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Ç ÀÁÑÎÐÁÖI�Þ Â ÍÅÎÁÌÅÆÅÍIÉ ÎÁËÀÑÒI
Ç ÍÓËÜÎÂÈÌ ÇÀÃÎÑÒÐÅÍÍßÌ

Îëüãà ÁÎËÄÎÂÑÜÊÀ

Äîíåöüêèé íàöiîíàëüíèé óíiâåðñèòåò,

âóë. Óíiâåðñèòåòñüêà, 24, Äîíåöüê, 83001

e-mail: omboldovskaya@mail.ru

Â öèëiíäðè÷íié îáëàñòi, íåîáìåæåíié çà ïðîñòîðîâèìè çìiííèìè, ðîç-
ãëÿíóòî çàäà÷ó Íåéìàíà äëÿ êâàçiëiíiéíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ ç àá-
ñîðáöi¹þ. Îòðèìàíî óìîâè iñíóâàííÿ òà íåiñíóâàííÿ ðîçâ'ÿçêó öi¹¨ çàäà÷i.

Êëþ÷îâi ñëîâà: íåëiíiéíå ïàðàáîëi÷íå ðiâíÿííÿ, çàäà÷à Íåéìàíà, íå-
îáìåæåíà îáëàñòü.

1. Âñòóï. Ðîçãëÿíóòî ïî÷àòêîâî-êðàéîâó çàäà÷ó Íåéìàíà

ut = div(|Du|λ−1Du)− up â QT = Ω× (0, T ), (1)

|Du|λ−1 ∂u

∂−→n
= 0, íà ∂Ω× (0, T ), (2)

u(x, 0) = µ, x ∈ Ω, (3)

äå µ � íåâiä'¹ìíà ñêií÷åííà ìiðà Ðàäîíà, λ > 0, p > 1. Îáëàñòü Ω ∈ RN , N > 2, ¹
íåîáìåæåíîþ i íàáóâà¹ âèãëÿäó

Ω = {x ∈ RN : |x′| < xβ
N , β > 1}, x′ = (x1, . . . , xN−1),

∂Ω � ìåæà Ω; −→n � çîâíiøíÿ îäèíè÷íà íîðìàëü äî ∂Ω× (0, T ), T > 0.
Ìåòà íàøî¨ ïðàöi � äîñëiäèòè ïðîáëåìè iñíóâàííÿ òà íåiñíóâàííÿ ñëàáêîãî

ðîçâ'ÿçêó çàäà÷i (1)-(3) â QT .
Ïàðàáîëi÷íi ðiâíÿííÿ ç àáñîðáöi¹þ ¹ öiêàâèìè çàâäÿêè âïëèâó àáñîðáóþ÷îãî

äîäàíêà íà ðîçâ'ÿçíiñòü çàäà÷, ÿêi ðîçãëÿäàþòü. Çàäà÷à Êîøi äëÿ áàãàòüîõ âiäîìèõ
ìîäåëüíèõ íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü ç àáñîðáöi¹þ òà ïî÷àòêîâîþ ôóíêöi¹þ-
ìiðîþ äîñèòü äåòàëüíî äîñëiäæåíà. Çàäà÷ó Êîøi ç ïî÷àòêîâîþ δ-ôóíêöi¹þ äëÿ ðiâ-
íÿííÿ òåïëîïðîâiäíîñòi ç àáñîðáöi¹þ ðîçãëÿäàëè Õ. Áðåçiñ òà À. Ôðiäìàí [1], äëÿ
ðiâíÿííÿ ïîðèñòîãî ñåðåäîâèùà ç àáñîðáöi¹þ � Ø. Êàìií òà Ë.À. Ï¹ë¹ò'¹ [2], äëÿ
ðiâíÿííÿ íåíüþòîíiâñüêî¨ ôiëüòðàöi¨ ç àáñîðáöi¹þ � À. Ãìiðà [3], Õ. ×åí, ß. Êi,
Ì. Âàíã [4], äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ ç ïîäâiéíîþ íåëiíiéíiñòþ òà àáñîðáöi¹þ �

c⃝ Áîëäîâñüêà Î., 2011



6
Îëüãà ÁÎËÄÎÂÑÜÊÀ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 74

Õ.Æ. Ôàí [5], äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ ç àáñîðáöi¹þ áiëüø çàãàëüíîãî âèãëÿäó (ç
âèìiðíèìè êîåôiöi¹íòàìè) � I.I. Ñêðèïíiê [6]. Ó ïðàöÿõ çàçíà÷åíèõ àâòîðiâ âèçíà÷à-
ëè äåÿêèé ïîêàçíèê àáñîðáöi¨ (íàçâåìî éîãî êðèòè÷íèì), çàëåæíî âiä ÿêîãî iñíó¹ ÷è
íå iñíó¹ ñëàáêèé ðîçâ'ÿçîê çàäà÷i Êîøi. Ó [7-9] ðåçóëüòàòè, ÿêi îòðèìàëè äëÿ çàäà÷i
Êîøi, áóëè ðîçïîâñþäæåíi íà âèïàäîê çàäà÷i Íåéìàíà (1)-(3) â øèðîêîìó êëàñi íå-
îáìåæåíèõ îáëàñòåé, ùî �íå çâóæóþòüñÿ íà íåñêií÷åííîñòi� òà çàäîâîëüíÿþòü óìîâó
êîíóñà. Â ïðàöi öi ðåçóëüòàòè óçàãàëüíþþòüñÿ íà âèïàäîê îáëàñòi ç íóëüîâèì êóòîì,
òîáòî îáëàñòi, ÿêà íå çàäîâîëüíÿ¹ óìîâó êîíóñà.

Îçíà÷åííÿ 1. Ââàæàòèìåìî, ùî u(x, t) � ñëàáêèé ðîçâ'ÿçîê çàäà÷i (1)-(3), ÿêùî

u(x, t) > 0 òà äëÿ áóäü-ÿêîãî τ > 0

u(x, t) ∈ C(0, T ;L2,loc(Ω)) ∩ L∞,loc(Ω× (τ, T )) ∩ Lλ+1,loc(τ, T ;W1,λ+1,loc(Ω));

ïðàâèëüíà iíòåãðàëüíà òîòîæíiñòü

T∫
0

∫
Ω

(−u ξt + |Du|λ−1Du Dξ + up ξ) dx dt = 0, ∀ ξ ∈ C1
0 (R

N × (τ, T ));

lim
t→0

∫
Ω

u(x, t) X(x) dx =

∫
Ω

X(x) dµ ∀ X(x) ∈ C∞
0 (RN ).

Îñíîâíèìè ðåçóëüòàòàìè ïðàöi ¹ òàêi òåîðåìè.

Òåîðåìà 1. Íåõàé µ � íåâiä'¹ìíà ñêií÷åííà ìiðà Ðàäîíà. ßêùî λ + λ+1
β(N−1)+1 > 1

òà p < λ+ λ+1
β(N−1)+1 , òîäi iñíó¹ ñëàáêèé ðîçâ'ÿçîê çàäà÷i (1)-(3).

Òåîðåìà 2. Íåõàé µ = δ(x). ßêùî λ+ λ+1
β(N−1)+1 < 1 àáî 1 < λ+ λ+1

β(N−1)+1 6 p, òîäi

çàäà÷à (1)-(3) íå ìà¹ ðîçâ'ÿçêó.

2. Äîâåäåííÿ.

Äîâåäåííÿ òåîðåìè 1. Íåõàé Ωρ = Ω ∩{|x| < ρ}, ρ > 0. Äîâåäåìî ñïî÷àòêó iñíóâàííÿ
ðîçâ'ÿçêó òàêî¨ çàäà÷i Äiðiõëå-Íåéìàíà:

(uk)t = div(|Duk|λ−1Duk)− up
k, â Ωk × (0, T ), (4)

|Duk|λ−1 ∂uk

∂−→n
= 0, íà ∂Ω ∩ ∂Ωk, (5)

uk(x, 0) = u0k(x), â Ωk, (6)

uk = 0, â Ω ∩ ∂Ωk, (7)

äå u0k ∈ C∞
0 (Ωk), u0k −→

k→∞
u0 ó L2(Ω). Äëÿ çðó÷íîñòi iíäåêñ �k� íàäàëi íå ïèñàòè-

ìåìî, ÿêùî íå âèíèêàòèìå òàêî¨ ïîòðåáè. Êîðèñòóþ÷èñü [10], iñíóâàííÿ ðîçâ'ÿçêó
çàäà÷i (4)-(7) äîâîäèòåìåìî ìåòîäîì Ôàåäî-Ãàëüîðêiíà. Íåõàé ω1, . . . , ωm � �áàçà� â
V = V1 ∩ V2, äå

V1 = W1,λ+1(Ω) ∩
{∂um

∂−→n
= 0 íà ∂Ω ∩ ∂Ωk; um = 0 ó Ω ∩ ∂Ωk

}
, V2 = Lp+1(Ω),

i um(t) � �íàáëèæåíèé ðîçâ'ÿçîê� çàäà÷i (4)-(7). Ïðîñòið V � ñåïàðàáåëüíèé (äèâ.
[10]). Äëÿ áóäü-ÿêèõ m, i, ωi ∈ V , ω1, ..., ωm � ëiíiéíî íåçàëåæíi, ëiíiéíi êîìáiíàöi¨
ωi ùiëüíi â V . Òàêà áàçà iñíó¹ (äèâ. [10]). Âèçíà÷èìî um(t) ∈ [ω1, ..., ωm] � ïðîñòið,
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ÿêèé íàòÿãó¹òüñÿ íà ëiíiéíó îáîëîíêó ω1, ..., ωm. Íåõàé A(φ) = − div(|Dφ|λ−1Dφ).
Øóêàòèìåìî um = um(t) ó âèãëÿäi

um(t) =

m∑
i=1

gim(t)ωi,

äå gim âèçíà÷àþòü ç óìîâ

(u′
m(t), ωj) + (A(um(t)), ωj) + (up

m, ωj) = 0, 1 6 j 6 m. (8)

Ðàçîì ç ñèñòåìîþ íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü (8) ðîçãëÿíåìî òàêîæ ïî÷àò-
êîâi óìîâè

um(0) = u0m, äå u0m =
m∑
i=1

αimωi −→
m→∞

u0 ó L2(Ω). (9)

Ç âiäîìèõ ðåçóëüòàòiâ ïðî íåëiíiéíi ñèñòåìè îòðèìà¹ìî iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i
(8)-(9) íà ïðîìiæêó [0, tm], tm > 0. ßêùî äîìíîæèòè (8) íà gim(t), ïðîâåñòè äîäà-
âàííÿ çà j, òî îäåðæèìî

(u′
m(t), um(t)) + (A(um(t)), um(t)) + (up

m, um) = 0,

çâiäêè, iíòåãðóâàííÿì âiä 0 äî t, îòðèìó¹ìî

1

2

∫
Ω

u2
m(t) dx+

t∫
0

∫
Ω

|Dum(t)|λ+1 dx dt+

t∫
0

∫
Ω

up+1
m dx dt =

1

2

∫
Ω

u2
0m dx. (10)

Ó çâ'ÿçêó ç òèì, ùî ïðàâà ÷àñòèíà (10) (âíàñëiäîê (9)) îáìåæåíà ñòàëîþ, ÿêà íå
çàëåæèòü âiä m, òî

um ∈ L∞(0, T ;L2(Ω)) ∩ Lλ+1(0, T ;V1) ∩ Lp+1(0, T ;V2), tm = T,

(âêëàäåííÿ um(x, t) ∈ Lλ+1(0, T ;V1) âèïëèâà¹ ç ðåçóëüòàòiâ ïðî åêâiâàëåíòíi íîðìè
ó ïðîñòîðiW1,λ+1(Ω), [11]). Îòîæ, ìîæíà âèäiëèòè ïiäïîñëiäîâíiñòü (äëÿ ñïðîùåííÿ
ïîçíà÷èìî ¨¨ òàêîæ ÷åðåç {um}) òàêó, ùî

um → u ∗ - ñëàáêî â L∞(0, T ;L2(Ω)),

um → u ñëàáêî â Lλ+1(0, T ;V1) ∩ Lλ+1(0, T ;V2),

um(T ) → ξ ñëàáêî â L2(Ω),

up
m → σ ñëàáêî â L(p+1)′(0, T ;V

′
2), (11)

A(um) → χ ñëàáêî â L(λ+1)′(0, T ;V
′
1).

Îñòàííÿ çáiæíiñòü âèêîíó¹òüñÿ çàâäÿêè íåðiâíîñòi

∥A(u)∥L(λ+1)′ (0,T ;V ′
1 )

6 γ∥u∥λLλ+1(0,T ;V1)
,

òîáòî A : Lλ+1(0, T ;V1) → L(λ+1)′(0, T ;V
′
1). ×åðåç V ′

1 ìè ïîçíà÷à¹ìî ïðîñòið, ñïðÿ-

æåíèé äî V1;
1

λ+1 + 1
(λ+1)′ = 1. V ′

2 , (p+ 1)′ âèçíà÷àþòü àíàëîãi÷íî.

Ôiêñó¹ìî j òà ïåðåéäåìî äî ãðàíèöi â (8) ïðè m → ∞

ut + χ+ σ = 0.
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Ç îñòàííüî¨ ðiâíîñòi âèïëèâà¹, ùî ut ∈ L(λ+1)′(0, T ;V
′
1)∩L(p+1)′(0, T ;V

′
2). Ç òîãî, ùî

u ∈ Lλ+1(0, T ;V1)∩Lp+1(0, T ;V2), ut ∈ L(λ+1)′(0, T ;V
′
1)∩L(p+1)′(0, T ;V

′
2) òà êîìïàêò-

íîñòi âêëàäàííÿ V ⊂ Lq (äèâ. [12]), äå q = (β(N−1)+1)(λ+1)
β(N−1)−λ > 2,

V ⊂ Lq ⊂ L2 ≡ L2′ ⊂ V ′

âèïëèâà¹, ùî u : [0, T ] → L2(Ω)− íåïåðåðâíà ôóíêöiÿ, òà âiäîáðàæåííÿ u → u(0) ¹
ñþð'¹êòèâíèì âiäîáðàæåííÿì íà L2(Ω). Îòîæ, u(0) i u(T ) ìàþòü ñåíñ òà u(0) = u0,
u(T ) = ξ. Òàêîæ ìîæíà ââàæàòè, ùî um → u ñèëüíî â L2(QT ) òà ìàéæå âñþäè
(ì.â.).

Äëÿ äîâåäåííÿ òîãî, ùî σ = up âèêîðèñòà¹ìî òàêó ëåìó.

Ëåìà 1 ([10]). Íåõàé Q � îáìåæåíà îáëàñòü ó RN × R1
+, fm òà f òàêi ôóíêöi¨ ç

Ls(Q), 1 < s < ∞, ùî ||fm||Ls(Q) 6 C, fm → f ì.â. â Q. Òîäi fm → f ñëàáêî â Ls(Q).

Çàñòîñó¹ìî ëåìó 1 äî ôóíêöi¨ fm = up
m òà s = (p + 1)′. Íà ïiäñòàâi çáiæíîñòi

um → u ìàéæå âñþäè âèïëèâà¹, ùî up
m → up ìàéæå âñþäè. Îòæå, ç ëåìè 1 îòðèìà¹-

ìî ñëàáêó çáiæíiñòü up
m → up ó ïðîñòîði L(p+1)′(QT ). Ç iíøîãî áîêó, çãiäíî ç (11) ¹

ñëàáêà çáiæíiñòü up
m → σ â L(p+1)′(QT ), çâiäêè é îòðèìó¹ìî ðiâíiñòü σ = up.

Âíàñëiäîê ìîíîòîííîñòi îïåðàòîðà A, íåâàæêî ïîêàçàòè, ùî χ = A(u)[10].
Îòîæ, iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (4)-(7) äîâåäåíî.
Íåõàé uk = 0 ïîçà Ωk, òîáòî uk âèçíà÷åíi âñþäè íà Ω × (0, T ). Êîðèñòóþ÷èñü

êîìïàêòíiñòþ ñiì'¨ ðîçâ'ÿçêiâ uk, ìîæíà ïåðåéòè äî ãðàíèöi ïî k → ∞ àíàëîãi÷íî
ÿê ó [13-15]. Ãðàíè÷íà ôóíêöiÿ áóäå ðîçâ'ÿçêîì òàêî¨ çàäà÷i Íåéìàíà:

ut = div(|Du|λ−1Du)− up â QT ,

|Du|λ−1 ∂u

∂−→n
= 0 íà ∂Ω× (0, T ),

u(x, 0) = u0, x ∈ Ω,

äå u0 ∈ L2(Ω). Äàëi ðîçãëÿíåìî ïîñëiäîâíiñòü ðîçâ'ÿçêiâ {u(n)} ïîïåðåäíüî¨ çàäà÷i

(u(n))t = div(|Du(n)|λ−1Du(n))− (u(n))p ó QT , (12)

|Du(n)|λ−1 ∂u
(n)

∂−→n
= 0 íà ∂Ω× (0, T ), (13)

u(n)(x, 0) = u
(n)
0 , x ∈ Ω. (14)

Òóò u
(n)
0 ∈ L2(Ω),

lim
n→∞,t→0

∫
Ω

u(n)(x, t) X(x) dx =

∫
Ω

X(x) dµ ∀ X(x) ∈ C∞
0 (RN ).

Ç ðåçóëüòàòiâ [16] âèïëèâà¹ iñíóâàííÿ ñëàáêîãî ðîçâ'ÿçêó çàäà÷i (12)-(14). Äëÿ äîâå-
äåííÿ iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1)-(3) òðåáà äîâåñòè êiëüêà îöiíîê àïðîêñèìóþ-
÷îãî ðîçâ'ÿçêó çàäà÷i (12)-(14) àíàëîãi÷íî äî [7-8]. �
Äîâåäåííÿ òåîðåìè 2 ìîæíà ïðîâåñòè, âèêîðèñòîâóþ÷è ìåòîäèêó, ÿêà áóëà ðîçðîá-
ëåíà â [7-9]. Ó ïðèïóùåííi, ùî çà óìîâ òåîðåìè 2 iñíó¹ ñëàáêèé ðîçâ'ÿçîê çàäà÷i
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(1)-(3), ìîæíà äîâåñòè, ùî

lim
t→0

∫
Ω

u(x, t) X(x) dx = 0, ∀ X(x) ∈ C∞
0 (RN ). (15)

Öåé ôàêò ñóïåðå÷èòü îçíà÷åííþ 1, ùî ïðèçâîäèòü äî òâåðäæåííÿ òåîðåìè 2. Äîâå-
äåííÿ ðiâíîñòi (15)  ðóíòó¹òüñÿ íà âèáîði ñïåöiàëüíèõ ïðîáíèõ ôóíêöié ó iíòåãðàëü-
íié òîòîæíîñòi. Íàïðèêëàä, ó âèïàäêó λ + λ+1

β(N−1)+1 = p âèêîðèñòîâóþòüñÿ ïðîáíi

ôóíêöi¨, ïîâ'ÿçàíi ç ëîãàðèôìîì [9]. Òàêîæ âàðòî çàçíà÷èòè, ùî íà âiäìiíó âiä [7-9],
ïðè äîâåäåííi (15) âiäáóâà¹òüñÿ çàìiíà ïðîñòîðîâî¨ çìiííî¨ N íà β ç âèçíà÷åííÿ
îáëàñòi Ω.
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Neumann problem for quasilinear parabolic absorbtion equation in cylinder
domain unbounded with respect to spatial variable is considered. Some exi-
stence and nonexistence condition for solution to this problem are obtained.
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domain.
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Â íåîãðàíè÷åíîé çà ïðîñòðàíñòâåííûìè ïåðåìåííûìè öèëèíäðè÷åñêîé
îáëàñòè ðàññìîòðåíî çàäà÷ó Íåéìàíà äëÿ êâàçèëèíåéíîãî ïàðàáîëè÷åñêî-
ãî óðàâíåíèÿ ñ àáñîðáöèåé. Ïîëó÷åíî óñëîâèÿ ñóùåñòâîâàíèÿ è íåñóùå-
ñòâîâàíèÿ ðåøåíèÿ ýòîé çàäà÷è.

Êëþ÷åâûå ñëîâà: íåëèíåéíûå ïàðàáîëè÷åñêèå óðàâíåíèÿ, çàäà÷à Íå-
éìàíà, íåîãðàíè÷åíàÿ îáëàñòü.
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ÑÒÀÖIÎÍÀÐÍI ÕÀÐÀÊÒÅÐÈÑÒÈÊÈ ÑÈÑÒÅÌ
Mθ/G/1/m ÒÀ Mθ/G/1 Ç ÏÎÐÎÃÎÂÈÌ ÁËÎÊÓÂÀÍÍßÌ

ÂÕIÄÍÎÃÎ ÏÎÒÎÊÓ

Ìèêîëà ÁÐÀÒIÉ×ÓÊ1, Þðié ÆÅÐÍÎÂÈÉ2

1Øëüîíñüêèé ïîëiòåõíi÷íèé óíiâåðñèòåò,

âóë. Êàøóáñüêà, 23, Ãëiâiöå, 44-100
2Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà 1, Ëüâiâ, 79000

e-mail: yu_zhernovyi@yahoo.com

Ðîçãëÿíóòî ñèñòåìó îáñëóãîâóâàííÿ òèïó Mθ/G/1/m ç ãðóïîâèì íàä-
õîäæåííÿì çàìîâëåíü i ïîðîãîâèì áëîêóâàííÿì âõiäíîãî ïîòîêó. Áëîêó-
âàííÿ ïîòîêó çàìîâëåíü âiäáóâà¹òüñÿ, ÿêùî â ìîìåíò ïî÷àòêó îáñëóãîâó-
âàííÿ ÷åðãîâîãî çàìîâëåííÿ êiëüêiñòü çàìîâëåíü ó ñèñòåìi ïåðåâèùó¹ çà-
äàíèé ïîðîãîâèé ðiâåíü h. Âèçíà÷åíî ñåðåäíþ òðèâàëiñòü ÷àñòèí ïåðiîäó
çàéíÿòîñòi ç âiäñóòíiñòþ òà íàÿâíiñòþ áëîêóâàííÿ âõiäíîãî ïîòîêó, éìîâið-
íiñòü îáñëóãîâóâàííÿ çàìîâëåíü i ñòàöiîíàðíi õàðàêòåðèñòèêè ÷åðãè. Äî-
âåäåíî ìîíîòîííiñòü çàëåæíîñòåé ñåðåäíüî¨ òðèâàëîñòi ïåðiîäó çàéíÿòîñòi
òà éìîâiðíîñòi îáñëóãîâóâàííÿ âiä ïàðàìåòðiâ m i h.

Êëþ÷îâi ñëîâà: ñèñòåìè Mθ/G/1/m i Mθ/G/1, áëîêóâàííÿ âõiäíîãî
ïîòîêó, ïåðiîä çàéíÿòîñòi, ñòàöiîíàðíi õàðàêòåðèñòèêè.

1. Âñòóï. Ó ñòàòòi [1] äîñëiäæåíî ñèñòåìó îáñëóãîâóâàííÿ Mθ
h/G/1/m, ÿêà ¹

ñèñòåìîþ ç ãðóïîâèì íàäõîäæåííÿì çàìîâëåíü i ïîðîãîâèì áëîêóâàííÿì âõiäíîãî
ïîòîêó. Êîðîòêî îïèøåìî öþ ñèñòåìó.

ßêùî â ìîìåíò t ïî÷àòêó îáñëóãîâóâàííÿ ÷åðãîâîãî çàìîâëåííÿ âèêîíó¹òüñÿ
óìîâà ξ(t) > h, äå ξ(t) � êiëüêiñòü çàìîâëåíü ó ñèñòåìi, òî âiäáóâà¹òüñÿ áëîêóâàííÿ
âõiäíîãî ïîòîêó çàìîâëåíü, ÿêå òðèâà¹ äî ìîìåíòó t ïî÷àòêó îáñëóãîâóâàííÿ òîãî
çàìîâëåííÿ, äëÿ ÿêîãî ξ(t) ≤ h. Òóò h (1 ≤ h ≤ m − 1) � çàäàíèé ïîðîãîâèé ðiâåíü
áëîêóâàííÿ, m � ìàêñèìàëüíà êiëüêiñòü çàìîâëåíü, ÿêi ìîæóòü îäíî÷àñíî ïåðåáóâà-
òè ó ÷åðçi. Äëÿ òàêî¨ ñèñòåìè â [1] âèçíà÷åíî, çîêðåìà, ñåðåäíþ òðèâàëiñòü ïåðiîäó
çàéíÿòîñòi é îòðèìàíî ôîðìóëè äëÿ åðãîäè÷íîãî ðîçïîäiëó êiëüêîñòi çàìîâëåíü ó
ñèñòåìi.

Ìåòà íàøî¨ ïðàöi � ïðîäîâæèòè äîñëiäæåííÿ, ðîçïî÷àòi ó ñòàòòi [1]. Ìè ñòà-
âèìî çàâäàííÿ âèçíà÷èòè ñåðåäíþ òðèâàëiñòü òèõ ÷àñòèí ïåðiîäó çàéíÿòîñòi, êîëè

c⃝ Áðàòié÷óê Ì., Æåðíîâèé Þ., 2011
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íåìà¹ áëîêóâàííÿ âõiäíîãî ïîòîêó, êîëè âõiäíèé ïîòiê çàáëîêîâàíèé, òà ñòàöiîíàð-
íèõ iìîâiðíîñòåé âiäïîâiäíèõ ñòàíiâ ñèñòåìè. Öå äàñòü çìîãó îá÷èñëèòè éìîâiðíiñòü
îáñëóãîâóâàííÿ çàìîâëåíü ó ñèñòåìi. Âèçíà÷èìî òàêîæ ñòàöiîíàðíi õàðàêòåðèñòèêè
÷åðãè (ñåðåäíþ äîâæèíó ÷åðãè, ñåðåäíié ÷àñ î÷iêóâàííÿ) i âèâ÷èìî ïîâåäiíêó äåÿêèõ
ñòàöiîíàðíèõ õàðàêòåðèñòèê ÿê ôóíêöié ïàðàìåòðiâ m i h. ßê âèÿâèëè äîñëiäæåííÿ
(äèâ., çîêðåìà, [2-4]), ç'ÿñóâàííÿ õàðàêòåðó ìîíîòîííî¨ çàëåæíîñòi õàðàêòåðèñòèê
ñèñòåì îáñëóãîâóâàííÿ âiä âõiäíèõ ïàðàìåòðiâ âiäêðèâà¹ øëÿõ äî ðîçâ'ÿçàííÿ çà-
äà÷ îïòèìàëüíîãî ñèíòåçó ñèñòåì ç çàäàíèìè õàðàêòåðèñòèêàìè.

2. Ïåðiîä çàéíÿòîñòi: ÷àñòèíè ç âiäñóòíiñòþ òà íàÿâíiñòþ áëîêóâàííÿ.

Áóäåìî äîòðèìóâàòèñü âñiõ ïîçíà÷åíü, ââåäåíèõ ó ñòàòòi [1], i äîäàòêîâî âèêîðèñ-
òîâóâàòèìåìî ñèìâîë �õâèëüêà� íàä âåëè÷èíàìè, ÿêi îïèñóþòü òó ÷àñòèíó ïåðiîäó
çàéíÿòîñòi ñèñòåìè, êîëè âõiäíèé ïîòiê çàáëîêîâàíèé. Öå äàñòü çìîãó âèçíà÷èòè
÷àñòèíè ïåðiîäó çàéíÿòîñòi ç âiäñóòíiñòþ òà íàÿâíiñòþ áëîêóâàííÿ âõiäíîãî ïîòîêó
çàìîâëåíü.

Ïîâòîðþþ÷è ìiðêóâàííÿ, âèêëàäåíi ó ï. 3 ñòàòòi [1], äëÿ óìîâíî¨ éìîâiðíîñòi

φn(t, k) = Pn{ ξ(t) = k, τ(m) > t } ( 1 ≤ n, k ≤ m+ 1 )

íàÿâíîñòi ó ñèñòåìi k çàìîâëåíü ïiä ÷àñ ïåðiîäó çàéíÿòîñòi τ(m) = inf{ t ≥ 0 :
ξ(t) = 0 } äëÿ âèïàäêó h+ 1 ≤ n ≤ m îòðèìà¹ìî ñïiââiäíîøåííÿ

φn(t, k) =

t∫
0

P

{n−h∑
i=1

β̃i ∈ dx

}
φh(t− x, k)+

+I{h+ 1 ≤ k ≤ n}
t∫

0

P

{n−k∑
i=1

β̃i ∈ dx

}
F̃ (t− x).

Òóò β̃i = βi � ÷àñ îáñëóãîâóâàííÿ i�ãî çàìîâëåííÿ, F̃ (x) = F (x) = P{βi < x}
(x > 0 ), F (0) = 0, F (x) = 1− F (x).

Âiäïîâiäíi ðiâíÿííÿ äëÿ ôóíêöié

Φn(s, k) =

∞∫
0

e−stφn(t, k) dt, Re s > 0,

äëÿ h+ 1 ≤ n ≤ m íàáóäóòü âèãëÿäó

Φn(s, k) = f̃n−h(s)Φh(s, k) + I{h+ 1 ≤ k ≤ n}f̃n−k(s)
1− f̃(s)

s
, (1)

äå

f̃(s) =

∞∫
0

e−sxdF̃ (x) = f(s) =

∞∫
0

e−sxdF (x).

Ðiâíÿííÿ (5) i (7) äëÿ φn(t, k) i Φn(s, k) (1 ≤ n ≤ h) ñòàòòi [1] çàëèøàþòüñÿ íåçìií-
íèìè.
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Âèðàçèâøè ç (1) âñi Φn(s, k) äëÿ h + 1 ≤ n ≤ m i ïiäñòàâèâøè ¨õ ó ñïiââiäíî-
øåííÿ äëÿ Φn(s, k) (1 ≤ n ≤ h), îòðèìà¹ìî ðiâíÿííÿ

Φn(s, k)− f(s)
h−n−1∑
j=−1

pj(s)Φn+j(s, k) =

= f(s)Ln(s)Φh(s, k) +Mn(s, k), 1 ≤ n ≤ h.

(2)

Òóò

Ln(s) = f̃m−h(s)pm−n(s) +
m−1∑
j=h

pj−n(s)f̃
j−h(s);

Mn(s, k) = qk−n(s) + I{k = m+ 1}qm+2−n(s) +

(
I{h+ 1 ≤ k ≤ m}pm−n(s)f̃

m−k(s)+

+
m−1∑

j=h+1

pj−n(s)f̃
j−k(s)I{h+ 1 ≤ k ≤ j}

)
f(s)

1− f̃(s)

s
.

Øóêàþ÷è ðîçâ'ÿçêè ñèñòåìè ðiâíÿíü (2) ç ãðàíè÷íîþ óìîâîþ Φ0(s, k) = 0 òàê,
ÿê ó ñòàòòi [1], îäåðæèìî

Φn(s, k) = Dn(s)Φh(s, k)−
h−n∑
i=1

Ri(s)Mn+i(s, k), 1 ≤ n ≤ h. (3)

Òóò

Dn(s) = Rh−n(s)− f(s)
h−n∑
i=1

Ri(s)Ln+i(s), n ≥ 0;

Φh(s, k) =
1

D0(s)

h∑
i=1

Ri(s)Mi(s, k).

(4)

Âðàõîâóþ÷è, ùî

Mn(s) =
m+1∑
k=1

Mn(s, k) =
1− f(s)

s
+ f(s)

(
1− f̃m−h(s)

s
pm−n(s)+

+

m−1∑
j=h+1

pj−n(s)
1− f̃ j−h(s)

s

)
; lim

s→+0

1− f̃n(s)

s
= nm̃1,

äå

m̃1 =

∞∫
0

x dF̃ (x) = m1 =

∞∫
0

x dF (x),

âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ (3), (4) i ïîâòîðþþ÷è ìiðêóâàííÿ, âèêëàäåíi ó ï. 4
ñòàòòi [1], îòðèìà¹ìî ôîðìóëè äëÿ ñåðåäíüî¨ òðèâàëîñòi ïåðiîäó çàéíÿòîñòi

M τ(m) =
h∑

i=1

Ri

(
m1 + m̃1

(
(m− h)pm−i +

m−1∑
j=h+1

(j − h)pj−i

))
−
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−
h−1∑
n=1

an

h−n∑
i=1

Ri

(
m1 + m̃1

(
(m− h)pm−n−i +

m−1∑
j=h+1

(j − h)pj−n−i

))
+

+ m̃1

( m∑
n=h+1

(n− h)an + (m+ 1− h)am+1

) (5)

i äëÿ åðãîäè÷íîãî ðîçïîäiëó êiëüêîñòi çàìîâëåíü ó ñèñòåìi

ρ0(m) =
1

1 + λM τ(m)
;

ρk(m) =
λ

1 + λM τ(m)

( k∑
i=1

Riqk−i −
h−1∑
n=1

an

k−n∑
i=1

Riqk−n−i

)
( k = 1, h );

ρk(m) =
λ

1 + λM τ(m)

( h∑
i=1

Ri

(
qk−i + m̃1pk−i

)
−

−
h−1∑
n=1

an

h−n∑
i=1

Ri

(
qk−n−i + m̃1pk−n−i

)
+ m̃1ak

)
( k = h+ 1, m );

ρm+1(m) =
λ

1 + λM τ(m)

( h∑
i=1

Riqm+1−i −
h−1∑
n=1

an

h−n∑
i=1

Riqm+1−n−i + m̃1am+1

)
.

(6)

Çðîçóìiëî, ùî òi äîäàíêè ó ïðàâèõ ÷àñòèíàõ ñïiââiäíîøåíü (5) i (6), ÿêi ìiñ-
òÿòü ñïiâìíîæíèê m̃1, âiäïîâiäàþòü ïåðiîäó áëîêóâàííÿ âõiäíîãî ïîòîêó, àëå ëèøå
òié éîãî ÷àñòèíi, ÿêà ïî÷èíàëàñü âiä ìîìåíòó t ïî÷àòêó îáñëóãîâóâàííÿ ÷åðãîâîãî
çàìîâëåííÿ, äëÿ ÿêîãî âèêîíóâàëàñü óìîâà ξ(t) > h. Ùîá îòðèìàòè ç (5) ôîðìóëó
äëÿ ñåðåäíüî¨ òðèâàëîñòi òî¨ ÷àñòèíè ïåðiîäó çàéíÿòîñòi, êîëè âiäáóâà¹òüñÿ áëîêó-
âàííÿ âõiäíîãî ïîòîêó (ïîçíà÷èìî ¨¨ ÷åðåç τb(m)), òðåáà äî çàçíà÷åíî¨ ñóìè äîäàòè
âèðàç

M τ̃m+1(m) =
h∑

i=1

Riqm+1−i −
h−1∑
n=1

an

h−n∑
i=1

Riqm+1−n−i, (7)

ÿêèé âõîäèòü ó ÷èñåëüíèê ôîðìóëè äëÿ éìîâiðíîñòi ρm+1(m) i âiäòâîðþ¹ ñåðåäíþ
òðèâàëiñòü òi¹¨ ÷àñòèíè ïåðiîäó çàéíÿòîñòi, êîëè âõiäíèé ïîòiê çàáëîêîâàíî ÷åðåç
ïåðåâèùåííÿ êiëüêîñòi çàìîâëåíü ó ñèñòåìi ÷èñëà m, i âiäáóâà¹òüñÿ äîîáñëóãîâó-
âàííÿ çàìîâëåííÿ, â ìîìåíò t ïî÷àòêó îáñëóãîâóâàííÿ ÿêîãî âèêîíóâàëàñü óìîâà
ξ(t) ≤ h. Âîäíî÷àñ âèðàç (7) òðåáà âiäíÿòè âiä ñóìè òèõ äîäàíêiâ ïðàâî¨ ÷àñòèíè
ôîðìóëè (5), ÿêi íå ìiñòÿòü ñïiâìíîæíèêà m̃1, ùîá îòðèìàòè ñåðåäíþ òðèâàëiñòü
òî¨ ÷àñòèíè ïåðiîäó çàéíÿòîñòi, êîëè íåìà¹ áëîêóâàííÿ âõiäíîãî ïîòîêó (ïîçíà÷èìî
¨¨ ÷åðåç τnb(m)).

Ïîçíà÷èìî ÷åðåç ρk(b)(m) i ρk(nb)(m) òi ÷àñòèíè åðãîäè÷íîãî ðîçïîäiëó êiëü-
êîñòi çàìîâëåíü ó ñèñòåìi, ÿêi âiäïîâiäàþòü ñòàíàì ñèñòåìè, êîëè âõiäíèé ïîòiê
çàáëîêîâàíèé i, âiäïîâiäíî, íåçàáëîêîâàíèé. Ç íàâåäåíîãî òà î÷åâèäíî¨ ðiâíîñòi

h∑
i=1

Ri −
h−1∑
n=1

an

h−n∑
i=1

Ri =
h∑

i=1

Riah+1−i
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îäåðæèìî òàêå òâåðäæåííÿ.

Òåîðåìà 1. Ñåðåäíi çíà÷åííÿ âèïàäêîâèõ âåëè÷èí τnb(m), τb(m), âiäïîâiäíi ÷àñòè-
íè åðãîäè÷íîãî ðîçïîäiëó êiëüêîñòi çàìîâëåíü ó ñèñòåìi Mθ

h/G/1/m òà éìîâið-
íiñòü îáñëóãîâóâàííÿ çàìîâëåíü Psv(m) âèçíà÷àþòü çà ôîðìóëàìè:

M τnb(m) = m1

h∑
i=1

Riah+1−i −M τ̃m+1(m); (8)

M τb(m) = m1

( h∑
i=1

Ri

(
(m− h)pm−i +

m−1∑
j=h+1

(j − h)pj−i

)
−

−
h−1∑
n=1

an

h−n∑
i=1

Ri

(
(m− h)pm−n−i +

m−1∑
j=h+1

(j − h)pj−n−i

)
+

+

m∑
n=h+1

(n− h)an + (m+ 1− h)am+1

)
+M τ̃m+1(m);

(9)

ρ0(nb)(m) = ρ0(m); ρk(nb)(m) = ρk(m) ( k = 1, h ); ρm+1(nb)(m) = 0;

ρk(nb)(m) =
λ

1 + λM τ(m)

( h∑
i=1

Riqk−i −
h−1∑
n=1

an

h−n∑
i=1

Riqk−n−i

)
( k = h+ 1, m );

(10)

ρk(b)(m) = 0 ( k = 0, h ); ρm+1(b)(m) = ρm+1(m);

ρk(b)(m) =
λm1

1 + λM τ(m)

( h∑
i=1

Ripk−i−

−
h−1∑
n=1

an

h−n∑
i=1

Ripk−n−i + ak

)
( k = h+ 1, m );

(11)

Psv(m) =
1 + λM τnb(m)

1 + λM τ(m)
(a1 = 1; an = 0, n ≥ 2). (12)

Ðîçãëÿíåìî ñèñòåìó Mθ
h/G/1, äëÿ ÿêî¨ íåìà¹ óìîâè îáìåæåíîñòi äîâæèíè ÷åðãè

(m = ∞). Ïðèéíÿâøè m → ∞ ó ñïiââiäíîøåííÿõ (8)�(12), îäåðæèìî òàêå òâåðäæåí-
íÿ.

Òåîðåìà 2. Ñåðåäíi çíà÷åííÿ âèïàäêîâèõ âåëè÷èí τnb(∞), τb(∞), âiäïîâiäíi ÷àñòè-
íè åðãîäè÷íîãî ðîçïîäiëó êiëüêîñòi çàìîâëåíü ó ñèñòåìi Mθ

h/G/1 òà éìîâiðíiñòü
îáñëóãîâóâàííÿ çàìîâëåíü Psv(∞) âèçíà÷àþòü çà ôîðìóëàìè

M τnb(∞) = m1

h∑
i=1

Riah+1−i; M τb(∞) = m1

( h∑
i=1

Ri

∞∑
j=h+1

(j − h)pj−i−

−
h−1∑
n=1

an

h−n∑
i=1

Ri

∞∑
j=h+1

(j − h)pj−n−i +
∞∑

n=h+1

(n− h)an

)
;
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M τ(∞) = M τnb(∞) +M τb(∞); ρ0(nb)(∞) =
1

1 + λM τ(∞)
;

ρk(nb)(∞) =
λ

1 + λM τ(∞)

( k∑
i=1

Riqk−i −
h−1∑
n=1

an

k−n∑
i=1

Riqk−n−i

)
( k = 1, h );

ρk(nb)(∞) =
λ

1 + λM τ(∞)

( h∑
i=1

Riqk−i −
h−1∑
n=1

an

h−n∑
i=1

Riqk−n−i

)
( k ≥ h+ 1 );

ρk(b)(∞) = 0 ( k = 0, h );

ρk(b)(∞) =
λm1

1 + λM τ(∞)

( h∑
i=1

Ripk−i −
h−1∑
n=1

an

h−n∑
i=1

Ripk−n−i + ak

)
( k ≥ h+ 1 );

Psv(∞) =
1 + λM τnb(∞)

1 + λM τ(∞)
. (13)

3. Äîñëiäæåííÿ çàëåæíîñòåé M τ(m) âiä ïàðàìåòðiâ m i h. Íàãàäà¹ìî
äåÿêi ïîçíà÷åííÿ ç [1]

ρ = λm1b1, b1 =
∞∑

n=1

nan.

Òóò λ � ïàðàìåòð âõiäíîãî ïîòîêó; ai = P{θn = i}; θn � êiëüêiñòü çàìîâëåíü â n-é
ãðóïi.

Ëåìà 1. Äëÿ ïîñëiäîâíîñòåé {pi}, {Ri}, ââåäåíèõ â [1], ñïðàâäæóþòüñÿ òàêi ðiâ-
íîñòi:

∞∑
j=0

pj = ρ;

k∑
i=1

Ri

k−i∑
j=0

pj =

k∑
i=1

Ri − k. (14)

Äîâåäåííÿ. Âðàõîâóþ÷è, ùî çãiäíî ç îçíà÷åííÿì ïîñëiäîâíîñòi éìîâiðíîñòåé {pi}
(i ≥ −1)

∞∑
i=−1

(i+ 1)pi = ρ,

îäåðæèìî
∞∑

i=−1

(i+ 1)pi =
∞∑
j=0

(j + 1)pj =
∞∑
j=0

pj = ρ.

Âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ (äèâ. [1])

k∑
i=1

Ripk−i = Rk − 1, (15)

îòðèìó¹ìî

k∑
i=1

Ri

k−i∑
j=0

pj =

k−1∑
j=0

k−j∑
i=1

Riph−j−i =

k−1∑
j=0

(Rh−j − 1) =

k∑
i=1

Ri − k.

Ëåìó äîâåäåíî. �
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Ëåìà 2. Ñåðåäíi òðèâàëîñòi ïåðiîäiâ çàéíÿòîñòi ñèñòåì Mθ
h/G/1/m òà Mθ

h/G/1
âèçíà÷àþòü çà ôîðìóëàìè

M τ(m) = m1

(
b1 + ρ

h∑
i=1

Riah+1−i −
h∑

i=1

Ri

∞∑
j=m+1−i

pj+

+
h−1∑
n=1

an

h−n∑
i=1

Ri

∞∑
j=m+1−n−i

pj −
∞∑

n=m+2

(n−m− 1)an

)
;

(16)

M τ(∞) = m1

(
b1 + ρ

h∑
i=1

Riah+1−i

)
. (17)

Äîâåäåííÿ. Äëÿ âiäøóêàííÿ M τ(m) âèêîðèñòà¹ìî ñïiââiäíîøåííÿ (5), â ÿêîìó
m̃1 = m1. Âðàõîâóþ÷è ðiâíîñòi (14), ïiñëÿ íåñêëàäíèõ ïåðåòâîðåíü îòðèìà¹ìî

(m− h)pm−i +
m−1∑

j=h+1

(j − h)pj−i =
∞∑

j=h+1−i

pj −
∞∑

j=m+1−i

pj =

= ρ−
h−i∑
j=0

pj −
∞∑

j=m+1−i

pj ;

h∑
i=1

Ri

(
(m− h)pm−i +

m−1∑
j=h+1

(j − h)pj−i

)
=

h∑
i=1

Ri

(
ρ−

h−i∑
j=0

pj −
∞∑

j=m+1−i

pj

)
=

= h+
h∑

i=1

Ri

(
ρ− 1−

∞∑
j=m+1−i

pj

)
;

(18)

m∑
n=h+1

(n− h)an + (m+ 1− h)am+1 =

= b1 −
∞∑

n=1

nan +
m∑

n=h+1

nan − hah+1 + (m+ 1)am+1 =

= b1 −
∞∑

n=m+2

(n−m− 1)an −
h∑

n=1

nan − hah+1.

Ïiñëÿ àíàëîãi÷íèõ äî âèêîíàíèõ ó (18) ïåðåòâîðåíü âèðàçó

h−n∑
i=1

Ri

(
(m− h)pm−n−i +

m−1∑
j=h+1

(j − h)pj−n−i

)
çíàéäåìî

M τ(m) = m1

(
(1 + ρ)

h∑
i=1

Riah+1−i −
( h∑

i=1

Riah+1−i − h+
h−1∑
n=1

an(h− n)

)
−
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−
h∑

i=1

Ri

∞∑
j=m+1−i

pj +
h−1∑
n=1

an

h−n∑
i=1

Ri

∞∑
j=m+1−n−i

pj + b1−

−
∞∑

n=m+2

(n−m− 1)an −
h∑

n=1

nan − hah+1

)
.

Çâiäñè, âðàõîâóþ÷è, ùî

h−
h−1∑
n=1

(h− n)an = h−
h∑

n=1

(h− n)an = hah+1 +

h∑
n=1

nan,

îòðèìà¹ìî ôîðìóëó (16), à ïiñëÿ ïåðåõîäó â íié äî ãðàíèöi ïðè m → ∞ � ñïiââiäíî-
øåííÿ (17). Ëåìó äîâåäåíî. �

Òåîðåìà 3. A) M τ(m) çðîñòà¹ ÿê ôóíêöiÿ ïàðàìåòðà m. Á) M τ(m) i M τ(∞)
çðîñòàþòü ÿê ôóíêöi¨ ïàðàìåòðà h.

Äîâåäåííÿ. A) Ç ôîðìóëè (16) äëÿ M τ(m) âèïëèâà¹, ùî

lim
m→∞

M τ(m) = m1

(
b1 + ρ

h∑
i=1

Riah+1−i

)
.

Òîìó äëÿ äîâåäåííÿ ïåðøî¨ ÷àñòèíè òåîðåìè äîñòàòíüî äîâåñòè, ùî

h∑
i=1

Ri

∞∑
j=m+1−i

pj −
h−1∑
n=1

an

h−n∑
i=1

Ri

∞∑
j=m+1−n−i

pj +
∞∑

n=m+2

(n−m− 1)an > 0.

Îòðèìàëè

h∑
i=1

Ri

∞∑
j=m+1−i

pj −
h−1∑
n=1

an

h−n∑
i=1

Ri

∞∑
j=m+1−n−i

pj =

= ah

h∑
i=1

Ri

∞∑
j=m+1−i

pj +
h−1∑
n=1

an

( h∑
i=1

Ri

∞∑
j=m+1−i

pj −
h−n∑
i=1

Ri

∞∑
j=m+1−n−i

pj

)
=

= ah

h∑
i=1

Ri

∞∑
j=m+1−i

pj +

h−1∑
n=1

an

( n∑
i=1

Ri

∞∑
j=m+1−i

pj+

+
h−n∑
i=1

(Rn+i −Ri)
∞∑

j=m+1−n−i

pj

)
> 0,

îñêiëüêè Rn+1 −Rn > 0 äëÿ âñiõ íàòóðàëüíèõ çíà÷åíü n.
Á) Ïîçíà÷èìî ÷åðåç M τh+1(m) çíà÷åííÿ ïðàâî¨ ÷àñòèíè (16) ïiñëÿ çàìiíè h íà

h+ 1. Òîäi ç (16) îäåðæèìî

M τh+1(m)−M τ(m) = m1

(
ρ−

∞∑
j=m−h

pj

)(
Rh+1 −

h∑
i=1

Riah+1−i

)
> 0, (19)
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îñêiëüêè ρ =
∞∑
j=0

pj >
∞∑

j=m−h

pj , i ïîñëiäîâíiñòü Rn çðîñòà¹. Ç (19) îòðèìà¹ìî

M τh+1(∞)−M τ(∞) = m1ρ

(
Rh+1 −

h∑
i=1

Riah+1−i

)
> 0.

Òåîðåìó äîâåäåíî. �

4. Äîñëiäæåííÿ çàëåæíîñòåé iìîâiðíîñòi îáñëóãîâóâàííÿ âiä ïàðàìåò-

ðiâ m i h.

Òåîðåìà 4. A) Psv(∞) çðîñòà¹ ÿê ôóíêöiÿ ïàðàìåòðà h. Á) ßêùî a1 = 1, òî
Psv(m) çðîñòà¹ ÿê ôóíêöiÿ ïàðàìåòðà m.

Äîâåäåííÿ. A) Ñïiââiäíîøåííÿ (13) ìîæíà çàïèñàòè òàê:

Psv(∞) =

1 + λm1

h∑
i=1

Riah+1−i

1 + λM τ(∞)
. (20)

Ïîçíà÷èìî ÷åðåç Psv(h+1)(∞) çíà÷åííÿ ïðàâî¨ ÷àñòèíè (20) ïiñëÿ çàìiíè h íà h+ 1.
Òîäi çà äîïîìîãîþ (20) îäåðæèìî(

Psv(h+1)(∞)−Psv(∞)
)(
1 + λM τ(∞)

)(
1 + λM τh+1(∞)

)
=

=

(
1 + λm1

h+1∑
i=1

Riah+2−i

)(
1 + λM τ(∞)

)
−

(
1 + λm1

h∑
i=1

Riah+1−i

)
×

×
(
1 + λM τh+1(∞)

)
= (1− ρ)λm1

(
Rh+1 −

h∑
i=1

Riah+1−i

)
+

+(λm1)
2
h+1∑
i=1

Riah+2−i

(
b1 + ρ

h∑
i=1

Riah+1−i

)
−

−(λm1)
2

h∑
i=1

Riah+1−i

(
b1 + ρ

h+1∑
i=1

Riah+2−i

)
= λm1

(
Rh+1 −

h∑
i=1

Riah+1−i

)
> 0,

ùî é äîâîäèòü ïåðøó ÷àñòèíó òåîðåìè.
Á) Ó âèïàäêó, êîëè çàìîâëåííÿ íàäõîäÿòü ïî îäíîìó (a1 = 1), çi ñïiââiäíîøåíü

(12) i (16) îòðèìà¹ìî

Psv(m) =

1 + λ

(
m1Rh −Rhqm+1−h +

h−1∑
i=1

Riqm−i

)
1 + λM τ(m)

; (21)

M τ(m) = m1

(
1 + λm1Rh −Rh

∞∑
j=m+1−h

pj +
h−1∑
i=1

Ripm−i

)
. (22)
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Ïîçíà÷èìî ÷èñåëüíèê ïðàâî¨ ÷àñòèíè ôîðìóëè (21) ÷åðåç Pnum(m). Ç îçíà÷åíü ïîñ-
ëiäîâíîñòåé qi, pi [1] ó âèïàäêó, êîëè a1 = 1, ìîæíà âèâåñòè òàêi ñïiââiäíîøåííÿ:

λqi = pi ( i ≥ 0 ). (23)

Òîäi çà äîïîìîãîþ (21)-(23) îäåðæèìî

Pnum(m+ 1)−Pnum(m) = Rhpm+1−h −
h−1∑
i=1

Ripm−i;

M τ(m+ 1)−M τ(m) = m1

(
Rhpm+1−h −

h−1∑
i=1

Ripm−i

)
;(

Psv(m+ 1)−Psv(m)
)(
1 + λM τ(m)

)(
1 + λM τ(m+ 1)

)
=

=
(
Pnum(m+ 1)−Pnum(m)

)(
1 + λM τ(m)

)
− λPnum(m)

(
M τ(m+ 1)−

−M τ(m)
)
=

(
Rhpm+1−h −

h−1∑
i=1

Ripm−i

)(
1 + λM τ(m)− λm1Pnum(m)

)
=

= Rhpm+1−h −
h−1∑
i=1

Ripm−i > 0.

Òåîðåìó äîâåäåíî. �

5. Âèçíà÷åííÿ ñòàöiîíàðíèõ õàðàêòåðèñòèê ÷åðãè. Ðîçãëÿíåìî ñòàöiî-
íàðíi õàðàêòåðèñòèêè ÷åðãè: ñåðåäíþ äîâæèíó ÷åðãè MQ(m) òà ñåðåäíié ÷àñ î÷i-
êóâàííÿ Mw(m). Äëÿ ñèñòåìè ç îáìåæåíîþ ÷åðãîþ ¨õ çíàõîäèìî çà ôîðìóëàìè

MQ(m) =
m∑

k=1

kρk+1(m); Mw(m) =
MQ(m)

λb1Psv(m)
. (24)

Ñïiââiäíîøåííÿ äëÿMw(m) âèïëèâà¹ ç ôîðìóëè Ëiòòëà äëÿ ñèñòåì îáñëóãîâóâàííÿ
ç âòðàòàìè çàìîâëåíü. Ïåðåä òèì, ÿê ñêîðèñòàòèñÿ ôîðìóëàìè (24), òðåáà çíàéòè
éìîâiðíîñòi ρi(m) òà Psv(m), âèçíà÷åíi ñïiââiäíîøåííÿìè (6) i (12) (ïðè a1 = 1),
âiäïîâiäíî.

Ôîðìóëó (12) íå ìîæíà âèêîðèñòàòè ó âèïàäêó ãðóïîâîãî íàäõîäæåííÿ çàìîâ-
ëåíü (a1 < 1), òîìó ùî äëÿ ñèñòåìè ç îáìåæåíîþ ÷åðãîþ äåÿêi çàìîâëåííÿ, ÿêi ïðè-
áóâàþòü íà âõiä ñèñòåìè â ìîìåíò, êîëè âõiäíèé ïîòiê íå áëîêó¹òüñÿ, ìîæóòü áóòè
âòðà÷åíi. Âiäïîâiäíó ôîðìóëó äëÿ Psv(m) ìîæíà îòðèìàòè ÿê ãðàíèöþ ïðè T → ∞
âiäíîøåííÿ êiëüêîñòi îáñëóæåíèõ çàìîâëåíü äî êiëüêîñòi âñiõ, ùî íàäiéøëè çà ÷àñ
T . Ñåðåäíÿ êiëüêiñòü çàìîâëåíü, ÿêi ïðèáóëè íà âõiä ñèñòåìè çà ÷àñ T , äîðiâíþ¹
λb1T , à ñåðåäíÿ êiëüêiñòü îáñëóæåíèõ çà òîé ñàìèé ÷àñ ñòàíîâèòü

(
1− ρ0(m)

)
T/m1.

Ó ïiäñóìêó îäåðæèìî òàêó ôîðìóëó äëÿ éìîâiðíîñòi îáñëóãîâóâàííÿ:

Psv(m) =
M τ(m)

m1b1
(
1 + λM τ(m)

) .
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Ó âèïàäêó ñèñòåìè ç íåîáìåæåíîþ ÷åðãîþ ç (24) îòðèìà¹ìî ðiâíîñòi

MQ(∞) =
∞∑
k=1

kρk+1(∞); Mw(∞) =
MQ(∞)

λb1Psv(∞)
. (25)

Îòæå, äëÿ âiäøóêàííÿ MQ(∞) òðåáà çíàéòè ñóìó íåñêií÷åííîãî ðÿäó.
Âèçíà÷èìî MQ(∞) äëÿ âèïàäêó, êîëè çàìîâëåííÿ íàäõîäÿòü ïî îäíîìó

(a1 = 1), i ôîðìóëè äëÿ åðãîäè÷íîãî ðîçïîäiëó ρi(∞), îòðèìàíi ç (6) ïðè m → ∞,
ñïðîùóþòüñÿ

ρ0(∞) =
1

1 + λM τ(∞)
; ρ1(∞) =

R1

1 + λM τ(∞)
;

ρk(∞) =
Rk −Rk−1

1 + λM τ(∞)
( k = 1, h ); ρk(∞) =

λ

1 + λM τ(∞)

(
Rh(qk−h+

+m1pk−h) +

h−1∑
i=1

Ri(qk−i − qk−1−i −m1pk−1−i)

)
( k > h ).

(26)

Òåîðåìà 5. ßêùî a1 = 1 ( çàìîâëåííÿ íàäõîäÿòü ïî îäíîìó, ρ = λm1), òî ñåðåäíþ
äîâæèíó ÷åðãè äëÿ ñèñòåìè Mθ

h/G/1 âèçíà÷àþòü çà ôîðìóëîþ

MQ(∞) =
1

1 + λM τ(∞)

(h−1∑
i=1

(Rh −Ri) + (1 + ρ)

(
(h− 1)

(
1−

−Rh(1− ρ)
)
+

∞∑
k=1

(
Rh

∞∑
i=k

pi −
h−1∑
i=1

Riph+k−1−i

)))
.

(27)

Äîâåäåííÿ. Ââiâøè ïîçíà÷åííÿ ρk(∞) =
∞∑
i=k

ρi(∞), ïåðøó ç ôîðìóë (25) çàïèøåìî

ó âèãëÿäi

MQ(∞) =
∞∑
k=2

ρk(∞). (28)

Âèêîðèñòîâóþ÷è ïåðøó ç ðiâíîñòåé (14) òà ñïiââiäíîøåííÿ (15) i (23), çà äîïîìîãîþ
(26) ïîñëiäîâíî çíàõîäèìî

ρh+k(∞) =
1 + ρ

1 + λM τ(∞)

(
Rh

∞∑
i=k

pi −
h−1∑
i=1

Riph+k−1−i

)
( k ≥ 1 );

ρh+1(∞) =
1 + ρ

1 + λM τ(∞)

(
1−Rh(1− ρ)

)
;

ρk(∞) =
1

1 + λM τ(∞)

(
Rh −Rk−1 + (1 + ρ)

(
1−Rh(1− ρ)

))
( k = 2, h ).

Ïiäñòàâëÿþ÷è îäåðæàíi âèðàçè äëÿ ρk(∞) ó ôîðìóëó (28), îòðèìà¹ìî ñïiââiäíîøåí-
íÿ (27). Òåîðåìó äîâåäåíî. �

Äëÿ äåÿêèõ ðîçïîäiëiâ ÷àñó îáñëóãîâóâàííÿ ñóìè íåñêií÷åííèõ ðÿäiâ ó (27)
âäà¹òüñÿ çíàéòè. Ðîçãëÿíåìî äâà òàêi âèïàäêè.
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Òåîðåìà 6. Íåõàé a1 = 1 (çàìîâëåííÿ íàäõîäÿòü ïî îäíîìó). A) Ó âèïàäêó ïîêàç-
íèêîâîãî ðîçïîäiëó ÷àñó îáñëóãîâóâàííÿ (F (x) = 1− e−µx, x ≥ 0; ρ = λm1 = λ/µ)

MQ(∞) =
1

1 + λM τ(∞)

(h−1∑
i=1

(Rh −Ri) + (1 + ρ)

(
(h− 1)

(
1−

−Rh(1− ρ)
)
+Rhρ

2 − ρ
h−1∑
i=1

Ri

(
ρ

1 + ρ

)h−i))
.

(29)

Á) ßêùî ÷àñ îáñëóãîâóâàííÿ ðîçïîäiëåíèé çà çàêîíîì Åðëàíãà äðóãîãî ïîðÿäêó
(F (x) = 1− (1 + µx)e−µx, x ≥ 0; ρ = λm1 = 2λ/µ), òî

MQ(∞) =
1

1 + λM τ(∞)

(h−1∑
i=1

(Rh −Ri) + (1 + ρ)

(
(h− 1)

(
1−

−Rh(1− ρ)
)
+

3

4
Rhρ

2 −
h−1∑
i=1

Ri(ρ+ h+ 2− i)

(
ρ

2 + ρ

)h+1−i))
.

(30)

Äîâåäåííÿ. A) Äëÿ ÷àñó îáñëóãîâóâàííÿ, ðîçïîäiëåíîãî çà ïîêàçíèêîâèì çàêîíîì,
ç îçíà÷åííÿ ïîñëiäîâíîñòi {pi} (äèâ. [1]) îòðèìó¹ìî

pi =
µΛi+1

λ+ µ
, pi = Λi+1 ( i ≥ −1 ); Λ =

λ

λ+ µ
;

∞∑
i=k

pi = ρΛk;
∞∑
k=1

∞∑
i=k

pi = ρ2,

i ôîðìóëà (27) íàáóâà¹ âèãëÿäó (29).
Á) ßêùî F (x) = 1− (1 + µx)e−µx, x ≥ 0, òî

pi =
(i+ 2)µ2Λi+1

(λ+ µ)2
, pi =

(
λ+ (i+ 2)µ

)
Λi+1

λ+ µ
( i ≥ −1 );

∞∑
i=k

pi =

(
λ

µ

)2

×

×Λk−1
(
k + 2− 2(k + 1)Λ + kΛ2

)
;

∞∑
k=1

∞∑
i=k

pi = Λ
∞∑
k=1

kΛk + ρ
∞∑
k=1

Λk =
3

4
ρ2,

i ç (27) îäåðæó¹ìî ñïiââiäíîøåííÿ (30). Òåîðåìó äîâåäåíî. �

6. Ïðèêëàäè îá÷èñëåííÿ ñòàöiîíàðíèõ õàðàêòåðèñòèê. Ïðèïóñòèìî, ùî
÷àñ îáñëóãîâóâàííÿ ðîçïîäiëåíèé çà çàêîíîì Åðëàíãà äðóãîãî ïîðÿäêó ç ïàðàìåò-
ðîì µ (m1 = 2/µ). Äëÿ ñèñòåìè Mθ

h/G/1 ðîçãëÿíåìî âèïàäêè: a1 = 0, 75, a2 =
= 0, 25 (çàìîâëåííÿ íàäõîäÿòü ïî îäíîìó òà ïî äâî¹, ïðèêëàä 1); a1 = 1 (çàìîâëåííÿ
íàäõîäÿòü ïî îäíîìó, ïðèêëàä 2).

Ïîçíà÷èìî ÷åðåç PLS(∞) iìîâiðíiñòü âòðàòè çàìîâëåííÿ äëÿ ñèñòåìè Mθ
h/G/1,

òîäi

PLS(∞) = 1−Psv(∞). (31)

Íåõàé λ = 2, µ = 3. Ðåçóëüòàòè îá÷èñëåíü ñòàöiîíàðíèõ õàðàêòåðèñòèê ñèñòåìè,
îòðèìàíi äëÿ ïðèêëàäiâ 1 i 2 ç âèêîðèñòàííÿì ôîðìóë (17), (20), (25), (30) i (31),
íàâåäåíî â òàáëèöÿõ 1 i 2, âiäïîâiäíî. Äëÿ ïîðiâíÿííÿ ó öèõ òàáëèöÿõ çàïèñàíi òà-
êîæ çíà÷åííÿ äåÿêèõ õàðàêòåðèñòèê, îäåðæàíi çà äîïîìîãîþ ñèñòåìè iìiòàöiéíîãî
ìîäåëþâàííÿ GPSS World [5, 6] äëÿ çíà÷åíü ÷àñó ðîáîòè ñèñòåìè îáñëóãîâóâàííÿ
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t = 105 (òàáë. 1) i t = 3 · 105 (òàáë. 2). Ïðîãðàìè GPSS World, ÿêi âèêîðèñòîâóâà-
ëè äëÿ îá÷èñëåíü, ìîæíà çíàéòè â [1]. Â íèõ âíåñåíî íåâåëèêi çìiíè, ïîâ'ÿçàíi ç
îñîáëèâîñòÿìè íàäõîäæåííÿ çàìîâëåíü (ðîçïîäië {ai}) äëÿ ïðèêëàäiâ 1 i 2.

Òàáëèöÿ 1. Ñòàöiîíàðíi õàðàêòåðèñòèêè ñèñòåìè Mθ
h/G/1 (ïðèêë. 1)

h M τ(∞) PLS(∞) PLS(∞) (GPSS)
1 3,920 0,468 0,465
2 8,326 0,434 0,435
3 15,701 0,419 0,418
4 28,801 0,410 0,410
5 52,045 0,406 0,409
6 93,273 0,403 0,404
7 166,399 0,402 0,402

Òàáëèöÿ 2. Ñòàöiîíàðíi õàðàêòåðèñòèêè ñèñòåìè Mθ
h/G/1 (ïðèêë. 2)

h M τ(∞) PLS(∞) PLS(∞) (GPSS) Mw(∞) Mw(∞) (GPSS)
1 3,136 0,353 0,352 0,919 0,917
2 5,550 0,312 0,312 1,316 1,313
3 9,140 0,289 0,289 1,781 1,783
4 14,448 0,275 0,276 2,290 2,292
5 22,291 0,266 0,266 2,833 2,833
6 33,873 0,261 0,261 3,403 3,403
7 50,978 0,257 0,257 3,995 3,995

Îòðèìàíi ðåçóëüòàòè ïiäòâåðäæóþòü âèñíîâêè òåîðåì 3 i 4 ïðî õàðàêòåð ìî-
íîòîííî¨ çàëåæíîñòi õàðàêòåðèñòèê M τ(∞) i Psv(∞) âiä ïàðàìåòðà h. Ïîðiâíÿííÿ
äàíèõ òàáëèöü 1 i 2 çàñâiä÷ó¹, ùî ñåðåäíÿ òðèâàëiñòü ïåðiîäó çàéíÿòîñòi M τ(∞) i
éìîâiðíiñòü âòðàòè çàìîâëåííÿ PLS(∞) çìåíøóþòüñÿ çi çìåíøåííÿì íàâàíòàæåííÿ
íà ñèñòåìó (íàâàíòàæåííÿ áiëüøå äëÿ ïðèêëàäó 1, êîëè çàìîâëåííÿ ìîæóòü íàäõî-
äèòè é ïî äâî¹).

7. Ïðî ìîæëèâiñòü ðîçâ'ÿçàííÿ çàäà÷ îïòèìàëüíîãî ñèíòåçó. Iíôîðìà-
öiþ ïðî õàðàêòåð ìîíîòîííî¨ çàëåæíîñòi õàðàêòåðèñòèêè ñèñòåìè îáñëóãîâóâàííÿ
âiä îäíîãî ç ïàðàìåòðiâ ñèñòåìè ìîæíà âèêîðèñòàòè äëÿ ðîçâ'ÿçàííÿ çàäà÷i îïòè-
ìàëüíîãî ñèíòåçó ñèñòåìè ç çàäàíîþ õàðàêòåðèñòèêîþ. Ïîêàæåìî öå íà ïðèêëàäi
éìîâiðíîñòi âòðàòè çàìîâëåííÿ PLS(∞).

Ñôîðìóëþ¹ìî çàäà÷ó îïòèìàëüíîãî ñèíòåçó òàê: äëÿ ôiêñîâàíèõ çíà÷åíü ïà-
ðàìåòðiâ λ, m1 òà ai (i ≥ 1) çíàéòè òàêå íàéìåíøå çíà÷åííÿ ïîðîãà áëîêóâàííÿ
h, ïðè ÿêîìó PLS(∞) íå ïåðåâèùó¹ çàäàíîãî çíà÷åííÿ P0. Ç òåîðåìè 4 òà ôîðìóëè
(31) âèïëèâà¹, ùî PLS(∞) ñïàäà¹ ÿê ôóíêöiÿ ïàðàìåòðà h. Î÷åâèäíî, ùî ðîçâ'ÿçîê
ñôîðìóëüîâàíî¨ çàäà÷i âèçíà÷à¹òüñÿ çà àëãîðèòìîì

hopt = min {h ∈ N : PLS(h)(∞) ≤ P0 }, (32)
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äå PLS(h)(∞) = PLS(∞) äëÿ êîíêðåòíîãî çíà÷åííÿ h. Äëÿ ðåàëiçàöi¨ àëãîðèòìó (32)
äîñòàòíüî ìàòè ðåçóëüòàòè îá÷èñëåíü çíà÷åíü PLS(∞) äëÿ ðiçíèõ h, òàêi ÿê, íàïðèê-
ëàä, íàâåäåíi ó òàáëèöÿõ 1 i 2.

Òàáëèöÿ 3. Ðîçâ'ÿçêè çàäà÷i îïòèìàëüíîãî ñèíòåçó äëÿ äàíèõ ïðèêëàäó 1

P0 0,41 0,42 0,43 0,44 0,45 0,46 0,47
hopt 5 3 3 2 2 2 1

Òàáëèöÿ 4. Ðîçâ'ÿçêè çàäà÷i îïòèìàëüíîãî ñèíòåçó äëÿ äàíèõ ïðèêëàäó 2

P0 0,26 0,27 0,28 0,29 0,30 0,31 0,32 0,33 0,34 0,35 0,36
hopt 7 5 4 3 3 3 2 2 2 2 1

Ðîçâ'ÿçêè çàäà÷ îïòèìàëüíîãî ñèíòåçó äëÿ äàíèõ ïðèêëàäiâ 1 i 2, îòðèìàíi çà
äîïîìîãîþ òàáëèöü 1 i 2, ïîäàíî ó òàáëèöÿõ 3 i 4, âiäïîâiäíî.

Ñïèñîê âèêîðèñòàíî¨ ëiòåðàòóðè

1. Áðàòié÷óê Ì. Äîñëiäæåííÿ ñèñòåì M/G/1/m òà M/G/1 ç ãðóïîâèì íàäõîäæåííÿì
çàìîâëåíü i ïîðîãîâèì áëîêóâàííÿì âõiäíîãî ïîòîêó / Áðàòié÷óê Ì., Æåðíîâèé Þ.

//Âiñí. Ëüâiâ. óí-òó. Ñåð. ìåõ-ìàò. � 2010. � Âèï. 72. � C. 21-35.
2. Æåðíîâèé Ê. Îïòèìiçàöiÿ ðåæèìiâ îáñëóãîâóâàííÿ äëÿ ñèñòåì M/M/1/m òà M/M/1 ç

áëîêóâàííÿì âõiäíîãî ïîòîêó /Æåðíîâèé Ê. //Âiñí. Ëüâiâ. óí-òó. Ñåð. ìåõ-ìàò. � 2009.
� Âèï. 71. � C. 92-101.

3. Æåðíîâûé Þ.Â. Ðåøåíèå çàäà÷ îïòèìàëüíîãî ñèíòåçà äëÿ íåêîòîðûõ ìàðêîâñêèõ ìî-
äåëåé îáñëóæèâàíèÿ / Æåðíîâûé Þ.Â. //Èíôîðìàöèîííûå ïðîöåññû. � 2010. � Ò. 10,
� 3. � C. 257-274.

4. Áðàòié÷óê À.Ì. Äîñëiäæåííÿ ñèñòåì îáñëóãîâóâàííÿ ç îáìåæåíîþ ÷åðãîþ / Áðàòié-

÷óê À.Ì. Äèñ. êàíä. ôiç.-ìàò. íàóê. � Ê., 2008.
5. Áîåâ Â.Ä. Ìîäåëèðîâàíèå ñèñòåì. Èíñòðóìåíòàëüíûå ñðåäñòâà GPSS World / Áîåâ Â.Ä.

� Ñ.-Ï., 2004.
6. Æåðíîâèé Þ.Â. Iìiòàöiéíå ìîäåëþâàííÿ ñèñòåì ìàñîâîãî îáñëóãîâóâàííÿ / Æåðíî-

âèé Þ.Â. � Ë., 2007.

Ñòàòòÿ: íàäiéøëà äî ðåäàêöi¨ 10.02.2011
ïðèéíÿòà äî äðóêó 21.09.2011.

STATIONARY CHARACTERISTICS OF Mθ/G/1/m
AND Mθ/G/1 QUEUES WITH THRESHOLD BLOCKING

OF AN INPUT FLOW
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The Mθ/G/1/m queue with group arrivals and threshold blocking strategy
of an input �ow is considered. If at the moment of beginning the service
of the next customer the number of customers in the system exceeds some
level h, the input �ow is blocked while service process goes its own way. The
arrivals of the new customers resume when the number of customers in the
system decreases to the level h. Average duration of parts of the busy time
with absence and presence of blocking of input �ow, probability of service of
customers and stationary characteristics of queue are found. Monotonicity of
dependences of average duration of the busy time and probability of service on
the parameters m and h is proved.

Key words: the Mθ/G/1/m and Mθ/G/1 queueing systems, blocking of an
input �ow, busy time, stationary characteristics.
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Ðàññìîòðåíî ñèñòåìó îáñëóæèâàíèÿ òèïà Mθ/G/1/m ñ ãðóïïîâûì ïî-
ñòóïëåíèåì çàÿâîê è ïîðîãîâîé áëîêèðîâêîé âõîäíîãî ïîòîêà. Áëîêèðîâêà
ïîòîêà çàÿâîê îñóùåñòâëÿåòñÿ, åñëè â ìîìåíò íà÷àëà îáñëóæèâàíèÿ î÷å-
ðåäíîé çàÿâêè ÷èñëî çàÿâîê â ñèñòåìå ïðåâûøàåò çàäàííûé ïîðîãîâûé
óðîâåíü h. Îïðåäåëåíî ñðåäíþþ ïðîäîëæèòåëüíîñòü ÷àñòåé ïåðèîäà çàíÿ-
òîñòè ñ îòñóòñòâèåì è íàëè÷èåì áëîêèðîâêè âõîäíîãî ïîòîêà, âåðîÿòíîñòü
îáñëóæèâàíèÿ çàÿâîê è ñòàöèîíàðíûå õàðàêòåðèñòèêè î÷åðåäè. Äîêàçàíà
ìîíîòîííîñòü çàâèñèìîñòåé ñðåäíåé ïðîäîëæèòåëüíîñòè ïåðèîäà çàíÿòîñ-
òè è âåðîÿòíîñòè îáñëóæèâàíèÿ îò ïàðàìåòðîâ m è h.

Êëþ÷åâûå ñëîâà: ñèñòåìû Mθ/G/1/m è Mθ/G/1/m, áëîêèðîâêà âõîä-
íîãî ïîòîêà, ïåðèîä çàíÿòîñòè, ñòàöèîíàðíûå õàðàêòåðèñòèêè.
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Ó ðàìêàõ íå÷iòêî-ìíîæèííî¨ òåîði¨ çàïðîïîíîâàíî ìåòîä ðîçâ'ÿçóâàí-
íÿ çàäà÷i îïòèìiçàöi¨ ðîçøèðåíîãî ôîíäîâîãî ïîðòôåëÿ àêöié, ïîêðèòèõ
îïöiîíàìè ¹âðîïåéñüêîãî ñòèëþ.

Êëþ÷îâi ñëîâà: ðîçøèðåíèé ôîíäîâèé ïîðòôåëü, îïöiîíè.

1. Âñòóï. Âiäîìî, ùî âêëàäàííÿ êîøòiâ ó öiííi ïàïåðè, îñîáëèâî â àêöi¨, ¹ äîñ-
òàòíüî ðèçèêîâîþ ôiíàíñîâîþ îïåðàöi¹þ. Îäíàê, ôîðìóþ÷è ïîðòôåëü àêöié, ìîæ-
íà ïðàêòè÷íî çâåñòè äî íóëÿ éîãî íåñèñòåìàòè÷íèé ðèçèê: ÿêùî äåÿêi êîìïîíåíòè
ïîðòôåëÿ ìàòèìóòü íèçüêó äîõiäíiñòü, òî iíøi ìîæóòü ïåâíîþ ìiðîþ êîìïåíñóâà-
òè âòðàòè iíâåñòîðà. ×èì áiëüøå äèâåðñèôiêîâàíèé ôîíäîâèé ïîðòôåëü àêöié, òèì
ìåíøèé éîãî ðiâåíü íåñèñòåìàòè÷íîãî ðèçèêó. Îïòèìàëüíó äèâåðñèôiêàöiþ ïîðò-
ôåëÿ ìîæíà ïðîâåñòè, çîêðåìà êëàñè÷íèìè ìåòîäàìè Ìàðêîâiöà [1] àáî Øàðïà [2].

Çíà÷íî ñêëàäíiøîþ ¹ çàäà÷à çìåíøåííÿ ñèñòåìàòè÷íîãî ðèçèêó ôîíäîâîãî
ïîðòôåëÿ àêöié, ïîðîäæåíîãî íåâèçíà÷åíiñòþ ôiíàíñîâîãî ðèíêó. Öüîãî ðèçèêó
ïðàêòè÷íî íåìîæëèâî óíèêíóòè, îäíàê çìåíøèòè éîãî ðiâåíü ìîæíà øëÿõîì îäíî-
÷àñíîãî õåäæóâàííÿ i ôîðñóâàííÿ êîìïîíåíò ïîðòôåëÿ îïöiîíàìè. Òàêi ôîíäîâi
ïîðòôåëi ÷àñòî íàçèâàþòü ðîçøèðåíèìè. Iíâåñòîðè âèêîðèñòîâóþòü òàêó ñòðàòåãiþ
ó âèïàäêó, êîëè ¹ ïðîãíîçè ôiíàíñîâèõ àíàëiòèêiâ ïðî çíà÷íi êîëèâàííÿ ðèíêîâèõ
öií íà àêöi¨, îäíàê íàïðÿì öèõ êîëèâàíü äîñòåìåííî íåâiäîìèé.

ßêùî äîõiäíîñòi êîìïîíåíò ðîçøèðåíîãî ôîíäîâîãî ïîðòôåëÿ ââàæàòè âèïàä-
êîâèìè âåëè÷èíàìè ç âiäîìèìè éìîâiðíiñíèìè ðîçïîäiëàìè, òî ùiëüíiñòü ðîçïîäiëó
äîõiäíîñòi ïîðòôåëÿ ìîæíà çíàéòè, íàïðèêëàä, âiäîìèì ÷èñåëüíèì ìåòîäîì Ìîíòå-
Êàðëî. Ïðîòå öåé ìåòîä ïåðåäáà÷à¹ ãðîìiçäêó îá÷èñëþâàëüíó ïðîöåäóðó � äåñÿòêè
òèñÿ÷ îïåðàöié íà îäíó òî÷êó ìåæi åôåêòèâíîñòi ïîðòôåëÿ. Äëÿ îá'¹ìíèõ ôîíäîâèõ
ïîðòôåëiâ ÷èñåëüíå ðîçâ'ÿçóâàííÿ çàäà÷i îïòèìiçàöi¨ çàéìà¹ íåâèïðàâäàíî áàãàòî
îïåðàòèâíîãî ÷àñó.

c⃝ Áóãðié Ì., 2011
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Îäíèì ç ìîæëèâèõ âàðiàíòiâ âèõîäó ç öi¹¨ ñèòóàöi¨ ¹ ìîäåëüíà çìiíà ñïîñîáó
âðàõóâàííÿ íåâèçíà÷åíîñòi ïðè ôîðìóëþâàííi çàäà÷i îïòèìiçàöi¨: ïåðåõiä âiä âèïàä-
êîâèõ âåëè÷èí äî íå÷iòêèõ âåëè÷èí ó ðàìêàõ íå÷iòêî-ìíîæèííî¨ òåîði¨ [3]. Çîêðåìà,
â [4] ó ðàìêàõ öi¹¨ òåîði¨ çàïðîïîíîâàíî ÷èñåëüíèé ìåòîä ðîçâ'ÿçóâàííÿ çàäà÷i ïðî
îïòèìiçàöiþ ôîíäîâîãî ïîðòôåëÿ, ÿêèé ìiñòèòü àêöi¨ òà îïöiîíè êóïiâëi òà ïðîäàæó
íà öi àêöi¨. Â îñíîâó öüîãî ìåòîäó ïîêëàäåíî iòåðàöiéíèé âèáið ÷àñòêîâîãî ñïiââiäíî-
øåííÿ êîìïîíåíò ôîíäîâîãî ïîðòôåëÿ ç íàñòóïíèì óòî÷íåííÿì ãëèáèíè ïîêðèòòÿ
êîæíî¨ àêöi¨ îïöiîíàìè.

Íàøà ìåòà � â ðàìêàõ íå÷iòêî-ìíîæèííî¨ òåîði¨ çàïðîïîíóâàòè îäèí ç ìîæëè-
âèõ âàðiàíòiâ çâåäåííÿ çàäà÷i ïðî îïòèìiçàöiþ ôîíäîâîãî ïîðòôåëÿ àêöié, êîæíà
ç ÿêèõ ïîêðèòà call òà put îïöiîíàìè ¹âðîïåéñüêîãî ñòèëþ, äî äåÿêî¨ åêâiâàëåíòíî¨
çàäà÷i ìàòåìàòè÷íîãî ïðîãðàìóâàííÿ. Öå äà¹ çìîãó (â çàãàëüíîìó âèïàäêó íà ïiä-
ñòàâi ìåòîäó äåôàçèôiêàöi¨ [5]) íå òiëüêè åôåêòèâíî âèêîðèñòîâóâàòè ñòàíäàðòíi
ïðèêëàäíi ïàêåòè äëÿ ðîçâ'ÿçóâàííÿ òàêèõ çàäà÷ îïòèìiçàöi¨, à é äà¹ çìîãó çìåí-
øèòè çàòðàòè îïåðàòèâíîãî ÷àñó íà öþ ïðîöåäóðó.

2. Ôîðìóëþâàííÿ íå÷iòêî¨ çàäà÷i îïòèìiçàöi¨ òà ñõåìà ¨¨ ðîçâ'ÿçó-

âàííÿ. Íåõàé iíâåñòîð õî÷å ñôîðìóâàòè ôîíäîâèé ïîðòôåëü ç n òèïiâ àêöié i íå
ïëàíó¹ çìiíþâàòè öåé ïîðòôåëü ïðîòÿãîì äåÿêîãî ïåðiîäó T . Ïîçíà÷èìî ÷åðåç xi

(i = 1, n) � âiäíîñíó ÷àñòêó àêöi¨ i-ãî òèïó â ïîðòôåëi, à ÷åðåç rai (i = 1, n) � ôiíàëüíó
äîõiäíiñòü àêöi¨ i-ãî òèïó â ìîìåíò ÷àñó T .

Â ìîìåíò ôîðìóâàííÿ ôîíäîâîãî ïîðòôåëÿ âiäîìi åêñïåðòíi äàíi ïðî òå, ùî
ðèíêîâà öiíà ñàìå öèõ n òèïiâ àêöié ïðîòÿãîì ïåðiîäó T ìîæå çàçíàòè çíà÷íèõ
êîëèâàíü, îäíàê åêñïåðòè íå ìîæóòü âïåâíåíî âèçíà÷èòè íàïðÿì öèõ êîëèâàíü. Ó
öüîìó âèïàäêó iíâåñòîð ìîæå çàñòðàõóâàòè ñâié ïîðòôåëü àêöié âiä êîëèâàííÿ ðèí-
êîâèõ öií íà íèõ, ñôîðìóâàâøè ðîçøèðåíèé ôîíäîâèé ïîðòôåëü, òîáòî ïîêðèòè
êîæíó àêöiþ i-ãî òèïó call òà put îïöiîíîì ¹âðîïåéñüêîãî ñòèëþ ç ðiçíèìè öiíàìè
âèêîíàííÿ i òåðìiíîì äi¨ T . Òàêà îïöiîííà ñòðàòåãiÿ íàçèâà¹òüñÿ �ñòðåíãë� (long
strangle) [6].

Îòæå, â çàçíà÷åíèõ óìîâàõ iíâåñòîð ôîðìó¹ ðîçøèðåíèé ôîíäîâèé ïîðòôåëü,
ÿêèé ìiñòèòü n òèïiâ àêöié, n íàáîðiâ call-îïöiîíiâ i n íàáîðiâ put-îïöiîíiâ ¹âðî-
ïåéñüêîãî ñòèëþ íà öi àêöi¨. Ïîçíà÷èìî ÷åðåç xi (i = n+ 1, 2n) � âiäíîñíó ÷àñòêó
çáiðêè �àêöiÿ (i − n)-ãî òèïó � call-îïöiîí ç i-ãî íàáîðó, ÿêèé ïîâíiñòþ ôîðñó¹ öþ
àêöiþ�, ÷åðåç xi (i = 2n+ 1, 3n) � âiäíîñíó ÷àñòêó çáiðêè �àêöiÿ (i − 2n)-ãî òèïó �
put-îïöiîí ç i-ãî íàáîðó, ÿêèé ïîâíiñòþ õåäæó¹ öþ àêöiþ�, ÷åðåç xi (i = 3n+ 1, 4n)
� âiäíîñíó ÷àñòêó çáiðêè �àêöiÿ (i − 3n)-ãî òèïó � call-îïöiîí ç i-ãî íàáîðó, ÿêèé
ïîâíiñòþ ôîðñó¹ öþ àêöiþ � put-îïöiîí ç i-ãî íàáîðó, ÿêèé ïîâíiñòþ õåäæó¹ öþ
àêöiþ�, ÷åðåç roci (i = n+ 1, 2n) � ôiíàëüíó äîõiäíiñòü (â ìîìåíò ÷àñó T ) çáiðêè
�àêöiÿ (i − n)-ãî òèïó � call-îïöiîí ç i-ãî íàáîðó, ÿêèé ïîâíiñòþ ôîðñó¹ öþ àêöiþ�,
÷åðåç ropi (i = 2n+ 1, 3n) � ôiíàëüíó äîõiäíiñòü (â ìîìåíò ÷àñó T ) çáiðêè �àêöiÿ
(i− 2n)-ãî òèïó � put-îïöiîí ç i-ãî íàáîðó, ÿêèé ïîâíiñòþ õåäæó¹ öþ àêöiþ�, à ÷åðåç
rocpi (i = 3n+ 1, 4n) � ôiíàëüíó äîõiäíiñòü (â ìîìåíò ÷àñó T ) çáiðêè �àêöiÿ (i−3n)-ãî
òèïó � call-îïöiîí ç i-ãî íàáîðó, ÿêèé ïîâíiñòþ ôîðñó¹ öþ àêöiþ � put-îïöiîí ç i-ãî
íàáîðó, ÿêèé ïîâíiñòþ õåäæó¹ öþ àêöiþ�. Âñüîãî ðîçøèðåíèé ïîðòôåëü ìiñòèòü 4n
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êîìïîíåíò ç âiäíîñíèìè ÷àñòêàìè xi (i = 1, 4n), ïðè÷îìó

4n∑
i=1

xi = 1, (1)

0 6 xi 6 1, (i = 1, 4n). (2)

Íåõàé ó ìîìåíò ôîðìóâàííÿ ðîçøèðåíîãî ôîíäîâîãî ïîðòôåëÿ ñòîñîâíî îñíîâ-
íèõ ôiíàíñîâèõ ïàðàìåòðiâ, ÿêi éîãî õàðàêòåðèçóþòü, íàÿâíà òàêà iíôîðìàöiÿ.

1. Ðèíêîâà öiíà àêöi¨ i-ãî òèïó ñòàíîâèòü Si,0 (i = 1, n).
2. Íà ïiäñòàâi åêñïåðòíèõ äàíèõ ïîêàçàíî, ùî íà ìîìåíò ÷àñó T ðèíêîâà öiíà

àêöi¨ i-ãî òèïó ïåðåáóâàòèìå â iíòåðâàëi [Si,min, Si,max] (i = 1, n), òîáòî áóäå
íå÷iòêèì ÷èñëîì ïðÿìîêóòíîãî âèãëÿäó [3].

3. Ðèíêîâà öiíà call-îïöiîíó ç i-ãî íàáîðó, ÿêèé ôîðñó¹ àêöiþ i-ãî òèïó íà 100%,
ñòàíîâèòü Ci,c (i = n+ 1, 2n).

4. Öiíà âèêîíàííÿ call-îïöiîíó ç i-ãî íàáîðó, ÿêèé ôîðñó¹ àêöiþ i-ãî òèïó íà
100%, ñòàíîâèòü Xi,c (i = n+ 1, 2n), ïðè÷îìó Si−n,min < Xi,c < Si−n,max

(i = n+ 1, 2n).
5. Ðèíêîâà öiíà put-îïöiîíó ç i-ãî íàáîðó, ÿêèé õåäæó¹ àêöiþ i-ãî òèïó íà 100%,

ñòàíîâèòü Ci,p (i = 2n+ 1, 3n).
6. Öiíà âèêîíàííÿ put-îïöiîíó ç i-ãî íàáîðó, ÿêèé õåäæó¹ àêöiþ i-ãî òèïó íà

100%, ñòàíîâèòü Xi,p (i = 2n+ 1, 3n), ïðè÷îìó Si−2n,min < Xi,p < Xi−n,c <
< Si−2n,max (i = 2n+ 1, 3n).

