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YIRK 539.3

JBOBICHW 3TUH RYCROBO-Q_IIHOPII[HOT IIJACTUHMU 3
NPYAHHOIO KPYTOBOXO IIAMBOIO TA PAJIAJBHOIO

TPIIIIIC[HOIO Y IIAMBI 3 YPAXYBAHHAM KOHTAKTY i1
BEPETI'IB

Bikrop OITAHACOBMY, Isar 3BI3JI0, Muxoaa CJOBOJAH

JIv818cHKUT HAUTOHAAYHUU YHisepcumem imeni Jeana Dpanxa,
aya. Yuigepcumemewsya, 1 79000 Jlvais, Yxpaina

Poas’'azaHo 3afayy NOpo JIBOBiCHMI 3TMH KYCKOBO-0JHOpPifHOI izoTponHoil maactuHm 3
KOJIOBOK0 MEXKel Tofiny MaTepianiB 1 HACKPI3HOI pPaJiafIbHOI NPAMOJIHIHHOWO
TpimuHoio, Gepern AKOi rnajKo KOHTAKTYIOTB MO Beif il nommuul Ha opmilt i3 ocHoB
nnactueu. Yepea KoHTakT Oeperie TpIMHM pO3B’A30K Sajayi WIyKan¥ y BUraggi
po3B’A3KIB JIBOX Bajay: IUIOCKO] 3ajayvi Ta safadi 3ruHy NLAcTMHM (KIacu4Ha Teopis).
Iz BuxopucraHHAM MeToniB Teopil (yHKUIY KOMIEKcHOI 3MiHHOI Ta KOMINEKCHWX
NoTeHLiaNiB po3B’A30K 3ajiavyi 3BeieHuii Ko sajayu AiHifiHOTO cHpAXKeHHA, Ha nijcrasi
AKMX OTPHMMAHO CHCTEMY CMHIYAAPHHMX IHTErpanbBHMX pIBHiHb CTOCOBHO HEBIIUMMX
yHK1iN cTpUOKIB KYTiB MOBCPOTY Ta FOPM3OHTANBHMX IepeMillleHb Ha TPIME, ARY
PO3R’A3yBasu 3a JONOMOTOI0 YMCIOBOre MeTody MexaHiudux wpagpatyp. [Tobyrorano
rpachiunl 3ase)KHOCTI KOHTAKTHOIO Bycunnsa Mix Oeperamm TpiliuMHM, koediuieaTis
iHTEHCMBHOCTI MOMEHTIB 1 3ycHib nNpHM pPISHHMX TreOMeTPUYMHEMX 1 MexaniaHux
rnapaMeTpax sanadyi

Knawouoet caosa: 3TMH, KyCKOBO-OALOPINHA TIJACTIHA, KONMUBa Me)Ka, IJIOCKA 3a/aya,
KOMIIJIEKCHI NOTEeHIiaNH, KOHTAKTHE wcmum, koedilienTn: - m-reﬂcmsnocﬂ MOMEHTIB i
3yCUNb.

Beryn, KoHCTpYKTMBEHI NJACTHMHYACTI €JIEMEHTH IUMPOKO 3aCTOCOBYIOTH Y
MamuHOGy/yBaHHI Ta IHIIMX Tady3sX TeXHIKM. 3 TeXHOJIOriYHuMX MipKyBaHb
BOHYM MOXYTb MICTHMTM KPYTOBI BKJIOYEHHA, Je TiJ 4ac BUTNOTOBJIEHHH YU B
npoueci excniyaTanil y HUX MOMXYTbh BMHMKHYTM TpimiHonoznibui pecexru. ITig
i€ 30BHIIIHBOTO 3rMHAJBHOTO HaBaHTa’)KeHHS NoOMM3y TpiliMHONOZIOHMX
,uecbem‘m BMHMKa€ BMCOKA KOHUEHTpalid Hanpymenb 10 3MEeHIIye IXHIO
MILHICTb.

Bajayi 3ruHY 0JIACTUH, HAKI MICTATE TpiMMHW, RocaigMynayo OaraTo
HAYKOBI{iB 3 BMKOPMCTAHHAM KJACHUYHOI Ta YTOUHENMX TeOpiii 3ruHy MJIACTUH.
YsaranbHeHHA [IMX PeayJbTaTiB i MeToxy IXHBCIU PO3B A3YBAHHA IIOJAHO B
monorpadisx JLT. Bepesuunskoro, MB. [lensiBchkoro, B.B. Ilaracioka [1],
C.A. Kanoeposa [2], A.C. Kocmogamianckoro, I'M. Isanosa [3], JLII. Masypaka,
JLT. Bepeskuunpkoro [4], LA. IIpycoma |5, 6], M.IL Caspyka [7], }O. Mypaka-
mi [8], B.K. Xuoxuaxka, B.IL Illeryenka [9] Ta in.

