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IÍÒÅÃÐÀËÜÍÅ ÐIÂÍßÍÍß ÄËß ÐÅÄÓÊÎÂÀÍÈÕ ÏÐÎÖÅÑIÂ

Ç ÍÅÏÅÐÅÐÂÍÈÌ ×ÀÑÎÌ

Iðèíà ÁÀÇÈËÅÂÈ×

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ, 79000

e-mail: i_bazylevych@yahoo.com

Çíàéäåíî àñèìïòîòèêó òâiðíî¨ ôóíêöi¨ ïðè τ ↓ 0, t ↓ 0 i âèãëÿä iíòå-
ãðàëüíîãî ðiâíÿííÿ äëÿ ðåäóêîâàíîãî ãiëëÿñòîãî ïðîöåñó ç íåïåðåðâíèì
÷àñîì.

Êëþ÷îâi ñëîâà: ãiëëÿñòèé ïðîöåñ, ðåäóêîâàíèé ãiëëÿñòèé ïðîöåñ, òâið-
íà ôóíêöiÿ, iíòåãðàëüíå ðiâíÿííÿ, ôóíêöiÿ ðîçïîäiëó, àñèìïòîòè÷íå ïðåä-
ñòàâëåííÿ, âèïàäêîâà âåëè÷èíà.

1. Âñòóï. Âïåðøå ðåäóêîâàíi ãiëëÿñòi ïðîöåñè áóëè äîñëiäæåíi 1975 ð. ó ñòàòòi
À.Ì. Çóáêîâà [6]. Â íié äîñëiäæóâàëàñü ïîâåäiíêà íàéáëèæ÷îãî çàãàëüíîãî ïðåäêà.
À Ê. Ôëåéøìàí i Ð. Çiãìóíä-Øóëüòö ââåëè ïîíÿòòÿ �ðåäóêîâàíèé ïðîöåñ� [12].

Ðîçãëÿíåìî îäíîðiäíèé ãiëëÿñòèé ïðîöåñ µ(t) − êiëüêiñòü ÷àñòèíîê ó ìîìåíò
÷àñó t çà óìîâè, ùî â ïî÷àòêîâèé ìîìåíò ÷àñó áóëà îäíà ÷àñòèíêà. Âèïàäêîâèé ïðî-
öåñ µ(t, t+ τ), ÿêèé ïîçíà÷à¹ êiëüêiñòü ÷àñòèíîê ó ìîìåíò ÷àñó t, ÿêi â ìîìåíò ÷àñó
t+ τ ìàþòü íåïîðîæí¹ ïîòîìñòâî (t > 0; τ > 0), íàçèâàþòü ðåäóêîâàíèì ïðîöåñîì.

Äîñëiäæåííþ ðiçíèõ âëàñòèâîñòåé ðåäóêîâàíèõ ïðîöåñiâ ïðèñâÿ÷åíi ïðàöi [2],
[3], [4], [5], [7], [11], [13], [14]. Àëå ó âñiõ íèõ äîñëiäæóâàëè ãiëëÿñòi ïðîöåñè ç äèñêðåò-
íèì ÷àñîì. Ëèøå ó ïðàöÿõ À.Ë. ßêèìiâà ðîçãëÿäàëè ðåäóêîâàíi ãiëëÿñòi ïðîöåñè ç
íåïåðåðâíèì ÷àñîì [9], [10].

Ìè îòðèìàëè òàêi ðåçóëüòàòè:

1) ïðîöåñ µ(t, t+ τ) � íåîäíîðiäíèé ìàðêiâñüêèé ïðîöåñ ïðè ôiêñîâàíîìó t+ τ
ïî t;

2) ïðè τ → 0 ñêií÷åííîâèìiðíi ðîçïîäiëè ðåäóêîâàíîãî ïðîöåñó çáiãàþòüñÿ äî
ðîçïîäiëó ãiëëÿñòîãî ïðîöåñó;

3) äîñëiäæåíî âçà¹ìîçâ'ÿçîê ðîçïîäiëiâ ïðè t = (t+ τ)ε ìiæ µ(t, t+ τ) i µ(t);
4) äîñëiäæåíî ïîâåäiíêó ãðàíè÷íèõ ðîçïîäiëiâ ïðè τ → ∞ äëÿ äîêðèòè÷íèõ i

íàäêðèòè÷íèõ ïðîöåñiâ.

c⃝ Áàçèëåâè÷ I., 2014
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Ðîçãëÿíóòî ãiëëÿñòi ïðîöåñè çàãàëüíîãî âèãëÿäó (òîáòî íåìà¹ âðàõóâàííÿ äî-
êðèòè÷íîñòi, êðèòè÷íîñòi, íàäêðèòè÷íîñòi). Àñèìïòîòèêè ïðè τ ↓ 0, t ↓ 0 t i τ ¹
íåçàëåæíèìè.

2. Ôîðìóëþâàííÿ çàäà÷i. Ðîçãëÿäà¹ìî îäíîðiäíèé ãiëëÿñòèé ïðîöåñ µ(t) ç
íåïåðåðâíèì ÷àñîì. Ïðîöåñ µ(t, t+ τ) − ðåäóêîâàíèé ãiëëÿñòèé ïðîöåñ, ÿêèé âiäïî-
âiäà¹ ïðîöåñó µ(t).

Íåõàé F (t, s)− òâiðíà ôóíêöiÿ ïðîöåñó µ(t), a f(s)− òâiðíà ôóíêöiÿ ùiëüíîñòåé
ïåðåõiäíèõ éìîâiðíîñòåé öüîãî ïðîöåñó.

Ââåäåìî òâiðíó ôóíêöiþ

Φ(t, τ, s) =
∞∑
k=1

P{µ(t, t+ τ) = k, µ(t) > 0}sk

òà òâiðíó ôóíêöiþ ðåäóêîâàíîãî ïðîöåñó

ψ(t; τ ; s) =

∞∑
k=1

P{µ(t, t+ τ) = k|µ(t) > 0}sk.

Ôóíêöiÿ Φ(t, τ, s) âèðàæà¹òüñÿ ÷åðåç òâiðíó ôóíêöiþ ïðîöåñó µ(t)

Φ(t, τ, s) = F (t; s(1− F (τ ; 0)) + F (τ ; 0))− F (t; 0),

òâiðíà ôóíêöiÿ ãiëëÿñòîãî ðåäóêîâàíîãî ïðîöåñó äîðiâíþ¹ ([1])

ψ(t, τ, s) =
∞∑
k=1

P{µ(t, t+ τ) = k|µ(t) > 0}sk =

=
F (t; s(1− F (τ, 0)) + F (τ, 0))− F (t+ τ, 0)

1− F (t+ τ, 0)
.

3. Àñèìïòîòèêà ðåäóêîâàíîãî ãiëëÿñòîãî ïðîöåñó ç íåïåðåðâíèì ÷à-

ñîì ïðè τ ↓ 0 òà ïðè t ↓ 0.

Òåîðåìà 1. Ïðè τ ↓ 0 âèêîíó¹òüñÿ àñèìïòîòè÷íå çîáðàæåííÿ

Φ(t; τ ; s) = F (t; s(1− τp0) + τp0)− F (t; 0) + o(τ).

Ïðè t ↓ 0 Φ(t, τ, s) ìà¹ àñèìïòîòè÷íå çîáðàæåííÿ

Φ(t, τ, s) = s(1− F (τ, 0)) + F (τ, 0) + t(f [(1− F (τ, 0))s+ F (τ, 0)]− p0) + o(t).

Äîâåäåííÿ. Ñïî÷àòêó ðîçãëÿäà¹ìî àñèìïòîòèêó ïðè τ ↓ 0. Âiäîìî [8], ùî ïðè t ↓ 0
àñèìïòîòèêà òâiðíî¨ ôóíêöi¨ ãiëëÿñòîãî ïðîöåñó ç íåïåðåðâíèì ÷àñîì òàêà:

F (t; s) = s+ tf(s) + o(t).

Çà îçíà÷åííÿì f(s) = p0 + p1s+ p2s
2 + . . .+ pns

n+, òîìó

Φ(t, τ, s) = F (t; s(1− F (τ ; 0)) + F (τ ; 0))− F (t; 0) =

= F (t; s(1− τf(0) + o(τ)) + τf(0) + o(τ))− F (t; 0) =

= F (t; s(1− τp0 − o(τ)) + τp0 + o(τ))− F (t; 0).
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Âðàõîâóþ÷è íåïåðåðâíiñòü ïî s â êðóçi |s| 6 1 òâiðíî¨ ôóíêöi¨, îòðèìó¹ìî

Φ(t, τ, s) = F (t; s(1− τp0) + τp0)− F (t; 0) + o(τ).

Ïåðåõîäèìî äî àñèìïòîòèêè ïðè t ↓ 0. Ïîçàÿê [8]

F (t, s1) = s1 + tf(s1) + o(t)

i s1 = s(1− F (τ, 0)) + F (τ, 0),

Φ(t, τ, s) = F (t, s1)− F (t, 0),

F (t, 0) = 0 + tf(0) + o(t),

f(0) = p0 + p1s+ p2s
2 + ...|s=0 = p0,

F (t, 0) = tp0 + o(t),

òî Φ(t, τ, s) ïðè t ↓ 0

Φ(t, τ, s) = s1 + tf(s1) + o1(t)− [tp0 + o2(t)] = s1 + (f(s1)− p0)t+ o(t) =

= s(1− F (τ, 0)) + F (τ, 0) + t(f [(1− F (τ, 0))s+ F (τ, 0)]− p0) + o(t).

Òåîðåìà äîâåäåíà. �
Çàóâàæåííÿ 1. Äîñëiäèìî ñåíñ âèðàçó:

f [(1− F (τ, 0))s+ F (τ, 0)]− p0.

f(s̃) = p0 + p1(s̃) + p2(s̃) + ...

f(s̃)− p0 = p1(s̃) + p2(s̃) + ...

Öå òâiðíà ôóíêöiÿ ùiëüíîñòåé ïåðåõiäíèõ éìîâiðíîñòåé áåç âèðîäæåííÿ.

Ëåìà 1. Íåõàé ó ïî÷àòêîâèé ìîìåíò ÷àñó áóëî k ÷àñòèíîê. Âèïàäêîâà âåëè÷èíà
η − ìîìåíò ïåðøîãî ïåðåòâîðåííÿ ïðîöåñó. Òîäi âèïàäêîâà âåëè÷èíà η ìà¹ ïîêàç-
íèêîâèé ðîçïîäië ç ïàðàìåòðîì −kp1.

Äîâåäåííÿ. Íåõàé η1 − âèïàäêîâà âåëè÷èíà, ÿêà ïîçíà÷à¹ ìîìåíò ïåðøîãî ïåðåòâî-
ðåííÿ ïåðøî¨ ÷àñòèíêè, η2 − äðóãî¨ ÷àñòèíêè, . . ., ηk − k-¨ ÷àñòèíêè. Òîäi ìîìåíò
ïåðøîãî ïåðåòâîðåííÿ ïðîöåñó äîðiâíþ¹ ìiíiìóìó ìîìåíòiâ ïåðåòâîðåííÿ âñiõ ÷àñ-
òèíîê, òîáòî

η = min(η1, . . . , ηk). (1)

Ïîçàÿê çà îçíà÷åííÿì ãiëëÿñòîãî ïðîöåñó ÷àñòèíêè ðîçìíîæóþòüñÿ çà òèì ñà-
ìèì çàêîíîì i íåçàëåæíî îäíà âiä îäíî¨, òî i âèïàäêîâi âåëè÷èíè η1, η2, . . ., ηk −
íåçàëåæíi îäíàêîâî ðîçïîäiëåíi âèïàäêîâi âåëè÷èíè.

Ç êóðñó òåîði¨ éìîâiðíîñòåé âiäîìî òàêå: ÿêùî âèïàäêîâi âåëè÷èíè η1, η2, . . .,
ηk − íåçàëåæíi i η = min(η1, . . . , ηk), òî ôóíêöiÿ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè η
äîðiâíþ¹

Fη(x) = Fmin(η1,...,ηk)(x) = 1− (1− Fη1(x)) · . . . · (1− Fηk
(x)),

äå Fηj (x) − ôóíêöiÿ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè ηj . Âiäîìî [8], ùî äëÿ âñiõ j
âèïàäêîâi âåëè÷èíè ηj ìàþòü ïîêàçíèêîâèé ðîçïîäië ç ïàðàìåòðîì −p1, òîìó

Fη(x) = 1− (ep1x)(ep1x) . . . (ep1x) = 1− ekp1x.

Îòæå, âèïàäêîâà âåëè÷èíà ηj ìà¹ ïîêàçíèêîâèé ðîçïîäië ç ïàðàìåòðîì −kp1.
Ëåìà äîâåäåíà. �
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Ëåìà 2. Ðîçãëÿäà¹ìî âèïàäêîâó âåëè÷èíó ζ(t) − ìîìåíò ïåðøîãî ïåðåòâîðåííÿ
ïiñëÿ ìîìåíòó ÷àñó t. Íåõàé 0 6 t 6 v. Ïîçíà÷èìî u = v−t. Òîäi ôóíêöiÿ ðîçïîäiëó
âèïàäêîâî¨ âåëè÷èíè ζ(t) Gt(u) (u > 0) âèçíà÷à¹òüñÿ ç ðiâíîñòi

1−Gt(u) = F (t, ep1u)− F (t, 0).

Äîâåäåííÿ. Íåõàé ζ(t) − ìîìåíò ïåðøîãî ïåðåòâîðåííÿ ïðîöåñó ïiñëÿ ìîìåíòó ÷àñó
t. Òîäi

1−Gt(u) = P{ζ(t) > u} =

∞∑
k=1

{ζ(t) > u|µ(t) = k}P{µ(t) = k} =

=
∞∑
k=1

ekp1uP{µ(t) = k} =
∞∑
k=1

(ep1u)kP{µ(t) = k} =

=
∞∑
k=0

(ep1u)kP{µ(t) = k} − P{µ(t) = 0} = F (t, ep1u)− F (t, 0).

Ëåìà äîâåäåíà. �

Ëåìà 3. Òâiðíà ôóíêöiÿ Φ(t, τ, s, ζ(t) > τ) äîðiâíþ¹

Φ(t, τ, s, ζ(t) > τ) = (F (t, s)− F (t, 0))(F (t, ep1τ )− F (t, 0)).

Äîâåäåííÿ.

Φ(t, τ, s|ζ(t) > τ) =
∞∑
k=1

P{µ(t, t+ τ) = k}sk =
∞∑
k=1

P{µ(t) = k}sk =

=

∞∑
k=0

P{µ(t) = k}sk − P{µ(t) = 0} = F (t; s)− F (t, 0).

Âiäïîâiäíî,

Φ(t, τ, s, ζ(t) > τ) = Φ(t, τ, s|ζ(t) > τ)P{ζ(t) > τ} =

=
∞∑
k=1

P{µ(t, t+ τ) = k}skP{ζ(t) > τ} =

= (F (t, s)− F (t, 0))(F (t, ep1τ )− F (t, 0)).

Ëåìà äîâåäåíà. �

Òåîðåìà 2. Äëÿ òâiðíî¨ ôóíêöi¨ Φ(t, τ, s) ïðàâèëüíå iíòåãðàëüíå ðiâíÿííÿ

Φ(t, τ, s) =

τ∫
0

h(Φ(t− u; τ ; s))dGt(u)+

+(F (t, s)− F (t, 0))(F (t, ep1τ )− F (t, 0)),

äå h(s) − òâiðíà ôóíêöié ùiëüíîñòåé óìîâíèõ ïåðåõiäíèõ éìîâiðíîñòåé çà óìîâè,
ùî ïåðåòâîðåííÿ âiäáóëîñü

h(s) =
f(s)− p1s

−p1
.
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Äîâåäåííÿ. Ðîçãëÿäà¹ìî òâiðíó ôóíêöiþ Φ(t, τ, s). Çàôiêñó¹ìî t. Íåõàé ζ(t) � ìîìåíò
ïåðøîãî ïiñëÿ t ïåðåòâîðåííÿ. Ìîæëèâi äâà âèïàäêè ζ(t) > τ àáî ζ(t) 6 τ .

Ðîçãëÿäà¹ìî ñïî÷àòêó ïðîñòiøèé âèïàäîê ζ(t) > τ . Öå îçíà÷à¹ òàêå: äî ìîìåíòó
τ âêëþ÷íî ïåðåòâîðåííÿ íå âiäáóëîñü, ùî åêâiâàëåíòíî òîìó, ùî êiëüêiñòü ÷àñòèíîê
â ìîìåíò ÷àñó t, ÿêi â ìîìåíò ÷àñó t + τ ìàþòü íåïîðîæíþ ìíîæèíó íàùàäêiâ
(ïðàêòè÷íî, öå òi ñàìi ÷àñòèíêè) äîðiâíþ¹ êiëüêîñòi ÷àñòèíîê â ìîìåíò ÷àñó t, òîáòî

{µ(t, t+ τ) = k|µ(t) = k, ζ(t) > τ}.

Ç ëåìè 3 îòðèìà¹ìî, ùî

Φ(t, τ, s, ζ(t) > τ) = (F (t, s)− F (t, 0))(F (t, ep1τ )− F (t, 0)).

Îòæå, òâiðíà ôóíêöiÿ Φ(t, τ, s) ó öüîìó âèïàäêó íàáóâà¹ âèãëÿäó

Φ(t, τ, s, ζ(t) > τ) = (F (t; s)− F (t, 0))(F (t, ep1τ )− F (t, 0)).

Ïåðåõîäèìî äî äðóãîãî âèïàäêó.
Íåõàé ïåðøå ïåðåòâîðåííÿ ïðîöåñó âiäáóëîñü íà ïðîìiæêó ÷àñó (t + u; t + u+

+△u]. Ïðèïóñòèìî, ùî â ìîìåíò ÷àñó t êiëüêiñòü ÷àñòèíîê äîðiâíþ¹ k. Âðàõîâóþ÷è
îçíà÷åííÿ ðåäóêîâàíîãî ïðîöåñó, µ(t; t + τ) ïîçíà÷à¹ êiëüêiñòü ÷àñòèíîê ó ìîìåíò
÷àñó t, ÿêi íà ìîìåíò ÷àñó t+ τ ìàþòü íåïîðîæí¹ ïîòîìñòâî (àáî ñàìi ùå æèâóòü).
Öå îçíà÷à¹, ùî ∀ v ∈ (t; t+ u] µ(t; t+ τ) = µ(v; t+ τ).

Äàëi, êiëüêiñòü ÷àñòèíîê ó ìîìåíò ÷àñó t, ÿêi â ìîìåíò ÷àñó t+τ ìàþòü íåíóëüî-
âå ïîòîìñòâî, äîðiâíþ¹ êiëüêîñòi ÷àñòèíîê ó ìîìåíò ïåðåòâîðåííÿ i ÿêi â ìîìåíò
÷àñó t+ u ìàþòü íåíóëüîâå ïîòîìñòâî.

Âðàõîâóþ÷è [8], ìè îòðèìó¹ìî, ùî

Φ(t, τ, s, ζ(t) < τ) =

τ∫
0

[h(Φ(t, τ − u, s)]dGt(u),

òóò

h(s) =
f(s)− p1s

−p1
.

Îòæå,

Φ(t, τ, s) =

τ∫
0

[h(Φ(t, τ − u, s)]dGt(u) + (F (t, s)− F (t, 0))(F (t, ep1τ )− F (t, 0)).

Òåîðåìà äîâåäåíà. �
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INTEGRAL EQUATION FOR PROCESSES

WITH CONTINUOUS TIME
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The asymptotics of the generating function as τ ↓ 0 and t ↓ 0, and the
integral equation for reduced branching processes with continuous time are
constructed.
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able.
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Íàéäåíî àñèìïòîòèêó ïðîèçâîäÿùåé ôóíêöèè ïðè τ ↓ 0, t ↓ 0 è èíòå-
ãðàëüíîå óðàâíåíèå äëÿ ðåäóöèðóèìîãî âåòâÿùåãîñÿ ïðîöåññà ñ íåïðåðûâ-
íûì âðåìåíåì.

Êëþ÷åâûå ñëîâà: âåòâÿùèéñÿ ïðîöåññ, ðåäóöèðóèìûé âåòâÿùèéñÿ ïðî-
öåññ, ïðîèçâîäÿùàÿ ôóíêöèÿ, èíòåãðàëüíîå óðàâíåíèå, ôóíêöèÿ ðàñïðå-
äåëåíèÿ, àñèìïòîòè÷åñêîå ïðåäñòàâëåíèå, ñëó÷àéíàÿ âåëè÷èíà.
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ÏIÂËIÍIÉÍÎÃÎ ÏÀÐÀÁÎËI×ÍÎÃÎ ÐIÂÍßÍÍß
Ç ÏÎÊÀÇÍÈÊÎÌ ÍÅËIÍIÉÍÎÑÒI q(x, t) > 2 + 2

n

Îëåã ÁÓÃÐIÉ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ, 79000

e-mail: ol_buhrii@i.ua

Äîñëiäæåíî ìiøàíó çàäà÷ó Äiðiõëå äëÿ ðiâíÿííÿ

ut −∆u+ g(x, t)|u|q(x,t)−2u = f(x, t)

ó öèëiíäðè÷íié îáëàñòi ç Rn+1
x,t . Çà óìîâè q(x, t) ≥ q0 > 2 + 2

n
äîâåäåíî

iñíóâàííÿ ñëàáêîãî ðîçâ'ÿçêó öi¹¨ çàäà÷i.

Êëþ÷îâi ñëîâà: íåëiíiéíå ïàðàáîëi÷íå ðiâíÿííÿ, ìiøàíà çàäà÷à, çìií-
íèé ïîêàçíèê íåëiíiéíîñòi, óçàãàëüíåíi ïðîñòîðè Ëåáåãà, ñëàáêèé ðîçâ'ÿ-
çîê, ôóíêöiÿ Ãðiíà.

1. Âñòóï. Ìè ïðîäîâæó¹ìî äîñëiäæåííÿ çàäà÷i, ðîçãëÿíóòî¨ â [1], [2]. Íå-
õàé T > 0, n ∈ N � ôiêñîâàíi ÷èñëà, Ω ⊂ Rn � îáìåæåíà îáëàñòü ç ìåæåþ ∂Ω,
T = {(t, s) ∈ R2 | 0 ≤ s < t ≤ T}, Λ = {(x, t, ξ, s) ∈ R2n+2 | x ∈ Ω, ξ ∈ Ω, (t, s) ∈ T },
Q0,T = Ω× (0, T ]. Ðîçãëÿíåìî çàäà÷ó

ut −∆u+ g(x, t)|u|q(x,t)−2u = f(x, t), (x, t) ∈ Q0,T , (1)

u|∂Ω×[0,T ] = 0, (2)

u|t=0 = u0(x), (3)

äå ∆u = ux1x1 + ux2x2 + . . .+ ux1x1 � îïåðàòîð Ëàïëàñà, g, q, f, u0 � äåÿêi ôóíêöi¨.
Iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1)-(3) çà óìîâè, êîëè çìiííèé ïîêàçíèê íåëiíiéíîñòi

ðiâíÿííÿ � ôóíêöiÿ q � çàäîâîëüíÿ¹ óìîâó q(x, t) < 2 äîâåäåíî ó [1]. Âiäïîâiäíó çà-
äà÷ó ç íåîäíîðiäíîþ êðàéîâîþ óìîâîþ çàìiñòü (2) âèâ÷åíî ó [2]. Çàäà÷i äëÿ ïàðàáî-
ëi÷íèõ ðiâíÿíü çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi ðîçãëÿíóòî òàêîæ, íàïðèêëàä,
ó [3]-[6]. Äåòàëüíèé îãëÿä ëiòåðàòóðè çà òåìàòèêîþ ñòàòòi ìîæíà çíàéòè ó [1].

Ìåòà íàøî¨ ïðàöi � äîâåñòè iñíóâàííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (1)-(3) ó
âèïàäêó q(x, t) > 2.

c⃝ Áóãðié Î., 2014
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2. Ôîðìóëþâàííÿ îñíîâíèõ ðåçóëüòàòiâ. Äëÿ ôîðìóëþâàííÿ ðåçóëüòàòó
ââåäåìî íåîáõiäíi ïîçíà÷åííÿ. Äëÿ êîæíî¨ îáëàñòi Q ⊂ Rm (m ∈ N) ÷åðåç L(Q)
ïîçíà÷èìî ìíîæèíó âñiõ âèìiðíèõ çà Ëåáåãîì ïiäìíîæèí Q, à ÷åðåç ML(Q) � ìíî-
æèíó âñiõ ôóíêöié v : Q → R1, âèìiðíèõ ñòîñîâíî L(Q). Íåõàé Lp(Q) (p ≥ 1) �
ñòàíäàðòíèé ïðîñòið Ëåáåãà (äèâ. [7, c. 37]) ç íîðìîþ

||u;Lp(Q)|| :=
(∫
Q

|u(y)|p dy
)1/p

,

Wm,p(Q) (m ∈ N, p ≥ 1) � ïðîñòið Ñîáîë¹âà (äèâ. [7, c. 44]) ç íîðìîþ

||u;Wm,p(Q)|| :=
( ∑
|α|≤m

||Dα
xu;L

p(Q)||p
)1/p

.

Ó âèïàäêó Q = (a, b) ⊂ R ïèñàòèìåìî Lp(a, b) çàìiñòü Lp((a, b)), à ïðè Q = Ω
âæèâàòèìåìî ïîçíà÷åííÿ

||u||p := ||u;Lp(Ω)||, ||u||m,p := ||u;Wm,p(Ω)||. (4)

Àíàëîãi÷íî, ÿê â [7, ñ. 145], áóäåìî ó ðàçi ïîòðåáè ðîçãëÿäàòè ôóíêöiþ u = u(x, t),
(x, t) ∈ Q0,T , ÿê ôóíêöiþ, ÿêà êîæíîìó ìîìåíòó ÷àñó t ∈ (0, T ) ñòàâèòü ó âiäïîâiä-
íiñòü ôóíêöiþ çìiííî¨ x ∈ Ω i ïèñàòèìåìî u(t) çàìiñòü u(·, t). ×åðåç Lk(0, T ;Lp(Ω))
(k ≥ 1, p ≥ 1) ïîçíà÷èìî ñòàíäàðòíèé ïðîñòið Ëåáåãà (äèâ. [7, c. 154]) ç íîðìîþ

||u||p,k,T ≡ ||u;Lk(0, T ;Lp(Ω))|| :=
( T∫
0

||u(t)||kp dt
)1/k

. (5)

Íåõàé C(2,ω) � êëàñ Äiíi ãiïåðïîâåðõîíü ó ïðîñòîði Rn, ùî âiäïîâiäà¹ äåÿêié ôóíêöi¨
ω : R+ → R+ (äèâ., íàïðèêëàä, [2, c. 32-33]). Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè:

(E): ∂Ω ∈ C(2,ω);
(G): g ∈ ML(Q0,T ), |g(x, t)| ≤ g0 < +∞ ìàéæå äëÿ âñiõ (x, t) ∈ Q0,T ;
(Q): q ∈ ML(Q0,T ), 2 < q0 ≤ q0 < +∞, äå

q0 := ess inf
(x,t)∈Q0,T

q(x, t), q0 := ess sup
(x,t)∈Q0,T

q(x, t);

(UF): u0 ∈ Lp(Ω), f ∈ Lκ(0, T ;Lp(Ω)), äå p > 1 òà κ > 1 � ôiêñîâàíi ÷èñëà.
Íåõàé G � ôóíêöiÿ Ãðiíà (äèâ. [8, c. 1118]) ìiøàíî¨ çàäà÷i

ut −∆u = h(x, t), (x, t) ∈ Q0,T , u|∂Ω×[0,T ] = 0, u|t=0 = 0. (6)

Çàóâàæèìî (äèâ. òåîðåìó 2.8 ç [9, ñ. 136]), ùî ïðè âèêîíàííi óìîâè (E) òàêà ôóíêöiÿ
G iñíó¹ i çàäîâîëüíÿ¹ íà Λ îöiíêó

|Dα
x G(x, t, ξ, s)| ≤ M1 (t− s)−

n+|α|
2 e−M2

|x−ξ|2
t−s , |α| ≤ 2, (7)

äå M1,M2 > 0 � ñòàëi; α � ìóëüòèiíäåêñ, òà ôîðìóëó çãîðòêè

G(x, t, ξ, s) =

∫
Ω

G(x, t, y, τ)G(y, τ, ξ, s) dy, τ ∈ (s, t). (8)

Îñêiëüêè ãîëîâíà ÷àñòèíà (1) ìà¹ ñòàëi êîåôiöi¹íòè, òî ìîæíà äîâåñòè, ùî

G(x, t+ τ, ξ, s+ τ) = G(x, t, ξ, s), τ ∈ (0, T − t). (9)
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Àíàëîãi÷íî ÿê â [1] ïîäàìî îçíà÷åííÿ ðîçâ'ÿçêó íàøî¨ çàäà÷i.

Îçíà÷åííÿ 1. Ñëàáêèì (óçàãàëüíåíèì) ðîçâ'ÿçêîì çàäà÷i (1)-(3) íàçèâàòèìåìî
òàêó ôóíêöiþ u ∈ Lκ(0, τ ;Lp(Ω)), ÿêà ìàéæå äëÿ âñiõ (x, t) ∈ Q0,T çàäîâîëüíÿ¹
ðiâíiñòü

u(x, t) =

∫
Ω

G(x, t, ξ, 0)u0(ξ) dξ +

t∫
0

∫
Ω

G(x, t, ξ, s)f(ξ, s) dξds−

−
t∫

0

∫
Ω

G(x, t, ξ, s)g(ξ, s)|u(ξ, s)|q(ξ,s)−2u(ξ, s) dξds. (10)

ßêùî τ = T , òî ðîçâ'ÿçîê íàçèâàòèìåìî ãëîáàëüíèì. Ïðè τ ∈ (0, T ) ðîçâ'ÿçîê
íàçèâàòèìåìî ëîêàëüíèì.

Îñíîâíèé ðåçóëüòàò ïðàöi � íàñòóïíà òåîðåìà.

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (E), (G), âèêîíó¹òüñÿ óìîâà (Q) çi ñòà-
ëèìè q0 i q0, ïðè÷îìó 2 + n

2 < q0 ≤ q0 < +∞ é óìîâà (UF) çi ñòàëèìè p > 1,

κ ∈ (q0 − 1, p). ßêùî, äîäàòêîâî, p > n
2 (q

0 − 1)2, κ ∈ [ 2p(q0−1)
2p−n(q0−1) ,

2p
n(q0−2) ), òî ìiøà-

íà çàäà÷à (1)-(3) ìà¹ ñëàáêèé ðîçâ'ÿçîê u ∈ Lκ(0, τ ;Lp(Ω)) ïðè âèêîíàííi îäíi¹¨ ç
óìîâ:

1) τ ∈ (0, T ] ¹ äîñèòü ìàëèì (ëîêàëüíèé ðîçâ'ÿçîê);
2) íîðìè u0 â Lp(Ω) òà f â Lκ(0, T ;Lp(Ω)) ¹ äîñèòü ìàëèìè (ãëîáàëüíèé

ðîçâ'ÿçîê äëÿ ìàëèõ âèõiäíèõ äàíèõ).

Òåîðåìà 1 ïîøèðþ¹ ðåçóëüòàòè ïðàöi [10] íà âèïàäîê ðiâíÿíü çi çìiííèìè ïî-
êàçíèêàìè íåëiíiéíîñòi. �¨ äîâåäåííÿ ïîäàíî ó ïiäðîçäiëi 4. Äåÿêi äîïîìiæíi òâåð-
äæåííÿ ìiñòèòü òðåòié ïiäðîçäië öi¹¨ ïðàöi.

3. Äîïîìiæíi ôàêòè. Íåõàé X � äåÿêèé íîðìîâàíèé ïðîñòið ç íîðìîþ ||·;X||,
B ⊂ X, A : X → X.

Îçíà÷åííÿ 2. Îïåðàòîð A íàçèâà¹òüñÿ ñòèñêîì íà ìíîæèíi B (äèâ. [11, c. 380]),
ÿêùî iñíó¹ òàêà ñòàëà (êîåôiöi¹íò ñòèñêó) D ∈ (0, 1), ùî äëÿ âñiõ x, y ∈ B âèêî-
íó¹òüñÿ îöiíêà ||Ax−Ay;X|| ≤ D||x− y;X||.

Äëÿ äîâåäåííÿ òåîðåìè 1 êîðèñòóâàòèìåìîñÿ òàêèì òâåðäæåííÿì.

Òâåðäæåííÿ 1. (Òåîðåìà ç [11, c. 381]). Íåõàé X � áàíàõiâ ïðîñòið, B ⊂ X �
çàìêíåíà ìíîæèíà, A : X → X � îïåðàòîð, ÿêèé çàäîâîëüíÿ¹ óìîâè: 1) A(B) ⊂ B;
2) A � ñòèñê íà B ç êîåôiöi¹íòîì ñòèñêó D. Òîäi îïåðàòîð A ìà¹ â B ¹äèíó
íåðóõîìó òî÷êó x∗. Êðiì òîãî, ÿêùî x0 ∈ B òà xj := Axj−1, j ∈ N, òî:

i) ∀ j ∈ N: xj ∈ B;
ii) xj −→

j→∞
x∗ â ïðîñòîði X;

iii) ∀ j ∈ N: ||xj − x∗;X|| ≤ Dj

1−D ||Ax0 − x0;X||.

Äëÿ òîãî, ùîá âèêîðèñòàòè òâåðäæåííÿ 1, ïîäàìî ðiâíiñòü (10) ó âèãëÿäi

u = Au, (11)
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äå A � äåÿêèé îïåðàòîð. Äëÿ çðó÷íîñòi ââåäåìî äîäàòêîâi ïîçíà÷åííÿ. Ðîçãëÿíåìî
äâîïàðàìåòðè÷íó ñiì'þ ëiíiéíèõ iíòåãðàëüíèõ îïåðàòîðiâ {I(t, s)}(t,s)∈T , ñiì'þ íå-
ëiíiéíèõ îïåðàòîðiâ Íåìèöüêîãî {N (t)}t∈[0,T ] i ëiíiéíèé iíòåãðàëüíèé îïåðàòîð J0

òàêi, ùî

(I(t, s)v)(x) :=
∫
Ω

G(x, t, ξ, s)v(ξ) dξ, x ∈ Ω, (t, s) ∈ T , (12)

(N (t)v)(x) := g(x, t)|v(x)|q(x,t)−2v(x), x ∈ Ω, t ∈ [0, T ], (13)

(J0v)(x, t) :=
(
I(t, 0)v

)
(x) =

∫
Ω

G(x, t, ξ, 0)v(ξ) dξ, (x, t) ∈ Q0,T , (14)

äå v � ôóíêöiÿ çìiííî¨ x. Íåõàé ëiíiéíèé iíòåãðàëüíèé îïåðàòîð J òàêèé:

(Jw)(x, t) :=

t∫
0

(
I(t, s)w(s)

)
(x) ds =

t∫
0

∫
Ω

G(x, t, ξ, s)w(ξ, s) dξds, (x, t) ∈ Q0,T . (15)

Òóò w � ôóíêöiÿ çìiííèõ (x, t). Íåõàé ñiì'ÿ åëåìåíòiâ {z0(t)}t∈[0,T ] ¹ òàêîþ, ùî

(z0(t))(x) := (J0u0)(x, t) + (J f)(x, t), x ∈ Ω, t ∈ [0, T ], (16)

äå u0 i f âçÿòî ç óìîâè (UF). Àðãóìåíò x ÷àñòî îïóñêàòèìåìî, à îçíà÷åííÿ ââåäåíèõ
îïåðàòîðiâ (îáëàñòü âèçíà÷åííÿ i ò.ä.) óòî÷íèìî äàëi.

Çðîçóìiëî, ùî (11) çáiãà¹òüñÿ ç (10), ÿêùî

(Au)(t) := z0(t)−
t∫

0

I(t, s)N (s)u(s) ds, t ∈ [0, T ]. (17)

Äëÿ çðó÷íîñòi ïîòðiáíi íàì äàëi ÷èñëîâi ïåðåòâîðåííÿ ïîäàíî ó âèãëÿäi ëåìè.

Ëåìà 1. Íåõàé ÷èñëà q0, q0, r i p çàäîâîëüíÿþòü óìîâè 2 < q0 ≤ q0 < +∞,
1 < r ≤ p < +∞;

κ :=
2

n

pr

p− r
(äëÿ r ̸= p), ϕ :=

n

2
(q0 − 2); (18)

ôóíêöi¨ σ i β îçíà÷åíî òàê:

σ(p1, p2) :=
n

2

( 1

p1
− 1

p2

)
, p1, p2 ≥ 1, (19)

β(s1, s2) :=
n(s1 − 2)

2s2
, s1 ≥ 2, s2 ≥ 1. (20)

Íåõàé òàêîæ γ > 2 � ôiêñîâàíå ÷èñëî. Òîäi âèêîíóþòüñÿ òàêi òâåðäæåííÿ:

1) σ(r, p) ≥ 0, κ = 1
σ(r,p) > 0 ïðè r ̸= p, β(q0, r) = ϕ

r ≥ 0, β(γ, p) ≤ β(γ, r);

2) ϕ > 1 òîäi i òiëüêè òîäi, êîëè q0 > 2 + 2
n ;

3) ÿêùî p > r ≥ n
2 (q

0 − 1), òî 0 < σ(r, p) < 1
q0−1 òà κ > q0 − 1;

4) p > ϕ òîäi i òiëüêè òîäi, êîëè β(q0, p) ∈ (0, 1);
5) p > r(γ − 1) òîäi i òiëüêè òîäi, êîëè β(γ, p)κ < 1;
6) β(γ, p)κ = β(γ, r)κ − (γ − 2);
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7) ÿêùî p > n
2 (q

0 − 1)2 i r ∈ [n2 (q
0 − 1), p

q0−1 ), òî κ ∈ [ 2p(q0−1)
2p−n(q0−1) ,

2p
n(q0−2) ).

Äîâåäåííÿ. 1) Òâåðäæåííÿ öüîãî ïóíêòó î÷åâèäíå.
2) Òàêi íåðiâíîñòi åêâiâàëåíòíi: ϕ > 1, n

2 (q0 − 2) > 1, q0 − 2 > 2
n , q0 > 2 + 2

n .
3) Çðîçóìiëî, ùî ïðè p > r îòðèìà¹ìî íåðiâíîñòi κ > 0, σ > 0 i òîìó, âðàõî-

âóþ÷è ðiâíiñòü ç ïóíêòó 1, îöiíêè σ(r, p) < 1
q0−1 òà κ > q0 − 1 ¹ åêâiâàëåíòíèìè.

Îñêiëüêè r ≥ n
2 (q

0 − 1), òî r ≥ n(q0−2)(q0−1)
2(q0−2) = ϕ q0−1

q0−2 , çîêðåìà r > ϕ. Òîäi

1

r
≤ q0 − 2

ϕ(q0 − 1)
=

1

ϕ
− 1

ϕ(q0 − 1)
.

Îòæå,
1

ϕ(q0 − 1)
≤ 1

ϕ
− 1

r
,

1

ϕ
≤ (q0 − 1)

( 1

ϕ
− 1

r

)
,

1

ϕ
− (q0 − 1)

( 1

ϕ
− 1

r

)
≤ 0.

Òîìó äëÿ âñiõ äîäàòíèõ p, òîáòî i äëÿ p > r îäåðæó¹ìî

q0 − 1

p
>

1

ϕ
− (q0 − 1)

( 1

ϕ
− 1

r

)
=

1

ϕ
− q0 − 1

ϕ
+

q0 − 1

r
=

2− q0

ϕ
+

q0 − 1

r
=

=
2− q0

n
2 (q

0 − 2)
+

q0 − 1

r
= − 2

n
+

q0 − 1

r
.

Ïîäiëèâøè îòðèìàíó íåðiâíiñòü íà q0 − 1 > 0, îòðèìà¹ìî òàêå:
1

p
> − 2

n(q0 − 1)
+

1

r
,

2

n(q0 − 1)
>

1

r
− 1

p
,

1

q0 − 1
>

n

2

(1
r
− 1

p

)
= σ(r, p).

4) Òâåðäæåííÿ öüîãî ïóíêòó î÷åâèäíå.
5) Çðîçóìiëî, ùî p > r i ùî íàñòóïíi íåðiâíîñòi åêâiâàëåíòíi

p > r(γ − 1), p− r > r(γ − 2), 1 >
r(γ − 2)

p− r
=

n(γ − 2)

2p

2

n

pr

p− r
= β(γ, p)κ.

6) Îñêiëüêè

β(γ, p) + σ(r, p)(γ − 2) =
n(γ − 2)

2p
+

n

2

(1
r
− 1

p

)
(γ − 2) =

=
n(γ − 2)

2p
+

n(γ − 2)

2r
− n(γ − 2)

2p
=

n(γ − 2)

2r
= β(γ, r),

òî ç ïóíêòó 1 âèïëèâà¹ ôîðìóëà β(γ, p) + 1
κ (γ − 2) = β(γ, r).

7) Çðîçóìiëî, ùî κ := 2
n

p
p
r−1

� çðîñòàþ÷à ôóíêöiÿ çà r. Òîäi

κ|r=n
2 (q0−1) =

2

n

p
p

n
2 (q0−1)

− 1
=

2p
2p

q0−1
− n

=
2p(q0 − 1)

2p− n(q0 − 1)
,

κ|r= p

q0−1
=

2

n

p
p
p

q0−1

− 1
=

2p

n(q0 − 2)
,

çâiäêè i âèïëèâà¹ òâåðäæåííÿ íàøîãî ïóíêòó.
Ëåìó äîâåäåíî. �

Îòðèìà¹ìî äåÿêi âëàñòèâîñòi ââåäåíèõ îïåðàòîðiâ.
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Ëåìà 2. Íåõàé ôóíêöiÿ G ∈ ML(Λ) çàäîâîëüíÿ¹ îöiíêó (7), λ ∈ [1,+∞) � ôiêñîâàíå
÷èñëî,

Jα
λ (x, t, s) :=

∫
Ω

|Dα
x G(x, t, ξ, s)|λ dξ, Ĵα

λ (ξ, t, s) :=

∫
Ω

|Dα
x G(x, t, ξ, s)|λ dx, (21)

(x, t, ξ, s) ∈ Λ, α � ìóëüòèiíäåêñ. Òîäi iñíó¹ òàêà ñòàëà M1(λ) > 0, ùî äëÿ âñiõ α
(|α| ≤ 2) i äëÿ âñiõ (x, t, ξ, s) ∈ Λ âèêîíóþòüñÿ îöiíêè

Jα
λ ≤ M1(λ)

(t− s)
n
2 (λ−1)+

|α|
2 λ

, Ĵα
λ ≤ M1(λ)

(t− s)
n
2 (λ−1)+

|α|
2 λ

. (22)

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è îöiíêó (7) òà çáiëüøèâøè îáëàñòü iíòåãðóâàííÿ ç Ω äî
Rn, îäåðæèìî

Jα
λ ≤ Mλ

1

(t− s)λ
n+|α|

2

∫
Rn

e−M2λ
|x−ξ|2
t−s dξ.

Çðîáèâøè çàìiíó çìiííèõ ξ  η, äå ξ = x+
√

t−s
M2λ

η, dξ = (
√

t−s
M2λ

)n dη, îäåðæèìî

Jα
λ ≤ Mλ

1

(t− s)λ
n+|α|

2

∫
Rn

(t− s)
n
2

(M2λ)
n
2

e−|η|2 dη =
M1(λ)

(t− s)
n
2 (λ−1)+

|α|
2 λ

,

äå M1(λ) = Mλ
1 (

π
M2λ

)
n
2 . Äðóãó îöiíêó ç (22) ç òi¹þ ñàìîþ ñòàëîþ M1(λ) îòðèìó¹ìî

àíàëîãi÷íî. Ëåìó äîâåäåíî. �

Çàóâàæèìî, ùî ó âèïàäêó |α| = 0 îöiíêè (22) îòðèìàíî ó ëåìi 2 [1, c. 83]. Òåïåð
äîâåäåìî àíàëîã ïiâãðóïîâî¨ âëàñòèâîñòi äëÿ ââåäåíèõ îïåðàòîðiâ.

Ëåìà 3. Íåõàé ôóíêöiÿ G ∈ ML(Λ) çàäîâîëüíÿ¹ ðiâíîñòi (7)-(9), ñiì'ÿ îïåðàòîðiâ
{I(t, s)}(t,s)∈T îçíà÷åíà ó (12). Òîäi äëÿ âñiõ (t1, s1) ∈ T , (t2, s2) ∈ T (t2 ∈ (0, T − t1),
s2 ∈ (0, t1 + t2 − s1)) âèêîíó¹òüñÿ ðiâíiñòü

I(t1 + t2, s1 + s2) = I(t1, s1) ◦ I(t2, s2). (23)

Äîâåäåííÿ. Âèêîðèñòàâøè (8) (çàóâàæèìî, ùî τ = s1 + t2 ∈ (s1 + s2, t1 + t2), áî
s1 < t1, s2 < t2), (9) òà òåîðåìó Ôóáiíi, îòðèìà¹ìî

I(t1 + t2, s1 + s2)v =

∫
Ω

G(x, t1 + t2, ξ, s1 + s2) v(ξ) dξ =

=

∫
Ω

(∫
Ω

G(x, t1 + t2, y, s1 + t2)G(y, s1 + t2, ξ, s1 + s2) dy
)
v(ξ) dξ =

=

∫
Ω

(∫
Ω

G(x, t1, y, s1)G(y, t2, ξ, s2) dy
)
v(ξ) dξ =

=

∫
Ω

G(x, t1, y, s1)
(∫
Ω

G(y, t2, ξ, s2) v(ξ) dξ
)
dy.

Òîìó (I(t1 + t2, s1 + s2)v)(x) =
(
I(t1, s1) (I(t2, s2)v)(y)

)
(x) i ëåìó äîâåäåíî. �
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Äëÿ äîâåäåííÿ íàñòóïíî¨ ëåìè ìè ïîòðåáóâàòèìåìî òàêîãî òâåðäæåííÿ.

Òâåðäæåííÿ 2. (Òåîðåìà ç [12, c. 293]). ßêùî m ∈ N, ∂Ω ∈ Cm òà 1 < q1 <
< q2 < +∞, a := n

m ( 1
q1

− 1
q2
) ≤ 1, òî iñíó¹ ñòàëà C(q1, q2,m) > 0 òàêà, ùî äëÿ âñiõ

v ∈ Wm,q1(Ω) âèêîíó¹òüñÿ (äèâ. ïîçíà÷åííÿ (4)) íåðiâíiñòü Ñîáîë¹âà

||v||q2 ≤ C(q1, q2,m) ||v||am,q1 ||v||
1−a
q1 . (24)

Çàóâàæèìî òàêîæ, ùî äëÿ âñiõ λ > 0, η1, . . . , ηm ∈ R âèêîíó¹òüñÿ îöiíêà

|η1 + . . .+ ηm|λ ≤ mλ( max
1≤j≤m

|ηj |)λ ≤ mλ(|η1|λ + . . .+ |ηm|λ). (25)

Ëåìà 4. Íåõàé ôóíêöiÿ G ∈ ML(Λ) çàäîâîëüíÿ¹ îöiíêó (7), ñiì'ÿ îïåðàòîðiâ
{I(t, s)}(t,s)∈T îçíà÷åíà ó (12), σ � ôóíêöiÿ ç (19), 1 < p1 ≤ p2 < +∞. Òîäi äëÿ
âñiõ (t, s) ∈ T ëiíiéíèé îïåðàòîð I(t, s) : Lp1(Ω) → Lp2(Ω) ¹ îáìåæåíèì (òîìó i
íåïåðåðâíèì). Êðiì òîãî, iñíó¹ ñòàëà M2(p1, p2) > 0 òàêà, ùî äëÿ âñiõ v ∈ Lp1(Ω)
òà (t, s) ∈ T âèêîíó¹òüñÿ íåðiâíiñòü

||I(t, s)v||p2 ≤ M2(p1, p2)

(t− s)σ(p1,p2)
||v||p1 . (26)

Íåðiâíiñòü (26) âèêîíó¹òüñÿ òàêîæ ïðè p1 = p2 = 1.

Äîâåäåííÿ. Äëÿ äîâåäåííÿ ëåìè äîñòàòíüî äîâåñòè (26). Íåõàé ñïî÷àòêó p1 = p2 = 1.
Òîäi ç òåîðåìè Ôóáiíi òà îöiíêè (22) ç α = 0 i λ = 1 îòðèìà¹ìî òàêå:

||I(t, s)v||1 =

∫
Ω

∣∣∣∫
Ω

G(x, t, ξ, s)v(ξ) dξ
∣∣∣ dx ≤

∫
Ω

(∫
Ω

|G(x, t, ξ, s)| |v(ξ)| dξ
)
dx =

=

∫
Ω

(∫
Ω

|G(x, t, ξ, s)| dx
)
|v(ξ)| dξ ≤ M1(1)

∫
Ω

|v(ξ)| dξ = M1(1) ||v||1

äëÿ âñiõ (t, s) ∈ T . Íåõàé äàëi p1 ∈ (1,+∞), p′1 = p1

p1−1 (òîáòî
1
p1
+ 1

p′
1
= 1), v ∈ Lp1(Ω),

(t, s) ∈ T . Ðîçãëÿíåìî òðè âèïàäêè.
1. Ïðèïóñòèìî ñïî÷àòêó, ùî p2 = p1. Äëÿ çðó÷íîñòi ïîçíà÷èìî I1 := ||I(t, s)v||p1 .

Âèêîðèñòàâøè íåðiâíiñòü Ãåëüäåðà, îäåðæèìî

Ip1

1 =

∫
Ω

∣∣∣∫
Ω

G(x, t, ξ, s)v(ξ) dξ
∣∣∣p1

dx ≤

≤
∫
Ω

∣∣∣∫
Ω

|G|
1
p′
1 |G|

1
p1 |v| dξ

∣∣∣p1

dx ≤
∫
Ω

(∫
Ω

|G| dξ
)p1

p′
1

(∫
Ω

|G| |v|p1 dξ
)
dx. (27)

Âèêîðèñòàâøè (22) ç α = 0 i λ = 1, ðiâíiñòü p1

p′
1
= p1−1 òà òåîðåìó Ôóáiíi, îòðèìà¹ìî

Ip1

1 ≤ |M1(1)|p1−1

∫
Ω

(∫
Ω

|G(x, t, ξ, s)| |v(ξ)|p1 dξ
)
dx =

= |M1(1)|p1−1

∫
Ω

(∫
Ω

|G(x, t, ξ, s)| dx
)
|v(ξ)|p1 dξ ≤ |M1(1)|p1 ||v||p1

p1
,

çâiäêè é îäåðæó¹ìî (26) ç σ(p1, p1) = 0, M2(p1, p2) = M1(1).
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2. Íåõàé òåïåð p2 ∈ (p1,+∞) i, êðiì òîãî, σ(p1, p2) ≤ 1. Äëÿ çðó÷íîñòi ïîçíà÷èìî
I2 := ||I(t, s)v||p2 . Òîäi ç îöiíêè (24) äëÿ a := σ(p1, p2), m = 2, q1 := p1, q2 := p2
îòðèìà¹ìî, ùî

I2 ≤ C(p1, p2, 2) ||I(t, s)v||σ(p1,p2)
2,p1

||I(t, s)v||1−σ(p1,p2)
p1

=

= C(p1, p2, 2)
( ∑
|α|≤2

||Dα
xI(t, s)v||p1

p1

)σ(p1,p2)
p1 ||I(t, s)v||1−σ(p1,p2)

p1
= C(p1, p2, 2) ×

×
( ∑
|α|≤2

∫
Ω

∣∣∣∫
Ω

Dα
xG(x, t, ξ, s)v(ξ) dξ

∣∣∣p1

dx
)σ(p1,p2)

p1
(∫
Ω

∣∣∣∫
Ω

G(x, t, ξ, s)v(ξ) dξ
∣∣∣p1

dx
) 1−σ(p1,p2)

p1
.

Çàñòîñóâàâøè äî íàÿâíèõ òóò iíòåãðàëüíèõ âèðàçiâ ïåðåòâîðåííÿ òèïó (27), îòðè-
ìà¹ìî òàêå:

I2 ≤ C(p1, p2, 2)
( ∑
|α|≤2

∫
Ω

(∫
Ω

|Dα
xG| dξ

)p1

p′
1

(∫
Ω

|Dα
xG| |v|p1 dξ

)
dx

)σ(p1,p2)
p1 ×

×
(∫
Ω

(∫
Ω

|G| dξ
)p1

p′
1

(∫
Ω

|G| |v|p1 dξ
)
dx

)1−σ(p1,p2)
p1

.

Òîìó ç (22) äëÿ λ = 1, ðiâíîñòi p1

p′
1
= p1 − 1 òà òåîðåìè Ôóáiíi âèïëèâà¹, ùî

I2 ≤ C(p1, p2, 2)
( ∑
|α|≤2

∫
Ω

( M1(1)

(t− s)
|α|
2

)p1−1(∫
Ω

|Dα
xG| |v|p1 dξ

)
dx

)σ(p1,p2)
p1 ×

×
(∫
Ω

(M1(1)

1

)p1−1(∫
Ω

|G| |v|p1 dξ
)
dx

) 1−σ(p1,p2)
p1

=

= C1

( ∑
|α|≤2

1

(t− s)
|α|
2 (p1−1)

∫
Ω

(∫
Ω

|Dα
xG| |v|p1 dξ

)
dx

)σ(p1,p2)
p1 ×

×
(∫
Ω

(∫
Ω

|G| |v|p1 dξ
)
dx

)1−σ(p1,p2)
p1

=

= C1

( ∑
|α|≤2

1

(t− s)
|α|
2 (p1−1)

∫
Ω

|v(ξ)|p1

(∫
Ω

|Dα
xG| dx

)
dξ

)σ(p1,p2)
p1 ×

×
(∫
Ω

|v(ξ)|p1

(∫
Ω

|G| dx
)
dξ

)1−σ(p1,p2)
p1

.

Òîäi çíîâó ç (22) äëÿ λ = 1 îäåðæèìî, ùî

I2 ≤ C1

( ∑
|α|≤2

1

(t− s)
|α|
2 (p1−1)

∫
Ω

|v(ξ)|p1

( M1(1)

(t− s)
|α|
2

)
dξ

)σ(p1,p2)
p1 ×
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×
(∫
Ω

|v(ξ)|p1

(M1(1)

1

)
dξ

) 1−σ(p1,p2)
p1

=

= C2

( ∑
|α|≤2

1

(t− s)
|α|
2 p1

∫
Ω

|v(ξ)|p1 dξ
)σ(p1,p2)

p1
(∫
Ω

|v(ξ)|p1 dξ
) 1−σ(p1,p2)

p1
=

= C2||v||p1

( ∑
|α|≤2

1

(t− s)
|α|
2 p1

)σ(p1,p2)
p1

. (28)

Îñêiëüêè |α| ≤ 2, s < t ≤ T , òî

1

(t− s)
|α|
2 p1

=
(t− s)(1−

|α|
2 ) p1

(t− s)
|α|
2 p1+(1−|α|

2 ) p1

=
(t− s)(1−

|α|
2 ) p1

(t− s)p1
≤ T (1−|α|

2 ) p1

(t− s)p1
.

Âèêîðèñòàâøè öþ îöiíêó òà (25), ç (28) îäåðæèìî îöiíêó

I2 ≤ C2||v||p1

( ∑
|α|≤2

T (1−|α|
2 ) p1

(t− s)p1

)σ(p1,p2)
p1

=
C2||v||p1

(t− s)σ(p1,p2)

( ∑
|α|≤2

T (1−|α|
2 ) p1

)σ(p1,p2)
p1 ≤

≤ C3||v||p1

(t− s)σ(p1,p2)

(
T p1 + T

p1
2 + 1

)σ(p1,p2)
p1 ≤ C4||v||p1

(t− s)σ(p1,p2)

(
T +

√
T + 1

)σ(p1,p2)

, (29)

äå ñòàëà C4 > 0 íå çàëåæèòü âiä t, s, v, T . Îòæå, ìè îòðèìàëè îöiíêó (26) çi ñòàëîþ
M2(p1, p2), ÿêà çàëåæèòü âiä T , ïðîòå ¹ îáìåæåíîþ i âiäîêðåìëåíîþ âiä íóëÿ ïðè
T → +0 (öå ìè âèêîðèñòîâóâàòèìåìî äàëi).

3. Íåõàé òåïåð p2 ∈ (p1,+∞) i σ(p1, p2) > 1. Îñêiëüêè σ(p, q) −→
|p−q|→0

0, òî iíòåð-

âàë (p1, p2) ìîæíà ðîçáèòè íà k ÷àñòèí òàê: p1 = r0 < r1 < . . . < rk−1 < rk = p2,
σ(rj−1, rj) ≤ 1, j = 1, k. Ç âèãëÿäó ôóíêöi¨ σ âèïëèâà¹, ùî

σ(r0, r1) + σ(r1, r2) + . . .+ σ(rk−1, rk) = σ(r0, rk) = σ(p1, p2).

