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YK 539.3

BikTop Boxupapauk, Oxeca MakcumoBuY
Jyyvrui depacasruil merHivHUlL YyHieepcumem

IHTEI'PAJIbLHI PIBHSAHHA NEPINOI OCHOBHOI 3AJAYI AJIA
AHI3OTPOIIHMX IPYKHUX IVIACTMHOK 3 OTBOPAMM I
TPIIMHAMM

Y npani [1] HaBefieHo iHTerpaJibHi piBHAHHA 3azadyi Teopii mpykHoCTI ANA
aHi3OTPONHMX IWIACTHMHOK 3 OTBOpaMy JoBiNbHOI cdopmu. Huoxye Ha OCHOBI pe-
3yabTaTiB [1] posrnaHyTO 3ajayi Mpo Npy’KHY piBHOBary aHi3oTpornHux baraTo-
3B'A3HMX IIACTMHOK, nocjabienux kpuBoJiHIiHMMM TpiumHamu. Jns poss’sa-
3yBaHHA PIBHAHbL 3aCTOCOBAHO METOJ MeXaHiuHuX kBaapatTyp [4] Inuwi migxozmu
710 AOCTiMKeHHA aHi30TPONHMX IIaCTMHOK OIMcaHi y npausax [2, 3, 5]

PoarnsineMo crioyaTKy BMIIANOK, KOJM IJIaCTMHKa 3aiiMac obxacte D, mio
obmesxeHa Kourypamu Ly, Ly, ..., Ly, Aki He nepetunaiorscs. IIpuitaaTo, 1o o6-
nacte D € BHyTpIIHBOIO CTOCOBHO KOHTypa Ly Ta nuacTuHka nepebyBae mijg
Iiel0 HaBaHTaMKeHH#A, AKe NpuKIaneHe no 1i mexxi. Bignecemo obmacts D zo ne-
KapToBOi CHCTeMM KoopAMHAT (x,Yy) Ta IO3Ha4YMMO NpMKIaNeHi Ao Mexi niac-
TUHKM 3ycuuna depesd (X,Y). Posrnsmemo cucreMu KoopamHaT (xq,Y;), (X2, ¥2),
AKl ONEepXKYIOTh 13 cucTeMu (¥,y) adiHEMM [EPETBOPEHHAM X;j=X + Y,
yi=y+PBy (=1, 2), ne s;=a;+1if; — xopeHi xapakTepucTHMIHOro piBHAHHA [2],
npuyomy Im(s;) >0 (j=1,2). [losnaunmo B mux cucremax yepes D; i Dy obnacri,
B AKi npy aciHHMX MepeTBOPeHHAX MNepeiize obmacts D, a L; kpusi, Bianosina-

IOTH KOHTYpaM, — 4depes L(;’z) (j=0,...,N). IlocraBneHa 3azja4a 3BOOUTLCA JI0 3Ha-

XOIKeHHs KOMIIJIEKCHMX IoTeHLiatdiB ¢(2;), y(2z), Akl Ha Mexi obmacri 3anoBo-
JNBHAITE YMOBU [2]

2Re[(z)) + Y(zy)l == [Yds+C;, 2Rels; 9(z))+5,¥(2)] = [Xds+Cp, (1)
0 0

ne 2y =x+8 Y, 29 =x+5Y, Cy, Cy — piiicHi craii.
Ha ocHosi [1] imTerpanpHi 300pajkeHHA MJIA KOMILIEKCHMX IIOTEeHI{aJiB
P(z) = do(z) /dz ¥(z) = dy(2)/dz sanumemo y BuIrIsgi

1 Q(‘r) '
o) =5 | - ~ a4 2
L(lll
1 X +5,Y (t,)dt Q(t )olfi

Lo
me Q(t)) = d(t;)~ A; ipu t; € L(-l’; L = Lg‘} +L1k) +..+ L{ﬁ), (k=12). Tyr 3a

ZJojaTHUI HanpAM obxony KoHTypiB obpaHmit Takuit, obnacTe D skoro samina-

€ThCA JIBOPYY Ta BBEJEHO B POIIJAL Romrme!ccm cram A; i B; (j=0,...,N), mo
3aJIOBOJIBHAIOTh YMOBM

© Boxupapamk Bikrop, Makcumorny Onecs, 1999



4 Bixrop Bosxupapuuk, Oneca Makceumosua

S{A; +5{A; +53B; +5. Bj=0. (3)

KommnekcHi noreHuiaam 3a0BOJIbHAIOTH NOJNATKOBI yMOBHM, siki 3abeaneuy-
10T OJTHO3HAYHICTb HepeMimiensb. Taki ymoBu Ha ocHoBi [2] sanucani y Burmazni

(1) xr(5) (1) y(i)
[eeydz = -G X oo N, @

L;

ne C¥ C — crani, Bupasu s axux Haseneni B [2]; X0, YU — npoekuii na oci
Oz i Oy rosioBHOTO BeKTOpa BCIX CuJI, 10 MpuKJIafeHi 10 KOoHTypy L; Ias sHa-
XoIKeHHA dyHKLUil Q, Jyepes AKy 3ammcaHMil 3araJibHMit PO3B'S30K 3ajadi, BU-
KopyucTaeMo ¢hopmyJly sl 3HaXOJKEHHA BeKTopa 3yCMJbh Ha JOBUIbHIN KpuBii
T'e D [6]:

WX +1Y) = (L +is,) 2, D(z)) + (1 + 35,) 2 D(z,) + (1 + i5,) 2 W(2,) + (1 + 15,) 23 P(z,), ()
ne z; =dz;/ds, ds — mudepenuian xyru Ha kpusiit I. Ilincrapusmm B (5) nore-

Hiiasm (2) i nepeimoBmm fo rpaHul (x, y) —> L, ogep)KuMo rpaHu4Hi inTerpa-
JIbHI PIBHAHHA JNIA 3HaXOMKeHHA dYyHKII Q y Buraagi

i(X +1Y)/2 = (14 i5,) 2, D(2,) + (1 + 15,) 2 D(z,) + (1 + i5,) 2, W(z,) + (1 + 15,) 25 ‘{-'(zz), (6)
e (x,y) € L. Inrerpamu Komi, fKi BXOAATHL y KOMIUIEKCHI moTeHuiamu (2), Ha

KOHTYPi IHTerpyBaHHA PO3IIAARI0Th B CEHCI IOJIOBHOrO 3HAYEeHHS.

Posrnsamemo Bumanok, Koau otrsopu L; (=M +1,...,N) Buponxcylo'rhr:ﬂ y
TpiupHu. Ha ocHosi (2) iHTerpanpHe 300pakeHHs 3araJIbHOTO PO3B aarcy 3ayadgi
HaGyBae Bur.nﬂ,uy

e (bymcuii 3 inmexcom «0» BM3Ha4aloThCA 3a popmynamu (2) npu N =M,
_ 1 S@d I Liks ks
Dr(z)) = omi T(_!.) -z Yr(zy) = 27{{(32_3{2)[]’ ty ~ 29 >
S(t;)dt S(t,)dt :
s [ S8, [ SEday ®
) %2 7il) -2

e S(t;) =[®]. Tyr npuituaTo nossayeHHa suraany [F]=F'(ty)-F(t;), ne F -
noBinbHa yHKnis; F'(t), F(t;) — rpasuuni sHavenna ¢ynkuii F(z;) y pasi mizg-
X0y JiBOPYY i mpapopyd ZI0 TPillMHNM CTOCOBHO OOPaHOro HanpsAMY iHTerpyBaH-
um 4 eT; T® =T0 + 10 + . + T, (k=12), Tj (i=1,...N- M) - xon-

Typu pospizis. Ha nigcrasi (4) omepXyeMo HORAaTKOBY YMOBY, Ky 3aJI0BOJILHHAE
dyuruisa S:
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(1) v () (1) +(5)
jS(zl)dzl=—C1 L Z,Cz X j=1,..N-M. | (9)

T
CniBBigHomeHrHAa (6) npu BpaxyBaHHI 300paXeHb € CUMCTEMOIO CUHTYJIAPHUX
iHTerpaJibHMX PIiBHAHBL CTOCOBHO HeBifloMux cyHKUiK @ Ta S. Ina posp’asy-
BaHHA iHTerpanbHMx piBHAHBL (6) BMKOpUCTAEMO METOJ MeXaHiYHMX KBaJpaTyp.
Ona uporo HaBeneMo KBaApaTypHi dopMmysu nnd iHTerpasis, sfiKi BXOIATbL y 30-
Oparcenna (2) i (8). Posrnmazaioun oTBOpM, PO3rNANaTMMEMO BUNAJOK, KOJIM Na-
paMeTpu4He PiBHAHHA KOHTYPiB L; 3amucane y BUriAzi BiApiskis psany Dyp’e:

K K -
x= Zaﬁf’e"‘e, g = Zbﬁ;”e"‘e , i=0M,
n=-K n=-K

ne am bm K = crani; 0 <0 <2n. Toxi piBHAHHA KOHTYpIiB LJ-,L{J-]'Z} 3aIMCYEMO:

- . K - . -
t, =0l (), met,=t, m{,‘f)(o)z Z(aﬁf} +s, bif])cs“, =1 o =e® !

n=-K )
Poarnsinemo iHTerpa, axnit BXoguTh y piBHAHHA (6)
Zi(z)= ——1— —Qﬂdt, § = LM
T J T—2
L)

Ina uporo iHTerpaJiy Mo»KHa 3acCTOCyBaTM BiZomi KBagpaTypHi dopmyin
[4]. Toni 3anncyemo

{J) f(J) c
zj(zl) = Z “”u‘_

Nim tf -2
9 = (J')( ) ') = f{J}( ) Q(J) Q(t(”) s h.k). h.=2n/N.
Ae 1y @7 (0 ), 1k @70 ) s O exp(i’ ] )! i Tt/ i
N

j — KINBKICTb BY3JIOBUMX TOYOK Ha KOHTYpi L, Hasenena cgopmyna npasuibna

AN JOBUIBHMX TOYOK, W10 He HAJIEXKATb KOHTYPY L(j-” , Ta JJIA TOYOK
2y —u)(”(g’}), ne c_,g?} —exp(iﬁi,j)), oY) =h;(v+05), v=1,..,N;. 3azHauumo, 110

B OCTAHHBOMY BMIIAJIKy IHTerpaJjl po3IJIANacThCA B CEHCI MOJIOBHOIO 3HAYEHHSA.
AHaJIOTIYHO MaEMOo

Ni A) r(J) (7)
Q) 4 - 1349040}

%Lﬁ[’ t2—22 N
7

e -2z
Popmysa npaBuiibHa LIS AOBLIBHMX TOYOK, SKI He Hanémarh KOHTYpPY
L?, ta gna touok 2z, = 0f(cY). B inrerpanbie 306pakeHHs PO3B'A3KY BXO-
JATH TAKOX iHTerpaJyu B3JZIOBXK Po3pisis T}” (4=1,....N — M) Burnany
W;(z,) = S) dt,.

£ -2
)

i ; i 1 2 P
IIpuiimemo, 10 nMapaMeTpuyHe PIiBHAHHA KOHTypiB Tj, TJ-{ ), T}’ G=1,..,



6 BixTop Boxkupapruk, Oneca MakcumMoBud

N - M) sanucane y Buraagi t=g,(1), t; = m(‘t), t, = gm(t), -l1<1<1. Oyuk-

uii S mawoTh BUrIAL: S(g(”('r)) = UJ-(T)/xfl—‘r , Ae Uj(t) — obmexxeHa Hemepep-
BHa dyukuia, j=1,..N-M. Jna suaxomxenHsa ¢ynkuii W; Buxopucraemo
kBagpaTypHi chopmysu JlobarTo. ¥V pesynbTaTi 0fepKUMO

(J}

W. (zl) = iA:m a0
sl tin

ne Ay, =n/(N;-1) rnpu n=2,..,N;-1 Aj =AjN,-=0-5Ti/(N,-—1);
t(J) - g(l)(‘tu), tig) r{li(-r;m ), Tjp = COS [7n /(NJ- -1)] mpm n=2,.,N;-1;

Ty =-1; Tin; = 1; Uy =Uj-(t{2). Ia c¢opmyna npaBuibHa, AKIIO 2, ¢ T; Ta

m(cos[rr(n -05)/(N; -1)]) mpu n=1,. - 1. IligcraBnsAouM y PiBHAHHA

(6) aoﬁpamemm (2), (8) Ta 3amiHIOIOYM B onepmaﬂnx CIIBBIHOILIEHHAX iHTerpa-
JiM Ha HaBeJeHi KBaJpaTypHi (bopMyJH, NOCTaBJeHy 3a/ilady 3BOAMMO JO PO3B’fA-
BYBaHHS CHUCTEeMM JiHIHMX anreOpM4HMX PiBHAHL CTOCOBHO HEBIIOMMX 3Ha4eHb
cyuxuiin Q@ y ByaJoBMX TOuKaX Ha Meki oTBOpiB Ta (qyHkuii U Ha pospisax.
HonaTKoBi piBHAHHA Ha TpPilMHAX OTPMMAEMO, 3alMCABIUM AMCKPETHMI aHaJor
ymoByu (9). Crioci6 BpaxXyBaHHA BJIaCHMX PO3B’A3KiB piBHsAHHA (6) Ha KOHTYypax L,
(Gj=0,..., M) ormmcaunii y [1].

1. Boxcudapwux B. B., Maxcumosuy O. B. IIpyxxkHa piBHOBara aHi3OTPOITHMX
[LUIaCTUHOK 3 OTBOpamy i TpinmHamu // MexaHika pyiiHyBaHHS MaTepiaJis i
MinHicTh KoHeTpyKLii. JIbBiB: Kamensap. — 1999. — 2, Ne 2. — C. 255—259.

2. Boxcudapnux B. B. IBoBuMipHi 3aza4i Teopil NpPy»HOCTi i TePMOINPYKHOCTI
CTPYKTYypHO-HeogHopifHux Tin — JIesis: Csit, 1998.— 352 c.

3. Kocmodemuancxuii A. C. HanpameHHOEe COCTOsSSHME aHM3OTPONHBIX Cpejn C
orBepeTuaMu uiu monoctamu. — Kues; Jomeux: Boima mkosa, 1976, —
200 c.

4. Caspyx M. II. [BymepHble 3a/lauy yOPYrocTH IJiA TeJ ¢ TpeiguHamyu. — K.
Hayxk. nymra, 1981. — 324 c.

5. Quavrwmunckul A. JI. Yupyroe paBHoBecyue IIJIOCKO/ aHM3O0TPOIIHOM Cpejbl,
ocnabJieHHO! NPOU3BOJBHBIMU KPWBOJIMHEHbIMM TpewuHamu. IIpenenbHbIit
nepexos K usorponHoi cpene // Vas. AH CCCP. MTT. — 1976. — Ne 5. —
C. 91-97.

Victor Bozhydarnyk, Olesia Maksymovych

INTEGRAL EQUATIONS OF THE FIRST BASE PROBLEM FOR
NON-ASITROPES ELASTIC PLATES WITH HOLES AND CREAKS

The paper presents singular integral equations for non-asitrope plates weakened by
holes and creaks. The paper worked out the numerical algorithm of solving of the re-
ceived equations that is based on the method of mechanical quadrature.

Crarra magiftnma go penxoxerii 10.08.99


http://www.tcpdf.org

BICHUK JIBBIB. YH-TY VISNYK LVIV UNIV.
Cepin mex.-mam. 1999. Bun. 55. C. 710 Ser. mech.-math. 1999. No. 55. P. 710

YIK 539.3

I'eopriii Cysum, Bikrop Onanacoeug, Boinogumup Jdpanaka
JIvetscvruil HayloHaAbHUN YHisepcumem im. 1. Ppanka

TPAHUYHE 3HAYEHHA KOE®INIEHTIB IHTEHCUBHOCTI
HANPYIKEHD JJId JIBOX BEPTUKAJIBHO 3CYHYTUX
INNEHTMYHUX TPIIIMH ¥ IINIACTHMHI

HocnipyeTscss po3B’A30K 3a/iayi PO HaIpy»KeHui CcTaH i3oTpomnHOol mac-
TUHM 3 JBOMa BePTUKAJIbHO 3CYHYTHMMM Ha BeJIMUMHY d TPIIMHAMM 3aBIOBXMKMU
21 (puc. 1). Beperu TpilmH BiNbHI Bifi 30BHINIHBOrO HaBaHTaYKEHHSA, ILJIACTHMHA Ha
HECKIHYEHHOCTI PO3TATYEThCA NEePNeHAMKYJAPHO [0 oceli TpilMH piBHOMiIpHO

PO3MNOALIEHMMIM HaIpPYKEeHHAMM iHTEHCUBHOCTI o‘:y = p. 3’AcyemMo BILmMB 36Jm-
JKEeHHsA TPIMH Ha 3MiHy KoedirieHTiB iHTeHCHBHOCTI HanpyxeHb (KIH).

Pttt fettts

211111 11Y

Puc. 1. Cxema 32aaui.
Y mpausx [1, 2] po3s’asyBaHHA niei 3azayi 3BefileHe 0 CUHTYJISAPHOTO iHTe-
rpPaJIbHOrO PiBHAHHA 3 HOAAaTKOBOK YMOBOIO [1]

1
_J;[tp(r)K(r,a)+Z,§“(T)L(T,€)]Jl_dj?=_n’

1
(18|<1, TZ%, 8=%], {M—O, (1)

Vvi-12 -

re  ¢(1)=p V1-1’g'(ln),

1, _M(+e) , L(t,€) =L (t,€)+iL,(1,€), gl

K(t,g) =
(ve) -t Al(t+g)+4 d

© Cynnm Teopriit, Onanacosuy BixTop, lpanaka Bomogumup, 1999



8 Teopriit Cysmum, BikTop Onanacosud, Bonogumup Jlpanaka

8A% (1 + €) A (v+e)’-4]
T,€) = ; 1,8) = . z=~/-_1, (2)
Ttie) A2 (t+g)? + 4P L (ne) A2 (x+€)? + 4]
g(x) — HeBizoma yHKIiA, AKa nponopuiﬁﬁa no crpubka nepemiileHb TOYOK
Geperis TpimmH.

3acToCcyBaHHA A0 Po3B’A3yBaHHA piBHAHHA (1) cXeMM MeTOAy MeXaHIYHUX
kBazpaTyp [1, 2] nae cucremy M niHiitHux anreSpuynux pisHanb (CJIIAP):

M ; T M
> [0tn) K (tm, ) + 0(tn) Lty,2,)]=-M (r=LM-1), Y o(t,)=0, (3)

m=1 m=1
Jie KooOpAWHATH BY3JiB t, i X, 3aJaloTh CHiBBiZHOIIEHHAMYU i, = COS 2M: T,
nr ” ;
X, = cos-ﬁ; dynruia ¢(t) =@, (t) +i9,(t).
Y npomy Bunanxy KIH obuncmoiors 3a dopmynamnu [1-3]:
Kf - iK; = FpVi(9, (1) + i@, (1)), (4)

ol S e Magy 7 2m -1
ze @(x1) =F - ), ()™ oty ) et =
Y npauax [1—3] 3a3HayeHo, 1110 3a 3MEHIIEHHA BifiCTaHi MK TpilqyMHaMu 10
Hyna KIH npamyores 10 BUPOMKeHUX 3HadeHb. JloCJaifiuMo XoKJapgHille uei
rpaHUYHUI NTepexin,
Ilepexonayu y cucremi piBHAHL (3) Ao rpammui npu d — 0 (ua curyauis
BifiIOBifae ABUILY SIUTTHA ABOX TPIILMH), OLEPIKYEMO

g & fs —_ M
fﬂ}TnZ:l[tp(tm)-—'“—ti_xE]:—l (r=1,M-1), ﬂlz;l(p(tm)=0_ | 5)

m=1

Ockinexkn x, = -y _,, To BusHawnuk CJIAP (5) nmopiBHioe mymo i KIH
NpAMYIOTH 10 BupomKeHux 3HayeHb. II{o6 Toro moabyrucsa, Buzmoaminumo CJIAP
(3), bepyun no ysarm, mo y dyrruii @(t) = ¢, (t) +1¢,(t) aijicra wacTunHa €
HEeNapHOIo, ysiBHa — napHow. Toxi cucrema piBHAHSL (3) 3peAYKY€ETHCS 1O

(M/2] N S

Z L1 (tm)Kll (tmimr)"' Z ) (tm)Klz’ (tmsxr) =-=M, r=1, [M/zl ’

m=1 m=1
[m/2] N

Z ‘P1(tm)K21(tm,-1'r)+ ZQZ(tm)Kzil(tmixr):Gs r=1, N_]-:

m=1 3 m=1

N

2. 92 (tn) =0, | (6
m=]1

ae
K;;(t, ) = K(t, ) - Ly(~t,x) + (-1 [K(-t,x) - L(t,x)], j=12,
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K;(t,x) = Ly(t, x) + (1Y Ly(-t,x), 4,j=12, (i#j),

M 0, =sxmo M — napsre, . .
N=|—|+ [a] — uina yacTuHa yMucaa a.
2 L sAKio M — HenapHe;
KIH s3saxomumo 3a cdopmysamu (4), BpaXoByoouM, I[0 Yy LbOMY BUIIaJKy
Bupaayu gna @; (1) MaioTs BUrAAZ

9 L 1 si‘n_1 (2m -1)/(2M)=n), M - napse
1) s —1)™* ’ ’
Ll M m% - ‘p‘(t’“){ctg (2m-1)/(2M)=)), M - renapse,
N2 ctg((2m ~1)/(2M)m)), M - napre,
%)= 'ﬁmzzl =070 (t‘“){am_ ysin” (@m —1)/(2M)x), M - Henapre,
1, . m#N, -
Omal = {1 /2, m=N. a

Ha pwmc. 2, 3 BigobpaskeHi pe3ynbTaTy YMCIIOBOTO aHaJli3y BILIMBY B3a€MHO-
ro 36JMKeHHA TPilMH (3MeHIIeHHA NapaMeTpa q) Ha 3MiHy Gespoamipaumx KIH

K =K;/(pJ 1), =12 3a pisaux cnocobis ix obumcnenns. Jiuii 1, 2 nobymo-
BaHi 3 BMKOPMCTaHHAM DO3B’A3Ky cucTemyu piBHAHL (6). Jlinii 3, 4 orpumani 3
BUKOPMCTaHHAM TpaauuinHol cxemu (3)—(5) npu M = 200.

1.0 12

< |
K
08 1
08 |
06 | 3 SEY i e
04 L
04 H /
0.2 4 ' 4
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2 o ] a4l <2
I 1 1 L 4 1 1 1 1 |
0 0.4 0.8 1.2 1.6 q 0 0.01 002 003 004 g
Puc. 2. 3anexHictb 3Begenux KIH Big Puc. 3. 3anexuicts 3segpenmx KIH Bia
BifiHOCHOI BiACTaHi q MiX Tpiwm- BIAHOCHOI BiACTari MiX TpiwwuHa-
HaMu i CTanoMy HaBaHTaXeHHI p MW ANA Manux 3SHavyeHb q npu

npu M = 200. M = 200.



10

T'eopriit Cymim, Bikrop Onanacoeuy, Boxoaumup Hpamnaka

) 3

Crocoruo KIH noxonyMo TaKMX BUCHOBKIB.

IOnsa pocarHeHHsa GaskaHoro piBHA TouHocTi B 000X BMmaakax mpu q — 0
Tpeba 36inmbuIyBaTH KiNMBKICTE M, BpaXOoBaHMX Y PAZaX YJIEHIB.

Jloku 3aBAAKM PO3PAAHINM CiTLi KoMn'loTepa BAAETHCA YHMKHYTM Harpoma-
JOKEHHA NMOXMOOK OKPYTJIeHHs, npu d > 7T, 3a JOCUTh BENMKMM 3HAYEHHAM
M, obuzaBa MeToAM OAKOTH Pe3yJIbTATH, AKI Y3roMKyIOThCA 3 aCUMIITOTHY-

HMM posnoxginom [1-3] i K; —» pJZ/_Z , TobTO nomiHye aABuIlEe 30JMIKEHHA
TPILMH.

flkum 61 BesmxuMm He OyJyo 3HaueHHA M, 3aCTOCOBYIOYM TPalMIIMHMI Me-
TOA 3 NPAMYBaHHAM § O HyJ 3a yYMOBM d <T 3aBXJMU OHEPIKYEMO
K >0 i=12. 3anpornoHoBaHa TyT cxema (6) na€ rpaHuyHi 3HaYeHHA

Kl' - pwﬁ /2, K; -» 0, ByacTuBi guna «miBTpimmu». TobTO, BRAETbCA BMUJIO-
BUTH edeKT 3JUTTA ABOX «IOJOBMHHMX» TpilmmH. OxpiM TOro, acMMIToTHM4-

HUIi PO3IOALN HaINpy»KeHb Nobam3y BeplIMH ABOX TpPiumH npu r>d — 0
IIPAMY€E [0 BiATIOBIHOrO POSIOALIY HallpyXXeHb ITOOMHOKOI TPiLMHMN.

IIanacrox B. B., Caspyx M. I1., Jayuwun A. II. PacnipefieleHue Hampsixe-
HMII OKOJIO TPelyH B IyacTMHax U obojoukax. — K.: Hayk. nymka, 1976. —
444 c.

Caepyx M. II. IByMepHble 3afa4y YIPYTOCTM LJISA TeJ C Tpemnﬂamn = I
Hayxk. aymka, 1981. — 324 c.

Caspyx M. I1. KoadbchuumeHTbl MHTEHCUBHOCTY HANIPSXKEHWHA B TeNaxX ¢ Tpe-
mmHaMu. — K: Hayxk. nymka, 1988. — 620 c.

Heorhiy Sulym, Victor Opanasovych, Volodymyr Drapaka

THE LIMITING SIF VALUES FOR TWO VERTICALLY SHIFTED IDENTICAL

CRACKS IN A PLATE

At the considering paper two different limiting transitions in the SIF determina-

tion near each of two parallel non-shifted cracks which are comming close to each other

d — 0 are obtained on the numerical level. The cracks are situated in a plate which is

stretched on the infinity by uniformly distributed load. If d > r than the effect of
comming close of the cracks is dominating K, - p\fl- / V2 , and if d < r than we obtain

the effect of junction of two «half» cracks K{ — p*ﬁ /2, K3 > 0.
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APPLICATIONS OF THE THERMOELASTICITY WITH MICROLOCAL
PARAMETERS IN CERTAIN THREE-DIMENSIONAL INTERFACE
CRACK AND RIGID INCLUSION PROBLEMS IN COMPOSITES

1. The homogenized model of a microperiodic two-layered space. Let us
consider a microperiodic laminated medium consisting of alternating layers of
two homogeneous, isotropic and linear-elastic materials, characterized by the

Lamii constants A;, y;, the thermal conductivities k;, the coefficients of the
volume expansion B; /(A; +-§-p.3) and the thicknesses 8;; here l=1 and I=2 re-
fer to the sublayers denoted by 1 and 2, forming a thin repeated fundamental
layer with the thickness 6 = 8, + 8, (see Figure).
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f'/ two-layered
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Two-layered periodic space with an interface plane defect. -

Referring to the Cartesian coordinate system (xj, &9, x3) with the x3 —
axis normal to the layering, denote at point x = (x;, xy, x3) the displacement
vector by u=(uy, uy, u3), the stresses by o;;, 05, Oy, Oy, O3, O3y, O33 and
the temperature (strictly speaking, the deviation of temperature from a refer-

ence state) by 6.

We use the specific method of homogenization called the linear thermo-
elasticity with microlocal parameters [8, 11] leading to the macro-homoge-
neous model of the treated body with the following approximations

© Kaczynski Andrzej, Matysiak Stanistaw, 1999
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u; = wy, ui,a = wi,(:; 0= 9’ 9,(1 = 9.&1 ’
u‘-‘3 ~ witg + h(l)d‘ 3 9'3 ~ 3,3 + h(l)r. (1)

Here the indices z, j run over 1, 2, 3 and are related to the Cartesian co-
ordinates while the indices a, f run over 1, 2. Subscripts preceded by a
comma indicate partial differentiation with respect to the corresponding coor-
dinates. Moreover, w;, 8 and d; I' are the unknown functions interpreted as
the macrodisplacements, macrotemperature and microlocal parameters, re-
spectively, and

F t ’
B0 _ 1 i 1=1 (x el® layer),
—1]/(1 =) o =2 (x s 3 layer),
n=38,/8 (2)
is the derivative of the assumed 8 — periodic, sectionally linear shape function.
The asymptotic approach to the macro-modelling of this laminated body
leads to the governing relations of certain macro-homogeneous medium (ho-
mogenized model), given in terms of the macrotemperature 3 and the macro-
displacements w; (after eliminating all microlocal parameters and in the ab-
sence of heat sources and body forces) [3]:

9o +Hg? 945 =0, (3a)
3(c +c12) Wypo +3(C11 ~ C12) Wopp +Caq We 3z +(C13 +C4q) Wy3y = K; 8,
(1) + Caq) Wy g3 + Caq Wy gq + Ca3 Wy g3 = K3 93, (3b)

The components of stress tensor c(” and heat density vector q¥ are ex-
pressed as follows
Ou3 = Cqq (wu,s T w3,u)’ O33 = C13 Wy +C3 W3 — K3 3,

092) =K (wl,z + wz,l)-

1 1 1 1 1
°'§L) = dfl) Wy + d{:z) Wy g + dfz} W33 — Ké ) 9,

ng] - d?z) Wy, + (11) W + dg) L Kg) S,
@ =k S, g3 =-K3, )

The positive coefficients appearing in Egs. (3, 4), describing the material
and geometric properties of the composite constituents, are given in the Ap-
pendix. Note that the condition of ideal contact between the layers is satisfied.

By assuming p; =p,=p, A=A, =% and B, =B,=8, k =k, =k we get
¢y =C3=A+21, ¢y=c3=A, cy=W, Ki=K;=p, K=k, k; =1, passing
directly to the well-known equations of uncoupled thermoelasticity for a ho-
mogeneous isotropic body [9].

According to the results given in [3], the general solution of the govern-
ing equations (3) is dependent on the material constants of the sublayers and
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in the general case p, #u,, t, #k; (the other cases are detailed in [3, 4]; all
constants appearing are given in the Appendix) may be expressed in terms of
three harmonic potentials ¢;(x,x5,2;), 2; =t;x; and the temperature har-

monic potential o(x;,x,,2;), 2y = kyx; related to the solution of (3a) as follows

wy = (¢ +y +c,0); —d3, Wy =(§) +by +0,0), +3,

wy =M t, ?b _czk“az[, ' (5)
From the chonstltutive relations (4) we obtain

O31 = Cyq h(1+ma)t — =+ (q "Cz)koazo ! -t3£_2i;’

0'32_ =Cy :(1+ma)ta g%:"*‘(cl ‘cz)ko% ’ +13 %,

O33 = Cyq :(1+ma)?;:-+ao ?::(;} (6)

For the purpose of further discussion the remaining stresses cfﬂ} are not

of immediate interest.

2. Interface problem formulation and solution. We are interested in the
problem of determining the temperature, heat flux, stress and displacement
fields in a bimaterial periodically layered space weakened by a crack (denoted
by C) or a rigid sheet-like inclusion (denoted by I) occupying an area .S (with
a smooth boundary) of the x;xy — plane being one of the interface of materi-
als (see Figure).

Owing to a complicated geometry of the body and complex boundary
conditions, the closed solution of the problem under study cannot be obtained.
Thus we apply the homogenized model presented in Section 1 to seek an ap-
proximate solution and within this model we are faced with the boundary-

value problem: find the scalar functions 9 and w; suitable smooth on R® - S
such that Eqs (3) hold and satisfy on S the following global conditions — stress
~-free faces for crack C or displacement-free faces for inclusion I:

O31 =033 =033 =0 for C, w, =w,=w;=0 for I. : (7)

Moreover, certain conditions resulting from a given external loading
(thermal and mechanical) have to be specified.

The procedure for obtaining the solution follows along the same line of
reasoning as that used in classical theory of thermal stresses applied to crack
(inclusion) problem [1, 6, 7]. The steady-state temperature field is first seeking
and a knowledge of potential ® is required to determine the induced thermal
stresses by using the displacement representation given by (5). Upon utilizing
the appropriate boundary conditions on the region S and using the superposi-
tion principle, we focus attention at the non-trivial perturbed problem solu-
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tion to which tends to zero at infinity and satisfies the necessary boundary
condition resulting from the prescribed temperature T“h (or temperature
gradient qw}) and the known stresses 0'(0) and displacements w{-‘n , generated

at the prospective crack (inclusion) faces in the multilayered space in the ab-
sence of the defect with the applied external loads. Proceeding as in the ho-
mogeneous case (cf. [7, 10]) it is convenient to resolve the general problem into
the symmetric part (denoted by A) and the skew-symmetric problem (denoted
by B) related to the half-space x; 20 with the following thermal and me-

chanical boundary conditions

s sls =1® o 8;|5=4q®
19:l(2-8)=0 3 ;1(Z-8)= 0’
Galiz 0 0321220, w1|Z=0, w212=0,
for C: {033 IS = ——53?3), for I: {w, IS = —wg}),

wy[(Z-S) =0, oyul(Z-S8)=0,

s IS" (0) 63$IZ=0 w3[2=0’

3|0 =9, : for s 40y ]S =, forI:{w |S —O (8)
Sl (Z—S) =D, o o a a
wnl(z_S)=0! G3ul(z_S)=0}

where Z denotes the entire x;x5 — plane.

The thermoelastic problem is now reducing to its mechanical counterpart
by constructing the potential functions well suited to the above boundary
conditions. Only the results for the symmetric problem A will be presented (a
complete analysis is given in [3, 4]).

An appropriate displacement crack (rigid inclusion) representation in

terms of a single harmonic function f¢( fl),is obtained by taking in (5):
bg = (D [+ m)t, ] [ £€ + gty 0],
s = (-D*[f' + b, 0], $ =0 9)

The constants a,, b, can be chosen (see the Appendix) so as to reduce the
crack (inclusion) problem to the classical mixed problems of potential theory

(see [7]) for finding the functions fC(f') as follows

S A
c il T, (0) ;
f3s 2gmt Cast. [(az o + au)(9|13 ) Ois ] fa et 0;
I s (mytyby — mytiby ~ czkn)(“),a ’ ) +w {B) " ] z-.s'0 -
3 fa3=0* — m,t, — mit, d f:33 Sl T (10)

Explicit solutions of resulting potential problems are possible to obtain
only for elliptical shape of surface of separation S. Similarly to the plane
problems [2, 5], stress intensification in the close neighborhood of the crack
(rigid inclusion) border is measured by the stress intensity factors. For instan-
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ce, for a stress-free penny-shaped crack S =({(x;, x,, 0): 2’ +x2 = r’ < a?%
the stress intensity factor in the symmetric system is given by (see [3] )

ky = lim [2(r - a)]"2 635 (7,0) = —2(ay — a; + 0g ) cggn '™V Ir T(O)(r)/\’a - ridr

‘I'-)ﬂ

or k' (ag -y + o) ey @™V’ Ir qO (r) dr. (11)
0 :

3. Concluding remarks. In this contribution, the homogenized model with
microlocal parameters of two-layered periodic space is applied analyze three-
dimensional problems of thermal stresses around interface crack or rigid
sheet-like inclusion. Within the framework of this model, the thermoelastic
problems are reduced to the corresponding ordirary problems dealing with
mechanical loading in homogeneous isothermal elasticity. Formulation in terms
of integral equations for an arbitrary shaped rigid inclusion is given in [4].

Appendix
1. Denoting by B =MN+2y (1=L2), n=3§,/6, B=(1-1)B,+nB,,

K =(1-n)k +nk,, the positive coefficients in Egs. (3a), (3b), (4) are
given by the following formulae:

ko = [("‘1’511-E +(1-n) k‘zk)/klkz]m , ¢33 =B, B,/B,
AnQ-—m) (u — )M =hg +1y )

Cip = C33 + B
_MA+2[np, + (- T]_)HL]["IM +(1-n)A,]
B ]
- {1-n) 7\-23_1 +n\B, Co = KMo
B Q=n)p; +npy

K; =[nBir, +(1- T])lell/ﬁ +2[(1=-n)p; +nuy][np; + (1 - ﬂ)ﬁz]/é,
K; =[(1-n)B,B, +nB,B,)/B, K=kiy/K , K =(2uB, +MK,)/B,,
d = [ (0 +w) + Mes)/By, dY = (2 + Mey)/B), dfla) = Mic33/B; .
2. The constants in Egs. (6), (9), (10), (11) are defined as
ty =[(1-n)p, + "W-z]vrz (Cas )—1;’2; My = (‘-'11 +t; —‘-'44)/(313 +Cy);
L= (t+ —t_)/z, L= (t+ & t_)/2
provided t, =[(A, £2cy)A,/ 033044]U2 . Ay = () £ ey,
5 Jeg [(e13 + cag) Ky ~ cyKi ] + ey K
C33C4q (k(? -t )(ke - 5 )
K |.(°13 + 44 ) K3 — 0, K5 + kchKi_]
g e 2 2 kS
C33C44 | Ko ( -4 )( e tz)

51




16 Andrzej Kaczyfiski, Stanislaw Matysiak
ay = ("“—'1 Cj3 — €y C33 kg + Ka)/°44 )
a = [k (1 +m;) (eymy + ¢,)]/ty (my - my),
ay = [ky 1+ my) (emy + ¢3)]/ty (my - my);
bl = [cl (1 e = mz) - uo]/(mz " ml),
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Anppiit Kagauacsxkuit, Cranicnas Marucak
3ACTOCYBAHHA TEPMOIIPYIKHOCTI 3 MIKPOJIOKAJIbHUMM
NAPAMETPAMM 10 JEAKUX 3AIAY IIOAO0 TPIIIUH
I 3ROPCTKMUX BEJIOYEHD ¥ KOMIIO3UTAX

ITodano pose’sasxu deaxuxr cmayioHaAprUX npocmoposux 3aday Os Wiaun i 6xaro-

Uens Y MIKPOMepioduuKuUX wapyeamuxr xomnosumax. Pose’sswu 6ydyroms 3 euxopuc-
MAHHAM ANAPAMY MEOPIT MEPMONPYICHOCMI 3 MIKDOAOKAABHUMYU NAPAMEMPAMU.
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MIIIHICTD CTPYKTYPHO-HEOJHOPIZAHOTO MATEPIAJY
31 CTOXACTNMYHO PO3IIONIJIEHMMMU HEIEAJIBHO
rocTepMMmM TPINIMHAMM

PosrnsHemMo HeckiH4YeHHY i30TPONHY IJIACTMHKY, IocjablieHy KpWBOJIHIM-
HUM JIed)eKTOM 3 MaJuM, HEHYJIbOBMM pajiiycoM KpPMBMHM y BepumHax. Taki
HedeKTH MOXKHa TPaKTyBaTH AK HeifeanbHO rocrtpi Tpiumun. Hassemo ix Tpi-
muHononioHMMu necdbekramu. Beezemo zexkaprToBy cucTeMy KoopauzHat xOy 3
MOYATKOM y FeOMETPMYHOMY lIeHTpi medekTy Ta Biccio Ox, nmpoBefieHO0 yepea
OZHy 3 Jioro BepumH 2y; (j =1, 2). Konryp nederty HesaBaHTaxKeHUit, a Ha Ges-

MEXXHOCTI AiIOTh IOCTiiHI BS&EMHOHGPHGHZIMEYJIHPHI pDGTHI‘YBaJIle SYCHILIIA D i

q. KomnoxnenTu BeKTOopa HGPEMIH.IEHI: U, ‘I.Ly AJA TakKol IJIacTUMHM BHU3Haya-

I0Thea B adinHin muommHi z = o(§) yepes kommiekcHi norenuianu Kousocoa —
Mycxenimsini @&), y(§) Tax [5]:

u, +iu, = K o(E) - m(é)(pg (P(1;g)+%%%) 0@, 1)

Ze K — crajna Mycxemimsini; o(§) — BinobpaskyBanbHa ¢yHkuis. [I{o6 oxepsxaTyn
aCUMITTOTUYHY OpPMYJy PO3NOALIY HAamNpy’KeHb B OKOJ j-1 BeplUMHM TPIlUMHO-

noxaibHoro nedexTy, nepeigemMo o JIOKAJbHOI CUCTEMM KOOpPAMHAT 7, e 3rigHo 3

2=z, +2;e" = o[E,; +&;e"], (2)
ne goj = TOYKM OAMHMYHOTO KoJla B rwrommHi &, AKI BiAMOBiZalOTh BepIIMHAM
2p; AedexTy B IJOWMHI 2. T; — KyT MK j-BepiumHOW0 AedexTy i Biccio Ox.
Posknapemo Bei dyHKNII, 10 BXoaATs y dopmyau (1), (2), B paau Teitnopa B
oxoui To4kn &; .

' 1y 1 2 21y 1 m 3 3y
PE) = PEo;) + @B €87 + 5 0"(Ey) T + 5 0" (Ey)E e ! + oy
2 3¢
0() = ;) + 0" Ej ™ + 5 0", EF ™™ + 3 0"(E,)E ™ +.
] ” ] " 2%y 4
O'(E) = 0'(5yy) + 0" (Ey)E T + 5 0"(E)ET € 4,

GE™) = O} + 5 P Ee)[E™ —Eo )]+ 7O EHE™ —Eg;] + - 3)
Ockinpky BepumayM AedeKTy 3aOKPYIJIeHi, TO 3Ha4YEHHA MepuIoi noxigHoi

Bin BimoOpaxkyBasbHoi ¢yHKIil y BepmmHI He JOpiBHIOE HyJIO [m'(go,-): (}]. IIa
yMOBa CYTTEBO Bifpi3Hs€ pO3riAnyBaHMi MiaXix Bif BiAoMMX MiAXOAIB KJacyud-
HOl MexaHiIKM PyJHYBaHHA, Jle BUKOHAHHA YMOBM PiBHOCTI HyJIO mepluoi mnoxizg-

© Jlenascokuit Muxaitno, Onanacosuu Bikrop, ITogxopeuxi Anam, 1999
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Hol Big Bimobpa’kyBanbHOi (hyHKHiI € HeoOXigHuM, ockineku 3abeaneuye HasB-
HicTP Ha KOHTYpPi JedekTy To4oK 3BopoTy (MikporpiupH). Bupasu B KBagpart-
HMX AYKKaX y CHiBBiHOLUIEHHAX (4) MOXcHa moflaT¥ y BUIVIAAL

1 Eosbie

E-“%j:_wg Es —[1-& &™)+ s

o S8 e, [t S e
g &; v e g

Ockinpky posnofin HanpykeHb 6iyif koMcHOI BepUIMHEM AedeKTy ONMUCYETh-
cA y isuunii muommHLI 2, TO HeobXimHO 3’AcCyBaTM 3B'A30K MiXK JIOKAJIbHUMU

aminanmu 2z; i §;. BuGepemo nepmry sepumny medexry (1; = 0). BpaxoByioun
CIiBBiIHOIUEHHA (3) ofepKyeMo KBaZipaTHe PIBHAHHA

2 = 2= 2p = [0(8) - 0(Eg,)] = ©' g1 1 +0"€Eqy JE] /2+ -, (5)
3 po3B’A3KY AKOro BUBEJEMO CIIBBiHOLIEHHA, 110 3B’A3ye 3MiHHI &1 z;
__ ') \/ 2 [60'(501)]2
& ’(‘501) ©"(Eoy) * 0"Eor)] L
YBiBIIM MO3HAYEHHA
' 2
Z, =2+ —2“3(5%3, (7)
306pa3uMo CriBBiiHOIIEHHA (6_) Yy BUTIALL
. (501) F 2Z,
e T 0"En) \lm"(‘gm) w

flxmio pamiyc KpuBuHM y BepmmHi nedekty p < 10721, To jioro 3 TouHICTIO
o 5% MoskHa BU3HayaTH Tax [2]

r2
_ 97 (Egy)

Topi cnissignomenna (7) Habysae Burnany 2Z;, =p+2z; =p+2r exp(iBj). Iig-

craBJAOYM poskmanu (3), (4) y dopmysy (1) i BpaxoByroun crhissigHommensa (9),
8HaX0AMMO [4] po3moziNM CKJIAZOBMX BEKTOpa NepeMillleHb B OKOJIi BEPIUMHMA
po3rasAnyBaHoro nedexrTy:

ug +iu, = (K} - 1Ky )(- €22, +2Z, )+ 3 (K} +iK})RZ, /2Z, -2Z;).  (10)

B ysaraJbHeHMX MOJAPHUX KOOPAMHATAX 7, =|Zl I, 0, =argZ, cniBBigHO-

meHHa (10) 36iraroTbea 3 BiIOMMMM acCMMITOTHMYHUMU (POPMYJIaMU OIS TPILMHEM

HynvoBoi mmpuuy; Kj,Kj — ysarajbHeHi koediuieHTH iHTeHCMBHOCTI Hampy-
JKEeHb!

o e _o 9Eg)  0'(Ey) 0"(Egy)

By -ty =2 Jo"(Eq,) ) Jo"(Eq) "J'(‘ge;)

CxnazioBi TeH3opa Hanpy»<eHb 3HAXOA¥MO Ha OCHOBI 3akoHy ['yka:

(11)
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4G(1 . d :
Oy + Gy = 1( 2:)]3. d"(u -iu,); Oy, —0, +2i0,, =_4Ga_z_(u*"m9)’ (12)
d 1(d .d
& =3lE ) =
Y peayJsbTaTi OflepKYyEMO
—4G(1 B) o | K[ —iKy KI +1Ky Z,
G, +0, = Re{- +0(1),

K; - Ky 1 1
" . - o ] AL * Ly —

o, — 0y +2i0,, 2(:-[ S (k; +1KH)[J221 NovA ]]+0(1). (14)
Tyr G — Moayab 3cyBy; pu — Koedpiuienr Ilyaccona marepiany. CTpykTypa cmis-
BigHOIeHDb (14) He 3ayeuTsh Bij KoHdirypanii gedekTy i BeaMunMHM 30BHIIIHBO-
ro HaBaHTaXeHHA. Ili XapakTepuCcTMKM BpaxoBaHi B y3araJibHeHuX KoedillieHTax
iHTeHCHBHOCTI Hanpy»KeHs (11).

PoarsnsineMo aJia npukyany AedekT y BUIVIALL TOHKOrNo eJinTUYHOro Hazapi-
3y 3 miBocsimu I, b. lna takoro aedekTy Maemo

0®=RE+CE); o) =RIE+mE™), (15)
ne C= —(F + ml"); R =(l+b)/2 — macurrabuuit MHoxHMK, m = (l-b)/(l+b) —

napameTp eyinTuydocti; I' i I'" — craui, 110 BM3HaYalOTh HaNPy>XeHUI CTaH IIa-~
cTHMHM Ha Ge3MesKHOCTI:

po(En) L (-m)exp(-2ia)

i P == 5 P, n=4q/p. (16)
HiIICTaBJIﬁIO‘-IH ynkuii (13) y dpopmymm (11), npu &§;;, =1, orpumyemo '
K] —iK}, = \[2 [(r )~ —-~—C] an

3BizcH, BpaXoBylO4Yy 3HauYeHHA napametpiB R, m, C, 3HaXOIHMO
K; - iKy = Va prk -k e %),

_I+E . g, . 1=E o 1
k | - kK= m\ —y m«-]+§, é-—b, DsE=sl. (18)
ITicnsa pospninieHHa AificHO] Ta yABHOI YacTHH onepmyemo
K= -n)k'cos2a] ; Ky = —P:‘i (1-n)k'sin 2a.. (19)

I3 coieBigHOWeHs (19) Gayumo, 1O y3arajbHEHL lcoecjamlen'm iHTeHCUBHOCTI

nanpyxenb K|, Kj MOXHa TpaxTyBaTM 5K Koedili€eHTH iHTeHCMBHOCTI Gijs
BEPIIMHM TPIIMHM Yy TWIACTMHI MiJ ZI€I0 AEAKOro IPMBEEHOTO HaBaHTAXKEHHS
P, g . CnipaBji, BBiBIIM NO3HAYEHHSA
- +1) -~ ; ~ 1-7 ]
il 471) 5 K== n)eZXP(th)_’
nogamo cnisBigHomeHHA (18) y Burnsami

(20)
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Ki = B2 [0+ M- -Feos2a]; Ky =52 (1-F)sin2a, (1)
IO BiAiNIOBifae BMIIAJKY TPIIMHM HYJIBOBOI IIMPUHM B Oe3MerxHili mmacTuHI mifg
miero aycuns P, q [1]. Ii s3yenans BuaHayaemo 3i cnisBifnowmens (17)

peglasmer@-nkly =GRk (22)

Omxxe, MaeMO aHAJIOTiIO: ys3araJbHeHi KoediuieHTM iHTEHCMBHOCTI Hanpy-
’KeHb 6ina TpinmHONoOAi6HOrO KedekTy B i30TPONHIN INIACTHHI 1if Ai€i0 30BHIiLI-
HIX HaBaHTa)KXe€Hb P i 1 AOPIBHIOIOTL KoedilieHTaM iHTEHCHMBHOCTI HAIPY>KEHb
AJIA TPILMHK Ti€l 3K JOBXKMHM B IUIACTUHI MiJ Ai€I0 HaBAaHTAXeHb P, q . Ockinbku

koedinienTy k i k' € MoHoToHHO 3pocTraioui pyHKLil mapamerpa £ (ans Beix
k 1-7m
k' 1+n°

Ilns xoediuieHra iHTeHcuBHOCTI HanpyskeHb K| 6ins BepIIMHM 3a0KPYIJIEHOro

£>0), To p Gyne Ginblue p, sxmpo 1 <1, a Taxox npu 1> 1, AKo

nedeKTy .crpaBAKyOTbC npoTuyesxkni ymoBu: K| > K" mpu n>1, a takox
k (1-m)cos22a
HPHT]<1 FAKIIO ?D'—“ﬁﬁ——.

Hexaii posryisanysaHa IJIaCTMHA MICTHUTB CHCTEMY CTOXaCTMYHO PO3NOise-
HUX TpimMHONOMIOHMX JedeKTiB.

Buaimumo 6ina BepumHM AedekTy OKI r<p i pPo3ryiAHEMO pO3NoAin Ha-
Npy’KeHb 3a MEXKaMu 1bOro okoJry, Tobro B obsacti 7> p. Posnogin HanpyKeHb
y uifi obnacti 3a cTpykTypolo 30iraeThcA 3 BiJOMMM PpOSIOZAIIOM HaNpy»KeHb
6insa BepmmEy TpimmAEM HyJsboBoi mmpuen. IIpuitmemo, 1o B obnacti 0 <r <p

BinOyBaeThCcs JIOKaJibHe DYJHYBaHHA MaTepiasy, AKIIO Ha BiAcTaHi 7 =p Bix
BEPIUMHN TPILIMHM BUKOHYETHCA YMOBa

"vf‘:—) UB(T,(I,B,,)],.,:‘): Ty . (23)

e O — omip MaTepiajly JIOKaJIbHOMY PYJHYBaHHIO; [}, — HanpsaM IOYaTKOBOrO
nomypeHHs TpimmHK. OCKINBKM POITNANAIOTECA AeeKTH 3 MaJMM pajiycoMm
kpuBuEN y BepumHax (p/l < 107%), To BerunHaMu nopazky -/p O(1) y dbopmyni
(19) HexTyeMO MOPIBHAHO 3 NepIUMM AOAAHKOM. BBajkaeMo, AJA CIIPOLIEHHSA, ILO
JIOKaJibHe pyiiHyBaHHA BinGyBacThcA B IUTOmMHI mepBuHHOI Tpimmmm (B, = a).
Toni na nixcrasi crissinnowens (18) i kxpurepio (21) oxepikyemo dopmyny ans
3HAaXOJKEHHA BEJIMYMHM KPUTHUYHOIO HABAHTAXKeHHA, L0 CNPUUMHAE JIOKaJLHE
pyiiHyBaHHA MaTepiany 3i winnHononibHuM nedexToMm:
Oy

P. = m ’ (24)

ne ¥Y(p,a) = é_i {{ +n)k - (1 - n)k' cos 2a](3 cos a/2) + cos 30./2)
-3(1 - n) k' sin 20 (sin /2 + sin 3a/2)}. (25)
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3BiZicK oZepKYEMO 3HaYEHHA BUIIAJIKOBOI ZOBMKYUHM [:

2
Uu

"~ p2W(p, a)

[Tpuiimarouu, 10 BUnaaKkoBa AoBxkuHA | gedexTy i jioro BunmazkoBa Opi€H-
Tallif O € He3aJIeXKHUMM BeJMYMHAMM | BUKOPMCTOBYIOUM pelysbTaTy npaui [3],
oTpumyeMo GopMyJy IJisi BUBHAYEHHA WMOBIpHOCTI pyiHyBaHHA IJIACTHMHU 3 N
medeKTaMu:

L <1<L, (26)

s-1 n
F,(n,p.)=1- [ %”(s(l :)a‘; dlda] ,  8>1,a>0. @7)
CepennHe sHa4YeHHA BeJMYMHM PYHIBHOTO HaBaHTaKEHHA BU3HAYAETHCH TaK:
Pmax(n)
(0) = Puin +  [Fu(p,m)dp- (28)
Pmin(N)

Orminka jiMOBipHOCTI pyJiiHyBaHHA IJIACTMHM 3i CTOXACTUMYHO POSIOALIEHMMU
nedexTaMy Ha OCHOBi ozep»kaHoi aHaJorii Ta pe3ynbTaTiB MoHorpadil [3] cein-

4uTH Npo Te, WO 3a ymoBu (P > p, M < 1) iiMoBipHicTh pyiiHyBaHHS Takoi miac-
THHM € MEHILOIO, Hi’K JAMOBIPHICTb PYiHYBaHHsA IUIACTMHM 3i CHCTEMOIO TPIlIMH
ZOBLNIBHOI JOBXKMHM Ta opieHTaLil.

1. Bepesxcnuyxui JI. T., Jeasscxui M. B., ITanaciox B.B. VIarn6 TOHKUX IuTa-
cTvH ¢ nedexramu Tuna tpemmy. — K.: Hayk. aymka, 1979. = 400 c.

2. Bepescnuyxui JI. T., Kawyp II. C., Masypax JI. I1. [lo Teopii KoHUEHTpaTO-
piB Hanpy’eHb i3 3a0KpyrJeHuMMu BepiumHamy // Pi3.-xXiM. MexaHika maTe-
piaxiB. — 1989. — Ne 5. — C. 28—41.

3. Bumeuyxuu II. M., Ilonuna C. IO. IIpoYHOCT:E M KpUTEpUM XPYIIKOro pas-
pyulenua croxactudecku nedekTHeIX TeJy. — K.. Hayk. nymxa. — 1980. —
186 c.

4. Jleanscxuii M. B. O HanpsrkeHHO-JeOpMUPYEMOM COCTOSHWM ILIIACTUHBI,
ocyabJIeHHOJ CKBOSHBIM AedeKTOM C MaJIbIM pajuycoM KPMBM3HBI B BEpILUM-
He // Pus. - xuM. MexaHuka maTepuasos. — 1983. — Ne 1. — C. 106—108.

5. Mycxeauwsuau H. JM. HexoTophle OCHOBHBIE 3allay¥ MaTeMaTU4YECKON Teo-
puu ynpyrocti. — M.: Hayka, 1966. — 708 c.

Myhkailo Delyavsky, Victor Opanasovych, Adam Podhorecki

THE STRENGTH OF STUCTURALLY-NONHOMOGENEQUS MATERIAL
WITH THE STOCHASTICALLY DISTRIBUTED IMPERFECTLY SHARP CRACKS

The approach to the determination of the asymptotical stresses and displacements
fields in an isotropic material with curvilinear hole with small curvature at tips is pro-
posed. The analogy between SIF for cracks and imperfectly sharp defects is developed.
Basing on this the calculation of the critical load for material with stochastically dis-
tributed defects is performed.

Crarra Hagiimuna o peakodserii 16.05.99
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HOpiit CopoxaTmii

Bepescancvruil azpomexHiuHul Koaeo0w
Hayionaawsnozo azpaphozo yxigepcumemy

ONTUYIHMI METOJ BUBHAYEHHSA MMOYATKOBOrO IIJIAXY
HNOIIMPEHHA TPIINMHNA

Binomo (2], m1o nutocKkuii Hanpy»KeHui CTaH B OKOJI BiCTpA TPILIMHM OnUCYy-
€ThCA Y BUTIALL

o, % 5cos B, —cos 6, w [~ 5sin 6, + 3sin 6,
Oy | = 41/;_ 3cos 6, + cos 6, +;17;== ~3sin6, —3sinf, |+
r T
T sin 6, + sin 6, cos 0, + 3cos O,
cos 201 cos? O _
+0o(l —m) cos 20 sin 0 + O(JF) (1)
- 0.5cos 20 sin 28

e 0,0y T,g — KOMIOHEHTM TEH3Qpa HAIlpy»<eHb Y MOJIAPHINA cucTeMi KOOpAM-
nat; K, = ovl(sin? a + mcos®a) K, = ovI(l -m)sinacosa — koediuientn imre-

HCMBHOCTI Hamnpy>keHb; 7, 0- MMoiApHi KoopAuHaATH 3 TOJIOCOM Yy BicTpi TpimmHu,
2l — pomxxuna TpimmHM; 6, =nb/2;

AAA Aa O, MO — Halpy»KeHHA Ha Oe3MerxHO-
y Tr0 - cTi, mo ZAiOTE mify KyToM o Xo oci
" TPIIMHN (AUB. PUC.).
Cs Y mnpani [2] 3anpornoHoBaHO BM-
) lo i il mo SHAUATH TOYATKOBMIA KyT IOLIMPEH-
HA TPIlUMHYM 32 YMOBH, 110

. oc

im{vr—=8} =0, ()
KYPZF S, et

c Cotterell [6, 7] 3a3HaunB Ha Bi-
TpilumHa y noni BCECTOPOHHLOTO Po3TAry.  AOMMI B iHykeHepii cakT BIUMBY mo-

CTIAHOI'O HOPMAJIBHOI'O HAIIPYIKEeHHA,
IO Jii€ B3JIOBX OCi TPilMHM i He 3MiHIOE 3HaYEeHHA KoedillieHTiB iHTeHCMBHOCTI
Hallpy»keHb, Ha HaANpsAM M[OYaTKOBOTO WIJAXY nommpeHHsa Tpimwmuan. Kibler,
Roberts [11] excnepuMeHTaJIbHO AOCJIAMIIM BILIMB J(BOBICHOCTI HaBaHTaKeHHS
Ha KYT IOYaTKOBOIO PyMHYBaHHA. BusABmiock, 110 nojekyayu piBHAHHA (2) He Bi-
nobpaskae peajibHOI KapTHMHM PYiHYBaHHA. ABTOpyM HociimyxkeHHs [8] npunycru-
Ji, 10 y AEAKOMY OKOJi BiCTPs TPIllMHM T < T, IPM 30BHIIIHHOMY HaBaHTasKeH-
Hi BigfysaroTbea HeiHiitHI cisuyni nmponecu (3’ABAsIOTHCA MIKpOTpilMHM, Ha-
KONMMYYIOTbCA JAMCJIOKallil TOLIO), fAKI 3yMOBMIOIOTH PO3BMTOK MaKpOTPIIMHM.

© Copoxkatuit ¥Opiit, 1999
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3asmMmaloyy BIIKPUTUM IIMTAaHHSA PO BeJMYMHY TakKol BiCTaHI 7,, BOHM 3alpo-
[TIOHYyBaJI¥ BU3HAYaTy NOYATKOBUN KYT INOLUMPEHHA TPIIMHMU 3 YMOB:

1
0'9 > 0, (3,9')
. 9oy
mpu  8=6", r=7, {-t=0, (3,6)
2
(00?7

(0 JIaJI0 3MOry MOACHUTM Pe3yJIbTAaTU eKClIePUMMEHTaJIbHMX JocaiKens. Mu
3aIIpONOHYBaJy IIPOCTH METOZl BU3HAaYEHHs CTPYKTYPHOro napamerpa 7, [5].
PiBuaAnHA (3,06) 3 ypaxyBaHHAM acuMnToTK (1) MoXXHa 3ammcaTy y BUIIAZAL

ko sin0° + k; (3eos 0* 1)~ 281 - mpV2a cos 2 cos 0" sin &- = 0, )
me k, = Ki/c\/i, (i=12) a=17/1

3ayBajXuMo, 10 pPiBHAHHA

T,6lo-6,= 0 (5)

3 ypaXyBaHHAM acCUMIIOTMYHOrO po3suHeHHs (1) aae
k,sin®, +k, (3cos B, — 1)~ 4(1 - m)~2a cos 20, cos O, sin%’- = (6)

Y Tabauil HaBefleHi HalixapakTepHilli poa3s’s3ku piBHAHDL (4) 1 (6) npu nes-
HMX 3HA4YeHHAX napamerpiB a, m i a. Kopeni uux piBHAHB BifjpisHAnTECA He Bi-
Jee, Hixk Ha 2.5%.

3 inworo Goky [1, 3], piBHAHHA (5) Bu3Havae i3oKJiHY (i3oJiHil0 omHaxoBOi
opieHTalil IUIOUMHOK FOJIOBHUX HaIlpy’KeHb), mapamMeTp AKol O, I{0 Ma€ HaxXxwui
(B majomy okoxi BicTpa Tpimmuu), no oci Tpimmuu. OTKe, SIKIIO HA OKYJIAp
aHaJizaTopa MNoOJAPM3alUiffHOI YCTaHOBKM HaHeCTH JIiHilO, IMo 36iraeThesa 3 Biccwo
TPIIIMHY, TO CMHXPOHHMM obepTaHHsM aHaJji3aTopa i mojApu3aTopa MOXKHa J0O-
carHyTy 30iry Ha expaHi HaHeceHol JiHii i gesaxoi isokxaiau. Kyt mosopory npu
LBOMY i € KyTOM MMOYaTKOBOIO IJIAXY NOWMPEHHA TpiluyHKu. ABTOp npaui [4] 3a-
MpOIOHyBaB NpPOCTUit NpucTpii po cepistvoro npunany KCII-7, mo cnpusie one-
paTMBHOMY i TOYHOMY BM3HAa4EeHHIO KyTa IMOLIMPEHHA TPIMHN.

Jlna MopiBHAHHA AKOCTI 3alPONOHOBAHOIO MeToAy B Tabnuui HaBeneHi pe-

3yJbTaTH PO3PaxyHKiB 3Ha4YeHb KyTa MOIIMPEHHs TpiluwHEu Op 3a pIBHAHHAM
Kitagawa [12]:

25in 6, (1 - 3cos 6,)ctg 20, — (1 + 3cos B, - 6cos?6,) = 0, ()

me 6,, — KyT Haxuuy meTJi isoxpomu 1o oci Tpiummu [1, 10].
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PesynbTati po3paxyHkiB KyTi8 NOWMWPEHHS TPILLMHKA 32 3anpOnOHOBaHOI 0,
i BiaomMumu 8y, 6, MeToaMKaMK nNpu AeAKUX 3HaYeHHAX napaMeTpiB a, mi«

a = 30°
- -
a 0°, rpan | O, rpan | O, rpax 0y, rpan 0q, rpaz
0 0 -60.00 -60.00
0.002 -61.75 -61.41
0.020 -161.95 ~71.95 ~64.32
(18.03), (80.29)
12.17 -77.83 —-64.42
' (12.17), (76.87)
0.060 -163.17 -73.17 -61.98
(16.82), (79.55)
5.96 -84.04 ~67.56
(5.96), (73.55)
2 0 25.13 25.13
0.002 24.31 24.47
0.020 -65.02 2498 24.87
(~57.38), (84.83)
111.16 21.16 21.12
(—59.59), (82.25)
0.060 -65.17 24.83 2472
(~57.47), (84.73)
108.26 18.26 18.23
(—61.20), (80.42)

Apropu npaui [14], BpaxoByiouM rinore3m MiHIMyMy T'YCTMHM IIPYKHOI eHe-
prii gedopmanii [15], Aifitm BMCHOBKY, L0 KYT NOMIMPEeHHA TpiumHM 0) MOXKHa
BM3HAYUTH 3MiHOIO KyTa 0, ma 90°. 3HayeHHA KyTiB O) i B MM pospaxysaiu 3
ypaxyBaHHAM CKiHYeHHOI BiZlHOCHOI BificTaHi a Bif BicTpsa TpimmuKn. Buasunocs,
IJ0 B OKPEMMX BMIIaJKaX ABOM TpaIyUiiHO BMMipIOBaHMM KyTaMm 0,, 3a sadikco-
BAHOI0 KapTUHOIO CMYT BijiloBifae Ao miecTy KopeHiB piBHAHHA (7), i noTpiGumit
MokHa BuOpaTu Jmie iHTYiTMBHO. 3HaueHHs «3aiiBMX» KopeHiB 0) y Tabmuui
HaBeJieHi B gy»kkaX. Gdoutos [9] sanponoHyBaB 3a HanpAM IOUIMPEHHA TPIIUMHK
BBa)kaTu OicekTpucy KyTa, obMeskeHoro fBoMa HanpsiMamu Kyta IpeiHa 0,,, aye
I'PYHTOBHMII aHaJi3 KapTuH izoxpom [13] ¢BigYMTL NPO MOMKJIMBICTH iCHyBaHHSA
TPBOX TAKMX HAIIPAMIB.

3arajioM TIOPiBHAHHA PO3PaxXyHKOBMX JAaHMX i BMKOHAHMI aHaJi3 [alOTh
IMiZICTaBM BBaXXaTy, L0 3aMPONIOHOBAHUI METOX IOPIBHAHO 3 BiJOMMMM € TOYHIi-
MM, npocTimM i HapiitHimmm. OveBuzHO, IO y pasi 3aCTOCYBaHHA METOAMKMU
GOTONPY»HMX IOKPUTE BMMIDIOBAaHHA MOXKHA BMKOHyBaTM OearnocepeiHbo Ha
TIOIIKO/PKEHUX eJIeMeHTaX 1H)KeHepHUX KOHCTPYKILiA.

1. Tpuaiywexui . B., Copoxamui FO. I. Mexaniyui i onTu4ri MeToayu mocJi-
JDKeHHA HalpysKeHo-ziecdopMoBaHoro craHy Tim = JIsBie: JIIY, 1984. - 60 c.

2. Ilanacrox B. B. IlpenensHoe paBHOBecHe XPYNKMX Tes ¢ TpewmHamu. — K.
Hayxk. nymka, 1964. — 264 c.
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3.

10.

11

12.

13.

14.

15.

Copoxamwii FO. M. Meton coToynpyroro onpezfielleHMAa Ha4aJIbHOTO ITyTH
paspymierussi // CwmemaH. 3ajjayM MeXaHuMKM JecdopMuUpyeMOro Tejia. —
Huenponerposck: AI'Y, 1981. — 154 c.

Copoxamuiti FO. M. TeopeTuKo-3KCIIepUMEHTAJIbHbIE MCCJIEIOBAHUA HAIps-
JKEHHOTO COCTOSHMUS YINPYrMX IUIaCTMH C WMHOPOJAHBIMM TOHKOCTEHHBIMU
BKJIOYeHMAMKU: ABToped. auc .. KaHZ. ¢us.-mat. Hayk: 01.02.04 / Ma-t
npuKJL npobia. mexanuku u MateMaTuku AH YCCP. — JIsBos, 1985. — 17 c.
Copoxamwi }O. M., Hanobun A. II. Poroynpyrmit MeTos UCCIAELOBaHMUSA
cTaOUIBHOCTH TPAeKTOPMM PacClpOCTPaHEeHUA TPEeLMHbl HOPMAaJIbHOrO OTPbI-
Ba // CoBpeM. npobJy. TeopuM KOHTAKTHBIX B3auMmojeicTBuii: MaTepuasbl
eoleaznoro Hayunoro Coera AH CCP mno Tpenuio 1 cmaskam. — Jlyuk, 1987.
- C. 68—69.

Cotterell B. On brittle fracture paths // Int. J. Fracture Mech. — 1965. ~ 1,
Ne 1, — P. 96-103.

Cotterell B. Notes on the parts and stubility of cracks // Int. J. Fracture
Mech. — 1966. — 2, Ne 3. — P. 526—533.

Eftis J., Subramonian N., Ziebowite H. Crack border stress and displace-
ment equations revisited // Eng. Fracture Mech. — 1977. — 9, Ne 1. -
P. 189-210.

Gdoutos E. E. A photoelastik prediction of the crack propagation angle //
J. Phys. E: Sci. Instrum. — 1980. — 13, Ne 7. = P. 776-777.

Irwin_ G. R. Discussion and author’s closure of the paper. «The dynamic
stress distribution surrounding a running crack. = A photoelastic analysis»
// Proc. SESA. - 1958. — 16, Ne 1. — P. 93-96.

Kibler J.J., Roberts R. The effect of biaxial stresses on fatique and fracture
// Frans. ASME, Engng. Industry. — 1970. — P. 727-734.

