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IBOBICHUM PO3TAr KYCKOBO-OJHOPIIHOI I30TPOITHOI
IJIACTUHHU 3 NNPIMOJIHINMHOIO MEJKEIO ITOIIJIY
MATEPIAJIIB 1 HEHACKPI3HOIO TPINIMHOIO B HIN 3
YPAXYBAHHAM NJACTUYHUX 30H BLI4 ii BEPIIIVH

Mupon HUKOJIMIINH], BixTrop OTIAHACOBUY?,
Jlecs KYPOTYIUH!, Mukona CJOBOIAH?2

Inemumym npuxiadnux npobiesm mMexanivu i mamemamurxu
im. A. C. [Tidempueava HAH Yxpainu,
eya. Hayxosa, 36 79060 Jlveis, Yxpaina
2/Tveiecrrutl Haylonaavrull yrisepcumem imeni leana @parxa,
syn. Ynisepcumemceovka, 1 79000 Jlveis, Yxpaina :

PoszrnanyTo safgauy npo ABOBICHMI PO3TAT KYCKOBO-OAHOPIAHOI i30TPONHOI NjacTUHK
3 HEHACKpi3HOK TPIIMHOI B NpAMOJIHIAHIA Memxi noxiny Martepiaxnis. IIpunyckaioTs,
mo Gepery TpimMHEM BiNBHI Bij S0BHIIUHROrO HaBaHTaX<eHHA, a 6Gina il BepmuH Ha
NMPOROBKEHHI TPIIMEY YTBOPHIOTBCA TNNACTHYHI 30HM, J€ BHUKOHYIOTBCA YMOBM
nnactuyHocTi Tpecka y BUrIAAl NOBEPXHEBOro nJacTHYHOro wapy. ITosask TpiupiHa
He HAcKpisHa, TO pO3B’A30K 3afjaui poabuBaemMo Ha 3aja4y poO3TATY Ta B3TUHY
NNacTMHM, BUKOPHCTOBYKIOYM KJIacMYHY Teopiio aruHy. Ha mizcraBi KoMImeKcHUX
noTeHLiaJiB nnockoi 3agayl Teopil NMpy)KHOCTI Ta Bajayl 3ruHy, iXHii obmexxenui
pO3B'A30K 3BEAEHO [0 3ajad4 JiHIMHOrO cnpseHHdA., 3HalifeHo HanpymKeHuil cTaH
macTMHM Ha Mexi noginy wmarepianie. JIpoBegeno umcnoeuit anania safgawi Ta
BM3HAYEHO AOBXXWHM NNACTUYHMX 30H i POBKPUTTA TpiliyHu Ha ii ppoHTI.

Kawouwoei caoea: posTAr, nNNacTHHa, TpilMHA, TMJAACTUYHI 30HM, KOMILJIEKCHI
TmoTeHNiay, yMoBa niactiuyHocTi Tpecka, poskpurTa TpilyHK.

Beryn. Y GaraThoxX rajy3sx TeXHIKM BUKOPUCTOBYIOTb MNJIACTHMHYACTI
eJIeMeHTH KOHCTPYKIIiM, AKlI JOCKUTH JIeTKi, npoTe poctaTHho HamHi. Ilin gac
BCTAHOBJIEHHA Ta eKCIulyaTallil TaKMX eJeMeHTIB Yy HMX BUHMKAIOTH
TpimmHonogibni  medextn. LI gedexkTu pi3Ko  3HMIKYIOTB  JOMNyCTUME
HaBaHTaj)KeHHA 1 MOXKYTb NPUBECTH A0 PYHHYBaHHS KOHCTPYKIi, TOMYy BajsXJIMBO
BMBYATKM IXHI/i BINIMB Ha Hanpy»XeHo-/JehopMoBaHMii CTaH IJACTHHYACTUX
€JIEMEeHTIB.

Brnepie 3azayy npo HalpysKeHO-AedOpMOBaHMI CTaH KYyCKOBO-OLHOPIAHOI
i3oTponHOl myIacTUMHM 3 TpiMHOI Rociuigeno B [31] Cxooki mocnizyxeHHA AnA
onHopigHol i3oTpomnHol nyacTuHM nofaHo B npanax (27, 30) B {29] poarasayTo
3ajlayy pO3TATY OAHOPIAHOI TMJAaCTMHM 3 IMIBEJINTUYHOK I[OBEPXHEBOIO
TPILIMHOK, Ha IPOJOBMEHH] #AKOl YTBOPIOETHCHA IIACTMYHA  30HA, Y
TPUBUMIpHOMY (hOPMYJNIOBaHHI 3 BMKOPMCTaHHAM METOAY CKIHYEHUX eJIeMeHTIB.
3azady pPO3TATY ORHOPiIAHOI NJACTUHM 3 CUCTEMOIO IapajiebHMX TPIUMH ¥y
NPYysKHOMY Ta IJIacTMYHOMY OpMyJIIOBaHHI 3 BUKOPUCTAHHAM KOMILIEKCHUX
norenuianis  KosocoBa-MycxesmimBini Ta MeToAy TIpPaHMYHUX eJIeMEHTIB
HaBeneHo B [26].
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30 M. HUKOJIMIINMH, B. OITAHACOBUY, JI. KYPOTHYMH, M. CJOBOIAH
ISSN 2078-3744. Bicuux JIsBiBcsKoro yHieepcurery. Cepia mMex.-mar. 2012. Bunyex 76

