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�	���� � ���������� ����� D = {z : |z| < 1}
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������� �
 ./01 234/5�� f(z) = z +
∞∑

k=2

fkzk � 67� 88 �1��94� �4�:���;4� < 1941
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f � 67� 88 �1��94� f (nk) �4�:���;4� � 1941:�7�� 6 /�3A� D� ./01
∞∑

k=1

1
nk

= +∞, �1 f

> 5�:� 234/5���
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lim
j→∞

{
ln nj − 1

nj

j∑
s=1

(ns − ns−1) ln(ns − ns−1)

}
= +∞. (1)
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 ������������ ������� �
 �� �
 5$�!& ������( f(z) =
∞∑

k=0

fkzk !�!
�4

����! � ����� D = {z : |z| < 1}� ! n(w) - ��
3��	�3 ���$��� ����(��( f(z) = w �
�3��� ������ 6�����( f �!���!7�3	( p4
�	��� (p ∈ N) � D� (�'� n(w) ≤ p �
( �	��
w ∈ C � n(w0) = p �
( �$(��*� w0 ∈ C�
8� � � "9� :� ,;� ��# ���&�$��

p(ρ) =
1
2π

2π∫
0

n(ρeiθ)dθ

�

W (R) =

R∫
0

p(ρ)d(ρ2) =
1
π

2π∫
0

R∫
0

n(ρeiθ)ρdρdθ.

8�'� W (R) ≤ pR2 (p > 0) �
( �	�� R ∈ (0, +∞)� �� f �!���!7�3	( � 	$�$��3���
p4
�	��� � ����� D� <������
� �!�$= (�'� ������( f 7 p4
�	��� � ����� D� �� ���!
� �3��� ����� 7 � 	$�$��3��� p4
�	���� < ��.�*� >���� �	����3 0����� �!����
!�� "9�
	� 9?#1 p4
�	�� � 	$�$��3��� �������� (�� �$ 7 p4
�	�����
@����� "9� :� ;�# �!�$= (�'� f 7 � 	$�$��3��� p4
�	��� ������7� � D� �� �
( �	��

k ∈ N ��!��
3�� ������

|fk| ≤




Qpµpk
2p−1, p > 1/4,

Qp|f0|k−1/2 ln (k + 1), p = 1/4,

Qp|f0|k−1/2 ln1/2 (k + 1), 0 < p < 1/4,

�$ Qp = (p + 2)23p−1 exp{pπ2 + 1/2} � µp = max{|aν | : ν ≤ p}� <������
�� (�'�
������( f � 	$�$��3��� p14
�	�! � p ≥ p1� �� f 7 � 	$�$��3��� p4
�	���� %���
��
$�� ��!
!��� '� p ∈ N � ������	�����!�� ��
3�� �$�.� � �!�$�$��� �������
��>��

|fk| ≤ Qp max{|aν | : ν ≤ p}k2p−1 (k ≥ 1). (2)
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f (n)(z) =
∞∑

k=0

(n + k)!
k!

fn+kzk

7 � 	$�$��3��� p4
�	��� � D ������7�� �� � �*
(�� �! �$�����	�3 0,1 �!7��

(n + k)!
k!

|fn+k| ≤ Qpk
2p−1 max

{
(ν + n)!

ν!
|fν+n| : ν ≤ p

}
=
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= Qpk
2p−1 max

{
(n + p)!

p!
|fn+p|, (n + p − 1)!

(p − 1)!
|fn+p−1|, . . . , n!

0!
|fn|

}
.

<���	� �
( k = p + 1 ������7��

|fn+p+1| ≤ Qp(p + 1)2p−1(p + 1)! max
{ |fn+p|

n + p + 1
,

|fn+p−1|
(n + p + 1)(n + p)

, . . . ,

|fn+1|
(n + p + 1) . . . (n + 2)

,
|fn|

(n + p + 1) . . . (n + 1)

}
.

