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YK 539.3

E®EKT ME3KOBOTO HIAPY B HECTAIIIOHAPHIN ILIOCKIN
AE®OPMAIIT IMJIIHIPA 3A HEHYJIbOBMX MOYATKOBMX
YMOB

Biraniin TAJIA3IOK, Ieopriit CYJIUM, Anapiin IIPOKOIIIB

JIveiecvKutl HayloHaabHul yHisepcumem iment Isana Ppanka,
aya. Yuigepcumemenxa, 1 79000 Jlveis, Yrpaina

Posp’asada nnocka [fAuHaMi¥Ha 3ajava Teopil npy:KHocTi ANA  LIMAIHOpa 3a
HeHYJNILOBUX TIOMATKOBMX YMOB Ta ICHYBaHHA Ha JO0ro IOBEPXHI MEMOBOro Imapy
(HaHoTIIBKY). 3'AcOBaHO, 1O 3a MEeBHMX MeXaHIYHMX BJIACTHMBOCTEM MErKOBOTO 1lapy
icHye edexT OoKyCcyBaHHA HOPMaJibHMX Halpy)KeHb Ha oci nuaiHppa.

Kawouosi caoea: aunamivuHa sajjava Teopil DPYMHOCTI, NOYaTKOBI yYMOBM, edpexT
hoKyCcyBaHHA HATIPYIKEHb,

Y knacuuHoMy ¢opMyJIOBaHHI HecTalioHapHMX 3afad Teopil nmpyskHOCTL ¥
nepeMillleHHAX 3a3BMYalil [OYATKOBI YMOBM IMPUIAMAKOTh HYJBOBUMM JJIA
YHMKHEHHS NoTpebu BMKOHAHHSA Y3ToJI2KeHOCTI KpayloBUX yMOB 3 10YaTKOBUMM,
Ak Toro norpebye kopexTHe (1] dopmysoBaHHA 3aflady MaTeMaTU4HOl isuKu
3azHayMMo, 110 MOYAaTKOBI YMOBM Ha IepeMilleHHA 1 MIBUAKOCTI 3aAal0ThCs ¥
BCHOMY TiJIi, TOMY OAHO3HAYHO BM3HAYAIOTh NOYATKOBlI HANPYXKEHHA y HbOMY,
BpaxoByIOuM #oro Mexky. ¥ LbOMy pasi NoOYaTKOBI pO3MojiaM nepeMillleHb |
IWBUAKOCTEN B3YMOBJIOIOTH II0YATKOBY MeXaHIYHy e€Heprioo Tija, ToMy €
BU3HAYAJBHUMM IJIA JOTO nomansuioro pyxy. Iloganbiua smina eHepril y KoxxHIN
Touri Tina Oyne Bu3BagaTUCA HOro iBMKO-MeXaHIYHMMM BJACTUBOCTAMM,
reoMeTpicio Ta KpaioBMMM yMoBaMmM, fKi pazoM 3abesnedyBaTyMMyThb HANpPSAM Ta
iHTeHCUBHICTL €HepreTUYHUX MOTOKIB.

Y szanpononoBaHoMy ¢OpPMYJIIOBaHHI HECTAlllOHApHOl 3ajlavl Me}xy UMJIHApPa
BianosiaHo go Bigomoro [2] edexTy pecraspalil TTOBEePXHI MOAEJIOEMO MEMOBUM
mtapoM (HaHONKIBKOIO). Bpegenwit y po3rJIAn MeMKOBMM 1iap peajisye
[OYAaTKOBMI POIMOAIN HOPMAJBHOTO HANpPy:KeHHA Ha IMOBEPXHI LuIHApPa |1
CTBOPIOE CTeXa4ye HOpMaJibHe JNOBaHTa)KeHHs, fAKe 3abesaneuyye IicHyBaHHA
3aHMKAIOYOro B yacl (AyMcuIraTMBHOr0) HeCcTallloHaAPHOTO Npollecy.

