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LECH ZAREBA

INITIAL-BOUNDARY VALUE PROBLEM FOR DEGENERATED
LINEAR HYPERBOLIC SYSTEM OF THE FIRST ORDER

In this paper we consider the linear degenerated hyperbolic system of the first
order. For such system we assume that initial data are unbounded on the area Q =
(0,a) x (0,b). Some conditions are obtained for the uniqueness and existence of the
solution of the initial-boundary value problem. The initial and initial-boundary value
problems for the first order linear hyperbolic systems were investigated by different
authors [1-5].

Let @, = Q x (0,7). We shall consider in this domain the hyperbolic system of
the form

n n
win(z, u, 1) + Y aij(@, v, ) uju(e, u,t) + Y bij(, v, )ujy(@, y,1)+
i=1 i=1

+ Zc,»,-(a:,y,t)uj:(z,y,t) = fole, 5.8 V=100 (1)
i=1

For this system we impose the following initial and boundary conditions:

ui(z,y,0) = ©i(z,y), i=1,..,n, (2)
lim z%u;(z,y,t) = 0, (3.1)
-0
n
ui(z,0,t) = Za,-juj(:c,b,t). (3.2)
i=1

For the solution of problem (1) - (3) we will use eigenfunctions of the following
problems:

(2%2) = AZ;limz?Z =0, Z'(a) = 0; (4)
z=—+0
and = .
Z{ = pZi; Zi(0) =Y aiZ;(b), Zi(b) =) aiiZ}(0). (5)
F=1 ¥=1

It is easy to show that for g € (0,1/2), a € (1,2) the eigenfunctions of problem (4)
satisfy the following properties:

lim 22 = 0; (4.1)
z=0
limz%22Z' = 0; (4.2)
=0
lim z2t1(Z2")% = 0. (4.3)
z—0

© Zargba Lech , 1999



76 LECH ZAREBA

It is known that the eigenfunctions of problem (5) form a complete system in the space
L%(0,b). For the next consideration we introduce the following system of conditions:

(A): AA(z,b,t) — A(z,0,1)AL0; A' = 4
(A(e,y,1)€,€6) 20 V€€ R";
(B): B(z,b,t)-A'B(z,0,t)A=0; B'=B;
(C): AC(z,b,t)—C(z,0,)A<L0
(A): AA* =1,
where 2 is the matrix with coefficients «;;.
Theorem. If conditions (A), (B),(C), (%) hold, 8 € (0,1/2), a € (1,2) and
Ag,z"'A,z°/?A,, B,2*/*B,, By, C,2*/*C,,Cy € L™ (Qr);
f,2**f. € *(Qr);  ©5,2°/%0;;,0;y € L*(Q)

and f satisfies (3.1), (3.2), ©; satisfies (3.2), then there exists a unique one solution
u= (uy,...,uy) of problem (1) - (3) such that u, u., uy, z*/%u, € L*(Q7).

Proof. Let ¢! (z) be the eigenfunctions of problem (4) and v} (y) the eigenfunctions
of problem (5). We will consider the sequence of the form

23 y! ZZﬁmh QS‘ ( )

m=1 {=1

where Y s i =1,...,n, mI=1,...,N, are the solutions of the following Cauchy
problem

[ [(uf} 65 (2)065 (1) + ) aijujudin (2)¥1 (4) + Y bijulydin ()0} (v)+

B i=1 j=1

+ 3 esjul ¢ (2)95 (v) — ik ()% (v)]dzdy = 0, (6)
i=1
53:11‘(0) = Gg”; forml=]l ... N 4=, ...0

Here

Zzem;, Sin(2)¥i(v), OF — 635

m=l =}

z°/20f — z%/?0;;; Of — Oy in L2(Q).

