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IDEALS OF GORENSTEIN TILED ORDERS
WHOSE FACTOR RINGS ARE QUASI-FROBENIUS
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The Gorenstein tiled orders whose the exponent matrices are the Cayley tables of
finite groups are studied. The ideals of orders such that the factor rings modulo these
ideals being quasi-Frobenius, are described.
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1. Preliminaries. The following result giving a constructive description of one
class of semidistributive rings was proved in [5]:

1.1. Theorem. A right Noetherian semiperfect semiprime and semidistributive ring
is isomorphic to a finite direct product of the full matriz rings My, (Dk) over skew
fields Dy, and rings of the form:

@) xe1z2) .. %0
- T ) o R , (1)
-R-ino w“n?@ oo O

where n > 1 and O is a discrete valuation ring with a prime element m, o;j are
integers, moreover, a;j + ajk = ok for all 4,5,k and a;; = 0 for all i.

Conversely, all such rings are Noetherian semiperfect semiprime and semidistribu-
tive ones.

Any ring of form (1) is called a semimaximal order (a tiled order). It is a prime
two-sided Noetherian semiperfect ring.

We shall use the following notation: A = {O,€(A)}, where £(A) = (ai;) is the
exponent matrix of a ring A. If a tiled order is reduced then ai; + aji > 0 for
§.7 2= Ly o o1

Every tiled order A can be embedded in a simple Artinian ring @ = Z?,j:l %),
where D is the division ring of fractions of a ring O. Here Q is both the left and right
classical quotient ring of the ring A. Let I be a two-sided ideal of a tiled order A.

i)
Obviously, I = Y. e;;m(, where e;; are the matrix units. Denote by £(1) = (8i;)

ij=1
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the exponent matrix of an ideal /. Let I and J be two-sided ideals of the ring
f\, 8(” = (Bij) and 5(‘}) = (‘7,'3‘). We have g(f.f) = (J{j), where 6,‘3' = n‘iin(ﬁ;k ‘f“')’kj)-
If R is the Jacobson radical of a reduced tiled order A then £(R) = (f;;), where
Bij =ajjfori#jand B =1fori=1,... ,n. Let Q(A) be the quiver of a reduced
tiled order A [6] and [Q(A)] the adjacency matrix of the quiver Q(A). Evidently,
[Q(A)] is a (0, 1)-matrix and [Q(A)] = £(R?) — E(R).

1.2 Definition. A tiled order A will be called a Gorenstein tiled order if A is a
bijective A-lattice, i.e. A* is a projective left A-lattice (see {7]).

Further the Gorenstein tiled order will be often called the Gorenstein order.

1.3. Lemma. [1, Lemma 3.2] The following conditions for a tiled order A =
{O, E(A) = (apq)} are equivalent:

a) there exists a bijective A-lattice;

b) there exist indices i, j such that ok + akj = ayj Jork = 1. M

1.4. Theorem. [2] The following conditions for a reduced tiled order

A = {0, E(A) = (apq)} are equivalent:

a) A is a Gorenstein order;

b) there exists a permutation o = {i — o(i)} such that aix + aks(i) = @io(i) for
7 P E T S . X

Proof follows immediately from Lemma 1.3.
Below the permutation o will be called a Kirichenko permutation.

1.5. Theorem. [{] Let As be Noetherian.
a) The following conditions are equivalent:
1) Aa 18 injective;
2) Ap 18 cogenerating,
3) aA is injective;
4) aA 1s cogenerating;
5)VM C Ay [rl(M) = M]AVN C 4A[Ir(N) = N1].
b) If the conditions from (p) hold then A is a two-sided Artinian ring.

(By (M) and r(N) the annihilators of modules M and N are denoted, i.e. /(M) =
{ae A|aM =0}, r(N)={b€ A| Nb=0}).

1.6 Definition. [4] A ring is called quasi-Frobenius (a QF-ring) if the conditions
from the previous theorem are satisfied.

1.7 Theorem. [2] Let A = {O,E(A)} be a prime reduced Gorenstein tiled order with
the Jacobson radical R and J be a two-sided ideal A such that AD R2D J D R" (n 2
2). The factor ring A/J 1is quasi-Frobenius (QF) if and only if there exists p € R?
such that J = pA = Ap.

