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VALERIJ KOZYTSKY, LESYA MELNYK

INVERSE PROBLEM OF DETERMINATION OF TIME
DEPENDENT SOURCE FOR PSEUDOPARABOLIC EQUATION

Introduction. We consider an inverse problem of determination of unknown time
dependent source for pseudoparabolic equation with nonlocal boundary conditions
and nonlocal overdetermination condition. The conditions for existence and unique-
ness of solution of the inverse problem are obtained.

The method of [1] is used. Note that in this case unlike to many other parers for
similar problems (see [2-4]), this problem includes nonlocal boundary conditions and
a nonlocal overdetermination condition.

Formulation of problem and denotation. Let Qp = (0,H) x (0,7) , 7T >0,
H > 0. We introduce the following notation:

CY(Qr) = {ve C(Qr) - v € C(Qr)},
- I](QT) = {'LE € C(QT) P Up, Ut, Ugpg, Ugt, Upat € C‘{QT)}

In the domain Qp we consider the problem to find a pair of functions
(u(z,t), f(t)) € CBV(Qr) N CHO(Qp) % C[0, T} which satisfy the conditions:

Lu Stgey — k(z, t)us + 0z, t)uge + o(z, t)uze + a(z, t)u, + b(z, tju =

=fOhE0 o0, @OEQ, (1)
u(z,0) = ug(z), =€ [0, H], 2)
(Piu)(t)=aq ()u(0,t) + aa(t)u(H, 1)+
H

+ag(t)ug (0,t) + a,;(t)/u(z‘t)dx:gol{t)‘

(Pu)(t) =p1(t)u(H,t) + Pa(t )um 0,t)+ (3)

H
+03(t)uz (H, t) + PBalt ]wtd:c p2(t), tel0,T],

0

I

(®u)(&) 21 (Du(zo, ) +72() [olz,Ou(z, t)da=4(1), 1 €[0,T], (4)

[=]

where zp is a fixed point, z¢ € (0, H).
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Let

ajn(t) = ar(t) + e2()x(H,1) + a4(t) [ x(z,t)dz,

- c\h:

aiz(t) = as(t)A(H,t) + as(t) + aa(t) fA(a:,t]do:,

0

’ H
az (t) = ﬁl(t)X(ILt)+}33(t)Xz(H:t)+ﬁ4(t)/X(zat)dx:

aza(t) = P1(t)A(H,t) + Pa(t) + Ba(t) Az (H, 1) +ﬁ4(t)/}‘(3sf)d3,
0

where functions x and A are solutions of the corresponding Cauchy problems:
Xoz(2,1) + c(2,t)xa (2, 1) — k(z, 1)x(2, 1) = 0, x(0,2) = 1, x2(0,2) = 0;
Azz(2,1) + c(z, t) Az (2, t) — k(z,t)A(z,t) = 0, A(0,) = 0, A-(0,t) = 1.

Theorem. Let the following conditions be satesﬁed L

1) k,e,0, ki, c,n,a,b,h,9,0,€C(Qp); i, 5; €CH0,T),i=1,4;

i € C'I[U H),i=1,2;up € C0,H);6 € C'[0,T); v € CI[UE'],

i=1,2,72(t) + RO £0,t € [0,T]; k(z,8) > ko > 0, (2,1) € U

2 K[ o2 @ 0 oy ):2:
i (0 B, B P fa -

H
a1 (0)ug(0) + as(0)uo(H) + a3(0)uy(0) + as(0 jug Jdz = (0

H
51 (0)uo(H) + Ba(0) s (0) + s (0)uy (H) + Ba(0) f uo(z)dz = ¢3(0),
0

H

71 (0)to(20) + 72(0) ] o(z, 0)uo(z)dz = 6(0);
0

3) A(t) = a1](t)agg(t) i O.]g(f)agl(t) 79 0, o e [‘D, T],
4) (@w)(t) #0,t€[0,T], where the function w is a solution of the problem

Wep(Z,t) + c(z, )we(2,t) — k(z, t)w(z,t) = h(z,t), z€(0,H),
H
ay (t)w(0,t)+az(t)w(H, t)+as(t)w. (0, t]+a4(t) w(z,t)de= 0,

H
B () w(H , £)+ B (1) w= (0, 1)+ Ba (£)we (H, )+ Ba(t) [w
0
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Then there ezists an unique solution of problem (1)-(4).

Remark 1.
It was proved in [1] that A(z,t) > 0, x(z,t) > 1, Az(z,1) > 0, xz(z,t) > 0, ¥(z,t) =
x(z, ) Az (z,t) — xr(a*: t)A(z,t) > 0,

g(z,t) = A( :ct)fxstds— x(z,t) f,\(std9>0
vz € (0, H]VtE[OT]

Since the function y(z,t) = Az (z,1) A(s,t)ds is a solution of

x(s,1)ds — xz(x,1)

Oty
Sty

the Cauchy problem
Yz (z,t) + c(z, )y(z, t) = y(z,t) + k(z,t)g(z,t), (0,t) =

we see that y(z,t) > 0,Vz € (0, H],Vt € [0,T).

