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Äîñëiäæåíî âëàñòèâîñòi ðîçâ'ÿçêiâ ðiâíÿííÿ Ëåæàíäðà (1 − z2)w′′ −
−2zw′ + λw = 0 ïðè λ 6= n(n+ 1), n ∈ Z òà ôóíêöié ïîâ'ÿçàíèõ iç íèìè, à
ñàìå îáìåæåíiñòü l-iíäåêñó, áëèçüêiñòü äî îïóêëîñòi òà ìîæëèâå çðîñòàííÿ.

Êëþ÷îâi ñëîâà: àíàëiòè÷íà ôóíêöiÿ, îáìåæåíiñòü l-iíäåêñó, ðiâíÿííÿ
Ëåæàíäðà, ôóíêöiÿ Ëåæàíäðà ïåðøîãî ðîäó, áëèçüêiñòü äî îïóêëîñòi, çðî-
ñòàííÿ, îäèíè÷íèé êðóã.

1. Âñòóï. Àíàëiòè÷íà îäíîëèñòà â êðóçi D = {z : |z| < 1} ôóíêöiÿ

f(z) =

+∞∑
k=0

akz
k (1)

íàçèâà¹òüñÿ îïóêëîþ, ÿêùî f(D) � îïóêëà îáëàñòü. Íåîáõiäíîþ i äîñòàòíüîþ óìîâîþ
[1, ñ.203] äëÿ îïóêëîñòi f ¹ óìîâà Re {1 + zf ′′(z)/f ′(z)} > 0 (z ∈ D). Ôóíêöiÿ f
íàçèâà¹òüñÿ [1, ñ.583] áëèçüêîþ äî îïóêëî¨ â D, ÿêùî iñíó¹ îïóêëà â D ôóíêöiÿ Φ
òàêà, ùî Re (f ′(z)/Φ′(z)) > 0 (z ∈ D). Áëèçüêà äî îïóêëî¨ ôóíêöiÿ f õàðàêòåðè-
çó¹òüñÿ òèì, ùî çîâíiøíiñòü G îáëàñòi f(D) çàïîâíþ¹òüñÿ ïðîìåíÿìè, ùî âèõîäÿòü
ç ∂G i öiëêîì ëåæàòü â G. Êîæíà áëèçüêà äî îïóêëî¨ ôóíêöiÿ ¹ îäíîëèñòîþ â D, i
òîìó a1 6= 0.

Íåõàé D - äîâiëüíà êîìïëåêñíà îáëàñòü, à ôóíêöiÿ l(z) - äîäàòíà òà íåïåðåðâíà
â D òàêà, ùî äëÿ âñiõ z ∈ D

l(z) > β/dist{z, ∂D}, β = const > 1. (2)

Àíàëiòè÷íà â D ôóíêöiÿ f íàçèâà¹òüñÿ ôóíêöi¹þ îáìåæåíîãî l-iíäåêñó â D [2, ñ.7],
ÿêùî iñíó¹ N ∈ Z+ òàêå, ùî äëÿ âñiõ n ∈ Z+ i z ∈ D

|f (n)(z)|
n!ln(z)

≤ max

{
|f (k)(z)|
k!lk(z)

: 0 6 k 6 N

}
.

Íàéìåíøå ç òàêèõ ÷èñåë N íàçèâà¹òüñÿ l-iíäåêñîì i ïîçíà÷à¹òüñÿ N(f, l; D).
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Ðiâíÿííÿì Ëåæàíäðà íàçèâà¹òüñÿ [3, ñ.214] äèôåðåíöiàëüíå ðiâíÿííÿ

(1− z2)w′′ − 2zw′ + λw = 0, λ ∈ C. (3)

Ïðè λ = n(n+ 1), n ∈ Z, ðîçâ'ÿçêîì öüîãî ðiâíÿííÿ ¹ ïîëiíîì, à òîìó íàäàëi îáìå-
æèìîñÿ ðîçãëÿäîì âèïàäêó λ 6= n(n + 1), n ∈ Z, êîëè óñi íåòðèâiàëüíi àíàëiòè÷íi â
îêîëi íóëÿ ðîçâ'ÿçêè ¹ òðàíñöåíäåíòíèìè ôóíêöiÿìè.

