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1. Introduction. In modern engineering systems we also encounder com-
posite structural elements in which macro-properties are functions of position
in the body. They are structures that are not made of one standardized com-
posite material but possess different desired macro-properties in different
parts [1—3].

The aim of this contribution is to propose a general method of mathe-
matical modelling for macro-heterogeneous elastic composite structures. All
considerations are carried out in the context of the linear elasticity theory,
under assumption of the perfect bonding between material constituents of the
composite and for the deterministic description of the spatial distributions of
constituents. The obtained results are transformed to the form of an
engineering theory, which is a basis for calculations and design of macro-
heterogeneous composites.

Notations. Throughout the paper subscripts i, j, k, 1 take the values 1, 2,
3 being related to the curvilinear coordinate system. The sub and superscripts
a, b run over 1, ..., S if not stated otherwise. The summation convention holds
for all aforementioned indices.

2. Basic assumptions. The subject of the analysis is a linear non-periodic
composite body, which in its initial natural state occupies a region Q in a 3-
space parametrized by the curvilinear coordinates (x = a;,x,,23;). The proper-
ties of these bodies are determined by a mass density p() and the tensor of

elastic modulae Aij”(-). We restrict ourselves to composites for which there

exist a decomposition of Q into a very large number of small mutually dis-
jointed cells A(x). We assume that the adjacent elements have almost identi-
cal distributions of material constituents but the romote elements can be dis-
tinctly different. For every A(x) we shall introduce the averaging operator

U)Aw—a,—,q— | fx)av, A=123,..,S, ' (2.1)

where f(-) is an arbitrary integrable function defined (almost everywhere) on
A.

3. Analysis. The governing equation of the proposed micro-macro elasto-
dynamics we obtained of the well known actions functional.

A= j Guu’ -1 AMe e, +pu,b)dV (3.1)
Q .
By applaying assumptions that
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1 1
6 = 5 (U +Ujp) + 5 (hayi Q5 + oy QF) (3.2)

(see paper [1], U,(,1), @(,T) are arbitrary independent regular functions,
h,() is the known system of functions postulated a priori in every problem.
After some manipulations we obtain the approximation A (A = A;), where

1 &k ya i _ L (i
A= | [E(p)oU,-U +5(Phahy ), QF ‘§<A )Vt Uy =
Q

i a 1/, a i
+ (A% hyi5) Ugey @5 ~ 5 (4% ha by ), @F @k + PNV U AV, (33)
Lagrange equations for A; read
SY;+() o' =) U',  Hi+{phghy) Q" =0, (34)

where
s = (Ain).]U(km + (4™ Ry ), @

i ijkl ikl b
Hy = (A% by, 5) Uy + (A% hy g 1) @k (35)
Denoting by o' components of a stress tensor, by means
Uij = Aijkl(U{k/n + ha/(kQﬁ) , we obtain

s961=(c")1),  HiGD=(oh,,;)D), (36)

4. Axisymmetric case. In this section we shall consider problems corre-
sponding to equations (3.4) for the axisymmetric case. After calculating the
Christoffel symbols in the cylindrical coordinates (7,¢,2) with axisymmetric

loads, we obtain following equations of motion
oS™ o8™ & ST~ 8%

or + oz r = (p)g Ur ’
as=  as™ 1 "
St TS =k, (41)

Assuming that {ph, h;), =0 and setting h, = sin(2nr/l)sin(2n¢/a), equa-
tions (3.5) can be written as

ouU 1 U
ST =y,(r) 5t 12(r) TUL +73(r) 2%,
U 1 U
S = y,(r) S YU + 1) 5,

- ou 1 oU
S =73(r)3’-+ Yz(r);Urﬂl(r)j{z‘,
ou. ou )

g [ B B,

S (4.2)
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The functions yl(r}, Y2(r), Y3(r), v4(r) are given below

: 1

Y1(r) =a; - lr3’1 , Yz(T)‘—'az—bz;'_"é':
1
Y3(r) = a; - b} " L Y4(r)=0a; - b ;’2- ’ (4.3)
where
a; = Ay + 20, +G[A, + 24, = Ay, +20,,)], @y =A,, +G(A, = A,),
b, = A% =My ) " 0 O =)y + 2y = (g + 2]
m m

2 2
by = oAy +2u, -, +20,)]

m » C1=Pm+‘;(l-‘-z‘“‘l-1m)1

2 2
i m
m=r [y 4 (08 = e Y2 ] + - s + 2 + A+ 20 = s + 201 ))005),

o = é[%cos(nl'ﬂ) o %sin(nl'/l)]sin(nﬂ/u) ,
oy = [—2-:— " %sin(an m 5'31— . ism(znp/a)]
oy = [%l— i %sin(?ﬂl /n][zi —sm(2nB/a ].
i FF,—': = const . (44)

5. Example. As an illustrative example of the application of the general
considerations given in Sec. 4 we shall now consder the wave shear propagat-

ing along z-axis. To this end we assume that U,.()=0, U,(-)=0
U, = U,(r,2,7), the matrix and the reinforcement are made of homogeneous

isotropic linear — elastic materials and the perfect bonding between constitu-
ents. On this assumption we may obtain the explicit of equation of motion (see
equations (4.1), (4.2)).

62

2 18 1 (u,# 1 '
(or v~ o~ 5 V0= o
where
, . (pr,),)?
(W) = A =1/Duy, +Tp /1, ne = (), -"(*“,;’fr“")L“-
L5 g 0

(hye)y) = 4t — 1), (ur2), =47 l =l f ). (5.2)
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In our case we introduce only one
shape function h(r), which is piece-
wise linear and takes the wvalues
h(0)=h(/2)=h(1) =0, h({l-1)/2)=1,
h(l+1)/2)=-1, (I,I' shown in Figure).

Looking for solution to egs. (5.1) in
the form U,() = U:p(r)ei(kz"m‘), we ob-
tain following formulae for the wave
velocity

(P)o !»leﬂ
The scheme of the laminate (o = f). C=0Cy eﬁ Cy = E—- ,  (5.3)
0

where A =2n/k is the wavelength of a wave propagation and coefficient p we

calculation of the following equation BlJ,(Bl) = 2J,(Bl) where Jy(), J,(-) are

Bessel functions.

More detailed investigations related to the applications and verification of
the proposed engineering approach to macro — heterogeneous composite
structures will be presented separately.
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Cunssectp Koneunuii, Onexcanap €pryimmenko
MAKPOIMHAMIEKA NIPYHUX MIKPO-HENNEPIOAUYHUX KOMIIO3UTIB

Pozzasnymo Odunamivny 3adawy meopii npyxcHocmi 048 yuaindpa, aKa micmumbs
KPY208i cexmopu 3 tHuLozo mamepiany. Pienanns zomozenizoeanoi modeai maxozo Kom-
no3UMY OMPUMAHO 3a GONOMOZOI0 NPOYEOYPU 20MO2eHI3AYTT 3 MIKPOAOKALLHUMU NAPA-
Mempamu.. '
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