A�
$� �
( �	�� k ≥ p

|fk+1| ≤ Bp

k + 1
max

{
|fk|, |fk−1|

k
, . . . ,

|fk−p+1|
k . . . (k − p + 2)

,
|fk−p|

k . . . (k − p + 1)

}
,

�$ Bp = Qp(p+1)2p−1(p+1)! @�����	������� �� �$�����	�3� ���������� ������7��

|fk+1| ≤ Bp

k + 1
max

{
Bp

k
max

{
|fk−1|, |fk−2|

k − 1
, . . . ,

|fk−1−p|
(k − 1) . . . (k − p)

}
,

|fk−1|
k

, . . . ,
|fk−p+1|

k . . . (k − p + 2)
,

|fk−p|
k . . . (k − p + 1)

}
=

=
B2

p

(k + 1)k
max

{
|fk−1|, |fk−2|

k − 1
, . . . ,

|fk−1−p|
(k − 1) . . . (k − p)

}
≤ · · · ≤

≤ Bk−p+1
p

(k + 1)k . . . (p + 1)
max

{
|fp|, |fp−1|

p
, . . . ,

|f1|
p!

,
|f0|
p!

}
= Cp

Bk
p

(k + 1)!
,

�$ Cp = :BCDE > 0� < �	�!��3�� �$�����	�� ���
��!7� '� f - ��
! ������( $�	���$�4
��!
3��*� ����� (��& �$ �$�$��'�7 Bp� %$��$�� � ���$�$���

!
 "����� ������� #
 ��������
 F����	���� �$�$�� '� �$ �	� f (n) � 	$4
�$��3��� p4
�	�� ������� � D� !
$ �	��7 ���	�!��! ��	
������	�3 (nj) �!�!� '� �	�
f (nj) � 	$�$��3��� p4
�	�� ������� � D� @�!
!���$��� '� n0 = 0� %���� (� >�
�
���!�!�� ��'$� �
( �	�� k ≥ 1 � j ≥ 0

|fnj+k| ≤ Qp
k2p−1k!
(nj + k)!

max
{

(nj + ν)!
ν!

|fnj+ν | : ν ≤ p

}
. (3)

<���$�!�

|fnj+ν | = |fnj−1+nj−nj−1+ν | ≤ Qp
(nj − nj−1 + ν)2p−1(nj − nj−1 + ν)!

(nj + ν)!
×

× max
0≤µ≤p

{
(nj−1 + µ)!

µ!
|fnj−1+µ|

}
. (4)

5$�!& 1 ≤ m ≤ nj+1 − nj � %��� � 0�1 � 091 �!7��

|fnj+m| ≤ Qp
m2p−1m!
(nj + m)!

max
0≤ν≤p

{
(nj + ν)!

ν!
Qp

(nj − nj−1 + ν)2p−1(nj − nj−1 + ν)!
(nj + ν)!

}
×
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× max
0≤µ≤p

{
(nj−1 + µ)!

µ!
|fnj−1+µ|

}

�� �	��
3��
(m + ν)!

ν!
≤ (m + p)!

p!
�
( �	�� m > 1 � 0 ≤ ν ≤ p� ��

|fnj+m| ≤ Q2
p

p!
m2p−1m!(nj − nj−1 + p)2p−1(nj − nj−1 + p)!

(nj + m)!
×

× max
0≤ν≤p

{
(nj−1 + ν)!

ν!
|fnj−1+ν |

}
.

<!	��	������ �� |fnj−1+ν | �$�����	�3 091� ����	�� (� ��'$� ������7��

|fnj+m| ≤ Q3
p

(p!)2
m2p−1m!
(nj + m)!

(nj − nj−1 + p)2p−1(nj − nj−1 + p)!×

×(nj−1 − nj−2 + p)2p−1(nj−1 − nj−2 + p)! max
0≤ν≤p

{
(nj−2 + ν)!

ν!
|fnj−2+ν |

}

�� ������
���� ����$	� ��������� �� ��!��
3��� �
( �	�� j ≥ 0� �	��
1 ≤ m ≤ nj+1 − nj � �$(��� ���!���� 	�!
�� Bp �$�����	��

|fnj+m| ≤ Bp

(
Qp

p!

