BICHHK .IBBIB. YH-TY VISNYK LVIV UNIV.
Cepiz mezx.-mam.2003.Bun.61.C.180-183 Ser. Mech-Math.2003. Vol.61.P. 180-183

YK 512.552.12 3

ELEMENTARY ROW TRANSFORMATIONS
OVER RINGS OF STABLE RANK <2

Oleh ROMANIV

Ivan Franko National Unwersity of Lviv, 1 Universitetska Str. 79000 Lviv, Ukraine

v

It is proved that for a ring R of stable rank < 2 any row (a,b,c) € R? with aR +
bR+cR = R can be reduced to (1,0,0) by elementary transformations. Also it is shown
that for a right Bezout ring R of stable rank < 2 any row (a,b,¢) € R3 can be reduced
to (a, 3,0), @, 8 € R, by means of elementary transformations.
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In [1] B.V. Zabavsky has posed a problem of a complete description of the rings over
which any matrix can be reduced to the diagonal form by elementary transformations.
In this note we consider elementary transformations of rows over rings of stable rank
1 and 2.

Throughout this paper R will denote an associative ring with 1 ).

Let us introduce the necessary definitions.

An elementary matriz with entries from a ring R is a square matrix of one of the
following three types [2]: a diagonal matrix with invertible elements on the diagonal;
a matrix differing from the identity matrix by a unique nonzero element outside of the
main diagonal; permutation matrix, i.e., the identity matrix with its rows or columns
permuted arbitrarily.

Denote by GE,(R) the group generated by elementary (n x n) matrices.

A ring R is called a right Bezout ring [3] if any finitely generated right ideal in R
is principal.

A row (a1, as, ..., ay) of elements of a ring R is a right untmodular row if there are
clements z; € R, 1 <i < n, with a;z; +asza+ - -+anx, = 1. A positive integer d is
called a the stable rank [4] of R if for any unimodular row (a;,as,...,an) with n > d,
there are elements b;, 1 < i < n—1 such that the row (a; +anb1,...,an_1+anba_1)
is again right unimodular.

Theorem 1. Let R be a ring of stable rank 1. Then for any elements a,b € R with
aR + bR = R there is a matriz M € GE2(R) such that

(a,b)M = (1,0).
Proof. Since R is a ring of stable rank 1, there are elements ¢,w € R such that

(a+bt)w = 1.
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(e 1) ") Gl 1) (o) =0

The proof in complete.

Then

Theorem 2. Let R be a ring of stable rank 2. Then for any elements a,b,c € R with
aR+ bR+ cR = R there is a matriz M € GE3(R) such that

(a,b,¢)M = (1,0,0).
Proof. Since R is a ring of a stable rank < 2, there exist z,y,p, ¢ € R such that
(a+cz)p+ (b+cy)g = 1.
Then
1 0 0
(a,b,c){ 0 1 0] =(a+ez,b+cy,c)
y 1

x

and

1 0 p{l—¢

(a+cz,b+cy,c)|{ 0 1 g(l-c) | =(atcz,btcyl).
0 0 1

It is clear that the row {(a+cz, b+cy, 1) can be transformed into (1, 0, 0) by elementary
transformations.
The proof in complete.

Corollary 1. Let R be a ring of stable rank 1. Then for any elements a,b,c € R
with aR 4+ bR 4+ ¢R = R there is a matriz M € GE3s(R) such that

(a,b,c)M = (1,0,0).
Theorem 3. Let R be a right Bezout ring of stable rank 1. Then for any elements
a,b € R there 1s a mairiz M € GE3(R) such that
(a,b)M = (,0), a€R.

Proof. Since R is a right Bezout ring, the ideal aR+ bR is principal and thus equal
to dR for some d € R. Then a = dag, b = dby, au + bv = d, ag,bp,u,v € R. Let
eg = 1 — apu — bov. Then deg = 0 and agR+ boR = R.

Since R is a ring of stable rank 1, there are elements t, w € Rsuch that (ao+bot)w =
1. Then :

d(ag + bot)w = (a + bt)w = d.

(a,b)(i ‘1’) ({1) ‘”(11“"“))((1} _lw)_—.(a+bt,0).

which finishes the proof.

Thus
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Theorem 4. Let R be a right Bezout ring of stable rank 2. Then for any elements
a,b,c € R there is a matrizr M € GE3(R) such that

(a,b,e)M = (a,$,0), a,B€R.

Proof. Let aR+ bR+ cR = dR,d € R. Then a = dag, b = dby, ¢ = dcg,
au + bv + cw = d, ag, bg, co, u,v,w € R. Let eg = 1 — agu — bov — cow. Then deg =0
and agR + bgR+ coR = R.

Since R is a ring of stable rank 2, there exist z,y,p, ¢ € R such that

(a0 + coz)p + (bo + coy)g = 1.

Then
d(ag -+ C(}&':)p + d(q’)g + ng)q =
:(a+cx]p+(b+cy)q=ap+bq+c(a:p'+yq)::d.
Thus
1 00
(a,0,¢) |0 1 0] =(a+cz,b+cy,c),
x y 1/
1 0 p(l—Cg)
(a+cx,b+ecyc) |0 1 g(l=co) | =(a+ecz,b+cy,d)
0 0 1
and
1 0 —p
(a+czx,b+ecy,d)| 0 1 —¢ = (a+cz,b+cy,0),
0 0 1

which finishes the proof.

Corollary 2. Let R be a right Bezout ring of stable rank 1. Then for any elements
a,b.c € R there is a matriz M € GE3(R) such that

(a,b,c)M = (o, 8,0), a,B€ER.
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EJJEMEHTAPHI IEPETBOPEHHA PAAKIB
HAA KIJIbIOAMU CTABIJIBHOT'O PAHTY <2

O. Pomanins

JIveiacbruti nHaylonaavHul yHieepcumem isment leana Ppanxa,
eya. Ynieepcumemcvxa, 1 79000 Jvete, Yxpaina

JloBeneHo, mo Haj KiabneM R ctablibHoro panry < 2 JoBiabHUM pAJoK (a,b, c) €
R? rakmit, wo aR + bR + cR = R, eleMeHTApDHUMM NEPETBOPEHHAMH 3BOAUTHLCA JO
puraaay (1,0,0). Tokasaro, mo Haj npasuM Kinenem Besy R crabiibaoro panry < 2
noBiabEmE pagok (a, b, c) € R 3a gonoMoroio ereMeHTapHEX NEPETBOPEHb 3BOJUTHCH
ao suraaay (a,B,0), a,B € R.

Katwouost caosa: cTablibHUM paHr, Kiasle Beay, ereMenTapHa peaykiia.
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