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INJJACTUYHE JE®OPMYBAHHJ IIVIACTUH 3 IBOMA
CHIBBICHUMM ABO KOMIIJIAHAPHUMMUM PO3PISAMMU
(ABCOJIIOTHO KOPCTKMMMU BRJIIOYEHHAMMN)

Irop KY3b

JIveiecvkuil HayloHarvHUU YyHisepcumem imeni leana dpanxa,
sya. YHieepcumemcwvka, 1 79000 JIveis, Ykpaina

3a JONOMOroX BapiauilfHO-pPiBHMIEBOr0O METOAY pO3B’A3YIOTH TJIOCKI 3ajgaul
pedopmaiiitnoi Teopii niacTMYHOCTI 3a aKTUBHOIO HaBaHTAMEHHSA NPo NeOpPMyBaHESR
MJaCTUHY 3 JBOMA CNiBBicHUMY ab0 KOMNJaHapHMMM PO3piSaMM Ta 3 TAKMMM caMMMU
abCoJIIOTHO IKOPCTKMMM BRIIUEHHAMM. 3 MaTeMaTHYHOTO NOTIAALY BOHM TOJIATAKTL Y
po3B’A3yBaHHI pIiBHAHER piBHOBarM B InepeMillleHHAX Yy nNJacTMHI 3 wMimanuMu
KpajioBuMM ymoBamu Ha ii nosepxmi. JlnA 4menoBoro poap’A3yBaHHA LMX Bafad y
He3B'A3HMX 00jacTAX BUKOPMCTOBYWTH iXHI BapialifiHi copMynwoBaHER, Akl
MOJIAraloTh y MiHimizauii sarpamaxiana. Orpumani micna auckpeTusanii copmynso-
BaHUX B3aja4y CMCTEMM HeJNiHifHUX anreOpUYHMUX PpIBHAHL pO3B'A3YIOTH METOROM
Hsiorona-Kanroposuya.

3a JOMOMOTOI0 YMCJIOBOI peanisallii HaBefIeHOTO BMIE MeTOAY OTPMMAHO TIONHA
HaNpY’KeHb i AiarpaMM DO3NOALNY iHTEHCMBHOCTI TeH30pa Hanpy:KeHb Yy ILIacTUHAX 3
nsoMa criBBicHMMM ab0 KOMNNaHapHMMM po3pizaMm Ta 3 TAaKMMM CaMMMM aOCOJIOTHO
JKOPCTKMMM BKJIOHEHHAMM 3a OJHOBICHOTO PO3TArY, a TaKo) BuaHaueHo obyacti
BUMHUKHEHHA Ta PO3BUTKY NJACTHUYEMX Jedopmaniii.

Knwouosi caosa: BapialliiiHO-pIZHMIEBMI MeTof, Heas'ssHa obnacTs, medopmaniiina
Teopif NMJAacTHUYHOCTI, NiAacTHHA, chiBBiCHI pospisy, xomnuaHapHi pospisu, abGcomoTHO
FKOPCTKI BKAIOYEHHA,

JocnigKeHHA HanpyKeHo-AeOPMOBAHOTO CTaHy IJIaCTUH 3 poapisamu abo 3
TOHKMMM  BKJIOYeHHAMM [1, 2] -~ me HeoOXiAHMHA eTan pO3pPaxyHKY IXHBLOI
minsocTi Ta HafgiHocTi. OckinbkM Taki eneMEHTM KOHCTPYKINNM 3aiiMaioTh
He3B'sI3Hy ob6nacTh [3] 1 MicTATH KOHUEHTPATOPM HAMNPYXKEHb, TO MOMKJMUBICTh
3aCTOCYBaHHA AaHAJITMYHUX MeETOJAIB pPO3B’A3yBaHHA BIANOBIAHUX KpPaloBUX
3aylay 3Ha4yHO oOMexkeHa. ¥ [4] 3a JOMNOMOrOI YMCJIOBOIO METOAY PO3B’A3YIOTh
IJIocKi 3agavi JedopManifinoi Teopli miIacTUYHOCTI Npo AedopMyBaHHA NJIACTUH
3 pospizom abo 3 Takum caMuM abCONIOTHO KOPCTKMM BEJIOYeHHAM. Mnu
npojoBxkyemo [4] nna Bunajxky ABoX cHiBBicHMX abo KOMILIaHaAPHMX pPO3pisiB
(abCONIOTHO KOPCTKUX BKJIIOYEHB).