Çíàéäåìî ðîçâ'ÿçîê ðiâíÿííÿ (3) ó âèãëÿäi (1). Îñêiëüêè

(1− z2)

∞∑
n=2

ann(n− 1)zn−2 − 2z

∞∑
n=1

annz
n−1 + λ

∞∑
n=0

anz
n = 0,

òî
∞∑
n=0

an+2(n+ 2)(n+ 1)zn −
∞∑
n=2

ann(n− 1)zn − 2

∞∑
n=1

annz
n + λ

∞∑
n=0

anz
n = 0.

Çâiäêè 2a2 + λa0 = 0, 6a3 + (λ− 2)a1 = 0 i (n+ 2)(n+ 1)an+2 − n(n+ 1)an + λan = 0.
Òîáòî

an+2 =
n(n+ 1)− λ

(n+ 2)(n+ 1)
an, n ∈ Z+. (4)

Áà÷èìî, ùî êîåôiöi¹íòè ç ïàðíèìè íîìåðàìè íå çàëåæàòü âiä êîåôiöi¹íòiâ iç íåïàð-
íèìè íîìåðàìè. Òîìó ðîçâ'ÿçîê ðiâíÿííÿ (3) ìîæíà çàïèñàòè ó âèãëÿäi

w(z) = C1U(z2) + C2zV (z2).

Çíàéäåìî ðåêóðåíòíi ôîðìóëè äëÿ çíàõîäæåííÿ êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçâèíåí-

íÿ ôóíêöi¨ U(z) =
∞∑
n=0

unz
n. ßêùî ó (4) ïiäñòàâèìî n = 2k − 2, òî îòðèìà¹ìî a2k =

= a2(k−1)((2k − 2)(2k − 1)− λ)/(2k(2k − 1)), à îòæå

uk =
(2k − 2)(2k − 1)− λ

2k(2k − 1)
uk−1, k ∈ N. (5)

Çàóâàæèìî, ùî ÿêùî u0 = 0, òî U(z) ≡ 0. Ïîäiáíî, äëÿ êîåôiöi¹íòiâ ôóíêöi¨ V (z) =

=
∞∑
n=0

vnz
n, ïiäñòàâëÿþ÷è â (4) n = 2k − 1, ìà¹ìî

vk =
2k(2k − 1)− λ

2k(2k + 1)
vk−1, k ∈ N. (6)

Çðîçóìiëî, ùî ÿêùî v0 = 0, òî V (z) ≡ 0.
Ëåãêî áà÷èòè, ùî ôóíêöi¨ U(z) òà V (z) ¹ àíàëiòè÷íèìè â D.
2. Ãåîìåòðè÷íi âëàñòèâîñòi. Äëÿ äîñëiäæåííÿ áëèçüêîñòi äî îïóêëîñòi ôóí-

êöié U(z) òà V (z) ñêîðèñòà¹ìîñÿ òàêîþ ëåìîþ [4] (êðèòåðié Àëåêñàíäåðà).

Ëåìà 1. ßêùî a1 > 2a2 > . . . > (n − 1)an−1 > nan > · · · > 0, òî ôóíêöiÿ (1) ¹
áëèçüêîþ äî îïóêëî¨ â D.

ßêùî ïîêëàäåìî u0 = −2/λ, òî iç (5) îòðèìà¹ìî, ùî u1 = 1 > 0. Îñêiëüêè äëÿ

n ≥ 2 ìà¹ìî
nun

(n− 1)un−1
= 1 − λ

(2n− 1)(2n− 2)
, òî (n − 1)un−1 > nun > 0 äëÿ âñiõ

n ≥ 2 çà óìîâè 0 6 λ < 6.
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Ïîäiáíî, ïîêëàäàþ÷è v0 = 6/(2 − λ) iç (6) îòðèìà¹ìî, ùî v1 = 1 > 0 i äëÿ

n ≥ 2 âèêîíó¹òüñÿ
nvn

(n− 1)vn−1
= 1 − λ− 2

(2n+ 1)(2n− 2)
. Òîìó (n − 1)vn−1 > nvn > 0

çà óìîâè, ùî 0 6
λ− 2

(2n+ 1)(2n− 2)
< 1 äëÿ âñiõ n ≥ 2. Òîáòî 2 6 λ < 12.