2. Finite groups and Gorenstein orders. Put Go = {0}. Denote by I'q a
Gorenstein tiled order with the exponent matrix £(I'g) = (0).
The matrix £(T'1) = ? {1)) is the Cayley table of a cyclic group (2) and also the
exponent matrix of the Gorenstein tiled order I'; with the Kirichenko permutation
o= (12).
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2 mam
Denote by U, = | © -, | the square matrix of order n.

 ER
Clearly, the Cayley table of the Klein Viergruppe (2) x (2) can be written in the

form
B £(Ty) £(Ty) + 2U.
&ila)= (s(rl);m gl(rl) 2)'

Let us consider the matrix

_ S(Fk.q) E(I‘k_l) + 2k"1U2k-1
£(Tw) = (S(Fkﬁl) G 2k_lU2n—a E(Tk-1) ’ (2)
2.1. Proposition. £(Tk) is the ezponent matriz of a tiled order.
Evidently, ' .
. w2 —lrk—l)
g == o " 3
: (ﬂ'z* | Fe-1 &

Induction on k easily yields that T\ is a tiled order.

Let G = H x (g) be a finite Abelian group, H = {h1,...,ha}, g2 = e. We shall
consider the Cayley table of the group H as the matrix K(H) = (h;;) with the entries
in H, where h;; = h;h;. The following proposition is obvious.

2.2. Proposition. The Cayley table of the group G 1s of the form

o [ K(H)  gK(H)
K(G) = (gK(H) QK(H) )

2.3. Proposition. £(T'x) is the Cayley table of a group Gy of order 2",

The proof is based on induction on k. The basis of induction have been already
considered. If £(Tk_1) is the Cayley table of a group of order 2¥~! then by 2.2.
Proposition £(T'k) is the Cayley table of a group Gx of order 2.

2.4. Proposition. A tiled order Ty is Gorenstein with the Kirichenko permutation
¥ 2 5 . B=1 P
EE E -y -8 e B LJ°
Let us prove by induction on k that the tiled order I'x is Gorenstein. For k =
1 this is obvious. Let the tiled order I'x be Gorenstein with the exponent matrix
£(Tx) = (¥) (4,5 = 1,2,...,2¥) and the Kirichenko permutation o = o%, where
ok(i) =25+ 1 —i. Then of; +of, = of, forallij=12,. .. ,2%_ Since
a;;*_&‘.’j = ai.";,‘lﬂ =af; + 2, “;f-}l-i,zk-u = afj“ =af; forall 4,j =1,2,... PR
(4)

we have (af; +2%) + ok, o) = of; + (2 + af,, ;) = af. ) + 2%, Thus, taking into

account (4) we obtain that

k41 k41 k41 k41 k41 k41
05 O ko) T Xi2khon(i) % 2r4i T Qakgiokpon(i) T %2440 ()’
ak-}-.‘i k+1 k41 k+1 k+1 k41

ke piokei T ok pion(i) = okpioni)  Portii T Fow(i) = X2%+i,on(i)
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i,j = 1,2,...,2%. Putting ox41(i) = 2F + ox(i), ok41(2% + 1) = ox(i), we have

k+1 i ;‘:’L(p) = a;::“ *) for all p,g = 1,2,...,2%*1 ie. the tiled order I'xy; is

Gorenstem with the Kirichenko permutation o = o441, where oy 4 (i) = 25+ 4+ 1 — 4,

2.5. Theorem. The Cayley table of a finite group G is the exponent matriz of a
reduced Gorenstein tiled order if and only if G = Gk = (2) x ... x (2).

Proof. The Cayley table of an Abelian 2-group G has form (2) and is the exponent
matrix of a tiled order T'x.

Conversely, let G be a finite group and its Cayley table, be the exponent matrix of
a reduced Gorenstein tiled order. Then for any ¢ € G we obtain g2 = e and G is an
elementary Abelian 2-group. The theorem is proved.

Let us calculate the adjacency matrix of the quiver Q(I'x). For this aim we present
the tiled order Tk in form (3).

Let Ri = radlx be the Jacobson radical of the ring I'x and £(I'x) = (o::-‘j), E(Ri) =
(%), E(R}) = (8%). Then

Ri_1 w2 Ty 2 RZ_, + 72 Txy 72 Ry iThoy
= 2k =y :R - ok—1 9 9k .
| Ri_1 7 R Ty Ri_{+7° Tra

As rit g 261 50 B < 2 < 2% + of;!. Therefore R}, + 2Ty =RZ_,.

