BICHUK JLBIBCEKOI'O YHIBEPCHUTETY, cepin MexaHiko-MaTeMaTH4HA Bun.49, 1998

YK 515.124-512.58

ON PROJECTIVE FUNCTORS IN THE CATEGORY OF COMPACTA

A B.TELEIKO

Teleiko A.B. On projective functors in the category of compacta. We characterize
projective functors in the class of normal functors of finite degree: only such ones admit functorial
extensions of semigroup operations.

This note is devoted to the general problem of lifting of endofunctors in the category of compacta
onto categories of compacta with some algebraic structures (see, e.g., [3,7]). As remarked in [7]
the problem of extension of a binary operation X x X — X onto FX (F is a functor) is related
to existence of a “nice” natural transformation FX x FX — F(X x X). It turns out that in the
class of normal functors of finite degree only projective functors admit such transformations. As
a consequence, we shall obtain that in this class only projective functors lift onto the category
of compact semigroups.

Remark also that some characterizations of projective functors in the category of compacta
are known. The interested reader may look through the articles [4, 5].

1. An endofunctor F' on the category C is said to be projective if there exist natural transfor-
mations n: 1¢ = F and m: F — 1¢ with w onp = id (see [2] for related notions ).

Denote by Comp the category of compacta and their continuous maps.

A functor F:Comp — Comp is called normal [1] if it is continuous, monomorphic, epimorphic,
preserves weight, intersections, preimages, singletons, and empty set.

Remark 1. If F is a projective normal endofunctor in Comp, then F X 1¢omp and every epimor-
phic subfunctor of F are also projective (and normal).

For a normal functor F' we shall denote by n a unique natural transformation l¢omp — F
[1].

Let F be a normal functor, X € Comp, a € FX. The support supp(a) of the point a
is defined by the formula [1]: supp(a) = ({4 | Ais a closed set in X,a € FA} (here we
identify FA and Fj(A), where j: A — X is the natural embedding). Denote by deg(a) the
degree of a: deg(a) = |supp(a)|. The degree deg F of the functor F is said to be the cardinal
number sup{| supp(a)| | @ € FX, X € Comp}. Recall that normal functors F preserve supports,
i.e., supp F f(a) = f(supp(a)), a € FX, f: X =Y, X,Y € Comp.
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Let (—)%:Comp — Comp be the power functor: (=)?X =X x X, (-)’f=fxf, X 2Y,
X,Y € Comp.

We identify a number n € N with the set {0,1,...,n — 1}.
Theorem 1. Let F be a normal functor of finite degree. Then F is projective if and only if
there ezists a natural transformation &:(—)2F — F(=)? with £ o (=)*n = n(—=)?.
Proof. (=) Let m: F — lcomp be a projection. Set £ = n(—)% o (7 x 7).
(<) Let X; and X; be compacta. Let j;: X; — X; U X3, i = 1,2, be the natural embeddings.
We identify a; € FX; with Fj;(a;) € F(X; UX3), 1 = 1,2. Writing {(X UY)(a,b), we always
suppose that a e FX C F(XUY)and b€ FY C F(X UY).

Denote by pr; the natural projection (—)? — 1¢omp onto the i-th factor, 1 = 1,2.

Claim 1. The following equalities hold: F pr,of(X; U X3)(a,nXa(z)) = nXa(z), a €
FXi,z € X, and Fpr, of(X1 U X3)(nX1(z),b) = nXi(z), b€ FX,,z € X;. Prove the
first equality. Let 1 € X; and r: X; U X3 — {21} U X, be the retraction r(X;) = {z;}. Then
Fr(a) = nXi(z1), Fr(nXs(z)) = nX2(z). Therefore, Fr o £(X; U X3)(a,nX>(z)) = n(X1 U
X3)*(z1,z). Since F preserves supports, we see that supp &(X; U X3)((a,nX3(z)) C Xi1 x {z}.
This inclusion implies the first equality. The second one is obtained in the similar manner.

Claim 2. For every a,a’,a" € FX,, b,b',b" € FX, one has

F pr, of(X; U X3)(a,b') = Fpr, oé(X; U X3)(a,b") and
F pr, of(X1 U X,)(a’,b) = Fpr, oé(X; U X3)(a",b).
Show only the first equality. Since {o(—)%n = n(—)?2, we have supp&(a,b') C supp(a) x supp(d').
Let zo € X;. Consider the retraction r: X7 U X; — X; U {zo} such that r(X;) = {z0}. We
obtain
Fpr, of(X; UX;)(a,b') = Fro Fpr, of(X; UX3)(a,b') =
= Fpr, oF(r x r) 0 {(X; U X3)(a,b') = Fpry of(X; U X3)(a,nX2(z0)).

Hence, for every a € FX; the point F pry o(€)X; U X2(a,b’) does not depend on b’ € FX,.

Let deg F' = n. For m < n denote by F,, the subfunctor Fi, X = {a € FX | deg(a) < m},
X € Comp, of F. Set

m;y = max{deg F pr, of(n Un)(a,nn(0)) | a € Fn},

ma = max{deg F pr, of(n Un)(nn(0),b) | b € Fn}.
Consider the following case: max{m;,my} < n.
Without restricting generality, we may suppose that m; > my. Let a € Fn be such that
my = deg F pr, of(n Un)(a,nn(0)). Set n; = ma.