À îòæå, ïðàâèëüíèì ¹ òàêå çàóâàæåííÿ.

Çàóâàæåííÿ 1. ßêùî 0 < λ < 6, òî U(z) � áëèçüêà äî îïóêëî¨ â D, à ÿêùî 2 < λ < 12,
òî V (z) � áëèçüêà äî îïóêëî¨ â D.

3. Çðîñòàííÿ. Îñêiëüêè ç (5) âèïëèâà¹, ùî un = u0
n∏
k=1

(2k − 2)(2k − 1)− λ
2k(2k − 1)

, à

(2k − 2)(2k − 1)− λ
2k(2k − 1)

= 1− 1

k
− λ

2k(2k − 1)
, òî

ln |un| =
n∑
k=1

ln

∣∣∣∣1− 1

k
− λ

2k(2k − 1)

∣∣∣∣+ ln |u0| = ln
1

n
+O(1), n→∞.

Òîìó iñíóþòü ñòàëi 0 < h 6 H < +∞ òàêi, ùî
h

n
6 |un| 6

H

n
, n ≥ 1. À òîìó

MU (r) � ln
1

1− r
, r ↑ 1, äå MU (r) = max{|U(z)| : |z| = r}. Ïîäiáíî, âèêîðèñòîâóþ÷è

(6) òà ðiâíiñòü
2k(2k − 1)− λ

2k(2k + 1)
= 1 − 1

k
− λ− 2

2k(2k − 1)
, îòðèìó¹ìî MV (r) � ln

1

1− r
,

r ↑ 1. À îòæå, ïðàâèëüíèì ¹ íàñòóïíå çàóâàæåííÿ.

Çàóâàæåííÿ 2. MU (r) � ln
1

1− r
òà MV (r) � ln

1

1− r
ïðè r ↑ 1.

4. Îáìåæåíiñòü l-iíäåêñó. Äîñëiäèìî îáìåæåíiñòü l-iíäåêñó â D äîâiëüíîãî
ðîçâ'ÿçêó w = L(z) = C1U(z2) + C2zV (z2) ðiâíÿííÿ (3).

Çàóâàæåííÿ 3. ßêùî N(f, l∗) ≤ N i l∗(r) ≤ l∗(r), òî íåâàæêî äîâåñòè [2, ñ.23], ùî
N(f, l∗) ≤ N .

Òîìó, âðàõîâóþ÷è (2), ôóíêöiþ l(|z|) øóêàòèìåìî ó âèãëÿäi l(r) = β/(1− r), äå
β > 1 � ÿêîìîãà ìåíøå ÷èñëî.

Ïðîäèôåðåíöiþ¹ìî ðiâíÿííÿ (3) n > 0 ðàç. Îòðèìà¹ìî

(1− z2)w(n+2) − 2z(n+ 1)w(n+1) + (λ− n(n+ 1))w(n) = 0. (7)

Çâiäêè w(n+2) =
2z

1− z2
(n+1)w(n+1)− λ− n(n+ 1)

1− z2
w(n). Òîìó, ïðè l(|z|) = β/(1−|z|)

i äëÿ âñiõ n > 0

|w(n+2)(z)|
(n+ 2)!ln+2(|z|)

≤

≤ 2|z|
|1− z2|l(|z|)

n+ 1

n+ 2

|w(n+1)(z)|
(n+ 1)!ln+1(|z|)

+
|λ|+ n(n+ 1)

|1− z2|
1

(n+ 2)(n+ 1)l2(|z|)
|w(n)(z)|
n!ln(|z|)

≤
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≤ 1

(1− |z|)l(|z|)
n+ 1

n+ 2

|w(n+1)(z)|
(n+ 1)!ln+1(|z|)

+
|λ|+ n(n+ 1)

(1− |z|)(1 + |z|)
1

(n+ 2)(n+ 1)l2(|z|)
|w(n)(z)|
n!ln(|z|)