)j
m2p−1m!
(nj + m)!

j∏
s=1

(ns − ns−1 + p)2p−1

j∏
s=1

(ns − ns−1 + p)! (5)
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������� �
 ����< (nj) > A�17��B;� �17:�9164�7�? 4��3��:?4�� ;�7�: � n0 = 0�
C:� �1@1= 01D 9:� /1E41@1 p ∈ (0, +∞) � /1E418 �4�:���;418 6 D 234/5�8 f A
p
:�7�17�� 3 7���94?1�3 6 D 67�� �1��94�� f (nj) 6��:�6�:1= 01 f > 5�:� 234/5��=
4�1D��941 � 917���4?1= 01D 6�/1436�:�7? 3�16� GHI�

���������� @ ",# ���!�!�� �!�$= (�'� ����! 0�1 �$ ������7�3	(� �� �	��7 !�!
�����!
� D ������( f � (�! �$ 7 ��
��� !
$ �	� ������� f (nj) ����
�	�� � D �������� <���	�
���
��!7 �$�>�����	�3 ����� 0�1 � �$��$�� ,�
���$�$�� ��	�!���	�3 ����� 0�1� < 0�1 �
( j ≥ 0 � 1 ≤ m ≤ nj+1 − nj ������7��

1
nj + m

ln
1

|fnj+m| ≥ − lnBp + j(ln Qp − ln p!) + (2p − 1) lnm

nj + m
+

+
ln(nj + m)!

nj + m
− ln m!

nj + m
− 2p − 1

nj + m

j∑
s=1

ln(ns − ns−1 + p)−

− 1
nj + m

j∑
s=1

ln(ns − ns−1 + p)! (6)
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<������
�� '� �$�.�& ���!��� � ��!���� >��� 0;1 7 �>�$
$��� �$
������� �!
��
������	������� �����
� ����
��*! n! = nne−n

√
2πn exp{−θn/(12n)}� 0 < θn < 1,

�!7��
ln(nj + m)!

nj + m
= ln(nj + m) + O(1),

ln m!
nj + m

=
m ln m

nj + m
+ O(1)

��� j → ∞ �
ln(ns − ns−1 + p)! =

= (ns − ns−1 + p) ln(ns − ns−1 + p) +
1
2

ln(ns − ns−1 + p) + O(1) ≥

≥ (ns − ns−1) ln(ns − ns−1) +
2p + 1

2
ln(ns − ns−1 + p) + O(1)

��� s → ∞� <!��!
��.� '$� '�
j∑

s=1
ln(ns − ns−1 + p) ≤ nj + jp, � 0;1� ������7��

�$�����	�3

1
nj + m

ln
1

|fnj+m| ≥
1

nj + m
{(nj + m) ln(nj + m) − m ln m − Aj}+O(1), j → ∞, (7)

�
( �	�� 1 ≤ m ≤ nj+1 − nj � �$ Aj =
j∑

s=1
(ns − ns−1) ln(ns − ns−1).

G��*
(�$�� �������

Φ(x) =
1

nj + x
{(nj + x) ln(nj + x) − x ln x − Aj} , 1 ≤ x ≤ nj+1 − nj .

A	��
3�� Φ′(x) = (Aj − nj ln x)/(nj + x)2� �� �! [1, +∞) ������( Φ �!7 7���� �����
$�	��$���� x = exp{Aj/nj}� (�! 7 ������ �!�	������ %��� min{Φ(x) : 1 ≤ x ≤
≤nj+1−nj}=min{Φ(1), Φ(nj+1−nj)}� ! � 0�1 ���
��!7� '� �
( �	�� 1≤m≤nj+1−nj

1
nj + m

ln
1

|fnj+m| ≥ min
{

1
nj + 1

((nj + 1) ln(nj + 1) − Aj) ,

1
nj+1

(nj+1 ln nj+1 − (nj+1 − nj) ln(nj+1 − nj) − Aj)
}

+ O(1) ≥

≥ min
{

ln nj − Aj

nj
, ln nj+1 − Aj+1

nj+1

}
+ O(1), j → ∞.

< �*
(�� �! ����� 0�1� ���
��!7� '�
1
k

ln
1

|fk| → +∞� k → ∞� ��>�� f - ��
! ������(�
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