Let é;; be the determinants composed of the ¢, j-th columns of the matrix from
condition 2) of the Theorem.

Suppose d25 # 0, then

A(t) = 813(t) + d23(t)x (H, 1) + S12())N(H, 1) + 614 Ao (H, 1) —

H H
—-5;:,4(t)xx(H,t)+615(t)[)\(:c,t)dx—Ega(t)fx(x,t)dx-f-
0 0

+824(t)y(H, t) — d25(t)g(H, t) — d45(t)y(H,t) # 0,Vt € [0,T],
if
013/625 < 0,023/d25 < 0,012/095 < 0,014/025 < 0,534/525 20
815/825 < 0,035/025 < 0,d24/825 < 0,845/d25 >

We obtain the similar conditions for A # 0, considering other 9 cases d13 # 0,423 #
0,612#0,814#0,034#0,815#0,835#0,0247# 0,045 #0. There exists a unique solution
of direct problem (1)-(3) [1] under conditions 1)-3) of the Theorem.

Remark 2. As a general solution of homogeneous equation of Theorem condition 4)
can be written in the form w(z, ) = Ci1x(z,t)+C2A(z,t), where V¢ € [0,T], Cy, C; are
arbitrary constants, a homogeneous boundary value problem has only trivial solution
due to conditions of the Theorem.

Proof. As our problem (1)-(4) is linear, its solution can be found in the form:
(u, f) = (u',0) + (u u?, f), where Lu' = g(z,t), u'(z,0) = up(z),
(Pul)(t) = ¢1(t) , (P2u')(t) = p2(t);
Lu? = f(t)h(z,1), u*(z,0) =0, (Pyu?)(t) = 0, (Pyu?)(t) = 0,
(@u®)(t) = 8(t) — (Pu)(1).

It is easy to show that we can investigate only the following problem:

Lu = f(t)h(z,t), (z,t)€Qr, (5)

u(z,0)=0, =zel0,H], (6)
(Pyu)(t) =(Pu)(t) =0, tel0,T], (7)
(Qu)(t) =4(t), t€[0,T], &(0)=0. (8)
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Let the function f be known. Then we shall search the solution of problem (5)-(7) in
the form [1]:

u(z,t) = x(z, ) pu(t) + Az, t)v fk (z,t, 7)pu(r)dr+
+/k2(z?t,r)u(r]dr+//G(:c,t,s,r)h(s,r)f(fjdrds, (9)

where
At = 80,8, (0 = we(0,9), 1€ 0.T)
Gla,t,8,7) =0z s,T)+ff (z,t,€,t1)R(E, Ly, s, T)dt dE;

p(z,t,s,7) = (x — s)wi(t, s, 7) +walz,5,7) — (z — s);
R(z,t,s,7) is the resolvent of the kernel

Az, t,s,7) =k(z,t)(z — s)wi(t, s, 7) — n{z, t)waze(z,5,7)~

—c(z, t)wye(t, s, 7) — a(z, t) (wl(t, 5,7T) +wys(z,8,7) — 1) -
e ~ba,t) (& = hoat,7) +nfo s, ) = (2 - ) )

Olp(a, .5, Das(s, )]
ar

h@ﬂﬁ%i/pwiﬁﬁﬂﬂaﬂ—
0

s t
_“]-/p(x}tssztl}R'f(31tl:£:T)dt1d£:| d“j’, t= 12:
0 7

g1 =k(s,7), g2 = sk(s,T) —c(s,7);

R (S tl)Eg } (S‘ 11,5, ]Zi(&,T)+ S[Ri(s)tl}g;r)qsi(ésf)] i i = 1}2,

21 =b{, 1), 22 =0a(E,7) +EB(E, T);

Pi(s,7) =— zi(s, 7) + ]A(s,r,{,r)qi(g,r)df, i=12;

wi(t, s, 7) and wy(z, s,t) are the solutions of the following Cauchy problems:

wig(t, s, 7) + (s, t)wi(t,s,7) =0,t € (0,T), wi(r,s,7) = 1;
Wags(,s,1) + e(z, wag(z,8,1) — k(z, )wy(z,5,t) =0, =€ (0,H),
wy(s,5,t1) =0, wy(s,s5t) =1

We obtain the following system of Volterra equations of the second kind with
continuously differentiable kernels and right parts by substituting (9) in (7) and taking



INVERSE PROBLEM OF DETERMINATION OF SOURCE 103

into account the conditions of the Theorem:
; i
ut) = /(Kll(t, p(r) + Kia(t, 'r)u(r)) dr + 1 (1),
0 :
{ y (10)

o) = [ (Kanlt, )ur) + Kaalt, 7o) )ar + ),

.

where
K; j(t,7) =(=1)'A7(t) {(az(f)ﬂz 3-i(t) = Bj(t)ay 3-i(1))k;(H,t,7)~
*ﬁ3(t)€l‘.1 3_;(t)ka(H, t, T] + (Dt.q(t)ﬂz 3_;(1]—