Íà ïiäñòàâi öèõ åêñïåðòíèõ äàíèõ ìîæíà îá÷èñëèòè íå÷iòêó äîõiäíiñòü (iíòåð-
âàë äîõiäíîñòi) ðîçøèðåíîãî ôîíäîâîãî ïîðòôåëÿ, ÿêèé ðîçãëÿäàþòü ó ìîìåíò ÷àñó
T (ìîìåíò åêñïiðàöi¨ îïöiîíiâ).

Ñïðàâäi, ÿêùî àêöiÿ i-ãî òèïó íå ïîêðèâà¹òüñÿ îïöiîíàìè, òî äîõiäíiñòü öi¹¨
àêöi¨ â ìîìåíò ÷àñó T õàðàêòåðèçó¹òüñÿ íå÷iòêèì ÷èñëîì rai ïðÿìîêóòíîãî âèãëÿäó

rai = [rai,min, r
a
i,max] =

[
Si,min − Si,0

T · Si,0
,
Si,max − Si,0

T · Si,0

]
(i = 1, n). (3)

Îñêiëüêè àáñîëþòíèé ïðèáóòîê Ii,c (i = n+ 1, 2n) call-îïöiîíó ¹âðîïåéñüêîãî
ñòèëþ ç i-ãî íàáîðó â ìîìåíò ÷àñó T çà óìîâè 100% ôîðñóâàííÿ âiäïîâiäíî¨ àêöi¨
îá÷èñëþþòü çà ôîðìóëîþ [6]

Ii,c = max{0, Si−n −Xi,c} − Ci,c =

{
Si−n −Xi,c − Ci,c, Si−n > Xi,c,

−Ci,c, Si−n 6 Xi,c,

äå Si−n (i = n+ 1, 2n) � ðèíêîâà öiíà âiäïîâiäíî¨ àêöi¨ â ìîìåíò ÷àñó T , òî äîõiäíiñòü
çáiðêè �àêöiÿ i-ãî òèïó � call-îïöiîí ç i-ãî íàáîðó� â ìîìåíò ÷àñó T õàðàêòåðèçó¹òüñÿ
íå÷iòêèì ÷èñëîì roci ïðÿìîêóòíîãî âèãëÿäó

roci = [roci,min, r
oc
i,max] =

[
Si−n,min − Si−n,0 − Ci,c

T · (Ci,c + Si−n,0)
,

2Si−n,max −Xi,c − Si−n,0 − Ci,c

T · (Ci,c + Si−n,0)

]
(i = n+ 1, 2n). (4)
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Àíàëîãi÷íî, àáñîëþòíèé ïðèáóòîê Ii,p (i = 2n+ 1, 3n) put-îïöiîíó ¹âðîïåéñüêî-
ãî ñòèëþ ç i-ãî íàáîðó â ìîìåíò ÷àñó T çà óìîâè 100% õåäæóâàííÿ âiäïîâiäíî¨ àêöi¨
îá÷èñëþþòü çà ôîðìóëîþ [6]

Ii,p = max{0, Xi,p − Si−n} − Ci,p =

{
Xi,p − Si−n − Ci,p, Xi,p > Si−n,

−Ci,p, Xi,p 6 Si−n,

äå Si−n (i = n+ 1, 2n) � ðèíêîâà öiíà âiäïîâiäíî¨ àêöi¨ â ìîìåíò ÷àñó T , òîìó äîõiä-
íiñòü çáiðêè �àêöiÿ i-ãî òèïó � put-îïöiîí ç i-ãî íàáîðó� â ìîìåíò ÷àñó T õàðàêòåðè-
çó¹òüñÿ íå÷iòêèì ÷èñëîì ropi ïðÿìîêóòíîãî âèãëÿäó

ropi = [ropi,min, r
op
i,max] =

=

[
Xi,p − Si−2n,0 − Ci,p

T · (Ci,p + Si−2n,0)
,
Si−2n,max − Si−2n,0 − Ci,p

T · (Ci,p + Si−2n,0)

]
, (i = 2n+ 1, 3n). (5)

Âèêîðèñòîâóþ÷è ôîðìóëè (4), (5), ëåãêî ïîêàçàòè, ùî äîõiäíiñòü çáiðêè �àêöiÿ
i-ãî òèïó � call-îïöiîí ç i-ãî íàáîðó, ÿêèé ïîâíiñòþ ôîðñó¹ öþ àêöiþ � put-îïöiîí
ç i-ãî íàáîðó, ÿêèé ïîâíiñòþ õåäæó¹ öþ àêöiþ� â ìîìåíò ÷àñó T õàðàêòåðèçó¹òüñÿ
íå÷iòêèì ÷èñëîì rocpi ïðÿìîêóòíîãî âèãëÿäó

rocpi = [rocpi,min, r
ocp
i,max] =

[
Xi−n,p − Si−3n,0 − Ci−n,p − Ci−2n,c

T · (Ci−n,p + Ci−2n,c + Si−3n,0)
,

2Si−3n,max −Xi−2n,c − Si−3n,0 − Ci−n,p − Ci−2n,c

T · (Ci−n,p + Ci−2n,c + Si−3n,0)

]
, (i = 3n+ 1, 4n). (6)

Òåïåð íà ïiäñòàâi (3) � (6) çíàéäåìî, ùî äîõiäíiñòü ðîçøèðåíîãî ôîíäîâîãî
ïîðòôåëÿ àêöié, îäíî÷àñíî ïîêðèòèõ call òà put îïöiîíàìè ¹âðîïåéñüêîãî ñòèëþ
âèêîíàííÿ, â ìîìåíò ÷àñó T õàðàêòåðèçó¹òüñÿ íå÷iòêèì ÷èñëîì r ïðÿìîêóòíîãî âè-
ãëÿäó

r(x) = [rmin(x), rmax(x)] =

[ n∑
i=1

xi ·
Si,min − Si,0

T · Si,0
+

2n∑
i=n+1

xi
Si−n,min − Si−n,0 − Ci,c

T · (Ci,c + Si−n,0)
+

+
3n∑

i=2n+1

xi
Xi,p − Si−2n,0 − Ci,p

T · (Ci,p + Si−2n,0)
+

4n∑
i=3n+1

xi
Xi−n,p − Si−3n,0 − Ci−n,p − Ci−2n,c

T · (Ci−n,p + Ci−2n,c + Si−3n,0)
,

n∑
i=1

xi ·
Si,max − Si,0

T · Si,0
+

2n∑
i=n+1

xi
2Si−n,max −Xi,c − Si−n,0 − Ci,c

T · (Ci,c + Si−n,0)
+

+

3n∑
i=2n+1

xi
Si−2n,max − Si−2n,0 − Ci,p

T · (Ci,p + Si−2n,0)
+

+
4n∑

i=3n+1

xi
2Si−3n,max −Xi−2n,c − Si−3n,0 − Ci−n,p − Ci−2n,c

T · (Ci−n,p + Ci−2n,c + Si−3n,0)

]
. (7)

Ôîðìóþ÷è ðîçøèðåíèé ôîíäîâèé ïîðòôåëü, iíâåñòîð ïåðåäóñiì îáîâ'ÿçêîâî
ôiêñó¹ íîðìàòèâíèé ïàðàìåòð � íèæíþ ìåæó äîõiäíîñòi ïîðòôåëÿ. Ó âèïàäêó, ÿêèé
ðîçãëÿäà¹òüñÿ, íèæíþ ìåæó äîõiäíîñòi ïîðòôåëÿ çàäàìî ó âèãëÿäi íå÷iòêîãî ïðÿ-
ìîêóòíîãî ÷èñëà

rP = [rPmin, r
P
max]. (8)
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Îñêiëüêè ñòóïiíü ðèçèêó iíâåñòèöié ó ïîðòôåëü çàëåæàòèìå âiä òîãî, íàñêiëüêè
äîõiäíiñòü ïîðòôåëÿ áóäå íèæ÷îþ âiä íîðìàòèâíî¨, òî î÷åâèäíî, ùî ðiâåíü ðèçè-
êó iíâåñòèöié ó ðîçøèðåíèé ôîíäîâèé ïîðòôåëü ç äîõiäíiñòþ (7) áóäå âèçíà÷àòèñÿ
âçà¹ìíèì ðîçìiùåííÿì iíòåðâàëiâ (7), (8). Ó öüîìó çâ'ÿçêó ðèçèê òîãî, ùî äîõiäíiñòü
ðîçøèðåíîãî ôîíäîâîãî ïîðòôåëÿ, ÿêèé ðîçãëÿäà¹òüñÿ, áóäå íèæ÷îþ (âèùîþ) âiä
íîðìàòèâíî¨, ìîæíà îá÷èñëèòè çà òàêîþ ôîðìóëîþ [7]:

R =



0, rPmax 6 rmin,

(rPmax − rmin)
2

2(rPmax − rPmin)(rmax − rmin)
, rPmin < rmin < rPmax 6 rmax,

rPmin + rPmax − 2rmin

2(rmax − rmin)
, rmin 6 rPmin < rPmax 6 rmax,

2rPmax − rmin − rmax

2(rPmax − rPmin)
, rPmin 6 rmin < rmax 6 rPmax,

1− (rmax − rPmin)
2

2(rPmax − rPmin)(rmax − rmin)
, rmin 6 rPmin 6 rmax 6 rPmax,

1, rmax 6 rPmin.

(9)

Çà öiëüîâó ôóíêöiþ â çàäà÷i îïòèìiçàöi¨ ðîçøèðåíîãî ôîíäîâîãî ïîðòôåëÿ
àêöié, îäíî÷àñíî ïîêðèòèõ call òà put îïöiîíàìè ¹âðîïåéñüêîãî ñòèëþ âèêîíàííÿ,
ïðèðîäíî âèáðàòè éîãî ñåðåäíüî-î÷iêóâàíó äîõiäíiñòü, òîáòî ïîëîâèíó àëãåáðè÷íî¨
ñóìè êiíöiâ iíòåðâàëó äîõiäíîñòi (7). Îïòèìiçóâàòè ïîðòôåëü â òàêîìó ôîðìóëþâàí-
íi îçíà÷à¹ ìàêñèìiçóâàòè éîãî ñåðåäíüî-î÷iêóâàíó äîõiäíiñòü ó ìîìåíò ÷àñó T ïðè
çàäàíîìó (ôiêñîâàíîìó) çíà÷åííi ðèçèêó R = R0. Ç îãëÿäó íà öå ôîðìàëiçîâàíèé çà-
ïèñ çàäà÷i îïòèìiçàöi¨ ðîçøèðåíîãî ôîíäîâîãî ïîðòôåëÿ àêöié, îäíî÷àñíî ïîêðèòèõ
call òà put îïöiîíàìè ¹âðîïåéñüêîãî ñòèëþ âèêîíàííÿ, íàáóäå òàêîãî âèãëÿäó

r(x1, ..., x4n) =
rmin(x1, ..., x4n) + rmax(x1, ..., x4n)

2
=

n∑
i=1

xi ·
Si,min + Si,max − 2Si,0

2 · T · Si,0
+

+
2n∑

i=n+1

xi
Si−n,min + 2Si−n,max −Xi,c − 2Si−n,0 − 2Ci,c

2 · T · (Ci,c + Si−n,0)
+

+
3n∑

i=2n+1

xi
Si−2n,max +Xi,p − 2Si−2n,0 − 2Ci,p

2 · T · (Ci,p + Si−2n,0)
+

+
4n∑

i=3n+1

xi
2Si−3n,max −Xi−2n,c +Xi−n,p − 2Si−3n,0 − 2Ci−n,p − 2Ci−2n,c

2 · T · (Ci−n,p + Ci−2n,c + Si−3n,0)
→ max,

(10)
4n∑
i=1

xi = 1, (11)

0 6 xi 6 1, (i = 1, 4n), (12)

R(x1, ..., x4n, r
P
min, r

P
max) = R0. (13)
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Äëÿ ïîáóäîâè ðîçâ'ÿçêó çàäà÷i (10)-(13) â çàãàëüíîìó âèïàäêó ïîòðiáíî âðàõó-
âàòè òå, ùî óìîâà (13) ìà¹ íåñòàíäàðòíèé (�ãiëëÿñòèé�) âèãëÿä: çà âiäîìî¨ ñòðóêòóðè
ðîçøèðåíîãî ôîíäîâîãî ïîðòôåëÿ ïðèòàìàííèé éîìó ðiâåíü ðèçèêó îá÷èñëþ¹òüñÿ
íà ïiäñòàâi îäíi¹¨ ç ãiëîê ôîðìóëè (9) çàëåæíî âiä âçà¹ìíîãî ðîçìiùåííÿ iíòåðâàëiâ
äîõiäíîñòi (7), (8). ßêùî æ ñòðóêòóðó ðîçøèðåíîãî ôîíäîâîãî ïîðòôåëÿ âèçíà÷àþòü
øëÿõîì ðîçâ'ÿçóâàííÿ çàäà÷i îïòèìiçàöi¨, òî âiäïîâiäíó ãiëêó ôîðìóëè (9) ïîòðiáíî
âêëþ÷èòè â îáìåæåííÿ íà øóêàíèé ðîçâ'ÿçîê. Òîäi çàäà÷à (10)-(13) çâîäèòüñÿ äî
îäíi¹¨ ç òàêèõ øåñòè çàäà÷ ìàòåìàòè÷íîãî ïðîãðàìóâàííÿ, äëÿ êîæíî¨ ç ÿêèõ óìîâó
(13) òðåáà êîíêðåòèçóâàòè íà ïiäñòàâi ñïiââiäíîøåííÿ (9).

Äëÿ òåîðåòè÷íî áåçðèçèêîâîãî ðîçøèðåíîãî ïîðòôåëÿ àêöié i îïöiîíiâ (R0 = 0)
óìîâà, åêâiâàëåíòíà (13), çàïèøåìî ó âèãëÿäi

rmin(x) > rPmax. (14)

Àíàëîãi÷íî, äëÿ ïîðòôåëÿ ç ðèçèêîì R0 = 1 çàìiñòü óìîâè (13) ïîòðiáíî ðîç-
ãëÿíóòè óìîâó

rmax(x) 6 rPmin. (15)

Äëÿ âèçíà÷åííÿ ñêëàäîâèõ îïòèìàëüíîãî çà äîõiäíiñòþ ðîçøèðåíîãî ôîíäîâîãî
ïîðòôåëÿ àêöié i îïöiîíiâ ó âèïàäêó, êîëè ðèçèê ïîðòôåëÿ R0 ∈ (0, 1), óìîâó (13) â
çàäà÷i îïòèìiçàöi¨ ïîòðiáíî êîíêðåòèçóâàòè òàê.

ßêùî
rPmin < rmin(x) < rPmax 6 rmax(x),

òî (13) òðåáà çàìiíèòè òàêèìè óìîâàìè:

(rPmax − rmin(x))
2 = 2R0(r

P
max − rPmin)(rmax(x)− rmin(x)),

rmin(x) > rPmin, rmin(x) < rPmax, rmax(x) > rPmax. (16)

Êîëè
rmin(x) 6 rPmin < rPmax 6 rmax(x),

òî çàìiñòü óìîâè (13) ïîòðiáíî ðîçãëÿíóòè òàêi óìîâè:

rPmin + rPmax − 2rmin(x) = 2R0(rmax(x)− rmin(x)),

rmin(x) 6 rPmin, rPmin < rPmax, rmax(x) > rPmax. (17)

Ó âèïàäêó
rPmin 6 rmin(x) < rmax(x) 6 rPmax

óìîâà (13) åêâiâàëåíòíà óìîâàì

2rPmax − rmin(x)− rmax(x) = 2R0(r
P
max − rPmin),

rmin(x) > rPmin, rmin(x) < rmax(x), rmax(x) 6 rPmax. (18)

ßêùî
rmin(x) 6 rPmin 6 rmax(x) 6 rPmax,

òî óìîâó (13) òðåáà çàìiíèòè ñèñòåìîþ óìîâ

(rmax(x)− rPmin)
2 = 2(1−R0)(r

P
max − rPmin)(rmax(x)− rmin(x)),

rmin(x) 6 rPmin, rmax(x) 6 rPmax, rmax(x) > rPmin. (19)
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Çàóâàæèìî, ùî ñïiââiäíîøåííÿ (14)-(19) ÿâíî çàïèñóþòü ÷åðåç íåâiäîìi ÷àñòêè
xi (i = 1, 4n) âiäïîâiäíèõ êîìïîíåíò ôîíäîâîãî ïîðòôåëÿ îïöiîíiâ, îñêiëüêè ÷åðåç
öi ïàðàìåòðè ÿâíî âèðàæàþòüñÿ ôóíêöi¨ rmin(x), rmax(x) ç (7).

Îòæå, çà çàäàíèõ çíà÷åíü ïàðàìåòðiâ Si,min, Si,max (i = 1, n), Ci,c, Xi,c

(i = n+ 1, 2n), Ci,p, Xi,p (i = 2n+ 1, 3n), rPmin, r
P
max, T , R0, ñêëàäîâi xi (i = 1, 4n)

ôîíäîâîãî ïîðòôåëÿ àêöié i îïöiîíiâ ¹âðîïåéñüêîãî ñòèëþ ïîâèííi áóòè ðîçâ'ÿçêîì
îäíi¹¨ ç çàäà÷ ((8), (9), (10), (14)) - ((8), (9), (10), (19)) çàëåæíî âiä âçà¹ìíîãî
ðîçìiùåííÿ iíòåðâàëiâ (7), (8). Äëÿ ïîáóäîâè ìåæi åôåêòèâíîñòi öüîãî ïîðòôåëÿ
â ñèñòåìi êîîðäèíàò �ðèçèê íåäîïóñòèìî íèçüêî¨ äîõiäíîñòi ïîðòôåëÿ � ìàêñèìóì
ñåðåäíüî-î÷iêóâàíî¨ äîõiäíîñòi ïîðòôåëÿ� ïîòðiáíî ðîçâ'ÿçàòè âiäïîâiäíó çàäà÷ó
îïòèìiçàöi¨, çìiíþþ÷è ïàðàìåòð R0 â ìåæàõ R0,min 6 R0 6 R0,max, äå R0,min,
R0,max � ðèçèê êîìïîíåíòè ïîðòôåëÿ ç íàéìåíøîþ òà íàéáiëüøîþ äîõiäíiñòþ
âiäïîâiäíî.

3. Âèñíîâêè. Çàìiíà ñòàíäàðòíîãî ñïîñîáó ìîäåëþâàííÿ äîõiäíîñòi àêòèâiâ
(ÿê âèïàäêîâèõ âåëè÷èí) íå÷iòêèìè çíà÷åííÿìè (iíòåðâàëàìè) äîõiäíîñòåé öèõ
àêòèâiâ äîïîìîãëà ñôîðìóëþâàòè é îïèñàòè ñõåìó ðîçâ'ÿçóâàííÿ çàäà÷i îïòèìiçàöi¨
ðîçøèðåíîãî ôîíäîâîãî ïîðòôåëÿ àêöié, îäíî÷àñíî ïîêðèòèõ îïöiîíàìè ¹âðî-
ïåéñüêîãî ñòèëþ âèêîíàííÿ. Ïîáóäîâà ðîçâ'ÿçêó çàäà÷i îïòèìiçàöi¨ çâîäèòüñÿ äî
ðîçâ'ÿçóâàííÿ äåÿêî¨ çàäà÷i ìàòåìàòè÷íîãî ïðîãðàìóâàííÿ. Öå äà¹ çìîãó íå òiëüêè
ïîáóäóâàòè ìåæó åôåêòèâíîñòi ïîðòôåëÿ â ñèñòåìi êîîðäèíàò �ðèçèê íåäîïóñòèìî
íèçüêî¨ äîõiäíîñòi ïîðòôåëÿ � ìàêñèìóì ñåðåäíüî-î÷iêóâàíî¨ äîõiäíîñòi ïîðòôå-
ëÿ�, àëå i çíà÷íî çìåíøèòè çàòðàòè îïåðàòèâíîãî ÷àñó íà ðîçâ'ÿçóâàííÿ çàäà÷i
îïòèìiçàöi¨.

Ñïèñîê âèêîðèñòàíî¨ ëiòåðàòóðè

1. Markovitz H.M. Portfolio Selection /Markovitz H.M. // Journal of Finance. � 1952. � Vol. 7.
� P. 77-91.

2. Sharpe W.F. Capital Asset Prices: A Theory of Market Equilibrium Under Conditions of
Risk / Sharpe W.F. // Journal of Finance. � 1964. � Vol. 19. � P. 425-442.

3. Çàäå Ë.À. Ïîíÿòèå ëèíãâèñòè÷åñêîé ïåðåìåííîé è åãî ïðèìåíåíèå ê ïðèíÿòèþ ïðè-
áëèæåííûõ ðåøåíèé / Çàäå Ë.À. � Ì., 1976.

4. Íåäîñåêèí À.Î. Îïòèìèçàöèÿ ôîíäîâîãî ïîðòôåëÿ, ñîäåðæàùåãî êàê ïîäëåæàùèå
àêòèâû, òàê è îïöèîíû / Íåäîñåêèí À.Î. //Áàíêè è Ðèñêè. � 2005. � � 2.
(http://www.ifel.ru/br2/12.pdf)

5. Ñÿâàâêî Ì. Ìàòåìàòè÷íå ìîäåëþâàííÿ çà óìîâ íåâèçíà÷åíîñòi. / Ñÿâàâêî Ì., Ðèáè-

öüêà Î. � Ë., 2000.
6. Iâàùóê Í.Ë. Ðèíîê äåðèâàòèâiâ: åêîíîìiêî-ìàòåìàòè÷íå ìîäåëþâàííÿ ïðîöåñiâ öiíî-

óòâîðåííÿ. / Iâàùóê Í.Ë. � Ë., 2008.
7. Íåäîñåêèí À.Î. Îöåíêà ðèñêà èíâåñòèöèé äëÿ ïðîèçâîëüíî-ðàçìûòûõ ôàêòîðîâ èíâåñ-

òèöèîííîãî ïðîåêòà. / Íåäîñåêèí À.Î., Êîêîø À.Ì.

http://sedok.narod.ru/sc_group_2003.html

Ñòàòòÿ: íàäiéøëà äî ðåäàêöi¨ 01.05.2011

ïðèéíÿòà äî äðóêó 21.09.2011



ÏÐÎ ÎÄÍÓ ÇÀÄÀ×Ó ÎÏÒÈÌIÇÀÖI� ÔÎÍÄÎÂÎÃÎ ÏÎÐÒÔÅËß ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 74 33

ON SOME OPTIMIZATION PROBLEM OF THE STOCK
PORTFOLIO COVERED BY OPTIONS OF EUROPEAN STYLE

Mykola BUGRIY

Ivan Franko National University of L'viv,

Universytets'ka Str., 1, L'viv, 79000

e-mail: ol_buhrii@i.ua

Using fuzzy-plural theory we �nd the method of solving of optimization's
problems for the extended portfolio of the stocks. This stocks are covered by
the call and put-options of European style.

Key words: extended portfolio, option.

ÎÁ ÎÄÍÎÉ ÇÀÄÀ×Å ÎÏÒÈÌÈÇÀÖÈÈ ÔÎÍÄÎÂÎÃÎ
ÏÎÐÒÔÅËß ÀÊÖÈÉ È ÎÏÖÈÎÍÎÂ �ÂÐÎÏÅÉÑÊÎÃÎ ÑÒÈËß

Íèêîëàé ÁÓÃÐÈÉ

Ëüâîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Èâàíà Ôðàíêî,

óë. Óíèâåðñèòåòñêàÿ, 1, Ëüâîâ, 79000

e-mail: ol_buhrii@i.ua

Èñïîëüçóÿ íå÷¼òíî-ìíîæåñòâåííóþ òåîðèþ ïðåäëîæåíî ìåòîä ðåøåíèÿ
çàäà÷è îïòèìèçàöèè ðàñøûðåííîãî ôîíäîâîãî ïîðòôåëÿ àêöèé, ïîêðûòûõ
îïöèîíàìè åâðîïåéñêîãî ñòèëÿ.

Êëþ÷åâûå ñëîâà: ðàñøèðåííûé ôîíäîâîé ïîðòôåëü, îïöèîíû.



ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 74. Ñ. 34�40

Visnyk of the Lviv Univ. Series Mech. Math. 2011. Issue 74. P. 34�40

ÓÄÊ 517.574

IÍÒÅÃÐÀËÜÍI ÑÅÐÅÄÍI ÔÓÍÊÖIÉ, ÑÏÐßÆÅÍÈÕ
ÄÎ ÑÓÁÃÀÐÌÎÍIÉÍÈÕ ÔÓÍÊÖIÉ. II

ßðîñëàâ ÂÀÑÈËÜÊIÂ, Ëþáîìèð ÏÎËIÒÈËÎ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ, 79000

e-mail: YaVVasylkiv@gmail.com, Ljupol7@gmail.com

Äëÿ ïàðè ôóíêöié F(z) := u(z)+iŭ(z), äå u(z) � ñóáãàðìîíiéíà â Côóíê-
öiÿ, ãàðìîíiéíà â äåÿêîìó îêîëi òî÷êè z = 0, u(0) = 0, à ŭ(z) � ñïðÿæåíà
äî u(z), ñóòò¹âî óòî÷íåíî âiäîìi îöiíêè q-õ iíòåãðàëüíèõ ñåðåäíiõ mq(r,F)
ïðè 1 6 q 6 2. Äëÿ öüîãî âèêîðèñòàíî çîáðàæåííÿ Âàñèëüêiâà-Êîíäðàòþêà
ôóíêöi¨ ŭ â òåðìiíàõ ïåðåòâîðåíÿ Ãiëüáåðòà äëÿ êîëà òà êëàñè÷íó òåîðåìó
Ì. Ðiñà ïðî îöiíêó q-õ ñåðåäíiõ (1 < q < +∞) äëÿ òàêèõ ïåðiîäè÷íèõ
ïåðåòâîðåíü Ãiëüáåðòà.

Êëþ÷îâi ñëîâà: ñóáãàðìîíiéíà ôóíêöiÿ, ñïðÿæåíà ôóíêöiÿ äî ñóáãàð-
ìîíiéíî¨ ôóíêöi¨, ëåáåãîâi iíòåãðàëüíi ñåðåäíi, õàðàêòåðèñòèêà Íåâàíëií-
íè.

1. Âñòóï. Íåõàé u(z) ñóáãàðìîíiéíà â C ôóíêöiÿ, ãàðìîíiéíà â äåÿêîìó îêîëi
íóëÿ, u(0) = 0, F(z) = u(z)+iŭ(z), äå ŭ(z) � ôóíêöiÿ ñïðÿæåíà äî u(z) (äèâ. [1]),
DR = {z ∈ C : |z| < R} , DR = {z ∈ C : |z| 6 R}, 0 < R < +∞. Ïðèéìåìî

T (r, u) =
1

2π

2π∫
0

u+
(
reiθ

)
dθ, mq(r,F) =

 1

2π

2π∫
0

|F(reiθ)|q dθ

1/q

,

u+(reiθ) = max
{
u
(
reiθ

)
, 0
}
, 1 6 q < +∞, 0 < r < +∞.

Â [2] äîâåäåíî òàêi òâåðäæåííÿ.

Òåîðåìà A ([2]). Íåõàé 0 < r < +∞, 0 < ε(r) 6 1, ε(r) � íåçðîñòàþ÷à íà (0,+∞)
ôóíêöiÿ, ε(0) = 1, γ(r) = 1 + ε(r), u � ñóáãàðìîíiéíà â D4r ôóíêöiÿ, ãàðìîíiéíà â

äåÿêîìó îêîëi òî÷êè z = 0, u(0) = 0. Òîäi

mq(r,F) 6 A(q)
T (γ2(r)r, u)

q
√
ε(r)

, 1 6 q 6 2, (1)

mq(r,F) 6 A(q)
q
√
ε(r)T (γ2(r)r, u)

ε(r)
, 2 6 q < +∞, (2)

c⃝ Âàñèëüêiâ ß., Ïîëiòèëî Ë., 2011
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äå A(q) = 17 · 21−1/q ïðè 1 6 q 6 2 i A(q) = 17 q1−1/q ïðè 2 6 q < +∞.

Íàäàëi ÷åðåç E ïîçíà÷àòèìåìî ìíîæèíó ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè, òîáòî
òàêó ìíîæèíó E ⊂ [1,+∞), ùî iíòåãðàë

∫
E
d(log t) çáiãà¹òüñÿ.

Òåîðåìà B ([2]). Íåõàé φ(r) � íåïåðåðâíà, äîäàòíà, íåñïàäíà íà (0,+∞) ôóíêöiÿ,

φ(r) → +∞ ïðè r → +∞,
+∞∫
t0

dr/φ(r) < +∞ i âèêîíóþòüñÿ óìîâè òåîðåìè A. Òîäi

mq(r,F) = o
(
T (r, u)φ1−α(log T (r, u))

)
, 0 6 α < 1− 1/q, 1 6 q 6 2, (3)

mq(r,F) = o
(
T (r, u)φ1−α(log T (r, u))

)
, 0 6 α < 1/q, 2 6 q +∞, (4)

äëÿ êîæíîãî òàêîãî α i r → +∞ çîâíi âèíÿòêîâî¨ ìíîæèíè E.
Ìåòà íàøî¨ ïðàöi � óòî÷íèòè ñïiââiäíîøåííÿ (1) òà (3). Äëÿ öüîãî íàì áóäóòü

ïîòðiáíi òàêi ôàêòè. Íåõàé µ[u] � ìiðà Ðiñà ôóíêöi¨ u ([3, c. 132]), •̃ � îïåðàòîð
Ãiëüáåðòà äëÿ êîëà (äèâ. [4, c. 108]).

Òåîðåìà C ([1]). Íåõàé u(z) � ñóáãàðìîíiéíà â DR ôóíêöiÿ, u(0) = 0, 0 /∈ suppµ[u].
Òîäi äëÿ äîâiëüíîãî r ∈ (0, R)

ŭ(reiθ) = ũ(reiθ)− p̃(reiθ)

äëÿ ìàéæå âñiõ θ ∈ [0, 2π], äå

p̃(reiθ) =

r∫
0

 ∫
|a|6t

Im
r + tei(θ−α)

r − tei(θ−α)
dµa[u]

 dt

t
, α = arg a.

Òåîðåìà D ([4, c. 117]). ßêùî 1 < q < +∞, g(eiθ) ∈ Lq[0, 2π], òî 1

2π

2π∫
0

∣∣g̃ (eiθ)∣∣q dθ

1/q

6 M(q)

 1

2π

2π∫
0

∣∣g (eiθ)∣∣q dθ

1/q

,

äå

M(q) =


tg

π

2q
, 1 < q 6 2;

ctg
π

2q
, 2 6 q < +∞.

Òåîðåìà E ([5]). Íåõàé u � δ-ñóáãàðìîíiéíà â C ôóíêöiÿ, u(0) = 0, σ > 1,
1 6 q < +∞, 1

q + 1
q′ = 1. Òîäi

mq(r, u) 6
Aq(σ)

(σ − 1)1/q′
T (σr, u), r > 0,

äå

Aq(σ) =


(σ − 1)

1/q′
+
(
2q

′+1(
√
σ + 1)

)1/q′
+ (2qσ)

1/q′
, 2 6 q < +∞,

2 (A2(σ))
1/q′

, 1 6 q 6 2.
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2. Ôîðìóëþâàííÿ òà äîâåäåííÿ îñíîâíîãî ðåçóëüòàòó.

Òåîðåìà 1. Íåõàé 0 < r < +∞, 0 < δ < 1
2 , 0 < ε(r) < 1, ε(r) � íåçðîñòàþ÷à

íà (0,+∞) ôóíêöiÿ, ε(0) = 1, γ(r) = 1 + ε(r), u � ñóáãàðìîíiéíà â C ôóíêöiÿ,

0 ̸∈ suppµ[u], u(0) = 0. Òîäi

mq(r,F) 6 T
(
γ2(r)r, u

) C(q, δ)

(ε(r))
δ( 2

q−1)
+
+1− 1

q

, 1 6 q < +∞,

äå C(q, δ) � äîäàòíà ñòàëà òàêà, ùî lim
δ→+0

C(•, δ) = +∞ i lim
q→+∞

C(q, •) = +∞.

Äîâåäåííÿ. Ó âèïàäêó q > 2 ïðàâèëüíå ñïiââiäíîøåííÿ (2). Òîìó çàëèøèëîñÿ ðîç-
ãëÿíóòè âèïàäîê 1 6 q 6 2. Ó öüîìó âèïàäêó äîâåäåííÿ ïðîâåäåìî çà òàêîþ ñõåìîþ:

1) âðàõîâóþ÷è òåîðåìè C i D òà ìîíîòîííiñòü ïî q iíòåãðàëüíèõ ñåðåäíiõ, ñïî-
÷àòêó îöiíèìî m1(r,F);

2) âðàõîâóþ÷è ñïiââiäíîøåííÿ (2) ïðè q = 2 òà îïóêëiñòü ñòîñîâíî log q ëåáåãî-
âèõ iíòåãðàëüíèõ ñåðåäíiõ mq(•, •) (äèâ., íàïðèêëàä, òåîðåìó 10.12 ç [6])

mq(r,F) 6
(
m1(r,F)

)(2−q)/q(
m2(r,F)

)2(1−1/q)

, (5)

îöiíèìî mq(r,F) ïðè 1 6 q 6 2;
3) ç îöiíêè ïðàâîãî áîêó (5) òà (2) îòðèìà¹ìî îñòàòî÷íèé ðåçóëüòàò.
1) Íåõàé q = 1. Çàñòîñîâóþ÷è òåîðåìó C òà âðàõîâóþ÷è íåðiâíiñòü òðèêóòíèêà

i ìîíîòîííiñòü ïî q iíòåãðàëüíèõ ñåðåäíiõ, îäåðæèìî

m1(r,F) 6 m1(r, u) +m1(r, ũ) +m1(r, p̃) 6 m1+δ(r, u) +m1+δ(r, ũ) +m1(r, p̃).

Ç îãëÿäó íà òåîðåìó Å äëÿ âñiõ 1 6 q < +∞ çíàõîäèìî

m1+δ(r, u) 6
C0(δ)

ε
δ

1+δ (r)
T
(
γ2(r)r, u

)
6 C0(δ)

εδ(r)
T
(
γ2(r)r, u

)
, (6)

äå C0(δ) = 2(A2(γ(r)))
δ/(1+δ).

Äëÿ m1+δ(r, ŭ), âðàõîâóþ÷è òåîðåìè D i E, îäåðæó¹ìî

m1+δ(r, ũ) 6 M(1 + δ)m1+δ(r, u) 6
C1(δ)

ε
δ

1+δ (r)
T
(
γ2(r)r, u

)
6 C1(δ)

εδ(r)
T
(
γ2(r)r, u

)
, (7)

äå C1(δ) = 2M(1 + δ) · (A2(γ(r)))
δ/(1+δ).

Äàëi äëÿ m1(r, p̃) îòðèìó¹ìî òàêi îöiíêè:

m1(r, p̃)=
1

2π

2π∫
0

|p̃(reiθ)| dθ 6
r∫

0

dt

t

∫
|a|6t

dµa[u]

2π

2π∫
0

∣∣∣∣ 2rt sin(θ − α)

r2 + t2 − 2rt cos(θ − α)

∣∣∣∣ dθ =

=
2

π

r∫
0

dt

t

∫
|a|6t

log
r + t

r − t
dµa[u]6

2

π

r∫
0

log
r + t

r − t
· n(t, u)

t
dt =

2

π

r∫
0

n(t, u)

t

r+t∫
r−t

dx

x
dt, (8)

äå n(t, u) =
∫

|a|6t

dµa[u].
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Â îñòàííüîìó iíòåãðàëi çìiíèìî ïîðÿäîê iíòåãðóâàííÿ. Òîäi

2

π

r∫
0

n(t, u)

t

r+t∫
r−t

dx

x
dt =

2

π

r∫
0

dx

x

r∫
r−x

n(t, u)

t
dt+

2

π

2r∫
r

dx

x

r∫
x−r

n(t, u)

t
dt =

=
2

π

rε(r)∫
0

dx

x

r∫
r−x

n(t, u)

t
dt+

2

π

r∫
rε(r)

dx

x

r∫
r−x

n(t, u)

t
dt+

2

π

2r∫
r

dx

x

r∫
x−r

n(t, u)

t
dt. (9)

Îñêiëüêè N(r, u) =
r∫
0

n(t, u)

t
dt =

1

2π

2π∫
0

u
(
reiθ

)
d θ 6 T (r, u), òî äâà îñòàííi iíòåãðà-

ëè ç (9) îöiíèìî òàê:

2

π

r∫
rε(r)

dx

x

r∫
r−x

n(t, u)

t
dt =

2

π

r∫
rε(r)

N(r, u)−N(r − x, u)

x
dx 6

6 2N(r, u)

π
log

1

ε(r)
6 2

π
T (γ2(r)r, u) log

1

ε(r)
, (10)

2

π

2r∫
r

dx

x

r∫
x−r

n(t, u)

t
dt =

2

π

2r∫
r

N(r, u)−N(x− r, u)

x
dx 6

6 2 log 2 N(r, u)

π
6 2

π
T (γ2(r)r, u). (11)

Çàëèøèëîñü îöiíèòè

2

π

rε(r)∫
0

dx

x

r∫
r−x

n(t, u)

t
dt 6 2

π

rε(r)∫
0

n(r, u) dx

x

r∫
r−x

dt

t
6 2n(r, u)

π

rε(r)∫
0

dx

r − x
=

=
2n(r, u)ε(r)

π(1− ε(r))
6 4

π
N ((1 + ε(r)) r, u) 6 2

π
T (γ2(r)r, u). (12)

Âðàõîâóþ÷è (6)-(12), îäåðæèìî

m1 (r,F) 6 T
(
γ2(r)r, u

) [C0(δ)

εδ(r)
+

C1(δ)

εδ(r)
+

4

π
+

2

π
log

1

ε(r)

]
6

6 C2(δ)

εδ(r)
T
(
γ2(r)r, u

)
, (13)

äå C2(δ) > 0 i lim
δ→+0

C2(δ) = +∞.

2) Íåõàé 1 6 q 6 2. Ïiäñòàâèâøè (2) ïðè q = 2 òà (13) â (5), çíàõîäèìî

mq(r,F) 6
(
C2(δ)

εδ(r)
T
(
γ2(r)r, u

))(2−q)/q
(
17

(
2

ε(r)

)1/2

T (γ2(r)r, u)

)2(1−1/q)

6
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6 17 · (2)(1−1/q) (C2(δ))
2
q−1 T (γ2(r)r, u)

(ε(r))δ(
2
q−1)+1− 1

q

. (14)

3) Ç óðàõóâàííÿì (14) i (2) îñòàòî÷íî îòðèìó¹ìî

mq(r,F) 6 17 (C2(δ))
( 2

q−1)
+

(max{q, 2})(1−1/q) T (γ2(r)r, u)

(ε(r))δ(
2
q−1)

+
+1− 1

q

=

= T
(
γ2(r)r, u

) C(q, δ)

(ε(r))
δ( 2

q−1)
+
+1− 1

q

, 1 6 q < +∞,

ùî i ïîòðiáíî áóëî äîâåñòè. �

Iç ëåìè 5 ç [2] òà òåîðåìè 1 âèïëèâàþòü òàêi íàñëiäêè.

Íàñëiäîê 1. Íåõàé φ(r) � íåïåðåðâíà, äîäàòíà, íåñïàäíà íà (0,+∞) ôóíêöiÿ,

φ(r) → +∞ ïðè r → +∞,
+∞∫
t0

dr/φ(r) < +∞ i âèêîíóþòüñÿ óìîâè òåîðåìè 1.

Òîäi

mq(r,F) = o (T (r, u)φα(log T (r, u))) , r → +∞, r /∈ E,

äå δ

(
2

q
− 1

)+

+ 1− 1

q
< α 6 1, 1 6 q < +∞, 0 < δ < 1

2 ,

Äîâåäåííÿ. Çà òåîðåìîþ 1 îäåðæàëè

mq(r,F) 6 T
(
γ2(r)r, u

) C(q, δ)

(ε(r))
1− 1

q+δ( 2
q−1)

+ , q ∈ [1,+∞).

Îòîæ, äëÿ çàâåðøåííÿ äîâåäåííÿ öüîãî íàñëiäêó äîñòàòíüî çàñòîñóâàòè ëåìó 5 ç [2]

ç γ2(r) = (1 + 1/φ(log(T (r, u)))); çâiäñè ε(r) ∼ 1

2φ(log(T (r, u)))
ïðè r → +∞. �

Íàñëiäîê 2. Íåõàé âèêîíóþòüñÿ óìîâè íàñëiäêó 1. Òîäi äëÿ âñiõ q ∈ [1,+∞)

mq(r, u
+) = o (T (r, u)φ(log T (r, u))) , r → +∞, r /∈ E.

Äîâåäåííÿ. Çàóâàæèìî, ùî äëÿ âñiõ q ∈ [1,+∞), 0 < r < +∞ ìà¹ìî

mq(r, u
+) 6 mq(r, u) 6 mq(r,F).

Çâiäñè òà ç íàñëiäêó 1 ïðè α = 1 îòðèìó¹ìî ïîòðiáíå òâåðäæåííÿ. �

Çàóâàæåííÿ 1. Ç ðåçóëüòàòiâ ïðàöü [7], [8] âèïëèâà¹, ùî ó âèïàäêó u = log |f |, f
� öiëà ôóíêöiÿ íåñêií÷åííîãî ïîðÿäêó, f(0) = 1, ïðàâèëüíà òàêà àñèìïòîòè÷íà ðiâ-
íiñòü

logM(r, f) = o (T (r, f)φ (log (T (r, f)))) , r → +∞, r /∈ E,

äå logM(r, f) = max
|z|=r

log |f(z)|.
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INTEGRAL MEANS OF FUNCTIONS CONJUGATE
TO SUBHARMONIC FUNCTIONS. II

Yaroslav VASYLKIV, Lyubomyr POLITYLO

Ivan Franko National University of L'viv,

Universytets'ka Str., 1, L'viv, 79000

e-mail: YaVVasylkiv@gmail.com, Ljupol7@gmail.com

For the pair of functions F(z) := u(z) + iŭ(z), where u(z) is subharmonic
in C function, harmonic in some neighborhood of z = 0, u(0) = 0, and ŭ(z)
is conjugate to u(z), the known estimates of q-th Lebesgue integral means of
mq(r,F) when 1 6 q 6 2, was substantially improved. For this Vasylkiv-Kond-
ratyuk's representation of function ŭ in terms of Hilbert transformation for
circle and classical M. Riesz theorem on estimates of q-th means (1 < q < +∞)
for this periodic Hilbert transformation where used.

Key words: subharmonic function, function conjugate to subharmonic
function, Lebesgue integral means, Nevanlinna's characteristic.



40
ßðîñëàâ ÂÀÑÈËÜÊIÂ, Ëþáîìèð ÏÎËIÒÈËÎ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 74

ÈÍÒÅÃÐÀËÜÍÛÅ ÑÐÅÄÍÈÅ ÔÓÍÊÖÈÉ, ÑÎÏÐßÆÅÍÍÛÕ
Ê ÑÓÁÃÀÐÌÎÍÈ×ÅÑÊÈÌ ÔÓÍÊÖÈßÌ. II

ßðîñëàâ ÂÀÑÈËÜÊÈÂ, Ëþáîìèð ÏÎËÈÒÛËÎ

Ëüâîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Èâàíà Ôðàíêî,

óë. Óíèâåðñèòåòñêàÿ, 1, Ëüâîâ, 79000

e-mail: YaVVasylkiv@gmail.com, Ljupol7@gmail.com

Äëÿ ïàðû ôóíêöèé F(z) := u(z) + iŭ(z), ãäå u(z) � ñóáãàðìîíè÷åñêàÿ â
C ôóíêöèÿ, ãàðìîíè÷åñêàÿ â íåêîòîðîé îêðåñòíîñòè òî÷êè z = 0, u(0) = 0,
è ŭ(z) � ñîïðÿæåííàÿ ôóíêöèÿ ê u(z), ñóùåñòâåííî óòî÷íåíû èçâåñòíûå
îöåíêè q-õ èíòåãðàëüíûõ ñðåäíèõ mq(r,F) ïðè 1 6 q 6 2. Äëÿ ýòîãî
èñïîëüçîâàíî èçîáðàæåíèå Âàñèëüêèâà-Êîíäðàòþêà ôóíêöèè ŭ â òåðìè-
íàõ ïðåîáðàçîâàíèÿ Ãèëüáåðòà äëÿ îêðóæíîñòè, è êëàññè÷åñêóþ òåîðåìó
Ì. Ðèññà î îöåíêå q-õ ñðåäíèõ (1 < q < +∞) äëÿ òàêèõ ïåðèîäè÷åñêèõ
ïðåîáðàçîâàíèé Ãèëüáåðòà.

Êëþ÷åâûå ñëîâà: ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ, ôóíêöèÿ ñîïðÿæåííàÿ ê
ñóáãàðìîíè÷åñêîé ôóíêöèè, ëåáåãîâñêèå èíòåãðàëüíûå ñðåäíèå, õàðàêòå-
ðèñòèêà Íåâàíëèííû.
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ON BEHAVIOR OF SOLUTIONS OF HIGHER ORDER
DEGENERATE PARABOLIC EQUATIONS

Tahir GADJIEV, Kenyul MAMEDOVA

Institute of Mathematics and Mechanics of NAS of Azerbaijan,
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e-mail: soltanaliev@yahoo.com

In this paper the behavior of the solutions of the initial-boundary problem
for degenerate quasilinear parabolic equations in unbounded domains with
noncompact boundary is study.

Key words: parabolic nonlinear equation, degeneration, unbounded
domain.

1. Introduction. The goal of the paper is to study behavior of solutions of the
initial-boundary problem for degenerate quasi-linear parabolic equations in unbounded
domains with noncompact boundary.

For linear elliptic and parabolic equations on behavior of solution were studied in
the paper of O.A. Oleinik [1], [2]. For quasilinear equations, similar results were obtained
in the papers of A.F. Tedeev, A.E. Shishkov [3], T.S. Gadjiev [4]. S. Bonafade [5] is
studied quality properties of solutions for degenerate equations. Also we mention papers
[6], [7], [10]-[12].

We obtained some estimations that analogies of Saint-Venant's principle known in
theory of elasticity. By means of these estimations we obtained estimation on behavior
of solution of type Fragmen-Lindelyof.

In unbounded domain Q which contains in layer HT = {(x, t) : 0 < t < T <∞} of
Euclid space Rn+1

x,t consider initial-boundary problem

∂u

∂t
−

∑
|α|≤m

(−1)|α|DαAα (x, t, u,Du, ...,D
mu) = 0, (1)

u |t=0 = 0, (2)

Dαu |Γ = 0, |α| ≤ m− 1, (3)

where Dα = ∂|α|

∂x
α1
1 ∂xαmm

, |α| = α1 + α2 + ...+ αm, m ≥ 1, Dm = (Dαu)|α|=m.

The domain Q has noncompact boundary ∂Q = Γ0

∪
ΓT

∪
Γ, where

Γ0 = ∂Q
∩
{(x, t) : t = 0}, ΓT = ∂Q

∩
{(x, t) : t = T}.

c⃝ Gadjiev T., Mamedova K., 2011
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Assume that the coe�cients Aα (x, t, ξ) are measurable with respect to (x, t) ∈ Q,
continuous with respect to ξ ∈ RM ( M is the number of di�erent multi-indices of length
no more than m) and satisfy the conditions∑

|α|≤m

Aα (x, t, ξ) ξ
m
α ≥ ω (x) |ξm|p − c1ω (x)

m−1∑
i=1

∣∣ξi∣∣p − f1 (x, t) , (4)

|Aα (x, t, ξ) | ≤ C2ω (x)

m∑
i=0

∣∣ξi∣∣p−1
+ f2(x, t), (5)

where ξ =
(
ξ0, ..., ξm

)
, ξi =

(
ξiα

)
, |α| = i, p > 1, f1 ∈ Lp′ (0, T Lp,loc (Ωt)),

f2 ∈ L1,loc (Q) , Ωτ = Q
∩

{(x, t) : t = τ} .

The space Lp(0, T, W
m
q,ω(Ω

′

t)) de�ned as
{
u(x, t) :

∫ T
0

(
∥u∥Wm

q,ω(Ωt)

)p
dt <∞

}
,

where Q′-bounded subdomain Q. Ω
′

t = Q′ ∩ {(x, t) : t = τ}. Wm
q,ω(Ω

′

t) is a closure of t

the functions from Cm
(
Ω̄t

)
with respect to the norm

∥u∥Wm
q,ω(Ω

′
t)

=

 ∫
Ω

′
t

ω(x)
∑

|α|≤m

|Dαu|q dxdt


1/q

.

Assume that ω(x), ε(x), x ∈ Ω, are measurable non negative function satisfying the
conditions:

ω ∈ L1,loc(Q), (6)

where Ωs = Ωt
∩
Bs, Bs = {x : |x| < s}, Ci are positive constants dependent only on

problems data. In particular, it follows from condition (6) that ω ∈ Aτ (see [8]), i.e. for
any ρ > 0 ∫

Ωρ

ω(x) dx

[ ∫
Ωρ

− 1
σ−1

ω(x)dx

]σ−1

≤ C4ρ
nσ. (7)

Well describe geometry ∂Q with weight nonlinear basis frequency λp (r, τ) of section
σ (r, τ) = S (r)

∩
Ωτ , where S(r) = Q

∩
∂Q(r), Q(r) = Q

∩
{BS × (0, T )},

λpp (r, τ) = inf

( ∫
σ(r,τ)

ω (x) |∇v |pdτ
)( ∫

τ(r,τ)

ω (x) |∇v|p dτ
)−1

,

where the lower bound is taken by all continuously di�erentiable functions in the vicinity
of σ (r, τ) that vanish on ∂Q; ∇sv(x) is a projection of the vector ∇xv(x) on a tangential
plane to σ (r, τ) at the point x.

The function u ∈ Lp(0, T,
◦
W m

p,ω,loc (Ωt))
∩
W 1

2 (0, T ; L2,loc (Ωt)) is said to be a generali-

zed solution of problem (1)-(3) if∫
Q

∂u

∂t
φdxdt+

∫
Q

∑
|α|≤m

Aα (x, t, u,Du,D
mu)Dαφdxdt = 0 (8)
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is ful�lled for the arbitrary function φ ∈ Lp(0, T ;
◦
W m

p,ω(Ω
′

t)
∩
L2 (Q

′)). We will consider
classes of domains, for which hold estimate∫

Sr

ω (x) |u|p dxdt ≤ λ−pp (r)

∫
Sr

ω (x) |∇u|p dxdt. (9)

The necessary and su�ciently conditions on domains for holds estimate (9) is given for
example [9].

2. Behavior of solutions. Let k(x) ∈ Cmloc (Ω) positive function, k(0) = 0 and that
at x ∈ Ω hold estimates

|Dxk(x)| ≥ h1 > 0,∣∣Dj
xk(x)

∣∣ ≤ h2 (k(x))
−j+1

, h2 > 0, j = 1, 2, ...,m.

Is de�ned λ2µ(s) (r, τ) = λ22 (r, τ) + µ
2
m (s), ∀ s, τ > 0.

Jµ(s),p (r, τ) ≡
∫

Ωτ (s)

(
|Dmu|p + µ2(s)u2

)
dx,

Jµ(s),2(r, τ), Ωτ (s1) \Ωτ (s2) =Mτ (s1, s2), where µ (v) function which de�ne later.

Lemma 1. Let u ∈ Lp(0, T ; W
m
p,ω(Ω

′

t)
∩
L2 (Q

′)) and µ (k(x)) be a measurable non-
negative function locally bounded in Ω. Then the inequality∫

Mr(s1,s2)

∣∣Dj
xu

∣∣2 λµ(s) (k(x), τ) f(k(x))dx ≤

≤ h2
h1

∫
Mr(s1,s2)

(
|Dm

x u|
2
+ µ2(s)

∣∣Dju
∣∣2) f (k(x)) dx, (10)

is valid, where j ≤ m.

We introduce shear function ξ (t) be m times continuously di�erentiable function,

0 < ξ(t) < 1, 2−1 < t < 1; ξ(t) = 1 for t < 1
2 , ξ(t) = 0 for t ≥ 1. Denote ξ

(t)
h = ξ( t−h1−h ).

The following estimations are true for this shear function∣∣∣∣Dj
xξh

(
k(x)

r

)∣∣∣∣ ≤ Cj

[r(1− h)]
j
, rh+

r

2
(1− h) < j(x) < r, j = 0, 1, ...,m.

Dj
xξh

(
k(x)
r

)
= 0 for g(x) ≤ rh+ r

2 (1− h), and g(x) > r, j > 1.

Lemma 2. Assume that the continuous non-decreasing on (t,∞) function I(t) satis�es
inequality

I(t) ≤ θI (tψ (t)) , 0 < θ < 1,
ψ (t) = 1 + φ (t) , φ(t) > 0

(11)

and measurable function φ (t) satisfy

(φ(t))
−1

inf φ (τ) > δ > 0, t < τ < tψ(t), (12)



44
Tahir GADJIEV, Kenyul MAMEDOVA

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 74

Then the estimation

I(t) ≥ θ exp

(
δ ln θ−1

t∫
t0

dτ

τφ (τ)

)
I(t0)

is valid for I(t).

Our main goal is to obtain estimations of behavior of the function Jµ(τ),p (τ) at
τ → ∞. We de�ned function ψ (τ) and µ (τ):

inf
τ<k(x)<τψ(τ)

0<t<T

λµ(τ) (k(x), t) τ (ψ (τ)− 1) ≥ h0 > 0 ∀ τ > τ0, (13)

0 < h ≤ µ (τψ (τ)) (µ (τ))
−1 ≤ H <∞ ∀ i > τ. (14)

We substitute to integral identity (8) of test function

φ(x, t) = u(x, t)

[
1− ξ

(
φ(τ)− k(x)τ−1

ψ(τ)− 1

)]
exp

(
−2µ2(τ

)
t).

Then by virtue of condition (4), (5) having

Jµ(τ,p) (τ) ∼=
∫
Ωτ

(
ω(x) |Dmu|p + µ2 (τ)u2

)
exp

(
−2µ2(τ)t

)
dxdt ≤

≤
∫

Ωτψ(τ)

[
c2ω(x)

∑
|α|<m

|Dαu| p − c3ω (x)

( ∑
|α|≤m

|Dαu|p−1

)( ∑
|α|<m

|Dαu|+

+
∑

|α|<m

∣∣∣∣f2(x) |Dαu|+
∑

|α|≤m

|Fα(x)Dαu|
∣∣∣∣ ) [

1− ξ

(
φ (τ)− k(x)τ−1

φ (τ)− 1

)]
×

× exp
(
−2µ2 (τ) t

)
dxdt+

∫
Ωτ

∩
Ωτψ(τ)

[
c3k2ω(x)

( ∑
|α|≤m

|Dαu|p−1

)
×

×
∑

|α|≤m

∑
|β|≤|α|

∣∣Dα−βu
∣∣ ∣∣Dβξ

∣∣ +
∑

|α|≤m

∑
|β|≤|α|

|f2(x)| |Dα−βu|
∣∣Dβξ

∣∣+
+

∑
|α|≤m

∑
|β|≤|α|

|Fα(x)|Dα−β ∣∣Dβξ
∣∣ ] exp

(
−2µ2(t)t

)
dxdt.

Later if we use lemma 1 and 2, also conditions to (13), (14) following basic theorem is
obtained.

Theorem 1. Let u(x) be a generalized solution of problem (1)-(3) and measurable,
locally bounded function µ (τ) , ψ (τ) > 1 satisfy conditions (13), (14). Moreover function
φ (φ) ≡ ψ (τ) − 1 satisfy condition (12) of lemma 2 with some δ > 0. Then for integral
of energy Jµ(τ) (τ) alternative

1) or lim
τ→∞

Jµ(τ) (τ)
(
Gµ(τ) (τ)

)−1
< C <∞;

2) or Jµ(τ) (τ) > (β + ε) exp

(
δ ln (β + ε)

−1
−1∫
τ0

dτ
(τψ(τ)−1)

)
Jµ(τ) (τ);

is valid, where Gµ (τ) =
∫ τ
0
gµ(τ) (τ, t) exp

(
−2µ2 (τ) t

)
dt.
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Äîâåäåíî, ùî íàä êîìóòàòèâíèì êiëüöåì Áåçó ñòàáiëüíîãî ðàíãó n,
äîâiëüíèé ðÿäîê äîâæèíè n+ 1 äîïîâíþ¹òüñÿ äî ìàòðèöi, âèçíà÷íèê ÿêî¨
äîðiâíþ¹ íàéáiëüøîìó ñïiëüíîìó äiëüíèêó åëåìåíòiâ öüîãî ðÿäêà.

Êëþ÷îâi ñëîâà: êiëüöå Áåçó, êiëüöå Åðìiòà, êiëüöå åëåìåíòàðíèõ äiëü-
íèêiâ, ñòàáiëüíèé ðàíã.

Çàäà÷à äîïîâíåííÿ óíiìîäóëÿðíîãî ðÿäêà íàä êiëüöåì äî îáîðîòíî¨ ìàòðèöi
ñòàëà âæå êëàñè÷íîþ [1, 2]. Çàçíà÷èìî òiñíèé çâ'ÿçîê öi¹¨ çàäà÷i ç çàäà÷àìè ïðî
óìîâè, êîëè ïðîåêòèâíèé ìîäóëü íàä êiëüöåì âiëüíèé [3]. Â îñòàííi ðîêè ç'ÿâèëîñü
áàãàòî ïðàöü [4-6], â ÿêèõ çíàéäåíî çâ'ÿçîê âàæëèâîãî iíâàðiàíòà ÿê ñòàáiëüíèé ðàíã
êiëüöÿ, ç öi¹þ çàäà÷åþ òà ç çàäà÷åþ äiàãîíàëiçàöi¨ ìàòðèöü íàä êiëüöÿìè, îñîáëèâî
íàä êiëüöÿìè Áåçó.

Ìåòà íàøî¨ ïðàöi � äîâåñòè, ùî íàä êîìóòàòèâíèì êiëüöåì Áåçó ñòàáiëüíîãî
ðàíãó n, äîâiëüíèé ðÿäîê äîâæèíè n+ 1 äîïîâíþ¹òüñÿ äî ìàòðèöi, âèçíà÷íèê ÿêî¨
äîðiâíþ¹ íàéáiëüøîìó ñïiëüíîìó äiëüíèêà âñiõ åëåìåíòiâ öüîãî ðÿäêà.

Ïiä êiëüöåì R áóäåìî ðîçóìiòè êîìóòàòèâíå êiëüöå ç 1 ̸= 0. Ðÿäîê (a1, . . . , an)
åëåìåíòiâ ç êiëüöÿ R íàçèâà¹òüñÿ óíiìîäóëÿðíèì, ÿêùî a1R + · · · + anR = R. Ñêà-
æåìî, ùî íàòóðàëüíå ÷èñëî n ¹ ñòàáiëüíèì ðàíãîì êiëüöÿ R, ÿêùî äëÿ äîâiëüíîãî
óíiìîäóëÿðíîãî ðÿäêà (a1, . . . , an, an+1) iñíóþòü òàêi åëåìåíòè x1, . . . , xn ∈ R, ùî
ðÿäîê (a1 + an+1x1, . . . , an + an+1xn) ¹ óíiìîäóëÿðíèì [6]. Êiëüöå Áåçó öå êiëüöå, â
ÿêîìó äîâiëüíèé ñêií÷åííîïîðîäæåíèé iäåàë ¹ ãîëîâíèì. Êiëüöå Åðìiòà öå êiëüöå,
â ÿêîìó äëÿ äîâiëüíèõ åëåìåíòiâ a, b ∈ R iñíó¹ îáîðîòíà ìàòðèöÿ P i òàêèé åëåìåíò
d ∈ R, ùî (a, b)P = (d, 0).

Òåîðåìà 1. Íåõàé R � êîìóòàòèâíå êiëüöå Áåçó ñòàáiëüíîãî ðàíãó n. Òîäi äëÿ
äîâiëüíèõ òàêèõ åëåìåíòiâ a1, . . . , an, an+1 ∈ R, ùî a1R + · · · + anR + an+1R =

c⃝ Ãàòàëåâè÷ À., 2011
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= dR iñíó¹ êâàäðàòíà ìàòðèöÿ ïîðÿäêó n + 1 ç ïåðøèì ðÿäêîì (a1, . . . , an, an+1),
âèçíà÷íèê ÿêî¨ äîðiâíþ¹ d.

Äîâåäåííÿ. Ñïî÷àòêó ïîêàæåìî, ùî äîâiëüíèé óíiìîäóëÿðíèé ðÿäîê (a1, . . . , an,
an+1) äîâæèíè n+ 1 íàä êiëüöåì R ìîæå áóòè äîïîâíåíèé äî îáîðîòíî¨ ìàòðèöi A
ïîðÿäêó n+ 1, ïðè÷îìó detA = 1.

Îñêiëüêè ñòàáiëüíèé ðàíã êiëüöÿ R äîðiâíþ¹ n, òî iñíó¹ òàêèé ðÿäîê (x1, . . . , xn)
íàä R, ùî

(a1 + an+1x1)R+ · · ·+ (an + an+1xn)R = R,

àáî
(a1 + an+1x1)u1 + · · ·+ (an + an+1xn)un = 1,

äëÿ äåÿêèõ åëåìåíòiâ u1, . . . , un êiëüöÿ R.
Ïðèéìåìî

P1 =


1 0 . . . 0 0
0 1 . . . 0 0

. . . . . .
. . . . . . . . .

0 0 . . . 1 0
x1 x2 . . . xn 1

 ,

P2 =


1 0 . . . 0 u1(1− an+1)
0 1 . . . 0 u2(1− an+1)

. . . . . .
. . . . . . . . .

0 0 . . . 1 un(1− an+1)
0 0 . . . 0 1

 .

Î÷åâèäíî, ùî detP1 = detP2 = 1. Çâiäñè îäåðæèìî

(a1, . . . , an, an+1)P1P2 = (1, a′2, . . . , a
′
n+1).

Î÷åâèäíî, ùî iñíó¹ òàêà îáîðîòíà ìàòðèöÿ P3 ç detP3 = 1 ïîðÿäêó n + 1, ùî
(a1, . . . , an, an+1)P1P2P3 = (1, 0, . . . , 0). Ïîçíà÷èìî ÷åðåç P = P1P2P3. Î÷åâèäíî, ùî
detP = 1 i íåõàé P−1 = (pij). Òîäi ç ðiâíîñòi (a1, . . . , an, an+1) = (1, 0, . . . , 0)P−1

âèïëèâà¹, ùî
a1 = p11, . . . , an+1 = p1,n+1,

òîáòî ðÿäîê (a1, . . . , an, an+1) ¹ ïåðøèì ðÿäêîì ìàòðèöi P−1, ïðè÷îìó detP−1 = 1.
Îñêiëüêè êiëüöå R ¹ êiëüöåì Áåçó, òî äëÿ äîâiëüíèõ åëåìåíòiâ a1, . . . , an+1∈R

iñíó¹ òàêèé åëåìåíò d ∈ R, ùî a1R + · · · + an+1R = dR. Òóò d � íàéáiëüøèé
ñïiëüíèé äiëüíèê åëåìåíòiâ a1, . . . , an+1. Çâiäñè a1u1 + · · · + an+1un+1 = d òà
a1 = da01, . . . , an+1 = da0n+1 äëÿ äåÿêèõ åëåìåíòiâ u1, . . . , un+1, a

0
1, . . . , a

0
n+1 ∈ R.

Çâiäñè îäåðæó¹ìî

d(a01u1 + · · ·+ a0n+1un+1 − 1) = 0

i a01R+ · · ·+ a0n+1R+ cR = R äëÿ äåÿêîãî òàêîãî åëåìåíòà c ∈ R, ùî dc = 0.
Îñêiëüêè ñòàáiëüíèé ðàíã êiëüöÿ R äîðiâíþ¹ n, òî

(a01 + cv1)R+ · · ·+ (a0n+1 + cvn+1)R = R

äëÿ äåÿêèõ åëåìåíòiâ v1, . . . , vn+1 ∈ R.
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Çà äîâåäåíèì âèùå óíiìîäóëÿðíèé ðÿäîê (a01 + cv1, . . . , a
0
n+1 + cvn+1) ìîæíà

äîïîâíèòè äî òàêî¨ îáîðîòíî¨ ìàòðèöi P , ùî detP = 1. Äîìíîæèâøè ïåðøèé ðÿäîê
ìàòðèöi P íà åëåìåíò d, îòðèìà¹ìî ìàòðèöþ C ïîðÿäêó n+ 1 âèãëÿäó

C =

(
a1 . . . an+1

∗ ∗ ∗

)
,

ïðè÷îìó detC = d, ùî i òðåáà áóëî äîâåñòè. �
Îñêiëüêè çãiäíî ç îçíà÷åííÿì êiëüöå ñòàáiëüíîãî ðàíãó n ¹ êiëüöåì ñòàáiëüíîãî

ðàíãó m, äå m > n, òî ÿê î÷åâèäíèé íàñëiäîê òåîðåìè 1 îäåðæèìî òàêèé ðåçóëüòàò.

Íàñëiäîê 1. Íåõàé R � êîìóòàòèâíå êiëüöå Áåçó ñòàáiëüíîãî ðàíãó n. Òîäi äëÿ
äîâiëüíîãî ðÿäêà (a1, . . . , am), äå m > n+ 1, iñíó¹ êâàäðàòíà ìàòðèöÿ ïîðÿäêó m ç

ïåðøèì ðÿäêîì (a1, . . . , am), âèçíà÷íèê ÿêî¨ äîðiâíþ¹ d, äå dR = a1R+ · · ·+ amR.

Îñêiëüêè êîìóòàòèâíå êiëüöå Áåçó ¹ êiëüöåì Åðìiòà òîäi i òiëüêè òîäi, êîëè
éîãî ñòàáiëüíèé ðàíã äîðiâíþ¹ 2, òî ÿê íàñëiäîê îòðèìó¹ìî âiäîìèé ðåçóëüòàò Êàï-
ëàíñüêîãî [2].

Íàñëiäîê 2 ([2], ò. 3.7). Íåõàé R � êîìóòàòèâíå êiëüöå Åðìiòà. Òîäi äëÿ äîâiëüíèõ

åëåìåíòiâ a1, . . . , an êiëüöÿ R iñíó¹ êâàäðàòíà ìàòðèöÿ ïîðÿäêó n, âèçíà÷íèê ÿêî¨

äîðiâíþ¹ d, äå d � íàéáiëüøèé ñïiëüíèé äiëüíèê åëåìåíòiâ a1, . . . , an.

Çàóâàæèìî, ùî çàäà÷à äîïîâíþâàëüíîñòi óíiìîäóëÿðíîãî ðÿäêà äî îáîðîòíî¨
ìàòðèöi òiñíî ïîâ'ÿçàíà ç çàäà÷åþ äiàãîíàëiçàöi¨ ìàòðèöü. Ïîäàìî íåîáõiäíi îçíà-
÷åííÿ.

Áóäåìî ïîçíà÷àòè ÷åðåç diag(ϵ1, ϵ2, . . . , ϵr) ìàòðèöþ ç åëåìåíòàìè ϵ1, ϵ2, . . . , ϵr
ïî ãîëîâíié äiàãîíàëi i íóëÿìè íà iíøèõ ìiñöÿõ. Ìàòðèöi A i B íàçèâàþòüñÿ åêâiâà-
ëåíòíèìè, ÿêùî iñíóþòü îáîðîòíi ìàòðèöi P i Q âiäïîâiäíèõ ðîçìiðiâ, ùî B = PAQ.
ßêùî ìàòðèöÿ A åêâiâàëåíòíà äî äåÿêî¨ äiàãîíàëüíî¨ ìàòðèöi

diag(ϵ1, ϵ2, . . . , ϵr, 0, . . . , 0),

äå ϵi|ϵi+1, i = 1, 2, . . . r − 1, òî êàæóòü, ùî ìàòðèöÿ A ìà¹ âëàñòèâiñòü äiàãîíàëüíî¨
ðåäóêöi¨. Åëåìåíòè ϵ1, ϵ2, . . . , ϵr íàçèâàþòüñÿ åëåìåíòàðíèìè äiëüíèêàìè ìàòðèöi A.
Êiëüöå R íàçèâà¹òüñÿ êiëüöåì åëåìåíòàðíèõ äiëüíèêiâ, ÿêùî äîâiëüíà ìàòðèöÿ íàä
R ìà¹ äiàãîíàëüíó ðåäóêöiþ [2].

Â [2] íàâåäåíî òàêi óìîâè äiàãîíàëiçàöi¨ ìàòðèöü.

Òåîðåìà 2 ([2], ò. 5.2). Êîìóòàòèâíå êiëüöå Åðìiòà R ¹ êiëüöåì åëåìåíòàðíèõ

äiëüíèêiâ òîäi i òiëüêè òîäi, êîëè äëÿ äîâiëüíîãî óíiìîäóëÿðíîãî ðÿäêà (a, b, c) íàä
R iñíóþòü òàêi åëåìåíòè p, q ∈ R, ùî ðÿäîê (ap+ bq, cp) ¹ óíiìîäóëÿðíèì.

Öi óìîâè â òåðìiíàõ äîïîâíÿëüíîñòi óíiìîäóëÿðíèõ ðÿäêiâ äî îáîðîòíèõ ìàò-
ðèöü ìîæíà ñôîðìóëþâàòè òàê.

Òåîðåìà 3. Êîìóòàòèâíå êiëüöå Åðìiòà R ¹ êiëüöåì åëåìåíòàðíèõ äiëüíèêiâ

òîäi i òiëüêè òîäi, êîëè äîâiëüíèé óíiìîäóëÿðíèé ðÿäîê (a, b, c) íàä R ìîæíà äî-

ïîâíèòè äî îáîðîòíî¨ ìàòðèöi âèãëÿäó a b c
−q p 0
−v 0 u

 ,
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äå u, v òàêi åëåìåíòè êiëüöÿ R, ùî (ap+ bq)u+ cpv = 1.
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Proved that over a commutative Bezout ring of stable range n, any row of
length n + 1 is completable to the matrix, determinant of which one of the
most common divisor of all elements of this row.
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Çàïðîïîíîâàíî êëàñèôiêàöiþ içîëüîâàíèõ îñîáëèâèõ òî÷îê ñóáãàðìî-
íiéíèõ ôóíêöié. Äîâåäåíî âçà¹ìîçâ'ÿçêè ìiæ iíòåãðàëüíèìè ñåðåäíiìè òà
ìiðàìè Ðiñà ñóáãàðìîíiéíèõ ôóíêöié ó ïðîêîëîòèõ îêîëàõ içîëüîâàíèõ
îñîáëèâîñòåé.

Êëþ÷îâi ñëîâà: ñóáãàðìîíiéíà ôóíêöiÿ, içîëüîâàíà îñîáëèâà òî÷êà,
ìiðà Ðiñà, óñóâíà îñîáëèâà òî÷êà.

1. Âñòóï. Íåõàé ôóíêöiÿ u(x) ñóáãàðìîíiéíà â äåÿêîìó ïðîêîëîòîìó îêîëi
òî÷êè x0 ∈ Rm, m > 2, òîáòî, â G\{x0}, äå G � âiäêðèòà ìíîæèíà â Rm i u òîòîæ-
íî âiäìiííà âiä −∞. Òîäi öÿ òî÷êà x0 íàçèâà¹òüñÿ içîëüîâàíîþ îñîáëèâîþ òî÷êîþ
ôóíêöi¨ u.

ßêùî F � ïiäìíîæèíà ìíîæèíè G, ôóíêöiÿ u ñóáãàðìîíiéíà â G\F i iñíó¹
ñóáãàðìîíiéíà â G ôóíêöiÿ ũ òàêà, ùî ũ = u(x) ïðè x ∈ G\F , òî ìíîæèíà F íàçè-
âà¹òüñÿ óñóâíîþ, à ôóíêöiÿ ũ íàçèâà¹òüñÿ ñóáãàðìîíiéíèì ïðîäîâæåííÿì ôóíêöi¨
u íà F [1].

Îçíà÷åííÿ 1 ([2], c. 233). Êîìïàêòíà ìíîæèíà F ⊂ Rm íàçèâà¹òüñÿ ïîëÿðíîþ,
ÿêùî iñíó¹ ñóáãàðìîíiéíà â Rm ôóíêöiÿ u, ñêií÷åííà â êîæíié òî÷öi x ∈ Rm\F i
u(x) = −∞ íà F .

�ìíiñòü òàêî¨ êîìïàêòíî¨ ìíîæèíè äîðiâíþ¹ 0.
Íåõàé F � ïîëÿðíà ìíîæèíà â Rm, G � âiäêðèòà ìíîæèíà â Rm i iñíó¹ u �

ñóáãàðìîíiéíà ôóíêöiÿ â G\F . Ôóíêöiÿ u ïðîäîâæó¹òüñÿ ñóáãàðìîíiéíî íà F òîäi i

c⃝ Ãíàòþê Î., Êîíäðàòþê À., Êóä'ÿâiíà Þ., 2011



ÊËÀÑÈÔIÊÀÖIß IÇÎËÜÎÂÀÍÈÕ ÎÑÎÁËÈÂÈÕ ÒÎ×ÎÊ ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 74 53

ëèøå òîäi, êîëè âîíà îáìåæåíà çâåðõó íà G\F [2, c. 255]. Ó öüîìó ðàçi ¨¨ ñóáãàðìî-
íiéíå ïðîäîâæåííÿ ũ íà G çàäà¹òüñÿ òàêèì ñïiââiäíîøåííÿì [1, c. 59]:

ũ(x) =

u(x), x ∈ G\F,
lim

y→x,y∈G\F
supu(y), x ∈ F.

Òàêå ïðîäîâæåííÿ ũ íà G ¹äèíå. Ó âèïàäêó F = {x0} òî÷êà x0 íàçèâà¹òüñÿ óñóâíîþ
òî÷êîþ ôóêíöi¨ u. Â [3] ìè ïîäàëè çîáðàæåííÿ ñóáãàðìîíiéíî¨ ôóíêöi¨ u â îêîëi
¨¨ içîëüîâàíî¨ óñóâíî¨ òî÷êè. Íàøà ìåòà � âèâ÷èòè âçà¹ìîçâ'ÿçêè ìiæ ïîâåäiíêîþ
ôóíêöi¨ u â òåðìiíàõ iíòåãðàëüíèõ ñåðåäíiõ i ðîçïîäiëîì ¨¨ ìàñ Ðiñà â îêîëi äî-
âiëüíî¨ içîëüîâàíî¨ îñîáëèâî¨ òî÷êè. Çàëåæíî âiä öüîãî ìè ïîäà¹ìî êëàñèôiêàöiþ
içîëüîâàíèõ îñîáëèâèõ òî÷îê ñóáãàðìîíiéíèõ ôóíêöié.

2. Êëàñèôiêàöiÿ içîëüîâàíèõ îñîáëèâèõ òî÷îê ñóáãàðìîíiéíèõ ôóíê-

öié. ßê áóëî çàçíà÷åíî ó Âñòóïi, òî÷êà x0 � óñóâíà òî÷êà ñóáãàðìîíiéíî¨ ôóíêöi¨
u òîäi i ëèøå òîäi, êîëè u îáìåæåíà çâåðõó â äåÿêîìó ¨¨ ïðîêîëîòîìó îêîëi. Âiäòàê
iíøi içîëüîâàíi îñîáëèâi òî÷êè ìîæåìî êëàñèôiêóâàòè òàê.

Îçíà÷åííÿ 2. Íåõàé x0 � içîëüîâàíà îñîáëèâà òî÷êà ñóáãàðìîíiéíî¨ ôóíêöi¨ u i
u(x) íåîáìåæåíà çâåðõó â êîæíîìó ¨¨ ïðîêîëîòîìó îêîëi.

1. Òî÷êà x0 íàçèâà¹òüñÿ ïîçèòèâíèì ïîëþñîì, ÿêùî iñíóþòü ïðîêîëîòèé
îêië G\{x0} i ñòàëà C > 0 òàêi, ùî

u(x) 6 C log
1

|x− x0|
, m = 2,

u(x) 6 C|x− x0|2−m, m > 3. (1)

2. Òî÷êà x0 íàçèâà¹òüñÿ iñòîòíî îñîáëèâîþ â iíøîìó (ïðîòèëåæíîìó) âè-
ïàäêó.

Ó âèïàäêó m = 2, u = log |f |, f(z) � ãîëîìîðôíà â G\{z0}, òî÷êà z0 áóäå
âiäïîâiäíî óñóâíîþ, ïîëþñîì ÷è iñòîòíî îñîáëèâîþ òî÷êîþ ôóíêöi¨ f .

Ñïðàâäi, ó öüîìó âèïàäêó z0 � óñóâíà òî÷êà ôóíêöi¨ f òîäi i ëèøå òîäi, êîëè
f îáìåæåíà â êîæíîìó ¨¨ ïðîêîëîòîìó îêîëi, ùî åêâiâàëåíòíî îáìåæåíîñòi log |f |
çâåðõó. Òî÷êà z0 ïîëþñ ôóíêöi¨ f òîäi i ëèøå òîäi, êîëè |f(z)| → +∞, ïðè z → ∞.
Ó öüîìó ðàçi iñíó¹ n ∈ N òàêå, ùî

f(z) =
ϕ(z)

(z − z0)n
,

äå ϕ ãîëîìîðôíà â òî÷öi z0, ϕ(z0) ̸= 0. Öå åêâiâàëåíòíî òîìó, ùî log |f(z)| → +∞,
ïðè z → z0 i log |f(z)| 6 C log 1

|z−z0| â êîæíîìó ïðîêîëîòîìó îêîëi òî÷êè z0, äå C �

äåÿêà ñòàëà. Â iíøèõ âèïàäêàõ òî÷êà z0 iñòîòíî îñîáëèâà.
3. Iíòåãðàëüíi ñåðåäíi òà ìiðà Ðiñà ñóáãàðìîíiéíî¨ ôóíêöi¨ â îêîëi

óñóâíî¨ òî÷êè. Îñêiëüêè âëàñòèâiñòü ñóáãàðìîíiéíîñòi çáåðiãà¹òüñÿ ïðè çñóâàõ i
ðîçòÿãàõ ÷è ñòèñêàõ îáëàñòi ¨¨ âèçíà÷åííÿ, òî ìîæåìî ââàæàòè, ùî x0 = 0 i ùî G
êðóã ÷è êóëÿ ðàäióñà áiëüøîãî çà 1. Çà öèõ äîìîâëåíîñòåé ÷åðåç I(r, u) àáî êîðîòêî
I(r) áóäåìî ïîçíà÷àòè iíòåãðàëüíi ñåðåäíi ñóáãàðìîíiéíî¨ ôóíêöi¨ u ïî ñôåði Sr
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ðàäióñà r ç öåíòðîì x0 = 0,

I(r) = I(r, u) =
1

|Sr|

∫
|x|=r

u(x)dσ, 0 < r 6 1,

äå |Sr| ïëîùà ñôåðè Sr, à dσ � åëåìåíò ¨¨ ïëîùi.

Ëåìà 1. ßêùî x0 � óñóâíà òî÷êà ñóáãàðìîíiéíî¨ ôóíêöi¨ u, òî

lim
ε→0

I(ε, u) = ũ(0), (2)

äå ũ � ñóáãàðìîíiéíå ïðîäîâæåííÿ u íà G.

Äîâåäåííÿ. Ïðèéìåìî I(ε, u) = I(ε, ũ). Ç íåðiâíîñòi ũ(0) 6 I(ε, ũ(0)) òà íàïiâíå-
ïåðåðâíîñòi çâåðõó ôóíêöi¨ ũ âèïëèâà¹, ùî I(ε, ũ(0)) → ũ(0) ïðè ε → 0. Çâiäñè
îäåðæó¹ìî (2). �

Ó âèïàäêó óñóâíî¨ òî÷êè áóäåìî ââàæàòè, ùî ôóíêöiÿ u äîâèçíà÷åíà â òî÷öi
x0 = 0 ôîðìóëîþ 2 i çàìiñòü ũ ïèñàòèìåìî u.

Äëÿ içîëüîâàíî¨ îñîáëèâî¨ òî÷êè x0 = 0 äîâiëüíîãî õàðàêòåðó ôóíêöiÿ ðîçïîäi-
ëó ν(t) ìiðè Ðiñà µ ôóíêöi¨ u âèçíà÷à¹òüñÿ òàê [4]:

ν(t)− ν(t0) = µ({x : t0 < x 6 t}), t0 < t < 1,

ν(t0)− ν(t) = µ({x : t < x 6 t0}), 0 < t < t0,

äå çíà÷åííÿ t0 ∈ (0, 1) òà ν(t0) ∈ R âèáèðàþòü äîâiëüíèìè. Ôóíêöiÿ ν(t) íåñïàäíà,
íåïåðåðâíà ñïðàâà íà (0, 1) i âèçíà÷åíà ç òî÷íiñòþ äî ñòàëî¨.

Äëÿ óñóâíî¨ òî÷êè x0 = 0 ñóáãàðìîíiéíî¨ ôóíêöi¨ u â [3] ç'ÿñóâàëè, ùî ãðàíèöÿ

lim
t→0

ν(t) := ν(+0)

ñêií÷åííà, à òàêîæ, ùî

lim
ε→0

1

log ε
I(ε) := γ ∈ [0,+∞), m = 2,

lim
ε→0

(−εm−2I(ε)) := γ ∈ [0,+∞), m > 3. (3)

Ìè ïîäà¹ìî òàêó êëàñèôiêàöiþ óñóâíèõ îñîáëèâèõ òî÷îê.

Îçíà÷åííÿ 3. Óñóâíà òî÷êà x0 = 0 ñóáãàðìîíiéíî¨ ôóíêöi¨ u íàçèâà¹òüñÿ:

i) çâè÷àéíîþ, ÿêùî −∞ < ũ(0);
ii) óñóâíîþ òî÷êîþ I ðîäó, ÿêùî u(0) = −∞ i iíòåãðàë

1∫
0

ν(t)− ν(+0)

tm−1
dt (4)

çáiãà¹òüñÿ;
iii) óñóâíîþ òî÷êîþ II ðîäó, ÿêùî ũ(0) = −∞ i iíòåãðàë (4) ðîçáiãà¹òüñÿ.

Â òåðìiíàõ iíòåãðàëüíèõ ñåðåäíiõ i ôóíêöi¨ ðîçïîäiëó ν(t) ìiðè Ðiñà ôóíêöi¨ u
öi òî÷êè õàðàêòåðèçóþòüñÿ òàê.

Òåîðåìà 1. Âèêîíóþòüñÿ òàêi òâåðäæåííÿ:
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à) ÿêùî x0 = 0 � çâè÷àéíà óñóâíà òî÷êà ñóáãàðìîíiéíî¨ ôóíêöi¨ u, òî

I(r)− u(0) =

r∫
0

ν(t)− ν(+0)

tm−1
dt, 0 < r < 1;

á) ÿêùî x0 = 0 � óñóâíà òî÷êà I ðîäó, òî

I(r)− γ log r =

r∫
0

ν(t)− ν(+0)

t
+ γ1, m = 2,

äå

γ1 = lim
ε→0

(I(ε)− γ log ε),

i

I(r) + γr2−m = (m− 2)

r∫
0

ν(t)− ν(+0)

tm−1
dt+ γ1, m > 3,

äå

γ1 = lim
ε→0

(I(ε) + γε2−m);

â) ÿêùî x0 = 0 � óñóâíà òî÷êà II ðîäó, òî

I(r)− γ log r = lim
ε→0

 r∫
ε

ν(t)− ν(+0)

t
dt+ I(ε)− γ log ε

 , m = 2

i

I(r) + γr2−m = lim
ε→0

(m− 2)

r∫
ε

ν(t)− ν(+0)

tm−1
dt+ I(ε) + γε2−m

 , m > 3.

Äëÿ äîâåäåííÿ Òåîðåìè 1 íàì ïîòðiáíà ëåìà.

Ëåìà 2. ßêùî x0 = 0 � óñóâíà òî÷êà ñóáãàðìîíiéíî¨ ôóíêöi¨ u, òî ïðè 0 < r0 <
< r < 1 âèêîíó¹òüñÿ

1

log r0 − log r

r∫
r0

ν(t)− ν(+0)

t
dt =

I(r)− I(r0)

log r0 − log r
+ γ, m = 2,

m− 2

r2−m0 − r2−m

r∫
r0

ν(t)− ν(+0)

tm−1
dt =

I(r)− I(r0)

r2−m0 − r2−m
− γ, m > 3. (5)

Äîâåäåííÿ. Â [5], [4] äîâåäåíî òàêèé àíàëîã ôîðìóëè �íñåíà ïðè 0 < s < r0 < r < 1

1

log r0 − log r

r∫
r0

ν(t)

t
− 1

log s− log r0

r0∫
s

ν(t)

t
=

=
I(r)− I(r0)

log r0 − log r
− I(r0)− I(s)

log s− log r0
, m = 2
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i

m− 2

r2−m0 − r2−m

r∫
r0

ν(t)

tm−1
− m− 2

s2−m − r2−m0

r0∫
s

ν(t)

tm−1
=

=
I(r)− I(r0)

r2−m0 − r2−m
− I(r0)− I(s)

s2−m − r2−m0

, m > 3. (6)

Ñïðÿìóâàâøè s äî íóëÿ i âðàõóâàâøè (3), áà÷èìî, ùî îñòàíí¹ âiäíîøåííÿ ïðàâîãî
áîêó (6) ïðÿìó¹ äî γ. Îòîæ, ìè îòðèìó¹ìî âèðàç ç ïðàâîãî áîêó (5). Ùîäî ëiâîãî
áîêó (6), òî ïîêàæåìî, ùî

lim
s→+0

1

log s− log r0

r0∫
s

ν(t)

t
dt = ν(+0), m = 2, (7)

òà

lim
s→+0

m− 2

s2−m − r2−m0

r0∫
s

ν(t)

tm−1
dt = ν(+0), m > 3 (8)

i îòðèìà¹ìî âèðàç ç ëiâîãî áîêó (5). Ïîêàæåìî, ùî âèêîíó¹òüñÿ (8).
Îñêiëüêè ν(t) íåñïàäíà, òî

ν(+0) =
(m− 2)ν(+0)

s2−m − r2−m0

r0∫
s

dt

tm−1
6 m− 2

s2−m − r2−m0

r0∫
s

ν(t)

tm−1
dt. (9)

Ç iíøîãî áîêó, îñêiëüêè çíà÷åííÿ ν(+0) ñêií÷åííå, òî äëÿ äîâiëüíîãî ε > 0 çíàé-
äåòüñÿ s0 > 0 òàêå, ùî ν(s) < ν(+0) + ε ïðè 0 < s < s0. Òîìó âèðàç ç ïðàâîãî áîêó
(9) íå ïåðåâèùó¹

(ν(+0) + ε)
s2−m − s2−m0

s2−m − r2−m0

+
m− 2

s2−m − r2−m0

r0∫
s0

ν(t)

tm−1
dt.

Ñïðÿìóâàâøè s äî íóëÿ, îäåðæèìî, ùî ïðàâèé áiê (9) íå ïåðåâèùó¹ ν(+0)+ ε. Âðà-
õîâóþ÷è äîâiëüíiñòü ε òà (9), îòðèìà¹ìî (8). Ñïiââiäíîøåííÿ (7) äîâîäèòüñÿ àíàëî-
ãi÷íî. Ëåìó 2 äîâåäåíî. �

Äîâåäåííÿ Tåîðåìè 1.

Äîâåäåííÿ. ßêùî x0 = 0 � çâè÷àéíà óñóâíà òî÷êà, òî çãiäíî ç Ëåìîþ 1 u(0) =
= I(+0) ̸= −∞ i ç (3) âèïëèâà¹, ùî γ = 0. Ñêîðîòèâøè (5) íà ìíîæíèê ïåðåä
iíòåãðàëîì i ñïðÿìóâàâøè r0 äî íóëÿ, îäåðæèìî a.

