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� �	
	��
� ��	��� ������ �	�����	�� ������� �
 �!�"#$�� � ��	 ���
 �! �
%�&�%�
�!� �!��!�!'��� (�!���)��� �!������

� �*� ��� q ∈ (1, qc)� �( qc = n+1
n−1 � # ��� ��� q = 2� # �+� ��� q ∈ [qc, 2]� ��� ��� q > qc

�# �!, )� �! ��� q > 2� �
 �!�"#-�� � ����
�	 ��	'
��� %�	)(�� g �
%�&�%�!� %	�	)!

∆u = |u|q−1u, x ∈ Ω, u |∂Ω = g.

.�� q ∈ (1, qc) ��%�	)(�
 
��
%�	)�# �
%�&�%�! �� %	�	)! ��� �
�!���
/ g !% ��
 �
�
�# 
�,("(��� ,!� 0
�(�� �	 ∂Ω� 1 ��� �(%#���	�!� �	�
" ������	-� 2
 ��� q≥ qc
#%	
	���(��� ��	'
��� %�	)(���,!� ,
"( �( ! �#�	��� 1	�	)! % ,!�	,� �	�
" ����
)	�� # �3��4��

5!�
,
 ����� �!��!

�� # ��*��� 2
 �
%�&�%
� �!�!'�


 
��
�!��


 �!������ �	�
�#�	- #%	
	���(��� ��	'
��� %�	)(�� !% ��
 �
�# (C∞)′ �
�! ! �!���� �
�!� �
�� �!�
�	�("��� �
 �(��


 �	

�


 L1���
 �
�#�

� ��*���� %	��
�
�
�	�
 ,(�
� �
 �!�"(��� ��	'
��� %	�	) ��� ��	%!�!�!'��� %


�
���,� �!�!'��,� )	 ���	,� ��	�! �!��!�!'���� (�!���)��� ! �	�	�
�!)��� �!��
���� ��� %	�	��� �	 ,("! 
��	 �! #%	
	���(��� 6#���!��� 1 �(%#���	�!� ��+� ����
���	-� %
��(,	� �
%�&�%�! �� %	�	)!

∆u = |u|q, x ∈ Ω, u |∂Ω = g

�© ��������	
� ���
��� ����
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# �(��
,# �	

�
,# L1���
 �
�! ��� �
�!���!' g ∈ (C∞(S))′ �	 ��� q ∈ (0, q0)� �(
q0 ∈ (0, 1) ! %	�("��� �!� �
����#  ��
#����
 �! #%	
	���(�
/ 6#���!/ g�

7#� �
 �!�"#-,
 �
%�&�%�! �� �
�,	���
/ ��	'
�
/ %	�	)! ��� �!��!�!'�


 (�!��
��)�


 �!������ �
����# 2m < n � 
�,("(�!' 
��	 �! Ω ⊂ R

n� n ≥ 3� # �	

�
,#
L1���
 �
�! ��� %	�	��� �	 ,("! 
��	 �! #%	
	���(��� 6#���!��� 1&� 
�#-,
� � ��
�
,#  (� ! �
%�&�%
� �!������ �	�#�	- �	 ,("! %	�	��� #%	
	���(��� ��	'
��� %�	�
)(��� ��� �
�(�(��� �
%�&�%�
 �! ���
�� �
�#-,
 ,(�
� %�(�(��� �	�
/ #%	
	���(�
/
��	'
�
/ %	�	)! �
 !��(
�
��6(�(��!	���


 �!������ # �	

�
,# L1���
 �
�!�

�� ������� ����������� ������������� � ��!� �� 8(�	' Ω 9 
�,("(�	

��	 �� � R

n % ,("($ S ��	 # C∞� # �!' %	�	�
 (�!���)��' ��6(�(��!	����' ���
�	% A(x,D) =

∑
|α|≤2m

aα(x)Dα �
����# 2m < n� aα ∈ C∞(Ω)� �	 S %	�	�! ��	'
�!

��6(�(��!	���! ���	%� Bj(x,D) =
∑

|α|≤mj

bjα(x)Dα� bjα ∈ C∞(S)� j = 1,m�  � �(,	

{Bj(x,D)}m
j=1 �
�,	���	 ! %	�
�
����- #,
�# :
�	��� ��


 ��� A(x,D)� 8(�	'

{Tj(x,D)}m
j=1� {B̂j(x,D)}m

j=1� {T̂j(x,D)}m
j=1 9 �	�! �
�,	���!  � �(,� ��6(�(��!	���

��� ���	%!� �!��
�!��
 �
����!� m̂j , 2m−mj −1, 2m−m̂j −1� j = 1,m ������ �	�����
�	�� ��3��� 2
 ��	�����	 6
�,#�	 ;�!�	

∫

Ω

(vAu − uA∗v)dx =
m∑

j=1

∫

S

(T̂jvBju− B̂jvTju)dS, u, v ∈ C∞(Ω). ���

8(�	' ε0 9 6!� 
�	�( ,	�( )� �
� �	�( 2
 ��� ε ∈ (0, ε0) �	�	�(���! �
 �
�(���!
S �
�(���! Sε = {xε = x + εν(x) : x ∈ S} �	�
" - �( �!�)(��
 ��6(�(��!'
���,��
7#� ν(x) 9 
�� ��#��!<��
/ �
�,	�! �
 �
�(���! S # �
)�! x ∈ S�

��� �
�!���
/ 6!� 
�	�
/ �
)�� x̂ ∈ S �
%�	)	-,
 )(�(% �(x, x̂) (x ∈ Ω) �( �!��
)(��
 ��6(�(��!'
��# 6#���!$� ��	 �
�	��	 � Ω\{x̂}� ,	- �
���
� |x− x̂| # �(��
,#

�
�! �
)�� x̂� �(x̂, x̂) = 0� )(�(% �(x) 9 �( �!�)(��
 ��6(�(��!'
��# 6#���!$� ��	
�
�	��	 � (�(���! Ω �	 ,	- �
���
� �!� �	�! d(x) �!� �
)�� x ∈ Ω �
 S� 7	�
"
��	"	-,
� 2
 �(x) = 1 ��� d(x) ≥ ε0� �(x, x̂) = 1 ��� |x− x̂| ≥ ε0 ��� � !� x ∈ Ω�

=� # ��*� >� 4�� ��� s ≥ 0 �	 k ≥ −m̂−1� �( m̂ = min
1≤j≤m

(m̂j)� ��%�	)	-,
 6#���!'�!

��
 �
��?

Zs(Ω) = {ϕ ∈ C∞(Ω) : �|α|−sDαϕ ∈ C(Ω) ∀α� ��2
 s �(�!�( �	 Dαϕ
ln� ∈ C(Ω)� ��2


|α| = s ∈ N ∪ {0}}�
Zk(Ω, x̂) = {ϕ ∈ C∞(Ω \ {x̂}) : �|α|−k(·, x̂)Dαϕ ∈ C(Ω) ∀α� ��2
 k �(�!�( �	

Dαϕ
ln�(·,x̂) ∈ C(Ω)� ��2
 |α| = k ∈ N ∪ {0}}�

Zs(S, x̂) = {ϕ ∈ C∞(S)? �|α|−s(·, x̂)Dαϕ ∈ C(S) ∀α� ��2
 s �(�!�( �	
Dαϕ

ln�(·,x̂) ∈ C(S)� ��2
 |α| = s ∈ N ∪ {0}}�
Xs(Ω) = {ψ ∈ C∞(Ω) : A∗ψ = O(�s(x)) ��� d(x) → 0� B̂jψ = 0, j = 1,m}�
Xk(Ω, x̂) = {ψ ∈ Zk+2m(Ω, x̂) : A∗ψ(x) = O(�k(x, x̂)) ��� |x− x̂| → 0�

T̂jψ ∈ Zk+mj+1(S, x̂), B̂jψ = 0� j = 1,m} �%
!��
 % ��*�� ���� ��
 �
�� Xs(Ω) �	

Xk(Ω, x̂) �(�
�
"�!��

Ms(Ω) = {v ∈ L1,loc(Ω) : ||v||s =
∫
Ω

�s(x)|v(x)|dx < +∞}�
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Ms,r(Ω) = {v ∈W r
1,loc(Ω) : ||v||s,r =

∫
Ω

∑
|γ|≤r

�s+|γ|(x)|Dγv(x)|dx < +∞}�

Mk,r(Ω, x̂) = {v ∈W r
1,loc(Ω) : ||v||k,r,x̂ =

∫
Ω

∑
|γ|≤r

�k+|γ|(x, x̂)|Dγv(x)|dx < +∞}�
Mk(Ω, x̂) = Mk,0(Ω, x̂)� D(S) = C∞(S)�
=� # ��*� >� 4�� �	"(,
� 2
 �
 �!�
��! �� ϕν → 0 ��� ν → ∞ # ��
 �
�! Zk(Ω, x̂)

��!��
�!��
 Zk(S, x̂)�� ��2
 ��� �
�!���


 ,#����!��(� # α �!��
,!��
 � Ω �S� %�!�


	-�� � �
 �!�
��! �� �|α|−k(·, x̂)Dαϕ ��� k �(�!�
,# �	 �
 �!�
��! �� Dαϕ
ln�(·,x̂) ���

|α| = k ∈ N ∪ {0}� 1	#�	"�,
� 2
 Zk(Ω, x̂) ⊂ Cl(Ω)� Zk(S, x̂) ⊂ Cl(S) ���
k > l ∈ N ∪ {0}� 	 �	�
" Zk1(Ω, x̂) ⊂ Zk2(Ω, x̂) ��� k1 > k2 ��*��

@ �!���� �−kϕ ∈ C(Ω) ��� ϕ ∈ Zk(Ω)� �
 ��� �	�!' ϕ �	 ��� v ∈ Mk(Ω) ! �#- !
 �!�)(��'

∫
Ω
ϕvdx =

∫
Ω
�−kϕ�kvdx� 1�!� �Mk(Ω) ��	 �!��
�!��
Mk(Ω, x̂)� - �����	�

�	,� ��
 �
�!� �(
#������ #%	
	���(��� 6#���!' �	 ��
 �
�	� Zk(Ω) ��!��
�!��

Zk(Ω, x̂)��

5��
�� �
�#-,
 �
%�	)(���?
Mk,r,C(Ω, x̂) = {u ∈Mk,r(Ω, x̂) : ||u||k,r,x̂ ≤ C} 9 �#�� � Mk,r(Ω, x̂)�
V ′ = V ′(S) 9 ��
 �!� �!�!'��� �(�(�(����� 6#���!
�	�!� �#%	
	���(��� 6#���!'�

�	 ��
 �
�! 
�	���� 6#���!' V = V (S)�
< ϕ,F > 9 %�	)(��� #%	
	���(�
/ 6#���!/ F ∈ V ′ �	 
 �
��!' 6#���!/ ϕ ∈ V �
%	�� s(F ) ≤ s ��� s ∈ N 
%�	)	-� 2
 �
���
�  ��
#����
 �! #%	
	���(�
/ 6#���

�!/ F ∈ V ′(S) �( �!��<�'� �!" s� �
��
 ����� ���� 4A��

< ϕ,F >=
∑
|α|≤s

∫

S

DαϕfαdS ∀ϕ ∈ V (S), �4�

�( fα ∈ L1(S) # ���	��# V (S) = D(S)� �!��
�!��
 �k−|α|fα ∈ L1(S) # ���	��#
V (S) = Zk(S, x̂)� k > s ��� � !� |α| ≤ s �	 k �(�!�
,#� ln �(·, x̂)DαF ∈ L1(S)� ��2

|α| = k ∈ N∪{0}B s(F ) ≤ s ��� s ≤ 0� ��2
 DαF ∈ L1(S) ��� � !� |α| ≤ −s # ���	��#
V (S) = D(S)� �|α|−kDαF ∈ L1(S) ��� � !� |α| ≤ −s # ���	��# V (S) = Zk(S, x̂)� k > s�

=�2
 F ∈ D′(S) �	 s(F ) ≤ s ∈ N ∪ {0}� �
 F ∈ (Cs(S))′ �4A�� �
�!� ��	�
�#$)�
���	�(��� Zk(S, x̂) ⊂ Cs(S) ��� k > s� 
�(�"#-,
 F ∈ (Cs(S))′ ⊂ Z ′

k(S, x̂) ���
k > s �	 �
�!���!' x̂ ∈ S� .�� �
�!���!' ϕ ∈ Zk(S, x̂) ,	-,
 Dαϕ ∈ Zk−|α|(S, x̂)�
��� fα ∈ L1(S) �	 |α| ≤ s < k ,	-,
 �k−|α|fα ∈ L1(S)� �
�! ��� F ∈ D′(S) �
����#
 ��
#����
 �! s(F ) ≤ s ���
�#-�� � �4� �	�
" ��� ϕ ∈ Zk(S, x̂)� 	 
�"(� F ∈ Z ′

k(S, x̂)
! ,	- �  (� ! �!��
�!��


 
%�	)(��� s(F ) ≤ s�

C!" �
)�	,� S �	 Sε - �%	-,

��
%�	)�	 �!��
�!��! ��? xε = x + εν(x) = ψε(x)�
x ∈ S� �
�! x = ψ−1

ε (xε)� ;
,(
,
�6!%,� ψ �	 ψ−1 �( �!�)(��
 ��6(�(��!'
��! �	

�,("(�! �	%
, % # !,	 �
�!���,� ��3��

.
�#�#-,
 ��
�
�"(��� ϕ ∈ V (S) �
 �( �!�)(��
 ��6(�(��!'
��
/ �	 6!�!��
/ �
Ω 6#���!/ (ψ∗

εϕ)(x)� �	�����	�� �	�? (ψ∗
εϕ)(xε) = ϕ(ψ−1

ε (xε)) = ϕ(x) ��� ε ∈ [0, ε0
2 ]

�	 (ψ∗
εϕ)(xε) = 0 ��� ε > ε0� @��
)	 �
 ��%�	)(�
 %�	)(��� ψ∗

εϕ �	 �
�(����� Sε�
=�2
 B̃j(x, ∂

∂x ) =
∑

|α|≤j

b̃jα(x)( ∂
∂x)α� j = 0, 2m− 1 9  � �(,	 �!�!��( �
����# 2m

�	 S� �
 ��
�
�"#$)� % S � (�(���# Ω �
(6!�!-��� b̃jα 
�(�	�
�!� B̃j(x, ∂
∂x )� �	

Sε ��%�	)	-,
 B̃j(xε,
∂

∂xε
)v =

∑
|α|≤j

(ψ∗b̃jα)(xε)( ∂
∂xε

)αv(xε), v ∈ V (Ω)� 7	� ��%�	)(�!
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�(�	�
�� B̃j(xε,
∂

∂xε
)� j = 0, 2m− 1 �	�
" #��
�$$��  � �(,# �!�!��( �	 Sε �����

��4�� )������� � �44� �	 �����	�! %	�	)! �!�!��( ���  � �(,� �!����� ��#



 �
����#
�
�	%	�
� 2
 ��� �
 ��� ,	��� ε #,
�	 :
�	��� ��


 ���
�#-�� � �	 Sε� ��2

�
�	 ���
�#�	�	 � �	 S�

-./�0�//�� �	"(,
� 2
 �(
#����	 � (�(���! 
��	 �! Ω 6#���!� u �	�#�	- �	 S
#%	
	���(��� ��	'
��� %�	)(�� F ∈ V ′(S) ����� �!��!