IIpu a3rudi nnacTuHu 3posymiso, mo Oepern HackpisHoi TpimuHU OyHyTh
KOHTAKTYBaTM Ha OJHii i3 ocHoB miacTuHM. KoHTakT Oeperie TpilmMHM 3a 3rUHY
NJacTMHU y TpuUBMMipHOMY copMyaoBaBHI gocuipkysasim  R.S. Alwar,
K.N. Ramachander Nambissan [10]. LIL Ilanskuit [11], a pemo misHime
M.J. Young, CT.Sun [12], ananityyHo poaB’s3anm 3ajady IHpo 3IUH
HEeCKiHYeHHOI i30TponHoi mIacTMHM 3 APAMOJIHINHOIO HACKPI3HOK TPIUIMHOK 3
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ypaxyBaHHAM KoHTakTy 1i Geperis. B.K. Onanacoeuuy, P.I'. Cexnisepcros [13],
F.S. Heming [14], P.F. Joseph, F. Erdogan [15], Y.W. Kwon [16], Murthy M.,
Raju K., Viswanath S. [17] nocainskyBanyu koHTakT Geperis Tpimmun no aixil Ha
OAHiM i3 OCHOB IIACTUHM 3 BpaxXyBaHHAM YTOYHEHMX Teopiil 3rMHY ILJIaCTHH.
I Mlaupkmit  B. Ilepeniyka, T. Janax, A. Ilep6ist, H. Maxkosiituyk [18-22]
posrnsAfgasyu 3agadi npo 3ruH 6e3aMerkHOl NNACTMHM, NMIBIJIOIIMHM, SAKI MICTATH
ogHy, ABi abo cucremy TpimmH, Gepery AKMX KOHTAKTYIOTH, i KOHTakT Geperis
TpilumH B obosnonkax. ¥ npausx B.K. Onanacosuya, M.C. Cnobonsna [23-25]
mocaimyKeHo 3ruH 6e3aMerxHOI NAACTMHM 3 KPYroBMM OTBOpoM abo »KOPCTKOIO
Kpyroeow Iuaibor0o 3 opHiclo abo ABOMa HACKPI3ZHMMM IPAMOJIHIMHUMYK
TpinuaamMu, Geperm sAkux KoHTakTyloTh. B.B. Boxxupapuik, B.K. Onanacosmuu.
ILB. T'epacumuyk [26] onpansoByBany 3aflady PO 3IUH MJIACTHMHU 3 TPi_qmnulo,
pO3MIIIIEHOI0 B3JIOBXK AYry¥ KoJa, BPaxoByHuYM KOHTAKT OeperiB TpimuHM Ha
.ofHi# i3 ocHoB naactuayu. J.P. Dempsey, L1 Shektman, LI. Sleplyan [27, 28],
B.K. OnanacoBuy [29] pocaiypkyBany 3ajjady Npo 3IUH IUIACTMHM 3 HACKPI3HOIO
IIPSAMOJIIHIHOIO TPIIMHOIO, BBaxawuu, 1110 ii 6epern MoXKyTb KOHTAKTYBaTH I10
BucoTi nnacturu. ¥ npauax B. Onanacosuua, [ Anuxa [30] posr'asano 3agauy
npo 3ruH GeamerskHol IyacTuHM 3 TpimuHamu, Geperu AKMX KOHTAKTYIOTb II0
BMCOTI TJIACTMHM, 3 BMKOpPMCTaHHAM Teopili PeiiccHepa ans 3rMHY. NJaCTHUH.
B.K. Onanacosuy, 1.C. 3Biano [31-33] pociimpkyBanu 3azadi IIpo ABOCTOPOHHIN
3r'MH KYCKOBO-OJHOPIAHOI i30TPOMHOI MJacTMHM 3 IPAMOJIHINHOI abo KOJ0BOIO
MejKel nojiny MmaTepianiB Ta opmieio abo jgBoma TpimmmHamy, Geperu AKUX
TJaK0 KOHTaKTYIOTE 110 JiHIl Ha OXHINM 13 OCHOB ILJIACTHUHM.

