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MOANPIKALIA Y3ATAJIBHEHOI'O IIOPAJKY HI1JIOTO
PAIAY AIPIXJIE TA II BACTOCYBAHHA

Muxaitiio SEJIICKO

Jveiscoruli HayionaavHul yrisepcumem imeni Isana DPparka,
79000, JIveis, eys. Yuisepcumemcora, 1

Mozaudikosamo y3aranpueni nopsaku [lepemern i 3a3nadeHo IxHe 3acTOCyBaH-
HSI 0 BUBYEHHS aCHMIITOTHYIHOTO ITOBOZKEHHS IMINX (DYHKIIIH, 33/IaHUX CTEeIeHeBU-
Mu psmamu abo psmamu lipixire.

Karuost caosa: mina dyukmisa, pax lipixire, y3araapHeHnil MOPsSI0K.

1. @opmysoBaHHs pe3yJbTaTiB. 3POCTaHHS ILJ10T DYHKITIT

f2) =) apz" (1)
n=0

OTOTOXKHIOIOTD 31 3pocranusam i Makcumymy momynst My(r) = max{|f(z)| : |z| = r},
a Ui XapaKTepUCTHKU 3pocranus My(r) mepeBaKHO BHKOPHCTOBYIOTH HOPSIOK
— Inln M — 1
of] = lim Lf(r) Ba Teopemoro Amamapa [1| o[f] = lim namn s
r—+00 Inr n—oo — In |an|
xapakrepucruku 3pocranns My(r) y sBumaaxy, xonu o[f] = 0, II. Kamcen [2| BBis
— Inln Ms(r
norapudmivamii nopsmok p[f] = lim 7]0() i 3a ymoeu p[f] > 1 nosis, mpo

| r—+oo Inlnr
— nn
plf]= lim ————— + 1.
In (— In —)
nolan|

Hnst nimux GyHKIi# HeCKIHIeHHOrO MOpsIKy 3pOCcTaHHs M y(r) BUBYAIOTH 3a JOIO-
MOrowo JocKoHasimux mkas 3pocranusd. A. lbonrare [3] nopiBuioBaB Jesiky irepaiito
norapudma Big My (r) 3 inmoro itepamniero morapudma Bin r. [ A. @pinman [4] irepanil
Bix In My(r) nopiBHIOBaB 3 ZOCHTH IPABMIBHO 3pocratounmu yukuismu sig r. Haitza-
raJjbHinry mkaiay 3pocrantas Beis M.M. Illepemera [5].

Yepe3 L mo3HAYNMO KJIAC JOJATHUX HEMEPEPBHUX 3POCTarodunx 110 400 Ha [0, +00)
byukuiit i, ax B [5], 6ymemo rosoputu, mo « € LY, axmo a((1+o(1))z) = (1+0(1))a(z)
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upu & — +00, 1 & € Ly, axio a(cz) ~ ax) upu x — 400 1 6yap-sakoro ¢ € (0, +00),
TOOTO (v — MOBLIBHO 3POCTAI0YA, (DYHKITIS.

Hnga a« € L i f € L y3araJbHeHHM TOPSIKOM 1101 (byHKIT f HAa3UBAETHCS
BeJINYUHA f m ———. IOBEJICHO TaKe: AKI0 «
Qaﬁ . 6(1 ) n3

s~ (ca(z))

g e L°i 70 = O(1) mpu z — oo mua Oymp-akoro ¢ € (0,+00), TO
nx
0aplf] = lim %. Hnst minux  yHKINH HYJI0BOTO MOPSIKY y3arasib-
n—oo
16} (— In —)
no|ay|

. = a(Ilnln My(r))
HEeHWI Topsamok o4(f] = TEIJPOO a(nln )

dail(ca(x)) < AeBa_l(

BBeJeHo B [6], me moBeneno rake:

AKIO & € Ly, 10 < c(®) g Gyap-siKOro ¢ € (0, +00),

dz
BCiXx © > xo(c) Ta meskmx momaramx crammx A i B, 1o g4[f] = max{l,k.[f]}, me
— 1
ko[f] = lim a(ln n)l . Hemaxkko mokazaru, mo o, = max{l,d.[f]}, ne
T <1n <—ln—>)
no |an|
. — 1 In Mg(r)
o =1 1
dal] roros a(lnln T)a <n Inr

TOMy BHHHKAIOTH IIMTaHHA.