�� # ��*��� ��2
 ! �#-

lim
ε→0

∫

Sε

ϕ(xε)u(xε)dS =< ϕ,F >, ϕ ∈ V (S).

D� 
�	���� �( %	�("��� �!� �


� �� ��%�	)(�
 ��
�
�"(��� ϕ ∈ V (S) �
 6#���!/
% V (Sε)� E��	��!� �(�(�
��)� �
 !��(
�#�	��� %	 S� 
�(�"#-,


∫

Sε

ϕ(xε)u(xε)dSε =
∫

S

ϕ(x+ εν(x))u(x + εν(x))Wε(x)dS,

�(Wε(x) 9 ��
�!	� �(�(��
�(��� xε = x+εν(x), x ∈ S� 1	 �(,
$ ���� F� �A� % ! �#�	���

�	���! ��


 ���	%# ������	-� 2
 ! �#- �	�
"

lim
ε→0

∫

S

lim
ε→0

(Wε(x)ϕ(x + εν(x)))u(x + εν(x))dS = lim
ε→0

∫

S

ϕ(x)u(x + εν(x))dS =

= lim
ε→0

∫

Sε

ϕ(x)u(xε)dSε.

1	#�	"�,
� 2
 Wε → 1 ��� ε→ 0�
G(�(% Drv �
%�	)	-,
 M(r)���,!���' �(��
�� �
,�
�(��	,� ��


 - 6#���!� v

�	 // �
�!��! �
 �
����# r ≤ 2m− 1�
5�	"	-,
 6#���!$ f(x, z) ��%�	)(�
$ �	 �(�(�(���
$ � Ω × R

M(R)�

"�� �#� �� ����1 s 2 345�67/� 8�6� /�5�39:�/� 0�;64< f ∈ C(Ω × R
M(r)))<

u ∈ C2m−1(Ω) ∩Ms(Ω) 2 =.�>�67/�/�1 �4.59�.4? ��5/�//�

A(x,D)u(x) = f(x,Dru(x)), x ∈ Ω ���

�� �;/=: ∫

Ω

|f(x,Dru(x))|dx < +∞. �*�

�43� 36� 345�67/�� ?��145�� 3�@���/8��67/�� 5���.�5 B̃j(x,D)< j = 0, 2m− 1 .
/�;?�/0�//4 3�@���/8�145/��� ?4�@�8�:/����< �?� =�54�AA�7 ;�;���= B����6�<
@=/?8�C B̃ju /�D=5�A�7 /� S =.�>�67/�/�� ?��145�� ./�0�/7 F̃j ∈ D′(S) EF̃j ∈
∈ Z ′

k+j+1(S, x̂) 36� 345�67/�� k > s< x̂ ∈ SF �4��3?�5 ;�/>=6��/4;��1 s(F̃j) ≤ s+j+1
E< k + j + 1F< j = 0, 2m− 1�
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7(
�(,	 � - #%	
	���(���, �(
�(,� ��* !% ��*� �	 �(�!�!'��' ���	�
� ! �
�
���� �
�
�!��
� 7	�  	,
 �
�
���� � �	�(? ��2
 ��� #%	
	���(�


 �
%�&�%�# u ∈ C2m−1(Ω)
�!������ ��� ���
�#-�� � #,
�	 �*�� ( ∂

∂ν )tu ��� � !� t = 0, 2m− 1 �	�#�	$�� #%	
	���
�(��� ��	'
��� %�	)(�� !% Z ′

k+t+1(S, x̂) ��!��
�!��
 D′(S)� �
����!�  ��
#����
 �('
≤ s+t+1� �( s < k� �
 u ∈Mk(Ω, x̂) ��!��
�!��
 u ∈Ms(Ω)� ! �	�!�� u ∈Mk,2m−1(Ω, x̂)
��!��
�!��
 u ∈Ms,2m−1(Ω)��

$� %� #��&����� ���'�������( � �)���( ��*���� 8(�	' 6#���!� f(x, z) ���
%�	)(�	 �	 �(�(�(���	 � Ω × R

M(r)� Fj ∈ Z ′
pj

(S, x̂)� s(Fj) ≤ sj < pj � pj ≥ 0� j = 1,m�
H
%
���	-,
 �
�,	���# (�!���)�# ��	'
�# %	�	)#

A(x,D)u = f(x,Dru), x ∈ Ω, Bj(x,D)u |S = Fj , j = 1,m ���

%	 #,
��� 2
 �!��
�!��	 /' �!�!'�	 
��
�!��	 ��	'
�	 %	�	)	 
��
%�	)�
 �
%�&�%�	�
�	�! ��	"	-,

k > k̂ = max{ max

1≤j≤m
(pj −mj − 1),−m̂− 1}� s ≥ k0 = max{0, max

1≤j≤m
(sj −mj − 1)}�

G4��=6A5�//� ! .�3�0� EHF� 1�	'�� #%	
	���(��' �
%�&�%
� u ∈ Mk,r(Ω, x̂)∩
∩C2m−1(Ω) �!������ ���� ���' %	�
�
����- ��	'
�! #,
��

lim
ε→0

∫

Sε

ϕBjudS =< ϕ,Fj > ∀ϕ ∈ Zpj (S, x̂), j = 1,m �+�

�	 ! �#$��

lim
ε→0

∫

Sε

ϕTjudS ∀ϕ ∈ Zk+m̂j+1(S, x̂), j = 1,m. ���

G4��=6A5�//� � .�3�0� EHF� 1�	'�� 6#���!$ u ∈ Mk,r(Ω, x̂)� ��	 %	�
�
����-
�
�
"�! ��

∫

Ω

A∗ψudx =
∫

Ω

ψfdx+
m∑

j=1

< T̂jψ, Fj > ∀ψ ∈ Xk(Ω, x̂). �3�

1�
%#,!�
� 2
 !��(
�	�
∫
Ω ψ(x)f(x,Dru(x))dx  �!�)(��' ��� �
%�&�%�# u %	�	)! �	

� !� ψ ∈ Xk(Ω, x̂) ! ��� ��


 �
 �	���
 ���
�	��� #,
�� �*��
.�� Fj ∈ D′(S)� s(Fj) ≤ sj � sj ≥ 0� j = 1,m # 6
�,#�$�	��! � %	�	)! ��	"	-,


u ∈Ms(Ω)∩C2m−1(Ω)� ��,	
	-,
 ���
�	��� #,
� �+� ��� �
�!���
/ ϕ ∈ D(S)� #,
��
��� �( �	��	�	$�� � ��
�� ���
�#$�� � �	 �!� �	�! �(
�(,� ��� 	 # 6
�,#�$�	��! 4
%	�	)! ��,	
	-,
 ���
�	��� #,
�� �3� ��� �
�!���
/ ψ ∈ Xs(Ω)�

.
�!��
 �
 ��*� �(,	 ���A� �
�
���� �� 2
 ��� k > k̂ 6#���!� u ∈ Mk(Ω, x̂)∩
∩C2m−1(Ω) ��!��
�!��
 ��� k ≥ k0� 6#���!� u ∈ Mk(Ω) ∩ C2m−1(Ω)- �
%�&�%�
,
%	�	)! ��� 
��
)	 �
 � 
�
� 6
�,#�$�	�����

+� ,���-���� ��*���� .
%�	)	-,
 )(�(% (G0(x, y), G1(x, y), . . . , Gm(x, y)) �(��
��
6#���!$ ;�!�	 %	�	)! ���� ! �#�	��� ��
/ �	 ��	 ���
 �! ��%�	)(�
 � �4�� 4*�� 1
��(,	�
��	�����! 
�!���

|Dα
xD

γ
yGj(x, y)| ≤ Cαγj(1 + |x− y|mj+1−n−|α|−|γ|), j = 0,m, m0 = 2m. ���
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7	�
" ���
�� �
�#-,
 �
%�	)(���

g(x) =
m∑

j=1

< Gj(x, y), Fj(y) >, x ∈ Ω,

G̃kγ(x, y, x̂) = �k+|γ|(x, x̂)Dγ
xG0(x, y), x, y ∈ Ω, x̂ ∈ S,

Rγ = max
y∈Ω

∫
Ω

�k+|γ|(x, x̂)|Dγ
xG0(x, y)|dx� |γ| ≤ r� R0 =

∑
|γ|≤r

Rγ ��!  �	�! ��%�	)(�


%
!��
 % �(,
$ � ������

��#� �� I?J4 Fj ∈ Z ′
pj

(S, x̂)< s(Fj) ≤ sj < pj < j = 1,m< k > k̂< �4 g ∈ Mk,r(Ω, x̂)�
I?J4 Fj ∈ D′(S)< s(Fj) ≤ sj < j = 1,m< k > k0 + n− 1< �4 g ∈Mk,r(Ω)�

���������� 1	 �(,
$ 4 ���� ! �#$�� �	�! �	�#�	���! )� �	Nj < pj+n−1
2 � �	�! 6#���!/

fj ∈ L2(S)� 2


Dγg(x) = 〈Dγ
xGj(x, y), Fj(y)〉 =

∫

S

(1 − ∆S)
Nj
2

y Dγ
xGj(x, y)fj(y)dS, x ∈ Ω, j = 1,m,

�( ∆S9 
�(�	�
� :	��	 	�0(����	,! �	 S� H
%
���(,
 !��(
�	��

Ij,γ(x̂) =
∫
S

( ∫
Ω

�k+|γ|(x, x̂)|(1 − ∆S)
Nj
2

y Dγ
xGj(x, y)|dx

)|fj(y)|dS�
5��
�� �
�#$)� �(,# � !% ����� 
�(�"#-,
 
�!��#∫

Ω
�k+|γ|(x, x̂)|(1−∆S)

Nj
2

y Dγ
xGj(x, y)|dx ≤ cj(1+�mj+1+k−Nj (y, x̂))� �( cj = const > 0B

�mj+1+k−Nj (y, x̂) ∈ L2(S) ��� k > Nj − 1 − mj + 1−n
2 � 2
 ���
�#-�� � ���

k > pj −mj − 1� 	 
�"(� ��� k > k̂� 7
�!
I2
j,γ(x̂) ≤ cj

∫
S

[1 + �mj+1+k−Nj (y, x̂)]2dS · ∫
S

|fj(y)|2dS < +∞� j = 1,m� |γ| ≤ r�

1	 �(
�(,
$ I#�!�! ��� k > k̂ 
�(�"#-,
 ! �#�	��� �	�
/ �
�	��
/  �	�
/ C′
1� 2


||g||k,r,x̂ =
m∑

j=1

∑
|γ|≤r

∫
Ω

�k+|γ|(x, x̂)| < Dγ
xGj(x, y), Fj(y) > |dS ≤

m∑
j=1

∑
|γ|≤r

|Ij,γ(x̂)| ≤ C′
1�

1	 �(
�(,
$ ��
  ��#��#�# 6!�!��
/ #%	
	���(�
/ 6#���!/ !% D′(S) ���� ,	-,


|Dγg(x)| = | < Dγ
xGj(x, y), Fj(y) > | ≤

m∑
j=1

C̃j,γ max
y∈S,|α|≤sj

|Dγ
xD

α
yGj(x, y)|�

8	 �!� �	�! 
�!�
� ��� ||g||k,r ≤
m∑

j=1

C̃j

∫
Ω

�k+mj+1−n−|α|(x)dx < +∞ ���

k > n− 1 + k0�

.�� k > k̂ # ��
 �
�! Mkr(Ω, x̂) �
%
���	-,
 !��(
�
��6(�(��!	���( �!������

u(x) −
∫

Ω

G0(x, y)f(y,Dru(y))dy = g(x), x ∈ Ω. ��A�

1�
%#,!�
� 2
 ��� �
%�&�%�# u �!������ ��A� �	�
"
∫
Ω
G0(·, y)f(y,Dru(y))dy ∈

∈Mk(Ω, x̂)�
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��#� $� I?J4 u 2 �4.59�.4? ��5/�//� E!�F = Mk(Ω, x̂) �� 5�?4/=:�7;� EKF< �4 u :
�4.59�.?4� .�3�0� EHF = @4��=6A5�//� ��

���������� =�2
 u 9 �
%�&�%
� �!������ ��A� � Mk(Ω, x̂)� �


�k(x, x̂)[u(x) − ∫
Ω

G0(x, y)f(y,Dru(y))dy −
m∑

j=1

< Gj(x, y), Fj(y) >] = 0 ∀x ∈ Ω�

@ �!���� A∗ψ(x) = O(�k(x, x̂)) ��� x→ x̂ ��� ψ ∈ Xk(Ω, x̂)� �
 ! �#-

∫

Ω

A∗ψ(x)u(x)dx =
∫

Ω

A∗ψ(x)




∫

Ω

G0(x, y)f(y,Dru(y))dy


 dx+

+
∫

Ω

A∗ψ(x)
m∑

j=1

〈Gj(x, y), Fj(y)〉dx, ψ ∈ Xk(Ω, x̂), j = 1,m. ����

1
!��
 % �(,
$ + !% ����� ��� k > k̂ �	 ��� ψ ∈ Xk(Ω, x̂) ��	�����! �
�
"�
 �!∫
Ω

A∗ψ(x)G0(x, y)dx = ψ(y), y ∈ Ω�
∫
Ω

A∗ψ(x)Gj(x, y)dx = T̂jψ(y), y ∈ S, j = 1,m�

7
�!
∫
Ω

(
∫
Ω

A∗ψ(x)G0(x, y)dx)f(y,Dru(y))dy =
∫
Ω

ψ(y)f(y,Dru(y))dy� 	 %	 �(
�(,
$ I#�

�!�! �	�
"
∫
Ω

A∗ψ(x)(
∫
Ω

G0(x, y)f(y,Dru(y))dy)dx =
∫
Ω

ψ(y)f(y,Dru(y))dy�

1	 	�	�


, �(
�(,� I#�!�! �4A�∫
Ω

A∗ψ(x) < Gj(x, y), Fj(y) > dx =<
∫
Ω

A∗ψ(x)Gj(x, y)dx, Fj(y) >=< T̂jψ(y), Fj(y) >�

j = 1,m� 7
,# % ��� 
�(�"#-,
 �3��

��#� +� L�� k > max{−m̂− 1, r + 1 − 2m} 36� 345�67/4>4 ε > 0 �;/=: ��?�
δ = δ(ε) > 0< J4 36� 345�67/4C ��34D6�;�� ω ⊂ Ω< ���� �?4C m(ω) < δ< �� 36� 5;��
y ∈ Ω< x̂ ∈ S 5�?4/=:�7;�

∑
|γ|≤r

∫
ω

|G̃kγ(x, y, x̂)|dx < ε.