dopmynwsaHHa 3amavi. Po3rsgHeMo HeCKIHYeHHY KYCKOBO-OINHOPIAHY
i30TponHy NJIaCTHHY 3aBTOBIUKM 2h, AKa CKJIaJa€ThCA 3 NJACTUHM 3 KPYrOBMM
oTBopoM pajiyca R, B Akuit BnasHa maiba Toro camoro pajiyca. Beakaemo,
mo njacTuHa nepebyBae mifg Ai€0 po3noAiJieHMX 3TUHAJBHUMX MOMEHTIB Ha
HeckingenHocri. Kpim Toro, B 1majibi HafABHa ofHaA pajiajibHa HacKpi3Ha
npaMoJiHiiHa Tpimmua, OGeperm sAkoi Wi Ai€0 30BHIIIHBOTO HaBaHTaKEHHHA
NPUXOJATh ¥ TMajKuil KOHTaKT IO JHil Ha OJHIA 3 OCHOB IIACTMHM, NPUYOMY
Bfeperm Tpimme Oyamu BinbHI Bify 30BHIIHBOrO HaBaHTa)XeHHA. IloTpiGno
BUBHAYUTU HANPYIKEHO-Ae(OPMOBaHUI CTaH NIACTUHA.

Y cepenuiit nnomuni muactTuEM BubepemMo JE€KapTOBY CHUCTEMY KOOPAMHAT
Ozyz 3 MOYATKOM KOOPAMHAT y LEeHTpPi Kpyrosoi maitbu, cnpamysapim Bick OZF
NepHeHAMKYJIAPHO A0 CepeAMHHOI IMouMHM. 3 TPIMHOKW 3aBJOBXKKM 2/

3B’'A3yEMO JIOKaJbHY cucremy koopausaT O,z,y, 3 MOYaTKOM KOOPAMHAT Y
ueHTpi TpimmHM, copamysaBuy Bice Oz, no HiA Obnacts y cepesusi Iaidu
nosHauumo 4epes S,(S7), soni — S,(S7). Bynemo KopucTyBaTMUCh NOJAPHOI
cucTeMol0 KoopamHaT 1,6 3 mnomwocom y Touni O i mosspuowno Biccwo Or.
Bigpisox pificeoi oci Oz,y,, AnA AKOro |x1| <l, mosHaummo L, zp ~
KoOpJiHaTa LEHTPy TpiumeEM Yy mobanbHi cucremi xoopaunaT  Ozy.

CpaHMyHEuM 3Ha4YeHHAM BiAnmoBigEmMx BesmumH npu y, — 0 abo r — RE0

6ynemo mpunucysaTi 3Hauku “+” i “—”, signosingmo. IlapameTpaM, moB’sA3aHNUM
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iz maiiboro, 6ymemo npunucyBatu iHgekc “1”, a nna matpuui — iHzmekc “27.
Hanani inpexc j HabyBae 3HaveHb 11 2.
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Puc. 1. Cxema HaBaHTa’)KeHHA NJACTUHM Ta PO3MillleHHA TPIiliMHU

IIix piero 3rMHaJbLHMX  MoMeHTiB  M° 1 Mf;"’ fepern  TpimwmH

KOHTaKTyBaTUMYyTh, TOHI pO3B’A30K 3ajaui posbmeaeMo Ha ABi 3ajadi: IIOCKY
3ajiayy Ta 3ajjavy 3rUHY, Je KOPUCTYEMOChH KJIACUYHONI TEOPilo 3IMHYy MJACTUH.
3rigHo 3 hopMyIIOBaHHAM 3afayi OTPMMaJIM TaKi KpajioBi yMOBU:

W _ W _

vl —N/(?h), oo =0, 5 €l, (1)
PO% =0, MU =N, [8, 00|+ 4|02 wP|=0,5 e, @
#h i 1 L

P = P ) = g, o = o, 50 —8u® me L, @
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o) =0, 0f) =0, u} =, w} = v}, na L, (4)

ne N — KoHTakTHe 3ycuans Mixk OGeperamu TpilmHu; JEJJ " ag 1 0’53}, Uf_f,)—
141 141

KOMIIOHEHTHM TeH30pa HalpyXXeHb; a u(J},vE;') i u}_fg ; ugl — KOMIIOHEHTM BEKTOpa
nepeMilleHHA TOYKM y IJIOCKIA 3ajadi, Pf” i P?_{-” — ysaraJbHeHa B CeHCI
<]

Kipxroda mnepepisyBasbHa cuia; MY | MO - zrunaneamit MoMeHT ol -
W z

nporuH nnactuHu. KpaxpaTtHi ayxkkm y dopmyni (2) osnayaiTb cTpubok
BiimoBigHO1 Besn4MHKM Ha Oeperax TpilMHM.