Multiplying every equations of the system (6) by the functions fm;i respectvely,
summing from [, = 1 to N and integrating on @, we get

f (Y, u™) + (Aud, uN)+

+ (BulY . uN) + (Cu™,u") — (f,u")|dzdydt = 0 for T € (0,T).
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Taking into account assumptions of the theorem we obtain

hi= f(uf,u”)da:dydt f [u|? - /|@N|2dzdy
Q-

nfuu

I = f (Aul  u™)dzdydt = % / (Au , u¥) dzdydt — % f (Agu® | uN)dzdydt =
Q'\" QT Qf

ff(Au |z-adydt~—//(Au u™)|p=odydt—

- -Q-f(A,uN,uN)dxdydt > ——QL/Iuszdmdydt

where a; depends on coefficients of the matrix A. Going on we get

I;;:/[Buy, u)dzdydt = ;](BuN uN)yda:dydtuéf(B u, uN)dzdydt =
Q-

//(B[zbt)u” Ndmdt-w_/./(BwUt N uNydrdt—

_..;.](ByuN,uN)dxdydt—%f/[(ﬁ(x‘b’t)uN,“N)—

Q-
— (B(z,0,t)2u" , Au zdl — = u,u" )dzdydt—
Au™N, Au™))dzd ; Byu®, uN)dzdyd
Q‘l"

- %]j[(B(.r,b,t)uN, u) — (A B(z,0,t)Au" , uN)]dzdt—

s % f(ByuN,uN)dxdydt > —%1 / [u™ |2dzdydt,

where b, depends on coefficients of the matrix B.
From the conditions of the theorem we obtain

Iy —/(CuN u™)dzdydt > cof]uN|2dxdydt

Is =](f, u™)dedydt < /|f| dzdydt + —f[uN]2dxdydt
Q-

for 8y > 0. From the above estimates of integrals I, ..., Is the inequality follows
f|uN|2+ / M |u 2dzdydt < élf|fl2dxdydt+f|@N|2dxdy,
0
Qr Q- Qo

where M = 2¢q — ay — by — 8. From here using the Gronoull-Bellman inequality we
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obtain
f |uN|2dxdy < pa(7). (7)

Now using (4), (6) it is easy to get the following equality
[l @) + (A, @oud)e) + (B (e"ud)o)+ ®)

+ (CuV, (z°ud)s) — (f, (*ud);)]dzdydt = 0, 7€ (0,7].

Hence using assumptions of the theorem we shall have

Ig :f(ut (2%ul) g )dedydt = _/(ua ,2%ul ) dzdydt — ](uw, ul)dedydt =
Q-

T

= / f (¥, 04 o adydt — f ](uz, ) emodydi—

- %](z“”uf,x“”uf);dwdydt = —%]m“luﬂzda:dt—}- %fa:‘”l@;flzdxdt;
Qr " . o
= [ (A, o ul)o)dedydt = [((427)("ud), (a%u)z))dadyit =
Q-
:%f({Aa:'“):c“uN %o Ja )dzdydt—%f((Ax‘“)xa:“uf, *uN))dzdydt =
Q’ Q-
= --% ./((Az —aAz~ Yl z*uN)dzdydt > 02—2 j |e*ul |2dzdydt,
Qr

where a; depends on coefficients of the matrix A,

Iy = f(Bu;\!, (z*ul),)dedydt = /(Buiy, z%ul), dedydt—
Q-
- f (Boul) , z%ul) )dzdydt — f (Bup,, z*ul )dedydt—

_f(B iy 5 2 N}dmdydt——f(Bux, ull), dzdydt+

.

+ % f(Byuf, z%ul)dedydt = I} + I + I3,
Qf

= f[B,u"J, z*ul Ydedydt < f ||B,,]|:c°“"2|u;v||:r“"2uiv|a'zdydt <
Qr
b
< 32 f (lu1? + z*|ul |?)dzdydt,
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where by depends on coefficients of the matrix By;

- %Off[(ﬁ(x,b,t)uf(x,b,t),uj;’(x,b,t)]—

— (B(z,0,)ul (2,0,t), u) (2,0,t))]z%dzdt =

~5 [ [ 00,0, e, 0)
0 0

— (B(z,0,t)2u) (z,b,t), Uul (2, b,1)))c*dzdt < 0

B :% / (Byul, 2%ul)dedydt < bs / e*|ul |2dzdydt,
Q- Q-

where b3 depends on coefficients of the matrix B, ;