Òîìó, âèêîðèñòàâøè ôîðìóëó (23) i âæå äîâåäåíèé ÷àñòèííèé âèïàäîê îöiíêè (26)
äëÿ ïîêàçíèêiâ rj−1, rj , îäåðæèìî òàêå:

||I(t, s)v||p2 = ||I(t, s)v||rk =
∣∣∣∣∣∣I( t

k
+ . . .+

t

k
,
s

k
+ . . .+

s

k

)
v
∣∣∣∣∣∣
rk

=

=
∣∣∣∣∣∣I( t

k
,
s

k

)
◦ . . . ◦ I

( t

k
,
s

k

)
︸ ︷︷ ︸

k

v
∣∣∣∣∣∣
rk
≤ M2(rk−1, rk)

( t−s
k )σ(rk−1,rk)

∣∣∣∣∣∣I( t

k
,
s

k

)
◦ . . . ◦ I

( t

k
,
s

k

)
︸ ︷︷ ︸

k−1

v
∣∣∣∣∣∣
rk−1

≤

≤ M2(rk−1, rk)M2(rk−2, rk−1)

( t−s
k )σ(rk−1,rk)+σ(rk−2,rk−1)

∣∣∣∣∣∣I( t

k
,
s

k

)
◦ . . . ◦ I

( t

k
,
s

k

)
︸ ︷︷ ︸

k−2

v
∣∣∣∣∣∣
rk−2

≤ . . . ≤

≤ M2(rk−1, rk)M2(rk−2, rk−1) · . . . · M2(r0, r1)

( t−s
k )σ(rk−1,rk)+σ(rk−2,rk−1)+...+σ(r0,r1)

||v||r0 =
M2(p1, p2)

(t− s)σ(p1,p2)
||v||p1 ,

äå M2(p1, p2) := kσ(p1,p2)M2(rk−1, rk)M2(rk−2, rk−1) · . . . · M2(r0, r1). �

Çàóâàæåííÿ 1. Çà ïåâíèõ óìîâ àíàëîã îöiíêè (26) îòðèìàíî ó [12, c. 293].
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Ëåìà 5. Íåõàé ôóíêöiÿ G ∈ ML(Λ) çàäîâîëüíÿ¹ (7), îïåðàòîð J0 îçíà÷åíî ó (14),
σ � ôóíêöiÿ ç (19), 1 < p1 ≤ p2 < +∞, σ(p1, p2) ≤ 1, τ ∈ (0, T ]. Òîäi ëiíiéíèé iíòåã-
ðàëüíèé îïåðàòîð J0 : Lp1(Ω) → Lµ(0, τ ;Lp2(Ω)) ¹ îáìåæåíèì (òîìó i íåïåðåðâ-
íèì), ÿêùî âèêîíó¹òüñÿ îäíà ç óìîâ: 1) p2 = p1, µ ≥ 1; 2) p2 > p1, µ ∈ [1, 1

σ(p1,p2)
).

Êðiì òîãî, iñíó¹ òàêà íåçàëåæíà âiä τ ñòàëà L0(p1, p2) > 0, ùî äëÿ âñiõ v ∈ Lp1(Ω)
âèêîíó¹òüñÿ îöiíêà

||J0v||p2,µ,τ ≤ L0(p1, p2) τ
1
µ−σ(p1,p2)||v||p1 , (30)

ïðè÷îìó 1
µ − σ(p1, p2) > 0.

Äîâåäåííÿ. Íåõàé p1, p2 òàêi ÿê ó ôîðìóëþâàííi ëåìè, µ ≥ 1, τ ∈ (0, T ], v ∈ Lp1(Ω),
I3 := ||J0v||µp2,µ,τ . Âèêîðèñòàâøè (26) äëÿ s = 0 (öå çàêîííî, áî p1 ≤ p2), îäåðæó¹ìî,
ùî

I3 =

τ∫
0

||I(t, 0)v||µp2
dt ≤

τ∫
0

(M2(p1, p2)

tσ(p1,p2)
||v||p1

)µ

dt = |M2(p1, p2)|µI4||v||µp1
, (31)

äå I4 :=
∫ τ

0
dt

tσ(p1,p2)µ . Ó âèïàäêó 1 îòðèìà¹ìî, ùî σ(p1, p1) = 0, òîìó I4 =
∫ τ

0
dt = τ

äëÿ âñiõ µ. Ó âèïàäêó 2 ç âèáîðó µ âèïëèâà¹, ùî σ(p1, p2)µ < 1, òîìó I4 = τ1−σ(p1,p2)µ

1−σ(p1,p2)µ
.

Â îáîõ âèïàäêàõ ëåìó äîâåäåíî, áî (30) âèïëèâà¹ ç (31). �
Äëÿ ïîäàëüøèõ ïîòðåá íàãàäà¹ìî òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 3. (Òåîðåìà 202 ç [17, c. 179]). ßêùî k ≥ 1, òî

b∫
a

∣∣∣ d∫
c

h(t, s) ds
∣∣∣k dt ≤

[ d∫
c

∣∣∣ b∫
a

|h(t, s)|k dt
∣∣∣ 1k ds

]k
.

Ëåìà 6. Íåõàé ôóíêöiÿ G ∈ ML(Λ) çàäîâîëüíÿ¹ (7), îïåðàòîð J îçíà÷åíî ó (15),
σ � ôóíêöiÿ ç (19), 1 < p1 ≤ p2 < +∞, σ(p1, p2) ≤ 1, τ ∈ (0, T ]. Òîäi ëiíiéíèé
iíòåãðàëüíèé îïåðàòîð J : Lλ(0, τ ;Lp1(Ω)) → Lµ(0, τ ;Lp2(Ω)) ¹ îáìåæåíèì (òîìó
i íåïåðåðâíèì), ÿêùî âèêîíó¹òüñÿ îäíà ç óìîâ: 1) p2 = p1, λ ≥ 1, µ ≥ 1; 2) p2 > p1,
λ ≥ 1, µ ∈ [1, 1

σ(p1,p2)
). Êðiì òîãî, iñíó¹ íåçàëåæíà âiä τ ñòàëà L (p1, p2;λ, µ) > 0

òàêà, ùî äëÿ âñiõ v ∈ Lλ(0, T ;Lp1(Ω)) âèêîíó¹òüñÿ îöiíêà

||Jw||p2,µ,τ ≤ L (p1, p2;λ, µ)τ
1
µ−σ(p1,p2)+

λ−1
λ ||v||p1,λ,τ , (32)

ïðè÷îìó 1
µ − σ(p1, p2) > 0.

Äîâåäåííÿ. Íåõàé p1, p2 òàêi ÿê ó ôîðìóëþâàííi ëåìè, λ ≥ 1, µ ≥ 1, τ ∈ (0, T ],
v ∈ Lλ(0, τ ;Lp1(Ω)), I5 := ||Jw||µp2,µ,τ . Òîäi

I5 =

τ∫
0

∣∣∣∣∣∣ t∫
0

I(t, s)w(s) ds
∣∣∣∣∣∣µ
p2

dt ≤
τ∫

0

[ t∫
0

||I(t, s)w(s)||p2 ds
]µ

dt =

=

τ∫
0

[ τ∫
0

χ(t, s)||I(t, s)w(s)||p2
ds
]µ

dt,



22
Îëåã ÁÓÃÐIÉ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2014. Âèïóñê 79

äå

χ(t, s) =

{
1, t > s,
0, t ≤ s.

(33)

Âèêîðèñòàâøè îöiíêó ç òâåðäæåííÿ 3, îäåðæèìî

I5 ≤
[ τ∫
0

∣∣∣ τ∫
0

χµ(t, s)||I(t, s)w(s)||µp2
dt
∣∣∣ 1µ ds

]µ
=

[ τ∫
0

∣∣∣ τ∫
s

||I(t, s)w(s)||µp2
dt
∣∣∣ 1µ ds

]µ
.

Âèêîðèñòàâøè îöiíêó (26) (öå çàêîííî, áî 0 ≤ σ(p1, p2) ≤ 1), îòðèìà¹ìî, ùî

I5 ≤
[ τ∫
0

∣∣∣ τ∫
s

( M2(p1, p2)

(t− s)σ(p1,p2)
||w(s)||p1

)µ

dt
∣∣∣ 1µ ds

]µ
=

= |M2(p1, p2)|µ
[ τ∫
0

||w(s)||p1 |I6|
1
µ ds

]µ
, (34)

äå I6 =
∫ τ

s
dt

(t−s)σ(p1,p2)µ . Ó âèïàäêó 1 îäåðæó¹ìî, ùî σ(p2, p2) = 0, òîìó I6 =
∫ τ

s
dt =

= τ − s ≤ τ äëÿ âñiõ µ. Ó âèïàäêó 2 ç âèáîðó µ âèïëèâà¹, ùî σ(p1, p2)µ < 1, òîìó

I6 = τ1−σ(p1,p2)µ

1−σ(p1,p2)µ
. Â îáîõ âèïàäêàõ ç (34) îòðèìà¹ìî îöiíêó

I5 ≤ C5τ
1−σ(p1,p2)µ

[ τ∫
0

||w(s)||p1 ds
]µ

, (35)

äå ñòàëà C5 > 0 íå çàëåæèòü âiä v, τ .
Ïðè λ = 1 îöiíêà (35) çáiãà¹òüñÿ ç (32). ßêùî λ > 1, òî, âèêîðèñòàâøè ó (35)

íåðiâíiñòü Ãåëüäåðà ç ïîêàçíèêàìè λ > 1, λ
λ−1 > 1, îäåðæèìî òàêå:

I5 ≤ C5τ
1−σ(p1,p2)µ

[( τ∫
0

||w(s)||λp1
ds
) 1

λ
( τ∫
0

ds
)λ−1

λ
]µ

≤ C5τ
1−σ(p1,p2)µ+

λ−1
λ

µ||w||p1,λ,τ ,

çâiäêè i âèïëèâà¹ (32). Ëåìó äîâåäåíî. �
Çàóâàæåííÿ 2. Àíàëîã îöiíêè (30) ç λ = p1 = p2 îòðèìàíî ó ëåìi 1 ç [2, c. 34],
à îöiíêè (32) ç λ = µ = p1 = p2 � ó ëåìi 2 ç [2, c. 35]. Çàóâàæèìî òàêîæ, ùî íà
âiäìiíó âiä ëåìè 4, òâåðäæåííÿ ëåì 6 i 5 íå ìîæíà îòðèìàòè ïðè σ(p1, p2) > 1
çàïðîïîíîâàíèì òóò ìåòîäîì, áî iíòåãðàëè I4, I6 ç äîâåäåííÿ öèõ ëåì ¹ ðîçáiæíèìè
äëÿ âñiõ µ ≥ 1.

Òåïåð íàãàäà¹ìî äåêiëüêà îöiíîê.

Çàóâàæåííÿ 3. ßêùî q ≥ 2, òî ç òåîðåìè 1 [13, c. 2] äëÿ âñiõ ξ, η ∈ R îäåðæó¹ìî, ùî

| |ξ|q−2ξ − |η|q−2η | ≤ (q − 1)22−q(|ξ|+ |η|)q−2|ξ − η|. (36)

Ïðè ðîçãëÿäi ðiâíÿíü çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi âèíèêà¹ ïîòðåáà
ïðàöþâàòè ç óçàãàëüíåíèìè ïðîñòîðàìè Ëåáåãà, ÿêi âïåðøå ââåäåíî ó [14] (äåÿêi
¨õíi âëàñòèâîñòi âèâ÷åíî ó [15]). Íåõàé Q ⊂ Rm (m ∈ N) � îáìåæåíà îáëàñòü,

p ∈ ML(Q), p0 := ess inf
y∈Q

p(y), p0 := ess sup
y∈Q

p(y). (37)
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Óçàãàëüíåíèì ïðîñòîðîì Ëåáåãà Lp(y)(Q) íàçèâà¹òüñÿ ìíîæèíà òàêèõ ôóíêöié
v ∈ ML(Q), äëÿ ÿêèõ ρp(v,Q) < +∞, äå

ρp(v,Q) :=

∫
Q

|v(y)|p(y) dy.

Ñïåðøó ïðèïóñòèìî, ùî 1 < p0 ≤ p0 < +∞. Òîäi öåé ïðîñòið ¹ (äèâ. [15, c. 599, 600])
ðåôëåêñèâíèì áàíàõîâèì ïðîñòîðîì ñòîñîâíî íîðìè Ëþêñåìáóðãà

||v;Lp(y)(Q)|| := inf{λ > 0 : ρp(v/λ,Q) ≤ 1}.

Êðiì òîãî, âèêîíóþòüñÿ íåïåðåðâíi âêëàäåííÿ Lp(y)(Q) 	 Lr(y)(Q), ÿêùî p(y) ≥ r(y)
(äèâ. [15, c. 599-600]).

Îñîáëèâîñòi óçàãàëüíåíèõ ïðîñòîðiâ Ëåáåãà, çîêðåìà âèãëÿä íîðìè â íèõ, çó-
ìîâëþþòü ïåâíó ñïåöèôiêó iíòåãðàëüíèõ îöiíîê ó òàêèõ ïðîñòîðàõ. Íàãàäà¹ìî óçà-
ãàëüíåíó íåðiâíiñòü Ãåëüäåðà (äèâ. [16, c. 175]): äëÿ âñiõ ôóíêöié u ∈ Lp(y)(Q) òà
v ∈ Lp′(y)(Q), äå p′(y) = p(y)

p(y)−1 (òîáòî 1/p(y) + 1/p′(y) = 1) ìàéæå äëÿ âñiõ y ∈ Q,∫
Q

|u(y)v(y)| dy ≤ 2 ||u;Lp(y)(Q)|| · ||v;Lp′(y)(Q)||. (38)

Ñïðàâà â (38) íàÿâíèé ìíîæíèê 2, ÿêîãî íåìà¹ ïðè p(y) ≡ const. Êðiì òîãî, íàÿâíi
â (38) íîðìè, âçàãàëi êàæó÷è, íå äîðiâíþþòü ñòåïåíåâèì ôóíêöiÿì âiä âiäïîâiäíèõ
iíòåãðàëiâ. Äëÿ çðó÷íîñòi, çîêðåìà âèêîðèñòàííÿ (38), ââåäåìî äîäàòêîâi ïîçíà÷åí-

íÿ. Îïåðàòîðîì Ëàâðåíþêà íàçâåìî âiäîáðàæåííÿ ML(Q) ∋ p
S7→ Sp ∈ ML(Q), ÿêå

äi¹ çà ïðàâèëîì

∀ p ∈ ML(Q) : Sp(s) =

{
sp0 , s ∈ [0, 1],

sp
0

, s > 1,
(39)

äå ÷èñëà p0, p
0 áóäóþòü äëÿ p çà ïðàâèëîì (37). Îáëàñòþ âèçíà÷åííÿ îïåðàòîðà S

¹ ìíîæèíà ñóòò¹âî îáìåæåíèõ ôóíêöié ç ML(Q). Ïðîòå ìè âèêîðèñòîâóâàòèìåìî
çíà÷åííÿ öüîãî îïåðàòîðà ëèøå íà íåâiä'¹ìíèõ ôóíêöiÿõ. Ïðèíàãiäíî çàóâàæèìî,

ùî S1/p(s) =

{
s1/p

0

, s ∈ [0, 1],
s1/p0 , s > 1,

ïðè p0 > 0.

Çàóâàæåííÿ 4. (Ëåìà 1 [5, c. 168], çàóâàæåííÿ 3.1 [6, c. 453]). ßêùî p, p0, p
0 âçÿòî ç

(37), 1 < p0 ≤ p0 < +∞, òî âèêîíóþòüñÿ òàêi îöiíêè:
1) ||v;Lp(y)(Q)|| ≤ S1/p(ρp(v,Q)) ïðè ρp(v,Q) < ∞;
2) ρp(v,Q) ≤ Sp(||v;Lp(y)(Q)||) ïðè ||v;Lp(y)(Q)|| < ∞.

Íàñòóïíi åëåìåíòàðíi âëàñòèâîñòi îïåðàòîðà S ïîäàìî ó âèãëÿäi ëåìè.

Ëåìà 7. Íåõàé S � îïåðàòîð ç (39), p, p0, p
0 âçÿòî ç (37), 0 ≤ p0 ≤ p0 < +∞. Òîäi:

1) ôóíêöiÿ R+ ∋ s
Sp7→ Sp(s) ∈ R+ ìîíîòîííî íåñïàäíà i íåïåðåðâíà, Sp(0) = 0;

2) [Sp(s)]
r = Sp(s

r) = Spr(s), s ≥ 0, r ≥ 0;
3) Sp(sr) ≤ Sp(s)Sp(r), s ≥ 0, r ≥ 0;

4) Sp(s1 + . . .+ sm) ≤ mp0

(Sp(s1) + . . .+ Sp(sm)), s1, s2, . . . , sm ≥ 0, m ∈ N.
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Äîâåäåííÿ. 1), 2) Òâåðäæåííÿ öèõ ïóíêòiâ î÷åâèäíi.
3) ßêùî s = r, òî òâåðäæåííÿ öüîãî ïóíêòó âèïëèâà¹ ç ïóíêòó 2 öi¹¨ ëåìè.

Äàëi, íå çìåíøóþ÷è çàãàëüíîñòi, ïðèïóñòèìî, ùî s < r. Îòðèìà¹ìî òàêå:
ÿêùî s < r ≤ 1, òî Sp(sr) = (sr)p0 = sp0rp0 = Sp(s)Sp(r);
ÿêùî 1 < s < r, òî Sp(sr) = (sr)p

0

= sp
0

rp
0

= Sp(s)Sp(r);
ÿêùî s ≤ 1 < r, òî îòðèìà¹ìî Sp(sr) = (sr)p

0

= sp
0

rp
0 ≤ sp0rp

0

= Sp(s)Sp(r) ïðè
sr > 1 é îäåðæèìî Sp(sr) = (sr)p0 = sp0rp0 ≤ sp0rp

0

= Sp(s)Sp(r) ïðè sr ≤ 1.
4) Íåõàé m ∈ N, s1, s2, . . . , sm ≥ 0. Íå çìåíøóþ÷è çàãàëüíîñòi ïðèïóñòèìî, ùî

s1 = max{s1, s2, . . . , sm}. Òîìó, âèêîðèñòàâøè ðåçóëüòàòè ïóíêòiâ 1 òà 3 öi¹¨ ëåìè,
îòðèìà¹ìî

Sp(s1 + . . .+ sm) ≤ Sp(ms1) ≤ Sp(m)Sp(s1) = mp0

Sp(s1) ≤ mp0

(Sp(s1)+ . . .+Sp(sm)),

ùî i äîâîäèòü òâåðäæåííÿ ïóíêòó i ëåìó. �

Äîâåäåìî äåÿêi åëåìåíòàðíi âëàñòèâîñòi îïåðàòîðiâ Íåìèöüêîãî ç (13).

Ëåìà 8. Íåõàé âèêîíóþòüñÿ óìîâè (G), (Q), q0 i q0 � ñòàëi ç óìîâè (Q), S �
îïåðàòîð ç ôîðìóëè (39), {N (t)}t∈[0,T ] � ñiì'ÿ îïåðàòîðiâ ç (13), δ ∈ (0, 1]. ßêùî

p ∈ [q0 + δ− 1,+∞), òî iñíó¹ òàêà ñòàëà N1(p, q0, q
0), ùî äëÿ âñiõ v, w ∈ Lp(Ω) òà

t ∈ [0, T ] âèêîíó¹òüñÿ îöiíêà

||N (t)v −N (t)w||h ≤ N1(p, q0, q
0)||v − w||p Sq−2(||v||p + ||w||p), (40)

äå h := p
q0+δ−1 ≥ 1 (ñòàëà N1(p, q0, q

0) íå çàëåæèòü âiä δ).

Äîâåäåííÿ. Ç óìîâ (G), q0 > 2 òà íåðiâíîñòi (36) îòðèìà¹ìî

I7(t) := ||N (t)v −N (t)w||hh ≤ |g0|h
∫
Ω

∣∣∣ |v(x)|q(x,t)−2v(x)− |w(x)|q(x,t)−2w(x)
∣∣∣h dx ≤

≤ |g0|h
∫
Ω

|(q(x, t)− 1)22−q(x,t)|h
(
|v(x)|+ |w(x)|

)h(q(x,t)−2)

|v(x)− w(x)|h dx ≤

≤ C6(δ)

∫
Ω

(
|v|+ |w|

)h(q(x,t)−2)

|v − w|h dx, t ∈ [0, T ].

äå C6(δ) = |g0(q0 − 1)22−q0 |
p

q0+δ−1 . Íåõàé C7 := sup
δ∈[0,1]

C6(δ). Çðîçóìiëî, ùî ñòàëà

C7 ≥ 0 çàëåæèòü òiëüêè âiä g0, p, q0, q
0.

Âèêîðèñòàâøè íåðiâíiñòü Ãåëüäåðà ç ïîêàçíèêàìè q0+δ−1
q0−2+δ > 1, q0 + δ − 1 > 1, ç

ïîïåðåäíüî¨ íåðiâíîñòi òà âèãëÿäó h îäåðæèìî

I7(t) ≤ C7

(∫
Ω

|z(x)|
p(q(x,t)−2)

q0+δ−1
q0+δ−1
q0−2+δ dx

) q0−2+δ
q0+δ−1

(∫
Ω

|v − w|
p(q0+δ−1)

q0+δ−1 dx
) 1

q0+δ−1 , (41)

äå z(x) = |v(x)|+ |w(x)|, x ∈ Ω.
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Îñêiëüêè δ > 0, òî q0−2+δ
q(x,t)−2 ≥ q0−2+δ

q0−2 > 1 ìàéæå äëÿ âñiõ (x, t) ∈ Q0,T . Òîìó ç óçà-

ãàëüíåíî¨ íåðiâíîñòi Ãåëüäåðà äëÿ îáëàñòi Ω i ïîêàçíèêiâ q0−2+δ
q(x,t)−2 > 1, q0−2+δ

q0−q(x,t)+δ > 1

âèïëèâà¹ îöiíêà

I8(t) :=

∫
Ω

|z(x)|
p(q(x,t)−2)

q0−2+δ dx ≤ 2 ||z
p(q(t)−2)

q0−2+δ ;L
q0−2+δ
q(x,t)−2 (Ω)|| · ||1;L

q0−2+δ
q0−q(x,t)+δ (Ω)|| =

= C8(δ)||z
p(q(t)−2)

q0−2+δ ;L
q0−2+δ
q(x,t)−2 (Ω)||,

äå (ñêîðèñòà¹ìîñÿ òóò îöiíêàìè ç çàóâàæåííÿ 4 äëÿ îáëàñòi Ω òà ëåìîþ 7)

C8(δ) := 2 ||1;L
q0−2+δ

q0−q(x,t)+δ (Ω)|| ≤ 2S
1/(

q0−2+δ
q0−q+δ

)

(
ρ q0−2+δ
q0−q+δ

(1,Ω)
)
=

= 2S(q0−q+δ)/(q0−2+δ)(|Ω|) =

 2|Ω|
δ

q0−2+δ , |Ω| ∈ [0, 1],

2|Ω|
q0−q0+δ
q0−2+δ , |Ω| > 1,

äå |Ω| � ìiðà Ëåáåãà â Rn îáëàñòi Ω. Ç âèãëÿäó ôóíêöi¨ C8(δ) âèïëèâà¹, ùî ÷èñëî
C9 := sup

δ∈(0,1)

C8(δ) çàäîâîëüíÿ¹ îöiíêè 0 < C9 < +∞. Çðîçóìiëî òàêîæ, ùî C9 íå

çàëåæèòü âiä δ. Òîìó, âèêîðèñòàâøè çàóâàæåííÿ 4 òà ëåìó 7, îäåðæèìî

I8(t) ≤ C9S
1/

q0−2+δ
q−2

(
ρ q0−2+δ

q−2

(z
p(q(t)−2)

q0−2+δ ; Ω)
)
= C9S(q−2)/(q0−2+δ)

(∫
Ω

|z(x)|p dx
)
=

= C9S(q−2)/(q0−2+δ)(||z||pp).
Ïiäñòàâèâøè öåé âèðàç ó (41), ç ëåìè 7 îòðèìà¹ìî òàêå:

I7(t) ≤ C7|I8(t)|
q0−2+δ
q0+δ−1

(∫
Ω

|v − w|p dx
) 1

q0+δ−1 ≤

≤ C7

∣∣∣C9S(q−2)/(q0−2+δ)(||z||pp)
∣∣∣ q0−2+δ
q0+δ−1 ||v − w||

p
q0+δ−1
p =

= C10Sp(q−2)/(q0+δ−1)(||z||p)||v − w||
p

q0+δ−1
p = C10Sh(q−2)(|| |v|+ |w| ||p)||v − w||hp ≤

≤ C10Sh(q−2)(||v||p + ||w||p)||v − w||hp =
(
C

1
h
10
Sq−2(||v||p + ||w||p)||v − w||p

)h

,

çâiäêè i âèïëèâà¹ îöiíêà (40). Ëåìó äîâåäåíî. �

Ëåìà 9. Íåõàé âèêîíóþòüñÿ óìîâè (G), (Q), q0 i q0 � ñòàëi ç óìîâè (Q), S �
îïåðàòîð ç (39), ôóíêöiÿ G ∈ ML(Λ) çàäîâîëüíÿ¹ îöiíêó (7), {I(t, s)}(t,s)∈T âçÿòî
ç (12), {N (t)}t∈[0,T ] îçíà÷åíî â (13), σ � ôóíêöiÿ ç (19), β � ôóíêöiÿ ç (20). ßêùî

p ∈ (q0 − 1,+∞), µ ∈ ( p
q0−1 ,+∞), òî iñíó¹ òàêà ñòàëà M3(p, q0, q

0, µ) > 0, ùî äëÿ

âñiõ (t, s) ∈ T i τ ∈ [0, T ] âèêîíó¹òüñÿ îöiíêà

||I(t, s)(N (τ)v −N (τ)w)||µ ≤ M3(p, q0, q
0, µ)

(t− s)β(q0,p)−σ(µ,p)
||v − w||p Sq−2(||v||p + ||w||p), (42)
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ïðè÷îìó β(q0, p)− σ(µ, p) ≥ 0.

Äîâåäåííÿ. Ïîçíà÷èìî ÷åðåç I9 ëiâó ÷àñòèíó íåðiâíîñòi (42). Íåõàé p, µ òàêi ÿê ó
ôîðìóëþâàííi ëåìè. Òîäi ç (23) îòðèìà¹ìî, ùî

I9 =
∣∣∣∣∣∣I( t

2
+

t

2
,
s

2
+

s

2

)
(N (τ)v−N (τ)w)

∣∣∣∣∣∣
µ
=

∣∣∣∣∣∣I( t

2
,
s

2

)
◦I

( t

2
,
s

2

)
(N (τ)v−N (τ)w)

∣∣∣∣∣∣
µ
.

Îñêiëüêè p > q0 − 1, òî p > q0 − 1 + δ äëÿ âñiõ äîñèòü ìàëèõ δ ∈ (0, 1]. Íåõàé
h := p

q0+δ−1 . Òîäi µ > p
q0−1 > h > 1 i ç îöiíêè (26) äëÿ p1 := h, p2 := µ (ùî çàêîííî),

ìàòèìåìî

I9 ≤ M2(h, µ)

( t−s
2 )σ(h,µ)

∣∣∣∣∣∣I( t

2
,
s

2

)
(N (τ)v −N (τ)w)

∣∣∣∣∣∣
h
, (43)

äå

σ(h, µ) =
n

2

(q0 + δ − 1

p
− 1

µ

)
=

n

2

(q0 + δ − 2 + 1

p
− 1

µ

)
=

=
n

2

q0 + δ − 2

p
+

n

2

(1
p
− 1

µ

)
= β(q0 + δ, p)− σ(µ, p) > 0. (44)

Êðiì òîãî, ç (26) äëÿ p2 = p1 := h (òîäi σ(h, h) = 1) ìàòèìåìî∣∣∣∣∣∣I( t

2
,
s

2

)
(N (τ)v −N (τ)w)

∣∣∣∣∣∣
h
≤ M2(h, h)||N (τ)v −N (τ)w||h. (45)

Ïiäñòàâèâøè (44) i (45) â (43), îäåðæèìî òàêå:

I9 ≤ C11(δ)

(t− s)β(q0+δ,p)−σ(µ,p)
||N (τ)v −N (τ)w||h,

äå

C11(δ) := 2β(q
0+δ,p)−σ(µ,p)M2(h, µ)M2(h, h) =

= 2
n
2
q0+δ−2

p −σ(µ,p)M2

( p

q0 + δ − 1
, µ

)
M1(1).

Ç âèãëÿäó M2 âèïëèâà¹, ùî C11(δ) ¹ îáìåæåíîþ ïðè δ → +0. Òîìó, çàñòîñóâàâøè
äî ïðàâî¨ ÷àñòèíè öi¹¨ íåðiâíîñòi îöiíêó (40) ç ëåìè 8, îòðèìà¹ìî

I9 ≤ C12N1(p, q0, q
0)

(t− s)β(q0+δ,p)−σ(µ,p)
||v − w||p Sq−2(||v||p + ||w||p), (46)

äå ñòàëà C12 íå çàëåæèòü âiä δ. Îñêiëüêè ñòàëà N1(p, q0, q
0) òåæ íå çàëåæèòü âiä

δ i β(q0 + δ, p) −→
δ→+0

β(q0, p), òî, ñïðÿìóâàâøè â (46) δ → +0, îòðèìà¹ìî (42). Ëåìó

äîâåäåíî. �

Ëåìà 10. Íåõàé âèêîíóþòüñÿ óìîâè (G), (Q), q0 i q0 � ñòàëi ç óìîâè (Q), S �
îïåðàòîð ç (39), A � ç (17), β � ôóíêöiÿ ç (20). ßêùî r > max{n

2 (q
0 − 1), 1}, p >

max{r(q0 − 1), 1}, ÷èñëî κ âçÿòî ç (18), òî iñíó¹ ñòàëà A (r, p) > 0 òàêà, ùî äëÿ
âñiõ τ ∈ (0, T ] i v, w ∈ Lκ(0, τ ;Lp(Ω)) âèêîíó¹òüñÿ îöiíêà

||Av −Aw||p,κ,τ ≤ A (r, p) τ1−β(q0,r) ||v − w||p,κ,τ Sq−2(||v||p,κ,τ + ||w||p,κ,τ ). (47)
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Äîâåäåííÿ. Íåõàé âèêîíóþòüñÿ ïðèïóùåííÿ ëåìè, I10(t) = ||(Av)(t)− (Aw)(t)||p,
t ∈ [0, τ ]. Òîäi

I10(t) =
∣∣∣∣∣∣− t∫

0

I(t, s)(N (s)v(s)−N (s)w(s)) ds
∣∣∣∣∣∣
p
≤

≤
t∫

0

∣∣∣∣∣∣I(t, s)(N (s)v(s)−N (s)w(s))
∣∣∣∣∣∣
p
ds.

Âèêîðèñòà¹ìî îöiíêó (42) äëÿ µ = p. Öå ìîæíà çðîáèòè, áî r > 1, p > r(q0−1) > q0−1
òà q0 ≥ q0 > 2, q0 − 1 > 1, 1 > 1

q0−1 , òîáòî p > p
q0−1 > 1. Âðàõóâàâøè, ùî σ(p, p) = 0,

îäåðæèìî

I10(t) ≤
t∫

0

M3(p, q0, q
0, p)

(t− s)β(q0+δ,p)
I11(s) ds = M3(p, q0, q

0, p)

τ∫
0

χ(t, s)

(t− s)β(q0,p)
I11(s) ds,

äå χ âçÿòî ç (33),

I11(s) = ||v(s)− w(s)||p Sq−2(||v(s)||p + ||w(s)||p), s ∈ (0, t). (48)

Íåõàé I12 := ||Av − Aw||κp,κ,τ . Âðàõîâóþ÷è íàøi ïîçíà÷åííÿ òà îòðèìàíi îöiíêè,
îäåðæèìî òàêå:

I12 =

τ∫
0

|I10(t)|κ dt ≤ |M3(p, q0, q
0, p)|κ

τ∫
0

∣∣∣ τ∫
0

χ(t, s)

(t− s)β(q0,p)
I11(s) ds

∣∣∣κ dt.

Âèêîðèñòîâóþ÷è îöiíêó ç òâåðäæåííÿ 3, ìàòèìåìî, ùî

I12 ≤ |M3(p, q0, q
0, p)|κ

[ τ∫
0

∣∣∣ τ∫
0

χκ(t, s)

(t− s)β(q0,p)κ
|I11(s)|κ dt

∣∣∣ 1κ ds
]κ

=

= |M3(p, q0, q
0, p)|κ

[ τ∫
0

I11(s)
∣∣∣ τ∫
s

dt

(t− s)β(q0,p)κ

∣∣∣ 1κ ds
]κ

. (49)

Çðîáèìî äåÿêi ïåðåòâîðåííÿ. Îñêiëüêè p > r(q0− 1), òî ç ïóíêòó 5 ëåìè 1 âèïëèâà¹,
ùî β(q0, p)κ < 1. Òîìó ç ïóíêòó 6 ëåìè 1

τ∫
s

dt

(t− s)β(q0,p)κ
=

(t− s)1−β(q0,p)κ

1− β(q0, p)κ

∣∣∣∣t=τ

t=s

=
(τ − s)1−β(q0,p)κ

1− β(q0, p)κ
≤ τ1−β(q0,p)κ

1− β(q0, p)κ
=

=
τ1−β(q0,r)κ+(q0−2)

1− β(q0, r)κ + (q0 − 2)
=

τ q
0−1−β(q0,r)κ

q0 − 1− β(q0, r)κ
. (50)

Âèêîðèñòàâøè (48) i (50), ç îöiíêè (49) îòðèìà¹ìî òàêå:

I12 ≤ |M3(p, q0, q
0, p)|κ

q0 − 1− β(q0, r)κ
τ q

0−1−β(q0,r)κ
[ τ∫
0

I11(s) ds
]κ

=
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= C13τ
q0−1−β(q0,r)κ

[ τ∫
0

||v(s)− w(s)||p Sq−2(||v(s)||p + ||w(s)||p) ds
]κ

.

Òîìó ç íåðiâíîñòi Ãåëüäåðà ç ïîêàçíèêàìè κ > 1, κ
κ−1 > 1 îäåðæèìî

I12 ≤ C13τ
q0−1−β(q0,r)κ ×

×
τ∫

0

||v(s)− w(s)||κp ds
[ τ∫

0

∣∣∣Sq−2(||v(s)||p + ||w(s)||p)
∣∣∣ κ
κ−1

ds
]κ−1

. (51)

Íåõàé ζ(s) := ||v(s)||p + ||w(s)||p, s ∈ (0, τ),

A := {s ∈ (0, τ) | ζ(s) > 1}, B := {s ∈ (0, τ) | ζ(s) ≤ 1}.
Îñêiëüêè p > r(q0 − 1) > r ≥ n

2 (q
0 − 1), òî (äèâ. ïóíêò 3 ëåìè 1) κ > q0 − 1. Òîìó

κ−1 > q0−2, κ−1
q0−2 > 1 i, âèêîðèñòàâøè íåðiâíiñòü Ãåëüäåðà ç ïîêàçíèêàìè κ−1

q0−2 > 1,
κ−1

κ−q0+1 > 1, îòðèìà¹ìî∫
A

∣∣∣Sq−2(ζ(s))
∣∣∣ κ
κ−1

ds =

∫
A

|ζ(s)|
(q0−2)κ

κ−1 ds ≤
(∫
A

|ζ(s)|κ ds
) q0−2

κ−1
(∫
A

ds
)κ−q0+1

κ−1 ≤

≤ ||ζ;Lκ(0, τ)||
(q0−2)κ

κ−1 τ
κ−q0+1
κ−1 . (52)

Àíàëîãi÷íó (52) îöiíêó îòðèìà¹ìî i äëÿ iíòåãðàëà ïî B∫
B

∣∣∣Sq−2(ζ(s))
∣∣∣ κ
κ−1

ds =

∫
B

|ζ(s)|
(q0−2)κ
κ−1 ds ≤ ||ζ;Lκ(0, τ)||

(q0−2)κ
κ−1 τ

κ−q0+1
κ−1 . (53)

Ç îöiíîê (52), (53) i íåðiâíîñòi òðèêóòíèêà â Lκ(0, τ) âèïëèâà¹, ùî
τ∫

0

∣∣∣Sq−2(ζ(s))
∣∣∣ κ
κ−1

ds =

∫
A

∣∣∣Sq−2(ζ(s))
∣∣∣ κ
κ−1

ds+

∫
B

∣∣∣Sq−2(ζ(s))
∣∣∣ κ
κ−1

ds ≤

≤ ||ζ;Lκ(0, τ)||
(q0−2)κ

κ−1 τ
κ−q0+1
κ−1 + ||ζ;Lκ(0, τ)||

(q0−2)κ
κ−1 τ

κ−q0+1
κ−1 ≤

≤
∣∣∣Sq−2(||ζ;Lκ(0, τ)||)

∣∣∣ κ
κ−1

(
τ
κ−q0+1
κ−1 + τ

κ−q0+1
κ−1

)
≤

≤
∣∣∣Sq−2(||v||p,κ,τ + ||w||p,κ,τ )

∣∣∣ κ
κ−1

(
τ
κ−q0+1
κ−1 + τ

κ−q0+1
κ−1

)
.

Òîäi ç (51) i îöiíêè òèïó (25) ìàòèìåìî, ùî

I12 ≤ C14τ
q0−1−β(q0,r)κ ×

× ||v − w||κp,κ,τ

∣∣∣Sq−2(||v||p,κ,τ + ||w||p,κ,τ )
∣∣∣κ(τκ−q0+1 + τκ−q0+1) =

= C14(1 + T q0−q0)τκ−β(q0+δ,r)κ ||v − w||κp,κ,τ

∣∣∣Sq−2(||v||p,κ,τ + ||w||p,κ,τ )
∣∣∣κ.

Çâiäñè i âèïëèâà¹ îöiíêà (47) çi ñòàëîþ, ÿêà çàëåæèòü âiä T i âiäîêðåìëåíà âiä íóëÿ
ïðè T → +0 (öå ìè âèêîðèñòîâóâàòèìåìî äàëi). Ëåìó äîâåäåíî. �
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4. Äîâåäåííÿ òåîðåìè 1. Íåõàé p > n
2 (q

0−1)2. Òîäi p
q0−1 > n

2 (q
0−1). Ïðèéìå-

ìî äîâiëüíå r ∈ [n2 (q
0−1), p

q0−1 ). Íåõàé κ, ϕ âçÿòî ç (18), à ôóíêöi¨ σ, β � ç (19), (20).

Âèêîðèñòà¹ìî ëåìó 1. Ç ïóíêòó 7 ìàòèìåìî, ùî κ ∈ [ 2p(q0−1)
2p−n(q0−1) ,

2p
n(q0−2) ). Ïðèéìåìî

ìàêñèìàëüíå κ∗ = 2p
n(q0−2) < p

ϕ . Îñêiëüêè q0 > 2 + 2
n , òî ç ïóíêòó 2 âèïëèâà¹ îöiíêà

ϕ > 1. Îòæå, κ∗ < p. Êðiì òîãî,

p >
n

2
(q0 − 1)2 >

n

2
(q0 − 1) >

n

2
(q0 − 2),

òîáòî κ∗ > 1 òà p > n
2 (q

0 − 2) > ϕ > 1. Ç ïóíêòó 3 òà óìîâè

r ∈
[n
2
(q0 − 1),

p

q0 − 1

)
⊂

[n
2
(q0 − 1), p

)
âèïëèâà¹, ùî κ > q0 − 1. Îòæå, ÷èñëà p i κ, ÿêi çàäîâîëüíÿþòü óìîâè òåîðåìè 1,
iñíóþòü. Êðiì òîãî, ïóíêò 4 i óìîâà r ≥ n

2 (q
0 − 1) > ϕ îçíà÷àþòü, ùî

β(q0, r) < 1. (54)

Îñêiëüêè r < p
q0−1 , òî p > r(q0 − 1) i ç ïóíêòó 5 îòðèìà¹ìî, ùî β(q0, p)κ < 1.

Äîâåäåìî, ùî îïåðàòîð A ç (17) çàäîâîëüíÿ¹ óìîâè òâåðäæåííÿ 1. Íåõàé ε > 0,
τ ∈ (0, T ] � äîâiëüíi ÷èñëà,

Bε,τ = {v : (0, τ) → Lp(Ω) | ||v||p,κ,τ ≤ ε}.

Ïðèéìåìî äîâiëüíå v ∈ Bε,τ òà âèêîðèñòà¹ìî îöiíêó (47) ç öèì v òà ç w = 0. Öå
çàêîííî, áî ìè ùîéíî äîâåëè, çîêðåìà, ùî r òà p çàäîâîëüíÿþòü óìîâè ëåìè 10.
Çãiäíî ç (17) îäåðæèìî ðiâíiñòü (A0)(t) = z0(t) äëÿ âñiõ t ∈ [0, T ], äå z0 âçÿòî ç (16),
à òîìó (47) íàáóäå âèãëÿäó

||Av − z0||p,κ,τ ≤ A (r, p) τ1−β(q0,r)||v||p,κ,τSq−2(||v||p,κ,τ ) ≤ A (r, p) τ1−β(q0,r)εSq−2(ε).

Êðiì òîãî, ||Av − z0||p,κ,τ ≥ ||Av||p,κ,τ − ||z0||p,κ,τ . Òîìó

||Av||p,κ,τ ≤ ||z0||p,κ,τ + C15τ
1−β(q0,r)εSq−2(ε), (55)

äå äîäàòíà ñòàëà C15 íå çàëåæèòü âiä u0, f, v, τ, ε.
Ç îöiíîê (30), (32) äëÿ p1 = p2 = p, λ = µ = κ (ùî çàêîííî) îäåðæèìî òàêå:

||z0||p,κ,τ ≤ ||J0u0||p,κ,τ + ||J f ||p,κ,τ ≤ L0(p, p)τ
1
κ−σ(p,p)||u0||p +

+ L (p, p;κ,κ)τ
1
κ−σ(p,p)+κ−1

κ ||f ||p,κ,τ = C16τ
1
κ ||u0||p + C17τ ||f ||p,κ,τ , (56)

äå äîäàòíi ñòàëi C16 òà C17 íå çàëåæàòü âiä u0, f, v, τ, ε.
Îòîæ, ç (55) i (56) îòðèìà¹ìî îöiíêó

||Av||p,κ,τ ≤ C16τ
1
κ ||u0||p + C17τ ||f ||p,κ,τ + C15τ

1−β(q0,r)εSq−2(ε).

Ïðèïóñòèìî, ùî
||u0||p ≤ ε2, ||f ||p,κ,T ≤ ε2. (57)

Òîäi óìîâà A(Bε,τ ) ⊂ Bε,τ âèêîíó¹òüñÿ, ÿêùî

C16τ
1
κ ε2 + C17τε

2 + C15τ
1−β(q0,r)εSq−2(ε) ≤ ε,
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òîáòî, êîëè

C16τ
1
κ ε+ C17τε+ C15τ

1−β(q0,r)Sq−2(ε) ≤ 1. (58)

Òåïåð ïðèéìåìî äîâiëüíi v, w ∈ Bε,τ òà âèêîðèñòà¹ìî îöiíêó (47) i ëåìó 7

||Av −Aw||p,κ,τ ≤ A (r, p) τ1−β(q0,r)Sq−2(||v||p,κ,τ + ||w||p,κ,τ )||v − w||p,κ,τ ≤

≤ D||v − w||p,κ,τ ,

äå D = 2q
0−2A (r, p) τ1−β(q0,r)Sq−2(ε). Çðîçóìiëî, ùî îïåðàòîð A ¹ ñòèñêîì íà Bε,τ ,

ÿêùî D < 1, òîáòî, êîëè

2q
0−2A (r, p) τ1−β(q0,r)Sq−2(ε) < 1. (59)

Ïiäñóìó¹ìî îòðèìàíi íàìè ôàêòè. ßêùî âèêîíóþòüñÿ îöiíêè (58), (59), òî îïå-
ðàòîð A çàäîâîëüíÿ¹ óìîâè òâåðäæåííÿ 1, òîìó ìà¹ íåðóõîìó òî÷êó � ðîçâ'ÿçîê
ðiâíÿííÿ (11). Îöiíêè (58), (59) (âðàõîâóþ÷è (57), (54) òà ïóíêò 1 ëåìè 7) âèêî-
íóþòüñÿ çà îäíi¹¨ ç òàêèõ óìîâ:

1) äëÿ äîâiëüíèõ u0 ∈ Lp(Ω), f ∈ Lκ(0, T ;Lp(Ω)) âèáèðà¹ìî ε > 0 òàêèì âåëè-
êèì, ùîá âèêîíóâàëèñÿ íåðiâíîñòi (57), à ïîòiì âèáèðà¹ìî τ ∈ (0, T ] òàêèì
ìàëèì, ùîá âèêîíóâàëèñÿ îöiíêè (58), (59); òîäi ìà¹ìî ëîêàëüíèé ðîçâ'ÿçîê
äëÿ âñiõ u0 i f ;

2) äëÿ çàäàíîãî τ (òî÷íiøå äëÿ τ = T ) âèáèðà¹ìî ε > 0 òàêèì ìàëèì, ùîá âèêî-
íóâàëèñÿ îöiíêè (58), (59), à ïîòiì âèáèðà¹ìî u0 ∈ Lp(Ω), f ∈ Lκ(0, T ;Lp(Ω))
òàêèì, ùîá âèêîíóâàëèñÿ íåðiâíîñòi (57); òîäi ìà¹ìî ãëîáàëüíèé ðîçâ'ÿçîê
(11), âçàãàëi êàæó÷è, ëèøå äëÿ òèõ u0 i f , ÿêi ìàþòü ìàëó íîðìó.

Òåîðåìó 1 äîâåäåíî.

Çàóâàæåííÿ 5. Ðåçóëüòàòè òåîðåìè 1 ìîæíà ïîøèðèòè íà äðóãó i òðåòþ ìiøàíi
çàäà÷i äëÿ ðiâíÿííÿ (1) òà éîãî óçàãàëüíåíü.

5. Âèñíîâêè. Çíàéäåíî óìîâè iñíóâàííÿ ñëàáêîãî ðîçâ'ÿçêó ïåðøî¨ ìiøàíî¨
çàäà÷i äëÿ ïiâëiíiéíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ (1) çi çìiííèì ïîêàçíèêîì íåëiíié-
íîñòi. Öåé ïîêàçíèê çàäîâîëüíÿ¹ ëèøå óìîâó (Q) çi ñòàëèìè 2+ n

2 < q0 ≤ q0 < +∞.
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The initial-boundary value Dirichlet problem for the equation

ut −∆u+ g(x, t)|u|q(x,t)−2u = f(x, t)

is considered in a cylinder domain of Rn+1
x,t . The existence of a mild solution to

the problem is proved provided the condition q(x, t) ≥ q0 > 2 + 2
n
holds.



32
Îëåã ÁÓÃÐIÉ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2014. Âèïóñê 79

Key words: nonlinear parabolic equation,initial-boundary value problem,
variable exponent of nonlinearity, generalized Lebesque spaces, mild solution,
Green's function.

Î ÐÀÇÐÅØÈÌÎÑÒÈ ÑÌÅØÀÍÍÎÉ ÇÀÄÀ×È
ÄËß ÌÎÄÅËÜÍÎÃÎ ÏÀÐÀÁÎËÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß

Ñ ÏÎÊÀÇÀÒÅËÅÌ ÍÅËÈÍÅÉÍÎÑÒÈ q(x, t) > 2 + 2
n

Îëåã ÁÓÃÐÈÉ
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óë. Óíèâåðñèòåòñêàÿ, 1, Ëüâîâ, 79000

e-mail: ol_buhrii@i.ua

Èññëåäîâàíà ñìåøàííàÿ çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ

ut −∆u+ g(x, t)|u|q(x,t)−2u = f(x, t)

â öèëèíäðè÷åñêîé îáëàñòè èç Rn+1
x,t . Ïðè óñëîâèè q(x, t) ≥ q0 > 2 + 2

n

äîêàçàíî ñóùåñòâîâàíèå ñëàáîãî ðåøåíèÿ ýòîé çàäà÷è.

Êëþ÷åâûå ñëîâà: íåëèíåéíîå ïàðàáîëè÷åñêîå óðàâíåíèå, ñìåøàííàÿ
çàäà÷à, ïåðåìåííàÿ ñòåïåíü íåëèíåéíîñòè, îáîáù¼ííûå ïðîñòðàíñòâà Ëå-
áåãà, ñëàáîå ðåøåíèå, ôóíêöèÿ Ãðèíà.
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ÏÐÎ ÎÄÍÎÑÒÀÉÍÅ ÖIËÊÎÌ ÐÅÃÓËßÐÍÅ ÇÐÎÑÒÀÍÍß
ÌÎÄÓËß ÒÀ ÀÐÃÓÌÅÍÒÀ ÃÎËÎÌÎÐÔÍÎ� Â ÏÐÎÊÎËÅÍIÉ

ÊÎÌÏËÅÊÑÍIÉ ÏËÎÙÈÍI ÔÓÍÊÖI�

Îëåã ÂÈØÈÍÑÜÊÈÉ, Àíäðié ÕÐÈÑÒIßÍÈÍ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ, 79000
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Ðîçãëÿíóòî êëàñè ãîëîìîðôíèõ ó C∗ := C\{0} ôóíêöié öiëêîì ðåãóëÿð-
íîãî çðîñòàííÿ, ïîíÿòòÿ iíäèêàòîðiâ òàêèõ ôóíêöié, i çà äîñèòü çàãàëüíèõ
ïðèïóùåíü ðîçâ'ÿçó¹òüñÿ çàäà÷à îïèñó ìíîæèí àíàëiòè÷íèõ â C∗ ôóíêöié
f , ôóíêöié çðîñòàííÿ λ, ôóíêöié H,H1, H2 ç Lp[0, 2π] i ÷èñåë p ∈ [1,+∞]
òàêèõ, ùî:{

1
2π

2π∫
0

| logF (reiθ) + logF ( 1
r
eiθ)− λ(r)H(θ)|pdθ

}1/p

= o(λ(r)), r → +∞,

àáî{
1
2π

2π∫
0

| logF (reiθ)− λ(r)H1(θ)|pdθ
}1/p

= o(λ(r)), r → +∞,{
1
2π

2π∫
0

|logF ( 1
r
eiθ)− λ(r)H2(θ)|pdθ

}1/p

= o(λ(r)), r → +∞,

äå F (z) = z−mf̃(z), f(aj) = 0,

f̃(z) = f(z)
∏

|aj |=1

(z − aj)
−1, m = 1

2πi

∫
|z|=1

f̃ ′(z)
f̃(z)

dz.

Êëþ÷îâi ñëîâà: ãîëîìîðôíà ôóíêöiÿ, ôóíêöiÿ öiëêîì ðåãóëÿðíîãî
çðîñòàííÿ, iíäèêàòîð çðîñòàííÿ, êîåôiöi¹íòè Ôóð'¹, êîåôiöi¹íòè Ôóð'¹-
Ñòiëüòü¹ñà.

1. Äîïîìiæíi ïîíÿòòÿ òà îñíîâíi ðåçóëüòàòè. Òåîðiÿ öiëèõ ôóíêöié öiëêîì
ðåãóëÿðíîãî çðîñòàííÿ ñòîñîâíî ôóíêöié λ, áëèçüêèõ äî ñòåïåíåâèõ, áóëà ïîáóäîâàíà
íàïðèêiíöi 30-õ ðîêiâ XX ñò. Á.ß. Ëåâiíèì òà À. Ïôëþãåðîì. �¨ çàñòîñîâóâàëè â áà-
ãàòüîõ ðîçäiëàõ ñó÷àñíîãî êîìïëåêñíîãî àíàëiçó. Öÿ òåîðiÿ òà ¨¨ çàñòîñóâàííÿ äîñèòü
 ðóíòîâíî âèêëàäåíi ó ìîíîãðàôi¨ [1]. Ó 70-80-õ ðîêàõ ìèíóëîãî ñòîëiòòÿ À.À. Êîíä-
ðàòþê [2], [3], [4], âèêîðèñòîâóþ÷è ìåòîä ðÿäiâ Ôóð'¹, ðîçðîáëåíèé Ë.À. Ðóáåëîì i
Á.À. Òåéëîðîì [5], óçàãàëüíèâ òåîðiþ Ëåâiíà-Ïôëþãåðà: ïî-ïåðøå, âií çàïðîïîíóâàâ
âèìiðþâàòè çðîñòàííÿ ôóíêöié ñòîñîâíî äîâiëüíî¨ ôóíêöi¨ çðîñòàííÿ λ, ÿêà çàäî-
âîëüíÿ¹ óìîâó λ(2r) = O(λ(r)); ïî-äðóãå, âií ââiâ i äîñëiäèâ êëàñè ìåðîìîðôíèõ

c⃝ Âèøèíñüêèé Î., Õðèñòiÿíèí À., 2014
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ôóíêöié öiëêîì ðåãóëÿðíîãî çðîñòàííÿ. Äåòàëüíå âèêëàäåííÿ öi¹¨ òåîði¨ ïîäàíî ó
ìîíîãðàôi¨ [6].

Âëàñòèâîñòi ìåðîìîðôíèõ ó áàãàòîçâ'ÿçíèõ îáëàñòÿõ êîìïëåêñíî¨ ïëîùèíè C
ôóíêöié, çîêðåìà ðîçïîäië çíà÷åíü, âèâ÷àëî áàãàòî àâòîðiâ. Îäèí ç îñòàííiõ ïiä-
õîäiâ çàïðîïîíîâàíî â [7], [8], [6]. Îïèðàþ÷èñü íà ââåäåíi â öèõ ðîáîòàõ ïîíÿòòÿ
õàðàêòåðèñòè÷íî¨ ôóíêöi¨ òèïó Íåâàíëiííè, à òàêîæ ïîíÿòòÿ ñêií÷åíî¨ λ-ùiëüíîñòi
ó [10] áóëî ââåäåíî ïîíÿòòÿ ãîëîìîðôíî¨ ôóíêöi¨ öiëêîì ðåãóëÿðíîãî çðîñòàííÿ â
ïðîêîëåíié êîìïëåêñíié ïëîùèíi C∗ := C\{0}, ïîíÿòòÿ iíäèêàòîðiâ çðîñòàííÿ òàêèõ
ôóíêöié i äîâåäåíi äåÿêi ¨õíi âëàñòèâîñòi, çîêðåìà ω-òðèãîíîìåòðè÷íà îïóêëiñòü ií-
äèêàòîðiâ çðîñòàííÿ òà iñíóâàííÿ êóòîâî¨ ùiëüíîñòi ìíîæèíè íóëiâ ãîëîìîðôíèõ
ôóíêöié öiëêîì ðåãóëÿðíîãî çðîñòàííÿ â C∗ íà ïåâíèõ ïîñëiäîâíîñòÿõ. Ìè ïðàöþ¹-
ìî ç öèìè êëàñàìè ôóíêöié, ðîçâ'ÿçó¹ìî çàäà÷ó îïèñó ìíîæèí ãîëîìîðôíèõ â C∗

ôóíêöié f , ôóíêöié çðîñòàííÿ λ, ôóíêöié H ç Lp[0, 2π] i ÷èñåë p ∈ [1,+∞] òàêèõ,
ùî: 1

2π

2π∫
0

| logF (reiθ) + logF (
1

r
eiθ)− λ(r)H(θ)|pdθ


1/p

= o(λ(r)), r → +∞, (1)

àáî  1

2π

2π∫
0

| logF (reiθ)− λ(r)H1(θ)|pdθ


1/p

= o(λ(r)), r → +∞, (2)

 1

2π

2π∫
0

|logF (
1

r
eiθ)− λ(r)H2(θ)|pdθ


1/p

= o(λ(r)), r → +∞, (3)

äå

F (z) = z−mf̃(z), f̃(z) = f(z)
∏

|aj |=1

(z − aj)
−1, f(aj) = 0, m =

1

2πi

∫
|z|=1

f̃ ′(z)

f̃(z)
dz. (4)

Íåîáõiäíiñòü ôîðìóëþâàííÿ ðåçóëüòàòiâ ç âèêîðèñòàííÿì ôóíêöi¨ F , à òàêîæ âèùå-
íàâåäåíèé âèãëÿä ôóíêöi¨ F çóìîâëåíi ìîæëèâiñòþ âèáîðó îäíîçíà÷íî¨ ãiëêè logF
ó îáëàñòi A∗ (äèâ. íèæ÷å) [6, Ëåìà 4.1].

Íåõàé f � ãîëîìîðôíà ôóíêöiÿ â êiëüöi A = {z : 1
R0

< |z| < R0}, 1 < R0 6 +∞,
âiäìiííà âiä òîòîæíîãî íóëÿ. Ïðèïóñòèìî, ùî f íå ìà¹ íóëiâ íà îäèíè÷íîìó êîëi.
×åðåç A∗ ïîçíà÷èìî A áåç iíòåðâàëiâ {z = τa, τ > 1}, ÿêùî |a| > 1 i {z =τa, 0<τ61},
ÿêùî |a| < 1, äå a ¹ íóëåì ôóíêöi¨.

Íåõàé n1
0(t, f), n2

0(t, f) öå êiëüêiñòü íóëiâ ôóíêöi¨ f âiäïîâiäíî â A1
t = {z :

1 < |z| 6 t} òà A2
t = {z : 1

t 6 |z| < 1}, 1 < t < R0, ç âðàõóâàííÿì ¨õíüî¨ êðàòíîñòi,
n0(t, f) = n1

0(t, f) + n2
0(t, f). Ìè âèêîðèñòîâóâàòèìåìî òàêi ïîçíà÷åííÿ ([7]):

N1
0 (r, f) =

r∫
1

n1
0(t, f)

t
dt, N2

0 (r, f) =

r∫
1

n2
0(t, f)

t
dt, N0(r, f) =

r∫
1

n0(t, f)

t
dt,
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1 6 r < R0. Íåõàé γj = arg aj , ïîçíà÷èìî ([9])

n1
k(t, f) =

∑
1<|aj |6t

e−ikγj , n2
k(t, f) =

∑
1
t6|aj |<1

e−ikγj , nk(t, f) =
∑

1
t6|aj |6t

e−ikγj , k ̸= 0,

à òàêîæ

N1
k (r, f) =

r∫
1

n1
k(t, f)

t
dt, N2

k (r, f) =

r∫
1

n2
k(t, f)

t
dt, Nk(r, f) =

r∫
1

nk(t, f)

t
dt, (5)

1 6 r < R0. Ìè áóäåìî âèêîðèñòîâóâàòè òàêi ïîçíà÷åííÿ äëÿ êîåôiöi¹íòiâ Ôóð'¹:

lk(r, F ) =
1

2π

2π∫
0

e−ikθ logF (reiθ)dθ, r > 0, k ∈ Z, (6)

ck(r, F ) =
1

2π

2π∫
0

e−ikθ log |F (reiθ)|dθ, r > 0, k ∈ Z, (7)

ak(r, F ) =
1

2π

2π∫
0

e−ikθ argF (reiθ)dθ, r > 0, k ∈ Z, (8)

Lk(r, F ) :=
1

2π

2π∫
0

e−ikθ

(
logF (reiθ) + logF (

1

r
eiθ)

)
dθ, r > 0, k ∈ Z. (9)

Îçíà÷åííÿ 1. Äîäàòíà, íåñïàäíà, íåïåðåðâíà, íåîáìåæåíà ôóíêöiÿ λ(r), r > 1
íàçèâà¹òüñÿ ôóíêöi¹þ ïîìiðíîãî çðîñòàííÿ, ÿêùî λ(2r) 6 Mλ(r),M > 0, ∀r > 0.