ßêùî x0 = 0 � óñóâíà òî÷êà I ðîäó, òî ñïiââiäíîøåííÿ (5) äà¹

I(r)− γ log r =

r∫
0

ν(t)− ν(+0)

t
dt+ lim

r0→0
(I(r0)− γ log r0), m = 2

i

I(r) + γr2−m = (m− 2)

r∫
0

ν(t)− ν(+0)

tm−1
dt+ lim

r0→0
(I(r0) + γr2−m0 ), m > 3,



ÊËÀÑÈÔIÊÀÖIß IÇÎËÜÎÂÀÍÈÕ ÎÑÎÁËÈÂÈÕ ÒÎ×ÎÊ ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 74 57

òîáòî á. Òâåðäæåííÿ â âèïëèâà¹ áåçïîñåðåäíüî ç (5). Òåîðåìà 1 äîâåäåíà. �

Çàóâàæåííÿ 1. Ïîðiâíþþ÷è ðiâíiñòü ïóíêòó a Òåîðåìè 1 ç êëàñè÷íèì àíàëîãîì
ôîðìóëè �íñåíà äëÿ ñóáãàðìîíiéíèõ ôóíêöié (äèâ., íàïðèêëàä, [2]), áà÷èìî, ùî

ν(t)− ν(t0) = n(t),

äå n(t) = µ({x : |x| 6 t}).

Ïîêàæåìî òåïåð, ùî âñi âèïàäêè Îçíà÷åííÿ 3 ìîæëèâi. Ïðèêëàäè âèïàäêó a
äîáðå âiäîìi. Ôóíêöi¨ u(x) = log |x| ïðè m = 2 i u(x) = −|x|2−m ïðè m > 3, âèçíà÷åíi
â Rm\{0}, ìàþòü óñóâíó òî÷êó x0 = 0 I ðîäó, áî âîíè ãàðìîíiéíi i çà ν(t) ìîæíà
âçÿòè òîòîæíèé íóëü.

Ïîäàìî ïðèêëàä ñóáãàðìîíiéíî¨ ôóíêöi¨ ç óñóâíîþ òî÷êîþ II ðîäó. Íåõàé
z = x+ iy,

u(ζ) =

∫
|z|61

log |z − ζ|dxdy
(1− log |z|)2|z|2

.

Âîíà ñóáãàðìîíiéíà â R2 ÿê ëîãàðèôìi÷íèé ïîòåíöiàë. Îòðèìàëè u(0) = −∞ i

ν(t)− ν(+0) =
1

2π

∫
|z|6t

dxdy

(1− log |z|)2|z|2
=

=

t∫
0

dτ

(1− log τ)2τ
=

1

1− log t
, 0 < t 6 1.

Iíòåãðàë
1∫

0

ν(t)− ν(+0)

t
dt =

1∫
0

dt

(1− log t)t

ðîçáiãà¹òüñÿ. Òîìó x0 = 0 � óñóâíà òî÷êà ôóíêöi¨ u II ðîäó.
Ïðè m > 3 i 2 6 α < m àíàëîãi÷íî ïåðåâiðÿ¹òüñÿ, ùî x0 = 0 ¹ óñóâíîþ òî÷êîþ

II ðîäó ñóáãàðîìíiéíî¨ ôóíêöi¨

u(x) = −
∫

|ξ|61

dξ

|x− ξ|m−2|ξ|α
.

4. Iíòåãðàëüíi ñåðåäíi òà ôóíêöiÿ ðîçïîäiëó ìiðè Ðiñà ñóáãàðìîíiéíî¨

ôóíêöi¨ â îêîëi ïîçèòèâíîãî ïîëþñà òà iñòîòíî îñîáëèâî¨ òî÷êè.

Òåîðåìà 2. ßêùî x0 = 0 � ïîçèòèâíèé ïîëþñ ñóáãàðìîíiéíî¨ ôóíêöi¨ u, òî ïðè
m = 2

I(r) = α log r + lim
ε→+0

 r∫
ε

ν(t)− ν(ε)

t
dt+ I(ε)− I∧+(ε) log ε

 , 0 < r < 1, (10)

äå I∧+(ε) � ïîõiäíà ñïðàâà çà çìiííîþ log r ôóíêöi¨ I(r) â òî÷öi ε, i

α = lim
ε→+0

I∧+(ε),
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à ïðè m > 3

I(r)=αr2−m + lim
ε→+0

(m− 2)

r∫
ε

ν(t)− ν(ε)

tm−1
dt+ I(ε)− I∧+(ε)ε

2−m

 , 0 < r < 1, (11)

äå I∧+(ε) ïîõiäíà ñïðàâà ôóíêöi¨ I(r) çà çìiííîþ r2−m â òî÷öi ε, i

α = − lim
ε→+0

I∧+(ε).

ßêùî æ x0 = 0 � iñòîòíî îñîáëèâà òî÷êà ñóáãàðìíîíiéíî¨ ôóíêöi¨ u, òî ïðè m = 2

I(r) = lim
ε→+0

 r∫
ε

ν(t)− ν(ε)

t
dt+ I(ε) + I∧+(ε)(log r − log ε)

 , 0 < r < 1, (12)

à ïðè m > 3

I(r)= lim
ε→+0

(m− 2)

r∫
ε

ν(t)− ν(ε)

tm−1
dt+ I(ε) + I∧+(ε)(ε

2−m − r2−m)

 , 0 < r < 1. (13)

Äîâåäåííÿ. Ïðè m > 3 ñïiââiäíîøåííÿ (6) çàïèøåìî ó âèãëÿäi

(m−2)

r∫
r0

ν(t)

tm−1
dt = I(r)− I(r0)−

r2−m0 − r2−m

r2−m0 − s2−m

(m− 2)

r0∫
s

ν(t)

tm−1
dt− I(r0) + I(s))

 .

Ñïðÿìóâàâøè r0 äî s+ 0 i ïðèéíÿâøè s = ε, çíàõîäèìî

(m− 2)

r∫
ε

ν(t)

tm−1
dt = I(r)− I(ε) + I∧+(ε)(ε

2−m − r2−m)− ν(ε)(ε2−m − r2−m),

ùî ìîæíà çàïèñàòè ó âèãëÿäi

I(r) = (m− 2)

r∫
ε

ν(t)− ν(ε)

tm−1
dt+ I(ε) + I∧+(ε)(ε

2−m − r2−m), 0 < r < 1. (14)

Çâiäñè âèïëèâà¹ (13) íå çàëåæíî âiä õàðàêòåðó îñîáëèâîñòi òî÷êè x0 = 0. Äîâåäåìî
òàêå: êîëè x0 = 0 � ïîçèòèâíèé ïîëþñ, òî (13) íàáóâà¹ âèãëÿäó (11).

Ïðèéìåìî t = r2−m, I(r) = ψ(t), 0 < r < 1. Ôóíêöiÿ ψ(t) îïóêëà íà (1,+∞),

òîìó ψ
′

+(t) íå ñïàäà¹, à âiäòàê ìà¹ ãðàíèöþ ïðè t → +∞ ñêi÷åííó, àáî +∞. Ó
âèïàäêó, êîëè x0 = 0 � ïîçèòèâíèé ïîëþñ, öÿ ãðàíèöÿ ñêií÷åííà. Ñïðàâäi, çãiäíî ç
(1) iñíóþòü ñòàëi C > 0 òà r0, 0 < r0 < 1, òàêi, ùî I(r) 6 r2−m ïðè 0 < r 6 r0, òîáòî

ψ(t) 6 Ct, t0 6 t. Îêðiì òîãî, iñíó¹ ñêi÷åííà ÷è +∞ ãðàíèöÿ âiäíîøåííÿ ψ(t)
t ïðè

t→ +∞ (äèâ., íàïðèêëàä, [2]) i

ψ(2t)− ψ(t) =

2t∫
t

ψ
′

+(t)dt > ψ
′

+(t)t.

Òoìó ãðàíèöÿ

lim
t→∞

ψ
′

+(t) = lim
ε→0

I∧+(ε)
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iñíó¹ i ñêií÷åííà. Ïîçíà÷èâøè ¨¨ ÷åðåç α, ç (14) îäåðæó¹ìî (11). Ñïiââiäíîøåííÿ (12)
òà (10) äîâîäÿòüñÿ àíàëîãi÷íî. Òåîðåìó 2 äîâåäåíî. �
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Îïèñàíî êîìïàêòèôiêàöi¨ Áîðà òîïîëîãi÷íî¨ ãðóïè S (λ) ái¹êòèâíèõ
ïåðåòâîðåíü çi ñêií÷åííèì íîñi¹ì íåñêií÷åííîãî êàðäèíàëà λ, òîïîëîãi÷íî¨
ïiâãðóïè I ∞

λ ìàéæå òîòîæíèõ ÷àñòêîâèõ ái¹êòèâíèõ ïåðåòâîðåíü íåñêií-
÷åííîãî êàðäèíàëà λ òà òîïîëîãi÷íèõ ïiâãðóï ìîíîòîííèõ i ìàéæå ìîíî-
òîííèõ êîñêií÷åííèõ ií'¹êòèâíèõ ïåðåòâîðåíü íàòóðàëüíèõ ÷èñåë I↗

∞(N) i
I �↗

∞ (N).

Êëþ÷îâi ñëîâà: òîïîëîãi÷íà ïiâãðóïà, òîïîëîãi÷íà ãðóïà, êîìïàêòèôi-
êàöiÿ Áîðà.

1. Âñòóï. Âñi ïðîñòîðè ìè ââàæà¹ìî ãàóñäîðôîâèìè. Íàäàëi âñi êàðäèíàëè
ìè áóäåìî îòîòîæíþâàòè ç âiäïîâiäíèìè ¨ì ïî÷àòêîâèìè îðäèíàëàìè. ×åðåç ω ïî-
çíà÷àòèìåìî ïåðøèé íåñêií÷åííèé îðäèíàë, N � ìíîæèíó íàòóðàëüíèõ ÷èñåë, Z2 �
äâîåëåìåíòíó ãðóïó, à ÷åðåç Z0

2 � ãðóïó Z2 ç ïðè¹äíàíèì íóëåì. Íàäàëi âèêîðèñòî-
âóâàòèìåìî òåðìiíîëîãiþ òà ïîçíà÷åííÿ ç [7, 8, 11, 12, 14, 15, 17, 25, 26].

Ïiâãðóïîþ íàçèâà¹òüñÿ íåïîðîæíà ïiäìíîæèíà ç çàäàíîþ íà íié áiíàðíîþ àñî-
öiàòèâíîþ îïåðàöi¹þ. Ïiâãðóïà S íàçèâà¹òüñÿ iíâåðñíîþ, ÿêùî äëÿ äîâiëüíîãî ¨¨
åëåìåíòà x iñíó¹ ¹äèíèé åëåìåíò y ç S òàêèé, ùî x = xyx i y = yxy. Ó öüîìó âè-
ïàäêó áóäåìî ãîâîðèòè, ùî åëåìåíò y ¹ iíâåðñíèì äî x i ïîçíà÷àòèìåìî éîãî ÷åðåç
x−1. Âiäîáðàæåííÿ, ÿêå ñòàâèòü êîæíîìó åëåìåíòîâi iíâåðñíî¨ ïiâãðóïè iíâåðñíèé
äî íüîãî åëåìåíò, íàçèâà¹òüñÿ iíâåðñi¹þ.

Åëåìåíò e ïiâãðóïè S íàçèâà¹òüñÿ iäåìïîòåíòîì, ÿêùî ee = e. Ïiäìíîæèíó
iäåìïîòåíòiâ (â'ÿçêó) ïiâãðóïè S ïîçíà÷àòèìåìî ÷åðåç E(S).

Âiäíîøåííÿ åêâiâàëåíòíîñòi R íà ïiâãðóïi S íàçèâà¹òüñÿ êîíãðóåíöi¹þ, ÿêùî ç
òîãî, ùî aRb, äëÿ a, b ∈ S, âèïëèâà¹ acRbc i daRdb, äëÿ äîâiëüíèõ c, d ∈ S. Íà êîæíié
ïiâãðóïi S iñíóþòü òàêi êîíãðóåíöi¨: îäèíè÷íà (äiàãîíàëü) ∆(S) = {(s, s) | s ∈ S}

c⃝ Ãóðàí I., Ãóòiê Î., Ðàâñüêèé Î. òà ií., 2011
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òà óíiâåðñàëüíà Ω(S) = S × S. Îäèíè÷íó òà óíiâåðñàëüíó êîíãðóåíöi¨ íàçèâàþòü
òðèâiàëüíèìè êîíãðóåíöiÿìè.

Ãàóñäîðôîâèé òîïîëîãi÷íèé ïðîñòið iç çàäàíîþ íà íüîìó (ðîçäiëüíî) íåïåðåðâ-
íîþ ïiâãðóïîâîþ îïåðàöi¹þ íàçèâà¹òüñÿ (íàïiâ)òîïîëîãi÷íîþ ïiâãðóïîþ. Iíâåðñíà
òîïîëîãi÷íà ïiâãðóïà ç íåïåðåðâíîþ iíâåðñi¹þ íàçèâà¹òüñÿ òîïîëîãi÷íîþ iíâåðñíîþ
ïiâãðóïîþ. Òîïîëîãiÿ τ íà iíâåðñíié ïiâãðóïi S òàêà, ùî (S, τ) � òîïîëîãi÷íà (iíâåðñ-
íà) ïiâãðóïà, íàçèâà¹òüñÿ ïiâãðóïîâîþ (iíâåðñíîþ) òîïîëîãi¹þ íà S.

Òîïîëîãi÷íà ãðóïà � öå òîïîëîãi÷íèé ïðîñòið (G, τ) iç çàäàíîþ íà íüîìó íå-
ïåðåðâíîþ ãðóïîâîþ îïåðàöi¹þ òà iíâåðñi¹þ, i â öüîìó âèïàäêó òîïîëîãiÿ τ íà G
íàçèâà¹òüñÿ ãðóïîâîþ.

Íåõàé λ � êàðäèíàë > 1 i α : λ ⇀ λ � ÷àñòêîâå âiäîáðàæåííÿ (÷àñòêîâå ïåðå-
òâîðåííÿ) êàðäèíàëà λ. ×åðåç domα i ranα ïîçíà÷àòèìåìî îáëàñòü âèçíà÷åííÿ òà
îáëàñòü çíà÷åíü, âiäïîâiäíî, ÷àñòêîâîãî ïåðåòâîðåííÿ α. ßêùî α � ÷àñòêîâå ái¹êòèâ-
íå ïåðåòâîðåííÿ, òî ïîòóæíiñòü ìíîæèíè domα áóäåìî íàçèâàòè ðàíãîì ÷àñòêîâîãî
âiäîáðàæåííÿ α, i ïîçíà÷àòèìåìî rankα.

×åðåç Iλ ïîçíà÷èìî ìíîæèíó óñiõ ÷àñòêîâèõ âçà¹ìíî îäíîçíà÷íèõ ïåðåòâîðåíü
êàðäèíàëà λ ç ïiâãðóïîâîþ îïåðàöi¹þ

x(αβ) = (xα)β ÿêùî x ∈ dom(αβ) = {y ∈ domα | yα ∈ domβ}, äëÿ α, β ∈ Iλ.

Ïiâãðóïà Iλ íàçèâà¹òüñÿ ñèìåòðè÷íîþ iíâåðñíîþ ïiâãðóïîþ íàä λ (äèâ. [14]). Ñè-
ìåòðè÷íó iíâåðñíó ïiâãðóïó âïåðøå ââiâ Âàãíåð ó [1, 2], âîíà âiäiãà¹ âàæëèâó ðîëü
ó òåîði¨ ïiâãðóï.

Ïiäïiâãðóïà I n
λ = {α ∈ Iλ | rankα 6 n} â Iλ ¹ iíâåðñíîþ ïiäïiâãðóïîþ, i êðiì

òîãî, iäåàëîì â Iλ, äëÿ âñiõ n = 1, 2, 3, . . .. Ïiâãðóïà I n
λ íàçèâà¹òüñÿ ñèìåòðè÷íîþ

iíâåðñíîþ ïiâãðóïîþ ñêií÷åííèõ ïåðåòâîðåíü ðàíãó n êàðäèíàëà λ. Çàóâàæèìî, ùî
ñèìåòðè÷íà iíâåðñíà ïiâãðóïà I 1

λ ñêií÷åííèõ ïåðåòâîðåíü ðàíãó 1 ìíîæèíè ïîòóæ-
íîñòi λ içîìîðôíà ïiâãðóïi λ× λ-ìàòðè÷íèõ îäèíèöü Bλ.

Ñèìåòðè÷íó iíâåðñíó ïiâãðóïó îáìåæåíîãî ñêií÷åííîãî ðàíãó I n
λ ÿê òîïîëî-

ãi÷íó òà íàïiâòîïîëîãi÷íó âïåðøå âèâ÷àëè ó [19], äå äîâåäåíî, ùî âîíà ¹ ïiâãðóïîþ
çi ùiëüíèìè iäåàëüíèìè ðÿäàìè, i ó ïiäñóìêó ïiâãðóïà I n

λ àëãåáðè÷íî çàìêíåíà â
êëàñi íàïiâòîïîëîãi÷íèõ iíâåðñíèõ ïiâãðóï ç íåïåðåðâíîþ iíâåðñi¹þ. Ó [22] äîâåäåíî,
ùî ïiâãðóïà I n

λ àëãåáðè÷íî h-çàìêíåíà â êëàñi òîïîëîãi÷íèõ iíâåðñíèõ ïiâãðóï, à
òàêîæ îïèñàíà áîðiâñüêà êîìïàêòèôiêàöiÿ íåñêií÷åííî¨ ïiâãðóïè I n

λ â êëàñi òîïî-
ëîãi÷íèõ ïiâãðóï. Ó [21] çàçíà÷åíî äîñòàòíi óìîâè äëÿ òîãî, ùîá ïiâãðóïà I n

λ áóëà
H-çàìêíåíîþ ÷è àáñîëþòíîH-çàìêíåíîþ â êëàñi òîïîëîãi÷íèõ ïiâãðóï. Òàêîæ â [19]
äîâåäåíî, ùî íà ñèìåòðè÷íié iíâåðñíié ïiâãðóïi ñêií÷åííîãî ðàíãó I ∞

λ =
∪∞

n=1 I n
λ

íå iñíó¹ êîìïàêòíî¨ òîïîëîãi¨, ñòîñîâíî ÿêî¨ âîíà áóëà á íàïiâòîïîëîãi÷íîþ ïiâãðó-
ïîþ. Âîäíî÷àñ â [20] îïèñàíî óñi êîìïàêòíi òà çëi÷åííî êîìïàêòíi òîïîëîãi¨ íà ïiâ-
ãðóïi I 1

λ , çà ÿêèõ I 1
λ ¹ íàïiâòîïîëîãi÷íîþ ïiâãðóïîþ.

Ó ïðàöi [6] îïèñàíî óñi íåòðèâiàëüíi êîíãðóåíöi¨ íà ïiâãðóïi I n
λ , äîâåäåíî, ùî

äîâiëüíèé ãîìîìîðôíèé îáðàç ïiâãðóïè I n
λ ¹ ïiâãðóïîþ çi ùiëüíèìè iäåàëüíèìè

ðÿäàìè, à îòæå, ïiâãðóïà I n
λ àëãåáðè÷íî h-çàìêíåíà ïiâãðóïà â êëàñi íàïiâòîïîëî-

ãi÷íèõ iíâåðñíèõ ïiâãðóï ç íåïåðåðâíîþ iíâåðñi¹þ. Ó [6] òàêîæ îïèñàíî óñi êîìïàêòíi
òà çëi÷åííî êîìïàêòíi òîïîëîãi¨ τ íà ïiâãðóïi I n

λ òàêi, ùî (I n
λ , τ) ¹ íàïiâòîïîëîãi÷-

íîþ ïiâãðóïîþ.
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×àñòêîâå ïåðåòâîðåííÿ α ∈ Iλ íàçèâà¹òüñÿ ìàéæå òîòîæíèì, ÿêùî ìíîæèíà
λ \ domα ñêií÷åííà i (x)α ̸= x òiëüêè äëÿ ñêií÷åíî¨ êiëüêîñòi x ∈ λ. Ïîçíà÷èìî

I ∞
λ = {α ∈ Iλ | α ¹ ìàéæå òîòîæíiì}.

Î÷åâèäíî, ùî I ∞
λ ¹ iíâåðñíîþ ïiäïiâãðóïîþ ïiâãðóïè Iω. Ïiâãðóïà I ∞

λ íàçèâà¹òü-
ñÿ ïiâãðóïîþ ìàéæå òîòîæíèõ ÷àñòêîâèõ ií'¹êòèâíèõ ïåðåòâîðåíü êàðäèíàëà
λ [13].

Â [13] îïèñàíi âiäíîøåííÿ Ãðiíà íà ïiâãðóïi I ∞
λ , óñi (äâîñòîðîííi) iäåàëè i âñi

êîíãðóåíöi¨ íà I ∞
λ . Ó [13] äîâåäåíî, ùî êîæíà ãàóñäîðôîâà ñïàäêîâî áåðiâñüêà òî-

ïîëîãiÿ τ íà I ∞
ω òàêà, ùî (I ∞

ω , τ) ¹ íàïiâòîïîëîãi÷íîþ ïiâãðóïîþ, ¹ äèñêðåòíîþ i
îïèñàíî çàìèêàííÿ äèñêðåòíî¨ ïiâãðóïè I ∞

λ ó òîïîëîãi÷íié ïiâãðóïi. Òàêîæ äîâåäå-
íî, ùî äëÿ íåñêií÷åííîãî êàðäèíàëà λ äèñêðåòíà íàïiâãðóïà I ∞

λ íå âêëàäà¹òüñÿ â
êîìïàêòíó òîïîëîãi÷íó ïiâãðóïó òà ïîáóäîâàíî äâi íåäèñêðåòíi ãàóñäîðôîâi iíâåðñíi
ïiâãðóïîâi òîïîëîãi¨ íà ïiâãðóïi I ∞

λ .
Íåõàé N � ìíîæèíà íàòóðàëüíèõ ÷èñåë. ×åðåç I↗

∞(N) ïîçíà÷èìî ïiâãðóïó ìî-
íîòîííèõ íåñïàäíèõ ií'¹êòèâíèõ ÷àñòêîâèõ ïåðåòâîðåíü ìíîæèíè N òàêèõ, ùî ìíî-
æèíè N\domφ i N\rankφ ¹ ñêií÷åííèìè äëÿ âñiõ φ ∈ I↗

∞(N). Î÷åâèäíî, ùî I↗
∞(N)

¹ iíâåðñíîþ ïiäïiâãðóïîþ ïiâãðóïè Iω. Ïiâãðóïà I↗
∞(N) íàçèâà¹òüñÿ ïiâãðóïîþ êî-

ñêií÷åííèõ ìîíîòîííèõ ÷àñòêîâèõ ái¹êöié ìíîæèíè N [23].
Ó [23] Ãóòiê i Ðåïîâø äîâåëè, ùî ïiâãðóïà I↗

∞(N) ìà¹ àëãåáðè÷íi âëàñòèâîñòi,
ïîäiáíi äî áiöèêëi÷íî¨ ïiâãðóïè: âîíà áiïðîñòà i âñi ¨¨ íåòðèâiàëüíi ïiâãðóïîâi ãîìî-
ìîðôiçìè ¹ àáî æ içîìîðôiçìàìè, àáî æ ãðóïîâèìè ãîìîìîðôiçìàìè. Âîíè äîâåëè,
ùî êîæíà ãàóñäîðôîâà ëîêàëüíî êîìïàêòíà ïiâãðóïîâà iíâåðñíà òîïîëîãiÿ íà I↗

∞(N)
¹ äèñêðåòíîþ. Îïèñàëè çàìèêàííÿ äèñêðåòíî¨ ïiâãðóïè I↗

∞(N) ó òîïîëîãi÷íié ïiâ-
ãðóïi.

×àñòêîâå âiäîáðàæåííÿ α : N ⇀ N íàçèâà¹òüñÿ ìàéæå ìîíîòîííèì, ÿêùî iñíó¹
ñêií÷åííà ïiäìíîæèíà A â N òàêà, ùî çâóæåííÿ α|N\A : N\A ⇀ N ¹ ìîíîòîííèì ÷àñò-

êîâèì âiäîáðàæåííÿì. ×åðåç I �↗
∞ (N) ïîçíà÷èìî ïiâãðóïó ìàéæå ìîíîòîííèõ ií'¹ê-

òèâíèõ ÷àñòêîâèõ ïåðåòâîðåíü ìíîæèíè N òàêó, ùî ìíîæèíè N\domφ i N\ rankφ ¹
ñêií÷åííèìè äëÿ âñiõ φ ∈ I �↗

∞ (N). Î÷åâèäíî, ùî ïiâãðóïà I �↗
∞ (N) ¹ iíâåðñíîþ ïiä-

ïiâãðóïîþ ïiâãðóïè Iω i ïiâãðóïà I↗
∞(N) ¹ iíâåðñíîþ ïiäïiâãðóïîþ ïiâãðóïè I �↗

∞ (N)
òàêîæ. Ïiâãðóïà I �↗

∞ (N) íàçèâà¹òüñÿ ïiâãðóïîþ êîñêií÷åííèõ ìàéæå ìîíîòîííèõ
÷àñòêîâèõ ái¹êöié ìíîæèíè N [10].

Â [10] äîâåäåíî, ùî âñi íåòðèâiàëüíi ãîìîìîðôiçìè ïiâãðóïè I �↗
∞ (N) ¹ ãðóïîâè-

ìè, àáî içîìîðôiçìàìè. Òàêîæ äîâåäåíî, ùî êîæíà ãàóñäîðôîâà áåðiâñüêà òîïîëîãiÿ
τ íà I �↗

∞ (N) òàêà, ùî (I �↗
∞ (N), τ) � íàïiâòîïîëîãi÷íà ïiâãðóïà ¹ äèñêðåòíîþ. Îïèñà-

íî çàìèêàííÿ äèñêðåòíî¨ ïiâãðóïè (I �↗
∞ (N), τ) â òîïîëîãi÷íié ïiâãðóïi òà ïîáóäîâàíî

íåäèñêðåòíi ãàóñäîðôîâi iíâåðñíi ïiâãðóïîâi òîïîëîãi¨ íà I �↗
∞ (N).

Íåõàé S(λ) � ãðóïà ái¹êòèâíèõ ïåðåòâîðåíü êàðäèíàëà λ. Äëÿ äîâiëüíîãî
α ∈ S(λ) ïîçíà÷èìî supp(α) = {x ∈ λ | (x)α ̸= x}. Íåõàé S (λ) = {α ∈ S(λ) |
| supp(α)| < ω}. ×åðåç A (λ) ïîçíà÷èìî ïiäãðóïó ïàðíèõ ïiäñòàíîâîê ãðóïè S (λ).
Çàóâàæèìî, ùî A (λ) � ¹äèíà íåòðèâiàëüíà íîðìàëüíà ïiäãðóïà â S (λ) i A (λ) �
ïðîñòà ãðóïà.
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Â [4] äîâåäåíî, ùî ãðóïà A (λ), à îòæå, i ãðóïà S (λ), ïðè λ > ω â òîïîëîãi¨ ïî-
òî÷êîâî¨ çáiæíîñòi íå âêëàäà¹òüñÿ â äîáóòîê òîïîëîãi÷íèõ ãðóï çëi÷åííîãî ïñåâäîõà-
ðàêòåðó. Ç iíøîãî áîêó, ãðóïà S (λ) ó äîâiëüíié âiäîêðåìëþâàíié ãðóïîâié òîïîëîãi¨
íå âêëàäà¹òüñÿ â τ -îáìåæåíó òîïîëîãi÷íó ãðóïó, ÿêùî λ > τ > ω [5].

Ç íàñëiäêó 2 âèïëèâà¹, ùî íà ãðóïi S (λ), ïðè λ > ω, íå iñíó¹ öiëêîì îáìåæåíî¨
ãðóïîâî¨ òîïîëîãi¨. Âèíèêà¹ ïèòàííÿ, âiäïîâiäü íà ÿêå àâòîðè íå çíàþòü: ×è iñíó¹
íà ãðóïi A (λ), λ > ω, ëîêàëüíî êîìïàêòíà âiäîêðåìëþâàíà íåäèñêðåòíà ãðóïîâà
òîïîëîãiÿ?

Ìè îïèñàëè êîìïàêòèôiêàöi¨ Áîðà òîïîëîãi÷íî¨ ãðóïè S (λ) òà òîïîëîãi÷íî¨ ïiâ-
ãðóïè I ∞

λ ìàéæå òîòîæíèõ ÷àñòêîâèõ ái¹êòèâíèõ ïåðåòâîðåíü íåñêií÷åííîãî êàð-
äèíàëà λ òà òîïîëîãi÷íèõ ïiâãðóï ìîíîòîííèõ i ìàéæå ìîíîòîííèõ êîñêií÷åííèõ
ií'¹êòèâíèõ ïåðåòâîðåíü íàòóðàëüíèõ ÷èñåë I↗

∞(N) i I �↗
∞ (N).

2. Ïðî âêëàäåííÿ ãðóïè S (λ). Òîïîëîãi÷íà ãðóïà G íàçèâà¹òüñÿ öiëêîì
îáìåæåíîþ, ÿêùî äëÿ äîâiëüíîãî îêîëó îäèíèöi U iñíó¹ ñêií÷åííà ïiäìíîæèíà A â
G òàêà, ùî A · U = G.

Ìè áóäåìî íàçèâàòè ãðóïó ïðåêîìïàêòíî òîïîëîãiçîâíîþ, ÿêùî íà íié iñíó¹
öiëêîì îáìåæåíà ãàóñäîðôîâà ãðóïîâà òîïîëîãiÿ. Äëÿ íàòóðàëüíîãî n ÷åðåç Un(C)
ìè ïîçíà÷èìî ãðóïó óíiòàðíèõ ìàòðèöü ïîðÿäêó n íàä ïîëåì êîìïëåêñíèõ ÷èñåë C.
Áóäåìî ãîâîðèòè, ùî ãðóïà G ìà¹ ïîâíó ñèñòåìó óíiòàðíèõ çîáðàæåíü, ÿêùî äëÿ
äîâiëüíîãî åëåìåíòà x ∈ G iñíóþòü íàòóðàëüíå n òà ãîìîìîðôiçì f : G → Un(C)
òàêi, ùî (x)f ̸= e.

Ëåìà 1 ([8, ñ. 237, òåîðåìà 33]). Êîæíà êîìïàêòíà ãàóñäîðôîâà òîïîëîãi÷íà ãðóïà
ìà¹ ïîâíó ñèñòåìó óíiòàðíèõ çîáðàæåíü.

Çàóâàæèìî, ùî êîæíà ïiäãðóïà êîìïàêòíî¨ ãðóïè � ïðåêîìïàêòíà.

Òåîðåìà 1. Ãðóïà G ¹ ïðåêîìïàêòíî òîïîëîãiçîâíîþ òîäi i òiëüêè òîäi, êîëè
âîíà ìà¹ ïîâíó ñèñòåìó óíiòàðíèõ çîáðàæåíü.

Äîâåäåííÿ. Íåîáõiäíiñòü âèïëèâà¹ ç ëåìè 1. Äîâåäåìî äîñòàòíiñòü. Äëÿ êîæíîãî
íåîäèíè÷íîãî åëåìåíòà x ãðóïè G çàôiêñó¹ìî íàòóðàëüíå ÷èñëî n(x) òà ãîìîìîð-
ôiçì fx : G → Un(x)(C) òàêi, ùî (x)fx ̸= e. Òîäi äiàãîíàëüíèé äîáóòîê

∏
x∈G\{e} fx ¹

içîìîðôíèì âêëàäåííÿì ãðóïè G ó êîìïàêòíó ãðóïó
∏

x∈G\{e}Un(x)(C), òîìó ãðóïà
G ¹ ïðåêîìïàêòíî òîïîëîãiçîâíîþ. �
Òåîðåìà 2. Ïðîñòà ãðóïà G � ïðåêîìïàêòíî òîïîëîãiçîâíà òîäi i òiëüêè òîäi,
êîëè iñíóþòü íàòóðàëüíå n òà ií'¹êòèâíèé ãîìîìîðôiçì f : G → Un(C).

Äîâåäåííÿ. Äîñòàòíiñòü î÷åâèäíà. Äîâåäåìî íåîáõiäíiñòü. Áåç îáìåæåííÿ çàãàëü-
íîñòi ìîæíà ââàæàòè, ùî G ̸= {e}. Çàôiêñó¹ìî äîâiëüíèé åëåìåíò x ∈ G \ {e}. Çà
òåîðåìîþ 1 iñíóþòü íàòóðàëüíå ÷èñëî n òà ãîìîìîðôiçì f : G → Un(C) òàêi, ùî
(x)f ̸= e. Îñêiëüêè ãðóïà G � ïðîñòà, òî ker f = {e}, òîìó ãîìîìîðôiçì f ií'¹êòèâ-
íèé. �
Ëåìà 2 ([3, òåîðåìà VII.1.C]). Äëÿ äîâiëüíîãî íàòóðàëüíîãî n êîæíà ïiäãðóïà
G ⊂ Un(C) ñêií÷åííî¨ åêñïîíåíòè ¹ ñêií÷åííîþ.

Íàñëiäîê 1. ßêùî ïðîñòà ãðóïà G ¹ ïðåêîìïàêòíî òîïîëîãiçîâíîþ, òî êîæíà
¨¨ ïiäãðóïà ñêií÷åííî¨ åêñïîíåíòè ñêií÷åííà.
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Ëåìà 3 ([7, ñ. 60]). Ãðóïà A (λ) ¹ ïðîñòîþ äëÿ λ > 5.

Íàñëiäîê 2. ßêùî λ � íåñêií÷åííèé êàðäèíàë, òî ãðóïà A (λ) íå ¹ ïðåêîìïàêòíî
òîïîëîãiçîâíîþ.

Äîâåäåííÿ. Çàôiêñó¹ìî äîâiëüíó ïîñëiäîâíiñòü {xn | n ∈ N} ïîïàðíî ðiçíèõ åëåìåí-
òiâ êàðäèíàëà λ. Òîäi ïiäãðóïà T â A (λ), ïîðîäæåíà ìíîæèíîþ {(x3ix3i+1x3i+2) |
i ∈ N}, ¹ íåñêií÷åííîþ ïiäãðóïîþ ãðóïè A (λ) åêñïîíåíòè 3. Òîäi ç ëåìè 3, òåîðåìè 2
òà íàñëiäêó 1 âèïëèâà¹, ùî ãðóïà A (λ) íå ïðåêîìïàêòíî òîïîëîãiçîâíà. �

Ç íàñëiäêó 2 âèïëèâà¹ íàñëiäîê 3.

Íàñëiäîê 3. ßêùî λ � íåñêií÷åííèé êàðäèíàë, òî äîâiëüíèé ãîìîìîðôiçì ç ãðóïè
A (λ) â êîìïàêòíó òîïîëîãi÷íó ãðóïó ¹ àíóëþþ÷èì.

Ç íàñëiäêó 3 âèïëèâà¹ íàñëiäîê 4.

Íàñëiäîê 4. ßêùî λ � íåñêií÷åííèé êàðäèíàë, òî äîâiëüíèé íåïåðåðâíèé ãîìî-
ìîðôiçì h ç òîïîëîãi÷íî¨ ãðóïè S (λ) â êîìïàêòíó òîïîëîãi÷íó ãðóïó K ¹ àíóëþþ-
÷èì òîäi i ëèøå òîäi, êîëè A (λ) � íåçàìêíåíà ïiäãðóïà â S (λ). Ó ïðîòèëåæíîìó
âèïàäêó ïiäãðóïà (S (λ))h â K içîìîðôíà äèñêðåòíié ãðóïi Z2.

Îñêiëüêè çà òåîðåìîþ Åëëiñà (äèâ. [16]) êîæíà ëîêàëüíî êîìïàêòíà íàïiâòîïî-
ëîãi÷íà ãðóïà ¹ òîïîëîãi÷íîþ ãðóïîþ, òî ç íàñëiäêó 4 âèïëèâà¹ íàñëiäîê 5.

Íàñëiäîê 5. ßêùî λ � íåñêií÷åííèé êàðäèíàë, òî äîâiëüíèé íåïåðåðâíèé ãîìî-
ìîðôiçì h ç íàïiâòîïîëîãi÷íî¨ ãðóïè S (λ) â êîìïàêòíó òîïîëîãi÷íó ãðóïó K ¹
àíóëþþ÷èì òîäi i ëèøå òîäi, êîëè A (λ) � íåçàìêíåíà ïiäãðóïà â S (λ). Ó ïðîòè-
ëåæíîìó âèïàäêó ïiäãðóïà (S (λ))h â K içîìîðôíà äèñêðåòíié ãðóïi Z2.

3. Êîìïàòèôiêàöi¨ Áîðà òîïîëîãi÷íî¨ ãðóïè S (λ) òà ïiâãðóï I ∞
λ ,

I↗
∞(N) i I �↗

∞ (N). Íåõàé A � êëàñ òîïîëîãi÷íèõ àëãåáð (êëàñ òîïîëîãi÷íèõ ãðóï,
òîïîëîãi÷íèõ ïiâãðóï, íàïiâòîïîëîãi÷íèõ ãðóï, íàïiâòîïîëîãi÷íèõ ïiâãðóï òîùî)
i S ∈ A. Êîìïàòèôiêàöi¹þ Áîðà àëãåáðè S â êëàñi A íàçèâà¹òüñÿ ïàðà (β,B(S))
òàêà, ùî B(S) ∈ A � êîìïàêòíà òîïîëîãi÷íà àëãåáðà, β : S → B(S) � íåïåðåðâíèé
ãîìîìîðôiçì, ÿêùî g : S → T � íåïåðåðâíèé ãîìîìîðôiçì ç òîïîëîãi÷íî¨ àëãåáðè S
â êîìïàêòíó òîïîëîãi÷íó àëãåáðó T ∈ A, òî iñíó¹ ¹äèíèé íåïåðåðâíèé ãîìîìîðôiçì
ḡ : B(S) → T òàêèé, ùî äiàãðàìà

S
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¹ êîìóòàòèâíîþ. Ó âèïàäêó, êîëè çðîçóìiëî ïðî ÿêèé ãîìîìîðôiçì β éäåòüñÿ, ìè
ïîçíà÷àòèìåìî Áîðiâñüêó êîìïàêòèôiêàöiþ (β,B(S)), çàçíà÷àþ÷è ëèøå òîïîëîãi÷íó
àëãåáðó B(S).

Ç íàñëiäêiâ 3 i 4 âèïëèâà¹ òåîðåìà.

Òåîðåìà 3. Íåõàé λ � íåñêií÷åííèé êàðäèíàë. Òîäi:
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(i) êîìïàêòèôiêàöiÿ Áîðà (íàïiâ)òîïîëîãi÷íî¨ ãðóïè A (λ) â êëàñi (íàïiâ)òî-
ïîëîãi÷íèõ ãðóï ¹ òðèâiàëüíîþ ãðóïîþ;

(ii) êîìïàêòèôiêàöiÿ Áîðà (íàïiâ)òîïîëîãi÷íî¨ ãðóïè S (λ) â êëàñi (íàïiâ)òî-
ïîëîãi÷íèõ ãðóï ¹ òðèâiàëüíîþ ãðóïîþ òîäi i ëèøå òîäi, êîëè A (λ) � íåçà-
ìêíåíà ïiäãðóïà â S (λ);

(iii) êîìïàêòèôiêàöiÿ Áîðà (íàïiâ)òîïîëîãi÷íî¨ ãðóïè S (λ) â êëàñi (íàïiâ)òî-
ïîëîãi÷íèõ ãðóï içîìîðôíà äèñêðåòíié ãðóïi Z2 òîäi i ëèøå òîäi, êîëè A (λ)
� çàìêíåíà ïiäãðóïà â S (λ).

Íà ïiâãðóïi I ∞
λ äëÿ äîâiëüíîãî íåâiä'¹ìíîãî öiëîãî ÷èñëà n îçíà÷èìî âiäíî-

øåííÿ Kn(I), Kn(S∞) i Kn(A∞) òàê:

1. ×åðåç Kn(I) ïîçíà÷èìî êîíãðóåíöiþ íà ïiâãðóïi I ∞
λ ïîðîäæåíó iäåàëîì

In = {α ∈ I ∞
λ | |λ\domα| > n}, òîáòî Kn(I) = (In×In)∪∆(I ∞

λ ). Çàóâàæèìî,
ùî K0(I) = Ω(I ∞

λ ).
2. Åëåìåíòè α i β ïiâãðóïè I ∞

λ ¹ nS∞-åêâiâàëåíòíèìè, ÿêùî:
(i) αH β; i
(ii) |λ \ domα| = |λ \ domβ| = n.
Îçíà÷èìî âiäíîøåííÿ Kn(S∞) íà ïiâãðóïi I ∞

λ òàê:

Kn(S∞) = {(α, β) | (α, β) ∈ nS∞} ∪ (In+1 × In+1) ∪∆(I ∞
λ ).

3. Åëåìåíòè α i β ïiâãðóïè I ∞
λ ¹ nA∞-åêâiâàëåíòíèìè, ÿêùî:

(i) αH β;
(ii) α · β−1 ¹ ïàðíîþ ïiäñòàíîâêîþ ìíîæèíè domα; i
(iii) |λ \ domα| = |λ \ domβ| = n.
Îçíà÷èìî âiäíîøåííÿ Kn(A∞) íà ïiâãðóïi I ∞

λ òàê:

Kn(A∞) = {(α, β) | (α, β) ∈ nA∞} ∪ (In+1 × In+1) ∪∆(I ∞
λ ).

Âèêîíó¹òüñÿ òàêà òåîðåìà.

Òåîðåìà 4 ([13]). Äëÿ äîâiëüíîãî íåâiä'¹ìíîãî öiëîãî ÷èñëà n âiäíîøåííÿ Kn(S∞)
i Kn(A∞) ¹ êîíãðóåíöiÿìè íà ïiâãðóïi I ∞

λ .

Ó ïðàöi [13] òàêîæ äîâåäåíî òàêó òåîðåìó.

Òåîðåìà 5 ([13]). Ñiì'ÿ

Cong(I ∞
λ ) = {∆(I ∞

λ ), Ω(I ∞
λ )} ∪ {Kn(S∞) | n = 0, 1, 2, . . .}∪

∪ {Kn(A∞) | n = 0, 1, 2, . . .} ∪ {Kn(I) | n = 1, 2, . . .}

âèçíà÷à¹ óñi êîíãðóåíöi¨ íà ïiâãðóïi I ∞
λ .

×åðåç H(I) ïîçíà÷èìî ãðóïó îäèíèöü ïiâãðóïè I ∞
λ . Êîæíà ìàêñèìàëüíà ïiä-

ãðóïà ïiâãðóïè I ∞
λ , à îòæå, i ãðóïà îäèíèöü H(I), içîìîðôíà ãðóïi S (λ) [13].

Ëåìà 4. Íåõàé λ > ω i h : I ∞
λ → K � àëãåáðè÷íèé ãîìîìîðôiçì ó êîìïàêòíó

òîïîëîãi÷íó ïiâãðóïóK. Òîäi ïiâãðóïà (I ∞
λ )h içîìîðôíà äåÿêié ïiäïiâãðóïi ïiâãðóïè

Z0
2.

Äîâåäåííÿ. Îñêiëüêè çà òåîðåìîþ 1.11 [5] çàìèêàííÿ ïiäãðóïè â êîìïàêòíié òîïî-
ëîãi÷íié ïiâãðóïi ¹ ïiäãðóïîþ, òî çâóæåííÿ hH(I) = h|H(I) : H(I) → K ãîìîìîðôiçìó
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h íå ¹ içîìîðôiçìîì. Òîäi çà òåîðåìîþ 5 îòðèìà¹ìî, ùî (I ∞
λ \H(I))h � îäíîòî÷êî-

âà ïiäìíîæèíà â K. Îñêiëüêè ïiäãðóïà H(I) ïiâãðóïè I ∞
λ içîìîðôíà ãðóïi S (λ) i

ãðóïà S (λ) ìiñòèòü ëèøå îäíó âëàñíó íåòðèâiàëüíó íîðìàëüíó ïiäãðóïó A (λ), òî
(H(I))h ¹ ïiäãðóïîþ ãðóïè Z2. Òàêîæ ç òîãî, ùî ìíîæèíà I ∞

λ \H(I) ¹ iäåàëîì ïiâ-
ãðóïè I ∞

λ , âðàõóâàâøè ïîïåðåäíi ìiðêóâàííÿ, îòðèìó¹ìî, ùî (I ∞
λ )h � ïiäïiâãðóïà

ïiâãðóïè Z0
2. �

Òåîðåìà 6. Íåõàé λ � íåñêií÷åííèé êàðäèíàë. Òîäi:

(i) êîìïàêòèôiêàöiÿ Áîðà òîïîëîãi÷íî¨ ïiâãðóïè I ∞
λ â êëàñi òîïîëîãi÷íèõ ïiâ-

ãðóï ¹ íåòðèâiàëüíîþ ïiâãðóïîþ òîäi i ëèøå òîäi, êîëè ãðóïà îäèíèöü H(I)
¹ âiäêðèòî-çàìêíåíîþ ïiäãðóïîþ â I ∞

λ ;
(ii) êîìïàêòèôiêàöiÿ Áîðà òîïîëîãi÷íî¨ ïiâãðóïè I ∞

λ â êëàñi òîïîëîãi÷íèõ ïiâ-
ãðóï òîïîëîãi÷íî içîìîðôíà äèñêðåòíié íàïiâ ðàòöi ({0, 1},min) òîäi i ëè-
øå òîäi, êîëè ãðóïà îäèíèöü H(I) âiäêðèòî-çàìêíåíà ïiäãðóïà â I ∞

λ i A (λ)
� íåçàìêíåíà ïiäãðóïà â H(I);

(iii) êîìïàêòèôiêàöiÿ Áîðà òîïîëîãi÷íî¨ ïiâãðóïè I ∞
λ â êëàñi òîïîëîãi÷íèõ ïiâ-

ãðóï içîìîðôíà äèñêðåòíié ïiâãðóïi Z0
2 òîäi i ëèøå òîäi, êîëè ãðóïà îäèíèöü

H(I) âiäêðèòî-çàìêíåíà ïiäãðóïà â I ∞
λ i A (λ) � âiäêðèòà ïiäãðóïà â ãðóïi

îäèíèöü ïiâãðóïè I ∞
λ .

Äîâåäåííÿ. (i) Ñïî÷àòêó äîâåäåìî äîñòàòíiñòü. Ñïðàâäi, ÿêùîH(I) � âiäêðèòî-çàìê-
íåíà ïiäãðóïà â I ∞

λ , òî âiäîáðàæåííÿ h : I ∞
λ → ({0, 1},min), îçíà÷åíå çà ôîðìóëîþ

(α)h =

{
1, ÿêùî α ∈ H(I);
0, ÿêùî α /∈ H(I),

¹ íåïåðåðâíèì ãîìîìîðôiçìîì. Îòîæ, êîìïàêòèôiêàöiÿ Áîðà òîïîëîãi÷íî¨ ïiâãðóïè
I ∞

λ â êëàñi òîïîëîãi÷íèõ ïiâãðóï ¹ íåòðèâiàëüíîþ ïiâãðóïîþ.
Òåïåð äîâåäåìî íåîáõiäíiñòü. Ïðèïóñòèìî, ùî êîìïàêòèôiêàöiÿ Áîðà òîïîëîãi÷-

íî¨ ïiâãðóïè I ∞
λ â êëàñi òîïîëîãi÷íèõ ïiâãðóï ¹ íåòðèâiàëüíîþ ïiâãðóïîþ. Îñêiëüêè

ìíîæèíà I ∞
λ \ H(I) ¹ iäåàëîì ïiâãðóïè I ∞

λ , òî çà ëåìîþ 4 i òåîðåìîþ 5 iñíó¹
íåïåðåðâíèé ãîìîìîðôiçì h : I ∞

λ → Z0
2 òàêèé, ùî (H(I))h ∩ (I ∞

λ \ H(I))h = ∅.
Îòæå, ìà¹ìî, ùî (H(I))h ∈ Z2 i (I ∞

λ \H(I))h = 0, i ç íåïåðåðâíîñòi ãîìîìîðôiçìó
h âèïëèâà¹, ùî H(I) � âiäêðèòî-çàìêíåíà ïiäãðóïà â I ∞

λ .
(ii) Ïðèïóñòèìî, ùî ãðóïà îäèíèöü H(I) âiäêðèòî-çàìêíåíà ïiäãðóïà â I ∞

λ

i A (λ) � íåçàìêíåíà ïiäãðóïà â H(I). Îñêiëüêè A (λ) ¹äèíà âëàñíà íåòðèâiàëüíà
íîðìàëüíà ïiäãðóïà â H(I), òî ç íàñëiäêó 4 âèïëèâà¹, ùî îáðàç ãðóïè H(I) ïðè
íåïåðåðâíîìó ãîìîìîðôiçìi g : H(I) → K ó êîìïàêòíó òîïîëîãi÷íó ïiâãðóïó K ¹
òðèâiàëüíîþ ïiâãðóïîþ. Òîäi âiäîáðàæåííÿ h : I ∞

λ → ({0, 1},min), îçíà÷åíå çà ôîð-
ìóëîþ

(α)h =

{
1, ÿêùî α ∈ H(I);
0, ÿêùî α /∈ H(I),

¹ íåïåðåðâíèì ãîìîìîðôiçìîì. Îòîæ, êîìïàêòèôiêàöiÿ Áîðà òîïîëîãi÷íî¨ ïiâãðóïè
I ∞

λ â êëàñi òîïîëîãi÷íèõ ïiâãðóï içîìîðôíà äèñêðåòíié íàïiâ ðàòöi ({0, 1},min).
Ïðèïóñòèìî, ùî êîìïàêòèôiêàöiÿ Áîðà òîïîëîãi÷íî¨ ïiâãðóïè I ∞

λ â êëàñi òîïî-
ëîãi÷íèõ ïiâãðóï içîìîðôíà äèñêðåòíié íàïiâ ðàòöi ({0, 1},min). Òîäi çà òâåðäæåí-
íÿì (i) ãðóïà îäèíèöü H(I) ¹ âiäêðèòî-çàìêíåíîþ ïiäãðóïîþ â I ∞

λ . Ïðèïóñòèìî,
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ùî A (λ) � çàìêíåíà ïiäãðóïà â H(I). Íåõàé 0 � íóëü ïiâãðóïè Z0
2, 0̄ i 1̄ � åëåìåíòè

ïiäãðóïè Z2. Òîäi âiäîáðàæåííÿ l : I ∞
λ → Z0

2, îçíà÷åíå çà ôîðìóëîþ

(α)l =

 0̄, ÿêùî α ∈ A (λ);
1̄, ÿêùî α ∈ H(I) \ A (λ);
0, ÿêùî α /∈ H(I),

¹ íåïåðåðâíèì ñþð'¹êòèâíèì ãîìîìîðôiçìîì. Îñêiëüêè 3 =
∣∣Z0

2

∣∣ > |{0, 1}| = 2,

òî íå iñíó¹ ãîìîìîðôiçìó l̄ : ({0, 1},min) → Z0
2 òàêîãî, ùî l = β ◦ l̄, äå β : I ∞

λ →
({0, 1},min) � äîâiëüíèé ãîìîìîðôiçì. Ç îòðèìàíîãî ïðîòèði÷÷ÿ âèïëèâà¹, ùî A (λ)
� íåçàìêíåíà ïiäãðóïà ãðóïè îäèíèöü H(I).

Òâåðäæåííÿ (iii) âèïëèâà¹ ç ëåìè 4 òà òâåðäæåíü (i) i (ii) òåîðåìè. �

Ç íàñòóïíèõ òðüîõ ïðèêëàäiâ âèäíî, ùî êîìïàêòèôiêàöi¹þ Áîðà òîïîëîãi÷íî¨
ïiâãðóïè I ∞

λ â êëàñi òîïîëîãi÷íèõ ïiâãðóï çàëåæíî âiä òîïîëîãi¨ âèçíà÷åíî¨ íà I ∞
λ

ìîæóòü áóòè óñi òðè ïiâãðóïè, çàçíà÷åíi â òåîðåìi 6: Z0
2, ({0, 1},min) i òðèâiàëüíà

ïiâãðóïà.

Ïðèêëàä 1. Íåõàé λ > ω i τd � äèñêðåòíà òîïîëîãiÿ íà I ∞
λ . Òîäi (I ∞

λ , τd) �
òîïîëîãi÷íà iíâåðñíà ïiâãðóïà, i âiäîáðàæåííÿ l : I ∞

λ → Z0
2, îçíà÷åíå çà ôîðìóëîþ

(α)l =

 0̄, ÿêùî α ∈ A (λ);
1̄, ÿêùî α ∈ H(I) \ A (λ);
0, ÿêùî α /∈ H(I),

¹ íåïåðåðâíèì ñþð'¹êòèâíèì ãîìîìîðôiçìîì. Ç ëåìè 4 âèïëèâà¹, ùî ïiâãðóïà Z0
2 ¹

êîìïàêòèôiêàöi¹þ Áîðà ïiâãðóïè (I ∞
λ , τd) â êëàñi òîïîëîãi÷íèõ ïiâãðóï.

Ïðèêëàä 2. Îçíà÷èìî òîïîëîãiþ τF íà ïiâãðóïi I ∞
λ òàê. Äëÿ êîæíîãî åëåìåíòà α

ïiâãðóïè I ∞
λ îçíà÷èìî ñiì'þ

BF (α) = {Uα(F ) | F � ñêií÷åííà ïiäìíîæèíà â domα},
äå

Uα(F ) = {β ∈ I ∞
λ | domα = domβ, ranα = ranβ i (x)β = (x)α äëÿ âñiõ x ∈ F}.

Îñêiëüêè óìîâè (BP1)-(BP3) [17] âèêîíóþòüñÿ äëÿ ñiì'¨ {BF (α)}α∈I ∞
λ
, òî ñiì'ÿ

{BF (α)}α∈I ∞
λ

¹ áàçîþ òîïîëîãi¨ τF íà ïiâãðóïi I ∞
λ . Çà òâåðäæåííÿì 5.11 [13],

(I ∞
λ , τF ) ¹ òîïîëîãi÷íîþ iíâåðñíîþ ïiâãðóïîþ, òîïîëîãi÷íèé ïðîñòið ÿêî¨ öiëêîì

ðåãóëÿðíèé. Îñêiëüêè ãðóïà îäèíèöü H(I) ïiâãðóïè I ∞
λ ¹ âiäêðèòîþ ïiäãðóïîþ â

(I ∞
λ , τF ) i ïiäãðóïà A (λ) ùiëüíà â H(I) (äèâ. [4]), òî ïiâãðóïà ({0, 1},min) ¹ êîì-

ïàêòèôiêàöi¹þ Áîðà ïiâãðóïè (I ∞
λ , τF â êëàñi òîïîëîãi÷íèõ ïiâãðóï.

Ïðèêëàä 3. Îçíà÷èìî òîïîëîãiþ τWF íà ïiâãðóïi I ∞
λ òàê: äëÿ êîæíîãî åëåìåíòà

α ïiâãðóïè I ∞
λ îçíà÷èìî ñiì'þ

BWF (α) = {Uα(F ) | F � ñêií÷åííà ïiäìíîæèíà â domα},
äå

Uα(F ) = {β ∈ I ∞
λ | domβ ⊆ domα i (x)β = (x)α äëÿ âñiõ x ∈ F}.

Îñêiëüêè óìîâè (BP1)-(BP3) [17] âèêîíóþòüñÿ äëÿ ñiì'¨ {BWF (α)}α∈I ∞
λ
, òî ñiì'ÿ

{BWF (α)}α∈I ∞
λ

¹ áàçîþ òîïîëîãi¨ τWF íà ïiâãðóïi I ∞
λ . Çà òâåðäæåííÿì 5.14 [13],
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(I ∞
λ , τWF ) ¹ ãàóñäîðôîâîþ òîïîëîãi÷íîþ iíâåðñíîþ ïiâãðóïîþ. Îñêiëüêè ãðóïà îäè-

íèöü H(I) ïiâãðóïè I ∞
λ íå ¹ âiäêðèòîþ ïiäãðóïîþ â (I ∞

λ , τF ), òî êîìïàêòèôiêàöiÿ
Áîðà ïiâãðóïè (I ∞

λ , τWF ) â êëàñi òîïîëîãi÷íèõ ïiâãðóï ¹ òðèâiàëüíîþ ïiâãðóïîþ.

Îñêiëüêè çà òåîðåìîþ 5.1 [13] êîæíà ñïàäêîâî ãàóñäîðôîâà áåðiâñüêà òîïîëîãiÿ
τ íà ïiâãðóïi I ∞

ω òàêà, ùî (I ∞
ω , τ) � íàïiâòîïîëîãi÷íà ïiâãðóïà, ¹ äèñêðåòíîþ, òî

ç òåîðåìè 6 âèïëèâà¹ òâåðäæåííÿ 1.

Òâåðäæåííÿ 1. Êîìïàêòèôiêàöiÿ Áîðà ãàóñäîðôîâî¨ áåðiâñüêî¨ òîïîëîãi÷íî¨ ïiâ-
ãðóïè (I ∞

ω , τ) â êëàñi òîïîëîãi÷íèõ ïiâãðóï içîìîðôíà äèñêðåòíié íàïiâãðóïi Z0
2.

Íàäàëi ÷åðåç P<ω(λ) ïîçíà÷àòèìåìî âiëüíó íàïiâ ðàòêó ç îäèíèöåþ íàä êàð-
äèíàëîì λ.

Òâåðäæåííÿ 2. Íåõàé τ � ãàóñäîðôîâà òîïîëîãiÿ íà ïiâãðóïi I ∞
ω òàêà, ùî

(I ∞
ω , τ) � òîïîëîãi÷íà iíâåðñíà ïiâãðóïà i â'ÿçêà E(I ∞

ω ) � ¹ áåðiâñüêèì ïiäïðîñ-
òîðîì â (I ∞

ω , τ). Òîäi îäèíèöÿ I íàïiâ ðàòêè E(I ∞
ω ) ¹ içîëüîâàíîþ òî÷êîþ â

E(I ∞
ω ), à îòæå, ãðóïà îäèíèöü H(I) ïiâãðóïè I ∞

ω âiäêðèòî-çàìêíåíà ïiäãðóïà â
(I ∞

ω , τ).

Äîâåäåííÿ. Çà òâåðäæåííÿì 2.2 (iii) [13] íàïiâ ðàòêà E(I ∞
ω ) içîìîðôíà íàïiâ ðàò-

öi P<ω(ω). Îñêiëüêè ↑χ � ñêií÷åííà ïiäìíîæèíà â P<ω(ω) äëÿ äîâiëüíîãî χ ∈
P<ω(ω), òî ↑χ � çàìêíåíà ïiäìíîæèíà â P<ω(ω). Çàíóìåðó¹ìî âñi åëåìåíòè êàðäè-
íàëà λ íàòóðàëüíèìè ÷èñëàìè: ω = {x1, x2, . . . , xn, . . .}. Äëÿ äîâiëüíîãî íàòóðàëü-
íîãî ÷èñëà n ïîçíà÷èìî yn = x1x2 . . . xn. Òîäi yn ∈ P<ω(ω) òà ↑yn � ñêií÷åííà,
à îòæå, i çàìêíåíà ïiäìíîæèíà â P<ω(ω) äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n,
ïðè÷îìó

∪
n∈N ↑yn = P<ω(ω). Îñêiëüêè çà ïðèïóùåííÿì òâåðäæåííÿ òîïîëîãi÷íèé

ïðîñòið íàïiâ ðàòêè E(I ∞
ω ) = P<ω(ω) ¹ áåðiâñüêèì, òî iñíó¹ åëåìåíò yi íàïiâ ðàòêè

P<ω(ω) òàêèé, ùî IntP<ω(ω)(↑yi) ̸= ∅. Îòîæ, iñíó¹ ñêií÷åííà âiäêðèòà ïiäìíîæèíà
A ⊆ ↑yi â P<ω(ω). Òîäi çà òâåðäæåííÿì IV-1.13 [18], ↑A � âiäêðèòà ïiäìíîæèíà â
P<ω(ω), à îòæå, îäèíèöÿ I íàïiâ ðàòêè P<ω(ω) ¹ içîëüîâàíî òî÷êîþ â P<ω(ω).

Îñêiëüêè (I ∞
ω , τ) � òîïîëîãi÷íà iíâåðñíà ïiâãðóïà, òî âiäîáðàæåííÿ h− : I ∞

ω →
E(I ∞

ω ) òà h+ : I ∞
ω → E(I ∞

ω ), îçíà÷åíi çà ôîðìóëàìè (χ)h− = χ · χ−1 òà (χ)h+ =
χ−1·χ, ¹ íåïåðåðâíèìè, à îòæå,H(I) = (I)h+∩(I)h− � âiäêðèòî-çàìêíåíà ïiäìíîæèíà
â (I ∞

ω , τ). �
Ç òâåðäæåííÿ 2 òà òåîðåìè 6 âèïëèâà¹ òàêà òåîðåìà.

Òåîðåìà 7. Íåõàé τ � ãàóñäîðôîâà òîïîëîãiÿ íà ïiâãðóïi I ∞
ω òàêà, ùî (I ∞

ω , τ)
� òîïîëîãi÷íà iíâåðñíà ïiâãðóïà i â'ÿçêà E(I ∞

ω ) � ¹ áåðiâñüêèì ïiäïðîñòîðîì â
(I ∞

ω , τ). Òîäi êîìïàêòèôiêàöiÿ Áîðà òîïîëîãi÷íî¨ ïiâãðóïè (I ∞
ω , τ) â êëàñi òîïî-

ëîãi÷íèõ ïiâãðóï içîìîðôíà íåòðèâiàëüíié ïiäïiâãðóïi äèñêðåòíî¨ ïiâãðóïè Z0
2.

Åëåìåíò e òîïîëîãi÷íî¨ íàïiâ ðàòêè E íàçèâà¹òüñÿ òî÷êîþ ëîêàëüíîãî ìiíiìó-
ìó â E, ÿêùî iñíó¹ âiäêðèòèé îêië U(e) òî÷êè e â E òàêèé, ùî U(e) ∩ ↓e = {e} [18].
Çàóâàæèìî, ùî iäåìïîòåíò e òîïîëîãi÷íî¨ íàïiâ ðàòêè E ¹ òî÷êîþ ëîêàëüíîãî ìiíi-
ìóìó â E òîäi i ëèøå òîäi, êîëè ↑e � âiäêðèòà ìíîæèíà â E.

Ëåìà 5. Êîæíà ãàóñäîðôîâà ëîêàëüíî êîìïàêòíà òîïîëîãiÿ τ íà íàïiâ ðàòöi
P<ω(λ) òàêà, ùî (P<ω(λ), τ) � íàïiâòîïîëîãi÷íà ïiâãðóïà, ¹ äèñêðåòíîþ.
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Äîâåäåííÿ. ßêùî λ < ω, òî òâåðäæåííÿ ëåìè î÷åâèäíå. Òîìó íàäàëi áóäåìî ââàæàòè
λ > ω.

Ìè ïîêàæåìî, ùî äëÿ äîâiëüíîãî iäåìïîòåíòó χ ∈ P<ω(λ) iñíó¹ iäåìïîòåíò
ε 6 χ íàïiâ ðàòêè P<ω(λ) òàêèé, ùî ↑ε � âiäêðèòà ïiäìíîæèíà â (P<ω(λ), τ).
Îñêiëüêè ↑ε � ñêií÷åííà ïiäìíîæèíà â P<ω(λ) äëÿ êîæíîãî iäåìïîòåíòó ε ∈
P<ω(λ), òî îòðèìó¹ìî, ùî ε � içîëüîâàíà òî÷êà â P<ω(λ).

Çàôiêñó¹ìî âiäêðèòèé îêië U(χ) iäåìïîòåíòó χ â (P<ω(λ), τ) òàêèé, ùî
clP<ω(λ)(U(χ)) � êîìïàêòíà ïiäìíîæèíà â (P<ω(λ), τ). Òîäi ïiäïðîñòið A(χ) =
= clP<ω(λ)(U(χ)) â (P<ω(λ), τ) ç iíäóêîâàíèì ç íàïiâ ðàòêè P<ω(λ) ÷àñòêîâèì
ïîðÿäêîì ¹ êîìïàêòíèì ÷àñòêîâî âïîðÿäêîâàíèì ïðîñòîðîì, à îòæå, iñíó¹ ìiíi-
ìàëüíèé åëåìåíò χ0 ìíîæèíè A(χ) òàêèé, ùî χ0 6 χ. Ïîçàÿê ↑χ0 � ñêií÷åííà
ïiäìíîæèíà â P<ω(λ), òî χ � òî÷êà ëîêàëüíîãî ìiíiìóìó â (P<ω(λ), τ). Îòîæ,
↑χ � âiäêðèòà ñêií÷åííà ïiäìíîæèíà â P<ω(λ), à îòæå, χ � içîëüîâàíà òî÷êà â
(P<ω(λ), τ). �

Ç ëåìè 5 òà òåîðåìè 6 âèïëèâà¹ òåîðåìà 8.

Òåîðåìà 8. Íåõàé λ � íåñêií÷åííèé êàðäèíàë i (I ∞
λ , τ) � òîïîëîãi÷íà iíâåðñíà ïiâ-

ãðóïà ç ëîêàëüíî êîìïàêòíîþ â'ÿçêîþ E(I ∞
ω ). Òîäi êîæåí H -êëàñ ïiâãðóïè I ∞

λ

âiäêðèòî-çàìêíåíà ïiäìíîæèíà â (I ∞
λ , τ), à îòæå, êîìïàêòèôiêàöiÿ Áîðà òîïî-

ëîãi÷íî¨ ïiâãðóïè (I ∞
λ , τ) â êëàñi òîïîëîãi÷íèõ ïiâãðóï içîìîðôíà íåòðèâiàëüíié

ïiäïiâãðóïi äèñêðåòíî¨ ïiâãðóïè Z0
2.

Æîäíà ç êîìïàêòíèõ òîïîëîãi÷íèõ ïiâãðóï íå ìiñòèòü ïiâãðóïó I↗
∞(N) [23],

îñêiëüêè óñi íåòðèâiàëüíi ãîìîìîðôiçìè ïiâãðóïè I↗
∞(N) ¹ àáî içîìîðôiçìàìè, àáî

æ ãðóïîâèìè ãîìîìîðôiçìàìè, ïðè÷îìó îáðàç ïiâãðóïè I↗
∞(N) ¹ öèêëi÷íà ãðóïà [23,

òåîðåìà 2.9], òî ç òâåðäæåííÿ 2 [9] âèïëèâà¹ òàêà òåîðåìà.

Òåîðåìà 9. Êîìïàêòèôiêàöiÿ Áîðà äèñêðåòíî¨ ïiâãðóïè I↗
∞(N) â êëàñi òîïîëî-

ãi÷íèõ ïiâãðóï òîïîëîãi÷íî içîìîðôíà êîìïàêòèôiêàöi¨ Áîðà äèñêðåòíî¨ àäèòèâíî¨
ãðóïè öiëèõ ÷èñåë.

Àíàëîãi÷íî, îñêiëüêè æîäíà ç êîìïàêòíèõ òîïîëîãi÷íèõ ïiâãðóï íå ìiñòèòü ïiâ-
ãðóïó I �↗

∞ (N) [10], i âñi íåòðèâiàëüíi ãîìîìîðôiçìè ïiâãðóïè I �↗
∞ (N) ¹ àáî içîìîð-

ôiçìàìè, àáî æ ãðóïîâèìè ãîìîìîðôiçìàìè, ïðè÷îìó îáðàç ïiâãðóïè I �↗
∞ (N) � öèê-

ëi÷íà ãðóïà [10, òåîðåìà 2], òî ç òâåðäæåííÿ 2 [9] âèïëèâà¹ òàêà òåîðåìà.

Òåîðåìà 10. Êîìïàêòèôiêàöiÿ Áîðà äèñêðåòíî¨ ïiâãðóïè I �↗
∞ (N) â êëàñi òîïîëî-

ãi÷íèõ ïiâãðóï òîïîëîãi÷íî içîìîðôíà êîìïàêòèôiêàöi¨ Áîðà äèñêðåòíî¨ àäèòèâíî¨
ãðóïè öiëèõ ÷èñåë.
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In this paper we describe Bohr compacti�cations of a topological group
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Îïèñàíî êîìïàêòèôèêàöèè Áîðà òîïîëîãè÷åñêîé ãðóïïû S (λ) áèåê-
òèâíûõ ïðåîáðàçîâàíèé ñ êîíå÷íûì íîñèòåëåì áåñêîíå÷íîãî êàðäèíàëà λ,
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òîïîëîãè÷åñêîé ïîëóãðóïïû I ∞
λ ïî÷òè òîæäåñòâåííûõ ÷àñòè÷íûõ áèåê-

òèâíûõ ïðåîáðàçîâàíèé áåñêîíå÷íîãî êàðäèíàëà λ è òîïîëîãè÷åñêèõ ïî-
ëóãðóïï ìîíîòîííûõ è ïî÷òè ìîíîòîííûõ êîêîíå÷íûõ èíúåêòèâíûõ ïðå-
îáðàçîâàíèé íàòóðàëüíûõ ÷èñåë I↗

∞(N) è I �↗
∞ (N).

Êëþ÷åâûå ñëîâà: òîïîëîãè÷åñêàÿ ïîëóãðóïïà, òîïîëîãè÷åñêàÿ ãðóïïà,
êîìïàêòèôèêàöèÿ Áîðà.
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ÃÐÀÍÈ×ÍÀ ÒÅÎÐÅÌÀ ÄËß ÃIËËßÑÒÎÃÎ ÏÐÎÖÅÑÓ
Ç ÄÎÂIËÜÍÎÞ ÊIËÜÊIÑÒÞ ÒÈÏIÂ ×ÀÑÒÈÍÎÊ

ÒÀ IÌÌIÃÐÀÖI�Þ

ßðîñëàâ �ËÅÉÊÎ, Iðèíà ÁÀÇÈËÅÂÈ×, Ãàëèíà ÒÈÌÊIÂ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ, 79000

e-mail: tumkiv_gala@mail.ru

Ðåçóëüòàòîì äîñëiäæåííÿ ¹ ãðàíè÷íà çàäà÷à äëÿ äîêðèòè÷íîãî ãiëëÿñ-
òîãî âèïàäêîâîãî ïðîöåñó ç äîâiëüíîþ êiëüêiñòþ òèïiâ ÷àñòèíîê òà iììi-
ãðàöi¹þ. Ðîçãëÿíóòà çàäà÷à ¹ óçàãàëüíåííÿì çàäà÷i, ÿêó ðîçâ'ÿçàâ Ñ. Àëi¹â
[4], àëå äëÿ ñêií÷åííî¨ êiëüêîñòi òèïiâ ÷àñòèíîê.

Êëþ÷îâi ñëîâà: ãiëëÿñòèé ïðîöåñ, ÿäðî, äîêðèòè÷íèé ïðîöåñ, ôóíêöiî-
íàë Ëàïëàñà, óìîâíèé òâiðíèé ôóíêöiîíàë, ôàêòîðiàëüíi ìîìåíòè.

1. Âñòóï. Ãiëëÿñòi ïðîöåñè ¹ ìàòåìàòè÷íîþ ìîäåëëþ áàãàòüîõ ÿâèù. Çîêðå-
ìà, âàæëèâèì íàïðÿìîì ¹ ïðîöåñ ç iììiãðàöi¹þ. Âàæëèâi ïðàöi öüîãî íàïðÿìó: Ñå-
âàñòüÿíîâ Â.À. [1], à òàêîæ Õi÷îò Ñ.Ð. [5]. Ó êiíöi 60-õ íà ïî÷àòêó 70-õ ðîêiâ XX ñò.
ïî÷àëè ðîçãëÿäàòè ïðîöåñè ç äîâiëüíîþ êiëüêiñòþ òèïiâ ÷àñòèíîê. Öiêàâèé ïiäõiä
çàïðîïîíóâàâ Øóðåíêîâ Â.Ì. [2] òà �ëåéêî ß.I. [3]. Ðîçãëÿíóòî ãðàíè÷íó òåîðåìó
äëÿ ãiëëÿñòîãî ïðîöåñó ç äîâiëüíîþ êiëüêiñòþ òèïiâ òà iììiãðàöi¹þ.

2. Îïèñ ìîäåëi. Ðîçãëÿíåìî ñïî÷àòêó íàéïðîñòiøèé âèïàäîê ãiëëÿñòèõ ïðî-
öåñiâ ç iììiãðàöi¹þ, òîáòî âèïàäîê äâîõ òèïiâ ÷àñòèíîê.

Ó öüîìó âèïàäêó ïîðÿä ç ðîçìíîæåííÿì i çàãèáåëëþ ùå âiäáóâà¹òüñÿ ïîñòiéíèé
ïðèðiñò ÷àñòèíîê çîâíi, ùî êåðó¹òüñÿ âèïàäêîâèì ìåõàíiçìîì, ÿêèé íå çàëåæèòü âiä
êiëüêîñòi íàÿâíèõ ÷àñòèíîê. Íåõàé ìà¹ìî ÷àñòèíêè îäíîãî òèïó. Êîæíà iñíóþ÷à â
öåé ìîìåíò ÷àñòèíêà íåçàëåæíî âiä ñâîãî ïîõîäæåííÿ òà âiêó, íåçàëåæíî âiä iíøèõ
÷àñòèíîê ç éìîâiðíiñòþ [1]

δk1 + pk∆t+ o(∆t)

ïåðåòâîðþ¹òüñÿ çà ÷àñ ∆t → 0 â k ÷àñòèíîê. Êðiì òîãî, íåçàëåæíî âiä íàÿâíîñòi
äîâiëüíî¨ êiëüêîñòi ÷àñòèíîê ç éìîâiðíiñòþ [1]

δk0 + qk∆t+ o(∆t)

çà ïðîìiæîê ÷àñó ∆t → 0 âèíèêà¹ k ÷àñòèíîê. Öi ÷àñòèíêè, ÿêi âèíèêàëè, íàäàëi
ïîâîäÿòü ñåáå òàê ñàìî ÿê i íàøi âèõiäíi ÷àñòèíêè. Ìè ïðèïóñêà¹ìî, ùî ùiëüíîñòi

c⃝ �ëåéêî ß., Áàçèëåâè÷ I., Òèìêiâ Ã., 2011
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pk, qk çàäîâîëüíÿþòü òàêi óìîâè [1]:

p1 < 0, pk > 0 (k ̸= 0),
∞∑
k=0

pk = 0, (1)

q0 < 0, qk > 0 (k > 0),

∞∑
k=0

qk = 0. (2)

Ââåäåìî òâiðíi ôóíêöi¨ [2]

f(s) =
∞∑
k=0

pks
k, g(s) =

∞∑
k=0

qks
k, (3)

F (t; s) =
∞∑
k=0

Pk(t)s
k, (4)

äå Pk(t) � éìîâiðíiñòü òîãî, ùî êiëüêiñòü ÷àñòèíîê µ(t) â ìîìåíò ÷àñó t äîðiâíþ¹ k,
ÿêùî ïðè t = 0 ÷àñòèíîê íå áóëî. Ç óìîâè (10) âèïëèâà¹, ùî g(1) = f(1) = 0. Íàøà
ìåòà � çà äàíèìè f(s), g(s) íåîáõiäíî çíàéòè ðîçïîäië âèïàäêîâî¨ âåëè÷èíè µ(t) i
ãðàíè÷íó ïîâåäiíêó ïðè t → ∞.

Ïîêàæåìî íàñàìïåðåä, ùî îïèñàíèé òàê ïðîöåñ ¹ ÷àñòêîâèì âèïàäêîì ãiëëÿñòî-
ãî ïðîöåñó ç äâîìà òèïàìè ÷àñòèíîê. Äëÿ öüîãî, êðiì âiäîìèõ óæå ÷àñòèíîê, ÿêi ìè
íàçâåìî ÷àñòèíêàìè òèïó T1, ââåäåìî ùå îäíó ôiêòèâíó ÷àñòèíêó òèïó T0. Çàäàìî
éìîâiðíîñòi ïåðåòâîðåííÿ ÷àñòèíîê çà ÷àñ ∆t → 0 òàê:

P{T0 → T0} = 1 + q0∆t+ o(∆t),

P{T0 → T0 + kT1} = qk∆t+ o(∆t), k ̸= 0,

P{T1 → T1} = 1 + p1∆t+ o(∆t),

P{T1 → kT1} = pk∆t+ o(∆t), k ̸= 1.

Ïîçíà÷èìî P i
α0,α1

(t) éìîâiðíiñòü òîãî, ùî îäíà ÷àñòèíêà òèïó Ti çà ÷àñ t ïå-
ðåòâîðèòüñÿ â ñóêóïíiñòü α0 ÷àñòèíîê òèïó T0 i α1 ÷àñòèíîê òèïó T1. Íåõàé ïðè
∆t → 0

P i
α0,α1

(∆t) = δiα0,α1
+ P i

α0,α1
∆t+ o(∆t),

äå δ01;0 = 1, δ10;1 = 1, à iíøi δiα0,α1
äîðiâíþþòü íóëþ. Ââåäåìî òâiðíi ôóíêöi¨

F i(t; s0, s1) =
∑
α0,α1

P i
α0,α1

(s0)α0(s1)α1 ,

f i(s0, s1) =
∑
α0,α1

piα0,α1
(s0)α0(s1)α1 . (5)

Íåâàæêî áà÷èòè, ùî òâiðíi ôóíêöi¨ (3) i (4) çâ'ÿçàíi ìiæ ñîáîþ òàê:

f0(s0, s1) = s0g(s1), f1(s0, s1) = f(s1), (6)

F 0(t; s0, s1) = s0F (t, s1). (7)

Îòîæ, iììiãðàöiþ ìîæíà ïîäàòè çàâäÿêè ðîçìíîæåííþ ôiêòèâíî¨ ÷àñòèíêè òè-
ïó T0, ÿêà, ïîðîäèâøè íîâi ÷àñòèíêè òèïó T1, ñàìà íå ðîçìíîæó¹òüñÿ i íå çíèêà¹. Ó
ïîáóäîâàíîìó ãiëëÿñòîìó ïðîöåñi òèïè T0 i T1 ñòàíîâëÿòü êëàñ òèïiâ, ÿêi ìiæ ñîáîþ
êîíòàêòóþòü. Ïðè÷îìó {T1} � çàìêíóòèé êëàñ, à {T0} � ôiêòèâíèé êëàñ.



76
ßðîñëàâ �ËÅÉÊÎ, Iðèíà ÁÀÇÈËÅÂÈ×, Ãàëèíà ÒÈÌÊIÂ
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 74

Äëÿ öüîãî ïðîöåñó ç äâîìà òèïàìè ÷àñòèíîê T0 i T1 ñïðàâäæó¹òüñÿ ñèñòåìà
äèôåðåíöiàëüíèõ ðiâíÿíü

∂F i

∂t
= f i(F 0, F 1), i = 0, 1 (8)

ç ïî÷àòêîâèìè óìîâàìè

F i(0; s0, s1) = si, i = 0, 1, (9)

aáî ðiâíÿííÿ â ÷àñòèííèõ ïîõiäíèõ

∂F i

∂t
= f0(s0, s1)

∂F i

∂s0
+ f1(s0, s1)

∂F i

∂s1
(10)

ç òèìè ñàìèìè ïî÷àòêîâèìè óìîâàìè. Ó íàøîìó âèïàäêó ñèñòåìà (8) íàáóäå âèãëÿäó

dF 0

dt
= F 0g(F 1), (11)

dF 1

dt
= f(F 1), (12)

à ðiâíÿííÿ â ÷àñòèííèõ ïîõiäíèõ òàêå:

∂F i

∂t
= s0g(s1)

∂F i

∂s0
+ f(s1)

∂F i

∂s1
. (13)

Ç (7) òà (13) îòðèìó¹ìî ðiâíÿííÿ äëÿ

∂F

∂t
= g(s)F + f(s)

∂F

∂s
, (14)

ÿêå ïîòðiáíî ðîçâ'ÿçàòè çà ïî÷àòêîâî¨ óìîâè

F (0; s) = 1. (15)

Ç iíøîãî áîêó, ìîæíà îòðèìàòè çðó÷íèé âèðàç äëÿ F (t; s) çà äîïîìîãîþ ñèñòåìè
ðiâíÿíü (11), (12). Ðiâíÿííÿ (12) ç ïî÷àòêîâîþ óìîâîþ (9) ðîçâ'ÿçó¹òüñÿ îêðåìî.
Ïîçíà÷èìî éîãî ðîçâ'ÿçîê ÷åðåç Φ(t; s) (ââàæàþ÷è s1 = s). Òîäi ç (11), (9) òà (7)
ìîæíà îòðèìàòè

F (t; s) = exp
( t∫

0

g(Φ(u; s))du
)
. (16)

Öÿ ôîðìóëà âèðàæà¹ òâiðíó ôóíêöiþ F (t; s) ãiëëÿñòîãî ïðîöåñó ç iììiãðàöi¹þ
÷åðåç òâiðíó ôóíêöiþ Φ(t; s) ãiëëÿñòîãî ïðîöåñó áåç iììiãðàöi¨.

3. Ãðàíè÷íà òåîðåìà äëÿ ãiëëÿñòîãî âèïàäêîâîãî ïðîöåñó ç iììiãðà-

öi¹þ. Ðîçãëÿíåìî ïîñëiäîâíiñòü ãiëëÿñòèõ ïðîöåñiâ Ãàëüòîíà-Âàòñîíà, ùî çàëåæèòü
âiä äåÿêîãî ìàëîãî ïàðàìåòðà ε [4] ç äîâiëüíîþ êiëüêiñòþ òèïiâ ÷àñòèíîê D òà äèñ-
êðåòíèì ÷àñîì. Íà ìíîæèíi D çàäàíà σ-àëãåáðà F , ÿêà ìiñòèòü âñi îäíîòî÷êîâi
ìíîæèíè. Íåõàé âèïàäêîâà ìiðà ξ(t, ε, A) ïîçíà÷à¹ êiëüêiñòü ÷àñòèíîê ïðîöåñó ç
ïàðàìåòðîì ε, ùî íàëåæèòü ìíîæèíi A ∈ F .

Óìîâíi éìîâiðíîñòi òà óìîâíi ìàòåìàòè÷íi ñïîäiâàííÿ çà óìîâè, ùî â ïî÷àòêî-
âèé ìîìåíò ÷àñó áóëà îäíà ÷àñòèíêà òèïó d ∈ D, áóäåìî ïîçíà÷àòè, âiäïîâiäíî, Pd

òà Md.
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Ââåäåìî ôóíêöiîíàë Ëàïëàñà

F (ε, d, t, φ(·)) = Md exp

−
∫
D

φ(u)ξ(t, ε, du)


i òâiðíèé ôóíêöiîíàë

h(ε, d, t, φ(·)) = Md exp


∫
D

lnφ(u)ξ(t, ε, du)

 ,

äå φ(u) ¹ F-âèìiðíà.
Ìàòåìàòè÷íå ñïîäiâàííÿ ïðîöåñó ç ïàðàìåòðîì ε êiëüêîñòi ÷àñòèíîê, ùî íàëå-

æàòü ìíîæèíi A ∈ F çà îäèíèöþ ÷àñó çà óìîâè, ùî â ïî÷àòêîâèé ìîìåíò ÷àñó áóëà
îäíà ÷àñòèíêà òèïó d ∈ D, ìè ïîçíà÷èìî ÷åðåç Md(ε,A).

Ââåäåìî òàêi ïîçíà÷åííÿ:

Q(u, t, λ(·)) = exp


∫
D

g(u,K(u, s, λ(·)))ds

 ,

g(t, λ(·)) =
∞∫
0

(
e

∞∫
0

λ(t)φ(dt)
− 1

)
N(φ(dt)),

äå Reλ(·) 6 0, N � ìiðà. Ôóíêöiÿ K(s, t, λ(·)) ¹ ëîãàðèôìîì ïåðåòâîðåííÿ Ëàïëàñà,
äåÿêîãî íåñêií÷åííî-ïîäiëüíîãî ïðîöåñó

M

[
e

∫
D

λ(s)µ(t,ds) ∣∣ µ(0, A) = y(A)

]
= e

∫
D

y(ds)K(s,t,λ(u))

.

Òóò u ∈ D, t > 0, Reλ(u) 6 0, y(u) > 0, y(D) < ∞, µ(t, A) � âèïàäêîâà ìiðà,
ÿêà ïîçíà÷à¹ ìàñó ÷àñòèíîê ó ìîìåíò ÷àñó t, ÿêi íàëåæàòü ìíîæèíi A, äå A ∈ F ,
F � σ-àëãåáðà íà ìíîæèíi D.

Ââàæà¹ìî, ùî ïðîöåñ ñòîõàñòè÷íî íåïåðåðâíèé, òîìó ìîæíà ââåñòè êóìóëÿíòó

H(u, λ(·)) = lim
τ→0

K(u, τ, λ(u))− λ(u)

τ
, (u ∈ D, Reλ(u) 6 0).

Íîðìó îïåðàòîðà íàäàëi ïîçíà÷àòèìåìî ∥ · ∥.
Ïðèïóñêà¹ìî, ùî äëÿ ïðîöåñó ç ïàðàìåòðîì ε ïðàâèëüíå çîáðàæåííÿ

Md(ε,A) = E + εC + o(ε), (17)

äå E�îäèíè÷íèé îïåðàòîð; C�îáìåæåíèé îïåðàòîð, ÿêèé çàëåæèòü âiä ìíîæèíè A
òà d. Ïðèïóñêà¹ìî, ùî iñíó¹ òàêå ÷èñëî C0, ùî ∀ d ∈ D ∀ A ∈ F ñïðàâäæó¹òüñÿ
íåðiâíiñòü

∥C(d,A)∥ 6 C0.

Ðîçãëÿíåìî ïîñëiäîâíiñòü ôóíêöié b1(ε, u) (u ∈ D) òàêèõ, ùî b1(ε, u) → ∞ äëÿ
âñiõ u ∈ D ïðè ε → 0. Ââàæà¹ìî, ùî iñíó¹ äåÿêà ìiðà q(A), b1(ε, u) iíòåãðîâàíà
ñòîñîâíî öi¹¨ ìiðè i

∫
A
b1(ε, u) q(du) = b(ε,A) (A ∈ F) i b(ε,A) → ∞ ïðè ε → 0.
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Äàëi ðîçãëÿíåìî âèïàäêîâi ìiðè

µ(t, ε, A) =
ξ([t/ε], ε, A)

b(ε,A)
,

ξ(0, ε, A) =

∫
A

x(u)b(ε, du)

 ,

äå [a] � öiëà ÷àñòèíà ÷èñëà a; x(u) � F-âèìiðíà ôóíêöiÿ.
Ïðàâèëüíà òàêà òåîðåìà.

Òåîðåìà 1. Íåõàé ïðàâèëüíå ðîçâèíåííÿ (17). ßêùî
1) lim

ε→0

1
ε b1(ε, s) [F (ε, s, exp(λ(·)/b1(ε, ·)))− exp(λ(s)/b1(ε, s))] = H(s, λ(·));

2)
∂H(s, λ(u))

∂λ
= C(s, λ(u)) îáìåæåíà ïî âñiõ àðãóìåíòàõ

1

ε
[G(ε, s, exp(λ(·)/b1(ε, ·)))− 1] −→ g(s, λ(·)),

äå G(ε, d, t, φ(·)) � òâiðíèé ôóíêöiîíàë äëÿ iììiãðóþ÷èõ ÷àñòèíîê, òî ñêií÷åííîâè-
ìiðíi ðîçïîäiëè ãiëëÿñòîãî ïðîöåñó Ãàëüòîíà-Âàòñîíà ç iììiãðàöi¹þ òà äîâiëüíîþ
êiëüêiñòþ òèïiâ ÷àñòèíîê, ùî âiäïîâiäàþòü âèïàäêîâié ìiði µ(t, ε), ñëàáî çáiãà¹òü-
ñÿ ïðè ε → 0 äî ñêií÷åííîâèìiðíèõ ðîçïîäiëiâ áàãàòîâèìiðíîãî ãiëëÿñòîãî ïðîöåñó
ç íåïåðåðâíèì ôàçîâèì ïðîñòîðîì òà iììiãðàöi¹þ.

Äîâåäåííÿ. Ðîçãëÿíåìî ïðàâó ÷àñòèíó ñïiââiäíîøåííÿ

∞∑
j=0

∫
D

Pd(j, du)φ
j(u) = [F (ε, d, t, φ(·))]iG(ε, d, t, φ(·))

i, j = 0, 1, 2, . . .. Â ñõåìi ñåðié âîíà íàáóëà âèãëÿäó

[F (ε, d, t, φ(·))]i
1/ε−1∏
k=0

G(ε, d, t, F (ε, k, t, φ(·))). (2)

Çàìiíèìî ε íà [t/ε] i φ(s) = e−λ(s)/b1(ε,s). Òîäi (2) ïåðåïèøåìî òàê:

[F ([t/ε], d, s, e−λ(s)/b1(ε,s))]i
[t/ε]−1∏
k=0

G(ε, t, d, F (ε, k, t, e−λ(s)/b1(ε,s))).

