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L]

A triple B = (X, P, B) is called a balls structure if X, P are nonempty sets and, for
allz € X, o € P, B(z,a) 3 z is a subset of X, called a ball of radius o around z. We
classify subsets of X by their sizes with respect to the ball’s structure B and apply this
classification to semigroups and oriented graphs.
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1. Ball’s structures. Let X, P be nonempty sets and let, forany z € X, a € P,
B(z, ) 3 = be a subset of X, which is called the ball of radius a around z. Following
[1], a triple B = (X, P, B) is called a ball’s structure.

Forany z € X, a € P, put B*(z,a) = {y € X : z € B(y,a)}. A ball’s structure
B" = (X.P, B*) is called dual to B. Observe that B**(z,a) = B(z,a) for all z,e
and thus B*™* = B.

Define a preordering < on the set P by the rule: a < 8 if and only if B(z,a) C
Bz, 3) for every z € X. A subset P’ of P is called cofinal if, for evéry a € P, there
exists B € P’ with a < 3. A ball’s structure B is called symmetric if there exists a
cofinal subset P’ C P such that B(z,8) = B*(z¢,p) forallz € X, g € P'.

Given any subset A C X and a € P, put

B(A,0) = | | Bla,a), Int(A4,a)={z€ X : B*(z,a) C A}.
06}1
A ball’s structure B = (X, P, B) is called multiplicative if, for any o, 3 € P there
exists y(a, 8) € P such that B(B(z,a),8) C B(z,v(a,p)) for every z € X. Since
B*(B*(z,a),B8) C B*(z,v(8, @)), B is multiplicative if and only if B* is multiplica-
tive.

Example 1. Let Gr = (V, E) be an oriented graph where V is the set of vertices of Gr
and E C V x V is the set of its edges. For every z € V, put d(z, z) = 0. If for distinct
r,y € V there exists an oriented path from z to y, then let d(z,y) be the length
of the shortest oriented path from z to y. Otherwise, put d(z,y) = co. Given any
z €V and n € w, put B(z,n) = {y € V :d(z,y) < n}. The ball’s structure (V,w, B)
will be denoted by B(Gr). Taking into account that B(B(z,n),m) C B(z,n + m)
we conclude that B(Gr) is multiplicative. Note also that B*(Gr) coincides with
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B(Gr*), where Gr* = (V,E™Y), E~! = {(y,2z) : (z,y) € E}. If E = E~!, then
B(Gr) = B*(Gr).

Example 2. Let S be a semigroup with the identity e and let Fin be the family of
all finite subsets of S containing e. Given any s € S and F' € Fin, put

Bi(z,F) = Fz and B,(z,F) = zF.

The balls’s structures (S, Fin, B;) and (S, Fin, B,) will be denoted by B;(S) and
B,(S). fz € Sand F, F' € Fin , then

B/(Bi(z, F), F") C Bi(z, F'F) and B, (B, (z, F), F') C B,(z, FF).

Hence, B;(S) and B,(S) are multiplicative. If S is a group, then B;(S) and B.(S)
are symmetric {1, Example 2].

2. Classification of subsets by their sizes. Fix a ball’s structure B =
(X,P,B). Asubset AC X is called
e large if there exists a € P such that X = B(A, a);
o small if X\ B(A, a) is large for every a € P;
e extralarge if Int(A, @) is large for every a € P;
o piecewise large if there exists 3 € P such that Int(B(A, 8), o) # 0 for every a € P.
Observe that for a multiplicative ball’s structure B = (X, P, B) a subset A C X is
large if and only if B(A, o) is large for some a € P.

Lemma 1. Let B = (X, P, B) be a ball’s structure, AC X, a € P. Then
Int(X\A,a) = X\B(A, o).

Proof. Let z € Int(X\A,a). Then B*(z,a)NA = @, so z ¢ B(a,a) for every
a € A. Hence, z € X\B(A, a). '

Let z € X\B(A, ). Then z ¢ B(a,a) for every a € A. Hence, a ¢ B*(z,) for
every a € A, so B*(z,0) C X\A and z € Int(X\A,c). O

The following statement is a refinement of Theorem 1 from {1].