Ôóíêöi¨ çðîñòàííÿ λ(r) òà λ̃(r), äëÿ ÿêèõ λ(r)/λ̃(r) → 1 ïðè r → +∞, ââàæàòè-
ìåìî åêâiâàëåíòíèìè é îòîòîæíþâàòèìåìî ¨õ.

Îçíà÷åííÿ 2. Ôóíêöiÿ L(r) íàçèâà¹òüñÿ ïîâiëüíî çìiííîþ ôóíêöi¹þ (ó ñåíñi Êà-

ðàìàòè), ÿêùî lim
r→+∞

L(cr)
L(r) = 1 ðiâíîìiðíî íà äîâiëüíîìó ïðîìiæêó 0 < a 6 c 6 b <

< +∞.

Õàðàêòåðèñòèêà T0(r, f) òèïó Íåâàíëiííè äëÿ ôóíêöié f , ìåðîìîðôíèõ ó êiëüöi
{z : 1

R0
< |z| < R0}, äå 1 < R0 ≤ +∞ áóëà ââåäåíà ó [7] (äèâ. òàêîæ [6]), à ñàìå

T0(r, f) = m0(r, f) +N0(r, f), 1 < r < R0,

äå

m0(r, f) = m(r, f) +m

(
1

r
, f

)
− 2m(1, f),

m(t, f) =
1

2π

2π∫
0

log+ |f(teiθ)| dθ, 1

R0
< t < R0.
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Îçíà÷åííÿ 3 ([6]). Íåõàé λ � ôóíêöiÿ çðîñòàííÿ, f � ãîëîìîðôíà â C∗ ôóíêöiÿ.
Áóäåìî ãîâîðèòè, ùî f ¹ ôóíêöi¹þ ñêií÷åííîãî λ òèïó, i çàïèñóâàòè f ∈ ΛH , ÿêùî
T0(r, f) 6 Bλ(Cr) ïðè äåÿêèõ ñòàëèõ B,C äëÿ âñiõ r, r > 1.

Îçíà÷åííÿ 4 ([9]). Ãîëîìîðôíà â C∗ ôóíêöiÿ f íàçèâà¹òüñÿ ôóíêöi¹þ öiëêîì ðå-
ãóëÿðíîãî çðîñòàííÿ (íàäàëi, ö.ð.ç.), ÿêùî f ¹ ñêií÷åíîãî λ−òèïó i ∀k ∈ Z iñ-

íóþòü ãðàíèöi lim
r→+∞

ck(r,f)
λ(r) =: c

′

k òà lim
r→+∞

ck(
1
r ,f)

λ(r) =: c
′′

k àáî ∀k ∈ Z iñíó¹ ãðàíèöÿ

lim
r→+∞

ck(r,f)+ck(
1
r ,f)

λ(r) =: c∗k.

Êëàñ òàêèõ ôóíêöié ïîçíà÷àòèìåìî Λ◦
H .

Îçíà÷åííÿ 5 ([9]). ßêùî f ∈ Λ◦
H , òî ôóíêöi¨ h1(θ, f) =

∑
k∈Z

c
′

ke
ikθ, h2(θ, f) =

=
∑
k∈Z

c
′′

ke
ikθ, h(θ, f) =

∑
k∈Z

c∗ke
ikθ, äå c

′

k, c
′′

k , c
∗
k âèçíà÷åíi â îçíà÷åííi 4 íàçèâàþòüñÿ

iíäèêàòîðàìè çðîñòàííÿ ôóíêöi¨ f àáî êîðîòêî, iíäèêàòîðàìè.

Îñíîâíèìè ðåçóëüòàòàìè öi¹¨ ïðàöi ¹ òàêi òåîðåìè.

Òåîðåìà 1. Íåõàé f � ãîëîìîðôíà ôóíêöiÿ â C∗, λ � ôóíêöiÿ ïîìiðíîãî çðîñòàííÿ,
log r = o(λ(r)), r → +∞, H ∈ Lp[0, 2π]. Òîäi (1) âèêîíó¹òüñÿ òîäi i ëèøå òîäi, êîëè:

i) H(θ) ≡ L0 > 0, λ(r) îïóêëà ñòîñîâíî log r, f ¹ ôóíêöi¹þ ö.ð.ç. ñòîñîâíî λ ç

iíäèêàòîðîì H, i lim
r→+∞

Lk(r,F )
λ(r) = 0 äëÿ âñiõ k ̸= 0;

àáî
ii) λ(r) = rρL(r), ρ > 0, L � ïîâiëüíî çìiííà ôóíêöiÿ, f ¹ ôóíêöi¹þ ö.ð.ç.

ùîäî λ ç iíäèêàòîðîì ReH, äå H(θ) =
∑
k∈Z

Lke
ikθ, Lk = lim

r→+∞
Lk(r,F )
λ(r) .

ßêùî ñïiââiäíîøåííÿ (1) âèêîíó¹òüñÿ äëÿ äåÿêîãî p ∈ [1,+∞), òîäi âîíî ïðàâèëüíå
i äëÿ áóäü-ÿêîãî p ∈ [1,+∞).

Òåîðåìà 2. Íåõàé f � ãîëîìîðôíà ôóíêöiÿ â C∗, λ ôóíêöiÿ ïîìiðíîãî çðîñòàííÿ,
log r = o(λ(r)), r → +∞, H1,H2 ∈ Lp[0, 2π]. Òîäi (2) i (3) âèêîíóþòüñÿ òîäi i ëèøå
òîäi, êîëè:

i) H1(θ) ≡ l10 > 0, H2(θ) ≡ l20 > 0, λ(r) îïóêëà ñòîñîâíî log r, f ¹ ôóíêöi¹þ

ö.ð.ç. ñòîñîâíî λ ç iíäèêàòîðîì H = H1 +H2, i lim
r→+∞

lk(r,F )
λ(r) = 0,

lim
r→∞

lk(
1
r ,F )

λ(r) = 0 äëÿ âñiõ k ̸= 0;

àáî
ii) λ(r) = rρL(r), ρ > 0, L � ïîâiëüíî çìiííà ôóíêöiÿ, f ¹ ôóíêöi¹þ ö.ð.ç.

ùîäî λ ç iíäèêàòîðîì ReH1 +ReH2, äå H1(θ) =
∑
k∈Z

l1ke
ikθ,

H2(θ) =
∑
k∈Z

l2ke
ikθ, l1k = lim

r→+∞
lk(r,F )
λ(r) , l2k = lim

r→+∞
lk(

1
r ,F )

λ(r) .

ßêùî ñïiââiäíîøåííÿ (1), (2) âèêîíóþòüñÿ äëÿ äåÿêîãî p ∈ [1,+∞), òîäi âîíè ïðà-
âèëüíi i äëÿ áóäü-ÿêîãî p ∈ [1,+∞).

2. Äîïîìiæíi ðåçóëüòàòè.Äëÿ äîâåäåííÿ òåîðåì 1 òà 2 íàì ïîòðiáíî äåêiëüêà
äîïîìiæíèõ òâåðäæåíü, ÿêi òàêîæ ìàþòü ñàìîñòiéíå çíà÷åííÿ.
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Íåõàé f � ãîëîìîðôíà ôóíêöiÿ â êiëüöi A = {z : 1
R0

< |z| < R0}, 1 < R0 6 +∞,

âiäìiííà âiä òîòîæíîãî íóëÿ, F (z) = z−mf̃(z), äå f̃ i m âèçíà÷åíi â (4). Îñêiëüêè
F íå ìà¹ íóëiâ íà îäèíè÷íîìó êîëi T = {z ∈ C : |z| = 1}, òî logF ãîëîìîðôíà â
äåÿêîìó êiëüöåâîìó îêîëi îäèíè÷íîãî êîëà, òîìó äîïóñêà¹ ðîçâèíåííÿ â ðÿä Ëîðàíà

logF (z) =
∑
k∈Z

αkz
k.

Ñïðàâäæóþòüñÿ òàêi ëåìè.

Ëåìà 1.

lk(r, F ) = αkr
k + rk

r∫
1

n1
k(t, f)

tk+1
dt, k ̸= 0, r > 1, (10)

l0(r, F )− l0(1, F ) = N1
0 (r, f), (11)

N1
k (r, f) = lk(r, F )− αk − k

r∫
1

lk(t, F )

t
dt, k ̸= 0, r > 1. (12)

Ëåìà 2.

lk(
1

r
, F ) = αkr

−k + r−k

r∫
1

n2
k(t, f)

t−k+1
dt, k ̸= 0, r > 1, (13)

l0(
1

r
, F )− l0(1, F ) = N2

0 (r, f), (14)

N2
k (r, f) = lk(

1

r
, F )− αk + k

r∫
1

lk(
1
t , F )

t
dt, k ̸= 0, r > 1. (15)

Ëåìà 3.

Lk(r, F ) = (αk + α−k)r
k + rk

r∫
1

nk(t, f)

tk+1
dt+

1

k
(1− rk)nk(T), k ̸= 0, r > 1, (16)

N0(r, f) = L0(r, F )− L0(1, F ) + n0(T) log r, (17)

Nk(r, f) = Lk(r, F )− (αk +α−k)− k

r∫
1

Lk(t, F )

t
dt−nk(T) log r, k ̸= 0, r > 1. (18)

Ëåìà 4.

ak(r, F ) = −ik

r∫
1

ck(t, f)

t
dt+

αk − α−k

2i
+

1

2ki
(r−k − 1)nk(T), k ̸= 0, r > 1, (19)

ak(
1

r
, F ) = ik

r∫
1

ck(
1
t , f)

t
dt+

αk − α−k

2i
− 1

2ki
(r−k − 1)nk(T), k ̸= 0, r > 1. (20)
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Ëåìà 5.

ck(r, F ) = ik

r∫
1

ak(t, F )

t
dt+

αk + α−k

2
+N1

k (r, f) +
nk(T)
2krk

, k ̸= 0, r > 1, (21)

ck(
1

r
, F ) = −ik

r∫
1

ak(
1
t , F )

t
dt+

αk + α−k

2
+N2

k (r, f) +
nk(T)
2krk

, k ̸= 0, r > 1. (22)

3. Äîâåäåííÿ äîïîìiæíèõ ðåçóëüòàòiâ. Ñïiââiäíîøåííÿ (10), (11), (13),
(14) îòðèìàíi â [6, ñ. 59-60], ó ïðîöåñi äîâåäåííÿ ëåìè 21.1, õî÷à îêðåìî âîíè òàì íå
ñôîðìóëüîâàíi. Ñïiââiäíîøåííÿ (12), (15) ìîæíà îòðèìàòè ñïîñîáîì àíàëîãi÷íèì
äî îòðèìàííÿ îáåðíåíèõ êîåôiöi¹íòiâ Ôóð'¹-Ñòiëüòü¹ñà íàâåäåíèì ó [10].

Ëåìà 3 âèïëèâà¹ áåçïîñåðåäíüî ç ëåìè 1 òà ëåìè 2, ÿêùî âðàõîâóâàòè ñïiââiä-
íîøåííÿ ìiæ êîåôiöi¹íòàìè Ôóð'¹ (6)-(9).

Äîâåäåííÿ ëåìè 4. Îñêiëüêè N1
k (r, f) = N1

−k(r, f), N
2
k (r, f) = N2

−k(r, f), òî ç (12) i
(15) âèïëèâà¹

0 = N1
k (r, f)−N1

−k(r, f) =

= lk(r, F )− l−k(r, F )− (αk − α−k)− k

r∫
1

lk(t, F ) + l−k(r, F )

t
dt, (23)

0 = N2
k (r, f)−N2

−k(r, f) =

= lk(
1

r
, F )− l−k(

1

r
, F )− (αk − α−k) + k

r∫
1

lk(
1
t , F ) + l−k(

1
r , F )

t
dt, (24)

äëÿ êîæíîãî öiëîãî k ̸= 0 òà r > 1. Âèêîðèñòîâóþ÷è (7), (8), ç (23), (24) îäåðæó¹ìî

ak(r, F ) =
k

i

r∫
1

ck(t, f)

t
dt+

αk − α−k

2i
= −ik

r∫
1

ck(t, F )

t
dt+

αk − α−k

2i
, k ̸= 0,

ak(
1

r
, F ) = −k

i

r∫
1

ck(
1
t , f)

t
dt+

αk − α−k

2i
= ik

r∫
1

ck(
1
t , F )

t
dt+

αk − α−k

2i
, k ̸= 0.

Îñêiëüêè ïðè k ̸= 0,

ck(τ, F ) = ck(τ, f)−
∑

|aj |=1

ck(τ, 1−
z

aj
)

òà

ck(τ, 1−
z

aj
) =


−τk

2k
e−ikγj , 0 < τ < 1,

−e−ikγj

2kτk
, τ > 1,

(25)

òî

ak(r, F ) = −ik

r∫
1

ck(t, f)

t
dt+

αk − α−k

2i
+

1

2ki
(r−k − 1)nk(T), k ̸= 0, r > 1,
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ak(
1

r
, F ) = ik

r∫
1

ck(
1
t , f)

t
dt+

αk − α−k

2i
− 1

2ki
(r−k − 1)nk(T), k ̸= 0, r > 1.

�
Äîâåäåííÿ ëåìè 5 àíàëîãi÷íå äî äîâåäåííÿ ëåìè 4 ç òi¹þ ëèøå âiäìiííiñòþ, ùî

çàìiñòü ðiçíèöi ôóíêöié N i
k(r, f) òà N i

−k(r, f), i = 1, 2, òðåáà ðîçãëÿäàòè ¨õíþ ñóìó.
4. Äîâåäåííÿ Òåîðåìè 1. Íåîáõiäíiñòü. Ç (1) âèïëèâà¹ iñíóâàííÿ ãðàíèöü

lim
r→+∞

Lk(r,F )
λ(r) , äëÿ âñiõ k ∈ Z. Ìè ïîçíà÷èìî öi ãðàíèöi Lk. Òàêîæ çi ñïiââiäíîøåí-

íÿ (1) âèïëèâà¹, ùî Lk äîðiâíþþòü êîåôiöi¹íòàì Ôóð'¹ ck(H) ôóíêöi¨ H. Ñïðàâäi,∣∣∣∣Lk(r, F )

λ(r)
− ck(H)

∣∣∣∣ =
∣∣∣∣∣∣ 1

2π

2π∫
0

[
e−ikθ logF (reiθ) + logF ( 1r e

iθ)

λ(r)
− e−ikθH(θ)

]
dθ

∣∣∣∣∣∣ 6
6 1

2π

2π∫
0

1

λ(r)

∣∣∣∣logF (reiθ) + logF (
1

r
eiθ)− λ(r)H(θ)

∣∣∣∣ dθ (1)−→ 0, r → +∞.

Òàêîæ çi ñïiââiäíîøåííÿ (1) îòðèìó¹ìî 1

2π

2π∫
0

| log |F (reiθ)|+ log |F (
1

r
eiθ)| − λ(r)ReH(θ)|pdθ


1/p

= o(λ(r)), r → +∞. (26)

Çàóâàæèìî, ùî

log |F (reiθ)|+ log |F (
1

r
eiθ)| = log |f(reiθ)|+ log |f(1

r
eiθ)|+O(log r), r → +∞.

Âðàõóâàâøè, ùî log r = o(λ(r)), îäåðæó¹ìî

1

2π

2π∫
0

∣∣∣∣∣ log |f(reiθ)|+ log |f( 1r e
iθ)|

λ(r)
−ReH(θ)

∣∣∣∣∣
p

dθ =

=
1

2π

2π∫
0

∣∣∣∣∣ log |F (reiθ)|+ log |F ( 1r e
iθ)|

λ(r)
−ReH(θ)

∣∣∣∣∣
p

dθ + o(1), r → +∞.

Òîáòî

lim
r→+∞

1

2π

2π∫
0

∣∣∣∣∣ log |f(reiθ)|+ log |f( 1r e
iθ)|

λ(r)
−ReH(θ)

∣∣∣∣∣
p

dθ = 0.

Çâiäñè ([9]) îòðèìó¹ìî, ùî f ¹ ôóíêöi¹þ ö.ð.ç. ñòîñîâíî λ ç iíäèêàòîðîì ReH.
ßêùî Lk = 0, äëÿ âñiõ k ̸= 0, òîäi H(θ) = L0 > 0. Âèêîðèñòîâóþ÷è (17),

îäåðæèìî

lim
r→+∞

N(r, f)

λ(r)
= lim

r→+∞

L0(r, F )− L0(1, F ) + n0(T) log r
λ(r)

= L0.

Òîìó, ÿêùî L0 > 0, òî îòðèìà¹ìî λ(r) ∼ N(r)
L0

, r → +∞. Òîáòî λ(r) ¹ îïóêëîþ
ñòîñîâíî log r i ìè äîâåëè (i).
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Íåõàé òåïåð iñíó¹ k ̸= 0 òàêå, ùî Lk ̸= 0. Íå çìåíøóþ÷è çàãàëüíîñòi, ìîæåìî
ââàæàòè, ùî k ∈ N. Îñêiëüêè f ¹ ôóíêöi¹þ ö.ð.ç. â C∗, òî ç [9] îòðèìó¹ìî iñíóâàííÿ
ãðàíèöü

lim
r→+∞

ck(r, f)

λ(r)
, lim

r→+∞

ck(
1
r , f)

λ(r)
, lim

r→+∞

ck(r, f) + ck(
1
r , f)

λ(r)
, k ∈ Z.

Ç îãëÿäó íà (6)-(9), îäåðæèìî

Lk(r, F ) = ck(r, f) + iak(r, F ) + ck(
1

r
, f)− iak(

1

r
, F ) +O(log r), k ∈ Z, r → +∞.

Çâiäñè âèïëèâà¹, ùî iñíóþòü ãðàíèöi lim
r→+∞

ak(r,F )−ak(
1
r ,F )

λ(r) , k ∈ Z. Ïîçíà÷èìî

a∗k = lim
r→+∞

ak(r, F )− ak(
1
r , F )

λ(r)
, c∗k = lim

r→+∞

ck(r, f) + ck(
1
r , f)

λ(r)
, k ∈ Z.

Òîäi ç ëåìè 4, ïîçíà÷èâøè λ1(r) :=
r∫
1

λ(t)
t dt, îòðèìó¹ìî

a∗kλ(r) = −ikc∗kλ1(r) + o(λ1(r)) +O(1), k ∈ N, r → +∞, (27)

à ç ëåìè 5

c∗kλ(r) = ika∗kλ1(r) + o(λ1(r)) +O(1), k ∈ N, r → +∞. (28)

Çàóâàæèìî, ùî c∗k ̸= 0 i a∗k ̸= 0. Ñïðàâäi, ÿêùî ïðèïóñòèòè, ùî õî÷à á îäíà ç öèõ
âåëè÷èí äîðiâíþ¹ 0, òî ç (27) àáî ç (28) âèïëèâà¹, ùî é iíøà âåëè÷èíà äîðiâíþ¹ 0,
à îòæå, é Lk = 0, ùî ñóïåðå÷èòü ïðèïóùåííþ.

Ç (27) àáî (28) îòðèìó¹ìî

λ(r)

λ1(r)
= −ik

c∗k
a∗k

+ o(1), r → +∞.

Çâiäñè íåãàéíî âèïëèâà¹ iñíóâàííÿ ãðàíèöi lim
r→+∞

λ(r)
λ1(r)

= −ik
c∗k
a∗
k
. Ç îãëÿäó íà çðîáëå-

íå âèùå çàóâàæåííÿ lim
r→+∞

λ(r)
λ1(r)

> 0. Ïîçíà÷èìî öþ ãðàíèöþ ÷åðåç ρ. Ç [11, ñ. 117]

îòðèìó¹ìî λ(r) = rρL(r), äå L ¹ ôóíêöi¹þ ïîâiëüíîãî çðîñòàííÿ.
Äîñòàòíiñòü. Ïðèïóñòèìî, ùî (i) àáî (ii) âèêîíó¹òüñÿ. Ç óìîâ íàêëàäåíèõ íà

λ âèïëèâà¹ ([11, c. 85]), ùî iñíó¹ M > 0 òàêå, ùî äëÿ âñiõ íàòóðàëüíèõ k, ïî÷èíàþ÷è
ç äåÿêîãî k1 âèêîíó¹òüñÿ

+∞∫
r

λ(t)

tk+1
dt 6 Mλ(r)

krk
, r > 1. (29)

Áiëüøå òîãî, λ ìà¹ ñêií÷åííèé ïîðÿäîê ([12]), òîìó iñíó¹ k2 ∈ N òàêå, ùî

Lk(r, F ) = −rk
+∞∫
r

nk(t, f)

tk+1
dt, k > k2. (30)
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Ç îãëÿäó íà (30) i íåðiâíiñòü |nk(r)| 6 N0(er), à òàêîæ âèêîðèñòîâóþ÷è ñêií÷åííiñòü
λ-òèïó, îòðèìó¹ìî

|Lk(r, F )| 6 rk
+∞∫
r

N(et, f)

tk+1
dt 6 M̃rk

+∞∫
r

λ(t)

tk+1
6 M̃Mλ(r)

k
, k > max{k1, k2}, r > 1.

Ç âèðàçiâ äëÿ ck(r, f) [6, ëåìà 21.2, ñ. 61] îäåðæó¹ìî äëÿ r > 1

ck(r, f) + ck(
1

r
, f) =

1

2
(αk + α−k)(r

k + r−k) +
rk

2

r∫
1

nk(t, f)

tk+1
dt−

−rk

2
nk(T)

r∫
1

dt

tk+1
+

r−k

2

r∫
1

tk−1nk(t, f)dt−
r−k

2
nk(T)

r∫
1

tk−1dt =

=
1

2
(αk+α−k)(r

k+r−k)+
rk

2

r∫
1

nk(t, f)

tk+1
dt+

r−k

2

r∫
1

tk−1nk(t, f)dt−
1

2k
(rk−r−k), k ∈ Z.

Ïîðiâíþþ÷è îòðèìàíå ñïiââiäíîøåííÿ ç âèðàçîì äëÿ Lk(r, f) (16), îäåðæó¹ìî

Lk(r, F ) = 2(ck(r, f) + ck(
1

r
, f))− (αk + α−k)r

−k−

−
r∫

1

(
t

r

)k
nk(t, f)

t
dt+

r−k

k
(rk − 1)nk(T), k ∈ N, r > 1.

Òîáòî

|Lk(r, F )| 6 2|ck(r, f) + ck(
1

r
, f)|+N0(r, f) +O(1 +

1

rk
), k ∈ N, r > 1.

Âèêîðèñòîâóþ÷è ñêií÷åííiñòü λ-òèïó, îäåðæó¹ìî

|Lk(r, F )| 6 M1λ(r), k ∈ N, r → +∞.

Ç îãëÿäó íà îòðèìàíi âèùå îöiíêè, à òàêîæ âðàõîâóþ÷è (17), ìàòèìåìî

|Lk(r, F )| 6 M2λ(r)

k + 1
, k ∈ N ∪ {0}, r > 1, (31)

äå M2 � äåÿêà ñòàëà.
Òåïåð ðîçãëÿíåìî âèïàäîê k < 0. Iíòåãðóþ÷è ÷àñòèíàìè ó (16), îäåðæó¹ìî

Lk(r, F ) = (αk+α−k)r
k− 1

k

rknk(t, f)

tk

∣∣∣∣∣
r

1

+
1

k

r∫
1

(r
t

)k

dnk(t, f)+
1

k
(1−rk)nk(T), r > 1.

Òîáòî

|Lk(r, F )| 6 Aλ(r)

|k|
+

1

|k|
Bλ(r) + o(1), r > 1, k < 0.

Òîìó

|Lk(r, F )| 6 M3λ(r)

|k|
, k < 0, r > 1. (32)
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Îòæå, ç (31) òà (32), îäåðæó¹ìî

|Lk(r, F )| 6 Cλ(r)

|k|+ 1
, k ∈ Z, r > 1. (33)

Ïîäiëèâøè (33) íà λ(r) i ñïðÿìóâàâøè r äî +∞, îòðèìó¹ìî

|Lk| 6
C

|k|+ 1
, k ∈ Z. (34)

Çàñòîñîâóþ÷è òåîðåìó Õàóñäîðôà-Þíãà ([11]), ìîæåìî çàïèñàòè 1

2π

2π∫
0

∣∣∣∣∣ logF (reiθ) + logF ( 1r e
iθ)

λ(r)
−H(θ)

∣∣∣∣∣
p

dθ


1/p

6
{∑

k∈Z

∣∣∣∣Lk(r, F )

λ(r)
− Lk

∣∣∣∣q
}1/q

,

ïðè p > 2, 1 < q 6 2. Ç îãëÿäó íà îöiíêè (33) òà (34), ïåðåéøîâøè äî ãðàíèöi
ïðè r → +∞, îäåðæèìî (1) ïðè p > 2. Âèêîðèñòîâóþ÷è ìîíîòîííiñòü iíòåãðàëüíèõ
ñåðåäíiõ, îòðèìó¹ìî, ùî ñïiââiäíîøåííÿ (1) âèêîíó¹òüñÿ äëÿ âñiõ p ∈ [1;+∞).

5. Äîâåäåííÿ òåîðåìè 2. Íåîáõiäíiñòü. Ç (2) i (3) âèïëèâà¹ iñíóâàííÿ ãðà-

íèöü lim
r→+∞

lk(r,F )
λ(r) , lim

r→+∞
l−k(

1
r ,F )

λ(r) , äëÿ âñiõ k ∈ Z. Ïîçíà÷èìî ¨õ âiäïîâiäíî l1k òà l2k.

Òàêîæ çi ñïiââiäíîøåíü (2), (3) âèïëèâà¹, ùî öi ãðàíèöi l1k, l
2
k äîðiâíþþòü êîåôiöi¹í-

òàì Ôóð'¹ ôóíêöié H1, H2. Îêðiì òîãî, ç (2), (3) îòðèìó¹ìî 1

2π

2π∫
0

| log |F (reiθ)| − λ(r)ReH1(θ)|pdθ


1/p

= o(λ(r)), r → +∞,

 1

2π

2π∫
0

| log |F (
1

r
eiθ)| − λ(r)ReH2(θ)|pdθ


1/p

= o(λ(r)), r → +∞.

Çàóâàæèìî, ùî

log |F (reiθ)| = log |f(reiθ)|+O(log r); log |F (
1

r
eiθ)| = log |f(1

r
eiθ)|+O(log r).

r → +∞. Âðàõóâàâøè, ùî log r = o(λ(r)), r → +∞, îäåðæó¹ìî
2π∫
0

∣∣∣∣∣ log |f(reiθ)|λ(r)
−ReH1

∣∣∣∣∣
p

dt =

2π∫
0

∣∣∣∣∣ log |F (reiθ)|
λ(r)

−ReH1

∣∣∣∣∣
p

dt+ o(1), r → +∞,

2π∫
0

∣∣∣∣∣ log |f( 1r eiθ)|λ(r)
−ReH2

∣∣∣∣∣
p

dt =

2π∫
0

∣∣∣∣∣ log |F ( 1r e
iθ)|

λ(r)
−ReH2

∣∣∣∣∣
p

dt+ o(1), r → +∞.

Çâiäñè ([9]) âèïëèâà¹, ùî f ¹ ôóíêöi¹þ ö.ð.ç. ñòîñîâíî λ ç iíäèêàòîðîì ReH1+ReH2.
Ìîæëèâi òàêi âèïàäêè.
I. ßêùî l1k = l2k = 0, ∀k ̸= 0, òîäiH1(θ) = l10 > 0,H2(θ) = l20 > 0. Âèêîðèñòîâóþ÷è

(11) i (14), ìàòèìåìî

lim
r→+∞

N1
0 (r, f)

λ(r)
= lim

r→+∞

l0(r, F )− l0(1, F )

λ(r)
= l10,
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lim
r→+∞

N2
0 (r, f)

λ(r)
= lim

r→+∞

l0(
1
r , F )− l0(1, F )

λ(r)
= l20.

Îòæå, ÿêùî l10 > 0 àáî l20 > 0, òî îòðèìà¹ìî λ(r) ∼ N1(r)
l10

àáî λ(r) ∼ N2(r)
l20

, r → +∞.

Òîáòî, λ(r) ¹ îïóêëîþ ñòîñîâíî log r i ìè äîâåëè (i).
II. Íåõàé òåïåð ∃k ∈ Z \ {0} òàêå, ùî l1k ̸= 0 i l2k ̸= 0. Íå çìåíøóþ÷è çàãàëüíîñòi,

ìîæåìî ââàæàòè, ùî k ∈ N. Îñêiëüêè f ¹ ôóíêöi¹þ ö.ð.ç. â C∗, òî ç [9] âèïëèâà¹
iñíóâàííÿ ãðàíèöü

lim
r→+∞

ck(r, f)

λ(r)
, lim

r→+∞

ck(
1
r , f)

λ(r)
, lim

r→+∞

ck(r, f) + ck(
1
r , f)

λ(r)
, k ∈ Z.

Çâiäñè îòðèìó¹ìî iñíóâàííÿ ãðàíèöü

lim
r→+∞

ak(r, f)

λ(r)
, lim

r→+∞

ak(
1
r , f)

λ(r)
, lim

r→+∞

ak(r, f)− ak(
1
r , f)

λ(r)
, k ∈ Z.

Ïîçíà÷èìî âiäïîâiäíî ÷åðåç a1k, a
2
k ãðàíèöi lim

r→+∞
ak(r,F )
λ(r) , lim

r→+∞
ak(

1
r ,F )

λ(r) , òà ÷åðåç c1k,

c2k ãðàíèöi lim
r→+∞

ck(r,f)
λ(r) , lim

r→+∞
ck(

1
r ,f)

λ(r) .

Ç ëåìè 4, ïîçíà÷èâøè λ1(r) :=
r∫
1

λ(t)
t dt, îòðèìó¹ìî

a1kλ(r) = −ikc1kλ1(r) + o(λ1(r)) +O(1), k ∈ N, r → +∞, (35)

a2kλ(r) = ikc2kλ1(r) + o(λ1(r)) +O(1), k ∈ N, r → +∞. (36)

À ç ëåìè 5,

c1kλ(r) = ika1kλ1(r) + o(λ1(r)) +O(1), k ∈ N, r → +∞, (37)

c2kλ(r) = −ika2kλ1(r) + o(λ1(r)) +O(1), k ∈ N, r → +∞. (38)

Çâiäñè
λ(r)

λ1(r)
= −ik

c1k
a1k

+ o(1), r → +∞, (39)

λ(r)

λ1(r)
= ik

c2k
a2k

+ o(1), r → +∞. (40)

Îòæå, iñíó¹ ãðàíèöÿ lim
r→+∞

λ(r)
λ1(r)

. ßêùî õî÷à á îäíà ç âåëè÷èí cik àáî aik, i = 1, 2

äîðiâíþ¹ 0, òîäi ç îãëÿäó íà (35)-(38) iíøà âåëè÷èíà äîðiâíþ¹ 0, à îòæå, é lik = 0,
i = 1, 2 ùî ñóïåðå÷èòü ïðèïóùåííþ. Òîìó lim

r→∞
λ(r)
λ1(r)

> 0. Ïîçíà÷èìî öþ ãðàíèöþ

÷åðåç ρ. Ç [11, ñ. 117] îòðèìó¹ìî λ(r) = rρL(r), äå L ¹ ôóíêöi¹þ ïîâiëüíîãî çðîñòàííÿ.
Ìè äîâåëè (ii).

III. Çàóâàæèìî, ùî ó âèïàäêàõ, êîëè ∀k ∈ Z\{0} lik = 0 òà ∃k ∈ Z\{0} ljk ̸= 0,
äå i, j ∈ {1, 2}, i ̸= j, âèêîðèñòîâóþ÷è íàâåäåíi ìiðêóâàííÿ, îòðèìó¹ìî âèñíîâîê
àíàëîãi÷íèé âèñíîâêó äëÿ âèïàäêó II.
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Äîñòàòíiñòü. Ïðèïóñòèìî, ùî (i) àáî (ii) âèêîíó¹òüñÿ. Ç óìîâ íàêëàäåíèõ íà
λ âèïëèâà¹ ([11, ñ. 85]) ñïiââiäíîøåííÿ (29). Êðiì òîãî, λ ìà¹ ñêií÷åííèé ïîðÿäîê
([12]), òîäi

∃k3 ∈ N ∀k > k3 ∀r > 1 : lk(r, F ) = −rk
∞∫
r

n1
k(t, f)

tk+1
dt, (41)

∃k4 ∈ N ∀k > k4 ∀r > 1 : l−k(
1

r
, F ) = −rk

∞∫
r

n2
k(t, f)

tk+1
dt. (42)

Ç îãëÿäó íà (41),(42) i íåðiâíîñòi |ni
k(t)| 6 N i

0(er), i = 1, 2, îòðèìó¹ìî

|lk(r, F )| 6 M4λ(r)

k
, |lk(

1

r
, F )| 6 M5λ(r)

k
, r > 1

äëÿ äîñòàòíüî âåëèêèõ k i äåÿêèõ ñòàëèõ M4, M5.
Ç âèðàçiâ äëÿ ck(r, f) (ëåìà 21.2 [6, ñ. 61]) îäåðæèìî

ck(r, f) =
1

2
(αkr

k+α−kr
−k)+

1

2k

r∫
1

((r
t

)k

−
( t

r

)k
)
dn1

k(t, f)−
nk(T)
2krk

, k ̸= 0, r > 1,

ck(
1

r
, f) =

1

2
(αkr

−k+α−kr
k)+

1

2k

r∫
1

((r
t

)k

−
( t

r

)k
)
dn2

k(t, f)−
nk(T)
2kr−k

, k ̸= 0, r > 1.

Ïîðiâíþ÷è öi ðiâíîñòi ç âèðàçàìè äëÿ lk(r, f), lk(
1
r , f) (10), (13), îòðèìó¹ìî

lk(r, F ) = 2ck(r, f)− α−kr
−k +

1

k

r∫
1

(
t

r

)k
n1
k(t, f)

t
dt+

nk(T)
krk

, k ̸= 0, r > 1,

l−k(
1

r
, F ) = 2ck(

1

r
, f)− αkr

−k − 1

k

r∫
1

(r
t

)−k n2
k(t, f)

t
dt+

nk(T)
kr−k

, k ̸= 0, r > 1.

Òîáòî, ïðè k > 0

|lk(r, F )| 6 2|ck(r, f)|+ 2
N1

0 (r, f)

k
+O(

1

rk
), r > 1,

|l−k(
1

r
, F )| 6 2|ck(

1

r
, f)|+ 2

N2
0 (r, f)

k
+O(

1

rk
), r > 1.

Âèêîðèñòîâóþ÷è ñêií÷åííiñòü λ-òèïó, îäåðæó¹ìî

|lk(r, F )| 6 M6
λ(r)

k
, |l−k(

1

r
, F )| 6 M7

λ(r)

k
, k ∈ N, r → +∞,

äå M6, M7 � äåÿêi ñòàëi. Âðàõîâóþ÷è îòðèìàíi íåðiâíîñòi òà ç îãëÿäó íà (11), (14),
ìàòèìåìî

|lk(r, F )| 6 M8λ(r)

k + 1
, |l−k(

1

r
, F )| 6 M9λ(r)

k + 1
, k ∈ N ∪ {0}, r > 1. (43)
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Òåïåð ðîçãëÿíåìî âèïàäîê k < 0. Iíòåãðóþ÷è ÷àñòèíàìè ó ñïiââiäíîøåííÿõ
(10), (13), îòðèìó¹ìî

lk(r, F ) = αkr
k +

1

k

rkn1
k(t, f)

tk

∣∣∣∣∣
r

1

− 1

k

r∫
1

(r
t

)k

dn1
k(t, f),

à òàêîæ

l−k(
1

r
, F ) = α−kr

k +
1

k

rkn2
k(t, f)

tk

∣∣∣∣∣
r

1

− 1

k

r∫
1

(r
t

)k

dn2
k(t, f).

Òîáòî

|lk(r, F )| 6 A1λ(r)

|k|
+

1

|k|
B1λ(r) + o(1), k < 0,

|l−k(
1

r
, F )| 6 A2λ(r)

|k|
+

1

|k|
B2λ(r) + o(1), k < 0.

Òîìó

|l−k(r, F )| 6 M10λ(r)

|k|
, k < 0, r → +∞, (44)

|l−k(
1

r
, F )| 6 M11λ(r)

|k|
, k < 0, r → +∞. (45)

Îòæå, ç (43) i (44) âèïëèâà¹

|lk(r, F )| 6 C1λ(r)

|k|+ 1
, k ∈ Z, r > 1. (46)

À ç (43) i (45) âèïëèâà¹

|l−k(
1

r
, F )| 6 C2λ(r)

|k|+ 1
, k ∈ Z, r > 1. (47)

Ïîäiëèâøè ñïiââiäíîøåííÿ (46), (47) íà λ(r) i ñïðÿìóâàâøè r äî +∞, îòðèìó¹ìî

|lik| 6
Ci

|k|+ 1
, k ∈ Z, i = 1, 2, r > 1. (48)

Âèêîðèñòîâóþ÷è òåîðåìó Õàóñäîðôà-Þíãà ([11]) i (48), îäåðæó¹ìî 1

2π

2π∫
0

∣∣∣∣ logF (reiθ)

λ(r)
−Hi(θ)

∣∣∣∣p dθ


1/p

6
{∑

k∈Z

∣∣∣∣ lk(r, F )

λ(r)
− lik

∣∣∣∣q
}1/q

, i = 1, 2,

ïðè p > 2, 1 < q 6 2. Ç îãëÿäó íà îöiíêè (46), (47) i (48), ïåðåéøîâøè äî ãðàíèöi ïðè
r → +∞, îäåðæèìî (2), (3) äëÿ p > 2. Ìîíîòîííiñòü iíòåãðàëüíèõ ñåðåäíiõ çàâåðøó¹
äîâåäåííÿ.
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The paper deals with the class Λ◦
H of holomorphic functions in C∗ := C\{0}

of the completely regular growth and the concept of growth indicators of such
functions. Under general assumptions we solve the problem of description of
the sets of holomorphic functions f , functions of growth λ, functions H, H1,
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H2 from Lp[0, 2π], and numbers p ∈ [1,+∞) such that{
1
2π

2π∫
0

| logF (reiθ) + logF ( 1
r
eiθ)− λ(r)H(θ)|pdθ

}1/p

= o(λ(r)), r → +∞,

or{
1
2π

2π∫
0

| logF (reiθ)− λ(r)H1(θ)|pdθ
}1/p

= o(λ(r)), r → +∞,{
1
2π

2π∫
0

|logF ( 1
r
eiθ)− λ(r)H2(θ)|pdθ

}1/p

= o(λ(r)), r → +∞,

where F (z) = z−mf̃(z), f(aj) = 0,

f̃(z) = f(z)
∏

|aj |=1

(z − aj)
−1, m = 1

2πi

∫
|z|=1

f̃ ′(z)
f̃(z)

dz.

Key words: holomorphic function, function of completely regular growth,
growth indicator, Fourier coe�cients, Fourier-Stieltjes coe�cients.

ÎÁ ÎÄÍÎÂÐÅÌÅÍÍÎÌ ÂÏÎËÍÅ ÐÅÃÓËßÐÍÎÌ ÐÎÑÒÅ
ÌÎÄÓËß È ÀÐÃÓÌÅÍÒÀ ÃÎËÎÌÎÐÔÍÎÉ Â ÏÐÎÊÎËÎÒÎÉ

ÊÎÌÏËÅÊÑÍÎÉ ÏËÎÑÊÎÑÒÈ ÔÓÍÊÖÈÈ

Îëåã ÂÛØÈÍÑÊÈÉ, Àíäðåé ÕÐÈÑÒÈßÍÈÍ

Ëüâîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Èâàíà Ôðàíêî,

óë. Óíèâåðñèòåòñêàÿ, 1, Ëüâîâ, 79000

e-mail: vyshynskyi@ukr.net, khrystiyanyn@ukr.net

Ðàññìàòðèâàåòñÿ êëàññ f ∈ Λ◦
H ãîëîìîðôíûõ â ïðîêîëîòîé ïëîñêîñòè

C∗ := C \ {0} ôóíêöèé âïîëíå ðåãóëÿðíîãî ðîñòà, ïîíÿòèÿ èíäèêàòîðîâ
òàêèõ ôóíêöèé, è ïðè âåñüìà îáùèõ ïðåäïîëîæåíèÿõ ðåøåíà çàäà÷à îïè-
ñàíèÿ ìíîæåñòâ ãîëîìîðôíûõ â C∗ ôóíêöèé f , ôóíêöèé ðîñòà λ, ôóíêöèé
H,H1, H2 èç Lp[0, 2π] è ÷èñåë p ∈ [1,+∞] òàêèõ, ÷òî{

1
2π

2π∫
0

| logF (reiθ) + logF ( 1
r
eiθ)− λ(r)H(θ)|pdθ

}1/p

= o(λ(r)), r → +∞,

èëè{
1
2π

2π∫
0

| logF (reiθ)− λ(r)H1(θ)|pdθ
}1/p

= o(λ(r)), r → +∞,{
1
2π

2π∫
0

|logF ( 1
r
eiθ)− λ(r)H2(θ)|pdθ

}1/p

= o(λ(r)), r → +∞,

ãäå F (z) = z−mf̃(z), f(aj) = 0,

f̃(z) = f(z)
∏

|aj |=1

(z − aj)
−1, m = 1

2πi

∫
|z|=1

f̃ ′(z)
f̃(z)

dz.

Êëþ÷åâûå ñëîâà: ãîëîìîðôíàÿ ôóíêöèÿ, ôóíêöèÿ âïîëíå ðåãóëÿðíî-
ãî ðîñòà, èíäèêàòîð ðîñòà, êîýôôèöèåíòû Ôóðüå, êîýôôèöèåíòû Ôóðüå-
Ñòèëüòüåñà.
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ÇÀÑÒÎÑÓÂÀÍÍß ÓÇÀÃÀËÜÍÅÍÎÃÎ ÌÅÒÎÄÓ
ËI-ÀËÃÅÁÐÈ×ÍÈÕ ÄÈÑÊÐÅÒÍÈÕ ÀÏÐÎÊÑÈÌÀÖIÉ

ÄÎ ÐÎÇÂ'ßÇÓÂÀÍÍß ÇÀÄÀ×I ÊÎØI
ÄËß ÄÂÎÂÈÌIÐÍÎÃÎ ÐIÂÍßÍÍß ÀÄÂÅÊÖI�

Àðêàäié ÊIÍÄÈÁÀËÞÊ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ, 79000

e-mail: a.kindybaluk@mail.ru

Äîâåäåíî àïðîêñèìàöiéíi âëàñòèâîñòi òà óìîâè çáiæíîñòi îá÷èñëþâàëü-
íî¨ ñõåìè óçàãàëüíåíîãî ìåòîäó Ëi-àëãåáðè÷íèõ äèñêðåòíèõ àïðîêñèìàöié
äëÿ ðîçâ'ÿçóâàííÿ çàäà÷i Êîøi ç äâîâèìiðíèì ðiâíÿííÿì àäâåêöi¨. Çâåäåí-
íÿ çàäà÷i Êîøi äëÿ ðiâíÿííÿ àäâåêöi¨ äî ñèñòåìè ëiíiéíèõ àëãåáðè÷íèõ
ðiâíÿíü çàáåçïå÷ó¹ ñòåïåíåâó çáiæíiñòü çà óñiìà çìiííèìè, ÿêi âõîäÿòü äî
ðiâíÿííÿ.

Êëþ÷îâi ñëîâà: óçàãàëüíåíèé ìåòîä Ëi-àëãåáðè÷íèõ äèñêðåòíèõ àï-
ðîêñèìàöié, àïðîêñèìàöiéíà ñõåìà, äèñêðåòèçàöiÿ, ðiâíÿííÿ àäâåêöi¨, ñòå-
ïåíåâà çáiæíiñòü.

1. Âñòóï. Áàãàòî âàæëèâèõ ÿâèù ïðèðîäîçíàâñòâà, çàäà÷ òåõíiêè òà ôiçèêè
îïèñóþòü äèôåðåíöiàëüíèìè ðiâíÿííÿìè, â òiì ÷èñëi äèôåðåíöiàëüíèìè ðiâíÿííÿ-
ìè ó ÷àñòèííèõ ïîõiäíèõ (ÄÐ×Ï). Íåçâàæàþ÷è íà ïîòóæíèé ìàòåìàòè÷íèé àïàðàò,
áàãàòî ç òàêèõ ðiâíÿíü ìè íå ìîæåìî ðîçâ'ÿçàòè òî÷íî. Òîìó ¹ ïîòðåáà ó çàñòîñó-
âàííi íàáëèæåíèõ ìåòîäiâ àáî àíàëiòè÷íî-÷èñëîâèõ ìåòîäiâ. Îäíèì ç òàêèõ ïiäõîäiâ
¹ ìåòîä Ëi-àëãåáðè÷íèõ äèñêðåòíèõ àïðîêñèìàöié [2, 5, 6, 9, 11-17, 19-24].

Îñíîâíîþ çàäà÷åþ äîñëiäæåííÿ ó [6], [13], [2] ¹ çàäà÷à Êîøi äëÿ ñèñòåìè åâî-
ëþöiéíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè{

ut = K(t, x, ∂)u+ f(t, x), x ∈ Ω ⊂ Rq, t > 0,
u|t=0 = φ ∈ B,

(1)

äå B � äåÿêèé ïðîñòið Áàíàõà.
Øëÿõîì ïîáóäîâè êâàçiçîáðàæåííÿ äèôåðåíöiàëüíîãî îïåðàòîðà K ó ïðîñòîði

ëiíiéíèõ îïåðàòîðiâ íàä RN , N ∈ Z+ çàäà÷ó (1) çâîäÿòü äî çàäà÷i Êîøi äëÿ ñèñòåìè
ÇÄÐ {

du(n)/dt = K(n)(t)u(n) + f(n)(t),
u(n)|t=0 = φ(n) ∈ B(n),

(2)

c⃝ Êiíäèáàëþê À., 2014
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äå B(n) � ñêií÷åííîâèìiðíèé ïðîñòið içîìîðôíèé RN , N = n1 · n2 · ... · nq. Ïîäiáíî
äî ìåòîäó Êàëîäæåðî, ðåäóêöiÿ (2) çàäà÷i (1) íà ïðîñòið B(n) îòðèìàíà øëÿõîì
q-âèìiðíî¨ àëãåáðè÷íî¨ iíòåðïîëÿöi¨ íà q-âèìiðíîìó êóái D ⊃ Ω.

Ó [3] çàïðîïîíîâàíî óçàãàëüíåíèé ìåòîä ðîçâ'ÿçóâàííÿ çàäà÷i Êîøi äëÿ ÄÐ×Ï
(1) òà çðåäóêîâàíî¨ çàäà÷i äëÿ ñèñòåìè ÇÄÐ (2) øëÿõîì çâåäåííÿ çàäà÷ äî ñèñòåìè
ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü.

Ç öi¹þ ìåòîþ ââåäåíî äîäàòêîâî òðèâèìiðíó àëãåáðó Ëi Gt := {t, ∂/∂t, 1}, äëÿ
ÿêî¨ ïîáóäîâàíî ñêií÷åííîâèìiðíi êâàçiçîáðàæåííÿ X

(n)
t , Z

(n)
t , I

(n)
t . Îñêiëüêè îïåðà-

òîð K ¹ ëiíiéíèì îïåðàòîðîì, òî ðîçâ'ÿçîê çàäà÷ (1) i (2) ìîæíà îòðèìàòè ÿê ðîçâ'ÿ-
çîê ñèñòåìè ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü. ßêùî êîåôiöi¹íòè äèôåðåíöiàëüíîãî
îïåðàòîðà íå çìiíþþòüñÿ çi çìiíîþ îá÷èñëþâàëüíîãî åêñïåðèìåíòó, à çìiíþþòüñÿ
ïî÷àòêîâi óìîâè ÷è ôóíêöiÿ âiëüíîãî ÷ëåíà, òî çáåðiãàþ÷è ó ïàì'ÿòi îáåðíåíó ìàò-
ðèöþ, ðîçâ'ÿçóâàííÿ çàäà÷i Êîøi çâîäèòüñÿ äî ïåðåìíîæóâàííÿ îáåðíåíî¨ ìàòðèöi
íà âåêòîð [3].

Ìåòà íàøî¨ ïðàöi � çàñòîñóâàòè òàêèé ïiäõiä äëÿ äâîâèìiðíîãî ðiâíÿííÿ àäâåê-
öi¨, à òàêîæ ç'ÿñóâàííÿ ïèòàííÿ çáiæíîñòi îá÷èñëþâàëüíî¨ ñõåìè òà äîâåäåííÿ îçíàê
çáiæíîñòi.

Ó äðóãîìó ïóíêòi ñôîðìóëüîâàíî ìîäåëüíó çàäà÷ó Êîøi äëÿ ðiâíÿííÿ àäâåêöi¨,
ó òðåòüîìó ïóíêòi íà ïiäñòàâi ââåäåíî¨ àëãåáðè Ëi òà ïîáóäîâàíèõ êâàçiçîáðàæåíü
åëåìåíòiâ àëãåáðè Ëi ïîáóäîâàíî ñõåìó íàáëèæåíîãî âiäøóêàííÿ ðîçâ'ÿçêó çàäà÷i.
Äîñëiäæåíî ðàíã ñêií÷åííîâèìiðíîãî êâàçiçîáðàæåííÿ çàäà÷i, à â ÷åòâåðòîìó ïóíê-
òi íàâåäåíi îöiíêè òàêîãî êâàçiçîáðàæåííÿ. Ó ï'ÿòîìó ïóíêòi äîâåäåíî çáiæíiñòü
ïîáóäîâàíî¨ ñõåìè. Ïîðiâíÿííÿ ÷èñåëüíèõ ñõåì íàâåäåíî ó øîñòîìó ïóíêòi.

2. Ôîðìóëþâàííÿ çàäà÷i. Ââåäåìî îáëàñòü Ω = Ωx × Ωy = (0, 1) × (0, 1),
÷àñîâó ìåæó T < +∞, öèëiíäð QT = Ω × (0, T ], ïðîñòîðè Áàíàõà ó âèãëÿäi

V = C1,1,1
x,y,t (QT ) ∩ C

(
QT

)
òà C = C (QT ), ïðè÷îìó V ⊂ L2(QT ), C ⊂ L2(QT ).

Ôîðìóëþ¹ìî çàäà÷ó Êîøi äëÿ äâîâèìiðíîãî ðiâíÿííÿ àäâåöi¨

çàäàíî êîåôiöi¹íòè àäâåêöiéíîãî ïåðåíîñó c1, c2 ∈ R,
ïî÷àòêîâèé ðîçïîäië øóêàíî¨ âåëè÷èíè φ = φ(x, y) ∈ C1,1

x,y (Ω)
çíàéòè ôóíêöiþ u = u(x, t) ∈ V òàêó, ùî:
∂u

∂t
+ c1

∂u

∂x
+ c2

∂u

∂y
= 0, ∀(x, t) ∈ QT ,

u|t=0 = φ.

(3)

Çäiéñíèâøè ïiäñòàíîâêó u(x, y, t) = v(x, y, t) + φ(x, y) ó (3), îòðèìà¹ìî çàäà÷ó
Êîøi äëÿ ôóíêöi¨ v(x, y, t) ç îäíîðiäíîþ ïî÷àòêîâîþ óìîâîþ

çàäàíî êîåôiöi¹íòè àäâåêöiéíîãî ïåðåíîñó c1, c2 ∈ R,
çíàéòè ôóíêöiþ v = v(x, y, t) ∈ V òàêó, ùî:
∂v

∂t
+ c1

∂v

∂x
+ c2

∂v

∂y
= −c1

∂φ

∂x
− c2

∂φ

∂y
, ∀(x, t) ∈ QT ,

v|t=0 = 0.

(4)

Ðîçâ'ÿçîê çàäà÷i (4) øóêà¹ìî ó ïðîñòîði ôóíêöié, ÿêi â ïî÷àòêîâèé ìîìåíò ÷àñó
íàáóâàþòü íóëüîâîãî çíà÷åííÿ, òîáòî ó ïðîñòîði B = {v ∈ V : v|t=0 = 0}. Ââiâøè äëÿ
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çàäà÷i (4) ïîçíà÷åííÿ

A :=
∂

∂t
+ c1

∂

∂x
+ c2

∂

∂y
, f := −c1

∂φ

∂x
− c2

∂φ

∂y
∈ C(QT ), (5)

îòðèìà¹ìî çàäà÷ó äëÿ îïåðàòîðíîãî ðiâíÿííÿ{
çàäàíî îïåðàòîð A : B → C òà åëåìåíò f ∈ C,
çíàéòè åëåìåíò v ∈ B òàêèé, ùî Av = f.

(6)

Çàäà÷ó Êîøi çâåäåíî äî çàäà÷i äëÿ îïåðàòîðíîãî ðiâíÿííÿ, ÿêó ðîçâ'ÿæåìî
óçàãàëüíåíèì ìåòîäîì Ëi-àëãåáðè÷íèõ äèñêðåòíèõ àïðîêñèìàöié.

3. Ïîáóäîâà îá÷èñëþâàëüíî¨ ñõåìè. Ââåäåìî àëãåáðó Ãàéçåíáåðãà-Âåéëÿ

G := {x, ∂/∂x, 1} ⊕ {y, ∂/∂y, 1} ⊕ {t, ∂/∂t, 1} ,

ÿêà ¹ àëãåáðîþ Ëi. Îñêiëüêè îïåðàòîð A íàëåæèòü äî óíiâåðñàëüíî¨ îãîðòóþ÷î¨ àë-
ãåáðè U(G), àëãåáðè G, òî âií ¹ ëiíiéíîþ êîìáiíàöi¹þ åëåìåíòiâ àëãåáðè Ãàéçåíáåðãà-
Âåéëÿ. Êâàçiçîáðàæåííÿ Ah îïåðàòîðà A ïîáóäó¹ìî ÿê ëiíiéíó êîìáiíàöiþ ñêií÷åí-
íîâèìiðíèõ êâàçiïðåäñòàâëåíü àëãåáðè G. Äëÿ öüîãî çàôiêñó¹ìî òðè íàòóðàëüíi ÷èñ-
ëà nx, ny òà nt, äå nx � êiëüêiñòü âóçëiâ çà çìiííîþ x, ny � êiëüêiñòü âóçëiâ çà çìiííîþ
y, nt � êiëüêiñòü âóçëiâ çà çìiííîþ t. Çãiäíî ç òåîðåìîþ Âåé¹ðøòðàññà [4], [10] ìíîæè-
íà âñiõ ïîëiíîìiâ ç äiéñíèìè êîåôiöi¹íòàìè ¹ ùiëüíîþ ìíîæèíîþ â ïðîñòîði C(QT ),
òîìó ðîçâ'ÿçîê (6) øóêàòèìåìî ó âèãëÿäi iíòåðïîëÿöiéíîãî ïîëiíîìà.

Äëÿ êîæíîãî âóçëà çà çìiííîþ x àñîöiéîâàíî ïîëiíîì Ëàãðàíæà lj(x), ÿêèé
çàäîâîëüíÿ¹ óìîâè lj(xi) = δij , äå

δij =

{
1, i = j,
0, i ̸= j.

Äëÿ êîæíîãî âóçëà çà çìiííîþ y àñîöiéîâàíî ïîëiíîì Ëàãðàíæà lj(y) òàêèé, ùî
lj(yi) = δij . Äëÿ êîæíîãî âóçëà çà çìiííîþ t àñîöiéîâàíî ïîëiíîì Ëàãðàíæà lj(t)
òàêèé, ùî lj(ti) = δij .

Íåõàé Mj = (xjx, yjy, tjt) � âóçëè îáëàñòi QT , äå jx � íîìåð âóçëà íà îñi x, jy �
íîìåð âóçëà íà îñi y, jt � íîìåð âóçëà íà îñi t. Íàáið òàêèõ âóçëiâ ïîçíà÷èìî:

QT,h = {xi}nx

i=1 × {yj}ny

j=1 × {tk}nt

k=1 .

