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TRIPLEABILITY OF THE CATEGORY
OF (STRONGLY) SEMICONVEX COMPACTA
OVER THE CATEGORY OF COMPACTA
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The notion of (strongly) semiconvex compactum and semiconvex combination gen-
eralizes a notion of convex compactum and convex combination (a “segment” that
connects a point with itself is allowed to be a non-trivial loop). It is proved that a
quotient space of a (strongly) semiconvex compactum for an equivalence relation closed
under semiconvex combination is a (strongly) semiconvex compactum as well. Also
tripleability of the category of (strongly) semiconvex compacta over the category of
compacta is established.
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First recall some definitions and facts from [5]. We use the following terminology
and denotations : [ = [0,1] is a unit segment, a compactum is a (not necessarily
metrizable) (bi)compact Hausdorff topological space. A semiconver compactum is
a compactum X with a continuous ternary operation ¢ : X x X x I = X (we
usually call it semiconvex combination and write A(z, y) instead of ¢(z, y, A)) satisfying
the following axioms:

1)forallz,y€ X, A€ I: Mz,y) = (1 — A)(y, ) (commutative law);

2) forallz,y,z€ X, A, p,vel, A+p+rv=1 p#0:

Ao E5) = B+ (5 ), )

(associative law);

3)forallz,ye X : 1(z,y) = z.

4) there exists a base 3 of a unique uniformity inducing the topology on X [2] such
that B € B3, (z,9),(z,t) € B, A € I implies (A(z, z), A(y,1)) € B.

The last axiom is equivalent to the following :

4’) the topology on X is generated by a saturated family of pseudometrics (2]
(da)aca such that z,y,2,t € X, € > 0, a € A, do(z,y) < ¢, do(z,t) < €, AE I
implies do(A(z, 2), A(y, 1)) < €.
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Extend the notion of semiconvex combination onto a finite number of elements of
X. Let An_1 = {(Ao,...,An) ER™ 1 Xg,..., 2, 20, Ao+ -+ An = 1} denote the
standard n-dimensional simplex. Given (Ag,...,A,) € Ap, and points zg,...,z, € X
let '

zg, if Ag = 1;

Al(zO)(l_ih!"'I‘]__il;';)(xli"'lxﬂ))] 1f’\0¢1

(Ags o An) (205 - 5 n) ={

If arguments zo, ..., T, of semiconvex combination are permutted simultaneously
with the respective coefficients A, ..., An, the value of semiconvex combinations does
not change.

For any subset A C X the set .

CH(Ags -+ s Xa)(Z0s: s Zn) | D EN, g, .., 80 € A, (Mo;.-32n) € An}

is the least closed subset in X that contains A and is closed under semiconvex com-
bination. It is called the semiconver hull of A.

There exists the largest closed under semiconvex combination closed subset A C X
such that A : A2 — A is surjective for any A € I. It is called the weak center of X and
denoted WCtr(X). The center Ctr(X) of the semiconvex compactum X is a closed
subset consisting of all points b € X such that A(b,b) = b for any A € I. Always
Ctr(X) C WCtr(X), and

Wotr(X) = {(Xo,-- -, An)(20,--12a) | R EN, (Ao, ..., An) € An, Zq,..., 20 € X}
Ctr(X) = {A1,-. - M), 2) [n €N, (Ao, ., An) € An, 2 € X}

The center of X is closed under semiconvex combination and with operation n-
duced becomes a convex compactum. Always Ctr(X) C WCtr(X). If Ctr(X) =
WCtr(X), then X is called a strongly semiconvex compactum. Here is an alter-
native definition : X is a strongly semiconvex compactum if and only if for any
r € X the point (Ag,...,An)(z,....z) converges to a unique point y € X, when
(Ag,.-.,An) € A, and max(Ay,....Ap) = 0. This implies that if f : X — Y is a sur-
jective map of strongly semiconvex compacta that preserves semiconvex combination
(i.e., f(A(z1,22)) = A f(z1), f(z2)) for any z,,2z2 € X, A € I), and X is strongly
semiconvex, then Y is strongly semiconvex as well.

For proofs see [5].