1. Tino uwmaiaapuusol ¢opMMU BijHeceMO A0 HMIIHAPUYHOL CUCTEMM

KOOpAMHAT {Ra, 3, R*y), ne R — papiyc umnigapa, i BRaXaTUMeMO, 10 BEKTOP

NPY’KHOTO TEepeMilieHHs u Ma€ TiIbKM OZHY paniasibHy cKJafoBy Ru, (a,’r),

AKa He JOPIBHIOE HYJIO. Y LbOMY BMIAAKY PIBHAHNA PyXy NPYXHOro Tija B
nepeMiieHHAX

; ; 2 u
cfgraddz'v u— cﬁmt‘mtu = —

at?
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3BOAMTHCA L0 OAHOIO XBUJILOBOIO PiBHAHHA

a8, (ad,0)=020, 0<a<l, (1)

cTocoBHO 00’emHOI pedopmanii G(a,r) = a"laa(au“). B piBuanni (1) J, i

d, = omepaTopu #IudepeHuilOBaHHA 3a <« 1 7, BigmoBigHO, T =c11tR"'2 i

: < 2 _ _ . :
GespoamipHuii wac, ¢ = (A 4 2u) /b IUBAAKICTE TIOIIMPEHHA IO3L0BMHIX
XBUJb.

Posr’a30K piBHAHHA B YacTUHHMX noxiguHux (1) momamo intTerpanom Pyp’e 3a
YaCOBOK 3MIHHOIO

9(0,?) = f{A(f,q)J{}(ﬁa)Sinﬁrdf - ffB(&,q)Jn({a)coszdf, (2)
0 0

ne .-4(5,(;) i B(g,qj — JoBinbHI (yHKUIl, AKI BM3HAYAKOTBCA I0YATKOBUMM
ymoBamm 3agfadi; ¢ > 0 — mapamerp; JO({Q) — ¢yHKUis Beccens HyJIbOBOTO

nopaary. Axuo dyHKIia 9(&,7) (2) sHalmeHa, TO BIANOBIIHO Jo 11 0O3HAYEHHSA
HINAXOM iHTerpyBaHHA 3HaMOEeMo, 1110

s o

u, (e,7) = [A(&4)3, (éa)sinerde + [ B(&q)3, (€a)costrds.  (3)
0

0

3a BIIOMMM pafiaJbHUM HOepeMilleHHAM uﬁ_(a,’r) (3) Ta o06’emHOI0
necdopmaii€io 9(@,7) (2) 1 sakonom I'yka 3HaligemMo pajiaJbHe HaIpPyKEHHA

uepes dynrnii A(€,q) i B(&q)
Un-ru(a??_) = H f{A((E,Q)[k}'JU(fa) ond J}(&ﬂ)]Slﬂ{T{if i
0

-I—fEB(cf,q)[kz-]u(&a)—-Jz(ﬁa)]cos&rdi : (4)

2. Posrpamemo pyx muiieApa 3a 3afaHOrO MOYATKOBOTO  POSMOAINY
nepeMillleHHsI

un(a,O) = ugaf(a'z), 0<a<l,
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y mJIommHi jioro mepepisy 1 BiacyTHocTi mouaTkoBoi mBuAKocTi 9 u, (a—,{]) = 0.

Toni y nopansi (3) A({,q) = 0, a Ana Bu3HadenHA PYHKUi] B(g,q) OIEPIKUMO
iHTerpaJbHe PIBHAHHA [1€PIIOTO POay

fB(ﬁ,q)Jl(fa-)d£=u2af(a2) 0<a<l, (5)
0

pPO3B’A30K AKOro NoflaMo y3arajibHeHUM psanoM [3] Helimana

3 HeBijoMuMM KoedpilieHTaMM a, .

Axuo pax (6) ninctaBuTH B iHTerpasbHe PiBHAHHA (5) 1 obumcauTy iHTeErpat
Bebepa-Illacbreiraina [4], To ofepumMo pan

x: l'(n—q+2)aF(n—q+ 2;_”;2;&.‘3)

: : aﬂ.

g 27T (n + 1)

=ulaf(a?), 0<a<1. (V)

Tinepreomerpuuna ¢yuxuia Taycca F(n — g+ 2-n;2;a?) B nonasni (7) ¢

[OJIIHOMOM CTeNeHs 27, TOMY BiMOBiIHO HO anpoKcuMalliliHOl TeopeMu
Benepwrpacca npo HabauokeHHs HenepepsHol dQyHKNIL mojiHomoM icHYye

enuunit Habip KoedilUieHTIB @

n?