IIpo6aema . Yu npasuavha pienicmsv Oo[f] = kalf] 4, 3 02420y na osnauwenns o4|f],
AK BMIHABCA Hasedeni peayavmamu XK. Adamapa, II. Kamcena ma M.M. Illepememu,
AKUWO 3POCMaHKA Yinol Pynryii eumipamu ne e mepminax In Ms(r), a 6 mepminax
In My(r) In My(r)

Inr In r
Pynryii), mobmo ysazarvrenuil nopsadox uinoi dynkuii (1) esecmu y eueandi

1 CnMﬂﬂ)?

Qaslf] = TETOO B(ln r) @ Inr

(3aysasicumo, wo — 400 (r — +00) das mpancyerdenmuoi yiaoi

Binmosigp Ha 11l TUTAHHA A€ TaKa TEOPEMA.

Teopema 1. Sxwo o € Ly, i B € L°, mo jop[f] = lim ()

3 <_1n_>
no|an|

IIs Teopema € Ge3mocepe HIM HACTIIKOM JTOBEICHOI HUKYIE TEOPEMHU 2 JIJIS [LINX PSIIiB
Hipixae. Jus uisoro (abcosorno 36ixuoro 8 C) pany dipixie

F(s) = Z ane*, s=o +it, (2)
n=0

31 3POCTAIOYUOIO JI0 +00 MOC/IJOBHICTIO HEBII EMHUX MOKA3HUKIB A, npuiimemo M (o, F) =
= sup{|F (o + it)| : t € R}. 2K. Pirr [7], y3aragsHioroun teopemy Anamapa, BeiB R-

— Inln M(o,F) . .
HOPSAZIOK 9R = lirf Inln Mo, F') iza ymoeu Inn = O(\,) (n — o0) OoBiB, 1O
o——+4o0 o
T )\TL 1n )\TL . . . .
or = lim —————. A. Aszuiria [8] noka3as, W0 us PIBHICTH € HPABUJILHOIO 33 yMOBH

n—00 —ln|an| ’
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— a(ln M(o, F))

Inn = o(A,1In A,), n — oco. Y3aranbHeHi HOpAKHE 0a3[F] = lirf T BBe-
o—1T00 g
d —1
neni B [9], 1e, 30kpema, J0BejieHO Take: AKIO & € Ly,, 3 € LY, w =0(1)
nzx
(r — +00) ilnn = o(A.B Y ca(N,))) mna Gymp-sixoro ¢ € (0,+00), T0 ap[F] =
= An . .
= lim %. Ko XK y3araJbHEHHH MOPSIOK Iijaoro psiay Jlipixime o3na-
n—oo L 1 L
(3 )
. — 1 In M(o, F)
GUTH y BUIIAAL fag[F] = lim Q@ , TO MPABUJIbHA, TaKa TEOPEMA.
oc—+o0 (3(0) o
Teopema 2. kw0 a € Lys, B € L ilnn= oM\, (ca(\,))), n — oo, das xoscrozo
_ An
¢ € (0,400), mo fag[F] = kag[F] =: lim %.
n—oo L 1 L
(3 )
Ipuiimemo M (o, F) = Z|an|exp{a)\n}. Busuennio 3B’3Ky MiXK 3pPOCTAHHSM

n=0
M(o,F) i My(o, F) npucssiuero npari [10-12]. 3okpema, B [12] moBeseHO Take: SKIIO
MTOKA3HWKMU Tijoro pany lipixye ckindeHHOro R-TIOPAAKY ORr 3aJ0BOIBHAIOTH YMOBY

- — In M F)—In M(o, F
lim <7< 400, 70 lim n Mi(o, F) —In Mo, F) < E.
n—oo 11’1 n o——+00 g 2

3acTocyBaHHs y3araJbHEHUX TOPSIKIB A€ TaKUH PE3yJIbTAT.