H
*—;34[”0.1 3..."(1',)) fkj(x,t,r)dw], i,j = 1,2;
0

H

&mﬂ:FU%“MfFMM%&M%%ﬁhm4MV

0
x G(H,t,6,7)— Ba(t)ay 3-i(1)G:(H, t,& 1)+ (aa(t)ag 3-:(t)—
H
~Pa(t)ay 3-i(t)) /G[x,t,{,r)a’r]h({,r)d{, =19
£

¥i(t) :/G,:(t, ) f()dr.
0

From the first equation of system (10) we obtain the following representation:
t
W)= [ Attt r)dr+0(0), (11)
0 .

where
t

Ai(t, ) = Kia(t, 7) + le(t,s]Klg(s,‘r)ds, Ui(t) = | Ri(t, 7))y (r)dT + ¥ (1),

L o 1]

Rq(t, 7)- resolvent of kernel K,;.
Substituting (11) to the second equation of (10) we obtain:

seliy = /Ag(t,'f')v(r]df+\1‘2(t), (12)

where
t

Ao(t, ) = Koa(t, 7) +fK21(f,,s)A1(s,T)ds,

T
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t

q’g(t) = /I{Q] (t, r)‘lll(f)d'r + lbg(t).

g

Consequently, there exists the following representation of the solution of system
(10):

t

u(t) = f As(t, ) [(r)dr, v(t) = [ Bs(t, 7)(r)dr, (13)

0

where

As(t, T) = -/(Aq(t, S)Gi(-ﬂ, T] + Aa{t, S}Gz(s, T))ds + Gl(‘-‘f, 1"),

T

As(t,7) = j(fh(t,?‘)jAs(i,Sl)Km(Si,S)dSl +A3(t,s]K12(s,T))ds+ Rilt, 7),

T

Bs(t, T) :j (Bg(t,s)Gl(s}’r) +R2(t,S)Gg(S., f))ds—l-G'g(t,'r),

pl
t t

As(t, 1) :fAl(t,s)Rz(s,T)ds, By(t, 1) = Bl(t,'r]-i—/B](t,s)Rl(s,r)ds,

T T

¢
By(t,7) = Kqy(t, 1) +fR2(t,5)h'z1{.Q,r)cfs,

Rs(t, T) is the resolvent of the kernel As(t, 7).
The solution of problem (5)-(7) can be written by substituting (13) to (9) in the
form :

u(z,t) = fG:;(w,t,T)f(T)dT. (14)
0

where

Cale, 7] = xlw tidslt, F) +A(.1:,t)Bg(t,T)+fk1[x,s,T]A5(s,T)ds+

t T
+/kg(z,t,s)Bg(s,r)ds—l-/G(m,t,s,r)h(s,r)ds.
T 0

Differentiating (8) on ¢ and accounting (14) we obtain

t

(®w)(t)1(t) + ] Ga(t, 7)f(r)dr = 8'(1), (15)

0
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where

w(z,t) =G1(t, t)x(z, 1)+ G2 (t, ) A(z, 1) + fwg(x, s,t)h(s,t)ds, (16)

H
Ga(t, 7) =11 (t)G3ae(zo,t, 7) + 1 () Ga(zo, T, T) + Y5 (1) / o(z,t)Gs(z,t, 7)dz+
0

H H

—{-72(1!)/0'; (z,t)Ga(z,t, 7)dz +72(t]/a[:ﬂ,t)th(z:,t,r)d:c.
0 0
It is easy to show that the following statement is valid due to conditions of the
Theorem:
If (u, f) is the solution of problem (5)-(8), then f is the solution of equation (15).
Vice versa, if f is the solution of equation (15), then (u,f) is the solution of problem
(5)-(8), where u is reperesenting by (14).
Hence, it is enough to define solvability conditions of equation (15).
So, if (®w)(t) # 0,t € [0,T)], we obtain a second-order Volterra equation with

ti functi — t,7), ~————4'(t) for det inati 1T
continuous functions (q)w)(f)Gtg( i BI0 (t) for determination of f

Hence, the theorem is proved.
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B. Kosunepxau, JI.Measauk

OBEPHEHA 3AJIAYA 3HAXOJA2KEHHSA /J2KEPEJIA
3AJIE2KHOT'O BIO JACY
AJA MCEBAOITAPABOJITYHOI'O PIBHAHHA

Y mpami gociaigkeHo o6epHeHY 3a a4y 3HAXOJKERHS 3ajeXHOro BijJ 4acy Hxepe-
na anA ncepaonapaboaiysoro pipHaAHHA, OTpUMaHO YMOBM iCHyBaHHA Ta €JHHOCTI
PO3B’sA3Ky 3a3Ha4veHol 3ajJadi.

Crarrsa Ragiduta jo peakoserii 27.09.99


http://www.tcpdf.org

