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PO OTHOCTAMHE ITIJIKOM PETVJISIPHE 3POCTAHHS
MO/IYJISI TA APTYMEHTA TOJIOMOP®HOI B TPOKOJIEHII
KOMIIJIEKCHIN IIJIOIITUHI ®YHKIIIT

Oster BUIIMHCBHKUM, Annpiiit XPUCTISTHIH

Jveiecvruti HaytonarvHul yHisepcumem imeni Iseana Dparka,
eya. Yuieepcumemcovra, 1, Jlveis, 79000
e-mail: vyshynskyiQukr.net, khrystiyanynQukr.net

PosrasayTo kmacu rogomopdunx y C* := C\ {0} dbynxmiii miskom perymsp-
HOTO 3POCTaHHS, MOHATTS IHANKATOPIB TAKUX (DYHKIIA, 1 38 JOCUTH 3araaIbHUX
TIPHUTYIIEHb PO3B’I3yEThCs 3a7a9a OMUCY MHOXKWH aHamiTuannx B C* dbyHKiIiii
f, dynkuiit 3pocramnsa A, bymxmiit H, H1, Hy 3 Ly[0,27] i =wmcen p € [1, 4+00]
TaKUX, II10:

27 - 1/p
{i J |log F(re') + log F(%ew) — A(T)H(9)|pd9} =o(A(r)), 7 — o0,
0
abo

27 ) 1/p
{i [ [log F(re') — A(T)Hl(e)\pde} =o(A(r), r— +oo,

1/p
{ f|logF( e?) — A(T)H2(0)|pd9} =o(A(r)), 7r— 400,

ne F(z > = 27" f(2), f(a;) =0, ]
FE&=1G) I (=a)™ m=gy [ F5de

laj|=1 lz]=1

Karowoei caosa: rtomomopdua dyHKINS, GYHKINA MIJIKOM PEryIspHOTO
3pPOCTAHHS, IHAMKATOD 3pocTaHHs, koedimieuntu Dyp’e, koedimientu Pyp’e-
Crinbroeca.

1. TortoMi>kHi MOHATTS Ta OCHOBHI pe3yiabTaTu. Teopisa ninux QYHKIHH MiIKOM
PeryJsipHOrO 3POCTAHHA CTOCOBHO (PYHKIIIH A, OIM3bKUX [0 CTENEHEBUX, Oy1a 00y I0BaHa,
manpukinmi 30-x poxis XX cr. B.51. Jlesinum ta A. Ildmorepom. Ii 3acrocosysamnu B 6a-
raThoX PO3JLIAX CYYACHOTO KOMILJIEKCHOTO aHami3y. st Teopis ta 11 3acTocyBaHHs TOCUTH
IPYHTOBHO BUKJIa eH] y MoHorpadii [1]. ¥V 70-80-x pokax muHysoro cromitrs A.A. Koxa-
patok [2], [3], [4], BukopucToBytoUn Meron psiais @yp’e, pospobaennit JI.A. Pybenom i
B.A. Teitnopow [5], y3aransuus Teopito Jlesina-Ilduorepa: no-nepiie, BiH 3aponoHyBas
BUMIPIOBaTH 3POCTaHHs (PYHKII CTOCOBHO IOBLIBbHOI (PYHKIII 3pOCTAHHA A, AKa 33/0-
BosbHAE yMOBY A(2r) = O(A(r)); mo-apyre, BiH BBIB i JOCHIIMB KIACH MEPOMOPMHHUX
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dyHKIIH THAKOM PerysisipHOro 3poctantis. JlerasbHe BUKJIAIEHHS 1€l Teopil MOTAHO y
mouorpadii [6].

Baacrupocri mepomopdHuX y 6araross’a3Hux obnacrax KoMintekcHol maomuan C
dbyHKIii, 30KpeMa po3MOIii 3HaYeHb, BUBYAI0 Gararo asropiB. OauH 3 OCTAHHIX Tij-
xoAiB 3auporonosato B [7], [8], [6]. Oumparouncs Ha BBeseni B nux pobOTaX MOHATTS
xapakTepuctuaHol yHKmil Tury HeBamsminuu, a TAKOXK TMOHATTS CKIHYEHOI A-TILIHHOCTI
y [10] 6yno BBemeHo NOHATTS ToIOMOPGMHOT DYHKIH [IKOM PETYJIsIPHOTO 3POCTAHHS B
npokosneniit kommnekcniil mnomumai C* := C\ {0}, nouaTTs iHANKATOPIB 3pOCTAHHSA TAKAX
dyHKIIT 1 J0BeaeH] AesdKi XHI BIACTHBOCTI, 30KPEMa W-TPUTOHOMETPHIHA OMYKJIICTh iH-
JUKATOPIB 3POCTAHHA TA iCHYBAHHA KYTOBOI IMIIHHOCTI MHOXKHHH HYJIIB TOJOMOP(HUX
dyHKIil miaKOM perysipHoro 3pocranis B C* Ha meBHUX MOCTITOBHOCTSX. Mu mpairoe-
MO 3 IIUMU KJacamu (DYHKIIH, po3B’sI3yeMO 3aady OMucy MHOXKUH rojgoMmopdrux B C*
byuxuiit f, Gynkmiit spocramaa A, dynxmiin H 3 LP[0,27] i amcen p € [1, +00] Taknx,
110:

2 1/p
% / |log F(re'®) + log F(%eie) — Xr)H(0)Pdo =o(\(r)), r—+oo, (1)
0
abo
2 1/p
% / | log F(rew) — X(r)H1(0)Pdo =o(A(r)), r— +o0, (2)
0
20 1/p
% / [log F(%eie) — A\(r)Hy(0)[Pdf =o(\(r)), r— +o0, (3)
e
F@)zmﬂa,RAfw%II@apl,fmﬁo,m2;‘/ ﬁgd&@@
aj|=1 |2]=1

Heobxinnicts boOpMyIIOBaHHS PE3YIbTATIB 3 BUKOPUCTAHHAM (hyHKIT F') a Takox BHUIIE-
HaBeneHuil BurisAn GyHKIiii F 3ymMoBieni MoxauBicTIO BUbOOpy oaHo3HA4YHOI rinku log F
y obaacri A* (auB. Huxkue) [6, Jlema 4.1].

Hexai#t f — romomopdna dynkmia B xinemi A = {z : P%o <|z| < Ro},1 < Ry < 400,
BimmimHa Bim ToTOXKHOTO Hyss. [Ipumyctumo, mo f He Mae HY/IIB HA ONVHUIHOMY KOJI.
Yepes A* nosmaummo A 6es imrepsanie {z = 7a,7 > 1}, axmo |a| > 1i{z =7a,0<7<1},
akmo |a| < 1, me a e mynem dyHKII.

Hexait nj(t, ), ni(t, f) ne kinpkicrs nynis dbynkunii f sianosimao B Af = {z :
1<|z|<t}raA? ={z: 7 <|2[ <1},1 <t < Ry, 3 BpaxyBantsaM iXuboi KpaTHOCTI,
no(t, f) = nd(t, f) + nd(t, f). Mu sukopucrosysaTumemo taxi nozuauenus ([7]):

[ ni(t, f) [ n3(t, f) [ no(t, f)

N ) = [P Ny = [0 Mo = [P0

t t
1 1 1
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1 < r < Ry. Hexait v; = arga;, nosuaaumo ([9])

np(t, )= > e it )= Y e m(t, f) = e M,k #0,
1<|aj|<t 1<]ajl<1 1a It
a TaKOZK
Ni(r, f) = /n’“(i D, N2, f) = /n’“(i D, Nk(ﬂf):/wdb (5)
1 1 1

1 < r < Ryp. Mu 6ynemMo BUKOPHCTOBYBATH TaKi MO3HAYeHHs s KoedirienTis Oyp’e:

2
Ii(r,F) = %/e—““@ log F(re)dd, r>0, ke, (6)
0
2
er(r, F) = — /eﬂ'ke log |F(re®)|dd, r >0, keZ, (7)
"
2
ap(r,F) = 2i /e*ike arg F(re®)dd, r >0, keZ, (8)
"
2
Li(r, F) = 2171_ /e*ika <log F(re'?) + log F(le“’)> g, r>0, keZ. (9)
0

Osnavenns 1. Jodammna, necnadua, nenepepena, neobmescena gymsuia A(r),r > 1
HAZUBAEMBCA HYHKUTEI NOMIPHO20 3pocmanns, Axwo A(2r) < MA(r), M > 0,Yr > 0.

®yukuii 3poctanns A(r) ta A(r), mis skux A(r)/A(r) — 1 opu r — 400, BBaXKATH-
MeMO €KBIBAJICHTHUMHE ¥ OTOTOKHIOBATHMEMO TX.

Osnavenns 2. Qynxuyisa L(r) nasusaemoca nosiavro sminnoto gynxuicro (y cenci Ka-

pamamu,), ARULO hm L((C7 T)) = 1 pisnomipro Ha dosisvromy npomiocky 0 < a < c<b <
OO

< +o00.

Xapaxrepuctuka To(r, f) Tuny Hesawniauu mgua dyukniit f, MepoMopduux y Kbl
{z: R%) <|z] < Ry}, me 1 < Ry < 400 Gyna Beenena y [7] (muB. Takox [6]), a came

TO(va):mO(va)+NO(T7f)’ 1<T<R07
ze
mo(r, f) =m(r, f) +m <i,f) —2m(1, f),

27

mt, f) = /1og+ £ ()| b, Rio <t<Ro.

0
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Osnauennst 3 ([6]). Hexatd A — dynxuia spocmanna, f — 20nomoppra 6 C* dynryia.
Bydemo z06opumu, wo f e Pynruiero crinvennozo X muny, i 3anucysamu f € Apr, axuwo
To(r, f) < BA(Cr) npu deaxux cmaauz B, C das eciz r,r > 1.