Âóçëè çàíóìåðó¹ìî ó ñïîñiá j = (jt−1)nxny+(jy−1)nx+jx, òîäi ïîëiíîì Ëàãðàíæà
àñîöiéîâàíèé ç âóçëîì Mj íàáóâà¹ âèãëÿäó lj(x, y, t) = ljx(x)ljy(y)ljt(t). Àïðîêñèìà-
öiÿ ðîçâ'ÿçêó (6) íàáóäå âèãëÿäó

vh(x, t) =

nt∑
jt=1

ny∑
jy=1

nx∑
jx=1

vj ljx(x)ljy (y)ljt(t) = v (l(t)⊗ l(y)⊗ l(x)) , (7)

äå v = {vj}nxnynt

j=1 � âiäïîâiäíèé âåêòîð çíà÷åíü àïðîêñèìàöi¨, ñèìâîë ⊗ ïîçíà÷à¹

òåíçîðíèé äîáóòîê. l(x) = {l1(x), l2(x), ..., lnx(x)}
⊤
, l(y) =

{
l1(y), l2(y), ..., lny (y)

}⊤
,

l(t) = {l1(t), l2(t), ..., lnt(t)}
⊤
� âiäïîâiäíi íàáîðè ïîëiíîìiâ Ëàãðàíæà çà çìiííèìè

x, y, t, ⊤− çíàê òðàñïîíóâàííÿ.
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Äëÿ ïîáóäîâè îá÷èñëþâàëüíî¨ ñõåìè ðîçâ'ÿçóâàííÿ çàäà÷i (4), ïiäñòàâèìî (7) ó
îïåðàòîðíå ðiâíÿííÿ (6), îòðèìà¹ìî

v (l′(t)⊗ l(y)⊗ l(x) + c1l(t)⊗ l(y)⊗ l′(x) + c2l(t)⊗ l′(y)⊗ l(x)) = f(x, y, t).

ßêùî ïîñëiäîâíî äëÿ êîæíî¨ çìiííî¨ x, y, t âèáðàòè ix, jx = 1, nx, iy, jy = 1, ny,
it, jt = 1, nt, òî îòðèìà¹ìî ñèñòåìó ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü (ÑËÀÐ) âèãëÿäó
A1,hvh = Fh, äå

A1,h := Zt⊗Iy⊗Ix+c1It⊗Iy⊗Zx+c2It⊗Zy⊗Ix, Fh = {f(xix , yiy , tjt)}
nx,ny,nt

ix=1,jy=1,kt=1.

Ñêií÷åííîâèìiðíi êâàçiçîáðàæåííÿ Zx, Zy, Zt, Ix, Iy, It, ïîáóäîâàíi çà òàêèìè ïðàâè-
ëàìè:

Zx,ij = l′j(xi), i, j = 1, nx, Zy,ij = l′j(yi), i, j = 1, ny, Zt,ij = l′j(ti), i, j = 1, nt,

Ix,ij = lj(xi) = δij , i, j = 1, nx, Iy,ij = lj(yi) = δij , i, j = 1, ny,

It,ij = lj(ti) = δij , i, j = 1, nt.

Íà ïiäñòàâi òåîðåìè ïðî ðàíã ñêií÷åííîâèìiðíîãî çîáðàæåííÿ [14] ðàíãè âiäïîâiäíèõ
êâàçiïðåäñòàâëåíü íàáóâàþòü çíà÷åííü

rank(It) = nt, rank(Zt) = nt − 1, rank(Ix) = nx,

rank(Zx) = nx − 1, rank(Iy) = ny, rank(Zy) = ny − 1.

Ëåìà 1. Íåõàé A,B,C � êâàäðàòíi ìàòðèöi, òîäi

rank (A⊗B ⊗ C) = rank(A)rank(B)rank(C).

Äîâåäåííÿ. Ïîçíà÷èìî ìàòðèöþ D = B⊗C, òîäi íà ïiäñòàâi âëàñòèâîñòi òåíçîðíèõ
äîáóòêiâ [18]

rank(D) = rank (B ⊗ C) = rank(B)rank(C).

Âèçíà÷èìî ðàíã ìàòðèöi A⊗D, òîäi

rank (A⊗D) = rank(A)rank(D) = rank(A)rank(B)rank(C),

òîáòî

rank (A⊗B ⊗ C) = rank(A)rank(B)rank(C).

�

Ðàíãè ìàòðèöü Zt⊗ Iy ⊗ Ix, It⊗ Iy ⊗Zx, It⊗Zy ⊗ Ix íà ïiäñòàâi ëåìè 1 íàáóäóòü
çíà÷åíü

rank (Zt ⊗ Iy ⊗ Ix) = nxny(nt − 1), rank (It ⊗ Iy ⊗ Zx) = (nx − 1)nynt,

rank (It ⊗ Zy ⊗ Ix) = nx(ny − 1)nt.

Ïîçàÿê äëÿ ïîáóäîâè ìàòðèöi A1,h ìè âðàõóâàëè óñi âóçëè, òî êiëüêiñòü ðÿäêiâ öi¹¨
ìàòðèöi ñòàíîâèòü nxnynt.

Îñêiëüêè ïî÷àòêîâi óìîâè âiäîìi é îäíîðiäíi, òî ââàæàòèìåìî, ùî áàçèñîì ïðî-
ñòîðó àïðîêñèìàöi¨ ¹ ìíîæèíà ïîëiíîìiâ Ëàãðàíæà, áåç ïîëiíîìiâ àñîöiéîâàíèõ ç
ïî÷àòêîâèì ìîìåíòîì ÷àñó. Ìíîæèíà ïîëiíîìiâ Ëàãðàíæà äëÿ ÷àñîâî¨ çìiííî¨ ¹

l̃(t) = {l2(t), l3(t), ..., lnt(t)} ,
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ïðè÷îìó

∀li ∈ l̃(t) : li|t=0 = 0 ⇒ ∀li ∈ l̃(t) : li ∈ B, i = 2, nt.

Ðîçìiðíiñòü dim l̃(t) = nt − 1. Îñêiëüêè ñèñòåìà ôóíêöié lx ⊗ ly ⊗ l̃t ∈ B ëiíiéíî
íåçàëåæíà, òî ââàæàòèìåìî, ùî öi ôóíêöi¨ ¹ áàçèñîì ïðîñòîðó àïðîêñèìàöié Bh.

Âèëó÷èâøè âóçëè àñîöiéîâàíi ç ïî÷àòêîâèì ìîìåíòîì ÷àñó, îòðèìà¹ìî íîâó
ñèñòåìó âóçëiâ

Q̃T,h = {xi}nx

i=1 × {yi}
ny

i=1 × {tj}nt

j=2 .

Îòæå, ñêií÷åííîâèìiðíi êâàçiçîáðàæåííÿ â ïðîñòîði Bh íàáóâàþòü âèãëÿäó

Zx,ij = l′j(xi), i, j = 1, nx, Zy,ij = l′j(yi), i, j = 1, ny, Z̃t,ij = l′j(ti), i, j = 2, nt,

Ix,ij = lj(xi) = δij , i, j = 1, nx, Iy,ij = lj(yi) = δij , i, j = 1, ny,

Ĩt,ij = lj(ti) = δij , i, j = 2, nt.

Ðàíãè ñêií÷åííîâèìiðíèõ êâàçiçîáðàæåíü Zt ⊗ Iy ⊗ Ix, It ⊗ Iy ⊗ Zx, It ⊗ Zy ⊗ Ix íà
ïiäñòàâi ëåìè 1 íàáóëè çíà÷åíü

rank
(
Z̃t ⊗ Iy ⊗ Ix

)
= nxny(nt − 1),

rank
(
Ĩt ⊗ Iy ⊗ Zx

)
= (nx − 1)ny(nt − 1),

rank
(
Ĩt ⊗ Zy ⊗ Ix

)
= nx(ny − 1)(nt − 1),

à ñêií÷åííîâèìiðíå êâàçiçîáðàæåííÿ îïåðàòîðà çàäà÷i (6) íàáóäå âèãëÿäó

Ah = Z̃t ⊗ Iy ⊗ Ix + c1Ĩt ⊗ Iy ⊗ Zx + Ĩt ⊗ Zy ⊗ Ix. (8)

Êiëüêiñòü ðÿäêiâ ó ìàòðèöi (8) ñòàíîâèòü nxny(nt − 1).

Ëåìà 2. Íåõàé A,B � êâàäðàòíi ìàòðèöi, òîäi äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà
k ïðàâèëüíå ñïiââiäíîøåííÿ

(A⊗B)
k
= Ak ⊗Bk.

Äîâåäåííÿ. Ïðè k = 1 îòðèìà¹ìî î÷åâèäíó ðiâíiñòü A ⊗ B = A ⊗ B. Ç âëàñòèâîñòi
(A⊗B) (C ⊗D) = AC ⊗BD [18] ïðè k = 2 îäåðæó¹ìî

(A⊗B) (A⊗B) = A2 ⊗B2.

Ïðèïóñòèìî, ùî ñïðàâäæó¹òüñÿ ñïiââiäíîøåííÿ äëÿ k − 1

(A⊗B)
k−1

= Ak−1 ⊗Bk−1.

Äîâåäåìî çà iíäóêöi¹þ, ùî âîíî ïðàâèëüíå çà äîâiëüíîãî k

(A⊗B)
k
= (A⊗B) (A⊗B)

k−1
= (A⊗B)

(
Ak−1 ⊗Bk−1

)
= Ak ⊗Bk.

�

Ëåìà 3. Íåõàé A,B,C � êâàäðàòíi ìàòðèöi, òîäi äëÿ äîâiëüíîãî íàòóðàëüíîãî
÷èñëà k ïðàâèëüíå ñïiââiäíîøåííÿ

(A⊗B ⊗ C)
k
= Ak ⊗Bk ⊗ Ck.



ÇÀÑÒÎÑÓÂÀÍÍß ÓÇÀÃÀËÜÍÅÍÎÃÎ ÌÅÒÎÄÓ ËI-ÀËÃÅÁÐÈ×ÍÈÕ ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2014. Âèïóñê 79 53

Äîâåäåííÿ. Ïîçíà÷èìî ìàòðèöþ D = B ⊗ C. Íà ïiäñòàâi ëåìè 3 îòðèìó¹ìî, ùî

(A⊗D)
k
= Ak ⊗Dk.

Ñêîðèñòàâøèñü ëåìîþ 3 äëÿ ìàòðèöi D îäåðæó¹ìî Dk = (B ⊗ C)
k
= Bk⊗Ck, çâiäêè

(A⊗D)
k
= Ak ⊗Dk = Ak ⊗Bk ⊗ Ck.

�

Ëåìà 4. Íåõàé A,B � ïåðåñòàâíi íiëüïîòåíòíi ìàòðèöi, òîäi ¨õíÿ ëiíiéíà êîì-
áiíàöiÿ αA+ βB ¹ íiëüïîòåíòîþ ìàòðèöåþ, äå α, β � äîâiëüíi ÷èñëà.

Äîâåäåííÿ. Íåõàé k � íàéìåíøå íàòóðàëüíå ÷èñëî, çà ÿêîãî îäíî÷àñíî âèêîíó¹òüñÿ
Ak = 0, Bk = 0. Îñêiëüêè AB = BA, òî

(αA+ βB)
2k

=
2k∑
i=0

Ci
2kα

iβ2k−iAiB2k−i,

äå Ci
2k− áiíîìiàëüíi êîåôiöi¹íòè.
Ðîçãëÿíåìî âèïàäîê, êîëè i 6 k, òîäi 2k− i > k íàáóëî çíà÷åííÿ 2k− i = k+m,

äå m > 0− äåÿêå ÷èñëî

B2k−i = Bk+m = 0, AiB2k−i = Ai · 0 = 0.

Íåõàé i > k íàáóëî çíà÷åííÿ i = k +m, òîäi Ak+mBk−m = 0 ·Bk−m = 0. Îòæå,

(αA+ βB)
2k

=

2k∑
i=0

Ci
2kα

iβ2k−iAiB2k−i = 0.

�

Ëåìà 5. Ìàòðèöi
(
Z̃−1
t ⊗ Iy ⊗ Zx

)
,
(
Z̃−1
t ⊗ Zy ⊗ Ix

)
ïåðåñòàâíi òà íiëüïîòåíòíi.

Äîâåäåííÿ. Ëàíöþæîê ïåðåòâîðåíü äîâîäèòü òå, ùî ìàòðèöi
(
Z̃−1
t ⊗ Iy ⊗ Zx

)
òà(

Z̃−1
t ⊗ Zy ⊗ Ix

)
ïåðåñòàâíi. Ñïðàâäi,(

Z̃−1
t ⊗ Iy ⊗ Zx

)
·
(
Z̃−1
t ⊗ Zy ⊗ Ix

)
=

(
Z̃−1
t ⊗ Zy ⊗ Zx

)
,(

Z̃−1
t ⊗ Zy ⊗ Ix

)
·
(
Z̃−1
t ⊗ Iy ⊗ Zx

)
=

(
Z̃−1
t ⊗ Zy ⊗ Zx

)
.

Äîâåäåìî, ùî ìàòðèöÿ
(
Z̃−1
t ⊗ Iy ⊗ Zx

)
� íiëüïîòåíòíà. Íà ïiäñòàâi òåîðåìè ïðî

ðàíã ñêií÷åííîâèìiðíîãî êâàçiçîáðàæåííÿ [14] çíàõîäèìî Znx
x = 0, à ç ëåìè 3 îòðè-

ìó¹ìî (
Z̃−1
t ⊗ Iy ⊗ Zx

)nx

=
(
Z̃−1
t

)nx

⊗ Iy ⊗ Znx
x =

(
Z̃−1
t

)nx

⊗ Iy ⊗ 0 = 0.

Îñêiëüêè Z
ny
y = 0, òî îòðèìó¹ìî(

Z̃−1
t ⊗ Zy ⊗ Ix

)ny

=
(
Z̃−1
t

)ny

⊗ Zny
y ⊗ Iy =

(
Z̃−1
t

)nx

⊗ 0⊗ Ix = 0.

�
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Ëåìà 6. Ìàòðèöÿ c1Z̃
−1
t ⊗ Iy ⊗ Zx + c2Z̃

−1
t ⊗ Zy ⊗ Ix íiëüïîòåòíà.

Äîâåäåííÿ. Ìàòðèöi
(
Z̃−1
t ⊗ Iy ⊗ Zx

)
,
(
Z̃−1
t ⊗ Zy ⊗ Ix

)
çãiäíî ç ëåìîþ 5 ïåðåñòàâíi

òà íiëüïîòåíòíi.
Îñêiëüêè ìàòðèöÿ c1Z̃

−1
t ⊗ Iy ⊗ Zx + c2Z̃

−1
t ⊗ Zy ⊗ Ix ¹ ëiíiéíîþ êîìáiíàöi¹þ

ïåðåñòàâíèõ íiëüïîòåíòíèõ ìàòðèöü, òî íà ïiäñòàâi ëåìè 4 ìàòðèöÿ c1Z̃
−1
t ⊗ Iy ⊗

Zx + c2Z̃
−1
t ⊗ Zy ⊗ Ix òàêîæ íiëüïîòåòíà. �

Ïîçíà÷èìî IN îäèíè÷íó ìàòðèöþ Ĩt ⊗ Iy ⊗ Ix.

Ëåìà 7. Ìàòðèöÿ IN + c1Z̃
−1
t ⊗ Iy ⊗ Zx + c2Z̃

−1
t ⊗ Zy ⊗ Ix ìà¹ îáåðíåíó ìàòðèöþ

i ¨¨ ðàíã ¹ nxny(nt − 1).

Äîâåäåííÿ. Çàïèøåìî îáåðíåíó ìàòðèöþ(
IN + c1Z̃

−1
t ⊗ Iy ⊗ Zx + c2Z̃

−1
t ⊗ Zy ⊗ Ix

)−1

ó âèãëÿäi ôîðìàëüíîãî ðÿäó(
IN + c1Z̃

−1
t ⊗ Iy ⊗ Zx + c2Z̃

−1
t ⊗ Zy ⊗ Ix

)−1

=

=

+∞∑
k=0

(−1)k
(
c1Z̃

−1
t ⊗ Iy ⊗ Zx + c2Z̃

−1
t ⊗ Zy ⊗ Ix

)k

.

Îñêiëüêè íà ïiäñòàâi ëåìè 6 ìàòðèöÿ c1Z̃
−1
t ⊗Iy⊗Zx+c2Z̃

−1
t ⊗Zy⊗Ix ¹ íiëüïîòåíòíîþ,

òî (
IN + c1Z̃

−1
t ⊗ Iy ⊗ Zx + c2Z̃

−1
t ⊗ Zy ⊗ Ix

)−1

=

=

max{nx,ny}∑
k=0

(−1)k
(
c1Z̃

−1
t ⊗ Iy ⊗ Zx + c2Z̃

−1
t ⊗ Zy ⊗ Ix

)k

. (9)

Îñêiëüêè ðÿä (9) ñêií÷åííèé, òî ìàòðèöÿ

IN + c1Z̃
−1
t ⊗ Iy ⊗ Zx + c2Z̃

−1
t ⊗ Zy ⊗ Ix

ìà¹ îáåðíåíó ìàòðèöþ i ¨¨ ðàíã äîðiâíþ¹ êiëüêîñòi ðÿäêiâ ó ìàòðèöi, òîáòî

rank
(
IN + c1Z̃

−1
t ⊗ Iy ⊗ Zx + c2Z̃

−1
t ⊗ Zy ⊗ Ix

)
= nxny (nt − 1) ,

ùî äîâîäèòü ëåìó. �
Òåîðåìà 1. Ïðî ðàíã ñêií÷åííîâèìiðíîãî êâàçiçîáðàæåííÿ îïåðàòîðà çàäà÷i Êîøi
ç äâîâèìiðíèì ðiâíÿííÿì àäâåêöi¨.

Ðàíã ñêií÷åííîâèìiðíîãî êâàçiçîáðàæåííÿ Ah ñòàíîâèòü

nxny(nt − 1).

Äîâåäåííÿ. Çàïèøåìî ìàòðèöþ (8) ó âèãëÿäi

Ah = Z̃t ⊗ Iy ⊗ Ix

(
IN +

(
Z̃t ⊗ Iy ⊗ Ix

)−1 (
Ĩt ⊗ (c1Iy ⊗ Zx + c2Zy ⊗ Ix)

))
=

=
(
Z̃t ⊗ Iy ⊗ Ix

)(
IN + c1Z̃

−1
t ⊗ Iy ⊗ Zx + c2Z̃

−1
t ⊗ Zy ⊗ Ix

)
.
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Ó ëåìi 7 ç'ÿñîâàíî, ùî

rank
(
IN + c1Z̃

−1
t ⊗ Iy ⊗ Zx + c2Z̃

−1
t ⊗ Zy ⊗ Ix

)
= nxny (nt − 1) ,

à çãiäíî ç ëåìîþ 1 îòðèìà¹ìî rank
(
Z̃t ⊗ Iy ⊗ Ix

)
= nxny (nt − 1).

Îñêiëüêè äëÿ äâîõ ìàòðèöü A,B âèêîíó¹òüñÿ âëàñòèâiñòü

rank(AB) = min {rank(A), rank(B)} ,
òî ðàíã ñêií÷åííîâèìiðíîãî çîáðàæåííÿ íàáóâ çíà÷åííÿ

rank(Ah) = rank
((

Z̃t ⊗ Iy ⊗ Ix

)(
IN + c1Z̃

−1
t ⊗ Iy ⊗ Zx + c2Z̃

−1
t ⊗ Zy ⊗ Ix

))
=

= min {nxny (nt − 1) , nxny (nt − 1)} = nxny (nt − 1) ,

ùî äîâîäèòü òåîðåìó. �

Àïðîêñèìàöiþ ðîçâ'ÿçêó (7) ïîäàìî ó âèãëÿäi

vh(x, y, t) =

nxnynt∑
j=nxNy

vj lj(x, y, t), ∀ (x, y, t) ∈ QT ,

àáî

vh(M) =

nxnynt∑
j=nxny

vj lj(M), ∀M ∈ QT , (10)

äå lj � âiäïîâiäíèé ïîëiíîì Ëàãðàíæà, àñîöiéîâàíèé ç âóçëîì Mj ∈ Q̃T,h.
Çàçíà÷èìî, òàêå: îñêiëüêè vh|t=0 = 0, òî vh ∈ Bh ⊂ B.
Ïiäñòàâèâøè (10) ó îïåðàòîðíå ðiâíÿííÿ (6), îòðèìà¹ìî ðiâíÿííÿ

nxnynt∑
j=nxny

vjA (lj(M)) = f(M), ∀M ∈ QT .

Âèáðàâøè ïîñëiäíîâíî M := Mi ∈ Q̃T,h ⊂ QT , îòðèìà¹ìî ÑËÀÐ:

nxnt∑
j=nxny

vjA (lj(M)) |M=Mi = f(Mi), i = nxny, nxnynt (11)

äëÿ âèçíà÷åííÿ íåâiäîìèõ êîìïîíåíò âåêòîðà v. Ââåäåìî ïîçíà÷åííÿ

Ah,ij = A (lj(M)) |M=Mi , fh,i = f(Mi) i, j = nxny, nxnynt.

Çàçíà÷èìî, ùî çíàéäåíà ìàòðèöÿ Ah çáiãà¹òüñÿ ç ñêií÷åííîâèìiðíèì êâàçiçîá-
ðàæåííÿì (8). Îòæå, ìè îòðèìàëè äèñêðåòíå ôîðìóëþâàííÿ îïåðàòîðíîãî ðiâíÿííÿ{

çàäàíî îïåðàòîð Ah : Bh → Ch òà åëåìåíò fh ∈ Ch,
çíàéòè åëåìåíò vh ∈ Bh òàêèé, ùî Ahvh = fh.

(12)

4. Àïðîêñèìàöiéíi âëàñòèâîñòi ñõåìè. Íåõàé N � ðîçìiðíiñòü ïðîñòîðiâ
Bh, Ch, òîäi ââåäåìî öèëiíäè÷íó íîðìó [10] â ïðîñòîðàõ Bh, Ch

∥v∥Bh
= ∥v∥Ch

=

√√√√ 1

N

N∑
j=1

v2j (13)
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ïðè÷îìó

lim
N→∞

∥v∥2Bh
=

∫
Qt

v2 dx dy dt.

Íåõàé ôóíêöiÿ v òàêà, ùî

v ∈ Wnxnynt,∞ = {v : Qt → R : Dαv ∈ L∞(Qt), ∀|α| 6 nxnynt} ,

òîáòî ôóíêöiÿ v ðàçîì çi ñâî¨ìè âñiìà ìîæëèâèìè ïîõiäíèìè äî nxnynt ïîðÿäêó
íàëåæèòü äî ïðîñòîðó L∞(Qt).

Çàïèøåìî çàëèøêîâèé ÷ëåí [1] iíòåðïîëÿöiéíîãî ïîëiíîìà Ëàãðàíæà vI

v(x, t)−vI(x, t) ≈
ωnx(x)

(nx)!

∂nxv(ξ1, y, t)

∂xnx
+
ωny (y)

(ny)!

∂nyv(x, ξ2, t)

∂yny
+
ωnt(t)

(nt)!

∂ntv(x, η)

∂tnt
, (14)

äå ωnx(x) =
nx∏
i=1

(x− xi), ωnt(t) =
nt∏
i=1

(t− ti), (ξ1, ξ2) ∈ Ω, η ∈ (0, T ].

Ïîçíà÷èìî ∆x = 1
(nx−1) , ∆y = 1

(ny−1)− êðîê äèñêðåòèçàöi¨ çà çìiííèìè x òà y,

∆t = 1
(nt−1) � êðîê äèñêðåòèçàöi¨ çà ÷àñîâîþ çìiííîþ.

Òåîðåìà 2. Ïðî àïðîêñèìàöiéíi âëàñòèâîñòi îá÷èñëþâàëüíî¨ ñõåìè óçàãàëüíåíîãî
ìåòîäó Ëi-àëãåáðè÷íèõ äèñêðåòíèõ àïðîêñèìàöié äëÿ çàäà÷i Êîøi ç äâîâèìiðíèì
ðiâíÿííÿì àäâåêöi¨.

Ñêií÷åííîâèìiðíå êâàçiçîáðàæåííÿ Ah àïðîêñèìó¹ îïåðàòîð A íà åëåìåíòi
v ∈ B∩Wnxnt,∞(Qt), ïðè÷îìó ïîõèáêà àïðîêñèìàöi¨ â íîðìi ïðîñòîðó Ch ó âèïàäêó
ðiâíîâiääàëåíèõ âóçëiâ õàðàêòåðèçó¹òüñÿ îöiíêîþ

∥Av −Ahv∥Ch
6 ln(nt)

(
1

nt − 1

)nt−1
∥∥∥∥∂ntv

∂tnt

∥∥∥∥
∞

+

+|c1| ln(nx)

(
1

nx − 1

)nx−1
∥∥∥∥∂nxv

∂xnx

∥∥∥∥
∞

+ |c2| ln(ny)

(
1

ny − 1

)ny−1
∥∥∥∥∂nyv

∂yny

∥∥∥∥
∞

. (15)

Äîâåäåííÿ. Ïîçàÿê íîðìà ïðîñòîðó Ch ¹ âåêòîðíîþ, òî ïîäàìî ðiçíèöþ

Av −Ahv, ∀v ∈ B

ó âèãëÿäi âåêòîðà.

Äëÿ âèðàçó Av ∈ C îòðèìà¹ìî âåêòîð {Av(Mi)}Ni=1, äå Mi ∈ Q̃T,h, a äëÿ åëå-

ìåíòà v ∈ B çíàõîäèìî âåêòîð-ñòîâïåöü {v(Mj)}Nj=1, äå Mj ∈ Q̃T,h. Ðîçãëÿíåìî i-òó

êîìïîíåíòó âåêòîðà Ahv

(Ahv)i = (A(l1)(Mi), ..., A(lN )(Mi)) . (v(M1), ..., v(MN )))
⊤
=

=
N∑
j=1

v(Mj)A (lj) (Mi) = (AvI)(Mi).

Âðàõóâàâøè îòðèìàíå ñïiââiäíîøåííÿ (Ahv)i = (AvI)(Mi), ó ïiäñóìêó îòðèìà¹ìî

(Av −Ahv)i = (Av(M)−AvI(M)) |M=Mi .
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Ðîçãëÿíåìî ∥Av −Ahv∥Ch

∥Av −Ahv∥Ch
=

√√√√ 1

N

N∑
i=1

((Av(M)−AvI(M)) |M=Mi)
2 6

6

√√√√ 1

N

N∑
i=1

(
sup

M∈QT

|A (v(M)− vI(M))|
)2

6 ∥A (v − vI) ∥∞.

Îòæå, ìè çíàéøëè îöiíêó âèãëÿäó

∥Av −Ahv∥Ch
6 ∥A (v − vI) ∥∞. (16)

Äiþ÷è îïåðàòîðîì A = ∂/∂t+c1∂/∂x+c2∂/∂y íà çàëèøêîâèé ÷ëåí iíòåðïîëÿöiéíîãî
ïîëiíîìà Ëàãðàíæà (14), îòðèìà¹ìî òàêå íàáëèæåííÿ:

A (v − vI) ≈ c1
ω′
nx
(x)

(nx)!

∂nxv(ξ1, y, t)

∂xnx
+ c2

ω′
ny
(y)

(ny)!

∂nyv(x, ξ2, t)

∂yny
+

ω′
nt
(t)

(nt)!

∂ntv(x, η)

∂tnt
.

Âðàõóâàâøè, ùî v ∈ Wnxnt,∞, îäåðæèìî îöiíêó

∥A (v − vI) ∥∞ 6
|ω′

nt
(t)|

(nt)!

∥∥∥∥∂ntv

∂tnt

∥∥∥∥
∞

+

+|c1|
|ω′

nx
(x)|

(nx)!

∥∥∥∥∂nxv

∂xnx

∥∥∥∥
∞

+ |c2|
|ω′

ny
(y)|

(ny)!

∥∥∥∥∂nyv

∂yny

∥∥∥∥
∞

.

Îñêiëüêè çíà÷åííÿ ïîëiíîìà ω′
nx
(x) çàëåæèòü âiä ïîëîæåííÿ âóçëiâ, òîäi ó âèïàäêó

ðiâíîâiääàëåíèõ âóçëiâ îòðèìà¹ìî, ùî |ω′
nx
(x)| 6 (nx)! ln(nx)

(
1

(nx−1)

)nx−1

.

Àíàëîãi÷íó îöiíêó îäåðæó¹ìî äëÿ ω′
ny
(y) i ω′

nt
(t), òîáòî

|ω′
ny
(y)| 6 (ny)! ln(ny)

(
1

(ny − 1)

)ny−1

, |ω′
nt
(t)| 6 (nt)! ln(nt)

(
1

(nt − 1)

)nt−1

.

Îòæå,

∥A(v − vI)∥∞ 6 ln(nt)

(
1

nt − 1

)nt−1
∥∥∥∥∂ntv

∂tnt

∥∥∥∥
∞

+

+|c1| ln(nx)

(
1

nx − 1

)nx−1
∥∥∥∥∂nxv

∂xnx

∥∥∥∥
∞

+ |c2| ln(ny)

(
1

ny − 1

)ny−1
∥∥∥∥∂nyv

∂yny

∥∥∥∥
∞

. (17)

Âðàõóâàâøè (16) òà (17), ïðèõîäèìî äî îöiíêè (15), ùî äîâîäèòü òåîðåìó. �

5. Çáiæíiñòü îá÷èñëþâàëüíî¨ ñõåìè. Äëÿ äîâåäåííÿ çáiæíîñòi àïðîêñèìà-
öiéíî¨ ñõåìè íàì ïîòðiáíî äîâåñòè, ùî ñõåìà Ëi-àëãåáðè÷íèõ äèñêðåòíèõ àïðîêñè-
ìàöié çàäîâîëüíÿ¹ óìîâè òåîðåìè Êàíòîðîâè÷à (ïðî çáiæíiñòü àáñòðàêòíî¨ àï-
ðîêñèìàöiéíî¨ ñõåìè) òà òåîðåìè ïðî îçíàêó îáìåæåíîãî îáåðíåíîãî îïåðàòîðà [4].

Çãiäíî ç òåîðåìîþ Êàíòîðîâè÷à [7] ïðî çáiæíiñòü àáñòðàêòíî¨ àïðîêñèìàöiéíî¨
ñõåìè, ñïiââiäíîøåííÿ lim

h→0
∥v − vh∥B = 0 ïðàâèëüíå, ÿêùî âèêîíó¹òüñÿ:

1) ∀f ∈ C ∃!v ∈ B : Av = f ;
2) ∀Ah ∃A−1

h : ∥A−1
h ∥ 6 M < +∞;

3) ∀v ∈ D(A) ⊂ B : lim
h→0

∥Av −Ahv∥C = 0.
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Çãiäíî ç òåîðåìîþ ïðî îçíàêó îáìåæåíîãî îáåðíåíîãî îïåðàòîðà [4], ÿêùî ëi-
íiéíèé îïåðàòîð A : B → C òàêèé, ùî

∃α = const > 0 òàêå, ùî ∥Av∥C > α∥v∥B ∀v ∈ D(A), (18)

òîäi iñíó¹ ëiíiéíèé îáìåæåíèé îáåðíåíèé îïåðàòîð.
Çðîçóìiëî, ùî çíàõîäæåííÿ êîíñòàíòè α > 0 ¹ íåòðèâiàëüíîþ çàäà÷åþ. Êðiì

òîãî, ïîñëiäîâíiñòü îïåðàòîðiâ Ah ¹ íåñêií÷åííîþ ïîñëiäîâíiñòþ. Ïðîòå äëÿ ïðàê-
òè÷íîãî çàñòîñóâàííÿ ìåòîäó Ëi-àëãåáðè÷íèõ äèñêðåòíèõ àïðîêñèìàöié ïîòðiáíî âè-
çíà÷èòè ÿêiñü äîäàòêîâi àáî åêâiâàëåíòíi îçíàêè iñíóâàííÿ îáìåæåíîãî îïåðàòîðà.
Ç îãëÿäó íà âàæëèâiñòü ñôîðìóëüîâàíî¨ ïðîáëåìè äîâåäåìî òåîðåìó.

Òåîðåìà 3. Ïðî iñíóâàííÿ îáìåæåíîãî îáåðíåíîãî îïåðàòîðà äëÿ êâàçiçîáðàæåííÿ
äèôåðåíöiàëüíîãî îïåðàòîðà äâîâèìiðíîãî ðiâíÿííÿ àäâåêöi¨.

ßêùî ðàíã ñêií÷åííîâèìiðíîãî ìàòðè÷íîãî êâàçiçîáðàæåííÿ äèôåðåíöiàëüíîãî
îïåðàòîðà äâîâèìiðíîãî ðiâíÿííÿ àäâåêöi¨ Ah îïåðàòîðà A äîðiâíþ¹ ðîçìiðíîñòi
ïðîñòîðó àïðîêñèìàöi¨, òîáòî

rankAh = dimBh,

òîäi iñíó¹ ëiíiéíèé îáìåæåíèé îáåðíåíèé îïåðàòîð A−1
h , ïðè÷îìó

∀Ah ∃M > 0 ∃A−1
h : ∥A−1

h ∥ 6 M < +∞. (19)

Äîâåäåííÿ. Îñêiëüêè íîðìà çàäîâîëüíÿ¹ âëàñòèâîñòi íåâiä'¹ìíîñòi òà íåâèðîäæå-
íîñòi, òîáòî

∥Ahv∥Ch
> 0, ∀v ∈ D(Ah),

ïðè÷îìó

∥Ahv∥Ch
= 0 ⇔ v = 0Bh

,

òî

∀v ∈ D(Ah)\{0Bh
} : ∥Ahv∥Ch

> 0.

Ñïðàâäi, íåõàé ∥Ahv∥Ch
= 0. Îñêiëüêè íîðìà çàäîâîëüíÿ¹ àêñiîìó íåâèðîäæå-

íîñòi, òî òàêèé âèïàäîê ìîæëèâèé ëèøå òîäi, êîëè Ahv = 0Ch
. Äëÿ íåíóëüîâîãî

åëåìåíòà v ∈ Bh öå ìîæëèâî ëèøå òîäi, êîëè detAh = 0, òîáòî rankAh < dimBh.
Îñêiëüêè îïåðàòîð Ah òàêèé, ùî rankAh = dimBh, detAh ̸= 0, òîäi ∥Ahv∥Ch

= 0
ìîæëèâå òîäi i òiëüêè òîäi, êîëè v = 0Bh

.
Âåëè÷èíè ∥Ahv∥Ch

i ∥v∥Bh
ñòðîãî äîäàòíi äëÿ ∀v ∈ D(Ah)\{0Bh

}. Öå îçíà÷à¹,
ùî iñíó¹ ñòàëà α > 0, äëÿ ÿêî¨ âèêîíó¹òüñÿ

∥Ahv∥Ch
> α∥v∥Bh

.

Ç òîãî, ùî îïåðàòîð Ah ìà¹ îáåðíåíèé îïåðàòîð, ìîæåìî äîâåñòè, [4], ùî

∥A−1
h ∥ 6 M < +∞.

�

Òåîðåìà 4. Ïðî çáiæíiñòü ñõåìè ìåòîäó Ëi-àëãåáðè÷íèõ äèñêðåòíèõ àïðîêñèìà-
öié äëÿ çàäà÷i Êîøi ç äâîâèìiðíèì ðiâíÿííÿì àäâåêöi¨.
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Ïîñëiäîâíiñòü uh âèçíà÷åíà ñõåìîþ (12) âiäøóêàííÿ íàáëèæåíîãî ðîçâ'ÿçêó
çàäà÷i (6) çáiãà¹òüñÿ äî òî÷íîãî ðîçâ'ÿçêó çàäà÷i (3), ïðè÷îìó íîðìà ïîõèáêè õà-
ðàêòåðèçó¹òüñÿ âåëè÷èíîþ

∥u−uh∥Bh 6M

(
ln(nt)

(
1

nt − 1

)nt−1
∥∥∥∥∂ntu

∂tnt

∥∥∥∥
∞
+ |c1| ln(nx)

(
1

nx − 1

)nx−1
∥∥∥∥∂nx (u− φ)

∂xnx

∥∥∥∥
∞

+

+ |c2| ln(ny)

(
1

ny − 1

)ny−1
∥∥∥∥∂ny (u− φ)

∂yny

∥∥∥∥
∞

)
, (20)

äå ÷èñëî M > 0 : òàêå, ùî ∀Ah : ∥A−1
h ∥ 6 M .

Äîâåäåííÿ. Äëÿ ðîçâ'ÿçóâàííÿ çàäà÷i (3) ìè ââåëè çàìiíó u = v+φ òà uh = vh+φh.
Òîäi ïîõèáêà àïðîêñèìàöi¨ ðîçâ'ÿçêó çàäà÷i (3) íàáóëà âèãëÿäó

∥u− uh∥B = ∥v − vh + φ− φh∥B 6 ∥v − vh∥B + ∥φ− φh∥B ,

äå ∥v−vh∥B− íîðìà ïîõèáêè àïðîêñèìàöi¨ ðîçâ'ÿçêó çàäà÷i (4), à ∥φ−φh∥B � íîðìà
ïîõèáêè iíòåðïîëþâàííÿ ïî÷àòêîâî¨ óìîâè, ÿêó õàðàêòåðèçó¹ òàêà àïðiîðíà îöiíêà:

∥φ− φh∥Bh
6

(
1

nx

)nx
∥∥∥∥∂nxφ

∂xnx

∥∥∥∥
∞

+

(
1

ny

)ny
∥∥∥∥∂nyφ

∂yny

∥∥∥∥
∞

,

òîáòî ∥φ− φh∥Bh
6 O

((
1
nx

)nx

+
(

1
ny

)ny
)
.

Ïîõèáêó iíòåðïîëþâàííÿ ôóíêöi¨ ïðàâîãî ÷ëåíà ∥f − fh∥B õàðàêòåðèçó¹ òàêà
àïðiîðíà îöiíêà:

∥f − fh∥Bh
6

(
1

nx

)nx
∥∥∥∥∂nxf

∂xnx

∥∥∥∥
∞

+

(
1

ny

)ny
∥∥∥∥∂nyf

∂yny

∥∥∥∥
∞

,

òîáòî ∥f − fh∥Bh
6 O

((
1
nx

)nx

+
(

1
ny

)ny
)
.

Ðîçãëÿíåìî ∥v − vh∥Bh

∥v − vh∥Bh
= ∥A−1

h Ah (v − vh) ∥Bh
6 ∥A−1

h ∥∥Ah (v − vh) ∥Ch
=

= ∥A−1
h ∥∥Ah (v − vh) +Av −Av∥Ch

= ∥A−1
h ∥∥ (Ahv −Av) + (Av −Ahvh) ∥Bh

6
6 ∥A−1

h ∥ (∥Av −Ahv∥Ch
+ ∥f − fh∥Ch

) .

Çãiäíî ç óìîâîþ òåîðåìè âèêîíóþòüñÿ (19), òîäi

∥v − vh∥Bh
6 M (∥Av −Ahv∥Ch

+ ∥f − fh∥Ch
) .

Âðàõóâàâøè îöiíêó ïîõèáêè àïðîêñèìàöi¨ îïåðàòîðà i íåõòóþ÷è äîäàíêàìè ïîðÿäêó
O( 1

nx!
+ 1

ny !
), îòðèìó¹ìî

∥v − vh∥Bh
6 M

(
ln(nt)

(
1

nt − 1

)nt−1
∥∥∥∥∂ntv

∂tnt

∥∥∥∥
∞

+

+|c1| ln(nx)

(
1

nx − 1

)nx−1
∥∥∥∥∂nxv

∂xnx

∥∥∥∥
∞

+ |c2| ln(ny)

(
1

ny − 1

)ny−1
∥∥∥∥∂nyv

∂yny

∥∥∥∥
∞

)
.

Îñêiëüêè v = u − φ òà ∥φ − φh∥Bh
6 O

((
1
nx

)nx

+
(

1
ny

)ny
)
, íåõòóþ÷è âåëè÷èíàìè

ïîðÿäêó O
((

1
nx

)nx

+
(

1
ny

)ny
)
, òî ó ïiäñóìêó ïðèõîäèìî äî îöiíêè 20. �
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6. Îöiíêè øâèäêîñòi çáiæíîñòi. Äëÿ ïðîâåäåííÿ ÷èñëîâèõ åêñïåðèìåíòiâ
ââàæàòèìåìî, ùî îáëàñòü QT := [0, 1] × [0, 1] × (0, 1], òîáòî x ∈ [0, 1], y ∈ [0, 1], t ∈
(0, 1]. Íîðìó ïîõèáêè àïðîêñèìàöi¨ òî÷íîãî ðîçâ'ÿçêó u− uh = u(x, y, t)− uh(x, y, t)
ó ïðîñòîði L2(QT ) îá÷èñëþ¹ìî çà ôîðìóëîþ

∥u− uh∥2L2(QT ) =

∫
QT

(u− uh)
2
dxdydt,

ó ïðîñòîði L∞(QT,h)

∥u− uh∥L∞(QT,h) = sup
(x,y,t)∈QT,h

|u(x, y, t)− uh(x, y, t)|,

à â ïðîñòîði Ñîáîë¹âà W 1,2(QT ) [4]

∥u− uh∥2W1,2(QT ) =

∫
QT

[
(u− uh)

2 +

(
∂u

∂x
− ∂uh

∂x

)2

+

(
∂u

∂y
− ∂uh

∂y

)2

+

(
∂u

∂t
− ∂uh

∂t

)2
]
dQT .

Ïîðÿäîê çáiæíîñòi ó íîðìi ïðîñòîðó L2(QT ) âèçíà÷à¹òüñÿ ôîðìóëîþ

ph,L2(QT ) = log2

( ∥u− uh∥L2(QT )

∥u− uh/2∥L2(QT )

)
,

ïîðÿäîê çáiæíîñòi ó íîðìi ïðîñòîðó L∞(QT,h)

ph,L∞(QT,h) = log2

( ∥u− uh∥L∞(QT,h)

∥u− uh/2∥L∞(QT,h)

)
,

à ïîðÿäîê çáiæíîñòi ó íîðìi ïðîñòîðó W 1,2(QT )

ph,W 1,2(QT ) = log2

( ∥u− uh∥W 1,2(QT )

∥u− uh/2∥W 1,2(QT )

)
.

ßêùî ∥u − uh∥ = 0 i ∥u − uh/2∥ = 0, òî íåâèçíà÷åíiñòü 0/0 ïîäà¹ìî ó òàáëèöÿõ ÿê
NaN (not a number).

Ìîäåëüíi çàäà÷i äëÿ ðiâíÿííÿ àäâåêöi¨ ìè äîñëiäæóâàëè ç âèêîðèñòàííÿì ìå-
òîäó ñêií÷åííèõ ðiçíèöü (ÌÑÐ), ìåòîäó Ëi-àëãåáðè÷íèõ äèñêðåòíèõ àïðîêñèìàöié
(ÌËÀÄÀ) òà óçàãàëüíåíîãî ìåòîäó Ëi-àëãåáðè÷íèõ äèñêðåòíèõ àïðîêñèìàöié (ÓÌ-
ËÀÄÀ). Çàçíà÷èìî, ùî ó âèïàäêó çàñòîñóâàííÿ ìåòîäó ÌËÀÄÀ, ðîçâ'ÿçóâàííÿ çà-
äà÷i Êîøi äëÿ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü âèêîíàíî ç âèêîðèñòàí-
íÿì âáóäîâàíèõ ôóíêöié ïàêåòà ñèìâîëüíîãî îá÷èñëåííÿ Mathematica.

Ïîçíà÷èìî ∆x = 1
(nx−1) , ∆y = 1

(ny−1)− êðîê äèñêðåòèçàöi¨ çà çìiííèìè x òà

y, ∆t = 1
(nt−1) � êðîê äèñêðåòèçàöi¨ çà ÷àñîâîþ çìiííîþ. ßêùî êðîê äèñêðåòèçàöi¨

çà ïðîñòîðîâèìè òà ÷àñîâîþ çìiííèìè âèáðàíi îäíàêîâèìè, òî h = ∆x = ∆y = ∆t.
Ó âèïàäêó ìåòîäó ÌËÀÄÀ h ïîçíà÷à¹ êðîê äèñêðåòèçàöi¨ òiëüêè çà ïðîñòîðîâè-
ìè çìiííèìè, îñêiëüêè ïðè ðîçâ'ÿçóâàííi çàäà÷i Êîøi äëÿ ñèñòåìè ÇÄÐ ïàêåòîì
Mathematica, êiëüêiñòü âóçëiâ çà ÷àñîâîþ çìiííîþ âèáèðà¹òüñÿ ïàêåòîì Mathemati-
ca àâòîìàòè÷íî.
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Ïðèêëàä 1. Äëÿ ìîäåëüíî¨ çàäà÷i
çíàéòè ôóíêöiþ u = u(x, y, t) òàêó, ùî:
∂u

∂t
+

∂u

∂x
+

∂u

∂y
= 0, ∀(x, y, t) ∈ QT ,

u|t=0 = x8 + y8

(21)

îòðèìàíî ÷èñëîâi ðåçóëüòàòè, ÿêi íàâåäåíi ó òàáë. 1-4.
Òî÷íèé ðîçâ'ÿçîê çàäà÷i (21) íàáóâ âèãëÿäó u(x, y, t) = (x − t)8 + (y − t)8. Çà-

çíà÷èìî, ùî ïðè ðîçâ'ÿçóâàííi çàäà÷i (21) óçàãàëüíåíèì ìåòîäîì ìè ðîçâ'ÿçóâàëè
äîïîìiæíó çàäà÷ó

çíàéòè ôóíêöiþ v = v(x, y, t) òàêó, ùî:
∂v

∂t
+

∂v

∂x
+

∂v

∂y
= −8x7 − 8y7, ∀(x, y, t) ∈ QT ,

v|t=0 = 0.

(22)

Îòðèìàâøè íàáëèæåíèé ðîçâ'ÿçîê vh = vh(x, y, t) çàäà÷i (22), ïîáóäîâàíî íàáëèæå-
íèé ðîçâ'ÿçîê uh = uh(x, y, t) çàäà÷i (21) òàê:

uh(x, y, t) = x8 + y8 + vh(x, y, t),

äå x8 + y8 � ïî÷àòêîâà óìîâà çàäà÷i (21).

Òàáëèöÿ 1

Çíà÷åííÿ íîðìè ïîõèáîê ó ïðîñòîði L2(QT )
Êðîê h ÌÑÐ ÌËÀÄÀ ÓÌËÀÄÀ
h = 1/2 0.304255 1.05925 2.57967
h = 1/4 0.0925091 4.4985 5.63376
h = 1/8 0.0246464 9.39717 · 10−7 0

Òàáëèöÿ 2

Çíà÷åííÿ íîðìè ïîõèáîê ó ïðîñòîði L∞(QT,h)

Êðîê h ÌÑÐ ÌËÀÄÀ ÓÌËÀÄÀ
h = 1/2 0 3.9375 17.625
h = 1/4 0 38.1445 65.695
h = 1/8 0 3.52385 · 10−5 0

Òàáëèöÿ 3

Çíà÷åííÿ íîðìè ïîõèáîê ó ïðîñòîði W 1,2(QT )
Êðîê h ÌÑÐ ÌËÀÄÀ ÓÌËÀÄÀ
h = 1/2 1.53108 3.92108 14.2869
h = 1/4 0.885425 23.6889 38.8586
h = 1/8 0.449537 6.47009 · 10−5 0

Òàáëèöÿ 4

Çíà÷åííÿ ïîðÿäêiâ çáiæíîñòi ó ïðîñòîði L2(QT )
Êðîê h ÌÑÐ ÌËÀÄÀ ÓÌËÀÄÀ
h = 1/2 1.71762 -2.0864 -1.12691
h = 1/4 1.90822 22.1907 +∞
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Òàáëèöÿ 5

Çíà÷åííÿ ïîðÿäêiâ çáiæíîñòi ó ïðîñòîði L∞(QT )
Êðîê h ÌÑÐ ÌËÀÄÀ ÓÌËÀÄÀ
h = 1/2 NaN -3.27612 -1.44355
h = 1/4 NaN 20.0459 +∞

Òàáëèöÿ 6

Çíà÷åííÿ ïîðÿäêiâ çáiæíîñòi ó ïðîñòîði W 1,2(QT )
Êðîê h ÌÑÐ ÌËÀÄÀ ÓÌËÀÄÀ
h = 1/2 0.79011 -2.59489 -1.44355
h = 1/4 0.977932 18.482 +∞

Çðîñòàííÿ ïîõèáîê ó ÌËÀÄÀ çóìîâëåíî òèì, ùî ÄÐ×Ï çâåäåíå äî ñèñòåìè
ÇÄÐ, ÿêà ¹ æîðñòêîþ i ïîòðåáó¹ âåëèêî¨ êiëüêîñòi âóçëiâ çà ÷àñîâîþ çìiííîþ äëÿ
êîðåêòíîãî ðîçâ'ÿçàííÿ çàäà÷i.

Ïðèêëàä 2. Äëÿ ìîäåëüíî¨ çàäà÷i
çíàéòè ôóíêöiþ u = u(x, y, t) òàêó, ùî:
∂u

∂t
+

∂u

∂x
+

∂u

∂y
= 0, ∀(x, y, t) ∈ QT ,

u|t=0 = sinx+ sin y

(23)

îòðèìàíî ÷èñëîâi ðåçóëüòàòè, ÿêi íàâåäåíi ó òàáëèöÿõ 5-8.
Òî÷íèé ðîçâ'ÿçîê çàäà÷i (23) íàáóâ âèãëÿäó u(x, t) = sin(x − t) + sin(y − t).

Çàçíà÷èìî, ùî ïðè ðîçâ'ÿçóâàííi çàäà÷i (23) óçàãàëüíåíèì ìåòîäîì ìè ðîçâ'ÿçóâàëè
äîïîìiæíó çàäà÷ó

çíàéòè ôóíêöiþ v = v(x, y, t) òàêó, ùî:
∂v

∂t
+

∂v

∂x
+

∂v

∂y
= − cosx− cos y, ∀(x, y, t) ∈ QT ,

v|t=0 = 0.

(24)

Îòðèìàâøè íàáëèæåíèé ðîçâ'ÿçîê vh = vh(x, y, t) çàäà÷i (24), ïîáóäîâàíî íàáëèæå-
íèé ðîçâ'ÿçîê uh = uh(x, y, t) çàäà÷i (23) òàê:

uh(x, y, t) = sinx+ sin y + vh(x, y, t),

äå sinx+ sin y− ïî÷àòêîâà óìîâà çàäà÷i (23).

Òàáëèöÿ 7

Çíà÷åííÿ íîðìè ïîõèáîê ó ïðîñòîði L2(QT )
Êðîê h ÌÑÐ ÌËÀÄÀ ÓÌËÀÄÀ
h = 1/2 0.0262521 0.146494 0.0790902
h = 1/4 0.00702414 0.0103649 0.000986107
h = 1/8 0.00178397 6.76182 · 10−5 4.52829 · 10−7
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Òàáëèöÿ 8

Çíà÷åííÿ íîðìè ïîõèáîê ó ïðîñòîði L∞(QT,h)

Êðîê h ÌÑÐ ÌËÀÄÀ ÓÌËÀÄÀ
h = 1/2 0 0.939041 0.13217
h = 1/4 1.91513 · 10−15 0.102836 0.0074445
h = 1/8 2.85993 · 10−13 0.00634505 8.4915 · 10−6

Òàáëèöÿ 9

Çíà÷åííÿ íîðìè ïîõèáîê ó ïðîñòîði W 1,2(QT )
Êðîê h ÌÑÐ ÌËÀÄÀ ÓÌËÀÄÀ
h = 1/2 0.12938 0.62467 0.177763
h = 1/4 0.062476 0.0612636 0.00439856
h = 1/8 0.0309284 0.00145537 4.67135 · 10−6

Òàáëèöÿ 10

Çíà÷åííÿ ïîðÿäêiâ çáiæíîñòi ó ïðîñòîði L2(QT )
Êðîê h ÌÑÐ ÌËÀÄÀ ÓÌËÀÄÀ
h = 1/2 1.90204 3.82106 6.32561
h = 1/4 1.97723 7.26008 11.0886

Òàáëèöÿ 11

Çíà÷åííÿ ïîðÿäêiâ çáiæíîñòi ó ïðîñòîði L∞(QT )
Êðîê h ÌÑÐ ÌËÀÄÀ ÓÌËÀÄÀ
h = 1/2 −∞ 3.19085 4.15005
h = 1/4 -7.22239 4.01856 9.77594

Òàáëèöÿ 12

Çíà÷åííÿ ïîðÿäêiâ çáiæíîñòi ó ïðîñòîði W 1,2(QT )
Êðîê h ÌÑÐ ÌËÀÄÀ ÓÌËÀÄÀ
h = 1/2 1.05024 3.34999 5.33678
h = 1/4 1.01437 5.39557 9.87898

Ðîçãëÿíåìî çàäà÷ó Êîøi äëÿ ðiâíÿííÿ àäâåêöi¨, êîëè êîåôiöi¹íò øâèäêîñòi
àäâåêöiéíîãî ïåðåìiùåííÿ íàáóâ çíà÷åííÿ c1 = c2 = 107. Îñîáëèâiñòþ çàäà÷ ç òàêèì
êîåôiöi¹íòîì ¹ òå, ùî äëÿ êîðåêòíîãî ðîçâ'ÿçàííÿ ìåòîäîì ñêií÷åííèõ ðiçíèöü ïî-
òðiáíî, ùîá êðîê äèñêðåòèçàöi¨ çà ÷àñîâîþ çìiííîþ áóâ ìåíøèé, íiæ min{10−7 ·∆x,
10−7 ·∆y}. Ó ïðèêëàäi 3 ïîäàíî îá÷èñëåííÿ ç îäíàêîâèìè êðîêàìè äèñêðåòèçàöi¨.

Ïðèêëàä 3. Äëÿ ìîäåëüíî¨ çàäà÷i
çíàéòè ôóíêöiþ u = u(x, t) òàêó, ùî:
∂u

∂t
+ 107

∂u

∂x
+ 107

∂u

∂y
= 0, ∀(x, t) ∈ QT ,

u|t=0 = x8 + y8

(25)

îòðèìàíî ÷èñëîâi ðåçóëüòàòè, ÿêi íàâåäåíi ó òàáë. 13-18. Òî÷íèé ðîçâ'ÿçîê çàäà÷i (25)
íàáóâ âèãëÿäó u(x, y, t) = (x− 107t)8 + (y− 107t)8. Çàçíà÷èìî, ùî ïðè ðîçâ'ÿçóâàííi
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çàäà÷i (25) óçàãàëüíåíèì ìåòîäîì ìè ðîçâ'ÿçóâàëè äîïîìiæíó çàäà÷ó
çíàéòè ôóíêöiþ v = v(x, t) òàêó, ùî:
∂v

∂t
+ 107

∂v

∂x
+ 107

∂v

∂y
= −8 · 107x7 − 8 · 107y7, ∀(x, t) ∈ QT ,

v|t=0 = 0.

(26)

Îòðèìàâøè íàáëèæåíèé ðîçâ'ÿçîê vh = vh(x, y, t) çàäà÷i (26), ïîáóäîâàíî íàáëèæå-
íèé ðîçâ'ÿçîê uh = uh(x, y, t) çàäà÷i (25) òàê:

uh(x, y, t) = x8 + y8 + vh(x, y, t),

äå x8 + y8− ïî÷àòêîâà óìîâà çàäà÷i (25).

Òàáëèöÿ 13

Çíà÷åííÿ íîðìè ïîõèáîê ó ïðîñòîði L2(QT )
Êðîê h ÌÑÐ ÌËÀÄÀ ÓÌËÀÄÀ
h = 1/2 4.85071 · 1055 1.61351 · 1075 4.85071 · 1055
h = 1/4 4.85071 · 1055 1.55743 · 10205 4.85071 · 1055
h = 1/8 4.84167 · 1055 5.60339 · 10237 0

Òàáëèöÿ 14

Çíà÷åííÿ íîðìè ïîõèáîê ó ïðîñòîði L∞(QT,h)

Êðîê h ÌÑÐ ÌËÀÄÀ ÓÌËÀÄÀ
h = 1/2 2 · 1056 4.29501 · 1075 2 · 1056
h = 1/4 2 · 1056 4.45614 · 10205 2 · 1056
h = 1/8 1.99519 · 1056 1.88994 · 10238 0

Òàáëèöÿ 15

Çíà÷åííÿ íîðìè ïîõèáîê ó ïðîñòîði W 1,2(QT )
Êðîê h ÌÑÐ ÌËÀÄÀ ÓÌËÀÄÀ
h = 1/2 4.15956 · 1056 6.01048 · 1075 4.15956 · 1056
h = 1/4 4.15956 · 1056 5.74797 · 10205 4.15956 · 1056
h = 1/8 4.14732 · 1056 2.13783 · 10238 0

Òàáëèöÿ 16

Çíà÷åííÿ ïîðÿäêiâ çáiæíîñòi ó ïðîñòîði L2(QT )
Êðîê h ÌÑÐ ÌËÀÄÀ ÓÌËÀÄÀ
h = 1/2 0 -431.8 0
h = 1/4 0.00269021 -108.148 +∞

Òàáëèöÿ 17

Çíà÷åííÿ ïîðÿäêiâ çáiæíîñòi ó ïðîñòîði L∞(QT )
Êðîê h ÌÑÐ ÌËÀÄÀ ÓÌËÀÄÀ
h = 1/2 0 -431.904 0
h = 1/4 0.00347135 -108.386 +∞
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Òàáëèöÿ 18

Çíà÷åííÿ ïîðÿäêiâ çáiæíîñòi ó ïðîñòîði W 1,2(QT )
Êðîê h ÌÑÐ ÌËÀÄÀ ÓÌËÀÄÀ
h = 1/2 0 -431.786 0
h = 1/4 0.00425044 -108.196 +∞

Íàâåäåíi ðîçðàõóíêè âèÿâèëè, ùî äëÿ ÓÌËÀÄÀ äîñòàòíüî âèáðàòè êðîê
h = ∆x = ∆y = ∆t = 1/8, ùîá ïîõèáêà ñòîñîâíî òî÷íîãî ðîçâ'ÿçêó äîðiâíþâàëà
íóëþ. Çà òàêèõ æå êðîêiâ ç âèêîðèñòàííÿì ñõåì ÌÑÐ òà ÌËÀÄÀ íå ìîæëèâî
îòðèìàòè òàêèé ðåçóëüòàò.