Theorem 1. Let B = (X, P, B) be a ball’s structure and let S C X. Then the
following statements are equivalent:

1) S is small;

2) S 1s not preceunse large;

8) X\S is extralarge.
If, moreover, B is multiplicative, then the statements 1)-3) are equivalent to

4) (X\S) N L is large for every large subset L of X.

Proof. 1) = 2). For every a € P, pick B(a) € P such that B(X\B(S,a),B(e)) =
X. Take any z € X and choose y € X\B(S,a) with z € B(y,8(a)). Then y €
B*(z,8(a)) and B*(z,B(a)) N (X\B(S,a)) # 0. Hence, Int(B(S,a), f(a)) = @ and
S is not piecewise large. .

2) = 3). For every a € P, pick f(a) € P such that Int(B(S,«),f(a)) = 0. Then
B*(z,B(a)) N (X\B(S,a)) # 8 for every z € X. By Lemma 1,

B*(z,B(a)) N (Int(X\S,a)) #0
for every z € X. Hence, X = B(Int(X\S, a),B(a)) and X\S is extralarge.



94 ANDRIY GNATENKO, IGOR PROTASOV

3) = 1). For every a-€ P, pick f(a) € P such that B(Int(X\S, a),B(a)) = X.
By Lemma 1, B(X\B(S, a), 8(a)) = X. Hence, S is small.

3) = 4). Put Y = X\S and take any large subset L. Choose a € P such that
X = B(L,a). For every z € Int(Y,e), choose y(z) € L with z € B(y(z),a),
equivalently, y(z) € B*(z,e). Put Y’ = {y(z) : ¢ € Int(Y,a)} and note that
Y' CYNL. Since Int(Y,a) C B(Y’,a) and Int(Y, a) is large, by the multiplicativity
of B, Y' is large. Since Y/ C Y N L, we get that Y N L is large.

4) = 3). Put Y = X\S. Since YNX =Y and X is large, Y is large too.
Fix any @ € P and show that Int(Y,a) is large. For every z € Y\Int(Y, ), pick
y(z) € B*(z,0)\Y. Put Y' = {y(z) : 2 € Y\Int(Y,e)}, L = Y' U Int(Y,a). Note
that Y C B(L,a). Since Y is large, B(L,a) is large. By the multiplicativity of B,
L is large. By the assumption, Y N L is large. Since Y N L = Int(Y,a), Int(Y,a) is
large. O

1

Theorem 2. Let B = (X,P,B) be a multiplicative ball’s structure. If subsets
Xy, Xs,...,Xn of X are extralarge, then Xy N XN ...N X, is ertralarge. If subsets
$1,8,...,Sn of X are small, then S; USaU...US, ts small. If a piecewise large
subset A of X finitely partitioned A = Aj U A2U...U Ap, then at least one cell A; of
the partition is piecewise large. In particular, X can not be partitioned into finitely
many small subsets.

Proof. Take any large subset L of X. By equivalence 3 < 4 Theorem 1, X, NL
is large. Since (X; NX2N...NX,)NL=(X3NXz2N...N Xn-1)N(Xn N L), by
induction, (X3 N XoN...N X,) N L is large. By equivalence 3 <> 4 of Theorem 1,
X;NX5N...N Xy is extralarge. The second statement follows from the first one and
the equivalence 1 < 3 of Theorem 1. The third statement follows from the second
statement and the equivalence 1 < 2 of Theorem 1. [

By Theorem 2, the family ¢(B) of all extralarge subsets of X is a filter on X.

Theorem 3. Let B = (X, P, B) be a multiplicative ball’s structure and let ¥ be an
ultrafilter on X. Then @(B) C v if and only if every subset A € ¢ is piecewise large.

