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FUNCTIONAL CALCULUS ON A WIENER TYPE ALGEBRA OF
ANALYTIC FUNCTIONS OF INFINITY MANY VARIABLES
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For generators of isometric strong continuous operator groups, defined on nuclear
Wiener algebras of analytic complex functions on a unit Banach ball, a functional
calculus is constructed. Its symbol algebra consists of Fourier-images of exponentia!

type distributions.
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1. C,-group 0: over the Wiener algebra W_
Let X,X' be complex Banach reflexive space and its dual, respectively. By
(X | X"y we denote the corresponding duality. We use the main notations and

definitions from [1]. For every F! ¢ X;{@" there exists [2] a unique n-

homogeneous polynomials F, such that
F,(z) := (2®" | F}) forall z € X.

We denote by
B(X)=A{F, : F; € X"}
the space of so-called nuclear n-homogeneous polynomials, where the
complete symmetric tensor product X °©" with the projective norm || ||,

endowed. It follows from it the isomertry ®?"(X) and X,°", so on &"(X) we

may define the following norm

| F, ll:=|| F! |I,.F, € X;°™.
Definition. The £, -sum

W,:={F=)F, :F, € 2(X)}
n=0
with the norm || F ||= Z || F, || is called the nuclear Wiener type algebra.
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Similar to [3], it can be shown that W_ is a Banach algebra of bounded
analytic functions in B = {z € X || z ||< 1}.
It is known ([4], theorem 1) that for C-group of linear isometric operator

Rt U, € L(X) the C,-group

L?EF(_m) = F(U,z).(z € B) on W,
is contractive.
Applying the isometric property of f:fs over W_ and [5, theorem 2] we

obtain that its (infinitesimal) generator A 1is a closable conservative
differentiation on W_.

We will use the fact that the C,-group (j: over the Wiener algebra W_ is
well-defined and acted as follows

OF = Y UF

n=0

P o F;LEWwi

11
where I}t@” is defined in [4, proposition 2] by the equality
USF,(z) = (2 | U2"F,) forall z € X,

where U;_°-°“' =U,®...0U, and (Ut:r | y) & (:n | U:y) for all z,y € X, U] is

1

the adjoint group of U,.
Let A be the generator of L}i of the form ([4, proposition 3})

AF@)= Y <a:®“ |ZAJ’P;;’>,A; =1I'®..I'9eA®I'®..91' z€B,
= e R S =

nEZ+ 3=1 n—j+1

defined on a norm dense subspace @D(A) = {F = an : Fl € D(A")°*} in W_,

where D(A’) is the definition’s domain of adjoint generator A’.

2. Finite functions of the generator A
For v >0 we consider (see [6]) & :={p € L;(R) {| ¢ ||, < o0} with the

I DA(e) I

norm || ¢ [|,= sup ——

kez+ I/
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- the subspace in L, (R) of entire analytic complex functions of exponential

type v on C, whose restrictions to R C C belongs to L,(R). Let

8 i= US” = lim ind "
v=>0 Y- 00
be the inductive limit of Banach spaces €” under the continuous embeddings
6" C 8" with v < . Note that the subspace & C L,(R) consists of all entire

analytic complex functions on C of exponential type, whose restrictions to the
real axis R belong to L,(R). Following [6], the functionals of the space & are

called exponential type distributions over R.In the dual pair (€ | ') the space

& play a role of the space test functions and the embedding & C &' is dense.

It is proven in [6] that &' is invariant under the differentiations.
Consequently, we obtain

(Drg | @)= (-1)(g | D*p)keZ_, (1)

for all functionals g € & and all entire functions ¢ € & on R of exponential

type. It follows from [6] that &' is a locally convex topological algebra with
respect to the convolution

E'x & 3(gh)r> gxhecé

and & is its convolution subalgebra.

By the well-known Paley-Wiener theorem [7], the Fourier-image & of the
space &, endowed with inductive topology under the Fourier transform

F:Erp—=9c &, consist of infinitely smooth finite complex functions on R.
So,

§ ¢ D(R), (2)

where D(R) means the classic Schwartz space of test functions.

Via [6] the Fourier transform J can be extended from the space & onto
the strong dual space

F# :é'agﬁﬁe(‘g',
where & denotes its image, ie. F# le= F . This extended Fourier transform
F# has the property

F#(g*h) = §-h, gh € 8.
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So, the extended Fourier-image & is a topological algebra with pointwise

multiplication and & is its multiplication subalgebra.
Since the embedding (2) is dense, the dense embedding

D'(R) c &
holds, where the dual spaces @'(R) and & are endowed with the strong (or
weak) topologies under the dualities (D(R),D'(R)) and (£,€), respectively.
Hence, (é'é') forms a new dual pair, which is a Fourier-image of the dual
pair (8|&').

The following theorem is a generalization of [7, theorem 3] and may be
proven in analogical way.