Osnauennst 4 ([9]). Toromoppra 6 C* dynryia f nasusaemoves Pynruiero yiakom pe-
2YAAPHOR0 3POCTNAMHA (Hadasi, u.p.3.), axwo f ¢ cxinuenozo A—muny i Yk € Z ic-

S ce(nf) L () ;
HYOMb 2DAHUYT TEIJPOO ) = G ma TEIJPOO O abo Yk € 7 icnye epanuua
1
hril ck(T,f);(L:)k(T»f) — CZ'
r—-+00

Knac Takux byskuiit nosmagarnmemo AY;.

Osmauenns 5 ([9]). Trwo f € NS, mo dynwuii hi(0,f) = 3 ¢, hy(0, f) =
kEL

7 . ’ 1" . .

=3 . e h0, f) = 3 ciett?, de ¢y, ¢, ¢ 6usnaveni 6 osnavenni 4 nazusaromvea
kEZ kEZ

ihdukamopamu 3pocmarns Gywryii [ abo Kopomxo, iHOUKAMOPAMU.

OCHOBHUMU PE3YJIBTATAMU I[€T TPAIll € TaKi TEOPEMHU.

Teopema 1. Hexail f — 2on0moppra Ppynxuis 6 C*, X\ — pynrxuia nomiprozo spocmanms,
logr = o(A(r)), r — +o0, H € L,,[0,27]. Todi (1) suxonyemvca modi i avwe modi, Koaw:
i) H(0) = Lo > 0, \(r) onyxaa cmocoeno logr, f e dynxuiero u.p.3. cmocoeno A 3

indukamopom H, i lim LelnB) — 0 gaa eciz k #0;
r—-+00 A(r)
abo
it) AM(r) =rPL(r), p > 0, L — nosiavno sminna gynxyis, f e gynxyicro u.p.s.

wodo \ 3 induxamopom Re H, de H(0) = > Lipe*® L = lim %
kezZ r—r+00

Hrwo cnissidnowenns (1) eukonyemoca das dearozo p € [1,4+00), modi 6010 npasusbHe
i das 6ydv-arozo p € [1,400).

Teopema 2. Hexali f — 2onomopdna dynxuyia ¢ C*, N dynxuia nomipnozo apocmannas,
logr = o(A(r)), r = +o0, Hi, Hy € L,[0,27]. Todi (2) i (3) suxonyromvea modi i auwe
mooi, KoAu:

i) Hi(0) =1} >0, Hy(0) =13 > 0, \(r) onykaa cmocoeno logr, f e dynruicro

lp(r,F) _
o =0

U.p.3. cmocoeno A 3 induxamopom H = Hy + Ho, i lim

r—-+o00
lim v
oo A7)

=0 das eciz k # 0;
abo
i) A(r) =rPL(r), p >0, L — nogiavno sminna ynxyia, f e gynxyico u.p.3.
wodo \ 3 induxamopom Re Hy + Re Ho, de Hy(0) = > 1}ei*?,
k€Z

Hy(6) = 3 1270 11 = lim 200 2 = iy BGoE)
2(0) = 2 te™, b = Hm 650 = i e

STkwo cniesionowenna (1), (2) suxonyromoca das dearozo p € [1,+00), modi sonu npa-
6uAbHE | 0aa Oydv-axozo p € [1,+00).

2. Jonomixkui pesyiabraTtu. s noBeaennst reopeM 1 Ta 2 HaMm nOTpiOHO JeKLIbKa
JOTIOMIXKHUX TBEP/IZKEHD, SKi TAKOXK MalOTh CaAMOCTiliHe 3HAYEHHSI.
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Hexaii f — ronomopdua dyukuia B kb A = {2 : R%) < |z| < Ro}, 1 < Ry < o0,

BimMiaHa Bim ToroxkuOro Hyns, F(z) = 27" f(z), ne f i m Busnadveni B (4). Ockinbku
F ne mae nynip Ha omgmananomy ko T = {z € C : |z| = 1}, 1o log F' ronomopdua B
JIETKOMY KiJILIIEBOMY OKOJI1 OJIUHUIHOTO KOJIA, TOMY JIOMYCKAE PO3BUHEHHS B pas, Jlopana

log F(2) = Z a2

keZ
CupaB/pKyoTbCs Taki JeMH.
Jlema 1.
o1
Ln(r, F) = agr® + ¥ / "’;,Eilf) dt, k#0, r>1, (10)
1
lo(r,F) —lo(1, F) = Ny (r, f), (11)
[ Lt F
Ng(r,f):zk(r,F)—ak—k/l’“(tfj )dt, k#£0, r>1. (12)
1
Jlema 2.
1(1 F)=opr k4 o7F n%(t’f)dt k#£0, r>1 (13)
k 7’7 = QT T tik+1 ) ) r )
1
1
l(](;7F) —1o(1, F) = NZ(r, f), (14)
1 F (L F
N,f(r,f):lk(;,F)—ak—i—k/ ’“(ft )dt, k0, r>1. (15)
1
JIlema 3.
I et 1
Li(r, F) = (ag +a—5)r" + 7k / nlziilf)dt + %(1 —r)ng(T), k#0, r>1, (16)
1
No(’f‘,f):Lo(T’,F)*Lo(].,F)ﬁ’no(T)lOgT’, (17)
[ Ly(t, F)

dt —ni(T)logr, k#0, r>1. (18)