B [3] 3pobuay orysax AOCJifKeHb ANA 3aZlad PO3TATY TN 3 TPIIIMHOW, Yy
BepIINMHI AKOl yTBOPIOIOTBCA NIAaCTUYHI 30HM, Ta NMOJAHO KpuTepii pyiHyBaHHA.
Y [7] nmocnipkeHO OJHOBICHMII PO3TAr IJIACTUEY 3 HACKPI3HOK TPILIMHOKW ¥
naacTU4YHOMY opMyJIlOBaHHL. BuaHayeHHA 30H IJIACTUMYHOCTI B OKOJI BepLUMH
nBox OnM3bKO poO3MillleHMX napajeJbHUMX TPIlMH 3a II0B3JOBXKHLOTO 3CYBY
BMKOHaHO y npaui [8]. 3agauy npo BmmMB MixcasHuX TPIIIMH Ha HapPyKeHO-
JedopMoBaHuit cTaH KYCKOBO-O/IHOpPiIHOI 130TpPOIHOI NJIacTUHA 3
NPAMOJIHIHOIO MeXkelo IoAiny MaTepiaJiiB pocaimskerno B [17, 18, 23] B [1]
pPO3B’ABaHO CXOXKY 3ajady A BUMIAKY aHI3OTPONHMX NIBIUIOIINMH, Yy UbOMY
pasi poss’azoxk mnobynoBaHo B KJjacli chyHKIi HeoOMeXxeHMX Yy BeplUMHaXx
TpimumHY. Bname HacKpi3HMX TPIIIMH, HA NPOJOBIKEHHI SAKUX YTBOPIOOTHCSA
MJIACTUYHI 30HM, Ha HaNpysKeHo-JedOopMOBaHMI CTaH IMIIHAPMUYHOI 0BONOHKMN
gocaimxeno B [9, 11, 13]. 3MminHeHHA MaTepially Ha Halpy»XeHMI CTaH NPYKHO-
iacTUYHEMUX 000JIOHOK onucaHo B [4, D]

¥ [24] posrasHyTo 7nBi HepiBHI KoJiHeapHI TpIIMHM Yy INJIacTMHI 3
ypaxyBaHHAM IJIACTUYHUX 30H 3a Mojesuno Jarpeinsa. 3afjayy Ipo B3aeMOJil0
NOBEPXHEBUX TPIIMH y NPY>KHO-TIJIACTUYHOMY (DOPMYJIOBaHHI JOCHINMKEHO B
[28]. ¥ [25] 3 BMKOpPMCTAaHHAM YMOBM IlacTuyHocTi Miseca BM3HaYEHO
mJIacTU4Hy o6JacTh Ha NPONOBXKEHHI TPIIMHM Yy NJIaCTHHI

JoBKMHY IIJACTMYHOI 30HM Ta PO3KPUTTA HEHACKPI3HOI TpPIIUMHM IIpU
npukaafeHHi po i1 OeperiB HopMaJbHMX 3yCMJab | STMHHUMX MOMEHTIB B
ofHOpiAHIM nyaacTuHI poarasHyTo B [16]. JlocaifdKeHHAM  HaMNpy’KeHOo-
nedpOopMOBaHOTO CTaHY KYCKOBO-OJHOPIZHOI NJIACTMHM 3 HACKPI3HOK TPIILUHOIO
Ta OJHOpPiAHOI IUTaCTMHM 3 JBOMa PIBHMMM TPILIMHAMM Yy IJIaCTUYHOMY
chopMyTOBaHHI IpoBefleHo y npauax [14, 15])

Hama meTa — pocniamMTy 3ajady Mpo [ABOBICHMI PO3TAr KYCKOBO-OJHOPIAHOI
i3oTponHOl NJaCTMHM 3 HEHACKPI3HOIO TPIIMHOK Ha NPAMOJIHIMHIA MexXl Noalny
mMaTepiaJiB. BpaxxaioTh, mo Geperm TpimuHM BinbHI Bil HaBaHTa)XEHHA, a B
npoueci AedopMmyBaHHA Oina Hel yTBOpuJMCA BY3bKiI IJIACTMYHI 30HM NO Beiif

TOBIIMHI IJIACTUHM. AHAJOrYHO AK y 6,-Mojesl 3aMIHMMO NJIaCTUYHI 30HM

NIOBEPXHAMM PO3PUBY MPYKHUX NEepeMillleHb, a pPeaklilo IJIacTUYHOI 30HM Ha
npysxHUit 06’eM — HEBIAOMMMM HOPMAJBHMMM Ta JOTMYMHMMM HaNpPYKEHHAMHU,
AKl 3a/l0BOJIBHAIOTE yMOBY nuactu4HocTi Tpecka. 3 ponomoroio meToAiB Teopii
dbyuknil xoMmniexcHol 3MiHHO] 3azady po3buBaeMo Ha 3afadyy PO3TATY Ta 3THUHY,
3BOAMMO JIO 3asiay JiHIAHOrO CHpsAXKEeHHA, PO3B’A30K AKMUX IIYKAEMO B KJjaci
dyHKLi obMexeHUX y BepumIuHax Tpimmeu. UuciaoBuii agasaia 3ajadl BUKOHAHO
3 BUKOPMCTaHHAM KBazpaTypuux cdopmya [aycca [19, 22].