Pozp’s3zox 3amavi. I3 BMKOpPMCTAaHHAM KOMIUJIEKCHMX IOTEHIIaJiB IIJIOCKOI
samaui [34] 1 kracuunoi Teopii sruny mnactun [6], ananoriuno 3pobiaeno y [33],
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PO3B'A30K 3ajayl 3BemeHMsM N0 3ajay JIHIHOrO CHPAXKEHHA, Ha IJICTaBl SAKMX
OTPMMaHC CUCTEMM CUHIYJISPHMX IHTEerpajbHUX pPIEHAHb CTOCOBHO HeBiloMMX
dyHKUiM cTpubkie KyTiB NMOBOPOTY HOPMAaJi N0 CEPeMHHOI NJOMMHM Yy 3anadqi

3TUHY Y(n) Ta cTpubkiB mepemiment Ha OGeperax TpiMH y NJOCKIK 3amawi
G(n)

1
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14K
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Cucremy piBHAHB (5)-(7) AOMOBHIOEMO HONATKOBMMM YMOBaMy

fY(n)dr;r-O, fG(n)dn:O, }?}Y.z(n)dn=(}, (8)

Jle repmii ABi yMOBM BUPa’KalOTh OAHO3HAYHICTE KYTIB MOBOPOTY Yy 3afayi 3ruHy
Ta OJHO3HAYHICTL IepeMillleHb Yy IUIOCKIN 3ajadl, a oCTaHHA - ORHO3HAYHICTH
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nporMHy npu ob0XxoAl KOHTypa TpilIMHM. YMOBM ifeasIbHOTO MeXaHiYHOro
KOHTAKTy Ha KOJOBiii Meski nopimy marepianis (3)-(4) Baanocs 3aJ0BOJBHUTH
aHaJIITUYHO.

3BeneHe KOHTaKTHe 3ycmunsa wMixk Oeperamu TpimmHyM obumcammo 3a

opmyJiow0

N = ;:C = 2f{R(n,e) +8(n,e)} G, (n)dn.

Koedinienty inTercusHocti momentis (KIM) K = K, —iK, Ta sycuas (KI3)

k=k — i_k2 MOXKHa o6uMeanTH 3a PopMyIaMu [7]'

k=hlim (f(2)g'(z)), f(= )= (& - <* )/f__ ,
K = F4ER (3+v)(3(1- ) lim (£(2)y(s)).

YucaoBuit aHanis 3agaui Ta BUCHOBKM. CucTeMa CUHTYJAPHUX IHTErpalbHUX
piBHaHb (5)-(8) posB'A3aHa HMCENHHO 3 BUKOPUCTAHHAM METOAY MeXaHIYHMX

KBaapatyp [35, 36] mpu v, = v, = 0.3.

N"‘ A
0.8 +
-l”/

1 3
0.6 //
04+ .

0 T 1 1 1 i e L .

1 05 0 05 1§
Puc. 2. T'paciyna 3ajiesXHICTh KOHTAKTHOro 3ycunnsa N " Mix beperamu

TPilMHENY OpyU pisHux [ = lg(E1 / E-z)

Ha pue. 2 30bpaxkeHo rpadidHy 3alIeKHICTh NPUBEAEHOTO KOHTAKTHOrO

ayeuans N = hN/ M7 wix Geperammu Tpimuuy Bi Ge3posmipHOl KoOpAMHATH
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£ = :cl/l npu p=1, A=5, X, = 3. Kpusa 1 nobynosana npu B = —1, xpusa
2 -npu 8 =—-03, kpua 3 —npu f =0, kpusa 4 — npu [ = 0.3, kpuBa 5 —
npu @ =1. Ilpu [ <0 BennuunHa KOHTAKTHOIO 3YCUMJLIA € MaKCUMAJbHOK Y
BEPIUMHI a (53 —1), a npu [ >0 — MakcumaJbHa y BepIUMHI b( =1_],
nobausy koJsioBoi Mexi mnoainy marepiaais. Ilpu 3 = 0 orpumaemo BuUNazox
opuiei izonpoBaHOl TPIMEM y INACTUHI