≤ n+ 1

β(n+ 2)

|w(n+1)(z)|
(n+ 1)!ln+1(|z|)

+
(|λ|+ n(n+ 1))(1− |z|)/(1 + |z|)

β2(n+ 2)(n+ 1)

|w(n)(z)|
n!ln(|z|)

≤

≤ n+ 1

β(n+ 2)

|w(n+1)(z)|
(n+ 1)!ln+1(|z|)

+
|λ|+ n(n+ 1)

β2(n+ 2)(n+ 1)

|w(n)(z)|
n!ln(|z|)

≤

≤ max

{
|w(n+1)(z)|

(n+ 1)!ln+1(|z|)
,
|w(n)(z)|
n!ln(|z|)

}
, (8)

ÿêùî äëÿ âñiõ n > 0

n+ 1

β(n+ 2)
+

n/β

β(n+ 2)
+

|λ|
β2(n+ 2)(n+ 1)

6 1. (9)

Iç (8) âèïëèâà¹, ùî äëÿ âñiõ n > 0 âèêîíó¹òüñÿ
|w(n)(z)|
n!ln(|z|)

≤ max

{
|w′(z)|
1!l(|z|)

, |w(z)|
}
, à

îòæå N(L, l) 6 1.

Çíàéäåìî äëÿ ÿêèõ β âèêîíó¹òüñÿ íåðiâíiñòü (9). Ïðè n→∞ ìà¹ìî
1

β
+

1

β2
6 1,

òîáòî β >
1 +
√

5

2
. Äàëi øóêàòèìåìî β ó âèãëÿäi β = max

{
1 +
√

5

2
,

√
|λ|
x

}
, äå

x > 0. Òîäi (9) âèêîíó¹òüñÿ, ÿêùî äëÿ âñiõ n > 0 âèêîíó¹òüñÿ
n+ 1

β(n+ 2)
+

n/β

β(n+ 2)
+

+
βx/(n+ 1)

β(n+ 2)
6 1. Îñòàííÿ íåðiâíiñòü åêâiâàëåíòíà íåðiâíîñòi

βx

n+ 1
6 (β − 1− 1

β
)n+ 2β − 1. (10)

Îñêiëüêè ïðè β >
1 +
√

5

2
ïðàâà ÷àñòèíà íåðiâíîñòi (10) çðîñòà¹ çà çìiííîþ n, à ëiâà

ñïàäà¹, òî (10) âèêîíó¹òüñÿ äëÿ âñiõ n > 0, ÿêùî âîíà âèêîíó¹òüñÿ ïðè n = 0, òîáòî

ïðè x 6 2 − 1

β
. Îñêiëüêè 2 − 1

β
> 2 − 2

1 +
√

5
=

2
√

5

1 +
√

5
, òî ïîêëàäåìî x =

2
√

5

1 +
√

5
.

Îòðèìó¹ìî íàñòóïíå òâåðäæåííÿ.

Òâåðäæåííÿ 1. Äëÿ äîâiëüíîãî ðîçâ'ÿçêó w = L(z) ðiâíÿííÿ (3) âèêîíó¹òüñÿ

N(L, l;D) 6 1 ç l(r) =
β

1− r
, äå β = max

{
1 +
√

5

2
,

√
|λ|5 +

√
5

10

}
.

Äîñëiäèìî òåïåð îáìåæåíiñòü l-iíäåêñó â D ïîõiäíèõ äîâiëüíîãî ïîðÿäêó
ðîçâ'ÿçêó w = L(z) ðiâíÿííÿ (3). Iç (7) âèïëèâà¹, ùî äëÿ äîâiëüíîãî k ∈ N i äëÿ âñiõ
n > 0

(1− z2)w(k+n+2) − 2z(k + n+ 1)w(k+n+1) + (λ− (k + n)(k + n+ 1))w(k+n) = 0.