AKl 3abe3neuyoTs BUKOHaRHA piBHAHHA (7).

3a BigomMmmu KoediuieHTamMu a, 1 QyHKUIEW B({,q) (6) BM3HaYMMO

nepeMilieHHsa y Yaci TOYOK TWIONMHY ITepepisy mmiiHapa

=0

(a T) = i f gﬂ A q+2(€)cos§7df, (8)
0

a TaKOXX HOPMaJIbHiI HAlPYKEHHA

o (07) _;.-,Z fz“ iz | )[kz.]n(goz)—Jz(ga)}cos&dﬁ, (9)

1
n=f) 0 gq

AKI BUHMKAIOTH BHACHIOK pPyXy 3a 3akoHoM (8) 1 CTBOpPIOIOTH CTeXKaye
HOpMaJibHE [OBaHTAaYKEHHS MOBepXHI HMJiHApa. BHacniiok 1bOro AMHAMIUHMI
mpolec y UMJIHApPL SaBKAM 3aHMKAKOUMM B Haci (AMCUNIATMBHMIA), XoHa Y
piBHAHHI pyXy (1) AMCUNATUBHUX UJIEHIB HEMAE.

Interpanmu y nogaHHAX (8) i (9) obumMcmo0ThCA YMCAOBMMU METOLAMM, MpoTe

Ha oci wmuaiggpa o = 0 HoOpMaJbHe HaNpy>KEHHA crm,(a,'r) o64ucaI0eTHCA
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To4HO. 3a copmysoro (9) npu o =0 anA HaNpPyKEHHHA GU_”(CE,T) ONle PIKUMO

poapuBHuit inTerpan Pyp’e

A ,
J{m: (O‘T) — [Jrk‘2 Z an L (é)Co&ETdrs ; (10)

-1
n=0 0 gq

Tomy B iHTepBani 0 < 7 <1

F(n -q +2)F(n —q+ 2:-n;%;'r2)

s ¥}
- (0,7) = ,u.k2z a,

s | ; (11)
n=(} 2 F(?’.‘, -+ 1)

a BiHTepBayi 1 <7 <

‘/;r(“*‘I+2)F("*Q+2;n—q+-;-;‘2n—q+3;7-2)

Crr.‘th (O’T) - ukzza’n

(12)
n=0 2ff—lr(2n - g 3)1‘*{_” i g},’_2ﬂ~2q+4

3 yMoBM icHyBaHHS PO3pPMBHOro interpasa @yp’e [4] Ta BpaxoByHOUM yMOBM
icHyBaHHA inTerpasia BebGepa-Illadrenriina [4] B Bupasl (8), orpumaemo
obMerxeHHA

%<q<2. (13)

HopmanpHe HanpyKeHH:A am_(o,*r) Ha ocl UMJIHApa Mae pisHI aHaJiTUYHI

gupasn (11), (12) B imTrepBani 0 <7 <1 1 1< 7 < oo. OCcKUIBKM IIpouec pyxy
nuiaieapa B yaci moBuHeH Oyt HenepepBHuM i obmesxenum, To Oyzemo
BMMAaraTy BUKOHaHHA TaKUX rpaHUYHMX YMOB!

im o (0,7)= lim o (0,7}, imo, (0,7)=0. 14
7—1-0 (m( 7) T—140 mx( ) r—oo ( ) ( )