Kitagawa H., Kim S. — C. The photoelastic analysis of stress intensity fac-
tors of crack bodies and their fracture strength // Xuxakait kanca, J. NDIL
— 1976. — 25, Ne 8. — P. 466—472.

Rossmanith H. P. Analysis of mixed-mode isochromatic crack-tip fringe
patterns // Acta Mechanica. — 1979. — 34, Ne 1-2. — P. 1-38.

Rouhi M. R., Evans W. T., Barr B. I. G. A photoelastic approach to frac-
ture path predictions // Int. J. Fracture. — 1977. — 13, Ne 3. — P. 370-376.
Sih G. C. Experimental fracture mechanics: Strain energy density crit-
terion // Mechanics of fracture / ed. by Sih G. C. — The Hague: Martinus
Nijhoff Publ. — 1981. = 7. = P. XVII-LVL

Yuriy Sorokatyy

OPTIAL METHODS FOR PREDICTION OF THE INITIAL CRACK EXTENSION

On the basis of photoelasticity the method 'of prediction the initial path of crack

extension is devoted. Analysis of calculation the be-axial stresses surrounding of slanted
crack shows us that the new method is more precision and simple.

Crarra Hapiiuwa fgo peakoyerii 14.07.99
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YIK 539.3
BikTop Onanacosua
Jvetecvrull HaytonarvHul yHisepcumem im. I. Ppanka

NPO KOMILJIEKCHI IIOTEHI{IAJIM AHTHUIIJIOCKOI 3ANAYI JJIfA
I3OTPOIIHOIO TUJIA 3 IIEPIOJUMYHOKO CUCTEMOIO
NPAMOJIIHIMHMX TPIIVH

Hocniaumo Hanmpy»KeHMM CTaH Tina, 1o nepeGyBae B yMOBaX aHTMILIOCKOI
nedopManil 3 NepiogMYHOI CUCTEMOIO KoJiHeapHUX (Bunazok a) abo napajenb-
HUX He 3CYHYTMX (Bunazok 6) NMpAMOJIHIAHMX TYHEJbHMX TPILIMH 3aBAOBMKKM 2L
Bincrane mixk TpinpHaMyu nosxHauumo uepes d. OGepemMo HexkapTOBYy cCHUCTEMY

xoopsmHaT Oxyz 3 MOYATKOM y LeEHTpi Tpiumuyu, 3 ocamu Koopaunat Ox i OZ,
L0 JIeXaThb B il mowmsi, npuyomy OZ HanpsamieHa 1o ii TyHeJbHiM oci cume-
Tpii. Bynemo BBaKaTH, 11l0 30BHIIIHE HaBaHTa*XeHHA NpHUKJaZeHe Ao Geperis
TpilgMH abo 2K Ha HMX 3afaHi nepeMimeHHA. [Ipy 1BOMY BimoMuit roJIOBHMI BeK-
TOp 3yCuUJb, NpUENafeHux no GeperiB Tpinpun. Ilpunyckaemo, 110 Ha HECKiH-
YEeHHOCTI 3a/laHMii OAHOPIAHMII HANPYXKEeHMii CcTaH, NPUYOMY PO3pPIi3HAECMO He-
CKiHYeHHOCTI nmpu y — o i x —» +e i Maemo pisHi cuTyallil 3aJexHo Bif 3azayi

a) un sazmaui 6).Y sajmaui a) mpu y —> 100 KOMIIOHEHTM TEH30pa HAIPYKEHb
+00 : -0 . : o
Tz Y > +0) i Yo (y & —) MOXYyTb pisHMTHCA MiX CO000, AKIIO TOJIOBHUI
BEeKTOp CMJI, NpuKJIajeHux Ao Oeperis TpimmeM, He MAOPIBHIOE HYJIO, a

+00 _ =0 __ 0 : +0 - — g .
Ty =Tz = Tg3. Y 3ajaui 6) Bce HaBmakm, 7,7 i 1,3 MOXYTh pisHMTHMCH, a
+0 __ -0 _ ®

TyE = Tyz = rys IIpH x —» too,

ITorpi6Ho 3HaliTH Hanpy»KeHO-AecopMOBaHMII CTaH Tina.
Beezpemo B posrusap xomrexkcHuit noteHuian F(z) [1, 3] Toxni xomnoHeHTH

TeH30pa HanpyKeHb T,

s i KoMNOHeHTY BeKkTOpa MepeMilleHHA W 3HaANAEMO

3a opmyaamu
T~ i = F2),  wx,y) = u~ Re[f(2)], (1)
ne z=x+1y, i =v-1, f(2) = F(2), p — Moxyms 3cyBy.
3ayBajXuMo, 110 PO3MONLI HaNpy»KeHb Ol BepLIMEM HEOZHOPIAHOCTI HaBe-
ZeHo B craTTi [6] yepes koediuieHTH IHTEHCMBHOCTI HaANMpPYyXKeHb: K;f' DJIA riep-
ol i Kg JJIA ApYyrol OCHOBHOI 3azayi.

Poarnsmemo Moxxiusi Bunagxu.

1. ITepuwa ocrosna 3adaua. Y LbOMY BUIIAJIKY STiIHO 3 IIOCTAHOBKOIO 3ajadi
Ma€EMoO TaKi rpaHUYHI yMOBM:

e =(@), o<l (2)

re t*(x) — Bimomi dysxuii; TyT i Aani «+» i «—» no3HaveHi BiANOBiAHI 3HAaYEHHA
BeJIM4YMH npn y — 0.

T

© Onanacosuy Bikrop, 1999
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PoarnigHeMo criodyaTKy BMIIAJIOK a).
Bpaxosyroun (1), Ha ocHOBI (2) mpuxoauMoO N0 KpaiioBMUX 3a4ad JJIA BU3HA-
yeHHA PyHKUii F(x):

Fx) + F)] - [Fx) + Fx)| = ~dipx), |l <,
[Fx) - F)] + [Fx) - Fx)] = ~4in(x), ] <1, (3)

me p(x) = 05(t"(x) -~ 17(x)), (x)=05(t"(x)+ 17 (x)).

Buxopucrosywoun pesynbraTyu [4] Ta poaB’asyioum 3amauyi JiHiiiHOro cnps-
JKeHHA (4), micsa nepeTBOpPeHb ONEPIKYEMO
1Y (2)
2X(2)

ne C, Ai B — "eBizomMmi mijichi c'ra.ni,

Tz . 2 Mz 2 ml
Y(Z) = Asmd +Bcosd, X(z)——Jsm q —sin re

Bepyun no ysaru Bupa3s ans yHKUii HanpyeHs F(2) (4) Ta yMOBY oxHO-.
3HAYHOCTI NepeMillenb, 3HaX0AUMO, 1110 B=0. Rpm TOrO, MOXKeMO 3anucaTi

F(z)=C+ jx*(r) wt)cosec =2 gt (a)

d

1
X (- 2)
d_{p(t)ctg —=4dt - dx()

15 -1t,; = C+05AiFid™! jp(t)dt

yz y->too

3BIAKM OTPUMYEMO

l
C=1% =-05A+d™ [p(t)dt,

-l

xZ?

TOOTO, 3aZlal04M HAIPY>KEeHHSA "c (Tyz ), aHaxonumo crany A. Tozxi nHanpyxeH-

(1‘ ) moBinpEMMYU GyTH He MOJKYTbh, BOHM BM3HAYalOTHCHA 3 OCTAHHLOTO

plBHHHHH.
Maroun Bupas ansa yHkuil F(z), MoixeMo 3HaMTHM KoeiLi€HTH iHTeHCHUB-
HOCTi Halpy»XeHb 32 POPMYJIIOK

n(t +1)

I 1(t) i (5)
Tt ¢ 3
d \’ 27:1I Vsin"“‘”

nd sin <5-_ q

Y 4acTKOBMX BMNaZKax i3 (5) OZEPIKYEMO BiJIOMi peay.nh'ra'm c'ra'r'm [1] Ta
MoHorpadiit [2, 3].

3ayBaXuMo, 110 BUIIaZoK 6) oTpuMMaeMo 3 BMIAAKY a), AKIIO 3pobumMo 3a-
miny d —.id. Kommnexcauit norenujan F(x) nHabyze Burisamy

_ iAsh'nzfd“ll wt-2), 1 : o+ 1Rt -2)
F(z) = C + = e _‘[p(t) cth 22 ds = :[X )y sh™ ———ds,

a Koe(iUi€HT IHNTeHCHMBHOCTI HaNpy’KeHb 3HaieMo 3a POPMYJIOIO

1
r_ A |[d, =@l 2 shn(t +1)/d
By = 2 th d \/nd sh 2nl/d :[ () shn( - t)/d %

KT-~—
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X(2) = Ysh® nz/d — sh® nl/d . (6)
Y wacTkoBMX Bunankax 3 (6) omepaxumo Bifomi B siTepaTypi pesyabraTti [5]
Kpim Toro, npm BeJMKUX X MOMXKEMO 3alMcaTi

xz yz Tr—»1w0

I
T:-it,; = C+05AiFd™! J‘p(t)dt,
-1
3BifIKM AicTaHEMO

l
A=-2t3, ¥ =Czd’! _[p(t)dt, )
-1

T06TO, 387121091 HaNpYKeHHA T,z (T3 ), 3HaxXomumo ctayy C. Toxi HanpyxeHHA

('r ) ZoBinbHKUMM OYTM He MOXKYTb, BOHM BU3HaA4alOThCA 3 piBHOCTI (7).

3ayBauMo, 1110 Ha BigMiHy Bif BMnajaky a), 3HayeHHA KoedillieHTa iHTeH-
CMBHOCTI HaIIpy’KeHb He 3aJIeXKUTh Bifl TOro, 4y HaBaHTa’KeHHs Ha Oeperax Tpi-
IIMHYM CaMO3PiBHOBaXkeHe 4y Hi, Mo3afAK Big nporo, Ak OGaumumo 3 (7), He 3MiHIO-
€ThbCA 3HAYEHHA IOCTiNHOI A, Yyepe3 AKYy BiH BUPaKa€TbCA.

2. Ipyea ocroena 3adaua. Bunaznok a). Ik i B nmepuuiit ocHOBHIN 3azayi, KOM-
IJIEKCHMI NOTEeHL[iaJ F(;r:) MaTUMe BUIIIAR

‘I X*Widt | ¥()
2idX(z) asinm(t - 2)/d  2X(2)’

Fz) = ~iC+ = j' oft) ctg “(t 2) gs + )

ne C, A i B — gisicui ctani; w*

ow"  ow” ow” &v‘
o) =u(Gg -5 (5 +& )
BpaskaTuMeMo, 10 BifloMMii roJIOBHMII BeKTOp 3ycuik R, NpuKIafeHMX 0
Heperis Tpiuwun. Toai B = R/d.
Ha ocHoBi (1) Ta (8) npy BeJMKUX Y MOMXKEMO 3alMCATH

Tz —1T,; =—1C+05AF051B,

— BifioMi nepemiieHHa Geperis TPimMHN,

() =

3BiAKu ofepicyemo A = 21 T ? = C £ R/2d, Tobro, 3ajaioun HanpyKeHH:A 'r

xz?
(‘cyz ), 3Haxoaumo craay C. Tozi Hanpy»xeHHA t 3 (‘r ) HOBiNbHMMM OyTH He
MOKYTb, BOHM BU3HAYalOTbCH 3 OCTAHHBOTO PiBHAHHAL
KoediuieHT iHTEHCUBHOCTI HaNIPYKEHb K:,G BU3HAYaEMO 3a (POpMYJIOI0
I Jsm nl/d - sin® nt/d
o 21t/d sin2nl/d | d sin n(t —1)/d

Bunanok napaJsiesbHUX He acyny'rnx TPIIMH OoZlep)Ky€EMO AK i B nepuriit oc-
HOBHI 3agavi. Tomy 3 cbopmy.n (8) i (9) maemo

K = (t)dt + Y(I)}. (9)

1 o+ 7
o n(t — 2) 1 X" (t)x(t) Y(2)
F(z) = ~iC+ 5 Ip(t)cth = dt + 2id5((z)_-!shn( T L e
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l
" 1 17 [thal/d+thnt/d . . 54
w J2ndsh2nl/d [d _J;V thnl/d - thnt/d wt)dt + Y() |,

Y(z) = Ashnz/d + Rd™ chnz/d. : (9)
Ha ocnoBi dopmyan (1) i (9) 3HAXOAMMO te=AxR/d, C= 2tz , Ae crany

A BM3Haya€MO, BBa)KAalO4YM BifloMumM HanpyxeHHsa T,z (1.3 ) Toai Hanpy»xeHHs

w2 (733 ) nmosinbHMMYU GyTH He MOXKYTb, BOHM BM3HAUYAlOThCA AK i B IonepemHix

Bnna.u;aax.
Maiouyn CHUCTEMY >XOPCTKMX BKJIIOYEHb, JOXOAMMO BMCHOBKY, AKIO Ha He-

CKiH4YeHHOCTI ,I{IIDTb TiNBKYU HallpyXeHHA 1>, TO HASBHICTB CUCTEMU OPCTKUX

yz’
BKJIIOYEeHb He BILIMBA€E Ha HAIIPy’KeHMM CTaH Tina 3a ymoBy, 1o R=0.
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Victor Opanasovych

ON COMPLEX POTENTIALS OF ANTIPLANE PROBLEMS FOR ISOTROPIC
BODY WITH PERIODIC SYSTEM OF RECTILINEAR CRACKS

The first and second main problem for the body staying under the conditions of
antiplane deformation with periodic system of collinear and parallel nonshifted tunnel
cracks has been investigated. The analytical formulae for complex potential and for
stress intensity factors are set. The case of system of rigid inclusions are considered too.
In the partial cases the known results are obtained.
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VIBRATION ANALYSIS OF BEAMS WITH CRACKS

1. Introduction. In many problems of dynamics structural elements are
modelled by beams. Damages of the structural elements in form of cracks can
appear. The size and localisation of cracks can essentially influence structural
safety. By analysis of influence of size and localisation of crack on eigenfre-
quencies it is usually possible to modify the structure in such a way that the
crack does not enlarge further [1]. A technique based on the sensitivity of the
natural frequencies with respect to the size and positon of cracks in beams is
thus presented in the paper. By assuming that a crack may be modelled by an
effective elastic hinge [2], with' the rotational inertia and shear deformations
taken into account [3], the problem is formulated on the basis of the classic
theory of Timoshenko’s beams. The formulation is illustrated by a number of
numerical results related to three prismatic beams with rectangular cross-
sections.

2. Elastic hinge modelling. Assume that the cross-section bxh of a beam
weakened by a crack of length
(depth) a, Fig. 1, can effectively be
replaced by an elastic hinge of stiff-
ness K being a decreasing function of
the crack length, K = K(a).

The function can be determined
either experimentally or analytically,
basing on deformation hypothesis for one-sided cracks [2, pp. 75-76]

Fig. 1. One- and two-sided cracks.

(h - a)?
K(a)=ElI, 6 ————tga 1
(@) %W a®(3h - 2a) i 2
and, for two-sided cracks as
2(h - a)?

K(a)=EI tga @)

¥ a*(3h —2q)

with I, = bh®/12 being the moment of inertia of the cross-section about the

z-axis and E the Young modulus. The distribution of stresses around the
cracks is taken into account in defining the angle a. For example, for one-
sided cracks, [4]

1 n a
and for two-sided cracks

© Drewko Jan, 1999
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o= arctg[% (tgg— + 2‘;’;]] (4)

In the context of crack theory the plane-stress-state stiffness K(a) can be
obtained as

a i
K(a) = [ 2—;," J'(K?M)zdg] : (5)
0

where K?M is the stress intensity factor for unit internal bending moment at
cross-section of the beam with the crack. For one-sided cracks, [5]

g 8 =
Kp, = bh? vna F(a/h), (6)
where
F(a/h) = 1.122-14(a/h) + 7.33(a/h)* —13.08(a/h)® +14.0(a/h)* (7)
and for two-sided ones
K} &= b% Jra (1-a/h) 22 G(a/h), (8)
where

a 4 1 a) 3 a}> 5 ay a)t ay
G(E)=~3—n~|il+§[l-'£)+§(l—“ﬁ) +'i'é'(1-'£) ]—047(1—}":) +0.663[1—'E) . (9)

Values of elastic hinge stiffness for steel beams with E = 2.06x105Nmm-2,
h=40mm, b=7mm, are shown in
Fig. 2. Agreement of the results ob-  *¢ "™ |
tained on the basis of beam theory ew; \
as well as by fracture mechanics ap- \ s O
proach is quite good. That is why
further the beam theory will be ap-
plied only.

At the crack position x=x; the seo

conditions of: equilibrium (10), conti-

nuity of deflections (11) and bending @ w o o w e o

moments (12) and shear forces (13), Fig. 2. Elastic hinge stiffness function.

are to be satisfied, [6].
Ely"(xy) = K(a)[y'(xg) - y'(x5)], ; (10)
y(xg) = y(xg), (11)
EL, y"(x)=El, y'(x7), (12)
El,, y"(x5) = El, y"(xp). (13)

3. Numerical results. Starting with the equations of Timoshenko’s beam
vibrations [3, pp. 318-320], calculations were carried out for three types of the
beam supports, depending on the crack position and depth, for one- and two-
sided cracks. The two smallest natural frequencies values obtained were com-
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pared with those calculated by the finite element code NASTRAN, cf. [7] (the
calculations were performed at TASK Academic Computer Centre using

NASTRAN v70). Calculated natural frequencies ©,(§), n= 1,2, for beams with
the cracks we compared to ®,(0), e.i. for corresponding beams without cracks.

The beam was modelled using 960 CQUADS8 elements of 5x5mm, and 2

CRAC2D elements of 2x2mm from the NASTRAN element library. Values of

the basic material parameters were as follows: Young modulus

E =2.06x105Nmm-2, Poisson ratio v = 0.33, mass density p = 7.83x10-% Ns2mm-™.
Below some results of the calculations are presented

Case ‘1
2 [ T >
o —plle=

L=600

€

Fig. 3. Cantilever beam.

Fig. 4. Influence of crack position and size  Fig. 5. Influence of crack position and size

on the first natural frequency value. on the second natural frequency value.
Case 2.
A X
a fro 15
NSy
L L =600 »l
vy

Fig. 6. Simply supported beam.

L} al LE a1 Lt] (1] (1] LA 2] (1] 1

Fig. 7. Influence of crack position and size  Fig. 8. Influence of crack position and size
on the first natural frequency value. on the second natural frequency value.
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Case 3.

h=40 —T— >

ANNARANAY

—pl g B=T
L =600 =J1

-
-«
o

Fig. 8. Clamped and simply supported beam.

Fig. 10. Influence of crack position and size  Fig. 11. Influence of crack position and size
on the first natural frequency value. on the second natural frequency value.

It can be observed in Figs. 4—5, 7-8 and 10—11 that the values of all
natural frequencies for the one-sided cracked beams are smaller than those
for the two-sided cracked ones. This is because the effective stiffnesses of the
latter are larger than that of the former, but total mass is the same in both

the systems. The differences between @,(£)and ©,(0) are significant — even

up to 25% for §=a/h=0.625 with the crack appeared between two nodal
points of the modal shapes. The eigenvalues are insensitive to the size of the
crack sited at the points coincided with the modal nodes, though.

In the case of statically indeterminate beam (Case 3) an additional nodal
point (apart from the conventional nodal points) can be observed. At such a
singular point the values of natural frequencies are insensitive to the size of
the crack.

The forced vibration problem of WG +—"2 S~ T % T % % 2.
the cracked beam described in Case 2 | "% 3
is analysed by using the beam theory, cvom
based on the elastic hinge concept.

The beam with one- and two-side *
crack is excited by a concentrated .
force, P(t)=PF;sinwt, ®=17507Hz. =« “... oy
The crack as well as loading force are  «' N o~
defined at the same mid-point of the Fig. 12. Beam deflection amplitudes.
beam. Obtained nondimensional values

of deflection amplitudesy, bending moments M and shear forces T, scaled

.-
fea,,, tmm =T

by corresponding static’s quantities y, = P,L° / (48El,,), M,=PRL/4 and
T, = By, respectively, are shown in Figs. 12, 13 and 14.
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s L,
“w =L
L] L] 0 " 0w 0t W 18

Fig. 13. Bending moment amplitudes. Fig. 14. Shear force amplitudes.
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fAn [pesko
AHAJII3 ROJIUBAHD BAJIOK 3 TPIIIIMHAMMU

3anpononosano memod OGUUCAEHHA HACTROM BAACHUT KOAUBAHDL 6arox 3 mpiuwju-
HaMu, AKUl Ipywmyemecs na xaacuuniti meopii Tumowenxa, 8 LKiU MPIUUNRa 3amine~
HA eKEIBAACHMHUM NPYICHUM WAPHIPOM 3 YPATYEAHHAM énausy 06epmoesoi iHepyii ma
Odegpopmayii aminu gopmu. Modeav NPYHHOZO WAPHIPA CMEOPEHA HA OCHOBL METHINHOT
meopii 3zuny 6anox, nopisniwoemvca 3 modeanto mexanixu pytnysanna. Hopemuicms
WaPHIPA 6u3HaueHa 04 NPAMOKYMHOZO NMONEPeUHOz0 nepepidy 3 0OHOCTROPOHHDBOI Mma
960CcMOPOHHBOI0 Winun010. [IPOaHAAI306aHO 6TAUE POIMAULYBARHS | EEAUYUNU WILUNYU
HA HACTOMY 8AACHUX KoaudaHd Gaaxu. Pesyavmamu rnopisnano 3 obuucienumu 3a 0o-
nomozorw naxema NASTRAN dara mprvox npusmamusnur 6a10K 3 NPAMOKYMHUM Nepe-
pisom. IIpodemoOHCMPOBAHO BNAUE WIAUHU HA AMNAIMYBY NPOZURY, HA 3ZUNHAALHUL MO-
MeHM I KA NONepewHy CULY 0AA SUMYULEHUT KOAUBAHD.
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A DISPERSIVE MODEL OF HONEYCOMB BASED COMPOSITES

The paper deals with investigations of overall dynamic behavior of the
linear-elastic honeycomb based microstructured composite solids made of an
isotropic homogeneous matrix reinforced by a hexagonal lattice of fibres or by
a hexagonal skeleton of thin slender walls as shown in Fig. 1. Problems similar
to this one were investigated in a series of papers. In most cases the material
structures under consideration were described by means of certain equivalent
homogeneous solid equations [1, 4, 5], which can be also obtained by the
known asymptotic homogenization method, cf. [6, 9] However, the modelling
procedures used in the aforementioned papers lead to a nondispersive contin-
uum equations and hence are not able to describe the effect of microstructure
size on the overall dynamic solid behavior. Dispersive models of honeycomb-
type structures were discussed in [2, 3, 8, 9] but the attention was restricted
to the hexagonal beam=like systems like gridworks and latticed or perforated
plates. So far, accordingly to the authors’ knowledge, the dispersive models
for overall response of honeycomb based composites have not been investi-
gated. The tensorial notation is used; all small Greek characters run over 1,2
and are related to the plane orthogonal : o e :Ii
Cartesian coordinate system Oxjxs; sum- ]
mation convention holds. Symbols t#
stand for Fig. 1 the unit vectors parallel
to the A-th family of reinforcement ele-
ments where here and in the sequel
A=1, 2, 3; we shall also assume that
t! +t2+t3=0. The vector basis d!, d? in
Fig. 1 determines the periodic structure
of the solid under consideration.

In order to formulate an averaged
continuum model of honeycomb based composites under consideration we
have to restrict ourselves to the cases in which only special kinds of deforma-
tions are investigated. First, the smallest wavelength L of a deformation pat-
tern has to be sufficiently large compared to the microstructure length pa-
rameter l. Second, it is assumed that on these long-wave deformations there
are superimposed locally-periodic deformations which within every repeated
cell of a solid periodic structure can be approximated by the periodic ones, see
[9], Chapter 6. In the first approximation which is applied in this contribution
we shall assume that the locally-periodic superimposed deformations of all fi-
nite triangular elements of the triangulation lattice, shown in Fig. 2, can be

treated as uniform. Let u,(x, t) be a displacement vector field. Moreover, let

Fig. 1.

© Wierzbicki Ewaryst, Wozniak Czestaw, 1999
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d(x) stand for the scalar periodic continuous function, which at the nodes of

periodic triangulation lattice takes the values 0, +0.51, —0.5! indicated on the
right hand side of Fig. 2 and is linear in every triangular element. From the
kinematic assumptions formulated above it follows that

u, (%, 1) = vy (x,1) + 8(x) g, (x,1), (1)
where v (x,1), q,(x,t) are slowly varying vector functions, ie., together with

all spatial derivatives can be approximately treated as constant in every
parallelogram spanned on vectors d!, d? and hence constant in every fibre
segment of the length I That is why the distribution of displacement
gradients in every repetive element will be approximated by [10]:

Up,q (X, 1) = Vg, (X,1) + 3, (X)gp(x,t), (2)

MVINNNININONINTN s -
AIAVAVAVAVAXAVAVAV

0.5 -0.51

—-0.51 +0.51

N\
IN/NISS NN NSNTN A
NN NENENININS

Fig. 2.

It has to be emphasized that the formulae (1), (2) represent only the first
approximation of superimposed locally-periodic deformations being related to
the triangulation lattice shown in Fig. 2; the possible higher approximations
will be discussed separately.

Independently of the aforementioned kinematic assumptions, leadmg to
the formulas (1), (2), we shall postulate that:
1°  The mass distribution in composite solid under consideration can be ap-

proximated by a system of concentrated masses assigned to the nodes of

triangulation lattice,

2° The thickness of reinforcement in Ox;xy-plane can be treated as negligi-
bly small in the description of geometry of a solid. Roughly speaking, the
fibres and walls of the honeycomb reinforcement lattice are mfmltely
thin in Ox;a9-plane.

We begin with the calculations of averaged values of strain and kinetic

energy densities, both for the matrix and reinforcement. Let a5 5 =1,8,58 ; +

as

+ My, (8, Bgs + 8,5 85,) stand for the matrix elasticity tensor with A, p,,

Lame module either for the plane-strain or plane-stress problem. The matrix
averaged strain energy density of o, by means of Eq. (2) will be given by

O =%[;"maal36?3+um(8 B + 8058y Vs Ursty (7L +Mn)Oup%ap- ()

Let p,, stand for the matrix mass density. The known expression for the
matrix kinetic energy density, under the mass distribution assumption formu-
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lated above and by using formula (1), after simple calculations yields

_1 y B
Km 2 9 Pm (va Ly 6 qa qu) ' 4)
as the averaged kinetic energy of the matrix.

Let v be a fractional concentration of reinforcement and lf, My stand for

Lame module of the reinforcement material Introducing tensors

3
A A - A LA
uﬂyﬁ Zt tB tB ’ 0137 Z ¢ t[i TuB = Z tu tB ’
A=1 A=l
we obtain
2

for the averaged strain energy density of the honeycomb reinforcement lat-
tice.

Let ps be the mass density of reinforcement material. Hence the averaged

mass density of the reinforcement is equal to vp; Bearing in mind that the
mass of reinforcement lattice has to be assigned exclusively to the nods of the
lattice and using formula (1) we arrive to the expression

1 o 3 M &
xf=§vpf(vavu+zqa qa) (6)
for the averaged kinetic energy density of the honeycomb reinforcement lat-
tice.
The crucial point of the theoretical considerations in this contribution is
to show that it is possible to obtain an isotropic continuum model of honey-

comb based composites. It can be proved that tensors T(fﬁ, Taﬂyﬁ are isotropic
and have the form

3 ‘ 3

At the same time the third order tensor Tup., in the two-dimensional space
cannot be isotropic. Let us introduce the coordinate system Ox;xy such that t;
is the versor of Oxj-axis. In this case tl=(1,0), t%=(-1/2, \@/2),
t3 =(-1/2, ——\/5/2). In the above coordinate system we obtain ’1‘1311 = 3/4,
T1312 =-3/4, ’;"1322 =0, Tz%z =0 ; it has to be remembered that TaBY is symmet-
ric with respect to all subscripts and hence the above equalities determine all
components of this tensor. Let us define the second order tensor W,z which is
traceless, Wy, =0, symmetric Wy = Wyp,, and its components in the coordinate
system Oxjx; introduced above are given by W, =-W,,=gq,,
W, = W,; = —q,. In this coordinate system ’

3 3
T; apyParp &y = ("1 n Wiy + Vg Wy + 05 Wy + 0, WZL) =2 % Wag -

Similarly, it can be shown that
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1
5 Wap Wop-

It follows that the expressions (3)—(6) can be respectively replaced by the
following ones

1

1 1
O = E[Rmvm Vpsp + K (Vasp Varp™ Vasp Upa ) + 3 A + 3 W W)
1 WEN
Km = §pm (vu Vo t —gqﬂ‘- qﬂ)'
3
o, = TEK(A’J' o 2“,)(1,:‘}!,0L Vgop + Vosp Yarp + Vasp Vpra + 41:,,,,3 Wug + 2WaﬁWuB),
1 - 12 % i
Ky =3 VPs Uy Uy +15Ps Wop Wop- W
Under the extra denotations

let us define the following material and inertial modulae

5
A=Ay +8& H=p, +§ a=;11-(hm+3um)+§, p=pm+3§§pp n=§pf- 9

Also define the linearized strain tensor by means of the well known expres-
sion

Ep =5 (0up+ V) (10)

[+

The principle of stationary action, based on formulae (7), after neglecting
body forces, leads to the equations of motion

Sepp=PU, =0, (11)
and what will be called dynamic evolution equation
W,y +Hy =0, (12)

together with the constitutive equations
Sap = A8, E, +20E g + 25 W,

Huﬂ = ':sz[i + ngaﬂ, _ (13)
where

1
Dy = Eop ~ 585 By Wog = Wyg, Wi =0, (14)

Equations (10)—(14) with denotations (8), (9) represent the averaged model of

honeycomb based composites under consideration. The main features of the

model are:

1° the isotropic form of constitutive equations (13) which have constant co-
efficients, :

2° the dispersive form of the dynamic evolution equations (12) which de-
pends explicitly on the microstructure length parameter L
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The basis kinematic unknowns are: the averaged displacement vector
field v, and the tensor field Wgg. It has to be emphasized that the the above
model has a physical meaning only under assumption that v,(-, t), Weg(-, t) are
slowly varying functions, ie. their wavelengths are sufficiently large com-
pared to the microstructure length parameter l.

Applications of the above averaged model to the dispersive analysis will
be given in a separate paper, [11]
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LENGTH-SCALE VERSUS ASYMPTOTIC MODEL IN DYNAMICS OF
THIN SUBSTRUCTURED CYLINDRICAL SHELLS

1. Introduction. The subject matter of this contribution is a thin linear-
elastic cylindrical shell having a periodic structure (a periodically varying
thickness and/or periodically varying elastic and inertial properties) along its
midsurface. Structures like that are called the substructured shells, cf. [14].

Substructured shells and plates are usually described using homogenized
models. These models from a formal point of view represent certain equiva-
lent structures with constant or slowly varying stiffnesses and averaged mass
densities.

The homogenized models of substructured shells and plates are usually
derived by means of asymptotic methods. In the case of periodic plates, these
asymptotic homogenization methods have been presented by Caillerie [2] (in
this contribution two small parameters — thickness of a plate and the charac-
teristic size of a periodicity cell — are used to investigate periodic plates),
Kohn and Vogelius [6] (this paper deals with thin plates having a rapidly
varying thickness), Lewinski [8] (in this contribution the homogenized stiff-
nesses are analysed) and others. The asymptotic approach to periodic shells
has been proposed by Kalamkarov [5], Lutoborski [10], Lewinski and Telega
[7]; the discussion of the above approach can be found in [14].

The formulation of mathematical models of shells by using the asymp-
totic expansions is rather complicated from the computational point of view.
That is why the asymptotic procedures are restricted to the first approxima-
tion. Within this approximation we obtain models which neglect the effect of
periodicity cell length dimensions on the global structure behaviour (the
length-scale effect). This effect plays an important role mainly in the vibra-
tion and wave propagation analysis. To formulate the length-scale models in
the framework of asymptotic homogenization we could find the higher-order
terms of the asymptotic expansions, cf. [9]. Models of this kind have compli-
cated analytical form and applied to the investigation of boundary-value
problems often lead to the large number of boundary conditions which may
be not well motivated from the physical viewpoint.

The alternative modelling procedure leading to the length-scale models of
periodic structures which are plausible from the engineering standpoint and
may constitute the basis for the numerical analysis, was proposed by WozZniak
in [12] where the length-scale effect described by the extra unknown fields
called internal variables is taken into account in the description of non-
stationary processes. The results of [12] were generalized in [13] where this
effect was taken into account also in the description of stationary processes.
The Above approach has been applied to modelling and dynamic analysis of

© Tomeczyk Barbara, 1999
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periodic plates in a series of papers, e.g. in [1] (this contribution deals with
plates based on the Reissner-Hencky assumptions), in [3, 4] where Kirchhoff-
type plates are studied and in [11] where wavy-plates are analysed.

A general modelling method based on the concept of internal variables
and leading from 2D equations of thin shells with locally periodic structure to
the averaged equations with slowly varying coefficients depending on the pe-
riodicity cell length dimensions has been proposed by WoZniak in [14]. In the
present contribution this approach is applied to derive the length-scale model
of thin linear-elastic cylindrical shells having the periodic structure along its
midsurface. The length scales will be introduced to the global description of
both inertial and constitutive properties of the shells under consideration.

The proposed length-scale model will be compared with a simplified one,
in which the effect of the periodicity cell size on the overall shell behaviour is
neglected.

We are to show that the introduced length-scale model will be plausible
from the engineering standpoint being able to constitute the basis for numeri-
cal analysis of special problems.

2. Preliminaries. Denote by Q< R? a regular plane region of points
® = (B!, ®%) and let E? be the physical space described by the Cartesian coor-
dinate system Oxlx2x3. Let us introduce the parametric representation of the
undeformed smooth cylindrical shell midsurface M by means of: M := {x = (x!,
x?, x3) € E3 : x=x (O}, ©?), ® € Q }, where x(0!, ®2) is a position vector of an
arbitrary point on M.

Throughout the paper indices a, B, ... run over 1, 2 and are related to
the midsurface parameters ®!, ®%; summation convention holds.

To every ® € QQ we assign a covariant base vectors a, =X,, and covariant
midsurface first and second metric tensors denoted by a.g, b.s, respectively,
which are given as follows:

Qop =2,° 8,3, GQup=cCONSt, bog=m-a.p, beg=const, ' (2.1)
where n is a unit normal to M.

Let 8(®) stand for the shell thickness. We also define t as the time coor-
dinate.

We shell denote by A :=(0,1;) x (0, ;) the region on Q, where the length
dimensions l;, l; are assumed to be sufficiently large compared with the

maximum shell thickness &(-) and sufficiently small as compared to the mid-
surface curvature radius R as well as the smallest characteristic length di-
mension L of the shell midsurface.

Let us assign to every ® € Q a periodicity cell A(®) on O®'®2%-plane by
means of: A(@):=0+A, BeQy QP:={@ecQ : AO®)cQ}, where the point
® € Q; is a centre of cell A(®) and the set Q is said to be the A-interior of Q.
Under given above assumptions for periods lj, I, every shell element having
midsurface x(A(®)) c M constitutes a shallow shell.

A function f(®) defined on Q; will be called A-periodic if it satisfies con-
ditions of the form f(®!, ©2)=f(©®'1 1, ©2) = f(®!, 2+ l5) in the whole domain
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of its definition. It is assumed that the shell thickness and its material proper-
ties are A-periodic functions of ©.

A shell with A-periodic structure satisfying the aforementioned condi-
tions will be referred to as a shell with mesoperiodic structure (a mesostruc-
tured shell, cf. [14]) The size of the mesostructure is described by the

mesostructure length parameter | defined by [:= Jlf +l§ , where sup 8(') <1

<« (R as well as L).

Our considerations will be based on the simplified linear Kirchhoff-Love
theory of thin elastic shells in which terms depending on the second metric
tensor of M are neglected in the formulae for curvature changes.

Let uq(©, t), w(O, t) stand for the midsurface shell displacements in direc-
tions tangent and normal to M, respectively. We denote by £,3(0,t), k.3(®,t) the
membrane and curvature strain tensors and by n“ﬂ(e,t), m®®©,t) the stress
resultants and stress couples, respectively. The properties of shell are de-
scribed 2D-shell stiffness tensors D*@), B*¥®) and let u(®) stand for a
shell mass density per midsurface unit area. Let f,(O,t), f(©,t) be external
force components per midsurface unit area, respectively tangent and normal
to M.

The equations of a shell theory under consideration consist of:

(i) the strain-displacement equations

€15 = Ufy,5) ~ bys W, Kys = = Wy, (2.2)
(ii) the stress-strain relations
B pPle mP=B%0 ¢, (2.3)
(iii)) the equations of motion
n®®, —pa®ii_+ =0, m™® g+ begn™ — piv+ f=0. (2.4)

In the above equations the displacements u,=u,(®,t) and w = w(O,t),
® € Q, are the basic unknowns.

For mesostructured shells, u(®), D**®®) and B*®@), ©® € Q, are highly
oscillating A-periodic functions; that is why equations (2.2)—(2.4) cannot be di-
rectly applied to the numerical analysis of special problems. In order to derive
from Egs. (2.2)—(24) an averaged model of mesostructured cylindrical shells
which has constant coefficients and describes the mesostructure size effect on
the global dynamic shell behaviour the internal variable modelling approach
to the thin shells with a locally periodic structure given by Wozniak in [14]
will be applied. To make the analysis more clear, in the next section we shell
outline the basic concepts of this approach, following the paper [14].

3. Basic concepts. Following [14] we outline below the basic concepts,
which will be used in the course of modelling procedure:

(i) For an arbitrary integrable function ¢(:) : Q > R we define the aver-
aging operation:

(0)X®) = |I¢(Y)J_ ad¥'d¥?, @eQ) ¥=(¥,¥)ecA®), (3.1)

IA(Q)
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where a is a determinant of the midsurface first metric tensor.

If @(-) is a A-periodic function then {(¢(-)) (®) is a constant and will be de-
noted by (@).

(ii) A diferentiable function F(®,t) is called slowly varying, Fe SV(A), if
for every integrable function ¢(-) satisfies conditions of the form:

(©F) (©,t) = (¢) OF(®,1), © ey, (32)
and the similar conditions are also fulfilled by all derivatives of F(©,t).
Roughly speaking, the slowly varying function can be treated as constant on
an arbitrary periodicity cell A. The symbol «=» denotes a certain tolerance re-
lation describing the accuracy of performed calculations.

(iii) By a highly oscillating function, he HO(A), we mean a differentiable
A-periodic function h(-) such that for every Fe SV(A) conditions :

(V(FR)) (@) = (F Vh) (O )], © € Qy, (33)

are assumed to hold. Roughly speaking, in calculations of averages (-), values
of a highly oscillating function can be treated as negligibly small compared to
the values of their derivatives.

For more detailed discussion of the internal variable modelling approach
to periodic and locally-periodic structures the reader is referred to WozZniak
[13, 14].

Using the governing 2D-equations of a shell theory (2.2)—(2.4) and auxil-
iary concepts outlined above as well as modelling hypotheses given in [14], the
length-scale model of a mesostructured cylindrical shell will be derived in the
subsequent section.

4. Governing equations. The idea of the internal variable approach is
based on assumptions which restrict the class of unknown displacement fields
uy(0,t), w(®,t) in (2.2)—(2.4) to a certain subclass, which includes arbitrary mo-
tions with wavelength of an order much larger then Il on which there are su-
perimposed disturbances of displacements caused by the highly oscillating
character of the shell mesostructure.

Using the approach given in [14], we approximate the unknown midsur-
face shell displacements u,(0,t), w(®,t) in equations (2.2)—(2.4) by means of:

- ul(©,t) ~ Uy(O,t) + hA4®) Q2 (8,t),

w(BO,t) ~ W(O,t) + g4(0) VA(O,1), A=1,2,.,N, ©eQ,, - (41)
(here and in the sequel summation convention over A holds), where:

(i) The unknown averaged displacement Uy(®,t) = {(u)™! (nu,) (©,t) and
W(O,t) = (W (uw)(O,t), respectively tangent and normal to M, are slowly
varying functions.

(ii) The unknown fields Qf: (©,1), VA@®,t), A=1,2,.., N, describing from
the quantitative point of view the displacement disturbances, are slowly vary-
ing functions called internal variables.

(iii) Fields h4(®), g4®), A=1,2, .., N, describing from the qualitative
point of view the displacement disturbances, are assumed to be known in
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every problem; they are highly oscillating functions such that {(u h4) (@)=
=(ug) (@) =0 and h4®)eO(l), hj5(®)eO(1), g4®)e O(?), g5(®)c O,

g,gﬁ (®) € O(1). They represent the expected shapes of disturbances and are

obtained as approximate solutions to a special eigenvalue problem related to

free vibrations on the cell A(®) with periodic boundary conditions on 0A(®).
This eigenvalue problem will be presented in the subsequent part of this sec-

tion. Functions h4(®), g4(®) are referred to as the shape functions.

The finite sums h4(@) Q% (©,t), g4(©®)VA(O,t) in Egs. (4.1) represent distur-
bances of displacements and are obtained as an approximate solution to a
problem for vibrations d,(¥,t)=u,-U, and p(¥,t)=w-W, ¥= (¥ ¥?) e
€ A(®), formulated in the cell A(®) under periodic boundary conditions on
8A(®). Denoting f*=fP+D®® (U, 5, ~bsW,)-pna®®U,, f=-BPwW, +

+beg D (U, 5 —bsW)—pW + f and using (2.2)~(2.4), the aforementioned local
problem states as follows:

D (d 5, ~bgpo)-ra®d+ P =0,

~B™Pp s + gD (dy 5 ~bygp) —nB + f= 0, (4.2)
and it is solved by applying the orthogonalization method known in structural
dynamics. Using this method we have to formulate in A(®) the eigenvalue
problem for functions h(¥), g(¥), ¥ € A(®). Under the assumption that every

shell element having midsurface x(A(®)) c M constitutes a shallow shell, the
aforementioned eigenvalue problem for the local problem (4.2) is formulated
as follows:

D b 5o (F) +po®a® hy(¥) =0,

- B g ps(F) + n0?g(¥) = 0, ¥ € A©), (4.3)

where (uh,) (@)=(ng)(®)=0 and periodic boundary conditions for h4(-), g(-)
on OA(®) hold.

The eigenfunctions hu('¥), g(¥), ¥ € A(®), corresponding to the eingen-
value ® can be obtained, in most cases only in the approximate form repre-

sented by certain A-periodic functions hZ (¥), gA(¥), ¥ € A@), A=1, 2, ..., N.
The unknown functions Q‘f (©,t), VA(®,t) in (4.1) are governed by the fol-
lowing orthogonality conditions:
(n®hf +(-pa®® U, - pa®® kB Q2 + f)r4)Q) = 0, (44)

(m™gly + (bygn™ —pW-pg®ve + /g4 )Q) =0, A,B=12,..,N, QeQ,,
where
n*(¥,t) = D*° (U, 5 —bs W)+ D (hF QF - b5 g°VP)
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m®(¢,t) = -B®° W - B g5 VB, ¥ € A©), (4.5)

The unknown averaged displacement fields U,(®,t), W(©,t) in (4.1) are
governed by the following averaging conditions implied by Egs. (4.2):

(n® —pa®, -pa®h® Q2 + FPXQ) =0

(Mm% +bygn®™® —pyW -pg® Ve + HQ) =0, AB=12..,N, QeQ, (46)

where n®® | m® are given by (4.5).

The averaging conditions (4.6) have to be considered together with the
ortogonality conditions (4.4).

Setting N*® = (n®®), M* = (m°?), from Eqs. (4.4), (4.6) we obtain the length-
scale model of mesostructured cylindrical shells. This model is represented by:

(i) the constitutive equations

N = (D"*)(U,5 - b,s W)+ (D™ h3)Qy - (D"g% )bys V7,

M = (B W, — (B gB, VB,

H* = (D™PRA)(U, 5 - b,sW) + (D™ hARS)QF - b, (D hAg®) VE,
G4 = b (DPPgA ) (U, 5 bysW) + (B¥1 g ) Wog — boy (D g*R3) Q7 +

+ (B gGsg7s) + bog(D¥ 949" )bys)V?, A,B=12,..,N, (4.7)

(ii) the system of three averaged partial differential equations of motion

for averaged displacements Uy(®, t),W(@, t)
{N:’f —(Wa®®U, +(f*) =0,

= 4.8
MR +bygN® — (W)W + (f) =0, -

(iii) the system of 3N ordinary differential equations for the internal vari-
ables Q2(®,t), VB(@®,t) called the dynamic evolution equations

A1 B\ v AB AR e S

Rg*g®)VEB+G* +(fg*)=0.

The underlined coefficients in Egs. (4.7), (4.9) depend on the mesostruc-
ture length parameter ! and hence describe the effect of the mesostructure
size on the shell overall behaviour.

The internal variables do not enter the displacement boundary conditions
and hence the number and form of these conditions are similar to those of the
well known 2D-theory which is governed by equations (2.2)—(2.4).

The characteristic features of equations (4.7)—(4.9) are :

(i) All aforesaid equations have constant coefficients.
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(ii) Terms involving {u h*hB), (ug?g®) in dynamic evolution equations
(4.9) are of an order O(I?), O(l%), respectively, and describe the effect of
mesostructure size on the dynamic shell behaviour.

(i) Terms with (D®®g4) (D*"®g AhB) and (D*®g4g®) in constitutive
equations (4.7) are of an order O(12), O(12), O(1%), respectively, and describe this
effect on the shell response also in the quasi-stationary problems.

(iv) Solutions to initial-boundary value problems for above equations
have a physical sense only if they are represented by sufficiently regular

slowly varying functions U,(©,t), W(®,t), QE(©,t), VB(©,1).

Substituting the constitutive equations (4.7) into the equation of motion
(4.8) and the dynamic evolution equations (4.9), under extra denotations

Doprs _ (DﬂﬁTs >’ DAcBr o (Daﬁvs hg )} DABBY - (Daﬂvé hA hB>
FA.ﬂ}'ﬁ <Dﬂﬁ‘¥5h ) LA&BWS (DUB‘YS gA>
Baﬂ'rﬁ Buﬁvﬁ ), KA <Bal315 9?& ),

A8 = (B*¥gs g% + bap (D™ 9% g% ) byy), (4.10)

we obtain the following governing relations for Uy(©,t), W(O,t), QS (®,1),
VE(®,t) as the basic kinematic unknowns:

D WU, 5 —bys W)+ DPP QB — 150 V8 — ()a®T, +(fP) =
B W opys + K Vg —bop D (Uy 5 = bgW) ~ by D Q7' +

+byg L2 b VB + ()W - (f) =0, (4.11)
D®PU, 5 - b W)+ DAY QP — FABL (VB + (uh*h®)a®QP + (fPR4) =

— by LU, 5 ~ bsW) + KAPW,, — b g FAPUQP + LAPVE + (ugg®) VB +(fg*) =

Thus, the class of length-scale models of mesostructured cylindrical shells
has been obtained the form of which is determined by the choice of the shape
functions hA4(-), g4(-), A=1, .., N, describing from the qualitative point of view
the expected shapes of oscillations.

The underlined coefficients in Eqs. (4.11) describe the effect of the
mesostructure size on the shell overall behaviour.

It can be shown that for homogeneous structures with constant thickness
and for homogeneous initial conditions for internal variables, Eqs. (4.9) have

only trivial solution Qﬁ =V4=0 and Egs. (4.7), (4.8) reduce to the well-known

linear elastodynamic relations for cylindrical shells. Thus we conclude that the
internal variables describe the effect of heterogeneity on the shell global be-
haviour.
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5. Asymptotic equations. The simplified model of the mesostructured cy-
lindrical shells can be derived directly from the length-scale model by a limit

passage l— 0, ie. by neglecting the underlined terms which depend on the
mesostructure length parameter I. Hence, Eqgs. (4.11)34 yield :

DA® Q) = -D¥P (U, 5 - b W), LYPV4 =-KPPW,, (5.1)

From the positive definitenees of the strain energy it follows that Nx N
matrix LA is non-singular as well as the linear transformation determined

by components DA% is always invertible. Hence a solution to equations (5.1)
can be written in the form:

QY =-Gpi DM (U, 4 —bW), VA =-EABKPRW (5.2)
where G‘f‘f and E42 are defined by
G D7 =glpRe, PN -8, (5.3)
Setting

5 _ R B 5 _ RaPyd _ prAcf mAB B
DZP = D¥P. pAba iS5 DB, BIEP = BR . KA FAB B, (5.4)
and substituting the expression (5.2) into Egs. (4.11);2 and Egs. (4.7);9, in
which the underlined terms are neglected, we arrive at the asymptotic shell
model governed by:

(i) equations of motion

B:f[?a Wapys ~ bap D o U,s —bsW) + (WW - (f) = 0,

ff

D (U, 50 = bys W) - (1)U, +(f*) = 0, (5.5)
(ii) constitutive equations

N® =DZP (U,5 -bsW), M*® =-BIPw,, (5.6)

where Dg}}"a, B:‘l}"s are called the effective stiffnesses.

The obtained above asymptotic shell model governed by Egs. (5.5), (5.6) is
not able to describe the length-scale effect on the overall dynamic shell be-
haviour being independent of the mesostructure length parameter .

6. Conclusions. In this paper an averaged 2D-model of thin mesostruc-
tured cylindrical shells, which describes the effect of periodicity cell length
dimensions on the global dynamic shell behaviour (the length-scale effect) has
been derived. In order to derive it the internal variable modelling approach to
the thin shells with a locally periodic structure proposed by Wozniak in [14]
has been applied. The resulting length-scale model is governed by Egs. {4.7)—
(4.9) or by Egs. (4.7) and (4.11) with denotations (4.10). From this model by a
limit passage l— 0, ie. by neglecting the underlined terms which depend on
the mesostructure length parameter I, the asymptotic model of the shell un-
der consideration has been obtained. This simplified model is governed by Egs.
(5.5), (5.6) with denotations (5.4). Contrary to the length-scale model, the sim-
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plified one is not able to describe the effect of mesostructure size being inde-
pendent of the mesostructure length parameter L

Using the aforementioned internal variable approach, the unknown mid-
surface shell displacements u, = 4,(0,t) and w = w(O,t), ©® € Q, in governing
equations of linear Kirchhoff-Love shell theory (2.2)—(2.4) are assumed to be
obtained by a superimposition of displacement disturbances caused by the
highly oscillating character of the shell mesostructure on arbitrary motions
with wavelength of an order much larger then L In the resulting length-scale
and asymptotic models, the overall shell motions are described by unknown
averaged over A slowly varying displacement fields U4(©,t), W(©,t), ® € Q
The cell oscillating parts of displacements are described by highly oscillating
functions hA4(:), g4(-), A=1, ..., N, representing the expected shapes of cell os-
cillations and obtained as approximate solutions to a certain eigenvalue prob-
lem for free vibrations on the cell A under periodicity boundary conditions

and by unknown slowly varying fields Qf (©,t), VB®,t), B=1,..,N, ® e Qq,

called internal variables. The internal variables do not enter the displacement
boundary conditions. This fact is essential for the applications of these models,
since for the boundary-value problems formulated within a framework of
both length-scale and simplified models, we deal with boundary conditions
imposed only on averaged displacements U,(-,t), W(-,t). The number and physi-
cal sense of these conditions are similar to those of the well known 2D-theory
which is governed by equations (2.2)—(2.4). Moreover, in the framework of as-
ymptotic approximation approach, the internal variables are governed by a
system of linear algebraic equations and hence they can be easily eliminated
(which is always possible) from the asymptotic model.

The main features of the resulting length-scale model governed by Egs.
(4.7)—(4.9) are:

(i) The form of it is relatively simple; it is represented by constitutive
equations (4.7) and by a system of three partial differential equations (4.8) for

averaged displacements U,(0,t), W(©,t), ® € Q,, coupled with ordinary differ-
ential equations (4.9) for internal variables Qf (©,t), VB@®,), B=1,..,N,

® € Q, involving only time derivatives. All aforementioned equations have
constant coefficients, which can be easily determined by calculations the inte-

grals over A. Hence, they can be effectly applied to engineering problems.

(ii) The inertial properties of this model are described not only by an av-
eraged mass density (1) but also by averages (h4hB), (ug#gB), A,B=1, ..., N,
which depend on the mesostructure length parameter ! and hence describe
the effect of the mesostructure size on the global dynamic shell behaviour.
The elastic properties of the shell under consideration also depend on the pe-
riodicity cell length dimensions and hence the length-scale effect on the shell
response is also described in quasi-stationary problems.

The main features of the resulting asymptotic model governed by Egs.
(5.5), (5.6) are:
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(i) The form of it is very simple; the internal variables Qf (-,t), VB(-t),

B=1, .., N, are governed by a system of 3N linear algebraic equations (5.1)
and after eliminating them by means of Eqgs. (5.2), we arrive at the governing
equations expressed only in terms of averaged displacements U,, W. These
equations consist of a system of three partial differential equations (5.5) for
averaged displacements U,(0,t), W(0,t), ® € Qg and constitutive relations (5.6).

(i) The constant coefficients Dg}°, BJ®, which are found in the Egs.

(5.5), (5.6), are called the effective stiffnesses and we calculate them from Eqgs.
(5.4).

(ili) It does not take into account the length-scale effect being independ-
ent of the mesostructure length parameter 1.

Solutions to problems formulated for length-scale and asymptotic models
have a physical sense only if they are répresented by sufficiently regular
slowly varying functions U,(©,t), W(©,t), Qf (©,t), VEO,t), B=1,..,N, © € Q.
This requirement imposes certain restrictions on the class of problems de-
scribed by the models under consideration.

The comparison of solutions to special problems, obtained within the
framework of both length-scale and asymptotic models, will make it possible
to evaluate the effect of the mesostructure size on the global dynamic shell
behaviour. Carrying out this analysis we have to determine the length-scale
and simplified models, using the same shape functions hA(-), g4(-), A=1, ..., N.

Problems related to various applications of Egs. (4.7)—(4.9) and Egs. (5.5),
(5.6) to dynamics of mesostructured cylindrical shells are reserved for sepa-
rate papers.
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Bap6apa Tomunk

MACIUTABHUM E®EKT 3A BIBPAIIl ME3OCTPYKTYPHUX
IUJITHAPUYHUX OBOJOHOK

Jocaidoceno MOHKY AMHIUHO-NPYNCHY YUATHOPULHY 0B0AOHKY, AKA MAE NepioduuHy
cmpyxmypy & nanpamaxr, domunnuxr 0o cepedunnoi nosepxui. Chopmyavosano deosu-
MIDHY YcepedreHy modend Maxoi 060NOHKU, WO 8PAX0BYE 6NAUE POIMIPIE KOMIPKU ne-
pioduvynocmi Ha 2a00aavHy OuHamivny moeedinky obosonku (efexmu macwmaby). 3za-
danum ehexmom Hexmyoms Y 8i00OMUXT ACUMNMOMUYHUL TEOPILT NAUM MaA 060A0HOK.
Modeas nobydosano 3sa donomozoro 3anpononosanozo Boswaxom [14] memody modenro-
6aHHA MOHKUT 060A0HOK 3 A0KAABHOW Mepioduunon cmpyxkmyporo. Odepicany modeas
TOPIGHANRO 3 ACUMNIMOMULHON MOTean1o, 8 axil eexm macwmady aidcymmiil.
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MACRO-DYNAMICS OF ELASTIC MICRO-NONPERIODIC COMPOSITES

1. Introduction. In modern engineering systems we also encounder com-
posite structural elements in which macro-properties are functions of position
in the body. They are structures that are not made of one standardized com-
posite material but possess different desired macro-properties in different
parts [1—3].

The aim of this contribution is to propose a general method of mathe-
matical modelling for macro-heterogeneous elastic composite structures. All
considerations are carried out in the context of the linear elasticity theory,
under assumption of the perfect bonding between material constituents of the
composite and for the deterministic description of the spatial distributions of
constituents. The obtained results are transformed to the form of an
engineering theory, which is a basis for calculations and design of macro-
heterogeneous composites.

Notations. Throughout the paper subscripts i, j, k, 1 take the values 1, 2,
3 being related to the curvilinear coordinate system. The sub and superscripts
a, b run over 1, ..., S if not stated otherwise. The summation convention holds
for all aforementioned indices.

2. Basic assumptions. The subject of the analysis is a linear non-periodic
composite body, which in its initial natural state occupies a region Q in a 3-
space parametrized by the curvilinear coordinates (x = a;,x,,23;). The proper-
ties of these bodies are determined by a mass density p() and the tensor of

elastic modulae Aij”(-). We restrict ourselves to composites for which there

exist a decomposition of Q into a very large number of small mutually dis-
jointed cells A(x). We assume that the adjacent elements have almost identi-
cal distributions of material constituents but the romote elements can be dis-
tinctly different. For every A(x) we shall introduce the averaging operator

U)Aw—a,—,q— | fx)av, A=123,..,S, ' (2.1)

where f(-) is an arbitrary integrable function defined (almost everywhere) on
A.

3. Analysis. The governing equation of the proposed micro-macro elasto-
dynamics we obtained of the well known actions functional.

A= j Guu’ -1 AMe e, +pu,b)dV (3.1)
Q .
By applaying assumptions that

© Konieczny Sylwestr, Yevtushenko Alexander, 1999
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1 1
6 = 5 (U +Ujp) + 5 (hayi Q5 + oy QF) (3.2)

(see paper [1], U,(,1), @(,T) are arbitrary independent regular functions,
h,() is the known system of functions postulated a priori in every problem.
After some manipulations we obtain the approximation A (A = A;), where

1 &k ya i _ L (i
A= | [E(p)oU,-U +5(Phahy ), QF ‘§<A )Vt Uy =
Q

i a 1/, a i
+ (A% hyi5) Ugey @5 ~ 5 (4% ha by ), @F @k + PNV U AV, (33)
Lagrange equations for A; read
SY;+() o' =) U',  Hi+{phghy) Q" =0, (34)

where
s = (Ain).]U(km + (4™ Ry ), @

i ijkl ikl b
Hy = (A% by, 5) Uy + (A% hy g 1) @k (35)
Denoting by o' components of a stress tensor, by means
Uij = Aijkl(U{k/n + ha/(kQﬁ) , we obtain

s961=(c")1),  HiGD=(oh,,;)D), (36)

4. Axisymmetric case. In this section we shall consider problems corre-
sponding to equations (3.4) for the axisymmetric case. After calculating the
Christoffel symbols in the cylindrical coordinates (7,¢,2) with axisymmetric

loads, we obtain following equations of motion
oS™ o8™ & ST~ 8%

or + oz r = (p)g Ur ’
as=  as™ 1 "
St TS =k, (41)

Assuming that {ph, h;), =0 and setting h, = sin(2nr/l)sin(2n¢/a), equa-
tions (3.5) can be written as

ouU 1 U
ST =y,(r) 5t 12(r) TUL +73(r) 2%,
U 1 U
S = y,(r) S YU + 1) 5,

- ou 1 oU
S =73(r)3’-+ Yz(r);Urﬂl(r)j{z‘,
ou. ou )

g [ B B,

S (4.2)
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The functions yl(r}, Y2(r), Y3(r), v4(r) are given below

: 1

Y1(r) =a; - lr3’1 , Yz(T)‘—'az—bz;'_"é':
1
Y3(r) = a; - b} " L Y4(r)=0a; - b ;’2- ’ (4.3)
where
a; = Ay + 20, +G[A, + 24, = Ay, +20,,)], @y =A,, +G(A, = A,),
b, = A% =My ) " 0 O =)y + 2y = (g + 2]
m m

2 2
by = oAy +2u, -, +20,)]

m » C1=Pm+‘;(l-‘-z‘“‘l-1m)1

2 2
i m
m=r [y 4 (08 = e Y2 ] + - s + 2 + A+ 20 = s + 201 ))005),

o = é[%cos(nl'ﬂ) o %sin(nl'/l)]sin(nﬂ/u) ,
oy = [—2-:— " %sin(an m 5'31— . ism(znp/a)]
oy = [%l— i %sin(?ﬂl /n][zi —sm(2nB/a ].
i FF,—': = const . (44)

5. Example. As an illustrative example of the application of the general
considerations given in Sec. 4 we shall now consder the wave shear propagat-

ing along z-axis. To this end we assume that U,.()=0, U,(-)=0
U, = U,(r,2,7), the matrix and the reinforcement are made of homogeneous

isotropic linear — elastic materials and the perfect bonding between constitu-
ents. On this assumption we may obtain the explicit of equation of motion (see
equations (4.1), (4.2)).

62

2 18 1 (u,# 1 '
(or v~ o~ 5 V0= o
where
, . (pr,),)?
(W) = A =1/Duy, +Tp /1, ne = (), -"(*“,;’fr“")L“-
L5 g 0

(hye)y) = 4t — 1), (ur2), =47 l =l f ). (5.2)
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In our case we introduce only one
shape function h(r), which is piece-
wise linear and takes the wvalues
h(0)=h(/2)=h(1) =0, h({l-1)/2)=1,
h(l+1)/2)=-1, (I,I' shown in Figure).

Looking for solution to egs. (5.1) in
the form U,() = U:p(r)ei(kz"m‘), we ob-
tain following formulae for the wave
velocity

(P)o !»leﬂ
The scheme of the laminate (o = f). C=0Cy eﬁ Cy = E—- ,  (5.3)
0

where A =2n/k is the wavelength of a wave propagation and coefficient p we

calculation of the following equation BlJ,(Bl) = 2J,(Bl) where Jy(), J,(-) are

Bessel functions.

More detailed investigations related to the applications and verification of
the proposed engineering approach to macro — heterogeneous composite
structures will be presented separately.

1. Konieczny S. Modelling and computation of composites with space varing
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1997. — P. 543—544.
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Appl. Mech. — 1992. = 30. — P. 519—-533.
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CONTINUUM MODELLING THE DYNAMIC PROBLEMS
FOR LATTICE-TYPE PLATES

Introduction. In this paper we deal with the formulation and application
of a continuum model to study linearized elastodynamics for lattice-type
plates having an arbitrary complex periodic lay-out in Ox;xs-plane; two ex-
amples of this lay-out are shown in Fig. 1. It is assumed that the length di-
mensions of a representative cell of the periodic structure are small compared
to the minimum characteristic length dimension of the whole latticed plate
and that the mass distribution in this plate can be approximated by assigning
concentrated masses and inertia moments to every nodal joint of a lattice.
Hence the lattice-type plate under consideration is represented by a certain
plane periodic system of mutually interacting rigid joints.

Xy

S e
' . 'r].

12 —_—

Fig. 1. Examples of periodic lattice-type plates and their representative elements.

It is known that a direct approach to dynamics of periodic systems with a
very large number of interacting rigid bodies leads to computational difficul-
ties due to a large number of ordinary differential equations describing the
problem under consideration. That is why different averaged continuum mod-
els have been proposed in order to reduce the number of basic unknowns and
to simplify the analysis of particular problems. From many results obtained in
this manner, let us mention those related to frame-type lattice structures,
summarized in [2], where the analysis was restricted to static problems. More
sophisticated modelling approach, based on the asymptotic procedures of the
homogenization theory, leads to the formulation of continuum models for pe-
riodic structures but neglects the effect of the unit cell size on the global be-
haviour of discrete system.

© Cielecka Iwona, 1999
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The model proposed is based on the concept of internal variables, [3], be-
ing able to describe dynamics of lattice-type plates of an arbitrary complex
lay-out. It is assumed that the length dimension in Ox;xs-plane of every rigid
nodal joint are negligibly small as compared with the spans of interconnecting
beams. The obtained model involves the effect of size of the representative
periodicity cell on the global behaviour of plate under consideration. The gov-
erning equations of the model are applied to the analysis of free vibrations in
the rectangular lattice structure.

Denotations. Subscripts 1, j, k, I run over 1, 2 and are related to Cartesian
orthogonal coordinates x;, 3 in the Ox,xy-plane. Indices a and A run over 1,
...,n and 1, ..., N, respectively; indices o, B take the values 1, ..., n— 1. Summa-
tion convention holds for all aforementioned indices unless otherwise stated.
Points on the Ox,xs-plane are denoted by x = (x;, x3) and t is the time coordi-
nate.

Preliminaries and modelling assumptions. Let A=(-0.51;, 0.51;) x (-0.51,,
0.51;) represent a cell on Ox;xy-plane which is assumed to be representative
for a whole periodic lattice, cf. Fig. 1. It means that A contains the representa-
tive structural element for the lattice-type plate. It has to be emphasized that
the choice of this element is not unique and depends on the class of motions
we are investigate. It is assumed that the underformed representative ele-
ment is made of N prismatic linear-elastic beams B4, A=1, .., N axes of
which are situated on the plane Ox;x; The beams B4 in the representative
cell are interconnected by n rigid joints j¢, a=1, ..., n. It is assumed that Ox,x,
is a symmetry plane, both for every beam and every rigid joint treated as
certain spatial (3-dimensional) elements. The beams are subjected to bending
and torsion in the planes perpendicular to Ox;x,-plane and the rigid joints ro-
tate in the aforementioned planes and their centers displace in the direction
normal to Ox;x;-plane. By Q we define a region on Ox;x,;-plane obtained as
an interior of a union of all closures of repeated cells. It has to be remembered
that the periodic structure of the whole lattice-type plate can be disturbed in
the structural elements situated near the boundary o6Q of Q.

Denoting by L the smallest characteristic length dimension of Q and set-
ting 1= 2 +12 it will be assumed that I/L < 1. This is why I will be re-
ferred to as the microstructure length parameter of the lattice-type plate.

Significant properties of a beam B4 will be given by the flexural stiffness

ol EI4, the torsional stiffness GI# and the span I4.

t4 ¥y The concentrated mass assigned to a joint j¢ will
be denoted by M? . The rotational moment of in-
BA ertia of a joint j* will be represented by the sec-

jo ond order tensor Ji. To every beam B4 we shall
A

L assign unit vectors t4, n4 shown in Fig. 2.
_ _ _ Let us denote by w® a displacement (deflec-
Fig. 2. Orientation of beam B4. tijon) of the joint j* in the direction of x3-axis and
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by ¢2 and ¢! rotations of j¢ in the planes normal to t4, n# , respectively. As-
suming that joints j¢ and j® are interconnected by a beam B4 denote

Agw = (w® - w14, 9, = 0505 +0h) Au0, =05 - 0%, A0, =0 -0f, (1)
Let us also assume that every beam B4 can be considered in the frame-

work of the Euler-Bernoulli beam theory. Then the strain components related
to BA can be taken in the form (no summation over A in formulae (2)~(4))

AR AD Ty B mAD,, ¥ =80, (2)
Hence, using additional notations

M =12ET404, KA=EIf@Y!, KA=GIA@YT, (3)
the strain energy o® assigned to a beam B4 is equal to

gt = %RA(EA)Z - —%KA(KA)Z + %IEA(EA)z. (4)

It has to be remembered that all aforementioned denotations and formulae
are related to an arbitrary but fixed repeated element of the periodic lattice-
type plate under consideration (possibly except some elements situated near

boundary 6Q of Q).

Let us denote by £ set of all points on the plane Ox;x; which are centers
of all mutually disjoined cells constituting the region Q. Then the deflection
and rotation vector of the joint j* belonging to a cell with center z, z € £, at
an arbitrary instant t, will be denoted by w%(zt), ¢°(z,t) respectively. All ex-
ternal loads acting on the medium are assumed to be applied exclusively to
the centers of rigid joints. The resultant external force and external couples

applied to the joint j* in a cell with a center z € £ will be denoted by f%(z,t)

and m°%(z,t), respectively. Introducing the action functional A=9-K-W
where

[A% (6 @ 0)" + KA (x* G 0) + KA (7 1),
K= % zu: [Ma (wﬂ (z, t))z +J5 9; (z,1) ¢ (z, t)],

W=y Y[ @t)w @) +m(z1)e] z1)], (5)

zef a=1
and taking into account formulae (1), (2), from the principle of stationary ac-
tion we derive equations of motion for w®(z,t), ¢{(zt),z€ £, a=1,..,n,i=1,
- 2. These equations represent a discrete model of a periodic lattice-type plate
but are not convenient in investigations of its global dynamic behaviour since
the number of points £ is very large. That is why relations (1), (2), (5) to-

gether with assumptions formulated below will be treated only as a basis for
deriving a continuum model of the lattice-type plate under consideration.
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In order to pass from the discrete model of the periodic lattice-type plate
under consideration to a certain refined continuum model we have to recall
two auxiliary concepts of the theory of periodic materials and structures in-
troduced in [1,3). The first from them is the concept of a slowly varying func-

tion. Let F(-, t) be a sufficiently regular real-valued function defined on Q and
depending on time t, the values of which for every t and every x,y € Q such
that |lx - y|| <1 satisfy conditions |F(x,t) - F(y,t) <&y , where g, is a positive
number determining the accuracy of calculations of F. If similar conditions
hold also for all derivatives of F (including time-derivatives) then F(,t) will
be called a regular slowly varying function (related to the microstructure
length parameter I and to certain accuracy parameters &g, &gp,€; , -..).