Òîáòî G(z) = L(k)(z) çàäîâîëüíÿ¹ ðiâíÿííÿ

(1− z2)G(n+2) − 2z(k + n+ 1)G(n+1) + (λ− (k + n)(k + n+ 1))G(n) = 0.
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Òîìó, ïðè l(|z|) = β/(1− |z|), k ∈ N i äëÿ âñiõ n > 0

|G(n+2)(z)|
(n+ 2)!ln+2(|z|)

≤ k + n+ 1

β(n+ 2)

|G(n+1)(z)|
(n+ 1)!ln+1(|z|)

+
|λ|+ (k + n)(k + n+ 1)

β2(n+ 2)(n+ 1)

|G(n)(z)|
n!ln(|z|)

≤

≤ max

{
|G(n+1)(z)|

(n+ 1)!ln+1(|z|)
,
|G(n)(z)|
n!ln(|z|)

}
, (11)

ÿêùî äëÿ âñiõ n > 0

k + n+ 1

β(n+ 2)
+

(k + n)(k + n+ 1)

β2(n+ 2)(n+ 1)
+

|λ|
β2(n+ 2)(n+ 1)

6 1. (12)

Íåõàé β = max
{

(k + 1)(1 +
√

5)/2,
√
|λ|
}
. Òîäi

|λ|
β2(n+ 2)(n+ 1)

6
1

2
(13)

äëÿ âñiõ n > 0. Ç íåðiâíîñòåé 2(k + n+ 1) 6 (k + 1)(n+ 2) òà k + n 6 (k + 1)(n+ 1)
ïðàâèëüíèõ ïðè óñiõ k ∈ N òà n > 0 âèïëèâà¹, ùî

k + n+ 1

β(n+ 2)
6
k + 1

2β
6

1

1 +
√

5
(14)

òà
(k + n)(k + n+ 1)

β2(n+ 2)(n+ 1)
6

(k + 1)2

2β2
6

2

(1 +
√

5)2
. (15)

Îñêiëüêè ñóìà ïðàâèõ ÷àñòèí íåðiâíîñòåé (13), (14) òà (15) äîðiâíþ¹ 1, òî ç íèõ
âèïëèâà¹ íåðiâíiñòü (12), à îòæå i (11). Òîìó ïðàâèëüíèì ¹ òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 2. Äëÿ äîâiëüíîãî ðîçâ'ÿçêó w = L(z) ðiâíÿííÿ (3) i äëÿ âñiõ k ∈ N

âèêîíó¹òüñÿ N(L(k), l;D) 6 1 ç l(r) =
βk

1− r
, äå βk = max

{
(k + 1)(1 +

√
5)/2,

√
|λ|
}
.

5. Çàãàëüíà òåîðåìà. Iç òâåðäæåíü 1-2 òà çàóâàæåíü âèïëèâà¹ òàêà òåîðåìà.

Òåîðåìà 1. ßêùî λ 6= n(n + 1), n ∈ Z, òî äîâiëüíèé àíàëiòè÷íèé â D ðîçâ'ÿçîê
ðiâíÿííÿ (3) ìîæíà çàïèñàòè ó âèãëÿäi L(z) = C1U(z2) +C2zV (z2) i N(L, l;D) 6 1

ç l(r) =
β

1− r
, äå β = max

{
1 +
√

5

2
,

√
|λ|5 +

√
5

10

}
. Òàêîæ äëÿ âñiõ k ∈ N âèêîíó¹-

òüñÿ N(L(k), l;D) 6 1 ç l(r) =
βk

1− r
, äå βk = max

{
(k + 1)(1 +

√
5)/2,

√
|λ|
}
. ßêùî

0 < λ < 6, òî U(z) � áëèçüêà äî îïóêëî¨ â D, à ÿêùî 2 < λ < 12, òî V (z) � áëèçüêà
äî îïóêëî¨ â D. Äëÿ ôóíêöié U(z) òà V (z) âèêîíóþòüñÿ àñèìïòîòè÷íi ðiâíîñòi

MU (r) � ln
1

1− r
òà MV (r) � ln

1

1− r
ïðè r ↑ 1, äå Mf (r) = max{|f(z)| : |z| = r}.

