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ON LIFTING OF CONTRAVARIANT FUNCTORS
ONTO THE EILENBERG-MOORE CATEGORY.

V. S. LEVYTS'KA

Levyts’ka V.S. On lifting of contravariant functors onto the Eilenberg-Moore catego-
ry. We consider the problem of lifting contravariant functors onto the category Eilenberg-Moore of
a monad. The results are applied to the monad in the category of Tychonov spaces generated by the
second iteration of the functor C; (the space of functions in the topology of pointwise convergence).

1°. A monad on a category C is a triple T = (T,n,u), where T : C — C is a covariant
functor and n : 1¢ = T, pu : T*> — T are natural transformations satisfying the conditions:
ponT =poTn=1rand pouT = poTu.

A couple (X,£), where £ : TX — X is a morphism, is called a T-algebra iff £ o nX = 1x
and é o T¢ = £ o pX. A morphism f: X — X' is called a morphism of a T-algebra (X, ¢) into
a T-algebra (X', &) if foé = €& oTf. T-algebras and their morphisms form a category which
is usually denoted by CT (the Eilenberg-Moore category). We can define the forgetful functor
UT:CT — C by UT(X,€) = X, UT(f) = f. (For details see [1].)

A lifting of functor F' : C — C on the category CT is a functor F : CT — CT such that
UTEF = FU*

It is easy to see that the couple (TX,uX) is a T-algebra (the free T-algebra).

In [5] M. Zarichnyi considered the following problem. Suppose F : C — C is a covariant
functor; is there a covariant functor F : CT — CT such that UTF = FUT (the problem of lifting
of functor onto the category of T-algebras)?

In this paper we consider the corresponding problem for a contravariant functor F.

2°. In what follows we fix a monad T = (7, n, ) on a category C.

The following result is a counterpart of a result of Zarichnyi [5].

Proposition 1. There exists a bijective correspondence between the lifting of a contravariant
functor F onto the category CT and the natural transformations § : TFT — F satisfying the
conditions: (i) 6 onFT = Fn; (i1) §o uFT = §o0T6T o T*Fpu.
Proof. Suppose there is a natural transformations é : TFT — F such that conditions (z) and
(11) are satisfied. For every (X, &) € |CT| put F(X,€) = (FX,€), where £ = §X o TF¢ and for
every f € CT(X,Y) put Ff = Ff.

It is easy to see that FUT = UTF. We have to check that (FX, ) is a T-algebra:
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EonFX =6XoTFtonFX =6XonFTXoFé=FnXoFt=F(éonX)=F(1x) = 1px.

Besides,

EopuFX = 6X oTFE o uFX = 6X o uFTX o T?F¢ = 6X o T6TX o T?FuX o T?*F¢ =
=6X oTSTX o T?F(E o pX) = 6X o TSTX 0o T?F(£ 0 TE) = 6X o TSTX o T?FTé o T*FE =
=0XoTFEoTsX o T?F¢ = EoTE.

Denote by f a morphism of a T-algebra (X, ¢) into a T-algebra (X’,¢’). Show that Ff is a
morphism of the T-algebra (FX',?) into the T-algebra (FX,¢) :

EoTFf=6X0TFtoTFf=06X0TF(fof)=6XoTF('oTf)=6XoTFTfoTF¢ =
= FfoéX'oTFE' =Ffof.

It is easy to see that F(go f) = Ff o Fg.

Summing up we see that F is a lifting F contravariant endofunctor on the category CT.

On the other hand, suppose F : CT — CT is a lifting of F onto CT. Since (T X, uX) is a free
T-algebra, we see that F(TX,uX) = (FTX,zX) is a T-algebra.

Put § = Fnomg: TFT — F.

Show that § = (6X) is a natural transformation from TFT to F. Given f € C(X,Y), we
obtain

X oTFTf = FnX ouX o TFTf = FnX oFTfonY = F(TfonX)onY = F(nYo
of)opY = FfoFnY oY = FfodY.

Show that (i) holds. We have

06X onFTX = FnX opgX onFTX = FnX.

Finally, we have to check (i7):

§X oTSTX o T?FuX = FnX oiX o TFnTX o TuTX o T?FuX = FnX o X o TFnTXo
oTFuX oTiX = FnX o X o TF(uX onTX) o TiX = FnX ogX o TX = FnX o pXo
ouFTX =46X o uFTX.

