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o.ukÇàïðîïîíîâàíî íîâå óçàãàëüíåííÿ êiëåöü ñòàáiëüíîãî ðàíãó 1, à ñàìåââåäåíî ïîíÿòòÿ åëåìåíòà ñòàáiëüíîãî ðàíãó 1 òà åëåìåíòà ìàéæå ñòàáiëü-íîãî ðàíãó 1. Ïîêàçàíî ìóëüòèïëiêàòèâíó çàìêíåíiñòü ìíîæèí åëåìåíòiâñòàáiëüíîãî ðàíãó 1, ùî äàëî çìîãó ââåñòè iäåàëè ìàêñèìàëüíî íåñòàáiëü-íîãî ðàíãó 1. Òàêîæ ââåäåíî ïîíÿòòÿ åëåìåíòà ìàéæå ñòàáiëüíîãî ðàíãó 1i êiëüöÿ ìàéæå ñòàáiëüíîãî ðàíãó 1. Ïîêàçàíî, ùî íàä êiëüöåì ìàéæå ñòà-áiëüíîãî ðàíãó 1 äîâiëüíèé óíiìîäóëÿðíèé ðÿäîê ¹ äîïîâíÿëüíèì. Òàêîæäîâåäåíî, ùî äîâiëüíå àäåêâàòíå êiëüöå ¹ êiëüöåì êâàçiñòàáiëüíîãî ðàí-ãó 1. À äîâiëüíèé íåíóëüîâèé åëåìåíò � åëåìåíò ìàéæå ñòàáiëüíîãî ðàíãó1. Êðiì òîãî, ïîêàçàíî îäíîñòîðîííþ åëåìåíòàðíó ðåäóêöiþ êâàäðàòíèõìàòðèöü íàä êîìóòàòèâíèì êiëüöåì Áåçó, â ÿêîìó äîâiëüíèé åëåìåíò ìà¹ìàéæå ñòàáiëüíèé ðàíã 1.Êëþ÷îâi ñëîâà: iäåàë ñòàáiëüíîãî ðàíãó 1, iäåàë ìàêñèìàëüíî íåñòàáiëü-íîãî ðàíãó 1, åëåìåíò ìàéæå ñòàáiëüíîãî ðàíãó 1, iäåàë ìàéæå ñòàáiëüíîãîðàíãó 1, àäåêâàòíå êiëüöå, êiëüöå êâàçiñòàáiëüíîãî ðàíãó 1.Êiëüöå Áåçó ñòàáiëüíîãî ðàíãó 1 ¹ êiëüöåì åëåìåíòàðíèõ äiëüíèêiâ [1℄. Öåé �àêòñïîíóêàâ áàãàòüîõ àâòîðiâ äî âèâ÷åííÿ êiëåöü Áåçó, ÿêi ¹ óçàãàëüíåííÿì êiëüöÿ ñòà-áiëüíîãî ðàíãó 1 [2℄. Ìè ïðîïîíó¹ìî íîâå óçàãàëüíåííÿ êiëüöÿ ñòàáiëüíîãî ðàíãó1, à ñàìå: ââîäèòüñÿ ïîíÿòòÿ åëåìåíòà ñòàáiëüíîãî ðàíãó 1, à òàêîæ åëåìåíòà ìàé-æå ñòàáiëüíîãî ðàíãó 1. Ïîêàçàíî ìóëüòèïëiêàòèâíó çàìêíåíiñòü ìíîæèí åëåìåíòiâñòàáiëüíîãî ðàíãó 1, ùî äà¹ çìîãó ââåñòè iäåàëè ìàêñèìàëüíî íåñòàáiëüíîãî ðàíãó1. Äàëi ââîäèìî ïîíÿòòÿ åëåìåíòà ìàéæå ñòàáiëüíîãî ðàíãó 1 i êiëüöÿ ìàéæå ñòà-áiëüíîãî ðàíãó 1. Ïîêàçàíî, ùî íàä êiëüöåì ìàéæå ñòàáiëüíîãî ðàíãó 1, äîâiëüíèéóíiìîäóëÿðíèé ðÿäîê äîïîâíþ¹òüñÿ äî îáîðîòíî¨ ìàòðèöi. Òàêîæ ïîêàçàíî, ùî äî-âiëüíå àäåêâàòíå êiëüöå ¹ êiëüöåì êâàçiñòàáiëüíîãî ðàíãó 1, à äîâiëüíèé íåíóëüîâèé
© Áiëÿâñüêà Ñ., 2009



6 Ñî�iÿ ÁIËßÂÑÜÊÀåëåìåíò ¹ åëåìåíòîì ìàéæå ñòàáiëüíîãî ðàíãó 1. Êðiì òîãî, ïîêàçàíà îäíîñòîðîí-íÿ åëåìåíòàðíà ðåäóêöiÿ íåîñîáëèâèõ ìàòðèöü íàä êîìóòàòèâíèì êiëüöåì Áåçó, âÿêîìó äîâiëüíèé åëåìåíò ìà¹ ìàéæå ñòàáiëüíèé ðàíã 1.Ïiä êiëüöåì R ðîçóìi¹ìî êîìóòàòèâíå êiëüöå ç 1 6= 0. Ïîçíà÷èìî ÷åðåç U(R)ãðóïó îäèíèöü êiëüöÿ R, à ÷åðåç J(R) � ðàäèêàë Äæåêîáñîíà.Íàãàäà¹ìî, ùî ðÿäîê (a1, a2, . . . , an) íàçèâà¹òüñÿ óíiìîäóëÿðíèì, ÿêùî âèêî-íó¹òüñÿ óìîâà a1R + a2R + . . . + anR = R.Ñòàáiëüíèì ðàíãîì êiëüöÿ R íàçâåìî íàéìåíøå íàòóðàëüíå ÷èñëî n òàêå, ùîâèêîíó¹òüñÿ òàêà âëàñòèâiñòü: äëÿ äîâiëüíîãî óíiìîäóëÿðíîãî ðÿäêà (a1, a2, . . . , an,
an+1) ç åëåìåíòiâ êiëüöÿ R iñíóþòü åëåìåíòè b1, b2, . . . , bn ∈ R òàêi, ùî ðÿäîê
(a1 + an+1b1, a2 + an+1b2, . . . , an + an+1bn) ¹ óíiìîäóëÿðíèì [3℄. Ïîçíà÷àòèìåìîñò.ð.(R) = n.Ñêàæåìî, ùî åëåìåíò a ∈ R íàçèâà¹òüñÿ åëåìåíòîì ñòàáiëüíîãî ðàíãó 1, ÿêùîäëÿ êîæíîãî åëåìåíòà b ∈ R òàêîãî, ùî aR + bR = R, iñíó¹ t ∈ R òàêå, ùî a + bt �îáîðîòíèé åëåìåíò R.Òâåðäæåííÿ 1. Íåõàé R � êîìóòàòèâíå êiëüöå. Òîäi äîâiëüíèé iäåìïîòåíò e ¹åëåìåíòîì ñòàáiëüíîãî ðàíãó 1.Äîâåäåííÿ. Íåõàé e = e2, eR + bR = R, äëÿ äåÿêîãî b ∈ R, òîäi iñíóþòü u, v ∈ R, ùî
eu + bv = 1. Äîìíîæèâøè öþ ðiâíiñòü íà (1 − e) îäåðæó¹ìî

eu(1 − e) + bv(1 − e) = 1 − e,

eu − e2u + bv − bve + e = e + b(v − ve) = 1,òîáòî e � åëåìåíò ñòàáiëüíîãî ðàíãó 1. �Íàãàäà¹ìî, ùî êîìóòàòèâíå êiëüöå ç 1, â ÿêîìó êîæíèé ñêií÷åííî ïîðîäæåíèéiäåàë ¹ ãîëîâíèì, íàçèâà¹òüñÿ êiëüöåì Áåçó.Òâåðäæåííÿ 2. Íåõàé R � êîìóòàòèâíå êiëüöå Áåçó. Òîäi ìíîæèíà åëåìåíòiâñòàáiëüíîãî ðàíãó 1 ¹ ìóëüòèïëiêàòèâíî çàìêíåíîþ.Äîâåäåííÿ. Íåõàé a, c � åëåìåíòè ñòàáiëüíîão ðàíãó 1. Äëÿ äîâiëüíîãî b ∈ R òàêîãî,ùî acR+bR = R iñíó¹ t, ùî ac+bt ∈ U(R). Îñêiëüêè acR+bR = R, òî aR+bR = R i
cR + bR = R. Ïîçàÿê a, c � åëåìåíòè ñòàáiëüíîãî ðàíãó 1, òî a + bx = u1, c + by = u2,äå x, y ∈ R, u1, u2 ∈ U(R). Òîäi

u1u2 = (a + bx)(c + by) = ac + aby + bcx + b2xy = u1u2 = ac + b(ay + cx + bxy).Îñêiëüêè u1u2 ∈ U(R), òî ac òàêîæ ¹ åëåìåíòîì ñòàáiëüíîãî ðàíãó 1. �Îçíà÷åííÿ 1. Íàçâåìî iäåàë I êiëüöÿ R iäåàëîì ñòàáiëüíîãî ðàíãó 1, ÿêùî I ìiñ-òèòü õî÷à á îäèí åëåìåíò ñòàáiëüíîãî ðàíãó 1. Â ïðîòèëåæíîìó âèïàäêó iäåàë Iíàçâåìî iäåàëîì íåñòàáiëüíîãî ðàíãó 1.Ïîçíà÷èìî ÷åðåç H ìíîæèíó âñiõ iäåàëiâ íåñòàáiëüíîãî ðàíãó 1 i íåõàé H 6= ∅.Íåõàé {Iα}α∈Ω � äîâiëüíèé ëàíöþã iäåàëiâ ìíîæèíè H . �îçãëÿíåìî iäåàë I =
⋃

α∈Ω

Iα.ßêùî I /∈ H , òî â I iñíó¹ åëåìåíò a ñòàáiëüíîãî ðàíãó 1. Çãiäíî ç îçíà÷åííÿìiñíó¹ β ∈ Ω òàêå, ùî a ∈ Iβ . Òîáòî Iβ � iäåàë ñòàáiëüíîãî ðàíãó 1, à öå íåìîæëèâî,áî Iβ ∈ H .



ÅËÅÌÅÍÒÈ ÑÒÀÁIËÜÍÎ�Î ÒÀ ÌÀÉÆÅ ÑÒÀÁIËÜÍÎ�Î �ÀÍ�Ó 1 7Îòæå, ìíîæèíà H � iíäóêîâàíà. Çà ëåìîþ Öîðíà â H iñíó¹ õî÷à á îäèí ìàêñè-ìàëüíèé iäåàë. Òàêi iäåàëè íàçèâàþòü iäåàëàìè ìàêñèìàëüíî íåñòàáiëüíîãî ðàíãó 1,òîáòî ìà¹ìî îçíà÷åííÿ.Îçíà÷åííÿ 2. Iäåàë N íàçèâà¹òüñÿ iäåàëîì ìàêñèìàëüíî íåñòàáiëüíîãî ðàíãó 1,ÿêùî äëÿ äîâiëüíîãî iäåàëó I òàêîãî, ùî N ⊂ I i I 6= N , iñíó¹ åëåìåíò a ñòàáiëüíîãîðàíãó 1 òàêèé, ùî a ∈ I.Òâåðäæåííÿ 3. Äîâiëüíèé iäåàë íåñòàáiëüíîãî ðàíãó 1 ìiñòèòüñÿ õî÷à á â îäíîìóìàêñèìàëüíî íåñòàáiëüíîìó iäåàëi.Äîâåäåííÿ. Çà âèùå äîâåäåíèì áà÷èìî, ùî ìíîæèíà iäåàëiâ íåñòàáiëüíîãî ðàíãó 1,ÿêà ìiñòèòü öåé iäåàë iíäóêîâàíà. Ëåìà Öîðíà çàâåðøó¹ äîâåäåííÿ.
�Òåîðåìà 1. Äîâiëüíèé iäåàë ìàêñèìàëüíî íåñòàáiëüíîãî ðàíãó 1 êiëüöÿ R ¹ ïðîñ-òèì iäåàëîì.Äîâåäåííÿ. Íåõàé P � äîâiëüíèé iäåàë ìàêñèìàëüíî íåñòàáiëüíîãî ðàíãó 1. Ïðèïóñ-òèìî, ùî iñíóþòü òàêi åëåìåíòè c, b ∈ R, ùî b, c /∈ P , àëå cb ∈ P . �îçãëÿíåìî iäåàë

P +cR. Îñêiëüêè c /∈ P i iäåàë P � ìàêñèìàëüíî íåñòàáiëüíîãî ðàíãó 1, òî ç âêëþ÷åí-íÿ P ⊂ P + cR âèïëèâà¹ iñíóâàííÿ åëåìåíòà ñòàáiëüíîãî ðàíãó 1, a ∈ R òàêîãî, ùî
a ∈ P + cR. �îçãëÿíåìî iäåàë I = {x | ax ∈ P}. Î÷åâèäíî, ùî P ⊂ I, ïðè÷îìó I 6= P ,îñêiëüêè b ∈ I, àëå b /∈ P . Îòæå, iñíó¹ òàêèé åëåìåíò d ñòàáiëüíîãî ðàíãó 1 êiëüöÿ R,ùî d ∈ I. Âðàõîâóþ÷è îçíà÷åííÿ iäåàëó I, áà÷èìî, ùî ad ∈ P . Òîáòî iäåàë P ìiñòèòüäîáóòîê äâîõ åëåìåíòiâ ñòàáiëüíîãî ðàíãó 1. Çãiäíî ç òâåðäæåííÿì 2 äîáóòîê äâîõåëåìåíòiâ ñòàáiëüíîãî ðàíãó 1 ¹ åëåìåíòîì ñòàáiëüíîãî ðàíãó 1. Îòæå, ìè äîâåëè, ùîiäåàë P ìiñòèòü åëåìåíò ñòàáiëüíîãî ðàíãó 1, à öå ñóïåðå÷èòü ïðèïóùåííþ, ùî iäåàëìàêñèìàëüíî ñòàáiëüíîãî ðàíãó 1 íå ìiñòèòü åëåìåíòiâ ñòàáiëüíîãî ðàíãó 1. �Îçíà÷åííÿ 3. Êîìóòàòèâíå êiëüöå R ç 1 6= 0 ¹ êiëüöåì ìàéæå ñòàáiëüíîãî ðàíãó1, ÿêùî äëÿ äîâiëüíîãî iäåàëó I òàêîãî, ùî I 6⊆ J(R), ñò.ð.(R/I) = 1.Òåîðåìà 2. Íåõàé R ¹ êiëüöåì ìàéæå ñòàáiëüíîãî ðàíãó 1, òîäi äîâiëüíèé óíiìî-äóëÿðíèé ðÿäîê íàä R äîïîâíþ¹òüñÿ äî îáîðîòíî¨ ìàòðèöi.Äîâåäåííÿ. Íåõàé R � êiëüöå ìàéæå ñòàáiëüíîãî ðàíãó 1 i a1R + . . . + anR = R.Òåîðåìà î÷åâèäíà ó âèïàäêó, êîëè n = 1.ßêùî n = 2, òîäi iñíóþòü òàêi u, v, ùî a1u + a2v = 1, i ìàòðèöÿ (

a1 a2

−v u

) �îáîðîòíà.Íåõàé n > 3 i ïðèïóñòèìî, ùî íàø ðåçóëüòàò ïðàâèëüíèé äëÿ âñiõ k < n.Âèïàäîê 1. ßêùî a1 ∈ J(R), òî ç ðiâíîñòi a1R + a2R + . . . + anR = R âèïëèâà¹
a2R + . . . + anR = R. Çãiäíî ç ïðèïóùåííÿì iíäóêöi¨ iñíó¹ îáîðîòíà ìàòðèöÿ Vâèãëÿäó

V =

(

a2 . . . an

V ′

)

.Î÷åâèäíî, ùî ìàòðèöÿ
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

















a1 . . . . . . . . .

0
... ...... ... V

...
0

... ...
1 0 . . . 0

















¹ øóêàíîþ îáîðîòíîþ ìàòðèöåþ.Òîáòî ðÿäîê (a1, a2, . . . an) äîïîâíþ¹òüñÿ äî îáîðîò-íî¨ ìàòðèöi. Àíàëîãi÷íî ðîçãëÿäà¹ìî âèïàäîê, êîëè ai ∈ J(R), i = 1, 2, . . . , n − 2.Âèïàäîê 2. Íåõàé a1, . . . an−2 /∈ J(R). �îçãëÿíåìî iäåàë a1R + . . . + an−2R = I.Çãiäíî ç îçíà÷åííÿì êiëüöÿ R êiëüöå R = R/I ¹ êiëüöåì ñòàáiëüíîãî ðàíãó 1. ßêùî
I + an−1R + anR = R, òî an−1R + anR = R. Îñêiëüêè ñò.ð.(R) = 1, òî iñíó¹ òàêå
y ∈ R, ùî an−1 + anyR = R. Ïîêàæåìî, ùî òîäi I + an−1R + anR = R. ßêùî öåíå òàê, òî iñíó¹ ìàêñèìàëüíèé iäåàë M êiëüöÿ R, òàêèé ùî I + an−1R + anR ⊂ M .Îñêiëüêè ñò.ð.(R/I) = ñò.ð.R/J(R), äå

J(I) =
⋂

M∈mspecI

M,òî an−1 + any ∈ M/J(I) � ïðîòèði÷÷ÿ. Îòæå,
a1R + . . . + an−2R + an−1R + anR = a1R + . . . + an−2R + (an−1 + any)R =

= In−2 + (an−1 + any)R = R.Çãiäíî ç ïðèïóùåííÿì iíäóêöi¨ ðÿäîê (a1, . . . , an−2, an−1 + any) äîïîâíþ¹òüñÿäî (n − 1) × (n − 1) îáîðîòíî¨ ìàòðèöi V ′.Íåõàé
U = In−2

⊕

(

1 0
b 1

)

, V =











an

V ′ 0...
0 . . . 0 1









Òîäi V U ¹ n × n îáîðîòíîþ ìàòðèöåþ ç ïåðøèì ðÿäêîì (a1, . . . ,
. . . an−2, an−1, an). �Îçíà÷åííÿ 4. Iäåàë I êiëüöÿ R ìà¹ ìàéæå ñòàáiëüíèé ðàíã 1, ÿêùî ñò.ð.(R/I)=1.Îçíà÷åííÿ 5. Åëåìåíò a íàçâåìî åëåìåíòîì ìàéæå ñòàáiëüíîãî ðàíãó 1, ÿêùîñò.ð.(R/aR) = 1.Òâåðäæåííÿ 4. Íåõàé a � åëåìåíò ìàéæå ñòàáiëüíîãî ðàíãó 1 êîìóòàòèâíîãîêiëüöÿ R. ßêùî aR + bR + cR = R, òî iñíó¹ åëåìåíò y ∈ R òàêèé, ùî

aR + (b + cy)R = R.Äîâåäåííÿ. Íåõàé R = R/aR. Äëÿ åëåìåíòà x ∈ R, íåõàé x = x + aR. Îñêiëüêè
bR + cR = R, òî iñíó¹ y ∈ R òàêèé, ùî b + cyR = R. Ïîêàæåìî, ùî

aR + (b + cy)R = R.



ÅËÅÌÅÍÒÈ ÑÒÀÁIËÜÍÎ�Î ÒÀ ÌÀÉÆÅ ÑÒÀÁIËÜÍÎ�Î �ÀÍ�Ó 1 9Ñïðàâäi, ÿêùî öå íå òàê, òî iñíó¹ ìàêñèìàëüíèé iäåàë M êiëüöÿ R, äëÿ ÿêîãî
aR + (b + cy)R ∈ M . Öå íå ìîæëèâî, îñêiëüêè M/J(aR) � ìàêñèìàëüíèé iäåàë
R, äå J(aR)-ðàäèêàë Äæåêîáñîíà êiëüöÿ R/aR, ÿêèé ìiñòèòü b + cy. Çàóâàæèìî, ùîñò.ð.(R/aR) = ñò.ð.(R/J(aR)). Îòæå, aR+(b+cy)R = R. Òâåðäæåííÿ äîâåäåíî. �Òâåðäæåííÿ 5. Íåõàé a-åëåìåíò êîìóòàòèâíîãî êiëüöÿ R òàêèé, ùî äëÿ äî-âiëüíèõ b, c ∈ R, äëÿ ÿêèõ aR + bR + cR = R, iñíó¹ åëåìåíò y ∈ R òàêèé, ùî
aR + (b + cy)R = R. Òîäi a ¹ åëåìåíòîì ìàéæå ñòàáiëüíîãî ðàíãó 1.Äîâåäåííÿ. Íåõàé R = R/aR i bR + cR = R. Î÷åâèäíî, ùî aR + bR + cR = R.Âðàõîâóþ÷è îáìåæåííÿ íàêëàäåíi íà åëåìåíò a, iñíó¹ åëåìåíò y òàêèé, ùî

aR + (b + cy)R = R.Çâiäñè (b + cy)R = R, òîáòî ñò.ð.(R/aR) = 1, ùî é òðåáà áóëî ïîêàçàòè. Òâåðäæåííÿäîâåäåíî. �Òåîðåìà 3. Íåõàé R-êiëüöå, â ÿêîìó äîâiëüíèé íåíóëüîâèé i íåçâîðîòíèé åëåìåíò¹ åëåìåíòîì ìàéæå ñòàáiëüíîãî ðàíãó 1. ßêùî J(R) 6= 0, òî R ¹ êiëüöåì ñòàáiëü-íîãî ðàíãó 1.Äîâåäåííÿ. Íåõàé b, c ∈ R òàêi, ùî bR + cR = R i íåõàé a ∈ J(R), a 6= 0. Òîäi
aR + bR + cR = R. Çãiäíî ç ïîïåðåäíiì òâåðäæåííÿì iñíó¹ òàêå t ∈ R, ùî

aR + (b + ct)R = R.Îñêiëüêè a ∈ J(R), òîäi (b+ct)R = R. Òîáòî R � êiëüöå ñòàáiëüíîãî ðàíãó 1. Òåîðåìóäîâåäåíî. �Òîé �àêò, ùî åëåìåíò a ¹ äiëüíèêîì åëåìåíòà b ïîçíà÷àòèìåìî a|b.Îçíà÷åííÿ 6. [4] Êîìóòàòèâíå êiëüöå R íàçèâà¹òüñÿ àäåêâàòíèì êiëüöåì, ÿêùî
R-êiëüöå Áåçó i äëÿ äîâiëüíèõ a, b ∈ R, a 6= 0 iñíóþòü r, s, òàêi, ùî âèêîíóþòüñÿòàêi óìîâè:1) a = rs;2) rR + bR = R, (r, b) = 1;3) äëÿ áóäü-ÿêîãî íåîáîðîòíîãî äiëüíèêà s′ åëåìåíòà s, òîáòî s′|s âèêîíó¹òüñÿ

s′R + bR 6= R.Òåîðåìà 4. Â àäåêâàòíîìó êiëüöi äîâiëüíèé íåíóëüîâèé åëåìåíò ¹ åëåìåíòîììàéæå ñòàáiëüíîãî ðàíãó 1.Äîâåäåííÿ. Íåõàé R-àäåêâàòíå êiëüöå i a ∈ R\{0} . Òîäi åëåìåíò a ìîæíà çàïèñàòèó âèãëÿäi a = rs, äå rR+ bR = R i äëÿ äîâiëüíîãî íåçâîðîòíîãî äiëüíèêà s′ åëåìåíòà
s, ìà¹ìî s′R + bR 6= R. Íåõàé aR + (b + cr)R = δR, äå δ-íåçâîðîòíèé åëåìåíò R, òîäi
δ|rs. ßêùî (δ, r) = h, äå h � íåçâîðîòíèé åëåìåíò R, òîäi h|b + cr i h|r. Çâiäñè h|b,ùî íå ìîæëèâî, îñêiëüêè rR + bR = R i h|b, h|r, ïðè÷îìó h-íåçâîðîòíèé åëåìåíò R.Òîäi δ|s, à çãiäíî ç îçíà÷åííÿì åëåìåíòà s, sR + cR = αR, äå α-íåçâîðîòíèé åëåìåíò
R. Îñêiëüêè δ|b + cr i α|δ, òî α|b. Òîáòî α|a, α|b, α|c, ùî íå ìîæëèâî, îñêiëüêè
aR + bR + cR = R.Îòæå, aR+(b+cr)R = R. Çãiäíî ç òâåðäæåííÿì 5 åëåìåíò a ¹ åëåìåíòîì ìàéæåñòàáiëüíîãî ðàíãó 1. �



10 Ñî�iÿ ÁIËßÂÑÜÊÀÎçíà÷åííÿ 7. Íàçâåìî êîìóòàòèâíå êiëüöå R êiëüöåì êâàçiñòàáiëüíîãî ðàíãó 1,ÿêùî äîâiëüíèé íåçâîðîòíèé åëåìåíò, ÿêèé íå íàëåæèòü ðàäèêàëó Äæåêîáñîíà ¹åëåìåíòîì ìàéæå ñòàáiëüíîãî ðàíãó 1.Òåîðåìà 5. Äîâiëüíå àäåêâàòíå êiëüöå R ¹ êiëüöåì êâàçiñòàáiëüíîãî ðàíãó 1.Äîâåäåííÿ. Íåõàé a /∈ U(R), a /∈ J(R). Ïîçíà÷èìî ÷åðåç R = R/aR. Íåõàé
bR + cR = R,äå b = b + aR, c = c + aR. Çâiäñè aR + bR + cR = R. Îñêiëüêè R-àäåêâàòíå êiëüöå i

a 6= 0, òî iñíó¹ åëåìåíò r ∈ R òàêèé, ùî aR+(b+ cr)R = R, à öå îçíà÷à¹ íå ùî iíøå,ÿê (b + cr)R = R, òîäi ñò.ð.(R/aR) = 1, ùî é ïîòðiáíî áóëî äîâåñòè. �Íàãàäà¹ìî, ùî êiëüöå R íàçèâà¹òüñÿ êiëüöåì åëåìåíòàðíèõ äiëüíèêiâ, ÿêùî äî-âiëüíà êâàäðàòíà ìàòðèöÿ A íàä R ïîðÿäêó n âîëîäi¹ êàíîíi÷íîþ äiàãîíàëüíîþðåäóêöi¹þ, òîáòî iñíóþòü òàêi îáîðîòíi ìàòðèöi P ∈ GEn(R) i Q ∈ GLn(R) âiäïî-âiäíèõ ðîçìiðiâ íàä R, ùî ìàòðèöÿ PAQ = diag(ε1, . . . εn) i εi|εi+1, äëÿ äîâiëüíîãî i[4℄. ßêùî íàä êiëüöåì R äîâiëüíà 1 × 2 i 2 × 1 ìàòðèöÿ âîëîäi¹ êàíîíi÷íîþ äiàãî-íàëüíîþ ðåäóêöi¹þ, òî òàêå êiëüöå íàçèâàþòü êiëüöåì Åðìiòà [4℄.Òåîðåìà 6. Êîìóòàòèâíå êiëüöå Áåçó ¹ êiëüöåì Åðìiòà, òîäi i ëèøå òîäi, êîëèñò.ð.(R) = 2 [5℄.Ïiä GLn(R) ðîçóìiòèìåìî ãðóïó îáîðîòíèõ ìàòðèöü êiëüöÿ R, à ÷åðåç GEn(R)ïîçíà÷èìî ïiäãðóïó ãðóïè GLn(R) ïîðîäæåíó åëåìåíòàðíèìè ìàòðèöÿìè.Òåîðåìà 7. Íåõàé R-êîìóòàòèâíå êiëüöå Áåçó, â ÿêîìó êîæíèé åëåìåíò ìà¹ìàéæå ñòàáiëüíèé ðàíã 1. Òîäi äëÿ êîæíî¨ íåîñîáëèâî¨ n × n ìàòðèöi A íàä R,iñíóþòü òàêi íåîáîðîòíi ìàòðèöi P ∈ GEn(R), Q ∈ GLn(R), ùî
PAQ =















ε1 0 0 . . . 0
0 ε2 0 . . . 0
0 0 ε3 . . . 0... ... ... ... ...
0 0 0 . . . εn















,äå εi|εi+1, i = 1, . . . , n − 1.Äîâåäåííÿ. Íåõàé R-êîìóòàòèâíå êiëüöå Áåçó, â ÿêîìó äîâiëüíèé åëåìåíò ìà¹ ìàé-æå ñòàáiëüíèé ðàíã 1. Çãiäíî ç òâåðäæåííÿì 4 ñòàáiëüíèé ðàíã R äîðiâíþ¹ 2, òîáòî R¹ êîìóòàòèâíèì êiëüöåì Áåçó ñòàáiëüíîãî ðàíãó 2. Çãiäíî ç òåîðåìîþ 6 R ¹ êiëüöåìÅðìiòà. Íà ïiäñòàâi òâåðäæåííÿ 4 i [4℄ R ¹ êiëüöåì åëåìåíòàðíèõ äiëüíèêiâ. Îò-æå, äëÿ äîâåäåííÿ òåîðåìè äîñòàòíüî ðîçãëÿíóòè âèïàäîê ìàòðèöi 2-ãî ïîðÿäêó [6℄.Ìîæíà ââàæàòè, ùî íàéáiëüøèé ñïiëüíèé äiëüíèê åëåìåíòiâ ìàòðèöi A äîðiâíþ¹ 1[6℄. Îñêiëüêè ñòàáiëüíèé ðàíã R äîðiâíþ¹ 2, òî çãiäíî ç òåîðåìîþ 6 R ¹ êiëüöåì Åðìi-òà. Òîìó iñíó¹ ìàòðèöÿ Q1 ∈ GLn(R) òàêà, ùî AQ1 =

(ñ 0
b a

), äå aR + bR + cR = R.



ÅËÅÌÅÍÒÈ ÑÒÀÁIËÜÍÎ�Î ÒÀ ÌÀÉÆÅ ÑÒÀÁIËÜÍÎ�Î �ÀÍ�Ó 1 11Îñêiëüêè ìàòðèöÿ A-íåîñîáëèâà, òî a 6= 0, c 6= 0. Çãiäíî ç òâåðäæåííÿì 5 iñíó¹åëåìåíò x ∈ R òàêèé, ùî aR + (b + cx)R = R.
P1AQ1 =

(

1 0
x 1

)

AQ1 =

( ñ 0
b + cx a

)

,äå P1 ∈ GE2(R), Q1 ∈ GL2(R). Îñêiëüêè aR + (b + cx)R = R, òî iñíó¹ òàêà îáîðîòíàìàòðèöÿ Q2 ∈ GLn(R), ùî
P1AQ1Q2 =

(

α −ac
1 0

)

.Î÷åâèäíî, ùî ìàòðèöÿ P1AQ1Q2 çâîäèòüñÿ åëåìåíòàðíèìè ïåðåòâîðåííÿìè äî âè-ãëÿäó
(

1 0
0 añ) ,òîáòî äî êàíîíi÷íîãî äiàãîíàëüíîãî âèãëÿäó. Òåîðåìó äîâåäåíî. �1. Rush D.E. Bezout domains with stable range 1 / Rush D.E. // J. Pure and Appl. Algebra.� 2001. � Vol. 158. � P. 309-324.2. M
 Govern, W. Bezout rings with almost stable range 1 are elementary divisor rings / M
Govern, W. // J. Pure and Appl. Algebra. � 2007. � Vol. 212. � P. 340-348.3. Vaserstein L.N. The stable rank of rings and dimensionality of topologi
al spa
es / Va-serstein L.N. //Fun
tional Anal. Appl. � 1971. � Vol. 5. � P. 102-110.4. Kaplansky I. Elementary divisors and modules / Kaplansky I. // Trans. Amer. Math. So
.� 1949. � Vol. 66. � P. 464-491.5. Zabavsky B.V. Redu
tion of matri
es over Bezout rings of stable rank not higher than 2/ Zabavsky B.V. //Ukrain. Math. J. � 2003. � Vol. 55, �4. � P. 665-670.6. Zabavsky B.V. Diagonalizability theorem for matri
es over rings with �nite stable range/ Zabavsky B.V. //Alg. Dis
r. Math. � 2005. � �1. � P. 134-148.ELEMENTS OF STABLE AND ALMOST STABLE RANK 1So�a BILAVSKAIvan Franko National University of L'viv,79000, L'viv, Universytets'ka Str., 1e-mail: zosia_meliss�yahoo.
o.ukIn this paper, an attempt to generalize stable rank rings is proposed,and the notions of element stable rank 1 and element almost stable rank 1 isintrodu
ed. Besides multipli
ativity 
losed set of stable rank 1 elements shown,whi
h enables introdu
tion of maximal unstable rank 1 ideals to be involved.The notion of the element of almost stable rank 1 and almost stable rank 1ring is des
ribed. Moreover, any unimodular row over the almost stable rank1 ring is 
omplemented. Also, any adequate ring is a quazistable rank 1 ring



12 Ñî�iÿ ÁIËßÂÑÜÊÀis proved. The fa
t, that any nonzero element is an element of almost stablerank 1. Furthermore, oneside elemental redu
tion of square matri
es over the
ommutative Bezout's ring in whi
h every element has almost stable rank 1 isshown.Key words: unimodular row, stable rank n, Bezout ring, adequate ring,Hermite ring, elementary divisors ring.ÝËÅÌÅÍÒÛ ÑÒÀÁÈËÜÍÎ�Î È ÏÎ×ÒÈÑÒÀÁÈËÜÍÎ�Î �ÀÍ�À 1Ñî�èÿ ÁÅËßÂÑÊÀßËüâîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Èâàíà Ôðàíêî,79000, Ëüâîâ, óë. Óíèâåðñèòåòñêàÿ, 1e-mail: zosia_meliss�yahoo.
o.ukÏðåäëàãàåòñÿ íîâîå îáîáùåíèå êîëåö ñòàáèëüíîãî ðàíãà 1, à èìåííî,äàíî ïîíÿòèå ýëåìåíòà ñòàáèëüíîãî ðàíãà 1 è ýëåìåíòà ïî÷òè ñòàáèëüíî-ãî ðàíãà 1. Ïîêàçûâàåòñÿ ìóëüòèïëèêàòèâíàÿ çàìêíóòîñòü ìíîæåñòâ ýëå-ìåíòîâ ñòàáèëüíîãî ðàíãà 1, ÷òî äà¼ò âîçìîæíîñòü ââåñòè èäåàëû ìàêñè-ìàëüíî íåñòàáèëüíîãî ðàíãà 1. Êðîìå òîãî, äàíî ïîíÿòèå ýëåìåíòà ïî÷òèñòàáèëüíîãî ðàíãà 1 è êîëüöà ïî÷òè ñòàáèëüíîãî ðàíãà 1. Òàêæå ïîêàçàíî,÷òî íàä êîëüöîì ïî÷òè ñòàáèëüíîãî ðàíãà 1 ïðîèçâîëüíàÿ óíèìîäóëÿðíàÿñòðîêà ÿâëÿåòñÿ äîïîëíèòåëüíîé. Äîêàçàíî, ÷òî ïðîèçâîëüíîå àäåêâàòíîåêîëüöî åñòü êîëüöîì êâàçèñòàáèëüíîãî ðàíãà 1. À ïðîèçâîëüíûé íåíóëåâîéýëåìåíò åñòü ýëåìåíòîì ïî÷òè ñòàáèëüíîãî ðàíãà 1. Êðîìå òîãî, ïîêàçà-íà îäíîñòîðîííÿÿ ýëåìåíòàðíàÿ ðåäóêöèÿ êâàäðàòíûõ ìàòðèö íàä êîì-ìóòàòèâíûì êîëüöîì Áåçó, â êîòîðîì ïðîèçâîëüíûé ýëåìåíò èìååò ïî÷òèñòàáèëüíûé ðàíã 1.Êëþ÷åâûå ñëîâà: èäåàë ñòàáèëüíîãî ðàíãà 1, èäåàë ìàêñèìàëüíî íå-ñòàáèëüíîãî ðàíãà 1, ýëåìåíò ïî÷òè ñòàáèëüíîãî ðàíãà 1, èäåàë ïî÷òè ñòà-áèëüíîãî ðàíãà 1, àäåêâàòíîå êîëüöî, êîëüöî êâàçèñòàáèëüíîãî ðàíãà 1.Ñòàòòÿ íàäiéøëà äî ðåäêîëåãi¨ 20.02.2009Ïðèéíÿòà äî äðóêó 16.12.2009



ÂIÑÍÈÊ ËÜÂIÂ. ÓÍ-ÒÓ VISNYK LVIV UNIV.Ñåðiÿ ìåõ.-ìàò. 2009. Ser. Me
h. Math. 2009.Âèï. 71. Ñ. 13�26 Is. 71. P. 13�26ÓÄÊ 517.95ÄÅßÊI ÔÎ�ÌÓËÈ IÍÒÅ��ÓÂÀÍÍß ×ÀÑÒÈÍÀÌÈÂ Ï�ÎÑÒÎ�ÀÕ ÔÓÍÊÖIÉ ÇI ÇÌIÍÍÈÌ ÑÒÅÏÅÍÅÌÍÅËIÍIÉÍÎÑÒIÒàðàñ ÁÎÊÀËÎ, Îëåã ÁÓ��IÉËüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,79000, Ëüâiâ, âóë. Óíiâåðñèòåòñüêà, 1e-mail: tbokalo�gmail.
om, ol_buhrii�i.uaÄîâåäåíî �îðìóëè iíòåãðóâàííÿ ÷àñòèíàìè ñïåöiàëüíîãî âèãëÿäó äëÿ�óíêöié ç óçàãàëüíåíèõ ïðîñòîðiâ Ñîáîë¹âà. Òàêîæ îòðèìàíî �îðìóëóóçàãàëüíåíî¨ ïîõiäíî¨ âiä êîìïîçèöi¨ äåÿêèõ �óíêöié ó ñåíñi ðîçïîäiëiâ.Êëþ÷îâi ñëîâà: óçàãàëüíåíi ïðîñòîðè Ëåáåãà òà Ñîáîë¹âà, iíòåãðóâàííÿ÷àñòèíàìè, óçàãàëüíåíà ïîõiäíà âiä êîìïîçèöi¨ �óíêöié.1. Âñòóï. Ïðè äîâåäåííi, çîêðåìà, òåîðåìè ¹äèíîñòi ðîçâ'ÿçêó ìiøàíèõ çàäà÷äëÿ íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü òðåáà âèêîðèñòîâóâàòè �îðìóëè iíòåãðóâàííÿ÷àñòèíàìè ñïåöiàëüíîãî âèãëÿäó (äèâ. [1, 
. 326℄). Öi �îðìóëè âèêîíóþòüñÿ, çîêðåìà,äëÿ �óíêöié ç äåÿêèõ ïðîñòîðiâ Ñîáîë¹âà W 1,p, p > 1. Îñòàííiì ÷àñîì ïàðàáîëi÷íiðiâíÿííÿ ïî÷àëè âèâ÷àòè â óçàãàëüíåíèõ ïðîñòîðàõ Ñîáîë¹âà W 1,p(x), äå p = p(x) �äåÿêà �óíêöiÿ. Òîìó âèíèêëà ïîòðåáà îòðèìàííÿ �îðìóëè iíòåãðóâàííÿ ÷àñòèíàìèäëÿ �óíêöié ç òàêèõ ïðîñòîðiâ.Ìåòà íàøî¨ ïðàöi � îòðèìàòè �îðìóëè iíòåãðóâàííÿ ÷àñòèíàìè ñïåöiàëüíîãîâèãëÿäó äëÿ �óíêöié ç óçàãàëüíåíèõ ïðîñòîðiâ Ñîáîë¹âà. Öüîìó ïðèñâÿ÷åíà ÷åòâåð-òà ÷àñòèíà ñòàòòi. Ïðè îòðèìàííi òàêèõ �îðìóë âèíèêà¹ ïîòðåáà îá÷èñëèòè ïîõiä-íó êîìïîçèöi¨ �óíêöié ñïåöiàëüíîãî âèãëÿäó, ùî íàëåæàòü W 1,p(x). Âèðiøåííþ öi¹¨ïðîáëåìè ïðèñâÿ÷åíî òðåòþ ÷àñòèíó ñòàòòi.Ó âèïàäêó p(x) ≡ 
onst ñõîæi �îðìóëè iíòåãðóâàííÿ ÷àñòèíàìè îòðèìàíî â[1, 2℄, ïîõiäíi êîìïîçèöi¨ �óíêöié çíàéäåíî â [3, 4℄.2. Äåÿêi äîïîìiæíi �àêòè ç àíàëiçó. Íåõàé Ω ∈ R
n � îáìåæåíà îáëàñòüç êóñêîâî ãëàäêîþ ìåæåþ, T > 0, Qt1,t2 = Ω × (t1, t2), äå 0 6 t1 < t2 6 T . Íîðìóáàíàõîâîãî ïðîñòîðó B ïîçíà÷èìî || · ; B||, ñïðÿæåíèé äî B ïðîñòið � B∗, à ñêàëÿðíèéäîáóòîê ìiæ B∗ òà B � 〈·, ·〉B . Äëÿ ñïðîùåííÿ çàìiñòü, íàïðèêëàä, u(·, t) ïèñàòèìåìîïðîñòî u(t).
© Áîêàëî Ò., Áóãðié Î., 2009



14 Òàðàñ ÁÎÊÀËÎ, Îëåã ÁÓ��IÉÓçàãàëüíåíi ïðîñòîðè Ëåáåãà áóëè ââåäåíi â [5℄. �õíi âëàñòèâîñòi äîñëiäæóâàëè,çîêðåìà, â [5℄-[8℄. Íàãàäà¹ìî äåÿêi ç íèõ. Ñïåðøó âèçíà÷èìî ïðîñòið
L∞

+ (Ω) = {v ∈ L∞(Ω) : ess inf
x∈Ω

v(x) > 1}.Äàëi äëÿ êîæíî¨ �óíêöi¨ r ∈ L∞
+ (Ω) ÷åðåç r0 òà r0 ïîçíà÷àòèìåìî òàêi ÷èñëà, ùî

r0 ≡ ess inf
x∈Ω

r(x) òà r0 ≡ ess sup
x∈Ω

r(x), à ÷åðåç r′ � òàêó �óíêöiþ, ùî 1
r(x) + 1

r′(x) = 1ìàéæå äëÿ âñiõ x ∈ Ω.Âèçíà÷èìî �óíêöiîíàë ρq(·, Ω) ðiâíiñòþ ρq(v, Ω) =
∫
Ω
|v(x)|q(x) dx, äå v � äåÿêà�óíêöiÿ. Óçàãàëüíåíèì ïðîñòîðîì Ëåáåãà Lq(x)(Ω) íàçèâàòèìåìî ìíîæèíó òàêèõâèìiðíèõ �óíêöié v : Ω → R

1, äëÿ ÿêèõ ρq(v, Ω) < +∞. Âiäîìî, ùî �óíêöiîíàë ρqñëàáêî íàïiâíåïåðåðâíèé çíèçó íà Lq(x)(Ω) (äèâ. [5, 
. 208℄). Êðiì òîãî, Lq(x)(Ω) ¹ðå�ëåêñèâíèì áàíàõîâèì ïðîñòîðîì ç íîðìîþ
||v; Lq(x)(Ω)|| = inf{λ > 0 : ρq(v/λ, Ω) ≤ 1}.Çàçíà÷èìî òàêå: ÿêùî r(x) ≥ q(x), òî Lr(x)(Ω) →֒ Lq(x)(Ω). Ñïðÿæåíèì äî Lq(x)(Ω)¹ ïðîñòið Lq′(x)(Ω).Çàóâàæåííÿ 1. Íåõàé

Sq(s) =

{
sq0 , s ∈ [0, 1],

sq0

, s > 1,
S1/q(s) =

{
s1/q0

, s ∈ [0, 1],
s1/q0 , s > 1,i q ∈ L∞

+ (Ω). Â ëåìi 1 [7, 
. 168℄ ïîêàçàíî, ùî äëÿ äîâiëüíî¨ �óíêöi¨ v : Ω → Rìàòèìåìî âèêîíàííÿ íåðiâíîñòåé:1) ||v; Lq(x)(Ω)|| ≤ S1/q(ρq(v, Ω)) ïðè ρq(v, Ω) < +∞;2) ρq(v, Ω) ≤ Sq(||v; Lq(x)(Ω)||) ïðè ||v; Lq(x)(Ω)|| < +∞.Óçàãàëüíåíèì ïðîñòîðîì Ñîáîë¹âà W 1,q(x)(Ω) íàçèâàòèìåìî ìíîæèíó �óíêöié
v ∈ Lq(x)(Ω), óçàãàëüíåíi ïîõiäíi ÿêèõ iñíóþòü i ux1 , . . . , uxn

∈ Lq(x)(Ω). Àíàëîãi÷íîäî ââåäåíèõ âèçíà÷èìî ïðîñòîðè �óíêöié L∞
+ (Q0,T ), Lq(x,t)(Q0,T ), W 1,q(x,t)(Q0,T ) òà�óíêöiîíàë ρq(·, Q0,T ).Íàãàäà¹ìî, ùî (äèâ. [6, 
. 594℄) óçàãàëüíåíà íåðiâíiñòü �åëüäåðà äëÿ äâîõ �óíê-öié u ∈ Lp(x)(Ω) òà v ∈ Lp′(x)(Ω), äå p ∈ L∞

+ (Ω), ìà¹ âèãëÿä
∫

Ω

u(x)v(x)dx 6 K1||u; Lp(x)(Ω)|| ||v; Lp′(x)(Ω)||,äå K1 = 1 + 1/p0 − 1/p0 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä u òà v.Íàì áóäå ïîòðiáíèé òàêèé ðåçóëüòàò.Ëåìà 1. (Óçàãàëüíåíà íåðiâíiñòü �åëüäåðà äëÿ òðüîõ �óíêöié). Íåõàé p, q ∈ L∞
+ (Ω)òàêi �óíêöi¨, ùî 1

p(x) + 1
q(x) = 
onst < 1 äëÿ x ∈ Ω, ÷èñëî k > 1 çàäàíî ðiâíiñòþ

1

p(x)
+

1

q(x)
+

1

k
= 1, x ∈ Ω. (1)



ÄÅßÊI ÔÎ�ÌÓËÈ IÍÒÅ��ÓÂÀÍÍß ×ÀÑÒÈÍÀÌÈ ... 15ßêùî u ∈ Lp(x)(Ω), v ∈ Lq(x)(Ω), w ∈ Lk(Ω), òî uvw ∈ L1(Ω) i
∫

Ω

u(x)v(x)w(x) dx 6 K2S1/p

(∫

Ω

|u(x)|p(x) dx
)
S1/q

(∫

Ω

|v(x)|q(x) dx
)(∫

Ω

|w(x)|k dx
)1/k

,äå K2 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä u, v, w.Äîâåäåííÿ. Íåõàé k′ def
= k

k−1 � ñïðÿæåíå äî k ÷èñëî. Òîäi
∫

Ω

u(x)v(x)w(x) dx 6

(∫

Ω

|u(x)v(x)|k
′

dx
) 1

k′

·
(∫

Ω

|w(x)|k dx
) 1

k′

. (2)Çðîçóìiëî, ùî ç (1) k = p(x)q(x)
p(x)q(x)−p(x)−q(x) , à òîìó k′ = p(x)q(x)

p(x)+q(x) . Òîäi
p(x)

k′
=

p(x)(p(x) + q(x))

p(x)q(x)
=

p(x)

q(x)
+ 1 > 1. (3)Ìàþ÷è (3) òà çàóâàæåííÿ 1, ìîæíà ïðîäîâæèòè ïðàâó ÷àñòèíó íåðiâíîñòi (2). Îäåð-æèìî (∫

Ω

|u(x)v(x)|k
′

dx
) 1

k′

·
(∫

Ω

|w(x)|k dx
) 1

k′

6

6

(
K1 · || |u|

k′

; Lp(x)/k′

(Ω)|| · || |v|k
′

; L(p(x)/k′)′(Ω)||
) 1

k′

·
(∫

Ω

|w(x)|k dx
) 1

k′

6

6

(
C1 ·S1/(p/k′)(ρp(u; Ω)) ·S1/(p/k′)′(ρq(v; Ω))

) 1
k′

·
(∫

Ω

|w(x)|k dx
) 1

k′

= C
1
k′

1 ·D1 ·D2 ·D3,äå
D1 =

(
S1/(p/k′)(ρp(u; Ω))

) 1
k′

, D2 =
(
S1/(p/k′)′(ρq(v; Ω))

) 1
k′

, D3 =
(∫

Ω

|w(x)|k dx
) 1

k′

.Îñêiëüêè p0

k′
6

p(x)
k′

6
p0

k′
, òî

D1 =






( ∫
Ω

|u(x)|p(x) dx
) 1

p0

, ρp(u; Ω) 6 1,

( ∫
Ω

|u(x)|p(x) dx
) 1

p0
, ρp(u; Ω) > 1,

= S1/p(ρp(u; Ω)).Îñêiëüêè 1
p 6 1 − 1

k − 1
q = 1

k′
− 1

q = q−k′

k′q , òî p
k′

= q
q−k′

, ( p
k′

)′ =
q

q−k′

q

q−k′
−1 = q

k′
. Òîäi

q0

k′
6 (p(x)

k′
)′ 6

q0

k′
, òîìó

D2 =






( ∫
Ω

|v(x)|q(x) dx
) 1

q0

, ρq(u; Ω) 6 1,

( ∫
Ω

|v(x)|q(x) dx
) 1

q0
, ρq(u; Ω) > 1,

= S1/q(ρq(v; Ω)).Ëåìó äîâåäåíî. �
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+ (Ω), u, v ∈ Lr(x)(Ω), µ ∈ L∞(Ω),

I(λ) =

∫

Ω

µ(x)

r(x)
|u(x) + λv(x)|r(x)dx, λ ∈ R. (4)Ëåìà 2. Ôóíêöiÿ I : R → R ¹ äè�åðåíöiéîâíîþ â çâè÷àéíîìó ðîçóìiííi �óíêöi¹þ i

I ′(λ) =

∫

Ω

µ(x)|u(x) + λv(x)|r(x)−2(u(x) + λv(x))v(x) dx, λ ∈ R. (5)Äîâåäåííÿ. Íåõàé I � �óíêöiÿ ç (4), I ′ � �óíêöiÿ ç (5), λ ∈ R, ε ∈ R. Òîäi äëÿêîæíîãî x ∈ Ω ç òåîðåìè Ëàãðàíæà ïðî ñêií÷åííi ïðèðîñòè âèïëèâà¹ iñíóâàííÿ÷èñëà θ(x) ∈ [0, 1] òàêîãî, ùî
D =

I(λ + ε) − I(λ)

ε
− I ′(λ) =

∫

Ω

[ µ

rε

(
|u + (λ + ε)v|r(x) − |u + λv|r(x)

)
−

− µ|u + λv|r(x)−2(u + λv)v
]
dx =

∫

Ω

[
µ|η|r(x)−2ηv − µ|u + λv|r(x)−2(u + λv)v

]
dx,äå η = θ(u + (λ + ε)v) + (1 − θ)(u + λv) = u + λv + θεv.Äàëi âèêîðèñòà¹ìî îöiíêó

| |ξ1|
r(x)−2ξ1 − |ξ2|

r(x)−2ξ2| 6 C2(|ξ1| + |ξ2|)
r(x)−1−α(x)|ξ1 − ξ2|

α(x),äå C2 > 0 � ñòàëà, 0 6 α(x) 6 min{1, r(x) − 1}, ÿêà âèïëèâà¹ ç òåîðåìè 2.1 [9, 
. 2℄.Íåõàé α � òàêå ÷èñëî, ùî 0 < α < min{1, r0 − 1}. Òîäi
|D| 6

∫

Ω

|µ|C2(|u + λv + θεv| + |u + λv|)r(x)−1−α|θεv|α|v| dx 6

6 C3

∫

Ω

(|u| + |v|)r(x)−1−α|ε|α|v|α+1 dx,äå ñòàëà C3 çàëåæèòü âiä α, àëå íå çàëåæèòü âiä u, v, ε. Âðàõîâóþ÷è òå, ùî r(x)−1>α,
r(x) > α + 1, r(x)

α+1 > 1, âèêîðèñòà¹ìî óçàãàëüíåíó íåðiâíiñòü �åëüäåðà äëÿ äâîõ�óíêöié
|D| 6 C3|ε|

α||(|u| + |v|)r(x)−1−α; L( r(x)
α+1 )′(Ω)|| · || |v|α+1; L

r(x)
α+1 (Ω)||.Íàÿâíi òóò íîðìè ñêií÷åííi, áî u, v ∈ Lr(x)(Ω),

(α + 1)
r(x)

α + 1
= r(x),

(r(x) − 1 − α)
( r(x)

α + 1

)′

= (r(x) − 1 − α)

r(x)
α+1

r(x)
α+1 − 1

= r(x).Îòæå, |D| 6 C4|ε|
α, äå C4 � ñòàëà, ÿêà çàëåæèòü âiä λ, α, u, v, àëå íå çàëåæèòü âiä

ε. Òîìó D−→
ε→0

0 òà I ′ ¹ ïîõiäíîþ I. �Âèêîðèñòà¹ìî öþ ëåìó äëÿ äîâåäåííÿ âàæëèâèõ äëÿ íàñ �àêòiâ. Íåõàé Y �äiéñíèé áàíàõiâ ïðîñòið, Y ∗ � ñïðÿæåíèé äî Y ïðîñòið, 〈·, ·〉Y � ñêàëÿðíèé äîáóòîêìiæ Y ∗ òà Y , J : Y → R � äåÿêèé �óíêöiîíàë. Íàãàäà¹ìî êiëüêà ïîíÿòü.



ÄÅßÊI ÔÎ�ÌÓËÈ IÍÒÅ��ÓÂÀÍÍß ×ÀÑÒÈÍÀÌÈ ... 17Îçíà÷åííÿ 1. Îïåðàòîð B : Y → Y ∗ íàçèâà¹òüñÿ äè�åðåíöiàëîì �àòî âiä �óíê-öiîíàëà J , ÿêùî äëÿ áóäü-ÿêèõ u, v ∈ Y : 〈Bu, v〉Y = d
dλJ(u + λv)|λ=0.Îçíà÷åííÿ 2. Ôóíêöiÿ J∗ : Y ∗ → R ∪ {+∞} íàçèâà¹òüñÿ ñïðÿæåíîþ îïóêëîþ�óíêöi¹þ äî J , ÿêùî

J∗(v) = sup
w∈Y

{〈v, w〉Y − J(w)} v ∈ Y ∗. (6)Íàãàäà¹ìî òàêå (äèâ. [10, 
. 264℄): ÿêùî f : X → R � îïóêëà �óíêöiÿ, äå X �òîïîëîãi÷íèé âåêòîðíèé ïðîñòið, òî òî÷êà x ¹ òî÷êîþ ìiíiìóìó f òîäi, i ëèøå òîäi,êîëè 0 ∈ ∂f(x), äå ∂f(x) � ñóáäè�åðåíöiàë �óíêöi¨ f â òî÷öi x. Êðiì òîãî (äèâ.[10, 
. 268℄), ÿêùî f � âëàñíà îïóêëà �óíêöiÿ, òî ñóáäè�åðåíöiàë ∂f(x) ñêëàäà¹òüñÿëèøå ç îäíi¹¨ òî÷êè òîäi, i ëèøå òîäi, êîëè îïåðàòîð B+f : X → X∗ ¹ ïîõiäíîþ çà�àòî âiä f â òî÷öi x, äå 〈(B+f)(x), v〉X = lim
λ→+0

f(x+λv)−f(x)
λ . Íàñëiäêîì öèõ ìiðêóâàíü¹ òàêå çàóâàæåííÿ.Çàóâàæåííÿ 2. ßêùî J : Y → R � âèïóêëèé âãîðó �óíêöiîíàë ç äè�åðåíöiàëîì�àòî B : Y → Y ∗, òî ìàêñèìóì J íà Y äîñÿãà¹òüñÿ â òî÷öi w ∈ Y òàêié, ùî Bw = 0.Äëÿ ïðèêëàäó ðîçãëÿíåìî òàêèé ïðîñòið Y òà �óíêöiîíàë J : Y = Lr(x)(Ω),

J(u)
def
=

∫

Ω

µ(x)
1

r(x)
|u(x)|r(x) dx, u ∈ Lr(x)(Ω), (7)äå r ∈ L∞

+ (Ω), µ ∈ L∞(Ω). Òîäi Y ∗ = Lr′(x)(Ω), äè�åðåíöiàë çà �àòî � öå îïåðàòîð
B : Y → Y ∗, ÿêèé ìà¹ âèãëÿä (òóò çàñòîñó¹ìî ëåìó 2)

〈Bu, v〉Y =
( d

dλ

∫

Ω

µ(x)
1

r(x)
· |u(x) + λv(x)|r(x) dx

)∣∣∣
λ=0

=

=

∫

Ω

(
µ(x)|u(x) + λv(x)|r(x)−2(u(x) + λv(x)) · v(x)

)∣∣∣
λ=0

dx =

=

∫

Ω

µ(x)|u(x)|r(x)−2u(x) · v(x) dx = 〈µ(x)|u|r(x)−2u, v〉Y , u, v ∈ Y,òîáòî
Bu = µ|u|r(x)−2u, u ∈ Y. (8)Çíàéäåìî ñïðÿæåíèé äî (7) �óíêöiîíàë. Äëÿ öüîãî íàì ïîòðiáíe çàóâàæåííÿ 2.Îòîæ, çãiäíî ç îçíà÷åííÿì 2 (äèâ. çîáðàæåííÿ (6))

J∗(v) = sup
w∈Lr(x)(Ω)

{∫

Ω

vw dx −

∫

Ω

µ(x)
1

r(x)
|w|r(x) dx

}
=

= sup
w∈Lr(x)(Ω)

{∫

Ω

(
vw − µ(x)

1

r(x)
|w|r(x)

)
dx

}
, v ∈ Lr′(x)(Ω). (9)Íåõàé v ∈ Lr′(x)(Ω) � �iêñîâàíå. Ââåäåìî ïîçíà÷åííÿ

F (w) =

∫

Ω

(
vw − µ(x)

1

r(x)
|w|r(x)

)
dx, w ∈ Lr(x)(Ω). (10)



18 Òàðàñ ÁÎÊÀËÎ, Îëåã ÁÓ��IÉÒîäi çãiäíî ç (9) ìàòèìåìî
J∗(v) = sup

w∈Lr(x)(Ω)

F (w). (11)Çðîçóìiëî, ùî F � âèïóêëèé âãîðó �óíêöiîíàë. Òîìó äëÿ òîãî àáè âiäøóêàòè ñóïðå-ìóì �óíêöiîíàëà F (w) (çãiäíî ç çàóâàæåííÿì 2), çíàéäåìî éîãî ïîõiäíó �àòî B1wâ òî÷öi w òà ïðèðiâíÿ¹ìî ¨¨ äî íóëÿ. Îòæå, âèêîðèñòîâóþ÷è îçíà÷åííÿ 1, îäåðæèìîòàêå ðiâíÿííÿ íà çíàõîäæåííÿ w:
〈B1w, z〉Y =

d

ds
F (w + sz)

∣∣∣
s=0

= 0 ∀z ∈ Y. (12)Àíàëîãi÷íî ÿê (8) îòðèìà¹ìî, ùî
B1w = v − µ w|w|r(x)−2.Òîìó (12) íàáóäå âèãëÿäó

v = µ w|w|r(x)−2 ìàéæå ñêðiçü â Ω. (13)Ç (13) îäåðæèìî, ùî w = v
µ

(
|v|
µ

) 2−r(x)
r(x)−1 � òî÷êà ìàêñèìóìó F . Òîìó

J∗(v) = F
( v

µ

( |v|

µ

) 2−r(x)
r(x)−1

)
=

∫

Ω

(
v(x)

v(x)

µ(x)

( |v(x)|

µ(x)

) 2−r(x)
r(x)−1

−
µ(x)

r(x)

∣∣∣
v(x)

µ(x)

∣∣∣
r(x)

r(x)−1
)
dx.Ïiñëÿ íåñêëàäíèõ ïåðåòâîðåíü îäåðæèìî

J∗(v) =

∫

Q0,T

µ(x)1−r′(x) 1

r′(x)
|v(x)|r

′(x) dxdt, v ∈ Lr′(x)(Ω). (14)3. Óçàãàëüíåíà ïîõiäíà âiä êîìïîçèöi¨ �óíêöié. Íåõàé âèêîíóþòüñÿ óìî-âè ïîïåðåäíüîãî ïiäðîçäiëó.Ëåìà 3. Íåõàé q ∈ L∞
+ (Q0,T ), θ ∈ C1(R), |θ′(t)| 6 M äëÿ âñiõ t ∈ R. ßêùî

u ∈ W 1,q(x,t)(Q0,T ), òî θ(u) ∈ W 1,q(x,t)(Q0,T ) i, êðiì òîãî,
∂

∂t
θ(u) = θ′(u)

∂u

∂t
ìàéæå âñþäè â Q0,T . (15)Àíàëîãi÷íà �îðìóëà âèêîíó¹òüñÿ i äëÿ ïîõiäíèõ çà çìiííèìè x1, . . . , xn.Äîâåäåííÿ. Îñêiëüêè u ∈ W 1,q(x,t)(Q0,T ), òî iñíó¹ òàêà ïîñëiäîâíiñòü �óíêöié

{um}m∈N ⊂ C1(Q0,T ), ùî um −→
m→∞

u â W 1,q(x,t)(Q0,T ) i um −→
m→∞

u ìàéæå âñþäè â
Q0,T . Î÷åâèäíî, ùî θ(um) ∈ C1(Q0,T ) i ìà¹ìî |θ(um) − θ(u)| 6 M |um − u|, òîìó
θ(um) çáiæíà äî θ(u) â ïðîñòîði Lq(x,t)(Q0,T ). Êðiì òîãî,

θ′(um)
∂um

∂t
− θ′(u)

∂u

∂t
= θ′(um)

(∂um

∂t
−

∂u

∂t

)
+

(
θ′(um) − θ′(u)

)∂u

∂t

def
= Am + Bm.Çðîçóìiëî, ùî Bm −→

m→∞
0 ìàéæå âñþäè â Q0,T . Òàêîæ |Bm|q(x,t) 6 (2M |ut|)

q(x,t) ∈

∈ L1(Q0,T ). Òîìó çà òåîðåìîþ Ëåáåãà Bm −→
m→∞

0 â Lq(x,t)(Q0,T ). Êðiì òîãî,
|Am|q(x,t) 6 M q(x,t)

∣∣∣
∂um

∂t
−

∂u

∂t

∣∣∣
q(x,t)

−→
m→∞

0 â ïðîñòîði L1(Q0,T ).
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m→∞

0 â ïðîñòîði Lq(x,t)(Q0,T ). Òîìó θ′(um)∂um

∂t −→
m→∞

θ′(u)∂u
∂t ñèëüíî â

Lq(x,t)(Q0,T ), çîêðåìà, θ′(u)∂u
∂t ∈ Lq(x,t)(Q0,T ).Äîâåäåìî òåïåð (15). Íåõàé ϕ ∈ D(Q0,T ). Òîäi

∫

Q0,T

θ′(u)utϕ dxdt = lim
m→∞

∫

Q0,T

θ′(um)
∂um

∂t
ϕ dxdt =

= lim
m→∞

∫

Q0,T

∂

∂t

(
θ(um)

)
ϕ dxdt = − lim

m→∞

∫

Q0,T

θ(um)ϕt dxdt = −

∫

Q0,T

θ(u)ϕt dxdt.Îòæå, â ñåíñi ðîçïîäiëiâ (à ç ëåìè äþ Áóà-�åéìîíäà i â ñåíñi ðiâíîñòi ìàéæå ñêðiçü)ìàòèìåìî (15). �Çàóâàæåííÿ 3. ßêùî q(x, t) ≡ 
onst, θ çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ íà R, ïîõiäíà
θ iñíó¹ âñþäè çà âèíÿòêîì, ìîæëèâî, ñêií÷åííî¨ ìíîæèíè òî÷îê {a1, a2, . . . , ak} òà¹ îáìåæåíîþ i u ∈ W 1,q(Q0,T ), òî θ(u) ∈ W 1,q(Q0,T ) i âèêîíó¹òüñÿ �îðìóëà (15) (âñåíñi ðîçïîäiëiâ íà Q0,T ; äèâ. [3, 
. 50℄).Ââåäåìî äîïîìiæíå ïîçíà÷åííÿ. Íåõàé ñêðiçü äàëi r ∈ L∞

+ (Ω) òà
(Ru)(x) =

1

r(x) − 1
|u(x)|r(x)−2u(x), x ∈ Ω. (16)Çàóâàæåííÿ 4. Ïðàâèëî (16) çàäà¹ íåëiíiéíèé îïåðàòîð R : Lr(x)(Ω) → Lr′(x)(Ω).Çðîçóìiëî, ùî R ¹ îáìåæåíèì.Çàóâàæåííÿ 5. Íåõàé k ∈ L∞(Ω). Òîäi iñíóþòü òàêi ñòàëi M1, M2, M3 > 0, ùî äëÿâñiõ a, b ∈ R òà ìàéæå äëÿ âñiõ x ∈ Ω âèêîíóþòüñÿ îöiíêè:

||a|k(x) − |b|k(x)| 6 M1|a − b|(|a|k(x)−1 + |b|k(x)−1), äå k(x) > 1, (17)(äèâ. [9, 
. 3℄ äëÿ k ≡ 
onst),
|a ± b|k(x) 6 M2(|a|

k(x) + |b|k(x)), äå k(x) > 0, (18)(äèâ. [11, ñ. 67℄ äëÿ k ≡ 
onst),
| |a|k(x)−2a − |b|k(x)−2b| 6 C5 · (|a| + |b|)k(x)−2|a − b|, äå k(x) > 2, (19)(äèâ. [9, ñ. 3℄ äëÿ k ≡ 
onst).Ëåìà 4. Íåõàé r ∈ L∞

+ (Ω) òà r0 > 3, îïåðàòîð R âèçíà÷åíî â (16),
U1

def
= {u ∈ L2(r(x)−2)(Q0,T ) | ut ∈ L2(Q0,T )},

||u||U1 = ||u; L2(r(x)−2)(Q0,T )|| + ||ut; L
2(Q0,T )||. Òîäi äëÿ âñiõ u ∈ U1 âèêîíó¹òüñÿ(âçÿòà â ñåíñi ðîçïîäiëiâ íà Q0,T ) �îðìóëà

∂

∂t

(
Ru

)
= |u|r(x)−2∂u

∂t
. (20)Êðiì òîãî, ∂

∂t (Ru) : U1 → L1(Q0,T ).



20 Òàðàñ ÁÎÊÀËÎ, Îëåã ÁÓ��IÉÄîâåäåííÿ. Îñêiëüêè C1(Q0,T ) = U1, òî âiçüìåìî òàêó ïîñëiäîâíiñòü {um}m∈N ç
C1(Q0,T ), ùî um −→

m→∞
u ñèëüíî â U1. Òîäi {um}m∈N îáìåæåíà â U1, òîáòî ∃C6 > 0:

||um||U1 6 C6 ∀ m ∈ N, çâiäêè
∫

Q0,T

[
|um|2(r(x)−2) + |um

t |2
]

dxdt 6 C7 ∀ m ∈ N. (21)Îñêiëüêè äëÿ âñiõ x ∈ Ω �óíêöiÿ τ 7→ |τ |r(x)−2τ äè�åðåíöiéîâíà ïðè r0 > 3, òî
∂

∂t

(
Rum

)
= |um|r(x)−2 ∂um

∂t
(22)â êëàñè÷íîìó ðîçóìiííi ïîõiäíî¨. Ïîêàæåìî, ùî

|um|r(x)−2um
t −→

m→∞
|u|r(x)−2ut ñèëüíî â L1(Q0,T ). (23)ßê i â ëåìi 3 ìàòèìåìî

|um|r(x)−2um
t −|u|r(x)−2ut = |um|r(x)−2(um

t −ut)+(|um|r(x)−2−|u|r(x)−2)ut = Am +Bm.Çàçíà÷èìî òàêå: îñêiëüêè |um|r(x)−2, |u|r(x)−2, um
t , ut ∈ L2(Q0,T ), òî âñi äîäàíêè çîñòàííüî¨ ðiâíîñòi íàëåæàòü ïðîñòîðó L1(Q0,T ). Âèêîðèñòàâøè íåðiâíiñòü �åëüäåðàòà (21), îäåðæèìî

∫

Q0,T

|Am| dxdt 6

( ∫

Q0,T

|um|2(r(x)−2) dxdt
) 1

2

·
( ∫

Q0,T

|um
t − ut|

2 dxdt
) 1

2

6

6
√

C7||u
m
t − ut; L

2(Q0,T )|| −→
m→∞

0.Îñêiëüêè um −→
m→∞

u ñèëüíî â L2(r(x)−2)(Q0,T ), òî i ñèëüíî â L2(r0−2)(Q0,T ), òîìóìîæíà ââàæàòè, ùî um −→
m→∞

u ìàéæå ñêðiçü â Q0,T . Îòîæ, Bm −→
m→∞

0 ìàéæå ñêðiçüâ Q0,T .Âèêîðèñòàâøè (17) (â íàñ r(x) − 2 > 1, áî r(x) > 3), îäåðæèìî
|Bm| = ||um|r(x)−2 − |u|r(x)−2| · |ut| 6 M1|u

m − u| · (|um|r(x)−3 + |u|r(x)−3)|ut|.Çíàéäåìî β(x) ç óìîâè 1
2(r(x)−2) + 1

β(x) + 1
2 = 1. Ìàòèìåìî, ùî β(x) = 2(r(x)−2)

r(x)−3 =

= 2+ 2
r(x)−3 . Òîäi 2(r(x)−2), β(x), 2 > 1 i òîìó ç ïîòðiéíî¨ íåðiâíîñòi �åëüäåðà (äèâ.ëåìó 1), îöiíîê (18), (21) òà çàóâàæåííÿ 1 îòðèìà¹ìî

∫

Q0,T

|Bm| dxdt 6 K2M1 · S1/(2(r−2))

( ∫

Q0,T

|um − u|2(r(x)−2) dxdt
)
×

× S1/β

( ∫

Q0,T

(|um|r(x)−3 + |u|r(x)−3)β dxdt
)( ∫

Q0,T

|ut|
2 dxdt

) 1
2

6

6 C8 S1/(2r−4)(S2r−4(||u
m − u; L2(r(x)−2)(Q0,T )||)) ×

× S1/β

( ∫

Q0,T

(|um|2(r(x)−2) + |u|2(r(x)−2)) dxdt
)
· ||ut; L

2(Q0,T )|| 6

6 C9 S1/(2r−4)(S2r−4(||u
m − u; L2(r(x)−2)(Q0,T )||)) −→

m→∞
0.



ÄÅßÊI ÔÎ�ÌÓËÈ IÍÒÅ��ÓÂÀÍÍß ×ÀÑÒÈÍÀÌÈ ... 21Òîìó (23) âèêîíó¹òüñÿ. Ùîá çàâåðøèòè äîâåäåííÿ öi¹¨ ëåìè, òðåáà âèçíà÷èòè çáiæ-íiñòü
Rum −→

m→∞
Ru â L1(Q0,T ). (24)Âèêîðèñòîâóþ÷è (19), ìàòèìåìî

∫

Q0,T

|Rum −Ru| dxdt =

∫

Q0,T

1

r(x) − 1
· | |um|r(x)−2um − |u|r(x)−2u|dxdt 6

6 C10

∫

Q0,T

|um − u| · (|um| + |u|)r(x)−2 dxdt 6

6 C11

∫

Q0,T

|um − u| · (|um|r(x)−2 + |u|r(x)−2) dxdt = Im
1 + Im

2 ,äå
Im
1 = C11 ·

∫

Q0,T

|um|r(x)−2|um − u| dxdt, Im
2 = C11 ·

∫

Q0,T

|u|r(x)−2|um − u| dxdt.Äàëi îöiíèìî Im
1 òà Im

2 , âèêîðèñòîâóþ÷è íåðiâíiñòü �åëüäåðà.
Im
1 = C11 ·

∫

Q0,T

|um|r(x)−2|um − u| dxdt 6 C11 ·
( ∫

Q0,T

|um|2(r(x)−2) dxdt
) 1

2

×

×
( ∫

Q0,T

|um − u|2 dxdt
) 1

2

6 C12 · ||u
m − u; L2(Q0,T )||. (25)Îñêiëüêè r(x) > 3, òî 2(r(x) − 2) > 2. Òîìó

∃C13 > 0 : ||um − u; L2(Q0,T )|| 6 C13 ||u
m − u; L2(r(x)−2)(Q0,T )||. (26)Çàñòîñó¹ìî (26) äî (25), îäåðæèìî

0 6 Im
1 6 C14 · ||u

m − u; L2(r(x)−2)(Q0,T )|| −→
m→∞

0.Îòæå, Im
1 −→

m→∞
0. Àíàëîãi÷íî îäåðæèìî, ùî Im

2 −→
m→∞

0. Òîìó âèêîíó¹òüñÿ (24).Íåõàé ϕ ∈ D(Q0,T ). Òîäi ç (22), (23) òà (24)
∫

Q0,T

|u|r(x)−2utϕ dxdt = lim
m→∞

∫

Q0,T

|um|r(x)−2um
t ϕ dxdt =

= lim
m→∞

∫

Q0,T

∂

∂t

(
Rum

)
ϕ dxdt = − lim

m→∞

∫

Q0,T

Rum ϕt dxdt = −

∫

Q0,T

Ru ϕt dxdt.Îòîæ, â ñåíñi ðîçïîäiëiâ (à ç ëåìè äþ Áóà-�åéìîíäà i â ñåíñi ðiâíîñòi ìàéæå ñêðiçü)ìàòèìåìî (20). �Çàóâàæåííÿ 6. ([4, 
. 66℄) ßêùî r(x) ≡ 
onst, r ∈ [2, 3),
U2 = {u ∈ L∞(0, T ; L2(Ω)) | ut ∈ L∞(0, T ; L2(Ω))},

||u||U2 = ||u; L∞(0, T ; L2(Ω))||+||ut; L
∞(0, T ; L2(Ω))||, òî �îðìóëà (20) ç ëåìè 4 òàêîæâèêîíó¹òüñÿ.



22 Òàðàñ ÁÎÊÀËÎ, Îëåã ÁÓ��IÉ4. Iíòåãðóâàííÿ ÷àñòèíàìè êîìïîçèöi¨ �óíêöié.Äëÿ çðó÷íîñòi íàñòóïíèéâiäîìèé �àêò ìè íàâåäåìî ç äîâåäåííÿì.Ëåìà 5. (ëåìà [1, 
. 376-377℄). ßêùî Y � äiéñíèé áàíàõiâ ïðîñòið, J : Y → R �îïóêëèé äè�åðåíöiéîâíèé çà �àòî �óíêöiîíàë ç äè�åðåíöiàëîì �àòî B : Y → Y ∗,�óíêöiÿ J∗ : Y ∗ → R ∪ {+∞} âèçíà÷åíà â (6), òî
J∗(Bu) = 〈Bu, u〉Y − J(u) ∀ u ∈ Y, (27)

J∗(Bu2) − J∗(Bu1) > 〈Bu2 − Bu1, u1〉Y ∀ u1, u2 ∈ Y, (28)

J∗(Bu2) − J∗(Bu1) 6 〈Bu2 − Bu1, u2〉Y ∀ u1, u2 ∈ Y. (29)Äîâåäåííÿ. 1. Äîâåäåìî (27). Ç îçíà÷åííÿ B âèïëèâà¹, ùî
J(w) − J(u) > 〈Bu, w − u〉Y ∀ u, w ∈ Y, (30)òîìó 〈Bu, w〉Y − J(w) 6 〈Bu, u〉Y − J(u). Òîäi ç (6)

J∗(Bu) = sup
w∈Y

{〈Bu, w〉Y − J(w)}.Îá'¹äíóþ÷è öå ç ïîïåðåäíüîþ íåðiâíiñòþ, îäåðæó¹ìî, ùî ñóïðåìóì äîñÿãà¹òüñÿ âòî÷öi w = u.2. Äîâåäåìî (28) òà (29). Âçÿâøè â (30) u = u2, w = u1, îäåðæèìî
J(u1) − J(u2) > 〈Bu2, u1 − u2〉Y = 〈Bu2, u1〉Y − 〈Bu2, u2〉Y ∀ u1, u2 ∈ Y.Îòîæ, J(u1)−〈Bu1, u1〉Y −J(u2)+ 〈Bu2, u2〉Y > 〈Bu2, u1〉Y −〈Bu1, u1〉Y , òîìó ç (27)

−J∗(Bu1) + J∗(Bu2) > 〈Bu2 − Bu1, u1〉Y ∀ u1, u2 ∈ Y.Òîáòî (28) äîâåäåíî. Òåïåð ïîìiíÿ¹ìî â (28) u1 i u2 ìiñöÿìè
J∗(Bu1) − J∗(Bu2) > 〈Bu1 − Bu2, u2〉Y ,äîìíîæèìî íà (−1)

−J∗(Bu1) + J∗(Bu2) 6 〈Bu2 − Bu1, u2〉Yi îäåðæèìî (29). ��îçãëÿíåìî íàø ÷àñòêîâèé âèïàäîê, êîëè Y = Lr(x)(Ω), äå r ∈ L∞
+ (Ω), J çàäàíîâ (7), B ïîðàõîâàíî â (8), à J∗ � â (14). Íåõàé µ(x) = 1

r(x)−1 , x ∈ Ω, òîäi
J∗(Bv) = J∗(Ru) =

∫

Ω

( 1

r(x) − 1

)1−r′(x) 1

r′(x)

∣∣∣
1

r(x) − 1
|u|r(x)−2u

∣∣∣
r′(x)

dx =

=

∫

Ω

1

(r(x) − 1)r′(x)
|u|(r(x)−1)r′(x) dx =

∫

Ω

1

r(x)
|u|r(x) dxi òîìó íåðiâíiñòü (28) íàáóäå âèãëÿäó

∫

Ω

1

r(x)
|u2|

r(x) dx −

∫

Ω

1

r(x)
|u1|

r(x) dx >

>

∫

Ω

1

r(x) − 1
(|u2|

r(x)−2u2 − |u1|
r(x)−2u1)u1 dx (31)



ÄÅßÊI ÔÎ�ÌÓËÈ IÍÒÅ��ÓÂÀÍÍß ×ÀÑÒÈÍÀÌÈ ... 23äëÿ âñiõ u1, u2 ∈ Lr(x)(Ω). Àíàëîãi÷íî íåðiâíiñòü (29) íàáóäå âèãëÿäó
∫

Ω

1

r(x)
|u2|

r(x) dx −

∫

Ω

1

r(x)
|u1|

r(x) dx 6

6

∫

Ω

1

r(x) − 1
(|u2|

r(x)−2u2 − |u1|
r(x)−2u1)u2 dx (32)äëÿ âñiõ u1, u2 ∈ Lr(x)(Ω).Òåîðåìà 1. ßêùî r(x) ∈ L∞

+ (Ω), u ∈ Lr(x)(Q0,T ), (|u|r(x)−2u)t ∈ Lr′(x)(Q0,T ), òîäëÿ âñiõ τ, s ∈ [0, T ]
τ∫

s

dt

∫

Ω

u
∂

∂t
(R(u)) dx =

∫

Ω

1

r(x)
|u(τ)|r dx −

∫

Ω

1

r(x)
|u(s)|r dx. (33)Äîâåäåííÿ. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè òåîðåìè. Îñêiëüêè u ∈ Lr(x)(Q0,T ),òî |u|r(x)−2u ∈ Lr′(x)(Q0,T ). Êðiì òîãî, (|u|r(x)−2u)t ∈ Lr′(x)(Q0,T ). Ç òåîðåìè 1 [12,
. 311℄ âèïëèâà¹, ùî Lr′(x)(Q0,T ) ⊂ L

r0
r0−1 (0, T ; Lr′(x)(Ω)). Òîäi ç ëåìè [13, ñ. 20℄

|u|r(x)−2u ∈ C([0, T ]; Lr′(x)(Ω)). Òîìó iñíó¹ C15 > 0 òàêà, ùî äëÿ âñiõ t ∈ [0, T ]
∫

Ω

|u(t)|r(x) dx =

∫

Ω

||u(t)|r(x)−2u(t)|r
′(x) dx 6 C15. (34)Çà�iêñó¹ìî íàøi τ, s ∈ [0, T ].I. Îñêiëüêè |u|r(x)−2u ∈ C([0, T ]; Lr′(x)(Ω)), òî �óíêöiÿ ũ òàêà, ùî

|ũ(t)|r(x)−2ũ(t) =





|u(τ)|r(x)−2u(τ), t ∈ [τ, T + 1],
|u(t)|r(x)−2u(t), t ∈ [s, τ ],

|u(s)|r(x)−2u(s), t ∈ [−1, s],¹ òàêà, ùî |ũ|r(x)−2ũ ∈ C([−1, T + 1]; Lr′(x)(Ω)). Êðiì òîãî, ũ ∈ Lr(x)(Q−1,T+1),
(|ũ|r(x)−2ũ)t ∈ Lr′(x)(−1, T + 1; Lr′(x)(Ω)) (áî ïîõiäíà � öå íóëü, àáî òàêà æ ïîõiäíàâiä u).II. Ïðèéìåìî â (32) u2(x) = ũ(x, t), u1(x) = ũ(x, t − h), (x, t) ∈ Qs,τ . Ìàòèìåìî

∫

Ω

1

r(x)
|ũ(t)|r(x) dx −

∫

Ω

1

r(x)
|ũ(t − h)|r(x) dx 6

6

∫

Ω

1

r(x) − 1

(
|ũ(t)|r(x)−2ũ(t) − |ũ(t − h)|r(x)−2ũ(t − h)

)
ũ(t) dx,äå t ∈ (s, τ), h ∈ (0, 1). Çiíòåãðó¹ìî îñòàííþ íåðiâíiñòü çà t ∈ (s1, τ1) ⊂

(
s− 1

2 , τ + 1
2

)

τ1∫

s1

dt

∫

Ω

1

r(x)
|ũ(t)|r dx −

τ1∫

s1

dt

∫

Ω

1

r(x)
|ũ(t − h)|r(x) dx 6

6

∫

Qs1,τ1

1

r(x) − 1

(
|ũ(t)|r(x)−2ũ(t) − |ũ(t − h)|r(x)−2ũ(t − h)

)
ũ(t) dxdt. (35)
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τ1∫

s1

z(t − h)dt =

τ1−h∫

s1−h

z(y)dy =

s1∫

s1−h

z(y)dy +

τ1∫

s1

z(y)dy −

τ1∫

τ1−h

z(y)dy,òî ç (35) îäåðæèìî (îäèí iíòåãðàë ñêîðîòèòüñÿ)
τ1∫

τ1−h

dt

∫

Ω

1

r(x)
|ũ(t)|r(x) dx −

s1∫

s1−h

dt

∫

Ω

1

r(x)
|ũ(t)|r(x) dx 6

6

∫

Qs1,τ1

1

r(x) − 1

(
|ũ(t)|r(x)−2ũ(t) − |ũ(t − h)|r(x)−2ũ(t − h)

)
ũ(t) dxdt.Ïîäiëèìî öþ ðiâíiñòü íà h > 0 i ñïðÿìó¹ìî h → +0. Âèêîðèñòîâóþ÷è òåîðåìó Ëåáåãàïðî âëàñòèâîñòi iíòåãðàëiâ òà îçíà÷åííÿ ïîõiäíî¨, ìàòèìåìî

∫

Ω

1

r(x)
|ũ(τ1)|

r(x) dx −

∫

Ω

1

r(x)
|ũ(s1)|

r(x) dx 6

∫

Qs1,τ1

∂

∂t

(
R(ũ)(t)

)
ũ(t) dxdt, (36)äëÿ ìàéæå âñiõ s1, τ1 ∈

(
s − 1

2 , τ + 1
2

).III. Îñêiëüêè ∂
∂t (R(ũ(t))) = 0 äëÿ t /∈ [s, τ ],

|ũ(s1)|
r(x)−2ũ(s1) ≡ |ũ(s)|r(x)−2ũ(s) äëÿ s1 ∈ [−1, s],

|ũ(τ1)|
r(x)−2ũ(τ1) ≡ |ũ(τ)|r(x)−2ũ(τ) äëÿ τ1 ∈ [τ, T + 1],òî ç �îðìóëè (36) îäåðæèìî, ùî

∫

Ω

1

r(x)
|ũ(τ)|r(x) dx −

∫

Ω

1

r(x)
|ũ(s)|r(x) dx 6

∫

Qs,τ

∂

∂t

(
R(ũ(t))

)
ũ(t) dxdt (37)äëÿ íàøèõ s, τ .IV. Âèêîíàâøè ïóíêòè II äëÿ III, àëå ç âèêîðèñòàííÿì (31) äëÿ u1(x, t) =

= u(x, t), u2(x, t) = u(x, t + h), îäåðæèìî
∫

Ω

1

r(x)
|ũ(τ)|r(x) dx −

∫

Ω

1

r(x)
|ũ(s)|r(x) dx >

∫

Qs,τ

∂

∂t

(
R(ũ)(t)

)
ũ(t) dxdt.Îá'¹äíàâøè öå ç (37) òà âðàõóâàâøè, ùî ũ(t) = u(t) ïðè t ∈ [s, τ ], îòðèìà¹ìî �îðìóëó(33). Òåîðåìó äîâåäåíî. �Íàñëiäîê 1. Âðàõîâóþ÷è ëåìó 4 òà ïîïåðåäíþ òåîðåìó, ìîæíà ñòâåðäæóâàòèòàêå: ÿêùî u ∈ L2(r(x)−2)(Q0,T ) ïðè r(x) > 3, ut ∈ L2(Q0,T ), òî

∫

Qs,τ

∂

∂t

(
Ru

)
u dxdt =

∫

Qs,τ

|u|r(x)−2u ut dxdt =

=

∫

Ω

1

r(x)
|u(τ)|r(x) dx −

∫

Ω

1

r(x)
|u(s)|r(x) dxäëÿ âñiõ τ, s ∈ [0, T ], s < τ .
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onst.Çàóâàæåííÿ 7. ([1, 
. 326℄). Íåõàé Ω ⊂ R
n � äîâiëüíà âiäêðèòà ìíîæèíà, r ≡ 
onst,

T > 0, W
def
= W k,p

0 (Ω) ∩ Lr(Ω), 1 < r 6 p, k > 1. Ïðèïóñòèìî u ∈ Lp(0, T ; W ) òà
|u|r−2u, ∂

∂t

(
|u|r−2u

)
∈ Lp′

(0, T ; W ′). Òîäi ∀ s, τ ∈ [0, T ], s < τ

∫

Qs,τ

∂

∂t

( 1

r − 1
|u|r−2u

)
u dxdt =

1

r

∫

Ω

|u(τ)|r dx −
1

r

∫

Ω

|u(s)|r dx.Çàóâàæåííÿ 8. ([2, 
. 315℄). Íåõàé Ω ⊂ R
n � îáìåæåíà îáëàñòü ç ãëàäêîþ ìåæåþ,

V
def
= {v ∈ W 1,r(Ω) : v|∂Ω = 0}. ßêùî u ∈ Lr(0, T ; V ), |u|r−2u ∈ L∞(0, T ; L1(Ω))òà (|u|r−2u)t ∈ Lr′

(0, T ; V ′), òî |u|r ∈ L∞(0, T ; L1(Ω)) i äëÿ ìàéæå âñiõ t ∈ (s, τ),
s, τ ∈ [0, T ], s < τ âèêîíó¹òüñÿ �îðìóëà

∫

Qs,τ

∂

∂t

( 1

r − 1
|u|r−2u

)
u dxdt =

1

r

∫

Ω

|u(τ)|r dx −
1

r

∫

Ω
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omÇàïðîïîíîâàíî óíiâåðñàëüíèé ñïîñiá ïîáóäîâè êàíîíi÷íèõ iíòåãðàëiâÂåé¹ðøòðàññà ç íàéêðàùèìè îöiíêàìè çâåðõó íà çðîñòàííÿ ¨õíüî¨ íåâàí-ëiííîâî¨ õàðàêòåðèñòèêè. Òàêi îöiíêè ïðèðîäíî âèíèêàþòü â òî÷íèõ îöií-êàõ çâåðõó ìîäóëiâ êîå�iöi¹íòiâ Ôóð'¹ ck(r;µ, α), r > 0, k ∈ Z, ïàðè (µ, α),äå µ � äîâiëüíèé áîðåëåâèé çàðÿä (òîáòî äiéñíîçíà÷íà ìiðà) â C òàêèé, ùî

D := {z ∈ C : |z| < 1}∩ suppµ = ∅, à α � äåÿêà ïîñëiäîâíiñòü êîìïëåêñíèõ÷èñåë (à ñàìå ïîñëiäîâíiñòü êîå�iöi¹íòiâ ðîçâèíåííÿ â ñòåïåíåâèé ðÿä â Dêàíîíi÷íîãî iíòåãðàëà Âåé¹ðøòðàññà, ïîáóäîâàíîãî çà çàðÿäîì µ).Êëþ÷îâi ñëîâà: δ-ñóáãàðìîíiéíà �óíêöiÿ, êàíîíi÷íèé iíòåãðàë Âåé¹ð-øòðàññà, íàéêðàùi ìàæîðàíòè çðîñòàííÿ, ìåòîä ðÿäiâ Ôóð'¹, êîå�iöi¹íòèÔóð'¹.1. Âñòóï. Îñíîâíà òåîðåìà àëãåáðè äà¹ ïiäñòàâè çàïèñàòè äîâiëüíèé ïîëiíîì
P (z) ñòåïåíÿ (ïîðÿäêó) n ó âèãëÿäi

P (z) = C zm
n∏

j=m+1

(
1 − z

aj

)
,äå aj � íóëi P (z), âiäìiííi âiä z = 0. Öþ òåîðåìó ïîøèðåíî íà öiëi �óíêöi¨. Îñêiëüêèöiëi �óíêöi¨ â çàãàëüíîìó âèïàäêó ìàþòü íåñêií÷åííó êiëüêiñòü íóëiâ, òî ñêií÷åííèéäîáóòîê çàìiíþ¹òüñÿ íà íåñêií÷åííèé, äî ÿêîãî òðåáà ïðè¹äíàòè ïåâíi ìíîæíèêè,ùîá çàáåçïå÷èòè éîãî çáiæíiñòü. Áåç âòðàòè çàãàëüíîñòi ââàæàòèìåìî, ùî aj 6= 0 (áîçàìiñòü öiëî¨ �óíêöi¨ f ìîæíà ðîçãëÿíóòè �óíêöiþ f(z)z−m, äå m � ïîðÿäîê íóëÿ

f â òî÷öi z = 0).
© Áðîäÿê Î., Âàñèëüêiâ ß., 2009



28 Îêñàíà Á�ÎÄßÊ, ßðîñëàâ ÂÀÑÈËÜÊIÂÎòæå, íåõàé Z = {aj}+∞
j=1 � ïîñëiäîâíiñòü êîìïëåêñíèõ ÷èñåë òàêà, ùî

0 < |a1| 6 |a2| 6 . . . i lim
j→+∞

|aj | = +∞. Êëàñè÷íà òåîðåìà Âåé¹ðøòðàññà [1℄ñòâåðäæó¹, ùî iñíó¹ öiëà �óíêöiÿ Π(z), íóëÿìè ÿêî¨ ¹ ÷èñëà aj (ç âðàõóâàííÿì¨õíüî¨ êðàòíîñòi) i òàêà �óíêöiÿ ìà¹ âèãëÿä
Π(z) =

+∞∏

j=1

E

(
z

aj
, pj

)
, (1)äå E(s, 0) = 1−s, E(s, p) = (1−s) exp

(∑p
k=1

1
k s
k
), � ïåðâiñíi ìíîæíèêè Âåé¹ðøòðàñ-ñà ðîäó p ∈ Z+, à {pj}+∞

j=1 � äåÿêà ïîñëiäîâíiñòü íåâiä'¹ìíèõ ÷èñåë, ÿêà çàáåçïå÷ó¹çáiæíiñòü íåñêií÷åííîãî äîáóòêó.Äîáðå âiäîìî (äèâ. [2℄), ùî âèáið pj = j, àáî pj = [log j], àáî pj = [α log j/ log |aj |],äå α > 1, ãàðàíòó¹ çáiæíiñòü íåñêií÷åííîãî äîáóòêó (1). Òóò i íàäàëi âèðàç [x] îçíà-÷àòèìå öiëó ÷àñòèíó ÷èñëà x.Ó 1897 ð. Å. Áîðåëü [3℄ ç'ÿñóâàâ, ùî çà óìîâè σ < +∞, äå σ := lim sup
r→+∞

logn(r;Z)
log r ,

n(r;Z) = max{j : |aj | 6 r} � ëi÷èëüíà �óíêöiÿ òî÷îê ïîñëiäîâíîñòi Z, ðiä p êàíî-íi÷íîãî äîáóòêó (1) ìîæíà âèáðàòè òàêèì, ùî äîðiâíþ¹ p = pj := [σ], ∀j ∈ N.Çàäà÷i îöiíêè çðîñòàííÿ õàðàêòåðèñòèê
logM(r,Π) := max

|z|=r
log |Π(z)|, T (r,Π) :=

1

2π

2π∫

0

log+ |Π(reiθ)|d θ,äå log+ x = log max{1, x}, êàíîíi÷íèõ äîáóòêiâ Âåé¹ðøòðàññà (1) â òåðìiíàõ ëi÷èëü-íèõ �óíêöié n(r;Z) ÷è N(r;Z) :=
∫ r
0
n(t;Z)t−1d t, àáî ¨õíiõ ìàæîðàíò ν(r), ¹ êëà-ñè÷íèìè. �õíüîìó ðîçâ'ÿçàííþ ïðèñâÿ÷åíà çíà÷íà êiëüêiñòü ïðàöü, âêëþ÷íî ç êëà-ñè÷íèìè ðîáîòàìè Å. Áîðåëÿ, Ä. Ïîéÿ, �. Âàëiðîíà, Ä. Àäàìàðà, Ï. Áóòðó, Å. Ìàé-ëåòà, À. Êðà�òà, Î. Áëþìåíòàëÿ, À. Äàíæóà (äèâ. êîðîòêèé îãëÿä â [2℄, à òàêîæìîíîãðà�i¨ [4, 5℄). Òóò ìè çâåðíåìî óâàãó ëèøå íà íîâiøi ïðàöi [6℄-[15℄, â ÿêèõ, íàíàø ïîãëÿä, îòðèìàíî îïòèìàëüíi ðåçóëüòàòè. Àíàëiç öèõ ðîáiò ñâiä÷èòü ïðî òå, ùîçàçíà÷åíi âèùå îöiíêè çîâíi ïåâíèõ âèíÿòêîâèõ ìíîæèí, àáî é äëÿ âñiõ r > 0, çäå-áiëüøîãî (çà âèíÿòêîì [12, 13, 15℄, äå çàñòîñîâàíî ìåòîä ðÿäiâ Ôóð'¹) çäîáóâàþòüçà ïîäiáíèìè ñõåìàìè, âèáèðàþ÷è íàëåæíó ïîñëiäîâíiñòü {pj}+∞

j=1 â (1) ó âèïàäêó
σ = +∞. Ïðîòå ïèòàííÿ íàéêðàùîãî âèáîðó ïîñëiäîâíîñòi {pj}+∞

j=1 äî öüîãî ÷àñó çà-ëèøà¹òüñÿ âiäêðèòèì. ßêùî æ σ < +∞, òî öÿ çàäà÷à ïîâíiñòþ ðîçâ'ÿçàíà â ïðàöÿõ[3, 16, 17, 13, 15℄.Äîáðå âiäîìî, ùî �óíêöiÿ log |Π| íàëåæèòü äî áiëüø øèðîêîãî êëàñó � êëàñóñóáãàðìîíiéíèõ â C �óíêöié, ãàðìîíiéíèõ â äåÿêîìó îêîëi òî÷êè z = 0 (äèâ., íà-ïðèêëàä, [18℄). Ó êëàñàõ ñóáãàðìîíiéíèõ íà ïëîùèíi �óíêöié àíàëîãîì êàíîíi÷íèõäîáóòêiâ Âåé¹ðøòðàññà Π(z) ç 1 6 |aj |, j ∈ N, ¹ êàíîíi÷íi iíòåãðàëè Âåé¹ðøòðàññà(äèâ. [18, 
. 159℄)
u(z) =

∫

|a|>1

Kp(|a|)−1(z, a) dµ(a), z ∈ C, (1′)
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Kp(z, a) = log

∣∣∣1 − z

a

∣∣∣+ Re

(
p∑

k=1

1

k

(z
a

)k
)ïðè p ∈ N i K0(z, a) = log

∣∣∣1 − z

a

∣∣∣ � êàíîíi÷íi ÿäðà Âåé¹ðøòðàññà ðîäó p ∈ Z+;
p(t) � äîâiëüíà íåñïàäíà, äîäàòíà, öiëî÷èñåëüíà �óíêöiÿ, äëÿ ÿêî¨ iíòåãðàë∫ +∞

1

(
r
t

)p(t)
dn(t;µ) ñêií÷åííèé äëÿ äîâiëüíîãî r > 0; µ � äîâiëüíà äîäàòíà áîðåëåâàìiðà â C, suppµ ∩ D = ∅; n(t;µ) = µ({z ∈ C : |z| 6 t}); suppµ � íîñié ìiðè µ.Çðîçóìiëî, ùî âèùåçãàäàíi çàäà÷i òàêîæ ðîçãëÿäàëè é äëÿ êàíîíi÷íèõ iíòåãðà-ëiâ Âåé¹ðøòðàññà (1′) (äèâ., íàïðèêëàä, [18, 19℄). Ç íåäàâíiõ ðåçóëüòàòiâ çàçíà÷èìîïðàöi [20℄-[22℄, äå íà îñíîâi ìåòîäó ðÿäiâ Ôóð'¹ äîâåäåíî çàãàëüíi àíàëîãè êëàñè÷-íî¨ òåîðåìè Âåé¹ðøòðàññà â òàê çâàíèõ êëàñàõ ñóáãàðìîíiéíèõ íà ïëîùèíi �óíê-öié ñêií÷åííîãî λ-òèïó ÷è ñêií÷åííîãî (λ, ε)-òèïó, òîáòî êëàñiâ ñóáãàðìîíiéíèõ â C�óíêöié w, ãàðìîíiéíèõ ó äåÿêîìó îêîëi ïî÷àòêó êîîðäèíàò òàêèõ, ùî âiäïîâiäíîâèêîíóþòüñÿ íåðiâíîñòi
w(z) 6 Aλ(B|z|) ÷è w(z) 6 a(ε(|z|))−αλ(|z| + βε(|z|)|z|)ïðè äåÿêèõ äîäàòíèõ ñòàëèõ A, B, a, α, β. Òóò λ(r) � íåâiä'¹ìíà, çðîñòàþ÷à äî +∞,íåïåðåðâíà íà [0,+∞) �óíêöiÿ, λ(0) = 0, à ε(r) � íåçðîñòàþ÷à íà [0,+∞) �óíêöiÿòàêà, ùî ε(0) = 1 i ïðè äåÿêîìó η > 1 äëÿ âñiõ äîñòàòíüî âåëèêèõ r > 0 âèêîíó¹òüñÿíåðiâíiñòü ε(r + ε(r)) > (ε(r))η . Çîêðåìà, â [20℄ ç'ÿñîâàíî, ùî äîâiëüíà íåâiä'¹ìíàáîðåëåâà ìiðà µ â C, 0 6∈ suppµ, ¹ ìiðîþ �iñà ñóáãàðìîíiéíî¨ íà ïëîùèíi �óíêöi¨ w(òîáòî µw = µ, äå µw = (2π)−1∆w, ∆ � îïåðàòîð Ëàïëàñà â C, à ðiâíiñòü ðîçóìiþòüó ñåíñi óçàãàëüíåíèõ �óíêöié [18℄) ñêií÷åííîãî λ-òèïó ïðè

λ(r) =

+∞∫

1

(r
t

)p(t)
dn(t;µ),äå p(t) � äåÿêà íåñïàäíà, íåâiä'¹ìíà �óíêöiÿ òàêà, ùî iíòåãðàë ñêií÷åííèé äëÿäîâiëüíî¨ ìiðè µ. Òàêi �óíêöi¨ p(t) iñíóþòü äëÿ äîâiëüíî¨ ìiðè µ. Íàïðèêëàä,

p(t) = n(t;µ) àáî p(t) = log(n(t;µ) + 1). Çàóâàæèìî, ùî ç îãëÿäó íà òåîðåìó Âåé¹ð-øòðàññà ïðî çîáðàæåííÿ (äèâ. [18, 
. 159℄), çãàäàíèé âèùå ðåçóëüòàò äà¹, çîêðåìà,îöiíêó çâåðõó íà çðîñòàííÿ êàíîíi÷íîãî iíòåãðàëà Âåé¹ðøòðàññà (1′). Êðiì òîãî, â[21℄ ïîêàçàíî, ùî äîâiëüíà áîðåëåâà ìiðà µ > 0 â C, 0 6∈ suppµ, ¹ ìiðîþ �iñà äåÿêî¨ñóáãàðìîíiéíî¨ �óíêöi¨ ñêií÷åííîãî (λ, ε)-òèïó ïðè
λ(r) =

r∫

0

(r
t

)p(t)−1

dn(t;µ) +

+∞∫

r

(r
t

)p(t)
dn(t;µ).Òóò p(t) � íåñïàäíà, äîäàòíà, öiëî÷èñåëüíà �óíêöiÿ òàêà, ùî äðóãèé iíòåãðàë âîñòàííüîìó ñïiââiäíîøåííi ñêií÷åííèé äëÿ äîâiëüíîãî r > 0.Ìåòà íàøî¨ ïðàöi � íà ïiäñòàâi ìåòîäèêè, ðîçðîáëåíî¨ â [15, 20, 21, 22℄, çàïðî-ïîíóâàòè óíiâåðñàëüíèé ñïîñiá ïîáóäîâè êàíîíi÷íèõ iíòåãðàëiâ Âåé¹ðøòðàññà, ÿêiâiäïîâiäàþòü äîâiëüíîìó áîðåëåâîìó çàðÿäó µ â C, {z ∈ C : |z| < 1}∩ suppµ = ∅, ç



30 Îêñàíà Á�ÎÄßÊ, ßðîñëàâ ÂÀÑÈËÜÊIÂàïðiîði íàéêðàùèìè ìàæîðàíòàìè íà çðîñòàííÿ ¨õíüî¨ íåâàíëiííîâî¨ õàðàêòåðèñòè-êè. Òàêi àïðiîðíi ìàæîðàíòè çíàõîäèìî, îöiíþþ÷è çâåðõó ìîäóëi êîå�iöi¹íòiâ Ôóð'¹
{ck(r;µ, α), r > 0, k ∈ Z} ïàðè (µ, α) (äèâ. îçíà÷åííÿ 1 òà çàóâàæåííÿ 1). Êðiì òîãî,ÿê çàñòîñóâàííÿ çàïðîïîíîâàíîãî íàìè ïiäõîäó ïîäàìî δ-ñóáãàðìîíiéíi âåðñi¨ äâîõðåçóëüòàòiâ ç ïðàöü [7, 9℄, â ÿêèõ çîâíi ïåâíèõ âèíÿòêîâèõ ìíîæèí çðàéäåíî òî÷íiîöiíêè çâåðõó íà çðîñòàííÿ �óíêöié w = log |Π|, äå Π � êàíîíi÷íèé äîáóòîê Âåé¹ð-øòðàññà (1).2. Ôîðìóëþâàííÿ ðåçóëüòàòiâ. Íåõàé µ = µ+ − µ− � äiéñíîçíà÷íà áîðåëåâàìiðà (òîáòî çàðÿä) â C, |µ| = µ+ + µ− � ïîâíà âàðiàöiÿ µ. Òóò µ+ òà µ− � äîäàòíàòà âiä'¹ìíà âàðiàöi¨ µ âiäïîâiäíî. Ñêðiçü íàäàëi ïðèïóñêàòèìåìî, ùî D := {z ∈ C :
|z| < 1}⋂ suppµ = ∅, äå suppµ � íîñié çàðÿäó µ. Êëàñ òàêèõ çàðÿäiâ ïîçíà÷àòèìåìî÷åðåç M.Îçíà÷åííÿ 1. Íåõàé µ ∈ M, α := {αk, k ∈ N} � äåÿêà ïîñëiäîâíiñòü êîìïëåêñíèõ÷èñåë. Ïîñëiäîâíiñòü {ck(r;µ, α), k ∈ Z}, äå

c0(r;µ, α) =

∫

|a|6 r

log
r

|a|dµ(a) := N(r;µ);

ck(r;µ, α) =
1

2
αk r

k +
1

2k

∫

|a|6 r

(( r
a

)k
−
(
a

r

)k)
dµ(a);

c−k(r;µ, α) = ck(r;µ, α), k ∈ N, 0 < r < +∞;íàçèâà¹òüñÿ ïîñëiäîâíiñòþ êîå�iöi¹íòiâ Ôóð'¹ ïàðè (µ, α).Íåõàé n(r; |µ|) = |µ|(Dr) � ïîâíà ìàñà çàðÿäó çàìêíåíîãî êðóãà Dr := {z ∈ C:
|z| 6 r, r > 0}. Äëÿ äîâiëüíî¨ íåâiä'¹ìíî¨, íåñïàäíî¨, íåîáìåæåíî¨ �óíêöi¨ ν(r),âèçíà÷åíî¨ íà R+ i ν(r) = 0 ïðè 0 6 r < 1, ÷åðåç M(ν) áóäåìî ïîçíà÷àòè ïiäêëàñ
M òàêèé, ùî äëÿ äîâiëüíîãî µ ∈ M âèêîíó¹òüñÿ íåðiâíiñòü n(r; |µ|) 6 ν(r) äëÿ âñiõ
r > 0. ßêùî æ, êðiì òîãî, íåâiä'¹ìíà �óíêöiÿ β(r) := ν(r) − n(r; |µ|) íå ñïàäà¹, òîòàêèé ïiäêëàñ M(ν) ïîçíà÷àòèìåìî ÷åðåç M∗(ν).Äîâiëüíié íåñïàäíié, íåâiä'¹ìíié, íåîáìåæåíié �óíêöi¨ g(r), g(r) = 0 ïðè
0 6 r < 1, ïîñòàâèìî ó âiäïîâiäíiñòü �óíêöiþ

λ(r; g, pg) :=

r∫

0

(r
t

)pg(t)−1

d g(t) +

+∞∫

r

(r
t

)pg(t)

d g(t), (2)äå pg(t) � íåñïàäíà, äîäàòíà, öiëî÷èñåëüíà �óíêöiÿ òàêà, ùî äðóãèé iíòåãðàë â (2)ñêií÷åííèé äëÿ äîâiëüíîãî r > 0. Òàêi �óíêöi¨ pg(t) iñíóþòü äëÿ äîâiëüíèõ �óíê-öié çðîñòàííÿ g(t), íàïðèêëàä, pg(t) = [g(t)] + 1, àáî pg(t) = [log+ g(t)] + 2, àáî
pg(t) = [(1 + δ)ρ̂(t)] + 1, ∀ δ > 0, äå ρ̂(t) = sup

τ6 t
log+ g(τ)/ log τ .Íåõàé

ρg := lim
r→+∞

log+ g(r)

log r
, 0 ≤ ρg 6 +∞,



ÓÇÀ�ÀËÜÍÅÍÀ ÒÅÎ�ÅÌÀ ÂÅÉ��ØÒ�ÀÑÑÀ ÄËß δ-ÑÓÁ�À�ÌÎÍIÉÍÈÕ ... 31� ïîðÿäîê �óíêöi¨ çðîñòàííÿ g(r). ßêùî 0 6 ρg < +∞, òî ó òàêîìó âèïàäêó ïðèéìå-ìî pg(t) := [ρg] + 1 i
λ(r; g, pg) = r[ρg ]

r∫

0

d g(t)

t[ρg ]
+ r[ρg ]+1

+∞∫

r

d g(t)

t[ρg ]+1
=

= [ρg]r
[ρg ]

r∫

0

g(t)

t[ρg ]+1
d t+ ([ρg] + 1)r[ρg ]+1

+∞∫

r

g(t)

t[ρg ]+2
d t. (3)Çàóâàæåííÿ 1. Ïîáóäîâà êîå�iöi¹íòiâ Ôóð'¹ ck(r;µ, α) ïàðè (µ, α), µ ∈ M, ç

αk = −1

k

∫

|a|6 p−1(k)

a−kdµ(a), k ∈ N,

p−1(k) = sup{t : p(t) ≤ k}, sup∅ = 0, k ∈ N,ðiâíîñèëüíà äî ïîáóäîâè êàíîíi÷íîãî iíòåãðàëà Âåé¹ðøòðàññà
w(z) =

∫

|a|>1

Kp(|a|)−1(z, a) dµ(a), z ∈ C, (4)äå p(t) := pn(t) � äîâiëüíà íåñïàäíà, äîäàòíà, öiëî÷èñåëüíà �óíêöiÿ, äëÿ ÿêî¨ ií-òåãðàë +∞∫
r

(
r
t

)p(t)
dn(t; |µ|) ñêií÷åííèé äëÿ äîâiëüíîãî r > 0.Ñïðàâäi, çà òåîðåìîþ Âåé¹ðøòðàññà [18℄ �óíêöiÿ w(z), âèçíà÷åíà ñïiââiäíîøåí-íÿì (4), ¹ δ-ñóáãàðìîíiéíîþ â C. Äàëi, íåõàé 0 < |z| < 1 6 |a|. Òîäi

Kp(|a|)−1(z, a) = Re
(
−

∑

k> p(|a|)

1

k

(z
a

)k)
.Îòæå,

αk = −1

k

∫

|a|6 p−1(k)

a−kdµ(a), k ∈ N,i, âðàõîâóþ÷è ðåçóëüòàòè [23℄ (äèâ. òàêîæ [24℄), äëÿ òàêî¨w ñïiââiäíîøåííÿ ck(r, w) =
= ck(r;µ, α) ¹ ïðàâèëüíèìè äëÿ âñiõ k ∈ Z, r > 0, äå

ck(r, w) =
1

2π

2π∫

0

e−ikθ w(reiθ) d θ, k ∈ Z, 0 < r < +∞.Íåõàé (u, v) � êàíîíi÷íà äåêîìïîçèöiÿ δ-ñóáãàðìîíiéíî¨ �óíêöi¨ w [25, 23℄, òîáòî
w = u − v íà ìíîæèíi E ⊂ C, äå u i v íå äîðiâíþþòü âîäíî÷àñ −∞ i µu = µ+

w ,
µv = µ−

w . Òóò µw =
1

2π
∆w, äå ∆ � îïåðàòîð Ëàïëàñà â C, à ðiâíiñòü ðîçóìiþòü ó ñåíñi



32 Îêñàíà Á�ÎÄßÊ, ßðîñëàâ ÂÀÑÈËÜÊIÂóçàãàëüíåíèõ �óíêöié (òîáòî ðîçïîäiëiâ Ë. Øâàðöà). Íå çìåíøóþ÷è çàãàëüíîñòi,ââàæàòèìåìî, ùî D
⋂ suppµw = ∅ i w(0) = u(0) = v(0) = 0. Íåõàé òàêîæ

T (r, w) =
1

2π

2π∫

0

max{u(reiθ), v(reiθ)}d θ, 0 < r < +∞;

mq(r, w) =



 1

2π

2π∫

0

∣∣w(reiθ)
∣∣q d θ




1/q

, 1 6 q < +∞, 0 < r < +∞.Çàóâàæåííÿ 2. Ìà¹ìî
m2(r, w) ≥ m1(r, w) = 2T (r, w) −N(r; |µ|), ∀ r > 0.Îòæå,

T (r, w) 6
1

2
N(r; |µ|) +

1

2
m2(r, w), ∀ r > 0. (5)Òåîðåìà 1. i) Äëÿ äîâiëüíîãî µ ∈ M iñíó¹ êàíîíi÷íèé iíòåãðàë Âåé¹ðøòðàññà w(äèâ. ñïiââiäíîøåííÿ (4)) òàêèé, ùî éîãî íåâàíëiííîâà õàðàêòåðèñòèêà T (r, w) äëÿâñiõ r > 1 çàäîâîëüíÿ¹ íåðiâíiñòü

T (r, w) 6 N(r; |µ|) +
π

2
√

3
λ(r;n, pn), (6)äå �óíêöiÿ λ(r;n, pn) çàäàíà ñïiââiäíîøåííÿì (2) ïðè g(r) = n(r; |µ|) ó âèïàäêó

ρn = +∞ i ñïiââiäíîøåííÿì (3) ïðè g(r) = n(r; |µ|) ó âèïàäêó ρn < +∞ âiäïîâiäíî.ii) Äëÿ äîâiëüíîãî µ ∈ M∗(ν) iñíó¹ êàíîíi÷íèé iíòåãðàë Âåé¹ðøòðàññà w (äèâ.ñïiââiäíîøåííÿ (4)) òàêèé, ùî éîãî íåâàíëiííîâà õàðàêòåðèñòèêà T (r, w) äëÿ âñiõ
r > 1 çàäîâîëüíÿ¹ íåðiâíiñòü

T (r, w) ≤ N(r; |µ|) +
π

2
√

3
λ(r; ν, pν), (7)äå �óíêöiÿ λ(r; ν, pν) çàäàíà ñïiââiäíîøåííÿì (2) ïðè g(r) = ν(r) ó âèïàäêó ρν = +∞i ñïiââiäíîøåííÿì (3) ïðè g(r) = ν(r) ó âèïàäêó ρν < +∞ âiäïîâiäíî.Çà äîïîìîãîþ òåîðåìè 1 âèâåäåìî òåîðåìè 2 òà 3, ÿêi ¹ δ-ñóáãàðìîíiéíèìèâåðñiÿìè äâîõ ðåçóëüòàòiâ ç ïðàöü [7℄ òà [9℄ âiäïîâiäíî.Íåõàé µ ∈ M. Ïðèéìåìî â (2)

g(t) = n(t; |µ|), pg(t) = [2ψ(log n(t; |µ|)) log n(t; |µ|)] + 1,äå
ψ(t) = sup

s6t
φ(s)

√∫ +∞

s

d τ/(φ(τ) τ log τ)òàêà, ùî ∫ +∞
d t/(ψ(t) t log t) < +∞ i lim

t→+∞
ψ(t)/φ(t) = 0 äëÿ äîâiëüíî¨ äîäàòíî¨, íå-ñïàäíî¨ �óíêöi¨ φ(t), äëÿ ÿêî¨ ∫ +∞

d t/(φ(t) t log t) < +∞ (äèâ. [7℄). Òîäi ïðàâèëüíàòàêà òåîðåìà.