dopmymoBaHHA 3ajadi. Po3rigHeMO HeCKiHUYEHHY KYCKOBO-OXHOPIAHY
I30TpONHY TIJIACTUMHY 3aBTOBIUKM 2k 3 npaModikiliHOI MeXxelo moainy
maTepianis. Hexaii niactuna nmepebyBae mif /€0 OAHOPIHOrO Nnojif 3yCUJb Ha
HeckiHYeHHocTi. BBarkaemo, mio Ha MedXxi mnozainy MarepianiB nepebyBae

HEeHaCKpi3Ha TpiliMHa 3aBBMmKM A + A 1 saBmoBaxku 2/. Beperm Tpimuman
BLIBHI BiJI B30BHIIIHBOTO HaBaHTa)XeHHA. Bubepemo B cepeamHHIN nuommHi
IJJaCTMHM NeKapToBY cucTeMy kKoopamuHaT OzyZ 3 NMOYaTKOM B LEHTPL Tpimmey,

Bice Oz cnpaAMyeMo no Meski moginy matepiasis. BeaskaTumemo, mio mijg zieio
30BHIIIHBOrO HABaHTa)XE€HHA Ha IIPOJOBXKEHHI TPINIMHM BMHMKAIOThH ILJACTUHHI
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30HM 3aBIOBXKKM a, KpPiM Toro, MaTepiaJ y mepeMudyii h.1 i<h, -I<a2<l

(pmc. 1) TaxoK InepenioB y mractTuyHmii crad. Ha mexxi noziny martepianis nmosa
TPIILIMHOIO BUKOHYIOTBCA YMOBM ifeaJIbHOrOo MeXaHIYHOro KOHTakKTy. B

cepeAiMHHI NNOMMHI IJACTHMHM JiHIO crnai MaTepiajiB noanaummo udepes L',
JiHil0, Xe po3MinieHo TplluuHy, — 4depe3 L, a IJIaCTUYHI 30HM Yepes — L{ i L]",
y usomy pasi L, = L/UL', L=LUL, L =LUL' (aus. puc. 1). pannuse
3Ha4YeHHA BIANOBIAHMX BenuuuH npu y — +0 byaemo nosnavatu 3Hakamu “+7 i
“=”, a ANA TNPYXHMX CTaauxX Mmarepiany S, HIBIVIOWMHYM NPUIMCYBATUMEMO
iHmexc j, AkMi Hagaji npuiiMae ABa 3Ha4YeHHA 1 4m 2, a MIBIJIOIIMEY AJIA AKOI
y<0 (y>0) — uepes S, (S5,) 3aBAAKM HAABHOCTI MJACTUYHOI 30HM B

nepeMMyIli po3B’s30K 3ajadi MOAAHO y BUIIALI PO3B’A3KIB ABOX 3a/adu: IJIOCKOI
3ajlavi Ta 3aa4i 3rMHY IJACTHHM, 3 BUKOPUCTAHHAM KJACUMUYHOI Teopil..
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ne w, v — HPOeKlil BeKTopa IepeMillleHHA TOYKM CepeaMHHOI IJIOLIMHM Ha oci
Oz i Oy, BignoBigHo; o0,, 7, ~ KOMIIOHEHTM TEH30pa HaNpPY¥KeHb;, 0,7,
HeBijioMe HOpMaJibHE Ta AOTHYHE HaNpyKeHHA y IIacTUYHINA 30HI;, w — NpPOrumH

TOYKYM cepesuHHoi mopepxui muactuuu, M,, H, , N, — sruHajpHMii i KPyTHMIA

MOMEHTM Ta nepepisyBajbHa Cuja; M,,H, — HeBinoMi sruHanbHMit i KpyTHMI

MoMeHTH y  muacTmumit  somi; b = (h—h)/(2h), b, = (h® —A2)[2;

Op = min(a{Tl),Jéf}), 0'2,?} — TpaHMLA TEKYHoCTi MaTepiany S, miBnnoupmsu, e

ingexc j Tyt i Hagani HabGyBae nBox 3HavweHb 11 2, J, — mosHauyeHHA YACTKOBO]

noxigHol mo s.
IloOynoBa po3B’aA3Ky nnockoi 3ajadi. BBesemMo KOMIJIEKCHI IOTeHIiaju

Konocosa-Mycxemimsini @, (z) i V,(2) ana xoxnoi 3 misnnoums S,. Toxi

grifHo 3 [12] mosxxemo 3anucaTu

0, =17, = ®,(2) + @,(2) + 2@,(2) + ¥,(2),

¥

2p}31, (u, + z’v) = m?(DJ(z) - @,(z) - z@;(z) - \Ifj(z),

. 3—v
e z:a:+iy,izm—l,n.z L. p. — Momynb 3cyBy, . — KoedillieHT
5 y YBY, ¥,

1 1+vj

IIyaccona.
Ina BeNuKnx }zl MaloTh Micie poaBuHeHHA [12]