The second auxiliary concept is that of an oscillation-shape matrix. Define
v:i=n-1 and let h**, g% a=1, .., v be the real numbers constituting n x v
matrices of a rank v and satisfying conditions

iM“hm =0, iJ;;. g =0, a=1L.v, 4j=12 (6)

a=] a=1
The physical meaning of theses concepts will be explained below.

The first modelling hypothesis interrelates the deflection w®(z,t) and the
rotations ¢{(zt) of the joint j% in a cell with the center z, z € £, with certain
regular slowly varying functions W(,t), Q*(;t), ®,(,t), R}(,t) which will be

treated as basic kinematic unknowns. This hypothesis will be assumed in the
form

w'(z,t) = W(x,t) + Lh**Q%(x,1),

9i(z,t) = D (x,t) +1g* R} (x,t), ze B, xeQ (M
where x is a position vector of the joint j% Bearing in mind conditions (6) im-
posed on h®, ¢°* and because of [W(x,t) - W(zt) < &y, |@,(x,8)-D,(zt) <tq,,

n n
etc., under denotations M = ZM", Jy = ZJ;‘k we obtain

a=1 a=1

W(z t) = M‘Izn: M® w*(z,1) + O(ey ) + Ofeg),

a=1

D, (z,t) = J‘.'klz Th 07 (z,t) + Oeg) + O(eg), ze B, (8)

a=1

where J™! is the inverse of the matrix J with components Jg - It can be seen
that the fields W(z,t), ®,(zt) represent respectively weighted averaged de-
flections and rotations of repeated elements of the structure, while Q%(z,t),

R} (z,t) describe respectively the disturbances in deflections and rotations at a
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time t within these elements caused by the complex lay-out of the lattice-

type plate under consideration. Fields Q% R} will be called internal vanables,

the meaning of this term will be explamed below.

The second modelling hypothesis is related to the concept of slowly vary-
ing function on the basis of which we shall approximate finite differences of
these functions by the values of appropriate derivatives and we shall neglect
increments of introduced functions inside an arbitrary cell in calculation of
averages over this cell. From this hypothesis we obtain the formulae for strain
components in an arbitrary beam B4 belonging to a cell with the center z. To
this end, under assumption that joints j¢, j° are interconnected by a beam B4,
define h%* = h™ —h%, g% =05(g* +g¢*), g4 =g" -¢*® and M =114 .
Also define

Li(x,t) = W, (x,1) + £,D,(x,1), xe ) (9)

where ¢, stand for the Ricci symbol. After simple calculations from (2), (7)

and (9) we obtain (no summation over A!)
g4(z,t) = t! T)(z,t) + A* h4* Q%(z,t) + I nf g% R¥(z,¢),

k4(z,t) =14 nf t;.‘ D, (2, t)+1nf g% R%(z,t),

Kz t) =142 tf‘ D, (z,t) +1 td g8* R¥(z,t), ze £ (10)
It has to be emphasized that restrictions imposed on the class of motions un-
der consideration reduce to the requirement that the basic unknown fields
W(,t), Q*(,t), ®,(,t), R*(,t) have to be regular slowly varying functions for

every t. Let us also observe that the oscillation-shape matrices h®*, g**, a=1,

M, v=1 ..,n-1, are not uniquely determined but their choice is irrelevant.
Governing equations. The governing equations for the deflection W, ro-

tations ®; and the extra unknowns Q% R will be obtained from the princi-

ple of stationary action under the assumptions formulated above. It can be
seen that the finite sums over £ in formulae (5) can be approximated by inte-
grals over Q. Setting |A| = L, let us introduce the notations

N N
Agm WY A ¢844, Cs = l;ﬁl‘lz:(l“‘)2 (KAnAn2 + K“t;“tﬁ)tft{‘,
A= A=1
N
af ._ IA!"ZOLA)Z AA hAa hAB,
A=l

Aa;s IAI_IZ [AAnA nA g2 gﬁ (KAnA,nA & KAtA tA)gAugAB]
A=l

e =1A” Z(KA)_I(K“n + RAtAeA)ehghe,
A=1



60 ; Iwona Cielecka

N - N
DZ =AY A A% 1 hAe, DE =AY Ahthnf o,
) A=l ' A=1
N - e ;3
=Y AT RS gt p =AY Mo, 5 = h73Al 12 &
A=1 a=1 a=1
n
B Y MR RS, x5 =R lz (11)
a=1

where h stands for mean height of the beams in the direction normal to
Oxx9-plane.

Moreover, let us assume that there exist continuous functions f(,t),
£, t), m,(,t), ml(,t) defined on Q for every t being the slowly varying func-
tions, such that the conditions

1 t) = IS £z, )+ 0, ), @t = WY @ one < of,),  (12)

a=1 a=l

L n
mz,t) = hIAY mi@,0) + 0,,), mE@t)=hAY miz 1) g + Ofc,,)
a=1 a=1
hold for every z € £. After substituting to (5) the right-hand sides of equa-
tions (7), (10), (12) and taking into account the approximation hypothesis (re-
lated to calculations of averages), as well as the conditions (6) and the nota-
tions (11), we arrive at the integral form of the action functional

A= - K- W, where now
g = f(% AyTiT;+5C @, @ +3 A% Q QP + JIPAP RERY +
% 12 BY, Ry @, + D? T, Q* +1DET; R? + 1D Q* RP)da,dx,,
% = '[(-2-;:.WW+§z2 0™ QG +%h2xﬁ b, &, + 2h? %% RY RY) dda,
& |
= [(fW +1f* Q* + hm, @, + him? RY)da,da,. (13)

From the principle of stationary action we obtain the following equations
for a deflection W and rotations @,

(A;T; + D} Q* +IDE RY),, —pW+f =0, (14)

(o @, + By RY)+ & (Aijrj + DFQ® + IDZRE) - h? y,; ; + hm, = 0,
which are coupled with equations for extra unknowns 6% -l
120°® QP + A°PQP + DO, +ID®RP = 172,

W42 xR + PAPRY +IDST; + B0, +1DIQP = him?, (3)
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where I is defined by Eq. (9). The obtained equations have to be satisfied for

every t in the region Q of Ox;x; and represent a continuum model of the pe-
riodic lattice-type plate under consideration.

It can be seen that the extra unknowns Q% R{ are governed by the or-

dinary differential equations (15). Hence in general Q% R{ do not enter

boundary conditions and that is why they have been called internal variables.
Similarly, the obtained continuum model will be referred to as the internal
variable model (IV-model).

The governing equations (14), (15) can be also written in the alternative
form given by:
(i) Equations of motion

Pi-pW+f=0, My, +e,P —h¥,®, +hm, =0 | (16)
(ii) Dynamic evolution equations
1209808 + S* =179, hzlle%ﬁﬁ? + H® = hlmY. (17)

(iii) Constitutive equations

P[4, o D DLI[E

Mol _| 0 G 0 UB||%y (18)
s*|"|pf 0o A% ID¥||Q|
HY| -(ID§ PBY WD PAF|| R}

which have to be considered together with I =W, +¢,®,. From a formal

viewpoint equations (16) are similar to the known plate-type Cosserat contin-
uum equations, [2]. However, contrary to the Cosserat media, we also deal
“here with dynamic evolution equations (17) which are coupled with Cosserat
equations (16) via the constitutive equations (18).

Let us observe that the nonasymptotic modelling procedure applied above
leads to the occurrence of the microstructure length parameter ! in equations
(16)-(18); that is why the effect of cell size on the dynamic behaviour of struc-
ture can be described in the framework of proposed model.

The governing equations of internal variable model describe dynamics of
lattice-type plate of an arbitrary complex periodic lay-out in the Ox;xy-plane.
If we deal with the latticed plate of a simple lay-out, ie, having only one

rigid joint in every repeated element (in this case n=1) then Q% R} drop out
from all equations and we pass to the Cosserat model of lattice-type plate
which coincides with that discussed in [2].

Example. The governing equations of internal variable model will be now
applied to the analysis of free vibrations of the lattice-type plate strip simply

supported on the opposite edges x; = +0.5L; the lay-out of this latticed plate
is shown in Fig. 3. We shall consider the simplest continuum model of this
structure; that is why the cell A will be assumed in the form given in Fig. 3.
This cell has two rigid joints; in this case n=2 and v=n-1=1, ie, the oscilla-
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sz tion-shape matrices reduce
; B B{ to vectors with components
i Ll A 0 B | g2 h'L, R and g%, ¢g*'. More-
h P o over, let the axes of all
ale et oo d Ly B beams be parallel to the per-
tinent coordinate axes xj, xs.
L e 1=1, 1, 2
iq 7] “ Let us consider the case in
I'=12, =14, which the material of every
¥ ¥ ¢ beam is characterized by the

7 7 7 B=RB=1 y
b h 07T Young modulus E and the
Fig. 3. Scheme of the lattice-type plate and Kirchhoff modulus G; the

its representative element A. inertia moments I4,J4,4=1,

..., 4 are interrelated as shown in Fig. 3. In this special case masses assigned to
all nodal joints are equal and the rotational inertia moments assigned to all

joints satisfy conditions Ji, =J3, =0, a=1, 2. Assuming that all unknown

functions depend only on x; and time t, bearing in mind definitions (9), (11)
and neglecting external loadings, from (14), (15) we obtain three independent

systems of equations. The first of them is related to unknowns W, ®, and @':

A, (W, +®,), + D} QL -pW =0,

Coyar Pyyy — 4y (W,l ¥ (112)_ D} Q' - h? x5, = 0,

2 pl Q' + A1Q! + D} (W, + @,)=0, (19)
the second one is related to unknowns @,, Rf 7

Cipyy @y + 1 By le,l - Ay @, - h* 3, B, =0,

BRIy Ry + PAL R} + I By, @, =0, | (20)
and we also obtain an independent equation for R.‘la:

R 1%y By + 12 A3 Ry =0, (21)

where l=1; is the microstructure length parameter shown in Fig. 3. In the
above systems of equations we also deal with another length parameter h,

where h <« . That is why we shall look for the free vibration frequencies of
the plate neglecting terms involving h2 Under this assumption, setting

W =ay expi(ot -kx)), @, =a,expi(ot-kx), Q! = agexpi(ot —kx,), for
the free vibration frequency o we obtain the dispersion relation
p? (Au 1%+ Cypyy 82)"3‘i -pla,; 4" - (Dll)z * (An‘*:2 + A“)Czulkz] o? +
+[a,4" - O} 1Cpy Kt =0, (22)
where €=kl = 2nl/L, L being the wavelength, is a nondimensional parameter.

Because W, ®,, @ have to be regular slowly varying functions hence
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1/L < 1 and parameter ¢ is sufficiently small compared to 1. From (22) we ob-
tain the asymptotic formulae for free vibration frequencies which can be ex-
pressed in the following form

_Cooy e 6 _ AnAn_(Df)z ole2
(@) = . +06%),  (o,) lzp(A“+C2121k2)+ (£2), (23)

where coefficients C,,,,, 4,,, A% D}, p calculated from formulae (11) are equal
to

Cyypy = E (1 + 12Y0 L), A, = 12E (/1 + B2)u L),
AY = 4881 [/ + /@), D} =24E[2/@*y -1/a* ]/,
p = 2M/(,L,). (24)

It can be seen that the dispersion effect as well as higher vibration fre-
quency ®,; described by the above formulae are caused by the presence in

equations (14), (15) terms involving the microstructure parameter I It has to
be emphasized that using the known homogenized continuum model of lat-

ticed plates we can obtain only lower vibration frequency o = p™! Co1ay k.

More detailed approach to the problems investigated in this contribution
will be given in a forthcoming paper.
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A DISCRETE MODEL FOR WAVE PROPAGATION PROBLEMS IN
PERIODIC COMPOSITE MEDIA

In most cases the exact analysis of problems on wave propagation in
material continua with periodic structure is not possible even using computer
methods. That is why different approximate mathematical models for wave
propagation in heterogeneous periodic media have been proposed, cf. [1-5]. In
this contribution we are to show that above problems can be modelled by
certain discrete plane periodic mass-point systems with a complex structure
and ternary interactions. For the sake of simplicity considerations will be
restricted to the linear-elastic material structures and plane problems for an
unbounded medium. At the end of the lecture we are to show an example of
applications of the general theory.

Notations. The superscripts a, b, ¢ run over 1,...,n and the superscript k
takes the wvalues 1,..,m. Indices A, B, C run over 0,1,..,N except in

denotations A,, EA where A=1,..., N unless otherwise stated. Summation

convention holds for all twice-repeated indices. Points on E? are denoted by p,

x and points belonging to a subset A of E? by z. Symbol t stands for a time
coordinate.
In order to describe a periodic structure it is convenient to introduce the

Bravais lattice A={ze E*:2 =V d + Vo dz, v, =0,t1,%2 ...,a=12}, where
d' and d2 are basis vectors on E2. For an arbitrary subset = of E? and for
any pe E? define E(z)=z+E and p(z)=p+zz€A. Let A be a regular
region on E% such that E* =UE(z), ze A and A(z,)NA(zy) =9 for every
Z,,Z, € A and z; #Z,. We shall also assume that there exist a simplicial
subdivision of A into m simplexes Tk, k =1,...,m, which implies the simplicial
subdivision of E? into simplexes T*(z), z € A. Hence UT'_" =A, and
T={T"z):ze A k=1,...,m) (1)

constitutes a set of all simplexes for the subdivision of E2 It can be seen that
for the aforementioned simplicial subdivision of A there exist a set of vertices

p® €A,a=1,..,n, such that

S={p*):ze A, a=1.,n} (2)
is a set of all vertices for the related subdivision of E2 In the sequel we shall
assume that n is the smallest number of vertices p® € A for which S is a set

© Rychlewska Jowita, Szymczyk Jolanta, Wozniak Czestaw, 1999
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of all vertices. Under this requirement the decomposition of p®(z) in the form
p’(z)=p°+2z ze A, a=1,...,n is unique. In the subsequent considerations
both simplicial subdivision of A and a set of n vertices p°, a=1,..., n, are
assumed to be known. Let d® e A, A=0,1, .., N, be a system of vectors
where d° =0 and p®, a=1,..,n a set of vertices such that all simplex
vertices belonging to A can be uniquely represented in the form
p% =p® +d*. Hence every T* can be represented as T* = pi py pe. For an

arbitrary function f(-) defined on S with values in a certain linear space we
shall introduce the finite differences

Auf@) = fa+d*) - f@),  Auf(@) = f@)- fz-d%),
which for A =0 reduce to identities. Hence in the sequel all finite difference
operators A,, A a4 Wwill be defined only for A=1, ..., N. Following the notation
introduced above we also denote T*(z)=T* +z and pa(z) = p% +z for every

ze A. The aforementioned concepts and definitions will be used in the
subsequent considerations in order to describe wave propagation problems in
periodic composite media.

Let E® represents a two dimensional linear-elastic continuum with a

periodic piecewise homogeneous material structure and A c E? stands for the
representative element of this structure. Let the aforementioned simplicial
subdivision of A be treated as a decomposition of A into m finite triangle

elements T*. It has to be assumed that every element T* with a sufficient
accuracy will be treated as homogeneous. Bearing in mind that g™ P4 Pa PE

and denoting by A*,a =123, the barycentric coordinates of an arbitrary
point xeT¥ we have A*>0, M +AM+A%=1 and A" =a®-x+b" where
a® e E°® are the known vectors and b® are the known scalars, [7]
Consequently, the displacement u(x,f) of an arbitrary point xeT k at a time
instant t will be taken in the form wu(x,t) = A u%(t) + A up(t) + A* ug(t) where
u%(t), up(t), ui(t) are displacements of vertices p%, p%, P&, respectively,
and A" =a%-x+b*, a=123, are the shape functioﬁs. Hence the

displacement gradient Vu in every T* = p p p& is equal to

Vu(x,t)=a' ®ul(t)+a? ®ul(t)+a’ @ul(t), xeTF, (3)
and constant for every time t. Substituting into (3) decompositions of the form
ujt)=u@t)+A u’(t), A=0,1,.., N (4)

where u’(t) is a displacement of mass point p® e T¥, and introducing the
linearized strain tensor
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g = %(Vu +Vu’) ®)
we obtain the strain energy function assigned to T* defined by
qu:%F"e:Ck:e (6)

where F¥ is the area of T* and Cj is the elastic modulae tensor related to the
material of finite element T Combining (3)—(6) it can be seen that formula
(6) makes it possible to derive function

o = O*(A ,u?, u® - u°), (M

depending on differences A u® and u®-u°. Hence strain energy function ®
assigned to the representative element A has the form

® =) oA u’, u’ -u). (8)

At the same time a constant mass distribution in every Tk(z), ze A, will
be replaced by three concentrated masses at vertices p%(z), p%(z] , pel(z),

where T* = p% p% p&. Hence the kinetic energy function K assigned to the

representative element A of the periodic structure is given by
i

K=3M%u -0, (9)

where M® =§%m° (no summation over b) and m~ is a total concentrated
mass assigned to the vertex p® Formulae (8), (9) hold for an arbitrary element

b

A(z)=A+z, ze€ A provided that arguments u® are replaced by u“(z,t).

The aforementioned simplicial subdivision and concentration of masses m*
at points p® makes it possible to apply the discrete plane periodic mass-point
system with a complex structure and ternary interactions as a model for the
analysis of wave propagation in composite materials under consideration. The
above approach requires the use of a certain parametrization of applied mass-
point system. We shall assume that the position of mass point system in its
reference equilibrium state coincides with a set S defined by (2). Hence every

mass-point will be identified with its reference position p*(z), ze A, a=1,...,n
and it will be assumed that to every point p®(z)e S there is assigned mass

m?® which due to the periodicity of system is independent of ze A. The
system of ternary interactions will be parametrized by a set T of all simplexes

assuming that points x,,X,,X; €.S can interact if and only if x; = p%(2),
X, = p3(z), X3 =pS(z) for some ze A, where p%(z)p3(2) pf:(z)=Tk(z) for
some kef{l,...,m}. Hence every simplex Tk(z), zeA, k=1,...,m, will be

identified with a certain ternary interaction. To every interaction T¥(z)e T
there is assigned a strain energy function ®* which by means of the

periodicity of system is independent of z € A. Bearing in mind that u}(z,t) is
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a displacement vector of point p%(z) at time t we obtain that arguments of
®* are ‘uﬁ(z,t)—u[}g(z,t)i'. Because of u%(z,t)=A, u’(zt)+u"(z,t) we obtain

ol =(Dk(A 4 u%(z,1), ub(z,t)—u”'(z,t)) bearing in mind that ®*() are
hemitropic functions of arguments which are specified by simplex
T* = pj P5 PE-

It is evident that to every z e A there is assigned a certain repetitive
element of the periodic mass-point system comprising n mass points p“(z),

a=1,..,n, and m ternary interactions Tk(z), k=1, ..., m The strain and kinetic
energy functions assigned to an arbitrary repetitive element are respectively
given by '

D= Z<I>k(AAu“(z,t), u’(z,t) - uc(z,t)), (10)
K-—--;—M“b u’(z,t)-0°(z,t). (11)

Using the approach detailed in [6] it can be shown that the above
formulae lead to the following equations of motion

AaS%(z,t) + h%(z,t) - M® @ (z,t) + (2, ) = 0 (12)

where f%(z,t) is an external force acting at p®(z) at time t and S%, h® are
generalized internal forces defined by the constitutive equations
oD o
alzt)=

— h%*(z,t) = ~——.
oA 4u’(z,t)’ @1) ou’(z,t) (13)
Equations (12), (13) have to hold for an arbitrary time instant ¢ and every
z € A. Taking into account the aforementioned considerations we jump to the
conclusion that equations (12), (13) are the governing equations of linear-
elastic composite materials in the finite element approximation. Hence, we
have obtained a discrete model for the wave propagation problems in periodic
composite media.
General considerations will be illustrated by the example of dispersion
analysis for the unbounded, linear-elastic, isotropic, homogeneous medium
with periodically distributed two kinds of rigid inclusions having mass

densites p;, p;, as shown in figure.
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In the analysis we shall restrict ourselves to displacements parallel to
vector d! and to the plane wave propagation in direction shown in figure.
Dynamics of this structure will be modelled by the Bravais lattice with
ternary interactions and basis vectors d!, d2. A representative element of this
structure is bounded by the bold line in figure.

Let a simplicial subdivision of this element will be given by its
decomposition into m equi-angular triangle elements. In the subsequent

considerations m =1, ..,, 10, because two inclusions in the repeated element are
rigid. The strain energy function assigned to T™ is @™ = F™ oo 853 Where

F™ is the area of T™ and og, €3 are stress and strain tensors,

respectively. Relationship between stress tensor and strain tensor in an elastic
isotropic medium in the small strain range can be written as

of triangle elements T™, and define d=2h, x,; = %—’L(l +54), K, = 2{3(2‘+ 2u),

+2u gy, where A and n are Lame constants. Let h be the height

m, = %Ehz(5p +py), where p and p,, a=1,2, are mass densities related to

the deformable and rigid simplexes, respectively. Then using formulae (10)—
(13) we obtain the following equations of motion:

my ill(.r,t) =Ky (uz(x —-d,t)+ 2‘!&2(1', t)+ u? (x+d,t)~ 4u1(:z:,t)) 3

+ 1, (ul(x - d,t) ~ 2u' (x, t) + u'(x + d, 1)),

my @3(z,1) = K, (u' (x - d, 1) + 2u' (z,8) + u' @ + d,1) - 4u’(x, 1)) +

+ Ky (ui(x - d,t) - 2ul(a, t) + u(x + d, 1)). (14)
Let us look for the wave solution to these equations in the form
W =4 ™Y, aiii=A (15)

The substitution of equations (15) into (14) yields the system of two
equations for A; and A4,

A, 2k, (cos dk - 1) - 4k, +m, ©%) + A, 2k, (cosdk +1) = 0,

A, 2k, (cos dk +1) + A, (2k, (cos dk — 1) — 4k, + m, %) = 0.
Nontrivial solutions A;, A, exist if

f2x2 (cos dk - 1) - 4k, + m, 0° 2k, (cosdk +1)

‘ 2x, (cosdk + 1) 2k, (cos dk — 1) - 4k, + m, 0*

This condition yields a relation between ® and k in the form of two
dispersion branches

=0.

1
ol = ;fﬂn—z[(m‘ +my)(2K; —Ky(cosdk—1)) £

++ [2x, — ky(cos dk — D (m; — my)? + 4k? m, my(cos dk + 1) ]] ; (16)
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Now, we shall discuss the dispersion given by two branches of the o vs. k
curve with the particular attention to the cases k=0 and k= +n/d. For the

large wavelengths Jidk <1 and cosdk~1- —;—_dz k*. Hence

Jex, + Lx, d? k%) (my - m,)? + 4kim m,(2 - 1d%K?)* =~

1 2
" 2(m1 -m,)" K, — 2k, my My a2

o 2
~ 2K, (m, + my) < v ke
and formula (16) reduces to
2 __ 2 2,2 °
9 1 1 1 1 2 27,2
= 4| —— 4+ — — - ;
o ("’"-1 - mz)Kl +[Kz(m1 - mz) e (xy +|c2)]d k (17

For the wavelengths of an order of 2d we assume dk=n-g with
£ — 0*. Then cosdk ~ —1+¢2/2, the radical in (16) becomes

2
Ve, + @36, [my —my)? 4 12 my m et ~ 2Ky +Ky) (my —my) =Ky (my —1my)€”

and

s 4 1 1 3
o’ =~1}-L—1-(1':1 +Ky)+ -z—xz(———)ez,

m2 my
£ _ % et 8 1 iy
Wy = (x, +x5) 2K2(m2 ml)s ; (18)

It has to be emphasized that formulae (17) are physically reliable while
(18) have only a formal meaning. This statement is due to the fact that the
uniform strains in finite elements (simplexes) shown in figure take place only
for the large wavelengths. However, both formulae (17) and (18) as well as
the dispersion branches given by (16) describe a certain mass point system
with a periodic structure and ternary interactions and serve as an illustration
of general equations (12), (13).

Summarizing the results of this contribution we shall formulate the
following conclusions:

1. The periodic mass-point systems with ternary interactions can be applied
as a discrete model for the wave propagation problems in periodic
composites.

2. The governing equations (12), (13) have simple finite-difference form
which is identical for every z e A.

3. Equations (12), (13) can describe wave propagation problems in periodic
composite media with a desired degree of accuracy, because they hold for
an arbitrary decomposition of the representative composite element into
finite elements provided that it implies the periodic simplicial subdivision

of E%.
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More detailed discussion of the proposed approach and its applications to

the formulation of continuum and asymptotic models for the long wave
deformations will be studied in the forthcoming papers.
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ON MESOSHAPE FUNCTIONS IN STRUCTURAL DYNAMICS OF THIN
PERIODIC PLATES

1. Introduction. Main objects of this contribution are thin plates with a
periodic structure along one direction in planes parallel to the plate midplane
and with constant material and geometrical properties along the perpendicu-
lar direction (see Fig. 1). Plates of
this kind are composed of many
identical elements which are peri-
odically distributed along one di-
rection. Every element will be
treated as a thin plate.

The exact analysis of periodic
plates within solid mechanics is
too complicated to constitute the
basis for investigations of most : L,
engineering problems because ob- y X3
tained governing equations com- Fig. 1. An example of plate with one-directional
prise highly oscillating functional periodic structure.
coefficients. Thus, problems of
such plates are investigated in the framework of different approximated
methods. So called effective rigidities plate theories were presented e.g. in [3,
5, 8, 10] where periodic plates are described by governing equations of certain
homogeneous plates with constant homogenised rigidities and averaged mass
densities. An analysis of the periodic plate behaviour in the framework of as-
ymptotic homogenisation methods is rather complicated from the com-
putational point of view and hence it is restricted to the first approximation.
Using asymptotic procedures we obtain averaged models neglecting the effect
of the element length in the periodicity direction, called the length-scale effect.
These models were restricted to the static problems.

In order to investigate non-stationary problems certain models (e.g. based
on the concept of the continuum with the extra local degrees of freedom, [11])
were proposed. Short wave propagation problems were investigated in [1] and
some refined models describing long wave problems for the periodic bodies
were presented in [17]. These models take into account the length-scale effect
on dynamic response of a body and are physically reasonable and simple
enough to be applied in the analysis of engineering problems. The models of
this kind were applied to selected dynamic problems of periodic structures,
e.g. for the Hencky-Reissner periodic plates [2], for the Kirchhoff periodic
plates [6—7], for the periodic wavy-plates [14], for composite lattice-type
structures [4] and others [9, 12—13, 15—-16]. As results of such modelling we

Y
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obtain governing equations with constant coefficients for averaged displace-
ments and also additional unknowns. These unknowns together with highly
oscillating periodic functions make it possible to take into account the length-
scale effect on the dynamic body behaviour. The aforementioned periodic
functions describe a form of oscillations inside periodicity elements and they
are called mesoshape functions. These functions should be obtained as solu-
tions to eigenvalue problems on the periodicity element.

The aim of this contribution is to show that for many cases of periodicity
element eigenfunctions being solutions to the aforementioned eigenvalue
problem can be assumed in an approximated form what is sufficient from the
computational point of view. For this purpose free vibrations of special kinds
of periodic plate bands will be analysed.

2. Preliminary concepts. In this paper thin linear-elastic plates with a pe-
riodic structure along one direction and constant properties along the perpen-
dicular direction in planes parallel to the plate midplane. An example of a
such plate is presented in Fig. 1. These plates will be called uniperiodic plates.
Introducing Ox;xox3 the orthogonal carthesian coordinate system in the phy-
sical space and setting x = (x, x3), 2 = x3, the region of a plate is denoted by Q
= {(x, 2): -h(x)/2 <z < h(z)/2, x € I1}, where II is the rectangular plate mid-
plane with length dimensions L;, Ly and h(x) is the plate thickness at the
point x € I1. We also define t as the time coordinate. Let [ stand for the period
of plate structure in the x;-axis direction. Hence (-1/2,1/2) is the interval in
the plate midplane along this direction. We assume that the plate has the
l-periodic heterogeneous structure and that [ is sufficiently small compared to
the minimum characteristic length dimension of the plate midplane, I« L=
=min(L;, Ls), and sufficiently large compared to the maximum plate thickness
h « 1. This parameter will be called the mesostructure length parameter. We
shall assume that h(- ) is the l-periodic function of x; and independent of x5
and all material and inertial properties of the plate are also I-periodic func-
tions of x;, independent of x5 and even functions of z.

Let us denote periodicity intervals I(x;) (I(xy) =1+ (-1/2,1/2), x, € Ay,
where Ag={x;: x; € [0, L], I(x;) [0, L;]}. For an arbitrary integrable function
f we define the averaging operator on I(x,;) given by

D@z =t | fz)dy, ;€ A, (21)

For a l-periodic function f in x; formula (2.1) leads to {(f)(x5).

Throughout the paper subscripts a, B, ... (3, 7, ...) run over 1, 2 (1, 2, 3)
and indices A, B, ... run over 1, ..., N. Summation convention holds for all afo-
rementioned indices. Let u;, ey, s;; stand for displacements, strains and stres-
ses, w(x;, Ty, t) be a plate deflection, and p*, p~ be loads in the z-axis direction
on the upper and lower boundaries of the plate, respectively, b be the con-
stant body force in the z-axis direction and p be the plate mass density. We
shall define cupys 1= Qqpys ~ Gap33 ye33(a3333) Y, Where aji are components of the
elastic modulae tensor and assume that z=const are material symmetry
planes, hence c3,g, = c333,= 0.
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3. Modelling procedure. In this section it will be presented the modelling
procedure which is similar to that shown in papers [7, 6]. This procedure will
be used to obtain governing equations for uniperiodic plates.

The starting point of considerations are the well known Kirchhoff plate
theory assumptions: the kinematic relations, the strain—displacement equations,
the stress-strain relations (under the plane stress assumption s33 =0), the vir-
tual work principle. From these relations we shall obtain the partial differen-
tial equation of the fourth order. However, for periodic plates this equation
involves highly oscillating periodic coefficients. In order to pass to the equa-
tions with constant or slowly varying coefficients but retaining the effect of
mesostructure length parameter I the additional kinematic assumptions have
to be introduced.

Introduce functions, which are Il-periodic in x; and independent of x;

/2 '
h/2

describing the following plate properties as a mean mass density per an unit
area, a rotational inertia and a bending stiffness, respectively.

The modelling procedure of the presented model is based on the follow-
ing kinematic assumption.

The . main assumption is that the averaged plate deflection W(x,t)=
= (W Nay) (pw) (x,t), x=(x,, x3) together with its all derivatives are slowly
varying functions in x;, ie, satisfy conditions of the form (fW)(x)= (f)(x) W(x)
for every integrable function f defined on II. In the sequel W will be referred
to as the plate macrodeflection. Moreover, it is assumed that the deflection
disturbances v = w — W caused by the periodic plate structure are highly oscil-
lating functions in x;, i. e, satisfy the following conditions: (i) in calculations of
averages their values can be neglected comparing to the values of their de-
rivatives, i e, ((0F))(x,t)=(v1F)(x,t) for every x € Il and for every slowly
varying function F defined on IT; (ii) for every x; € Ay there exist_a periodic
function v, being a restriction of disturbances v to the closure I(x;) of an
interval I(x;), such that v(I(:rI)_vx, (iii) v(x, t) € O(%), Vu(x, t) e O(1?),
12VVu(x, t) € 0(1%), x € T1, where [ is the ‘mesostructure length parameter, here
0(12) - 0 and [I"20(12)| > ¢ for some ¢ > 0 with [ - 0.

Now in modelling the proper class of disturbances is specified. Denote a
plate bending stiffness and a plate mass density per midplane unit area by
B(x1) and p(x;), x; € A, respectively, which are l-periodic functions in x; and
independent of x;. we shall formulate the eigenvalue problem for a function

g(y;) given by the equation

[B)d W) uly —ru)® d1n) =0, yy e Imy), z; € Ay, (3.1)
and by the periodic boundary conditions on the boundary of an interval I(x;)
together with the continuity conditions inside I(x;) and the condltlon (ug) = 0.
Hence, § is a sufficiently smooth solution to this problem. Let g%, A=1, 2,.
be a sequence of elgenfunctlons defined on I(x;) and related to the sequence
of eigenvalues @, Every g (yl) is the principal mode of free vibrations of
every plate segment in the periodicity interval I(x;). In the modelling proce-
dure we restrict this sequence to the N 2>1 first eigenfunctions which can be

/2
pi= pdz, 9= szzzp dz, dygs = zzcaﬂys dz,
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approximated by so called mesoshape functions g4, i e, gd(yl) ~ fj"‘(yl),
A=1,.,N, yiel(x;). It is assumed that the mesoshape functions g%,
A=1,.., N, constitute a sequence of sufficiently smooth functions which are
linear independent, l-periodic in x; and independent of x; such that
gi(yy) € 0(1%), IVgi(y,) € O(1?), 12VVgA(y,) € O(1%).

In the modelling we assume that the disturbances v can be approximated
by ‘D(yh Iy, t} - gA(yl)VA(xl, X9, t), Y1 € I(CL'IJ, I € Ag, X9 € [G, Lz], A= 1, s ,N,
where g4(y,) are the known mesoshape functions and VA(x;, x,, t) are extra
unknowns being slowly varying functions in x; and x9 which are called
macrointernal variables.

In most problems analysis will be restricted to the simplest case N=1 in
which we take into account only the lowest natural vibration mode related to
equation (3.1).

In the sequel it will be shown that for the interval with a non-compli-
cated structure we can assume the mesoshape function in an approximated
form of the solution to the eigenvalue problem.

4. Governing equations. After some manipulations from the Kirchhoff
plate theory relations and the additional kinematic assumption the governing
equations of the length-scale model will be derived:

e  Equations of motion

Mopop + (VW = (W, — (9B W2 = (p) + b(n), (4.1)
o  Constitutive equations
Mg = (dapys) Wys + (dugys 95) V2,

M4 = (duﬁ'ra gﬁb)an ¥ (daﬂrﬁ g5 gﬁa)vﬁ’ (4.2)
e  Evolution equations
M* +(ug? %) V8 + (892 ) W, + (94 95) V® = (pg*), - (4.3)

where mesoshape functions g4, 4A=1,...,N, are functions only in x;.

The above equations are the basis for investigations of overall behaviour
of uniperiodic plates. The underlined terms depend on the mesostructure
length parameter I Moreover, these equations involve averaged coefficients
(in brackets ()) which are constant, except terms {(p), (pg4) which can be
slowly varying functions in x; and xy Functions W(xy,xs,t), VA(x;, 29, t),
A=1,..,N, are the basic unknowns; which have to be slowly varying func-
tions both in x; and x5 The function W is called a macrodeflection and the
functions V4 are called macrointernal variables, because boundary conditions
for these functions should not be defined.

It is easy to see that to derive the governing equations (4.1)—(4.3) we have
previously to obtain the mesoshape functions g4, A=1,..., N, for every peri-
odic plate under consideration as approximated solutions to the eigenvalue
problem for equation of the form (3.1). In most cases we restrict considera-
tions to a small number N of mode shapes and in this contribution we assume
that N =1; hence, denote g = gl.
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5. Analysis: an example of a periodic plate band.

5.1. Free vibrations of a periodic plate band. In order to evaluate differ-
ences between applying of an exact g or approximated g form of mesoshape
functions free vibrations of a periodic plate band will be considered. For this
purpose equations (4.1)—(4.3) will be applied. It will be assumed that body
forces b and loads p are neglected. Let us consider a simply supported on the
opposite edges plate band. It is made of an isotropic periodically varying
piece-wise homogeneous material. The plate thickness h is a periodic function.
For assumed mesoshape function g it can be proved that (8g,;)=0. Denote
x=x, L=L, and V=V! as well as

Eh3
i 12(1-v%) ' D}I & (d‘un 9’,11), D" = (dnn(g,u)z),

m = (), m' =1t (ug?),  i=®), M =1%(8,)’),
where E is the plate Young modulus, v is the plate Poisson ratio, h is the pe-
riodic plate thickness. Substituting (4.2) to (4.1) and (4.3) we arrive at

(B) Wi + mw - J"ﬁ’tu < Dilvsll =0,
Dy, Wy, + D'V + 2 (®m" + /) V = 0. (5.1)

Introduce the wave number k= 2n/L. Solutions to equations (5.1) will be as-
sumed in the form satisfying boundary conditions for a simply supported
plate band:

W(x,t) = Ay sin(kx)cos(ot), V(x,t) = Ay sin(kx)cos(ot), (5.2)
where Ay, Ay are amplitudes. Substituting these solutions to (5.1) we obtain
the system of linear algebraic equations for amplitudes Ay, Ay

[(B) k* - 0¥(m + jk?) = ] {AW} (o

_Dil 12 D! _mzzzuzmn + ju) Ay ’

After some manipulations we arrive at formulae for resonance frequen-
cies @; and o9 called a macro-resonance and a meso-resonance frequency, re-
spectively:

(@1)° = 2[(m + KNP Em' + OB P EPm! + 1) + (m + jk*)DM ¥

B Em! + 1Y) - (m + jK)DVP + 4(m + jKH)EEm! + FYDLER?), (5.3)
which take into account the effect of N

the mesostructure length parameter L EPSE L
hT .

5.2. Analysis of the eigenvalue
problem for a plate band having a pe-
riodically varying piece-wise constant -
thickness R N g

Let us consider a plate band hav- Y2
ing a periodically varying piece-wise (1-p)t/2 yl (1-p)l/2
constant thickness h, simply supported . & A
on the opposite edges and made of an L
isotropic homogeneous material. The Fig. 2. The interval of the plate band

ho >

I~
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shown in Fig. 2. It can be treated as a plate band with the span l. The plate
thickness h is assumed as

h )_{h{, if xe(=ylY2,vY2), _
=y =nhy i xel-Y2, -yY2AUEY2, Y2, neo,l)

We introduce the wave number a and denote A=al. In order to obtain eigen-
functions for the interval I(x;) we have to solve the eigenvalue problem (3.1)

which takes the form [B(x) g'jr(:r)’1 1111 — p(x) kzﬁ(a:) =0, with conditions: g are I-

(5.4)

periodic functions, (ug) = 0. Using the Krylov = Prager functions
S(ax) = 3 [cosh(ax) + cos(ax)), U(ax) = 3[cosh(ax) - cos(ax)],
T(ax) = 3 [sinh(ax) + sin(ax)], Q(ox) = 3 [sinh(ax) — sin(ax)],
and denoting

T30 = TGN + 12 SE ) TE @ - A0 2]+ 12QG AU (L - Phn 2]+
M2UGYNQE - PAn 2+ S TEYNIST L - y)An #]- 1]}
5,0 = Q& YN+ n* UG YATE (L - YA 21+ nETG YU L - pAn 2]+
TSGR - Y02 + n";’Q(% YMISTE (L - yn"2]- 1)
Ty = SGYMRL (L - VAN 1+ QU YAISE (L - AN 2] +
PTG YT (L - yAN 2]+ 0 T yAUTL A - y)An 2],
2,00 = UG ORI (L - Y 2]+ n T yASTE @ - phn 2] +

" -3 3
2 SGYMTE A - A 21+ 1 2QGYMU (L - vAn 2],
the solution to eigenvalue problem is looked for in the form

g(x) = PAQ) S lxl/l) + U IlfY),  if Il < 1y,

§(@) = A {SEYA) Sl - Ly 2] + n?Q yA) TIMacl/1 - Syn 2] +
UG YA UMY - 2y 3]+ 0 2 TGy QUAdalt - Ly 2] +
AUGYA) SIM)L - Sy 2]+ n2TG ) T/t - Ly 2] + (5.5)

2 SG YA UM~ $ 1 2]+ 0 2QG W) QUM — Sy 21, if Il € 3, 31
where A(A)=-CE;(MI'1(A)}, C is a constant. Restricting our considerations to
symmetric vibrations the equation for the eigenvalue A takes the form

I'1(A) Ba() - Ta(d) Ey(2) = 0.

From the above equation we can derive eigenvalues A4, A=1, 2, .... Our analy-
sis is restricted to A = 1. Hence, we obtain the smallest eigenvalue A dependent
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on the parameter n and the exact form of the mesoshape functions g related
to this eigenvalue is defined by (5.6).

6. Numerical results. In this section it will be shown that the mesoshape

function g for the interval in Fig. 2 related to the eigenvalue A (for A=1) can
be assumed in the approximated form

g(x) = I [cos(2nx/1) + c], x e [-1/2,1/2), (6.1)
where the constant c¢ derived from the condition (ug)=0 is c=(u)!x
x { cos (27 /1)).

In order to evaluate differences between results obtained by using exact
(5.56) and approximated form (6.1) of mesoshape function resonance frequen-
cies of the plate band with periodic thickness h given by (5.4) will be ana-
lysed. Taking into account (5.3) we denote resonance frequencies obtained by
using the mesoshape function in the approximated form (6.1) by ® and those
obtained by using the mesoshape function in the exact form (5.5) by ®. Intro-
duce dimensionless coefficients:

ng=hy/l, q=l/L, Q =&/o,, Q,=q,/0,,

where ng describes the plate thickness, g is called the dimensionless
mesostructure parameter and ,, €, are the ratios of macro- and meso-
resonance frequency, respectively. Diagram of €, Q, versus the parameter
n €[0.7, 1.0] is presented in Fig. 3. These diagrams are made for ny=0.1,
q=0.01.

106 1 I T I T 1.10

104 [~

1.00

I _ I 085 L I i 1 | y
L) ors 0.0 085 080 08 [n) 10 o7 ors 080 085 080 088 [n] 100

Fig. 3. Diagrams of ratios 2, and Q, for a plate band with periodic thickness h.

Analysing obtained results the following conclusions can be formulated:

e Differences between macro-resonance frequencies obtained by using the
exact (5.5) or the approximated (6.1) form of mesoshape function are
small and they are smaller than 5% for plates in which differences of
thickness inside the periodicity interval are smaller than 30% (i e.
hg—hy < 0.3hy).

e For the above plates differences between meso-resonance frequencies
obtained by using the exact or the approximated form of mesoshape
function are smaller than 10%. -
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7. Conclusions. The length-scale model for plates with periodic structure
along one direction and constant properties along the perpendicular direction
have been presented in the contribution. These refined models, formulated in
the framework of the averaged length-scale theory of periodic bodies [17],
were applied to many dynamic problems of periodic structures in series of
papers (2, 4, 6—7, 9, 12—16] aforementioned in Sec. 1. These models are physi-
cally reasonable and simple enough to be applied in the analysis of engineer-
ing problems.

The presented modelling procedure for periodic plates leads to a system
of differential equations with constant coefficients for the macrodeflection W
and the macrointernal variables VA The governing equations ((4.1)=(4.3)) de-
scribe the length-scale effect on the plate behaviour by some coefficients (un-
derlined in these equations) dependent on the mesostructure length parame-
ter I. The length-scale effect on the dynamic body behaviour is described by
the extra unknowns VA, A=1, ..., N, called macrointernal variables and addi-
tional mode-shape functions g4, which are called mesoshape functions. The
macrointernal variables V4 are governed by ordinary differential equations
involving time derivatives. Moreover, mesoshape functions g4 describe oscilla-
tions of displacements inside periodicity intervals. These functions should be
obtained as properly chosen approximations of solutions to eigenvalue prob-
lems for natural vibrations of separated periodicity intervals what was shown
in Sec. 3.

Mesoshape functions obtained in Sec. 5 for the special case of plate band
were used to analyse free vibrations for such plate. Presented there results
make it possible to evaluate differences between resonance frequencies ob-
tained by using the approximated and the exact form of mesoshape function.
Analysing these results we can formulate the following general conclusions:
1°  For many special problems the mesoshape functions g4, A= L oy Y, 0EEER

be assumed as approximated solutions to the eigenvalue problem for pe-

riodicity interval, what is sufficient from the computational point of view.
2° Plates with a periodic structure caused only by periodically varying
thickness can be investigated by wusing the approximated form of
mesoshape function if differences between values of the thickness inside
the periodicity interval are relatively small, i. e,, for the parameter n>0.7;

for n < 0.7 it should be used the exact form of mesoshape function.

Summarising, the analytical exact solutions §A to the eigenvalue prob-
lems (3.1) can be obtained only for plates with intervals whose structure is
rather not too complicated. In most cases instead of the exact solutions to ei-

genvalue problems we have to look for an approximate form of mesoshape
functions.
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Apocnar Exgpucak

PO ®YHEIII ME30O®OPMU B CTPYKTYPHIN JUHAMIIII
TOHEKMX HNEPIOAMYHNX IIJIACTHUH

Poszasnymo npobaemy eubopy mezofopmuoi pynkyii e cmpyxmyphit Ounamiyi
MOHKUX MAACTMUH 3 MePIOJUNHOI0 CMPYKMYPOW Y MAOUUHAX NapasesvHux 0o cepe-
dunnoi nogeprHi. 3anpononosana modeav 3 eghexmom macwmaby dae 3mozy eparyeamu
BNAUB BEAUNUHU KOMIPKU mepioduunocmi Ha nosedinky naacmunu. ¥ npoyect modearo-
BaHHA BUKOPUCTMAHO nowamms yHKryiu mesogopmu. Li dynrysi onucyomsv ocyuasn-
Y10 ecepeduni Komipru nepioduunocmi i € poss’asxamu 3adayi NPo 8AACHI KOAUBAHHA Y
sunadxy NPupPoOHUT KOAUBAHD OKPEMO 83SMOT KOMIPKU NePioduLHOCTE 3 YPATYBAHHAM
nepioduunux xpatosux ymos. Ha npuwradi noxasano, wo 30e6i1buUL020 MONHA BUKOPU-
cmosysamu Habaudcenull saacHull po3e'a3ox ax GYHKYII0 me3oHopmu.

Crarra Hagitiuna go pexakoserii 20.08.99
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LIavoncvra nosimexnixa é I'nisiyax

JVMHAMIKA IIJIACTVH 3 OJHOBICHOIO IIEPIONUMYHOIO
CTPYKTYPOIO

1. Beryn. IlnacTuHa 3 nepiogM4HOI0 CTPYKTYPOIO — Iie IIacTUHA fKa CKJA-
Jac€ThCA 3 HU3KM KOMIPOK NepiofiM4HOCTI, AKI MAalOTh OAHAKOBY (hopMy (3a3Buuaii
NPAMOKYTHY), PO3Mipu Ta CTPYKTYPY MaTepiaJly i IIOBTOPIOIOTBCA y CepenuHHin
mwroummHi. Po3B’sidyBaHHA 3ajad AMHaMIiKM, a NepeAyciM aHaNi3 KOJNMBaHb Ta
POSMOBCIOMYKEHHA XBUIIb ¥ IUIACTMHAX 3 TaKOK CTPYKTYPOIO, TIOB’AizaHe 31 3Hay-
HYMM MaTeMaTHM4YHMMU TPYAHOILIAMM, AKi € HacJiZKOM TOro, 1[0 TOBIIMHA ILIUTH,
posnoAin mMacy i 3MiHa MeXaHIYHMX BJIACTMBOCTEH, € CHMJIBHO OCHMJIIOKYMMMU i
HasarajJl po3puBHMMM ¢yHKUiAMu. ToMy B MexaHill IJacTMH 3 TepPiOAMYHOIO
CTPYKTYPOIO IIPONOHYIOTBCH CHPOILUEHI Mozesi, y AKMX BJAaCTHMBOCTI MaTepiaty
Ta 3MIHHY TOBIUMHY IpPeCTaBJAITEH IEeBHI ycepeAHeHI Ta CTaJli 3a BeJM4YMHOIO
edexTuBHi Moxysi. Taki Monexi, Aki HajyacTinle BBOAATH NPM 3aCTOCYBaHHI Me-
TOAMKY aCUMIITOTMYHOI roMoreHisamil, NPM3BOAATE A0 PiBHAHB 31 CTAJIMMM Koe-
dinieHTaMy, AKi aIPOKCUMYIOTH PIBHAHHA 3 NEPIOAWYHMMM, CUJIBHO OCLUAIIOI-
guMy yHELioOHaJbHMMM KoedilicHTaMu. OnHaK 3aCTOCYBaHHA METOAUKM aCUM-
[ITOTUYHOI romMoreHisanil NpuU3BoAUTh A0 HEXTYBaHHA Macurrabuum edexTom, abo
BILIMBOM PO3Mipy KOMIPKM IepiofIMYHOCTI Ha MaKpPOJAMHAMI4YHI BJIaCTMBOCTI NJja-
ctukn. Ockinbky B GaraThox iHXKeHepHMX 3aZjayaxX ILMM BIIJIMBOM 3HEXTYBATH
He MOXKHa, 3alpONOHOBAHO HOBMM MIAXIA A0 MOJEJNIOBaHHA 3a7a4 AMHaMiKM B
Tijax 3 NEepioAMYHOI0 CTPYKTYPOIO, AKa BpaxoBye MacmTabumii edpexT, Tak 3Ba-
Ha Mojiesb 3 BHyTpimHiMu 3MinauMyu (internal variable model) [2]. 3 Bukopuc-
TaHHAM NiAXony, AKMA Bpaxosye mMaciuTabHuit edekT, O LOro Yacy po3riana-
JIMCA JBOBUMIpDHI Mojieni nyacTMH 3i 3aKJIaJICHOI0 NEPIOAAUYHICTIO CTPYKTYPH Yy
IBOX XapaKTEPUCTUYHMX HaNpAMax y IXHIX IJIOIMHAX.

IIa npaus CTOCYEThHCA MEBHMX HE NOCJHIAMKYBaHWUX JlOoCi 3a/ay AUMHAMIKM, AKi
PO3B’'A3YIOTbCA METOAOM MOZEJIIOBAHHSA TiJl 3 BHYTPIIUHIMM 3MIHHMMM AJISI nJac-
THH 3 NepioiIMYHOI0 CTPYKTYPOIO TiJIbKM B OZHOMY HanpsaMi, abo Tak 3BaHOK OX-
HOTIEPIOAIMYHOIO CTPYKTYPOIO (AMUB. puc.).

MnacTuHa 3 6AHONEPIOAUHHOK CTPYKTYPOIO.

© Bapon Esreniit, 1999
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3arajibHi PIBHAHHA MOJZEJ MJIACTMH 3 OJHONEpPioIMYHOIO CTPYKTYpPoio Oyin
BBegeHi y [3]. IIpu 1pomy He pobuiocs >KOZHMX NPUITYLeHb PO 3MIiHIOBAHICTh
rnapaMeTpiB NJIacTUHM y APYroMy XapaKTepMCTHM4HHOMY Hamnpsami. Orpumasi pis-
HAHHA JIHIMHO-NIPYXXHOI IJIaCTMHM cepesiHbol ToBIMHM Pejicrepa — Minmina
He € YaCTKOBMM BMIAJKOM pPiBHAHb [JIACTMHM 3 MNepioiMYHICTIO y IBOX Hanpsa-
Max (mopiBHaTM 3 [1]), 110 CcpaBIKYETHCA B aCMMITOTHUYHO 3rOMOTreHi30BaHMX
MOJeJIAX.

Y npaui ivgexceu a, B, ... (4, j, ...) HaGyBaloTh 3Havennsa 1, 2 (1, 2, 3), a inge-
Keu a, b, ... Ta A, B, ... 3HaveHHs 1, 2, ..., n i Bignosigweo 1, 2, ..., N. 3acTocyemo
npaBuJio IifcymoByBaHHA AjHmTalina. HasaBaicTe mapm Bka3iBHMKIB yropi Ta
BHMU3Yy O3Ha4a€ 1XHIO CMMEeTPU3allilo.

2. Buxinai npunmynienssa. Hexann Ox;xox3 NpAMOKYTHa JeKapToBa CUCTEMa
KoopaMHAT y dismyHomy npocropi. [TosHawaloun x = (xr;, x3) i z=x3, obracts Q,
fIKYy 3aiiMae HelepOpMOBaHa INACTMHA CePefHbO] TOBILYMHM, 3aNUILIEMO AK

Q= {(x,z) 8 (x)<2<8(x) xe€ H} -
ne N=(-L, /2, L, /2)x(-L, /2, L,/2) — npamokyTHuk 3 poamipamu L; i Ly Ha

ol Ox Xy, 37(X) <0 i 8"(x) >0 — dyHkHil, AKi BU3HaAYalOTh MOBEPXHi, 1110
obMmexky1oTh nuacTury. IIpunyckaemo, 110 niuacTMHa Ma€ NEpPiOAUYHY CTPYKTYPY
TiIbKM y HanpsaMi oci x) 3 poexkuHoo [ Omke, niama3oH mnepiofgmMyHOCTI
(<1/2 + 2y, 1/2 + x;) Mae CBOIO cepeAuHy Yy ROBiNbHIN Touwi oci xy. Poamip [ € na-
paMeTpoM MiKpocTpyKTypM (microstructure length parameter), Tobro < L, ne
L =min {L;, Ly}. Takox BBaskacThcs, 10 BennumHa | 3HauyHo Ginbiia Bixg Makcu-
MaJIbHOI TOBIMHM ILIacTMHM, TobTo 138, e S=max {§*(x) -8 (x), xeIl}. ¥
3araJIbHOMY BMIaJKy He PobGMJIOCA XKOAHMX IMPUITYILEHb IIPO 3MiHHICTb Napame-
TPiB IIACTMHM B HampaAMi oci x,. Ile Bixmosizae 306paXkeHiit Ha PUCYHKY cUTya-
ii.

dyukuio f(a),xs), BUSHaYeHy Ha cepeamHHii murommai T, Hagan HazusaTU-
MEMO onﬂonépionmnom, AKINO IJisi AOBinbHOrO X9 € (~Lg/2, Lo/2) BUKOHYETHCH
yMoBa f(x;, x9) = f(xy £ 1, x9). oA onHonepiognyHoi dyHKUil ii cepenne 3HayeH-

HA Ha NMPOMiXKKy nepioguynocti (xy—-1/2, xy+1/2) Bu3nauyae onepaTop
X +l/2

(M) =7 [ fEz)dE.

x-1/2
IIsa BesmMuMHa He 3aJIeKUTE BiJ Xj. _ '

Hexait u,, €;, 0; — NepeMilleHHs, Aecdopmalil Ta HAlPYKEHHS Yy TPUBU-
MipHii Teopii nnactun. Kpim Toro, Hexait pt i p” HaBaHTa)keHHA (y3710BXK oci 2)
Ha obMexyI04ux NMoBepXHAX BiamosinHo xz=8T(x), x3=258 (x), x € [1. Takox He-
Xaji b osHayae MacoBy cuay (y3moBiR oci z), p — I'YCTMHY MaTepiaJly IJIaCTHHMN.
Ilosnaummo yepes A, TeH30p MOAYJIB NPYKHOCTI MaTepiany ruactunu. Ilpu-

[IyCKaio4y, 10 MJIOMHY 2 = const € IIoMHaMM Npy»Hoi cuMeTpii, Mo3HaYUMO
s -1 -
Cuﬂyﬁ = Aaﬂyﬁ = AaﬁS:!Aan\S(AGSSS) ' Baﬁ S Au3ﬂ3' (2-1)
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Brasxkaemo, mo A_,-jk; i“p € mapHuMy byHRIIAMHU gMiHHoi Z Ta onfHoIepionny-
HMMM CTOCOBHO ZIO0 3MiHHOI X; i CTOCOBHO JO0 X3 € ZOBIIbHUMM PerynapHuUMM dy-
HKIUAMMA.

l'eomeTpuyHi criiBBiHOIIERHA onucylOThes piBHAHHAMKU Korm

€y = Ui ' (2.2)
3aJIe’KHICTh Mi’K Hallpy KeHHAMU Ta JedopMaligMy Ma€ BUTJIAL
Oup = Copytys » O, = 2B g€, , Oy =0. (2.3)

BpaxxaeMo, 1110 cripaBIKYyETbCA KiHeMaTHyHa rinote3a PejicHepa — Minpmina
u,(x,2,t) = 29, (x,t), Uy (X,2,t) = w°(x,1), (24)

Ie w’(x,t) — nepemimenHa Toyok nuacturm II; 9. (x,t) — HesanexxHi moBep-
TaHHA, t — 4ac,

BpaxoByioun peaysbTaTi omnybiikoBaHMX Mpailb Ta cniBBijHOMIeHHA (2.1)—
(2.4) 6yayemo cucTeMy pisHMLIEBMX PiBHAHb AJA NepeMimens 9;(x,t), w’(x,t) y
JIaCTHUHI cepeHbol TOBIIMHEM. fAKINO MIIacTHMHA MaTUMe ONHONEepPioAMYHY CTPYK-
TYPY, TO LA cucTeMa OyZe CHMCTEMOI0 3 CHMJIBbHO OCHMJIIOIOYMMM (DYHKIITHMMM
KoediuienTaMy. 3aCTOCOBYIOYM TilloTe3y NPO MOJEJIOBAHHA TiJl 3 BHYTpPilIHIMM
3MIHHMMM, OJEepKyeEMO CMCTeMy piBHAHB 31 cTaJuMu KoedilieHTaMu 3 ypaxy-
BaHHAM MacirrabHoro edexry.

3. Timoresza mopemoBannsa. Crocib MoneoBaHHA TiNl 3 BHYTPIlIHIMM 3MiH-
HUMM, ILI0 [a€ 3MOTy BpaxyBaTy MacluTabHuit edeKT, BUKOPUCTOBYE 3HAaYEeHHS
TaK 3BaHOI NMOBiJbHO 3MiHIOBaHMX (pyHKUINA (slowly varying functions) Ta cunbrO
ocnmmolounx ¢yukuii (highly oscillating functions) [2].

Hexait u(x,t) = (8 (x,t), w’(x,t)) — noJye nepemileHb cepeMHHOI IJIOIIMHYU
mactuHy.  OOMe)xkumocs BMIIAAKOM 3aJad, y HAKUX IoJle [epeMilueHb
U(x,t) = ({8 )(x,t),(w’)(x,t)) € moBinbHO 3MiHIOBaHOIO (PYHKII€I0 apryMeHTy X,
Tobro dyHkuiclo, Aka ANA 6yAb-sakoi iHTerpoBHol QyHKUII ((X) 3aLOBOJIBHAE
3aJIeXKHICTD '

(PU)(x,1) = (p)(x)U(x,t), xell.

3HaK = o3Havya€ HaOJMIKEeHHA, AKe MNOoB’sAidaHe 3 O0YMCJIEHHAM YMCEeJbHOTO
ycepeHeHHA.

Il niacTMEM 3 OJHONEPIOAMYHOI0 CTPYKTYPOIO PI3HMII MIX CKJIaJ0BMMM
BeKTOpPiB nepemimienp u(x,t) — U(x,t) € cuabHO ocuMmIOYUMM (PYHKIIAMU apry-
MeHTY x;. Cepenni 3HaueHHsa mux pisauup (u - U)(x,t) anpokcuMyeMoO 3a HOIIO-
morowo Bupasdy (h*Q,)x,t), ne h*(x,) — cuibHO ocummoloyi BifoMi ogHomepio-
avuHi GyHKHil, Tak 3BaHi ¢dyukuii ¢dopmu (mode shape function); ckmazosi mo-
niB Q,(x,t) € HeBizomi moBinbHO3MiHIOBaHI yHKLil aprymeHTy X, Tak 3BaHi
KopekTopu (correctors). lna cuapHO ocumioiodoi dysruii h(x,), nosinbHO3MI-

mioBaHoi ¢ynknii U(x,t), a Takoxk HoBlIbHOI iHTerpoBHoi ¢hyHKHil @(x) MaeMo
3aJIeXKHICTh
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(@(RU),)(x,t) = (ph )(x)U(x,t),  xell.
BpaxoByiounu nomaHuii crocié MomesioBaHHSA, OTPUMYEMO, IO AJIA MJIACTUHM
3 OJHOMEPIOAUYHOIO CTPYKTYpPOIO NepemiuleHHsa u.(X,z,t) Oynap-Akol ToukM He-

3necdopMOBaHOI ILIACTMHM 3 CEpPeHbOK TOBIIMHOK BM3HAYEHI 3a JOIIOMOTrOI0
BupasiB (2.4), y AKMX BBa’sKaeThCH, 10

92 =8 (x,t) + h*(x,)0%(x,1), w’ = w(x,t) + g (x, )W(x,1), (3.1)
ne GirypyoTh NOBLILHO3MIHIOBAHI CTOCOBHO Xy PYHKI] 3,.(); w() (makponepe-

mimenns — grossdisplacements) ta ©2(-); W*(-) (xopextopm — correctors) Bu-
3HavanbHl ¢pyHKIil 3anponoHoBaHOol ABOBMMIpHOI Mozeni ImacTuHM; (PYHKLI]
h®(x,), " (x,) — Binnoeigso mizi6pani dpyukuii popmu (mode-shape functions).
fIk MOXKHA 3ayBalKuTH, Y MeTOAMI[l MOJEJNIOBaHHA TiJ 3i 3MIHHMMM BHY-
TPIWUHIMM  BeJMUYMHAMM  BaKJIMB€  3Ha4YeHHA MaloTh ¢QyHKUil dopmu

he(x,), g*(x,). Li dpynknii ¢ poss’sskom mesHoi 3aza4i Ha BJIACHI 3HAYEHHA 3a
NeploaMYHUX TPaHUYHUX YMOB [2] i ANA HMX BMKOHYIOTHCA 3aJIeM¥HOCTI

& &

(h* jzzpdz)= 0 ma (g*[pdz)=0.
& &
Bemuuunn cyskuiii cdopmu MaloTe NOPAAOK NapaMeTpa MIiKpPOCTPYKTYpH
() , gA(xl) € O(l); ixui nmoxigHi Bix LBOTO ImapaMeTpa BiKe He 3aJieXKaTb.

ITiz yac nobynoBu mojyeni y piBHAHHI NpuUHLMNOY BipTyassHoi poBotu Bpa-
X0BaHO 3aJiedxHocTi (2.1)—(2.4) pasom 3 (3.1). Oneprxani criBBigHOLIEHHA ycepen-
HEHO, BMKOPMCTOBYIOUM BJIACTMBOCTI IIOBLIBHO3MIHIOBaHMX (YHKI, a TaKoX
OZHONEePiOAMYHMX 3a apryMenToM Xp. Ilicna Heckmaguux copMaJIbHUX IEepPeTBO-
Pe€Hb OTPUMAHO BMIVIAM PiSHMIEBMX PIBHAHDb 31 cTaauMu KoedillieHTaMu IIA He-
BimomMux pyHKLIM, AKI BXOAATE y chiBBigHOmeEHHA (3.1).

4. OcHoBHI piBHAHHSA. BBOAAYM NO3HAYEHHSA
5" &
— ol -
Gﬂm w— IZ caﬁﬁ dz, D“-‘B e IBuB dz '
5 &

p=p" +p +b{u), h*:=1"h", g =1"g". .
cucTeMy pPiBHfAHBL JABOBMMipHOI Teopil JiHIMHO-NIPYXHMX TN CepefHbOI TOBLUMHMU
3 OJIHOIEPiOMYHOI0 CTPYKTYPOIO Ta BpaxyBaHHAM MaciurabHoro edekTy MoskHa
nojgatT y BUIJIAAL PIBHAHE PYXY

My =@, -8, =0, Q. -(Wi+p=0, (4.1)
JAMHaMIYHMX PIBHAHb €BOJIOLII

P(JR*h*)O} + M2, -IML,, =0,

Pugg®yW® + Qf -1Q7, - Kg*(p* +p ) =0 , - (4.2)
3 ypaxyBaHHAM BU3HadaJbHUX PIBHAHDb
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M,y = (Gops)S s + (RiGopis) O + (h°Gigys)O5, |

Q, = (D)8, +w,) +Kh*D,y), ©F +(g’D,)W* +Kg*D,,)W7, (4.3)
Ta [MTO3Ha4YeHb

M, = (h3h3G 15008 + (h3G 608, 5 + URSHG5s)O0, +

1)
+13(h°h®D,,)Oh + I(h* D)8, + wp) +
+(h°g“D, YW* + 1*(h°G*D,,)W2 ,

2 = (h°R3G 016)OL +(h°Goy )8, s + UR°RUG35)0% ; ,

Q' =(g19:D,,)W? + (gD X8, + wy) +
+ Kg?h"D,,)@; + Kg gD, )W?,

Q' = (g Dy )W? +(G* Dy )8, + wy) +

+UG*h"Dyy)0®; + UG G D)W, . (4.4)

Pisuanna (4.1)-(44) € cucreMol0 piBHAHB IIOZI0 HEeBiJOMMX Makponepe-
MillleHL Ta KopekTopiB 9,, w, O, w4, 1 PIBHAHHA HE MOYKHa OTPUMATHU fAK

4aCTKOBMII BUIIaJIOK HaBelleHMX y [1] piBHAHBL CTOCOBHO IUJIACTMHY 3 NEPioAMyHi-
CTIO y ABOX Hampamax. ¥ [1l] piBHAHHA A KOPEKTOPIiB € 3BMYAHMMU PisHULE-
BUMM PiBHAHHAMM. [lJIf IyIacTMHM 3 OAHOIEPIOAMYHOIO CTPYKTYPOIO BOHM € pPiB-
HAHHAMU y YaCTMHHMX IMOXITHUX, IIPUYOMY Yy HUX BXOIATH YACTMHHI NMOXiAHI Bix
KOpeKTOpiB 3a 3MiHHOI0 Xy OpHOodacHO (hOPMYIOTHCA HOAATKOBI KpaiioBi yMoBM
AUl KOpeKTopie Ha Geperax x, = L, /2 (nopiBaaTk 3 [3]).

5. BucHoBkn. Y craTTi 3allpOIIOHOBAaHO HOBY YCE€peHEHy ABOBUMIPHY MO-
Zlenb NMPAMOKYTHOI IIaCTHMHY CepeIHbol TOBLIMHM 3 OJHONEPIOAWYHOI0 CTPYKTY-
poio (TobTo nepioaMyHO B ogHOMY Hanpami). Ila Mogess BpaxoBye macurrabHui
edexT, TOOTO BILIMB BEJIMYMHU MIKPOCTPYKTYPHM Ha MaKpPOAMHAMIYHI BJIACTUBOC-
T1 macTyHK, IlIacTMHY 3 TaKOI0 CTPYKTYPOIO aHaJi3yBaJMCH 0 LbOTo 4Yacy, Ha-
NMpUKJAaZ, 3 BUMKOPUCTAHHAM METOAY acCUMITOTHMYHOI roMoOreHisauii, AKui UM
edexkTom HexTye. IlokasaHO, 1110 NpPM 3aCTOCYBaHHI 3aIPOIIOHOBAHOTO METO.Y,
AKMA BpaxoBye MacIITabHMit edeKT, IIAaCTUHY 3 ONHONEPIOANYHOI CTPYKTYPOIO
He MOJ’KHa TPaKTyBaTH SIK YaCTKOBMI BUITAZIOK ILJIACTMHM 3 JABONEPiOAMYHOIO
CTPYKTYpPOIO, K 1leé MOXKHa poOMTH B aCMMIITOTMYHO 3TOMOTE€Hi30BaHill MoAei.
Opepoxani y npani piBHAHHA MOAeJi BiAPi3HAIOTbCA AKICHO — BOHM CKJajAHimi
(apobsnieno cnabui npunymenHa). Ha BigMiHy Bif piBHAHHB AN IJIACTMHM 3 IIO-
IBIHOIO NePIOAAVYHICTIO, PIBHAHHA IION0 KOPUIYIOUMX (PYHKIA, AKi € AojaTKO-
BUMM KIHEMaTUYHMMM HEBiIOMMMM, € PIBHAHHAMM Yy YaCTMHHMX IOXiZHMX, TOXI
KON/ JUIsi IJIACTUHM 3 IIOJ(BINIHOIO NEPIOMYHICTIO e € 3BMYaiiHl AudepeniiaabHi
PIBHAHHSA.

3’sAcoBaHo, 1110 NPHM 3aKJafaHHI OLHOPIAHOCTI 7 CTAaNOl TOBIMHM ILIACTUHM
Ta NPY OXHOPIZHMX MOYATKOBMX yMOBaX JMHaMiyHi piBHAHHA eBosonii (4.2) Bu-
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KOHYIOTBCA TOTOXKHO, a piBHAHHA (4.1) Ta (4.3) Aal0Th KJacU4HI PiBHAHHA PyXY
nnacTuau Peliceepa — Minjurina. AHaJioriyga CuTyallid CIIOCTepira€TbCA y BuUIla-
AKYy MofeJli IIAaCTMHM 3 IepPiOAMYHICTIO Y ABOX HalpAMax 3 ypaxXyBaHHAM Mac-
mrrabHoro edpexTy, omcanoi y [1].