ÓÇÀ�ÀËÜÍÅÍÀ ÒÅÎ�ÅÌÀ ÂÅÉ��ØÒ�ÀÑÑÀ ÄËß δ-ÑÓÁ�À�ÌÎÍIÉÍÈÕ ... 33Òåîðåìà 2. Íåõàé φ(t) � äîäàòíà, íåñïàäíà �óíêöiÿ òàêà, ùî
+∞∫

d t

φ(t) t log t
< +∞.Òîäi äëÿ äîâiëüíîãî µ ∈ M òàêîãî, ùî

lim inf
r→+∞

log+ n(r; |µ|)
log r

> 0 (8)iñíó¹ êàíîíi÷íèé iíòåãðàë Âåé¹ðøòðàññà w (äèâ. ñïiââiäíîøåííÿ (4)) òàêèé, ùî
µw = µ i

log T (r, w) = o((log n(r; |µ|))2φ(log n(r; |µ|))), r → +∞, (9)çîâíi ìíîæèíè E ⊂ [1,+∞) òàêî¨, ùî ∫
E
d log t < +∞.Íåõàé µ ∈ M. Ïðèéìåìî â (2) g(t) = n(t; |µ|), pg(t) = [n(t; |µ|)] + 1. Òîäi ïðà-âèëüíà òàêà òåîðåìà.Òåîðåìà 3. Äëÿ äîâiëüíîãî µ ∈ M iñíó¹ êàíîíi÷íèé iíòåãðàë Âåé¹ðøòðàññà w(äèâ. ñïiââiäíîøåííÿ (4)) òàêèé, ùî µw = µ i

T (r, w) 6 A exp(BN(r; |µ|)), r 6∈ E, (10)äå A, B > 0, à E ⊂ [1,+∞) � äåÿêà ìíîæèíà òàêà, ùî ∫
E
d t < +∞.3. Äîïîìiæíi ðåçóëüòàòè i äîâåäåííÿ òåîðåì 1�3. Äëÿ äîâåäåííÿ òåîðåìè1 áóäåìî âèêîðèñòîâóâàòè òàêó ëåìó.Ëåìà 1. i) Äëÿ äîâiëüíîãî µ ∈ M iñíó¹ ïîñëiäîâíiñòü α êîìïëåêñíèõ ÷èñåë òàêà,ùî äëÿ âñiõ |k| ∈ N, r > 0 âèêîíó¹òüñÿ

|ck(r;µ, α)| ≤ λ(r;n, pn)

|k| . (11)ii) Äëÿ äîâiëüíîãî µ ∈ M∗(ν) iñíó¹ ïîñëiäîâíiñòü α̃ êîìïëåêñíèõ ÷èñåë òàêà,ùî äëÿ âñiõ |k| ∈ N, r > 0 âèêîíó¹òüñÿ
|ck(r;µ, α̃)| ≤ λ(r; ν, pν)

|k| . (12)Äîâåäåííÿ. Íåõàé µ ∈ M i íåõàé p(t) := pn(t) � äîâiëüíà íåñïàäíà, äîäàòíà, öiëî÷è-ñåëüíà �óíêöiÿ, äëÿ ÿêî¨ iíòåãðàë ∫ +∞

r

(
r
t

)p(t)
dn(t; |µ|) ñêií÷åííèé äëÿ äîâiëüíîãî

r > 0. ßêùî ρn < +∞, òî iíòåãðàë ∫ +∞

r n(t; |µ|)t−[ρn]−2 d t < +∞ äëÿ âñiõ r > 0.Äëÿ k ∈ N ïðèéìåìî
p−1(k) = sup{t : p(t) ≤ k}, sup∅ = 0.Çàóâàæèìî, ùî ó âèïàäêó ρn < +∞ ìà¹ìî p−1(k) = +∞ äëÿ âñiõ k ≥ [ρn] + 1.Íåõàé
αk = −1

k

∫

|a|≤ p−1(k)

a−k dµ(a), k ∈ N. (13)
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αk = −1

k

∫

a∈C

a−k dµ(a), ∀ k ≥ [ρn] + 1. (14)Òîäi äëÿ k ∈ N ç îãëÿäó íà ñïiââiäíîøåííÿ (13) îòðèìà¹ìî
αk +

1

k

∫

|a|≤r

a−k dµ(a) =





1

k

∫

p−1(k)<|a|≤r

a−k dµ(a), r > p−1(k);

−1

k

∫

r<|a|≤p−1(k)

a−k dµ(a), r < p−1(k);à, ó âèïàäêó ρn < +∞, ç îãëÿäó íà ñïiââiäíîøåííÿ (14), äëÿ äîâiëüíîãî k ≥ [ρn] + 1âèêîíó¹òüñÿ
αk +

1

k

∫

|a|≤r

a−k dµ(a) = −1

k

∫

|a|>r

a−k dµ(a).Îòæå, äëÿ k ∈ N ïðàâèëüíà îöiíêà
∣∣∣∣∣∣∣
αk+

1

k

∫

|a|≤r

a−k dµ(a)

∣∣∣∣∣∣∣
≤





1

k

∫

p−1(k)<|a|≤r

|a|−k d |µ|(a), r > p−1(k); (15.1)

1

k

∫

r<|a|≤p−1(k)

|a|−k d |µ|(a), r < p−1(k); (15.2)i, ó âèïàäêó ρn < +∞, äëÿ äîâiëüíîãî k ≥ [ρn] + 1
∣∣∣∣∣∣∣
αk +

1

k

∫

|a|≤r

a−k dµ(a)

∣∣∣∣∣∣∣
≤ 1

k

∫

|a|>r

|a|−k d |µ|(a). (16)Ó íåðiâíîñòi (15.1) p−1(k) < |a|. Çâiäñè, çà îçíà÷åííÿì p−1(k), ìà¹ìî k < p(|a|) i,çàâäÿêè öiëî÷èñåëüíîñòi �óíêöi¨ p(t), îäåðæèìî k ≤ p(|a|) − 1. Îòæå,
∫

p−1(k)<|a|6r

(
r

|a|

)k
d|µ|(a)6

r∫

p−1(k)

(r
t

)p(t)−1

dn(t; |µ|)6
r∫

0

(r
t

)p(t)−1

dn(t; |µ|). (17)Â íåðiâíîñòi (15.2) ìà¹ìî |a| ≤ p−1(k). Òîìó p(|a|) ≤ k. Îòîæ,
p−1(k)∫

r

(r
t

)p(t)
dn(t; |µ|) 6

+∞∫

r

(r
t

)p(t)
dn(t; |µ|). (18)Ó âèïàäêó æ ρn < +∞ ç îãëÿäó íà (16) äëÿ âñiõ k ≥ [ρn] + 1 âiäïîâiäíî âèêîíó¹òüñÿ

rk

∣∣∣∣∣∣∣
αk +

1

k

∫

|a|≤r

a−kdµ(a)

∣∣∣∣∣∣∣
≤ 1

k

+∞∫

r

(r
t

)[ρn]+1

dn(t; |µ|). (19)



ÓÇÀ�ÀËÜÍÅÍÀ ÒÅÎ�ÅÌÀ ÂÅÉ��ØÒ�ÀÑÑÀ ÄËß δ-ÑÓÁ�À�ÌÎÍIÉÍÈÕ ... 35Îòîæ, ó âèïàäêó ρn = +∞, âðàõîâóþ÷è ñïiââiäíîøåííÿ (15), (17), (18) òà íåðiâíiñòü
n(r; |µ|) ≤

r∫
0

(
r
t

)p(t)−1
dn(t; |µ|), äëÿ äîâiëüíîãî k ∈ N ìà¹ìî

|ck(r;µ, α)| =

=
1

2

∣∣∣∣∣∣∣
αkr

k +
1

k

∫

|a|6r

(( r
a

)k
−
(
a

r

)k)
dµ(a)

∣∣∣∣∣∣∣
6
rk

2

∣∣∣∣∣∣∣
αk +

1

k

∫

|a|≤r

a−kdµ(a)

∣∣∣∣∣∣∣
+

+
1

2k

∫

|a|≤r

( |a|
r

)k
d |µ|(a) 6

1

2k




r∫

0

(r
t

)p(t)−1

dn(t; |µ|) +

+∞∫

r

(r
t

)p(t)
dn(t; |µ|)



+

+
n(r; |µ|)

2k
≤ λ(r;n, pn)

k
,äå �óíêöiÿ λ(r;n, pn) âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì (2) ïðè g(r) = n(r; |µ|).Ó âèïàäêó æ ρn < +∞, ç îãëÿäó íà ñïiââiäíîøåííÿ (15)�(19), âiäïîâiäíî îäåð-æó¹ìî

|ck(r;µ, α)| ≤ 1

k
λ(r;n, pn), ∀ k = 1, 2, ..., [ρn];

|ck(r;µ, α)| ≤ 1

k


n(r; |µ|) +

+∞∫

r

(r
t

)[ρn]+1

dn(t; |µ|)


 6

1

k
λ(r;n, pn), ∀ k ≥ [ρn] + 1;äå �óíêöiÿ λ(r;n, pn) âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì (3) ïðè g(r) = n(r; |µ|).Âðàõîâóþ÷è, ùî |c−k(r;µ, α)| = |ck(r;µ, α)| äëÿ äîâiëüíèõ k ∈ N i r > 0, îòðè-ìó¹ìî ñïiââiäíîøåííÿ (11) äëÿ âñiõ |k| ∈ N i r > 0.Íåõàé òåïåð µ ∈ M∗(ν) i íåõàé p(t) = pν(t) � äîâiëüíà íåñïàäíà, äîäàòíà,öiëî÷èñåëüíà �óíêöiÿ, äëÿ ÿêî¨ iíòåãðàë +∞∫

r

(
r
t

)p(t)
d ν(t) ñêií÷åííèé äëÿ äîâiëüíîãî

r > 0. Äëÿ k ∈ N ïðèéìåìî
p−1(k) = sup{t : p(t) ≤ k}, sup∅ = 0.ßêùî ρν < +∞, òàê ñàìî ÿê é ó âèïàäêó µ ∈ M, îòðèìà¹ìî p−1(k) = +∞ äëÿ âñiõ

k ≥ [ρν ] + 1.Íåõàé
α̃k = −1

k

∫

|a|≤ p−1(k)

a−kdµ(a).ßê i ó âèïàäêó µ ∈ M ïåðåñâiä÷ó¹ìîñÿ, ùî äëÿ k ∈ N ïðàâèëüíi íåðiâíîñòi
rk

∣∣∣∣∣∣∣
α̃k +

1

k

∫

|a|≤r

a−kdµ(a)

∣∣∣∣∣∣∣
≤





1

k

r∫

p−1(k)

(r
t

)k
dn(t; |µ|), r > p−1(k);

1

k

p−1(k)∫
r

(r
t

)k
dn(t; |µ|), r < p−1(k);



36 Îêñàíà Á�ÎÄßÊ, ßðîñëàâ ÂÀÑÈËÜÊIÂà ïðè ρν < +∞, äëÿ äîâiëüíîãî k ≥ [ρn] + 1

rk

∣∣∣∣∣∣∣
α̃k +

1

k

∫

|a|≤r

a−kdµ(a)

∣∣∣∣∣∣∣
≤ 1

k

+∞∫

r

(r
t

)k
dn(t; |µ|).Çàóâàæèìî, ùî âêëþ÷åííÿ µ ∈ M∗(ν) iìïëiêó¹ äëÿ äîâiëüíèõ 0 < t1 < t2 < +∞,

∀ k ∈ N, ñïiââiäíîøåííÿ
t2∫

t1

(r
t

)k
dn(t; |µ|) =

t2∫

t1

(r
t

)k
d ν(t) −

t2∫

t1

(r
t

)k
d (ν(t) − n(t; |µ|)) 6

t2∫

t1

(r
t

)k
d ν(t),áî çà óìîâîþ d (ν(t) − n(t; |µ|)) ≥ 0. Âðàõîâóþ÷è öå òâåðäæåííÿ, òàê ñàìî, ÿê i óâèïàäêó µ ∈ M, îòðèìó¹ìî ñïiââiäíîøåííÿ (12), ÿêùî ρν = +∞.ßêùî æ ρν < +∞, òî òâåðäæåííÿ ïóíêòó ii) öi¹¨ ëåìè âèêîíó¹òüñÿ äëÿ äîâiëüíî¨

µ ∈ M(ν). Ëåìó äîâåäåíî.
�Äîâåäåííÿ òåîðåìè 1. Ïåðåäóñiì íàãàäà¹ìî (äèâ. çàóâàæåííÿ 1), ùî äëÿ êà-íîíi÷íîãî iíòåãðàëà Âåé¹ðøòðàññà w, âèçíà÷åíîãî ñïiââiäíîøåííÿì (4), îäóðæó¹ìî

ck(r, w) = ck(r;µw, α) äëÿ âñiõ k ∈ Z, r > 0, äå ïîñëiäîâíiñòü α = {αk, k ∈ N}îçíà÷åíà ñïiââiäíîøåííÿìè (13) i (14) (îñòàííi ïðàâèëüíi äëÿ âñiõ k ≥ [ρn] + 1 óâèïàäêó ρn < +∞).Ç îãëÿäó íà îçíà÷åííÿ êîå�iöi¹íòiâ Ôóð'¹ ck(r;µw , α) ïàðè (µw, α), ðiâíiñòüÏàðñåâàëÿ, íåðiâíiñòü Ìiíêîâñüêîãî òà ñïiââiäíîøåííÿ (5) i (11) çíàõîäèìî, ùî äëÿâñiõ r ≥ 1

T (r, w) ≤ 1

2
N(r; |µ|) +

1

2

(
N2(r;µ) + 2

+∞∑

k=1

|ck(r;µw, α)|2
)1/2

≤

≤ N(r; |µ|) +
1√
2

(
+∞∑

k=1

1

k2

)1/2

λ(r;n, pn) 6 N(r; |µ|) +
π

2
√

3
λ(r;n, pn).Òâåðäæåííÿ ïóíêòó ii) äîâîäèòüñÿ òàê ñàìî. Òåîðåìó 1 äîâåäåíî.Çàóâàæåííÿ 3. Ó âèïàäêó w = log |f |, f � öiëà â C �óíêöiÿ i g(t) = n(t;Z), ρn < +∞,àáî g(t) = ν(t), ρν < +∞, �óíêöi¨ çðîñòàííÿ, çàäàíi ñiââiäíîøåííÿìè (3), ¹ òàêçâàíèìè ìiíiìàëüíèìè ìàæîðàíòàìè çðîñòàííÿ (äèâ. [13, 15, 26℄).Äîâåäåííÿ òåîðåìè 2. Ïðîâåäåìî äîâåäåííÿ öi¹¨ òåîðåìè çà ñõåìîþ, áëèçü-êîþ iäåéíî äî çàïðîïîíîâàíî¨ äëÿ âèïàäêó öiëèõ �óíêöié â [7℄. Íåõàé µ ∈ M iíåõàé �óíêöiÿ λ(r; g, pg) çàäàíà ñïiââiäíîøåííÿì (2) ç g(t) = n(t; |µ|) i pg(t) =

= [2ψ(logn(t; |µ|)) logn(t; |µ|)]+1, äå �óíêöiÿ ψ(t) òàêà, ùî +∞∫
t0

d t/(ψ(t) t log t) < +∞,
t0 > 1 i

lim
t→+∞

ψ(t)

φ(t)
= 0. (20)
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r (r/t)p(t)dn(t; |µ|) ñêií÷åííèé äëÿ äîâiëü-íîãî r > 0. Ïðèéìåìî R = r exp (1/ψ(logn(r; |µ|))). Òîäi
+∞∫

r

(r
t

)p(t)
dn(t; |µ|) =

R∫

r

(r
t

)p(t)
dn(t; |µ|) +

+∞∫

R

(r
t

)p(t)
dn(t; |µ|). (21)Çàóâàæèìî, ùî

R∫

r

(r
t

)p(t)
dn(t; |µ|) 6 n(R; |µ|) − n(r; |µ|) 6 n(R; |µ|). (22)Êðiì òîãî, çàóâàæèìî, ùî

logn(R; |µ|) 6 (logn(r; |µ|))2, r 6∈ E . (23)Äëÿ öüîãî äîñòàòíüî çàñòîñóâàòè òåîðåìó Áîðåëÿ-Íåâàíëiííè ç [27, 
. 140℄ äî �óíêöi¨
u(r) = logn(er; |µ|) ç ϕ(t) = 1/ψ(t) òà âèáðàòè ε = 1 (äèâ. òàêîæ [7℄).Äàëi

+∞∫

R

(r
t

)p(t)
dn(t; |µ|) 6

+∞∫

R

dn(t; |µ|)
exp

(
2ψ(log n(t;|µ|)) logn(t;|µ|)

ψ(logn(r;|µ|))

) 6

+∞∫

r

dn(t; |µ|)
n2(t; |µ|) 6 1 (24)ïðè r > 0.Âðàõîâóþ÷è (21), (22) i (24), îäåðæèìî ∫ +∞

r (r/t)p(t)dn(t; |µ|) < +∞ äëÿ âñiõ
r > 0. Çà òåîðåìîþ 1 iñíó¹ êàíîíi÷íèé iíòåãðàë Âåé¹ðøòðàññà w (äèâ. ñïiââiäíîøåí-íÿ (4)) òàêèé, ùî µw = µ i äëÿ âñiõ r > 1

logT (r, w) = C(logN(r; |µ|) + logλ(r; g, pg)), (25)äå C � äåÿêà äîäàòíà ñòàëà.Ìà¹ìî
logN(r; |µ|) = log

r∫

1

n(t; |µ|)
t

d t 6 logn(r; |µ|) + log log r.Òîäi ç óìîâè (8) íåãàéíî âèïëèâà¹, ùî
logN(r; |µ|) = o((log n(r; |µ|))2), r → +∞. (26)Çðåøòîþ,

r∫

0

(r
t

)p(t)−1

dn(t; |µ|) =

r∫

1

(r
t

)p(t)−1

dn(t; |µ|) 6 rp(r)−1n(r; |µ|).Îòæå, âðàõîâóþ÷è ñïiââiäíîøåííÿ (20) òà óìîâó (8), ïðè r → +∞ îäåðæó¹ìî
log

r∫

0

(r
t

)p(t)−1

dn(t; |µ|) 6 logn(r; |µ|) + 2ψ(logn(r; |µ|)) log n(r; |µ|) log r 6

6 (2 + o(1))ψ(log n(r; |µ|)) log n(r; |µ|) log r = o((log n(r; |µ|))2φ(logn(r; |µ|))). (27)



38 Îêñàíà Á�ÎÄßÊ, ßðîñëàâ ÂÀÑÈËÜÊIÂÎòîæ, çi ñïiââiäíîøåíü (21)�(27) âèïëèâà¹ àñèìïòîòè÷íà ðiâíiñòü (9). Òåîðåìó 2äîâåäåíî.Çàóâàæåííÿ 4. ×àñòêîâèé âèïàäîê òåîðåìè 2, êîëè w = log |f |, äå f � öiëà â C�óíêöiÿ, ðîçãëÿíóòî â ïðàöÿõ [6, 7, 8℄. Çîêðåìà, (äèâ. òåîðåìè 1 i 2 òà çàóâàæåí-íÿ äî òåîðåìè 2) â [7℄ ç'ÿñîâàíî, ùî àñèìïòîòè÷íå ñïiââiäíîøåííÿ òèïó (9) çîâíiâèíÿòêîâî¨ ìíîæèíè E ñêií÷åííî¨ ëîãàðè�ìi÷íî¨ ìiðè ¹ íàéêðàùèì iç ìîæëèâèõ óâèïàäêó, êîëè w = log |f |, f � öiëà â C �óíêöiÿ ç çàäàíîþ ïîñëiäîâíiñòþ íóëiâ Z,ëi÷èëüíà �óíêöiÿ n(r;Z) ÿêèõ çàäîâîëüíÿ¹ óìîâó (8).Äîâåäåííÿ òåîðåìè 3. Äëÿ äîâåäåííÿ öi¹¨ òåîðåìè âèêîðèñòà¹ìî ìåòîäèêó,ïîäiáíó äî çàñòîñîâàíî¨ ïðè äîâåäåííi òâåðäæåííÿ 4 ç [9℄.Ïðèéìåìî R = r + 1/N(r; |µ|). Äëÿ r N(r; |µ|) > 1 ìà¹ìî
log

(
1 +

1

r N(r; |µ|)

)
>

1

2rN(r; |µ|) ,çâiäêè
N(R; |µ|) >

R∫

r

n(t; |µ|)
t

d t > n(r; |µ|) log

(
1 +

1

rN(r; |µ|)

)
>

n(r; |µ|)
2rN(r; |µ|) .Îòæå,

n(r; |µ|) 6 2 rN(r; |µ|)N(R; |µ|),
n(R; |µ|) 6 2RN(R; |µ|)N(R+ 1/N(r; |µ|); |µ|).Çà òåîðåìîþ Áîðåëÿ-Íåâàíëiííè [5, 
. 120℄

n(r; |µ|) ≤ A1 r N
2(r; |µ|), r 6∈ E, (28)

n(R; |µ|) ≤ A2 r N
2(r; |µ|), r 6∈ E, (29)äå E � äåÿêà ìíîæèíà ñêií÷åííî¨ ìiðè, à A1, A2 � äåÿêi äîäàòíi ñòàëi.Íåõàé �óíêöiÿ λ(r; g, pg) çàäàíà ñïiââiäíîøåííÿì (2) ç g(t) = n(t; |µ|) i

pg(t) = [n(t; |µ|)] + 1.Âðàõîâóþ÷è íåðiâíiñòü N(r; |µ|) >
∫ r
t n(t; |µ|)t−1d t > n(t; |µ|) log(r/t) òà ñïiââiä-íîøåííÿ (28), ïðè r 6∈ E çíàõîäèìî

r∫

0

(r
t

)p(t)−1

dn(t; |µ|) =

r∫

1

(r
t

)[n(t;|µ|)]

dn(t; |µ|) ≤
r∫

1

exp
(
n(t; |µ|) log

r

t

)
dn(t; |µ|) 6

6 n(r; |µ|) exp(N(r; |µ|)) 6 2A1rN
2(r; |µ|) exp(N(r; |µ|)) ≤ exp(B1N(r; |µ|)), (30)äå E � ìíîæèíà ñêií÷åííî¨ ìiðè, à B1 � äåÿêà äîäàòíà ñòàëà.Äàëi ìà¹ìî

+∞∫

r

(r
t

)p(t)
dn(t; |µ|) =

R∫

r

(r
t

)p(t)
dn(t; |µ|) +

+∞∫

R

(r
t

)p(t)
dn(t; |µ|). (31)
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R∫

r

(r
t

)p(t)
dn(t; |µ|) 6 n(R; |µ|) 6 A2rN

2(r; |µ|) 6 exp(B2N(r; |µ|)), r 6∈ E. (32)Òàêîæ ìà¹ìî
+∞∫

R

(r
t

)p(t)
dn(t; |µ|) 6

+∞∫

R

dn(t; |µ|)
exp

(
log
(
1 + 1

r N(r;|µ|)

)
n(t; |µ|)

) 6

6

∫ +∞

0

exp

(
− log

(
1 +

1

r N(r; |µ|)

)
x

)
d x =

1

log
(
1 + 1

r N(r;|µ|)

) 6

6 2 rN(r; |µ|) 6 exp(B3N(r; |µ|)), B3 > 0. (33)Äëÿ çàâåðøåííÿ äîâåäåííÿ òåîðåìè 3 òðåáà âðàõóâàòè òâåðäæåííÿ ïóíêòó i)òåîðåìè 1, ñïiââiäíîøåííÿ (30)�(33) òà î÷åâèäíó íåðiâíiñòü
N(r; |µ|) 6 exp(N(r; |µ|)).Çàóâàæåííÿ 5. Â [9℄ ïîêàçàíî, ùî äëÿ êàíîíi÷íîãî äîáóòêó Âåé¹ðøòðàññà (1) çíóëÿìè Z = {aj}, 1 6 |aj |, i pj = n(|aj |;Z) iñíóþòü ñòàëi A, B > 0 òà ìíîæèíà Eñêií÷åííî¨ ìiðè òàêi, ùî

T (r,Π) 6 A exp(BN(r;Z)), 0 < r 6∈ E. (34)ßê çàçíà÷åíî â [2℄, îöiíêà (34) çîâíi âèíÿòêîâî¨ ìíîæèíè E ñêií÷åííî¨ ìiðè äëÿäåÿêèõ ñòàëèõ A i B ¹ íàéêðàùîþ ç ìîæëèâèõ ó òàêîìó ðîçóìiííi: âåëè÷èíó
A exp(BN(r;Z)) íå ìîæíà çàìiíèòè íà exp(Φ(N(r;Z))) äëÿ æîäíî¨ �iêñîâàíî¨�óíêöi¨ Φ(t) òàêî¨, ùî lim

t→+∞
Φ(t)/t = 0.4. Âèñíîâêè. Íà ïiäñòàâi ìåòîäó ðÿäiâ Ôóð'¹ äëÿ ñóáãàðìîíiéíèõ íà ïëî-ùèíi �óíêöié, ðîçðîáëåíîãî â ïðàöÿõ [21, 22, 23, 24℄, çàïðîïîíîâàíî óíiâåðñàëü-íèé ñïîñiá ïîáóäîâè êàíîíi÷íèõ iíòåãðàëiâ Âåé¹ðøòðàññà äëÿ δ-ñóáãàðìîíiéíèõâ C �óíêöié ç àïðiîði íàéêðàùèìè ç ìîæëèâèõ ìàæîðàíòàìè íà çðîñòàííÿ íå-âàíëiííîâèõ õàðàêòåðèñòèê òàêèõ �óíêöié. Òàêi àïðiîðíi ìàæîðàíòè çðîñòàííÿïðèðîäíî âèíèêàþòü ó òî÷íèõ îöiíêàõ çâåðõó ìîäóëiâ êîå�iöi¹íòiâ Ôóð'¹ êàíî-íi÷íèõ iíòåãðàëiâ Âåé¹ðøòðàññà, ïîáóäîâàíèõ çà äîâiëüíèì áîðåëåâèì â C çà-ðÿäîì µ ∈ M (àáî µ ∈ M∗(ν) ⊂ M(ν) ⊂ M). ßê çàñòîñóâàííÿ íàâåäåíî

δ-ñóáãàðìîíiéíi àíàëîãè äâîõ òî÷íèõ ðåçóëüòàòiâ ç [7, 9℄, ÿêi ñòîñóþòüñÿ âèïàä-êó öiëèõ â C �óíêöié. Îòðèìàíi ðåçóëüòàòè íàäàëi ìîæíà âèêîðèñòîâóâàòè äëÿðîçâ'ÿçàííÿ ïðîáëåìè âiäøóêàííÿ òàê çâàíèõ ìiíiìàëüíèõ ìàæîðàíò çðîñòàííÿ(äèâ. [6, 13, 15, 22℄) äëÿ öiëèõ i ñóáãàðìîíiéíèõ â C �óíêöié òà òiñíî ïîâ'ÿçàíîþiç öi¹þ ïðîáëåìîþ çàäà÷åþ (äèâ. [6, 13, 22℄) ïðî êàíîíi÷íå çîáðàæåííÿ ìåðîìîð�-íèõ �óíêöié ÷àñòêîþ öiëèõ �óíêöié (âiäïîâiäíî � êàíîíi÷íîþ äåêîìïîçèöi¹þ
δ-ñóáãàðìîíiéíèõ �óíêöié ðiçíèöåþ ñóáãàðìîíiéíèõ �óíêöié). Çãàäàíi âèùå ïðîá-ëåìè ïëàíó¹ìî ðîçãëÿíóòè â íàñòóïíèõ ïðàöÿõ.
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44 Ìèêîëà ÁÓ��IÉÇàçâè÷àé ïiä ÷àñ �îðìóâàííÿ ðîçøèðåíèõ �îíäîâèõ ïîðò�åëiâ îïöiîíè êîìái-íóþòü ç ïiäëåãëèì àêòèâîì, íà ÿêèé âîíè âèïèñàíi. Îäíàê ñüîãîäíi ó÷àñíèêè �îí-äîâîãî ðèíêó ç ìåòîþ îòðèìàííÿ äîäàòêîâèõ ïðèáóòêiâ âñå ÷àñòiøå âèêîðèñòîâóþòüñòðàòåãiþ �îðìóâàííÿ �îíäîâîãî ïîðò�åëÿ, ÿêèé ìiñòèòü ëèøå îïöiîíè, âèïèñàíiíà àêòèâè, ïðàêòè÷íî âiäñóòíi â ïîðò�åëi. Òàêi ïîðò�åëi iíîäi íàçèâàþòü �îíäîâè-ìè ïîðò�åëÿìè îïöiîíiâ íà �âiðòóàëüíi� àêòèâè.Ôîíäîâi ïîðò�åëi îïöiîíiâ äîñèòü ðèçèêîâi. Îäíàê çà ñïðèÿòëèâî¨ êîí'þêòóðè�îíäîâîãî ðèíêó òàêi ïîðò�åëi ìîæóòü ïðèíîñèòè ¨õíiì âëàñíèêàì ïðèáóòêè, ÿêiçíà÷íî ïåðåâèùóþòü ïî÷àòêîâi çàòðàòè. Öåé âiäîìèé �àêò ñïîíóêà¹ äî �îðìóâàííÿòà îïòèìiçàöi¨ �îíäîâèõ ïîðò�åëiâ îïöiîíiâ íå òiëüêè �içè÷íèõ, à é ñïåöiàëüíèõiíñòèòóöiéíèõ iíâåñòîðiâ, ÿêèõ íàçèâàþòü õåäæ-�îíäàìè.ßêùî äîõiäíîñòi êîìïîíåíò ïîðò�åëÿ îïöiîíiâ ââàæàòè âèïàäêîâèìè âåëè÷èíà-ìè ç âiäîìèìè éìîâiðíiñíèìè ðîçïîäiëàìè, òî ùiëüíiñòü ðîçïîäiëó äîõiäíîñòi ïîðò-�åëÿ ìîæíà çíàéòè, íàïðèêëàä, âiäîìèì ÷èñåëüíèì ìåòîäîì Ìîíòå-Êàðëî. Ïðîòåöåé ìåòîä ïåðåäáà÷à¹ ãðîìiçäêó îá÷èñëþâàëüíó ïðîöåäóðó � äåñÿòêè òèñÿ÷ îïåðàöiéíà îäíó òî÷êó ìåæi å�åêòèâíîñòi ïîðò�åëÿ. Äëÿ îá'¹ìíèõ �îíäîâèõ ïîðò�åëiâ ÷è-ñåëüíå ðîçâ'ÿçóâàííÿ çàäà÷i îïòèìiçàöi¨ çàéìà¹ íåâèïðàâäàíî áàãàòî îïåðàòèâíîãî÷àñó.Îäíèì ç ìîæëèâèõ âàðiàíòiâ âèõîäó ç öi¹¨ ñèòóàöi¨ ¹ ìîäåëüíà çìiíà ñïîñîáóâðàõóâàííÿ íåâèçíà÷åíîñòi ïiä ÷àñ �îðìóëþâàííÿ çàäà÷i îïòèìiçàöi¨: ïåðåõiä âiäâèïàäêîâèõ âåëè÷èí äî íå÷iòêèõ âåëè÷èí ó ðàìêàõ íå÷iòêî-ìíîæèííî¨ òåîði¨ [3℄.Çîêðåìà, â [4℄ â ðàìêàõ öi¹¨ òåîði¨ çàïðîïîíîâàíî ÷èñåëüíèé ìåòîä ðîçâ'ÿçóâàííÿçàäà÷i ïðî îïòèìiçàöiþ �îíäîâîãî ïîðò�åëÿ îïöiîíiâ íà �âiðòóàëüíi� àêöi¨. Â îñíîâóöüîãî ìåòîäó ïîêëàäåíî iòåðàöiéíèé âèáið ÷àñòêîâîãî ñïiââiäíîøåííÿ ó �îíäîâîìóïîðò�åëi îïöiîíiâ ¹âðîïåéñüêîãî ñòèëþ íà àêöi¨ ç íàñòóïíèì óòî÷íåííÿì ãëèáèíèïîêðèòòÿ êîæíî¨ àêöi¨ îïöiîíàìè.Ó ðàìêàõ íå÷iòêî-ìíîæèííî¨ òåîði¨ ïðîïîíó¹ìî îäèí ç ìîæëèâèõ âàðiàíòiâ çâå-äåííÿ çàäà÷i ïðî îïòèìiçàöiþ �îíäîâîãî ïîðò�åëÿ îïöiîíiâ ¹âðîïåéñüêîãî ñòèëþ íààêöi¨ äî åêâiâàëåíòíî¨ çàäà÷i ìàòåìàòè÷íîãî ïðîãðàìóâàííÿ. Öå äà¹ çìîãó (â çàãàëü-íîìó âèïàäêó íà ïiäñòàâi ìåòîäó äå�àçè�iêàöi¨ [5℄) íå òiëüêè å�åêòèâíî âèêîðèñòî-âóâàòè ñòàíäàðòíi ïðèêëàäíi ïàêåòè äëÿ ðîçâ'ÿçóâàííÿ òàêèõ çàäà÷ îïòèìiçàöi¨, à éäà¹ çìîãó çíà÷íî çìåíøèòè çàòðàòè îïåðàòèâíîãî ÷àñó íà öþ ïðîöåäóðó.2. Ôîðìóëþâàííÿ íå÷iòêî¨ çàäà÷i îïòèìiçàöi¨ òà ñõåìà ¨¨ ðîçâ'ÿçóâàí-íÿ. Íåõàé íà ïiäñòàâi åêñïåðòíèõ äàíèõ âiäîìî, ùî ðèíêîâà öiíà n òèïiâ àêöié, íàÿâ-íèõ íà �îíäîâîìó ðèíêó, ïðîòÿãîì äåÿêîãî ïåðiîäó T çàçíà¹ ðiçêèõ êîëèâàíü, îäíàêåêñïåðòè íå ìîæóòü âïåâíåíî âèçíà÷èòè íàïðÿì öèõ êîëèâàíü. Ó öüîìó âèïàäêóó÷àñíèêè �îíäîâîãî ðèíêó ìàþòü çìîãó îòðèìàòè äîäàòêîâèé ïðèáóòîê, ñ�îðìó-âàâøè �îíäîâèé ïîðò�åëü ëèøå ç îïöiîíiâ ¹âðîïåéñüêîãî ñòèëþ ç ðiçíèìè öiíàìèâèêîíàííÿ òåðìiíîì äi¨ T íà öi n òèïiâ àêöié. Òàêà îïöiîííà ñòðàòåãiÿ ìà¹ íàçâó�ñòðåíãë� (strangle) [6℄.Îòæå, â çàçíà÷åíèõ óìîâàõ iíâåñòîð �îðìó¹ �îíäîâèé ïîðò�åëü, ÿêèé ñêëà-äà¹òüñÿ ëèøå ç n íàáîðiâ 
all-îïöiîíiâ i n íàáîðiâ put-îïöiîíiâ ¹âðîïåéñüêîãî ñòèëþòåðìiíîì äié T íà n òèïiâ �âiðòóàëüíèõ� àêöié.



Ï�Î ÎÄÍÓ ÇÀÄÀ×Ó ÎÏÒÈÌIÇÀÖI� ÔÎÍÄÎÂÎ�Î ÏÎ�ÒÔÅËß ÎÏÖIÎÍIÂ 45Ïîçíà÷èìî ÷åðåç xi (i = 1, n) � âiäíîñíó ÷àñòêó â ïîðò�åëi 
all-îïöiîíó ç i-ãîíàáîðó, ÿêèé ïîâíiñòþ �îðñó¹ àêöiþ i-ãî òèïó (
all-îïöiîí �ïîêðèâà¹� êîæíó ãðîøî-âó îäèíèöþ âàðòîñòi àêöi¨), à ÷åðåç xi (i = n + 1, 2n) � âiäíîñíó ÷àñòêó â ïîðò�åëiput-îïöiîíó ç i-ãî íàáîðó, ÿêèé ïîâíiñòþ õåäæó¹ àêöiþ i-ãî òèïó (put-îïöiîí �ïîêðè-âà¹� êîæíó ãðîøîâó îäèíèöþ âàðòîñòi àêöi¨). Âñüîãî �îíäîâèé ïîðò�åëü îïöiîíiâìiñòèòèìå 2n êîìïîíåíò ç âiäíîñíèìè ÷àñòêàìè xi (i = 1, 2n), ïðè÷îìó
2n
∑

i=1

xi = 1, (1)

0 6 xi 6 1. (2)Íåõàé ó ìîìåíò �îðìóâàííÿ �îíäîâîãî ïîðò�åëÿ îïöiîíiâ ñòîñîâíî îñíîâíèõ�iíàíñîâèõ ïàðàìåòðiâ, ÿêi éîãî õàðàêòåðèçóþòü, íàÿâíà òàêà ií�îðìàöiÿ.1. �èíêîâà öiíà àêöi¨ i-ãî òèïó ñòàíîâèòü Si,0 (i = 1, n).2. Íà ïiäñòàâi åêñïåðòíèõ äàíèõ ïîêàçàíî, ùî íà ìîìåíò ÷àñó T ðèíêîâà öiíààêöi¨ i-ãî òèïó ëåæàòèìå â iíòåðâàëi [Si,min, Si,max] (i = 1, n), òîáòî áóäåíå÷iòêèì ÷èñëîì ïðÿìîêóòíîãî âèãëÿäó [3℄.3. �èíêîâà öiíà 
all-îïöiîíó ç i-ãî íàáîðó, ÿêèé �îðñó¹ àêöiþ i-ãî òèïó íà 100%,ñòàíîâèòü Ci,c (i = 1, n).4. Öiíà âèêîíàííÿ 
all-îïöiîíó ç i-ãî íàáîðó, ÿêèé �îðñó¹ àêöiþ i-ãî òèïó íà
100%, ñòàíîâèòü Xi,c (i = 1, n), ïðè÷îìó Si,min < Xi,c < Si,max (i = 1, n).5. �èíêîâà öiíà put-îïöiîíó ç i-ãî íàáîðó, ÿêèé õåäæó¹ àêöiþ i-ãî òèïó íà 100%,ñòàíîâèòü Ci,p (i = n + 1, 2n).6. Öiíà âèêîíàííÿ put-îïöiîíó ç i-ãî íàáîðó, ÿêèé õåäæó¹ àêöiþ i-ãî òèïó íà
100%, ñòàíîâèòü Xi,p (i = n + 1, 2n), ïðè÷îìó Si−n,min < Xi,p < Si−n,max

(i = n + 1, 2n).Íà ïiäñòàâi öèõ åêñïåðòíèõ äàíèõ ìîæíà îá÷èñëèòè íå÷iòêó äîõiäíiñòü (iíòåðâàëäîõiäíîñòi) �îíäîâîãî ïîðò�åëÿ îïöiîíiâ, ÿêèé ðîçãëÿäàþòü ó ìîìåíò ÷àñó T .Ïîçíà÷èìî ÷åðåç rc
i (i = 1, n) � �iíàëüíó äîõiäíiñòü 
all-îïöiîíó ç i-ãî íàáîðóâ ìîìåíò ÷àñó T , r

p
i (i = n + 1, 2n) � �iíàëüíó äîõiäíiñòü put-îïöiîíó ç i-ãî íàáîðóâ ìîìåíò ÷àñó T , Ii,c, (i = 1, n) � àáñîëþòíèé ïðèáóòîê â ìîìåíò ÷àñó T âiä �iíàí-ñîâî¨ îïåðàöi¨ êóïiâëi 
all-îïöiîíó ¹âðîïåéñüêîãî ñòèëþ ç i-ãî íàáîðó çà óìîâè 100%�îðñóâàííÿ âiäïîâiäíî¨ àêöi¨ i-ãî òèïó, Ii,p, (i = n + 1, 2n) � àáñîëþòíèé ïðèáóòîêâ ìîìåíò ÷àñó T âiä �iíàíñîâî¨ îïåðàöi¨ êóïiâëi put-îïöiîíó ¹âðîïåéñüêîãî ñòèëþ ç

i-ãî íàáîðó â ìîìåíò ÷àñó T çà óìîâè 100% õåäæóâàííÿ âiäïîâiäíî¨ àêöi¨ i-ãî òèïó.Îñêiëüêè çíà÷åííÿ ïàðàìåòðiâ Ii,c, (i = 1, n), Ii,p, (i = n + 1, 2n), âiäïîâiäíîìîæíà îá÷èñëèòè çà �îðìóëàìè [6℄
Ii,c = max{0, Si − Xi,c} − Ci,c =

{

Si − Xi,c − Ci,c, Si > Xi,p,

−Ci,c, Si 6 Xi,c,

Ii,p = max{0, Xi,p − Si−n} − Ci,p =

{

Xi,p − Si−n − Ci,p, Xi,p > Si−n,

−Ci,p, Xi,p 6 Si−n,



46 Ìèêîëà ÁÓ��IÉäå Si (i = 1, n) � ðèíêîâà öiíà àêöi¨ i-ãî òèïó â ìîìåíò ÷àñó T , òî äîõiäíiñòü 
all-îïöiîíó ç i-ãî íàáîðó i put-îïöiîíó ç i-ãî íàáîðó â ìîìåíò ÷àñó T âiäïîâiäíî õàðàêòå-ðèçó¹òüñÿ òàêèìè íå÷iòêèìè ÷èñëàìè rc
i , r

p
i ïðÿìîêóòíîãî âèãëÿäó (iíòåðâàëàìè):

rc
i = [rc

i,min, rc
i,max] =

[

−
1

T
,

Si,max − Xi,c − Ci,c

T · Ci,c

]

(i = 1, n), (3)

r
p
i = [rp

i,min, r
p
i,max] =

[

Xi,p − Si−n,min − Ci,p

T · Ci,p

,−
1

T

]

(i = n + 1, 2n). (4)Òåïåð íà ïiäñòàâi (3), (4) çíàéäåìî, ùî äîõiäíiñòü �îíäîâîãî ïîðò�åëÿ îïöiîíiââ ìîìåíò ÷àñó T õàðàêòåðèçó¹òüñÿ íå÷iòêèì ÷èñëîì r ïðÿìîêóòíîãî âèãëÿäó
r = [rmin, rmax] =

[

−
1

T

n
∑

i=1

xi +

2n
∑

i=n+1

xi

Xi,p − Si−n,min − Ci,p

T · Ci,p

,

n
∑

i=1

xi

Si,max − Xi,c − Ci,c

T · Ci,c

−
1

T

2n
∑

i=n+1

xi

]

. (5)Ôîðìóþ÷è �îíäîâèé ïîðò�åëü îïöiîíiâ, iíâåñòîð íàéïåðøå îáîâ'ÿçêîâî �iêñó¹íîðìàòèâíèé ïàðàìåòð � íèæíþ ìåæó äîõiäíîñòi ïîðò�åëÿ. Ó âèïàäêó, ÿêèé ðîçãëÿ-äà¹òüñÿ, íèæíþ ìåæó äîõiäíîñòi ïîðò�åëÿ çàäàìî ó âèãëÿäi íå÷iòêîãî ïðÿìîêóòíîãî÷èñëà
rP = [rP

min, rP
max]. (6)Îñêiëüêè ñòóïiíü ðèçèêó iíâåñòèöié ó ïîðò�åëü îïöiîíiâ çàëåæàòèìå âiä òîãî,íàñêiëüêè äîõiäíiñòü ïîðò�åëÿ áóäå íèæ÷îþ âiä íîðìàòèâíî¨, î÷åâèäíî, ùî ðiâåíüðèçèêó iíâåñòèöié ó ïîðò�åëü îïöiîíiâ ç äîõiäíiñòþ (5) áóäå âèçíà÷àòèñÿ âçà¹ìíèìðîçìiùåííÿì iíòåðâàëiâ (5), (6). Ó öüîìó çâ'ÿçêó ðèçèê òîãî, ùî äîõiäíiñòü �îíäîâî-ãî ïîðò�åëÿ îïöiîíiâ, ÿêèé ðîçãëÿäà¹òüñÿ, áóäå íèæ÷îþ (âèùîþ) âiä íîðìàòèâíî¨,ìîæíà îá÷èñëèòè çà òàêîþ �îðìóëîþ [7℄:

R =



























































































0, rP
max 6 rmin,

(rP
max − rmin)2

2(rP
max − rP

min)(rmax − rmin)
, rP

min < rmin < rP
max 6 rmax,

rP
min + rP

max − 2rmin

2(rmax − rmin)
, rmin 6 rP

min < rP
max 6 rmax,

2rP
max − rmin − rmax

2(rP
max − rP

min)
, rP

min 6 rmin < rmax 6 rP
max,

1 −
(rmax − rP

min)2

2(rP
max − rP

min)(rmax − rmin)
, rmin 6 rP

min 6 rmax 6 rP
max,

1, rmax 6 rP
min.

(7)

Çà öiëüîâó �óíêöiþ â çàäà÷i îïòèìiçàöi¨ �îíäîâîãî ïîðò�åëÿ îïöiîíiâ ¹âðî-ïåéñüêîãî ñòèëþ ïðèðîäíî âèáðàòè âåðõíþ ìåæó éîãî äîõiäíîñòi (5). Îïòèìiçóâàòèïîðò�åëü â òàêîìó �îðìóëþâàííi îçíà÷à¹ ìàêñèìiçóâàòè ìàêñèìóì éîãî äîõiäíîñòi



Ï�Î ÎÄÍÓ ÇÀÄÀ×Ó ÎÏÒÈÌIÇÀÖI� ÔÎÍÄÎÂÎ�Î ÏÎ�ÒÔÅËß ÎÏÖIÎÍIÂ 47â ìîìåíò ÷àñó T ïðè çàäàíîìó (�iêñîâàíîìó) çíà÷åííi ðèçèêó R = R0. Ó öüîìóçâ'ÿçêó �îðìàëiçîâàíèé çàïèñ çàäà÷i îïòèìiçàöi¨ �îíäîâîãî ïîðò�åëÿ îïöiîíiâ ¹â-ðîïåéñüêîãî ñòèëþ âèãëÿäàòèìå òàê:
rmax(xi) =

n
∑

i=1

xi

Si,max − Xi,c − Ci,c

T · Ci,c

−
1

T

2n
∑

i=n+1

xi → max, (8)

2n
∑

i=1

xi = 1, (9)

0 6 xi 6 1, (10)

R(x1, ..., x2n, rP
min, rP

max) = R0. (11)Äëÿ ïîáóäîâè ðîçâ'ÿçêó çàäà÷i (8)-(11) â çàãàëüíîìó âèïàäêó ïîòðiáíî âðàõóâà-òè òå, ùî óìîâà (11) ìà¹ íåñòàíäàðòíèé (�ãiëëÿñòèé�) âèãëÿä : çà âiäîìî¨ ñòðóêòóðèðîçøèðåíîãî �îíäîâîãî ïîðò�åëÿ ïðèòàìàííèé éîìó ðiâåíü ðèçèêó îá÷èñëþ¹òüñÿíà ïiäñòàâi îäíi¹¨ ç ãiëîê �îðìóëè (7) çàëåæíî âiä âçà¹ìíîãî ðîçìiùåííÿ iíòåðâàëiâäîõiäíîñòi (5), (6). ßêùî æ ñòðóêòóðó ðîçøèðåíîãî �îíäîâîãî ïîðò�åëÿ çíàõîäè-òè øëÿõîì ðîçâ'ÿçóâàííÿ çàäà÷i îïòèìiçàöi¨, òî êîæíó ç ãiëîê �îðìóëè (7) òðåáàïðèéíÿòè çà îáìåæåííÿ íà øóêàíèé ðîçâ'ÿçîê. Òîäi çàäà÷à (8)-(11) â çàãàëüíîìóâèïàäêó ðîçáèâà¹òüñÿ íà øiñòü çàäà÷ ìàòåìàòè÷íîãî ïðîãðàìóâàííÿ, äëÿ êîæíî¨ çÿêèõ óìîâó (11) òðåáà êîíêðåòèçóâàòè íà ïiäñòàâi ñïiââiäíîøåííÿ (7).Äëÿ òåîðåòè÷íî áåçðèçèêîâîãî ïîðò�åëÿ îïöiîíiâ (R0 = 0) óìîâó, ÿêà åêâiâà-ëåíòíà (11), çàïèøåìî ó âèãëÿäi
−

1

T

n
∑

i=1

xi +

2n
∑

i=n+1

xi

Xi,p − Si−n,min − Ci,p

T · Ci,p

> rP
max. (12)Àíàëîãi÷íî, äëÿ ïîðò�åëÿ îïöiîíiâ ç ðèçèêîì R0 = 1 çàìiñòü óìîâè (11) ïîòðiá-íî ðîçãëÿíóòè óìîâó

n
∑

i=1

xi

Si,max − Xi,c − Ci,c

T · Ci,c

−
1

T

2n
∑

i=n+1

xi 6 rP
min. (13)Äëÿ âèçíà÷åííÿ ñêëàäîâèõ îïòèìàëüíîãî çà äîõiäíiñòþ �îíäîâîãî ïîðò�åëÿîïöiîíiâ ó âèïàäêó, êîëè ðèçèê ïîðò�åëÿ R0 ∈ (0, 1), óìîâó (11) â çàäà÷i îïòèìiçàöi¨òðåáà êîíêðåòèçóâàòè òàê.ßêùî rP

min < rmin < rP
max 6 rmax, òî (11) ïîòðiáíî çàìiíèòè òàêèìè óìîâàìè:

(rP
max − rmin)2 = 2R0(r

P
max − rP

min)(rmax − rmin),

rmin > rP
min, rmin < rP

max, rmax > rP
max. (14)Êîëè rmin 6 rP

min < rP
max 6 rmax, òî çàìiñòü óìîâè (11) íåîáõiäíî ðîçãëÿíóòèòàêi óìîâè:

rP
min + rP

max − 2rmin = 2R0(rmax − rmin),

rmin 6 rP
min, rP

min < rP
max, rmax > rP

max. (15)Ó âèïàäêó
rP
min 6 rmin < rmax 6 rP

max
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2rP

max − rmin − rmax = 2R0(r
P
max − rP

min),

rmin > rP
min, rmin < rmax, rmax 6 rP

max. (16)ßêùî
rmin 6 rP

min 6 rmax 6 rP
max,òî óìîâó (11) òðåáà çàìiíèòè ñèñòåìîþ óìîâ

(rmax − rP
min)2 = 2(1 − R0)(r

P
max − rP

min)(rmax − rmin),

rmin 6 rP
min, rmax 6 rP

max, rmax > rP
min. (17)Çàóâàæèìî, ùî ñïiââiäíîøåííÿ (12)-(17) ÿâíî çàïèñóþòü ÷åðåç íåâiäîìi ÷àñòêè

xi (i = 1, 2n) âiäïîâiäíèõ êîìïîíåíò �îíäîâîãî ïîðò�åëÿ îïöiîíiâ, îñêiëüêè ÷åðåçöi ïàðàìåòðè ÿâíî âèðàæàþòüñÿ �óíêöi¨ rmin, rmax ç (5).Îòæå, çà çàäàíèõ çíà÷åíü ïàðàìåòðiâ Si,min, Si,max, Ci,c, Xi,c, (i = 1, n),
Ci,p, Xi,p (i = n + 1, 2n), rP

min, rP
max, T , R0, ñêëàäîâi xi (i = 1, 2n) �îíäîâîãî ïîðò-�åëÿ îïöiîíiâ ¹âðîïåéñüêîãî ñòèëþ íà àêöi¨ ïîâèííi áóòè ðîçâ'ÿçêîì îäíi¹¨ ç çàäà÷(8), (9), (10), (12) - (8), (9), (10), (17) çàëåæíî âiä âçà¹ìíîãî ðîçìiùåííÿ iíòåðâàëiâ(5), (6). Äëÿ ïîáóäîâè ìåæi å�åêòèâíîñòi öüîãî ïîðò�åëÿ â ñèñòåìi êîîðäèíàò�ðèçèê íåäîïóñòèìî íèçüêî¨ äîõiäíîñòi ïîðò�åëÿ - ìàêñèìóì î÷iêóâàíî¨ äîõiäíîñòiïîðò�åëÿ�, ïîòðiáíî ðîçâ'ÿçàòè âiäïîâiäíó çàäà÷ó îïòèìiçàöi¨, çìiíþþ÷è ïàðàìåòð

R0 â ìåæàõ 0 6 R0 6 R0,max, äå R0,max � ðèçèê êîìïîíåíòè ïîðò�åëÿ ç íàéáiëüøîþäîõiäíiñòþ.3. Âèñíîâêè. Çàìiíà ñòàíäàðòíîãî ñïîñîáó ìîäåëþâàííÿ äîõiäíîñòi àêòèâiâ(ÿê âèïàäêîâèõ âåëè÷èí) íå÷iòêèìè çíà÷åííÿìè (iíòåðâàëàìè) äîõiäíîñòåé öèõàêòèâiâ äàëà çìîãó ñ�îðìóëþâàòè é îïèñàòè ñõåìó ðîçâ'ÿçóâàííÿ çàäà÷i îïòèìiçà-öi¨ �îíäîâîãî ïîðò�åëÿ îïöiîíiâ ¹âðîïåéñüêîãî ñòèëþ íà àêöi¨. Ïîáóäîâà ðîçâ'ÿçêóçàäà÷i îïòèìiçàöi¨ çâîäèòüñÿ äî ðîçâ'ÿçóâàííÿ äåÿêî¨ çàäà÷i ìàòåìàòè÷íîãî ïðî-ãðàìóâàííÿ. Öå äîïîìàãà¹ íå òiëüêè ïîáóäóâàòè ìåæó å�åêòèâíîñòi ïîðò�åëÿ âñèñòåìi êîîðäèíàò �ðèçèê íåäîïóñòèìî íèçüêî¨ äîõiäíîñòi ïîðò�åëÿ - ìàêñèìóìî÷iêóâàíî¨ äîõiäíîñòi ïîðò�åëÿ�, àëå é çíà÷íî çìåíøèòè çàòðàòè îïåðàòèâíîãî ÷àñóíà ðîçâ'ÿçóâàííÿ çàäà÷i îïòèìiçàöi¨.1. Markovitz H.M. Portfolio Sele
tion /Markovitz H.M. // Journal of Finan
e. � 1952 (Mar
h).� Vol. 7. � P. 77-91.2. Sharpe W.F. Capital Asset Pri
es: A Theory of Market Equilibrium Under Conditions ofRisk / Sharpe W.F. // Journal of Finan
e. � 1964 (September). � Vol. 19. � P. 425-442.3. Çàäå Ë.À. Ïîíÿòèå ëèíãâèñòè÷åñêîé ïåðåìåííîé è åãî ïðèìåíåíèå ê ïðèíÿòèþ ïðè-áëèæåííèõ ðåøåíèé / Çàäå Ë.À. � Ì.: Ìèð, 1976.4. Íåäîñåêèí À.Î. Îïòèìèçàöèÿ �îíäîâîãî ïîðò�åëÿ, ñîñòîÿùåãî èç îäíèõ îïöèîíîâ/ Íåäîñåêèí À.Î. //Áàíêè è �èñêè. � 2005. � �2. (http://www.sedok.narod.ru/s_�les/2005/4.pdf)5. Ñÿâàâêî Ì. Ìàòåìàòè÷íå ìîäåëþâàííÿ çà óìîâ íåâèçíà÷åíîñòi / Ñÿâàâêî Ì., �èáèöü-êà Î. � Ëüâiâ: ÍÂÔ �Óêðà¨íñüêi òåõíîëîãi¨�, 2000.6. Iâàùóê Í.Ë. �èíîê äåðèâàòèâiâ: åêîíîìiêî-ìàòåìàòè÷íå ìîäåëþâàííÿ ïðîöåñiâ öiíî-óòâîðåííÿ / Iâàùóê Í.Ë. Ëüâiâ: Âèä-âî Íàö. óí-òó �Ëüâiâñüêà ïîëiòåõíiêà�, 2008.
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h. Math. 2009.Âèï. 71. Ñ. 50�61 Is. 71. P. 50�61ÓÄÊ 539.4ÂÈÊÎ�ÈÑÒÀÍÍß Ï�ßÌÎ�Î ÌÅÒÎÄÓ ÂÈ�IÇÓÂÀÍÍßÏ�È ÄÎÑËIÄÆÅÍÍI ÏÎÇÄÎÂÆÍÜÎ�Î ÇÑÓÂÓÏIÂÏ�ÎÑÒÎ�Ó Ç ÄÎÂIËÜÍÎ Î�I�ÍÒÎÂÀÍÎÞÑÒ�I×ÊÎÂÎÞ ÍÅÎÄÍÎ�IÄÍIÑÒÞÊèðèë ÂÀÑIËÜ�Â1, �åîðãié ÑÓËÈÌ2

1Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêèiì. ß.Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè,79060, Ëüâiâ, âóë. Íàóêîâà, 3áe-mail: kirill.all�gmail.
om
2Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,79000, Ëüâiâ, âóë. Óíiâåðñèòåòñüêà, 1e-mail:sulym�franko.lviv.uaÏðîàíàëiçîâàíî çàñòîñóâàííÿ ïðÿìîãî ìåòîäó âèðiçóâàííÿ äî çàäà÷iïiâïðîñòîðó ç îði¹íòîâàíîþ ïiä êóòîì ñòði÷êîâîþ íåîäíîðiäíiñòþ. Ïîêà-çàíî, ùî îði¹íòàöiÿ âêëþ÷åííÿ ñóòò¹âî âïëèâà¹ íà äîâæèíó ìîäåëþþ÷èõåëåìåíòiâ. Íàâåäåíî àíàëiç êîå�iöi¹íòiâ iíòåíñèâíîñòi íàïðóæåíü íåîäíî-ðiäíîñòi äëÿ ðiçíèõ êðàéîâèõ óìîâ i íàâàíòàæåííÿ âêëþ÷åííÿ. Çàïðîïî-íîâàíî òàêîæ ìåòîäè ìîäåëþâàííÿ çà äîïîìîãîþ ïðÿìîãî ìåòîäó âèðiçó-âàííÿ ïiâïðîñòîðó ç íàâàíòàæåííÿì íà íåñêií÷åíîñòi.Êëþ÷îâi ñëîâà: ìåòîä âèðiçóâàííÿ, ÊIÍ, ïiâïðîñòið, ñòði÷êîâå âêëþ-÷åííÿ, àíòèïëîñêà äå�îðìàöiÿ.1. Âñòóï.Îäíèì iç äîâîëi ïîøèðåíèõ ìåòîäiâ ðîçâ'ÿçóâàííÿ äâîâèìiðíèõ çàäà÷òåîði¨ ïðóæíîñòi ¹ ìåòîä iíòåãðàëüíèõ ïåðåòâîðåíü. Äîñëiäíèê, ùî ðîçâ'ÿçó¹ çàäà÷óçà äîïîìîãîþ öüîãî ìåòîäó ïåðåâàæíî âèðiøó¹ äâi ïðîáëåìè � âèáið iíòåãðàëüíî-ãî ïåðåòâîðåííÿ, ùî íàéëiïøå ïiäõîäèòü äî äîñëiäæóâàíî¨ îáëàñòi i �îðìè íåîä-íîðiäíîñòåé, à òàêîæ ïðîâåäåííÿ îáåðíåíü àíàëiòè÷íèìè, ÷è àíàëiòèêî-÷èñëîâèìèìåòîäàìè. Íàïðèêëàä, äëÿ ñìóãè çi ñòði÷êîâèìè íåîäíîðiäíîñòÿìè [1, 2℄ ðîçâ'ÿçîêìîæíà ïîáóäóâàòè çà äîïîìîãîþ iíòåãðàëüíîãî ïåðåòâîðåííÿ Ôóð'¹, äëÿ êëèíà �çà äîïîìîãîþ iíòåãðàëüíîãî ïåðåòâîðåííÿ Ìåëëiíà i ò. ií. Âèêîðèñòàííÿ �ïðÿìîãîìåòîäó âèðiçóâàííÿ� (ÏÌÂ) [3℄ äà¹ çìîãó äîñëiäèòè çàäà÷i äëÿ ñêií÷åííèõ i ÷àñò-êîâî îáìåæåíèõ òië ðiçíî¨ �îðìè ç íåîäíîðiäíîñòÿìè áåç äîäàòêîâèõ àíàëiòè÷íèõâèêëàäîê.
© Âàñiëü¹â Ê., Ñóëèì �., 2009



ÂÈÊÎ�ÈÑÒÀÍÍß Ï�ßÌÎ�Î ÌÅÒÎÄÓ ÂÈ�IÇÓÂÀÍÍß ... 51Öåé ìåòîä ïîëÿãà¹ ó ìîäåëþâàííi êðàéîâèõ óìîâ îáìåæåíîãî òiëà çà äîïî-ìîãîþ ââåäåííÿ ó ðîçãëÿä òîíêîñòiííèõ îá'¹êòiâ � òðiùèí (ùiëèí) òà àáñîëþòíîæîðñòêèõ âêëþ÷åíü (ÀÆÂ) âåëèêèõ, àëå ñêií÷åííèõ ëiíiéíèõ ðîçìiðiâ. Çà äîïîìî-ãîþ òàêèõ íåîäíîðiäíîñòåé ç ïðîñòîðó íiáè �âèðiçó¹òüñÿ� íåîáõiäíå îáìåæåíå òiëî.Êðàéîâi óìîâè ïåðøîãî ÷è äðóãîãî ðîäó çàäàþòü, íàâàíòàæóþ÷è áåðåãè ìîäåëþþ-÷î¨ òðiùèíè, ÷è ïåðåìiùóþ÷è áåðåãè ìîäåëþþ÷îãî ÀÆÂ âiäïîâiäíî. ßê ðåçóëüòàò� îáìåæåíå òiëî ç âêëþ÷åííÿìè ïðè çàäàíèõ íà éîãî ìåæàõ êðàéîâèõ óìîâàõ ìî-äåëþ¹òüñÿ çàäà÷åþ, çîêðåìà äëÿ ïðîñòîðó, ç äåùî çáiëüøåíîþ êiëüêiñòþ òîíêèõíåîäíîðiäíîñòåé, äëÿ ÿêîãî áåçïîñåðåäíüî é ðîçâ'ÿçó¹òüñÿ ïðîñòiøà çà ñòðóêòóðîþñèñòåìà ñèíãóëÿðíèõ iíòåãðàëüíèõ ðiâíÿíü (ÑÑI�) çáiëüøåíîãî ðîçìiðó.�àíiøå [3℄ ïðÿìèé ìåòîä âèðiçóâàííÿ áóâ àïðîáîâàíèé íà íèçöi ïðèêëàäiâ çàäà÷äîñëiäæåííÿ íàïðóæåíî-äå�îðìîâàíîãî ñòàíó øàðóâàòèõ ñòðóêòóð iç ñèìåòðè÷íîíàâàíòàæåíèìè ñòði÷êîâèìè òðiùèíàìè, ÿêi ïàðàëåëüíi äî ìåæi îáëàñòi. Çîêðåìà,ðîçãëÿäàëèñÿ çàäà÷i äëÿ ïiâïðîñòîðó, ñìóãè òà ç'¹äíàíî¨ ç ïiâïðîñòîðîì ñìóãè çààíòèïëîñêî¨ äå�îðìàöi¨. Çðîçóìiëî, ùî ñèìåòðiÿ ñòîñîâíî îñi i ïðîñòèé ñïîñiá íà-âàíòàæåííÿ òðiùèíè âiäiãðàëè âàæëèâó ðîëü ó å�åêòèâíîìó ìîäåëþâàííi òiëà çàäîïîìîãîþ ìåòîäó âèðiçóâàííÿ. Âèÿâèëîñÿ, ùî êîå�iöi¹íò iíòåíñèâíîñòi íàïðóæåíü(ÊIÍ) òðiùèíè, îòðèìàíèé çà äîïîìîãîþ ÏÌÂ, âæå çà äåñÿòèðàçîâî¨, ïîðiâíÿíî çîñíîâíîþ íåîäíîðiäíiñòþ, äîâæèíè ìîäåëþþ÷èõ åëåìåíòiâ âiäðiçíÿ¹òüñÿ âiä ÊIÍòðiùèíè, îòðèìàíîãî çà áåçïîñåðåäíüîãî ðîçâ'ÿçóâàííÿ âiäïîâiäíèõ çàäà÷ áåç âèêî-ðèñòàííÿ ìåòîäó âèðiçóâàííÿ ìåíøå, íiæ íà 0,01%. �åçóëüòàòè çàñòîñóâàííÿ ÏÌÂäî çàäà÷ òåîði¨ òðiùèí âèÿâèëèñÿ äóæå áëèçüêèìè äî çíà÷åíü, îòðèìàíèõ ó ïðàöÿõ[4, 5℄, äå äëÿ ïîáóäîâè iíòåãðàëüíèõ ðiâíÿíü çàäà÷i ïðî ïiâïðîñòið iç òóíåëüíèìèòðiùèíàìè áóëî âèêîðèñòàíî íåïðÿìèé ìåòîä âèðiçóâàííÿ � ìîäåëþâàííÿ ìåæi òiëàòðiùèíîþ áåçìåæíî¨ äîâæèíè ç íàñòóïíèì âèëó÷åííÿì ç ñèñòåìè ðiâíÿíü âiäïîâiä-íî¨ �óíêöi¨ ñòðèáêà.Öüîãî ðàçó ìåòîä âèðiçóâàííÿ àïðîáó¹ìî íà àíòèïëîñêié çàäà÷i äëÿ ïiâïðîñòî-ðó ç îði¹íòîâàíèìè ïiä êóòîì ñòði÷êîâèìè íåîäíîðiäíîñòÿìè, îñêiëüêè öÿ çàäà÷à ¹äîñèòü ïðîñòîþ i äîáðå âiäîìîþ â ëiòåðàòóði [1, 6℄.2. Ïðîñòið ç òîíêèìè âêëþ÷åííÿìè äîâiëüíîãî ðîçòàøóâàííÿ é îði¹í-òàöi¨. Ó ïðàöÿõ [1, 3, 7℄ áóëè ïîäàíi �îðìóëè äëÿ âèçíà÷åííÿ íàïðóæåíî-äå�îðìîâà-íîãî ñòàíó ïðîñòîðó, ïiâïðîñòîðó i äâîõ iäåàëüíî ç'¹äíàíèõ ïiâïðîñòîðiâ iç äîâiëüíîþêiëüêiñòþ òîíêèõ ñòði÷êîâèõ íåîäíîðiäíîñòåé ñòîñîâíî �óíêöié ñòðèáêiâ íàïðóæåíüi ïåðåìiùåíü íà îñüîâèõ ëiíiÿõ íåîäíîðiäíîñòåé çà àíòèïëîñêî¨ äå�îðìàöi¨.
�èñ. 1. Ïðîñòið çi ñòði÷êîâèìè íåîäíîðiäíîñòÿìè çà äi¨îäíîðiäíîãî íàâàíòàæåííÿ



52 Êèðèë ÂÀÑIËÜ�Â, �åîðãié ÑÓËÈÌÍàãàäà¹ìî ìåòîäèêó ïîáóäîâè ðîçâ'ÿçêó äëÿ íàéïðîñòiøîãî âèïàäêó � ïðîñòîðóç äîâiëüíîþ êiëüêiñòþ âêëþ÷åíü, ÿêà ïîòðiáíà äëÿ ìîäåëþâàííÿ îäíîðiäíîãî òiëà,çîêðåìà ç âêëþ÷åííÿìè, îáìåæåíîãî ïðÿìîëiíiéíèìè ëiíiÿìè. Ó ïðîñòîði ç ìîäóëåìïðóæíîñòi G, ïåðåðiç ÿêîãî ïëîùèíîþ z = 0 äà¹ ïëîùèíó S, ðîçìiùåíî N +1 ñòði÷-êîâå âêëþ÷åííÿ. Ïîçíà÷èìî L′
p � îñüîâi ëiíi¨ ïåðåðiçó âêëþ÷åíü ïëîùèíîþ xOy,ÿêi íàëåæàòü îñÿì Lp

(

p = 0, N
). Êîîðäèíàòè öåíòðó êîæíî¨ ç íåîäíîðiäíîñòåé �

(x0p, y0p); êóò îði¹íòàöi¨ îñi � αp; øèðèíà � 2hp; äîâæèíà � 2ap; ìîäóëü çñóâó �
GBp

(

p = 0, N
) (ðèñ. 1). Ââàæà¹ìî, ùî íà íåñêií÷åííîñòi çàäàíå ñòàëå íàâàíòàæåííÿ

σ∞
xz = τ, σ∞

yz = τ1.Çãiäíî ç ïðèíöèïîì ñóïåðïîçèöi¨, íàïðóæåíî-äå�îðìîâàíèé ñòàí (ÍÄÑ) ïðîñ-òîðó ç N +1 âêëþ÷åííÿì çâîäèòüñÿ äî ñóìè: 1) îäíîðiäíîãî ðîçâ'ÿçêó, ïîðîäæåíîãîçîâíiøíiì íàâàíòàæåííÿì ïðîñòîðó áåç âêëþ÷åíü (ïîçíà÷àòèìåìî éîãî íóëåì ñåðåäâåðõíiõ iíäåêñiâ); 2) îñíîâíîãî çáóðåíîãî ðîçâ'ÿçêó, ïîðîäæåíîãî âêëþ÷åííÿìè óáåçìåæíîìó ñåðåäîâèùi (ïîçíà÷àòèìåìî éîãî öèðêóì�ëåêñîì (���) i íóëåì ñåðåäâåðõíiõ iíäåêñiâ). Îäíîðiäíèé ðîçâ'ÿçîê, ïîðîäæåíèé îäíîðiäíèì íàâàíòàæåííÿì,ïîäàìî ó âèãëÿäi
σ0

yz + iσ0
xz = τ + iτ1. (1)Çáóðåíèé ðîçâ'ÿçîê ïîäà¹òüñÿ ÷åðåç çàçäàëåãiäü íåâiäîìi �óíêöi¨ ñòðèáêiâ íàïðó-æåíü i ïîõiäíèõ ïåðåìiùåíü f3p, f6p

(

p = 0, N
) íà îñüîâèõ ëiíiÿõ íåîäíîðiäíîñòåéó ïðîñòîði [1, 3℄. Òîìó ÍÄÑ ïðîñòîðó ç N + 1 âêëþ÷åííÿì ó äåêàðòîâié ñèñòåìiêîîðäèíàò õàðàêòåðèçó¹ âèðàç

σyz + iσxz = σ0
yz + iσ0

xz +
(

σ̂0
yz + iσ̂0

xz

)

, (2)äå
σ̂0

yz + iσ̂0
xz =

i

2π

N
∑

p=0

∫

L′

p

f3p (t) + iGf6p (t)

t exp (iαp) − (z − z0p)
, z0p = x0p + iy0p. (3)Äëÿ âèçíà÷åííÿ íåâiäîìèõ �óíêöié ñòðèáêà f3p, f6p òðåáà ñêîðèñòàòèñÿ óìîâàìèâçà¹ìîäi¨ ìàòðèöi ç p-ì âêëþ÷åííÿì. Íàïðèêëàä, ó âèïàäêó ñèìåòðè÷íîãî íàâàíòà-æåííÿ áåðåãiâ òðiùèíè íàïðóæåííÿìè τBp óìîâè âçà¹ìîäi¨ ìàòèìóòü ïðîñòèé âèãëÿä

{

σp+
nz + σp−

nz = 2τBp, σ
p+
nz − σp−

nz = 0
}. Äåùî ñêëàäíiøèìè, ïðîòå é óíiâåðñàëüíiøèìè¹ óìîâè âçà¹ìîäi¨ äëÿ íåíàâàíòàæåíîãî âêëþ÷åííÿ ç äîâiëüíèì ìîäóëåì çñóâó [1, 8℄òà óçàãàëüíåíi íà âèïàäîê ïðèêëàäåíîãî äî áåðåãiâ p-ãî âêëþ÷åííÿ ñèìåòðè÷íîãîíàïðóæåííÿ −τBp óìîâè âçà¹ìîäi¨ [3℄

(

σp+
sz + σp−

sz

)

+
G

GBphp

∫ sp

−ap

(

σp+
nz − σp−

nz

)

dξ = 2
G

GBp

σcp
sz (−ap) , (4)

(

σp+
nz + σp−

nz + 2τBp

)

−
GBp

Ghp

∫ sp

−ap

(

σp+
sz − σp−

sz

)

dξ = w∗
p

GBp

hp

+ GBp

(

σ0p+
nz

G
+

σ0p−
nz

G

)

.Òóò spOpnp � ëîêàëüíà ñèñòåìà êîîðäèíàò âiäïîâiäíîãî âêëþ÷åííÿ ç ïî÷àòêîì óöåíòði íåîäíîðiäíîñòi; σp±
nz , σp±

sz � íàïðóæåííÿ íà âåðõíüîìó (+) i íèæíüîìó (�) áåðå-ãàõ p-ãî âêëþ÷åííÿ; σ0p±
nz , σ0p±

sz � îäíîðiäíi íàïðóæåííÿ ó òiëi áåç âêëþ÷åíü ó ìiñöÿõáåðåãiâ p-ãî äå�åêòó, çàïèñàíi ó éîãî ëîêàëüíié ñèñòåìi êîîðäèíàò; σcp
sz (−ap) , w∗

p �
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σcp

sz (−ap) = σ0p
sz (−ap) τzp, τzp =

GBp

max (GBp, G)
;

w∗
p = 2hp (sp) σ0p

nz (sp)w∗
p_, w∗

p_ =
min (GBp, G)

G2
.Òàê çâàíà îñíîâíà ìîäåëü âçà¹ìîäi¨ [8℄ âðàõîâó¹ ïiäêðåñëåíèé ó (4) äîäàíîê, ïëiâêîâàìîäåëü éîãî äî âiäîìà íå áåðå. Óìîâè (4) ó ñâî¨õ ãðàíè÷íèõ âèïàäêàõ äàþòü óìîâèâçà¹ìîäi¨ äëÿ íàâàíòàæåíî¨ ñèìåòðè÷íèìè çóñèëëÿìè τBp òðiùèíè (GBp → 0) òà äëÿÀÆÂ (GBp → ∞). Äëÿ ïðóæíîãî âêëþ÷åííÿ ç ïðîìiæíèìè âëàñòèâîñòÿìè óìîâè(4) ¹ íàáëèæåíèìè.Äëÿ âèêîðèñòàííÿ âèðàçiâ íàïðóæåíü (2) â óìîâàõ âçà¹ìîäi¨ (4) òðåáà çíàéòèíàïðóæåííÿ íà áåðåãàõ êîæíî¨ íåîäíîðiäíîñòi. Òîìó äëÿ êîæíîãî âêëþ÷åííÿ ïå-ðåéäåìî âiä îñíîâíî¨ ñèñòåìè êîîðäèíàò xOy äî ëîêàëüíî¨ spOpnp âêëþ÷åííÿ íàïiäñòàâi �îðìóë

σp
nz + iσp

sz =
[

σyz + iσxz

]

exp (iαp) ,
z = x + iy = z̃p exp (iαp) + z0p = (sp + inp) exp (iαp) + (x0p + iy0p) .

(5)Çãiäíî ç �îðìóëîþ Ñîõîöüêîãî-Ïëåìåëi [9℄ òà óðàõóâàííÿì (2), (5), íàïðóæåíèéñòàí íà âåðõíüîìó i íèæíüîìó áåðåãàõ p-ãî âêëþ÷åííÿ ìàòèìå âèãëÿä
σp±

nz + iσp±
sz =

(

σ0p±
nz + iσ0p±

sz

)

+
(

σ̂0 p±
nz + iσ̂0 p±

sz

)

+
N

∑

k=0,k 6=p

(

σ̂0 pk
nz + iσ̂0 pk

sz

)

, (6)äå
σ̂0 p±

nz + iσ̂0 p±
sz = ∓

1

2
[f3p (t) + iGf6p (t)] +

i

2π

∫

L′

p

f3p (t) + iGf6p (t)

t − sp

dt (7)âèçíà÷à¹ íàïðóæåíî-äå�îðìîâàíèé ñòàí íà âåðõíüîìó (+) i íèæíüîìó (�) áåðåãàõ
p-ãî âêëþ÷åííÿ çà âiäñóòíîñòi iíøèõ íåîäíîðiäíîñòåé ó ïðîñòîði ç ìîäóëåì çñóâó G;

σ̂0 pk
nz + iσ̂0 pk

sz =
i

2π

∫

L′

k

(f3k(t) + iGf6k(t))/(t exp[i(αk − αp)]− (8)
−[sp − (z0k − z0p) exp(−iαp)])dtâiäïîâiäà¹ çà çáóðåííÿ ÍÄÑ íà ïîâåðõíi p-ãî âêëþ÷åííÿ âiä âïëèâó k-ãî âêëþ÷åííÿ óëîêàëüíié ñèñòåìi êîîðäèíàò p-ãî âêëþ÷åííÿ. Ïiäñòàâëÿþ÷è (6) â óìîâè âçà¹ìîäi¨ (4)ç óðàõóâàííÿì (7), (8) äëÿ N+1 âêëþ÷åííÿ îòðèìà¹ìî 2N+2 ñèíãóëÿðíi iíòåãðàëüíiðiâíÿííÿ (ÑI�) âèãëÿäó

1

π

∫ ap

−ap

f3p(t)

t − sp

dt −
G

GBphp

∫ sp

−ap

f3p(t)dt + 2σ̂1p
sz (sp) = 2

G

GBp

σcp
sz(−ap)− (9)

−[σ0p+
sz (sp) + σ0p−

sz (sp)],

1

π

∫ ap

−ap

f6p (t)

t − sp

dt −
GBp

Ghp

∫ sp

−ap

f6p (t) dt −
2

G
σ̂1p

nz (sp) = −w∗
p

GBp

Ghp

−

−
GBp

G2

(

σ0p+
nz + σ0p−

nz

)

+
1

G

(

σ0p+
nz (sp) + σ0p−

nz (sp)
)

, sp ∈ [−ap, ap]
(

p = 0, N
)
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(

p = 0, N
). Òóò

σ̂1p
nz (sp) + iσ̂1p

sz (sp) =

N
∑

k=0,k 6=p

(

σ̂0 pk
nz + iσ̂0 pk

sz

)

.3. Çàñòîñóâàííÿ ìåòîäó âèðiçóâàííÿ. �îçâ'ÿçàâøè ÑÑI� (9), çîêðåìà ìå-òîäîì êîëîêàöié [1, 10℄, ìîæíà âèçíà÷èòè íåâiäîìi �óíêöi¨ ñòðèáêà i çà (2) çíàéòèíàïðóæåíî-äå�îðìîâàíèé ñòàí ïðîñòîðó çi ñòði÷êîâèìè íåîäíîðiäíîñòÿìè. Äîñëi-äèìî ìîæëèâiñòü çàñòîñóâàííÿ ìåòîäó âèðiçóâàííÿ äî òië iç äîâiëüíî îði¹íòîâàíè-ìè ñòði÷êîâèìè âêëþ÷åííÿìè òà òðiùèíàìè. Çîêðåìà, äåòàëüíî äîñëiäèìî çàäà÷iâèçíà÷åííÿ íàïðóæåíî-äå�îðìîâàíîãî ñòàíó ïiâïðîñòîðó ç äîâiëüíî îði¹íòîâàíîþíåîäíîðiäíiñòþ çà ðiçíèõ êðàéîâèõ óìîâ. Çãiäíî ç ïðîöåäóðîþ ìåòîäó âèðiçóâàííÿâiëüíèé êðàé òiëà ìîäåëþâàòèìåìî âåëèêîþ ïàðàëåëüíîþ äî îñi Ox òðiùèíîþ çàíóëüîâîãî íàâàíòàæåííÿ íà ¨¨ áåðåãàõ. Íàâàíòàæåíèé êðàé òiëà � òðiùèíîþ (ùiëè-íîþ), áåðåãè ÿêî¨ íàâàíòàæåíi áàæàíèìè íàïðóæåííÿìè. Àíàëîãi÷íî çàùåìëåíèéêðàé ìîäåëþ¹òüñÿ âåëèêèì àáñîëþòíî æîðñòêèì âêëþ÷åííÿì çà íóëüîâîãî íàòÿãóéîãî ïîâåðõíi. Îñêiëüêè äëÿ óíiâåðñàëüíîñòi ñõåìè ðîçâ'ÿçóâàííÿ ìè âèêîðèñòîâó¹-ìî óìîâè âçà¹ìîäi¨ äëÿ ïðóæíîãî âêëþ÷åííÿ ç ìàòðèöåþ (4), òî òðiùèíè ìîäåëþ-âàòèìåìî òîíêèìè âêëþ÷åííÿìè ïåâíî¨ òîâùèíè ç äóæå ìàëèì âiäíîñíèì ìîäóëåìçñóâó kp = GBp/G. Çàñòîñîâóþ÷è ìåòîä âèðiçóâàííÿ, âèâ÷àòèìåìî çáiæíiñòü ÊIÍäëÿ äîñëiäæóâàíî¨ íåîäíîðiäíîñòi äî ðåçóëüòàòiâ, îòðèìàíèõ çà äîïîìîãîþ àñèìïòî-òè÷íèõ ìåòîäiâ [11℄, à òàêîæ ðåçóëüòàòiâ, îòðèìàíèõ çà äîïîìîãîþ áåçïîñåðåäíüîãîðîçâ'ÿçóâàííÿ âiäïîâiäíèõ çàäà÷ áåç âèêîðèñòàííÿ ìåòîäó âèðiçóâàííÿ íà ïiäñòàâi[1, 6℄. ÊIÍ äëÿ ñòði÷êîâî¨ íåîäíîðiäíîñòi îá÷èñëþ¹ìî çãiäíî ç [1, 6, 12℄ íà ïiäñòàâiçíàéäåíèõ �óíêöié ñòðèáêiâ íàïðóæåíü i ïåðåìiùåíü íà îñüîâié ëiíi¨ íåîäíîðiäíîñòi.
�èñ. 2. Ìîäåëþâàííÿ ïiâïðîñòîðó ç òðiùèíîþ çà äîïîìîãîþ ïðîñòîðói äîäàòêîâî¨ íåîäíîðiäíîñòiÄîñëiäèìî çáiæíiñòü ÏÌÂ íà ïðèêëàäi äîñëiäæåííÿ íàïðóæåíî-äå�îðìîâàíîãîñòàíó ïiâïðîñòîðó y > 0 çi ñèìåòðè÷íî íàâàíòàæåíîþ íàïðóæåííÿìè τB1=
onst òði-ùèíîþ. Ââàæàòèìåìî, ùî òðiùèíà ç îñüîâîþ ëiíi¹þ ïåðåðiçó L′

1 çàâäîâæêè 2a1,òîâùèíè 2h1 iç öåíòðîì ó (0, H), íàõèëåíà ïiä êóòîì α1 äî îñi Ox.Âiäïîâiäíî äî ìåòîäó ðîçãëÿíåìî áåçìåæíèé ïðîñòið ç òàêîþ ñàìîþ íåîäíîðiä-íiñòþ òà íàâàíòàæåííÿì i äîäàòêîâèì âiëüíèì âiä íàâàíòàæåííÿ (íàòÿãó) ïðóæíèìâêëþ÷åííÿì (ðèñ. 2) ç öåíòðîì ó (0, 0), ÿêèé ìà¹ âiäíîñíèé ìîäóëü çñóâó k0 = 10−7i ìîäåëþ¹ âiëüíèé êðàé ïiâïðîñòîðó, àáî k0 = 107 ó âèïàäêó ìîäåëþâàííÿ æîðñòêîçàùåìëåíîãî êðàþ. Ñïî÷àòêó ïðîàíàëiçó¹ìî âèïàäîê âiëüíîãî êðàþ ïiâïðîñòîðó.Ó òàáëèöi ïîäàíî äåÿêi ðåçóëüòàòè îá÷èñëåííÿ íîðìîâàíîãî ÊIÍ K0±
31 =

= K±
31

/ (

τB1

√
πa1

) äëÿ ïðàâî¨ (+) i ëiâî¨ (�) âåðøèí òðiùèíè. Âèêîðèñòîâóâàëè òàêiïàðàìåòðè çàäà÷i: a = a0/a1 � âiäíîñíà äîâæèíà ìîäåëþþ÷îãî åëåìåíòà; H = 1, 25a1� âiäñòàíü âiä öåíòðà äîñëiäæóâàíî¨ íåîäíîðiäíîñòi äî êðàþ. Íàïðóæåííÿ íà áåç-ìåæíîñòi τ = τ1 = 0, âiäíîñíi òîâùèíè íåîäíîðiäíîñòåé hk = 0, 1a1 (k = 0, 1).
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α1 π/4 π/3 π/2 π/4 π/3 π/2

a K0+
31 K0−

310,3 1,0026 1,0029 1,0009 1,0090 1,0178 1,01381 1,0191 1,0175 1,0169 1,0641 1,0780 1,10582 1,0391 1,0389 1,0423 1,0908 1,1175 1,17184 1,0558 1,0589 1,0657 1,1080 1,1442 1,20998 1,0620 1,0674 1,0765 1,1143 1,1539 1,223612 1,0632 1,0692 1,0790 1,1156 1,1559 1,226620 1,0639 1,0702 1,0803 1,1162 1,1570 1,228030 1,0641 1,0705 1,0809 1,1165 1,1574 1,2285
∞ 1,0642 1,0707 1,0810 1,1166 1,1575 1,2288Ôîðìóëà (10) 1,0638 1,0730 1,0831 1,1090 1,1285 1,1472Ó ïåðåäîñòàííüîìó ðÿäêó òàáëèöi çi çíà÷åííÿì �a = ∞� ïîäàíî ðåçóëüòàòè, ÿêiîòðèìàëè âíàñëiäîê áåçïîñåðåäíüîãî ðîçâ'ÿçóâàííÿ ìåòîäîì êîëîêàöié ÑÑI� çàäà÷iäëÿ ïiâïðîñòîðó y > 0 ç òðiùèíîþ L′

1 [1℄. Â îñòàííüîìó ðÿäêó ïîäàíî ðåçóëüòàòèîá÷èñëåíü íà îñíîâi àñèìïòîòè÷íî¨ çàëåæíîñòi [11℄
K0±

31 = 1 + λ2
/

8 ∓ λ3 sinα
/

16 + λ4 (2 − 9 cos 2α)
/

128 + O
(

λ5
)

, λ = a1/H. (10)Çàçíà÷èìî, ùî çðîñòàííÿ ìîäåëþþ÷îãî åëåìåíòà äëÿ öüîãî ïðèêëàäó ñóïðîâîä-æó¹òüñÿ ñóòò¹âèì çáiëüøåííÿì êiëüêîñòi N1 ÷ëåíiâ ðîçêëàäiâ �óíêöié ñòðèáêiâ óðÿäè çãiäíî ç ìåòîäîì êîëîêàöié [1, 10℄. Íàïðèêëàä, çà âåðòèêàëüíî¨ îði¹íòàöi¨ òði-ùèíè äëÿ a = 2 âèñòà÷à¹ N1 = 40, äëÿ a = 12 � N1 = 200, à äëÿ a = 30 � N1 = 800÷ëåíiâ ðÿäiâ çà ïîëiíîìàìè ×åáèøîâà äëÿ îá÷èñëåíü ÊIÍ ç ïîõèáêîþ ìåíøîþ çà0,1%. Äëÿ ïîðiâíÿííÿ ó âèïàäêó ãîðèçîíòàëüíî¨ îði¹íòàöi¨ òðiùèíè äëÿ a = 30âèñòà÷à¹ N1 = 80 ÷ëåíiâ ðÿäó. Çðîçóìiëî, ùî çáëèæåííÿ íåîäíîðiäíîñòåé òàêîæïðèâîäèòü äî çáiëüøåííÿ êiëüêîñòi ÷ëåíiâ ðÿäó N1.ßê âèäíî ç òàáëèöi, îði¹íòàöiÿ íåîäíîðiäíîñòi ñóòò¹âî âïëèâà¹ íà íåîáõiäíó äëÿçàáåçïå÷åííÿ áàæàíî¨ òî÷íîñòi îá÷èñëåíü äîâæèíó ìîäåëþþ÷îãî åëåìåíòà. Çîêðåìà,äëÿ îòðèìàííÿ ïîõèáêè íå áiëüøå 0,01% ïîðiâíÿíî ç ðåçóëüòàòîì, îòðèìàíèì áåçâèêîðèñòàííÿ ÏÌÂ, äîâæèíà ìîäåëþþ÷îãî åëåìåíòà ïîâèííà ñòàíîâèòè a0 > 30a1.Íàãàäà¹ìî, ùî äëÿ òðiùèíè, ÿêà ïàðàëåëüíà äî ìåæi ïiâïðîñòîðó, öÿ æ òî÷íiñòüäîñÿãàëàñÿ âæå çà a0 = 10a1 [3℄. Çàçíà÷èìî òàêîæ, ùî äåùî áiëüøà, àëå öiëêîìïðèéíÿòíà ïîõèáêà ó 1% äîñÿãà¹òüñÿ âæå çà âiäíîñíî¨ äîâæèíè ìîäåëþþ÷î¨ òðiùè-íè a = 12. Çi çìåíøåííÿì âiäíîñíî¨ äîâæèíè ìîäåëþþ÷îãî åëåìåíòà óçàãàëüíåíèéÊIÍ òðiùèíè ïðÿìó¹ äî âiäïîâiäíèõ çíà÷åíü äëÿ îäíîãî äå�åêòó â ïðîñòîði (îäèíè-öi). Òîáòî, çáóðþâàëüíèé âïëèâ äîäàòêîâî¨ òðiùèíè ïðÿìó¹ äî íóëÿ. Ñïîñòåðiãà¹ìîòàêîæ, ùî çi çáiëüøåííÿì êóòà îði¹íòàöi¨ äîñëiäæóâàíî¨ òðiùèíè çà ñòàëî¨ äîâæèíèìîäåëþþ÷îãî åëåìåíòà, âiäíîñíà ïîõèáêà îòðèìàíèõ ðåçóëüòàòiâ çðîñòà¹. Íàïðèê-ëàä, ïðè çíà÷åííi a = 12 âiäíîñíà ïîõèáêà îá÷èñëåííÿ ÊIÍ K0−
31 äëÿ α = π/4 äî-ðiâíþ¹ ïðèáëèçíî 0,089%, à äëÿ α = π/2 � áëèçüêî 0,179%. Ç äàíèõ òàáëèöi òàêîæìîæíà çðîáèòè âèñíîâîê ïðî ìiðó òî÷íîñòi àñèìïòîòè÷íîãî ðîçâ'ÿçêó (10). Îñêiëü-êè ðåçóëüòàòè, îòðèìàíi áåçïîñåðåäíiì ðîçâ'ÿçóâàííÿì çàäà÷i i çà äîïîìîãîþ ìåòîäó



56 Êèðèë ÂÀÑIËÜ�Â, �åîðãié ÑÓËÈÌâèðiçóâàííÿ ïðàêòè÷íî çáiãàþòüñÿ, òî âiäïîâiäíi ðåçóëüòàòè ìîæíà ââàæàòè áëèçü-êèìè äî òî÷íèõ. Íàéáiëüøå âiäõèëåííÿ àñèìïòîòè÷íèõ ÊIÍ âiä îòðèìàíèõ ÏÌÂðåçóëüòàòiâ äîñÿãà¹òüñÿ çà âåðòèêàëüíî¨ îði¹íòàöi¨ íåîäíîðiäíîñòi äëÿ âåðøèíè òði-ùèíè, ùî íàéáëèæ÷à äî êðàþ ïiâïðîñòîðó i äîðiâíþ¹ ïðèáëèçíî 7%.Òåïåð ðîçãëÿíåìî âèïàäîê ìîäåëþâàííÿ ïiâïðîñòîðó ç æîðñòêî çàùåìëåíèìêðà¹ì i íàâàíòàæåíîþ îäíîðiäíèìè çóñèëëÿìè òðiùèíîþ çà äîïîìîãîþ ÏÌÂ i ïðî-àíàëiçó¹ìî âïëèâ êóòà îði¹íòàöi¨ òðiùèíè íà ÊIÍ (ðèñ. 3). Äëÿ öüîãî ïðèêëàäó ñïîñ-òåðiãà¹ìî ïðîòèëåæíó òåíäåíöiþ, à ñàìå ëiïøó çáiæíiñòü äëÿ âåðòèêàëüíî¨ îði¹íòà-öi¨ òðiùèíè (α = ±π/2), i ãiðøó äëÿ îði¹íòàöi¨, ùî áëèçüêà äî ãîðèçîíòàëüíî¨.
�èñ. 3. Íîðìîâàíèé ÊIÍ äëÿ òðiùèíè, ùî íàâàíòàæåíà îäíîðiäíèìè çóñèëëÿìèó çìîäåëüîâàíîìó ïiâïðîñòîði ç æîðñòêî çàùåìëåíèì êðà¹ìÇàóâàæèìî, ùî çà âiäíîñíî¨ äîâæèíè a = 10 ìîäåëþþ÷îãî ÀÆÂ (ëiíiÿ 5 íàðèñ. 3) ÊIÍ äëÿ òðiùèíè ïðàêòè÷íî çáiãà¹òüñÿ çi çíà÷åííÿì ÊIÍ, îòðèìàíèì áåçïî-ñåðåäíiì ðîçâ'ÿçóâàííÿì çàäà÷i áåç âèêîðèñòàííÿ ÏÌÂ (íà ðèñ. 3 � ïóíêòèðíà ëiíiÿ)ç ïîõèáêîþ äî 1%. Çàçíà÷èìî òàêîæ, ùî çà ãîðèçîíòàëüíî¨ îði¹íòàöi¨ òðiùèíè äëÿäîñÿãíåííÿ ïîõèáêè ó 0,01% íåîáõiäíî áðàòè âiäíîñíó äîâæèíó ìîäåëþþ÷îãî ÀÆÂ

a > 30. Äëÿ ïîðiâíÿííÿ àíàëîãi÷íà çàäà÷à äëÿ ïiâïðîñòîðó ç âiëüíèìè êðàÿìè iíàâàíòàæåíîþ ãîðèçîíòàëüíîþ òðiùèíîþ âèìàãà¹ ëèøå a ≥ 10 âiäíîñíî¨ äîâæèíèìîäåëþþ÷îãî åëåìåíòà [3℄.
a á�èñ. 4. Äîñëiäæåííÿ âïëèâó âiäíîñíî¨ âiäñòàíi H1 íà íîðìîâàíèé ÊIÍ òðiùèíèó çìîäåëüîâàíîìó ÏÌÂ ïiâïðîñòîði äëÿ âiëüíîãî ài çàùåìëåíîãî á êðàþ çà ðiçíèõ âiäíîñíèõ äîâæèíìîäåëþþ÷îãî åëåìåíòà a



ÂÈÊÎ�ÈÑÒÀÍÍß Ï�ßÌÎ�Î ÌÅÒÎÄÓ ÂÈ�IÇÓÂÀÍÍß ... 57Ïðîàíàëiçó¹ìî âïëèâ âiäíîñíî¨ âiäñòàíi H1 = H/a1 çàãëèáëåííÿ öåíòðà òðiùè-íè íà âèáið âiäíîñíî¨ äîâæèíè ìîäåëþþ÷îãî åëåìåíòà a äëÿ âåðòèêàëüíî¨ îði¹íòàöi¨
(α = −π/2) òðiùèíè ó ïiâïðîñòîði ç âiëüíèìè (ðèñ. 4 à) ÷è çàùåìëåíèìè (ðèñ. 4 á )êðàÿìè.Ïóíêòèðíîþ ëiíi¹þ íà ðèñ. 4 ïîäàíî ãðà�iê ÊIÍ äëÿ òðiùèíè ó ïiâïðîñòîði áåççàñòîñóâàííÿ ÏÌÂ. ßê i î÷iêóâàëîñÿ, çi çáiëüøåííÿì âiäíîñíî¨ âiäñòàíi H1 âïëèâìîäåëþþ÷îãî åëåìåíòà, ÷è áåðåãà ïiâïðîñòîðó çìåíøó¹òüñÿ, à îòæå, çìåíøó¹òüñÿïîõèáêà îá÷èñëåíü ÊIÍ.