Nk(’l“,f):L}C(ﬁF)—(OZk"‘m)—k/ ;

1
Jlema 4.

T

t —a_f 1
ak(r,F):—ik/Ck(t’f)dt+ak 22,0‘ Lo TP DD, k£0, r>1, (19)

1

1 ren(t —ap 1

ak(;,F):ik:/ ’“(; D) e 4 2 %0‘ k—%(r_k—l)nk(']r), k£0, r>1. (20
1
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t.F a_1 T
ck(r,F):ik/ak(’ ) gt + % *20‘ i +N,§(r,f)+2’}’€(74k), E£0, r>1, (21)

1

ng(T)
2krk”’

1 ) T‘a 1 F +a_,
ck(;,F):fm/ ’“<ft gt + 2 20‘ b N2 f) + k#£0, r>1. (22)
1

3. HoBeaenus: gonoMi>kHnX pesyiaerari. Crieeignomenns (10), (11), (13),
(14) orpumasi B [6, ¢. 59-60], y nporeci qoBeeHHst teMu 21.1, x04a OKpeMO BOHN TaM He
chopmynsosani. Cuiseignomenusa (12), (15) moxkHa oTpuMaTh crocoGOM AHAJIOMIYHUM
2o orpumanns obeprenux koediuienris @yp’e-Crinbrbeca nHasepenum y [10].

Jlema 3 BurmBae Ge3mocepeaHbo 3 jJeMu 1 Ta jeMu 2, sIKIO BPaXOBYBATH CITiBBiJI-
HoeHHs MiK Koedirienramn @yp’e (6)-(9).

Josedenns aemu 4. Ockinbku N} (r, f) = N (r, f), NA(r,f) = N2,(r, f), To 3 (12) i
(15) purnBae

0=Ni(r,f) = NL(r,f) =

T — [t F) + L (r, F
=lk(r,F)—Lk(r,F)—(ak—afk)—k/ k(f >+t dt )dt7 (23)
1
OZNIS(rvf)_NEk(T7f):
1 T P (L F) 41 (L F
:lk(;7F)—l—k(;yF)—(O%—Oé—k)+k/ t(g ) 7 it )dt, (24)
1
JTsT KOYKHOTO 1iiioro k # 0 ma r > 1. Bukopucrosytoun (7), (8), 3 (23), (24) onepxkyemo
_ k r Ck(tvf) Qp — O . jck(t7F) ap — O
ak(r,F)—i/ r dt + 5 = ik ; dt + 5 k#0,
1 1
L k i — Ok [ ; —a—,
ak(,F):_/Ck(t 1) gy 4 2O —zkz/ck(t Do+ EZTE g
r 1 t 21 27
1 1
Ockinbku npu k # 0,
z
cp(m, F) =ci(r, f) — Z ck(ﬂl—a—j)
lajl=1
Ta
.
z - e_lkWJ, 0<r< ].7
Ck(T7 1- ;) = gEikVJ (25)
J A
2kTk’ T>1
TO

2i 2ki
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T

l =
ak(i,F)—ik/Ck(;’f)dt—kak TR TR (D), kA0, >

1

JloBeeHHsa JeMu 5 aHAJOTIYHE 0 AOBEICHHA JieMu 4 3 Ti€ro JIuie BiAMIHHICTIO, 10
samicte pisamni Gynkuiit Ni(r, f) ra N*, (r, f), i = 1,2, Tpeba posrianaTu iXHIO CyMy.

4. Hosegaenns Teopemu 1. Heobxidnicmo. 3 (1) BunimBae icHyBaHHS rpaHHIb

. Li(r,F . . . ..
hrf "/\((7:’)), nag Beix k € Z. Mu nosnauumo ui rpanuni L. Takox 3i cuiBeigHOmIEH-
T—+00

usa (1) BuriuBae, mo Ly, nopisaiooTh Koedirmientam ®ype ¢ (H) dyuxuii H. Cupasi,

2 . ——
Li(r,F) 1 ko log F(re'?) + log F(Lei?) ko
RS ) ) =|— 4 r _ ik0 1 <
o o )‘ - 0/ [e e = E1(9)| do
27
< = [ L log Fre®) +10g F(2e0) = AryE©O)|do 0, r— +
<o) 3 og F(re og F(—e r , T 0.

0
Takox 3i cuiBigHomenus (1) orpumyemo

1/p

27
o [ 18 [F e + log [F () = AR H@OPd0 § = oA, 7= +oc. (26)
T
0
SayBaxKumo, 110
: 1 . . 1 .
log | F(re'?)| 4 log |F(;e‘9)\ = log|f(re")| + log |f(;e“9)| + O(logr), 7 — 4o00.
Bpaxysasmu, mo logr = o(A(r)), ogepxyemo
2T i0 1,0
log | f(re'”)| + log | f(5€")|

% / A(r)

0

P
df =

— Re H(0)

2m

/
27
0
27

TobTo
1
lim —/
r——+oo 27
0

3eiacu ([9]) orpumyemo, wo f € GyHKuiew 1.p.3. crocoBHO A 3 inaukaropom ReH.
dxmo L = 0, ana seix k # 0, Toni H(#) = Lo > 0. Bukopucrosyioun (17),
OJIEPIKUMO

P

log | F(re')| + log | F(%e™)] df+o(1), r—+oo

Ar)

— Re H(6)

p

log | (re)] +log (e -

A(r)

— ReH ()

lim N(r f) _ lim Lo(r, F) — Lo(1, F) + no(T) logr L.
r——400 )\(T’) r— 400 )\(7')
N(r)
LD ?