[Tozasax rinepreomerpuuna dyukuia I'ayceca F(a;b;c;x'z) icHye 1 obmerxena
npu £ <1 Ta B Touui z =1 3a ymoBu ¢ —a—b > 0, To piBHocTi (14) 6ynyTh

BUKOHyBaTHCA Vn € N, Axuio

<g<2. (15)

SRR

3a BuKoHaHHsa  HepiBHocTi (15) yel  XapaKTepMCTMKM  HAIpysKeHO-
JechbOopMOBaHOIO CTaHY € HellePepBHUMM i 0BMeKeHUuMMU.
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3. fik npuknaj po3raAHEMO BMIIAJIOK, KOJIM MOYATKOBMI PO3NOALN pajiiaIbHOrO
nepeMilleHHa  u, (a,O) € JIHIMHMM 3a sMiHHoK o. Toal B iHTerpanbHOMY
pipaanHi (5) f(a?‘) =1 i3 pieaannsa (7) ogep»®kumo, IO

P 0 VneN
ay = ——*—, a, = ' :
1] r(zuq)

Tomy 3a nonanuamu (8) Ta (9) y upomMy BUOAAKY 3BaiIeMo

4] o
un(a,T) _ 2‘1’”('_ fjl(‘ga)JQ—q({)

T(? - q] / 7 ~cos£rd€ (16)
Wupp r T34 (€)
B LT ) = r—(z-:q—){[m[}(ga) - Jz(:‘ja-)}_zg_qj_cos(f?‘)dﬁ. (17)

Orxe, paniajbie Hanpy»KeHHs O, (a,’r) dopmysoro (17) Bu3HaYeHe y Bcix

TOYKaX MNOMEPEeYHOro nepepisy LMIIHApaA, BPaxXxoBYIOUM MOro Mexy o« = 1, fka
pyxaeTbcs 3a 3axoHoM (16), Tomy He Moxke 6yTy 3ajjaHa JOBLIBLHO.

3a nomanuam (17) obumeamumo IMOBEAIHKY B 4Haci HaNpyKeHHS o (0,7) Ha ocl

wtiEgpa. Bignosigso no BupasiB (11) Tta (12) orpumaemo B iHTepBasi 4Hacy
0< <1
0,0 (0,7) = 2uk*u] (18)

i € crasnum, a B inTeppajyi yacy 1 <7 <o

F[? .- q;'-S— - q;3 — q;’r_g]
O | BT ] = 2uk2u3\/; < =
T4"2“'l—(3 - q)l'(q - %)

F[l;l}v;:% - q:_'r*""]

= 2uktud : . (19)

T(T2 = 1)1‘5_0 r(3 # q)l“(q = g)

1 3
3azHauuMmo, 1o 3riggo 3 Bupasom (19) npnu §<q<5 HaNpPyKeHHA

T, (O,'r) npu 7 = 1 HeoOMe)keHO 3pocTae€, 30KpeMa Npu ¢ = 1 Ma€ KOpeHeBy

0coBNMBICTE.
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Ha pucynkax 3o00paxkeHo rpadiky nepemilieHs u;(l,'r) = un(l,’r) / ufi Ta
nanpymens o, (0,7) =0, (0,7)/2uk’u) sanesHo Bin pisEux sHaueHs
napaMerpa q.

Uta(1.t) Ua(1.8)

2 12 =3

)
D4 5. e ey T T T T T T ki | t
a 5 4 £ a8 10

Puc. 1. IlepemimenHs Ha NMoBepXHl IIEAPa 3a PisHUX 3HaYeHb IlapaMeTpa ¢

G'a{O.l)
12 _T
0.8 — Y v - - —
g=14 |
=] e :1 51 %
—— = G I
04 — R e |
el o
J /
04 —
Nv
-08 ; T T T T T T T T * t

