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ON TOTALLY BOUNDED SEMIGROUPS
OF CONTINUOUS MAPPINGS

Igor PROTASOV

Kyiv Taras Shevchenko National University,
64 Volodymyrska Str. 01038 Kyiv, Ukraine

A semigroup S with the identity e endowed with a topology is called left (right)
totally bounded if, for every neighborhood U of e, there exists a finite subset F' such
that S = FU (S = UF). For a topological space X, denote by C(X) the semigroup
of all continuous selfmappings of X with the topology of pointwise convergence. We
give some sufficient conditions on X under which C(X) is either left or right totally
bounded.
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For a topological space X, let C(X) and H(X) be the semigroup of all continuous
selfmappings of X and a group of all homeomorphisms of X with the topology of
pointwise convergence (i.e. the topology inherited from the Tychonov product X -
Every subgroup of H(X) is called a group of homeomorphisms of X. It is well known
[1] that C(X) is a semitopological semigroup (i.e. all shifts z > sz, z = zs, 5 € C(X)
are continuous).

A semigroup S with the identity e endowed with a topology is called left (right)
totally bounded if, for every neighborhood U of e, there exists a finite subset F* such
that 8= FIU(S = UF)

We give some sufficient conditions on X under which C(X) is left or right totally
bounded. In particular, we show that C(X) is left and right totally bounded for a
Cantor cube X of any weight. Under the Cantor cube of weight o we understand the
product {0,1}® of a copies of the discrete space {0,1}. On the other hand, H(X) is
neither left nor right totally bounded for every Cantor cube X of infinite weight.

Theorem 1. Let X, Y be compact spaces such that X admits a base of the topology
consisting of clopen subsets homeomorphic to Y. Then C(X) is left totally bounded.

Proof. Choose any distinct elements a;,as,...,a, € X and neighborhoods
A, Aa oo Ay OF @y, 8500 00 00 Put

S={seC(X):s(a;) € A; for i < n}.

It suffices to find a finite subset K C C(X) such that C(X) = KS.
For every element z = (z1,Z2,...,%n) € X", choose clopen neighborhoods
Vi,Va,...,Va of 21,29,...,%,, homeomorphic to Y. We may suppose that X is
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infinite, so pick pair-wise disjoint clopen subsets V{, V3, ...V, homeomorphic to Y
such that

V/CV; and {ay,a3,...,a,} NV =0

for every i < n. Then choose pair-wise disjoint clopen neighborhoods Uy, Us, ... U,
of a1, a9, ... ,a, homeomorphic to Y such that U; C A;, U C Ay, ..., U, C A, and

Uy Ul U---ul)N VUV U...UV))=0.

Fix any homeomorphisms h; : U; = V;, t; : V! = U;, i < n, and define the mapping
gz € C(X) letting
h,-(a), if a € U;,
gz(a) = { ti(a), ifa€Vf,
a, otherwise. |,

Put Vo = Vi x Vo x -+« x V,, consider the clopen cover {V; : z € X"} of X"
and choose its finite subcover {V; : z € F}. Put K = {g, : ¢ € F} and show that
CiX)=KS.

Let f be an arbitrary element of C(X). Choose z = (z1,z2,...,2,) € F with
(f(ay), f(as),..., f(an)) € Vz. Show that f = grs for some element s € S.

For every i < n choose a clopen neighborhood W; of a; such that f(W;) C V;
and W; C U;. First define the mapping s on Wy, UWy U ---UW,. If a € W;, put
s(a) = h; ' f(a). Then f(a) = g-(s(a)) and s(a;) € U; C A;.

To extend the mapping s onto X consider three cases in whicha ¢ W UW,U---U
Wh.
Case 1. f(a) ¢ (U WU U---UUL)U(VWUV3U...UVy). Put s(a) = f(a) and
note that f(a) = gz(s(a)).