Y sanpornoHoBaHOMY CII0CO0I MOJENIOBAHHA 3 ypaxXyBaHHAM MacurrabHoro
eeKTy po3B’'A30K 3aJIeKUThH Bi Bubopy Tak 3BaHuX dYyHKUI dopmu. 3a o3HaA-
YeHHAM Ui (PyHKLII AalOTb BUIVIAA BJACHMX KOJMBaHb OKPEMOl KOMipkM mnepi-
oauyHocTi. ToMy BOHM He € JOBINIBHMMM, & BMILUIMBAIOTH 3 IONEPEAHBO
po3B’A3aHOl 3ajadvi Ha BJIACHI 3HaYEeHHA NPHM NepPiOAMYHMX TPaHMYHMUX YMOBaX
(nopiBuaTH [2]).

IInacTuHM 3 ONHONEPIOAMYHOIO CTPYKTYPOI0 MalOTh BeMKe MNPaKTUYHe 3a-
cTrocyBaHHA, ocobiuBO y OyAiBesbHMX KOHCTPYKIifAX. Bike HaBiTh 4YacTKOBuM
BUIIaIOK (3azaya JJIA CMYTM IUIMT) 3aNlponoHoBaHol y pobori monesi, moxe 6yTu
BUMKOPMCTaHMI JJIs1 AMHAMIYHMX oOuMcJieHb epioguyYHo opeGpeHuX CTaJIbHUMX Ta
3aJi300eTOHHMX IJIMT, y AKUX pebpa CMyr¥u IUIMT € HECYUYMMM eJIeMeHTaMM, AKi
poamilleHi nNeprneHAUMKYNAPHO no orop. e icToTHO posmmproe aiana3oH AMHaMi-
YHOTO aHaJidy IUJIUT cepefHbOl TOBIIMHM 3 ITePIOAMYHOI0 CTPYKTYPOIO NMOPiBHAHO
3 3alpoIoOHOBaHii y npaui [1] moaesutio.

1. Baron E., Wozniak Cz. On the microdynamics of composite plates // Arch.
Appl. Mech. = 1995. — 66. — P. 126~133.

2. Wozniak Cz. Internal variables in dynamics of composite solids with peri-
odic microstructure // Arch. Mech. — 1977. — 49. — P. 421—441.

3. Baron E. Dynamic behaviour of plates with a uniperiodic structure (8 gpy-
).

Yevheniy Baron
THE DYNAMICS OF PLATES WITH UNIAXIAL PERIODICAL STRUCTURE

The new two-paramertuical model of an elastic rectangular plate with uniaxial
periodical structure is proposed. This model is applicable to plates with variable width
‘(according to Raisner-Midlin hipotesis) and takes into account the scoring effect on
macrodynamic characteristics of plates. This effect is wusually neglected at known
asymptotical homogenized models of periodical plates.
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ON A CHOICE OF MICRO-SHAPE FUNCTIONS FOR A DYNAMIC
BEHAVIOUR OF WAVY PLATES

1. Introduction. The subject of this paper is a dynamic analysis of the
wavy-plate shown on Fig. 1. It is assumed that: x; = 2(x), x=(x,x,) €ll,

§/l<1, 8/R<«1, 2() — A-periodic function, 1=+1Z+12, A:=(0,L)x(0,L),
l « Ly, Ly — smallest characteristic length dimension of IL

e
i L, e el ek

Fig. 1.
The paper is a continuation of previous investigations given in [1].
Objective:
(i) to obtain the governing equations of the averaged theory of a wavy-
plates for the different form of the micro shape functions for in-plane
and out of plane of the plate displacements;

(ii) to obtain the micro-shape functions from the solution of eigenvalue
problem for a periodic cell A with the use of a finite element method;

(iii) to compare the obtained results from mezostructural theory to the re-
sults from the finite elements method, the homogenized theory and the
orthotropic plates model.

Direct description of the wavy-plate is the same as the one given in [1].

2. Modelling approach. ,
1. Averaging operator. Let f(z) be an integrable function defined on IL In
the sequel, we shall use the denotation

© Michalak Bohdan, 1999
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1
(o) = = | f2)dz dz, . (1)
ll 2 A(x)
2. Long wave approximation. The function F(x,t), xell, will be called the
regular macro function if for an arbitrary zell and every x € A(z), the
following formula holds

vf) [{fF)x)=(f)Fx)] (2)

for Fe{F, VF, F, ..}.

3. Basic-Kinematics Hypothesis

We restrict consideration to the motion, the length of waves is large
compared to the mezostructure length parameter I The displacement field
u;(x,t) of the wavy-plate can be approximated by

uy(x,t) = Uy(x,t) + h(x)V, (x,t), x=(x'x*)ell, t20,

us(x,t) = Us(x,1) + g(x) V3(x,t), (3)
where : U;(-,t), Vi(:,t) — regular A — macro functions (basic unknowns).
The macrodisplacements U,;(x,t) = (ui)(x, t) describe the averaged motion
of the wavy-plates.
The functions h()V,(-,t) and g()Vs(-,t) describe the local displacement
oscillations, caused by mezostructure of the periodic plate.

3. A choice of micro-shape functions. Functions h(:) and. g(:) will be
referred to as the micro-shape functions and are obtained as an approximate

solution to the eigenvalue problem on a periodic cell A together with periodic
boundary conditions. The choice of these functions will be determined by the

analysis of free vibrations of a periodic cell A with the use of a finite element
method.

The form of the micro-shape functions is obtained as an eigenvibrations
form of a periodic cell A
The forms of the eigenvibrations of the periodic cell A: z = fsin(2nx/l)

(where f/1=0.1 and §/1=0.1) together with periodic boundary conditions can
be approximated by functions:

Vibrations in plane h = 1*sin(2nx/l), vibrations out of plane g = I* sin(4nx/l).

4. Averaged description: mezo-structural theory (MST). The aforemen-
tioned modelling hypotheses (1)—(3) lead from the direct description of the

wavy-plate to a system of equations in macrodisplacements U, and correctors

V; constituting the governing equations of the averaged theory of wavy-

plates.
The equations of motion presented below in the coordinate form are
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M - Mg -Ng + N +(p)U* = p',

K"+ +(phh) V" = (p'h), K+L+(pgg)V =(8'9). @
Constitutive equations have a form

N® = DRy« Ho Y 4 g Y

N =pWy +Clky 1Py,

K*=HPy, + H%V, + H® vy,

K= HBU,, + H'V, + H® Y, (5)
Mieb = by _ piedlivy, . gieby . giedy,

pile = _pgialivs B gialir - gl ¥ - BBy,

I* =By, - By, + By, + By,

L =gy, ; - B U, +B¥V, +BPY,,
where we have denoted
D™# = p(H** G! G, Va), HeWM = gl = p(H*P GIGE hyVa),  (6)

H® = gt = p(H*P Gi G g, Va),

D = p < o818 { :5 } GGl JE) cik = p ( HoB1 {:B}GiG: h,s va )
; A i

cB = p < o8 [uB} G,LG;" s JE), Hafu =D ( F Y8 G? G;‘ s h.,13 Va ) i

Ha|3 - H3|C£ =D (H'CBYG GS- G}:g,a h!B ‘JE),

BioBlits = B(HeB pini Jg). Bl - prliod o B(H b nin*a)

Pl = pilieh o p(Hebib g ninig), By o pitied B( HOBrS { 1 }nfnj\[a-.>,
ialjy _ wetv fa | fy | i j ol _ pulia _ Pryd Jou| i

a0 ), 5 o),

B < gt = (s ! n‘n3gi,8~/5), oW = B(H®®h, ; by n“n*Va),

Ba}3 - BBIu. - B< Hﬂsrahhﬂ ghanuna «/E), lea o B( Huﬁy& Gl gh,sn:"ns JE).
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5. Applications. To compare the mezo-structural theory (MST), homoge-
nized theory (HT), the orthotropic plate model and the finite element method
we shall investigate the simple problem of the cylindrical bending of a rec-
tangular wavy-plate. In this case the basic unknowns U; and V; depend only

on arguments x, and t.

1. Mezo-structural theory
In this case, neglecting external loading, the system equations of motion
will take the form

My -My -N3 +N' +(p)T* =0,

M% -M¥ -N¥ + N+ (p)U* =0,

MEZ -MZ-NZ+ N +(p)U° =0, (7)
K'+ I} phh) V' =0, K2+ I2+{(phh)V? =0,

K+ +(pgg)V? =0.
After substituting the right-hand sides of Eqgs. (5) into Egs. (7), we obtain
the system of equations for U; = U,(x,t) and V; = V(x,t).
Let the wavy-plate midsurface be defined by z= fsin(21tx?‘/l) and the
micro—shépe functions by h =[? sin(Zn:rz/Z), g=1° sin(41r:r2/1). Let us restrict

these considerations to the analysis of free vibrations for the unbounded
wavy-plate. In this case, we shall look for solutions of Egs. (7) in the form

U, =0, U, = A, sin(kx,)cos{w,t), U, = A, sin(kx,)cos(ot),
vV, =0, V, = C, cos(kx,)cos(ot), V3 = C; cos(kx,)cos(ot) , (8)

k :=mn/Lis the wavenumber, L being the vibration wavelength (L > 1). Sub-

stituting the right-hand of Egs. (8) into Eqs. (7), we obtain non-trivial solutions
only if

(@)% {p) ~ Cys Css Cas
Css (@)* (phh) - Css Css =0, ' (9)
Cé3 Ces (@)* (Pgg) — Cgq

where we have denoted

Cya = B{H?2 (n®2a ) + [B( szzz([ 222} na)z JE) +D| H?2(G3y? JE)] K2

o G [.B(H”-22 {:2} n2nh,y JE) - D{H®?G} G} h,, Va)]k,

CSB = C63 = [B <H2222 {222} n3n39:22 JE> . © (H.zzzz GgGg 9 ‘\/E)] k ’ (10)
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Css = D(H??2 (G2 h,,)? Va) + B{H?*?(n? h,,, )* Va),
Css = Cs = ~B{H?*n’n’h,5, g,5, Va) - D{H??G2 G} h,y g,,Va),
s = D(H™(G] g,, ’a) + B{H**(n’ g5, )*Va) .

2. Homogemzed theory (HT).

The homogenized model of dynamms of the wavy-plate can be derived
from Eqgs. (7)—(10) by the asymptotic approximation in which the mezostruc-
ture of the wavy-plate is scaled down 1 — 0. Keeping in mind that 3/1 = const,
we shall neglect mezoinertial terms (phh)— 0, {pgg) = 0, and we can elimi-

nate correctors V; in Egs. (7). Now, formula (9) leads to

’ G0 + G0 + 2000
( )(m)z = 0 __ﬁﬁ_&L__iiJi_JLﬂLﬁ (11)
. & TCTW

3. The orthotropic plate model
Let us restrict these considerations to the analysis of transverse vibra-
tions of orthotropic plates. In this case, equation of motion has a form [2]

2

0
By Ussazza +—3 o (PU; -J1 Uz ) =0, (12)
where [2]
By = B————— ; Jy =~ [z +a")pds. 13
22 1+ @ ) 1= ;[ )P (13)

We shall look for a solution of Eqs. (12) in the form U, = A, sin(kx,) x
xcos(wt) . For the free vibration frequency, we obtain the following expression
2 (k) .
©) = -_BRLLE 1 (14)
p+ Jy(k)

4. The finite element method
Now we shall look for a solution of the free vibrations for the simply
supported wavy-plate with the use of the finite element method. The span of

the wavy-plate is equal 10, where ! — mezostructure length parameter
(length of the periodic cell) (Fig. 2)

@

@WWW&A.

10x1=10.0 m

Fig. 2.
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In Table for the mezostructural theory, the homogenized theory, the
orthotropic plate model and the finite element method, free vibrations fre-
quencies shown versus ratio /1, where f/l=1/10 = const.

- 5/1 1/10 1/25 1/50 1/100
oy 12.800 5.263 2.650 1.349
MST Oy 21.221-10% | 16.420-10% | 15.467-10% | 15.214 - 103
o | 34.954-10% | 33.049-10% | 32.837-10% | 32.787-103
HT o 12,803 5.265 2.654 1.339
Orth. : ® 14.050 5.620 2.810 1.405
FEM " & o 13.925 5570 2.785 1.392
MST/FEM | o;/0 91.9% 94.49% 95.0% 96.9%

6. Conclusions.
(1) The finite element method can be successfully applied to determine
the form of the micro-shape functions.

(i) The assumed form of the micro-shape functions h =1%sin(2nx/l),

g= 12 sin(4nx/l) well describes a dynamic behaviour of wavy-plates for

a different ratio §/1 and for the wavy amplitude f < 1/10.
(ili) Only mezo-structural model gives us lower and higher free vibrations
frequencies for the assumed vibrations form of the wavy-plate.

1. Michalak B., WoZniak Cz., WoZniak M. The dynamic modelling of elastic
wavy plates // Arch. Appl. Mech. — 1996. - 66. — P. 177—186.

2. Troitsky M.S. Stiffened plates: Bending, Stability and Vibrations. — Am-
sterdam-Oxford-New York, Elsevier Company, 1976.

Borpax Mixanak

PO BUBIP ®YHRII MIKPO®OPMMU JIJIA IMHAMIYHOI IOBEAIHKM
XBMIACTUX NINACTUH

O6pano Pynxyiero mixpoopmu 04l TEUAACMUX TAACTAUKH 3a OONOMO2010 PO3E’A3-
KY 3a0aui HA 6AACHI KOAUGAHHA KOMIPKU MeProduunOCME, OMPUMAHOZO MeMOOOM CKIN-
YeHHUX eremenmie. Bubpano maxod pieHAHHA PYTY LEUAACTOT NAACTUHU OAf PidnuT
munie YHKYTL MIKPOPOPMU CTNOCOBHO KOAUBAHD Y MAOWUHE MA 3 NMAOWUHU NAACTIUNL.
Ob6uucaeno ma NOpieHANO UACTNOMU BACCHUT KOAUBAHL TBUARCMOL NAACTMUHU, 00epica-

Hi 3 ME30CMPYKMYPHOL, 320M02eHI306aHOI MOTeAi, @ MAKONC 30 MEOPIEI OPNOMPONHUL
NAACTUN T MEMOGOM CKIHUCHHUT enremeHmis.

Crarra Haaiinmia mo pexkodnerii 17.06.99
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DIFFUSOELASTICITY OF PERIODICALLY STRATIFIED BODIES

The diffusion phenomen is often observed in nature as well as it is util-
ized in material technology (for example the thin — film technique). The con-
struction of waste dumps have to take into consideration the diffusion proc-
esses. The penetration of diffused substance in solids can lead to strains and
stresses. The problem of modelling of interactions between diffusion and de-
formation of homogeneous bodies were considered in many papers (see, for
instance [1—3]). In this paper we consider an elastic nonhomogeneous body
which in a natural (underformed) configuration is composed of periodically
repeated two different isotropic homogeneous layers (see Figure). Let hy, hs
be the layer thicknesses, and
h=h;+ hy be the thickness of
X each basic unit of the body. Let

the axis x3 be normal to the
{ layering. Let A®, p®, r=1,2,
( denote Lame’ constants, D

J\ 33

—

= 2"
3]

PP, . N

denote the diffusion coeffi-
cients, ¥ and y.") denote the
\ hy coupling coefficients of diffu-
/ sion and stresses of the subse-
r.h2 x; quent layers, respectively. By
> gy =1, 2 §,j=1, 2, 3, we
denote the components of

The scheme of periodically elastic dody. stress tensor and let 0" be the
components of diffusion fluxes

AN
-

in the layer of r-th kind.

As a basic of consideration the following constitutive relations in the
layer of r-th kind are taken into account [5]:

crﬁ(r) = 2“")81‘3’ + (l{"’akk - yc(ﬂc)ﬁij "

nf ) = _D(T]C-I + x(r)ukfkl )

5 1, for 1=,
7700, for i#j

€y = %(ui'j + '“’j‘i)s : (1)

© Matysiak Stanistaw, Mieszkowski Radostaw, 1999
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where u(x, t) = (u;, ug, uz) (%,1t) denotes the displacement vector, ¢ =c(x, t) de-
notes the concentration of the diffusing substance, and t denotes time. The
equations of coupled diffusoelasticity take the form:

ol + 6%, = o,

M +o=¢, (2)

where p{") denotes the mass densities, X = (X;, X, X3) is the body force vector,
o =0(x, t) is the internal source of substance, B, is the part of the region oc-
cupied by the material of the r-th kind. The equations (2) should be consid-
ered together with adequate initial and boundary conditions.

If the body is composed of sufficiently large number of repeated layers
then it seemes to be useful to apply of homogenized procedure with microlo-
cal parameters [4]. Let an approximate solution of diffusoelasticity for microp-
eriodic two-layered bodies be given in the form:

ui(x! t) = Ut(x$ t) + M}(Xﬂ—ﬂ!
c(x, t) = C(x, t) + alxs) G(x, 1), (3)

where o(:): R—> R is the known a priori shape function satisfying the condi-
tions

a(x3+ h) = a(xs),
x3+h
!a(y) dy =0, |a(a:3)l < h, Vx,eR (4)

*3

and it is given as follows:

x, —05h,, for 0<x; <h,
0'.(-733) — 1&_0.5}11 +_hL’ for hl < x3 Sh, (5)
1-y 1=y .
where
. ®

The functions U;(-), C(-) are unknown functions interpreted as components
of macrodisplacements and macroconcentration, respectively. The functions

W;(-), G(-) are extra unknowns called the kinematical and diffusional microlo-
cal parameters. They are related with the microperiodic structure of the body.

Since |a(x3)|<h for every x3e R, then for small h the underlined terms in
Eqgs. (3) are small and will be neglected. However, the derivative a'(-) is not

small and the terms involving a'(-) cannot be neglected. After some calcula-
tions [5], which here will be omitted, the following system of equations is ob-
tained

RUg; + (""-L +H ) Upi + ] W;;8;3 + WIWs + [A]Wy, -¥.C; +p X, - 6U; =0, (7)
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DCy; +[D]Gy —C+0 = { Uppss —[X] Wy = 0
and
-{l4] Uy +Usgy)+[A] Uk'kaia} + [Yc] Cdyy=pW, + (l + ﬁ) W, 6,5,

[DIC; + DG - [x]Upps = AWas = 0, (8
where the material parameters in Egs. (7), (8) can be expressed in the form:

F=fO-a-nr2,

[A=v(f - 72),

} — f(l}], g I_Tj_yf(Z] : (9)

for an arbitrary h-periodic function f() taking a constant valve f(* in a layer
of r-th kind (the material parameters can be obtained by substituting for a

functions f(-) the h-periodic functions A, u, %, p, Yo, D). The equations (8) con-
stitute a system of four linear algebraic equations for the microlocal parame-
ters W; and G. The microlocal parameters W;, G can be elimated from Egs. (7).

The stresses 0;{" and the diffusion fluxes n,” in a layer of r-th kind are
expressed in the form

qg) =-D"Cyg + x(")(Uk.kﬁ + o' Wy ),

g’ = -DCy + &' G) + YUy + &' Wyg),

o) = W (U, +U)+ (0 (U, + ' W) =98 Cls, ,
of) = p(Uy, + Uyg + ' Wy),

o5 = 2u" Uy, + o' W) + A7 (U, + o' W) - yIC, (10)

r=1, 2, B,y=1, 2,
where
' 1 for r=1,
. ={——1—, for r=2
T |

It can be shown that the obtained components of diffusion fluxes n3™
and stress tensors o3, r=1,2; i=1, 2, 3, satisfy conditions of continuity on
interfaces.

The presented model of diffusoelasticity in periodic two-layered bodies
can be treated as a basis of theory and a starting point for applications in en-
vironmental engineering, composite materials.

Assuming that the considered body is homogeneous, so p(!)=p(2)
AD =22, yD=p@ 5D =5@ DO =D@) y M=y the presented equations of
homogenized model reduce to the relations for homogenized bodies [3].
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Cranicaas Marucak, Pagociaas MelmkoBchKMit
IUPYIINHI IPOIECU B IIEPIOAUYHO INAPYBATUX MPYIKHUX TIJAX

V pobomi npedcmasaeno zomozenizoeany modeas dudysii 8 npyHHUT mixponepio-
Juunuxr wapysamux cepedosuwax. Pose’asxu nobydosant 6 pamrxax AiHIUHOL 36'13aHO1
meopii mexanodugpysii [1—3] Ha ocHosl npoyedypu 2om0zeHI3aUIL 3 MIKPOAOKANLHUMU
napamempamu [4). Pisnannsa zomozenizosanoi modeni eupaxcaromses 3a 0onomozow He-
sidomux MaxKponepemiujersb, MAKPOKOHYEHMPAYTE MA MIKPOAOKANLHUT NAPAMEMPIE.

Crarra Hagiimuna go peakoderii 11.08.99
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. Muxaiiynio Jdenascekmif, B’eciag Harypko, Makcum KpaBuyk

Axademin Texniuno-Pinvruua im. A. 1 A. Cuadeyxix, Budzow,
T'onoceHna wxosa cinbevkozo zocnodapemea y Bapwasa
dizuko-mexanivnui tnemumym im. I'. B. Kapnewxa HAH Yxpainu

METOJI POSPAXYHRY HAIIPYM:EHO-TE®OPMOBAHOIO CTAHY
IAPYBATUX BAJIOK

PoarisHeMo lH1apyBaTy NPAMOKYTHY 6aJIky, CKJIafeHy 3 OPTOTPONHMX Ila-
piB i BinHecemo ii mo mexapToBoi cucremu kKoopamHaAT x;0x3 3 IMOYATKOM y reo-
METPMYHOMY LEHTpi cepenHboro mapy. ITose mepeMimiens y k-my 1mapi Takoi

pamxu u® = {u}k},ug‘),ug‘]} omucyeThesa pyHKUiaMu [1]
“Ekl = u(%,,0,%,), “:(zk) = uy(21,0,%;), ugk} =0, (1)
AKi Bubupaemo y BurasAni

S ) . ® 5
o = 518 @7 o80) 450 ()2 o)

m=1

K _ e [ m® RE 3™ [ g\ e (1]

uf = 3 iy @) (=) + A0 (=) T @), @)
m=1

BpPaXOBYIOYM YMOBM cuMeTpii 3azjaul, ie CMMBOJIOM T,;tm(:x:j) No3Ha4YeHo (PyHKLUil

:nm(xj) - - ;m(x )= singt. Uz

(3)

CumBos «~» O3Ha4ae, Lo CKJIa JOBI BEKTOpa nepeMiLueHb € aHTUCHMMEeTPMYHUMMU

CTOCOBHO 3MIHHMX X] 1 X3, 8 CMMBOJI «U>» HaJIEXKUTh [0 CUMETPUYHUX CKJIaJIOBUX
BeKTOpa nepemimeHs. [J1A cCMMETPUMYHOIO HaBaHTAXKEHHA IoJle IepeMilleHb Ha-
OyBae BUTIALY

u}k) = i{ 1[(17}:.) (371)51“( ) fllt:-;rii;‘)( (k]) 1“(5;1[1]371)},

m=1

1 + (3] 31k « [1]
9 = 3 A eos (") A2 a8 cos(65, "), @
m=1
. o106 .
ne fi[(’g‘)(a:j) HeBifomi cyHKLUI]; 8,,2’]( = (2m—1)n/2a§k), 1, j=1, 3. 3ajauy pos-

B’'A3y€MO OKpeMo AJA KOXKHOIo lapy Kk, a Bigrak 3mmBaeMo OKpeMi po3B’s3KM
LUIAXOM 3aJIOBOJIEHHs YMOB CHal0 Ha IOBEpXHAX mnoAwry ruapie. Tomy Hapmaumi
ignexc «k» npomyckaemo. Bukopucropyiouyu reomeTpuuHi criiBBigHomenus Kouwi:

€y = ‘z[u + u;,z] Yij =285 (E#7]), (5)
disuuni criiBBijHOIIeHHA 3akoHy ['yka [3]:
Gy = bijkt €k (6)

© Henascexuit Muxaiino, Harypko B’ecnas, KpaBuyx Maxcum, 1999
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Ta pIBHAHHA pPiBHOBaru
Oy + 0133 =0,  0y3;+0333 =0, (7

ANA Iapy 3 HoMepoM Kk IPMXOAMMO JIO CMCTEMM JABOX AU(epeHIliaJIbHUX piB-
HAHb Y YaCTMHHMX MOXiAHMX, sKi € DIBHAHHAMM piBHOBarm (y IepeMillleHHAX)
PO3IIIAAyBaHOro mapy.

byy uyqy + (by3 + bss)us,za +bgs Uy 33 =0,
byg Uz 33 + (b + bsg) uy 13+ bss uz;; = 0. (8)

IMigcraBnAooun B 1 PIBHAHHA NpeICTaBJeHHA (4) A CKJIafOBMX BeKTOpa
nepeMimesb i po3AinAOYM 3MiHHI, ZicTaHEMO cucTeMy 3BUMaiHUX Audepenijia-

JIbHUX PIBHAHL CTOCOBHO HEBiNOMMX (PYHKLIiA f[’{!m)(xj) :

by (1) @) }

Z{ Al il @)+ CP%] Ailns =0. (9)
r=]

Koedinientn A}ﬂ}, C m BU3HA4YalOTBCA TaK:

Afhy= by, A= b8k 5:F cli=0, cli=0, all0;

C = —b3 5;[13]2: ch [m A iy A {3] )y -by; 5:1;[1]2;

3 (m)™ 21 (m)»
3 1 _ 1. 3] _
Cm=0: Cla=~(uy+)8lT: cll=0. (10)
Poss’askyu cucremu audepeHuianbHnx piBHAHL (9) Bubupaemo y Burasai

Ul _ pli

foomy =R (m}exP[K(m)xJJ (11)
e RU S 1 ?CZEL) — HEeBIZoMi KOMILIEKCHI NlapamMeTpu:

B _ ol (3] «lj)

Rty = Cllmy + 8%y, Wiy = i)y + i3, | (12)

IlincraBasaouu poap’saku (11), B piBHAHHA (9) npuxoammo Ao oxHOpimHOi
cucTemy JiHIAHMX ayreOpMYHMX pIiBHAHB CTOCOBHO HeBijomMux koedilieHTiR

RE(]m]. 3 piBHOCTI HyIO iX BM3HAYHMKIB OJlEPIKYEMO XapaKTEPUCTHYHI PIBHAHHA

Ha NapaMeTpu ?L(m} :

32 13- 306 3l
ZA(m) (:r':u Zc(m)l(r{t) _ZA(m) (34} ZCR,{) (,i.) " =0. (13)

r-]. 1-=1
Koxne 3 1MX piBHAHb € PIBHAHHAM YETBEPTOro NMOPAAKY 3 MIMCHUMM Koe-
- i . A ' ; : x ]
ciugicHTaMy i MIiCTUTBL TiJIBKM HapHi cTeneHi napaMeTpiB l},ﬁ,). Tomy BOHO Mae

4OTUPYU AiMCHI ronapHo piBHI KopeHi. Y peaysbTaTi 3arajibHMiI PO3B’A30K CHC-
temu (9) HabyBae Burnany [2]
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4
Foomy (oe7) = Z{? L mexp [Ximy2;)- (14)

v=l

KoedinienTtn Rg{]m) i R{ﬂn] JigiiHO 3aJexKH] (R a(m)= R g B ]) , Aie

[ 3)%
gl = bun W =bss e _ Baig W —byyy e Y =L /81 (15)

[T v : 1
(byyss + bss) YY) (byy33 + N
Y pesysbTaTi OAEpIKYEMO 3araJibHi BUpasy A NepeMilleHs

w = 33 R, [Bl € sine, |+ R 8, B8 eo)sinsli .

mslv=]

o ZZ{R b IRWEW  (&)cos S, |+ R B [k (m)(gg)cossf”gl]} (16)

m=1v=1

i nna Hanpy’KeHb:

gy = ZZ{R 51(1‘1;)8:'{13] (buu‘([l] - b1133K9])E\[}(]m}(£1)5in 52;1]53 ¥

m=lv=1

3 * 3 3
+ R i(ln.) 5 5 (bmx + b1133K[3] : ])EE{Ln)@s)C(JSﬁ[;Egl },

1 #| 1 5
G35 = ZZ{R N S (byugs¥™ - bygss KU E EUL . (&,)sin 85, +

m=lv=l

3] ot 3] 131\ I3 1
+ {3 [l[}m] ‘51:[1.](51133 * baaasKE» : & ]) v[]m (3 )0055[ ]E.u}

1] o3 1 1
Gi3 = b1313 ZZ{ %(lm}anl; ](1 + KE”Y[ }) E,fm)(&,l)cos 5m§3 T

m=1lv=]

3 5
+ R, 53 1 - KB, (6)sin S, |, (17)

X x 1
ae E.»l = Elli ‘53 = &f' ELJ(]m)(gj) exp{ v{m)g_‘f] l{igm} lea a; /a3—j

fx npuknan posrafAHEMO NoNepedyHMi 3rMH TPHMIIAPOBOi BiNMbHO omeproil
Ganku. Ha kpasx & =+1 mNOBMHHI B3a/IOBOJIBHATUCH YMOBM: Uiy =0,

cnklgﬁ 0. BukoHaHHA IMX yYMOB IIPM3BOJMTH N0 PiBHOCTI HyJdI0 Koedili€HTIB
R Eﬂm-— 0. HaBenemo kiHueBi copmym:

u = ZZ { [1(’»!“) exp llfgm)(ga)sinal,:fﬁl]},

m=lv=1
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o 4

) = 55 { R K p %8, e coslle ] 09
m=lv=1

@ _ e [ o3 olt] () opnn 43 1)

i1 = ZZ R(m)5 Cu exp A, (m)(§3)0055 &
m=lv=]

4 o 4 @) _,

ol) = ), Z{R{?L,ﬁﬂ‘f‘ C Qexp ?L”%m)(&a)cos 8t fil} (19)
m=lv=1

) 0
off = 33 REs1 5 Dexp Al (e, sin il |

m=1v=1

TyT yBeneHi No3HaYeHHA:

: 31(®) 330 318 r33(d)
C® =Bl L Bl g,

: 3{5) g1(7) (%) 3(")_
~ 11 = %1 1133 ; C 3=l + bl K&;] 'r'[] ;

- 33 — V3311 3333
; (1) (1) ()
5 Q= o (r° - k%) @)

t — HoMmep wmapy. Hesinomi xoedinienTn R 1{m) BM3HA4YalOThCA 3 TPaHUYHUX

YMOB Ta YMOB CIaio.

1. Jeaseckui M. B. AHanus HanpsxKeHHO-ZehOpPMUPOBAHHOTO COCTOSHMA Op-
TOTPONHBIX IUJIMT TIOZ AeiicTBMeM uarubaromest Harpysku// IIpobs. mpoyso-
cti, — 1995. — Ne 11-12. — C.45-53.

2. Delyavskyy M., Podhorecki A., Nagorko W. O pewnej metodzie wyznacza-
nia odksztalcen i naprezen w prostokatnych belkach ortotropowych
// XXXVIII Sympozjum PTMTiS Modelowanie w Mechanice, Politech-
nika Slaska, Gliwice. — 1999. — No. 9. — S. 51-56.

3. Lehnitski S.G. Anizotropnye plastinki. — Moskva: GITL, 1957. — 464 c.

Mykhailo Delyavsky, Wieslaw Nagoérko, Maksym Kravchuk

THE METHOD OF STRESS-STRAIN STATE CALCULATION
OF THE MULTILAYERED ORTHOTROPIC BEAMS

The methodology of calculation of stress-strain state of multilayered orthotropic
beams that are differently loaded is developed. The problem is solved separately for
every layer. The unknown parameters of the problem will be determined from the
boundary conditions and conditions of perfect mechanical contact on the common sur-
faces of the layers.

CrarTa Bagiiimia go peakoserii 15.06.99
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YK 539.3
B’ecna Harypko, dpocias 3eninceki
F'onoena wixona ciavekozo zocnodapemea y Bapwast

PO MOJAEJIOBAHHSA TEIJIONIPOBIAHOCTI ¥ IINIACTUHAX, YTBO-
PEHUX NEPIOIUYHO HEOJHOPITHMMMU IIAPAMMU

1. Beryn. PosrmsagaTuMeMo IIaCTUHY, fKa 3ajiMa€ y TPUBMMIPHOMY IIpoc-
Topi ob6yacTe QQ, i AKY B NPAMOKYTHI CMUCTEMI KOOPJMHAT MOXKHA IMCATU BHMpa-
som Q=IIx(-h,h), N1 < R?, (-h, h) c R. KoopauuaTu Touok obmacti Q mo-
3HayuMMmo yepes (x,, x,, y), a obmacti Il - BianoBigHo wepes (x,), a =1, 2.
Hexali mnepeMilleHHAMM TOYOK IIacTMHM OyayTe BemnmunmEm v =(v,), ZHe
v,:Q2->R, k=1, 2, 3 — perynapsi ¢ysxnuii. IIpoctip BeKTOpHMX (YHKIIA ¥
nos3Ha4ymmo yepes V.

IIpunycrumo, 10 MJIACTUHA CKJIafaeThest 3 ImapiB Q°, c¢=1 2, .. ¢, 21
Taknx, mwo Q° =IIx(y.,, y.) i ~h=y, <y, .. <y, =h (puc. 1). Koxumii map
Q° € nepiofMYHO HEOTHOPIMHMM, NPUHYOMY Y HBOMY MOYKHA BUALIUTHU €JIEMEHT
nepioguuHocTi A° X% (y,,, y.) Takmit, mwo A° < Il € DpAMOKYTHMKOM 3 NapaJje-

JILHMMM J0 oceif x,, X, cTopoHamu [, I .
A

o

Puc. 1. NnactuHa, ska cknagaeTbCs 3 NepiognyHo HEOAHOPIAHMX LWapiB.

Tycruny nnacTueHM nos3Hauumo depesd p =p(x;, X,, y). a dyHxuia rex

nepiogu4Ha cTocoBHOA®. BBaxcaemo Takox, 1o p(x,, x,, y)|ye(y i = plz, ),
e=l1 ¥e
ToGTO rycTHHA He 3MIHIOETHCA Y3A0BK TOBLIMHM mapy OQ°.
Oroxe,
plxy, T, y)=p(x,, ;) =p°(x, +1, x, +1;) (1.1)

nasa Beix (x;, x,) €Il Takux, mpo (x, +1;, x, +1;) eIl npu ye(y.,, 4.)-
3anuiueMo PiBHAHHA TEPMONPYKHOCTI JJI POIIISHYTUX TLIACTUH

(Vv e V) _[(c,ds,,, - b, +ptiv, )dv = _[ p.vda,
o a0

© Harypko B’ecyas, 3esmiucskiifpocaas, 1999
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(VQ, c Q) Igdv-!— Ih,.n,.da. =5 Ipcpﬁdv, (1.2)
& a0, dt o
Jle HanpyJsKeHHA, JecdopMallii Ta MOTOKM TeIIa MalOTh BUIJIAL

1
O = Buymnbmn — M0, &y = E(uk a ), M=K, 0, (1.3)

0 — Temneparypa Tina; (b,) — macosi cuau; (p,) — roBepxHeBi HaBaHTaXXeHHH,
g — TeIulo, AKe yTBOPIOETHCA BCcepeAuHi Tija, (n,) — KOMIIOHEHTM OJMHUYHOIO
BEKTOpa, HOPMAJIbHOrO [0 MOBEPXHi JOBLIbHOI migobnacti €Q;; (c,) — Temnoem-
HICTE.

Bemywumnn B,,,, XapaKTepuayiOTb NPYHI BJACTMBOCTI IJIACTMHM, Ay —
MexaHiuHi i Tepmiuni BracTuBocTi niactuaM, K,; — il TeronposiaHicTs. Boxu €
TeH30paMM BiAmoBiHO uYeTBepToro i apyroro nopsaky. CxanspHi dyHKuii
Bymns My Ku: Q—>R, k, I, m, n=1, 2, 3 € nepioguynumMyu GyHKLUiAMN CTO-

e

coBHO A° (amanoriyHo gmo (1.1)). Takoxx mpumycTumo, mo B Q° BOHM He 3aje-
kaTh Bif y. 3 3ajnexHocreit (1.2) ta (1.3) BuzgHO, 1[0 NepeMillieHHA Ta TeMmnepa-
Typa y mwacTuli nepebysaioTs HesaJsiexkHo. ToMy IJia NodYaTKy MOAaMO CIpoLie-
HY MOZeJb ONMUCY TepeMillleHb, BBa’kKal4y, IO TIIOJle TeMIepaTypn

6(x,, x,, y, t) € Bimomum.

2. IBoBMMipHA MOAeN b IJIA NepeMileHbL. Y KOXKHOMYy miapi Q° mnepemi-
meHHa v, = v (x, x,, y, t) B iHTepBam Y€ (y.,, Yy.) anpoKCUMyBaTUMEMO
TaK:

vk(‘r]:mz’y: t)lyc(y:_l,y,) = v:—l(xl'xz’t)gﬂ“l (y) ¥ ‘v:(xlv"rzyt)gc(y) ] C= 1! ey cu:
ne vp(x,, x,, t)y=v.(x, x,, y,, t), a=0, 1, .. ,c, — LIyKa”Hi nepemillieHHs I10-
BepXoHb NoAiTy wwapis. Ilpocrip gyHKit (v}, Uy, - , UY) MO3HAYMMO Yepes

T. ®yuknii £°(y) Bimomi. IIpumycTmmo, 1o BOHM HemepepeBHi Ta oTpuMaHi 06TuU-
HaHHAM &yHKUil Z,(y) Ha iHrepBani (-h, h). Pynknii E (y) Bu3HaveHi Ana
yeR mak, mo E (y)=0 gnma y<y,, abo y2y,,, E,(y,)=1, a=01, .., ¢
Ta y,=-h-1,y,.,=h+1 (puc. 2).

3BiacK BUILIMBAE, 10 NepeMillleHHs y MJacTHHI MOXKHA IIOJATH Y BULIIALI

v (X, 35,9, 1) = v(x,, 25, 1)E°(Y) - (2.1)

Takuii MOAIN NMIaCTMHM MOXHa BBa<aTy 1i JMCKpeTHU3aLi€l0 Ha eJleMeHTH,
axumu € mapyu Q°. Toxni dynxuii £ BinirparoTe pons dynxuii dopmu.

HincraBasnoun (2.1) y (1.3);.2, a notim y (1.2); Ta iHTerpymouy OCJHiJJOBHO
mo inTepBajax (Y., ¥.) ¢=1, 2, .., ¢,, O#epPKyeMO CIIBBIJHOLUEHHA OO

HEeBiIOMUX IepeMillleHb IOBEepPXOoHb noxiny wmapiB. OCKINBKM BOHM 3aJleXaTb
TiNILKM BiZ 3MiHHMX B obnacTi I, To 3anporioHoBaHMI ONMMC € ABOBUMIPHMIL.
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Zea®)  Ee,(¥)

Y

I L x !

Yeya Yeya Ye, = h h+1

Puc. 2. ®yHKUii bopmu AnA nepeMillieHsb.

3. Ycepenuena MojeJas JJIA nepeMileHb. 3TilHO 3 HAaIIMMU NPUMNYLIeHHA-
MM, KOXKHMI 3 IIapiB NJACTMHM NepioAM4HOo HeomHopinmHumi. EnemeHTOoM nepio-

AVYHOCTI € MpAMOKYTHMK A° 3 posmipamu I, I;. Hagani posriaaaTumemo nia-

CTMHM, JJIA AKMX eJleMeHT A° MOXHa NOAIMUTM Ha NPAMOKYTHMKM, AKi BXke €
onHopigHumu. Hexail 1i enemeHTM MalOTh CTOPOHM, IlapaJieslbHI N0 oceli Ko-

opaunat. Ilosraunmo ixui goexxuuu wepes L, b, =1, 2, .. ,ny, =12, .,m,,

Ty m,

npugomy L =I5, I5 = il;:" IIpamoxyTHuk 3i croponamu I, l,;; mosmaummo
= i=1

cij

uyeped A™. 3riAHO 3 HalIMMM NPUITYINEHHAMY KOXKHa CKJajioBa Aj; BiKe OIHO-

c
klmn

pigHa, Tob6TO MNA (X, T,) € Af.j. dbyHKLil € CTaJIMMU:

¢
kimn

(x,,x,) € B,

imn *

ITonibni mpumyineHHs NpMUiMEeMO TaKOK CTOCOBHO yHkLA A, i K

(@, ;) = A, Ko (2,,) = Ko,

mn

nas Beix (x,,x,) € A,
Bupasu (1.2) Tenep MoykHa 3anucaT y BUIIAAL

Ve
(Vv e V) IZ I (B:Imum m Ok —Ag 00, b, + p"iikvk)dv =

me=ly
= [(pi +pi)vida, (3.1)
91
ne (py), (py) — HaBaHTa)XeHHA BIAMNOBIZHO Ha BepPXHii | HMIKHIA MOBEPXHAX

TLJIaCTHHM.

Meron ycepenHeHHs, SAKMUi IPOMOHYETHCA 3aCTOCYBaTy, HE MOXKHA BUKO-
puCTaTH JJA JOBLILHOrO nepiogmysoro Kommnoauty. Bin norpebye, mob xomipok
nepioguyHocTi y komnosuTi 6yno mocuts GaraTo Ta, mo6 ixHi poamipyu Gysm Ha-
GaraTo MeHIIMMu Bix poamipis yciel nuacTuHm. ¥V uiit npauni ckopucTaemMoch Teo-
pi€0 MiKpOJIOKaJIbHOI roMoreHisauii 3 BUKOPMCTaHHAM alapaTy HeCTaHAapPTHOTO
aHaJizy [1].
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Hexait p°,B;

Imn 2
MeHT GyB 3MeHIIeHuii y n pasis (poamipyu enementa Temep € L' /n, I/n), a To-
BIIMHA 3aJmMilaeTbeda 6e3 3miH. SAKINo Takmii KOMNO3UT Haji 3aiiMae KoHirypa-
uiro Q i girors Ti cami MacoBi cuym b Ta HaBaHTa)KeHHA P, TO 3ajlaya JIJIA TaKo-
ro KoMmosury BiznpisHserTscsa Bim (3.1) Tinbku TuM, mo samicte p°, By.., Ay

w — OYHKIil KOMIO3UTY, y AKOMY po3IIAnyBaHuiA eJe-

rmotpibHo migctaBuT Ao (3.1) dyrkuii p°, B,,.., A . Po3B’saA30ok niei HoBoi 3a-
nayi, AKMI NO3HA4YMMO yepesd uU,, [IePeBa’KHO BIJIPI3HACTBCA BiJ PO3B’A3KY U,

sagadyi (3.1). BumaraTumemo, mo6 1i pos3B’sA3kM BifipisHAMMCA MiXkK co0o0 NnopiB-
HSHO MaJio, To6TO pisHMIA

a’k(xl ;332,'.1},3) . uk(‘rl 9x2:yst) = ﬁk(mllxzty!t)
Byna NMoOpiBHAHO MaJIO0 CTOCOBHO U, MJIA KosKHOrO (X,,X,,Y) € Q. fAxuo ue Bu-

KOHYETBCA JAJIAA KOMKHOrO M, TO, PO3IIANAIOYM XapaKTepHMi ejleMeHT Oe3MerXHO
MaJIMX poaMipiB €, €,, MaTMMeMO, IO ¢yHKIil %, HabyBaioTh Ge3MelxHO Ma-

JIMX 3HA4eHb U, , a U, CTAlOTh (PYHKUiAMYU u, , BUBHaYeHMMM B ' 3i 3Ha4eH-

HaMu B R, ne Tlc 'R*; 'R € MHOXMHOIO BCiX uYMCes BUIVIAAY X =& +§,
x € R; € — poBinbHe HecKiHueHHO MaJe unciio [1]. Oraxke,

o~ * 3
uk("rl&mvyst)= uk(mlrmmy:t) + uk(xlixzsyit)° (32)
Ha neckigueHHO MaJi uineHM “u, HakJjazgaemo Tenep B'a3i. Ilpmitmemo, 1o

‘e (g, 2, y, 1) = EX (R (x,, 2,)q, (2, 2,, 1), (3.3)
Zle mifcyMOBYBaHHA 3a § BigOyBaeTheA Bifg 1 fo s;; g, € cTaHZapPTHUMYM (PYHK-
uisMy, Bu3HaveHuMyu B 11 3i 3HAYEHHAMMU y 'R?. Hazupatumemo ix mixposio-
KaJnpHuMu napamerpamyu [2]. Pyskuii h;

yepes Q.
BipryansHi nepemimenua o, HabyayTs aHajoriysHoro zo (3.2) i (3.3) Buraa-

= sigomi. IIpoctip (g, ) No3Ha4YMMO

ny. MikpoJyiokalbHi napaMeTpy [JIf HUX NO3HAYMMO Yepesd 1" .

BukropucroByoun MeToJi HeCTaHZapTHOTO aHajidy, BapialiiiHMii NPUHIMI
IJIA 3rOMOreHi30BaHOl NepioAMyHo HeoxHOpiAHOI ItacTuHY Habyne BUriany

(V(v",v’,..., v‘”) € T)(V(r“,rl,..., ) 15 Q) I{[ P (‘r]';‘jufn 5 +n§;qun‘) +
n

cij cab_c _.a cij ncb b cif cha {39 caP _as
+BiimaHs Mglm — MOy ]”k Yo +[Bk3,..pus (ns‘juk 3 TNijs Om ) +
cab ot

cif c_.a i neb” cb eij, eab_.¢ +a b
+By3matas NigUm — A0y — b +p™p nejuk]vk +

ij b abao
® I:B;:'mﬁum (n:ju:l if +T]:jst |?‘q'm ) +
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+ Bl MGy, = 205" |nfdv = [(piv} + pivf Jda (34)
n
' Ve Ve
ne p = [egdy, et = [ €, Edy,
Ye-1 -
Ye - Ye
= | B dy, b = [E&bdy,
He Yoy
a TaKoXx
l:l; 1 a b
Ny = -ﬁj e =7 [hipde, Mg = E% Ry b da. (3.5)
Dynxuii 9‘J ; Bff ; Gf::“ € BU3HAYeHi 3TiHO 3 3aJIEKHOCTAMM
02 = [ e*0dy da, 07 = J‘ j £, 6dyda,
l] ﬁ.} Ye-1 l]lz ﬂ We-1
o = = j K. jgbedyda (3.6)

Ve-1

CniBBi,zmomeHHH (3.4) pazom 3 Bupasamu (3.5), (3.6) onucyOTh NOBeHiHKY
IJIAaCTMHM IiJl BILJIMBOM HaBaHTa’KeHH# 1 TeMnepaTypu.

4. Ycepenunena mopenn Ans Temmepatrypu. Hexait QQ° — noBinbHuit map y
nnacTyHL. Brume HeoaHopinHocTi 1wapy Ha Temnepatrypy O(x,x,,y,t),

(x,,x,,y) € Q° posrmazaTUMEMO, NPUIIyCcKalouy, 110 ii MOMHa MOJATHM y aHAJO-
riugomy no (3.2) Buraazgi

e(xl!‘rZ’y! t) = Sc (Ilst! y- t) +8 8: (xh‘rz:y) t) ]
ae 9. (2,25, 9, 1) = L (x,, 2, )7 (2,25, 9, 1) -
Dyukuia [ (x,,x,) Bigirpae TyT poss, aHaoriuny no h;(x,,x,) i € dpyHsrui-

€0 ¢dopmy; y; — Hesimomi ¢ynkuii, Aki € mMikposokasbHMMN NMapaMeTpamMy A
TeMIIepaTypu.
3rigHo 3 [2], ycepenHeHi piBHAHHA Ha TeMIepaTypy HaGyAyTb BUIVIALY
cij

K (n58en +ny. ) +9° - sm5d8° =0,
K> (nms g +nf,“,}“y“) =0, (4.1)

ne Tl., € BU3HaYEeHMMM Tak caMo, fAK i (3. 5)1, a nm': iHmmMx KoedpiienTiB npaBu-
JIBHI anIEﬁCHOCTl

J‘Z,,nda, ﬂf}::“-lc I""‘ :!m

cn
T]:'js =
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= et | (42)

(y,22,4) € A

1
c o a b
a Takox g¢° = R j h{\ b,y da.
A x{Yeoq, ¥e)
IOnsa Todok (x,,x,,y) € 0Q° ~0Q N OQ° npuitMaeMo yMOBM BiJIBHOTO TIPUTOKY
Tera.

3asnaummo, 110 BCi BeJMuMHM, AKi BXOaATh y (4.2), aHaJsoriyHi 10 BeauuuH
(3.5) i € uncaamn.

5. BucHoBKkmM. Bupasu (3.4) onucyoTh NJIACTUHY, AKa CKJIAJAEThCA 3 nepio-
OUYHO HeogHOpinumx Imapie. Beenensa B'aAseit (2.1) pajso 3Mory 3aMiHMTM BifgHe-
ceHe N0 TpMBMMIpHOi obJyiacTi nmepemilleHHs (YHKLIAMM, BU3HAYEHMMM Ha IBO-
BUMipHii obnacti. B’ssi (3.3) 1 ananoriybi B'A3l ANA TeMnepaTypy, CIPUYMHAIOTH
Te, 0 y caiBBigHoweHHA (3.4) i (4.1) Baxe He BXOJATE CUJIBHO OCIMIIOIOYI MaTe-
pianbHi dyHkUii, a Tinekn nocriitHi. HeBinomumnu bdbyHKuiamMuM y uifi mMopmeyi €
nepeMillleHHA IOBEPXOHb MOJNIy MIapiB y IJIACTMHI, TeMmIepaTypa i MixpoJo-
KaJIbHi apamMeTpy, AKi OMMCYIOTh BIJIMB HEOJHOPIAHOCTI MaTepiaJy.

- Cepen BBefeHUMX NPUITYIIEHb BiA3HA4YMMO JBa: oJlepiaHa Mojeldb Moxe Oy-
T BMKOPUCTAHA TUIBKM ANA IUIACTMH, Y AKMX € 6araTo KOMIpOK NepioJu4HOCTI,
a KiynpkicTs mapiB Moxxke OyTyu NOBINBHOIO, IPOTe HE NYXKe BEJIMKOI0.
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Wyeslav Nagurko, Yaroslaw Zelins’ki

ON HEAT CONDUCTION MODELLING IN PLATES
FORMED BY PERIODICALLY NONHOMOGENEOUS LAYERS

The paper deals with modelling problems of layered elastic plates. By means of the
homogenization method based on the nonstandart analysis we derive homogenized model
of layered elastic plate in which each layer is composed of n different homogeneous
anisotropic linear-elastic elements.
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PLANE CONTACT PROBLEMS FOR A LAYER RESTING
ON THE COMBINED FOUNDATION

1. Introduction. The plane contact problem for an elastic layer which
rests on the rigid planar base was studied in [4] Analogous problem for a
layer supported by the Winkler foundation was solved in [2]. In this contribu-
tion we consider the
contact of a rigid
punch with an elastic
isotropic layer resting
on the combined foun-
dation, which is a
combination of the

]

_\

-

§ [ ——
N
N

rigid base and the ! y y

Winkler medium. Two LY -a a x ALY —a T a > |
cases of the punch ge- NIT [/ gl L4 [y
ometry are considered: //////// < TTT 7T

the parabolic cylinder a b

(fig. 1,a) and flat strip Fig. 1.

(fig. 1,b).

The problems involving an underground excavation have the great prac-
tical importance in geotechnics and mining engineering. Previously [5], the
similar axially symmetric contact problems for a layer supported by the com-
bined foundation was studied.

2. System of integral equations of contact problems. Mathematically, the
problems formulated above are reduced to the solution of Lame equations

2(1 - ")u,u +(1~ Zv)u'yy By 0, - 2")”,3:: +2(1- v)v,yy Py = 0 (1)

with the following boundary conditions

T@&H) =0, |rf<w, (2)
o,®xH) =0, |z>1, vx,H) =8 -gx), |x=1, 3)
T,@0 =0, |t<o, (4)
vx0) =0, |r>a, 0,(x0) =kvx0), |x<a, (5)

where Oxy is the system of Cartesian co-ordinates; u, v are components of the

displacement vector; o, 1, are components of the stress tensor; v is Pois-

son’s ratio; k is the stiffness of Winkler material; & is the punch rigid dis-
placement and g(x) is the function describing the punch geometry.

© Wozniak Margaret, Pauk Volodymyr, 1999
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The solution of equations (1) obtained by the Fourier transforms [3] has
the form

uwx,y) = —E 51;; :[{A(a) sinh(ay) + B(a) [X1 - v) cosh(ay) + ay sinh(ay)] +

+C(c) cosh(ay) + D(a) [2(1 - v) sinh(aty) + oy cosh(ay)]} sin(ox) do,  (6)
v(x,y) = \E i—aj‘{—A(a) cosh(ay) + B(a)[(1 - 2v) sinh(ay) — ay cosh(ay)] -

- C(a) sinh(ay) + D(a) [(1 ~ 2v) cosh(ay) — ay sinh(ay)]} cos(ox)dar,  (7)
o,,®Y) = ~E]’ afA(a) sinh(ay) + B(e) ay sinh(ay)] +

+C(o) cosoh(ay) + D(a) oy cosh(ay)]} cos(ax) do (8)
T(@Y) = —‘Ej'a{A(a) cosh(oy) + B [-sinh(ay) + ay cosh(ay)] -

0

- C(a) sinh(ay) + D(at) [cosh(ay) + oy sinh(ay)]} sin(ax)da , (9)

where p is the shear module of the layer and functions A(a), B(a), C(a), D(at)
are unknown. For the determination of these unknowns the boundary condi-
tions (2)—(5) must be used. Note here that the boundary conditions (3), (5) are
of mixed type at both upper and lower surfaces of the layer.

Applying the method of dual equations we obtain the final form of sys-
tem of two integral equations of the contact problem under consideration for
the contact pressure p(x) and the function h(t)

h(t) - t [h(t) Ry(t,¢) dt’ - £
0

I .
2N + ) IP(x’)Rz(x',t)dx' =0, 0<t=<a (10)

0

a l
AL=V) 2 (p ot LB ,
1__2:: E;h(t)Rz(x,t)dt + pv;[;[p(x)R‘l(;r,x)dx =5—g(:z:), 0<x<l (11)

where A is Lame constant and

R,(t't) = [a [1 - F,(o) - %]JU (at') T, (o) da
0

R,(x',t) = j Fy(a)cos(ax) Jy(at)yda, Ry(x',x) = IF4(0L)cos(aar') cos(ax)%g-,
0 0

F(q) = —Sinh?(@H) - o’H? Fi (o) = 2Hcosh(aH) + sinh(aH)
™ sinh (aH)cosh (aH) + aH ’ 2 sinh (aH)cosh (aH) + o H’
= sinh®(a.H)
Bl = o @ cosh (o) + ol -

Here J() is the Bessel function of the first kind and 6 =(1-v)kH/p.
The system (10), (11) must be completed by the equilibrium equation
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l
2[pla)dz = P (12)
0

where P is the load.
Introducing dimensionless variables and functions

t=at, t =at7, =K, =1, PB=aH, ¥ =a/H, x<=I/H,
1-2v
o

and displaying the singular part of the kernel R,(-), the system (10)-(12) can
be transformed to the form '

PR = TP, h=3EPRE, @=1>YPg®)

1 1

R'(0) - %31 [R* () R, 1) dr’ - %3 [PERE,dE =0, o0stsl, (13)
0 -1

2 v wy T * l' ] : el * ] ] "

B e me a1 POl R je =0, ~1sgs100

1
[pr®de=1, (15)
-1

where the dimensionless kernels R;(), R;(), Rj,() are some known functions.
The singular integral equation (14) is the Cauchy-type for the function of con-

tact pressure. Knowing the function h'(t), the deflection in the excavation
zone can be calculated as

w(g)—glj RO g 0s<E<i (16
L ﬁ? , se=sl. )
£

3. Contact of the parabolic punch with the layer. In this case, presented
in fig. 1a, the function g*'(£) has the form
g"(&)=—;;-§& (17)
where I, P, are the contact size and the load in the Hertz problem. In the
future analysis we will assume that the contact size 1 is equal to [, but the
ratio Py /P is unknown.
The distribution of the contact pressure in this case can be expressed as

p'(E) = o) V1 -&2, | (18)

where (&) is a new unknown function.

Using the Gauss-Chebyshev quadrature formulae of the first kind [1], the
system (13)—(15) can be transformed to the equivalent system of linear alge-
braic equations which was solved numerically.
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The numerical analysis was performed to display the effect of stiffness of
Winkler material 8 on the distribution of the contact pressure p*(€) and the

deflection in excavation zone wy(§) for different values of parameters k,, x,.
The obtained results showed that the stiffness of material in the excavation
has small influence on the contact pressure but the deflection wy(€) depends
strongly with the stiffness 6.

4. Contact of the flat punch with the layer. In this case, presented in fig.
1,b, the function g*'(¢) has the form g* (£) = 0. .
The distribution of the contact pressure for the index equal to 1 can be

written as p*(§) = (p(!.f,)/ \/1 - iz , where ¢(£) is a new unknown function.

Using the Gauss-Chebyshev quadrature formulae of the second kind [1],
the system (13)—(15) can be transformed to the equivalent system of linear al-
gebraic equations which was solved numerically.

The obtained results showed that the stiffness 6 has as before small in-
fluence on the contact pressure. Moreover, the geometry of the punch has no
influence on the distribution of the deflection wg(&).

5. Conclusions. The elastic layer supported by the combined foundation
can be considered as a model of soil structure with the excavation. It is known
that old non-used mines are filled by the sand which is modeled here as the
Winkler medium. These problems are very important in underground building
and mining engineering.
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IUIOCKI KOHTAKTHI 3AJAYI IJId HIAPY HA
KOMBIHOBAHIN OCHOBI

Poszasanymo naocki xonmaxmmui 3adawi 0As cMyzu, AKA AEHCUMDB HA HOPCMKOMY
NIBNPOCMOPE 3 NPUNOEEPILHEE0I0 3a2AubUNHOI0, WO 3anoenena mamepiarom Binwxaepa. 3
suxopucmannam nepemeopenns Pyp’e 3adaui 3eedeni 00 cucmem IHMEZPAALHUX Pi6-
HAHDb, AKT po3e’a3ani vuceavro. JocaifixceHo xapaxmep KOHMAKMHOZ0 MUCKY I POUHIE
Had sazaubunoro.
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ON NONSTATIONARY THERMOELASTIC PROBLEMS OF PERIODIC
LAYERED COMPOSITES

1. Introduction. The problems of temperature and stress distributions in
thermoelastic bodies caused by local thermal sources are very important in
engineering practice. The non-stationary temperature fields in the homogene-
ous half-space due to the action of laser beam on the boundary were consid-
ered in papers [3—6]. The distributions of temperature and stesses in the ho-
mogeneous thermoelastic semi-infinite body-caused by a laser ray were inves-
tigated in [7—8]. The influence of micro periodically layered structure of com-
posite half-space under the uniform and normal (Gaussian) distributions of
heat flux on the boundary on the temperature fields is presented in [9].

This paper is a continuation of the studies [9] concerning the problem of
laser heating of thermoelastic microperiodically stratified half-space.

,"‘ 2. Formulation of the problem.
/ q Consider a microperiodic laminated
T IR elastic half-space in witch each lamina
a T oK is composed of two homogeneous iso-
\' d =g “j tropic layers. The middlecross section of
2 1 I the body is shown in Figure. Let d;, do
i b s e s o be thicknesses of these layers and
i [ d=d; +d; be thickness of the repeated
lamina. The composite components are

- -l “f characterized by Lame constants Ay, p;,

! l coefficients of thermal conductivity K,
o s 0 8, i coefficients of thermal diffusivity k;
t=1, 2. The perfect mechanical bouding
and ideal thermal contact between the
layers are assumed. The problem is re-
lated to the cylindrical coordinate sys-
tem (r,¢, 2) such that the z-axis is
normal to the layering, see Figure.

The boundary plane of composite
half-space is heated by the laser rays
. described as an uniform and Gausian

. The middle-cross of the distributions of heat flux and the plane
microperiodic two-layered half-space. s assumed to be free of loadings. The

© Matysiak Stanistaw, Yevtushenko Alexander, Zelenjak Volodymyr, 1999
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problem is solved within the framework of the homogenized model with mi-
crolocal parameters [1—2]. The temperature field T(-) and displacement vector
u(-) are assumed in the form

T(r, z,t) = Q(r, 2, t) + h(2) &(r, 2, 1),

u(r, 2, t) = [u,, 0, ug] (1, 2, t) = [w,, 0, w,] (, 2,t) + h (2) [W,, 0, W,], (1)
where h : R — R is the known continuous d-periodic function, next defined
z-0.5d,, for 0<2<d,,
h(z)={-~ﬂz——0.5d1+——g~1—, for d; £z <d, (2)
1-n l-1
h(z)e0(d), h'(z)e0(1), V=zeR.
where
n=d;/d. (3)

The unknown functions 0(:), w,(:), w,(-), are interpreted as the macro-
temperature and macrodisplacements, respectively. The unknown functions
e(:), W,(:), W,(:) are the microlocal thermal and kinematical parameters and
they are connected with the microstructure of the body.

The problems of heated periodic stratified half-space are determined by the following
initial and boundary conditions :

a) thermal
0(p, Z, F, = 0), for p, Z>0,
00 . =
-52-=—AG,-(p), i=lor2, forp>0, Z=0, F; >0,
(w0, Z,Fy) =0(p,0,Fy) =0, for Fy >0, (4)

where

_ % o _z oz _Ikgt

A K ) p ai Z a} Fﬁ az )
K - [KP? ¢

Ku:f_?—' K=K—"}'{—, ky ==,

K=nK +1-mK,, pe=npc+1-np,cy,

2

KI=n(K ~Ky),  K=nK+7i

Gi(p)=H(l-p), p20, Gylp)=exp(-p), p20, (5)
(b) mechanical

K,,
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6,.(0,Z=0F)=0, p20, F;>0, o,(pZ=0F)=0, p=20, F,>0,
w,(p,Z, Fy =0)=w,(p,Z,F, =0)=0, p20, Z20,

wz(oo,z,f'u) = w,,(oc,Z,f‘a) = wz(p,w,f‘u) = w,.(p,oo,f‘u) =0, forf‘[, >0. (B)
The governing equations described the homogenized model are presented
in [1].
3. Solution of the problem (a) temperature field
(a) temperature field
The temperature 6 () can be written in the form [9]

0(p, 2, Fy) = A [E0, ) DE, 2, Fy) Jy(Ep)dE, i=12, p20, Z20, F,20, (7)
0
where
- Zy = Z =
q)(E.uziFﬁ} 2§K l:exp( gzﬂ)eﬁc{zﬁ_gm]ﬂexp(zﬂg)erfc(?fn‘%‘?*"gﬁrl}-}:l!
z[l' = \/K_Oz!

where erfe () is the complementary error function, Jy(-), J1(-) are the Bessel
functions and

PO =FHE, Pl = Fexp(-EY/D) ®)

The numerical analysis of the obtained temperature 6(-) was presented in
paper [9]. The following conclusions can be formulated:

1° the temperature on the boundary of composite half-space due to the uni-
form distribution is higher then due to the Gaussian dlstrxbutlon for the
fixed radius of the heating circle

2° the temperature fields are characterized by considerable gradients in the
radial and axial directions.

3° the increase of ratio of thermal conductivity K'= K;/K; makes the in-
crease of the temperature. The increase of the ratio of temperature diffu-

sivity k' = k;/k, leads to the reduction of the temperature.

4° assuming that the heated half-space is homogeneous then the tempera-
ture given by (7) is reduced to the function of temperature for homoge-
neous half-space presented in [4].

(b) mechanical field

The displacements and stresses in the microperiodic two-layered half-
space can be obtained by using three potentials derived for the homogenized
model in [10] and Hankel and Fourier integral transforms (with a general
trigonometric kernel).The thermoelastic state of stresses can initiate the brittle
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fracture of material. The knowledge of stresses allows for the optimization of
thermal fracturing processes of the layered composite.
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Cranicnas Marucsak, Onexcanap €srymenko, Boxogumup 3enenax

PO HECTAUIOHAPHI TEPMOIIPYIKHI 3AJJAYI
NEPIOJIUYHO INIAPYBATUX KOMIIO3UTIB

Poszasnymo posnodian memmepamypu ma HANPY*end Y Nepioduuro wapyseamii

nignaowuni, axa niddana 0ii ra3epnozo nHazpieanns. 3a0axa Po36’A3aAHA 3 BUKOPUCTNAN-
HAM 20MO2eHI3060HOT MOOeNt 3 MIXPOAOKAALHUMY napamempamu [1, 2]. Pose’asox odep-
xano y euzandi inmezpaais I'anxean, deaxi wucaosi pesyavmamu nodano y suzaadi zpa-
gircis.
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9YCJIOBMM AHAJI3 TOBCTUX BATATONIAPOBMX KOMIIO3UTHUX
OIIOPHMX BAJIOK 3 BUKOPMCTAHHAM CXEMM I'bPUIHMX CKIH-
YEHHMUX EJIEMEHTIB Y HATIIPYKEHHAX

1. Beryn. BaraTomaposi kKoMIosuTHI omnopHi Ganky 3 oriAangy Ha PpisHMILO
MeXaHIYHMX BJIACTMBOCTEM OKpeMMX IIapiB Bi3Ha4YalOThCA BEJMKOIO IONEepedy-
How necdopmiBHicTiO (06THCHeHHAM) nonepeyHoro nepepidy. Tomy mixg yac axasi-
3y yTpUMYyBaabHOI 3AaTHOCTI Takux GaJjiok 00OB’A3KOBMM CTAa€ BpaxyBaHHS II0O-
MEPEeYHOro 3CyBY, & YaCTO TAKOXK i BIUIMBY BUIOBXEHHA-CTUCKY IXHIX HOpMaJib-
Hux eyeMeHTiB [1—-3]. OcobumBo ne HeoOXiZHO y BUNazAKy TOBCTMX IJIUT 3 Bif-
HOILIIEHHAM TOBLUMEM IO TO3AO0BXHBOTO po3mipy h/L>0.25. Oanak e Moxe Ta-
KOK CTOCYBAaTMCH TOHIIMX Dajiok 3 BeJmkuM BigHomeHHsaM (E.'/E.'"1>100) mo-
AyJiB npyskHocTi mapis [8, 9] IIpaBuybHO BM3HA4YMTY HaNpy>KeHHA Ta Aedop-
mauil, AKI BUHMKAIOThb y TaKUX ONOPHMX GaJsiKax, MOMKJIMBOTO JiMLIE 3 BUKOPUC-
TaHHAM TaKuX IIpOorpaM 4MCJIOBUX oOUMCIIeHb, 1110 BPaXOBYIOTh 3raflaHi edekTn.

Hyskye BuKJIanieEMit anropuT™, Ha OCHOBI AKOro po3polJieHo Iporpamy 4Ymc-
JIOBOTO aHaJlidy CTaTM4YHOI 3ajadyi IMIIHAPUYHOro 3rMHy OaraTolapoBUX JaMiHa-
TiB Ta HaBeleHO NpuKJazu obuucieHb. Jna nobynoBu anreSpuYHMX PiBHSAHL BU-
KOPMCTAHO ribpuaHy cXeMy MeTORY CKIHYEHHUX eJIEMEHTIB y HaNpY KeHHAX, 3a-
CHOBaHy Ha 3MojMikoBaHOMY BapiauiifHomy ¢yHxkuioHani Paiiccuepa [1-5].

2. @opmymioBaHHA 3ajaqi. JOCHIIKYETECA IMITIHAPUYHMIA 3rUH (Y TIIOIMHI
x, 2) rpyboi baraTomapoBoi KOMMo3uTHOI omnopHoi GaJyiky, 1m0 cknazaeTses 3 N
mapis pisHoi kopcTrocTi. MopcTkieTs
% OKpeMMX 1IapiB y HampsaMi iXHbOI TOB-
IUMHY CTaJia, OIHAK MOXKe 3MiHIOBaTHUCH
T Y3H0BXK HOBXKMHM OIOpPHOiI Oanku — y
. Hanpsami oci x. MaTepiay koxHOro ma-
: Py OpPTOTpONHMII Ta JIHIIHO NPYXKHMUIL.
| zy+1 CraTuyHe 30BHIIIHE HaBaHTaXeHHSA
ornopHol 6aJKM NpuUKJIaZeHe OO0 30B-
x HIHIX nosepxoHb z = th/2. Ha BHyT-
vl _ pimiHi To4YkM AiloTe MacoBi cuum. Ha
T IR KpasaxX onopHoi Gankm 3amaHi Takox
z BIATIOBiIHI reOMeTPUYHI YMOBMN.
: IleprieHAMKYNAPHUMY JIO IO3M0B-
JKHBOI OCi x mnepepizamm nojIAEMO
oropHy 6anKy Ha JQOBUIBHY KinbKicTs
N UIAPOBUX eJIeMeHTiB. XapaKTepHui
! : LIapoBuUil CKiHYeHHMI eJleMeHT 300pa-
Puc. 1. ’KeHo Ha puc. 1.