5. Îáìåæåíiñòü l-iíäåêñó ôóíêöi¨ Ëåæàíäðà ïåðøîãî ðîäó. Íåõàé òåïåð
λ = ν(ν + 1), ν ∈ C. Íàéøèðøå çàñòîñóâàííÿ ìà¹ ÷àñòêîâèé ðîçâ'ÿçîê ðiâíÿííÿ
Ëåæàíäðà, ùî ïîçíà÷à¹òüñÿ Pν(z) i íàçèâà¹òüñÿ ôóíêöi¹þ Ëåæàíäðà ïåðøîãî ðîäó.
Âiäîìî [3, ñ.220], ùî Pν(z) = F (ν + 1,−ν, 1; 1−z

2 ), äå F (α, β, γ; z) - ãiïåðãåîìåòðè÷íà
ôóíêöiÿ, àíàëiòè÷íà â D. À îòæå Pν(z) çàäà¹ àíàëiòè÷íó â D = {z : |z − 1| < 2}
ôóíêöiþ. Äîñëiäèìî îáìåæåíiñòü l-iíäåêñó öi¹¨ ôóíêöi¨ â D.
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Çàóâàæåííÿ 4. ßêùî N(f, l; G) = N , à f1(z) = f( z−z0a ), òî N(f1, l1; G1) = N , äå

l1(z) = 1
|a| l(

z−z0
a ), G1 = z0 + aG = {z0 + az : z ∈ G}.

Çâàæàþ÷è íà çàóâàæåííÿ, äîñëiäèìî ñïåðøó îáìåæåíiñòü l-iíäåêñó ôóíêöi¨
F (z) = F (ν+1,−ν, 1; z) â D. Íàâåäåìî ìiðêóâàííÿ áëèçüêi äî ìiðêóâàíü iç [5], äå äî-
ñëiäæåíî îáìåæåíiñòü l-iíäåêñó ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨ ïðè äîäàòíèõ çíà÷åííÿõ
ïàðàìåòðiâ α, β, γ.

Äëÿ äîñëiäæåííÿ l-iíäåêñó â îêîëi íóëÿ íàì ïîòðiáíà òàêà ëåìà, ùî ¹ áåçïîñå-
ðåäíiì íàñëiäêîì ëåìè iç [6].

Ëåìà 2. ßêùî ôóíêöiÿ (1) àíàëiòè÷íà â DR = {z : |z| ≤ R}, a0 = 1 i

∞∑
n=1

|an|Rn ≤ a(R) < 1, (16)

òî N(f, l; DR) = 0 ç l(|z|) =
1 + a(R)

(1− a(R))(R− |z|)
.

ßêùî z ∈ DξR, 0 < ξ < 1, òî R − |z| ≥ (1 − ξ)R i ç ëåìè 2 òà çàóâàæåííÿ 3 âè-

ïëèâà¹, ùî N(f, l; DξR) = 0 ç l(|z|) ≡ 1 + a(R)

(1− ξ)R(1− a(R))
. Òîìó ïðàâèëüíà íàñòóïíà

ëåìà.

Ëåìà 3. ßêùî ôóíêöiÿ (1) àíàëiòè÷íà â D i a0 = 1, òî äëÿ âñiõ ξ ∈ (0, 1) i R ∈ (0, 1)

çà óìîâè (16) ïðàâèëüíà ðiâíiñòü N(f, l; DξR) = 0 ç l(|z|) ≡ 1 + a(R)

(1− ξ)R(1− a(R))
.

Iç ñòåïåíåâîãî ðîçâèíåííÿ ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨ [3, ñ.48] ìà¹ìî

F (z) = 1 +

∞∑
k=1

Akz
k = 1 +

∞∑
k=1

k−1∏
j=0

(j − ν)(j + ν + 1)

(j + 1)2

 zk.

Îñêiëüêè ïðè |λ| ≤ 1 ìà¹ìî
∣∣∣ (k−ν)(k+ν+1)

(k+1)2

∣∣∣ =
∣∣∣k2+k−λ(k+1)2

∣∣∣ ≤ 1, òî |Ak| ≤ 1 äëÿ âñiõ k ∈ N.