Tomy, akmo Lg > 0, To orpumaemo A(r) ~ r — 4oo. Tobro A(r) € omykmow

crocoBHO log r i Mu mosenn (i).



Ouner BumuHcbKuit, Auapiii Xpucrisuuu
40 ISSN 2078-3744. Bicuuk JIpBiB. yn-ry. Cepisz mex.-mar. 2014. Bumyck 79

Hexait Temep icaye k # 0 Take, mo Ly # 0. He 3menmytoun 3arajbHOCTI, MOXKEMO
BBaxary, mo k € N. Ockinbku f € dysknieo m.p.3. 8 C*, 10 3 [9] orpnmyemo icHyBaHHs
rpaHulb

ex(r, f) y (L, f)

i
e ot A(r) ) roeo ()

r—+oo (1)

3 ornay Ha (6)-(9), onepxkuMo

1 1
Lk(T7F):Ck(raf)+iak(r7F)+ck( f)—mk(;,F)—&-O(logr), ]{;EZa 7 — $00.

)
r

—an(L
3Biacu BumIMBaE, IO iCHYIOTH rpanumi lim W, k € Z. Ilozuaanmo

r—+00

ar(r, F) — ap(%, F) ce(r, f) + cu($, f)

ap =, 1 r) » = lim ) » kEZ.
Toni 3 temn 4, mosnauusum A (1) := [ @dt, OTPUMYEMO
1
apA(r) = —ikcp A (r) + o(A1(r)) + O(1), keN, r— +oo, (27)
a 3 JeMHu
EA(r) = ikapA(r) + o(A1(r)) +O(1), keN, r— 4oo. (28)

3aysaxumo, mo c; # 01 aj # 0. Cupasai, SKIO NPUILYCTUTH, IO X04a O OHA 3 LHX
Besmaun siopisaioe 0, To 3 (27) abo 3 (28) BumuBae, mo i iHma BeauduHa nopiBuiOE 0,
a orxke, i Ly = 0, mo CynepevnTs NpUILy IEHHTO.

3 (27) abo (28) orpumyemo

A(r c;
(r) = —ik—= +0(1), r— +oo.
A(r) ay
. o . PR Ar) gk
3Biacu HeraitHO BUILIMBAE iCHYBaHHS rpanumi lim = —ik-£. 3 ornany ua 3pobie-
r—+oo A(7) g
A(r)

HEe BHIIE 3ayBaKeHHa lim > 0. IMoznauumo o rpanuiio yepes p. 3 [11, c. 117]
r—-+o00 1(r)

orpumyemo A(r) = rPL(r), ae L ¢ GpyHKII€I HOBLIBHOIO 3pOCTAHHS.

Jocmamuicms. Tpunycrumo, mo (i) abo (i) BUKOHYEThCs. 3 yMOB HAKIQJIEHUX HA
A purtusae ([11, c. 85]), mo icaye M > 0 Take, mio JJ1st BCiX HATYPATBHAX K, TOYHMHAIOYH
3 HeAKOro k| BUKOHYETHCS

“+oo
At MAR)
/ﬁkﬂdtg o0 s (29)

Binbue Toro, A mae ckinvennuii nopsaaok ([12]), romy icuye ko € N rake, mo
7 (t. f)
o k n(t,
Li(r,F) = —r / it k> k. (30)

r
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3 orysamy ua (30) 1 mepiBHicTb |ng(r)| < No(er), a TakoK BUKOPUCTOBYIOUH CKIHUEHHICTH
A-THITY, OTPUMYEMO

+00 +oo —
N (et ~ A(t MMM
|Ly(r, F)| < rF %dt < Mr*F / tk(*‘i < - (T), k > max{ky, ko}, r>1.

T T

3 Bupasis g ci(r, f) [6, nema 21.2, c. 61] omepxyemo mrst r > 1

2

r* r dt k=1, k—1
—?nk('ﬂ‘) tk+1 + — t t f)dlf - —nk t dt =

1 1

k
Ck(ﬁf)‘f’@c(%mf) ;(O‘k+a k)(?“ +T_k>+7/nlzl(cilf)dt_

1 ke TR () rk k-1 L ooe  —k
fi(ak+a_k)(r +r )+3/ e dt+7 t nk(t,f)dtfﬁ(r —-r "), kel

1

[opisHaOIOYA OTpUMaHe chiBBimHOMEHHS 3 BupasoM mua L (r, f) (16), onepxyemo

Lu(r, F) = 2(ci(r, £) + ex(, ) — (o + a7

r b _
_/(D nk(?f)dt_’_%(rk—l)nk(’ﬂ‘), keN, r>1.

