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The invariants of matrices which reduced a matrix over a commutative elementary
divisor domain to canonical diagonal form is investigated. Some properties of minors
of invertible matrices are considered.
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Let R be a commutative elementary divisor domain [1]. Let A be a nonsingular
nx n matrix with the canonical diagonal form ® = diag(¢1, . .. , ¢n). Therefore, there
exist invertible matrices P and @ such that PAQ = ®. The matrices P and @ are
called the left and the right transformable matrices of the matrix A, respectively. By
P, we denote the set of left transformable matrices of the matrix A. It follows from
the results of the papers [2, 3] that P4 = Gg P, where Gg is the group of invertible
matrices of the form

hi hig e hin-1 hin
%hn hag ... han-1 han (1)
%?hni %':'hzz sen ";‘f'f_lhnn—l hrm

It means that the set P4 is a left conjugate class of the complete linear group GL,(R)
with respect to the subgroup Geg. In the papers [2, 3, 4, 5] it is proved that the set
P, plays the main role in the description of the divisors of matrices. The papers 2,
3, 6, 7) are dedicated to investigations of invariants and description of properties of
the set P4. Our paper is connected to this topic. We also study properties of minor
determinants of invertible matrices.

Let U be an m x n matrix over R, m < n. The matrix U is called primitive if the
greatest common divisor (g.c.d.) of the minors of order m of the matrix U is equal
to 1. We denote by Uy, . ;, the matrix consisting of 7, ... , ik columns of the matrix
U,where k<m, 1 <1 <...< i <n.
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Lemma. The g.c.d. of the minors of order m of the matriz U, which contain the
matriz U, . i, 15 equal to the g.c.d. of the minors of order k of the matriz U;, . ;, .

Proof. If k = m the lemma clearly holds. Suppose that k < m. A suitable permuta-
tion of the columns of U gives || S Ui,,... i, || = UL, where L is a suitable permutation
matrix. There exists an invertible matrix K such that

Uy * *

B % o
I{Us';u.., A 0 0 ¥ e H Usl'[')‘"’*

0

where u; - ug is g.c.d. of the minors of order k of the matrix U;,, . i,. Then

L

Every minor of order m of the matrix KU L which contains the matrix

lx U!

By, l‘.k

KUL=K|IS U, all=|p ™%

!
11,00,k

has the form
* u!

L3 T ,%'*

det T s 0

]

where Ty is an (m — k) x (m — k) submatrix of the matrix T'. Therefore, g.c.d. of
such minors is equal to u; ...u,7, where 7 is the g.c.d. of the minors of order m — 1
of the matrix T. Since the matrix KU L is primitive, it follows that the matrix 7" is
primitive. Thus 7 = 1. Since any minor of the order m of the matrix U differs from
respective minor of the matrix KU L by a unit multiplier of the ring R, the proof of
our statement is complete. O

Let U € P4. We denote by U™ the matrix consisting of the last m rows of the
matrix U. 1 < m < n, by U, the matrix consisting of 4y, ..., columns of the
matrix U™, 1 < k< n, 1<4; <...<i <n,and by 67  ; the g.c.d. of the minors
of order min{m, k} of the matrix U’ ;.

Theorem. The elements (6:;‘ i e
S Pn-m
of transformable matrices from Py, for all indices iy,... i, 1 < i1 < ... < ik < 7,

k=1,...,n,m=1,...,n—1.

) are invariant with respect to the choice

Proof. Let V € P4. By AT ;. wedenote the g.c.d. of the minors of order min{m, k}
of the matrix V7, . At first we consider the case k = m. Since V = HU, where H
is an invertible matrix of form (1), it follows that

f:,,_:hal ;%f“’l’hss—l hsa han-—l hsn
Ps Pagl s+1
ym . = Etlhegrr oo SRt £ 2hot1s oo Repinor hspinfl

1,047 m

‘E“;‘hnl ,p‘f: hns—l ":,_’:hns ;%E_lhnﬂ——l hnn
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Ui, ... Uli,
x ¥
uﬂl.], v E unim
where s = n—m + L. Smce —ét'- are divisible by £ for any i = 1,...,n -,
j=1,...,s—1, s+i> j, all minors of order m whlch are built on last m rows of
the matrix H, except the minor
hss han—l hsﬂ
"_-th«l-ls hs+1n-1 hs+1n
| 1
%‘:"h ;‘i_};hnn—l hﬂﬂ.

are divisible by 2= Since H is an invertible matrix, we have (|H,1, ;“”T) =1. By
the Cauchy-Binet formula and from what has been said it follows that

] = tp d+|H|| 2 el

where
Ui, -+- Ulip

lb‘i’m

L 5 T Iml_
Un i, Unin,

(«a o IV ‘) = (so oz imi) = (—:j U,-';*____,,.m|)_

We remark that 67 ; = [UT” ; |and A} . 75
holds for k = m.
Let m < k €< n. We choose a minor g of order m of the matrix U] ;. The