Case 2. f(a) € Uy WU U ---UUy,. If f(a) € Ui, put s(a) = ti‘lf(a). Then
f(a) = gz(s(a)).

Case 3. fla) € V/UVJU...UV/.. If f(a) € V/, put s(a) = h*f(a). Then
fla) = gz(s(a))'

By the construction f =g,sand s€ S. U

Question 1. Is the semigroup C(X) left totally bounded for every zero-dimensional
compact homogeneous space?

A topological space X is called homogeneous if, for any points z1,z € X, there
exists a homeomorphism h of X with h(z,) = z».

Theorem 2. Let X be a topological space such that every point of X has a base of
clopen neighborhoods homeomorphic to X. Then C(X) is right totally bounded.

Proof. Take any distinct points 1, z3,...,z, € X, choose disjoint open neighbor-
hoods Uy,Us, ... ,Un of z1,22,... ,2, and put

S ={seC(X):s(zi) € U; for i < n}.

Take a clopen subset V' C U; homeomorphic to Y with z; ¢ V. Fix any homeomor-
phism f : X = V and shaw that C(X) = Sf. Take any mapping h € C(X) and define
a continuous mapping s’ : V — X such that h = §'f. Since X is zero-dimensional, s’
can be extended to a mapping s € C(X)NS. Hence, h =sf. O
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Question 2. s the semigroup C(X) right totally bounded for every zero-dimensional
homogeneous space X ?

Theorem 3. A semigroup C(X) is left and right totally bounded for the Cantor cube
X of any weight.

Proof. Apply Theorems 1, 2. 0

Let X be a topological space and let H be a group of homeomorphisms of X. The
pair of distinct points 1,22 € X is called H-prorimal, if there exists a point z € X
such that, for every neigliborhood V of z there is h € H with h(z;) € V, h(z;) € V.
If there are no H-proximal points in X, then H is called distal.

Theorem 4. Let X be a topological space, H be a group of homeomorphisms of X
which acts transitively on X. If H is left totally bounded then H 1s distal.

Proof. Assume the converse. Since H acts transitively on X, there exist two
distinct points z1,z9 € X such that, for every nonempty open subset U of X, there
is a homeomorphism h € H with h(z,) € U, h(zz) € U. Choose disjoint open
neighborhoods Uy, U; of z1, z2 and put

S ={s€H:s(zx,) € Ur,s(x2) € Ua}.

By assumption, there exists a finite subset F' = {f1, f2,... , fn} of H such that
H=FS§ Put V] = f({/l) If V; nfg(Ul) -'f-' ] put Vg = V1 ﬂfz(Ul), otherwise,
Vo = Vi. If Va1 f3(Uy) # 0 put Va = Vo N f3(U), otherwise, V3 = Va. After n steps
put V = Vj,. By the construction, the subset V' has the following property

(x) if VN fu(U;) # 0 then V C fi(Uh), k € {1,2,...,n}.

Since H is not distal, there exists h € H such that h(z1) € V, h(z2) € V. Choose
f € Fand s € S with h = fs. Taking into account that h(zy) = f(s(z1)) and
h(z1) € V, s(z1) € U we conclude that V N f(U1) # f. By the condition (x),
V C f(U1). Since h(z2) = f(s(z2)) and h(z2) € V, s(z2) € Uz we get VnfUs) #9,
a contradiction with f(U;) N f(Uz) =@ and V C f(U1). O

Question 3. Let X be a compact space and let H be a distal group of homeomor-
phisms of X which acts transitively on X. Is H left totally bounded?

Theorem 5. Let X be an infinite topological space and let H be a group of home-
omorphisms which acts n-transitively on X for every natural number n. Then H is
not right totally bounded.

Proof. Fix any point # € X and choose a neighborhood U of z such that the subset
X\ U is infinite. Put S = {s € H : s(z) € U} and suppose that there exists a finite
subset F of H such that H = SF. Let F~'(z) = {y1,¥2, ...,y }. Take any distinct
point z1,22,...,2x € X \U. Choose h € H such that

h(n) = 21, h(y2) = 22, - - B(Ye) = 2.