Ó ðîçãëÿíóòîìó âèïàäêó

i = ξ(0, ε, A),

lim
ε→0

{
F ([t/ε], t, d, e−λ(s)/b1(ε,s))

}[∫
A

x(u)b(ε,du)

]
= e

−
∫
D

x(ds)K(s,t,λ(u))

.

Ðîçãëÿíåìî äðóãèé ìíîæíèê

[t/ε]−1∏
k=0

G(ε, t, d, F (ε, k, t, e−λ(s)/b1(ε,s))) =
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= exp


[t/ε]−1∑
k=0

logG(ε, t, d, F (ε, k, t, e−λ(s)/b1(ε,s)))

 =

= exp


[t/ε]−1∑
k=0

G
(
ε, t, d, e[b(ε,s) logF (ε,k,t,e−λ(s)/b1(ε,s))]/b1(ε,s)

) .

ßêùî ïðèéíÿòè

g(ε, λ(·)) = ε lnG
(
ε, t, d, e−λ(·)/b1(ε,·)

)
,

òî
[t/ε]−1∏
k=0

G(ε, t, d, F (ε, k, t, e−λ(s)/b1(ε,s))) =

= exp

1

ε

[t/ε]−1∑
k=0

g
(
ε, b(ε, s) lnF (ε, k, t, e−λ(s)/b1(ε,s))

) .

Íåõàé

K(ε, t, λ(s)) = b(ε, s) lnF
(
[t/ε], t, d, e−λ(s)/b(ε,s)

)
.

Ïiäñòàâëÿþ÷è ïîñëiäîâíî t = 0, ε, 2ε, . . . , (k − 1)ε, îòðèìà¹ìî

[t/ε]−1∏
k=0

G
(
ε, t, d, F (ε, k, t, e−λ(s)/b1(ε,s))

)
= exp

1

ε

[t/ε]−1∑
i=0

g (ε,K(ε, iε, λ(·)))

 .

Î÷åâèäíî,
t∫

0

g(·,K(s, λ(s), ds)) =

t∫
[t/ε]/ε

g(·,K(s, λ(s), ds))+

+

[t/ε]/ε∫
0

g(·,K(s, λ(s), ds))− 1

ε

[t/ε]−1∑
i=0

g(·,K(iε, s, λ(s))) +
1

ε

[t/ε]−1∑
i=0

g(·,K(iε, s, λ(s))).

ßêùî àáñîëþòíó âåëè÷èíó ñóìè ïåðøèõ òðüîõ äîäàíêiâ ïîçíà÷èìî ÷åðåç
ζ(ε, t, λ(·)), òî ζ(ε, t, λ(·)) → 0 ïðè ε → 0 ðiâíîìiðíî ïî t, λ(·) â êîæíîìó ñêií÷åííîìó
iíòåðâàëi [0 6 t 6 T,Λ 6 Reλ(·) 6 0].

Äàëi ∣∣∣∣1ε
[t/ε]−1∑
i=0

g(ε,K(iε, s, λ(s)))−
t∫

0

g(·,K(s, λ(s), ds))

∣∣∣∣ 6
6 ζ(ε, t, λ(s)) +

1

ε

∣∣∣∣ [t/ε]−1∑
i=0

g(ε,K(iε, s, λ(s)))−
[t/ε]−1∑
i=0

g(·,K(iε, s, λ(s)))

∣∣∣∣ 6
6 ζ(ε, t, λ(s)) +

1

ε

[t/ε]−1∑
i=0

∣∣∣∣g(ε,K(iε, s, λ(s)))− g(ε,K(iε, s, λ(s)))

∣∣∣∣+
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+
1

ε

[t/ε]−1∑
i=0

∣∣∣∣g(ε,K(iε, s, λ(s)))− g(·,K(iε, s, λ(s)))

∣∣∣∣.
K(ε, t, λ(·)) −→ K(·, t, λ(·)) ðiâíîìiðíî ïî t

sup
t

∣∣∣∣K(ε, t, λ(·))−K(·, t, λ(·))
∣∣∣∣ −→ 0.

Òîäi

sup
06t6[t/ε]−1

∣∣∣∣K(ε, iε, λ(·))−K(·, iε, λ(·))
∣∣∣∣ −→ 0.

Äðóãà óìîâà òåîðåìè åêâiâàëåíòíà óìîâi

g(ε, λ(·)) −→ g(·, λ(·)),
sup
ε

|g(ε, λ(·))− g(ε, µ(·))| −→ 0,

Reµ(·) 6 0.

ßêùî ïðèéíÿòè

δ(h) = sup
Re(λ(·)−µ(·))60

sup
ε

|g(ε, λ(·))− g(ε, µ(·))|,

òî δ(h) ↓ 0 ïðè h ↓ 0.
Äàëi ðîçãëÿíåìî∣∣∣∣g(ε,K(ε, iε, λ(s)))− g(ε,K(·, iε, λ(s)))

∣∣∣∣ 6 δ

(
sup

06s6t

∣∣∣∣K(ε, s, λ(s))−K(·, s, λ(s))
∣∣∣∣) .

Îòæå, äðóãèé äîäàíîê ó (11) íå ïåðåâèùó¹

[t/ε]

ε
δ

(
sup

06s6t

∣∣∣∣K(ε, s, λ(s))−K(·, s, λ(s))
∣∣∣∣) 6

6 tδ

(
sup

06s6t

∣∣∣∣K(ε, s, λ(s))−K(·, s, λ(s))
∣∣∣∣) .

Ç òîãî, ùî g(ε, λ(·)) → g(·, λ(·)) ðiâíîìiðíî ïî êîæíîìó ñêií÷åíîìó iíòåðâàëi âèïëè-
âà¹, ùî òðåòié äîäàíîê ó ïðàâié ÷àñòèíi (11) íå ïåðåâèùó¹

[t/ε]

ε
δ(ε) 6 tδ(ε), δ(ε) → 0.

Òàê çíàõîäèìî, ùî∣∣∣∣1ε
[t/ε]−1∑
i=0

g(ε,K(ε, iε, λ(s)))−
t∫

0

g(ds,K(·, s, λ(s)))
∣∣∣∣ 6

6 ζ(ε, t, λ(s)) + δ

(
sup

06s6t
| K(ε, s, λ(s))−K(·, s, λ(s)) |

)
+ tδ(ε).

Îñêiëüêè 0 6 t 6 T , Λ 6 λ 6 0, òî

1

ε

[t/ε]−1∑
i=0

g(ε, (K(ε, iε, λ(s))) −→
t∫

0

g(ds,K(·, s, λ(s))),



ÃÐÀÍÈ×ÍÀ ÒÅÎÐÅÌÀ ÄËß ÃIËËßÑÒÎÃÎ ÏÐÎÖÅÑÓ ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 74 81

àáî

[t/ε]−1∏
k=0

G(ε, t, d, F (ε, k, d, e−λ(s)/b(ε,s))) −→ exp


t∫

0

g(ds,K(·, s, λ(s)))

 = Q(t, d, λ(·)).

Îòæå, ìè îòðèìà¹ìî

[F (ε, t, d, e−λ(s)/b(ε,s))]

[∫
A

x(u)b(ε,du)

]
×

×
[t/ε]−1∏
k=0

G(ε, t, d, F (ε, k, d, e−λ(s)/b(ε,s))) −→ Q(d, t, λ(s))e
−

∫
D

x(ds)K(s,t,λ(u))

.

�

4. Âèñíîâêè. Ïîêàçàíî, ùî ïðè ε → 0 ðîçïîäiëè ïðîöåñiâ µ(·, t, A) ñëàáî çái-
ãàþòüñÿ äî ðîçïîäiëó ãiëëÿñòîãî ïðîöåñó ç íåïåðåðâíèì ôàçîâèì ïðîñòîðîì òà iì-
ìiãðàöi¹þ. Îòîæ, ïðè ðîçøèðåííi êëàñó êiëüêîñòi òèïiâ ÷àñòèíîê äî äîâiëüíî¨ êiëü-
êîñòi ïåâíi âëàñòèâîñòi âñå æ òàêè çáåðiãàþòüñÿ.
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Result is the limit problem for subcritical branching process with an arbi-
trary number of types of particles and immigration. The problem is a generali-
zation of the problem which was solved by S. Alijev [4], but with �nite number
of types of particles.

Key words: branching process, the kernel, undercritical process, Laplace
functional, conventional generators functional, factorial moments.
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çâàíèì áàòüêiâñüêèì ïðîöåñîì, ÿêèé ¹ äèôóçiéíèì ïðîöåñîì â åêñïîíåíöiàëüíié
ôîðìi ç çàäàíèì ãðàíè÷íèì ðîçïîäiëîì. Òàêîæ ðîçãëÿíåìî ðàíäîìiçîâàíèé ïðîöåñ
ç âàãîâèìè êîåôiöi¹íòàìè α1, α2 i ïîáóäó¹ìî äëÿ öüîãî ïðîöåñó ôóíêöiþ Ðåíü¨.

2. Áàãàòîôðàêòàëüíi äîáóòêè âèïàäêîâèõ ïðîöåñiâ. Ââåäåìî òàêi óìîâè:
À1: Λ(i)(t), t ∈ [0, 1], i = 0, 1, 2, ... ïîñëiäîâíiñòü ñòàöiîíàðíèõ ïðîöåñiâ ó øèðî-

êîìó ðîçóìiííi, òàêèõ ùî ∀ t, t1, t2 ∈ [0, 1] òà äëÿ âñiõ i = 0, 1, 2, ... âèêîíóþòüñÿ òàêi
ïðèïóùåííÿ:

EΛ(i)(t) = 1, (1)

V arΛ(i)(t) = σ2
Λ < ∞, (2)

Cov(Λ(i)(t1),Λ
(i)(t2)) = RΛ(t1 − t2) = σ2

Λρi(t1 − t2), ρi(0) = 1. (3)

A2: Λ
(i)
b

def
= Λ(tbi), t ∈ [0, 1], i = 0, 1, 2, ..., äå b > 1 � ìàñøòàáíèé ïàðàìåòð,

EΛ(t) = 1.
A3: Äëÿ t ∈ [0, 1], íåõàé Λ(t) = exp{X(t)}, äå X(t) � ñòàöiîíàðíèé ïðîöåñ ç

EX2(t) < ∞,

Cov(X(t1), X(t2)) = RX(t1 − t2) = σ2
XrX(t1 − t2), rX(0) = 1.

Ìè ïðèïóñòèìî, ùî iñíó¹ ùiëüíiñòü pθ(x) i äâîâèìiðíà ùiëüíiñòü pθ(x1, x2;
t1 − t2) òàêi, ùî Mθ(ζ) = E exp{ζX(t)}, iñíó¹ äëÿ ζ ∈ Σ1 ⊂ R i äëÿ äâîâèìiðíîãî

c⃝ �ëåéêî ß., Ëàçàðiâ Ò., Ìàçóð Ñ., 2011
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âèïàäêó Mθ(ζ1, ζ2; t1 − t2) = E exp{ζ1X(t1) + ζ2X(t2)} iñíó¹ äëÿ (ζ1, ζ2) ∈ Σ2 ⊂ R2,
Σ1 ∩ Σ2 /∈ ∅.

Çàóâàæèìî, ùî θ ∈ Θ ⊆ Rp, p ≥ 1. Çà óìîâ À1- À3 ïðèïóùåííÿ (1)-(3) íàáóäóòü
âèãëÿäó

EΛ
(i)
b (t) = Mθ(1) = 1,

V arΛ
(i)
b (t) = Mθ(2)− 1 = σ2

Λ < ∞,

Cov(Λ
(i)
b (t1),Λ

(i)
b (t2)) = Mθ(1; 1; (t1 − t2)b

i)− 1, b > 1.

Ââåäåìî ñêií÷åííèé äîáóòîê ïðîöåñiâ

Λn(t) =
n∏

i=0

Λ
(i)
b (t) = exp{

n∑
i=0

X(tbi)}

i êóìóëÿòèâíèé ïðîöåñ

An(t) =

t∫
0

Λn(s)ds, n = 0, 1, 2, ...

Òàêîæ ðîçãëÿíåìî âiäïîâiäíi äîäàòíi âèïàäêîâi ìiðè, âèçíà÷åíi íà áîðåëåâèõ ìíî-
æèíàõ B ⊂ [0, 1]

µn(B) =

∫
B

Λn(s)ds, n = 0, 1, 2, ...

Áóëî äîâåäåíî [2], ùî µn → µ (ì.í.). ßêùî çàäàíî ñêií÷åííó àáî çëi÷åííó ñiì'þ
ìíîæèí Bj ⊂ [0, 1], òî âèêîíó¹òüñÿ òàêå: äëÿ âñiõ j lim

n→∞
µn(Bj) = µ(Bj) ç éìî-

âiðíiñòþ 1. ßêùî An → A (ì.í.), A i An � íåïåðåðâíi, òîäi äëÿ âñiõ t ∈ [0, 1]
lim

n→∞
An(t) = A(t) ç éìîâiðíiñòþ 1. Çàóâàæèìî, ùî îäíå ç äâîõ òâåðäæåíü âèêîíó¹-

òüñÿ: 1. An(t) → A(t) â Lq äëÿ âñiõ t; 2. An(1) → 0 (ì.í.). Òàêîæ áóäåìî âèêîðèñòî-
âóâàòè ôóíêöiþ Ðåíü¨

T (q) = lim
n→∞

inf

logE
2n−1∑
k=0

µq(I
(n)
k )

log |I(n)k |
= lim

n→∞
inf

(
− 1

n

)
log2E

2n−1∑
k=0

µq(I
(n)
k ),

äå I
(n)
k = [k2−n, (k + 1)2−n], k = 0, 1, . . . , 2n − 1.
3. Óìîâè L2-çáiæíîñòi òà ñòîõàñòè÷íå äèôåðåíöiàëüíå ðiâíÿííÿ. Íà-

äàëi áóäåìî êîðèñòóâàòèñÿ òàêîþ òåîðåìîþ [4].

Òåîðåìà 1. Íåõàé óìîâè À1-À3 âèêîíóþòüñÿ.
1. ßêùî äëÿ äåÿêèõ äîäàòíèõ ÷èñåë δ i γ,

exp{−δ|τ |} ≤ ρ(τ) =
Mθ(1, 1; τ)− 1

Mθ(2)− 1
≤ |cτ |−γ , (4)

òîäi An(t) çáiãà¹òüñÿ â L2 ⇐⇒ b > 1 + σ2
Λ = Mθ(2).
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2. ßêùî An(t) çáiãà¹òüñÿ â L1, òîäi ãðàíè÷íèé ïðîöåñ A(t) çàäîâîëüíÿ¹ ðåêóð-
ñiþ

A(t) =
1

b

1∫
0

Λ(s)dÃ(bs), (5)

äå ïðîöåñè Λ òà Ã íåçàëåæíi, à ïðîöåñè A òà Ã ìàþòü îäíàêîâi ñêií÷åííîâèìiðíi
ðîçïîäiëè.

3. ßêùî À íåâèðîäæåíèé, âèêîíó¹òüñÿ ðåêóðñiÿ (5), A(1) ∈ Lq äëÿ äåÿêîãî
q > 0 i

∞∑
n=0

c(q; b−n) < ∞, c(q, t) = E sup
s∈[0,1]

|Λq(0)− Λq(s)|,

òîäi iñíóþòü êîíñòàíòè C òà C òàêi, ùî äëÿ âñiõ t ∈ [0, 1]

Ctq−logbEΛq(t) ≤ EAq(t) ≤ Ctq−logbEΛq(t),

ÿêå ìîæíà ïîäàòè ÿê EAq(t) ∼ tq−logbEΛq(t).
4. ßêùî A íåâèðîäæåíèé, A(1) ∈ Lq, q > 1 òà Λ, ÿê ó òâåðäæåííi 3, òîäi

ôóíêöiÿ Ðåíü¨ íàáóäå âèãëÿäó

T (q) = q − 1− logbEΛq(t) = q − 1− logbMθ(q).

5. ßêùî A íåâèðîäæåíèé, A(1) ∈ L2, òîäi

V ar A(t) ≥ V ar

t∫
0

Λ(s)ds.

Ðîçãëÿíåìî îäíîâèìiðíå ñòîõàñòè÷íå äèôóçiéíå ðiâíÿííÿ

dX(t) = −(X(t)− µ)dt+
√
v(X(t))dB(t), t ≥ 0,

äå θ > 0, µ ∈ (l, r), −∞ ≤ l < r ≤ ∞, v � íåâiä'¹ìíà ôóíêöiÿ íà iíòåðâàëi (l, r), i
{B(t), t ≥ 0} � ñòàíäàðòíèé áðîóíiâñüêèé ðóõ.

4. Ðàíäîìiçîâàíèé âèïàäîê. Íàãàäà¹ìî, ùî

MθX(ζ) = E exp{ζ X(t)},

EΛ(t) = 1, EΛ(t) = MθX(1).

Áóäåìî ðîçãëÿäàòè áàòüêiâñüêèé ïðîöåñ ó ôîðìi

Λ(t) = exp{α1X(t) + α2Y (t) + C}, (6)

äå X(t) ∼ N(0, σ2
X), t ≥ 0 ïðîöåñ, ùî çàäîâîëüíÿ¹ ñòîõàñòè÷íå äèôåðåíöiàëüíå

ðiâíÿííÿ

dX(t) = −θX(t)dt+ σX

√
2θdB(t), θ > 0, σX > 0, (7)

à Y (t) ∼ Γ(β, λ) çàäîâîëüíÿ¹ äèôåðåíöiàëüíå ðiâíÿííÿ

dY (t) = −θ(Y (t)− β

λ
)dt+

√
2θ

λ
Y (t)dB(t), t ≥ 0, λ > 1, β ≥ 1. (8)

Ç íàâåäåíîãî âèùå îòðèìà¹ìî

MθZ(ζ) = E exp{ζ α1(X(t) + CX) + ζ α2(Y (t) + CY ) + ζ C ′} =
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= exp{ζ C ′}E exp{ζ α1(X(t) + CX) + ζ α2(Y (t) + CY )} =

= exp{ζ C ′}MθX(ζ α1)MθY (ζ α2),

MθZ(1) = 1. (9)

Ç ïóíêòiâ 2 i 3 îäåðæèìî

MθX(α1) = exp{1
2σ

2
X(α2

1 − α1)},

MθY (α2) =
1

(1− α2

λ )
β
exp{−c1α2}; c1 = log (1− 1

λ )
−β

, λ > 1, β ≥ 1.

Äëÿ çíàõîäæåííÿ C âèêîðèñòà¹ìî óìîâó (9)

exp{C ′} · exp{1
2σ

2
X(α2

1 − α1)} · exp{−α2 log (1− 1
λ )

−β} = (1− α2

λ )
β
,

C ′ + 1
2σ

2
X(α2

1 − α1)− α2 log (1− 1
λ )

−β
= log (1− α2

λ )
β
,

C ′ + 1
2σ

2
X(α2

1 − α1) + α2β log(1− 1
λ ) = β log(1− α2

λ ),

C ′ = β log

(
(λ− α2)λ

α2−1

(λ− 1)
α2

)
− 1

2
σ2
X(α2

1 − α1).

Îñêiëüêè C = C ′ + α1CX + α2CY , òî îòðèìà¹ìî

C = β log

(
(λ− α2)λ

α2−1

(λ− 1)
α2

)
− 1

2
σ2
X(α2

1 − α1) + α1(−
1

2
σ2
X) + α2(− log (1− 1

λ )
−β

) =

= β log

(
(λ− α2)λ

α2−1

(λ− 1)
α2

)
− 1

2
σ2
Xα2

1 + α2β log(1− 1
λ ) =

= β log

(
λ− α2

λ

)
− 1

2
σ2
Xα2

1.

Îòæå, C = log
(
1− α2

λ

)β − 1
2σ

2
Xα2

1.
Âðàõîâóþ÷è íàâåäåíå âèùå, áàòüêiâñüêèé ïðîöåñ Λ(t) íàáóäå âèãëÿäó

Λ(t) = exp

{
α1X(t) + α2Y (t) + log

(
1− α2

λ

)β

− 1

2
σ2
Xα2

1

}
.

Çàïèøåìî êîâàðiàöiéíó ôóíêöiþ äëÿ ðàíäîìiçîâàíîãî ïðîöåñó
Z(t) = α1X(t) + α2Y (t)

V ar Z(t) = α2
1σ

2
X + α2

2
β
λ2 ,

RZ(τ) = (α2
1σ

2
X + α2

2
β
λ2 ) · rZ(τ); rZ(τ) = exp{−θ τ}.

Çíàéäåìî ôóíêöi¨ ìîìåíòiâ

MθZ(ζ) = exp{ζ C ′}MθX(ζ p1)MθY (ζ p2) =

= exp{ζC ′} · exp{ 1
2σ

2
X(α2

1ζ
2 − α1ζ)} · exp{−α2ζ log (1− 1

λ )
−β} · 1

(1− α2ζ
λ )

β
=

=
1

(1− α2ζ
λ )

β
exp{ζβ log

λ− α2

λ
+

1

2
α2
1σ

2
X(ζ2 − ζ)},

MθZ(ζ1, ζ2; t1− t2) = E exp{ζ1(α1X(t1)+α2Y (t1)+C)+ ζ2(α1X(t2)+α2Y (t2)+C)} =

= MθX(α1ζ1, α2ζ2; t1 − t2)MθY (α1ζ1, α2ζ2; t1 − t2)×
× exp{(C − α1CX − α2CY )(ζ1 + ζ2)}, (ζ1, ζ2) ∈ R2.
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Ó öüîìó âèïàäêó

MθZ(1) = 1,

Cov(Λ(t1),Λ(t2)) = MθZ(1, 1; t1 − t2)− 1.

Âèêîðèñòàâøè òåîðåìó 1, çíàéäåìî ôóíêöiþ Ðåíü¨

T (q) = q − 1− logbEΛq(t) = q − 1− logbMθZ(q) =

= q − 1 + βlogb(1−
α2q
λ )−

(
qβ log

λ− α2

λ
+

1

2
α2
1σ

2
X(q2 − q)

)
logbe.

5. Âèñíîâêè. Ìè ðîçãëÿíóëè ðàíäîìiçîâàíèé âèïàäîê ñòàöiîíàðíèõ äèôóçié-
íèõ ïðîöåñiâ, çíàéøëè äëÿ íüîãî êîâàðiàöiéíó ôóíêöiþ, ëiíiéíèé çñóâ, ôóíêöi¨ ìî-
ìåíòiâ i ôóíêöiþ Ðåíü¨. Îòæå, ïîñèëàþ÷èñü íà òåîðåìó 1, ìîæåìî ïîáóäóâàòè áàãà-
òîôðàêòàëüíi äîáóòêè äëÿ ðàíäîìiçîâàíîãî ïðîöåñó.
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Ïîáóäîâàíî ìåðîìîðôíi â C ôóíêöi¨ f1, f2 äîâiëüíîãî ïîðÿäêó
ρ ∈ (2− arctg 2 /π; 2) ç äîäàòíèìè íóëÿìè òà âiä'¹ìíèìè ïîëþñàìè,
óñåðåäíåíi ëi÷èëüíi ôóíêöi¨ i íåâàíëiííîâi õàðàêòåðèñòèêè ÿêèõ çàäî-
âîëüíÿþòü óìîâè N (r, 0, f1) ≤ N (r, 0, f2), N (r,∞, f1) ≤ N (r,∞, f2) äëÿ
r ≥ 0 i T (r, f1) > T (r, f2) äëÿ âñiõ äîñòàòíüî âåëèêèõ r. Ìåòîä ïîáóäîâè
íå äà¹ çìîãè îòðèìàòè âiäïîâiäü ïðî iñíóâàííÿ òàêèõ ôóíêöié ïîðÿäêó
çðîñòàííÿ ρ ∈ [1; 2− arctg 2 /π].

Êëþ÷îâi ñëîâà: ìåðîìîðôíà ôóíêöiÿ, ïîðÿäîê ôóíêöi¨, òèï ôóíêöi¨,
íåâàíëiííîâà õàðàêòåðèñòèêà.

1. Âñòóï. Íåõàé f � òðàíñöåíäåíòíà ìåðîìîðôíà â C (íàäàëi ìåðîìîðôíà)
ôóíêöiÿ, òîáòîf (z) = g1 (z) /g2 (z), äå g1, g2 � öiëi ôóíêöi¨, ç ÿêèõ õî÷à á îäíà áóëà
âiäìiííà âiä ìíîãî÷ëåíà. Áóäåìî êîðèñòóâàòèñÿ ñòàíäàðòíèìè ïîçíà÷åííÿìè íåâàí-
ëiííîâî¨ òåîði¨ ðîçïîäiëó çíà÷åíü (äèâ., íàïðèêëàä, [1]). Â [2] (äèâ. òàêîæ [3]) çíàé-
äåíî òî÷íi îöiíêè çâåðõó âåëè÷èí òèïó ∆f = lim

r→∞
T (r, f) /V (r) òà íèæíüîãî òèïó

∆f = lim
r→∞

T (r, f) /V (r) äëÿ ìåðîìîðôíèõ ôóíêöié íóëüîâîãî ðîäó ÷åðåç âåëè÷èíè

òèïó ∆N0 = lim
r→∞

N0 (r, f) /V (r) i íèæíüîãî òèïó ∆N0
= lim

r→∞
N0 (r, f) /V (r) ôóíêöi¨

N0 (r, f) = max {N (r, 0, f) , N (r,∞, f)}. Òóò V (r) = rρ(r), ρ (r)- óòî÷íåíèé ïîðÿäîê
ôóíêöi¨ f [1, ñ. 69].

Çàóâàæèìî, ùî äëÿ ìåðîìîðôíèõ ôóíêöié íóëüîâîãî ðîäó âèêîíó¹òüñÿ ñïiââiä-
íîøåííÿ T (r, f) = o(r), r → ∞, òîáòî ôóíêöiÿ ìà¹ ùîíàéáiëüøå ïîðÿäîê îäèíèöþ
i ìiíiìàëüíèé òèï.

Ãîëîâíèìè ïåðåäóìîâàìè äëÿ âèçíà÷åííÿ öèõ îöiíîê áóëè äâi òàêi âëàñòèâîñòi
íåâàíëiííîâî¨ õàðàêòåðèñòèêè.

c⃝ Çàáîëîöüêèé Ì., Äåéíåêà I., 2011
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Òåîðåìà À. Íåõàé f � ìåðîìîðôíà ôóíêöiÿ ðîäó íóëü, f̂ � ìåðîìîðôíà ôóíêöiÿ ç
äîäàòíèìè íóëÿìè i âiä'¹ìíèìè ïîëþñàìè òàêèìè, ùî äëÿ âñiõ r > 0

N(r, 0, f) = N(r, 0, f̂), N(r,∞, f) = N(r,∞, f̂).

Òîäi T (r, f) ≤ T (r, f̂).

Òåîðåìà Á. Íåõàé f1, f2 � ìåðîìîðôíi ôóíêöi¨ ðîäó íóëü ç äîäàòíèìè íóëÿìè i
âiä'¹ìíèìè ïîëþñàìè. ßêùî äëÿ âñiõ r > 0

N (r, 0, f1) ≤ N (r, 0, f2) , N (r,∞, f1) ≤ N (r,∞, f2) ,

òî T (r, f1) ≤ T (r, f2).

Â [5, ñ. 119, ïðîáëåìà 7] Ì.Â. Çàáîëîöüêèé ñôîðìóëþâàâ çàäà÷ó: ×è çáåðiãà¹òü-
ñÿ âëàñòèâiñòü ìîíîòîííîñòi ñòîñîâíî íóëiâ i ïîëþñiâ íåâàíëiííîâèõ õàðàêòåðèñòèê
(äèâ. òåîðåìó Á) äëÿ ìåðîìîðôíèõ ôóíêöié ç äîäàòíèìè íóëÿìè òà âiä'¹ìíèìè ïî-
ëþñàìè, ïîðÿäîê çðîñòàííÿ ÿêèõ áiëüøèé, íiæ íóëüîâèé ðiä? Çîêðåìà, ÿêå íàéìåíøå
çíà÷åííÿ ïîðÿäêó ìîæóòü ìàòè òàêi ìåðîìîðôíi ôóíêöi¨ f1, f2, ùîá

N (r, 0, f1) ≤ N (r, 0, f2) , N (r,∞, f1) ≤ N (r,∞, f2) , r > 0, (1)

à

T (r, f1) ≥ T (r, f2), r ≥ r0, (2)

äå r0 > 0 � äåÿêå ôiêñîâàíå ÷èñëî?
Ìè ïîäà¹ìî ÷àñòêîâå ðîçâ'ÿçàííÿ öi¹¨ ïðîáëåìè.
2. Ôîðìóëþâàííÿ ðåçóëüòàòiâ. Ïîçíà÷èìî ÷åðåç M(+,−) êëàñ ìåðîìîðô-

íèõ ôóíêöié ç äîäàòíèìè íóëÿìè òà âiä'¹ìíèìè ïîëþñàìè.

Òåîðåìà 1. Íåõàé 1 < ρ < 2, ∆ > 0, ∆1 =
cosπρ−∆

sinπρ
, f ∈ M(+,−), n(r, 0, f) ∼ rρ,

n(r,∞, f) ∼ ∆rρ, r → ∞. Òîäi:

à) T (r, f) ∼ 2rρ

ρ |sinπρ|

(
sin

πρ

2
− sinπρ

)
, ÿêùî ∆ = 1;

á) T (r, f) ∼ rρ

ρ |sinπρ|

(
∆∆1 +∆1 |cosπρ|+ |sinπρ|√

1 + ∆2
1

+ (∆+ 1) |sinπρ|

)
, ÿêùî 1 < ρ ≤

≤ 3/2;

â) T (r, f) ∼ 2rρ

ρ |sinπρ|

(
∆∆1 −∆1 |cosπρ|+ |sinπρ|√

1 + ∆2
1

+
∆

2
|sinπρ|

)
, ÿêùî 3/2 < ρ < 2,

0 < ∆ < cosπρ;

ã) T (r, f) ∼ rρ

ρ |sinπρ|
(|sinπρ| (2 + cosπρ)), ÿêùî 3/2 < ρ < 2, ∆ = cosπρ.

Òåîðåìà 2. Äëÿ äîâiëüíîãî ρ ∈
(
2− 1

π
arctg 2; 2

)
iñíóþòü ôóíêöi¨ f1, f2 êëàñó

M(+,−) ïîðÿäêó ρ, ÿêi çàäîâîëüíÿþòü ñïiââiäíîøåííÿ (1) i (2).

Ðîçãëÿíåìî äâà ðiâíÿííÿ

sin
β

2
− sinβ = 1 (3)
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i

− sinβ (2 + cosβ) = 1. (4)

Ëåãêî áà÷èòè (äèâ. ëåìó 3), ùî íà ïðîìiæêó

(
3π

2
; 2π

)
êîæíå ç öèõ ðiâíÿíü ìà¹

îäèí êîðiíü, ÿêèé ïîçíà÷èìî β0.

Òåîðåìà 3. Äëÿ äîâiëüíîãî ρ ∈
(
β0

π
; 2

)
iñíóþòü ôóíêöi¨ f1, f2 êëàñó M(+,−)

ïîðÿäêó ρ, ÿêi çàäîâîëüíÿþòü ñïiââiäíîøåííÿ (1) i (2).

Çàóâàæåííÿ 1. Íåâàæêî ïîêàçàòè, ùî
β0

π
≈ 1, 7753, ÿêùî β0 � êîðiíü ðiâíÿííÿ (3);

β0

π
≈ 1, 7291, ÿêùî β0 � êîðiíü ðiâíÿííÿ (4); 2− 1

π
arctg 2 ≈ 1, 6476.

3. Äîïîìiæíi òâåðäæåííÿ òà äîâåäåííÿ ðåçóëüòàòiâ. Äëÿ äîâåäåííÿ òåî-
ðåì 1-3 áóäåìî âèêîðèñòîâóâàòè ëåìè.

Ëåìà 1 ([1], ñ. 59-60). Íåõàé E � äåÿêà âèìiðíà ïiäìíîæèíà âiäðiçêó [0; 2π], Φ(φ)
� iíòåãðîâíà íåâiä'¹ìíà ôóíêöiÿ íà E, f � ìåðîìîðôíà ôóíêöiÿ, T (r, f) = O(rρ(r)),
r → ∞ i äëÿ äîâiëüíîãî δ > 0 iñíó¹ òàêà ìíîæèíà Eδ ⊂ E, mesEδ = δ, ùî

ln+
∣∣f(reiφ)∣∣ = Φ(φ)rρ(r) + o(rρ(r)), r → ∞,

ðiâíîìiðíî ñòîñîâíî φ ïðè φ ∈ E\Eδ. Òîäi∫
E

ln+
∣∣f(reiφ)∣∣dφ = (1 + o(1))rρ(r)

∫
E

Φ(φ)dφ, r → ∞.

Ëåìà 2. Íåõàé 1 < ρ < 2, x ≥ 0, y = y(x) =
cosπρ− x

sinπρ
,

g1(x) = g1(x; ρ) =
xy − y cosπρ+ |sinπρ|√

1 + y2
+ (1 + x) |sinπρ| ,

g2(x) = g2(x; ρ) =
xy − y cosπρ+ |sinπρ|√

1 + y2
+

x

2
|sinπρ| .

Òîäi:
à)

(∀ ρ ∈ (1; 3/2]) (∀ x > 0) : g1(x) > g1(0) = 1− sinπρ; (5)

á) (
∀ ρ ∈

(
2− 1

π
arctg 2; 2

))
(∃ δ > 0) (∀ x ∈ (0; δ)) : g2(x) < g2(0) = 1. (6)

Äîâåäåííÿ. Îñêiëüêè y (0) = ctgπρ,
1√

1 + y2(0)
= |sinπρ|, òî

g1(0) = −ctgπρ cosπρ |sinπρ|+ sin2 πρ+ |sinπρ| = 1− sinπρ,

g2(0) = −ctgπρ cosπρ |sinπρ|+ sin2 πρ = 1.
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Âðàõîâóþ÷è, ùî y′ = − 1

sinπρ
=

1

|sinπρ|
, îòðèìà¹ìî

g′1(x) =
y3 |sinπρ| − cosπρ+ x

(1 + y2)
3/2 |sinπρ|

+ |sinπρ| ,

g′2(x) =
y3 |sinπρ| − cosπρ+ x

(1 + y2)
3/2 |sinπρ|

+
1

2
|sinπρ| .

Äëÿ ρ ∈
(
1; 3

2

]
âèêîíó¹òüñÿ cosπρ ≤ 0, y =

cosπρ− x

sinπρ
≥ 0, à îòæå, g′1(x) > 0 äëÿ

x > 0 i ìè îòðèìó¹ìî (5), ùî äîâîäèòü òâåðäæåííÿ à ëåìè 2.
Îñêiëüêè g′2(0) = ctg3πρ

∣∣sin3 πρ∣∣− cosπρ sin2 πρ+ 1
2 |sinπρ| = − cosπρ− 1

2 sinπρ,

òî äëÿ ρ ∈
(
2− 1

π
arctg 2; 2

)
îäåðæèìî g′2(0) < 0. Îòæå, äëÿ äîñòàòíüî ìàëèõ çíà-

÷åíü x âèêîíó¹òüñÿ (6), ùî äîâîäèòü òâåðäæåííÿ á ëåìè 2. �

Ëåìà 3. Ðiâíÿííÿ (3) òà (4) ìàþòü ¹äèíèé ðîçâ'ÿçîê β0 íà ïðîìiæêó

(
3π

2
; 2π

)
i

âèêîíóþòüñÿ òâåðäæåííÿ:
à) ∀ β ∈ (β0; 2π) : 1 + sinβ > sin β

2 ;
á) ∀ β ∈ (β0; 2π) : 2 > − sinβ (2 + cosβ).

Äîâåäåííÿ. Ôóíêöiÿ φ1(β) = 1 + sinβ çðîñòà¹ íà

(
3π

2
; 2π

)
âiä 0 äî 1, à ôóíêöiÿ

φ2(β) = sin
β

2
ñïàäà¹ íà

(
3π

2
; 2π

)
âiä 1 äî 0. Îòîæ, iñíó¹ ¹äèíà òî÷êà β0 ∈

(
3π

2
; 2π

)
,

â ÿêié φ1(β0) = φ2(β0) i äëÿ β ∈ (β0; 2π) âèêîíó¹òüñÿ 1 + sinβ > sin
β

2
.

Ïðèéìåìî φ(β) = 2 + sinβ(2 + cosβ). Îñêiëüêè φ′(β) = 2 cos2 β + cosβ − 1, òî

ðîçâ'ÿçêîì ðiâíÿííÿ φ′(β) = 0 íà ïðîìiæêó

(
3π

2
; 2π

)
¹ òî÷êà β1 òàêà, ùî cosβ1 =

=

√
3− 1

2
. Îòæå, ôóíêöiÿ φ ñïàäà¹ íà ïðîìiæêó

(
3π

2
;β1

)
i çðîñòà¹ íà (β1; 2π). Àëå

φ

(
3π

2

)
= 0, φ(2π) = 2, òîìó iñíó¹ ¹äèíà òî÷êà β0 ∈ (β1; 2π) òàêà, ùî φ(β0) = 0.

Îòîæ, íà ïðîìiæêó (β0; 2π) âèêîíó¹òüñÿ φ(β) > 0, òîáòî 2 > − sinβ(2 + cosβ). �

Äîâåäåííÿ òåîðåìè 1. Íåõàé f = f1/f2 ∈ M(+,−), n(r, 0, f1) ∼ rρ, n(r, 0, f2) ∼ ∆rρ,
r → ∞. Òîäi äëÿ äîâiëüíîãî δ > 0 ïðè r → ∞ ðiâíîìiðíî ñòîñîâíî φ âèêîíó¹òüñÿ
(äèâ., íàïðèêëàä, [1, ñ.94])

ln
∣∣f1(reiφ)∣∣ = (1 + o(1))

π cos ρ(φ− π)

sinπρ
rρ, δ ≤ φ ≤ 2π − δ;

ln
∣∣f2(reiφ)∣∣ =


(1 + o(1))

π∆cos ρφ

sinπρ
rρ, 0 ≤ φ ≤ π − δ,

(1 + o(1))
π cos ρ(φ− 2π)

sinπρ
rρ, π + δ ≤ φ ≤ 2π.
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Âèêîðèñòîâóþ÷è ôîðìóëó (4.8) ç [1, c.28] òà ëåìó 1, îòðèìó¹ìî (r → ∞)

T (r, f) =
1

2π

2π∫
0

max{ln
∣∣f1(reiφ)∣∣ , ln ∣∣f2(reiφ)∣∣}dφ =

=
(1 + o(1))rρ

2 |sinπρ|


π∫

0

max{− cos ρ(φ− π),−∆cos ρφ}dφ +

+

2π∫
π

max{− cos ρ(φ− π),−∆cos ρ(φ− 2π)}dφ

 =
(1 + o(1))rρ

2 |sinπρ|
(I1 + I2). (7)

Ðîçâ'ÿæåìî ðiâíÿííÿ
cos ρ(φ− π) = ∆cos ρφ. (8)

Îäåðæàëè cos ρφ(cosπρ−∆)+sin ρφ sinπρ = 0. Çâiäñè tg ρφ=
∆− cosπρ

sinπρ
=−∆1,

φ =
1

ρ
arctg (−∆1) +

πk

ρ
, k ∈ Z. (9)

à) Ó âèïàäêó ∆ = 1 ìà¹ìî ∆1 =
cosπρ− 1

sinπρ
= −tgπρ

2 > 0 i ç (9) îòðèìó¹ìî íà âiäðiçêó

[0;π] îäèí ðîçâ'ÿçîê ðiâíÿííÿ (8), à ñàìå, φ = φ1 =
π

2
. Òîìó

I1 = −
π/2∫
0

cos ρ(φ− π)dφ−
π∫

π/2

cos ρφdφ =
2

ρ

(
sin

πρ

2
− sinπρ

)
. (10)

Àíàëîãi÷íî îòðèìó¹ìî, ùî ðîçâ'ÿçêè ðiâíÿííÿ

cos ρ(φ− π) = ∆cos ρ(φ− 2π) (11)

íàáóëè âèãëÿäó

φ = 2π +
1

ρ
arctg(∆1) +

πk

ρ
, k ∈ Z. (12)

Íà âiäðiçêó [π; 2π] ¹ îäèí ðîçâ'ÿçîê φ = φ2 =
3π

2
ðiâíÿííÿ (11). Äàëi

I2 = −
3π/2∫
π

cos ρ(φ− 2π)dφ−
2π∫

3π/2

cos ρ(φ− π)dφ =

= −
π/2∫
0

cos ρ(φ− π)dφ−
π∫

π/2

cos ρφdφ = I1,

òîìó ç (7) çàâäÿêè (10) îäåðæó¹ìî

T (r, f) =
(2 + o(1))rρ

ρ |sinπρ|
(sin

πρ

2
− sinπρ), r → ∞,

ùî äîâîäèòü òâåðäæåííÿ à òåîðåìè 1.



94
Ìèêîëà ÇÀÁÎËÎÖÜÊÈÉ, Iãîð ÄÅÉÍÅÊÀ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 74

á) Ó âèïàäêó ρ ∈ (1; 3/2] ìà¹ìî ∆1 > 0 i ç (9) çíîâó îòðèìó¹ìî íà âiäðiçêó [0;π] îäèí

ðîçâ'ÿçîê ðiâíÿííÿ (8), à ñàìå, φ = φ1 =
1

ρ
(π − arctg∆1). Òîäi

I1 =
1

ρ
(− sin ρ(φ1 − π)− sinπρ−∆sinπρ+∆sin ρφ1) . (13)

Îñêiëüêè

sin ρφ1 = sin(π − arctg(∆1)) = sin(arctg(∆1)) =
∆1√
1 + ∆2

1

,

sin ρ(φ1 − π) = sin ρφ1 cosπρ− cos ρφ1 sinπρ =
∆1√
1 + ∆2

1

cosπρ+
1√

1 + ∆2
1

sinπρ,

òî ç (13) îòðèìó¹ìî

I1 =
1

ρ

(
−∆1 cosπρ+ sinπρ√

1 + ∆2
1

− sinπρ−∆sinπρ+
∆∆1√
1 + ∆2

1

)
=

=
1

ρ

(
∆∆1 +∆1 |cosπρ|+ |sinπρ|√

1 + ∆2
1

+ (∆+ 1) |sinπρ|

)
, (14)

áî cosπρ ≤ 0, sinπρ < 0 äëÿ ρ ∈ (1; 3/2].
ßê i ó âèïàäêó à, íåâàæêî ïîêàçàòè, ùî ðiâíÿííÿ (11) ìà¹ îäèí ðîçâ'ÿçîê

φ = φ2 = 2π − π

ρ
+

1

ρ
arctg∆1 íà âiäðiçêó [π, 2π], à òàêîæ, ùî I2 = I1. Òîìó ç

(7) i (14) ìè âiäðàçó îäåðæó¹ìî òâåðäæåííÿ á òåîðåìè 1.
â) Íåõàé òåïåð ρ ∈ (3/2; 2), à ∆ ∈ (0; cosπρ]. Òîäi ∆1 < 0 i ç (9) îòðèìó¹ìî, ùî
ðiâíÿííÿ (8) ìà¹ äâà ðîçâ'ÿçêè íà [0;π]

φ = φ1 =
1

ρ
arctg(−∆1), φ = φ2 =

π

ρ
+

1

ρ
arctg(−∆1).

Îòæå,

I1 = −

 φ1∫
0

∆cos ρφdφ+

φ2∫
φ1

cos ρ(φ− π)dφ+

π∫
φ2

∆cos ρφdφ

 =

= −1

ρ
(∆ sin ρφ1 + sin ρ(φ2 − π)− sin ρ(φ1 − π) + ∆ sinπρ−∆sin ρφ1) .

Îñêiëüêè

sin ρφ1 = sin(arctg(−∆1)) =
−∆1√
1 + ∆2

1

,

sin ρ(φ2 − π) = sin(arctg(−∆1) + π − πρ) = sinπρ
1√

1 + ∆2
1

+ cosπρ
∆1√
1 + ∆2

1

,

sin ρ(φ1 − π) = sin(arctg(−∆1)− πρ) = − cosπρ
∆1√
1 + ∆2

1

− sinπρ
1√

1 + ∆2
1

,

sin ρφ2 = sin(arctg(−∆1) + π) = − sin(arctg(−∆1)) =
∆1√
1 + ∆2

1

,
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òî îäåðæèìî

I1 = −1

ρ

(
−∆∆1√
1 + ∆2

1

+ sinπρ
1√

1 + ∆2
1

+ cosπρ
∆1√
1 + ∆2

1

+

+cosπρ
∆1√
1 + ∆2

1

+ sinπρ
1√

1 + ∆2
1

+∆sinπρ− ∆∆1√
1 + ∆2

1

)
=

=
2

ρ

(
∆∆1 −∆1 |cosπρ|+ |sinπρ|√

1 + ∆2
1

+
∆

2
|sinπρ|

)
, (15)

áî cosπρ > 0, sinπρ < 0. Àíàëîãi÷íî, ÿê âèùå, áà÷èìî, ùî ðiâíÿííÿ (11) ìà¹ äâà
ðîçâ'ÿçêè íà [π; 2π] (äèâ. (12))

φ = φ3 = 2π − π

ρ
+

1

ρ
arctg(−∆1), φ = φ4 = 2π +

1

ρ
arctg(−∆1).

Íåâàæêî ïîêàçàòè, ùî I2 = I1, i ç (7) òà (15) îòðèìó¹ìî òâåðäæåííÿ â òåîðåìè 1.
ã) ßêùî ρ ∈ (3/2; 2), ∆ = cosπρ, òî ∆1 = 0 i ìè áà÷èìî, ùî ðiâíÿííÿ (8) òà (11)

ìàþòü ïî îäíîìó ðîçâ'ÿçêó íà âiäðiçêàõ [0;π] òà [π; 2π], à ñàìå φ1 =
π

ρ
∈ [0;π] òà

φ2 = 2π − π

ρ
∈ [π; 2π]. Òîäi

I1 = I2 = −
π/ρ∫
0

cos ρ(φ− π)dφ−
π∫

π/ρ

cos ρφdφ =
1

ρ
(|sinπρ| (2 + cosπρ)) ,

i ìè âiäðàçó îòðèìó¹ìî òâåðäæåííÿ ã òåîðåìè 1. �

Çàóâàæåííÿ 2. Òâåðäæåííÿ ã òåîðåìè 1 ìîæíà òàêîæ îòðèìàòè ç òâåðäæåííÿ â,
ñïðÿìóâàâøè ∆ äî cosπρ çëiâà.

Äîâåäåííÿ òåîðåìè 2. Íåõàé f1 � öiëà ôóíêöiÿ ïîðÿäêó ρ ∈ (1; 2) ç äîäàòíèìè
íóëÿìè òàêèìè, ùî n(r, 0, f1) ∼ rρ, r → ∞. Òîäi ïðè r → ∞ (äèâ., íàïðèêëàä, [1,
c. 95])

T (r, f1) ∼


1− sinπρ

ρ |sinπρ|
rρ, ρ ∈ (1; 3/2] ;

2

ρ |sinπρ|
rρ, ρ ∈ (3/2; 2) .

(16)

Ïðèéìåìî f2 = f1/f3, äå f3 � öiëà ôóíêöiÿ ç âiä'¹ìíèìè íóëÿìè, n(r, 0, f3) ∼ ∆rρ,
r → ∞, 0 < ∆ < cosπρ, 3/2 < ρ < 2. Çàâäÿêè òâåðäæåííþ â òåîðåìè 1

T (r, f2) ∼
2rρ

ρ |sinπρ|

(
∆∆1 −∆1 |cosπρ|+ |sinπρ|√

1 + ∆2
1

+
∆

2
|sinπρ|

)
, r → ∞,

äå ∆1 =
cosπρ−∆

sinπρ
. Òîäi ç òâåðäæåííÿ á ëåìè 2 îòðèìó¹ìî, ùî äëÿ äîâiëüíîãî

ρ ∈
(
2− 1

π
arctg 2; 2

)
iñíó¹ ∆ ∈ (0; cosπρ) òàêå, ùî T (r, f2) <

2rρ

ρ |sinπρ|
, r ≥ r0.

Çâiäñè i ç (16) îòðèìó¹ìî T (r, f1) > T (r, f2), r ≥ r0, ùî äîâîäèòü òåîðåìó 2. �
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Çàóâàæåííÿ 3. Íàø ìåòîä ïîáóäîâè ôóíêöié f1 òà f2 íå äà¹ çìîãè îòðèìàòè àíàëîã
òåîðåìè 2 ó âèïàäêó 1 < ρ ≤ 3/2. Ñïðàâäi, çàâäÿêè òâåðäæåííþ á òåîðåìè 1 i
ôîðìóëi (16)

T (r, f2) = (1 + o(1))
rρ

ρ |sinπρ|
g1(∆), T (r, f1) = (1 + o(1))

rρ

ρ |sinπρ|
g1(0), r → ∞.

Çâiäñè, âðàõîâóþ÷è òâåðäæåííÿ à ëåìè 2, îòðèìó¹ìî, ùî T (r, f2) > T (r, f1),
r ≥ r0, äå r0 > 0 - äåÿêå ôiêñîâàíå ÷èñëî.

Äîâåäåííÿ òåîðåìè 3. Íåõàé ôóíêöi¨ f1, f2 òàêi, ÿê ïðè äîâåäåííi òåîðåìè 2. Ó
âèïàäêó ∆ = 1, òîáòî f3(z) = f1(−z), çà òâåðäæåííÿì à òåîðåìè 1 îäåðæèìî

T (r, f2) ∼
2rρ

ρ |sinπρ|

(
sin

πρ

2
− sinπρ

)
, r → ∞.

Âðàõîâóþ÷è (16) òà òâåðäæåííÿ à ëåìè 3 äëÿ ρ ∈
(
β0

π
; 2

)
, îòðèìó¹ìî, ùî T (r, f1) >

> T (r, f2) äëÿ âñiõ äîñòàòíüî âåëèêèõ r.
Ó âèïàäêó ∆ = cosπρ çàâäÿêè òâåðäæåííþ ã òåîðåìè 1

T (r, f2) ∼
rρ

ρ |sinπρ|
(|sinπρ| (2 + cosπρ)) , r → ∞.

Òîìó çàâäÿêè (16) i òâåðäæåííþ á ëåìè 3 äëÿ ρ ∈
(
β0

π
; 2

)
îòðèìó¹ìî, ùî T (r, f1) >

> T (r, f2) ïðè r ≥ r0. Òåîðåìà 3 äîâåäåíà. �
4. Âèñíîâîê. Ïîêàçàíî, ùî äëÿ ôóíêöié f1, f2 êëàñó M(+,−) äîâiëüíîãî ïî-

ðÿäêó ρ ∈
(
2− 1

π
arctg 2; 2

)
íå çáåðiãà¹òüñÿ âëàñòèâiñòü ìîíîòîííîñòi ñòîñîâíî íóëiâ

i ïîëþñiâ ¨õíiõ íåâàíëiííîâèõ õàðàêòåðèñòèê. ßêùî ïîðÿäîê ρ òàêèõ ôóíêöié çàäî-

âîëüíÿ¹ óìîâó 1 ≤ ρ ≤ 2− 1

π
arctg 2, òî ÷è çáåðiãà¹òüñÿ öÿ âëàñòèâiñòü ç'ÿñóâàòè íå

âäàëîñü.
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PROPERTY OF MONOTONICITY WITH RESPECT TO ZEROS
AND POLES OF NEVANLINNA CHARACTERISTIC

OF MEROMORPHIC FUNCTIONS

Mykola ZABOLOTSKYY, Ihor DEYNEKA

Ivan Franko National University of L'viv,

Universytetska Str., 1, L'viv, 79000

e-mail: ihordeyneka@gmail.com

Meromorphic in C functions f1, f2 with positive zeros and negative poles
of an arbitrary order ρ ∈ (2− arctg 2 /π; 2) were built, for which integrated
counting functions and Nevanlinna characteristics satisfy the conditions
N (r, 0, f1) ≤ N (r, 0, f2), N (r,∞, f1) ≤ N (r,∞, f2) for r ≥ 0 and T (r, f1) >
> T (r, f2) for all su�ciently large r. The method of construction does not
allow to get the answer regarding the existence of such functions with order of
growth ρ ∈ [1; 2− arctg 2 /π].

Key words: meromorphic function, order of function, type of function,
Nevanlinna characteristic.

ÑÂÎÉÑÒÂÎ ÌÎÍÎÒÎÍÍÎÑÒÈ ÎÒÍÎÑÈÒÅËÜÍÎ ÍÓËÅÉ
È ÏÎËÞÑÎÂ ÍÅÂÀÍËÈÍÍÎÂÛÕ ÕÀÐÀÊÒÅÐÈÑÒÈÊ

ÌÅÐÎÌÎÐÔÍÛÕ ÔÓÍÊÖÈÉ

Íèêîëàé ÇÀÁÎËÎÖÊÈÉ, Èãîðü ÄÅÉÍÅÊÀ

Ëüâîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Èâàíà Ôðàíêî,

óë. Óíèâåðñèòåòñêàÿ, 1, Ëüâîâ, 79000

e-mail: ihordeyneka@gmail.com

Ïîñòðîåíî ìåðîìîðôíûå â C ôóíêöèè f1, f2 ïðîèçâîëüíîãî ïîðÿäêà
ρ ∈ (2− arctg 2 /π; 2) ñ ïîëîæèòåëüíûìè íóëÿìè è îòðèöàòåëüíûìè ïîëþ-
ñàìè, óñðåäíåííûå ñ÷èòàþùèå ôóíêöèè è íåâàíëèííîâûå õàðàêòåðèñòèêè
êîòîðûõ óäîâëåòâîðÿþò óñëîâèÿ N (r, 0, f1) ≤ N (r, 0, f2), N (r,∞, f1) ≤
≤ N (r,∞, f2) äëÿ r ≥ 0 è T (r, f1) > T (r, f2) äëÿ âñåõ äîñòàòî÷íî áîëüøèõ
r. Ìåòîä ïîñòðîåíèÿ íå ïîçâîëÿåò ïîëó÷èòü îòâåò î ñóùåñòâîâàíèè òàêèõ
ôóíêöèé ïîðÿäêà âîçðîñòàíèÿ ρ ∈ [1; 2− arctg 2 /π].

Êëþ÷åâûå ñëîâà: ìåðîìîðôíàÿ ôóíêöèÿ, ïîðÿäîê ôóíêöèè, òèï ôóíê-
öèè, íåâàíëèííîâàÿ õàðàêòåðèñòèêà.
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ÏÀÐÀÁÎËI×ÍI ÏÎ×ÀÒÊÎÂI ÇÀÄÀ×I
ÑÎËÎÍÍÈÊÎÂÀ-ÅÉÄÅËÜÌÀÍÀ

Ñòåïàí IÂÀÑÈØÅÍ, Ãàëèíà IÂÀÑÞÊ

Íàöiîíàëüíèé òåõíi÷íèé óíiâåðñèòåò Óêðà¨íè

�Êè¨âñüêèé ïîëiòåõíi÷íèé iíñòèòóò�,

ïðîñïåêò Ïåðåìîãè, 37, Êè¨â, 03056

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à,

âóë. Êîöþáèíñüêîãî, 2, ×åðíiâöi, 58012

e-mail: ivasyshen_sd@mail.ru, gala_ivasiyk@mail.ru

Ïîäàíî îñíîâíi ðåçóëüòàòè, îäåðæàíi ïðè äîñëiäæåííi îçíà÷åíèõ àâ-
òîðàìè ïàðàáîëi÷íèõ ïî÷àòêîâèõ çàäà÷ Ñîëîííèêîâà-Åéäåëüìàíà. Âî-
íè ñòîñóþòüñÿ êîðåêòíî¨ ðîçâ'ÿçíîñòi öèõ çàäà÷ ó ïðîñòîðàõ Ãåëüäåðà
øâèäêîçðîñòàþ÷èõ ôóíêöié, à òàêîæ ó âiäïîâiäíèõ ïðîñòîðàõ Ñîáîë¹âà-
Ñëîáîäåöüêîãî äëÿ äåùî âóæ÷îãî êëàñó òàêèõ çàäà÷.

Êëþ÷îâi ñëîâà: ïàðàáîëi÷íà çà Ñîëîííèêîâèì ñèñòåìà ðiâíÿíü,
−→
2b-ïà-

ðàáîëi÷íà ñèñòåìà, ïàðàáîëi÷íà ñèñòåìà â ñåíñi Ñîëîííèêîâà-Åéäåëüìàíà,
ïî÷àòêîâà çàäà÷à, ïðîñòið Ãåëüäåðà øâèäêîçðîñòàþ÷èõ ôóíêöié, ïðîñòið
Ñîáîë¹âà-Ñëîáîäåöüêîãî, êîðåêòíà ðîçâ'ÿçíiñòü.

Ïàðàáîëi÷íi ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè, ÿêi
ââiâ I.Ã. Ïåòðîâñüêèé [1], ¹ äîñèòü øèðîêèì êëàñîì ñèñòåì, ïîðiâíÿíî äîáðå âèâ÷å-
íèì ñüîãîäíi. Äîñëiäæåííÿ òàêèõ ñèñòåì âiäáóâàëèñü ó ðiçíèõ íàïðÿìàõ. Çîêðåìà, â
ðiçíîìàíiòíèõ ôóíêöiîíàëüíèõ ïðîñòîðàõ âèçíà÷àëè êîðåêòíó ðîçâ'ÿçíiñòü êðàéî-
âèõ çàäà÷ òà çàäà÷i Êîøi äëÿ òàêèõ ñèñòåì, óçàãàëüíþâàëè îçíà÷åííÿ ïàðàáîëi÷íîñòi
ñèñòåìè çà I.Ã. Ïåòðîâñüêèì.

Ó öié ñòàòòi íàâåäåíî ðåçóëüòàòè, ÿêi âäàëîñÿ îòðèìàòè ïiä ÷àñ äîñëiäæåííÿ
ïî÷àòêîâèõ çàäà÷ äëÿ îäíîãî óçàãàëüíåíîãî êëàñó ïàðàáîëi÷íèõ ñèñòåì, íàçâàíîãî
àâòîðàìè ñèñòåìàìè Ñîëîííèêîâà-Åéäåëüìàíà. Öi ñèñòåìè ïðèðîäíî óçàãàëüíþþòü
ïàðàáîëi÷íi çà Ñîëîííèêîâèì ñèñòåìè [2, 3] (âèïàäîê óçàãàëüíåííÿ ñèñòåì, ïàðàáî-
ëi÷íèõ çà Ïåòðîâñüêèì, êîëè ïîðÿäîê îïåðàòîðà, ÿêèé äi¹ íà íåâiäîìó ôóíêöiþ uj

ó ðiâíÿííi ç íîìåðîì k, ìîæå çàëåæàòè âiä j òà âiä k) i ñèñòåìè, ïàðàáîëi÷íi â ðîçó-
ìiííi Åéäåëüìàíà [4] (âèïàäîê óçàãàëüíåííÿ ñèñòåì, ïàðàáîëi÷íèõ çà Ïåòðîâñüêèì,
êîëè äèôåðåíöiþâàííÿ çà ðiçíèìè ïðîñòîðîâèìè çìiííèìè ìàþòü çàãàëîì ðiçíó âàãó
ñòîñîâíî äèôåðåíöiþâàííÿ çà ÷àñîâîþ çìiííîþ, òîáòî ìàþòü âåêòîðíó ïàðàáîëi÷íó
âàãó

−→
2b := (2b1, . . . , 2bn)).

c⃝ Iâàñèøåí Ñ., Iâàñþê Ã., 2011
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Ïî÷àòêîâi çàäà÷i äëÿ òàêèõ ñèñòåì âèâ÷àþòü (äèâ. [5 � 8]) ó ïðîñòîðàõ Ãåëüäåðà
øâèäêîçðîñòàþ÷èõ ôóíêöié, ó öüîìó ðàçi îäåðæóþòü íîâi ðåçóëüòàòè ïðî êîðåêòíó
ðîçâ'ÿçíiñòü ó öèõ ïðîñòîðàõ çàäà÷i Êîøi äëÿ çàãàëüíèõ ñèñòåì, ïàðàáîëi÷íèõ ó
ðîçóìiííi I.Ã. Ïåòðîâñüêîãî, Ñ.Ä. Åéäåëüìàíà òà Â.Î. Ñîëîííèêîâà. Çà ïåâíèõ ïðè-
ïóùåíü ùîäî ïàðàìåòðiâ, ÿêi âèçíà÷àþòü ïîðÿäêè äèôåðåíöiàëüíèõ âèðàçiâ iç ðiâ-
íÿíü ñèñòåìè òà ïî÷àòêîâèõ óìîâ [9], äîâîäèòüñÿ òåîðåìà ïðî êîðåêòíó ðîçâ'ÿçíiñòü
ïî÷àòêîâèõ çàäà÷ äëÿ ïàðàáîëi÷íèõ ñèñòåì Ñîëîííèêîâà-Åéäåëüìàíà â ïðîñòîðàõ
Ñîáîë¹âà-Ñëîáîäåöüêîãî.

1. Ôîðìóëþâàííÿ ïàðàáîëi÷íî¨ ïî÷àòêîâî¨ çàäà÷i Ñîëîííèêîâà-Åé-
äåëüìàíà (çàäà÷i ÏÑÅ). Íåõàé n, N , b1, . . . , bn � çàäàíi íàòóðàëüíi ÷èñëà, b �
íàéìåíøå ñïiëüíå êðàòíå ÷èñåë b1, . . . , bn; m := (m1, . . . ,mn), m0 := 2b, mj := b/bj ,

j ∈ {1, . . . , n}; ∥α∥ :=
n∑

j=0

mjαj , ÿêùî α := (α0, α1, . . . , αn) ∈ Zn+1
+ ; ∥α∥ :=

n∑
j=1

mjαj ,

ÿêùî α := (α1, . . . , αn) ∈ Zn
+; i � óÿâíà îäèíèöÿ;

A(t, x, ∂t, ∂x) := (Akj(t, x, ∂t, ∂x))
N
k,j=1;

u := col(u1, . . . , uN ), f := col(f1, . . . , fN ) � íåâiäîìà òà çàäàíà âåêòîð-ôóíêöi¨;
ΠH := {(t, x) ∈ Rn+1 |t ∈ H,x ∈ Rn}, ÿêùî H ⊂ R; T � çàäàíå äîäàòíå ÷èñëî.

Ïðèïóñòèìî, ùî iñíóþòü òàêi ÷èñëà sk i tj iç Z, ùî max
k∈{1,...,N}

sk = 0, ñòåïiíü ñòî-

ñîâíî λ ìíîãî÷ëåíà Akj(t, x, pλ
m0 , iσλm), σλm := (σ1λ

m1 , . . . , σnλ
mn), íå ïåðåâèùó¹

sk+tj (ÿêùî sk+tj < 0, òî Akj := 0) i
N∑

k=1

(sk+tk) = 2br, äå r � ñòåïiíü detA(t, x, p, iσ)

ÿê ìíîãî÷ëåíà âiä p.
Íåõàé A0 := (A0

kj)
N
k,j=1 � ãîëîâíà ÷àñòèíà A, òîáòî

A0
kj(t, x, pλ

m0 , iσλm) = λsk+tjA0
kj(t, x, p, iσ).

Ðîçãëÿíåìî ñèñòåìó ðiâíÿíü

A(t, x, ∂t, ∂x)u(t, x) = f(t, x), (t, x) ∈ Π[0,T ], (1)

äëÿ ÿêî¨ âèêîíó¹òüñÿ óìîâà
A) Ñèñòåìà (1) � ðiâíîìiðíî ïàðàáîëi÷íà ñèñòåìà Ñîëîííèêîâà-Åéäåëüìàíà â

Π[0,T ], òîáòî iñíó¹ òàêà ñòàëà δ > 0, ùî äëÿ áóäü-ÿêèõ (t, x) ∈ Π[0,T ] i σ ∈ Rn p-êîðåíi
ðiâíÿííÿ detA0(t, x, p, iσ) = 0 çàäîâîëüíÿþòü íåðiâíiñòü

Re p(t, x, σ) 6 −δ
n∑

j=1

σ
2bj
j .

×àñòèííèìè âèïàäêàìè òàêèõ ñèñòåì ¹ ñèñòåìè, ðiâíîìiðíî ïàðàáîëi÷íi çà Ïåò-
ðîâñüêèì (mk = 1, k ∈ {1, . . . , n}, sj = 0 i tj = 2bnj , nj ∈ N, j ∈ {1, . . . , N}), ðiâíî-
ìiðíî

−→
2b-ïàðàáîëi÷íi çà Åéäåëüìàíîì (mk > 1 äëÿ ïðèíàéìíi îäíîãî k ∈ {1, . . . , n},

sj = 0 i tj = 2bnj , j ∈ {1, . . . , N}) i ðiâíîìiðíî ïàðàáîëi÷íi çà Ñîëîííèêîâèì îäíî-
ðiäíî¨ ñòðóêòóðè (mk = 1, k ∈ {1, . . . , n}).

Äëÿ ñèñòåìè (1), äëÿ ÿêî¨ âèêîíó¹òüñÿ óìîâà A, çàäàâàòè ïî÷àòêîâi óìîâè òàê,
ÿê äëÿ ñèñòåì Ïåòðîâñüêîãî íå ìîæíà. Çàäàâàòèìåìî ¨õ òàê ñàìî, ÿê äëÿ ñèñòåì
Ñîëîííèêîâà ç îäíîðiäíîþ ñòðóêòóðîþ [3] ó âèãëÿäi

B(x, ∂t, ∂x)u(t, x)|t=0 = φ(x), x ∈ Rn. (2)



100
Ñòåïàí IÂÀÑÈØÅÍ, Ãàëèíà IÂÀÑÞÊ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 74

Òóò B(x, ∂t, ∂x) := (Bkj(x, ∂t, ∂x))
r, N

k=1,j=1 � ìàòðè÷íèé äèôåðåíöiàëüíèé âèðàç,
φ := col(φ1, . . . , φr) � çàäàíà âåêòîð-ôóíêöiÿ. Ïðèïóñêà¹òüñÿ, ùî iñíóþòü òàêi öiëi
÷èñëà pk, ùî ñòåïiíü ñòîñîâíî λ ìíîãî÷ëåíà Bkj(x, pλ

m0 , iσλm) íå ïåðåâèùó¹ pk+ tj ,
ÿêùî pk + tj < 0, òî Bkl := 0. Ãîëîâíîþ ÷àñòèíîþ âèðàçó B íàçèâà¹òüñÿ âèðàç
B0 := (B0

kj)
r, N

k=1,j=1 , äå B0
kj(x, pλ

m0 , iσλm) = λpk+tjB0
kj(x, p, iσ). Äëÿ çàáåçïå÷åííÿ

êîðåêòíîñòi çàäà÷i ç óìîâîþ (2) ìàòðè÷íèé âèðàç B ïîâèíåí çàäîâîëüíÿòè óìîâó
äîïîâíÿëüíîñòi, ðiâíîìiðíèì âàðiàíòîì ÿêî¨ ¹ òàêà óìîâà.

B) Iñíó¹ òàêà ñòàëà δ1 > 0, ùî äëÿ âñiõ ìàòðèöü H(ρ) (¨õí¹ îçíà÷åííÿ äèâèñü ó
[3, 6] ) i òî÷îê x ∈ Rn ñïðàâäæó¹òüñÿ íåðiâíiñòü

| detH(ρ)(x)| > δ1.

Çàäà÷ó (1), (2), äëÿ ÿêî¨ âèêîíóþòüñÿ óìîâè A i B, íàçèâà¹ìî ïàðàáîëi÷íîþ
ïî÷àòêîâîþ çàäà÷åþ Ñîëîííèêîâà-Åéäåëüìàíà àáî êîðîòêî çàäà÷åþ ÏÑÅ.

2. Êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i ÏÑÅ â ïðîñòîðàõ Ãåëüäåðà çðîñòàþ-
÷èõ ôóíêöié. Íàâåäåìî îçíà÷åííÿ ïîòðiáíèõ ïðîñòîðiâ Ãåëüäåðà îáìåæåíèõ i çðîñ-
òàþ÷èõ ôóíêöié. Ôóíêöi¨ ç öèõ ïðîñòîðiâ ìîæóòü çðîñòàòè ïðè |x| → ∞ íå øâèäøå,
íiæ ôóíêöiÿ

Ψ(t, x) := exp
{ n∑

j=1

kj(t, aj)|xj |qj
}
, (t, x) ∈ Π[0,T ],

â ÿêié qj := 2bj/(2bj − 1), kj(t, aj) := c0aj(c
2bj−1
0 − a

2bj−1
j t)1−qj , j ∈ {1, . . . , n}, äå

c0, a1, . . . , an � çàäàíi ÷èñëà òàêi, ùî 0 < c0 < c (c � ñòàëà ç îöiíîê (12) iç
[10] äëÿ ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó ðiâíÿííÿ detA0(β, y, ∂t, ∂x)u = 0), aj > 0,
j ∈ {1, . . . , n}, T < min

j
(c0/aj)

2bj−1.

Êðiì ââåäåíèõ âèùå ïîçíà÷åíü, áóäåìî âèêîðèñòîâóâàòè ùå òàêi:
−→a := (a1, . . . , an),

−→
k (t,−→a ) := (k1(t, a1), . . . , kn(t, an));

∆τ
t f(t, ·) := f(t, ·)− f(τ, ·), ∆yj

xjf(·, x) := f(·, x)− f(·, x(yj)),
x(yj) := (x1, . . . , xj−1, yj , xj+1, . . . , xn), j ∈ {1, . . . , n};
∂α
t,x := ∂α0

t ∂α
x , ∂

α
x := ∂α1

x1
. . . ∂αn

xn
, α := (α0, α) ∈ Zn+1

+ , α := (α1, . . . , αn) ∈ Zn
+.

Íåõàé l i λ � çàäàíi ÷èñëà âiäïîâiäíî ç ìíîæèí Z+ i (0, 1). Áóäåìî êîðèñòóâàòèñÿ
òàêèìè ïðîñòîðàìè:

H
−→
k (·,−→a )
l+λ,[0,T ] � ïðîñòið ôóíêöié u: Π[0,T ] → C, ÿêi ìàþòü íåïåðåðâíi ïîõiäíi ∂α

t,xu,
∥α∥ 6 l, i ñêií÷åííó íîðìó

∥u∥
−→
k (·,−→a )
l+λ,[0,T ] :=≪u≫

−→
k (·,−→a )
l+λ,[0,T ] +

l∑
j=0

<u>
−→
k (·,−→a )
j,[0,T ] ,

äå

≪u≫
−→
k (·,−→a )
l+λ,[0,T ]:=

n∑
j=1

<u>
−→
k (·,−→a )
(l+λ)/mj ,xj ,[0,T ] + <u>

−→
k (·,−→a )
(l+λ)/(2b),t,[0,T ],

<u>
−→
k (·,−→a )
(l+λ)/mj ,xj ,[0,T ]:=

∑
06l−∥α∥<mj

< ∂α
t,xu >

−→
k (·,−→a )
(l−∥α∥+λ)/mj , xj ,[0,T ],
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<u>
−→
k (·,−→a )
(l+λ)/(2b),t,[0,T ]:=

∑
06l−∥α∥<2b

<∂α
t,xu>

−→
k (·,−→a )
(l−∥α∥+λ)/(2b),t,[0,T ],

<u>
−→
k (·,−→a )
λ,xj ,[0,T ]:= sup

(t,x)∈Π[0,T ]
yj∈R, xj ̸=yj

(|∆yj
xj
u(t, x)||xj − yj |−λ(Ψ(t, x) + Ψ(t, x(yj)))

−1),

<u>
−→
k (·,−→a )
λ,t,[0,T ]:= sup

{t,β}⊂[0,T ], t ̸=β
x∈Rn

(|∆β
t u(t, x)| |t− β|−λ(Ψ(t, x) + Ψ(β, x))−1),

<u>
−→
k (·,−→a )
j,[0,T ] :=

∑
∥α∥=j

sup
(t,x)∈Π[0,T ]

(|∂α
t,xu(t, x)|(Ψ(t, x))−1);

C
−→a
l+λ � ïðîñòið ôóíêöié v: Rn → C, äëÿ ÿêèõ iñíóþòü íåïåðåðâíi ïîõiäíi ∂α

x v,
∥α∥ 6 l, i ¹ ñêií÷åííîþ íîðìà

|v|
−→a
l+λ := [v]

−→a
l+λ +

l∑
j=0

<v>
−→a
j ,

äå

[v]
−→a
l+λ :=

n∑
j=1

∑
06l−∥α∥<mj

<∂α
x v>

−→a
(l−∥α∥+λ)/mj , xj

,

<v>
−→a
λ,xj

:= sup
x∈ Rn

yj∈R, xj ̸=yj

(|∆yj
xj
v(x)||xj − yj |−λ(Ψ(0, x) + Ψ(0, x(yj)))

−1),

<v>
−→a
j :=

∑
∥α∥=j

sup
x∈Rn

(|∂α
x v(x)|(Ψ(0, x))−1);

Hl+λ,[0,T ] := H
−→
k (·,−→0 )
l+λ,[0,T ], Cl+λ := C

−→
0
l+λ, äå

−→
0 := (0, . . . , 0);

◦
H

−→
k (·,−→a )
l+λ,[0,T ]

� ïiäïðîñòið ïðîñòîðó H
−→
k (·,−→a )
l+λ,[0,T ], åëåìåíòè ÿêîãî ðàçîì ç óñiìà ñâî¨ìè

ïîõiäíèìè äîðiâíþþòü íóëåâi ïðè t = 0;
N∏
j=1

H
−→
k (·,−→a )
rj+λ,[0,T ],

N∏
j=1

◦
H

−→
k (·,−→a )
rj+λ,[0,T ]

i
r∏

j=1

C
−→a
rj+λ � äåêàðòîâi äîáóòêè âiäïîâiäíèõ ïðîñ-

òîðiâ ç iíäåêñàìè rj ∈ Z+.
Êðiì óìîâ A i B, ïðèïóñêàòèìåìî âèêîíàíîþ òàêîæ òàêó óìîâó.
C) Êîåôiöi¹íòè äèôåðåíöiàëüíèõ âèðàçiâ Akj i Bsj íàëåæàòü âiäïîâiäíî äî

ïðîñòîðiâ Hl−sk+λ,[0,T ] i Cl−ps+λ, {k, j} ⊂ {1, . . . , N}, s ∈ {1, . . . , r}.

Òåîðåìà 1. Íåõàé l i λ � çàäàíi ÷èñëà ç ìíîæèí Z+ i (0, 1). ßêùî âèêîíóþòüñÿ

óìîâè A, B òà C, òî äëÿ áóäü-ÿêèõ f ∈
N∏
j=1

H
−→
k (·,−→a )
l−sj+λ,[0,T ] i φ ∈

r∏
s=1

C
−→a
l−ps+λ

iñíó¹ ¹äèíèé ðîçâ'ÿçîê u ∈
N∏
j=1

H
−→
k (·,−→a )
l+tj+λ,[0,T ] çàäà÷i (1), (2), äëÿ ÿêîãî ñïðàâäæó¹òüñÿ

îöiíêà
N∑
j=1

∥uj∥
−→
k (·,−→a )
l+tj+λ,[0,T ] 6 C

 N∑
j=1

∥fj∥
−→
k (·,−→a )
l−sj+λ,[0,T ] +

r∑
s=1

|φs|
−→a
l−ps+λ

 , (3)
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â ÿêié ñòàëà C çàëåæèòü òiëüêè âiä âiäïîâiäíèõ íîðì êîåôiöi¹íòiâ çàäà÷i, ñòàëèõ
δ i δ1 ç óìîâ À i B òà ÷èñåë n, N , bj, tk, sk, ps, l, λ i T .

Ç òåîðåìè 1 âèïëèâà¹, ùî óìîâà ïàðàáîëi÷íîñòi ñèñòåìè (1) äîñòàòíÿ, ùîá

ñïðàâäæóâàëàñü îöiíêà (3) äëÿ áóäü-ÿêîãî ðîçâ'ÿçêó u ∈
N∏
j=1

H
−→
k (·,−→a )
l+tj+λ,[0,T ] çàäà÷i (1),

(2). Âèÿâëÿ¹òüñÿ, ùî öÿ óìîâà ¹ íåîáõiäíîþ, òîìó ïðàâèëüíà òàêà òåîðåìà.

Òåîðåìà 2. Íåõàé ñèñòåìà (1) ìà¹ ñòðóêòóðó ïàðàáîëi÷íî¨ ñèñòåìè Ñîëîííèêî-
âà-Åéäåëüìàíà ç ïàðàìåòðàìè bj, tk, sk, ps i r, ÷èñëî ïî÷àòêîâèõ óìîâ (2) äîðiâíþ¹
r i äèôåðåíöiàëüíèé âèðàç B(x, ∂t, ∂x) çàäîâîëüíÿ¹ óìîâó B, êîåôiöi¹íòè äèôåðåí-
öiàëüíèõ âèðàçiâ A i B çàäîâîëüíÿþòü óìîâó C ç äåÿêèìè ÷èñëàìè l ∈ Z+ i
λ ∈ (0, 1). Äëÿ òîãî, ùîá ñèñòåìà (1) çàäîâîëüíÿëà óìîâó A, íåîáõiäíî é
äîñòàòíüî, ùîá iñíóâàëà òàêà ñòàëà C > 0, ùî äëÿ âñiõ âåêòîð-ôóíêöié

u ∈
N∏
j=1

H
−→
k (·,−→a )
l+tj+λ,[0,T ] ñïðàâäæó¹òüñÿ íåðiâíiñòü

N∑
j=1

∥uj∥
−→
k (·,−→a )
l+tj+λ,[0,T ] 6 C

( N∑
k,j=1

∥Akjuj∥
−→
k (·,−→a )
l−sk+λ,[0,T ] +

r∑
k=1

N∑
j=1

|Bkjuj |t=0|
−→a
l−pk+λ

)
.

Äîâåäåííÿ òåîðåìè 1 ó ìîäåëüíîìó âèïàäêó, òîáòî, êîëè äèôåðåíöiàëüíi âèðàçè
ñèñòåìè (1) òà ïî÷àòêîâèõ óìîâ (2) ìiñòÿòü ëèøå ãðóïó ñòàðøèõ ÷ëåíiâ çi ñòàëèìè
êîåôiöi¹íòàìè, äåòàëüíî îïèñàíî â [6]. Ó çàãàëüíîìó âèïàäêó äîâåäåííÿ öi¹¨ òåî-
ðåìè ïðîâîäÿòü çà ñõåìîþ äîâåäåííÿ âiäïîâiäíî¨ òåîðåìè äëÿ êðàéîâèõ çàäà÷ äëÿ
ïàðàáîëi÷íèõ çà Ñîëîííèêîâèì ñèñòåì ç [3]. Ãîëîâíi ¨¨ êðîêè � çâåäåííÿ çàãàëü-
íî¨ ïàðàáîëi÷íî¨ ïî÷àòêîâî¨ çàäà÷i Ñîëîííèêîâà-Åéäåëüìàíà äî çàäà÷i ç íóëüîâè-
ìè ïî÷àòêîâèìè äàíèìè, ó öüîìó ðàçi äîâîäèòüñÿ ðiâíîñèëüíiñòü âiäïîâiäíèõ îöi-
íîê ðîçâ'ÿçêiâ öèõ çàäà÷ i äîâåäåííÿ êîðåêòíî¨ ðîçâ'ÿçíîñòi òàêî¨ ïàðàáîëi÷íî¨ ïî-
÷àòêîâî¨ çàäà÷i Ñîëîííèêîâà-Åéäåëüìàíà ç íóëüîâèìè ïî÷àòêîâèìè äàíèìè â øàði
Π[t0,t0+τ ], 0 6 t0 < t0 + τ 6 T , ìàëî¨ òîâùèíè τ

A(t, x, ∂t, ∂x)w(t, x) = g(t, x), (t, x) ∈ Π[t0,t0+τ ], w ∈
N∏
j=1

◦
H

−→
k (·,−→a )

l+tj+λ,[t0,t0+τ ],

g ∈
N∏
j=1

◦
H

−→
k (·,−→a )

l − sj + λ, [t0, t0 + τ ]
. (4)

Äîâåäåííÿ îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi çàäà÷i (4) òà âiäïîâiäíèõ îöiíîê äëÿ ¨¨
ðîçâ'ÿçêiâ  ðóíòó¹òüñÿ íà ïîáóäîâi òà äåòàëüíîìó äîñëiäæåííi âëàñòèâîñòåé ðåãóëÿ-
ðèçàòîðà öi¹¨ çàäà÷i. Ðåãóëÿðèçàòîð áóäóþòü çà äîïîìîãîþ îïåðàòîðiâ, ÿêi ðîçâ'ÿ-
çóþòü âiäïîâiäíi ìîäåëüíi çàäà÷i. Ìîäåëüíi çàäà÷i âèðàæàþòüñÿ ÷åðåç ïîòåíöiàëè,
ïîðîäæåíi ôóíäàìåíòàëüíèì ðîçâ'ÿçêîì îäíîãî ïàðàáîëi÷íîãî çà Åéäåëüìàíîì ðiâ-
íÿííÿ äîâiëüíîãî ïîðÿäêó çi ñòàëèìè êîåôiöi¹íòàìè. Îöiíêè òàêèõ ïîòåíöiàëiâ ïðî-
âåäåíî â [10].

Òåîðåìà 2 äîâåäåíà ó [8] ìåòîäîì âiä ñóïðîòèâíîãî.
3. Êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i ÏÑÅ â ïðîñòîðàõ Ñîáîë¹âà-Ñëîáî-

äåöüêîãî. Ðîçãëÿíåìî çàäà÷ó (1), (2), äëÿ ÿêî¨ âèêîíó¹òüñÿ óìîâà:
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A′) ñèñòåìà (1) çàäîâîëüíÿ¹ óìîâóA ïðè÷îìó ÷èñëà sk i tj ¹ êðàòíèìè 2b, òîáòî
sk = 2bs′k, tj = 2bt′j , {k, j} ⊂ {1, . . . , N}, äå s′k i t′j � öiëi ÷èñëà;

Â′) äèôåðåíöiàëüíèé âèðàç B ç ïî÷àòêîâî¨ óìîâè (2) çàäîâîëüíÿ¹ óìîâó B i
pk = 2bp′k, k ∈ {1, . . . , r} , äå p′k � öiëi ÷èñëà.

Íàâåäåìî îçíà÷åííÿ ïîòðiáíèõ ôóíêöiîíàëüíèõ ïðîñòîðiâ. Íåõàé l � íåâiä'¹ìíå
öiëå ÷èñëî êðàòíå 2b, s � äîäàòíå ÷èñëî, ÷èñëî p > 1 i ΠT := Π[0,T ].

×åðåç W l
p(ΠT ) ïîçíà÷èìî çàìèêàííÿ ìíîæèíè ãëàäêèõ i ôiíiòíèõ çà x ôóíêöié

u : ΠT → C çà íîðìîþ

∥u ∥ΠT

p, l :=
∑

∥α∥<l

⟨ ∂α
t,xu ⟩

ΠT
p, 0 + |u |ΠT

p, l,

äå

|u |ΠT

p, l :=
∑

∥α∥=l

⟨ ∂α
t,xu ⟩

ΠT
p, 0, ⟨u ⟩ΠT

p, 0 :=

( ∫
ΠT

|u(t, x) |pdtdx

)1/p

.

Äèôåðåíöiàëüíi âëàñòèâîñòi �ñëiäiâ� ïðè t = τ ôóíêöié iç ïðîñòîðó W l
p(ΠT )

îïèñóþòüñÿ â òåðìiíàõ ïðîñòîðó Bs
p(Rn), ÿêèé îçíà÷ó¹òüñÿ ÿê çàìèêàííÿ ìíîæèíè

ãëàäêèõ i ôiíiòíèõ ôóíêöié v : Rn → C çà íîðìîþ

∥ v ∥R
n

p, s :=
∑

∥α∥<s

( ∫
Rn

| ∂α
x v(x) |pdtdx

)1/p

+ [ v ]R
n

p, s,

äå

[ v ]R
n

p, s :=

n∑
j=1

∑
06s−∥α∥<mj

( ∫
Rn

dx

∫
R

|∆yj
xj∂

α
x v(x) |p

|xj − yj |1+p(s−∥α∥)/mj
dyj

)1/p

,

ÿêùî s � äðîáîâå ÷èñëî, i

[ v ]R
n

p, s :=
n∑

j=1

∑
∥α∥=s−1

( ∫
Rn

dx

∫
R

| (∆2)
yj
xj∂

α
x v(x) |p

|xj − yj |1+p
dyj

)1/p

,

ÿêùî s ¹ öiëèì ÷èñëîì. Òóò (∆2)
yj
xjf(x) := f(x)− 2f(x(

xj+yj

2 ))+ f(x(yj)), j ∈ {1, . . . ,
n}.

Ìíîæèíó åëåìåíòiâ u ∈ W l
p(ΠT ), ÿêi çàäîâîëüíÿþòü íóëüîâi ïî÷àòêîâi óìîâè

∂j
t u|t=0 = 0, j ∈

{
0, 1, . . . ,

l

2b
− 1
}
,

íàçâåìî ïðîñòîðîì
◦
W

l
p (ΠT ).

×åðåç
N∏
j=1

W lj
p (ΠT ),

N∏
j=1

◦
W

lj
p (ΠT ) i

r∏
j=1

B rj
p (R

n) ïîçíà÷à¹ìî äåêàðòîâi äîáóòêè

âiäïîâiäíèõ ïðîñòîðiâ ç öiëèìè íåâiä'¹ìíèìè iíäåêñàìè lj , êðàòíèìè 2b, i äîäàòíèìè
iíäåêñàìè rj .

Äëÿ äðîáîâîãî äîäàòíîãî ÷èñëà s êîðèñòóâàòèìåìîñü ïðîñòîðàìè Ãåëüäåðà
îáìåæåíèõ ôóíêöié Cs(Rn), ÿêi îçíà÷åíi â ïóíêòi 2.
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Òåîðåìà 3. Íåõàé l � íåâiä'¹ìíå öiëå ÷èñëî, êðàòíå 2b; âèêîíóþòüñÿ óìîâè A′ i B′;
êîåôiöi¹íòè äèôåðåíöiàëüíèõ âèðàçiâ Akj, {k, j} ⊂ {1, . . . , N}, ìàþòü íåïåðåðâíi
òà îáìåæåíi ïîõiäíi óçàãàëüíåíîãî ïîðÿäêó l− sk, à êîåôiöi¹íòè äèôåðåíöiàëüíèõ
âèðàçiâ Bkj, k ∈ {1, . . . , r}, j ∈ {1, . . . , N}, íàëåæàòü äî ïðîñòîðiâ Cl−pk−2b/p+ε(Rn),

äå ε � äîñèòü ìàëå äîäàòíå ÷èñëî. Òîäi äëÿ áóäü-ÿêèõ f ∈
N∏
j=1

W
l−sj
p (ΠT ) i

φ ∈
r∏

j=1

B
l−pj−2b/p
p (Rn) iñíó¹ ¹äèíèé ðîçâ'ÿçîê u ∈

N∏
j=1

W
l+tj
p (ΠT ) çàäà÷i (1), (2), äëÿ

ÿêîãî ñïðàâäæó¹òüñÿ îöiíêà

N∑
j=1

∥uj∥ΠT

p, l+tj
6 C

 N∑
j=1

∥fj∥ΠT

p, l−sj
+

r∑
j=1

∥φj∥R
n

p, l−pj−2b/p

 ,

â ÿêié ñòàëà C çàëåæèòü òiëüêè âiä âiäïîâiäíèõ íîðì êîåôiöi¹íòiâ çàäà÷i, ñòàëèõ
δ i δ1 ç óìîâ A′ i B′ òà ÷èñåë n, N , bj, tj, sk, pk, l i T .

Äîâåäåííÿ òåîðåìè 3 ïðîâîäÿòü çà ñõåìîþ äîâåäåííÿ â [3] âiäïîâiäíî¨ òåîðåìè
äëÿ êðàéîâèõ çàäà÷ äëÿ ïàðàáîëi÷íèõ çà Ñîëîííèêîâèì ñèñòåì i äîâåäåííÿ òåîðåìè
1 (äèâ. [8]). Öåíòðàëüíèì ìîìåíòîì äîâåäåííÿ ¹ âèâ÷åííÿ òàêî¨ çàäà÷i ç íóëüîâèìè
ïî÷àòêîâèìè äàíèìè â øàði Πτ ìàëî¨ òîâùèíè τ > 0

A(t, x, ∂t, ∂x)v(t, x) = g(t, x), (t, x) ∈ Πτ ,

v ∈
N∏
j=1

◦
W

l+tj

p (Πτ ), g ∈
N∏
j=1

◦
W

l − sj
p

(Πτ ). (5)

Äëÿ öi¹¨ çàäà÷i äîâîäèòüñÿ òàêà òåîðåìà.