@(2) = T, + o(1f2), W (2) = T} + o1/ 2*). (6)
Tyt
r; =0,25(P, +4q), I'l = 0,5~ P). (7)

AnaniTuyHO nposoBxumo ynkuio @,(z) 3 obmacti S, B obnacte S; , 3a
dopmynoro [12]

,(2) = ~B,(2) — 2®/(2) — ¥ (2). (8)

Toni 3anekHocT] (5) MoKeMo 3anucaTy Tak:

0, = 1T, = @;(2) = @,(2) + (2 - 2)®)(2), (9)

u

21,0, (u + z'v) = k®@,(2) + P,(Z) — (z - E)@;(z). (10)

Ha migcrasi (6) 1 (8) amanitmune npoposxenus ¢yukuii &,(z) (8) npu

BEJIMKUX |z| nojaMo y BUIIIAAL
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O (2)=-T; - T + o(l/zQ). (11)

Bpaxosytouu (9), 3 kparioBux ymor (1)—(2) oTpuMyeMo TaKy 3agauy JiHiIHOTO
CTIPSAMKEHHSA:

(@,(2) + By(@))" — (@,(z) + By(z))” =0, z € L. (12)
Posp’azaBmy 3agayy JiHiJiHOro cnpsAxeHHd (12), onepiEuMo
0(2) = O (2) + Py(2) = (P, + P, —29) / 4. (13)
Beenemo ¢hyHKUi0
D(2) = py_;5,@,(2) — p, @, _,(2), (14)

To, SAK BMAHO 3 Opyroi KpalkoBol ymoBm (1) Ta sanexuocti (10), BOHa
3a/I0BOJILHAE YMOBY

O z)— D (2)=0,z€ L. (15)
3Bizacu, Bpaxoryloun (6), (11) i (14), npu Benmkmux ‘SL , OTPUMAEMO
Q4+ 85)P — (1 + K))P, = [3(;&1-,LL2) + gty — )ulh',z]q. (16)

Ha migcrasi (13) 1 (14) snaiiiemo Bupasu aisa cdynkuin @ (z) i D,(z) uepes
sBeneni gyukuii 6(z) 1 P(z)

0, = | 47 0H0) + Oz €5,

e . B (17)
4‘13_1(#35?‘;3_.18(2) dj(z)):z € S;;_‘?':

e Aj- =y + fy K.

Kpaitoy ymoBy (2) mopmamo Tak: (o, — z’:rw)‘* = f(z), z€L, 3 akoi ma

migcrasi (9) i (17) orpumaemo

&* (z) — 9@ (z) = —A8(z) + A f(z), z € L, (18)
e
fz)=opb, z€lL, flz)=0,—ir,, z €L, f(z) =0y +ir,, z €L,

A=t — KA, g=-AA".
ko BBeCcTH DYHKIIO
Dy(z) = D(2) + Ab(z) / (1 - g), (19)

TO BOHA, AK BUNuBac 3 (18), € po3B’A3KoM TaKol KpaioBol 3ajadi:
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@f (z) — 9@y (z) = Af(z), z€ L. (20)
Poss’sizaBuim 3amady JjidiliHoro cnpsasxeHHsa (20), onepaxnumo

( A‘lX ( )[Uj 15"(L z) + gog(lﬂ z) -~ To"'*.g(L] ) i Tuig(L;{. z)] ) (21)
Lz)=—|—m—— X-z*—————«—-——-——,,ﬁ::————. 22
9(L,2) X+(t)(t n( ) (o )_n S+ 109 I - (22)

Bpaxoeyrwouu (6), (11), (13), (14), (19), nua dynenii @,(z) npaeuasHe
PO3BMHEHHSA

= Ag/(1 - 9) + 0(1/2). (23)

3 inmoro Hoky, Ha migcrasi (21) npu BenMKMX !z| OTPUMAEMO

@y(z) = A (o, + (a, — 2iaBa,)[z + ...}, (24)
ne
a, = ¢ [opb I’ + o 1

[

! a l
= [g,0dt, 1 = [g.@at, I, = [g,()dt, IS = [ g (tydt;
0 l 0

- TOI.;] [ T ay = —1 {JT 11« + ol + TuIr;:]/"’ra

0 cosb(t) ® smb(t o) = B1 a—t (25)
] — : ; = n G
9. r~—-——a2 g ;—~—- -~
Tyt inpgexc p nabyBae ABOX 3HaYeHb ¢ YU §.
Bpaxosyrwoun (23) i (24), oTpumaemo
= g¢/(1-g), a, = 2ifaa. (26)

Poss’sazaBmm cucremy anreSpuyHux piBHAHb (26) cTOCOBHO 0, I 7,, MOXKEeMO

3anucaTu
= [—opb (1’1, + II%) + b,(,, —2aB1)] / bs, (27)
[gTb (Ir Isf + Irlg) (Ist + QG*BI(;)] / bﬁl (28)
e
b, =qme™™ J(1-g), b =LI,+I1I, (29)