N
N-1
e

o|

eSS

1
|
e
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Ha TopupsoBux kpaax x =0, I eyeMeHTIiB ClIpaBAKYIOTHCA KPajioBi yMOBHU Ha
nepeMimieHHs u = U. 3moxudikoBarmii Bapiauiitamii dyHkmionas PaiiccHepa
HaOyBa€ y LbOMYy BMIaAKy BUIIARY [2, 3]

T,z (u,0) =Z{i[—% IO‘fTSiGi dv+ IciTe‘(ﬁi)dV— flu'dv- J?Tuf dS]} , (1)
ne “i=l Vi Vi Vi Somi

me o', e',u’,S" — BignosimHo BEeKTOPM HanpyXeHb, gecdopManiii nepeMiness i
MaTpMIsA KoedilieHTiB NMoAaTHOCTI OPTOTPONHOrO MaTtepiany i-ro mwapy; V,;, —
o6’eM 1-r0 MIApy B N-My eJIeMeHTi; S, — NOBePXHA, Ha AKI 3a/laHO 30BHIIIHE

naBaHTa)keuus; t; f; — BexTop MacoBux cui
il i i i . il _ :
Ilone Hampyxeu» o ={o,,0,,0,,}, nojle mnepemimenr u' ={u; w;} i

e S e S
nostie gecpopmaniit e = {e;, €,, Y5,} ANPOKCUMYIOTH PyHKII

N N
' =P4 i :=PR., (2)
Et‘ﬂ
u' =N'd’, (3)
el =B'd’, (4)

y akux P',N' B’ — marpuui anpoxcumaniiinux ¢yukuii; d° — BexkTop Byaso-
BUX IepeMimeHb; B; — BeKTOpw, IO MICTATH AK NpunmucaHi obeary (BHyTpiumHO-
cTi) JaHOTO LIapy BY3JIOBi napaMeTpyu Hanpy»KeHb B°, Tak i aHajoriysi napame-
tou B' i B!, mor’Asami BiAmOBiAHO 3 1i HMIKHBOIO | BEPXHBOIO IOBEPXHAMM.
YMOBM HeNepepBHOCTI HaNpy’KeHb Ha INOBEPXHAX KOHTAaKTy MIapy ¢ 3 LIapoM
i+ 1, a came
' g B G _ = Wy

o, (z=2,)=0," (2=2,,), Op (2=2441) =0, (2=24), ()
BMMaraloTh piBHOCTI Bignosissux napamerpis B* i B”l KOHTaKTYIOUYUX luapis.
flkmo Ha 30BHIIHIX NOBepXHAX KpaitHix mapis 1 i N sangani cratuyni ymoBu
BULJIALY

6., (z=2)=0, o, (z=2)=0, o, "(z=2y,)=0, g (6)
TO TOIL
pt=0, B =0, (7)

Ie HUIKHIN IHeKe ©,, o3Hayae BUOIp TIIbKM TUX NapaMmeTpiB BN "

3aHi 31 CKJIaIOBMMM HOTHMYHMX HAIPYKEHb.
ITincraBnaroyuu s3ayexsocTi (2), (3) i (4) y dyskuionan (1), micaa nigcymo-
ByBaHHA 3a BciMa miapamu ¢ =1, 2, ..., N, oflepsyemo:

e, ) = 511" me = 3 (- 567HB + B7Qd, - 4,7F, ), ®)

, AKi roB’s-
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nme matpuni H, Q i F,, mo BinoBifaioTe mapoBOMy eJIEeMEHTY, CKJIaJaloThCA 3
TaKuX MgMaTpHIlb:
[Ps‘Piav, Q'= [P'B'av, F= [N'fav+ [NTEds, (9
Vi . Vi Vi Soni
ckJazoBuMy BekTopiB P i d, € BignoBiAHI mapamMeTpy 3 OKpeMMX IIapiB eJIeMeH- -
Ta. Byamm pna onmcy mnepewmillieHb o0MpailoTh JMIIE Ha IOBEPXHAX KOHTAKTY

eJIeMeHTIB & = const.
3a yMoB cralioHapHOCTi (pyHKIlioHady (8) IIoAO0 B3aEMHO He3aJeXHUX na-

pametpiB f i d, ogeprryemo
B=H'Qd,, (10)
a TakKox

Y (kd,-F,)=0 abo Kd

Il
g

, (11)

Jie CMMBOJIOM
k=Q"H'Q (12)
[IO3HAYEeHO MATPUIIO KOPCTKOCT] HIAaPOBOrO eJIeMeHTa.

3 anrebpuyHux piBHAHB piBHOBaru (11), mo crocyioThea Lol cucTemMu, Bu-
3Ha4aloTh nepewmimjenna. llani 3a pornomoror 3anexxHocreii (10) i (2) = Hampy-
JKEHHA B OKPEMMX IIapax CHUCTEMMU.

Poapobaeno fBi Bepcii KoMn'l0TepHOI mporpaMyu IJisi CKiHYEHHOro eJIeMeHTa
3 N wmapamn. Ilepma — 3 KijgbkicTio mapaMeTpis anpokcumauii HaIpysKeHb Mg
= 14N -5 Ta KinpkicTIO NapaMeTpiB anpokcumalii nepemiuiess n, = 8N + 4; aApy-
ra — BIANOBiZHO 3 KinbkicTiO mapaMerpis 14N -5 Ta 4N + 4.

B ofox Bumazxax ABOBUMIpHE MoJie HaNPy»KeHb y KOKHOMY IUapi IIapoBOro
€JIeMeHTa allpOKCHMYBaJM 3aJIeKHICTIO

o' (2,2)= P (a,z : 13
S@a)= @) B 13)

y #kiit mMaTpuus noniHomiansHMx ¢yuruii P'(x,z) wmicturs BixnosigHo mms
OKpeMyux CKJIaJIOBUX: AJIA O, — alpOKCMMalii TPeThoro crerneHs B 06ox Hamps-
MaxX ocel KOOpAMHAT X Ta 2, JIJA cvz1 — JIHIMHI anpokcumalil y HampsMi x Ta
I'AATOTO CTeNeHA y HanpAMi oci 2; A1 ©,, — KBaZpaTU4Hy allPOKCHMMALlil0 y Ha-
npsAMi oci x i yeTBepTOro cTeneHa y Hanpsawmi oci z. Hanpuknan, enementn Py,
Py, i P34 matpuni P'(x,2) e Taxi:

& . 3 i i _ 3 2

L Fi(Z)I ’ P2,14 = '-‘K (2)13 P3|14 = ER,(Z)I " (14)
Ae '

_1(.3 3 2 2 3
Fi(2) = :,;(z, +422 2, + 42, 2%, +zt+1) ﬁ(32,- +42;2,, +3z£+1)z+z ;

2.3 3
K; (Z) 2(2 zﬂ-l * 4 z:+1) (421' zi+!. T 723 z?-rl + 42i2?+1)+

3
+ 22 (z,- + 4z,¢ 2, +42; zfﬂ + zf‘+1)— 2 (32? +42;2;, + 32f+1)+ 25,
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3 2.2 3 3 2 2 3
R;(2) = (421 2y + 727 24, +42; ZM) -4z (2:' +42 2, +42 2, + zi+1) +

+32% (322 + 4z, z;,, + 322, ) - 52*. (15)

PasoM 3 TuM BekTop mapametpis PB; mae Buraaz (B, By,...,PBs; B, B3, ..., Bo;
_f"l, _2”1, . E;"I}T. Jo Toro » 3acTocoBaHMI omMc HanpykeHb (13) 3af0BOJIb-
HA€ ONHOpPiNHI PiBHAHHA piBHOBary B objacTi miapy Ta CTaTU4YHi YMOBM Ha 30B-
HIIIHIX ITOBEPXHAX KpalHiX Iapis.

Ilns ommey mona mepemimens u'(x,z) = {u',w'})’ y xapaxrepHomy mapi
eleMeHTa Ha Kpasax x =0, L o6paHo no Tpu By3iM y mnepiuiii Bepcii nporpamu Ta
no fABa BY3JM y APYrit. ¥ KOXKHOMY 3 BY3JiB JOITyCKalOThCA IO JBa TPaHCJIA-
uiiHi cryneni BinbHOCTL. ToMy y KOKHIi 31 cMyr AsA pO3INIAAYyBaHUX Bepciit
nporpaMy MaeMmo BifnoBifHO mo nmg=9 i n, =12 Ta ng=9 i n, =8 HezamexmHux
rnapaMeTpiB HanpyeHb Ta CTYIIEHIB BIIBHOCTI nepeMileHs.

3. Yncnosmit amania Ta BucHOBKM. IloznibHo no Toro, Ak ue 3pobiaeno y [3],
IIporpaMy IIPOTeCTYBaJM Ha NPMKJaJi TpuiuapoBoi OajkM 3 saMiHaTy, s AKOl
TOYHMM aHaAJITMYHMII PO3B’A30K Ha OCHOBI PIBHAHBL Teopil NMpyskHOCTI MiCTUTH
npaua [6]. ¥ usoMy Bunaaxky AJS JaMiHaTy 3 €[IOKCHMAHMX IlUapiB, 3MillHEHMX
BYTiIBHMMM BOJIOKHaMM, 3a BigHomesHHa h/L =025 Ta mopiny Ha 24 maposi
eJIeMeHTM BiZHOCHa IoxuOKa IIPOrMHIB Ta CKJIAJOBMX KOMIIOHEHT TEeH30pa Ha-
npy»xeHp TnepebyBana y memax 1.3+ 3.7%. Ilporpama 3BepudiroBaHa Tex 3a
JOIIOMOroi0 noMimenux y npamni [7] Tecrie Homep 3e i 3f, wo crocyoThes mioc-
KOro HaIpY?KeHOTo CTaHy. ¥ POIIJNIAHYTOMY NPMKJAjZi ORHOPiAHOI onopHOI mumTu
poamipamu 2.0 x 10.5 M, oneproi Ha kpai x=0 i HaBaHTa’KeHiili 30cepeYKEeHOI0
cuJiol0 Ha BisibHOMY Kpai x =10.5 M, ofepakaHi peaynbraT obumuciienb AA Haii-
Ginmpmmx BepTUKaJbHMX Nepemimens w(L) BiapisHamuca signosiguo Ha 5.7% i
3.2% mipu mopimi Ha 10 i 14 yoTupuimapoBux ejemenTiB. OTpuMaHi nona nepemi-
IeHb | Hanpy»KeHb O, 300paxkeHi Ha puc. 2. Ha puc. 3 306paskeHo BifgmosigHi
pe3yJbTaTu AJA PO3MIAAYBAHOI IJIMTM 3a PIBHOMIPHOrO HaBaHTaYKeHHA ii HMMK-
HbOI noBepxHi z=-h/2=-1.0 m.

‘-‘I"FT‘-‘ H—’__,—f—‘\f’rﬂl r_____{_._.a | 1._,..
: S i \ 5 sines 3
G B i 0 ol | T P s g B el
T E e B e 1 TR O N ) W v T
Puc. 2. OnopHa nnuTta, 3aBaHTaxeHa Puc. 3. CnopHa nnuTa 3a piBHOMIpHOTro
30CepeKEHOI0 cunoto P. HaBaHTaXeHHS.

Ha pucynkax nepewmimeHHa 36inblileH] y JecATb pasiB CTOCOBHO A0 reoMer-
pii muTy. 3pocTaHHA Mipyu IHTEHCUBHOCTI 3aTeMHeHHA (parMeHTiB IUIMTH Bin-
noBifae 36iMBIIEHHIO BeJIMYMHM HATIPYKEHb.
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Jerzy Gola$

NUMERICAL ANALYSIS OF THICK MULTILAYER LAMINATED BEAMS
WITH HYBRID-STRESS FINITE ELEMENTS APPLICATION

At the considered paper the algorythm with the help of which the program is de-
veloped for the static calculation of cylindrically loaded multilayered laminated beams is
proposed. For the construction of the algebraic equations the hybrid-stress finite ele-
ments method based on modified Raissner variational functional is used.

Crarra maniiwna no pepkoserii 24.08.99
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NEPEXIJHI OCECMMETPUYHI TEMIIEPATYPHI HAIIPYIKEHHA ¥
BATATOIIAPOBOMY IIIBIIPOCTOPI

JocinKeHHs HecTalllOHAPHOro NpolLiecy TEeIIONPOBIAHOCTI B HEOLHOPIAHMX
TiaX Ta GisuKO-MeXaHIYHMX ABUIN, IUO Oro CYIPOBOMKYIOTb, € aKTYAJLHUM 3
OINISIy Ha YMCJeHHI npobsieMy y BUpPIlIEeHHI Cy4aCHMX TEXHOJOTIYHUX 3aBJaHb
[1]. Ceoromui y nirepaTypi mpakTU4YHO BifCyTHI aHaJiTU4YHI PO3B’A3KM TAKOro
KJacy sajad. ¥ Uili mpaui Ha OCHOBI MeTOAy iHTerpaJsibHOro rnepersopeHHs Jla-
reppa [2] pospobneno meTomuky noOynoBM pPO3B’A3KY KBaziCTaTUYHUX ABOBMU-
MIpHMX 3aZla4 TePMOINPYKHOCTI IJIA JIOCKOILIaPYBaTUX KOMIIO3MTIB.

PoarnsiHeMo KOMIIO3UT, BilHECEHMI 0 LMIIHAPMUYHOI CUCTEMM KOOPAMHAT T,
2 0sr<w;, 0<z<w™), Akt ckNajacTbes 3 M 1uapiB pisHOI TOBUIMHM Ta 3
pisHuMu isuKoO-MeXaHIYHMMM BJIACTMBOCTAMM (eJieMeHT 3 HoMepoM M — mis-
npoctip). ¥ MomeHT wacy t=0 Ha /oro rpaHMYHI [OBepPXHI NOYMHAE XiATH
ZPKepeJio Telsla iHTeHCUBHOCTI q * (r,t). BBarkaioum, 110 nMoyaTKOBa TeMIIepaTypa

KOMIIO3UTa JIOPIBHIOE HYJiIO, TeMIepaTypHe IoJle B HbOMY BM3HAa4MMO pPO3B’A3-
KOM IOYaTKOBO-KpaifoBol 3ajjadi, Aka B 6e3po3MipHMX 3MiHHUX p,Y,T Oyae martu

BUIJIAL

2T + p19, T + 32T = G719,T®, i =1 M (1)
=0 226 4=LM; ()
AoTV =—q*(p,), y=0; 3T™ =TM =0, yo; (3)
T = APe TH =5 o , Y=¥, i=LM~1, (4)
. (1) i
_r R %t - 4 sm _ M Ny oo
Ae PR V=5 T"dz- “:‘*aui Ar —'iITg—], Yi_kzslhi’ he*g,d Ae-

SIKMi1 JIHIAHUT po3mip; ?\.gr”, a; — BiAnoBixHO, KoedilieHTH Temyo- i Temnepary-

ponpoBiaHocTi; h; = ToBIMHA 7-r0 lIApPY. _

3acTocoByHOYM Z0 piBHAHL (1), KpaioBux ymoB (3) Ta yMOB CcHpsiKeHHs (4)
inTerpansue nmeperBopenHs lankensa — Jlareppa, micjs BpaxXyBaHHS I049aTKOBMX
yMOB (2) 0JIep’KUMO TPUKYTHY IOCJIOBHICTL KpalioBMUX 3ajad:

- —— ﬂ_l . —_——
dy T -0l T =B, 2. T, i=1M; (5)
m=0
AP4, T | =-T,0), T},M)L_m =0; (6)

T ST, yoy,, i=TM-1,

n

© Typuun Onbra, 1999
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i(T'] d? ff} ¥ ig.lEH] d? i(‘ﬂl)’ Y=Y%> i = I’M -1 ? (7)
y dopmynax (5)-(7) n=012.., TOEy)= IP Jle_hTm(P,?,‘f) Ln(l‘f)delJa(Pﬁ)dP
0 Lo

— 3obpakennsa 3a Jlareppom i lankenem, L,() — moxisomu Jlareppa,

o? =& +P;, B; =Ma;, A — maciuTaGHUi MHOMKHMK,
3araJIbHMII PO3B’A30K TPUMKYTHOI IocJaifoBHocTi (5) nojaMo y BUMIVIAZL ajre-
BpuyHOi 3ropTKM:

TOE ) = Y [A2,06 &N+ BLEOWO En], i=1M, n=012.., ®)

j=0
e
k
G;(y,0;) = exp(-m,*{)i -%-)— W;(y,0; )—exp(mnr)ﬁ ajx k:” , (9)
k=0 " k=0
a xoedilieHTH ajk 3aJI0OBOJIBHAIOTh PeKyPeHTHi ClliBBIHOIIEHHS:
. b B. & '
Gkt = g[a},k+z By a:n,k)- - (10)
' O; m=k

3al0BOJIbHAIOYM KpayoBi yMOBM, YMOBM CHPSIKEHHA IlapiB Ta yMOBU Ha
Ge3MeKHOCTI, OZEePIKYEMO TPUKYTHY IOCIIAOBHICTh (PYHKIIAHNUX DiBHAHD:

(b, J{A%,BY, ...,AD,BY, . A0 k), B® =0, n=012... (1)

Y cucremax (11) xoedinmienty maTpuui by, He sajexaTh Bl n i € 3HaYEHHAMMU
(byHAaMEHTaJbHIX PpO3B’A3KiB G(v,0;) Ta W(y,0;) Ta ixHiX noxigHux Ha

rpaHM4HIi noBepxHi y =0 Ta Ha JiHiAX noxlry mapis y = y;. CToBneus BiTbHMX

YJIeHiB c“ CKMajaceTbeA 3 kKoMbGinarii Hepimomux Am) Bf,;’, m=0,n-1, onep-

MMaHMUX 3a rlor[epe,umx 3Ha4YeHb N.

3nastmosum Bei AY i BY | a oroxke, i T(”(g, y) 3a cdopmydoro (8), po3s’A30ok
sapnadi (1)-(4) nogamo y Buraazi

TO@,y,0) =13, [ [ET &1 T4Ep) d&}L (A1). (12)

n=0| o
BusrauMMo Hanpy»xeHo-nedOpMOBaHMI CTaH y KOMIIO3MTi, CNIPUYMHEHWU
TeMmrepaTypauMm nosem (12), OpuIrycTUBIIM, IO 3i0oro rpaHUYHA NOoBepXHA Y =0

BiJIbHa BiJl HaBaHTa’)KeHb, a Ha [IOBEPXHAX IMOALIYy IapiB BUMKOHYIOTBCA YMOBM
ineaJIbHOro MexXaHI4YHOro KOHTaKTYy.

Y repminax kmowoBux oyukuin 0%(p,y,7) =divU® i w(py,1), ne
UY = (u®, wNT — pexTop MpyxHMX mepeMileHb B i-My 1mapi, 3azjaqa noJssrae
y BiAlIykaHHI AJNA KOXKHOro mapy pos3s’asky 2M pisHaHb Ilyaccona:
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A9 = Gl =4 1*" AT‘" A = - 5,09 + g 2+ V:) 2 9, i=1M (13)
1~ 2v 1-2v;
3a HYJIbOBUX INNOYAaTKOBUX YMOB!:
69(p,7,0) = w(p,y,00=0, i=1M, (14)
KpayioBUX YMOB: _
o =cll =0, y=0 M =0M=0 y5 (15)
Ta YMOB CITPS>KeHHS IuapiB:
. u(ﬁ-l)’ W ’ UL? - o_g';n’ 0{;) (£+1}’ Y=y, i= m (16)

Tyr, & =af / of), B =E/E, A=&,+p9, + 02, — onepartop Jlanjaca B
IMTHAPUYHIA CUCTeM] KOOPMHAT.

Posp’sisok piBuanb (13) y npocropi 3o6paskens 3a lankenem — Jlareppom
3HaliieMo y BUIJIAAI

896 1) = CV@ e + DY) e + 6 TUTIE ); 7
BEN=FI@e + HY@e ™ - s [a@entn + DYEshien] +
o 14v; . an
$ ST d TOE N, (18)

By 1-v
re TOE1)=TYVE - T“’,(E_. Y, n=1,2,...; TPEN=TPE7).
3 KpaliOBMUX yYMOB Ta YMOB CHDPSMKEHHA OJIEPKMMO CUCTEMM (PYHKUIMHUX

piBHAHD 1A BusHauenHs Hesimomux C, DY FO HO .
r ) i) pd) gl () ) g0 g
[, s 165005 B B B0 O B L

Cﬁ’,DElM’,F,EM),HL”’} ={fen}- (19)
Kinuesuit po3s’si30k 3a/iayi 1012€MO y BUIIISZ] -
w? (,7,7) } 2 [“’ {13“" & Y)} »
o b=y et T B (E, Y) Tg(Ep)dE | Ly (AT); (20)
{9“’ ®,7,7) nZ:O 6[ 8y &y e
Wip,y,m =2y { J(85 -2,®7) . Ep) dé] L, (). eV
n=0| g

KoMIioHeHTH TeH30pa HalpyKeHb y pasi BioMMX NepeMillleHb ofepsKyeMo 3a
3akoHOM I'yka.

YucnoBuii aHalli3 BUKOHYBaJM AJIA CEMMILIAPOBOIO NEPiOIMYHOr0 KOMIIO3M-
Ty, NepIuns, TPeTii, I’ ATHI i cboMuit (MBIPOCTip) eeMeHTH AKOro BUIOTOBJICHI
3 aJIIOMiHIEBOrO CTOIly, a APyruii, YetBepTui i woctuit = 3 AlsOs. ITix yac obea-

poamipioBanusa 3a Gasomi Berumzm Ay, a5, o, E, Basmu siamomimmi napa-

MeTpM aJIOMiHi€BOro cromy.
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3a copmyowo (12) pospaxyBanu TeMmIepaTypHe moje B KoMIoauTi. Busasu-
Joch, 1110 B pa3si yrpumanHa 30 uneHiB pany 3a Jlareppom BigHocHa moxubka B
pospaxyHkax He nepesuuye 1%. Ha puc. 1 306paxkeHo peayibTaT po3paxyHKy
6e3po3MipHOro TeMrepaTypHOro 1oJss 1o oci o =0 AnAa pisHMX 3HaueHb 3MiHHOI
1. Ak Gaunmo, 3MiHa TeMmIepaTypu 3a INIMOMHOIO B KOXKHOMY Iuapi 3i 36inbiuen-
HAM d4acy HabyBae Majfyke JIHIJIHOrO XapaKTepy, IO NOACHIOETBCA HEBEJVKOIO
BigHOCHOKIO TOBIMHOIO wiapiB. Ha puc. 2 300paceHO pesysbTaTy PO3paxyHKy
De3posMipHMX paniaJIbHMX HaIpyKeHb y pPisHuMx Toukax oci o= 0 3anexHo Bij
3MiHHO1 T. MoXeMo NpoCTeXXMUTH, 10 TPMUBAJICTL IepexifHoro npouecy 3i 36i-
JIbIIEHHAM TJIMOMHM 3MEHIIyeTbCA, Xo4ya abCoJIIOTHe 3Ha4YeHHS pajiiaJIbHUX Ha-
NpYyXeHb ANA AeAKUX JAUISAHOK KOMIO3UTY 31 30inbllIeHHAM 3Ha4YeHb 3MiHHOI ¥

3pocTae.
3 60 - _ | ,
=0.1| -‘

45 W ot ' 1

ol ' | | “}/”

3.0 T :

e | 07 ]

G 0.5 10 9 45 Q 25 5.0 e "¢ 18

Puc, 1 Puc. 2.

Tpefa 3azmaynti, UG 32NPONCHOBAHY MEeTOLUXY MOMKHA BHMKOPMCTOBYBATH
IS DOCAUPREeHHA PI3nko-MeXaBiyaux noiis vy PYHRLIAEO-TpaZie€dTadbHux 00-
JIACTHX NIPY XKVCKOEBO-crarid auporcumanil ixwix ¢iswunux xoedilieHTIB B o-
HOM}" HEHPEML

1. TI'anaawx B. A. Merox nosinomie Hebumesa — Jlareppa B 3Miiuagii 3azadi
nna sigiisoro gudepediianbHOrO PIBHAHHA JPYIOro NUPAAKY B YaCTKOBMX
noXiziHux 3 noctimmmu xoedpinientamu // don. AH YPCP. Cep. A. — 1981. —
Ne 1, ~ € 8T,

2. Taya M., Arsenault R. J. Metal matrix composites — thermomechanical be-
havior = New York: At the Pergamon Press, 1989. ~ 305 p.

Olga Turchyn

AXISYMMETRIC TRANSIENT THERMAL STRESS ANALYSIS
OF A MULTILAYERED HALFSPACE

In the paper the quasistatic thermoelastic axisymmetric problem for multilayered
halfspace is considered. The problem is solved using Laguerre and Hankel integral
transformations. The numerical analysis is carried out for the case of seven-layered
periodic composite.

CrarTa Hagiifua go peaxodserii 09.07.99
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JIvaiecvrull HayloHanbHUull yrisepcumem im. I. Ppanka
Bapwascvruil yrnisepcumem

GPURIIVIHE TEIUIOYTBOPEHHA IIJ{ YAC PYXY IIPYZKHOI'O TLJIA
T™MIIY «39EINIEHHA-KOB3AHHA»

PoarnanemMo OJHOBUMIPHY MOZeJb TEPMONPYKHONO KOHTaKTy ILINATHU
(L xaxb) macolo M 3 imeasbHO MPOBIAHMMM IIBIIPOCTOpaMM, AKi pyxXaloThCH 3
nocriiEyMu mBuakocTAMM V (pue. 1). Bigcrane Mik niBmpocTropaMyu Mae A0OB-

JKMHY TOBIIMHM IJMTH L 1 B MOYaTKOBUI MOMEHT 3MEHILYEThCA Ha BEJIMUMHY E.
IIrmmTa yTPUMYETbCA Y BEPTUMKAJLHOMY ITOJIOXKEHHI NPYKMHOI0 3 »KopcTkicTio C
i Mo)te BMKOHYyBaTM PYyX y3HAOBX oci Z JeKapToBOi cucremMyu koopamHAT XYZ.

Bracnigok zii cua reprsa Ffr Ha 1oBepxHAX koHTakTy X =0, X =L Binbysa-
€TbCA TeIoyTBOpeHHA. MiXX NoBepXHAMM KOHTaKTy IJIMTH i IIBIpocTOpiB Bif-
6yBaeTbcA TensoBiznava 3a 3akoHoMm Hbiorona. He xonTakTyloui 6iuni nosepxHi
IIMTU TeIoi3onasoBani 1 Juia IXHIX poamipie npasunabhe L/a < 1, L/b < 1, mio
BUIIPaBJOBYE BMKOPUCTAHHS ONHOBMMIPHOI Mopesi TemjoniposigHocti. Ilpuiimae-
MO, U0 3TriiHO 3 3aKOHOM AMOHTOHA Fﬁ, = f(VN{t), ne f(V,;) — xoediuicHT

TepTa (puc. 2), AKMii 3aJexuTs Big BigHOcHGoI mwBuarocti V,, =V - Z(t), npuyo-
my f(-V,,)=-f(V,), N() — ropmantua cuna. [IpuilMacMo, 110 B TIOYaTKOBMil
MOMEHT ILIMTa PO3TalloBaHa Ha Rifgcrawi Zy Bif MOJOMEHHS CTALCHAPHOIO CTa-

HY CHMCTeMM, Jl¢ AJIA 3pyuHOoCT! po3MiCTMMO MMOYMATOK CycTeMM KoopzauHaT. Ilo-
YaTXOBa IUIBM/IKICTD TWINTH HGPiBHIE Hydo. Tpeba BU3HAYMTHM TeMIepaTypy

T(X,t) noury, nepemiienud U(X, 1), HOpMadbil HaNPYXMEHHA Oyp(X,t) B3mOBK
oci X, BesmyuHy 3Minledusa Z(t) NIMTH CTOCOBIHC I'OJOMEHHA CTATHHHOI pPiBHO-
Baru Ta 11 NIBUAKICTD.

0.2 f(Vie)
/ J
0.1 ﬁ&/
| - T x T ¥ . 3 ? 1
: * > X -008 -004 |0 004 V. m/c
v v -0.1°
yZ -0.2-
Puc. 1. Puc. 2.

© IIup’es HOpiit, Onecar 36irues, 1999
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3ajada 3BOAUTBECA JO PO3B’A3yBaHHA cUcTeMM AudepeHUiaJlbHMX PiBHAHB
KBasicTalioHapHOi He3B'sA3aHOI TepPMONPY KHOCTI:

0 1 +V
ax[ Ux)-altir, t)] (1)
2 T(x,t T.X,t 2
ax2 %,t) = £ 2.1, 1) )
Ta PiBHAHHA PYXy ILUIMTU AK ab6COJIIOTHO 3KOPCTKOro Tija:
. i
m %Z(n + e Z(t) = 2f(V,,)) P(t) - 2f(V) P, 3)
3a TAKMX MeXaHIi4HMX rpanmmnx YMOB:
vt =%, ULy=-%, (4)
TEIlJIOBUX rpaHH‘{HMx YMOB!
t
Ki‘%(—%—)—ii‘(o £) = ~1(V,u) Vi PLE)
oT(L,t
kLD, Lo,n = 1V, VP (5)
i MoYaTKOBUX yMOB.
T(X0) =0, 20)=2,, a‘-lt—zm) il 6)
HopmasbHi HanpyXeHHA B IJIMTI 3HaX0AUMO 3a HOpMYJIOIo:
2o & H=vgl ..l
Oxx “1 gy [1+ var s (7

Y dopmynax (1)=(7) E - mogyas KOsra: v, K, k. o, R = roediuiestn IIyac-
COHB, TENJIOIPOBILHOCT], TeMILpaTypPonpoBifRoeY, MHUINCIC TeMNIepaTypHOro
PO3LIMPEHHH, TEePMIYHOro OIopy TewNoBiAsadvl Big WIMTH A0 NiBNPOCTOPIB;
m = Mjeb; ¢ =Clab; P(t) = N{t)/ab = -0y, (0,1) ~ xomvaxTaumit T™nex; P, — xoH-
TAKTHUA TUCK ¥ IOJIOMKEHH] CTATMYHOI PiBHUBary £ = 9.

Po3B’si30k KpaitoBol sazaui (1)=(7) oflepsKimo 3a JOIOMOrCH iHTErpasibHOTO
neperBopenHus Jlannaca 3a dacoM t. Jins nepexony B obyiacTe opuriHasis BUKO-
PUCTOBYEMO TEOpPeMM PO3KJaJeHHA i HobyTky 300parkeHb. ¥ pe3yJbTaTi OTPHU-
Myemo 3anmavy Ko aina HejniliHoro audepeHiliajbHOrO piBHAHHA:

30+ 200 = o (V- ) p) - L5 ] 0=, 30 -0, ®)

ne 6e3po3MipHUI KOHTaKTHMI THUCK € PO3B’A3KOM IHTErpaJlbHOTO PiBHAHHS:
T
p(t) = 1+ 28 Bi [G(x - mA(V(1L - 2m)XL - 2(n) pm) T (9)
0

Bespoamipny konTakTHy Temnepatypy 6(t)=0(0,1) = 6(L/L,,T) 3Haxommmo
3a ¢opMyNoI0:

6(x) = & [g(x - ) F(V(L - 2m)) (1 - ) p(n) dn. (10)
0
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Y no,uamm (9), (10) BxopaATL BMUpasu

o) = zﬁﬁ‘j—%exp( ), )= 3ol expl-2.39),

m m=1
A'(n,,) = 05(BiS, +C,, - Bi(C,, - S, )/n),
Aw,,) = 2BiC,, + S, (Bi® - u2),
Ayp,,) =S, =BiCY , A;(u,,)=1+C,, +BiS,,

C, =cos(n,), S =-———-—»——Sm(“"‘) el .

m ] m = )
l'l'm l‘i"l'l'lr
Ae W, — KOpeHi XapaKTePUCTHUYHOrO PiBHSHHA A(p,,)=0. ¥ poss’sizky (8)—
(10) BBemeHi Taki Ge3poaMipHi BemMuMHN!
2B st rak. gl 220 4B P
BRI FUEow TRE PNy AR Ls BULS AT
P 2P 5
P Bk e B _Ry i | = Fas
Pis P, 9—1:, o) o Bi R’ Q e y = EQ@RV
i XapakTepHi mapameTpu:
-1 - BE
t‘—m, L*—m’ T;HPOROV’ P EL
& = 0'. 1+ V o~ E(]. V)

TTEVI-2v)’  Fo=%-
Cl‘liBBlJ.IHOI.!JEHHﬂ (8)—(10) € cucTeMor0 HeJiHIMHUX iHTerpaJbHoro i Aude-
peHLiasbHOTO PiBHAHB. Po3B'A30K 1Iykaemo meronoM Pynre-Kyrra Ta iTepauii

i3 BUKOPKCTAHHAM KBaJipaTypHoi cdhopMynu Tpanermii.
UycnoBMii aHaN3 BMKOHaHO A crajeBoro mapy (o =14-10°%°C™,

K =21 Br/(M°C), k=59-10° m%/c, v=03, E=19-10'" ITa) npu Bi =4.76,

Q=128, ®=026-102, V=15-10"2m/c ana pisHux sHaueHp Zz) CyUiNbHI
KpuBi Ha puc. 3—6 BiANOBINAOTE BUIMAAKOBI 3HEXTYBAHHS BEJIMYMHONI TEINJIOBOrO
poammpenHs y =0, wrpuxosi kpuei y =10. Pazosa kapTMHa PyXy IUJIMTHA 30-

OpakeHa Ha puc. 3, 5. Iloseninka Ge3po3MipHOlI KOHTAKTHOl TeMIepaTypu 3o0-
GparxeHa Ha puc. 4, 6. : '

Bucaoroxk. ¥ wiit cTaTTi BUKJIafeHa MeTOMKa Ta HaBeJleHi OCHOBHI peayJb-
TaTV PO3B’A3KY HOBOI MOZEJbHOI 3azayi Mpo PUKLIAHNI TEPMONPYHHUA KOH-
TaKT Tijid 3 PyXoMuM oTouyloumMm cepenoBuieM. OcobaMBICTIO 3aNpPOIIOHOBAHOL
MozieJli € BpaxXyBaHHs iHepuiiHOCTi Tina, 3ayeHocTi koedilieHTIB TepTA Bin
BiJHOCHO1 IMMIBMAKOCTI KOHTAKTYyO4YMX TN IHepuifiHiCTE KOHTaKTyIO4Oro Tina
BpaxoByBaJiach Tako)k y rnpansax [1, 2]. Posrnsanysany Mozess MOMHa BUKOPUC-
TOBYBaTH IJiA OOYMCJIEHHS KOHTAKTHUX XapaKTePUCTMK PYyXOMMUX TpubocucTeM.
PoarsisHyTa 3ajfiaya € TUMNOBOIO MOZEJUIIO AJA BMBYEHHA caMo30ylKyBaslbHUX
KoJIMBaHb (aBTOKOJMBAHB).
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Yuriy Pyryev, Zbignev Olesiak

GENERATION OF FRICTIONAL HEAT IN A «STICK-SLIP» RELATIVE MOTION
OF. ELASTIC SOLIDS

A new model of a one-dimensional thermoelastic contact problem has been pro-
posed for the case of frictional heat generation and a «stick-slip» motion. A two dimen-
sional heavy solid hanged on an elastic spring can oscillate in the vertical direction. The
solid is in contact with two layers moving vertically with a constant velocity of small
magnitude. The purpose of the paper is twofold: firstly the elastic strain is taken into
account, secondly the effect of the generated heat of friction on the behaviour of the
process is considered. Here the Cauchy problem "has been reduced to a nonlinear ordi-
nary différential equation. To obtain the solution we have made use of the Laplace
transforms and have constructed a numerical algorithm. The results have been pre-
sented in the form of diagrams suitable for discussion.

Crarra Hapilinma no pegkoderii 15.06.99
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Poman Kyummip

Inemumym npuraadHuxr npobrem MeTaHIKYU 1 MAMEeMAMUKY
im. A.C. Ilidempuzava HAH Yxpainu

TEPMOIIPYKHUI1 CTAH RYCRO]}O—OIIHOPII{HO'IE CTPYKTYPH
3 HECTAIIIOHAPHMM $PUKIIIMHNM TEILVIOYTBOPEHHAM

Y npani [3] sanponoHoBaHa MeTO[MKa BM3HA4YEeHHA HECTAllOHapPHOIO TeM-
IIepaTypPHOro MHoJifd 1 3yMOBJIEHMX HMM TeMIlepaTypPHMX HAIIpy’Ke€Hb y CTUCHEeHiii
KYCKOBO-OZHOPIZIHIA cTPYKTYPi 3 OPUKLIAHMM TeIUIOyTBOPEeHHAM. BoHa IpyHTY-
€TBCA Ha PIBHAHHAX TEPMONPYKHOCTI ONHOPIIHMX TiNI 3 BUMKOPMCTAHHAM y3a-
raJlbHeHuX (pyHKLINA AJIA onucy BCi€l CTPYKTYPHM AK €QMHOTO LIJIOro i BUKOHaHHA
MaTeMaTU4HOI ITOCTaHOBKM y3araJibHeHOI 3ajladi CIpAXKEHHA CTOCOBHO LMX pPiB-
HAHB [2, 6] 3a yMOB HeifjeaJbHOro TEePMOMEXaHIYHOI'O KOHTAKTY Ha MOBEPXHAX
CINPAXKEeHHA PI3HOPIAHMX CKJIAJIOBUX CTPYKTYPH. Y pe3yJbTaTi 0Jep’KyeEMO dac-
TKOBO-BUMPOJKeHl IudepeHUiajJbHi PIBHAHHA KBasicTaTM4YHOI 3ajayi TepMO-
MPY>KHOCTI 3 po3puBHMMM KoediuieHTamu. IloOynoBy ixHiX po3B’A3KiB BMKOHY-
€MO 3 BMKOPMCTaHHAM IHTerpaJibHOro IiepeTBopeHHA Jlamyaca 3a 4yacoM i ogHOro
criocofy 3HaXoIKeHHA (byHAaMeHTallbHOI CUCTEeMM pPO3B’A3KIB 3BUMYaAHOIO Au-
cdepeHLiabHOrO PIBHAHHA AOBLIBHOTO INOPAAKY 3 KyCKOBO-CTanuMmu koedilieH-
tamu [4].

3a TakKol MeTOAMKOKI 3HalileHO pO3B'A-
30K 1 MpoOBeJIeHO YMCJIOBMIE aHaJi3 3ajavi A .
NBOX CTHMCHEHMX Ha GeaMesxHocTi mapanensio 4 ¢ 4 4 v ¢ b 4 4 4 4

ofl_.=-&

o oci Ox sycunnsamu Py, pisHopigHMX niBnpo- % bt %
cTOpiB, M SAKMMM pPyYXa€TbCcaA 3i CTaJoK © dy | i’
IWIBMAKICTIO v, | TepTAM napajiesibHO JO iXHIX 7 @ = g
TPaHNYHMX IIOBEPXOHB MPOLIAPOK 3 BiAMIH- % ® d; %
HUMM BiJ| TIPOCTOPIB (pisMKO-MEXaHIYHMMM Xa- 7  (3) L
PaKTepUCTMKAMU [3, 5] ITobynyemo po3B’'A30K % ® d‘“ %
uiei ok 3azayvi 3a yMoBM, IO IPOIIAPOK TEX €

KyCKOBO-OnHOpPizHUM (cXema 3ajadi 3o0paske- 11711 7/11‘ F T 111

Ha Ha puc.). ;

HOna nporo Bumazky Tpeba poss’ssaTu
4YaCTKOBO~-BUPOJ KeHe audepeHiiajJbHe piB-
HAHHA HecTallloHapHOI 3aziayi TenyonporigxocTi [3]:

2 4
Ei=__1___6£+z{[(1,;{;k))§f_k:_t. —m]ﬁa(:r—dk)+

ofl .-

ox® a(x) ot i 0 |put, AP
(e +1)
N 20 Oty +fk B, vy 8 (x - dy) (1)
hk ax x,dk hk

i3 Mo49aTKOBOIO Ta rpaHMYHMMH YMOBaMU

© Kyuwmnip Pomah, 1999
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t(x, 0)=0, lim t(x, ©)=0, (2)
Tr—rtwo

me fi i h, — xoediuicnTy Tepts i Tepmiunoi mposimmocri, K = lfk”)/ Ak .
urykaHa cyHKUis Temnepatypu t(x,1), a Takox KoedilicHTH TeronpoBifiHoCT
A (x) i TemnepaTyponposigHocTi a(x) mopamTh y BUNIAAL

4
p(x)=p; + E(Pku -p)S_(x-dy), (3)

ze p(x) i p, — BignoBigHO TeMmepaTypa Ta (hisuMKo-MeXaHi4YHI XapaKTepuUCTHU-
Ky Beiel KyckoBo-omHOpiHOI cTpykTypu Ta ii k -i ckmagmosoi; S_(x) — acume-
TPUYHA OAMHUYHA PYHKIISA.

Posp’sa3ox kpaioBoi 3azmadi (1), (2) Oyayemo 3 BMKOPMCTaHHAM iHTErpajb-
Horo neperBopeHHs Jlannaca 3a wacom 1. Y peaynbTaTi, AK i B [3], omepxyeMo
BYpas A Tp&HCCbOpM&HTH dbyHKLii TeMnepaTypu:

tx, 5) =@ (x, s)+ZQk+;(x,s)S (- d,,), (4)
k=1
oe t(x,s)= It{:r,‘c) e *"dr, a,=a;

0

Q;(x,8) = Ce“"m_ Q.1 (=, 5) = (Z——Id(xx—s)- , ) Or(x)+ 0% (x), k=1,
x=dy

Bv
@g(.r)=——Fk(s)[Sh‘/ ﬁk(i} d) , [ h\[.(x dk)} Fk(s)—fk -u u‘[s_’
= (k)
oite) = () o] ek elmd) P ooy,
8

'
c=Y 4G )(miﬁk(d )e mke“) :

k=1 k=1
- k- D f— —_—
Q =67, Qk=(1§ld£§xix—) )®k+@°, k=2 4;

B@=el@, & @-=(> @

)@:“ (x)+0% (x), m=22

1=1 dix x=d,,
; [7a e 7 ; i 40,,(@) 73
P(x)=+s/ae , B(x)=P _(x)+P,_, (dk—l) i k=24;

1 |s i 2A.0%)
@ Fk(s)( (k+1) H;J;s @k—J‘[K( ) +“‘Et_

3yMOBJIeHe LIMM HecTalliOHaPHMM TEMIIEPATYPHUM I10JIeM TePMONPYIKHe Ie-
peMmileHHs 3HaX0AMMO 3 TaKoro AudepeHuiajJbsHoro piBHAHHA [3, 5]:
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M Blx)t(x,1) + C,, | (5)
Ox
ne B(x) = %t (;r)[1+v(:x:)]; C, — craya iHrerpyBaHHs; o,(x) i v(x) — Bignosin-

1-v(x)
HO TemnepaTypHuii koedilieHT JiHijiHOro posmupeHss i koedinient Ilyaccona,
AKI nopgaioTh y Burasaai (2).

Y pieranHi (5) Bxke BpaxoBaHi yMOBM piBHOCTI mepemimenb (u; = up,;) Ha
MOBEPXHAX CHPAXKEHHA X =d; , a AnaA Bigmykanss crajyoi C, BUKOPHUCTOBYyEMO
TaKi yMOBM KOHTaKTy Ha LIMX NoBepxHsAX [1, 5

¥ =¥V =--p mpu x=d,, (6)

() _ Ouy __E _2(1-vy)
e Cox =i | — =Bt |y Mg =—"v—, T =——=—
AP G = e k(é‘x P ") B alew)” * 1-2w
»HOCTi k-1 CKyIaloBOi KyCKOBO-OAHOPIAHOI CTPYKTYPH.
3acTocyBaBIIM J0 piBHAHHA (D) iHTerpaspHe neperBopeHHsA Jlamnaca, 3iH-
Terpyemo ioro. OnepxuMo Take 3o06pa’keHHs IJif TEPMONPYXKHOIo IepeMilieH-
HA:

, E; — monyne npy-

@z, 5) = CBI( fe =Ta[ _ S (z - dy)] + eBV70S_(z - dy)} +

=) r 2
+ByS_(x—dy) [ D @ (x)dx - By S_(x - dy) [ D Q (x)dax +

d, k=1 dy k=1

+ By S_(x - dz)J'ZQk(x)d:c B3S(a: d,) _[ZQk(x)dI"i"

d, k=1

+ByS_(x- da)IZQk(w)dm By S_(x - du[ZQk(:c)dm

d3k- kl

+Bs S_(x - d,) I Y@, (2)dz+C, x, M

dy k=1

me C,x=CYx+ i[cﬂ‘*” ~-CE x-S (x-dy), CP = ENC )
k=1 U2 S

Ina BunajKy, KOJM Ha NOBEPXHSX CIPsKeHHA X =d, i x=d, CKIamoBux
NpolIapKy BPaXoBYEThCA Jmille ixHi Tepmoonip Ry =2/h, (k =2, 3), y dop-
mynax (4) i (7) rpeba npuithatu f, = f; =0.

fx uactkoBi Bumazkyu 3 dopmyn (4) i (7) mpu AP =) od =P,
E,=E; i vy=v, (k=3, 4), d, =0 onepkyeMo TpaHCHOPMAHTH TEMIIEPATypPU
i mepeMimeHHa y cTucHeHilt Ha Geame)xHocTi Tpuinaposii cTpykTypi [3, 5], a
TAKOX TNPUAHABIIA LONATKOBO, mo ALY = ?LE”) ; agz) = a?’ y By =Es, vy,=vy,
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dy > ®©, hy; > — ana sBigmoBigHol 3ajadi NPO KOHTAKTHY B3aEMOZAIN IBOX
pizHOpigHMX miBIIpoCcTOPiB i3 ypaXyBaHHAM (ppHUKIlijiHOrO Harpisy [1].

IITo6 omepakaTH pPo3B’A30K chopMyJIbOBaHOI KBa3iCTATHUYHOI 3a7adi TepMo-
NpysXHOCTI BigHOBmMIOeMo opurinamm t(x,7) i u(x,t) sobpaxenn t(x,s) Ta
u(x,s) 3a ZOMOMOrol0 YMCJIOBOrO CIIEKTPaJIbHOIO MeToAy obepHeHHA y OGasuci

oproroHanbHMx MHorowieHiB fkobi [5]. Ile mae amory rpoBoauTH YMCIIOBMII aHa-
Ji3 3aJesKHOCTel Bif YacoBol I NPOCTOPOBOI KOOPAMHAT HECTAlllOHAPHOTO TeM-
TIEPATYPHOrO IOJIA i 3YMOBJIGHOTO HMM TePMOIIPY’KHOIo IlepeMillleHHs, AKi Bu-
HMKAIOTh BHACJIJOK KOHTAKTHOI B3a€MOXIl CKJIAZIOBMX TaKOl KYyCKOBO-OXHOPiZHOI
CTPYKTYpPM, IpPM PI3HMX CHNiBBiZHOIIEHHAX IXHIX ¢i3uKo-MexaHIYHMX XapakTe-
PUCTHE.

1. I'puniywexuw J[. B. TepmonpyHi KOHTaKTHI 3aja4i B Tpubogorii. — K., 1996.
- 204 c.

2. Koasno IO. M., Kyaux O. M., Kywnip P. M. IIpo nocTaHOBKY y3araJibHEHOI
3a/layi CNPAMEHHA IJIA PIBHAHbL TEPMOIPY?KHOCTI KYCKOBO-OAHOPiZHMX Tija
// Hon. AH YPCP. Cep. A. — 1980. — Ne 2. — C. 43—417.

3. Kywmnip P. M. BukopucTanHa MeTOAY y3araJlbHeHMX 3a7ad CHPAXKEeHHS B
TEPMOIIPYKHOCTI KYCKOBO-OLHOPIHUX T IIpy HeizealbHOMY KOHTakTi //
Mar. meToau Ta iz.-mex. nonsa — 1998, — 41, Ne'1. — C. 108-116.

4, Kywnip P. M. Ilpo noOyznoBy po3B’A3KiB 3BMYalHMX JIHIMHMX IudepeH-
LiaJbHMUX PIBHAHBE 3 KYCKOBO-CTanMMm Koediuienramu // Hom AH YPCP.
Cep. A. — 1980. — Ne 9. — C. 54-57.

5. Kywnip P. M., IT'anuao A. JI. [docnimxeHHA TEePMOHAIIPYKEHOIO CTaHY
KyCKOBO—OAHOpinHOro Byana TeptaA // Mart. metoau Ta dis.-Mex. monada. —
1998. — 41, Ne 3. — C. 98—-102.

6. Kushnir R. M. Thermoelasticity of piecewise-homogeneous structures:
method of investigation utilizing the distribution technique // Thermal
Stresses ‘97: Proc. of the 2nd Int. Symp. of Thermal Stresses and Related
Topics, June 8-—11, 1997. — Rochester, New York: Rochester Inst. of
Techn,, 1997. ~ P. 557-560. '

Roman Kushnir

THERMOELASTIC STATE OF PIECEWISE-HOMOGENEOUS STRUCTURE
INVOLVING NONSTATIONARY FRICTIONAL HEATING

A monstationary themperature field and thermal displacement caused by them in
two compressible inhomogeneous half-spaces with piecewise-homogeneous layer moving
between them with friction are determined using the method of generalized coupling
problems.

Crarra Hagiitna go pexkodserii 27.07.99
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Alexander Yevtushenko!, Sylvester Konieczny!, Roksolana Chapovska?

1p6d# University of Technology
2Lviv State Institute of Finance and Economy

DETERMINATION OF TEMPERATURE IN RAIL
DURING SLIDING OF WHEEL

1. Statement of the problem. The circular cylinder (the wheel) of radius

R is moving with a constant running speed V over the bounding of the semi-
space (the rail) and is pressed into it by force P. It is known that in wheel-rail
contact the creep caused the sliding within the contact region with the speed
V,. Sliding is accompanied by heat generation in the form of the heat fluxes
which are directed in both the wheel and rail. Because of the temperature
rise the microstructural changes of subsurface layers in rail is possible. Thus
in this paper we consider the problem of the frictional heating of the rail only.
For this purpose we now introduce the rectangular coordinate axes Oxy, rig-
idly connected to the leading edge of the wheel. To expedite calculation, the
following assumptions were made:

the width of the contact area 2a is small with comparison of the wheel ra-
dius R;

the creep due to elastic deformation is- neglected here. For gross sliding
(the creep 0.1% < s < 2%) the sliding speed V; is equal V; = s V;

at the leading edge of the contact zone, only a small temperature differ-
ence between wheel and rail can be observation. Thus, the heat partition-

ing factor becomes A = 0.5; the intensity of the heat flux q on the contact

area 0 < x < a is equal ¢ = AfV; p, where f is the coefficient of friction, p is
the contact pressure;

the convective heat transfer outside of the contact region is neglected;

the fast-moving of the frictional heat sources is considered,;

the steady state in the rail is taking into consideration;' _

the mechanical and thermal properties of the rail material is constant.
Under these assumptions the heat conductivity problem can be written as

L o, vcncn @

or| _ |-Ap'(§), 0<g<1 @)

M| e 0," -o<f<0, l<E<w’

T—->0 at JEZ+ 1 >, (3)
where

© Yevtushenko Alexander, Konieczny Sylvester, Chapovska Roksolana, 1999
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P P 4. [k

- aF o F fVipod
_2a,n_d!p"pnr p{)"za': Vr K ]

A=
" &
T is the temperature, K is the conductivity, k is the diffusivity.

2. Method of solution. The solution of the heat conductivity problem (1)—
(3) is obtained by applying the Fourier transform in the form [6]

b
% T
T (,n) = J;ojcta t,n)p (1)dr, (4)
0, —0<E<0
exp (-n°/(48))
GE,n)= , b=J<E 0<% 1 S
& JE E, I:Ef;jco

Since p’(t) is arbitrary, Ling and Yang [6] have proposéd a Fourier series
representation for the contact pressure. In present paper for this purpose we
use the piecewice-linear functions (roof functions) method [2]. We shall intro-

duce a uniform mesh into the integration interval [0, b]: 0 =15 < 1] < ... < T,-
1<t =0b, 1,=151, &1 =b/n, i =0, 1, ..., n. Corresponding with every knot 1;
of the mesh a «roof» functions will be put:

(PU(T) - {(11 = T) /0t, T€ [Tn,Tl] (Pn(‘t)'= {(‘t e Tn—l)/ ot, 1 E[T‘l’l—l"rﬂ]

o teft) 0 teltn)

(t-1_) /0t te[ty,n]
0;(7)=<(t;,1 - 1) /81, TeE[tyTy]  i=1, 2., n-L

0, Té [Ti—ll Ti+l]
We shall build approximation of function p°(t) in the form
T
P (M) =2 P ¢:i(1), p;=p(x). (5)
i=0

The uniform error of . this approximation for p*(t) € C*([0,b]) has order O(512)

[2].

Substituting the approximation (5) into the equation (4) we find

0, —0<E<0
TEW={ 722 p LG, 0sEst, (6)
i=0 i
A = s
\'\/;T- 5T£=0pi Mi(E.uTl)i 1<€<CO

where
MU(E.H n) = TIJO(Tl!gl TI) =5 Jl(‘rl:év Tl)
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Mn(E.n T'I) = JI(TmE.n 'ﬂ) == Jl(rn—bgi Tl) = tn_—l[JO(Tmér TI) = Ju(‘rn«-la‘g: Tl)]

M;"(E_., n) = Ti-1Ju(Ti_1,§. n) - ("m + 11-1)Jo (Tf,‘g’ n)+ Tisl Jn(‘fm,g: n -
i Jl (Ti—]_ H ‘g; Tl) i 2J1 (Tiv g) 'ﬂ) ¥ J'] (T£+19 é) Tl)r 1’ = 1! 2| seny n- 1:

1
Jo (7:,6,m) =-2JE -1, exp[ G- ]+2J_|‘.‘:exp( 4€]_

—nﬁ[erf[z——ﬁﬂ:—-:]—erf(-z—ﬁﬂ, E>t,, i=12,..,n;
7 b =2(- r)J'é_rexp[ 4(;1)] éﬁexp[ Z)
+[—'—‘g+g}rg(r,.,g,n), Endy el L W

(M

The functions L&, n) in the equations (6) were calculated using the for-
mulae (7) at substitution of functions Jy(t;, 1, M), 1 =1,2, .., n; k=0,1 in-
stead of functions Ji(t;, , n), where

Jol3s: 561 = ~21; exp[ ) wr erfc[j'—] .

1

Ji(t;150) = —--"t J_exp( ) [—Tg- + TJJU(T‘-,':‘,,T]), § =L B

3. Contact pressure. The distribution of the contact pressure has the
form [4]

sr.n _ Sin(Ro) o e
Py -, ®)
where
azlarctg(ﬂ——[l ) B=1-0a, O0<a,B<l,
T[ — H ] ? 1 (9)
1-2v_ H = Zﬁkg 5= ol +v)
T A- Y A

The values of the parameters B and H for a large range of materials are
given in [4]. Note that the parameter H is remarkably close to unity for most
metals.

At H=0 from the formulae (8) and (9) we obtain the known solution of
the isothermal contact problem [1]. If f=0 or H=B then a=8=1/2 and we
have the solution of the plane Hertz contact problem [1].

4. Numerical example and conclusions. The numerical examples has
been considered for the friction couple wheel-rail at R=05m; f=0.3; v=0.3;
pu=280.8 GPa; K=41 W/(m-K); k=9.1-10" m?/s; o, =103 K™! because of the
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experimental data [5] for three cases of the load. These results are listed in

the following table

Parameters PaSSe‘nger Locumqtive Locumoti‘ve
carstatic load wheelstatic load wheeldynamic load
P (N/m) 10° 2.10° 2.10°
V (m/s) 25 75 75
s % 0,1 9 9
Vs (m/s) 0,025 0,75 15
a (mm) 0,37 0,52 0,74
pg (MPa) 66,7 94,3 133,4
Trnax (K) 1,5 13,8 32,9

It is observed that the maximum contact temperature is reached in the

case at high running speed (V = 75 m/s) with a creep of 2% for the dynamic
locomotive wheel load. The calculated temperatures do not exceed 350°C.
Thus, the thermally induced phase transformation of the rail material, where
the temperature of at least 600°C would be needed [6], cannot be induced.

. 'aaun JI. A. KoHTakTHBle 3azaum Teopum ynpyroctu. — M. Toc. muagar.
TeXH.-TeopeT. J-pbl, 1953.

. Mapuyx I'. 1., Azowxoe B. /1. BeezieHue B INPOEKUMOHHO-CETOYHBIE METOMbIL
= M.: Hayka, 1981.

. Archard J. F., Rowntrec R. A. Metallurgical phase transformations in rub-
bing of steels // Proc. R. Soc. London, Ser.A. — 1988. — 418. — P. 405—424.

. Hills D. A., Nowell D., Sackfield A. The state of stress induced by cylin-
drical sliding contacts with frictional heating // Int. J. Mech. Sci. = 1990. -
32, No. 9. - P. 767-778.

. Knothe K., Liebelt S. Determination of temperatures for sliding contact
with applications for wheel-rail systems // Wear. — 1995. — 189, No. 1-2.
= B 91-98.

. Ling F. F., Yang C. C. Temperature distribution in a semi-infinite solid
under a fast-moving arbitrary heat source // Int. J. Heat Mass. Transfer.
= 1971, — 11.— P, 189~206.

Ouercanap €srymenko, Cuassectp Koueunmis, Pokconana Yanosceka
BU3HAYEHHSA TEMIIEPATYPHU ¥ PEfllII I YAC KOB3AHHSA KOJIECA

3anponorosano MAMEMAMUNHY MOTeAd GUSHAYEHHA MEMNEPAMYPHOZO TMoAlL Tid

uac mepms 8HACAII0K KOB3AHHA 3AAI3HUYHOZ0 Koaeca NO peliyi. Buxopucmano eidomudi
pose’'asox Jlinza naockoi xeasicmaylioraproi 3adaui menaonposidnocmi. Ha 6asi memo-
oy nycxoso—mﬂwuoz anpoxcumayi no6ydosano po3paryrKoey cremy ma SUKOHAHO HUC-
208U AHANI3 O BexiabKoXx munis ihmencusnocmi GPuUKYIiHOZ0 MEeNL06020 NOMOKY.
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UDC 539.3

Volodymyr Pauk
£6dz University of Technology

CONTACT PROBLEM WITH THE FRICTIONAL HEATING FOR A
HALF-SPACE AND A PUNCH WITH BOUNDARY
RECTANGULAR-SHAPE WAVINESS

1. Introduction. The contact problem for an elastic half-space and the
rigid punch having the profile of periodically distributed rectangular waviness
was considered in [4]. Recently [3] we studied the contact with frictional heat-
ing of bodies with the boundary parabolic waviness. In this work we consider
the following contact problem. The rigid thermoinsulated punch is pressed to

the thermoelastic half-space y <0 and slides with the constant velocity V in z-

axis direction (Fig. 1). It is assumed that the punch has the profile of rectan-

gular waviness with the period L and the contact occurs on the region
k=+o

= U (ay,b,). The friction forces o,, which have place in the contact area
Je=-c0

are described by Amonton’s law. Moreover, these forces produce the heat

which conducts into the half-space only. Outside the contact region the

Newton’s. type of heat exchange is allowed. The problem is considered as

planar.

Fig. 1.

2. System of integral equations of the problem. Main idea in the con-
struction of integral equations of the problem under consideration is that the
contact pressure, heat flux, temperature are the very same in all contact re-

gions (ay,by), k=-oo,...,+0, or to be more exact, all fields in the half-space
are L-periodic functions. Under this assumption it is possible to write the in-
tegral equations on the simple contact region (a;,b,;). This approach, proposed

© Pauk Volodymyr, 1999



136 ' Volodymyr Pauk

in [4], was applied in [3] to the boundary problems of thermoelasticity. The
system of integral equations of problem formulated above has the form [3]

L
=y P(-'r),d
T

b By
l_Lv J‘p(:cl')G(.r -x')dx' - —fY; fp(:r:’) N(x - x")dx' +
ay i}

sh®, o
+—1}-—IT(3')N($—3-‘)¢‘C=9($L ay < x < by, 1)
ap

h™ v
T(x) - — jT(a:')M(m.— xydx' + — jp(.r")-M(:x: -x)dx'=0, gy <x<b, (2)
nK - nK :

by
_fp(a:’) dx'=pP, (3)
4

where v, y, K, 8, h are, respectively, Poisson’s ratio, shear module, thermal
conductivity, thermal distortion and radiation coefficient of the half-space;
p(x)is contact pressure, T(x) is temperature of the half-space boundary; f is

friction coefficient; P is load applied within one period; g(x) is the function
describing the waviness geometry, which is equal g(x)=const for rectangu-
lar-shape waviness. Kernels of these integral equations have the forms

1[1:2\ 1[an3 2 [ﬂz)s 1 (m’—:}?
Giz)=— ——J+-—~-—- ] +— = +...,
3\L/ 45\ L 945\ L 4725 L

sin(2njz /L) nK — cos(2njz /L)
N 2Ry — o M + 21y ——
= zz %j+hL/K’ T Rj§2nj+hL/K

Introducing dimensionless variables and functions

rea'/a, s=w/a, PO=7p@, T =~}%T(m)
_ fVopa _ . _ha . !
ﬂ" l—V ] K*L/av Bl—K, a_z(ao+b0) (4)

the system (1)—(3) can be rewritten in the dimensionless form

1% & 1 . .
- [ (r){;-:—IG (s-1)-BN (s—r)}dr+
-1
« T
+%IT‘(r)N‘(s—r>dr=0, ls|<1, )

T(s)———jT (r)M" (s - r)dr+—jp(r)M (s-r)dr=0, l|s<1, (6)
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1
[p'mar =1, (7)

-1
where kernels G’ (), M(), N '(-) are some dimensionless functions.

3. Numerical solution of the system of integral equations. The integral
equation (5) is of the Cauchy-type with the index equal to 1. In this case the
distribution of contact pressure can be written as

P& =0 /N1-s2, (8)

where @(s) is a new unknown function. The integral equation (6) is of the

Fredholm-type of second kind with the weakly-singular kernel. So the
temperature will be consider of the class of limited functions.

Using the Gauss-Chebyshev quadrature formulae [2] and rectangular
quadrature, the system (5)—(7) can be transformed to the system of linear al-
gebraic equations

iZ(P(Tk)wk{

k=1

-ZG*(s,, - ) - BN(s,, — rk)} 3
Sy =N A .

+

2BBi &, :
B YT EpN' (s —p1) =0, m=1..n-1,
LS L ,

£ Bi L * 1- Z * *
T (pm)_ ?ZT (pk)Akm, 4 ;Z‘p (T)wk M (pm _'Tk) = 0! m = 1,..‘,7!.,
k=1 Y]

Z P (r)wy, =1, (9)
k=1

2k -1
2n

s
where 7, =cos T, wy = —, 1k E
n

3m=cosﬂn, ;R e R pk=~—1+-1-(21c—~1), g O
n n

Ay = 2ﬂ_+ . _l - [sinzMXL—sinM, km=1,..,n;
nABi (3 j(2nj + A Bi) A A
X, =@2m-2k+1)/n, Xo=(2m-2k-1)/n, km=1l...1n.

The system of 2n equations (9) is closed for 2n unknowns ¢(r.), T"(p;),
T I

4. Results. There are following input parameters of the problem: Biot’s
coefficient Bi, dimensionless period A and parameter B which can be consid-
ered as a frictional heating ratio. The numerical calculations showed that the
Biot’s coefficient has not effects on the contact pressure distribution but has
the great influence on the contact temperature. Analyzing the effects of the
parameters A and B on the contact pressure, some interesting results were
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obtained. For some values of these parameters the function ¢(s)changes the
sign for s = *1. This can be treated as a perturbation of the contact at corner
points of the punch. The values of A and B for which the contact in points
s=11 is lost are placed above the solid line in Fig. 2. Below this line the
contact in the region |s| <1 is full For A — « the well-known result B.,=1.16

[1] for critical value of the frictional heating ratio in the single punch problem

was approached.
1.2 e ey

Bl |

H Perturbed contact /

0.8 | i i
Full contac | |

[ |

| |

2 - 4 5 A6
Fig. 2.
It is clear that the perturbations of the contact have place for small

values of the period A (ie. for a «dense» waviness) and for great values of the
ratio B (i.e. for high speed V, great friction coefficient f, etc., See (4)).

e —

Py
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Boxogumup Iayx

KOHTAKTHA 3AJIAYA 3 TEILVIOYTBOPEHHAM JJId INIBIIPOCTOPY
3 NPAMOKYTHO XBHUJIACTOIO IOBEPXHEID

Hocaidocerno xormaxmuy 63aemodito NPYHHOZ0 MENAONPosidH0z0 NIENPOCTNOPY Mma
HCOPCMKOZ0 MENA0I304506AH020 PYTOMO20 wmamna. Beaxaemses, wo ocrosa wmamna
mae dopmy npamoxymnoi nepioduunoi xreuascmocmi. Baamo do yeazu seuuse eudiren-
HA Mmenaa énacaiforx mepmsa mia. Jlas pose’asysanns 3a0aui euUKOPUCTNAHO MEMOD CUH-
QYAAPHUT THMEZPANLHUX PieHANDL. JJocai0deHO 6nate NOoGePIHEs0l CMPYKMYPU Wmam-
na xa po3a’a3oxn 3adaui.
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BixTop Cemepar
Jwveiscorutl nHaylonaavHul yrnisepcumem im. I. @panka
TEMIIEPATYPA IIOBEPXHI TEPTH 1] YAC TAJBMYBAHHA

Beryn. ¥V npausx [1, 2] TemmepaTypa NOBepXHi (PPUMKLIAHMX eJleMeHTIB
rajibM IOZJaHa fAK CyMa TeMIlepaTypiu AOBKIINA, HiABMINEHHA 006’eMHOI Temmepa-
TYPH, C€peflHbOi IoBepxHeBol i TemmepaTypu cnaiaxy. CepenHio TeMmiepatypy
HOMIHAJIbHOI ITOBEPXHI TepTA 3HAXOAMMO 3 PO3B’A3KY TEIUIOBOl 3azadi TepTs
nnsa nBox mnisbeamerxenux Ttin z=2>0 (tino 1, dpuxniitna Hakmazka) ta z<0
(Tino 2, nuck) [2]:

O°T;(z,t) _ 1 OTi(z,t)

z>0, i=1 ma 2<0, i=2 0<t<ts, (1)

o2° k;, ot ' '
T;(2,0)=0, i=12, 2)
T,(0,t) =T, (0,t) =T(t), 0s<t<tg, (3)
KIM _KziTz_(z’_t) =q(t), OStSts. (4)
0z z=0+ 0z z=0-
T; >0, 1:=1,2 npu |z|>x, 0<t<tg, (5)

ne T; — TemmepaTypu B3aemopmiroumx Ti, K; — xoediuieHTH TensonposizHoCTi;
k; — kKoedpiieHTH TeMnepaTyponpoBifgHocTi; g(t) — iHTEHCHMBHICTB PUKUIAHOTO
[I0TOKY Terwia; t — 4ac; t, — 4yac raJbMyBaHHA.

