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ON OPERATOR OF MULTIPLICATION
BY THE INDEPENDENT VARIABLE

V. E. LYANTSE, O. O. KARABIN

Lyantse V. E., Karabin O. O. On operator of multiplication by the independent
variable. The framework of this paper is Internal Set Theory of Nelson. We give conditions
for nearstandardness of the operator of multiplication by the independent variable and determine
its shadow. Since each normal operator is unitarly equivalent to such a multiplication, we obtain
conditions for nearstandardness and a way to determine the shadow of an arbitrary normal operator.

1. Preleminaires. Recall some definitions ([2],[3],[4]). Let H be a standard Hilbert space
over C. For a vector z € H we write ||z|| < oo iff 3n € *!N ||z|| < n (**E denote the collection
of standard elements of the set E). If ||z|| < oo, then there exsists a unique standard vector
°z (the shadow of z) such that Vy € **H (z|y) =~ (°zly); (for a,b € C “a ~ b” means that
"Vn € **N |a—b| < +”). If ||lz|| « oo and ||z — °z|| ~ 0 then z is said to be nearstandard
(write z € ™**H).

We need also the concept of the shadow °E for a set E in a standard metric space (X,d).
The halo H(E) of E is the collection of those z € X for which Jy € *'E d(z,y) ~ 0. The
shadow °E is a standard set such that **E = **#(E). By the standartization principle of IST,
°F exists and is unique.

Let (X,d:), (Y,d,) be standard metric spaces, and f be a map X — Y. We consider its
graph {(z,y) € X xY : z € domf, y = f(z)} r as a set in the standard metric space X x ¥
(with a distance, e.g., dz(z1,22) + dy(y1,y2) ). The map f is said to be graph-nearstandard if
the shadow °[graphf] of its graph is a graph of some map. The last (if it exists) is exactly the
shadow °f of f: °[graph f] = graph(°f).

Let A: X —+ Y (X, Y are normed spaces) be a linear map. Define domp,A := {z €
"Ydom A: Az € "*'Y'}. We say that for A the < nst > condition holds, iff (Vz € domy,A)
(z % 0 = Az ~ 0). It is known (see, e.g., [5]) that < nst > is necessary and sufficient for
graph-nearstandardness of A. If < nst > holds, then

z € *'dom(°A) <= (3z; € domA)(z ~ z;) (1.1)

and for such z and z; we have

(°A)z = *(Aay) (12)

Since °A is standard its domain and action are uniquely determined by (1.1), (1.2). Recall that
the shadow °A of a graph-nearstandard linear map A is a closed operator.
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2. Let (T,P,p) be a standard measure space with a c—additive measure. Denote by H
the standard Hilbert space Ly(T, B, p) and fix some p-measurable p-bounded function A € CT.
Define an operator A € B(H) by

Vee H Az = \)z (2.1)

(i.e, Az(t) = A(t)z(t) a.e.). Observe that
4]l = ess sup,erlA®)l; (22)
this A is normal (if A(t) € R a.e., then A is selfadjoint). The spectrum of 4 is
o(A) = esv A, (2.3)
where esvA denote the set of essential values of A, i.e.,
esvid:={z2€C: essinfier|A(t) — 2| = 0}. (2.3")

We want to discover condition for nearstandardness of A. Denote by (T, ),en an increasing
sequence of sets T, € P such that

T=|JT. and VneN pl,<o (2.4)
neN

By the transfer principle (without loss of generality), we can assume that the sequence (T},) is
standard. In particular Vn € *N T, € *'P and pT, € *'R.

2.1 Definition. A p-measurable p-bounded function A € C7 is said to be p-nearstandard iff
there exists a standard p-measurable function p € CT such that

Vn € **N ess sup,er |A(t) — p(t)| = 0. (2.5)

If this holds, u is called the shadow of A and denoted by °\.
2.2 Remark. The above definition determines the shadow x = °) uniquely a.e. Indeed, let
(2.5) holds for another standard (T) and (&z). Then Vm,n € **Ness sup,cp. ~7 |u(t)—j(t)| = 0.