KomnonenTn TeHsopa HalnpyskeHb B3J0BxkK oci Oz 3HaiiaeMo 3a cdopmyiamu
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ot - = - o]
: = A Relgdﬁ + 99 (x)]+f’1 ~q3+9)/(1-g), (30)
J:L' +Uf€“20y P1+P2_2‘¥s_OO<I<OO

Axio BBeCTM NMO3HAYEHHSA
i t [ t
/ (&= . : (t +

TO Ha mijictaBi sajnexHocTelt (30) oTpumMyeMo Taki Bupasu IJas KOMIIOHEHT
TEH30pa HaNnpy’KeHb Ha AICHINA ocl:

1
A
p(x)-—:((t_z)dt, (31)

of(z) = bsloy — 9) + P, + g5(z)[(opb; — 0¢)gs(2) + 79{g5(z) + g7 (2)}].z € (4a);
o/ (z) = bs(og — q) + B + g5(2){(o7b — 04)g5(2) — 74 {95(z) — 97 (2)}]. 7 € (~a,~1);
of () = belogph, — @) + P + g5(2)[(oy, — ozb)gy (z) — 7y95 (2)], @ € (-L1);

0y (z) = (1 = 9)9,(z)[~07b g5(2) — 095 (2) — Tog5 (2)]

'ff (2) = —(1 — 9)g,(z)[~0b,g5(2) ~ 0495 () + 795 (2)],

ot (z) = B, — gby + (3 + 9)g,(z)[—0,b,9,(z) — 049, (z) — 7495 (2)],7 € (a,00);

g,(2) = a? — o[, g,() = " Vo? —a[on, gi(z) = I7(2) £ I} (),

g:(z) = sinb(z)I (z) — cosb(z) (z), g;(z) = sinb(z)I (z) + cosb(z)I (z),

g% (2) = £2{sinb(z)[*(z) F cosb(z)[X ()}, g; (z) = sinb(z)gT (z) — cosb(z)g (2),
93 (z) = cosb(z)g=(z) + sinb(z)gT (z), by =B +9) /(1 —g).

ne

3agaua sruny muacTvmu. Beesemo xommiexcHi norenuiaim @y (z) i ¥, (2)
IJA KOMHOI 3 IBNJIOIIMH Sr Ta aHaJITUYHE NPONOBYKEHHA (PYHKL] G)3j(z) 3

obnacti S, B obnacte §; ; 3a opmyo0

Dy,(2) = —(1_531.(2,) - z@éj(z) - \Ifjj(z),

Toai arigHo 3 [20] MokeMo 3anmucaTu

8:::(é]‘-w . 3 18 'UJ) o= cp3j(z) - l:DB_‘,(E) + (z - E)d);j'(z)! zE S

i

(32)

2. f = &®y (2) + @y, (2) - (2 - )®3,(2), 2 € S, (33)

e
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f=M, +iH, + [N,da),

=i}

p, =—=0,75(1+v,) / Ejha, Ri=Q@+wv,)/(1-v), E, - moxyns FOnra.

Ansa komnsexcHoro norenuiany @, (z) mpaBuIBHE PO3BMHEHHS

CD3J.(z) = 0(1/22), |z| — 00, (34)
Beenemo cpyukuil
05(2) = @y (2) + Dyy(2), 2 € 5, (35)
D3(2) = fJiy_;R;Py,(2) ~ 1, P33_,(2), 2 € S. (36)
3 yacTuHM KpalioBux ymoB (3) i (4) moxkeMo 3anucaTtu
ftf=f z€el. (37)

fAxmwo sBpaxysatu (33) i (36), To 3 xpaiosoi ymoBu (37) opepixkumo, Uo
dysxuia @,(z) 3aA0BONbHAE 3ajayy JIHIAHONO COPAMKEHHHA

@F(t) - D7 (2) =0, z€ L,

poaB’sa30K AKol HabyB BUTrAALY
D,4(2) = 0. (38)

Posr’'asaBumiu cuctemy asrebpmunux pieHgHb (35) i (36) crocoBHO @3_1 (z) Ta

BpaxyBaBUIK (38), oTpuMacmo

SRR A

AL BR, 05(2),2 € Sy

(39)

Tyr A, = fi; + fiy_ ;.
fixuio BpaxyBaTm KpayioBi ymoBu (3) i (4), a Takok sajyexxsocti (32), (33) i
(39), To omeprxmmo, 1110 hYHKIIA 6’3(2) 3aJI0BOJIbHAE TaKi KpaloBi YMOBMU:

03 (z) — 67 (z) = 0,z € L',
ihgi (40)

65 (z) — 395 (2) = A7'fi(=),z € L,
ne
A=k J(24), 5= &4 [(AF),
fl@)=opb,, zel, flay=M, +iH,, z e L], ()= M, —iH,, z € L.
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PosB’sizok 3anadi JiiHiiHOrO cnipayxeHHA (40) mokHa 300pas3urTu Tak:

8,(z) = ATV X (2)[ophyG(L, 2) + Mog(Ly, 2) + iHyG(L, 2) ~ iHog(L)2), (41)

ae

o

0.5+
z —a)® " 1 dt b In
( ) A Q(L'Jz) = -f 3 ﬁ =T |

X (2) = —F—— = -
: (z + a) Ot 2mi Xo(t)(t — 2) 27

(42)

3uajinemo posBuHenHa GyHkii 6,(z) nmpu |z} — 00 ABOSKO, BPaxXxOBYH4YU
dopmyan (35) 1 (34)

65(2) = 0(1/ %), (43)
Ta 3aJexHicTs (41)
0y(2) = A7 (& + (4, — 24aB)/z + s (44)
Tyt
a, = eMophI" + M, + HJI]/ =, 5
&, = —ie"ob IS + ML, - HJ ]/ ™
BUpa3u A f:i, I,, oTpnMaioTh i3 BUpasiB Aas I’ i saminowo § — 8.
Ha miperasi (43) i (44) sanuiemMo
a =0,a=0. (46)

IMigcrapnsawoun (45) y (46) Ta posB’A3y04YM OTpUMaHy CUCTEMY JiHIAHUX

aynre6pudHNX piBHAHbL cTocoBHO M, 1 H,, omepaxumo

M{.} = 55(’;3‘?m i IJU)» Hu = 55(1

57 st

'L, =LY, (47)

st

ae E,r, = _GTbQ/( jr:fr:t + f 1--‘:1 )

&

3ruHaNbH] Ta KPYTHI MOMEHTM Ha JIIfICHIN oci BM3na4yuMo 3a copmynamu

Mj: +iHg, = A[Qj’(x) N §95($)I=dj = (“Ej . 2)/‘%}:

ay

% = X = (48)
M} = ARe|d,6f (2) + 465 (2)|, M; = -4 Re|8] (z) + §d,05 (z)|.

flkmo BpaxyBaT BMpasyu Ans byHkuii 6,(z) (41), To Ha miacrasi (48)
OTPUMaEMO

MT(:E) e baMn + glﬂ(m)[(gf{'bz - M[})ér,(‘r) e Hn(.aﬁ(x) == g;'(T))I?:E & (£,a);
M} (z) = bM, + §o(2)[(o7b, — My)g,(z) + Hy(3;(z) — 37 (2))],z € (—a,~l);
M7 (z) = byorb, + §iy(@)[(M, — 07by)g] () + H,gy (z)),z € (-,1);
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M (z) = (1 = §)g4(z)[~opbd4(z) — Mydy (2) + Hydy ()], (49)
HZ (z) = (1 = §)§,(z)|—0pb,d,(z) — M7 (z) — Hygy (z)],
M; (2) = byg,(2)[-0pb,35(z) — MG, (2) + Hygs ()],
M, (z) = —{1 + §d,}3,(z)[-01b,35(z) — M, G, (=) + H,d5 (2)],z € (a,00);

Ae gy(z) = V| - g i/(2m), b, = dl + @)/ —B); §1n(37) = 29-'3(5)(’%1 ~1) / Ry
Bupasu ana ['(z), §(z) orpumyemo 3i cmissigHomens mna I[F(z), ¢k (2)
3amiHow 3 — ;3.

3ayBa)Kumo TaKe: AKIIO npuitHaTu h / h =1, To oTpMMaEMO pe3yJbTaTH

MIPO PO3TAT KYCKOBO-OAHOPILAHOI 130TPONHOI NJIACTMHMU 3 HACKPISHOK TPIILMHOIO,
AKl nomaHo B [13], a B BuMIajAKY OZHOPIZHOI IJIACTMHM OTPMMAaEMO Bigomi
peaynsTaTit 3 MoHorpadii [21].

YucnoBuii a"ania sanayvi. 14 3HaXOMKeHHSA JOBXKUHM a TIJIACTMYHOI 30HU Ha
NPOJOBMKEHHI TPIMMHM BMKOpMCTaEMO YyMOBY mnacTuunocTi Tpecka [2] y
BUTJIAAI YMOBM ILTACTUYHOCTI MOBepXHeBoro mapy [6, 10]

ma.x{[ar{”HJ || of — & I}—GT (50)

ae

ofy = (02 + 07 +Jlo? —o2V + 422 ) /2.

HanpysxeHns Ha MOBEpXHi MJIACTUHU of;’ € KoMbiHalLli€c}0 Halpy’KeHb IJIOCKOI

3ajladl Ta 3azadi 3rMHY, AKI 3HaxoAuMMo 3a BigoMumu dopMynamMu Hepes
BiAnoBigHI MoMmenTu (49).