TouHi pos3B’aA3ku KpajioBoi 3azgaui TemnonposigHocti (1)—(5) ogepakano ans
TPHOX BUIIAJKIB 3MiHM 3 HacoM IMTOMOI HOTysKHocTi cun Tepra [3]: 1) g(t) =

= q, = const; 2) q(t) = quv/t; 3) q(t) = qot. HacripaBzi yacoBa 3ajexHicTs hyHK-
1ii
q(t) = f(O)p(t)V(t), O0<t<tg (6)

CYTTEBO BiIPIBHAETHLCH BiJi HaBEAEHMX TPBOX 3aJIeXKHOCTell. 30KpeMa, KOHTaKT-
HMJ TUCK IifA 4ac rajJlbMyBaHHA 3pPOCTa€ BiJ HyJiA, B IOYAaTKOBMII MOMEHT 4acy,
710 MaKCMMaJIbHOrO 3Ha4YeHHA P, 3a 3aKOHOM [4]:

pt)=pyp" (t/tn), P'(t)=1-exp(-t), (7)
e t, — mapaMeTp, 110 XapaKTepu3ye 4Yac AOCATHEHHA (pyHKuieio p(t) HomiHa-
JILHOTO 3HAYEHHS Pg- IIpu 3apanomy Tucky (7) i nocriiiHomy koediuienTi reprsa
f(t) = f, wBMAKICTE Nix yac raJbMyBaHHA 3MEHUIYEThCA BiA mMowaTkoBoi V)
upu t=0 go HyJIAs B MOMEHT 3ynuHKK t = tg [5]:

V)=V, V@), V()=l-t+1,9'("), 05tsts, (8)

© Cemepak Bikrop, 1999
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ne T=t/ty; T, =tm/te; T =1/1,; te =2W/(f,p, V;) — uyac ranemysamus mpu
tn, =0 (ranpmyBaHHs 3 nocTilfiiuM cnopibHeHHsM), W — moyaTkKoBa KiHeTu4Ha
eHeprisa cuctemu. Yac rasibMyBaHHA tg 3HaXOAMMO 3 piBHAHHA V(tg)=0:

TS_Tmp'(TSf,Tm)‘_"l’ TS:tS/thl. (9)
3HajineHy 3 piBHAHHA (9) 3anexHiCTL 6€3PO3MIPHOro Yacy raJIbMyBaHHA Tg

Bii mapamerpa 1,, 3 abcomoTHOIO nMoxuOKoI MeHuIOK 3a 1%, MOXHA alpOKCHU-

MyBaTy pYHKIIEIO: Tg=1+ 1o,

Temnepatypa. Po3B’A30K KpajioBol 3amaui TenyonposiaHocti (1)—(5), axuio
BifloMi myuToMa noTykHicTe cun Tepta (6)—(8) Ta wac ramemyBaHHA tg (9),

OTPMMYEMO 3a JOIOMOrOK TeopeMM IIpo MHOXKeHHA 300pa’keHb AJs iHTerpab-
Horo nepetsopeHHA Jlanyaca (TeopeMu mnpo sroptky [6]) y Burnaxni

T, (2,t) = Ajp(

__fp V% f’ﬁfs 1 -
ne 1+ kK, k. K1 & = kts t=12. (11)

Mincrasasaroun dysxuii p'(t) (7) Ta V (t) (8) B posB’sa3ok (10), oneprryemo:
Ti (Z:t) = A[(l T+ Tm — T)N— (‘;{;T) i N+ (Ci’T) = (1 + 2rm - T)L_ (ci’TsTm) +

+‘1:'f'r'|.'[‘- (gi:Tirm/z)-L-'- (gfits‘tm)]! (12)

N*(C®) | _ ez, -G [ . ] !, i=
|:L¢(C£!I'Tm):|_5[ E'xp[ '}exp[ (e—4) /%l iy B=hi (R

3HajizieMo iHTerpaJmu N*(C,-, Tk IH‘I‘erpyBaHHﬂ B (13) yacTuHaMu gae

N™(&;,7) = 2Vt exp(-n} 2<;2J'r' 3% exp(-¢ /1) dv (14)

)V (t-1)1" 1”exp( C‘)u‘,'c 0<t<tg, (10)

N*(c,n)—-—r texp(-n )—“CN €., =6/ (15)

Bepyun no ysaru sHadeHHA iHTerpaia (7]
o0

Iexp (—yz)dy = %J;terfc (=),

3 (14) onepxyemo
N (&;,7) = 2JTexp(-n?) - 2¢;Vrerfe(n;), erfe@ =1-erf@. (16)

Inrerpamm L&, 1, T,,) (13), obuncieni 3a monomoroo MeToauky [5], MamoTh
BUIJIAL

L (&;,1,%,) = 7T, exp (—1' ) {{Fc (&), ij -1]sin(2n;, ) +
+ C(x;, 7,7, )c05(2n,, )}, 1=1,2, (17
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L (Si!TrTm) . %Tm VT, exp("‘r*){[FC (‘;ist’Tm) + 2T'|imC(C_,£,‘E,‘tm) i 1] »
XSin(znim) > [FC (Ci!":! Tm) . 2nimFS (Civ_tiTm) + nim]cos(znim)}! =12, (18)

FS(gi.str Tm) - S(gi)‘r9tm)
(FC(CiI T ‘tm )] i erf(zn‘) + [C(Ciitt Tm )jl’ (19)
[S (Civri Tm)] - i (_ Z)JTF z? !:Sin (27'!:30) dx - /J—— 20
C(Ci!T!Tm) -‘JT_Eexp uh ; € 005(21151') v Nim _Ci Tm: ( )

Higcrasusum iarerpamu N*(&;, 1) (15), (16) Ta L¥E;, 1, T) (17)—(20) y cnis-
BiHomneHHA (12), BM3HaAUMMO IIOBHe TeMIlepaTypHe moJjie pobouux eyeMeHTIB
(dbpukniiiHol HakNaAKM i AMCKa) IPY OZHOPA30BOMY raJibMyBaHHI.

KonTakTHY TemnepaTypy 3Haxozumo 3 (12) npu z =0 y Burasai

T(t) = A[(2+ T~ $)V5 - (1+ F1, = ) 245 F(VE) +
+ thZTmF(E)], 0=st<tg, (21)

ne F(z)= exp(-—‘rz)]exp (xz)d:c — iurerpan Jlocona [8].
0

Ipu t, =0 (tg=ty) ai cnisBinmomenna (21) omepskyemo BizoMMit pe-
dynbraT [10] n7si KOHTAKTHOI TeMIlepaTypy MiJ{ Yac raJbMyBaHHA 3 ITOCTIHMM
CIIOBLIIBHEHHAM!

T(t) = EA[I --%i)‘/z, 0<st<ts. : (22)
At /8

Uucaosmit amaniz Ta BucHOBEM. Hezase)KHMMM NMOYaTKOBMMM IapaMeTpa-
My 3anadi € n8i 6esposmipHi BesmuuHy 1,, (8) i §; (11).

KonrakTHa TemMnepaTypa nocAra€ HaiGijbIIOro 3HaYEHHA M 4Yac rajbmy-
BaHHA 3 MOCTIfHMM CIOBiINIEHEHHAM (puc. 1).

T

0.8
0.6 0.45
0.4 0.30

0.2 0.15
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Yac pgocArHeHHA MaKCHMMAJIbHOTO 3Ha4YeHHA KOHTAKTHOI TemIlepaTypu
t~ 0.5ty npu 1, =0. 3i 36inbUIeHHAM MapaMeTpa T, Lei 9ac 3MilLyeThCHA, CTAE
OavoKyuM 10 3ynuBKM (T — tg).

ITig vyac ranpMyBaHHA (Pi3MKO-XiMiyHI Ta MeXaHi4HI NepeTBOpPeHHA MaTepia-
Jly <ppUKIiJiHOrO eyleMeHTa BiIOyBAaIOTHCA Yy TOHKMX IIPMIIOBEPXHEBMX Ilapax.
ToBIIMHA IUX IUAPIiB XapaKTepPU3YeThcA «ePeKTUBHOIO rMOMHOI0 NpOoTrpiBaHHA»,
1[0 BM3HAYAEThCA AK rambyuHa, Ha fAKif TeMIepaTypa CTaHOBMTBH IT'SAITh BiACOTKiB
Big noBepxHeBoi [11]. TemnepaTypa IMIBUAKO 3HMMKYETHCA B OCbOBOMY HaNpAMi
(puc. 2). lle sMeHUIeHHA JIiHIHE NIpU T,, > 1. EcdexruBHa rambuua nporpiBaHHA
Hajbinpma 1nix yac piBHOCIIOBIIBHEHOrO raJIbMyBaHHSA, 31 30iJIbIIeHHAM Mapame-
Tpa T,, BOHa 3MeHIUYeThCA (0cOBIMBO IBUAKO IPU Ty, — 1).
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Victor Semerak
TEMPERATURE OF THE FRICTIONAL SURFACE DURING BRAKING

This paper deals with the ome-dimensional transient heat conductivity contact
problem of a sliding two semi-spaces, which induces of friction and heat generation
during braking. In the present temperature analysis the capacity of the frictional source
on the contact plane dependent on the time of braking. The problem solved exactly us-
ing the Laplace transform technique. Numerical results for the temperature are obtained
for the different value of the input parameter, which characterize the duration of in-
crease of the contact pressure during braking from zero to the maximum value.
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YK 539.3

Ilerpo Kpacaiok
JIveiscoruil naytoHaavHut yHieepcumem im. I. dpanxa

TEPMOIIPYAHHA KOHTAKTHA B3AEMO/IA KIJIbIA TA IMJIIHIPA
3A ®PMRIOINMHOIO TEIIJIOYTBOPEHHSA

KonrakTHi Byasy, fKi ckJafaloTbcad 3 OOTHMCHEHOro GaHAa’kKeM NPYIKHOTo
LMJIiHApPa, WIMPOKO BMKOPMCTOBYIOTh y MaluMHOOYAyBaHHi, 110 POOUTH aKTyalib-
HUM fAK Yy TEOPETUYHOMY, TaK i y INPUKJIAJHOMY acleKTaX JOCHiKeHHS Bifrno-
BIJHMX KOHTaKTHUX 3azay. OpHuMm i3 npursnagie Takoi B3aeMofii € BunazoK ob6-
TUCHEHHS MAOBroro LMJIHZAPa TOHKMM IIPYKHMM KiJbleM. BianmoBizna mnpyxkHa
KOHTAaKTHa 3ajlaya /A Takoi cucTeMu posmiAHyTa B [1], me oxepsxano aHagi-
TUYHY HOPMYJTY JJISA KOHTaAKTHOI'O TUCKY.

Ile NMoBiIOMJIEHHS CTOCY€ETBHCS AOCIiAKEHHA CTATUYHOI TepMOIpYKHOI 3a-
Jadi B3a€MOJil MOPOKHMHHOIO IMUIHApPA Ta HacaJKeHoi Ha HbOro 6ea HaTAry
KLIbI[eBOI NNIAaCTUHY IOCTINIHOI TOBIIMHY, KOJIM IXHili KOHTAKT CYIPOBOMMKYETHCS
CTalliOHAPHUM TeNJIOyTBOPEHHAM Bif Ail cuj TepTa.

IlocranoBka 3apaqi. Hexait Ha yoeruit npysxemit 1tisgp (puc. 1) i3 BHyT-
piluHIM pajliycoM a; Ta 30B-
HIIIHIM @) HacaJKeHO TOHKY
KiNbleBy NJacTMHY 3 BHYT-
PILIHIM pajiycoM ag Ta 30B-
HILIHIM @9 IOCTiiHOI TOBLM-
H1 20 (Kosmu & — Mane rno-
piBHaHO 3 ag). Ha mnoBepx-
HAX r=a; j=1,2 aama-
I0ThCA pajialibHi HaNpyKeH-
HA @qj, Ae q; B3MiHIoETbCA
B3J0BXK ocl nuaiHgpa, a 3Mi-
HOIO HaBaHTaX{eHHA q2
B30BK OiuHoi moBepxHi
NJaCTHUHMU HEXTYEMO.

IMpunycrumo, mo nnac-

THMHa 0DepTaeTbCss CTOCOBHO Puc. 1.
LUMITIHAPa 3 MaJIOl0 KyTOBOK IIBMAKICTIO 0. 3a paxXyHOK Ail cus TepTs, AKi Bu-
HUKAIOTh Ha CHIBAOTMYHMX IIOBEPXHAX TiN 1 MANOPAAKOBAHUX 3aKOHY AMOHTO-
Ha, BiAOyBaeThCA TENNOYTBOPEHHHA, TEIIOBMI KOHTAaKT TiJl HeiflealIbHMIL, a Mix
HEKOHTaKTYIOYMMM IOBEPXHAMM LUAUNIHApPa Ta IJIACTMHM i JOBKLMISAM HYJIbOBOI
TeMIepaTypu BiibyBaeThca TenyoobMiH 3a 3akonoM HbioToHa.

Posrasijaoun 3ajavy y CTaTHU4HIM OCTAaHOBL, BM3HAYMMO posnoziyn Ha-
Npy’KeHb, NepeMillleHb, TeMIepaTypyu i TeIUIoBMX IOTOKIB y Tpubocucremi 2a
BpaxyBYIOuM y KiIblLeBili NJacTUHI BifUEeHTPOBUX CUJI iHepuii.

Beaokalouyn nepepis, 10 NpoXoauTh Yepe3 CepeAuHy IJIACTUHM HYJILOBUM,
BiHeceMo 10 Tpubonapy A0 UMIIHAPUYHOI CHMCTeMM KOOPAMHAT, CIIPAMYBAaRIIN

© Kpacuiok ITerpo, 1999
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Bich z 3a Biccio LMaiHApa. JJoAaTKOBO IMPMITYCKaEMO, IO PO3IOALT HaBaHTaXeH-
HA q1(2) € CMMETPUYHUM CTOCOBHO oci z = (), a jioro rnoBe/liHKa Ha HeCKiH4YeHHOCTI
TaKa, IO JOIIyCKa€ BMKOPMCTaHHS IHTerpaJlbHOIO KOCHHYC-TIepeTBOPEeHHA
dyp’e.

Toni, 3a 3pobJeHMX NPUIYIUEHb, ANA LMJIHAPa PO3IJIANAEMO OCECHMET-
PMYHy 3aJady TepMONPYXKHOCTi, AKa MaTeMaTMYHO 3BOAMTHCA Z0 mNoOynoBM
PO3B’A3KYy CHUCTeMM, 5IKa OXOILIIOE AudepeHUiasbHi PIBHARHA TENJONPOBIAHOCTI:

T, + 771 0,T, + 0T, =0, (1)
piBHOBary, cyMicHocTi gedopmaniit Ta criBBifjHOIIeHHA 3aKoHy I'yka (dopmyinu
(1.2)—(1.4) 3 mpani [2] npu j =1). HaTomicTh y niacTuHi. peallisyeTbCa y3aralb-

HEHMM ILJIOCKMUI HaNpPYKeHWI CTaH, TOMY TYT OHEPYXMMO CUCTEeMY, AKa CKJaga-
€ThCA 3 PIBHAHHSA TEIUIONPOBIAHOCTI TOHKMX IUJIaCTUH!:

2T, +r18,T,-x’T, =0 (2)

(ne xoedinieHT K XapaKTepuaye IHTEHCUBHICTh TEIIOBiZladi 3 OCHOB ILJIACTUHM)
Ta PIBHAHHA TEPMOIPY’KHOCTI 3 ypaXyBaHHAM BifLIEHTPOBMX CHUJI iHepuii:

2.2 12 _ 2,2, 252
Pu® ++19,48 -2y 10?82 r=a,(1+v,) 8,T;. (3)

IIpu upoMy posB’A3KM cHcTeM AMdepeHNniaJbHUX PiBHAHb MalOTh 3alo-
BOJIbHATY TPaHM4H] Ta KOHTaKTHI yMOBK:

r=a; 8, T=yT; o =-q2); 1% =0; (4)
r=ay 0, Th=-1,T; 62 =-gp; (5)
r=ay |z| <8 M6, Ty) 230, Ty = foay(p(2); (6)
M@, T))+2;0, T, +h((T) - T,) = 0; (7)
@) =ul; {60} =0 =~lpl)}; 7% =0; (8)
r=ag, |2]>8: 0,7 =-1,T; o2 =0; 1 =0, © (9

) = g = 2y}, s 2
ae y;j=0;/A; (yo=00/M); €= JEQ %)2(1 —V2)) ; P(2) — KOHTaKTHMIT TUCK;
T; — remnepartypa; 05.’), tﬁé’ — pamianbHe i moTuune Hanpyskeuns; ul? — pagi-
aJlbHe NepeMilleHHs; E:,- — monysb IO=ra; f, Vi, I\.j, aj, 'a'j( 0y ) — BiANOBiZHO Koe-
¢inienTn TeptaA, Ilyaccona, TennonposimHocTi, JiHifHOTO TEmIOBOro po3lMpEH-
HA Ta TemoobMmiHy; h — TepMiyHa NMPOBIAHICTE MJIOLIMHM KOHTAKTY; Py — TyCTH-
Ha. Y HaBeJleHMX Ta HaCTyNHuX ¢opMyJiaX 3HaUeHHd j = 1 CTOCYEeThCA LUIIHA-
pa, ] = 2 — nIacTHMHI.

OcCkKiNbKM TOBIIMHA IMJIIHAPMYHOI IJIACTMHM TIPUIMAETLCA MAaJIOl, TO Ha
AlnAHLL B3aemoxii aocuTh 3abe3nednT BMKOHAHHA yCepeNHEHMX 3a 2 TeIuiodi-

anyanx (6), (7) Ta MexaHiyHmx (8) KOHTAKTHMX YMOB, NPO IO CBiAYMTHL HAaAB-
HICTh ZIONAHKIB y TPUKYTHMX IY’KKaX JJII KOMIIOHEHT, fiKi BiANOBiNa0Th MOpPOXK-
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HMCTOMY IMJIHAPY (Hanpukiaz, (uf.”)(r)::-é% sug.”(r,z) dz). YV Bunagky um-

JIHAPUYHOL MIACTMHM TaKe O3HAYEHHS € OYEeBMJHMM i BMILIMBAE 3 yMOBM y3a-
raJIbHEHOTO ILIOCKOI'O HANPY?KEHOro CTaHy.

IIobynosa po3s’asky. BeiBmm ABi HeBifoMi pyHKIII
fi(2) = (B, Ty(ay,2) + 7o Ty(ay,2)) HO-|2]) Ta (fy(2)) =-0,Ty(ay) (10)

(me H(z) — dynxuia I'esicaiiaa), Ansa KOKHOI 31 ckJIagoBux TpubocucTemMu 3any-
CyeMO BMpasu IJIA TeMIlepaTypH, Halpy»KeHb i NepeMilleHb y TijlaXx CTOCOBHO
cyHKLiA f; Ta HEBIOMOro KOHTAKTHOro TUCKY. [lns Toro mob oxepsxaTy KiHie-
BUJ pO3B’'A30K 3ajayi, NoTpibHO BM3HAUMTM XapaKTep 3MiHM B3JIOBX OCi 2 KOH-
TaKTHOTO TMCKY Ta QYHKUI# f; i 3aZ0BONLHMTY KOHTAKTHI YMOBM IIpU T = @,

2| < 8.
CTOoCOBHO KOHTaKTHOTO TUCKY npuiimMeMmo, 3rizHo 3 [1], o
-1 q
p(z) = p.6° - 2*) (11)
AKWO B € mepmMM AOJATHUMM KOpPEHEM XapaKTePMCTUYHOrO PiBHAHHA:
(1-v3)E
tg(nB)sin(nf) = (1—1—;—;-( = COS(‘}TB)).
—Va2)&&

lono cynxuiii f; (z), To NpUIyCTUBILUM, IO TPH 2| £ 8: Ty(ag, 2) = T1(ag) Ta
CKOPMCTaBIUMCh TeIIoiduuHMMM KOHTaKTHMMM ymoBamyu (6), (7), sammiuemo
Taxki BUpasu:

£1(2) = 0.5 foayhy p.(8% = 2P + (v, — 0.5RALY) Ty (ag) + 0.5hA7 Ty(ay),

£,(2) = 05 foa Xy pa(82 — 2P + 0.5RA3 Ty (ay) - 0.5kA5: Ty(ay). (12)

Dopmynn AIIA 3HAXOMKEHHA Tj(ag) 'OIIepIKNMMO, BUKOPUCTABIUM BUPABH JJIA
TeMIepaTypy LMJIIHAPa Ta WMIHAPKUYHOI MacTuHn. Kk HacJioK,

T;(ag) = foa;p.Q;, (13)
ne

T st . h
o, =_[H";aﬂfﬂ VIO @+ 5)04(00) 555 Fi 1 00, D)+

- .
ij?il (28)" 2 ; ', @\ o,é)](H z(“c))]Q g
e

Q= [ SIr@re + )‘1’2(“0’( : ("“ 2A, )F‘{_‘(““’@}J

3 =
e R L z(ao)}el
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h h
Q = (1 + 2_}%{1)2(“0))[1 - %Fl {al(ao,g)})'*‘ WFl{al(a(}!a)}a

@ 1(&)

R {f®) = Iﬂa}l"szdg F{f(©) = If(g) Sin(z5)

E dg,

a" :
®,(r,8) = {Iy(Er)[EK (Eay) + v, Kq(Eay)] + Ko (Er)[EL (Bay) - i1 (Eay T}
x{[gfl(‘;a%) +volg(Eag)][EK, (Eay) + 1, Ky (Eay ]

- [EK, (Eag) - YoKoEap)][EL Eay) - i IpEay I}

1 Iy(xr)[kK,(kay) - Yo Kg(kas)] + Ko (kr)[KI; (Kay) + ¥5]4(kay)]
"k I (xay) [KK, (xay) - ¥,Kq(Kap)] - K, (kag) [KI; (Kay) + Yol (Kag)]

§ — nmapamerp iHTerpasibHoro neperBopenus @yp’e; I,(z), K,(z) — moaudikosasi
dyukuii Beccenss mepiuoro i gpyroro pony, nopaaxy v; J,(z) — dysruis Beccens
nepioro poay, nopaaky v; I'(f) — ramma-dyHkmis.

3aI0BOJIHUBIIM OCTAHHIO TPaHMYHY YMOBY — KiHEMaTM4HY YMOBY KOH-
TakTy 3 (8), 3anuiuemMo popMyny AJA P.:

p-—[w—l v 3 Jql(mz( S ag - Bagth 4

D,y(r) =

w’a, -I 1-v2 2a -

i 3 T 1 “ 28) 2 x

R B+ v (L= vy) 7ot Y

xl"(B)inAl(al,é)}— ’“"0 SXP-V (BB + = (“g *ZO +v2}+ foag x
1]

X<(11|:JI%(B) (28 2F2{—1(&)}+Q1 SF{—l(é }+(Q2 Ql)2 5}. Fl{‘l }:|

1./“2(]3—1) N
_a[f.uﬁ_ BB+ )Hzca01+;(—“”-’1—;(Qz~Q1)Hz(an>}>} » (14)

2l 93 (2
21, (a3 - ap) 2(a3 - ag)

komn q;(§) — wocumyc-neperBopenHsa Pyp’e dynkuii o6THCKyOUOro HaBaHTa-
MeHHA qq(2),

Hy(€) = 1 - vD)E Ay (ay, 8)A ™ (a,,€) 0, D, (ay, &) -
(81001, 8)A™ (a1, 8) - (1 - v,)™)5, B, (a4, 8)],

Hy(a,) = a_o_izlI,(Kaz)[xKl(xa.z)-yzKu(mz)]—-Kl(lcag)[adl(mz)+7210(1<a2)]'
Ak 2 2 I (xay) kK, (kay) - v, Ko (kay)] - Ky (kag) [KI; (kay) + Y51, (xa,)]’
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a Bupasu qna A(ay,f), Ag(ar,&) i Ala,) HaBeneni B [2].

3a HaBeleHUMM Buille opMysaMy o6UMCIIOEMO KOHTAKTHMI TUCK i Temme-
paTypy TLI Ha AUIAHLI KOHTAKTY i, AK HACJIIOK, 3HAXOAMMO POSNOAIN TeMIe-
paTypH, TEIUIOBMX IIOTOKIB, HAaNIPy»KeHb 1 MepeMillleHb y CKJIanoBuX Tpubocuc-

TEeMMU.

Anajiz pesyasTaTiB. Ina imocr-
pauii obpaso rpacik 3asexKHOCTI p. Bif
BEJIMYMHM KYyTOBOI IUBMAKOCTI obepTaH~-
HA ® (3MiHa AKOl BU3Ha4a€ iHTEHCUB-
HICTP TEIUIOYyTBOPEHHA), AJNA PI3HMX
3HayeHb BiIHOIIEHHA KoedpiuieHTIB Ji-
HIfHOrO TEeNJIOBOro PpO3IUMpPeHHs T
ITokazaHO iCHYBaHHA TaKOro CIiBBij-
HOIIEeHHA MIX 03 1 @y, 3a AKOro p, 3Mi-
HIO€ 3HaK (KpmuBi 1, 2 Ha puc. 2), mo
CBiYMTH IpO BiAPMB NJIaCTMHM Bix nu-
Jinzpa. ToMy OCHOBHMM pe3yJbTaTOM
npall € BMKOHaHe aHaJITH4HINA dopmi
IOCJIZI’KEeHHA ABMILA  BiAlIapyBaHHA
NPpYMHUX TiNl 3a ¢PHUKIIAHOrO TeIo-
YTBOPEHHA.

Pu MITa /M2~

20 3 Z i
101+ ! i
Yo T
L i 2
" : e
0 10 o, pax/c 9g

Puc. 2.

1. Apymiwonan H. X. O xKOHTaKTHOM B3aMMOAENCTBUMM YNPYroro KoJiblia C yII-
pyrum mmymenpom // Viss. PAH. MTT. ~ 1994. = Ne 2. — C. 204—-206.

2. I'puauyxui [I. B., Kpacwiox I1. I1. TepMoynpyruii KOHTakT ABYX LAIMHAPOB
C HEeCTalMOHAaPHBIM (PUKIMOHHBIM TemuoobpasoBanuem // Ilpuxiagnas
MeXaHMKa M TexXHudeckasa cduauxa. — 1997. — 38, Ne 3. — C. 112—-121.

Peter Krasnyuk

THERMOELASTIC CONTACT INTERACTION BETWEEN THE RING AND THE
CYLINDER UNDER THE FRICTIONAL HEAT GENERATION

In the present paper the static thermoelastic contact problem of embracing of the
hollow cylinder by a round ring slice of finite length which is put on it without stretch,
when their interaction is accompanied by stationary frictional heat generation, is inves-

tigated.

Crarra Hagiiina go peakoderii 25.06.99


http://www.tcpdf.org

BICHUK JIbBIB. YH-TY VISNYK LVIV UNIV.
Cepia mex.-mam. 1999. Bun. 55. C. 148—151 Ser. mech.-math. 1999. No. 55. P. 148—151

YIOK 539.3
Poman Kynsuunseuii-Hluraiino
JIveiecvrutl naytonanvhull yrisepcumem im. I. dpanxa

KOHTARKTHI 3AJAYI 3 YPAXYBAHHAM TEIINIOYTBOPEHHA
AJId HEOJHOPIITHUX TLI

1. INocramoBka 3apaui. PosrasijaeTsca KOHTaKTHa 3ajladya TEPMOIIPY>KHOC-
Ti IIpO B3a€EMOJII0 >KOPCTKOI TENJIONPOBiAHOI OCHOBM (MIBIPOCTOPY) 3 NPYKHUM
TLIOM, NOBEPXHA AKoro Mae c¢opMmy eiinTuuHoro nmapabosoina. Tino mputucka-
€ThCA JI0 MIBIIpocTOpy cuyolo P i pyxaeTbcs B3NOBIK JOro rnoBepxHi 3i mBsuakic-
Ti0 V. BiacTuBocTi MaTepiaJly Tijla ONMCYIOTh TaKMMM CIIiBBiZHOLIEHHAMMA

Oy =AW, +Aywyy + Agwys —B T, (1)
Ogp = Ay wyy + Ay wyy + Az wy3 B T, (2)
Oy3 = Az Wy + Az Wyp + Ay wy3 —P3 T, (3)
o3 =3(4; - AZ)(wl,Z + wz.l] : | (4)
O3 = 4; (wl,a + wa,x)’ Gy = 45 (w:z,a + ws,z) , (5)
file w; — KOMIOHEHTY BEKTOPa MPY’KHOTO MepeMillleHHs; Oy — CKJIafoBi TeH30-

pa Hanpy»KeHHSs; A;, B; — disuko-MexaHi4YHI BJacTHBOCTI MaTepiaJy.

ITix yac KOB3aHHA BHACJIAOK il CUJI TEPTA YTBOPIOETHCA TEIUIO, AKe BU-
TPa4ya€ThCA Ha HATpPIBaHHA PYXOMOrO Tijla Ta BMHMKHEHHA B HbOMY TepMiuHUX
HanpysxeHb i fecdopmaniit. Iloza AinTAHKOI KOHTaKTy IOBEPXHA Tija BilbHa Bif
HaBaHTa)X€HHA 1 TeIwoizosboBaHa. BBakaeMo, IO IHTEHCHMBHICTH TENJIOYTBO-
PEHHA JIOPIBHIOE MOTYXHOCTI CUJI TeIJa:

qg=fVp, . (6)

Jle q — TeIUIOBMIA ITOTIK Yyepe3 IIOBEPXHIO TiJla; P — KOHTaKTHMI TuCK; f — Koedi-
I[IEHT TepTA.

3a MX NPUNYyNIeHb PO3NOALNY TeMIepaTypH, MepeMillleHb i Hampy’XeHb
O/Iep3KMMO, PO3B’A3aBILIN 3aZayy MaTeMaTU4HOI (isukn:

PLBHAHHA PLéHOBAZU:

O111 +O122 +Oy33 =0, (7)
Oyg1 + Oz + 0933 =0, (8)
Cy31 +Og32 + 0333 =0; 9)

© Kyabunuskuit-Euraitiao Poman, 1999



KOHTAKTHI SATAYI 3 BPAXYBAHHAM TEIIJIOYTBOPEHHA ... 149

PIBHAHHA MENAONPOBIOHOCTNE:

Ty + Ty + K? Ty =0; (10)

pienanns cmany (1)—(5);

KPaUuost YMosuU Ha noseprut nienpocmopy 2z = 0:

w, =h-x2/2R, - y*/2R,, (x,y)eQ, (11)
o3 = -p(x,y), (x,y)eQ, o033 =0, (x,y)eQ, (12)
O3 =0, Gy =0, (13)
q=-K;T3 = fVp(z,y), (x,y)eQ, qg=0, (x,y)eQ; (14)

YMOBa PIEHOBA2U TMIAG:

[[p(z.y)dxdy =P, (15)
Q

ne R,, R, — ronosHi pajiycu KpMBMHM y BepluyHi Tina; h — HeBigmome BepTu-
KaJIbHe [epeMillleHHA Tijia.

2. MeTon poap’asyBaBHA. Po3B’A30K 3aZlayi TeIJIONPOBIAHOCTI, ofepIKaHMii
3a JIOTNIOMOrOI0 JIBOBMMIPHOIO iHTerpaJibHOro mneperBopeHHsa Pyp'e, B obmacri
TpaHCOPMaHT Ma€ BUIIAN

T(§n,2) =Ty (& m)exp(—VE* + n’2/K), (16)

e

T =-LEEEN fen = [ [p@yemazay.  an

2 2.7
Ky g +1 Sile
Posp’sazox 3a/iavi TEPMONPYXHHOCTI NOJAEMO ¥ BUIIAAL Ccynepno3uuii ABox
pO3B’A3KiB:
e th _ e th
w; = w; +w;, Gij = Oy 5 Gij » (18)
ne w;, cfj — pos3B’A30K  BiAmoBigHOI i3orTepMmiuHoi 3amavi 3 BimoMMM poa-

HOJIiJIOM KOHTaKTHOTO THMCKY p(x,y); wiP cg‘

1 1
HOCTiI NIpo HarpiBaHHA BiJILHOI Biji HaBaHTAYKEHHA IIOBEPXHI TijJla TEILIOBUM IIO-
TokoM q(x,y) (6).

— pO3B’A30K 3aZiadi TepMONpyK-

[Ipy»xHy ckiIafoBy BeKTOpa IepeMillleHb W° IUYyKaeMO y BUIIAAI

wy =@ + D@y, wy =Dy +Dyy, wi =4 Dz +Ay Dy, (19)
2
me A; = Tty ~4g , Y; € KOPEHAMM XapaKTePUCTUUHOTO PiBHAHHA

A+ Ay
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4 2 2
A Agy* +(A] +243 45 - AL Ay)Y + A A5 =0, (20)
a ¢pynkuii ®; € poas’asxkamu audepeHUiaJbHMX PIBHAHD
2
D1y +Dygp +7; Pig3 =0. (21)
3HafIIIoOBIIM 3a JONOMOrOl0 JBOBMMIPHOIO IHTErpaJIbHOro IepeTBOPEHHA
Dyp’e Hepisomi dyHruii ®;, ANA NpPy’KHOI CKJIaJOBOI BepTHMKAJILHOTO IepeMmi-
IIeHHA MOBEePXHi TiNla O/IeP’KMUMO CIIIBBiHOIIEHHSA

i p (&, A -
5 (n,0) = W, e w, - AlitTs) (22)
E°+n AAy - A

3azHauyMMo, HI0 IMJ 4Yac 3HaXOZ KEeHHA Bupasis (22), 6yno 3akyazeHo mpu-
MyILIeHHA Y, # Y,. OfHax BiANOBiAHI BUpasy ANA BUIAJKY Y; = Y, MOXKHa OTPU-

MaTi 3 (22), miAcTaBAAIOYA Y, =Yy = Yq-

YacTuHHENMI PO3B’A30K piBHAHBL TepMmonpy:xHocTti (1)—(5), (7)—(9) mykraemo y
BUTJIANL

W w Wy, W=V, wh=p¥,. (23)
Hecynepewnuei piBHAHHA OflepPXKy€EMO y BUIIAJIKY
. BiK? (43 + As) + By (A5 = Ale)
By (A4 = KzAs) —B3 (A3 + 4;)
TepMONpYsKHY CKJIAZIOBy BEeKTOpa NepeMilieHh W'W OTPMMYEMO BHACJIZOK
NO/laBaHHA [0 MepeMimens (23) 3aranbHOro po3B’A3Ky ORHOPIAHMX piBHAHBL (1)—
(8), (7)—(9) i 3amoBONIEHHA YMOB HeHaBaHTAaKEeHOCTI ITOBEPXHi Tina.

B pesynbTaTi TepMONPYKHY CKJIA[OBY BEPTUKAJBHOTO IepeMillleHHA IIo-
BepXHi TiJyla 3HaXOAUMO Yy BUIJIANI

" B (&, K*(U, -UU
wghzmp"‘(g .t ‘:[AAK“+(A2+2(A2 1A)Aﬂ;K2 W8
1415 3 3As — A1 Ay +A4A5:[K3

h

Ae
Ul = Bl (A4 + A3 Kz)—Bg (Al Kz = A3),

U, =ﬂ1K2(A3+A5)+53(A5“A1K2).

N As(Alx(Tl +Yy) + Ay _V‘AIA{)
AA, - A
3aszHauumo, 10 dopmynamyu (24) mMoxkHa GesnocepeAHLO KOPUCTYBATHUCEH,
Ak K He € Kopenem XapakrepuctuyHoro piBHaHHA (20). Imakme y mux dop-

MyJiax Tpeba criogaTKy 3pobuTy rpaEuyHMit nepexix npu K — y; i K — v,.

U
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IlopieHiolouM 3aJieskHocTi (22), (24) 3 BiANOBiAHMMM 3aJIEIKHOCTAMM AJIS
isoTponHoOro TiNa, JOXOAMMO BMCHOBKY, L0 BOHM BIAPIBHAIOThCA Mid cO00I0 JiM-
ure kKoedinienramu. Ile osHauyae, 110 PO3B’A30K KOHTAKTHOI 3ajlaui AnA Tin 3
POSIJIAHYTMX BMIlLle MaTepiaJiiB 30epirae Bci XapaKTepHi BJIaCTMBOCTI po3B’A3KY,
nobyaoBaHOro IJisi BUIAZKY OZHOPIZHOro i30TPONHOrO Tijla, 30KpeMa, iCHye rpa-
HMYHA JIiJIAHKA KOHTaKTy y cdopMi Kpyra 3 pajiycom [4]:

G =29, g=W/W,, (25)
L1I0 JOCATAaEThCA B pa3i HeoOMeKeHoro 361IbIIeHHA NPUTHUCKHOI CUJIIN.

IIpayro suxonano & pamxax npoexmy Ne 7 TO7C 006 12, wo ¢inancy-
emsca Komimemom Hayxosux Jocaidxucensv Ioavwyi.

1. Barber J. R. Thermoelastic contact of a rotating sphere and a half-space
// Wear. — 1975. — 3§, No. 2. — P. 283—289.

2. Barber J. R. Some thermoelastic contact problems involving frictional
heating // Q. J. Mech. Appl. — 1976. — 29. — P. 1-13.

3. Yevtushenko A. A., Kulchytsky-Zhyhailo R. D. Two axi-symmetrical con-
tact problems with the steady-state frictional heating // J. Theoret. Appl
Mech. — 1996. — 34. — P. 767-779.

4. Yevtushenko A. A., Kulchytsky-Zhyhailo R. D. Approximate solution of
the thermoelastic contact problem with frictional heating in the general
case of the profile shape // J. Mech. Phys. Solids. — 1996. — 44, No. 2. —
P. 243-250.

Roman Kulchytsky-Zhyhailo

CONTACT PROBLEMS WITH HEAT GENERATION
FOR NONHOMOGENEOUS BODIES

The purpose of the paper is to present some potential function method for solving
three-dimensional thermoelastic contact problems for the bodies of nonhomogeneous
materials with heat generation. The problem is reduced to three equations of Laplace’s

type.
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MICROSTRUCTURAL NONHOMOGENEITY OF GLACIAL TILLS

1. Introduction. In engineering geology, geotechnics or when dealing with
practical problems, theoretical physical or mathematical models are applied.
Physical parameters used in these models which characterize soil and its reac-
tion to loading are statistical variables [2, 4]. Hence the parameters of soils
should be described by statistical methods — as determined values talking into
consideration:

— the measure of general tendency (i.e. arithmetical mean x),

— the measure of variability (i.e. coefficient of variation v),

— standard deviation o,

— areas of changeability R = X .x = Xnin

The variability of properties changes and depends on the definition of the
considered parameter, accuracy of its determination, as well as is conditioned
by method of research (the analysis of errors is omitted).

The properties of soil, and therefore of the soil basement depend on the
microstructural parameters of pore space. Their microstructural nonhomoge-
neity on the example of tills is for the first time presented below.

2. Geological setting and lithogenetic features of glacial tills. Glacial
tills are a typical result of glacial sedimentation. They include lodgement,
melt-out and flow tills. They are composed of heterogeneous material and
their composition depenids on rocks transported by the glacier from distant
and nearly areas as well as rocks taken from the glacial base. Glacial tills rep-
resent generally unsorted sediments with various contents of particular
granulometric fractions (gravel, sand, silt and clay). Tills contain quartz grains
of different size as well as grains of various rocks: gneiss, granite, quarzite,
limestone. The sediment matrix comprises a mixture of fine grains of calcite
and particles of clay minerals (illite or montmorillonite).

In macroscopic sense tills represent nonhomogenous soils [3, 8, 9]. Micro-
structural tests were carried out on till samples taken from 83 places located
in the area of Poland (fig. 1). The till samples represent different glaciations,
the depth of sampling usually reached 1.5 — 5.0m below surface. The investi-
gated tills contain: .

— 5 — 45% of clay fraction (< 2um),

= 5 = 70% of silt fraction (2 — 500 pm),

— 35 — 80% of sand fraction (500 — 2000 p{m).

3. Microstructures of glacial tills. According to the carried out analyses
(fig. 2), the investigated tills posses usually three types of known microstruc-
tures [7, '8]: skeletal, matrix, and matrix-turbulent by classification [1]. The

© Kaczynski Ryszard, Trzcifiski Jerzy, 1999
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matrix microstructure is the most common. On the basis of structural element
packing the following three sub-types have been distinguished [8]:

- A - till with loosely packed matrix microstructure,

- B - till with medium packed matrix microstructure,

- C - till with tightly packed matrix microstructure.

7
//, Komalin
&Kl

ATl ssmpling points

o!8  sampiing points

" extent of the Pleistocene glaciatians (Lindner 1984) i TR % L

Fig. 2. Examples of: skeletal microstructure (1), matrix microstructure (2)
and matrix-turbulent microstructure (3) in glacial tills.
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4. Microstructural parameters of pore space. Quantitative and qualita-
tive microstructural investigations of glacial tills were carried out with the
use of Stiman software (v. 2.07) connected to a SEM. The software based on
Fourier and Walsh analysis was developed by [6] from the Moscow State Uni-
versity. Results of the analysis enabled to determine microstructural parame-
ters of pore space in the tested soils (tab., fig. 3): porosity, number of pores,
total area of pores, total perimeter of pores, average area of pores, average
perimeter of pores, average diameter of pores. Evaluation of the degree of
image intensity enabled to determine the degree of structural elements orien-
tation — the quantitative parameter: anisotropy index of microstructure.

The microstructural parameters of glacial tills

Type/sub-type of | g jetal| Matrix il maiic | i
microstructure sub-type A | sub-ype B | sub-type C | turbulent (All types)

Parameters of - - s —
X|viX|viX|IvIiX|VvIX|IVIXiVvIXtVY

microstructure
Porosity n % 38.0| 9 [339] 19 |385| 10 {341 16 {27.6] 19 |206| & |343| 19
Nopaber ot pores | 3541102177 | 99 |192| 82 | 211 | 97 | 195 | 47 | 501| 03 {214 | 110

Average diameter of
ores Dg, pym

SORIea 3 PO aga| 00 [619 186 | 316 | 236 |1115] 127 | 391 | 205 | 395 | 83 |60 | 173

2.43| 128 |1.02] 126 |0.91] 138 {1.12| 105 | 0.88 | 131 |1.05| 99 {1.19] 134

R ares ol |sa4|153] 7.6 | 251| 7.8 | 221 | 7.0 | 193] 5.6 | 254 3.5 | 114 |07 | 241

Total perimeter of
pores P, x 103 um
Average perimeter
of pores Py, pm
Average form index
of pores Ky, x 10}
Anisotropy index of
microstructure K; %
Dominant orienta-

tion direction of 98 | 37 | 75 {53180 |46 |80 |53 71149190 |63F 78] 51
pores a°

1263| 63 [ 923 | 168 | 584 | 152 {1494} 110 | 903 | 164 |1211) 27 | 978 | 151

174|127}75|123| 6.9 | 142|7.8 {103 | 6.6 [123}7.8 [100] 8.6 | 133

473 11 |4.86| 12 |5.12] 10 |4.97| 12 447 11 |481| 8 |4.82| 12

10.6| 52 |10.3| 59 {10.0] 37 | 9.1 | 51 |10.5| 74 |10.6| 67 |10.4| 58

X = arithmetic average, v — coefficient of variation, number of samples — 83.

The quantitative analysis of microstructural parameters reveals that (ta-
ble):
— tills with C sub-type matrix microstructure have the smallest porosity.

The smallest mean diameter of pores, mean area of pores and mean pe-

rimeter of pores for these tills also reach the lowest values. For tills with

B and A sub-type matrix microstructure the values of these parameters

increase, reaching the highest values for tills with skeletal microstructure,
= the form index of pores reaches highest values for A sub-type matrix tills,

and the lowest for sub-type C. The values of this index in tills with the
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matrix-turbulent microstructure increases in comparison to these values
for tills the C sub-type matrix microstructure,
— the anisotropy index of microstructure does not vary in the analysed tills.

5. Microstructural nonhomogeneity. Tab. 1 presents the results of inves-
tigations for glacial tills, occurring within the depths of 1.5-5.0m, taken from
83 places in the area corered by sediments of the North Polish, Middle Polish
and South Polish glaciations.

Parameters describing the pore space of tills, regardless of type and sub-
type of microstructure, reveal a large heterogeneity. The coefficient of varia-
tion usually exceed 100%, sometimes even 200%. Microstructure treated as a
whole is characterised by the largest nonhomogeneity. Division into types and
sub-types decreases values of the coefficients of variation. However, for some
types or sub-types the parameters have a larger heterogeneity than tills
treated as a whole. In comparison to tills with skeletal and matrix-turbulent
microstructures, tills with matrix microstructure have the largest nonho-
mogeneity. Within the matrix microstructure, sub-types A, B and C generally

have a smaller nonhomogeneity, but sometimes (< 50% cases) sub-types A and
C have a higher value of variability than the matrix microstructure treated as
a whole.

6. Conclusions. The carried out microstructural investigations and their
analysis reveal that:

1. microstructural nonhomogeneity of tills is generally large, the coefficient
of variation usually exceeds 100%, sometimes even 200%,

2. the coefficient of variation of pore space parameters for the distinguished
types and sub-types of microstructures is smaller than the variability for
the microstructure treated as a whole,

3. occasionally in some types (matrix) and sub-types (A, C) of till microstruc-
tures, some parameters (< 50%) reveal a larger variability than that for all
types and subtypes.
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Pugapn Kagunceruii, €xu Tpiuimcsxmia

MIKPOCTPYKTYPAJIbBHA HEOIXHOPITHICTDH JHOJOBUKOBUX IPYHTIB
(BAJIYHOBMX T'JIMH)

Hocaidacerno mixpocmpyxkmypanvuy HeoOHOPIOHICMD Ab0008UKOEUX 2AUN. AHani3
neodnopidnocmi obmedcysascs docaidocennam 3naxenns rxoeiyienma sminnocmi. Ana-
13 BUKOHAHO Oal OexiabKoX napamempis MOpyeamozo Mpocmopy, @ came: nopyséamoc-
mi, xiavkoemi ma diamempa nop. ITpoananizosano 3naueHHA Yux napamempié 04as ecix
munie MIKpPoCMPYKXmMyp 3azaiom i 0ai nesnux munis (cxesemruutl, mampuyesuti, Mam-
puyeso-mypbysenmuuil), @ MAKON Y MENAT MAMPUYLEOI MIKPOCMPYKMYPU 0Oas 1i
nidmunie A, B 1 C. Mixpocmpyxmyparvha HeoOHOPiOHIcMY 00CAI0NCYBAHUL 2AUH 3HAY-
na. Yacmo xoegdiyienm sminnoemi nepesuwye 100%, a inxoau nasims 200%. ITepesascro
3HaUEHHA KoePIiyleHma 3MIHHOCTI IMEHWYEMBCA 8 Mexcaxr eudineHuxr munié wu nid-
munia. Inodi cnocmepizaemo, wo 8 munax (mampuuni) ¢ nidmunax (A, C) Geaxi napa-
mempu (< 50%) xapaxmepusyromsbcs GiadbUOI0 SMINKICIO, HIdNC MIKDOCTAPYKMYPAAbHA
3MIHHICME, ONIUCYEAHA 3A2AN0M.
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NONHOMOGENEITY OF THE PHYSICAL PROPERTIES
OF GLACIAL TILLS

1. Introduction. Soils usually represent nonhomogenic material due to
variable environment of their origin and later post-sedimentation changes.
Particularly high variability of sedimentation environments occurs during the
origin of glacial tills. Therefore parameters of these soils are characterised by
a high variability of values. Analysis of parameters variability has a crucial
meaning in engineering geology and geotechnics, because tills commonly cover
the surface of Poland. They are also frequently the soil basis for engineering
objects.

Analysis of variability is presented for chosen physical parameters of tills
within types and sub-types of microstructures. The variability of these pa-
rameters is characterised by a statistical parameter — the coefficient of varia-
tion. Values of arithmetic means of the parameters are also presented.

2. Lithogenesis and microstructures of tills. Geological conditions of the
origin and occurrence of tills, as well as their microstructures are presented

by [2].

3. Physical characteristics of tills. The physical characteristics of tills
from 83 sampling sites have been subject to investigations [1, 3] The }ocation
of these sampling sites is presented on fig. 1 in [2]. Several physical parame-
ters have been determined: water content, bulk density, porosity, free sweli
and soaking. These parameters largely depend on the soil microstructure [3].
The analysis of the parameter values were carried cut 1) for each microstruc-
ture type occurring in tills (skeletal, matrix and matrix-turbulent), 2) for
three sub-types (A, B, and C) of the matrix microstructure, and 3) for the mi-
crostructure types treated as a whole.

The analysis of physical properties of tills reveals that (tab.):

1. the water content reaches similar values for tills with different types of
microstructures. This parameter decreases in tills with the matrix micro-
structure from sub-type A to sub-type C,

2. the bulk density reaches the smallest values in tills with the skeletal mi-
crostructure. The values of this parameter increase for tills with the ma-
trix microstructure, and are the highest in tills with matrix-turbulent mi-
crostructure. In tills with the matrix microstructure the bulk density in-
creases from sub-type A to sub-type C,

3. porosity is the highest in tills with the skeletal microstructure, decreases
in tills with the matrix microstructure, and is the lowest in tills with the
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matrix-turbulent microstructure. In tills with the matrix microstructure
the value of this parameter decreases from sub-type A to sub-type C,

4. tills with the skeletal microstructure soak to the largest degree and in the
shortest period of time. Tills with matrix microstructure sub-type A soak
more intensely and faster that tills with the matrix microstructure sub-
type C. For tills with air dry humidity the obtained relations are similar,
and soaking processes take place in shorter periods of time and to a larger

degree.
The physical properties of glacial tills
- Matri . | Micro-
TyRE/SUb ty’pe of Skeletal | Matrix e Matrix structures
microstructure sub-type A | sub-type B | sub-type C | turbulent (All ypes)
Properties of glacial| — — — = - = —
tills XIVYIXIVIZ| I XIvIXIVIXivIX] Y

Water content w % 13.5] 39 |13.3| 27 |14.6 27 [13.6] 23 |10.9] 20 |13.4] 10 |13.3{ 27

Bulk density p Mg/m?3 {190 5 |2.01| 6 [19.4] 6 [2.00| 5 |245] 4 |244] 1 J2.01| 6

Dry density p; Mg/m3[1.68| 6 |1.78{ 8 |1.70| 8 [1.75| 6 |1.94] 6 [1.88] 1 |1.77| 8

Porosity n % 38.0| 14 |33.6! 17 |36.4| 16 [34.5( 14 [27.8| 15 |29.3| 10 }33.9] 17
Void ratio e 0.62| 16 |0.52| 27 10.58( 24 [0.53| 23 |0.41] 29 |0.42| 12 §0.53| 26
Free swell FS % 0683116 (1445221127112 1171151935 0.2|100] 1.4 | 150

f‘j}::‘s,‘ﬁgff;f"f}‘gem of 1243] 22 |21.8{ 24 {242 22 [21.5] 22 {188 23 [17:8] 13 |21.8] 24

Soaking {with water
content) SO, %

Time of secaking (with ; a A
water content) h 12.21101 ;15.5| 69 116.8| 81 [13.5] 81 |18.3] 54 | 21 | 29 §15.2| 71

o pg @irdry soll) 1 g3 | 6 | o1 |22 97| 8 93| 16|78 |41 )56 f71]01]2

81 |27} 73 |46 | 77 36| 76 |42 | 61 |62} 36 [i25) 72 | 46

Time of soaking (air
dry soil) h 26 (288]59|164)411214] 4.8 |185110.8| 104 {18.2| 63 } 6.0 | 163

X - arithmetic average, v — coefficient of variation, number of samples — 83.

4. Variability of physical properties of tills. Physical parameters of tills
present a high nonhomogeneity (tab. 1). The coefficient of variation exceeds
sometimes 100%, sporadically even 200%. Nevertheless, for over half (50%) of
the investigated parameters, this coefficient does not exceed 25%, and is the
lowest for the bulk density.

Typically, nonhomogeneity of physical parameters is the highest for all
the microstructures treated as a whole, and decreases for the particular types.
A similar relation can be observed for the matrix microstructure treated as a
whole. For this microstructure treated as a whole the variability is higher
than the variability within the particular sub-types A, B and C.
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5. Conclusions. The carried out analysis of physical parameters variabi-
lity reveals that:

1. the nonhomogeneity of physical properties of tills is often considerably
high and may reach 100%; in some cases exceeds 200%,

2. for over half (50%) of the investigated parameters the nonhomogeneity
does not exceed 25%,

3. the values of the coefficient of variation for part1cular types of micro-
structures are smaller from values of this coefficient for the microstruc-
ture treated as a whole. A similar relation exists in the matrix microstruc-
ture treated as a whole and its sub-types,

4. the nonhomogeneity of microstructure parameters of tills is usually higher
from nonhomogeneity of physical parameters of these soils (see [2]).
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HEOJHOPIIHICTD ®I3UIHMX BJACTUBOCTEN JHOJOBUKOBUX I'PYHTIB
(BAJIYHOBMX I'JIIMH)

O6pani Hizuuni napamMempu ALCO06UKCEUX 2AUN Y MeHaX Mmunis/nidmunie MiKPO-
CMPYKMYP MPOIHANZ06AHO WnG0 3MInHOCME. SMINHICMD NAPAMEMPI6 TAPAKMEPUIY-
emues xoediyicnmos aminnoemi. Jocai@ucenHAmU Pi3uduHuUT 64QCTNUGOCTEU 0LONAENHO
avodoeurost zaunu 3 83 micys. Busuaau mani ghiduuni napamempu: oaozicmsv, 06 emna
2ycmuna, NOpYeamicms, POIMOKAHHA. 3A3HAYLHT NMEPAMEMPU CYMIMEED 3arEHAMb 610
MIKPOCTPYKXMYDU 2aunU. Jast 2aul 3 MATPUUEEOID MIKPOCMPYKMYPoro nidmunia id
A 0o C soaozicmd 1 nopysamicmd 3IMEHULYIOMBCA, a 00'emHa 2ycmuna 36ivwyemobea.
Faunu 3 mampuyegorw mixpocmpyxmypor nidmuny A posmoxaroms binvuwe i 3a Kopo-
mwuil ¥ac NOpieHAHO 3 eidnosidnumu zaunamu nidmuny C. 3 nposedenozo ananizy
amMinHOCMI (hiuunux eaacmusocmet. 8uUNAUBAE, WO 1) seaununa HeodnopidHocmi ghiauy-
HUX eaacmusocmell Ab0008UK08UX 2AUN MOHe Bymu 3Haunoto 1 wacom csizamu 100%; 2)
o0as nonad nososunu (50%) OocaidxnysaHur napamempis eAUNUHO HeOOHOPIOHOCMI He
nepesuwye 25%; 3) 3nauvenns xoediyienma minwocmi QisuvHuxr esacmusocmei Oas
OKPeMUT MUNIE MIKPOCTNPYKMYP € MeHWUM 610 3HAUeHHA Yb0o20 Kxoediyicuma Oas acix
docaidacyeanuxr munis MIKPOCMPYKMYP, Y3AMUT PA3OM.

Crarra Hazifimna go penxonerii 14.09.99
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I'puropiit Kir, Bornas MosacTupcbkmit

Incemumym npuxaadnux npobiem MeXaHiKu i MAMeEMAMUKY
im. A.C. ITidempuzana HAH Yxpainu
JIveiecorull naytonaavHull ynisepcumem im. I. @panxa

IIPO TEPMOMNPYKHMM KOHTAKT IBOX INIBIIPOCTOPIB
3 OJTHAROBMX MATEPIAJIIB 3A HAABHOCTI
INOBEPXHEBOTI'O IE®PEKTY

Po3p’aA3y0uM TepMONpPY KHI KOHTAKTHI 3ajadi A Tin 3 NOBEePXHEBMMMU
zedexTaMy NMOPIBHAHO 3 3aZa¥aMu PO CYTO MeXaHiYHy B3aeMogiio, Tpeba 3Ba-
KaTU Ha Te, LI0 NOPOJMEeHI NOBEePXHEBUMMM HENOCKOHAJIOCTAMM MIKKOHTaKTHI
3a30pM, KpiM 30ypeHHA MeXaHIYHMX NOJIB, CIPUYMHAIOTH IUe # 30ypeHHA TeM-
nepaTypy, AKe 3yMOBJIOE MOABY NOJAaTKOBMX TEPMIYHMX HaNpy»KeHb i nepemi-
INeHb. 3 OMIAAY Ha lle 3ajava TEePMONPYIXHOCTI € CKJAaAHIIIOK, HiK 3azaya
NPY>KHOCTI.

OpHak MOMJMBI TaKi 4acTKOBI BMIIafKM, KOJIM PO3B’A30K KOHTAKTHOI Tep-
MONpPY>KHOI 3aja4i eKkBiBaJIeHTHMI PO3B’A3KY NpPYKHOI 3afadi B TOMy CeHCi, 110
KOHTaKTHI MapaMeTpy B3aeMoAil TiJ1 ogHakoBl. ¥ Uii mpalli po3riigHEeMO TaKuii
NIpUKJa,

PosrasigreMo [Ba NpPy»KHMX IIBIPOCTOPU 3 OJLHAKOBMMM TEPMOIPYKHUMU
xapakrepucTukamu. Hexalt oiMH i3 HUX Ma€ oceCHMMETPUUHY IOJIOTY 3arambuHy
MaJjioi BucotH, opMa fKOI onucyeTsea dyHkiieo f(r). Hexait Tina KoHTakTy-
I0Th Nif Zi€l0 PIBHOMIPHO POSIIOAINEHOTO0 TUCKY P, NPUKJIAZEHOro 0 HUX Ha He-
ckingeHHocTl. KpiM Toro, Ha HeCKIHYEHHOCTI 3afaHMil TENJIOBMI NOTIK q, nep-
NeHJIMKYJIAPHNAN 10 TJIOIMMHM KOHTAKTY.

BuxopucToByBaTHMMEMO LIMJIHAPUYHY CUCTeMY KoopamHaT. BBezemo 1i Tax,
06 Bick Or jexkaJtia B IJIOLIMHI KOHTAKTy, a Bick Oz 36irajacs 3 Biccro cumer-
pii movyaTkoBOi 3araMbuHM.

BHacJiZlok HaABHOCTi ITOBepPXHeBOi 3araubuHyM MiX TiJlaMyu Ha Kpyrosiit ai-
JIAHI[I JleAKoro pajiyca a Oyae Mi»KKOHTaKTHMIZ 3asop. Beaskaemo, mo Geperu
3a30py BiJIbHI BiJf HaNpy»KeHb i TEPMOi30JIbOBaHI, a N03a 3a30POM BUKOHYIOThCH
YMOBM ifeaJsibHOTO TemnyoBoro i 6eadpukiiiiHoro MexaHiYHOrO KOHTAaKTY.

Po3B’a30K 3a71ayi noflamMo y BUIVISAL CyMM IBOX JNOAaHKIB: nepuiuii Bignosi-
Jla€ OCHOBHOMY TepMOHAIIPY’Ke€HOMY CTaHy, L0 BUMHMKAE B Tijlax 3 INJIOCKMMU
MNOBEPXHAMM IIpM 3aJlaHMX YMOBaxX Ha HECKIHYeHHOCTi, Apyruii BiArnoBinae 30y-
PeHHAM, 0 3YMOBJIeH]l peJsibe(OoM NOBEPXHI Ta HAABHICTIO 3a30py.

Omunaroun TpuBiasibHI BUKJIAAKM IJIA 3HaAXO[KEHHA IIePIUOro AOJAHKY,
BiApasy BUIMLIEMO IPaHMYHI YMOBM I 30ypeHb:

(%)
—k%=0, D<r<a,
(1) (2)
—kagz =—kagz, T =T® g<r<om, (1,a)

© Kir I'puropiit, Monactupcekuit Borman, 1999
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o =0, 0<r <,
crf,fg = 0, 0<r<a,
o= o, ud + f(r) = u?, a<r<ow (1,6)

Posrnanemo crodaTKy 3ajady TeILTONPOBiAHOCTI. 3ayBajKKMMO, 1110 TIOCTa-~
HOBKa Ili€l 3a/1a4i € TaKOl0 CaMOI0, AK 1 y Bunaaxky 6e3amesKHoro Tija 3 KpyroBoio
TPIIMHOK. 3 OrIAAY Ha L€, BUKOPUCTOBYIOUM pea3ynbTaT npaui [3], MoxKHa ser-
KO oflepkaTy PO3B’'A30K Hamoi 3agayi. Mu He BUnMCyBaTMMEMO 30ro, a Jiuiie
3ayBasKMMO ONHY JAOTO BJIaCTMBICTb:

TO(r,0) = -T(Z‘(}',[}), 0<r<a (2)

Po3p’aA3yloun 3azlayy TepPMONPYIKHOCTI, BUKOpMcTaeMo (1] mojaHHsa Hampy-
JKeHb 1 nepemileHs y MiBIPOCTOPi, IOBEPXHA AKOro BiJlbHA BiJi 3CyBHMX 3yCHUJIb.
Ha noeepxHi KOHTaKTy HOPMaJIbHI HAIIPYXKeHHA i NepeMillleHHs MalOTb BUIJIAK

u(r,0) = l-ﬁl*’- [AO),(0ryda,
] :

o(r0) = (~1"** [ APQ) Jy(h ) dA - ﬂi*_’—:’}‘l T%(r,0), (3)
0

ne W, v, o — BiZINOBiAHO MOAYNb 3cyBYy, Koedimient Ilyaccona, koediunienT minii-
HOTO TeIwioBoro poaummpenHs,; Jo(r) — dbyHnknia Beccens nepuioro pony.
Beenemo no posrusaay Hoei ¢yHKUil 3a dopmymaMmu

h(r) = uPr0) - f(r) - u(r,0),
[T¥7) = T®@,0) = TO(r,0). (4)

Pynkuia h(r) omucye Bucoty 3asopy, [T)(r) — crpubok TemnepaTypu Ha 3a-
30pi.

Bupasumo HopMaJsibHI Hamnpy’KeHHS Ha IIOBepXHi KOHTaKTy B TepMiHax
dynxuiit h(r) i [T](r). Lna georo Ham Tpeba sunyunru cdymkmi A, A@), Ile
HEeBa’KKO 3pobuTH, AKLIO BpaxyBaTy os3HaweHHs dysruiin h(r) i [T)(r), ymoBy
o'g‘z} = clez), 0 <r <o (BoHa BuMIIMBAE 3 rpaHmM4HEUX yMmoB (1) ) i nomaunsa (3).

ITicnsa mecknazgHux obuucieHb OfEePKUMO

olr0) = TE [-12- a[ xZJh(p)pJu(xp)dwn(xﬂdx +

Do =

+5 R [f)pIy(p)dp Jy(Ar)dn + (1 + v)a[mé@- +TW (r,{l)n (5)
0 0 '
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IlincraBuBiuM Bupas (5) y rpaHMyHi ymosBu (1), MaTMMeMo pIBHAHHA IJA
BM3HAYEHHA BUCOTHU 3a30py h(r): '

J’JG Ih(p)pJo(}.p)dpJﬂ(Ar}dl +(1+ v)a[[ ;{ ™) O 0)]

- —%j jf(p)pJa(mdpJo(mdh (6)

Tenep BisbMemo f0 yBarm ymoBy (2) Ta o3HayeHHA yHKUil [T](r). Jerko
GaunTH, 10 TEeMIepaTypHi uieHu B crniBBigHomeHnHsax (5), (6) cTalTh HyJIbLOBU-
Mmu. Ile o3Haya€, 10 KOHTAKTHI HANPYKEHHA O,,(r) i Bucora 3azopy h(r) He 3a-
JIeKaTh BiJI TeMIepaTypHOro IIoJifd, a BU3HAYalOThCA JiMILEe NPUKIAJEHUMM 3y-
CHMILIAMM Ha HeCKiHYeHHOCTi Ta pesbecOM IOBEpPXHI

Omxe, KOHTAKTHI NapaMeTpy B3a€MOil Tin iHBapiaHTHI CTOCOBHO TEIJIOBOTO
MOTOKY, i iX MO)KHa BM3HAUYMTM, PO3B’A3aBIUM BIAIOBIIHY KOHTaKTHY 3ajaydy
Teopii npyxHocti (¢ =0). Meroauka ii po3s’asaHHsA onucaHa B [2], ToMy He 06-
roBOpIOBaTMMEMO ii; Hauiol MeTo OyJio Jmule nmokasaTH, IIC y PO3TNAAYBaHO-
My BUIIaJKy 3aZlada TEPMONPYKHOCTI eKBiBaJIeHTHa 3a/adi IIPY»KHOCTI B CeHCi
piBHOCTI KOHTAKTHMX NapaMeTpis.

1. Bopodaues H. M. O peuieHum 3afady TEOpUM TEPMOYIIPYTOCTM B CJydae
oceBoyt cummetrpun // Vise. AH CCCP. OTH. MexaHuka M MalIMHOCTpOe-
Hue. — 1962. — Ne 5. — C. 86.

2. Kim I'. C.,, Monacmupcvkuii B. €. KoHrakTHa 3a7a4a AJA IIBIPOCTOPY Ta
JKOPCTKOI OCHOBM 3 OCecMMeTpu4uHOI0 Buimkomo // Mar. meronu i dia.-mex.
rmonsa. — 1998. — 41, Ne 4, — C. 7—-11.

3. Kum I'. C., Ilo6epesxcuvii O. B. O HanpsA»KeHHOM COCTOSHMM HarpeBaeMoro
MaTepuasia, MMeEIOIero BHyTpeHHue JedexkTsl Tuna Tpenmwms // Pisuxo-
ximiyHa mexaHika maTepianiB. — 1969. — 5, Ne 3. — C. 345—-350.

4. Kit H. S., Monastyrskyy B. Ye. Thermoelastic interaction of two bodies
under conditions of local contact absence // Proceedings of the 3™ Inter-
national Congress on thermal stresses «Thermal Stresses’99», Cracow (Po-
land). — 1999. — P. 123-126.

Hrygoriy Kit, Bohdan Monastyrskyy

ON THERMOELASTIC INTERACTION OF TWO HALF-SPACES OF THE SAME
MATERIALS WITH ALLOWANCE FOR AXISYMMETRIC SURFACE DEFECT

The paper considers the special case of thermoelastic interaction of two semi-
infinite bodies, one of which possesses axisymmetric sloping recess. The bodies are sub-
jected to uniform pressure and heat flux at infinity. It is established, that in the case
considered the contact parameters — gap height, contact stresses — are indifferent to the
temperature distribution and can be found from corresponding elastic problem.

Crarta Hagpiltuwia no pexgkoserii 17.09.99
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HOpiit IInp’es, Pomas Mokpux

JIveiscvrull HayloHaAbHUL YHisepcumem tment I. @panxa
Jvetecvruil nHaykoso-npaxmuunul yewmp (AITH Yxpainu)

JOCJIIIBKEHHSA CTIMKOCTI TEPMONPYKHOI'O KOHTAKTY
JABOX TLI

Y uiit npaui npmifHATa MaKCMMAJIbHO CIIPOLIEHa reoMeTpis KOHTaKTYIOuUMX
TiJ, 00 YMOMKJIMBHUTH SAKHAMIIOBHIilIE BpaXxyBaHHHA thisukyn sBui, ski BixOysa-
I0TBCA B KOHTAKTYIOUMX Tijlax.
Poarnanaemo ofHOBUMIPHY MOZENb Tep-

— T r-—-—-\L _' MOIIPY’KHOr0O KOHTAKTy JBOX ILJIOCKO-TIapa-
< 2y -(—2-)- _ JenbHMX wapis (puc. 1). IBa mapu (n=1, 2)

3aBTOBIIKY L, 3 momynamu IOnra E,, koe-

: ;( cimienramu Ilyaccona v,, TepMidHOro pos-

g | IIMPEeHHA o, , TennonposigHocTi K, i Tem-

! i | sl B nepatypomnposigsocti k, poamimeni Mix
! e i ; JABOMa ileasyIbHO ITPOBIZHMMM CTIHKAMM, TeM-
Puvc. 1. neparypa SfAKMX 3MIHIOETBCA 3a 3aKOHOM

Ty =T, 0a(t)  (0a(1)=0, t<0; @,(0)=1).
Meprumit map (n = 1) saxkpinmennii Ha JiBiit moBepxHi, Apyruit (n=2) — Ha npa-
Bift. Ha nouatky (t <(0) mae maaBHMIt mpopis g (90 >0) abo HaTsr (gg <0).
Baasaemo, o | gy/L,| < 1.

Mixk KOHTAKTYIOUMMM TIOBEPXHAMM IIAPiB BUHMKAE TepMiuHwmit omip R, Axwit
MojkHa omucaTH dyHkKUicio R (g) npopidy g um dynkuielo R.(P) KOHTaKTHOro
TucKky P [1, 2]. BBa)xaeMo TakooK, 10 Ii yHKLII € MOHOTOHHO CIIAZHUMM B pasi
3MeHIIeHHA Npopisy Ta 36inbmeHHa koHTakTHoro TMcKy R (0) = R, (0). Pynkuii
TepPMIYHOro Onopy AeTalIbHO poarﬁmuy'ri y npaui [2].