���������� :(,	 �
�
���� � %	  �(,
$ �
�(�(��� �(,� � !% ����� 8(�	' x̂ ∈ S� H
%�
�!��$)� 
 
����
 �! 6#���!/ G̃kγ(x, y, x̂) �	 ���
�� �
�#$)� 
�!��� ���� ��� y ∈ Ω�
|y − x̂| < d < 1 ,	��,(,


I1γ(y, d) =
∫

ω∩{x∈Ω:|x−x̂|<d}
|G̃kγ(x, y, x̂)|dx ≤ ∫

ω∩{x∈Ω:|x−x̂|< 1
2 |y−x̂|}

|G̃kγ(x, y, x̂)|dx+

+
∫

ω∩{x∈Ω:|x−y|<1
2 |y−x̂|}

|G̃kγ(x, y, x̂)|dx+ ∫
ω∩{x∈Ω:|x−x̂|> 1

2 |y−x̂|,|x−y|>1
2 |y−x̂|}

|G̃kγ(x, y, x̂)|dx≤

≤ ãmax{|y − x̂|k+2m, |y − x̂|2m−|γ|, |y − x̂|k+n} < ãd,
�( ã 9 �
�	��	  �	�	� 7
�! I1(y, d) =

∑
|γ|≤r

I1γ(y, d) < ad� a = const > 0� 1	 %	�	��,

ε > 0, ����	�<� d0 <
ε
3a � ��� y ∈ Ω� |y − x̂| < d0 ,	��,(,
 I1k(y, d0) < ε

3 �

.�� y ∈ Ω� |y − x̂| < d0 �
�!��
 %�	�
��,

I2γ(y, d0) =

∫
ω∩{x∈Ω:|x−x̂|>d0}=ω1

|G̃kγ(x, y, x̂)|dx =
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=
∫

ω1∩{x∈Ω:|x−y|<1
2 |y−x̂|}

|G̃kγ(x, y, x̂)|dx +
∫

ω1∩{x∈Ω:|x−y|>1
2 |y−x̂|}

|G̃kγ(x, y, x̂)|dx ≤

≤ b̃d0(1 + d−n
0 m(ω))�

1�!� � I2(y, d0) =
∑

|γ|≤r

I2γ(y, d) < bd0 + bd1−n
0 m(ω) ��� � !� y ∈ Ω� |y − x̂| < d0�

b̃, b 9 �
�	��!  �	�!�

1	 %	�	��, ε > 0, ����	�<� d0 < min{ ε
3a ,

ε
3b} �	 m(ω) < δ = εdn−1

0
3b � 
�(�"#-,
∑

|γ|≤r

∫
ω

|G̃kγ(x, y, x̂)|dx = I1(y, d0) + I2(y, d0) < ε ��� � !� y ∈ Ω� |y − x̂| < d0�

.�� y ∈ Ω� |y − x̂| ≥ d0 �
%
���(,
 Jγ(y, d0) = J1γ(y, d0) + J2γ(y, d0) =
=

∫
ω∩{x∈Ω:|x−y|<1

2 d0}
|G̃kγ(x, y, x̂)|dx+

∫
ω∩{x∈Ω:|x−y|>1

2 d0}
|G̃kγ(x, y, x̂)|dx�

5�	�
�#$)� 
�!��� ���� 	 �	�
"� 2
 �k(x, x̂) ≤ cdk
0 ��� k < 0 �	 �k(x, x̂) ≤ 1 ���

k ≥ 0 �c = c(k) 9 �
�	��	  �	�	�� ,	��,(,


J1γ(y, d0) ≤ Cγ

∫
ω∩{x∈Ω:|x−y|<1

2 d0}
[1 + |x− y|2m−n−|γ|]dx · cdk+|γ|

0 ≤

≤ c̃1d
k+|γ|+n
0 + c̃2d

k+2m
0 < c1d0

��� k + |γ| < 0� �( Cγ = Cγαj ��� |α| = j = 0� c1 = c̃1 + c̃2� c̃1, c̃2 9 �
�	��!  �	�!�

J1γ(y, d0) ≤ Cγ

∫
ω∩{x∈Ω:|x−y|<1

2 d0}
[1 + |x − y|2m−n−|γ|]dx ≤ c̃′1d

n
0 + c̃′2d

2m−|γ|
0 < c′1d0

��� k + |γ| ≥ 0� �( c′1 = c̃′1 + c̃′2� c̃′1, c̃′2 9 �
�	��!  �	�!B
J2γ(y, d0) ≤ 2Cγ(d0

2 )2m−n−|γ| · { ∫
ω∩{x∈Ω:|x−y|>1

2 d0,|x−x̂|< 1
2 d0}

�k+|γ|(x, x̂)dx+

+c(k + |γ|)dk+|γ|
0 m(ω)} ≤ c̃2d

2m−n−|γ|
0 [dk+n+|γ|

0 + d
k+|γ|
0 m(ω)] =

= c̃2d
k+2m
0 + c̃2d

k+2m−n
0 m(ω) < c̃2d0 + c̃2d

1−n
0 m(ω)

��� k + |γ| < 0�
J2γ(y, d0) ≤ 2Cγc(k + |γ|)(d0

2 )2m−n−|γ|m(ω) ≤ c̃′2d
1−n
0 m(ω)

��� k + |γ| ≥ 0� c̃2, c̃′2 9 �
�	��!  �	�!�
@�"(� Jγ(y, d0) ≤ C1d0 + C2d

1−n
0 m(ω)� �
�	��!  �	�! C1, C2 ���	"	$�� � )(�(%

 �	�! c1, c
′
1, c̃2, c̃

′
2� 	 �
�!

J(y, d0) =
∑

|γ|≤r

Jγ(y, d0) < C(r)d0 + C(r)d1−n
0 m(ω)� C(r) 9�
�	��	  �	�	�

1	 %	�	��, ε > 0� ����	�<� d0<min{ ε
3a ,

ε
3b ,

ε
2C(r)} �	m(ω) < δ = min{ ε

3b ,
ε

2C(r)}dn−1
0 �

,	��,(,
 �
�(�(��$ 
�!��# I(y, d0) < ε ��� |y − x̂| < d0� 	 �	�
" J(y, d0) < ε ���
|y − x̂| > d0�

"�� �#� $� ����1 k > max{k̂, r + 1 − 2m}< @=/?8�� f .�345467/�: =�45�M
!F �;/=: ��?� 343��/� ;��6� C0< J4 36� 345�67/�� ;��64C C > C0<

v ∈Mk,r,C(Ω, x̂)

2R0

∫

Ω

|f(y,Drv(y))|dy < C; ��4�

�F �;/=: 343��/� /������5/� @=/?8�� h< h(0+) = 0< ��?� J4∫

Ω

|f(y,Drv1(y)) − f(y,Drv2(y))|dy ≤ h(||v1 − v2||k,r,x̂) ∀v1, v2 ∈Mk,r,C(Ω, x̂). ����
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�43� �;/=: �4.59�.4? u ∈ Mk,r(Ω, x̂) ��5/�//� E!�F �� .�3�0� EHF = @4��=6A5�//� �<
�?�1 .�345467/�: =�45= EKF�

���������� 5��
�� �	-,
 �(
�(,# J	#�(�	 �4��  �4���� 5�(�(,
 
�(�	�
�

H : (Hv)(x) =
∫

Ω

G0(x, y)f(y,Drv(y))dy + g(x), x ∈ Ω, v ∈Mk,r(Ω, x̂).

C	-,
 ||Hv||k,r,x̂ =
∫
Ω

∑
|γ|≤r

�k+|γ|(x, x̂)|Dγ
( ∫

Ω

G0(x, y)f(y,Drv(y))dy + g(x)
)|dx�

@ �!����
∫
Ω
�k+|γ|(x, x̂)|Dγ

xG0(x, y)|dx ≤ Rγ � �
 % #,
�� ��4� %	 �(
�(,
$ I#�!�!