The equality (radA)A = A(radA) = radA holds for any prime tiled order A.
Hence 72° ' ReoiTeoi = 72 Ri—y. Since £(x2" ™ Re_1) — E(x? ' Ty) = (281 4
E(Rk-1) — (257! + £(Tk-1)) = E, we obtain

= B Rt} E )

(&R
5(&3)_5(&)—( k-1) P E(R2_,) — £(Rk-1)

From this follows that

(Q(T)] = [[Q(I‘k—l)] E ] '

E [Q(Tk-1)]
Let us compute the characteristic polynomial xx(z) = xjo(r,)(%)-
i@ = B - [@wea)l = | TIGE o B =
_ - [Q(TW)]-E 0 ' =
B ~E zE - [Q(Tk)] + B

=|(z - 1)E-[QTW-I(z + 1) E - [Q(Tx)]l

Therefore
Xk+1(x) = xk(z = 1) - xx(z + 1). (5)

Since x1(z) = B3 =% ' = z(z—2), we have x3(z) = (z-3)(z—1)(z—1)(z+1) =

=] @l
(z-3)(z~1)*(z+1), x3(z) = (z—4)(z—2)%z(x—2)z%(z+2) = (z—4)(z—-2)z%(z+2).
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m
2.6. Proposition. xm(z) = [[(z —m — 1+ 2i)Cm
i=0
We shall prove this proposition by induction. The basis of induction is clear.
Suppose that the formula is true for m = k. Then by formula (5) we have

k k
xi1(2) = [[(z = k =2+ 20)% J](z - k+2/)% =
i=0 j=0
k-1
=(z—k-2) H[n:— —242i)%%  [[(z - k+2)*(z + k) =
i=1 j=0
k-1 5 k=1
=(e-k-2) [[z-k+20)%" - [[(e =k +2) (= +k) =
i=0 §=0
k-1

= (2 —k=2) [[(z — k +20)5+" (z + k).

i1=0
As 08 ¢ 5 o C;ill, then xx41(z) = (z -k —2) ﬁ (z — k + 21) ady (z+ k)=
et

(z—k~2) ‘fjx*k-i-Q(j-—l)) b (z+ k) = ﬁ(:c-—(k+1)--l+23) ey

j=0
k k

By induction it is easily to prove that Z ¢i;(Tk) = b+ 1, Z gij(Tx) =k +1. So
=1

[Q(Tx)] = (k + 1) Pk, where Py is a twice stochastlc matrix.

3. On quasi-Frobenius factor rings of Gorenstein tiled orders. In this
section we describe all two-sided ideals I of a Gorenstein prime tiled order A = T
such that / alies in square of the Jacobson radical of the ring A and the factor ring
A/ is quasi-Frobenius.

Recall that there is a one-to-one correspondence between a two-sided ideal I and
the exponent matrix £(F) also, and , besides, the inequalities 15q + gt 2 ipe and
Qpgq + lq; ; lpt hold.

From the results of paper [2] it follows that the factor ring A/I is quasi-Frobenius
if and only if there are isomorphisms I >~ A4, I~ A.

L M
N T

2% 4
Chyy = ( e ® r“). Then L, M, N, T are ideals of the ring Tx, x4 =
™ Fk I‘k

(J}f ;';) and fk+1 = (? ﬁ}) are ideals of the ring k41, too.

3.1. Proposition. Let Iy = ( ) be an ideal of the ring

Proof. Since x4 is an ideal of the ring I'x41, we have

L M r, =TIy
badva=\x rIldP Iu J=
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_ (LI‘;,+M1r2:I‘k Le* Ty + MTk _
NT: + Ta®' T, Na?'Ty $+Tr ) b

oo foaios ] L 2T/ L M
IR AE R T SN 7T

- (I‘kkL+7r2kaN r,,yﬂ?“rktr i
72T L+TeN 72 ToM +1,T) ~ 50

We obtain the following equalities: LTk + Ma®' Ty = L' La?' Ty + MTy, = M,
NI +Tn2 Ty = N, No?* T + TTe =T, Tk L+ 7> T4 N = L, e M + 7' T T = M,
7Tl +TkN =N, n¥ TuM + T =T.