3anponoHoBaHa KOHCTPYKUiA, Aka nepebysae npu t €(0,) y TepmiyHoMy
KOHTaKTi, Moke GyTu npu t ety B ymoBax HasBHOCTi mpopidy g(t) >0 abo npwu
tet, B ymoBax Ipy»Horo KoHrakty P(t)>0, t,Ut. =(0,«). ITorpi6uo Bu3Ha-
uutn Temnepatypu T,(X,t) wapis, nepemimerna U,(X,t), HopMajeHi Hanpy-
eHHA 0,.(X,t) B3goBxk oci X i BeymunHy mnpopisy g(t). 3azadya 3BOOUTHCS MO
po3B’A3KY KpaiioBol 3ajiayi TemnnonposigHoOCTI:

s 18

&"T (X,t) = k—-aT (X,t); (1)

Kl aTl (Ll’t) - KZ aTl (Ll!t) , K] aT}. (I'llt) = TZ(Ll’t) _Ti (L'lvt) : (2)
ox ox ox R(q)

Ti(0,6) =T,°(t), To(Ly + L, t)=T,°(t), T,(X,00=0, n=12; (3)

© IInp’es IOpist, Mokpux Poman, 1999
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R(q) = R,(q) H(q) + R.(-Ryq) H(-q) , (4)
ne H(1)=0, t1<0; H(t)=1, t>0, q(t) Buanauaersca
Li+Lly '
qt) = g - & j T, )k - &, f TyE, dE . (5)

Ilpu t €ty npaBuIbHE q(t)>0, q(t)=g(t), a npum tet., BUKOHyeTBHCH
q(t) <0, q(t)=-P@®)F;",

-1
ne Fy = £"1+ i ; Gy =anm: Eﬂ (1 Vn)
E, E, 1-v, (1+v,)(1-2v,)

I[OCJIUDH.EHO CTiMKICTD c'ramorlapﬁnx po3B "A13KiB KpaHOBOI 33.,1'.[3.‘-11 HJIH O~
ro He(:'raulor{apmm po3B 'A30K NnojaHo y BMI‘JIH,[(I

T,(X,t)=T,(X)+ To(X,t), q(t)=qd+q (t); (6)
T (X) [R(‘i)iR‘n(LL X)/L +R 3 n]‘-’FTB— R (6!}2(‘[‘1 +L2) X)/Ln
" R(@q)+S
TyT q € PO3B’A3KOM HeJIiHiiHOro PiBHAHHA
§=Q. +PBf@, | (M)

ne :
Qu=9-(&, L, Ty -& L, T;), - B=3aL(Ty-T5),

aLz&LLLRf*&szR;: f(@)zm,
R ) L,
Rfl=*‘—s,n-, Rn=}'{—-, S=R +R,.

n

Ananiz piBHanHA (7) BMABMB, 10 BOHO MoXe MaTu enuHuit abo HeenmuHMit
pO3B’A3OK.

HigcraBaawoun Bupasu (6) B piBHaHHA (1)—(5) i niHeapusyioum rpaHUYHY
YMOBY, OZEPIKYEMO 3ajavy 3 JiHIHMMYU IrpaHMYHMMM YMOBaMM Ha 30ypeHi noJsa.

3a JONOMOrOK IHTEerpaJibHOro nepeTBopeHHA Jlamjaca 3a yacoMm t 3Halize-
HUM po3B’A30K Bajayi Ha 30ypeni mona. IToBeniHka 1bOro pO3B’A3KY BM3HAYaA-
€TbCA KOPEeHAMM XapaKTEePUCTUYHOTO PiBHAHHA:

Al = g[alzqz-zl chgly =1, o ;  GLRi chal, - chq1L1]

oL ( 11-‘1) aL ( 2Lz)
~(1- f)chgiL; chgyL, - f[Rf DAL hg,L, + RS mchq@} -0, @)
qLy qzLs

me g, =sfk, , E=}oLl(T -T)f@-
AmnaJi3 KOpeHIB XapaKTepUCTUYHOTO PiBHAHHA (8) 3acBigyye, mio 3a3Buyait
Re(s,,) <0, nna m =3,4,... IIpn m =12 xopeHi 3ayexHO Biz napameTpis 3a-
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nadi poamimeni y JiBift abo npasiit rmosoBMHI KoMIekcHol muommHM S. Xapak-
TEePUCTUYHY (PYyHKUII0 A(S) MOXHa NOAaTH y BUIIAAL

A(s)=) ¢d;, 9)
j=0
ne dy=1-§; xoediniearn d; j=1, 2, .. yepes IXHIO IPOMIBAKICTb He HaBO-
JIATHCH.

IlonanHa (9) nac 3Mory 3ammcaTy KOpPeHi §;, S, B OKOJI NOYaTKY KOODAMHAT

B aHAJITUYHOMY BUIJIAAL, a 1le Ja€ 3MOTy aHaJITU4HO 3HalTH HabimxeHi obiac-
Ti cTifiKoCTI 3amavi.
YucnoBuit aHaNi3 3ajlayli MpPOBeAEHMM IJIA  BUIAJIKYy  CTaJIbHOTO

(o, =14-107%°C, K, = 21 Br/(M°C), k, =59-107° m%/e, v, =03,
E =19. 10°Ma) Ta  migHoroO (o =22- ] ke . K, =173 Br/(m°C),
k, =0.672-107* w/e, v, =032, E,=72-10"1la) mapis. Jna xomkperHocri

pPO3rNAHEMO IIOBEAIHKY KOPEHIB JIJIA pPIi3HMX CIiBBiJHOIIEHbL TOBIIMH IUapis
L =L,/L,. TokasaHo, mo 0 <7 <1y <13 <0,

e ,.lzJE, N S SV S W L
i %/'F T1 k, K,

IOnsa wHamoro Bumaaxky m; = 2.29, 1 =2.78, 13 =3.37. 3amexHo Bifg TOroO,
AKOMY 3 IMX MPOMIMKKIB HaJIeXKUTh napaMeTp L, Maemo pisHI BUITaJKN.

Ilpu L < (0,7) (Hanpuxnaz, L =2) peayabraTi AochifeHp 300pakeHi Ha
puc. 2. Ha puc. 2,a 3o6paskeni obnacti 3Minu napaMerpis f, £ 3a AKUX po3B’sAs-
KM € CTIIKUMMN.

30
- \1 £=08
20 Re s t
0. 10 —
2 "\Im S‘
0 ---------------------------- 0 _; kl ‘f/ el
0 . = caanualil _i\ : i
e — o ){ 1)
i E i i L0 i 10F—Im’s,
’ g 58 e :_'.'-""'".. S \ 2
g S R -20 B
-1.5 GV el PR G R Res,
2080 bl ' -30
0 02 04 06 08 f 1.5 05 05 1.5 £
a 6

Puc. 2.
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B'saky. He samrrpuxoBasa obnacts | | na puc. 3,a Bignopigae exuHOMy i
ctilfikomy poss’asky. ObOnacTe 3HauyeHb NapaMeTpiB MiXX JABOMa IITPUXOBUMMK
KPUBMMY BiATIOBifla€ KOJMBHOMY XapaKTepy IIOBeNiHKM HeCTalliOHapHOIo po3-
B'A3KYy B OKOJi cTauioHapHoro pos3B’sisky. Ha puc. 2,6 BigoOpaskeHa nopeziHka
aistcHoi (cyuinbHi KpuBi) Ta yaBHOI (IUTPMXOBI KPMBi) YaCTUH KOPEHIB XapakTre-
pucTHMYHOrO piBHAHHA 8, (kpmBi 1), s, (xpumBi 2) 3ajyexxHo Bif mapamerpa & ansa
Bunazgky f = 0.8.

pu L c(n,n) (Hanpukaax L = 2.5) pesyasraTu AochigxeHs 300parkeHi
Ha puc. 3.

20 T
& e f=08
1
1. 10 !
1
0‘ Im 5’1,'""\. A
0 i N2
............................ T W A
‘-2--' Im1
-10 } ;
05 |
2 Re sy
-1.0 -20 |
0 02 04 06 08 f -0.5 0.0 0.5 1.0 4
a 6

Puc. 3.

IIpu L c(mn,r3) (Hanpuknax L =2.9) pedynbTaTu JoCHiKeHb 306paceHi
Ha puc. 4.

20
f=08
10 Re s .
Irnsl 1
Y 3 e % oo
------------------------ 4\ "<==--+"" |Res; 2
1
2 | Imsy
-10 /
2
. Af&é’g
1.0 -20
6 02 04 06 08 f 05 00 05 10 &
a 6

Puc. 4.
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Ipu L c (n,») (manpuknang L = 4) peaynbraTi AociijixeHb 306paskeHi Ha
puc. 5.

20 [

=08

10

0. Resl
03
’.’2’/—- R882
-10

0.5

-1.0 -20

0 02 04 06 08 f 0.5 0.0 0.5 1.0 3

Puc. 5.

Oroxe, nna posriaxyBaHoi Mozesi BuaABJeHi objacTi cTifikocTi cTanioHapHo-
ro po3s’siaky. ¥ mpausax [1, 2] BMUKOHAHO YMCJIOBMII aHAJ3 HECTaUiOHAPHOrO po3-
B'A3KY poaryanysaHol 3anadi. [Toka3aHa NnoBejiHKa HecTalliOHapHOrO PO3B’A3BKY
B pas3i BMXOAY Ha CTalliOHapHif PO3B'A30K y BMIAJKy He €QMHOTO pPO3B’A3KY,
€IVHOTO 1 CTi/iKOro po3B’A3Ky, €AMHOrO i HeCTIKOro po3s’sA3Ky.

1. Olesiak Z. and Pyryev Y. Transient response in a One-dimensional Model
of Thermoelastic Contact // Trans. of ASME. J. Appl. Mech. — 1996. — 63. —
P. 575-581.

2. Olesiak Z. and Pyryev Y. On nonuniqueness and stability in Barbre's mo-
del of thermoelastic contact / Transient response in a One-dimensional
Model of Thermoelastic Contact // Trans. of ASME. J. Appl. Mech. -
1996. — 63. — P. 582—-586.

Yuriy Pyryev, Roman Mokryk

INVESTIGATION OF STABILITY OF THERMOELASTIC CONTACT
FOR TWO BODIES

At the present work one-dimensional model of thermoelastic contact of two bodies
is investigated. Between the contacting bodies there is assumed the thermal contact re-
sistance, which depends of contact pressure or gap. The linearisation technique in the
vicinity of the steady-state solution was applied to the considered non-linear problem.
The behavior of characteristical equation roots of linearized problem is investigated. It is
shown that steady-state solution can be stable or non-stable. The partial cases of unique
and stable, unique and nonstable, non-unique solution are considered.
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OIHOCTOPOHHIN KOHTAKT TLJI 3 Y3TrOJ:KEHUMM NOBEPXHAMM
3A IIf JKEPEJ I CTOKIB TEILJIA

Beryn. Ilix wac B3aemofii Tinm 3 y3rofKeHMMM NOBEPXHAMM, AKI B Hexe-
¢dopmoBaHomy cTani 36iraroTbca abo ayxe MaJio pisHATbCA Mix coboio, obyacThb
KOHTaKTy CcyMipHa 3 poamipamu Tin abo ixHix rpamuns. Teopis T'epua He Moxke
OyTy 3acToCOBaHa A0 LbOTO KJacy 3ajlay, OCKIJILKM ONMCYE JIOKAJIbHUII KOHTAKT
TiN, AKUIA, 30KpeMa, BiIOyBaeTbCcA B pasi HeyarozkeHocTi ixHboi cdopmu. HaTo-
MiCTb IIp¥ B3a€MOZii Ti 3 y3rofKeHO (hopMOI0 MOXKJIMBa JIOKaJbHa BifcyT-
HICTb NPAMOro KOHTAKTy B OKOJI ALNAHOK 3 Mayumu 30ypeHHAMM IpPaHMUb i 30H
[IpUKJIaJIeHHA HaBAHTa)XeHHA. BUBYEHHA TaKOro TUIy KOHTAKTY TiJa nepexnbayae
PO3BUTOK TEOPETUYHMX METOXIB, AKiI JalOTh 3MOTY BpaxXyBaTU HAfABHICTE Mix-
KOHTaKTHMX 3a30piB Ta IXHIO TpaHCQOpPMALi0 y npoueci HaBaHTaXKeHHSL.

EdexTUBHMM AJNA NMJIOCKMX 3ajad IPO JIOKaJIbHY BIACYTHICTB IPAMOro Me-
XaHIYHOTO KOHTAKTY MMBIJIOIIMH 3 Y3roJPKeHVMM TpPaHULAMM BUABMBCA METOJ
dyHKII MiXXKKOHTaKTHMX 3a30piB [5]. BiH BukopucTaHMit OIaA AOCHIIKEHHA B3a-
emozii Tiy 3 nmoBepxHeBUMM 3araubuHamu [1, 7] Ta BUBYEHHA NOpPYIUEHb KOHTaK-
TY, 3yMOBJICHUX IiZIIOBEpXHEBMMM 30Cepe/pKeHuMy cuyamu [2, 6] ¥V miit npaui
MeToJZl (bYHKIiJ MI>)KKOHTAaKTHMX 3a30piB PO3BMBACTbCA CTOCOBHO 3aZlay OJHO-
CTOPOHHBOTO KOHTaKTy TiJl 3 BpaXyBaHHAM JIOKAJIbHMX PO3lIapyBaHb BHACJIJIOK
Zii 30cepemKeHuX pKepe i CTOKIB Tema.

IloBawit koHTAKT TiN. JlocaigMMo cIlOYaTKy IOBHMIA KOHTaKT Tijl i Bu3Ha-
4YMMO YMOBM, 32 AKMX 30CEpel’KeHi TEeIUIOBI YMHHMKM 3YMOBJIOIOTH ¥Oro nopy-
meHHs. Po3ryisHeMo B3a€MOJII0 ABOX NMPYXHMX 130TPOMHMX IIiBNPOCTOPIiB, MaTe-
planu AKMX oxHakoBi. BBasxkaeMmo, 1o Tina nepebyBalOTh B yMOBaX ILIOCKOI pme-
¢hopmaunii, ToMy po3ryIAHEMO KOHTaKT ABOX miBmommH D; i Ds, fiki € nepepisa-
MM TiJI MJIOLUMHOIO, MapaJIebHOI0 IwIolmHI fecdopmanii. Tisa KOHTaKTYIOTh Mij
Jlicl0 piBHOMIpHO PO3MOAiNEHMX Ha HeCKiHYeHHOCTI 3yCMJb P B3JOBXK Yyci€l rpa-
Huni L, 3 Ao cymicTtumo Bichk abeume Ox pekapToBoi cucteMu KoopauHat xOy.
BBaskaemo, 10 y KoHI mismonmwmHl D) y AoBinbHOMY wumcni ) - BHyTpilIHIX

To4OK (Xys,Yps), S = 1,5, , AlIOTH cTalioHApHI AKepesa i CTOKM Temsa iHTeHCUB-
HicTIO Q) (), >0 — HAkepeno, q, <0 — cTik), cymapHa iHTEHCHMBHICTD AKMUX

2 S
JNOPIBHIOE HYJIIO Zi‘-’kx =0 (. Hocniaumo TepMOHANpPY»Ke€HU)I CTaH T 3a
k=1s=1
YMOBM, LI0 Ha JiHII po3Me)xyBaHHA MiBIJIOIUMH peaJisyerbca OeadppukLiiami
MeXaHIYHMIA 1 JOCKOHAJMI TeIIOBMII KOHTaKT.
I'paHuyHI yMOBM TaKoi 3ajadi TEIJIOMPOBIZHOCTI ¥ TEPMOIPYKHOCTI MaiOTh
BUTJIAL:

© Maprunak Poctucnae, Kpumrracdosny Auapisi, Mawnmma Irop, 1999
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Ha JiHii konTakTy L (y =0, — 0 < x < +0)

Ty = Tﬂ+’ q;n = Q;U: (1)

o, = G; <0, - (2)
Ha HeCKiHYeHHOCTI (x}xz +y = co)

Ty=0,0,0 =P, 030 = Tyyg = 0, (3)

ne T — Temnepartypa, gy, ¥ ~— KOMIIOHEHTY BifIIOBiZHO BEKTOPa TEILIOBOIO I0-
TOKY i BeKTOpa mepeMilieHHsa B Hampawmi oci Oy; g, = -A08T/8y; o, — xommo-
HEeHTM TeH30pa HalpyXeHb, iHgerc «0» Oina dbynkuii o3Havae, 110 BoHa Bifrmo-
BiJla€ IIOBHOMY KOHTAKTOBi TiJI, iHAEKCH «—» 1 «+» [TO3HAYAIOTh T'PaHMYHI 3HAYEH-
HA pyHknii Ha Jinii L Bignosin#o y mismmoumuax D, i D,.

[lepuia ymoBa B (2) € HeoOXiZHOIO i ZOCTaTHBOIO YMOBOIO B3a€MOAil IiB-
IUIOIMH Y3J0BXK Bciel Mexi L 3a 0JHOCTOPOHHBOrO KOHTaKTy. HeBukoHauus ujel
YMOBM Ha JeAKiii AUIAHII o3Hayae, L0 KOHTAKT TiJ B OKOJi Iiel AlIAHKM mopy-

LLIeHUIA.
ITons TemmepaTypyu, Halpy’KeHb i NepeMilleHb, 10 3aJ0BOJBHAIOTh YMOBMU

(1)—(3), nomamo y mniemommuax D, depes kommiexkcHi norenuiamu F(2),
Dy (2) (k=1,2) [3, 4] y Buraani

40 = TTzyg = Oy (2) = Oy, (2) + (2 - ) Dy (2) -

z2-2,(Z-2, Z- i 1
_Simm{zln( kaL z) E zks+(z Z)|: "zks_z_zksjl}_p,

s=1 2= 2ps\ 2~ 2

o]

2G (uj + i)y ) = kg (2) + Dy (2) - (2 - Z) Dy (2) +

Z~Zp z2-2z z-2 z-
+6imks{1n_ —|c1n ks 4 ks 2 ks
z- z

L 2= 2y, g Ry = Zks
+(z- z)[ 1 ]}+BF3(2)+3_ p,
& - st Z "'st
s .
D, (2) = ———{ My [21:1 (z-2,) - —k‘-} im;s ]:2111 (z=-2,)- -—-—-1"-]},
2 s=1 Zs s=1 22
@, (2) —-—{fmks[zln (z- zks)+—ﬁ] im,_,, |:21n (z-2,) +3—"’k]} ()
2 =] Zes s=1 25

ne zeDy; k=12, 1=3-k; 6=IEK’ mk,=—-§q$:, 2=x+1y — KOMILIEKC-

Ha 3MiHHA, 2, = Xy, + 1Y;,; V,A, & — BifnoBigHo koedinienTy Ilyaccona, Tenio-
IIPOBIHOCTI Ta JIHIMHONO TEIUIOBOro po3lmpeHHsa; G — MOAYJb 3CYBY.
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Amnaniz xouTakTHOro THMCKy P(x)= 0'; (x,0) mMixx Tinmammu, BMBHAYEHOrO 3
BUKOPMUCTaHHAM copmya (4), sacBifuye, 10 3a NeBHMX 3Ha4YeHb IHTEHCHMBHOCTI
TEIUIOBUX YMHHMKIB i IX po3TaulyBaHHA 1@l TUCK CTa€ Bii’eMHMM, Tob6TO nepia
3 ymoB (2) mopyuyetses. [IpoimocTpyeMo ne Ha Npuryagil Ail mxepena i CTOKy
IHTEeHCMBHICTIO Q;, po3TaluoBaHuX Ha oci Oy : JPKepeJyio — B TOYLI 2| = 1y, HUMXK-

Hboi miBmommen (y; <0), crik — y Touui 2, =1y, BEepPXHBOI NiBIUIOIIMHN
(y5 > 0). ¥ uboMy pasi KOHTAKTHMI TUCK Mae€ BUITIAN

P(x)=p+5m[21n[“’;‘_yl[+ne [x”’jyl—‘”*"jyz)],m:_—qﬂ—. (5)
x -1y, T+iy, T—1Y, 2mA

Bauumo, 1110 Bifi’éMHMII TUCK 3'FABJIAETBCA B OKOJIi MOYaTKY KOOPAMHAT, AK-
110 CTiK poaMilenuii 6omKde 1o rpaHuill, HiK JJKepeno, 3a BUKOHAHHS YMOBHU

280mIn (y, /y(<-p. (6)

flxmo crik nepebyeae Ha Oinmbmifi BifcTami, HX mwKepeso, TO Bijx eMHMII
TUCK MOXKe 3’SBUTUCH Ha IIeBHil BificTaHi Biff moyaTKy KOOpAMHAT.

Omxe, TepMiyHe HaBaHTa)XEHHA 30CEPEPKEHMMM TENJOBMMM HMHHUKAMU
3iCTUKOBaHMX TiJI 3a OJHOCTCPOHHBOIO KOHTAKTY MOX<e 3yMOBJIIOBATHU IIOABY
posiapyBaHb. BUBYEHHSA TaKOro NOpPYUIEHHA KOHTaKTy noTpebye BpaxyBaHHA y
MOCTaHOBI 3a/la4i yTBOPEHHS MI’KKOHTaKTHMX 3a30piB.

PozmapyBanua misniomma. Hexan Jkepesia 1 CTOKM 3yMOBJIIOIOTH MOPY-

LIEHHA NPAMOro0 KOHTaKTy WiBmoumH ysmoBxk N Bigpiskis L, =[a,,b,]

('n =1L, N ) , IKi TBopsATh Jiniro L' = ULn . I'paHuni Tin y3noB»K yTBOPeHMX 3a30-
n
piB HesaBaHTa’keHi ¥ TeroizonboBani. Ha finsnkax konrakry L =L\ L' pea-

Ji3yloThCcA yMOBM 0e3QPUKIIIHOIO MEeXaHIYHOIro 1 JIOCKOHAJIOrO TEIIOBOro KOH-
TAKTY.
I'paHMYHO-KOHTAKTHI YMOBM B LIbOMY paai MalOTh BUIJIAL!

y310B:K 3a30pis (Ha L')

q,=q,=0, oy=0y,=0, (7
Y3I0BXK JINAHOK KOHTaKTy (Ha L")
T =T". (8)

Ionarooun [2, 5] po3s’a3ok wiei 3ajadi TEPMONPYIKHOCTI y KOMILIEKCHOMY
BUINISAAI Yepe3 hYyHKIII MIXXKOHTaKTHMX 3a30piB — CTpuOOK TeMmepaTypyu rpa-

HMUIB Ti1 y3mosk posmapysaus y(x)=T" -T" i Bucory sasopis h(x), orpu-
My€EMO

Lt
T=Ty+ReF(z2), F(2)=-— [T g,
_ 2ni f, t—-2

Oy = 1Ty = Oyg — T4y + Pi(2) = ©p(2) + (2 - 2) Di(2),

2G(u' + ') = 2G(ug + 1) + k Dy (2) + By (2) — (2 - 2) D (2) + BF (2),
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K ch'(t 1+«x
®,(2) = —@,(2) = (1) = I-—-!-)-dt, zeD,, K= .
_ mTot-2 G
PyHKIII Mi)KKOHTaAKTHUX 3a30piB BM3HAa4alOThCA 31 CHCTEMM CHMHTYJIAPHUX
IHTerpaJibHMX PiBHAHL:

EIT(t)dt iqyo(x’ﬂ), xel, y(a,)=v(b,)=0, (9)
RI—LM TKP(2), @el, h(a)=h(b,)=0. (10

BpaxoByioun Te, o rpaHMIl Tl 3MMKAIOTHCA IIJIaBHO Ha KiHUAX 3a30piB,
Tpeba mrykaTy obmesxenmuit poas’sasok piBHAHHA (10). Came N yMoB icHyBaHHA
Takoro obmexkeHoro po3r’s3Ky [3] i N

Y yP ) yMoB _[7'(3:) dx =0 (n =1], N) cay-
L,
YA '
il (i) KaTh OJs Bu3HaueHHA 2N HeBioMux

KOOPAMHAT KiHLiB 3a30piB a,,b, .
flx npuxynax poSrNIAHEMO YTBO-
* = 0O x PeHHA OJHOTO pPO3LIapyBaHHA B3IOBX
|

8

Bifpiska [-a,a] (puc. 1) mig aicio mxe-
pena i CTOKy Tema iHTEHCMBHOCTI g,

Ixepeso (+qq) . ;
NPUKJIaJEeHNX BIANOBIZHO Yy TO4YKax

¢P + zy =1y, 1 2z, =1y,, Aaxe BigbyBaeThCH
3a BUKOHaHHA ymoBHu (6). Bucora i noB-
Puc. 1. © JKMHa 3a30py B LbOMY pasi BM3Haya-

I0TBCA 3i CIIiBBiIHOIIEHB

a(1+v) i[ mﬁaz—xzyk Ei\’a -x
A

Yok +a¥ (@ + y,?) R 2y’ +a’ }
P+ 26mi]:yk/\}yk2 +a® -In l(yk + \Jykz +a® )/al] =0. (11)
k=1 '

3aJie)kHiCTh JIOBXKMHM 3a30py BiJ BificTaHi CTOKY zi0 Mexi nnsa Pi3HMX 3Ha-

h'(x) = Kdm

k=1

YeHb MapaMeTpa TePMOMEXaHIYHOTO HaBaHTaXKeHHA P, = —E-(a/El), AKUA Xa-
9

paKTepu3ye CHiBBiIHOIIEHHA M B30BHIIIHIM THCKOM i morTy»kHicTio cToky (E-

moxaysie ¥Oura), npoimocTposaHa Ha puc. 2. 3poCTaHHA IapameTpa Pq , 10 TpK

(iKCOBaHOMY 30BHIIIHBOMY THUCKY BiZIlIOBija€ 3MEHILUEHHIO MOTYHOCTi TeILIO-
BUX HUMHHMKIB, 3YMOBJIIOE 3MEHIIEHHA JOBXMHM po3wapysBanus. Ha puc. 3 3o-
ﬁpameuo ¢opmy 3a30piB 1A pmrmx BijicTaHelt CTOKy CTaJiol MOTY’KHOCTI 1O
mexi. HabimoxeHHa CTOKY RO MexXi 3yMOBIIOE 30LibIIEHHS NOBXMHM 3a30py Ta
JIoro MaKCHMaJIbHOI BUCOTH, SIKa NOCATAETHCSH MOCEPEAMHI 3a30py.
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15 T T

a/ly| v=025

1
hogo/(Myi))
k U2 p,=1002
v=025

1.0
=0.01

05

| |
0 02 04 Yo/l 08 7T s o 05 /Iy
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Rostyslav Martynyak, Andrew Kryshtafovych, Igor Machyshyn

UNILATERAL CONTACT OF BODIES WITH CONFORMING SURFACES UNDER
AN ACTION OF HEAT SOURCES AND SINKS

Thermoelastic interaction of half-planes possessing conforming boundaries is in-
vestigated under the conditions of unilateral contact. It is established that concentrated
heat matters can induce direct contact fault of such bodies. To solve the problem on
separation of half-planes due to an action of heat sources and sinks, the method of in-
tercontact gap functions is used. Numerical results are exposed for the case of one in-
tercontact gap arisen.
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YUCJIOBE JOCHIAKEHHA NPYIKHO-IVIACTUYHOI NOBEAIHEN
CRJAJEHUNX MEXAHIYHUX CUCTEM

PoarsisHeMo cucTemy Tijl, fiKi MalOTh CHiJIbHI KOHTaKTyIodi moBepxHi. Tina
nepebyBaioTe B yMoBax TemnoBMX i (ab0) MexaHiYHMX HaBaHTa’)KeHb, AKI Mo-
¥KYTh CINPUYMHATHM IJIACTUYHI HamnpyXeHHA 1 nedopmanii. BepemMo no yBaru
TEMIIEPAaTypPH] 3aJIe’KHOCTI XapaKTepMCTMUK MaTepiasly Ta aHI30TponHe 3Mil[HEeH-
HA. JIns onmuey ckaazHol icTopii HaBaHTa’KeHHA BMXOAMMO 3 Teopii TediHHs.

Hexait necopmiBHI KOHTaKTylOui Tijna, fAKi 3ajimanTh obmacri Q,, Q,, ..,

n n n
Q, (U=, Q; =9), obmexeni rpammamu I}, Iy, .., T, (F=JI;),

i=] i=1 i=1

Bi/lHeCeHI 10 OpPTOroHaNbHOI JEeKapTOBOI CHMCTEMM KOOPAMHAT (xl, L s :r3). Ha

gactuai [ < I; sagani nepemimenHs {u:‘} , Ha 4dactuHi I7 < I; — 3soBHimmHe
n n

CHJIOBE HaBaHTaXCeHHSA { R‘-} (UF}‘L =T%, UTf =TI7). Ha yacTuHaX MoBepXoHb
i=1 i=1

n
I;, mo e moepxmsimu kowrakry (I; c I3, I; < T, Ul",-j # @ [NA KOMHOTO
j=1

1), 3aJjlaHi KOHTaKTHI rpaHMYHI YMOBM, sIKIi BM3HAYAIOTh TUII KOHTAKTHOI B3ae-

n
mopii. Tyt THJIPUT; =0, TN\IF =@, I\ =9, IF(\; = 2. Opn-
j=1
nyckaeThed, 10 aedopMauil mani, a MexaHiyHa B3acMoOJi He Bejle /0 3MiHM
KOHTaKTyIouux 30H [;. Cunamu TepTsi HEXTyEMo.

ITpouec necdopmyBaHHA BBa’KacMO KBa3iCTaTHYHMM, IO Za€ 3MOry Heza-
JIE}KHO 3HAWTH TeMIepaTypHe Iojle i mapaMeTpyu HalpyXeHo-ned0pMOBaHOIO
cTaHy Npyu HeizoTepMiYHMUX ITpoIecax.

3aza4ya NpPO BU3HAYEHHS TeMIepPaTypPHOro mojs nepeabadae po3p’s3aHHA
HECTalllOHaPHOro pPiBHAHHA TeIUIONpoBigHoCTI [2] 3 BiANOBiAHMMM NOYATKOBOIO i
TPaHMYHUMY yMOoBaMM [2], 10 NOB’A3aHi 3 XapaKTepoMm TemnjoobMiHy B cucTeMi.
TeroBuit KOHTaKT Mi’K CKJIAZIOBMMM CUCTEMM BBaXKAEThCH ieaslbHUM.

Dopmysioroum 3anady Npo BM3HAYEHHA NAapPaMeTpPiB HANPYMEHOro CTaHy i
BeJIMYMHM KOHTAKTHOI CMJM 3a NpPY»HO-IJIACTHMYHOro Aed)opMyBaHHH, Gyaemo
ONMPaTUCh HA TEOPil0 IUIACTHYHOrO HEi30TEPMIYHOro TeYiHHS 3 ypaXyBaHHAM
izorponHo-kiHeMaTuyHoro amiusenssa (7). fk KpuTepiit nowaTKy BMHMKHEHHSA

© T'auxesuy Onexcanap, Muxaiumums Bipa, 1999
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IIaCTUYHMNX AedopMalliyi npuitmemo ymoBy Miseca, MoaucikoBaHy Ha BUIAZOK
isoTpomnHo-KiHeMaTH4YHOro 3MirHeHHA [7].

Toni saMKHeHa cucTeMa PiBHAHb MOJZEJNi JIJIsi BU3HA4YEHHA NepeMillieHb {u},
nedopmanit {€} i Hanpykeub {6} B obsmacti () oXoOIUIIOE: PIBHAHHA piBHOBATH
(macoBuMM cuslamu HexTyemo) [6], reomeTpuyHi cniBeigHomenHa Komwi [6], a Ta-
KOK piBHAHHA cTaHy [7] posrisanyBaHoro BapiaHTy Teopii TeuinHsA. Ili piBHaHHA
pas3oM 3i CTaTMYHMMHU, KiHeMaTUIHMMM [6] | KOHTAKTHMMM IPAaHMYHUMM YyMOBaMu
OpMyTIOIOTE KBa3iCTATHYHY TEPMOIPYXKHO-INIACTUYHY 3azadvy. Ha moBepxHAX
I;; posmisfiaeMo TpM TUIIM KOHTAKTHOI B3a€MOJil: 34elieHHs, 3a30p 6e3 rpoko-
B3yBaHHA, 3a30p 3 NPOKOB3yBaHHAM [3].

OTrpumaHHA TOYHOTO PO3B’ASKY 3a/adyi, 10 CKJIAJAETHCA 3 PIBHAHHA PiBHO-
Bary, reoMeTpUYHMX chiBBifgHomens Komii, piBHAHHA CcTaHy, CTaTMYHMX, KiHema-
TUYHMUX Ta KOHTAaKTHUX I'PAHMYHUX YMOB, € [IpoOJeMaTHYHUM.

ITo6ynyemo HabmmsxeHuit po3B’A30K 3ajadi Ha OocHOBI ii BapiauiitHoro dop-
MYJIOBaHHA 3 BMKOPMCTAHHAM IIOKPOKOBOI allpoKCHMMallil HeJIiHIMHOrO npouecy
necdopmyBanna [6], iTrepaniitaux cxem, fAki JiHeapy3yiOTb BUXIZHY TEpPMONpPYHK-
HO-TIJIACTUYHY 3ajavy (5], Ta mMeTony ckiHdeHHuX eneMeHTIB [4] (po3r’'sa3yBainbHi
PiIBHAHHA AKOrO BUMILIMBAIOTh 3 BapialiifHoro piBHAHHA [1]).

Po3p’a3ok {u} 3amaui 3a/0BOJILHAE Ha MHOMMHI KiHEMATUYHO JIOMyCTUMMX
repemimeHb NPUHLMI BipTyasbHOI pobotyu [1], MaTeMaTU4HMI BUpas AKOro AJs

OVICKPETHOTO 4aCOBOI'o KPOKy Aty (N =0,1,2,..N" - 1) Ma€ BUIJIAL
[[[6ae}'n {ac}y dQ - [[{BAu} v {AR}y dT +{o}y,, =0. 1)
Q re

SanexHicTe (1) BUHMKAE AK pe3yJibTaT alpoKcuMalii HeCcKiHYeHHO Masmux
NpPUPOCTIB BeNMYMH iXHiMM CKinveHHumy anayoramu. Jomanox {¢}y,, — HeB’ss-

Ka BaplalliifHOro PIBHAHHSA, Harpoma/pkeHa 10 KiHIA KPOKY HaBaHTa)keHHA. Ba-
piauiiiHe piBHsuHA (1) 3 BuxopucraHHAM chiBBignowens Komii i Bupasy {Ac},,

OJlepiKaHOro Ha OCHOBI piBHHHHH CTaHy, 3allMCYEMO

[{[toauy~ [BY [D 71, [Bl{du}y dQ = [[{8Au}'n {AR}y dI +
Q I°

 [[fosu'wigy [D7] {27}, daa-
Q

- gj {8au)'n [B] [AD P ({e}y - {7}, - {7}, )dQ2 -

- {[ftomu'n [BY (@, ATy dQ, (2
Q

ne [B] — marpuus audepenuianbaux onepaTopis [4]; {EP}N ; {eT}N ~ Bixmnosis-

HO BEKTOpM IIaCTMYHOI Ta TeMmepaTypHol aedopmarii; [D"p] — MpY»KHO-

N+l
NJacTUYHa MaTPUUA CTaHy, TEH30p [AD”’] i BexTop {Q}y,,, TTOB’A3aHiI 3i 3Mi-
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HOIO TIIPYXKHOCTI Ta MilHoCTi 3ajie’XHO Bix TeMnepatypu [7]; cumBox «'» o3Havae
oreparnilo TpaHCIOHYBaHHA.

flk mpuKJIaj pPo3IVIAHEMO 3'€JHAHHA CTaJIeBMX TPYO 3a JIONMOMOroK JIaTyHHOI
MydTH, AKa B HarpiToMy CrTahi, L0 XapaKTepPU3YyETbCA OJHOPIIHMM pPO3NOXINOM
TemnepaTypu Ty = 220°C, BinpHO Hacamokyerbcsa 6e3 HaTaAry Ha TPyOom i piB-
HOMIPHO OXOJIOZKYETBCA N0 TemnepaTypu cepeposuia T = 20°C. Ipumycka-
I0TBCA, 110 TeMIepaTypa TPyO He 3MIiHIOETHCA i OPIBHIOE TeMIlepaTypi cepejo-
Buija T.. HanpyskeHHsA JoclifPKeHi y BigHeceHiNf N0 INIHAPMYHOI cucCTeMy
KOOpAMHAT JABOBMMIpHIN obsacti, 3aifHATI# 4YBepTIO AiaMeTpaJbHOro Inepepiay,

3a IPaHMYHUX YMOB uEJL g™ 0, uiz)L_n =0 (BifcyTHicTh 3a30py Mixk Tpybamu i

cuMmeTpis 3anadi). ¥ 30Hl KOHTakTy [, 30BHIilIHLOI MOBepxHi Tpybu 1 BHyTpim-
(1) — ,(2)

12 Ty’ tz |r12 " [rlzl

Impexcn «(1)» 1 «(2)» BigHOCATHCA BiANOBINHO J0 NepemimeHs y Tpy6i Ta MydTi

IIpn sajaHMx oOMe)KeHHAX Ha reOMEeTPMYHI PO3MipM HEKOHTaKTYIOW0l KyCKOBO-

JIiHIVIHOI TMOBepXHI MydTH 3HaMAeHMI1 orrTMMaJbHMII npodiss, Axkuil 3abesneuye

MiHIMaJIbHMIT nepenaj] KOHTAKTHOI'O THUCKY Py .

HBOI MOBEPXHI MYMTH NPUMYCKAETHCH, IO uf,”l = uf.2j|

Ymucaiosi obumceHHa BMKOHaHI A TpyO i3 BHyTpimHiM pagiycom R =17 mm
i ToBIMHOIO cTiHKM hs =3 MM mpy AoBxuHI d =35 MM HoCHipKyBaHO! ALIAHKY
Tpyou (puc. 2). XapaKTepuCTHKHM IJA CTaJi NPUMHATI Takumu: MoxyJsb FOHra
E =196 T'lla, xoedinient ITyaccona v =0.28, mexxa mumHHOCTI Gp =422 Mlla,

JIHIAHMA KOedILIEHT TepMIYHOro po3lMpeHHA Op = 11 --10"3 rpan”l; ana natymi:
E=98TMa, v=025, op = 255 MIla, a, = 16-10"%rpagL.

o,, MIIA o,, MIIA o,, MIIA
120 =~ T T T T T 120 T T T T T T 120 T T T T T
1 1 1 i i I | 1 I 1 i I I 1 I I I
80 Bt sndenidralimlon ey e Ll chiealon b e sofosdi it woaleetoafboank o
! | i 1 i 1 1 | I i j I i 1 1 1 i
[ | | I ! 1 ] i | H i I I I I I |
i el e o e TRt e s R T o s K ot i | e i 72 ey e St Vaiasd Taer 11 P nbmtle
i 1 [ I i I t 1 i ! | I l i | 1 |h|
! i 1 S i £ | ] ; ! ] | ] 1 | ]
2 I 1 1 i I g i 1 I ; Iy ¢ | | 1 i I“I
I l 1 i ! I i | ; | 1 i I 1 1 I 1
HfF-~1r=9f ==~ -N-T1-1 Afp-r-a-a—\]r-1 - 1 i e T ot e I
1 ! | i I 1 | ! I i 1 1 I 1
80 1 1 j ) 1 L 80 ] ] ! ] [ 80 ! 1 I A I
0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35
7, MM ™M 7, MM
H 1 B 1 I
i E! bld | 'J.:
] ] w |
I ' | , .
A
1 .' .l"‘-//:’/ | b
| gl i
| i L 5
dsy 7 ds
" . 5 S

Puc. 1. Pwuc. 2. Puc. 3.
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MaTrepiany BBaXkaiOThCH iealIbHO NPYHHO-NJIACTUYHUMM.

Y pasi nmomyky omnTuMaJbHOI cdopmu rnpocdinio cikcoBaHMMM € TOBIIMHA
MydT™ h;=5 MM npu z2=0 i mMakcuMaNbHa JOBXKMHAa B Hanpami oci Oz -
d, = 25 MM; BapitoBaBMMM = dy,, dz, b (0<b<2h; — puc. 3). OnTumanbHUM
npodine mydrosoro 3'eqHaHEA (dy =10 MM, dg=10.9 MM, b= 2.5 mm) 306parxke-
Huit Ha puc. 1. J[na uporo BapiaHTy MaKCHMMaJIbHMIA Iepenaj, HOpMaJbHUX Ha-
Npy>KeHb Ha ITOBepxHi TpyOu, OiM3bKii 1| KoaKciaJbHIi A0 KOHTAKTHOI, CTaHO-
BuTh 74.26 MIla. Inst mydpTu mocrisinol Toumay (puc. 2, d3 =25 MM, b=5 Mm)
30ypeHHA KOHTaKTHOro Tucky B 1.58 pasa Ginbiie NOpiBHAHO 3 ONTHMMAJILHOIO.
MagkcumanbHe 30ypeHHS KOHTAKTHOrO TUCKY P, JAOCATaeTheA mpu dy= 10 MM,

d3=22 MM, b=1.6 MM (puc. 3) i € B 244 pasa binbluie, Hi¥ B ONTHUMaJIbHOMY Ba-
pianTi (puc. 1).
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Alexander Gachkevych, Vira Myhaylyshyn

NUMERICAL INVESTIGATION FOR ELASTIC-PLASTIC BEHAVIOR
OF COMPOUND MECHANICAL SYSTEMS

A methodology has been proposed for description of elastic-plastic behavior of de-
formable bodies under complex thermal force loading. The methodology is based on the
finite element method, «steps» one and linearizing method of elastic solutions. As an
example, an optimal form as to contact pressure has been found for a coupling fur-
nished as a result of its thermal shrinkage.
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Teopriii Cymum!, Muxaiino ®asopko!, Bacuns Yexypin?

UTveiscorutl nayionarsruil yrisepcumem im. I. @panxa
2Inemumym npurxiadnux npobaem MEXAHIKYU 1 MAMEMATNUKU
im. A. C. [Iidcmpuzava HAH Yxpainu

SAJIMIIKOBI HAINIPYIKEHHA B KYCKOBO-OITHOPITHOMY
NOPOKHMUCTOMY HWMJITHIAPI

3 oraAAy Ha BinpalioBaHHA METOAIB HePYyMHIBHOTO KOHTPOJIIO 3aJIMIIKOBUX
Halpy’KeHb, 1[0 BMHMKAIOTh B OKOJIi 3'€HaHb PISHOPIAHMX IJUIIHAPUYHUX eJie-
MEHTIB, aKTyaJbHOI € mnpobieMa nobynoBM aJeKBaTHMX MaTeMaTHM4YHMX Moje-
Jieit JNs ONMCYy HallpyKeHO-AechOpPMOBAHOIO CTaHY Takux o00'ekTiB, dhopMyJio-
BaHHA Ta PO3B’A3yBaHHA BiANOBiAHMX obOepHeHMx 3azad. KinbkicHI focnimpxeHHA
HaIpyJXeHb y Takux 00’ekrax noTpibHi ANA 3’AcyBaHHA KiaciB pyHKLiN, y AKUX
JOLIJIBHO IIYKATU PO3B’sA3KM oOepHEHMX 3ajjay, Ta OLIHKM MHOMKMHM MOXKJIMBUX
BXIOHMX JaHMX IMX 3azad.

MaremaTu4Ha MOJAENL 3aJMINKOBMX HaNpy»KeHb. Po3rnsHeMo isoTporHe
KYCKOBO-OQHOpPinHe TBepJe Twio B, ske mMae copMy MOPOMKHMCTOrO LAMIHApPa i
CKJIaIa€ThCA 3 PIZHOPIAHMX YacTMH B; Ta By, 3'enaHMX mo nuoumH Kinbus S
HopMmaJibHoro nepepisy. Tino nepefyeae y craHi npyskHoi piBHOBarm 3a BifcyT-
HOCTI 30BHILIHIX HaBaHTa)KeHb. 3aJIMIIKOBI Halpy’KeHHA (DOPMYIOTHCH BHACJI-
JOK PisHMII MeXaHIYHUX 1 Temogi3WYHMX BJIACTUBOCTEN MaTepiayly CKJIaZoBMUX
Ta JOro HEeNpy>KHOro NOBOJXKEeHHA NiJ 4Yac Mepexofy Tija J0 aKTyaJIbHOI'O CTa-
HY.

HAns xoxHol ckyagoBoi B, , A =1,2 BUKOHYIOTbCA PiBHAHHS DiBHOBary, ki

3a yMOB ocboBoi cuMeTpii y mmiiHApMYHIA cucTemi koopausaT (7,0,2) MawTh
Buraax [2]

dc:  8c* 1 dc* oct, ot
Iy —r= i —(oh —oh) =0, =B+ g, 1
or oz T(G” W) or 0z r (1)

A

KomronenTy! nedopmauii €;; 3a70BoibHATE B 06’emi V), crianosi piBHAH-

H5 CyMiCHOCTI:
- A2
og €yp — & 0°€
o, Do R g, g B g @
or T 0z 0z or

i IMOB’A3aHi 3 KOMIOHEHTAMM TEH30pa HANpPYXKeHb CIIIBBiAHOLICHHAMY 3aKOHY
T'yka:

> =-1—cr--+5 x

i 24 ] L mcr, Ty ¥y +Opgs Lje {'r,(p,z}. (3)

Ha muninpgpyysux r=R;, r =R, i TopupoBux 2z =-L;, 2= L, noBepxHax
BUKOHYIOTBCA YMOBM He3aBaHTAKEHOCTI:

© Cymum Teopriit, abvopko Muxaiino, Yexypin Bacuis, 1999
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A = . | = =
cﬁ|r=R1| = GOp r=R; ~ S |r=R2| =0y, r=Ry ~ 0,

o, |z=-L1| = G;lzz_h =0y, 2=L2| =Orzlyr, =0. (4)

Ha noBepxHi KOHTaKTy S CHPaBIPKYIOTBCA yMOBM 3pPiBHOBaX<€HOCTi CKJa-
JOBUX:
2
o

1 2 1 "
2=0 ~ O2zlyc0 = Orzly—g — crzl::o =0, (5)

a TAKOM YMOBHM

uf - u,l, = (1), uf - u},_ = w(r), (6)

fAKI BM3HA4alOThb CTpMOKM TaAHTEHIi/iHOI Ta HOpMaJIbHOI CKJIAZJOBMX BeKTOpa Ie-
peMmimenb Ha mnoBepxHi S. Tyt v(r) Ta w(r) — cdyHKNil, WO BpPaxoBYIOTh He-
NIPpYKHY IOBEAIHKY MaTepiasly B OKOJII KOHTaKTy CKJIANOBMX Ta BigMiHHiCTBH ix-
HiX pi3MYHMX BJIACTUBOCTEIN.

Crissiguomenusa (1)—(6) dopMyoTs MaTeMaTUYHYy MOJEJb 3aJIMIIKOBMX Ha-
NPy’ eHb y KYyCKOBO-OJHOPIOHOMY HMJIHAPUYHOMY TiJi, AKi 3yMoBJIeHI Hecymic-
HicTIO ZedopMallil Ha NMOBepPXHi moxAiny pisHopigHMX cknazoBux. Tpeba HaroJo-
CUTH, 10 MaTeMaTu4Ha Mozelb (1)—(6) HesamMKkHeHa, ockinbKM dyHKUIT v(r), Ww(r)
HeBiOML

OOGepHena 3afada HepPYHHIBHOrO KOHTPOJIO 3AaNMMINIKOBMX HaNpy:KeHb.
S0HAYIOYM TLNIO 30BHIIUHIMM MOJIAMM — MOJIAPM3OBAHMUM CBITJIOM, YJILTPas3BYKOM
4YY MarHITHMM NOJIEM, MOKHa eKCIIepMMEeHTaJIbHO BM3HAa4aTH JesKi napameTpy ii
Hanpy»eHoro craHy. BumipioBani napamerpm J), 3ajexaTe Bij posnoxiny Ha-
g.
Omroxe, J MoxkHa po3raanaTy AK GYHKIIOHAN [I0JIA HANIPYKEHb Y il obaacTi:

D = F (0y). (7)

CraHyloun TiJIo noJsieM, BU3Ha4aeMo NnapameTpy Ji y Aeaxi mHoxuni D = {d} i
OLIEePIKYEMO eKCIIepUMEHTaJIbHI 3aJIesKHOCTI

J.=1.(d), deD. (8)

PesyneTaTit BuMipioBaHb (8) pas3oM i3 ¢yHkuionanom (7), sxkuit € MomelLno
B3aEMOZI] BMIIPOMIHIOBaHHA 3 II0JIEM HaIpy’KeHb, BUKOPVMCTOBYIOTb IJIf HEpyi-
HIBHOTO KOHTPOJIIO NoJif Hanpy»keHb. OHaK BHACJIZOK TOro, 110 He BCi 30HM Ti-
Jla IOCTYHHI AJIA 30HAYBaHHA 30BHIIUKIM mnoJseM (HanpukJaz, 30Ha inea) i MmeTo-
I HEPYMHIBHOTO KOHTPOJIIO MalOTh OOMeXeHHS 3a IXHBOIO PO3JAiNBHOKI0 3haTHic-
TIO, YyTJMBICTIO TOMLIO, €KCNIEPUMEHTAJIbHMX HaHuX (8) Moxke OyTHM HeZoOCTaTHBLO
Ansa GesrocepeNHLOro BiHOBJEHHS HaNpPY’KEHO-Ze(POPMOBAHOrO CTaHy YIOBHI.
IIpore 3a pormomorow pesynbTaTiB BUMipioBaHb (8) Ta Mozesi B3aemozii 3oHIy-
BaJIBHOIrO IOJIA 3 MoJleM HanpykeHb (7) pasom 3i cniBBizHOmenusmu (1)—(6)
MOJKHa 3HM3UTU pPiBeHb HENOO3HA4YE€HOCTI MaTeMaTM4YHOI Mozesyi A0 piBHA, KO-
CTAaTHBOIO AJIA hOPMYJIIOBaAHHA YMOBHO KOpeKTHOI obepHeHoi 3amaui. Bpaxosy-
109M ue, obepHeHy 3aja4vy BM3Ha4EeHHS Halpy>KeHO-ZedOopMOBAHOIO CTaHy IU-
i‘}

Npy»eHb O; Yy NeBHI obyiacti d NMPOHMKHEHHA B0HAYBAJILHOTO MOJISA Yy TiJjO.

JiHApa MOKHa cdopmyJiiioBaTu Tak [4]: sHadmu noas nanpydcensv o©; ma Oe-
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dopmayit si;-, axi 6 06’emi cxradosux V, 3sadosoavuaroms pienanna (1)—(3),

HA BIAbHIU NosepTHT — ymosu (4), a Ha zpanuyt nodiny crxaadosuxr S — ymosu
(5) 1% y3zodawcyromucs Y NESHOMY CeHCL 3 Pe3yaArbmamamu HepYyLuHieHoz0 KOHM-
poato (8) ma modeanto 63aemo0ii 30HGYEANBHOZO BUNPOMIHIOBAHHA 3 WYKAHUM
nosem Hanpyxcensv (7). Bapianiitauit niaxin no poss’AsaHHA TaKol 3ajadi pos-
raapaeTbes B npati [3], a npukaazy ioro 3acTocyBaHHA — y nybaikaniax [4, 5]

PDyHKOiOHANU NOJA HaNpy:KeHb. Y BUIMAJKy I0JAPU3aLiHO-OIITUIHOTO
MeToJy HepyJiiHiBHOro KoHTpoxio [1] obnacTamMy npoHuKHEHHA d € Binpisku nps-
MMX BiJl TOYOK BXOJKEHHA NpoMeHiB CBiTJIa B TiIO Ao Towok ix Buxoxmy. Ilonsa-
pu3alis CBITJIOBOrO IIPOMEHHA, HI0 PO3IJIAZAEThCA y HabGimokeHHI njockoi mMoHO-
XpOMaTM4YHOI eJIEKTPOMAarHiTHOI XBMJI, B3aJa€ThCA KOMILIEKCHUMM BEKTOPOM

E=[E,E]", ne E,, E, — KOMIOHeHTM BeKTOpa HAMPYXKEHOCTi €NEKTPUIHOTO

roJisi B nJomuHi ppoHTy XBuJi. 3MiHa NnoJApM3anii CBITJIOBOro MpPOMeHs Mix wac
MOTo NPOXOJPKEeHHA Yepes3 TiJIo B HalpAMax, HOpMaJbHMX OO0 Oci LMIIHZpa, Ormm-
CYETLCA CUCTEMOIO PiBHAHE [6]:

dn 20Pco,,

— chnsind =0,

dt oyl +t2/12

ds 20Po,, oP o,, +t*/1c

—- shncosd = —| 6,, — 22 ¥, 9
dt C'\/;JI'F tz/lz n C‘\fg = 1+ tz/lz ( )

e N Ta 6 — zilicHa Ta yABHA YaCTMHM JiorapudMa BiJHOIIEHHS KOMIIOHEHT BeK-
Topa E; | — Bizcrans Bif oci muiiHApa [0 mpoMeHs; t ~ CKaJApPHMI IapaMerp,
O BU3Ha4a€ pajiyc-BeKTOpP TOYKM Ha IpomeHi d; P — crana oTONpPY»KHOCTI
MaTepiany;, @ — [ieleKTpUYHa IPOHMKHICTE MaTepially B HezecgopMoBaHOMY
CTaHi; ® — IMKJIYHaA YacTOTa CBITJIOBOI XBMJI; ¢ — LWIBMIKICTH CBiTINIA.
Axmto 1 =0, To MaeMo pazianbHe npoceivyBaHHA. Cucrema (9) crpoigyeTbes
dn_o dé oP (U & ) (10)
dt ' dt ce' = W
Is ppyroro pieuanHa (10) oxmepsxyemo dyHKuioHan Burasnay (7), sxwuit
TOB’s13y€e paziaJibHMi PO3NOALN HANIPY KeHb y TiJi 3 MpupocToM pisHuui das g,
HalyTol MoJIAPM30BaHMM CBITJIOM Miji Yac NPOXOJMCEHHA NPOMEHS Kpidb CTIHKY
nMIiHgpa:

oP N
2% (0 -Ope)r. 1)
Ry

Bch

fAxuo l. €[R;,R,], To peanizyeTbcs TaHreHuiiiHe mpocBivyBaHHA. 3 APYroro
piBHauHa (9) BuIUmMBae, W0 ONTMYHMIA mapamerp &, = Ili1}"1 (6/2 \fRf - 12}
=i

0B’ A3aHNUI i3 PyHKI[IOHAJIOM MOJIS HaNpykeHb [6]:
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8 ==~ /= Oulpp, - (12)

OnTuuni nmapamerpyu 8y Ta §, MOXKHa BM3IHAYMTY METOAMM ONTHYHOI NOJIS-
pumerpii [1]. Bumiproloun ixHe 3Ha4yeHHA AJs ABOX CKJIAJIOBMX Tijla Ha pi3HMX
BificTaHAX Bif noBepxHi S 3’€OHaHHA, OfEPIKYEMO €KCIIEPUMEHTAJIbHI 3aJIeXKHO-
(o 5e

8p =8k (2), §&,=8(2), =zeD,, (13)

ne D, c[-L,,0] Ta D, c[0,L,;] — MHOXuHKM HanpsAMiB MPOCBiYyBaHHSA.
3anesxHocTi (13) pasom iz dopmynamu (11), (12) yTBOpPIOIOTH O3HAYEHY Ha
MHOXxuHI HanpsamiB D = D, U D, MHOMMHY hyHKLIOHAJIB II0JIS1 HAIIPY’KEHb.

HochifgskeHHsa NMOoJA HANpy’KeHb y pamMkax npsamol sapaui. xmo dyskmii
v(r) Ta w(r) Bimomi, To, po3B’aAsyouM KpaiioBy sajzady (1)—(6), smaxozmumo 3a-
JIMIIKOBI Hanpy»XeHHs, 3yMOBJIEHI HecyMicHicTiO fedopmallifi Ha NOBEPXHi KOH-
TaKTy Oro CKJIaZlOBUX.

Ha puc. 300paxxeH0 po3noAis 3aJIMIIKOBMX HallpysKeHb y Tisi B, 3HalineHuit
BHaCJIiIOK po3B’A3aHHA npaMoi 3ajadi (1)—(6) MeTomoM CKiHYEHHMX eJIEMEHTIB.
PoarnagaBca BUNAZIOK CKJAZIOBUX 3 OJHAKOBMMM MOAYJIAMMU IIPYIKHOCTI i Koedpi-
uienramu Ilyaccona. @yuknii w(r) Ta v(r), aAki Bignoeigxo ao dopmyxn (6) Bu-
3HaA4aloTh CTPUOKM KOMIIOHEHT BEKTOpa IepeMillleHHA Ha MOoBepxHi .S, B3ATI y
BUTJIALI

w(r)=0, ov(r)=Ar,

ne A — crana. fkiuo BBaxaTy, o A =—(o, -o,)(T-1T,), To mpuiizemMo #o Byu-
najiky Halpy»KeHb, AKI BUHMKAIOTh y CKJaJeHOMY LMJIHAPI BHaCIiZOK PisHMUI
Koedilli€HTIB TeMnepaTypHOro PO3ILIMPEHHS O, Ta O, J0ro CKIaZOBMX Mij 4ac
nepexony Bix Temnepartypu Ty mo T.

Posnogin HanpyxeHe y nepepisi ¢ =const:a- o,,,6- 0, , B~ ©

22 7= Op,
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PeaynbTaTy 4MCIOBUX HOCHI[PKEHL CBiZYaTh NPO CYTTEBO TPUBMMIPHMIA Xa-
paKTep Hanpy»<eHoro CTaHy B 30HI KOHTAKTy PI3HOPIIHUX CKJIaJOBMX YacTHH B,
Ta Bz.
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Heorhiy Sulym, Mychaylo Fl’orko, Vasyl Chekurin

RESIDUAL STRESSES IN PIECI-WISE HOMOGENEOUS HOLE CYLINDER

A mathematical model for residual stresses in pieci-wise homogeneous solid cylin-
der, consisting of two parts with different mechanical properties, is considered. Func-
tionals, coupling measured optical parameters and stress distribution in the body, are
established. In the frame of the model, using the finite element method, the residual
stresses in the hole cylinder, consisting of two parts with different heat expansion coef-
ficients, were studied.
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Inemumym npuxaadrux npobrem MeXaAHIKU T MAMEMAMUKY
im. A. C. [Mdcmpuzava HAH Yxpainu

HEJOKAJBHA MOJEJIb BUCOKOTEMIIEPATYPHOI
TEPMOIIPYFHOCTI HAIIIBITPOBITHMKIB

HaniBnpoBifHMKY BEJMKOIO Mipoi0 Npo30pi AJIA eJeKTPOMAarHITHOTO IOJIA B
inppauepBoHiit (II) obnacti cnekrpa. BrHacaigok uworo II-npomeni, siki najga-
I0OTh Ha MOBEPXHIO TLIA, MOXYTh HOPOHMKATM B #0ro TOBIULY, MOINIMHAIOYMCH Ta
poaciouuch Ha cBoeMy AXy. HaTomicTe TemnsoBe eyNleKTpoOMarHiTHe IoJe, 1o
BMIIPOMIHIOETBCA BHYTPIIIHIMM TO4YKaMy Tijia, MOXe IIOIUMPIOBATUCh Ha BeJMKi
BifgcraHi i, mocsrimm noBepxHi Tina, BuxoauTu 3a jioro mexxi. IloTik eneprii Ten-
JIOBOTO BMIIPOMIHIOBAHHA IIPONOPLIfHMII [0 YeTBEPTOro cTemneHs abcooTHOI
TeMIIePaTypy Tiia, OTXKe leji MeXaHi3M IepeHeCeHHA TeIlJla 3a BHCOKMX TeMile-
paTyp MoXXe CyTTEBO BIUIMBATM Ha POSNOALN TEIJIOBMX IMOTOKIB y Tiji, a BigTak
= Ha TeMnepaTypHi HanpyeHHs. ToMy PO3BMTOK METOJIB JIOr0 MaKpPOCKONIIYHO-
ro onuCy Ma€ BajKJIMBe 3HAYEHHA JUIA TepMoMeXaHiKu Takux Tl Mwu posrnsapa-
€MO HeJIHIHY MaTeMaTU4Hy MOZleJIb TePMONpPYKHOCTI HaIBINPOBIAHUMKOBUX TiJ,
AKi BpaxXxoByIOTb 0OMiH eHepricio B 0o0'eMi i Ha NMOBepXHi uepe3 TeIJIOBE eJIEKT-
poMarHiTHe BUIIPOMIHIOBaHHS.

Pisaasaua Oayaucy imnyancy Ta emnepril. Posrianaemo HaniBHpoOBigHME,
JIETOBaHMIf JOHOPHOIO JOMIIIIKOIO, 33 JIOCMTb BMCOKMX TeMIIepaTyp, Tak LI0 ZOo-
MILIKOBL aTOMM HiJNKOM ioHi3oBaHi. [yis onycy Hanpy»KeHOro cTaHy HaliBIPOBif-
HMKa MaeMo 3 piBHAHHSA Gajancy iMnysnbscy rpaTku [1]

8%u

D'é't'é* =V-o+t, (1)
Zle u — BEeKTOp NepeMillleHHA; ¢ — TEeH3CPp Hallpy»XeHb I'paTKu, t — ckJyaafZioBa,
AKa BPaxOBy€ IOHAEPOMOTOPHY Jil0 eJIEKTPOMAarHiTHOrO IOJA Ha B3apAfKeHy
IpaTKy i nepefaBaHHA IMIIyJbCy Bii enexTponHoi nizcucremu. Cknasoea t Bu-
pasKacTbca Yepe3 IlapaMeTpy eJIEKTPOMAarHiTHOro IOJIA Ta IyCTMHY CTPyMy B
Tim [1]. '

ObMerxyiouMuch BMIIAZIKOM JIOKAJIbHOI TepMoAMHaMiYHOI piBHOBaru IUiA Tina,
3ammMcyeMo PiBHAHHA GajaHCy BHYTpPimIHbOI eHepril AJif HaNiBIPOBiJHMKa y BU-
rasni

%:—=-V-J+WJ+W,, . (2)
e 4 — ryCTMHa BHyTpimiHboi eHeprii; J — mortik tenna; Wy — nozaHok, 1o Bpa-
XOBY€ JKOyJieBe TeIUIOBUJIIEHHA, BUPasKacThCA Yepe3 HalpPy»KeHICTh eJIeKT-
PMYHOIO IOJIA Ta TYCTUHY cTpyMy B Tini [1]; W, — mBMAKICTE BUHMKHEHHA Tem-
JIOBO1 eHepril B oAuHMI 00’€My HaliBNPOBIHMKA BHACJIZIOK JOro B3aeMojil 3
[9-BunpoMiHIOBaHHAM.

© Pawvopko Onexcanzpa, Yekypin Bacuis, 1999
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PiBHAHHA NepeHeceHHs BUNPOMiHIOBaHHA. J[J1A omMcy TeIJIOBOro BUIIPO-
MIHIOBaHHS B TiJli BUKOPUCTOBYEMO PiBHAHHA NepeHeceHHA [2]:

L0 g +5- 91, =75 (K2 +8,)1, + S, [p, (5,8) 1, (5)dO(s). 3)
cot 4n 2

Tyr I, =1,(r,s,t) — cnexTpanbHa IHTEHCHBHICTL BMIIPOMIHIOBAHHA, r — pajiyc-
BEKTOp AoBLIbHOI Touku 3 obmacti ¥, 3aitHaATOl TiMOM; S, 8' — OAMHMYHMIA BeK-
TOp i3 mo4yaTKOM y Toulli r € V, II0 BM3Hava€ AOBUIbHMI HANPAM NOLUMPEHHA
BUIIPOMIHIOBAHHA | 3MIHIOETBCS B Me’KaX MOBHOTO TijecHoro kyra Q; J. — crek-
TpaJbHa  IHTEHCMBHICTb - TEMJIOBOrO  BUIIPOMIHIOBaHHA  HAaliBIIPOBiHUKA,
K, =K;(s) Ta S, =85,(s) — cnexrpasbHi KoedilicHTH NOIJMHAHHA Ta po3cCiio-
BaHHJ BUIIPOMIHIOBaHHA, D, (s,s') — iHAMKaTpuca posciloBaHHA, AKa BU3HAYAE
TyCTHMHY MMOBIPHOCTI TOro, 1[0 BUMIIPDOMIHIOBAHHSA, fKe MOULIMPIOETHCA 3 HAIPAMY
s’ € 1, poacieTses B To4i r y HanpsaMi S € {); ¢ — WBUAKICTE CBiTJA.

Cxnaposa J =J¢(s) BpaxoBye BignIuB eHepril eJIeKTPOMATHITHOTO NOJIA
I9-gianasoHy, 3yMOBJIEHMIA BUIIPOMIHIOBAHHAM 3apPAAMKEHMMM 4YacCTHMHKaAMM 3
TiJla BHaCJIJIOK IXHBOTO TEMJIOBOro pyxy. ¥ HabimakeHHi JokaJibHOl KBa3ipiBHO-
Bary L0 CKJIaZOBYy MOXKHa roxaTu y Buraapi [2]

L =K ()1 (T),  Ly(T)=2nv’c™ [exp(hv/ksT) - 1], 4)
ne K{ — cnexTpasisuuit KoediliEeHT BUIIPOMIHIOBAHHSA CEpPeOBULIEM.
JlokanpHa IIBMAKICTE BUNPOMIHIOBAHHA HaIiBNpoBigHMKOM eHeprii IY-

eJIeKTPOMAaTHITHOTO NOJIs BMpaXacThes yeped nmapamerp Jo: WF = f _LJ vdsdv,

a IIBMAKICTD TMONNIMHAHHA — 4Yepe3 IHTEHCMBHICTL BUIIPOMiHIOBaHHA [ :

W, = f LKSIV dsdv. Omxe, cknazosa W, y pieusnni (4), mo spaxosye ofmin

eHEepricio MiK HaNiBIPOBIAHMEKOM Ta IY-eJIeKTPOMATHITHMM II0JIEM, BU3HAYAETH-
cA AK .

W, =W -wy = [ [ (S, - K{ 1, (T))dQ(s)dv. (5)

Piusanua (1)—(3), (5) pasom i3 piBHAHHAMM MaKpPOCKOIIYHOI eJleKTpoxuHa-
MiKM HAIIBIIPOBIXHMKIB, (hi3MYHMMM CHIBBIAHOLIEHHAMY, PIBHAHHAMM CYMiCHOCTI
ZedopManiit yTBOPIOIOTE 3aMKHEHY CUCTeMy iHTerpo-audepeHIliaJbHUX PiBHAHD
TEePMONIPYKHOCTI.

YmoBu Ha noBepxHi Tina. BusHawaioum rpaHuMuHi YMOBM Ha NapaMeTpu
KOHIYKTMBHOIO Ta IPOMEHEBOro TeNnjooOMiHy, BpaXOBYBaTMMEMO IIOIJIMHAHHSA,
BMIIPOMIHIOBAHHA Ta PO3CilOBaHHA INoBepxHer0 OV IY-esleKTPOMArHITHOro IOJIA.
Y pesysbTaTi NpUKEMO N0 TaKMX CIiBBiHOLIEHD:

-2VT -n=h(T.-T)+W,, (6)
L (8) =K () Lo (T + [py(s2,:) 5 ()dQ(s) + [(1-KS () (82, 8) I (8) dQ(sy),
W W

I (s1) = K3(s)L (T) + [ (1= K3(s])) P51, 8DI5 (8) dAs)) + [ 2y (51,8515 (52)ds,) , (7)
o Q
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Je & — MUTOMa TEeILUIONPOBiHICTEL HAIBIPOBIJHMKA; N — 30BHIIIHA HOPMAaJb Ji0
0V, h — kxoedinieHT KoHBeKTMBHOro Temnoobminy; T. — TemmeparTypa 30BHilI-
HBOTO CepeJoBMILA, W, — IOBEpXHEBUM npunms Tellia [0 Tina, 3yMOBJIEHUI
Baaeuo,ulem [IOBEpPXHi 3 TEILIOBUM enempomamrwum 1oJieMm:

W, = j [(Kes L) K:(sz)f\,,,(i‘))dﬂsz)dw”Kf,'(sl)l“(sl) K(s)) L, (T)) dYsy)dv -

3HaRaMH «+» Ta «—» y dopmynax (7) noaaaqem ieTercuBHocTi IY-Bunpominio-
BaHHS 3 B30BHIIUHBOI Ta BHYTpPIlIHBOI cTOpiH noBepxHi OV, O,I[HHH'{Hi BEKTOPM
s;, §; € Q; HanpamieHi Ha30BHI Bif nonepxm OV, HaTOMiCTB Sy, Sy € Q, — B ii
cepenuHy.

Ilepuri fomaHKM B mMpaBuX yacTMHaX piBHAHB (7) BpaXxoBYIHOThH BJIacCHE Tell-
JIOBE BUIIPOMIHIOBaHHS MaTepiasIbHMX TOYOK IMOBepXHi Tina. Ipyruit JomaHOK y
npasiif 4acTMHI nmepuworo piBHAHHA (7) BpaxoBy€ BHYTPILIHE TEILIOBE BMIIPOMi-
HIOBaHHA, I1]0 po3ciloeThea nosepxHeio oV B obsnacts V Tina, a TpeTijt — 30BHiuI-
HE TENJIOBE BUIIPOMIHIOBaHHA, fAKe IIPOHMKAE yYepes IOBEPXHIO B Tijo. Jpyrwmii
IOJaHOK y npaBiit wacTuHI Apyroro piBHAHHA (7) BpaXoBy€ BHYTPilllHE BUIIPOMi-
HIOBaHHA, I1]0 BUXOANTH dYeped OV 3a mexxi objacrti V, a TpeTiit — BpaxoBye 30B-
HillIHE BMIIPOMiHIOBaHHA, fiKe BiibuBacTheA noBepxHeo V.