�(�"#-,


||Hv||k,r,x̂ ≤ R0

∫
Ω

|f(y,Drv(y))|dy + ||g||k,r,x̂ ≤ C
2 + ||g||k,r,x̂, v ∈Mk,r(Ω, x̂)�

1	 �(,
$ � ��� k > k̂ ! �#- �	�	 �
�	��	  �	�	 C1� 2
 ||g||k,r,x̂ = C1� 5����	$)�
C > max(C0, 2C1)� 
�(�"#-,
 ||Hv||k,r,x̂ ≤ C

2 +C1 < C ��� � !� v ∈Mk,r,C(Ω, x̂)� �	�
2
 ��� �	��� C

H : Mk,r,C(Ω, x̂) →Mk,r,C(Ω, x̂). ��*�

�
�(�(,
� 2
 
�(�	�
� H �!��
, �(�(�(����' �	 Mk,r,C(Ω, x̂)�

��� �
�!����� v1, v2 ∈Mk,r,C(Ω, x̂) �
%
���(,


||Hv1 −Hv2||k,r,x̂ =
∑
|γ|≤r

∫

Ω

�k+|γ|(x, x̂)|(DγHv1)(x) − (DγHv2)(x)|dx =

=
∑
|γ|≤r

∫

Ω

�k+|γ|(x, x̂)|
∫

Ω

Dγ
xG0(x, y)[f(y,Drv1(y)) − f(y,Drv2(y))]dy|dx. ����

@ �!����
∑

|γ|≤r

∫
Ω

�k+|γ|(x, x̂)|Dγ
xG0(x, y)|dx ≤ R0 ��� y ∈ Ω� �
 %	 #,
�
$ ���� �	

�(
�(,
$ I#�!�! 
�(�"#-,
 ! �#�	��� �	�
/ �
�	��
/  �	�
/ K1� 2

||Hv1 − Hv2||k,r,x̂ ≤ K1h(||v1 − v2||k,r,x̂)� 	 �
�! H 9 �(�(�(���( �!�
��	"(���

M̃k,r,C(Ω, x̂) �  (�(�

1	 �(
�(,
$ H!  	 �4�� F�4*4� ��� �
,�	���
 �! H �	 Mk,r,C(Ω, x̂) �(
��!��
 !
�
 �	���
� 2
� ���
�#�	�� � #,
��?

K� ! �#- �	�	 �
�	��	  �	�	 C̃ > 0� 2
 ||Hv||k,r,x̂ ≤ C̃ ��� � !� v ∈ M̃k,r,C(Ω, x̂)B

�� ��� �
�!���


 ε > 0 ! �#- �	�( δ = δ(ε) > 0� 2
 ��� �
�!����� v ∈ M̃k,r,C(Ω, x̂)�
z ∈ R

n� |z| < δ ||(Hv)(x + z) − (Hv)(x)||k,r,x̂ < ε�

.(�<( ��(��"(��� �
�(�� �	�!<(� �
�(�(,
 ���
�	��� ��#



� 5�	"	-,
 �(x+
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z� x̂) = 0 �	 G0(x+z, y) = 0� ��2
 x+z /∈ Ω� .�� z ∈ R
n� v ∈Mk,r,C(Ω, x̂) �
%
���(,


||(Hv)(x + z) − (Hv)(x)||k,r,x̂ =

=
∑
|γ|≤r

∫

Ω

|�k+|γ|(x+ z, x̂)(DγHv)(x+ z) − �k+|γ|(x, x̂)(DγHv)(x)|dx ≤

≤
∑
|γ|≤r

∫

Ω

|�k+|γ|(x+ z, x̂)Dγ
xg(x+ z) − �k+|γ|(x, x̂)Dγ

xg(x)|dx+

+
∑
|γ|≤r

∫

Ω




∫

Ω

|G̃kγ(x+ z, y, x̂) − G̃kγ(x, y, x̂)||f(y,Drv(y))|dy

 dx =J1(z) + J2(z,Drv).

@ �!���� g ∈ Mk,r(Ω, x̂) �%	 �(,
$ ��� 	 
�"(� �k+|γ|(·, x̂)Dγg ∈ L1(Ω) ��� � !�
x̂ ∈ S� |γ| ≤ r� �
 %	 �(
�(,
$ ��
 �(�(�(���! �� # �!�
,# 6#���!' !% L1(Ω) �4��
,	-,
? ��� �
�!���


 ε > 0 ! �#- �	�( δ′ = δ′(ε) > 0� 2
 ��� � !� z ∈ R

n� |z| < δ′�
J1(z) = ||g(x+ z) − g(x)||k,r,x̂ <

ε
6 �

G(�(% Ωη �
%�	)	-,
 �!�
��	 �� Ω� 
�,("(�# �
�(���($ Sη� L�( dist(Ωη, S) = η�
�
,# %	 �(,
$ � ��� �
�!���


 ε > 0 ! �#$�� �	�! )� �	 δ0 = δ0(ε)� η0 = η0(δ0) > 0�
2
 m(Ω \ Ωη0) < δ0 �	

I21(y) =
∫

Ω\Ωη0

∑
|γ|≤r

|G̃kγ(x, y, x̂)|dx < R0
3C ε ��� � !� y ∈ Ω�

G(�(% ωz �
%�	)�,
 % #� ,�
"��� ω �	 �(��
� z� @ �!���� m(ωz) = m(ω)� �


I ′21(y, z) =
∫

Ω\Ωη0

∑
|γ|≤r

|G̃kγ(x+ z, y, x̂)|dx =

=
∫

(Ω\Ωη0)−z

∑
|γ|≤r

|G̃kγ(x, y, x̂)|dx < R0

3C
ε ��� � !� y ∈ Ω, z ∈ R

n.

H
%
���(,
 ��� z ∈ R
n� v ∈Mk,r,C(Ω, x̂)∫

Ω

(
∫
Ω

∑
|γ|≤r

|G̃kγ(x+ z, y, x̂) − G̃kγ(x, y, x̂)|dx)|f(y,Drv(y))|dy =

=
∫
Ω

(
∫

Ω\Ωη0

∑
|γ|≤r

|G̃kγ(x+ z, y, x̂) − G̃kγ(x, y, x̂)|dx)|f(y,Drv(y))|dy+

+
∫
Ω

(
∫

Ωη0

∑
|γ|≤r

|G̃kγ(x+ z, y, x̂) − G̃kγ(x, y, x̂)|dx)|f(y,Drv(y))|dy =

= J̃21(z,Drv) + J̃22(z,Drv).
1
!��
 % ���
�
, )� (� δ0� η0 �	 #,
�
$ ��4��

J̃21(z,Drv) ≤
∫
Ω

(I21(y) + I ′21(y, z))|f(y,Drv(y))|dy < 2 · R0
3C ε

∫
Ω

|f(y,Drv(y))|dy < ε
3 �

1�	'�(,
 
�!��# J̃22(z,Drv)� 1	��<(,

J̃22(z,Drv) =

∫
Ω\Ω η0

4

(
∫

Ωη0

∑
|γ|≤r

|G̃kγ(x + z, y, x̂) − G̃kγ(x, y, x̂)|dx)|f(y,Drv(y))|dy+

+
∫

Ω η0
4

(
∫

Ωη0

∑
|γ|≤r

|G̃kγ(x+ z, y, x̂) − G̃kγ(x, y, x̂)|dx)|f(y,Drv(y))|dy =
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= J̃221(z,Drv) + J̃222(z,Drv).
��� � !� y ∈ Ω \ Ω η0

4
� x ∈ Ωη0 � |z| < η0

2 ,	-,
 x + z ∈ Ω 1
2 η0

� |x − y| ≥ 3η0
4 �

|x + z − y| ≥ |x − y| − |z| ≥ 3η0
4 − |z| > η0

4 � 7
,# %	 �!��
,!��
$ �(�(�(���! �$

6#���!' G̃kγ(x, y, x̂) �	 %	,��(�!' ,�
"��! V : x ∈ Ω η0
2
, y ∈ Ω \ Ω η0

4
, x̂ ∈ S ���

�
�!���


 ε > 0 ! �#- �	�( δ1 = δ1(ε) < η0
4 � 2
 ��� �
�!����� x ∈ Ωη0 � y ∈ Ω \ Ω η0

4
�

z ∈ R
n� |z| < δ1 ∑

|γ|≤r

|G̃kγ(x+ z, y, x̂) − G̃kγ(x, y, x̂)| < R0
Cm(Ω)ε�

1�!� � �	 % #,
�� ��4�

J̃221(z,Drv) =
∫

Ω\Ω η0
4

(
∫

Ωη0

∑
|γ|≤r

|G̃kγ(x+ z, y, x̂) − G̃kγ(x, y, x̂)|dx)|f(y,Drv(y))|dy <

<
R0m(Ωη0)