Since this ess sup is a standard number, it equals zero. Since |J Tm NT, =T by the transfer
m,neM
principle, we get u(t) = fi(t) a.c on T.
2.3 Warning. The shadow °A (of a p-bounded ) may be unbounded. But for (2.5) and by
the transfer principle,

Vn € N ess sup;er [(°A)(2)] € *'R. (2.6)
2.4 Lemma. . Let A € CT be a p-nearstandard function. Then

(Vz € "'H) (|| Az]| < o0 = °(4z) = (°N)(-)°a). (2.7)

In particular, if ¢ € dom, . A, then

/ CNOC2))P pldt) < oo. (2.8)
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Proof. Let z € ™'H, ||Az|| € oo, and y € **H. Then (°(Az)ly) = (Az|y) = (A(")z]y).
Therefore,

Vn € *'N /“(Ax)(t)mp(dt) ~ /)\(t)z(t)mp(dt) =
T

Th

~ [CxO=0T@ o) = [N0C 0T )

T Tn
Indeed, ||z — °z|| = 0 and by (2.6),

Vn € *'N / 1(°A)()y(t)]? p(dt) < oo.
Tn

Since the first and the last members of the chain above are standard numbers, they are equal.
By the transfer we find

Vy € HVn € N [ °(Az)(&)3(D) pldt) = j A1) 2) (67 pldt),

T T

whence (2.7) follows.

2.5 Theorem. Let a function A be p-nearstandard. Then the operator A defined by (2.1) s
graph-nearstandard. Its shadow °A 1s a densely defined (possibly unbounded) operator given by

dom°A={zeH: (°A)()z €eH}, Vzedom®A (°A)z=("N)()z. (2.9)

Proof. Let x € domp,tA and z & 0. Since °z = 0 by (2.7) °(Az) = 0. Therefore Az = 0, what
means that for A the < nst > condition holds (see section 1), i.e. A is graph-nearstandard.

Assume that z € *(dom°A). Then by (1.2) and lemma 2.4 (°A)z = °(Az) = (°A)(-)z.

Therefore (°A)(-)z € H. By the transfer, Vz € dom°A (°A)(-)z € H and (°A)z = (°A)()z.
Conversely let z € *'H and

J1eN@=F ) < o
T
In view of (2.5), if n € *'N, then

/ ICAE) = APL2(6)? p(dt) = 0.
Ty

By the Robinson lemma this holds for some n = ng € N\ **N. Define z; € H by z,(t) = z(¢)
for t € Ty, and z,(t) =0 for t € T\ Ty,. Then

lz - z1||% = / |z(t)|? p(dt) ~ 0

T\Tn,
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(Tf |z(t)|2p(dt))
n nEN

converges. Therefore £, € "*'H, °z; = z. Besides,

because the standard sequence

421 — (CN)()z|]? = ] IAE) = CA P 2P pldt) + / N (@)@ pldt) ~ 0.

T\Tn,

Thus Az; € ™'H, what means that z; € dom,,A. By (1.1) z € dom(°A). Using the transfer
principle, we get: Vo € H if (°A)(:)z € H, then z € dom(°A).

3. Now we give conditions for
o(°A) = "[a(A)], (3.1)

where A is defined by (2.1) and o(-) denotes the spectrum of ().
Assume that a standard metric d is defined on T and for any n € **N the set T, is d-compact
(see(2.4)). Suppose that the following holds
(1) A is p-nearstandard and its shadow (see definition 2.1) °A is a d-continuous function;
(i) if |z] « oo and z € esv), then 3n € *'N ess infier, |A(2) — 2| & 0;
(iii) Vz € *C  ess infier|A(t) — 2| = 0 implies 32 = z 2z € esvA.