7. Âèñíîâêè. Ìè çàïðîïîíóâàëè çàñòîñóâàííÿ óçàãàëüíåíîãî ìåòîäó Ëi-àë-
ãåáðè÷íèõ äèñêðåòíèõ àïðîêñèìàöié äëÿ ðîçâ'ÿçóâàííÿ çàäà÷ Êîøi ç äâîâèìiðíèì
ðiâíÿííÿì àäâåêöi¨.

Çíàéäåíî çíà÷åííÿ ðàíãó ñêií÷åííîâèìiðíîãî êâàçiçîáðàæåííÿ äèôåðåíöiàëü-
íîãî îïåðàòîðà ðiâíÿííÿ àäâåêöi¨, äîñëiäæåíî àïðîêñèìàöiéíi âëàñòèâîñòi òà äîâå-
äåíî ôàêòîðiàëüíó çáiæíiñòü ñõåìè óçàãàëüíåíîãî ìåòîäó (ÓÌËÀÄÀ) çà òðüîìà
çìiííèìè, ùî ¹ ñóòò¹âîþ ïåðåâàãîþ íàä iíøèìè ìåòîäàìè, çîêðåìà íàä ìåòîäîì
ñêií÷åííèõ ðiçíèöü ÷è êëàñè÷íèì ìåòîäîì Ëi-àëãåáðè÷íèõ äèñêðåòíèõ àïðîêñèìà-
öié. Çíàéäåíî îçíàêè iñíóâàííÿ îáìåæåíîãî îáåðíåíîãî îïåðàòîðà äëÿ àáñòðàêòíî¨
àïðîêñèìàöiéíî¨ ñõåìè. Âèçíà÷åíî òàêîæ óìîâè, ÿêi ãàðàíòóþòü çáiæíiñòü ñõåìè
ÓÌËÀÄÀ. Ïðîâåäåíî ïîðiâíÿííÿ óçàãàëüíåíîãî ìåòîäó Ëi-àëãåáðè÷íèõ äèñêðåòíèõ
àïðîêñèìàöié ç ìåòîäîì ñêií÷åííèõ ðiçíèöü i êëàñè÷íèì ìåòîäîì Ëi-àëãåáðè÷íèõ
äèñêðåòíèõ àïðîêñèìàöié.

Äëÿ êîðåêòíîãî ðîçâ'ÿçàííÿ çàäà÷i ìåòîäîì ÌÑÐ ÷è ÌËÀÄÀ ïîòðiáíî 9 · 107
âóçëiâ, à äëÿ ìåòîäó ÓÌËÀÄÀ äîñòàòíüî ëèøå äåâ'ÿòè âóçëiâ çà ÷àñîâîþ çìiííîþ.
Öå ñâiä÷èòü ïðî òå, ùî â ìåòîäi ÓÌËÀÄÀ äëÿ êîðåêòíîãî ðîçâ'ÿçàííÿ ïîòðiáíî
ùîíàéìåíøå ó 107 ðàçiâ ìåíøå âóçëiâ, íiæ äëÿ ÌÑÐ ÷è ÌËÀÄÀ.

Òàêèé çàïàñ òî÷íîñòi óçàãàëüíåíîãî ìåòîäó ïîâ'ÿçàíèé ç òèì, ùî äèñêðåòèçàöiÿ
ðiâíÿííÿ âiäáóâà¹òüñÿ çà óñiìà çìiííèìè, ùî âõîäÿòü äî ðiâíÿííÿ òà âèêîðèñòàííÿ
äâîâèìiðíîãî iíòåðïîëþâàííÿ Ëàãðàíæà.

Åôåêòèâíiñòü óçàãàëüíåíîãî ìåòîäó ïîâ'ÿçàíà ç éîãî âiäìiííiñòþ âiä ðåêóðåíò-
íèõ ìåòîäiâ, îñêiëüêè ðåêóðåíòíi ìåòîäè (ÌÑÐ, ÌËÀÄÀ) ðîçâ'ÿçóâàííÿ çàäà÷i Êîøi
ïðè çìiíi ïî÷àòêîâèõ óìîâ ïåðåäáà÷àþòü îá÷èñëåííÿ óñiõ êðîêiâ ìåòîäó âiä ïî÷àòêó,
òîäi, ÿê ó ìåòîäi ÓÌËÀÄÀ äîñòàòíüî ïåðåìíîæèòè îáåðíåíó ìàòðèöþ êâàçiçîáðà-
æåííÿ îïåðàòîðà çàäà÷i íà âåêòîð êâàçiçîáðàæåííÿ âiëüíîãî ÷ëåíà, ÿêèé âiäîáðàæà¹
çìiíåíi ïî÷àòêîâi óìîâè.
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APPLICATION OF GENERALIZED METHOD
OF LIE-ALGEBRAIC DISCRETE APPROXIMATIONS

TO SOLVING OF CAUCHY PROBLEM FOR
2D ADVECTION EQUATION

Arkadii KINDYBALIUK

Ivan Franko National University of Lviv,

Universytetska Str., 1, Lviv, 79000

e-mail: a.kindybaluk@mail.ru

Approximation and convergence properties of the numerical scheme for
solving of the Cauchy problem for 2D advection equation by means of the
generalized method of the Lie-algebraic discrete approximations were descri-
bed. The reduction of the Cauchy problem into a system of linear algebraic
equations provides the power rate of convergence by all variables in the equati-
on.

Key words: generalized method of Lie-algebraic discrete approximations,
approximation scheme, discretization, advection equation, power convergence.
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Äîêàçàíû àïïðîêñèìàöèîííûå ñâîéñòâà è óñëîâèÿ ñõîäèìîñòè âû-
÷èñëèòåëüíîé ñõåìû îáîáùåííîãî ìåòîäà Ëè-àëãåáðàè÷åñêèõ äèñêðåòíûõ
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àïïðîêñèìàöèé ðåøåíèÿ çàäà÷è Êîøè äëÿ äâóìåðíîãî óðàâíåíèÿ àäâåê-
öèè. Ðåäóêöèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ àäâåêöèè ê ñèñòåìå ëèíåéíûõ
àëãåáðàè÷åñêèõ óðàâíåíèé îáåñïå÷èâàåò ñòåïåííóþ ñõîäèìîñòü çà âñåìè
ïåðåìåííûìè óðàâíåíèÿ.

Êëþ÷åâûå ñëîâà: îáîáùåííûé ìåòîä Ëè-àëãåáðàè÷åñêèõ äèñêðåòíûõ
àïïðîêñèìàöèé, àïïðîêñèìàöèîííàÿ ñõåìà, äèñêðåòèçàöèÿ, óðàâíåíèå
àäâåêöèè, ñòåïåííàÿ ñõîäèìîñòü.
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Äëÿ ðÿäó Äiðiõëå F (s) =
∞∑

n=o

an exp{sλn} ç íóëüîâîþ àáñöèñîþ àáñîëþò-

íî¨ çáiæíîñòi ó òåðìiíàõ ìîäèôiêîâàíèõ óçàãàëüíåíèõ ïîðÿäêiâ çíàéäåíî
çâ'ÿçîê ìiæ çðîñòàííÿì M(σ, F ) = sup {|F (σ + it)| : t ∈ R} i ïîâîäæåííÿì
êîåôiöi¹íòiâ an. Îòðèìàíi ðåçóëüòàòè çàñòîñîâàíî äî âèâ÷åííÿ çðîñòàííÿ
àíàëiòè÷íèõ ó êðóçi õàðàêòåðèñòè÷íèõ ôóíêöié iìîâiðíiñíèõ çàêîíiâ.

Êëþ÷îâi ñëîâà: ðÿä Äiðiõëå, iìîâiðíiñíèé çàêîí, õàðàêòåðèñòè÷íà
ôóíêöiÿ, óçàãàëüíåíèé ïîðÿäîê.

1. Âñòóï. Íåõàé (λn) � çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü íåâiä'¹ìíèõ ÷èñåë,
λ0 = 0, à ðÿä Äiðiõëå

F (s) =
∞∑

n=o

anexp(sλn), s = σ + it, (1)

ìà¹ àáñöèñó àáñîëþòíî¨ çáiæíîñòi σa ∈ (−∞,+∞]. Äëÿ σ < σa ïðèéìåìî M(σ, F ) =
= sup{|F (σ + it)| : t ∈ R}, i íåõàé µ(σ, F ) = max{|an| exp (σλn) : n ≥ 0} � ìàêñèìàëü-
íèé ÷ëåí ðÿäó (1), à ν(σ, F ) = max{n : |an| exp (σλn) = µ(σ, F )} � éîãî öåíòðàëüíèé
iíäåêñ.

2. Îñíîâíà ÷àñòèíà. ×åðåç L ïîçíà÷èìî êëàñ íåïåðåðâíèõ íà (−∞; +∞)
ôóíêöié α òàêèõ, ùî α(x) = α(x0) äëÿ −∞ < x 6 x0 i α(x) ↑ +∞ äëÿ x0 6 x → +∞.
Áóäåìî ãîâîðèòè: ùî α ∈ L0, ÿêùî α ∈ L i α((1 + o(1))x) = (1 + o(1))α(x) ïðè
x → +∞. Íàðåøòi, α ∈ Lïç, ÿêùî α ∈ L i α(cx) = (1 + o(1))α(x) ïðè x → +∞
äëÿ êîæíîãî c ∈ (0;+∞), òîáòî α � ïîâiëüíî çðîñòàþ÷à ôóíêöiÿ. Çðîçóìiëî, ùî
Lïç ⊂ L0.

ßêùî σa = +∞, òîáòî ðÿä Äiðiõëå (1) ¹ öiëèì, òî äëÿ α ∈ L i β ∈ L óçà-
ãàëüíåíèì ïîðÿäêîì ϱαβ [F ] i íèæíiì ïîðÿäêîì λαβ [F ] öüîãî ðÿäó íàçèâàþòüñÿ [1]
âåëè÷èíè

ϱαβ [F ] = lim
σ→+∞

α(lnM(σ, F ))

β(σ)
, λαβ [F ] = lim

σ→+∞

α(lnM(σ, F ))

β(σ)
,

c⃝ Êóëÿâåöü Ë., 2014
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à â [1] çà ïåâíèõ óìîâ íà α ∈ L i β ∈ L òà ïîêàçíèêè λn çàçíà÷åíî ôîðìóëè äëÿ çíà-
õîäæåííÿ öèõ âåëè÷èí ÷åðåç êîåôiöi¹íòè an. Ó [2-3] äîâåäåìî, ùî ðÿä óìîâ íà α ∈ L
i β ∈ L ìîæíà óñóíóòè, ÿêùî çàìiñòü óçàãàëüíåíèõ ïîðÿäêó òà íèæíüîãî ïîðÿä-
êó ðîçãëÿíóòè ìîäèôiêîâàíi óçàãàëüíåíi ïîðÿäîê ϱαβ [F ] i íèæíié ïîðÿäîê λαβ [F ],
îçíà÷åíi ðiâíîñòÿìè

ϱα,β [F ] = lim
σ→+∞

1

β(σ)
α

(
lnM(σ, F )

σ

)
, λα,β [F ] = lim

σ→+∞

1

β(σ)
α

(
lnM(σ, F )

σ

)
.

Îòðèìàíi ôîðìóëè äëÿ çíàõîäæåííÿ ϱα,β [F ] i λα,β [F ] ÷åðåç êîåôiöi¹íòè i ïîêàç-
íèêè ðÿäó (1) çàñòîñîâàíîãî â [3] äî äîñëiäæåííÿ çðîñòàííÿ öiëèõ õàðàêòåðèñòè÷íèõ
ôóíêöié îäíîãî êëàñó éìîâiðíîñíèõ çàêîíiâ.

Ïðèïóñòèìî òåïåð, ùî σa = 0, i áóäåìî ââàæàòè, ùî µ(σ, F ) ↑ +∞ ïðè σ ↑ 0, à
äëÿ öüîãî íåîáõiäíî i äîñòàòíüî, ùîá

lim
n→∞

|an| = +∞. (2)

Äëÿ α ∈ L i β ∈ L óçàãàëüíåíèìè ïîðÿäêîì ϱoα,β [F ] i íèæíiì ïîðÿäêîì λ0
α,β [F ]

ðÿäó Äiðiõëå (1) ç íóëüîâîþ àáñöèñîþ àáñîëþòíî¨ çáiæíîñòi íàçèâàþòüñÿ âåëè÷èíè

ϱoα,β [F ] = lim
σ↑0

α(lnM(σ, F ))

β(1/|σ|)
, λ0

α,β [F ] = lim
σ↑0

α(lnM(σ, F ))

β(1/|σ|)
.

Ïðèéìåìî κn(F ) =
ln |an| − ln |an + 1|

λn+1 − λn
i ïðèïóñòèìî, ùî

lim
n→∞

lnn

ln |an|
= h < +∞. (3)

Âiäîìà [4] òàêà òåîðåìà.

Òåîðåìà À. Íåõàé α ∈ Lïç, β ∈ Lïç,
x

β−1(cα(x))
↑ +∞ i α

(
x

β−1(cα(x))

)
=

= (1 + o(1))α(x) ïðè x0(c) 6 x → +∞ äëÿ êîæíîãî c ∈ (0;+∞). Òîäi, ÿêùî àáî

âèêîíó¹òüñÿ óìîâà (3), àáî α(λn) = o

(
β

(
λn

lnn

))
ïðè n → ∞, òî

ϱoα,β [F ] = koα,β [F ] =: lim
n→∞

α(λn)

β(λn/ ln |an|)
.

ßêùî æ, êðiì òîãî, ïîñëiäîâíiñòü (κn[F ]) íåñïàäíà i α(λn+1) = (1 + o(1))α(λn) ïðè
n → ∞, òî

λ0
α,β [F ] = κ0

α,β [F ] =: lim
n→∞

α(λn)

β(λn/ ln |an|)
.

ßê i ó âèïàäêó öiëèõ ðÿäiâ Äiðiõëå, óìîâè íà ôóíêöi¨ α ∈ L i β ∈ L ìîæíà äåùî
ïîñëàáèòè, ÿêùî çàìiñòü óçàãàëüíåíèõ ïîðÿäêó òà íèæíüîãî ïîðÿäêó ðîçãëÿíóòè

ìîäèôiêîâàíi óçàãàëüíåíi ïîðÿäîê ϱ0α,β [F ] i íèæíié ïîðÿäîê λ
0

α,β [F ], ÿêi îçíà÷èìî
ôîðìóëàìè

ϱ0α,β [F ] = lim
σ↑0

1

β(1/|σ|)
α

(
lnM(σ, F )

|σ|

)
, λ

0

α,β [F ] = lim
σ↑0

1

β(1/|σ|)
α

(
lnM(σ, F )

|σ|

)
.

Ïðàâèëüíà òàêà òåîðåìà.
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Òåîðåìà 1. Íåõàé ôóíêöi¨ α ∈ L i β ∈ L òàêi, ùî α(α−1(cβ(x))x) = (1+ o(1))cβ(x)
ïðè x → +∞ äëÿ êîæíîãî c ∈ (0;+∞). Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ îäíà ç óìîâ:

1) α ∈ Lïç, β ∈ Lïç, à ïîñëiäîâíiñòü (λn) çàäîâîëüíÿ¹ óìîâó

lim
n→∞

lnn

λnγ(λn)
= ho < +∞, (4)

äå γ � äîäàòíà íåïåðåðâíà ñïàäíà äî 0 íà [0;+∞) ôóíêöiÿ òàêà, ùî ôóíêöiÿ
tγ(t) ↑ +∞ (t → +∞) i α(x) = o(β(1/γ(x))) ïðè x → +∞;

2) α ∈ Lïç, β ∈ L0, lnn = o(λnγ(λn)) ïðè n → ∞, äå ôóíêöiÿ γ òàêà, ÿê â
óìîâi 1);

3) α ∈ Lïç, β ∈ Lïç i êîåôiöi¹íòè çàäîâîëüíÿþòü óìîâó (3);
4) α ∈ Lïç, β ∈ L0 i lnn = o(ln |an|) ïðè n → ∞.

Òîäi ϱ0α,β [F ] = k0α,β [F ]. ßêùî æ, êðiì òîãî, ïîñëiäîâíiñòü (κn[F ]) íåñïàäíà i

α(λn+1) = (1 + o(1))α(λn) ïðè n → ∞, òî λ
0

α,β [F ] = κ0
α,β [F ].

Äëÿ äîâåäåííÿ öi¹¨ òåîðåìè, êðiì íåðiâíîñòi Êîøi µ(σ, F ) 6 M(σ, F ) äëÿ âñiõ
σ < 0, íàì áóäóòü ïîòðiáíi òàêi ðåçóëüòàòè.

Ëåìà 1 ([5]). Íåõàé σa = 0, à ïîñëiäîâíiñòü (λn) çàäîâîëüíÿ¹ óìîâó (4), äå γ �
äîäàòíà íåïåðåðâíà ñïàäíà äî 0 íà [0;+∞) ôóíêöiÿ òàêà, ùî ôóíêöiÿ tγ(t) ↑ +∞
(t → +∞). Òîäi äëÿ êîæíîãî ε > 0 iñíó¹ ñòàëà K(ε) > 0 òàêà, ùî äëÿ âñiõ σ < 0

M(σ, F ) 6 µ

(
σ

1 + ε
, F

)(
exp

{
ε|σ|
1 + ε

γ−1

(
ε|σ|

(1 + ε)2(h0 + ε2)

)}
+K(ε)

)
. (5)

Ëåìà 2 ([6], [7, c. 33]). ßêùî σa = 0 i âèêîíó¹òüñÿ óìîâà (3), òî äëÿ êîæíîãî
ε > 0 i âñiõ σ ∈ (σ0(ε); 0)

M(σ, F ) 6 µ

(
σ

h+ 1 + ε
, F

)h+1+ε

. (6)

Ëåìà 3 ([8, ñ. 184], [7, c. 21]). Äëÿ ς0 6 σ < 0 ïðàâèëüíà ðiâíiñòü

lnµ(σ, F )− lnµ(σ0, F ) =

∫ σ

σ0

λν(t,F )dt. (7)

Ëåìà 4 ([7, c. 21]). ßêùî ïîñëiäîâíiñòü (κn[F ]) íåñïàäíà, òî µ(κn, F ) =
= |an| exp(κn[F ]λn) äëÿ âñiõ n. ßêùî, êðiì òîãî, κn−1[F ] < κn[F ] äëÿ äåÿêîãî
n > 1, òî ν(σ, F ) = n i µ(σ, F ) = |an| exp(σλn) äëÿ âñiõ σ ∈ [κn−1[F ];κn[F ]) i
öüîãî n.

Äîâåäåííÿ òåîðåìè 1 ïðîâåäåìî â äâà åòàïè. Ñïî÷àòêó ó òåðìiíàõ ìîäèôiêîâà-
íèõ óçàãàëüíåíèõ ïîðÿäêó òà íèæíüîãî ïîðÿäêó çíàéäåìî çâ'ÿçîê ìiæ çðîñòàííÿì
ìàêñèìóìó ìîäóëÿ òà ìàêñèìàëüíîãî ÷ëåíà, à ïîòiì òàêèé çâ'ÿçîê äîâåäåìî ìiæ
çðîñòàííÿì ìàêñèìàëüíîãî ÷ëåíà i êîåôiöi¹íòiâ.

Ëåìà 5. Äëÿ òîãî, ùîá äëÿ ðÿäó Äiðiõëå (1) ç íóëüîâîþ àáñöèñîþ àáñîëþòíî¨
çáiæíîñòi ïðàâèëüíèìè áóëè ôîðìóëè

ϱ0α,β [F ] = ϱ0α,β [lnµ] =: lim
σ↑0

1

β(1/|σ|)
α

(
lnµ(σ, F )

|σ|

)
,
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i

λ
0

α,β [F ] = λ
0

α,β [lnµ] =: lim
σ↑0

1

β(1/|σ|)
α

(
lnµ(σ, F )

|σ|

)
,

äîñòàòíüî, ùîá âèêîíóâàëàñü îäíà ç òàêèõ óìîâ:
1) α ∈ Lïç, β ∈ Lïç, ïîñëiäîâíiñòü (λn) çàäîâîëüíÿ¹ óìîâó (4), äå ôóíêöiÿ γ

çàäîâîëüíÿ¹ óìîâè ëåìè 1, i α(x) = o(β(1/γ(x))) ïðè x → +∞;
2) α ∈ Lïç, β ∈ L0, lnn = o(λnγ(λn)) ïðè n → ∞, äå ôóíêöiÿ γ çàäîâîëüíÿ¹

óìîâè ëåìè 1, i α(x) = o(β(1/γ(x))) ïðè x → +∞.

Äîâåäåííÿ. Îñêiëüêè tγ(t) ↑ +∞ (t → +∞), òî |σ|γ−1(|σ|) ↑ +∞ ïðè σ ↑ 0. Òîìó ç
îãëÿäó íà ëåìó 1 îòðèìà¹ìî

M(σ, F ) 6 (1 + o(1))µ

(
σ

1 + ε
, F

)
exp

{
ε|σ|
1 + ε

γ−1

(
ε|σ|

(1 + ε)2(h0 + ε2)

)}
, σ ↑ 0,

çâiäêè

lnM(σ, F ) 6 lnµ

(
σ

1 + ε
, F

)
+ o(1) +

ε|σ|
1 + ε

γ−1

(
ε|σ|

(1 + ε)2(h0 + ε2)

)
=

= lnµ

(
σ

1 + ε
, F

)
+ (1 + o(1))

ε|σ|
1 + ε

γ−1

(
ε|σ|

(1 + ε)2(h0 + ε2)

)
6

6 lnµ

(
σ

1 + ε
, F

)
+ |σ|γ−1

(
ε|σ|

(1 + ε)2(h0 + ε2)

)
, σ ↑ 0,

òîáòî, äëÿ âñiõ äîñèòü áëèçüêèõ äî 0 çíà÷åíü σ < 0

lnM(σ, F )

|σ|
6 1

|σ|
lnµ

(
σ

1 + ε
, F

)
+ γ−1

(
ε|σ|

(1 + ε)2(h0 + ε2)

)
6

6 2max

{
1

|σ|
lnµ

(
σ

1 + ε
, F

)
, γ−1

(
ε|σ|

(1 + ε)2(h0 + ε2)

)}
. (8)

Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ óìîâà 1). Òîäi α ∈ Lïç i ç (8) ïðè σ ↑ 0 îòðèìó¹ìî

α

(
lnM(σ, F )

|σ|

)
6(1+o(1))α

(
max

{
1

|σ|
lnµ

(
σ

1 + ε
, F

)
, γ−1

(
ε|σ|

(1 + ε)2(h0 + ε2)

)})
=

= (1 + o(1))max

{
α

(
1

|σ|
lnµ

(
σ

1 + ε
, F

))
, α

(
γ−1

(
ε|σ|

(1 + ε)2(h0 + ε2)

))}
6

6 (1 + o(1))

(
α

(
1

|σ|
lnµ

(
σ

1 + ε
, F

))
+ α

(
γ−1

(
ε|σ|

(1 + ε)2(h0 + ε2)

)))
. (9)

Ç îãëÿäó íà óìîâè β ∈ Lïç i α(x) = o(β(1/γ(x))) ïðè x → +∞ îäåðæó¹ìî

lim
σ↑0

α

(
γ−1

(
ε|σ|

(1 + ε)2(h0 + ε2)

))
β(1/|σ|)

= lim
x→+∞

α(x)

β

(
ε

(1 + ε)2(h0 + ε2)γ(x)

) = 0.

Òîìó ç (9) ç îãëÿäó íà óìîâè α ∈ Lïç i β ∈ Lïç îòðèìó¹ìî

1

β(1/|σ|)
α

(
lnM(σ, F )

|σ|

)
6 (1 + o(1))

β((1 + ε)/|σ|)
α

(
(1 + ε) lnµ (σ/(1 + ε), F )

|σ|(1 + ε)

)
=
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=
(1 + o(1))

β((1 + ε)/|σ|)
α

(
lnµ (σ/(1 + ε), F )

|σ|/(1 + ε)

)
, (10)

çâiäêè âèïëèâà¹, ùî ϱ0α,β [F ] 6 ϱ0α,β [lnµ] i λ
0

α,β [F ] 6 λ
0

α,β [lnµ]. Îáåðíåíi íåðiâíîñòi
âèïëèâàþòü ç íåðiâíîñòi µ(σ, F ) 6 M(σ, F ). Òâåðäæåííÿ ëåìè 5 çà óìîâè 1) äîâåäå-
íî.

ßêùî lnn = o(λnγ(λn)) ïðè n → ∞, òî h0 = 0 i ç (5) çàìiñòü (9) îòðèìó¹ìî

α

(
lnM(σ, F )

|σ|

)
6 (1 + o(1))

(
α

(
1

|σ|
lnµ

(
σ

1 + ε
, F

))
+ α

(
γ−1

(
|σ|

(1 + ε)2ε

)))
,

σ ↑ 0, à ç îãëÿäó íà äîâiëüíiñòü ε

lim
σ↑0

α

(
γ−1

(
|σ|

(1 + ε)2ε

))
β(1/|σ|)

= lim
x→+∞

α(x)

β

(
ε

(1 + ε)2εγ(x)

) 6 lim
x→+∞

α(x)

β (1/γ(x))
= 0.

Òîìó, ÿê ó äîâåäåííi (10),

1

β(1/|σ|)
α

(
lnM(σ, F )

|σ|

)
6 (1 + o(1))

β((1 + ε)/|σ|)
α

(
lnµ (σ/(1 + ε), F )

|σ|/(1 + ε)

)
β((1 + ε)/|σ|)

β(1/|σ|)
,

σ ↑ 0. Çâiäñè âèïëèâà¹, ùî ϱ0α,β [F ] 6 B(ε)ϱ0α,β [lnµ] i λ
0

α,β [F ] 6 B(ε)λ
0

α,β [lnµ], äå

B(ε) = lim
x→+∞

β((1 + ε)x)

β(x)
. Îñêiëüêè β ∈ L0, òî [9]B(ε) → 1 ïðè ε → 0, i îòæå, ç îãëÿäó

íà äîâiëüíiñòü ε > 0 ïðàâèëüíi íåðiâíîñòi ϱ0α,β [F ] 6 ϱ0α,β [lnµ] i λ
0

α,β [F ] 6 λ
0

α,β [lnµ].
Çàâäÿêè íåðiâíîñòi Êîøi µ(σ, F ) 6 M(σ, F ) ëåìó 5 äîâåäåíî. �

Ëåìà 6. Çà óìîâè (3) ðiâíîñòi ϱ0α,β [F ] = ϱ0α,β [lnµ], λ
0

α,β [F ] = λ
0

α,β [lnµ] ¹ ïðàâèëü-

íèìè, ÿêùî α ∈ L i àáî β ∈ Lïç, àáî h = 0 i β ∈ L0.

Ñïðàâäi, çà ëåìîþ 2

1

β(1/|σ|)
α

(
lnM(σ, F )

|σ|

)
6 1

β(1/|σ|)
α

(
h+ 1 + ε

|σ|
lnµ

(
σ

h+ 1 + ε
, F

))
,

çâiäêè çâè÷íî îòðèìó¹ìî âèñíîâîê ëåìè 6.
Íàñòóïíà ëåìà ñâiä÷èòü ïðî çâ'ÿçîê ìiæ çðîñòàííÿì ìàêñèìàëüíîãî ÷ëåíà i

êîåôiöi¹íòiâ.

Ëåìà 7. Íåõàé àáî α ∈ Lïç i β ∈ L0, àáî β ∈ Lïç i α ∈ L0. Òîäi, ÿêùî

α(α−1(cβ(x))x) = (1 + o(1))cβ(x) ïðè x → +∞
äëÿ êîæíîãî c ∈ (0;+∞), òî ϱ0α,β [lnµ] = k0α,β [F ]. ßêùî æ, êðiì òîãî, ïîñëiäîâíiñòü

(κn[F ]) íåñïàäíà i α(λn+1) = (1 + o(1))α(λn) ïðè n → ∞, òî

λ
0

α,β [lnµ] = κ0
α,β [F ].

Äîâåäåííÿ. Ïðèïóñòèìî, ùî ϱ0α,β [lnµ] < +∞. Òîäi lnµ(σ, F ) 6 |σ|α−1(ϱβ(1/|σ|)) äëÿ
êîæíîãî ϱ > ϱ0α,β [lnµ] i âñiõ σ ∈ (σ0(ϱ); 0). Òîìó

ln |an| 6 lnµ(σ, F )− σλn 6 |σ|(α−1(ϱβ(1/|σ|)) + λn)
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äëÿ âñiõ n > 0 i σ ∈ (σ0(ϱ); 0). Âèáåðåìî σn =
−1

β−1(α(ελn)/ϱ)
, äå ε > 0 � äîâiëüíå

÷èñëî. Òîäi σn > σ0(ϱ) äëÿ n > n0, i äëÿ òàêèõ n îäåðæèìî ln |an| 6
(1 + ε)λn

β−1(α(ελn)/ϱ)
,

òîáòî
α(ελn)

β ((1 + ε)λn/ ln |an|)
6 ϱ. ßêùî α ∈ L0 i β ∈ Lïç, òî âèáðàâøè ε = 1, ïðè

n → ∞ îòðèìó¹ìî íåðiâíiñòü
α(λn)

β (λn/ ln |an|)
6 (1 + o(1))ϱ, n → ∞. Ç îãëÿäó íà

íàâåäåíèé âèùå ðåçóëüòàò ç [9] òàêà æ íåðiâíiñòü ¹ ïðàâèëüíîþ i ó âèïàäêó, êîëè
α ∈ Lïç i β ∈ L0. Çâiäñè âèïëèâà¹, ùî k0α,β [F ] 6 ϱ, òîáòî ç îãëÿäó íà äîâiëüíiñòü ϱ

ïðàâèëüíà íåðiâíiñòü k0α,β [F ] 6 ϱ0α,β [lnµ], ÿêà ¹ î÷åâèäíîþ, êîëè ϱ0α,β [lnµ] = +∞.

Îáåðíåíó íåðiâíiñòü äîâîäèìî âiä ñóïðîòèâíîãî. Ïðèïóñòèìî, ùî k0α,β [F ] <

< ϱ0α,β [lnµ]. Òîäi äëÿ êîæíîãî ϱ ∈ (k0α,β [F ]; ϱ0α,β [lnµ]) i âñiõ n > n0 = n0(ϱ) ïðà-

âèëüíà íåðiâíiñòü ln |an| 6
λn

β−1(α(λn)/ϱ)
. Òîìó

lnµ(σ, F ) = max

{
max
n6n0

(ln |an|+ σλn), max
n>n0

(
λn

β−1(α(λn)/ϱ)
+ σλn

)}
6

6 max
n>n0

{
λn

(
1

β−1(α(λn)/ϱ)
− |σ|

)}
+ const .

Îñêiëüêè lnµ(σ, F ) ↑ +∞ ïðè σ ↑ 0, òî çâiäñè âèïëèâà¹, ùî 1
β−1(α(λν(σ,F ))/ϱ)

− |σ| > 0

äëÿ âñiõ σ ∈ (σ0; 0), òîáòî λν(σ,F ) 6 α−1(ϱβ(1/|σ|)). Òîìó, ââàæàþ÷è σ0 > −1, çà
ëåìîþ 3 îòðèìà¹ìî

lnµ(σ, F )− lnµ(σ0, F ) 6
∫ σ

σ0

α−1(ϱβ(1/|x|))dx 6 (|σ0| − |σ|)α−1(ϱβ(1/|σ|)) <

< α−1(ϱβ(1/|σ|)).
Îñêiëüêè α ∈ L0, òî çâiäñè îòðèìó¹ìî

α

(
lnµ(σ, F )

|σ|

)
6 (1 + o(1))α

(
α−1(ϱβ(1/|σ|))

|σ|

)
ïðè σ ↑ 0, çâiäêè, âèêîðèñòîâóþ÷è óìîâó α(α−1(cβ(x))x) = (1 + o(1))cβ(x) ïðè
x → +∞, îäåðæó¹ìî íåðiâíiñòü ϱ0α,β [lnµ] 6 ϱ, ùî íåìîæëèâî. Ïåðøó ÷àñòèíó ëåìè
7 äîâåäåíî.

Íåõàé òåïåð κ0
α,β [F ] > 0. Òîäi äëÿ áóäü-ÿêîãî ϱ ∈ (0;κ0

α,β [F ]) i âñiõ äîñòàòíüî

âåëèêèõ n ïðàâèëüíà íåðiâíiñòü ln |an| >
λn

β−1(α(λn)/ϱ)
, òîáòî

lnµ(σ, F ) > λn

(
1

β−1(α(λn)/ϱ)
− |σ|

)
äëÿ âñiõ σ < 0, áëèçüêèõ äî 0. Âèáåðåìî σ = σn =

−1

(1 + ε)β−1(α(λn)/ϱ)
, äå ε ∈ (0; 1).

Òîäi îòðèìà¹ìî lnµ(σn, F ) > ελn

(1 + ε)β−1(α(λn)/ϱ)
. Òîìó

lnµ(σn, F )

|σn|
> ελn i, ÿêùî
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σn 6 σ 6 σn+1, òî

α

(
lnµ(σ, F )

|σ|

)
β(1/|σ|)

>
α

(
lnµ(σn, F )

|σn|

)
β(1/|σn+1|)

=
α(ελn)

β((1 + ε)β−1(α(λn+1)/ϱ))
.

Çâiäñè çà óìîâ α ∈ Lïç i β ∈ L0, àáî β ∈ Lïç i α ∈ L0, çàâäÿêè äîâiëüíîñòi ε òà

óìîâi α(λn+1)=(1+ o(1))α(λn) ïðè n → ∞, îäåðæó¹ìî λ
0

α,β [lnµ]> lim
n→∞

α(λn)
α(λn+1)/ϱ

=ϱ,

òîáòî ç îãëÿäó íà äîâiëüíiñòü ϱ ïðàâèëüíà íåðiâíiñòü λ
0

α,β [lnµ] > κ0
α,β [F ], ÿêà ¹

î÷åâèäíîþ, ÿêùî κ0
α,β [F ] = 0.

Îáåðíåíó íåðiâíiñòü äîâîäèìî âiä ñóïðîòèâíîãî. Ïðèïóñòèìî, ùî κ0
α,β [F ] <

< λ
0

α,β [lnµ]. Òîäi äëÿ áóäü-ÿêîãî ϱ ∈ (κ0
α,β [F ];λ

0

α,β [lnµ]) iñíó¹ çðîñòàþ÷à ïîñëiäîâ-

íiñòü (nj) íàòóðàëüíèõ ÷èñåë òàêà, ùî ln |anj | 6
λnj

β−1(α(λnj )/ϱ)
. Îñêiëüêè ïîñëiäîâ-

íiñòü (κ0
α,β [F ]) íåñïàäíà, òî çà ëåìîþ 4 äëÿ σj = κnj [F ] îäåðæèìî

lnµ(σj , F ) = ln |anj
|+σjλnj

6
λnj

β−1(α(λnj )/ϱ)
+σjλnj

6 max
n>0

{
λn

β−1(α(λn)/ϱ)
+ σjλn

}
.

Îöiíþþ÷è îñòàííié ìàêñèìóì, ÿê ó äîâåäåííi íåðiâíîñòi k0α,β [F ] > ϱ0α,β [lnµ], îòðè-

ìó¹ìî α

(
lnµ(σj , F )

|σj |

)
6 (1+ o(1))α

(
α−1(ϱβ(1/|σj |))

|σj |

)
ïðè j → ∞, çâiäêè, âèêîðèñ-

òîâóþ÷è óìîâó α(α−1(cβ(x))x) = (1+o(1))cβ(x) ïðè x → +∞, îòðèìó¹ìî íåðiâíiñòü

λ
0

α,β [lnµ] 6 ϱ, ùî íåìîæëèâî. Ëåìó 7 ïîâíiñòþ äîâåäåíî. �

Äîâåäåííÿ òåîðåìè 1 ëåãêî îòðèìàòè ç ëåì 5-7.
3. Íàñëiäêè.Ïðèïóñòèìî òåïåð, ùî àáñöèñà àáñîëþòíî¨ çáiæíîñòi ðÿäó Äiðiõëå

(1) σa = A ∈ (−∞; +∞), i ðîçãëÿíåìî ðÿä Äiðiõëå

F ∗(s∗) =
∞∑

n=1

ane
Aλn exp(s∗λn), s∗ = σ∗ + it∗. (11)

Äëÿ s∗ = s− A îòðèìà¹ìî F ∗(s∗) ≡ F (s∗ + A). Òîìó àáñöèñà àáñîëþòíî¨ çáiæ-
íîñòi ðÿäó Äiðiõëå (11) σa = 0, òîáòî äî öüîãî ðÿäó ìîæíà çàñòîñóâàòè ðåçóëüòàòè,
îòðèìàíi âèùå. Îñêiëüêè

M(σ∗, F ∗) = sup{|F ∗(σ∗+it∗)| : t∗ ∈ R} = sup{|F (σ∗+A+it)| : t ∈ R} = M(σ∗+A,F )

i −σ∗ = A− σ, òî ïðèïóñêàþ÷è, ùî

lim
n→∞

|an|eAλn = +∞, (12)

ç òåîðåìè 1 ëåãêî îòðèìó¹ìî òàêå òâåðäæåííÿ.

Íàñëiäîê 1. Íåõàé àáñöèñà àáñîëþòíî¨ çáiæíîñòi ðÿäó Äiðiõëå (1) äîðiâíþ¹
A ∈ (−∞; +∞), à ôóíêöi¨ α ∈ L i β ∈ L òàêi, ùî α(α−1(cβ(x))x) = (1 + o(1))cβ(x)
ïðè x → +∞ äëÿ êîæíîãî c ∈ (0;+∞). Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ îäíà ç óìîâ:

1) α ∈ Lïç, β ∈ Lïç, ïîñëiäîâíiñòü (λn) çàäîâîëüíÿ¹ óìîâó (4), äå ôóíêöiÿ γ
çàäîâîëüíÿ¹ óìîâó 1) òåîðåìè 1;
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2) α ∈ Lïç, β ∈ L0, lnn = o(λnγ(λn)) ïðè n → ∞, äå ôóíêöiÿ γ çàäîâîëüíÿ¹
óìîâó 1) òåîðåìè 1;

3) α ∈ Lïç, β ∈ Lïç i lnn = O(ln(|an|eAλn)) ïðè n → ∞;
4) α ∈ Lïç, β ∈ L0 i lnn = o(ln(|an|eAλn)) ïðè n → ∞.

Òîäi

lim
σ↑A

1

β(1/(A− σ))
α

(
lnM(σ, F )

A− σ

)
= lim

n→∞

α(λn)

β(λn/ ln(|an|eAλn))
.

ßêùî æ, êðiì òîãî, ïîñëiäîâíiñòü (κn[F ]) íåñïàäíà i α(λn+1) = (1+o(1))α(λn) ïðè
n → ∞, òî

lim
σ↑A

1

β(1/(A− σ))
α

(
lnM(σ, F )

A− σ

)
= lim

n→∞

α(λn)

β(λn/ ln(|an|eAλn))
.

Íàñëiäîê 2. Çàñòîñó¹ìî òåïåð íàñëiäîê 1 äî äîñëiäæåííÿ çðîñòàííÿ àíàëiòè÷íèõ
ó êðóçi DR = {z : |z| < R} õàðàêòåðèñòè÷íèõ ôóíêöié φ éìîâiðíiñíèõ çàêîíiâ.
Íåõàé X = (xk)− òàêà ïîñëiäîâíiñòü, ùî 0 = x0 < xn ↑ +∞ (n → ∞), i, ÿê â [3],∏
(X)− êëàñ éìîâiðíiñíèõ çàêîíiâ F òàêèõ, ùî F (x) ≡ 0 äëÿ x 6 0, F (x) = F (xk+1)

äëÿ xk < x 6 xk+1 i F (xk) ↑ 1 ïðè k → ∞, òîáòî êëàñ çðiçàíèõ çëiâà ñõiä÷àñòèõ
iìîâiðíiñíèõ çàêîíiâ.

Ïðèéìåìî Mφ(r) = max {|φ(z)| : |z| = r} äëÿ r ∈ [0, R) i WF (x) = 1 − F (x)+
+F (−x) äëÿ x > 0. Òîäi, ÿêùî F ∈

∏
(X), òî WF (x) = 1− F (xk), WF (x) = F (xk+1)

äëÿ xk < x 6 xk+1 i, ÿê äîâåäåíî â [3],

Mφ(r) =
∞∑
k=0

(F (xk+1)− F (xk))e
rxk . (13)

Âiäîìî [10, c. 37-38], ùî φ ¹ àíàëiòè÷íîþ â DR õàðàêòåðèñòè÷íîþ ôóíêöi¹þ
éìîâiðíiñíîãî çàêîíó F òîäi i òiëüêè òîäi, êîëè WF (x) = O(e−rx) ïðè x → +∞ äëÿ

êîæíîãî r ∈ [0, R). Çâiäêè âèïëèâà¹, ùî R = lim
x→∞

1

x
ln

1

WF (x)
. Çðîçóìiëî, ùî ÿêùî

F ∈
∏
(X), òî

R = lim
k→∞

1

xk+1
ln

1

1− F (xk+1)
.

Çâiäñè âèïëèâà¹, ùî ÿêùî R = +∞, òî [3] àáñöèñà çáiæíîñòi ðÿäó Äiðiõëå (13) òà-
êîæ äîðiâíþ¹ +∞. Ñèòóàöiÿ äåùî iíøà, ÿêùî R < ∞. Âèêîðèñòîâóþ÷è òåîðåìó
2 ç [11], äëÿ àáñöèñè A çáiæíîñòi ðÿäó (13) ïðàâèëüíà ôîðìóëà

A = lim
k→∞

1

xk
ln

1

F (xk+1)− F (xk)
, (14)

ÿêùî òiëüêè àáî ln k = o(xk), àáî ln k = o(ln(F (xk+1) − F (xk))) ïðè k → ∞. Òîìó
äëÿ òîãî, ùîá çàñòîñóâàòè íàñëiäîê 1 äî ðÿäó Äiðiõëå (13), ïîòðiáíî ïðèïóñòèòè,
ùî A = R, à ç îãëÿäó íà (12), ùî

lim
k→∞

(F (xk+1)− F (xk)) expRxk = +∞. (15)

Çàóâàæèâøè ùå, ùî ç óìîâè (4) âèïëèâà¹ ñïiââiäíîøåííÿ lnn = o(λn), n → ∞,
ó ïiäñóìêó ïðèõîäèìî äî òàêîãî íàñëiäêó.
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Íàñëiäîê 3. Íåõàé ôóíêöi¨ α ∈ L i β ∈ L òàêi, ùî α(α−1(cβ(x))x) = (1+o(1))cβ(x)
ïðè x → +∞ äëÿ êîæíîãî c ∈ (0;+∞), à φ � àíàëiòè÷íà â DR õàðàêòåðèñòè÷íà
ôóíêöiÿ éìîâiðíiñíîãî çàêîíó F ∈

∏
(X). Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ óìîâà (15)

i A = R, äå A çàäà¹òüñÿ ðiâíiñòþ (14). Òîäi, ÿêùî âèêîíó¹òüñÿ îäíà ç òàêèõ óìîâ:

1) α ∈ Lïç, β ∈ Lïç, ïîñëiäîâíiñòü (xk) çàäîâîëüíÿ¹ óìîâó (4), äå ôóíêöiÿ γ
çàäîâîëüíÿ¹ óìîâó 1) òåîðåìè 1;

2) α ∈ Lïç, β ∈ L0, ln k = o(xkγ(xk)) ïðè k → ∞, äå ôóíêöiÿ γ çàäîâîëüíÿ¹
óìîâó 1) òåîðåìè 1;

3) α ∈ Lïç, β ∈ Lïç i ln k = o(ln(F (xk+1)− F (xk))) i
ln k = O(ln(F (xk+1)− F (xk))e

Rxk) ïðè k → ∞;
4) α ∈ Lïç, β ∈ L0, ln k = o(ln(F (xk+1)− F (xk))) i

ln k = o(ln(F (xk+1)− F (xk))e
Rxk) ïðè k → ∞, òî

lim
r↑R

1

β

(
1

R− r

)α

(
lnMφ(r)

R− r

)
= lim

k→∞

α(xk)

β

(
xk

ln(F (xk+1)− F (x))eRxk

) .

ßêùî, êðiì òîãî, α(xk+1) = (1 + o(1))α(xk) ïðè k → ∞ i ïîñëiäîâíiñòü(
1

xk+1 − xk
ln

F (xk+1)− F (xk)

F (xk+2)− F (xk+1)

)
íåñïàäíà, òî

lim
r↑R

1

β

(
1

R− r

)α

(
lnMφ(r)

R− r

)
= lim

k→∞

α(xk)

β

(
xk

ln(F (xk+1)− F (x))eRxk

) .

Àâòîð âèñëîâëþ¹ ïîäÿêó Øåðåìåòi Ì.Ì. çà ñëóøíi çàóâàæåííÿ.
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ON MODIFIED GENERALIZED ORDERS OF DIRICHLET
SERIES WHICH ABSOLUTELY CONVERGE IN HALF-PLANE
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We study the Dirichlet series F (s) =
∞∑

n=o

an exp{sλn} with the null abscissa

of absolute convergence. The connection between the growth of M(σ, F ) =
sup{|F (σ + it)| : t ∈ R} and behaviour of the coe�cients an is established in
the terms of modi�ed generalized orders. The obtained results were applied
to investigation of the growth of analytic in a disk characteristic functions of
probability laws.

Key words: Dirichlet series, probability law, characteristic function,
generalized order.
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Äëÿ ðÿäà Äèðèõëå F (s) =
∞∑

n=o

an exp{sλn} ñ íóëåâîé àáñöèññîé àáñî-

ëþòíîé ñõîäèìîñòè â òåðìèíàõ ìîäèôèöèðîâàííûõ îáîáù¼ííûõ ïîðÿäêîâ
óñòàíîâëåíà ñâÿçü ìåæäó ðîñòîì M(σ, F ) = sup {|F (σ + it)| : t ∈ R} è
ïîâåäåíèåì êîýôôèöèåíòîâ an. Ïîëó÷åííûå ðåçóëüòàòû ïðèìåíåíû ê
èçó÷åíèþ ðîñòà àíàëèòè÷åñêèõ â êðóãå õàðàêòåðèñòè÷åñêèõ ôóíêöèé
âåðîÿòíîñòíûõ çàêîíîâ.

Êëþ÷åâûå ñëîâà: ðÿä Äèðèõëå, âåðîÿòíîñòíûé çàêîí, õàðàêòåðèñòè-
÷åñêàÿ ôóíêöèÿ, îáîáù¼ííûé ïîðÿäîê.
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Ïðîâåäåíî çiñòàâëåííÿ ðîçðàõóíêiâ ïîëiâ íàïðóæåíü ó ïðóæíié ïëàñ-
òèíi ç âèòî÷êîþ ïî äóçi êîëà, åëiïñà àáî ïàðàáîëè, îòðèìàíèõ àíàëiòè÷íî-
÷èñëîâèì ìåòîäîì íà ïiäñòàâi êîìïëåêñíèõ ïîòåíöiàëiâ Êîëîñîâà-Ìóñõå-
ëiøâiëi, òà ÷èñëîâèì âàðiàöiéíî-ðiçíèöåâèì ìåòîäîì. Öi ïîëÿ âiäðiçíÿþòü-
ñÿ íå áiëüøå, íiæ íà 2%, ùî, çîêðåìà, ñâiä÷èòü ïðî äîñòîâiðíiñòü ÷èñëîâî¨
ðåàëiçàöi¨.

Êëþ÷îâi ñëîâà: ïiâïëîùèíà, ïëàñòèíà, âèòî÷êà, âàðiàöiéíî-ðiçíèöåâèé
ìåòîä, ïîëå íàïðóæåíü.

1. Âñòóï. Äîñëiäæåííÿ íàïðóæåíî-äåôîðìîâàíîãî ñòàíó ïëàñòèí÷àñòèõ åëå-
ìåíòiâ êîíñòðóêöié, ïîñëàáëåíèõ âèòî÷êàìè, [1] ¹ íåîáõiäíèì åòàïîì ðîçðàõóíêó
¨õíüî¨ ìiöíîñòi òà íàäiéíîñòi. Îñêiëüêè òàêi åëåìåíòè êîíñòðóêöié ìàþòü ñêií÷åí-
íi ðîçìiðè ÷è êðèâîëiíiéíó ìåæó, òî ìîæëèâiñòü çàñòîñóâàííÿ àíàëiòè÷íèõ ìåòîäiâ
ðîçâ'ÿçóâàííÿ âiäïîâiäíèõ êðàéîâèõ çàäà÷ [2] çíà÷íî îáìåæåíà, à ó áiëüøîñòi âè-
ïàäêiâ i íåìîæëèâà.

Ìè ïðîâåëè çiñòàâëåííÿ îòðèìàíèõ ðîçâ'ÿçêiâ ïëîñêèõ çàäà÷ òåîði¨ ïðóæíî-
ñòi ïðî îäíîâiñíèé ðîçòÿã ïëàñòèí÷àñòîãî êîíñòðóêöiéíîãî åëåìåíòà ç âèòî÷êîþ
äîâiëüíîãî ãëàäêîãî îáðèñó àíàëiòè÷íî-÷èñëîâèì ìåòîäîì, âèêîðèñòîâóþ÷è êîìï-
ëåêñíi ïîòåíöiàëè Êîëîñîâà-Ìóñõåëiøâiëi [3], òà ÷èñëîâèì çà äîïîìîãîþ âàðiàöiéíî-
ðiçíèöåâîãî ìåòîäó [4].

2. Àíàëiòè÷íî-÷èñëîâèé ìåòîä ðîçâ'ÿçóâàííÿ çàäà÷i. Åëåìåíòó çàâòîâø-
êè h, ÿêèé ìîäåëþ¹ìî ïiâïëîùèíîþ, íà ïîâåðõíi ÿêîãî çðîáëåíî âèòî÷êó äîâiëüíîãî
ãëàäêîãî îáðèñó [3]. Ââàæà¹ìî, ùî ïiâïëîùèíà ðîçòÿãó¹òüñÿ íà íåñêií÷åííîñòi íîð-
ìàëüíèìè íàïðóæåííÿìè âåëè÷èíè P (ðèñ. 1), à ìåæà ïiâïëîùèíè ç âèòî÷êîþ ¹
âiëüíîþ âiä íàâàíòàæåííÿ.

c© Êóçü I., Êóçü Î., 2014
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Âèáåðåìî äåêàðòîâó ñèñòåìó êîîðäèíàò Oxy, ñïðÿìóâàâøè âiñü Ox óçäîâæ ïðÿ-
ìîëiíiéíî¨ ìåæi, à âiñü îðäèíàò � äîãîðè. Ëiíiþ, ÿêó îêðåñëþ¹ âèòî÷êà, ïîçíà÷èìî
÷åðåç L, ïðÿìîëiíiéíó ÷àñòèíó ìåæi ïiâïëîùèíè � ÷åðåç L′. Íèæíþ ïiâïëîùèíó
ïëîùèíè xOy ïîçíà÷èìî ÷åðåç S−, âåðõíþ � ÷åðåç S+.

Ðèñ. 1. Ïëàñòèí÷àñòèé åëåìåíò ç âèòî÷êîþ çà îäíîâiñíîãî ðîçòÿãó

Çãiäíî ç ôîðìóëþâàííÿì çàäà÷i áóäåìî ìàòè òàêi êðàéîâi óìîâè:

σyy = 0, σxy = 0, x ∈ L′; N = T = 0, t ∈ L,

äå N i T � íîðìàëüíà é äîòè÷íà êîìïîíåíòè âåêòîðà íàïðóæåííÿ íà L, âiäïîâiäíî.
Äëÿ ðîçâ'ÿçóâàííÿ çàäà÷i ââåäåìî êîìïëåêñíi ïîòåíöiàëè Êîëîñîâà-Ìóñõåëiø-

âiëi Φ(z) i Ψ(z) [2], ÿêi ïîäàìî ó âèãëÿäi

Φ(z) = Φ1(z) + Φ2(z) +
p

4
, Ψ(z) = Ψ1(z) + Ψ2(z)− p

2
.

Òóò Φ2(z) i Ψ2(z) � êîìïëåêñíi ïîòåíöiàëè, ÿêi ãîëîìîðôíi ó íèæíié ïiâïëîùèíi, òà
ïîâèííi çàáåçïå÷èòè âèêîíàííÿ íóëüîâèõ êðàéîâèõ óìîâ íà îñi y = 0, à êîðèãóâàëüíi
êîìïëåêñíi ïîòåíöiàëè Φ1(z) i Ψ1(z) âiäïîâiäàþòü çà âèêîíàííÿ êðàéîâèõ óìîâ íà
ïîâåðõíi âèòî÷êè.

Àíàëiòè÷íî ïðîäîâæèâøè ôóíêöiþ Φ2(z) ç îáëàñòi S− â îáëàñòü S+ òà ðîçâ'ÿ-
çàâøè âiäïîâiäíó çàäà÷ó ëiíiéíîãî ñïðÿæåííÿ, îòðèìà¹ìî ñèíãóëÿðíå iíòåãðàëüíå
ðiâíÿííÿ [1], ÿêå ðîçâ'ÿçó¹ìî ÷èñëîâî çà äîïîìîãîþ ìåòîäó ìåõàíi÷íèõ êâàäðà-
òóð [5].

3. Âàðiàöiéíî-ðiçíèöåâèé ìåòîä ðîçâ'ÿçóâàííÿ çàäà÷i. Ðîçãëÿäà¹òüñÿ
ïëîñêà çàäà÷à òåîði¨ ïðóæíîñòi â ñêií÷åííié îáëàñòi V ç êðèâîëiíiéíîþ ìåæåþ Σ
(äèâ. ðèñ. 1), ÿêà ìîäåëþ¹ íàïðóæåíî-äåôîðìîâàíèé ñòàí ó ïëàñòèí÷àñòîìó åëå-
ìåíòi ç âèòî÷êîþ äîâiëüíî¨ ãëàäêî¨ ôîðìè. Ç ìàòåìàòè÷íîãî ïîãëÿäó âîíà ïîëÿãà¹
ó ðîçâ'ÿçóâàííi ðiâíÿíü ðiâíîâàãè â ïëàñòèí÷àñòîìó åëåìåíòi [6]

(Cijkluk,l),j = 0 (1)

ç âèêîðèñòàííÿì ìiøàíèõ êðàéîâèõ óìîâ íà éîãî ïîâåðõíi Σ

Cijkluk,lnj |Σ = Pi. (2)
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Òóò Cijkl � êîìïîíåíòè òåíçîðà ìîäóëiâ ïðóæíîñòi; ui, Pi, nj � êîìïîíåíòè âåêòîðiâ
ïåðåìiùåíü, ïîâåðõíåâèõ ñèë, à òàêîæ çîâíiøíüî¨ íîðìàëi äî ïîâåðõíi Σ âiäïîâiäíî;
ui,j ≡ ∂ui/∂xj . Çà îäíàêîâèìè iíäåêñàìè, ÿêi òðàïëÿþòüñÿ â îäíîìó âèðàçi äâi÷i,
âiäáóâà¹òüñÿ ïiäñóìîâóâàííÿ âiä îäèíèöi äî äâîõ.

Äëÿ ÷èñëîâîãî ðîçâ'ÿçóâàííÿ çàäà÷i (1) � (2) çðó÷íî âèêîðèñòîâóâàòè ¨¨ âàðià-
öiéíå ôîðìóëþâàííÿ [7], ÿêå ïîëÿãà¹ ó ìiíiìiçàöi¨ ëàãðàíæiàíà

L =

∫
V

WdV −
∫

Σ

PiuidΣ, (3)

äå W = 1
2Cijklui,juk,l � ïèòîìà åíåðãiÿ ïðóæíî¨ äåôîðìàöi¨.

Çàïèøåìî ëàãðàíæiàí (3) ó êàíîíi÷íié îáëàñòi V0, ÿêîþ ìîæå áóòè ïðÿìîêóòíèê
àáî îáëàñòü, ñêëàäåíà ç íèõ. Äëÿ öüîãî âèêîðèñòà¹ìî äèñêðåòíå âçà¹ìíî îäíîçíà÷íå
âiäîáðàæåííÿ ñiòêè â êðèâîëiíiéíié îáëàñòi V íà ðiâíîìiðíó ïðÿìîêóòíó ñiòêó N1×
N2 îáëàñòi V0 (ðèñ. 2)

xi = xi(β
1, β2) (i = 1, 2). (4)

Òîäi J = det(Aji ), gij = A m
i Amj , äåA

j
i = ∂xi

/
∂βj � ìàòðèöÿ ßêîái öüîãî âiäîáðà-

æåííÿ. Çà äîïîìîãîþ (4) çàïèøåìî ïèòîìó åíåðãiþ äåôîðìàöi¨ W ó êîîðäèíàòàõ
~β

W =
1

2
Cijklui,juk,l =

1

2
Cijkl(~β)Bmj B

n
l u i|muk|n =

1

2
Dimkn(~β)u i|muk|n,

äå u i|m ≡ ∂ui/∂βm, Bmj = ∂βm/∂xj , D
imkn = CijklBmj B

n
l .

Ðèñ. 2. Âiäîáðàæåííÿ ñiòêè â êðèâîëiíiéíié îáëàñòi V íà ðiâíîìiðíó
ïðÿìîêóòíó ñiòêó îáëàñòi V0

Îòæå, ëàãðàíæiàí ó ïðÿìîêóòíèêó V0 íàáóäå âèãëÿäó

L0 =
1

2

∫
V0

JDimknui|muk|n dv −
∫

Σ0

q
(
~β
)
PiuidΣ, (5)

äå q(~β) =

{ √
g11, β2 = {0, l2},√
g22, β1 = {0, l1}.