Thus, L, M, N, T are ideals of the ring I'x. Taking into account these equalities

we have "
f I _ N T | n? Vi -

B (NrﬁTw?‘rk Nr2“rk+Trk) _ (N T) _
“\ITe+Mn?Ty La®Tu+ ML)~ \L M)~ %

Tit1lx 1=( Lk ﬂz*r") (N T) = (F",{V'*'”zkrkL Fk?+772krkM) _
= w Tk Tk L M 72 TeN + Tkl =% )T+ TxM

N T P
=11 ¥ )=
Therefore [;4, is an ideal of the ring T'k41. Analogously, it can be proved that
Ix+y is an ideal of the ring Cx4. The proposition is proved.

3.2. Proposition. Let Ixyy be an ideal of the ring rki'l such that the factor ring

; 2
Uri1/lx41 is quasi-Frobenius. Then Ix4y = ( ;;f‘ 4 I"‘) or
™ fk Ik

2k

Tiys = (FI I 2{"} ) where I s an ideal of the ring Ty such that the factor
k m° Iy,

ring Tk /Ii 1s quasi-Frobenius.

Proof. The entries of the rows of the matrix £(T'x+1) have such a property: if ¢,/ <
2% or 4,1 > 2¥ then |a;; — ouj| < 2% for any j; if i < 2% 1> 2% or i > 2%,1 < 2% then
there exist at the least two values j and s such that a;j —ay; > 2* and aj, —au, < 2%,
The elements of the columns of the matrix £(I'x4+1) possess this property, too .

Let Ix4, be an ideal of the ring I'x41 such that the factor ring Ti+1/Ik+1 18 quasi-
Frobenius, 1 = e + €3 + - - - + €gx+1 be a decomposition of the identity of the ring into
a sum of local pairwise orthogonal idempotents. Hence by [2] for any i there exists ¢
such that the right module e; I+, is isomorphic to the indecomposable projective right
module €, Tk 41 = P;. Analogously, for any j there exists m such that the left module
Ixs+1€; is isomorphic to the indecomposable projective left module Tx416m = Qm.
Note that if e;fxy1 =~ Pi, Ixs16; ~ Qm and E(Jk41) = (Kuy) s0 by [1] kiy = 1y + ai
for all v, Ky; = aum + b; for all u (a;, b; are some integers).

Let e;lx+1 ~ P, and ejlkyr = P,,. Assume that 7,5 < o 1 < 2% and m > 2.
Then ki, = @ty + i, Kju = @my + a;. Let a; > a;. By the property of the rows of
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the matrix £(Tx4+1) there exists w such that a¢y — ame > 2% Hence Kiy — Koy =
otw + @i — (Cmw + aj) 2 2% Since 0 € ayy < 2F forall 0 <1 < 2%, or 2 < ayy <
2%+1for all 0 < | € 2" then if i, < 2* we have ki —Kjuw = iz +by —(j:+by) < 2%,
where z satisfies the condition Ix4+,e, ~ Q.. We obtain contradiction.

Analogously, the case t > 2% and m < 2F is impossible for 7, j < 2*.

So for i,j < 2% two cases are possible : a) t,m <25 b) ¢,m > 2k

By Proposition 3.1, if [+, = (L M) is an ideal of the order I'y4; then

N T
L, M,N,T are ideals of the order I'k.

In case a) for every i < 2% there exists t < 2% such that e; [y, >~ P..

Since ay gk yy = @p,u+2% for v < 2%, we have & gepy = 0 orpy+8i = @y +284a; =
Kiv + 2¢, that is we have M = 72" L,

For every j > 2% there exists m > 2* such that ejlx4y =~ Pm. Since am, =
Qs 2k gy + 2k for v 2“,_hence Kjy = Qmy + @j = Qu 2k4y + 2% +a; = Kjak4v + 2",
ie. N=n2'T.

In case b) we obtain analogously L = M, T =n2N.

Now let us examine the entries of the columns of the matrix £(I'x41). Let Ix416i =
Qp and Ixpr€; ~ Qr, 3,J < 2% For these entries as well as for the elements of the
rows of this matrix there are two possible cases: ¢) p,r<2%,d) p,r> o

Suppose that in case a) for the entries of the rows we have case d) for the elements
of the columns. Then we obtain L = "N and T = n2"' M.

Since M = 72" L and N = 72“T, we obtain

K W ouk k41 i Kk ok k41
LNz T=r"Tand T=r* M =7* % L = n*

L.
Thus, L=T=N=M=0and li4y =0.

In case c) for the entries of the columns we obtain N = 7L, M = 72 T. As
M=x2Land N=n*Tso L =T, and therefore M = N.

