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PSEUDOCOMPACTENESS OF THE SPACES
OF ALMOST CONTINUOUS MAPPINGS
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Given two Hausdorff spaces we study properties of the function space ACp(X,Y) C
Y X consisting of all almost continuous mappings f : X = Y (the almost continuity of f
means that any nonempty subspace A C X contains a point of continuity of the mapping
flA: A = Y). We prove that for infinite Hausdorff spaces X,Y the space ACp(X,Y)
is pseudocompact iff ACp(X,Y) is o-pseudocompact iff Y is pseudocompact and X
each countable subspace of X is scattered.
" Key words: almost continuous mappings, topology of pointwise convergence, pseu-
docompact space, scattered space.

In the paper we detect pseudocompact spaces AC,(X,Y) C Y* consisting of all
almost continuous mappings f : X — Y. We remind that a mapping f : X = Y
between topological spaces is called almost continuous if every non-empty subspace
A C X of X contains a continuity point of the map fl[A: A =Y. By AC,(X,Y) C
YX we denote the space of all almost continuous functions f : X — Y, endowed with
the topology of point-wise convergence, see [1].

Observe that AC,(X,Y) = Y X for any scattered space X. We recall that a topo-
logical space X is scattered if each subspace of X has an isolated point (equivalently,
the identity map of X into X endowed with the discrete topology is almost contin-
uous). We define a space X to be w-scattered if each countable subspace of X is
scattered. We shall prove that for an w-scattered space X the subset AC,(X,Y) of
Y X still is very massive.

Given a function f € YX let Z(f) = {g e Y* : |[{z € X : f(z) # g9(z)}] < Ro}.
We call a subset F C YX an w-tail set in YX if £(f) C F for any f € F. Observe
that each non-empty w-tail subset F C YX is Gs-dense in the sense that GNF # 0
for each non-empty Gs-subset G of YX.

We shall say that a subspace Y of a space X is C-embedded into X if each contin-
uous function f : Y — R can be continuously extended over all X.

Proposition. For a Hausdorff topological space X and an infinite Hausdorff space
Y the following conditions are equivalent:

1) X is w-scattered;

2) ACp(X,Y) is an w-tail subset of YX;

3) AC,(X,Y) is Gs-dense in YX. .
Moreover, if any finite power of Y is reqular and Lindelof, then the conditions (1)-(3)
are equivalent to:
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4) ACp(X,Y) is C-embedded into Y X.

Proof. (1) = (2) Assume that X is w-scattered, f : X — Y is an almost
continuous function and g : X — Y is a function such that the set Z = {z € X :
f(z) # g(z)} is at most countable. We have to prove that g is almost continuous.
Take any subset A C X. We consider two cases:

a) AN Z is not dense in A. Then we can find a continuity point a € A\ Z of
the function f|A \ Z which also is a continuity point of the function g|A.

b) AN Z is dense in A. The space AN Z, being a tountable subspace of the
w-scattered space X, is scattered. Consequently, A N Z contains an isolated point z
which by the density of AN Z in A is also isolated in A. Then z is a continuity point
of the function g|A. '

The implication (2) = (3) is trivial.

(3) = (1) Assume that AC,(X,Y) is Gs-dense in Y* but X contains a count-
able non-scattered subspace A = {a, }newn. Without loss of generality we can assume
that A has no isolated points. The space Y, being infinite and Hausdorff, contains a
countable collection {Uy, },e. of non-empty pair-wise disjoint open subsets. Observe
that the Gs-subset G = {f € YX : f(an) € U, for all n € w} of YX misses the set
ACL{X,Y) since G consists of functions everywhere discontinuous on A.

(2) = (4) This implication follows from [2, 3.12.23(a)] asserting that for any
Hausdorff space Y with Lindelof finite powers Y” and any f € Y* the E-product
Y(f) is C-embedded into Y X.

The implication (4) = (3) follows from the well-known fact asserting that each
C-embedded subspace of a Tychonov space 1s Gs-dense. L[]

Next we find conditions on infinite Hausdorff spaces X,Y under which the
space AC,(X,Y) is (o-)pseudocompact. We remind that a Hausdorff space X is
pseudocompact if each locally finite collection of open subsets of X is finite. For
Tychonov spaces this is equivalent to saying that each continuous real-valued function
on X is bounded. A Hausdorft space X is defined to be o-pseudocompact if X is
the countable union of pseudocompact subspaces. It is easy to see that each dense
pseudocompact subspace of a Hausdorff space X is Gs-dense in X.

Theorem. For infinite Hausdorff spaces X andY the following conditions are equiv-
alent:

1) AC,(X,Y) s pseudocompact,

2) ACy(X,Y) is o-pseudocompact;

3) X 1s w-scattered and Y 1s pseudocompact.