Theorem 1. For every ¢ € & the operator

HAF(@) = Y <:c0” |4Vﬂ‘4[@(,4})]r F! > z € B, (3)

ned
+

belongs to the Banach algebra [0V, ) of all bounded linear operators over

W_, where the operators
- - i ! - ! ! !
(A = IRUtgo(t)dt,[ap(Aj)] =1'9..0I'8[¢4)] 8I'®...01
=1 n~j+1

(here [$(A)] is adjoint to ¢(A) € L(X)) are bounded over X and X",
respectively. Moreover, the differential property

A
(Do)A) = Aop(d), €8
holds and the mapping
E> ¢ ¢4) € LW,)

is an algebraic homomorphism, particularly
A -
(o * ¥)(A) = $(4) - 9(4) forall g9 € &
3. Functional calculus for the generator A in the symbol algebra &’
Following [6] we define the completions &W,):=8&®, W, and
(W ):=68"®, W, of the tensor product E@W, and & @ W, under the
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corresponding projective tensor topologies. Then

(g(Wrr) = UGV(WN) = limind 8U(Wﬁ) . [hm ind & ] ®‘rr Ww‘

v>0 1= D0 V=00

Each element F € §W,) is a W,_-valued exponential type entire function

R>tr Fz,t)= Y F,(z,t) € W,

ned
+

which also is an analytic complex function of ¢ € B for any fixed ¢.
It follows from the known Grotendieck theorem [8] that for every

F ¢ &W,) there exists v > 0 such that
F=3%F®p, with F,eW, ¢ cé (4)
JEN
is absolutely convergent in &"(W, ). Hence, we can well-define the elements
F = E @j(A)P:,:
jezt

where g?)f(/i) is defined by (3). For any » > 0 the subspace

&W,)={F . Feé&(X)
is complete under the norm  induced by the  mapping
&'W,)s F — Fe é"’(Wﬁ) (see [5, lemma 5]).

We define the convolution of an exponential type distribution ¢ € &' and
W_-valued exponential type entire function F € §W_ ), representing by a
series (4), as follows

(F x g)(z,t) = Y _F,(z) ® (9% ¢,)(t), reB, tek
jeN

Denote

(Fxg)(z,t)i=(I ®K)F(z,t), z€B, teR,

where [ is identity operator on W_ and the convolution g * ¢ of exponential

type distribution ¢ € &' and exponential type entire complex function ¢ € &
is defined in [5].
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For any v > 0 the subspace (E:'(WR) is invariant under each operator / ® K|
with g € & (see [5], lemma .6). If we define the inductive limit
EW,) = | J&"(W,) = limind £ (W,)
v>0 P00
then é(Wﬂ) also is invariant under each operator I ® K, with g € &'.
The following theorem is a generalization of [6, theorem 6]. We denote by
L [é(WT)] the algebra of all bounded linear operators over the space &(W.)

endowed with the strong operator topology.
Theorem 2. The mapping & 3§ — (A e e{'[é(Wﬁ)], where the linear

operator g(A) is defined by

§(A): 6W,) > F = 3 @ (AF, - §AF = 3 (g% ¢ ) AF, € §W,),

jezt jezt

is a continuous homomorphism from the symbol algebra &' into £ [é (Wﬂ)].

Moreover,
(Dg)(A) = Ao g(d), g€§
where the generalized derivative D is defined by (1).
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OYHEINIOHAJBHE YMCJIEHHA HA AJITEBPI TUIIY BIHEPA
AHAJITMYIHNX ®YHEIIN HECKIHYEHHOI KIJIBKOCTI
SMIHHUX

Oasra M’AYC

Hayionaavhull yuisepcumem ,JIveigcvra noatmexnixa”,
sya. C. Bandepu, 12 79013 Jlveis, Yxpaina '

Ilis reHepaTOpiB 130METPUYHMX CMJIBHO HEIlEPEPBHMUX ONEPATOPHMX IPYIH Ha
AnepHux anrebpax BiHepa anamTMUHMX KOMIJIEKCHUX bYHKUIA Ha ONVHUYHIN
banaxosiit Kyni nobynoBaHo ¢pyHKUiOHaNIbHe uMcieHHA. Voro anrebpa cumBouiiB
cknafaeThea 3 Pyp’e-obpasis posnoxisie eKCNoOHEHIaJBHOTO THUITY.

Kawouoei caosa: pyHKIiOHaNIbHe 4nucieHHs, ajdrebpa Binepa, 6GanaxoBa xyuJis,
dyp’e-06pa3 po3NOALNIB eKCIIOHEHIIaJbHOTO TUITY.

OYHKIMOHAJIBHOE MCYMCJIEHME HA AJITEBPE TUIIA
BUHEPA AHAINTHYECKRUX ®YHRIIUN BECROHEYHOTO
ROJIMYECTBA IEPEMEHHBIX

Oasra MAYC

HayuonaavHnilli ynusepcumem ,JIveoackas noaumexnuxa”,
ya. C. Bendepwt, 12 79013 JIveos, ¥xpauna

HOns reHepaTOpoB M3OMETPUYECKMX CHJIBHO HENPEPBIBHBIX ONePaTOPHBIX
TPynn Ha AAepHbIX anrebpax Bunepa aHaJIUTHUECKUX KOMIJIEKCHBIX (DYHKIMIA
Ha enuHMYHOM GaHaXoOBOM LIape NOCTPoeHO (PYHKUMOHAJbHOEe ucuymcnenme. Ero
ajrebpa CHMBOJIOB COCTOUT ua Pypre-0bpasoB pacrpeznenennit
SKCIIOHEHIMAJIBHOI'O TUIIA.

Kniouesvie cnosa: dhyHKUMOHaNBHOE ucuMcaeHue, anrebpa Bunepa, Ganaxos
mwap, Pypre-obpas pacupeesieHnit 3KCIOHEHIMANBHOTO TUIIA.
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