�èñ. 5. Ïiâïðîñòið ç ïðóæíèì âêëþ÷åííÿì i íàâàíòàæåííÿìíà áåçìåæíîñòiÎòîæ, ÏÌÂ äà¹ çìîãó îòðèìàòè õîðîøi ðåçóëüòàòè äëÿ íàâàíòàæåíî¨ òðiùèíè óïiâïðîñòîði. Òåïåð ðîçãëÿíåìî âèïàäîê ïðóæíîãî âêëþ÷åííÿ i ñïîñîáè çàñòîñóâàííÿÏÌÂ ó çàäà÷àõ ç îäíîðiäíèì íàâàíòàæåííÿì íà áåçìåæíîñòi. Äîñëiäèìî çàäà÷ó äëÿïðóæíîãî âêëþ÷åííÿ ç îñüîâîþ ëiíi¹þ ïåðåðiçó L′
1 ó ïiâïðîñòîði y > 0, íàâàíòàæå-íîìó îäíîðiäíèì íàâàíòàæåííÿì τ íà áåçìåæíîñòi (ðèñ. 5) òà ïðîàíàëiçó¹ìî âïëèâìîäóëÿ çñóâó âêëþ÷åííÿ íà ÊIÍ. Äîâæèíà âêëþ÷åííÿ 2a1, òîâùèíà 2h1, öåíòð � ó

(0, H), êóò îði¹íòàöi¨ ùîäî îñi Ox äîðiâíþ¹ α1. Çîáðàæåíó íà ðèñ. 5 çàäà÷ó ìîæíàçà äîïîìîãîþ ÏÌÂ çìîäåëþâàòè êiëüêîìà ñïîñîáàìè.
a á â�èñ. 6. Ìîäåëþâàííÿ çà äîïîìîãîþ ÏÌÂ çàäà÷i äëÿ ïiâïðîñòîðóç ïðóæíèì âêëþ÷åííÿì i íàâàíòàæåííÿì íà áåçìåæíîñòiÏåðøèé � ó âiëüíîìó âiä çîâíiøíüîãî íàâàíòàæåííÿ ïðîñòîði ç íåîäíîðiäíiñòþçà äîïîìîãîþ äâîõ äîäàòêîâèõ òðiùèí, áåðåãè ÿêèõ ìîæóòü áóòè ñèìåòðè÷íî íà-âàíòàæåíi íàïðóæåííÿìè τB0 = τB2 = τ , (ðèñ. 6 à), àáî ìîæå áóòè íàâàíòàæåíèéëèøå îäèí ç äâîõ áåðåãiâ ìîäåëþþ÷èõ åëåìåíòiâ (ðèñ. 6 á ). Âiäñòàíü H ′ âiä öåíòðàäîñëiäæóâàíî¨ íåîäíîðiäíîñòi äî òðiùèíè ç âiññþ L2 äëÿ ïðàâèëüíîãî ìîäåëþâàííÿïîâèííà áóòè äîñèòü äîâãîþ ïîðÿäêó H ′ ≥ 7a1, ùîá çàáåçïå÷èòè âiäñóòíiñòü âïëèâó



58 Êèðèë ÂÀÑIËÜ�Â, �åîðãié ÑÓËÈÌáåðåãiâ òðiùèíè íà äîñëiäæóâàíå âêëþ÷åííÿ. Çàäà÷à íà ðèñ. 6 à ëåãêî ðåàëiçó¹òüñÿçà äîïîìîãîþ ðîçãëÿíóòèõ ó ÷àñòèíi 2 �îðìóë. Äëÿ çàäà÷i ðèñ. 6 á òðåáà àáî ìîäè�i-êóâàòè óìîâè âçà¹ìîäi¨ (4), àáî çàïèñàòè ÓÂ äëÿ òðiùèíè ç çàäàíèì íàâàíòàæåííÿìëèøå îäíîãî áåðåãó.Îñêiëüêè äîöiëüíî, ùîá ÏÌÂ â çàãàëüíîìó âèïàäêó ìiã ïðàöþâàòè ç äîâiëüíîþêiëüêiñòþ âêëþ÷åíü i âèêîðèñòîâóâàòè äîâiëüíi êðàéîâi óìîâè, òî ìîäè�iêàöiÿ ÓÂ(4) äëÿ ìîæëèâîñòi çàäàííÿ äîâiëüíîãî íàâàíòàæåííÿ i íàòÿãó íà áåðåãàõ íåîäíî-ðiäíîñòi ¹ íåîáõiäíîþ óìîâîþ äëÿ óíiâåðñàëiçàöi¨ ñïîñîáó ðîçâ'ÿçóâàííÿ. Îñêiëüêèäîñëiäæóâàíó íà ðèñ. 5 çàäà÷ó ìîæíà å�åêòèâíî ðîçâ'ÿçàòè çà äîïîìîãîþ âæå çà-ïèñàíèõ �îðìóë, òî òàêèé ïiäõiä ó öié ïðàöi ðîçãëÿäàòè íå áóäåìî.Iñíó¹ òàêîæ äðóãèé ïðîñòèé ñïîñiá (ðèñ. 6 â), ÿêèé íàéå�åêòèâíiøèé äëÿ äî-ñëiäæåííÿ çà äîïîìîãîþ ÏÌÂ ðîçãëÿäóâàíî¨ çàäà÷i. �îçãëÿíåìî ïðîñòið iç äîñëiä-æóâàíèì âêëþ÷åííÿì, íàâàíòàæåíèé ñèìåòðè÷íèìè çóñèëëÿìè τ íà áåçìåæíîñòi.Íàâàíòàæåíèé âiëüíèé áåðåã ïiâïðîñòîðó ìîäåëþ¹ìî çà äîïîìîãîþ íàâàíòàæåíî¨ñèìåòðè÷íèìè çóñèëëÿìè τB0 = τ òðiùèíè (ðèñ. 6 â). Ïðè îá÷èñëåííÿõ ââàæàòèìå-ìî, ùî h = 0, 1a1 i âêëþ÷åííÿ ðîçòàøîâàíå íà âiäñòàíi H = 1, 25a1 âiä ìîäåëþþ÷îãîåëåìåíòà. Ââàæàòèìåìî òàêîæ, ùî K0+

3j = K+

3j/(τ
√

πa1) (j = 1, 2).
�èñ. 7. Íîðìîâàíi óçàãàëüíåíi ÊIÍ äëÿ íåîäíîðiäíîñòi çàëåæíîâiä âiäíîñíîãî ìîäóëÿ çñóâó âêëþ÷åííÿÑóöiëüíèìè ëiíiÿìè íà ðèñ. 7 ïîáóäîâàíi ãðà�iêè çàëåæíîñòåé óçàãàëüíåíèõÊIÍ K0+

31 (ëiâà ÷àñòèíà ðèñóíêà) i K0+
32 (ïðàâà ÷àñòèíà) âiä âiäíîñíîãî ìîäóëÿ çñóâó

k = lg (GB1/G) äëÿ âiäíîñíî¨ äîâæèíè ìîäåëþþ÷î¨ òðiùèíè a = 10. Ìîæíà çà-çíà÷èòè, ùî òàêà äîâæèíà çàáåçïå÷èëà ìåíøó âiä 0,1% ïîõèáêó ùîäî ðåçóëüòàòiâ,îòðèìàíèõ áåç âèêîðèñòàííÿ ÏÌÂ. Äëÿ ïîðiâíÿííÿ ïóíêòèðíèìè ëiíiÿìè íà ðèñ. 7ïîêàçàíî ãðà�iêè çàëåæíîñòåé K0+

3j âiä k çà âiäíîñíî¨ äîâæèíè ìîäåëþþ÷îãî åëå-ìåíòà a = 1. Ìàêñèìàëüíà ðiçíèöÿ ìiæ ðåçóëüòàòàìè, îòðèìàíèìè ïðè a = 10 i
a = 1, äîðiâíþ¹ áëèçüêî 4%. Ïðè÷îìó ç ïðÿìóâàííÿì âiäíîñíîãî ìîäóëÿ çñóâó äîíóëÿ ðiçíèöÿ ìiæ ðåçóëüòàòàìè îá÷èñëåííÿ ÊIÍ äëÿ a = 1 i a = 10 çìåíøó¹òüñÿ.Ìàêñèìàëüíà ðiçíèöÿ îòðèìó¹òüñÿ äëÿ êðàéíiõ âèïàäêiâ ïðóæíîãî âêëþ÷åííÿ �ÀÆÂ i òðiùèíè.4. Âèñíîâêè. Ó öié ïðàöi àïðîáàöiÿ ïðÿìîãî ìåòîäó âèðiçóâàííÿ âèêîíàíà íàçàäà÷àõ òîíêèõ äîâiëüíî îði¹íòîâàíèõ ñòði÷êîâèõ íåîäíîðiäíîñòåé (òðiùèí i âêëþ-÷åíü) ó ïiâïðîñòîði. Âèÿâèëîñÿ, ùî îði¹íòàöiÿ íåîäíîðiäíîñòi òà êðàéîâi óìîâè çà-äà÷i ñóòò¹âî âïëèâàþòü íà âèáið ïàðàìåòðiâ ìåòîäó âèðiçóâàííÿ, ïåðåäóñiì äîâæè-íó ìîäåëþþ÷èõ åëåìåíòiâ, ÿêi, äëÿ îòðèìàííÿ ðåçóëüòàòiâ ç ïîõèáêîþ íå áiëüøå
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om,

3ostap.stashyshyn�gmail.
omÄëÿ íåâiä'¹ìíèõ çðîñòàþ÷èõ �óíêöié âiä îäíi¹¨ çìiííî¨ ϕ(t) õàðàêòå-ðèñòèêàìè çðîñòàííÿ ¹ ïîðÿäîê i òèï. ßêùî ∃ t0 ∀ t > t0(α) ϕ(t) 6 t
α,òî �óíêöiÿ ϕ(t) íàçèâà¹òüñÿ �óíêöi¹þ ñêií÷åííîãî ïîðÿäêó (çðîñòàííÿ),à in�mum òàêèõ α íàçèâà¹òüñÿ ïîðÿäêîì �óíêöi¨ ϕ(t). Îòæå, ÿêùî ρ �ïîðÿäîê �óíêöi¨ ϕ(t), òî

∀ ε > 0 ∃ t0(ε) ∀ t > t0(ε) ϕ(t) < t
ρ+ε

.Óçàãàëüíåíî ïîíÿòòÿ ïîðÿäêó çðîñòàííÿ äëÿ íåâiä'¹ìíèõ �óíêöié äâîõçìiííèõ i çàñòîñîâóþòüñÿ ââåäåíi ïîíÿòòÿ ñïðÿæåíèõ ïîðÿäêiâ äî âèâ÷åííÿõàðàêòåðèñòèê çðîñòàííÿ ãîëîìîð�íèõ òà ìåðîìîð�íèõ �óíêöié.Êëþ÷îâi ñëîâà: ìíîæèíà iñòèííèõ ïîðÿäêiâ, ïàðà iñòèííèõ ïîðÿäêiâ,àíàëiòè÷íà �óíêöiÿ, ìåðîìîð�íà �óíêöiÿ.1. Õàðàêòåðèñòèêè çðîñòàííÿ íåâiä'¹ìíèõ �óíêöié.1.1. Îçíà÷åííÿ, ïðèêëàäè, ãåîìåòðè÷íå òëóìà÷åííÿ. Íåõàé Q(α0, β0) =
= {(α, β) : α > α0, β > β0} i Q = Q(0, 0), �óíêöiÿ F (τ, r) � íåâiä'¹ìíà ïðè τ > 1,
r > 1. Íåõàé òàêîæ

K(F ) = {(α, β) ∈ Q : ∃ (τ0, r0) ∀ (τ, r) (τ > τ0, r > r0) F (τ, r) 6 τα + rβ}. (1)Çàóâàæèìî, ùî òóò τ0 òà r0 çàëåæaòü âiä α i β. ×åðåç ◦

K(F ) ïîçíà÷èìî âíóòðiøíiñòüìíîæèíè K(F ).Îçíà÷åííÿ 1. Ìíîæèíà X ç R2 íàçèâà¹òüñÿ êâàäðàíòîòâîðåíîþ, ÿêùî ðàçîì çêîæíîþ òî÷êîþ (α0, β0) âîíà ìiñòèòü êâàäðàíò Q(α0, β0).Ç îçíà÷åííÿ K(F ) âèïëèâà¹, ùî K(F ) êâàäðàíòîòâîðåíà ìíîæèíà. Ñïðàâäi,íåõàé (α0, β0) ∈ K(F ). Òîäi F (τ, r) 6 τα0 + rβ0 6 τα + rβ ïðè τ > τ0, r > r0, α > α0,
β > β0. Îòæå, Q(α0, β0) ⊂ K(F ).
© �íàòþê Î., �ðåøêî Î., Ñòàøèøèí Î., 2009



ÄÂÎÏÀ�ÀÌÅÒ�È×ÍI ÕÀ�ÀÊÒÅ�ÈÑÒÈÊÈ Ç�ÎÑÒÀÍÍß ÍÅÂIÄ'�ÌÍÈÕ ... 63Ïðèêëàä 1. �îçãëÿíåìî �óíêöiþ F (τ, r) = τr, τ > 1, r > 1. Çàñòîñó¹ìî äîáðåâiäîìó íåðiâíiñòü Þíãà
τr 6

τα

α
+

rβ

βïðè 1
α

+ 1
β

= 1. Ç íå¨ âèïëèâà¹, ùî ìíîæèíà ïàð (α, β) òàêèõ, ùî 1
α

+ 1
β

= 1 íàëåæèòüäî K(F ), òîáòî, F (τ, r) 6 τα + rβ ïðè τ > 1, r > 1, áî α > 1 i β > 1.Ïîêàæåìî, ùî ìíîæèíà {(α, β) : 1
α

+ 1
β

< 1} íàëåæèòü äî K(F ). Ñïðàâäi,
1
α

+ α−1
α

= 1 i β > α
α−1 äëÿ äîâiëüíî¨ òî÷êè ç öi¹¨ ìíîæèíè. Òîìó öÿ òî÷êà íàëå-æèòü äî Q(α, α

α−1 ). Îñêiëüêè K(F ) êâàäðàíòîòâîðåíà, òî Q(α, β) ⊂ K(F ) i ïîòðiáíåâêëþ÷åííÿ ïåðåâiðåíî. Ïîêàæåìî, ùî
(α, β) ∈ {Q \ {(α, β) :

1

α
+

1

β
6 1}} ⇒ (α, β) /∈ K(F ).Âiçüìåìî ñïî÷àòêy α0 i β0 òàêi, ùî 1

α0
+ 1

β0
> 1 i ïîêàæåìî, ùî (α0, β0) /∈ K(F ).Íåõàé

∃ (τ0, r0) ∀ (τ, r) (τ > τ0, r > r0) τr 6 τα0 + rβ0 . (2)Ïîêàæåìî, ùî ∃ α > α0 i ∃ β > β0 òàêi, ùî 1
α

+ 1
β

= 1, à ñàìå
α =

2 + (α0 − β0) +
√

4 + (α0 − β0)2

2
, β =

α

α − 1
. (3)Ïåðåâiðèìî íåðiâíiñòü α > α0. Çãiäíî ç (3) âîíà åêâiâàëåíòíà òàêié íåðiâíîñòi:

α0 + β0 − 2 <
√

4 + (α0 − β0)2. (4)�îçãëÿíåìî 2 âèïàäêè:a) α0 + β0 < 2. Íåðiâíiñòü (4) ïðàâèëüíà, áî ¨¨ ëiâà ÷àñòèíà âiä'¹ìíà;á) α0 + β0 > 2. Òîäi (4) åêâiâàëåíòíà (α0 + β0 − 2)2 < 4 + (α0 − β0)
2, òîáòî

α0β0 < α0 + β0. (5)Íåðiâíiñòü (5) ðiâíîñèëüíà íåðiâíîñòi 1
α0

+ 1
β0

> 1.Íåðiâíiñòü β > β0 ïåðåâiðÿ¹ìî àíàëîãi÷íî äî ïîïåðåäíüî¨, îñêiëüêè
β =

α

α − 1
=

2 + (β0 − α0) +
√

4 + (β0 − α0)2

2
.Ïðèéìåìî òåïåð ó ñïiââiäíîøåííi (2) r = τα−1. Òîäi éîãî ïåðåïèøåìî òàê:

τα 6 τα0 + τ (α−1)β0 , (6)äå α > α0 çàäàíå ðiâíiñòþ (3). Ïîäiëèìî íåðiâíiñòü (6) íà τα. Òîäi
1 6 τα0−α + τ (α−1)β0−α. (7)Ñïðÿìîâóþ÷è τ → ∞, îäåðæèìî 1 6 0, áî α0 − α < 0 i

(α − 1)β0 − α = (α − 1)(β0 −
α

α − 1
) = (α − 1)(β0 − β) < 0.Ìè îòðèìàëè ñóïåðå÷íiñòü. Îòîæ,

{(α0, β0) :
1

α0
+

1

β0
> 1} 6⊂ K(F ).
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K(F ) = {(α, β) :

1

α
+

1

β
6 1}. (8)

�èñ. 1Ëåìà 1. ßêùî ìíîæèíà ◦

K(F ) íåïîðîæíÿ, òî âîíà îäíîçâ'ÿçíî íåîáìåæåíàîáëàñòü.Äîâåäåííÿ. Íåîáìåæåíiñòü ìíîæèíè ◦

K(F ) áåçïîñåðåäíüî âèïëèâà¹ ç ¨¨ êâàäðàíòî-òâîðåíîñòi.Íåõàé γ ïðîñòà Æîðäàíîâà êðèâà ◦

K(F ). Çà òåîðåìîþ Æîðäàíà γ ðîçáèâà¹ïëîùèíó (α, β) íà äâi îáëàñòi, à ñàìå: âíóòðiøíiñòü intγ i çîâíiøíiñòü extγ, ÿêà ¹íåîáìåæåíîþ îáëàñòþ. Ïðèïóñòèìî (α0, β0) ∈ intγ. �îçãëÿíåìî ïiâïðÿìó l : {(α, β) :
α = α0, β 6 β0}, ÿêà ìà¹ òî÷êó ïåðåòèíó ç γ. Íåõàé β∗ = sup{β : β ∈ l ∩ extγ} 6 β0.Ïîêàæåìî, ùî β∗ 6= β0. Ïðèïóñòèìî, ùî β∗ = β0. Òîäi îòðèìà¹ìî (α0, β

∗) /∈ intγ.Çâiäñè (α0, β0) /∈ intγ, ùî ñóïåðå÷èòü ïðèïóùåííþ. Îòæå, β∗ < β0 ⇒ (α0, β
∗) ∈ γ.Ïðèïóñòèìî, ùî (α0, β

∗) /∈ γ. ßêùî (α0, β
∗) ∈ extγ, òî ∃ Uε((α0, β

∗)) ⊂ extγ, ùîñóïåðå÷èòü îçíà÷åííþ β∗. Òîäi (α0, β
∗) ∈ intγ, ùî òàêîæ ñóïåðå÷èòü îçíà÷åííþ

β∗. Îòæå, (α0, β
∗) ∈ γ. Ç êâàäðàíòîòâîðåíîñòi K(F ) ìà¹ìî âêëþ÷åííÿ Q(α0, β

∗) ⊂
⊂ K(F ). Îòîæ, (α0, β0) ∈ Q(α0, β

∗) ⊂ K(F ). �Âèíèêà¹ ïèòàííÿ ÷è îáëàñòü ◦

K(F ) îïóêëà. Íàñòóïíèé ïðèêëàä äà¹ íåãàòèâíóâiäïîâiäü íà öå çàïèòàííÿ.Ïðèêëàä 2. Íåõàé
F (τ, r) = min(τ, r) =

{
τ, 1 6 τ 6 r,

r, 1 6 r 6 τ.Çà îçíà÷åííÿì K(F ) ìà¹ìî
∃ (τ0, r0) ∀ (τ, r) (τ > τ0, r > r0) F (τ, r) 6 τ1 + r0,îñêiëüêè

min(τ, r) =

{
τ 6 τ1 + r0, τ0 < τ 6 r,

r 6 τ1 + r0, r0 < r 6 τ.
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∃ (τ0, r0) ∀ (τ, r) (τ > τ0, r > r0) F (τ, r) 6 τ0 + r1,áî

min(τ, r) =

{
τ 6 τ0 + r1, τ0 < τ 6 r,

r 6 τ0 + r1, r0 < r 6 τ.Îòîæ, òî÷êè (1, 0) i (0, 1) íàëåæàòü äî K(F ). Oñêiëüêè K(F ) êâàäðàíòîòâîðåíà,òî Q(1, 0) ⊂ K(F ) i Q(0, 1) ⊂ K(F ). Çâiäñè Q(1, 0) ∪ Q(0, 1) ⊂ K(F ). Ïîêàæåìî, ùî
(α, β) ∈ Q \ {Q(1, 0) ∪ Q(0, 1)} íå íàëåæèòü äî K(F ).Ïðèïóñòèìî ïðîòèëåæíå

∃ (τ0, r0) ∀ (τ, r) (τ > τ0, r > r0) min(τ, r) 6 τα + rβ .Ïðèéìåìî r = τ , òîäi τ 6 τα + τβ . Ïîäiëèìî öþ íåðiâíiñòü íà τ

1 6 τα−1 + τβ−1.Ñïðÿìó¹ìî τ → ∞, òîäi îäåðæèìî 1 6 0, áî α − 1 < 0 i β − 1 < 0. Ìè îòðèìàëèïðîòèði÷÷ÿ. Îòæå,
K(F ) = {(α, β) : (α, β) ∈ Q(1, 0) ∪ Q(0, 1)}. (9)

�èñ. 2Îçíà÷åííÿ 2. Êðèâîþ ñïðÿæåíèõ ïîðÿäêiâ �óíêöi¨ F (τ, r) íàçèâà¹òüñÿ ìåæà
∂K(F ) ìíîæèíè ◦

K(F ).Îçíà÷åííÿ 3. Íåõàé K(F ) 6= ∅. Òî÷êà (α0, β0) ∈ ∂K(F ) íàçèâà¹òüñÿ íîðìàëüíîþ,ÿêùî
(α < α0 ⇒ (α, β0) /∈ K(F )) ∧ (β < β0 ⇒ (α0, β) /∈ K(F )).Îçíà÷åííÿ 4. Ñóêóïíiñòü íîðìàëüíèõ òî÷îê ìíîæèíè ∂K(F ) áóäåìî íàçèâàòèìíîæèíîþ iñòèííèõ ïîðÿäêiâ i ïîçíà÷àòè OrdF .Îçíà÷åííÿ 5. ßêùî OrdF ìiñòèòü ëèøå îäèí åëåìåíò (ρ1, ρ2), òî âií íàçè-âà¹òüñÿ ïàðîþ iñòèííèõ ïîðÿäêiâ �óíêöi¨ F (τ, r).
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ρ1 = inf{α : (α, β) ∈ ∂K(F )},
ρ2 = inf{β : (α, β) ∈ ∂K(F )}.Çíàéäåìî ìíîæèíó iñòèííèõ ïîðÿäêiâ OrdF äëÿ ïðèêëàäiâ 1 òà 2.�îçãëÿíåìî �óíêöiþ F (τ, r) = τr. Ïîêàæåìî, ùî OrdF = ∂K(F ), äå K(F )âèçíà÷åíî ñïiââiäíîøåííÿì (8). Íåõàé α < α0 i (α0, β0) ∈ ∂K(F ), òîáòî 1

α0
+ 1

β0
= 1.Òîäi

1

α
+

1

β0
>

1

α0
+

1

β0
= 1.Îòæå, ç îãëÿäó íà (8), (α, β0) /∈ K(F ). Âèïàäîê β < β0 ïåðåâiðÿ¹ìî àíàëîãi÷íî.Òîìó òî÷êà (α0, β0) íîpìàëüíà çãiäíî ç îçía÷åííÿì 3 i ∂K(F ) ⊂ OrdF . Îñêiëüêè

OrdF ⊂ ∂K(F ), ça îçíà÷åííÿì 4, òî OrdF = ∂K(F ).Ïîêàæåìî, ùî OrdF = {(1, 0) ∪ (0, 1)} äëÿ �óíêöi¨ F (τ, r) = min(τ, r), äå K(F )çàäàíå ñïiââiäíîøåííÿì (9). Íåõàé (α0, β0) ∈ ∂K(F ). Ç êâàäðàíòîòâîðåíîñòi Q(1, 0)òà Q(0, 1) ìíîæèíè {α : α < α0 ∧ (α, β) ∈ Q(1, 0)}, {β : β < β0 ∧ (α, β) ∈ Q(0, 1)}íàëåæàòü äî K(F ), òîìó äîñòàòíüî ðîçãëÿíóòè ëèøå âåðøèíè êâàäðàíòiâ Q(1, 0) òà
Q(0, 1). Ç îãëÿäó íà (9) ìíîæèíè {(α, 0) : α < 1}, {(0, β) : β < 1} íå íàëåæàòü äî
K(F ), òîäi, çà îçíà÷åííÿì 3, òî÷êè (1, 0) òà (0, 1) ¹ íîðìàëüíèìè. Îòæå, OrdF =
= {(1, 0) ∪ (0, 1)}.1.2. Âëàñòèâîñòi õàðàêòåðèñòèê çðîñòàííÿ. Íàñòóïíi ëåìè äàþòü íàì çìîãóäîñëiäèòè âèïàäêè, êîëè ìíîæèíà OrdF ñêëàäà¹òüñÿ ç îäíîãî åëåìåíòà.Ëåìà 2. Íåõàé F (τ, r) = F1(τ) + F2(r), äå F1(τ) i F2(r) íåâiä'¹ìíi �óíêöi¨,

ρ∗1 = lim
τ→∞

log F1(τ)

log τ
< ∞ i ρ∗2 = lim

r→∞

log F2(r)

log r
< ∞. (10)Òîäi F (τ, r) ìà¹ ïàðó iñòèííèõ ïîðÿäêiâ (ρ1, ρ2) i

ρ1 = ρ∗1, ρ2 = ρ∗2. (11)Äîâåäåííÿ. Íåõàé (α, β) ¹ åëåìåíòîì ìíîæèíè K(F ). Çà îçíà÷åííÿì 1
∃ (τ0, r0) ∈ Q ∀ (τ, r) (τ > τ0, r > r0) F1(τ) + F2(r) 6 τα + rβ ,çâiäêè

log F1(τ)

log τ
6

α log τ + β log r + log 2

log τ
.Çà�iêñóâàâøè r i ñïðÿìóâàâøè τ äî +∞, îòðèìà¹ìî ρ∗1 6 α. Àíàëîãi÷íî ρ∗2 6 β.Îòæå,

K(F ) ⊂ Q(ρ∗1, ρ
∗

2). (12)Äîâåäåìî ïðîòèëåæíå âêëþ÷åííÿ. Çãiäíî ç (10) äëÿ äîâiëüíîãî ε iñíó¹ τ0 òàêå, ùîâèêîíó¹òüñÿ òàêà íåðiâíiñòü:
log F1(τ)

log τ
6 ρ∗1 + ε,äëÿ äîâiëüíîãî τ > τ0. Çâiäñè îòðèìó¹ìî

F1(τ) 6 τρ∗1+ε.
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F2(r) 6 rρ∗2+ε, r > r0.Òîáòî, äëÿ äîâiëüíîãî ε iñíóþòü τ0, r0 òàêi, ùî

F1(τ) + F2(r) 6 τρ∗1+ε + rρ∗2+εäëÿ äîâiëüíèõ τ > τ0, r > r0. Ç äîâiëüíîñòi ε i çà îçíà÷åííÿì 1 ìà¹ìî (ρ∗1, ρ
∗

2) ∈ K(F ).Òîìó
◦

Q(ρ∗1, ρ
∗

2) ⊂ K(F ). (13)Ç îãëÿäó íà (12) òà (13) îòðèìà¹ìî
K(F ) = Q(ρ∗1, ρ

∗

2).Îòæå,
OrdF = (ρ∗1, ρ

∗

2).Çãiäíî ç îçíà÷åííÿì 5 îäåðæèìî (11). �Ëåìà 3. Íåõàé F (τ, r) = max(F1(τ), F2(r)), äå F1(τ) i F2(r) íåâiä'¹ìíi �óíêöi¨,
ρ∗1 = lim

τ→∞

log F1(τ)

log τ
< ∞ i ρ∗2 = lim

r→∞

log F2(r)

log r
< ∞.Òîäi F (τ, r) ìà¹ ïàðó iñòèííèõ ïîðÿäêiâ (ρ1, ρ2) i

ρ1 = ρ∗1, ρ2 = ρ∗2.Äîâåäåííÿ. Íåõàé (α, β) ∈ K(F ). Ïðàâèëüíi òàêi íåðiâíoñòi:
F1(τ) + F2(r)

2
6 max (F1(τ), F2(r)) = F (τ, r) 6 F1(τ) + F2(r). (14)Ç ëiâî¨ íåðiâíîñòi (14) âèïëèâà¹

F1(τ) + F2(r) 6 2(τα + rβ) ∀ τ > τ0 ∀ r > r0.Àíàëîãi÷íî äî ïî÷àòêó äîâåäåííÿ ëåìè 2 îäåðæèìî âêëþ÷åííÿ
K(F ) ⊂ Q(ρ∗1, ρ

∗

2).Âèêîðèñòîâóþ÷è ïðàâó íåðiâíiñòü (14), ÿê i ó äîâåäåííi ëåìè 2, ìà¹ìî ïðîòèëåæíåâêëþ÷åííÿ
◦

Q(ρ∗1, ρ
∗

2) ⊂ K(F ).

�2. Õàðàêòåðèñòèêè çðîñòàííÿ ãîëîìîð�íèõ i ìåðîìîð�íèõ â êiëüöÿõ�óíêöié.2.1. Ìàêñèìóì ìîäóëÿ ãîëîìîð�íèõ â êiëüöÿõ �óíöié.Îçíà÷åííÿ 6. Íåõàé A 1
τ

r = {z : 1
τ

< |z| < r} i íåõàé f ãîëîìîð�íà �óíêöiÿ â
A 1

τ
r. Âèçíà÷èìî

M(τ, r; f) = max{|f(z)| :
1

τ
6 |z| 6 r}, τ > 1, r > 1;

M(t; f) = max{|f(z)| : |z| = t}.
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τ

r i 1
τ

< a < t < b < r, òîäi
log M(t; f) 6

log b
t

log b
a

log M(a) +
log t

a

log b
a

log M(b).Iíøèìè ñëîâàìè, log M(t; f) ¹ îïóêëîþ �óíêöi¹þ log t.Òåîðåìà 1. Íåõàé f ãîëîìîð�íà �óíêöiÿ â C\{0}. Òîäi log M(τ, r; f) ¹ íåïåðåðâíîþ,íåñïàäíîþ òà îïóêëîþ ñòîñîâíî ëîãàðè�ìà ïî êîæíié çi çìiííèõ ïðè �iêñîâàíiéiíøié. ßêùî K(log M) 6= ∅, òî
Ord log M(τ, r; f) = {(ρ̃1, ρ̃2)}, (15)äå

ρ̃1 = lim
τ→∞

log log M( 1
τ
; f)

log τ
, ρ̃2 = lim

r→∞

log log M(r; f)

log r
.Äîâåäåííÿ. Çà�iêñó¹ìî îäíó çi çìiííèõ, íåõàé öå áóäå τ . Çà òåîðåìîþ Àäàìàðàïðî òðè êîëà, �óíêöiÿ log M(r; f) ¹ îïóêëîþ �óíêöi¹þ log r. Çà�iêñó¹ìî òåïåð

r. Ôóíêöiÿ log M( 1
τ
; f) ¹ îïóêëîþ ñòîñîâíî log τ , îñêiëüêè ïðàâîñòîðîííÿ ïîõiäíà

log M( 1
τ
; f) çà log τ , à ñàìå

log M(
1

τ
; f)′log τ = −1

τ
log′ M(

1

τ
; f)¹ íåñïàäíîþ ïðè τ > 1. Çà ïðèíöèïîì ìàêñèìóìó ìîäóëÿ

M(τ, r; f) = max(M(
1

τ
; f), M(r; f)). (16)Âèêîðèñòîâóþ÷è (16) îäåðæèìî, ùî �óíêöiÿ log M(τ, r; f) îïóêëà ñòîñîâíî ëîãà-ðè�ìà i íåïåðåðâíà ïî êîæíié çi çìiííèõ ïðè �iêñîâàíié iíøié.Çà�iêñó¹ìî τ . Çâiäñè A 1

τ
r1

⊂ A 1
τ

r2
ïðè r1 < r2, òîäi M(τ, r1; f) 6 M(τ, r2; f).Àíàëîãi÷íî äëÿ �iêñîâàíîãî r. Îòæå, �óíêöiÿ log M(τ, r; f) ¹ íåñïàäíîþ ïî êîæíiéçi çìiííèõ ïðè �iêñîâàíié iíøié.ßêùî K(log M) 6= ∅, òî ðiâíiñòü (15) îäåðæó¹ìî ç ëåìè 3. �2.2. Ïàðà iñòèííèõ ïîðÿäêiâ íåâàíëiííîâî¨ õàðàêòåðèñòèêè T (τ, r; f). Íåõàé�óíêöiÿ f ìåðîìîð�íà â A 1

τ
r.Ïîçíà÷èìî

m(τ, r; f) = m(
1

τ
, f) + m(r, f) − 2m(1, f),äå m(r, f) = 1

2π

∫ 2π

0
log+ |f(reiθ)|dθ.Îçíà÷åííÿ 7 [2℄. Ôóíêöiÿ

T (τ, r; f) = m(τ, r; f) + N(τ, r; f) + cf log
τ

r
, τ > 1, r > 1,äå

N(τ, r; f) =

r∫

1

n(1
t
, 1; f)

t
dt +

r∫

1

n(1, t; f)

t
dt + n(T ; f) log

√
τr,
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T � îäèíè÷íå êîëî, n( 1

τ
, r; f) � êiëüêiñòü ïîëþñiâ �óíêöi¨ f â A 1

τ
r, n(T ; f) � êiëü-êiñòü ïîëþñiâ �óíêöi¨ f íà T .

cf =
1

2π

∫

E
+

f

Im(
f ′

f
dz) +

1

4π

∫

E0
f

Im(
f ′

f
dz),

E+
f = {z ∈ T : |f(z)| > 1}, E0

f = {z ∈ T : |f(z)| = 1}, íàçèâà¹òüñÿ õàðàêòåðèñòèêîþÍåâàíëiííè �óíêöi¨ f .Òåîðåìà B [2℄. Íåõàé f(z) � ìåðîìîð�íà �óíêöiÿ â êiëüöi As0r0
, s0 < 1 < r0. Òîäi�óíêöiÿ T (τ, r, f), τ > 1, r > 1 ¹ íåâiä'¹ìíîþ, íåïåðåðâíîþ, íåñïàäíîþ i îïóêëîþñòîñîâíî ëîãàðè�ìà ïî êîæíié çi çìiííèõ ïðè �iêñîâàíié iíøié.Ïîçíà÷èìî T1(τ) = T (τ, 1; f), T2(r) = T (1, r; f).Òåîðåìà 2. Íåõàé f ìåðîìîð�íà �óíêöiÿ â C\{0}. ßêùî K(T ) 6= ∅, òî

OrdT (τ, r; f) = {(ρ∗1, ρ∗2)},äå
ρ∗1 = lim

r→∞

log T1(τ, f)

log τ
, ρ∗2 = lim

r→∞

log T2(r, f)

log r
.Äîâåäåííÿ. Ç îçíà÷åííÿ 7 âèïëèâà¹, ùî T (τ, r; f) = T1(τ) + T2(r). ßêùî As0ro

=
= C\{0}, òî ç òåîðåìè Â �óíêöiÿ T (τ, r; f) ¹ íåñïàäíîþ ïî êîæíié çi çìiííèõ ïðè�iêñîâàíié iíøié. Îòîæ, �óíêöiÿ T2(r) ¹ íåñïàäíîþ. Àíàëîãi÷íî äëÿ T1(τ). Îòîæ,çãiäíî ç ëåìîþ 2 T (τ, r; f) ìà¹ ïàðó iñòèííèõ ïîðÿäêiâ (ρ∗1, ρ

∗

2). �1. Rudin W. Real and Complex Analysis / Rudin W. � M
Graw-Hill, 1970.2. Kondratyuk A.A. Meromorphi
 fun
tions with several essential singularities, I / Kondra-tyuk A.A. //Matematy
hni Studii. � 2008. � Vol. 30. � P. 125-131.TWO-PARAMETER GROWTH CHARACTERISTICSOF NONNEGATIVE AND MEROMORPHIC FUNCTIONSIN THE ANNULUS
1Oksana GNATIUK, 2Olga GRESHKO, 3Ostap STASHYSHYNIvan Franko National University of L'viv,79000, L'viv, Universytets'ka Str., 1e-mail: 1oksanka.gnatyuk�gmail.
om, 2olgagreshko�gmail.
om,

3ostap.stashyshyn�gmail.
omThe notion of growth order is generalized for nonnegative fun
tions of twovariables. It allowes to introdu
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1 < R0 ≤ +∞, ç ïîñëiäîâíiñòþ íóëiâ {aj} i ïîñëiäîâíiñòþ ïîëþñiâ {bj}. ×åðåç ck(t, f)ïîçíà÷èìî êîå�iöi¹íòè Ôóð'¹ �óíêöi¨ log |f(teiθ)|,

ck(t, f) =
1

2π

2π∫

0

e−ikθ log |f(teiθ)| dθ, k ∈ Z,
1

R0

< t < R0. (1)Ïîçíà÷èìî aj = |aj |e
iγj ,

nk(t, f) =
∑

1
t
6|aj |6t

e−ikγj ,
© �îëäàê Ì., Õðèñòiÿíèí À., 2009
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Nk(r, f) =

r∫

1

nk(t, f)

t
dt, k ∈ Z. (2)Äëÿ ïî÷àòêó ðîçãëÿíåìî àíàëiòè÷íó â A �óíêöiþ f i ïðèïóñòèìî, ùî æîäåíç ¨¨ íóëiâ íå ëåæèòü íà îäèíè÷íîìó êîëi. Òîäi ¨¨ ëîãàðè�ìi÷íà ïîõiäíà äîïóñêà¹ðîçâèíåííÿ â ðÿä Ëîðàíà

f ′(z)

f(z)
=
∑

k∈Z

βkzk, (3)â äåÿêîìó êiëüöåâîìó îêîëi îäèíè÷íîãî êîëà.×åðåç A∗ ïîçíà÷èìî A áåç ïðîìåíiâ {z = τa, τ ≥ 1}, ÿêùî |a| > 1, òà {z = τa,
0 ≤ τ ≤ 1}, ÿêùî |a| < 1, äå a ¹ íóëåì �óíêöi¨.Iñíó¹ m = m(f) ([6, 
.14℄) òàêå, ùî ìîæíà âèáðàòè îäíîçíà÷íó ãiëêó log F ,
F (z) = z−mf(z) â A∗. Îñêiëüêè F íå ìà¹ íóëiâ íà îäèíè÷íîìó êîëi, òî log F (z)ãîëîìîð�íà â äåÿêîìó êiëüöåâîìó îêîëi îäèíè÷íîãî êîëà, òîìó äîïóñêà¹ ðîçâèíåííÿâ ðÿä Ëîðàíà

log F (z) =
∑

k∈Z

αkzk. (4)Ç (4) âèïëèâà¹, ùî
F ′(z)

F (z)
=
∑

k 6=0

k αkzk−1, (5)àáî
f ′(z)

f(z)
=

m

z
+
∑

k 6=0

k αkzk−1, (6)â äåÿêîìó êiëüöåâîìó îêîëi îäèíè÷íîãî êîëà. Ïîðiâíþþ÷è (3) òà (6), ç ¹äèíîñòiðîçâèíåííÿ â ðÿä Ëîðàíà çíàõîäèìî βk−1 = k αk, êîëè k 6= 0 i β−1 = m.Íàñòóïíi ñïiââiäíîøåííÿ ([6, 
.58℄) ïîâ'ÿçóþòü êîå�iöi¹íòè ck(r, f) ç íóëÿìè�óíêöi¨ f òà ïîñëiäîâíiñòþ {αk}

c0(r, f) + c0(
1

r
, f) − 2c0(1, f) = N0(r, f),

ck(t, f) =
1

2
(αktk + α−kt−k) +

sign(t − 1)

2k

∑

max(1, 1
t
)<|aj |6

6max(1,t)

((
t

aj

)k

−

(
aj

t

)k
)

, (7)
k 6= 0, 1

R0
< t < R0.Îñíîâíèé ðåçóëüòàò öi¹¨ ñòàòòi � äîâåäåííÿ îáåðíåíèõ �îðìóë äëÿ êîå�iöi¹í-òiâ Ôóð'¹, ÿêi âèðàæàþòü êîå�iöi¹íòè Ôóð'¹-Ñòiëüòü¹ñà Nk(r, f) ïîñëiäîâíîñòi íóëiâ

{aj} ó òåðìiíàõ ïîñëiäîâíîñòi {ck(r, f)}.Òåîðåìà 1. Íåõàé �óíêöiÿ f ãîëîìîð�íà â A ç ïîñëiäîâíiñòþ íóëiâ {aj}, �óíêöi¨
ck(r, f) òà Nk(r, f) âèçíà÷åíi ñïiââiäíîøåííÿìè (1) òà (2) âiäïîâiäíî. Òîäi

N0(r, f) = c0(r, f) + c0(
1

r
, f) − 2c0(1, f),
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Nk(r, f) = ck(r, f) + ck(

1

r
, f) − k2

r∫

1

dt

t

t∫

1
t

ck(u, f)

u
du + Ck(1, f), (8)äå Ck(r, f) = 1

k

∑
|aj |=1

e−ikγj − ck(1, f), 1 6 r < R0, k ∈ Z \ {0}.Äîâåäåííÿ. Ïðèïóñòèìî ñïî÷àòêó, ùî æîäåí ç íóëiâ �óíêöi¨ f íå ëåæèòü íà îäè-íè÷íîìó êîëi. Ìà¹ìî,
r∫

1

dnk(t)

tk
=

∑

1<|aj |6r

e−ikγj

|aj|k
+

∑

1
r

6|aj|61

|aj |
ke−ikγj .Ïðèéìåìî Ak =

αk + α−k

2
. Ç (7) âèïëèâà¹

ck(r, f) + ck

(
1

r
, f

)
= Ak

(
rk +

1

rk

)
+

1

2π

r∫

1

[(r

t

)k

−

(
t

r

)k
]

dnk(t, f).Iíòåãðóþ÷è ÷àñòèíàìè öå ñïiââiäíîøåííÿ, îòðèìà¹ìî
ck(r, f)+ck

(
1

r
, f

)
= Ak

(
rk +

1

rk

)
+

k

2

r∫

1

[(r

t

)k

−

(
t

r

)k
]

Nk(t, f)

t
dt+Nk(r, f). (9)Ìè ìîæåìî ðîçãëÿäàòè (9) ÿê iíòåãðàëüíå ðiâíÿííÿ ñòîñîâíî Nk(t, f). Äëÿ éîãîðîçâ'ÿçàííÿ ïîçíà÷èìî

Φk(r, f) =
k

2

r∫

1

[(r

t

)k

−

(
t

r

)k
]

Nk(t, f)

t
dt, k ∈ Z. (10)Çíàõîäÿ÷è ïîõiäíó äðóãîãî ïîðÿäêó Φk(r, f) ñòîñîâíî log r îòðèìó¹ìî òàêå äè�åðåí-öiàëüíå ðiâíÿííÿ

d2Φk(r, f)

(d log r)2
=k2

(
ck(r, f)+ck

(
1

r
, f

))
−Ak

(
rk+

1

rk

)
, Φk(1, f) = 0, Φ′

k(1, f) = 0. (11)�îçâ'ÿçóþ÷è äè�åðåíöiàëüíå ðiâíÿííÿ (11) i âèêîðèñòîâóþ÷è (9) òà (10), îòðèìó¹ìî
ck(r, f) + ck

(
1

r
, f

)
= k2

r∫

1




τ∫

1

ck(t, f) + ck(1

t , f)

t
dt


 dτ

τ
+ αk + α−k + Nk(r, f). (12)Ç îãëÿäó íà (4)

αk =
1

2π

2π∫

0

log F (eiθ)e−ikθdθ =
1

2π

2π∫

0

log(e−imθf(eiθ))e−ikθdθ.Òîìó
αk + α−k =

1

π

2π∫

0

log |e−imθf(eiθ)|e−ikθdθ = 2ck(1, f). (13)
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τ∫

1

ck(1

t , f)

t
dt =

1∫

1/τ

ck(v, f)

v
dv. (14)Ñïiââiäíîøåííÿ (2), (13) i (14) äàþòü (8).Ó çàãàëüíîìó âèïàäêó, êîëè �óíêöiÿ f ìà¹ íóëi {aj} íà îäèíè÷íîìó êîëi, pîç-ãëÿíåìî �óíêöiþ

f̃(z) =
f(z)∏

|aj |=1

(1 − z
aj

)
.Òîäi

ck(τ, f̃) = ck(τ, f) −
∑

|aj |=1

ck

(
τ, 1 −

z

aj

)
, k ∈ Z. (15)Ôóíêöiÿ f̃ àíàëiòè÷íà â A i íå ìà¹ íóëiâ íà îäèíè÷íîìó êîëi. Çà òåîðåìîþ 1

N0(r, f̃) = c0(r, f̃) + c0

(
1

r
, f̃

)
− 2c0(1, f̃),

Nk(r, f̃) = ck(r, f̃) + ck

(
1

r
, f̃

)
− k2

r∫

1

dt

t

t∫

1
t

ck(u, f̃)

u
du − 2ck(1, f̃),

(16)
1 6 r < R0, k ∈ Z \ {0}.Àëå

Nk(r, f̃) = Nk(r, f) − nk(1, f) · log r.Îòæå, ïðè k = 0, âðàõîâóþ÷è (15), ìà¹ìî çãiäíî ç (16)
N0(r, f) = c0(r, f) −

∑

|aj|=1

c0

(
r, 1 −

z

aj

)
+ c0

(
1

r
, f

)
−
∑

|aj |=1

c0

(
1

r
, 1 −

z

aj

)
+

+n0(1, f) log r − 2c0(1, f), r > 1.Çàóâàæèìî, ùî
∑

|aj |=1

c0

(
r, 1 −

z

aj

)
= n0(1, f) log r,

∑

|aj |=1

c0

(
1

r
, 1 −

z

aj

)
= 0, r > 1,(äèâ., íàïðèêëàä, [7, 
. 10℄).Îòîæ, îäåðæó¹ìî (8) äëÿ f ïðè k = 0, îñêiëüêè c0(1, f) = c0(1, f̃) (äèâ. [10,
. 34℄).Íåõàé òåïåð k 6= 0. Ìà¹ìî

ck

(
τ, 1 −

z

aj

)
=





−
τk

2k
e−ikγj , 0 < τ < 1,

−
e−ikγj

2krk
, τ > 1.

(17)



ÎÁÅ�ÍÅÍI ÔÎ�ÌÓËÈ ÄËß ÊÎÅÔIÖI�ÍÒIÂ ÔÓ�'� ... 75Òîäi (16) äà¹
Nk(r, f)=ck(r, f)+

1

2k

∑

|aj |=1

e−ikγj

rk
+ ck

(
1

r
, f

)
+

1

2k

∑

|aj |=1

e−ikγj

rk
−
∑

|aj |=1

k2e−ikγj

2k
×

×

r∫

1

dt

t




t∫

1
t

τk−1dτ +

t∫

1

τ−k−1dτ


−k2

r∫

1

dt

t

t∫

1
t

ck(τ, f)dτ+nk(1, f) · log r − 2ck(1, f̃)=

= ck(r, f) + ck

(
1

r
, f

)
− k2

r∫

1

dt

t

t∫

1
t

ck(τ, f)dτ − 2ck(1, f̃). (18)Çãiäíî ç (15)
ck(1, f̃) = ck(1, f) −

∑

|aj |=1

ck

(
1, 1 −

z

aj

)
, k ∈ Z.Ç îãëÿäó íà íåïåðåðâíiñòü êîå�iöi¹íòiâ ck(τ, f), âðàõîâóþ÷è (17), ìà¹ìî

ck

(
1, 1 −

z

aj

)
= −

e−ikγj

2k
.Ïiäñòàâëÿþ÷è öå ó (18), îäåðæèìî (8). Òåîðåìó äîâåäåíî. �ßêùî f ìåðîìîð�íà, òî íàÿâíiñòü ïîëþñiâ ñóòò¹âî íå óñêëàäíþ¹ äîâåäåííÿ, iìè îòðèìà¹ìî òàêó çàãàëüíiøó òåîðåìó.Òåîðåìà 2. Íåõàé f � ìåðîìîð�íà �óíêöiÿ â A = {z : 1/R0 < |z| < R0},

R0 ≤ +∞, âiäìiííà âiä òîòîæíîãî íóëÿ ç ïîñëiäîâíiñòþ íóëiâ {aj}, aj = |aj |e
iγjòà ïîñëiäîâíiñòþ ïîëþñiâ {bj}, bj = |bj |e

iδj . Òîäi
Nk(r, f) = ck(r, f) + ck

(
1

r
, f

)
− k2

r∫

1

dt

t

t∫

1
t

ck(u, f)

u
du − 2ck(1, f)+

+
1

k

∑

|aj |=1

e−ikγj −
1

k

∑

|bj |=1

e−ikδj ,äå
Nk(r, f) =

r∫

1

nk(t, f)

t
dt,

nk(t, f) =
∑

1
t
≤|aj |≤t

e−ikγj −
∑

1
t
≤|bj |≤t

e−ikδj ,

1 6 r < R0, k ∈ Z.1. Rubel L.A. A Fourier series method for entire fun
tions / Rubel L.A. //Duke Math. J. �1963. � Vol. 30. � P. 437-442.
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. Math. Fran
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h. Math. 2009.Âèï. 71. Ñ. 78�87 Is. 71. P. 78�87ÓÄÊ 517.95ÂÈÇÍÀ×ÅÍÍß ÊÎÅÔIÖI�ÍÒÀ ÏÅ�ÅÄ ÏÅ�ØÎÞ ÏÎÕIÄÍÎÞÓ ÏÀ�ÀÁÎËI×ÍÎÌÓ �IÂÍßÍÍI Ç ÂÈ�ÎÄÆÅÍÍßÌÍàäiÿ ��ÈÍÖIÂËüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,79000, Ëüâiâ, âóë. Óíiâåðñèòåòñüêà, 1e-mail: hryntsiv�ukr.netÇíàéäåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi êëàñè÷íîãî ðîçâ'ÿçêó îáåðíåíî¨çàäà÷i âèçíà÷åííÿ çàëåæíîãî âiä ÷àñó êîå�iöi¹íòà ïðè ïåðøié ïîõiäíié íå-âiäîìî¨ �óíêöi¨ â îäíîâèìiðíîìó ïàðàáîëi÷íîìó ðiâíÿííi ç âèðîäæåííÿì.Äîñëiäæåíî âèïàäîê ñëàáêîãî ñòåïåíåâîãî âèðîäæåííÿ.Êëþ÷îâi ñëîâà: êîå�iöi¹íòíà îáåðíåíà çàäà÷à, ïàðàáîëi÷íå ðiâíÿííÿ,ñëàáêå ñòåïåíåâå âèðîäæåííÿ.1. Âñòóï. Íàéðiçíîìàíiòíiøèìè çàñòîñóâàííÿìè â åêîíîìiöi, ìåäèöèíi, ðàêå-òîáóäóâàííi, ãåî�içèöi òà iíøèõ ãàëóçÿõ íàóêè òà òåõíiêè ïîÿñíþ¹òüñÿ áóðõëèâèéðîçâèòîê òåîði¨ îáåðíåíèõ çàäà÷ â îñòàííi äåñÿòèëiòòÿ. Âàæëèâå ìiñöå ñåðåä öèõçàäà÷ çàéìàþòü êîå�iöi¹íòíi îáåðíåíi çàäà÷i äëÿ ðiâíÿíü ïàðàáîëi÷íîãî òèïó.Ñüîãîäíi äîñèòü äåòàëüíî âèâ÷åíi îáåðíåíi çàäà÷i âèçíà÷åííÿ çàëåæíîãî âiä÷àñó êîå�iöi¹íòà ïðè ñòàðøié ïîõiäíié ó ïàðàáîëi÷íèõ ðiâíÿííÿõ [1℄-[5℄. Äîñëiä-æåííþ îáåðíåíèõ çàäà÷ âèçíà÷åííÿ çàëåæíîãî âiä ÷àñó ìîëîäøîãî êîå�iöi¹íòàâ îäíîâèìiðíîìó ïàðàáîëi÷íîìó ðiâíÿííi ïðèñâÿ÷åíi ïðàöi [6-8℄. Â [6℄ â îáëàñòi
QT = (0, 1) × (0, T ] çíàéäåíî óìîâè ëîêàëüíîãî çà ÷àñîì iñíóâàííÿ, ¹äèíîñòi òàíåïåðåðâíî¨ çàëåæíîñòi âiä âèõiäíèõ äàíèõ ðîçâ'ÿçêó (p(t), u(x, t)) ïåðøî¨ êðàéîâî¨çàäà÷i äëÿ ðiâíÿííÿ

ut = uxx + p(t)ux (1)ç óìîâîþ ïåðåâèçíà÷åííÿ
m(t) =

b(t)
∫

0

u(x, t)dx, 0 6 t 6 T,äå 0 < b(t) < 1, 0 6 t 6 T � çàäàíà �óíêöiÿ.
© �ðèíöiâ Í., 2009



ÂÈÇÍÀ×ÅÍÍß ÊÎÅÔIÖI�ÍÒÀ ÏÅ�ÅÄ ÏÅ�ØÎÞ ÏÎÕIÄÍÎÞ ... 79Óìîâè ãëîáàëüíîãî iñíóâàííÿ ïàðè �óíêöié (p, u), ùî çàäîâîëüíÿ¹ (1) â îáëàñòi
ΩT = {(x, t) : 0 < x < 1, t > 0}, çíàéäåíî â [7℄. ßê äîäàòêîâó ií�îðìàöiþ â öiéïðàöi âèêîðèñòàíî óìîâó

ux(0, t) + p(t)u(0, t) = g(t), t > 0. (2)Äîñëiäæåííÿ òàêî¨ çàäà÷i ïðîäîâæåíî â [8℄, äå îòðèìàíî óìîâè ëîêàëüíîãî iñíó-âàííÿ ðîçâ'ÿçêó, à òàêîæ óìîâè, çà ÿêèõ çãàäàíà çàäà÷à íå ìîæå ìàòè ãëîáàëüíîãîðîçâ'ÿçêó.Çà äîïîìîãîþ òåîðåìè Øàóäåðà â [9℄ îäåðæàíî óìîâè iñíóâàííÿ ðîçâ'ÿçêó îáåð-íåíî¨ çàäà÷i âèçíà÷åííÿ êîå�iöi¹íòà ïðè ïåðøié ïîõiäíié íåâiäîìî¨ �óíêöi¨. Øóêà-íèé êîå�iöi¹íò ìà¹ âèãëÿä êâàäðàòè÷íî¨ çà ïðîñòîðîâîþ çìiííîþ �óíêöi¨ ç òðüîìàíåâiäîìèìè ïàðàìåòðàìè, ùî çàëåæàòü âiä ÷àñó. Îêðåìî âèçíà÷åíî óìîâè ¹äèíîñòiðîçâ'ÿçêó öi¹¨ çàäà÷i.Îáåðíåíi çàäà÷i âèçíà÷åííÿ çàëåæíîãî âiä ÷àñó êîå�iöi¹íòà ïðè ïåðøié ïîõiäíiéó ïàðàáîëi÷íîìó ðiâíÿííi â îáëàñòi ç âiëüíîþ ìåæåþ ðîçãëÿíóòî â [10℄-[12℄. Çàäà÷iîäíî÷àñíîãî âèçíà÷åííÿ çàëåæíèõ âiä ÷àñó ñòàðøîãî òà ìîëîäøîãî êîå�iöi¹íòiâ âîäíîâèìiðíîìó ïàðàáîëi÷íîìó ðiâíÿííi âèâ÷àëè â [13℄, [14℄.Îáåðíåíi çàäà÷i äëÿ ïàðàáîëi÷íèõ ðiâíÿíü ç âèðîäæåííÿì âèâ÷åíi ìàëî. Ñåðåäâiäîìèõ ðåçóëüòàòiâ ìîæíà çàçíà÷èòè [15℄, [16℄, â ÿêèõ ðîçãëÿäàëè îáåðíåíi çàäà÷iâèçíà÷åííÿ êîå�iöi¹íòà a = a(t), a(t) > 0, t ∈ [0, T ] â îäíîâèìiðíîìó ïàðàáîëi÷íîìóðiâíÿííi
ut = a(t)tβuxx + b(x, t)ux + c(x, t)u + f(x, t), (x, t) ∈ (0, h) × (0, T ),iç çàäàíèìè ïî÷àòêîâîþ óìîâîþ, êðàéîâèìè óìîâàìè ïåðøîãî ðîäó òà óìîâîþ ïå-ðåâèçíà÷åííÿ âèãëÿäó

a(t)tβux(0, t) = µ(t), 0 6 t 6 T.Äîñëiäæåíî âèïàäêè ñëàáêîãî (0 < β < 1) òà ñèëüíîãî (β > 1) ñòåïåíåâîãî âèðîä-æåííÿ.Ó öié ïðàöi ðîçãëÿíóòî îáåðíåíó çàäà÷ó âèçíà÷åííÿ çàëåæíîãî âiä ÷àñó êîå�i-öi¹íòà ïåðåä ïåðøîþ ïîõiäíîþ â îäíîâèìiðíîìó ïàðàáîëi÷íîìó ðiâíÿííi çi ñëàáêèìñòåïåíåâèì âèðîäæåííÿì.2. Ôîðìóëþâàííÿ çàäà÷i òà ãîëîâíi ðåçóëüòàòè. Â îáëàñòi QT = {(x, t):
0 < x < h, 0 < t < T } ðîçãëÿäà¹òüñÿ îáåðíåíà çàäà÷à âèçíà÷åííÿ çàëåæíîãî âiä÷àñó êîå�iöi¹íòà b = b(t) ïåðåä ìîëîäøîþ ïîõiäíîþ ó ïàðàáîëi÷íîìó ðiâíÿííi çâèðîäæåííÿì

ut = a(t)tβuxx + b(t)ux + c(x, t)u + f(x, t) (3)ç ïî÷àòêîâîþ óìîâîþ
u(x, 0) = ϕ(x), 0 6 x 6 h, (4)êðàéîâèìè óìîâàìè

u(0, t) = µ1(t), u(h, t) = µ2(t), 0 6 t 6 T (5)òà iíòåãðàëüíîþ óìîâîþ ïåðåâèçíà÷åííÿ
h

∫

0

u(x, t)dx = µ3(t), 0 6 t 6 T. (6)



80 Íàäiÿ ��ÈÍÖIÂÄîñëiäæó¹òüñÿ âèïàäîê ñëàáêîãî âèðîäæåííÿ, êîëè 0 < β < 1.Îçíà÷åííÿ 1. Ïiä ðîçâ'ÿçêîì çàäà÷i (3)-(6) ðîçóìiþòü ïàðó �óíêöié (b, u) ç êëàñó
C[0, T ]× C2,1(QT ) ∩ C1(QT ), ùî çàäîâîëüíÿ¹ ðiâíÿííÿ (3) òà óìîâè (4)-(6).Íà ïiäñòàâi òåîðåìè Øàóäåðà ïðî íåðóõîìó òî÷êó öiëêîì íåïåðåðâíîãî îïå-ðàòîðà çíàéäåíî óìîâè íà âèõiäíi äàíi, çà ÿêèõ iñíó¹ ðîçâ'ÿçîê çàäà÷i (3)-(6). Äî-âåäåííÿ ¹äèíîñòi ðîçâ'ÿçêó çãàäàíî¨ çàäà÷i  ðóíòó¹òüñÿ íà âëàñòèâîñòÿõ ðîçâ'ÿçêiâiíòåãðàëüíèõ ðiâíÿíü Âîëüòåððà äðóãîãî ðîäó.Òåîðåìà 1. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè:1) a ∈ C[0, T ], ϕ ∈ C1[0, h], µi ∈ C1[0, T ], i = 1, 3, c, f ∈ C(QT ) òà çàäîâîëü-íÿþòü óìîâó �åëüäåðà çà çìiííîþ x ç ïîêàçíèêîì α, 0 < α < 1;2) a(t) > 0, t ∈ [0, T ], µ1(t) − µ2(t) 6= 0, t ∈ [0, T ];3) ϕ(0) = µ1(0), ϕ(h) = µ2(0),

∫ h

0
ϕ(x)dx = µ3(0).Òîäi ìîæíà çàçíà÷èòè òàêå ÷èñëî T0, 0 < T0 6 T, ùî âèçíà÷à¹òüñÿ âèõiäíè-ìè äàíèìè çàäà÷i (3)-(6), ùî ðîçâ'ÿçîê (b, u) çãàäàíî¨ çàäà÷i iñíó¹ ïðè x ∈ [0, h],

t ∈ [0, T0].Òåîðåìà 2. Ïðè âèêîíàííi óìîâè µ1(t) − µ2(t) 6= 0, t ∈ [0, T ], çàäà÷à (3)-(6) íåìîæå ìàòè áiëüøå îäíîãî ðîçâ'ÿçêó.3. Çâåäåííÿ çàäà÷i (3)-(6) äî ñèñòåìè ðiâíÿíü.Ùîá çâåñòè çàäà÷ó (3)-(6) äî ñèñòåìè ðiâíÿíü, âèêîðèñòà¹ìî �óíêöi¨ �ðiíà.Ïîçíà÷èìî ÷åðåç Gk(x, t, ξ, τ), k = 1, 2, �óíêöi¨ �ðiíà ïåðøî¨ (k = 1) òà äðóãî¨
(k = 2) êðàéîâèõ çàäà÷ äëÿ ðiâíÿííÿ

ut = a(t)tβuxx.Âîíè âèçíà÷àþòüñÿ �îðìóëîþ
Gk(x, t, ξ, τ) =

1

2
√

π(θ(t) − θ(τ))

+∞
∑

n=−∞

(

exp

(

− (x − ξ + 2nh)2

4(θ(t) − θ(τ))

)

+

+ (−1)k exp

(

− (x + ξ + 2nh)2

4(θ(t) − θ(τ))

))

, k = 1, 2, (7)äå θ(t) =

t
∫

0

a(σ)σβdσ.Ïðèïóñòèìî òèì÷àñîâî, ùî �óíêöiÿ b = b(t) âiäîìà. Âèêîðèñòîâóþ÷è âëàñ-òèâîñòi �óíêöié �ðiíà [17, ñ. 13℄, çàäà÷ó (3)-(5) çâåäåìî äî ñèñòåìè iíòåãðàëüíèõðiâíÿíü ñòîñîâíî íåâiäîìèõ u(x, t), v(x, t) ≡ ux(x, t)

u(x, t) =

h
∫

0

G1(x, t, ξ, 0)ϕ(ξ)dξ+

+

t
∫

0

G1ξ(x, t, 0, τ)a(τ)τβµ1(τ)dτ −
t

∫

0

G1ξ(x, t, h, τ)a(τ)τβµ2(τ)dτ+
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+

t
∫

0

h
∫

0

G1(x, t, ξ, τ)(f(ξ, τ) + b(τ)v(ξ, τ) + c(ξ, τ)u(ξ, τ))dξdτ, (x, t) ∈ QT , (8)
v(x, t) =

h
∫

0

G2(x, t, ξ, 0)ϕ′(ξ)dξ −
t

∫

0

G2(x, t, 0, τ)µ′

1(τ)dτ +

t
∫

0

G2(x, t, h, τ)µ′

2(τ)dτ +

+

t
∫

0

h
∫

0

G1x(x, t, ξ, τ)(f(ξ, τ) + b(τ)v(ξ, τ) + c(ξ, τ)u(ξ, τ))dξdτ, (x, t) ∈ QT . (9)Äëÿ òîãî, ùîá îòðèìàòè ðiâíÿííÿ ñòîñîâíî �óíêöi¨ b = b(t), ïðîiíòåãðó¹ìî ðiâíÿííÿ(3). Âðàõîâóþ÷è (4)-(6), çíàõîäèìî
b(t) =

(

µ′

3(t) − a(t)tβ(v(h, t) − v(0, t)) −
h

∫

0

(f(x, t) + c(x, t)u(x, t))dx

)

×

×(µ2(t) − µ1(t))
−1, t ∈ [0, T ]. (10)Çàäà÷à (3)-(6) òà ñèñòåìà ðiâíÿíü (8)-(10) åêâiâàëåíòíi â òîìó ñåíñi, ÿêùî

(b, u) ¹ ðîçâ'ÿçêîì çàäà÷i (3)-(6), òî (b, u, v) ¹ íåïåðåðâíèì ðîçâ'ÿçêîì ñèñòåìèðiâíÿíü (8)-(10). Ïîêàæåìî, ùî ïðàâèëüíå é îáåðíåíå òâåðäæåííÿ: ÿêùî (b, u, v) ∈
∈ C[0, T ]× (C(QT ))2 ¹ ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (8)-(10), òî ïàðà �óíêöié (b, u) �ðîçâ'ÿçîê çàäà÷i (3)-(6).Óìîâè íà âèõiäíi äàíi äàþòü çìîãó ïðîäè�åðåíöiþâàòè ðiâíiñòü (8) çà ïðîñòî-ðîâîþ çìiííîþ. Âðàõîâóþ÷è âëàñòèâîñòi �óíêöié �ðiíà òà ïðèïóùåííÿ òåîðåìè 1,îòðèìó¹ìî
ux(x, t) =

h
∫

0

G2(x, t, ξ, 0)ϕ′(ξ)dξ +

t
∫

0

G2(x, t, 0, τ)µ′

1(τ)dτ −
t

∫

0

G2(x, t, h, τ)µ2(τ)dτ+

+

t
∫

0

h
∫

0

G1x(x, t, ξ, τ)(f(ξ, τ) + b(τ)v(ξ, τ) + c(ξ, τ)u(ξ, τ))dξdτ, (x, t) ∈ QT . (11)Ïðàâi ÷àñòèíè ðiâíîñòåé (9) òà (11) çáiãàþòüñÿ, òîìó u ∈ C1,0(QT ) i v(x, t) ≡ ux(x, t).Âèêîðèñòîâóþ÷è öåé �àêò â (9), îòðèìó¹ìî, ùî u ∈ C2,1(QT )∩C1(QT ) òà çàäîâîëü-íÿ¹ (3)-(5), à óìîâà (6) åêâiâàëåíòíà óìîâi (10).4. Àïðiîðíi îöiíêè ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü (8)-(10).�îçãëÿíåìî çàäà÷ó (3)-(5). Çãiäíî ç ïðèíöèïîì ìàêñèìóìó [18, ñ. 22℄ äëÿ �óíêöi¨
u(x, t) îòðèìó¹ìî îöiíêó

|u(x, t)| 6 M1, (x, t) ∈ QT , (12)äå ñòàëà M1 âèçíà÷à¹òüñÿ âèõiäíèìè äàíèìè çãàäàíî¨ çàäà÷i.
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x∈[0,h]

|v(x, t)|. Âðàõîâóþ÷è (12) òà ââåäåíå ïîçíà÷åííÿ, çðiâíÿííÿ (10) ìàòèìåìî
|b(t)| 6 C1 + C2t

βV (t), t ∈ [0, T ]. (13)Âðàõîâóþ÷è âiäîìi îöiíêè �óíêöié �ðiíà [17, ñ. 12℄
h

∫

0

G2(x, t, ξ, 0)dξ = 1, G2(x, t, ξ, τ) 6 C3 +
C4

√

θ(t) − θ(τ)
,

h
∫

0

|G1x(x, t, ξ, τ)|dξ 6
C5

√

θ(t) − θ(τ)
,ç (9) äëÿ V (t) îäåðæó¹ìî íåðiâíiñòü

V (t) 6 C6 + C7

t
∫

0

dτ
√

θ(t) − θ(τ)
+ C8

t
∫

0

|b(τ)|V (τ)
√

θ(t) − θ(τ)
dτ, t ∈ [0, T ],àáî, ç âðàõóâàííÿì (13),

V (t) 6 C6 + C7

t
∫

0

dτ
√

θ(t) − θ(τ)
+ C9

t
∫

0

V (τ) + τβV 2(τ)
√

θ(t) − θ(τ)
dτ, t ∈ [0, T ]. (14)�îçãëÿíåìî iíòåãðàë I =

t
∫

0

dτ
√

θ(t) − θ(τ)
. Âèêîðèñòîâóþ÷è îçíà÷åííÿ �óíêöi¨ θ(t),çíàõîäèìî

I =

t
∫

0

dτ
√

t
∫

τ

a(σ)σβdσ

6

√

1 + β

A0

t
∫

0

dτ√
t1+β − τ1+β

,äå A0 ≡ min
[0,T ]

a(t). Â îñòàííüîìó iíòåãðàëi çðîáèìî çàìiíó çìiííèõ z =
τ

t
. Òîäi

I 6

√

1 + β

A0
t

1−β
2

1
∫

0

dz√
1 − z1+β

6 C10,îñêiëüêè ðîçãëÿäà¹òüñÿ âèïàäîê ñëàáêîãî âèðîäæåííÿ. Âðàõîâóþ÷è îòðèìàíó îöií-êó â (14), ïðèõîäèìî äî íåðiâíîñòi
V (t) 6 C11 + C12

t
∫

0

V (τ) + V 2(τ)
√

θ(t) − θ(τ)
dτ,
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1

2
,

V1(t) 6 C13 + C14

t
∫

0

V 2
1 (τ)

√

θ(t) − θ(τ)
dτ, t ∈ [0, T ]. (15)Îáèäâi ÷àñòèíè íåðiâíîñòi (15) ïiäíåñåìî äî êâàäðàòà. Âèêîðèñòîâóþ÷è íåðiâíîñòiÊîøi òà Êîøi-Áóíÿêîâñüêîãî, îòðèìà¹ìî

V 2
1 (t) 6 2C2

13 + 2C2
14

t
∫

0

V 4
1 (τ)

√

θ(t) − θ(τ)
dτ

t
∫

0

dτ
√

θ(t) − θ(τ)
6

6 C15 + C16

t
∫

0

V 4
1 (τ)

√

θ(t) − θ(τ)
dτ.Â îñòàííié íåðiâíîñòi çìiíèìî t íà σ i, äîìíîæèâøè íà 1
√

θ(t) − θ(τ)
, ïðîiíòåãðó¹ìî¨¨ ïî σ âiä 0 äî t. Îäåðæèìî

t
∫

0

V 2
1 (σ)dσ

√

θ(t) − θ(σ)
6 C17 + C16

t
∫

0

dσ
√

θ(t) − θ(σ)

σ
∫

0

V 4
1 (τ)dτ

√

θ(σ) − θ(τ)
,çâiäêè, çìiíþþ÷è ïîðÿäîê iíòåãðóâàííÿ òà âðàõîâóþ÷è ðiâíiñòü

t
∫

τ

a(σ)σβdσ
√

(θ(t) − θ(σ))(θ(σ) − θ(τ))
= π,çíàõîäèìî

t
∫

0

V 2
1 (σ)dσ

√

θ(t) − θ(σ)
6 C17 + C18

t
∫

0

V 4
1 (τ)

τβ
dτ, t ∈ [0, T ]. (16)Ïiäñòàâëÿþ÷è (16) â (15), îòðèìó¹ìî íåðiâíiñòü ñòîñîâíî V1(t)

V1(t) 6 C19 + C20

t
∫

0

V 4
1 (τ)

τβ
dτ, t ∈ [0, T ]. (17)Íåðiâíiñòü (17) ðîçâ'ÿçó¹ìî òèì ñàìèì ñïîñîáîì, ùî é â [19℄. Â ðåçóëüòàòi îäåðæèìî

V1(t) 6 M2, t ∈ [0, T0], (18)äå ÷èñëî T0, 0 < T0 6 T çàäîâîëüíÿ¹ óìîâó
1 − β − 3C3

19C20T
1−β
0 > 0.Ïîâåðòàþ÷èñü äî ââåäåíèõ ïîçíà÷åíü, îòðèìà¹ìî

|v(x, t)| 6 M2, (x, t) ∈ QT0
, (19)

|b(t)| 6 M3, t ∈ [0, T0]. (20)Îòîæ, àïðiîðíi îöiíêè ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü (8)-(10) çíàéäåíî.



84 Íàäiÿ ��ÈÍÖIÂ5. Äîâåäåííÿ òåîðåìè 1.Äëÿ äîâåäåííÿ iñíóâàííÿ ðîçâ'ÿçêó ñèñòåìè ðiâíÿíü(8)-(10) âèêîðèñòà¹ìî íàñëiäîê äî òåîðåìè Øàóäåðà ïðî íåðóõîìó òî÷êó öiëêîìíåïåðåðâíîãî îïåðàòîðà [20, ñ. 381℄. Äëÿ öüîãî çãàäàíó ñèñòåìó ïîäàìî ó âèãëÿäiîïåðàòîðíîãî ðiâíÿííÿ
w = Pw,äå w = (b, u, v), à îïåðàòîð P âèçíà÷à¹òüñÿ ïðàâèìè ÷àñòèíàìè ðiâíîñòåé (8)-(10).×åðåç N ïîçíà÷èìî ìíîæèíó N = {(b, u, v) ∈ C[0, T0]× (C(QT0

))2 : |b(t)| < M3,
t ∈ [0, T0], |u(x, t)| 6 M1, |v(x, t)| 6 M2, (x, t) ∈ QT0

}. Âèáðàíà òàêèì ñïîñîáîììíîæèíà N çàìêíåíà é îïóêëà. Òå, ùî îïåðàòîð P öiëêîì íåïåðåðâíèé íà N , äî-âîäèòüñÿ ÿê â [17, ñ. 27℄. Îòæå, óìîâè òåîðåìè Øàóäåðà âèêîíóþòüñÿ, à öå îçíà÷à¹,ùî iñíó¹ ðîçâ'ÿçîê (b, u, v) ñèñòåìè ðiâíÿíü (8)-(10), à âiäïîâiäíî i ðîçâ'ÿçîê (b, u)çàäà÷i (3)-(6) ïðè y ∈ [0, 1], t ∈ [0, T0]. Òåîðåìó 1 äîâåäåíî.6. Äîâåäåííÿ òåîðåìè 2. �äèíiñòü ðîçâ'ÿçêó çàäà÷i (3)-(6) äîâîäèòèìåìî âiäñóïðîòèâíîãî. Ïðèïóñòèìî, ùî iñíó¹ äâà ðîçâ'ÿçêè (bi(t), ui(x, t)), i = 1, 2, çàäà÷i(3)-(6). Ñòîñîâíî ðiçíèöü b(t) = b1(t) − b2(t), u(x, t) = u1(x, t) − u2(x, t) îòðèìà¹ìîçàäà÷ó:
ut = a(t)tβuxx + b1(t)ux + c(x, t)u + b(t)u2x(x, t), (x, t) ∈ QT , (21)
u(x, 0) = 0, x ∈ [0, h], (22)
u(0, t) = u(h, t) = 0, t ∈ [0, T ], (23)

h
∫

0

u(x, t)dx = 0, t ∈ [0, T ]. (24)Çà äîïîìîãîþ �óíêöi¨ �ðiíà G∗

1(x, t, ξ, τ) ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ
ut = a(t)tβuxx + b1(t)ux + c(x, t)uðîçâ'ÿçîê çàäà÷i (21)-(23) ïîäàìî ó âèãëÿäi

u(x, t) =

t
∫

0

h
∫

0

G∗

1(x, t, ξ, τ)b(τ)u2ξ(ξ, τ)dξdτ, (x, t) ∈ QT . (25)Ïðîäè�åðåíöiþâàâøè (25) çà çìiííîþ x, çíàõîäèìî
ux(x, t) =

t
∫

0

h
∫

0

G∗

1x(x, t, ξ, τ)b(τ)u2ξ(ξ, τ)dξdτ, (x, t) ∈ QT . (26)Ç ðiâíîñòi (24) øëÿõîì äè�åðåíöiþâàííÿ îòðèìó¹ìî ðiâíÿííÿ ñòîñîâíî b(t)

b(t) = − 1

µ2(t) − µ1(t)

(

a(t)tβ(ux(h, t) − ux(0, t)) +

h
∫

0

c(x, t)u(x, t)dx

)

, t ∈ [0, T ]. (27)



ÂÈÇÍÀ×ÅÍÍß ÊÎÅÔIÖI�ÍÒÀ ÏÅ�ÅÄ ÏÅ�ØÎÞ ÏÎÕIÄÍÎÞ ... 85Ïiäñòàâèìî (25), (26) â (27). Â ðåçóëüòàòi îòðèìà¹ìî iíòåãðàëüíå ðiâíÿííÿ
b(t) =

t
∫

0

K(t, τ)b(τ)dτ, t ∈ [0, T ], (28)äå
K(t, τ) =

1

µ1(t) − µ2(t)

h
∫

0

c(x, t)dx

h
∫

0

G∗

1(x, t, ξ, τ)u2ξ(ξ, τ)dξ+

+
a(t)tβ

µ1(t) − µ2(t)

h
∫

0

(G∗

1x(h, t, ξ, τ) − G∗

1x(0, t, ξ, τ))u2ξ(ξ, τ)dξ. (29)Âèêîðèñòîâóþ÷è âiäîìi îöiíêè �óíêöi¨ �ðiíà [18, ñ. 468℄
|Ds

xG∗

1(x, t, ξ, τ)| 6 C21(t − τ)−
1+s
2 exp

(

−C22
(x − ξ)2

t − τ

)

, s = 0, 1,îöiíèìî ÿäðî ðiâíÿííÿ (28)
|K(t, τ)| 6

C23
√

θ(t) − θ(τ)

h
∫

0

e
−

C22(x−ξ)2

θ(t)−θ(τ) dξ +
C24

θ(t) − θ(τ)

h
∫

0

e
−

C22(x−ξ)2

θ(t)−θ(τ) dξ.Ïiñëÿ çàìiíè çìiííèõ
z =

√

C22

θ(t) − θ(τ)
(ξ − x),âðàõîâóþ÷è çíà÷åííÿ iíòåãðàëà �àóñà, çíàõîäèìî

|K(t, τ)| 6
C25

√

θ(t) − θ(τ)
.Öå îçíà÷à¹, ùî ÿäðî iíòåãðàëüíîãî ðiâíÿííÿ (28) ìà¹ iíòåãðîâíó îñîáëèâiñòü, iðiâíÿííÿ (28) ìà¹ ¹äèíèé òðèâiàëüíèé ðîçâ'ÿçîê

b(t) ≡ 0, t ∈ [0, T ].Âèêîðèñòîâóþ÷è öåé �àêò â çàäà÷i (21)-(23), çíàõîäèìî
v(x, t) ≡ 0, (x, t) ∈ QT ,ùî é çàâåðøó¹ äîâåäåííÿ òåîðåìè.1. Jones B.F. The determination of a 
oe�
ient in a paraboli
 equation. Part I. Existen
e anduniqueness / Jones B.F. // J. Math. Me
h. � 1962. � Vol. 11, �6. � P. 907-918.2. Cannon J.R. Re
overing a time dependent 
oe�
ient in a paraboli
 di�erential equation/ Cannon J.R., Rundell W. // J. Math. Anal. Appl. � 1991. � Vol. 160. � P. 572-582.3. Èâàí÷îâ Í.È. Îá îïðåäåëåíèè çàâèñÿùåãî îò âðåìåíè ñòàðøåãî êîý��èöèåíòà â ïà-ðàáîëè÷åñêîì óðàâíåíèè / Èâàí÷îâ Í.È. //Ñèá. ìàò. æóðí. � 1998. � Ò. 39, �3. �Ñ. 539-550.
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hov M.I. Inverse problem for semilinear paraboli
 equation / Ivan
hov M.I. //Ìàò.ñòóäi¨. � 2008. � Ò. 29, �2. � Ñ. 181-191.5. Ïàáèðiâñüêà Í.Â. Âèçíà÷åííÿ ñòàðøîãî êîå�iöi¹íòà ó ïàðàáîëi÷íîìó ðiâíÿííi / Ïàáè-ðiâñüêà Í. Â., Âëàñîâ Â. À. //Ìàò. ìåòîäè òà �iç.-ìåõ. ïîëÿ. � 2006. � Ò. 49, �3. �Ñ. 18-25.6. Cannon J.R. Determination of the 
oe�
ient of ux in a linear paraboli
 equation / Can-non J.R., Peres-Esteva S. // Inverse Problems. � 1993. � Vol. 10, �3. � P. 521-531.7. Hong-Ming Yin. Global solvability for some paraboli
 inverse problems / Hong-Ming Yin.// J. Math. Anal. Appl. � 1991. � P. 392-403.8. Trong D.D. Coe�
ient identi�
ation for a paraboli
 equation / Trong D.D., Ang D.D.// Inverse Problems. � 1994. � Vol. 10, �3. � P. 733-752.9. Ïàáèðiâñüêà Í. Âèçíà÷åííÿ ìîëîäøîãî êîå�iöi¹íòà ó ïàðàáîëi÷íîìó ðiâíÿííi / Ïàáè-ðiâñüêà Í., Âàðåíèê Î. //Âiñí. Ëüâiâ. óí-òó. Ñåð. ìåõ.-ìàò. � 2005. � Âèï. 64. � Ñ. 181-189.10. �ðèíöiâ Í.Ì.Îáåðíåíi çàäà÷i âèçíà÷åííÿ êîå�iöi¹íòà ïðè ïåðøié ïîõiäíié â ïàðàáîëi÷-íîìó ðiâíÿííi â îáëàñòi ç âiëüíîþ ìåæåþ / �ðèíöiâ Í.Ì., Ñíiòêî �.À. //Âiñí. Ëüâiâ.óí-òó. Ñåðiÿ ìåõ.-ìàò. � 2005. � Âèï. 64. � Ñ. 181-189.11. Ñíiòêî �.À. Îáåðíåíà çàäà÷à äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ â îáëàñòi ç âiëüíîþ ìåæåþ/ Ñíiòêî �.À. //Ìàò. ìåòîäè òà �iç.-ìåõ. ïîëÿ. � 2007. � Ò. 50, �4. � Ñ. 7-18.12. Ñíiòêî �.À. Âèçíà÷åííÿ íåâiäîìîãî ìíîæíèêà â êîå�iöi¹íòi ïðè ïåðøié ïîõiäíié âïàðàáîëi÷íîìó ðiâíÿííi â îáëàñòi ç âiëüíîþ ìåæåþ / Ñíiòêî �.À. // Âiñí. Ëüâiâ. óí-òó.Ñåðiÿ ìåõ.- ìàò. � 2007. � Âèï. 67. � Ñ. 233-247.13. Èâàí÷îâ Í.È. Îá îïðåäåëåíèè äâóõ çàâèñÿùèõ îò âðåìåíè êîý��èöèåíòîâ â ïàðàáî-ëè÷åñêîì óðàâíåíèè / Èâàí÷îâ Í.È., Ïàáûðèâñüêà Í.Â. //Ñèá. ìàò. æóðí. � 2002. �Ò. 43, �2. � Ñ. 406-413.14. Ïàáèðiâñüêà Í.Â. Òåïëîâi ìîìåíòè â îáåðíåíié çàäà÷i äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ/ Ïàáèðiâñüêà Í.Â. //Âiñí. Ëüâiâ. óí-òó. Ñåð. ìåõ.-ìàò. � 2000. � Âèï. 56. � Ñ. 142-149.15. Ñàëäiíà Í.Â. Iäåíòè�iêàöiÿ ñòàðøîãî êîå�iöi¹íòà â ïàðàáîëi÷íîìó ðiâíÿííi ç âèðîä-æåííÿì / Ñàëäiíà Í.Â. //Íàóê. âiñí. ×åðíiâ. óí-òó. � 2006. � Âèï. 288. Ìàòåì. � Ñ. 99-106.16. Iâàí÷îâ Ì.I. Îáåðíåíà çàäà÷à äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ ç ñèëüíèì ñòåïåíåâèì âè-ðîäæåííÿì / Iâàí÷îâ Ì.I., Ñàëäiíà Í.Â. //Óêð. ìàò. æóðí. � 2006. � Ò. 58, �11. �Ñ. 1487-1500.17. Ivan
hov M. Inverse problems for equations of paraboli
 type / Ivan
hov M. � Lviv: VNTLPublishers, 2003.18. Ëàäûæåíñêàÿ Î.À. Ëèíåéíûå è êâàçèëèíåéíûå óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà / Ëà-äûæåíñêàÿ Î.À., Ñîëîííèêîâ Â.À., Óðàëüöåâà Í.Í. � Ì.: Íàóêà, 1967.19. �ðèíöiâ Í.Ì. Îáåðíåíi çàäà÷i äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ ç âèðîäæåííÿì â îáëàñòi çâiëüíîþ ìåæåþ / �ðèíöiâ Í.Ì. //Âiñí. Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.- ìàò. � 2006. � Âèï. 66.� Ñ. 45-59.20. Ëàäûæåíñêàÿ Î.À. Ëèíåéíûå è êâàçèëèíåéíûå óðàâíåíèÿ ýëëèïòè÷åñêîãî òèïà / Ëà-äûæåíñêàÿ Î.À., Óðàëüöåâà Í.Í. � Ì.: Íàóêà, 1973.
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© Äîìøà Î., 2009



Ï�ÀÂÅ ÊÂÀÇIÄÓÎÊIËÜÖÅ ÑËÀÁÊÎ�Î ÑÒÀÁIËÜÍÎ�Î �ÀÍ�Ó 1 � ... 89Òåîðåìà 1. Äëÿ äîâiëüíîãî êiëüöÿ R òàêi òâåðæåííÿ åêâiâàëåíòíi:1) R-ïðàâå (ëiâå) êâàçiäóîêiëüöå;2) äëÿ äîâiëüíèõ åëåìåíòiâ a, b ∈ R ÿêùî Ra + Rb = R (aR + bR = R),òî aR + bR = R (Ra + Rb = R).Òåîðåìà 2. Íåõàé R ïðàâå êâàçiäóîêiëüöå ñëàáêîãî ñòàáiëüíîãî ðàíãó 1. Òîäi R ¹êâàçiäóîêiëüöåì.Äîâåäåííÿ. Íåõàé åëåìåíòè a, b ∈ R òàêi, ùî
aR + bR = R.Îñêiëüêè êiëüöå ñëàáêîãî ñòàáiëüíîãî ðàíãó 1 ¹ êiëüöåì ñòàáiëüíîãî ðàíãó 1, òî iñíó¹òàêèé åëåìåíò t ∈ R, ùî a + bt = u, äå u ∈ U(R). Òîáòî Ra + Rb = R.Çãiäíî ç îçíà÷åííÿì êiëüöÿ ñëàáêîãî ñòàáiëüíîãî ðàíãó 1 iñíó¹ åëåìåíò x ∈ Ròàêèé, ùî xa + t = 1. Çâiäñè t = 1 − xa, à îòæå, a + b(1 − xa) = u. Òîäi

a + b − bxa = b + (1 − bx)a = u,äå u - çâîðîòíèé åëåìåíò R, òîáòî Ra + Rb = R. Âðàõîâóþ÷è òåîðåìó 1, R ¹ ëiâèìêâàçiäóîêiëüöåì. �Îçíà÷åííÿ 2. [9] Êiëüöå R íàçèâà¹òüñÿ êiëüöåì åëåìåíòàðíèõ äiëüíèêiâ, ÿêùîäëÿ äîâiëüíî¨ ìàòðèöi A ïîðÿäêó n × m íàä R iñíóþòü òàêi çâîðîòíi ìàòðèöi
P ∈ GLn(R), Q ∈ GLm(R), ùî:1) PAQ = D � äiàãîíàëüíà ìàòðèöÿ, D = (di);2) Rdi+1R ⊆ Rdi ∩ diR.Òåîðåìà 3. Îáëàñòü Áåçó ñëàáêîãî ñòàáiëüíîãî ðàíãó 1 ¹ êiëüöåì åëåìåíòàðíèõäiëüíèêiâ òîäi i òiëüêè òîäi, êîëè âîíà ¹ äóîîáëàñòþ.Äîâåäåííÿ. Äîñòàòíiñòü. Íåõàé R ¹ äóîîáëàñòþ ñëàáêîãî ñòàáiëüíîãî ðàíãó 1. Âðà-õîâóþ÷è [2, 9℄, äîñòàòíüî ïîêàçàòè, ùî äëÿ äîâiëüíèõ åëåìåíòiâ a, b, c ∈ R òàêèõ, ùî
aR + bR + cR = R ìàòðèöÿ

A =

(

a 0
b c

)âîëîäi¹ êàíîíi÷íîþ äiàãîíàëüíîþ ðåäóêöi¹þ.Íåõàé Ra + Rb = Rd. Òîäi iñíó¹ åëåìåíò t ∈ R òàêèé, ùî ta + b = d. Îñêiëüêè
dR = Rd i aR+ bR = dR, aR+ bR+ cR = R, òî dR+ cR = R òà iñíó¹ åëåìåíò s òàêèé,ùî d + cs = 1. Òîäi

(

1 0
t 1

) (

a 0
b c

)

=

(

a 0
ta + b c

)i
(

a 0
ta + b c

) (

1 0
s 1

)

=

(

a 0
ta + b + cs c

)

=

(

a 0
1 c

)

= B.Î÷åâèäíî, ùî åëåìåíòàðíèìè ïåðåòâîðåííÿìè ðÿäêiâ i ñòîâïöiâ ìàòðèöÿ B,à îòæå, i ìàòðèöÿ A çâîäèòüñÿ äî êàíîíi÷íîãî äiàãîíàëüíîãî âèãëÿäó. Òîáòî R ¹êiëüöåì åëåìåíòàðíèõ äiëüíèêiâ.



90 Îëüãà ÄÎÌØÀÍåîáõiäíiñòü. Íåõàé R ¹ îáëàñòþ åëåìåíòàðíèõ äiëüíèêiâ ñëàáêîãî ñòàáiëüíîãîðàíãó 1. Òîäi äëÿ äîâiëüíîãî a ∈ R iñíóþòü çâîðîòíi ìàòðèöi P = (pij)
2
1, Q = (qij)

2
1,ùî

(

a 0
0 a

)

P = Q

(

z 0
0 b

)

, (1)äå
RbR ⊆ zR ∩ Rz. (2)�îçãëÿíåìî (1)

(

a 0
0 a

) (

p11 p12

p21 p22

)

=

(

q11 q12

q21 q22

) (

z 0
0 b

)

.

ap11 = q11z, ap21 = q21z. (3)Iç òîãî, ùî ìàòðèöi P, Q � îáîðîòíi, âðàõîâóþ÷è (2), îòðèìó¹ìî
RaR = RbR. (4)Îñêiëüêè Rp11+Rp21 = R, çãiäíî ç òåîðåìîþ 1, p11R+p21R = R, òîáòî p11u+p21v = 1äëÿ äåÿêèõ åëåìåíòiâ u, v ∈ R. Òîäi ç (2) îòðèìó¹ìî a = q11zu + q21zv. Îòæå,

a ∈ RzR. (5)Âðàõîâóþ÷è (2) i (4), (5), îäåðæó¹ìî
RaR = zR = Rz. (6)Îñêiëüêè R � îáëà
òü, òî íà ïiäñòàâi (6) a = za0, a = a1z äëÿ äåÿêèõ åëåìåíòiâ

a0, a1 ∈ R , ïðè÷îìó Ra0R = Ra1R = R . Âiäïîâiäíî äî òåîðåìè 1 i [10℄ ìà¹ìî, ùîåëåìåíòè a0, a1 � îáîðîòíi, òîáòî a � äóîåëåìåíò. Îòæå, R ¹ äóîêiëüöåì. �1. Bass X. K-theory and stable algebra / Bass X. // J. Haunts Etudes S
ien. Publ. Math. �1964. � �22. � P. 485-544.2. Zabavsky B.V. Diagonalizability theorem for matri
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Ï�ÀÂÅ ÊÂÀÇIÄÓÎÊIËÜÖÅ ÑËÀÁÊÎ�Î ÑÒÀÁIËÜÍÎ�Î �ÀÍ�Ó 1 � ... 91RIGHT QUASIDUO-RING WITH FAINT STABLE RANGE 1IS LEFT QUASIDUO-RINGÎl'ha DOMSHAIvan Franko National University of L'viv,79000, L'viv, Universytets'ka Str., 1e-mail: olya.domsha�i.uaThe problem of dis
overing a right quasiduo-ring, whi
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h. Math. 2009.Âèï. 71. Ñ. 92�101 Is. 71. P. 92�101ÓÄÊ 519.21ÎÏÒÈÌIÇÀÖIß �ÅÆÈÌIÂ ÎÁÑËÓ�ÎÂÓÂÀÍÍßÄËß ÑÈÑÒÅÌ M/M/1/m ÒÀ M/M/1Ç ÁËÎÊÓÂÀÍÍßÌ ÂÕIÄÍÎ�Î ÏÎÒÎÊÓÊîñòÿíòèí ÆÅ�ÍÎÂÈÉËüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,79000, Ëüâiâ, âóë. Óíiâåðñèòåòñüêà 1,e-mail: k_zhernovyi�yahoo.
omÂèâ÷åíî ñèñòåìè îáñëóãîâóâàííÿ M/M/1/m i M/M/1, â ÿêèõ âiäáó-âà¹òüñÿ ïåðåõiä íà �øâèäêå� îáñëóãîâóâàííÿ i îäíî÷àñíå áëîêóâàííÿ âõiä-íîãî ïîòîêó çà óìîâè ïåðåâèùåííÿ êiëüêîñòi çàìîâëåíü ó ñèñòåìi äåÿêîãîïîðîãîâîãî ðiâíÿ l. Âèçíà÷åíî ñòàöiîíàðíi õàðàêòåðèñòèêè ñèñòåì i ðîçâ'ÿ-çàíî çàäà÷i îïòèìàëüíîãî âèáîðó: 1) iíòåíñèâíîñòi �øâèäêîãî� îáñëóãîâó-âàííÿ; 2) ïîðîãà ïåðåìèêàííÿ íà �øâèäêå� îáñëóãîâóâàííÿ; 3) ïîðîãà ïå-ðåìèêàííÿ íà ðåæèì áëîêóâàííÿ âõiäíîãî ïîòîêó; 4) iíòåíñèâíîñòi îáñëó-ãîâóâàííÿ áåç ïåðåõîäó íà �øâèäêå� îáñëóãîâóâàííÿ.Êëþ÷îâi ñëîâà: ñèñòåìè M/M/1/m i M/M/1, áëîêóâàííÿ âõiäíîãî ïî-òîêó, îïòèìiçàöiÿ ðåæèìiâ îáñëóãîâóâàííÿ.1. Âñòóï. Àäåêâàòíîþ ìàòåìàòè÷íîþ ìîäåëëþ ïðîöåñiâ, ÿêi âiäáóâàþòüñÿ âáàãàòüîõ �ðàãìåíòàõ i âóçëàõ ñó÷àñíèõ êîìï'þòåðíèõ ìåðåæ i ìåðåæ çâ'ÿçêó, ¹ ñèñ-òåìè îáñëóãîâóâàííÿ ç êåðîâàíèì ðåæèìîì �óíêöiîíóâàííÿ [1; 2, � 2.6, 2.7℄. Äëÿòàêèõ ñèñòåì, êðiì ïèòàííÿ âèçíà÷åííÿ ñòàöiîíàðíèõ õàðàêòåðèñòèê, ðîçãëÿäàþòü,çîêðåìà, çàäà÷ó îïòèìàëüíîãî âèáîðó ðåæèìiâ îáñëóãîâóâàííÿ, ïîâ'ÿçàíó ç ìiíi-ìiçàöi¹þ äåÿêîãî åêîíîìi÷íîãî �óíêöiîíàëà ÿêîñòi �óíêöiîíóâàííÿ ñèñòåìè (äèâ.ñòàòòþ [3℄ i îãëÿä [1℄). Çàäà÷i êåðóâàííÿ âõiäíèì ïîòîêîì çàìîâëåíü âèâ÷àëî áàãà-òî àâòîðiâ ïåðåâàæíî ó çâ'ÿçêó ç âèáîðîì ïðiîðèòåòiâ â îáñëóãîâóâàííi [1, ðîçä. 2,� 2.3℄.ßêùî ñèñòåìà îáñëóãîâóâàííÿ ìîæå ïðàöþâàòè â êiëüêîõ ðåæèìàõ ç ðiçíè-ìè iíòåíñèâíîñòÿìè îáñëóãîâóâàííÿ, òî çàäà÷i âèçíà÷åííÿ ¨¨ ñòàöiîíàðíèõ õàðàê-òåðèñòèê i îïòèìàëüíîãî âèáîðó ðåæèìiâ îáñëóãîâóâàííÿ çíà÷íî óñêëàäíþþòüñÿ
©Æåðíîâèé Ê., 2009



ÎÏÒÈÌIÇÀÖIß �ÅÆÈÌIÂ ÎÁÑËÓ�ÎÂÓÂÀÍÍß ... 93ïîðiâíÿíî ç òàêèìè çàäà÷àìè äëÿ êëàñè÷íèõ ñèñòåì M/M/1/m i M/M/1. Çàñòîñó-âàííÿ ðåæèìó áëîêóâàííÿ âõiäíîãî ïîòîêó äåùî ñïðîùó¹ ñèñòåìó ðiâíÿíü äëÿ ñòà-öiîíàðíèõ iìîâiðíîñòåé ñòàíiâ ñèñòåìè i â äåÿêèõ âèïàäêàõ äà¹ ïiäñòàâè çíàõîäèòè¨¨ ðîçâ'ÿçêè â ÿâíîìó âèãëÿäi.Íèæ÷å ìè ðîçãëÿíåìî çàäà÷i îïòèìàëüíîãî êåðóâàííÿ ñèñòåìàìè îáñëóãîâó-âàííÿ, â ÿêèõ ïåðåõiä äî �øâèäêîãî� îáñëóãîâóâàííÿ âiäáóâà¹òüñÿ îäíî÷àñíî ç áëî-êóâàííÿì âõiäíîãî ïîòîêó.2. Ñòàöiîíàðíi õàðàêòåðèñòèêè ñèñòåìè ç îáìåæåíîþ ÷åðãîþ. �îçãëÿ-íåìî îäíîêàíàëüíó ñèñòåìó îáñëóãîâóâàííÿ, äëÿ ÿêî¨ äîâæèíà ÷åðãè íå ìîæå ïåðå-âèùóâàòè ÷èñëà m. Çàìîâëåííÿ â ñèñòåìó íàäõîäÿòü ïî îäíîìó, à ïðîìiæêè ÷àñó ìiæìîìåíòàìè íàäõîäæåííÿ çàìîâëåíü � íåçàëåæíi âèïàäêîâi âåëè÷èíè, ðîçïîäiëåíi çàïîêàçíèêîâèì çàêîíîì ç ïàðàìåòðîì λ.Îáñëóãîâóâàííÿ çàìîâëåíü ìîæå âiäáóâàòèñü ó äâîõ ðåæèìàõ. ×àñ îáñëóãîâó-âàííÿ â êîæíîìó ç íèõ ðîçïîäiëåíèé çà ïîêàçíèêîâèì çàêîíîì ç ïàðàìåòðàìè µ1 i µ2âiäïîâiäíî. Ïðèïóñêà¹ìî, ùî µ1 < µ2, òîáòî ïåðøèé ðåæèì �ïîâiëüíèé�, à äðóãèé�øâèäêèé�. �Øâèäêå� îáñëóãîâóâàííÿ âiäáóâà¹òüñÿ çà óìîâè, ùî â ìîìåíò ïî÷àò-êó îáñëóãîâóâàííÿ ÷åðãîâîãî çàìîâëåííÿ êiëüêiñòü çàìîâëåíü ó ñèñòåìi ïåðåâèùó¹÷èñëî l (l = 1, m − 1). Ïiä ÷àñ ðîáîòè ñèñòåìè ó �øâèäêîìó� ðåæèìi âiäáóâà¹òüñÿáëîêóâàííÿ âõiäíîãî ïîòîêó çàìîâëåíü, òîáòî æîäíå çàìîâëåííÿ íå äîïóñêà¹òüñÿ â÷åðãó.Ââåäåìî íóìåðàöiþ ñòàíiâ ñèñòåìè: s0 � ñèñòåìà âiëüíà; sk (k = 1, m + 1 )� â ñèñòåìi ¹ k çàìîâëåíü, âèêîðèñòîâó¹òüñÿ ðåæèì �ïîâiëüíîãî� îáñëóãîâóâàííÿ;
xk (k = l + 1, m ) � â ñèñòåìi ¹ k çàìîâëåíü, îáñëóãîâóâàííÿ âiäáóâà¹òüñÿ â �øâèä-êîìó� ðåæèìi, âõiäíèé ïîòiê çàáëîêîâàíèé.Íåõàé p k(t) (q k(t)) � iìîâiðíiñòü òîãî, ùî ñèñòåìà â ìîìåíò ÷àñó t ïåðåáóâà¹ óñòàíi sk (xk). Êiëüêiñòü ñòàíiâ ñèñòåìè ñêií÷åííà, ïðîöåñ çìiíè ñòàíiâ òðàíçèòèâíèéìàðêîâñüêèé, òîìó iñíóþòü ãðàíèöi

p k = lim
t→∞

p k(t), q k = lim
t→∞

q k(t).Êîðèñòóþ÷èñü ãðà�îì ñòàíiâ ñèñòåìè, çàïèøåìî ðiâíÿííÿ äëÿ âèçíà÷åííÿ ñòà-öiîíàðíèõ iìîâiðíîñòåé p k i q k

µ1p 1 − λp 0 = 0; λp k−1 + µ1p k+1 − (λ + µ1)p k = 0
(

k = 1, l − 1
)

;

λp l−1 + µ1p l+1 + µ2q l+1 − (λ + µ1)p l = 0;

λp k−1 − (λ + µ1)p k = 0
(

k = l + 1, m
)

; λpm − µ1pm+1 = 0;

µ2q k+1 + µ1p k+1 − µ2q k = 0
(

k = l + 1, m − 1
)

; µ1pm+1 − µ2qm = 0;

m+1
∑

k=0

p k +

m
∑

k=l+1

q k = 1.