Poskpurra TpimmEun § y BepmumHi « = 1! Ha HMXKHIA OCHOBI mNJNacTUHM
3HaiigeMo 3a hopMYJI00

{
6(z) = A}(Q - 1)/(4“’9}‘1%)‘[ Va» - 372[(‘70 - UTbl)gﬁ(m) + 7'095(3’) -

!
=27, {cosb(z)I} (z) + sinb(z) (z)}|dz + hA (g - 1)/(2?7@)]\)@2 - mz[(Mu — (57)

~03b,)3s(2) — Hydy(z) + 2H,{cosb(2)I (z) + sinb(z)I} (z)}]dz .
UncsioBuil aHaJsi3 3amayi IpoBeleHO 3 BUKOPUCTAHHAM KBaJpaTYpPHMX

dopmyn Taycca nua HUTECUNY a(‘ = 278 MIla, E, =1,38-10° MIla Ta
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TexHiuHO umcToro saniza o) =130 MIla, E, = 2,08 -10° MIla, v, = v, = 0,3.
y

Ha puc. 2-9 cyninesi Jinii 306pakeri nyA BepxHbOl OCHOBM MNJNAaCTUHU

(2 = —h ), a WITPMXOBI — AJA HUIKHBLOI OCHOBM NiacTvHU (2 = h), y ubomy pasi
B [ op = 0,4.
= A
) W
0 8'- 0.8"_‘
0.6 Ui
0.4- 0.4+

=
=

P08 12 16 3 24 28x1 08 12 16 2 24 28xl
Puc. 4 Puc. 5

Ha pue. 2—5 300pakeH0 3MiHy KOMIIOHEHT TeH30pa HAalpyXeHb B3JJOBK

nisicHol oci Bim BifHOCHO koopamuaTH T /1 npu q / oy = 0,6. Yncnosuit ananis

BUABMB, 110 HANPYKEHMIA CTaH CHUMETPUYHUI CTOCOBHO NOYATKY KOOPIAMHAT,

TOMy HaBefeHo peayJybrati gas z > 0. Kpuei 1 nobynosani mpu h /h =1
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(Bunanoxk HackpisHol Tpimwmuu), xpmei 2 — npu h /h = 0,9, xpusi 3 ~ npu
hy / h =0,8; y upomy pasi BiiHOCHa JoOBKMHA MiacTHuYHOI 30HU Gyna Tako:
mpu h /h=1 - a/l=17363, npu h /h=09 - a/l=18552, npu
hy /h=08 - a/l=19685. fAx BuABMB GMCJIOBMI aHaJi3, y pasi

BUKOPUCTaHHA yMOBM IuacTuuHocTi (50) posmopinene naBaHTa)keHHs P, i P,
MalKe He BIJIMBAaE Ha 4YKCJIOBe 3HAYeHHA [OBXKWMHMY IJIACTUYHOI 30HM IIpHu
cikcoBaHOMy ¢ / 0.

Ha puc. 2, 3 306paskeHo posmofis HanpyskeHb o, /o, Ha pijicHiit oci y

mnactvHl. Ha mifgeraBl nux pMCYHKIB MOXKHa 3poOMTII BUCHOBOK, HI0 y 30HaX
JaCTUYHOCTI Ha INPOJOBXKEeHHI TpiuuHy BHaubisbpwi BanpysxeHns OyayTs y

BUMAAKY HaCKpisHoi Tpimmuu, a najmennn — npu h /h =0,8; a or y 30Hi
NMJIaCTUYHOCT], NiJl TPIIMHOIO, HABNAKy — HaMMeHIUl Hanpy»KeHHA y BUIaAKy
HacKpisHol Tpimmun, a Haibinmemi — xomu A /A = 0.8. Ina Bemukux |z |
o [ op i o, /oy npamytors no P, /o, i P, / 0. Bignosiano.

Ha puc. 4 nokasano rpagiyny 3aseHICTL POSNOALNY HANpyXeHb o, [ o7 Ha
nificHi oci y nnactuni. Hanpyskenuns o, Ha HMIKHIA OCHOBI MJIAaCTUHM MEHII,
HIDK Ha BepXHijt ocHOBi npu A /h <1; npu Bemmkux |z | o, /o, npamyiors
no q/op.

Ha puc. 5 30bpax<eH0 po3nonin AOTHYHUX HaAIpyXKeHb Ty / o Ha nisicuin oci

y nJacTMHL 3 HIbOTO pPUCYHKa BMAHO, IO B 30HAX MJACTUYHOCTI JIOTMYHI

HalpysXeHHA no abCcoJIoTHIN BeauuyuHi Ha BepXH1T OCHOBI MacTuMHM Olnbini, HiXxK
A

l !
at/1 a/l |
1 3
2_
2_ -
1 3 1.8
1.6 1 . 2
] 1.6
- 1
| 2
1.2 1.4— \X/
08 T T T T T ] T I T I';I.?, I o T T T T I T {#
01 02 03 04 05 glo; 06 07 08 09 1h/h

Puc. 6 Pnc. 7
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Ha HMOKHIJ OCHOBI, KpIM TOro, BOHM 10 MOAYJIO 3POCTalOTh Ha BEpPXHIi OCHOBI Ta
3MEHINYIOTBCA Ha HMIKHIA OCHOBi, KOmM h, sMeHIIyeThbCs; 31 3pocTaHHAM |7 |
BOHM NPAMYIOTh J0 HYJIA.

Ha puc. 6 i 8 xpusa 1 mobyposana mpu h /h =1 (Bunazox HackpisHoi
Tpimuuu), kpusa 2 — upm by / h = 0,8, xpuea 3 = mpu h, / h = 0,6.