1k ;
corresponding minor of the matrix V™ ; is denoted by v. The first case implies
that

®s @s )
Ce—— - V‘ .
(# Ps—1 ) ( Ps—1

is g.c.d. of the minors of order m of the matrix UT

Ps Ps
6m ik = A:n i ,—'—'—") i
( P1,-ee 00k ‘Pa»—l) ( 1y-en otk Ps—1

Finally we consider the case 1 < k < m. Let p1,. ..,y be minors of order m of the
matrix U™ which contains the matrix U ;. By v1,...,v we denote the respective
minors of the matrix V™. By Lemma we get

(au'l: “. ‘,}J't) = 6:1:. k! (Vl, S Vt) = A:r:, By

Then

, hense the result

Since 67 we have

o k!

Thus,

Ps Ps
£ )= (o 2)
( e Ps—-1 & A Ps—1

i
P
Y S
RS
Tls
A
P i
=
s
(Y
-
L TR
]
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/ 5 3 s
:( w, = );---1(Vh e ))z(yli'“)l”h = ):(A?: ‘.*’_(’f.__)_
Ps-1 Ps-1 Ps—1 SN Ps—1

The proof of the Theorem is complete. ) O

Proposition 1. Let A be an m X s matriz with the canonical diagonal form
diag(l,...,1,ak41,...,a;), where axyy € U(R), m > s. Then the matriz A is a

k
submatriz of some invertible n x n matriz if and only if n —m 2> s — k.

Proof. Necessity. Let A be a submatrix of an invertible n x n matrix U. We may
assume, without loss of generality, that

A B
C D

where B, C, D are matrices of respective sizes. Let P and @ be transformable matrices
of A, 1e.

U=

L}

PAQ=[_9% 5 |=s,

where Ej is the identity k x k matrix, S = diag(@k41,...,as). Then

P .0 U Q 0 _ | ® PB
0 Eim 0 E..,| ICQ D
Put F be an (m— k) x n matrix consisting of k+1, k+2,..., m columns of the matrix
® PB
H cQ D \ Therefore
0
S
F= ol
Ck
where Cy is a submatrix of C. Since axqilaj for j =k +1,...,s, we see that ax41

divides all minors of order s — k of the matrix F, which contain at least one of first
m rows of F. The matrix F is primitive, therefore there exists a minor of crder s — k
which does not contain the first m rows of F. It means that the (n —m) x (s — k)
matrix Cx contains at least s — k rows, i.e. n—m > s — k.

Sufficiency. Let

1 B 0 1
|t o o s Q' o
U‘“H o Exflo o EmtilTo En.
E'_k 0

The matrix U is an example of a desired invertible matrix of order n = m+ s — k.0

Corollary. Let U be an invertible n X n matriz, V be a square submatriz of U and
diag(1,...,1,ak41,...,@n—t) be the canonical diagonal form of V. Then k <t. U
S S

k
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Proposition 2. Let be U = |luy|l] and U™ = V = ||v;;||T. Then g.c.d. of the
minors of mazimal order of matrices

Uiky Uiyky -+ Uik, Vk!i} Uktey,  --- Ukl _,
t_ | Yigky  UWigky .- UWigky o k!t Vk!i! ca Vkti
= - and V' = "1 23 2'n—» 4
Uik, Wisky - Uik, Vit WL e WL,

coincides, where iy < i3 < ... < i, together withi{ < iy < ... <i,_, and k; < k3 <
... < kp together with k) < k) < ... < kj,_, form the complete system of indices
. — N

Proof. Suppose that s > p. It is well known that the minors U ( S ) and

k]_ S kp
Pl el ¥ s L
% T differ from each other by a unit multiplier of R (see: [6, Part 1, §4]).
1---*n-p
k...

!
All the minors V i"l ’ ,“‘P) can be characterized as all minors that contain the
1" ""n—-p

submatrix V’. Then Lemma implies our statement. The case s < p is similar. O
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AEAKI BJIACTUBOCTI MIHOPIB OBOPOTHMUX MATPHUILb
10. Meabnuk, ’B. lllegpux
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[locaigxeno iHBapiaHTH TUX MaTPHOb, AKI 3BOJAATH MATPHINIO HaJjy KOMYTaTHBHOIO
061aCcTIO e/leMeHTaPHAX MIJBHEKIB J0 11 KaHOHIYHOI JiarOHAJbHOI GOPMH. 3a3HaYeHO
JEHK] BIACTHBOCTI MiHOpPiB 060POTHHX MATpHLb.

Kniouoet caoea: koMyTaTUBHa 00/1aCTh eleMEHTAPHAX NWIBHHKIB, I€peTBOPIOBAIbHI
MaTpulll, 060poTHI MaTpuli, MiHOpH, IHBAplaHTH MATPHAILb.
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