(1)Ââåäåìî ïîçíà÷åííÿ: β = 1/ρ, γ = µ1/µ2, äå ρ = λ/µ1 � êîå�iöi¹íò çàâàíòà-æåííÿ ñèñòåìè ó ðåæèìi �ïîâiëüíîãî� îáñëóãîâóâàííÿ. ßêùî β 6= 1, òî ðîçâ'ÿçîêñèñòåìè (1) íàáóâà¹ âèãëÿäó
p k = βl+1−k(1 + β)m−lpm+1

(

k = 0, l − 1
)

;

p k = β(1 + β)m−kpm+1

(

k = l, m
)

;
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q k = γ

m+1
∑

s=k+1

p s = γ(1 + β)m−kpm+1

(

k = l + 1, m
)

; (2)

pm+1 =
β(β − 1)

(

β(βl+2 − 1) + γ(β − 1)
)

(1 + β)m−l − γ(β − 1)
.Âèêîðèñòîâóþ÷è ðîçïîäië ñòàíiâ (2), ìîæåìî çíàéòè åðãîäè÷íèé ðîçïîäië äîâ-æèíè ÷åðãè ó ñèñòåìi. Ïîçíà÷èìî ÷åðåç πk ñòàöiîíàðíó éìîâiðíiñòü òîãî, ùî äîâæè-íà ÷åðãè äîðiâíþ¹ k (k = 0, m). Òîäi

π0 = p 0 + p 1 = βl(1 + β)m−l+1pm+1; πm = pm+1;

πk = p k+1 = βl−k(1 + β)m−lpm+1

(

k = 1, l − 1
)

;

πk = p k+1 + q k+1 = (β + γ)(1 + β)m−k−1pm+1

(

k = l, m − 1
)

.

(3)Ñåðåäíþ äîâæèíó ÷åðãè âèçíà÷èìî ÿê ìàòåìàòè÷íå ñïîäiâàííÿ äèñêðåòíî¨ âèïàä-êîâî¨ âåëè÷èíè
r =

m
∑

k=1

kπk =
pm+1

β2(β − 1)2
{

β(βl+2 − lβ2 + lβ − 2β + 1)(1 + β)m−l−

−β(β − 1)2 + γ(β − 1)2
(

(lβ + 1)(1 + β)m−l − mβ − 1
)}

.Ñòàöiîíàðíå çíà÷åííÿ éìîâiðíîñòi îáñëóãîâóâàííÿ çàìîâëåííÿ, ùî íàäiéøëî íàâõiä ñèñòåìè, (âiäíîñíó ïðîïóñêíó çäàòíiñòü ñèñòåìè) îá÷èñëèìî ÿê ñóìó éìîâiðíîñ-òåé òèõ ñòàíiâ, â ÿêèõ âõiäíèé ïîòiê íå çàáëîêîâàíèé,
Pîáñ =

m
∑

k=0

p k =
β
(

(βl+2 − 1)(1 + β)m−l − β + 1
)

(

β(βl+2 − 1) + γ(β − 1)
)

(1 + β)m−l − γ(β − 1)
. (4)Ñåðåäíié ÷àñ ïåðåáóâàííÿ çàìîâëåííÿ â ÷åðçi âèçíà÷èìî çà �îðìóëîþ Ëiòòëà,ÿêà äëÿ ñèñòåìè ç âòðàòàìè çàìîâëåíü íàáóâà¹ âèãëÿäó

tr =
r

λPîáñ . (5)Îêðåìî âèïèøåìî �îðìóëè äëÿ ñòàöiîíàðíèõ õàðàêòåðèñòèê ñèñòåìè ó âèïàä-êó, êîëè β = 1,
p k = 2m−lpm+1

(

k = 0, l − 1
)

; p k = 2m−kpm+1

(

k = l, m
)

;

q k = γ2m−kpm+1

(

k = l + 1, m
)

;

pm+1 =
1

(l + γ + 2)2m−l − γ
; Pîáñ =

(l + 2)2m−l − 1

(l + γ + 2)2m−l − γ
;

tr =

(

l2 + l + 2 + 2γ(l + 1)
)

2m−l−1 − γ(m + 1) − 1

λ
(

(l + 2)2m−l − 1
) .

(6)3. Ñòàöiîíàðíi õàðàêòåðèñòèêè ñèñòåìè ç íåîáìåæåíîþ ÷åðãîþ. Ïå-ðåéøîâøè äî ãðàíèöi ïðè m → ∞ ó ñïiââiäíîøåííÿõ (2)-(5), îäåðæèìî åðãîäè÷íi



ÎÏÒÈÌIÇÀÖIß �ÅÆÈÌIÂ ÎÁÑËÓ�ÎÂÓÂÀÍÍß ... 95ðîçïîäiëè {p k, q k} i {π k} òà �îðìóëè äëÿ ñòàöiîíàðíèõ õàðàêòåðèñòèê âiäïîâiäíî¨ñèñòåìè îáñëóãîâóâàííÿ áåç îáìåæåíü íà äîâæèíó ÷åðãè ó âèïàäêó, êîëè β 6= 1,
p k =

βl+2−k(β − 1)

β(βl+2 − 1) + γ(β − 1)

(

k = 0, l − 1
)

;

p k =
β2(β − 1)

(

β(βl+2 − 1) + γ(β − 1)
)

(1 + β)k−l
(k = l, l + 1, . . .) ;

q k = γp k/β (k = l + 1, l + 2, . . .) ;

π0 = p 0 + p 1; πk = p k+1

(

k = 1, l − 1
)

;

πk = p k+1 + q k+1 (k = l, l + 1, . . .) ;

Pîáñ =
β(βl+2 − 1)

β(βl+2 − 1) + γ(β − 1)
;

tr =
β
(

βl+2 − lβ2 + (l − 2)β + 1
)

+ γ(β − 1)2(lβ + 1)

λβ2(β − 1)(βl+2 − 1)
.Àíàëîãi÷íî çi ñïiââiäíîøåíü (6) ìàòèìåìî âiäïîâiäíi �îðìóëè äëÿ âèïàäêó,êîëè β = 1,

p k =
1

l + γ + 2

(

k = 0, l − 1
)

; p k =
1

(l + γ + 2)2k−l
(k = l, l + 1, . . .) ;

q k = γp k (k = l + 1, l + 2, . . .) ; Pîáñ =
l + 2

l + γ + 2
;

tr =
l2 + l + 2 + 2γ(l + 1)

2λ(l + 2)
.Çàóâàæèìî, ùî åðãîäè÷íèé ïðîöåñ äëÿ ñèñòåìè áåç îáìåæåíü íà äîâæèíó ÷åðãèiñíó¹ äëÿ áóäü-ÿêèõ çíà÷åíü β íà âiäìiíó âiä êëàñè÷íî¨ ñèñòåìè M/M/1, äëÿ ÿêî¨âií iñíó¹ ëèøå ïðè β > 1.4. Çàäà÷à îïòèìàëüíîãî âèáîðó iíòåíñèâíîñòi �øâèäêîãî� îáñëóãîâó-âàííÿ. �îçãëÿíåìî åêîíîìi÷íèé �óíêöiîíàë ÿêîñòi �óíêöiîíóâàííÿ ñèñòåìè îáñëó-ãîâóâàííÿ ó âèãëÿäi

Iγ = crtr + c1P1 + c2P2, (7)äå cr � øòðà� çà îäèíèöþ ÷àñó ïåðåáóâàííÿ ó ÷åðçi; Pi � ñåðåäíié âiäíîñíèé ÷àñ âèêî-ðèñòàííÿ i-ãî ðåæèìó; ci � âàðòiñòü îäèíèöi ÷àñó âèêîðèñòàííÿ i-ãî ðåæèìó, i = 1, 2.Çà�iêñó¹ìî iíòåíñèâíiñòü �ïîâiëüíîãî� îáñëóãîâóâàííÿ µ1, òîäi ìîæíà ââàæàòè, ùî
c1 = const. Ïðèïóñòèìî, ùî c2 = c2(γ) = c1/γ, äå γ = µ1/µ2, 0 < γ < 1. Ââàæàþ÷èçàäàíèìè ïàðàìåòðè β i l, âèáèðàòèìåìî ïàðàìåòð γ òàê, ùîá ìiíiìiçóâàòè ñåðåäíiéðèçèê Iγ .Çðîçóìiëî, ùî

P1 =

m+1
∑

k=1

p k; P2 =

m
∑

k=l+1

q k,òîìó ïiñëÿ ïiäñòàíîâêè âèðàçiâ äëÿ tr, P1 i P2 ó ñïiââiäíîøåííÿ (7) îäåðæèìî ÿâíóçàëåæíiñòü �óíêöiîíàëà Iγ âiä ïàðàìåòðà γ. Çàäà÷ó çâåäåíî äî ìiíiìiçàöi¨ �óíêöi¨
Iγ = Iγ(γ) íà ïðîìiæêó 0 < γ < 1.



96 Êîñòÿíòèí ÆÅ�ÍÎÂÈÉÄîñòàòíi óìîâè iñíóâàííÿ ìiíiìóìó �óíêöiîíàëà (7) âèçíà÷à¹ òåîðåìà 1.Òåîðåìà 1. ßêùî c2 = c1/γ, i1) äëÿ m < ∞, β 6= 1 âèêîíóþòüñÿ óìîâè
(

(lβ + 1)(1 + β)m−l − mβ − 1
)

(βl+2 − 1)2(1 + β)2(m−l)

λ
(

(1 + β)m−l − 1
)(

(βl+2 − 1)(1 + β)m−l − β + 1
)2 <

c1

cr

<

<

(

(lβ + 1)(1 + β)m−l − mβ − 1
)(

(βl+3 − 1)(1 + β)m−l − β + 1)2

λ
(

(1 + β)m−l − 1
)(

(βl+2 − 1)(1 + β)m−l − β + 1
)2

β2
;

(8)

γ∗ =
β

|β − 1|
(

(1 + β)m−l − 1
)

(

√

c1λ
(

(1 + β)m−l − 1
)

cr

(

(lβ + 1)(1 + β)m−l − mβ − 1
)×

×|(βl+2 − 1)(1 + β)m−l − β + 1| − |βl+2 − 1|(1 + β)m−l

)

;2) äëÿ m < ∞, β = 1 âèêîíóþòüñÿ óìîâè
(l + 2)222(m−l)

(

(l + 1)2m−l − m − 1
)

λ(2m−l − 1)
(

(l + 2)2m−l − 1
)2 <

c1

cr

<

<

(

(l + 3)2m−l − 1
)2(

(l + 1)2m−l − m − 1
)

λ(2m−l − 1)
(

(l + 2)2m−l − 1
)2 ;

(9)

γ∗ =
(

(l + 2)2m−l − 1
)

√

c1λ

cr(2m−l − 1)
(

(l + 1)2m−l − m − 1
) −

(l + 2)2m−l

2m−l − 1
;3) äëÿ m = ∞, β 6= 1 âèêîíóþòüñÿ óìîâè

βl + 1

λ
<

c1

cr

<
(βl + 1)(βl+3 − 1)2

λβ2(βl+2 − 1)2
; (10)

γ∗ =
β(βl+2 − 1)

β − 1

(
√

c1λ

cr(βl + 1)
− 1

)

;4) äëÿ m = ∞, β = 1 âèêîíóþòüñÿ óìîâè
l + 1

λ
<

c1

cr

<
(l + 1)(l + 3)2

λ(l + 2)2
; (11)

γ∗ = (l + 2)

(
√

c1λ

cr(l + 1)
− 1

)

;òî ìiíiìóì �óíêöiîíàëà Iγ íà ìíîæèíi γ ∈ (0; 1) iñíó¹ i äîñÿãà¹òüñÿ äëÿ γ = γ∗.Äîâåäåííÿ. Ïîõiäíà �óíêöi¨ Iγ(γ) ìà¹ âèãëÿä
I ′γ(γ) = a1

(

a2(a3 + a4γ)2 − a5

)

,äå ñòàëi ai (i = 1, 5) äîäàòíi. Âèêîíàííÿ óìîâ (8)-(11) (ñâî¨õ äëÿ êîæíîãî âè-ïàäêó âiäïîâiäíî) çàáåçïå÷ó¹ íàëåæíiñòü êîðåíÿ γ∗ ðiâíÿííÿ I ′γ(γ) = 0 ïðîìiæêó
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(0; 1). �ðà�iêîì �óíêöi¨ y = y(γ) = I ′γ(γ) ¹ ïàðàáîëà, ãiëêè ÿêî¨ ñïðÿìîâàíi âãî-ðó, à âåðøèíà ïåðåáóâà¹ â òî÷öi ç êîîðäèíàòàìè (γ0, y0), äå γ0 = −a3/a4 < 0,
y0 = y(γ0) = −a1a5 < 0. Îñêiëüêè y(γ∗) = 0 i γ∗ ∈ (0; 1), òî y(γ∗−ε) < 0, y(γ∗+ε) > 0äëÿ ÿê çàâãîäíî ìàëîãî ε > 0, à öå îçíà÷à¹, ùî â òî÷öi γ = γ∗ �óíêöiÿ Iγ(γ) äîñÿãà¹ìiíiìóìó. Òåîðåìó äîâåäåíî.Çàóâàæåííÿ 1. ßêùî ðîçãëÿäàòè ìiíiìóì �óíêöiîíàëà Iγ äëÿ âñiõ γ > 0, òî òåî-ðåìà 1 çàëèøà¹òüñÿ ïðàâèëüíîþ çà óìîâè âèêîíàííÿ ëèøå ïåðøèõ ÷àñòèí ïîäâiéíèõíåðiâíîñòåé (8)-(11).5. Çàäà÷à îïòèìàëüíîãî âèáîðó ïîðîãà ïåðåìèêàííÿ íà �øâèäêå� îá-ñëóãîâóâàííÿ. Çi çáiëüøåííÿì ïîðîãà ïåðåìèêàííÿ íà �øâèäêå� îáñëóãîâóâàííÿ
l çíà÷åííÿ �óíêöiîíàëà âèãëÿäó (7) çðîñòà¹, òîìó çàäà÷à éîãî ìiíiìiçàöi¨ çà ïàðà-ìåòðîì l íå ìà¹ íåòðèâiàëüíîãî ðîçâ'ÿçêó. ßêiñòü �óíêöiîíóâàííÿ ñèñòåìè îáñëó-ãîâóâàííÿ ç âòðàòàìè çàìîâëåíü çàëåæèòü âiä iìîâiðíîñòi âòðàòè çàìîâëåííÿ, òîìóâðàõîâóâàòèìåìî ¨¨ ó âèðàçi äëÿ åêîíîìi÷íîãî �óíêöiîíàëà.Ââàæàþ÷è çàäàíèìè ïàðàìåòðè β > 0, γ ∈ (0; 1), äëÿ ñèñòåìè áåç îáìåæåíü íàäîâæèíó ÷åðãè (m = ∞) âèáèðàòèìåìî ïàðàìåòð l òàê, ùîá ìiíiìiçóâàòè ñåðåäíiéðèçèê

Il = crtr + câPâ,äå cr � øòðà� çà îäèíèöþ ÷àñó ïåðåáóâàííÿ ó ÷åðçi; Pâ = 1 − Pîáñ � iìîâiðíiñòüâòðàòè çàìîâëåííÿ; câ � øòðà� çà âòðàòó îäíîãî çàìîâëåííÿ.Ïiñëÿ ïiäñòàíîâêè âèðàçiâ äëÿ tr i Pâ ó ñïiââiäíîøåííÿ äëÿ Il ìàòèìåìî çàäà÷óìiíiìiçàöi¨ �óíêöi¨ Il = Il(l) öiëî÷èñåëüíî¨ çìiííî¨ l ≥ 1. Öþ çàäà÷ó ìè çìîæåìîðîçâ'ÿçàòè, ÿêùî ìiíiìiçó¹ìî �óíêöiþ Il(l) äëÿ âñiõ äiéñíèõ l ≥ 1.Òåîðåìà 2. 1) ßêùî β 6= 1 i
câ
cr

≥

(

β(β2 + β + 1) + γ
)2(

γ(β − 1) − β
)

(β3 − 1 − β2 lnβ)

λγβ5(β − 1)(β2 + β + 1)2 lnβ
, (12)òî ìiíiìóì �óíêöiîíàëà Il íà ìíîæèíi äiéñíèõ l ≥ 1 iñíó¹ i äîñÿãà¹òüñÿ äëÿ l = l∗,äå l∗ � ¹äèíèé íà ïðîìiæêó [1; ∞) äiéñíèé êîðiíü ðiâíÿííÿ

(

β(βl+2 − 1) + γ(β − 1)
)2((

γ(β − 1) − β
)(

βl+2 − 1 − (lβ + 1)βl+1 lnβ
)

+ βl+2 lnβ
)

λγβl+4(β − 1)(βl+2 − 1)2 lnβ
=

=
câ
cr

;

(13)2) ÿêùî β = 1 i
câ
cr

≥
(γ + 3)2(2γ + 5)

18λγ
, (14)òî ìiíiìóì �óíêöiîíàëà Il íà ìíîæèíi äiéñíèõ l ≥ 1 iñíó¹ i äîñÿãà¹òüñÿ äëÿ l = l∗,äå l∗ � ¹äèíèé íà ïðîìiæêó [1; ∞) äiéñíèé êîðiíü ðiâíÿííÿ

(γ + l + 2)2(l2 + 4l + 2γ)

2λγ(l + 2)2
=

câ
cr

. (15)
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I ′l(l) = a(l)

(

crfr(l) − câfâ(l)),äå a(l) > 0, fr(l) > 0 i fâ(l) > 0 äëÿ âñiõ l ≥ 1. Âèÿâëÿ¹òüñÿ, ùî �óíêöiÿ F (l) =
= fr(l)/fâ(l) ìîíîòîííî çðîñòà¹ äëÿ âñiõ l ≥ 1, òîìó íà ïðîìiæêó [1; ∞) ðiâíÿííÿ
I ′l(l) = 0 ìà¹ ¹äèíèé äiéñíèé êîðiíü l = l∗, ÿêùî câ/cr ≥ F (1) (òîáòî âèêîíóþòüñÿóìîâè (12) àáî (14) âiäïîâiäíî äëÿ β 6= 1 i β = 1).Îñêiëüêè F (l∗) = câ/cr, òî íåðiâíiñòü I ′l (l

∗ − ε) < 0 åêâiâàëåíòíà íåðiâíîñòi
F (l∗) > F (l∗− ε), à íåðiâíiñòü I ′l (l

∗ + ε) > 0 åêâiâàëåíòíà íåðiâíîñòi F (l∗) < F (l∗ + ε)äëÿ ÿê çàâãîäíî ìàëîãî ε > 0. Àëå �óíêöiÿ F (l) çðîñòàþ÷à, òîìó I ′l(l
∗ − ε) < 0 i

I ′l(l
∗ + ε) > 0, òîáòî â òî÷öi l = l∗ �óíêöiÿ Il(l) äîñÿãà¹ ìiíiìóìó. Òåîðåìó äîâåäåíî.Çàóâàæåííÿ 2. Ùîá çíàéòè âiäíîøåííÿ câ/cr, äëÿ ÿêîãî äîñÿãà¹òüñÿ ìiíiìóì �óíê-öiîíàëà Il ïðè �iêñîâàíîìó öiëîìó l∗ ≥ 1, äîñòàòíüî öå çíà÷åííÿ l∗ ïiäñòàâèòè ó ëiâó÷àñòèíó ðiâíîñòi (13) àáî (15) âiäïîâiäíî äëÿ β 6= 1 i β = 1.Çàóâàæåííÿ 3. Äëÿ âåëèêèõ çíà÷åíü l ïîâåäiíêà ñåðåäíüîãî ÷àñó ïåðåáóâàííÿ ó÷åðçi tr i ñàìîãî �óíêöiîíàëà Il ñèëüíî çìiíþ¹òüñÿ ïðè ïåðåõîäi çíà÷åííÿ β ÷åðåçîäèíèöþ. Áåçïîñåðåäíiì îá÷èñëåííÿì ãðàíèöü ìîæíà ïåðåêîíàòèñÿ:1) ÿêùî β ∈ (0; 1], òî

lim
l→∞

tr(l) = +∞; lim
l→∞

Pâ(l) =
γ(β − 1)

γ(β − 1) − β
; lim

l→∞

Il(l) = +∞;2) ÿêùî β > 1, òî
lim

l→∞

tr(l) =
1

λβ(β − 1)
; lim

l→∞

Pâ(l) = 0; lim
l→∞

Il(l) =
cr

λβ(β − 1)
.Çàóâàæåííÿ 4. Îñêiëüêè äëÿ öi¹¨ ñèñòåìè îáñëóãîâóâàííÿ P2 = Pâ, òî òâåðäæåííÿòåîðåìè 2 âèêîíó¹òüñÿ òàêîæ äëÿ �óíêöiîíàëà

Ĩl = crtr + c2P2,äå P2 � ñåðåäíié âiäíîñíèé ÷àñ âèêîðèñòàííÿ ðåæèìó �øâèäêîãî� îáñëóãîâóâàííÿ;
c2 � âàðòiñòü îäèíèöi ÷àñó âèêîðèñòàííÿ öüîãî ðåæèìó. Ó òåîðåìi äëÿ �óíêöiîíàëà
Ĩl òðåáà ëèøå çàìiíèòè câ íà c2 ó �îðìóëàõ (12)-(15).6. Çàäà÷à îïòèìàëüíîãî âèáîðó ïîðîãà ïåðåìèêàííÿ íà ðåæèì áëî-êóâàííÿ âõiäíîãî ïîòîêó. Íåõàé γ = 1, òîáòî âíàñëiäîê ïåðåâèùåííÿ ïîðîãîâîãîçíà÷åííÿ l âiäáóâà¹òüñÿ ëèøå áëîêóâàííÿ âõiäíîãî ïîòîêó, à ðåæèì îáñëóãîâóâàííÿíå çìiíþ¹òüñÿ. Ââàæàþ÷è çàäàíèì ïàðàìåòð β > 0, äëÿ ñèñòåìè áåç îáìåæåíü íàäîâæèíó ÷åðãè (m = ∞) âèáèðàòèìåìî ïàðàìåòð l òàê, ùîá ìiíiìiçóâàòè ñåðåäíiéðèçèê, ÿêèé âðàõîâó¹ øòðà�è çà ÷àñ ïåðåáóâàííÿ ó ÷åðçi òà çà âòðàòó çàìîâëåíü

Il1 = crtr + câPâ.Òåîðåìà 3. 1) ßêùî β 6= 1 i
câ
cr

≥
(β4 − 1)2

(

β2(2β + 1) lnβ − β3 + 1
)

λβ5(β − 1)(β3 − 1)2 lnβ
,
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l = l∗, äå l∗ � ¹äèíèé íà ïðîìiæêó [1; ∞) äiéñíèé êîðiíü ðiâíÿííÿ

(βl+3 − 1)2
(

βl+1(βl + β + 1) lnβ − βl+2 + 1
)

λβl+4(β − 1)(βl+2 − 1)2 lnβ
=

câ
cr

;2) ÿêùî β = 1 i
câ
cr

≥
56

9λ
,òî ìiíiìóì �óíêöiîíàëà Il1 íà ìíîæèíi äiéñíèõ l ≥ 1 iñíó¹ i äîñÿãà¹òüñÿ äëÿ

l = l∗, äå l∗ � ¹äèíèé íà ïðîìiæêó [1; ∞) äiéñíèé êîðiíü ðiâíÿííÿ
(l + 3)2(l2 + 4l + 2)

2λ(l + 2)2
=

câ
cr

.Äîâåäåííÿ. Ôóíêöiîíàë Il1 � öå ÷àñòêîâèé âèïàäîê �óíêöiîíàëà Il ïðè γ = 1. Òåî-ðåìà 2 çàëèøà¹òüñÿ ïðàâèëüíîþ i äëÿ γ = 1. Òîìó ïiäñòàâëÿþ÷è γ = 1 ó ñïiââiä-íîøåííÿ (12)-(15), îäåðæèìî òâåðäæåííÿ òåîðåìè 3.7. Çàäà÷à îïòèìàëüíîãî âèáîðó iíòåíñèâíîñòi îáñëóãîâóâàííÿ áåç ïå-ðåõîäó íà �øâèäêå� îáñëóãîâóâàííÿ. Íåõàé, ÿê i â ïîïåðåäíüîìó ïóíêòi, γ = 1.Ââàæàþ÷è çàäàíèì ïîðîãîâèé ðiâåíü l, äëÿ ñèñòåìè ç íåîáìåæåíîþ ÷åðãîþ (m = ∞)âèáèðàòèìåìî ïàðàìåòð β òàê, ùîá ìiíiìiçóâàòè ñåðåäíié ðèçèê
Iβ = crtr + c1(β)P1,äå P1 = 1 − p0 � ñåðåäíié âiäíîñíèé ÷àñ ðîáî÷îãî ðåæèìó ñèñòåìè (êîå�iöi¹íò âè-êîðèñòàííÿ ñèñòåìè), c1(β) � âàðòiñòü îäèíèöi ÷àñó ðîáîòè ñèñòåìè â ðåæèìi îáñëó-ãîâóâàííÿ ç �iêñîâàíîþ iíòåíñèâíiñòþ µ1 = λβ. Çàãàëîì çãiäíî ç ¨¨ åêîíîìi÷íèìçìiñòîì çàëåæíiñòü c1(β) çðîñòàþ÷à. Ìè îáìåæèìîñü âèïàäêîì, êîëè c1(β) = c∗1β

k,äå k > 0, c∗1 = c1(1).Òåîðåìà 4. ßêùî c1(β) = c∗1β
k, òî äëÿ �óíêöi¨ Iβ = Iβ(β) âèêîíóþòüñÿ ãðàíè÷íiñïiââiäíîøåííÿ

lim
β→∞

Iβ(β) =











0, k ∈ (0; 1);

c∗1, k = 1;

+∞, k > 1.

(18)ßêùî k > 1, òî ìiíiìóì �óíêöiîíàëà Iβ iñíó¹ i äîñÿãà¹òüñÿ äëÿ β = β∗, äå (çà-ëåæíî âiä çíà÷åííÿ l) β∗ � ¹äèíèé àáî îäèí ç äîäàòíèõ êîðåíiâ ðiâíÿííÿ
F1(β) =

cr

c∗1
, (19)

F1(β) = f1(β)/fr(β),

f1(β) = λβk+2(β − 1)2(βl+2 − 1)2
(

(k − 1)β2l+5 + (l + 3 − k)βl+3−

−(l + 2 + k)βl+2 + k
)

;

fr(β) = (βl+3 − 1)2
(

(βl+3 − β2 − β − lβ2 + lβ + 1)
(

(l + 5)βl+3 − (l + 4)βl+2−

−3β + 2
)

− β(β − 1)(βl+2 − 1)
(

(l + 3)βl+2 − 2β − 2lβ + l − 1
))

,ÿêèé íàëåæèòü ïðîìiæêó çðîñòàííÿ �óíêöi¨ F1(β).
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tr =

βl+3 − lβ3 + lβ2 − 2β2 + β + (β − 1)2(lβ + 1)

λβ2(β − 1)(βl+2 − 1)
, P1 =

βl+2 − 1

βl+3 − 1
;

lim
β→∞

tr(β) = 0; lim
β→∞

βkP1(β) =











0, k ∈ (0; 1);

1, k = 1;

+∞, k > 1.�îçãëÿíåìî âèïàäîê, êîëè k > 1. Ïîõiäíà �óíêöi¨ Iβ(β) ìà¹ âèãëÿä
I ′β(β) = a1(β)

(

c∗1f1(β) − crfr(β)
)

,äå a1(β) > 0, f1(β) > 0, fr(β) > 0 äëÿ âñiõ β > 0, òîìó ðiâíÿííÿ I ′β(β) = 0 çâîäèòüñÿäî âèãëÿäó (19). Ôóíêöiÿ F1(β) ¹ ìîíîòîííî çðîñòàþ÷îþ äëÿ β > 0 íå äëÿ âñiõ
l ≥ 1. Àëå F1(0) = 0, F1(β) > 0 ïðè β > 0 i lim

β→∞

F1(β) = +∞, òîìó äëÿ �óíêöi¨
F1(β) äëÿ âñiõ l ≥ 1 îáîâ'ÿçêîâî çíàéäåòüñÿ õî÷à á îäèí ïðîìiæîê, íà ÿêîìó âîíàìîíîòîííî çðîñòà¹. Öå îçíà÷à¹, ùî ðiâíÿííÿ (19) ìà¹ õî÷à á îäèí äîäàòíèé êîðiíü,ÿêèé íàëåæèòü ïðîìiæêó çðîñòàííÿ �óíêöi¨ F1(β).ßêùî äëÿ äåÿêîãî l ≥ 1 ðiâíÿííÿ (19) ìà¹ ¹äèíèé êîðiíü β = β∗, òî âiíîáîâ'ÿçêîâî íàëåæèòü ïðîìiæêó çðîñòàííÿ �óíêöi¨ F1(β). Òîìó, âðàõîâóþ÷è, ùî
lim

β→+0
Iβ(β) = +∞, lim

β→∞

Iβ(β) = +∞, i ìiðêóþ÷è òàê ñàìî, ÿê ó äîâåäåííi òåîðåìè 2,ìîæíà ïåðåêîíàòèñü, ùî â òî÷öi β = β∗ �óíêöiÿ Iβ(β) äîñÿãà¹ ìiíiìóìó. ßêùî æäëÿ äåÿêîãî l ≥ 1 �óíêöiÿ F1(β) ìà¹ õî÷à á îäèí iíòåðâàë, íà ÿêîìó âîíà ñïàäà¹, òîðiâíÿííÿ (19) ìîæå ìàòè êiëüêà äîäàòíèõ êîðåíiâ, ÿêi íàëåæàòü iíòåðâàëàì çðîñ-òàííÿ F1(β). Êîæåí ç íèõ ¹ òî÷êîþ ëîêàëüíîãî ìiíiìóìó �óíêöi¨ Iβ(β). Àáñîëþòíèéìiíiìóì äîñÿãà¹òüñÿ äëÿ îäíîãî ç öèõ êîðåíiâ. Òåîðåìó äîâåäåíî.1. �ûêîâ Â.Â. Óïðàâëÿåìûå ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ / �ûêîâ Â.Â. //Èòîãèíàóêè è òåõíèêè. Ñåð. Òåîðèÿ âåðîÿòí. Ìàò. ñòàò. Òåîð. êèáåðíåò. � 1975. � Ò. 12.� Ñ.43-153.2. Äóäèí À.Í. Ïðàêòèêóì íà ÝÂÌ ïî òåîðèè ìàññîâîãî îáñëóæèâàíèÿ: Ó÷åáíîå ïîñîáèå./ Äóäèí À.Í., Ìåäâåäåâ �.À., Ìåëåíåö Þ.Â. � Ìèíñê, 2003.3. Ñîëîâüåâ À.Ä. Çàäà÷à îá îïòèìàëüíîì îáñëóæèâàíèè / Ñîëîâüåâ À.Ä. //Èçâ. ÀÍÑÑÑ�. Òåõí. êèáåðíåòèêà. � 1970. � �5. � Ñ. 40-50.OPTIMIZATION OF MODES OF SERVICEFOR THE M/M/1/M AND M/M/1 QUEUEING SYSTEMSWITH BLOCKING OF AN INPUT FLOWKostyantyn ZHERNOVYI
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omThe M/M/1/m and M/M/1 queueing systems with transition to a modeof �fast� servi
e and simultaneous blo
king of an input �ow under 
ondition ofex
ess of number of 
ustomers in system of some threshold level l are examined.Stationary 
hara
teristi
s of systems are de�ned and following problems of anoptimum 
hoi
e are solved for: 1) intensity of �fast� servi
e; 2) a threshold ofswit
hing on �fast� servi
e; 3) a threshold of swit
hing on a mode of blo
kingof an input �ow; 4) intensity of servi
e without transition to �fast� servi
e.Key words: the M/M/1/m and M/M/1 queueing systems, blo
king of aninput �ow, optimization of modes of servi
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omÈçó÷åíû ñèñòåìû îáñëóæèâàíèÿ M/M/1/m è M/M/1, â êîòîðûõ îñó-ùåñòâëÿåòñÿ ïåðåõîä íà �áûñòðîå� îáñëóæèâàíèå è îäíîâðåìåííîå áëîêè-ðîâàíèå âõîäÿùåãî ïîòîêà ïðè óñëîâèè ïðåâûøåíèÿ ÷èñëà çàÿâîê â ñèñòå-ìå íåêîòîðîãî ïîðîãîâîãî óðîâíÿ l. Îïðåäåëåíû ñòàöèîíàðíûå õàðàêòå-ðèñòèêè ñèñòåì è ðåøåíû çàäà÷è îïòèìàëüíîãî âûáîðà: 1) èíòåíñèâíîñòè�áûñòðîãî� îáñëóæèâàíèÿ; 2) ïîðîãà ïåðåêëþ÷åíèÿ íà �áûñòðîå� îáñëóæè-âàíèå; 3) ïîðîãà ïåðåêëþ÷åíèÿ íà ðåæèì áëîêèðîâàíèÿ âõîäÿùåãî ïîòîêà;4) èíòåíñèâíîñòè îáñëóæèâàíèÿ áåç ïåðåõîäà íà �áûñòðîå� áñëóæèâàíèå.Êëþ÷åâûå ñëîâà: ñèñòåìû M/M/1/m è M/M/1, áëîêèðîâàíèå âõî-äÿùåãî ïîòîêà, îïòèìèçàöèÿ ðåæèìîâ îáñëóæèâàíèÿ.Ñòàòòÿ íàäiéøëà äî ðåäêîëåãi¨ 07.10.2009Ïðèéíÿòà äî äðóêó 16.12.2009
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P, Q, ùî

PAQ =



















d1 0 . . . 0 0 0
0 d2 . . . 0 0 0... ... . . . ... ... ...
0 0 . . . dr 0 0
0 0 . . . 0 0 0
0 0 . . . 0 0 0



















= D.Îñêiëüêè â îäèíè÷íî ðåãóëÿðíîìó êiëüöi äëÿ äîâiëüíîãî åëåìåíòà a ∈ R iñíó¹iäåìïîòåíò e i çâîðîòíèé åëåìåíò u òàêi, ùî au = e [8℄. Òîäi íåõàé diui = ei,
i = 1, 2, . . . , r, äå ui � çâîðîòíèé i e2

i
= e � iäåìïîòåíòè.Íåõàé

D =



















e1 0 . . . 0 0 0
0 e2 . . . 0 0 0... ... . . . ... ... ...
0 0 . . . er 0 0
0 0 . . . 0 0 0
0 0 . . . 0 0 0



















U,äå
U =



















u1 0 . . . 0 0 0
0 u2 . . . 0 0 0... ... . . . ... ... ...
0 0 . . . ur 0 0
0 0 . . . 0 1 0
0 0 . . . 0 0 1



















� çâîðîòíà ìàòðèöÿ.Çâiäñè
PAQU =



















e1 0 . . . 0 0 0
0 e2 . . . 0 0 0... ... . . . ... ... ...
0 0 . . . er 0 0
0 0 . . . 0 0 0
0 0 . . . 0 0 0



















= E,ïðè÷îìó E2 = E, òîáòî ìè äîâåëè, ùî îäèíè÷íî ðåãóëÿðíå êiëüöå ¹ êiëüöåì ç iäåì-ïîòåíòíîþ äiàãîíàëüíîþ ðåäóêöi¹þ ìàòðèöü.Íàâïàêè, íåõàé R � ðåãóëÿðíå êiëüöå, ÿêå ¹ iäåìïîòåíòíî äiàãîíàëiçîâàíèì,òîáòî äëÿ äîâiëüíî¨ êâàäðàòíî¨ ìàòðèöi A íàä R iñíóþòü çâîðîòíi ìàòðèöi P i Qâiäïîâiäíèõ ðîçìiðiâ òàêi, ùî PAQ = E � äiàãîíàëüíà ìàòðèöÿ, ïðè÷îìó E2 = E.Òîäi A = P−1EQ−1, çâiäñè
AQPA = P−1EQ−1QPP−1EQ−1 = P−1E2Q−1 = P−1EQ−1 = A.Îñêiëüêè åëåìåíò A äîâiëüíèé, òî ìè áà÷èìî, ùî êiëüöå êâàäðàòíèõ ìàòðèöü äî-âiëüíîãî ïîðÿäêó n > 1 îäèíè÷íî ðåãóëÿðíèé. Öå ìîæëèâî ëèøå òîäi, êîëè R �îäèíè÷íî ðåãóëÿðíå êiëüöå. Ñïðàâäi, îäèíè÷íî ðåãóëÿðíå êiëüöå ìîæíà îçíà÷èòè



104 Áîãäàí ÇÀÁÀÂÑÜÊÈÉÿê ðåãóëÿðíå êiëüöå ñòàáiëüíîãî ðàíãó 1 (òîáòî, ÿêùî aR + bR = R, äå a, b ∈ R, òîäiiñíóþòü åëåìåíòè x ∈ R i çâîðîòíèé åëåìåíò u, òàêi ùî a + bx = u) [7℄. Îñêiëüêèêiëüöå ìàòðèöü íàä êiëüöåì ñòàáiëüíîãî ðàíãó 1 ¹ ëèøå êiëüöåì ñòàáiëüíîãî ðàíãó1 [9℄, à êiëüöå ìàòðèöü Mn(R) ¹ ðåãóëÿðíå òîäi i ëèøå òîäi, êîëè R � ðåãóëÿðíå [7℄.òîäi, íàñïðàâäi, êiëüöå R ¹ îäèíè÷íî ðåãóëÿðíèì.Òåîðåìó äîâåäåíî. �1. �îëîâà÷åâà Ò.Â. Î äèàãîíàëèçèðóåìîñòè ðåãóëÿðíûõ ìàòðèö íàä êîëüöàìè / �îëîâà÷å-âà Ò.Â. //Ôóíäàìåíòàëüíàÿ è ïðèêëàäíàÿ ìàòåìàòèêà. � 1996. � Ò. 2, �1. � C. 103-111.2. Gilman L, Henriksen M. Some remarks about elementary divisor rings / Gilman L, Henri-ksen M. //Trans. Amer. Math. So
. � 1956. � Vol. 82. � P. 362-365.3. Ara P. Diagonalization of matri
es over regular rings / Ara P., Goodearl K., O'Meara K.C.,Pardo E. // Linear Algebra and Appl. � 1987. � Vol. 256. � P. 147-163.4. Puystjens R. On the diagonalization of von Neumann regular matri
es / Puystjens R., vanGell J. //A
ta Uniu. Coral. Math. Phy. � 1985. � Vol. 26, �2. � P. 51-56.5. Steger A. Diagonability of idempotente matri
es / Steger A. //Pa
i�
 J. Math. � 1966. �Vol. 19, �3. � P. 535-542.6. Huylebrou
k D. Diagonal and von Neumann regular matri
es over a Dedeking domain/ Huylebrou
k D. //Portu
al. Math. � 1994. � Vol. 51, �2. � P. 291-303.7. Goodeare K.R. Von Neumann regular rings / Goodeare K.R. � Pitman, London-San,Fran
is
o-Mellaume, 1979.8. Henriksen M. On a 
lass of regular rings that are elementary divisor rings / Henriksen M.//Ar
h. Mat. � 1973. � Vol. 24, �2. � P. 133-141.9. Vaserstein L.N. Bass's �rst stable range 
ondition / Vaserstein L. N. // J. Pure and Appl.Alg. � 1984. � Vol. 34. � P. 319-330.REGULAR RINGS WITH AN IDEMPOTENT DIAGONALREDUCTION OF MATRICESBogdan ZABAVSKYIvan Franko National University of L'viv,79000, L'viv, Universytets'ka Str., 1e-mail: b_zabava�franko.lviv.uaIt was shown, that only unit regular ring is a ring with an idempotentdiagonal redu
tion in the 
lass of regular ring.Key words: regular ring, redu
tion of matri
es.
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ÂIÑÍÈÊ ËÜÂIÂ. ÓÍ-ÒÓ VISNYK LVIV UNIV.Ñåðiÿ ìåõ.-ìàò. 2009. Ser. Me
h. Math. 2009.Âèï. 71. Ñ. 106�112 Is. 71. P. 106�112ÓÄÊ 517.95Ï�Î �ÄÈÍIÑÒÜ �ÎÇÂ'ßÇÊÓ ÎÄÍI�� ÅÂÎËÞÖIÉÍÎ�ÂÀ�IÀÖIÉÍÎ� ÍÅ�IÂÍÎÑÒI ÂÈÙÎ�Î ÏÎ�ßÄÊÓÇ ÒÅÎ�I� ÏËÀÑÒÈÍÏàâëî ÇÀ�Î�ÁÅÍÑÜÊÈÉ, Ìèêîëà ÁÓ��IÉ, Îëåã ÁÓ��IÉËüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,79000, Ëüâiâ, âóë. Óíiâåðñèòåòñüêà, 1e-mail: ol_buhrii�i.ua�îçãëÿíóòî ïiâëiíiéíó åâîëþöiéíó âàðiàöiéíó íåðiâíiñòü âèùîãî ïîðÿä-êó. Ïîêàçàíî, ùî âîíà îïèñó¹ êîëèâíi ïðîöåñè â òåîði¨ ïëàñòèí. Çíàéäåíîóìîâè ¹äèíîñòi ðîçâ'ÿçêó öi¹¨ íåðiâíîñòi.Êëþ÷îâi ñëîâà: òåîðiÿ ïëàñòèí, âàðiàöiéíà íåðiâíiñòü âèùîãî ïîðÿäêó,¹äèíiñòü ðîçâ'ÿçêó.1. Ìiøàíi çàäà÷i äëÿ ðiâíÿííÿ
utt + (−1)m∆mu+ c|u|p−2u+ g|ut|

q−2ut = f (1.1)ðîçãëÿäàëè áàãàòî àâòîðiâ. Ó âèïàäêó m = 1 òàêi çàäà÷i äîñëiäæóâàëè â [1℄-[3℄.ßêùî m ≥ 2, òî òàêèì çàäà÷àì ïðèñâÿ÷åíi ïðàöi [2℄, [4℄, [5℄. Âiäïîâiäíi âàðiàöiéíiíåðiâíîñòi âèâ÷åíî â [1℄, [6℄-[8℄. Îñòàííiì ÷àñîì çãàäàíi çàäà÷i ïî÷àëè ðîçãëÿäàòèäëÿ p òà q, ÿêi ¹ �óíêöiÿìè íåçàëåæíèõ çìiííèõ (äèâ., íàïðèêëàä, [9℄). Íàøà ìåòà� ðîçãëÿíóòè âàðiàöiéíó íåðiâíiñòü äëÿ ðiâíÿííÿ òèïó (1.1) ç m = 2, c = 0, q = q(x),ÿêà âèíèêà¹ â òåîði¨ ïëàñòèí i äîâåñòè òåîðåìó ¹äèíîñòi ¨¨ ðîçâ'ÿçêó.Íåõàé Ω ⊂ R
n � îáìåæåíà îáëàñòü ç ìåæåþ ∂Ω ⊂ C1, Qt1,t2 = Ω × (t1, t2),

0 ≤ t1 < t2 ≤ T . �îçãëÿíåìî âàðiàöiéíó íåðiâíiñòü
∫

Q0,τ

[

utt(v − ut) +
∑

|α|=|β|≤2

aαβD
αu(Dβv −Dβut) +

∑

|α|=|β|≤1

bαβD
αut(D

βv −Dβut) +

+g|ut|
q(x)−2ut(v−ut)

]

dxdt+

τ
∫

0

ϕ(v(t)) dt−

τ
∫

0

ϕ(ut(t)) dt ≥

∫

Q0,τ

f(v−ut) dxdt, (1.2)äå τ ∈ (0, T ], v � ïðîáíà �óíêöiÿ; ϕ � äåÿêèé �óíêöiîíàë ç ïî÷àòêîâèìè óìîâàìè
u|t=0 = u0, ut|t=0 = u1. (1.3)
© Çàãîðáåíñüêèé Ï., Áóãðié Ì., Áóãðié Î., 2009



Ï�Î �ÄÈÍIÑÒÜ �ÎÇÂ'ßÇÊÓ ÎÄÍI�� ÅÂÎËÞÖIÉÍÎ� ÂÀ�IÀÖIÉÍÎ� ... 107Ó äðóãié ÷àñòèíi ñòàòòi ðîçãëÿíóòî îäíó çàäà÷ó ç òåîði¨ ïëàñòèí äëÿ ðiâíÿííÿâèãëÿäó (1.1) ç q = q(x). Ïîêàçàíî, ùî ¨¨ óçàãàëüíåíèé ðîçâ'ÿçîê çàäîâîëüíÿ¹ âà-ðiàöiéíó íåðiâíiñòü òèïó (1.2). Òðåòÿ ÷àñòèíà ñòàòòi ïðèñâÿ÷åíà çíàõîäæåííþ óìîâ¹äèíîñòi ðîçâ'ÿçêó (1.2). Äëÿ ñïðîùåííÿ ðîçãëÿíóòî ëèøå âèïàäîê îäíi¹¨ ïðîñòîðî-âî¨ çìiííî¨.ßêùî ϕ ≡ 0, q ≡ 2, òî ïðè äåÿêèõ äîäàòêîâèõ îáìåæåííÿõ iñíóâàííÿ òà ¹äèíiñòüðîçâ'ÿçêó (1.2) äîâåäåíî â [8℄.2. Ïðî îäíó ìîäåëü ç òåîði¨ ïëàñòèí. �îçãëÿíåìî îäíó çàäà÷ó ç òåîði¨ïëàñòèí (äèâ [1, ñ. 191-201℄). Ïëàñòèíó îòîòîæíèìî ç ìíîæèíîþ òî÷îê
Π =

{

x
∣

∣ x = (x1, x2, x3) ∈ R
3, (x1, x2) ∈ Ω, −

h

2
< x3 <

h

2

}

,äå h > 0 � òîâùèíà ïëàñòèíè; Ω ⊂ R
2 � îáìåæåíà îáëàñòü ç ìåæåþ ∂Ω ⊂ C1.Íåõàé u(x1, x2, t) � öå âåðòèêàëüíå âiäõèëåííÿ ñåðåäèííî¨ ïîâåðõíi ïëàñòèíè âiäãîðèçîíòàëüíî¨ ïëîùèíè â ìîìåíò ÷àñó t.Ïðèïóñòèìî, ùî:� òîâùèíà ïëàñòèíè h > 0 ìàëà;� ìàòåðiàë, ç ÿêîãî çðîáëåíà ïëàñòèíà, içîòðîïíèé i çàäîâîëüíÿ¹ çàêîí �óêà,òîáòî (äèâ [1, ñ. 194℄)

σij =
E

1 + ν

[

εij +
ν

1 − 2ν
εκκδij

]

, (2.1)äå ν � êîå�iöi¹íò Ïóàññîíà; E � ìîäóëü Þíãà; σij � åëåìåíòè òåíçîðà íà-ïðóæåíü â Π; εij � åëåìåíòè òåíçîðà äå�îðìàöié â Π.� ñèëè, ùî äiþòü íà ïëàñòèíó íîðìàëüíi i ìàþòü îá'¹ìíó ãóñòèíó (0, 0, g3).Àíàëîãi÷íî ÿê â [1, 
. 192℄ ââåäåìî óñåðåäíåíi ñèëó G3, òåíçîðè íàïðóæåíü Σiji ìîìåíòiâ Mij çà �îðìóëàìè
G3 =

h/2
∫

−h/2

g3 dx3, Σij =

h/2
∫

−h/2

σij dx3, Mij =

h/2
∫

−h/2

x3

3
∑

k=1

σi3kσkj dx3.Çà ïåâíèõ äîäàòêîâèõ îáìåæåíü (äèâ. [1, 
. 195, 196℄) ìàòèìåìî, ùî
Σij = O(h3), i = 1, 2, 3, j = 1, 2,

M11 =
E

1 + ν

h3

12
ux1x2

+O(h4),

M22 = −
E

1 + ν

h3

12
ux1x2

+O(h4),

M12 =
E

1 − ν2

h3

12
(νux1x1

+ ux2x2
) +O(h4),

M21 = −
E

1 − ν2

h3

12
(ux1x1

+ νux2x2
) +O(h4). (2.2)ßêùî D = Eh3

12(1−ν2) � ìîäóëü æîðñòêîñòi ïëàñòèíè íà çãèí, òî äëÿ çíàõîäæåííÿ�óíêöi¨ u (äèâ [1, ñ. 196, 200℄) îòðèìà¹ìî ðiâíÿííÿ
I +D∆2u = G3, (2.3)



108 Ïàâëî ÇÀ�Î�ÁÅÍÑÜÊÈÉ, Ìèêîëà ÁÓ��IÉ, Îëåã ÁÓ��IÉäå I � ñèëà iíåðöi¨. Íåõàé ρ � ïîâåðõíåâà ãóñòèíà ïëàñòèíè â íåäå�îðìîâàíîìó ñòàíi.Òîäi I = ρ h utt. Ïðèïóñòèìî, ùî çîâíiøíÿ ñèëà G3 ìiñòèòü ñêëàäîâó, çàëåæíó âiäøâèäêîñòi ðóõó ïëàñòèíè ut, à ñàìå, ùî G3 ìà¹ òàêèé âèãëÿä:
G3(x1, x2, t) = f(x1, x2, t) − g(x1, x2, t)|ut(x1, x2, t)|

α(x1,x2)ut(x1, x2, t), (2.4)äå f, g, α � âiäîìi �óíêöi¨. Â öüîìó âèïàäêó ðiâíÿííÿ (2.3) íàáóäå âèãëÿäó
ρ h utt +D∆2u+ g|ut|

α(x1,x2)ut = f. (2.5)Äîïîâíèìî éîãî êðàéîâèìè óìîâàìè
∆u|∂Ω×(0,T ) = 0, (2.6)

∂(D∆u)

∂ν

∣

∣

∣

∣

∂Ω×(0,T )

= Φ(u) (2.7)òà ïî÷àòêîâèìè óìîâàìè (1.3). Òóò Φ � íåïåðåðâíà íåñïàäíà �óíêöiÿ, u0, u1 ∈ L2(Ω).Ïîêàæåìî, ùî óçàãàëüíåíèé ðîçâ'ÿçîê öi¹¨ çàäà÷i çàäîâîëüíÿ¹ ïåâíó iíòåãðàëü-íó âàðiàöiéíó íåðiâíiñòü. Ïðèïóñòèìî äëÿ ñïðîùåííÿ, ùî ρh = 1 òà ùî ïîäàëüøiïåðåòâîðåííÿ çàêîííi. Íåõàé ν � îðò çîâíiøíüî¨ íîðìàëi äî ∂Ω,
〈Az, v〉 =

∫

Ω

[D∆z(x)∆v(x) + g|zt|
α(x1,x2)ztv] dx,

u � ðîçâ'ÿçîê çàäà÷i (2.5)-(2.7), (1.3). Äîìíîæèìî (2.5) íà ω = ω(x) i ïðîiíòåãðó¹ìîïî Ω. Îäåðæèìî ðiâíiñòü
∫

Ω

utt(t)ω dx+

∫

Ω

[D∆2u(t) + g(t)|ut(t)|
α(x1,x2)ut(t)]ω dx =

∫

Ω

f(t)ω dx. (2.8)Ñêîðèñòà¹ìîñÿ äðóãîþ �îðìóëîþ �ðiíà
∫

Ω

∆2uω dx =

∫

∂Ω

(∂∆u

∂ν
ω − ∆u

∂ω

∂ν

)

dSx +

∫

Ω

∆u∆ω dx.Âèêîðèñòàâøè óìîâè (2.6), (2.7), ç (2.8) ïiñëÿ iíòåãðóâàííÿ çà t ∈ (0, τ) ⊂ (0, T )îòðèìà¹ìî, ùî
∫

Q0,τ

uttω dxdt+

τ
∫

0

〈Au, ω〉 dt+

τ
∫

0

dt

∫

∂Ω

Φ(u)ω dSx =

∫

Q0,τ

fω dxdt. (2.9)Îñêiëüêè Φ(λ) ¹ ìîíîòîííî çðîñòàþ÷îþ �óíêöi¹þ, òî ϕ(λ) =
∫

Φ(λ) dλ � îïóêëà�óíêöiÿ. Òîìó ϕ(µ) − ϕ(λ) − Φ(λ)(µ − λ) ≥ 0. ßêùî
ψ(z) =

∫

∂Ω

ϕ(z(x)) dSx, (2.10)òî
ψ(v) − ψ(u) −

∫

∂Ω

Φ(u)(v − u) dSx =

∫

∂Ω

[ϕ(v) − ϕ(u) − Φ(u)(v − u)] dSx ≥ 0.



Ï�Î �ÄÈÍIÑÒÜ �ÎÇÂ'ßÇÊÓ ÎÄÍI�� ÅÂÎËÞÖIÉÍÎ� ÂÀ�IÀÖIÉÍÎ� ... 109Äîäàìî äî îáîõ ÷àñòèí (2.9) âèðàç ∫ τ

0 [ψ(v) − ψ(u)] dt, äå v = v(x, t) � äîâiëüíà�óíêöiÿ, âiçüìåìî ω = v − u

∫

Q0,τ

utt(t)(v−u(t)) dxdt+

τ
∫

0

〈Au, v−u〉 dt+

τ
∫

0

ψ(v) dt−

τ
∫

0

ψ(u) dt =

∫

Q0,τ

f(v−u) dxdt+

+

τ
∫

0

[

ψ(v) − ψ(u) −

∫

∂Ω

Φ(u)(v − u) dSx

]

dt ≥

∫

Q0,τ

f(v − u) dxdt. (2.11)Îòîæ, ðîçâ'ÿçîê çàäà÷i (2.5)-(2.7), (1.3) çàäîâîëüíÿ¹ åâîëþöiéíó âàðiàöiéíó íåðiâ-íiñòü òèïó (1.2) i âiäîìî, ùî óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (2.5)-(2.7), (1.3) ìîæíàââàæàòè �óíêöiþ u, ÿêà çàäîâîëüíÿ¹ (2.11) äëÿ âñiõ τ ∈ (0, T ] òà äëÿ âñiõ ïðîáíèõ�óíêöié v.3. Âàðiàöiéíà íåðiâíiñòü ÷åòâåðòîãî ïîðÿäêó. Ïåðåéäåìî äî ÷iòêîãî �îð-ìóëþâàííÿ òà äîâåäåííÿ îñíîâíîãî ðåçóëüòàòó íàøî¨ ñòàòòi. Íåõàé äëÿ ñïðîùåííÿ
Ω = (0, 1), Qt1,t2 = Ω × (t1, t2), 0 ≤ t1 < t2 ≤ T .Óçàãàëüíåíi ïðîñòîðè Ëåáåãà áóëè ââåäåíi â [10℄ i äîñëiäæóâàëè, çîêðåìà â [11℄.Íåõàé L∞

+ (Ω) = {v ∈ L∞(Ω) | ess inf
x∈Ω

v(x) > 1}, q ∈ L∞
+ (Ω). Âèçíà÷èìî �óíêöiî-íàë ρq(·,Ω) ðiâíiñòþ ρq(v,Ω) =

∫

Ω |v(x)|q(x)dx, äå v � äåÿêà �óíêöiÿ. Óçàãàëüíå-íèì ïðîñòîðîì Ëåáåãà Lq(x)(Ω) íàçèâàòèìåìî ìíîæèíó òàêèõ âèìiðíèõ �óíêöié
v : Ω → R

1, äëÿ ÿêèõ ρq(v,Ω) < +∞. Âiäîìî, ùî �óíêöiîíàë ρq ¹ ñëàáêî íàïiâíå-ïåðåðâíèì çíèçó íà Lq(x)(Ω) (äèâ. [10, 
. 208℄). Êðiì òîãî, Lq(x)(Ω) ¹ ðå�ëåêñèâíèìáàíàõîâèì ïðîñòîðîì ç íîðìîþ
||v;Lq(x)(Ω)|| = inf{λ > 0 : ρq(v/λ,Ω) ≤ 1}.Çàóâàæèìî òàêå: ÿêùî r(x) ≥ q(x), òî Lr(x)(Ω) ⊂ Lq(x)(Ω). Àíàëîãi÷íî äî Lq(x)(Ω)âèçíà÷èìî ïðîñòið Lq(x)(Q0,T ), ââiâøè çàìiñòü ρq(·,Ω) �óíêöiîíàë ρq(·, Q0,T ).Íåõàé V � çàìêíåíèé ïiäïðîñòið, H2

0 (Ω) ⊂ V ⊂ H2(Ω). Ïðèïóñòèìî, ùî âèêî-íóþòüñÿ óìîâè:(A): a, at ∈ L∞(Q0,T ), 0 < a0 ≤ a(x, t) < a0,
|at(x, t)| ≤ a1 ìàéæå äëÿ âñiõ (x, t) ∈ Q0,T ;(B): b ∈ L∞(Q0,T ), b(x, t) ≥ b0 ≥ 0 ìàéæå äëÿ âñiõ (x, t) ∈ Q0,T ;(C): c, ct ∈ L∞(Q0,T ), 0 < c0 ≤ c(x, t) < c0,
|ct(x, t)| ≤ c1 ìàéæå äëÿ âñiõ (x, t) ∈ Q0,T ;(H): h ∈ L∞(Q0,T ), |h(x, t)| ≤ h0 ìàéæå äëÿ âñiõ (x, t) ∈ Q0,T ;(G): g ∈ L∞(Q0,T ), 0 < g0 ≤ g(x, t) ≤ g0 ìàéæå äëÿ âñiõ (x, t) ∈ Q0,T ;(Φ): ϕ : V → (−∞,+∞] � îïóêëà �óíêöiÿ, ϕ 6≡ +∞;(F): f ∈ L2(Q0,T );(U): u0 ∈ H2(Ω), u1 ∈ L2(Ω).Îçíà÷åííÿ 1. Ôóíêöiÿ u : Q0,T → R

1 íàçèâà¹òüñÿ ðîçâ'ÿçêîì çàäà÷i
∫

Q0,τ

[utt(v − ut) + a(x, t)uxx(vxx − uxxt) + b(x, t)uxt(vx − uxt) + c(x, t)u(v − ut) +

+ h(x, t)ut(v − ut) + g(x, t)|ut|
q(x)−2ut(v − ut)] dxdt +
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+

τ
∫

0

ϕ(v(t)) dt−

τ
∫

0

ϕ(ut(t)) dt ≥

∫

Q0,τ

f(x, t)(v − ut) dxdt, (3.1)

u(0) = u0, ut(0) = u1, (3.2)ÿêùî u ∈ L2(0, T ;V ), ut ∈ L2(0, T ;V ) ∩ Lq(x)(Q0,T ), utt ∈ L2(Q0,T ) i u çàäîâîëüíÿ¹ïî÷àòêîâi óìîâè (3.2) òà åâîëþöiéíó âàðiàöiéíó íåðiâíiñòü (3.1) äëÿ âñiõ τ ∈ (0, T ]òà äëÿ âñiõ v ∈ L2(0, T ;V ).�îëîâíèé ðåçóëüòàò íàøî¨ ñòàòòi � òàêà òåîðåìà.Òåîðåìà 1. ßêùî âèêîíóþòüñÿ óìîâè (A)-(U), òî çàäà÷à (3.1), (3.2) íå ìîæåìàòè áiëüøå îäíîãî ðîçâ'ÿçêó.Äîâåäåííÿ. Íåõàé u1 òà u2 � ðîçâ'ÿçêè çàäà÷i (3.1), (3.2), τ ∈ (0, T ]. Â íåðiâíîñòi (3.1),çàïèñàíié äëÿ u1, ïðèéìåìî v = u2
t . Â íåðiâíîñòi (3.1), çàïèñàíié äëÿ u2, ïðèéìåìî

v = u1
t . Äîäàâøè îòðèìàíi íåðiâíîñòi, îäåðæèìî

∫

Q0,τ

[u1
tt(u

2
t − u1

t ) + u2
tt(u

1
t − u2

t ) + au1
xx(u2

xxt − u1
xxt) + au2

xx(u1
xxt − u2

xxt) +

+ bu1
xt(u

2
xt − u1

xt) + bu2
xt(u

1
xt − u2

xt) + hu1
t (u

2
t − u1

t ) + hu2
t (u

1
t − u2

t ) +

+ g|u1
t |

q(x)−2u1
t (u

2
t − u1

t ) + g|u2
t |

q(x)−2u2
t (u

1
t − u2

t ) +

+ cu1(u2
t − u1

t ) + cu2(u1
t − u2

t )] dxdt ≥ 0, (3.3)áî äîäàíêè ç f òà ϕ ñêîðîòÿòüñÿ. Ïåðåïèøåìî öþ íåðiâíiñòü ó âèãëÿäi
∫

Q0,τ

[

(u2
tt − u1

tt)(u
2
t − u1

t ) + a(u2
xx − u1

xx)(u2
xxt − u1

xxt) +

+ b|u2
xt − u1

xt|
2 + c(u2 − u1)(u2

t − u1
t ) +

+ g(|u1
t |

q(x)−2u1
t − |u2

t |
q(x)−2u2

t )(u
2
t − u1

t )
]

dxdt ≤ −

∫

Q0,τ

h|u1
t − u2

t |
2 dxdt. (3.4)Çiíòåãðóâàâøè ÷àñòèíàìè òà âðàõóâàâøè ïî÷àòêîâi óìîâè (3.2), îòðèìà¹ìî

1

2

∫

Ω

[

|u2
t (τ) − u1

t (τ)|
2 + a(τ)|u2

xx(τ) − u1
xx(τ)|2 + c(τ)|u2(τ) − u1(τ)|2

]

dx+

+

∫

Q0,τ

b|u2
xt − u1

xt|
2dxdt ≤

1

2

∫

Q0,τ

[

at|u
2
xx − u1

xx|
2 + ct|u

2 − u1|2 − h|u1
t − u2

t |
2
]

dxdt.Âèêîðèñòàâøè óìîâè òåîðåìè, îäåðæèìî íåðiâíiñòü
∫

Ω

[

|u2
t (τ) − u1

t (τ)|
2 + a0|u

2
xx(τ) − u1

xx(τ)|2 + c0|u
2(τ) − u1(τ)|2

]

dx ≤

≤

∫

Q0,τ

[

a1|u2
xx − u1

xx|
2 + c1|u2 − u1|2 + 2h0|u1

t − u2
t |

2
]

dxdt. (3.5)
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w(τ) =

∫

Ω

[

|u2
t (τ) − u1

t (τ)|
2 + |u2

xx(τ) − u1
xx(τ)|2 + |u2(τ) − u1(τ)|2

]

dx, τ ∈ (0, T ].Òîäi ç (3.5) îòðèìà¹ìî, ùî w(τ) ≤ C1

∫ τ

0 w(t) dt äëÿ âñiõ τ ∈ (0, T ], äå ñòàëà C1 > 0íå çàëåæèòü âiä w. Òîìó ç ëåìè �ðîíóîëëà-Áåëìàíà [12℄ ìà¹ìî, ùî w = 0. Îòæå,
u1 = u2 i òåîðåìó äîâåäåíî. �4. Âèñíîâêè. Â ñòàòòi ðîçãëÿíóòî ìàòåìàòè÷íó ìîäåëü ïðîöåñó êîëèâàííÿïëîñêî¨ ïëàñòèíè. Ïîêàçàíî, ùî óçàãàëüíåíèé ðîçâ'ÿçîê ìiøàíî¨ çàäà÷i, ÿêà ó öüî-ìó ðàçi âèíèêà¹, çàäîâîëüíÿ¹ ïåâíó åâîëþöiéíó âàðiàöiéíó íåðiâíiñòü ÷åòâåðòîãîïîðÿäêó. Äëÿ íåðiâíîñòi òàêîãî òèïó îòðèìàíî óìîâè ¹äèíîñòi ¨¨ ðîçâ'ÿçêó.1. Äþâî �. Íåðàâåíñòâà â ìåõàíèêå è �èçèêå / Äþâî �., Ëèîíñ Æ.-Ë. � Ìîñêâà, 1980.2. Ëèîíñ Æ.-Ë. Íåêîòîðûå ìåòîäû ðåøåíèÿ íåëèíåéíèõ êðàåâûõ çàäà÷. / Ëèîíñ Æ.-Ë.� Ì.: Ìèð, 1972.3. Lions J.-L. Some non-linear evolution equations / Lions J.-L., Strauss W.A. // Bulletin dela S. M. F. � 1965. � Tome 93. � P. 43-96.4. Ëàâðåíþê Ñ.Ï. Iñíóâàííÿ i ¹äèíiñòü ðîçâ'ÿçêó íåëiíiéíîãî ðiâíÿííÿ êîëèâàííÿ ïëàñòè-íè / Ëàâðåíþê Ñ.Ï. // Âiñí. Ëüâiâ. óí-òó. Ñåð. ìåõ.-ìàò. � 1981. � Âèï. 18. � Ñ. 6-11.5. Ëàâðåíþê Ñ.Ï. Íåîáìåæåíiñòü ðîçâ'ÿçêiâ ó ñêií÷åííèé ìîìåíò ÷àñó îäíîãî ñëàáêî íå-ëiíiéíîãî ðiâíÿííÿ ÷åòâåðòîãî ïîðÿäêó / Ëàâðåíþê Ñ.Ï., Òîðãàí �.�. // Ìàò. ìåòîäèòà �iç.-ìåõ. ïîëÿ. � 2007. � Ò. 50, �3. � Ñ. 88-93.6. Brezis H. Problemes unilateraux / Brezis H. // J. Math. pures et appl. � 1972. � Vol. 51. �P. 1-168.7. Lavrenyuk S.Variational hyperboli
 inequality in the domains unbounded in spatial variables/ Lavrenyuk S., Puka
h P. // International J. of Evolution Equations. � 2007. � Vol. 3, �1.� P. 103-122.8. Áóãðié Î.Ì. Ïàðàáîëi÷íà âàðiàöiéíà íåðiâíiñòü âèùîãî ïîðÿäêó â îáìåæåíié îáëàñòi/ Áóãðié Î.Ì. // Âiñí. Ëüâiâ. óí-òó. Ñåð. ìåõ.-ìàò. � 2001. � Âèï. 59. � Ñ. 102-115.9. Lavrenyuk S. The mixed problem for a semilinear hyperboli
 equation in generalizedLebesgue spa
es / Lavrenyuk S., Panat O. // Âiñí. Ëüâiâ. óí-òó. Ñåð. ìåõ.-ìàò. � 2006. �Âèï. 66. � Ñ. 243-260.10. Orli
z W. Uber konjugierte Exponentenfolgen / Orli
z W. // Studia Mathemati
a (Lwow).� Vol. 3. � 1931. � P. 200-211.11. Buhrii O.M. Uniqueness of solutions of the paraboli
 variational inequality with variableexponent of nonlinearity / Buhrii O.M., Mashiyev R.A. // Nonlinear Analysis: Theory,Methods and Appl. � 2009. � Vol. 70, � 6. � P. 2335-2331.12. �àåâñêèé Õ. Íåëèíåéíûå îïåðàòîðíûå óðàâíåíèÿ è îïåðàòîðíûå äè��åðåíöèàëüíûåóðàâíåíèÿ / �àåâñêèé Õ., �ðåãåð Ê., Çàõàðèàñ Ê. � Ì., 1978.
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ÂIÑÍÈÊ ËÜÂIÂ. ÓÍ-ÒÓ VISNYK LVIV UNIV.Ñåðiÿ ìåõ.-ìàò. 2009. Ser. Me
h. Math. 2009.Âèï. 71. Ñ. 113�124 Is. 71. P. 113�124ÓÄÊ 513.6Ï�Î ��ÓÏÈ Á�ÀÓÅ�À I ÒÅÉÒÀ-ØÀÔÀ�ÅÂÈ×À Ê�ÈÂÈÕÍÀÄ ÏÑÅÂÄÎ�ËÎÁÀËÜÍÈÌÈ ÏÎËßÌÈËåñÿ ÇÄÎÌÑÜÊÀËüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,79000, Ëüâiâ, âóë. Óíiâåðñèòåòñüêà, 1e-mail: lesyazdom�rambler.ruÂèâ÷åíî ñïiââiäíîøåííÿ ìiæ ãðóïàìè Áðàóåðà i ãðóïàìè Òåéòà-Øà�à-ðåâè÷à äëÿ êðèâèõ íàä ïñåâäîãëîáàëüíèìè ïîëÿìè.Êëþ÷îâi ñëîâà: ïñåâäîãëîáàëüíå ïîëå, àëãåáðè÷íà êðèâà, ÿêîáiàí, ãðó-ïà Áðàóåðà, ãðóïà Òåéòà-Øà�àðåâè÷à.1. Âñòóï.ÍåõàéK � ïîëå, íàäiëåíå ìíîæèíîþ íîðìóâàíü VK , K̄ � ñåïàðàáåëüíåçàìèêàííÿ ïîëÿ K. Íåõàé XK � çâ'ÿçíà íåîñîáëèâà àáñîëþòíî íåçâiäíà êðèâà. Äëÿíîðìóâàííÿ v ïîçíà÷èìî ÷åðåç Kv âiäïîâiäíå ïîïîâíåííÿ ïîëÿ K. Ïîçíà÷èìî ÷åðåç δ(âiäï. δ′) iíäåêñ (âiäï. ïåðiîä) êðèâî¨ XK . Çà îçíà÷åííÿì iíäåêñ i ïåðiîä äîðiâíþþòüíàéìåíøîìó äîäàòíîìó ïîðÿäêó äèâiçîðà íà XK òà íàéìåíøîìó äîäàòíîìó ïîðÿäêóêëàñó äèâiçîðiâ â (PicXK̄)Γ, âiäïîâiäíî. (Òóò ÷åðåç Γ ïîçíà÷åíî ãðóïó �àëóà ñåïà-ðàáåëüíîãî àëãåáðè÷íîãî çàìèêàííÿ K̄ ïîëÿ K íàä K.) Âiäîìî, ùî iíäåêñ äîðiâíþ¹íàéáiëüøîìó ñïiëüíîìó äiëüíèêîâi ñòåïåíiâ ðîçøèðåíü L/K, äëÿ ÿêèõ XK(L) 6= ∅.Íàäàëi δv òà δ′v ïîçíà÷àòèìóòü iíäåêñ i ïåðiîä êðèâî¨ XKv
. Íåõàé A � ÿêîáiàí êðèâî¨

XK . Âiäîìî [13℄, ùî iñíó¹ çâ'ÿçîê ìiæ ãðóïîþ Áðàóåðà Br (X) òà ãðóïîþ Òåéòà-Øà�àðåâè÷à Ø(A), äåØ(A) = Ker (H1(K, A) → ⊕vH
1(Kv, A)).Ó êëàñè÷íîìó âèïàäêó êðèâî¨ íàä ãëîáàëüíèì ïîëåì À. �ðîòåíäiê [9, 10℄ äî-âiâ iñíóâàííÿ çâ'ÿçêó ìiæ ãðóïîþ Áðàóåðà BrX àëãåáðè÷íî¨ êðèâî¨ X òà ãðóïîþÒåéòà-Øà�àðåâè÷à Ø(A) ìíîãîâèäó ßêîái A öi¹¨ êðèâî¨. Âií äîâiâ, ùî ó âèïàä-êó, êîëè êðèâà X âèçíà÷åíà íàä ãëîáàëüíèì �óíêöiîíàëüíèì ïîëåì i X ìà¹ ií-äåêñ 1 íàä âñiìà ïîïîâíåííÿìè ïîëÿ K, òî iñíó¹ òàêà ñêií÷åííà ïiäãðóïà T2 ãðóïèØ(A), ùî ãðóïà Áðàóåðà Br (X) îòîòîæíþ¹òüñÿ ç ïiäãðóïîþ ñêií÷åííîãî iíäåêñó�àêòîð-ãðóïè (Ø(A)/T2). Äæ. Ìiëí [13℄ ïðè ïåâíèõ îáìåæåííÿõ äîñëiäèâ çâ'ÿçîêìiæ ãðóïîþ Áðàóåðà òà ãðóïîþ Òåéòà-Øà�àðåâè÷à ó âèïàäêó, êîëè X âèçíà÷åíà
© Çäîìñüêà Ë., 2009



114 Ëåñÿ ÇÄÎÌÑÜÊÀíàä ãëîáàëüíèì ïîëåì. Çîêðåìà, âií ïîêàçàâ òàêå: êîëè ãðóïà Ø(A) íå ìà¹ íåíóëüî-âèõ íåñêií÷åííî ïîäiëüíèõ åëåìåíòiâ i X ìà¹ iíäåêñ 1 íàä âñiìà ïîïîâíåííÿìè ïîëÿ
K, òî ïåðiîä êðèâî¨ X äîðiâíþ¹ ¨¨ iíäåêñó. Êðiì òîãî, ÿêùî îäíà ç ãðóï Ø(A) ÷è
Br(X) ′ ¹ ñêií÷åííîþ, òîäi òàêîþ æ ¹ é iíøà ç íèõ, ¨õíi ïîðÿäêè çâ'ÿçàíi ðiâíiñòþ

δ2[Br (X)′] = [Ø(A)],äå
Br (X)′ = Ker

[

Br (X) → ⊕vBr (XKv
)
]

.Ó âèïàäêó, êîëè íå âñi iíäåêñè δv äîðiâíþþòü 1, îïèñàííÿ çâ'ÿçêó ìiæ ãðóïàìè
Br (X) i Ø(A) îòðèìàâ Äæ. �îíçàëåñ-Àâiëåñ â [8℄.Ñ. Ëiõòåíáàóì [11℄ äîâiâ, ùî äëÿ êðèâî¨ X íàä ïîëåì p-àäè÷íèõ ÷èñåë δv äî-ðiâíþ¹ îäíîìó ç ÷èñåë δ′v ÷è 2δ′v. Íîðìóâàííÿ ç âëàñòèâiñòþ δv = 2δ′v íàçèâàþòüñÿäå�åêòíèìè, ¨õíþ êiëüêiñòü ïîçíà÷àòèìåìî ÷åðåç d. (Öå çàâæäè ñêií÷åííå ÷èñëî,áî, ÿê âiäîìî, iñíó¹ ëèøå ñêií÷åííå ÷èñëî íîðìóâàíü, äëÿ ÿêèõ δv 6= 1.)�îíçàëåñ-Àâiëåñ âèÿâèâ, ùî äëÿ êðèâî¨ X âèçíà÷åíî¨ íàä ãëîáàëüíèì ïîëåì K,äëÿ ÿêî¨ ïåðiîäè δ′v ïîïàðíî âçà¹ìíî ïðîñòi, i ãðóïà Ø(A) íå ìiñòèòü íåñêií÷åííîïîäiëüíèõ íåíóëüîâèõ åëåìåíòiâ, iñíó¹ òî÷íà ïîñëiäîâíiñòü

0 → T0 → T1 → Br (X)′ → Ø(A)/T2 → T3 → 0,â ÿêié T0, T1, T2, òà T3 � ñêií÷åííi ãðóïè òàêèõ ïîðÿäêiâ:
[T0] = δ/δ′, [T1] = 2e, [T2] = δ′/

∏

δ′v, [T3] =
δ′/

∏

δ′v
2f

,äå e = max{0, d− 1} i f =

{

1, ÿêùî δ′/
∏

δ′v ¹ ïàðíèì i d > 1;
0, iíàêøå.Òóò d ¹ ÷èñëîì äå�åêòíèõ íîðìóâàíü êðèâî¨ XK . Çîêðåìà, ÿêùî îäíà ç ãðóï

Br (X)′ ÷è Ø(A) ñêií÷åííà, òîäi òàêîþ æ ¹ é iíøà ãðóïà, ¨õíi ïîðÿäêè çâ'ÿçàíiðiâíiñòþ
δδ′[Br (X)′] = 2e+f

∏

(δ′v)2[Ø(A)].Ìåòà öi¹¨ ïðàöi � âèâ÷èòè çâ'ÿçêè ìiæ ãðóïîþ Áðàóåðà BrX àëãåáðè÷íî¨ êðè-âî¨ X , âèçíà÷åíî¨ íàä ïñåâäîãëîáàëüíèì ïîëåì K, òà ãðóïîþ Òåéòà-Øà�àðåâè÷àØ(A) ìíîãîâèäó ßêîái A öi¹¨ êðèâî¨. Çãiäíî ç [3℄ ïiä ïñåâäîãëîáàëüíèì ïîëåì ìèðîçóìi¹ìî ïîëå àëãåáðè÷íèõ �óíêöié âiä îäíi¹¨ çìiííî¨ ç ïñåâäîñêií÷åííèì [5℄ ïîëåìêîíñòàíò. Íàãàäà¹ìî, ùî ïîëå k íàçèâà¹òüñÿ ïñåâäîñêií÷åííèì, ÿêùî âîíî äîñêîíà-ëå, ìà¹ ¹äèíå ðîçøèðåííÿ ñòåïåíÿ n äëÿ êîæíîãî íàòóðàëüíîãî n, òà êîæíèé íåïî-ðîæíié àáñîëþòíî íåçâiäíèé ìíîãîâèä, âèçíà÷åíèé íàä ïîëåì k, ìà¹ k-ðàöiîíàëüíóòî÷êó (îñòàííÿ âëàñòèâiñòü íàçèâà¹òüñÿ ïñåâäîàëãåáðè÷íîþ çàìêíåíiñòþ.)Ïñåâäîãëîáàëüíi ïîëÿ ¹ ïðèðîäíèì óçàãàëüíåííÿì ãëîáàëüíèõ ïîëiâ. Áàãàòîâëàñòèâîñòåé ãëîáàëüíèõ ïîëiâ çàëèøàþòüñÿ ïðàâèëüíèìè i äëÿ ïñåâäîãëîáàëüíèõïîëiâ, çîêðåìà äëÿ ïñåâäîãëîáàëüíèõ ïîëiâ ñïðàâäæó¹òüñÿ àíàëîã ãëîáàëüíî¨ òåîði¨ïîëiâ êëàñiâ [3℄. �içíîìàíiòíi ðåçóëüòàòè ç àðè�ìåòèêè àëãåáðè÷íèõ ãðóï íàä ãëî-áàëüíèìè ïîëÿìè óçàãàëüíþ¹òüñÿ íà âèïàäîê ïñåâäîãëîáàëüíîãî îñíîâíîãî ïîëÿ [4,3, 13℄. Çîêðåìà, ðåçóëüòàòè ïðî çâ'ÿçîê ãðóïè Áðàóåðà òà ãðóïè Òåéòà-Øà�àðåâè÷àòåæ ìàþòü àíàëîãè äëÿ êðèâèõ íàä ïñåâäîãëîáàëüíèìè ïîëÿìè, îäèí ç ÿêèõ âèðà-æà¹ òàêà òåîðåìà.



Ï�Î ��ÓÏÈ Á�ÀÓÅ�À I ÒÅÉÒÀ-ØÀÔÀ�ÅÂÈ×À ... 115Òåîðåìà 1. Íåõàé X íåîñîáëèâà, ãåîìåòðè÷íî íåçâiäíà êðèâà, âèçíà÷åíà íàä ïñåâ-äîãëîáàëüíèì ïîëåì K. Ïðèïóñòèìî, ùî êðèâà X ìà¹ iíäåêñ δ i ïåðiîä δ′. Òîäi iñíó¹òî÷íà ïîñëiäîâíiñòü
0 −→ T0 −→ T1 −→ Br (X)′ −→ Ø(P ) −→ Q/∆−1Z,äå T0 òà T1 ñêií÷åííi ãðóïè ïîðÿäêiâ [T0] = (δ/δ′) · [A(K) : Pic0(XK)] i [T1] =

∏

δv/∆âiäïîâiäíî, i ∆ íàéìåíøå ñïiëüíå êðàòíå ëîêàëüíèõ iíäåêñiâ δv êðèâî¨ X.2. Äîïîìiæíi ðåçóëüòàòè. Íåõàé X � íåîñîáëèâà çâ'ÿçíà àáñîëþòíî íåçâiäíàêðèâà íàä K, K̄ � ñåïàðàáåëüíå çàìèêàííÿ ïîëÿ K, X̄ � êðèâà X , ðîçãëÿíóòà íàä K̄,òà Γ = Gal (K̄/K). Ñòàíäàðòíî ïîçíà÷èìî ÷åðåç Div(X) ãðóïó äèâiçîðiâ êðèâî¨ Xíàä K, Div0(X) � ïiäãðóïó äèâiçîðiâ ñòåïåíÿ 0, P := Pic (X) � ãðóïó êëàñiâ äèâiçîðiâòà ÷åðåç Pic0(X) � ïiäãðóïó êëàñiâ äèâiçîðiâ ñòåïåíÿ 0. Âiäîìî, ùî A := Pic0(X),ÿêîáiàí êðèâî¨ X , ¹ àáåëåâèì ìíîãîâèäîì. Äëÿ ðîçøèðåííÿ L/K ïîëÿ K ïîçíà÷èìî÷åðåç XL êðèâó, îòðèìàíó ç X ðîçøèðåííÿì ñêàëÿðiâ ç K äî L, P (L) = Pic (XL) òà
A(L) = Pic0(XL). Ìà¹ìî òî÷íó ïîñëiäîâíiñòü

0 −→ A(K̄) −→ P (K̄)
deg
−→ Z −→ 0. (1)

Γ-ìîäóëiâ. Ïåðåõîäÿ÷è â öié ïîñëiäîâíîñòi äî Γ-iíâàðiàíòíèõ åëåìåíòiâ, îòðèìó¹ìîòî÷íi ïîñëiäîâíîñòi
0 −→ A(K) −→ P (K) −→ δ′Z −→ 0 (2)

Div0(X)Γ −→ A(K) −→ H1(Γ, K(X)/K∗), (3)äå K(X) � ïîëå ðàöiîíàëüíèõ �óíêöié íà êðèâié X . Ç îçíà÷åííÿ ãðóï Div0(X) i
Pic0(X) îäåðæó¹ìî òî÷íi ïîñëiäîâíîñòi

0 −→ K(XK̄)∗/K̄∗ −→ Div0(X) −→ Pic0(X) −→ 0 (4)
0 −→ K(XK̄)∗/K̄∗ −→ Div(X) −→ Pic (X) −→ 0. (5)Çâiäñè îòðèìó¹ìî òî÷íi ïîñëiäîâíîñòi

0 → K(XK)∗/K∗ → Div0(XK) → A(K) → A(K)/Pic0(XK) → 0 (6)
0 → K(XK)∗/K∗ → Div(XK) → P (K) → P (K)/Pic (XK) → 0. (7)�îçãëÿíåìî òî÷íó ïîñëiäîâíiñòü êîãîìîëîãié, âiäïîâiäíó òî÷íié ïîñëiäîâíîñòi(4)

Div0(X)Γ
α

−→ (Pic0(X))Γ −→ H1(Γ, K̄(X)∗/K̄∗). (8)Âðàõîâóþ÷è, ùî Pic0(X)Γ = A(K) i îáðàç ãîìîìîð�içìó α äîðiâíþ¹ Pic0(XK),ç òî÷íî¨ ïîñëiäîâíîñòi (3) îòðèìó¹ìî, ùî A(K)/Pic0(XK) ¹ ïiäãðóïîþ ãðóïè
H1(Γ, K̄(X)∗/K̄∗).Ëåìà 1. �ðóïè A(K)/Pic0(XK) i P (K)/Pic (XK) ñêií÷åííi.Äîâåäåííÿ. Çàóâàæèìî ñïî÷àòêó, ùî ãðóïà A(K)/Pic0(XK) ñêií÷åííî ïîðîäæåíà.Íåõàé (AK/k(k), τK) òà PK/k(k), τK) � K/k-ñëiäè [14℄ ìíîãîâèäiâ A(K) i
Pic0(XK) âiäïîâiäíî. Çíàéäåòüñÿ ñêií÷åííå ðîçøèðåííÿ L/K, íàä ÿêèì êðèâà X ìà¹
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L-ðàöiîíàëüíi òî÷êè. Íåõàé l ïîëå êîíñòàíò ïîëÿ L. Òîäi A(L) = Pic0(XL) i ìíîãî-âèäè P (K) òà Pic0(XK) ìàþòü îäíàêîâi ñëiäè (AL/l(l), τL), ÿêùî ¨õ ðîçãëÿäàòè íàäïîëåì L. �îçãëÿíåìî òàêó äiàãðàìó ïiäãðóï ãðóïè A(K):

A(K)

∪

⊃ τL(AL/l(l)) ∩ A(K) ⊃ τK(AK/k(k))

∪

Pic0(XK) ⊃ τL(PK/k(k)) ∩ Pic0(XK) ⊃ τK(PK/k(k)).Òåîðåìà Ìîðäåëëà-Âåéëÿ äëÿ �óíêöiîíàëüíèõ ïîëiâ [14℄ ñòâåðäæó¹, ùî ãðóïè
A(K)/τK(AK/k(k)) òà Pic0(XK)/τK(PK/k(k)) ñêií÷åííî ïîðîäæåíi. �ðóïè
τK(AK/k(k)) òà τK(PK/k(k)) içîìîð�íi, îñêiëüêè íàä ïîëåì L êîæíà ç íèõ içî-ìîð�íà AL/l(l) íàä l. Îòæå, AK/k(k) òà PK/k(k) ¹ l-içîìîð�íèìè ãîëîâíèìèîäíîðiäíèìè ïðîñòîðàìè. Îñêiëüêè ãðóïà ãîëîâíèõ îäíîðiäíèõ ïðîñòîðiâ òðèâiàëü-íà äëÿ àáåëåâèõ ìíîãîâèäiâ íàä ïñåâäîñêií÷åííèì ïîëåì, òî AK/k(k) ≃ PK/k(k),òîìó ó ïîïåðåäíié äiàãðàìi τK(AK/k(k)) ≃ τK(PK/k(k)). Çâiäñè âèïëèâà¹, ùî ãðó-ïà A(K)/Pic0(XK) ñêií÷åííî ïîðîäæåíà. Îñêiëüêè öÿ ãðóïà ¹ ïiäãðóïîþ ãðóïèêðó÷åííÿ H1(Γ, K̄(X)∗/K̄∗), òî âîíà ñêií÷åííà. Çàñòîñîâóþ÷è ëåìó ïðî �çìiþ� äîòî÷íî¨ ïîñëiäîâíîñòi

0 → Pic0(XK) → Pic (XK) → sZ → 0òà òî÷íî¨ ïîñëiäîâíîñòi (2) ç ïðèðîäíèìè âêëàäåííÿìè â ðîëi âåðòèêàëüíèõ ãîìî-ìîð�içìiâ, îòðèìó¹ìî òî÷íó ïîñëiäîâíiñòü
0 → tZ → A(K)/Pic0(XK) → P (K)/Pic (XK) → Z/rZ → 0,äå s, r i t ïiäõîäÿùi íàòóðàëüíi ÷èñëà. Îñêiëüêè ãðóïè A(K)/Pic0(XK) òà Z/rZ ñêií-÷åííi, òàêîþ æ ¹ i ãðóïà P (K)/Pic (XK), ùî i òðåáà áóëî äîâåñòè. �Ëåìà 2. Íåõàé X � êðèâà, âèçíà÷åíà íàä ïñåâäîãëîáàëüíèì ïîëåì K. Òîäi äëÿìàéæå âñiõ íîðìóâàíü v ïîëÿ �óíêöié íà X, δv = δ(XKv

) = 1.Äîâåäåííÿ. Íå îáìåæóþ÷è çàãàëüíîñòi, ìîæíà ââàæàòè, ùî äëÿ êîæíîãî v êîå�i-öi¹íòè ðiâíÿííÿ êðèâî¨ X íàëåæàòü Ov-êiëüöþ öiëèõ åëåìåíòiâ ïîëÿ Kv. �åäóêóþ÷èêîå�iöi¹íòè êðèâî¨ X çà ìîäóëåì ìàêñèìàëüíîãî iäåàëà mv, îòðèìó¹ìî êðèâi X(v)íàä ïñåâäîñêií÷åííèì ïîëåì k′ ⊃ k. Äëÿ ìàéæå âñiõ v êðèâi X(v) íåïîðîæíi. Êðiìòîãî, äëÿ êîæíîãî v êðèâà X(v) ìà¹ íåîñîáëèâó òî÷êó, áî îñîáëèâèõ òî÷îê ìîæåáóòè ëèøå ñêií÷åííà êiëüêiñòü, à X(v) ìà¹ [7℄ íåñêií÷åííî áàãàòî òî÷îê. Çàñòîñî-âóþ÷è ëåìó �åíçåëÿ, îòðèìó¹ìî, ùî XKv
ìà¹ ðàöiîíàëüíó òî÷êó, òîìó δv = 1 çàîçíà÷åííÿì iíäåêñó. �Íàñëiäîê 1. Íåõàé êðèâà X âèçíà÷åíà íàä ïñåâäîãëîáàëüíèì ïîëåì K. Òîäi

[P (K) : Pic (XK)] = (δ/δ′)[A(K) : Pic0(XK)].Äîâåäåííÿ. Äîñòàòíüî çàñòîñóâàòè ëåìó ïðî çìiþ òàê, ÿê öå ðîáèòüñÿ ó âèïàäêóãëîáàëüíîãî îñíîâíîãî ïîëÿ [8℄ äî êîìóòàòèâíî¨ äiàãðàìè ç òî÷íèìè ðÿäêàìè
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0 −→ Div0(XK) −→ Div(XK) −→ δZ −→ 0

↓ ↓ ↓
0 −→ A(K) −→ P (K) −→ δ′Z −→ 0,ó ÿêié íèæíié ðÿäîê ¹ òî÷íîþ ïîñëiäîâíiñòþ (2), à âåðõíié ðÿäîê îòðèìó¹ìî ç òî÷íî¨ïîñëiäîâíîñòi

0 → Div0(X̄K) → Div(X̄K) → δZ → 0çà îçíà÷åííÿì iíäåêñó, ïåðåõîäÿ÷è äî Γ-iíâàðiàíòíèõ åëåìåíòiâ. �Òåïåð äîâåäåìî ðiâíiñòü [A(Kv) : Pic0(XKv
)] = δ′v, ÿêà ó ïî¹äíàííi ç íàñëiäêîì1 äà¹ [P (Kv) : Pic0(XKv

)] = δv. Ó âèïàäêó ãëîáàëüíîãî îñíîâíîãî ïîëÿ äîâåäåííÿöi¹¨ ðiâíîñòi âèêîðèñòîâó¹ íåâèðîäæåíiñòü äîáóòêó Òåéòà-Øà�àðåâè÷à äëÿ àáåëåâèõìíîãîâèäiâ íàä ëîêàëüíèìè ïîëÿìè. Âiäîìî [1℄, ùî äëÿ åëiïòè÷íî¨ êðèâî¨, âèçíà÷å-íî¨ íàä ïñåâäîëîêàëüíèì ïîëåì K, äîáóòîê Òåéòà-Øà�àðåâè÷à iíäóêó¹ äâî¨ñòiñòüñêií÷åííèõ ãðóï A(K)/nA(K) i H1(K, A)n. Âèÿâëÿ¹òüñÿ, ùî àíàëîãi÷íèé �àêò âè-êîíó¹òüñÿ i äëÿ äîâiëüíîãî àáåëåâîãî ìíîãîâèäó, âèçíà÷åíîãî íàä ïîâíèì äèñêðåòíîíîðìîâàíèì ïîëåì ç ïñåâäîñêií÷åííèì ïîëåì ëèøêiâ. Ïîêàæåìî öå, âèêîðèñòîâóþ-÷è êëàñè÷íi ìåòîäè òà ðåçóëüòàòè ç [11℄ òà [12℄. Äëÿ öüîãî ñ�îðìóëþ¹ìî ñïî÷àòêóîäèí ðåçóëüòàò ïðî äâî¨ñòiñòü Òåéòà â êîãîìîëîãiÿõ �àëóà ñêií÷åííèõ ìîäóëiâ íàäçàãàëüíèìè ëîêàëüíèìè ïîëÿìè, òîáòî ïîâíèìè äèñêðåòíî íîðìîâàíèìè ïîëÿìè çêâàçiñêií÷åííèìè [17℄ ïîëÿìè (äîñêîíàëèìè ïîëÿìè, ÿêi ìàþòü òî÷íî îäíå ðîçøè-ðåííÿ ñòåïåíÿ n äëÿ êîæíîãî íàòóðàëüíîãî ÷èñëà n) ëèøêiâ.Ëåìà 3. Íåõàé K � çàãàëüíå ëîêàëüíå ïîëå, GK � éîãî àáñîëþòíà ãðóïà, M � ñêií-÷åííèé GK-ìîäóëü, (|M |, chark) = 1, i M̂ = Hom(M, K∗

s ), äå K∗

s ìóëüòèïëiêàòèâíàãðóïà ñåïàðàáåëüíîãî çàìèêàííÿ ïîëÿ K. Òîäi ãðóïè Hi(K, M) i Hi(K, M̂) ñêií÷åííiäëÿ 0 6 i 6 2 i äâî¨ñòi ìiæ ñîáîþ ñòîñîâíî ∪-äîáóòêó
Hi(K, M) × Hi(K, M̂) −→ H2(K, K∗

s ) = Q/Z.Äîâåäåííÿ. Äèâ. [17℄, òåîðåìà 2 íà ñò. 111 òà âïðàâà 2 íà ñò. 113. �Ëåìà 4. Íåõàé K � çàãàëüíå ëîêàëüíå ïîëå, M � ñêií÷åííèé GK-ìîäóëü,
(|M |, chark) = 1. Òîäi ãðóïè Hi(K, M) � ñêií÷åííi i

|H0(K, M)| · |H2(K, M)| = |H1(K, M)|.Äîâåäåííÿ. Äèâ. [17℄, òâåðäæåííÿ 17 íà ñò. 115 òà âïðàâà íà ñò. 117. �Ëåìà 5. Íåõàé A � äîâiëüíèé àáåëåâèé ìíîãîâèä, âèçíà÷åíèé íàä ïñåâäîëîêàëüíèìïîëåì K ç ïîëåì ëèøêiâ k. Ïðèïóñòèìî, ùî (n, char k) = 1. Òîäi |A(K)/nA(K)| >

> |(A(K))n|.Äîâåäåííÿ. ßêùî A � àáåëåâèé ìíîãîâèä, âèçíà÷åíèé íàä ïîëåì ëèøêiâ k, òî ðiâ-íiñòü |A(k)/nA(k)| = |(A(k))n| âèïëèâà¹ ç òî÷íî¨ êîãîìîëîãi÷íî¨ ïîñëiäîâíîñòi
0 −→ A(k)

n
−→ A(k) −→ H1(k, An) −→ H1(k, A)n = 0,âiäïîâiäíî¨ òî÷íié ïîñëiäîâíîñòi 0 → An(k̄) → A(k̄)

n
→ A(k̄) → 0, âðàõîâóþ÷è, ùî

H1(k, A) = 0 ç îãëÿäó íà ïñåâäîñêií÷åííîñòi ïîëÿ k, i |H1(k, An)| = |H0(k, An)| =

= |An(k)|, îñêiëüêè Gal (k̄/k) = Ẑ (äèâ., íàïðèêëàä [18℄, ëåìà 3, ñ. 322). Òàê ñàìî
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|T (k)/nT (k)| = |(T (k))n| äëÿ àëãåáðè÷íîãî òîðà T , âèçíà÷åíîãî íàä ïñåâäîñêií÷åí-íèì ïîëåì k.Íåõàé òåïåð A � àáåëåâèé ìíîãîâèä, âèçíà÷åíèé íàä ïñåâäîëîêàëüíèì ïîëåì Kç ïîëåì ëèøêiâ k. Âiäîìî, ùî iñíó¹ ñêií÷åííå ðîçøèðåííÿ L ïîëÿ K íàä ÿêèì A ìà¹íàïiâñòàáiëüíó ðåäóêöiþ A′ íàä ïîëåì ëèøêiâ l ïîëÿ L, òîáòî A′(l) ¹ ðîçøèðåííÿìàáåëåâîãî ìíîãîâèäó B(l) çà äîïîìîãîþ òîðà T (l). Òîìó, çà
òîñóâàâøè ëåìó ïðîçìiþ äî êîìóòàòèâíî¨ äiàãðàìè

0 // T (l)

n

��

// A′(l)

n

��

// B(l)

n

��

// 0

0 // T (l) // A′(l) // B(l) // 0i âèêîðèñòîâóþ÷è, ùî, çà äîâåäåíèì,
|B(l)/nB(l)| = |Bn(l)| i |T (l)/nT (l)| = |Tn(l)|,îòðèìó¹ìî, ùî |A′(l)/nA′(l)| = |A′

n(l)| = An(L). Êðiì òîãî, âiäîìî, ùî âiäîáðà-æåííÿ ðåäóêöi¨ A(L) → A′(l) ñþð'¹êòèâíå. Çâiäñè âèïëèâà¹, ùî |A(L)/nA(L)| >

> |A′(l)/nA′(l)| = |A′

n(l)| = |An(L)|.Ïðèïóñòèìî, ùî |A(L)/nA(L)| = |An(L)|. Íåõàé Ator � ïiäãðóïà êðó÷åííÿ A.�ðóïà A(L)/Ator(L) ïîäiëüíà. Ç iíøîãî áîêó, íåõàé Q � êîÿäðî êàíîíi÷íîãî âiäîáðà-æåííÿ A(K) → A(L). Òîäi �àêòîð-ãðóïà Q/Qtor òàêîæ ïîäiëüíà çà ñþð'¹êòèâíiñòþâiäîáðàæåííÿ A(L) → Q. Òîìó [Q/nQ] = [Qtor/nQtor]. Îñêiëüêè ãðóïà Qtor ñêií÷åí-íà, òî òàêîæ [An(K)] = [A(K)/nA(K)].Ç íàñòóïíîãî ðåçóëüòàòó âèïëèâàòèìå, ùî íàñïðàâäi |A(L)/nA(L)| = |An(L)| i
|A(K)/nA(K) = |An(K)|. �Òåîðåìà 2. Íåõàé A � àáåëåâèé ìíîãîâèä, âèçíà÷åíèé íàä ïñåâäîëîêàëüíèì ïîëåì
K, Â � äâî¨ñòèé ìíîãîâèä. Òîäi äîáóòîê Òåéòà-Øà�àðåâè÷à iíäóêó¹ äâî¨ñòiñòüñêií÷åííèõ ãðóï A(K)/nA(K) i H1(K, Â)n.Äîâåäåííÿ. Ïðèïóñòèìî ñïî÷àòêó, ùî |A(K)/nA(K)| > |An(K)|. Íåõàé in òà jn �ãîìîìîð�içìè ç òî÷íèõ ïîñëiäîâíîñòåé

0 −→ A(K)/nA(K)
in−→ H1(K, An) −→ H1(K, A)n −→ 0

0 −→ Â(K)/nÂ(K)−→H1(K, Ân)
jn

−→ H1(K, Â)n −→ 0,ÿêi îäåðæóþòü ç òî÷íî¨ ïîñëiäîâíîñòîñòi êîãîìîëîãié �àëóà, âiäïîâiäíi òî÷íié ïîñëi-äîâíîñòi GK-ìîäóëiâ 0 → An → A → A → 0 òà àíàëîãi÷íî¨ òî÷íî¨ ïîñëiäîâíîñòi äëÿ
Â. Çãiäíî ç òâåðäæåííÿì 9 ç [19℄ îäåðæó¹ìî êîìóòàòèâíó äiàãðàìó

H1(K, An) × H1(K, Ân)′
W //

jn

��

Q/Z

A(K)/nA(K) ×

in

OO

H1(K, Â)n
T // Q/Z,äå äîáóòîê W ′ iíäóêîâàíèé äîáóòêîì Âåéëÿ (îçíà÷åííÿ äîáóòêó Âåéëÿ ìîæíà çíàé-òè ó [19℄), à äîáóòîê T iíäóêîâàíèé äîáóòêîì Òåéòà-Øà�àðåâè÷à. Äîáóòîê W ′ ¹



Ï�Î ��ÓÏÈ Á�ÀÓÅ�À I ÒÅÉÒÀ-ØÀÔÀ�ÅÂÈ×À ... 119äâî¨ñòiñòþ ñêií÷åííèõ ãðóï, òîìó ç êîìóòàòèâíî¨ äiàãðàìè (2) âèïëèâà¹, ùî äîáóòîê
T íåâèðîäæåíèé çëiâà. Äëÿ òîãî, ùîá âèâåñòè çâiäñè éîãî äâîái÷íó íåâèðîäæåíiñòü,äîñòàòíüî ïîêàçàòè, ùî |A(K)/nA(K)| > |H1(K, A)n|. Ìà¹ìî, âèêîðèñòîâóþ÷è ëå-ìè 4-5, içîìîð�içì An i Ân òà òî÷íó ïîñëiäîâíiñòü (2)
|A(K)/nA(K)| · |Â(K)/nÂ(K)| > |A(K)n| · |Â(K)n| =

= |H0(K, Ân)| · |H0(K, An)| = |H0(K, Ân)| · |H2(K, Ân)| =

= |H1(K, Ân)| = |Â(K)/nÂ(K)| · |H1(K, Â)n|.Çâiäñè âèïëèâà¹, ùî |A(K)/nA(K)| > |H1(K, Ân)|, îñêiëüêè äîáóòîê T íåâèðîäæå-íèé çëiâà, òî íàñïðàâäi |A(K)/nA(K)| > |H1(K, Ân)|, i öå çàâåðøó¹ äîâåäåííÿ òåî-ðåìè 2 ó âèïàäêó, êîëè |A(K)/nA(K)| > |An(K)|. �Ùå îäèí ïîòðiáíèé íàì ðåçóëüòàò � öå àíàëîã òåîðåìè �îêêåòà ïðî ïåðiîä òàiíäåêñ êðèâèõ.Òåîðåìà 3. Íåõàé K � ïñåâäîëîêàëüíå ïîëå. Òîäi ïîðÿäîê ïiäãðóïè Br (K), ùî ñêëà-äà¹òüñÿ ç òèõ êëàñiâ àëãåáð, ÿêi ðîçêëàäàþòüñÿ â ïîëi �óíêöié K(X) íà êðèâié X,äîðiâíþ¹ iíäåêñó êðèâî¨ X.Äîâåäåííÿ. �îçãëÿíåìî âiäîìó òî÷íó ïîñëiäîâíiñòü (äîâåäåííÿ ¨¨ òî÷íîñòi ìîæíàçíàéòè, íàïðèêëàä, ó [11℄))
0 −→ Pic (X) −→ H0(G, Pic (X̄)) −→ Br (k) −→ Br (X)

−→ H1(G, Pic (X̄)) −→ H3(G, k̄∗). (9)Ñ. Ëiõòåíáàóì ðîçãëÿäàâ ó [11℄ òàêó êîìóòàòèâíó äiàãðàìó ç òî÷íèìè ðÿäêàìè iñòîâï÷èêàìè
Br (K)

Br (k)
∼ // Br (k)

OO

0 // H0(G, Pic0(X̄))

θ

OO

// H0(G, Pic (X̄))

OO

// δ′Z // 0

0 // H0(G, Div0(X̄))

λ1

OO

// H0(G, Div (X̄))

λ2

OO

// δZ //

OO

0

0

OOÑåðåäíié ñòîâï÷èê � öå ÷àñòèíà òî÷íî¨ ïîñëiäîâíîñòi (9), i ëiâèé ñòîâï÷èê, îòðè-ìàíèé òàê ñàìî. Íåõàé M � êîÿäðî ãîìîìîð�içìó λ1, i N � êîÿäðî ãîìîìîð�içìó
λ2. Òåîðåìà ñòâåðäæó¹, ùî |N | = δ. Çà ëåìîþ ïðî çìiþ, áåçïîñåðåäíüî áà÷èìî,
δ|M | = δ′|N |, òîìó òåîðåìà åêâiâàëåíòíà òâåðäæåííþ, ùî |M | = δ′. Àëå ðiâíiñòü
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θ(x) = ρ0(α, x) ðàçîì ç �àêòîì, ùî ρ0 ¹ äóàëiçóþ÷èì äîáóòêîì, i ìè îäåðæó¹ìî, ùî
|M | = ïîðÿäêó α = δ′. �Ëåìà 6.