1
Tobro

1 1
‘Lk(?",F)‘<2|Ck(7',f)+ck(;7f)‘+N0(?",f)+0(1+rfk), kGN, r>1
BukopucToByioun CKiHYEHHICTh A-THITY, OOEPKYEMO
|Lk(T,F)| <M1)\(T), keN, r— +oo.

3 orssy Ha OTpUMAaHi BUIIE OLiHKH, & TaAKOXK BpaxoBylouu (17), Mmarumemo

ke NuU{0}, r>1, (31)

ne Ms — nesika, craJjia.
Tenep posrisinemo sunanok k < 0. Turerpytoun gactunavu y (16), oaepxyeMo

Ly(r, F) = (ax+a=y k)rkli?"”’;fff)| +E/(%)kdnk(t,f)Jr%(lfrk)nk(T), r> 1
1
Tobro
Ly (r, F)| < AAk(r) + ﬁBA(r) to(l), r>1, k<o.
Tomy
Lo F) < 220 o st (32)

Ikl
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Orxe, 3 (31) Ta (32), onepKyemo

CA(r)
Li(r, F)| < . kez, 1. 33
L P < g REZ v > 33)
Moximuemm (33) mva A\(r) i cupsMyBasmm r 10 +00, OTPAMYEMO
C
Lyl < ———, keZ. 34
L4l < g (39

Bacrocosyiouu reopemy Xaycaopda-lOura ([11]), moxkemo 3anmcaru

2w _— 1/p

. _ p
1 log F(re') + log F(Xei?)
il r _ < RN T
27 / A(r) H()) do = Z r

o keZ

ompu p = 2, 1 < ¢ < 2. 3 oty ua ouinku (33) ta (34), nepeimosmu 10 rpaHui
upu 7 — 00, ogepxkumo (1) npu p > 2. BukopucToBy0Yr MOHOTOHHICTH IHTEIPAIBHUX
cepenHix, oTpuMy€eMO, o criBBimHOmEeHHs (1) BUKOHY€eTHCS Mytst BCix p € [1; 4-00).

5. JoBenenns teopemu 2. Heobxionicms. 3 (2) i (3) BuruinBae icHyBaHHS Tpa-
1 (r,F) —u(3.F)

ORI e )

muib  lim

, 17151 BCix k € Z. Tosnadnmo ix simmosimno [} Ta [3.
r——4o00

Taxox 3i crissinnomens (2), (3) sunusae, mo wi rpamumi [, (2 mopiBHIOOTE Koedirien-
ram @yp’e byukuiit Hy, Hy. Oxpim Toro, 3 (2), (3) orpumyemo

1/p

27

or [ 1B FGe)] = XORHOP A8y = oAG)), 7+ +oc,
0
27 1/p

% / | log |F(%ei9)| — A(r)ReH5(0)|Pdo =o(\(r)), r— 4oo.
0

SayBaxKumo, 110
, , 1, 1,
log |[F(re')| =log|f(re')| + O(logr);  log IF(;6’0)| = log |f(;€29)| + O(logr).

r — +o0. Bpaxysasiu, mo logr = o(A(r)),r — +00, onepKyemo

2 2w

. p , P

log | f(re)] / log | F'(re’)|

O8VANC N pepy| dt = [ |22 ey 1
/ NG ReHy| dt NG ReHy| dt +o(1), r— 400,
0 0
2 X p 27 R P

log | f(Le)] log |[F(Le”)]

ZoVA\r” I pom - ol \e” VL pem. 1 )
/ NG| ReHs| dt / ) ReHs| dt +o(1), r— 400
0

0
3sincu ([9]) BunutuBae, o f € GyHKIi€ 11.p.3. CTOCOBHO A 3 ingukaropom Re H1+ Re Hs.
MozkuBi Taki BUIIAIKU.
L Slkmo I}, = 13 = 0,Vk # 0, roni H1(0) = I > 0, H2(0) = I3 > 0. Bukopucrosyiodn
(11) i (14), maTumMemo

1 _
lim NO(T,f): lim l()(er) l()(laF)

=}
r=too (1) r—-+too A(r) 0
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N lo(3,F)—1o(1, F
i MO o G ZW@E) e
r—4oo  A(r) r—-F00 A(r)
Nl

2
Orxe, axmo [§ > 0 abo 13 > 0, To orpumaemo A(r) ~ ll(r) abo A(r) ~ ng‘(r) , T — F00.
0 9
To6ro, A\(r) € onykiotw crocosHo log r i Mu noeernw (i).
I1. Hexait Tentep 3k € Z\ {0} Take, mio I} # 01 (3 # 0. He 3menumyiouu 3araibHocTi,
moxkemo Baxkaru, o k € N. Ockinbku f € dyskuieio u.p.3. B C*, 1o 3 [9] Buniusae
iCHyBaHHSI TPAaHUIIb