Proof. Suppose that ¢(B) C ¢ and take any subset A € ¢. Assume that A is
not piecewise large. By equivalence 1 > 2 of Theorem 1, A is small. By equivalence
1 < 3 of Theorem 1, X\ A is extralarge. Hence, X\A € ¢(B), a contradiction with
A X\A €. ;

Suppose that every subset A € 1 is piecewise large, but ¢(B) € ¢. Choose any
subset Y € ¢(B),Y ¢ ¢ Since % is an ultrafilter, then X\Y € 9. By equivalence
1 < 3 of Theorem 1, X\Y is small, a contradiction with equivalence 1 > 2 of Theorem
: B

3. Resolvability of ball’s structures. Let B = (X, P, B) be a ball’s structure
and let £ be the family of all large subsets of X. A subset A C X is called £-dense
if ANL # @ for every large subset L of X. A ball’s structure B is called w-resolvable
if X can be partitioned into countably many £-dense subsets.

Lemma 2. Let B = (X, P,B) be a ball’s structure. Suppose that there erxists a
cofinal linearly ordered sequence (an)new of elements of P and a sequence (Zn)new
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of elements of X such that the family {B*(z,,ay,) : n € w} is disjoint. Then B is
w-resolvable.

Proof. Let w = U‘,“EW Wi be a partition of w into countably many infinite subsets.
It suffices to show that, for every k¥ € w, the subset Ay = UnEW;‘ B*(zn,an) is
L-dense. Take any large subset L of X and pick a € P such that X = B(L,a).
Choose n € Wi such that a, > a. Since X = B(L,a,), we get z, € B(L,a,) and
B*(zn,an)NL#0. Hence, LN Ax #0. O

The following statement is a generalization of Theorem 5.31 from [2] concerning a
resolvability of the ball’s structures of groups.

Theorem 4. Let B = (X, P, B) be a ball’s structure such that the balls B(z,c),
B*(z,a) are finite for all z € X, a € P. If there exists a cofinal linearly ordered
sequence {an)new Of elements of P, then B is w-resolvable.

Proof. Using the assumptions, construct inductively a sequence (Zn)new Of ele-
ments of X such that the family { B*(zn, @n)} is disjoint. Then apply Lemma 2. O

4. Applications to semigroups. Let S be a semigroup with the identity e
and let Fin be the family of all finite subsets of S containing e. Given any subsets
A,BCS, put '

A'B={seS:AsnB#0}, AB'={s€S:sBNA#0}.

For every element s € S and every subset A C S, we write A™'s and sA™" instead
of A='{s} and {s}A™L.
A subset A C S is called
o left (right) large if there exists F € Fin such that $ = FA (5§ = AF);
o left (right) small if the subset S\FA (S\AF) is left(right) large for every subset
F € Fin;
o left (right) extralarge if S\ A is left(right) small;
o left (right) piecewise large if there exists F € Fin such that, for every subset
H € Fin, there exists € S with H™'z C FA (zH~! C AF).
Note that a left (right) size of subset A of semigroup S is exactly a size of A in the
ball’s structure B;(S) ( B-(S) ).
A subset A C S is called
o left" (right*) large if there exists F € Fin such that S = F~1A (S = AF-1);
o left* (right*) small if S\F~*A (S\AF~') is left* (right*) large for every subset
F € Fin;
o left* (right*) extralarge if S\A is left* (right*) small;
o left" (right”) piecewise large if there exists F' € Fin such that, for every subset
H € Fin, there exists ¢ € S with Hz C F~'A (zH C AF™!).
In topological dynamics [3], left* (right*) large subsets are called left* (right")
syndetic while left* (right*) piecewise large subsets are called left (right) syndetic.
Note that a left* (right*) size of subset A C S is exactly a size of A in the ball’s
structure B} (S)(B;(5)).

Theorem 5. For every finite partition of semigroup S, among the cells of the par-
tition there exist a left piecewise large subset, a right piecewise large subset, a left*
piecewise large subset, and a right' piecewise large subset.
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Proof. Apply Theorem 2 to the ball’s structures B;(S), B.(S), B;(S), B;(S)
respectively. OO '

Theorem 6. Let S be a countable semigroup such that the subsets F~'z and zF~!

are finite for every subset F' € Fin. Then the ball’s structures B;(S), B,(S), B} (S5),
B;(S) are w-resolvable.