Ha pwuc. 3 nobynoBano rpadiuny saznexsicts KIM K; = Kl/(M;Q\/E) Bi

E
8= lg—E_—I npu A =4, p=1. Kpusi 1 nobynosani npu X, = 0, xpusi 2 — npu
2
X, =03, kpuei 3 —npu X; =13, kpusi4 —nopu X, =2.Ilpu 8 <0 KIM y
BepmMHax TpiumHM a Ta b 3pocraloTe i3 3b6imbmennam [. Ilpu 8> 0

seanunna KIM y Bepummsi Tpimmen b € 6inbmoro, Hixk y Bepmnni a. Kpim Toro,
npyu HabGaMIKeHHI BepumMHM TpimyueM b Ko KosoBoi MeXxi moxiny MaTepiaJiiB mpu
g > 0 KIM y Hii 36inb11y0ThCA.

Kﬂ'ij b [
4 K
0.5+
0.8+
04+ 2 3 4
0.6+ 2
03+ 4 3
0.4 1
0.2+ I
0.1+ 0.2 1
0 T | 1 1 L i | ?- i | - 0 2 2
2-15-105005115 288 2-15-1050 085 1 15 2 B
Puc. 3. I'pachiuna 3ayexHicTs KoediuieHTIB iHTeHCHMBHOCTI MOMeHTIR Big S npu

pi3HMX 3HaueHHAX X, = a:o/i
3ayBaXuMo, 110 3BeJIeH] KoeditieHTN iHTEeHCUBHOCTI 3yCHUIb
* . & . . .
k, = hkl/( M;‘}ﬁ) i MowmeHTiB K: NnoB’sA3aHi Midk cobo 3aJIeXxHICTIO
k;/Kf =3(1+v )/(3 + v ), ToMy rpadiusi 3anexHocTi nnA !cl* He TIojaemMo, a

k=1 i X, =0.
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JIBYOCHBIN U3I'UB KYCOYHO-OJHOPOAHOM N30TPOITHOM
NJACTUHBI C YIIPYIOM KPYI'OBOMN INIAMBON U
PAIMAJIBHONM TPEIMHOM BHYTPU 3TON IMAMBHI C
YYETOM KOHTAKTA EE BEPEI'OB

Buxrop OITAHACOBHUY, Usar 3BU3J10, Hukoxait CJIOBOJAH

JIv808cKUL HAYUOHANBHBLU YHUSepcumem umenu Meana dpanxo,
ya. YHusepcumemexas, 1 79000 JIveos, Yxpauna

Mcenenorano sanauy o6 uarube KyCOYHO-OZHOPOJHON M30TPONHON ILIACTUHLI
¢ KpyroBoii waiboii ¥ paauasbHON TPEIMHON BHYTPM wIaibel C y4YeToMm
rajkoro KoHTakTa 6Oeperos Tpemuusl Venonesya metox Teopum GYHKUMI
KOMILJIEKCHOTO [T€PEeMEHHOro, pelleHue 3a/layu I[pUBEJIeHO K  CUCTeMe
CUHTYJAPHBIX MHTETpPajibHBIX YpaBHEHMII Ha TpellyHe, KOTopad pelleHa
yycyeHHo. IIpoBeieH YMCIIeHHBI aHAIN3 3aJay4n.

Katoueevie caosa: TpemmHa, w3rudb, niockas s3anava, miaiba, KOMILJIEKCHBIE

noTeHuuaJibl, KOHTaKTHOE YyCuJiue, ROBC}JCbHIIPIEHTbI MHTEHCHUBHOCTH YCI"[JIHﬁ u
MOMEHTOB.

BILATERAL BENDING OF PIECEWISE-HOMOGENEOUS
ISOTROPIC PLATE WITH A CIRCULAR PLATE AND RADIAL
CRACK INSIDE THE WASHER WITH TAKING INTO ACCOUNT
CONTACT ITS SHORES

Viktor OPANASOVYCH, Ivan ZVIZLO, Mykola SLOBODYAN

Ivan Franko National University of Lviv,
Universitetska Str., 1 79000 Lviv, Ukraine

The problem of bending of piecewise-homogeneous isotropic plate with a
circular plate and radial crack inside the washer with a taking into account
the contact crack is investigated. Using the method of complex variable
theory, the solution was reduced to the construction of solutions of singular
integral equations on the crack, which is solved numerically. The conditions of
ideal mechanical contact on a circular boundary materials could satisfy
analytically.

Keywords: crack, bending, plane problem, washer, complex potentials, the
contact force intensity factors of forces and moments.
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