Teopema 3. ko a € Ly, B € L ilnn= o\, (ca(\,))), n — oo, das xoscrozo
1 lan(a,F)—lnM(a,F))
a < DaplF].
B(0) < "
SayBaxkumo, 1m0 1j1s minx psamiB lipixie ckingennoro R-mopsaaky or 3 Teopemu 3
orpumyemo oniHky lim —Inln ———
Ly B yGHJrooa M(o, F)
Buie ouinku 3 [12], aje Bona Bukonyerbcs 3a ymosu In n = o(A, In A,), n — oo, sika €
3HAYHO mupioio Bix ymosu In n = O(ln A,), n — oo.

c € (0,+00), mo lim
n— oo g

< 9R, dKa € 3HAYHO TipIIOI0 BiJi HABEIEHOL

2. JloBeJleHHSI OCHOBHHX Pe3yJIbTaTiB.
Josenenns teopemn 2. Ilpumyctumo, mo (.g[F] < +oo, i Hexait u(o,F) =
= max{|a,|exp{oA,} : n > 0} — makcumanpuuit wien pany (2). Toxi mnaa Gynb-
AKOro 9 > P 3[F] 1 BCix 0 > 0¢(0), 3 ornany ua nepisuicrs Kowi, maemo In |ay, | + oX, <
<Inpu(o,F) <In M(o,F) < oca"(0B(0)) i, otke, Inla,| < o(at(0B(c)) — \y) mas
Bcix n =010 = op(p).

1
Bubepemo 0 = o, = 7} (—a(a)\n)>, ne € > 0 — nosuibue uucso. Toni o, = 0¢(p)

1

atst Beix n = ng(o, €) 1, orxe, Infa,| < —(1—e)A\, 87! (—a(a)\n)> JUts Beix n > no (o, €),
0

alel,)

1 Ty S¢
y ((1 — mm)

TOOTO
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Ockimbku o € Ly, 10 a(e),) ~ a(\,) npu n — oo. 3 ymosu 8 € L° sunsmsae

(mus., manpuktas, [13]), mo lim M =A(e) \,1 (g — 0). Tomy 3 ocTaHHBOI
A Bla)
HEPIBHOCTI 3a PaxXyHOK JOBLABHOCTI € OTpUMYEMO HepiBHiCTB kog[F| < . 3aBagku mo-
BinbHOCTL 0 > fapg[F], 3Bincu omepxKyeMo HepiBHICTD kog[F] < 0as|F], sIKa € 0UeBUAHOIO,
AKIIO Jag[F] = +00.
IIpumycrumo renep Bix CynporuBHOro, mwo kog[F] < das|F] 1 BuGepemo kog[F] < 0 <

1
< Pap[F]. Tomi gma Bcix n > np(p) Maemo Inlay,| < A\t (—a()\n)>, TOOTO JJIA
0

JOCHUTDb BEJIMKHX 0 Ma€MO

In p(o, F) = max{ max {ln|a,| + oA, }, I>na)(< ){1n lan| + a/\n}} <
n>no(e

n<no(e)
< max{K (o), In p* (o, F)}, (3)
ae In pi* (o, F) = x| {/\n (a -8 (%O‘(/\n))) }