Ig =](CuN, (x“u?]z)dmdydt =-/(C’uN, e*ul), dzdydt ——/ (Coul , 2*ul Yd2zdydt—

Q- Q- Q-
- f(Cuf,:c“uf)da:dydt =R+EB+15; B=0
Q-
I = _/(C,uN, e%ul Vdzdydt < / ICe|z®/?|u ||z *ul |dzdydt <
Q-

<o [ (10 Pdzdydt + O Ly e

T

where ; > 0 and ¢, depend on coeflicients of the matrix Cy;

I = ](CuN e*ul)dzdydt < —cg f *|ul | dzdydt;

r

Iip = _/(f, ¢ )dzdydt = f(f % ) dzdydi+
Q.

+ /(fz; ul)dzdydt = Iy + I3y; I}, =0;
I SL_/- | fz|*2*dzdydt + -6—2./:1'"‘|uf|2d:cdydt.
24, 9

Taking into account estimates of integrals I, . . ., I;o we obtain from (8) the inequality
fxa|u2’|2 + f Mz%|ul |2dedydt < Jl f =%\ fo|*dadydt+
2
nr

_/ 10N 2dzdy + -2 f|uN|2dxdydt+_f|uN|2dzdydt
(o Qr
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where My = 2¢¢ — 281 — 2by — as — b3. Again using (5), (6) it is easy to get the
following equality

] (%) + (A, o) + (Bul, ull)+ (9)
Qr
+ (Cu®, uly) = (f, uyy]]dmdydt 0, 7€(0,7T).

Taking into account assumptions of the theorem we obtain

fii= ‘/(uf\',u;\;)dxdydt 2 /(uiv, y) drdydt — ](uw, Mdzdydt =
Q- Q-

1
=/(uf,u§“)ydxdyd -5 [ ydodydr = 1y 4 1

r

r}l_ff[ (..«:,b,:),ugf(x,b,z))—uf(x,o,t),ug(z,o,t))]dxdf:

]/ (uf (z,b,), Aul (z,0,t)) — (Au} (x,b,1),u) (z,0,1))}dzdt = 0;

Ly =1} = -—% fm“|u3r|2dxdt+ %/z“}@?ﬁdadﬂ;
2, Qo

Ly = f (Auf , uydodydt = ] (Au) ,u)) dzdydt — f (Ayuy ,u)))dedydt—
Q- Q-

- [ (Aud ) dndydt = 11y + 12y + 1

I, =faj[(A(a:,b,t)uf(a:,b,t),u;"(z,b,t))—
?— (OA(::, 0,t)ul (2,0,t), ul (z,0,t))]dzdt =
:jj[(A(x‘b,t)uf(x,b,t),ﬂu?(r,o‘t))—
- (DA(OI, 0,t)2Aul (z,b,t), ul (z,0,t))]dedt =

= ]/[(ﬂA(m,b,t)— Az, 0,)W)u) (2, b, t)ul (z,0,t)]dedt < 0
fy=— [ uf)dodydt < [ 14,2/} lle®/ 0 |dadyat <
Q- Q-
a
<5 [ (P + 2% ug P)dzdydt,
Q-
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where a3 depends on coefficients of the matrix Ay;

I /(Au,:y, Uy, NMYdzdydt — - /(Auy ) Uy N dedydt+

1

o §f(A Uy , Uy uN)dzdydt < 2 ]|u§|2dxdydt;

Q-
where as; depends on coefficients of the matrix A;;

1
Ild —/(Buy " yy dﬂ:dydt 2 ](Bu;v) i‘v)ydxdydt_

Q-

.,5/(5‘!,, Uy )dmdydt— I+ Bs;

Q-
1 “1 [ [ xr ’H.N T uN.’B =
Ils—gf][(ff( b, 0wl (2,b,2),u (2,0,1))
— (B(z,0, t)u (z,0,t),u (a: 0,t))]dzdt =
= -;-/f[(B(z,b,t]Q[uyN(x,G,t),Qlu;v(z:,U,t))—
0 0
— (B(z,0,t)u) (=,0,1), uf(m, 0,t))]dzdt =
=3 [ [1@¢B(a,8,09 - Blz,0,1))ud 2,0, (2,0, )]dedt = 0
1