Since H = SF, there exists f € F such that h = sf and thus hf-! € S. Since
f~Yz) € {v1,¥2,--- , ¥k} we get a contradiction: hf-1¢S. O
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Theorem 6. The group H(X) of all homeomorphisms of a Cantor cube X of infinite
weight 1s neither left nor right totally bounded.

Proof. Apply Theorems 4, 5. 0O

Theorem 7. Let X be an infinite discrete space. Then C(X) is right totally bounded,
H(X) is neither left nor right totally bounded.

Proof. Take any element z € X and put S = {s € C(X) : s(z) = z}. Take
any finite subset F C C(X). Since FS(z) = F(z) and the subset F(z) is finite, we
get C(X) # FS so C(X) is not left totally bounded. Put &' = SN H. The same
argument shows that S’ is a subgroup of infinite index in H(X) so H(X) is neither
left nor right totally bounded. ,

To show that the semigroup C(X) is right totally bounded, take any distinct
elements z1,22,...,%, € X and put S = {s € C(X) : s(z;) = z; for i < n}. Fix any
bijection f: X = X \ {z1,22,...,2n}. Clearly, C(X) =Sf. O

Theorem 8. Let X be an infinite discrete space, BX be the Stone-Cech compactifi-
cation of X. Then C(BX) 1s right but not left totally bounded, H(BX) 1s neither left
nor right totally bounded.

Proof. We prove only that C(5X) is right totally bounded. Identify 83X with the
set of all ultrafilters on X. Given any subset A C X, put A = {p € 8X : A € p}. Then
the family {4 : A € p} is a base of neighborhoods of p. Take any distinct element
pi,P2,---,Pn € BX and pick pairwise disjoint subsets Py € p1, P €p2, ..., Pa €Epn
such that | X\ (PiUP,U- - -UP,)| = |X|. Put S = {s € C(BX) : s(pi) € P; for i < n}.

Fix any bijection f: X = X \ (P,UP,U---U P,) and denote by f the extension
of fto BX. Then, C(6X)=Sf. O

Added in Proofs. Recently, T. Banakh and O. Hryniv answered Questions 1
and 2 in negative: they proved that the semigroup C(X) of the paratopological
first-countable zero-dimensional homogeneous compactum X constructed by E. van

Douwen [2] is neither left nor right totally bounded; moreover, the homeomorhism
group H(X) of X is neither left nor left totally bounded in C(X).
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IMPO IIJIKOM OBME2KEHI HAIIIBI'PYIIN
HEITEPEPBHHX BIJOBPA2KEHD

I. IIpoTacos

Ruiscoxuti nayionaavnut ynisepcumem iment Tapaca Ilesuenxa,
eya. Boaodumupcera, 64 01033 Kuie, Yxpaina

Hanisrpyna S 3 oguHHUEIO €, HaJlJeHa TOMOJOTIEI0, HA3UBAETHCH YIAKOM OOMEdICE-
How (3aiea) cnpasa, AKWIO A1A KOXHOro okony U oAMHHUI € iCHY€ TaKa CKIHYEHHa
nigmuoxusa F, mo S = -FU (S = UF). Yepes C(X) nossayumMo HamiBrpymy Bcix
HenepepBHUX Bigo6paxeHb TomoaorivHoro npocropy X B cebe, HalieHy TONOAOTIEIO
[OTOYKOBOI 36iKHOCTI. 3HaMl/JeHO JOCTATHI YMOBH Ha TOMOJOTIYHMEU npocTip X, npu
axux pamiprpyna C(X) uinkom o6MexeHa 3JiBa M CIpaBa.

Kanouost caoea: miakoM obMexeHa HamiBrpyma, AMCTalbHa pyna, OXHODIAHMM
IpOCTIp.
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