3.1 Theorem. In the above conditions (3.1) holds.

Proof. Let z € **C N °[o(A)]. Thus z =~ 2 for some 2z € esvh. By (ii)
ess infier, |A(t) — 21| = 0 for some ng € **N. Condition (2.5) implies ess infyer, |u(t) — 2| ~ 0,
where u := ° . Since T, is d-compact and y is standard and d-continuous there exists tg € **T),,
such that p(to) ~ 2, hence u(tp) = z and z € o(°A). By the transfer principle, °[o(4)] D o(°A).

Conversely, let z € **C N o(°A). Since °A is the operator of multiplication by a standard
continuous function u Ve > 03t € T |u(t) — z| < €. For standard £ > 0 the above ¢ may be
choosen standard. Therefore there exists n € **N such that |u(to) — z| < € for some ty € *'T),.
By (2.5) ess infier, [A(t) — 2] < 2¢. Let E := {&¢ > 0: essinfier|\(t) — 2| < 2¢}. We have
proved that E contains all € 3> 0. By the permanence principle there exists an infinitesimal
¢ € E. Therefore ess infier|A(t) — 2| & 0. By (iii) 321 ® z 2 € esv). For (2.3) z; € o(A),
thus z € °[0(A)]. By the transfer, o(°4) C °[o(A)].

4. Example. Denote by H the standard Hilbert spase Ly(R). For a fixed infinitesimal h > 0
define

Ve € H Dpa(t) = % [2(t + 2h) — 22(t + h) + 2(t)], tER. (4.1)

Obviously, Dy € B(H) but || Dy|| & oo (namely ||Dy|| = 4/h?%; see below). We claim that the
operator D}, is graph-nearstandard and its shadow D := ° Dy, is given by

d?
domD = H*(R), Vze HX(R) Daz(t) = ?f(t), teR; (4.2)

where H2(R) := {z € Lo(R): 42 £z ¢ L,(R)}.

dt o di?
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For proof use the unitary transformation F

Vz € Ly(R) #(r) = Fz(t) = \/% /w(t)e_“r dt, TeR.
R

The Fourier-image Dy, of Dy (i.e. the operator FDF~!) is the operator of multiplication by
a function R
Bat = ()3, (4.3)

where A\(r) = 7z(e'™ — 1)%. Since |r| < oo implies (e’ — 1) = ir, this function A is

nearstandard with respect to the Lebesque measure on R and its shadow °) is (see definition

2.1)
°A7) = —1%. (4.4)

»
>

N
7y

"10

A

By theorem 2.5 Dy, is graph-nearstandard and by (2.9),
dom°D, ={i ¢ Ly(R): / |722(7)|?dr < o0 3,
R

°Dué(r) = —24(r), 7€ R. Using F~! we get (4.2).

Remark. Since for the above function A the conditions (i), (ii), (iii) of section 3 are satisfied,
we have o(D) = °[o(D4)]. But we can see this immediately. Indeed, let z = #(e'™*—1), 7 €R.
Then |hz + 1| = 1 i.e. values of z form a circle with centre (—#,0) and radius %, with a polar
equation p = —2 cos g, 2 < ¢ < 3 Values A = £(e'™ — 1)? fill in a curve I' which arises
from this circle by the transformation z — z? or in polar coordinates, p — p?, ¢ — 2p.
Thus the polar equation of I' is /p = —% cos € ie., p= -525(1 +cosp), m™w< e <3r. We see
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‘that the spectrum o(Dy) = o(Dy) is an infinitely large cardioid. Its shadow is the semiaxe
T =] - o0,0].

leark. ]Obviously, the operator D (see (4.2)) is the shadow not only of the (normal)
difference operator Dj. For instance (instead of (4.1)) consider the (selfadjoint) difference
operator Dy, given by Dyz(t) = azlz(t + k) — 22(t) + z(t — h)]. It is easy to check that Dy is
graph-nearstandard with shadow °Dp = D. Now the spectrum of Dy is simply the segment
[—+%,0] , but as before o(“ﬁh) = °[o(Dp)] (because ° [—+%,0] = [—00,0]).
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