1
lim Ck(rmf)’ lim Ck(raf)’ lim Ck(raf)+ck(raf)7 keZ.
r—too  A(1) r—foo (1) r—+oo A(r)
3BifcH OTPUMYEMO iCHYBaHHS TDAHUIID
1 _ 1
lim ak(rvf)’ lim ak(raf), lim ak(’f‘,f) ak(raf)7 ke 7Z.
r—too  A(7) r—otoo (1) r—>-+oo A(r)
TosuaqmuMo BizmoBiHO depes al, o2 rpapmmi Lim %CE)  lim %GF 10 genes ol
il AL p k> Yk 1Y 1, r>+oo k(r) ’ r+oo ,\(T) I p k>
2 . e (r,f) . cr(£,f)
c;, TpaHwuIii Tl}r}_loo O Tl}ﬂr_loo YORE
3 nemu 4, nosuaumsmm A (1) := [ @dt, OTPUMYEMO
1
ap\(r) = —ikci M (r) + oM (1)) +O(1), k€N, r — +oo, (35)
ai\(r) = ikcid (r) + o\ (1)) +O(1), k€N, 7 — +oo. (36)
A 3 jemu 5,
i) = ikap A (r) + oA () +O(1), keN, r— +oo, (37)
AENr) = —ikai i (r) + oM (r) +O(1), keN, r— +oo. (38)
3Bigcu
A(r) k
= —ik—% 1 — 39
A(r) e
e = zka—i +o(1), r— +oo. (40)
Orxe, icHye TpaHuUIlsd Ein % dAxmo xo4da 6 ogHA 3 BEJIUYUNH c}; abo a};, 1= 1,2
nopisrtoe 0, Togi 3 orAny Ha (35)-(38) imma Besmunna nopismioe 0, a orwe, it I = 0,

1 = 1,2 mo cynepeunTd npunymenHio. Tomy lim M) 0, TTo3HAYMMO 1[0 TPAHHTIO
T

oo Ai(r)
qepes p. 3 [11, c. 117] orpumyemo A(r) = r? L(r), ne L e dyHKIII€0 TOBITBHOIO 3pOCTAHHSI.
Mu noeesn (ii).

I1I. Baysaxkumo, mo y sunajxax, kom Vk € Z\{0} 1} =0ra 3k € Z\{0} U #0,
e i,j € {1,2},i # j, BUKOPUCTOBYIOYN HABE/eHI MIPKYBAHHS, OTPUMYE€MO BHCHOBOK
AHAJIOTIYHUM BUCHOBKY 71 BUMaaky II.
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Jocmamuicms. Tpunycrumo, mo (i) abo (i) BUKOHYEThC. 3 YMOB HAKIQJIEHUX HA
A pututusae ([11, c. 85]) crieeignontenns (29). Kpim toro, A Mae ckiHdeHHMi MOpSI0K

([12]), Toui

Oonl t,

JkseN Vk>ks Vr>1: [(r,F)= —rk / ’;]EHf)dt, (41)
1 Oon2 t,

Jks €N VE>ky Vr>1: l,k(;,F)z—r’“/ ’;](Hlf)dt. (42)

4
3 ornamy ma (41),(42) i mepisnocti |nk (t)| < Ni(er),i = 1,2, orpumyemo
M4A(T’) M5)\(7")
k ko
JJIsI JOCTATHRO BeqMKUX k 1 mesikux craaux My, Ms.
3 Bupasis s ci(r, f) (dema 21.2 [6, c. 61]) omep:xkumo

>1

1
|k (r, F)| < o (L F) <

tri ) = plewr s a4 g [ ((5)" = () ) anken) - 50 k20, v,
1

1 1, e L[ NE VR 4 (T)
S )=z s — (- - 1.
(o f) = glawr sy [ ((5) = (5)) anden)- 55 k20 v
1
[Mopisuioun ni pisHocTi 3 Bupaszamu s i (r, f), lk(%, f) (10), (13), orpumyemo

" k
_ J—— }/ t\" gt f) o, n(T)
le(r, F) = 2¢,(r, f) —a_gr +k " ; dt + e kE#0, r>1,
1

Lk(}aF) = 201@(17,70) —ayrF — l/ (E)_k n’%(t’f)dt—k nk(_T) k#0, r>1.

r r k

TobTo, pu k > 0

N} 1
et P < 2lentr )+ 22T oLy s
1 1 Ng(r, f) 1
l_i(=, F)| < 2|ex(= 202 4 O(— L.
LG ) < 2, )+ 228 o), s
BukopucToByioun CKiHYEHHICTH A-THITY, OOEPKYEMO
A(r) 1 A(r)

[l (ry F)[ < M ; |l—k-(;7F)| < Mz keN, r— +oo,

k k’
ne Mg, M7 — neski crani. Bpaxosyioun orpumani nepiBnocti ta 3 orssiny nwa (11), (14),
MATHMEMO

Mg(r) 1 < Mg (r)

<
br P < S22 k(5 ) < 2

EeNU{0}, r>1.  (43)

)
r
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Tenep posrnsremo Bunagok k < 0. [mrerpyroun uacTuHAMM y CHIBBiIHOIIEHHSX
(10), (13), orpumyemo