PdopmynoBaHaa 3afaadi. Po3rnanaoTs njocki 3azayi fedopmaliiifHol Teopil
miaacTUyHocTi (Teopil Manux MpYRHO-NIAACTHMHHUX Hedopmaniit lupiomuua) 3a
aKTUMBHOrO HaBaHTa)xXeHHA B obmacrax V 3 wmewxew X (puc. 1, 2), ki
MOZEJIIOIOTE HanpyKeHo-AehOpMOBaHMII CTaH y MMacTUHL. 3 MaTeMaTUYHOro
HOMJIANY BOHM NOJIATAIOTH ¥ PO3B’ A3yBaHHI PIBHAHL PIBHOBAaru

(Ogu”k,s )u,- + X, =0 (1)
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Ipy BUKOPUCTaHH] MilmaHMX KpaitoBux ymoB Ha ii mexi (X, UE = ¥)
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Tyr Cy, KOMIOHEHTM TeH30pa MOAyJdiB mnpyxHocr; wu, X, S/ .n,
KOMIIOHEHTH BEKTOpPiB mnepewmimenp, 06’€MHMX 1 ITOBEPXHEBUX CMJ, a TaKOXK
30BHIIUHBOI HOpMaJi [0 NoBepxHi X

,, BlATIOBiAHO; u, = 6u;/89:?.. 3a

OJIHAKOBMMM 1HJIeKCaMM, AKi TpPaniswThCsA B OAHOMY Bupasi ABidi, BiOyBaeThbcd
niZicyMoByBaHHSA BiJ OAMHMII A0 ABOX.
Y Bunaaxky miockoi nedopmanuii orpumMaeMo

w =u(zy), u=u(zy, uy=u =0. 3)

IIlo6 orpumaTH 3azady AedopmaliifHol Teopil MIacTUYHOCTI AJIA OYaTKOBO
isoTponHoro matepiaay, nmorpi6so B (1), (2) npuitaTu
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Puc. 1. IInactura 3 fBoMa crniBBicHMMM pospizamMyu (a6CONIOTHO KOPCTKUMMU
BKJIIOYEHHAMM) Ta KpaloBMMM yMOBaMM Ha 30BHIIUHIN Mexxi
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Puc. 2. IlnacTuHa 3 ABOMa KoMIJlaHapHMMU posdpizamyu (abcoJroTHO
SKOPCTKMMM BKJIIOYEHHAMM) Ta KpaifoBMMM yYMOBaMM Ha 30BHIIIHIA MeXi
Ina matepiany 3 JiHIMHMM 3MiIHEHHAM w(su) HabOyBa€e BUIIALY
£, —E
(1 - 'y)“—‘”, g > €
- u 8!
w(En) e €y ()
0, e <€

ze £, — Mexka TeKydocTi; v = p’ / 4 (p' ~ momyns sMinHeHH:),

MeTox po3B’A3yBaHHA 3a/laqi Ta pe3yAbLTATH YMCJIOBMX NOcCHixxKeHb. s
YyCcJOBOro po3B’AsyBaHHA 3azadi  (1)—(5) 3pyuHo BuKopuCTOBYBaTM I
Bapiaiiiine cdopmynoBannAa [6], Axe nosdrae y miniMizanli narpaHkiana

L= [wdV - [XudV - [$Puds. (6)
V Vv b3

a

Tyr W*EC (e, )u, . w,, — nuTOMa NOTEHLiaJbHa €Hepria MpyKHO-
Yy iy 9 gkl \"u /T Tk ! P Py

racTu4HOl Aedpopmanii.

BamisuBmy B (6) yci kKowTMHyasnpHI yHKHIII CciTKOBMMM, iHTerpamu -~
CKIHYEHMMM CyMaMmM, MOXifHI — pisHMIEBMMM NOXIAHUMM, OTPHUMAEMO
pisHMUeBui aHaJor JarpaHxiana L [6].

Ina Bu3HauyeHHA crallioHapHol Touku L y Bumagky AedopmauiiiHoi Teopil
IJIACTUYHOCTI OePIKUMO CUCTEMM HeNiHIHNX anreOpUIHUX PIBHAHD

B)+ F =0,

SIKl po3B’sA3y10TE iTepauiitauMu metomamu [7].
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Onmcanuyt  BapialiifHo-pisHMIeBMit MeTOx y  He3B'A3HMXx  obiactax
peaJrisoBaumit y Buraaai nakera nporpam Ha mMoBi FORTRAN 3 mignporpamoio
nobynosu citox Ha DELPHIL

Ha puc. 1, 2 3obpa’keHo reomMeTpil0 NJacTMH 3 J[JBOMa CHIBBICHMMM Ta
KOMILTAaHaPHMMM po3pisamu (aBcosoTHO MOPCTKMMM BKJIIOYEHHAMM), BiiNIOBIIHO,
Ta KpaioBi ymoBu. Medki pospisie  abo BinbHi Biy HaBaHTaXeHb

(Jm =0,0,, = 0), abo sakpinneni (u, = 0,u, = 0), 1mo Mozmem0e HaABHICTDL

TOHKMX aBCOJIIOTHO »KOPCTKMX BKJIIOYeHb. Jlo MpaBoOro Ta JIBOro Kparo MJacTHHY
NpuKJIafeHe  pPIBHOMIpHe  TrOpM3OHTaJbHE  PO3TAryBaJibHe  HaBaHTaXXeHHHA

P/E = 0,45.