Proof. Apply Theorem 4. O

Remark 1. By Theorem 6, every countable group G can be partitioned G = |, ¢,, 4n
so that each subset G\ A, is not right large. In particular, there exist a partition
G = B; U B; such that By, B; are not right large. Let X be an infinite set of
cardinality v and let S = S(X) be the semigroup of all mappings X — X. A.Ravsky
(4] proved that, for every partition § = Ua<_r S«, there exist « < v and s € S
such that S = S,s. i.e. at least one cell of the partition‘is right large. A countable
counterpart of this statement was proved in [5]. There exist a countable semigroup
S such that, for every finite partition S = A; U A3 U...U A,, there exist i < n and
s € § such that S = A;s. Obviously, the ball’s structure B,(S) is not resolvable,
i.e. S can not be partitioned into two L-dense subset, where £ is a family of all right
large subsets of S.

Remark 2. By [1], every infinite group can be partitioned into countably many subsets
such that each of them is left and right small. Ravsky’s results concerning S(X) shows
that this statement is not valid for all semigroups.

Question [5]. Does there exist an infinite semigroup S such that, for every partition
S = A; U A,, one of the cells Ay, Az is left and right large.

5. Application to orgraphs. Let Gr = (V,E) be an oriented graph. By
Theorem 2, for every finite partition of V/, at least one cell of the partition is piecewise
large with respect to the ball’s structure B(G'r). In particular, if V' is finite, then there
exists a vertex v € V such that the subset {v} is piecewise large. Let us illustrate the
last observation.

Let Gr = (V, E) be an arbitrary oriented graph. For every v € V, denote by St(v)
(resp. St*(v)) the set of all z € V such that there exists an oriented path from v to
z (resp. from z to v). Define a preordering < on V' by the rule: v; < vz if and only

if St(v1) C St(va).

Theorem 7. Let Gr = (V, E) be a finite orgraph and letv € V. Then v is <-mazimal
if and only if {v} is a piecewise large in the ball’s structure B(Gr).

Proof. Suppose that v is <-maximal. Since V is finite, it suffices to show that
St*(v) C St(v). Take any ¢ € St*(v). Then v € St(z). By maximality of v,
z € St(v). Hence, St*(v) C St(v).

Assume that {v} is piecewise large. Since V' is finite, then there exists z € V
such that St*(z) C St(v). Take any element y with v € St(y). Then y € St*(z), so
y € St(v). Hence, v is <-maximal. 0

An orgraph Gr = (V, E) is called locally finite if the set {y € V : (z,y) € E}U{y €
V : (y,z) € E} is finite for every z € V
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Theorem 8. Let Gr = (V, E) be an infinite locally finite orgraph. Then the ball’s
structure B(Gr) 1s w-resolvable.

Proof. Apply Theorem 4. O
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KOMBIHATOPHMM PO3MIP HIAMHOXXHMH Y HANIIBI'PYITIAX
HA OPIEHTOBAHUX I'PAPAX

A. 'marenxo, 1. IIporacos

Kuiscbxuti nayionaavrut ynieepcumem iment Tapaca Illesuenxa,
6ya. Boaodumupcevra, 64 01038 Kuis, Yxpaina

Tpiiika B = (X, P, B) na3uBaeThcA KyIbOBOIO CTPYKTypoio, akuo X, P — Heno-
pOXHI MHOXHHY 1 AuA JoBinbEux ¢ € X Taa € P B X 3adikcoBaHO IAMHOXHHY
B(z,a) 3 &z, sAxa Ha3WBacTbcA KylTel pajiyca a HaBKOJO I. Knacupikyemo
miamuoxuan X 3a ix posmipom w00 KyaboBoi cTpykTypu B, 3acrocoByemo
oTpuMaHi peayabTaTH A0 NpobieM: pPO3KJIAJHOCTI HAMBIPYyNn Ta OPICHTOBAHMX
rpadis.

K.awnouost caosa: KyaboBa CTPYKTYpa, BeJMKi Ta MaJi MiAMHOXWHHY.
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