Ii(r, F) = agr® + . t’(“t f)' Ii/r(:)kdn}c(t, ),
1

a TaKOXK
1 I 1rkni(t,f)T 1 ko,
l—k(;aF) =acert e 1 - E/ (E) dn;(t, f).
1
TobTo A
1
[l (r, F)| < 1|k|(7“) mBl)\(T) +o(1), k<O,
1 AQA(?") 1
k(= F)| < + —BoA(r) +o(1), k<O.
G IS T
Tomy
MioA
ll_i(r, F)| 1|°k|(7"), k<0, r— o0, (44)
1 M A
k(= F)| < TM(’") k<0, r— +oo. (45)
Orxke, 3 (43) 1 (44) BuIMBAE
Cl)\(’l’)
< .
lle(r, F)| < EwE keZ, r>1 (46)
A 3 (43) i (45) BunnBae
1 Cao(r)
k(= F Z 1.
|l k(T, )| ‘k|+1 ke y > (47)
Moxinwemm cuissinuomenus (46), (47) ua A(r) i cupaMyBasimm 7 10 +00, OTPEMYEMO
. C;
Ll< -2t kez, i=12, 1. 4
A T+ € i r> (48)

Burkopucrosytoun teopemy Xaycaopda-FOura ([11]) i (48), omepyemo

1
1 2m /e q) V4
7/ y i:172a
2m

P
iy <{¥
kEZ
npu p = 2,1 < g < 2. 3 orysiny uHa ouinku (46), (47) 1 (48), nepeliosuiu 10 rpaHuLi Ipu
r — 400, ouepxkumo (2), (3) mwisg p = 2. MOHOTOHHICTH IHTErpaJbHUX CEPENHIX 3ABEPIIYE
JTOBEICHHS.

log F(re®)
A(r)

lk(T', F) i
Ayt

— H;(0)
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ON THE SIMULTANEOUS REGULAR GROWTH
OF THE LOGARITHM OF MODULUS AND ARGUMENT
OF A HOLOMORPHIC IN THE PUNCTURED
PLANE FUNCTION

Oleg VYSHYNS’KYI, Andriy KHRYSTIYANYN

Ivan Franko National University of Luiv,
Universytets’ka Str., 1, Lviv, 79000
e-mail: khrystiyanyn@Qukr.net, vyshynskyiQukr.net

The paper deals with the class A% of holomorphic functions in C* := C\ {0}
of the completely regular growth and the concept of growth indicators of such
functions. Under general assumptions we solve the problem of description of
the sets of holomorphic functions f, functions of growth A, functions H, Hi,
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H, from L0, 27], and numbers p € [1,+00) such that
1/p

{i Zf7r| log F(rew) + log F(%ew) — A(T)H(0)|pd6’} =o(A(r)), r— 4oo,

27 1/p
{i { |log F(re*) — /\(T)Hl(e)\pde} =o(A(r)), T — +o0,

Py 1/p
{i of |10gF(%e“9) - A(T)H2(0)|pd9} =o(A(r)), r— 4oo,

vghere F(z) = z_mf(z)7 fla;) =0, )
FO =) T ) tm= gt [ L2

lajl=1 ’ lz]=1
Key words: holomorphic function, function of completely regular growth,
growth indicator, Fourier coefficients, Fourier-Stieltjes coefficients.

Ob OJHOBPEMEHHOM BIIOJIHE PEI'VJIAPHOM POCTE

MOIYJISI 1 APCYMEHTA I'OJIOMOP®HOI1 B IIPOKOJIOTON

KOMILJIEKCHO! IIJIOCKOCTU ®YHKIINN

Outer BBIIIIMHCKU, Auapeit XPUCTUAHUH

Jv606cKkutl Hayuonasvholl yrusepcumem umenu Heana Ppanko,
ya. Yuusepcumemcxan, 1, Jlveos, 79000
e-mail: vyshynskyiQukr.net, khrystiyanynQukr.net

Paccmarpusaerca kinace f € Ay ronoMopdHBIX B IPOKOJIOTON ILIIOCKOCTH
C* := C\ {0} byukumit Bo;HE PEryISIPHOTO POCTA, MOHATHS WHIAKATOPOB
TakuxX (QYHKIOWI, W IPA BeCbMa OOUTUX TIPEIOI0KEHAAX PEIIeHa, 33,198, OTIH-
canusg MHOXKecCTB Tosomopdubx B C* dynkmmii f, dyrkmuii pocra A, GyHkmii
H,H,, Hs u3 L,[0, 27| u uucesn p € [1,+00] Takux, 4ro

27 1/p
{i bf |log F(re®) + log F(%ew) — A(T)H(0)|pdt9} =o(A(r)), r— 400,

I

on 1/p
{f f ltog Fre) - A(r)fh(e)\pde} — o(A()), 7 — oo,
o 1/p
{— f llog Pz - A(r)sznpde} —oA(r)), T - +ov,
rae F(z) = 2™ f(z), f(a;) =0,

Fo =) T G—a) tim=g [ 29,

laj|=1 [z]=1

Karoueswie caosa: romomopdHas GyHKIUS, PYHKINA BIOJJIHE PEryJIsSPHO-
r0 pOCTa, MHANKATOD pocTa, Koddduumentor Pypne, k03bdurmentsr Pypne-
CruasTheca.