¥Yci pospaxyHku nposoaunyu y Sesposmipaux BenuuuHax. Moayns npy»xkHOCTI
E =1, xoedinienr Ilyaccona » = 0,3, mexa Texkydocti o, = 0,5, nmapamerp
aminnenHsa v = 0,2. JJoB:kuHa po3pisiB ypecATepo OGinba 3a iXHIO INMPUHY.
Bigerani midk poapisamu JopiBHIOIOTH iXHi gomykmui. Otpumani xiarpamu
poa3noAiNy IHTEHCUMBHOCTI TeH30pa Hampy)KeHb O, /E y IUIacTMHI 3 JBOMa

cniBBicHuMM pospisamyu abo 3 TakuMMM X abCOJNIOTHO MKOPCTKUMM BKJIIOYEHHAMU
3o00paskeni Ha puc. 3 i 4, BianoBiAHO.

0677 0184 0209 0416 0532 0548 0764 0879 0996 111
Puc. 3. liarpama po3nofiily iHTEHCHBHOCTI T€H30pa HANpyXKeHb O, / Ey

ILIacTHHI 3 ABOMa CIiBBICHMMM po3pizaMu



MJACTUYHE JEPOPMYBAHHA IIJACTHUH 3 IBOMA CIIIBBICHUMMN... 95
ISSN 2078-3744. Bicuuk JIbBiBchkoro ynisepeurety. Cepia mex.-mat. 2012. Bunyck 76

R S e A
2 -”’%%‘;&:;-}:;» i el

0357 0382 0407 0432 0457 0482 0806 O05M 0556 0,581

Puc. 4. Jliarpama po3nofiyly iHTEHCHMBHOCTI TEH30pa HaNpy»KeHb O, / Ey

IJIACTHHI 3 ABOMa CHIBBiCHUMM abGCONIOTHO KOPCTKMUMM BKJIIOYEHHAMU

Ha puc. 5, 6 30b6pakeni plarpamMy posnoAuly IHTEHCUBHOCTI TeH30pa
Hallpy»KeHb o"u/E y TJacTMHI 3 JBoMa KOMILIaHapHMMM po3spizamm abo 3

TaKMMM caMyuMu abCcoJIloTHO HOPCTKMMM BRJIIOYEHHAMU, Bi}lHOBiAHO.

D021 0108 0195 0283 0370 0458 0545 0633 0720 0807

Puc. 5. Jiarpama po3nofily iIHTEHCUBHOCTI TeH30pa HaNpPYXKeHb 0, / Ey

IUIACTHUHI 3 BOMAa KOMIIaHAPHMMM PO3Pi3aMu
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0011 0079 0148 0215 0233 0352 0420 0488 0556 0624
Puc. 6. liarpaMa po3nofiiy iHTEHCMBHOCTI T€H30pa HaIPyXKeHb O, / Ey

JIacTHUHI 3 ABOMA KOoMIlJlaHa pHMMHU abcosoTHo ?ﬂde'F}CMMH BEJIIOYEeHHAMHU

Ha puc. 3 1 5 nokasaHno, Ak nedopMyBaTUMYThCA MeKi PO3PI3iB.
3a [I0TIOMOroI0 AiarpaM po3Iojiiyly IHTEHCUMBHOCTI TE€H30pa HAIpYXeHb O, /E

MOXKHa BM3HA4YMTU 06s1acTi BMHMKHEHHA Ta PO3BUTKY IIACTUYHMX Aechopmaliii.
3rigio 3 ymoBow Tekydocri I'yBepa-Miseca mmactuuHe nedopMyBaHHSA

MOYMHAETHCA TOJl, KOJIM IHTEHCMBHICTh TEH30pa HAIPYXKeHb 0, [OCArae Meixi
Tekydocti o, (y Hac o,=0,3).