Ha puc. 7 i 9 xpusa 1 Bignosifae q /o, = 0,4, xpusa 2 — npu ¢ /g, = 0,5 i
xkpusa 3 —¢q / op = 0,6.

Ha puc. 6 3obparxkeHo rpadidyHy 3ajeXHICTh BIJHOCHOI JOBXKWHMY IJIACTUUHOI
30HM a /| Bij 6€3PO3MIpHOr0 PO3IOAINEHOTO HABaHTAXKeHHA ¢ / 05, a Ha puc. 7
= Ta caMa 3aJIe)KHICTh TIJIbKM B BiAHOCHOI raAMOMHM HEHACKpPi3HOI TpiMIMHM

h1/ h. Ha migcraBl puc. 6 MoxHa 3poOMTHM BMCHOBOK, IO He3aJIe)KHO BiZ

rimMbuHM HeHaCKpi3HOl TPIIMHM BpPOCTAaHHS PO3NOAINEHOT0 HaBaHTAXKEHHA (¢

OpUBOAUTE [0 3POCTAHHA [OBXKMHU IJACTMYHOI 30HW. 3POCTaHHA IINOUHM
HEeHACKPI3HOl TPIIUMHEM 3a CTAJIor0 ¢ HOPUBOAMTE CIOYATKY J[A0 CHaJlaHHA
JOBYKUMHM IJIaCTUYHO] 30HM, a NOTIM A0 11 3POCTaHHA.

S s/14
. 1.9
12 —
! 3
1_'
3
0.8 I l
2
7 0.8 5\_"
0.4 2 !
0.6- 1
1 |
0 ™ T T T T ‘;04 ] T 1 T T T T T T :
01 02 03 04 05 go 06 07 08 09 1k
Puc. 8 Puc. 9

Ha puc. 8 noxaszaHo rpadiyHy 3sajiedxHiCTb BifHOCHOTO poskpurta § /1 y
BepuiyHi TpilUMHM Ha HMOKHIA ocHOBI mnactmHEM  Bin  Gespoamipnoro
po3noAiNeHoro HaBaHTaXKeHHA ¢ /o,, Ha puc. 9 — Ta cama 3aJIeXKHICTL BiA

BigHOCHOI TryMOMHM HeHackpisHol Tpimmem hy /h. Sk Bupso 3 puc. 8, si

a6inblIeHHsAM ¢ / 0 BenuuMHa PO3KpUTTA & /| 36imburyeThes, a npu 3a/laHOMY

HaBaHTa)KeHHI ¢ TiubuHa HEHacKpi3HOI TPULUHM HE B3HAYHO BIJAMBAE Ha
PO3KPUTTH TPILIAHNA.
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PaCCMOT}JEHa 3afjlaya O [JABYXOCHOM pacTAMXEHWUH i{}’CO'{HO*-O,EHOpO}},HOﬁ

MBOTPOMHOM MJACTUHbI C MPAMOJMHENHOV TpaHMLEN pasiesra MaTepUasoB U C
HeckBOo3HOi Tpeumuoi IlpeanosaraiT, wro Gepera TpenMHbl cBOOOAHBI OT
BHEIIHEJ HarpysKH, a y ee BepIUMH Ha INPOAOJIKEHMM TPelUMHb! obpasyiorcs
NJacTUYeCKUEe 30HbI, TIe BRINOJHAKTCA ycJoBus naacTudyHocTu Tpecka B BUZe
[IOBEPXHOCTHOrO IJyacTudeckoro cnof. Ilockonbky TpelyuHa HECKBO3HAHA, TO
peulenne 3afauuM pas3buBaeM Ha 3afady pacTAXKeHMA U u3ruba IJIaCTUHBI,
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MCITONB3YSA KJacCHUYecKylo Teopuro uaruba. HalimeHo HanpsKeHHOe CoOCTOsHuE
NJacTUHBl Ha IpaHuIe pasfiena MarepuanoB. IIpoBefleHO YUCIEHHBI aHaIM3
3a/1auM M onpejesieHbl JJIVHbBI IACTMYECKUX 30H M PaCKphITHE TPEIUMHB! Ha ee
cdponTe. -
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KOMILIEKCHbIE IIOTeHIMAaJIbl, YCJOBME IIacTUHHOCTM Tpecka, pacKpbITHe
TPEeLIMHEL

BIAXIAL TENSION OF PIECEWISE-HOMOGENEOUS ISOTROPIC
PLATE WITH A STRAIGHT BOUNDARY BETWEEN MATERIAL
AND NON-THROUGH CRACK IN IT, TAKING INTO ACCOUNT

THE PLASTIC ZONE AT ITS EDGES
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The problem of the biaxial tension piecewise-homogeneous isotropic plate
with a straight boundary between material and non-through crack. It is
believed that the edges of the crack are free from external loading, and at its
vertices on the continuation of the crack plastic zones are formed, where the
conditions of Tresca plasticity in the form of the surface of the plastic layer.
Because crack is not through, then divide the solution to the problem of
stretching and bending of the plate, using the classical theory of bending. We
found the state of stress at the interface of the plate material. A numerical
analysis of the problem and determined the length of the plastic zone and
crack opening at its front.
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