[A(Kv) : Pic0(XKv
)] = δ′v, [P (Kv) : Pic (XKv

)] = δv.Äîâåäåííÿ. Íåõàé Γv = Gal (K̄v/Kv). Ç êîãîìîëîãi÷íî¨ ïîñëiäîâíîñòi, àñîöiéîâàíî¨ çòî÷íîþ ïîñëiäîâíiñòþ Γv-ìîäóëiâ 0 → A(K̄v) → P (K̄v)
deg
→ Z → 0, îòðèìó¹ìî òî÷íóïîñëiäîâíiñòü

0 → Z/δ′vZ → H1(Γv, A) → H1(Γv, P ) → 0. (10)
�Íàì òàêîæ áóäå ïîòðiáíèé ïåâíèé âàðiàíò ëåìè ïðî çìiþ. �îçãëÿíåìî òàêóêîìóòàòèâíó äiàãðàìó â êàòåãîði¨ àáåëåâèõ ãðóï:

0 // A1

��

// A2

��

f // A3

η

��

// A4

λ

��

// A5

µ

��

// 0

0 // B1
// B2

g // B3
// B4

// B5
// 0

(11)Âîíà ïîðîäæó¹ êîìóòàòèâíó äiàãðàìó
A3

η̄

��

// A4

λ

��

// A5

µ

��

// 0

0 // B3/Img // B4
// B5

// 0,äå η̄ � êîìïîçèöiÿ η ç êàíîíi÷íèì âiäîáðàæåííÿì ç B3 â B3/Img. Íàñòóïíå òâåðäæåí-íÿ âèïëèâà¹ ç Imf ⊂ Ker η̄ òà ëåìè ïðî çìiþ, çàñòîñîâàíî¨ äî ïîïåðåäíüî¨ äiàãðàìè.Ëåìà 7. (�îíçàëåñ-Àâiëåñ [8℄.) Êîæíà êîìóòàòèâíà äiàãðàìà âèãëÿäó (11) ïîðîä-æó¹ òî÷íó ïîñëiäîâíiñòü
0 → Imf → Ker η̄ → Kerλ → Kerµ → Cokerη̄,äå η âèçíà÷åíî ðàíiøå. Êðiì òîãî, iñíó¹ òî÷íà ïîñëiäîâíiñòü

0 → Ker η → Ker η̄ → Img → Cokerη → Cokerη̄ → 0.3. Äîâåäåííÿ òåîðåìè. Âñi êîãîìîëîãi÷íi ãðóïè, ÿêi ìè áóäåìî ðîçãëÿäàòè,áóäóòü àáî ãðóïàìè êîãîìîëîãié �àëóà, àáî æ åòàëüíèìè êîãîìîëîãiÿìè. Íåõàé Γv �ïiäãðóïà ãðóïè Γ, îòîòîæíåíà ç ãðóïîþ ðîçêëàäó äåÿêîãî �iêñîâàíîãî íîðìóâàííÿïîëÿ K̄, ùî ïîðîäæó¹ v. Äëÿ êîæíîãî v, invv : Br (Kv) → Q/Z ¹ çâè÷àéíèì âi-äîáðàæåííÿì iíâàðiàíòà ëîêàëüíî¨ òåîði¨ ïîëiâ êëàñiâ. n-êðó÷åííÿ àáåëåâî¨ ãðóïè
M áóäåìî ïîçíà÷àòè Mn−tor.Íàãàäà¹ìî îäíó �óíäàìåíòàëüíó òî÷íó ïîñëiäîâíiñòü. Îñêiëüêè Hq(XK̄ , Gm) =
= 0 äëÿ âñiõ q > 2 [15℄, òî çi ñïåêòðàëüíî¨ ïîñëiäîâíîñòi Õîõøiëüäà-Ñåððà

Hp(Γ, Hq(XK̄ , Gm)) ⇒ Hp+q(XK , Gm)âèïëèâà¹ [6, XV.5.11℄ òî÷íà ïîñëiäîâíiñòü
0 → Pic (XK) → P (K) → Br (K) → Br (XK) → H1(Γ, P ) → 0, (12)



Ï�Î ��ÓÏÈ Á�ÀÓÅ�À I ÒÅÉÒÀ-ØÀÔÀ�ÅÂÈ×À ... 121äå íóëü ñïðàâà ó öié ïîñëiäîâíîñòi âèïëèâà¹ ç ðiâíîñòi H3(Γ, K̄∗) = 0 [2, 17℄. (Òóòìè âèêîðèñòàëè âiäîìi �àêòè, ùî Pic (XK) = H1(XK , Gm) i ùî ãðóïà Áðàóåðà êðè-âî¨ X äîðiâíþ¹ êîãîìîëîãi÷íié ãðóïi Áðàóåðà öi¹¨ êðèâî¨.) Òàê ñàìî, äëÿ êîæíîãîíîðìóâàííÿ v iñíó¹ òî÷íà ïîñëiäîâíiñòü
0 → Pic (XKv

) → P (Kv)
gv

→ Br (Kv) → Br (XKv
) → H1(Γv, P ). (13)Ëåìà 8. Im gv = Br (Kv)δv−tor äëÿ êîæíîãî íîðìóâàííÿ v ïîëÿ K.Äîâåäåííÿ. Çà ëåìîþ 6 Imgv ¹ ïiäãðóïîþ ãðóïè Br (Kv) ïîðÿäêó δv. Ç iíøîãî áîêó,âiäîáðàæåííÿ invv ïîðîäæó¹ içîìîð�içì Br (Kv)δv−tor

∼
→ δ−1

v Z/Z, çâiäêè âèïëèâà¹òâåðäæåííÿ ëåìè. ��îçãëÿíåìî êîìóòàòèâíó äiàãðàìó
0 // Pic (XK)

��

// P (K)

��

// Br (K)

η̄

��

//

0 // ⊕vPic (XKv
) // ⊕vP (Kv)

g // ⊕vBr (Kv) //

// Br (XK)

��

// H1(Γ, P )

��

// 0

// ⊕vBr (XKv
) // ⊕vH

1(Γv, P ) // 0,äå ïðÿìi ñóìè áåðóòü çà âñiìà íîðìóâàííÿìè ïîëÿ K, âåðòèêàëüíi âiäîáðàæåííÿ¹ ïðèðîäíèìè ãîìîìîð�içìàìè, i g = ⊕gv. Öÿ äiàãðàìà ìà¹ òó ñàìó �îðìó, ùîi äiàãðàìà (11), òîìó ìè ìîæåìî çàñòîñóâàòè äî íå¨ ëåìó 7. Ïåðåä öèì íàì áóäåïîòðiáíà òàêà ëåìà.Ëåìà 9. à) Äëÿ ïñåâäîãëîáàëüíîãî ïîëÿ K iñíó¹ òî÷íà ïîñëiäîâíiñòü
0 −→ Br (K)

η
−→ ⊕vBr (Kv)

Σinvv−→ Q/Z −→ 0.á) Iñíó¹ òî÷íà ïîñëiäîâíiñòü
0 → Br (X) −→ Br (XK) −→ ⊕v/∈SBr (XKv

),äå S � ìíîæèíà òèõ íîðìóâàíü ïîëÿ K, ùî íå âiäïîâiäàþòü òî÷êàì íåïîðîæíüî¨âiäêðèòî¨ ïiäñõåìè U ¹äèíî¨ ãëàäêî¨ ïîâíî¨ êðèâî¨ íàä k, ïîëåì �óíêöié ÿêî¨ ¹ K.Äîâåäåííÿ. Ïåðøå òâåðäæåííÿ � öå îäèí ç êëþ÷îâèõ ðåçóëüòàòiâ òåîði¨ ïîëiâ êëàñiâãëîáàëüíîãî ïîëÿ. Äëÿ âèïàäêó ïñåâäîãëîáàëüíîãî ïîëÿ àíàëîãi÷íó òî÷íó ïîñëi-äîâíiñòü âèÿâèëè â [3℄. Äðóãå òâåðäæåííÿ äîâåäåíå â [13, ëåìà 2.6℄. Íàâåäåíå òàìäîâåäåííÿ ïðèäàòíå i äëÿ íàøîãî âèïàäêó � âèïàäêó ïñåâäîãëîáàëüíîãî îñíîâíîãîïîëÿ K, îñêiëüêè ¹äèíå ìiñöå ó çãàäàíîìó äîâåäåííi, äå âèêîðèñòîâó¹òüñÿ ñïåöè�iêàîñíîâíîãî ïîëÿ, ¹ òðèâiàëüíiñòü ãðóïè Áðàóåðà ðåäóêîâàíî¨ êðèâî¨ äëÿ êðèâî¨ X ,âèçíà÷åíî¨ íàä K. Ïðîòå ãðóïà Áðàóåðà êðèâî¨ íàä ïñåâäîñêií÷åííèì ïîëåì òàêîæòðèâiàëüíà. �



122 Ëåñÿ ÇÄÎÌÑÜÊÀÇàñòîñó¹ìî ëåìó 7 äî ïîïåðåäíüî¨ äiàãðàìè, âèêîðèñòîâóþ÷è ó öüîìó ðàçi ïî-ïåðåäíþ ëåìó. Îòðèìà¹ìî òî÷íó ïîñëiäîâíiñòü
0 −→ P (K)/Pic (XK) −→ Ker η̄ −→ Br (X)′ −→ Ø(P ) −→ Coker η̄,äå âiäîáðàæåííÿ η̄ : Br (K) → ⊕vBr (Kv)/Img ïîðîäæó¹òüñÿ âiäîáðàæåííÿì η i

Br (X)′ = Ker
[

Br (X) −→ ⊕v∈SBr (XKv
)
]

.Çãiäíî ç íàñëiäêîì 1 ïîðÿäîê P (K)/Pic (XK) äîðiâíþ¹ (δ/δ′) · [A(K) : Pic0(XK)].Âëàñòèâîñòi ÿäðà òà êîÿäðà âiäîáðàæåííÿ η̄ íàâåäåíi â òâåðäæåííi 1.Òâåðäæåííÿ 1. Ïðàâèëüíà ðiâíiñòü
[Ker η̄] =

∏

δv/∆,i âiäîáðàæåííÿ Σinvv : ⊕Br (Kv) → Q/Z ïîðîäæó¹ içîìîð�içì
Coker η̄ ∼= Q/∆−1Z.Äîâåäåííÿ. Ïî¹äíóþ÷è ëåìè 7, 8 òà 9, îòðèìó¹ìî òî÷íó ïîñëiäîâíiñòü

0 → Ker η̄ → ⊕Br (Kv)δv−tor
Σinvv→ Q/Z → Coker η̄ → 0. (14)Äëÿ êîæíîãî v âiäîáðàæåííÿ iíâàðiàíòà invv ïîðîäæó¹ içîìîð�içì Br (Kv)δv−tor

∼=
∼= δ−1

v Z/Z, òîìó ÿäðî i êîÿäðî ñåðåäíüîãî âiäîáðàæåííÿ ïîïåðåäíüî¨ òî÷íî¨ ïîñëiäîâ-íîñòi (14) ìîæíà îòîòîæíèòè ç ÿäðîì i êîÿäðîì âiäîáðàæåííÿ Σ, âèçíà÷åíîãî ïåðåäëåìîþ 6. ßê íàñëiäîê, íàøå òâåðäæåííÿ âèïëèâà¹ ç âëàñòèâîñòåé âiäîáðàæåííÿ Σ,íàâåäåíèõ ïåðåä ëåìîþ 6. �Ïiäñóìîâóþ÷è îòðèìàíi âèùå ðåçóëüòàòè, áà÷èìî, ùî iñíó¹ òî÷íà ïîñëiäîâíiñòü
0 −→ T0 −→ T1 −→ Br (X)′ → Ø(P ) −→ Q/∆−1Z,äå T0 òà T1 � ñêií÷åííi ãðóïè ïîðÿäêiâ [T0] = (δ/δ′) · [A(K) : Pic0(XK)] i

[T1] =
∏

δv/∆, ùî é çàâåðøó¹ äîâåäåííÿ òåîðåìè 1.Íàñëiäîê 2. Ïðèïóñòèìî, ùî âñi ëîêàëüíi iíäåêñè δv êðèâî¨ X äîðiâíþþòü 1 iãðóïà Ø(P ) íå ìà¹ íåñêií÷åííî ïîäiëüíèõ åëåìåíòiâ. ßêùî îäíà ç ãðóï Br′(X) àáîØ(P ) ñêií÷åííà, òî òàêîþ ¹ é iíøà, i ¨õíi ïîðÿäêè çâ'ÿçàíi ðiâíiñòþ
δ2|Br′(X)| = |Ø(P )|.Îòðèìàíà ïiä ÷àñ äîâåäåííÿ òåîðåìè 1 ií�îðìàöiÿ äà¹ ïiäñòàâè äîâåñòè òàêèé�àêò.Òåîðåìà 4. Ïðèïóñòèìî, ùî ÷èñëà δ′v � ïîïàðíî âçà¹ìíî ïðîñòi. Òîäi
A(K) = Pic0(XK).Äîâåäåííÿ. Iñíó¹ êîìóòàòèâíà äiàãðàìà ç òî÷íèìè ðÿäêàìè

0 −→ A(K)/Pic0(XK) −→ Br (K)
↓ ↓ η

0 −→ ⊕vA(Kv)/Pic0(XKv
) −→ ⊕vBr (Kv)
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P (K)/Pic (XK) → Br (K) i P (Kv)/Pic (XKv

) → Br (Kv)ç êîìóòàòèâíèõ äiàãðàì (12) òà (13) âiäïîâiäíî. Ìiðêóþ÷è àíàëîãi÷íî äî äîâåäåííÿëåìè 8, îòðèìó¹ìî, ùî äëÿ êîæíîãî v îáðàç A(Kv)/Pic0(XKv
) â Br (Kv) äîðiâíþ¹

Br (Kv)δ′

v
−tor. ßê íàñëiäîê, ãðóïà A(K)/Pic0(XK) âêëàäà¹òüñÿ â Ker η̄′, äå ãîìîìîð-�içì

η̄′ : Br (K) → ⊕vBr (XKv
)/Br (Kv)δ′

v
−tor¹ ïîðîäæåíèì η. Çàñòîñîâóþ÷è òi ñàìi ìiðêóâàííÿ, ùî i â äîâåäåííi òâåðäæåííÿ 1,îòðèìó¹ìî, ùî ïîðÿäîê Ker η̄′ äîðiâíþ¹ ∏
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h�ukr.netÇíàéäåíî äîñòàòíi óìîâè ãëîáàëüíî¨ ðîçâ'ÿçíîñòi çàäà÷i ç íåâiäîìîþëiíi¹þ êîíòàêòíîãî ðîçðèâó òà ëîêàëüíî¨ ðîçâ'ÿçíîñòi ñèíãóëÿðíî¨ çàäà÷iç âíóòðiøíiìè íåâiäîìèìè ìåæàìè äëÿ ãiïåðáîëi÷íèõ ñèñòåì êâàçiëiíié-íèõ ðiâíÿíü ïåðøîãî ïîðÿäêó, çàïèñàíèõ âiäïîâiäíî ó êàíîíi÷íèõ �îðìàõ�iìàíà òà Øàóäåðà.Êëþ÷îâi ñëîâà: ãiïåðáîëi÷íà ñèñòåìà, êâàçiëiíiéíi ðiâíÿííÿ, íåâiäîìiìåæi, ìåòîä õàðàêòåðèñòèê.1. Âñòóï. Ñèñòåìè êâàçiëiíiéíèõ ãiïåðáîëi÷íèõ ðiâíÿíü ïåðøîãî ïîðÿäêó âi-äiãðàþòü âàæëèâó ðîëü ïðè ìîäåëþâàííi �içè÷íèõ ïðîöåñiâ ïðèðîäîçíàâñòâà. Äîòàêèõ ìîäåëåé, íàïðèêëàä, ìîæíà çàðàõóâàòè ðiâíÿííÿ Åéëåðà ãàçîâî¨ äèíàìiêè[1℄, ðiâíÿííÿ ìiëêî¨ âîäè [2℄ òîùî. Çà ñâî¹þ ñóòòþ öi ðiâíÿííÿ ¹ çàïèñîì çàêîíiâçáåðåæåííÿ ðiçíèõ �içè÷íèõ âåëè÷èí ó âèãëÿäi
∂u

∂t
+

∂F (u)

∂x
= 0.Íàïðèêëàä, â [3℄, äîáàâëÿþ÷è äî çàêîíó çáåðåæåííÿ iìïóëüñó âèçíà÷àëüíå ñïiââiäíî-øåííÿ, ÿêå õàðàêòåðèçó¹ äåÿêó �içè÷íó ñèñòåìó, îäåðæàíî ãiïåðáîëi÷íå ðiâíÿííÿ,ùî ìîäåëþ¹ ðóõ ó â'ÿçêî-ïðóæíèõ òiëàõ ç "ïàì'ÿòòþ"(âðàõóâàííÿ ïiñëÿäi¨ òà ðå-ëàêñàöi¨). Çãîäîì ç'ÿâèâñÿ iíøèé ïiäõiä, íiæ â [3℄, ÿêèé âðàõîâóâàâ çàïiçíåííÿ óâèçíà÷àëüíîìó ñïiââiäíîøåííi (çàêîí Êàòòàíåî-Ôóð'¹) [4℄-[5℄, ùî ïðèâîäèòü äî ãi-ïåðáîëi÷íî¨ ìîäåëi äè�óçi¨ [5℄, òîáòî çàñâiä÷ó¹ õâèëüîâó ïðèðîäó òåïëîïðîâiäíîñòi.Òîìó çàäà÷i ç âiëüíèìè ìåæàìè, ÿêi íàñàìïåðåä ïîâ'ÿçóþòü ç ïàðàáîëi÷íèìè òàåëiïòè÷íèìè ðiâíÿííÿìè [6℄, âèêîíóþòüñÿ i äëÿ ãiïåðáîëi÷íèõ ñèñòåì [5℄.Ìè ðîçãëÿíóëè äâi íåëiíiéíi çàäà÷i ç íåâiäîìèìè (âiëüíèìè) ìåæàìè äëÿ ñèñòåìãiïåðáîëi÷íèõ êâàçiëiíiéíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó, çàïèñàíèõ âiäïîâiäíî â iíâà-ðiàíòàõ �iìàíà òà êàíîíi÷íié õàðàêòåðèñòè÷íié �îðìi (�îðìà Øàóäåðà) [7℄. Îäíà
© Êèðèëè÷ Â., 2009



126 Âîëîäèìèð ÊÈ�ÈËÈ×ç íèõ óçàãàëüíþ¹ ðåçóëüòàòè äëÿ çàäà÷ iç êîíòàêòíèì ðîçðèâîì âçäîâæ íåâiäîìî¨ëiíi¨ [8℄-[9℄ íà âèïàäîê ãëîáàëüíî¨ êîðåêòíî¨ ðîçâ'ÿçíîñòi, à â äðóãié, íà ïiäñòàâi iñíó-âàííÿ ¹äèíîãî ëîêàëüíîãî ðîçâ'ÿçêó ñèíãóëÿðíî¨ ãiïåðáîëi÷íî¨ êâàçiëiíiéíî¨ çàäà÷i[10℄, îòðèìàíî äîñòàòíi óìîâè ëîêàëüíî¨ ðîçâ'ÿçíîñòi ïîäiáíî¨ çàäà÷i äëÿ ñèñòåìè,çàïèñàíî¨ â çàãàëüíîìó âèãëÿäi.Äëÿ äîâåäåííÿ îñíîâíèõ òåîðåì òóò âèêîðèñòàíî ìåòîä õàðàêòåðèñòèê òà éîãîìîäè�iêàöi¨ â êîìáiíàöi¨ ç ïðèíöèïîì ñòèñêóþ÷èõ âiäîáðàæåíü i ìåòîäèêè, çàñòîñî-âàíî¨ â [10℄-[11℄.2. Ñïðÿæåííÿ ðîçâ'ÿçêiâ ìiøàíî¨ çàäà÷i âçäîâæ íåâiäîìî¨ ëiíi¨. Íåõàéîáëàñòü DT = {(x, t) ∈ R
2 : 0 < t < T, s1(t) < x < s2(t)} ç ðóõîìèìè ìåæàìè

x = sj(t), t ∈ [0, T ), j ∈ {1, 2} íåâiäîìà ëiíiÿ x = s(t) : t ∈ [0, T ] ðîçáèâà¹ íà äâiïiäîáëàñòi: Ds−
T = {(x, t) ∈ R

2 : 0 < t < T, s1(t) < x < s(t)}, Ds+
T = {(x, t) ∈ R

2:
0 < t < T, s(t) < x < s2(t)}.�îçãëÿíåìî çàïèñàíó â iíâàðiàíòàõ ãiïåðáîëi÷íó ñèñòåìó êâàçiëiíiéíèõ ðiâíÿíü

∂u−
i

∂t
+ λ−

i (x, t, u−)
∂u−

i

∂x
= f−

i (x, t, u−), i ∈ {1, . . . , n}, â Ds−
T , (1)

∂u+
i

∂t
+ λ+

i (x, t, u+)
∂u+

i

∂x
= f+

i (x, t, u+), i ∈ {1, . . . , n}, â Ds+
T , (2)äå u−(x, t) = (u−

1 (x, t), . . . , u−
n (x, t)) (x, t) ∈ Ds−

T , u+(x, t) = (u+
1 (x, t), . . . , u+

n (x, t))

(x, t) ∈ Ds+
T � øóêàíi äiéñíîçíà÷íi �óíêöi¨, à λ±

i (x, t, u), (x, t, u) ∈ R
n+2, f±

i (x, t, u),
(x, t, u) ∈ R

n+2 � âiäîìi �óíêöi¨.Íåõàé ïîâåäiíêà �óíêöi¨ s îïèñó¹òüñÿ ñèñòåìîþ äè�åðåíöiàëüíèõ ðiâíÿíü
ds

dt
= g(s, t, u±(s, t)), (3)äå (y, t) → u±(y, t) = (u−(y, t), u+(y, t)) : R × [0, T ] → R

2n, à (y, t, z) → g(y, t, z) :
R × [0, T ]× R

2n → R � âiäîìà �óíêöiÿ.Äîïîâíèìî ñèñòåìè (1)-(3) ïî÷àòêîâèìè óìîâàìè âèãëÿäó
s(0) = s0, (4)

u−(x, 0) = α−(x), x ∈ [s0
1, s

0], u+(x, 0) = α+(x), x ∈ [s0, s0
2]. (5)Òóò s0

k

def
= sk(0), k ∈ {1, 2}, s0 ∈ (s0

1, s
0
2) � çàäàíå çíà÷åííÿ, α− = (α−

1 , . . . , α−
n ) :

[s0
1, s

0] → R
n, α+ = (α+

1 , . . . , α+
n ) : [s0, s0

2] → R
n � çàäàíi íàáîðè �óíêöié.Âèçíà÷èìî ìíîæèíè iíäåêñiâ I1, I2, I−, I+, J−, J+ :

I1 = {i ∈ {1, . . . , n} : λ−
i (s0

1, 0, α−(s0
1)) > s′1(0)};

I2 = {i ∈ {1, . . . , n} : λ+
i (s0

2, 0, α+(s0
2)) < s′2(0)};

I− = {i ∈ {1, . . . , n} : λ−
i (s0, 0, α−(s0)) < g(s0, 0, α±(s0))};

I+ = {i ∈ {1, . . . , n} : λ+
i (s0, 0, α+(s0)) > g(s0, 0, α±(s0))};

J− ⊂ {1, . . . , n}\I−, J+ ⊂ {1, . . . , n}\I+,äå α±(s0) = (α−(s0), α+(s0)). Íåõàé k−, k+ � êiëüêiñòü åëåìåíòiâ ìíîæèí J−, J+.



ÄÅßÊI ÍÅËIÍIÉÍI ÇÀÄÀ×I Ç ÂIËÜÍÈÌÈ ÌÅÆÀÌÈ 127Ïðèïóñòèìî, ùî íà �iêñîâàíèõ ái÷íèõ ìåæàõ îáëàñòåé Ds−
T , Ds+

T çàäîâîëü-íÿþòüñÿ êðàéîâi óìîâè âèãëÿäó
u−

i (s1(t), t) = βi1(t), i ∈ I1, u+
i (s2(t), t) = βi2(t), i ∈ I2, (6)à íà âiëüíié ìåæi x = s(t) âèêîíóþòüñÿ óìîâè ñïðÿæåííÿ

u−
i (s(t), t) = γ−

i (s(t), t, ũ±(s(t), t)), i ∈ I−,

u+
i (s(t), t) = γ+

i (s(t), t, ũ±(s(t), t)), i ∈ I+,
(7)äå ũ±(s, t) = (ũ−(s, t), ũ+(s, t)), ũ− = (u−

i ), i ∈ J−, ũ+ = (u+
i ), i ∈ J+, ïðè÷îìó

βij(t) : R → R, γ±
i (s, t, ũ±) : R

k
−

+k++2 → R � âiäîìi �óíêöi¨.Íåõàé i ∈ {1, . . . , n}, s(t) : [0, T ] → R, u−(x, t) : Ds−
T → R

n � âèçíà÷åíi �óíêöi¨,à (x0, t0) ∈ Ds−
T . �îçãëÿíåìî çàäà÷ó Êîøi

dx

dt
= λ−

i (x, t, u−(x, t)), x(t0) = x0.Ïðèïóñòèìî, ùî öÿ çàäà÷à ìà¹ ¹äèíèé ðîçâ'ÿçîê, ÿêèé ïîçíà÷èìî ϕ−
i [u−](t; x0, t0). Âðåçóëüòàòi îòðèìà¹ìî ñiì'þ �óíêöié àðãóìåíòó t ç ïàðàìåòðàìè x0, t0, ÿêà çàëåæèòüâiä âèáîðó �óíêöi¨ u−, òîáòî, iíøèìè ñëîâàìè, ñiì'þ îïåðàòîðiâ.Çàóâàæèìî, ùî ðîçâ'ÿçîê ϕ−

i [u−](t; x0, t0) ïðè �iêñîâàíèõ i, s, u−, x0, t0 ìîæíàïðîäîâæèòè äî ïåðåòèíó ç ìåæåþ îáëàñòi Ds−
T . Íåõàé

χ−
i [u−, s](x0, t0) = min

{
t ∈ [0, t0] : (ϕ−

i [u−](t; x0, t0), t) ∈ Ds−
T

}
.Îòæå, �óíêöiÿ ϕ−

i [u−](t; x0, t0) áóäå âèçíà÷åíà íà âiäðiçêó [
χ−

i [u−, s](x0, t0), t0
], ïðè-÷îìó χ−

i [u−, s](x0, t0) ¹ ñiì'¹þ �óíêöiîíàëiâ ç ïàðàìåòðàìè x0, t0.Ïåðåïèøåìî ñèñòåìó ðiâíÿíü (1) ó âèãëÿäi
du−

i (ϕ−
i [u−](t; x0, t0), t)

dt
=fi(ϕ

−
i [u−](t; x0, t0), t, u

−(ϕ−
i [u−](t; x0, t0), t)), i ∈ {1, . . . , n}.Ïðîiíòåãðó¹ìî êîæíå ðiâíÿííÿ îòðèìàíî¨ ñèñòåìè â ìåæàõ âiä χ−

i [u−, s](x0, t0) äî
t0. Ó ðåçóëüòàòi îäåðæèìî ñèñòåìó iíòåãðî-�óíêöiîíàëüíèõ ðiâíÿíü

u−
i (x, t) = u−

i

(
ϕ−

i [u−](χ−
i [u−, s](x, t); x, t), χ−

i [u−, s](x, t)
)

+

+

t∫

χ
−

i
[u−,s](x,t)

f−
i

(
ϕ−

i [u−](τ ; x, t), τ, u−(ϕ−
i [u−](τ ; x, t), τ)

)
dτ,

i ∈ {1, . . . , n}, (x, t) ∈ Ds−
T . (8)Çàóâàæèìî, ùî ñèñòåìè (1) òà (8) åêâiâàëåíòíi â êëàñi �óíêöié (u−, s):

u− ∈ [C1(Ds−
T )]n, s ∈ C[0, T ], ïðîòå ðîçâ'ÿçîê îñòàííüî¨ ñèñòåìè ìîæå áóòè, âçàãàëiêàæó÷è, íå äè�åðåíöiéîâíèì.



128 Âîëîäèìèð ÊÈ�ÈËÈ×Ìiðêóþ÷è ïîäiáíî, âèâîäèìî ñèñòåìó iíòåãðî-�óíêöiîíàëüíèõ ðiâíÿíü
u+

i (x, t) = u+
i

(
ϕ+

i [u+](χ+
i [u+, s](x, t); x, t), χ+

i [u+, s](x, t)
)

+

+

t∫

χ
+

i
[u+,s](x,t)

f+
i

(
ϕ+

i [u+](τ ; x, t), τ, u+(ϕ+
i [u+](τ ; x, t), τ)

)
dτ,

i ∈ {1, . . . , n}, (x, t) ∈ Ds+
T , (9)ùî åêâiâàëåíòíà ñèñòåìi (2) â êëàñi äîñòàòíüî ãëàäêèõ �óíêöié (u, s).Îçíà÷åííÿ 1. Óçàãàëüíåíèì ðîâ'ÿçêîì çàäà÷i (1)-(7), âèçíà÷åíèì íà ÷àñîâîìóâiäðiçêó [0, T0], (0 < T0 6 T ) áóäåìî íàçèâàòè íàáið �óíêöié (u−, u+, s): u− ∈

∈
[
Lip(Ds−

T0
)
]n, u+ ∈

[
Lip(Ds+

T0
)
]n, s ∈ C1[0, T0], ùî çàäîâîëüíÿ¹ ñèñòåìè (3), (8),(9), à òàêîæ óìîâè (4)-(7). ßêùî T0 < T , òî ðîçâ'ÿçîê íàçèâà¹òüñÿ ëîêàëüíèì,ÿêùî æ T0 = T , òî � ãëîáàëüíèì.Íåõàé

U = max

{
max

x∈[s0
1
,s0]

|α−(x)|, max
x∈[s0,s0

2
]
|α+(x)|

}
+ 1, S = |g(s0, 0, α±(s0))| + 1.Âèçíà÷èìî òàêi ìíîæèíè:

D1
T,U = {(x, t, u) ∈ R

n+2 : 0 6 t 6 T, s1(t) 6 x 6 s2(t), |u| 6 U},

D2
T,U,S = {(s, t, u±) ∈ R

2n+2 : 0 6 t 6 T, s0 − St 6 s 6 s0 + St, |u±| 6 U},

D3
T,U,S = {(s, t, ũ±) ∈ R

k
−

+k++2 : 0 6 t 6 T, s0 − St 6 s 6 s0 + St, |ũ±| 6 U}.Òóò | · |� íîðìà â ïðîñòîði R
N â ñåíñi ìàêñèìóìó ìîäóëiâ.Ââåäåìî òàêîæ iíøi ïîçíà÷åííÿ

Λ = max
(x,t,u)∈D1

T,U

|λ±(x, t, u)|, F = max
(x,t,u)∈D1

T,U

|f±(x, t, u)|,

δ =
1

2
min

i∈{1,...,n}

{
|λ−

i (s0
1, 0, α−(s0

1)) − s′1(0)|, |λ+
i (s0

2, 0, α+(s0
2)) − s′2(0)|,

|λ−
i (s0, 0, α−(s0)) − g(s0, 0, α±(s0))|, |λ+

i (s0, 0, α+(s0)) − g(s0, 0, α±(s0))|
}

,i íåõàé λ0, f0, g0, α0, β0, γ0, S0 � ñòàëi Ëiïøèöÿ �óíêöié λ±
i , f±

i , g, α±
i , βij , γ±

i , sjçà âiäïîâiäíèìè çìiííèìè.Òåîðåìà 1 (ïðî ëîêàëüíó ðîçâ'ÿçíiñòü). Íåõàé âèêîíóþòüñÿ òàêi óìîâè:1) λ−
i ∈ Lip(D1

T,U ), λ+
i ∈ Lip(D1

T,U ), i ∈ {1, . . . , n};2) f−
i ∈ C(D1

T,U ) ∩ Lipx,u(D1
T,U ), f+

i ∈ C(D1
T,U ) ∩ Lipx,u(D1

T,U ), i ∈ {1, . . . , n};3) g ∈ Lip(D2
T,U,S);4) α−

i ∈ Lip[s0
1, s

0], α+
i ∈ Lip[s0, s0

2], i ∈ {1, . . . , n};5) βij ∈ Lip[0, T ], j ∈ {1, 2}, i ∈ Ij ;6) γ−
i ∈ Lip(D3

T,U,S), i ∈ I−, γ+
i ∈ Lip(D3

T,U,S), i ∈ I+;7) sj ∈ C1[0, T ], s′j ∈ Lip[0, T ], j ∈ {1, 2};
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i (s0

1) = βi1(0), i ∈ I1, α+
i (s0

2) = βi2(0), i ∈ I2,
α−

i (s0) = γ−
i (s0, 0, α̃±(s0)), i ∈ I−, α+

i (s0) = γ+
i (s0, 0, α̃±(s0)), i ∈ I+,äå α̃±(s0) = (α̃−(s0), α̃+(s0)), α̃−(s0) = (α−

i (s0)), i ∈ J−, α̃+(s0) = (α+
i (s0)),

i ∈ J+ (óìîâè ïîãîäæåííÿ).Òîäi íà ÷àñîâîìó âiäðiçêó [0, T0] iñíó¹ ¹äèíèé ëîêàëüíèé óçàãàëüíåíèé ðîçâ'ÿçîê çà-äà÷i (1)-(7).Ââåäåìî ïîçíà÷åííÿ äëÿ ìîíîòîííèõ õàðàêòåðèñòèê �óíêöié:
F (x1, . . . , xn) ր (xk1

, . . . ) (âiäïîâiäíî ց (xk2
, . . . )) � �óíêöiÿ F íå ñïàäà¹ çàãðóïîþ àðãóìåíòiâ (xk1

, . . . ) ( íå çðîñòà¹ çà ãðóïîþ àðãóìåíòiâ (xk2
, . . . )).Ëåìà 1. Íåõàé âèêîíóþòüñÿ òàêi óìîâè çíàêîñòàëîñòi òà ìîíîòîííîñòi:F): f−

i > 0, i ∈ I1, f−
i 6 0, i ∈ I− ∪ J−,

f+
i 6 0, i ∈ I2, f+

i > 0, i ∈ I+ ∪ J+;M1): λ−
i ր (x, u), λ+

i ր (x, u), i ∈ {1, . . . , n};M2): f−
i ր (x, u), f+

i ր (x, u), i ∈ {1, . . . , n};M3): α−
i ր (x), α+

i ր (x), i ∈ {1, . . . , n};M4): βi1 ց (t), i ∈ I1, βi2 ր (t), i ∈ I2;M5): γ−
i ր (t, ũ+) ց (ũ−), i ∈ I−, γ+

i ր (ũ−) ց (t, ũ+), i ∈ I+.Òîäi, ÿêùî (u−, u+, s) � óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (1)-(7), u− ր (x), u+ ր (x),òî Au−[u−, s] ր (x), Au+[u+, s] ր (x), äå îïåðàòîðè Au−, Au+ âèçíà÷àþòüñÿ ïðà-âèìè ÷àñòèíàìè (8), (9).Â DT äëÿ äîâiëüíèõ x ∈ R
N1 , y ∈ R

N2 ÷åðåç |x, y| ïîçíà÷èìî ìàêñèìóì íîðì
|x|, |y|.Òåîðåìà 2 (ïðî ãëîáàëüíó ðîçâ'ÿçíiñòü). Íåõàé âèêîíóþòüñÿ óìîâè:1) λ−

i ∈ Liploc(DT × R
n), λ+

i ∈ Liploc(DT × R
n), i ∈ {1, . . . , n};2) f−

i ∈ C(DT × R
n) ∩ Lipx,u,loc(DT × R

n),

f+
i ∈ C(DT × R

n) ∩ Lipx,u,loc(DT × R
n), i ∈ {1, . . . , n};3) g ∈ Liploc(R × [0, T ]× R

2n);4) α−
i ∈ Lip[s0

1, s
0], α+

i ∈ Lip[s0, s0
2], i ∈ {1, . . . , n};5) βij ∈ Lip[0, T ], j ∈ {1, 2}, i ∈ Ij ;6) γ−

i ∈ Liploc([0, T ]× R
k
−

+k+), i ∈ I−, γ+
i ∈ Liploc([0, T ] × R

k
−

+k+), i ∈ I+;7) sj ∈ C1[0, T ], s′j ∈ Lip[0, T ], j ∈ {1, 2};8) ïîãîäæåííÿ 9) òåîðåìè 1;9) çíàêîñòàëîñòi òà ìîíîòîííîñòi ëåìè 1;10) îáìåæåííÿ íà çðîñòàííÿ âèõiäíèõ äàíèõ:G1): |f−(x, t, u), f+(x, t, u)| 6 f1(1 + |x, u|);G2): |g(s, t, u±)| 6 g1(1 + |s, u±|);G3): |γ−(t, ũ±), γ+(t, ũ±)| 6 γ1(1 + |ũ±|);11) (λ−
i − s′1)(λ

+
i − s′2)(λ

−
i − g)(λ+

i − g) 6= 0, i ∈ {1, . . . , n};12) s1(t)+St < s0 < s2(t)−St (ñòàëà S âèçíà÷à¹òüñÿ âèõiäíèìè äàíèìè çàäà÷i).Òîäi iñíó¹ ¹äèíèé ãëîáàëüíèé óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (1)-(7).



130 Âîëîäèìèð ÊÈ�ÈËÈ×Äîâåäåííÿ îáèäâîõ òåîðåì ç íåçíà÷íèìè çìiíàìè ïîâòîðþ¹ äîâåäåííÿ òåîðåìè1 i òåîðåìè 2 ç [11℄.3. Âèïàäîê ãiïåðáîëi÷íî¨ êâàçiëiíiéíî¨ ñèñòåìè â êàíîíi÷íié �îðìiØàóäåðà. Â ïðÿìîêóòíèêó Π(T0) = {(x, t) : 0 6 x 6 l, 0 6 t 6 T0}, äå l > 0, T0 > 0� äåÿêi ñòàëi, ðîçãëÿíåìî ñèñòåìó
∂u

∂t
+ D̃

∂u

∂x
= d, (10)â ÿêié D̃(x, t, u, v) ìàòðèöÿ ðîçìiðíîñòi m × m, d = (d1, ..., dm)T , u = (u1, ..., um)T ,

v = (v1, ..., vn)T , ïðè÷îìó �óíêöi¨ u(x, t), (x, t) ∈ Π(T0), v(x, t), (x, t) ∈ Π(T0) �íåâiäîìi, à çàëåæíîñòi D̃(x, t, u, v), d(x, t, u, v) � çàäàíi.Ïðèïóñòèìî, ùî ìàòðèöÿ D̃ ìà¹ òiëüêè äiéñíi âëàñíi çíà÷åííÿ λ1(x, t, u, v), ...,
λm(x, t, u, v) i ìîæå áóòè çâåäåíà äî äiàãîíàëüíîãî âèãëÿäó (iñíó¹ áàçà ç ëiâèõ âëàñ-íèõ âåêòîðiâ g1(x, t, u, v), ..., gm(x, t, u, v)), òîáòî ñèñòåìà (10) � ãiïåðáîëi÷íà.ßê âiäîìî [7℄, øëÿõîì ìíîæåííÿ çëiâà ðiâíÿíü ñèñòåìè (10) íà âåêòîðè
g1, ..., gm, (10) ìîæå áóòè ïåðåòâîðåíà äî âèãëÿäó

m∑

k=1

gi
k

(∂uk

∂t
+ λi

∂uk

∂x

)
= fi, fi := gid, i ∈ {1, ..., m}, (11)ÿêèé â [9℄ íàçèâàþòü êàíîíi÷íîþ �îðìîþ Øàóäåðà, à â [7℄ � õàðàêòåðèñòè÷íîþêàíîíi÷íîþ �îðìîþ âèõiäíî¨ ñèñòåìè.Ó äåÿêèõ âèïàäêàõ [7℄ ìîæëèâå ïåðåòâîðåííÿ ñèñòåìè (10) äî êàíîíi÷íîãî âè-ãëÿäó â iíâàðiàíòàõ �iìàíà

∂zi

∂t
+ λi

∂zi

∂x
= pi, i ∈ {1, ..., m}, (12)äå zi � íîâi íåâiäîìi �óíêöi¨ (iíâàðiàíòè �iìàíà).Ñèñòåìà (10) çàâæäè ìà¹ âèãëÿä (12), ÿêùî ìàòðèöÿ D̃ � äiàãîíàëüíà. ßêùîêiëüêiñòü ðiâíÿíü ñèñòåìè (10) m > 3, òî ïåðåòâîðåííÿ ñèñòåìè (10) äî âèãëÿäó (12)íå çàâæäè ìîæëèâå [7℄, ùî â äåÿêèõ âèïàäêàõ çíà÷íî çâóæó¹ îáëàñòü çàñòîñóâàíü.Íàïðèêëàä, äëÿ ñèñòåìè ç òðüîõ ðiâíÿíü ãàçîâî¨ äèíàìiêè â çàãàëüíîìó âèïàäêóòàêèé ïåðåõiä íåìîæëèâèé [7℄. Òîìó ìè ðîçãëÿíåìî âèõiäíó ñèñòåìó â �îðìi (11).�àçîì ç ñèñòåìîþ (11) áóäåìî ðîçãëÿäàòè ñèñòåìó

∂vj

∂x
= qj(x, t, u, v), j ∈ {1, ..., n}, (13)ëiâó ÷àñòèíó ÿêî¨ �îðìàëüíî ìîæíà îòðèìàòè ç ëiâî¨ ÷àñòèíè ñèñòåìè (12), ÿêùîäåÿêi ç λi = ∞. Öå âiäïîâiäà¹ âèïàäêó, êîëè â ñóöiëüíîìó ñåðåäîâèùi, ÿêå ìî-äåëþ¹òüñÿ ñèñòåìàìè (10), (13), ÷àñòèíà çáóðåíü (íàïðèêëàä, ìåõàíi÷íèõ) ïîøè-ðþ¹òüñÿ çi ñêií÷åííèìè øâèäêîñòÿìè (λ1, ..., λm � ñêií÷åííi), à ÷àñòèíà (íàïðèêëàä,åëåêòðîìàãíiòíèõ) � ç íåñêií÷åííèìè.Êðiì òîãî, îäíî÷àñíî ç ñèñòåìàìè (11),(13) áóäåìî òàêîæ ðîçãëÿäàòè ñèñòåìó

dsj

dt
= rj(t, s, u(sj(t), t), v(sj(t), t)), j ∈ {1, ..., n}, (14)äå s = (s1, ..., sn)T . �îçâ'ÿçêè ñèñòåìè (14) áóäåìî íàçèâàòè íåâiäîìèìè (âíóòðiøíi-ìè) ìåæàìè.



ÄÅßÊI ÍÅËIÍIÉÍI ÇÀÄÀ×I Ç ÂIËÜÍÈÌÈ ÌÅÆÀÌÈ 131Îòæå, ðîçâ'ÿçêîì ñèñòåìè (11), (13), (14) áóäå âïîðÿäêîâàíà òðiéêà (u, v, s). Äëÿñèñòåìè (11), (13), (14) çàäàìî òàêi ïî÷àòêîâi òà êðàéîâi óìîâè:
u(x, 0) = α(x), 0 ≤ x ≤ ℓ, (15)

sj(0) = cj , j ∈ {1, . . . , n}, 0 ≤ cj ≤ ℓ, (16)
ui(0, t) = γ0

i (t, u(0, t)), i ∈ I0
+ = {i| sgn(λi(0, 0, 0, 0)) = 1}, (17)

ui(ℓ, t) = γℓ
i (t, u(ℓ, t)), i ∈ Iℓ

− = {i| sgn(λi(ℓ, 0, 0, 0)) = −1}, (18)
vj(sj(t), t) = βj(t), j ∈ {1, . . . , n}. (19)Ïîçíà÷èìî ïàðó (u, v) = w i ïðèïóñòèìî, ùî äëÿ âèõiäíèõ äàíèõ çàäà÷i (11),(13)-(19) âèêîíóþòüñÿ óìîâè À1-À12 ç [10℄. Íåõàé òàêîæ âèêîíó¹òüñÿ óìîâà.À13. Ïîçíà÷èìî ÷åðåç hik(x, t, w) åëåìåíòè ìàòðèöi H̃, îáåðíåíî¨ äî ìàòðèöi G̃,ó ñòði÷êàõ ÿêî¨ ñòîÿòü ëiâi âëàñíi âåêòîðè ìàòðèöi D̃. Ïðèïóñòèìî, ùî �óíêöiîíàëü-íi ìàòðèöi G̃, H̃ âèçíà÷åíi â îáëàñòi D(T0, P0) = Π(T0)× {w| w ∈ R

m+n, ||w|| 6 P0},à �óíêöi¨ hik(x, t, w) i gi
k(x, t, w), i, k ∈ {1, ..., m} îáìåæåíi çà ìîäóëåì äåÿêèìèñòàëèìè G, H âiäïîâiäíî. Êðiì òîãî, iñíóþòü íåâiä'¹ìíi ñóìîâíi íà [0, T0] �óíêöi¨

H1(t), H2(t), G1(t), G2(t) òàêi, ùî ìàéæå äëÿ âñiõ t ∈ [0, T0] ïðè (x1, t, w1) ∈ D(T0, P0),
(x2, t, w2) ∈ D(T0, P0) âèêîíóþòüñÿ íåðiâíîñòi:

|hik(x1, t, w1) − hik(x2, t, w2)| 6 H1(t)|x1 − x2| + H2(t)|w1 − w2|;

|gi
k(x1, t, w1) − gi

k(x2, t, w2)| 6 G1(t)|x1 − x2| + G2(t)|w1 − w2|; k, i ∈ {1, ..., m}.Ââiâøè ÿê i â [10℄, äëÿ çàäàíî¨ �óíêöi¨ w ðiâíÿííÿ õàðàêòåðèñòèê
ẋ = λi(x, t, w), i ∈ {1, . . . , m}, (20)ðîçâ'ÿçêè ÿêîãî ïîçíà÷èìî ÷åðåç ϕi(τ ; x, t, w), ϕi(t; x, t, w) = x, àáî êîðîòêî ïîçíà÷à-òèìåìî x = ϕi(τ). Òîäi ëiâó ÷àñòèíó ñèñòåìè (11) ìîæíà ïåðåïèñàòè òàê:

m∑

k=1

gi
k

duk

dt

∣∣∣
x=ϕi(τ)

= fi, i ∈ {1, . . . , m}. (21)Äëÿ äîâiëüíèõ �óíêöié (x, t) 7→ z(x, t) i (x, t, z) 7→ ζ(x, t, z) ââåäåìî ïîçíà÷åííÿ
z[ϕi(τ)] = z(ϕi(τ), τ), ζ[ϕi(τ)] = ζ(ϕi(τ), τ, z(ϕi(τ), τ). Ïîçíà÷èìî χi = χi(x, t, z), äå
χi(x, t, z) - ìiíiìàëüíå çíà÷åííÿ τ , ïðè ÿêîìó âèçíà÷åíà �óíêöiÿ ϕi(τ) ¹ ðîçâ'ÿçêîìçàäà÷i (20).Ëåãêî äîâåñòè, ùî ïðè çðîáëåíèõ ïðèïóùåííÿõ äëÿ �óíêöié gi

k ìàéæå âñþäèiñíó¹ ïîõiäíà âçäîâæ âiäïîâiäíî¨ õàðàêòåðèñòèêè. Öå äà¹ çìîãó ïðîiíòåãðóâàòè (21)âçäîâæ õàðàêòåðèñòèê çà ÷àñòèíàìè (äèâ. [10℄)
m∑

k=1

(gi
kuk)

∣∣∣
t

χi

−

t∫

χi

m∑

k=1

uk[ϕi(τ)]
dgi

k

dτ
[ϕi(τ)]dτ =

t∫

χi

fi[ϕi(τ)]dτ, i ∈ {1, ..., m}.Âðàõîâóþ÷è óìîâè äëÿ u, îäåðæèìî
m∑

k=1

gi
k(x, t, w(x, t))uk(x, t) =

m∑

k=1

(
gi

k[ϕi(χi)]uk[ϕ(χi)] ± gi
k(x, t, w(x, t))uk [ϕ(χi)]+
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+

t∫

χi

m∑

k=1

uk[ϕi(τ)]
dgi

k

dτ
[ϕi(τ)]dτ

)
+

t∫

χi

fi[ϕi(τ)]dτ.Îäíàê
gi

k[ϕi(χi)] − gi
k(x, t, w(x, t))uk(ϕi(t)) = −

t∫

χi

dgi
k

dτ
[ϕi(τ)]uk(ϕi(χi))dτ.Òîìó

m∑
k=1

gi
k(x, t, w(x, t))uk(x, t) =

m∑
k=1

gi
k(x, t, w(x, t))uk [ϕi(χi)]+

+
m∑

k=1

t∫
χi

dgi
k

dτ
[ϕi(τ)]

(
uk[ϕi(τ)] − uk[ϕ(χi)]

)
dτ +

t∫
χi

fi[ϕi(τ)]dτ, i ∈ {1, ..., m}.
(22)Ïîìíîæèìî (22) íà åëåìåíòè hik îáåðíåíî¨ äî G ìàòðèöi H òà ïiäñóìîâóþ÷è çà k,îäåðæèìî

ui(x, t) = ui(ϕi(χi)) +
m∑

j=1

hij(x, t, w(x, t))
m∑

k=1

t∫
χj

dg
j
k

dτ
[ϕj(τ)]

(
uk[ϕj(τ)]−

−uk[ϕj(χj)]
)
dτ +

m∑
j=1

hij(x, t, w(x, t))
t∫

χj

fj[ϕj(τ)]dτ, i ∈ {1, ..., m}.

(23)Çíà÷åííÿ uk[χi] âèçíà÷àþòü ç óðàõóâàííÿì ïî÷àòêîâèõ i êðàéîâèõ óìîâ.Â ðåçóëüòàòi, ïîçíà÷èâøè ïðàâi ÷àñòèíè îòðèìàíèõ ðiâíîñòåé ÷åðåç U{w}, ïðè-õîäèìî äî çàïèñó u = U{w}.Àíàëîãi÷íî, iíòåãðóþ÷è (13) çà x i (14) çà t, îäåðæèìî âiäïîâiäíî v = L{w, s},
s = C{w, s}.Îòæå, ñèìâîëi÷íî âèõiäíó çàäà÷ó ìîæíà çàïèñàòè ÿê ñèñòåìó iíòåãðî-îïåðà-òîðíèõ ðiâíÿíü

(u, v, s) = S{u, v, s}, S = (U, L, C). (24)Îçíà÷åííÿ 2. Ëiïøèöåâèé ðîçâ'ÿçîê ñèñòåìè (24) áóäåìî íàçèâàòè óçàãàëüíåíèìíåïåðåðâíèì ðîçâ'ÿçêîì çàäà÷i (11), (13)-(19).Òåîðåìà 3. Ïðè çðîáëåíèõ âèùå ïðèïóùåííÿõ, iñíó¹ òàêå T > 0, ùî â ïðÿìîêóò-íèêó Π(T ) iñíó¹ ¹äèíèé óçàãàëüíåíèé íåïåðåðâíèé ðîçâ'ÿçîê çàäà÷i (11), (13)-(19).Äîâåäåííÿ öi¹¨ òåîðåìè ïðîâîäèòüñÿ çà ñõåìîþ, ÿêà àíàëîãi÷íà äî äîâåäåííÿâiäïîâiäíî¨ òåîðåìè âèêëàäåíî¨ â [10℄ i íàëåæèòü äî âèïàäêó âèõiäíî¨ äiàãîíàëüíî¨ìàòðèöi D̃, òîáòî äî ñèñòåìè, çàïèñàíî¨ â iíâàðiàíòàõ �iìàíà.1. Åâñååâ Å.�. Êâàçèìîíîòîííûå ðàçíîñòíûå ñõåìû äëÿ íåêîòîðûõ ñèñòåì ãèïåðáî-ëè÷åñêèõ óðàâíåíèé ïåðâîãî ïîðÿäêà / Åâñååâ Å.�., Óáèëîâà Ì.�., Øîíèÿ Â.Â.//Ìàòåìàòè÷. ìîäåëèðîâàíèå. � 1991. � Ò. 3, �5. � Ñ. 81-85.2. Âîëüöèíãåð Í.Å. Äëèííûå âîëíû íà ìåëêîé âîäå / Âîëüöèíãåð Í.Å. � Ë.: �èäðîìå-òåîèçäàò, 1985.
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omWe 
onsider the spa
e of the equivalen
e 
lasses of 
ontinuous open mapsde�ned on a unit segment indu
ed by the Hausdor� metri
. The main resultprovides a des
ription of topology of the 
omponents of this spa
e.Key words: hyperspa
e, open map, segment, Hilbert spa
e.Re
all that a map of topologi
al spa
es is said to be open if the image of every openset is open. It turns out that, in the 
ase of 
ompa
t Hausdor� spa
es, the set of all openmaps 
an be endowed with the natural topology generated by the Vietoris topology onthe 
orresponding hyperspa
e.The aim of this note is to investigate the spa
e of open maps of the unit segment. Ourmain result states that every non-degenerated 
omponent of this spa
e is homeomorphi
to the separable Hilbert spa
e l2.All maps are assumed to be 
ontinuous.1. Spa
e Φ(X). Let X be a 
ompa
t Hausdor� spa
e. Following [1℄ we say thattwo 
ontinuous onto maps fi : X → Yi, i = 1, 2, are equivalent if there exists a homeo-morphism h : Y1 → Y2; here Y1, Y2 are 
ompa
t Hausdor� spa
es su
h that f2 = hf1.Let Φ(X) denote the set of equivalen
e 
lasses and Ψ(X) denote the subset of Φ(X)
onsisting of 
lasses of open maps.Re
all that, given a 
ompa
t Hausdor� spa
e X , we denote by expX the set of allnonempty 
losed subsets of X . The Vietoris topology is the topology whose base 
onsistsof the sets of the form
〈V1, . . . , Vn〉 = {A ∈ expX | A ⊂

n⋃

i=1

Vi and A ∩ Vi 6= ∅, for all i ∈ {1, 2, . . . , n}},where V1, . . . , Vn are open subsets in X , n ∈ N.
© Êîïîðõ Ê., 2009



136 Kateryna KOPORKHIn the 
ase of a 
ompa
t metri
 spa
e (X, d), the Vietoris topology 
an be generatedby the Hausdor� metri
 dH ,
dH(E,F ) = inf{ε > 0 | E ⊆ Oε(F ) and F ⊆ Oε(E)}.Suppose now that all spa
es under 
onsideration are 
ompa
t Hausdor�. We identifyevery equivalen
e 
lass [f ] of a map f : X → Y with the family 〈f〉 = {f−1(y) | y ∈ Y }.The latter is a 
losed subset of expX , i.e. an element of exp2X = exp(expX). We endow

Ψ(X) with the topology indu
ed from exp2X by this identi�
ation [3℄.2. The set Ψ(I). By I we denote the unit segment. Re
all that a map f : I → X is
alled a pie
ewise homeomorphism if there exists a partition 0 = a0 < a1 < · · · < an = 1of I su
h that the embedding f |[ai−1,ai] : [ai−1, ai] → X is a homeomorphism, for all
i = 1, 2, . . . , n.We will use the following result (see [2℄ for its proof).Theorem 1. Every 
ontinuous open map from I onto a non-degenerated Hausdor� spa
e
X is ne
essarily a pie
ewise homeomorphism onto X.We denote by Kn, n ∈ N, the set of all 〈f〉 ∈ Ψ(I) su
h that the following 
onditionholds: there exists a partition 0 = t0 < t1 < t2 < · · · < tn = 1 for whi
h every restri
tion
f |[ti−1,ti] : [ti−1, ti] → X is a homeomorphism, i = 1, 2, . . . , n. Evidently, Km ∩Kn = ∅,if m 6= n.One 
an 
on
lude that Ψ(I) =

∞⋃
i=1

Ki ∪{〈c〉}, where c : I → {∗} is the 
onstant maponto a singleton.Proposition 1. Every Kn, n ∈ N, is an open and 
losed subset of the spa
e Φ(I).Proof. Let 〈g〉 ∈ Ψ(I) \Kn, then there exists m 6= n su
h that 〈g〉 ∈ Km.There exists x ∈ X su
h that |g−1(x)| = m > n. Let g−1(x) = {y1, y2, . . . ym}, where
y1 < y2 < · · · < ym and yi ∈ I for all i = 1, 2, . . .m. Let us 
hoose open disjoint subsets
Ui ⊂ I su
h, as yi ∈ Ui for all i = 1, 2, . . .m. Then 〈U1, . . . , Um〉 is an open subset in exp Iand 〈g〉 ∩ 〈U1, . . . , Um〉 6= ∅. From this it follows that 〈g〉 ∈ 〈exp I, 〈U1, . . . , Um〉〉 = W .The set W is an open subset of the spa
e exp2 I, i.e., is a neighborhood of an element
〈g〉 ∈ exp2 I.Let 〈g̃〉 ∈ W . Then 〈g̃〉 ∩ 〈U1, . . . , Um〉 6= ∅, and there exists y ∈ Y su
h that
g̃−1(y) ∈ 〈U1, . . . , Um〉. From this it follows that g̃−1(y)∩Ui 6= ∅, for every i = 1, 2, . . . ,m.Inasmu
h, as the sets U1, U2 . . . , Um are disjoint, we 
an draw a 
on
lusion that |g̃−1(y)| >

m > n. Therefore 〈g̃〉 does not belong to the set Kn.We are going to show that the set M =
∞⋃

i=1

Ki ∪{〈c〉} is 
losed in Ψ(I). Assume the
ontrary and let (〈fi〉)∞i=1 be a sequen
e from M 
onverging to 〈f〉 ∈ Km.Without loss of generality, one may assume that 〈fi〉 ∈M \{〈c〉}. Consider f : I→X .By Theorem 1, X is homeomorphi
 to I and let x0 ∈ X be an interior point of X . Let
f−1(x0) = {y1, y2, . . . , ym}, where 0 < y1 < y2 < · · · < ym < 1. There exists a > 0su
h that a-neighborhoods of yi and yj are disjoint if i 6= j. Consider the sequen
e ofneighborhoods Ui = Oa/i(f

−1(x0)) of the set f−1(x0).By the pigeon-hole prin
iple, for every i there exist fk(i) and xk(i) ∈ fk(i)(I) su
hthat |f−1
k(i)(xk(i)) ∩Oa/i(yj)| > 2, for some j ∈ {1, 2, . . . ,m}.



ON SPACE OF OPEN MAPS OF THE UNIT SEGMENT 137Passing, if ne
essary, to a subsequen
e, one 
an assume, without loss of generality,that |f−1
k(i)(xk(i))∩Oa/i(y1)| > 2 for all i ∈ N. Denote by wi and zi the endpoints of fi(I).Theorem 1 it follows that f−1({wi, zi}) ∩Oa/i(yi) 6= ∅. Passing to the limit, we obtain

f−1({w, z}) ∩ {yi} 6= ∅where w, z are the endpoints of X0 = f(I). Note that the limits of the preimages ofthe endpoints are also endpoints. This follows from the fa
t that the preimages of theendpoints are pre
isely the sets that 
ontain 0 or 1. We obtain that f(y1) is an endpointof X and this is a 
ontradi
tion.3. We say that f preserves segments, if, for every a, b ∈ I, f([a, b]) = [f(a), f(b)]. Itis easy to observe that in this 
ase the image of every 
onvex subset of I is 
onvex and
f−1 : f(I) → I also preserves segments.As usual, C(I) denotes the set of all 
ontinuous real fun
tions on I endowed withthe uniform 
onvergen
e topology. We denote by C0(I) the set of all f ∈ C(I) su
h that
f preserves segments.Let 〈f〉 ∈ Ψ(I), then f : I → X is a pie
ewise homeomorphism. Suppose now that
[0, t1] ⊂ I is a subsegment in I su
h that f |[0,t1] : [0, t1] → X is a homeomorphism. Thenthere exists a partition 0 = t0 < t1 < t2 < · · · < tn−1 = 1 for whi
h every restri
tion
f |[ti−1,ti] : [ti−1, ti] → X is a homeomorphism, i = 1, 2, . . . , n.Denote by

L = f−1(f(0)) ∪ f−1(f(t1)) = {t0, t1, t2, . . . tn−1},the partition on I, thus t0 = 0 and tn−1 = 1, n ∈ N. Consider a map φi : [0, t1] → [ti−1, ti],de�ned by the formula
φi(t) = f−1(f(t)) ∩ [ti−1, ti].Let f(0) = 0 and 
onsider a map ϕi : I → I , de�ned by the formula

ϕi(x) =

{
φi(x·t1)−ti−1

ti−ti−1
, when i is an odd number i = 2k + 1,

ti−φi(x·t1)
ti−ti−1

, when i is an even number i = 2k,where k = {0, 1, 2, . . . , [n/2]}.So, every 〈f〉 ∈ Ψ(I) 
an be identi�ed with the element
(t0, t1, t2, . . . tn−1, ϕ1(x), ϕ2(x), . . . , ϕn(x)) ∈ In × Cn−1

0 (I)where n ∈ N.And, vi
e versa, let (t0, t1, t2, . . . tn−1;ϕ1, ϕ2, . . . ϕn) be some element of the spa
e
In × C0(I)

n−1 su
h that 0 < t1 < · · · < tn−2 < 1 and ϕi : I → R is 
ontinuous mapswhi
h preserves segments, su
h that ϕ1(I) = ϕ2(I) = . . . ϕn−1(I) = Y ⊂ R. Considermaps ξi : [ti−1, ti] → Y de�ned by the formula:
ξi(x) =




ϕi

(
x−ti−1

ti−ti−1

) if i is an odd number,
ϕi

(
x−ti

ti−1−ti

) if i is an even number.



138 Kateryna KOPORKHConsider a map f : I → Y de�ned by the formula
f(x) =





ξ1(x) if x ∈ [0, t1],

ξ2(x) if x ∈ [t1, t2],

. . . . . . . . . . . . . . . . . . . . .

ξn−1(x) if x ∈ [tn−1, 1].Then f is a 
ontinuous open map from I onto Y ⊂ R and 〈f〉 = {f−1(f((x)) |
x ∈ I} ∈ Ψ(I).In this way, we obtain a one-to-one map between the elements of subset Kn in thespa
e Ψ(I) and the elements of some subset Kn in the spa
e In×Cn−1

0 (I), for ea
h n ∈ N.The set Kn is a 
losed subset in Ψ(I), therefore Kn is a 
losed subset in In+1 × (C0(I))
nas well.Proposition 2. For every n ∈ N, the set Kn is 
onvex in R

n+1 × (C0(I))
n.Proof. Let (t1, t2, . . . , tn−1;ϕ1, ϕ2, . . . , ϕn) and (r1, r2, . . . , rn−1;ψ1, ψ2, . . . , ψn) be ele-ments of the set Kn ⊂ In+1 × (C0(I))

n. Let s be some element in I. Let us 
onsider thefollowing transformation:
s(t1, t2, . . . , tn−1;ϕ1, ϕ2, . . . ,ϕn) + (1 − s)(r1, r2, . . . , rn−1;ψ1, ψ2, . . . , ψn) =

= (st1 + (1 − s)r1,st2 + (1 − s)r2, . . . , stn−1 + (1 − s)rn−1;

sϕ1 + (1 − s)ψ1,sϕ2 + (1 − s)ψ2, . . . , sϕn + (1 − s)ψn)For all i = {1, 2, . . . n − 1}, we have 0 < ti < 1, 0 < ri < 1. Take s ∈ I, then
0 < sti < s and 0 < (1 − s)ri < (1 − s), when
e sti + (1 − s)ri < 1. As ϕi, ψi ∈ C0(I),we see that a 6 ϕi(t) 6 b and a 6 ψi(t) 6 b, where a, b ∈ R. Then

sa+ (1 − s)a 6 sϕi(t) + (1 − s)ψi(t) 6 sb+ (1 − s)bor a 6 sϕi(t) + (1 − s)ψi(t) 6 b. When
e sϕi(t) + (1 − s)ψi(t) ∈ C0(I).Therefore,
s(t1, t2, . . . , tn−1;ϕ1, ϕ2, . . . , ϕn) + (1 − s)(r1, r2, . . . , rn−1;ψ1, ψ2, . . . , ψn) ∈ Kn.Then, for all n ∈ N, the set Kn is a 
losed 
onvex subset in the spa
e I

n+1×(C0(I))
n.Let us state the Anderson-Kade
 Theorem. Re
all that a Fr�e
het spa
e, by de�nition,is a lo
ally 
onvex linear 
omplete metri
 spa
e.Theorem 2. ([5℄) Every in�nite-dimensional Fr�e
het spa
e is homeomorphi
 to l2.The following statements are well known (see [5℄):(1) The 
ountable in�nite produ
t of non-degenerated separable Bana
h spa
es ishomeomorphi
 to l2;(2) In × l2 ∼= l2, where n ∈ N;(3) Ea
h 
onvex bounded subset in l2 is homeomorphi
 to l2.Then, C(I) ∼= l2 a

ording to Theorem 2. The set C0(I) is dense in C(I), therefore

C0(I) ∼= l2. From Statements 1 and 2 it follows that In+1 ×Cn
0 (I) ∼= l2. From Statement3 we obtain Kn

∼= l2, for every n ∈ N.



ON SPACE OF OPEN MAPS OF THE UNIT SEGMENT 139Corollary 1. The set Ψ(I) \ {〈c〉} is homeomorphi
 to the disjoint sum of the singletonand a 
ountable number of 
opies of a separable Hilbert spa
e l2.Thus, Ψ(I) \ {〈c〉} ∼=
∞⊕

i=1

(l2)i ⊕ {〈c〉}.4. By a 
ompa
ti�
ation of a 
ompletely regular topologi
al spa
e X we mean anypair (Y, r) su
h that Y is a 
ompa
t spa
e and r : X → Y is an embedding su
h that
r(X) is dense subset in Y . The one-point 
ompa
ti�
ation of X is de�ned to be a spa
e
Y = X ∪ {∞}, where ∞ is an arbitrary point whi
h does not belong to X .We will prove that spa
e Ψ(I) is not a one-point 
ompa
ti�
ation of Ψ(I) \ {〈c〉}.Example 1. Let us 
onsider a sequen
e {〈fn〉 | n ∈ N} of elements of spa
e Ψ(I) su
hthat:1) 〈fn〉 ∈ Kn for all n ∈ N;2) the limit of the sequen
e is a 
onstant map, lim

i→∞

〈fn〉 = 〈c〉.Let 0 = t0 < t1 < t2 < · · · < tn−1 < tn = 1, where ti = i
n and i = 0, 1, 2, . . . n.De�ne fn : I ։ I by the 
onditions:1) fn(t2i) = 0, for i = 0, . . . [n

2 ];2) fn(t2i+1) = 1, for i = 0, . . .
([

n
2

]
+ ((−1)n+1 − 1)1

2

);3) fn : [ti−1; ti] ։ I is a linear map, for all i = 1, 2, . . . n− 1.Let us estimate the distan
e
dHH(〈fn〉, 〈c〉) = dHH({f−1

n (fn(x)) | x ∈ I}, {c−1(c(x)) | x ∈ I}).A

ording to 
ondition (3), on ea
h segment [ti−1; ti], where i = 1, 2, . . . n−1, there existsa point from {f−1
n (fn(x))}, where 0 6 x 6 1. Thus,
dH(f−1

n (fn(x)), c−1(c(x))) = dH(f−1
n (fn(x)), I) 6

1

n
.From this it follows:

dHH(〈fn〉, 〈c〉) = dHH({f−1
n (fn(x)) | x ∈ I}, {I}) 6

1

n
.We 
on
lude that lim

i→∞

〈fn〉 = 〈c〉.Example 2. Let us 
onsider a sequen
e {〈fn〉 | n ∈ N} of elements of the spa
e Ψ(I)su
h that:1) 〈fn〉 ∈ Kn for ea
h n ∈ N;2) 〈fn〉 does not 
onverge to the 
onstant map lim
i→∞

〈fn〉 6= 〈c〉.Let 0 = t0 < t1 = 1
2 < t2 < t3 < t4 < · · · < tn−1 < tn = 1, where ti = 1

2 + i−1
2n and

i = 0, 1, 2, . . . n+ 1. De�ne fn : I ։ I by the 
onditions:1) fn(x) = 2x, for x ∈ [0, 1
2 ];2) fn(t2i) = 1, for i = 0, . . . [n

2 ];3) fn(t2i+1) = 0, for i = 0, . . .
([

n
2

]
+ ((−1)n+1

−1)
2

);4) fn : [ti−1; ti] ։ I is a linear map, for all i = 0, 1, 2, . . . n+ 1.Let us estimate the distan
e
dHH(〈fn〉, 〈c〉) = dHH({f−1

n (fn(x)) | x ∈ I}, {c−1(c(x)) | x ∈ I}).



140 Kateryna KOPORKHA

ording to 
ondition (4), on ea
h segment [ti−1; ti], where i = 1, 2, . . . n−1, there existsa point from {f−1
n (fn(x))}, where 1

2 6 x 6 1. Therefore,
dH(f−1

n (fn(x)), c−1(c(x))) = dH(f−1
n (fn(x)), I) 6

1

n
.However, for x ∈

[
0, 1

2

], we obtain f−1
n (fn(x)) = f−1

n (2x) = {x} and then
dH(f−1

n (fn(x)), c−1(c(x))) = dH(f−1
n (fn(x)), I) = max{x, x−

1

2
} >

1

4
.Thus,

dHH(〈fn〉, 〈c〉) = dHH({f−1
n (fn(x)) | x ∈ I}, {c−1(c(x)) | x ∈ I}) >

1

4
,whi
h means that the sequen
e is not 
onvergent.1. Sh
hepin E.V. Fun
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Ï�Î ÎÏÅ�ÀÒÎ�È Ø�ÅÄÈÍ�Å�À ÒÀ ØÒÓ�ÌÀ-ËIÓÂIËß ... 143ìíîæåííÿ íåïåðåðâíèõ �óíêöié. ×àñîì ïðîáëåìà òðàêòóâàííÿ ãàìiëüòîíiàíiâ çi ñèí-ãóëÿðíèìè ïîòåíöiàëàìè ïðèâîäèòü äî òðèâàëèõ äèñêóñié ñåðåä ìàòåìàòèêiâ i �içè-êiâ. Êîæåí äîñëiäíèê íàìàãà¹òüñÿ ïî-ñâî¹ìó íàäàòè ìàòåìàòè÷íîãî ñåíñó äè�åðåí-öiàëüíèì îïåðàòîðàì iç óçàãàëüíåíèìè �óíêöiÿìè ó êîå�iöi¹íòàõ, ùî âiäïîâiäàþòüòié ÷è iíøié òî÷íié ìîäåëi. Äëÿ ðîçâ'ÿçàííÿ öi¹¨ ïðîáëåìè â ïðàöi [3℄ âïåðøå, ÿêíàì âiäîìî, çàñòîñóâàëè òåîðiþ �îí Íåéìàíà ñàìîñïðÿæåíèõ ðîçøèðåíü ñèìåòðè÷-íèõ îïåðàòîðiâ. Äîñòàòíüî äåòàëüíó áiáëiîãðà�iþ ïðî äîñëiäæåííÿ ãàìiëüòîíiàíiâ çïñåâäîïîòåíöiàëàìè ìîæíà çíàéòè â êíèãàõ [1, 2℄. Âàæëèâèé âíåñîê ó äîñëiäæåííÿòî÷íèõ ìîäåëåé çðîáèëè âiò÷èçíÿíi ìàòåìàòèêè [10℄-[14℄.Ó �içè÷íié ëiòåðàòóði òðàïëÿþòüñÿ ìîäåëi äâîõ òèïiâ. Ïåðøi ç íèõ íå÷óòëèâiäî ñïîñîáó ðåãóëÿðèçàöi¨ ïîòåíöiàëó, íàïðèêëàä, ãàìiëüòîíiàí ç δ-ïîòåíöiàëîì. Iíøiæ ìîäåëi çàëåæàòü âiä öi¹¨ ðåãóëÿðèçàöi¨, òîáòî ç ìàòåìàòè÷íîãî ïîãëÿäó ìiñòÿòü�ïðèõîâàíi ïàðàìåòðè�. Â òàêèõ ìîäåëÿõ âèáið ãàìiëüòîíiàíà íåîäíîçíà÷íèé i çàëå-æàòèìå âiä ïðî�iëþ ïîòåíöiàëó ëîêàëüíî¨ äi¨ â ðåàëüíié �içè÷íié ìîäåëi. À, îòæå,âñi ñïåêòðàëüíi âëàñòèâîñòi òà ìàòðèöÿ ðîçñiÿííÿ òåæ çàëåæàòèìóòü âiä øëÿõó ðå-ãóëÿðèçàöi¨.1.1. Ùî òàêå δ′-ïîòåíöiàë: iñòîðè÷íèé ðàêóðñ. Îäíèì iç ïåðøèõ îïåðàòîðiâ,òðàêòóâàííÿ ÿêîãî çóìîâèëî çíà÷íi òðóäíîùi, áóâ îïåðàòîð ç δ′-ïîòåíöiàëîì
Aα = − d2

dx2
+ αδ′(x),

δ′ � ïîõiäíà �óíêöi¨ Äiðàêà, α � äiéñíà ñòàëà, ÿêó íàçèâàþòü ñòàëîþ çâ'ÿçêó. Çàóâà-æèìî òàêå: êîëè äîáóòîê δ′(x)y(x) ðîçóìiòè ÿê y(0)δ′(x) − y′(0)δ(x), òî ïðè α 6= 0ðiâíÿííÿ Aαy = λy íå ìà¹ æîäíîãî ðîçâ'ÿçêó â D′(R), îêðiì íóëüîâîãî.Ïåðøèìè âiäîìèìè íàì ïóáëiêàöiÿìè, ÿêi òëóìà÷àòü îïåðàòîð Aα, áóëè êíè-ãà [1℄ òà ñòàòòi [5, 6, 7℄. Ïðè÷îìó â ëiòåðàòóði ðîçðiçíÿþòü äâà �içè÷íi �åíîìåíè,ïîâ'ÿçàíi ç ïîõiäíîþ �óíêöi¨ Äiðàêà, à ñàìå δ′-âçà¹ìîäiÿ òà δ′-ïîòåíöiàë. Ñ. Àëüáå-âåðiî, Ô. �åçòåçi, �. Õîåã-Êðîí òà Õ. Õîëäåí [1℄ äîñëiäæóþòü ñiì'þ ñàìîñïðÿæåíèõîïåðàòîðiâ Tβ = − d2

dx2 iç îáëàñòþ âèçíà÷åííÿ
D(Tβ) = {f ∈ W 2

2 (R \ 0) : f ′(−0) = f ′(+0), f(+0) − f(−0) = βf ′(0)}, (1)ÿêà îïèñó¹ ÿâèùå δ′-âçà¹ìîäi¨ i âiäïîâiäà¹ åâðèñòè÷íîìó îïåðàòîðó
− d2

dx2
+ c|δ′(x) 〉 〈 δ′(x)|,äå |g 〉 〈 g| � ïîçíà÷åííÿ îïåðàòîðà ðàíãó 1

(|g 〉 〈 g|ϕ 〉)(x) = g(x)

∫

R

g(y)ϕ(y) dy.Òóò β � íîðìóâàëüíà êîíñòàíòà, ÿêà çàëåæèòü âiä ñòàëî¨ çâ'ÿçêó c. Ïèòàííÿ ïðîòðàêòóâàííÿ ãàìiëüòîíiàíà Aα ðîçãëÿíóòî â [5℄. Òàêèé îïåðàòîð íàçèâàþòü ãàìiëü-òîíiàíîì äèïîëüíî¨ δ-âçà¹ìîäi¨ àáî δ′-ïîòåíöiàëîì, ÿêùî δ′ ðîçóìiòè ÿê ãðàíèöþëiíiéíî¨ êîìáiíàöi¨
1

2ε

(

δ(x + ε) − δ(x − ε)
)äâîõ δ-�óíêöié â òîïîëîãi¨ D′(R).



144 Ñòåïàí ÌÀÍÜÊÎÍàäàëi ïîñëiäîâíiñòü âèãëÿäó ε−2Ψ(ε−1x), äå Ψ ∈ C∞
0 (R), íàçèâàòèìåìî δ′-ïî-äiáíîþ, ÿêùî öÿ ïîñëiäîâíiñòü çáiãà¹òüñÿ äî δ′(x) â D′(R). Ôóíêöiþ Ψ íàçèâàòèìå-ìî δ′-ïîäiáíèì ïðî�iëåì. Â [5℄ ïîêàçàíî, ùî äëÿ äîâiëüíîãî ãàìiëüòîíiàíà âèãëÿäó

ε−2V (ε−1x), äå �óíêöiÿ V ¹ �óíêöi¹þ ç êîìïàêòíèì íîñi¹ì i ìà¹ íóëüîâå ñåðåäí¹,ãðàíè÷íèé îïåðàòîð ¹ ïðÿìîþ ñóìîþ S− ⊕ S+ îïåðàòîðiâ Øðåäèí åðà íà ïiâîñÿõ
R±, äå S± = − d2

dx2 , D(S±) = {f ∈ W 2
2 (R±) : f(0) = 0}. Àëå δ′-ïîäiáíi ïîòåíöiàëè ¹÷àñòêîâèì âèïàäêîì öüîãî çáóðåííÿ. Òîìó â òî÷íié ìîäåëi, ÿêié âiäïîâiäà¹ öÿ ïðÿìàñóìà, δ′-áàð'¹ð ìà¹ áóòè íåïðîíèêíèì.Ïðîòå â ïðàöÿõ [16, 17, 18℄ ÿâíî îá÷èñëåíi êîå�iöi¹íòè ðîçñiÿííÿ íà êóñêîâî-ñòàëîìó δ′-ïîäiáíîìó ïîòåíöiàëi ç ïðî�iëåì Ψ(ξ) = χ[−1,1] sign ξ, äå χK � õàðàêòå-ðèñòè÷íà �óíêöiÿ ìíîæèíè K, i îïèñàíî öiêàâèé å�åêò. Âèÿâëÿ¹òüñÿ, ùî iñíó¹ çëi-÷åííà ìíîæèíà çíà÷åíü ñòàëèõ çâ'ÿçêó {αn}n∈N, äëÿ ÿêèõ ãðàíè÷íå çíà÷åííÿ éìî-âiðíîñòi ïðîõîäæåííÿ êðiçü δ′-áàð'¹ð ¹ íåíóëüîâèì. Öi ñòàëi çíàõîäÿòü ç äåÿêîãîòðàíñöåíäåíòíîãî ðiâíÿííÿ. Òàêå ÿâèùå íàçèâàòèìåìî ÿâèùåì ðåçîíàíñó äëÿ êîå-�iöi¹íòà ïðîõîäæåííÿ.Âàðòî çàóâàæèòè, ùî â ëiòåðàòóði òðàïëÿþòüñÿ é iíøi îçíà÷åííÿ δ′-ïîòåíöiàëó.Â [14℄, [15℄ ãàìiëüòîíiàí ç δ′-ïîòåíöiàëîì òðàêòóþòü ÿê îïåðàòîð äðóãî¨ ïîõiäíî¨ â

L2(R), âèçíà÷åíèé íà W 2
2 (R \ 0), ç óìîâàìè ñïðÿæåííÿ

f(+0) − f(−0) =
α

2
(f(+0) + f(−0)),

f ′(+0) − f ′(−0) = −α

2
(f ′(+0) + f ′(−0)).

(2)Òàêå îçíà÷åííÿ îïèðàëîñÿ íà óçàãàëüíåíi �óíêöi¨ Äiðàêà òà ¨¨ ïîõiäíèõ íà âèïà-äîê ðîçðèâíèõ ó íóëi ïðîáíèõ �óíêöié: 〈δ(n)(x), ϕ(x)〉 = (−1)n

2 (ϕ(n)(+0) + ϕ(n)(−0)).Ó öié ìîäåëi êîå�iöi¹íò ïðîíèêíåííÿ êðiçü δ′-ïîòåíöiàë äëÿ âñiõ α âiäìiííèõ âiä 2òà −2 ¹ âiäìiííèì âiä íóëÿ.Íà íàøó äóìêó, âiäïîâiäü íà ïèòàííÿ ïðî ïðîíèêíiñòü êðiçü δ′-áàð'¹ð ìîæíàîòðèìàòè òàê. Òðåáà ðîçãëÿíóòè âñiëÿêi ìîæëèâi ðåãóëÿðèçàöi¨ δ′-áàð'¹ðà, à òàêîæãðàíèöi õàðàêòåðèñòèê ðîçñiÿííÿ, i ïåðåâiðèòè, ÷è çàëåæàòü öi ãðàíèöi âiä ñïîñîáóðåãóëÿðèçàöi¨. Ó [9℄ àíàëîãi÷íå äîñëiäæåííÿ áóëî ïðîâåäåíî äëÿ àíàëiçó åíåðãåòè÷-íèõ ðiâíiâ i ÷èñòèõ ñòàíiâ äëÿ ãàìiëüòîíiàíiâ âèãëÿäó
− d2

dx2
+ U(x) + αδ′(x).Áóëî ïîêàçàíî, ùî ñàìîñïðÿæåíi ðîçøèðåííÿ, îòðèìàíi ïðè ïåðåõîäi ó ðåãóëÿðèçàöi¨äî ãðàíèöi, íå çàâæäè ¹ ïðÿìîþ ñóìîþ îïåðàòîðiâ Øðåäèí åðà íà ïiâîñÿõ, ÿê áóëîâ [5℄. Äëÿ êîæíîãî ïðî�iëþ ðåãóëÿðèçàöi¨ iñíó¹ äèñêðåòíà ìíîæèíà ñòàëèõ çâ'ÿçêó,ÿêà íàçèâà¹òüñÿ ðåçîíàíñíîþ, äëÿ ÿêî¨ ãðàíè÷íi îïåðàòîðè ¹ îïåðàòîðàìè Øðåäèí- åðà íà âñié îñi ç äåÿêèìè óìîâàìè ñïðÿæåííÿ â ïî÷àòêó êîîðäèíàò.Ìåòà íàøî¨ ïðàöi � äîâåñòè, ùî ÿâèùå ðåçîíàíñó äëÿ êîå�iöi¹íòà ïðîõîäæåí-íÿ õàðàêòåðíå äëÿ äîâiëüíîãî δ′-ïîäiáíîãî ïîòåíöiàëó αε−2Ψ(ε−1x) òà ïîêàçàòè, ùîðåçîíàíñíi ñòàëi çâ'ÿçêó, ÿêi â [16, 17, 18℄ äëÿ êóñêîâî-ñòàëèõ ïðî�iëiâ ¹ êîðåíÿìèäåÿêèõ òðàíñöåíäåíòíèõ ðiâíÿíü, íàñïðàâäi âèçíà÷àþòüñÿ ñïåêòðàëüíèìè õàðàêòå-ðèñòèêàìè ïðî�iëþ çáóðåííÿ Ψ. Êðiì òîãî, ç'ÿñóâàòè çâ'ÿçîê öèõ õàðàêòåðèñòèê çiñïåêòðàëüíèìè âëàñòèâîñòÿìè çàäà÷i Øòóðìà-Ëióâiëëÿ ç δ′-ïîäiáíèì ïîòåíöiàëîì.



Ï�Î ÎÏÅ�ÀÒÎ�È Ø�ÅÄÈÍ�Å�À ÒÀ ØÒÓ�ÌÀ-ËIÓÂIËß ... 1451.2. �îëîâíi ðåçóëüòàòè. Íàâåäåìî äåÿêi îçíà÷åííÿ, ÿêi âïåðøå áóëè ââåäåíi â[8℄, [9℄. �îçãëÿíåìî çàäà÷ó
−w′′ + αΨw = 0, ξ ∈ (−1, 1), w′(−1) = 0, w′(1) = 0. (3)Çàóâàæèìî, ùî �óíêöiÿ Ψ ∈ C∞

0 (R) ¹ δ′-ïîäiáíèì ïðî�iëåì òîäi i ëèøå òîäi, êîëè
∫ 1

−1
Ψ dξ = 0 òà ∫ 1

−1
ξΨ dξ = −1. Ïåðøà óìîâà âèìàãà¹ çíàêîçìiííîñòi �óíêöi¨ Ψ.Îòæå, çàäà÷à (3) ¹ ñïåêòðàëüíîþ ñòîñîâíî ñïåêòðàëüíîãî ïàðàìåòðà α çi çíàêîçìií-íîþ âàãîâîþ �óíêöi¹þ, òîìó âëàñòèâîñòi ¨¨ ñïåêòðà çðó÷íî äîñëiäæóâàòè â ïðîñòîðiÊðåéíà. Ñïåêòð çàäà÷i (3) äiéñíèé, äèñêðåòíèé, ïðîñòèé ïîçà α = 0 i ìà¹ äâi òî÷êèñêóï÷åííÿ ±∞ [4℄, [9℄.Îçíà÷åííÿ 1. �åçîíàíñíîþ ìíîæèíîþ íàçèâàòèìåìî ñïåêòð çàäà÷i (3) i ïîçíà-÷àòèìåìî ¨¨ ΣΨ.Îçíà÷åííÿ 2. Íåõàé wα� âëàñíà �óíêöiÿ çàäà÷i (3), ùî âiäïîâiäà¹ âëàñíîìó çíà-÷åííþ α. Ôóíêöiþ θΨ : ΣΨ → R, âèçíà÷åíó çà ïðàâèëîì

θΨ(α) =
wα(1)

wα(−1)
, (4)íàçèâàòèìåìî �óíêöi¹þ çâ'ÿçêó.Ôóíêöiÿ çâ'ÿçêó âèçíà÷åíà êîðåêòíî, áî îáèäâà ÷èñëà wα(−1) òà wα(1) âiäìiííiâiä íóëÿ. Êðiì òîãî, �óíêöiÿ θΨ ¹ îäíîçíà÷íîþ, îñêiëüêè ñïåêòð çàäà÷i (3) ïðîñòèé.Ó ÷àñòèíi 2 ñòàòòi âèâ÷åíà çàäà÷à ðîçñiÿííÿ íà δ′-ïîäiáíîìó ïîòåíöiàëi. Öÿçàäà÷à ïîëÿãà¹ ó çíàõîäæåííi òàêîãî ðîçâ'ÿçêó yε ðiâíÿííÿ:

−y′′ + αε−2Ψ(ε−1x)y = k2y, x ∈ R,ùî yε(x; α, k) = eikx + Rε(α, k)e−ikx ïðè x → −∞ òà yε(x; α, k) = Tε(α, k)eikx ïðè
x → ∞. Âåëè÷èíà |Rε(k, α)|2 âèçíà÷à¹ éìîâiðíiñòü, ç ÿêîþ êâàíòîâî-ìåõàíi÷íà÷àñòèíêà âiäáèâà¹òüñÿ âiä áàð'¹ðà, à |Tε(k, α)|2 � éìîâiðíiñòü, ç ÿêîþ êâàíòîâî-ìåõàíi÷íà ÷àñòèíêà ïðîõîäèòü êðiçü áàð'¹ð. Öi âåëè÷èíè íàçèâàþòüñÿ êîå�iöi¹íòîìâiäáèòòÿ òà êîå�iöi¹íòîì ïðîíèêíåííÿ (êîå�iöi¹íòîì ïðîçîðîñòi áàð'¹ðà) âiä-ïîâiäíî. Äîáðå âiäîìî, ùî ìiæ íèìè âèêîíó¹òüñÿ ñïiââiäíîøåííÿ |Rε(k, α)|2+
+|Tε(k, α)|2 = 1. Äîñëiäæåíî ãðàíè÷íó ïîâåäiíêó êîå�iöi¹íòà ïðîíèêíåííÿ. Äîâå-äåíî, ùî ëèøå ó âèïàäêó, êîëè α ∈ ΣΨ, êîå�iöi¹íò ïðîíèêíåííÿ ìà¹ ïðè ε → 0íåíóëüîâó ãðàíèöþ |T (α)|2, ÿêà âèçíà÷à¹òüñÿ ÷åðåç �óíêöiþ çâ'ÿçêó θΨ(α) çà�îðìóëîþ

|T (α)|2 =
4

(θΨ(α) + θΨ(α)−1)2
, α ∈ ΣΨ.ßêùî æ α /∈ ΣΨ, òî |T (α)|2 = 0.Ó ÷àñòèíi 3 ðîçãëÿíóòî ìîäåëü ðóõó êâàíòîâî-ìåõàíi÷íî¨ ÷àñòèíêè â íåñêií-÷åííié ïðÿìîêóòíié ÿìi ç δ′-ïîäiáíèì ïîòåíöiàëîì, ðîçòàøîâàíèì â íié. Äîñëiäæåíîãðàíè÷íó ïîâåäiíêó âëàñíèõ çíà÷åíü i âëàñíèõ �óíêöié îïåðàòîðàØòóðìà-Ëióâiëëÿ

−y′′ + αε−2Ψ(ε−1x)y = λy, x ∈ (a, b), y(a) = 0, y(b) = 0,äëÿ �iêñîâàíîãî êóñêîâî-ñòàëîãî ïðî�iëþ Ψ. Äîâåäåíî, ùî âëàñíi çíà÷åííÿ òà âiäïî-âiäíi âëàñíi �óíêöi¨ çáiãàþòüñÿ äî âëàñíèõ çíà÷åíü òà âiäïîâiäíèõ âëàñíèõ �óíêöié



146 Ñòåïàí ÌÀÍÜÊÎîïåðàòîðà A(α, Ψ) = − d2

dx2 ç îáëàñòþ âèçíà÷åííÿ
D(A(α, Ψ)) = {f ∈ W 2

2 ((a, b) \ 0) : f(a) = f(0) = f(b) = 0}ïðè α 6∈ ΣΨ i
D(A(α, Ψ)) = {f ∈ W 2

2 ((a, b) \ 0) : f(+0) = θΨ(α)f(−0), θΨ(α)f ′(+0) = f ′(−0)}ó âèïàäêó, êîëè α ∈ ΣΨ. Òóò ΣΨ i θΨ � ðåçîíàíñíà ìíîæèíà òà �óíêöiÿ çâ'ÿçêóïîòåíöiàëó Ψ. Öå îçíà÷à¹, ùî ðåçîíàíñíi çíà÷åííÿ α ìàþòü ñóòò¹âèé âïëèâ i íàïîâåäiíêó ñïåêòðà ïðè ε → 0.2. Çàäà÷à ðîçñiÿííÿ íà δ′-ïîäiáíîìó áàð'¹ði. �îçãëÿíåìî çàäà÷ó ïðî ïðî-íèêíåííÿ ÷àñòèíêè ç çàäàíîþ åíåðãi¹þ k2, äå k > 0, êðiçü ïîòåíöiàëüíèé áàð'¹ð, ùîìà¹ âèãëÿä αε−2Ψ(ε−1x). Òóò ε � ìàëèé äîäàòíèé ïàðàìåòð, α � äiéñíå ÷èñëî, à Ψ ¹ãëàäêîþ �óíêöi¹þ òàêîþ, ùî supp Ψ = [−1, 1]. Çàäà÷à ðîçñiÿííÿ ÷àñòèíêè íà öüîìóïîòåíöiàëi ïîëÿãà¹ ó çíàõîäæåííi ðîçâ'ÿçêó yε(x; α, k) ðiâíÿííÿ
−y′′ + αε−2Ψ(ε−1x)y = k2y, x ∈ R, (5)ÿêèé ìà¹ âèãëÿä

yε(x; k, α) =











eikx + Rε e−ikx ïðè x < −ε,

Cε,1 u1(ε
−1x; εk, α) + Cε,2 u2(ε

−1x; εk, α) ïðè |x| < ε,

Tε eikx ïðè x > ε.�îçãëÿíåìî äîïîìiæíå ðiâíÿííÿ
−u′′ + (αΨ(ξ) − τ2)u = 0, ξ ∈ (−1, 1), (6)äå (α, τ) ∈ R×R+. �îçãëÿíåìî �óíêöi¨ u1(ξ; τ, α) òà u2(ξ; τ, α), ÿêi óòâîðþþòü �óí-äàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ ðiâíÿííÿ (6) ç âèçíà÷íèêîì Âðîíñüêîãî W (τ, α),ÿêèé äîðiâíþ¹ îäèíèöi äëÿ âñiõ (α, τ) ∈ R×R+. Íåõàé êîæíà ç öèõ �óíêöié ¹ íåïå-ðåðâíîþ �óíêöi¹þ ïàðàìåòðiâ α, τ . Î÷åâèäíî, ùî ïàðà �óíêöié u1(ε

−1x; εk, α) òà
u2(ε

−1x; εk, α) óòâîðþâàòèìå �óíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ ðiâíÿííÿ (5) íàiíòåðâàëi (−ε, ε). �îçâ'ÿçîê ðiâíÿííÿ (5) çàäîâîëüíÿ¹ óìîâè ñïðÿæåííÿ â òî÷êàõ −εòà ε

[yε]x=−ε = 0, [yε]x=ε = 0, [y′
ε]x=−ε = 0, [y′

ε]x=ε = 0, (7)äå [f ]x=a = f(a + 0) − f(a − 0) ïîçíà÷à¹ ñòðèáîê �óíêöi¨ f â òî÷öi a. Ïiäñòàâëÿþ÷è
yε(x; k, α) â (7), îòðèìó¹ìî ñèñòåìó äëÿ çíàõîäæåííÿ íåâiäîìèõ êîå�iöi¹íòiâ









−eikε u1(−1; εk, α) u2(−1; εk, α) 0
ikεeikε u′

1(−1; εk, α) u′
2(−1; εk, α) 0

0 u1(1; εk, α) u2(1; εk, α) −eikε

0 u′
1(1; εk, α) u′

2(1; εk, α) −ikεeikε

















Rε

Cε,1

Cε,2

Tε









=









e−ikε

ikεe−ikε

0
0









.Êîå�iöi¹íò Tε øóêàòèìåìî çà ïðàâèëîì Êðàìåðà
Tε =

∆Tε(k, α)

∆ε(k, α)
,äå ÷åðåç ∆ε(k, α) ïîçíà÷àòèìåìî âèçíà÷íèê öi¹¨ ñèñòåìè. Ôóíêöiÿ ∆ε(k, α) ìà¹ òàêóàñèìïòîòèêó:

∆ε(k, α) = h(α) + iεk(h1(α) + 2h(α)) + O(ε2k2) (8)
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h(α) =

∣

∣

∣

∣

u′
1(1; 0, α) u′

2(1; 0, α)
u′

1(−1; 0, α) u′
2(−1; 0, α)

∣

∣

∣

∣

,

h1(α) =

∣

∣

∣

∣

u′
1(−1; 0, α) u′

2(−1; 0, α)
u1(1; 0, α) u2(1; 0, α)

∣

∣

∣

∣

−
∣

∣

∣

∣

u1(−1; 0, α) u2(−1; 0, α)
u′

1(1; 0, α) u′
2(1; 0, α)

∣

∣

∣

∣

.Çàóâàæèìî, ùî �óíêöi¨ h òà h1 íå çàëåæàòü âiä âèáîðó �óíäàìåíòàëüíî¨ ñèñòåìèðîçâ'ÿçêiâ ðiâíÿííÿ (6) çà óìîâè, ùî âèçíà÷íèê Âðîíñüêîãî óñiõ òàêèõ �óíäàìåí-òàëüíèõ ñèñòåì äîðiâíþ¹ îäèíèöi. Âèçíà÷íèê ∆Tε ìîæíà çàïèñàòè òàê:
∆Tε =

∣

∣

∣

∣

∣

∣

∣

∣

−eikε e−ikε u1(−1; εk, α) u2(−1; εk, α)
ikεeikε ikεe−ikε u′

1(−1; εk, α) u′
2(−1; εk, α)

0 0 u1(1; εk, α) u2(1; εk, α)
0 0 u′

1(1; εk, α) u′
2(1; εk, α)

∣

∣

∣

∣

∣

∣

∣

∣

.Çà ïðàâèëîì Ëàïëàñà ∆Tε = −2ikε, áî âèçíà÷íèê Âðîíñüêîãî ðîçâ'ÿçêiâ u1 òà u2äîðiâíþ¹ 1. Îòæå, êîå�iöi¹íò Tε ìà¹ òàêó àñèìïòîòèêó:
Tε(k, α) =

−2iεk

h(α) + iεk(h1(α) + 2h(α))
+ O(ε2k2) ïðè εk → 0. (9)Äîñëiäèìî ãðàíè÷íó ïîâåäiíêó ïðè εk → 0 êîå�iöi¹íòà ïðîõîäæåííÿ |Tε|2, ÿêàçàëåæèòü âiä òîãî, ÷è íàëåæèòü α äî ðåçîíàíñíî¨ ìíîæèíè.Òåîðåìà 1. Ïðè εk → 0 êîå�iöi¹íò ïðîíèêíåííÿ ìà¹ òàêó ïîâåäiíêó:

• ÿêùî α /∈ ΣΨ, òî |Tε(k, α)|2 = O(ε2k2);
• ÿêùî æ α ∈ ΣΨ, òîäi |Tε(k, α)|2 = 4(θΨ(α) + θΨ(α)−1)−2 + O(εk).Äîâåäåííÿ. Ñïåðøó çàóâàæèìî, ùî ÷èñëî α íàëåæèòü ΣΨ òîäi é ëèøå òîäi, êîëè α ¹êîðåíåì ðiâíÿííÿ h(z) = 0. Ñïðàâäi, α ∈ ΣΨ òîäi é ëèøå òîäi, êîëè iñíó¹ íåòðèâiàëü-íà ëiíiéíà êîìáiíàöiÿ u = c1u1 + c2u2 �óíêöié u1 òà u2 ç �óíäàìåíòàëüíî¨ ñèñòåìèðîçâ'ÿçêiâ, ÿêà çàäîâîëüíÿ¹ êðàéîâi óìîâè u′(−1) = u′(1) = 0, à öå âèêîíó¹òüñÿ òîäié ëèøå òîäi, êîëè h(α) = 0.Íåõàé α íå íàëåæèòü äî ΣΨ, òîäi h(α) 6= 0. Âðàõóâàâøè àñèìïòîòèêó (9), îòðè-ìà¹ìî

|Tε(k, α)|2 =
4

h2(α)
ε2k2 + O(ε3k3) ïðè εk → 0.Ïðîâåäåìî äîâåäåííÿ ó âèïàäêó, êîëè α ∈ ΣΨ. Âèáåðåìî òàêó �óíäàìåíòàëüíóñèñòåìó ðîçâ'ÿçêiâ ðiâíÿííÿ (6), ùî ïðè âñiõ α ∈ ΣΨ �óíêöiÿ u1(ξ; 0, α) ¹ âëàñíîþ�óíêöi¹þ çàäà÷i (3). Îá÷èñëèìî h1(α), áî h(α) = 0. Âèçíà÷íèê Âðîíñüêîãî öi¹¨ñèñòåìè ñòàëèé

∣

∣

∣

∣

u1(−1; 0, α) u2(−1; 0, α)
u′

1(−1; 0, α) u′
2(−1; 0, α)

∣

∣

∣

∣

=

∣

∣

∣

∣

u1(1; 0, α) u2(1; 0, α)
u′

1(1; 0, α) u′
2(1; 0, α)

∣

∣

∣

∣

= 1.Ôóíêöiÿ u1(ξ; 0, α) ¹ âëàñíîþ �óíêöi¹þ çàäà÷i (3), òîìó u′
1(−1; 0, α) = 0 òà

u′
1(1; 0, α) = 0. Âðàõîâóþ÷è öå, îñòàííÿ ðiâíiñòü íàáóâà¹ âèãëÿäó

u1(−1; 0, α)u′
2(−1; 0, α) = u1(1; 0, α)u′

2(1; 0, α) = 1.



148 Ñòåïàí ÌÀÍÜÊÎÇ öi¹¨ ðiâíîñòi îòðèìó¹ìî òàêi ñïiââiäíîøåííÿ:
θΨ(α) =

u1(1; 0, α)

u1(−1; 0, α)
=

1

u1(−1; 0, α)u′
2(1; 0, α)

,

θΨ(α) =
u1(1; 0, α)

u1(−1; 0, α)
= u1(1; 0, α)u′

2(−1; 0, α).

(10)Âðàõîâóþ÷è (10), áåçïîñåðåäíüî îá÷èñëþ¹ìî h1(α) = −θΨ(α) − θΨ(α)−1. Ïiäñòàâ-ëÿþ÷è h1 ó (9), îäåðæó¹ìî
Tε(α, k) → 2(θΨ(α) + θΨ(α)−1)−1 ïðè εk → 0.

�3. Îïåðàòîð Øòóðìà-Ëióâiëëÿ ç δ′-ïîäiáíèì ïîòåíöiàëîì. Íåõàé ÷àñ-òèíêà ïåðåáóâà¹ â áåçìåæíî ãëèáîêié ïîòåíöiàëüíié ÿìi (a, b), äå a, b � ÷èñëà ðiçíèõçíàêiâ. Îêðiì òîãî, â îêîëi ïî÷àòêó êîîðäèíàò ðîçòàøîâàíèé ïîòåíöiàë ìàëîãî ðà-äióñà äi¨ αε−2Ψ(ε−1x). Â òàêié ìîäåëi êâàíòîâî-ìåõàíi÷íà ÷àñòèíêà ç éìîâiðíiñòþ 1ïåðåáóâà¹ íà iíòåðâàëi (a, b) i äëÿ âiäøóêàííÿ ¨¨ ñòàöiîíàðíèõ ñòàíiâ òðåáà çíàéòèâëàñíi çíà÷åííÿ òà âëàñíi �óíêöi¨ çàäà÷i Øòóðìà-Ëióâiëëÿ
−y′′ + αε−2Ψ(ε−1x)y = λy, x ∈ (a, b), y(a) = 0, y(b) = 0. (11)Òóò ε � ìàëèé äîäàòíèé ïàðàìåòð. �ðàíè÷íi ñïåêòðàëüíi âëàñòèâîñòi öi¹¨ çàäà÷i, ÿêi â ïîïåðåäíüîìó ðîçäiëi, ìîæíà äîñëiäæóâàòè äëÿ äîâiëüíîãî ãëàäêîãî ïðî�iëþ

Ψ. Ùîá îòðèìàòè òî÷íi �îðìóëè äëÿ ñïåêòðàëüíèõ õàðàêòåðèñòèê ïðî�iëþ, ìèðîçãëÿíåìî êóñêîâî-ñòàëèé ïðî�iëü. Íåõàé ïðî�iëü Ψ ¹ δ′-ïîäiáíèì iç íîñi¹ì íà
[−1, 1] òàêèé, ùî Ψ(ξ) = 1 ïðè ξ ∈ (−1, 0) i Ψ(ξ) = −1 ïðè ξ ∈ (0, 1).Çàäà÷à (11) ¹ ñòàíäàðòíîþ ñïåêòðàëüíîþ çàäà÷åþ ç äiéñíèì äèñêðåòíèì ïðîñ-òèì ñïåêòðîì. Äëÿ �iêñîâàíîãî ε ïîñëiäîâíiñòü {yj

ε(·, α, Ψ)}∞j=1 íîðìîâàíèõ âëàñíèõ�óíêöié �îðìó¹ îðòîãîíàëüíó áàçó â L2(a, b). Iç âàðiàöiéíîãî ïðèíöèïó âèïëèâà¹,ùî âëàñíi çíà÷åííÿ λε
j(α, Ψ) çàäà÷i (11) ¹ íåïåðåðâíèìè �óíêöiÿìè çìiííî¨ ε ∈ (0, 1)i çàëèøàþòüñÿ îáìåæåíèìè çâåðõó ïðè ε → 0.Îïèøåìî êîíñòðóêòèâíî ðåçîíàíñíó ìíîæèíó òà �óíêöiþ çâ'ÿçêó. Äëÿ ïðî�i-ëþ Ψ õàðàêòåðèñòè÷íèé âèçíà÷íèê çàäà÷i (3) íàáóâà¹ âèãëÿäó
h(z) =

√
z(sh

√
z cos

√
z − ch

√
z sin

√
z). (12)Òóò i íàäàëi áåðåìî òàêó ãiëêó êâàäðàòíîãî êîðåíÿ, ùî √

−1 = i. Íàãàäà¹ìî, ùî ΣΨ¹ ïiäìíîæèíîþ â R.Ëåìà 1. (i) �åçîíàíñíà ìíîæèíà ΣΨ ñèìåòðè÷íà ñòîñîâíî ïî÷àòêó êîîðäèíàò.(ii) Ôóíêöiÿ çâ'ÿçêó θΨ ìà¹ âèãëÿä θΨ(α) = ch
√

α

cos
√

α
, êîëè α > 0, θΨ(α) = cos

√
−α

ch
√
−α

,êîëè α < 0, òà θΨ(0) = 1.Äîâåäåííÿ. (i) Íåõàé α íàëåæèòü ΣΨ, i éîìó âiäïîâiäà¹ âëàñíà �óíêöiÿ w, òîáòî
−w′′ + αΨ(ξ)w = 0, ξ ∈ (−1, 1), w′(−1) = 0, w′(1) = 0. (13)Çðîáèìî â ðiâíÿííi (13) i êðàéîâèõ óìîâàõ çàìiíó àðãóìåíòó ξ = −ζ

−w′′(−ζ) − αΨ(ζ)w(−ζ) = 0, ζ ∈ (−1, 1), w′(−1) = 0, w′(1) = 0.