Çàìiíèâøè â (5) óñi êîíòèíóàëüíi ôóíêöi¨ ñiòêîâèìè, iíòåãðàëè � ñêií÷åííèìè
ñóìàìè, ïîõiäíi � ðiçíèöåâèìè ïîõiäíèìè, îòðèìà¹ìî ðiçíèöåâèé àíàëîã ëàãðàíæià-
íà Lh0 çà äîïîìîãîþ äèñêðåòíîãî àíàëîãà âiäîáðàæåííÿ (4), ÿêå íå ìóñèòü áóòè
çàäàíå àíàëiòè÷íî, çîêðåìà áóòè êîíôîðìíèì. Äîñòàòíüî ìàòè âçà¹ìíî îäíîçíà÷íó
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âiäïîâiäíiñòü ìiæ âóçëàìè ñiòêè â êðèâîëiíiéíié V1 òà â ìîäåëüíié V0 îáëàñòÿõ. Äëÿ
âèçíà÷åííÿ ñòàöiîíàðíî¨ òî÷êè Lh0 ìàòèìåìî ñèñòåìó ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü

∂Lh
/
∂vhβ(i1, i2) = 0, iα = 1, 2, ..., Nα, α, β = 1, 2. (6)

Ðèñ. 3. Íàïðóæåííÿ σ0
θθ íà âèòî÷öi ïî äóçi êîëà äëÿ l = 1 çà ðiçíèõ çíà÷åíü δ

Òàêèé ïiäõiä ñïðè÷èíÿ¹ íåìîæëèâiñòü âèêîðèñòàííÿ ïðÿìèõ ìåòîäiâ ðîçâ'ÿçó-
âàííÿ ñèñòåìè (6) ÷åðåç íàêîïè÷åííÿ ïîõèáîê çàîêðóãëåíü. Îäíàê öå âäàëîñÿ çðî-
áèòè çà äîïîìîãîþ êîìáiíîâàíîãî äâîðiâíåâîãî iòåðàöiéíîãî ïðîöåñó, ÿêèé ðåàëiçó¹
ñõåìó  ðàäi¹íòíîãî ìåòîäó òà ìåòîäó ç ÷åáèøîâñüêèì íàáîðîì iòåðàöiéíèõ ïàðàìåò-
ðiâ [8]. Ñêëàäíiñòþ éîãî ïðàêòè÷íî¨ ðåàëiçàöi¨ ¹ ïiäáið iòåðàöiéíèõ ïàðàìåòðiâ.

Îïèñàíèé âàðiàöiéíî-ðiçíèöåâèé ìåòîä â îáëàñòÿõ ç êðèâîëiíiéíîþ ìåæåþ ðåà-
ëiçîâàíèé ó âèãëÿäi ïàêåòà ïðîãðàì íà àëãîðèòìi÷íié ìîâi FORTRAN ç ïiäïðîãðà-
ìîþ ïîáóäîâè ñiòêè íà DELPHI.

4. Ðåçóëüòàòè. Íàïðèêëàä, îá÷èñëåííÿ êîìïîíåíò òåíçîðà íàïðóæåíü íà âè-
òî÷öi òà ïîáëèçó íå¨ âèêîíàíî, ÿêùî ¨¨ ìåæåþ ¹ äóãà êîëà, åëiïñà àáî ïàðàáîëè.

Íà ðèñ. 3 òà 4 çîáðàæåíî ãðàôiêè áåçðîçìiðíèõ íàïðóæåíü σ0
θθ ≡ σθθ/P ,

σ0
xx ≡ σxx/P òà σ0

yy ≡ σyy/P äëÿ âèòî÷îê ïî äóçi êîëà. Òóò i íàäàëi 2l � øèðèíà
âèòî÷êè (âçäîâæ îñi Ox); δ � âèñîòà âèòî÷êè (âçäîâæ îñi Oy); a = δ/l � áåçðîçìiðíèé
ïàðàìåòð âiäíîñíî¨ çàãëèáëåíîñòi âèòî÷êè; σ0

θθ � áåçðîçìiðíi êiëüöåâi íàïðóæåííÿ
íà âèòî÷öi; σ0

xx, σ
0
yy � áåçðîçìiðíi íîðìàëüíi íàïðóæåííÿ íà âiäðiçêó x0 ≡ x/l = 0,

y0 ≡ y/δ ∈ [−5,−1] (âçäîâæ îñi Oy íèæ÷å âèòî÷êè). Øòðèõîâàíèìè ëiíiÿìè
çîáðàæåíî íàïðóæåííÿ, îòðèìàíi àíàëiòè÷íî-÷èñëîâèì ìåòîäîì, à ñóöiëüíèìè �
âàðiàöiéíî-ðiçíèöåâèì ìåòîäîì.

Íà ðèñ. 3 êðèâi 1 ïîáóäîâàíi ïðè δ = 1, êðèâi 2 � ïðè δ = 0, 75, êðèâi 3 � ïðè
δ = 0, 5. ßê âèäíî ç öüîãî ðèñóíêà, íàïðóæåííÿ σ0

θθ (ôàêòè÷íî êîåôiöi¹íò êîí-
öåíòðàöi¨ íàïðóæåíü) ó âåðøèíi âèòî÷êè (η = 0) íàéáiëüøîãî çíà÷åííÿ íàáóâà¹ ó
âèïàäêó âèòî÷êè ïî ïiâêîëó (êðèâi 1 ). Ïðè÷îìó âîíî ëèøå äåùî ïåðåâèùó¹ âëàñòèâå
äëÿ çàäà÷i Êiðøà çíà÷åííÿ 3.
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Ðèñ. 4. Íàïðóæåííÿ σ0
xx òà σ

0
yy íà ïðîäîâæåííi îñi ñèìåòði¨ âèòî÷êè ïî äóçi êîëà

äëÿ δ = 1 çà ðiçíèõ çíà÷åíü l

Òóò i íàäàëi òî÷íiñòü îòðèìàíèõ ðåçóëüòàòiâ ñòàíîâèòü ÷îòèðè çíà÷óùi öèôðè
(ïîõèáêà ïîðÿäêó 0,1%). Êîíòðîëü çáiæíîñòi òà òî÷íîñòi àíàëiòè÷íî-÷èñëîâîãî i ÷èñ-
ëîâîãî ðîçâ'ÿçêó ïðîâîäèìî çà äîïîìîãîþ ïîðiâíÿííÿ äîñëiäæóâàíèõ âåëè÷èí íà
ñiòêàõ ç îäèíàðíîþ òà ïîäâiéíîþ êiëüêiñòþ âóçëiâ.

Ðèñ. 5. Íàïðóæåííÿ σ0
ττ íà âèòî÷öi ïî äóçi åëiïñà äëÿ l = 1 çà ðiçíèõ çíà÷åíü δ

Íà ðèñ. 4 êðèâi 1 ïîáóäîâàíi ïðè l = 1, êðèâi 2 � ïðè l = 1, 5, êðèâi 3 � ïðè
l = 2. ßê âèäíî ç ðèñ. 4, íîðìàëüíå íàïðóæåííÿ σ0

xx çíà÷íî íèæ÷å âèòî÷êè (y = −5)
ïðàêòè÷íî äîðiâíþ¹ P , à ó âåðøèíi âèòî÷êè � î÷åâèäíî, ùî σ0

xx = σ0
θθ.
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Ðèñ. 6. Íàïðóæåííÿ σ0
xx òà σ

0
yy íà ïðîäîâæåííi îñi ñèìåòði¨ âèòî÷êè ïî äóçi åëiïñà

äëÿ δ = 1 çà ðiçíèõ çíà÷åíü l

Íà ðèñ. 5 òà 6 çîáðàæåíî âiäïîâiäíi ãðàôiêè íàïðóæåíü σ0
θθ, σ0

xx òà σ0
yy äëÿ

âèòî÷îê ïî äóçi åëiïñà.
Íà ðèñ. 5 êðèâi 1 ïîáóäîâàíi ïðè δ = 0, 5, êðèâi 2 � ïðè δ = 0, 75, êðèâi 3 � ïðè

δ = 1, êðèâi 4 � ïðè δ = 1, 5.

Ðèñ. 7. Íàïðóæåííÿ σ0
ττ íà âèòî÷öi ïî äóçi ïàðàáîëè äëÿ l = 1 çà ðiçíèõ çíà÷åíü δ

Íà ðèñ. 6 êðèâi 1 ïîáóäîâàíi ïðè l = 0, 5, êðèâi 2 � ïðè l = 1, êðèâi 3 � ïðè
l = 1, 25, êðèâi 4 � ïðè l = 2.

Íà ðèñ. 7 òà 8 çîáðàæåíî ãðàôiêè íàïðóæåíü σ0
ττ , σ0

xx òà σ0
yy äëÿ âèòî÷îê ïî

äóçi ïàðàáîëè.
Íà ðèñ. 7 êðèâi 1 ïîáóäîâàíi ïðè δ = 0, 5, êðèâi 2 � ïðè δ = 1, êðèâi 3 � ïðè

δ = 2.
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Ðèñ. 8. Íàïðóæåííÿ σ0
xx òà σ

0
yy íà ïðîäîâæåííi îñi ñèìåòði¨ âèòî÷êè ïî äóçi

ïàðàáîëè äëÿ δ = 1 çà ðiçíèõ çíà÷åíü l

Íà ðèñ. 8 êðèâi 1 ïîáóäîâàíi ïðè l = 0, 5, êðèâi 2 � ïðè l = 1, êðèâi 3 � ïðè
l = 2.

Íà ðèñ. 9 çîáðàæåíî çìiíó íàïðóæåííÿ σ0
ττ äëÿ òðüîõ òèïiâ âèòî÷îê îäíàêî-

âî¨ çàãëèáëåíîñòi (äóã êîëà, ïàðàáîëè òà åëiïñà, ÿêi ïðîõîäÿòü ÷åðåç òðè ôiêñîâàíi
òî÷êè), ùî äà¹ çìîãó âèÿâèòè âïëèâ ôîðìè âèòî÷êè íà íàïðóæåíèé ñòàí ïëàñòèíè.

Íà ðèñ. 9 êðèâà 1 ïîäàíà äëÿ êîëà, êðèâà 2 � äëÿ ïàðàáîëè, êðèâà 3 � äëÿ
åëiïñà.

Ðèñ. 9. Íàïðóæåííÿ σ0
ττ íà ïîâåðõíi âèòî÷îê îäíàêîâî¨ çàãëèáëåíîñòi ïî äóçi êîëà,
ïàðàáîëè òà åëiïñà äëÿ l = 1, δ = 1, 5

5. Âèñíîâêè. ßê âèäíî ç ðèñ. 5-8, ïîäàíi íàïðóæåííÿ ó âåðøèíi âèòî÷êè ïî
äóçi åëiïñà ÷è ïàðàáîëè çíà÷íî çðîñòàþòü çi çáiëüøåííÿì âiäíîñíî¨ ãëèáèíè âèòî÷êè
(çi çáiëüøåííÿì ¨¨ ãëèáèíè àáî çìåíøåííÿì øèðèíè). ßê âèäíî ç ðèñ. 9, ãîñòðîòà
âèòî÷êè, î÷åâèäíî, òàêîæ çáiëüøó¹ ðiâåíü íàïðóæåíü.
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ßê âèäíî ç ðèñ. 3-9, ïîëÿ íàïðóæåíü, îòðèìàíi àíàëiòè÷íî-÷èñëîâèì i ÷èñëîâèì
ìåòîäàìè, ðiçíÿòüñÿ ìiæ ñîáîþ íå áiëüøå ÿê íà 2%. Öþ ðîçáiæíiñòü ìîæíà ïîÿñíè-
òè òèì, ùî â àíàëiòè÷íîìó ðîçâ'ÿçêó îáëàñòü ââàæà¹òüñÿ áåçìåæíîþ, à ÷èñëîâèé
ðîçðàõóíîê ïðîâîäèâñÿ, î÷åâèäíî, äëÿ ñêií÷åííî¨ îáëàñòi.

Îòîæ, ðîçâèíóòà ìåòîäèêà ÷èñëîâîãî âèçíà÷åííÿ íàïðóæåíü òà ¨õíiõ êîíöåíò-
ðàöié äîáðå ñïðàâäæó¹òüñÿ äëÿ ðîçâ'ÿçóâàííÿ ïëîñêèõ çàäà÷ òåîði¨ ïðóæíîñòi â
ïëàñòèíàõ ç âèòî÷êîþ.
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The paper contains comparing calculations of the stress �elds in an elastic
plate with notch along the arc of a circle, ellipse, and parabola obtained by the
analytic-numerical method based on the complex Kolosov-Mushelishvili poten-
tials and by the numerical variation-di�erence method. These �elds di�er by no
more than 2%, which, in particular, indicates the reliability of such numerical
implementation.

Key words: semi-plane, plate, notch, variation-di�erence method, stress
�eld.

ÍÀÏÐßÆ�ÍÍÎ-ÄÅÔÎÐÌÈÐÎÂÀÍÍÎÅ ÑÎÑÒÎßÍÈÅ
ÓÏÐÓÃÎÉ ÏËÀÑÒÈÍÛ Ñ ÂÛÐÅÇÊÎÉ ÏÐÎÈÇÂÎËÜÍÎÃÎ

ÃËÀÄÊÎÃÎ ÊÎÍÒÓÐÀ

Iãîð ÊÓÇÜ, Îëüãà ÊÓÇÜ

Ëüâîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Èâàíà Ôðàíêî,

óë. Óíèâåðñèòåòñêàÿ, 1, Ëüâîâ, 79000

Íàöèîíàëüíûé óíèâåðñèòåò �Ëüâîâñêàÿ ïîëèòåõíèêà�,

óë. Ñ. Áàíäåðû, 12, Ëüâîâ, 79013

e-mail: ihorkuz24@gmail.com

Âûïîëíåíî ñðàâíåíèå ðàñ÷åòîâ ïîëåé íàïðÿæåíèé â óïðóãîé ïëàñòè-
íå ñ âûðåçêîé ïî äóãå îêðóæíîñòè, ýëëèïñà èëè ïàðàáîëû, ïîëó÷åíûõ
àíàëèòè÷åñêè-÷èñëîâûì ìåòîäîì ñ èñïîëüçîâàíèåì êîìïëåêñíûõ ïîòåíöè-
àëîâ Êîëîñîâà-Ìóñõåëèøâèëè, è ÷èñëîâûì âàðèàöèîííî-ðàçíîñòíûì ìå-
òîäîì. Ýòè ïîëÿ îòëè÷àþòñÿ íå áîëåå ÷åì íà 2%, ÷òî, â ÷àñòíîñòè, ñâèäå-
òåëüñòâóåò î ïðàâäèâîñòè ÷èñåëüíîé ðåàëèçàöèè.

Êëþ÷åâûå ñëîâà: ïîëóïëîñêîñòü, ïëàñòèíà, âûðåçêà, âàðèàöèîííî-ðàç-
íîñòíûé ìåòîä, ïîëå íàïðÿæåíèé.
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Äîâåäåíî àíàëîã íåðiâíîñòi Âiìàíà äëÿ ôóíêöié, àíàëiòè÷íèõ ó áiêðóçi
D2 = {z ∈ C2 : |z1| < 1, |z2| < 1}. Îòðèìàíi íåðiâíîñòi ¹ òî÷íèìè.

Êëþ÷îâi ñëîâà: ìàêñèìóì ìîäóëÿ, ìàêñèìàëüíèé ÷ëåí, àíàëiòè÷íà
ôóíêöiÿ â áiêðóçi, íåðiâíiñòü òèïó Âiìàíà.

1. Âñòóï. Çà òåîðåìîþ Âiìàíà-Âàëiðîíà (äèâ., íàïðèêëàä, [1]-[4]) äëÿ êîæíî¨
íå òîòîæíî ñòàëî¨ öiëî¨ ôóíêöi¨

f(z) =
+∞∑
n=0

anz
n (1)

i áóäü-ÿêîãî ε > 0 iñíó¹ ìíîæèíà E ⊂ [1,+∞) ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè
(
∫
E

dr
r < +∞) òàêà, ùî äëÿ âñiõ r ∈ [1,+∞) \ E âèêîíó¹òüñÿ íåðiâíiñòü Âiìàíà

Mf (r) 6 µf (r) ln
1/2+ε µf (r).

Òóò Mf (r) = max{|f(z)| : |z| = r}, µf (r) = max{|an|rn : n > 0}. Ç iíøîãî áîêó,
äëÿ êîæíî¨ àíàëiòè÷íî¨ â îäèíè÷íîìó êðóçi D = {z : |z| < 1} ôóíêöi¨ f âèãëÿäó
(1) i áóäü-ÿêîãî ε > 0 iñíó¹ ìíîæèíà E ⊂ [0, 1) ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè íà
iíòåðâàëi [0, 1) (òîáòî,

∫
E

dr
1−r < +∞) òàêà, ùî äëÿ âñiõ r ∈ [0, 1) \ E âèêîíó¹òüñÿ

íåðiâíiñòü (äèâ., íàïðèêëàä, [5]-[9])

Mf (r) 6
µf (r)

(1− r)1+δ
ln1/2+δ µf (r)

1− r
.

Ó [6] çàçíà÷åíî, ùî äëÿ ôóíêöi¨ g(z) =
+∞∑
n=1

exp{nε}zn, ε ∈ (0, 1),

lim
r→1−0

Mg(r)
µg(r)
1−r ln1/2

µg(r)
1−r

> C > 0.

c⃝ Êóðèëÿê À., Ñêàñêiâ Î., Øàïîâàëîâñüêà Ë., 2014
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Ó [10] äîâåäåíî àíàëîã íåðiâíîñòi Âiìàíà äëÿ àíàëiòè÷íèõ â îáëàñòi T={z∈C2 :
|z1| < 1, z2 ∈ C} ôóíêöié, ñòåïåíåâå ðîçâèíåííÿ ÿêèõ ó öié îáëàñòi íàáóâà¹ âèãëÿäó

f(z) = f(z1, z2) =
+∞∑

n+m=0

anmzn1 z
m
2 . (2)

Ìè ðîçãëÿíåìî çàäà÷ó äîâåäåííÿ íåðiâíîñòåé òèïó Âiìàíà â êëàñi ôóíêöié àíàëi-
òè÷íèõ ó áiêðóçi D2 = {z ∈ C2 : |z1| < 1, |z2| < 1}, ñòåïåíåâå ðîçâèíåííÿ ÿêèõ íàáóëî
âèãëÿäó (2).

×åðåç A2 ïîçíà÷èìî êëàñ òàêèõ ôóíêöié.
2. Íåðiâíiñòü Âiìàíà äëÿ àíàëiòè÷íèõ ôóíêöié ó áiêðóçi. Äëÿ r ∈ [0, 1)2

i ôóíêöi¨ f ∈ A2 ìè ïîçíà÷èìî

△r = [r1, 1)× [r2, 1), Mf (r) =

+∞∑
n+m=0

|an|rn,

Mf (r) = max{|f(z)| : |z1| 6 r1, |z2| 6 r2}, µf (r) = max{|anm|rn1 rm2 : (n,m) ∈ Z2
+}.

Íåõàé Df (r) � 2× 2 ìàòðèöÿ òàêà, ùî

Dij = ri
∂

∂ri

(
rj

∂

∂rj
lnMf (r)

)
= ∂i∂j lnMf (r), ∂i = ri

∂

∂ri
, i, j ∈ {1, 2}.

Íàñòóïíå òâåðäæåííÿ äîâîäèòüñÿ ïðàêòè÷íî äîñëiâíèì ïîâòîðîì ìiðêóâàíü äî-
âåäåííÿ òåîðåìè 3.1 ç ïðàöi [11], çâàæàþ÷è íà öå, îïóñòèìî ¨¨ äîâåäåííÿ.

Òåîðåìà 1. Íåõàé f ∈ A2. Iñíó¹ àáñîëþòíà ñòàëà C0 òàêà, ùî

Mf (r) 6 C0µf (r)(det(Df (r) + I))1/2,

äå I � 2× 2 îäèíè÷íà ìàòðèöÿ.

Áóäåìî êàçàòè, ùî E ∈ [0, 1)2 � ìíîæèíè àñèìïòîòè÷íî¨ ñêií÷åííî¨ ëîãàðèô-

ìi÷íî¨ ìiðè íà [0, 1)2, ÿêùî iñíó¹ r0 ∈ [0, 1)2 òàêå, ùî

νln(E ∩△r0):=

∫∫
E∩△r0

dr1dr2
(1− r1)(1− r2)

< +∞,

òîáòî ìíîæèíà E ∩△r0 ¹ ìíîæèíîþ ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè íà [0, 1)2.

Ëåìà 1. Íåõàé δ > 0, h : R2
+ → R+ � çðîñòàþ÷à ñòîñîâíî îáèäâîõ çìiííèõ ôóíêöiÿ

òàêà, ùî

+∞∫
1

+∞∫
1

du1du2

h(u1, u2)
< +∞.
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Òîäi iñíó¹ ìíîæèíà E ⊂ [0, 1)2 àñèìïòîòè÷íî ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè òàêà,
ùî äëÿ âñiõ r ∈ [0, 1)2 \ E ìàòèìåìî

det(Df (r) + I) 6 1

(1− r1)(1− r2)
· h
( ∂

∂r1
lnMf (r),

∂

∂r2
lnMf (r)

)
, (3)

∂

∂r1
lnMf (r) 6 (lnMf (r))

1+δ · 1

(1− r1)(1− r2)δ
, (4)

∂

∂r2
lnMf (r) 6 (lnMf (r))

1+δ · 1

(1− r1)δ(1− r2)
. (5)

Äîâåäåííÿ. Íåõàé E0 ⊂ [0, 1)2 � ìíîæèíà, íà ÿêié íå âèêîíó¹òüñÿ íåðiâíiñòü (3). Äî-
âåäåìî, ùî E0 ¹ ìíîæèíîþ àñèìïòîòè÷íî ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè. Îñêiëüêè
ôóíêöiÿ rj

∂
∂rj

lnMf (r) ¹ çðîñòàþ÷îþ çà êîæíîþ çìiííîþ, òîäi iñíó¹ r0 ∈ [1/2, 1)2

òàêå, ùî äëÿ äîâiëüíîãî j ∈ {1, 2} i âñiõ r ∈ △r0 îòðèìà¹ìî

rj
∂

∂rj
lnMf (r) + ln rj > 1.

Òîäi

νln(E0 ∩△r0) =

∫∫
E0∩△r0

dr1dr2
(1− r1)(1− r2)

6

6
∫∫

E0∩△r0

det(Df (r) + I)(1− r1)(1− r1)

h
(

∂
∂r1

lnMf (r),
∂

∂r2
lnMf (r)

) dr1dr2
(1− r1)(1− r2)

6

6
∫∫

E0∩△r0

det(Df (r) + I)dr1dr2

h
(
r1

∂
∂r1

lnMf (r), r2
∂

∂r2
lnMf (r)

) 6
∫∫

E0∩△r0

det(Df (r) + I)2r12r2dr1dr2

h
(
r1

∂
∂r1

lnMf (r), r2
∂

∂r2
lnMf (r)

) 6

6 4

∫∫
E0∩△r0

det(Df (r) + I)r1r2dr1dr2

h
(
r1

∂
∂r1

lnMf (r) + ln r1, r2
∂

∂r2
lnMf (r) + ln r2

) .
Íåõàé U : [0, 1)2 → R2

+ � âiäîáðàæåííÿ òàêå, ùî U = (u1, u2) i

uj = rj
∂

∂rj
lnMf (r) + ln rj , j ∈ {1, 2}. ßêùî i ̸= j, òî

∂uj

∂ri
=

∂

∂ri

(
rj

∂

∂ri
lnMf (r) + ln rj

)
=

∂

∂ri

(
rj

∂

∂ri
lnMf (r)

)
=

1

ri
∂i∂j lnMf (r);

∂ui

∂ri
=

∂

∂ri

(
ri

∂

∂ri
lnMf (r) + ln ri

)
=

1

ri
∂i∂j lnMf (r) +

1

ri
, i, j ∈ {1, 2}.

ßêîáiàí ìàòðèöi ïåðåõîäó

J0 =
D(u1, u2)

D(r1, r2)
=

∣∣∣∣∣∂u1

∂r1
∂u1

∂r2
∂u2

∂r2
∂u2

∂r2

∣∣∣∣∣ = r1r2 det(Df (r) + I).

Òîäi E0 ∩△r0 ¹ ìíîæèíîþ ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè

νln(E0 ∩△r0) = 4

∫∫
U−1(E0∩△r0 )

du1du2

h(u1, u2)
< 4

+∞∫
1

+∞∫
1

du1du2

h(u1, u2)
< +∞.
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Ïîçíà÷èìî ÷åðåç E1 ⊂ [0, 1)2 � ìíîæèíó, íà ÿêié íåðiâíiñòü (4) íå âèêîíó¹òüñÿ.
Âèáåðåìî r0 ∈ [1/2, 1)2 òàêå, ùî rj

∂
∂rj

lnMf (r) > 1 äëÿ êîæíîãî j ∈ {1, 2}

νln(E1 ∩△r0) =

∫∫
E1∩△r0

dr1dr2
(1− r1)(1− r2)

6
∫∫

E1∩△r0

∂
∂r1

lnMf (r) · (1− r1)

1
(1−r2)δ

· ln1+δ Mf (r)

dr1dr2
(1− r1)(1− r2)

.

Ðîçãëÿíåìî âiäîáðàæåííÿ V : [0, 1)2 → [0, 1)× R+, äå V = (v1(r), v2(r)) i
v1 = lnMf (r), v2 = r2

J1 =
D(v1, v2)

D(r1, r2)
=

∣∣∣∣ ∂
∂r1

lnMf (r)
∂

∂r2
lnMf (r)

0 1

∣∣∣∣ = ∂

∂r1
lnMf (r).

Ëîãàðèôìi÷íà ìiðà ìíîæèíè E1 ∩△r0 ñêií÷åííà

νln(E1 ∩△r0) =

∫∫
E1∩△r0

∂
∂r1

lnMf (r)

1
(1−r2)δ

· ln1+δ Mf (r)

dr2
1− r2

dr1 =

=

∫∫
V −1(E1∩△r0 )

1

u1+δ
1

1
(1−u2)δ

· du2

1− u2
du1 6

+∞∫
1

du1

u1+δ
1

·
1∫

0

du2

(1− u2)1−δ
< +∞.

Íåõàé E2 ⊂ [0, 1)2 � ìíîæèíà, íà ÿêié íå âèêîíó¹òüñÿ íåðiâíiñòü (5). Àíàëîãi÷íî
E2 ¹ ìíîæèíîþ àñèìïòîòè÷íî ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè íà [0, 1)2.

Çàóâàæèìî, ùî E = ∪2
j=0Ej ¹ òàêîæ ìíîæèíîþ àñèìïòîòè÷íî¨ ñêií÷åííî¨ ëî-

ãàðèôìi÷íî¨ ìiðè íà [0, 1)2. �

Òåîðåìà 2. Íåõàé f ∈ A2. Äëÿ êîæíîãî δ > 0 iñíó¹ ìíîæèíà E = E(f, δ) ⊂
[0, 1)2 àñèìïòî÷è÷íî ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè òàêà, ùî äëÿ âñiõ r ∈ [0, 1)2\E
âèêîíó¹òüñÿ íåðiâíiñòü

Mf (r) 6 µf (r)

(
1

(1− r1)(1− r2)
· ln µf (r)

(1− r1)(1− r2)

)1+δ

. (6)

Äîâåäåííÿ. Ïîçíà÷èìî ÷åðåç E âèíÿòêîâó ìíîæèíó ç ëåìè 1. Òîäi äëÿ
h(r) = (r1r2)

1+δ i âñiõ r ∈ [0, 1)2 \ E îòðèìà¹ìî

Mf (r) 6 C0µf (r)(det(Df (r) + I))1/2 6

6 C0µf (r)

(
1

(1− r1)(1− r2)
· h
( ∂

∂r1
lnMf (r),

∂

∂r2
lnMf (r)

))1/2

6
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6 C0µf (r)

(
2∏

i=1

1

1− ri

( ∂

∂ri
lnMf (r)

)1+δ
)1/2

6 C0µf (r)×

×

(
1

(1− r1)(1− r2)
ln2(1+δ)2 Mf (r)

( 1

(1− r1)(1− r2)

)(1+δ)2
)1/2

= C0µf (r)×

×
( 1

(1− r1)(1− r2)

)1+δ+δ2/2

ln(1+δ)2 Mf (r) < µf (r)
( lnMf (r)

(1− r1)(1− r2)

)1+δ1
, (7)

äå δ1 = 2(δ + δ2). Ç íåðiâíîñòi (7) âèïëèâà¹, ùî äëÿ âñiõ r ∈ △r0 \ E

lnMf (r) < lnµf (r) + (1 + δ1)
(
ln

1

(1− r1)(1− r2)
+ ln2 Mf (r)

)
,

lnMf (r)− (1 + δ1) ln2 Mf (r) < lnµf (r) + (1 + δ1) ln
1

(1− r1)(1− r2)
.

Òîäi iñíó¹ r1 ∈ [0, 1)2 òàêå, ùî äëÿ âñiõ r ∈ △r1 \ E ìàòèìåìî

lnMf (r) < 2 ln
µf (r)

(1− r1)(1− r2)
,

Mf (r) 6 Mf (r) 6 µf (r)

(
1

(1− r1)(1− r2)
2 ln

µf (r)

(1− r1)(1− r2)

)1+δ1

6

6 µf (r)

(
1

(1− r1)(1− r2)
ln

µf (r)

(1− r1)(1− r2)

)1+δ2

,

äå δ2 = 2δ1. �

3. Ïðèêëàäè íà òî÷íiñòü íåðiâíîñòi (6). Ç òåîðåìè 2 âèïëèâà¹, ùî äëÿ
êîæíîãî δ > 0 ìíîæèíà

E = E(f, δ) =

{
r ∈ [0, 1)2 : Mf (r) > µf (r)

(
1

(1− r1)(1− r2)
ln

µf (r)

(1− r1)(1− r2)

)1+δ}
¹ ìíîæèíîþ àñèìïòîòè÷íî ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè íà [0, 1)2. Äîâåäåìî, ùî
ïîêàçíèê 1 + δ ó íåðiâíîñòi (6) íå ìîæíà çàìiíèòè ÷èñëîì ìåíøèì çà 1.

Ðîçãëÿíåìî ôóíêöiþ

f(z) =
+∞∑
n=1

e
√
nzn1 ·

+∞∑
m=1

e
√
mzm2 .

Ïîçíà÷èìî f0(z) =
∑+∞

n=1 e
√
nzn. Äëÿ ôóíêöi¨ f(z) = f0(z1)f0(z2) îòðèìà¹ìî

Mf (r) = Mf0(r1)Mf0(r2), µf (r) = µf0(r1)µf0(r2).
ßê äîâåäåíî â [6] äëÿ ôóíêöi¨ f0(z1) iñíó¹ ñòàëà C0 ∈ (0, 1) òàêà, ùî

C0
µf0(r1)

1− r1
6 Mf0(r1)√

lnMf0(r1)
6 1

C0

µf0(r1)

1− r1
, r1 → 1− 0. (8)
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Ç íåðiâíîñòi (8) âèïëèâà¹, ùî äëÿ r1 > r′1 iñíó¹ ñòàëà C1 < C0 òàêà, ùî

Mf0(r1) > C1
µf0(r1)

1− r1
ln1/2

µf0(r1)

1− r1
. (9)

Äîâåäåìî íåðiâíiñòü

g−1(3g(r1))− g−1
(g(r1)

3

)
> 1− g−1(3g(r1)), r1 → 1− 0, g(r1) = ln

µf0(r1)

1− r1
. (10)

Ôóíêöiÿ g(r1)=ln
µf0

(r1)

1−r1
¹ äîäàòíîþ çðîñòàþ÷îþ íà (1/2, 1), i lim

r1→1−0
g(r1)=+∞.

Òîäi iñíó¹ çðîñòàþ÷à îáåðíåíà äî g ôóíêöiÿ g−1 : R+ → (1/2, 1).
Äëÿ ôiêñîâàíîãî r ðîçãëÿíåìî ôóíêöiþ l(x) =

√
x − x ln 1

r1
. xmax = 1

4 ln2 1
r1

�

¹äèíà òî÷êà ìàêñèìóìó öi¹¨ ôóíêöi¨. lmax = 1
4 ln 1

r1

. Òîäi

g(r1) = ln
µf0(r1)

1− r1
∼ lnµf0(r1) ∼

1

4 ln 1
r1

∼ 1

4(1− r1)
, r1 → 1− 0.

Ç îñòàííüîãî ñïiââiäíîøåííÿ âèïëèâà¹, ùî g(r1) < 3g(2r1−1), r1 → 1−0. Îòîæ,

g(2r1 − 1) >
g(r1)

3
, 2r1 − 1 > g−1

(g(r1)
3

)
, r1 − g−1

(g(r1)
3

)
> 1− r1

i âèêîðèñòîâóþ÷è g−1(3g(r1)) > g−1(g(r1)) = r1, îäåðæèìî ïðè r1 → 1− 0

g−1(3g(r1))− g−1
(g(r1)

3

)
> r1 − g−1

(g(r1)
3

)
> 1− r1 > 1− g−1(3g(r1)).

Íåðiâíiñòü (10) äîâåäåíà.
Ç (9) îòðèìà¹ìî, ùî iñíó¹ ñòàëà C1 ∈ (0, 1) i r∗ ∈ (1/2, 1) òàêi, ùî äëÿ êîæíîãî

i ∈ {1, 2} i âñiõ z ∈ {z : r∗ < |zj | < 1, j ∈ {1, 2}} âèêîíóþòüñÿ íåðiâíîñòi

Mf0(ri) > C1
µf0(ri)

1− ri

√
ln

µf0(ri)

1− ri
, g−1

(g(r∗)
3

)
> r0. (11)

Îòæå, äëÿ âñiõ z ∈ {z : r∗ < |zj | < 1, j ∈ {1, 2}} îòðèìà¹ìî

2∏
i=1

Mf0(ri) >
2∏

i=1

(
C1

µf0(ri)

1− ri

√
ln

µf0(ri)

1− ri

)
,

Mf (r) > C2
1

µf (r)

(1− r1)(1− r2)

(
ln

µf0(r1)

1− r1
ln

µf0(r2)

1− r2

)1/2

. (12)

Äëÿ r1 ∈ (r∗, 1) âèçíà÷èìî x i y òàê:

x = x(r1) = g−1
(g(r1)

3

)
, y = y(r1) = g−1(3g(r1)).

Ïîçíà÷èìî E∗ = {r ∈ [0, 1)2 : r1 ∈ (r∗, 1), r2 ∈ (x, y)}. Çàôiêñó¹ìî r1 ∈ (r∗, 1).
Òîäi x i y ¹ òàêîæ ôiêñîâàíèìè i g(x) = g(r1)/3, g(y) = 3g(r1), g(y) = 9g(x),
r2 ∈ (x, y). Îñêiëüêè r1 > x, òî äëÿ âñiõ r ∈ E∗ îòðèìà¹ìî

g(r1)g(r2) > g2(x) =
g2(y)

81
=

1

324
(g(y) + g(y))2 > 1

324
(g(r1) + g(r2))

2.
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Òîäi ç íåðiâíîñòi (12) îòðèìà¹ìî äëÿ âñiõ r ∈ E∗

Mf (r) >
C2

1

324

µf (r)

(1− r1)(1− r2)

(
ln

µf0(r1)

1− r1
+ ln

µf0(r2)

1− r2

)
=

=
C2

1

324

µf (r)

(1− r1)(1− r2)
ln

µf (r)

(1− r1)(1− r2)
.

Äîâåäåìî, ùî ìíîæèíà E∗ ¹ ìíîæèíîþ àñèìïòîòè÷íî íåñêií÷åííî¨ ëîãàðèôìi÷-

íî¨ ìiðè. Îñêiëüêè g−1
(

g(r∗)
3

)
> r0, òî E∗∩△r0 = E∗. Âèêîðèñòàâøè íåðiâíiñòü (10),

îòðèìà¹ìî

νln(E
∗ ∩△r0) = νln(E

∗) =

∫∫
E∗

dr1dr2
(1− r1)(1− r2)

=

=

1∫
r∗

y∫
x

dr1dr2
(1− r1)(1− r2)

=

1∫
r∗

(
ln

1

1− y
− ln

1

1− x

)
dr1

1− r1
=

=

1∫
r∗

(
ln

1

1− g−1(3g(r1))
− ln

1

1− g−1( g(r1)3 )

)
dr1

1− r1
=

1∫
r∗

ln
1− g−1( g(r1)3 )

1− g−1(3g(r1))

dr1
1− r1

=

=

1∫
r∗

ln
(
1 +

g−1(3g(r1))− g−1( g(r1)3 )

1− g−1(3g(r1))

) dr1
1− r1

>

1∫
r∗

ln 2 · dr1
1− r1

= +∞.
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In this paper we prove some analogue of Wiman's type inequality for
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Äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó (u, a) êðàéîâî¨ çàäà÷i

Dβ
t u− a(t)∆u = F0(x, t), (x, t) ∈ Ω0 × (0, T ], Ω0 ⊂ RN , N ≥ 2,

a(t) > 0, t ∈ [0, T ],

u(x, t) = 0, (x, t) ∈ ∂Ω0 × [0, T ], a(t)
∂u(x0, t)

∂νx0

= F1(t), t ∈ [0, T ],

u(x, 0) = F2(x), x ∈ Ω0

ç ðåãóëÿðèçîâàíîþ ïîõiäíîþ Dβ
t u ïîðÿäêó β ∈ (0, 1) òà çàäàíîþ òî÷êîþ

x0 ∈ ∂Ω0.

Êëþ÷îâi ñëîâà: ïîõiäíà äðîáîâîãî ïîðÿäêó, îáåðíåíà êðàéîâà çàäà÷à,
âåêòîð-ôóíêöiÿ Ãðiíà, îïåðàòîðíå ðiâíÿííÿ.

1. Âñòóï. Óìîâè êëàñè÷íî¨ ðîçâ'ÿçíîñòi ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ

Dβ
t u(x, t)− a2∆u(x, t) = F0(x, t), a2 = const > 0

ç ðåãóëÿðèçîâàíîþ ïîõiäíîþ ([1], [2]) ôóíêöi¨ u ïîðÿäêó β ∈ (0; 1)

Dβ
t u(x, t) =

1
Γ(1−β)

t∫
0

uτ (x,τ)
(t−τ)β dτ = 1

Γ(1−β)

[
∂
∂t

t∫
0

u(x,τ)
(t−τ)β dτ −

u(x,0)
tβ

]
îäåðæàíi â [3], [4]. Ðîçâ'ÿçêè ïîáóäîâàíî ó âèãëÿäi ðÿäiâ Ôóð'¹ çà âëàñíèìè ôóíê-
öiÿìè âiäïîâiäíèõ çàäà÷ Øòóðìà-Ëióâiëëÿ.

Â [5]-[8] áóëî äîâåäåíî òåîðåìè iñíóâàííÿ òà ¹äèíîñòi, à òàêîæ îäåðæàíî çîáðà-
æåííÿ çà äîïîìîãîþ ôóíêöi¨ Ãðiíà êëàñè÷íèõ ðîçâ'ÿçêiâ çàäà÷ Êîøi äëÿ ðiâíÿííÿ

Dβ
t u(x, t) = A(x,D)u(x, t), (x, t) ∈ RN × (0, T ]

ç ðåãóëÿðèçîâàíîþ ïîõiäíîþ ôóíêöi¨ u ïîðÿäêó β ∈ (m − 1;m), m = 1, 2, . . . , äå
A(x,D) � åëiïòè÷íèé äèôåðåíöiàëüíèé îïåðàòîð äðóãîãî ïîðÿäêó ç ãëàäêèìè (çà-
ëåæíèìè âiä ïðîñòîðîâî¨ çìiííî¨ x ∈ Rn) êîåôiöi¹íòàìè òà β ∈ (0, 1) ó [5]-[7],

c⃝ Ëîïóøàíñüêèé A., 2014
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A(x,D) = ∆ ó [8], ó [9], [10] îäåðæàíî çîáðàæåííÿ çà äîïîìîãîþ ôóíêöi¨ Ãðiíà
êëàñè÷íèõ ðîçâ'ÿçêiâ çàäà÷ Êîøi ó âèïàäêó A(x,D) = −(−∆)

α
2 .

Ìè äîâîäèìî iñíóâàííÿ ðîçâ'ÿçêó (u, a) îáåðíåíî¨ êðàéîâî¨ çàäà÷i

Dβut − a(t)∆u = F0(x, t), (x, t) ∈ Ω0 × (0, T ], (1)

a(t) > 0, t ∈ [0, T ],

u(x, t) = 0, (x, t) ∈ ∂Ω0 × [0, T ], (2)

a(t)
∂u(x0, t)

∂νx0

= F1(t), t ∈ [0, T ], (3)

u(x, 0) = F2(x), x ∈ Ω0, (4)

äå Ω0 � îáìåæåíà îáëàñòü â RN , N ≥ 2 ç ãëàäêîþ ìåæåþ Ω1 = ∂Ω; x0 � äîâiëüíî
çàäàíà òî÷êà íà Ω1; νx � îðò âíóòðiøíüî¨ íîðìàëi äî ïîâåðõíi Ω1 â òî÷öi x ∈ Ω1;
F0-F2 � çàäàíi ôóíêöi¨.

Çàóâàæèìî, ùî ó âèïàäêó β = 1, N = 1 òàêîãî òèïó îáåðíåíi êðàéîâi êîåôi-
öi¹íòíi çàäà÷i âèâ÷àëè ó [11]-[12], äå äîâåäåíî òåîðåìè iñíóâàííÿ òà ¹äèíîñòi.

2. Âåêòîð-ôóíêöiÿ Ãðiíà ïåðøî¨ êðàéîâî¨ çàäà÷i. Íàäàëi âèêîðèñòîâó¹ìî
ïîçíà÷åííÿ

Qi = Ωi × (0, T ], i = 0, 1,
D(RN ) � ïðîñòið íåñêií÷åííî äèôåðåíöiéîâíèõ ôóíêöié ç êîìïàêòíèìè íîñiÿìè

â RN ([13], c. 13), i = 0, 1, 2,
D(Q0) = {v ∈ C∞(Q0) : (

∂
∂t )

kv|t=T = 0, k = 0, 1, . . . },
D′(RN ) òàD′(Q0) � ïðîñòîðè ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ (óçàãàëüíåíèõ

ôóíêöié) âiäïîâiäíî íà D(RN ) òà D(Q0),
(f, φ) � çíà÷åííÿ f ∈ D′(RN ) íà îñíîâíié ôóíêöi¨ φ ∈ D(RN ), à òàêîæ çíà÷åííÿ

f ∈ D′(Q0) íà φ ∈ D(Q0).
Ïîçíà÷à¹ìî ÷åðåç ∗̂ îïåðàöiþ çãîðòêè óçàãàëüíåíî¨ ôóíêöi¨ g òà îñíîâíî¨ ôóíê-

öi¨ φ ([13], ñ. 111): (g∗̂φ)(x) = (g(ξ), φ(x + ξ)), ÷åðåç ∗ ïîçíà÷à¹ìî îïåðàöiþ çãîðòêè
óçàãàëüíåíèõ ôóíêöié f i g, òîáòî óçàãàëüíåíó ôóíêöiþ f ∗ g

(f ∗ g, φ) = (f, g∗̂φ) äëÿ êîæíî¨ îñíîâíî¨ ôóíêöi¨ φ.

Âèêîðèñòîâó¹ìî ôóíêöiþ fλ ∈ D′
+(R) = {f ∈ D′(R) : f = 0 ïðè t < 0}:

fλ(t) =
θ(t)tλ−1

Γ(λ) ïðè λ > 0 i fλ(t) = f ′1+λ(t) ïðè λ 6 0,

äå θ(t) � îäèíè÷íà ôóíêöiÿ Õåâiñàéäà. Ïðàâèëüíi òàêi ñïiââiäíîøåííÿ:

fλ ∗ fµ = fλ+µ, fλ∗̂fµ = fλ+µ.

Íåõàé
C(Q0), C(Q0), C[0, T ] � êëàñè íåïåðåðâíèõ âiäïîâiäíî â Q0, Q0 òà íà [0, T ] ôóíêöié,
C+[0, T ] � êëàñ íåïåðåðâíèõ íà [0, T ] òà îáìåæåíèõ çíèçó äîäàòíèì ÷èñëîì ôóíêöié,
Cβ(0, T ] = {v ∈ C(0, T ] | tβv ∈ C[0, T ], v0 = inf

(t)∈Q
tβ |v(t)| > 0},

C2,β(Q0) � êëàñ íåïåðåðâíèõ ôóíêöié v(x, t), (x, t) ∈ Q̄0, ÿêi äîðiâíþþòü íóëþ ïðè
t ≥ T òà ç íåïåðåðâíèìè ôóíêöiÿìè ∆v, Dβ

t v â Q0.

Íàãàäà¹ìî, ùî ïîõiäíà v(β)t (x, t) Ðiìàíà-Ëióâiëëÿ ôóíêöi¨ v(x, t) ïîðÿäêó β > 0
âèçíà÷à¹òüñÿ ôîðìóëîþ
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v
(β)
t (x, t) = f−β(t) ∗ v(x, t),

Dβ
t v(x, t) = v

(β)
t (x, t)− f1−β(t)v(x, 0) äëÿ v ∈ C2,β(Q0), (x, t) ∈ Q0, β ∈ (0; 1).

Îçíà÷åííÿ 1. Ðîçâ'ÿçêîì çàäà÷i (1)-(4) íàçèâà¹òüñÿ ïàðà ôóíêöié

(u, a) ∈ Mβ := C2,β(Q0))× C+[0, T ],

ùî çàäîâîëüíÿ¹ ðiâíÿííÿ (1) â Q0 òà óìîâè (2)-(4).

Íåõàé
X(Q0) = {v ∈ D(Q0) : v(x, t) = 0, x ∈ Ω1, t ∈ [0, T ]}.

Ââåäåìî îïåðàòîðè

L : (Lv)(x, t) ≡ v
(β)
t (x, t)− a(t)∆v(x, t), (x, t) ∈ Q0, v ∈ D′(Q0),

Lreg : (Lregv)(x, t) ≡ Dβ
t v(x, t)− a(t)∆v(x, t), (x, t) ∈ Q0, v ∈ C2,β(Q0).

L̂ : (L̂v)(x, t) ≡ f−β ∗̂v(x, t)− a(t)∆v(x, t), (x, t) ∈ Q0, v ∈ D(Q0).

ßê ó [15] äîâîäèìî, ùî äëÿ v ∈ C2,β(Q0), ψ ∈ X(Q̄0) ïðàâèëüíà ôîðìóëà Ãðiíà∫
Q0

v(y, τ)(L̂ψ)(y, τ)dydτ =

∫
Q0

(Lregv)(y, τ)ψ(y, τ)dydτ+ (5)

+
∫
Q1

v(y, τ)∂ψ(y,τ)∂ν dSdτ +
∫
Ω0

v(y, 0)dy
T∫
0

f1−β(τ)ψ(y, τ)dτ .

Îçíà÷åííÿ 2. Âåêòîð-ôóíêöiÿ (G0(x, t, y, τ), G1(x, t, y, τ), G2(x, t, y)) òàêà, ùî ïðè
äîñòàòíüî ãëàäêèõ g0, g1, g2 ôóíêöiÿ

v(x, t) =

t∫
0

dτ

∫
Ω0

G0(x, t, y, τ)g0(y, τ)dy+ (6)

+

t∫
0

dτ

∫
Ω1

G1(x, t, y, τ)g1(y, τ)dSy +

∫
Ω

G2(x, t, y)g3(y)dy, (x, t) ∈ Q0

¹ êëàñè÷íèì (êëàñó C2,β(Q0)) ðîçâ'ÿçêîì ïåðøî¨ êðàéîâî¨ çàäà÷i

Dβut − a(t)∆u = g0(x, t), (x, t) ∈ Ω0 × (0, T ], (7)

u(x, t) = g1(x, t), (x, t) ∈ ∂Ω0 × [0, T ], (8)

u(x, 0) = g2(x), x ∈ Ω0 (9)

(ç âiäîìîþ ôóíêöi¹þ a(t)), íàçèâà¹òüñÿ âåêòîð-ôóíêöi¹þ Ãðiíà öi¹¨ çàäà÷i.

Ç îçíà÷åííÿ âèïëèâà¹, ùî

(LG0)(x, t, y, τ) = δ(x− y, t− τ), (x, t), (y, τ) ∈ Q0 äå δ � äåëüòà-ôóíêöiÿ Äiðàêà,

(LregG2)(x, t, y) = 0, (x, t) ∈ Q0, y ∈ Ω0, G2(x, 0, y) = δ(x− y), x, y ∈ Ω0.
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Ëåìà 1. G1(x, t, y, τ) =
∂G0(x,t,y,τ)

∂νy
, (x, t) ∈ Q0, (y, τ) ∈ Q1,

G2(x, t, y) = f1−β(t) ∗G0(x, t, y, 0), (x, t) ∈ Q0, y ∈ Ω0.

Ëåìà äîâîäèòüñÿ çà ñõåìîþ [15].

Ëåìà 2. Ïðè a ∈ C+[0, T ] âåêòîð-ôóíêöiÿ Ãðiíà ïåðøî¨ êðàéîâî¨ çàäà÷i (7)-(9)
iñíó¹.

Äîâåäåííÿ. Âðàõîâóþ÷è ëåìó 1, äîñòàòíüî äîâåñòè iñíóâàííÿ ãîëîâíî¨ ôóíêöi¨ Ãði-
íà G0(x, t, y, τ). ßê ó [5]-[7] äëÿ çàäà÷i Êîøi òà ó [16] äëÿ çàãàëüíèõ ïàðàáîëi÷íèõ
êðàéîâèõ çàäà÷, iñíóâàííÿ G0(x, t, y, τ) ìîæíà äîâåñòè ìåòîäîì Ëåâi. �¨ iñíóâàííÿ
ìîæíà òàêîæ äîâåñòè ìåòîäîì ðÿäiâ Ôóð'¹. Ñïðàâäi, âèáèðàþ÷è ó ôîðìóëi (5) çà
ôóíêöi¨ ψk ∈ X(Q0) ðîçâ'ÿçêè ðiâíÿíü (L̂ψk)(y, t) = φk(x, t, y, τ), äå ïîñëiäîâíiñòü
φk(x, t, y, τ) (k → ∞) ¹ δ-âèäíîþ, iç ôîðìóëè (5) ïiñëÿ ãðàíè÷íîãî ïåðåõîäó ïðè
k → ∞ îäåðæó¹ìî çîáðàæåííÿ (6) ðîçâ'ÿçêó çàäà÷i (7)-(9), äå G0(x, t, y, τ) (ãðàíèöÿ
ïîñëiäîâíîñòi ψk ó D′(RN )) ÿê ôóíêöiÿ (y, τ) ¹ ðîçâ'ÿçêîì çàäà÷i

(L̂y,τG0)(x, t, y, τ) = δ(x− y, t− τ), (x, t), (y, τ) ∈ Q0, (10)

G0|y∈Q1
= 0, G0(x, t, y, T ) = 0.

Øóêà¹ìî G0 ó âèãëÿäi

G0(x, t, y, τ) =
∞∑
m=1

Sm(x, t, τ)ωm(y), (11)

äå ωm(y) � îðòîíîðìîâàíi âëàñíi ôóíêöi¨ ñòàöiîíàðíî¨ êðàéîâî¨ çàäà÷i

∆ωm + λmωm = 0, y ∈ Ω0, ω|Ω1 = 0.

Ïiäñòàâëÿþ÷è (11) ó ðiâíÿííÿ çàäà÷i (10), ìàòèìåìî
∞∑
m=1

[
f−β(τ)∗̂Sm(x, t, τ)+λma(τ)Sm(x, t, τ)

]
ωm(y) =

∞∑
m=1

(δ(x−y), ωm(y))ωm(y)δ(t−τ),

çâiäêè, âðàõîâóþ÷è, ùî (δ(x − y), ωm(y)) = ωm(x) , îäåðæó¹ìî çàäà÷i äëÿ ôóíêöié
Sm(x, t, τ):

f−β(τ)∗̂Sm(x, t, τ) + λma(τ)Sm(x, t, τ) = ωm(x)δ(t− τ), Sm(x, t, T ) = 0, m = 1, 2, . . .
(12)

Êîæíà ç çàäà÷ (12) çâîäèòüñÿ äî ëiíiéíîãî iíòåãðàëüíîãî ðiâíÿííÿ Âîëüòåððà

Sm(x, t, τ) + λma(τ)fβ(τ)∗̂Sm(x, t, τ) = fβ(t− τ)ωm(x). (13)

Ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü çíàõîäèìî ðîçâ'ÿçîê ðiâíÿííÿ (13) ó âèãëÿäi ðiâ-
íîìiðíî çáiæíîãî ïðè t > τ ðÿäó

Sm(x, t, τ) =
[
fβ(t− τ)+

+

∞∑
p=0

(−λm)pa(τ)
(
fβ(τ)∗̂

(
a(τ)

(
fβ(τ)∗̂(. . . a(τ)fβ(τ)∗̂︸ ︷︷ ︸
p

fβ(t− τ))
)))]

ωm(x).
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Çîêðåìà, ó âèïàäêó a(τ) = a = const > 0 ìàòèìåìî

Sm(x, t, τ) =

∞∑
p=0

(−aλm)pf(p+1)β(t− τ)ωm(x) =

= (t− τ)β−1
∞∑
p=0

[−aλm(t− τ)β ]p

Γ(pβ + β)
ωm(x) = (t− τ)β−1Eβ(−aλm(t− τ)β)ωm(x),

äå Γ(z) � ãàììà-ôóíêöiÿ, Eβ(z) = Eβ−1(z, β) =
∞∑
p=0

zp

Γ(pβ+β) � ôóíêöiÿ Ìiòòàã-

Ëåôëåðà [2], ùî ìà¹ îöiíêó Eβ(z) ≤ C
|z| , C = C(β) � ïåâíà äîäàòíà ñòàëà. Òîäi ó

âèïàäêó a(τ) = a = const > 0 ìàæîðàíòíèì äëÿ ðÿäó (11) áóäå ðiâíîìiðíî çáiæíèé
ðÿä

C

a(t− τ)

∞∑
m=0

|ωm(x)ωm(y)|
λm

, x, y ∈ [0, l], 0 ≤ τ < t ≤ T.

Â çàãàëüíîìó âèïàäêó, îöiíèâøè ðiçíèöþ äâîõ ñóñiäíiõ äîäàíêiâ ó âèðàçi äëÿ
Sm(x, t, τ)

λ2km a(τ)
(
fβ(τ)∗̂

(
a(τ)

(
fβ(τ)∗̂(. . . a(τ)fβ(τ)∗̂︸ ︷︷ ︸
2k

fβ(t− τ))
)))

−

−λ2k+1
m a(τ)

(
fβ(τ)∗̂

(
a(τ)

(
fβ(τ)∗̂(. . . a(τ)fβ(τ)∗̂︸ ︷︷ ︸

2k+1

fβ(t− τ))
)))

≤

≤ λ2km

[
A2k

0 f(2k+1)β(t− τ)− λma
2k+1
0 f(2k+2)β(t− τ)

]
≤ λ2km

[
c2kf(2k+1)β(t− τ)− λmc

2k+1f(2k+2)β(t− τ)
]

ïðè äåÿêîìó c < a0 = min
t∈[0,T ]

a(t) ≤ A0 = max
t∈[0,T ]

a(t), ùî ìîæëèâî ïðè

λm ≥ A2k
0 − c2k

a2k0 − c2k
·
f(2k+1)β(t− τ)

f(2k+2)β(t− τ)
= A0c

2
1− ( c

A0
)2k

( a0A0
)2k+1 − ( c

A0
)2k+1

· Γ(2kβ + β)

Γ(2kβ + 2β)(t− τ)β

àáî

λm(t− τ)β ≥ A0c
2(2kβ)−β

1− ( c
A0

)2k

( a0A0
)2k+1 − ( c

A0
)2k+1

ïðè âåëèêèõ k (òîäi Γ(2kβ+β)
Γ(2kβ+2β) = O((2kβ)−β) [14], c. 67), îäåðæó¹ìî

|Sm(x, t, τ)| ≤ (t− τ)β−1Eβ(−cλm(t− τ)β)|ωm(x)|.

Îòæå, ïðè a ∈ C+[0, T ] ìàòèìåìî àíàëîãi÷íó äî âèïàäêó ñòàëî¨ ôóíêöi¨ a îöiíêó
ðÿäó (11) i ãîëîâíà ôóíêöiÿ Ãðiíà çàäà÷i (7)-(9) iñíó¹. �
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Ëåìà 3. Ïðàâèëüíi îöiíêè

|Gi(x, t+∆t, y, τ)−Gi(x, t, y, τ)| ≤ Ai(x, t, y, τ)|∆t|γ ∀(x, t) ∈ Q0, (y, τ) ∈ Qi, (14)

|∂Gi(x, t+∆t, y)

∂νx
− ∂Gi(x, t, y)

∂νx
| ≤ Bi(x, t, y, τ)|∆t|γ ∀(x, t) ∈ Q1, (y, τ) ∈ Qi, (15)

i = 0, 2, äå 0 < γ < β, íåâiä'¹ìíi ôóíêöi¨ Ai(x, t, y, τ) òà Bi(x, t, y, τ) ìàþòü òàêi

ñàìi îöiíêè, ÿê Gi(x, t, y, τ) òà ∂Gi(x,t,y)
∂νx

, i = 0, 2 âiäïîâiäíî ç çàìiíîþ β íà β − γ.

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è çîáðàæåííÿ (11), ìàòèìåìî

G0(x, t+∆t, y, τ)−G0(x, t, y, τ) =
∞∑
m=1

[Sm(x, t+∆t, τ)− Sm(x, t, τ)]ωm(y). (16)

Äëÿ ôóíêöié

Zm(x, t, y, τ,∆t) = Sm(x, t+∆t, y, τ)− Sm(x, t, y, τ)

îäåðæó¹ìî iíòåãðàëüíi ðiâíÿííÿ âèãëÿäó (13) iç ïðàâèìè ÷àñòèíàìè

[fβ(t+∆t− τ)− fβ(t− τ)]ωm(x).