Cm(Ω) ε
∫

Ω\Ω η0
4

|f(y,Drv(y))|dy < R0
C ε

∫
Ω\Ω η0

4

|f(y,Drv(y))|dy�

5��(�(,
 η1 < min{ η0
4 , (

δ0
σn

)
1
n }� �( σn 9 ��
2	 �
�(���! 
����)�
/  6(�� � R

n�
.�� y ∈ Ω η0

4
,�
"��� ωη1(y) = {ξ ∈ Ω : |ξ − y| < η1} %�	�
���� � � (�(���! Ω�

@ �!���� m(ωη1) = σnη
n
1 < δ0� �
 %	 �(,
$ � ��� � !� y ∈ Ω η0

4

I22(y) =
∫

ωη1(y)

∑
|γ|≤r

|G̃kγ(x, y, x̂)|dx < R0ε
3C �

	 ��� |z| < δ2 < min{δ0, δ1, η1
2 } �	�
"

I ′22(y, z) =
∫

ωη1 (y)

∑
|γ|≤r

|G̃kγ(x+ z, y, x̂)|dx =
∫

ω−z
η1 (y)

∑
|γ|≤r

|G̃kγ(x, y, x̂)|dx < R0ε
3C �

.�� y ∈ Ω η0
4
� x ∈ Ωη0 \ ωη1(y)� �	 |z| < δ2 ,	-,
 x+ z ∈ Ω 7

8 η0
⊂ Ω η0

2
� |x− y| ≥ η1�

|x+ z− y| ≥ |x− y|− |z| ≥ η1 − δ2 >
η1
2 � 7
,# %	 �!��
,!��
$ �(�(�(���! �$ 6#���!'

G̃kγ(x, y, x̂) �	 %	,��(�!' ,�
"��! V1 : y ∈ Ω η0
4
, x ∈ Ω η0

2
\ ωη1(y) ��� �
�!���




ε > 0 ! �#- �	�( δ3 = δ3(ε) < δ2� 2
 ��� �
�!����� y ∈ Ω η0
4
� x ∈ Ωη0 \ ωη1(y)� |z| < δ3∑

|γ|≤r

|G̃kγ(x + z, y, x̂) − G̃kγ(x, y, x̂)| < R0
3Cm(Ω)ε�

%�!��� I23(y, z) =
∫

Ωη0

∑
|γ|≤r

|G̃kγ(x+ z, y, x̂) − G̃kγ(x, y, x̂)|dx < R0ε
3C �

5�	�
�#$)� ��4�� ��� |z| < δ3 
�(�"#-,


J̃222(z,Drv) <
∫

Ω η0
2

(I22(z)+I ′22(y, z)+I23(z))|f(y,Drv(y))|dy < R0ε
C

∫
Ω η0

2

|f(y,Drv(y))|dy�

7
�! J̃22(z,Drv) ≤ R0ε
C (

∫
Ω\Ω η0

2

|f |dy+
∫

Ω η0
2

|f |dy) = R0ε
C

∫
Ω

|f |dy < ε
2 � �
,# ��� |z| < δ3

J̃21(z,Drv) + J̃22(z,Drv) < ε
3 + ε

2 = 5ε
6 �

1	 �(
�(,
$ I#�!�! �	�
" J2(z,Drv) < 5ε
6 � @�
"� ��� �
�!���


 ε > 0 ! �#- �	�(

δ = min[δ′, δ3]� 2
 ��� � !� z ∈ R
n� |z| < δ �	 ��� �
�!���
/ v ∈Mk,r,C(Ω, x̂)

||(Hv)(x+ z) − (Hv)(x)||k,r,x̂ ≤ J1(z) + J2(z,Drv) <
ε

6
+

5ε
6

= ε.

1	 �(
�(,
$ J	#�(�	 
�(�"#-,
 ��(��"(��� �(
�(,��
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N�=5�O�//� !� �,
�� �(
�(,� 4� %
��(,	� ���
�#$�� � ��� 6#���!/

|f(y, z)| ≤
r∑

s=0

As

∑
|γ|=s

|zγ |qs , y ∈ Ω, z ∈ R
M(r), ��+�

|f(y, z1) − f(y, z2)| ≤
r∑

s=0

As

∑
|γ|=s

|z1
γ − z2

γ |qs , y ∈ Ω, z1, z2 ∈ R
M(r) ����

��� As = const ≥ 0� 0 < qs <
n

n+k+s � s = 0, r�

E��	��!� ���
�� �
�#$)� �(�!��! �� ;(���(�	� ��� �
�!���
/ v ∈ Mk,r,C(Ω, x̂)

�(�"#-,
 ∫

Ω

|f(y,Drv(y))|dy ≤
r∑

s=0
As

∑
|γ|=s

∫
Ω

|Dγv(y)|qsdy =

=
r∑

s=0
As

∑
|γ|=s

∫
Ω

�−(k+s)qs (y, x̂)[�k+s(y, x̂)|Dγv(y)|]qsdy ≤

≤
r∑

s=0
As

∑
|γ|=s

(
∫
Ω

�−
(k+s)qs
1−qs (y, x̂)dy)1−qs · (∫

Ω

�k+s(y, x̂)|Dγv(y)|dy)qs ≤
r∑

s=0
Ãs||v||qs

k,r,

�( Ãs = C(s)As(
∫
Ω �

− (k+s)qs
1−qs (y, x̂)dy)1−qs � C(s) 9 �
�	��	  �	�	 ��!���! �� ,#����!��

�(� !� γ % �
�"��
$ s�� ��%�	)(�! ��� 0 < qs <
n

n+k+s � s = 0, r�

7
�! ��� v ∈Mk,r,C(Ω, x̂) ,	��,(,

∫
Ω

|f(y,Drv(y))|dy ≤
r∑

s=0
ÃsC

qs �

1	 ��	 ���
 ��,�  �(�(�(�
/ 6#���!/ atq� q ∈ (0, 1) ��� �
�!���


 )� �	 Ãs ! �#-
�	�( )� �
 Cs0 > 0� 2
 ��� � !� C > Cs0 ���
�#-�� � 2R0ÃsC

qs < C
r+1 � �
�! ��� � !�

C > max
0≤s≤r

Cs0 = C0 ,	��,(,
 2R0

r∑
s=0

ÃsC
qs < C� @�"(� ���
�#-�� � ��4��

7	�  	,
 �
�	%#-,
� 2
 ��� �
�!����� v1, v2 ∈Mk,r,C(Ω, x̂)∫
Ω

|f(y,Drv1(y)) − f(y,Drv2(y))|dy ≤
r∑

s=0
As

∑
|γ|=s

∫
Ω

|Dγv1(y) −Dγv2(y)|qsdy =

=
r∑

s=0
As

∑
|γ|=s

∫
Ω

�−(k+s)qs(y, x̂)[�k+s(y, x̂)|Dγv1(y) −Dγv2(y)|]qsdy ≤

≤
r∑

s=0
As

∑
|γ|=s

(
∫
Ω

�−
(k+s)qs
1−qs (y, x̂)dy)1−qs · (∫

Ω

�k+s(y, x̂)|Dγv1(y) −Dγv2(y)|dy)qs ≤

≤
r∑

s=0
Ãs||v1 − v2||qs

k,r.