Ï�Î ÎÏÅ�ÀÒÎ�È Ø�ÅÄÈÍ�Å�À ÒÀ ØÒÓ�ÌÀ-ËIÓÂIËß ... 149Òóò ìè ñêîðèñòàëèñü òèì, ùî ïðî�iëü Ψ íåïàðíèé. Îòæå, ÷èñëî −α òåæ íàëåæèòüðåçîíàíñíié ìíîæèíi, i éîìó âiäïîâiäà¹ âëàñíà �óíêöiÿ w(−ξ).
(ii) Âëàñíó �óíêöiþ øóêàòèìåìî ó âèãëÿäi

gα(ξ) =

{

a1 ch
√

α(ξ + 1), ξ ∈ (−1, 0),

a2 cos
√

α(ξ − 1), ξ ∈ (0, 1),

gα(ξ) =

{

b1 cos
√
−α(ξ + 1), ξ ∈ (−1, 0),

b2 ch
√−α(ξ − 1), ξ ∈ (0, 1)äëÿ äîäàòíîãî òà âiä'¹ìíîãî α âiäïîâiäíî. Çàóâàæèìî, ùî g′α(−1) = 0 òà g′α(1) = 0.Ôóíêöiÿ gα çàäîâîëüíÿ¹ óìîâè ñïðÿæåííÿ â ïî÷àòêó êîîðäèíàò

gα(−0) = gα(+0), g′α(−0) = g′α(+0). (14)Ïiäñòàâëÿþ÷è gα â óìîâè ñïðÿæåííÿ (14), îòðèìó¹ìî îñòàòî÷íèé âèãëÿä âëàñíî¨�óíêöi¨
gα(ξ) =

{

cos
√

α ch
√

α(ξ + 1), ξ ∈ (−1, 0),

ch
√

α cos
√

α(ξ − 1), ξ ∈ (0, 1),

gα(ξ) =

{

ch
√
−α cos

√
−α(ξ + 1), ξ ∈ (−1, 0),

cos
√
−α ch

√
−α(ξ − 1), ξ ∈ (0, 1)äëÿ äîäàòíîãî òà âiä'¹ìíîãî α âiäïîâiäíî. Î÷åâèäíî, ùî α = 0 ¹ âëàñíèì çíà÷åííÿì.Éîìó âiäïîâiäà¹ âëàñíà �óíêöiÿ g0(ξ) = 1, òîìó θΨ(0) = 1. ßêùî α > 0, òî

θΨ(α) =
gα(1)

gα(−1)
=

ch
√

α

cos
√

α
.Ôóíêöiÿ θΨ âèçíà÷åíà äëÿ òàêèõ α, ùî h(α) = 0, òîìó çíàìåííèê âèðàçó äëÿ θΨ íåïåðåòâîðþ¹òüñÿ íà íóëü. Àíàëîãi÷íî ïåðåâiðÿ¹ìî �îðìóëó äëÿ θΨ ó âèïàäêó âiä'¹ì-íîãî α. �Ó ïðàöÿõ [16, 17, 18℄ áóëà ðîçâ'ÿçàíà çàäà÷à ðîçñiÿííÿ äëÿ ðiçíèõ êóñêîâî-ñòàëèõ ïðî�iëiâ. Çîêðåìà, áóëî ïîêàçàíî, ùî ðåçîíàíñíi ñòàëi çâ'ÿçêó äëÿ ïðî�iëþ

Ψ ¹ êîðåíÿìè ðiâíÿííÿ h(α) = 0, äå �óíêöiÿ h ìà¹ âèãëÿä (12). Òîáòî òàêèé δ′-ïîäiáíèé áàð'¹ð ïðîíèêíèé ëèøå ó âèïàäêó, êîëè α ∈ ΣΨ.3.1. Àñèìïòîòèêà âëàñíèõ çíà÷åíü i âëàñíèõ �óíêöié. ßê áóëî ïîêàçàíî â[9℄, ñêií÷åííà êiëüêiñòü ïåðøèõ âëàñíèõ çíà÷åíü çàäà÷i (11) íåîáìåæåíi çíèçó, iìàþòü ïîðÿäîê O(ε−2) ïðè ε → 0. �åøòà âëàñíèõ çíà÷åíü ¹ äîäàòíèìè òà îáìå-æåíèìè ïðè ε → 0. Íàäàëi ìè ðîçãëÿäàòèìåìî ëèøå îáìåæåíi âëàñíi çíà÷åííÿ.Çíàéäåìî ãðàíèöi öèõ âëàñíèõ çíà÷åíü i âiäïîâiäíèõ âëàñíèõ �óíêöié. �îçãëÿíåìîðiâíÿííÿ (11) íà iíòåðâàëi (−ε, ε). Çðîáèìî â íüîìó çàìiíó ξ = ε−1x, uε(ξ) = yε(εξ)

−ε−2u′′
ε + ε−2αΨ(ξ)uε = λεuε. (15)�îçãëÿíåìî äîïîìiæíå ðiâíÿííÿ

−u′′ + αΨu = τ2u, ξ ∈ (−1, 1), (α, τ) ∈ M.



150 Ñòåïàí ÌÀÍÜÊÎÒóò M = {(α, τ) ∈ R×R : |α| > τ2}. Öå ðiâíÿííÿ ìà¹ òàêó �óíäàìåíòàëüíó ñèñòåìóðîçâ'ÿçêiâ:
u1(ξ; τ, α) =

{

ch
√

α − τ2 ξ, ξ ∈ (−1, 0),

cos
√

α + τ2 ξ, ξ ∈ (0, 1),
(16)

u2(ξ; τ, α) =

{

α−1
√

α + τ2 sh
√

α − τ2 ξ, ξ ∈ (−1, 0),

α−1
√

α − τ2 sin
√

α + τ2 ξ, ξ ∈ (0, 1).
(17)Êîæåí ç åëåìåíòiâ áàçè ¹ íåïåðåðâíèì â íóëi ðàçîì çi ñâî¹þ ïîõiäíîþ. Çðîçóìiëî,ùî ïàðà u1(ε

−1x; εωε, α) òà u2(ε
−1x; εωε, α) óòâîðþâàòèìå �óíäàìåíòàëüíó ñèñòåìóðîçâ'ÿçêiâ ðiâíÿííÿ (15). Íîñié �óíêöi¨ Ψ çîñåðåäæåíèé íà âiäðiçêó [−1, 1], òîìó íà

(a, b)\ (−ε, ε) ðiâíÿííÿ (11) ìàòèìå âèãëÿä −y′′ = λεy. Îòæå, âëàñíó �óíêöiþ çàäà÷i(11) øóêàòèìåìî ó âèãëÿäi
yε(x; ωε, α) =











A sin ωε(x − a), x ∈ (a,−ε),

B u1(ε
−1x, α, εωε) + C u2(ε

−1x, α, εωε), x ∈ (−ε, ε),

D sin ωε(x − b), x ∈ (ε, b),

(18)äå ωε =
√

λε. Ëåãêî ïåðåâiðèòè, ùî âèêîíóþòüñÿ óìîâè yε(a) = 0 òà yε(b) = 0. Êðiìòîãî, �óíêöi¨ yε òà y′
ε íåïåðåðâíi â ïî÷àòêó êîîðäèíàò. Âëàñíà �óíêöiÿ çàäîâîëüíÿ¹óìîâè ñïðÿæåííÿ â òî÷êàõ −ε òà ε

[yε]x=−ε = 0, [yε]x=ε = 0, [y′
ε]x=−ε = 0, [y′

ε]x=ε = 0. (19)Ïiäñòàâëÿþ÷è yε(x; ωε, α) â (19), îòðèìó¹ìî õàðàêòåðèñòè÷íèé âèçíà÷íèê
∆ε(ω, α) =

∣

∣

∣

∣

∣

∣

∣

∣

sin(ε + a)ω u1(−1; εω, α) u2(−1; εω, α) 0
−εω cos(ε + a)ω u′

1(−1; εω, α) u′
2(−1; εω, α) 0

0 u1(1; εω, α) u2(1; εω, α) − sin(ε − b)ω
0 u′

1(1; εω, α) u′
2(1; εω, α) −εω cos(ε − b)ω

∣

∣

∣

∣

∣

∣

∣

∣

.Ââåäåìî êîìïëåêñíîçíà÷íi �óíêöi¨ äiéñíîãî àðãóìåíòó
h1(z) = ch

√
z cos

√
z + sh

√
z sin

√
z,

h2(z) = ch
√

z cos
√

z − sh
√

z cos
√

z + ch
√

z sin
√

z

2
√

z
.

(20)Ëåìà 2. Ôóíêöiÿ ∆ε ìà¹ òàêó àñèìïòîòèêó:
∆ε(ω, α) = f0(ω, α) + εωf1(ω, α) + ε2ω2f2(ω, α) + O(ε3ω3) (21)ïðè εω → 0, äå f0(ω, α) = h(α) sin aω sin bω,

f1(ω, α) = h(α) sin(b − a)ω + h1(α) sin aω cos bω − h1(−α) cos aω sin bω; (22)
f2(ω, α) = −h(α) cos(b − a)ω + h2(α)(sin aω sin bω + 2 cosaω cos bω). (23)Äîâåäåííÿ. Ïåðåéøîâøè â âèçíà÷íèêó ∆ε äî ãðàíèöi ïðè εω → 0, ìè îòðèìà¹ìî

∣

∣

∣

∣

∣

∣

∣

∣

sin aω u1(−1; 0, α) u2(−1; 0, α) 0
0 u′

1(−1; 0, α) u′
2(−1; 0, α) 0

0 u1(1; 0, α) u2(1; 0, α) sin bω
0 u′

1(1; 0, α) u′
2(1; 0, α) 0

∣

∣

∣

∣

∣

∣

∣

∣

= h(α) sin aω sin bω.



Ï�Î ÎÏÅ�ÀÒÎ�È Ø�ÅÄÈÍ�Å�À ÒÀ ØÒÓ�ÌÀ-ËIÓÂIËß ... 151Çíàéäåìî íàñòóïíèé ÷ëåí àñèìïòîòèêè �óíêöi¨ ∆ε. Ïåðåéäåìî äî ãðàíèöi ïðè εω→0ó âèðàçi (εω)−1[∆ε(ω, α) − f0(ω, α)]. Öÿ ãðàíèöÿ áóäå òàêîþ:
∣

∣

∣

∣

u′
1(−1; 0, α) u′

2(−1; 0, α)
u′

1(1; 0, α) u′
2(1; 0, α)

∣

∣

∣

∣

sin(b − a)ω +

∣

∣

∣

∣

u′
1(−1; 0, α) u′

2(−1; 0, α)
u1(1; 0, α) u2(1; 0, α)

∣

∣

∣

∣

sin aω cos bω

−
∣

∣

∣

∣

u1(−1; 0, α) u2(−1; 0, α)
u′

1(1; 0, α) u′
2(1; 0, α)

∣

∣

∣

∣

cos aω sin bω.Îòæå, f1(ω, α) ìà¹ âèãëÿä (22). Òåïåð çíàéäåìî f2. Äëÿ öüîãî ó âèðàçi
(εω)−2[∆ε(ω, α) − f0(ω, α) − εωf1(ω, α)]ïåðåéäåìî äî ãðàíèöi ïðè εω → 0. Àíàëîãi÷íî ïîêàçó¹ìî, ùî �óíêöiÿ f2(ω, α) ìà¹çîáðàæåííÿ (23). �Çàóâàæåííÿ 1. Àñèìïòîòèêà âèçíà÷íèêà ∆ε, îòðèìàíà â ëåìi 2, ïðàâèëüíà ëèøåäëÿ âëàñíèõ ÷àñòîò ωε çàäà÷i (11), ÿêi ¹ îáìåæåíèìè ïðè ε → 0, òîìó ùî äëÿ ñêií-÷åííî¨ êiëüêîñòi ÷àñòîò ç ìàëèìè íîìåðàìè εωε 6→ 0 ïðè ε → 0.Äàëi îïèøåìî ãðàíè÷íó ïîâåäiíêó âëàñíèõ çíà÷åíü çàäà÷i (11).Òåîðåìà 2. Íåõàé âëàñíå çíà÷åííÿ λε çàäà÷i (11) ¹ îáìåæåíèì ïðè ε → 0, òîäi λεìà¹ ãðàíèöþ λ0 ïðè ε → 0. Êðiì òîãî, λ0 ¹ âëàñíèì çíà÷åííÿì îïåðàòîðà Øòóðìà-Ëióâiëëÿ A(α, Ψ).Äîâåäåííÿ. Ñïåðøó ïðèïóñòèìî, ùî âëàñíå çíà÷åííÿ λε ìà¹ ãðàíèöþ λ0 ïðè ε → 0.Íåõàé α íå íàëåæèòü äî ðåçîíàíñíî¨ ìíîæèíè, òîáòî h(α) 6= 0. ßêùî ÷èñëî ω0 =

√
λ0¹ ãðàíèöåþ âëàñíî¨ ÷àñòîòè ïðè ε → 0, òî çãiäíî ç ëåìîþ 2 âîíî ¹ êîðåíåì ðiâíÿííÿ

sin aω sin bω = 0. (24)Ëåãêî ïåðåêîíàòèñÿ, ùî ðiâíÿííÿ (24) ¹ õàðàêòåðèñòè÷íèì äëÿ îïåðàòîðà A(α, Ψ) óâèïàäêó, êîëè α /∈ ΣΨ; îòæå, λ0 ¹ âëàñíèì çíà÷åííÿì öüîãî îïåðàòîðà.Òåïåð íåõàé α íàëåæèòü ðåçîíàíñíié ìíîæèíi. Ç ëåìè 1 îòðèìó¹ìî, ùî h(α) = 0,i ëåãêî ïåðåâiðèòè, ùî h1(α) 6= 0. Çàñòîñîâóþ÷è ëåìó 2, îòðèìó¹ìî, ùî f0(ω; α) = 0,áî ìiñòèòü ìíîæíèê h(α). �ðàíè÷íi ÷àñòîòè âèçíà÷àþòü iç êîå�iöi¹íòà ïîðÿäêó ε óðîçâèíåííi �óíêöi¨ ∆ε , à ñàìå
cos aω sin bω − h1(α)

h1(−α)
sin aω cos bω = 0. (25)Çàóâàæèìî òàêå: ÿêùî α íàëåæèòü äî ΣΨ, òî âèêîíó¹òüñÿ: tg

√
α = th

√
α. Íåõàé

α > 0, òîäi ïðàâèëüíi òàêi ïåðåòâîðåííÿ:
h1(α) = ch

√
α cos

√
α(1 + th

√
α tg

√
α) =

ch
√

α

cos
√

α
= θΨ(α).Ó âèïàäêó âiä'¹ìíîãî α àíàëîãi÷íî ïåðåâiðÿ¹ìî, ùî h1(α) = θΨ(α). Ç ëåìè 1 âèïëè-âà¹, ùî θΨ(−α) = θΨ(α)−1. Îòæå, âðàõîâóþ÷è îñòàííþ ðiâíiñòü, ìà¹ìî

h1(−α) = θΨ(−α) = θΨ(α)−1.Òîìó ðiâíÿííÿ (25) ìîæíà çàïèñàòè òàê:
cos aω sin bω − θ2

Ψ(α) sin aω cos bω = 0.



152 Ñòåïàí ÌÀÍÜÊÎËåãêî ïåðåâiðèòè, ùî öå ðiâíÿííÿ ¹ õàðàêòåðèñòè÷íèì äëÿ îïåðàòîðà A(α, Ψ), ÿêùî
α ∈ ΣΨ. Îòæå, λ0 ¹ âëàñíèì çíà÷åííÿì îïåðàòîðà A(α, Ψ).Òåïåð äîâåäåìî iñíóâàííÿ ãðàíèöi äëÿ äîâiëüíîãî âëàñíîãî çíà÷åííÿ λε çàäà÷i(11), îáìåæåíîãî ïðè ε → 0. Íàãàäà¹ìî, ùî λε ¹ íåïåðåðâíîþ �óíêöi¹þ ïàðàìåòðà
ε ∈ (0, 1). Äîâåäåìî âiä ñóïðîòèâíîãî. Íåõàé âèêîíó¹òüñÿ íåðiâíiñòü

µ∗ = lim
ε→0

λε < lim
ε→0

λε = µ∗,äå ÷èñëà µ∗, µ∗ � ñêií÷åííi, áî λε � îáìåæåíà �óíêöiÿ. Òîäi äëÿ êîæíîãî
λ ∈ [µ∗, µ∗] iñíó¹ çáiæíà äî íüîãî ïiäïîñëiäîâíiñòü λε′ , ε′ → 0. Çãiäíî ç äîâåäå-íèì âèùå ÷èñëî λ áóäå âëàñíèì çíà÷åííÿì îïåðàòîðà A(α, Ψ). Çâàæàþ÷è íà òå, ùî
λ � äîâiëüíå ÷èñëî ç [µ∗, µ∗], îòðèìó¹ìî, ùî öåé âiäðiçîê ìiñòèòüñÿ â σ(A(α, Ψ)). Öåìîæëèâî ëèøå òîäi, êîëè µ∗ = µ∗. �ßê âèïëèâà¹ ç äîâåäåííÿ òåîðåìè, ÿêùî α íå íàëåæèòü äî ΣΨ, òî âëàñíi ÷àñ-òîòè îïåðàòîðà A(α, Ψ) ¹ êîðåíÿìè ðiâíÿííÿ (24). Ó âèïàäêó, êîëè α ¹ åëåìåíòîìðåçîíàíñíî¨ ìíîæèíè, âëàñíi ÷àñòîòè âèçíà÷àþòüñÿ ç ðiâíÿííÿ (25). Î÷åâèäíî, ùîêîæåí êðàòíèé êîðiíü (24) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (25). Ïîçíà÷èìî ÷åðåç Ω ìíîæèíóêðàòíèõ êîðåíiâ ðiâíÿííÿ (24), òîáòî Ω = {ω : ∃(k, m) ∈ N

2, ω = πk
a

= πm
b
}.ßêùî ωε ¹ íóëåì �óíêöi¨ ∆ε òà ωε → ω0 ïðè ε → 0, òî êîå�iöi¹íòè âëàñíî¨�óíêöi¨ (18) îá÷èñëþ¹ìî ÿâíî, é ïiñëÿ íîðìóâàííÿ �óíêöiÿ yε ìàòèìå òàêó àñèìï-òîòèêó:

yε(x; ωε, α) = Y (x; ω0, α) + O(ε), ε → 0,äå
Y (x; ω0, α) =

{

ν(ω0, α)h1(−α) sin bω0 sin ω0(x − a), x ∈ (a, 0),

ν(ω0, α) sin aω0 sinω0(x − b), x ∈ (0, b).
(26)Òóò ν � íîðìóâàëüíèé ìíîæíèê, òîáòî ‖Y ( · ; ω0, α)‖ = 1.Òåîðåìà 3. Íåõàé ωε → ω0 ïðè ε → 0, i ãðàíè÷íà ÷àñòîòà ω0 íå íàëåæèòüìíîæèíi Ω. Òîäi yε çáiãà¹òüñÿ â L2(a, b) äî âëàñíî¨ �óíêöi¨ îïåðàòîðà A(α, Ψ), ÿêàâiäïîâiäà¹ ãðàíè÷íié ÷àñòîòi ω0.Äîâåäåííÿ. Íåõàé α íå íàëåæèòü äî ìíîæèíè ΣΨ. Â öüîìó âèïàäêó ââàæàòèìåìî,ùî îïåðàòîð A(α, Ψ) âiäïîâiäà¹ ñèñòåìi äâîõ ñòðóí, çàêðiïëåíèõ â òî÷êàõ x = a,

x = 0 òà x = 0, x = b âiäïîâiäíî. Çàóâàæèìî, ùî ω0 ¹ âëàñíîþ ÷àñòîòîþ ëèøåîäíi¹¨ ç öèõ ñòðóí, áî ω0 /∈ Ω. Íå îáìåæóþ÷è çàãàëüíîñòi, ïðèïóñòèìî, ùî ω0 ¹âëàñíîþ ÷àñòîòîþ ñòðóíè, ðîçòàøîâàíî¨ íà (a, 0), òîáòî ω0 = πk
a
äëÿ äåÿêîãî k ∈ N.Çðîçóìiëî, ùî òîäi âëàñíà �óíêöiÿ îïåðàòîðà A(α, Ψ) äîðiâíþ¹ íóëþ íà (0, b). Ïðèâñiõ íàòóðàëüíèõ n âèêîíó¹òüñÿ ω0 6= πn

b
, áî ω0 � ïðîñòèé êîðiíü ðiâíÿííÿ (24). Òîìó

sin aω0 = 0, àëå sin bω0 6= 0. Ïiäñòàâëÿþ÷è ω0 â (26), îòðèìó¹ìî, ùî âëàñíà �óíêöiÿ
yε, ÿêà âiäïîâiäà¹ ωε, ïðè ε → 0 ïðÿìó¹ äî �óíêöi¨

Y (x; ω0, α) =

{
√

2
|a| sin πk

a
(x − a), x ∈ (a, 0),

0, x ∈ (0, b)â òîïîëîãi¨ ïðîñòîðó L2(a, b). Çàëèøèëîñÿ çàóâàæèòè, ùî �óíêöiÿ Y ¹ íîðìîâàíîþâëàñíîþ �óíêöi¹þ îïåðàòîðà A(α, Ψ), ÿêà âiäïîâiäà¹ âëàñíié ÷àñòîòi πk
a
. ßêùî ω0 �
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Y (x; ω0, α) =

{

0, x ∈ (a, 0),
√

2
b
sin πm

b
(x − b), x ∈ (0, b).Çàóâàæèìî, ùî ãðàíèöi âëàñíèõ �óíêöié ó íåðåçîíàíñíîìó âèïàäêó íå çàëåæàòü âiä

α. Òåïåð ïðèïóñòèìî, ùî α íàëåæèòü ðåçîíàíñíié ìíîæèíi. Òîäi ω0 ¹ êîðåíåìðiâíÿííÿ (25), ÿê öå âèäíî ç äîâåäåííÿ òåîðåìè 2. Ïîçàÿê ω0 /∈ Ω, òî ω0 íå ìî-æå áóòè êîðåíåì ðiâíÿííÿ (24). Îòæå, â öüîìó âèïàäêó îáèäâà çíà÷åííÿ sin aω0 òà
sin bω0 âiäìiííi âiä íóëÿ. Â äîâåäåííi òåîðåìè 2 áóëî ïîêàçàíî òàêå: êîëè α ∈ ΣΨ,òî h1(−α) = θΨ(α)−1. Ç (26) îäåðæó¹ìî, ùî âëàñíà �óíêöiÿ yε(x; ωε, α) çáiãà¹òüñÿ â
L2(a, b) äî �óíêöi¨

Y (x; ω0, α) =

{

ν(w0, α)θΨ(α)−1 sin bω0 sinω0(x − a), x ∈ (a, 0),

ν(w0, α) sin aω0 sinω0(x − b), x ∈ (0, b),äå íîðìóâàëüíèé ìíîæíèê ν òàêèé:
ν(ω0, α) =

√
2θΨ(α)

(

θ2
Ψ(α)b sin2 aω0 − a sin2 bω0

)− 1

2 .Íåâàæêî ïåðåêîíàòèñÿ, ùî Y (x; ω0, α) ¹ âëàñíîþ �óíêöi¹þ îïåðàòîðà A(α, Ψ), ÿêàâiäïîâiäà¹ âëàñíié ÷àñòîòi ω0. �Àâòîð âèñëîâëþ¹ ùèðó ïîäÿêó Þ. Ä. �îëîâàòîìó çà �îðìóëþâàííÿ çàäà÷i òàóâàãó, âèÿâëåíó ïiä ÷àñ ïiäãîòîâêè ñòàòòi. Àâòîð òàêîæ âäÿ÷íèé ðåöåíçåíòó çà êðè-òè÷íi çàóâàæåííÿ òà öiííi ïîðàäè, ÿêi âäîñêîíàëèòè òåêñò ñòàòòi.1. Albeverio S. Solvable models in quantum me
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overed. It has been investigated the asymptoti
 behavior of spe
trumand pure states for the Sturm-Liouville operator with the lo
al perturbationin the potential of the type αε−2Ψ(ε−1x).Key words: S
hr�odinger operator, solvable models, δ′-potential, resonantset, 
oupling fun
tion.
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.in.ua�îçãëÿíóòî íåëiíiéíó çâ'ÿçíó åâîëþöiéíó ãiïåðáîëi÷íî-ïàðàáîëi÷íó ñèñ-òåìó â íåîáìåæåíié çà ïðîñòîðîâèìè çìiííèìè îáëàñòi. Îäåðæàíî óìîâèiñíóâàííÿ òà ¹äèíîñòi óçàãàëüíåíîãî ðîçâ'ÿçêó. �îçøèðåíî íàøi ïîïåðåä-íi ðåçóëüòàòè [8℄ äî íåîáìåæåíî¨ îáëàñòi. Êëàñè iñíóâàííÿ òà ¹äèíîñòi ¹ïðîñòîðàìè ëîêàëüíî iíòåãðîâíèõ �óíêöié.Êëþ÷îâi ñëîâà: íåëiíiéíà ñèñòåìà, ìiøàíà çàäà÷à.Ìiøàíi òà êðàéîâi çàäà÷i äëÿ ëiíiéíèõ ñèñòåì çâ'ÿçàíèõ ãiïåðáîëi÷íî-ïàðàáî-ëi÷íèõ ðiâíÿíü ðîçãëÿíóòî â ïðàöÿõ [1℄-[3℄. Ïðàöÿ [1℄ ìiñòèòü äîñëiäæåííÿ ìiøàíî¨çàäà÷i äëÿ êâàçiëiíiéíèõ åâîëþöiéíèõ ñèñòåì çi ñòàëèìè êîå�iöi¹íòàìè â îáìåæå-íié îáëàñòi. Çíàéäåíî óìîâè çà ÿêèõ ðîçâ'ÿçîê òàêèõ çàäà÷ iñíó¹ òà ¹äèíèé, òàêîæäîñëiäæåíî àñèìïòîòè÷íó ïîâåäiíêó ïîâíî¨ åíåðãi¨, àñîöiéîâàíî¨ çi ñëàáêèì ðîçâ'ÿç-êîì. Ó [3℄ ïîêàçàíî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó ìiøàíî¨ çàäà÷i, àñîöiéîâàíî¨ çíåëiíiéíîþ ñèñòåìîþ. Ó ïðàöi [5℄ äîñëiäæåíî êâàçiëiíiéíó ñèñòåìó òåðìîïðóæíîñòiòà ïîêàçàíî, ùî åíåðãiÿ äîâiëüíîãî ñëàáêîãî ðîçâ'ÿçêó âèáóõà¹ çà ñêií÷åííèé ÷àñ,ÿêùî ïî÷àòêîâà åíåðãiÿ âiä'¹ìíà.Íåëiíiéíiñòü |v|ρv ÷àñòî âèíèêà¹ â ðåëÿòèâiñòñüêié êâàíòîâié ìåõàíiöi (äèâ.Øè�� [11℄, Ñåãàë [12℄), i ðîçãëÿäàþòü ¨¨ áàãàòî àâòîðiâ äëÿ ãiïåðáîëi÷íèõ, ïàðà-áîëi÷íèõ i åëiïòè÷íèõ ðiâíÿíü. Ëiîíñ [15℄ äîñëiäæóâàâ õâèëüîâå ðiâíÿííÿ ç òàêîþíåëiíiéíiñòþ, òîáòî |v|ρv â ãëàäêié îáìåæåíié i âiäêðèòié îáëàñòi Ω ç ïðîñòîðó R
n äëÿ

n ∈ N i äîâiâ iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó çà äîïîìîãîþ ìåòîäó Ôàåäî-�àëüîðêiíàòà ìåòîäó êîìïàêòíîñòi. Êëàðê â [2℄ ðîçãëÿäàâ ñèñòåìó çi ñòàëèìè êîå�iöi¹íòàìèé îäíîðiäíèìè óìîâàìè íà ìåæi Γ. Âií äîâiâ iñíóâàííÿ ãëîáàëüíîãî ñèëüíîãî òàñëàáêîãî ðîçâ'ÿçêó çà ìåòîäîì Ôàåäî-�àëüîðêiíà, âèêîðèñòîâóþ÷è ñïåöiàëüíó áàçó
© Íå÷åïóðåíêî Ì., 2009
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0 (Ω) ∩ H2(Ω), òàêîæ ïîêàçàâ ñòiéêiñòü ïîâíî¨ åíåðãi¨ àñîöiéîâàíî¨ çiñëàáêèì ðîçâ'ÿçêîì, âèêîðèñòîâóþ÷è ìåòîä Êîìîðíiêà-Çóçè [10℄.Ó öié ïðàöi â íåîáìåæåíié îáëàñòi ðîçãëÿíóòî ìiøàíó çàäà÷ó äëÿ íåëiíié-íî¨ åâîëþöiéíî¨ ñèñòåìè, ÿêà, çîêðåìà, ìiñòèòü íåëiíiéíi äîäàíêè çi ñòåïåíÿìè

p, q ∈ (1, 2], âèêîðèñòàíî ìåòîä ââåäåííÿ ïàðàìåòðà äëÿ äîñëiäæåííÿ åâîëþöiéíèõðiâíÿíü (äèâ., íàïðèêëàä, [13℄-[14℄).1. Ôîðìóëþâàííÿ çàäà÷i. Íåõàé Ω � íåîáìåæåíà îáëàñòü â R
n ç ìåæåþ

∂Ω ∈ C1; Qτ = (0, τ)×Ω, 0 < τ 6 T ; ST = (0, T )× ∂Ω; Ωτ = QT ∩{t = τ}. Â îáëàñòi
QT ðîçãëÿíåìî ñèñòåìó

A1(u, θ) ≡ utt −

n
∑

i,j=1

(aij(t, x)uxi
)xj

+

n
∑

i=1

ai(t, x)uxi
+

n
∑

i=1

bi(t, x)θxi
+

+ α0(t, x)u + α1(t, x)θ + γ1(t, x)|ut|
p−2ut = f1(t, x), (1)

A2(u, θ) ≡ θt −
n
∑

i,j=1

(cijθxi
)xj

−
n
∑

i=1

(ci(t, x)ut)xi
+

n
∑

i=1

di(t, x)uxi
+

n
∑

i=1

ei(t, x)θxi
+

+ β0(t, x)u + β1(t, x)θ + γ2(t, x)|θ|q−2θ = f2(t, x), (2)ç ïî÷àòêîâèìè óìîâàìè
u(0, x) = u0(x), ut(0, x) = u1(x), θ(0, x) = θ0(x) íà Ω. (3)Êðiì ïî÷àòêîâèõ óìîâ (3), çàäàìî äëÿ ñèñòåìè (1)-(2) êðàéîâi óìîâè âèãëÿäó

u(t, x) = 0, θ(t, x) = 0 íà ST . (4)Äëÿ ñïðîùåííÿ âèêëàäåííÿ ïðèïóñêàòèìåìî, ùî ΩR = Ω ∩ BR ¹ îáëàñòþ äëÿâñiõ R > R0 > 0, ðåãóëÿðíîþ â ñåíñi Êàëüäåðîíà [7, 
. 44℄, BR = {x ∈ R
n : |x| < R}.Ïîçíà÷èìî Qτ,R = (0, τ)×ΩR, τ ∈ (0, T ]; Ωτ,R = QT,R∩{t = τ}; Sτ,R = (0, τ)×∂Ωτ,R.Ââåäåìî ïðîñòîðè

Lr
loc(Ω) = {v : v ∈ Lr(ΩR), ∀ R > R0}, r ∈ [1, +∞],

H1
0,loc(Ω) = {v : v ∈ H1(ΩR), u

∣

∣

∂Ω∩BR
= 0 ∀ R > R0},

H2
loc(Ω) = {v : v ∈ H2(ΩR), ∀ R > R0}.Ïðèïóñòèìî, ùî äëÿ êîå�iöi¹íòiâ ñèñòåìè (1) - (2) âèêîíóþòüñÿ òàêi óìîâè:(A): aij , aijt ∈ L∞(QT ), aij(t, x) = aji(t, x) ìàéæå âñþäè â QT , i, j ∈ {1, . . . , n};

a0|ξ|
2 6

n
∑

i,j=1

aij(t, x)ξiξj 6 a0|ξ|2ìàéæå äëÿ âñiõ (t, x) ∈ QT i äëÿ âñiõ ξ ∈ R
n, a0 i a0 � äîäàòíi êîíñòàíòè;(C): cij , cijt ∈ L∞(QT ), i, j ∈ {1, . . . , n};

c0|ξ|
2 6

n
∑

i,j=1

cij(t, x)ξiξj 6 c0|ξ|2ìàéæå äëÿ âñiõ (t, x) ∈ QT i äëÿ âñiõ ξ ∈ R
n, c0 i c0 � äîäàòíi êîíñòàíòè;(D): ai, , ait, bi, bit, ci, cit, di, dit, ei, eit ∈ L∞(QT );



158 Ìàêñèì ÍÅ×ÅÏÓ�ÅÍÊÎ(E): α0, α0t, α1, β0, β1 ∈ L∞(QT );(G): γ1, γ2 ∈ L∞(QT ); γ1(t, x) > γ̃1, γ2(t, x) > γ̃2 ìàéæå âñþäè â QT , γ̃1 i γ̃2 �äîäàòíi êîíñòàíòè; p > 1, q > 1, min{p, q} 6 2.Íåõàé Φ ∈ C1(R), Φ(η) = 1 ïðè η 6 0, Φ(η) = 0 ïðè η > 1 i 0 6 Φ(η) 6 1 ïðè
η ∈ R.Ïðèéìåìî

hR(x) = Φ

(

|x| − R

χ

)

, äå χ > 0,

ωR(x) = [hR(x)]γ , γ > 2.Òîäi ωR(x) = 1 ïðè |x| 6 R, ωR(x) = 0 ïðè |x| > R + χ, 0 6 ωR(x) 6 1 ïðè x ∈ R
n,

|ωR,xi
(x)| 6 γ

d

χ
[hR(x)]

γ−1
, x ∈ R

n, i = {1, . . . , n}, d = const > 0.Ââàæàòèìåìî, ùî ïðàâi ÷àñòèíè ñèñòåìè (1)-(2) i ïî÷àòêîâi �óíêöi¨ â (3) çàäî-âîëüíÿþòü óìîâó (F), ÿêùî:
fj , fjt ∈ L2(0, T ; L2

loc(Ω)) j ∈ {1, 2}, u0 ∈ H1
0,loc(Ω) ∩ H2

loc(Ω),
u1 ∈ H1

0,loc(Ω) ∩ L
2(p−1)
loc (Ω), θ0 ∈ H1

0,loc(Ω) ∩ L
2(q−1)
loc (Ω).Äëÿ êîìïàêòíîñòi çàïèñiâ ââåäåìî ïîçíà÷åííÿ V1 = L2(0, T ; H1

0,loc(Ω)) ∩ C(0, T ;
L2

loc(Ω)), V2 = V1 ∩ Lp(0, T ; Lp
loc(Ω)), V3 = V1 ∩ Lq(0, T ; Lq

loc(Ω)).Îçíà÷åííÿ 1. Ïàðó �óíêöié {u, θ}, ÿêi çàäîâîëüíÿþòü âêëþ÷åííÿ u ∈ V1, ut ∈ V2,
θ ∈ V3 íàçèâàòèìåìî ñèëüíèì óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (1)-(4), ÿêùî âî-íà ¹ ãðàíèöÿìè ó âiäïîâiäíèõ ïðîñòîðàõ ïîñëiäîâíîñòåé {uk}, {θk} òàêèõ, ùîäëÿ êîæíîãî k ∈ N �óíêöi¨ uk ∈ V1, uk

t ∈ V2, uk
tt ∈ L2(0, T ; L2

loc(Ω)), θk ∈ V3,
θk

t ∈ L2(0, T ; L2
loc(Ω)) i äëÿ äîâiëüíîãî k ∈ N ïàðà �óíêöié {uk, θk} çàäîâîëüíÿ¹ ñèñ-òåìó

∫

Ωτ

uk
t v dx −

∫

Ω0

uk
1(x)v dx +

∫

Qτ

[

−uk
t vt +

n
∑

i,j=1

aij(t, x)uk
xi

vxj
+

+

n
∑

i=1

ai(t, x)uk
xi

v +

n
∑

i=1

bi(t, x)θk
xi

v + α0(t, x)ukv + α1(t, x)θkv+

+ γ1(t, x)|uk
t |

p−2uk
t v
]

dx dt =

∫

Qτ

fk
1 (t, x)v dx dt, (5)

∫

Ωτ

θkw dx −

∫

Ω0

θk
0 (x)w dx +

∫

Qτ

[

−θkwt +

n
∑

i,j=1

cij(t, x)θk
xi

wxj
+

n
∑

i=1

ci(t, x)uk
t wxi

+

+

n
∑

i=1

di(t, x)uk
xi

w +

n
∑

i=1

ei(t, x)θk
xi

w + β0(t, x)ukw + β1(t, x)θkw+

+ γ2(t, x)|θk|q−2θkw
]

dx dt =

∫

Qτ

fk
2 (t, x)w dx dt, (6)



ÌIØÀÍÀ ÇÀÄÀ×À ÄËß ÍÅËIÍIÉÍÎ� ÑÈÑÒÅÌÈ �IÂÍßÍÜ 159äëÿ âñiõ τ ∈ (0, T ] i äëÿ äîâiëüíèõ �óíêöié v, w ∈ C∞(0, T ; C∞
0 (Ω)) òàêèõ, ùî

supp v ∈ QT,k i supp w ∈ QT,k, äå �óíêöi¨ fk
j , uk

0, uk
1 , θk

0 çàäîâîëüíÿþòü óìîâó
(F) i

fk
j → fj â L2(0, T ; L2

loc(Ω)) j ∈ {1, 2},

uk
0 → u0 â H1

0,loc(Ω),

uk
1 → u1 â L2

loc(Ω),

θk
0 → θ0 â L2

loc(Ω), k → ∞, (7)i ïî÷àòêîâó óìîâó u(0, x) = u0(x).2. Iñíóâàííÿ ðîçâ'ÿçêó. Äîâåäåìî òåîðåìó iñíóâàííÿ ðîçâ'ÿçêó äëÿ âèïàäêó
max{p, q} 6 2.Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (A), (C), (D), (E), (G) i, êðiì òîãî,
fi ∈ L2(0, T ; L2

loc(Ω)), i ∈ {1, 2}, u0 ∈ H1
0,loc(Ω), u1 ∈ L2

loc(Ω), θ0 ∈ L2
loc(Ω),

∫

ΩR

[

|u0(x)|2 + |∇u0(x)|2 + |u1(x)|2 + |θ0(x)|2
]

dx+

+

∫

QT,R

2
∑

j=1

|fj(t, x)|2 dx dt 6 2a exp{bR2} ∀ R > R0 + 1 > 0,äå a, b � äåÿêi äîäàòíi ñòàëi. Òîäi iñíó¹ òàêå T0 6 T , ùî çàäà÷à (1)-(4) ìà¹ ñèëüíèéóçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i â îáëàñòi QT0 .Äîâåäåííÿ. Íåõàé {fk
i }, i ∈ {1, 2}, uk

0 , uk
1 , θk

0 òàêi ïîñëiäîâíîñòi �óíêöié, ùî êîæíèé÷ëåí öèõ ïîñëiäîâíîñòåé çàäîâîëüíÿ¹ óìîâó (F) i âèêîíóþòüñÿ óìîâè (7).Íåõàé R = R(k) = 2k > R0 + 1. Â îáëàñòi QT,R(k) ðîçãëÿíåìî ñèñòåìó ðiâíÿíü
A1(u, θ) = f

k,R(k)
1 (t, x), (8)

A2(u, θ) = f
k,R(k)
2 (t, x), (t, x) ∈ QT,R(k), (9)ç ïî÷àòêîâèìè óìîâàìè

u(0, x) = u
k,R(k)
0 (x), ut(0, x) = u

k,R(k)
1 (x), θ(0, x) = θ

k,R(k)
0 (x), x ∈ ΩR(k), (10)i êðàéîâèìè óìîâàìè

u
∣

∣

ST,R(k)
= 0, θ

∣

∣

ST,R(k)
= 0, (11)äå

f
k,R(k)
i (t, x) =

{

fk
i (t, x), (t, x) ∈ QT,R(k);

0, (t, x) ∈ QT \ QT,R(k), i = 1, 2.Òóò u
k,R(k)
0 (x) = uk

0(x)ξR(k)(x), u
k,R(k)
1 (x) = uk

1(x)ξR(k)(x), θ
k,R(k)
0 (x) = θk

0 (x)ξR(k)(x),äå ξR � �óíêöiÿ çðiçêè òàêà, ùî ξR ∈ C2(Rn), ξR
k (x) = 1 ïðè |x| 6 R − 1, ξR(x) = 0ïðè |x| > R, i 0 6 ξR(x) 6 1 ïðè x ∈ R

n.Ó ïðàöi [8℄ äîâåäåíî, ùî ïðè âèêîíàííi óìîâ (A), (C), (D), (E), (G) iñíó¹ óçà-ãàëüíåíèé ðîçâ'ÿçîê (uR, θR) çàäà÷i (8)-(11) ç òàêèìè âëàñòèâîñòÿìè:
uR ∈ L∞(0, T ; H1

0,loc(ΩR)), uR
t ∈ L∞(0, T ; H1

0 (ΩR)) ∩ Lp(0, T ; Lp(ΩR)),
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uR

tt ∈ L2(QT,R), θR ∈ L∞(0, T ; H1
0,loc(ΩR)) ∩ Lq(0, T ; Lq(ΩR)), θR

t ∈ L2(QT,R).Êðiì òîãî, �óíêöi¨ uR, θR çàäîâîëüíÿþòü ñèñòåìó ðiâíîñòåé
∫

Ωτ

uR
t v dx −

∫

Ω0

uR
1 (x)v dx +

∫

Qτ

[

−uR
t vt +

n
∑

i,j=1

aij(t, x)uR
xi

vxj
+

+
n
∑

i=1

ai(t, x)uR
xi

v +
n
∑

i=1

bi(t, x)θR
xi

v + α0(t, x)uRv+

+ α1(t, x)θRv + γ1(t, x)|uR
t |

p−2uR
t v
]

dx dt =

∫

Qτ

fR
1 (t, x)v dx dt, (12)

∫

Qτ

[

θR
t w +

n
∑

i,j=1

cij(t, x)θR
xi

wxj
+

n
∑

i=1

ci(t, x)uR
t wxi

+
n
∑

i=1

di(t, x)uR
xi

w+

+
n
∑

i=1

ei(t, x)θR
xi

w + β0(t, x)uRw + β1(t, x)θRw+

+ γ2(t, x)|θR|q−2θRw
]

dx dt =

∫

Qτ

fR
2 (t, x)w dx dt (13)äëÿ äîâiëüíèõ τ ∈ (0, T ] i äîâiëüíèõ �óíêöié v ∈ L∞(0, T ; H1

0 (ΩR))∩Lp(0, T ; Lp(ΩR)),
w ∈ L∞(0, T ; H1

0,loc(ΩR)) ∩ Lq(0, T ; Lq(ΩR)).Ïðîäîâæèìî �óíêöi¨ uR(k), θR(k) íóëåì íà îáëàñòü QT \QT,R(k) i ïîçíà÷èìî ¨õ,âiäïîâiäíî, uk, θk. Òîäi äëÿ öèõ �óíêöié áóäóòü ïðàâèëüíi ðiâíîñòi (5), (6), âiäïîâiä-íî ç âiëüíèìè ÷àñòèíàìè f
k,R(k)
i , i ∈ {1, 2} i ïî÷àòêîâèìè óìîâàìè u

k,R(k)
0 , u

k,R(k)
1 ,

θ
k,R(k)
0 .Íåõàé R = R(l) = 2l > R0 + 1. Ïiäñòàâèìî (uk, θk) i (ul, θl) â iíòåãðàëüíó ñèñ-òåìó ðiâíîñòåé (5)-(6), âiäíiìåìî âiäïîâiäíi ðiâíÿííÿ i çà ïðîáíi �óíêöi¨ âiçüìåìî

v = u
k, l
t ωRe−λt, w = θk, lωRe−λt, äå uk, l = (uk − ul), θk, l = (θk − θl), λ > 0, à R äåÿêå�iêñîâàíå ÷èñëî òàêå, ùî R > R0 + 1 i R < min{R(k), R(l)}. Òîäi îäåðæèìî ðiâíîñòi

1

2

∫

Ωτ

|uk, l
t |2ωRe−λt dx +

∫

Qτ

[λ

2
|uk, l

t |2ωR +

n
∑

i,j=1

aij(t, x)uk, l
xi

u
k, l
xjtωR+

+

n
∑

i,j=1

aij(t, x)uk, l
xi

u
k, l
t ωRxj

+

n
∑

i=1

ai(t, x)uk, l
xi

u
k, l
t ωR+

+

n
∑

i=1

bi(t, x)θk, l
xi

u
k, l
t ωR + α0(t, x)uk, lu

k, l
t ωR + α1(t, x)θk, lu

k, l
t ωR+

+ γ1(t, x)
[

|uk
t |

p−2uk
t − |ul

t|
p−2ul

t

]

u
k, l
t ωR

]

e−λt dx dt =
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=

1

2

∫

Ω0

|u
k,R(k)
1 − u

l,R(l)
1 |2ωR dx +

∫

Qτ

(f
k,R(k)
1 − f

l,R(l)
1 )uk, l

t ωRe−λt dx dt, (14)
1

2

∫

Ωτ

|θk, l|2ωRe−λt dx +

∫

Qτ

[λ

2
|θk, l|2ωR +

n
∑

i,j=1

cij(t, x)θk, l
xi

θk, l
xj

ωR+

+

n
∑

i,j=1

cij(t, x)θk, l
xi

θk, lωRxj
+

n
∑

i=1

ci(t, x)uk, l
t θk, l

xi
ωR +

n
∑

i=1

ci(t, x)uk, l
t θk, lωRxi

+

+

n
∑

i=1

di(t, x)uk, l
xi

θk, lωR +

n
∑

i=1

ei(t, x)θk, l
xi

θk, lωR + β0(t, x)uk, lθk, lωR+

+ β1(t, x)θk, lθk, lωR + γ2(t, x)
[

|θk|q−2θk − |θl|q−2θl
]

θk, lωR

]

e−λt dx dt =

=
1

2

∫

Ω0

|θ
k,R(k)
0 − θ

l,R(l)
0 |2ωR dx +

∫

Qτ

(f
k,R(k)
2 − f

l,R(l)
2 )θk, lωRe−λt dx dt, (15)äëÿ âñiõ τ ∈ (0, T ].Îöiíèìî êîæíèé äîäàíîê ñèñòåìè (14) - (15). Íà ïiäñòàâi óìîâè (A)

Ia
1 =

∫

Qτ

n
∑

i,j=1

aij(t, x)uk, l
xi

u
k, l
xjtωR(x)e−λt dx dt >

a0

2

∫

Ωτ

|∇uk, l|2ωR(x)e−λt dx−

−
a2

2

∫

Ω0

|∇u
k,R(k)
0 −∇u

l,R(l)
0 |2ωR(x) dx −

a1

2

∫

Qτ

|∇uk, l|2ωR(x)e−λt dx dt+

+
λa0

2

∫

Qτ

|∇uk, l|2ωR(x)e−λt dx dt,äå a1 = ess sup
QT

n
∑

i,j

|aijt(t, x)|2, a2 = ess sup
QT

n
∑

i,j

|aij(0, x)|2. Âiäïîâiäíî äî óìîâ (A), (D)

Ia
2 =

∫

Qτ

n
∑

i,j=1

aij(t, x)uk, l
xi

u
k, l
t ωR(x)xj

e−λt dx dt 6
δa
0

2

∫

Qτ

|∇uk, l|2ωR(x)e−λt dx dt+

+
a0nγ2d2

2δa
0χ2

∫

Qτ

[hR(x)]
γ−2

|uk, l
t |2e−λt dx dt, δa

0 > 0.Äàëi, äëÿ äîâiëüíî¨ êîíñòàíòè δa
1 > 0

Ia
3 =

∫

Qτ

n
∑

i=1

ai(t, x)uk, l
xi

u
k, l
t ωR(x)e−λt dx dt 6

6
1

2

∫

Qτ

[

νaδa
1 |∇uk, l|2 +

1

δa
1

|uk, l
t |2

]

ωR(x)e−λt dx dt.



162 Ìàêñèì ÍÅ×ÅÏÓ�ÅÍÊÎÇà óìîâîþ (D) i äëÿ äîâiëüíî¨ δa
2 > 0

Ia
4 =

∫

Qτ

n
∑

i=1

bi(t, x)θk, l
xi

u
k, l
t ωR(x)e−λt dx dt 6

6
1

2

∫

Qτ

[

νbδ
a
2 |∇θk, l|2 +

1

δa
2

|uk, l
t |2

]

ωR(x)e−λt dx dt.Çâàæàþ÷è íà óìîâè òåîðåìè
Ia
5 =

∫

Qτ

α0(t, x)uk, lu
k, l
t ωR(x)e−λt dx dt > −

1

2
δa

∫

Qτ

|uk, l
t |2ωR(x)e−λt dx dt−

−
να0

2

∫

Ω0

|u
k,R(k)
0 − u

l,R(l)
0 |2ωR(x) dx, δa > 0,îñêiëüêè ïðàâèëüíà íåðiâíiñòü

∫

Qτ

|uk, l|2ωR(x)e−λτ dx dt 6 c1

∫

Ω0

|u
k,R(k)
0 − u

l,R(l)
0 |2ωR(x) dx+

+ c2

∫

Qτ

|uk, l
t |2ωR(x)e−λt dx dt, (16)äå c1, c2 êîíñòàíòè, ÿêi çàëåæàòü âiä T .Ëåãêî îòðèìàòè òàêó îöiíêó, âðàõîâóþ÷è äîâiëüíiñòü δa

3 > 0

Ia
6 =

∫

Qτ

α1(t, x)θk, lu
k, l
t ωR(x)e−λt dx dt 6

6
1

2

∫

Qτ

[

να1δ
a
3 |θ

k, l|2 +
1

δa
3

|uk, l
t |2

]

ωR(x)e−λt dx dt.Âèêîðèñòîâóþ÷è âiäîìó íåðiâíiñòü, îòðèìà¹ìî
Ia
7 =

∫

Qτ

γ1(t, x)
[

|uk
t |

p−2uk
t − |ul

t|
p−2ul

t

]

(uk
t − ul

t)ωR(x)e−λt dx dt > 0, p ∈ (1, 2].Ñòàëi νa = max
i

ess supQT
|ai(t, x)|2, νb = max

i
ess sup

QT

|bi(t, x)|2, να0 = ess sup
QT

|α0(t, x)|2,
να1 = ess sup

QT

|α1(t, x)|2.Çàçíà÷èìî, ùî
Ia
8 =

1

2

∫

Ω0

|u
k,R(k)
1 − u

l,R(l)
1 |2ωR(x) dx 6

6

∫

Ω0

[

|u
k,R(k)
1 − u1|

2 + |u1 − u
l,R(l)
1 |2

]

ωR(x) dx.
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Ia
9 =

∫

Qτ

(f
k,R(k)
1 − f

l,R(l)
1 )uk, l

t ωR(x)e−λt dx dt 6

6
1

2

∫

Qτ

[

(f
k,R(k)
1 − f1)

2 + (f1 − f
l,R(l)
1 )2

]

ωR(x)e−λt dx dt +

∫

Qτ

|uk, l
t |2ωR(x)e−λt dx dt.Ïåðåòâîðèìî êîæíèé äîäàíîê ðiâíîñòi (15), âèêîðèñòàâøè óìîâè òåîðåìè. Çãiäíî çóìîâîþ (C)

Ic
1 =

∫

Qτ

n
∑

i,j

cij(t, x)θk, l
xi

θk, l
xj

ωR(x)e−λt dx dt > c0

∫

Qτ

|∇θk, l|2ωR(x)e−λt dx dt.Âèêîðèñòà¹ìî óìîâó (D) äëÿ îöiíêè òàêèõ äîäàíêiâ:
Ic
2 =

∫

Qτ

n
∑

i,j=1

cij(t, x)θk, l
xi

θk, lωR(x)xj
e−λt dx dt 6

δc
0

2

∫

Qτ

|∇θk, l|2ωR(x)e−λt dx dt+

+
c0nγ2d2

2δc
0χ

2

∫

Qτ

[hR(x)]
γ−2

|θk, l|2e−λt dx dt, δc
0 > 0,

Ic
3 =

∫

Qτ

n
∑

i=1

ci(t, x)uk, l
t θk, lωR(x)xi

e−λt dx dt 6
νcδ

c
1

2

∫

Qτ

|uk, l|2ωR(x)e−λt dx dt+

+
νcnγ2d2

2δc
1χ

2

∫

Qτ

[hR(x)]
γ−2

|θk, l|2e−λt dx dt, δc
1 > 0.Äàëi, çâàæàþ÷è íà (E), îäåðæèìî íåðiâíîñòi

Ic
4 =

∫

Qτ

n
∑

i=1

ci(t, x)uk, l
t θk, l

xi
ωR(x)e−λt dx dt 6

6
1

2

∫

Qτ

[

νcδ
c
2|∇θk, l|2 +

1

δc
2

|uk, l
t |2

]

ωR(x)e−λt dx dt,

Ic
5 =

∫

Qτ

n
∑

i=1

di(t, x)uk, l
xi

θk, lωR(x)e−λt dx dt 6

6
1

2

∫

Qτ

[

νdδ
c
3|∇uk, l|2 +

1

δc
3

|θk, l|2
]

ωR(x)e−λt dx dt,

Ic
6 =

∫

Qτ

n
∑

i=1

ei(t, x)θk, l
xi

θk, lωR(x)e−λt dx dt 6
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6

1

2

∫

Qτ

[

νeδ
c
4|∇θk, l|2 +

1

δc
4

|θk, l|2
]

ωR(x)e−λt dx dt,

Ic
7 =

∫

Qτ

β0(t, x)uk, lθk, lωR(x)e−λt dx dt 6

6
1

2

∫

Qτ

[

νβ0δ
c
5|u

k, l|2 +
1

δc
5

|θk, l|2
]

ωR(x)e−λt dx dt,

Ic
8 =

∫

Qτ

β1(t, x)|θk, l|2ωR(x)e−λt dx dt 6

∫

Qτ

νβ1 |θ
k, l|2ωR(x)e−λt dx dt,

Ic
9 =

∫

Qτ

γ2(t, x)
[

|θk|q−2θk − |θl|q−2θl
]

(θk − θl)ωR(x)e−λt dx dt > 0, q ∈ (1, 2]Ñòàëi δc
l > 0, l ∈ {2, . . . , 5}, à νc, νd, νe, νβ0 , νβ1 çàëåæàòü âiä �óíêöié ci, di, ei, β0, β1 iâèçíà÷åíi òàê:

νc = max
i

ess sup
QT

|ci(t, x)|2, νd = max
i

ess sup
QT

|di(t, x)|2, νe = max
i

ess sup
QT

|ei(t, x)|2,

νβ0 = ess sup
QT

|β0(t, x)|2, νβ0 = ess sup
QT

|β0(t, x)|2.Âðàõîâóþ÷è ïîïåðåäíi îöiíêè, îäåðæó¹ìî
Ic
10 =

1

2

∫

Ω0

|θ
k,R(k)
0 − θ

l,R(l)
0 |2ωR(x) dx 6

∫

Ω0

[

|θ
k,R(k)
0 − θ0|

2 + |θ0 − θ
l,R(l)
0 |2

]

ωR(x) dx.Äàëi
Ic
11 =

∫

Qτ

(f
k,R(k)
2 − f

l,R(l)
2 )θk, lωR(x)e−λt dx dt 6

6
1

2

∫

Qτ

[

(f
k,R(k)
2 − f2)

2 + (f2 − f
l,R(l)
2 )2

]

ωR(x)e−λt dx dt +

∫

Qτ

|θk, l|2ωR(x)e−λt dx dt.Âðàõîâóþ÷è îöiíêè iíòåãðàëiâ Ia
1 − Ia

9 òà Ic
1 − Ic

11, ç ñèñòåìè (14)-(15) îòðèìà¹ìîíåðiâíiñòü
∫

Ωτ

[

|uk, l|2 + |uk, l
t |2 + a0|∇uk, l|2 + |θk, l|2

]

ωR(x)e−λt dx+

+

∫

Qτ

[

(

λ − δa −
1

δa
1

−
1

δa
2

−
1

δa
3

− νcδ
c
1 −

1

δc
2

− νβ0δ
c
5 − 2

)

|uk, l
t |2+

+ (λa0 − a1 − δa
0 − νaδa

1 − νdδ
c
3) |∇uk, l|2+
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+

(

λ − να1δ
a
3 − νβ1 −

1

δc
3

−
1

δc
4

−
1

δc
5

− 2

)

|θk, l|2

]

ωR(x)e−λt dx dt+

+ (2c0 − νbδ
a
2 − δc

0 − νcδ
c
2 − νeδ

c
4)

∫

Qτ

|∇θk, l|2ωR(x)e−λt dx dt 6 F (τ), (17)äå
F (τ) =

ã0nγ2d2

δa
0χ2

∫

Qτ

[hR(x)]
γ−2

|uk, l
t |2e−λt dx dt+

+

(

c̃0

δc
0

+
νc

δc
1

)

nγ2d2

χ2

∫

Qτ

[hR(x)]
γ−2

|θk, l|2e−λt dx dt+

+ να0

∫

Ω0

[

|u
k,R(k)
0 − u0|

2 + |u0 − u
l,R(l)
0 |2

]

ωR(x)e−λt dx+

+ a2

∫

Ω0

[

|∇u
k,R(k)
0 −∇u0|

2 + |∇u0 −∇u
l,R(l)
0 |2

]

ωR(x)e−λt dx+

+ 2

∫

Ω0

[

|u
k,R(k)
1 − u1|

2 + |u1 − u
l,R(l)
1 |2

]

ωR(x)e−λt dx+

+ 2

∫

Ω0

[

|θ
k,R(k)
0 − θ0|

2 + |θ0 − θ
l,R(l)
0 |2

]

ωR(x)e−λt dx+

+

∫

Qτ

2
∑

i=1

[

(f
k,R(k)
i − fi)

2 + (fi − f
l,R(l)
i )2

]

ωR(x)e−λt dx dt+äëÿ τ ∈ (0, T ).Âèáåðåìî äîäàòíi ÷èñëà λ0, δa, δa
k , k ∈ {0, . . . , 3; δc

l }, l ∈ {0, . . . , 5} òàê, ùîáâèêîíóâàëèñÿ íåðiâíîñòi
λ0 − δa −

1

δa
1

−
1

δa
2

−
1

δa
3

− νcδ
c
1 −

1

δc
2

− νβ0δ
c
5 > 2

λ0a0 − a1 − δa
0 − νaδa

1 − νdδ
c
3 > 0,

λ0 − να1δ
a
3 − νβ1 −

1

δc
3

−
1

δc
4

−
1

δc
5

> 2,

2c0 − νbδ
a
2 − δc

0 − νcδ
c
2 − νeδ

c
4 > 0,äå λ + λ0 + λ1, λ1 > 0.Òîäi îäåðæèìî

∫

Ωτ

[

|uk, l|2 + |uk, l
t |2 + |∇uk, l|2 + |θk, l|2

]

ωR(x)e−λ1t dx+

+

∫

Qτ

[

|uk, l|2 + λ1

(

|uk, l
t |2 + |∇uk, l|2 + |θk, l|2

)]

ωR(x)e−λ1t dx dt+
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+

∫

Qτ

|∇θk, l|2ωR(x)e−λ1t dx dt 6

6 C1





∫

Qτ

1

χ2

[

|uk, l
t |2 + |θk, l|2

]

[hR(x)]γ−2
e−λ1t dx dt + FR(τ)



 , (18)äå ñòàëà C1 âèçíà÷à¹òüñÿ êîå�iöi¹íòàìè ñèñòåìè (1) - (2) i ÷èñëîì T , à
FR(τ) = να0

∫

Ω0

[

|u
k,R(k)
0 − u0|

2 + |u
l,R(l)
0 − u0|

2
]

ωR(x)e−λt dx+

+ a2

∫

Ω0

[

|∇u
k,R(k)
0 −∇u0|

2 + |∇u
l,R(l)
0 −∇u0|

2
]

ωR(x)e−λt dx+

+ 2

∫

Ω0

[

|u
k,R(k)
1 − u1|

2 + |u
l,R(l)
1 − u1|

2
]

ωR(x)e−λt dx+

+ 2

∫

Ω0

[

|θ
k,R(k)
0 − θ0|

2 + |θ
l,R(l)
0 − θ0|

2
]

ωR(x)e−λt dx+

+

∫

Qτ

[

(f
k,R(k)
1 − f1)

2 + (f
l,R(l)
1 − f1)

2
]

ωR(x)e−λt dx dt+

+

∫

Qτ

[

(f
k,R(k)
2 − f2)

2 + (f
l,R(l)
2 − f2)

2
]

ωR(x)e−λt dx dt,äëÿ τ ∈ (0, T ).Íà ïiäñòàâi óìîâ òåîðåìè iñíó¹ òàêå s0 ∈ N, ùî äëÿ âñiõ s > s0 ïðàâèëüíiíåðiâíîñòi
∫

ΩR

[

|us
0(x)|2 + |∇us

0(x)|2 + |us
1(x)|2 + |θs

0(x)|2
]

dx +

∫

QT,R

2
∑

j=1

|fs
j (t, x)|2 dx dt 6

6 2a exp{bR2}, (19)
∫

ΩR

[

|us
0(x) − u0(x)|2 + |∇us

0(x) −∇u0(x)|2 + |us
1(x) − u1(x)|2+

+ |θs
0(x) − θ0(x)|2

]

dx +

∫

QT,R

2
∑

j=1

|fs
j (t, x) − fj(t, x)|2 dx dt 6 exp{−m + bR2}, (20)äå m � íàòóðàëüíå ÷èñëî, a, b = const > 0.Ç (18), çîêðåìà, îäåðæèìî, ùî

∫

Qτ,R(k)

[

|uk+3,k+2
t |2 + |θk+3,k+2|2

]

ωR(x)e−λ1t dx dt 6
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6

C1

λ1χ2

∫

Qτ,R(k+1)

[

|uk+3,k+2
t |2 + |θk+3,k+2|2

]

ωR(x)e−λt dx dt +
C1

λ1
FR(k+1)(τ), (21)ïðè χ2 = 2k.Ïîäiëèìî âiäðiçîê [R(k), R(k) + χ] íà m ÷àñòèí. Âèáåðåìî m = σ22k,

λ1 = χ02
2kC1, äå σ íàòóðàëüíå ÷èñëî, ùî σ2 6 χ0e

−1.Òîäi àíàëîãi÷íî ÿê â [14℄ ç (21) îäåðæó¹ìî îöiíêó
∫

Qτ,R(k)

[

|uk+3,k+2
t |2 + |θk+3,k+2|2

]

ωR(x)e−λ1t dx dt 6

6 e−m

∫

Qτ,R(k+1)

[

|uk+3,k+2
t |2 + |θk+3,k+2|2

]

ωR(x)e−λ1t dx dt +
C1e

e − 1
FR(k+1)(τ). (22)Îñêiëüêè

|f
k+3,R(k+3)
i − f

k+2,R(k+2)
i |2 6 2

(

|f
k+3,R(k+3)
i − fi|

2 + |f
k+2,R(k+2)
i − fi|

2
)

,

|u
k+3,R(k+3)
0 − u

k+2,R(k+2)
0 |2 6 2

(

|u
k+3,R(k+3)
0 − u0|

2 + |u
k+2,R(k+2)
0 − u0|

2
)

,

|∇u
k+3,R(k+3)
0 −∇u

k+2,R(k+2)
0 |2 6

6 2
(

|∇u
k+3,R(k+3)
0 −∇u0|

2 + |∇u
k+2,R(k+2)
0 −∇u0|

2
)

,

|u
k+3,R(k+3)
1 − u

k+2,R(k+2)
1 |2 6 2

(

|u
k+3,R(k+3)
1 − u1|

2 + |u
k+2,R(k+2)
1 − u1|

2
)

,

|θ
k+3,R(k+3)
0 − θ

k+2,R(k+2)
0 |2 6 2

(

|θ
k+3,R(k+3)
0 − θ0|

2 + |θ
k+2,R(k+2)
0 − θ0|

2
)

,äëÿ i ∈ {1, 2}, òî íà ïiäñòàâi (19)
FR(k+1)(τ) 6 2C2 exp{−m + b(R(k + 1))2}, C2 = max{a0, να0} + 2. (23)Îòæå, ç (22) âèïëèâà¹ íåðiâíiñòü

∫

Qτ,R(k)

[

|uk+3,k+2
t |2 + |θk+3,k+2|2

]

ωR(x)e−λ1t dx dt 6

6 e−m

∫

Qτ,R(k+1)

[

|uk+3,k+2
t |2 + |θk+3,k+2|2

]

ωR(x)e−λ1t dx dt+

+ C3 exp{−m + b(R(k + 1))2}. (24)Âèêîðèñòîâóþ÷è ñèñòåìó (12)-(13) ïðè v = uk
t ωRe−λt, w = θkωRe−λt, λ > 0, îòðè-ìà¹ìî ñèñòåìó ðiâíîñòåé

1

2

∫

Ωτ,R(k)

|uk
t |

2ωRe−λt dx +

∫

Qτ,R(k)

[λ

2
|uk

t |
2ωR +

n
∑

i,j=1

aij(t, x)uk
xi

uk
xjtωR+

+

n
∑

i,j=1

aij(t, x)uk
xi

uk
t ωRxj

+

n
∑

i=1

ai(t, x)uk
xi

uk
t ωR +

n
∑

i=1

bi(t, x)θk
xi

uk
t ωR+
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+α0(t, x)ukuk

t ωR + α1(t, x)θkuk
t ωR + γ1(t, x)|uk

t |
pωR

]

e−λt dx dt =

=
1

2

∫

Ω0,R(k)

|u
k,R(k)
1 |2ωR dx +

∫

Qτ,R(k)

f
k,R(k)
1 uk

t ωRe−λt dx dt, (25)
1

2

∫

Ωτ,R(k)

|θk|2ωRe−λt dx +

∫

Qτ,R(k)

[λ

2
|θk|2ωR +

n
∑

i,j=1

cij(t, x)θk
xi

θk
xj

ωR+

+
n
∑

i,j=1

cij(t, x)θk
xi

θkωRxj
+

n
∑

i=1

ci(t, x)uk
t θk

xi
ωR +

n
∑

i=1

ci(t, x)uk
t θkωRxi

+

+
n
∑

i=1

di(t, x)uk
xi

θkωR +
n
∑

i=1

ei(t, x)θk
xi

θkωR + β0(t, x)ukθkωR+

+ β1(t, x)θkθkωR + γ2(t, x)|θk|qωR

]

e−λt dx dt =

=
1

2

∫

Ω0,R(k)

|θ
k,R(k)
0 |2ωR dx +

∫

Qτ,R(k)

f
k,R(k)
2 θkωRe−λt dx dt, (26)äëÿ âñiõ τ ∈ (0, T ].Íà ïiäñòàâi óìîâ (A)-(G) òà ëåìè �ðîíóîëëà-Áåëìàíà ç (25)-(26) ëåãêî îäåð-æàòè îöiíêó

∫

Ωτ,R(k)

[

|uk|2 + |uk
t |

2 + |∇uk|2 + |θk|2
]

dx+

+

∫

Qτ,R(k)

[

|uk|2 + |uk
t |

2 + |∇uk|2 + |θk|2
]

dx dt +

∫

Qτ,R(k)

|∇θk|2 dx dt+

+

∫

Qτ,R(k)

[

|uk
t |

p + |θk|q
]

dx dt 6 C4

[

∫

Qτ,R(k)

[

|f
k,R(k)
1 |2 + |f

k,R(k)
2 |2

]

dx dt+

+

∫

Ω0,R(k)

[

|u
k,R(k)
0 |2 + |u

k,R(k)
1 |2 + |∇u

k,R(k)
0 |2 + |θ

k,R(k)
0 |2

]

dx

]

. (27)Âðàõîâóþ÷è (19), ç (24) îòðèìà¹ìî, ùî
∫

Qτ,R(k)

|uk
t |

2 dx dt 6 2C4a exp{b R2},

∫

Qτ,R(k)

|θk|2 dx dt 6 2C4a exp{b R2}. (28)Îñêiëüêè
|uk+3,k+2

t |2 6 2(|uk+3
t |2 + |uk+2

t |2), |θk+3, θk+2|2 6 2(|θk+3|2 + |θk+2|2),
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∫

Qτ,R(k+1)

[

|uk+3,k+2
t |2 + |θk+3,k+2|2

]

dx dt 6 4aC4 exp{−m + b(R(k + 4))2 + λ1τ}+

+ C3 exp{−m + b(R(k + 2))2} 6 C5 exp{−m + b(R(k + 4))2 + λ1τ}. (29)Òîìó iñíó¹ òàêå T0 6 T , ùî äëÿ âñiõ τ ∈ (0, T0] ÷èñëî σ ìîæíà âèáðàòè òàê, ùîá
σ > 28b + χ0C1T0. Òîäi ïðàâó ÷àñòèíó (29) ìîæíà îöiíèòè òàê:

exp{−m + b(R(k + 4))2 + λ1τ} 6 exp{−[22kσ0]},äå σ0 = σ − 28b − χ0C1T0.Íåõàé R̃ > R0 + 1 � äîâiëüíå �iêñîâàíå ÷èñëî, R(k) > R̃.Ç (29) âèïëèâàþòü îöiíêè
‖uk+3,k+2

t ‖
C(0,T0;L2(ΩR̃)) + ‖uk+3,k+2

t ‖
L2(0,T0;H1

0 (ΩR̃)) 6 C6 exp{−[22kσ0]},

‖θk+3,k+2‖
C(0,T0;L2(ΩR̃)) + ‖θk+3,k+2‖

L2(0,T0;H1
0 (ΩR̃)) 6 C7 exp{−[22kσ0]}.Òîäi

‖uk+l+2
t − uk+2

t ‖C(0,T0;L2(ΩR̃)) + ‖uk+l+2
t − uk+2

t ‖L2(0,T0;H1
0 (ΩR̃)) 6

6

l−1
∑

i=0

{‖uk+i+3
t − uk+i+2

t ‖
C(0,T0;L2(ΩR̃)) + ‖uk+i+2

t − uk+i+2
t ‖

L2(0,T0;H1
0 (ΩR̃))} 6

6 C6

l−1
∑

i=0

exp{−σ02
2(k+i)+1} 6 C8 exp{−σ02

2(k−1)}, (30)àíàëîãi÷íî
‖θk+l+2 − θk+2‖C(0,T0;L2(ΩR̃)) + ‖θk+l+2 − θk+2‖L2(0,T0;H1

0 (ΩR̃)) 6

6 C9 exp{−σ02
2(k−1)}, (31)äå ñòàëi C8, C9 íå çàëåæàòü âiä k, l.Âðàõîâóþ÷è (18), (30) òà (31), ëåãêî ïîêàçàòè, ùî ïàðà ïîñëiäîâíîñòåé {uk

t , θ
k}�óíäàìåíòàëüíà â ïðîñòîði

[

C(0, T0; L
2(ΩR̃)) ∩ L2(0, T0; H

1
0 (ΩR̃)) ∩ Lp(0, T0; L

p(ΩR̃))
]

×

×
[

C(0, T0; L
2(ΩR̃)) ∩ L2(0, T0; H

1
0 (ΩR̃)) ∩ Lq(0, T0; L

q(ΩR̃))
].Íà ïiäñòàâi äîâiëüíîñòi R̃ îäåðæó¹ìî, ùî uk → u ó ïðîñòîði L2(0, T0; H

1
0,loc(Ω))∩

∩C(0, T0; L
2
loc(Ω)) òà θk → θ ó ïðîñòîði L2(0, T0; H

1
0,loc(Ω)) ∩ C(0, T0; L

2
loc(Ω))∩

∩Lq(0, T0; L
q
loc(Ω)), òîáòî ïàðà �óíêöié {u, θ} � ñèëüíèé óçàãàëüíåíèé ðîçâ'ÿçîê çà-äà÷i (1)-(4).Îñêiëüêè, uk → u â C(0, T ; H1

0,loc(Ω)) ∩ L2
loc(Ω)), θk → θ â C(0, T ; L2

loc(Ω)). Òîäi
uk(0) → u(0), uk

t → ut(0), θk(0) → θ(0) in L2
loc(Ω), âiäïîâiäíî, u(0) = u0, ut(0) = u1,

θ(0) = θ0. Òåîðåìó äîâåäåíî. �



170 Ìàêñèì ÍÅ×ÅÏÓ�ÅÍÊÎ3. Óìîâè ¹äèíîñòi ðîçâ'ÿçêó.Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè (A), (C)−(G). Òîäi çàäà÷à (1)-(4) íå ìîæåìàòè áiëüøå îäíîãî ñèëüíîãî óçàãàëüíåíîãî ðîçâ'ÿçêó â êëàñi �óíêöié òàêèõ, ùî
∫

QT,R

(

|ut|
2 + θ|2

)

dx dt 6 a exp{bR2} ∀ R > R0 + 1, (32)äå a, b � äîäàòíi ñòàëi.Äîâåäåííÿ. Íåõàé iñíóþòü äâà ðîçâ'ÿçêè (u1, θ1), (u2, θ2) çàäà÷i (1)-(4). Çàäàìî äî-âiëüíå �iêñîâàíå ÷èñëî R̃ > R0 + 1 i ÿê çàâãîäíî ìàëå ÷èñëî ε > 0. Íåõàé
R(l) = 2l > R̃, l ∈ N.Çãiäíî ç îçíà÷åííÿì ñèëüíîãî óçàãàëüíåíîãî ðîçâ'ÿçêó iñíóþòü ïàðè ïîñëiäîâ-íîñòåé {ui,k}, {θi,k} òàêèõ, ùî uk → u ó ïðîñòîði V1 òà θk → θ ó ïðîñòîði V3; ïðè÷îìóïàðà {ui,k}, {θi,k} çàäîâîëüíÿ¹ ñèñòåìó (5) - (6) ç ïðàâèìè ÷àñòèíàìè {f i,k

j }, j ∈ {1, 2}i ïî÷àòêîâèìè �óíêöiÿìè {ui,k
0 }, {ui,k

1 }, {θi,k
0 }, äå {f i,k

j }, j ∈ {1, 2} çàäîâîëüíÿþòüóìîâó (F), f
i,k
j → fj , j ∈ {1, 2} ó ïðîñòîði L2(0, T ; L2

loc(Ω)), u
i,k
0 → u0 ó ïðîñòîði

H1
0,loc(Ω), uk

1 → u1 òà θk
0 → θ0 âiäïîâiäíî ó ïðîñòîði L2

loc(Ω) ïðè k → ∞, i = 1, 2.Àíàëîãi÷íî ÿê (18) îäåðæèìî íåðiâíiñòü
∫

Qτ

[

|u2,k
t − u

1,k
t |2 + |θ2,k − θ1,k|2

]

ωR(x)e−λ1t dx dt 6

6
C2

λ1χ2

∫

Qτ

[

|u2,k
t − u

1,k
t |2 + |θ2,k − θ1,k|2

]

[hR(x)]γ−2
e−λ1t dx dt +

C2

λ1
F (R, τ), (33)äå �óíêöiÿ ωR i ñòàëà C2 âèçíà÷åíi ïðè äîâåäåííi iñíóâàííÿ ðîçâ'ÿçêó, R = R(l),

λ1 > 0, à
F (R, τ) =

να0

2

∫

Ω0

|u2,k
0 − u

1,k
0 |2ωR(x)e−λt dx +

a0

2

∫

Ω0

|∇u
2,k
0 −∇u

1,k
0 |2ωR(x)e−λt dx+

+2

∫

Ω0

|u1,k
1 − u

2,k
1 |2ωR(x)e−λt dx + 2

∫

Ω0

|θ1,k
0 − θ

2,k
0 |2ωR(x)e−λt dx+

+

∫

Qτ

|f1,k
1 − f

2,k
1 |2ωR(x)e−λt dx dt +

∫

Qτ

|f1,k
2 − f

2,k
2 |2ωR(x)e−λt dx dt.Âèáåðåìî m = σ[22l], λ1 = χ02

2lC2 Äëÿ χ = 2l, äå σ òàêå íàòóðàëüíå ÷èñëî, ùî
σ2 6 χ0e

−1.
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F (R, τ) 6 να0

∫

Ω0,R(l+1)

[

|u
k,R(k)
0 − u0|

2 + |u
l,R(l)
0 − u0|

2
]

ωR(x)e−λt dx+

+ a2

∫

Ω0,R(l+1)

[

|∇u
k,R(k)
0 −∇u0|

2 + |∇u
l,R(l)
0 −∇u0|

2
]

ωR(x)e−λt dx+

+ 2

∫

Ω0,R(l+1)

[

|u
k,R(k)
1 − u1|

2 + |u
l,R(l)
1 − u1|

2
]

ωR(x)e−λt dx+

+ 2

∫

Ω0,R(l+1)

[

|θ
k,R(k)
0 − θ0|

2 + |θ
l,R(l)
0 − θ0|

2
]

ωR(x)e−λt dx+

+

∫

Qτ,R(l+1)

[

(f
k,R(k)
1 − f1)

2 + (f
l,R(l)
1 − f1)

2
]

ωR(x)e−λt dx dt+

+

∫

Qτ,R(l+1)

[

(f
k,R(k)
2 − f2)

2 + (f
l,R(l)
2 − f2)

2
]

ωR(x)e−λt dx dt,äëÿ τ ∈ (0, T ). Òîäi, âðàõîâóþ÷è çáiæíîñòi ïîñëiäîâíîñòåé {f i,k
j }, {ui,k

0 }, {ui,k
1 },

{θi,k
0 }, i, j ∈ {1, 2}, ìîæåìî çàçíà÷èòè òàêå k0(l), ùî

F (R, τ) < e−mäëÿ âñiõ k > k0(l).Òîäi ç (33), àíàëîãi÷íî ÿê ïðè äîâåäåííi iñíóâàííÿ ðîçâ'ÿçêó, îäåðæèìî îöiíêó
∫

Qτ,R(l)

[

|u2,k
t − u

1,k
t |2 + |θ2,k − θ1,k|2

]

e−λt dx dt 6

6 e−m

∫

Qτ,R(l+1)

[

|u2,k
t − u

1,k
t |2 + |θ2,k − θ1,k|2

]

e−λt dx dt + e−m, (34)äëÿ l > l0(C2).Îñêiëüêè uk
t → ut ó ïðîñòîði L2(0, T ; H1

0,loc(Ω)) ∩ C(0, T ; L2
loc(Ω)) ∩ Lp(0, T ;

L
p
loc(Ω)) òà θk → θ ó L2(0, T ; H1

0,loc(Ω)) ∩ C(0, T ; L2
loc(Ω)) ∩ Lq(0, T ; Lq

loc(Ω)), òî iñíó¹òàêå k1(l, ε) ∈ N, k1 > k0, ùî
∫

Qτ,R(l+1)

|ui,k
t − ui

t| dx dt 6
ε

32
,

∫

Qτ,R(l+1)

|θi,k − θi| dx dt 6
ε

32
, i ∈ {1, 2}, (35)äëÿ âñiõ k > k1(l, ε).Âðàõîâóþ÷è òå, ùî

|u2,k
t − u

1,k
t |2 6 3

(

|u2,k
t − u2

t |
2 + |u1,k

t − u1
t | + 2|u1

t |
2 + 2|u2

t |
2
)

,

|θ2,k − θ1,k|2 6 3
(

|θ2,k − θ2|2 + |θ1,k − θ1| + 2|θ1|2 + 2|θ2|2
)



172 Ìàêñèì ÍÅ×ÅÏÓ�ÅÍÊÎi óìîâè (32), ç (34) îòðèìà¹ìî îöiíêó
∫

Qτ,R(l)

[

|u2,k
t − u

1,k
t |2 + |θ2,k − θ1,k|2

]

e−λt dx dt 6

6 e−m

(

3ε

8
+ 8a exp{b(R(l + 1))2} + 1

)

6 (2 + 8a) exp{−m + b(R(l + 1))2}, (36)ïðè k > k1(l, ε). Àíàëîãi÷íî ÿê ïðè äîâåäåííi òåîðåìè 1 ìîæåìî ñòâåðäæóâàòè ïðîiñíóâàííÿ òàêîãî T0 6 T , ùî −m+ b(R(l+1))2 < −[22l]σ0, σ0 > 0 äëÿ âñiõ τ ∈ (0, T0].Òîäi ç (36) âèïëèâà¹ îöiíêà
∫

Qτ,R(l)

[

|u2,k
t − u

1,k
t |2 + |θ2,k − θ1,k|2

]

e−λt dx dt 6 (2 + 8a) exp{−σ0[2
2l]}.Îòæå, iñíó¹ òàêå l1 ∈ N, l1 > l0, ùî

∫

QT0,R̃

|u2,k
t − u

1,k
t |2 dx dt <

ε

16
,

∫

QT0,R̃

|θ2,k − θ1,k|2 dx dt <
ε

16
(37)äëÿ âñiõ l > l1, k > k1(l, ε).Îñêiëüêè

|u2
t − u1

t |
2 6 3(|u2

t − u
2,k
t |2 + |u1

t − u
1,k
t |2 + |u2,k

t − u
1,k
t |2),

|θ2 − θ1|2 6 3(|θ2 − θ2,k|2 + |θ1 − θ1,k|2 + |θ2,k − θ1,k|2),òî íà ïiäñòàâi (35), (37)
∫

Q
T0,R̃

|u2
t − u1

t |
2 dx dt < ε,

∫

Q
T0,R̃

|θ2 − θ1|2 dx dt < ε.Ç îãëÿäó íà òå, ùî ïðàâèëüíà íåðiâíiñòü
∫

Qτ

|u2 − u1|2 dx dt 6 c1

∫

Ω0

|u2
0 − u1

0|
2 dx + c2

∫

Qτ

|u2
t − u1

t |
2 dx dt,äå c1, c2 êîíñòàíòè, ÿêi çàëåæàòü âiä T , òà âðàõîâóþ÷è òå, ùî u

i,k
0 → u0 ó ïðîñòîði

H1
0,loc(Ω), îòðèìà¹ìî

∫

Q
T0,R̃

|u2 − u1|2 dx dt < ε,òîáòî, âðàõîâóþ÷è äîâiëüíiñòü ε, u2(x, t) = u1, (x, t) òà θ2(x, t) = θ1, (x, t) ìàéæå âñþ-äè â QR̃
T0
. Îñêiëüêè R̃ � äîâiëüíå ÷èñëî, òî u2(x, t) = u1, (x, t) òà θ2(x, t) = θ1, (x, t)ìàéæå âñþäè â QT0 . ßêùî T0 > T , òî çà ñêií÷åííó êiëüêiñòü êðîêiâ äîâîäèìî ¹äè-íiñòü ó âñié îáëàñòi QT . Òåîðåìó äîâåäåíî. �
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ÂIÑÍÈÊ ËÜÂIÂ. ÓÍ-ÒÓ VISNYK LVIV UNIV.Ñåðiÿ ìåõ.-ìàò. 2009. Ser. Me
h. Math. 2009.Âèï. 71. Ñ. 175�183 Is. 71. P. 175�183ÓÄÊ 512.553.2 Ï�Î ÌÎÍÎ�ÄÈ, ÍÀÄ ßÊÈÌÈ ÂÑIÊÂÀÇIÔIËÜÒ�È Ò�ÈÂIÀËÜÍI�îìàí ÎËIÉÍÈÊËüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,79000, Ëüâiâ, âóë. Óíiâåðñèòåòñüêà, 1e-mail: forvard-or�ukr.netÂ êàòåãîði¨ S−ïîëiãîíiâ ÷àñòèíà ðåçóëüòàòiâ ãîìîëîãi÷íîãî õàðàêòå-ðó ¹ àíàëîãàìè âiäïîâiäíèõ �àêòiâ ç òåîði¨ R−ìîäóëiâ. Öàíã, �àî i Êñiäîñëiäèëè âçà¹ìîçâ'ÿçîê ìiæ òåîðiÿìè ñêðóòó òà êâàçi�iëüòðàìè ëiâèõêîíãðóåíöié, âèçíà÷åíèõ íà S−ïîëiãîíi S. �îçãëÿíóòî êâàçi�iëüòðè òà
σ−êâàçi�iëüòðè ëiâèõ êîíãðóåíöié ìîíî¨äà ç íóëåì. Îñíîâíèé ðåçóëüòàòçàñâiä÷ó¹, ùî óñi êâàçi�iëüòðè i σ−êâàçi�iëüòðè ¹ òðèâiàëüíèìè òîäi iòiëüêè òîäi, êîëè êîìóòàòèâíèé ìîíî¨ä S äîñêîíàëèé.Êëþ÷îâi ñëîâà: ìîíî¨ä, ïîëiãîí, êîíãðóåíöiÿ, êâàçi�iëüòð, òåîðiÿ ñêðó-òó.1. Âñòóï. Òåîðiÿ ñêðóòiâ ó âèïàäêó êàòåãîði¨ ìîäóëiâ ðîçâèíóòà äîñòàòíüî ïîâ-íî. Äëÿ ïîëiãîíiâ íàä ìîíî¨äîì íåìà¹ íàâiòü ¹äèíîãî ïiäõîäó äî ïîíÿòòÿ ðàäèêàëà÷è ñêðóòó, îñêiëüêè ìîæëèâi ðiçíi ïiäõîäè äî ââåäåííÿ öèõ ïîíÿòü, îäíi ç ÿêèõ ðóíòóþòüñÿ íà îñíîâi òåîði¨ êîíãðóåíöié, iíøi íà âèêîðèñòàííi òðàäèöiéíèõ ïiäïî-ëiãîíiâ. Ùå ðàäèêàëüíèé ïiäõiä çàñíîâàíèé íà iäå¨ ïîáóäîâè ñïåöiàëüíî¨ êàòåãîði¨ïîëiãîíiâ, ó ÿêié ìîð�içìè âèçíà÷àþòü ÿê êîìïîçèöi¨ ðiñîâèõ ìîð�içìiâ òà âêëà-äåíü. Öåé ìåòîä âïåðøå âèêîðèñòàëè ó ïðàöi Âiãàíòà i Ëåêñà [10℄, ÿêà  ðóíòóâàëàñÿíà ðàäèêàëàõ Õüîíêå. Âií ðîçøèðåíèé i ñóòò¹âî ðîçâèíåíèé ó ïðàöi Âiãàíäòà [11℄.Îñíîâíi ïîíÿòòÿ ïîâ'ÿçàíi çi ñêðóòàìè ó êàòåãîði¨ S−ïîëiãîíiâ ââiâ äî ðîçãëÿ-äó Ëþäåìàí ùå ó 1983 ð. [7℄, âèêîðèñòàâøè àíàëîãiþ ç iñíóþ÷îþ òåîði¹þ ñêðóòiâó êàòåãîði¨ R−ìîäóëiâ. � ùå áàãàòî ïðàöü, â ÿêèõ ðîçãëÿäàëè òåîðiþ ñêðóòiâ ó êà-òåãîði¨ ïîëiãîíiâ, ñåðåä ÿêèõ çàçíà÷èìî [12℄, [13℄. Çàóâàæèìî, ùî ïðàöþþ÷è ç öèìèîá'¹êòàìè, ïðèðîäíi ðåçóëüòàòè îòðèìóþòü çà äîïîìîãîþ òåõíiêè êâàçi�iëüòðiâ.Îäíi¹þ ç ïåðâiñíèõ ïðîáëåì, ÿêi âèíèêàþòü ó âèïàäêó âèâ÷åííÿ ñêðóòiâ ó òié ÷èiíøié êàòåãîði¨, ¹ çàäà÷à ïðî ¨õíþ òðèâiàëüíiñòü. Äëÿ äåÿêèõ êàòåãîðié âîíà ðîçâ'ÿ-çàíà, çîêðåìà, ó êàòåãîði¨ ìîäóëiâ. Âiäïîâiäíi ðåçóëüòàòè îïèñàíi ó êíèçi �îëàíà [4℄.Íàéáiëüø çàãàëüíå �îðìóëþâàííÿ öi¹¨ ïðîáëåìè ðîçãëÿäàëè ó ïðàöi Íàñòàøåñêó [9℄
© Îëiéíèê �., 2009



176 �îìàí ÎËIÉÍÈÊó êîíòåêñòi êàòåãîðié �ðîòåíäèêà. Öÿ ïðîáëåìà äëÿ òàêèõ êàòåãîðié åêâiâàëåíòíàçàäà÷i ïðî äâîåëåìåíòíiñòü  ðàòêè âiäïîâiäíèõ �iëüòðiâ �àáðiåëÿ.Ó êàòåãîði¨ ïîëiãîíiâ, ÿêà íàä áiëüøiñòþ ìîíî¨äiâ íå ¹ �ðîòåíäèêîâîþ, âiä-ìi÷åíà âèùå çàäà÷à âàæêà, òîìó ìè ðîçãëÿäà¹ìî âèïàäîê òðèâiàëüíîñòi ñïåöiàëü-íèõ êâàçi�iëüòðiâ, òîáòî σ−êâàçi�iëüòðiâ êîíãðóåíöié ìîíî¨äà S. Âîíè ¹ àíàëîãàìè
S−�iëüòðiâ iäåàëiâ êiëüöÿ R [1℄ òà êâàçi�iëüòðiâ. Ó [2℄ Êîìàðíèöüêèé Ì. ß. äîâiâ,ùî êiëüöÿ, íàä ÿêèìè âñi S−ñêðóòè òðèâiàëüíi ¹ ëîêàëüíèìè i äîñêîíàëèìè. Ìèäîâîäèìî ïîëiãîííèé àíàëîã öüîãî ðåçóëüòàòó.Ìîíî¨äíèìè âiäïîâiäíèêàìè �iëüòðiâ �àáðiåëÿ ¹ êâàçi�iëüòðè êîíãðóåíöié i âè-íèêà¹ ïîòðåáà çãàäàòè äåÿêi ðåçóëüòàòè, ïîâ'ÿçàíi ç òàêèìè �iëüòðàìè. Ó [12℄, [13℄äîñëiäæóâàëè �iëüòðè ïðàâèõ êîíãðóåíöié, ÿêi òiñíî ïîçâ'ÿçàíi çi ñêðóòàìè i ñõîæiíà �iëüòðè �àáðiåëÿ. Öi �iëüòðè íàçèâàþòü êâàçi�iëüòðàìè, ç ìåòîþ óçãîäæåííÿòåðìiíîëîãi¨. Âiäìiííiñòü ìiæ êâàçi�iëüòðîì i ðàäèêàëüíèì �iëüòðîì [3℄ ïîëÿãà¹â òîìó, ùî êâàçi�iëüòðè ñêëàäàþòüñÿ ç êîíãðóåíöié iç ïåâíèìè âëàñòèâîñòÿìè, àðàäèêàëüíi �iëüòðè � ç iäåàëiâ.Îçíà÷åííÿ òà òåðìiíîëîãiÿ, ÿêi íå íàâåäåíi ó ñòàòòi, ìîæíà çíàéòè ó ìîíîãðà-�iÿõ [3℄, [6℄, [8℄.2. Òåðìiíîëîãiÿ òà ïîïåðåäíi âiäîìîñòi.Íàäàëi, ÿêùî íå ñêàçàíî ïðîòèëåæíå, ëiòåðà S ïîçíà÷àòèìå �iêñîâàíèé ìîíî¨äç îäèíèöåþ 1 òà íóëåì 0 .Ïîíÿòòÿ S−ïîëiãîíó ¹ ïðèðîäíèì óçàãàëüíåííÿì ìîäóëÿ íàä êiëüöåì i ìíîæè-íè ç äi¹þ ãðóïè, àëå ïðè âiäñóòíîñòi íóëÿ â ìîíî¨äi âèíèêàþòü âåëèêi òðóäíîùi, òîäiòðåáà øóêàòè òàêi òâåðäæåííÿ, ÿêi ïðàâèëüíi i äëÿ ìíîæèí, i äëÿ ìîäóëiâ.Íàãàäà¹ìî �îðìàëüíå îçíà÷åííÿ ïîëiãîíó íàä ìîíî¨äîì.Îçíà÷åííÿ 1. Íåõàé S � ìîíî¨ä i A 6= ∅ ìíîæèíà. Íàçâåìî ìíîæèíó A ëiâèìïîëiãîíîì íàä S, ÿêùî çàäàíî òàêå âiäîáðàæåííÿ µ : S × A → A,

(s, a) → sa = µ (s, a) ,ùî âèêîíóþòüñÿ óìîâè:1) 1a = a;2)(st) a = s (ta) äëÿ âñiõ a ∈ A, s, t ∈ S.Íàçèâàòèìåìî µ ìíîæåííÿì çëiâà åëåìåíòiâ ç A íà åëåìåíòè ç S. Àíàëîãi÷íîâèçíà÷à¹òüñÿ ïðàâèé S−ïîëiãîí A i â ïîçíà÷åííÿõ öå âiäîáðàæà¹òüñÿ òàê: AS � ïðà-âèé, SA � ëiâèé ïîëiãîíè. Âæèâà¹ìî ñêîðî÷åíèé òåðìií ¾S−ïîëiãîí¿, ÿêùî âiäîìîÿêó ç îïåðàöié � ïðàâó, ÷è ëiâó, âèáðàíî íà íüîìó.Çàóâàæèìî, ùî çàìiñòü òåðìiíà S−ïîëiãîí ðiçíi àâòîðè âæèâàþòü òàêi: S−ìíî-æèíà, S−îïåðàíäà, S−äiÿ, S−ñèñòåìà, S−àâòîìàò i ò. ä.Çàçíà÷èìî, ùî âïðîäîâæ ñòàòòi êîæåí ëiâèé S−ïîëiãîí ¹ óíiòàðíèì (òîáòî
1A = A) òà öåíòðîâàíèì (òîáòî 0a = s0 = 0, äå 0 � íóëü ïîëiãîíó A).Îçíà÷åííÿ 2. Íåõàé SA òà SB � ëiâi S−ïîëiãîíè. Âiäîáðàæåííÿ f :S A →S Bíàçèâà¹òüñÿ ãîìîìîð�içìîì ç S−ïîëiãîíiâ A â B, ÿêùî äëÿ áóäü-ÿêèõ s ∈ S òà
a ∈ A âèêîíó¹òüñÿ ðiâíiñòü f (sa) = sf (a).Êàòåãîðiþ ëiâèõ S−ïîëiãîíiâ òà ¨õíiõ ãîìîìîð�içìiâ ïîçíà÷àòèìåìî ÷åðåç
S − Act.



Ï�Î ÌÎÍÎ�ÄÈ, ÍÀÄ ßÊÈÌÈ ÂÑI ÊÂÀÇIÔIËÜÒ�È Ò�ÈÂIÀËÜÍI 177Îçíà÷åííÿ 3. Íåõàé ρ � âiäíîøåííÿ åêâiâàëåíòíîñòi íà S−ïîëiãîíi A. Òîäi ρíàçèâà¹òüñÿ ëiâîþ êîíãðóåíöi¹þ íà A, ÿêùî saρsb äëÿ âñiõ s ∈ S òà a, b ∈ A, ùîçàäîâîëüíÿþòü óìîâó aρb.Àíàëîãi÷íî âèçíà÷à¹òüñÿ ïðàâà êîíãðóåíöiÿ.ßê âiäîìî, íàä êîíãðóåíöiÿìè ìîæíà âèêîíóâàòè îïåðàöi¨.1. Íåõàé ρ, τ � ëiâi êîíãðóåíöi¨ íà ìîíî¨äi S. Òîäi
ρ ∧ τ = {(a, b) | (a, b) ∈ ρ, (a, b) ∈ τ }� çâè÷àéíèé ïåðåòèí êîíãðóåíöié íà ìîíî¨äi S.2. Íåõàé ρ, τ � ëiâi êîíãðóåíöi¨ íà ìîíî¨äi S. Òîäi ρ∨ τ � íàéìåíøà êîíãðóåíöiÿíà ìîíî¨äi S, ÿêà ìiñòèòü êîíãðóåíöi¨ ρ òà τ .Ìíîæèíó âñiõ ëiâèõ êîíãðóåíöié íà S ïîçíà÷àòèìåìî ÷åðåç Conl (S). Öÿ ìíî-æèíà íàñïðàâäi ¹ îáìåæåíîþ  ðàòêîþ ñòîñîâíî ùîéíî âèçíà÷åíèõ îá'¹äíàííÿ i ïåðå-òèíó êîíãðóåíöié [8℄. Íàéìåíøó êîíãðóåíöiþ ïîçíà÷àòèìåìî ÷åðåç ∆, à íàéáiëüøó� 1S . Çðîçóìiëî, ùî ∆ = {(a, b) ∈ S × S |a = b} i 1S = S × S.Äëÿ äîâiëüíî¨ ëiâî¨ êîíãðóåíöi¨ ρ íà A i äëÿ áóäü-ÿêîãî åëåìåíòà m ∈ A âèçíà-÷èìî ìíîæèíó

(ρ : m) = {(a, b) ∈ S × S | (am, bm) ∈ ρ} .Âiäîìî, ùî (ρ : m) ¹ ëiâîþ êîíãðóåíöi¹þ íà S. Äëÿ ïîâíîòè âèêëàäåííÿ äîâå-äåìî òàêó ïðîñòó ëåìó.Ëåìà 1. Íåõàé I � ëiâèé iäåàë ìîíî¨äà S. Òîäi ∆
⋃

(I × I) � ëiâà êîíãðóåíöiÿ ìî-íî¨äà S.Äîâåäåííÿ. Íåõàé ρ = ∆
⋃

(I × I), (a, b) ∈ ρ òîäi i òiëüêè òîäi, êîëè a, b ∈ I àáî
a = b. Ïåðåâiðèìî, ùî ρ ¹ âiäíîøåííÿì åêâiâàëåíòíîñòi íà ìîíî¨äi S. Çà ïîáóäîâîþ
ρ � ðå�ëåêñèâíå. Ïîêàæåìî, ùî ρ � ñèìåòðè÷íå. Íåõàé (a, b) ∈ ρ. Îñêiëüêè I � iäåàë,òî (b, a) ∈ ρ. Òðàíçèòèâíiñòü: íåõàé (a, b) ∈ ρ i (b, c) ∈ ρ. Öå îçíà÷à¹, ùî a, b, c ∈ I.Çâiäñè îòðèìó¹ìî, ùî (a, c) ∈ ρ. Ïîêàæåìî, ùî äëÿ áóäü-ÿêèõ ïàð (a, b) ∈ ρ òàåëåìåíòiâ s ∈ S âèêîíó¹òüñÿ (sa, sb) ∈ ρ. Îñêiëüêè a, b ∈ I, òî çà îçíà÷åííÿì iäåàëó
sa, sb ∈ I. Ëåìó äîâåäåíî. �Êîíãðóåíöiþ ïîáóäîâàíó çà äîïîìîãîþ iäåàëó, çà ñõåìîþ, âèêîðèñòàíîþ ó ëåìi1, íàçèâàþòü êîíãðóåíöi¹þ �iñà i ïîçíà÷àþòü ÷åðåç ρI .Ëåìà 2. Íåõàé I1, I2 � ëiâi iäåàëè ìîíî¨äà S, ρ = ∆

⋃

(I1 × I1) òà τ = ∆
⋃

(I2 × I2)� ëiâi êîíãðóåíöi¨ íà S. Òîäi
ρ ∧ τ = ∆

⋃

((

I1

⋂

I2

)

×
(

I1

⋂

I2

))òà
ρ ∨ τ = ∆

⋃

((

I1

⋃

I2

)

×
(

I1

⋃

I2

))

.Äîâåäåííÿ. Âèïëèâà¹ ç ëåìè 1. �Îçíà÷åííÿ 4. ([7℄) Òåîði¹þ ñêðóòó τ â êàòåãîði¨ ëiâèõ S−ïîëiãîíiâ S − Act íàçè-âà¹ìî âïîðÿäêîâàíó ïàðó (T,F) êëàñiâ S−ïîëiãîíiâ ç òàêèìè âëàñòèâîñòÿìè:1) HomS(T, F ) = 0 äëÿ âñiõ T ∈ T i F ∈F;2) ÿêùî HomS(T, F ) = 0 äëÿ âñiõ F ∈ F, òîäi T ∈ T;



178 �îìàí ÎËIÉÍÈÊ3) ÿêùî HomS(T, F ) = 0 äëÿ âñiõ T ∈ T, òîäi F ∈ F.Òîäi S−ïîëiãîíè ç êëàñó T íàçèâàþòüñÿ ïåðiîäè÷íèìè ïîëiãîíàìè òà ç êëàñóF íàçèâàþòü íàïiâïðîñòèìè. Êëàñè T òà F íàçèâàþòüñÿ ïåðiîäè÷íèìè òà íàïiâ-ïðîñòèìè âiäïîâiäíî. Òåîðiÿ ñêðóòó τ íàçèâà¹òüñÿ ñïàäêîâîþ, ÿêùî T � çàìêíåíèéñòîñîâíî ïiäïîëiãîíiâ. Ñïàäêîâó òåîðiþ ñêðóòó τ íàçèâà¹ìî ñêðóòîì.Îçíà÷åííÿ 5. Êîíãðóåíöiÿ ρ íà S−ïîëiãîíi A íàçèâà¹òüñÿ τ−ùiëüíîþ, ÿêùî
A/ρ ∈ Tτ .Ïîçíà÷èìî ìíîæèíó âñiõ τ−ùiëüíèõ êîíãðóåíöié íà A ÷åðåç Cτ [A], àáî ïðîñòî
Cτ , ÿêùî çðîçóìiëî ïðî ÿêèé ïîëiãîí éäåòüñÿ.Îçíà÷åííÿ 6. Íàïåðåäðàäèêàëüíèì êâàçi�iëüòðîì ìîíî¨äà S íàçèâà¹òüñÿ ïiäìíî-æèíà E â Con(S), ÿêà çàäîâîëüíÿ¹ óìîâè:1) ÿêùî ρ ∈ E i ρ ⊆ τ ∈ Con(S), òî τ ∈ E;2) ç óìîâè ρ ∈ E âèïëèâà¹ (ρ : s) ∈ E äëÿ âñiõ s ∈ S.ßêùî êðiì öèõ óìîâ âèêîíó¹òüñÿ:3) ÿêùî ρ ∈ E i τ ∈ Con(S) òàêå, ùî (τ : s), (τ : t) íàëåæàòü äî E äëÿ âñiõ

(s, t) ∈ ρ, òî τ ∈ E;òî E íàçèâà¹òüñÿ êâàçi�iëüòðîì.Íàïåðåäðàäèêàëüíi êâàçi�iëüòðè óòâîðþþòü  ðàòêó ñòîñîâíî î÷åâèäíèõ îïåðà-öié îá'¹äíàííÿ i ïåðåòèíó.Çâ'ÿçîê ìiæ ñêðóòàìè â êàòåãîði¨ S−ïîëiãîíiâ i êâàçi�iëüòðàìè ìîíî¨äà S âè-çíà÷à¹ òàêà òåîðåìà.Òåîðåìà 1. ([13℄) Íåõàé S � S−ïîëiãîí òà τ � òåîðiÿ ñêðóòó íàä S:1) ÿêùî τ ¹ ñïàäêîâîþ òåîði¹þ ñêðóòó, òî Cτ ¹ êâàçi�iëüòðîì ëiâèõêîíãðóåíöié âèçíà÷åíèõ íà ìîíî¨äi S;2) ÿêùî E ¹ êâàçi�iëüòðîì, òî iñíó¹ òàêà ñïàäêîâà òåîðiÿ ñêðóòó τ ,ùî E = Cτ .Íàâåäåìî îçíà÷åííÿ �iëüòðà ÷àñòîê ëiâèõ iäåàëiâ äëÿ ìîíî¨äà.Îçíà÷åííÿ 7. ([13℄)Íåõàé R ìíîæèíà ëiâèõ iäåàëiâ ìîíî¨äà S. Òîäi R íàçèâà¹òü-ñÿ ëiâèì �iëüòðîì ÷àñòîê ìîíî¨äà S, ÿêùî âèêîíóþòüñÿ òàêi óìîâè:1) ÿêùî I ∈ R òà Jëiâèé iäåàë òàêèé, ùî I ⊆ J , òî J ∈ R;2) ÿêùî I, J ∈ R, òî I
⋂

J ∈ R;3) ÿêùî I ∈ R, òî (I : s) ∈ R äëÿ âñiõ s ∈ S, äå (I : s) = {t ∈ S |st ∈ I }.ßêùî êðiì öèõ óìîâ âèêîíó¹òüñÿ:4) ÿêùî äëÿ êîæíîãî a ∈ I ∈ R âèêîíó¹òüñÿ (J : a) ∈ R, òî J ∈ R,äå J ëiâèé iäåàë ìîíî¨äà S;òî R íàçèâà¹òüñÿ ñïåöiàëüíèì ëiâèì �iëüòðîì ÷àñòîê ìîíî¨äà S.Íàãàäà¹ìî îçíà÷åííÿ äîñêîíàëîãî ìîíî¨äà, ÿêå ¹ àíàëîãîì äîñêîíàëîãî êiëüöÿ.Îçíà÷åííÿ 8. Îá'¹êò P ¹ ïðîåêòèâíèì, ÿêùî äëÿ êîæíîãî ñóð'¹êòèâíîãî ãîìî-ìîð�içìó s : A → B òà ãîìîìîð�içìó g : P → B iñíó¹ òàêå f : P → A, ùî sf = g.Îçíà÷åííÿ 9. Ïîêðèòòÿì ëiâîãî ïîëiãîíó B íàçèâà¹òüñÿ ñóð'¹êòèâíèé ãîìîìîð-�içì s : Z → B, âñi çâóæåííÿ ÿêîãî íà ïiäîá'¹êòè â Z íå ¹ ñóð'¹êòèâíèìè.