= [ (Byul ul)dedydt < o [ty tdedydt,
2 i e 2 )
Qr Q-

Ii3 =

where b3 depends on coefficients of the matrix By;

114...[(01; ,upy)dedydt = f(CuN u))ydzdydt — f(c uN, u) )dzdydt—
Q- Q-

—“/(C y )dzd'ydt— I 4+Il4+‘{14’
Qr

I;‘n:0/Uj[(C.(a:,b,t)uN(x,b,t],u?[a:,b,t))—
— (C(z,0,t)u™(z,0,1), ) (z,0,1))]dzdt =
:/f[(C(x,b,t)uN(x,b,t),ﬂu?(z,(},t))—

~ (C(=,0,t)2uN (2, b,1),u (2,0, t))]dzdt <
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2, = f (Cyu™ , ul)dzdydt < -2%"‘; f ™ [2dedydt + %3 f |u¥ 2)dzdydt,

T

where c3 depends on coefficients of the matrix Cy;

114 —c0/|u‘vlzdzdydt Iig = — j(f, yy Jdzdydt =

= - f (f, u) )ydzdydt + f (fy, u) dzdydt = Ifs + Is;
Q- Q-

f}s,—,-—f/[(fxbt u) (z,b,t)) — (f(z,0,1),u) (z,0,t))]dzdt =

= ] f (@ (2, b,1) — F(z,0,1)), w2 (2,0, 1))]dzdt = 0;
0 0
1 s
i <3 / | fy]zd:cdydt+54 / |ul |2 dzdydt.

From the estimates of integrals I;1, ..., I15 and equality (9) we obtain

f [ug 12 + f Myl Pdzdydt < < f 2°|fy|*dedydt+ (19)
4

f ey |2 dzdy + = f |u™ |2dzdydt + a3 / z%|ul |dzdydt,
Qr
where My = 2¢q — 264 — 2b3 — az; — az. If we sum (9) and (10) we get

/(zﬂufﬁ + |uy |?)dzdy < p/(xajufﬁ + |ulY |?)dzdydt + fo(r). (11)
Then from (11) and the Gronoull-Bellman inequality we obtain the estimate

i |
/Ezﬂu dxdydt+]zlu‘y|2dxdydt [1©2 ||L3{n)+ —-“fana(n)-i-
i=1 i=1
+ 1©4ll2(n) +nyllL=(n p1(7) = p2(7) < D(7).
Therefore
lu™ (|Lagay + 22w |12 (@) + lug |3y < D(7).

And now we can choose from sequences {u (z,y,t)}, {uN(z,y,1)}, {ug(:c, y,t)} sub-
sequences such that ul(z,y,t) = u;(z,y,t) weakly in L%(Q), 2*/2u2(z,y,t) —
2%/ ?u;y (2, y, t) weakly in L2(), up(z,y,t) = uiy(2, y,t) weakly in L*(Q).

Now it is easy to show that the function u(z, y,t) is the unique solution of problem

(1)-(3).
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3apeba JI.

MOYATKOBO-KPAMOBA 3AJAYA AJA JIHIMHOI
T'IIEPBOJIYHOI CUCTEMHY NEPIIOIO IOPAAKY
3 BUPOAXKEHHAM

Y npani gocaigxkeno MilIaHy 3ajJa4dy A4 CHCTEeMH rinepOoai9HUX PIBHAHD epPHIOro
MOpAJKY y BHNAAKY ABOX NPOCTOPOBMX 3MIHHMX 3 BUPOJXKEHHAM Ha 9acTHHI MeXi (3a
3MIHHOIO z). 3a iHIO 3MiHHOIO (3MIHHOIO ) PO3TJIAHYTO HeJOKaJAbHI KPaloBi yMOBH.
[MouaTkoBi QyHKII1 € HeoGMeXeHI B feakoMy okoJi Mexi. OTpumaHo nepHi gJocTaTHI
YMOBH ICHYBaHHA Ta €JUHOCTI pPO3B’A3KY 3a3HadeHol 3ajadl.
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