I#���!� h(t) =
r∑

s=0
Ãst

qs %	�
�
����- #,
�� �(
�(,��

N�=5�O�//� �� .
�!��
 �
�
��,
� 2
 ��� Fj ∈ D′(S)� s(Fj) ≤ sj� sj ≥ 0� j = 1,m�
k > k0 + n− 1 �	 ���
�	��! #,
�� �� # �(
�(,! 4� 	�( % %	,!�
$ ��
 �
�# Mk,r(Ω, x̂)
�	 Mk,r(Ω)� %	�	)	 �*� # 6
�,#�$�	��! 4 ,	- �
%�&�%
� u ∈ Mk,r(Ω)� 1
��(,	� �	�!
#,
�� ���
�#$�� � ��� 6#���!/ f � ��	 %	�
�
����- ��+� �	 ���� ��� qs < 1

k+s+1 �

s = 1, r�
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� ����* �� H
%
���(,
 #%	
	���(�# %	�	)# �!�!��( �Fj ∈ Z ′
pj

(S, x̂), j = 1, 2�

∆2u =
∣∣∣∣∂

2u

∂x2
1

∣∣∣∣
q

, u|S = F1,
∂u

∂ν

∣∣∣∣
S

= F2. ��3�

.(�(�!��,
 ���
�	��� #,
� �(
�(,� 4 ��� q ∈ (0, 1)? r = 2� m̂ = 2� ��� k > max(p1−1�
p2 − 2,−1) ���
�#$�� � #,
�� �(, �� �B ��� 0 < q < n

n+k+2 ��	�	 )	 ���	 �!������
%	�
�
����- #,
�� ��+� �	 ����� �
,# %
!��
 % %	#�	"(���, 4 �
�	 %	�
�
����- #,
��
�(
�(,� 4�

1	 �(
�(,
$ 4 ���

max{p1 − 1, p2 − 2,−1} < k <
n

q
− n− 2, ����

	 
�"(� ��� 0 < q < n
n+1 � 0 ≤ p1 < n

q − n − 1� 0 ≤ p2 < n
q − n ! �#- �
%�&�%
�

u ∈ Mk,2(Ω, x̂) %	�	)! ��3�� �( k %	�
�
����- #,
�# ����� 0	)�,
� 2
 )� �	 p1 �	 p2

,
"#�� �	�#�	�� �
�	���� %�	)(��� �
 ��� �(����� ��� ,	��� %�	)(���� q� 1
��(�
,	� u ∈ L1(Ω) ��� p1 < 1� p2 < 2�

"�� �#� +� ����1 k > k̂<
∫
Ω |f(y, v(y))dy < +∞ 36� 5;�� v ∈ Mk(Ω, x̂) �� �;/=:

��?� ;��6� K ∈ (0, 1)< J4 36� 345�67/�� v1, v2 ∈Mk(Ω, x̂)

2 max
y∈Ω

∫

Ω

�k(x, x̂)|G0(x, y)|dx ·
∫

Ω

|f(y, v1(y)) − f(y, v2(y))|dy ≤ K||v1 − v2||k.

�43� �;/=: :3�/�1 �4.59�.4? u ∈Mk(Ω, x̂) �/��>�43�@���/8��67/4>4 ��5/�//� E!�F ��
.�3�0� EHF = @4��=6A5�//� ��

7�(��"(��� �(
�(,� � 
�(�"#-,
 �	 �!� �	�! �������#  �� �#$)�� �!�
��	�
"(���

N�=5�O�//� P� =� # ��+�� �
�
���� � �	�(? ��2
 ���
�#$�� � #,
�� �(
�(,� 4 �	
��� �
�!���
/ �!�
��	 �! Ω′ 
��	 �! Ω� �
%,!2(�
/  ��


 � (�(���! Ω� �
�!�����
s ≤ r� x ∈ Ω′ ��� �
%�&�%�# u ∈Mk,r(Ω, x̂) %	�	)! ���

∫

Ω′

|x− y|2m−n−s|f(y,Dru(y))|dy < +∞, �4A�

�
 u ∈ C2m−1(Ω)B ��2
� ��!, �


� r ≤ 2m − 2 �	 6#���!� f(x, z) ,	- �(�(�(���!
�
�!��! �(�<


 �
����# %	 � !,	 	�
#,(��	,� x ∈ Ω, z ∈ R

M(r)� �
 u ∈ C2m(Ω)�

I#���!� f � ��	 %	�
�
����- #,
�� ��+� �	 ����� ��� 0 < qs < min{ n
k+n+s ,

2m−s
n }�

s = 0, r �	�
" %	�
�
����- �4A��

5 ,���� /�0�� /������ 1�/� 1������ � �������������� � �
���������?� ���
�����
@@ A��� $( BBB+ C 58>> C 1 5>6! D> C B 5::>�5::8 

: 2)'!&�34�* 5�6� �'! 7�(�89(�' 5�6� EFGHIJKJ
L! MNOP JQN RKSMTOPG! KU O FKVSJ
KM KU O
F
MWSVOP RKSMTOPG�XOVSN IPKRVNH UKP O FNH
V
MNOP NVV
IJ
L NYSOJ
KM @@ Z
[ SPOXM C 5889 C
\KV :>! D; C ] <>=�<>7 
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; :�;�<	�� /� � ������ A������ ��� ���
����� ∆u = u2 @@ A��� $( BBB+ C 58>9 C
1 5;<! D< C ] 6>8�66: 

< =��&� 6�� 5�&)' >� ^KSMTOPG F
MWSVOP
J
NF KU FKVSJ
KMF KU FKHN MKMV
MNOP NVV
IJ
L NYSOJ
KM
@@ *MT
OMO _OJQ ` C 5885 C \KV >< C ] :65�;:< 

= >� =��� ?��@� aQN ^PKSM
OM FMObN OMT JQN FKVSJ
KMF KU ∆u = u2 
M O TKHO
M @@ ]PKROR 
aQNKPG cNVOJNT d
NVTF C 588= C \KV 59: C ] ;8;�<;: 

> AB'(�' C�D�� 2+E'�38)* F�C� aPOLN KM JQN RKSMTOPG UKP FKVSJ
KMF KU MKMV
MNOP NYSOJ
KMF
@@ aPOMF EHNP _OJQ eKL C 5887 C \KV ;=9 C ] <<88�<=58 

6 G�&H+8 G�� 5�&)' >� cNHKXORVN F
MWSVOP
J
NF OMT RKSMTOPG JPOLNF @@ ` _OJQ ]SPNF EIIV 
C :995 C \KV 79! D5 C ] 768�899 

7 D)HH�&!) >�� =���)*�3 I9� fKM�V
MNOP NVV
IJ
L NYSOJ
KMF g
JQ P
WQJ�QOMT F
TN HNOFSPNF
@@ hKHH ]OPJ
OV Z
U iYMF C 588: C \KV 56 C ] ><5�>== 

8 J�()3)8)' ?�G� jNMNPOV
kNT FKVSJ
KMF 
M O MNg�JGIN KU FNJF UKP IPKRVNHF g
JQ HNOFSPNF OF
TOJO @@ Z
[ *MJNWPOV iYMF C 588; C \KV > C ] :6�;> 

59 6�*�') 6�� @�&)'� 5�� I&)�K�33� =� fKMV
MNOP NVV
IJ
L NYSOJ
KMF g
JQ VKgNP�KPTNP JNPHF
@@ Z
[ *MJ iYSOJ
KMF C :995 C \KV 5< C ] 55>8�5579 

55 D�'���' L9�� D)HH�&!) >��=���)+�3 I�� =�&��MB J�� L��&&� G�� 5�E#+�E ?�>� EM L1�JQNKPG
KU Nl
FJNMLN OMT SM
YSNMNFFKU FKVSJ
KMF KU MKMV
MNOP NVV
IJ
L NYSOJ
KMF @@ EMM eLSKVO fKPH 
eSI ]
FO hV eL
 C 588= C \KV :: C ] :<5�:6; 
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