Òåîðåìà 4. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 3. Òîäi iñíó¹ òàêå ÷èñëî τ0 > 0,
ùî äëÿ áóäü-ÿêîãî τ ∈ (0, τ0] çàäà÷à (5) îäíîçíà÷íî ðîçâ'ÿçíà i äëÿ ¨¨ ðîçâ'ÿçêó
ñïðàâäæó¹òüñÿ íåðiâíiñòü

N∑
j=1

∥vj∥Πτ

p, l+tj
6 C

N∑
j=1

∥gj∥Πτ

p, l−sj
,

â ÿêié ñòàëà C çàëèøà¹òüñÿ îáìåæåíîþ ïðè τ → 0.

ßê i â ïóíêòi 2, äëÿ äîâåäåííÿ òåîðåìè 4 âèêîðèñòîâó¹òüñÿ ðåãóëÿðèçàòîð çàäà-
÷i. Éîãî âëàñòèâîñòi â ïðîñòîðàõ Ñîáîë¹âà-Ñëîáîäåöüêîãî äîñëiäæóþòüñÿ çà äîïîìî-
ãîþ îöiíîê âiäïîâiäíèõ ïiâíîðì ïîòåíöiàëiâ, ïîðîäæåíèõ ôóíäàìåíòàëüíèì ðîçâ'ÿç-
êîì ìîäåëüíîãî

−→
2b-ïàðàáîëi÷íîãî ðiâíÿííÿ äîâiëüíîãî ïîðÿäêó. Öi îöiíêè ïîäà¹ìî

â íàñòóïíîìó ïóíêòi.
4. Âëàñòèâîñòi ïîòåíöiàëiâ ìîäåëüíîãî

−→
2b-ïàðàáîëi÷íîãî ðiâíÿííÿ.

Ðîçãëÿíåìî
−→
2b-ïàðàáîëi÷íå ðiâíÿííÿ âèãëÿäó

L(∂t, ∂x)u :=
(
a0∂

r
t +

∑
∥α∥=2br
(α0<r)

aα∂
α
t,x

)
u = 0, (6)
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êîåôiöi¹íòè ÿêîãî ¹ ñòàëèìè, ïðè÷îìó a0 ̸= 0 òà iñíó¹ òàêà ñòàëà δ > 0, ùî äëÿ
áóäü-ÿêèõ σ := (σ1, . . . , σn) ∈ Rn λ-êîðåíi λj , j ∈ {1, . . . , r}, ðiâíÿííÿ L(λ, iσ) = 0
çàäîâîëüíÿþòü óìîâó

Reλj 6 −δ
n∑

k=1

σ2bk
k .

Íåõàé ôóíêöiÿ Γ(t, x), (t, x) ̸= (0, 0), ¹ ôóíäàìåíòàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ
(6). Öÿ ôóíêöiÿ ïîðîäæó¹ îá'¹ìíèé ïîòåíöiàë

Uf (t, x) :=

t∫
0

dτ

∫
Rn

Γ(t− τ, x− ξ)f(τ, ξ)dξ, t > 0, x ∈ Rn, (7)

òà iíòåãðàë Ïóàññîíà

Vφ(t, x) :=

∫
Rn

Γ(t, x− ξ)φ(ξ)dξ, t > 0, x ∈ Rn. (8)

Îäåðæèìî îöiíêè ïiâíîðì | · |ΠT

p, l iíòåãðàëiâ (7) i (8), ïðèïóñêàþ÷è, ùî ôóíêöi¨ f
i φ äîñèòü ãëàäêi i ôiíiòíi. Ó öüîìó ðàçi êîðèñòóâàòèìåìîñÿ òàêèìè âëàñòèâîñòÿìè
ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó Γ, ÿêi äîâîäÿòü òàê ñàìî, ÿê ó [3, 11, 12] äëÿ ïàðàáîëi÷-
íèõ çà Ïåòðîâñüêèì ðiâíÿíü äîâiëüíîãî ïîðÿäêó i

−→
2b-ïàðàáîëi÷íèõ ðiâíÿíü ïåðøîãî

ïîðÿäêó:
1) ñïðàâäæóþòüñÿ îöiíêè

|∂α
t,xΓ(t, x)| 6 C ′

αt
r−(M+∥α∥)/(2b) exp{−c

n∑
j=1

t1−qj |xj |qj} 6

6 Cα

(
t+

n∑
j=1

|xj |2bj
)r−(M+∥α∥)/(2b)

, t > 0, x ∈ Rn, α ∈ Zn+1
+ ,

äå M :=
n∑

j=0

mj , C ′
α, Cα i c � äîäàòíi ñòàëi;

2) ôóíêöiÿ ∂α
t,xΓ(t, x) � ïàðíà çà çìiííîþ xj , ÿêùî ïàðíèì ¹ iíäåêñ αj ;

3) ïðàâèëüíi ðiâíîñòi∫
Rn

Γ(t, x)dx =
tr−1

a0(r − 1)!
,

∫
Rn

∂r−1
t Γ(t, x)dx =

1

a0
, t > 0.

Ëåìà 1. Äëÿ áóäü-ÿêîãî l = 2bk, k ∈ Z+, ñïðàâäæó¹òüñÿ îöiíêà

|Uf |ΠT

p, l+2br 6 C|f |ΠT

p, l . (9)

Äîâåäåííÿ. Îñêiëüêè ∂α
t,xUf = U∂α

t,xf
, òî îöiíêó (9) äîñòàòíüî äîâåñòè äëÿ l = 0. Ó

öüîìó âèïàäêó äîâåäåííÿ îöiíêè (9) ïðîâîäèòüñÿ àíàëîãi÷íî äî äîâåäåííÿ âiäïî-
âiäíî¨ îöiíêè äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi â [13], ÿêå  ðóíòó¹òüñÿ íà òåîðåìi ïðî
ìóëüòèïëiêàòîðè â iíòåãðàëàõ Ôóð'¹ ç [14]. Ó öüîìó âèïàäêó âèêîðèñòîâóþòü òàêi
ðiâíîñòi äëÿ ïåðåòâîðåííÿ Ôóð'¹ F çà âñiìà çìiííèìè t i x iíòåãðàëà (7):

F [Uf ](ξ0, ξ) := (2π)−(n+1)/2

∫
Rn+1

exp{−iξ0t− i(ξ, x)}Uf (t, x)dtdx =



106
Ñòåïàí IÂÀÑÈØÅÍ, Ãàëèíà IÂÀÑÞÊ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 74

=
(2π)(n+1)/2

L(iξ0, iξ)
F [f ](ξ0, ξ),

F [∂α
t,xUf ](ξ0, ξ) :=

(2π)(n+1)/2(iξ0)
α0(iξ)α

L(iξ0, iξ)
F [f ](ξ0, ξ), (ξ0, ξ) ∈ Rn+1, ∥α∥ = 2br.

Äëÿ ìóëüòèïëiêàòîðiâ Λ(α)(ξ0, ξ) := (2π)(n+1)/2(iξ0)
α0 (iξ)α

L(iξ0,iξ)
, (ξ0, ξ) ∈ Rn+1, î÷åâèäíî,

âèêîíóþòüñÿ ïîòðiáíi íåðiâíîñòi

|ξj1 . . . ξjk∂ξj1 . . . ∂ξjk Λ(α)(ξ0, ξ)| 6 C, (ξ0, ξ) ∈ Rn+1,

jk ∈ {0, 1, . . . , n}, k ∈ {0, 1, . . . , n+ 1}, ∥α∥ = 2br.

�

Ëåìà 2. ßêùî l = 2bk, k ∈ Z+ i l > 2b(r − 1) + 2b/p, òî ïðàâèëüíîþ ¹ îöiíêà

|Vφ|ΠT

p, l 6 C[φ]R
n

p, l−2b(r−1)−2b/p.

Äîâåäåííÿ. Âîíî äîñèòü ãðîìiçäêå i ïðîâîäèòüñÿ àíàëîãi÷íî äî äîâåäåííÿ òåîðåìè
3.3 â [3]. Äëÿ äîâåäåííÿ iñòîòíî âèêîðèñòîâóþòü òåîðåìó ïðî îöiíêè iíòåãðàëüíèõ
îïåðàòîðiâ ó òðàíñëÿöiéíî-iíâàðiàíòíèõ íîðìàõ ç [15], à òàêîæ íàâåäåíi âèùå âëàñ-
òèâîñòi ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó Γ ðiâíÿííÿ (6). �
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Solonnikov-Eidelman's parabolic initial problems were de�ned and studi-
ed by the authors in the previous papers. The present paper contain the
basic results of an investigation for such problems. These results deals wi-
th a correct solvability of Solonnikov-Eidelman's parabolic initial problems in
H�older spaces rapidly growing functions and the analogous results for more
narrow class of such problems in the corresponding Sobolev-Slobodeckij spaces
also are presented.

Key words: parabolic on Solonnikov system equations, 2b-parabolic system,
parabolic system in sense of Solonnikov-Eidelman's, initial problem, H�older
space of increasing functions, Sobolev-Slobodeckij space, correct resolvability.
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Ïðèâåäåíû îñíîâíûå ðåçóëüòàòû, ïîëó÷åííûå ïðè èññëåäîâàíèè îïðåäå-
ëåííûõ àâòîðàìè ïàðàáîëè÷åñêèõ íà÷àëüíûõ çàäà÷ Ñîëîííèêîâà-Åéäåëü-
ìàíà. Îíè êàñàþòñÿ êîððåêòíîé ðàçðåøèìîñòè çàäà÷ â ïðîñòðàíñòâàõ
Ã¼ëüäåðà áûñòðîâîçðîñòàþùèõ ôóíêöèé, à òàêæå â ñîîòâåòñòâóþùèõ
ïðîñòðàíñòâàõ Ñîáîëåâà-Ñëîáîäåöêîãî äëÿ áîëåå óçêîãî êëàññà òàêèõ
çàäà÷.

Êëþ÷åâûå ñëîâà: ïàðàáîëè÷åñêàÿ çà Ñîëîííèêîâûì ñèñòåìà óðàâíå-

íèé,
−→
2b-ïàðàáîëè÷åñêàÿ ñèñòåìà, ïàðàáîëè÷åñêàÿ ñèñòåìà â ñìûñëå Ñîëîí-

íèêîâà-Åéäåëüìàíà, íà÷àëüíàÿ çàäà÷à, ïðîñòðàíñòâî Ãåëüäåðà áûñòðîâî-
çðîñòàþùèõ ôóíêöèé, ïðîñòðàíñòâî Ñîáîëåâà-Ñëîáîäåöêîãî, êîððåêòíàÿ
ðàçðåøèìîñòü.
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ÒÈÏÓ ÁÞÐÃÅÐÑÀ

Àðêàäié ÊIÍÄÈÁÀËÞÊ, Ìèêîëà ÏÐÈÒÓËÀ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ, 79000

e-mail: a.kindybaluk@mail.ru

Âèâ÷åíî, çà ÿêèõ çíà÷åíü êîåôiöi¹íòiâ íåëiíiéíà äèíàìi÷íà ñèñòåìà
òèïó Áþðãåðñà ìà¹ íåñêií÷åííó i¹ðàðõiþ çàêîíiâ çáåðåæåííÿ, òà ìà¹ ïà-
ðó iìïëåêòè÷íèõ îïåðàòîðiâ. Íà ïiäñòàâi ìîäèôiêîâàíîãî ìåòîäó ãiïåðáî-
ëi÷íèõ òàíãåíñ ôóíêöié îäåðæàíî òî÷íi ñîëiòîííi ðîçâ'ÿçêè ñèñòåìè, ùî
ðîçãëÿäà¹òüñÿ.

Êëþ÷îâi ñëîâà: íåëiíiéíà äèíàìi÷íà ñèñòåìà, çàêîíè çáåðåæåííÿ, iìï-
ëåêòè÷íi îïåðàòîðè, ìåòîä ãiïåðáîëi÷íèõ òàíãåíñ ôóíêöié.

1. Âñòóï. Øiñòäåñÿòi ðîêè ÕÕ ñò. ñïðèÿëè âèâ÷åííþ íåëiíiéíèõ äèíàìi÷íèõ
ñèñòåì. Äëÿ òîãî, ùîá ìîäåëþâàòè ñêëàäíi ïðîöåñè, áóëè ðîçðîáëåíi ìåòîäè äî-
ñëiäæåííÿ iíòåãðîâíîñòi äèíàìi÷íèõ ñèñòåì íà îñíîâi äîñÿãíåíü ó íîâèõ ãàëóçÿõ
ìàòåìàòè÷íî¨ òà òåîðåòè÷íî¨ ôiçèêè. Ïàðàëåëüíî ðîçðîáëÿëè ïðÿìi ìåòîäè çíàõî-
äæåííÿ òî÷íèõ ðîçâ'ÿçêiâ: ìåòîä ãiïåðáîëi÷íèõ òàíãåíñ ôóíêöié, áiëiíiéíèé ìåòîä
Õiðîòè, ïåðåòâîðåííÿ Áåêëóíäà òà ¨õíi ìîäèôiêàöi¨. Ó ïðàöÿõ [1-3] âèêëàäåíî ìåòî-
äè çíàõîäæåííÿ çàêîíiâ çáåðåæåííÿ, iìïëåêòè÷íèõ îïåðàòîðiâ òà îïåðàòîðà Ëàêñà.
Ó [4] îïèñàíèé àëãîðèòì ãiïåðáîëi÷íèõ òàíãåíñ ôóíêöié, à ó [5] çàïðîïîíîâàíî ìå-
òîä çíàõîäæåííÿ ðîçâ'ÿçêiâ íåëiíiéíèõ äèíàìi÷íèõ ñèñòåì ó âèãëÿäi ïîëiíîìà âiä
ãiïåðáîëi÷íîãî òàíãåíñà òà êîòàíãåíñà.

Íåõàé íà l-ïåðiîäè÷íîìó ãëàäêîìó íåñêií÷åííîâèìiðíîìó ìíîãîâèäi çàäàíà íå-
ëiíiéíà äèíàìi÷íà ñèñòåìà

ut = K[u], (1)

äåK : M → T (M) � ãëàäêå çà Ôðåøå ôóíêöiîíàëüíî-ïîëiíîìiàëüíå âåêòîðíå ïîëå íà
M [1,2]. Äëÿ òîãî, ùîá äàòè âiäïîâiäü íà ïèòàííÿ, ÷è iíòåãðîâíà çàäàíà äèíàìi÷íà
ñèñòåìà, òðåáà ïåðåäóñiì ç'ÿñóâàòè íàÿâíiñòü íåñêií÷åííî¨ i¹ðàðõi¨ íåòðèâiàëüíèõ
çàêîíiâ çáåðåæåííÿ, iìïëåêòè÷íèõ îïåðàòîðiâ òà îïåðàòîðà Ëàêñà.

Íàâåäåìî íàéâàæëèâiøi îçíà÷åííÿ ç [1,2].

c⃝ Êiíäèáàëþê À., Ïðèòóëà Ì., 2011
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Îçíà÷åííÿ 1. Ôóíêöiîíàë

γ[u] =

x0+l∫
x0

σ[u] d x ∈ D(M)

íàçèâàþòü çàêîíîì çáåðåæåííÿ äëÿ ñèñòåìè (1), ÿêùî âií ¹ íåçìiííèì âçäîâæ
îðáiò âåêòîðíîãî ïîëÿ, òîáòî

dγ[u]

d t

∣∣∣∣
K[u]

≡ 0, (2)

äå u ∈ M , σ(u) � ëîêàëüíèé ôóíêöiîíàë, D(M) � ïðîñòið ãëàäêèõ çà Ôðåøå ôóíê-
öiîíàëiâ íà M .

Ââåäåìî áiëiíiéíó ôîðìó íà îáëàñòi U =
{
x ∈ R : x0 6 x 6 x0 + l

}
(a, b) =

∫
U

< a, b > dx, (3)

äå a, b ∈ C∞
0 (U,Rn), ÿêà âèçíà÷à¹ ñòðóêòóðó ïðîñòîðó Ãiëüáåðòà íà äîòè÷íîìó ïðîñ-

òîði T (M) ∼= T ∗(M).

Îçíà÷åííÿ 2. Ãðàäi¹íòîì çàêîíó çáåðåæåííÿ γ[u] ∈ D(M) íàçèâàþòü âåëè÷èíó

grad γ[u] =
δγ[u]

δ u
,

ïðè÷îìó

grad γ[u] = ((σ[u])′)∗ (4)

äå çiðî÷êà � * � îçíà÷à¹ ñïðÿæåííÿ ñòîñîâíî ñòàíäàðòíî¨ áiëiíiéíî¨ ôîðìè (3).

Îçíà÷åííÿ 3. Äèíàìi÷íà ñèñòåìà (1) áiãàìiëüòîíîâà, ÿêùî ¨¨ ìîæíà ïîäàòè ó
âèãëÿäi

ut = −ϑ gradHϑ = −η gradHη = K[u], (5)

äå Hϑ,Hη ∈ D(M) � ôóíêöiîíàëè Ãàìiëüòîíà, à ϑ, η : T ∗(M) → T (M) � ïàðà iì-
ïëåêòè÷íèõ îïåðàòîðiâ.

Äèôåðåíöiàëüíî-àëãåáðè÷íèé àëãîðèòì ïîáóäîâè iìïëåêòè÷íèõ îïåðàòîðiâ

îïèñàíèé â [1]. ßêùî çàêîí çáåðåæåííÿ
∫ x0+l

x0
σ̃[u] dx ìîæåìî ïîäàòè ó âèãëÿäi∫ x0+l

x0
< σ[u], ux > dx, òî ôóíêöiîíàë σ[u] âèêîðèñòîâó¹ìî äëÿ ïîáóäîâè

ñèìïëåêòè÷íîãî îïåðàòîðà θ−1 = σ′ − σ′∗. ßêùî äëÿ îïåðàòîðà θ−1 iñíó¹ îáåðíåíèé
îïåðàòîð, òî îòðèìà¹ìî iìïëåêòè÷íèé îïåðàòîð θ. ßêùî ñèñòåìà (1) äâîêîìïîíåíò-

íà, òî çàêîí çáåðåæåííÿ
∫ x0+l

x0
σ̃[u, v] dx ïîòðiáíî ïîäàòè ó òàêîìó âèãëÿäi:

x0+l∫
x0

(< σ1[u, v], ux > + < σ2[u, v], vx >) dx. (6)
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Îïåðàòîð σ′ íàáóâ âèãëÿäó

σ′ =


∂σ1

∂u

∂σ1

∂v
∂σ2

∂u

∂σ2

∂v

 . (7)

2. Ôîðìóëþâàííÿ çàäà÷i. Íåõàé íà íåñêií÷åííîâèìiðíîìó l-ïåðiîäè÷íîìó
ìíîãîâèäi M çàäàíà äèíàìi÷íà ñèñòåìà òèïó Áþðãåðñà{

ut = k1uxx + k2uux + k3vx
vt = k4 (uv)x + k5vxx

}
= K[u, v], (8)

äå K : M → T (M) � ãëàäêå çà Ôðåøå ôóíêöiîíàëüíî ïîëiíîìiàëüíå âåêòîðíå ïîëå
íà ìíîãîâèäi M ; à k1, k2, k3, k4, k5 � äiéñíi ÷èñëîâi ïàðàìåòðè; t � ïàðàìåòð åâîëþ-
öi¨ ñèñòåìè (8). Òðåáà çíàéòè, çà ÿêèõ çíà÷åíü ïàðàìåòðiâ k1, k2, k3, k4, k5 ñèñòåìà
(8) ìà¹ íåñêií÷åííó i¹ðàðõiþ íåòðèâiàëüíèõ çàêîíiâ çáåðåæåííÿ òà âîëîäi¹ ïàðîþ
iìïëåêòè÷íèõ îïåðàòîðiâ.

Çàóâàæèìî, ùî ñèñòåìà {
ut = uxx + uux + vx,
vt = (uv)x − vxx,

òîáòî ñèñòåìà (8) ïðè çíà÷åííÿõ êîåôiöi¹íòiâ k1 = k2 = k3 = k4 = 1, k5 = −1
äîñëiäæåíà â [3], à ñèñòåìà {

ut = αuxx + uux + vx,
vt = (uv)x − αvxx,

òîáòî ñèñòåìà (8) ïðè çíà÷åííÿõ êîåôiöi¹íòiâ k1 = α, k2 = k3 = k4 = 1, k5 = −α,
äîñëiäæåíà â [1].

3. Çàêîíè çáåðåæåííÿ. Âèâ÷èìî ïèòàííÿ ïðî íàÿâíiñòü íåñêií÷åííî¨ i¹ðàðõi¨
çàêîíiâ çáåðåæåííÿ äëÿ äèíàìi÷íî¨ ñèñòåìè (8) íà ãëàäêîìó l-ïåðiîäè÷íîìó ìíîãî-
âèäi M . Ç öi¹þ ìåòîþ ðîçãëÿíåìî àñèìïòîòè÷íi ðîçâ'ÿçêè ðiâíÿííÿ Ëàêñà

dφ

dt
+K ′∗φ = 0, (9)

äå φ ∈ T ∗(M), � ′ � � îçíà÷à¹ ïîõiäíó Ôðåøå íåëiíiéíîãî ëîêàëüíîãî ôóíêöiîíàëà,
à çiðî÷êà � ∗ � � ñïðÿæåííÿ ñòîñîâíî ñòàíäàðòíî¨ áiëiíiéíî¨ ôîðìè (3). Îñêiëüêè
îïåðàòîð K ′∗ : T ∗(M) → T ∗(M) ìà¹ òàêèé âèãëÿä:

K ′∗ =

(
k1∂

2 − k2u∂ −k4v∂
−k3∂ −k4u∂ + k5∂

2

)
,

òî ëiíiéíå ðiâíÿííÿ (9) äîïóñêà¹ âåêòîð-ðîçâ'ÿçîê φ ∈ T ∗(M) ó âèãëÿäi

φ(x, t;λ) = (1, b(x, t;λ))T exp

ω1(λ)x+ ω2(λ)t+

x∫
x0

σ(x, t;λ) dx

 , (10)

äå λ ∈ C � êîìïëåêñíèé ïàðàìåòð; x0 ∈ R � äîâiëüíà ôiêñîâàíà òî÷êà i

b(x, t;λ) ∼=
∑
j∈Z+

bj [u, v]λ
−j , σ(x, t;λ) ∼=

∑
j∈Z+

σj [u, v]λ
−j (11)



112
Àðêàäié ÊIÍÄÈÁÀËÞÊ, Ìèêîëà ÏÐÈÒÓËÀ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 74

àñèìïòîòè÷íi ðîçâèíåííÿ ïðè |λ| → ∞. Äëÿ çíàõîäæåííÿ äèñïåðñiéíîãî âiäíîøåííÿ
ω1 = ω1(λ) i ω2 = ω2(λ) ðîçâ'ÿæåìî ðiâíÿííÿ Ëàêñà (9) ç óðàõóâàííÿì (10) â òî÷öi
u = 0, v = 0 ïðè t = t0 ∈ R. Ó ïiäñóìêó îòðèìà¹ìî øóêàíi åëåìåíòè ω1(λ) = λ,
ω2(λ) = −k1λ

2. Îòæå, ðîçâ'ÿçîê (10) ðiâíÿííÿ (9) íàáóäå âèãëÿäó

φ(x, t;λ) = (1, b(x, t;λ))T exp

λx− k1λ
2t+

x∫
x0

σ(x, t;λ) dx

 . (12)

Ïiäñòàâëÿþ÷è (12) â (9) ç óðàõóâàííÿì àñèìïòîòè÷íîãî ðîçâèíåííÿ (11), îòðè-
ìà¹ìî íåñêií÷åííó ñèñòåìó ðåêóðåíòíèõ ðiâíÿíü

∂−1σj,t = −2k1σj+1 − k1
∑

k∈Z+

σkσj−k − k1σj,x + k2uδj,−1 + k2uσj+

+k4

(
vbj,x + vbj+1 + v

∑
k∈Z+

bkσj−k

)
,

∑
k∈Z+

bk∂
−1σj−k,t + bj,t − k1bj+2 = k3 (δj,−1 + σj)+

+k4

(
ubj,x + ubj+1 −+u

∑
k∈Z+

bkσj−k

)
−

−k5

(
bj,xx + 2bj+1,x + 2

∑
k∈Z+

bk,xσj−k + bj+2

)
−

−k5

(
2
∑

k∈Z+

bk+1σj−k +
∑

k,l∈Z+

bj−k−lσj−kσk +
∑

k∈Z+

bj−kσk,x

)
,

(13)

äå ∂−1(·) = 1
2

[
x∫

x0

(·)dx−
x0+l∫
x

(·)dx
]
� îïåðàòîð îáåðíåíîãî äèôåðåíöiþâàííÿ; k, l ∈ Z+.

Ðîçâ'ÿçóþ÷è ïîñëiäîâíî ñèñòåìó ðåêóðåíòíèõ ðiâíÿíü (13), çíàõîäèìî ïåðøi äåâ'ÿòü
ëîêàëüíèõ ôóíêöiîíàëiâ

b0 = 0;
b1 = β11, σ0 = α01u;
b2 = β21, σ1 = α11ux + α12v;
b3 = −β31u

2 − β32v − β33ux, σ2 = α21uv + α22uxx + α23uux + α24vx
b4 = β41u

3 + β42uv + β43uux + β44vx + β45uxx,
σ3 = α31u

2v + α32v
2 + α33u

2ux+
+α34uxv + α35u

2
x + α36uvx + α37uuxx + α38vxx + α39uxxx,

, (14)

äå αij , βij , i, j ∈ Z+ � âèðàçè, ÿêi çàëåæàòü âiä êîåôiöi¹íòiâ ñèñòåìè k1, k2, k3, k4, k5.
Âèïèøåìî ïåðøi ç íèõ

α01 =
k2
2k1

;

β11 =
k3

k5 − k1
; α11 = − k2

2k1
; α12 = −

(
1

2k1

(
k2k3
2k1

− k3k4
k5 − k1

))
;

β12 =

(
k1k3

2k1(k5 − k1)
+

k3k5
(k5 − k1)2

)
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α21 =

(
1

4k1

(
k2k3
2k1

− k3k4
(k5 − k1)

)
− k4

2k1

(
k2k3

2k1(k5 − k1)
− k3k5

(k5 − k1)2

))
.

Íàñòóïíi ÷èñëà αij , βij ãðîìiçäêi âèðàçè, ÿêi çàëåæàòü âiä êîåôiöi¹íòiâ ñèñòåìè
k1, k2, k3, k4, k5. Çà çíàéäåíèìè ôóíêöiîíàëàìè σj [u, v] (14) ïîñëiäîâíî çíàõîäèìî
çàêîíè çáåðåæåííÿ äëÿ ñèñòåìè (8) ïðè j = 0, 1, 2, 3.

Ïðè j = 0 ìà¹ìî òàêèé çàêîí çáåðåæåííÿ: γ̃0[u, v] =
k2
2k1

x0+l∫
x0

udx. Ç'ÿñó¹ìî, ÷è

äëÿ äîâiëüíîãî ÷èñëà β0 ôóíêöiîíàë β0

x0+l∫
x0

udx ¹ çàêîíîì çáåðåæåííÿ äëÿ ñèñòåìè

(8), òîáòî ïåðåâiðèìî ÷è âèêîíó¹òüñÿ ðiâíiñòü (2) äëÿ γ0

dγ0
dt

∣∣∣∣
K[u,v]

= β0

x0+l∫
x0

utdx = β0

x0+l∫
x0

(k1uxx + k2uux + k3vx) dx =

= β0

(
k1ux + k2

u2

2
+ k3v

)∣∣∣∣x0+l

x0

≡ 0.

Îñêiëüêè çíà÷åííÿ ïàðàìåòðà β0 äîâiëüíå, òî äëÿ çðó÷íîñòi âèáåðåìî β0 = 1, îòæå,

ïåðøèé çàêîí çáåðåæåííÿ íàáóâ âèãëÿäó γ0 =
x0+l∫
x0

udx.

Ïðè j = 1 îòðèìà¹ìî γ̃1[u, v] = − 1

2k1

(
k2k3
2k1

− k3k4
k5 − k1

)
x0+l∫
x0

vdx. Ç'ÿñó¹ìî, ÷è

äëÿ äîâiëüíîãî ÷èñëà β1 ôóíêöiîíàë β1

x0+l∫
x0

vdx ¹ çàêîíîì çáåðåæåííÿ äëÿ äèíàìi÷-

íî¨ ñèñòåìè (8)

dγ1
dt

∣∣∣∣
K[u,v]

= β1

x0+l∫
x0

vtdx = β1

x0+l∫
x0

(k4(uv)x + k5vxx) dx =

= β1 (k4(uv) + k5vx)|x0+l
x0

≡ 0.

Îñêiëüêè çíà÷åííÿ ïàðàìåòðà β1 äîâiëüíå, òî äëÿ çðó÷íîñòi âèáåðåìî β1 = 1, îòæå,

äðóãèé çàêîí çáåðåæåííÿ íàáóâ âèãëÿäó γ1 =
x0+l∫
x0

vdx.

Ïðè j = 2 îäåðæèìî

γ2[u, v] =

=

(
1

4k1

(
k2k3
2k1

− k3k4
(k5 − k1)

)
− k4

2k1

(
k2k3

2k1(k5 − k1)
− k3k5

(k5 − k1)2

)) x0+l∫
x0

uvdx.
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Ç'ÿñó¹ìî ÷è äëÿ äîâiëüíîãî ÷èñëà β2 ôóíêöiîíàë β2

x0+l∫
x0

uvdx ¹ çàêîíîì çáåðåæåííÿ

äëÿ ñèñòåìè (8). Ñïðàâäi,

dγ2
dt

∣∣∣∣
K[u,v]

= β2

x0+l∫
x0

(uv)tdx = β2

x0+l∫
x0

(utv + uvt) dx =

= β2

x0+l∫
x0

(k1uxxv + k2uuxv + k3vxv + k4u(uv)x + k5uvxx) dx =

= β2

x0+l∫
x0

((k1 + k5)uxxv + (k2 − k4)uvux) dx ≡ 0.

Òîòîæíiñòü β2

∫ x0+l

x0

((k1 + k5)uxxv + (k2 − k4)uvux) dx ≡ 0 âèêîíó¹òüñÿ òîäi i òiëüêè

òîäi, êîëè

k4 = k2, k5 = −k1, (15)

ïîçàÿê êîåôiöi¹íò k3 � äîâiëüíå íåíóëüîâå ÷èñëî. Ïðè çíà÷åííÿõ êîåôiöi¹íòiâ k4 ̸=k2,
k5 ̸= −k1 ñèñòåìà (8) íå ìà¹ íåñêií÷åííî¨ i¹ðàðõi¨ çàêîíiâ çáåðåæåííÿ, à îòæå, âîíà
íå áóäå iíòåãðîâíîþ ìåòîäîì îáåðíåíî¨ çàäà÷i ðîçñiÿííÿ. Îñêiëüêè çíà÷åííÿ ïàðà-
ìåòðà β2 äîâiëüíå, òî äëÿ çðó÷íîñòi âèáåðåìî β2 = 1, òîáòî òðåòié çàêîí çáåðåæåííÿ

íàáóâ âèãëÿäó γ2 =
∫ x0+l

x0
uvdx.

Äëÿ îòðèìàííÿ íàñòóïíîãî çàêîíó çáåðåæåííÿ òðåáà âèçíà÷èòè çíà÷åííÿ íåâi-
äîìèõ ïàðàìåòðiâ α1, α2, α3 ó ôóíêöiîíàëi

γ3 =

x0+l∫
x0

(
α1u

2v + α2v
2 + 2α3uxv

)
dx

iç òîòîæíîñòi (2)

dγ3
dt

∣∣∣∣
K[u,v]

=

x0+l∫
x0

(
α1u

2v + α2v
2 + 2α3uxv

)
t
dx =

=

x0+l∫
x0

(
α1(2uutv + u2vt) + 2α2vvt + 2α3(utxv + uxvt)

)
dx =

=

x0+l∫
x0

(
2α1uv(k1uxx + k2uux + k3vx) + α1u

2(k2 (uv)x − k1vxx)
)
+

+2α2

x0+l∫
x0

v (k2(uv)x − k1vxx) dx+
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+2α3

x0+l∫
x0

(v (k1uxxx + k2(uux)x + k3vxx) + ux(k2 (uv)x − k1vxx)) dx ≡ 0.

Ó ïiäñóìêó îòðèìà¹ìî, ùî α1 = k2, α2 = k3, α3 = k1, òà ïåðåêîíó¹ìîñÿ, ùî
÷åòâåðòèé çàêîí çáåðåæåííÿ äëÿ äèíàìi÷íî¨ ñèñòåìè (8) íàáóäå âèãëÿäó

γ3 =

x0+l∫
x0

(
k2u

2v + k3v
2 + 2k1uxv

)
dx.

Òåîðåìà 1. Äèíàìi÷íà ñèñòåìà (8) ìà¹ íåñêií÷åííó i¹ðàðõiþ çàêîíiâ çáåðåæåííÿ,
ÿêùî êîåôiöi¹íòè ñèñòåìè çàäîâîëüíÿþòü ñïiââiäíîøåííÿ (15). Çàêîíè çáåðåæåí-
íÿ íàáóëè âèãëÿäó

γ0 =

x0+l∫
x0

udx, γ1 =

x0+l∫
x0

vdx, γ2 =

x0+l∫
x0

uvdx,

γ3 =

x0+l∫
x0

(
k2u

2v + k3v
2 + 2k1uxv

)
dx.

4. Iìïëåêòè÷íi îïåðàòîðè. Äëÿ ïîáóäîâè iìïëåêòè÷íèõ îïåðàòîðiâ ñêîðèñ-
òà¹ìîñÿ äèôåðåíöiàëüíî àëãåáðè÷íèì àëãîðèòìîì [1]. Âèáåðåìî Ãàìiëüòîíiàí

Hϑ = Hϑ[u, v] = −γ2[u, v] = −
x0+l∫
x0

uvdx. (16)

Çãiäíî ç çîáðàæåííÿì (6) ïåðåòâîðèìî ôóíêöiîíàë (16)

Hϑ = −
x0+l∫
x0

uvdx = −1

2

x0+l∫
x0

(uv + uv) dx =

= −1

2

x0+l∫
x0

(
v∂−1ux + u∂−1vx

)
dx =

=
1

2

x0+l∫
x0

(
< (∂−1v), ux > + < (∂−1u), vx >

)
dx.

Ïîáóäó¹ìî îïåðàòîðè σ′, σ′∗, θ−1
1

σ′ =
1

2

(
0 ∂−1

∂−1 0

)
, σ′∗ = −1

2

(
0 ∂−1

∂−1 0

)
,

θ−1
1 = σ′ − σ′∗ =

(
0 ∂−1

∂−1 0

)
.
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Îáåðíåíèé îïåðàòîð äî θ−1
1 iñíó¹, à îòæå, îòðèìà¹ìî iìïëåêòè÷íèé îïåðàòîð η = θ1

η =

(
0 ∂
∂ 0

)
. (17)

Ç óìîâè ãàìiëüòîíîâîñòi

(
u
v

)
t

= −η gradHη, çíàéäåìî ôóíêöiîíàë Hη ∈ D(M) iç

ñïiââiäíîøåíü

−
(

0 ∂
∂ 0

)
δHη

δu
δHη

δv

 =

(
k1uxx + k2uux + k3vx

k2(uv)x − k1vxx

)
,


δHη

δu
δHη

δv

 =

(
k2(uv)− k1vx

k1ux + k2

2 u2 + k3v

)
:

Hη = Hη[u, v] = −1

2
γ3[u, v] = −1

2

x0+l∫
x0

(
k2u

2v + k3v
2 + 2k1uxv

)
dx. (18)

Çíàéäåìî iìïëåêòè÷íèé îïåðàòîð ϑ, çàñòîñóâàâøè äèôåðåíöiàëüíî-àëãåáðè÷-
íèé àëãîðèòì äî ôóíêöiîíàëà (18). Ïåðåòâîðèìî éîãî çãiäíî ç (6)

Hη = −1

2

x0+l∫
x0

(
k2u

2v + k3v
2 + 2k1uxv

)
dx =

=
1

2

x0+l∫
x0

(
<
(
k2∂

−1(uv)− 2k1v
)
, ux > + < k3∂

−1v, vx >
)
dx.

Ç îòðèìàíîãî çîáðàæåííÿ ïîáóäó¹ìî îïåðàòîðè σ′, σ′∗, θ−1
2

σ′ =

 k2
2
∂−1v −k1 +

k2
2
∂−1u

0
k3
2
∂−1

 , σ′∗ =

 −k2
2
v∂−1 0

−k1 −
k2
2
u∂−1 −k3

2
∂−1

 ,

θ−1
2 = σ′ − σ′∗ =

 k2
2

(
∂−1v + v∂−1

)
−k1 +

k2
2
∂−1u

k1 +
k2
2
u∂−1 k3∂

−1

 .

Iç ñïiââiäíîøåííÿ ϑ = ηθ−1
2 η [3] îòðèìà¹ìî øóêàíèé iìïëåêòè÷íèé îïåðàòîð

ϑ = ηθ−1
2 η =

(
0 ∂
∂ 0

)(
k2

2

(
∂−1v + v∂−1

)
−k1 +

k2

2 ∂−1u

k1 +
k2

2 u∂−1 k3∂
−1

)(
0 ∂
∂ 0

)
=

=

 k3∂ k1∂
2 +

k2
2
∂u

k2
2
u∂ − k1∂

2 k2
2

(v∂ + ∂v)

 . (19)
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Òåîðåìà 2. Äèíàìi÷íà ñèñòåìà (8) áiãàìiëüòîíîâà, òîáòî ¨¨ ìîæíà ïîäàòè ó
âèãëÿäi (5), äå Hϑ,Hη ∈ D(M) � ôóíêöiîíàëè Ãàìiëüòîíà (16), (18), à η, θ � ïàðà
iìïëåêòè÷íèõ îïåðàòîðiâ (17), (19), ÿêùî êîåôiöi¹íòè ñèñòåìè çàäîâîëüíÿþòü
óìîâó òåîðåìè 1.

Çàóâàæèìî, ùî îòðèìàíèé îïåðàòîð (19) ïðè çíà÷åííÿõ êîåôiöi¹íòiâ k1 = k2 =
= k3 = k4 = 1, k5 = −1 ñèñòåìè çáiãà¹òüñÿ ç iìïëåêòè÷íèì îïåðàòîðîì, ÿêèé çíà-
éøëè â [3].

5. Òî÷íi ðîçâ'ÿçêè. Ïiä ÷àñ ðîçâ'ÿçóâàííÿ äèôåðåíöiàëüíèõ ðiâíÿíü ó ÷àñòèí-
íèõ ïîõiäíèõ (ÄÐ×Ï) âèíèêà¹ ïîòðåáà çíàòè òî÷íi ðîçâ'ÿçêè ðiâíÿííÿ. Öå ïîòðiáíî
äëÿ òîãî, ùîá ìàòè çìîãó òåñòóâàòè îá÷èñëþâàëüíi ñõåìè. Ó [5] çàïðîïîíîâàíî ìî-
äèôiêîâàíèé ìåòîä ãiïåðáîëi÷íèõ òàíãåíñ ôóíêöié. Ìåòîä ñóòò¹âî íå âiäðiçíÿ¹òüñÿ
âiä ìåòîäó îïèñàíîãî ó [4], ïðîòå ðîçâ'ÿçîê øóêà¹ìî ó âèãëÿäi ñóìè ïîëiíîìiâ âiä
ãiïåðáîëi÷íîãî òàíãåíñà òà êîòàíãåíñà. Íàâåäåìî êðîêè ìåòîäó.

• Êðîê 1. Çâîäèìî ÄÐ×Ï äî çâè÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ (ÇÄÐ)
çàìiíîþ u(x, t) = u(c1x+ c2t+ c3).

• Êðîê 2. Çíàõîäèìî ñòåïåíi ïîëiíîìiàëüíîãî ðîçâ'ÿçêó

u(T ) =
M∑
j=0

ajT
j .

• Êðîê 3. Îäåðæó¹ìî àëãåáðè÷íó ñèñòåìó ðiâíÿíü äëÿ âèçíà÷åííÿ íåâiäîìèõ
êîåôiöi¹íòiâ ó ïîëiíîìi

u(T ) = a0 +

M∑
j=1

ajT
j +

M∑
j=1

bjT
−j .

• Êðîê 4. Ðîçâ'ÿçó¹ìî çàäàíó ñèñòåìó çà óìîâè, ùî êîåôiöi¹íòè áiëÿ íàéâè-
ùèõ ñòåïåíiâ êîæíîãî ç ðîçâ'ÿçêiâ i ïàðàìåòðè cj âiäìiííi âiä íóëÿ.

• Êðîê 5. Âèêîíàâøè ïðîöåäóðó îáåðíåíó äî çàïðîïîíîâàíî¨ íà êðîöi 1, îòðè-
ìà¹ìî ðîçâ'ÿçîê âèõiäíî¨ ñèñòåìè ó ÿâíîìó âèãëÿäi.

Ïîñëiäîâíî âèêîíà¹ìî êîæåí iç êðîêiâ îïèñàíîãî ìåòîäó.
Êðîê 1. Çâåäåííÿ ÄÐ×Ï äî ÇÄÐ.
Øóêà¹ìî ðîçâ'ÿçîê ó âèãëÿäi âiäîêðåìëåíî¨ õâèëi, ââîäÿ÷è çàìiíó

u(x, t) = u(c1x+ c2t+ c3), v(x, t) = v(c1x+ c2t+ c3).

Ïiäñòàâèâøè çàìiíó ó ñèñòåìó ðiâíÿíü (8), îòðèìà¹ìî ñèñòåìó çâè÷àéíèõ äèôåðåí-
öiàëüíèõ ðiâíÿíü {

c2u
′ = k1c

2
1u

′′ + k2c1uu
′ + k3c1v

′,
c2v

′ = k4c1(uv)
′ + k5c

2
1v

′′.
(20)

Äëÿ çðó÷íîñòi çàñòîñóâàííÿ ìåòîäó ãiïåðáîëi÷íèõ òàíãåíñ ôóíêöié ïðîiíòåãðó¹ìî
ñèñòåìó (20) {

c2u = k1c
2
1u

′ + k2

2 c1u
2 + k3c1v + C1,

c2v = k4c1(uv) + k5c
2
1v

′ + C2,
(21)

äå C1, C2 äîâiëüíi ñòàëi.
Êðîê 2. Âèçíà÷åííÿ ñòåïåíÿ â ïîëiíîìiàëüíîãî ðîçâ'ÿçêó.
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Ðîçâ'ÿçîê ñèñòåìè (8) øóêàòèìåìî ÿê ñóìó ïîëiíîìiâ âiä ãiïåðáîëi÷íîãî òàí-
ãåíñà òà êîòàíãåíñà

u(x, t) = a10 +

M1∑
j=1

a1j tanh(c1x+ c2t+ c3) +

M1∑
j=1

b1j coth(c1x+ c2t+ c3),

v(x, t) = a20 +

M2∑
j=1

a2j tanh(c1x+ c2t+ c3) +

M2∑
j=1

b2j coth(c1x+ c2t+ c3).

Äëÿ âèçíà÷åííÿ ñòåïåíiâ ïîëiíîìiàëüíèõ ðîçâ'ÿçêiâ ïiäñòàâèìî

u(T ) = TM1 , v(T ) = TM2

ó ñèñòåìó (20) òà ïðèðiâíÿ¹ìî ïîêàçíèêè ìàêñèìàëüíèõ ñòåïåíiâ. Ïiñëÿ îá÷èñëåíü
ç'ÿñîâó¹ìî, ùî M1 = 1,M2 = 2. Îòæå, ðîçâ'ÿçîê øóêàòèìåìî ó âèãëÿäi [5]

u(T ) = a10 + a11T + a12T
−1,

v(T ) = a20 + a21T + a22T
2 + a23T

−1 + a24T
−2.

(22)

Çàóâàæèìî, ùî T ′ = 1− T 2, (T−1)′ = 1− (T−1)2.
Êðîê 3. Îòðèìàííÿ àëãåáðè÷íî¨ ñèñòåìè ðiâíÿíü äëÿ âèçíà÷åííÿ çíà÷åíü íå-

âiäîìèõ êîåôiöi¹íòiâ.
Ïiäñòàâèìî (22) ó (20) òà îòðèìà¹ìî ñèñòåìó

c2
(
a10 + a11T + a12T

−1
)
= k1c

2
1

(
a11(1− T 2) + a12(1− (T−1)2)

)
+

+
k2c1
2

(
a10 + a11T + a12T

−1
)2

+

+k3c1
(
a20 + a21T + a22T

2 + a23T
−1 + a24T

−2
)
,

c2
(
a20 + a21T + a22T

2 + a23T
−1 + a24T

−2
)
=

= k4c1
(
a10 + a11T + a12T

−1
)
·
(
a20 + a21T + a22T

2 + a23T
−1 + a24T

−2
)
+

+k5c
2
1

(
(a21 + 2a22T )(1− T 2) + (a23 + 2a24T

−1)(1− T−2)
)
.

Â îòðèìàíié ñèñòåìi ïðèðiâíÿ¹ìî êîåôiöi¹íòè äî íóëÿ, âíàñëiäîê öüîãî îòðèìó¹ìî
ñèñòåìó äëÿ âèçíà÷åííÿ íåâiäîìèõ êîåôiöi¹íòiâ



T 0 : −c2a10 +
k2c1
2

(
a210 + 2a11a12

)
+ k3c1a20 + k1c

2
1(a11 + a12) = 0,

T 1 : −c2a11 + k2c1a10a11 + k3c1a21 = 0,

T 2 : k1c
2
1a11 +

k2c
2
1

2 a211 + k3c1a22 = 0,
T−1 : −c2a12 + k2c1a10a12 + k3c1a23 = 0,

T−2 : k1c
2
1a12 +

k2c
2
1

2 a212 + k3c1a24 = 0,
T 0 : −c2a20 + k4c1 (a10a20 + a12a21 + a11a23) + k5c

2
1(a21 + a23) = 0,

T 1 : −c2a21 + k4c1 (2a11a20 + a12a22) + 2k5c
2
1a22 = 0,

T 2 : −c2a22 + k3c1a11a21 − k5c
2
1a21 = 0,

T 3 : k4c1a11a22 − 2k5c
2
1a22 = 0,

T−1 : −c2a23 + k4c1 (2a12a20 + a11a24) + 2k5c
2
1a24 = 0,

T−2 : −c2a24 + k3c1a12a23 − k5c
2
1a23 = 0,

T−3 : k4c1a12a24 − 2k5c
2
1a24 = 0.

(23)
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Êðîê 4. Ðîçâ'ÿçó¹ìî çàäàíó ñèñòåìó (23) çà óìîâè, ùî êîåôiöi¹íòè ïðè íàéâè-
ùèõ ñòåïåíÿõ êîæíîãî ç ðîçâ'ÿçêiâ i ïàðàìåòðè ci âiäìiííi âiä íóëÿ.

Äëÿ öüîãî âèêîðèñòà¹ìî ïàêåò Mathematica 7.0. Äëÿ òîãî, ùîá iñíóâàâ ðîçâ'ÿ-
çîê, ìè ïîâèííi â ñèñòåìi âiäêèíóòè ðiâíÿííÿ, ùî ¹ áiëÿ T 0, àäæå ïiä ÷àñ iíòåãðóâàí-
íÿ ìè îòðèìàëè ñòàëi C1, C2, ÿêèìè ìîæíà çíåõòóâàòè, ïðèéíÿâøè äîâiëüíi ÷èñëîâi
çíà÷åííÿ. Îòðèìà¹ìî ðîçâ'ÿçîê

a10 = c2

(
k1k4 + k2k5 + 3k4k5

3c1k2k4k5

)
,

a11 =
2c1k5
k4

,

a12 =
2c1k5
k4

,

a20 =
− c22k1k4 − c22k2k5 + 12c41k1k4k

2
5 + 12c41k2k

2
5

6c21k3k
2
4k5

,

a21 = 2c2

(
k1k4 + k2k5

3k3k24

)
,

a22 = −2c2k5

(
k1k4 + k2k5

k3k24

)
,

a23 = 2c2

(
k1k4 + k2k5

3k3k24

)
,

a24 = −2c2k5

(
k1k4 + k2k5

k3k24

)
.

(24)

Áà÷èìî, ùî êîåôiöi¹íòè â ïîëiíîìi âiä ãiïåðáîëi÷íîãî êîòàíãåíñà çáiãàþòüñÿ ç êîå-
ôiöi¹íòàìè â ïîëiíîìi âiä ãiïåðáîëi÷íîãî òàíãåíñà.

Êðîê 5. Âèêîíàâøè ïðîöåäóðó îáåðíåíó äî çàïðîïîíîâàíî¨ íà êðîöi 1, îòðè-
ìà¹ìî ðîçâ'ÿçîê âèõiäíî¨ ñèñòåìè ó ÿâíîìó âèãëÿäi.

Âðàõîâóþ÷è (22), (24) òà âèáðàâøè c1 = c2 = 1 òà c3 = 0, çàïèøåìî ðîçâ'ÿçîê
ñèñòåìè (8)

u(x, t) =
k1k4 + k2k5 + 3k4k5

3k2k4k5
+

2k5
k4

(tanh(x+ t) + coth(x+ t)) ,

v(x, t) =
− k1k4 − k2k5 + 12k1k4k

2
5 + 12k2k

2
5

6k3k24k5
+

+2

(
k1k4 + k2k5

3k3k24

)
(tanh(x+ t) + coth(x+ t))−

−2k5

(
k1k4 + k2k5

3k3k24

)(
tanh2(x+ t) + coth2(x+ t)

)
.

(25)

Òåîðåìà 3. Ó ðîçâ'ÿçêó (25), ùî ìiñòèòü ïîëiíîì âiä ãiïåðáîëi÷íîãî òàíãåíñà
òà ãiïåðáîëi÷íîãî êîòàíãåíñà, êîåôiöi¹íòè áiëÿ îäíàêîâèõ ñòåïåíiâ ãiïåðáîëi÷íîãî
òàíãåíñà òà êîòàíãåíñà ðiâíi.

6. Âèñíîâêè. Ç'ÿñîâàíà íàÿâíiñòü íåñêií÷åííî¨ i¹ðàðõi¨ çàêîíiâ çáåðåæåííÿ
òà çíàéäåíà ïàðà iìïëåêòè÷íèõ îïåðàòîðiâ äëÿ íåëiíiéíî¨ äèíàìi÷íî¨ ñèñòåìè òèïó
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Áþðãåðñà, à òàêîæ âèçíà÷åíî çíà÷åííÿ ïàðàìåòðiâ ñèñòåìè, ïðè ÿêèõ òàêå òâåðä-
æåííÿ ïðàâèëüíå.

Âèêîðèñòàâøè ìîäèôiêîâàíèé ìåòîä ãiïåðáîëi÷íèõ òàíãåíñ ôóíêöié, îòðèìà-
íî ñîëiòîííèé ðîçâ'ÿçîê ó âèãëÿäi ñóìè ïîëiíîìiâ, ÿêi çàëåæàòü âiä ãiïåðáîëi÷íîãî
òàíãåíñà òà êîòàíãåíñà.
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Examined coe�cients of Burger's type dynamical system, and found values
of that coe�cients when system possess an in�nite hierarchy of invariant laws
and has a pair of implectic operators. Using modi�ed tanh-method have been
got exact soliton solutions of considered system.
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Ëüâîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Èâàíà Ôðàíêî,

óë. Óíèâåðñèòåòñêàÿ, 1, Ëüâîâ, 79000

e-mail: a.kindybaluk@mail.ru

Èçó÷åíî, ïðè êàêèõ çíà÷åíèÿõ êîýôôèöèåíòîâ îáîáùåííàÿ íåëèíåéíàÿ
äèíàìè÷åñêàÿ ñèñòåìà òèïà Áþðãåðñà îáëàäàåò áåñêîíå÷íîé èåðàðõèåé çà-
êîíîâ ñîõðàíåíèÿ è ïàðîé èìïëåêòè÷åñêèõ îïåðàòîðîâ. Èñïîëüçóÿ ìîäè-
ôèöèðîâàííûé ìåòîä ãèïåðáîëè÷åñêèõ òàíãåíñ ôóíêöèé, ïîëó÷åíî òî÷íûå
ñîëèòîííûå ðåøåíèÿ ðàññìàòðèâàåìîé ñèñòåìû.

Êëþ÷åâûå ñëîâà: íåëèíåéíàÿ äèíàìè÷åñêàÿ ñèñòåìà, çàêîíû ñîõðàíå-
íèÿ, èìïëåêòè÷åñêèå îïåðàòîðû, ìåòîä ãèïåðáîëè÷åñêèõ òàíãåíñ ôóíêöèé.
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ÄÅßÊI ÀÑÏÅÊÒÈ ÀÍÀËIÇÓ ÊIËÜÊIÑÍÎ� ÊÎÍÊÓÐÅÍÖI�
Ç ÂÈÏÀÄÊÎÂÎÞ ÑÒÐÀÒÅÃI�Þ ÎÄÍI�� ÔIÐÌÈ

Êàòåðèíà ÊÎÑÀÐÅÂÈ×

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ, 79000

e-mail: katia_kosarevych@mail.ru

Ðîçãëÿíóòî ãðó êîíêóðóþ÷èõ ôiðì, â ÿêié ãðàâöi ðåãóëþþòü ïðîïî-
çèöiþ îäíîðiäíîãî ïðîäóêòó íà îëiãîïîëiñòè÷íîìó ðèíêó. Äîñëiäæåíî ïè-
òàííÿ ïðî iñíóâàííÿ òà âèä ðiâíîâàãè Êóðíî-Íåøà çà óìîâè âèïàäêîâî-
ãî âèïóñêó îäíi¹¨ ôiðìè áåç çàçíà÷åííÿ âèäó éîãî ðîçïîäiëó. Ðîçãëÿíóòî
ñïiââiäíîøåííÿ òàêî¨ ðiâíîâàãè ç ðiâíîâàãîþ Êóðíî-Íåøà äëÿ ãðè ç äåòåð-
ìiíîâàíèìè ñòðàòåãiÿìè. Ïðîàíàëiçîâàíî âïëèâ âèêîðèñòàííÿ âèïàäêîâî¨
ñòðàòåãi¨ îäíèì ãðàâöåì íà ñïîäiâàíi ïðèáóòêè ôiðì, ñïîäiâàíi ðiâíîâàæíi
ðèíêîâi âèïóñê i öiíó.

Êëþ÷îâi ñëîâà: ñïîäiâàíèé ïðèáóòîê, ðiâíîâàãà Êóðíî-Íåøà, âèïàäêî-
âà ñòðàòåãiÿ.

1. Âñòóï. Íà ñó÷àñíîìó åòàïi ðîçâèòêó åêîíîìiêè çíà÷íà ÷àñòêà ðåàëüíèõ ðèí-
êiâ íàëåæèòü äî îëiãîïîëié, òîìó äîñëiäæåííÿ îëiãîïîëiñòè÷íî¨ êîíêóðåíöi¨ ôiðì
ìà¹ âàæëèâå çíà÷åííÿ. Ðiçíîâèäîì âiäîìèõ ñüîãîäíi òåîðåòèêî-iãðîâèõ ìîäåëåé ¹
ìîäåëü Êóðíî [1], â ÿêié âèðîáíèêè âèáèðàþòü îáñÿãè ïðîäóêòó, ôóíêöi¨ âèãðàøó
ãðàâöiâ âèçíà÷àþòü ¨õíi ïðèáóòêè çàëåæíî âiä ñòðàòåãié. Â ëiòåðàòóði îòðèìàíî
ðåçóëüòàòè ùîäî iñíóâàííÿ ðiâíîâàãè çà Íåøîì [2] â ìîäåëi îëiãîïîëi¨ Êóðíî [3],
äîñëiäæåíî ¨¨ ¹äèíiñòü i âëàñòèâîñòi [4] ó âèïàäêó, êîëè ãðàâöi çàñòîñîâóþòü ÷èñòi
ñòðàòåãi¨. Ìè çîñåðåäèëè óâàãó íàâêîëî ïîíÿòòÿ ðiâíîâàãè Íåøà (â òåðìiíàõ îïèñà-
íî¨ â ìîäåëi îëiãîïîëi¨ Êóðíî êîíêóðåíòíî¨ âçà¹ìîäi¨ ôiðì) ç óðàõóâàííÿì íåâèçíà-
÷åíîñòi ïîâåäiíêè îäíîãî ç ãðàâöiâ ó ñåíñi âèáîðó íåäåòåðìiíîâàíîãî (âèïàäêîâîãî)
âèïóñêó. Ðîçãëÿäàþòü âiäïîâiäíó ãðó �çìiøàíîãî� òèïó, äîñëiäæóþòü ðiâíîâàãó çà
Íåøîì äëÿ òàêî¨ ãðè òà ¨¨ ñïiââiäíîøåííÿ ç âiäïîâiäíîþ ðiâíîâàãîþ â ãði ç äåòåðìi-
íîâàíèìè ñòðàòåãiÿìè.

2. Ìîäåëü êiëüêiñíî¨ êîíêóðåíöi¨ ç äåòåðìiíîâàíèìè âèïóñêàìè. Ðîç-
ãëÿíåìî êîíêóðåíöiþ ôiðì, ÿêi ðåãóëþþòü ïðîïîçèöiþ äåÿêîãî îäíîðiäíîãî ïðîäóê-
òó íà îëiãîïîëiñòè÷íîìó ðèíêó, ÿê ãðó â ñòðàòåãi÷íié ôîðìi

G = (I, {Qi}i∈I , {πi}i∈I), (1)

c⃝ Êîñàðåâè÷ Ê., 2011
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äå I � ìíîæèíà ôiðì íà ðèíêó; Qi � ìíîæèíà ñòðàòåãié ôiðìè i; πi(·) � äiéñíîçíà÷íà,
âèçíà÷åíà íà

∏
i∈I

Qi ôóíêöiÿ âèãðàøó ãðàâöÿ i. Â òåðìiíàõ âçà¹ìîäi¨ ôiðì âèãðàøåì

ãðàâöÿ i â ãði (1) ¹ ïðèáóòîê i-¨ ôiðìè

πi(·) = Pqi − ciqi.

Òóò qi > 0 � îáñÿã âèïóñêó i-¨ ôiðìè; ci � âèòðàòè ôiðìè i íà âèðîáíèöòâî îäèíèöi
ïðîäóêöi¨; P = a− bQ � ôóíêöiÿ îáåðíåíîãî ïîïèòó íà òîâàð ç a, b > 0 òà çàãàëüíîþ
ïðîïîçèöi¹þ ïðîäóêòó íà ðèíîê Q =

∑
i∈I

qi.

Ïðèïóñòèìî, ùî íàì âiäîìà ôóíêöiÿ ïîïèòó, âîíà äâi÷i íåïåðåðâíî-äèôåðåíöi-
éîâíà. Òîäi é êîæíà ç ôóíêöié πi(·) òåæ äâi÷i íåïåðåðâíî-äèôåðåíöiéîâíà. Ó öüîìó
ðàçi öiíà P , ÿêà âñòàíîâëþ¹òüñÿ íà ðèíêó, � ñïàäíà, ñòðîãî ââiãíóòà ôóíêöiÿ. Êðiì
òîãî, çãiäíî ç òåõíîëîãi¹þ ôiðìè i ìàêñèìàëüíèé îá'¹ì ¨¨ âèðîáíèöòâà ââàæàòèìåìî
îáìåæåíèì äåÿêèì äîäàòíèì âèïóñêîì. Íå îáìåæóþ÷è çàãàëüíîñòi, ïðèïóñòèìî, ùî
iñíó¹ Q̃ > 0 òàêå, ùî P (Q) = 0 äëÿ âñiõ Q > Q̃, òîìó ìíîæèíè ñòðàòåãié ãðàâöiâ

Qi = [0, Q̃(i)], i ∈ I, ââàæàòèìåìî íåïîðîæíiìè, îïóêëèìè òà êîìïàêòíèìè â Rn.
Ïðîôiëü ñòðàòåãié qC = (q1

C , ..., qI
C) íàçèâàòèìåìî ðiâíîâàãîþ çà Íåøîì ó

ðàìêàõ ìîäåëi Êóðíî, àáî ðiâíîâàãîþ Êóðíî-Íåøà â ãði G, ÿêùî äëÿ âñiõ i ∈ I

πi
C = πi(qi

C , q−i
C) > πi(qi, q−i

C) ∀ qi ∈ Qi,

q−i
C = (qi

C , ..., qi−1
C , qi+1

C , ..., qI
C).

Iíøèìè ñëîâàìè, qi � îäíà ç íàéëiïøèõ âiäïîâiäåé íà ñòðàòåãi¨ q−i
C .

Ëåãêî áà÷èòè, ùî ôóíêöiÿ âèãðàøó πi(qi, q−i) = Pqi − ciqi - íåïåðåðâíà i êâà-
çiââiãíóòà çà çìiííîþ qi íà Qi. Çàñòîñóâàâøè òåîðåìó Íåøà [2], îòðèìó¹ìî òàêå
òâåðäæåííÿ.

Òâåðäæåííÿ 1. Çà ââåäåíèõ âèùå ïðèïóùåíü äëÿ ãðè

G = (I, Qi = [0, Q̃(i)], πi(qi, q−i), i ∈ I)

iñíó¹ ðiâíîâàãà Êóðíî-Íåøà.

Çàóâàæåííÿ 1. Â óìîâàõ òâåðäæåííÿ 1 ìíîæèíà íàáîðiâ ñòðàòåãié, ùî ¹ ðiâíîâàãîþ
Êóðíî-Íåøà äëÿ ãðè G, çàäîâîëüíÿ¹ ñèñòåìó ðiâíÿíü

πi(qi
C , q−i

C) = max
qi∈Qi

πi(qi, q−i
C), i ∈ I. (2)

Îñêiëüêè ôóíêöi¨ âèãðàøó πi(qi, q−i) äèôåðåíöiéîâíi i øóêàíèé ðiâíîâàæíèé ïðî-
ôiëü ñòðàòåãié ¹ âíóòðiøíüîþ òî÷êîþ ìíîæèíè

∏
i∈I

Qi, óìîâè (2) åêâiâàëåíòíi ðiâ-

íÿííÿì
∂πi(qi, q−i

C)

∂qi
= 0, i ∈ I.

Òâåðäæåííÿ 2. Äëÿ ãðè G ç I = {1, 2}, Q1 = [0, a−c1
b ], Q2 = [0, a−c2

b ] çà óìîâ

a+ c2 > 2c1, (3)

a+ c1 > 2c2, (4)
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ðiâíîâàãà Êóðíî-Íåøà ¹ íàáið âèïóñêiâ

q1
C =

a− 2c1 + c2
3b

, (5)

q2
C =

a− 2c2 + c1
3b

. (6)

Çàóâàæåííÿ 2. Ðiâíîâàæíi çíà÷åííÿ (q1
C , q2

C) â ãði (1) ôîðìóþòü ðiâíîâàæíèé
ðèíêîâèé âèïóñê QC = q1

C + q2
C = 2a−c1−c2

3b .

Ðiâíîâàãó Êóðíî-Íåøà äëÿ êîðîòêîñòðîêîâîãî ïåðiîäó çíàéäåíî çà óìîâè, ùî
ôiðìè âèêîðèñòîâóþòü äåòåðìiíîâàíi ñòðàòåãi¨. Ïðîòå íåñòàáiëüíiñòü åêîíîìiêè, ùî
¹ íàñëiäêîì âïëèâó ðiçíîìàíiòíèõ ÷èííèêiâ çîâíiøíüîãî ñåðåäîâèùà, ïðèâíîñèòü
â ïëàíóâàííÿ åêîíîìi÷íèõ ïðîöåñiâ åëåìåíò íåâiäîìîñòi. Íàÿâíiñòü íåâèçíà÷åíîñòi
ñòðèìó¹ çàñòîñóâàííÿ âiäîìèõ ìàòåìàòè÷íèõ ìåòîäiâ äî äîñëiäæåííÿ åêîíîìi÷íèõ
ñèñòåì i ñòèìóëþ¹ ïîáóäîâó íîâèõ ìîäèôiêîâàíèõ ìîäåëåé. Çîêðåìà, âèðîáíèê ïðî-
äóêöi¨, ùî òiëüêè ç'ÿâëÿ¹òüñÿ íà ðèíêó, õàðàêòåðèçó¹òüñÿ íåâïåâíåíiñòþ ùîäî ïîïè-
òó íà éîãî òîâàð, à îòæå, i ùîäî îïòèìàëüíîãî îáñÿãó âèïóñêó. Çâiäñè íåâèçíà÷åíiñòü
ùîäî ñòðàòåãié ïîâåäiíêè âëàñíå âèðîáíèêà òà ôiðì, ÿêi âçà¹ìîäiþòü ç íèì íà ðèí-
êó. Ç îãëÿäó íà öå ïîòðåáó¹ äîñëiäæåíü ïèòàííÿ ïðî iñíóâàííÿ òà ôîðìó ðèíêîâî¨
ðiâíîâàãè çà âèïàäêîâèõ âèïóñêiâ âèðîáíèêiâ.

3. Ìîäåëü ãðè ç âèïàäêîâîþ ñòðàòåãi¹þ îäíîãî ãðàâöÿ. Ïåðåíåñåìî ðîç-
ãëÿíóòó âèùå ãðó (1) ç ïðîñòîðó äåòåðìiíîâàíèõ ñòðàòåãié íà ïðîñòið âèïàäêîâèõ
ñòðàòåãié. Ðîçãëÿíåìî âèïàäîê iñíóâàííÿ íà ðèíêó îäíîðiäíî¨ ïðîäóêöi¨ äâîõ ôiðì-
âèðîáíèêiâ, ÿêi ôóíêöiîíóþòü ó ñåíñi îïèñàíî¨ âèùå âçà¹ìîäi¨. Ââàæàòèìåìî, ùî
çíà÷åííÿ âèïóñêó q2 ôiðìè 2 ¹ äåòåðìiíîâàíèì, à ôiðìà 1 âèêîðèñòîâó¹ âèïàäêîâó
ñòðàòåãiþ. Ùîäî õàðàêòåðó âèïàäêîâîñòi âèïóñêó ïðèðîäíèì ¹ ïðèïóùåííÿ ïðî éî-
ãî ðiâíîìiðíèé ðîçïîäië íà äåÿêîìó âiäðiçêó, ÿê íèæíþ ìåæó ÿêîãî çàâæäè ìîæíà
âèáðàòè êîíñòàíòó, çîêðåìà, íóëü [5]. Ïðîòå íåäîñëiäæåíîþ çàëèøà¹òüñÿ âçà¹ìîäiÿ
âèðîáíèêiâ òà àíàëiç ñèòóàöi¨ ðèíêîâî¨ ðiâíîâàãè áåç ïðèïóùåííÿ ïðî âèä ðîçïîäiëó
âèïàäêîâîãî âèïóñêó.

Íåõàé âèïóñê ôiðìè 1 � âèïàäêîâà âåëè÷èíà q1 iç çíà÷åííÿìè íà [a0, b0] ç äå-
ÿêèì íåïåðåðâíèì ðîçïîäiëîì F (x) òàêèì, ùî äëÿ íüîãî iñíóþòü ïåðøèé i äðóãèé
ìîìåíòè. Â ìîäèôiêîâàíié ãði

G′ = (I = {1, 2}, {Q1 = [a0, b0], Q2}, {Eπi}i∈I ; F (x))

ôóíêöi¹þ âèãðàøó ãðàâöiâ ââàæàòèìåìî ñïîäiâàíèé ïðèáóòîê ôiðì

Eπi = E(Pqi − ciqi), i ∈ I. (7)

Ôiðìà 1, îáèðàþ÷è ñïîäiâàíèé îáñÿã âèïóñêó q̄1, íàìàãà¹òüñÿ ìàêñèìiçóâàòè
ñâié ñïîäiâàíèé (íåâiä'¹ìíèé) ïðèáóòîê çãiäíî ç (7)

Eπ1(q̄1, q2) = E((a− b(q1 + q2))q1 − c1q1) = (a− c1)E(q1)− bE(q1
2)− bq2E(q1) =

= (a− c1)q̄1 − bK(q̄1)− bq2q̄1,

äå q̄1 = Eq1, K(q̄1) = Eq1
2 =

∫
x2f(x)dx.

Ç öi¹þ æ ìåòîþ ôiðìà 2 îáèðà¹ çíà÷åííÿ âèïóñêó q2

Eπ2(q̄1, q2) = E((a− b(q1 + q2))q2 − c2q2) = (a− c2)q2 − bq2
2 − bq2q̄1.
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Ðiâíîâàãîþ Êóðíî-Íåøà â ãði G′ â òåðìiíàõ âçà¹ìîäi¨ ôiðì íàçèâàòèìåìî ïðî-
ôiëü ñòðàòåãié qC1 = (q1

C1, q2
C1), ÿêùî

Eπ1
C1 = Eπ1(q̄1

C1, q2
C1) > Eπ1(q̄1, q2

C1) ∀ q̄1 > 0; (8)

Eπ2
C1 = Eπ2(q̄1

C1, q2
C1) > Eπ2(q̄1

C1, q2) ∀ q2 > 0. (9)

Òåîðåìà 1. Íåõàé q1 ∼ F (x), Eq1 < ∞, é iñíó¹ ôóíêöiÿ K(q̄1) = Eq1
2 < ∞ òàêà,

ùî ïðè a > c2
a− 2c1 + c2

2b
6 dK(q̄1)

dq̄1
6 a− c1

b
. (10)

Òîäi ïðîôiëü ñòðàòåãié

q̄1
∗ =

2c1 − c2 − a

b
+ 2

dK(q̄1)

dq̄1
, (11)

q2
∗ =

a− c1
b

− dK(q̄1)

dq̄1
(12)

¹ ðiâíîâàãîþ Êóðíî-Íåøà â ìîäèôiêîâàíié ãði G′ (çà âèïàäêîâîãî âèïóñêó ôiðìè 1).

Äîâåäåííÿ. Eπ2(q̄1
∗, q2) = E((a − b(q1

∗ + q2))q2 − c2q2) = (a − c2)q2 − bq2
2 − bq2q̄1

∗

äîñÿãà¹ ìàêñèìóìó, êîëè

a− bq̄1
∗ − 2bq2 − c2 = 0,

q2 =
a− c2 − bq̄∗1

2b
= q2

∗,

çâiäêè âèïëèâà¹ Eπ2(q̄1
∗, q2) 6 Eπ2(q̄1

∗, q2
∗), òîáòî íåðiâíiñòü (9) âèêîíó¹òüñÿ äëÿ

q̄1
C1 = q̄1

∗ i q2
C1 = q2

∗.
Àíàëîãi÷íî, Eπ1(q̄1, q2

∗) = E((a− b(q1 + q2
∗))q1 − c1q1) = (a− c1)q̄1 − bK(q̄1)− bq2

∗q̄1
ìàêñèìiçó¹òüñÿ ïðè

(a− c1)− b
dK(q̄1)

dq̄1
− bq2

∗ = 0,

a− c1 − b
dK(q̄1)

dq̄1
− b

a− c2 − bq̄1
∗

2b
= 0,

çâiäêè

q̄1 =
2c1 − c2 − a

b
+ 2

dK(q̄1)

dq̄1
= q̄1

∗,

à îòæå, Eπ1(q̄1, q2
∗) 6 Eπ1(q̄1

∗, q2
∗), íåðiâíiñòü (8) ïðàâèëüíà äëÿ q̄C1

1 = q̄1
∗ i

q2
C1 = q2

∗. Ëåãêî áà÷èòè, ùî

q2
∗ =

a− c1
b

− dK(q̄1)

dq̄1
.

Íàáið ñòðàòåãié (q̄1
∗, q2

∗) ¹ øóêàíîþ ðiâíîâàãîþ Êóðíî-Íåøà. Çàóâàæèìî, ùî íåðiâ-
íiñòü (10) çàáåçïå÷ó¹ íåâiä'¹ìíiñòü ðiâíîâàæíèõ âèïóñêiâ q̄1

C1 > 0, q2
C1 > 0. �
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Òåîðåìà 2. Ïðè âèêîíàííi óìîâ (3)-(4) òâåðäæåííÿ 2 òà íåðiâíîñòi

3

2
q1

C 6 dK(q̄1)

dq̄1
6 2q1

C (13)

ðiâíîâàãà Êóðíî-Íåøà â ãði G′ çìiíþ¹òüñÿ ïîðiâíÿíî ç ðiâíîâàãîþ â äåòåðìiíîâàíié
ãði G, ïðè÷îìó

q̄1
C1 6 q1

C , (14)

q2
C1 > q2

C . (15)

Äîâåäåííÿ. Ñïðàâäi, ïðè dK(q̄1)
dq̄1

6 2q1
C ç (11) âèïëèâà¹

q̄1
C1 = 2

dK(q̄1)

dq̄1
− 3q1

C 6 q1
C .

Àíàëîãi÷íî ç (12) îòðèìó¹ìî

q2
C1 > a− c1

b
− 2q1

C = q2
C .

Âðàõîâóþ÷è íåðiâíiñòü (10), ÿêà ãàðàíòó¹ íåâiä'¹ìíiñòü ñïîäiâàíîãî âèïóñêó ôiðìè

1, îòðèìó¹ìî dK(q̄1)
dq̄1

6 min{2q1C , a−c1
b }, ïðîòå íà ïiäñòàâi (4) óìîâà (10) çâóæó¹òüñÿ

äî (13). �

Çàóâàæåííÿ 3. Â óìîâàõ òåîðåìè 2 ñïîäiâàíèé ðiâíîâàæíèé ðèíêîâèé âèïóñê

Q̄C1 = q̄1
C1 + q2

C1 =
c1 − c2

b
+

dK(q̄1)

dq̄1
.

Íà ïiäñòàâi ïðàâî¨ ÷àñòèíè íåðiâíîñòi (13)

dK(q̄1)

dq̄1
6 2(a− 2c1 + c2)

3b
,

çâiäêè

Q̄C1 6 2a− c1 − c2
3b

= QC .

Âiäïîâiäíî,

P̄C1 > PC .

Îòîæ, íàñëiäêîì ââåäåíî¨ â ãði G′ âèïàäêîâîñòi âèïóñêó ôiðìè 1 ¹ çìåíøåííÿ
ñïîäiâàíîãî ðiâíîâàæíîãî ðèíêîâîãî âèïóñêó òà çáiëüøåííÿ ñïîäiâàíî¨ ðiâíîâàæíî¨
ðèíêîâî¨ öiíè.

Íàñëiäîê 1. Íà ïiäñòàâi (7) òà (14)-(15)

Eπ2
C1 > π2

C ,

Eπ1
C1 6 π1

C .

Îòæå, ðiâíîâàãà (11)-(12), îòðèìàíà â ãði G′, ïðèíåñå äîäàòêîâèé âèãðàø ëèøå
ôiðìi 2 ç äåòåðìiíîâàíèì âèïóñêîì. Òîìó òàêà ðiâíîâàãà íå ¹ ëiïøîþ äëÿ ôiðìè 1
ïîðiâíÿíî ç (5)-(6), òîáòî çàñòîñóâàííÿ ãðàâöåì 1 âèïàäêîâî¨ ñòðàòåãi¨ ¹ íåâèãiäíèì
äëÿ íüîãî. Îòðèìàíèé ðåçóëüòàò ïîÿñíþ¹ ïiäâèùåíó óâàãó îñiá, ÿêi ïðèéìàþòü ði-
øåííÿ, äî ïëàíóâàííÿ ¨õíüî¨ ñòðàòåãi÷íî¨ ïîâåäiíêè.



ÄÅßÊI ÀÑÏÅÊÒÈ ÀÍÀËIÇÓ ÊIËÜÊIÑÍÎ� ÊÎÍÊÓÐÅÍÖI� ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 74 127

Çàóâàæåííÿ 4. ßêùî ðîçïîäië âèïàäêîâîãî âèïóñêó ôiðìè 1 ç âiäðiçêó [a0, b0] íà-

ëåæèòü äåÿêîìó êëàñó íåïåðåðâíèõ ðîçïîäiëiâ, äëÿ ÿêèõ dK(q̄1)
dq̄1

= 2q̄1, òî ðiâíîâàãà

Êóðíî-Íåøà ãðè G′ çáiãà¹òüñÿ ç ðiâíîâàãîþ (5)-(6).
Ñïðàâäi, äëÿ âèïàäêîâî¨ âåëè÷èíè q1, îçíà÷åíî¨ â çàóâàæåííi 4, ç îäíîãî áîêó,

çãiäíî ç (11)-(12) ðiâíîâàæíèé âèïóñê ôiðìè 1

q̄1
∗ =

2c1 − c2 − a

b
+ 2(2q̄1

∗),

çâiäêè q̄1
∗ = a−2c1+c2

3b = q1
C , äëÿ ôiðìè 2 q2

∗ = a−c1
b − 2q̄1

∗ = a−2c2+c1
3b = q2

C .
Ç iíøîãî áîêó, ìiðêóâàííÿ, àíàëîãi÷íi äî äîâåäåííÿ òåîðåìè 1, òåæ ïðèçâîäÿòü äî
âiäøóêàííÿ ðiâíîâàãè (5)-(6).

Îòîæ, âèïàäêîâiñòü, ââåäåíà â ãðó (1), íå çìiíþ¹ ðiâíîâàãó, à îòæå i íå ïîãið-
øó¹ âèãðàø ãðàâöÿ ç âèïàäêîâîþ ñòðàòåãi¹þ ëèøå òîäi, êîëè ïîâåäiíêó öüîãî ãðàâöÿ
ïðîòÿãîì ïåâíîãî ïåðiîäó ÷àñó ìîæíà îïèñàòè âèçíà÷åíèì â çàóâàæåííi 4 ðîçïîäi-
ëîì. Â óñiõ iíøèõ âèïàäêàõ âèáið ôiðìîþ 1 âèïàäêîâîãî âèïóñêó ¹ íåâèïðàâäàíèì
ó ñåíñi ìàêñèìiçàöi¨ ïðèáóòêó.

4. Âèñíîâêè. Ìè ñïðîáóâàëè ôîðìàëiçóâàòè ïîøóê ðiâíîâàãè çà Íåøîì äëÿ
êîíêóðåíòíî¨ ãðè â òåðìiíàõ âçà¹ìîäi¨ ôiðì ç óðàõóâàííÿì âèïàäêîâîñòi. Îòðèìàíi
ðåçóëüòàòè ìîæóòü ñòàòè íåâiä'¹ìíîþ ÷àñòèíîþ òåîði¨ ôóíêöiîíóâàííÿ åêîíîìi÷íî¨
ñèñòåìè â óìîâàõ íåâèçíà÷åíîñòi.
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SOME ASPECTS OF COMPETITIVE QUANTITATIVE
ANALYSIS WITH RANDOM STRATEGY OF ONE FIRM
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Universytetska Str., 1, L'viv, 79000

e-mail: katia_kosarevych@mail.ru

The article focuses on game of competing �rms, where players regulate the
supply of a homogeneous product at the oligopolistic market. The problem of
the existence and form of the Cournot-Nash equilibrium for the game with one
�rm' random strategy without its distribution speci�cation was investigated.
New equilibrium was compared with the Cournot-Nash equilibrium for the
game with deterministic strategies. The e�ect of using random strategy by one
player on the �rm's expected returns, expected equilibrium market output and
price, was analyzed.

Key words: expected return, Cournot-Nash equilibrium, random strategy.
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ÊÎÍÊÓÐÅÍÖÈÈ ÑÎ ÑËÓ×ÀÉÍÎÉ ÑÒÐÀÒÅÃÈÅÉ

ÎÄÍÎÉ ÔÈÐÌÛ

Êàòåðèíà ÊÎÑÀÐÅÂÈ×

Ëüâîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Èâàíà Ôðàíêî,

óë. Óíèâåðñèòåòñêàÿ, 1, Ëüâîâ, 79000

e-mail: katia_kosarevych@mail.ru

Ðàññìîòðåíà èãðà êîíêóðèðóþùèõ ôèðì, â êîòîðîé èãðîêè ðåãóëè-
ðóþò ïðåäëîæåíèå îäíîðîäíîãî ïðîäóêòà íà îëèãîïîëèñòè÷åñêîì ðûíêå.
Èññëåäîâàí âîïðîñ î ñóùåñòâîâàíèè è ôîðìå ðàâíîâåñèÿ Êóðíî-Íýøà ïðè
óñëîâèè ñëó÷àéíîãî âûïóñêà îäíîé ôèðìû áåç óêàçàíèÿ âèäà åãî ðàñïðåäå-
ëåíèÿ. Èññëåäîâàíî ñîîòíîøåíèå òàêîãî ðàâíîâåñèÿ ñ ðàâíîâåñèåì Êóðíî-
Íýøà äëÿ èãðû ñ äåòåðìèíèðîâàííûìè ñòðàòåãèÿìè. Ïðîàíàëèçèðîâàíî
âëèÿíèå èñïîëüçîâàíèÿ ñëó÷àéíîé ñòðàòåãèè îäíèì èãðîêîì íà îæèäàå-
ìûå äîõîäû ôèðì, îæèäàåìûå ðûíî÷íûå âûïóñê è öåíó.

Êëþ÷åâûå ñëîâà: îæèäàåìûé äîõîä, ðàâíîâåñèå Êóðíî-Íýøà, ñëó÷àé-
íàÿ ñòðàòåãèÿ.
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Ãàëèíà ËÎÏÓØÀÍÑÜÊÀ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ, 79000

e-mail: lhp@ukr.net

Äîâåäåíî òåîðåìè iñíóâàííÿ òà ¹äèíîñòi, îäåðæàíî çîáðàæåííÿ ðîçâ'ÿç-
êiâ ëiíiéíèõ íîðìàëüíèõ ïàðàáîëi÷íèõ êðàéîâèõ çàäà÷ ïðè êðàéîâèõ i ïî-
÷àòêîâèõ äàíèõ ç âàãîâèõ ïðîñòîðiâ óçàãàëüíåíèõ ôóíêöié. Çíàéäåíî óìî-
âè åêâiâàëåíòíîñòi ðåãóëÿðíîãî â îáëàñòi ðîçâ'ÿçêó çàäà÷i ó äâîõ ôîðìó-
ëþâàííÿõ.

Êëþ÷îâi ñëîâà: íîðìàëüíà ïàðàáîëi÷íà êðàéîâà çàäà÷à, óçàãàëüíåíà
ôóíêöiÿ, âàãîâèé ôóíêöiéíèé ïðîñòið, óçàãàëüíåíi êðàéîâi çíà÷åííÿ, óçà-
ãàëüíåíi ïî÷àòêîâi çíà÷åííÿ.

Â [1]-[5] âèâ÷àëè êðàéîâi çàäà÷i äëÿ ëiíiéíèõ ïàðàáîëi÷íèõ ñèñòåì â îáìåæåíèõ
îáëàñòÿõ Q ó ïðîñòîðàõ óçàãàëüíåíèõ ôóíêöié iç D′(Q). Ó [4]-[6] äîâåäåíî åêâiâà-
ëåíòíiñòü ó äâîõ ðiçíèõ ôîðìóëþâàííÿõ êðàéîâèõ çàäà÷ äëÿ ëiíiéíèõ îäíîðiäíèõ
ïàðàáîëi÷íèõ ðiâíÿíü i ñèñòåì ç óçàãàëüíåíèìè ôóíêöiÿìè â ïðàâèõ ÷àñòèíàõ êðà-
éîâèõ òà ïî÷àòêîâî¨ óìîâ.

Ó [7] îäåðæàíî òî÷íi îöiíêè ðîçâ'ÿçêiâ çàãàëüíèõ ïàðàáîëi÷íèõ êðàéîâèõ çàäà÷
ó ïðîñòîðàõ ôóíêöié, ÿêi ìîæóòü ìàòè ñëàáêi îñîáëèâîñòi ïðè t = 0. Â [8], [9] äî-
âåäåíî ðîçâ'ÿçíiñòü ïàðàáîëi÷íèõ êðàéîâèõ çàäà÷ ç ïðàâèìè ÷àñòèíàìè, ùî ìàþòü
ñèëüíi òî÷êîâi ñòåïåíåâi îñîáëèâîñòi.

Ó ñòàòòi äîâåäåíî ðîçâ'ÿçíiñòü íîðìàëüíèõ ïàðàáîëi÷íèõ êðàéîâèõ çàäà÷ ó
ïðîñòîðàõ ôóíêöié iç ñèëüíèìè ñòåïåíåâèìè îñîáëèâîñòÿìè ïðè t = 0 òà óçàãàëü-
íåíî ðåçóëüòàòè ç [4]-[6] íà âèïàäîê ïðàâèõ ÷àñòèí iç øèðøèõ (âàãîâèõ) ïðîñòîðiâ
óçàãàëüíåíèõ ôóíêöié.

1. Îñíîâíi ïîçíà÷åííÿ òà äîïîìiæíi òâåðäæåííÿ. Íåõàé Ω0 � îáëàñòü â
Rn, îáìåæåíà çàìêíåíîþ ïîâåðõíåþ Ω1 êëàñó C

∞, Qi = Ωi×(0, T ], i = 0, 1, Q2 = Ω0,
D(Qi) = C∞

0 (Qi), D(Qi) = C∞(Qi), i = 0, 1, 2,

D0(Qi) (D0(Qi)) = {φ ∈ D(Qi) : D
k
t |t=T = 0 (Dk

t φ |t=0 = 0), k = 0, 1, . . . }, i = 0, 1,

L(x, t,D)u ≡ (Dt −A)u ≡
(
Dt −

∑
|α|≤2b

aα(x, t)D
α
x

)
u,

c⃝ Ëîïóøàíñüêà Ã., 2011
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Bj(x, t,Dx) ≡
∑

|α|≤rj

bjα(x, t)D
α
x , j = 1,m, m = bp,

aα(x, t) � êâàäðàòíi p × p ìàòðèöi ç åëåìåíòàìè aνµα ∈ D(Q0), |α| = α1 + . . . + αn,

Dt =
∂
∂t , D

α
x = ∂|α|

∂x
α1
1 ···∂xαn

n
=

(
∂

∂x1

)α1 · · ·
(

∂
∂xn

)αn
, bjα(x, t) � ðÿäêè äîâæèíè p ç åëå-

ìåíòàìè ç D(Q1), j = 1,m, L � ïàðàáîëi÷íèé çà Ïåòðîâñüêèì ìàòðè÷íèé äèôåðåí-
öiàëüíèé âèðàç. Ââàæà¹ìî äàëi rm ≤ · · · ≤ r1 ≤ 2b− 1, r0 = rm+1 = 2b,

(j) = 0 äëÿ j = 0,m+ 1, (j) = 1 äëÿ j = 1,m.

Ìàòðèöåþ Äiðiõëå ïîðÿäêó 2b íàçèâà¹òüñÿ ([3, c. 178]) ìàòðèöÿ ç 2b ðÿäêiâ, ÿêó
ïåðåñòàâëÿííÿì ðÿäêiâ ìîæíà çâåñòè äî âèãëÿäó

B(x, t,Dx) = (B0(x, t,Dx), . . . ,B2b−1(x, t,Dx))
′,

äå Bj(x, t,Dx) ≡
∑

|α|≤j

b̃jα(x, t)D
α
x , b̃jα(x, t) � êâàäðàòíi p× p ìàòðèöi, i ó öüîìó ðàçi

detBj0(x, t, ν) = det
∑

|α|=j

b̃jα(x, t)ν
α ̸= 0 äëÿ äîâiëüíèõ (x, t) ∈ Q1,

ν = ν(x, t)� îðò âíóòðiøíüî¨ íîðìàëi äî Q1 ó òî÷öi (x, t), øòðèõ îçíà÷à¹ òðàíñïîíó-
âàííÿ.

Ñèñòåìà êðàéîâèõ äèôåðåíöiàëüíèõ âèðàçiâ {Bj}mj=1 = {Bj(x, t,Dx)}mj=1 íàçè-
âà¹òüñÿ íîðìàëüíîþ [2], ÿêùî ìàòðèöþ B = (B1, . . . , Bm)′ ìîæíà äîïîâíèòè íîâèìè
ðÿäêàìè äî ìàòðèöi Äiðiõëå ïîðÿäêó 2b.

Ââàæàòèìåìî, ùî ñèñòåìà {Bj}mj=1 ðiâíîìiðíî íàêðèâà¹ îïåðàòîð L ([3, c. 15]),
à òàêîæ ¹ íîðìàëüíîþ.