Dencte L= I, thenT=L, M =N = e Ix. Thus, in case a) we have

[, = {k ﬂ-zh Ik)
T 72 I I '

I __(Trzkfk {k )
HEEA B R

Analogously in case b)

It remains to prove only the factor ring I'x/Ix is quasi-Frobenius. In case a) we
have

Kiv = 0py +a; forallv=1,..., 281

Ky =oum+b; forallu=1,... DEpL

(6)

Since £(Jx) = (Kuv), where u,v < 2¥, and £(T%) = (ij), 1,7 < 2%, the equalities
(6) are true for the entries of the matrices £(Jx) and £(T'x). Therefore by (1] ;I =~
e[k and Ixe; ~ I'repm. In view of [2] we obtain that the factor ring T /Ix is quasi-
Frobenius.

This completes the proof of the proposition.
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3.3. Proposition. There exist 2511 essentially different ideals Iy 41 of the ring I'y4,
such that the factor ring Txy1/lk4+1 is quasi-Frobenius.

Proof. By Proposition 3.2, it follows that on the basis of any ideal I such that
I'x /I is a QF-ring one can construct two ideals of the ring I'x 4, such that T'xy/lk 41
is a QF-ring. So the number of the ideals of the ring I'x4; is twice as many as the
number of the ideals of the ring 'y (with the property I'y/I; being a QF-ring). As
I'o = @ has the unique non-isomorphic ideal, by induction it is easily to obtain the
proposttion. '

Let Ix4; be an ideal of the ring I'x4; such that the fact?r ring Li41/k+1 1s quasi-

Frobenius. Therefore by Proposition 3.2 the transformation lx4;: = (i} ;{) “F

f;;H = (z ;;) is equivalent to the transformation Ix4+; = (f\} I;{) - fk+1 =

({}{ J{}) By such transformations we obtain again an ideal Tisr = Iy = L

such that the factor ring k41 /Tk+1 is quasi-Frobenius.

3.4. Proposition. By the above-indicated transformations any ideal Ix41 such that
the factor ring Try1/Ix 41 15 a QF-ring can be obtained from the principal ideal Ixyy =
7P Fk ¥i-

Proof. The transformation Iy4; — 43 is invertible, hence it is sufficient to show
that any ideal I;4; such that the factor ring I'xy1/Ik41 is a QF-ring can be reduced
to the principal ideal ka — & Ll BT
P A

I, =%,

). Along with this, the ideal 4 can be transformed

Suppose that an ideal /54, has the form I,4; = ( ) for some s < k.

- I 2 [

Then 1 = ] .
s+1 ( ﬂ_g Ik [3

into an ideal I, but the factor ring I'x41/I;, still remains quasi-Frobenius. There-

fore by the indicated transformations the ideal I is reduced to the ideal x4 for
7 2
L ﬁn—f’)forallsgk.
= 5 " = 1 72T, 7 7l
Let (‘:(Ik+1)= (Nruu) and K11 = p. Then I]_: (7{ 0‘- - 0) = (1{%0 j,'DO) =
P p+1 .
( ™0 0) _____WP(O 1:'0) e P
Assume thatyf;p = WP,‘I‘;S. Hence " .
i = Iy w2 fk) _ ( 7P T w2 7Py _ ﬂ-P( ' i _
B = ‘!Tzk Ik Ik o wzknFI‘k w”I‘k 1r2* Fk I‘k -
By induction we have prclved that fk+1 =% e
Obviously, e;lxy1 =~ P;, Ix+1€j =~ Q;. We note that by the indicated transforma-
another column of this matrix. If the first column turns into I-th column then for
any 1 < 2¢ there exists an integer r such that a;; = air. So by such transforma-

i
Which Is+1 == (ﬂz.fk Is_

ti0 PO 0 O
'rrPI'kH.
tions the first column of the matrix £(T'x) (and the others, too) always turns into
tions every principal ideal turns into an ideal Iy for which eIy ~ P;, Ixe; >~ Q;. As
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a1 =1—1=a soi=a;y + 1. Therefore

etle = Piyay,, Iner = Qiiay,- (7w)

The exponent matrix £(I'x) possesses 2% columns. Let us enumerate 2* ideals in such

a way that every ideal for which (3) holds has number r. Thus, we have proved the
following theorem.

3.5. Theorem. There exist ezactly 2% essentially different ideals I,, v = 1,2,...,2%,
such that the factor rings ['x /Iy, are quasi-Frobenius. Besides, ejly >~ Piiq,,, Ixei =

Q}+er,--
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