À òîìó, ïðè R = 1/4 ìà¹ìî
∞∑
n=1
|An|Rn ≤ 1

3 = a(R). Ïîêëàâøè â ëåìi 3 ξ = 2/5

îòðèìà¹ìî N(F, 40/3;D1/10) = 0. Ïîäiáíî, ïðè |λ| > 1 ìà¹ìî
∣∣∣ (k−ν)(k+ν+1)

(k+1)2

∣∣∣ ≤ |λ|, à
òîìó |Ak| ≤ |λ|k äëÿ âñiõ k ∈ N. Ïðè R = 1/4|λ| ìà¹ìî

∞∑
n=1
|An|Rn ≤ 1

3 = a(R). À

îòæå, ïðè ξ = 2/5 ç ëåìè 3 ìà¹ìî N(F, 40|λ|/3;D1/10|λ|) = 0. Òîáòî, ïðàâèëüíèì ¹
òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 3. ßêùî |λ| ≤ 1, òî N(F, 40/3;D1/10) = 0, à ÿêùî |λ| > 1, òî
N(F, 40|λ|/3;D1/10|λ|) = 0.

Äëÿ äîñëiäæåííÿ îáìåæåíîñòi l-iíäåêñó íà ðåøòi îäèíè÷íîãî êðóãó ñêîðèñòà¹-
ìîñÿ òèì ôàêòîì, ùî ãiïåðãåîìåòðè÷íà ôóíêöiÿ F (z) çàäîâîëüíÿ¹ ãiïåðãåîìåòðè÷íå
ðiâíÿííÿ Ãàóñà [3, ñ.45]

z(z − 1)w′′ + (2z − 1)w′ − λw = 0.
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Ïðîäèôåðåíöiþ¹ìî éîãî n ≥ 0 ðàçiâ i îòðèìà¹ìî

z(z − 1)w(n+2) + (2z − 1)(n+ 1)w(n+1) + (n(n+ 1)− λ)w(n) = 0. (17)

Çâiäêè, äëÿ |λ| ≤ 1 ïðè 1
10 ≤ |z| < 1 i l(z) = 40/3

1−|z| ìà¹ìî äëÿ âñiõ n > 0

|F (n+2)(z)|
(n+ 2)!ln+2(z)

≤

≤ 2|z|+ 1

|z||z − 1|
3(1− |z|)

40

n+ 1

n+ 2

|F (n+1)(z)|
(n+ 1)!ln+1(z)

+
9(1− |z|)2

1600|z||z − 1|
n(n+ 1) + |λ|
(n+ 2)(n+ 1)

|F (n)(z)|
n!ln(z)

≤

≤ 2|z|+ 1

|z|
3

40

|F (n+1)(z)|
(n+ 1)!ln+1(z)

+
1− |z|
|z|

9

1600

|F (n)(z)|
n!ln(z)

≤

≤ 9

10

|F (n+1)(z)|
(n+ 1)!ln+1(z)

+
81

1600

|F (n)(z)|
n!ln(z)

≤ max

{
|F (n+1)(z)|

(n+ 1)!ln+1(z)
,
|F (n)(z)|
n!ln(z)

}
.

Çâiäñè ëåãêî âèïëèâà¹, ùî äëÿ âñiõ n > 0 âèêîíó¹òüñÿ

|F (n)(z)|
n!ln(z)

≤ max

{
|F ′(z)|
1!l(z)

, |F (z)|
}
,

à îòæå N(F, l;D \ D1/10) 6 1. À òîìó ïðàâèëüíèì ¹ òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 4. ßêùî |λ| ≤ 1, òî N(F, 40/3
1−|z| ;D \ D1/10) ≤ 1.

Ïîäiáíî, äëÿ |λ| > 1 ïðè 1
10|λ| ≤ |z| < 1 i l(z) = 40|λ|/3

1−|z| ç (17) ìà¹ìî

|F (n+2)(z)|
(n+ 2)!ln+2(z)

≤
(

2 +
1

|z|

)
3

40|λ|
n+ 1

n+ 2

|F (n+1)(z)|
(n+ 1)!ln+1(z)

+

+

(
1

|z|
− 1

)
9

1600|λ|

(
n

|λ|(n+ 2)
+

1

(n+ 2)(n+ 1)

)
|F (n)(z)|
n!ln(z)

≤

≤
(

15|λ|+ 3

20|λ|
+

9

160

(
1

|λ|
+

1

2

))
max

{
|F (n+1)(z)|

(n+ 1)!ln+1(z)
,
|F (n)(z)|
n!ln(z)

}
≤

≤ max

{
|F (n+1)(z)|

(n+ 1)!ln+1(z)
,
|F (n)(z)|
n!ln(z)

}
äëÿ âñiõ n > 0. À òîìó ïðàâèëüíèì ¹ i íàñòóïíå òâåðäæåííÿ.