HabimaxenHsa TemMiepaTypM BUIPOMiIHIOBaHHA. JHTerpyouy piBHAHHA ITe-
peHeceHHsI BUIPOMIHIOBaHHA 3a 3MIHHOIO 8§ y MeXXaX ITOBHOrO TijiecHoro kyrta QQ
Ta 3a 3MIHHOIO V, OZlep)KyeMo piBHAHHA GajyaHcy eneprili ana IY- Bunpominio-

BaHHA!

ou .
— = —divI - W,. (8)

TyT u, — rycTuHa eHeprii TenjaoBoro BUNPoMiHiOBaHHA; J, — iioro norik:
1 o0 0
U, =u.(rt) == III"’ (s,r,t)dQ(s)dv, J, =J.(rt)= _”sfv (s,r,t)dQ(s)dv. (9)
c
0Q 00

Obmerxyounch JOCUTH MaJIMMM BiXUJIEHHAMM BiJl JIOKaJIbHOI TeIUIoBOi piB-
HOBarym Mi’X BMITPOMIHIOBaHHAM i TiNIOM Ta PO3MIANal4YM cepeZloBUILE CTOCOBHO
yioro papgiauiifHMX BJacTUBOCTe! fAK cipe, ToOTo npuiimaroum, 110 KoedilieHTH
K{, K{ Ta S, He szanemats Big wacroru v: K{ =K°, K!=K*, S, =8, no-
Ja€Mo iHTeHCMBHICTH BunpoMinooBaHHA I, =1, (s,r,t) y Bur.ns,m JNiniHOI DyHK-
uii aminnoi s:

I, (s,r.t) = Ly (T. (r,2)) - %%&Dvn . | (10)

ne T(r,t) — noxkanbHa TemmepaTypa BunpowminioBaHHA; = K%+ S. 3 ypaxyBaH-
HAM 116010, 3 dopmyan (9), (10) orpumyemo
4 4
u, =—L(T), J, = ——-"-MVT W, = K'I, (T.) - K°L, (T), (11)
c 3P T,
ne I (T,) = nchT‘/n, L (T.) = n%cpT: /1':, op — crana Crecana — BosibumaHa;
n = KoedilieHT 3ajyomyeHHEA [Y-BUNIPOMiIHIOBaHHSL

Y pesynbTaTi NPUXOAMMO A0 TAKOIo PiBHAHHA Ha TEMIIEPAaTYpPy BMIIPOMi-
HIOBaHHA T,
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oT,
T T
(%)=

TyT sukopucraso nossayenns c, (T,) = 16n’cg ¢'T7, =,(T,)=16n’c5(3p) " T2.
Orsxe, B TakoMy HaOJMiKeHHI NMepeHeCeHHA eHepril TelyoBMM BUIIPOMiHIO-
BaHHAM ONMCYEThCA NapaMeTpoM T, O3HAYEHUM y IPOCTOpPi 3MiHHMX (r,t), sSIKWMit
3aJI0BOJIbHAE PIBHAHHA AudysifiHoro tuiry (12).
Poarnanaoyy BHYTPIIHIO €HEpPrilo % HaNiBIPOBifHUKA AK (YHKIIIO TeMIe-
patypu T Ta nedopmalil €, 3 piBHAHHA (2) ofnepKyeMo
2
4 oe
N L V- (2(T) VT) + ——2 (K°T# - K°T*) + W, - By : =, (13)
ot s ot
ne c,(T) = (0u/dT), , Pr = (Ou/0e)r .
Pisuanua (12) Ta (13) yTBOpPIOIOTH MaTeMaTHM4HY MOJeNb TeIwIooOMiHy B
06’emi HamiBIIpoBiHMKaA y HabJMIKeHHI TeMIepaTypyu BUIIPOMIHIOBaHHA.

2
=v-(s,(T,)VT,)—1‘—f-‘i(K“T;‘ -~ K*7h), (12)

Tennoo6mim y mapi, gacTkoBo mnposopomy miaa [Y-BunpominioBaHHA.
Poarnsnemo map y € [0,d], 1110 YaCTKOBO MpPo30pMit AJA BUIIPOMIHIOBAHHA B iH-
dpayepBoHiii objacTi crmekTpa i He po3cile iHdpayepBoHEe BUIIPOMIHIOBaHHA.
IITap HarpiBaeTbes Bif aGcomoTHO HwopHOI moBepxHi Yy =const >d, mo mae 3za-
nany temnepatypy Ti. IIpomixkox MiK INOBEepXHEI Ta IUApPOM pPO3IIANAEMO B
HabOymokeHHI BakyyMy. IIoBepxHA i map o6MiHIOIOTBCA TEIJIOM JIMILEe 338 PaXyHOK
npoMeHesoro MexaHiamy. IloBepxusa mapy y =0 abconoTHo YopHa, a ii Temre-
patypa dikcoBana T =T, PosrnsamaeMo craifioHapHMii Ipouec Terwoobminy i
cTaH MexaHiYHOl piBHOBarM Tina. O6MerxymMoca BHUIAJKOM MaJMX BifXuJieHb Te-
MnepaTypu B mapi Bim 11 sHavenna T\, 3a AKOro XapaKTepUCTHMKM MaTepiaiy
MO2KHa BBa’KaTy He3aJIeKHUMM BiJ] TeMIIepaTypu.

1.2 T Ha puc. 300pakeHO pO3IoALI TeMiepaTypu B luapi,

iy ' BM3Ha4YeHMiT 3a pisHuUMM MogenAmM: 1 — pO3B’A30K piB-

HAHb IIepeHeCeHHs €eHepril Ta TeIJIONPOBIOHOCTI Yy TOYHIM

o6 3 1 r[ocrau?Bui; 2 — y HabmmxeHH] TeMIepaTypy BUIIPOMIHIO=-

A BaHHA i 3 — 3 BMKOpMCTaHHAM AudysiiiHoro HabmoKeHHs

2 IJa pIBHAHHA NepeHeCeHHA BUNPOMiHIOBaHHA [2]. Ax Bua-

HO 3 LMX Pe3yJIbTaTiB, MOZeJIb TeMIlepaTypy BUIIPOMiHIO-

0.4 { BaHHA Ja€ TouHim pe3ynsTaTH, HiK Audy3liitne Habam-
0 0.5 y/h  KeHHA.

1. Bypax A. U., Yexypun B. ®. Pusuxo-mexaHudeckue MoNA B MOJYNPOBOJ-
Hukax. MaTemaTudeckne ocHoBel Teopuu. — K.: Hayk. nymka, 1987. — 264 c.

2. Oyucux M. H. CnoxHslit Tenmmoobmern / Ilep. ¢ aHra mox pea. HA. Audu-
moBa. — M.: Mup, 1975. — 616 c.

Alexandra Fl’orko, Vasyl Chekurin
A NONLOCAL MODEL FOR HIGH-TEMPERATURE THERMOELASTOCITY

A nonlinear mathematical model of thermo-elasticity of semiconductors, that takes
into account both heat conducting and ray heat energy exchange in the body wolume
and its surface, is considered. In the frame of the model the temperature field in the
strip in nonlocal nonlinear formulation are studied.
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UDC 539.3

Igor Ulitko
Taras Shevchenko Kyiv University

STEADY ROTATION OF ELASTIC SOLIDS: THE FIRST INTEGRAL OF
EULER EQUATIONS AND ITS APPLICATION IN THE THEORY OF
WAVE GYROSCOPES

Introduction. Dynamics of spatial motion of elastic solids. A thesis that
elastic waves and vibrations in the solids suffer some qualitative and quanti-
tative changes, if they move in the space, is a background of the theory of
wave gyroscopes and its applications in technique. Generally, mathematical
consideration in this field is restricted to the case of steady or uniformly ac-
celerated rotation of the resonator about some fixed axis, and so, questions to
be replied to are what effect this rotation brings in concrete eigenfrequency
spectrum and how the picture of normal modes change. When these parame-
ters of wave micro-motion aré found for some operating regime it is sug-
gested the problem is solved well. But, sometimes it may appear that the axis
of rotation can also displace in the space with respect to initial unloaded state
of a gyroscope. In absence of kinematical connections this displacement results
in the precession of rotation axis, and if the resonator is clamped, some pen-
dulum-like vibrations of a whole system may appear. Both effects are essen-
tially the change of spatial macro-motion of a gyroscope due to wave micro-
motion of a resonator. Such deduction follows from general theory of spatial
motion of elastic solids [2]. Mathematical consideration of that theory is built
on the principle of decomposition of complicated spatial motion of elastic solid
in translational motion and relative motion (Galileo transform). Application of
this transform to relations of time-depended elastic deformation results in
mathematically closed boundary-valued problem, which realization requires
consequent solution of coupled vector equations. These are generalized Lamé
equation, which determine relative elastic displacements and Euler equation,
which determine instant rotation of a relative coordinate system. Such equa-
tions have the same sense as their prototypes in classic elastodynamics and
kinematics of rigid solids, but both are nonlinear due to the coupling of elastic
displacements and components of a vector of angular velocity.

Lamé equation. Consider general statement. Suppose that in a moment
t >0 unbalanced external loads with the resultant of volume forces P and
the resultant of surface forces F, are applied to elastic solid. They will set a
solid into complex spatial motion with the non-uniform, time-dependent bulk
deformation. From the viewpoint of classic elasticity a boundary-valued prob-
lem, if formulated in absolute coordinate system, becomes non-linear and very
complicated due to the large displacements of material points of a solid [3, 4].

The use of Galileo transform provides partial linearization of such prob-

lem. Let V; is a volume of elastic solid closed by the surface S;, both are in

© Ulitko Igor, 1999
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the initial unloaded state, and
let p,denotes its volume den-

sity. Choose the origin O; of
the absolute coordinate system
O,X,Y;Z, in the center of iner-

tia in the unloaded state, and
introduce the relative coordi-
nate system OXYZ, which
corresponds to spatial motion
of some absolutely rigid solid,
having the same volume and
density and subjected to the
action of the same loads P

and F, (See Figure). The radius-vector r of some point M in deformable state
can be represented in two ways

r=r,+u,; or r=U+r+u, (1)
what gives
u;, =U+r+u-r,. (2)

In these formulae r; and u; determine initial position and absolute dis-

placement of a point M in absolute coordinate system, r is the radius-vector
of that point in relative system, and u are the relative displacements, describ-

ing small deviation of M from its initial position M. Displacement of the mass
center U is determined from the equation
d*u
Vi— =R, R=}Fds+|||Pdv, (3)
Po Ve a Cg n _!;!j

where R is resultant of external volume and surface forces. To perform de-
composition of relations of elastic deformation with finite displacements [3, 4]
according to vector equalities (1)—(3), we take into account the following rela-
tions between the unit vectors of relative and absolute coordinate systems

i=1ijcosa, + jcosP, +k,cosy,,

j=1,cosa, + j,cosP, + k; cosy,,

k =i, cosag + j, cosPz + k; cosy,. (4)
Change of cosine functions of a,(t), B,(t), Y.(t) ... determines the in-

stant rotation of a relative coordinate system with the vector of angular
velocity Q=iQ_ +jQ, +kQ, . Then, generalized Lamé equation formulated in

the relative coordinates takes the form

Mgr&ddivu—rotrotu-l P——I-R =
1-2v G Vi
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=Bli+(@x0+Qx@x0+@xw+Qx@xw+2QxD) ], ©)

where v is Poisson ratio and G is shear modulus. The use of this equation is
to describe dynamic phenomena concerned with wave propagation in movable
solids. It can be extended to steady and unsteady vibrations of thin-walled
elements of wave gyroscopes.

Euler equations. At the first sight, Lamé equation (5) cannot be solved

for relative displacements u until components of angular velocity Q are found.
The most convenient method to establish an instant rotation of the relative
coordinate system about a mass center O consist of application of the theorem
of a change of angular momentum. So, taking into account (1) and assuming
that U is already found from (3) we can write

j {feo [(r u) x [—— 4 -——J]dv =M ,. (6)

where

M=<§[(r+u)xr‘n]ds+m[(r+u)xP]dv (7
S, 7

is a principal couple of external loads. After some transformations of (6) Euler
equations can be represented in coordinate form

d ;

[ QA-QF - QE]-Q,f+Q,e-d+QQ,(C-B)-QQFE+
+Q.Q,F-(Q) -Q)D=M,,

f;[nys -Q.D-Q.F|+Q,f-Qd-6+Q.Q,(A-C)+
+Q.0Q,D-Q.Q,F -(Q -QLE = M,,

d ;

E{[QZC -QE-QD]|-Q,e+Q,d-f+Q,Q,(B-A)+

+QQF-QQ,D-(Q2-Q)F = M,,

where
A = {[[pg [(y+u, P +@+w,)]|do, B®)=..., CO)=..., - (8)
Vo
are the principal moments of inertia about coordinate axes, and
D(t) = iju(y ruy)z+u)dv, E@)=.., Ft)=.., (9)
v

are the centrifugal moments of inertia. Quantities of the same dimension

d(t) = mpo (z+u)u, - (y+u,)i, |dv, et)=..., fit)=..., (10)

set into Euler equations due to elastic deformation of a solid. To the best of
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author’s knowledge they have no conventional definition in the literature.
Mathematical difficulties in the course of solution of classic Euler equations
are well known. Moreover, in our case we collide with a necessity to deter-

mine components of relative displacements u =iu, + ju, + ku, from the solu-

tion of Lamé equation (5). Therefore, both equations are coupled with quanti-
ties u and Q.

First integral of Euler equations. Steady or uniformly accelerated rota-
tion about fixed axis are two exceptions of such coupling. Usually, trivial solu-
tion of Euler equations are known beforehand and boundary-valued problems
are formulated a priori for Lamé equation. Numerous works on the theory of
wave gyroscopes (see for example [1]) are restricted essentially to this case. In
other words, mutual influence and interaction between vibrations of a resona-
tor (micro-motion) and rotational macro-motion of it are excluded in the
statement of a problem. In particular, questions: how can wave processes or
vibrations act towards a rotation of a solid and how significant this influence
can be, remains unsolved in the literature. Further we consider one example
of possible reply to these questions

Consider steady rotation of elastic solid about fixed axis. To realize such
situation we must suggest that the solid once have been loaded by the self-
balanced loads P and F,, in which case M =0. It clear up a way to simple

integration of (6) in time

L{_pﬁ[(r+u)x[%+%ndv=l(, (11)

where the kinetic momentum K is a constant vector. Simple transformations
of (11) yield the first integral of Euler equations

Q,A-QF-QE-d=K,,
Q,F+QB-QD-e=K,,
-Q,E-QD-QC-f=K,, (12)

from which we can deduce: (i) under the specified distribution of external
forces P and F,, which do not change the kinetic momentum K, and (ii) un-
der the specified values of relative elastic displacements, which arise in a solid
due to the action of these forces, components of the angular velocity are de-
termined from the first integral of Euler equations by simple algebraic opera-
tions.

Consider, for example, changes of angular velocity of a solid of revolution
arising due to such loading. Choose the axes of coordinate system in the
unloaded state in directions of principal axes of inertia and nominate OZ to be
the axis of rotation. In this case centrifugal moments of inertia equal to zero,
what simplifies a problem. The components of angular velocity in the state of

free rotation are Q, =0, Q, =0, Q, =Q,, Q; =const. The components of

displacements due to centrifugal force (static deformation) can be easily de-

fined as this force is known. Let Y’ ,u)’,u” are such displacements. Obvi-



STEADY ROTATION OF ELASTIC SOLIDS: ... 191

ously ol = ag” =

tions A =B" and it follows from (8)—(10) that K, =0, K, =0, and

% =0, as they are independent of time. Under such condi-

K, = C%Q,, where C”is the momentum of inertia about rotational axis. If we

apply instantaneously some forces F, this will give rise to disturbance of an-
gular velocity Q

Q=kQ+Q=ip+jGg+k(Q+7) (13)
and change relative elastic displacements, so that
Uy = UL + 8y, Uy =ud +4, U, =ud +4,. (14)

Now 1, =1i,, w, =1i,, 1, =i,. Substituting (15) in (9), and then in (12)
we can write

Blt) = }%Ef [[[pota s, + z8,)dv + Itﬁ [[foozit, - yii,)dv,
Vo Vo

q(t) = gz-(-g)— J'Hpo(z u, +yu,)dv+ ﬁ mpﬂ (xii, - zi,)dv,
Vo Vo

#(t) = —% [[fpo (@i, +ya,)dv + % mp{, (Y iy —ait,)dv, (15)
Vo Vo

These formulae describe approximate magnitudes of small disturbances
of angular velocity (13) and can be used in the design of solid-state sensors of
angular velocity of different types.

1. XHypaesres B. &., Kaumoe JI. M. BonHoBOM TBepAOTENbHBIA IMpocKon. — M.:
Hayxka, 1985. — 126 c. :

2. Yaumxo A. @. IlpocTpaHCTBEHHOEe NBMKeHMe ynpyrux Ten // Vasectus
AH CCCP. Mexauuka TBepz. Tenaa. — 1990. — Ne 6. — C. 55—66.

3. Kappus R. Zur Elastizitidtstheorie endlicher Verschibungen I // ZAMM. -
1939. — 19, Ne 5. — S. 271-285.

4. Kappus R. Zur Elastizitdtstheorie endlicher Verschibungen II // ZAMM. -
1939. — 19, Ne 6. — S. 344—361.

Irop ¥Yairko

PIBHOMIPHMJI OBEPTOBUM PYX MPYIKHOIO TLIA: HEPIHIQIVI IHTEIPAJ
PIBHAHDb PYXY EMJIEPA TA 100 3ACTOCYBAHHA B TEOPII XBUJIBOBUX
r'POCKOIIIB

Jas eunadxy pienomipnozo 06epmoesozo pyxy odepiucano npocmi opmyau, 3a do-
NOMO2070 AKUT OYIHIOWOMb ML 6I0TUNCHHA KYMOE0T weudxocmi 06epmants NPy cHozo
meepdozo Mmina, AKI GUHUKAIOMb 3080AKU KOAUSAHHAM 60 NOWUPEHHIO NPYICHUT
xeunsv. Ba3oeoro modeanto Oast eueuenHHA UYb020 eeKmy CAYICUMD 3a2a4bHA MeEOoPif
NPOCNOPOEOZO PYTY NPYNCHUL MiA.
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Jyyvkuil depicasnuil merniunuy yrisepcumem

MOPIBHAJIbBHUN AHAJII3 TOYHOCTI HERJIACUYHUX TEOPIN
3Ir'HY IIJJACTHH 3A JIOKAJIISOBAHUX HABAHTAKEHD

1. BigHeceMo ILUIaCTMHY 3aBTOBIUKM 2h J0 JE€KapTOBOI CUCTEMM KOOPOMHAT
(x,y,7), B aAkiik mmoummHa Yy =0 npucraina fo ii cepeamunHol nmosBepxHi. Posrnsa-
HEeMO BMIIaZIOK, KOJIM Ha TOPLIEBMX NOBEPXHAX IJIACTMHM BUKOHYIOTHCA TakKi rpa-
HUYHI YMOBMU:

o,=q9" =g npu y = +h;
o, =0 opu y =-h;
Tye =Ty =0 npu y = th. (1.1)

Ha ocHoBi cniBBigHOIIEHb yTO4YHeHOl Teopil mnacTuH [4] HOpMaJbHI nepe-
MillleHHs HaBaHTa’K€HOl NTOBEPXHi IJIACTMHY MOJKHa BM3HA4YMTU 3 PiBHOCTI

2 3
W(J:,'y,h)=w(x,y)+l£Aw+£Aoq+ﬁ-A{)Aq, (1.2)
21-v E E

1+v 5 , _V(2-V) ? o
& vl 1 -~ 16 = A e
Ae Aﬂ 16(1—V)( VY )’ Aﬂ 64(1""\’), amz +ay2 4

E — mopyne npyxHocti; v — koediuient Ilyaccona; w(x,y) - mnepemimeHHs
cepeauHHOi noBepxHi muacTuau. Ilepemimjenna w(x,y) € poss’sizkom Girapmo-
HIYHOTO PiBHAHHA:

DA*w = q - ¢, Aq-¢, AZq, (1.3)
" % 1. 3
5 8-3v . 2 Vzh“,D= 2Eh2_
10(1-v) 4001 - v*) 3(1 - v?)

Tpeba saysasxury, 1o B GinblnocTi OIpuKIafHMX Teopiit Tuily TuMolleHka,
AKI He BPaXOBYIOThb IONepevHOro obTMCHEHHA, napaMmerp €, HabyBae gewio iH-

IIMX 3Ha4eHb, napameTp £, =0, a B piBHocti (1.2) Bei wieHu, 3a BMHATKOM

NIepIoro, TakoXk BiAcyTHi. fkmio obuzasa napamerpu (€, i €,) AOPIBHIOIOTH HY-
L]

JIIO, TO OTPUMYEMO BUIIAZIOK KJACU4HO1 Teopil ToHkux muactuH Kipxroda.

Hiroun Ha piBnicTs (1.2) onepaTopoMm A Ta Gepyun mo yearu (1.3), omepxy-
€MO PO3paxyHKOBe PIBHAHHA JIJIA HaBaHTAaXXEHOI IIOBePXHi MJIaCTUHM:

DA'W = (1-08h%A)q +5, A% -8, 4, (L)
4
ne § = 0'4%2 (1+0.09v-175v*(1+08v)), &, = (2 -2\’)\' e
(=¥ 80(1 - v2)(1-v)

© IIsa6’iox Bacuss, Makcumosuy Bosogumup, 1999
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BuxonaBimm B pieHAHHI (1.4) 3aMiHy 3MiHHMX Yy BMIJIAKL
W=F+(81—62A)%, (15)

OTPMMaEMO PO3paxyHKOBe PiBHAHHA
DA’F = (1-0.8k%A)q. (1.6)
BoHo ToTOHe BifnosigHomy piBHAHHIO (1.9), 1o BuBene y npaui [2] cumBo-
JYHMM MeToZoM, sAKu[o 3amicts ¢ynkuii F(x,y) nizcTaBuTH CKIafOBYy nepe-
MmimeHHA wy(x,y,h).

2. Bupas st BepTUKaJIbHOro nepeMimenssa mnactuan W(x,y,h) y Tpusu-
MipHiit sagayi Teopil npykHocTi MOXKHa ZanucaTu cuMBoJiiuHO 3a A. I Jlypee
[1]. Axwmo mo nporo BuMpaldy 3acTocyBaTy cdopmyny pos3kjany M. €. Bauenka-
3axapyeHra [2], To BiH MOXe CIPOCTUTHUCE JI0 Bur.}mny

W(m,y,h)=F(m,y)+Z}é—(l—v)q -2%132 2G QZ' (21)
Z (Pz ( ; PA Qz - Z -Zzo(s(zia} ) o
Py =z [P Ko (B % )agan,
1 T
qi (:r:, y) S 27{}12 £Ip (‘L;IT]) ) K[l (ai - '};) dE.b dT’l: (2'2)

p=q/2, r=V(x-EP+(y-n)*; d®=h%A; ¢,, f, — cynxuii, Bupasu mra
AKMX HaBeZeHi B [2]; q;, P; — kopeHi piBHAHHA sin2d +2d =0, npuyomy
Re(a;,B;)>0; S — obmacte, y axiit q#0, K;(2) — dynxuia MaxnoHanbnaa;
F(x,y) — ¢dyHKUia, mo BudHa4YaeTheA 3 piBHAHHA (1.6).

IIpencraBumo cdopmysm (2.2) B iHTErpalbHOMY BUIJIAAL

By (x,y) = [p(EM)F, (x-&y-n)ddn,

QZ (a:!y) = J.P(f;-ﬂ)r"s (m—é,y—ﬂ)dédﬁ, ' (23)
ﬂe
P2 (Bu 1) fz (at » 1) ’ 2 2
fo= 2nhzz,-: sin® B, [ h]’ = 2nhzz,: cos’ a; KO( h) it ol

Bizmomo [3], mio Rea; = 2.11, Ref,; = 3.75, a B HaCTyNHMX KOPEHAX JiliCHa

YaCTUHA 3POCTA€E MPUOIM3HO Ha BEJIMYMHY T.
Bpaxosyioun, mo npu Beamkux &, ana dyskuiit F, (p) i F,(p) MoxkHa za-

mucatu: F, (p) = 0(exp(-3.75p)), F,(p)=0(exp(-2.11p)) mpu p — .
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Tobro, y ¢dopmynax (2.3) oCHOBHa 4YaCTMHa 3IHa4YEHHA IHTErpaJiiB € HacJig-
KOM iHTerpyBaHHA Ha Kpy3i 3 IleHTpoM y Toumli (x, ¥), pagiyc AKOro AOpPiBHIOE
TOBIIMHI ILJIACTHUHMA,

3 ornany Ha ue, F, i F; € nenpronogibaumyu dynkuiamu. Tomy HabmmrxeHo
NIpUMAMaEMo

Fi(x,y) = 4;8(x)8(y), (i=a5s), ' (2.4)
ne A; — nesxi cTaJi.

szJIeMO BU3HAYaTH IIi cTaji Tax, mob igTerpasm BifA JiBol Ta npaBoi 4acTUH
B (2.4) 36iranmcs. '

Takmi migxig mae 3mory orpuMmaTy npocti popMysy, AKi € JZOCUTb TOYHM-
MM, AKILIO PYHKLiA p(x,y) € NOBLIBHO 3MiHHOIO.

Ilicna inrerpyBanss 3 (2.4) oflepxyemo

= M - : fq (QE, 1!
" 7B sin’p;’ “ Z‘;: olcos?a, (2.5)

st iHTerpyBaHHA BUKOPUCTAJM (POPMYJTY
2
[[%q [;\l]ds = 21rh—2,
Ll A

ne S' — HeckinueHHna obJyacTh.
OToxe, BUKOPKCTOBYIOUM pe3ynbTaTy npaui [2], HabmoKeHO 3HaXOAMMO

P,=A4,p(x,y), @ =4,p(x,y),
81
A, =—A(1~- A, =0.
Re A, = (1-v), 4,
fIx Hachinok, opmyna (2.1) npu p(x,y) = q/2 HabyBae BuUrIALY
W{x,y,h) = F(x,y) +1.23h(1-Vv)q/(4G). (2.6)
Hcpismoroun gopmyan (1.5) i (2.6), Gauumo, mwo mpu &, ~0, &, (v=1/3) =

- 1.3h4/3 BOHM MK coboro ayke Gsm3bKi i IX MoxkHa of’emHaTM opmieo dop-
MYJIOKO:

W(x,y,h) = F(x,y)+k;h(1-Vv)q/(4G), (1=1,2), (2.7)
ne k; =13 — pignosimae yrtouneniit Teopii [4], k, =12,3 — acummrornumiii
dopmymi (2.6).

3. ina BuU3HaYeHHA IepeMilleHb y NJIACTHHI Bif Ail JokaJi3oBaBHMX HaBaH-
TaXXE€Hb CKOPMCTAEMOCh PO3B'A3KaMM 3ajadyi Teopii mpy»kHOCTI AJNA caMo3piBHO-

Ba)KeHMX (TOJIOBHMIA BEKTOP i MOMEHT HOPIBHIOIOTH HYJIO) cua Pj, 1o npukiane-
Hi B Toukax (&, y;) mnactunn. Takuit poap’sasox Mae BUIIAA

N
W(z,y) =a) B0 (z -2,y - ;) (&5
_ j=1 |
ne a =(1-v)/(4nhG), ®(x,y) — sanucaHa y ABHOMY BUTNAM pyHKIis.

Hanpurnaz, y Bunajnky sHaxo/pKeHHSA po3B’s3ky piBHsHHA (1.6) us dyHk-
1ig AOPIBHIOE
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7 1 r
oY = —(+% - 3.2n%)1 [—) 3.2
STE(T )n h e

me r=(x-&)?+(y-m)?.

s piBHAHHA, fAKe onuMcye 3rMH ToHKMx myacTuH Kipxroda, nsa ¢pyHkuisa
HabyBae BUIIIALY

1 T
oK = — 12} (.,) 3.3
87:1r~ " h (i)

[ToBHMit po3s’a3ok piBHAHHA (1.6) B pasi AoBineHOro HaBaHTa)keHHR q(x,Y)
MO’KHa 3anucaTy fK

F=%Ij’q(é,n)Q(x—é,y—n)didn- (34)

YucnoBi oOuMCIIeHHA ANA [epeMillleHb B IUIACTUHI BMKOHAEMO 3a 11 HaBaH-
Ta’KeHHA y TPbOX KpyroBux obiactax pazaiycom R 3 meHTpoMm y Toukax (£l1,0),
(0,0). ¥ xoxHii 3 obnacreit npuiiMaeTbes napabosiyanii pos3noAis 3ycuis, To6To

1 3 Jo2
1 ——(1_7'1,2/R npu 1, < R;
—q(z,y)=4 2 )
% 1—1*[,2/R2 nmpu 1, <R,
ze = (xx1)? +4%; nf = 2?47,

Hna 3HaxopxenHs inrerpaiis (3.1), (3.4) pospobyeHO YMCIIOBMIT aJIrOPUTM,
fAKUA TPYHTYETHCA Ha KybaTypHMX cpopMysax Bij iHTerpaJis, fKi MaiOTh iHTEr-
poBaHi ocobnuBocTi. PeaynrraTi mipaxyHKy nepemiieHb ys3jnoBx oci Ox npu
l=R=h mnaBegieni B Tabyu. 1. UmcenvHuk Bianmosimae simmomennio R/h =2,

sHaMeHHMK — R/h =1. 3Ha4eHHA y KPyrIMX OY>XKaX AOPIBHIOIOTb BiJHOCHMM
noxubxaMm y BiicOTKax BIANOBIAHMX POPMYJL

Tabnuus 1
x/h | Tounuit po3B’A30K Dopmyaa (2.7) Teopis Kipxroda
0 198.96 198.18 (0.11) 17154 (13.78)
57415 58.692  (2.22) 44.717 (22.64)
9 167.08 166.78 (0.18) 149.64 (10.44)
44.751 45.185  (0.97) . 38.551 (13.85)
4 110.45 110.52 (0.06) 99.580 (9.84)
30.264 30.690  (141) 25.600 (15.4)
6 44.868 44.869 0.0 40481 (9.78)
13.673 14.029 . (2.60) 10.443 (23.6)
7.5 0 0 0

fIx Buauo 3 Tabn. 1 yrouHeHi piBHaHHA (1.4), (2.6) € DpaKTMYHO TOYHUMM
npu posmipax IUIOIIMHOK HaBaHTa’XeHb, OINbIIMX 3a MBTOBIUMHY ILIACTHMHN.
Boanouac TouHicTh KJacuuHOI Teopii ToHkux miactuH Kipxroga TyT 30BciM He-
BeJIMKa.

3 MEeTOK MNepeBipKM TOYHOCTI oGuMCNeHh 3 BMKOPUCTAHHAM KybaTypHuX
dopMyJt HaBeZleMO aHAJITUMYHKUI poa3B’A30k piBHAHHA Kipxroda — Jlasa ana Bu-
najky oxHiel obnacTi HaBaHTAMKEHHA:
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. 1—1'2/R2, A
. 0, T>R,

ne C, R — craui.
ITicnss meperBopens B (1.3), ko €; = &, = 0, 3HAaXOAUMO

6 2
r®  pt 17 . 1
-—+ +1)-=—+-—(3p* +1)Inp, p<1;
w2 = 576 64(p ) 576 43(p Jine, ¢ o

(3.5)
CR* 3p +1)lnp, p>1

=
il ’
48

3asnauumo, o BubpaBum C = 2/(7(R2) i, 3pobMBIIM rpaHMYHMIT Iepexizn
npu R—=>0 o,uepxcyemo sHa4yeHHA GyHKUil F(x,y), Axke 36iraernca 3 dyHzma-
MEHTaJIbHUM po3B’aA3KkoM (3.3) ansa 3ocepenmeH01 c

PeayneraTy nigpaxyHky BesmumeM W = Dw/(C Ré) 3a dopmyuow (3.5) Ta
ocHoBi opmysm (3.3) HaBezieri B Tabu. 2.

Tabnuus 2
x/h 1 2 3 4
W 0.251 1.165 3.079 6.248
£ 1.001 1.001 0.999 0.999
Tyr € =wy/w; wy — 3HadeHHA Besnunuu (3.2), obuucieHe 3 BuKOpPMUC-

TaHHAM lcyﬁa'rypnux cbopmy.n 3 KpokoM & =0.25h i R=2h.
Ananiz tabiy. 2 cBiguuTe npo Te, 1o noxubka kKybaTypHOl dopMysM He me-
pesuiye 1%, i niaTBepAXKye NOCTOBIPHICTE pe3yJibTaTiB HaBeJleHMX y TabJ. 1.

1. Jlypve A. M. IIpocTpaHCTBeHHbIE 3afiauyM Teopum ynpyroctu. — M.: T'ocrex-
u3nat, 1995, — 492 c.

2. Maxcumosuu B. M. HanpsikeHHOe COCTOSHME HEPaBHOMEPHO HarpeThIX, Ha-
TPY’K€HHBIX 10 TPAaHMYHBIM [MOBEPXHOCTAM ILlacTuH // Ilpukiy. MaTemaTHKa
u mexaHuka. — 1979. — 3, Ne 6. — C. 1066—1072.

3. Ygaand A. C. VInrerpaneHele npeobpasoBaHusa B 3a/la¥aX TEOPUM yNpyroc-
th. — JL: Hayka, 1967. — 368 c.

4. IIea6rox B. M. YueT achcdbekTa CKMMaeMOCTH HOpMaJM B KOHTAKTHBIX 3ajla-
yax JJIA TpaHCBepCaJbHO M30TponHbIX mmT // Ilpukia. marematuxa. 1980.
=18, Ne 4 <= 2, T1=TL

Vasyl Shabyuk, Volodymyr Maksymovych

COMPARATIVE ANALYSIS OF PRECISION NONCLASSICAL THEORIES OF
PLATE FOR BENDING UNDER LOCALIZED LOADING

The precision of nonclassical theories of isotropic plates bending which are under
the action of localized loading is investigated. The solutions of the problem were ob-
tained either with the help of specified theories of plates bending taking into account
the transversal shear and the reduction deformation or in the framework of three-
dimensional theory of elasticity. The examples of numerical calculations are presented.
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MATEMATUYHE MOJIEJIOBAHHIA 3ATAYI CTOKCA IIPO INOBIJIBHE
CTAIIOHAPHE OBTIKAHHA TOHKOI'O KPYIrOBOro IMCRy
IOTOKOM B’A3K0I HECTHCJIOBOI PIIVIHM PO3NOALJIOM

CHMJIOBUX YMHHMKIB ¥ MOTI0 INIOIMHI

3anpornoHoBaHO HOBMII MiaXix A0 MojemoBaHHA 3anadi CTokca CTOCOBHO
ocecMMEeTPUYHOro Oo6TIKAaHHA TOHKOTO KPYIJIOrO AMCKa MOTOKOM B A3KO1 HecTmC-
JmBOl pigmMHM 3a Maymx umcej Pejinonbzca. CyTe migxoay mojsra€ y ToMy, IO
IoJIA IIBUMAKOCTEH 1 TUCKY MOJAIOTh y BMIVIAZL CYINeprio3uiii OHOPIAHOro mNoJis,
fIKe BM3HAYaETbCA PO3B’'A3KOM OJHOPIZIHOI cMCTEMM PiBHAHBL PyXy, i 36ypeHoro
— Bix po3noAiIeHMX y IUIOUMHI AMCKa MacoBMX cua i pumoJjis. IIpuyoMmy BoHO
MMOBMHHO 3aHMKaATHM Ha HECKiHYEHHOCTi. ¥ mpall 3’sICOBaHO, IIJ0 B3aEMOJII0 MOTO-
Ky B’A3KOI pPiAMHM 3 HEPYXOMMM >KOPCTKMM JMCKOM MOXKHA 3MOJeJIOBaTH BiX-
noBigHMM BMOOPOM IyCTUHM POINOALTY MAacoBMX CHMJI y IWIOLIMHI AMCKa, XapaK-
Tep B3a€MOJil (PerynAapHMiA Yy CHUHTYJIAPHMI POIIOALT HANPY»KEHb | KOMIIOHEHT
BexkTopa Q =0.5rotv) samexurb Big BUXpoBoro um Ge3BUXPOBOro XapaKTepy
OAHOPIAHOTrO IIOJNIA Ha HecKiHYeHHocTi. BuxpoBa ckJjazioBa pyXy OZIHO3HA4YHO BU-
3HA4Ya€E€THCA PO3MipaMyu OMCKY, IIBMAKOCTI IIOTOKY Ha HeCKiHYEHHOCTI i He 3aje-
JKUTB BiJl B'ASKOCTI PIAMHM.

1. Posooain 3ocepen:KeHux YMHHMKIB y NIJIOIMHI IpocTOopy B’a3K0Y pi-
AuEM. B OCHOBY IIPOBEJEHMX JOCIHIJIPKEeHb norc.nap;eﬂa JliHeapu30BaHa CcUCTeMa
PiBHAHB PyXy

gradp + 2urotQ = —p,F, Q =0.5rotv, divv=0, (1.1)

AY Aka Bu3Havae [3, 4] cralfioHapHUii pyXx
B'sI3KOI HeCcTHMCAMBOI piAMHM B3a MaJaux
yycen PeltHonbzaca i1 HagBHOCTI MacoBOl
cumu F. B ocecummerpuyHOMy BUIIAZKY

INBUIKICTE TNOTOKY V = v(vyv,, 0, vﬂv,’) i

Q= Q(O, Vg /R, 0); TOMY Y UMJIHAPMY-

T vo Hijt cuctemi xoopauuat (Ra, B, Ry) 3 Ges-
T T PO3MIpHMMM LMIIHAPUYHMMY KOOpPAMHA-
Cxema 3agaui. TamMu o, B, y (AuB. puc.) cucreMa pPiBHAHB

(1.1) y xoopauHaTHIii ¢dopmi Habyne BUraARY
v, Ov R ov, Ov, R
%.{_%.ﬁ.( a. Y)=_po X @_Lli[a[ )] _%‘;__X " (1-2)

o) p W Qada| (o ow g P

Z (v )+ =+ =0, (1.3)

© T'anaziok Birasmniit, Cynum I'eopriit, 1999
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ne p(a,y) — THCK; vy, Py, Py ~ XapaKTepHi IIBMAKICTb, THUCK i rycTuHa;
K =+ Rp, /(pvo) ; b — xoedinieHT B’A3KoCTi; R — XapaKTepHa JiHiliHa BeIM4uMHA.

KomMmnoHeHTn BekTOopa macoBux cuil F Ta IXHIX AuIosiiB 3a JomoMmoroo ge-
abra-pyHkuii Jipaka Ta ii moxizuoi [5] nokasiayemo y mnonmui Y =0, 3ajgas-
mm y Buraagni imrerpanis I'ankena

X, @1 = =2_g§'(y) [[<A©) -EB®)]7, € dt; 14)
Rp,K 0
X, (@) = ff?{-;é(v) [[<*4(®) +£B®)]es, o) de (15)
0 0

3 Hamepesi HEBiZIOMOI0 TYCTMHOI0 pO3MOALITY, SKa BU3HAYAETHCH (YHKUIAMMU
A(E), B(E). Tyr 8'(y) — noxigma Bin pensra-pynxuii Hipaka 8(y); J, (o),
J, () — dymxuii Beccens nepioro poay HyJsboBoro i mepiuoro mopsiaky. Toxi

po3B’A30K cucTeMy audepeHUiabHMX PIBHAHD Y YACTMHHMX moxigamux (1.2) —
(1.3) ModkHa moaTH y BUIJIAAL:

v, (0,7) = sgny [[EB(®) - kA (€) |, (Ba) dE + kPy [EA (€)e™MJ, (o) dE; (1.6)
0 0

v, () =1-Ca® + [EBE M, € de + P M [4© ™I, €a)ag; ()
0 0
p(o,y) = 4x°Cy - 2sgny [EA ()™M (Eo) &, (1.8)
0

me sgn{y)=1 npu y>0, sgn(0)=0, sgn(y)=-1 npu y<0; C — nosinbHa cTa-
Ja, 1[0 BU3Haya€ BMXpPoBY ckiazioBy Co B oxHOpifHOMY moToli piayuHu. 3a3Ha-
4yMo, 110 No3aiHTerpanbHi uneru y Bupasax (1.7), (1.8) € poss’sizkamu ogHOpiA-
Hoi cucremu (1.2)—(1.3) i BuU3HavaiOTh OAHOPIAHI IONA IIBMAKOCTEH i TUCKY Yy
npocTopi Tedii B’A3K01 PiIMHM 3a BiicyTHOCTI y HhoMy 30ypIOBaJIbHUMX YMHHMKIB.

3a BiJoMMMM KOMIIOHEHTaMM BEKTOpa IUBMAKOCTI i TMCKOM MO Ha obuuciu-
TH yci IHIIl XapaKTepuCTUKM Teyil B’A3kol piauun. 3okpema,

G (4,1) = 4" p,Cy + 28, {sgnv [[24©®) - B ()] x
0
xe M, (o) dE -y [E2A () T, (Ear) dé]; (1.9)
0
Oy (@,7) = 21 { -Ca+35(y) [[EBE) - x*A®)]e M, Ea)dE -
0

- [[EB® - *AE®)]g e, Eo)dg - kbl [E2A(E) e, (Ea) da] (1.10)
0 0
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20, (@,Y) = 200t + 25 (1) { [[eB® - <24 @]e M, (o) dz +
0

+2¢ [ 91, (€a) ds. (111)
3 Bupaaino(l.ﬁ), (1.8)—(1.11) Bunumsae, o poanoxin (1.4), (1.5) macoBux cumn
CIIpMYMHSAE TOABY y TwiommHi y =0 crpmbka msuzakocrein v, (o, +0), Tucky
p (o, £ 0), HopmanbHoro Harpysxenus o, (a, £0), a Taxox icHyBaHHA Hemepep-
BHMX, XO4a ¥ CHMHTYJAPHMX y niowmHl y =0 3Ha4YeHp AOTUYHUX HAIpPYXKeHb
G4y (@, 20) i xoMmonenTy mosopoty wg(a, £0), Axmpo Tinexu EB(E) - K2A(E) #0.
3as3Ha4yyuMo, 1[0 3a YMOBU

EB(E) = A®), A®= Sﬂp

BMpa3y KOMIIOHEHT BeKTopa BuMAKocTiI 1 Tucky (1.6)—(1.8) maroTs 3mory ozep-
JKaTH PO3B’A30K 3azlayi NMpo Ai0 30cepeykeHol MacoBOl CHIIMU

x (o= EUEI S0

(1.12)

== (1.13)
B HeoDMerKeHOMY npoc'ropi B’A3kol piguun. IIpu upomy
PRp k> _ PRp K o
v (1) = g2 = I ™M, (g dg = o> m; (L14)
PRp,k r g
v, (0,7) = Wg—-—{ e ¥, (B d& + | [Ee™7, (E) d&} =
0 Lo 0
87 (Vo +v7 V(e® +7)
2PRp, 2PRp
Py (,7) = ———Lsgny j&e My, (o d = -0 1 (1.16)

8np, 8np, (o2 +Y2)3 ’

flx i Tpeba Oyno cnoziBaTMCs, Bupa3 CKJAJIOBOI BEKTOpa LIBMIKOCTI

v, (o,y) 38 ToyHiCTIO A0 cTaJioro MHOXKHUKa [2] 36iraeTbes 3 BepPTHMKAJILHOIO

CKJIAZIOBOIO0 BeKTOpa IIPY’KHOI0 IepeMillleHHA y KJacuuHii 3agadi KenbBina me-

XaHiKM AecopMiBHOro TBepJOro Tijlla 3a YMOBHM, IO MOAYJL 3CYBYy MaTepiamny
NPAMYE 10 HyJIA.

2. 3aragsHa nocrasoBka 3ajgadi Crokca. 3HalizleMo TaKy I'yCTUHY pO3HO-

niny A(E), B(§) socepemxenux 4MHHMKIB, 1106 B obmacti 0<a <1 niouman

¥ = 0 BHaCJIOK IIPMUCYTHOCTI HEPYXOMOrOo KPYroBOIO /IMCKa BMKOHYBAJIMCA yMO-

BY HENPOHMKHOCTI i NpuiunaHusa, To6T0
v, (2, 20)=0,v, (e, £0)=0 (0sa<1,y=0). (2.1)
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KpaiioBi ymoBu (2.1) monmoBHMMO (iduyHO OOIPYHTOBAHOI0 YMOBOIO BinCyT-
HocTi cTpubka TucKy y mommHi Yy =0 npu « €[l; ). Ila ymoBa pasom 3 (2.1)

Oyne BMKOHaHa, AKIIO TiJIBKYU

EB(E) =x"A(®), (22)
npugomy A (§) BHacxuizok BupaziB (1.7), (1.9) Ta ymosu (2.1) € po3s’s3kom map-
HMX JHTerpaJlbHMX PiBHAHB

K2 mjA ) J, En)dE=Ca® -1 (0=a<1); (2.3)
0

JEA®T; E)de=0 (<a<wm). (24)

0

Ixuift po3B’A30K 3aCHYEMO Ha BJIACTMBOCTAX PO3PUBHMX iHTerpaiis Bebepa-
IMTadxentiina [1]

“}J (0f)J, (ﬁé) a'T((v+u-21+1)/2)

; g ~ A AR ML (—v+p+A+1)/2)T(v+1)
xF(v+p;l+1;v—u;k+l;v+1;%§_] @25)

(0<a<B; Re(v+p-A+1)>0; Rel>-1);

”}J (ag)J, (BE) BT ((v+u -2 +1)/2) ”

] gr T 2 ML (v —p+ A+ 1)/2) T (u + 1)
XF[v+p21+1’—v+p2 l+1 &% ﬁ_zJ (2.6)

(0<B<a; Re(v+u-A+1)>0; Red>-1).
Y Bupasax (2.5) i (2.6) I'(x) — ramma-dynxuia, F (a;b; & .rz) — rimepreome-
TpuyHa ¢yHxuia [aycca, 3azana rinepreoMeTpUYHMM PAKOM
I'(c) Z I'(a+k)T(+k)x*

F(@I®) 4 I'(c+k)k!
3 OIMHUYHMM pajiiycoM 3613&::-10(:':‘1 npu ¢ —a - b > 0, npuyomy
I'(c)T'(c—a-Db)
IF(c-a)T(c-Db)
F(a;b;c;x%) = (1-x%) * P F(c - a;c - b; c; x°). (2.8)
3ayBaxumo, 1o npu a =-k abo b =-k (ke N,) pax (2.7) sBogutsecs o nonixo-

F(abc:c)

(2.7)

F(a;b;c;1) = (c—a-b>0),

Ma crenensa 2k [1], AKuii MOXKHA BMPa3uTH Yepe3 OPTONOHAJbHI MoJjiiHoMyu FK06i.
Bigsnauumo Taki BnacTuBocTi inTerpasia Bebepa- Illacgxeitriina:

a) inrerpamm (2.5) i (2.6) nenepeppHi y Touwi o = 3a ymoBu A >0;
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6) inrerpan (2.6) TOTOKHO JOpPiBHIOE HYJNIO JAJA Beix o>, Ao
v-p+i+l=-2k (keNj).
Mlyxany dysxuio A(§) nomamo y Burnazi paay Heiimana

w J
A®=Ya, ﬂéﬂﬁ r>-1 (2.9)
n=0

3 Heo3HadeHMMM KoedpilieHTamu a, . 3 orIAAy Ha BiacTuBoCTi (2.6) pospusHoro
inTerpana BeGepa — Illadxeiriiga piBHAHHA (2.4) BMKOHYETHCA 3a JOBLIbHMX
p > -1, a piBHaAnHA (2.3) nicaa obumcnenna iHrerpasa (2.5) aBepeTsca N0 (pyHK-
Li}fHOTO PIBHAHHA

= T(n+05)F(n+05-n-p-051;a’)

2. %

i 2P T (n + p + 3/2)

-k2Cat =2 (0<as). (210)

Ockinsxu nipu p = 0.5 rinepreomerpuyna dynkuia 'aycca F(n + 0.5;-n —-1;1; otz)
BUPOJPKYETHCA Y TIOJIIHOM CTeMneHs 2n (k (S No)- Tomy npu p = 0.5 niBa yacTnHa

¢dyHkuiitHoro piBHsaHHA (2.10) 3a noBinbHOI cTanoi C € pAnoM 3a NMOBHOK cHUCTe-
Moo (YHKLIA 3 HeBM3HaYeHMMM KoedillieHTaMM, AKMII 3a aNpPoOKCHMMALIIHOI
TeopeMolo Beepiirpacca mae eauumit HabGip koedilieHTIB AnA KoKHOI Henepep-
BHOi Ha npomikky 0 <o <1 mpapBoi 4yacTuHuU. 30KpeMa, Y PO3INIANYBaHOMY BU-
najgky, npuitiaeum, wo a, =0 (ke N), npu n =0 ozmepxumo piBHAHHA CTO-

coBHO KoediuieHnTra a; i crajnoi C:

2
ao—g%(l—azfz):mz—l, (2.11)
3BiZIKM
2v2
= - C=05. 12
i l{z‘\/;’ 0 (21 )
Tomy BignosizgHo Ao dopmya (2.2) 1 (2.9)
_ 2200 22932
KAQ) =~ v EBE) =-"/= £3/7 | (2.13)

ne Jy 5 (€) — dynxuiit Beccens nepiuoro posy Apo6oBoro nopAAKy.
OTtxe, 06 ofepxaTi PisUYHO Hecylepeunusi po3B’A3KM 3azadi mpo obTi-
KaHHA TOHKOTIO KPYTOBOIo OMCKa IIOTOKOM B’A3K0i HECTMCNMBOI PiiMHM B OZHOPI-

JHOMY TOTOL, MOBMHHa 6yTM NpucyTHA BuXpoBa ckyagoBa Ca (mus. (1.11)), sxa
He 3aHMKa€ Ha HecKiH4YeHHoCTi [3] i 0ZHO3HAYHO BM3HAYAETHCH MNEPIIOK Kpano-

BOI0 yMOBOIO (2.1), ToGTO TiNbKM poamipaMyu AuCKa, IUBUAKICTIO IIOTOKY v, i He
3aJIEKUTE Bifi B'A3KOCT] PIOMHN.

3aznaummo, wo npu p =05 i Gyap-AkoMy iHmomy 3HauyenHi crayoi C # 0.5
¢yHkruiiize piBaAHAEA (2.10), a oTke i piBHAHHA (2.11) po3B’A3Ky He MAIOTh.
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3a Bigomumyu 3 (2.13) dbyuxuiamu A(E), B(E) ta cdopmynamu (1.4) i (1.5)
3HaiizileMo 3akoH posnoziny macosux cun X, (@, y) i aunonis X (o, v), axi pe-

ani3yloTh rpaHu4Hi ymoBu (2.1) obTikaHHA AMCKA IIOTOKOM B’A3KOI HECTMCJIMBOI
pinmen. 3okpeMma B objacTi 0 < o <1 muonmun y =0 ogep:xumo

16
X, (@, 7) =0, xT(a,v)=—§f%J1—a25(y) O<as<l y=0); (214)
0

X,(0,7)=0, X (a,7)=0 (1<a<ow, y=0). (2.15)
Sanesxknoeti ((2.10) i (2.11) migTBepmxkyoTh, 10 npu p=0.5 KOMNOHEHTHU
BEKTOpa MacoBOi CuJM € HemepepBHMMM y Touli o =1 i, Ak Tpeba Gyno ouiky-

BaTH, BCl XapaKTepuCTHKM Tedil B'aA3Kol piauum OyayTb y uii TOYLi Takox He-
NepepBHUMMU.

3. Yzaranemenmit noctyaar dlykoscekoro-Hanmmurina. 3HanzgeMo po3nozin
WIBMIKOCTE}, HANPYXKEeHb i KOMIOHEHTH @y BexTopa Q =0.5rotv y muompmsi

y =0 Bix 3ocepepxkeHMX YMHHMKIB, 3afjlaHuX 3aKoHOM (2.14), (2.15). Ina usoro y

Bupasu (1.6), (1.7), (1.9)—(1.11) nmixzcTraBumo 3HaueHHA (2.13) pynuxuin A(E), B(E).

IMicna obuncnenns pospuBHuMX iHTerpanis BeGepa — Illacbxeditnina 3a copmy-
namu (2.5) i (2.6) oxeprxumo, mo B obsacti 0 < a <1 mowmen y =0 (Ha nosep-
XHi AucKa)

v, (o, £0) =0, v, (o, £0)=0; (3.1)
Oy (@, £ 0) = —pa, oy (@, £0)=F :% ] «g* (3.2)
@p (o, £0) = ~a (3.3)

1 B obyracTi 1 <o <o nuommem y =0 (mosa auckom)

2
- il Bk o TP v ey !
v, (o, £0) =0, v, (@, £0)=1- 5 na[_(2—a)ocarcsma+a o —1], (3.4)

Og (@, £0) =—pa, o (o, £0)=0; (3.5)
op (o, £0) = a—%[uarcsmé’—\fl—»a"z]. (3.6)

Ilig wac nobyznoByu saneskHocreit (3.4), (3.6) BuxopucTamm dopmyny miacy-
MOBYBaHHA rinepreoMerpu4oi ¢yuxuii I'aycca
F(O, 5; 0,5; 2,5; a‘z) = %[(2 e cxz)aarcsin é +ava® - 1]. (3.7)
Popmyimm (3.1)—(3.6) mizTBEpMIKYIOTH BUKOHAHHHA KpajioBux ymoB (2.1), a
TaKOXK HeNepepBHICTh 3a 3MIHHOIO O YyCiX XapaKTepPMCTHMK PYXy B’A3Kol pimmau
Ha Kpawo gucka a =1, y=0.30kpeMa BUKOHAHHS YMOBYU
lim o, (a,+0) = lim o, (o, +0 :
a~—1b1+0 B ((1 ) a—)lllze ]3((1 ) (3 e
3abesneyye HecynepewiMBiCTH 3aNpPOIIOHOBAHOTO DPO3B'ASKY 3ajayi Hpo Tewino
B’A3KOI pisuuyu Ha xpaio Aucka a =1, y =0 apyrii Teopemi 'eabMrosbua moOKO
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30epexxeHHs iHTEeHCMBHOCTI BuXpoBuMX Tpybok [4]. HopmanbHe HamnpyKeHHA
o, (@, £0) Takox HerepepsHe, To6TO
lim o, (a,%0) = lim o (a,+0). 3.9)
a—1+0 w(’ ) a—>1-0 w(’ ) (
3a3Ha4yuMo, IO rpaHMYHy piBHicTb (3.8) MoxkHa OyJsio O BBakaTy ysaraJib-
HEHHAM Ha BMIIAZIOK B’A3KO0] pifMHM KJacu4yHOro mocTysaTy MXYKOBCBKOro —
Yarnumirina mopo Tedil ifeansHol piguuyu B obJyacTi 3 KyTOBOIO TOukoIO [3, 4]

4. Po3B’A30K 3 KJacUYHOK KOpeHeBoW ocobausicTio. Ilokarkemo, mpo pos-
B’A30K IOCTAaBJIEHOI 3ajiayi 3 KJACUYHOI0 KOpPeHeBOIo 0cobJMBICTIO y Bupasi ansa
KOMIIOHEHT TeH30pa HamnpyeHb Ta BekTopa £ = 0.5rotv MoxHa oxepxxkaTu 3
pesyJbTaTiB II. 2 AK YaCTKOBMI BMUIIAZOK. 1A LBOro BBajsKaTHUMEMO, 1110 OAHOPIA-
HUit NOTIK B'sA3Kol pigmHM € GesBuxposum, TobTo crasma C =0. Toni dyuxniiine

piBHﬂHHH- (2.6) cTocoBHO HeBM3HAUeHMX KoediuieHTiB a, Habyne Burnany
) I“n+0,5F1r1+0,5;—n—p~[],5;l;t:Jt2
> a, ( ) (1 )=—1<"2 O<a<l) (41)
e 2P '(n+p+1,5)

i yioro egmMuHMII po3B’A30K BHACJINOK anpoxcumalifinoi Teopemu Bejiepirrpacca
icaye Tineku npu p = -0.5. Tomy, BBaxkaioun a, =0 (n € N), onepumo

i BHacipok piBHocTi (2.2) Ta pany (2.5)
Ji/2(8) J1/2 )
K*A(E) = —%—‘é% EB(Z) = —% Z’f,z : (4.3)

3a Bimomumu dyukuismu A(E), B(E) Ta dopmynamu (14), (1.5) snaitzemo
3aKOH poamnoainy macosux cua X, (o, y) i punomie X, (o, y), ski peanizyooTs

KpaioBi ymoBmu (2.1) y mpumymieHHi, 110 OAHOPiJIHMIA IIOTIK B’A3KOI piamMHM y
npocropi 6e3 aucky € GessuxposuM. 30KkpeMa OfIePIKUMO

' 8pg 1
X (0,7)=0, X (o, y)=-—"""5-F7=—0 0<a<l y=0); (44)
ik 'Y) v (oY) ﬂRpoicz ot (1) ( y=0)
X,(@,7)=0, X (a,7)=0 (I<a<ow, y=0). (4.5)

Tenep 3’ACyeMO POSNOALN WUBUAKOCTEN, HAIIPY’KEHb | KOMIIOHEHT (O, BeK-

Topa Q y nyommHi y =0 Big 3ocepesyKeHMX YMHHMKIB, 3aflaHuX 3aKoHOM (4.5) i
(4.6). Ina uworo y Bupasu (1.6), (1.7), (1.9)—(1.11) miacraBumo sHauveHHA (4.3)
dbyurniit A(E), B(§). Iicas ofumciaeHHa po3puBHux iHrTerpaniB BeGepa -
IMacxesiTaina 3a cdopmynamu (2.5) i (2.6) oxmepaxumo, no B obnacri 0<a<l
nyowymEn y =0

U, (a, £0) =0, v, (o, £0) =0: (4.6)
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4p 1
» TNy . I N
O (@,20)=0, o, (o, t0)=%F g 4.7)
@, (a, + 0)=0 (4.8)
iB obnacti 1 <0 <o rurommen y =0
" W .
v, (o, £0) =0, v, (o, £0) =1~ ~aresin—; (4.9)
Oy (@, £0)=0, o, (a, £0)=0; (4.10)
o (0, £0) = -2 —L— (4.11)

Toava® -1

Dopmysn (4.5) i (4.6) cBigyaTh, MPO Te L0 3a BUKOHAHHA KPaiOBUX YMOB
(2.1) mpunymeras npo 6e3BMXpPOBMII pyX OZHOPIJHOrO NMOTOKY B'A3KOI cripmym-
HAE€ CHHTYJIAPHMA PO3NOXIN HANpPYXeHb O, (o, £0) Ha moBepxHi Aucka, a Ta-

KOK PO3PMBHMI XapaKTep BMXPOBOro pyxy y mJoimmHi y =0, o npusBoauTh
Zlo TIOpYIUIeHHA IrpaHuU4HOi piBHOCTI (3.8).

Or:xe, nua Toro 106 nig yac oOTikaHHA Tina 3 KYTOBOIO TOYKOK CTallioHap-
HMM IIOTOKOM B’SI3KOI HECTMCJIMBOl pifuHM 3a MaJux umcen PeifHoybaca yHMK-
HYTH CMHIYJIIPHOCTI Hanpy»keHs i sabesneunTu y KyTOBiit TOYLi HelepepBHICTb
KOMITOHEHT BeKTopa (2 HeoOXiAHO CNpMYMHMTHM Ha HECKiH4YeHHOCTi JleTepMiHOBa-
HY 3aBUXPEHICTh OJHOPISHOro IMOTOKY PIAMHMN.

1. A6pamosuy M., Cmuzan M. CipaBOYHMK IO crneUMaNbHLIM (byHKUMAM. — M.
Hayxka, 1979. — 832 c.

2. Boxudapnux B. B., Cyaum I'. T. Enementy Teopii npyxxHocti. — JIbeiB: Csir,

1994. — 560 c.

Bamueaop Quc. Beepenue B nuHaMuky »xkuaxocety. — M.: Mup, 1973. — 757 c.

Jotuysancrxut JI. I. Mexanuka sxunakocty u rasa. — M.: Hayka, 1970. — 904 c.

5. Ieapy JI. MaremaTuyeckue MeToxbl AnA duamdeckux Hayk. — M.. Mup,
1965. — 412 c.

2

Vitaliy Galazyuk, Heorhiy Sulym

MATHEMATICAL MODELLING OF THE STOKES PROBLEM ON SLOW
STATIONARY FLOWING AROUND THIN DISC BY A FLOW VISCOUS
NONCOMPRESSIBLE LIQUID BY DISTRIBUTION OF FORCE FACTORS
IN ITS PLANE

In the Stoces problem on axis-symmetric flowing around thin disc by a flow of
viscous fluid with small Reynolds numbers we propose to represent the velocity and
pressure fields as a superposition of a homogeneous field determined by a solution of
homogeneous system of motion equations and a perturbed one, by distributed in the disc
plane mass forces and dipoles. Whether the torsion and rotation distribution is regular
or singular depends on curly or curliness character of the homogeneous fiel at infinity.

CrarTa Hagiimma go peaxonerii 16.09.99
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Xpomnika
3MIIIHAHI 3AJJAYI HEOJHOPITHUX CTPYKTYP
Tpemiti YyKpaincHXO-NOABCHKUL HAYKOBUL CUMNOITYM

3 7 no 10 Bepecua 1999 p. y micti JipBoBi npamosas TpeTiit ykpaiHcsko-
MOJBChKMIT HayKOBMJ cMMIIO3iyM «3MillaHi 3afjadi HEOJHOPIAHUMX CTPYKTYp» 3
npoGJjieM MOZEJIIOBaHHA CTATMYHOrO Ta AMHAMIYHOTO MOBOAYKEHHS KOMITO3MTHUX
MaTepiaJjiiB, reoMexaHiky, cepefoBMI 3 TPIIMHAMM i TOHKMMM >KOPCTKMMM Ta
NpY>XHUMY HEONHOPIAHOCTAMM, ABMIL KOHTaKTHOI B3aeMoxii, audyasii, Teniosu-
AijeHHs BHACHINOK TepTd, TeIwlonepeznadi, Bromyu Tomo. CumrosiyMm BinbOyBaBcs
y JIbBiBCbKOMY HamioHaJbHOMY yHiBepcuteTi iMeHi IBaHa Ppankxa. CrmiBoprasi-
3aTopamyu cumnosiymy O6ynu JIeBiBCchBKMI Ta BapinaBcbKuMit yHiIBepCUMTETH, roJio-
ByBaJ¥ Ha HbOMY Bifiomi (paxiBIll 3 MUTaHbE MeXaHIKM CTPYKTYPHO HEONHOPIZHMX
nedopMiBHMX TBepAMX Tin 1 pigxux cepepmosuny npod. I'. Cynaum (rososa), 4.~
kop. HAH ¥xpainu, npod. I'. Kir (3actynuuk rojoem), npocd. C. Marucsak (sa-
CTYNHMK rojioBu), npodp. B. Boxkunapuank, npod. Y. BosHsK, A-p TeXH. HAYK
M. Hensaecekmit, npodg. 3. Onecax (unenu oprxkomirery). Y pobori cumnosiymy
B3sJIM y4acTh 72 HayKOBi NpalliBHMKM Ta aclOipaHTM HaBYaJbHMX T& HAYKOBUX
ocepenkis Ykpainu Ta Ilonsui: JIbBiBCcEKOro HalliOHAJIBHOrO yHiBEpcuTETYy iMeHi
Isana Ppanka, [leprcaBHoro yHiBepcuTeTy «JIbBiBCchbKa mNosiTexHika», Pisuko-
MexaHiyHoro iHcTuTyTy im. I'. B. Kapnenka HAH Ykpainu, Incturyty npuknazn-
HuX npobrem mexaHiku i mMatematukm im. fI. C. Iligcrpuraya HAH Vkpaiunu,
JIpBiBcbKOI KoMepIiiinoi akafemii, Jlylbkoro Jep»kaBHOro TeXHIYHOro yHiBepcu-
Tery, JIbBIBCbKOro 00JacHOrO HayKOBO-METOAMYHOrO IHCTUTYTY ocBiTH, Bepe-
JKAaHCbKOIO arpoTexHIYHOro KoJsiei)ky, Bapmascokoro yriBepcurery, Bap-
IIaBCBKOI'0 TeXHOJIOTIYHOro ysiBepcuTery, HallloHasbHOro arpapHoro yHiBepcu-
tery (Bapmuasa), Texniunoro ynisepcurery B Jlogsi, Cinscekorocrnozapcbkoi
axkazemii B Buaromax, TexHiyHoro yHiBepcurery B YeHcToxoBi, CinesissHcbKOro
TeXHIYHOro yHiBepcuTeTy, BaplllaBChKOro CLIBCBKOTOCHOAAapPChKOro YHiBepcure-
Ty, Banocrouskoro nojitexHiysoro iHeTuTyTy, IIleUiHCBKOro TeXHIYHOro yHiBep-
CUTETY.

Roncbepenuixo Binkpue npod. I'. Cynum. YyacHMKIB NpuBiTanu IpopexTop
JIpBiBCHKOTO HallioHaJIbHOTO YHiBepcuTeTy zoiu. B. BucodaHCbKMiA Ta JIeKaH Me-
XaHiKo-MaTeMaTu4HOro dakynasrery nou. f. IIpuryna.

Ynponosx n'atu AxHiB Binbynoca 7 poﬁoqnx ceciif, Ha AKUX ﬁy.no 3acJyyxa-
Ho 50 pomnoizei, Axi 3alikaBUIM NPUCYTHIX.

Y4acHMKM CMMIIO3iyMy MaJiM 3MOry O3HalloMMTHCH 3 MaTepianbHOI0 Gasoio,
HayKOBOIO Ta HaBYaJILHOIO AiANbHICTIO KadeApu MexaHiku JIbBIBCbKOro HalioHa-
JILHOTO YHiBepcuTeTy, HedOpMaJIbHO IIOCHUIKYBaTMCA Ta BigBimaTu nam’saTHi
micusa JIbBoBa Ta JXOBKBM, NMOKJIACTM KBiTH M0 XpecTa, BCTAHOBJICHOTO HA Mmicui
poscTpiny cammeramy y Jmnai 1941 p. rrpenc'ranﬂuxm JIBBIBCBKO1 IHTeJlireHiril
Ta 4JeHiB 1XHiX ciMeil.

YxpaiHCbKO-TIOJIbChKI (MOJILCBKO-YKpaiHChki) cuMmmnosiymmu «3mimani 3ajgaui
HEOJIHOPIZIHMX CTPYKTYyp», 3ano4yaTkoBaHi 1995 p. y Ilausky - JIpBoBi Ta mpo-
nosxkeri y Bapruasi (1997), Bixe Tpaauuiiino 36upaioTh nepeBakHO NpPAaliBHUKIB
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OCBITAHCBKOI HayKM, N0 AKMUX OOJNYHalOThCA 1 NMpefiCTaBHMKM aKaJleMidyHMX Hay-
KOBO-ZIOCHIQHMX ycTaHOB 00ox KpaiH. Taki 3ycTpiui cBifdaTh He JMIle PO CyT-
TEBE POBIUMPEHHA TEMaTMKM, a i MpPo Te, 10 CIJKYBaHHA Ha IonepexnHix do-
pyMmMax BuUsBMJOCA Ay»Ke muigHum. Cepell BUIOJIOLIEHMX AONOBifielt Gysu i Taki,
LIIO ZOIIOMOIJIY BUPIIIMTH MOpPYLueHi ToAl nmpobiemMn.

Ha cumnosiymi HeofHOpa30BO BMCJIOBJIOBaJMcA nobakaHHA i HajaJi opra-
Hi30ByBaTM TaKi ABOCTOPOHHI 3yCTPidi, OCKINIEKY € OYeBMIHOI KOPMUCTh Bif Hay-
KOBOro Ta HeodilliffHOro CIIJIKYBaHHA IIOJIbCBKMX Ta YKPalHCbKMX IIeflaroris 1
HayKOBIliB, CIpuAE 3MILHEHHIO JIOACHKMUX CTOCYHKIB. 3alpONOHOBAHO IOTIMOMTH
HAyYKOBY TeMaTMKy MaiOyTHBOIO CHMIIO3iyMy, S3BEpPHYBIUMCbH A0 YCKJIaZHEHHS
MaTeMaTUYHMX MozeJieil, BUpPIIUeHHA IIPaKTUYHO BaXJIMBUX 3aBJaHb, 30KpeMa y
reocpianui, ferasbHille 3’scoByBaTy MeXaHi4HI ederTn.

Hacrynsa koHdepeHlis samyaHoBaHa y BepecHi 2001 poxy B M. Jloxsi Ha
basi TexniyHoro yHiBepcurery.

rpodecop I'. Cyaum
cT. HayK. cniBpob. FO. ITup’es
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