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REDUCTION OF A PAIR OF MATRICES OVER AN ADEQUATE
DUO-RING TO A SPECIFIC TRIANGULAR FORM
BY IDENTICAL UNILATERAL TRANSFORMATIONS

Andriy GATALEVICH
lvan Franko National Unwersity of Lviv, I Unwversitetska Str. 79000 Lviv, Ukraine

It is proved that a pair of matrices over an adequate duo-ring can be reduced to a
specific triangular form by means of identical unilateral transformations.
Key words: adequate ring, duo-ring, elementary divisor ring.

Throughout this paper, all rings are associative adequate duo-rings with identity.
A ring is said to be a duo-ring if every its left or right ideal is two-sided. A ring is a
Bezout ring if every its finitely generated right and left ideal is principal.

Matrices A and B over ring R are equivalent (A ~ B), if there exist invertible
matrices P and @ over R such that A = PBQ.

An m x n matrix A admits diagonal reduction if A is equivalent to a diagonal
matrix [e;;] (i-e. €;; = 0 whenever i # j) with the property Reiyy,i+1R C ReiiNei iR
(in the case of a duo-ring we can write: €41i41R C € ;R). If every matrix over
R admits diagonal reduction, then R is an elementary divisor ring. The elements
€11,€92, . .., €y are called the invariant factors of the matrix A.

A ring R is called right adequate if R is a Bezout ring without zero divisors and
for a,b € R with a # 0, there exist r,s € R such that ¢ = rs,rR+ bR = R, and
s'R+ bR # R for any nonunit s’ : sR C s'R.

Using left principal ideals by analogy we can define left adequate rings. In the class
of duo-rings these notions are equivalent and we will use the term adequate ring.

Commutative adequate rings were considered in [1-3].

V .Petrychkovych investigated the reducibility of pairs of matrices by means of the
generalized equivalent transformations to the diagonal form [4].

Let R be an adequate duo-ring.

Lemma 1. Leta,b,c € R and a # 0,c # 0. Then there ezists an element r € R such
that (a4+7b)R+rcR = aR+bR+cR and ifaR+bR+cR = R thenrR+aR+bR+cR =
R.

Proof. Let aR+ bR+ cR = R. Assume that (a+rb)R+rcR = hR, and h ¢ U(R).
Then we obtain:

1) re=rrs,rR+ hR=hR and (a+rb)R C h'R.
It follows that a € h’R and aR C h'R. We obtain a contradiction with
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"R=rR+aRChR+aR#R.
2) If rR+ hR = R, then -
r?R+hR=R,7PPu+hv=1
r?us + hvs = s,r2su’ + hst' = s
u,v,u,v' € R.

We have
sRC hR and hR+aR =h'R,

where A’ ¢ U(R). Thus,
(a+rb)RC KR, b RC 'R, R=rR+aR=rR+ k'R,
aRC WR,bRC h'R,cRC h'R/
This yields
R=aR+bR+cRC KR,
and we have A’ € U(R).
IfaR+ bR+ ¢cR = dR,a = dag, b = dbg, c = decp we provide the proof similarly for

elements ag, bg, Co-

Lemma 2. Let A;,i = 1,2 be 2 x k; matrices over a ring R, and at least one of them
is not a right zero divisor. Then there exist invertible matrices P and ki =12
over R such that

(1)

£ B =8 e B
PA;Q; = 1 . ) 4
@ ( * Eg) 0 ... 0
where fg-i) are invariant factors of matrices A;,1=1,2.