Bucnosku. fx BuaHO 3 puc. 3, obnacti naacTuyHux AedopMaluiil y naacTuHi 3
JBOMa CHiBBiCHMMM po3pisaMy Bhepiue 3’ABJAITHLCA Ha TOPUAX poapisiB i
PO3MOBCIOAMKYIOThCA y hopMi exincis 3 GinbliMMy NiBOCAMU B HanpaMi posTdAry.
HaToMmicTs, nmacTuyHi fedopmaliii y ninacTuHi 3 JBOMAa CIIIBBICHMMM KOPCTKYIMMU
BKJIIOYEHHAMM (puc. 4) Brepme BMHMK2IOTL JMIIIe Ha 30BHIHIX TopuAx
BKJIIOYEHb | PO3BMBAIOTHCA MepefoBCiM A0 HaibauKuux kpals muactuay. fAx
BMJIHO 3 pucC. 5, nyacTuMyHiI Jechopmanii y niaacTuHi 3 ABOMa KOMIJaHaPHUMMU
pospisaMu TakoXkK Bheplie 3’ABAAIOTECA Ol TopuiB  poapisiB, nporte
PO3IOBCIOPKYIOTHCA HA3YyCTPid OAHI OJHMM He B3JIOBX O0CI po3TATy, a 3
BiIXMJEHHAM Jo Haubmuokyux KpaiB naacruMEM. Y TINJIacTMHI 3 JIBOMa
KOMILTaHapHUMM BKJIOYeHHAMM (puc. 6) nuactuuii pgecdopmanili  Bnepie
3'ABNAIOTHCS B3JOBXK 30BHIMHIX (OamaKumMx A0 KpalB nJjacTuHM), HETOPLLOBUX
HNOBEPXOHb BKJIIOYeHb. Popma obnacTeit 3 0J(HAKOBOIO BEIUHUHOI IHTEHCUMBHOCTI
Halpy»KeHb y IJIaCTMHaX 3 poapisamMyu (BKJIWYEHHAMM) €, OHUEBUJIHO,
CUMETPMYHOK) CTOCOBHO BepTHMKaJIbHOI Ta TOPM3OHTaJIbHOI oceit cumeTpii
pospisiB (Bkuouens). IlnacTuuni pecdopmanili y nnacTuHax 3 pospisamu
BMHMKAIOThL 32 B3HAYHO MEHIIOro HaBaHTa)XeHHA (Ha 45% nns choiBBicHMX

pospisiB i Ha 25% AJIA KOMOJaHApPHUX), HiK Y BIANOBIAHMX IJIACTHMHAX 3 TAKMMM
CaMMMM BKJIOYEeHHAMHA.
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Orox, orTpumaHi HoJA HaNpPyMeHb Aal0Th 3MOTY BUABMTHM objacTi IXHBOI
HalbinplIol KOHIEHTpAallil Ta 3a BIANOBIAHUM KpuUTepieM PYMHYBAHHA OLIHNUTYU
MILHICTE TIWIACTMH 3 po3pisamMu abo 3 ToHKMMM abCOMIOTHO IKOPCTKUMM
BKJIIOUEHHAMMN.
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NJACTUYECKOE JE®POPMUPOBAHME ILIACTHUH C ABYM4A
COOCHBIMUA NJIN KOMIIJTAHAPHBIMU PA3PE3AMU
(ABCOJIIOTHBIMU HECTKMMU BEJIOYEHUAMMN)

Viropss KY3b

JIveoscruil HayuoHaabhblll yHusepcumem umenu Meana @panxo,
ya. Yrnueepcumemcexasn, 1 79000 Jlveos, Yxpauna

C noMouIb0 BapualMOHHO-PA3HOCTHOTO METOJla IOJIYUYEeHB! PeIleHMA IJIOCKUX
3az1ay AedOpMallMOHHON TeopuM IIACTHHHOCTM O AedOPMMUPOBAHMM IJIACTUH C
ABYMSA COOCHBIMM MJIM KOMIJaHapHbBIMKM paspezamy (abCoJIOTHO IKECTKUMMU
BKJIIOYEHMAMMN).

Kawoueevie caoea: BapMalMOHHO-PasHOCTHBEIA MeTon, AedopMalMOHHASA
Teopus NJACTUYHOCTH, NJACTUHA, COOCHBIE pa3pesnl, KOMIIaHAPHBIE pa3pessl,
abCOJIIOTHO KeCTKOoe BKJIOYEeHMe.

PLASTICAL STRAIN OF PLATES WITH TWO CUTS (THE SAME
THIN RIGID BODY)

Thor KUZ’

Ivan Franko National University of L'viv,
Universytetska Str., 1 79000 L’'viv, Ukraine

Variation difference method of building finite difference schemes is used in
unconnected domains. Using this method for solving 2D plasticity problems,
stress states in plates with two cuts (the same thin rigid body) are
investigated.

Key words: variation difference method, plasticity, plate, cut, thin rigid
body.
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