Â Q0 ðîçãëÿäà¹ìî íîðìàëüíó ïàðàáîëi÷íó êðàéîâó çàäà÷ó [2], [3]

L(x, t,D)u = F0(x, t), (x, t) ∈ Q0 (1)

Bj(x, t,Dx)u(x, t) = Fj(x, t), (x, t) ∈ Q1, j = 1,m (2)

u |t=0 = Fm+1(x), x ∈ Ω0. (3)

Çãiäíî ç [2] iñíóþòü òàêi êðàéîâi äèôåðåíöiàëüíi âèðàçè B̂j , Cj , Ĉj , j = 1,m
ïîðÿäêiâ r̂j ,mj , m̂j , ïðè÷îìó rj + m̂j = mj + r̂j = 2b − 1, ùî ïðàâèëüíà ôîðìóëà
Ãðiíà ∫

Q0

[v′Lu− (L∗v)′u]dxdt+

m∑
j=1

∫
Q1

[ĈjvBju− B̂jvCju]dxdt+

+

∫
Ω0

[v′(x, 0)u(x, 0)− v′(x, T )u(x, T )]dx = 0, u, v ∈ Q0,

äå L∗ = −Dt −A∗, A∗ � ôîðìàëüíî ñïðÿæåíèé äî A äèôåðåíöiàëüíèé âèðàç, øòðèõ
îçíà÷à¹ òðàíñïîíóâàííÿ.

Ââåäåìî ïîçíà÷åííÿ:
ϱ0(x) � íåñêií÷åííî äèôåðåíöiéîâíà ôóíêöiÿ íà Ω0, äîäàòíà â Ω0, ÿêà äîðiâíþ¹

íóëþ íà Ω1 òà ìà¹ ïîðÿäîê âiäñòàíi d(x) âiä òî÷êè x ∈ Ω0 äî Ω1 ïðè d(x) → 0;
ϱ1(t) � íåñêií÷åííî äèôåðåíöiéîâíà ôóíêöiÿ íà [0, T ], äîäàòíà ïðè t > 0, ÿêà

ìà¹ ïîðÿäîê t ïðè t→ 0;
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ϱ(x, t) � íåñêií÷åííî äèôåðåíöiéîâíà ôóíêöiÿ íàQ0, äîäàòíà â Q0, ÿêà äîðiâíþ¹

íóëþ íà Q1 ∪ Ω0, ìà¹ ïîðÿäîê d(x) ïðè d(x) → 0 òà d(x) ≤ t
1
2b , ïîðÿäîê ϱ

1
2b
1 (t) ïðè

t→ 0 òà d(x) ≥ t
1
2b .

Òàêîæ ââàæà¹ìî ϱ0(t) ≤ 1, ϱ1(x) ≤ 1, ϱ(x, t) ≤ 1 äëÿ âñiõ x ∈ Ω0, t ∈ [0, T ].
Âèêîðèñòîâó¹ìî ôóíêöiéíi ïðîñòîðè

Ck(Ω0) � ïðîñòið ôóíêöié φ, äëÿ ÿêèõ íåïåðåðâíi ïîõiäíi Dαφ ç |α| ≤ [k] òà

(ïðè íåöiëîìó k) ñêií÷åííi
∑

|α|=[k]

sup
x,y∈Ω,x ̸=y

∆y
xD

α
xφ(x)

|x−y|k−[k] , äå ∆y
xψ(x) = ψ(y) − ψ(x), [k] �

öiëà ÷àñòèíà ÷èñëà k,

Hk(Qi) = Ck(Qi) � ïðîñòið Ãåëüäåðà ([2], [10]) ôóíêöié φ, äëÿ ÿêèõ íåïåðåðâíi
ïîõiäíi Dαφ = Dα0

t Dα
xφ ç |α| = |α|+ 2bα0 ≤ [k] òà (ïðè íåöiëîìó k) ñêií÷åííi∑

|α|=[k]

sup
(x,t),(y,τ)∈Qi,x ̸=y

∆y
xD

α
x,tφ(x, t)

|x− y|k−[k]
,

∑
0<k−|α|<2b

sup
(x,t),(y,τ)∈Qi,t ̸=τ

∆τ
tD

α
x,tφ(x, t)

|t− τ |
k−|α|

2b

,

òóò ∆τ
t ψ(x, t) = ψ(x, τ)− ψ(x, t),

Ck,(0)(Qi)(C
k
0 (Qi)) = {φ ∈ Ck(Qi) : D

j
tφ |t=T = 0 (Dj

tφ |t=0 = 0), 0 ≤ j ≤ [ k2b ]},
Hk,r,(0)(Qi) = {φ ∈ Hk,(0)(Qi) : D

αφ |Q1
= 0, |α| ≤ 2b− r − 2},

Hk,2b−1,(0)(Qi) = Hk,(0)(Qi), i = 0, 1,

ââîäèìî ïðè k ≥ 0

Dk(Ω0) = {φ ∈ Ck(Ω0) (D(Ω0) ïðè öiëîìó k): ϱ
|α|−k
0 Dαφ ∈ C(Ω0), |α| ≤ [k]},

D∗
k(Ω0) = {φ ∈ Ck+2b(Ω0) (D(Ω0) ïðè öiëîìó k): A∗φ ∈ Dk(Ω0)},

Xk(Ω0) = {φ ∈ D∗
k(Ω0) : B̂j(x, 0, Dx)φ(x) = 0, x ∈ Ω1, j = 1,m},

X(Ω0) = {φ ∈ D(Ω0) : B̂j(x, 0, Dx)φ(x) = 0, x ∈ Ω1, j = 1,m},
Dk(Q0) = {φ ∈ Ck,(0)(Q0) (D

0(Q0) ïðè öiëîìó k): ϱ|α|−kDαφ ∈ C(Q0), |α| ≤ [k]},
D∗

k(Q0) = {φ ∈ Ck+2b,(0)(Q0) (D
0(Q0) ïðè öiëîìó k): L∗φ ∈ Dk(Q0)},

Xk(Q0) = {φ ∈ D∗
k(Q0) : B̂j(x, t,Dx)φ(x, t) = 0, (x, t) ∈ Q1, j = 1,m},

X(Q0) = {φ ∈ D0(Q0) : B̂j(x, t,Dx)φ(x, t) = 0, (x, t) ∈ Q1, j = 1,m},
Dk(Q1) = {φ ∈ C∞,(0)(Q1) ∩ Ck(Q1) : ϱ

2bα0−k
1 Dαφ ∈ C(Q1), |α| ≤ k},

à òàêîæ
Zk(Ω0) = {φ ∈ C∞(Ω0): ϱ

|α|−k
0 Dαφ ∈ C(Ω0), ∀ α}, k ∈ R,

Zk(Ω0) = {φ ∈ C∞(Ω0) ∩ C [k](Ω0): ϱ
|α|−k
0 Dαφ ∈ C(Ω0), ∀ |α| ≥ k}, k > 0,

Z−k(Ω0) = Z−k(Ω0),

Zk(Qi, 0) = {φ ∈ C∞,(0)(Qi) : ϱ
2bα0−k

2b
1 Dαφ ∈ C(Qi) ∀ α}, k ∈ R,

Zk(Qi, 0) = {φ ∈ C∞,(0)(Q1) ∩ C [k](Qi) : ϱ
2bα0−k

2b
1 Dαφ ∈ C(Qi) ∀ |α| ≥ k}, k > 0,

Z−k(Qi, 0) = Z−k(Qi, 0), k ≥ 0, i = 0, 1,
Z∗
k(Q0, 0) = {φ ∈ Zk+2b(Q0, 0) : L

∗φ ∈ Zk(Q0, 0)},
Xk(Q0, 0) = {φ ∈ Z∗

k(Q0, 0) : Ĉjφ ∈ Zk+rj+1(Q1, 0), B̂jφ = 0, j = 1,m}, k ≥ 0.

Ñêàæåìî, ùî φν → 0 ïðè ν → ∞ â Dk(Qi), ÿêùî äëÿ äîâiëüíîãî ìóëüòèiíäåêñó
α, |α| ≤ k ïîñëiäîâíiñòü φ̃ν = ϱ|α|−kDαφν çáiãà¹òüñÿ äî íóëÿ ïðè ν → ∞ ðiâíîìiðíî
â Qi. Ïîäiáíî âèçíà÷àþòü çáiæíiñòü ó iíøèõ ïðîñòîðàõ.
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Ëåìà 1. Äëÿ äîâiëüíèõ ÷èñåë r ≥ 0, φj ∈ D(Q1) (âiäïîâiäíî φj ∈ Dr+2b−j(Q1),

φj ∈ Zr+2b−j(Q1, 0)), j = 0, 2b− 1, ψ0 ∈ D(Ω0) (ψ0 ∈ Dr+2b(Ω0), ψ0 ∈ Zr+2b(Ω0)),

äîâiëüíî¨ ìàòðèöi Äiðiõëå B̃(x, t,Dx) ç êîåôiöi¹íòàìè ç D(Q1) iñíó¹ òàêà âåê-

òîð-ôóíêöiÿ ψ ∈ D∗
r(Q0) (âiäïîâiäíî ψ ∈ D∗

r(Q0), ψ ∈ Z∗
r (Q0, 0)), ùî B̃jψ = φj,

j = 0, 2b− 1 i ψ |t=0 = ψ0.

Ëåìó äîâîäÿòü çà ñõåìîþ äîâåäåííÿ ëåìè 4.3 iç [5] (äèâ. òàêîæ [11]), äå ðîçãëÿ-
íóòî âèïàäîê φj ∈ D0(Q1), j = 0, 2b− 1, ψ0 ∈ D(Ω0).

Ç ëåìè 1 âèïëèâà¹, ùî ïðîñòîðè Xk(Q0), Xk(Q0, 0) íåïîðîæíi ïðè k ≥ 0.

Ñ.Ä. Iâàñèøåí ([3] òà áiáëiîãð.) ïîáóäóâàâ ìàòðèöþ Ãðiíà

G(x, t, y, τ) =
(
G0(x, t, y, τ), . . . , Gm(x, t, y, τ)

)
çàäà÷i (1)-(3), âèâ÷èâ ¨¨ âëàñòèâîñòi, âëàñòèâîñòi iíòåãðàëüíèõ îïåðàòîðiâ Ãðiíà

Gjφ =
t∫
0

dτ
∫
Ωj

Gj(·, ∗, y, τ)φ(y, τ)dy, j = 0,m, Gm+1φ =
∫
Ω0

G0(·, ∗, y, 0)φ(y)dy,

ñïðÿæåíèõ îïåðàòîðiâ Ãðiíà [2]

Ĝjφ =
T∫
τ

dt
∫
Ω0

G′
j(x, t, ·, ∗)φ(x, t)dx, j = 0,m, Ĝm+1φ =

T∫
0

dt
∫
Ω0

G′
0(x, t, ·, 0)φ(x, t)dx

íà ãåëüäåðîâèõ ïðîñòîðàõ ôóíêöié (äëÿ äîâiëüíèõ äîñòàòíüî ãëàäêèõ f, φ

(G0f, φ)0 = (f, Ĝ0φ)0, (Gjf, φ)1 = (f, Ĝjφ)1, j = 1,m,

äå (f, φ)i =
∫ T

0
dt

∫
Ω(i)

φ′fdx, i = 0, 1); äîâåäåíî, ùî

Ĝ0 : Hk,(0)(Q0) → Hk+2b,r1,(0)(Q0) ⊂ Hk,(0)(Q0),

Ĝj : Hk,(0)(Q0) → Hk+rj+1,(0)(Q1) ïðè j = 1,m òà îáìåæåíi;

äîâåäåíî òåîðåìè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêiâ ó ãåëüäåðîâèõ ïðîñòîðàõ óçà-
ãàëüíåíèõ ôóíêöié, çäîáóòî çîáðàæåííÿ ðîçâ'ÿçêiâ çà äîïîìîãîþ ìàòðèöi Ãðiíà.
Äëÿ ãëàäêèõ Fj = fj , j = 0,m+ 1, ùî çàäîâîëüíÿþòü óìîâè óçãîäæåííÿ, çîêðåìà
äëÿ fj ∈ D(Qj), j = 0,m, fm+1 ∈ D(Q2) ðîçâ'ÿçîê çàäà÷i (1)-(3) íàáóâ âèãëÿäó [2]

u(x, t) =
t∫
0

dτ
∫
Ω0

G0(x, t, y, τ)f0(y, τ)dy+

+
m∑
j=1

t∫
0

dτ
∫
Ω1

Gj(x, t, y, τ)fj(y, τ)dy +
∫
Ω0

G0(x, t, y, 0)fm+1(y)dy, (x, t) ∈ Q0.

Ó [4] äîâåäåíî, ùî ïðè äîâiëüíié ψ ∈ C2b,1
x,t (Q0), òàêié ùî B̂jψ = 0, j = 1,m,

çîêðåìà ψ ∈ Xr(Q0), ïðàâèëüíi ñïiââiäíîøåííÿ

T∫
τ

dt
∫
Ω0

G′
0(x, t, y, τ)(L

∗ψ)(x, t)dx = ψ(y, τ), (y, τ) ∈ Q0,

T∫
τ

dt

∫
Ω0

G′
j(x, t, y, τ)(L

∗ψ)(x, t)dx = (Ĉjψ)(y, τ), (y, τ) ∈ Q1, j = 1,m. (4)
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Ëåìà 2. Ĝ0 : Dr(Q0) → Xr(Q0), Zr(Q0, 0) → Zr+2b(Q0, 0),

Ĝj : Dr(Q0) → Cr+rj−1,(0)(Q1), Zr(Q0, 0) → Zr+rj+1(Q1, 0), j = 1,m,

Ĝm+1 : Dr(Q0) → Xr(Ω0), Zr(Q0, 0) → Zr+2b(Ω0), r ≥ 0.

Äîâåäåííÿ. Cïðÿæåíà äî çàäà÷i (1)-(3) êðàéîâà çàäà÷à ¹ òàêîæ íîðìàëüíîþ é îáåð-
íåíî ïàðàáîëi÷íîþ (òåîðåìà 6 [3, ñ. 179]).

Ç îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi ñïðÿæåíî¨ ïàðàáîëi÷íî¨ êðàéîâî¨ çàäà÷i â êëàñàõ
ãëàäêèõ ôóíêöié âèïëèâà¹, ùî äëÿ äîâiëüíî¨ φ ∈ Dr(Q0) iñíó¹ ðîçâ'ÿçîê ψ = (Ĝ0φ) ∈
Xr(Q0) ñèñòåìè L

∗ψ = φ, òîìó ç âèêîðèñòàííÿì ôîðìóë (4), ëåìè 1 òà ðåçóëüòàòiâ

[2] îäåðæó¹ìî Ĝ0 : Dr(Q0) → Xr(Q0), Ĝj : Dr(Q0) → C [r]+rj−1,(0)(Q1), j = 1,m,

Ĝm+1 : Dr(Q0) → Xr(Ω0).
Ïðè φ ∈ Zr(Q0, 0) âèêîðèñòîâó¹ìî îöiíêè [3, c. 120] (òà îçíà÷åííÿ [3, ñ. 16])∣∣Dα

y,τG0ik(x, t, y, τ)
∣∣ ≤ Cd−n−|α|(x, t, y, τ)Ec(t− τ, d(x, t, y, τ)), (5)∣∣Dα

y,τGjk(x, t, y, τ)
∣∣ ≤ Cd−λj (x, t, y, τ)Ec(t− τ, d(x, t, y, τ)), i, k = 1, p,

äå λj = n+ 2b− rj − (j) + |α|, j = 1,m,

Ec(t, z) = exp
(
− C

(z2b
t

) 1
2b−1

)
,

d(x, t, y, τ) = (|x − y|2 + |t − τ | 1b ) 1
2 � ïàðàáîëi÷íà âiäñòàíü ìiæ òî÷êàìè (x, t) òà

(y, τ) ∈ Q0, G0ik, Gjk (i, k = 1, p � êîìïîíåíòè, âiäïîâiäíî, ìàòðèöi G0 òà âåêòîð-
ôóíêöié Gj , j = 1,m).

Âèêîíóþ÷è â iíòåãðàëàõ DαGjφ çàìiíó xi − yi = (t − τ)
1
2b ξ

2b−1
2b

i , i = 1, n, à ïðè
|α| > r + ri + (j) ùå é �ïåðåêèäàííÿ� ïîõiäíèõ íà φ, ÿê ó [9], îäåðæó¹ìî

(DαĜjφ)(y, τ) = O(τ
r+rj+(j)−|α|

2b ) ïðè τ → 0, y ∈ Ω0, j = 0,m+ 1,

(DαĜm+1φ)(y, 0) = O(ϱ
r+2b−|α|
0 + 1) ïðè d(y) → 0, y ∈ Ω0. �

2. Ôîðìóëþâàííÿ óçàãàëüíåíî¨ íîðìàëüíî¨ ïàðàáîëi÷íî¨ êðàéîâî¨ çà-

äà÷i. Òåîðåìà iñíóâàííÿ òà ¹äèíîñòi. Íåõàé V ′ � ïðîñòið ëiíiéíèõ íåïåðåðâíèõ

ôóíêöiîíàëiâ (óçàãàëüíåíèõ ôóíêöié ÷è âåêòîð-ôóíêöié) íà V , (φ,F )i =
p∑

j=1

(φj , Fj)i

� çíà÷åííÿ óçàãàëüíåíî¨ âåêòîð-ôóíêöi¨ F = (F1, . . . , Fp) ∈ V ′(Qi) íà îñíîâíié

âåêòîð-ôóíêöi¨ φ = (φ1, . . . , φp) ∈ V (Qi), i = 0, 2, s(F ) � ïîðÿäîê ñèíãóëÿðíîñòi
óçàãàëüíåíî¨ ôóíêöi¨ F [12], [13], s(F ) = max

1≤j≤p
s(Fj) ïðè F = (F1, . . . , Fp),

|g|p = |g1|+ · · ·+ |gp| äëÿ âåêòîð-ôóíêöi¨ g = (g1, . . . , gp).
Ïðèïóùåííÿ:

(Fp) Fj ∈ D0′(Q1), s(Fj) ≤ sj , j = 1,m, r ≥ s′−1, äå s′ = max
1≤j≤m

(sj−rj), F0 ∈ X ′
r(Q0),

Fm+1 ∈ X ′
r(Q2);

(Fp0) F0 ∈ X ′(Q0), Fj ∈ D0′(Q1), j = 1,m, Fm+1 ∈ D′(Q2),
(Zp0) F0 ∈ Z ′

k0
(Q0, 0), Fj ∈ Z ′

kj
(Q1, 0), j = 1,m, Fm+1 ∈ Z ′

km+1
(Q2),

r > s0 = max
0≤j≤m+1

(kj − rj − (j)).



134
Ãàëèíà ËÎÏÓØÀÍÑÜÊÀ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 74

Ïåðøå ôîðìóëþâàííÿ çàäà÷i (1)-(3). Çà ïðèïóùåííÿì (Fp) (âiäïîâiäíî
(Fp0), (Zp0)) çíàéòè òàêó óçàãàëüíåíó âåêòîð-ôóíêöiþ u ∈ D′

r(Q0) (âiäïîâiäíî
u ∈ D0′(Q0), u ∈ Z ′

r(Q0, 0)), ùî

(L∗ψ, u)0 = (ψ, F )0 +
m∑
j=1

(Ĉjψ,Fj)1 + (ψ |t=0 , Fm+1)2

∀ ψ ∈ Xr(Q0) (∀ ψ ∈ X(Q0), ∀ ψ ∈ Xr(Q0, 0)). (6)

Òåîðåìà 1. Çà ïðèïóùåííÿì (Fp) ((Fp0), (Zp0)) âåêòîð-ôóíêöiÿ u, çàäàíà ôîð-
ìóëîþ

(φ, u)0 = (Ĝ0φ,F0)0 +
m∑
j=1

(Ĝjφ, Fj)1 + (Ĝm+1φ,Fm+1)2

∀ φ ∈ Dr(Q0) (∀ φ ∈ D0(Q0), ∀ φ ∈ Zr(Q0, 0)), (7)

¹ ¹äèíèì ðîçâ'ÿçêîì çàäà÷i (1)-(3).

Òåîðåìó äîâîäÿòü çà ñõåìîþ äîâåäåííÿ òåîðåìè ç [4] iç âðàõóâàííÿì ëåìè 2.
3. Ïðî óçàãàëüíåíi ïî÷àòêîâi òà êðàéîâi çíà÷åííÿ ðåãóëÿðíèõ ðîçâ'ÿç-

êiâ. Ïðè ðåãóëÿðíié F0 ìîæíà ïî-iíøîìó ñôîðìóëþâàòè çàäà÷ó, íàäàâøè ïåâíîãî
ñåíñó âèêîíàííþ óìîâ (2) òà (3) äëÿ ¨¨ ðîçâ'ÿçêó.

Íåõàé ε ∈ (0, ε0), ε1 ∈ (0, ε10), Ω1ε � ïàðàëåëüíà äî Ω1 ïîâåðõíÿ, Ω0ε = Ωε �
ïiäîáëàñòü Ω0 ç ìåæåþ Ω1ε; Qiεε1 = Ωiε × (ε1, T ], i = 0, 1; ïðè φ ∈ D(Q1) âèçíà÷à¹ìî
φ(xε, t) = φ(x, t), ÿêùî (xε, t) ∈ Q1εε1 (òîáòî xε = x+ εν(x), x ∈ Ω1, t ∈ (ε1, T ]) ïðè
ε ∈ (0, ε02 ), ε1 ∈ (0, ε102 ), φ(xε, t) = 0, ÿêùî (xε, t) ∈ Q0ε0ε10 .

Îçíà÷åííÿ. Ðåãóëÿðíà â Q0 âåêòîð-ôóíêöiÿ u íàáóâà¹ óçàãàëüíåíèõ êðàéîâèõ
çíà÷åíü F ∈ D′(Q1), ÿêùî iñíó¹

lim
ε,ε1→0

∫
Q1εε1

φ′(xε, t)u(xε, t)dQ1 = (φ, F )1 ∀ φ ∈ D(Q1), (8)

íàáóâà¹ óçàãàëüíåíèõ ïî÷àòêîâèõ çíà÷åíü F ∈ D′(Ω0), ÿêùî iñíó¹

lim
ε,t→0

∫
Ω0ε

φ′(x)u(x, t)dx = (φ,F )2 ∀ φ ∈ D(Ω0). (9)

Íåõàé
Mr(Q0) =

{
v ∈ L1,loc(Q0) :

∫
Q0

ϱr(x, t)|vj(x, t)|dx < +∞, j = 1, p
}
,

{B̃j(x, t,D)}j=0,2b−1 � ìàòðèöÿ Äiðiõëå ïîðÿäêó 2b ç êîåôiöi¹íòàìè ç D(Q1),

r � íàéìåíøå öiëå ÷èñëî ≥ r.

Òåîðåìà 2. ßêùî F0 ∈ L1(Q0)∩C(Q0), u ∈Mr(Q0)∩C2b,1
x,t (Q0) � ðîçâ'ÿçîê ñèñòåìè

(1) â Q0, r ≥ 0, òî
(i) u íàáóâà¹ óçàãàëüíåíèõ ïî÷àòêîâèõ çíà÷åíü ç D′

r+2b(Ω0) (ç D
′(Ω0) ïîðÿäêó

ñèíãóëÿðíîñòi ≤ r + 2b) òà B̃ju íàáóâàþòü íà Q1 óçàãàëüíåíèõ êðàéîâèõ çíà÷åíü

ç D′
r+j+1(Q1) (iç D

′(Q1) ïîðÿäêiâ ñèíãóëÿðíîñòåé ≤ r + j), j = 0, 2b− 1.
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ßêùî âèêîíó¹òüñÿ (i) äëÿ ðîçâ'ÿçêó u ∈Mr(Q0) ∩ C2b,1
x,t (Q0) ñèñòåìè (1) â Q0

ïðè F0 ∈ C(Q0), òî u ∈ Mr(Q0) òîäi é òiëüêè òîäi, êîëè
∫
Q0
ψF0 dxdt ñêií÷åííèé

äëÿ âñiõ ψ ∈ D∗
r(Q0).

Äëÿ ðîçâ'ÿçêó u ∈ Mr(Q0) ∩ C2b,1
x,t (Q0) ñèñòåìè (1) â Q0 ïðè F0 ∈ C(Q0) òà

äåÿêîìó r ≥ 0 êîæíi äâi ç òðüîõ íàñòóïíèõ óìîâ çóìîâëþþòü âèêîíàííÿ òðåòüî¨:
âèêîíó¹òüñÿ (i) ïðè j = 0, b− 1;
u ∈Mr(Q0);∫
Q0
ϱb(x, t)|F0(x, t)|dxdt < +∞.

Äîâåäåííÿ. Ïîáóäó¹ìî ïîêðèòòÿ {Uj}p̂j=1 ÷àñòèíè Q∗ öèëiíäðà Q0, ùî ïðèëÿãà¹ äî

Q1∪Ω0, n+1-âèìiðíèìè îêîëàìè Uj . Îäíî÷àñíî îäåðæèìî ïîêðèòòÿ {Vj}p̂j=1 ái÷íî¨

ïîâåðõíi Q1 n-âèìiðíèìè îêîëàìè. Ìåæà Q∗ ñêëàäà¹òüñÿ ç Q1 ∪ Ω0 òà ïîâåðõíi

Q̃1 ∪ {t = ε1} â Q0. ×àñòèíó îáëàñòi Q∗ ìiæ öi¹þ ïîâåðõíåþ òà Q1εε1 ïîçíà÷èìî
÷åðåç Q∗

εε1 . Â êîæíîìó îêîëi Uj ââåäåìî âèïðÿìëÿþ÷ó ëîêàëüíó ñèñòåìó êîîðäèíàò

(ξ(j), t) = (ξ′(j), ξ
(j)
n , t) = (ξ

(j)
1 , . . . , ξ

(j)
n−1, ξ

(j)
n , t) ç ïî÷àòêîì ó äåÿêié òî÷öi Vj = Q1∩Uj

òà âiññþ ξn ó íàïðÿìi âíóòðiøíüî¨ íîðìàëi äî Q1 ó öié òî÷öi.

Íåõàé {e(l)(x)} � âiäïîâiäíå ïîêðèòòþ {Vl}p̂l=1 ðîçêëàäåííÿ îäèíèöi. Â îáëàñòi

Q∗
0εε1 = Q0εε1 \Q0ε0ε10 (ε ∈ (0, ε0), ε1 ∈ (0, ε10)) çàïèøåìî ôîðìóëó Ãðiíà

∫
Q∗

0εε1

(L∗Φε,ε1)
′udxdt−

∫
Q∗

0εε1

Φ′
ε,ε1F0dxdt =

2b−1∑
j=0

∫
Q1εε1∪Q1ε0ε10

C̃jΦε,ε1 · B̃judxdt (10)

äëÿ ðîçâ'ÿçêó u ∈ C2b,1
x,t (Q0) ∩ Mr(Q0) ñèñòåìè (1) òà âåêòîð-ôóíêöi¨ Φε,ε1 , ÿêà â

êðàéîâîìó êîîðäèíàòíîìó îêîëi Ul ó âèïðÿìëÿþ÷èõ ëîêàëüíèõ êîîðäèíàòàõ ìà¹

âèãëÿä Φ
(l)
ε,ε1 =

2b+r−1∑
i=0

(ξ
(l)
n − ε)iφ

(l)
i (ξ′(l), ε), äå φ

(l)
i = e(l)φi, φi � äîâiëüíi âåêòîð-

ôóíêöi¨ ç D(Vl), i = 0, 1, . . . , 2b − 1, φ2b, φ2b+1, . . . , φ2b+r−1 ∈ D(Vl), j = 0, 2b+ r − 1

i òàêi, ùî L∗Φ
(l)
ε,ε1 = ξrnφ̃, φ̃ ∈ C(Ul) (¨õí¹ iñíóâàííÿ âèïëèâà¹ ç ëåìè 4.1 [5] äëÿ

îïåðàòîðà L∗).
Ïiäiíòåãðàëüíèé âèðàç ïåðøîãî äîäàíêó â ëiâié ÷àñòèíi (10) äîðiâíþ¹ (ξn − ε)r

φ̂′(ξ′, ξn − ε, t)u, âåêòîð-ôóíêöiÿ φ̂ îáìåæåíà ïðè äîñòàòíüî ìàëèõ çíà÷åííÿõ ξn − ε,
òîìó çãiäíî ç óìîâîþ u ∈ Mr(Q0) iñíó¹ ãðàíèöÿ ïðè ε, ε1 → 0 öüîãî äîäàí-
êó, ÿêà ç âèêîðèñòàííÿì ëåìè ç [13, c. 70] äîðiâíþ¹

∫
Q∗

0

ϱr(x)φ′(x, t)u(x, t)dxdt,

äå Q∗
0 = Q0 \ Q0ε0ε10 , φ îáìåæåíà òà ç êîìïàêòíèì íîñi¹ì ó Ω0 × (0, T ]. Òà-

êîæ iñíó¹ Φ(l) = lim
ε,ε1→0

Φ
(l)
ε,ε1 ∈ D(Ul). Çà ïðèïóùåííÿì òåîðåìè ùîäî F0 iñíó¹

lim
ε,ε1→0

∫
Q∗

0εε1

Φ′
ε,ε1F0dxdt =

∫
Q∗

0

Φ′F0dxdt. Òîäi iñíó¹ òàêîæ ãðàíèöÿ ïðàâî¨ ÷àñòèíè (10),

ÿêà çà ëåìîþ ç [13, c. 70] äîðiâíþ¹ lim
ε,ε1→0

2b−1∑
j=0

∫
Q1εε1∪Q1ε0ε10

(C̃jΦ)
′ · B̃judxdt.
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Âèáèðàþ÷è ïî ÷åðçi âiäìiííîþ âiä íóëÿ ëèøå îäíó ç âåêòîð-ôóíêöié φ0, . . . ,
φ2b−1, ç iñíóâàííÿ ãðàíèöi âñi¹¨ ïðàâî¨ ÷àñòèíè (10) ïðè ε, ε1 → 0 îäåðæó¹ìî iñíó-

âàííÿ êîæíî¨ ç ãðàíèöü lim
ε,ε1→0

∫
Q1εε1

φ′(x, t)(B̃ju)(x, t)dxdt, çîêðåìà ãðàíèöü

lim
ε,ε1→0

∫
Q1εε1

φBjudxdt, lim
ε,ε1→0

∫
Q1εε1

φCjudxdt ∀ φ ∈ D(Q1).

Âðàõîâóþ÷è çíàéäåíó ïðè äîâåäåííi ëåìè 4.1 iç [5] (äèâ òàêîæ ëåìó 1 iç [11])
ëiíiéíó çàëåæíiñòü ôóíêöi¨ Φ âiä φ0, . . . , φ2b−1 òà ¨õíiõ ïîõiäíèõ (âiäïîâiäíî äî ïî-

ðÿäêiâ 2b+r−1, . . . , r), îäåðæó¹ìî, ùî B̃ju ìàþòü óçàãàëüíåíi êðàéîâi çíà÷åííÿ F̃j ç

D(Q1) ïîðÿäêiâ ñèíãóëÿðíîñòåé ≤ r+ j, j = 0, 2b− 1. Çîêðåìà, Bju, Cju íàáóâàþòü
íà Q1 äåÿêèõ óçàãàëüíåíèõ êðàéîâèõ çíà÷åíü âiäïîâiäíî Fj , F

c
j ∈ D(Q1) ïîðÿäêiâ

ñèíãóëÿðíîñòåé s(Fj) ≤ r + rj , s(F
c
j ) ≤ r +mj , j = 1,m.

Âèáèðàþ÷è âåêòîð-ôóíêöi¨ φj ∈ Dr+2b−j(Q1), j = 0, 2b− 1, ÿê âèùå çíàõî-

äèìî φ2b+j ∈ Dr+2b−j(Q1), j = 0, r − 1 i òàêó ψ = Φ ∈ D∗
r(Q0), ùî ψ |t=0 = 0,

C̃jψ = φ2b−j−1 ∈ Dr+j+1(Q1). Ïîäiáíî äî ïîïåðåäíüîãî îäåðæó¹ìî iñíóâàííÿ

(φ, F̃j)1 = lim
ε,ε1→0

∫
Q1εε1

φ′(x, t)(B̃ju)(x, t)dxdt äëÿ êîæíî¨ φ ∈ Dr+j+1(Q1),

òîáòî iñíóâàííÿ F̃j ∈ D′
r+j+1(Q1), çîêðåìà, Bju ∈ Dr+rj+1(Q1), Cju ∈ Dr+mj+1(Q1).

Çàïèøåìî ôîðìóëó Ãðiíà â îáëàñòi Q̃∗
0εε1 = Ωε × (ε1, ε01) äëÿ ðîçâ'ÿçêó

u ∈ C2b,1
x,t (Q0) ∩Mr(Q0) ñèñòåìè (1) òà âåêòîð-ôóíêöi¨ Ψ =

q∑
i=0

(t − ε1)
iψi(x)η1(t), äå

q = ( r
2b ), η1 ∈ C∞(R+), η1(t) = 1 ïðè t ∈ [0, ε013 ], η1(t) = 0 ïðè t ≥ 2ε01

3 , η1(t) ≤ 1,
ψ0 � äîâiëüíó âåêòîð-ôóíêöiþ ç D(Ω0), ψ1, . . . , ψq âèáèðàþòü çà ëåìîþ 4.2 [5] äëÿ
îïåðàòîðà L∗: ∫

Q̃∗
0εε1

t
r
2b ψ̃′(x, t)u(x, t)dxdt−

∫
Q̃∗

0εε1

Ψ′F0dxdt+ (11)

+
2b−1∑
j=0

∫
Q̃∗

1εε1

[(C̃Ψ)′(x, t) · (B̃ju)(x, t)dxdt = −
∫

Ω0ε

Ψ′(x, ε1)u(x, ε1)dx.

Òóò Q̃∗
1εε1 = Sε × (ε1, ε01), ψ̃ � îáìåæåíà ôóíêöiÿ ç êîìïàêòíèì íîñi¹ì ó

Q̃∗
0 = S× [0, ε10]. Çà óìîâàìè òåîðåìè òà âèçíà÷åíèì âèùå iñíóâàííÿì óçàãàëüíåíèõ

êðàéîâèõ çíà÷åíü B̃ju, j = 0, 2b− 1 iñíó¹ ãðàíèöÿ ïðè ε, ε1 → 0 ëiâî¨ ÷àñòèíè (11).
Òîäi ç (11) âèïëèâà¹ iñíóâàííÿ lim

ε,ε1→0

∫
Ω0ε

Ψ′(x, ε1)u(x, ε1)dx. Çà ëåìîþ ç [13, c. 70] öåé

âèðàç äîðiâíþ¹ lim
ε,ε1→0

∫
Ω0ε

ψ′
0(x)u(x, ε1)dx.

Íåõàé Fm+1� ôóíêöiîíàë íà D(Ω0), âèçíà÷åíèé ôîðìóëîþ

(ψ0, Fm+1)2 = lim
ε,ε1→0

∫
Ω0ε

ψ′
0(x)u(x, ε1)dx, ψ0 ∈ D(Ω0). (12)

Ç (11), âðàõîâóþ÷è ëåìó ç [13, c. 70], îäåðæó¹ìî
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|(ψ0, Fm+1)2| ≤ |
∫̃
Q∗

0

t
r
2b ψ̃′(x, t)u(x, t)dxdt|+ |

∫̃
Q∗

0

Ψ′F0dxdt|+
2b−1∑
j=0

|(C̃jΨ, F̃j)1|.

Ç äîâåäåííÿ ëåìè 4.2 ç [5] âèïëèâà¹ îöiíêà |ψ̃(x, t)| ≤ C sup
x∈Ω0,|α|≤s

|Dαψ0(x)|,

äå s = 2b( r
2b ) + 2b ≤ r + 2b;

m∑
j=1

(C̃jΨ, F̃j)1 òàêîæ ¹ ëiíiéíîþ ôóíêöi¹þ ψ0 òà ¨¨

ïîõiäíèõ äî ïîðÿäêó r+2b. Òîìó Fm+1 � ëiíiéíèé íåïåðåðâíèé ôóíêöiîíàë íàD(Ω0),
s(Fm+1) ≤ 2b+ r.

Âèáèðàþ÷è ψ0 ∈ Dr+2b(Ω0), ÿê âèùå çíàõîäèìî ψi ∈ Dr+2b(1−i)(Ω0), i = 1, . . . ,

( r
2b ) òà Ψ ∈ D∗

r(Q0). Îòæå, ôóíêöiîíàë (12) íàëåæèòü D′
r+2b(Ω0).

Äðóãå òâåðäæåííÿ òåîðåìè âèïëèâà¹ ç ðiâíîñòi (10).

Ïðè Φε(ξ) =
2b+r−1∑

i=b

(ξn − ε)iφi(ξ
′, ε) ó ôîðìóëàõ (10), (11) ìàòèìåìî âiäìiííèìè

âiä íóëÿ äîäàíêè òiëüêè ïðè j = b, 2b+ r − 1 i

|Φ(ξ′, ξn)| ≤ Cξbn ·
∑

|k|≤2b+r−p−1

sup
ξ′⊂S

|( ∂
∂ξ′ )

kφp(ξ
′)|, p = b, 2b− 1.

Òîìó àíàëîãi÷íî îäåðæó¹ìî òðåò¹ òâåðäæåííÿ òåîðåìè. �

Çàóâàæåííÿ 1. Òåîðåìà ïðàâèëüíà ïðè çàìiíi D′
r+2b(Ω0) íà Z

′
r+2b(Ω0), D′

r+j+1(Q1)
íà Z ′

r+j+1(Q1, 0), âiäïîâiäíî, D∗
r(Q0) íà Z

∗
r (Q0, 0).

Ïðèïóùåííÿ:

F': F0 ∈ Hγ(Q0) ∩ L1(Q0), γ ∈ (0, 1), Fj ∈ D′(Q1), j = 1,m, Fm+1 ∈ D′(Q2),
s(Fj) ≤ sj , j = 1,m+ 1, r ≥ s′0 = max

1≤j≤m+1
(sj − rj − (j));

F: F0 ∈ Hγ(Q0) ∩ L1(Q0), γ ∈ (0, 1), F1, . . . , Fm ∈ D0′(Q1), Fm+1 ∈ D0′(Q2),
s(Fj) ≤ sj , j = 1,m+ 1, r ≥ s′0;

Fr: F0 ∈ Hγ(Q0) ∩ L1(Q0), γ ∈ (0, 1), r ≥ 0,
Fj ∈ D′

r+rj+1(Q1), j = 1,m, Fm+1 ∈ X ′
r(Q2) (Fj ∈ D0′(Q(j)), s(Fj) ≤ [r]+rj+(j),

j = 1,m+ 1);
Zr: F0 ∈ Hγ(Q0) ∩ L1(Q0), γ ∈ (0, 1), r ≥ 0,

Fj ∈ Z ′
r+rj+1(Q1, 0), j = 1,m, Fm+1 ∈ Z ′

r+2b(Q2).

Äðóãå ôîðìóëþâàííÿ çàäà÷i (1)-(3). Íåõàé âèêîíàíî îäíå ç ïðèïóùåíü F',

F, Fr, Zr. Çíàéòè â îáëàñòi Q0 ðîçâ'ÿçîê u ∈ C2b,1
x,t (Q0) ∩Mr(Q0) ñèñòåìè (1), ÿêèé

íàáóâà¹ óçàãàëüíåíèõ ïî÷àòêîâèõ çíà÷åíü Fm+1 (çàäîâîëüíÿ¹ óìîâó (3) â ñåíñi (9)),
à Bju íàáóâàþòü óçàãàëüíåíèõ êðàéîâèõ çíà÷åíü Fj , òîáòî

lim
ε,ε1→0

∫
Q1εε1

φ(x, t)Bju(x, t)dQ1 = (φ,Fj)1 ∀ φ ∈ D(Q1). (13)

Òåîðåìà 3. Çà êîæíîãî ç ïðèïóùåíü F, Fr, Zr ðîçâ'ÿçîê u ∈ C2b,1
x,t (Q0) ∩Mr(Q0)

çàäà÷i (1)-(3) ó ïåðøîìó ôîðìóëþâàííi ¹ ¨¨ ðîçâ'ÿçêîì ó äðóãîìó ôîðìóëþâàííi é
íàâïàêè.
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Äîâåäåííÿ. Ââàæà¹ìî âèêîíàíèì ïðèïóùåííÿ Fr. Â iíøèõ âèïàäêàõ äîâåäåííÿ àíà-
ëîãi÷íå.

Íåõàé u ∈ C2b,1
x,t (Q0) ∩ Mr(Q0) � ðîçâ'ÿçîê çàäà÷i â äðóãîìó ôîðìóëþâàííi,

òîáòî ¹ ðîçâ'ÿçêîì çàäà÷i (1),(9),(13). Çàïèøåìî ôîðìóëó Ãðiíà äëÿ u òà äîâiëüíî¨
ψ ∈ Xr(Q0) â îáëàñòi Q0εε1∫

Q0εε1

(L∗ψ)′udxdt−
∫

Q0εε1

ψ′F0dxdt = (14)

=
m∑
j=1

∫
Q1εε1

[
ĈjψBju− B̂jψCju

]
dxdt+

∫
Ω0ε

ψ(x, ε1)u(x, ε1)dx.

Çà ïðèïóùåííÿì òåîðåìè òà çà òåîðåìîþ 2 iñíóþòü ãðàíèöi ïðè ε, ε1 → 0 êîæ-
íîãî ç äîäàíêiâ (14). Ïåðåõîäÿ÷è â (14) äî ãðàíèöi, êîëè ε, ε1 → 0, çàñòîñîâóþ÷è äî
ïðàâî¨ ÷àñòèíè ëåìó ç [13, c. 70], óìîâè (9), (13), îäåðæèìî∫

Q0

(L∗ψ)′udxdt−
∫
Q0

ψ′F0dxdt =

=
m∑
j=1

lim
ε,ε1→0

∫
Q1εε1

(
lim
ε→0

(
Ĉjψ(xε, t)

)
·Bju(xε, t)dxdt−

−
m∑
j=1

lim
ε,ε1→0

∫
Q1εε1

(
lim
ε→0

(B̂jψ)(xε, t)
)
· Cju(xε, t)dxdt+

+ lim
ε,ε1→0

∫
Ω0ε

(
lim
ε1→0

ψ′(x, ε1)
)
u(x, ε1)dx =

=
m∑
j=1

lim
ε,ε1→0

∫
Q1εε1

(Ĉjψ)(x, t)
)
(Bju)(x, t)dxdt+ lim

ε,ε1→0

∫
Ω0ε

ψ′(x, 0)u(x, ε1)dx =

=
m∑
j=1

(Ĉjψ, Fj)1 + (ψ(y, 0), Fm+1(y))2,

ùî é òðåáà áóëî äîâåñòè � u çàäîâîëüíÿ¹ òîòîæíiñòü (6) äëÿ äîâiëüíî¨ ψ ∈ Xr(Q0).

Íàâïàêè, ÿêùî u ∈ C2b,1
x,t (Q0)∩Mr(Q0) � ðîçâ'ÿçîê çàäà÷i â ïåðøîìó ôîðìóëþ-

âàííi, òîáòî çàäîâîëüíÿ¹ òîòîæíiñòü (6) äëÿ äîâiëüíî¨ ψ ∈ Xr(Q0), òî, çîêðåìà, äëÿ
ψ ∈ D(Q0) ç (6) îòðèìà¹ìî

∫
Q0

(L∗ψ)′udxdt −
∫
Q0

ψ′F0dxdt = 0. Çà ãiïîåëiïòè÷íiñòþ

îïåðàòîðà L, u � êëàñè÷íèé ðîçâ'ÿçîê ñèñòåìè (1) â Q0. Ç ëåìè 1 âèïëèâà¹, ùî äëÿ
äîâiëüíèõ φj ∈ Dr+2b−rj−1(Q1) (D(Q1)), j = 1,m, φm+1 ∈ Xr(Ω0) (D(Ω0)) iñíó¹ òàêà

ψ ∈ Xr(Q0), ùî Ĉjψ(xε, t) → φj(x, t) ïðè ε → 0, j = 1,m, ψ(x, 0) = φm+1(x), x ∈ Ω0.
Äëÿ òàêî¨ ψ iñíó¹ (L∗ψ, u)0 = lim

ε,ε1→0

∫
Q0εε1

(L∗ψ)′udxdt, çà òåîðåìîþ 2 Bju íàáóâà¹

íà Q1 äåÿêèõ óçàãàëüíåíèõ êðàéîâèõ çíà÷åíü ç D′
r+rj+1(Q1), à Cju � ç D′

r+mj+1(Q1)

(ç D′(Q1) ïîðÿäêiâ ñèíãóëÿðíîñòåé ≤ r + rj òà ≤ r +mj âiäïîâiäíî), u íàáóâà¹ äå-

ÿêèõ óçàãàëüíåíèõ ïî÷àòêîâèõ çíà÷åíü ç D′
r+2b(Ω0) (ç D

′(Ω0) ïîðÿäêó ñèíãóëÿðíîñòi
≤ r + 2b). Òîìó iñíó¹ ãðàíèöÿ ïðè ε, ε1 → 0 êîæíîãî ç äîäàíêiâ ó (14). Ïåðåõîäÿ÷è
äî ãðàíèöi â (14) òà âiäíiìàþ÷è îäåðæàíó òîòîæíiñòü âiä (6), îòðèìà¹ìî

lim
ε,ε1→0

m∑
j=1

∫
Q1εε1

[
(Ĉjψ)Bju− (B̂ju)Cju

]
dQ1ε + lim

ε,ε1→0

∫
Ω0ε

ψ′(x, ε1)u(x, ε1)dx =
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=
m∑
j=1

(Ĉjψ, Fj)1 + (ψ(x, 0), Fm+1)2,

à âèêîðèñòîâóþ÷è ëåìó ç [13, c. 70]

lim
ε,ε1→0

m∑
j=1

∫
Q1εε1

φj(x, t)Bju(x, t)dxdt+ lim
ε,ε1→0

∫
Ω0ε

φ′
m+1(x)u(x, ε1)dx =

=
m∑
j=1

(φj , Fj)1 + (φm+1(x), Fm+1)2.

Çâiäñè, âðàõîâóþ÷è äîâiëüíiñòü φ1, . . . , φm+1, îäåðæó¹ìî (9) òà (13). �

Òåîðåìà 4. Çà êîæíîãî ç ïðèïóùåíü F', F, Fr, Zr âåêòîð-ôóíêöiÿ

u(x, t) =

∫
Q0

G0(x, t, y, τ)F0(y, τ)dydτ+ (15)

+
m∑
j=1

(Gj(x, t, ·, ·), Fj)1 + (G0(x, t, ·, 0), Fm+1)2, (x, t) ∈ Q0

¹ ðîçâ'ÿçêîì êëàñó C2b,1
x,t (Q0) ∩Mr(Q0) çàäà÷i (1), (9), (13).

Äîâåäåííÿ. Çà íàâåäåíèìè âèùå âëàñòèâîñòÿìè ìàòðèöü Gj , j = 0,m+ 1 âåêòîð-
ôóíêöiÿ (15) ¹ êëàñè÷íèì ðîçâ'ÿçêîì ñèñòåìè (1) â Q0, à ç âèêîðèñòàííÿì àíàëîãà
òåîðåìè Ôóáiíi ([12, c. 132]), ïåðåêîíó¹ìîñü, ùî âîíà çàäîâîëüíÿ¹ óìîâè (9) òà (13).
Ïîêàæåìî, ùî u ∈Mr(Q0). Ðîçãëÿíåìî ñïî÷àòêó âèïàäêè F' òà F.

Çà îçíà÷åííÿì ïîðÿäêó ñèíãóëÿðíîñòi óçàãàëüíåíî¨ ôóíêöi¨

u(x, t) =
∫
Q0

G0(x, t, y, τ)F0(y, τ)dydτ +
∑

|α|≤sm+1

Dα
y

∫
Ω0

G0(x, t, y, 0)fm+1,α(y)dy+

+
m∑
j=1

∑
|α|≤sj

Dα
y,τ

∫
Q1

Gj(x, t, y, τ) · fj,α(y, τ)dydτ ,

äå fjα ∈ L1(Q1).

Âèùå ïîêàçàíî îáìåæåíiñòü
∫
Q0

ϱr(x, t)G0ik(x, t, y, τ)dxdt â Q0, i, k = 1, p. ßêùî

ðiâíîìiðíî çà y ∈ Q1, τ ∈ [0, T ] îáìåæåíi
∫
Q0

ϱr(x, t)
p∑

k=1

∣∣Dα
yG0ik(x, t, y, 0)

∣∣dxdt òà
∫
Q0

ϱr(x, t)
p∑

k=1

∣∣∣Dα
y,τGjk(x, t, y, τ)

∣∣∣dxdt, âiäïîâiäíî äëÿ |α| ≤ sm+1, i, k = 1, p, |α| ≤ sj ,

j = 1,m, òî îäåðæèìî ñêií÷åííiñòü∫
Q0

( ∫
Q0

ϱr(x, t)

p∑
k=1

|G0ik(x, t, y, τ)|dxdt
)∣∣F0k(y, τ)

∣∣dydτ+
m∑
j=1

∑
|α|≤sj

∫
Q1

( ∫
Q0

ϱr(x, t)

p∑
k=1

∣∣∣Dα
y,τGjik(x, t, y, τ)

∣∣∣dxdt)∣∣fjαk(y, τ)∣∣dydτ+
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∑
|α|≤sm+1

∫
Ω0

( ∫
Q0

ϱr(x, t)

p∑
k=1

∣∣Dα
yG0ik(x, t, y, 0)

∣∣dxdt)|fm+1,α,k(y)|dy.

Âðàõîâóþ÷è îöiíêè (5), îäåðæó¹ìî, ùî ïðè r − λj > −1 äëÿ âñiõ |α| ≤ sj ,

j = 1,m, òîáòî ïðè r > s′0, âèêîíó¹òüñÿ u ∈Mr(Q0).
Ó âèïàäêó ïðèïóùåííÿ Fr âèêîðèñòîâó¹ìî ëåìó 2, çà ÿêîþ∫

Q0

ϱr(x, t)Gj(x, t, ·, ∗)dxdt ∈ Dr+rj+1(Q1), j = 1,m,∫
Q0

ϱr(x, t)Gm+1(x, t, ·, 0)dxdt ∈ Dr+2b(Q2).

Çà àíàëîãîì òåîðåìè Ôóáiíi [12, c. 132]∫
Q0

ϱr(x, t)(Gj(x, t, y, τ), Fj(y, τ))1dxdt =
( ∫
Q0

ϱr(x, t)Gj(x, t, y, τ)dxdt, Fj(y, τ)
)
1
,

∫
Q0

ϱr(x, t)(G0(x, t, y, 0), Fm+1(y))2 =
( ∫
Q0

ϱr(x, t)G0(x, t, y, 0)dxdt, Fm+1(y)
)
2
,

òîìó öi âèðàçè ¹ ñêií÷åííèìè äëÿ äîâiëüíîãî r ≥ 0. Àíàëîãi÷íî ó âèïàäêó ïðèïó-
ùåííÿ Zr. �

Íàñëiäîê 1. Çà êîæíîãî ç ïðèïóùåíü F, Fr, Zr âåêòîð-ôóíêöiÿ (15) ¹ ¹äèíèì
ðîçâ'ÿçêîì çàäà÷i (1)-(3) ó äâîõ ôîðìóëþâàííÿõ.

Âèñíîâêè. Îäåðæàíî òåîðåìè ïðî iñíóâàííÿ, ¹äèíiñòü òà çîáðàæåííÿ ðîçâ'ÿç-
êó íîðìàëüíî¨ ïàðàáîëi÷íî¨ êðàéîâî¨ çàäà÷i ç ïðàâèìè ÷àñòèíàìè ç âàãîâèõ ïðîñ-
òîðiâ óçàãàëüíåíèõ ôóíêöié. Äîâåäåíî òåîðåìó ïðî óìîâè åêâiâàëåíòíîñòi ó äâîõ
ðiçíèõ ôîðìóëþâàííÿõ ðåãóëÿðíîãî â îáëàñòi ðîçâ'ÿçêó ïðè êðàéîâèõ i ïî÷àòêîâèõ
äàíèõ ç âàãîâèõ ïðîñòîðiâ óçàãàëüíåíèõ ôóíêöié.
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GENERALIZED INITIAL AND BOUNDARY VALUES OF
THE SOLUTIONS OF THE PARABOLIC SYSTEM EQUATIONS

Halyna LOPUSHANSKA

Ivan Franko National University of L'viv,

Universytets'ka Str., 1, L'viv, 79000

e-mail: lhp@ukr.net

The uniquely existence theorems and the representation of the solutions
of the linear normal parabolic boundary value problems with right-hand sides
from the weight spaces of the generalized functions are obtained. The conditions
of the equivalence in two de�nitions of the regular solution in domain under
boundary and initial data from some weight spaces of the generalized functions
are founded.

Key words: normal parabolic boundary value problem, weight functional
space, generalized function, generalized boundary values, generalized initial
values.
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Äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè, ïîëó÷åíû èçîáðà-
æåíèÿ ðåøåíèé ëèíåéíûõ íîðìàëüíûõ ïàðàáîëè÷åñêèõ êðàåâûõ çàäà÷ ïðè
êðàåâûõ è íà÷àëüíûõ äàííûõ ñ âåñîâûõ ïðîñòðàíñòâ îáîáùåííûõ ôóí-
êöèé. Íàéäåíî óñëîâèÿ ýêâèâàëåíòíîñòè ðåãóëÿðíîãî â îáëàñòè ðåøåíèÿ
çàäà÷è â äâóõ ôîðìóëèðîâêàõ.

Êëþ÷åâûå ñëîâà: íîðìàëüíàÿ ïàðàáîëè÷åñêàÿ êðàåâàÿ çàäà÷à, îáîá-
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Äîñëiäæåíî âëàñòèâîñòi öiëèõ ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ðiâíÿíü âè-
ãëÿäó

znw(n) +

n−1∑
j=n−m+1

a
(j)
n−j+1z

jw(j) +

n−m∑
j=0

(a
(j)
n−j−m+1z

m + a
(j)
n−j+1)z

jw(j) = 0,

äå n > 3, 2 6 m 6 n i a(j)
k � êîìïëåêñíi ÷èñëà.

Çàçíà÷åíî óìîâè íà ïàðàìåòðè a
(j)
k , çà ÿêèõ iñíó¹ öiëèé ðîçâ'ÿçîê f öüî-

ãî ðiâíÿííÿ òàêèé, ùî âñi ïîõiäíi f (lm−1), (l ∈ N) ¹ îïóêëèìè àáî áëèçü-
êèìè äî îïóêëèõ ôóíêöiÿìè â D = {z : |z| < 1}. Âèâ÷åíî çðîñòàííÿ òàêî¨
ôóíêöi¨ f .

Êëþ÷îâi ñëîâà: öiëà ôóíêöiÿ, îïóêëiñòü, áëèçüêiñòü äî îïóêëîñòi, ðå-
ãóëÿðíå çðîñòàííÿ.

1. Âñòóï. Îäíîëèñòà àíàëiòè÷íà â D = {z : |z| < 1} ôóíêöiÿ

f(z) =
∞∑
j=0

fjz
j (1)

íàçèâà¹òüñÿ îïóêëîþ, ÿêùî f(D) � îïóêëà îáëàñòü. Äîáðå âiäîìî [1, ñ. 203], ùî óìîâà
Re{1 + zf ′′(z)/f ′(z)} > 0(z ∈ D) ¹ íåîáõiäíîþ i äîñòàòíüîþ äëÿ îïóêëîñòi ôóíêöi¨
f â D. Ôóíêöiÿ f íàçèâà¹òüñÿ [1, ñ. 583] áëèçüêîþ äî îïóêëî¨ â D, ÿêùî iñíó¹ òàêà
îïóêëà â D ôóíêöiÿ Φ, ùî Re{f ′(z)/Φ′(z)} > 0(z ∈ D). Êîæíà áëèçüêà äî îïóêëî¨
â D ôóíêöiÿ ¹ îäíîëèñòîþ â D i f1 ̸= 0 [1, ñ. 583]. Áëèçüêà äî îïóêëî¨ â D ôóíêöiÿ
f õàðàêòåðèçó¹òüñÿ òèì, ùî f(D) � ëiíiéíî äîñÿæíà çîâíi îáëàñòü [1, ñ. 584], òîáòî
C\f(D) ìîæíà çàïîâíèòè ïðîâåäåíèìè ç ∂f(D) ïðîìåíÿìè, ÿêi íàëåæàòü äî C\f(D).
Îñêiëüêè f1 ̸= 0, òî çâiäñè âèïëèâà¹, ùî ôóíêöiÿ (1) áëèçüêà äî îïóêëî¨ â D òîäi i
ëèøå òîäi, êîëè áëèçüêîþ äî îïóêëî¨ â D ¹ ôóíêöiÿ F (z) = z +

∑∞
j=2 (fj/f1)z

j .

c⃝ Ìàãîëà ß., 2011
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Ñ. Øàõ [2], âèâ÷àþ÷è âëàñòèâîñòi öiëèõ ðîçâ'ÿçêiâ äèôåðåíöiàëüíîãî ðiâíÿííÿ

z2w′′ + (a
(1)
1 z2 + a

(1)
2 z)w′ + (a

(0)
1 z2 + a

(0)
2 z + a

(0)
3 )w = 0, (2)

äîâiâ òàêó òåîðåìó.

Òåîðåìà 1. ßêùî

a
(0)
1 ̸= 0, a

(1)
1 = a

(0)
2 = a

(0)
3 = 0, a

(1)
2 > 1, |a(0)1 |1/2 6 log (2 +

√
3) = 1.31...,

òî iñíó¹ öiëèé ðîçâ'ÿçîê (1) ðiâíÿííÿ (2) ç f0 = 1, f2j+1 = 0(j > 0) òàêèé, ùî âñi

íåïàðíi ïîõiäíi f ′, f ′′′, ... îäíîëèñòi â D i lnMf (r) = (1 + o(1))

√
|a(0)1 |r, ïðè r → ∞,

äå Mf (r) = max {|f(z)| : |z| = r}.

Áåçïîñåðåäíiì óçàãàëüíåííÿì ðiâíÿííÿ Ñ. Øàõà ¹ äèôåðåíöiàëüíå ðiâíÿííÿ

znw(n) +
n∑

j=1

(
j+1∑
k=1

a
(n−j)
k zn−k+1

)
w(n−j) = 0. (3)

Â [3] äîâåäåíî òåîðåìó.

Òåîðåìà 2. Àíàëiòè÷íà â îêîëi ïî÷àòêó êîîðäèíàò ôóíêöiÿ (1) ¹ ðîçâ'ÿçêîì äè-

ôåðåíöiàëüíîãî ðiâíÿííÿ (3) òîäi i ëèøå òîäi, êîëè äëÿ êîæíîãî s ∈ Z+

min{s,n}∑
p=0

min{s,n}−p∑
k=0

a
(k)
n+1−k−p

(s− p)!

(s− k − p)!
fs−p = 0, (4)

äå a
(n)
1 = 1.

Ââàæàòèìåìî, ùî n > 3, 2 6 m 6 n:

1) a
(j)
k = 0 äëÿ k = 1, 2, ..., n− j−m,n− j−m+2, ..., n− j òà j = 0, n−m− 1;

2) a
(n−m)
k = 0 äëÿ k = 2,m;

3) a
(n−j)
k = 0 äëÿ k = 1, j òà j = 1,m− 1.
Òîäi ðiâíÿííÿ (3) ó öüîìó âèïàäêó ìîæíà çàïèñàòè ó âèãëÿäi

znw(n) +
n−1∑

j=n−m+1

a
(j)
n−j+1z

jw(j) +
n−m∑
j=0

(a
(j)
n−j−m+1z

m + a
(j)
n−j+1)z

jw(j) = 0, (5)

à ç òåîðåìè 2 íåâàæêî îòðèìàòè òàêèé íàñëiäîê.

Òâåðäæåííÿ 1. Íåõàé n > 3, 2 6 m 6 n. Àíàëiòè÷íà â îêîëi ïî÷àòêó êîîðäèíàò

ôóíêöiÿ (1) ¹ ðîçâ'ÿçêîì äèôåðåíöiàëüíîãî ðiâíÿííÿ (5) òîäi i ëèøå òîäi, êîëè
s∑

k=0

a
(k)
n+1−k

s!

(s− k)!
fs = 0, 0 6 s 6 m− 1, (6)

i äëÿ s > m

min{s,n}∑
k=0

a
(k)
n+1−k

s!

(s− k)!
fs +

min{s,n}−m∑
k=0

a
(k)
n+1−k−m

(s−m)!

(s− k −m)!
fs−m = 0, (7)

äå a
(n)
1 = 1.
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Ïðèïóñòèìî, ùî a
(0)
n+1 = 0. ßêùî âèáåðåìî f0 = 1, f1 = · · · = fm−1 = 0, òî óìîâà

(6) áóäå âèêîíóâàòèñü, i îòæå, ðîçâ'ÿçîê ðiâíÿííÿ (5) øóêàòèìåìî ó âèãëÿäi

f(z) = 1 +
∞∑
j=1

fmjz
mj = 1 + fmzm + f2mz2m + · · · . (8)

2. Îñíîâíà òåîðåìà. Ñïðàâäæó¹òüñÿ òàêå òâåðäæåííÿ.

Òåîðåìà 3. Íåõàé n > 3, 2 6 m 6 n i j0 = [n/m], à κm = max{κ1,m,κ2,m}, äå

κ1,m = max


∣∣∣∣∣
pm∑
k=m

a
(k−m)
n+1−k

(pm− k)!

∣∣∣∣∣
∣∣∣∣∣
pm∑
k=0

a
(k)
n+1−k

(pm− k)!

∣∣∣∣∣
−1

, p = 1, j0

 (9)

i

κ2,m = max


∣∣∣∣∣

n∑
k=m

a
(k−m)
n+1−k

(pm− k)!

∣∣∣∣∣
∣∣∣∣∣

n∑
k=0

a
(k)
n+1−k

(pm− k)!

∣∣∣∣∣
−1

, p > j0 + 1

 . (10)

Ïðèïóñòèìî, ùî a
(0)
n+1 = 0. Òîäi iñíó¹ öiëèé ðîçâ'ÿçîê (8) äèôåðåíöiàëüíîãî ðiâíÿííÿ

(5) ç òàêèìè âëàñòèâîñòÿìè:

à) ÿêùî
∑∞

j=1
κj

m

(jm)! 6 1, òî âñi ïîõiäíi f (lm−1)(l ∈ N) áëèçüêi äî îïóêëèõ â D;

á) ÿêùî
∑∞

j=1
(jm+1)κj

m

(jm)! 6 1, òî âñi ïîõiäíi f (lm−1)(l ∈ N) îïóêëi â D;
â) ôóíêöiÿ f ìà¹ ðåãóëÿðíå çðîñòàííÿ, òîáòî ïðè r → ∞

lnMf (r) =
m+ q − 1

m
(1 + o(1))

(
m

√
|a(n−m−q+1)

q |r
) m

m+q−1

, (11)

äå q = min
{
j ∈ {1, ..., n+ 1−m} : a

(n−m−j+1)
j ̸= 0

}
.

Äîâåäåííÿ. Ïî÷íåìî ç òâåðäæåííÿ à. Äëÿ ôóíêöi¨ (8) ôîðìóëà (7) íàáóëà âèãëÿäó

min{jm,n}∑
k=0

a
(k)
n+1−k

(jm)!

(jm− k)!
fjm+

+

min{jm,n}−m∑
k=0

a
(k)
n+1−k−m

((j − 1)m)!

((j − 1)m− k)!
f(j−1)m = 0, j > 1.

Çðîçóìiëî, ùî j0 = max{j : jm 6 n} > 1, à ç ôîðìóëè (7) äëÿ j 6 j0 îòðèìà¹ìî
min{jm, n} = jm, i îòæå,

fjm = − ((j − 1)m)!

(jm)!

(j−1)m∑
k=0

a
(k)
n+1−k−m

((j − 1)m− k)!

jm∑
k=0

a
(k)
n+1−k

(jm− k)!

f(j−1)m =
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= · · · = (−1)j

(jm)!

j∏
s=1

(j−s)m∑
k=0

a
(k)
n+1−k−m

((j − s)m− k)!

(j−s+1)m∑
k=0

a
(k)
n+1−k

(j − s+ 1)m− k)!

. (12)

Öÿ ôîðìóëà ïðàâèëüíà i äëÿ j0, òîáòî

fj0m =
(−1)j0

(j0m)!

j0∏
s=1

(j0−s)m∑
k=0

a
(k)
n+1−k−m

((j0 − s)m− k)!

(j0−s+1)m∑
k=0

a
(k)
n+1−k

((j0 − s+ 1)m− k)!

. (13)

ßêùî j > j0, òî min{jm, n} = n i ç (7) îäåðæó¹ìî

fjm = − ((j − 1)m)!

(jm)!

n−m∑
k=0

a
(k)
n+1−k−m

((j − 1)m− k)!

n∑
k=0

a
(k)
n+1−k

(jm− k)!

f(j−1)m =

= (−1)j−j0
(j0m)!

(jm)!

j−j0∏
s=1

n−m∑
k=0

a
(k)
n+1−k−m

((j − s)m− k)!

n∑
k=0

a
(k)
n+1−k

((j − s+ 1)m− k)!

fj0m =

= (−1)j−j0
(j0m)!

(jm)!
(−1)j0

1

(j0m)!

j−j0∏
s=1

n−m∑
k=0

a
(k)
n+1−k−m

((j − s)m− k)!

n∑
k=0

a
(k)
n+1−k

((j − s+ 1)m− k)!

×

×
j0∏
s=1

(j0−s)m∑
k=0

a
(k)
n+1−k−m

((j0 − s)m− k)!

(j0−s+1)m∑
k=0

a
(k)
n+1−k

((j0 − s+ 1)m− k)!

.

Îòæå, äëÿ j > j0

fjm =
(−1)j

(jm)!

j−j0∏
s=1

n−m∑
k=0

a
(k)
n+1−k−m

((j − s)m− k)!

n∑
k=0

a
(k)
n+1−k

((j − s+ 1)m− k)!

j0∏
s=1

(j0−s)m∑
k=0

a
(k)
n+1−k−m

((j0 − s)m− k)!

(j0−s+1)m∑
k=0

a
(k)
n+1−k

((j0 − s+ 1)m− k)!

. (14)
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Ëåãêî ïåðåâiðèòè, ùî äëÿ (lm− 1)-¨ ïîõiäíî¨ ôóíêöi¨ (8) ïðàâèëüíà ðiâíiñòü

f (lm−1)(z) =
∞∑
j=0

((j + l)m)!

(jm+ 1)!
fjm+lmzjm+1 =

(lm)!

1!
flmz +

∞∑
j=1

((j + l)m)!

(jm+ 1)!
f(j+l)mzjm+1.

Ôóíêöiÿ f (lm−1) ¹ îïóêëîþ ÷è áëèçüêîþ äî îïóêëî¨ òîäi i ëèøå òîäi, êîëè òàêîþ
¹ ôóíêöiÿ

Fl(z) = z +

∞∑
j=1

((j + l)m)!

(jm+ 1)!(lm)!

f(j+l)m

flm
zjm+1 = z +

∞∑
j=1

F
(l)
jm+1z

jm+1. (15)

ßêùî j + l 6 j0, òî ç îãëÿäó íà (12)

F
(l)
jm+1 =

(−1)j

(jm+ 1)!

j∏
s=1

(j+l−s)m∑
k=0

a
(k)
n+1−k−m

((j + l − s)m− k)!

(j+l−s+1)m∑
k=0

a
(k)
n+1−k

((j + l − s+ 1)m− k)!

. (16)

ßêùî j + l > j0 i l 6 j0, òî ç îãëÿäó íà (12) i (14)

F
(l)
jm+1 =

(−1)j

(jm+ 1)!

j−(j0−l)∏
s=1

n−m∑
k=0

a
(k)
n+1−k−m

((j + l − s)m− k)!

n∑
k=0

a
(k)
n+1−k

((j + l − s+ 1)m− k)!

×

×
j0∏

s=1+l

(j0+l−s)m∑
k=0

a
(k)
n+1−k−m

((j0 + l − s)m− k)!

(j0+l−s+1)m∑
k=0

a
(k)
n+1−k

((j0 + l − s+ 1)m− k)!

. (17)

Íàðåøòi, ÿêùî l > j0, òî ç îãëÿäó íà (14)

F
(l)
jm+1 =

(−1)j

(jm+ 1)!

j∏
s=1

n−m∑
k=0

a
(k)
n+1−k−m

((j + l − s)m− k)!

n∑
k=0

a
(k)
n+1−k

((j + l − s+ 1)m− k)!

. (18)

Îöiíèìî |Fjm+1|. Äëÿ j + l 6 j0 ç ôîðìóëè (16) îòðèìà¹ìî

|F (l)
jm+1| =

1

(jm+ 1)!

j∏
s=1

∣∣∣∣∣∣∣∣∣∣∣

(j+l−s+1)m∑
k=m

a
(k−m)
n+1−k

((j + l − s+ 1)m− k)!

(j+l−s+1)m∑
k=0

a
(k)
n+1−k

((j + l − s+ 1)m− k)!

∣∣∣∣∣∣∣∣∣∣∣
6
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6 1

(jm+ 1)!

j∏
s=1

max



∣∣∣∣∣∣∣∣∣∣∣

(j+l−s+1)m∑
k=m

a
(k−m)
n+1−k

((j + l − s+ 1)m− k)!

(j+l−s+1)m∑
k=0

a
(k)
n+1−k

((j + l − s+ 1)m− k)!

∣∣∣∣∣∣∣∣∣∣∣
: j + l 6 j0, 1 6 s 6 j


.

Ëåãêî ïîáà÷èòè òàêå: ÿêùî j + l 6 j0 i 1 6 s 6 j, òî j + l − s + 1 6 j0. Òîìó ç
ïîïåðåäíüî¨ íåðiâíîñòi îòðèìó¹ìî

|F (l)
jm+1| 6

1

(jm+ 1)!

j∏
s=1

κ1,m =
κj
1,m

(jm+ 1)!
. (19)

ßêùî æ l > j0, òî ç (18) îäåðæó¹ìî

|F (l)
jm+1| =

1

(jm+ 1)!

j∏
s=1

∣∣∣∣∣∣∣∣∣∣∣

n−m∑
k=0

a
(k)
n+1−k−m

((j + l − s)m− k)!

n∑
k=0

a
(k)
n+1−k

((j + l − s+ 1)m− k)!

∣∣∣∣∣∣∣∣∣∣∣
=

=
1

(jm+ 1)!

j∏
s=1

∣∣∣∣∣∣∣∣∣∣∣

n∑
k=m

a
(k−m)
n+1−k

((j + l − s+ 1)m− k)!

n∑
k=0

a
(k)
n+1−k

((j + l − s+ 1)m− k)!

∣∣∣∣∣∣∣∣∣∣∣
6

6 1

(jm+ 1)!

j∏
s=1

max



∣∣∣∣∣∣∣∣∣∣∣

n∑
k=m

a
(k−m)
n+1−k

((j + l − s+ 1)m− k)!

n∑
k=0

a
(k)
n+1−k

((j + l − s+ 1)m− k)!

∣∣∣∣∣∣∣∣∣∣∣
: l > j0, 1 6 s 6 j


.

ßêùî l > j0 i 1 6 s 6 j, òî j + l − s + 1 > j0 + 2 > j0 + 1. Òîìó ç îñòàííüî¨
íåðiâíîñòi îòðèìó¹ìî îöiíêó

|F (l)
jm+1| 6

1

(jm+ 1)!

j∏
s=1

κ2,m =
κj
2,m

(jm+ 1)!
. (20)

Íàðåøòi, ÿêùî j + l > j0 i l 6 j0, òî ç ôîðìóëè (17) îäåðæó¹ìî

|F (l)
jm+1| 6

κj0−l
1,m κj−(j0−l)

2,m

(jm+ 1)!
. (21)

Îòæå, ó âñiõ òðüîõ âèïàäêàõ ïðàâèëüíà íåðiâíiñòü

|F (l)
jm+1| 6

κj
m

(jm+ 1)!
. (22)

Òåïåð âèêîðèñòà¹ìî òàêó ëåìó [4, 5, 6].
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Ëåìà 1. ßêùî f(z) = z +
∞∑
s=2

fsz
s i

∞∑
s=2

s|fs| 6 1, òî f ¹ áëèçüêîþ äî îïóêëî¨ â D.

Çà öi¹þ ëåìîþ ôóíêöiÿ Fl(z) (à çâiäñè i f
(lm−1)(z)(l > 1)) ¹ áëèçüêîþ äî îïóêëî¨

â D, ÿêùî
∞∑
j=1

κj
m

(jm)!
6 1, òîáòî òâåðäæåííÿ à äîâåäåíî.

Äëÿ äîâåäåííÿ òâåðäæåííÿ á âèêîðèñòà¹ìî òàêó ëåìó [6].

Ëåìà 2. ßêùî f(z) = z +

∞∑
s=2

fsz
s i

∞∑
s=2

s2|fs| 6 1, òî f ¹ îïóêëîþ â D.

Çà öi¹þ ëåìîþ ç (22) îòðèìó¹ìî òâåðäæåííÿ á.
Íàðåøòi, äîâåäåìî òâåðäæåííÿ â. Äëÿ j > j0 ç (7) îòðèìó¹ìî

(jm)!

n∑
k=0

a
(k)
n+1−k

(jm− k)!
fjm = −((j − 1)m)!

n−m∑
k=0

a
(k)
n+1−k−m

((j − 1)m− k)!
f(j−1)m.

Îñêiëüêè a
(n)
1 = 1, òî

n∑
k=0

a
(k)
n+1−k

(jm− k)!
=

a
(n)
1

(jm− n)!
+

a
(n−1)
2

(jm+ 1− n)!
+ · · ·+

a
(0)
n+1

(jm)!
=

1 + o(1)

(jm− n)!
, j → ∞.

Ç iíøîãî áîêó, ÿêùî a
(n−m)
1 ̸= 0, òî

n−m∑
k=0

a
(k)
n+1−k−m

((j − 1)m− k)!
=

a
(n−m)
1

(jm− n)!
+

a
(n−m−1)
2

(jm+ 1− n)!
+

+ · · ·+
a
(0)
n+1−m

(jm−m)!
=

a
(n−m)
1

(jm− n)!
(1 + o(1)), j → ∞.

ßêùî æ a
(n−m)
1 = a

(n−m−1)
2 = · · · = a

(n−m−q+2)
q−1 = 0 i a

(n−m−q+1)
q ̸= 0, òî ïðè j → ∞

n−m∑
k=0

a
(k)
n+1−k−m

((j − 1)m− k)!
=

a
(n−m−q+1)
q

(jm− n+ q − 1)!
+ · · ·+

a
(0)
n+1−m

((j − 1)m)!
=

a
(n−m−q+1)
q (1 + o(1))

(jm+ q − n− 1)!
.

Òîìó

(jm)!

(jm− n)!
fjm = −(1 + o(1))((j − 1)m)!

a
(n−m−q+1)
q

(jm− n+ q − 1)!
f(j−1)m, j → ∞,

çâiäêè

fjm = − (1 + o(1))

(jm)m+q−1
a(n−m−q+1)
q f(j−1)m, j → ∞.

Îòæå, äëÿ êîæíîãî ε ∈ (0, 1) i âñiõ j > j0(ε)

(1− ε)

(jm)m+q−1
|a(n−m−q+1)

q ||f(j−1)m| 6 |fjm| 6 (1 + ε)

(jm)m+q−1
|a(n−m−q+1)

q ||f(j−1)m|.
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Òîìó äëÿ âñiõ j > 1

K1
((1− ε)|a(n−m−q+1)

q |)j
j∏

s=0

(sm)m+q−1

6 |fjm| 6 K2
((1 + ε)|a(n−m−q+1)

q |)j
j∏

s=0

(sm)m+q−1

,

òîáòî

K1

(
m

√
(1− ε)|a(n−m−q+1)

q |
)jm

j∏
s=0

(sm)m+q−1

6 |fjm| 6 K2

(
m

√
(1 + ε)|a(n−m−q+1)

q |
)jm

j∏
s=0

(sm)m+q−1

, (23)

äå K1,K2 � äîäàòíi ñòàëi.
Ðîçãëÿíåìî ôóíêöiþ

f∗(r) =
∞∑
j=0

rjm

j∏
s=0

(sm)p

, p = m+ q − 1 > 2. (24)

Íåõàé µf∗(r) � ìàêñèìàëüíèé ÷ëåí ðÿäó (24), à νf∗(r) � éîãî öåíòðàëüíèé iíäåêñ.

Îñêiëüêè rjm = (jm)
p/m ↑ ∞, j → ∞, òî νf∗(r) = jm ïðè r(j−1)m+1 6 r < rjm+1.

Çâiäñè âèïëèâà¹, ùî (νf∗(r)−m)
p/m 6 r 6 (νf∗(r))

p/m
, òîáòî νf∗(r) = (1+o(1))rm/p

ïðè r → ∞,

lnµf∗(r) = lnµf∗(r0) +

∫ r

r0

νf∗(t)

t
dt = (1 + o(1))

p

m
rm/p, r → ∞, (25)

à çà òåîðåìîþ Áîðåëÿ ïðî åêâiâàëåíòíiñòü ëîãàðèôìiâ ìàêñèìóìó ìîäóëÿ i ìàêñè-
ìàëüíîãî ÷ëåíà äëÿ öiëèõ ôóíêöié ñêií÷åííîãî ïîðÿäêó îäåðæó¹ìî

lnMf∗(r) = (1 + o(1))
p

m
rm/p, r → ∞.

Çàâäÿêè (23) i äîâiëüíîñòi ε > 0 îòðèìó¹ìî òâåðäæåííÿ â.
Òåîðåìó 3 ïîâíiñòþ äîâåäåíî. �

Çàóâàæåííÿ 1. Îñêiëüêè m > 2 i a
(0)
n+1 = 0, òî

n∑
k=0

a
(k)
n+1−k

(pm− k)!
=

a
(0)
n+1

(pm)!
+

n∑
k=1

a
(k)
n+1−k

(pm− k)!
=

m−1∑
k=1

a
(k)
n+1−k

(pm− k)!
+

n∑
k=m

a
(k)
n+1−k

(pm− k)!
, (26)

Áóäåìî ââàæàòè, ùî âñi a
(k)
n+1−k > 0(k = 1, n). Òîäi∣∣∣∣∣

n∑
k=0

a
(k)
n+1−k

(pm− k)!

∣∣∣∣∣ =
m−1∑
k=1

a
(k)
n+1−k

(pm− k)!
+

n∑
k=m

a
(k)
n+1−k

(pm− k)!
>

n∑
k=m

a
(k)
n+1−k

(pm− k)!
.

ßêùî iñíó¹ ÷èñëî ηm > 0 òàêå, ùî |a(k−m)
n+1−k| 6 ηma

(k)
n+1−k, òî ç (10) îòðèìà¹ìî îöiíêó

κ2,m 6 ηm. Ïîäiáíî ìîæíà ïîêàçàòè, ùî i κ1,m 6 ηm. Òîìó ç òåîðåìè 3 âèïëèâà¹
òàêå òâåðäæåííÿ.
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Òâåðäæåííÿ 2. Íåõàé n > 3, 2 6 m 6 n, a
(0)
n+1 = 0 i âñi a

(k)
n+1−k > 0 (k = 1, n). ßêùî

|a(k−m)
n+1−k| 6 ηma

(k)
n+1−k äëÿ âñiõ k > m, òî iñíó¹ öiëèé ðîçâ'ÿçîê (8) äèôåðåíöiàëüíîãî

ðiâíÿííÿ (5) ç âëàñòèâîñòÿìè à, á i â, çãàäàíèìè ó òåîðåìi 3, àëå ç çàìiíîþ κm

íà ηm.

Çàóâàæåííÿ 2. Ó âèïàäêó m = 2 óìîâà òâåðäæåííÿ à òåîðåìè 3
∞∑
j=1

κj
2

(2j)!
6 1

ðiâíîñèëüíà óìîâi ch
√κ2 6 2, òîáòî óìîâi κ2 6 ln2(2 +

√
3), à óìîâà òâåðäæåííÿ á)

∞∑
j=1

(2j + 1)κj
2

(2j)!
6 1 ðiâíîñèëüíà óìîâi ch

√κ2 +
√κ2 sh

√κ2 6 2 i âèêîíó¹òüñÿ, ÿêùî

κ2 < ln2 2.

3. Íàñëiäêè òà äîïîâíåííÿ äî òåîðåìè 3. Íåõàé ñïî÷àòêó m = n. Òîäi
äèôåðåíöiàëüíå ðiâíÿííÿ (5) íàáóäå òàêîãî âèãëÿäó:

znw(n) +
n−1∑
j=1

a
(j)
n−j+1z

jw(j) + (a
(0)
1 zn + a

(0)
n+1)zw = 0. (27)

Ç îãëÿäó íà òâåðäæåííÿ 1 çíîâó ïðèïóñòèìî, ùî a
(0)
n+1 = 0. Äëÿ òîãî, ùîá

âèêîíóâàëàñü óìîâà (6), âèáåðåìî f0 = 1, f1 = 0, f2 = · · · = fn−1 = 0, òîáòî ðîçâ'ÿçîê
ðiâíÿííÿ (27) áóäåìî øóêàòè â òàêîìó âèãëÿäi:

f(z) = 1 +
∞∑
j=1

fnjz
nj = 1 + fnz

n + f2nz
2n + · · · . (28)

Äîñëiäèìî îïóêëiñòü i áëèçüêiñòü äî îïóêëîñòi íåïàðíèõ ïîõiäíèõ öiëîãî
ðîçâ'ÿçêó (28) äèôåðåíöiàëüíîãî ðiâíÿííÿ (27). ßê i ïðè äîâåäåííi òåîðåìè 3, âè-
êîðèñòà¹ìî ëåìó 1 òà ëåìó 2. Îñêiëüêè òåïåð j0 = 1, òî, ÿê âèùå äëÿ êîåôiöi¹íòiâ
fjn, ëåãêî îäåðæó¹ìî òàêó ôîðìóëó:

fjn =
(−1)j

(jn+ 1)!

j∏
s=1

a
(0)
1

((j − s)n)!
n∑

k=0

a
(k)
n+1−k

((j − s+ 1)n− k)!

, j > 1. (29)

Äëÿ êîåôiöi¹íòiâ ôóíêöi¨ Fl ç (16) âèïëèâà¹ ôîðìóëà

F
(l)
jn+1 =

(−1)j

(jn+ 1)!

j∏
s=1

a
(0)
1

((j + l − s)n)!
n∑

k=0

a
(k)
n+1−k

((j + l − s+ 1)n− k)!

. (30)
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Ç (30) âèïëèâà¹, ùî

|F (l)
jn+1| 6

1

(jn+ 1)!

j∏
s=1

max



∣∣∣∣∣∣∣∣∣∣∣
a
(0)
1

((j + l − s)n)!
n∑

k=0

a
(k)
n+1−k

((j + l − s+ 1)n− k)!

∣∣∣∣∣∣∣∣∣∣∣
: l > 1, 1 6 s 6 j


.

ßêùî ïðèéìåìî

κn = max


∣∣∣∣∣ a

(0)
1

((p− 1)n)!

∣∣∣∣∣
∣∣∣∣∣

n∑
k=0

a
(k)
n+1−k

(pn− k)!

∣∣∣∣∣
−1

, p > 1

 , (31)

òî îòðèìà¹ìî òàêó îöiíêó:

|F (l)
jn+1| 6

κj
n

(jn+ 1)!
. (32)

Ç íàâåäåíèõ âèùå ìiðêóâàíü âèïëèâà¹ òàêèé íàñëiäîê.

Íàñëiäîê 1. Íåõàé n > 3, à κn âèçíà÷à¹òüñÿ ôîðìóëîþ (31). Ïðèïóñòèìî, ùî

a
(0)
n+1 = 0. Òîäi iñíó¹ öiëèé ðîçâ'ÿçîê (28) äèôåðåíöiàëüíîãî ðiâíÿííÿ (27) ç òàêèìè
âëàñòèâîñòÿìè:

à) ÿêùî
∞∑
j=1

κj
n

(jn)!
6 1, òî âñi ïîõiäíi f (ln−1)(l ∈ N) ¹ áëèçüêèìè äî îïóêëèõ â D;

á) ÿêùî
∞∑
j=1

(jn+ 1)κj
n

(jn)!
6 1, òî âñi ïîõiäíi f (ln−1)(l ∈ N) ¹ îïóêëèìè â D;

â) ôóíêöiÿ f ìà¹ ðåãóëÿðíå çðîñòàííÿ, òîáòî ïðè r → ∞

lnMf (r) = (1 + o(1))
n

√
|a(0)1 |r.

Çàóâàæåííÿ 3. Îñêiëüêè a
(n)
1 = 1, òî ç (26) çà óìîâè a

(0)
n+1 = 0 äëÿ m = n îòðèìó¹ìî

n∑
k=0

a
(k)
n+1−k

(pn− k)!
=

n−1∑
k=1

a
(k)
n+1−k

(pn− k)!
+

a
(n)
1

((p− 1)n)!
> 1

((p− 1)n)!
,

ÿêùî âñi a
(k)
n+1−k > 0(k = 1, n− 1). Òîìó κn 6 |a(0)1 | i ïðàâèëüíå òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 3. Íåõàé n > 3, a
(0)
n+1 = 0 i a

(k)
n+1−k > 0(1 6 k 6 n−1). Òîäi iñíó¹ öiëèé

ðîçâ'ÿçîê (28) äèôåðåíöiàëüíîãî ðiâíÿííÿ (27) ç âëàñòèâîñòÿìè à, á i â, çãàäàíèìè

ó íàñëiäêó 1, ç çàìiíîþ κm íà |a(0)1 |.

Íåõàé òåïåð m = 2. Òîäi ðiâíÿííÿ (5) íàáóäå òàêîãî âèãëÿäó:

znw(n) + a
(n−1)
2 zn−1w(n−1) +

n−2∑
j=0

(a
(j)
n−j−1z

2 + a
(j)
n−j+1)z

jw(j) = 0. (33)

Ç îãëÿäó íà òâåðäæåííÿ 1 ïðèïóñòèìî, ùî a
(0)
n+1 = 0, i äëÿ òîãî, ùîá çàäîâîëü-

íèòè óìîâó (6), âèáåðåìî f0 = 1, f1 = 0.
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Îòæå, ðîçâ'ÿçîê ðiâíÿííÿ (33) áóäåìî øóêàòè â òàêîìó âèãëÿäi:

f(z) = 1 +
∞∑
j=1

f2jz
2j = 1 + f2z

2 + f4z
4 + · · · . (34)

Ó öüîìó âèïàäêó ç òåîðåìè 3 ç îãëÿäó íà çàóâàæåííÿ 2 îòðèìà¹ìî òàêèé íàñëiäîê.

Íàñëiäîê 2. Íåõàé n > 3 i j0 = [n/2], à κ2 = max{κ1,2,κ2,2}, äå

κ1,2 = max


∣∣∣∣∣
2p∑
k=2

a
(k−2)
n+1−k

(2p− k)!

∣∣∣∣∣
∣∣∣∣∣
2p∑
k=0

a
(k)
n+1−k

(2p− k)!

∣∣∣∣∣
−1

, p = 1, j0


i

κ2,2 = max


∣∣∣∣∣

n∑
k=2

a
(k−2)
n+1−k

(2p− k)!

∣∣∣∣∣
∣∣∣∣∣

n∑
k=0

a
(k)
n+1−k

(2p− k)!

∣∣∣∣∣
−1

, p > j0 + 1

 .

Ïðèïóñòèìî, ùî a
(0)
n+1 = 0. Òîäi iñíó¹ öiëèé ðîçâ'ÿçîê (34) äèôåðåíöiàëüíîãî ðiâ-

íÿííÿ (33) ç òàêèìè âëàñòèâîñòÿìè:

à) ÿêùî κ2 6 ln2(2 +
√
3), òî âñi ïîõiäíi f (2l−1)(l ∈ N) ¹ áëèçüêèìè äî îïóêëèõ â D;

á) ÿêùî κ2 6 ln2 2, òî âñi ïîõiäíi f (2l−1)(l ∈ N) ¹ îïóêëèìè â D ;

â) ôóíêöiÿ f ìà¹ ðåãóëÿðíå çðîñòàííÿ, òîáòî ïðè r → ∞

lnMf (r) =
1 + q

2
(1 + o(1))

(√
|a(n−q−1)

q |r
) 2

1+q

,

äå q = min {j ∈ {1, ..., n− 1} : a
(n−j−1)
j ̸= 0}.