Îñêiëüêè

fβ(t+∆t− τ)− fβ(t− τ) = f−λ(t) ∗ [fβ+λ(t+∆t− τ)− fβ+λ(t− τ)],

ïðè 1− β < λ < 1 îòðèìà¹ìî β + λ− 1 = γ ∈ (0, 1) òà β − γ = 1− λ > 0,

|(t+∆t− τ)γ − (t− τ)γ | = (t− τ)γ |(1 + ∆t

t− τ
)γ − 1| ≤ |∆t|γ ,

òî îäåðæó¹ìî

|fβ(t+∆t− τ)− fβ(t− τ)| ≤ f1−λ(t− τ)|∆t|γ = fβ−γ(t− τ)|∆t|γ .
ßê ïðè äîâåäåííi ëåìè 2, çíàõîäèìî ôóíêöi¨ Zm(x, t, y, τ,∆t), ùî ìàòèìóòü òàêi

ñàìi îöiíêè, ÿê ðîçâ'ÿçêè ðiâíÿíü (13) iç çàìiíîþ β íà β−γ > 0 òà ìíîæíèêîì |∆t|γ .
Âðàõîâóþ÷è çîáðàæåííÿ (16), îäåðæó¹ìî îöiíêó (14) ïðè i = 0, äå ôóíêöiÿ A0 ìà¹
òàêó ñàìó îöiíêó, ÿê G0(x, t, y, τ), àëå ç çàìiíîþ β íà β − γ. Iíøi îöiíêè â ëåìi
îäåðæó¹ìî ç òàêèõ ñàìèõ ìiðêóâàíü òà âðàõîâóþ÷è ëåìó 1. �

Çàóâàæåííÿ 1. Äëÿ çàãàëüíèõ ïàðàáîëi÷íèõ êðàéîâèõ çàäà÷ (ó íàøîìó âèïàäêó ïðè
β = 1) îöiíêè âèãëÿäó (14), (15), ÿêi îòðèìàâ Iâàñèøåí Ñ.Ä. (äèâ. [16]), ó âèïàäêó
çàäà÷i Êîøi äëÿ N = 1 (Ω0 = R) � ó [6] (äèâ. òàêîæ [7]).

Âèêîðèñòîâó¹ìî äàëi ïîçíà÷åííÿ

Gi(x, t, y, τ, a) çàìiñòü Gi(x, t, y, τ), i = 0, 1, G2(x, t, y, a) çàìiñòü G2(x, t, y).

Iç ïðèíöèïó ìàêñèìóìó âèïëèâà¹ äîäàòíiñòü ôóíêöié G0(x, t, y, τ, a) i
G2(x, t, y, a) ïðè (x, t), (y, τ) ∈ Q0 òà

∂G0(x,t,y,τ,a)
∂νx

i ∂G2(x,t,y,a)
∂νx

ïðè (x, t) ∈ Q1,
(y, τ) ∈ Q0.

Çãiäíî ç ìåòîäîì Ëåâi, äëÿ ôóíêöié G0(x, t, y, τ, a) òà G2(x, t, y, a) ïðàâèëüíi
òàêi ñàìi îöiíêè, ÿê äëÿ ïàðàìåòðèêñiâ G(x− y, t− τ, a(τ)), f1−β(t) ∗G(x− y, t, a(0)),
âiäïîâiäíî.
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Iç ðåçóëüòàòiâ [10] âèïëèâà¹, ùî ôóíäàìåíòàëüíà ôóíêöiÿ G(x, t, a) îïåðàòîðà
âèãëÿäó L çi ñòàëèì êîåôiöi¹íòîì a > 0 íàáóâà¹ âèãëÿäó

G(x, t, a) =
πN/2tβ−1

|x|N
H2,0

1,2

(
|x|2

4atβ

∣∣∣(β, β)
(1, 1) (N/2, 1)

)
, (17)

äå Hm,n
p,q

(
z
∣∣∣(a1, α1) . . . (ap, αp)
(b1, β1) . . . (bq, βq)

)
�H-ôóíêöiÿ Ôîêñà ([17]).

Âèêîðèñòîâóþ÷è âëàñòèâîñòi H-ôóíêöié Ôîêñà, ÿê ó [15], çíàõîäèìî îöiíêè

|G(x, t, a)| ≤ C∗
0

at|x|N−2
,

∣∣∣∂G(x, t, a)
∂νx

∣∣∣ ≤ C∗
1

at|x|N−1
, |f1−β(t) ∗G(x, t, a)(x, t, a)| ≤

C∗
2

atβ |x|N−2
,

|
∂
(
f1−β(t) ∗G(x, t, a)

)
∂νx0

| ≤ C∗
3

atβ |x|N−1
, |x|2 < 4atβ , N ≥ 3,

|G(x, t, a)| ≤ C∗
0

at
ln

4atβ/2

|x|
,

∣∣∣∂G(x, t, a)
∂νx

∣∣∣ ≤ C∗
1

at|x|
ln

4atβ/2

|x|
,

|f1−β(t) ∗G(x, t, a)| ≤
C∗

2

atβ
ln

4atβ/2

|x|
,

|
∂
(
f1−β(t) ∗G(x, t, a)

)
∂νx

| ≤ C∗
3

atβ |x|
ln

4atβ/2

|x|
, |x|2 < 4atβ , N = 2,

|G(x, t, a)| ≤ Ĉ0t
β−1

|x|N
·
( |x|2

4atβ

)1+ N
2(2−β)

e
−c
(

|x|2

4atβ

) 1
2−β

≤ C0

t1−β |x|N
,

∣∣∂G(x, t, a)
∂νx

∣∣ ≤ Ĉ1t
β−1

|x|N+1
·
( |x|2

4atβ

)1+ N
2(2−β)

e
−c
(

|x|2

4atβ

) 1
2−β

≤ C1

t1−β |x|N+1
,

|f1−β(t) ∗G(x, t, a)| ≤
Ĉ2

|x|N
·
( |x|2

4atβ

) N
2(2−β)

e
−c
(

|x|2

4atβ

) 1
2−β

≤ C2

|x|N
,

|
∂
(
f1−β(t) ∗G(x, t, a)

)
∂νx

| ≤ Ĉ3

|x|N+1
·
( |x|2

4atβ

) N+2
2(2−β)

e
−c
(

|x|2

4atβ

) 1
2−β

≤ C3

|x|N+1
, |x|2 > 4atβ ,

c, C∗
i , Ci, i = 0, 1, 2, 3 � ïåâíi äîäàòíi ñòàëi.

Çàóâàæåííÿ 2. Íàñïðàâäi, îöiíêè â ëåìi 3 ïðàâèëüíi áåç çàìiíè β íà β−γ. Öå ìîæíà
äîâåñòè, âèêîðèñòàâøè íàÿâíiñòü åêñïîíåíòè â àñèìïòîòèöi ôóíêöié Gi(x, t, y, τ, a)
òà ∂Gi(x,t,y,τ)

∂νx
ó âèïàäêó ìàëèõ çíà÷åíü t− τ , i = 0, 2.
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3. Çâåäåííÿ çàäà÷i äî îïåðàòîðíîãî ðiâíÿííÿ. Âèêîðèñòîâóâàòèìåìî îïå-
ðàòîðè Ãðiíà

(G0φ)(x, t) =
t∫
0

dτ
∫
Ω0

G0(x, t, y, τ)φ(y, τ)dy, v ∈ D(Q0),

(G2φ)(x, t) =
∫
Ω2

G2(x, t, y)φ(y)dy, v ∈ D(Q2).

Ó [5]-[10] äîñëiäæåíî âëàñòèâîñòi òàêèõ îïåðàòîðiâ ó âèïàäêó Ω0 = RN .
Íåõàé âèêîíóþòüñÿ óìîâè:

(F0) F0 ∈ C(Q0), îáìåæåíà òà äëÿ êîæíîãî t ∈ (0, T ] ëîêàëüíî ãåëüäåðîâà
çà çìiííèìè x ôóíêöiÿ, ||F0||C(Q0) := sup

(x,t)∈Q0

|F0(x, t)|,

(F1) F1 ∈ Cβ/2(0, T ] òà ïîçíà÷à¹ìî inf
t∈(0,T ]

tβ/2|F1(t)| = b0 (> 0),

(F2) F2 ∈ C(Ω0), F2|Ω1 = 0, ||F2||C(Ω0) := sup
x∈Ω0

|F2(x)| > 0,

(F) F0(x, t) > 0, (x, t) ∈ Q0, F1(t) > 0, t ∈ (0, T ], F2(x) ≥ 0, x ∈ Ω0

àáî âñi öi ôóíêöi¨ âiä'¹ìíi, âiäïîâiäíî, â Q0, (0, T ],Ω0.

Òåîðåìà 1. Çà óìîâ (F0), (F2) ïðè êîæíié âiäîìié a ∈ C+[0, T ] iñíó¹ ¹äèíèé ðîçâ'ÿ-
çîê u ∈ C2,β(Q0) çàäà÷i (1), (2), (4), âií âèçíà÷åíèé ôîðìóëîþ

u(x, t) =
(
G0F0

)
(x, t) +

(
G2F2)(x, t), (x, t) ∈ Q0. (18)

Òåîðåìà äîâîäèòüñÿ òàê ñàìî, ÿê ó [5]-[7] iç âèêîðèñòàííÿì îöiíîê êîìïîíåíò
âåêòîð-ôóíêöi¨ Ãðiíà òà ¨õíiõ ïîõiäíèõ. �äèíiñòü ðîçâ'ÿçêó çàäà÷i ¹ íàñëiäêîì ïðèí-
öèïó ìàêñèìóìó [3].

Ïiäñòàâèìî ôóíêöiþ (18) â óìîâó (3). Îäåðæó¹ìî

a(t)
[ ∂

∂νx0

(
G0F0

)
(x0, t) +

∂

∂νx0

(
G2F2

)
(x0, t)

]
= F1(t), t ∈ [0, T ]

àáî

h(t) = tβ/2
[ ∂

∂νx

(
G0F0

)
(x0, t) +

∂

∂νx0

(
G2F2

)
(x0, t)

]
· [tβ/2F1(t)]

−1, t ∈ [0, T ], (19)

äå h(t) = [a(t)]−1.
Ðåçóëüòàòîì òåîðåìè 1 òà äîäàòíîñòi ôóíêöié ∂G0(x,t,y,τ)

∂νx
, ∂G2(x,t,y)

∂νx
ïðè

(x, t)∈Q1, (y, τ) ∈ Q0 ¹ òàêà òåîðåìà.

Òåîðåìà 2. Çà ïðèïóùåíü (F0) - (F) ïàðà ôóíêöié (u, a) ∈ Mβ ¹ ðîçâ'ÿçêîì çà-
äà÷i (1)-(4) òîäi i òiëüêè òîäi, êîëè äîäàòíà íåïåðåðâíà ôóíêöiÿ h(t), t ∈ [0, T ] ¹
ðîçâ'ÿçêîì ðiâíÿííÿ (19).

4. Òåîðåìè iñíóâàííÿ òà ¹äèíîñòi.

Òåîðåìà 3. Çà ïðèïóùåíü (F0) - (F) ðîçâ'ÿçîê (u, a) ∈ Mβ çàäà÷i (1)-(4) iñíó¹:
ôóíêöiÿ u(x, t) âèçíà÷åíà ôîðìóëîþ (18), a(t) = [h(t)]−1, äå h(t) � ðîçâ'ÿçîê îïåðà-
òîðíîãî ðiâíÿííÿ (19).
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Äîâåäåííÿ. Âðàõîâóþ÷è íàâåäåíi âèùå ìiðêóâàííÿ, ïåðåòâîðåííÿ, òåîðåìè 1, 2, äëÿ
äîâåäåííÿ iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i çàëèøà¹òüñÿ äîâåñòè ðîçâ'ÿçíiñòü ðiâíÿííÿ
(19) ó êëàñi äîäàòíèõ íåïåðåðâíèõ ôóíêöié h(t), t ∈ [0, T ]. Äîâåäåìî ñïî÷àòêó éîãî
ðîçâ'ÿçíiñòü ó êëàñi

MR = {h ∈ C[0, T ] | ||h||C[0,T ] ≤ R}.
Öå ïîâíèé áàíàõiâ ïðîñòið � çàìêíåíèé ïiäïðîñòið áàíàõîâîãî ïðîñòîðó C[0, T ] iç
íîðìîþ

||h||C[0,T ] = max
t∈[0,T ]

|h(t)|.

Âèêîðèñòà¹ìî ïðèíöèï Øàóäåðà. Ðîçãëÿäà¹ìî âèïàäîê N ≥ 3. Ó âèïàäêó N = 2
äîâåäåííÿ àíàëîãi÷íå. Íà MR ðîçãëÿíåìî îïåðàòîð

(Ph)(t) := tβ/2
[

∂
∂νx0

(
G0F0

)
(x0, t)+

∂
∂νx0

(
G2F2

)
(x0, t)

]
· [tβ/2F1(t)]

−1, t ∈ [0, T ].

Âèêîðèñòîâóþ÷è îöiíêè êîìïîíåíò âåêòîð-ôóíêöi¨ Ãðiíà òà ¨õíiõ ïîõiäíèõ, ïðè
h ∈MR, t ∈ [0, T ] îäåðæó¹ìî

|(Ph)(t)| ≤ b−1
0 tβ/2

[ t∫
0

dτ

∫
Ω0

∂G0(x0, t, y, τ, 1/h)

∂νx0

· |F0(y, τ)|dy+

+

∫
Ω

∂G2(x0, t, y, 1/h)

∂νx0

· |F2(y)|dy
]
≤

≤ b−1
0 tβ/2

[ t∫
0

( ∫
{(y,τ)∈Ω0:|y−x0|< 2(t−τ)β/2

√
R

}

∂G0(x0, t, y, τ, 1/h)

∂νx0

dy+

+

∫
{(y,τ)∈Ω0:|y−x0|> 2(t−τ)β/2

√
R

}

∂G0(x0, t, y, τ, 1/h)

∂νx0

dy
)
dτ

]
· ||F0||C(Q0)+

+b−1
0 tβ/2

[ ∫
{(y,τ)∈Ω0:|y−x0|< 2tβ/2

√
R

}

∂G2(x0, t, y, 1/h)

∂νx
dy+

+

∫
{(y,τ)∈Ω0:|y−x0|> 2tβ/2

√
R

}

∂G2(x0, t, y, 1/h)

∂νx0

dy
]
· ||F2||C(Ω0) ≤

≤ b−1
0 tβ/2

[ t∫
0

( ∫
{(y,τ)∈Ω0:|y−x0|< 2(t−τ)β/2

√
R

}

C∗
0Rdy

(t− τ)|y − x0|N−1
+

+

∫
{(y,τ)∈Ω0:|y−x0|> 2(t−τ)β/2

√
R

}

C0dy

(t− τ)1−β |y − x0|N+1

)
dτ

]
· ||F0||C(Q0)+
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+b−1
0 tβ/2

[ ∫
{(y,τ)∈Ω0:|y−x0|< 2tβ/2

√
R

}

C∗
2Rdy

tβ |y − x0|N−1
+

+

∫
{(y,τ)∈Ω1:|y−x0|> 2tβ/2

√
R

}

C2dy

|y − x0|N+1

]
· ||F2||C(Ω0) ≤

≤ k1b
−1
0 tβ/2

[
2
√
R

t∫
0

(t− τ)
β
2 −1dτ +

t∫
0

(t− τ)β−1dτ

diamΩ0∫
2(t−τ)β/2

√
R

r−2dr
]
· ||F0||C(Q0)+

+k2b
−1
0 tβ/2

[
2t−β/2

√
R+

diamΩ0∫
2tβ/2
√

R

r−2dr
]
· ||F2||C(Ω0) =

= k1b
−1
0 tβ/2

[4√Rtβ/2
β

+

t∫
0

(t− τ)β−1
(√R

2
(t− τ)−β/2 − 1

diamΩ0

)
dτ

]
· ||F0||C(Q0)+

+k2b
−1
0 tβ/2

[
(2
√
R+

√
R

2
)t−β/2 − 1

diamΩ0

]
· ||F2||C(Ω0) =

= k1b
−1
0 β−1tβ

[
5
√
R− tβ/2

diamΩ0

]
· ||F0||C(Q0) + k2b

−1
0

[
5
√
R/2− tβ/2

diamΩ0

]
· ||F2||C(Ω0),

äå k1, k2 � äîäàòíi ÷èñëà, k1 = k1(C1, C
∗
1 ), k2 = k2(C2, C

∗
2 ).

ßêùî âèáðàòè
√
R1 − 2Tβ/2

5diamΩ0
> 0, òî äëÿ âñiõ t ∈ [0, T ], R > R1 ìàòèìåìî

|(Ph)(t)| < 5b−1
0

√
R
[k1
β
T β · ||F0||C(Q0) +

k2
2
||F2||C(Ω0)

]
.

Çà âëàñòèâiñòþ ôóíêöi¨ A
√
R ïðè äîâiëüíîìó äîäàòíîìó ÷èñëi A iñíó¹ òàêå

R2 = R2(A) > 0, ùî äëÿ âñiõ R > R2 âèêîíó¹òüñÿ A
√
R < R. Îòæå, iñíó¹ òàêå

R0 = max{R1, R2} > 0, ùî äëÿ âñiõ R > R0, h ∈MR

||Ph||C[0,T ] < R, à îòæå, P :MR →MR.

Îïåðàòîð P íåïåðåðâíèé íà MR. Ñïðàâäi, ïðè h1, h2 ∈MR

(Ph1)(t)− (Ph2)(t) =

= tβ/2[tβ/2F1(t)]
−1

t∫
0

dτ

∫
Ω0

[∂G0(x0, t, y, τ, 1/h1)

∂νx0

− ∂G0(x0, t, y, τ, 1/h2)

∂νx0

]
F0(y, τ)dy+

+[tβ/2F1(t)]
−1

∫
Ω0

tβ/2
[∂G2(x0, t, y, 1/h1)

∂νx0

− ∂G2(x0, t, y, 1/h2)

∂νx0

]
F2(y)dy.
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Ïiäiíòåãðàëüíi âèðàçè ìàþòü iíòåãðîâíi îñîáëèâîñòi òà äîðiâíþþòü íóëþ ïðè
h1(t) = h2(t). Òîìó çíà÷åííÿ |(Ph1)(t)− (Ph2)(t)| ìàëi äëÿ âñiõ t ∈ [0, T ] ïðè ìàëèõ
çíà÷åííÿõ |h1(t)− h2(t)|, t ∈ [0, T ].

Ïîäiáíî îäåðæó¹ìî, ùî îïåðàòîð P êîìïàêòíèé íà MR: âèùå áóëî äîâåäåíî
ðiâíîìiðíó îáìåæåíiñòü ìíîæèíè {(Ph)(t), t ∈ [0, T ]} ïðè h ∈ MR, ¨¨ îäíîñòàé-
íà íåïåðåðâíiñòü âèïëèâà¹ ç ðiâíîìiðíî¨ çáiæíîñòi iíòåãðàëiâ ó âèðàçi (Ph)(t) ïðè
h ∈MR òà ëåìè 3.

Áóëî ïîêàçàíî ñêií÷åííiñòü ïðàâî¨ ÷àñòèíè â (19) äëÿ âñiõ t ∈ [0, T ]. Òàêîæ
iç îöiíîê i äîäàòíîñòi ôóíêöié ∂G0(x,t,y,τ)

∂νx
, ∂G2(x,t,y)

∂νx
ïðè (x, t) ∈ Q1, (y, τ) ∈ Q0

âèïëèâà¹, ùî çà óìîâ ùîäî F0, F2

tβ/2 ∂
∂νx0

(
G0F0

)
(x0, t) ≥ 0, tβ/2 ∂

∂νx0

(
G2F2

)
(x0, t) > 0.

Çâiäñè, âðàõîâóþ÷è òàêîæ óìîâè ùîäî ôóíêöi¨ F1, îäåðæó¹ìî, ùî (Ph)(t) > 0
äëÿ âñiõ t ∈ [0, T ], h ∈ MR. Îòæå, âðàõîâóþ÷è ðiâíÿííÿ (19), äîäàòíiñòü h(t) çàáåç-
ïå÷ó¹òüñÿ óìîâàìè (F0)-(F). �

Çàóâàæåííÿ 3. Íàñïðàâäi, ç òåîðåìè âèïëèâà¹ iñíóâàííÿ ôóíêöi¨ a(t) ç êëàñó

Cγ+[0, T ] = {v ∈ C+[0, T ] | |v(t)− v(τ)| ≤ A|t− τ |γ ∀t, τ ∈ [0, T ]}

ç äåÿêèìè ñòàëèìè A > 0, γ ∈ (0, 1).
Ñïðàâäi, çà óìîâ òåîðåìè îäåðæó¹ìî îáìåæåíiñòü çíèçó äåÿêèì ÷èñëîì h0 > 0

âñiõ ôóíêöié (Ph)(t) ïðè h ∈MR, à òîäi é îáìåæåíiñòü çíèçó ÷èñëîì h0 > 0 ðîçâ'ÿçêó
h ∈MR ðiâíÿííÿ (19).

Îñêiëüêè |a(t) − a(τ)| = |h(t)−h(τ)|
h(t)h(τ) ≤ |h(t)−h(τ)|

h2
0

äëÿ äîâiëüíèõ t, τ ∈ [0, T ], òî

a ∈ Cγ+[0, T ], ÿêùî h ∈ Cγ+[0, T ].
Ç âèãëÿäó âèðàçó (Ph)(t+∆t)− (Ph)(t) òà ëåìè 3 çà óìîâ òåîðåìè îäåðæó¹ìî,

ùî ôóíêöiÿ h = Ph ∈MR (ðîçâ'ÿçîê ðiâíÿííÿ (19)) çàäîâîëüíÿ¹ óìîâó Ãåëüäåðà.

Òåîðåìà 4. Çà óìîâè (F1) ðîçâ'ÿçîê (u, a) ∈ Mβ çàäà÷i (1)-(4) ¹äèíèé.

Äîâåäåííÿ. ßêùî (u1, a1), (u2, a2) ∈ Mβ � äâà ðîçâ'ÿçêè çàäà÷i, v = u1 − u2,
a = a1 − a2, òî

Dβ
t v − a1(t)∆v = a(t)∆u2, (x, t) ∈ Q0, (20)

v|Q1
= 0, v|t=0 = 0, (21)

a1(t)
∂v(x0, t)

∂νx0

= − a(t)

a2(t)
F1(t), t ∈ [0, T ] (22)

òà äëÿ ôóíêöi¨ v, ÿê ðîçâ'ÿçêó ïåðøî¨ êðàéîâî¨ çàäà÷i (20)-(21), ïðàâèëüíå çîáðàæåí-
íÿ

v(x, t) =

t∫
0

dτ

∫
Ω0

G0(x, t, y, τ, a1) · a(τ)∆u2(y, τ)dy, (x, t) ∈ Q0. (23)

Ïiäñòàâëÿþ÷è ôóíêöiþ (23) â óìîâó (22), îäåðæó¹ìî

a1(t)

t∫
0

dτ

∫
Ω0

∂G0(x0, t, y, τ, a1)

∂νx0

· a(τ)∆u2(y, τ)dy = − a(t)

a2(t)
F1(t),
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òîáòî

a(t) +

t∫
0

dτ

∫
Ω0

a1(t)a2(t)

F1(t)
· ∂G0(x0, t, y, τ, a1)

∂νx0

· a(τ)∆u2(y, τ)dy = 0, t ∈ [0, T ].

Îäåðæàëè, ùî ôóíêöiÿ a(t) çàäîâîëüíÿ¹ ëiíiéíå îäíîðiäíå iíòåãðàëüíå ðiâíÿííÿ
Âîëüòåððà ç iíòåãðîâíèì ÿäðîì (çà óìîâè òåîðåìè), ÿêå îäíîçíà÷íî ðîçâ'ÿçíå. Îòæå,
a(t) = 0, t ∈ [0, T ]. Òîäi ç (23) îäåðæó¹ìî v(x, t) = 0, (x, t) ∈ Q0. �

Çàóâàæåííÿ 4. Âèïàäîê N = 1 ðîçãëÿäà¹òüñÿ àíàëîãi÷íî. Çàäàþ÷è óìîâó (3) ëèøå
â îäíié òî÷öi (x0, t0) ∈ Q1, çíàõîäèìî (u, a), äå a � ñòàëà.
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SOLVABILITY OF INVERSE BOUNDARY VALUE PROBLEM
FOR EQUATION WITH FRACTIONAL DERIVATIVE

Andrii LOPUSHANSKYJ

Institute of Mathematics, Rzesz�ow University,

Al. Rejtana, 16 A, Rzeszo'w, 35-959, Poland

e-mail: alopushanskyj@gmail.com

We prove existence and uniqueness of a solution (u, a) to the boundary
value problem

Dβ
t u− a(t)∆u = F0(x, t), (x, t) ∈ Ω0 × (0, T ], Ω0 ⊂ RN , N ≥ 2,

a(t) > 0, t ∈ [0, T ],

u(x, t) = 0, (x, t) ∈ ∂Ω0 × [0, T ], a(t)
∂u(x0, t)

∂νx0

= F1(t), t ∈ [0, T ],

u(x, 0) = F2(x), x ∈ Ω0

with the regularized fractional derivative Dβ
t u of the order β ∈ (0, 1) and a

given point x0 ∈ ∂Ω.

Key words: fractional derivative, inverse boundary value problem, the
Green vector function, operator equation.

ÐÀÇÐÅØÈÌÎÑÒÜ ÎÁÐÀÒÍÎÉ ÊÐÀÅÂÎÉ ÇÀÄÀ×È
ÄËß ÓÐÀÂÍÅÍÈß Ñ ÄÐÎÁÍÎÉ ÏÐÎÈÇÂÎÄÍÎÉ

Àíäðåé ËÎÏÓØÀÍÑÊÈÉ

Èíñòèòóò ìàòåìàòèêè, Æåøîâñêèé óíèâåðñèòåò,

àë. Ðåéòàíà, 16 A, Æåøîâ, 35-959, Ïîëüøà

e-mail: alopushanskyj@gmail.com

Äîêàçàíî ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ (u, a) êðàåâîé çà-
äà÷è

Dβ
t u− a(t)∆u = F0(x, t), (x, t) ∈ Ω0 × (0, T ], Ω0 ⊂ RN , N ≥ 2,

a(t) > 0, t ∈ [0, T ],
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u(x, t) = 0, (x, t) ∈ ∂Ω0 × [0, T ], a(t)
∂u(x0, t)

∂νx0

= F1(t), t ∈ [0, T ],

u(x, 0) = F2(x), x ∈ Ω0

ñ ðåãóëÿðèçîâàííîé ïðîèçâîäíîéDβ
t u ïîðÿäêà β ∈ (0, 1) è çàäàííîé òî÷êîé

x0 ∈ ∂Ω0.

Êëþ÷åâûå ñëîâà: ïðîèçâîäíàÿ äðîáíîãî ïîðÿäêà, îáðàòíàÿ êðàåâàÿ
çàäà÷à, âåêòîð-ôóíêöèÿ Ãðèíà, îïåðàòîðíîå óðàâíåíèå.
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The notion of invariant measure is de�ned for the idempotent measures
(Maslov measures) in the ultrametric setting. We prove that the ultrametric
space of the idempotent measures on a complete ultrametric space is also
complete and use this fact to prove the existence of the invariant idempotent
measure for the IFSs. We also discuss the case of the upper-semicontinuous
capacities, of the max-min measures, and also of idempotent measures on
metric spaces.

Key words: idempotent measure, Maslov measure, ultrametric space.

1. Introduction. The invariant probability measures for the iterated function
systems (IFS) were �rst de�ned by Hutchinson [5]. They found various applications in
mathematics, quantum mechanics, image processing etc.

A Maslov measure (an idempotent measure) is a measure m on X de�ned as follows:
m(A) = supx∈A ψ(x), where ψ : X → R is a function. The notion of idempotent measure
belongs to the so-called Idempotent Mathematics, i.e., a part of mathematics in which the
usual arithmetical operations are replaced by idempotent ones (like x⊕ y = max{x, y}).
The informal Correspondence principle asserts that to every meaningful and interesting
notion of ordinary mathematics there corresponds a meaningful and interesting notion
of the Idempotent Mathematics.

Recall that a metric d on a set X is called an ultrametric (a non-Archimedean
metric) if it satis�es the following strong triangle inequality:

d(x, y) ≤ max{d(x, z), d(z, y)}, x, y, z ∈ X.
The aim of this note is to de�ne a counterpart of the invariant measures [5] for the

idempotent measures and for the ultrametric spaces. We prove the existence of the invari-
ant idempotent measures and consider an example of such a measure on an ultrametric
Cantor set. Since the idempotent measures are special examples of non-additive measures,

c© N. Mazurenko, M. Zarichnyi, 2014
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we discuss a possibility to de�ne invariant objects in another classes of measures. Actually,
we focus on the class of the upper semi-continuous capacities and the max-min measures
in the ultrametric setting. We also discuss some metrizations of the idempotent measures
for all metric spaces.

2. Idempotent measures. By expX we denote the set of all nonempty compact
subsets in a topological space X. If X is a metric space, we endow expX with the
Hausdor� metric.

Denote by C(X) the set of continuous functions on a compact Hausdor� space X.
Given c ∈ R, we denote by cX ∈ C(X) the constant function which takes the value c on
X. Let c� ϕ denote the function cX + ϕ and let ϕ⊕ ψ denote the function max{ϕ,ψ}.
Also, � and ⊕ mean the addition and max in the set of reals R respectively.

De�nition 1. Let X be a compact Hausdor� space. A functional µ : C(X)→ R is called
an idempotent measure if it satis�es the following properties:

1) µ(cX) = c;
2) µ(c� ϕ) = c� µ(ϕ);
3) µ(ϕ⊕ ψ) = µ(ϕ)⊕ µ(ψ).

By I(X) we denote the set of all idempotent measures on X. The following is an
example of an idempotent measure. Let x1, . . . , xn ∈ X and let α1, . . . , αn ∈ [−∞, 0] be
such that ⊕ni=1αi = 0; then de�ne µ = ⊕ni=1αi � δxi ∈ I(X) as follows:
µ(ϕ) = ⊕ni=1αi � ϕ(xi).

Every continuous map f : X → Y of compact Hausdor� spaces induces a map
I(f) : I(X) → I(Y ) by the formula I(f)(µ)(ϕ) = µ(ϕf). We obtain a functor acting
from the category of compact Hausdor� spaces and a known procedure by Chigogidze
[4] allows us to extend this functor onto the category of Tychonov spaces and continuous
maps. We keep the notation I for this extension. Note that there is a natural de�nition
of support for the functor I.

Thus, for a Tychonov space X, the set I(X) consists of the idempotent measures
on X with compact supports.

Given an ultrametric space (X, d), for every r > 0, we denote by Fr(X) the set of
real-valued functions on X which are constant onto the balls of radius r. We endow I(X)

with the following metric d̂:

d̂(µ, ν) = inf{r > 0 | µ(ϕ) = ν(ϕ) for all ϕ ∈ Fr}

(see [1] for details).

Theorem 1. Let (X, d) be a complete ultrametric space. Then I(X) is also a complete
ultrametric space.

Proof. Let (µi) be a Cauchy sequence in the space I(X). Then (Ai = supp(µi)) is a
Cauchy sequence in the space expX (see [1]) and there exists the limit A = limi→∞Ai.
Without loss of generality, one may assume that X = A ∪

⋃∞
i=1Ai.

Let ϕ ∈ C(X). We are going to show that (µi(ϕ)) is a Cauchy sequence. Let ε > 0.
Since the function ϕ is uniformly continuous, there exists δ > 0 such that |ϕ(x)−ϕ(y)| <
δ, whenever d(x, y) < ε. Then there exists N ∈ N such that d̂(µi, µj) < δ for all i, j ≥ N .
Denote by Dδ = {Bδ(xk)} the decomposition of X into the balls of radius δ. Then
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ϕ = ⊕kϕk, where ϕk|Bδ(xk) = ϕ|Bδ(xk) and ϕk|(X \Bδ(xk)) = ck, for small enough ck.
Then

|µi(ϕ)− µj(ϕ)| = | ⊕k µi(ϕk)−⊕kµj(ϕk)| = |µi(⊕kϕk)− µj(⊕kϕk)| ≤ δ

as ak ≤ ϕk ≤ ak + δ, for some constant ak.
Thus, the sequence (µi(ϕ)) is a Cauchy sequence and we denote its limit by µ(ϕ). We

are going to show that µ : C(X)→ R is an element of I(X). Note �rst that µ(cX) = cX .
Note also that

µ(ϕ⊕ ψ) = lim
i→∞

µi(ϕ⊕ ψ) = lim
i→∞

µi(ϕ)⊕ lim
i→∞

µi(ψ) = µ(ϕ)⊕ µ(ψ).

Therefore, µ ∈ I(X).
In order to show that µ = limi→∞ µi let ε > 0. Since (µi) is a Cauchy sequence,

there is N ∈ N such that, for every i, j ≥ N , µi(ϕ) = µj(ϕ), for every ϕ ∈ Fε. Then
µ(ϕ) = µi(ϕ), for every ϕ ∈ Fε and i ≥ N .

Thus, I(X) is complete.

2.1. IFSs and invariant idempotent measures. Recall that a map f : X → Y of metric
spaces (X, d) and (Y, %) is called a contraction if there is λ ∈ (0, 1) (called a contraction
coe�cient) such that %(f(x), f(y)) ≤ λd(x, y), for all x, y ∈ X.

Let X be a complete ultrametric space and f1, . . . , fn : X → X a family of contracti-
ons (we call it an iterated function system (IFS)). Let also a = ⊕ni=1αi�δi ∈ I({1, . . . , n}),
where αi ≤ 0, i = 1, . . . , n, and ⊕ni=1αi = 0. De�ne the map Φ: I(X)→ I(X) as follows:
Φ(µ) = ⊕ni=1αi � I(fi)(µ). Note that, clearly, Φ(µ) ∈ I(X).

Proposition 1. The map Φ is a contraction.

Proof. Let λ ∈ (0, 1) be a contraction coe�cient for the IFS f1, . . . , fn (e.g., the maximal
of the contraction coe�cients for fi, i = 1, . . . , n).

Given µ, ν ∈ I(X) with d̂(µ, ν) < c, we obtain d̂(I(f)(µ), I(f)(ν)) < λc. Then, for
any x ∈ X, we have

I(fi)(µ)(Bλa(x)) = I(fi)(ν)(Bλa(x)), i = 1, . . . , n.

Therefore ⊕ni=1αi�I(fi)(µ) = ⊕ni=1αi�I(fi)(ν) and we conclude that Φ is a contraction.

Since the metric space (I(X), d̂) is complete, there exists a unique �xed point of the
map Φ. We call this �xed point the invariant idempotent measure of the ISF f1, . . . , fn
and a ∈ I({1, . . . , n}).

2.2. Example. Let C = 2ω be the Cantor set. We consider the following metric d on
C:

d((xi), (yi)) = inf{1/k | xi = yi for all i < k}.
Clearly, d is an ultrametric on C. In the sequel, we identify every (x1, . . . , xn) ∈ 2n

with (x1, . . . , xn, 0, 0, . . . ) ∈ 2ω = C.
Consider the IFS f1, f2 : X → X de�ned by

f1(x1, x2, . . . ) = (0, x1, x2, . . . ), f2(x1, x2, . . . ) = (1, x1, x2, . . . ).

Let a = 0� δ1 ⊕ (−1)� δ2 ∈ I({1, 2}).
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Consider µ0 = 0� δ(0,0,... ) ∈ I(C). Then, for every natural n, we obtain

Φn(µ0) =
⊕{

−

(
n∑
i=1

xi

)
� δ((xi)) | (xi) ∈ 2n ⊂ 2ω

}
.

Then the unique �xed point of the map Φ is

µ =
⊕{(

−
∞∑
i=1

xi

)
� δ((xi)) |

∞∑
i=1

xi <∞

}
.

Indeed, it is enough to verify that d̂(Φ(µ0), µ) < 1/n. Note that F1/n consists of the
functions which are constant on the sets of the form

K(x1,...,xn) = {(yi)∞i=1 | yi = xi for every i = 1, . . . , n},
where (x1, . . . , xn) ∈ 2n. Let ϕ ∈ F1/n. Let B ⊂ X be an open ball of radius 1/n. Then
there exists (x1, . . . , xn) ∈ 2n ⊂ 2ω = C such that B = B1/n((x1, . . . , xn)). Then, clearly,
for any m ≥ n,

Φm(µ0)(ϕ) =
⊕{

ϕ(x1, . . . , xn)−
n∑
i=1

xi ∈ 2n ⊂ 2ω

}
,

whence d̂(Φn(µ0),Φm(µ0)) < 1/n for all m ≥ n.

Pic. 1. Visualization of the measure Φn(µ0).

In the picture, the measure Φn(µ0) is visualized as follows. First, we represent C as
the middle-third Cantor set. Actually, we plot the graph of the (partial) function yi 7→ 2αi

in order to represent µ = ⊕αi � δyi .
2.3. Remark. A metric in the spaces of idempotent measures of compact metric

spaces is de�ned in [8]. One can formulate the problem of existence of invariant
idempotent measures for this metric.

3. Discussion. Here we discuss a possibility to extend the results of the previous
section onto another classes of non-additive measures as well as onto the case of metric
(not necessarily ultrametric) spaces.

3.1. Capacities. We �rst consider the case of the upper-semicontinuous capacities.
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An upper-semicontinuous capacity of a compact Hausdor� space X is a function c
de�ned on the closed subsets of X and satisfying the properties:

1) c(∅) = 0, c(X) = 1;
2) c(A) ≤ c(B), whenever A ⊂ B;
3) if c(A) < a, then there is a neighborhood U of A such that c(B) < a, for every

B ⊂ U .
The set of all upper-semicontinuous capacities onX is denoted byM(X). It is known

(see, e.g., [3]) thatM is a functor on the category of compact Hausdor� spaces. Similarly
as above, one can de�ne the ultrametric space of upper-semicontinuous capacities with
compact supports on an ultrametric space X.

There are metrizations of the spaceM(X) which are counterparts of the Hutchinson
and Prohorov metric respectively. In [6], an ultrametrization ofM(X), for an ultrametric
X, is de�ned. Given an ultrametric space (X, d), for every r > 0, we denote by Fr(X)
the set of real-valued functions on X which are constant onto the balls of radius r. We
endow M(X) with the following metric d̂:

d̂(c1, c2) = inf

r > 0 |
∫
X

ϕdc1 =

∫
X

ϕdc2 for all ϕ ∈ Fr

 ,

where
∫
X
ϕdc is the Choquet integral de�ned as follows:

∫
X

ϕdc =

∞∫
0

c(ϕ ≥ t)dt+

0∫
−∞

(c(ϕ ≥ t)− 1)dt,

where (ϕ ≥ t) stands for the set {x ∈ X | ϕ(x) ≥ t}.
However, one cannot proceed as in the previous section in order to de�ne the

invariant measure, because the obtained ultrametric space (M(X), d̃), in general, is not
complete (see [6] for an example).

In [6], the following ultrametric on M(X) is considered:

d̃(c1, c2) = max{d̂(c1, c2), dH(supp(c1), supp(c2))}.

Clearly, the map (supp: M(X)→ expX is nonexpanding. In [6], it is proved that the

ultrametric space (M(X), d̃) is complete if so is (X, d). However, this construction does
not satisfy the following property: if f : X → Y is a nonexpanding map of ultrametric
spaces, then so is the map M(f) : M(X)→M(Y ).

Indeed, consider a set X = {x, y, z, w} endowed with the metric d:

d(x, y) = d(y, z) = d(x, z) = 1, d(x,w) = d(y, w) = d(z, w) = 2.

Clearly, d is an ultrametric. Let Y = {x, y, w} be endowed with the subspace metric.
Denote by f : X → Y a retraction sending z to x. The map f is nonexpanding.

Let c1, c2 : {∅} ∪ expX → [0, 1] be de�ned as follows:

c1(A) =

{
1, if |A ∩ {x, y, w}| ≥ 2,

0, otherwise,
c2(A) =

{
1, if |A ∩ {x, z, w}| ≥ 2,

0, otherwise.
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Then M(f)(c1)(A) equals 1, whenever |A| ≥ 2 and 0 otherwise. It is easy to see that
supp(M(f)(c2)) = {x}. This implies

d̃(c1, c2) = 1, d̃(M(f)(c1),M(f)(c2)) = 2

and therefore the map M(f) is not nonexpanding.
We see that the reason of lack of the non-expanding property is connected with the

property of preservation of preimages. One can speculate whether a kind of the Open Set
Condition can repair the situation. We leave this as an open problem.

3.2. Max-min measures. The results of this note can be extended on the case of
the so-called max-min measures on ultrametric spaces (see [7]). Every max-min measure
of �nite support is of the form ⊕ni=1αi ⊗ δxi

, where ⊗ stand for the min operation,
αi ∈ [−∞,∞], for all i = 1, . . . , n, and ⊕ni=1αi =∞. In [7], the max-min measures on the
complete ultrametric spaces are de�ned as the elements of the completion of the space
of the max-min measures of �nite supports with respect to the ultrametric which is a
counterpart of that used above for the idempotent measures.

3.3. Idempotent measures on metric spaces. Let (X, d) be a compact metric space.
By I(X) we denote the set of all idempotent measures of compact support on X.

By LIPn = LIPn(X, d) we denote the set of Lipschitz functions with the Lipschitz
constant ≤ n from C(X).

Fix n ∈ N. For every µ, ν ∈ I(X), let

d̂n(µ, ν) = sup{|µ(ϕ)− ν(ϕ)| | ϕ ∈ LIPn}.

It is proved in [8] that the function d̂n is a continuous pseudometric on I(X). We

let d̃n = (1/n)d̂n. In [8], the following metric was de�ned on the set I(X):

d̃(µ, ν) =

∞∑
i=1

d̃i(µ, ν)

2i
. (1)

One can also show that the following is a metric on I(X):

ď(µ, ν) =

∞⊕
i=1

d̃i(µ, ν)

2i
. (2)

One can easily prove the following fact for the metric ď.

Proposition 2. Let α1, . . . , αn ∈ (−∞, 0] be such that ⊕ni=1αi = 0. Let µi, νi ∈ I(X),

i = 1, . . . , n, be such that d̂(µi, νi) ≤ K, for all i = 1, . . . , n. Then the map

(µ1, . . . , µn) 7→
n⊕
i=1

αi � µi : I(X)n → I(X)

(we consider the max-metric on the product) is nonexpanding.

Now, in order to prove that the map Φ de�ned as above for an IFS is a contraction,
we have to show that the functor I preserver the class of contractions, i.e. that I(f) is
a contraction, whenever so is f . However, this is not the case, as the following example
demonstrates.

Let X = {a, b} with d(a, b) = K > 0. Let

µ = 0� δa ⊕ α� δb, ν = 0� δa ⊕ β � δb ∈ I(X).
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Without loss of generality, one may assume that ϕ(a) = 0 for all Lipschitz functions ϕ.
Then, if α, β > −K, then ď(µ, ν) = |α − β|, i.e., ď(µ, ν) does not depend on K. This
easily implies that the map I(f), where f the identity map of (X, d) onto (X, %) with
%(a, b) = K/2 is not a contraction.

We conclude that the map Φ is not a contraction and one should apply methods
other than Banach's contracting principle in order to examine the question of existence
and uniqueness of invariant measure.
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Äëÿ iäåìïîòåíòíèõ ìið (ìið Ìàñëîâà) îçíà÷åíî ïîíÿòòÿ iíâàðiàíòíî¨
ìiðè äëÿ iòåðîâàíî¨ ñèñòåìè ôóíêöié íà óëüòðàìåòðè÷íîìó ïðîñòîði. Äîâî-
äèìî, ùî óëüòðàìåòðè÷íèé ïðîñòið iäåìïîòåíòíèõ ìið íà ïîâíîìó óëüòðà-
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ôóíêöié. Òàêîæ îáãîâîðþ¹òüñÿ âèïàäîê íàïiâíåïåðåðâíèõ çãîðè ¹ìíîñòåé.
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Îïèñàíî âëàñòèâîñòi êëàñè÷íî-òîïîëîãi÷íîãî, Ãiëüáåðòîâîãî òà êëàñè÷-
íî-ãiëüáåðòîâîãî ìîäóëiâ. Äîâåäåíî àíàëîã òåîðåìè Äå Ìàðêî-Îðñàòòi äëÿ
lcpm-ìîäóëiâ, ñôîðìóëüîâàíî íàñëiäêè ç öi¹¨ òåîðåìè.
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êëàñè÷íî-ãiëüáåðòiâ ìîäóëü, òåîðåìà Äå Ìàðêî-Îðñàòòi.

1. Âñòóï. Óçàãàëüíåíî äåÿêi êëàñè ïåðâèííèõ ìîäóëiâ i ïiäìîäóëiâ, i íà öié
ïiäñòàâi äîñëiäæåíî êëàñè÷íî-ïåðâèííèé ñïåêòð äåÿêèõ òèïiâ ìóëüòèïëiêàöiéíèõ
ìîäóëiâ. Çàçâè÷àé ó ïóáëiêàöiÿõ êîðèñòóþòüñÿ êiëüêîìà ìîäóëüíèìè óçàãàëüíåííÿ-
ìè ïåðâèííîãî iäåàëó. Íàé÷àñòiøå ïåðåâàãó íàäàþòü ïåðâèííèì ïiäìîäóëÿì, âèçíà-
÷åíèì òàê: âëàñíèé ïiäìîäóëü P ìîäóëÿ M íàçèâà¹òüñÿ ïåðâèííèì ïiäìîäóëåì,
ÿêùî ç òîãî, ùî aRm ⊆ P äëÿ a ∈ R i m ∈ M âèïëèâà¹, ùî àáî m ∈ P àáî
a ∈ (N : M), [6], [9], [3]. Iñòîðè÷íî ïîíÿòòÿ ïåðâèííîãî ìîäóëÿ âïåðøå âèêîðè-
ñòàëè ó ïðàöi Ð.Å. Äæîíñîíà [13], ïîòiì ïåðâèííi ìîäóëi ðîçãëÿäàëè Ñ. Ïåéæ â
[19], Â.À. Àíäðóíàêi¹âè÷ â [1], à ïîäàëüøi äîñëiäæåííÿ òàêèõ ìîäóëiâ ïðîâîäèëè
Ï.Ô. Ñìiò, Ì.Å. Ìóð, Ð.Ë. Ìàê Êàñëàíä ([18]) òà ií. Îñòàííiì ÷àñîì öi ìîäóëi òà
¨õíi ðiçíîìàíiòíi óçàãàëüíåííÿ ïðèâåðòàþòü óâàãó ìàòåìàòèêiâ áàãàòüîõ êðà¨í ñâiòó.
Ñåðåä ìàòåìàòèêiâ, ÿêi îòðèìàëè íàéëiïøi ðåçóëüòàòè ïðè âèâ÷åííi ïåðâèííèõ ìî-
äóëiâ âàðòî âiäçíà÷èòè Ð. Âiñáàóåðà ([22]) òà Äæ. Äàóíñà ([9]), ÿêi çðîáèëè äåòàëüíèé
àíàëiç iñíóþ÷èõ îçíà÷åíü ïåðâèííîãî ìîäóëÿ òà ïðîâåëè ñèñòåìàòè÷íå äîñëiäæåííÿ
âëàñòèâîñòåé òàêèõ ìîäóëiâ. Øèðîêî âèêîðèñòîâóþòü îçíà÷åííÿ ïåðâèííèõ ìîäóëiâ,
ÿêi  ðóíòóþòüñÿ íà îñíîâi òåîði¨ àíóëÿòîðíèõ iäåàëiâ ïiäìîäóëiâ. Çîêðåìà, ðîçïî-
÷àëèñü é iíòåíñèâíî ïðîäîâæóþòüñÿ äîñëiäæåííÿ êëàñè÷íî-ïåðâèííèõ ïiäìîäóëiâ
[7], [2], [4] òà ñòðîãî-ïåðâèííèõ ìîäóëiâ. Ó öüîìó íàïðÿìi ìîæíà âèäiëèòè ïðàöi
À. Ðîçåíáåðãà ([21]) òà À. Êàó÷iêàñà ([14], [16], [15]).

Ïðîïîíó¹ìî îäíå óçàãàëüíåííÿ ïîíÿòòÿ êëàñè÷íî-òîïîëîãi÷íîãî ìîäóëÿ, ðàíi-
øå ââåäåíîãî Ì. Áåõáóäi â ïðàöi [7], äîâîäèìî íàéïðîñòiøi âëàñòèâîñòi öèõ ìîäóëiâ.

c⃝ Ìàëî¨ä-Ãë¹áîâà Ì., 2014



120
Ìàðòà ÌÀËÎ�Ä-ÃË�ÁÎÂÀ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2014. Âèïóñê 79

Ôiíàëüíà ÷àñòèíà çàìiòêè ïðèñâÿ÷åíà äîâåäåííþ îäíîãî àíàëîãà âiäîìî¨ òåîðåìè
Äå Ìàðêî-Îðñàòòi [10], ñôîðìóëüîâàíîãî àâòîðîì äëÿ âèïàäêó lcpm-ìîäóëiâ.

2. Ïîïåðåäíi äàíi. Íåõàé R àñîöiàòèâíå êiëüöå ç 1 ̸= 0, M − ëiâèé óíiòàð-
íèé R-ìîäóëü. Òîé ôàêò ùî, N ¹ ïiäìîäóëåì M , ñèìâîëi÷íî çàïèøåìî ó âèãëÿäi
N ⊆ M i âèêîðèñòà¹ìî ïîçíà÷åííÿ (N : M) = {r ∈ R|rM 6 N}. Íåíóëüîâèé ïðà-
âèé (ëiâèé) ìîäóëü M íàçèâà¹òüñÿ ïåðâèííèì ìîäóëåì, ÿêùî Ann(K) = Ann(M)
äëÿ êîæíîãî íåíóëüîâîãî ïiäìîäóëÿ K ìîäóëÿ M , [5]. Âëàñíèé ïiäìîäóëü P ëiâîãî
ìîäóëÿ M íàçèâàòèìåòüñÿ ïåðâèííèì, ÿêùî M/P áóäå ïåðâèííèì ëiâèì ìîäóëåì,
òîáòî Ann(K/P ) = Ann(M/P ) äëÿ êîæíîãî íåíóëüîâîãî ïiäìîäóëÿ K/P ìîäóëÿ
M/P , [19], [9]. Âëàñíèé ïiäìîäóëü P ëiâîãî ìîäóëÿ M íàçèâàòèìåòüñÿ êëàñè÷íî-

ïåðâèííèì ïiäìîäóëåì, ÿêùî ç âêëþ÷åííÿ abRm ⊆ P äëÿ a, b ∈ R i m ∈ M âèï-
ëèâà¹, ùî àáî am ∈ P àáî bm ∈ P (äèâ. [6], äå â îðèãiíàëi äëÿ òàêèõ ìîäóëiâ
âèêîðèñòîâóþòü òåðìií �ñëàáêî-ïåðâèííèé ìîäóëü�). Öå ïîíÿòòÿ (äëÿ êîìóòàòèâíî-
ãî êîíòåêñòó) âñåái÷íî âèâ÷àâ Ì. Áåõáóäi, ïî÷èíàþ÷è ç 2006 ðîêó, [6]. Çà Ì. Áåõáóäi
÷åðåç Cl.Spec(M) ïîçíà÷èìî ìíîæèíó âñiõ êëàñè÷íî-ïåðâèííèõ ïiäìîäóëiâ ëiâîãî
ìîäóëÿ M , [5], [7]. Â êëàñè÷íié àëãåáðè÷íié ãåîìåòði¨ âàæëèâó ðîëü âiäiãðà¹ òîïî-
ëîãiÿ Çàðèñüêîãî íà ñïåêòði êîìóòàòèâíîãî êiëüöÿ Spec(R). Òåïåð âæå çðîçóìiëà ¨¨
ðîëü i ó òåîði¨ ìîäóëiâ. Êîíñïåêòèâíî íàãàäà¹ìî ïðèíöèï ïîáóäîâè òîïîëîãi¨ Çàðèñü-
êîãî â îáîõ âèïàäêàõ ïðîñòîðiâ ïåðâèííèõ iäåàëiâ êiëüöÿ òà ïåðâèííèõ ïiäìîäóëiâ
ëiâîãî ìîäóëÿ. Äëÿ êîæíîãî iäåàëó I êiëüöÿ R ïîñòàâèìî ó âiäïîâiäíiñòü ìíîæèíó
V (I) = {P ∈ Spec(R) : I ⊆ P}. Òîìó ìíîæèíè V (I), äå I ïðîáiãà¹ iäåàëè êiëü-
öÿ R, çàäîâîëüíÿþòü àêñiîìè çàìêíåíèõ ìíîæèí äåÿêî¨ òîïîëîãi¨ íà Spec(R), ÿêó
íàçèâàþòü òîïîëîãi¹þ Çàðèñüêîãî. Ó âèïàäêó ëiâîãî ìîäóëÿ M , íåõàé Spec(M) �
ìíîæèíà âñiõ ïåðâèííèõ ïiäìîäóëiâ ìîäóëÿ M , ÿêó íàçèâà¹ìî ïåðâèííèì ñïåêò-

ðîì ìîäóëÿ M . Äëÿ êîæíîãî ïiäìîäóëÿ N ëiâîãî ìîäóëÿ M ðîçãëÿíåìî ìíîæè-
íó V (N) = {P ∈ Spec(M)|N ⊆ P}. Ëiâèé ìîäóëü M íàçèâàòèìåòüñÿ òîïîëîãi÷-

íèì ìîäóëåì, ÿêùî éîãî ïåðâèííèé ñïåêòð çàäîâîëüíÿ¹ òàêi âëàñòèâîñòi: ìíîæèíà
ξ(M) := {V (N)|N ⊆ M} çàìêíåíà ñòîñîâíî ñêií÷åííèõ îá'¹äíàíü (äåòàëüíiøó ií-
ôîðìàöiþ ìîæíà ïî÷åðïíóòè â [18]). Çàóâàæèìî, ùî ξ(M) óòâîðþâàòèìóòü ñèñòåìó
çàìêíåíèõ ìíîæèí â òîïîëîãi¨ Çàðèñüêîãî íà Spec(M). Çàóâàæèìî òàêîæ, ùî öÿ
âëàñòèâiñòü ïðèòàìàííà ñïåêòðó ñàìîãî êiëüöÿ: Spec(R). Áàãàòî äîñëiäíèêiâ, íà-
ïðèêëàä, Ð. Ë. Ìàê Êàñëàíä, Ì. Å. Ìóð, Ï. Ô. Ñìiò ([18]) iíòåíñèâíî íàìàãàëèñÿ
ñèñòåìàòèçóâàòè âèâ÷åííÿ ñïåêòðiâ ïåðâèííèõ ïiäìîäóëiâ. Çîêðåìà, âîíè äîâåëè, ùî
äëÿ êîìóòàòèâíîãî âèïàäêó, ÿêùî RM � ñêií÷åííî-ïîðîäæåíèé, òî ìîäóëü M áóäå
òîïîëîãi÷íèì ìîäóëåì òîäi i ëèøå òîäi, êîëè M ìóëüòèïëiêàöiéíèé ìîäóëü. Íåõàé
M íåíóëüîâèé ëiâèé R-ìîäóëü. Äëÿ éîãî ïiäìîäóëÿ N îçíà÷èìî êëàñè÷íèé ìíîãî-

âèä ÿê ìíîæèíó V(N) = {P ∈ Cl.Spec(M)|N ⊆ P}. Ìíîæèíà âñiõ òàêèõ ìíîãîâèäiâ
ìà¹ òàêi âëàñòèâîñòi:

1) V(M) = ∅ i V(0) = Cl.Spec(M);

2)
∩
i∈I

V(Ni) = V
(∑

i∈I

Ni

)
äëÿ äîâiëüíî¨ ìíîæèíè iíäåêñiâ I;

3) V(N) ∪ V(L) ⊆ V(N ∩ L) äëÿ ïiäìîäóëiâ N,L,Ni ⊆ M .
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Ïîçíà÷èìî ÷åðåç C(M) ñiì'þ âñiõ ïiäìíîæèí âèãëÿäó V(N) ç Cl.Spec(M). Òîäi
C(M) ìiñòèòü ïîðîæíþ ìíîæèíó i âåñü ïðîñòið Cl.Spec(M), i C(M) çàìêíåíà ñòîñîâ-
íî äîâiëüíèõ ïåðåòèíiâ, ïðîòå â çàãàëüíîìó C(M) íå çàìêíåíà ñòîñîâíî ñêií÷åííèõ
îá'¹äíàíü, äèâ. íàïðèêëàä, [7]. Öèì ìîòèâó¹òüñÿ òàêå îçíà÷åííÿ: ëiâèé R-ìîäóëü M
íàçèâà¹òüñÿ êëàñè÷íî-òîïîëîãi÷íèì ìîäóëåì, ÿêùî C(M) çàìêíåíà ñòîñîâíî ñêií-
÷åííèõ îá'¹äíàíü, òîáòî äëÿ äîâiëüíèõ ïiäìîäóëiâ N i L ìîäóëÿ M iñíó¹ òàêèé
ïiäìîäóëü K, ùî V(N) ∪ V(L) = V(K). Â òàêîìó ðàçi ñiì'ÿ C(M) çàäîâîëüíÿ¹ àê-
ñiîìè çàìêíåíèõ ïiäìíîæèí òîïîëîãi÷íîãî ïðîñòîðó, à îòæå, âèçíà÷à¹ òîïîëîãiþ
íà Cl.Spec(M). Íåõàé M äîâiëüíèé ëiâèé R-ìîäóëü. Äëÿ êîæíîãî éîãî ïiäìîäóëÿ
N ïîçíà÷èìî U(N) = Cl.Spec(M)\V(N) i B(M) = {U(N) : N ⊆ M}. ×åðåç T(M)
ïîçíà÷èìî íàáið âñiõ îá'¹äíàíü ñêií÷åííèõ ïåðåòèíiâ åëåìåíòiâ ç B(M). Òîäi T(M)
óòâîðþ¹ òîïîëîãiþ íà ClSpec(M) ç ïiäáàçîþ B(M). Ó òàêîìó âèïàäêó T(M) íàçè-
âà¹òüñÿ òîïîëîãi¹þ òèïó Çàðèñüêîãî.