Ï�Î ÌÎÍÎ�ÄÈ, ÍÀÄ ßÊÈÌÈ ÂÑI ÊÂÀÇIÔIËÜÒ�È Ò�ÈÂIÀËÜÍI 179Îçíà÷åííÿ 10. Ïðîåêòèâíèì ïîêðèòòÿì íàçèâàþòü òàêå f : Z → B, äå Z �ïðîåêòèâíèé îá'¹êò.Îçíà÷åííÿ 11. Íàçâåìî ìîíî¨ä S äîñêîíàëèì, ÿêùî áóäü-ÿêèé S− ïîëiãîí ìà¹ïðîåêòèâíå ïîêðèòòÿ.Íàâåäåìî òåîðåìó-êðèòåðié ïðî äîñêîíàëi ìîíî¨äè.Òåîðåìà 2. ([5℄) Êîìóòàòèâíèé ìîíî¨ä ¹ äîñêîíàëèì òîäi i òiëüêè òîäi, êîëè âíüîìó íåìà¹ íåñêií÷åíèõ ñòðîãî ñïàäíèõ òà ñòðîãî çðîñòàþ÷èõ ëàíöþãiâ ãîëîâíèõiäåàëiâ.Ó âèïàäêó êiëåöü óìîâà îáðèâó çðîñòàþ÷èõ ëàíöþãiâ ¹ íàñëiäêîì óìîâè îáðèâóñïàäíèõ ëàíöþãiâ i â îçíà÷åííi äîñêîíàëîãî êiëüöÿ òîäi äîñòàòíüî óìîâè îáðèâóñïàäíèõ ëàíöþãiâ ãîëîâíèõ iäåàëiâ.3. Îñíîâíi ðåçóëüòàòè.Êâàçi�iëüòðè âiäiãðàþòü âàæëèâó ðîëü, ÿê áóëî ñêàçàíî âèùå, ó âèâ÷åííi ñêðó-òiâ ó êàòåãîði¨ S − Act.Íåõàé çàäàíî �iêñîâàíó ëiâó êîíãðóåíöiþ σ íà S. Òîäi ðîçãëÿíåìî ìíîæèíó:
Eσ = {τ | τ ∈ Con (S) , τ ∨ σ = 1S } .Ëåìà 3. Äëÿ äîâiëüíî¨ êîíãðóåíöi¨ σ ìíîæèíà Eσ ¹ êâàçi�iëüòðîì.Äîâåäåííÿ. Ïåðåâiðèìî òðè óìîâè ç îçíà÷åííÿ 6. Ïåðøi äâi óìîâè ïåðåâiðÿþòüñÿáåçïîñåðåäíüî. Ïîêàæåìî âiä ñóïðîòèâíîãî, ùî òðåòÿ óìîâà âèêîíó¹òüñÿ. Ïðèïóñ-òèìî, ùî 3 âèêîíó¹òüñÿ, àëå τ /∈ Eσ. Òîäi iñíó¹ òàêà êîíãðóåíöiÿ ρ, ÿêà ìiñòèòüêîíãðóåíöi¨ σ òà τ , àëå ρ 6= 1S . Äàëi ìîæåìî çíàéòè òàêi ïàðè (a, b) êîíãðóåíöi¨

1S , äîäàâàííÿì ÿêèõ äî τ çáiëüøóþòü σ ∨ τ äî 1S. Ç iíøîãî áîêó, (a, s) òà (s, b)íàëåæàòü äî ρ. Îñêiëüêè ρ � êîíãðóåíöiÿ, çà òðàíçèòèâíiñòþ ìà¹ìî, ùî (a, b) ∈ ρ. Àöå ñóïåðå÷íiñòü. Ëåìó äîâåäåíî. �Íàçèâàòèìåìî Eσ ñïåöiàëüíèì êâàçi�iëüòðîì àáî ñêîðî÷åíî σ−êâàçi�iëüòðîì.�îâîðèòèìåìî, ùî σ−êâàçi�iëüòð òðèâiàëüíèé, ÿêùî âií ìiñòèòü ∆ àáî æ ñêëàäà¹òü-ñÿ òiëüêè ç îäèíè÷íî¨ êîíãðóåíöi¨.Ëåìà 4. Íåõàé S � ìîíî¨ä, I � ëiâèé iäåàë â S, σ = σI � ðiñîâà êîíãðóåíöiÿ. Òîäi
σ−êâàçi�iëüòð Eσ íå ìiñòèòü íåòðèâiàëüíèõ ðiñîâèõ êîíãðóåíöié.Äîâåäåííÿ. Âiä ñóïðîòèâíîãî. Íåõàé τ, ρ ∈ Con (S), àëå âîíè ðiñîâi. Òîáòî ¨õìîæíà ïîáóäóâàòè òàê: ρ = ∆

⋃

(I1 × I1) òà τ = ∆
⋃

(I2 × I2). Ùîá �iëüòð áóâ
σ−êâàçi�iëüòð Eσ, òðåáà, ùîá σ∨τ = 1S. Ç ëåìè 2: ρ∨τ = ∆

⋃

((I1

⋃

I2) × (I1

⋃

I2)).Ç iíøîãî áîêó, σ ∨ τ = ∆
⋃

((I1

⋃

I2) × (I1

⋃

I2)) = S × S. Çâiäñè âèïëèâà¹, ùî
I1

⋃

I2 = S. Àëå öå âèêîíó¹òüñÿ òîäi i òiëüêè òîäi, ÿêùî I1 = S àáî I2 = S. Îñêiëüêèìîíî¨ä S ìiñòèòü îäèíèöþ , òî îòðèìó¹ìî, ùî I1 àáî I2 çáiãà¹òüñÿ ç âñiì S. Ëåìóäîâåäåíî. �Îçíà÷åííÿ 12. Íåõàé I � ãîëîâíèé iäåàë êîìóòàòèâíîãî ìîíî¨äà S. Åëåìåíò
a ∈ S íàçèâà¹òüñÿ òâiðíèì, ÿêùî aS = I.
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ρ(1,a) = {s(1, a), s(a, 1), s(1, a2), s(a2, 1), ..., s(1, an), s(an, 1), ...}

⋃

∆,äå a � òâiðíèé åëåìåíò ãîëîâíîãî iäåàëó I òà n ∈ N.Ëåìà 5. Íåõàé I � ãîëîâíèé iäåàë êîìóòàòèâíîãî ìîíî¨äà S. Ìíîæèíà ρ(1,a), äå
a � òâiðíèé åëåìåíò ãîëîâíîãî iäåàëó I òà n ∈ N, ïîðîäæó¹ íåðiñîâó êîíãðóåíöi¹þíà êîìóòàòèâíîìó ìîíî¨äi S.Äîâåäåííÿ. Çà ïîáóäîâîþ ρ(1,a) ðå�ëåêñèâíå, ñèìåòðè÷íå. Òðàíçèòèâíiñòü âèïëèâà¹ç òîãî, ùî â öié ìíîæèíi ¹ òiëüêè ïàðè âèãëÿäó s(1, a), s(a, 1), s(1, a2), s(a2, 1), ....Çàìêíåíiñòü ùîäî ìíîæåííÿ òàêîæ âèïëèâà¹ ç ïîáóäîâè. Ëåìó äîâåäåíî. �Çàóâàæåííÿ 1. ßêùî iñíó¹ äâà òâiðíèõ åëåìåíòè ãîëîâíîãî iäåàëó, òîäi òðåáà ïåðå-âiðèòè, ÿêèé áóäå ïîðîäæóâàòè öþ êîíãðóåíöiþ, à ÿêèé íi.Ëåìà 6. Íåõàé I � ãîëîâíèé iäåàë êîìóòàòèâíîãî ìîíî¨äà S, ρaS � ðiñîâà êîí-ãðóåíöiÿ, τ(1,a) � íåðiñîâà êîíãðóåíöiÿ, äå a � òâiðíèé åëåìåíò ãîëîâíîãî iäåàëó I.Òîäi ρaS ∨ τ(1,an) = 1S, äå n � äîâiëüíå íàòóðàëüíå ÷èñëî.Äîâåäåííÿ. Âiçüìåìî ïàðè (s, san) ∈ τ(1,an) òà (san, an) ∈ ρaS . Çà òðàíçèòèâíiñòþîòðèìà¹ìî ïàðó: (s, an). Âçÿâøè ïàðè (an, 1) ∈ τ(1,an) òà (s, an), îòðèìà¹ìî ïàðóâèãëÿäó (s, 1), äå s ∈ S. Öå îçíà÷à¹, ùî ìè îòðèìàëè âñi ïàðè ç S×S. Ëåìó äîâåäåíî.

�Ëåìà 7. Íåõàé I � ãîëîâíèé iäåàë êîìóòàòèâíîãî ìîíî¨äà S, ρaS � ðiñîâà êîí-ãðóåíöiÿ, τ(1,a) � íåðiñîâà êîíãðóåíöiÿ, äå a � òâiðíèé åëåìåíò ãîëîâíîãî iäåàëó I.Òîäi ρanS ∨ τ(1,a) = 1S, äå n � äîâiëüíå íàòóðàëüíå ÷èñëî.Äîâåäåííÿ. Àíàëîãi÷íå ÿê â ëåìi 6. �Ëåìà 8. Íåõàé a1òà a2 � òâiðíi åëåìåíòè ãîëîâíèõ iäåàëiâ êîìóòàòèâíîãî ìîíî¨-äà S òàêi, ùî a1 6= an òà a2 6= ak, äå a ∈ S òà ¹ òâiðíèì åëåìåíòîì ãîëîâíîãî iäåà-ëó, ρa2S � ðiñîâà êîíãðóåíöiÿ, τ(1,a1) � íåðiñîâà êîíãðóåíöiÿ. Òîäi ρa2S ∨ τ(1,a1) 6= 1S.Äîâåäåííÿ. ßêùî a1 íå äiëèòü a2, òîäi ρa2S∨τ(1,an

1
) = ρa2S

⋃

τ(1,an

1
) 6= 1S. Öå çâè÷àéíåîá'¹äíàííÿ áóäå êîíãðóåíöi¹þ. Òðàíçèòèâíiñòü íiÿêèõ íîâèõ ïàð íå äàñòü. Íåõàé

u = (a1, a2), òîáòî a1 = uk1 òà a2 = uk2. Òîäi âèáåðåìî ïàðè (a2, k1a2) ∈ ρa2S òà
(k2a1, k2) ∈ τ(1,a1). Îñêiëüêè a1 = uk1, òîäi (k2ua2, k2) ∈ τ(1,a1) òà a2 = uk2 îòðèìà¹ìîïàðó (k1a2, k2) ∈ τ(1,a1). Çà òðàíçèòèâíiñòþ îòðèìà¹ìî ïàðè (a2, k2). Îòæå, ρa2S ∨
τ(1,a1) = ρk2S ∨ τ(1,a1) 6= 1S , áî a2 íå äiëèòü a1.Äîâåäåííÿ äðóãîãî âèïàäêó âèïëèâà¹ ïðè k1 = 1. Ëåìó äîâåäåíî. �Ëåìà 9. Íåõàé σ = ρaS � ðiñîâà êîíãðóåíöiÿ, äå a � òâiðíèé åëåìåíò ãîëîâíîãîiäåàëó I òà n ∈ N. Äëÿ äîâiëüíîãî êîíãðóåíöi¨ σ ïðàâèëüíà ðiâíiñòü
Eσ =

{

S × S, τ(1,a)τ(1,a2), ..., τ(1,an), ...
}, äå n ∈ N.Äîâåäåííÿ. Âèïëèâà¹ ç ëåì 4 òà 6. �Ëåìà 10. Íåõàé σ = τ(1,a) � íåðiñîâà êîíãðóåíöiÿ, äå a � òâiðíèé åëåìåíò ãîëîâíîãîiäåàëó I òà n ∈ N. Äëÿ äîâiëüíîãî σ-êâàçi�iëüòðà Eσ = {S×S, τaS , τa2S , ..., τanS , ...},äå n ∈ N.



Ï�Î ÌÎÍÎ�ÄÈ, ÍÀÄ ßÊÈÌÈ ÂÑI ÊÂÀÇIÔIËÜÒ�È Ò�ÈÂIÀËÜÍI 181Äîâåäåííÿ. Âèïëèâà¹ ç ëåì 7 òà 8. �Ëåìà 11. Íåõàé S � äîñêîíàëèé êîìóòàòèâíèé ìîíî¨ä. Òîäi äîâiëüíèé êâàçi-�iëüòð âèãëÿäó Eσ ¹ òðèâiàëüíèì.Äîâåäåííÿ. Çà òåîðåìîþ 2: äîñêîíàëèé êîìóòàòèâíèé ìîíî¨ä S íåìà¹ íi çðîñòàþ÷î-ãî, íi ñïàäíîãî íåñêií÷åííîãî ëàíöþãà ãîëîâíèõ iäåàëiâ. Ïðèïóñòèìî, ùî
aS ⊃ a2S ⊇ a3S ⊇ ... ⊇ anS,äå a � òâiðíèé åëåìåíò ãîëîâíîãî iäåàëó I òà n ∈ N. Àëå öåé ëàíöþã ïîâèíåí îáðè-âàòèñÿ, òîáòî ak = 0, äëÿ äåÿêîãî �iêñîâàíîãî k ∈ N. Çà ëåìîþ 5 îòðèìà¹ìî, ùî

σ(1,a) = {s(1, a), ..., s(1, ak−1)} òà çà òðåòüîþ óìîâîþ êâàçi�iëüòðà (∆ : t) ∈ Eσ äëÿäîâiëüíîãî t ∈ aS. Öå îçíà÷à¹, ùî Eσ � òðèâiàëüíi. Òåïåð ðîçãëÿíåìî âèïàäîê, êîëèãîëîâíèé iäåàë iäåìïîòåíòíèé, òîáòî I2 = I. Òîäi çà äîïîìîãîþ iäåàëó I ç ëåìè 5ìîæíà îòðèìàòè êîíãðóåíöiþ σ(1,a). Àëå çà óìîâîþ Eσ ¹ òðèâiàëüíèì, áî (∆ : t) ∈ Eσäëÿ äîâiëüíîãî t ∈ aS. Öå âèïëèâà¹ ç òîãî, ùî iäåàë I � ãîëîâíèé òà a2 = a. Ëåìóäîâåäåíî. �Òåîðåìà 3. Âñi êâàçi�iëüòðè â êàòåãîði¨ ëiâèõ S−ïîëiãîíiâ ¹ òðèâiàëüíèìè òîäii òiëüêè òîäi, êîëè S ¹ äîñêîíàëèì.Äîâåäåííÿ. Âiä ñóïðîòèâíîãî. Ïðèïóñòèìî, ùî iñíóþòü íåòðèâiàëüíi êâàçi�iëüòðè.Âiçüìåìî äîâiëüíèé òâiðíèé åëåìåíò a ãîëîâíîãî iäåàëó. Çà äîïîìîãîþ öüîãî åëåìåí-òà ìîæíà ïîáóäóâàòè ñïàäíèé ëàíöþã ãîëîâíèõ iäåàëiâ aS ⊇ a2S ⊇ ... ⊇ anS ⊇ ....Àëå öåé ëàíöþã ïîâèíåí îáiðâàòèñÿ, áî â iíøîìó âèïàäêó ìîíî¨ä íå áóäå äîñêî-íàëèì. Çâiäñè îòðèìó¹ìî ñóïåðå÷íiñòü. Ó ïðîòèëåæíèé áiê äîâåäåííÿ âèïëèâà¹ çëåìè 11. Òåîðåìó äîâåäåíî. �Íàñëiäîê 1. Âñi �iëüòðè ÷àñòîê â êàòåãîði¨ ëiâèõ S−ïîëiãîíiâ ¹ òðèâiàëüíèìèòîäi i òiëüêè òîäi, êîëè S ¹ äîñêîíàëèì.Îòðèìàíi ðåçóëüòàòè ìîæíà îá'¹äíàòè â îäíó òåîðåìó.Òåîðåìà 4. Íåõàé S � êîìóòàòèâíèé ìîíî¨ä. Òîäi òàêi óìîâè åêâiâàëåíòíi:(1) âñi ñïåöiàëüíi êâàçi�iëüòðè òðèâiàëüíi;(2) âñi êâàçi�iëüòðè òðèâiàëüíi;(3) S � äîñêîíàëèé ìîíî¨ä.Äîâåäåííÿ. Âèïëèâà¹ ç ïîïåðåäíüî¨ ëåìè 11 i òåîðåìè 3. �1. �îðáà÷óê Î.Ë. Ïðî S−êðó÷åííÿ â ìîäóëÿõ / �îðáà÷óê Î.Ë., Êîìàðíèöüêèé Ì.ß.//Âiñí. Ëüâiâ. óí-òó. Ñåð. ìåõ.-ìàò. � 1977. � Âèï. 12. � C. 32-34.2. Êîìàðíèöêèé Í.ß. Îá àêñèîìàòèçèðóåìîñòè íåêîòîðûõ êëàññîâ ìîäóëåé, ñâÿçàíûõ ñêðó÷åíèåì / Êîìàðíèöêèé Í.ß. //Ìàò. èñëåä. � 1980. � Âûï. 48. � C. 92-109.3. Ìèøèíà À.Ï. Àáåëåâû ãðóïïû è ìîäóëè / Ìèøèíà À.Ï., Ñêîðíÿêîâ Ë.À. � Ì.: Íàóêà,1969. � C. 152.4. Golan J.S. Torsion Theories / Golan J.S. � Longman S
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h. Math. 2009.Âèï. 71. Ñ. 184�190 Is. 71. P. 184�190ÓÄÊ 517.95ÄÅßÊI ÂËÀÑÒÈÂÎÑÒI �ÎÇÂ'ßÇÊIÂ ÅÂÎËÞÖIÉÍÈÕ�IÂÍßÍÜ Ò�ÅÒÜÎ�Î ÏÎ�ßÄÊÓ ÇI ÇÌIÍÍÈÌÈÏÎÊÀÇÍÈÊÀÌÈ ÍÅËIÍIÉÍÎÑÒIÎêñàíà ÏÀÍÀÒËüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,79000, Ëüâiâ, âóë. Óíiâåðñèòåòñüêà, 1e-mail: panat_ot�i.uaÇíàéäåíî ïîâåäiíêó ïðè t → +∞ ãëîáàëüíèõ (çà ÷àñîì) ðîçâ'ÿçêiâìiøàíèõ çàäà÷ äëÿ äåÿêèõ êëàñiâ íåëiíiéíèõ ãiïåðáîëi÷íèõ ðiâíÿíü òðåòüî-ãî ïîðÿäêó.Êëþ÷îâi ñëîâà: ãiïåðáîëi÷íå ðiâíÿííÿ òðåòüîãî ïîðÿäêó, çìiííèé ïî-êàçíèê íåëiíiéíîñòi.Äè�åðåíöiàëüíå ðiâíÿííÿ òðåòüîãî ïîðÿäêó
utt = g(u,∇u, ∆u) + h∆ut, (1)äå g � äåÿêà �óíêöiÿ, h ∈ R
1, h > 0, ðîçãëÿäàëè ðàíiøå áàãàòî àâòîðiâ (äèâ. [1℄-[15℄). Çîêðåìà, ÿêùî �óíêöiÿ u âèçíà÷à¹ êîå�iöi¹íò çãóùåííÿ â'ÿçêîãî ãàçó, òî âîíàçàäîâîëüíÿ¹ ðiâíÿííÿ (1) ïðè g(u,∇u, ∆u) = c2∆u, h = 4/3ν, äå c � øâèäêiñòüïîøèðåííÿ çâóêó ó íåâ'ÿçêîìó ãàçi; ν � êiíåìàòè÷íèé êîå�iöi¹íò â'ÿçêîñòi. Çàäà÷óÊîøi äëÿ òàêîãî ðiâíÿííÿ äîñëiäæåíî â [1℄. �îçâ'ÿçîê îäåðæàíî ìåòîäîì Êîøi, àòàêîæ âèâ÷åíî éîãî õâèëüîâi âëàñòèâîñòi. Ìiøàíi çàäà÷i äëÿ ðiâíÿííÿ (1), êîëè g �íåëiíiéíà �óíêöiÿ, ðîçãëÿíóòî â [2℄-[3℄. Çíàéäåíî óìîâè iñíóâàííÿ ¹äèíîãî êëàñè÷-íîãî ðîçâ'ÿçêó i éîãî ïîâåäiíêó ïðè t → +∞. Ó [4℄-[15℄ âèâ÷àëè ïèòàííÿ iñíóâàííÿòà ¹äèíîñòi óçàãàëüíåíèõ ðîçâ'ÿçêiâ âiäïîâiäíèõ çàäà÷ äëÿ ðiâíÿííÿ (1) òà äåÿêèõéîãî óçàãàëüíåíü.Ìåòà íàøî¨ ïðàöi � äîñëiäèòè ïîâåäiíêó ïðè t → +∞ ðîçâ'ÿçêiâ äåÿêèõ óçà-ãàëüíåíü ðiâíÿííÿ (1).Íåõàé n ∈ N; Ω ⊂ R

n � îáìåæåíà îáëàñòü ç ìåæåþ ∂Ω ∈ C1; Qτ = Ω × (0, τ);
Ωτ = Ω × {τ}; p ∈ L∞(Ω), p0 ≡ ess inf

x∈Ω
p(x) > 1, p0 ≡ ess sup

x∈Ω
p(x) < +∞ i

1/p(x) + 1/p ′(x) = 1, x ∈ Ω.
© Ïàíàò Î., 2009
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utt −

n
∑

i,j=1

(aij(x)uxit)xj
−

n
∑

i,j=1

(bij(x)uxi
)xj

+ c1(x)ut +

+g1(x)|ut|
p(x)−2ut + g2(x)|u|p(x)−2u = 0, (2)

u|∂Ω×(0,T ) = 0, (3)
u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω. (4)Íàãàäà¹ìî, ùî óçàãàëüíåíèì ïðîñòîðîì Ëåáåãà íàçèâàþòü ìíîæèíó �óíêöié

Lp(x)(Ω) =
{

v : Ω → R
1
∣

∣ v − âèìiðíà, ρp(v, Ω) < +∞
}

,äå ρp(v, Ω) =
∫

Ω |v(x)|p(x) dx. Ó ïðàöi [16℄ äîâåäåíî, ùî Lp(x)(Ω) ¹ ñåïàðàáåëüíèì,ðå�ëåêñèâíèì i áàíàõîâèì ïðîñòîðîì, ÿêùî íà íüîìó ââåñòè íîðìó çà ïðàâèëîì
||v; Lp(x)(Ω)|| = inf{λ > 0 :

∫

Ω

|v/λ|p(x) dx 6 1
}

.Êðiì òîãî, [Lp(x)(Ω)]∗ = Lp ′(x)(Ω) i Lr(x)(Ω) ⊂ Lp(x)(Ω), ÿêùî r(x) > p(x) (äèâ. [16℄,ñ. 599-600).Ïðèïóñêà¹ìî, ùî âèêîíóþòüñÿ òàêi óìîâè:(A): aij ∈ L∞(Ω), aij = aji (i, j = 1, n),
a0|ξ|

2 6
n
∑

i,j=1

aij(x)ξiξj 6 a0|ξ|2 äëÿ âñiõ ξ ∈ R
n òà ìàéæå âñiõ x ∈ Ω,äå a0, a

0 > 0;(B): bij ∈ L∞(Ω) (i, j = 1, n),
b0|ξ|

2 6
n
∑

i,j=1

bij(x)ξiξj 6 b0|ξ|2 äëÿ âñiõ ξ ∈ R
n òà ìàéæå âñiõ x ∈ Ω,äå b0, b

0 > 0;(C): c1 ∈ L∞(Ω), 0 < c1,0 6 c1(x) 6 c0
1 äëÿ ìàéæå âñiõ x ∈ Ω;(G): g1, g2 ∈ L∞(Ω), gi,0 6 gi(x) 6 g0

i äëÿ ìàéæå âñiõ x ∈ Ω, äå
gi,0, g

0
i > 0 (i = 1, 2);(U): u0 ∈ L2(Ω) ∩ Lp(x)(Ω), u1 ∈ L2(Ω).Îçíà÷åííÿ 1. Óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (2)-(4) â îáëàñòi QT íàçèâà¹-ìî �óíêöiþ u ∈ L2(0, T ; H1

0 (Ω)) ∩ Lp(x)(QT ), ut ∈ L2(0, T ; H1
0 (Ω)) ∩ Lp(x)(QT ),

utt ∈ L2(QT ), ÿêà çàäîâîëüíÿ¹ óìîâè (4), à òàêîæ iíòåãðàëüíó ðiâíiñòü
∫

QT

[

uttv +

n
∑

i,j=1

aij(x)uxitvxj
+

n
∑

i,j=1

bij(x)uxi
vxj

+ c1(x)utv+

+g1(x)|ut|
p(x)−2utv + g2(x)|u|p(x)−2uv

]

dx dt = 0äëÿ âñiõ v ∈ L2(0, T ; H1
0 (Ω)) ∩ Lp(x)(QT ).



186 Îêñàíà ÏÀÍÀÒÎçíà÷åííÿ 2. ßêùî �óíêöiÿ u : Ω×(0,∞) → R
1 äëÿ êîæíîãî T > 0 ¹ óçàãàëüíåíèìðîçâ'ÿçêîì çàäà÷i (2)-(4) â îáëàñòi QT , òî u íàçèâàòèìåìî ãëîáàëüíèì ðîçâ'ÿçêîìçàäà÷i (2)-(4).Ïðèïóñòèìî, ùî �óíêöiÿ u � ãëîáàëüíèé ðîçâ'ÿçîê çàäà÷i (2)-(4), ââåäåìî �óíê-öiîíàë

E(t) =
1

2

∫

Ωt

[

|ut|
2 +

n
∑

i,j=1

bij(x)uxi
uxj

]

dx +

∫

Ωt

g2(x)

p(x)
|u|p(x) dx, t > 0.Ç ìåòîþ ñïðîùåííÿ çàïèñiâ ïîçíà÷èìî

A1 = n max
i,j=1,n

ess sup
x∈Ω

|aij(x)|, W = min
{2a0b0

A2
1

,
2c1,0

c0
1 + 2

,
p0

p0 − 1

}

. (5)Íåõàé γ = γ(Ω) > 0 � ñòàëà ç íåðiâíîñòi Ôðiäðiõñà (äèâ. [17℄, 
. 44), òîáòî
∫

Ω

|v|2 dx 6 γ

∫

Ω

n
∑

i=1

|vxi
|2 dx ∀ v ∈ H1

0 (Ω). (6)�îâîðèòèìåìî, ùî âèêîíó¹òüñÿ óìîâà (V), ÿêùî(V): K1 ≡ 1 − c0
1γ/b0 > 0, K2 ≡ p0 − g0

1/g2,0 > 0.Äîâåäåìî òàêó òåîðåìó.Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (A), (B), (C), (G), (U), (V). ßêùî u �ãëîáàëüíèé ðîçâ'ÿçîê çàäà÷i (2)-(4), òî iñíóþòü ñòàëi C > 0, ω > 0 òàêi, ùî
E(t) 6 CE(0)e−ωt, t > 0. (7)Äîâåäåííÿ. Íåõàé u � ãëîáàëüíèé ðîçâ'ÿçîê çàäà÷i (2)-(4). Òîäi äëÿ âñiõ v ∈ H1

0 (Ω)∩
∩Lp(x)(Ω) ïðàâèëüíà ðiâíiñòü

∫

Ωt

[

uttv +

n
∑

i,j=1

aij(x)uxitvxj
+

n
∑

i,j=1

bij(x)uxi
vxj

+ c1(x)utv+

+g1(x)|ut|
p(x)−2utv + g2(x)|u|p(x)−2uv

]

dx = 0, t ≥ 0. (8)Çíàéäåìî ïîõiäíó âiä E çà t òà ñêîðèñòà¹ìîñÿ ðiâíiñòþ (8) ïðè v = ut

dE

dt
=

∫

Ωt

[

uttut +

n
∑

i,j=1

bijuxi
uxjt + g2|u|

p(x)−2uut

]

dx =

= −

∫

Ωt

[ n
∑

i,j=1

aijuxituxjt + c1|ut|
2 + g1|ut|

p(x)

]

dx. (9)�îçãëÿíåìî �óíêöiîíàë
J(t) = E(t) + ε

∫

Ωt

uut dx, ε > 0, t > 0. (10)
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dJ

dt
=

dE

dt
+ ε

∫

Ωt

|ut|
2 dx + ε

∫

Ωt

uttu dx =

= −

∫

Ωt

[ n
∑

i,j=1

aijuxituxjt + c1|ut|
2 + g1|ut|

p(x)

]

dx + ε

∫

Ωt

|ut|
2 dx− (11)

−ε

∫

Ωt

[ n
∑

i,j=1

aijuxituxj
+

n
∑

i,j=1

bijuxi
uxj

+ c1utu + g1|ut|
p(x)−2utu + g2|u|

p(x)

]

dx.Îöiíèìî äîäàíêè îñòàííüî¨ ðiâíîñòi. Ó öüîìó ðàçi âèêîðèñòîâóâàòèìåìî óìîâè (A),
(B), (C), (G), îöiíêó (6), íåðiâíiñòü Þíãà ç ïàðàìåòðîì κ > 0

αβ 6 κ|α|2 +
1

4κ
|β|2,äå α, β ∈ R

1, à òàêîæ íåðiâíiñòü
n
∑

i,j=1

αijβiγj 6 αi∗j∗

n
∑

i,j=1

|βiγj | = αi∗j∗

(

n
∑

i=1

|βi|
)(

n
∑

i=1

|γi|
)

6

6 αi∗j∗

(

κ
(

n
∑

i=1

|βi|
)2

+
1

4κ

(

n
∑

i=1

|γi|
)2
)

6 nαi∗j∗

(

κ

n
∑

i=1

β2
i +

1

4κ

n
∑

i=1

γ2
i

)

,äå αij , βi, γi ∈ R
1 (i, j = 1, n), αi∗j∗ = max

i,j=1,n
|αij |, κ > 0 � äîâiëüíå ÷èñëî.Ìàòèìåìî

∣

∣

∣

∣

∣

− ε

∫

Ωt

n
∑

i,j=1

aijuxituxj
dx

∣

∣

∣

∣

∣

6 εA1

∫

Ωt

[

δ1

n
∑

i=1

|uxit|
2 +

1

4δ1

n
∑

i=1

|uxi
|2
]

dx 6

6
εA1δ1

a0

∫

Ωt

n
∑

i,j=1

aijuxituxjt dx +
εA1

4δ1b0

∫

Ωt

n
∑

i,j=1

bijuxi
uxj

dx,äå δ1 > 0;
∣

∣

∣

∣

∣

− ε

∫

Ωt

c1utu dx

∣

∣

∣

∣

∣

6
εc0

1

2

∫

Ωt

[

|ut|
2 + |u|2

]

dx 6
εc0

1

2

∫

Ωt

|ut|
2 dx +

εc0
1γ

2b0

∫

Ωt

n
∑

i,j=1

bijuxi
uxj

dx;

∣

∣

∣

∣

∣

− ε

∫

Ωt

g1|ut|
p(x)−2utu dx

∣

∣

∣

∣

∣

6 ε

∫

Ωt

g1|ut|
p(x)−1|u| dx 6

6
ε(p0 − 1)

p0

∫

Ωt

g1|ut|
p(x) dx +

εg0
1

g2,0

∫

Ωt

g2

p
|u|p(x) dx.Íà ïiäñòàâi îäåðæàíèõ îöiíîê, ðiâíiñòü (11) ïåðåïèøåìî ó âèãëÿäi

dJ

dt
6

(

− 1 +
εA1δ1

a0

)

∫

Ωt

n
∑

i,j=1

aijuxituxjt dx+
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+
(

− ε +
εA1

4δ1b0
+

εc0
1γ

2b0

)

∫

Ωt

n
∑

i,j=1

bijuxi
uxj

dx +
(

− c1,0 + ε +
εc0

1

2

)

∫

Ωt

|ut|
2 dx+

+
(

− 1 +
ε(p0 − 1)

p0

)

∫

Ωt

g1|ut|
p(x) dx + ε

( g0
1

g2,0
− p0

)

∫

Ωt

g2

p
|u|p(x) dx,äå δ1 > 0.Âçÿâøè δ1 =

A1

2b0
òà âðàõóâàâøè óìîâó (V), îäåðæèìî íåðiâíiñòü

dJ

dt
6 −

(

1 −
εA2

1

2a0b0

)

∫

Ωt

n
∑

i,j=1

aijuxituxjt dx −
K1ε

2

∫

Ωt

n
∑

i,j=1

bijuxi
uxj

dx − c1,0

(

1−

−
ε(2 + c0

1)

2c1,0

)
∫

Ωt

|ut|
2 dx −

(

1 −
ε(p0 − 1)

p0

)
∫

Ωt

g1|ut|
p(x) dx − K2ε

∫

Ωt

g2

p
|u|p(x) dx, (12)äå K1 > 0, K2 > 0 âèçíà÷åíi â (V).ßêùî

0 < ε < W,äå W âçÿòî ç (5), òî ïðàâèëüíi îöiíêè 1 −
εA2

1

2a0b0
> 0, 1 −

ε(2+c0

1
)

2c1,0
> 0, 1 − ε(p0

−1)
p0 > 0.Íà ïiäñòàâi öüîãî íåðiâíiñòü (12) ïåðåïèøåìî ó âèãëÿäi

dJ

dt
6 −

K1ε

2

∫

Ωt

n
∑

i,j=1

bijuxi
uxj

dx − K3

∫

Ωt

|ut|
2 dx − K2ε

∫

Ωt

g2

p
|u|p(x) dx,äå K3 ≡ c1,0(1 −

ε(2+c0

1
)

2c1,0
) > 0. Çâiäñè ìàòèìåìî íåðiâíiñòü

dJ

dt
6 −K4(ε)E(t), (13)äå K4(ε) = min{K1ε, 2K3, K2ε}.Îäåðæèìî ùå îäíó îöiíêó. Ç ðiâíîñòi (10) òà íåðiâíîñòi (6) îòðèìó¹ìî, ùî

J(t) 6 E(t) +
ε

2

∫

Ωt

[

|u|2 + |ut|
2

]

dx 6 E(t) +
ε

2

∫

Ωt

|ut|
2 dx +

εγ

2b0

∫

Ωt

n
∑

i,j=1

bijuxi
uxj

dx 6

6

∫

Ωt

[

1

2

(

1 +
εγ

b0

) n
∑

i,j=1

bijuxi
uxj

+
1

2
(1 + ε)|ut|

2 +
g2

p
|u|p(x)

]

dx 6 A(ε)E(t), (14)äå A(ε) = max{1 + εγ/b0, 1 + ε}.Ïîäiáíèìè ìiðêóâàííÿìè äëÿ 0 < ε < min{1, b0/γ} îäåðæèìî îöiíêó
J(t) > E(t) −

ε

2

∫

Ωt

[

|u|2 + |ut|
2

]

dx >

∫

Ωt

[

1

2

(

1 −
εγ

b0

) n
∑

i,j=1

bijuxi
uxj

+

+
1

2
(1 − ε)|ut|

2 +
g2

p
|u|p(x)

]

dx > N(ε)E(t),äå N(ε) = min{1 − εγ/b0, 1 − ε}.
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{

W, 1, b0/γ
}

).Òîäi äëÿ òàêîãî ε > 0, íà ïiäñòàâi (14), ç (13) ìàòèìåìî, ùî dJ
dt

6 −K4(ε)
A(ε) J(t). Çâiäñè

J(t) 6 J(0) e−ωt, äå ω = K4(ε)/A(ε). Îñêiëüêè J(0) 6 A(ε)E(0) i J(t) > N(ε)E(t), òî
E(t) 6

J(t)

N(ε)
6

J(0)

N(ε)
e−ωt 6

A(ε)

N(ε)
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es Lp and W 1,p / Kováčik O., Rákosnik J. // Cze
hoslovak Math. J. �1991. � Vol. 41 (116). � P. 592-618.



190 Îêñàíà ÏÀÍÀÒ17. �àåâñêèé Õ. Íåëèíåéíûå îïåðàòîðíûå óðàâíåíèÿ è îïåðàòîðíûå äè��åðåíöèàëüíûåóðàâíåíèÿ / �àåâñêèé Õ., �ðåãåð Ê., Çàõàðèàñ Ê. � Ì., 1978.SOME PROPERTIES OF THE SOLUTIONS TO THIRD ORDEREVOLUTION EQUATIONS WITH VARIABLE EXPONENTSOF NONLINEARITYOksana PANATIvan Franko National University of L'viv,79000, L'viv, Universytets'ka Str., 1e-mail: panat_ot�i.uaIn this arti
le we established the behaviour of the global (in time) solutionsto the mixed problems for some 
lasses nonlinear hyperboli
 equations of thethird order if t → +∞.Key words: hyperboli
 equation of the third order, variable exponent ofnonlinearity.ÍÅÊÎÒÎ�ÛÅ ÑÂÎÉÑÒÂÀ �ÅØÅÍÈÉ ÝÂÎËÞÖÈÎÍÍÛÕÓ�ÀÂÍÅÍÈÉ Ò�ÅÒÜÅ�Î ÏÎ�ßÄÊÀ Ñ ÏÅ�ÅÌÅÍÍÛÌÈÏÎÊÀÇÀÒÅËßÌÈ ÍÅËÈÍÅÉÍÎÑÒÈÎêñàíà ÏÀÍÀÒËüâîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Èâàíà Ôðàíêî,79000, Ëüâîâ, óë. Óíèâåðñèòåòñêàÿ, 1e-mail: panat_ot�i.uaÈññëåäîâàíî ïîâåäåíèå ïðè t → +∞ ãëîáàëüíîãî (çà âðåìåíåì) ðåøå-íèÿ ñìåøàíûõ çàäà÷ äëÿ íåêîòîðûõ êëàññîâ íåëèíåéíûõ ãèïåðáîëè÷åñêèõóðàâíåíèé òðåòüåãî ïîðÿäêà.Êëþ÷åâûå ñëîâà: ãèïåðáîëè÷åñêîå óðàâíåíèå òðåòüåãî ïîðÿäêà, ïåðå-ìåííûé ïîêàçàòåëü íåëèíåéíîñòè. Ñòàòòÿ íàäiéøëà äî ðåäêîëåãi¨ 20.11.2009Ïðèéíÿòà äî äðóêó 01.12.2009



ÂIÑÍÈÊ ËÜÂIÂ. ÓÍ-ÒÓ VISNYK LVIV UNIV.Ñåðiÿ ìåõ.-ìàò. 2009. Ser. Me
h. Math. 2009.Âèï. 71. Ñ. 191�203 Is. 71. P. 191�203ÓÄÊ 512.546ON THE ISOMORPHISMS OF FREE PARATOPOLOGICALGROUPS AND FREE HOMOGENEOUS SPACES IINazar PYRCHUkraine A
ademy of Printing,79020, L'viv, Pidgolosko St., 19e-mail: pnazar�ukr.netIn the paper we prove that a free paratopologi
al group on a T0-to-pologi
al spa
e is a T0-topologi
al spa
e. We 
onsider the fun
tors thatpreserve the isomorphisms of the free (abelian) paratopologi
al groups andfree homogeneous spa
es.Key words: free paratopologi
al group, free homogeneous spa
e, isomor-phism of paratopologi
al groups, isomorphism of homogeneous spa
es.1. Preliminaries. The paper is a 
ontinuation of the paper [11℄. All the notationsand de�nition are taken from [11℄.In the se
ond se
tion of the paper we prove that a free paratopologi
al group on a
T0-spa
e is a T0-spa
e. The third se
tion is devoted to fun
tors preserving isomorphismsof free (abelian) paratopologi
al groups and free homogeneous spa
es. The fourth se
-tion 
ontains a method of the redu
ing of the isomorphi
 
lassi�
ation of free (abelian)paratopologi
al groups to the isomorphi
 
lassi�
ation of free (abelian) paratopologi
algroups on T0-spa
es.Some results of the paper were announ
ed in [10℄.2. Free paratopologi
al groups on T0-spa
es. For every n ≥ 1, byDn we denotethe set {1, 2, . . . , n} with the topology {∅, U1, U2, ...Un}, where Uk = {1, 2, . . . , k}.It was proved in [13, Pr. 3.4℄ that a Markov free abelian paratopologi
al group on
T0-spa
e is a T0-spa
e.Theorem 1. A Markov free paratopologi
al group over a T0-spa
e is a T0-spa
e.To prove the theorem we need the following lemmas.Lemma 1. Let X be a T0-spa
e, Y a �nite non-empty subset of X and n = |Y |. Thenthere exists a 
ontinuous mapping f : X → Dn su
h that f |Y is inje
tive.
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h N., 2009



192 Nazar PYRCHProof. Let Y = {x1, x2, ..., xn}, G = (R,+) and τ be the topology on G with the base
{[x; +∞) : x ∈ R}. Then (G, τ) is a paratopologi
al group [14, Ex. 2.14℄. We shalldenote this group by R

∗. Sin
e X is a T0-spa
e, for ea
h pair {i, j} su
h that i 6= jthere exists an open set Uij 
ontaining exa
tly one of the points xi and xj . Considerthe mapping fij : X → R
∗ de�ned by fij(Uij) = 2ni+j and fij(X \ Uij) = 0. Themapping fij is 
ontinuous [13, Lem. 2.3℄. Sin
e R

∗ is a paratopologi
al group, the mapping
g : X → R

∗ su
h that g(x) =
∑
fij(x) is 
ontinuous. Then fij(x) = 2ni+j([g(x)/2ni+j ]

mod 2) for every x ∈ X and i 6= j. Sin
e fij(xi) 6= fij(xj) provided i 6= j, we see that
g|Y is an inje
tion. Let g(Y ) = {a1, a2, ..., an} where a1 > a2 > · · · > an. Consider themapping h : R

∗ → Dn su
h that h(x) = i, where i = n if x < an and i is the smallestnumber su
h that x ≥ ai otherwise. It is easy to 
he
k that h is 
ontinuous. Now we put
f = hg : X → Dn. Sin
e g|Y is an inje
tion and h(ai) = i for ea
h i, the map f |Y is aninje
tion too.Lemma 2. (T.O. Banakh) A Markov free paratopologi
al group Fp(Dn) is a T0-spa
efor every positive integer n.Proof. It was proved in [13, Pr. 3.4℄ that a Markov free abelian paratopologi
al group ona T0-spa
e is a T0-spa
e. Let ϕ : Fp(Dn) → Ap(Dn) be a 
ontinuous homomorphism su
hthat ϕ(x) = x for ea
h x ∈ Dn, K be the 
ommutant of Fp(Dn). Sin
e Ap(Dn) is abelian,
K ⊂ kerϕ. Let π : Fp(Dn) → Fp(Dn)/K be the quotient homomorphism. Sin
e the group
Fp(Dn)/K is abelian, there exists a 
ontinuous homomorphism ψ : Ap(Dn) → Fp(Dn)/Ksu
h that ψ(x) = π(x) for every x ∈ Dn. Sin
e the group Fp(Dn) is generated by the set
Dn, we obtaine π = ψϕ. Then K = kerπ ⊃ kerϕ, thus K = kerϕ.Therefore, in order to prove that Fp(Dn) is a T0-spa
e it su�
es to 
onstru
t atopology τ on F (Dn) whi
h separates every point from K\{e} and the identity {e} of
Fp(Dn) andDn is a subspa
e of (Fp(Dn), τ). Using results from [15℄ it is easy to prove thatthe group Fp(Dn) is algebrai
ally free over the set Dn. For every word A ∈ Fp(Dn) let
ϕi(A) be the sum of degrees of the letters �i� in the word A. Consider the subsemigroup Sof Fp(Dn) generated by {e} and the set of all the words A ∈ Fp(Dn) over the alphabet Dnsu
h that the last nonzero element in the sequen
e (ϕ1(A), ϕ2(A), . . . , ϕn(A)) is positive.For every s ∈ S and for every g ∈ Fp(Dn) we see that g−1xg ∈ S, thus the semigroup Sde�nes a semigroup topology τ on Fp(Dn) [14, 2℄ su
h that S ⊂ τ . Then Dn is a subspa
eof (Fp(Dn), τ) and the topology τ indu
es the dis
rete topology on K.Proof of the theorem. Using results from [15℄ it is easy to prove that the group Fp(X) isalgebrai
ally free over the setX . Sin
e the spa
e of paratopologi
al group is homogeneous,it is su�
ient to prove that for ea
h word A ∈ Fp(X) over the alphabet X there existsan open set U separating A and the identity of Fp(X). Let A = xǫ1

1 x
ǫ2
2 ...x

ǫn
n be a wordin the irredu
ible form and a1, a2, ..., ak, k 6 n, be its letters. Then by Lemmma 1 thereexists a 
ontinuous mapping f : X → Dk su
h that f(ai) 6= f(aj) provided i 6= j. Wemay extend the mapping f to a 
ontinuous homomorphism f∗ : Fp(X) → Fp(Dk). Then

f∗(A) 6= eFp(Dk). Sin
e Fp(Dk) is a T0-spa
e, there exists an open set U ⊆ Fp(Dk)
ontaining exa
tly one of the points f∗(A) and eFp(Dk). The set (f∗)−1(U) is open and
ontains exa
tly one of the points A and eFp(X).
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tions of spa
es and the isomorphisms of free paratopologi-
al groups. A topologi
al spa
e is totally dis
onne
ted if ea
h its quasi
omponent is asingleton.Let T be a 
lass of spa
es satisfying the following property:Let X be a spa
e su
h that for every x, y ∈ X there exists f : X → Y , where Y ∈ Twith f(x) 6= f(y), then X ∈ T . (∗)Examples of the 
lasses spa
es satisfying property (∗) are: T0-spa
es, T1-spa
es,
T2-spa
es, fun
tionally Hausdor� spa
es, totally dis
onne
ted spa
es.A 
lass T of spa
es is hereditary provided that if X ∈ T then Y ∈ T for ea
hsubspa
e Y of X . The following observation was made by T. O. Banakh.Proposition 1. A 
lass T of spa
es satis�es 
ondition (∗) if and only if T is a hereditary
lass 
losed under Ty
hono� produ
ts and strengthening of topology.Let T be a 
lass of spa
es satisfying 
ondition (∗) and let X be a spa
e. Consi-der the following equivalen
e relation on X . Let x, y ∈ X . Put x ∼T y if and only if
f(x) = f(y) for ea
h 
ontinuous mapping f : X → Y , where Y ∈ T . The quotient spa
e
X/ ∼T is 
alled the T-re�e
tion of X and is denoted by TX . If X ∈ T then the identityhomeomorphism i : X → X separates all pairs of di�erent points of X , thus X = TX .For some 
lasses T of spa
es the equivalen
e relation ∼T has an other des
riptions.If T0 is the 
lass of T0-spa
es and x, y ∈ X then x ∼T0

y if and only if either x = yor there is no open subset of the spa
e X 
ontaining exa
tly one of the points x, y. If
fT2 is the 
lass of fun
tionally Hausdor� spa
es and x, y ∈ X then x ∼fT2

y if and only
f(x) = f(y) for ea
h 
ontinuous mapping f : X → [0; 1], where the segment [0; 1] has thestandard topology. If TD is the 
lass of totally dis
onne
ted spa
es and x, y ∈ X then
x ∼TD y if and only if the points x and y have the same quasi
omponent (see also [5,�46, V.℄).Proposition 2. Any 
lass T satisfying 
ondition (∗) determines a 
ovariant fun
tor T ·from the 
ategory of spa
es and 
ontinuous mappings to the 
ategory of spa
es from the
lass T and their 
ontinuous mappings.Proof. Let us 
he
k that TX ∈ T for ea
h spa
eX . Note that for ea
h 
ontinuous mapping
f : X → Y ∈ T there exists a 
ontinuous mapping g : TX → Y su
h that f = g ◦ tX ,where tX : X → TX is the quotient mapping. Let x, y ∈ TX , x 6= y. Choose points
x1 ∈ t−1

X (x), y1 ∈ t−1
X (y). Then there exists a 
ontinuous mapping f : X → Y ∈ T su
hthat f(x1) 6= f(y1). Then for the above de�ned g we have that g(x) 6= g(y), therefore

TX ∈ T .Let f : X → Y be a 
ontinuous mapping, tX : X → TX , tY : Y → TY bethe quotient mappings. Let us prove that there exists a unique 
ontinuous mapping
g : TX → TY su
h that g ◦ tX = tY ◦ f . Let u ∈ TX and x ∈ t−1

X (u). Put
g(u) = tY (f(x)). Let us 
he
k that the mapping g is well-de�ned. If z ∈ t−1

X (u)then h(x) = h(z) for all 
ontinuous mappings h : X → Z, where Z ∈ T . Sin
e TY ∈ T ,we obtaine tY (f(x)) = tY (f(z)), and we are done. Sin
e tX is the quotient mapping andthe 
omposition tY ◦ f is 
ontinuous, the mapping tX is 
ontinuous too. Put Tf = g.It is easy to 
he
k that the rule whi
h 
orresponds a spa
e TX to ea
h spa
e Xand a mapping Tf : TX → TY to ea
h 
ontinuous mapping f : X → Y is a 
ovariantfun
tor.
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tor from Proposition 2 is 
alled the T -re�e
tion.Theorem 2. Let T be a 
lass of spa
es satisfying 
ondition (∗) su
h that Fp(X
′) ∈ Tfor ea
h spa
e X ′ ∈ T . Let X and Y be spa
es su
h that the Markov free paratopologi-
al groups Fp(X) and Fp(Y ) are topologi
ally isomorphi
. Then the quotient map-pings tX : X → TX and tY : Y → TY are Mp-equivalent and hen
e the Markov freeparatopologi
al groups Fp(TX) and Fp(TY ) are topologi
ally isomorphi
.Proof. Let i : Fp(X) → Fp(Y ) be a topologi
al isomorphism, tX : X → TX , tY : Y → TYbe the quotient mappings, t∗X : Fp(X) → Fp(TX) and t∗Y : Fp(Y ) → Fp(TY ) be theirhomomorphi
 extensions.Let us 
onstru
t a 
ontinuous mapping h : TX → Fp(TY ) su
h that h ◦ tX =

= t∗Y ◦ (i|X). Let x′ ∈ TX . Choose an arbitrary point x ∈ X su
h that with tX(x) = x′and put h(x′) = t∗Y i(x). Let y ∈ X . There is a point x ∈ X su
h that tX(x) = tX(y) and
htX(x) = t∗Y i(x). Thus htX(y) = htX(x) = t∗Y i(x) = t∗Y i(y) sin
e TY ∈ T and therefore
Fp(TY ) ∈ T . Thus h ◦ tX = t∗Y ◦ (i|X). The 
ontinuity of the mapping h is implied fromthe 
ontinuity of i and t∗Y and the fa
t that the mapping tX is quotient.Similarly, we 
an 
onstru
t a 
ontinuous mapping g : TY → Fp(TX) su
h that
g ◦ tY = t∗X ◦ (i−1|Y ). Let us extend the mappings h, g to the 
ontinuous homomorphisms
h∗ : Fp(TX) → Fp(TY ) and g∗ : Fp(TY ) → Fp(TX). Let x ∈ X . Then

h∗t∗X(x) = h∗tX(x) = htX(x) = t∗Y i(x).Sin
e the group Fp(X) is generated by the set X , we have h∗ ◦ t∗X = t∗Y ◦ i. Similarly we
an show that g∗ ◦ t∗Y = t∗X ◦ i−1. Sin
e
g∗ ◦ h∗ ◦ t∗X = g∗ ◦ t∗Y ◦ i = t∗X ◦ i−1 ◦ i = t∗X ,we obtain g∗ ◦ h∗ = 1Fp(TX). Similarly, we 
an prove that h∗ ◦ g∗ = 1Fp(TY ). Thus

h∗ : Fp(TX) → Fp(TY ) is a topologi
al isomorphism. Sin
e h∗◦t∗X = t∗Y ◦i, the mappings
tX and tY are Mp-equivalent.Corollary 1. Let T be one of the following 
lasess:

• T0-spa
es,
• fun
tionally Hausdor� spa
es,
• totally dis
onne
ted spa
es.Let X and Y be spa
es su
h that the Markov free paratopologi
al groups Fp(X) and Fp(Y )are topologi
ally isomorphi
. Then the Markov free paratopologi
al groups Fp(TX) and

Fp(TY ) are topologi
ally isomorphi
 too.Proof. If X ′ is a T0-spa
e then Fp(X
′) is a T0-spa
e too [12℄. If X ′ is a fun
tionallyHausdor� spa
e then Fp(X

′) is a fun
tionally Hausdor� spa
e too [13, Pr. 3.8℄. If X ′is a totally dis
onne
ted spa
e then by [13, Pr. 2.15℄ the quasi
omponent of the unit in
Fp(X

′) is a singleton, thus Fp(X
′) is a totally dis
onne
ted spa
e too.Corollary 2. Let T be a 
lass of spa
es satisfying 
ondition (∗) su
h that Fp(X

′) ∈ Tfor ea
h spa
e X ′ ∈ T . Let X1, X2, Y1, Y2 be spa
es, f1 : X1 → Y1 and f2 : X2 → Y2 be
Mp-equivalent mappings. Then the mappings Tf1 and Tf2 are Mp-equivalent.
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al isomorphisms su
hthat f∗

2 ◦ i = j ◦ f∗

1 . Similarly to the proof of Theorem 2 we 
an build topologi
alisomorphisms iT : Fp(TX1) → Fp(TX2) and jT : Fp(TY1) → Fp(TY2) su
h that iT ◦t∗X1
=

= t∗X2
◦ i and jT ◦ t∗Y1

= t∗Y2
◦ j. Proposition 2 implies that Tf1 ◦ tX1

= tY1
◦ f1 and

Tf2 ◦ tX2
= tY2

◦ f2. If x ∈ X2 then
t∗Y2
f∗

2 (x) = t∗Y2
f2(x) = tY2

f2(x) = (Tf2)tX2
(x) = (Tf2)

∗tX2
(x) = (Tf2)

∗t∗X2
(x).Sin
e the group Fp(X2) is generated by the set X2, we have t∗Y2

◦ f∗

2 = (Tf2)
∗ ◦ t∗X2

. Let
x ∈ X1. Then

jT (Tf1)
∗t∗X1

(x) = jT (Tf1)
∗tX1

(x) = jT (Tf1)tX1
(x) = jT tY1

f1(x) = jT t
∗

Y1
f1(x) =

= t∗Y2
jf1(x) = t∗Y2

jf∗

1 (x) = t∗Y2
f∗

2 i(x) = (Tf2)
∗t∗X2

i(x) = (Tf2)
∗iT t

∗

X1
(x).Sin
e the group Fp(TX1) is generated by the set t∗X1

(X1), we obtain (Tf2)
∗ ◦ iT =

= jT ◦ (Tf1)
∗. Thus, the mappings Tf1 and Tf2 are Mp-equivalent.If we repla
e the words �free paratopologi
al group� by the words �free abelianparatopologi
al group� in the De�nitions 1.8 and 1.9 from the paper [11℄ then we obtainthe de�nitions of Ap-equivalent spa
es and Ap-equivalent mappings (remark that in thepaper [11℄ the author did misprints in these de�nitions; there must we written �in De�-nitions 1.8 and 1.9� instead of �in De�nitions 1.10 and 1.11�).Similarly to Theorem 2 we 
an prove the followingTheorem 3. Let T be a 
lass of spa
es satisfying 
ondition (∗) su
h that Ap(X

′) ∈ Tfor ea
h spa
e X ′ ∈ T . Let X and Y be spa
es su
h that the Markov free abelianparatopologi
al groups Ap(X) and Ap(Y ) are topologi
ally isomorphi
. Then the quotientmappings tX : X → TX and tY : Y → TY are Ap-equivalent and hen
e the Markov freeabelian paratopologi
al groups Ap(TX) and Ap(TY ) are topologi
ally isomorphi
.Corollary 3. Let T be one of the following 
lasess:
• T0-spa
es,
• T1-spa
es,
• fun
tionally Hausdor� spa
es,
• totally dis
onne
ted spa
es.Let X and Y be spa
es su
h that the Markov free abelian paratopologi
al groups Ap(X)and Ap(Y ) are topologi
ally isomorphi
. Then Markov free abelian paratopologi
al groups

Ap(TX) and Ap(TY ) are topologi
ally isomorphi
 too.Proof. If X ′ is a T0-spa
e then Ap(X
′) is a T0-spa
e too [13, Pr. 3.4℄. If X ′ is a T1-spa
ethen Ap(X

′) is a T1-spa
e too [12, Pr. 3.5℄. If X ′ is a fun
tionally Hausdor� spa
e then
Fp(X

′) is a fun
tionally Hausdor� spa
e too [13, Pr. 3.8℄.Now let X ′ be a totally dis
onne
ted spa
e. We are going to show that the quasi-
omponent of the zero in Ap(X
′) is a singleton. Let x ∈ Ap(X

′)\{0}. Then there existsa �nite nonempty subset F ∈ X ′ and a set {ny : y ∈ F} of non-zero integers su
h that
x =

∑
{nyy : y ∈ F}. Sin
e the spa
e X ′ is totally dis
onne
ted, for every point y ∈ Fthere exists a 
lopen neighborhood Uy ⊂ X ′ of y su
h that Uy ∩F = {y}. For every point

y ∈ F put Vy = Uy\
⋃
{Uy′ : y′ ∈ F\{y}}. Then {Vy : y ∈ F} is a family of pairwisedisjoint 
lopen subsets of X ′. Let f : X → Z be a mapping su
h that f(z) = ny if z ∈ Vyfor some y ∈ F and F (X ′\

⋃
{Vy : y ∈ F}) = {0}. Then f is a 
ontinuous mapping.
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′) → Z be a 
ontinuous homomorphi
 extension of the mapping f . Then

f∗(0) = 0 but f∗(x) =
∑

{n2
y : y ∈ F} > 0. Therefore f∗−1(0) is a 
lopen neighborhoodof the zero of the group Ap(X

′) not 
ontaining x. Thus Ap(X
′) is a totally dis
onne
tedspa
e.Corollary 4. Let T be a 
lass of spa
es satisfying 
ondition (∗) su
h that Ap(X

′) ∈ Tfor ea
h spa
e X ′ ∈ T . Let X1, X2, Y1, Y2 be spa
es, f1 : X1 → Y1 and f2 : X2 → Y2 be
Ap-equivalent mappings. Then the mappings Tf1 and Tf2 are Ap-equivalent.Proof. The proof is similar to the proof of Corollary 2.Let X1, X2, Y1, Y2 be spa
es. A mapping f1 : X1 → Y1 is 
alled B-equivalent to amapping f2 : X2 → Y2 if there exist isomorphisms i : H(X1) → H(X2) and j : H(Y1) →
H(Y2) su
h that j ◦ f̄1 = f̄2 ◦ i. Re
all that here by H(X) = (HB(X), G(X), h) we denotethe free homogeneous spa
e on a spa
e X des
ribed in the beginning of [11, Part 2℄.We shall need the followingLemma 3. Let X,Y be spa
es and (i, ϕ) : H(X) → H(Y ) be a morphism. Let n ≥ 0and z1, z2, . . . , z2n+1 ∈ HB(X). Then z = z1z

−1
2 · · · z−1

2n z2n+1 ∈ HB(X) and
i(z) = i(z1)i(z2)

−1 · · · i(z2n)−1i(z2n+1).Proof. Let x, y ∈ HB(x). Then xy−1 ∈ G(X) and sin
e (i, ϕ) is a morphism,
ϕ(xy−1) = i(xy−1y)i(y)−1 = i(x)i(y)−1.It is 
lear that z ∈ HB(X). Put g = z1z

−1
2 · · · z−1

2n if n > 0 and g = e if n = 0. Then
g ∈ G(X) and i(z) = i(gz2n+1) = ϕ(g)i(z2n+1). Sin
e ϕ is a homomorphism,

ϕ(g) = ϕ(z1z
−1
2 ) · · ·ϕ(z2n−1z

−1
2n ) = i(z1)i(z2)

−1 · · · i(z2n−1)i(z2n)−1.Corollary 5. Let X,Y be spa
es and (i, ϕ), (j, ψ) : H(X) → H(Y ) be morphisms. If
i|X = j|X then (i, ϕ) = (j, ψ).Theorem 4. Let T be a 
lass of spa
es satisfying 
ondition (∗) su
h that HB(X ′) ∈ T forea
h spa
e X ′ ∈ T . Let X and Y be spa
es su
h that the free homogeneous spa
es H(X)and H(Y ) are isomorphi
. Then the quotient mappings tX : X → TX and tY : Y →
TY are B-equivalent and hen
e the free homogeneous spa
es H(TX) and H(TY ) areisomorphi
.Proof. Let (i, ϕ) : H(X) → H(Y ) be an isomorphism of the homogeneous spa
es,
tX : X → TX , tY : Y → TY be the quotient mappings and t̄X = (t∗X , ψX) : H(X) →
H(TX), t̄Y = (t∗Y , ψY ) : H(Y ) → H(TY ) be the morphisms 
onstru
ted from themappings tX and tY (see [11, Part 2℄).Let us 
onstru
t a 
ontinuous mapping h : TX → HB(TY ) su
h that h ◦ tX =
= t∗Y ◦ (i|X). Let x′ ∈ TX . Choose an arbitrary point x ∈ X su
h that with tX(x) = x′and put h(x′) = t∗Y i(x). Let y ∈ X . There is a point x ∈ X su
h that tX(x) = tX(y)and htX(x) = t∗Y i(x). Thus htX(y) = htX(x) = t∗Y i(x) = t∗Y i(y) be
ause TY ∈ T andtherefore HB(TY ) ∈ T . So h ◦ tX = t∗Y ◦ (i|X). The 
ontinuity of the mapping h followsfrom the 
ontinuity of i and t∗Y and the fa
t that the mapping tX is quotient.
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an 
onstru
t a 
ontinuous mapping g : TY → HB(TX) su
h that
g ◦ tY = t∗X ◦ (i−1|Y ). Let (h∗, ϕX) : H(TX) → H(TY ), (g∗, ϕY ) : H(TY ) → H(TX) bethe morphisms 
onstru
ted from the mappings h and g. Let x ∈ X . Then

h∗t∗X(x) = h∗tX(x) = htX(x) = t∗Y i(x).Corollary 5 implies that h∗ ◦ t∗X = t∗Y ◦ i. Similarly we 
an show that g∗ ◦ t∗Y = t∗X ◦ i−1.Sin
e g∗ ◦ h∗ ◦ t∗X = g∗ ◦ t∗Y ◦ i = t∗X ◦ i−1 ◦ i = t∗X , g∗ ◦ h∗ = 1HB(TX). Similarly, we
an prove that h∗ ◦ g∗ = 1HB(TY ). Corollary 5 implies that (h∗, ϕX) ◦ (g∗, ϕY ) = 1H(TY )and (g∗, ϕY ) ◦ (h∗, ϕX) = 1H(TX). Hen
e (h∗, ϕX) is an isomorphism. Sin
e h∗t∗X = t∗Y i,
t̄Y ◦ (i, ϕ) = h∗ ◦ t̄X by Corollary 5 and the mappings tX and tY are B-equivalent.Corollary 6. Let T be one of the following 
lasess:

• T0-spa
es,
• T1-spa
es,
• T2-spa
es,
• fun
tionally Hausdor� spa
es,
• totally dis
onne
ted spa
es.Let X and Y be spa
es su
h that the free homogeneous spa
es H(X) and H(Y ) areisomorphi
. Then the free homogeneous spa
es H(TX) and H(TY ) are isomorphi
 too.Proof. If T is either the 
lass of T0-spa
es or the 
lass of totally dis
onne
ted spa
es orthe 
lass of fun
tionally Hausdor� spa
es and X ′ ∈ T then Fp(X

′) ∈ T (see the proofof Corollary 1) and therefore Hp(X
′) ∈ T thus HB(X ′) ∈ T by Lemma 1 from [11℄. If

X ′ is a T1-spa
e then HB(X ′) is a T1-spa
e too [6℄. If X ′ is a T2-spa
e then HB(X ′) isa T2-spa
e too [7℄.Corollary 7. Let T be a 
lass of spa
es satisfying 
ondition (∗) su
h that HB(X ′) ∈ Tfor ea
h spa
e X ′ ∈ T . Let X1, X2, Y1, Y2 be spa
es, f1 : X1 → Y1 and f2 : X2 → Y2 be
B-equivalent mappings. Then the mappings Tf1 and Tf2 are B-equivalent.Proof. Let (i, ϕ) : H(X1) → H(X2), (j, ψ) : H(Y1) → H(Y2) be topologi
al isomorphismssu
h that f̄2 ◦ (i, ϕ) = (j, ψ) ◦ f̄1. Similarly to the proof of Theorem 4 we 
an 
onstru
tisomorphisms (iT , ϕT ) : H(TX1) → H(TX2) and (jT , ψT ) : H(TY1) → H(TY2) su
h that
(iT , ϕT ) ◦ t̄X1

= t̄X2
◦ (i, ϕ) and (jT , ψT ) ◦ t̄Y1

= t̄Y2
◦ (j, ψ). Proposition 2 implies that

Tf1 ◦ tX1
= tY1

◦ f1 and Tf2 ◦ tX2
= tY2

◦ f2. If x ∈ X2 then
t∗Y2
f∗

2 (x) = t∗Y2
f2(x) = tY2

f2(x) = (Tf2)tX2
(x) = (Tf2)

∗tX2
(x) = (Tf2)

∗t∗X2
(x).Corollary 5 implies that t∗Y2

◦ f∗

2 = (Tf2)
∗ ◦ t∗X2

. Let x ∈ X1. Then
jT (Tf1)

∗t∗X1
(x) = jT (Tf1)

∗tX1
(x) = jT (Tf1)tX1

(x) = jT tY1
f1(x) = jT t

∗

Y1
f1(x) =

= t∗Y2
jf1(x) = t∗Y2

jf∗

1 (x) = t∗Y2
f∗

2 i(x) = (Tf2)
∗t∗X2

i(x) = (Tf2)
∗iT t

∗

X1
(x).Sin
e the set HB(TX1) is generated by the set t∗X1

(X1), we see that Tf2 ◦ (iT , ϕT ) =

= (jT , ψT ) ◦ Tf1 by Corollary 5. Thus the the mappings Tf1 and Tf2 are B-equivalent.4. On T0-re�e
tion.Proposition 3. For ea
h topologi
al spa
e X the quotient mapping tX has a 
ontinuousright inverse.



198 Nazar PYRCHProof. Let X1 be a subset of X su
h that X1 ∩ C is a singleton for ea
h 
lass C ofthe relation ∼T0
on X . De�ne the mapping f : T0X → X1 by putting f(x) = y, where

y = t−1(x) ∩ X1. It is 
lear that tX ◦ f is the identity mapping on the spa
e TX . Letus 
he
k that the mapping f is 
ontinuous. Let U be an open subset in X1. Let us put
V = {x ∈ X : there exists a point y ∈ U su
h that x ∼T0

y}. Sin
e U is open in X1,there exists an open set W in X su
h that U = W ∩ X1. Let us prove that V = W .Suppose that there exists z ∈ V \W . Then there exists z1 ∈ U su
h that z ∼T0
z1. Sin
ethe points z and z1 are not separated by open subsets in X , we see that z1 /∈W . We geta 
ontradi
tion with the fa
t that U = W ∩X1. Let z ∈ W . Then there exists z1 ∈ X1su
h that z ∼T0

z1. Sin
e the points z and z1 are not separated by open subsets in X ,we have z1 ∈W , therefore z1 ∈ U and z ∈ V . Thus V = W and the set V is open in X .By the 
onstru
tion, V = t−1
X (f−1(U)). Sin
e the mapping tX is quotient and V is opensubset in X , we see that f−1(U) is an open subset in T0X .Remark 1. Let X be a topologi
al spa
e. Let X1 be a subset of X su
h that X1 ∩ C isa singleton for ea
h 
lass C of the relation ∼T0

on X . The above lemma imply that themapping tX |X1 is a homeomorphism. Sin
e every neighborhood of the set X1 
oin
ideswith X , the quotient spa
e X/X1 is antidis
rete. It easy to 
he
k that the size of the set
X/X1 does not depend on the 
hoi
e of X1. The 
ardinal of this size with antidis
retetopology is denoted as the spa
e X/T0X .Let (X,x0) and (Y, y0) be pointed spa
es su
h that X ∩ Y = ∅. The quotient spa
e
(X ⊕ Y )/{x, y} is 
alled a bouquet of pointed spa
es (X,x0) and (Y, y0) and is denotedby (X,x0) ∨ (Y, y0).Lemma 4. Let X,Y be disjoint spa
es, x1, x2 ∈ X, y1, y2 ∈ Y . Then spa
es (X,x1) ∨
(Y, y1) and (X,x2) ∨ (Y, y2) are B-equivalent.Proof. For i = 1, 2 put Ki = {xi, yi} and de�ne maps ri : X ⊕ Y → Ki su
h that
ri(X) = {xi} and ri(Y ) = {yi}. Then the maps r1 and r2 are parallel retra
tions. So by[11, Pr. 3℄ the spa
es (X,x1) ∨ (Y, y1) and (X,x2) ∨ (Y, y2) are B-equivalent.We shall write sometimes �X ∨ Y � instead of �(X,x0)∨ (Y, y0)�. We also re
all thatthe B-equivalen
e of spa
es implies their Mp-equivalen
e.Lemma 5. Let X,Y be spa
es and f : X → Y be a 
ontinuous map. Let f∗ : Fp(X) →
Fp(Y ) be the homomorphi
 extension of the map f . Then ker f∗ is the subgroup N of
Fp(X) generated by the set {g−1xy−1g : x, y ∈ X, g ∈ Fp(X), f(x) = f(y)}.Proof. It is 
lear that N ⊂ ker f∗. Now we prove the opposite in
lusion. Using resultsfrom [15℄ it is easy to prove that the group Fp(X) is algebrai
ally free over the set Xand the group Fp(Y ) is algebrai
ally free over the set Y . If w is an arbitrary element of
Fp(X) then w = xε1

1 · · ·xε1

1 where {x1, . . . , xn} ⊂ X and {ε1, . . . , εn} ⊂ {−1, 1}. Thenby easy indu
tion on n we 
an prove that if f∗(w) = e then w ∈ N .Proposition 4. Let X be a nonempty topologi
al spa
e. Then X
Mp

∼ (T0X × {1} ∨
(X/T0X) × {2}).
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h that X1 ∩ C is a singleton for ea
h 
lass C of therelation ∼T0
on X . Put Z = X1 ×{1}⊕X ×{2}. Choose an arbitrary point x0 ∈ X andput Z ′ = Z/{(x0, 1), (x0, 2)} and π : Z → Z ′ be the quotient mapping.De�ne a mapping r : X → X1 as follows. Let x ∈ X . There is a unique point

x1 ∈ X1 su
h that x1 ∼T0
x. Put r(x) = x1. The proof of Proposition 3 implies that

r−1(U) is open for ea
h open subset U of X1 so r is 
ontinuous.Let t ∈ {1, 2}. De�ne a mapping rt : Z → Z putting rt(x, s) = (r(x), t) for ea
h
x ∈ X, s ∈ {1, 2} su
h that (x, s) ∈ Z. Sin
e

r−1
t (U × {t}) = (r−1(U ∩X1) ∩X1) × {1} ∪ r−1(U ∩X1) × {2}for ea
h open set U ⊂ X1, the mapping rt is a 
ontinuous retra
tion. Sin
e rt((x0, 1)) =

= rt((x0, 2)), there exists a mapping r′t : Z ′ → Z ′ su
h that r′tπ = πrt. Sin
e π is thequotient mapping and the mapping rtπ is 
ontinuous then the mapping r′t is 
ontinuoustoo. It is easy to 
he
k that r1 and r2 are parallel retra
tions. Let t, t′ ∈ {1, 2}. Then
r′tr

′

t′π = r′tπrt′ = πrtrt′ = πrt = r′tπ. Sin
e the mapping π is surje
tive then r′tr′t′ = r′t sothe mappings r′1 and r′2 are parallel retra
tions too.Let i : Z ′ → Fp(Z
′) be the mapping su
h that i(z′) = r′1(z

′)z′−1r′2(z
′) for ea
h

z′ ∈ Z ′. Let us 
he
k that the mapping i is 
ontinuous. It is su�
ient to prove that itsrestri
tions onto π(X1 × {1}) and π(X × {2}) are 
ontinuous. If z ∈ X1 × {1} then
iπ(z) = r′1π(z) × π(z)−1 × r′2π(z) = πr1(z) × π(z)−1 × πr2(z) =

= π(z) × π(z)−1 × πr2(z) = πr2(z) = r′2π(z).Therefore i|π(X1 × {1}) is a 
ontinuous map. Now let z ∈ X × {2}. De�ne a mapping
j : π(X × {2}) → Fp(Z

′) putting j(z′) = z′−1r′2(z
′) for ea
h z′ ∈ π(X × {2}). Let us
he
k that the mapping j is 
ontinuous. For this purpose we prove that jπ(X × {2}) isan antidis
rete subspa
e of Fp(Z

′). It is easy to 
he
k that for ea
h point z′ ∈ π(X×{2})su
h that z′ 6= r′2(z
′) there is no open subset U of Z ′ su
h that U 
ontains exa
tly one ofthe points z′ and r′2(z′). Let z′ be an arbitrary point of π(X×{2}). Let Rz′ be a subset of

Fp(Z
′) su
h that Rz′ = z′−1{z′, r′2(z

′)} = {e, j(z′)}. Thus, by the homogeneity, for ea
hopen subset U of Fp(Z
′) we have the following di
hotomy: Rz′ ⊂ U or Rz′ ⊂ Fp(Z

′)\U .Let V be an open subset of Fp(Z
′) su
h that V ∩ jπ(X × {2}) 6= ∅. Choose a point

z′ ∈ π(X × {2}) su
h that j(z′) ∈ V . Then Rz′ ⊂ V so e ∈ V . The di
hotomy impliesthat Ru′ ⊂ V for ea
h point u′ ∈ π(X × {2}) so jπ(X × {2}) ⊂ V . Sin
e Fp(Z
′) is aparatopologi
al group and the mappings j and r′2 are 
ontinuous and i(z′) = j(z′)×r′2(z

′)for ea
h z′ ∈ π(X × {2}), the mapping i is 
ontinuous too.Denote by i∗ : Fp(Z
′) → Fp(Z

′) the 
ontinuous homomorphi
 extension of themapping i. It was proved in [9℄ that i∗ ◦ i∗ = 1Fp(Z′).Let t ∈ {1, 2}. Let Yt be the quotient spa
e Z ′/π(X1 × {t}), pt : Z ′ → Yt be thequotient mapping and p∗t : Fp(Z
′) → Fp(Yt) be the 
ontinuous homomorphi
 extensionof pt. Lemma 5 implies that ker p∗t is a smallest normal subgroup of Fp(Z

′) 
ontainingthe set {xy−1 : x, y ∈ Z ′, f(x) = f(y)} = {xy−1 : x, y ∈ π(X1 × {t})}.Let x ∈ X1. Then iπ((x, 1)) = r′2π((x, 1)) = πr2((x, 1)) = π((r(x), 2)) = π((x, 2)).So i(π(X1 × {1}) = π(X1 × {2}) and thus i∗(ker p∗1) = kerp∗2. Then Proposition 6 from[11℄ implies that the spa
es Y1 and Y2 are Mp-equivalent.



200 Nazar PYRCHLet f1 : Z → X be a mapping su
h that f1(x, 1) = x0 for ea
h x ∈ X1 and
f1(x, 2) = x for ea
h x ∈ X . Using this mapping we 
an 
onstru
t a homeomorphismfrom Y1 to X .Let q1 : X → X/X1 be the quotient mapping, f̃2 : Z → X1 × {1} ⊕ (X/X1) × {2}be a mapping su
h that f̃1(x1, 1) = (x1, 1) for ea
h x ∈ X1 and f̃2(x, 2) = (q1(x), 2) forea
h x ∈ X . Let

Y ′

2 = X1 × {1} ⊕ (X/X1) × {2}/{(x0, 1), (q1(x0), 2)}and q : X1 × {1} ⊕ (X/X1) × {2} → Y ′

2 be the quotient mapping. Let f2 = qf̃2. Usingthis mapping we 
an 
onstru
t a homeomorphism from Y2 to Y ′

2 .Sin
e the spa
e X1 is homeomorphi
 to the spa
e T0X and the spa
e X/X1 ishomeomorphi
 to the spa
e X/T0X , we obtain that the spa
e Y ′

2 isMp-equivalent to thespa
e T0X × {1} ∨ (X/T0X) × {2}. Thus
X

Mp

∼ Y1
Mp

∼ Y2
Mp

∼ Y ′

2

Mp

∼ T0X × {1} ∨ (X/T0X) × {2}.LetX be a pseudometrizable spa
e, and d be a pseudometri
 generating the topologyof X . Then one 
an easily 
he
k that T0X is a metrizable spa
e.Corollary 8. Ea
h pseudometrizable spa
e is Mp-equivalent to the bouquet of metrizableand antidis
rete spa
es.Proposition 5. Let X1 and X2 be spa
es with topologi
ally isomorphi
 Graev freeparatopologi
al groups, Y1 and Y2 be spa
es with topologi
ally isomorphi
 Markov freeparatopologi
al groups. If Xi ∩ Yi = ∅ for i ∈ {1, 2} then Graev free paratopologi
algroups on spa
es X1 ⊕ Y1 and X2 ⊕ Y2 are topologi
ally isomorphi
.Proof. Let i : FGp(X1) → FGp(X2) be an isomorphism of the Graev free paratopolo-gi
al groups with distinguished points ai ∈ Xi, i = 1, 2, j : Fp(Y1) → Fp(Y2) be anisomorphism of the Markov free paratopologi
al groups.Let t ∈ {1, 2}. Let iXt : Xt → Xt ⊕ Yt and iY t : Yt → Xt ⊕ Yt be the identityembeddings, and i∗Xt : FGp(Xt) → FGp(Xt⊕Yt, at) and i∗Y t : Fp(Yt) → FGp(Xt⊕Yt, at)be their extensions to the 
ontinuous homomorphisms of paratopologi
al groups.Consider the mapping k : X1⊕Y1→FGp(X2⊕Y2) de�ned as k(z)= i∗X2i(z) if z∈X1and k(z) = i∗Y 2j(z), if z ∈ Y1. Similarly to [4, Pr. 8.8℄ one 
an 
he
k that the extensionof the mapping k to the 
ontinuous homomorphism k∗ : FGp(X1 ⊕Y1) → FGp(X2 ⊕Y2)is a topologi
al isomorphism of the Graev free paratopologi
al groups FG(X1 ⊕ Y1) and
FG(X2 ⊕ Y2) with the distinguished points ai ∈ Xi ⊕ Yi.Proposition 6. Let X1 and X2 be spa
es with topologi
ally isomorphi
 Graev free abelianparatopologi
al groups, Y1 and Y2 spa
es with topologi
ally isomorphi
 Markov free abelianparatopologi
al groups. If Xi∩Yi = ∅ for i ∈ {1, 2} then Graev free abelian paratopologi
algroups on spa
es X1 ⊕ Y1 and X2 ⊕ Y2 are topologi
ally isomorphi
.Proof. The proof is similar to the proof of the previous proposition.Corollary 9. Let X1 and X2 be nonempty topologi
al spa
es with topologi
ally isomor-phi
 Markov free paratopologi
al groups, Y be a nonempty topologi
al spa
e su
h that
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Y ∩ (X1 ∪ X2) = ∅. Then Markov free paratopologi
al groups on spa
es X1 ∨ Y and
X2 ∨ Y are topologi
ally isomorphi
.Proof. By Proposition 5 we have that Graev free paratopologi
al groups on the spa
es
X1 ⊕ Y and X2 ⊕ Y are topologi
ally isomorphi
. Similarly to [3, �5℄ one 
an 
he
k thatGraev free paratopologi
al groups on the spa
es Xi ⊕ Y and (Xi ∨ Y )+ are topologi-
ally isomorphi
. Sin
e Graev free paratopologi
al group on the spa
e X+ is naturallyisomorphi
 to the Markov free paratopologi
al group on the spa
e X ,

Fp(X1 ∨ Y ) ≃ FGp((X1 ∨ Y )+) ≃ FGp(X1 ⊕ Y ) ≃

≃ FGp(X2 ⊕ Y ) ≃ FGp((X2 ∨ Y )+) ≃ Fp(X2 ∨ Y ).Corollary 10. Let X1 and X2 be nonempty topologi
al spa
es with topologi
allyisomorphi
 Markov free abelian paratopologi
al groups, Y be a nonempty topologi
alspa
e su
h that Y ∩ (X1 ∪X2) = ∅. Then Markov free abelian paratopologi
al groups onspa
es X1 ∨ Y and X2 ∨ Y are topologi
ally isomorphi
.Proof. The proof is similar to the proof of the previous 
orollary.Theorem 5. Topologi
al spa
es X and Y are Ap-equivalent if and only if T0X
Ap

∼ T0Yand X/T0X = Y/T0Y .Proof. Without loss of the generality it su�
es to 
onsider only the 
ase X 6= ∅ and
Y 6= ∅.Su�
ien
y. Sin
e Ap(T0X) ≃ Ap(T0Y ) and X/T0X = Y/T0Y , Corollary 10 impliesthat Ap(T0X × {1} ∨ (X/T0X) × {2}) ≃ Ap(T0Y × {1} ∨ (Y/T0Y ) × {2}). Sin
e the
Mp-equivalen
e of two spa
es implies the Ap-equivalen
e,

Ap(X) ≃ Ap(T0X × {1} ∨ (X/T0X) × {2})and Ap(Y ) ≃ Ap(T0Y × {1} ∨ (Y/T0Y ) × {2}) by proposition 4. Thus
X

Ap

∼ T0X × {1} ∨ (X/T0X) × {2}
Ap

∼ T0Y × {1} ∨ (Y/T0Y ) × {2}
Ap

∼ Y.Ne
essity. Let X and Y be Ap-equivalent. Then Corollary 3 implies that T0X
Ap

∼
T0Y . Theorem 3 implies that the quotient mappings tX : X → T0X and tY : Y → T0Y be
Ap-equivalent. Sin
e ker t∗X is an algebrai
ally free abelian group on the set of generatorswith 
ardinality X/T0X , X/T0X = 1 + rankker t∗X = 1 + rankker t∗Y = Y/T0Y .Theorem 6. Topologi
al spa
es X and Y are Mp-equivalent if and only if T0X

Mp

∼ T0Yand X/T0X = Y/T0Y .Proof. The proof of the ne
essity is similar to the abelian 
ase. Let us prove the su�
ien
y.Let X and Y be Mp-equivalent. Then Corollary 1 implies that T0X
Mp

∼ T0Y . Sin
e thespa
es X and Y are Ap-equivalent, Theorem 5 implies that X/T0X = Y/T0Y .1. Bel'nov V. K. On the dimension of the topologi
ally homogenous spa
es and freehomogeneous spa
es / Bel'nov V. K. //Dokl. A
ad. Nauk SSSR. � 1978. � V. 238,�4. � P. 781�784.
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henko1960�rambler.ruThe main result of this note is a 
onstru
tion of an operator that extendsfuzzy metri
s de�ned on the 
losed sets of zero-dimensional fuzzy metrizablespa
e over the whole spa
e. The extension operator preserves the operationof minimum of fuzzy metri
s as well as the operation of trun
ation. We alsode�ne a fuzzy metri
 on the 
ountable produ
t of fuzzy metri
 spa
es.Key words: fuzzy metri
, extension operator, zero-dimensional spa
e.1. Introdu
tion. The notion of fuzzy metri
 spa
e is tightly related with that ofprobabilisti
 metri
 spa
e introdu
ed by Menger [6℄ (see also [7℄). The fuzzy metri
 spa
eswere de�ned in the paper [5℄ and later their de�nition was modi�ed in [8℄. The versionfrom [8℄ is more restri
tive. However, it turns out that the fuzzy metri
s in the sense of[8℄ determine the metrizable topologies.It is well-known that the family of metri
s on a set forms a 
one with respe
t to theoperations of sum and produ
t with the non-negative s
alar. Also, the maximum of twometri
s is a metri
. We establish 
ounterparts of these properties for the fuzzy metri
s.One of the main results of this note is the 
onstru
tion that allows, in the zero-dimensional 
ase, to extend fuzzy metri
s from a 
losed subset to the whole set. Remarkthat, in the 
ase of metri
s, the problem of extension has a long history, whi
h tra
es ba
kto Hausdor�. The problem of existen
e of operators extending the 
ones of metri
s was�rst formulated (and partially solved) by Bessaga [3℄. Its 
omplete solution is obtainedby Banakh [1℄; a short proof of existen
e 
an be found in [11℄.It turns out that this extension operator preserves the mentioned operations on thefuzzy metri
s. Our 
onstru
tion is based on fuzzy metrization of the 
ountable produ
tof the fuzzy metri
 spa
es. We also prove that, for any two fuzzy metri
 spa
es, thereexists a fuzzy metrization of the bouquet of these spa
es that agrees with these fuzzymetri
s.
© Sav
henko O., 2009



EXTENSION OF FUZZY METRICS: ZERO-DIMENSIONAL CASE 2052. Preliminaries. We start with some ne
essary de�nitions 
on
erning the notionof fuzzy metri
 spa
e.A 
ontinuous t-norm is a 
ontinuous map (x, y) 7→ x ∗ y : [0, 1]× [0, 1] → [0, 1] whi
hsatis�es the following properties:(1) (x ∗ y) ∗ z = x ∗ (y ∗ z);(2) x ∗ y = y ∗ x;(3) x ∗ 1 = x;(4) if x ≤ x′ and y ≤ y′, then x ∗ y ≤ x′ ∗ y′.In other words, a 
ontinuous t-norm is a 
ontinuous Abelian monoid with unit 1and with the monotoni
 operation. The following are examples of 
ontinuous t-norms:(1) x ∗ y = min{x, y};(2) x ∗ y = max{0, x + y − 1}.De�nition 1. A fuzzy metri
 spa
e is a triple (X, M, ∗), where X is a nonempty set, ∗is a 
ontinuous t-norm and M is a fuzzy set of X × X × (0,∞) (i.e. M is a map from
X × X × (0,∞) to [0, 1]) satisfying the following properties:(i) M(x, y, t) > 0;(ii) M(x, y, t) = 1 if and only if x = y;(iii) M(x, y, t) = M(y, x, t);(iv) M(x, y, s) ∗ M(y, z, t) ≤ M(x, z, s + t);(v) the fun
tion M(x, y,−) : (0,∞) → (0, 1] is 
ontinuous.We obtain the notion of a fuzzy pseudometri
 spa
e if we repla
e 
ondition (ii) fromthe above de�nition by the following 
ondition:(ii') M(x, x, t) = 1.In a fuzzy metri
 spa
e (X, M, ∗), we say that the set

BM (x, r, t) = {y ∈ X | M(x, y, t) > 1 − r}, x ∈ X, r ∈ (0, 1), t ∈ (0,∞),is the open ball of radius r > 0 
entered at x for t. It is proved in [8℄ that the family ofall open balls is a base of a topology on X ; this topology is denoted by τM .Proposition 1. Let (X, Mi, ∗), i = 1, 2, be fuzzy metri
 spa
es. Then (X, M, ∗), where
M(x, y, t) = M1(X, y, t) ∗ M2(x, y, t), is also a fuzzy metri
 spa
e.Proof. We are going to verify properties (i)�(iv) from De�nition 1.(i) Obvious.(ii) Clearly, M(x, x, t) = 1, for every x ∈ X and t ∈ (0,∞). If M(x, y, t) = 1, then

1 = M(x, y, t) = M1(x, y, t) ∗ M2(x, y, t) ≤ M1(x, y, t) ∗ 1 = M1(x, y, t),when
e M1(x, y, t) = 1 and therefore x = y.(iii) Obvious.(iv) We have
M(x, y, s) ∗ M(y, z, t) =M1(x, y, s) ∗ M2(x, y, s) ∗ M1(y, z, t) ∗ M2(y, z, t) =

=M1(x, y, s) ∗ M1(y, z, t) ∗ M2(x, y, s) ∗ M2(y, z, t) ≤

≤M1(x, z, s + t) ∗ M2(x, z, s + t) = M(x, z, s + t).(v) Obvious.



206 Oleksandr SAVCHENKOProposition 2. Let (X, Mi, ∗), i = 1, 2, be fuzzy metri
 spa
es. Then (X, M, ∗), where
M(x, y, t) = min{M1(X, y, t), M2(x, y, t)}, is also a fuzzy metri
 spa
e.Proof. We are going to verify properties (i)�(iv) from De�nition 1.(i) Obvious.(ii) Clearly, M(x, x, t) = 1, for every x ∈ X and t ∈ (0,∞). If M(x, y, t) = 1, then
M1(x, y, t) = M2(x, y, t) = 1 and therefore x = y.(iii) Obvious.(iv) We have
M(x, y, s) ∗ M(y, z, t) = min{M1(x, y, s), M2(x, y, s)} ∗ min{M1(y, z, t), M2(y, z, t)} ≤

≤Mi(x, y, s) ∗ Mi(y, z, t) ≤ Mi(x, z, s + t), i = 1, 2,when
e M(x, y, s) ∗ M(y, z, t) ≤ M(x, z, s + t).(v) Obvious.One 
an similarly prove the following statement.Proposition 3. Let (X, Mα, ∗), α ∈ A, be fuzzy metri
 spa
es. Suppose that, for every
x, y ∈ X, x 6= y, we have inf{Mα(x, y, t) | α ∈ A} < 1. Then (X, M, ∗), where

M(x, y, t) = inf{Mα(x, y, t) | α ∈ A},is also a fuzzy metri
 spa
e.Proposition 4. Let (X, M, ∗) be a fuzzy metri
 spa
e and c ∈ (0, 1). Then (X, M ′, ∗),where M ′(x, y, t) = max{M(x, y, t), c}, is also a fuzzy metri
 spa
e.Proof. The only 
ondition from De�nition 1 whi
h requires veri�
ation is (iv). We aregoing to prove that
M ′(x, y, s) ∗ M ′(y, z, t) ≤ M ′(x, z, s + t). (1)The proof splits into three 
ases.a) M(x, y, s) ≤ c. Then (1) redu
es to the following:

c ∗ M ′(y, z, t) ≤ M ′(x, y, s + t).Sin
e
c ∗ M ′(y, z, t) ≤ c ∗ 1 ≤ c ≤ M ′(x, z, s + t),we are done.b) M(x, y, s) > c, M(y, z, t) > c. Then

M ′(x, y, s) ∗ M ′(y, z, t) = M(x, y, s) ∗ M(y, z, t) ≤ M(x, z, s + t) ≤ M ′(x, z, s + t).
) M(x, y, s) > c, M(y, z, t) ≤ c. Then
M ′(x, y, s) ∗ M ′(y, z, t) ≤ M(x, y, s) ∗ c ≤ c ≤ M ′(x, z, s + t).In the sequel, we use the notation c ⊙ M for the fuzzy metri
 max{M(x, y, t), c}.Remark 1. Counterparts of Propositions 1-4 are also valid for the fuzzy pseudometri
spa
es.



EXTENSION OF FUZZY METRICS: ZERO-DIMENSIONAL CASE 2072.1. Fuzzy metri
s on bouquets. Let X = X1 ∨X2 and let a be the base point of X .Let Mi be fuzzy metri
s on Xi, i = 1, 2, (with respe
t to the same t-norm ∗). De�ne thesymmetri
 with respe
t to the �rst and the se
ond variable fun
tion M : X×X×(0,∞) →
→ [0, 1] as follows:

M(x, y, t) =

{

Mi(x, y, t), if x, y ∈ Xi, i = 1, 2,

sup{M1(x, a, t1) ∗ M2(a, y, t2) | t1 + t2 = t}, if x ∈ X1, y ∈ X2.Proposition 5. The fun
tion M is a fuzzy metri
 on X with respe
t to the t-norm ∗.The topology indu
ed by M is that of the bouquet topology on X = X1 ∨ X2.Proof. Clearly, M(x, x, t) = 1, for every x ∈ X . Suppose now that M(x1, x2, t) = 1 and
x1 6= x2. Then, without loss the generality, one may assume that xi ∈ Xi \ {a}, i = 1, 2.Then M1(xi, a, t) < 1, i = 1, 2, when
e

M(x1, x2, t) ≤ sup{M1(x, a, t1) ∗ M2(a, y, t2) | t1 + t2 = t} ≤

≤M1(x1, a, t) ∗ M2(a, x2, t) < 1 ∗ 1 = 1and we obtain a 
ontradi
tion.(iii) We have to prove that, for all x, y, z ∈ X and t, s ∈ (0,∞),
M(x, y, t) ∗ M(y, z, t) ≤ M(x, z, t + s).We 
onsider two 
ases. 1) x, y ∈ X1, z ∈ X2, then

M(x, y, t) ∗ M(y, z, s) ≤M1(x, y, t) ∗ (sup{M1(y, a, s1) ∗ M(a, z, s2) | s1 + s2 = s}) =

= sup{M1(x, y, t) ∗ ({M1(y, a, s1) ∗ M(a, z, s2) | s1 + s2 = s} ≤

≤ sup{M1(x, a, t + s1) ∗ M(a, z, s2) | s1 + s2 = s} =

=sup{M1(x, a, τ1) ∗ M(a, z, τ2) | τ1 + τ2 = t + s, τ1 ≥ t} ≤

≤ sup{M1(x, a, τ1) ∗ M(a, z, τ2) | τ1 + τ2 = t + s} =

=M(x, z, t + s).2) x, z ∈ X1, y ∈ X2. Then
M(x, y, t) ∗ M(y, z, s) ≤(sup{M1(x, a, t1) ∗ M(a, y, t2) | t1 + t2 = t})∗

∗ (sup{M1(y, a, s1) ∗ M2(a, z, s2) | s1 + s2 = s}) ≤

≤ sup{M1(x, a, t1) | t1 ≤ t} ∗ sup{M1(a, z, s1) | s1 ≤ s} ≤

≤M1(x, z, t) = M(x, z, t).(iv) We are going to prove that, for any x, y ∈ X , the map γ : t 7→ M(x, y, t) is
ontinuous. We only need to 
onsider the 
ase x ∈ X1, y ∈ X2. First, sin
e the maps
t 7→ M1(x, a, t) and t 7→ M2(a, y, t) are 
ontinuous and nonde
reasing, there exist unique
ontinuous extensions of these maps onto the set [0,∞). We preserve the same notationsfor the extended maps. Let us denote by ϕ : [0,∞) × [0,∞) → [0, 1] the fun
tion a
tingby the formula:

ϕ(t1, t2) = M1(x, a,−) ∗ M2(a, y,−).The map
α : t 7→ {(t1, t2) ∈ [0,∞) × [0,∞) | t1 + t2 = t}
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ontinuous map from [0,∞) to the spa
e 2[0,∞)×[0,∞) of nonempty 
ompa
t subsetsin [0,∞) × [0,∞); the latter is endowed with the Hausdor� metri
 dH :
dH(A, B) = inf{r > 0 | A ⊂ Or(B), B ⊂ Or(A)}(here Or stands for the r-neighborhood with respe
t to the eu
lidean metri
 on

[0,∞) × [0,∞)). Now the map γ is the 
omposition
(0,∞)

α
// 2[0,∞)×[0,∞)

sup
−

ϕ
// [0, 1] ,where the fun
tion sup− ϕ assigns to every A ∈ 2[0,∞)×[0,∞) the number sup{ϕ(x) |

x ∈ A}; the fun
tion sup− ϕ is known to be 
ontinuous (see, e.g., [4℄). Therefore, γ is
ontinuous.It is 
lear that the fuzzy metri
 M indu
es the bouquet topology on X .Remark 2. The proof of Proposition 5 
an be immediately generalized over the 
ase ofbouquet of arbitrary number of fuzzy metri
 spa
es.3. Extension of metri
s.3.1. Fuzzy metri
s on the 
ountable powers. Let (Xi, Mi, ∗), i ∈ N, be a family offuzzy metri
 spa
es, X =
∏

i∈N
Xi.Theorem 1. The fun
tion M̄ : X × X × (0,∞) → [0, 1] de�ned by the formula

M̄((xi), (yi), t) = inf{(1/i)⊙ M(xi, yi, t) | i ∈ N}is a fuzzy metri
 on X. The topology τM 
oin
ides with the produ
t topology on Xgenerated by the fuzzy metri
s τMi
, i ∈ N.Proof. Let us denote by pi : X → Xi the proje
tion onto the i-th 
oordinate, i ∈ N.By Proposition 4, the fun
tion M ′
i : Xi × Xi × (0,∞) → [0, 1] de�ned by the formula

M ′
i(x, y, t) = Mi(pi(x), pi(y), t) is a fuzzy pseudometri
 on Xi. By the remark afterProposition 2, M̄ is a fuzzy pseudometri
 on X .Let x, y ∈ X , x 6= y, then there exists i ∈ N su
h that pi(x) 6= pi(y). Therefore

M ′
i(x, y, t) < 1 and 
onsequently M̄(x, y, t) < 1, for every t. This shows that M̄ is afuzzy metri
 on X .Let us use B̄ to denote the balls with respe
t to the fuzzy metri
 M̄ and Bi todenote the balls with respe
t to the fuzzy metri
 Mi.Let x, y ∈ X , r ∈ (0, 1), and t ∈ (0,∞). Let xi = pi(x), yi = pi(y). If y ∈ B̄(x, r, t),then M̄(x, y, t) > 1 − r and therefore, there exists ε ∈ (0, 1 − r) su
h that

inf{(1/i)⊙ Mi(xi, yi, t) | i ∈ N} > 1 − r + ε.Let
K =

⋃

ε∈(0,1−r)





∏

(1/i)≤1−r+ε

Bi(xi, r − ε, t) ×
∏

(1/i)>1−r+ε

Xi



 .We 
on
lude that y ∈ K. Sin
e all the impli
ations above are reversible, we see that
B̄(x, r, t) = K.Show that

K =
∏

(1/i)≤1−r

Bi(xi, r, t) ×
∏

(1/i)>1−r

Xi.



EXTENSION OF FUZZY METRICS: ZERO-DIMENSIONAL CASE 209If y ∈ K and 1/i ≤ 1 − r, then (1/i) ≤ 1 − r + ε and therefore
yi ∈ Bi(xi, r − ε, t) ⊂ Bi(x, r, t),when
e

y ∈
∏

(1/i)≤1−r

Bi(xi, r, t) ×
∏

(1/i)>1−r

Xi.On the other hand, let
y ∈

∏

(1/i)≤1−r

Bi(xi, r, t) ×
∏

(1/i)>1−r

Xi.Then there exists ε > 0 su
h that yi ∈ Bi(xi, r + ε, t) for all i with (1/i) ≤ 1 − r andtherefore y ∈ K.We have proven that the topology on X generated by the fuzzy metri
 M̄ on X is
ontained in the produ
t topology on X generated by the fuzzy metri
s Mi.On the other hand, let
∏

i≤n

Bi(xi, ri, ti) ×
∏

i>n

Xibe a basi
 neighborhood of x ∈ X . Sin
e the fun
tions Mi(a, b,−) are nonde
reasing, wesee that
x ∈

∏

i≤n

Bi(xi, r, t) ×
∏

i>n

Xi ⊂
∏

i≤n

Bi(xi, ri, ti) ×
∏

i>n

Xi,where
r = max{r1, . . . , rn}, t = min{t1, . . . , tn}.Choose r′ ∈ (max{r, 1 − 1

n}, 1), then
x ∈ B̄(x, r′, t) =

∏

(1/i)≤1−r′

Bi(xi, r
′, t) ×

∏

(1/i)>1−r′

Xi ⊂
∏

i≤n

Bi(xi, r, t) ×
∏

i>n

Xiand this allows us to 
on
lude that the topology on X generated by M̄ 
oin
ides withthe produ
t topology of the topologies generated by the fuzzy metri
s Mi, i ∈ N.3.2. Extension of fuzzy metri
s. Given a metrizable spa
e X , let us denote by
FPM(X) (respe
tively FM(X)) the set of all fuzzy pseudometri
s (respe
tively fuzzymetri
s) on X 
ompatible with the topology of X .Let A be a 
losed subset of X . An extension operator for fuzzy (pseudo)metri
sis a map u : FM(A) → FM(X) (respe
tively u : FPM(A) → FPM(X)) su
h that
u(M)|(A × A × (0,∞)) = M , for every M ∈ FM(A) (respe
tively M ∈ FPM(A))Theorem 2. Let A be a 
losed subspa
e of a zero-dimensional separable metrizable spa
e
X, |A| ≥ 2. Then there exists a fuzzy metri
 extension operator u that satis�es thefollowing properties:(1) u(min{M1, M2}) = min{u(M1), u(M2)};(2) u(c ⊙ M) = c ⊙ u(M).