Ïðèïóñòèìî òåïåð, ùî âñi êîåôiöi¹íòè ðiâíÿííÿ (33) � äiéñíi ÷èñëà. Òîäi äëÿ
äîñëiäæåííÿ áëèçüêîñòi äî îïóêëîñòi íåïàðíèõ ïîõiäíèõ ðîçâ'ÿçêó (34) ðiâíÿííÿ
(33) âèêîðèñòà¹ìî òàêèé êðèòåðié Àëåêñàíäåðà [7, c. 9].

Ëåìà 3. ßêùî f(z) = z +
∞∑
j=1

f2j+1z
2j+1 i

1 > 3f3 > 5f5 > · · · > (2j − 1)f2j−1 > (2j + 1)f2j+1 > . . . > 0, (35)

òî f ¹ áëèçüêîþ äî îïóêëî¨ â D.

Ç ðåêóðåíòíî¨ ôîðìóëè (7) ç m = 2 äëÿ j > 1 îäåðæèìî

f2(j+1) = −

min{2(j+1),n}−2∑
k=0

a
(k)
n−1−k

(2j)!

(2j − k)!

min{2(j+1),n}∑
k=0

a
(k)
n+1−k

(2(j + 1))!

(2(j + 1)− k)!

f2j =
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= −

min{2(j+1),n}−2∑
k=0

a
(k)
n−1−k

(2j)!

(2j − k)!

a
(0)
n+1 + 2a

(1)
n (j + 1) +

min{2(j+1),n}−2∑
k=0

a
(k+2)
n−1−k

(2(j + 1))!

(2j − k)!

f2j .

Íåõàé a
(0)
n+1 = a

(1)
n = 0, a

(k)
n−1−k 6 0, a

(k+2)
n−1−k > 0 i |a(k)n−1−k| 6 2a

(k+2)
n−1−k,

0 6 k 6 n− 2. Òîäi äëÿ êîæíîãî j > 1

f2(j+1) =
(2j)!

(2(j + 1))!

min{2(j+1),n}−2∑
k=0

|a(k)n−1−k|
(2j − k)!

min{2(j+1),n}−2∑
k=0

a
(k+2)
n−1−k

(2j − k)!

f2j 6 2
(2j)!

(2(j + 1))!
f2j . (36)

Îñêiëüêè F
(0)
1 = 1, òî ïðè m = 2 ôóíêöiÿ (15) íàáóäå âèãëÿäó

Fl(z) = z +
∞∑
j=1

(2(j + l))!

(2j + 1)!(2l)!

f2(j+l)

f2l
z2j+1 = z +

∞∑
j=1

F
(l)
2j+1z

2j+1. (37)

Âèêîðèñòîâóþ÷è ôîðìóëó (36), äîâåäåìî, ùî êîåôiöi¹íòè ôóíêöi¨ (37) çàäî-
âîëüíÿþòü óìîâó ëåìè 3. Ñïðàâäi, äëÿ j > 1 îäåðæèìî

(2j+1)F
(l)
2j+1 = (2j+1)

(2(j + l))!

(2j + 1)!(2l)!

f2(j+l)

f2l
6 (2(j + l − 1))!

2j(2j − 1)!(2l)!

f2(j+l−1)

f2l
6 (2j−1)F

(l)
2j−1.

Íàñòóïíå òâåðäæåííÿ âèïëèâà¹ ç íàâåäåíèõ âèùå ìiðêóâàíü.

Òâåðäæåííÿ 4. Íåõàé a
(0)
n+1 = a

(1)
n = 0, a

(k)
n−1−k 6 0, òà a

(k+2)
n−1−k > 0 äëÿ âñiõ

0 6 k 6 n − 2. ßêùî |a(k)n−1−k| 6 2a
(k+2)
n−1−k äëÿ âñiõ 0 6 k 6 n − 2, òî iñíó¹ öi-

ëèé ðîçâ'ÿçîê (34) äèôåðåíöiàëüíîãî ðiâíÿííÿ (33) òàêèé, ùî âñi ïîõiäíi f (2j+1),

(j ∈ Z+) ¹ áëèçüêèìè äî îïóêëèõ â D ôóíêöiÿìè.

Çàóâàæåííÿ 4. Îñêiëüêè ln2(2 +
√
3) < 2, òî ó âèïàäêó äiéñíèõ a

(k)
n òâåðäæåííÿ 4

ïîñèëþ¹ òâåðäæåííÿ à íàñëiäêó 2.

Çàóâàæåííÿ 5. Ïèòàííÿ ïîñëàáëåííÿ óìîâè |a(k)n−1−k| 6 2a
(k)
n−1−k òâåðäæåííÿ 4 çà-

ëèøà¹òüñÿ âiäêðèòèì. Ìè ìîæåìî ñòâåðäæóâàòè, ùî öþ óìîâó íå ìîæíà çàìiíèòè

ñëàáøîþ óìîâîþ |a(k)n−1−k| 6 2.5a
(k)
n−1−k.

Ñïðàâäi, ó âèïàäêó, êîëè n = 3 çà óìîâ òâåðäæåííÿ 4 ðiâíÿííÿ (33) íàáóäå
âèãëÿäó

z3w′′′ + a
(2)
2 z2w′′ + a

(1)
1 z3w′ + a

(0)
2 z2w = 0. (38)

Âèáåðåìî a
(2)
2 = 1 i a

(1)
1 = a

(0)
2 = −α2 i ðîçãëÿíåìî ôóíêöiþ f(z) = ch(αz). Ëåãêî

ïåðåâiðèòè, ùî öÿ ôóíêöiÿ çàäîâîëüíÿ¹ ðiâíÿííÿ (38) ç âèáðàíèìè ïàðàìåòðàìè i íà-
áóëà âèãëÿäó (34). Ôóíêöiÿ f ′(z) = α sh(αz) ¹ îäíîëèñòîþ â ñìóçi {z : |Imz| < π/(2α)
i íå ¹ îäíîëèñòîþ â áóäü-ÿêié ñìóçi {z : |Imz| < η} ç η > π/(2α). Çâiäñè âèïëèâà¹,
ùî f ′ íå ¹ îäíîëèñòîþ â D, ÿêùî α > π/2, òîáòî ÿêùî α2 = 2.5 > π2/4. Îñêiëüêè

|a(1)1 | = |a(0)2 | = α2 = α2a
(3)
1 = α2a

(2)
2 , òî çâiäñè âèïëèâà¹ ïîòðiáíå òâåðäæåííÿ.
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ON ENTIRE SOLUTIONS OF LINEAR DIFFERENTIAL
EQUATIONS WITH POLYNOMIAL COEFFICIENTS
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It is investigated the properties of entire solutions of the di�erential equa-
tions of a form

znw(n) +

n−1∑
j=n−m+1

a
(j)
n−j+1z

jw(j) +

n−m∑
j=0

(a
(j)
n−j−m+1z

m + a
(j)
n−j+1)z

jw(j) = 0,

where n > 3, 2 6 m 6 n and a
(j)
k � are complex numbers.

Conditions for coe�cients a
(j)
k are obtained, under which there exists an

entire solution f of this equation such that all derivatives f (lm−1), (l ∈ N)
are convex or close-to-convex functions in D = {z : |z| < 1}. Growth of such
function f is studied.

Key words: entire function, convexity, close-to-convexity, regular growth.
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Èññëåäîâàíî ñâîéñòâà öåëûõ ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé
âèäà

znw(n) +

n−1∑
j=n−m+1

a
(j)
n−j+1z

jw(j) +

n−m∑
j=0

(a
(j)
n−j−m+1z

m + a
(j)
n−j+1)z

jw(j) = 0,

ãäå n > 3, 2 6 m 6 n è a
(j)
k � êîìïëåêñíûå ÷èñëà.

Óêàçàíû óñëîâèÿ íà ïàðàìåòðû a
(j)
k , ïðè âûïîëíåíèè êîòîðûõ ñó-

ùåñòâóåò öåëîå ðåøåíèå f ýòîãî óðàâíåíèÿ, òàêîå ÷òî âñå ïðîèçâîäíûå
f (lm−1), (l ∈ N) ÿâëÿþòñÿ âûïóêëûìè èëè áëèçêèìè ê âûïóêëûì ôóíê-
öèÿì â D = {z : |z| < 1}. Èçó÷åí ðîñò òàêîé ôóíêöèè f .

Êëþ÷åâûå ñëîâà: öåëàÿ ôóíêöèÿ, âûïóêëîñòü, áëèçîñòü ê âûïóêëîñòè,
ðåãóëÿðíûé ðîñò.
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Ïî÷àòêîâèé ïðîöåñ ç íåçëi÷åííîþ êiëüêiñòþ òèïiâ µ(t) ïîðîäæó¹ çóïè-
íåíèé ãiëëÿñòèé ïðîöåñ ξ(t), ÿêùî ïðè ïîïàäàííi µ(t) â äåÿêó íåïîðîæ-
íþ ìíîæèíó S ïðîöåñ çóïèíÿ¹òüñÿ. Ðîçãëÿäà¹òüñÿ òâiðíèé ôóíêöiîíàë
íàâåäåíîãî âèùå ïðîöåñó.

Êëþ÷îâi ñëîâà: ãiëëÿñòi ïðîöåñè, òâiðíèé ôóíêöiîíàë, ïåðåõiäíi éìî-
âiðíîñòi.

Ðîçãëÿäà¹ìî S-çóïèíåíèé ãiëëÿñòèé ïðîöåñ ç äîâiëüíîþ êiëüêiñòþ òèïiâ ÷àñ-
òèíîê. Ïðîöåñè ç äîâiëüíîþ êiëüêiñòþ òèïiâ ÷àñòèíîê ùå íàçèâàþòü çàãàëüíèìè
ãiëëÿñòèìè ïðîöåñàìè. Âèêîðèñòàíî ðåçóëüòàòè ïîäàíi â [3], [4], [6]. Ðîçãëÿíåìî ôà-
çîâèé ïðîñòið òèïiâ ÷àñòèíîê (X,A) ç A � σ-àëãåáðîþ Áîðåëiâñüêèõ ìíîæèí íà
X, ÿêà ìiñòèòü âñi îäíîòî÷êîâi ìíîæèíè. ×åðåç Ω ïîçíà÷èìî ìíîæèíó âñiõ íå íå-
ãàòèâíèõ ìið α íà X , ÿêi ñêîíöåíòðîâàíi íà ñêií÷åííèõ ïiäìíîæèíàõ ç A i íàáó-
âàþòü iíòåãðàëüíèõ çíà÷åíü. Êîæíèé åëåìåíò α ∈ Ω ìîæíà îõàðàêòåðèçóâàòè ÿê
ïîäâiéíèé âåêòîð (x1, n1; . . . ;xk, nk), äå {x1, . . . , xk} � òà ñêií÷åííà ïiäìíîæèíà A,
íà ÿêié α ¹ ñêîíöåíòðîâàíèì. Öå ïðèïóùåííÿ îçíà÷à¹, ùî â îêðåìî âèáðàíèé ìî-
ìåíò ÷àñó, òiëüêè ñêií÷åííà êiëüêiñòü òèïiâ ÷àñòèíîê íàÿâíà. Çðîçóìiëî, ùî ni ¹
íåâiä'¹ìíèì öiëèì, i âiäïîâiäà¹ çà êiëüêiñòü ÷àñòèíîê êîíêðåòíîãî òèïó. Ïîçíà÷èìî
÷åðåç Y σ-àëãåáðó Êîëìîãîðîâà íà Ω, ÿêà ¹ íàéìåíøîþ σ-àëãåáðîþ, ùî ìiñòèòü âñi
öèëiíäðè÷íi ìíîæèíè {α ∈ Ω : α({x}) = n}. Íà öüîìó ïðîñòîði ðîçãëÿäàþòü íå-
îáðèâíèé ìàðêîâñüêèé ïðîöåñ ç ïåðåõiäíîþ éìîâiðíiñòþ P (t1, x, t2, A), äå t1, t2 ∈ R
� ÷àñ, x ∈ X, A ∈ Y. Ðîçãëÿäàþ÷è êîæíó òðà¹êòîðiþ öüîãî ïðîöåñó ÿê åâîëþöiþ
áëóêàííÿ ÷àñòèíêè, P (t1, x, t2, A) iíòåðïðåòóþòü, ÿê éìîâiðíiñòü òîãî, ùî ÷àñòèíêà,
ÿêà ïî÷àëà áëóêàííÿ ç îäíi¹¨ òî÷êè òèïó x ∈ X, çà ÷àñ t ïîòðàïëÿ¹ â ìíîæèíó
A ∈ Y. Êîæíà ç ÷àñòèíîê òèïó x ìà¹ âèïàäêîâèé ÷àñ æèòòÿ τ . Â êiíöi ñâîãî æèòòÿ
êîæíà ÷àñòèíêà òèïó x ìèòò¹âî ïîðîäæó¹ äåÿêó âèïàäêîâó êiëüêiñòü íîâèõ ÷àñòè-
íîê, ïî÷àòêîâi ïîëîæåííÿ, ÿêèõ ðîçïîäiëåíi âèïàäêîâî íà ïðîñòîði Ω. Êiëüêiñòü i
ïîëîæåííÿ ÷àñòèíîê-íàùàäêiâ çàëåæàòü òiëüêè âiä ïîëîæåííÿ ÷àñòèíêè-ïðåäêà â

c⃝ Îõðií Î., 2011
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ìîìåíò ïåðåòâîðåííÿ. Äàëi êîæíà íîâà ÷àñòèíêà åâîëþöiîíó¹ íåçàëåæíî âiä iíøèõ
àíàëîãi÷íî. Ïîäiáíîãî òèïó ïðîöåñè ðîçãëÿäàëè ó [1], [2] òà [5].

Íåõàé µxt0t(A) òàêà âèïàäêîâà ìiðà, ÿêà äëÿ êîæíîãî A ∈ Y äîðiâíþ¹ êiëüêîñòi
÷àñòèíîê â ìîìåíò ÷àñó t, ùî ïîòðàïëÿþòü â ìíîæèíó A, çà óìîâè, ùî â ïî÷àòêîâèé
ìîìåíò ÷àñó t0 áóëà òiëüêè îäíà ÷àñòèíêà â òî÷öi x ∈ X. ×åðåç µt0t(A) âèçíà÷èìî
âèïàäêîâó ìiðó, ÿêà äîðiâíþ¹ êiëüêîñòi ÷àñòèíîê ó ìîìåíò ÷àñó t, òèïè ÿêèõ ¹ ç
ìíîæèíè A, íåçâàæàþ÷è íà òå, ñêiëüêè i ÿêèõ ÷àñòèíîê áóëî â ïî÷àòêîâèé ìîìåíò
÷àñó t0.

Íàäàëi ââàæàòèìåìî, ùî ïðîñòið X ñêëàäà¹òüñÿ ç íåçëi÷åííî¨ êiëüêîñòi åëå-
ìåíòiâ X = R+, òîáòî ïðèïóñêà¹ìî, ùî ìíîæèíà òèïiâ ÷àñòèíîê ¹ íåçëi÷åííîþ àáî,
ùî êîæíîìó òèïó ñòàâèìî ó âiäïîâiäíiñòü íåâiä'¹ìíå äiéñíå ÷èñëî, i íàâïàêè. Öå ¹
÷àñòêîâèì âèïàäêîì çàãàëüíèõ ãiëëÿñòèõ ïðîöåñiâ.

Çàóâàæèìî, ùî êiëüêiñòü âñiõ ÷àñòèíîê ó ïî÷àòêîâèé ìîìåíò ïîâèííà áóòè ñêií-
÷åííîþ, çâiäêè âèïëèâà¹, ùî ëèøå ñêií÷åííié êiëüêîñòi òèïiâ âiäïîâiäà¹ íåíóëüîâà
êiëüêiñòü ÷àñòèíîê. Õî÷à ñóìàðíà êiëüêiñòü ìîæå áóòè ÿê çàâãîäíî âåëèêîþ.

Íà îñíîâi ìiðè µxt0t(A) ââîäèòüñÿ áàãàòîâèìiðíà ìiðà µxt0t(A)

µα(x)t0t(A) =

∫
ϕ(x)

µxt0t(A) dx,

äå α ∈ Ω, x ⊂ X ¹ ìíîæèíîþ òèïiâ ÷àñòèíîê, ùî ¹ àðãóìåíòîì ôóíêöi¨ α. Iíøèìè
ñëîâàìè, ÿêùî â ïî÷àòêîâèé ìîìåíò t0 ìè ìàëè íàáið ÷àñòèíîê α(x) = (αx1 , . . . ,
αxk

)′, αj ∈ N òèïè ÿêèõ ïåðåáóâàëè â ìíîæèíi x, òî çà ÷àñ t îòðèìàëè íàáið òî-
÷îê, ÿêi íàëåæàòü ìíîæèíi A. Âèùå ââåäåíà ìiðà ïîâåðòà¹ êiëüêiñòü íàùàäêiâ äëÿ
êîæíîãî òèïó ç ìíîæèíè x.

Ìàþ÷è ïåðåõiäíi éìîâiðíîñòi P (t1, x, t2, A), ââåäåìî éìîâiðíiñòü P̂ (t1, α1, t2, α2),
α1, α2 ∈ Ω, äå P̂ � éìîâiðíiñòü òàêà: ÿêùî â ìîìåíò ÷àñó t1 ¹ íàáið α1, òî äî ÷àñó
t2 îòðèìó¹òüñÿ ìíîæèíà α2. Äëÿ ïðîñòîòè ïîçíà÷åíü çàçíà÷èìî µ·(t0, t) = µ·t0t(X).
Î÷åâèäíî, ùî

P̂ (t1, α1, t2, α2) = P{µα1
(t1, t2) = α2}.

Çàôiêñó¹ìî ñêií÷åííó ïiäìíîæèíó S ∈ Ω, 0 /∈ S, ÿê óçàãàëüíåííÿ âîíà ìîæå ìàòè
ìiðó Ëåáåãà íóëü. Çóïèíåíèì, àáî S-çóïèíåíèì ãiëëÿñòèì ïðîöåñîì íàçèâà¹òüñÿ
ïðîöåñ ξαt(X), âèçíà÷åíèé äëÿ t ∈ R+ òà α ∈ Ω ðiâíîñòÿìè

ξx(t0, t) = ξαt0t(X) =

 µx(t0, t), ÿêùî ∀ v, 0 6 v < t, µx(t0, v) /∈ S;
µx(t0, u), ÿêùî ∀ v, 0 6 v < u, µx(t0, v) /∈ S,

µx(t0, u) ∈ S, u < t.

Îòîæ, äëÿ S-çóïèíåíîãî ãiëëÿñòîãî ïðîöåñó ξx(t), òî÷êè ìíîæèíè S ¹ äîäàòêîâèìè
ñòàíàìè ïîãëèíàííÿ ïîðiâíÿíî ç ïî÷àòêîâèì ïðîöåñîì µx(t), ÿêèé ìàâ òiëüêè îäíó
òî÷êó ïîãëèíàííÿ {0}. Òîìó íà âiäìiíó âiä ïðîöåñó µx(t), â S-çóïèíåíîìó ãiëëÿñ-
òîìó ïðîöåñi ξx(t) îêðåìi ÷àñòèíêè â t-ìó ïîêîëiííi íåçàëåæíî ðîçìíîæóþòüñÿ çà
éìîâiðíiñíèì çàêîíîì, ÿêèé âèçíà÷à¹òüñÿ ÷åðåç P (·), òiëüêè â òîìó âèïàäêó, êîëè
ξx(t) /∈ S. ßê òiëüêè âèïàäêîâèé âåêòîð ξx(t) ïîòðàïèòü ó ìíîæèíó S, åâîëþöiÿ
ïðîöåñó ïðèïèíÿ¹òüñÿ.

Âèçíà÷èìî ìíîæèíó âñiõ îáìåæåíèõ A-âèìiðíèõ ôóíêöié íà X ÿê F , ìíîæèíè
äîäàòíèõ òà âiä'¹ìíèõ ôóíêöié ç F îçíà÷èìî F+ òà F− âiäïîâiäíî. Äëÿ âñiõ f ∈ F ,
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α ∈ Ω ìè ïèñàòèìåìî, ùî [f, α] =
∫
X
f(x)α(dx). Îïåðàòîðîì çñóâó Wα íà Ω ìè

âèçíà÷èìî òàêå WαA = {α′ : α′ − α ∈ A} äëÿ A ⊂ Y.
Ïîçíà÷èìî îêðåìî ïåðåõiäíi éìîâiðíîñòi äëÿ S-çóïèíåíîãî ïðîöåñó ÷åðåç

P̂S(t1, α, t2, A), à äëÿ çâè÷àéíîãî ïðîöåñó ÷åðåç P̂ (t1, α, t2, A). Â îáîõ âèïàäêàõ
ïåðåõiäíi éìîâiðíîñòi P̂S(t1, α, t2, A) òà P̂ (t1, α, t2, A) âèçíà÷åíi äëÿ âñiõ t1 6 t2,
α ∈ Ω òà A ⊂ Y âèçíà÷àþòü ãiëëÿñòi ïðîöåñè ç íåïåðåðâíèì ÷àñîì, ÿêùî âîíè
çàäîâîëüíÿþòü ïåâíi âëàñòèâîñòi. Îáèäâi ïåðåõiäíi éìîâiðíiñòi P̂ (t1, α, t2, A) òà
P̂S(t1, α, t2, A) ¹ Y-âèìiðíèìè ôóíêöiÿìè, ÿê ôóíêöi¨ ïî α, à òàêîæ íåâiä'¹ìíèìè
ìiðàìè íà Y, ÿê ôóíêöi¨ ïî A. Î÷åâèäíî, ç ÿêîãî á íàáîðó íå ïî÷àâñÿ ïðîöåñ, ìè
çàâæäè ïîòðàïèìî ó âåñü ïðîñòið ïîäié Ω, òîìó P̂ (t1, α, t2,Ω) = P̂S(t1, α, t2,Ω) = 1.
Çãiäíî ç òàêèìè ñàìèìè ìiðêóâàííÿìè çà íóëüîâèé ïðîìiæîê ÷àñó ïîòðàïèòè â
ÿêóñü ìíîæèíó ïðîöåñ ìîæå òiëüêè òîäi, êîëè âií ó íié ¹ íà ïî÷àòêó öüîãî ïðî-
ìiæêó, òîìó P̂ (t1, α, t1, A) = P̂S(t1, α, t1, A) = I{α ∈ A}. Çðîçóìiëî, ùî ïîâèííî
âèêîíóâàòèñÿ i çâè÷àéíå ðiâíÿííÿ Êîëìîãîðîâà-×åïìåíà äëÿ çâè÷àéíîãî ïðîöåñó

P̂ (t1, α, t3, A) =

∫
Ω

P̂ (t2, α
′, t3, A)P̂ (t1, α, t2, dα

′), ∀ t1 6 t2 6 t3, (1)

òà ïåâíà ìîäèôiêàöiÿ äëÿ S-çóïèíåíîãî

P̂S(t1, α, t3, A) =

∫
Ω\(S\A)

P̂ (t2, α
′, t3, A)P̂ (t1, α, t2, dα

′), ∀ t1 6 t2 6 t3. (2)

Îñêiëüêè âñi ÷àñòèíêè â ïðîöåñi åâîëþöiîíóþòü íåçàëåæíî îäíà âiä îäíî¨, òî ìîæíà
òàêîæ çàïèñàòè òàêi ñïiââiäíîøåííÿ:

P̂ (t1, α1 + α2, t2, A) =

∫
Ω

∫
Ω

I{α′
1 + α′

2 ∈ A}P̂ (t1, α1, t2, dα
′
1)×

× P̂ (t1, α2, t2, dα
′
2), (3)

P̂S(t1, α1 + α2, t2, A) =

∫
Ω\(S\A)

∫
Ω\(S\A)

I{α′
1 + α′

2 ∈ A}P̂ (t1, α1, t2, dα
′
1)×

× P̂ (t1, α2, t2, dα
′
2). (4)

Ç îãëÿäó íà òå, ùî ó íàñ ¹ ïðîöåñ ç íåïåðåðâíèì ÷àñîì, ëîãi÷íèì ¹ ïðèïóùåííÿ, ùî
ïðè △ → 0 îáèäâà ïðîöåñè ðiâíi P̂ (t, α, t+△, A) = P̂S(t, α, t+△, A) i

P̂ (t, α, t+△, A) =
{

1 + p(t, α,A)t+ o(t), ïðè p(t, α,A) < 0, α ∈ A;
p(t, α,A)t+ o(t), ïðè p(t, α,A) > 0, α /∈ A.

(5)

Òîìó íàâåäåíå âèùå ïðèïóùåííÿ ìîæíà ïåðåôîðìóëþâàòè òàê:

P̂ (t1, α, t2, A) = p(t1, α,A)(t2 − t1) + o(t2 − t1), t2 → t−1 , α /∈ A,

P̂ (t1, α, t2, A)− P̂ (t1, α, t1, A)

t2 − t1
= p(t1, α,A) + o(1),

lim
t2→t+1

P̂ (t1, α, t2, A)− P̂ (t1, α, t1, A)

t2 − t1
= p(t1, α,A).
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Àíàëîãi÷íî ìîæíà äîâåñòè i äëÿ ïðàâî¨ ãðàíèöi

lim
t2→t−1

P̂ (t2, α, t1, A)− P̂ (t1, α, t1, A)

t2 − t1
= p(t1, α,A).

Öå ðiâíîñèëüíî òîìó, ùî
∂

∂t
P̂ (t, α, t, A) = p(t, α,A),

ôóíêöiþ p(t, α,A) ìè íàçèâàòèìåìî ïåðåõiäíîþ ùiëüíiñòþ ãiëëÿñòîãî ïðîöåñó. Àíà-
ëîãi÷íî äîâîäèòüñÿ i äëÿ âèïàäêó, êîëè α ∈ A. Ç âëàñòèâîñòåé ïåðåõiäíèõ éìîâiðíîñ-
òåé P̂ (t1, α, t2, A) òà P̂S(t1, α, t2, A) ìè îòðèìó¹ìî òàêi óìîâè íà p(t, α,A). p(t, α,A)
iñíó¹ i ¹ ñêií÷åííîþ äëÿ áóäü-ÿêèõ t, α, A, Y-âèìiðíîþ ÿê ôóíêöiÿ ïî α i ¹ òàêîæ
óçàãàëüíåíîþ ìiðîþ íà Y ÿê ôóíêöiÿ ïî A. Î÷åâèäíî òàêîæ, ùî p(t, α, {α}) 6 0,
p(t, α,A ⊂ Ω− {α}) > 0 i p(t, α,Ω) = 0.

Ââåäåìî çâè÷àéíèé i ëîãàðèôìi÷íèé ôóíêöiîíàëè Ëàïëàñà äëÿ îáèäâîõ ïðîöå-
ñiâ,  ðóíòóþ÷èñü íà îñíîâíèõ ïåðåõiäíèõ éìîâiðíîñòÿõ

F (t1, α, t2, s) =

∫
Ω

exp


∫
X

s(x)α′(dx)

 P̂ (t1, α, t2, dα
′) = EP̂ exp[s, α],

Ψ(t1, α, t2, s) = logF (t1, α, t2, s) = logEP̂ exp[s, α],

FS(t1, α, t2, s) =

∫
Ω

exp


∫
X

s(x)α′(dx)

 P̂S(t1, α, t2, dα
′) = EP̂S

exp[s, α] =

=

∫
Ω\(S\A)

exp


∫
X

s(x)α′(dx)

 P̂S(t1, α, t2, dα
′),

ΨS(t1, α, t2, s) = logFS(t1, α, t2, s) = logEP̂S
exp[s, α].

Â îçíà÷åííi ôóíêöiîíàëà äëÿ çóïèíåíîãî ïðîöåñó ìîæíà iíòåãðîâóâàòè ïî âñüîìó
ïðîñòîðó, áî êîíòðîëü íàä ïîòðàïëÿííÿì äî ïîãëèíàþ÷î¨ ìíîæèíè S âèêîíó¹òüñÿ
ïåðåõiäíîþ éìîâiðíiñòþ P̂S(t1, α, t2, dα

′), ïðîòå äëÿ çðó÷íîñòi òà êîíçèñòåíòíîñòi ç
iíøèìè ïîçíà÷åííÿìè ìè çâóçèìî ìíîæèíó. Ââåäåìî òàêîæ âiäïîâiäíi ôóíêöiîíàëè,
 ðóíòóþ÷èñü íà ïåðåõiäíèõ ùiëüíîñòÿõ p(t, α,A)

ϕ(t1, α, s) =

∫
Ω

exp


∫
X

s(x)α′(dx)

 p(t1, α, dα
′) = Ep exp[s, α],

ψ(t1, α, s) = exp{−[s, α]}ϕ(t1, α, s),

ϕS(t1, α, s) =

∫
Ω\(S\A)

exp


∫
X

s(x)α′(dx)

 p(t1, α, dα
′),

ψS(t1, α, s) = exp{−[s, α]}ϕS(t1, α, s).
Ç íåçàëåæíîñòi ðîçìíîæåííÿ ÷àñòèíîê (3) âèêîíó¹òüñÿ

F∗(t1, α1 + α2, t2, A) = F∗(t1, α2, t2, A) · F∗(t1, α2, t2, A),
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äå �∗� îçíà÷à¹, ùî îïèñàíå âèùå âèêîíó¹òüñÿ äëÿ áóäü-ÿêîãî ç îáèäâîõ ïðîöåñiâ. I ç
(5) âèïëèâà¹

∂

∂t1
F∗(t1, α, t2, s)|t1=t−2

= ϕ∗(t1, α, s).

Òîìó
ϕ∗(t, α1 + α2, s) = ϕ∗(t, α1, s) exp[s, α2] + ϕ∗(t, α2, s) exp[s, α1].

Ïîäiëèâøè îáèäâi ñòîðîíè îñòàííüî¨ ðiâíîñòi íà exp[s, α1 + α2], îòðèìà¹ìî

ψ∗(t, α1 + α2, s) = ψ∗(t, α1, s) + ψ∗(t, α2, s).

Íà âiäìiíó âiä ïîïåðåäíiõ ðîáiò ïî S-çóïèíåíèõ ãiëëÿñòèõ ïðîöåñàõ ó öüîìó âèïàäêó
ïðèòðèìóâàòèìåìîñÿ êëàñè÷íîãî ïðèïóùåííÿ, â ÿêîìó ïðîöåñ ïî÷èíà¹òüñÿ ç îäíi¹¨
÷àñòèíêè. Î÷åâèäíî, ùî áiëüøiñòü íàâåäåíèõ âèùå òâåðäæåíü ìîæíà ïåðåïèñàòè ó
ïîòî÷êîâié ôîðìi, òîáòî, íàïðèêëàä,

ψ∗(t, α, s) =

∫
X

ψ∗(t, x, s)α(dx) = [ψ∗(t, ·, s), α], α ∈ Y, x ∈ X,

òîìó

p(t, α,A) =
k∑

i=1

nip(t, xi,Wxi−α, A),

äå α = {n1, x1; . . . ;nk, xk}. Ó öüîìó âèïàäêó ìè ôàêòè÷íî âðàõîâó¹ìî éìîâiðíiñòü
ïåðåõîäó ç îäíi¹¨ òî÷êè ôiêñîâàíîãî òèïó i ìíîæèìî íà êiëüêiñòü òî÷îê öüîãî òèïó.
Òàê ïðîõîäèìî ïî âñiõ òèïàõ, íà ÿêèõ ôóíêöiÿ α ñêîíöåíòðîâàíà.

Îñêiëüêè áiëüøiñòü ñòàòåé îïèñóþòü éìîâiðíiñòü âèðîäæåííÿ ãiëëÿñòèõ ïðî-
öåñiâ çà ðiçíèõ óìîâ, òî ó íàøîìó âèïàäêó éìîâiðíiñòü âèðîäæåííÿ çàãàëüíîãî
ãiëëÿñòîãî ïðîöåñó áåç óìîâ íà çóïèíåíiñòü ¹ P̂ (t1, x, t2, {0}), ÿêùî öÿ éìîâiðíiñòü
ïðÿìó¹ äî îäèíèöi ïðè âñiõ x ∈ X, òî ïðîöåñ íàçèâàòèìåìî òèì, ùî âèðîäæó¹òü-
ñÿ. Éìîâiðíiñòü âèðîäæåííÿ S-çóïèíåíîãî ãiëëÿñòîãî ïðîöåñó áóäå âèçíà÷åíà ÿê
P̂S(t1, x, t2, S ∪ {0}).

ßêùî âñi ïðèïóùåííÿ ùîäî ïåðåõiäíèõ ùiëüíîñòåé âèêîíóþòüñÿ, òî ìîæíà ïî-
áóäóâàòè ôóíäàìåíòàëüíèé Ôåëëåðiâñüêèé ðîçâ'ÿçîê äëÿ çâè÷àéíîãî òà S-çóïèíå-
íîãî ïðîöåñó. Äëÿ ïî÷àòêó âèâåäåìî âñþ òåîðiþ äëÿ çâè÷àéíîãî ïðîöåñó, à ïîòiì
ïåðåêëàäåìî íà çóïèíåíèé. Äëÿ öüîãî íàì ïîòðiáíî ùå êiëüêà ïîçíà÷åíü.

Ïîçíà÷èìî ÷åðåç q(t, α) éìîâiðíiñòü òîãî, ùî ïðîöåñ â îêîëi ÷àñó t çàëèøèâñÿ
íà ìiñöi α, àëå íå ïîòî÷êîâî. Òîáòî, íàïðèêëàä, ÿêùî ¹ îäíà òî÷êà a òèïó x1 i îäíà
òî÷êà b òèïó x2, òî äîïóñêà¹òüñÿ, ùî òî÷êà a òèïó x1 ïåðåéøëà â òî÷êó c òèïó x2
i òî÷êà b òèïó x2 ïåðåéøëà â òî÷êó d òèïó x1. Â öüîìó âèïàäêó ïðîöåñ çìiíþâàâñÿ
ïîòî÷êîâî, àëå çàãàëîì çàëèøèâñÿ â òîìó ñàìîìó ñòàíi α, ùî é áóâ íà ïî÷àòêó, òîìó
ÿê i íà ïî÷àòêó, òàê i â êiíöi ìè îòðèìàëè ïî îäíié òî÷öi òèïiâ x1 òà x2, âiäïîâiäíî.
Òîìó îçíà÷åíó âèùå éìîâiðíiñòü ìîæíà çàïèñàòè ÿê

q(t, α) = p(t, α, α).

×åðåç p1(t, α,A) ïîçíà÷èìî éìîâiðíiñòü òîãî, ùî ïðîöåñ â îêîëi t âèéøîâ çi ñâîãî
ñòàíó â ìíîæèíó A \ {α}

p1(t, α,A) = p(t, α,A \ {α}).
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Éìîâiðíiñòü òîãî, ùî ïðîöåñ ïðîòÿãîì âñüîãî iíòåðâàëó ÷àñó [t1, t2] çàëèøàâñÿ íå
ïîòî÷êîâî íà ìiñöi, ìè îçíà÷èìî ÷åðåç

J(t1, t2, α) =

t2∫
t1

p(t, α, α)dt.

Íåõàé

P̂ (0)(t1, α, t2, A) = I{α ∈ A} exp


∫
X

J(t1, t2, x)α(dx)

 ≈

≈ I{α ∈ A} exp

{
k∑

i=1

J(t1, t2, xi)ni

}
¹ éìîâiðíiñòþ òîãî, ùî ïðîöåñ çà âåñü ïðîìiæîê ÷àñó [t1, t2] çàëèøèâñÿ ïîòî÷êîâî
íà ìiñöi, òîáòî íå âiäáóëèñÿ æîäíi çìiíè âñåðåäèíi ïðîöåñó, êîæíà ÷àñòèíêà â êîæåí
ìîìåíò ÷àñó ïåðåõîäèëà ñàìà ó ñåáå. Íàäàëi ìè îçíà÷èìî íåçàëåæíó â ñóêóïíîñòi
ïîñëiäîâíiñòü ïîäié òà ¨õíi éìîâiðíîñòi

P̂ (k)(t1, α, t2, A) =

t2∫
t1

exp[J(t1, t, ·), α]
∫
Ω

P̂ (k−1)(t, α′, t2, A)p1(t, α, dα
′)dt,

ùî äëÿ êîæíîãî k îçíà÷àþòü k ïîòî÷êîâèõ çìií âñåðåäèíi ïðîöåñó äî ïîòðàïëÿííÿ
â ìíîæèíó A. Äëÿ çâè÷àéíîãî ïðîöåñó ìè ìà¹ìî ðîçâ'ÿçîê Ôåëëåðà

P̂ (t1, α, t2, A) =
∞∑
k=0

P̂ (k)(t1, α, t2, A).

Öå âèêîíó¹òüñÿ òiëüêè äëÿ çâè÷àéíèõ çàãàëüíèõ íå S-çóïèíåíèõ ãiëëÿñòèõ ïðîöåñiâ.
Äëÿ S-çóïèíåíèõ ïðîöåñiâ, ìè ââîäèìî êiëüêà äîäàòêîâèõ ïîçíà÷åíü éìîâiðíîñòåé
ïîâ'ÿçàíèõ ç ïîòðàïëÿííÿì, ÷è íå ïîòðàïëàííÿì ó ìíîæèíó S, çîêðåìà, ùî ïðîöåñ
ïîòðàïèâ ó ìíîæèíó A, íå ïîòðàïèâøè â ñåáå {α} òà íå ïîòðàïèâøè ó ìíîæèíó
âèðîäæåííÿ S

p2(t, α,A) = p(t, α,A \ {α} \ S).
Éìîâiðíiñòü òîãî, ùî ïðîöåñ ïîòðàïèâ ó A ∩ S ïîçíà÷èìî ÿê

pS(t, α,A) = p(t, α,A ∩ S),

à ùî ïðîöåñ ïîòðàïèâ ó A \ S ÷åðåç

pS̄(t, α,A) = p(t, α,A \ S).

Ñïî÷àòêó ðîçãëÿíåìî âèïàäîê, êîëè A ∩ S ̸= ∅ i ïðîöåñ ïîòðàïèòü â A \ S. Â öié
ñèòóàöi¨ âèçíà÷èìî

P̂
(k)

S̄
(t1, α, t2, A) = P̂ (k)(t1, α, t2, A \ S)

=

t2∫
t1

exp[J(t1, t, ·), α]
∫
Ω

P̂ (k−1)(t, α′, t2, A)p2(t, α, dα
′)dt.



ÏÐÎ ÒÂIÐÍÈÉ ÔÓÍÊÖIÎÍÀË ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 74 163

Äàëi ââåäåìî òàêó ïîñëiäîâíiñòü éìîâiðíîñòåé íåçàëåæíèõ ó ñóêóïíîñòi ïîäié, ÿêi
âiäïîâiäàþòü çà ïîòðàïëÿííÿ ïðîöåñó ó ìíîæèíó A, ÿêà íå îáîâ'ÿçêîâî íå ïåðåòèííà
ç S, ïðîòå ïðè áóäü-ÿêîìó ïðîìiæíîìó ïîòðàïëÿííi ïðîöåñó â ìíîæèíó S ïðîöåñ
çóïèíÿ¹òüñÿ

P̂
(0)
S (t1, α, t2, A) = P̂ (0)(t1, α, t2, A),

P̂
(k)
S (t1, α, t2, A) = P̂

(k)

S̄
(t1, α, t2, A) +

t2∫
t1

∫
Ω

pS(t, α
′, A)P̂

(k−1)

S̄
(t1, α, t, dα

′)dt.

Íà ïiäñòàâi öèõ éìîâiðíîñòåé ôóíäàìåíòàëüíèé Ôåëëåðiâñüêèé ðîçâ'ÿçîê äëÿ S-çó-
ïèíåíèõ ãiëëÿñòèõ ïðîöåñiâ íàáóäå âèãëÿäó

P̂S(t1, α, t2, A) =
∞∑
k=0

P̂
(k)
S (t1, α, t2, A).

Ïîäàëüøà ìåòà öüîãî àíàëiçó � ðîçãëÿíóòè çâ'ÿçîê ôóíêöiîíàëüíîãî ðiâíÿííÿ äëÿ
çâè÷àéíèõ i äëÿ çóïèíåíèõ ïðîöåñiâ.

Òåîðåìà 1. Ôóíêöiîíàëüíå ðiâíÿííÿ äëÿ S-çóïèíåíèõ ïðîöåñiâ íàáóâà¹ âèãëÿäó

∂

∂s
F (s, w, t, f) = −

∫
Ω

F (s, w′, t, f)pS̄(s, w, dw
′) + B

äå B = ∂B/∂s, à B ç (6) â òåîðåìi.
Äîâåäåííÿ.

FS(s, w, t, f) =

∫
Ω

exp[f, w′]P̂S(s, w, t, dw
′) =

∞∑
k=0

∫
Ω

exp[f, w′]P̂
(k)
S (s, w, t, dw′) =

=
∞∑
k=0

∫
Ω

exp[f, w′]P
(k)

S̄
(s, w, t, dw′)+

+
∞∑
k=0

∫
Ω

exp[f, w′]

t∫
s

∫
Ω

pS(t
′, α′, dw′)P̂

(k)

S̄
(s, w, t′, dα′)dt′ =

=
∞∑
k=0

∫
Ω

exp[f, w′]P (k)(s, w, t, dw′ \ S) +B = A+B.

Ðîçãëÿíåìî îáèäâà äîäàíêè A òà B îêðåìî, äëÿ ïî÷àòêó ïåðøèé

A =
∞∑
k=0

∫
Ω

exp[f, w′]P (k)(s, w, t, dw′ \ S) =
∞∑
k=0

∫
Ω\S

exp[f, w′]P (k)(s, w, t, dw′) =

=

∫
Ω\S

I{w′ ∈ w} exp


∫
X

f(x)w′(dx) +

∫
X

J(s, t, x)w′(dx)

 p1(s, w, dw
′)+

+
∞∑
k=1

∫
Ω\S

t∫
s

exp[f + J(s, s′, ·), w′]

∫
Ω

P (k−1)(s′, w′′, t, dw′)p1(s
′, w, dw′′)ds′ =
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=

∫
Ω\S

I{w′ ∈ w} exp[f + J(s, t, ·), w′]p1(s, w, dw
′)+

+

∫
Ω\S

t∫
s

exp[f + J(s, s′, ·), w′]
∞∑
k=1

∫
Ω

P (k−1)(s′, w′′, t, dw′)p1(s
′, w, dw′′)ds′ =

= I{w′ ∈ Ω \ S} exp[f + J(s, t, ·), w]+

+

∫
Ω\S

t∫
s

exp[J(s, s′, ·), w′]

∫
Ω

exp[f, w′]

∞∑
k=0

P (k)(s′, w′′, t, dw′)p1(s
′, w, dw′′)ds′ =

= I{w ∈ Ω \ S} exp[f + J(s, t, ·), w]+

+

∫
Ω\S

t∫
s

exp[J(s, s′, ·), w]F (s′, w′, t, f)p1(s
′, w, dw′)ds′.

Ìè íå çâîäèòèìåìî äðóãèé äîäàíîê äî òàêîãî æ ãàðíîãî âèãëÿäó ïðîñòî ïîêàæåìî,
ùî ìîæíà óíèêíóòè íåñêií÷åííèõ ñóì i ðåêóðñié

B =

∞∑
k=0

∫
Ω

exp[f, w′]

t∫
s

∫
Ω

pS(t
′, α′, dw′)P̂

(k)

S̄
(s, w, t′, dα′)dt′ =

=
∞∑
k=0

∫
Ω

exp[f, w′]

t∫
s

∫
Ω\S

pS(t
′, α′, dw′)P̂ (k)(s, w, t′, dα′)dt′ =

=

∫
Ω

exp[f, w′]

t∫
s

∫
Ω\S

pS(t
′, α′, dw′)I{w ∈ dα′} exp[J(s, t′, ·), w]dt′+

+
∞∑
k=0

∫
Ω

exp[f, w′]

t∫
s

∫
Ω\S

pS(t
′, α′, dw′)

t′∫
s

exp[J(s, t′′, ·), w]×

×
∫
Ω

P̂ (k)(t′′, α′′, t′, dα′)p1(t
′′, w, dα′′)dt′′dt′ =

=

∫
Ω

exp[f, w′]

t∫
s

pS(t
′, w, dw′) exp[J(s, t′, ·), w]dt′+ (6)

+

∫
Ω

exp[f, w′]

t∫
s

∫
Ω\S

pS(t
′, α′, dw′)

t′∫
s

exp{[J(s, t′′, ·), w]− [f, α′]}×

×F (t′′, α′′, t′, f)p1(t
′′, w, dα′′)dt′′dt′.
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×àñòèíà B íå ìiñòèòü æîäíèõ ðåêóðñié òà íåñêií÷åííèõ ñóì, à òàêîæ ¹ íåïåðåðâíîþ
òà äèôåðåíöiéîâíîþ ïî s, òîìó ∃ ∂B/∂s =: B. Äëÿ ïîäàëüøèõ îá÷èñëåíü çíàéäåìî

∂J(s, t, ·)
∂s

=
∂

∂s

t∫
s

p(s′, w, w)ds′ = −p(s, w,w) = −q(s, w).

Îá÷èñëèìî ïîõiäíó ïî s âiä óñüîãî ôóíêöiîíàëà

∂

∂s
F (s, w, t, f) =

∂A

∂s
+ B =

∂

∂s
I{w ∈ Ω \ S} exp[f + J(s, t, ·), w]+

+
∂

∂s

∫
Ω\S

t∫
s

exp[J(s, s′, ·), w]F (s′, w′, t, f)p1(s
′, w, dw′)ds′ + B =

=
J(s, t, ·)
∂s

I{w ∈ Ω \ S} exp[f + J(s, t, ·), w]−

−
∫

Ω\S

exp[J(s, s, ·), w]F (s, w′, t, f)p1(s, w, dw
′)+

+
∂J(s, t, ·)

∂s

∫
Ω\S

t∫
s

exp[J(s, s′, ·), w]F (s′, w′, t, f)p1(s
′, w, dw′)ds′ + B =

= −q(s, w) exp[f + J(s, t, ·), w]I(w ∈ Ω \ S)−
∫

Ω\S

F (s, w′, t, f)p1(s, w, dw
′)−

−q(s, q)
t∫

s

∫
Ω\S

exp[J(s, s′, ·), w]F (s′, w′, t, f)p1(s
′, w, dw′)ds′ + B =

= −
∫

Ω\S

F (s, w′, t, f)p(s, w, dw′) + B = −
∫
Ω

F (s, w′, t, f)pS̄(s, w, dw
′) + B.

Ùî é òðåáà áóëî äîâåñòè. �

Ó âèïàäêó, ÿêùî ïðîöåñ íå ¹ S-çóïèíåíèì, òîáòî S = ∅, íàø ðåçóëüòàò çáiãà¹òüñÿ
ç [6]. Ó òîìó âèïàäêó pS(t, α,A) = p(t, α,A ∩ S) = p(t, α,A ∩ ∅) = p(t, α, ∅) = 0,
pS(t, α,A) = p(t, α,A \ S) = p(t, α,A). Ç öüîãî âèïëèâà¹, ùî B = 0, òîìó i B = 0, à

−
∫
Ω

F (s, w′, t, f)pS̄(s, w, dw
′) = −

∫
Ω

F (s, w′, t, f)p(s, w, dw′).

Çâiäñè i âèïëèâà¹, ùî ïðè S = ∅
∂

∂s
F (s, w, t, f) = −

∫
Ω

F (s, w′, t, f)p(s, w, dw′).

Ùî ¹ ðiâíîñèëüíèì ðiâíÿííþ (2.23) â [6]. Àíàëîãi÷íî öå ìîæíà çâåñòè i äî (2.24) â
[6].
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Íà÷àëüíûé ïðîöåññ ñ íåñ÷èñëåííûì êîëè÷åñòâîì òèïîâ µ(t) ïîðîæäàåò
îñòàíîâëåííûé âåòâÿùèéñÿ ïðîöåññ ξ(t), åñëè ïðè ïîïàäàíèè µ(t) â íå-
êîòîðîå íåïóñòîå ìíîæåñòâî S ïðîöåññ îñòàíàâëèâàåòñÿ. Ðàññìàòðèâàåòñÿ
îáðàçóþùèé ôóíêöèîíàë âûøåïðèâåäåííîãî ïðîöåññà.

Êëþ÷åâûå ñëîâà: âåòâÿùèéñÿ ïðîöåññ, îáðàçóþùèé ôóíêöèîíàë, ïåðå-
õîäíàÿ âåðîÿòíîñòü.
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Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ, 79000

e-mail: tetjankas@mail.ru

Çíàéäåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó îáåðíåíî¨ çàäà÷i äëÿ
ïàðàáîëi÷íîãî ðiâíÿííÿ ç íåâiäîìèì êîåôiöi¹íòîì ïðè ñòàðøié ïîõiäíié,
ÿêèé çàëåæèòü âiä ÷àñó. Ïðèïóñêà¹òüñÿ, ùî ìåæà îáëàñòi íåâiäîìà i âèðîä-
æó¹òüñÿ ó ïî÷àòêîâèé ìîìåíò ÷àñó. Çãàäàíà çàäà÷à çâîäèòüñÿ äî îáåðíåíî¨
çàäà÷i äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ ç âèðîäæåííÿì.

Êëþ÷îâi ñëîâà: îáåðíåíà çàäà÷à, ïàðàáîëi÷íå ðiâíÿííÿ, ñëàáêå âèðîä-
æåííÿ, âèðîäæåííÿ ìåæi îáëàñòi.

1. Âñòóï. Äî òåîði¨ îáåðíåíèõ çàäà÷ çâåðòàþòüñÿ ó òèõ âèïàäêàõ, êîëè âèçíà÷è-
òè òó ÷è iíøó íåâiäîìó õàðàêòåðèñòèêó íåìîæëèâî, íàïðèêëàä, ÷åðåç íåäîñòóïíiñòü
ìàòåðiàëó ÷è ñåðåäîâèùà, àáî æ òîäi, êîëè ïðîâåäåííÿ áåçïîñåðåäíiõ âèìiðþâàíü íå-
ìîæëèâå.

Âàãîìå ìiñöå â öié òåîði¨ çàéìàþòü êîåôiöi¹íòíi îáåðíåíi çàäà÷i, äå ñåðåä íå-
âiäîìèõ ¹ êîåôiöi¹íò ðiâíÿííÿ àáî éîãî âiëüíèé ÷ëåí. Iíòåíñèâíèé ðîçâèòîê òåîði¨
îáåðíåíèõ çàäà÷ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü ç íåâiäîìèì êîåôiöi¹íòîì, ÿêèé çàëå-
æèòü âiä ÷àñó, ðîçïî÷àâñÿ ïiñëÿ ïîÿâè ó 1962 ð. ïðàöi Á. Äæîíñà [9]. Ç òèõ ÷àñiâ
òåîðiÿ îáåðíåíèõ çàäà÷ äîñÿãëà ñóòò¹âîãî ðîçâèòêó.

Ïîðÿä ç îáåðíåíèìè âàæëèâå ìiñöå â òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü çàéìàþòü
çàäà÷i ç âiëüíîþ ìåæåþ. Âîíè âèíèêàþòü óæå â òàêèõ ïðîñòèõ ôiçè÷íèõ ïðîöåñàõ
ÿê ïëàâëåííÿ òâåðäèõ òië àáî êðèñòàëiçàöiÿ ðiäèí.

Äîñëiäæóâàëà îáåðíåíi çàäà÷i äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ çi ñëàáêèì i ñèëüíèì
âèðîäæåííÿì Í. Ñàëäiíà [5]. Çîêðåìà, Í. Ñàëäiíà ðîçãëÿäàëà é âèïàäêè âèðîäæåííÿ
çàãàëüíîãî âèãëÿäó. Ã. Ñíiòêî âèâ÷àëà îáåðíåíi çàäà÷i äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ
â îáëàñòi ç âiëüíîþ ìåæåþ [6]. Oáåðíåíi çàäà÷i äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ ç âèðîä-
æåííÿì â îáëàñòi ç âiëüíîþ ìåæåþ äîñëiäæóâàëà Í. Ãðèíöiâ [2]. Îñîáëèâèé âèïàäîê
çàäà÷i â îáëàñòi ç âèðîäæåííÿì ðîçãëÿíóòî ó ñòàòòi Ì. Iâàí÷îâà [3]. Äîñëiäæåííÿ
çàäà÷, ÿêi á ïî¹äíóâàëè îáåðíåíi çàäà÷i, çàäà÷i ç âiëüíîþ ìåæåþ i çàäà÷i äëÿ ðiâíÿíü
ç âèðîäæåííÿì, ¹ àêòóàëüíèìè.

c⃝ Ñàâiöüêà Ò., 2011
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2. Ôîðìóëþâàííÿ çàäà÷i. Â îáëàñòi QT ≡ {(x, t): 0 < x < ψ(t)h̃(t), 0 < t < T}
ðîçãëÿíåìî îáåðíåíó çàäà÷ó äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ

ut = ã(t)uxx + b̃(x, t)ux + c̃(x, t)u+ f̃(x, t), (1)

ç óìîâàìè
u(0, t) = µ1(t), u(ψ(t)h̃(t), t) = µ2(t), t ∈ [0, T ], (2)

ã(t)ux(0, t) = µ3(t), t ∈ [0, T ], (3)

ψ(t)h̃(t)∫
0

u(x, t)dx = µ4(t), t ∈ [0, T ], (4)

äå ôóíêöiÿ ψ(t) � äîäàòíà, ìîíîòîííî çðîñòàþ÷à, t ∈ (0, T ] i â òî÷öi t = 0 äîðiâíþ¹

íóëþ, à ôóíêöi¨ (h̃(t), ã(t), u(x, t)), ã(t) > 0, h̃(t) > 0, t ∈ [0, T ] � íåâiäîìi.

Îçíà÷åííÿ 1. Âèðîäæåííÿ íàçèâàòèìåìî ñëàáêèì, ÿêùî ôóíêöiÿ ψ ∈ C1(0, T ],

ψ′(t) > 0, t ∈ [0, T ] i âèðàç
t∫
0

ψ′(s)ds√
s

ïðÿìó¹ äî íóëÿ ïðè t→ 0.

Áóäåìî ðîçãëÿäàòè òàêi âèïàäêè:
(I) ψ′ � ìîíîòîííî ñïàäíà ôóíêöiÿ, ψ′(t) → ∞ ïðè t→ 0;
(II) ψ′ � ìîíîòîííî çðîñòàþ÷à ôóíêöiÿ, ψ′(t) → 0 ïðè t→ 0.
3. Iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1)-(4) (âèïàäîê (I)). Íåõàé âèêîíóþòüñÿ

òàêi ïðèïóùåííÿ:

(A1) ψ ∈ C1(0, T ], µi ∈ C1[0, T ], i = 1, 2, 4, iñíó¹ ãðàíèöÿ lim
t→0

µ′
i(t)

ψ′(t)
, i = 1, 2,

µ3 ∈ C[0, T ], êîåôiöi¹íòè b̃, c̃, f̃ ∈ C([0,∞)× [0, T ]) çàäîâîëüíÿþòü óìîâó Ãåëüäåðà çà
çìiííîþ x ç ïîêàçíèêîì α ∈ (0, 1) ðiâíîìiðíî ñòîñîâíî t ∈ [0, T ];

(A2) µi(t) > 0, i = 1, 2, 3, t ∈ [0, T ], µ4(t) > 0, t ∈ (0, T ], iñíó¹ ñêií÷åííà ãðàíèöÿ

lim
t→0

µ4(t)

ψ(t)
> 0, f̃(x, t) > 0, c̃(x, t) 6 0, (x, t) ∈ [0,∞) × [0, T ], lim

t→0

µ′
2(t)− µ′

1(t)

ψ′(t)
> 0,

ψ(0) = 0, ψ(t) > 0, t ∈ (0, T ], ψ′(t) > 0, t ∈ [0, T ],
t∫
0

ψ′(s)ds√
s

→ 0, t→ 0.

(A3) µ1(0) = µ2(0).

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ ïðèïóùåííÿ (I), (A1) � (A3). Òîäi iñíó¹ õî÷à á

îäèí ðîçâ'ÿçîê (h̃(t), ã(t), u(x, t)) çàäà÷i (1)-(4), ÿêèé íàëåæèòü äî êëàñó C1(0, T0]∩
C[0, T0] × C[0, T0] × C2,1(QT0) ∩ C1,0(QT0

), äå T0, 0 < T0 6 T âèçíà÷à¹òüñÿ ÷åðåç
âèõiäíi äàíi.

Äîâåäåííÿ. Çðîáèâøè çàìiíó y =
x

h̃(t)
, σ = ψ(t) â çàäà÷i (1)-(4), ìè çâåäåìî ¨¨ äî

îáåðíåíî¨ çàäà÷i äëÿ âèðîäæåíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ

vσ =
φ′(σ)a(σ)

h2(σ)
vyy +

yh′(σ) + φ′(σ)b(yh(σ), σ)

h(σ)
vy + φ′(σ)

(
c(yh(σ), σ)v + f(yh(σ), σ)

)
,

(y, σ) ∈ QT1 , (5)

ç óìîâàìè
v(0, σ) = ν1(σ), v(σ, σ) = ν2(σ), 0 6 σ 6 T1, (6)
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a(σ)vy(0, σ) = h(σ)ν3(σ), 0 6 σ 6 T1, (7)

h(σ)

σ∫
0

v(y, σ)dy = ν4(σ), 0 6 σ 6 T1, (8)

äå QT1 = {(y, σ) : 0 < y < σ, 0 < σ < T1}, T1 = ψ(T ), v(y, σ) = u(yh̃(ψ−1(σ)), ψ−1(σ)),

b(yh(σ), σ) = b̃(yh̃(ψ−1(σ)), ψ−1(σ)), c(yh(σ), σ) = c̃(yh̃(ψ−1(σ)), ψ−1(σ)),

h(σ) = h̃(ψ−1(σ)), f(yh(σ), σ) = f̃(yh̃(ψ−1(σ)), ψ−1(σ)), νi(σ) = µi(ψ
−1(σ)), i = 1, 4,

a(σ) = ã(ψ−1(σ)), φ(σ) = ψ−1(σ).

Äàëi çðîáèìî çàìiíó íåâiäîìî¨ ôóíêöi¨ v(y, σ) = ṽ(y, σ)+ν1(σ)+
y

σ
(ν2(σ)−ν1(σ))

é îòðèìà¹ìî òàêó çàäà÷ó ñòîñîâíî ôóíêöi¨ ṽ(y, σ)

ṽσ =
φ′(σ)a(σ)

h2(σ)
ṽyy +

yh′(σ) + φ′(σ)b(yh(σ), σ)

h(σ)
ṽy +φ′(σ)

(
c(yh(σ), σ)ṽ+ f(yh(σ), σ)

)
−

−ν′1(σ)−
y

σ
(ν′2(σ)−ν′1(σ))+

y

σ2
(ν2(σ)−ν1(σ))+

ν2(σ)− ν1(σ)

σ

yh′(σ) + φ′(σ)b(yh(σ), σ)

h(σ)
+

+φ′(σ)c(yh(σ), σ)
(
ν1(σ) +

y

σ
(ν2(σ)− ν1(σ))

)
, (y, σ) ∈ QT1 , (9)

ṽ(0, σ) = ṽ(σ, σ) = 0, σ ∈ [0, T1]. (10)

Äëÿ òîãî, ùîá ïîáóäóâàòè ðîçâ'ÿçîê öi¹¨ çàäà÷i, ðîçãëÿíåìî òàêó äîïîìiæíó
çàäà÷ó:

ut = a(t)uxx + f(x, t), 0 < x < t, 0 < t < T, (11)

u(0, t) = µ1(t), u(t, t) = µ2(t), t ∈ [0, T ]. (12)

Íåõàé ôóíêöiÿ a ∈ C[0, T ] � âiäîìà i âèêîíóþòüñÿ òàêi óìîâè: f ∈ C[0, T ]2 òà çà-
äîâîëüíÿ¹ óìîâó Ãåëüäåðà ïî x ç ïîêàçíèêîì α ∈ (0, 1), µi ∈ C[0, T ], i = 1, 2. Òîäi
ðîçâ'ÿçîê çàäà÷i (11), (12) íàáóäå âèãëÿäó

u(x, t) =

t∫
0

Gξ(x, t, 0, τ)a(τ)µ1(τ)dτ −
t∫

0

Gξ(x, t, τ, τ)a(τ)µ2(τ)dτ+

+

t∫
0

τ∫
0

G(x, t, ξ, τ)f(ξ, τ)dξdτ,

äå G(x, t, ξ, τ) � ôóíêöiÿ Ãðiíà äëÿ ðiâíÿííÿ (11), ÿêó ìîæíà ïîäàòè ó âèãëÿäi [8]

G(x, t, ξ, τ) = G0(x, t, ξ, τ) +

t∫
τ

dσ

σ∫
0

G0(x, t, η, σ)Φ(η, σ, ξ, τ)dη,

G0(x, t, ξ, τ) =
1

2
√
π(θ(t)− θ(τ))

∞∑
n=−∞

(
exp

(
− (x− ξ + 2nt)2

4(θ(t)− θ(τ))

)
−

− exp
(
− (x+ ξ + 2nt)2

4(θ(t)− θ(τ))

))
,
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θ(t) =
∫ t
0
a(τ)dτ . Ôóíêöiÿ Φ(x, t, ξ, τ) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

Φ(x, t, ξ, τ) = −LG0(x, t, ξ, τ)−
t∫
τ

dσ

σ∫
0

LG0(x, t, η, σ)Φ(η, σ, ξ, τ)dη,

äå L = ∂
∂t − a(t) ∂

2

∂x2 .
Âèêîðèñòîâóþ÷è ñêàçàíå âèùå, ïîáóäó¹ìî ðîçâ'ÿçîê çàäà÷i (9), (10). Ïîçíà÷èìî

F (y, σ) ≡ yh′(σ) + φ′(σ)b(yh(σ), σ)

h(σ)
ṽy + φ′(σ)

(
c(yh(σ), σ)ṽ + f(yh(σ), σ)

)
− ν′1(σ)−

− y
σ
(ν′2(σ)− ν′1(σ)) +

y

σ2
(ν2(σ)− ν1(σ)) +

ν2(σ)− ν1(σ)

σ

yh′(σ) + φ′(σ)b(yh(σ), σ)

h(σ)
+

+φ′(σ)c(yh(σ), σ)
(
ν1(σ) +

y

σ
(ν2(σ)− ν1(σ))

)
.

Òèì÷àñîâî ïðèïóñêà¹ìî, ùî ôóíêöi¨ a(σ), h(σ), F (y, σ) � âiäîìi. Îñêiëüêè
y

σ
6 1 i

âèêîíó¹òüñÿ óìîâà (A3), òî
y

σ
(ν′2(σ)− ν′1(σ)) 6 ν′2(σ)− ν′1(σ), à

y

σ2
(ν2(σ)− ν1(σ)) 6

ν2(σ)− ν1(σ)

σ
=
ν2(σ)− ν2(0)

σ
− ν1(σ)− ν1(0)

σ
−→
σ→0

ν′2(0)− ν′1(0).

Ç òîãî, ùî âèêîíó¹òüñÿ (I), âèïëèâà¹ φ′(σ) → 0 ïðè σ → 0. Òîìó ç óìîâè (A1)
îòðèìó¹ìî, ùî ôóíêöiÿ F (y, σ) íåïåðåðâíà òà çàäîâîëüíÿ¹ óìîâó Ãåëüäåðà ïî y
ç ïîêàçíèêîì α ∈ (0, 1). Îòæå, âèêîðèñòîâóþ÷è ôóíêöiþ Ãðiíà G(y, σ, η, τ), âè-

çíà÷åíó âèùå, äå θ(σ) =
σ∫
0

φ′(τ)a(τ)
h2(τ) dτ , çâåäåìî çàäà÷ó (9), (10) äî òàêîãî iíòåãðî-

äèôåðåíöiàëüíîãî ðiâíÿííÿ ñòîñîâíî ôóíêöi¨ ṽ(y, σ)

ṽ(y, σ) =

σ∫
0

dτ

τ∫
0

G(y, σ, η, τ)
(ηh′(τ) + φ′(τ)b(ηh(τ), τ)

h(τ)
ṽη(η, τ)+

+φ′(τ)
(
c(ηh(τ), τ)ṽ(η, τ)+f(ηh(τ), τ)

)
−ν′1(τ)−

η

τ
(ν′2(τ)−ν′1(τ))+

η

τ2
(ν2(τ)−ν1(τ))+

+
(ν2(τ)− ν1(τ))

τ

ηh′(τ) + φ′(τ)b(ηh(τ), τ)

h(τ)
+

+φ′(τ)c(ηh(τ), τ)
(
ν1(τ) +

η

τ
(ν2(τ)− ν1(τ))

))
dη, (y, σ) ∈ QT1

.

Ïîâåðòàþ÷èñü äî ôóíêöi¨ v(y, σ), îòðèìà¹ìî

v(y, σ) = ν1(σ) +
y

σ
(ν2(σ)− ν1(σ)) +

σ∫
0

dτ

τ∫
0

G(y, σ, η, τ)
((ηh′(τ)

h(τ)
+

+
φ′(τ)b(ηh(τ), τ)

h(τ)

)
vη(η, τ) + φ′(τ)

(
c(ηh(τ), τ)v(η, τ) + f(ηh(τ), τ)

)
− ν′1(τ)−

−η
τ
(ν′2(τ)− ν′1(τ)) +

η

τ2
(ν2(τ)− ν1(τ))

)
dη, (y, σ) ∈ QT1

. (13)
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Çíàéäåìî îöiíêó ôóíêöi¨ v(y, σ) çíèçó. Ïîçíà÷èìî ÷åðåç v0(y, σ) ðîçâ'ÿçîê çà-
äà÷i

vσ=
φ′(σ)a(σ)

h2(σ)
vyy+

yh′(σ) + φ′(σ)b(yh(σ), σ)

h(σ)
vy+φ′(σ)c(yh(σ), σ)v, (y, σ) ∈ QT1 , (14)

v(0, σ) = ν1(σ), v(σ, σ) = ν2(σ), 0 6 σ 6 T1, (15)

à ÷åðåç v̂(y, σ) � ðîçâ'ÿçîê çàäà÷i

vσ =
φ′(σ)a(σ)

h2(σ)
vyy +

yh′(σ) + φ′(σ)b(yh(σ), σ)

h(σ)
vy + φ′(σ)

(
c(yh(σ), σ)v + f(yh(σ), σ)

)
,

(16)
(y, σ) ∈ QT1 ,

v(0, σ) = v(σ, σ) = 0, 0 6 σ 6 T1. (17)

Òîäi
v(y, σ) = v0(y, σ) + v̂(y, σ). (18)

Ç ïðèíöèïó ìàêñèìóìó [7, ðîçä. 2] îòðèìó¹ìî

v0(y, σ) > C1 min{ min
06t6T

µ1(t), min
06t6T

µ2(t)} =M1 > 0, (y, σ) ∈ QT1
,

v̂(y, σ) > 0, (y, σ) ∈ QT1
.

Îòîæ, îäåðæó¹ìî òàêó îöiíêó:

v(y, σ) >M1 > 0, (y, σ) ∈ QT1
. (19)

Òîìó ìîæåìî (8) çàïèñàòè ó âèãëÿäi

h(σ) =
ν4(σ)

σ∫
0

v(y, σ)dy

, σ ∈ (0, T1]. (20)

Ïîçíà÷èìî w(y, σ) ≡ vy(y, σ), p(σ) ≡ σh′(σ) i çâåäåìî ðiâíÿííÿ (13) äî ñèñòåìè
iíòåãðàëüíèõ ðiâíÿíü

v(y, σ) = ν1(σ) +
y

σ
(ν2(σ)− ν1(σ)) +

σ∫
0

dτ

τ∫
0

G(y, σ, η, τ)
(( ηp(τ)

τh(τ)
+

+
φ′(τ)b(ηh(τ), τ)

h(τ)

)
w(η, τ) + φ′(τ)

(
c(ηh(τ), τ)v(η, τ) + f(ηh(τ), τ)

)
− ν′1(τ)−

−η
τ
(ν′2(τ)− ν′1(τ)) +

η

τ2
(ν2(τ)− ν1(τ))

)
dη, (y, σ) ∈ QT1

, (21)

w(y, σ) =
ν2(σ)− ν1(σ)

σ
+

σ∫
0

dτ

τ∫
0

Gy(y, σ, η, τ)
(( ηp(τ)

τh(τ)
+
φ′(τ)b(ηh(τ), τ)

h(τ)

)
w(η, τ)+

+φ′(τ)
(
c(ηh(τ), τ)v(η, τ)+f(ηh(τ), τ)

)
−ν′1(τ)−

η

τ
(ν′2(τ)−ν′1(τ))+

η

τ2
(ν2(τ)−ν1(τ))

)
dη,

(y, σ) ∈ QT1
. (22)

Ç óìîâè (7) îäåðæèìî ðiâíÿííÿ

a(σ)w(0, σ) = h(σ)ν3(σ), σ ∈ (0, T1]. (23)
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Ùîá îòðèìàòè ðiâíÿííÿ, ðîçâ'ÿçàíå ñòîñîâíî p(σ), ïðîäèôåðåíöiþ¹ìî óìîâó
(8)

h′(σ)
ν4(σ)

h(σ)
+ h(σ)

(
ν2(σ) +

σ∫
0

vσ(y, σ)dy
)
= ν′4(σ).

Âèêîðèñòîâóþ÷è (5), îòðèìà¹ìî ðiâíÿííÿ

p(σ) =
1

ν2(σ)

(
ν′4(σ)− h(σ)ν2(σ)−

φ′(σ)a(σ)

h(σ)
(w(σ, σ)− w(0, σ))−

−φ′(σ)

σ∫
0

(
b(yh(σ), σ)w(y, σ) + h(σ)(c(yh(σ), σ)v(y, σ) + f(yh(σ), σ))

)
dy

)
, (24)

σ ∈ (0, T1].
Îòæå, ìè çâåëè çàäà÷ó (5)-(8) äî ñèñòåìè iíòåãðàëüíèõ ðiâíÿíü (20)-(24), äå

íåâiäîìi (h(σ), a(σ), v(y, σ), w(y, σ), p(σ)). Ëåãêî äîâåñòè åêâiâàëåíòíiñòü çàäà÷ çíà-
õîäæåííÿ êëàñè÷íîãî ðîçâ'ÿçêó çàäà÷i (5)-(8) i çíàõîäæåííÿ íåïåðåðâíîãî ðîçâ'ÿçêó
ñèñòåìè ðiâíÿíü (20)-(24).

Îñêiëüêè çàäà÷à (5)-(8) åêâiâàëåíòíà ñèñòåìi ðiâíÿíü (20)-(24), òî áóäåìî äî-
âîäèòè iñíóâàííÿ ðîçâ'ÿçêó ñèñòåìè (20)-(24), çàñòîñîâóþ÷è òåîðåìó Øàóäåðà ïðî
íåðóõîìó òî÷êó. Äëÿ ïî÷àòêó çíàéäåìî îöiíêè ðîçâ'ÿçêiâ ñèñòåìè (20)-(24).

Ç (19) òà (20) âèïëèâà¹, ùî h(σ) 6 H1 < ∞, σ ∈ [0, T1]. Îñêiëüêè 0 6 yh(σ) 6
6 T1H1 = C2, òî f(yh(σ), σ) 6 C3, òîìó çãiäíî ç ïðèíöèïîì ìàêñèìóìó [7, ðîçä. 2]
îäåðæó¹ìî

v0(y, σ) 6 C4 max{ max
06σ6T1

ν1(σ), max
06σ6T1

ν2(σ)} = C5 <∞, (y, σ) ∈ QT1
,

v̂(y, σ) 6 C6 max
(y,σ)∈QT1

f(yh(σ), σ) = C7 <∞, (y, σ) ∈ QT1
,

äå v0(y, σ), v̂(y, σ) � ðîçâ'ÿçêè çàäà÷ (14), (15) òà (16), (17) âiäïîâiäíî. Îòæå, ç (18)
îòðèìà¹ìî

v(y, σ) 6M2 <∞, (y, σ) ∈ QT1
. (25)

Îñêiëüêè
ν4(σ)

σ
=
µ4(t)

ψ(t)
, òî ç (20), (25) òà óìîâè (A2) âèïëèâà¹

h(σ) > ν4(σ)

σM2
> H0 > 0, σ ∈ [0, T1].

Îòæå, îäåðæàëè òàêó îöiíêó:

0 < H0 6 h(σ) 6 H1 <∞, σ ∈ [0, T1]. (26)

Ç óìîâ (A1) � (A3) îòðèìó¹ìî

lim
σ→0

ν2(σ)− ν1(σ)

σ
= ν′2(0)− ν′1(0) = lim

t→0

µ′
2(t)− µ′

1(t)

ψ′(t)
>M3 > 0,

òîìó
ν2(σ)− ν1(σ)

σ
>M3 > 0, σ ∈ (0, T1]. (27)
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Äîñëiäèìî ïîâåäiíêó iíòåãðàëà ç ðiâíÿííÿ (22). Ïðèïóñòèìî, ùî w(y, σ), a(σ),
p(σ) � îáìåæåíi âiäîìèìè êîíñòàíòàìè. Âèêîðèñòîâóþ÷è âiäîìi îöiíêè ôóíêöi¨ Ãði-
íà [4], îòðèìà¹ìî∣∣∣ σ∫

0

dτ

τ∫
0

Gy(y, σ, η, τ)
(( ηp(τ)

τh(τ)
+
φ′(τ)b(ηh(τ), τ)

h(τ)

)
w(η, τ) + φ′(τ)

(
c(ηh(τ), τ)v(η, τ)+

+f(ηh(τ), τ)
)
− ν′1(τ)−

η

τ
(ν′2(τ)− ν′1(τ)) +

η

τ2
(ν2(τ)− ν1(τ))

)
dη

∣∣∣ 6
6 C8

σ∫
0

dτ

τ∫
0

∣∣∣Gy(y, σ, η, τ)∣∣∣dη 6 C9

σ∫
0

dτ√
θ(σ)− θ(τ)

6 C10

σ∫
0

dτ√
φ(σ)− φ(τ)

,

(y, σ) ∈ QT1
. (28)

Âèêîðèñòîâóþ÷è çàìiíó s = φ(τ) i îçíà÷åííÿ ñëàáêîãî âèðîäæåííÿ, îòðèìà¹ìî

σ∫
0

dτ√
φ(σ)− φ(τ)

=

φ(σ)∫
0

ψ′(s)ds√
φ(σ)− s

=

t∫
0

ψ′(s)ds√
t− s

=

t/2∫
0

ψ′(s)
√
sds√

s(t− s)
+

t∫
t/2

ψ′(s)ds√
t− s

6

6
t/2∫
0

ψ′(s)ds√
s

+

t∫
t/2

ψ′(s)ds√
t− s

−→
t→0

0, (y, σ) ∈ QT1
. (29)

Ç (22), (27), (28) òà (29) âèïëèâà¹, ùî iñíó¹ ÷èñëî σ1, 0 < σ1 6 T1 òàêå, ùî äëÿ
y ∈ [0, σ], σ ∈ [0, σ1] âèêîíó¹òüñÿ òàêà îöiíêà:

w(y, σ) > 1

2
M3 > 0. (30)

Ç (23), (26) òà (30) îòðèìó¹ìî

a(σ) 6 A1 <∞, σ ∈ [0, σ1]. (31)

Ïîçíà÷èìî

W (σ) ≡ max
06y6σ

w(y, σ), amin(σ) ≡ min
06τ6σ

a(τ).

Ç (22), (24) çíàõîäèìî

W (σ) 6 C12 + C13

σ∫
0

(1 + |p(τ)|)(W (τ) + 1)√
θ(σ)− θ(τ)

dτ, σ ∈ [0, σ1], (32)

|p(σ)| 6 C14 + C15W (σ), σ ∈ [0, σ1]. (33)

Ïiäñòàâèìî (33) â (32)

W (σ) 6 C12 + C16

σ∫
0

(W (τ) + 1)2√
θ(σ)− θ(τ)

dτ. (34)
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Ïîçíà÷èìî W1(σ) ≡W (σ) + 1, òîäi (34) çâåäåìî äî âèãëÿäó

W1(σ) 6 C17 +
C18√
amin(σ)

σ∫
0

W 2
1 (τ)dτ√

φ(σ)− φ(τ)
. (35)

Ïiäíåñåìî öþ íåðiâíiñòü äî êâàäðàòà, âèêîðèñòà¹ìî íåðiâíiñòü (a+ b)2 6 2a2 + 2b2 i
íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî

W 2
1 (σ) 6 C19 +

C20

amin(σ)

σ∫
0

W 4
1 (τ)dτ√

φ(σ)− φ(τ)

σ∫
0

dτ√
φ(σ)− φ(τ)

. (36)

Ç (29) âèïëèâà¹, ùî iíòåãðàë I ≡
σ∫
0

dτ√
φ(σ)−φ(τ)

ïðÿìó¹ äî íóëÿ, êîëè σ → 0. Îòæå,

I 6 C21, σ ∈ [0, T1] i íåðiâíiñòü (36) çàïèøåìî ó âèãëÿäi

W 2
1 (σ) 6 C19 +

C22

amin(σ)

σ∫
0

W 4
1 (τ)dτ√

φ(σ)− φ(τ)
.

Çàìiíèìî â ïîïåðåäíié íåðiâíîñòi σ íà s, äîìíîæèìî íà
√
φ(σ)− φ(s) i ïðîiíòåãðó¹-

ìî âiä 0 äî σ
σ∫

0

W 2
1 (s)ds√

φ(σ)− φ(s)
6 C22 + C22

σ∫
0

ds

amin(s)
√
φ(σ)− φ(s)

s∫
0

W 4
1 (τ)dτ√

φ(s)− φ(τ)
6

6 C23 +
C22

amin(σ)

σ∫
0

W 4
1 (τ)dτ

σ∫
τ

ds√
(φ(s)− φ(τ))(φ(σ)− φ(s))

. (37)

Îñêiëüêè s > τ i φ′ � ìîíîòîííî çðîñòàþ÷à ôóíêöiÿ, áî âèêîíó¹òüñÿ (I), à
σ∫
τ

φ′(s)ds√
(φ(s)− φ(τ))(φ(σ)− φ(s))

= π,

òîìó ç (37) îäåðæèìî
σ∫

0

W 2
1 (s)ds√

φ(σ)− φ(s)
6 C23 +

C24

amin(σ)

σ∫
0

W 4
1 (τ)dτ

φ′(τ)
.

Ïiäñòàâèìî îñòàííþ íåðiâíiñòü ó (35)

W1(σ) 6 C17 +
C25√
amin(σ)

+
C26

a
3/2
min(σ)

σ∫
0

W 4
1 (τ)dτ

φ′(τ)
.

Ðîçâ'ÿçàâøè öþ íåðiâíiñòü [1], îòðèìà¹ìî

W1(σ) 6 C17+

+
C25√
amin(σ)

+ C27

σ∫
0

(
C17 +

C25√
amin(τ)

) dτ

a
9/2
min(τ)φ

′(τ)
exp

(
C28

σ∫
0

ds

a6min(s)φ
′(s)

)
. (38)
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Iñíó¹ òàêå ÷èñëî σ2 ∈ (0, T1], ùî

C27

σ∫
0

(
C17 +

C25√
amin(τ)

) dτ

a
9/2
min(τ)φ

′(τ)
exp

(
C28

σ∫
0

ds

a6min(s)φ
′(s)

)
6 C17, (39)

òîìó ç (38), (39) i ç òîãî, ùî W (σ) 6W1(σ), âèïëèâà¹

W (σ) 6 2C17 +
C25√
amin(σ)

. (40)

Çâiäñè òà ç (23) âèïëèâà¹ íåðiâíiñòü

2C17amin(σ) + C25

√
amin(σ)− C29 > 0,

òîáòî √
amin(σ) >

√
C2

25 + 8C17C29 − C25

4C17
=

2C29

C25 +
√
C2

25 + 8C17C29

.

Îòæå,

amin(σ) >
4C2

29(
C25 +

√
C2

25 + 8C17C29

)2 = A0 > 0. (41)

Ç (41), (40), (24) îäåðæó¹ìî

a(σ) > A0 > 0, |p(σ)| 6M4, σ ∈ [0, σ2], w(y, σ) 6M5, (y, σ) ∈ Qσ2
, (42)

äå ñòàëi A0,M4,M5 çàëåæàòü ëèøå âiä âèõiäíèõ äàíèõ.
Îòæå, ìè îòðèìàëè îöiíêè ðîçâ'ÿçêiâ ñèñòåìè (20)-(24).
Ïåðåïèøåìî öþ ñèñòåìó ó âèãëÿäi

ω = Pω, (43)

äå ω = (h, v, w, a, p), à îïåðàòîð P âèçíà÷åíèé ïðàâèìè ÷àñòèíàìè ðiâíÿíü (20)-(24),
ÿêùî (23) ïåðåïèñàòè ó âèãëÿäi

a(σ) =
h(σ)ν3(σ)

w(0, σ)
, σ ∈ (0, T1].

Âèçíà÷èìî ìíîæèíó N ≡{(h, v, w, a, p)∈C[0, σ0]×(C(Qσ0
))2×(C[0, σ0])2 : H06h6H1,

M1 6 v 6 M2,
1
2M3 6 w 6 M5, A0 6 a 6 A1, |p| 6 M4}, äå σ0 = min{σ1, σ2}.

Îïåðàòîð P ¹ êîìïàêòíèì íà ìíîæèíi N [6]. Çâiäñè i ç îòðèìàíèõ îöiíîê (19), (25),
(26), (30), (31), (42) âèïëèâà¹, ùî iñíó¹ õî÷à á îäíà íåðóõîìà òî÷êà îïåðàòîðà P â
N . Öå îçíà÷à¹, ùî çàäà÷à (1)-(4) ìà¹ êëàñè÷íèé ðîçâ'ÿçîê. �

4. Iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1)-(4) (âèïàäîê (II)). Íåõàé âèêîíó¹òüñÿ
óìîâà

(A4) iñíóþòü ãðàíèöi lim
t→0

b̃(x, t)

ψ′(t)
, lim
t→0

c̃(x, t)

ψ′(t)
, lim
t→0

f̃(x, t)

ψ′(t)
∈ C([0,∞)× [0, T ]).

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ ïðèïóùåííÿ (II), (A1) � (A4), à òàêîæ iñíó¹

ãðàíèöÿ lim
t→0

µ′
4(t)

ψ′(t)
. Òîäi iñíó¹ õî÷à á îäèí ðîçâ'ÿçîê (h̃(t), ã(t), u(x, t)) çàäà÷i (1)-(4),

ÿêèé íàëåæèòü äî êëàñó C1(0, T0] ∩ C[0, T0] × C[0, T0] × C2,1(QT0) ∩ C1,0(QT0
), äå

T0, 0 < T0 6 T âèçíà÷à¹òüñÿ ÷åðåç âèõiäíi äàíi.
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Äîâåäåííÿ. Çðîçóìiëî, ùî âiäìiííiñòþ ìiæ äîâåäåííÿì òåîðåì 1 i 2 ¹ îöiíêà âèðàçiâ
φ′(σ)(w(σ, σ)−w(0, σ)), φ′(σ)b(yh(σ), σ)w(y, σ) i φ′(σ)(c(yh(σ), σ)v(y, σ)+f(yh(σ), σ))
ç ôîðìóë (24), (22). Îñêiëüêè âèêîíó¹òüñÿ óìîâà (A4), òî îñòàííi äâà âèðàçè îáìå-
æåíi é îñîáëèâîñòåé íå ìàþòü.

Âèêîðèñòîâóþ÷è (22), îòðèìà¹ìî

w(σ, σ)− w(0, σ) =

σ∫
0

dτ

τ∫
0

(Gy(σ, σ, η, τ)−Gy(0, σ, η, τ))
(( ηp(τ)

τh(τ)
+

+
φ′(τ)b(ηh(τ), τ)

h(τ)

)
w(η, τ) + φ′(τ)

(
c(ηh(τ), τ)v(η, τ) + f(ηh(τ), τ)

)
− ν′1(τ)−

−η
τ
(ν′2(τ)− ν′1(τ)) +

η

τ2
(ν2(τ)− ν1(τ))

)
dη, (y, σ) ∈ QT1

.

Ùîá çíàéòè ïîâåäiíêó φ′(σ)(w(σ, σ)− w(0, σ)) ïðè σ → 0, äîñòàòíüî îöiíèòè âèðàç
σ∫

0

dτ

τ∫
0

|G(1)
0y (σ, σ, η, τ)−G

(1)
0y (0, σ, η, τ)|dη,

äå

G
(i)
0 (y, σ, η, τ) =

1

2
√
π(θ(σ)− θ(τ))

∞∑
n=−∞

(
exp

(
− (y − η + 2nσ)2

4(θ(σ)− θ(τ))

)
+

+(−1)i exp
(
− (y + η + 2nσ)2

4(θ(σ)− θ(τ))

))
, i = 1, 2.

Îñêiëüêè G
(1)
0y (σ, σ, η, τ) 6 0 i G

(1)
0y (0, σ, η, τ) > 0, à G

(1)
0y (y, σ, η, τ) = −G(2)

0η (y, σ, η, τ),
òî
σ∫

0

dτ

τ∫
0

|G(1)
0y (σ, σ, η, τ)−G

(1)
0y (0, σ, η, τ)|dη =

σ∫
0

dτ

τ∫
0

(G
(2)
0η (σ, σ, η, τ)−G

(2)
0η (0, σ, η, τ))dη =

=

σ∫
0

(G
(2)
0 (σ, σ, τ, τ)−G

(2)
0 (0, σ, τ, τ)−G

(2)
0 (σ, σ, 0, τ) +G

(2)
0 (0, σ, 0, τ))dτ =

=

σ∫
0

1

2
√
π(θ(σ)− θ(τ))

∞∑
n=−∞

(−1)n+1
(
exp

(
− (nσ − τ)2

4(θ(σ)− θ(τ))

)
+

+exp
(
− (nσ + τ)2

4(θ(σ)− θ(τ))

)
− 2 exp

(
− (nσ)2

4(θ(σ)− θ(τ))

))
dτ.

Çðîáèâøè çàìiíó â ïåðøîìó äîäàíêó n = −m i ïåðåïîçíà÷èâøè m íà n, îòðèìà¹ìî
σ∫

0

dτ

τ∫
0

|G(1)
0y (σ, σ, η, τ)−G

(1)
0y (0, σ, η, τ)|dη =

=

σ∫
0

1√
π(θ(σ)− θ(τ))

∞∑
n=−∞

(−1)n
(
exp

(
− (nσ)2

4(θ(σ)− θ(τ))

)
−exp

(
− (nσ + τ)2

4(θ(σ)− θ(τ))

))
dτ.
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Âðàõîâóþ÷è òå, ùî

∞∑
n=−∞

(−1)n
(
exp

(
− (nσ)2

4(θ(σ)− θ(τ))

)
− exp

(
− (nσ + τ)2

4(θ(σ)− θ(τ))

))
6

6
∞∑

n=−∞

(
exp

(
− (nσ)2

4(θ(σ)− θ(τ))

)
+ exp

(
− (nσ + τ)2

4(θ(σ)− θ(τ))

))
6

6 2+
∞∑
n=1

(
2 exp

(
− (nσ)2

4(θ(σ)− θ(τ))

)
+exp

(
− (nσ + τ)2

4(θ(σ)− θ(τ))

)
+exp

(
− (nσ − τ)2

4(θ(σ)− θ(τ))

))
,

ç [8] îäåðæèìî îöiíêó

σ∫
0

dτ

τ∫
0

|G(1)
0y (σ, σ, η, τ)−G

(1)
0y (0, σ, η, τ)|dη 6 C30

σ∫
0

dτ√
π(θ(σ)− θ(τ))

+ C31σ.

Îñêiëüêè ψ′ � ìîíîòîííî çðîñòàþ÷à ôóíêöiÿ i ω 6 t, òî

lim
σ→0

φ′(σ)

σ∫
0

dτ√
θ(σ)− θ(τ)

6 C32 lim
t→0

1

ψ′(t)

t∫
0

ψ′(ω)dω√
t− ω

6 C32 lim
t→0

t∫
0

dω√
t− ω

= 0.

Âðàõîâóþ÷è òå, ùî

lim
σ→0

φ′(σ)σ = lim
t→0

ψ(t)

ψ′(t)
= lim
t→0

ψ(t)t

ψ(t)− ψ(0)
= 0,

îòðèìà¹ìî

|φ′(σ)(w(σ, σ)− w(0, σ))| 6 C33.