Theorem 1. Let X be a (strongly) semiconvez compactum and “~"C X x X be
a closed equivalence relation that is closed under semiconver combination. If by [z]
the equivalence class that contains ¢ € X, is denoted, then the formula A([z], [z']) =
A(z,2)], z,2' € X, A € I, correctly defines an operationY xY xI Y onY = X/
such that Y is a (strongly) semiconver compactum.

Proof. Since “~” is closed, X/~ is a compactum [2]. Denote by ¢ : X — X/.
the quotient map. Let z; ~ zi{, 23 ~ x4, #1,2],22,25 € X, A € I. Then by
the assumption of the theorem A(z1, z2) ~ A(z}, z5), and the operation is well defined.
Axioms (1)~(3) for Y are easy consequences of (1)—(3) for semiconvex combination in
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X. Since ¢ is a surjective continuous map of compacta, the diagram

semiconvex combination
X X sl y X

7

qxaxlfl lq

(X/o) % (X)) % T _ Xl
new operation
shows that new defined operation is continuous.

Denote by exp Z [3] the set of all nonempty closed subsets of an arbitrary com-
pactum Z. Then the multivalued map ¢~ : Y — exp X is upper semicontinuous, i.e.,
for any open set U C X the set {y € Y | ¢~ *(y) C U} is open. Thus for any closed
FC Xtheset {ycY | ¢ (y) NU # 0B} is closed. It is easy to prove that the map
Q= (x)o(g7" xg71) : Y xY = exp(X x X), Q(y1,¥2) = d™'(y1) x d~ ' (y2), is upper
semicontinuous as well.

Take a saturated family (pa)aea of pseudometrics that generates the topology on
X and satisfies (4’). For any a € A the formula

pal(z1,232), (€3, z4)) = max{pa(21,23), pa(T2, 24)}
defines a continuous pseudometric on X x X. For each € > 0 the set
F& = {(z1,22) € X? | pal(21,22), “~") L €} =
{(z1,22) € X? | 321,22 € X : 21 ~ 22, pa(1,21) < €, pa(Z2,22) < €}
1s closed, as well as the set

Ve = {(y1,12) €Y? | Qyr,v2) NFE # 0} = {(y1,52) €Y?|Fz1 €97 (1),
dz, € q_](yg).ﬂzl,ZQ € X 121 ~ 23, pa(Z1,21) € €, palz2,22) < €}

Since (pa)aca is saturated, the family (F*)aca, >0 is a centered system of
nonempty closed subsets of X x X, and naEA,e)ﬂ F2 = “ ~ 7. Suppose that
(11.92) € Nucaeso Ve Then {Q(y1,32) D FZ | a € Ae > 0} is a centered sys-
tem of nonempty closed subsets of X x X. Thus its intersection is nonempty, and
Q1,¥2) NNacacso FE#0 = Q1) N“~” #0 = y1 = y2. Therefore we
have Naeaeso V" = A ={(y,9) | y € Y}. Obviously V* 5 A for any a € A, ¢ > 0.
Moreover. Int V,* D A for any a € A, ¢ > 0. This follows from the inclusion

VES U2 ={(y1,y2) €Y {3y €Y Vz1 € ¢~ (y1), V22 € ¢~ (v2),
321,22 € ¢ (Wo) : palz1, 21) < €, pa(T2, 22) < €}.

The upper semicontinuity of @ implies the openness of U2. Obviously UZ D A.
Thus (V,%)ae4.e>0 is a base of a unique uniformity that generates the topology on Y.

Suppose that (y1,y2), (¥1,¥5) € V&, A € I. Then there exist
Il:&:Qszl! 22!":,1! I'z;ziazﬁ € X such that Q(Il) =, Q(z:!) =Y2, 21 ~ 22, pa(:!?]_,zl) <
¢, palznz2) € € A(22) = Yo 9(25) = Yo 7 ~ 7, Palzh ) < € paleh 7)) < e
Then pa(A(z1, 20), Mz1,20)) < € Pa(M(22,25), Mz2,24)) < € Ale1,2}) ~ Alza, 7).
As g(A(z1,21)) = My1, ¥1), ¢(M(z2,25)) = A(y2, ¥3), we obtain (AMy1,¥1), Ay2, v5)) €
%,
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Thus (V.*)ae4 ¢>o0 satisfies (4), Y = X /. is a semiconvex compactum and ¢ : X —
X/~ preserves semiconvex combination. Therefore if X is strongly semiconvex, then
Y is strongly semiconvex as well. .