Now we desire to construct a natural transformation p: F — F,, with pon =7. For k < n let
pk: Fk — Fy, k act by the formula pk(b) = F pr, of(nUk)(a,b), b € Fk. For a map f: k; — k,
k1,k2 < n, setting h:n Uk — nUky, h|n = id, hlk; = f, we obtain (b € Fk;)

Ff o pki(b) = Fho Fpr, 0é(nUki)(a,b) = F pry of(n U kz)(Fh(a), Fh(b)) =
= Fpry of(n U kz)(a, Ff(b)) = pky o Ff(b).
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Moreover, by Claim 1, pk o nk(z) = nk(z), z € k, k < n. Therefore, there exists a natural
transformation p: F — F,, with pon =n (see, e.g., Pr.3.10 of ch.1 from [6]).

Now set & = p(—)? o €. Then ¢ is a natural transformation (=)2F — F,, (—)? with
¢, 0(=)%n = n(—)%. Hence, if max{m;, m,} < n, we obtain the number n; < n and the natural
transformation £;.

Therefore, without restricting generality, we can suppose that there exist a number N, a
point a € FN, and a natural transformation ¢': (—=)2F — Fn(—)? such that &' o (=)?n = n(-)?
and

N = deg Fy pr, o€'(N Un)(a,nn(0)).
Remark that for a point A € FN, deg A = N, the functor

(Fn/A)X = {b€ Fn(N x X) | Fypr,(b) = A}

is projective [5]. To obtain this fact it is sufficient to consider the natural transformation
mo: FN [A = 1comp, moX (b) =y, where (0,y) € supp(b), b € (Fn/A)(X), X € Comp.

Now set 7X: FX — Fn(N x X), nX(b) = ¢ (N U X)(a,b), b € FX, X € Comp. Let
A = Fy pr, of'(N Un)(a,nn(0)). Applying Claim 2, we obtain that 7X(FX) C (Fn/A)(X).
Hence, 7 is a natural transformation F — Fxn/A. By Claim 1 for the natural transformation
oo m: F' — leomp wWe have mp o m o = id.

2. Denote by CS the category of compact semigroups and their continuous homomorphisms.
Let U:CS — Comp be the forgetful functor. A functor F:CS — CS is called a lifting of F onto
the category CS if UF = FU. A lifting F is natural if for every (S,m) € CS the mapping 1S
is a homomorphism (S,m) — F(S, m).

Theorem 2. Let F be a normal functor of finite degree. Then F has a natural lifting onto CS
if and only if F 1s projective.

Proof. (<=) Let m: F — lcomp be a projection. For every (S,m) € CS it is sufficient to
consider the following multiplication on F'S: m: FS x F§ — FS, m(a,b) = nSom(r(a),n(b)),
a,be FS.

(=) Let i:1comp — (—)? be the natural transformation iX(z) = (z,z), z € X, X € Comp.
For every X € Comp consider the following multiplication mX on X x X:

mX ((.‘L‘, y): (31 t)) — (x, i).

It is easy to see that mX is associative. Let F(X x X,mX) = (F(XXX),ﬁX). Set EX =mXo
(FiXxFiX): FXxFX - F(X x X). Show that £ is a natural transformation (—)2F — F(-)?
with £o(—)?n = n(—)?. Indeed, £o(nxn) = Mo(Fix Fi)o(nxn) = mo(n(—)? xn(-)?)o(ixi) =
n(=)? emo (i x i) = n(—)?, because m o (i x i) = id. Moreover, let f: X — Y, X,Y € Comp,
be arbitrary. Then {Y o (Ff x Ff) =mY o (—)*(Fi¥ o Ff) =mY o (=)2F(f x f)o (=)*FiX.
Since f x f:(X x X,mX) = (Y x Y,mY) is a homomorphism, we have £Y o (—)2Ff =
F(f x fyomX o(—)?FiX = F(f x f)0£X. By Theorem 1, we immediately obtain that F is

projective.

Remark 2. It is interested whether Theorems 1 and 2 hold for weakly normal functors. (Recall
that a functor is weakly normal if it satisfies all conditions of the definition of normal functor
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excepting the condition of preserving preimages.) The author knows only some answers to this
question,

 Let F be a weakly normal functor of finite degree n. A point a € FX is called invariant if
Fh(a) = a for every automorphism h of X such that h(supp(a)) = supp(a).

It is easy to prove the following statement: let a € Fn be an invariant point with deg(a) >
/7; then there exists no natural transformation ¢: (—)*F — F(—)? with £ o (=)%n =n(=)%. In
particular, this implies that the functors An, Gn, (Nm)n, m 2 2, (see for definitions [6]) have no
natural lifting onto CS.

1. Shchepin E.V. Functors and uncountable powers of compacta// Uspekhi Mat. Nauk. — 1981.
- Vol.36, N 3. — P.3-62 (Russian).

Vinéarek J. Projective monads and extensions of functors// Math. Centr. Afd. - 1983. -
Vol.195. - P.1-12

3. Zarichnyi M.M. Multiplicative normal functor is a power one [/ Mat. Zametki. — 1987. — Vol.
141, N 1. — P.93-110 (Russian).

4. Zarichnyi M.M. // Profinite multiplicativity of functors and characterization of projective
triples in the category of compacta // Ukr. Mat. Zh. — 1990. — Vol. 42, N 9. — P.1271-1275
(Russian). '

&)

5. Zarichnyi M.M. Distributivity law for the normal triples in the category of compacta and
lifting of functors to the categories of algebras// Comment. Math. Univ. Carolinae. -1991. -
Vol.32, N 4. — P.785-790

6. Zarichnyi M.M. Topology of functors and monads in the category of compacta. — Kyiv,, Inst.
System Research. Education. — 1993 (Ukrainian).

7. Zarichnyi M.M, Teleiko A.B. Semigroup and monads// (in book Algebra and Topology). —
Lviv. - 1996. — P.84-93 (Ukrainian).

Cmamms waditiwaa do pedxoaezii 20.09.1997


http://www.tcpdf.org