Show that the above correspondence is a bijection. Given a natural transformation § = (6.X)
satisfying (i) and (ii) consider the lifting F defined by F(X {] =(FX.3X 6 TFE), Ff =F{.
Then F determines the natural transformation § = 5X ) 6X = FnX omX and we have
6X = FnXouX = FnXodTXoTFuX = 5X0TFT7}X0TF,-JX ==0XoTF(uXoTnX)=4X.

Conversely, given a lifting F of F onto the category CT, consider the natural transformation
§ = (6X) defined by §X = FnX ozX, X € |C|. The natural transformation é determines the
lifting F of F onto CT by the formula ﬁ'(TX, pX) = (FTX,0TX oTFuX).

We have

F(TX,uX) = (FTX,6TX o TFuX) = (FTX,FnTX o GTX o TFuX) = (FTX,FnTXo
oFuX ouX) = (FTX,iX) = F(TX, uX).

Let (X,¢) € |CT|. Since ¢ is a morphism of a T-algebra (T'X, pX) into the T-algebra (X, §),
we see that F§ = F¢ is a morphism of the T-algebra F'(X,£) = (FX,u) into the T-algebra
F(TX,uX)=F(TX,uX) = (FTX,5X). Thus, F¢ ou = zX o TF¢,

FnXoFfou=FnXopuaXoTFE¢,

and we obtain u = FnX ogX o TFE.

Thus, F(X,¢) = (FX,FnX o X o TF¢) = (FX,6X o TF¢) = F(X,¢€).

We see that any lifting of a contravariant functor onto CT is completely determined by its
values onto the free algebras.

Remark. From the proof of Proposition 1 we see that a bijective correspondence between

lifting F of F onto CT and natural transformations § satisfying (i) and (ii) can be given by:
given 8, we set F(X,€) = (FX,8X o TF¢) for (X,€) € |CT; '

given F we set § = Fnoi.
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Recall that T is said to be projective [4] provided there exists a natural transformation
m: T — 1 (projection) such that ron =1and 7oy = 7 onT = 7 o Tr. The following is a
counterpart of a result of Zarichnyi.

Proposition 2. For any contravariant functor F and any projective monad T there ezists a
lifting of F onto the category CT.
Proof. Put § = FponFT (here m denotes the projection), then

donFT = FnonFT onFT = Fn.

Besides,

§0T6T oT?Fu = FnonFT o TFnT o TnFT? 0o T*Fu = Fno nFT o TFnT o T(nFT?o
oTFu)= FnonrFToTFnToTFuoTnFT = FnonFToTwFT = FnonFTouFT = douFT.

3°. Suppose C : C — C is a contravariant functor such that there exists a natural transfor-
mation n : 1 — C? satisfying the property: CnponC = 1¢. Put T = C? and define the natural
transformation u : T? = C* — C? = T by the formula: u = CnC.

Remark that the triple T = (T, 7, 4) is a monad on the category C (see [2]).

Proposition 3. The natural transformation § = Cno C*n: TCT = C® — C satisfies condi-
trons (1) and (11) from Proposition 1.
Proof. We have

CnoC3p0onC?® =CnonCoCn=_Ch.

To prove (1), we see that

CnoC%oC3C? 0 C3nC%0 C®yC = Cno C3no C}{C?*nC? o nC?) 0 CnC = Cno Cno
oC¥(nC* 0 nC?) 0 C®nC = Cno C3no C37C? 0 C33C* 0 C%C = Cno C3yo C3*yC? o C*nCo
0C3nC? = Cn'o C®no C3(CnC onC?) o C*nC? = Cno C*no C*nC? = C(C*non) o C*nC? =
=C(nC?0n)0C3C? = CnoCnC? o C3yC? = Cno C(C*nC?onC?) = Cno C(nC*onC?) =
=CnoCnC?oCnC*=C(nC%on)oCnC*=C(C?*non)oCnC*=CnoC?noCnC*.

Let T'ych denote the category of Tychonov spaces and their continuous maps. For a Tychonov
space X we denote by Cp X the space of real-valued functions on X endowed by the topology
of pointwise convergence. This construction determines a contravariant functor in Tych: for a
map f: X =Y we have Cpf(p) =po f, p € CpY.

It is well-known that there exists a natural transformation 1 : 17yen = CpCp = CZ.

1t is defined by the condition:

nX(z)(¢) = p(z), where z € X, ¢ € C, X.

It is known that CpnonC, = l¢, (see [2]). We see that the functor T, = C} determines a
monad on the category Tych (see [3]).

Corollary. The contravariant functor C, has a lifting onto the category Tych”.
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