Semiconvex compacta and their continuous mappings which preserve semiconvex
combination form a category denoted by SConv. Strongly semiconvex compacta form
a full subcategory SsConv C SConv.

By Comp the category of compacta is denoted. Let U : SsConv — Comp and
U’ : SConv — Comp be the forgetful functors.

Recall that a functor L : B — C is called left adjoint [1] to a functor R : C - B
if there are given bijections 8(X,Y) between arrows from LX to Y in B and arrows
from X to RY in C for all X € ObC, Y € ObB, and these bijections are natural by
both arguments, i.e., the diagram

BLX,Y) XY c(x,RY)

15(”.9} C(Lﬁg)l

BLx',y") 2EXD, ox' Ry

commutes for any X, X' € ObC,Y, Y € ObB, f: X' -5 X,9:Y -»Y'.
Theorem 2. There exist left adjoints to U and U'.

Proof. An explicit construction of a left adjoint to U was described in [5]. Now
an independent proof suitable for both cases will be given. Due to Freyd General
Adjoint Functor Theoremni [1] for a category B with all limits and a functor R: B — C
the existence of a left adjoint L : C — B is equivalent to the following :

1) R preserves all limits;

2) R satisfies the solution set condition, i.e., for any X € ObC there exists a set
Sc{Y,f) | Y € ObB, f : X — RY} (solution set) such that for any arrow
g: X = RZ, Z € ObB, there is a pair (Y, f) € S and an arrow h: Y — Z in B such
that ¢ = Rho f.

It suffices to check the existence of limits in SConv and SsConv and their preservation
by U’ and U for two partial cases : for products and pairwise equalisers.

If Xo, a € A are (strongly) semiconvex compacta, then their product in SConv
(SsConv) is merely a topological product with semiconvex combination defined by
a formula

/\((1‘0), (yor)) = (’\(1’019‘0))‘ (xa); (ya) € ]:[ Xa,AE I

acA

Clearly it is preserved by the forgetful functor.

If f,g : X = Y is a parallel pair in SConv of SsConv, then its equaliser in Comp is
aset Xo = {z € X | f(z) = g(z)} with the embedding i : Xo — X. This set is closed
in X and closed under semiconvex combination. Therefore X with the restriction of
semiconvex combination from X and i : Xg — X is the equaliser of f,g in SConv
(8sConv) that is preserved by U’ (respectively by U).

Prove that the solution set condition holds. Suppose that Z is a (strongly) semi-
convex compactum, g : X — Z is a continuous map of compacta and |X| < 7, 7 is
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infinite. Then cardinality of the set

{Pas-. s M) (F(20), ..., f(zn)) | NEN, 2o,...,20 € X, (o,...,An) EQ™INA,L)

is not greater than 7. Its closure Y is the semiconvex hull of f(X) in Z, and g = ho f,
h :Y < Z is the embedding, f = g, f : X = Y. Therefore we can put S to be
the set of all continuous maps from X to “representatives” of all (strongly) semiconvex
compacta with density net greater than 7.

Any adjunction between L : C — B any R : B — C is uniquely determined by a pair
of natural transformations [1] n1¢ — RL (the unit of adjunction) and ¢ : LR — 1p
(the counit) such that ReonR = 1g, €Lo Ly = 1. Then the functor T = RL:C - C
and natural transformations 77 and u = ReL : T? — T form a triple T = (T, n, p).
This means that diagrams

TLTQ Tai,.Tz
AR
Tn B Tu 7

commute. Then 7 is called the unit and p the multiplication of T.
For an arbitrary triple T = (7,7, ) in C a pair (X, f), where f : TX — X is a
morphism in C, is called a T-algebra iff the following commute:

X
xXorx mexrx

NE N

X TR = X

An arrow ¢ : X — Y is called a map of algebras (X, f) — (Y, g) if and only if
goTé = o f. Algebras of a triple T in C and their maps form a category CT. There
exists a pair of adjoint functors FT : C — CT and U 0% 4 €, FYX = (TX,pX),
FT¢ = Té, UN(X,f) = X, UT¢ = ¢. The triple T arises from this pair in a way
discribed above as well as from original pair L, R. There exist the unique functor
( Eilenberg-Moore comparison functor) @ : B — CT that makes the diagram

R

B

NI

P S0 ¢
C—nL

commutative. If ® is an equivalence of the categories then B is said to be tripleable [1]
over C (with implicit adjoint functors L and R). T. Swirszcz [4] proved that con-
vex compacta are tripleable over compacta (the left adjoint is a probability measure
functor). Here is a counterpart for (strongly) semiconvex compacta.