Òâåðäæåííÿ 5. ßêùî |λ| > 1, òî N(F, 40|λ|/3;D \ D1/10|λ|) ≤ 1.

Iç òâåðäæåíü 3-5 òà çàóâàæåííÿ 3 ëåãêî îòðèìó¹ìî òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 6. Äëÿ F (z) = F (ν + 1,−ν, 1; z) âèêîíó¹òüñÿ N(F, l;D) ≤ 1 ç

l(z) = β
1−|z| , äå β = 40

3 max{1, |ν(ν + 1)|}.

Âðàõîâóþ÷è çàóâàæåííÿ 4 iç òâåðäæåííÿ 6 îòðèìó¹ìî òàêó òåîðåìó.

Òåîðåìà 2. Ôóíêöiÿ Ëåæàíäðà ïåðøîãî ðîäó Pν(z) ¹ îáìåæåíîãî l-iíäåêñó â D =

= {z : |z − 1| < 2} ç l(z) =
β

2− |z − 1|
, äå β = 40

3 max{1, |ν(ν + 1)|}, à âåëè÷èíà

l-iíäåêñó íå ïåðåâèùó¹ 1.



ÂËÀÑÒÈÂÎÑÒI ÐÎÇÂ'ßÇÊIÂ ÐIÂÍßÍÍß ËÅÆÀÍÄÐÀ
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2017. Âèïóñê 83 135

Çàóâàæèìî, ùî óìîâà (2) äëÿ êðóãà iç òåîðåìè íàáóâà¹ âèãëÿäó

l(z) >
β

2− |z − 1|
, β > 1.

Ñïèñîê âèêîðèñòàíî¨ ëiòåðàòóðà

1. G.M. Golusin, Geometric theory of functions of a complex variable, Amer. Math. Soc., Provi-
dence, 1969.

2. M.M. Sheremeta, Analytic functions of bounded index, VNTL Publishers, Lviv, 1999.
3. Ä.Ñ. Êóçíåöîâ, Ñïåöèàëüíûå ôóíêöèè, Âûñøàÿ øêîëà, Ìîñêâà, 1965.
4. A.W. Goodman, Univalent function, Vol. II, Mariner Publishing Co., 1983.
5. Ì.Ì. Øåðåìåòà, Âëàñòèâîñòi ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨ ç íåâiä'¹ìíèìè êîåôiöi¹íòà-

ìè, Âiñíèê Ëüâiâ. óí-òó, Ñåð. ìåõ.-ìàò. 70 (2009), 183�190.
6. M.M. Sheremeta and Yu.S. Trukhan, Properties of the solutions of the Gauss equation, Mat.

Stud. 41 (2014), no. 2, 157�167.

Ñòàòòÿ: íàäiéøëà äî ðåäêîëåãi¨ 07.10.2016
äîîïðàöüîâàíà 21.04.2017
ïðèéíÿòà äî äðóêó 22.04.2017

PROPERTIES OF THE SOLUTIONS OF THE LEGENDRE

EQUATION

Yuriy TRUKHAN

Ivan Franko Lviv National University,

Universitetska str., 1, 79000 Lviv, Ukraine

e-mail: yurik93@mail.ru

Growth, close-to-convexity and the l-index boundedness of the solutions of
the Legendre equation (1− z2)w′′ − 2zw′ + λw = 0 if λ 6= n(n+1), n ∈ Z and
of some functions related to these solutions are investigated.

Key words: analytic function, l-index boundedness, Legendre equation,
Legendre function of the �rst kind, close-to-convexity, growth, unit disc.