210 Oleksandr SAVCHENKOProof. Let a, b ∈ A, a 6= b. Consider a 
ountable base {Ui : i ∈ N} of X \ A 
onsisting ofopen and 
losed in X sets. Let also {Vi : i ∈ N} be a 
ountable family of open and 
losedsubsets in X whi
h forms a base of topology at all the points of A.Sin
e A is a 
losed subset of a zero-dimensional metrizable spa
e, there exists a
ontinuous retra
tion r : X → A (see, e.g., [4℄).De�ne a 
ountable family R = {ri | i ∈ N} of 
ontinuous retra
tions of X onto Aas follows:
r4i−3|(X \ Ui) =r4i−2|(X \ Ui) = r|(X \ Ui),

r4i−3(Ui) =a, r4i−2(Ui) = b,

r4i−1|(X \ (r−1(Vi) \ Vi)) =r4i|(X \ (r−1(Vi) \ Vi)) = r|(X \ (r−1(Vi) \ Vi)),

r4i−1(r
−1(Vi) \ Vi) =a, r4i(r

−1(Vi) \ Vi) = b.Clearly, r = (ri)i∈N : X → XN is 
ontinuous and inje
tive. That the map r is anembedding easily follows from the fa
t that the set {ri | i ∈ N} separates the points andthe 
losed sets in X .Let M ∈ FM(A). Denote by M̄ the fuzzy pseudometri
 on AN de�ned by theformula:
M̄((xi), (yi), t) = inf{(1/i) ⊙ M(xi, yi, t) | i ∈ N}.De�ne u(M) : X × X × (0,∞) → [0, 1] by the formula: u(M)(x, y, t) = M̄(r(x), r(y), t).Sin
e the map r is inje
tive, we see that u(M) is a fuzzy pseudometri
 on X ; 
learly,

u(M) is a fuzzy metri
 on X whenever M ∈ FM(A).Let x, y ∈ A and t ∈ (0,∞), then
u(M)(x, y, t) =M̄(r(x), r(y), t) = inf{(1/i)⊙ M(ri(x), ri(y), t) | i ∈ N} =

= inf{(1/i)⊙ M(x, y, t) | i ∈ N} = M(x, y, t),i.e., u(M) is an extension of M .Given M1, M2 ∈ FM(A), we have
u(min{M1, M2})(x, y, t) = min{M1, M2}(r(x), r(y), t) =If c ∈ (0, 1), then

u(c ⊙ M)(x, y, t) =c ⊙ M(r(x), r(y), t) = inf{(1/i)⊙ c ⊙ M(x, y, t) | i ∈ N}

=c ⊙ inf{(1/i) ⊙ M(x, y, t) | i ∈ N} = c ⊙ u(M)(x, y, t),thus (2) holds.4. Remarks and open questions. Similarly as in [9℄, [10℄, one 
an 
onsider theproblem of simultaneous extension of fuzzy (pseudo)metri
s de�ned on the 
losed subsetsof a metrizable spa
e. For any metri
 spa
e (Y, d), let CL(Y ) the family of all nonempty
losed subsets of Y . We 
onsider the following Wijsman 
onvergen
e in CL(Y ): a sequen
e
(Ai) 
onverges to A if, for any y ∈ Y , the sequen
e d(y, Ai) 
onverges to d(y, A).Given a fuzzy metri
 M de�ned on a set A ∈ CL(X) (we express this by writing
dom(M) = A), for a metri
 spa
e X , identify every M ∈ FM(A) with its graph

ΓM ={(x, y, t, r) ∈ A × A × (0,∞) × [0, 1] | r = M(x, y, t)} ∈

∈CL(X × X × (0,∞) × [0, 1]).
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⋃

{FM(A) | A ∈ CL(X)} with the topology generated by theWijsman 
onvergen
e of their graphs.Question 1. Is their a simultaneous extension operator u : FM → FM(X) (i.e. u sati-sfying the property
u(M)|(dom(M) × dom(M) × (0,∞)) = M,for every M ∈ FM) whi
h is 
ontinuous in the topology of Wijsman 
onvergen
e?A similar question 
an be formulated for the fuzzy pseudometri
s.One 
an 
onsider also another topologies on the sets of 
losed subsets: Attou
h-Wets,Hausdor� et
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omÂèâ÷åíî 2-êðó÷åííÿ ãðóïè Áðàóåðà åëiïòè÷íèõ i ãiïåðåëiïòè÷íèõ êðèâèõíàä ïñåâäîëîêàëüíèìè ïîëÿìè.Êëþ÷îâi ñëîâà: ïñåâäîëîêàëüíå ïîëå, åëiïòè÷íà êðèâà, ãiïåðåëiïòè÷íàêðèâà, ÿêîáiàí, ãðóïà Áðàóåðà.Íåõàé k � êâàçiñêií÷åííå ïîëå, òîáòî äîñêîíàëå ïîëå, ùî ìà¹ òî÷íî îäíå ðîçøè-ðåííÿ ñòåïåíÿ n äëÿ êîæíîãî íàòóðàëüíîãî ÷èñëà n (ó �iêñîâàíîìó àëãåáðè÷íîìóçàìèêàííi ïîëÿ k). Êâàçiñêií÷åííå ïîëå k íàçèâàþòü ïñåâäîñêií÷åííèì [1℄, ÿêùîêîæíèé àáñîëþòíî íåçâiäíèé àëãåáðè÷íèé ìíîãîâèä, âèçíà÷åíèé íàä k, ìà¹ k � ðà-öiîíàëüíó òî÷êó. Ïîâíå ñòîñîâíî äèñêðåòíîãî íîðìóâàííÿ ïîëå K ç êâàçiñêií÷åííèì(ïñåâäîñêií÷åííèì) ïîëåì ëèøêiâ k íàçèâàþòü çàãàëüíèì ëîêàëüíèì (ïñåâäîëîêàëü-íèì) ïîëåì. ßêùî K̄ � ñåïàðàáåëüíå çàìèêàííÿ ïîëÿ K, GK = Gal (K̄/K) � éîãîãðóïà �àëóà, òî ìè ïîçíà÷à¹ìî Hi(K, M) êîãîìîëîãi¨ �àëóà GK � ìîäóëÿ M . Cn òà
C/nC îçíà÷àþòü ÿäðî òà êîÿäðî ìíîæåííÿ íà n â àáåëüîâié ãðóïi C. Äëÿ àëãåá-ðè÷íîãî ìíîãîâèäó A, âèçíà÷åíîãî íàä ïîëåì K, ìè ïîçíà÷à¹ìî ÷åðåç A(K) ãðóïóéîãî K � ðàöiîíàëüíèõ òî÷îê, à ÷åðåç K(A) � ïîëå �óíêöié ìíîãîâèäó A. �îç-ãëÿíåìî âiäîáðàæåííÿ µ : K(A) → Div (A), ÿêå ñòàâèòü ó âiäïîâiäíiñòü �óíêöi¨ ç
K(A)∗ ¨ ¨ äèâiçîð. Öå âiäîáðàæåííÿ iíäóêó¹ òàêå âiäîáðàæåííÿ êîãîìîëîãié �àëóà:
µ∗ : H2(G, K(A)∗) → H2(G, Div (A)). ßäðî âiäîáðàæåííÿ µ∗ ïîçíà÷àþòü ÷åðåç BrAi íàçèâàþòü ãðóïîþ Áðàóåðà êðèâî¨ A. ßê ïîêàçàíî ó [2℄, ãðóïà Br A ñêëàäà¹òüñÿ çêëàñiâ öåíòðàëüíèõ ïðîñòèõ K-àëãåáð, íåðîçãàëóæåíèõ ó âñiõ íîðìóâàííÿõ ïîëÿ K.Ïðî ãðóïó Áðàóåðà àëãåáðè÷íèõ ìíîãîâèäiâ äî íåäàâíüîãî ÷àñó áóëî âiäîìîäóæå ìàëî íàâiòü ó íàéïðîñòiøîìó âèïàäêó àëãåáðè÷íèõ êðèâèõ. Â.I. ßí÷åâñüêèéi �.Ë. Ìàðãîëií â ñåði¨ ñòàòåé (äèâ., çîêðåìà, [2℄, [3℄) âèâ÷èëè ãðóïè Áðàóåðà åëiï-òè÷íèõ òà ãiïåðåëiïòè÷íèõ êðèâèõ, âèçíà÷åíèõ íàä ëîêàëüíèì ïîëåì. Âîíè îïèñàëè
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214 Ëþäìèëà ÑÒÀÕIÂ2-êðó÷åííÿ ãðóïè Áðàóåðà åëiïòè÷íî¨ êðèâî¨ íàä ëîêàëüíèì ïîëåì ÷åðåç çîáðàæåííÿöi¹¨ ïiäãðóïè êâàòåðíiîííèìè àëãåáðàìè.Âèÿâëÿ¹òüñÿ, ùî ÷àñòèíó ðåçóëüòàòiâ Â.I.ßí÷åâñüêîãî i �.Ë. Ìàðãîëiíà ìîæíàóçàãàëüíèòè íà âèïàäîê åëiïòè÷íèõ êðèâèõ, âèçíà÷åíèõ íàä ïîâíèìè äèñêðåòíî íîð-ìîâàíèìè ïîëÿìè ç ïñåâäîñêií÷åííèìè ïîëÿìè ëèøêiâ. Öå óçàãàëüíåííÿ îïèðà¹òüñÿíà àíàëîã äâî¨ñòîñòi Òåéòà-Øà�àðåâè÷à äëÿ åëiïòè÷íèõ êðèâèõ íàä ïñåâäîëîêàëü-íèìè ïîëÿìè òà íà òðèâiàëüíîñòi ãðóïè ãîëîâíèõ îäíîðiäíèõ ïðîñòîðiâ äëÿ åëiï-òè÷íèõ êðèâèõ íàä ïñåâäîãëîáàëüíèì ïîëåì. Ó òåîðåìi 1 îïèñàíî 2-êðó÷åííÿ ãðóïèÁðàóåðà åëiïòè÷íî¨ êðèâî¨ íàä ïñåâäîëîêàëüíèì ïîëåì.Â. ×åðíîóñîâ i Â.�óëåöüêèé [4℄ îäåðæàëè îïèñàííÿ 2-êðó÷åííÿ ãðóïè Áðàóåðàåëiïòè÷íèõ êðèâèõ íàä ëîêàëüíèìè ïîëÿìè â òåðìiíàõ òâiðíèõ i ñïiââiäíîøåíü. Ìèçàñòîñîâó¹ìî ìåòîä ×åðíîóñîâà i �óëåöüêîãî äî îïèñàííÿ 2-êðó÷åííÿ ãðóïè Áðàóåðàåëiïòè÷íèõ êðèâèõ íàä ïñåâäîëîêàëüíèì ïîëåì.Þ. �åìàí, Ñ.Â. Òiõîíîâ, Â.I.ßí÷åâñüêèé ó [7℄ âiäêðèëè çàãàëüíèé ïiäõiä äëÿîá÷èñëåííÿ 2 � êðó÷åííÿ ãðóïè Áðàóåðà ãiïåðåëiïòè÷íî¨ êðèâî¨ íàä äîâiëüíèìè ïî-ëÿìè òà çàñòîñóâàëè öåé ïiäõiä äî âèïàäêó ëîêàëüíîãî îñíîâíîãî ïîëÿ. Êëþ÷îâóðîëü òóò âiäiãðà¹ òåîðåìà Ëåíãà ïðî àëãåáðè÷íi ãðóïè íàä ñêií÷åííèìè ïîëÿìè, ÿêàñòâåðäæó¹, ùî äëÿ áóäü-ÿêîãî àëãåáðè÷íîãî ìíîãîâèäó, âèçíà÷åíîãî íàä ñêií÷åí-íèì ïîëåì, H1(Gal (k/k, J)) = 0. Ìàéæå áåçïîñåðåäíüî ç îçíà÷åííÿ ïñåâäîñêií÷åí-íîãî ïîëÿ âèïëèâà¹ àíàëîãi÷íà ðiâíiñòü H1(Gal (k/k, J)) = 0 i äëÿ ïñåâäîñêií÷åííèõïîëiâ. Öå äà¹ çìîãó ïîøèðèòè îïèñàííÿ 2-êðó÷åííÿ ãðóïè Áðàóåðà ãiïåðåëiïòè÷íî¨êðèâî¨ íà âèïàäîê ïñåâäîëîêàëüíîãî îñíîâíîãî ïîëÿ. Òàêå îïèñàííÿ äà¹ òåîðåìà 6.Ïî÷èíà¹ìî ç ðîçãëÿäó ðîçêëàäíèõ åëiïòè÷íèõ êðèâèõ íàä ïñåâäîëîêàëüíèì ïî-ëåì. Äàëi n îçíà÷à¹ íàòóðàëüíå ÷èñëî, âçà¹ìíî ïðîñòå ç õàðàêòåðèñòèêîþ ïîëÿ k, à
|C| � ïîðÿäîê ñêií÷åííî¨ ãðóïè C. Íåõàé òåïåð K � ïñåâäîëîêàëüíå ïîëå. Ïîçíà÷èìî÷åðåç OK êiëüöå öiëèõ ïîëÿ K, π � ïðîñòèé åëåìåíò ïîëÿ K. α � îäèíèöÿ ïîëÿ K,ÿêà íå ¹ êâàäðàòîì. Íåõàé A � åëiïòè÷íà êðèâà âèçíà÷åíà íàä ïîëåì K. Íåõàé
Cα = [(α, x − c)], Cπ = [(π, x − c)], Bα = [(α, x − b)], Bπ = [(π, x − b)] � ïðåäñòàâíèêèàëãåáðè êâàòåðíiîíiâ íàä K(A).Òåîðåìà 1. Íåõàé A ðîçêëàäíà åëiïòè÷íà êðèâà íàä ïñåâäîëîêàëüíèì ïîëåì K.1. ßêùî A ìà¹ íåâèðîäæåíó ðåäóêöiþ, òî (BrA)2 = (BrK)2 ⊕ {1, Bπ, Cπ,

Bπ ⊗ Cπ}.2. ßêùî A ìà¹ ìóëüòèïëiêàòèâíó ðåäóêöiþ i K � çàãàëüíå ëîêàëüíå ïîëå,òî (BrA)2 = (BrK)2 ⊕ {1, Bπ, Cπ, Bπ ⊗ Cπ} ó âèïàäêó, êîëè äîòè÷íi âîñîáëèâié òî÷öi ðåäóêöi¨ íå âèçíà÷åíi íàä îñíîâíèì ïîëåì K i (BrA)2 =
= (BrK)2{1, Bα, Bα, Bαπ} ó âèïàäêó, êîëè âîíè âèçíà÷åíi íàä ïîëåì K.3. ßêùî A ìà¹ àäèòèâíó ðåäóêöiþ i K � çàãàëüíå ëîêàëüíå ïîëå, òî (BrA)2 =
= (BrK)2 ⊕ {1, Bα, Cα, Bα ⊗ Cα}.Ñ�îðìóëþ¹ìî äåÿêi äîïîìiæíi ðåçóëüòàòè, ïîòðiáíi äëÿ äîâåäåííÿ òåîðåìè 1.Òåîðåìà 2. ßêùî A � åëiïòè÷íà êðèâà, âèçíà÷åíà íàä ïñåâäîëîêàëüíèì ïîëåì K,òî äîáóòîê Òåéòà � Øà�àðåâè÷à iíäóêó¹ äâî¨ñòiñòü ñêií÷åííèõ ãðóï A(K)/nA(K)i H1(K, A)n. ßêùî A � êðèâà ç âèðîäæåíîþ ðåäóêöi¹þ, òî öÿ äâî¨ñòiñòü çáåði-ãà¹òüñÿ i ó âèïàäêó çàãàëüíîãî ëîêàëüíîãî ïîëÿ K.



2-Ê�Ó×ÅÍÍß ��ÓÏ Á�ÀÓÅ�À ÅËIÏÒÈ×ÍÈÕ I �IÏÅ�ÅËIÏÒÈ×ÍÈÕ ... 215Òåîðåìà 3. Â óìîâàõ ïîïåðåäíüî¨ òåîðåìè |(BrA)n| = n|(A(K))n|.Ëåìà 1. Íåõàé A � äîâiëüíà åëiïòè÷íà êðèâà, âèçíà÷åíà íàä ïñåâäîëîêàëüíèìïîëåì K àáî êðèâà ç âèðîäæåíîþ ðåäóêöi¹þ, âèçíà÷åíà íàä çàãàëüíèì ëîêàëüíèìïîëåì K. Òîäi |A(K)/nA(K)| = |(A(K))n|.Äîâåäåííÿ òåîðåì 2, 3 òà íà÷åðê äîâåäåííÿ ëåìè 1 íàâåäåíî ó [5℄.Ëåìà 2. Íåõàé A � ðîçêëàäíà åëiïòè÷íà êðèâà ç íåâèðîäæåíîþ ðåäóêöi¹þ. Òîäi óòî÷íié ïîñëiäîâíîñòi êîãîìîëîãié
0 −→ A(K)/2A(K)

δ
−→ H1(G, A(K̄)2)

ρ
−→ H1(G, A(K̄))2 −→ 0, (1)îáðàç ãîìîìîð�içìó δ ïîðîäæó¹òüñÿ ïàðàìè (α, 1) òà (1, α).Äîâåäåííÿ. ßê i ó âèïàäêó åëiïòè÷íî¨ êðèâî¨, âèçíà÷åíî¨ íàä ëîêàëüíèì ïîëåì K(äèâ. [3, ëåìà 9.1℄) äîñòàòíüî äîâåñòè, ùî ïàðè (α, 1), (1, α) ∈ H1(G, A(K̄)2) ≃

K∗/K∗2 × K∗/K∗2 íàëåæàòü äî Ker ρ. Íåõàé Knr/K � ìàêñèìàëüíå íåðîçãàëóæå-íå ðîçøèðåííÿ ïîëÿ K. Òîäi
H1(Gal (Knr/K), A(Knr)) = H1(Gal (k̄/k), Ã(k̄)) = 0íà ïiäñòàâi ïñåâäîñêií÷åííîñòi ïîëÿ ëèøêiâ k ïîëÿ K. Òóò k̄ � àëãåáðè÷íå çàìèêàííÿïîëÿ k, Ã � ðåäóêöiÿ êðèâî¨ A. Òîìó çi ñïåêòðàëüíî¨ ïîñëiäîâíîñòi Õîõøiëüäà-Ñåððàâèïëèâà¹, ùî âiäîáðàæåííÿ H1(G, A(K)2) → H1(Knr, A(K̄)) ií'¹êòèâíå. Êðiì òîãî,î÷åâèäíî, ùî (res ◦ ρ)(α, 1) = (res ◦ ρ)(1, α) = 0. �Ëåìà 3. Íåõàé A � ðîçêëàäíà åëiïòè÷íà êðèâà íàä çàãàëüíèì ëîêàëüíèì ïîëåì çìóëüòèïëiêàòèâíîþ ðåäóêöi¹þ ç ðiâíÿííÿì

y2 = x(x + πmβ)(x + γ), (2)äå β, γ ∈ O∗

K , m > 1, i íåõàé A0(K) � ïiäãðóïà òî÷îê ãðóïè A(K), ùî ðåäóêóþòüñÿ âíåîñîáëèâi. Òîäi iñíóþòü òî÷êè R1 = (u1, v1) ∈ A0(K) i R2 = (u2, v2) ∈ A(K)\A0(K)òàêi, ùî òî÷êè R1, R2 ïîðîäæóþòü ãðóïó A(K)/2A(K).Äîâåäåííÿ. ßêùî êðèâà A âèçíà÷åíà íàä ëîêàëüíèì ïîëåì, òî òâåðäæåííÿ ëåìèäîâåäåíî ó [3, ëåìà 7.5 i òâåðäæåííÿ 7.7℄. Çãàäàíi äîâåäåííÿ ïðèäàòíi i äëÿ âèïàäêóäîâiëüíîãî ïîëÿ, ÿêùî âðàõóâàòè, ùî äëÿ ñêií÷åííèõ ðîçøèðåíü êâàçiñêií÷åííèõïîëiâ ãîìîìîð�içì íîðìè ¹ ñþð'¹êòèâíèì (äèâ. [5, �2℄). �Ëåìà 4. ßêùî A � ðîçêëàäíà åëiïòè÷íà êðèâà ç ìóëüòèïëiêàòèâíîþ ðåäóêöi¹þçàäàíà ðiâíÿííÿì (2) íàä çàãàëüíèì ëîêàëüíèì ïîëåì, òî îáðàç ãîìîìîð�içìó δç òî÷íî¨ ïîñëiäîâíîñòi (1) ïîðîäæó¹òüñÿ ïàðàìè (1, α), (1, πmβ), ÿêùî γ /∈ O∗2
K iïàðàìè (1, α), (1, π), ÿêùî γ ∈ O∗2

K .Äîâåäåííÿ îäåðæó¹ìî ç ëåìè 3 çà äîïîìîãîþ òàêèõ ñàìèõ ìiðêóâàíü, ÿê i óâèïàäêó ëîêàëüíîãî îñíîâíîãî ïîëÿ (äèâ. [3, Ëåìà 9.5 i 9.7℄).Ëåìà 5. Íåõàé A � ðîçêëàäíà åëiïòè÷íà êðèâà ç àäèòèâíîþ ðåäóêöi¹þ, âèçíà÷åíàíàä çàãàëüíèì ëîêàëüíèì ïîëåì k i çàäàíà ðiâíÿííÿì y2 = x(x − πmd)(πx − πe),äå d, e ∈ O∗

K . Òîäi îáðàç ãîìîìîð�içìó δ ç òî÷íî¨ ïîñëiäîâíîñòi (1) ïîðîäæó¹òüñÿåëåìåíòàìè δ((0, 0)) = (−πe,−πmd) i δ((πe, 0)) = (πe(πe − πmd), πe − πmd).



216 Ëþäìèëà ÑÒÀÕIÂÄîâåäåííÿ. Ëåãêî ïåðåâiðèòè, ùî ÿê i ó âèïàäêó ëîêàëüíîãî ïîëÿ ãðóïàA(K)/2A(K)ìà¹ ñâî¨ìè ïðåäñòàâíèêàìè òî÷êè (0, 0), (πmd, 0) i (πe, 0). Òîìó (A(K)/2A(K)) ïî-ðîäæó¹òüñÿ îáðàçàìè áóäü-ÿêî¨ ïàðè öèõ òî÷îê.Òå, ùî δ((0, 0)) òà δ((πe, 0)) ìàþòü çãàäàíèé ó �îðìóëþâàííi âèãëÿä, âèïëèâà¹ç ÿâíîãî îá÷èñëåííÿ ãîìîìîð�içìó δ äëÿ åëiïòè÷íèõ êðèâèõ íàä äîâiëüíèì ïîëåì,ïðîâåäåíîãî â [3, Òâåðäæåííÿ 3.2℄. �Äîâåäåííÿ òåîðåìè 1. Äëÿ åëiïòè÷íî¨ êðèâî¨ A íàä äîâiëüíèì ïîëåì ìà¹ìîòî÷íi ïîñëiäîâíîñòi
0 −→ A(K)2A(K)

δ
−→ H1(K, A(K̄)2)

ρ
−→ H1(K, A(K̄))2 −→ 0i

0 −→ (BrK)2
ι

−→ (Br A)2
κ

−→ H1(K, A(K̄)2) −→ 0 (3)×åðíîóñîâ i �óëåöüêèé ïîêàçàëè [4℄, ùî iñíó¹ ãîìîìîð�içì
ε0 : H1(K, A(̄(K)2)) → (Br A)2äëÿ ÿêîãî κ◦ε0 = ρ i ε0(ker ρ) = 0. Çâiäñè âèïëèâà¹ iñíóâàííÿ ¹äèíîãî ãîìîìîð�içìó

ε : H2(K, A(̄(K)2)) → (BrA)2, äëÿ ÿêîãî κ ◦ ε0 = 1. Òîìó òî÷íà ïîñëiäîâíiñòü (3)çàñâiä÷ó¹, ùî (BrA)2 ∼= (BrK)2 ⊕ Im ε.
|Im ε| = |H1(K, A(̄(K)2))| = |A(K)/2A(K)| = |A(K)2| = 4çãiäíî ç òåîðåìàìè 1, 2 òà ëåìîþ 1. Çâiäñè, çãiäíî ç ëåìàìè 2 i 5 âèïëèâà¹, ùîäîñòàòíüî çíàéòè â ãðóïi (BrA)2 îáðàçè ñòîñîâíî ãîìîìîð�içìó ε0 òèõ òâiðíèõ åëå-ìåíòiâ ãðóïè H1(K, A(̄(K)2)), ÿêi äîïîâíþþòü, âiäïîâiäíî, òâiðíi (α, 1) òà (1, α) óâèïàäêó íåâèðîäæåíî¨ ðåäóêöi¨; (1, α) i (1, πmβ), ÿêùî γ /∈ O∗2

K òà (1, α), (1, π), ÿêùî
γ ∈ O∗2

K , ó âèïàäêó ìóëüòèïëiêàòèâíî¨ ðåäóêöi¨; (−πe,−πmd), (πe(πe − πmd),
πe − πmd) ó âèïàäêó àäèòèâíî¨ ðåäóêöi¨. Âèêîðèñòîâóþ÷è îá÷èñëåííÿ ãîìîìîð�iç-ìó ε0, ïðîâåäåíi â [3℄, îäåðæó¹ìî, ùî öèìè îáðàçàìè ¹, âiäïîâiäíî, Bπ, Cπ, ; Bα, Bπ; Bα, Cα. Çâiäñè i âèïëèâà¹ òâåðäæåííÿ òåîðåìè.Çàçíà÷èìî, ùî äëÿ êðèâèõ ç âèðîäæåíîþ ðåäóêöi¹þ òâåðäæåííÿ 2, 3 òåîðåìè1 ïðàâèëüíå äëÿ çàãàëüíèõ ëîêàëüíèõ ïîëiâ íà ïiäñòàâi òåîðåìè 2.Òåîðåìà 4. Íåõàé A � åëiïòè÷íà êðèâà ç íåâèðîäæåíîþ ðåäóêöi¹þ íàä ïñåâäîëî-êàëüíèì ïîëåì K ç ïîëåì ëèøêiâ õàðàêòåðèñòèêè, ùî íå äîðiâíþ¹ 2. Íåõàé äàëi
y2 = x3+ax+b � Âåé¹ðøòðàññîâå ðiâíÿííÿ êðèâî¨ A. Òîäi ãðóïà (BrA)2 ñêëàäà¹òüñÿç äâîõ åëåìåíòiâ, ÿêùî ïîëiíîì x3 + ax + b íå ìà¹ êîðåíiâ ó ïîëi K; ç ÷îòèðüîõåëåìåíòiâ, ÿêùî öåé ïîëiíîì ìà¹ îäèí êîðiíü â ïîëi K; i ç âîñüìè åëåìåíòiâ, ÿêùîâií ìà¹ âñi êîðåíi â ïîëi K.Äîâåäåííÿ. Ó [2℄ äëÿ êðèâî¨ ç íåâèðîäæåíîþ ðåäóêöi¹þ íàä ëîêàëüíèì ïîëåì íàâå-äåíi ñïèñêè ïîïàðíî íåiçîìîð�íèõ êâàòåðíiîííèõ àëãåáð, ÿêi âè÷åðïóþòü âñþ ãðóïó
(BrA)2 i ñêëàäàþòüñÿ âiäïîâiäíî ç äâîõ, ÷îòèðüîõ òà âîñüìè åëåìåíòiâ çàëåæíî âiäòîãî, ÷è ïîëiíîì x3 + ax + b íå ìà¹ êîðåíiâ, ìà¹ îäèí àáî òðè êîðåíi ó ïîëi K. Äî-âåäåííÿ òîãî, ùî âñi öi àëãåáðè íåiçîìîð�íi, äîñëiâíî ïðîõîäèòü i äëÿ êðèâî¨ A íàäçàãàëüíèì ëîêàëüíèì ïîëåì. Îñêiëüêè çà òåîðåìîþ 3 â óìîâàõ òåîðåìè 4 íå ìîæåáóòè áiëüøå, íiæ âiäïîâiäíî äâà, ÷îòèðè àáî âiñiì åëåìåíòiâ ãðóïè (BrA)2, òî çâiäñèi âèïëèâà¹ òâåðäæåííÿ òåîðåìè 4. �



2-Ê�Ó×ÅÍÍß ��ÓÏ Á�ÀÓÅ�À ÅËIÏÒÈ×ÍÈÕ I �IÏÅ�ÅËIÏÒÈ×ÍÈÕ ... 217Òåïåð ïåðåéäåìî äî ãiïåðåëiïòè÷íèõ êðèâèõ, âèçíà÷åíèõ íàä ïñåâäîëîêàëüíèìïîëåì. �åìàí, Òiõîíîâ i ßí÷åâñüêèé [7℄ äîâåëè òàêèé ðåçóëüòàò äëÿ ãiïåðåëiïòè÷íèõêðèâèõ íàä äîâiëüíèì ïîëåì K.Òåîðåìà 5 (�åìàí, Òiõîíîâ, ßí÷åâñüêèé). Íåõàé C/K ãiïåðåëiïòè÷íà êðèâà íàäïîëåì K, ÿêà âiäïîâiäà¹ à�iííié êðèâié çàäàíié ðiâíÿííÿì
y2 = (x − a)g1(x) . . . gn(x), (4)äå g1(x), . . . , gn(x) íåçâiäíèé ïîëiíîì. Íåõàé b1, . . . , bn êîðåíi g1, . . . , gn. Íåõàé

ε : 2H
1(G, J) −→ BrC2ïåðåðiç ãîìîìîð�içìó κ : (BrC)2 → H1(G, J)2 i íåõàé I = Im ε. Òîäi

BrC2
∼= (BrK)2 ⊕ Ii äîâiëüíèé åëåìåíò ç I ìîæíà çîáðàçèòè çà äîïîìîãîþ àëãåáðè

trHi

G [(s1, (x − a)(x − b1))] ⊗ · · · ⊗ trHn

G [(sn, (x − a)(x − bn))], (5)äå s1 ∈ K∗

i = K(bi). Íàâïàêè, äîâiëüíà àëãåáðà ç (5) íåðîçãàëóæåíà íàä C. Âîíàòðèâiàëüíà â I òîäi i òiëüêè òîäi, ÿêùî âîíà ïîäiáíà äî àëãåáðè âèãëÿäó
A = A1 ⊗ · · · ⊗ An,äå Ai ∈ trHi

G [(si, (x− a)(x− bi))], si =
∏

j(xj − bi)
nj i ∑

j nj(xj , yj) äèâiçîð ñòåïåíÿ 0íà C, âèçíà÷åíèé íàä K, íîñié ÿêîãî íå ìiñòèòü Âåé¹ðøòðàññîâèõ òî÷îê.Âèêîðèñòîâóþ÷è öþ òåîðåìó òà íàñòóïíi ëåìè, ìîæåìî îòðèìàòè îïèñàííÿ2-êðó÷åííÿ ãðóïè Áðàóåðà ãiïåðåëiïòè÷íèõ êðèâèõ íàä ïñåâäîëîêàëüíèì ïîëåì.Ëåìà 6. Íåõàé A � àáåëåâèé ìíîãîâèä íàä ïñåâäîñêií÷åííèì ïîëåì k. Òîäi
H1(k, A) = 0.Äîâåäåííÿ. Åëåìåíòè ãðóïè H1(k, A) iíòåðïðåòóþòü ÿê êëàñè içîìîð�içìó ãîëîâ-íèõ îäíîðiäíèõ ïðîñòîðiâ äëÿ A íàä k, òîáòî àëãåáðè÷íi ìíîãîâèäè, ÿêi ñòàþòüiçîìîð�íèìè ç A íàä ñêií÷åííèì ðîçøèðåííÿì ïîëÿ k. Íåéòðàëüíèì åëåìåíòîìöi¹¨ ãðóïè ¹ êëàñ ãîëîâíèõ îäíîðiäíèõ ïðîñòîðiâ, ÿêi ìàþòü k-ðàöiîíàëüíó òî÷êó.Âîíè âñi içîìîð�íi ç A íàä k. Îñêiëüêè ïñåâäîñêií÷åííå ïîëå ¹ ïñåâäîàëãåáðè÷íîçàìêíåíèì, òî êîæåí íåïîðîæíié ìíîãîâèä íàä öèì ïîëåì k ìà¹ k-ðàöiîíàëüíó òî÷-êó, òîìó êîæåí êëàñ içîìîð�içìó ãîëîâíèõ îäíîðiäíèõ ïðîñòîðiâ òðèâiàëüíèé. �Ëåìà 7. Íåõàé A � àáåëåâèé ìíîãîâèä ç íåâèðîäæåíîþ ðåäóêöi¹þ Ā íàä ïîâíèìäèñêðåòíî íîðìîâàíèì ïîëåì K ç ïîëåì ëèøêiâ k. Íåõàé Knr � ìàêñèìàëüíå íå-ðîçãàëóæåíå ðîçøèðåííÿ ïîëÿ K i Gnr � éîãî ãðóïà �àëóà. Òîäi Gnr

∼= Gal (k/k) i
H1(Gnr, A) ≃ H1(Gal (k/k), Ā(k̄)).Ëåìà 8. Íåõàé ãiïåðåëiïòè÷íà êðèâà C ç äîáðîþ ðåäóêöi¹þ i íåõàé A = (a, g)íåðîçãàëóæåíà êâàòåðíiîííà àëãåáðà íàä K(C), äå g ∈ K(C). Òîäi A òðèâiàëüíà.Òåîðåìà 6. Ó ïîçíà÷åííÿõ òåîðåìè 5 íåõàé C/K ãiïåðåëiïòè÷íà êðèâà ç äîáðîþðåäóêöi¹þ íàä íå äiàäè÷íèì ëîêàëüíèì ïîëåì K. Òîäi êîæåí íåòðèâiàëüíèé åëå-ìåíò ç (BrC)2 çîáðàæà¹òüñÿ òåíçîðíèì äîáóòêîì àëãåáð âèãëÿäó

(π, (x − a)[Ki:K]gi), 1 6 i 6 n.



218 Ëþäìèëà ÑÒÀÕIÂÄîâåäåííÿ. Äîâåäåííÿ ìàéæå íå âiäðiçíÿ¹òüñÿ âiä äîâåäåííÿ äëÿ âèïàäêó ëîêàëü-íîãî îñíîâíîãî ïîëÿ. Äëÿ çðó÷íîñòi ÷èòà÷à íàâåäåìî âiäïîâiäíi ìiðêóâàííÿ ç ïðàöi[7℄. Íåõàé bi êîðiíü ïîëiíîìà gi(x), Ki = K(bi). Òîäi ðîçøèðåííÿ Ki/K íåðîçãàëó-æåíå i êîæåí åëåìåíò ç Ki/K∗2
i ìà¹ âèãëÿä αKi

πj , äå αKi
íåêâàäðàòíèé åëåìåíò â

OKi
.Íà ïiäñòàâi òåîðåìè 5 i ëåìè 8 êîæåí åëåìåíò ç I ìîæíà çîáðàçèòè ó âèãëÿäi

trH1 [(π, (x − b1))] ⊗ · · · ⊗ trHn

G [(π, (x − a)(x − bn))],äå Hi = Gal (K̄/Ki). Êðiì òîãî,
trHi

G [(π, (x − a)(x − bi))] = [(π, (x − a)[Ki:K].Çâiäñè âèïëèâà¹, ùî àëãåáðè
[(π, (x − a)[Ki:K]gi)], . . . , [(π, (x − a)[Kn:K]gn].¹ ñèñòåìîþ òâiðíèõ ãðóïè (BrC)2. Òåïåð ç íàñëiäêó 3.9 ç ïðàöi [7℄ âèïëèâà¹, ùî íåiñíó¹ íåòðèâiàëüíèõ ñïiââiäíîøåíü ìiæ òâiðíèìè ãðóïè (BrC)2. Çãàäàíèé íàñëiäîêñòâåðäæó¹, ùî åëåìåíò ç I òðèâiàëüíèé òîäi i òiëüêè òîäi, êîëè âií çîáðàæà¹òüñÿàëãåáðîþ A = A1 ⊗ . . . ⊗ An, äå

Ai ∈ trHi

G [(si, (x − a)(x − b))], si =
t∏

j=1

jk∏

l=1

(x(σlQl) − b1),

Qi � òî÷êà êðèâî¨ C òàêà, ùî y(Qj) ∈ K(x(Qj)), y(Qj) 6= 0.Äëÿ öüîãî äîñòàòíüî ïîêàçàòè, ùî íå iñíó¹ òî÷îê Qj ∈ C, äëÿ ÿêèõ y(Qj) ∈

∈ K(x(Qj)), y(Qj) 6= 0 i π =
∏jk

l=1(x(σlQj) − bi), äå σj1(Qj), σjk
(Ul) ñïðÿæåíi ç Qjíàä K. Ïðèïóñòèìî, ùî òàêà òî÷êà Qj iñíó¹. Îñêiëüêè C ìà¹ äîáðó ðåäóêöiþ, òî

f(x(Qj)) = πu äëÿ äåÿêîãî u ∈ O∗

K(x(Qj))
. Îòæå, f(x(Qj)) /∈ K(x(Qj))

∗2 i y(Qj) /∈

/∈ K(x(Qj)). Òîìó íå iñíó¹ íåòðèâiàëüíèõ ñïiââiäíîøåíü ìiæ çàçíà÷åíèìè òâiðíèìè
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omÂèêîðèñòîâóþ÷è ïðèíöèï Øàóäåðà, çíàéäåíî äîñòàòíi óìîâè ðîçâ'ÿç-íîñòi íåëiíiéíîãî iíòåãðàëüíîãî ðiâíÿííÿ Âîëüòåððà ç ïîëÿðíèì ÿäðîì óâàãîâîìó L1 - ïðîñòîði �óíêöié ç òî÷êîâèìè ñòåïåíåâèìè îñîáëèâîñòÿìè.Êëþ÷îâi ñëîâà: íåëiíiéíå iíòåãðàëüíå ðiâíÿííÿ, âàãîâèé �óíêöiéíèéïðîñòið, íåïåðåðâíèé îïåðàòîð, êîìïàêòíà ìíîæèíà, òåîðåìàØàóäåðà ïðîíåðóõîìó òî÷êó.1. Âñòóï. Ó áàãàòüîõ ïðàöÿõ äîñëiäæóâàëè óìîâè iñíóâàííÿ òà ïîâåäiíêóðîçâ'ÿçêiâ ëiíiéíèõ i ïiâëiíiéíèõ åëiïòè÷íèõ òà ïàðàáîëi÷íèõ ðiâíÿíü i ñèñòåì ðiâ-íÿíü íà ìåæi îáëàñòi òà â îêðåìèõ ¨¨ òî÷êàõ, êîëè �óíêöi¨ çàäàíi íà ìåæi îáëàñòi ¹óçàãàëüíåíèìè (äèâ., íàïðèêëàä, áiáëiîãðà�iþ â [1℄, à òàêîæ [2℄, [3℄, [4℄, [5℄).Âðàõîâóþ÷è íàÿâíå äîñëiäæåííÿ �óíêöi¨ �ðiíà çàãàëüíèõ ëiíiéíèõ ïàðàáîëi÷-íèõ êðàéîâèõ çàäà÷ [6℄, [7℄, [8℄, ïðèðîäíî äëÿ äîñëiäæåííÿ óçàãàëüíåíèõ êðàéîâèõçàäà÷ äëÿ ïiâëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü âèêîðèñòîâóâàòè ìåòîä çâåäåííÿ ¨õ äîåêâiâàëåíòíîãî íåëiíiéíîãî iíòåãðàëüíîãî ðiâíÿííÿ Âîëüòåððà ó âàãîâîìó L1-ïðîñ-òîði ç ÿäðîì � �óíêöi¹þ �ðiíà.Íàøà ìåòà � âèâ÷èòè õàðàêòåð ðîçâ'ÿçêó íåëiíiéíîãî iíòåãðàëüíîãî ðiâíÿííÿÂîëüòåððà ç ïîëÿðíèì ÿäðîì ó ïðîñòîði �óíêöié, ÿêi ìîæóòü ìàòè îñîáëèâîñòi âîêðåìèõ òî÷êàõ ìåæi îáëàñòi. Îäåðæàíi ðåçóëüòàòè ìàþòü çàñòîñóâàííÿ äî ðîçâ'ÿç-íîñòi óçàãàëüíåíèõ êðàéîâèõ çàäà÷ äëÿ ïiâëiíiéíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ ó ïðîñ-òîði �óíêöié ç òî÷êîâèìè îñîáëèâîñòÿìè.2. Îñíîâíà ÷àñòèíà.2.1. Îñíîâíi ïîçíà÷åííÿ òà äîïîìiæíi òâåðäæåííÿ. Íåõàé n ∈ N, Ω � îáìå-æåíà îáëàñòü â R
n ç ìåæåþ S = ∂Ω êëàñó C∞, Q = Ω × (0, T ], Σ = S × (0, T ],

0 < T < +∞.
© ×ìèð Î., 2009



ÒÎ×ÊÎÂI ÎÑÎÁËÈÂÎÑÒI �ÎÇÂ'ßÇÊÓ ÍÅËIÍIÉÍÎ�Î IÍÒÅ��ÀËÜÍÎ�Î ... 221Âèêîðèñòîâóâàòèìåìî ïîçíà÷åííÿ: ||x−y|| � åâêëiäîâà âiäñòàíü â R
n; P = (x, t),

M = (y, τ), P̂ = (x̂, t̂), d(x, t; y, τ) = |PM | = (||x−y||2+|t−τ |) 1
2 � ïàðàáîëi÷íà âiäñòàíüâ R

n+1; η � ìóëüòèiíäåêñ ç êîìïîíåíòàìè (η1, ..., ηn), ηi ∈ Z+, i = 1, n, |η| = η1+...+ηn� äîâæèíà ìóëüòèiíäåêñó η, Dη ≡ Dη
x = ∂|η|

∂x
η1
1 ·...·∂xηn

n
.Íåõàé ε0 > 0 � çàäàíå ÷èñëî òàêå, ùî ïàðàëåëüíà äî S ïîâåðõíÿ Sε0 ¹ êëàñó C∞òà íàäàëi ââàæàòèìåìî, ùî ε0 6 1. ×åðåç ˜̺(σ) ïîçíà÷àòèìåìî íåñêií÷åííî äè�åðåí-öiéîâíó íåâiä'¹ìíó �óíêöiþ, ÿêà ìà¹ ïîðÿäîê σ ïðè σ → 0 òà âîëîäi¹ âëàñòèâiñòþ

M
′
1 σ 6 ˜̺(σ) 6 M

′
2 σ, äå M

′
1, M

′
2 � äîäàòíi ñòàëi.Ïðè äîâiëüíié �iêñîâàíié òî÷öi P̂ ∈ Q ââåäåìî �óíêöiþ ̺0 òî÷êè P ∈ Q òàêó,ùî 0 < ̺0(P, P̂ ) 6 1 òà ̺0(P, P̂ ) =

{
˜̺(|PP̂ |), |PP̂ | < ε0

2 ,

1, |PP̂ | > ε0.Ïðè k ∈ R ââåäåìî �óíêöiéíèé ïðîñòið
Mk(Q, P̂ ) = {v : ||v; P̂ ||k =

∫
Q

̺k
0(x, t, x̂, t̂)|v(x, t)| dxdt < +∞}.Íåõàé

(Hv)(x, t) =

t∫

0

dτ

∫

Ω

K(x, t; y, τ) · F0(y, τ, v(y, τ)) dy, (x, t) ∈ Q,

H1v = Hv + h0,äå K(x, t; y, τ)((x, t; y, τ) ∈ Q × Q) � ÿäðî îïåðàòîðà H , ùî âîëîäi¹ òàêèìè âëàñòè-âîñòÿìè:1) K(x, t; y, τ) = 0 ïðè t < τ ;2) K(x, t; y, τ) ïðè (x, t) 6= (y, τ) ìà¹ ïîõiäíi äî ïîðÿäêó s + n + 2, à â îêîëiäiàãîíàëi (x, t) = (y, τ) ðàçîì iç ñâî¨ìè ïîõiäíèìè ìà¹ òàêi îöiíêè:
| ∂η0

∂τη0
Dη

yK(x, t; y, τ)| 6 C η, η0 [d(x, t; y, τ)]s−|η|−2η0 ,äå −n − 2 < s < 0, |η| + 2η0 < s + n + 2, C η, η0 � äîäàòíi ñòàëi;3) äëÿ äîâiëüíèõ η, |η| < s+n+2, −n−2 < s < 0 iñíóþòü äîäàòíi ñòàëi C̃η òàêi,ùî ∫
Q |Dη

xK(x, t; y, τ)| dxdt 6 C̃η äëÿ äîâiëüíèõ (y, τ) ∈ Q,�óíêöiÿ F0(x, t, v) âèçíà÷åíà â Q × (−∞, +∞), �óíêöiÿ h0 âèçíà÷åíà â Q.Ïðèêëàäîì ÿäðà K ¹ �óíêöiÿ �ðiíà ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ òåïëî-ïðîâiäíîñòi ïðè s = −n, n > 1.Ïîäiáíî äî ðåçóëüòàòiâ [6℄ äîâåäåíî òàêó âëàñòèâiñòü �óíêöi¨ K.Íåõàé (x̂, t̂) ∈ Q, r > −n − 2, −n − 2 < s < 0, |η| + 2η0 < s + n + 2. Òîäi
∣∣∣ ∂η0

∂tη0
Dη

x

∫

Q

K(x, t; y, τ)̺r
0(y, τ, x̂, t̂) dydτ

∣∣∣ 6

6 L̂η, η0 max{[̺0(x, t, x̂, t̂)]r+2+n+s−|η|−2η0 , 1} ∀(x, t) ∈ Q, (A)äå L̂η, η0 � äîäàòíi ñòàëi.Ó ïðîñòîði Mk(Q, P̂ ) ïðè k > −n − 2 ðîçãëÿíåìî iíòåãðàëüíå ðiâíÿííÿ
v = H1v. (1)



222 Îêñàíà ×ÌÈ�Ó [9℄ îòðèìàíî iñíóâàííÿ ðîçâ'ÿçêó iíòåãðàëüíîãî ðiâíÿííÿ (1) ó ïðîñòîði
Mk(Q, P̂ ). Çîêðåìà, ïðè −n − 2 < s < 0, k > −n − s − 2, h0 ∈ Mk(Q, P̂ ),
F0(x, t, v) = |v|q, äå q ∈ (0, min{ n+2

k+n+2 ; 1}), iñíó¹ ðîçâ'ÿçîê ðiâíÿííÿ (1) ó ïðîñòîði
Mk(Q, P̂ ).Äëÿ äîâiëüíî¨ �iêñîâàíî¨ òî÷êè P̂ = (x̂, t̂) ∈ Q òà α ∈ R− ∪ {0} ââåäåìî �óíê-öiéíèé ïðîñòið
M̃α(Q, P̂ ) = {v ∈ C(Q \ {P̂}) : ̺−α

0 (y, τ, x̂, t̂)v(y, τ) ∈ C(Q)

(||v; P̂ || ′α = sup
(y,τ)∈Q

̺−α
0 (y, τ, x̂, t̂)|v(y, τ)| < +∞)}.Îñêiëüêè ïðè v ∈ M̃α(Q, P̂ ) òà k + α > −n− 2 âèêîíó¹òüñÿ

||v; P̂ ||k =

∫

Q

̺k
0(M, P̂ )|v(y, τ)| dydτ 6 Ĉ

∫

Q

̺k
0(M, P̂ )[̺0(M, P̂ )]α dydτ 6

6 Ĉ

∫

{M : |MP̂ |<ε0}

[̺0(M, P̂ )]k+α dydτ + Ĉ

∫

{M : |MP̂ |>ε0}

dydτ < +∞,òî M̃α(Q, P̂ ) ⊂ Mk(Q, P̂ ) ïðè k > −α − n − 2, äå Ĉ � äîäàòíà ñòàëà.Íåõàé M̃α, C̃(Q, P̂ ) = {v ∈ M̃α(Q, P̂ ) : ||v; P̂ || ′α 6 C̃} � çàìêíåíà êóëÿ ðàäióñà
C̃ ó ïðîñòîði M̃α(Q, P̂ ).Íåõàé h0 ∈ M̃l(Q, P̂ ), äå l ∈ R. Çi çðîáëåíîãî çàóâàæåííÿ âèïëèâà¹, ùî
h0 ∈ Mk(Q, P̂ ) ïðè k > −l − n − 2.Ëåìà 1. Íåõàé q ∈ (0, 1), −n − 2 < s < 0, −n+s+2

q < α 6 0. Òîäi äëÿ äîâiëüíîãî
ε > 0 iñíó¹ σ = σ(ε) > 0 òàêå, ùî äëÿ äîâiëüíî¨ ïiäîáëàñòi V ⊂ Q, ìiðà ÿêî¨ m(V )ìåíøà çà σ, äëÿ äîâiëüíèõ (x, t) ∈ Q âèêîíó¹òüñÿ íåðiâíiñòü

[̺0(x, t, x̂, t̂)]−α

∫

V ∩Q

[̺0(y, τ, x̂, t̂)]αq · |K(x, t; y, τ)| dydτ < ε.Äîâåäåííÿ. Äîâåäåííÿ ëåìè ïðîâîäèìî ïîäiáíî äî äîâåäåííÿ ëåìè 1 [9℄, ðîçäiëÿþ÷èîñîáëèâîñòi �óíêöi¨ ̺αq
0 (y, τ, x̂, t̂)K(x, t; y, τ). Íåõàé V � äîâiëüíà ïiäîáëàñòü â Q, (x̂, t̂)� �iêñîâàíà òî÷êà Q, σ ∈ (0, 1) � ÿêå-íåáóäü ÷èñëî. Äàëi ïîçíà÷àòèìåìî ÷åðåç Cj ,

j = 1, 13 � äîäàòíi ñòàëi.1.Íåõàé òî÷êà (x, t) ∈ Q òàêà, ùî ||x − x̂|| < σ√
2
, |t − t̂| < σ2

2 .a) ßêùî ||y − x̂|| < σ√
2
, |τ − t̂| < σ2

2 , òî ||x − y|| 6 ||x − x̂|| + ||y − x̂|| < 2σ√
2
,

|t − τ | < σ2, òîäi
I 1(x, t, x̂, t̂, σ) =

= [̺0(x, t, x̂, t̂)]−α

∫

V ∩{(y,τ)∈Q: ||y−x̂||< σ√
2
, |τ−t̂|< σ2

2 }

[̺0(y, τ, x̂, t̂)]αq · |K(x, t; y, τ)| dydτ 6
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6 [̺0(x, t, x̂, t̂)]−α

∫

V ∩{(y,τ)∈ Q: ||x−y||< σ
2
√

2
, |t−τ|< σ2

8
;

σ
2
√

2
6||y−x̂||< σ√

2
, σ2

8
6|τ−t̂|< σ2

2
}

[̺0(y, τ, x̂, t̂)]αq ·|K(x, t; y, τ)| dydτ+

+[̺0(x, t, x̂, t̂)]−α

∫

V ∩{(y,τ)∈ Q: ||x−y||> σ
2
√

2
, |t−τ|> σ2

8
;

||y−x̂||< σ
2
√

2
, |τ−t̂|< σ2

8
}

[̺0(y, τ, x̂, t̂)]αq · |K(x, t; y, τ)| dydτ+

+[̺0(x, t, x̂, t̂)]−α

∫

V ∩{(y,τ)∈ Q: ||x−y||> σ
2
√

2
, |t−τ|> σ2

8
;

σ
2
√

2
6||y−x̂||< σ√

2
, σ2

8
6|τ−t̂|< σ2

2
}

[̺0(y, τ, x̂, t̂)]αq · |K(x, t; y, τ)| dydτ =

= J1(x, t, x̂, t̂, σ) + J2(x, t, x̂, t̂, σ) + J3(x, t, x̂, t̂, σ). (2)Çðîáèìî çàìiíó çìiííèõ â iíòåãðàëi J1

yi = x̂i + ξiσ,
τ = t̂ + ξn+1σ

2;
xi = x̂i + siσ,
t = t̂ + sn+1σ

2,
i = 1, n. (3)Ó íîâèõ çìiííèõ

M = ξ = (ξ1, . . . , ξn, ξn+1), |ξ| =
√

ξ2
1 + ... + ξ2

n + |ξn+1| =
√
||ξ||2 + |ξn+1|,

|MP̂ | =
√
||y − x̂||2 + |τ − t̂| =

√
σ2||ξ||2 + σ2|ξn+1| = σ · |ξ|,

|MP | =
√
||y − x||2 + |τ − t| =

√
σ2||s − ξ||2 + σ2|sn+1 − ξn+1| = σ · d(s; ξ),äå d(s; ξ) =

√
||s − ξ||2 + |sn+1 − ξn+1|, dydτ = σn+2dξdξn+1. Òîäi

J1(x, t, x̂, t̂, σ) =

= [̺0(x, t, x̂, t̂)]−α

∫

V ∩{(y,τ)∈ Q: ||x−y||< σ

2
√

2
, |t−τ|< σ2

8

σ

2
√

2
6||y−x̂||< σ√

2
, σ2

8
6|τ−t̂|< σ2

2
}

[̺0(y, τ, x̂, t̂)]αq · |K(x, t; y, τ)| dydτ 6

6 [̺0(x, t, x̂, t̂)]−αC1 · σαq+n+s+2

∫

{(ξ,ξn+1):||s−ξ||< 1
2
√

2
, |sn+1−ξn+1|< 1

8}

ds(s; ξ) dξdξn+1 6

6 C2σ
α(q−1)+2+n+s,äå çáiæíiñòü iíòåãðàëà âèïëèâà¹ ç �îðìóëè 3 [10, ñ. 588℄.Ïðîâîäÿ÷è ïîäiáíó çàìiíó çìiííèõ (3) â iíòåãðàëi J2, îäåðæó¹ìî

J2(x, t, x̂, t̂, σ) =

= [̺0(x, t, x̂, t̂)]−α

∫

V ∩{(y,τ)∈ Q: ||x−y||> σ

2
√

2
, |t−τ|> σ2

8
;

||y−x̂||< σ

2
√

2
, |τ−t̂|< σ2

8
}

[̺0(y, τ, x̂, t̂)]αq · |K(x, t; y, τ)| dydτ 6

6 [̺0(x, t, x̂, t̂)]−αC3 · σαq+n+s+2

∫

{(ξ,ξn+1):||ξ||< 1
2
√

2
, |ξn+1|< 1

8}

|ξ|αq dξdξn+1 6
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6 C4 · σα(q−1)+n+s+2,äå çáiæíiñòü iíòåãðàëà âèïëèâà¹ ç �îðìóëè 3 [10, ñ. 588℄.

J3(x, t, x̂, t̂, σ) =

= [̺0(x, t, x̂, t̂)]−α

∫

V ∩{(y,τ)∈ Q: ||x−y||> σ

2
√

2
, |t−τ|> σ2

8
;

σ
2
√

2
6||y−x̂||< σ√

2
, σ2

8
6|τ−t̂|< σ2

2
}

[̺0(y, τ, x̂, t̂)]αq · |K(x, t; y, τ)| dydτ 6

6 C5σ
α(q−1)+sm(V ).Îòæå, ïðè m(V ) < σn+2 iç (2) òà âèùå îïèñàíèõ ìiðêóâàíü, îäåðæó¹ìî

I 1(x, t, x̂, t̂, σ) 6 C6(σ
α(q−1)+2+n+s + σα(q−1)+2+n+s + σα(q−1)+sm(V )) 6

6 C7σ
α(q−1)+2+n+s.Çà çàäàíèì ε > 0, âèáðàâøè σ < min{( ε

C7
)

1
α(q−1)+n+s+2 ; 1}, ïðè (x, t) ∈ Q òàêié,ùî ||x − x̂|| < σ√

2
, |t − t̂| < σ2

2 òà m(V ) < σn+2, ìàòèìåìî
I 1(x, t, x̂, t̂, σ) <

ε

2
.á) Ïðè (y, τ) ∈ Q òàêié, ùî ||y − x̂|| > σ√

2
, |τ − t̂| > σ2

2 ïîäiáíî çíàõîäèìî
I 2(x, t, x̂, t̂, σ) =

= [̺0(x, t, x̂, t̂)]−α

∫

V ∩{(y,τ)∈Q: ||y−x̂||> σ√
2
, |τ−t̂|> σ2

2 }

[̺0(y, τ, x̂, t̂)]αq · |K(x, t; y, τ)| dydτ 6

6 [̺0(x, t, x̂, t̂)]−α

∫

V ∩{(y,τ)∈ Q: ||y−x̂||> σ√
2

, |τ−t̂|> σ2
2

;

||x−y||< σ
2
√

2
, |t−τ|< σ2

8
}

[̺0(y, τ, x̂, t̂)]αq · |K(x, t; y, τ)| dydτ+

+[̺0(x, t, x̂, t̂)]−α

∫

V ∩{(y,τ)∈ Q: ||y−x̂||> σ√
2

, |τ−t̂|> σ2
2

;

||x−y||> σ

2
√

2
, |t−τ|> σ2

8
}

[̺0(y, τ, x̂, t̂)]αq · |K(x, t; y, τ)| dydτ 6

6 C8σ
−α(σαq+s+n+2 + σαq+sm(V )) 6 C8σ

α(q−1)+s+n+2ïðè m(V ) < σn+2.Çà çàäàíèì ε > 0, âèáðàâøè σ < min{( ε
C8

)
1

α(q−1)+n+s+2 ; 1}, ïðè (x, t) ∈ Q òàêié,ùî ||x − x̂|| < σ√
2
, |t − t̂| < σ2

2 òà m(V ) < σn+2, îòðèìà¹ìî
I 2(x, t, x̂, t̂, σ) <

ε

2
.Îòæå, äëÿ äîâiëüíîãî ε > 0 iñíó¹ σ < min{( ε

C7
)

1
α(q−1)+n+s+2 ; ( ε

C8
)

1
α(q−1)+n+s+2 ; 1}òàêå, ùî äëÿ äîâiëüíî¨ ïiäîáëàñòi V ⊂ Q òàêî¨, ùî m(V ) < σn+2

I(x, t, x̂, t̂, σ) = I 1(x, t, x̂, t̂, σ) + I 2(x, t, x̂, t̂, σ) < ε
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∀(x, t) ∈ Q, ||x − x̂|| <

σ√
2
, |t − t̂| <

σ2

2
.2.Ïðè (x, t) ∈ Q òàêié, ùî ||x − x̂|| > σ√

2
, |t − t̂| > σ2

2 ðîçãëÿíåìî
J (x, t, x̂, t̂, σ) =

= [̺0(x, t, x̂, t̂)]−α

∫

V ∩{(y,τ)∈Q: ||x−y||< σ

2
√

2
, |t−τ |< σ2

8 }

[̺0(y, τ, x̂, t̂)]αq · |K(x, t; y, τ)| dydτ+

+[̺0(x, t, x̂, t̂)]−α

∫

V ∩{(y,τ)∈Q: ||x−y||> σ

2
√

2
, |t−τ |> σ2

8 }

[̺0(y, τ, x̂, t̂)]αq · |K(x, t; y, τ)| dydτ =

= J 1(x, t, x̂, t̂, σ) + J 2(x, t, x̂, t̂, σ).Ïðè ||x − x̂|| > σ√
2
, |t − t̂| > σ2

2 òà ||x − y|| < σ
2
√

2
, |t − τ | < σ2

8 âèêîíó¹òüñÿ
||y− x̂|| > ||x− x̂||− ||x−y|| > σ√

2
− σ

2
√

2
= σ

2
√

2
, |τ − t̂| > |t− t̂|− |t−τ | > σ2

2 − σ2

8 = 3σ2

8 .Òîäi, âèêîðèñòîâóþ÷è çàìiíó çìiííèõ (3),
J 1(x, t, x̂, t̂, σ) 6 C9 · σαq

∫

V ∩{(y,τ)∈Q: ||x−y||< σ

2
√

2
, |t−τ |<σ2

8 }

|MP |s dydτ 6 C10σ
αq+n+s+2;

J 2(x, t, x̂, t̂, σ) 6 C11 · σs
( ∫

V ∩{(y,τ)∈ Q: ||x−y||> σ
2
√

2
, |t−τ|> σ2

8
;

||y−x̂||< σ
2
√

2
, |τ−t̂|< σ2

8
}

[̺0(y, τ, x̂, t̂)]αq dydτ+

+

∫

V ∩{(y,τ)∈ Q: ||x−y||> σ

2
√

2
, |t−τ|> σ2

8
;

||y−x̂||> σ

2
√

2
, |τ−t̂|> σ2

8
}

[̺0(y, τ, x̂, t̂)]αq dydτ
)

6 C12σ
s(σαq+n+2 + σαqm(V )) 6

6 C13σ
αq+n+s+2ïðè m(V ) < σn+2.Îòæå, ïðè αq + n + s + 2 > 0 äëÿ äîâiëüíîãî ε > 0 iñíó¹

σ < min
{( ε

C10

) 1
αq+n+s+2

;
( ε

C13

) 1
αq+n+s+2

; 1
}òàêå, ùî äëÿ äîâiëüíî¨ ïiäîáëàñòi V ⊂ Q òàêî¨, ùî m(V ) < σn+2

J (x, t, x̂, t̂, σ) = J 1(x, t, x̂, t̂, σ) + J 2(x, t, x̂, t̂, σ) < ε

∀(x, t) ∈ Q, ||x − x̂|| >
σ√
2
, |t − t̂| >

σ2

2
.

�



226 Îêñàíà ×ÌÈ�2.2. Õàðàêòåð ðîçâ'ÿçêó íåëiíiéíîãî iíòåãðàëüíîãî ðiâíÿííÿ Âîëüòåððà ó êëàñi�óíêöié ç òî÷êîâèìè îñîáëèâîñòÿìè. �îçãëÿíåìî iíòåãðàëüíå ðiâíÿííÿ
v(x, t) =

t∫

0

dτ

∫

Ω

K(x, t; y, τ)|v(y, τ)|q dy + h0(x, t) (4)ïðè q ∈ (0, 1) òà h0 ∈ M̃α(Q, P̂ ).Ëåìà 2. ßêùî q ∈ (0, 1), h0 ∈ M̃α(Q, P̂ ), äå −n+2
q < α 6 0, òî iñíó¹ ñòàëà K̃0 > 0òàêà, ùî ïðè âñiõ C̃ > K̃0 îïåðàòîð H1 âiäîáðàæà¹ M̃α, C̃(Q, P̂ ) â ñåáå.Äîâåäåííÿ. Çíàéäåìî îöiíêó H1v ïðè v ∈ M̃α, C̃(Q, P̂ ), äå C̃ � äîâiëüíà äîäàòíàñòàëà. Ìà¹ìî

|(H1v)(x, t)| 6

t∫

0

dτ

∫

Ω

|K(x, t; y, τ)| · |v(y, τ)|q dy + |h0(x, t)|.Âèêîðèñòîâóþ÷è âëàñòèâiñòü (A) ÿäðà K ïðè αq > −n − 2 i òå, ùî ïðè
h0 ∈ M̃α(Q, P̂ ) iñíó¹ äîäàòíà ñòàëà Ĉ òàêà, ùî ||h0; P̂ ||′α 6 Ĉ îòðèìà¹ìî

|(H1v)(x, t)| 6 [̺0(x, t, x̂, t̂)]α×

×(L̂0, 0C̃
q max{[̺0(x, t, x̂, t̂)]α(q−1)+2+n+s, [̺0(x, t, x̂, t̂)]−α} + Ĉ).Ïðè âèêîíàííi óìîâ





αq > −n − 2,
α(q − 1) + 2 + n + s > 0,
−α > 0çíàõîäèìî ||H1v; P̂ || ′α 6 C̃

′ ïðè v ∈ M̃α, C̃(Q, P̂ ), äå C̃
′
= L̂0, 0C̃

q + Ĉ.Çàóâàæèìî, ùî ïðè q ∈ (0, 1) iñíó¹ ñòàëà K̃0 > 0 òàêà, ùî C̃
′
6 C̃ ïðè C̃ > K̃0.Îòæå, çà óìîâ ëåìè îäåðæó¹ìî iñíóâàííÿ äîäàòíî¨ ñòàëî¨ K̃0 òàêî¨, ùî ïðè âñiõ

C̃ > K̃0 îïåðàòîð H1 âiäîáðàæà¹ M̃α, C̃(Q, P̂ ) â ñåáå. �Òåîðåìà 1. Íåõàé q ∈ (0, 1), −n − 2 < s < 0, h0 ∈ M̃α(Q, P̂ ), äå −n+s+2
q < α 6 0.Òîäi iñíó¹ ðîçâ'ÿçîê u ∈ M̃α(Q, P̂ ) iíòåãðàëüíîãî ðiâíÿííÿ (4) i ïðè k > −α−n− 2öåé ðîçâ'ÿçîê íàëåæèòü ïðîñòîðó Mk(Q, P̂ ).Äîâåäåííÿ. Âèêîðèñòà¹ìî òåîðåìó Øàóäåðà. Ç äîâåäåííÿ ëåìè 2 âèïëèâà¹, ùî H1âiäîáðàæà¹ M̃α, C̃(Q, P̂ ) â ñåáå.Ïîêàæåìî, ùî H1 � öiëêîì íåïåðåðâíèé îïåðàòîð ó ïðîñòîði M̃α, C̃(Q, P̂ ).Ïðè v, w ∈ M̃α, C̃(Q, P̂ )

||H1v−H1w; P̂ || ′α 6 sup
(x,t)∈Q

̺−α
0 (x, t, x̂, t̂)

t∫

0

dτ

∫

Ω

|K(x, t; y, τ)|·||v(y, τ)|q −|w(y, τ)|q| dy.



ÒÎ×ÊÎÂI ÎÑÎÁËÈÂÎÑÒI �ÎÇÂ'ßÇÊÓ ÍÅËIÍIÉÍÎ�Î IÍÒÅ��ÀËÜÍÎ�Î ... 227Âèêîðèñòîâóþ÷è �îðìóëó |aµ − bµ| 6 |a− b|µ ïðè a, b > 0, µ ∈ (0, 1), îòðèìà¹ìî
t∫

0

dτ

∫

Ω

|K(x, t; y, τ)| · ||v(y, τ)|q − |w(y, τ)|q | dy 6

6

t∫

0

dτ

∫

Ω

|K(x, t; y, τ)| · |v(y, τ) − w(y, τ)|q dy 6

6

t∫

0

dτ

∫

Ω

̺αq
0 (y, τ, x̂, t̂) · |K(x, t; y, τ)| · ( sup

(y,τ)∈Q

̺−α
0 (y, τ, x̂, t̂) · |v(y, τ) − w(y, τ)|)q dy 6

6 (||v − w; P̂ || ′α)q

t∫

0

dτ

∫

Ω

̺αq
0 (y, τ, x̂, t̂) · |K(x, t; y, τ)| dy.Âèêîðèñòîâóþ÷è âëàñòèâiñòü (A) ÿäðà K ïðè αq > −n − 2, îäåðæó¹ìî

||H1v − H1w; P̂ || ′α 6 L̂0, 0(||v − w; P̂ || ′α)q×

× sup
(x,t)∈Q

{max{[̺0(x, t, x̂, t̂)](q−1)α+2+n+s, [̺0(x, t, x̂, t̂)]−α}}.Çâiäñè, âðàõîâóþ÷è óìîâè íà α, âèïëèâà¹, ùî H1 � íåïåðåðâíèé îïåðàòîð â
M̃α, C̃(Q, P̂ ).Ïîêàæåìî êîìïàêòíiñòü îïåðàòîðà H1 íà M̃α, C̃(Q, P̂ ). Ç äîâåäåííÿ ëåìè 2âèïëèâà¹, ùî ìíîæèíà {H1v : v ∈ M̃α, C̃(Q, P̂ )} � ðiâíîìiðíî îáìåæåíà. Äîâåäåìî,ùî öÿ ìíîæèíà îäíîñòàéíî íåïåðåðâíà, òîáòî äëÿ äîâiëüíîãî ε > 0 iñíó¹ δ = δ(ε) > 0òàêå, ùî äëÿ äîâiëüíèõ (z, z0) ∈ R

n+1, ||z|| < δ, |z0| < δ òà äîâiëüíèõ v ∈ M̃α, C̃(Q, P̂ )

||(H1v)(x+z, t+z0)−(H1v)(x, t); P̂ || ′α 6 sup
(x,t)∈Q

|̺−α
0 (x+z, t+z0, x̂, t̂)·(Hv)(x+z, t+z0)−

−̺−α
0 (x, t, x̂, t̂) · (Hv)(x, t)| + sup

(x,t)∈Q

|̺−α
0 (x + z, t + z0, x̂, t̂) · h0(x + z, t + z0)−

−̺−α
0 (x, t, x̂, t̂) · h0(x, t)| < ε.Ââàæà¹ìî ̺−α

0 (x+z, t+z0, x̂, t̂) = 0, ̺−α
0 (x+z, t+z0, x̂, t̂)K(x+z, t+z0; y, τ) = 0,

̺−α
0 (x + z, t + z0, x̂, t̂)(Hv)(x + z, t + z0) = 0, ̺−α

0 (x + z, t + z0, x̂, t̂)h0(x + z, t + z0) = 0,ÿêùî (x + z, t + z0) /∈ Q.Çà�iêñó¹ìî ε > 0. Îñêiëüêè h0 ∈ M̃α(Q, P̂ ), òî ̺−α
0 h0 ∈ C(Q). Òîìó iñíó¹

δ̂1 = δ̂1(ε) > 0 òàêå, ùî äëÿ äîâiëüíèõ (z, z0) ∈ R
n+1, ||z|| < δ̂1, |z0| < δ̂1 âèêîíó¹òüñÿ

sup
(x,t)∈Q

|̺−α
0 (x + z, t + z0, x̂, t̂) · h0(x + z, t + z0) − ̺−α

0 (x, t, x̂, t̂) · h0(x, t)| <
ε

2
.�îçãëÿíåìî äëÿ äîâiëüíèõ (x, t) ∈ Q

I(x, t, x̂, t̂; z, z0) = |̺−α
0 (x+z, t+z0, x̂, t̂)·(Hv)(x+z, t+z0)−̺−α

0 (x, t, x̂, t̂)·(Hv)(x, t)| 6
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6

t∫

0

dτ

∫

Ω

|̺−α
0 (x + z, t + z0, x̂, t̂) · K(x + z, t + z0; y, τ) − ̺−α

0 (x, t, x̂, t̂) · K(x, t; y, τ)|×

×|v(y, τ)|q dy + ̺−α
0 (x + z, t + z0, x̂, t̂)

t+z0∫

t

dτ

∫

Ω

|K(x + z, t + z0; y, τ)| · |v(y, τ)|q dy =

= I 1(x, t, x̂, t̂; z, z0) + I 2(x, t, x̂, t̂; z, z0).Íåõàé η1 > 0 � äîñèòü ìàëå i äîâiëüíå ÷èñëî, Qη1 � ïiäîáëàñòü îáëàñòi Q òàêà,ùî dist(x, x̂) > η1, dist(t, t̂) > η1.Òîäi äëÿ äîâiëüíèõ v ∈ M̃α, C̃(Q, P̂ ) òà (x, t) ∈ Q ìàòèìåìî
I 1(x, t, x̂, t̂; z, z0) 6 C̃q

∫

Q

|̺−α
0 (x + z, t + z0, x̂, t̂) · K(x + z, t + z0; y, τ)−

−̺−α
0 (x, t, x̂, t̂) · K(x, t; y, τ)| · ̺αq

0 (y, τ, x̂, t̂) dydτ =

= C̃q

∫

Q\Qη1

|̺−α
0 (x + z, t + z0, x̂, t̂) · K(x + z, t + z0; y, τ) − ̺−α

0 (x, t, x̂, t̂) · K(x, t; y, τ)|×

×̺αq
0 (y, τ, x̂, t̂) dydτ + C̃q

∫

Qη1

|̺−α
0 (x + z, t + z0, x̂, t̂) · K(x + z, t + z0; y, τ)−

−̺−α
0 (x, t, x̂, t̂)·K(x, t; y, τ)|·̺αq

0 (y, τ, x̂, t̂) dydτ = I 11(x, t, x̂, t̂; z, z0)+I 12(x, t, x̂, t̂; z, z0).Íåõàé δ0 > 0 � �iêñîâàíå ÷èñëî. Çà çàäàíèì δ0 âèáèðà¹ìî ÷èñëî η1 < ε0

2 òàêå,ùîá m(Q \ Qη1) 6 δ0 òà η1 < ( ε

8C̃qC̃0
)

1
α(q−1) . Çà ëåìîþ 1 iñíó¹ δ0 = δ0(ε) > 0, iñíó¹âiäïîâiäíå η1 > 0 òàêå, ùî äëÿ äîâiëüíèõ (x, t) ∈ Q òà (z, z0) ∈ R

n+1 òàêèõ, ùî
(x + z, t + z0) ∈ Q

∫

Q\Qη1

̺αq
0 (y, τ, x̂, t̂) · |̺−α

0 (x, t, x̂, t̂) · K(x, t; y, τ)| dydτ <
ε

16C̃q
, (5)

∫

Q\Qη1

̺αq
0 (y, τ, x̂, t̂) · |̺−α

0 (x + z, t + z0, x̂, t̂) · K(x + z, t + z0; y, τ)| dydτ <
ε

16C̃q
. (6)Òîäi ç (5), (6) ïðè (x, t) ∈ Q

I 11(x, t, x̂, t̂; z, z0) 6 C̃q

∫

Q\Qη1

(
|̺−α

0 (x + z, t + z0, x̂, t̂) · K(x + z, t + z0; y, τ)|+

+|̺−α
0 (x, t, x̂, t̂) · K(x, t; y, τ)|

)
· ̺αq

0 (y, τ, x̂, t̂) dydτ < C̃q
( ε

16C̃q
+

ε

16C̃q

)
=

ε

8
,à îòæå,

sup
(x,t)∈Q

I 11(x, t, x̂, t̂; z, z0) <
ε

8
.
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2 . Äëÿ äîâiëüíî¨ (x, t) ∈ Q η1
2
òà ÷èñëà η2 âèçíà÷èìî ìíî-æèíè Uη2(x, t)

def
= {(y, τ) ∈ Qη1 : ||x − y|| 6 η2, |t − τ | 6 η2

2}. Îá÷èñëèìî
m(Uη2(x, t)) =

∫

Uη2(x,t)

dydτ =

∫

||x−y||6η2

dy ·
∫

|t−τ |6η2
2

dτ = 2σnηn+2
2 ,äå σn � ïëîùà ïîâåðõíi ñ�åðè îäèíè÷íîãî ðàäióñà â R

n. ßêùî âèáðàòè η2 <

< min{ η1

2 ; ( δ0

2σn
)

1
n+2 }, òî m(Uη2(x, t)) < δ0. Òîäi ç (5) äëÿ äîâiëüíèõ (x, t) ∈ Q òà

(z, z0) ∈ R
n+1 òàêèõ, ùî (x + z, t + z0) ∈ Q

∫

Uη2 (x,t)

̺αq
0 (y, τ, x̂, t̂) · |̺−α

0 (x, t, x̂, t̂) · K(x, t; y, τ)| dydτ <
ε

24C̃q
, (7)

∫

Uη2 (x,t)

̺αq
0 (y, τ, x̂, t̂) · |̺−α

0 (x + z, t + z0, x̂, t̂) · K(x + z, t + z0; y, τ)| dydτ <
ε

24C̃q
. (8)Âèáåðåìî δ1 < min{δ0;

η2

2 }. Ïðè (x, t) ∈ Q η1
2
, (z, z0) ∈ R

n+1 òàêèõ, ùî
||z|| 6 δ1(<

1
4η1), |z0| 6 δ1(<

1
4η1), ìà¹ìî (x + z, t + z0) ∈ Q η1

4
. Ïðè (x, t) ∈ Q η1

4
,

(y, τ) ∈ Qη1 \Uη2(x, t), ||x− y|| > η2, |t− τ | > η2
2 , à îòæå, (x, t) 6= (y, τ). Òîìó �óíêöiÿ

̺−α
0 (x, t, x̂, t̂)K(x, t; y, τ) ðiâíîìiðíî íåïåðåðâíà â îáëàñòi

V = {(x, t; y, τ) : (x, t) ∈ Q η1
4

, (y, τ) ∈ Qη1 \ Uη2(x, t)}.Òîäi iñíó¹ δ2 = δ2(ε) ∈ (0; δ1] òàêå, ùî äëÿ äîâiëüíèõ (z, z0) ∈ R
n+1, ||z|| < δ2,

|z0| < δ2, (x, t) ∈ Q η1
2
⊂ Q η1

4
, (y, τ) ∈ Qη1 \ Uη2(x, t) ïðè αq > −n− 2 âèêîíó¹òüñÿ

|̺−α
0 (x + z, t + z0, x̂, t̂) · K(x + z, t + z0; y, τ) − ̺−α

0 (x, t, x̂, t̂) · K(x, t; y, τ)| <
ε

24AC̃q
,äå A =

∫
Qη1\Uη2(x,t) ̺αq

0 (y, τ, x̂, t̂) dydτ , òîäi
∫

Qη1\Uη2 (x,t)

̺αq
0 (y, τ, x̂, t̂) · |̺−α

0 (x + z, t + z0, x̂, t̂) · K(x + z, t + z0; y, τ)−

−̺−α
0 (x, t, x̂, t̂) · K(x, t; y, τ)| dydτ <

ε

24AC̃q

∫

Qη1\Uη2(x,t)

̺αq
0 (y, τ, x̂, t̂) dydτ <

ε

24C̃q
(9)Îòæå, ïðè (x, t) ∈ Q η1

2
iç (7), (8) òà (9) âèïëèâà¹ iñíóâàííÿ δ2 = δ2(ε) > 0 òàêîãî,ùî äëÿ äîâiëüíèõ (z, z0) ∈ R

n+1, ||z|| < δ2, |z0| < δ2

I 12(x, t, x̂, t̂; z, z0) = C̃q

∫

Qη1

̺αq
0 (y, τ, x̂, t̂) · |̺−α

0 (x + z, t + z0, x̂, t̂) · K(x + z, t + z0; y, τ)−

−̺−α
0 (x, t, x̂, t̂) · K(x, t; y, τ)| dydτ 6 C̃q

∫

Uη2 (x,t)

̺αq
0 (y, τ, x̂, t̂) · |̺−α

0 (x + z, t + z0, x̂, t̂)×

×K(x+ z, t+ z0; y, τ)| dydτ + C̃q

∫

Uη2(x,t)

̺αq
0 (y, τ, x̂, t̂) · |̺−α

0 (x, t, x̂, t̂) ·K(x, t; y, τ)| dydτ+
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+C̃q

∫

Qη1\Uη2(x,t)

̺αq
0 (y, τ, x̂, t̂)·|̺−α

0 (x+z, t+z0, x̂, t̂)·K(x+z, t+z0; y, τ)−̺−α
0 (x, t, x̂, t̂)×

×K(x, t; y, τ)| dydτ <
ε

24
+

ε

24
+

ε

24
=

ε

8
,à îòæå,

sup
(x,t)∈Q η1

2

I 12(x, t, x̂, t̂; z, z0) <
ε

8
.Ïðè (x, t) ∈ Q \ Q η1

2
, (z, z0) ∈ R

n+1, ||z|| < δ1(<
η1

4 ), |z0| < δ1(<
η1

4 ) áóäå
(x + z, x + z0) ∈ Q \ Q 3η1

4
⊂ Q àáî (x + z, t + z0) /∈ Q. Çà ðiâíîìiðíîþ íåïåðåðâíiñòþ�óíêöi¨ ̺−α

0 (x, t, x̂, t̂)K(x, t; y, τ) íà çàìêíåíié ìíîæèíi V1 = (Q \ Q 3η1
4

) × Qη1 âðàõî-âóþ÷è, ùî −α > 0, ̺−α
0 (x, t, x̂, t̂) 6 1, îäåðæó¹ìî: iñíó¹ δ3 = δ3(ε) ∈ (0, δ1] òàêå, ùîäëÿ äîâiëüíèõ (x, t) ∈ Q \ Q η1

2
⊂ Q \ Q 3η1

4
, (y, τ) ∈ Qη1 , (z, z0) ∈ R

n+1, ||z|| < δ3,
|z0| < δ3 âèêîíó¹òüñÿ
|̺−α

0 (x + z, t + z0, x̂, t̂) · K(x + z, t + z0; y, τ) − ̺−α
0 (x, t, x̂, t̂) · K(x, t; y, τ)| <

ε

8BC̃q
,äå B =

∫
Qη1

̺αq
0 (y, τ, x̂, t̂) dydτ , çâiäêè
sup

(x,t)∈Q\Q η1
2

(x+z,t+z0)∈Q

I 12(x, t, x̂, t̂; z, z0) 6 C̃q ε

8BC̃q

∫

Qη1

̺αq
0 (y, τ, x̂, t̂) dydτ =

ε

8
.Äëÿ òèõ òî÷îê (x, t) ∈ Q \ Q η1

2
, (y, τ) ∈ Qη1 , (z, z0) ∈ R

n+1, ||z|| < δ1, |z0| < δ1,äëÿ ÿêèõ (x + z, t + z0) /∈ Q îòðèìà¹ìî
sup

(x,t)∈Q\Q η1
2

(x+z,t+z0)/∈Q

I 12(x, t, x̂, t̂; z, z0) 6 sup
(x,t)∈Q\Q η1

2
(x+z,t+z0)/∈Q

C̃q

∫

Qη1

̺αq
0 (y, τ, x̂, t̂) · |̺−α

0 (x, t, x̂, t̂)×

×K(x, t; y, τ)| dydτ 6 sup
(x,t)∈Q\Q η1

2
(x+z,t+z0)/∈Q

C̃q

∫

Qη1

ηαq
1 |̺−α

0 (x, t, x̂, t̂) · K(x, t; y, τ)| dydτ 6

6 sup
(x,t)∈Q\Q η1

2
(x+z,t+z0)/∈Q

C̃qηαq
1 η−α

1

∫

Qη1

|K(x, t; y, τ)| dydτ 6 C̃qC̃0η
α(q−1)
1 6

ε

8
,äå îñòàííÿ íåðiâíiñòü âèêîíó¹òüñÿ çãiäíî ç âèáîðîì η1. Çàóâàæèìî, ùî ïðè q ∈ (0, 1)òàêîæ α(q − 1) > 0.Ïîêàçàíî, ùî iñíó¹ δ̃1 = min{δ1, δ2, δ3} > 0 òàêå, ùî äëÿ äîâiëüíèõ (x, t) ∈ Q,

(z, z0) ∈ R
n+1, ||z|| < δ̃1, |z0| < δ̃1

sup
(x,t)∈Q

I 1(x, t, x̂, t̂; z, z0) <
ε

4
.
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I 2(x, t, x̂, t̂; z, z0) = ̺−α

0 (x + z, t + z0, x̂, t̂)

t+z0∫

t

dτ

∫

Ω

|K(x + z, t + z0; y, τ)| · |v(y, τ)|q dy.Ïðîâîäÿ÷è ïîäiáíi ìiðêóâàííÿ òà âðàõîâóþ÷è, ùî m(Ω×(t, t+z0)) = m(Ω) · |z0|,ç ëåìè 1 îäåðæó¹ìî: iñíó¹ δ̃2 = δ̃2(ε) > 0 òàêå, ùî äëÿ äîâiëüíèõ (z, z0) ∈ R
n+1,

||z|| < δ̃2, |z0| < δ̃2 òà äîâiëüíèõ v ∈ M̃α, C̃(Q, P̂ ) îäåðæó¹ìî
sup

(x,t)∈Q

I 2(x, t, x̂, t̂; z, z0) <
ε

4
.Îòæå, iñíó¹ δ̂2 = min{δ̃1; δ̃2} > 0 òàêå, ùî äëÿ äîâiëüíèõ (z, z0) ∈ R

n+1, ||z|| < δ̂2,
|z0| < δ̂2 âèêîíó¹òüñÿ

sup
(x,t)∈Q

I(x, t, x̂, t̂; z, z0) <
ε

2
.Îòæå, ìíîæèíà {H1v : v ∈ M̃α, C̃(Q, P̂ )} � îäíîñòàéíî íåïåðåðâíà. Çà òåîðåìîþØàóäåðà òà çà óìîâ ëåì 1, 2 iíòåãðàëüíå ðiâíÿííÿ (4) ìà¹ ðîçâ'ÿçîê u ∈ M̃α(Q, P̂ ).

�Çàóâàæèìî, ùî â [9℄, âèêîðèñòîâóþ÷è ïðèíöèï ñòèñíåíèõ âiäîáðàæåíü, âèçíà-÷åíî õàðàêòåð òî÷êîâèõ ñòåïåíåâèõ îñîáëèâîñòåé ðîçâ'ÿçêó ðiâíÿííÿ (4) ïðè q > 1.2.3. Çàñòîñóâàííÿ îòðèìàíèõ ðåçóëüòàòiâ äî ðîçâ'ÿçíîñòi êðàéîâèõ çàäà÷ äëÿïiâëiíiéíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ. Íåõàé D(Σ) = C∞(Σ), D(Ω) = C∞(Ω);
D0(Σ) = {ϕ ∈ D(Σ) : ∂k

∂tk ϕ | t=T = 0, k = 0, 1, . . .},
D0(Ω) = {ϕ ∈ D(Ω) : ϕ|S = 0}, ν � îðò âíóòðiøíüî¨ íîðìàëi äî S.Íàäàëi ïîçíà÷àòèìåìî ÷åðåç (D0(Σ))

′ , (D0(Ω))
′ � ïðîñòîðè ëiíiéíèõ íåïåðåðâ-íèõ �óíêöiîíàëiâ âiäïîâiäíî íà ïðîñòîðàõ �óíêöié D0(Σ), D0(Ω), ÷åðåç (ϕ, F )1 �çíà÷åííÿ óçàãàëüíåíî¨ �óíêöi¨ F ∈ (D0(Σ))′ íà îñíîâíié �óíêöi¨ ϕ ∈ D0(Σ), ÷åðåç

(ϕ, F )2 � çíà÷åííÿ F ∈ (D0(Ω))′ íà ϕ ∈ D0(Ω).Äëÿ äîâiëüíî¨ �iêñîâàíî¨ òî÷êè (x̂, t̂) ∈ Σ ðîçãëÿíåìî çàäà÷ó
∂u(x,t)

∂t −△u(x, t) = |u(x, t)|q, (x, t) ∈ Q,

u |Σ = F1(x, t), (x, t) ∈ Σ, u | t=0 = F2(x), x ∈ Ω,
(10)äå q ∈ (0, 1);

F1(x, t) =
∑

|l|6p1

p2∑
m=0

ClmDl
xδ(x − x̂)δ(m)(t − t̂),

F2(x) =
∑

|r|6p3

CrD
r
xδ(x − x̂),

Clm, Cr � ñòàëi, p1, p2, p3 � íåâiä'¹ìíi öiëi ÷èñëà. (11)Ïîäiáíî äî äîâåäåííÿ òåîðåìè 2 [11℄ ðîçâ'ÿçíiñòü çàäà÷i (10) ó ïðîñòîði
M̃α(Q, P̂ ) çâîäèòüñÿ äî ðîçâ'ÿçíîñòi iíòåãðàëüíîãî ðiâíÿííÿ (4) ç ÿäðîì G �



232 Îêñàíà ×ÌÈ��óíêöi¹þ �ðiíà ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi, äå
h0(x, t) = g1(x, t) + g2(x, t) = (

∂G(x, t; y, τ)

∂νy
, F1(y, τ))1 + (G(x, t; y, 0), F2(y))2.Ïîêàæåìî, ùî �óíêöiÿ h0 çàäîâîëüíÿ¹ óìîâè òåîðåìè 1.Ëåìà 3. Íåõàé âèêîíóþòüñÿ ïðèïóùåííÿ (11) òà α 6 min{−(1+p1+2p2); −p3}−n.Òîäi h0 ∈ M̃α(Q, P̂ ), à ñàìå, iñíó¹ äîäàòíà ñòàëà Ĉ òàêà, ùî ||h0; P̂ || ′α 6 Ĉ < +∞.Äîâåäåííÿ. Âðàõîâóþ÷è ïðèïóùåííÿ (11) òà âëàñòèâiñòü �óíêöi¨ �ðiíà G (àíàëî-ãi÷íó äî äðóãî¨ âëàñòèâîñòi ÿäðà K(x, t; y, τ) ïðè s = −n), ìàòèìåìî

|g1(x, t)| 6
∑

|l|6p1

p2∑

m=0

|Clm| ·
∣∣∣∣
∂m

∂t̂m
Dl

x̂

∂G(x, t; x̂, t̂)

∂νx̂

∣∣∣∣ 6

6 C14

∑

|l|6p1

p2∑

m=0

(|x − x̂|2 + |t − t̂|)
−n−1−|l|−2m

2 6 C14[̺0(x, t, x̂, t̂)]−(n+1+p1+2p2) =

= C14[̺0(x, t, x̂, t̂)]α[̺0(x, t, x̂, t̂)]−(n+1+p1+2p2+α)
6 Ĉ[̺0(x, t, x̂, t̂)]αïðè α 6 −(n + 1 + p1 + 2p2);

|g2(x, t)| 6
∑

|r|6p3

|Cr| · |Dr
x̂G(x, t; x̂, 0)| 6 C15

∑

|r|6p3

(|x − x̂|2 + t)
−n−|r|

2 6

6 C15[̺0(x, t, x̂, t̂)]−(n+p3) = C15[̺0(x, t, x̂, t̂)]α[̺0(x, t, x̂, t̂)]−(n+p3+α) 6 Ĉ[̺0(x, t, x̂, t̂)]αïðè α 6 −(n + p3), äå C14, C15 � äîäàòíi ñòàëi. �Ç ëåìè 3 òà òåîðåìè 1 âèïëèâà¹ íàñëiäîê.Íàñëiäîê 1. Ïðèà)



p3 > 2 − n,
p1 + 2p2 > p3 − 1,
0 < q < 2

n+1+p1+2p2
,

− 2
q < α 6 −(1 + p1 + 2p2) − n,

àáî á)



p1 + 2p2 > 1 − n,
p3 > p1 + 2p2 + 1,
0 < q < 2

n+p3
,

− 2
q < α 6 −p3 − niñíó¹ ðîçâ'ÿçîê u ∈ M̃α(Q, P̂ ) êðàéîâî¨ çàäà÷i (10), ÿêèé ïðè k > −α − n − 2 íàëå-æèòü äî ïðîñòîðó Mk(Q, P̂ ).Äëÿ óçàãàëüíåíî¨ êðàéîâî¨ çàäà÷i Íåéìàíà

∂u(x,t)
∂t −△u(x, t) = |u(x, t)|q , (x, t) ∈ Q,

∂u
∂ν |Σ = F1(x, t), (x, t) ∈ Σ, u | t=0 = F2(x), x ∈ Ω,

(12)îäåðæó¹ìî ïîäiáíèé ðåçóëüòàò.Íàñëiäîê 2. Ïðèà)



p3 > 2 − n,
p1 + 2p2 > p3,
0 < q < 2

n+p1+2p2
,

− 2
q < α 6 −(p1 + 2p2) − n,

àáî á)



p1 + 2p2 > 2 − n,
p3 > p1 + 2p2,
0 < q < 2

n+p3
,

− 2
q < α 6 −p3 − n



ÒÎ×ÊÎÂI ÎÑÎÁËÈÂÎÑÒI �ÎÇÂ'ßÇÊÓ ÍÅËIÍIÉÍÎ�Î IÍÒÅ��ÀËÜÍÎ�Î ... 233iñíó¹ ðîçâ'ÿçîê u ∈ M̃α(Q, P̂ ) êðàéîâî¨ çàäà÷i (12), ÿêèé ïðè k > −α − n − 2 íàëå-æèòü äî ïðîñòîðó Mk(Q, P̂ ).3. Âèñíîâêè. Ñòàòòÿ ïðèñâÿ÷åíà àêòóàëüíié ïðîáëåìi äîñëiäæåííÿ iñíóâàí-íÿ ðîçâ'ÿçêó íåëiíiéíîãî iíòåãðàëüíîãî ðiâíÿííÿ Âîëüòåððà ç ïîëÿðíèì ÿäðîì óâàãîâîìó L1- ïðîñòîði �óíêöié, ÿêi ìîæóòü ìàòè îñîáëèâîñòi â îêðåìèõ òî÷êàõ ìå-æi îáëàñòi. Âèçíà÷åíî õàðàêòåð òî÷êîâèõ ñòåïåíåâèõ îñîáëèâîñòåé ðîçâ'ÿçêó öüîãîðiâíÿííÿ.1. Ëîïóøàíñüêà �.Ï. Êðàéîâi çàäà÷i ó ïðîñòîði óçàãàëüíåíèõ �óíêöié D′ / Ëîïóøàíñü-êà �.Ï. � Ëüâiâ: Âèä-âî Ëüâiâ. íàö. óí-òó iì. I. Ôðàíêà, 2002.2. Ëîïóøàíñüêà �.Ï.Óçàãàëüíåíi êðàéîâi çàäà÷i äëÿ ëiíiéíèõ òà íàïiâëiíiéíèõ åëiïòè÷íèõðiâíÿíü / Ëîïóøàíñüêà �.Ï. //Óêð. ìàò. âiñíèê. � 2005. � Ò. 2, �3. � C. 377-394.3. Ëîïóøàíñüêà �.Ï. Ïðî ðîçâ'ÿçîê ïàðàáîëi÷íî¨ ãðàíè÷íî¨ çàäà÷i iç ñèëüíèìè ñòåïåíå-âèìè îñîáëèâîñòÿìè â ïðàâèõ ÷àñòèíàõ / Ëîïóøàíñüêà �.Ï. //Ìàòåìàòè÷íi Ñòóäi¨. �2001. � Ò. 15, �2. � Ñ. 179-190.4. Ëîïóøàíñüêà �.Ï. Óçàãàëüíåíi êðàéîâi çíà÷åííÿ ðîçâ'ÿçêiâ ðiâíÿííÿ ut = △u+
+F0(x, t, u) / Ëîïóøàíñüêà �.Ï., ×ìèð Î.Þ. //Ìàòåìàòè÷íi Ñòóäi¨. � 2004. � Ò. 22,�1. � Ñ.45-56.5. Ëîïóøàíñüêà �.Ï. Õàðàêòåð îñîáëèâîñòåé ðîçâ'ÿçêó óçàãàëüíåíî¨ êðàéîâî¨ çàäà÷i äëÿêâàçiëiíiéíî¨ ïàðàáîëi÷íî¨ ñèñòåìè / Ëîïóøàíñüêà �.Ï., ×ìèð Î.Þ. //Äîïîâiäi ÍÀÍÓêðà¨íè. � 2007. � �7. � Ñ. 12-17.6. Èâàñèøåí Ñ.Ä. Î êîìïîçèöèè ïàðàáîëè÷åñêèõ ÿäåð / Èâàñèøåí Ñ.Ä. //Óêð. ìàò.æóðí. � 1980. � Ò. 32, �1. � Ñ. 35-45.7. Èâàñèøåí Ñ.Ä. Ìàòðèöû �ðèíà ïàðàáîëè÷åñêèõ ãðàíè÷íûõ çàäà÷ / Èâàñèøåí Ñ.Ä. �Ê.: Âèùà øê., 1990.8. Ýéäåëüìàí Ñ.Ä. Èññëåäîâàíèå ìàòðèöû �ðèíà îäíîðîäíîé ïàðàáîëè÷åñêîé ãðàíè÷íîéçàäà÷è / Ýéäåëüìàí Ñ.Ä., Èâàñèøåí Ñ.Ä. //Òðóäû Ìîñê. ìàò. î-âà. � 1970. � Ò. 23. �Ñ. 179-234.9. ×ìèð Î.Þ. Òî÷êîâi ñòåïåíåâi îñîáëèâîñòi ðîçâ'ÿçêó íåëiíiéíîãî iíòåãðàëüíîãî ðiâíÿí-íÿ Âîëüòåððè / ×ìèð Î.Þ. //Ìàòåì. Âiñíèê íàóê. òîâ-âà iì. Ò.�. Øåâ÷åíêà. � 2009. �Ò. 6. � Ñ. 73-87.10. Ïðóäíèêîâ À.Ï. Èíòåãðàëû è ðÿäû / Ïðóäíèêîâ À.Ï., Áðû÷êîâ Þ.À., Ìàðè÷åâ Î.È.� Ì.: Íàóêà, 1981.11. ×ìèð Î.Þ. Ïðî �îðìóëþâàííÿ óçàãàëüíåíî¨ êðàéîâî¨ çàäà÷i äëÿ ïiâëiíiéíîãî ïàðàáî-ëi÷íîãî ðiâíÿííÿ / ×ìèð Î.Þ. //Âiñí. Ëüâiâ. óí-òó. Ñåð. ìåõ.-ìàò. � 2003. � Âèï. 62. �Ñ. 134-143.
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Ï�ÀÂÈËÀ ÄËß ÀÂÒÎ�IÂ1. Ñòàòòÿ ïîâèííà ìiñòèòè ðåçóëüòàòè íîâèõ äîñëiäæåíü àâòîðà ç ïîâíèì ¨õíiìäîâåäåííÿì. Íå äîöiëüíî ðîáèòè âåëèêi îãëÿäè âæå îïóáëiêîâàíèõ ðåçóëüòàòiâ. �î-áèòè ïîñèëàííÿ íà íåîïóáëiêîâàíi ïðàöi íå ìîæíà.2. Òåêñò ñòàòòi íàáèðàþòü íà êîìï'þòåði óêðà¨íñüêîþ ÷è àíãëiéñüêîþ ìîâàìè.Äî ðåäàêöiéíî¨ êîëåãi¨ ïîòðiáíî ïîäàâàòè:äâà ïðèìiðíèêè ñòàòòi ç ïiäïèñîì àâòîðà (ñïiâàâòîðiâ) íà îñòàííié ñòîðiíöi;íàçâó ñòàòòi, ðåçþìå (ðåçþìå ïîâèííî ïåðåäàâàòè çìiñò îñíîâíèõ ðåçóëüòàòiâñòàòòi, à íå ëèøå ïîâòîðþâàòè ¨¨ íàçâó), êëþ÷îâi ñëîâà, iì'ÿ, ïðiçâèùå àâòîðà, ìiñöåðîáîòè, àäðåñó óêðà¨íñüêîþ, àíãëiéñüêîþ òà ðîñiéñüêîþ ìîâàìè, åëåêòðîííó àäðåñó;åëåêòðîííèé âàðiàíò ñòàòòi òà ðåçþìå íà äèñêåòi 3,5" (ðåäêîëåãiÿ ïîâåðòà¹ àâòî-ðîâi äèñêåòó; òåêñòè ìîæíà íàäiñëàòè çà àäðåñîþ lnu.visn.mm�gmail.
om);äîâiäêà ïðî àâòîðà (ñïiâàâòîðiâ), ó ÿêié òðåáà çàçíà÷èòè iì'ÿ, ïî áàòüêîâi òàïðiçâèùå àâòîðà, ìiñöå ðîáîòè, ïîñàäó, äîìàøíþ àäðåñó, òåëå�îí òà åëåêòðîííóàäðåñó.Îïòèìàëüíèé îáñÿã ñòàòòi äî 12 ñòîðiíîê. �îçìið øðè�òiâ 10pt, âèñîòà ñòîðiíêè� 190 mm, øèðèíà � 135 mm.3. Âèìîãè äî íàáîðó.Òåêñò ñòàòòi ñòâîðþâàòè ó âåðñi¨ LATEX ç êîäóâàííÿì êèðèëè÷íèõ øðè�òiâ
”
Êèðèëèöÿ (Windows)“ (êîäîâà ñòîðiíêà 1251).Íà ïåðøié ñòîðiíöi ñòàòòi ïîòðiáíî çàçíà÷èòè íîìåð ÓÄÊ.Íîìåðè �îðìóë ñòàâèòè ç ïðàâîãî áîêó i íóìåðóâàòè ëèøå �îðìóëè, íà ÿêi ¹ïîñèëàííÿ.Ó ïîñèëàííÿõ íà òåîðåìó ç ìîíîãðà�i¨ çàçíà÷èòè ñòîðiíêó, íà ÿêié âîíà îïè-ñàíà.�èñóíêè äî ñòàòòi ïîäàâàòè ó ãðà�i÷íîìó �îðìàòi BMP ÷è PCX. Íàçâà ðè-ñóíêà ÷è éîãî íîìåð íå âõîäÿòü ó çîáðàæåííÿ ¨õ òðåáà ñòâîðþâàòè çàñîáàìè

LATEX'ó. Âèáèðàþ÷è ðîçìið ãðà�i÷íîãî çîáðàæåííÿ, íàëåæèòü âðàõóâàòè, ùîâîíî áóäå íàäðóêîâàíå íà ïðèíòåði ç ðîçäiëüíîþ çäàòíiñòþ 600 dpi.Ëiòåðàòóðó ïîäàâàòè çàãàëüíèì ñïèñêîì ó ïîðÿäêó ïîñèëàíü íà äæåðåëà âòåêñòi ñòàòòi.Çðàçêè áiáëiîãðà�i÷íîãî îïèñó êíèãè, ñòàòòi, ïðåïðèíòó, äèñåðòàöi¨, äåïîíîâàíî-ãî ðóêîïèñó, òåç äîïîâiäåé êîí�åðåíöié (ç'¨çäiâ òà ií.):1. �ðàáîâè÷ À.I. Íàçâà / �ðàáîâè÷ À.I. � Ê.: Âèùà øêîëà, 1985. � 196 
.2. Ïåòðåíêî Î.Á. Íàçâà / Ïåòðåíêî Î.Á., Øèíê Ì.Ì. � Ë.: À�iøà, 2001. � 196 
.3. Êðàâ÷óê Î.Ì. Íàçâà / Êðàâ÷óê Î.Ì. // Óêð. ìàò. æóðí. � 1985. � T. 2, �2. �Ñ. 4-20.4. Êðàâ÷óê Î.Ì. Íàçâà / Êðàâ÷óê Î.Ì., Ïîòi÷íèé Ì.Ì. // Ìàòåì. Ñòóäi¨ � 1995.� T. 2, �2. � Ñ. 4-20.



5. Ìèõàéëåíêî �.Ä. Íàçâà / Ìèõàéëåíêî �.Ä. � Ë.: IÏÏÌÌ, 1993. � 9 ñ. � (Ïðå-ïðèíò / ÍÀÍ Óêðà¨íè, Ií-ò ïðèêë. ïðîáëåì ìåõàíiêè i ìàòåìàòèêè iì. ß.Ñ.Ïiäñòðèãà÷à: 80.1).6. Ìèõàéëåíêî �.Ä. Íàçâà /Ìèõàéëåíêî �.Ä., Ñòåïàíÿê Ñ.I. � Ë.: IÏÏÌÌ, 1993.� 9 ñ. � (Ïðåïðèíò / ÍÀÍ Óêðà¨íè, Ií-ò ïðèêë. ïðîáëåì ìåõàíiêè i ìàòåìàòèêèiì. ß.Ñ. Ïiäñòðèãà÷à: 80.1).7. Êîëìàç Þ. À. Íàçâà: àâòîðå�. äèñ. íà çäîáóòòÿ íàóê. ñòóïåíÿ êàíä. �iç.-ìàò.íàóê. / Êîëìàç Þ.À. � Ê., 2008. � 20 ñ.8. Ñåíèê Ñ.Ì. Íàçâà / Ñåíèê C.Ì. � Ê., 1992. � 17 ñ. � Äåï. â ÄÍÒÁ Óêðà¨íè,Â2020-1995.9. Ñåíèê Ñ.Ì. Íàçâà / Ñåíèê C.Ì., Ìàíäðèê I.T. � Ê., 1992. � 17 ñ. � Äåï. âÄÍÒÁ Óêðà¨íè, Â2020-1995.10. Ìóðàâñüêèé Â.Ê. Íàçâà / Ìóðàâñüêèé Â.Ê. // Íàóêîâà êîí�. "Íåëiíiéíi äè-�åðåíöiàëüíi ðiâíÿííÿ": òåçè äîï., 27 ñåðïíÿ - 2 âåðåñíÿ 1994 ð., Êè¨â. � Ê.:ÊÍÓ iì. Ò. �. Øåâ÷åíêà, 1994. � Ñ. 540-551.11. Ìóðàâñüêèé Â.Ê. Íàçâà / Ìóðàâñüêèé Â.Ê., Ëiñêî Ñ.Â. // Íàóêîâà êîí�. "Íå-ëiíiéíi äè�åðåíöiàëüíi ðiâíÿííÿ": òåçè äîï., 27 ñåðïíÿ - 2 âåðåñíÿ 1994 ð., Êè¨â.� Ê.: ÊÍÓ iì. Ò. �. Øåâ÷åíêà, 1994. � Ñ. 540-551.