Proof. We may assume that A» is not a right zero divisor, so that ky > 1,k > 2.
Since R is an elementary divisor ring [5], there exist invertible matrices 5, My, M»
over R such that

B sos B _fa 0 0 ... 0
Ao bty = (0 ek 0 . U)‘SA2M2_ (b c 0 ... 0)’
elRCelRand e #0,e#0.
By Lemma 1 for elements a,b,c € R there exists an element r € R such that
(a+ rb)R+ rcR = aR + bR+ cR. Consider the matrix

(3 1)

It is easy to verify that matrices TSA; M; can be reduced to the form

(sgﬂ B 0 w 0)
* eg') 0 ... 0/

using right-side multiplication by invertible matrices.
The proof is complete.
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Theorem 1. Let A;,i = 1,2 be m x k; matrices over a ring R, and at least one of
them s not a right zero divisor.
Then there exist invertible matrices P and Q;,t = 1,2 over R such that

r:(:) o ... 0 ... 0
fg'} wr W e B

x '
f,(.:,) o

where cg-i) are tnvariant factors of the matrices A;,1=1,2.

Proof. Assume that Aj is not a right zero divisor. We shall prove the theorem
by induction on number m of rows of the matrices. If m = 2, the Theorem is true
by Lemma 2. Suppose that the theorem is true for matrices with the number of
rows m — 1. Thus ‘R 1s an adequate duo-ring and there exist invertible matrices

S,Q;,1=1,2, such that

Yo 0 0
(1)
0 ¢ iz B wee O
SAQ=]| _ _ = B,
\ 0 O " E,{T];) 0
( aij 0 0 0
a31 as9 0 0
SA2Q. = ; = Bs,
\aml Qme2 ... Qm ... 0

where 551) are invariant factors of the matrix A;. Consider submatrices B;,i = 1,2,

of the matrices B; obtained by crossing off the last rows of the matrices B;. For them
by the induction hypothesis there exist invertible matrices M, N; such that

Mo 0 0
IS 0 S
MBN, = . ,
* i .
c,(,rl‘}_l 0
o0 0 0
¥ e B . @
MBLN, = e ,
* % .
Pty - 0
where t,o;z} are invariant factors of the matrix B5. Then
0 0
C] = M 3 By N1 H —
0 0

0 ... 01 B s B 1
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Voo 0 0
ot fgl) 0 0 o
. 1
0 0 & 0
( 0 0
=] M | M |=
: o 0
\O sy B X 0 0 1
2
[P0 0 ... O
— * ‘ : :
o0 ... 0
\a:’nl il Bl 53 O
Let 59(12))‘2 +a. ,R+d,,,R=R. By Lemma 1, there exist 7 € R such that for the
elements ap?], @1, G We Obtain

(@2 + raly )R+ rdpmR= ¢V R+ afp R+ afpn R,
rR+ ¢ R+ G R+ appn R = R. (1)

Consider an m x m matrix of the form

T 8 e #
T = 0 1 0
0 O i 1
Multiply the matrices C;,i = 1,2, on the left by this invertible matrix T"
(1) (1)
Tcl:(cl B s e ) [ — 0>,
*
.TC:Z: ( (12)+T‘ain}; ra:.nz, ra‘:nma Q s 0)
*

Using condition (1) we obtain that the greatest common right divisor of the ele-
ments of the first row of the matrix TC, is the greatest common right divisor of all
elements of the matrix C. Since ES;T}R C egl)R, we have a similar situation for the
clements of the first row of the matrix TC;. Thus by multiplication on the right by

the matrices L;,7 = 1,2 the matrices T'C; can be reduced to the form

g o B e B
.. o0 ...
TCiL: = 2 o 7
* e
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)

where E&i 1s the first invariant factor of the matrix A;.

Consider the submatrices of the matrices TC; L; obtained by crossing off the first
rows and columns. They have the number of rows m — 1, satisfy the condition of the
theorem and for them by induction hypothesis the theorem is true.

If :,ogz]R + aj, R + a},, R = dR we can represent the matrix C; = DCj, where
D = diag[d,d,...,d] is a diagonal matrix and repeat the same arguments for the
matrix C4. The proof is complete.

Theorem 2. Let C = AB, where A, B are matrices over R which are not right
and left zero divisors. Then the elementary divisors of the matriz C are divizible on

coresponding elementary divisors of matrices A and B.

The same result was obtained for other classes of rings in (2], [3], [6].
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