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ON A CHOICE OF MICRO-SHAPE FUNCTIONS FOR A DYNAMIC
BEHAVIOUR OF WAVY PLATES

1. Introduction. The subject of this paper is a dynamic analysis of the
wavy-plate shown on Fig. 1. It is assumed that: x; = 2(x), x=(x,x,) €ll,

§/l<1, 8/R<«1, 2() — A-periodic function, 1=+1Z+12, A:=(0,L)x(0,L),
l « Ly, Ly — smallest characteristic length dimension of IL
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Fig. 1.
The paper is a continuation of previous investigations given in [1].
Objective:
(i) to obtain the governing equations of the averaged theory of a wavy-
plates for the different form of the micro shape functions for in-plane
and out of plane of the plate displacements;

(ii) to obtain the micro-shape functions from the solution of eigenvalue
problem for a periodic cell A with the use of a finite element method;

(iii) to compare the obtained results from mezostructural theory to the re-
sults from the finite elements method, the homogenized theory and the
orthotropic plates model.

Direct description of the wavy-plate is the same as the one given in [1].

2. Modelling approach. ,
1. Averaging operator. Let f(z) be an integrable function defined on IL In
the sequel, we shall use the denotation
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1
(o) = = | f2)dz dz, . (1)
ll 2 A(x)
2. Long wave approximation. The function F(x,t), xell, will be called the
regular macro function if for an arbitrary zell and every x € A(z), the
following formula holds

vf) [{fF)x)=(f)Fx)] (2)

for Fe{F, VF, F, ..}.

3. Basic-Kinematics Hypothesis

We restrict consideration to the motion, the length of waves is large
compared to the mezostructure length parameter I The displacement field
u;(x,t) of the wavy-plate can be approximated by

uy(x,t) = Uy(x,t) + h(x)V, (x,t), x=(x'x*)ell, t20,

us(x,t) = Us(x,1) + g(x) V3(x,t), (3)
where : U;(-,t), Vi(:,t) — regular A — macro functions (basic unknowns).
The macrodisplacements U,;(x,t) = (ui)(x, t) describe the averaged motion
of the wavy-plates.
The functions h()V,(-,t) and g()Vs(-,t) describe the local displacement
oscillations, caused by mezostructure of the periodic plate.

3. A choice of micro-shape functions. Functions h(:) and. g(:) will be
referred to as the micro-shape functions and are obtained as an approximate

solution to the eigenvalue problem on a periodic cell A together with periodic
boundary conditions. The choice of these functions will be determined by the

analysis of free vibrations of a periodic cell A with the use of a finite element
method.

The form of the micro-shape functions is obtained as an eigenvibrations
form of a periodic cell A
The forms of the eigenvibrations of the periodic cell A: z = fsin(2nx/l)

(where f/1=0.1 and §/1=0.1) together with periodic boundary conditions can
be approximated by functions:

Vibrations in plane h = 1*sin(2nx/l), vibrations out of plane g = I* sin(4nx/l).

4. Averaged description: mezo-structural theory (MST). The aforemen-
tioned modelling hypotheses (1)—(3) lead from the direct description of the

wavy-plate to a system of equations in macrodisplacements U, and correctors

V; constituting the governing equations of the averaged theory of wavy-

plates.
The equations of motion presented below in the coordinate form are
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M - Mg -Ng + N +(p)U* = p',

K"+ +(phh) V" = (p'h), K+L+(pgg)V =(8'9). @
Constitutive equations have a form

N® = DRy« Ho Y 4 g Y

N =pWy +Clky 1Py,

K*=HPy, + H%V, + H® vy,

K= HBU,, + H'V, + H® Y, (5)
Mieb = by _ piedlivy, . gieby . giedy,

pile = _pgialivs B gialir - gl ¥ - BBy,

I* =By, - By, + By, + By,

L =gy, ; - B U, +B¥V, +BPY,,
where we have denoted
D™# = p(H** G! G, Va), HeWM = gl = p(H*P GIGE hyVa),  (6)

H® = gt = p(H*P Gi G g, Va),

D = p < o818 { :5 } GGl JE) cik = p ( HoB1 {:B}GiG: h,s va )
; A i

cB = p < o8 [uB} G,LG;" s JE), Hafu =D ( F Y8 G? G;‘ s h.,13 Va ) i

Ha|3 - H3|C£ =D (H'CBYG GS- G}:g,a h!B ‘JE),

BioBlits = B(HeB pini Jg). Bl - prliod o B(H b nin*a)

Pl = pilieh o p(Hebib g ninig), By o pitied B( HOBrS { 1 }nfnj\[a-.>,
ialjy _ wetv fa | fy | i j ol _ pulia _ Pryd Jou| i

a0 ), 5 o),

B < gt = (s ! n‘n3gi,8~/5), oW = B(H®®h, ; by n“n*Va),

Ba}3 - BBIu. - B< Hﬂsrahhﬂ ghanuna «/E), lea o B( Huﬁy& Gl gh,sn:"ns JE).
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5. Applications. To compare the mezo-structural theory (MST), homoge-
nized theory (HT), the orthotropic plate model and the finite element method
we shall investigate the simple problem of the cylindrical bending of a rec-
tangular wavy-plate. In this case the basic unknowns U; and V; depend only

on arguments x, and t.