—1
(1 . .
Akmmo n rake, mo o — 3 —a(A,) | <0, ro Bupas y dirypuux pyzxkax Big'em-
0

auii i ockinbku Ilnp*(o,F) — 400, o — 400, TO [jid UEHTPAJIBHOIO IHJIEK-
1
cy v"(o,F) = max {n D An <O’ -5t (—a()\n)>) =1In p*(o, F)} MaEMO HEPIBHICTDH
o
1
o—p7t (—a()\y*(U_F)) = 0, 10610 Ay« (0, 7) < a~YoB(0)), o = 0y.
0 ; ;
Buxkopucrosyiouu Binomy pisuicrs [14, ¢. 17| In p* (o, F') = In p* (oo, F)+/ A (¢, ) dt,

o0
OTPUMYEMO

b (0. F) < [ 0" (@B(6)dt +1n (00, F) < 0™ (08(0)) (0 — on) +In (o0, F) =
— (1+ o(1))a (B(0))o, & — +o0.
Bpincu i 3 (3) BumuBae Take: aKmo « € L,, i 3 € LY, 10

T, oo (B0 o @)

oo B(a) o

Ockinbku In n = o (Anﬁ_l <1a()\n)>> mpr n — 00 i —Inla,| = \,S! (la()\n)>
o 0

S|
(n = no(e)), To ho =: lim _12|Zn|

icuye crama Ag(e) > 0 raka, mo mias Beix o > 0 npaswibHa HepiBricts M (o, F') <

= 0. Tomy [14, c. 23] nna xoxuoro ¢ € (0,1)

< Ao(e)p 1L—5’ F |, a3 orusany na (4) it ymoBy o € Ly,

buslF] < Tim 1 a(lnﬂ(o/(l—s)aF)): o 1 a(lny(o,F))

o—+o0 B(0) o o=+ B((1 —€)o) o
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Ockinbku 3 € L°, To, A1k 3a3Ha9a7T0CH, OTPUMYEMO HEPIBHICTD do5[F] < 0, M0 HeMOMKIH-
BO. Otrike, fag[F]| = kapg|F]. Teopemy 2 moBemeHo.

Josenennst reopemu 3. Y Bunazky, xomu gng[F] = 400, Teopema 3 oueBnnna. ko

K Qug[F] < 400, TO ,JIJ'IEI Oynb-aKoro ¢ > faa[F] 1 BCix n > no(g) 3a reopemoro 2

MaeMo |a,| < exp { A 87" ((An)/0) }. Hexait n(t) = Z 1 — niumnbHa GyHKIIA TOCTI-
An<t

nosrocti. 3posymino, mo roai In n(t) = o (tB" (a(t)/0)) npu t — +oo. Ilpuitmemo

(o) =a Y eB(a(1l +¢€))), e > 0. Toai nist BCIX JOCUTH BEJIMKUX O MAEMO

ag

> Janlexpfoda} < >0 exp{ -, B (%a(/\n)) 1—W

1
)\n>7(‘7) )\n>'7(0') Ea()\n)>

N

< Y expl —Ap7! (éa()\n)) 1- ( (())) -

< ]

)oro )
/{—< e () ()
-+ ] ool () o g ) -

v(o)

An
= Z exXp {—1&:—_’_5 <

An>v(0) )

5 1

Sk Bugmo 3 nosenenns gemu 13 [12], My (o, F)< M (o, F)\/n(y(o)+ Y. |anlexp{ocA,}.

)\'n>'7(‘7)
Towy In My(o, F) — In M(o, F) < Llnn(1(0)) + o(1) = o (3(@)3~ (a(3(0))/0)) <
< caYoeB(e(1 +¢))), o > oo, 3BiacH, 3 ornamy na ymosy 3 € L° i mosimbmicTsh
€ > 0, JIerko BUILINBAE MOTPiOHA HEPIBHICTH.
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MODIFICATION OF GENERALIZED ORDER AND AS
APPLICATION

Mykhaylo ZELISKO

Ivan Franko National University of L’ viv,
79000, L’viv, Universytets’ka str., 1

It is modified generalized orders of Sheremeta and indicated their applications
to the study of asymptotic behaviours of entire function given by power series or
Dirichlet series.

Key words: entire function, Dirichlet series, generalized order.
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