Proof. The implication (1) = (2) is trivial.

(3) = (1) Suppose X is w-scattered and Y* is pseudocompact. To show
that the space AC,(X,Y') is pseudocompact, assume that {Up }new is a locally finite
collection of non-empty open subsets of ACp(X,Y). Without loss of generality, we
can assume that for each set U, there are a finite subset C, C X and an open set
W, C Y%» such that U, = wEi(Wn). The countable subspace C' = |J,¢, Cn of
the w-scattered space X is scattered. Consequently, the restriction operator m¢ :
AC,(X,Y) = YC, nc : f o f|C, is surjective. This implies that {mc(Up)}new is
a locally finite collection of open sets in mc(AC,(X,Y)) = Y€ which is not possible
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because of the pseudocompactness of the space Y*. This contradiction shows that
the space AC,(X,Y) is pseudocompact.

(2) = (3) Suppose that the space AC,(X,Y) is o-pseudocompact. First we
show that the space Y“ is pseudocompact.

The space X, being infinite and Hausdorff, contains a countable discrete sub-
space Z. Observe that the restriction operator 7z : ACH(X,Y) 2 Y? 7z : f = f|Z,
is surjective which implies that the space Y* is o-pseudocompact. Using the fact that
the spaces Y* and (Y“)“ are homeomorphic by the standard diagonal procedure it
can be shown that the space Y“ is pseudocompact.

Next we show that the space X is w-scattered. Assume conversely that
the space X contains a countable non-scattered subspace Z. Write AC,(X,Y) =
Unew Bn, where By, is pseudocompact for every n € w.

Put Fy = @ and Cy = Z. By induction we shall construct countable sequences
of function (fn)nex € YX, finite subsets (Fp)new of Y and closed non-scattered
subspaces (Cp)new Of Y such that

(a-) Fn+l C Ca; Cﬂ+1 CCn \ Fn+l}

(b) g ¢ mc, (Bn) for each function g € Y with g|Fpy) = fag1|Fnya-

Assume that a non-scattered closed subspace C, has been constructed. First
we show that the projection m¢, (B,) is not dense in Y°». Assuming the converse
we will get that the space AC,(Cn,Y) is pseudocompact since it contains a dense
pseudocompact space mc, (B, ). The pseudocompactness of AC,(C,,Y) implies that
it is Gg-dense in YS~. Applying the implication (3) = (1) we conclude that the space
C,, is w-scattered which contradicts to the choice of Cj,.

Hence mc, (Byn) is not dense in YC» and there are a function f,41 € Y¥
and a finite subset F,4i C C, such that g ¢ mc, (Bn) for each g € Y°» with
g|Fny1r = fas1|Fns1. Finally take any non-scattered closed subspace Cny1 C Ch,
disjoint with F,,4+;. This completes the inductive step.

It follows that the subspace F' = | J,, ¢, Fn of X is scattered. Fix any point yo €
Y and observe that the function f : X — Y defined by f|X\F = yo and f|Fy = fo|Fn
for all n is almost continuous. On the other hand, by (b) f & (J,¢., Bn = ACp(X,Y)
which is a contradiction. O
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INCEBIOKOMITAKTHICTDb ITPOCTOPIB
MAM>KE HENIEPEPBHUX BIJOBPAXXEHb

B. Bokano

Jvsiscbruti Hayionaaprutl ynieepcumem iment leana Ppanxa,
6ya. Yrisepcumemcevxa, 1 79000 Jlveis, Yxpaina

Jlaa 3agaHuX ABOX TomojorivHmxX npoctopiB X i Y BHBYaOTH BJAaCTHBOCTI
npoctopy ACp(X,Y) Maiixe HemepepBHUX Bifo6paxeHb 3 npoctopy X y mpocTip
Y B Tononorii nmoro4kosoi 36ixuocTi (Bigo6paxenna f : X — Y HasuBaeThca
MaiKe HellepepBHUM, AKIIO B KOXHOMY HEMOPOXHBOMY mignmpocTtopi A C X icHye
ToYKa HenepepBHOCTI Bifo6paxenssa fla : A = Y). [loeseno, mo A1a HecKiHde-
HENX raycaopdosux npoctopiB X 1 Y Taki ymosu expiBanenThi: 1) AC,(X,Y) -
ncesgokoMmakTHu; 2) ACp(X,Y) € o-nceBAoKOMITaKTHUI; 3) KOXHAN 3/1i4eHHMM
nmignpoctip npocropy X € pospigxerum i Y* — nceBJOKOMIaKTHUM.

Kawouoei caosa: Malxe HenepepBHe Bifo6paXXeHHS, TONOJOriA MOTOYKOBOI
361KHOCT], MCeBIOKOMNAKTHUH MPOCTIp, PO3PiAXKeHHN NPOCTIP.
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