1. Mezo-structural theory
In this case, neglecting external loading, the system equations of motion
will take the form

My -My -N3 +N' +(p)T* =0,

M% -M¥ -N¥ + N+ (p)U* =0,

MEZ -MZ-NZ+ N +(p)U° =0, (7)
K'+ I} phh) V' =0, K2+ I2+{(phh)V? =0,

K+ +(pgg)V? =0.
After substituting the right-hand sides of Eqgs. (5) into Egs. (7), we obtain
the system of equations for U; = U,(x,t) and V; = V(x,t).
Let the wavy-plate midsurface be defined by z= fsin(21tx?‘/l) and the
micro—shépe functions by h =[? sin(Zn:rz/Z), g=1° sin(41r:r2/1). Let us restrict

these considerations to the analysis of free vibrations for the unbounded
wavy-plate. In this case, we shall look for solutions of Egs. (7) in the form

U, =0, U, = A, sin(kx,)cos{w,t), U, = A, sin(kx,)cos(ot),
vV, =0, V, = C, cos(kx,)cos(ot), V3 = C; cos(kx,)cos(ot) , (8)

k :=mn/Lis the wavenumber, L being the vibration wavelength (L > 1). Sub-

stituting the right-hand of Egs. (8) into Eqs. (7), we obtain non-trivial solutions
only if

(@)% {p) ~ Cys Css Cas
Css (@)* (phh) - Css Css =0, ' (9)
Cé3 Ces (@)* (Pgg) — Cgq

where we have denoted

Cya = B{H?2 (n®2a ) + [B( szzz([ 222} na)z JE) +D| H?2(G3y? JE)] K2

o G [.B(H”-22 {:2} n2nh,y JE) - D{H®?G} G} h,, Va)]k,

CSB = C63 = [B <H2222 {222} n3n39:22 JE> . © (H.zzzz GgGg 9 ‘\/E)] k ’ (10)
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Css = D(H??2 (G2 h,,)? Va) + B{H?*?(n? h,,, )* Va),
Css = Cs = ~B{H?*n’n’h,5, g,5, Va) - D{H??G2 G} h,y g,,Va),
s = D(H™(G] g,, ’a) + B{H**(n’ g5, )*Va) .

2. Homogemzed theory (HT).

The homogenized model of dynamms of the wavy-plate can be derived
from Eqgs. (7)—(10) by the asymptotic approximation in which the mezostruc-
ture of the wavy-plate is scaled down 1 — 0. Keeping in mind that 3/1 = const,
we shall neglect mezoinertial terms (phh)— 0, {pgg) = 0, and we can elimi-

nate correctors V; in Egs. (7). Now, formula (9) leads to

’ G0 + G0 + 2000
( )(m)z = 0 __ﬁﬁ_&L__iiJi_JLﬂLﬁ (11)
. & TCTW

3. The orthotropic plate model
Let us restrict these considerations to the analysis of transverse vibra-
tions of orthotropic plates. In this case, equation of motion has a form [2]

2

0
By Ussazza +—3 o (PU; -J1 Uz ) =0, (12)
where [2]
By = B————— ; Jy =~ [z +a")pds. 13
22 1+ @ ) 1= ;[ )P (13)

We shall look for a solution of Eqs. (12) in the form U, = A, sin(kx,) x
xcos(wt) . For the free vibration frequency, we obtain the following expression
2 (k) .
©) = -_BRLLE 1 (14)
p+ Jy(k)

4. The finite element method
Now we shall look for a solution of the free vibrations for the simply
supported wavy-plate with the use of the finite element method. The span of

the wavy-plate is equal 10, where ! — mezostructure length parameter
(length of the periodic cell) (Fig. 2)

@
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10x1=10.0 m

Fig. 2.
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In Table for the mezostructural theory, the homogenized theory, the
orthotropic plate model and the finite element method, free vibrations fre-
quencies shown versus ratio /1, where f/l=1/10 = const.

- 5/1 1/10 1/25 1/50 1/100
oy 12.800 5.263 2.650 1.349
MST Oy 21.221-10% | 16.420-10% | 15.467-10% | 15.214 - 103
o | 34.954-10% | 33.049-10% | 32.837-10% | 32.787-103
HT o 12,803 5.265 2.654 1.339
Orth. : ® 14.050 5.620 2.810 1.405
FEM " & o 13.925 5570 2.785 1.392
MST/FEM | o;/0 91.9% 94.49% 95.0% 96.9%

6. Conclusions.
(1) The finite element method can be successfully applied to determine
the form of the micro-shape functions.

(i) The assumed form of the micro-shape functions h =1%sin(2nx/l),

g= 12 sin(4nx/l) well describes a dynamic behaviour of wavy-plates for

a different ratio §/1 and for the wavy amplitude f < 1/10.
(ili) Only mezo-structural model gives us lower and higher free vibrations
frequencies for the assumed vibrations form of the wavy-plate.
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Borpax Mixanak

PO BUBIP ®YHRII MIKPO®OPMMU JIJIA IMHAMIYHOI IOBEAIHKM
XBMIACTUX NINACTUH

O6pano Pynxyiero mixpoopmu 04l TEUAACMUX TAACTAUKH 3a OONOMO2010 PO3E’A3-
KY 3a0aui HA 6AACHI KOAUGAHHA KOMIPKU MeProduunOCME, OMPUMAHOZO MeMOOOM CKIN-
YeHHUX eremenmie. Bubpano maxod pieHAHHA PYTY LEUAACTOT NAACTUHU OAf PidnuT
munie YHKYTL MIKPOPOPMU CTNOCOBHO KOAUBAHD Y MAOWUHE MA 3 NMAOWUHU NAACTIUNL.
Ob6uucaeno ma NOpieHANO UACTNOMU BACCHUT KOAUBAHL TBUARCMOL NAACTMUHU, 00epica-

Hi 3 ME30CMPYKMYPHOL, 320M02eHI306aHOI MOTeAi, @ MAKONC 30 MEOPIEI OPNOMPONHUL
NAACTUN T MEMOGOM CKIHUCHHUT enremeHmis.
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