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INFINITELY REPRESENTED BUNDLES OF
TWO SEMICHAINS HEREDITARY RINGS

In this paper we study representations of bundles of semichains. These repre-
sentations were classified (in the invariant form) in [1]. A history of solving this
classification problem and its applications was presented in [2].

We associate a bigraph with a bundle of two semichains and give (in its terms) a
necessary and sufficient condition that a bundle is infinitely represented, i.e. that it
has (up to isomorphism) infinitely many indecomposable representations.

Throughout the paper, k denotes an arbitrary field; all partially ordered sets
(posets) are finite and all vector spaces are finite-dimensional and right. Considering
linear maps, morphisms and so on, we use the right-side notation.

1. The category of representations of a bundle of two semichains. For
a poset A with involution * and a field k¥, mod(4 .)k denotes (by analogy with the
category of finite-dimensional vector k-spaces mod k) the category of (A, *)-spaces
over k [3], i.e. the category with objects the vector k-spaces U = @4e4U,, where
Us» = U, (for all a € A), and with morphisms § : U — U’ the linear maps é €
Homy (U, U’) for which d4+4¢ = d4q and dpe = 0 if b £ c. Here .y denotes (as usual in
analogous situations) the linear map of U, into Uy induced by §. We identify (A, )
with A if the involution # is trivial.

Recall that a semichain is a poset of the form Y = ik_ilil”,-, where each Y; consists of

either one point or two incomparable points, and Y] < Yo < - < Y, (i.e. ;s < y2 <
.-+ < y, for all y; € Y;); the subsets Y; are called the links of the semichain Y (if each
link consists of one point, the set Y is called a chain).

Let A and B be disjoint semichains (AU B # @). A bundle of the semichains A
and B is a triple S = (A, B, %), where * is an involution of AU B such that z* = z for
each z belonging to a two-point link. The representations of the bundle S = (A, B, *)
over k are the triples (U, V, @), where U € modak, V € modgk, U®V € mod(auB, .k
and ¢ is a linear map of U into V (AU B is the poset with the smallest order relation
containing the order relations of A and B). A morphism from (U, V, ¢) to (U’, V', ¢')
is determined by a pair (a, 8) of linear maps @ : U — U’ and 3 : V — V’ such that
o € modgk, B € modpk, a ® B € mod(4up,«)k and B = ay’. The representations
of the bundle § = (A, B, x) over k form a (Krull-Schmidt) category which we will
denote by B (_S_) or Bi(A, B, ).

A bundle of two semichains S = (A, B, #) is called finitely represented (over k)
if the category B (S) has only finitely many isomorphism classes of indecomposable
objects; otherwise, S is called infinitely represented.
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2. Formulation of the main result. Let S be a bundle of semichains A and B.
Define two symmetric binary relations, ~ and —, on A U B by putting ¢ ~ y if and
onlyifz*=y, z#y,and z — yifand only ifeither z € A, y€ Borz € B,y € A.

With a bundle S = (A4, B, *) we associate the following (nonoriented) bigraph
G=0G(5):

a) the vertices of G are the symbols e, z € AU B;

b) G has edges of two type — “~” and “~"; the edge e, ~ ey (respectively, e —ey)
exists if and only if z ~ y (respectively, z — y) in AU B.

A subgraph of G is determined as usual: it is a bigraph with a set of vertices
E C {ez|zr € AU B} and some edges from G (between vertices e;,ey € E). If the
bigraph G(S) is geometrically given, we identify e, with z.

In the sequel, we denote links of semichains by lower case letters, and identify the
one-poits links with the points themselves; the points of a two-point link z is denoted
by z* and z~.

The main theorem. A bundle S of two semichains is infinitely represented if

and only if the bigraph G(S) contains one of the following subgraphs:

yt
gt — yt Ty ~ T3 & e
1) =y 2) l | ’ 3) | | ; ‘{) Iy o~ Iy .
Al B~ Y L Fd
y-

3. Invariants of indecomposable representations of the bundle 5. Let
S = (A, B, ¥) be a bundle of semichains A and B; let L(A) or L(B) be the set of links
of the semichain A or B, respectively; denote by L(S), or simply L, the union of the
sets L(A) and L(B). We denote the number of points of a link z by 7(z).

Define two symmetric binary relations, & and 3, on the set L by putting zay if
and only if either z # y, r(z) = r(y) =l and 2* =y, or ¢ = y and r(z) = 2; and zfy
if and only if either 2 € L(A) and y € L(B), or z € L(B) and y € L(A).

We call an L-chain (respectively, L-cycle) an expression g of the form z;A1z2A; . ..
Tm-1Am-1Zm, m > 1 (respectively, z1A1Z2Az...Zm-1Am=1ZmAm, m > 2), where
z; € L, \j € {a,B}, ¢jAjzjp1in L and Aj # Ajyq foralli = 1,... ,mand j =
1,...,m—1 (respectively, i, j = 1,... ,m); notice that for cycles the subscripts p > m
and p < 1 are considered modulo m (in particular 2,41 = z1 and Ap,41 = A;). The
number m is called the length of an L-chain (respectively, L-cycle) and is denoted
by |g|. Denote by g*, where g is an L-chain (respectively, L-cycle), the L-chain
ZmAm—1Zm—1 - - - A2Z2A1 21 (respectively, the L-cycle 2 Am-1Zm—1 ... Z2A1 212 ); for
an L-cycle g, g(i) denotes the L-cycle ;)i ... Zitm—1Aitm-1 = ZiAi ... EmAnT1A1 ...
Ti—1Ai-1.