Âðàõîâóþ÷è öå â (24) i (33), äàëi äîâîäèìî öþ òåîðåìó àíàëîãi÷íî äî äîâåäåííÿ òåî-
ðåìè 1. Çàóâàæèìî, ùî îöiíêè (42) òàêîæ ïðàâèëüíi ó âèïàäêó, êîëè φ′ � ìîíîòîííî
ñïàäíà ôóíêöiÿ, îñêiëüêè îöiíêó (37) ìîæíà ïðîäîâæèòè, âèêîðèñòîâóþ÷è òå, ùî
s 6 σ. �

5. �äèíiñòü ðîçâ'ÿçêó çàäà÷i (1)-(4) (âèïàäîê (I)).

Òåîðåìà 3. Íåõàé âèêîíó¹òüñÿ ïðèïóùåííÿ (I),
t∫
0

ψ′(s)ds√
s

→ 0, t→ 0 é óìîâà:

(A5) b̃, c̃, f̃ ∈ C1,0([0,+∞)×[0, T ]), ψ ∈ C1(0, T ], µi ∈ C1[0, T ], i = 1, 2; µi(t) ̸= 0,
i = 2, 3, µ4(t) = µ0(t)ψ(t), µ0(t) ̸= 0, t ∈ [0, T ], ψ(0) = 0, ψ(t) > 0, t ∈ (0, T ], ψ′(t) > 0,
t ∈ [0, T ].

Òîäi çàäà÷à (1)-(4) íå ìîæå ìàòè áiëüøå îäíîãî ðîçâ'ÿçêó (h̃(t), ã(t), u(x, t)),
ÿêèé íàëåæèòü äî êëàñó C1(0, T ] ∩ C[0, T ]× C[0, T ]× C2,1(QT ) ∩ C1,0(QT ).

Äîâåäåííÿ. Îñêiëüêè çàäà÷à (1)-(4) åêâiâàëåíòíà çàäà÷i (5)-(8), òî äîñòàòíüî
äîâåñòè ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (5)-(8). Íåõàé iñíóþòü äâà ðiçíèõ ðîçâ'ÿçêè
(hi(σ), ai(σ), vi(y, σ)), i = 1, 2 çàäà÷i (5)-(8). Ïîçíà÷èìî h(σ) ≡ h1(σ) − h2(σ),
a(σ) ≡ a1(σ)− a2(σ), v(y, σ) ≡ v1(y, σ)− v2(y, σ).
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Ðîçãëÿíåìî

b(yh1(σ), σ)− b(yh2(σ), σ) =

1∫
0

d

ds
b(yh2(σ) + sy(h1(σ)− h2(σ)), σ)ds =

= y(h1(σ)− h2(σ))

1∫
0

∂b(z, σ)

∂z

∣∣∣
z=yh2(σ)+sy(h1(σ)−h2(σ))

ds.

Àíàëîãi÷íî ìîæíà ïîäàòè ðiçíèöi c(yh1(σ), σ)− c(yh2(σ), σ) i
f(yh1(σ), σ)− f(yh2(σ), σ). Òîäi ç (5)-(8) îäåðæó¹ìî òàêó çàäà÷ó ñòîñîâíî
(h(σ), a(σ), v(y, σ))

vσ =
φ′(σ)a1(σ)

h21(σ)
vyy +

(yh′1(σ)
h1(σ)

+
φ′(σ)b(yh1(σ), σ)

h1(σ)

)
vy + φ′(σ)c(yh1(σ), σ)v+

+
φ′(σ)(a(σ)h22(σ)− a2(σ)h(σ)(h1(σ) + h2(σ)))

h21(σ)h
2
2(σ)

v2yy +
(y(h′(σ)h2(σ)− h′2(σ)h(σ))

h1(σ)h2(σ)
+

+
φ′(σ)h(σ)

h1(σ)h2(σ)

(
yh2(σ)

1∫
0

∂b(z, σ)

∂z

∣∣∣
z=yh2(σ)+syh(σ)

ds− b(yh2(σ), σ)
))
v2y+

+yh(σ)φ′(σ)
(
v2

1∫
0

∂c(z, σ)

∂z

∣∣∣
z=yh2(σ)+syh(σ)

ds+

1∫
0

∂f(z, σ)

∂z

∣∣∣
z=yh2(σ)+syh(σ)

ds
)
,

(y, σ) ∈ QT1 , (44)

v(0, σ) = v(σ, σ) = 0, 0 6 σ 6 T1, (45)

a1(σ)vy(0, σ) = ν3(σ)h(σ)− a(σ)v2y(0, σ), 0 6 σ 6 T1, (46)

h1(σ)

σ∫
0

v(y, σ)dy = −h(σ)
σ∫

0

v2(y, σ)dy, 0 6 σ 6 T1. (47)

Âèêîðèñòîâóþ÷è ôóíêöiþ Ãðiíà G∗(y, σ, η, τ) äëÿ ðiâíÿííÿ

vσ =
φ′(σ)a1(σ)

h21(σ)
vyy +

(yh′1(σ)
h1(σ)

+
φ′(σ)b(yh1(σ), σ)

h1(σ)

)
vy, (y, σ) ∈ QT1 ,

ç óìîâàìè (44), çâåäåìî çàäà÷ó (44)-(47) äî òàêî¨ ñèñòåìè ðiâíÿíü:

v(y, σ) =

σ∫
0

dτ

τ∫
0

G∗(y, σ, η, τ)
(
φ′(τ)c(ηh1(τ), τ)v(η, τ)+

+
φ′(τ)(a(τ)h22(τ)− a2(τ)h(τ)(h1(τ) + h2(τ)))

h21(τ)h
2
2(τ)

v2ηη(η, τ)+
(η(h′(τ)h2(τ)− h′2(τ)h(τ))

h1(τ)h2(τ)
+

+
φ′(τ)

h1(τ)h2(τ)

(
ηh(τ)h2(τ)

1∫
0

∂b(z, τ)

∂z

∣∣∣
z=yh2(τ)+syh(τ)

ds− b(ηh2(τ), τ)h(τ)
))
v2η(η, τ)+



180
Òåòÿíà ÑÀÂIÖÜÊÀ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 74

+φ′(τ)
(
h(τ)ηv2(η, τ)

1∫
0

∂c(z, τ)

∂z

∣∣∣
z=yh2(τ)+syh(τ)

ds+

+ηh(τ)

1∫
0

∂f(z, τ)

∂z

∣∣∣
z=yh2(τ)+syh(τ)

ds
))
dη, (y, σ) ∈ QT1 , (48)

h(σ) = −
h1(σ)

σ∫
0

v(y, σ)dy

σ∫
0

v2(y, σ)dy

, σ ∈ [0, T1], (49)

a(σ) =
ν3(σ)h(σ)− a1(σ)vy(0, σ)

v2y(0, σ)
, σ ∈ [0, T1]. (50)

Îñêiëüêè çàäà÷à (5)-(8) åêâiâàëåíòíà çàäà÷i (20)-(24), òî pi(σ) ≡ σh′i(σ), i = 1, 2
çàäîâîëüíÿþòü (24). Çâiäñè îäåðæèìî

p(σ) =
1

ν2(σ)

(
−h(σ)ν2(σ)−φ′(σ)

(a1(σ)
h1(σ)

(vy(σ, σ)−vy(0, σ))+
σ∫

0

(
b(yh1(σ), σ)vy(y, σ)+

+h1(σ)c(yh1(σ), σ)v(y, σ)
)
dy +

a(σ)h2(σ)− a2(σ)h(σ)

h1(σ)h2(σ)
(v2y(σ, σ)− v2y(0, σ))+

+

σ∫
0

(
yh(σ)v2y(y, σ)

1∫
0

∂b(z, σ)

∂z

∣∣∣
z=yh2(σ)+syh(σ)

ds+

+(h1(σ)yh(σ)

1∫
0

∂c(z, σ)

∂z

∣∣∣
z=yh2(σ)+syh(σ)

ds+ h(σ)c(yh2(σ), σ))v2(y, σ)+

+yh(σ)

1∫
0

∂f(z, σ)

∂z

∣∣∣
z=yh2(σ)+syh(σ)

ds
)
dy

))
, σ ∈ (0, T1], (51)

äå p(σ) = σh′(σ).
Äîâåäåìî iíòåãðîâíiñòü ÿäåð ñèñòåìè (48)-(51). Ç óìîâè (A5) òà ç òîãî, ùî

v2(y, σ) çàäîâîëüíÿ¹ (7), âèïëèâà¹, ùî çíàìåííèêè (50), (51) âiäìiííi âiä íóëÿ.
Îñêiëüêè v2(y, σ) òàêîæ çàäîâîëüíÿ¹ (8), òî ç (49) òà óìîâè (A5) çà òåîðåìîþ ïðî
ñåðåäí¹ îòðèìà¹ìî

h(σ) = −
h1(σ)h2(σ)

σ∫
0

v(y, σ)dy

ν4(σ)
= −

h1(σ)h2(σ)
σ∫
0

v(y, σ)dy

σν0(σ)
= −h1(σ)h2(σ)σv(ỹ, σ)

σν0(σ)
=

= −h1(σ)h2(σ)v(ỹ, σ)
ν0(σ)

, ỹ ∈ [0, σ], σ ∈ [0, T1],

äå ν0(σ) = µ0(φ(σ)). Ïiäñòàâëÿþ÷è ñþäè çíà÷åííÿ v ç (48), áà÷èìî, ùî ÿäðî â (49)
íåïåðåðâíå.
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Äîñëiäèìî ïîâåäiíêó v2yy(y, σ) ïðè σ → 0. Çðîáèìî çàìiíó v2(y, σ) = ṽ2(y, σ)+

+ν1(σ) +
y

σ
(ν2(σ)− ν1(σ)). Òîäi ç (5)-(8) îòðèìà¹ìî çàäà÷ó ñòîñîâíî ôóíêöi¨ ṽ2(y, σ)

ṽ2σ =
φ′(σ)a2(σ)

h22(σ)
ṽ2yy +

(yh′2(σ)
h2(σ)

+
φ′(σ)b(yh2(σ), σ)

h2(σ)

)
ṽ2y + φ′(σ)

(
c(yh2(σ), σ)ṽ2+

+f(yh2(σ), σ)
)
− ν′1(σ)−

y

σ
(ν′2(σ)− ν′1(σ)) +

y

σ2
(ν2(σ)− ν1(σ)) +

(yh′2(σ)
h2(σ)

+

+
φ′(σ)b(yh2(σ), σ)

h2(σ)

)ν2(σ)− ν1(σ)

σ
+ φ′(σ)c(yh2(σ), σ)

(
ν1(σ) +

y

σ
(ν2(σ)− ν1(σ))

)
,

(y, σ) ∈ QT1 , (52)

ṽ2(0, σ) = ṽ2(σ, σ) = 0, σ ∈ [0, T1]. (53)

Âèêîðèñòîâóþ÷è ôóíêöiþ Ãðiíà G∗∗(y, σ, η, τ) äëÿ ðiâíÿííÿ

ṽ2σ =
φ′(σ)a2(σ)

h22(σ)
ṽ2yy +

(yh′2(σ)
h2(σ)

+
φ′(σ)b(yh2(σ), σ)

h2(σ)

)
ṽ2y + φ′(σ)c(yh2(σ), σ)ṽ2,

ç óìîâàìè (53), çíàõîäèìî ðîçâ'ÿçîê çàäà÷i (52), (53)

v2(y, σ) = ν1(σ)+
y

σ
(ν2(σ)− ν1(σ)) +

σ∫
0

dτ

τ∫
0

G∗∗(y, σ, η, τ)
(
φ′(τ)f(ηh2(τ), τ)− ν′1(τ)−

−η
τ
(ν′2(τ)− ν′1(τ)) +

η

τ2
(ν2(τ)− ν1(τ)) +

(ηh′2(τ)
h2(τ)

+
φ′(τ)b(ηh2(τ), τ)

h2(τ)

)ν2(τ)− ν1(τ)

τ
+

+φ′(τ)c(ηh2(τ), τ)
(
ν1(τ) +

η

τ
(ν2(τ)− ν1(τ))

))
dη, (y, σ) ∈ QT1

. (54)

Ïðîäèôåðåíöiþ¹ìî âèðàç (54) äâi÷i ïî y

v2yy(y, σ) =

σ∫
0

dτ

τ∫
0

G∗∗
yy(y, σ, η, τ)

(
φ′(τ)f(ηh2(τ), τ)− ν′1(τ)−

η

τ
(ν′2(τ)− ν′1(τ))+

+
η

τ2
(ν2(τ)− ν1(τ)) +

(ηh′2(τ)
h2(τ)

+
φ′(τ)b(ηh2(τ), τ)

h2(τ)

)ν2(τ)− ν1(τ)

τ
+

+φ′(τ)c(ηh2(τ), τ)
(
ν1(τ) +

η

τ
(ν2(τ)− ν1(τ))

))
dη, (y, σ) ∈ QT1 . (55)

Îñêiëüêè ν′i(σ) = µ′
i(φ(σ))φ

′(σ), i = 1, 2, η = ηγη1−γ , äå γ ∈ (0, 1) i η 6 τ , òî ç
[7] îäåðæèìî∣∣∣ σ∫

0

dτ

τ∫
0

G∗∗
yy(y, σ, η, τ)

ν′2(τ)− ν′1(τ)

τ
ηdη

∣∣∣ 6 C34

σ∫
0

φ′(τ)τ1−γ

τ
dτ

τ∫
0

|G∗∗
yy(y, σ, η, τ)|dη 6

6 C35

σ∫
0

φ′(τ)dτ

τγ(θ2(σ)− θ2(τ))1−γ/2
, (56)
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äå θ2(σ) =
σ∫
0

a2(τ)φ
′(τ)

h22(τ)
dτ . Ðåøòó äîäàíêiâ â (55) îöiíþ¹ìî àíàëîãi÷íî, âèêîðèñòî-

âóþ÷è óìîâó (A5). Çðîçóìiëî, ùî C36φ(σ) 6 θ2(σ) 6 C37φ(σ), òîìó θ2(σ)− θ2(τ) >
> C38(φ(σ)− φ(τ)). Òîäi ç (55) i (56) îòðèìà¹ìî

|v2yy(y, σ)| 6 C39

σ∫
0

φ′(τ)dτ

τγ(φ(σ)− φ(τ))1−γ/2
.

Îñêiëüêè φ(σ)−φ(τ) =
∫ σ
τ
φ′(s)ds i φ′ � ìîíîòîííî çðîñòàþ÷à ôóíêöiÿ, s > τ , τ 6 σ,

òî

|v2yy(y, σ)| 6 C39

σ∫
0

φ′(τ)dτ

τγ
( σ∫
τ

φ′(s)ds
)1−γ/2 6 C39

σ∫
0

φ′(τ)dτ

τγφ′(τ)1−γ/2(σ − τ)1−γ/2
6

6 C39φ
′(σ)γ/2

σ∫
0

dτ

τγ(σ − τ)1−γ/2
. (57)

Ïiñëÿ çàìiíè z =
τ

σ
â (57) îòðèìà¹ìî

|v2yy(y, σ)| 6
C39φ

′(σ)γ/2

σγ/2

1∫
0

dz

zγ(1− z)1−γ/2
=

C40

σγ/2
.

Îñêiëüêè γ ∈ (0, 1), òî öÿ îñîáëèâiñòü ¹ iíòåãðîâíîþ i çà âëàñòèâîñòÿìè iíòå-
ãðàëüíèõ ðiâíÿíü Âîëüòåððà äðóãîãî ðîäó ñèñòåìà ðiâíÿíü (48)-(51) ìà¹ òiëüêè òðè-
âiàëüíèé ðîçâ'ÿçîê v(y, σ) ≡ 0, h(σ) ≡ 0, a(σ) ≡ 0, p(σ) ≡ 0, y ∈ [0, σ], σ ∈ [0, T1].
Òîìó ðîçâ'ÿçîê çàäà÷i (5)-(8), à îòæå, i çàäà÷i (1)-(4) � ¹äèíèé. �

Òåîðåìà 4. Íåõàé âèêîíóþòüñÿ óìîâè (II), (A5) é iñíó¹ ñêií÷åííà ãðàíèöÿ

lim
t→0

µ′
2(t)− µ′

1(t)

ψ′(t)
. Òîäi çàäà÷à (1)-(4) íå ìîæå ìàòè áiëüøå îäíîãî ðîçâ'ÿçêó

(h̃(t), ã(t), u(x, t)), ÿêèé íàëåæèòü äî êëàñó C1(0, T ] ∩C[0, T ]×C[0, T ]×C2,1(QT ) ∩
C1,0(QT ).

Äîâåäåííÿ. Çðîçóìiëî, ùî âiäìiííiñòþ ìiæ äîâåäåííÿì òåîðåì 3 i 4 ¹ äîñëiäæåííÿ
ïîâåäiíêè φ′(σ)v2yy(y, σ) ïðè σ → 0. ßê i â òåîðåìi 3, îòðèìà¹ìî∣∣∣ σ∫

0

dτ

τ∫
0

G∗∗
yy(y, σ, η, τ)

ν′2(τ)− ν′1(τ)

τ
ηdη

∣∣∣ 6 C41

σ∫
0

τ−γdτ

(θ2(σ)− θ2(τ))1−γ/2
, (58)

áî ç òîãî, ùî iñíó¹ ñêií÷åííà ãðàíèöÿ lim
t→0

µ′
2(t)−µ

′
1(t)

ψ′(t) âèïëèâà¹, ùî

ν′2(σ)− ν′1(σ) = (µ′
2(φ(σ))− µ′

1(φ(σ)))φ
′(σ) 6 C42.

Òîäi ç (55) i (58) îäåðæèìî

|v2yy(y, σ)| 6 C43

σ∫
0

τ−γdτ

(θ2(σ)− θ2(τ))1−γ/2
6 C44

σ∫
0

τ−γdτ

(φ(σ)− φ(τ))1−γ/2
.
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Îñêiëüêè φ′ � ìîíîòîííî ñïàäíà ôóíêöiÿ, a s 6 σ, òî

|v2yy(y, σ)| 6 C44

σ∫
0

dτ

τγ
( σ∫
τ

φ′(s)ds
)1−γ/2 6 C44

φ′(σ)1−γ/2

σ∫
0

dτ

τγ(σ − τ)1−γ/2
6

6 C45

φ′(σ)1−γ/2σγ/2
. (59)

Îòæå,

φ′(σ)|v2yy(y, σ)| 6
C45φ

′(σ)γ/2

σγ/2
.

Âðàõîâóþ÷è òå, ùî φ(σ) =
σ∫
0

φ′(τ)dτ > φ′(σ)
σ∫
0

dτ = σφ′(σ), îòðèìó¹ìî φ′(σ) 6 φ(σ)
σ .

Çâàæàþ÷è íà òå, ùî ôóíêöiÿ φ � ìîíîòîííî çðîñòàþ÷à, à τ 6 σ, òî çâiäñè îäåðæèìî
σ∫

0

φ′(τ)γ/2

τγ/2
dτ 6

σ∫
0

φ(τ)γ/2dτ

τγ
6 φ(σ)γ/2

σ∫
0

dτ

τγ
=
σ1−γφ(σ)γ/2

1− γ
.

Îñêiëüêè γ ∈ (0, 1), òî i â öüîìó âèïàäêó çà âëàñòèâîñòÿìè iíòåãðàëüíèõ ðiâíÿíü
Âîëüòåððà äðóãîãî ðîäó ñèñòåìà ðiâíÿíü (48)-(51) ìà¹ òiëüêè òðèâiàëüíèé ðîçâ'ÿçîê
v(y, σ) ≡ 0, h(σ) ≡ 0, a(σ) ≡ 0, p(σ) ≡ 0, y ∈ [0, σ], σ ∈ [0, T1]. Òîìó ðîçâ'ÿçîê çàäà÷i
(5)-(8), à îòæå, i çàäà÷i (1)-(4) ¹äèíèé. �
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AN INVERSE PROBLEM FOR A PARABOLIC EQUATION IN
THE DOMAIN WITH A WEAKLY DEGENERATE BOUNDARY

Tetiana SAVITSKA

Ivan Franro National University of L'viv,

Universytets'ka Str., 1, L'viv, 79000

e-mail: tetjankas@mail.ru

We establishe conditions of existence and uniqueness of the solution of
an inverse problem for a parabolic equation with unknown time-dependent
coe�cient at the highest derivative. It is assumed that the boundary of the
domain is unknown and degenerates at the initial moment. The given problem
is reduced to an inverse problem for a degenerate parabolic equation.

Key words: inverse problem, parabolic equation, weak degeneration,
degenerate boundary.

ÎÁÐÀÒÍÀß ÇÀÄÀ×À ÄËß ÏÀÐÀÁÎËÈ×ÅÑÊÎÃÎ
ÓÐÀÂÍÅÍÈß Â ÎÁËÀÑÒÈ ÑÎ ÑËÀÁÎ
ÂÛÐÎÆÄÀÞÙÅÉÑß ÃÐÀÍÈÖÅÉ

Òàòüÿíà ÑÀÂÈÖÊÀß

Ëüâîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Èâàíà Ôðàíêî,

óë. Óíèâåðñèòåòñêàÿ, 1, Ëüâîâ, 79000

e-mail: tetjankas@mail.ru

Óñòàíîâëåíû óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ îáðàò-
íîé çàäà÷è äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ íåèçâåñòíûì êîýôôèöèåíòîì
ïðè ñòàðøåé ïðîèçâîäíîé, çàâèñÿùèì îò âðåìåíè. Ïðåäïîëàãàåòñÿ, ÷òî
ãðàíèöà îáëàñòè íåèçâåñòíà è âûðîæäàåòñÿ â íà÷àëüíûé ìîìåíò âðåìå-
íè. Óêàçàííàÿ çàäà÷à ñâîäèòñÿ ê îáðàòíîé çàäà÷å äëÿ ïàðàáîëè÷åñêîãî
óðàâíåíèÿ ñ âûðîæäåíèåì.

Êëþ÷åâûå ñëîâà: îáðàòíàÿ çàäà÷à, ïàðàáîëè÷åñêîå óðàâíåíèå, ñëàáîå
âûðîæäåíèå, âûðîæäàþùàÿñÿ ãðàíèöà îáëàñòè.
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ON FUZZY GROMOV-HAUSDORFF HYPERSPACE
OF THE UNIT SEGMENT
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The main result of this note is to prove that the fuzzy Gromov-Hausdor�
space of the unit segment is homeomorphic to the Hilbert cube.

Key words: fuzzy space, Gromov-Hausdor� space.

1. Introduction. The notion of Gromov-Hausdor� distance (see, e.g., [1]) �nds
numerous applications in di�erent areas of mathematics as well as in the �eld of computer
graphics and computational geometry. Using this notion, one can naturally de�ne the so
called Gromov-Hausdor� hyperspace of any metric space. Some questions concerning this
hyperspace are formulated in [2].

The fuzzy Gromov-Hausdor� space is �rst considered in [7]. Remark that the notion
of fuzzy metric space traces back to the notions of probabilistic metric space. Nowadays,
this notion is widely investigated and �nds numerous applications in di�erent areas of
mathematics.

The following problem is a natural modi�cation of problems concerning the Gromov-
Hausdor� spaces: describe the topology of the fuzzy Gromov-Hausdor� space (see the
de�nition below) of the unit segment I. An answer to the corresponding for problem the
Gromov-Hausdor� space is announced in [9]. The main result states that the mentioned
fuzzy Gromov-Hausdor� space is homeomorphic to the Hilbert cube.

We also formulate some open questions. Note that the most problems that concern
the fuzzy Gromov-Hausdor� space are open.

2. Preliminaries.

2.1. Fuzzy metric spaces. We start with the de�nition of fuzzy metric spaces (see,
e.g., [5]). A continuous t-norm is a continuous map (x, y) 7→ x ∗ y : [0, 1] × [0, 1] → [0, 1]
which satis�es the following properties:

(1) (x ∗ y) ∗ z = x ∗ (y ∗ z);
(2) x ∗ y = y ∗ x;
(3) x ∗ 1 = x;
(4) if x ≤ x′ and y ≤ y′, then x ∗ y ≤ x′ ∗ y′.

c⃝ Ñàâ÷åíêî Î., 2011



186
Îëåêñàíäð ÑÀÂ×ÅÍÊÎ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 74

In other words, a continuous t-norm is a continuous Abelian monoid with unit 1
and with the monotonic operation. The following are examples of continuous t-norms:

(1) x ∗ y = min{x, y};
(2) x ∗ y = max{0, x + y − 1} ( Lukasiewicz t-norm).

In this paper we use the notion of fuzzy metric space de�ned in [5].

De�nition 1. A fuzzy metric space is a triple (X,M, ∗), where X is a nonempty set, ∗
is a continuous t-norm and M is a fuzzy set of X ×X × (0,∞) (i.e. M is a map from
X ×X × (0,∞) to [0, 1]) satisfying the following properties:

(i) M(x, y, t) > 0;
(ii) M(x, y, t) = 1 if and only if x = y;
(iii) M(x, y, t) = M(y, x, t);
(iv) M(x, y, s) ∗M(y, z, t) ≤ M(x, z, s + t);
(v) the function M(x, y,−) : (0,∞) → [0, 1) is continuous.

Note that every metric d on a set X generated the fuzzy metric Md on X by the
formula:

Md(x, y, t) =
t

d(x, y) + t
.

In a fuzzy metric space (X,M, ∗), we say that the set

BM (x, r, t) = {y ∈ X | M(x, y, t) > 1 − r}, x ∈ X, r ∈ (0, 1), t ∈ (0,∞),

is the open ball of radius r > 0 centered at x for t. It is proved in [5] that the family of
all open balls is a base of a topology on X; this topology is denoted by τM .

If we speak on a fuzzy (pseudo)metric on a topological space, we always assume
that this metric is compatible with the topology of this space.

2.2. Hausdor� and Gromov-Hausdor� metric. Let expX denote the hyperspace of
X, i.e. the set of all nonempty compact subsets of X. This space is endowed with the
Vietoris topology, i.e. the topology whose base consists of the sets of the form

⟨U1, . . . , Un⟩ = {A ∈ expX | A ⊂ ∪n
i=1Ai, A ∩ Ui ̸= ∅, i = 1, . . . , n}.

If (X, d) is a metric space, then the Vietoris topology is generated by the Hausdor�
metric dH :

dH(A,B) = max{sup
a∈A

d(a,B), sup
b∈B

d(b, A)}

(see, e.g., [4]).
Let (Xi, di), i = 1, 2, be compact metric spaces. The Gromov-Hausdor� distance

between these spaces is the number

dGH((X1, d1), (X2, d2)) = inf{dH(f1(X1), f2(X2))

| fi : Xi → (Y, d) is an isometric embedding}.

Given a metric space (X, d), we denote by expGH(X) the space of nonempty closed
subsets in X endowed with the Gromov-Hausdor� metric.

Note that in the sequel we identify the isometric compact metric spaces and therefore
the Gromov-Hausdor� distance is the distance between the classes of equivalence of
compact metric spaces up to isometry.
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2.3. Fuzzy Hausdor� and fuzzy Gromov-Hausdor� metric. For every a ∈ X i t > 0,
let

M(a,B, t) = sup{M(a, b, t) | b ∈ B}
(see. [10, De�nition 2.4]).

Following [10] de�ne the function MH : expX × expX → (0,∞) by the formula:

MH(A,B, t) = min

{
inf
a∈A

M(a,B, t), inf
b∈B

M(A, b, t)

}
for every A,B ∈ expX i t > 0. The pair (MH , ∗) is a fuzzy metric on the space expX
(see [10, theorem 1]). This metric is called the fuzzy Hausdor� metric and is also known
to generate the Vietoris topology on expX.

Let (Xi,Mi, ∗), i = 1, 2, be fuzzy metric spaces. The number

MGH((X1,M1, ∗), (X2,M2, ∗), t) = sup{MH(F1(X1), F2(X2), t) |
Fi : Xi → Z is an isometric embedding into a fuzzy metric space Z}

is called the fuzzy Gromov-Hausdor� distance between (X1,M1, ∗) and (X2,M2, ∗) at t.
Remark that the number MGH((X1,M1, ∗), (X2,M2, ∗), t) is well de�ned, because

for any two fuzzy metric spaces there exists a fuzzy metric space that contains their
isometric copies. Namely, the bouquet of these spaces can serve as an example (see [11]).

By FMGH(X,M, ∗) we denote the family of compact subspaces of a fuzzy metric
space (X,M, ∗) endowed with the fuzzy Gromov-Hausdor� metric.

Proposition 1. Let (Xi, di)
∞
i=1 be a sequence of compact metric spaces converging to

(X, d) with respect to the Gromov-Hausdor� metric. Then the sequence (Xi,Mdi , ∗)∞i=1

converges to (X,Md, ∗) with respect to the topology generated by the fuzzy Gromov-
Hausdor� metric.

Proof. Let t ∈ (0,∞) and r ∈ (0, 1). There exists N ∈ N such that, for every
n > N , we have dGH((Xn, dn), (X, d)) < t

1−r + t. Without loss of generality, one

may assume that there exists a metric space (Z, ϱ) containing both Xn and X
such that dGH((Xn, dn), (X, d)) = ϱH(Xn, X). Simple calculations demonstrate that
(Mϱ)H(Xn, X) > 1 − r, and therefore MGH((Xn,Mdn , ∗), (X,Md, ∗), t) > 1 − r.

Corollary 1. For any compact fuzzy metric space (X,M, ∗), the space FMGH(X,M, ∗)
is compact.

We are going to show that the obtained space is Hausdor�. Indeed, otherwise, there
exist fuzzy metric spaces (Y,Mϱ, ∗), (Y ′,Mϱ′ , ∗) and (Xi,Mi, ∗) such that there exists a
fuzzy metric space (Zi, Ni, ∗), i ∈ N, containing these spaces and satisfying the property:
NiH(Y,Xi, 1/i) > 1 − (1/i), NiH(Y ′, Xi, 1/i) > 1 − (1/i). Now, let a, b ∈ Y . There exist
ai, bi ∈ Xi and a′i, b

′
i ∈ X ′ such that

Ni(a, ai, 1/i) > 1 − (1/i), Ni(ai, a
′
i, 1/i) > 1 − (1/i),

Ni(b, bi, 1/i) > 1 − (1/i), Ni(bi, b
′
i, 1/i) > 1 − (1/i).

Then, for every t > 0,

(1 − (1/i)) ∗Mϱ′(a′, b′, t) ∗ (1 − (1/i)) ≤ Mϱ(a, b, t + (2/i)).
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Since X ′ is compact, without loss of generality, one may assume that the sequences
(a′i), (b

′
i) converge to a′ and b′ respectively. Then passing to the limit we obtain that

Mϱ′(a′, b′, t) ≤ Mϱ(a, b, t) and similarly Mϱ′(a′, b′, t) ≥ Mϱ(a, b, t). One can easily prove
that a′ and b′ do not depend on the chosen sequences (ai) and (bi) and thus the map
a 7→ a′ is well-de�ned. Actually, this map isometrically embeds Y into Y ′.

One can similarly prove that there exists an isometric embedding of Y ′ into Y . Since
Y and Y ′ are compact, we conclude that they are isometric, i.e. they represent the same
isometry class.

We have therefore proven the following statement.

Proposition 2. For every compact metrizable space X, the spaces expGH(X, d) and
FMGH(X,Md, ∗) are homeomorphic.

2.4. Hilbert cube. By AR we denote the class of absolute retracts in the class of
metrizable spaces.

We say that a compact metric space (X, d) satis�es the disjoint approximation
property (DAP) if, for every ε > 0, there exist maps f, g : X → X such that d(f, 1X) < ε,
d(g, 1X) < ε and f(X) ∩ g(X) = ∅.

The Hilbert cube Q = [0, 1]ω can be characterized as follows.

Theorem 1 (Toru�nczyk's characterization theorem). A compact metrizable space X is
homeomorphic to the Hilbert cube if X is an AR space and satis�es the DAP.

3. Main result. The aim of this note is to prove the following theorem. Here d is
the standard metric on the unit segment I = [0, 1].

Theorem 2. The space FMGH(I,Md, ∗) is homeomorphic to the Hilbert cube.

Proof. Consider the circle S1 = {e2πit | t ∈ [0, 1]}. The group Spin(2) naturally acts on
this space and also on its hyperspace expS1. Recall that the group Spin(2) is the double
cover of SO(2) and there exists an exact sequence

1 → Z/2 → Spin(2) → SO(2) → 1.

Let I be embedded into S1 as a segment lying in a half-circle. Without loss of
generality, one may assume that the invariant metric on S1 extends the standard metric
d on I. Therefore, expGH(I) is naturally embedded into (expS1)/Spin(2). In turn,
(expS1)/Spin(2) = ((expS1)/S1)/(Z/2). We will identify expGH(I) with the subspaces
in the mentioned orbit spaces.

First, we will show that expGH(I) is an absolute retract. Let J ⊃ I be an open
interval containing I in S1. We assume that J lies in a half-circle. Denote by U the
subset in (expS1)/S1 consisting of the orbits with an element in J . Clearly, U is and
open contractible subset in (expS1)/S1 and therefore an absolute retract. One can de�ne
an equivariant retraction r of U onto (expS1)/S1 by the condition: r(A) is a homothetic

copy of A with the coe�cient equal to min{diam(A),1}
diam(A) . Next, a retraction of (exp I)/S1

onto expGH(I) ⊂ (expS1)/Spin(2) is given by the following construction: the image of
the orbit containing A is A ∪A′, where A′ is a symmetric copy of A with respect to the
center of the minimal segment containing A. This proves that expGH(I) is an absolute
retract.
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Next, we are going to show that the space FMGH(I,Md, ∗) satis�es the DAP.
Given ε > 0, de�ne f(A) as the closed ε/2-neighborhood of A (symmetrically truncated,
if necessary, so that its length does not exceed 1). Further, de�ne g(A) as the union of
two endpoints of f(A) and the homothetic copy of f(A) with respect to its center of
symmetry. If the scale factor of the homothety is close enough to 1, we are done. This
proves the DAP and completes the proof of the theorem.

4. Remarks and open problems. Note �rst that the result of the previous
section can be extended over another fuzzy Gromov-Hausdor� spaces. In particular, a
counterpart of Theorem 2 holds for the spaces de�ned as follows.

Let ∗ = min. Given k,m > 0 and n ≥ 1, de�ne the fuzzy metric Mi, i = 1, 2, on I
as follows:

M1(x, y, t) =
ktn

ktn + |x− y|
, M2(x, y, t) = e−

|x−y|
tn

(see [7]).
The following question remains open. Describe the topology of the fuzzy Gromov-

Hausdor� space of the n-dimensional cube In, n ≥ 2.
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Âèêîðèñòîâóþ÷è ïðèíöèïØàóäåðà, äîñëiäæåíî õàðàêòåð òî÷êîâèõ ñòå-
ïåíåâèõ îñîáëèâîñòåé ðîçâ'ÿçêó íåëiíiéíî¨ ïåðøî¨ óçàãàëüíåíî¨ êðàéîâî¨
çàäà÷i äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi.

Êëþ÷îâi ñëîâà: íåëiíiéíà êðàéîâà çàäà÷à; óçàãàëüíåíà ôóíêöiÿ; âà-
ãîâèé ôóíêöiéíèé ïðîñòið; íåïåðåðâíèé îïåðàòîð; êîìïàêòíà ìíîæèíà;
òåîðåìà Øàóäåðà ïðî íåðóõîìó òî÷êó.

1. Âñòóï. Iñíó¹ áàãàòî ïðàöü, àâòîðè ÿêèõ äîñëiäæóâàëè óçàãàëüíåíi êðàéîâi
çàäà÷i äëÿ ëiíiéíèõ i íàïiâëiíiéíèõ åëiïòè÷íèõ òà ïàðàáîëi÷íèõ ðiâíÿíü (äèâ., íà-
ïðèêëàä, [1] òà áiáëiîãðàôiþ, à òàêîæ [2], [3]). Ó ñòàòòÿõ [4, 5, 6, 7] äîñëiäæóâàëè
êðàéîâi çàäà÷i äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi ç íåëiíiéíèìè êðàéîâèìè óìîâàìè, à
ó [8] � íåëiíiéíi åëiïòè÷íi êðàéîâi çàäà÷i ïðè çàäàíèõ íà ìåæi ôóíêöiÿõ iç ñèëüíè-
ìè ñòåïåíåâèìè îñîáëèâîñòÿìè. Âèêîðèñòîâóþ÷è äàíi öèõ äîñëiäæåíü, ïðîäîâæåíî
äîñëiäæåííÿ [9] íåëiíiéíèõ êðàéîâèõ çàäà÷ äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi â óçà-
ãàëüíåíèõ ôóíêöiÿõ.

Ìè âèâ÷à¹ìî õàðàêòåð ñòåïåíåâèõ îñîáëèâîñòåé ðîçâ'ÿçêó íåëiíiéíî¨ ïåðøî¨
óçàãàëüíåíî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi.

2. Îñíîâíà ÷àñòèíà.

2.1. Îñíîâíi ïîçíà÷åííÿ òà ôîðìóëþâàííÿ çàäà÷i. Íåõàé n ∈ N, Ω � îáìåæåíà
îáëàñòü â Rn ç ìåæåþ S = ∂Ω êëàñó C∞, Q = Ω× (0, T ], Σ = S× (0, T ], 0 < T < +∞.

Âèêîðèñòîâóâàòèìåìî ïîçíà÷åííÿ:

||x− y|| =
√

n∑
i=1

|xi − yi|2 � åâêëiäîâà âiäñòàíü â Rn, P = (x, t), M = (y, τ), P̂ = (x̂, t̂),

d(P,M) = |PM | = d(x, t; y, τ) =
√
||x− y||2 + |t− τ |� ïàðàáîëi÷íà âiäñòàíü â Rn+1;

η � ìóëüòèiíäåêñ ç êîìïîíåíòàìè (η1, ..., ηn), ηi ∈ Z+, i = 1, n, |η| = η1 + ... + ηn �

äîâæèíà ìóëüòèiíäåêñó η, Dη ≡ Dη
x = ∂|η|

∂x
η1
1 ·...·∂xηn

n
.

c⃝ ×ìèð Î., 2011
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Íåõàé ε0 > 0 � òàêå çàäàíå ÷èñëî, ùî ïàðàëåëüíà äî S ïîâåðõíÿ Sε0 ¹ êëàñó
C∞ òà íàäàëi ââàæàòèìåìî, ùî ε0 6 1. ×åðåç ϱ̃(σ) ïîçíà÷àòèìåìî íåñêií÷åííî äè-
ôåðåíöiéîâíó íåâiä'¹ìíó ôóíêöiþ, ÿêà ìà¹ ïîðÿäîê σ ïðè σ → 0. Ïðè äîâiëüíié

ôiêñîâàíié òî÷öi P̂ ∈ Q ââåäåìî ôóíêöiþ ϱ0 òî÷êè P ∈ Q òàêó, ùî 0 < ϱ0(P, P̂ ) 6 1
òà

ϱ0(P, P̂ ) =

{
ϱ̃(|PP̂ |), |PP̂ | < ε0

2 ,

1, |PP̂ | > ε0.

Íåõàé D(Q) = C∞(Q), D(Σ) = C∞(Σ), D(Ω) = C∞(Ω);

D0(Q) = {φ ∈ D(Q) : ∂k

∂tk
φ | t=T = 0, k = 0, 1, . . . },

D0(Σ) = {φ ∈ D(Σ) : ∂k

∂tk
φ | t=T = 0, k = 0, 1, . . . },

D0(Ω) = {φ ∈ D(Ω) : φ|S = 0}, ν � îðò âíóòðiøíüî¨ íîðìàëi äî S.

Íàäàëi ïîçíà÷àòèìåìî ÷åðåç (D0(Σ))
′
, (D0(Ω))

′
� ïðîñòîðè ëiíiéíèõ íåïåðåðâ-

íèõ ôóíêöiîíàëiâ âiäïîâiäíî íà ïðîñòîðàõ ôóíêöié D0(Σ), D0(Ω), ÷åðåç (φ,F )1 �
çíà÷åííÿ óçàãàëüíåíî¨ ôóíêöi¨ F ∈ (D0(Σ))′ íà îñíîâíié ôóíêöi¨ φ ∈ D0(Σ), ÷åðåç
(φ, F )2 � çíà÷åííÿ F ∈ (D0(Ω))

′ íà φ ∈ D0(Ω).
Íåõàé (x̂, t̂) ∈ Σ. Ïðèïóñòèìî, ùî:

1) ôóíêöi¨ f0(x, t, v), f1(x, t, v) âèçíà÷åíi âiäïîâiäíî â Q× R, Σ× R;

2)F1(x, t) =
∑

|l|6p1

p2∑
m=0

ClmD
l
xδ(x− x̂)δ(m)(t− t̂), (1)

F2(x) =
∑

|r|6p3

CrD
r
xδ(x− x̂),

äå Clm, Cr � ñòàëi; p1, p2, p3 � íåâiä'¹ìíi öiëi ÷èñëà.

Ðîçãëÿíåìî íåëiíiéíó ïåðøó óçàãàëüíåíó êðàéîâó çàäà÷ó

Lu(x, t) ≡ ∂u(x, t)

∂t
−△u(x, t) = f0(x, t, u(x, t)), (x, t) ∈ Q, (2)

u(x, t) |Σ = F1(x, t) + f1(x, t, u(x, t)), (x, t) ∈ Σ, (3)

u(x, 0) = F2(x), x ∈ Ω. (4)

Ïðè k ∈ R ââåäåìî ôóíêöiéíi ïðîñòîðè:

Mk(Q, P̂ ) = {v :

||v; P̂ ||k = max{
∫
Q

ϱk0(x, t, x̂, t̂)|v(x, t)| dxdt;
∫
Σ

ϱk0(x, t, x̂, t̂)|v(x, t)| dSdt} < +∞},

Xk(Q, P̂ ) = {ψ ∈ D0(Q) : ψ(·, 0) ∈ D0(Ω), ψ |Σ = 0,

L∗ψ(x, t) = O(ϱk0(x, t, x̂, t̂)), ϱ0(x, t, x̂, t̂) → 0},
äå L∗ � îïåðàòîð, ôîðìàëüíî ñïðÿæåíèé äî L, L∗v = −

(
∂v
∂t +△∗v).

Îçíà÷åííÿ 1. Ðîçâ'ÿçêîì çàäà÷i (2)-(4) íàçèâà¹òüñÿ ôóíêöiÿ u ∈ Mk(Q, P̂ ) òàêà,
ùî ∫

Q

L∗ψ · u dxdt =
∫
Q

ψ(x, t) · f0(x, t, u(x, t)) dxdt+ (
∂ψ(x, t)

∂ν
, F1(x, t))1+
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+

∫
Σ

∂ψ(x, t)

∂ν
· f1(x, t, u(x, t)) dSdt+ (ψ(·, 0), F2(·))2 äëÿ äîâiëüíî¨ ψ ∈ Xk(Q, P̂ ).

Ïîçíà÷èìî ÷åðåç G(x, t, y, τ) ôóíêöiþ Ãðiíà ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿí-
íÿ òåïëîïðîâiäíîñòi, ÿêà âèçíà÷åíà â òî÷êàõ (x, t; y, τ) ∈ Q × Q ïðè (x, t) ̸= (y, τ).
Iñíóâàííÿ ¨¨ òà áàãàòî âëàñòèâîñòåé îäåðæó¹ìî ç [10, 11]. Ç öèõ ðåçóëüòàòiâ âèïëèâà¹,
ùî:

1) G(x, t; y, τ) = 0 ïðè t < τ ;
2) äëÿ áóäü-ÿêèõ ìóëüòèiíäåêñiâ η, η0∣∣∣ ∂η0

∂tη0
Dη

xG(x, t; y, τ)
∣∣∣ 6 Ĉη, η0 [d(x, t; y, τ)]

−n−|η|−2η0 ,

äå Ĉη, η0 � äîäàòíi ñòàëi.
Ïîäiáíî äî ðåçóëüòàòiâ [2, 12] äîâåäåíî òàêó âëàñòèâiñòü ôóíêöi¨ G.

Ëåìà 1. Íåõàé (x̂, t̂) ∈ Q, |η| 6 1. Òîäi ïðè r > −n− 2∫
Q

ϱr0(y, τ, x̂, t̂)|Dη
xG(x, t; y, τ)| dydτ 6 L̂1, η max{[ϱ0(x, t, x̂, t̂)]r+2−|η|, 1} ∀ (x, t) ∈ Q,

à ïðè r > −n− 1∫
Σ

ϱr0(y, τ, x̂, t̂)|Dη
xG(x, t; y, τ)| dSydτ 6 L̂2, η max{[ϱ0(x, t, x̂, t̂)]r+1−|η|, 1} ∀ (x, t) ∈ Q.

Çàóâàæåííÿ 1. Ïîäiáíî äî äîâåäåííÿ òåîðåìè 2 [3] äîâîäèìî, ùî ðîçâ'ÿçîê çàäà÷i

(2)-(4) ¹ ðîçâ'ÿçêîì ó ïðîñòîði Mk(Q, P̂ ) iíòåãðàëüíîãî ðiâíÿííÿ

u(x, t) =

t∫
0

dτ

∫
Ω

G(x, t; y, τ) · f0(y, τ, u(y, τ)) dy + (
∂G(x, t; y, τ)

∂νy
, F1(y, τ))1+

+

∫
Σ

∂G(x, t; y, τ)

∂νy
· f1(y, τ, u(y, τ)) dSydτ + (G(x, t; y, 0), F2(y))2, (5)

i íàâïàêè.

Ïîçíà÷èìî

(Hv)(x, t) =

t∫
0

dτ

∫
Ω

G(x, t; y, τ) · f0(y, τ, v(y, τ)) dy+

+

∫
Σ

∂G(x, t; y, τ)

∂νy
· f1(y, τ, v(y, τ)) dSydτ,

h(x, t) = g1(x, t) + g2(x, t) = (
∂G(x, t; y, τ)

∂νy
, F1(y, τ))1 + (G(x, t; y, 0), F2(y))2,

(H1v)(x, t) = (Hv)(x, t) + h(x, t).

Ðiâíÿííÿ (5) íàáóäå âèãëÿäó u(x, t) = (Hu)(x, t) + h(x, t).
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Ó [9] îòðèìàíî iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (2)-(4) ó ïðîñòîði Mk(Q, P̂ ). Çîêðå-
ìà, ïðè k > k0 = max{p1 + 2p2, p3 − 1}, f0(x, t, v) = |v|β0 òà f1(x, t, v) = |v|β1 , äå

β0 ∈ (0, n+2
k+n+2 ), β1 ∈ (0, n+1

k+n+1 ), iñíó¹ ðîçâ'ÿçîê çàäà÷i (2)-(4) ó ïðîñòîði Mk(Q, P̂ ).

ßêùî β0, β1 âiäîìi, òî òàêîæ îòðèìàíî ïðîñòîðèMk(Q, P̂ ), äëÿ ÿêèõ iñíó¹ ðîçâ'ÿçîê

u ∈ Mk(Q, P̂ ) çàäà÷i (2)-(4).
2.2. Õàðàêòåð òî÷êîâèõ ñòåïåíåâèõ îñîáëèâîñòåé ðîçâ'ÿçêó íåëiíiéíî¨ ïåðøî¨

óçàãàëüíåíî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi.

Äëÿ äîâiëüíî¨ ôiêñîâàíî¨ òî÷êè P̂ = (x̂, t̂) ∈ Σ òà α ∈ R− ∪ {0} ââåäåìî ôóíê-
öiéíèé ïðîñòið

M̃α(Q, P̂ ) = {v ∈ C(Q \ {P̂}) : ϱ−α
0 (y, τ, x̂, t̂)v(y, τ) ∈ C(Q)

(||v; P̂ || ′α = sup
(y,τ)∈Q

ϱ−α
0 (y, τ, x̂, t̂)|v(y, τ)| < +∞)}.

Îñêiëüêè ïðè v ∈ M̃α(Q, P̂ ) òà k + α > −n− 1 âèêîíó¹òüñÿ

||v; P̂ ||k = max{
∫
Q

ϱk0(M, P̂ )|v(y, τ)| dydτ ;
∫
Σ

ϱk0(M, P̂ )|v(y, τ)| dSdτ} 6

6 max{Ĉ
∫
Q

ϱk0(M, P̂ )[ϱ0(M, P̂ )]α dydτ ; Ĉ

∫
Σ

ϱk0(M, P̂ )[ϱ0(M, P̂ )]α dSdτ} 6

6 max{Ĉ
∫

{M : |MP̂ |<ε0}

[ϱ0(M, P̂ )]k+α dydτ + Ĉ

∫
{M : |MP̂ |>ε0}

dydτ ;

Ĉ

∫
{M : |MP̂ |<ε0}

[ϱ0(M, P̂ )]k+α dSdτ + Ĉ

∫
{M : |MP̂ |>ε0}

dSdτ} < +∞,

òî M̃α(Q, P̂ ) ⊂ Mk(Q, P̂ ) ïðè k > −α− n− 1, äå Ĉ � äîäàòíà ñòàëà.

Íåõàé M̃α, C̃(Q, P̂ ) = {v ∈ M̃α(Q, P̂ ) : ||v; P̂ ||
′

α 6 C̃} � çàìêíåíà êóëÿ ðàäióñà

C̃ ó ïðîñòîði M̃α(Q, P̂ ).

Ëåìà 2. Íåõàé âèêîíóþòüñÿ ïðèïóùåííÿ (1) òà α 6 min{−(1+p1+2p2); −p3}−n.
Òîäi h ∈ M̃α(Q, P̂ ), à ñàìå, iñíó¹ äîäàòíà ñòàëà K̂0 òàêà, ùî ||h; P̂ || ′α 6 K̂0 < +∞.

Äîâåäåííÿ. Ïðîâîäÿ÷è ïîäiáíi ìiðêóâàííÿ, ÿê ïðè äîâåäåííi ëåìè 3 iç [9], îäåðæó¹ìî

|g1(x, t)| 6 K1[ϱ0(x, t, x̂, t̂)]
−(n+1+p1+2p2) = K1[ϱ0(x, t, x̂, t̂)]

−(n+1+p1+2p2+α)×

×[ϱ0(x, t, x̂, t̂)]
α 6 K̂0[ϱ0(x, t, x̂, t̂)]

α

ïðè α 6 −(n+ 1 + p1 + 2p2);

|g2(x, t)| 6 K2[ϱ0(x, t, x̂, t̂)]
−(n+p3) 6 K̂0[ϱ0(x, t, x̂, t̂)]

α

ïðè α 6 −(n+ p3), äå K1, K2 � äîäàòíi ñòàëi. �
Ðîçãëÿíåìî íåëiíiéíó ïåðøó óçàãàëüíåíó êðàéîâó çàäà÷ó

∂u(x, t)

∂t
−△u(x, t) = |u(x, t)|β0 , (x, t) ∈ Q, (6)

u |Σ = F1(x, t) + |u(x, t)|β1 , (x, t) ∈ Σ, (7)
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u | t=0 = F2(x), x ∈ Ω (8)

ïðè β0, β1 ∈ (0, 1).

Ëåìà 3. ßêùî β0, β1 ∈ (0, 1),

max

{
− n+ 2

β0
; −n+ 1

β1

}
< α 6 min{−(1 + p1 + 2p2); −p3} − n,

òî iñíó¹ ñòàëà K̃0 > 0 òàêà, ùî ïðè âñiõ C̃ > K̃0 îïåðàòîð H1 âiäîáðàæà¹

M̃α, C̃(Q, P̂ ) â ñåáå.

Äîâåäåííÿ. Ïðè v ∈ M̃α, C̃(Q, P̂ ), äå C̃ � äîâiëüíà äîäàòíà ñòàëà, ðîçãëÿíåìî

||H1v; P̂ ||
′

α 6 sup
(x,t)∈Q

ϱ−α
0 (x, t, x̂, t̂)

( t∫
0

dτ

∫
Ω

|G(x, t; y, τ)| · |v(y, τ)|β0 dy+

+

∫
Σ

|∂G(x, t; y, τ)
∂νy

| · |v(y, τ)|β1 dSydτ
)
+ ||h; P̂ ||

′

α.

Âèêîðèñòîâóþ÷è ëåìó 1 ïðè αβ0 > −n − 2, αβ1 > −n − 1 i ëåìó 2 ïðè
α 6 min{−(1 + p1 + 2p2); −p3} − n, îäåðæèìî

||H1v; P̂ ||
′

α 6 L̂1, 0C̃
β0 sup

(x,t)∈Q

{max{[ϱ0(x, t, x̂, t̂)]α(β0−1)+2, [ϱ0(x, t, x̂, t̂)]
−α}}+

+L̂2, 1C̃
β1 sup

(x,t)∈Q

{max{[ϱ0(x, t, x̂, t̂)]α(β1−1), [ϱ0(x, t, x̂, t̂)]
−α}}+ K̂0.

ßêùî âèêîíóþòüñÿ óìîâè
αβ0 > −n− 2,
αβ1 > −n− 1,
α(β0 − 1) + 2 > 0,
α(β1 − 1) > 0,
−α > 0,

òî çíàõîäèìî ||H1v; P̂ ||
′

α 6 C̃
′
ïðè v ∈ M̃α, C̃(Q, P̂ ), äå C̃

′
= L̂1, 0C̃

β0 + L̂2, 1C̃
β1 +K̂0.

Çàóâàæèìî, ùî ïðè β0, β1 ∈ (0, 1) iñíó¹ ñòàëà K̃0 > 0 òàêà, ùî C̃
′ 6 C̃ ïðè

C̃ > K̃0. Îòæå, çà óìîâ ëåìè îäåðæó¹ìî iñíóâàííÿ äîäàòíî¨ ñòàëî¨ K̃0 òàêî¨, ùî ïðè

âñiõ C̃ > K̃0 îïåðàòîð H1 âiäîáðàæà¹ M̃α, C̃(Q, P̂ ) â ñåáå. �

Ëåìà 4. Íåõàé β0, β1 ∈ (0, 1), max{− 2
β0
; −n+1

β1
} < α 6 0. Òîäi äëÿ äîâiëüíîãî ε > 0

iñíó¹ σ = σ(ε) > 0 òàêå, ùî äëÿ äîâiëüíî¨ ïiäîáëàñòi V ⊂ Q, ìiðà ÿêî¨ m(V ) ìåíøà
çà σ, äëÿ äîâiëüíèõ (x, t) ∈ Q âèêîíó¹òüñÿ

[ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩Q

[ϱ0(y, τ, x̂, t̂)]
αβ0 · |G(x, t; y, τ)| dydτ < ε, (9)

[ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩Σ

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ < ε. (10)
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Äîâåäåííÿ. Äîâåäåííÿ (9) ïðîâåäåíî ó ëåìi 1 [13] i âèêîíó¹òüñÿ ïðè αβ0+2 > 0. Äî-
âåäåííÿ (10) ïðîâîäèìî ïîäiáíî ÿê i äîâåäåííÿ (9), ðîçäiëÿþ÷è îñîáëèâîñòi ôóíêöi¨

ϱαβ1

0 (y, τ, x̂, t̂)∂G(x,t;y,τ)
∂νy

. Íåõàé V � äîâiëüíà ïiäîáëàñòü â Q, (x̂, t̂) � ôiêñîâàíà òî÷êà

Σ, σ ∈ (0, 1) � ÿêå-íåáóäü ÷èñëî. Äàëi ïîçíà÷àòèìåìî ÷åðåç Cj , j = 1, 13 � äîäàòíi
ñòàëi.

1.Íåõàé òî÷êà (x, t) ∈ Q òàêà, ùî ||x− x̂|| < σ√
2
, |t− t̂| < σ2

2 , òîáòî |PP̂ | < σ.

a) ßêùî ||y−x̂|| < σ√
2
, |τ−t̂| < σ2

2 (|MP̂ | < σ), òî ||x−y|| 6 ||x−x̂||+||y−x̂|| < 2σ√
2
,

|t− τ | < σ2, òîáòî |MP | <
√
3σ, à òîäi

I 1(x, t, x̂, t̂, σ) =

= [ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩{(y,τ)∈Σ: |MP̂ |<σ}

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ 6

6 [ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩{(y,τ)∈Σ: |MP |<σ

2
;

σ
2

6|MP̂ |<σ}

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ+

+[ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩{(y,τ)∈Σ: |MP |>σ

2
;

|MP̂ |<σ
2

}

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ+

+[ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩{(y,τ)∈Σ: |MP |>σ

2
;

σ
2

6|MP̂ |<σ}

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ =

= J1(x, t, x̂, t̂, σ) + J2(x, t, x̂, t̂, σ) + J3(x, t, x̂, t̂, σ). (11)

Çðîáèìî çàìiíó çìiííèõ â iíòåãðàëi J1

yi = x̂i + ξiσ,
τ = t̂+ ξn+1σ

2;
xi = x̂i + siσ,
t = t̂+ sn+1σ

2,
i = 1, n. (12)

Ó íîâèõ çìiííèõ

M = ξ = (ξ1, . . . , ξn, ξn+1), |ξ| =
√
ξ21 + ...+ ξ2n + |ξn+1| =

√
||ξ||2 + |ξn+1|,

|MP̂ | =
√
||y − x̂||2 + |τ − t̂| =

√
σ2||ξ||2 + σ2|ξn+1| = σ · |ξ|,

|MP | =
√
||y − x||2 + |τ − t| =

√
σ2||s− ξ||2 + σ2|sn+1 − ξn+1| = σ · d(s; ξ),

äå

d(s; ξ) =
√
||s− ξ||2 + |sn+1 − ξn+1|, dSydτ = σn+1dSξdξn+1.

Âèêîðèñòîâóþ÷è ãëàäêiñòü ïîâåðõíi Σ, âiäîìî, ùî |∂G(x,t;y,τ)
∂νy

| 6 Ĉ1, 0|MP |−n−1+γ ,

äå γ ∈ (0, 1). Òîäi

J1(x, t, x̂, t̂, σ) = [ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩{(y,τ)∈Σ: |MP |<σ

2
σ
2

6|MP̂ |<σ}

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ 6
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6 C1[ϱ0(x, t, x̂, t̂)]
−α · σαβ1 · σγ

∫
V ∩{ξ: d(s; ξ)< 1

2}

d−n−1+γ(s; ξ) dSξdξn+1 6 C2σ
α(β1−1)+γ ,

äå çáiæíiñòü iíòåãðàëà âèïëèâà¹ ç ôîðìóëè 3 [14, ñ. 588].
Ïðîâîäÿ÷è ïîäiáíó çàìiíó çìiííèõ (12) â iíòåãðàëi J2, îäåðæó¹ìî

J2(x, t, x̂, t̂, σ) =

= [ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩{(y,τ)∈Σ: |MP |>σ

2
;

|MP̂ |<σ
2

}

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ 6

6 C3[ϱ0(x, t, x̂, t̂)]
−α · σαβ1

∫
V ∩{ξ: |ξ|< 1

2}

|ξ|αβ1 dSξdξn+1 6 C4 · σα(β1−1).

Òóò çáiæíiñòü iíòåãðàëà âèïëèâà¹ ç ôîðìóëè 3 [14, ñ. 588] ïðè αβ1 > −n− 1.

J3(x, t, x̂, t̂, σ) = [ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩{(y,τ)∈Σ: |MP |>σ

2
;

σ
2

6|MP̂ |<σ}

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ 6

6 C5σ
α(β1−1)−n−1m(V ).

Îòæå, ïðè m(V ) < σn+1 iç (11) òà âèùå îïèñàíèõ ìiðêóâàíü, îäåðæó¹ìî

I 1(x, t, x̂, t̂, σ) 6 C6(σ
α(β1−1)+γ + σα(β1−1) + σα(β1−1)−n−1m(V )) 6 C7σ

α(β1−1).

Îñêiëüêè α(β1 − 1) > 0 ïðè α < 0 òà β1 < 1, òî çà çàäàíèì ε > 0, âèáðàâøè

σ < min{
(

ε
C7

) 1
α(β1−1)

; 1}, ïðè (x, t) ∈ Q òàêié, ùî |PP̂ | < σ òà m(V ) < σn+1, îòðè-
ìà¹ìî

I 1(x, t, x̂, t̂, σ) <
ε

2
.

á) ßêùî |MP̂ | > σ, òî ïîäiáíî çíàõîäèìî

I 2(x, t, x̂, t̂, σ) =

= [ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩{(y,τ)∈Σ: |MP̂ |>σ}

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ 6

6 [ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩{(y,τ)∈Σ: |MP̂ |>σ;

|MP |<σ
2

}

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ+

+[ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩{(y,τ)∈Σ: |MP̂ |>σ;

|MP |>σ
2

}

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ 6

6 C8(σ
α(β1−1)+γ + σα(β1−1)−n−1m(V )) 6 C9σ

α(β1−1) ïðè m(V ) < σn+1.
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Çà çàäàíèì ε > 0, âèáðàâøè σ < min{
(

ε
C9

) 1
α(β1−1)

; 1}, ïðè (x, t) ∈ Q òàêié, ùî

|PP̂ | < σ òà m(V ) < σn+1, îòðèìà¹ìî

I 2(x, t, x̂, t̂, σ) <
ε

2
.

Îòæå, äëÿ äîâiëüíîãî ε > 0 iñíó¹ σ < min{
(

ε
C7

) 1
α(β1−1)

;
(

ε
C9

) 1
α(β1−1)

; 1} òàêå,

ùî äëÿ äîâiëüíî¨ ïiäîáëàñòi V ⊂ Q òàêî¨, ùî m(V ) < σn+1

I(x, t, x̂, t̂, σ) = I 1(x, t, x̂, t̂, σ) + I 2(x, t, x̂, t̂, σ) < ε ∀ (x, t) ∈ Q, |PP̂ | < σ.

2.Ïðè (x, t) ∈ Q òàêié, ùî |PP̂ | > σ, ðîçãëÿíåìî

J (x, t, x̂, t̂, σ) =

= [ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩{(y,τ)∈Σ: |MP |<σ

2 }

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ+

+[ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩{(y,τ)∈Σ: |MP |>σ

2 }

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ =

= J 1(x, t, x̂, t̂, σ) + J 2(x, t, x̂, t̂, σ). (13)

Ïðè |PP̂ | > σ òà ||x− y|| < σ
2
√
2
, |t− τ | < σ2

8 (|MP | < σ
2 ) âèêîíó¹òüñÿ

||y− x̂|| > ||x− x̂||− ||x−y|| > σ√
2
− σ

2
√
2
= σ

2
√
2
, |τ − t̂| > |t− t̂|− |t−τ | > σ2

2 − σ2

8 = 3σ2

8 ,

òîáòî |MP̂ | > σ√
2
. Òîäi, âèêîðèñòîâóþ÷è çàìiíó çìiííèõ (12),

J 1(x, t, x̂, t̂, σ) 6 C10 · σαβ1

∫
V ∩{(y,τ)∈Σ: |MP |<σ

2 }

|MP |−n−1+γ dSydτ 6

6 C10 · σαβ1+γ

∫
V ∩{ξ: d(s; ξ)< 1

2}

d−n−1+γ(s; ξ) dSξdξn+1;

J 2(x, t, x̂, t̂, σ) 6 C11 · σ−n−1
( ∫

V ∩{(y,τ)∈Σ: |MP |>σ
2

;

|MP̂ |<σ
2

}

[ϱ0(y, τ, x̂, t̂)]
αβ1 dSydτ+

+

∫
V ∩{(y,τ)∈Σ: |MP |>σ

2
;

|MP̂ |>σ
2

}

[ϱ0(y, τ, x̂, t̂)]
αβ1 dSydτ

)
6

6 C12σ
−n−1

(
σαβ1+n+1

∫
V ∩{ξ: |ξ|< 1

2}

|ξ|αβ1 dSξdξn+1 + σαβ1

∫
V ∩{ξ: |ξ|> 1

2}

σn+1 dSξdξn+1

)
6

6 C12

(
σαβ1

∫
V ∩{ξ: |ξ|< 1

2}

|ξ|αβ1 dSξdξn+1 + σαβ1m(V )
)
.
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Ç òåîðåìè 5 (ïðî àáñîëþòíó íåïåðåðâíiñòü iíòåãðàëà Ëåáåãà) [15, c. 301] âèïëè-
âà¹, ùî äëÿ äîâiëüíîãî η > 0 iñíó¹ δ > 0 òàêå, ùî∫

V ∩{ξ: d(s; ξ)< 1
2}

d−n−1+γ(s; ξ) dSξdξn+1 < η ïðè m(V ) < δ;

∫
V ∩{ξ: |ξ|< 1

2}

|ξ|αβ1 dSξdξn+1 < η ïðè m(V ) < δ.

Âèáèðàþ÷è η < σn+1, îäåðæó¹ìî

J 1(x, t, x̂, t̂, σ) 6 C10σ
αβ1+n+1+γ ;

J 2(x, t, x̂, t̂, σ) 6 C12(σ
αβ1+n+1 + σαβ1m(V )) 6 C13σ

αβ1+n+1 ïðè m(V ) < δ < σn+1.

Îòæå, äëÿ äîâiëüíîãî ε > 0 iñíó¹

σ < min{
( ε

C10

) 1
αβ1+n+1+γ

;
( ε

C13

) 1
αβ1+n+1

; 1}

òàêå, ùî äëÿ äîâiëüíî¨ ïiäîáëàñòi V ⊂ Q òàêî¨, ùî m(V ) < σn+1

J (x, t, x̂, t̂, σ) = J 1(x, t, x̂, t̂, σ) + J 2(x, t, x̂, t̂, σ) < ε ∀ (x, t) ∈ Q, |PP̂ | > σ.

�

Òåîðåìà 1. Íåõàé β0, β1 ∈ (0, 1),

max
{
− 2

β0
; −n+ 1

β1

}
< α 6 min{−(1 + p1 + 2p2); −p3} − n.

Òîäi iñíó¹ ðîçâ'ÿçîê u ∈ M̃α(Q, P̂ ) êðàéîâî¨ çàäà÷i (6)-(8) i ïðè k > −α− n− 1 öåé

ðîçâ'ÿçîê íàëåæèòü ïðîñòîðó Mk(Q, P̂ ).

Äîâåäåííÿ. Âèêîðèñòà¹ìî òåîðåìó Øàóäåðà. Ç äîâåäåííÿ ëåìè 3 âèïëèâà¹, ùî H1

âiäîáðàæà¹ M̃α, C̃(Q, P̂ ) â ñåáå.

Ïîêàæåìî, ùî H1 � öiëêîì íåïåðåðâíèé îïåðàòîð ó ïðîñòîði M̃α, C̃(Q, P̂ ).

Ïðè v, w ∈ M̃α, C̃(Q, P̂ )

||H1v −H1w; P̂ ||
′

α 6 sup
(x,t)∈Q

ϱ−α
0 (x, t, x̂, t̂)

t∫
0

dτ

∫
Ω

|G(x, t; y, τ)| · ||v(y, τ)|β0−

−|w(y, τ)|β0 | dy + sup
(x,t)∈Q

ϱ−α
0 (x, t, x̂, t̂)

∫
Σ

|∂G(x, t; y, τ)
∂νy

| · ||v(y, τ)|β1 − |w(y, τ)|β1 | dSydτ.

Âèêîðèñòîâóþ÷è ôîðìóëó |aµ − bµ| 6 |a− b|µ ïðè a, b > 0, µ ∈ (0, 1), ìàòèìåìî

t∫
0

dτ

∫
Ω

|G(x, t; y, τ)| · ||v(y, τ)|β0 − |w(y, τ)|β0 | dy 6
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6
t∫

0

dτ

∫
Ω

ϱαβ0

0 (y, τ, x̂, t̂) · |G(x, t; y, τ)| · ( sup
(y,τ)∈Q

ϱ−α
0 (y, τ, x̂, t̂) · |v(y, τ)−w(y, τ)|)β0 dy 6

6 (||v − w; P̂ ||
′

α)
β0

t∫
0

dτ

∫
Ω

ϱαβ0

0 (y, τ, x̂, t̂) · |G(x, t; y, τ)| dy;

∫
Σ

|∂G(x, t; y, τ)
∂νy

| · ||v(y, τ)|β1 − |w(y, τ)|β1 | dSydτ 6

6
∫
Σ

ϱαβ1

0 (y, τ, x̂, t̂) · |∂G(x, t; y, τ)
∂νy

| · ( sup
(y,τ)∈Q

ϱ−α
0 (y, τ, x̂, t̂) · |v(y, τ)−w(y, τ)|)β1 dSydτ 6

6 (||v − w; P̂ ||
′

α)
β1

∫
Σ

ϱαβ1

0 (y, τ, x̂, t̂) · |∂G(x, t; y, τ)
∂νy

| dSydτ.

Âèêîðèñòîâóþ÷è ëåìó 1 ïðè αβ0 > −n− 2, αβ1 > −n− 1, îäåðæó¹ìî

||H1v −H1w; P̂ ||
′

α 6

6 L̂1, 0(||v − w; P̂ ||
′

α)
β0 sup

(x,t)∈Q

{max{[ϱ0(x, t, x̂, t̂)]α(β0−1)+2, [ϱ0(x, t, x̂, t̂)]
−α}}+

+L̂2, 1(||v − w; P̂ ||
′

α)
β1 sup

(x,t)∈Q

{max{[ϱ0(x, t, x̂, t̂)]α(β1−1), [ϱ0(x, t, x̂, t̂)]
−α}}.

Çâiäñè, âðàõîâóþ÷è óìîâè íà α, âèïëèâà¹, ùî H1 � íåïåðåðâíèé îïåðàòîð â

M̃α, C̃(Q, P̂ ).

Ïîêàæåìî êîìïàêòíiñòü îïåðàòîðà H1 íà M̃α, C̃(Q, P̂ ). Ç äîâåäåííÿ ëåìè 3 âè-

ïëèâà¹, ùî ìíîæèíà {ϱ−α
0 H1v : v ∈ M̃α, C̃(Q, P̂ )} � ðiâíîìiðíî îáìåæåíà. Äîâåäåìî,

ùî öÿ ìíîæèíà îäíîñòàéíî íåïåðåðâíà, òîáòî äëÿ äîâiëüíîãî ε > 0 iñíó¹ δ = δ(ε) > 0

òàêå, ùî äëÿ äîâiëüíèõ (z, z0) ∈ Rn+1, ||z|| < δ, |z0| < δ òà äîâiëüíèõ v ∈ M̃α, C̃(Q, P̂ )

sup
(x,t)∈Q

|ϱ−α
0 (x+ z, t+ z0, x̂, t̂) · (H1v)(x+ z, t+ z0)− ϱ−α

0 (x, t, x̂, t̂) · (H1v)(x, t)| 6

6 sup
(x,t)∈Q

|ϱ−α
0 (x+ z, t+ z0, x̂, t̂) · (Hv)(x+ z, t+ z0)− ϱ−α

0 (x, t, x̂, t̂) · (Hv)(x, t)|+

+ sup
(x,t)∈Q

|ϱ−α
0 (x+ z, t+ z0, x̂, t̂) · h(x+ z, t+ z0)− ϱ−α

0 (x, t, x̂, t̂) · h(x, t)| < ε.

Ââàæà¹ìî

ϱ−α
0 (x+ z, t+ z0, x̂, t̂) = 0, ϱ−α

0 (x+ z, t+ z0, x̂, t̂)G(x+ z, t+ z0; y, τ) = 0,

ϱ−α
0 (x+ z, t+ z0, x̂, t̂)

∂G(x+ z, t+ z0; y, τ)

∂νy
= 0,

ϱ−α
0 (x+ z, t+ z0, x̂, t̂)(Hv)(x+ z, t+ z0) = 0,

ϱ−α
0 (x+ z, t+ z0, x̂, t̂)h(x+ z, t+ z0) = 0,

ÿêùî (x+ z, t+ z0) /∈ Q.
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Çàôiêñó¹ìî ε > 0. Îñêiëüêè çà ëåìîþ 2 h ∈ M̃α(Q, P̂ ), òî ϱ
−α
0 h ∈ C(Q). Òîìó

iñíó¹ δ̂1 = δ̂1(ε) > 0 òàêå, ùî äëÿ äîâiëüíèõ (z, z0) ∈ Rn+1, ||z|| < δ̂1, |z0| < δ̂1
âèêîíó¹òüñÿ

sup
(x,t)∈Q

|ϱ−α
0 (x+ z, t+ z0, x̂, t̂) · h(x+ z, t+ z0)− ϱ−α

0 (x, t, x̂, t̂) · h(x, t)| < ε

2
.

Ðîçãëÿíåìî äëÿ äîâiëüíèõ (x, t) ∈ Q

I(x, t, x̂, t̂; z, z0) = |ϱ−α
0 (x+z, t+z0, x̂, t̂)·(Hv)(x+z, t+z0)−ϱ−α

0 (x, t, x̂, t̂)·(Hv)(x, t)| 6

6
t∫

0

dτ

∫
Ω

|ϱ−α
0 (x+ z, t+ z0, x̂, t̂) ·G(x+ z, t+ z0; y, τ)− ϱ−α

0 (x, t, x̂, t̂) ·G(x, t; y, τ)|×

×|v(y, τ)|β0 dy + ϱ−α
0 (x+ z, t+ z0, x̂, t̂)

t+z0∫
t

dτ

∫
Ω

|G(x+ z, t+ z0; y, τ)| · |v(y, τ)|β0 dy+

+

∫
Σ

|ϱ−α
0 (x+ z, t+ z0, x̂, t̂) ·

∂G(x+ z, t+ z0; y, τ)

∂νy
− ϱ−α

0 (x, t, x̂, t̂) · ∂G(x, t; y, τ)
∂νy

|×

×|v(y, τ)|β1 dSydτ = I 1(x, t, x̂, t̂; z, z0) + I 2(x, t, x̂, t̂; z, z0) + I 3(x, t, x̂, t̂; z, z0).

Ç äîâåäåííÿ òåîðåìè 1 [13] âèïëèâà¹ iñíóâàííÿ δ̃1 = δ̃1(ε) > 0 òàêîãî, ùî äëÿ

äîâiëüíèõ (z, z0) ∈ Rn+1, ||z|| < δ̃1, |z0| < δ̃1 âèêîíó¹òüñÿ

sup
(x,t)∈Q

(I 1(x, t, x̂, t̂; z, z0) + I 2(x, t, x̂, t̂; z, z0)) <
ε

3
.

Íåõàé η1 > 0 � äîñèòü ìàëå i äîâiëüíå ÷èñëî, Ση1 ⊂ Σ òàêà, ùî dist(x, x̂) > η1,

dist(t, t̂) > η1.

Òîäi äëÿ äîâiëüíèõ v ∈ M̃α, C̃(Q, P̂ ) òà (x, t) ∈ Q îòðèìà¹ìî

I 3(x, t, x̂, t̂; z, z0) 6 C̃β1

∫
Σ

|ϱ−α
0 (x+ z, t+ z0, x̂, t̂) ·

∂G(x+ z, t+ z0; y, τ)

∂νy
−

−ϱ−α
0 (x, t, x̂, t̂) · ∂G(x, t; y, τ)

∂νy
| · ϱαβ1

0 (y, τ, x̂, t̂) dSydτ =

= C̃β1

∫
Σ\Ση1

|ϱ−α
0 (x+ z, t+ z0, x̂, t̂) ·

∂G(x+ z, t+ z0; y, τ)

∂νy
− ϱ−α

0 (x, t, x̂, t̂) · ∂G(x, t; y, τ)
∂νy

|×

×ϱαβ1

0 (y, τ, x̂, t̂) dSydτ + C̃β1

∫
Ση1

|ϱ−α
0 (x+ z, t+ z0, x̂, t̂) ·

∂G(x+ z, t+ z0; y, τ)

∂νy
−

−ϱ−α
0 (x, t, x̂, t̂) · ∂G(x, t; y, τ)

∂νy
| · ϱαβ1

0 (y, τ, x̂, t̂) dSydτ =

= I 31(x, t, x̂, t̂; z, z0) + I 32(x, t, x̂, t̂; z, z0).
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Íåõàé δ0 > 0 � ôiêñîâàíå ÷èñëî. Çà çàäàíèì δ0 âèáèðà¹ìî ÷èñëî η1 <
ε0
2 òàêå,

ùîá m(Σ \ Ση1) 6 δ0 òà

η1 <
( ε

12C̃β1C̃0

) 1
α(β1−1)

.

Çà ëåìîþ 4 iñíó¹ δ0 = δ0(ε) > 0, iñíó¹ âiäïîâiäíå η1 > 0 òàêi, ùî äëÿ äîâiëüíèõ
(x, t) ∈ Q òà (z, z0) ∈ Rn+1 òàêèõ, ùî (x+ z, t+ z0) ∈ Q∫

Σ\Ση1

ϱαβ1

0 (y, τ, x̂, t̂) · |ϱ−α
0 (x, t, x̂, t̂) · ∂G(x, t; y, τ)

∂νy
| dSydτ <

ε

24C̃β1

, (14)

∫
Σ\Ση1

ϱαβ0

0 (y, τ, x̂, t̂)·|ϱ−α
0 (x+z, t+z0, x̂, t̂)·

∂G(x+ z, t+ z0; y, τ)

∂νy
| dSydτ <

ε

24C̃β1

. (15)

Òîäi ç (14), (15) ïðè (x, t) ∈ Q

I 31(x, t, x̂, t̂; z, z0) 6 C̃β1

∫
Σ\Ση1

(
|ϱ−α

0 (x+ z, t+ z0, x̂, t̂) ·
∂G(x+ z, t+ z0; y, τ)

∂νy
|+

+|ϱ−α
0 (x, t, x̂, t̂) · ∂G(x, t; y, τ)

∂νy
|
)
· ϱαβ1

0 (y, τ, x̂, t̂) dSydτ < C̃β1

( ε

24C̃β1

+
ε

24C̃β1

)
=

ε

12
,

à, îòæå,

sup
(x,t)∈Q

I 31(x, t, x̂, t̂; z, z0) <
ε

12
.

Âèáåðåìî 0 < η2 <
η1

2 . Äëÿ äîâiëüíî¨ (x, t) ∈ Q η1
2
òà ÷èñëà η2 âèçíà÷èìî ìíî-

æèíè

Uη2(x, t)
def
= {(y, τ) ∈ Ση1 : ||x− y|| 6 η2, |t− τ | 6 η22}.

Îá÷èñëèìî

m(Uη2(x, t)) =

∫
Uη2 (x,t)

dydτ =

∫
||x−y||6η2

dy ·
∫

|t−τ |6η2
2

dτ = 2σnη
n+2
2 ,

äå σn � ïëîùà ïîâåðõíi ñôåðè îäèíè÷íîãî ðàäióñà â Rn. ßêùî âèáðàòè

η2 < min{η1
2
;
( δ0
2σn

) 1
n+2 },

òî m(Uη2(x, t)) < δ0. Òîäi ç (14) òà (15) äëÿ äîâiëüíèõ (x, t) ∈ Q òà (z, z0) ∈ Rn+1

òàêèõ, ùî (x+ z, t+ z0) ∈ Q∫
Uη2 (x,t)

ϱαβ1

0 (y, τ, x̂, t̂) · |ϱ−α
0 (x, t, x̂, t̂) · ∂G(x, t; y, τ)

∂νy
| dSydτ <

ε

36C̃β1

, (16)

∫
Uη2 (x,t)

ϱαβ1

0 (y, τ, x̂, t̂) · |ϱ−α
0 (x+ z, t+ z0, x̂, t̂) ·

∂G(x+ z, t+ z0; y, τ)

∂νy
| dSydτ <

ε

36C̃β1

.

(17)
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Âèáåðåìî δ1 < min{δ0; η2

2 }. Ïðè (x, t) ∈ Q η1
2
, (z, z0) ∈ Rn+1 òàêèõ, ùî

||z|| 6 δ1(<
1
4η1), |z0| 6 δ1(<

1
4η1), ìà¹ìî (x + z, t + z0) ∈ Q η1

4
. Ïðè (x, t) ∈ Q η1

4
,

(y, τ) ∈ Ση1 \Uη2(x, t), ||x− y|| > η2, |t− τ | > η22 , à îòæå, (x, t) ̸= (y, τ). Òîìó ôóíêöiÿ

ϱ−α
0 (x, t, x̂, t̂)

∂G(x, t; y, τ)

∂νy

ðiâíîìiðíî íåïåðåðâíà â îáëàñòi

V = {(x, t; y, τ) : (x, t) ∈ Q η1
4
, (y, τ) ∈ Ση1 \ Uη2(x, t)}.

Òîäi iñíó¹ δ2 = δ2(ε) ∈ (0; δ1] òàêå, ùî äëÿ äîâiëüíèõ (z, z0) ∈ Rn+1, ||z|| < δ2,

|z0| < δ2, (x, t) ∈ Q η1
2
⊂ Q η1

4
, (y, τ) ∈ Ση1 \ Uη2(x, t) ïðè αβ1 > −n− 1 âèêîíó¹òüñÿ

|ϱ−α
0 (x+ z, t+ z0, x̂, t̂) ·

∂G(x+ z, t+ z0; y, τ)

∂νy
− ϱ−α

0 (x, t, x̂, t̂) · ∂G(x, t; y, τ)
∂νy

| < ε

36AC̃β1

,

äå A =
∫

Ση1\Uη2 (x,t)

ϱαβ1

0 (y, τ, x̂, t̂) dSydτ , òîäi

∫
Ση1

\Uη2
(x,t)

ϱαβ1

0 (y, τ, x̂, t̂) · |ϱ−α
0 (x+ z, t+ z0, x̂, t̂) ·

∂G(x+ z, t+ z0; y, τ)

∂νy
−

−ϱ−α
0 (x, t, x̂, t̂) · ∂G(x, t; y, τ)

∂νy
| dSydτ <

ε

36AC̃β1

∫
Ση1\Uη2 (x,t)

ϱαβ1

0 (y, τ, x̂, t̂) dSydτ <
ε

36C̃β1

.

(18)
Îòæå, ïðè (x, t) ∈ Q η1

2
iç (16), (17) òà (18) âèïëèâà¹ iñíóâàííÿ δ2 = δ2(ε) > 0

òàêîãî, ùî äëÿ äîâiëüíèõ (z, z0) ∈ Rn+1, ||z|| < δ2, |z0| < δ2

I 32(x, t, x̂, t̂; z, z0) = C̃β1

∫
Ση1

ϱαβ1

0 (y, τ, x̂, t̂)·|ϱ−α
0 (x+z, t+z0, x̂, t̂)·

∂G(x+ z, t+ z0; y, τ)

∂νy
−

−ϱ−α
0 (x, t, x̂, t̂)· ∂G(x, t; y, τ)

∂νy
| dSydτ 6 C̃β1

∫
Uη2 (x,t)

ϱαβ1

0 (y, τ, x̂, t̂)·|ϱ−α
0 (x+z, t+z0, x̂, t̂)×

×∂G(x+ z, t+ z0; y, τ)

∂νy
| dSydτ + C̃β1

∫
Uη2 (x,t)

ϱαβ1

0 (y, τ, x̂, t̂) · |ϱ−α
0 (x, t, x̂, t̂)×

×∂G(x, t; y, τ)
∂νy

| dSydτ + C̃β1

∫
Ση1\Uη2 (x,t)

ϱαβ1

0 (y, τ, x̂, t̂) · |ϱ−α
0 (x+ z, t+ z0, x̂, t̂)×

×∂G(x+ z, t+ z0; y, τ)

∂νy
− ϱ−α

0 (x, t, x̂, t̂)
∂G(x, t; y, τ)

∂νy
| dSydτ <

ε

36
+

ε

36
+

ε

36
=

ε

12
,

à îòæå,

sup
(x,t)∈Q η1

2

I 32(x, t, x̂, t̂; z, z0) <
ε

12
.
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Ïðè (x, t) ∈ Q \Q η1
2
, (z, z0) ∈ Rn+1, ||z|| < δ1(<

η1

4 ), |z0| < δ1(<
η1

4 ) áóäå

(x+ z, x+ z0) ∈ Q \Q 3η1
4

⊂ Q àáî (x+ z, t+ z0) /∈ Q. Çà ðiâíîìiðíîþ íåïåðåðâíiñòþ

ôóíêöi¨ ϱ−α
0 (x, t, x̂, t̂)∂G(x,t;y,τ)

∂νy
íà çàìêíåíié ìíîæèíi V1 = (Q \Q 3η1

4
) × Qη1 âðàõî-

âóþ÷è, ùî −α > 0, ϱ−α
0 (x, t, x̂, t̂) 6 1, îäåðæó¹ìî: iñíó¹ δ3 = δ3(ε) ∈ (0, δ1] òàêå, ùî

äëÿ äîâiëüíèõ (x, t) ∈ Q \Q η1
2

⊂ Q \Q 3η1
4
, (y, τ) ∈ Ση1 , (z, z0) ∈ Rn+1, ||z|| < δ3,

|z0| < δ3 âèêîíó¹òüñÿ

|ϱ−α
0 (x+ z, t+ z0, x̂, t̂) ·

∂G(x+ z, t+ z0; y, τ)

∂νy
−ϱ−α

0 (x, t, x̂, t̂) · ∂G(x, t; y, τ)
∂νy

| < ε

12BC̃β1

,

äå

B =

∫
Ση1

ϱαβ1

0 (y, τ, x̂, t̂) dSydτ,

çâiäêè

sup
(x,t)∈Q\Qη1

2
(x+z,t+z0)∈Q

I 32(x, t, x̂, t̂; z, z0) 6 C̃β1
ε

12BC̃β1

∫
Ση1

ϱαβ1

0 (y, τ, x̂, t̂) dSydτ =
ε

12
.

Äëÿ òèõ òî÷îê (x, t) ∈ Q \Q η1
2
, (y, τ) ∈ Ση1 , (z, z0) ∈ Rn+1, ||z|| < δ1, |z0| < δ1,

äëÿ ÿêèõ (x+ z, t+ z0) /∈ Q îòðèìà¹ìî

sup
(x,t)∈Q\Qη1

2
(x+z,t+z0)/∈Q

I 32(x, t, x̂, t̂; z, z0)6 sup
(x,t)∈Q\Qη1

2
(x+z,t+z0)/∈Q

C̃β1

∫
Ση1

ϱαβ1

0 (y, τ, x̂, t̂) · |ϱ−α
0 (x, t, x̂, t̂)×

×∂G(x, t; y, τ)
∂νy

| dSydτ 6 sup
(x,t)∈Q\Qη1

2
(x+z,t+z0)/∈Q

C̃β1

∫
Ση1

ηαβ1

1 |ϱ−α
0 (x, t, x̂, t̂) · ∂G(x, t; y, τ)

∂νy
| dSydτ 6

6 sup
(x,t)∈Q\Qη1

2
(x+z,t+z0)/∈Q

C̃β1ηαβ1

1 η−α
1

∫
Ση1

|∂G(x, t; y, τ)
∂νy

| dSydτ 6 C̃β1C̃0η
α(β1−1)
1 <

ε

12
,

äå îñòàííÿ íåðiâíiñòü âèêîíó¹òüñÿ çãiäíî ç âèáîðîì η1. Çàóâàæèìî, ùî ïðè β1 ∈ (0, 1)
òàêîæ α(β1 − 1) > 0.

Äîâåäåíî, ùî iñíó¹ δ̃2 = min{δ1, δ2, δ3} > 0 òàêå, ùî äëÿ äîâiëüíèõ

(z, z0) ∈ Rn+1, ||z|| < δ̃2, |z0| < δ̃2

sup
(x,t)∈Q

I 3(x, t, x̂, t̂; z, z0) <
ε

6
.

Îòæå, iñíó¹ δ̂2 = min{δ̃1, δ̃2} > 0 òàêå, ùî äëÿ äîâiëüíèõ (z, z0) ∈ Rn+1, ||z|| < δ̂2,

|z0| < δ̂2 âèêîíó¹òüñÿ

sup
(x,t)∈Q

I(x, t, x̂, t̂; z, z0) <
ε

2
.
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Îòîæ, ìíîæèíà {H1v : v ∈ M̃α, C̃(Q, P̂ )} � îäíîñòàéíî íåïåðåðâíà. Çà òåîðåìîþ
Øàóäåðà òà çà óìîâ ëåì 2, 3, 4 êðàéîâà çàäà÷à (6)-(8) ìà¹ ðîçâ'ÿçîê u ∈ M̃α(Q, P̂ ).

�

3. Âèñíîâêè. Ìè çíàéøëè äîñòàòíi óìîâè iñíóâàííÿ òà õàðàêòåð òî÷êîâèõ
ñòåïåíåâèõ îñîáëèâîñòåé ðîçâ'ÿçêó íåëiíiéíî¨ ïåðøî¨ óçàãàëüíåíî¨ êðàéîâî¨ çàäà÷i
äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi.
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Using the Schauder method the character pointed power singularities of
the solution of the nonlinear �rst generalized boundary value problem for heat
equation are investigated.
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