Theorem 3. Forgetful functors U’ : SConv — Comp and U : SsConv — Comp are
tripleable.
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Proof. Prove the statement for U’ : SConv — Comp (the case of U : SsConv —
Comp is quite analogous). Due to Beck’s precise tripleability theorem [1] it is sufficient
to prove that ¥
1) U’ has a left adjoint;

2) U’ reflects isomorphisms;

3) SsConv has and U’ preserves coequalizers of U’-contractible coequaliser
pairs [1]. :

(1) is proved above, (2) follows from the fact that isomorphisms in SConv are home-
omorphisms that preserve semiconvex combination. Let us prove (3).

Let fo,fi : X = Y be an U’-contractible coequaliser pair in SsConv, i.e. there
exists an arrow ¢t : Y — X in Comp such that foot = 1y, fioto fo = fioto fi,
and the pair fo, fi has a coequaliser h : Y — Z in Comp: Then h is the quotient
map of the closed equivalence relation : y; ~ yz for y1,y2 € Y if and only if there
exist 1,22 € X such that fo(z1) = fo(z2), 11 = fi(z1), y2 = fi(z2). Moreover
“~” is closed under semiconvex combinations. Suppose y; ~ ¥i, y2 ~ y5, A € I.
Then there exist z;,z}, 22,25 € X such that fo(z1) = fo(21), 11 = filzr), y =
fi(zh), folzz) = fo(zh), y2 = filz2), ¥» = fi(zh). Put z = A(zy,20), 2’ =
Azh,zh), ¥y = My, v2), ¥ = A}, 95). Thus fo(z) = fo(z'), y = filz), ¥ = filz)
implies A(y1,y2) ~ A(yi,v5). By the first theorem X/. is semiconvex, and h is
a coequaliser of fy, fi in SConv.

Remark. In fact we have proved that U’ and U form [1] coequalizers of U’-
contractible (resp. U-contractible) coequaliser pairs. Thus the comparison functors
are 1somorphisms of categories.
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MOHA/JU30BHICTh KATET'OPII (CTPOI'0O) HANIBOIIYKJIUX
KOMITAKTIB HA/ KATETOPI€IO OIIYKJ/JIUX KOMITAKTIB

O.Hukundopunx

Ipuxapnamcexui Haytonasbrnutl ynwisepcumem iment B. Cmedanuxa,
sya. Illesuenxa, 57 76000 Isano-Ppanxiscvr, Yrpaina

[MouarTs (cTporo) HamiBONyKJOro KOMHAKTa 1 HamiBOMykJoi komGiHauii ysa-
FaJbHICIOTh MOHATTA ONYK/JOTO KOMNAKTa Ta ONMykK/aoi kKoMbiHalil (3 pisaunern, wo
“piapiaok”, AKWH 3'€JHYEe TOYKY 3 cobolo, Moxe 6yTH HETPHBIAJILHOIO HETIEO).
JloBeseno, mwo ¢akTop-npocTip (CTPOro) HamiBOMYKJOr'O KOMIaKTa € (cTporo)
HaNiBOIYK/JIMM 3a YMOBM, LIO BiANOBIJHE BIJHOINEHHA eKBIBaJeHTHOCTI 3aMKHeHe
CTOCOBHO (hopMyBaHHA HalBonykanx kombinaniin. Takox JoBeJeHO MOHAAU3OBHICTH
KaTeropil (cTporo) HamiBoOIyKIMX KOMNAKTIB Haj KaTeropi€io KOMNakxTiB.

Kawouost caosa: koMnakT, (CHIBHO) HANIBOMYKIMHA KOMIAKT, JiBHU CHPAXKEHUN
(pyHKTOpP, MOHA JUYHICTE.
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