L-chains (respectively, L-cycles) g and h are called isomorphic if either ¢ = h or
g = h* (respectively, either g = h(7) or g'= h*(%) for some 7). An L-chain (respectively,
L-cycle) is called symmetric if |g| > 1 and g = g* (respectively, g(i) = g* for some i);
an L-cycle g is called periodic if g = g(i) for some 7, 1 < i < m.

L-subchains (or, simply, subchains) of an L-chain (respectively, L-cycle) g is called
the L-chains h of the form z;Xit+1 ... Aiys—12Zits, Wwhere 0 < s < m — i (respectively,
0<s<m+1i-1).

An L-chain g will be called admissible if z;ay in L, z; # y, imply either Ai_; = a
or A\; = a. The left end z; (respectively, the right end z,,) of an L-chain g of length
m > 1 will be called double if \; = 8 and z;az; in L (respectively, A\;,,—; = 8 and
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Tmazm in L); for m = 1, the end z, will be called double if zjaz; (in L). The number
of double ends of g will be denoted by d(g) (if m = 1 and z,az;, then d(g) = 1).

In the case when h is an L-chain and d(h) = 2, we denote by hls] the L-chain of
the form h“)(tha.‘.ahf*), where h() = h for odd i and h') = h* for even i: if
only the right end of h is double, then Al*] can be constructed only for s = 1,2 (in the
remaining cases only for s = 1). An L-chain g will be called composite if it can be
represented in the form g = Al*] for s > 1, and simple otherwise. An L-cycle is called
simple if it is nonperiodic.

Denote by G;(L) the set of simple admissible L-chains, and by G3(L) the set of
simple L-cycles; put G(L) = G1(L) UG2(L). For an L-cycle g € G3(L) denote by
d(g) the number of 1 € {1,... ,m} such that z; # z;4, and either 2;, ;41 € L(A),
or z;,z;+1 € L(B) (m = |g|); put do(g) = 8(g)/2 for an symmetric L-cycle g, and
do(g) = é(g) otherwise.

Let k be an arbitrary field. In [2] (see § 1) we associate to the L-chains g € G{(L)
and L-cycles g € G(L) certain special representations (over k) of the bundle S =
(A, B,*). Namely, to an L-chain g € G;(L), we associate the representation U;(g)
if d(g) = 0, the representations U,(g), s = 1,2, if d(g) = 1, and the representations
Us(g,p), s = 1,2,3,4, if d(g) = 2, where p is any natural number. To an L-cycle
g € Ga(L), we associate the representation U(yg, f), where f = f(t) is a power of a
monic polynomial fy, irreducible over k, such that fy # t if ¢ is nonsymmetric, and
fo # t,t + 1 (respectively, fo # t,t — 1) if g is symmetric for an even (respectively,
odd) do(g).

These representations (whose explicit form were indicated in [1, 2]) are all the
indecomposable representations of the bundle § = (A, B,*). More precisely, the
following statement holds.

Theorem. Choose one representative in each isomorphism class of L-chains and
L-cycles belonging to G(L). Then the set of representations of the form U,(g), Us (g, p)
and U(g, f) associated to the chosen L-chains and L-cycles is a complete set of pair-
wise nonequivalent indecomposable representations of the bundle S = (A, B, *).

The Theorem was proved in [1].

4. Proof of the main theorem. Prove first the following lemma.

Lemma. The following conditions are equivalent:

a) GQ(L) =

b) Gi(L) contains only finitely many L-chains and does not contain L-chains with
two double ends.

Proof. Obviously, conditions a) and b) are equivalent, respectively, to the following
conditions:

a’) the set Go(L) of all (not necessarily simple) L-cycles is empty;

b’) the set G1(L) of all (not necessarily simple) admissible L-chains contains only
finitely many elements.

a') = b'). Let Go(L) = @. Then G;(L) does not contain an L-chain g =
(£1A122 ... Am—12Zm) such that z; = z;4+, and A; = Ay, for some s > 0 (otherwise,
(TiXiZigp1 .. Tirs—1dits—1) € G2(L)). Hence |G;(L)| < cc.

) = a'). Let |G1(L)| < co. Show that G5(L) = @. Assume the contrary and
consider some L-cycle g = (21A1Z2...ZmAm) in Ga(L); denote by g’ the L-chain
€1A1Z3...Zm. Then g"g’' € -C?I(L) for any natural n, contradicting the assumption
that |G;(L)] < oo. The lemma is proved.
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Proposition. A bundle S = (A, B, x) is infinitely represented if and only if the
set Go(L) contains an L-cycle of length 2 or 4.

Proof. It follow from the Theorem and Lemma that S is infinitely represented if
and only if G3(L) # @. Show that if the set G2(L) is not empty, then it contains
some L-cycle of length 2 or 4.

Let (z1Az2...2mAm) € Ga(L), where m > 4; obviously, we can assume that
A1 = a. If for some odd i either z; € L(A) and z;43 € L(B), or z; € L(B) and z;4; €
L(A), then z;azi410 is a simple L-cycle (of length 2). Otherwise, zjazfrsazsf is
a simple L-cycle (of length 4).

The proposition is proved.

The Main theorem follows from the proposition: if (zayB) € G3(L), then the
bigraph G(S) contains a subgraph of the form 1); if (zazByayB) € G2(L), then G(S)
contains a subgraph of the form 2); if (z;0z20y1ay28) € G3(L), where z; # z3 and
y1 # v2, then G(S) contains a subgraph of the form 3); if, finally, (z;az,Byayp) €
Go(L), where &1 # 23, then G(S) contains a subgraph of the form 4).
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