] 2 4 8 a 10

Puc. 2. HanpyseHHA B 1leHTPl IMJiHApa 3a pPi3HMX 3Ha4YeHb NlapaMeTpa ¢

4, Buchopru. 3anpononoBaHo QOPMYJNIOBAHHA 1 MeTOR pPoO3B’A3yBaHHA
AuHaMiqHOl 3a/layl Teopil NPYKHOCTI ANA UMJIIHAPA 338 HEHYJbOBUX MOYaTKOBUX
YMOB 1 NOpuIIylleHHs IIPO ICHYBaHHA Ha JOro IOBepPXHI MeKOBOro Iuapy
(masonyieky). JoBeneHo, 110 XapakTep PyXy CYTTEBO 3aJeKUTh BiJi mapaMerpa
g, VA AKOTr0 BMABJEH]I Me)l 3MIiHM, AKUI MOXHa TpaKTyBaTu HAK [EeBHY
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MeXaHiYHy XapaKTepUMCTMKY MEJMKOBOro INapy. 3'ACOBaHO, IO 3a JiHiHOrO
posfnojiny nepeMillieHb y MOYaTKOBMI MOMEHT 4Yacy HOpMaJbHI Halpy KeHHs Ha
ocl HMAIHApPa € cTajdumu B iHTepBasi yacy 0 < 7 <1, HenmepepBHuMM Npu T = |

. 3 1 :
i 3aHMKAIOTL NIPU 7 — 00, AKIIO 5 < g < 2. ko 5 < g < %, LI0 piBHO3HAYHE

MOMJIMBOCTI NepeMillleHHsa Mexxi Iuiiaapa B obnacTe o < 1, To HopMaJbHi
Hamnmpy>XeHHA Ha oci muaiagpa npuM 7 =1 HeoOMeXeHO B3poCTarTh, IO
ningTBepIKye icHyBaHHA edeKTy doKyCyBaHHA HANPYXKEHb.
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9PPEKT TPAHNYHOTO CJOA B HECTAIIMOHAPHOW
MMJOCKOM AEDOPMAIINU IIMJIVNHAPA IIPUM HEHYJEBBIX
HAYAJBHBIX YCJIOBUAX

Burammia TAJTA3IOR, I'eopruit CYJIMM, Auapeir IPOKOIINB

JIvgoeckull HAYUOHANLHBLIL YHUBepcumem umenu Meana dpanko,
ya. Ynusepcumemexas, 1 79000 JIveos, Yxpauna

Pemiena mnJiockas AvHaMudyeckas 3ajjaya TEOPUM YIPYrocTU AJNA LMIMHAPA
IPY HEHYJIeBbIX HauaJbHBIX YCJOBUAX ¥ CYLIECTBOBAHMM T'PaHMYHOrO CJOHA
(Ha”HOMJIEHKM) Ha €ero II0BEPXHOCTM. YCTAHOBJIEHO, 4YTO IpPU HEKOTOPBIX
MeXaHMYeCKnX CBOMCTBaxX  IPaHMHYHOrO  CJOA nabnropaercs acdpperT
dokycupoBaHns HOpPMAaJIbHBLIX HAIIPAXKEHMIM Ha OCH LMJIKMHPA.

Karouesvie caosa: AMHAMMHYECKas 3ajada TEOPUM YIIPYrocTH, HayaJibHbIE
yeaoBus, 3¢dderT poKRyCHPOBAHUA HANIPAMEHMUA.
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BOUNDARY LAYER EFFECT IN TIME-DEPENDENT PLANE
DEFORMATION OF A CYLINDER IN THE CASE OF NONZERO
INITIAL CONDITIONS

Vitaliy GALAZYUK, Heorhiy SULYM, Andriy PROKOPIV

Ivan Franko National University of L'viv,
Universytetska Str., 1 79000 Lviv, Ukraine

Flat time-dependent problem of the elasticity theory for a deformation of a
cylinder in the case of nonzero initial conditions and existence of the
boundary layer (nanolayer} on the cylinder surface has been solved. Normal
stress-focusing on the axis of a cylinder effect in the case of certain
mechanical qualities of the boundary layer has been revealed.

Key words: time-dependent problem of the elasticity theory, initial
conditions, stress-focusing effect. '
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