BICHUK JIBBIB. YH-TY VISNYK LVIV UNIV.
Cepia mex.-mam. 1999. Bun. 55. C. 106-109 Ser. mech.-math. 1999. No. 55. P. 106—109

UDC 539.3

Margaret Wozniak, Volodymyr Pauk
L£6dZ University of Technology

PLANE CONTACT PROBLEMS FOR A LAYER RESTING
ON THE COMBINED FOUNDATION

1. Introduction. The plane contact problem for an elastic layer which
rests on the rigid planar base was studied in [4] Analogous problem for a
layer supported by the Winkler foundation was solved in [2]. In this contribu-
tion we consider the
contact of a rigid
punch with an elastic
isotropic layer resting
on the combined foun-
dation, which is a
combination of the
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rigid base and the ! y y

Winkler medium. Two LY -a a x ALY —a T a > |
cases of the punch ge- NIT [/ gl L4 [y
ometry are considered: //////// < TTT 7T

the parabolic cylinder a b

(fig. 1,a) and flat strip Fig. 1.

(fig. 1,b).

The problems involving an underground excavation have the great prac-
tical importance in geotechnics and mining engineering. Previously [5], the
similar axially symmetric contact problems for a layer supported by the com-
bined foundation was studied.

2. System of integral equations of contact problems. Mathematically, the
problems formulated above are reduced to the solution of Lame equations

2(1 - ")u,u +(1~ Zv)u'yy By 0, - 2")”,3:: +2(1- v)v,yy Py = 0 (1)

with the following boundary conditions

T@&H) =0, |rf<w, (2)
o,®xH) =0, |z>1, vx,H) =8 -gx), |x=1, 3)
T,@0 =0, |t<o, (4)
vx0) =0, |r>a, 0,(x0) =kvx0), |x<a, (5)

where Oxy is the system of Cartesian co-ordinates; u, v are components of the

displacement vector; o, 1, are components of the stress tensor; v is Pois-

son’s ratio; k is the stiffness of Winkler material; & is the punch rigid dis-
placement and g(x) is the function describing the punch geometry.
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The solution of equations (1) obtained by the Fourier transforms [3] has
the form

uwx,y) = —E 51;; :[{A(a) sinh(ay) + B(a) [X1 - v) cosh(ay) + ay sinh(ay)] +

+C(c) cosh(ay) + D(a) [2(1 - v) sinh(aty) + oy cosh(ay)]} sin(ox) do,  (6)
v(x,y) = \E i—aj‘{—A(a) cosh(ay) + B(a)[(1 - 2v) sinh(ay) — ay cosh(ay)] -

- C(a) sinh(ay) + D(a) [(1 ~ 2v) cosh(ay) — ay sinh(ay)]} cos(ox)dar,  (7)
o,,®Y) = ~E]’ afA(a) sinh(ay) + B(e) ay sinh(ay)] +

+C(o) cosoh(ay) + D(a) oy cosh(ay)]} cos(ax) do (8)
T(@Y) = —‘Ej'a{A(a) cosh(oy) + B [-sinh(ay) + ay cosh(ay)] -

0

- C(a) sinh(ay) + D(at) [cosh(ay) + oy sinh(ay)]} sin(ax)da , (9)

where p is the shear module of the layer and functions A(a), B(a), C(a), D(at)
are unknown. For the determination of these unknowns the boundary condi-
tions (2)—(5) must be used. Note here that the boundary conditions (3), (5) are
of mixed type at both upper and lower surfaces of the layer.

Applying the method of dual equations we obtain the final form of sys-
tem of two integral equations of the contact problem under consideration for
the contact pressure p(x) and the function h(t)

h(t) - t [h(t) Ry(t,¢) dt’ - £
0

I .
2N + ) IP(x’)Rz(x',t)dx' =0, 0<t=<a (10)

0

a l
AL=V) 2 (p ot LB ,
1__2:: E;h(t)Rz(x,t)dt + pv;[;[p(x)R‘l(;r,x)dx =5—g(:z:), 0<x<l (11)

where A is Lame constant and

R,(t't) = [a [1 - F,(o) - %]JU (at') T, (o) da
0

R,(x',t) = j Fy(a)cos(ax) Jy(at)yda, Ry(x',x) = IF4(0L)cos(aar') cos(ax)%g-,
0 0

F(q) = —Sinh?(@H) - o’H? Fi (o) = 2Hcosh(aH) + sinh(aH)
™ sinh (aH)cosh (aH) + aH ’ 2 sinh (aH)cosh (aH) + o H’
= sinh®(a.H)
Bl = o @ cosh (o) + ol -

Here J() is the Bessel function of the first kind and 6 =(1-v)kH/p.
The system (10), (11) must be completed by the equilibrium equation
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l
2[pla)dz = P (12)
0

where P is the load.
Introducing dimensionless variables and functions

t=at, t =at7, =K, =1, PB=aH, ¥ =a/H, x<=I/H,
1-2v
o

and displaying the singular part of the kernel R,(-), the system (10)-(12) can
be transformed to the form '

PR = TP, h=3EPRE, @=1>YPg®)

1 1

R'(0) - %31 [R* () R, 1) dr’ - %3 [PERE,dE =0, o0stsl, (13)
0 -1

2 v wy T * l' ] : el * ] ] "

B e me a1 POl R je =0, ~1sgs100

1
[pr®de=1, (15)
-1

where the dimensionless kernels R;(), R;(), Rj,() are some known functions.
The singular integral equation (14) is the Cauchy-type for the function of con-

tact pressure. Knowing the function h'(t), the deflection in the excavation
zone can be calculated as

w(g)—glj RO g 0s<E<i (16
L ﬁ? , se=sl. )
£

3. Contact of the parabolic punch with the layer. In this case, presented
in fig. 1a, the function g*'(£) has the form
g"(&)=—;;-§& (17)
where I, P, are the contact size and the load in the Hertz problem. In the
future analysis we will assume that the contact size 1 is equal to [, but the
ratio Py /P is unknown.
The distribution of the contact pressure in this case can be expressed as

p'(E) = o) V1 -&2, | (18)

where (&) is a new unknown function.

Using the Gauss-Chebyshev quadrature formulae of the first kind [1], the
system (13)—(15) can be transformed to the equivalent system of linear alge-
braic equations which was solved numerically.
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The numerical analysis was performed to display the effect of stiffness of
Winkler material 8 on the distribution of the contact pressure p*(€) and the

deflection in excavation zone wy(§) for different values of parameters k,, x,.
The obtained results showed that the stiffness of material in the excavation
has small influence on the contact pressure but the deflection wy(€) depends
strongly with the stiffness 6.

4. Contact of the flat punch with the layer. In this case, presented in fig.
1,b, the function g*'(¢) has the form g* (£) = 0. .
The distribution of the contact pressure for the index equal to 1 can be

written as p*(§) = (p(!.f,)/ \/1 - iz , where ¢(£) is a new unknown function.

Using the Gauss-Chebyshev quadrature formulae of the second kind [1],
the system (13)—(15) can be transformed to the equivalent system of linear al-
gebraic equations which was solved numerically.

The obtained results showed that the stiffness 6 has as before small in-
fluence on the contact pressure. Moreover, the geometry of the punch has no
influence on the distribution of the deflection wg(&).

5. Conclusions. The elastic layer supported by the combined foundation
can be considered as a model of soil structure with the excavation. It is known
that old non-used mines are filled by the sand which is modeled here as the
Winkler medium. These problems are very important in underground building
and mining engineering.
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IUIOCKI KOHTAKTHI 3AJAYI IJId HIAPY HA
KOMBIHOBAHIN OCHOBI

Poszasanymo naocki xonmaxmmui 3adawi 0As cMyzu, AKA AEHCUMDB HA HOPCMKOMY
NIBNPOCMOPE 3 NPUNOEEPILHEE0I0 3a2AubUNHOI0, WO 3anoenena mamepiarom Binwxaepa. 3
suxopucmannam nepemeopenns Pyp’e 3adaui 3eedeni 00 cucmem IHMEZPAALHUX Pi6-
HAHDb, AKT po3e’a3ani vuceavro. JocaifixceHo xapaxmep KOHMAKMHOZ0 MUCKY I POUHIE
Had sazaubunoro.
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