Çàóâàæåííÿ 1. Äëÿ M äîâiëüíîãî ëiâîãî R-ìîäóëÿ, ñiì'ÿ ìíîæèí {U(N1) ∩ . . . ∩
U(Nk) : Ni ⊆ M, 1 6 i 6 k äëÿ äåÿêîãî k ∈ N} óòâîðþ¹ áàçó òîïîëîãi¨ òèïó Çàðèñü-
êîãî íà M .

Ïiäìîäóëü C ìîäóëÿ M íàçèâà¹òüñÿ íàïiâïåðâèííèì (êëàñè÷íî-íàïiâïåðâèí-
íèì), ÿêùî C ¹ ïåðåòèíîì ïåðâèííèõ (êëàñè÷íî-ïåðâèííèõ) ïiäìîäóëiâ. Ïåðâèííèé
(êëàñè÷íî-ïåðâèííèé) ïiäìîäóëü P ëiâîãî ìîäóëÿ M íàçèâà¹òüñÿ åêñòðàîðäèíàð-

íèì, ÿêùî ÿê òiëüêè N i L ¹ íàïiâïåðâèííèìè (êëàñè÷íî-íàïiâïåðâèííèìè) ïiäìî-
äóëÿìè ìîäóëÿ M , òî ç óìîâè N ∩ L ⊆ P âèïëèâà¹, ùî N ⊆ P i L ⊆ P ([7]). Ëiâèé
R-ìîäóëüM íàçèâà¹òüñÿ ìóëüòèïëiêàöiéíèì ìîäóëåì, ÿêùî äëÿ êîæíîãî ïiäìîäóëÿ
N ìîäóëÿ M iñíó¹ òàêèé iäåàë B êiëüöÿ R, ùî N = BM . Áiëüøå iíôîðìàöi¨ ïðî
ìóëüòèïëiêàöiéíi ìîäóëi ìîæíà çíàéòè â ìîíîãðàôi¨ [20]. Íåõàé X − òîïîëîãi÷íèé
ïðîñòið, A − éîãî ïiäïðîñòið, 1A : A −→ A − òîòîæíå âiäîáðàæåííÿ. ßêùî iñíó¹
òàêå âiäîáðàæåííÿ r : X −→ A, ùî r|A = 1A, òî r íàçèâà¹òüñÿ ðåòðàêöi¹þ X íà A,
à ïiäïðîñòið A íàçèâà¹òüñÿ ðåòðàêòîì ïðîñòîðó X .

3. Âëàñòèâîñòi êëàñè÷íî-òîïîëîãi÷íèõ ìîäóëiâ.

Ëåìà 1. Äëÿ ëiâîãî R-ìîäóëÿ M òàêi òâåðäæåííÿ åêâiâàëåíòíi:

1) M ¹ êëàñè÷íî-òîïîëîãi÷íèì ìîäóëåì;

2) êîæåí êëàñè÷íî-ïåðâèííèé ïiäìîäóëü ìîäóëÿ M ¹ åêñòðàîðäèíàðíèì;

3) V(N)∪V(L) = V(N ∩L) äëÿ áóäü-ÿêèõ êëàñè÷íî-íàïiâïåðâèííèõ ïiäìîäóëiâ

N i L ìîäóëÿ M .

Äîâåäåííÿ ïðîâîäèòüñÿ àíàëîãi÷íèìè ìiðêóâàííÿìè äî òèõ, ÿêi ïîäàþòü Áåõ-
áóäi i Íîîði â [7]. Ç öi¹¨ ëåìè ïðÿìî âèïëèâà¹ âèñíîâîê.

Íàñëiäîê 1. Êîæåí êëàñè÷íî-òîïîëîãi÷íèé ìîäóëü ¹ òîïîëîãi÷íèì ìîäóëåì.

Äîâåäåííÿ. Íåõàé M äîâiëüíèé êëàñè÷íî-òîïîëîãi÷íèé ìîäóëü. Çà ïîïåðåäíüîþ ëå-
ìîþ êîæåí êëàñè÷íî-ïåðâèííèé ïiäìîäóëü M áóäå åêñòðàîðäèíàðíèì. Îñêiëüêè êî-
æåí êëàñè÷íî-ïåðâèííèé ïiäìîäóëüM ¹ ïåðâèííèì, òî ïåðâèííèé ïiäìîäóëüM òåæ
áóäå åêñòðàîðäèíàðíèì. Çà [7], M áóäå òîïîëîãi÷íèì ìîäóëåì. �

Ïðîòå äîñi íå çíàéäåíî ïðèêëàäó òîïîëîãi÷íîãî ìîäóëÿ, ÿêèé áè íå áóâ êëà-
ñè÷íî-òîïîëîãi÷íèì ìîäóëåì. Àâòîðè ÷åðåç áðàê òàêèõ êîíòðïðèêëàäiâ ðàçîì ç òèì
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ôàêòîì, ùî äâà ïîíÿòòÿ òîïîëîãi÷íîãî òà êëàñè÷íî-òîïîëîãi÷íîãî ìîäóëÿ ¹ åêâi-
âàëåíòíèìè äëÿ òàêèõ êëàñiâ êiëåöü ÿê ñêií÷åííî-ïîðîäæåíi òà Àðòiíîâi ìîäóëi,
âèñóâàþòü ãiïîòåçó i äîâîäÿòü òàêå òâåðäæåííÿ.

Íàñëiäîê 2. Íåõàé M äîâiëüíèé R-ìîäóëü íàä êîìóòàòèâíèì êiëüöåì. M áóäå

òîïîëîãi÷íèì ìîäóëåì ó òîìó i ëèøå â òîìó âèïàäêó, êîëè âií áóäå êëàñè÷íî-

òîïîëîãi÷íèì ìîäóëåì.

Ïðîòå äëÿ âèïàäêó íåêîìóòàòèâíîãî êiëüöÿ öå òâåðäæåííÿ íåïðàâèëüíå.

Òâåðäæåííÿ 1. Íåõàé M ëiâèé êëàñè÷íî-òîïîëîãi÷íèé R-ìîäóëü. Òîäi êîæåí ãî-

ìîìîðôíèé îáðàç M áóäå êëàñè÷íî-òîïîëîãi÷íèì ìîäóëåì.

Äîâåäåííÿ. ÍåõàéN äîâiëüíèé ïiäìîäóëü êëàñè÷íî-òîïîëîãi÷íîãî ìîäóëÿM . Íåõàé
M ′ = M/N . Ïðèïóñòèìî, ùî Cl.Spec(M ′) ̸= ∅. Î÷åâèäíî, ùî êëàñè÷íî-ïåðâèííèìè
ïiäìîäóëÿìè M ′ áóäóòü ïiäìîäóëi âèãëÿäó P/N , äå P � êëàñè÷íî-ïåðâèííèé ïiä-
ìîäóëü ìîäóëÿ M i N ⊆ P . Îòæå, äîâiëüíèé êëàñè÷íèé íàïiâïåðâèííèé ïiäìîäóëü
ìîäóëÿ M ′ íàáóäå âèãëÿäó C/N , äå C � êëàñè÷íî-íàïiâïåðâèííèé ïiäìîäóëü, ùî
ìiñòèòü N . Âèêîðèñòîâóþ÷è ëåìó 1, îòðèìà¹ìî ïîòðiáíèé ðåçóëüòàò. �

Âèïàäîê, êîëè Cl.Spec(M ′) ̸= 0 òðèâiàëüíèé.
4. Ãiëüáåðòîâi òà êëàñè÷íî-ãiëüáåðòîâi ìîäóëi: îçíà÷åííÿ òà äåÿêi

âëàñòèâîñòi. Íå îáîâ'ÿçêîâî êîìóòàòèâíå êiëüöå R íàçèâà¹òüñÿ êiëüöåì Ãiëü-

áåðòà, ÿêùî êîæåí ïåðâèííèé iäåàë êiëüöÿ áóäå ïåðåòèíîì ìàêñèìàëüíèõ iäåàëiâ.
Óçàãàëüíèâøè íà âèïàäîê ìîäóëiâ, îòðèìà¹ìî òå, ùî ìîäóëü íàçèâà¹òüñÿ ãiëüáåðòî-
âèì, ÿêùî êîæåí ïåðâèííèé ïiäìîäóëü áóäå ïåðåòèíîì ìàêñèìàëüíèõ ïiäìîäóëiâ.
Ìîäóëü M íàçèâà¹òüñÿ êëàñè÷íî-ãiëüáåðòîâèì, ÿêùî êîæåí êëàñè÷íî-ïåðâèííèé
ïiäìîäóëü áóäå ïåðåòèíîì ìàêñèìàëüíèõ ïiäìîäóëiâ.

Çàãàëîì êîæåí ïåðâèííèé ïiäìîäóëü ìîäóëÿ M áóäå êëàñè÷íî-ïåðâèííèì, à ó
âèïàäêó, êîëè M = R ¹ êîìóòàòèâíèì êiëüöåì, êëàñè÷íî-ïåðâèííi ïiäìîäóëi, ïåð-
âèííi ïiäìîäóëi i ïåðâèííi iäåàëè çáiãàþòüñÿ (ðiâíi) ([2]).

Çàóâàæåííÿ 2. Âêëþ÷åííÿ â iíøó ñòîðîíó íåïðàâèëüíå, òîáòî iñíó¹ ïiäìîäóëü N
ìîäóëÿ M , ùî ¹ êëàñè÷íî-ïåðâèííèì ïiäìîäóëåì, àëå íå ¹ ïåðâèííèì ïiäìîäóëåì.
ßêùî R − îáëàñòü i P − íåíóëüîâèé ïåðâèííèé iäåàë, òî P ⊕ (0), (0)⊕ P i P (1, 1) ¹
êëàñè÷íèìè ïåðâèííèìè ïiäìîäóëÿìè âiëüíîãî ìîäóëÿ M = R ⊕ R, ïðîòå âñi âîíè
íå ¹ ïåðâèííèìè ïiäìîäóëÿìè (iíôîðìàöiÿ ìiñòèòüñÿ â [2]).

Òâåðäæåííÿ 2. Êîæåí êëàñè÷íî-ãiëüáåðòiâ ìîäóëü ¹ Ãiëüáåðòîâèì ìîäóëåì, àëå

îáåðíåíå òâåðäæåííÿ õèáíå.

Äîâåäåííÿ. Íåõàé M êëàñè÷íî-ãiëüáåðòiâ ìîäóëü. Çà ëåìîþ 1, êîæåí êëàñè÷íî-
ïåðâèííèé ïiäìîäóëü ìîäóëÿ M � åêñòðàîðäèíàðíèé. Îñêiëüêè êîæåí êëàñè÷íî-
ïåðâèííèé ïiäìîäóëü ìîäóëÿ M ¹ ïåðâèííèì ïiäìîäóëåì, òî êîæåí ïåðâèííèé ïiä-
ìîäóëü ¹ åêñòðàîðäèíàðíèì. Òîäi çà ([18], Lemma 2.1), M ¹ Ãiëüáåðòîâèì ìîäó-
ëåì. �

Òåîðåìà 1. R-ìîäóëü M áóäå êëàñè÷íî-ãiëüáåðòîâèì ìîäóëåì òîäi i ëèøå òîäi

êîëè êîæåí êëàñè÷íî-ïåðâèííèé ïiäìîäóëü M , ùî íå ¹ ìàêñèìàëüíèì, áóäå ïåðå-

òèíîì âëàñíèõ áiëüøèõ êëàñè÷íî-ïåðâèííèõ ïiäìîäóëiâ.
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Äîâåäåííÿ ïðîâîäèòüñÿ àíàëîãi÷íî äî ìiðêóâàíü, ÿêi ïîäàíî â [2] äëÿ êîìóòà-
òèâíîãî âèïàäêó.

Çàóâàæåííÿ 3. ßêùî M − äîâiëüíèé R-ìîäóëü i K ⊆ M , òî ëåãêî äîâåñòè, ùî
âëàñíèé ïiäìîäóëü P ç M , äå K ⊆ P � êëàñè÷íî-ïåðâèííèé ïiäìîäóëü (âiäïî-
âiäíî ìàêñèìàëüíèé) ïiäìîäóëÿ M , ÿêùî P/K ¹ êëàñè÷íî-ïåðâèííèì (ìàêñèìàëü-
íèì) ïiäìîäóëåì M/K. Öå çàóâàæåííÿ ìîæíà âèêîðèñòàòè ÿê îçíà÷åííÿ êëàñè÷íî-
ïåðâèííîãî ïiäìîäóëÿ.

Òâåðäæåííÿ 3. Êîæåí ãîìîìîðôíèé îáðàç êëàñè÷íî-ãiëüáåðòîâîãî ìîäóëÿ áóäå

êëàñè÷íî-ãiëüáåðòîâèì ìîäóëåì.

Äîâåäåííÿ. Íåõàé N äîâiëüíèé ïiäìîäóëü êëàñè÷íî-ãiëüáåðòîâîãî ìîäóëÿ M . Ïî-
çíà÷èìî ÷åðåç M ′ ôàêòîð-ìîäóëü M ′ = M/N . Ïðèïóñòèìî, ùî Cl.Spec(M ′) ̸= 0.
Î÷åâèäíî, êëàñè÷íî-ïåðâèííi ïiäìîäóëi ìîäóëÿ M ′ íàáóâàþòü âèãëÿäó P/N , äå
P � êëàñè÷íî-ïåðâèííèé ïiäìîäóëü ìîäóëÿ M i N ⊆ M . Îòæå, êîæåí êëàñè÷íèé
íàïiâïåðâèííèé ïiäìîäóëü ìîäóëÿ M ′ íàáóäå âèãëÿäó C/N , äå C � êëàñè÷íî-
íàïiâïåðâèííèé ïiäìîäóëü, ùî ìiñòèòü N . Äëÿ çàâåðøåííÿ äîâåäåííÿ äîñòàòíüî
âèêîðèñòàòè Ëåìó 1. �

Ç òâåðäæåííÿ âèïëèâà¹ òàêèé âèñíîâîê.

Íàñëiäîê 3. Íåõàé R-êiëüöå, M − äîâiëüíèé R-ìîäóëü. Òàêi âëàñòèâîñòi åêâiâà-
ëåíòíi:

1) M � êëàñè÷íî-ãiëüáåðòiâ R-ìîäóëü;
2) M/N � êëàñè÷íî-ãiëüáåðòiâ R-ìîäóëü äëÿ êîæíîãî ïiäìîäóëÿ N ìîäóëÿ M .

Çàóâàæåííÿ 4. Ìiíiìàëüíi êëàñè÷íî-ïåðâèííi ïiäìîäóëi âèçíà÷àþòü ïðèðîäíî.
Î÷åâèäíî, ÿêùî {Pi}i∈I − äîâiëüíèé ëàíöþã êëàñè÷íî-ïåðâèííèõ ïiäìîäóëiâ R-ìî-
äóëÿ M , òî ∩i∈IPi î÷åâèäíî áóäå êëàñè÷íî-ïåðâèííèì ïiäìîäóëåì. Òîìó çà ëåìîþ
Öîðíà êîæåí êëàñè÷íî-ïåðâèííèé ïiäìîäóëü ìiñòèòèìå ìiíiìàëüíèé êëàñè÷íî-
ïåðâèííèé ïiäìîäóëü.

Íåõàé R íå îáîâ'ÿçêîâî êîìóòàòèâíå êiëüöå. Ëiâèé ìîäóëü M íàä êiëüöåì R íà-
çèâà¹òüñÿ lcpm-ìîäóëåì, ÿêùî êîæåí êëàñè÷íî-ïåðâèííèé ïiäìîäóëü P ìiñòèòüñÿ â
¹äèíîìó ìàêñèìàëüíîìó ïiäìîäóëi ìîäóëÿ M . Àíàëîãi÷íî ìîæíà ïîäàòè îçíà÷åííÿ
rcpm-ìîäóëÿ. Òåïåð ìîæíà äîâåñòè àíàëîã òåîðåìè Äå Ìàðêî-Îðñàòòi äëÿ âèïàäêó
êëàñè÷íî-ïåðâèííèõ ïiäìîäóëiâ.

Òåîðåìà 2. Íåõàé M ìóëüòèïëiêàöiéíèé R-ìîäóëü, i Max(M) ðåòðàêò ïðîñòîðó

Cl.Spec(M). Òîäi M ¹ lcpm-ìîäóëåì.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî φ : Cl.Spec(M) → Max(M) íåïåðåðâíà ðåòðàêöiÿ i
φ(K) = H äëÿ äåÿêîãî êëàñè÷íî-ïåðâèííîãî ïiäìîäóëÿ P i ìàêñèìàëüíîãî ïiäìî-
äóëÿ H ìîäóëÿ M . Òîäi çàìêíåíà ìíîæèíà φ−1(H) áóäå ìiñòèòè ¯{P}, òîáòî äî-
âiëüíèé ìàêñèìàëüíèé ïiäìîäóëü H ′, ùî ìiñòèòèìå P . Îñêiëüêè âiäîáðàæåííÿ φ
áóäå íåïåðåðâíîþ ðåòðàêöi¹þ, òîìó H = φ(H ′) = H ′. Îòæå, H ′ = H áóäå ¹äèíèì
ìàêñèìàëüíèì ïiäìîäóëåì, ÿêèé ìiñòèòèìå P . �
Íàñëiäîê 4. Êîæåí ìàêñèìàëüíèé ïiäìîäóëü ìóëüòèïëiêàöéíîãî lcpm-ìîäóëÿ M
ìiñòèòü ¹äèíèé ìiíiìàëüíèé êëàñè÷íî-ïåðâèííèé ïiäìîäóëü.
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Íàñëiäîê 5. Ïðîñòið Min(M) ìiíiìàëüíèõ êëàñè÷íî-ïåðâèííèõ ïiäìîäóëiâ áóäå

ðåòðàêòîì ïðîñòîðó Cl.Spec(M).

Íàñëiäîê 6. Íåõàé R − êiëüöå i {Mi}i∈I íàáið R-ìîäóëiâ. ßêùî
⊕

i∈I Mi �

êëàñè÷íî-ãiëüáåðòîâèé ìîäóëü, òî êîæåí Mi(i ∈ I) áóäå êëàñè÷íî-ãiëüáåðòîâèì

ìîäóëåì.

Òâåðäæåííÿ 4. Íåõàé R − îáëàñòü, M − êëàñè÷íî-ãiëüáåðòiâ R-ìîäóëü. ßêùî
N ¹ òàêèì äîâiëüíèì ïiäìîäóëåì M , ùî M/N ¹ ìîäóëåì áåç ñêðóòó, òî N áóäå

êëàñè÷íî-ãiëüáåðòîâèì R-ìîäóëåì.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî R ¹ îáëàñòþ i M ¹ êëàñè÷íî-ãiëüáåðòîâèì R-ìîäóëåì.
Ïðèïóñòèìî, ùî N ⊂ M i M/N ¹ ìîäóëåì áåç ñêðóòó. Áiëüøå iíôîðìàöi¨ ïðî ìîäóëi
áåç ñêðóòó ìîæíà ïî÷åðïíóòè ç [11], [12], [17]. Òàêîæ ïðèïóñòèìî, ùî P ⊂ N �
êëàñè÷íî-ïåðâèííi ïiäìîäóëi. Äîâåäåìî, ùî P ¹ ïåðåòèíîì ìàêñèìàëüíèõ ïiäìîäóëiâ
ç N . Ñïåðøó äîâåäåìî, ùî P � êëàñè÷íî-ïåðâèííèé ïiäìîäóëü M . Ïðèïóñòèìî, ùî
rsRm ⊆ P äëÿ äåÿêîãî m ∈ M i r, s ∈ R. ßêùî m ∈ M , îñêiëüêè P êëàñè÷íî-
ïåðâèííèé ïiäìîäóëü N , ìè äîâåäåìî, ùî àáî rm ∈ P , àáî sm ∈ P . Òåïåð ïðèïóñòè-
ìî, ùî m ∈ M . Íàãàäà¹ìî, ùî rsRm ⊆ P ⊆ N . Îñêiëüêè M/N ¹ ìîäóëåì áåç ñêðóòó
i m /∈ N , âèïëèâà¹, ùî r = 0 ÷è s = 0. Òàêîæ ó öüîìó âèïàäêó àáî rm ∈ P , àáî
sm ∈ P . Îòæå, P � êëàñè÷íî-ïåðâèííèé ïiäìîäóëü M .

Îñêiëüêè P � êëàñè÷íî-ïåðâèííèé ïiäìîäóëü M i P = ∩i∈IMi, äå êîæåí Mi �
ìàêñèìàëüíèé ïiäìîäóëü. M . Äëÿ êîæíîãî i íåõàé Pi := Mi ∩N . Îñêiëüêè P ⊆ N
ëåãêî ïîáà÷èòè, ùî P = ∩i∈IPi. Îêðiì òîãî, ìîæåìî ïðèïóñòèòè áåç âòðàòè çàãàëü-
íîñòi, ùî êîæåí Pi ïîâíiñòþ ìiñòèòüñÿ â N . Ïðèïóñòèìî, ùî i ∈ I ¹ äîâiëüíèì. Ùîá
çàâåðøèòè äîâåäåííÿ, äîñòàòíüî äîâåñòè, ùî Pi ¹ ìàêñèìàëüíèì ïiäìîäóëåì N . Òî-
ìó ïðèïóñòèìî, ùî m ∈ N\Pi. Äîâåäåìî, ùî (Pi,m) ∈ N . Îòæå, mi /∈ Mi. Îñêiëüêè
Mi � ìàêñèìàëüíèé ïiäìîäóëü M , òî îòðèìà¹ìî (Mi,m) = M . Íåõàé x ∈ N � äî-
âiëüíèé åëåìåíò. Äîâåäåìî, ùî x ∈ (Pi,m). Îñêiëüêè M = (Mi,m), x = mi + rm äëÿ
äåÿêèõ åëåìåíòiâ mi ∈ M , r ∈ R. Ïîçàÿê x ∈ N i m ∈ N , òî ðîáèìî âèñíîâîê, ùî
mi ∈ N . Òîìó mi ∈ Pi, ç öüîãî âèïëèâà¹, ùî x ∈ (Pi,m). Ìè äîâåëè, ùî (Pi,m) ∈ N ,
à öå äîâîäèòü, ùî Pi ¹ ìàêñèìàëüíèìè ïiäìîäóëÿìè N . �
Íàñëiäîê 7. Íåõàé R − îáëàñòü i M êëàñè÷íî-ãiëüáåðòiâ R-ìîäóëü. Òîäi iñòèííi
òàêi òâåðäæåííÿ:

1) ÿêùî T (M) − ïåðiîäè÷íèé ìîäóëü, òî T (M) òàêîæ êëàñè÷íî-ãiëüáåðòiâ

R-ìîäóëü;
2) ÿêùî M − ìîäóëü áåç ñêðóòó i N − ÷èñòèé ïiäìîäóëü ìîäóëÿ M , òî N ¹

êëàñè÷íî-ãiëüáåðòîâèì R-ìîäóëåì.

Äîâåäåííÿ. 1) Âèïëèâà¹ ç ïîïåðåäíüîãî òâåðäæåííÿ.
2) Äëÿ äîâåäåííÿ ïðèïóñòèìî, ùî N ¹ ÷èñòèì ïiäìîäóëåì êëàñè÷íî-ãiëüáåð-

òîâîãî ìîäóëÿ áåç ñêðóòó M . Çà ïîïåðåäíiì òâåðäæåííÿì äîñòàòíüî äîâåñòè òàêå:
ÿêùî m ∈ M\N i r ∈ R, äå rRm ∈ N , òî r = 0. Òîìó ïðèïóñòèìî, ùî m ∈ M\N
i rRm ∈ N . Îñêiëüêè N ¹ ÷èñòèì, òî rM ∩ N = rN . Îòæå, rRm ∈ rN , òîìó iñíó¹
äåÿêèé åëåìåíò n ∈ N , ùî rRm = rRn. Îòæå, rR(m − n) = 0. Îñêiëüêè m /∈ N ,
òî áà÷èìî, ùî m− n ̸= 0. Ïîçàÿê M ¹ ìîäóëåì áåç ñêðóòó, òî ðîáèìî âèñíîâîê, ùî
r = 0. �
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Properties of classical-topological, Hilbert and classical-Hilbert modules are
described. The analogue of De Marco-Orsatti's theorem for lcpm-modules is
proven and some consequences of this theorem are given.
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óë. Óíèâåðñèòåòñêàÿ, 1, Ëüâîâ, 79000
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Îïèñàíî ñâîéñòâà êëàññè÷åñêè-òîïîëîãè÷åñêîãî, ãèëüáåðòîâîãî è êëàñ-
ñè÷åñêè-ãèëüáåðòîâîãî ìîäóëåé. Äîêàçàíî àíàëîã òåîðåìû Äå Ìàðêî-Îð-
ñàòòè äëÿ lcpm-ìîäóëåé è ñôîðìóëèðîâàíû ñëåäñòâèÿ èç ýòîé òåîðåìû.

Êëþ÷åâûå ñëîâà: ïåðâè÷íûé ìîäóëü, êëàññè÷åñêè òîïîëîãè÷åñêèé ìî-
äóëü, êëàññè÷åñêè-ãèëüáåðòîâ ìîäóëü, òåîðåìà Äå Ìàðêî-Îðñàòòè.
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ÕÀÐÀÊÒÅÐÈÑÒÈ×ÍÈÕ ÔÓÍÊÖIÉ
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Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ, 79000

e-mail: marta0691@rambler.ru

Äëÿ àíàëiòè÷íèõ â DR = {z : |z| < R}, 0 < R 6 +∞, õàðàêòåðèñòè÷-
íèõ ôóíêöié φ éìîâiðíiñíèõ çàêîíiâ F çíàéäåíî çâ'ÿçîê ìiæ çðîñòàííÿì
M(r, φ) = max {|φ(z)| : |z| = r} , r ∈ [0, R) i ñïàäàííÿì WF (x) = 1− F (x) +
+F (−x), x > 0. Îòðèìàíi ðåçóëüòàòè çàñòîñîâàíî äëÿ çíàõîäæåííÿ óìîâ íà
WF (x), çà ÿêèõ ïðàâèëüíi àñèìïòîòè÷íi ðiâíîñòi lnM(r, φ) = (1+ o(1))Trρ

ïðè r → ∞, äå T > 0, ρ > 1 äëÿ öiëèõ õàðàêòåðèñòè÷íèõ ôóíêöié i

M(r, φ) =
(1 + o(1))T

(R− r)ρ
ïðè r ↑ R, äå T > 0, ρ > 0 äëÿ àíàëiòè÷íèõ â

êðóçi {z : |z| < R} õàðàêòåðèñòè÷íèõ ôóíêöié.

Êëþ÷îâi ñëîâà: àíàëiòè÷íà ôóíêöiÿ, õàðàêòåðèñòè÷íà ôóíêöiÿ, éìî-
âiðíiñíèé çàêîí, óçàãàëüíåíèé ïîðÿäîê.

1. Âñòóï. Íåõàé φ � àíàëiòè÷íà â DR = {z : |z| < R}, R > 0, õàðàêòåðèñ-
òè÷íà ôóíêöiÿ éìîâiðíiñíîãî çàêîíó F , M(r, φ) = max {|φ(z)| : |z| = r} , r ∈ [0, R),
à WF (x) = 1 − F (x) + F (−x), x > 0. Çâ'ÿçîê ìiæ çðîñòàííÿì M(r, φ) i ñïàäàííÿì
WF (x) äîñëiäæóâàëè áàãàòî ìàòåìàòèêiâ. Äëÿ öiëèõ õàðàêòåðèñòè÷íèõ ôóíêöié öåé
çâ'ÿçîê ó òåðìiíàõ ïîðÿäêó i òèïó îòðèìàâ Á. Ðàìà÷àíäðàí (äèâ. [1, ñ. 54]), à äëÿ
àíàëiòè÷íèõ â îäèíè÷íîìó êðóçi òàêèé ñàìèé çâ'ÿçîê çíàéøîâ Â.Ì. Ñîðîêiâñüêèé
[2]. Ó òåðìiíàõ óçàãàëüíåíèõ ïîðÿäêiâ Ì.Ì.Øåðåìåòè çàëåæíiñòü çðîñòàííÿM(r, φ)
âiä ñïàäàííÿ WF (x) âèâ÷àëè Í.I. ßêîâë¹âà [3-4] äëÿ öiëèõ õàðàêòåðèñòè÷íèõ ôóíê-
öié i Â.Ì. Ñîðîêiâñüêèé [2] äëÿ àíàëiòè÷íèõ â îäèíè÷íîìó êðóçi õàðàêòåðèñòè÷íèõ
ôóíêöié. Íàéçàãàëüíiøi ðåçóëüòàòè äëÿ öiëèõ i äëÿ àíàëiòè÷íèõ ó ñêií÷åííîìó êðóçi
ôóíêöié íàâåäåíî â [5].

Ïðèðîäíèì ñòàëî ïèòàííÿ, çà ÿêèõ óìîâ íà WF (x) äëÿ öiëèõ õàðàêòåðèñòè÷íèõ
ôóíêöié lnM(r, φ) = (1 + o(1))Trρ ïðè r → ∞, äå T > 0 i ρ > 1, à äëÿ àíàëiòè÷íèõ
â êðóçi {z : |z| < R} õàðàêòåðèñòè÷íèõ ôóíêöié ïðàâèëüíà àñèìïòîòè÷íà ðiâíiñòü

M(r, φ) =
(1 + o(1))T

(R− r)ρ
ïðè r ↑ R, äå T > 0 i ρ > 0.

c⃝ Ïëàöèäåì Ì., 2014
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Âiäïîâiäü íà öå ïèòàííÿ áóäå îòðèìàíî ç äîâåäåíîãî íèæ÷å çàãàëüíîãî ðåçóëü-
òàòó.

×åðåç Ω(0, R) ïîçíà÷èìî êëàñ äîäàòíèõ íåîáìåæåíèõ íà [r0, R) äëÿ äåÿêîãî
r0 ∈ (0 , R) ôóíêöié Φ òàêèõ, ùî ïîõiäíà Φ′ äîäàòíà, íåïåðåðâíî äèôåðåíöiéîâíà i

çðîñòà¹ äî +∞ íà [r0, R), i íåõàé ϕ � ôóíêöiÿ, îáåðíåíà äî Φ′, à Ψ(r) = r − Φ(r)

Φ′(r)
�

ôóíêöiÿ, àñîöiéîâàíà ç Φ çà Íüþòîíîì.
Áóäåìî äîñëiäæóâàòè óìîâè íà ôóíêöi¨ WF i Φ, çà ÿêèõ

lnM(r, φ) = (1 + o(1))Φ(r), r ↑ R. (1)

Äëÿ öüîãî ïðèéìåìî µ(r, φ) = sup {WF (x)e
rx : x > 0} i çíàéäåìî ñïî÷àòêó óìîâè íà

Φ, çà ÿêèõ ñïiââiäíîøåííÿ (1) ðiâíîñèëüíå ñïiââiäíîøåííþ

lnµ(r, φ) = (1 + o(1))Φ(r), r ↑ R. (2)

Îñêiëüêè [6, c. 55 ] µ(r, φ) 6 2M(r, φ) ïðè r → ∞, òî lnµ(r, φ) 6 (1+ o(1)) lnM(r, φ),
i íàì çàëèøèëîñü îòðèìàòè îöiíêó lnM(r, φ) ÷åðåç lnµ(r, φ) çâåðõó. Àëå [6, c. 55]
M(r, φ) 6 rI(r, φ) + const, äå I(r, φ) =

∫∞
0

WF (x) exp{rx}dx. Òîìó, ÿêùî φ ̸≡ const

� öiëà õàðàêòåðèñòè÷íà ôóíêöiÿ, òî
lnM(r, φ)

r
→ σ ∈ (0,+∞] ïðè r → +∞, i îòæå,

lnM(r, φ) 6 (1 + o(1)) ln I(r, φ), ïðè r → +∞, ÿêùî φ àíàëiòè÷íà â êðóçi DR = {z :
|z| < R}, R < +∞, òî M(r, φ) 6 RI(r, φ) + const i çíîâó

lnM(r, φ) 6 (1 + o(1)) ln I(r, φ) ïðè r ↑ R.

Îòæå, çàäà÷à çâåëàñü äî îöiíêè I(r, φ) ÷åðåç µ(r, φ) çâåðõó. Ìàòèìåìî

I(r, φ) =

∫ ∞

0

WF (x) exp {(r + η(r))x} exp {−η(r)x} dx 6 µ(r + η(r), φ)

η(r)

äëÿ áóäü-ÿêîãî η(r) ∈ (0, R− r), òîáòî r + η(r) < R. Çâiäñè âèïëèâà¹, ùî

ln I(r, φ) 6 lnµ(r + η(r), φ) + ln
1

η(r)
. (3)

Òîìó ç (2) âèïëèâà¹, ùî

ln I(r, φ) 6 (1 + o(1))Φ(r + η(r)) + ln
1

η(r)
, r ↑ R, (4)

i îòæå, òðåáà âèáðàòè η(r) òàê, ùîá Φ(r + η(r)) = (1 + o(1))Φ(r) i ln η(r) = o(Φ(r))

ïðè r ↑ R. Íàéïðîñòiøèì ¹ âèáið η(r) =
1

Φ(r)
ç âèìîãîþ Φ

(
r +

1

Φ(r)

)
= (1 +

+o(1))Φ(r) ïðè r ↑ R. ßêùî R = +∞, òî öÿ âèìîãà íå ¹ îáòÿæëèâîþ, îñêiëüêè ¨¨
çàäîâîëüíÿþòü ñòåïåíåâà òà ïîêàçíèêîâà ôóíêöi¨, à òàêîæ ôóíêöiÿ Φ(r) = expk r, äå
exp1 r = er, expk r = exp{expk−1 r} (k > 2). Ñèòóàöiÿ äåùî iíøà, ÿêùî R ∈ (0,+∞).

Ðîçãëÿíåìî, íàïðèêëàä, Φ(r) =
1 + γ

R− r
, γ > 0. Òîäi r +

1

Φ(r)
= r +

R− r

1 + γ
< R, àëå

Φ

(
r +

1

Φ(r)

)
=

(1 + γ)2

γ(R− r)
̸= (1 + o(1))Φ(r) ïðè r ↑ R. Ùîá âêëþ÷èòè öåé âèïàäîê

äî ðîçãëÿäó, âèáåðåìî η(r) =
1

Φ′(r)
. Òîäi, ÿêùî Φ′(r) > 1 + γ

R− r
äëÿ r > r0, òî
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r + η(r) < R (çðîçóìiëî, ùî öÿ óìîâà ¹ çàéâîþ, ÿêùî R = +∞). Ïðèïóñêàþ÷è

ùå, ùî Φ

(
r +

1

Φ′(r)

)
= (1 + o(1))Φ(r) i lnΦ′(r) = o(Φ(r)) ïðè r ↑ R ∈ (0,+∞], ç (2)

i (4), îòðèìó¹ìî îöiíêó

ln I(r, φ) 6 (1 + o(1))Φ(r), r ↑ R. (5)

Ç ïðîâåäåíèõ ìiðêóâàíü îòðèìó¹ìî òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 1. Íåõàé 0 < R 6 +∞, à ôóíêöiÿ Φ ∈ Ω(0, R) òàêà, ùî Φ′(r) > 1 + γ

R− r

ç γ > 0 äëÿ âñiõ r ∈ [r0, R), lnΦ′(r) = o(Φ(r)) i Φ
(
r + 1

Φ′(r)

)
= (1 + o(1))Φ(r) ïðè

r ↑ R. Òîäi äëÿ êîæíî¨ àíàëiòè÷íî¨ â DR õàðàêòåðèñòè÷íî¨ ôóíêöi¨ φ ñïiââiäíî-
øåííÿ (1) i (2) ðiâíîñèëüíi.

Çàóâàæåííÿ 1. Ó âèïàäêó, êîëè R = +∞, òîáòî φ � öiëà õàðàêòåðèñòè÷íà ôóíêöiÿ,
óìîâè òåîðåìè çàäîâîëüíÿþòü, íàïðèêëàä, ôóíêöi¨ Φ(r) = σrρ(r > r0) ç ρ > 1 i
σ > 0, Φ(σ) = σeρr(r > r0) ç σ > 0 i ρ > 0, à òàêîæ ôóíêöiÿ Φ(r) = expk r ç k > 2.

Çàóâàæåííÿ 2. ßêùî ïðèïóñòèòè, ùî Φ(r) = B( 1
R−r ), òî ìîæíà äîâåñòè, ùî Φ

çàäîâîëüíÿ¹ óìîâè òâåðäæåííÿ 1, ÿêùî, íàïðèêëàä, B(x) = xρ ç p > 0 B(x) = expk x
ç k > 1, B(x) = σ lnp x ç σ > 0 i p > 1. Â îñòàííüîìó ïðèêëàäi p > 1 çàìiíèòè íà
p = 1 íå ìîæíà.

Äëÿ çíàõîäæåííÿ óìîâ íà WF , çà ÿêèõ ïðàâèëüíà àñèìïòîòè÷íà ðiâíiñòü (2),
ìîæíà âèêîðèñòàòè ðåçóëüòàòè ç [7-8]. Äëÿ öüîãî ÷åðåç Ω(−∞, R) ïîçíà÷èìî êëàñ
äîäàòíèõ íåîáìåæåíèõ íà (−∞, R) ôóíêöié Φ∗ òàêèõ, ùî ïîõiäíà Φ′

∗ íåïåðåðâíà,
äîäàòíà i çðîñòà¹ äî +∞ íà (−∞, R), i íåõàé ôóíêöi¨ Ψ∗ i ϕ∗ âèçíà÷åíi ÿê âèùå.
Ïðèïóñòèìî, ùî P � áóäü-ÿêà ôóíêöiÿ, çàäàíà íà [0,+∞) i âiäìiííà âiä +∞ (âîíà
ìîæå íàáóâàòè çíà÷åíü−∞, àëå P ̸≡ −∞). Òîäi ôóíêöiÿQ(σ) = sup{P (t)+σt : t > 0}
íàçèâà¹òüñÿ ñïðÿæåíîþ ç P çà Þíãîì, à äëÿ íå¨ ç Òåîðåìè 2.5 ç [8] âèïëèâà¹ òàêà
ëåìà.

Ëåìà 1. Íåõàé Φ∗ ∈ Ω(−∞, R), 0 < R 6 +∞. Äëÿ òîãî, ùîá Q(σ) = (1+o(1))Φ∗(σ)
ïðè σ ↑ R, íåîáõiäíî i äîñòàòíüî, ùîá äëÿ áóäü-ÿêîãî ε > 0:

1) iñíóâàëî x0 = x0(ε) òàêå, ùîá P (x) 6 −xΨ∗(ϕ∗(
x

1+ε )) äëÿ âñiõ x > x0;

2) iñíóâàëà çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü (xk) äîäàòíèõ ÷èñåë òàêà, ùî
P (xk) > −xkΨ∗(ϕ∗(

xk

1−ε )) äëÿ âñiõ k > 1 i

lim
k→∞

G1(xk, xk+1,Φ∗)

G2(xk, xk+1,Φ∗)
= 1, (6)

äå

G1(xk, xk+1,Φ∗) =
xkxk+1

xk+1 − xk

xk+1∫
xk

Φ∗(ϕ∗(t))

t2
dt,

G2(xk, xk+1,Φ∗) = Φ∗(
1

xk+1 − xk

xk+1∫
xk

ϕ∗(t)dt).
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Îñêiëüêè lnµ(r, φ) = sup {lnWF (x) + rx : x > 0}, òî äëÿ P (x) = lnWF (x) ìàòè-
ìåìî lnµ(r, φ) = Q(r) äëÿ r > 0 i, âèáèðàþ÷è Φ∗ ∈ Ω(−∞, R) òàê, ùîá Φ∗(r) = Φ(r)
äëÿ r > r0, çà ëåìîþ 1 ïðèõîäèìî äî òàêîãî òâåðäæåííÿ.

Òâåðäæåííÿ 2. Íåõàé 0 < R 6 +∞ i Φ ∈ Ω(0, R). Äëÿ òîãî, ùîá àñèìïòîòè÷íà
ðiâíiñòü (2) áóëà ïðàâèëüíîþ, íåîáõiäíî i äîñòàòíüî, ùîá äëÿ êîæíîãî ε > 0:

1) iñíóâàëî x0 = x0(ε) òàêå, ùî lnWF (x) 6 −xΨ(ϕ( x
1+ε )) äëÿ âñiõ x > x0;

2) iñíóâàëà çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü (xk) äîäàòíèõ ÷èñåë òàêà, ùî
lnWF (xk) > −xkΨ(ϕ( xk

1−ε )) äëÿ âñiõ k > 1 i âèêîíóâàëàñü ðiâíiñòü (6) ç Φ∗ = Φ.

Îá'¹äíóþ÷è òâåðäæåííÿ 1 i 2, îòðèìó¹ìî òàêó òåîðåìó.

Òåîðåìà 1. Íåõàé 0 < R 6 +∞, ôóíêöiÿ Φ ∈ Ω(0, R) çàäîâîëüíÿ¹ óìîâè òâåðäæåí-
íÿ 1, à φ � àíàëiòè÷íà â DR õàðàêòåðèñòè÷íà ôóíêöiÿ éìîâiðíiñíîãî çàêîíó F . Äëÿ
òîãî, ùîá àñèìïòîòè÷íà ðiâíiñòü (1) áóëà ïðàâèëüíîþ, íåîáõiäíî i äîñòàòíüî,
ùîá äëÿ êîæíîãî ε > 0 âèêîíóâàëèñü óìîâè 1) i 2) òâåðäæåííÿ 2.

Íàâåäåìî äâà íàñëiäêè, ÿêi ñòîñóþòüñÿ öiëèõ òà àíàëiòè÷íèõ â DR ôóíêöié
ñêií÷åííîãî ïîðÿäêó.

Íàñëiäîê 1. Íåõàé φ � öiëà õàðàêòåðèñòè÷íà ôóíêöiÿ éìîâiðíiñíîãî çàêîíó F
ïîðÿäêó ρ > 1. Äëÿ òîãî, ùîá lnM(r, φ) = (1+o(1))Trρ ïðè r → +∞, äå T ∈ (0,+∞),
íåîáõiäíî i äîñòàòíüî, ùîá äëÿ êîæíîãî ε > 0:

1) iñíóâàëî x0 = x0(ε) òàêå, ùî lnWF (x) 6 −(1− ε)T (ρ− 1)( x
Tρ )

ρ
ρ−1 äëÿ âñiõ

x > x0(ε);
2) iñíóâàëà çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü (xk) òàêà, ùî

lnWF (xk) > −(1 + ε)T (ρ− 1)(
x

Tρ
)

ρ
ρ−1 i

xk+1

xk
→ 1 ïðè k → ∞.

Äîâåäåííÿ. Ëåãêî ïåðåâiðèòè, ùî ôóíêöiÿ Φ(r) = Trρ(r > r0) çàäîâîëüíÿ¹ óìîâè

òâåðäæåííÿ 1. Äëÿ öi¹¨ ôóíêöi¨ xΨ(ϕ(x)) = T (ρ − 1)( x
Tρ )

ρ
ρ−1 . Òîìó ç îãëÿäó íà äî-

âiëüíiñòü ε ç íàâåäåíèõ â óìîâàõ 1) i 2) íåðiâíîñòÿõ ç òâåðäæåííÿ 2 äëÿ lnWF (x)
âèïëèâàþòü âiäïîâiäíi íåðiâíîñòi â óìîâàõ 1) i 2) íàñëiäêó 1. Íàðåøòi, ÿê äîâåäå-

íî â [9] ðiâíiñòü (6) ó âèïàäêó, êîëè ôóíêöiÿ Φ′(r)
Φ(r) íå çðîñòà¹, ðiâíîñèëüíà ðiâíîñòi

lim
k→∞

xk+1

xk
= 1. �

Íàñëiäîê 2. Íåõàé φ � àíàëiòè÷íà â DR, 0 < R < +∞, õàðàêòåðèñòè÷íà ôóíêöiÿ

éìîâiðíiñíîãî çàêîíó F ïîðÿäêó ρ > 0. Äëÿ òîãî, ùîá lnM(r, φ) =
(1 + o(1))T

(R− r)ρ
ïðè

r ↑ R, äå T > 0, íåîáõiäíî i äîñòàòíüî, ùîá äëÿ êîæíîãî ε > 0:

1) iñíóâàëî x0 = x0(ε) òàêå, ùî ln(WF (x)e
Rx) 6 (T + ε)(ρ+ 1)( x

Tρ )
ρ

ρ+1 äëÿ âñiõ
x > x0;

2) iñíóâàëà çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü (xk) äîäàòíèõ ÷èñåë òàêà, ùî

ln(WF (xk)e
Rxk) > (T − ε)(ρ+ 1)( x

Tρ )
ρ

ρ+1 i
xk+1

xk
→ 1 ïðè k → ∞.

Äîâåäåííÿ. ßê âèäíî çi çàóâàæåííÿ 2, ôóíêöiÿ Φ(r) = T
(R−r)ρ çàäîâîëüíÿ¹ óìîâè

òâåðäæåííÿ 1. Äëÿ öi¹¨ ôóíêöi¨ ϕ(x) = R − (Tρ
x )

1
ρ+1 , Ψ(r) = r − R−r

ρ , xΨ(ϕ(x)) =

= Rx−T (ρ+1)( x
Tρ )

ρ
ρ+1 . Òîìó ç îãëÿäó íà äîâiëüíiñòü ε > 0 ç íàâåäåíèõ â óìîâàõ 1) i
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2) íåðiâíîñòÿõ äëÿ lnWF ó òâåðäæåííi 2 âèïëèâàþòü âiäïîâiäíi íåðiâíîñòi â óìîâàõ
1) i 2) íàñëiäêó 2. Çàëèøèëîñü äîâåñòè, ùî óìîâà (6) ó âèïàäêó, êîëè Φ(r) = T

(R−r)ρ

âèêîíó¹òüñÿ òîäi i òiëüêè òîäi, êîëè xk+1

xk
= 1, k → ∞, òîáòî, ÿêùî ïðèéìåìî

xk+1 = (1 + θk)xk, òî θk → 0, k → ∞.
Íåâàæêî ïåðåâiðèòè, ùî

G1(xk, xk(1 + θk),Φ) = (ρ+ 1)T
1

ρ+1 ρ−
ρ

ρ+1x
ρ

ρ+1

k

1 + θk
θk

(
1− 1

(1 + θk)
1

ρ+1

)
i

G2(xk, xk(1 + θk),Φ) = (ρ+ 1)−ρT
1

ρ+1 ρ
ρ2

ρ+1x
ρ

ρ+1

k

(
(1 + θk)

ρ
ρ+1−1

θk

)−ρ

,

òîáòî

G1(xk, xk(1 + θk),Φ)

G2(xk, xk(1 + θk),Φ)
=

(ρ+ 1)ρ+1

ρρ
1 + θk
θk

(
1− 1

(1 + θk)
1

ρ+1

)(
(1 + θk)

ρ
ρ+1 − 1

θk

)ρ

. (7)

ßêùî òåïåð θk → 0, òî

G1(xk, xk(1 + θk),Φ)

G2(xk, xk(1 + θk),Φ)
=

(
ρ+ 1

ρ

)ρ+1
1 + θk
θ + k

(
1−

(
1− θk

ρ+ 1
+O(θ2k)

))
×

×

(
1 + ρ

ρ+1θk +O(θ2k)

θk

)ρ

=
(ρ+ 1)ρ+1

ρρ
(1 + o(1))

1

ρ+ 1

(
ρ

ρ+ 1

)ρ

= 1 + o(1), k → ∞,

òîáòî âèêîíó¹òüñÿ (6).
Íàâïàêè, íåõàé âèêîíó¹òüñÿ (6). Ïðèïóñòèìî ñïî÷àòêó, ùî lim

k→∞
θk = +∞. Òîäi

iñíó¹ çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü (kj) íàòóðàëüíèõ ÷èñåë òàêà, ùî θkj → +∞
(j → ∞), à äëÿ öi¹¨ ïîñëiäîâíîñòi ç (7) îòðèìà¹ìî

G1(xkj , xkj (1 + θkj ),Φ)

G2(xkj , xkj (1 + θkj ),Φ)
=

(ρ+ 1)ρ+1

ρρ
θ
− ρ

ρ+1

kj
→ 0 (j → ∞),

ùî íåìîæëèâî. ßêùî æ lim
k→∞

θk = θ ∈ (0,+∞), òî äëÿ âiäïîâiäíî¨ ïîñëiäîâíîñòi θkj

ìàòèìåìî

G1(xkj , xkj (1 + θkj ),Φ)

G2(xkj , xkj (1 + θkj ),Φ)
=

(ρ+ 1)ρ+1

ρρ
1 + θ

θ

(
1− 1

(1 + θ)
1

ρ+1

)(
(1 + θ)

ρ
ρ+1 − 1

θ

)ρ

(1+o(1)),

j → ∞ i ç (6) âèïëèâà¹, ùî

(1 + θ)
ρ

ρ+1

θρ+1
((1 + θ)

1
ρ+1 − 1)((1 + θ)

1
ρ+1 − 1)ρ =

ρρ

(ρ+ 1)ρ+1
.

Â [8, ñ. 100] äîâåäåíî, ùî ¹äèíèì íåâiä'¹ìíèì ðîçâ'ÿçêîì öüîãî ðiâíÿííÿ ¹ θ = 0.
Òîìó θk → 0(k → ∞) i íàñëiäîê 2 ïîâíiñòþ äîâåäåíî. �
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ON REGULAR GROWTH OF CHARACTERISTIC FUNCTIONS
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Ivan Franko National University of Lviv,
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e-mail: marta0691@rambler.ru

For analytic in DR = {z : |z| < R}, 0 < R 6 +∞, characteristic functi-
ons φ of probability laws F a relations between the growth of M(r, φ) =
= max {|φ(z)| : |z| = r} , r ∈ [0, R) and decrease ofWF (x) = 1−F (x)+F (−x),
x > 0 are established. The results are used to �nd the conditions on WF (x)
for which the correct asymptotic equalities lnM(r, φ) = (1 + o(1))Trρ at
r → ∞, where T > 0, ρ > 1 for entire characteristic functions and M(r, φ) =

=
(1 + o(1))T

(R− r)ρ
at r ↑ R, where T >0, ρ>0 for analytic in the circle {z : |z|< R}

haracteristic functions.

Key words: analytic function, characteristic function, probability law,
generalized order.
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Î ÐÅÃÓËßÐÍÎÌ ÐÎÑÒÅ
ÕÀÐÀÊÒÅÐÈÑÒÈ×ÅÑÊÈÕ ÔÓÍÊÖÈÉ

Ìàðòà ÏËÀÖÈÄÅÌ

Ëüâîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Èâàíà Ôðàíêî,

óë. Óíèâåðñèòåòñêàÿ, 1, Ëüâîâ, 79000

e-mail: marta0691@rambler.ru

Äëÿ àíàëèòè÷åñêèõ â DR = {z : |z| < R}, 0 < R 6 +∞, õàðàêòåðèñòè-
÷åñêèõ ôóíêöèé φ âåðîÿòíîñòíûõ çàêîíîâ F íàéäåíà ñâÿçü ìåæäó ðîñòîì
M(r, φ) = max {|φ(z)| : |z| = r} , r ∈ [0, R) è óáûâàíèåì WF (x) = 1−F (x)+
+F (−x), x > 0. Ïîëó÷åííûå ðåçóëüòàòû ïðèìåíåíû äëÿ íàõîæäåíèÿ óñëî-
âèé íà WF (x), ïðè êàêèõ âåðíû àñèìïòîòè÷åñêèå ðàâåíñòâà lnM(r, φ) =
= (1 + o(1))Trρ ïðè r → ∞, ãäå T > 0, ρ > 1 äëÿ öåëûõ õàðàêòåðèñòè÷åñ-

êèõ ôóíêöèé è M(r, φ) =
(1 + o(1))T

(R− r)ρ
ïðè r ↑ R, ãäå T > 0, ρ > 0 äëÿ

àíàëèòè÷åñêèõ â êðóãå {z : |z| < R} õàðàêòåðèñòè÷åñêèõ ôóíêöèé.
Êëþ÷åâûå ñëîâà: àíàëèòè÷åñêàÿ ôóíêöèÿ , õàðàêòåðèñòè÷åñêàÿ ôóíê-

öèÿ, âåðîÿòíîñòíûé çàêîí, îáîáù¼ííûé ïîðÿäîê.
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ÇÐÎÑÒÀÍÍß I ÐÎÇÏÎÄIË ÍÓËIÂ ÒÀ ÏÎËÞÑIÂ
ÌÅÐÎÌÎÐÔÍÎ� ÔÓÍÊÖI� Â ÎÊÎËI IÑÒÎÒÍÎ

ÎÑÎÁËÈÂÎ� ÒÎ×ÊÈ

Íàòàëiÿ ÑÎÊÓËÜÑÜÊÀ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ, 79000

e-mail: natalya.sokulska@gmail.com

Ââåäåíî õàðàêòåðèñòèêó Íåâàíëiííè T0(r, F ) ìåðîìîðôíî¨ â çîâíiøíîñ-
òi îäèíè÷íîãî êðóãà ôóíêöi¨ òà äîâåäåíî ¨¨ îñíîâíi âëàñòèâîñòi. Îòðèìàíî
êðèòåðié ñêií÷åííîñòi λ-òèïó ãîëîìîðôíèõ â çîâíiøíîñòi îäèíè÷íîãî êðó-
ãà ôóíêöié F ó òåðìiíàõ êîåôiöi¹íòiâ Ôóð'¹ log |F |. Çíàéäåíî çâ'ÿçîê ìiæ
T0(r, F ) òà êëàñè÷íîþ õàðàêòåðèñòèêîþ Íåâàíëiííè T (r, F ) äëÿ ôóíêöié,
ÿêi ìàþòü ìåðîìîðôíå ïðîäîâæåííÿ â C. Îïèñàíî ïîñëiäîâíîñòi íóëiâ ãî-
ëîìîðôíèõ i ïîëþñiâ ìåðîìîðôíèõ ôóíêöié ñêií÷åííîãî λ-òèïó â çîâíiø-
íîñòi îäèíè÷íîãî êðóãà.

Êëþ÷îâi ñëîâà: ãîëîìîðôíà ôóíêöiÿ, ìåðîìîðôíà ôóíêöiÿ, ôóíêöiÿ
ñêií÷åííîãî λ-òèïó, ïîñëiäîâíiñòü çi ñêií÷åííîþ λ-ùiëüíiñòþ, λ-äîïóñòèìà
ïîñëiäîâíiñòü.

1. Âñòóï.Ó êëàñè÷íié òåîði¨ Íåâàíëiííè âèâ÷àþòü ðîçïîäië çíà÷åíü ìåðîìîðô-
íèõ ôóíêöié ó âñié ïëîùèíi. Ìè áóäó¹ìî àíàëîã öi¹¨ òåîði¨ äëÿ ôóíêöié ìåðîìîðô-
íèõ ëèøå â äåÿêîìó ïîêîëåíîìó îêîëi ôiêñîâàíî¨ òî÷êè. Áåç âòðàòè çàãàëüíîñòi
ââàæàòèìåìî öþ òî÷êó ∞, à ¨¨ îêîëîì çîâíiøíiñòü äåÿêîãî êðóãà, çîêðåìà, îäèíè÷-
íîãî.

Äëÿ ôóíêöié ìåðîìîðôíèõ çîâíi îäèíè÷íîãî êðóãà ðîçâ'ÿçàíî òàêi çàäà÷i:

i) äîâåäåíî àíàëîã ôîðìóëè �íñåíà;
ii) ââåäåíî õàðàêòåðèñòèêó Íåâàíëiííè T0(r, F );
iii) ïðîâåäåíî ïîðiâíÿííÿ T0(r, F ) i T (r, F ) äëÿ ôóíêöié, ÿêi ìåðîìîðôíî ïðî-

äîâæóþòüñÿ â C;
iv) îïèñàíî êëàñ ìåðîìîðôíèõ ïðè |z| > 1ôóíêöié F òàêèõ, ùî ¨õíÿ õàðàêòåðèñ-

òèêà Íåâàíëiííè T0(r, F ) = O(log r);
v) ðîçãëÿíóòî êëàñè ôóíêöié ç äîâiëüíèì îáìåæåííÿì íà çðîñòàííÿ ¨õíiõ íå-

âàíëiííîâèõ õàðàêòåðèñòèê T0(r, F ), ùî çàäàþòüñÿ äîäàòíèìè, íåñïàäíèìè,
íåïåðåðâíèìè, íåîáìåæåíèìè ïðè r > 1 ôóíêöiÿìè λ;

c⃝ Cîêóëüñüêà Í., 2014
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vi) îïèñàíî ïîñëiäîâíîñòi íóëiâ ãîëîìîðôíèõ i ïîëþñiâ ìåðîìîðôíèõ â çîâíiø-
íîñòi îäèíè÷íîãî êðóãà ôóíêöié.

2. Òåîðåìà �íñåíà äëÿ ìåðîìîðôíèõ â çîâíiøíîñòi îäèíè÷íîãî êðóãà

ôóíêöié. Íåõàé âiäìiííà âiä òîòîæíîãî íóëÿ ôóíêöiÿ F � ìåðîìîðôíà â çîâíiø-
íîñòi îäèíè÷íîãî êðóãà {z : |z| > 1}. Íåõàé n0(t, F ) � ëi÷èëüíà ôóíêöiÿ ¨¨ ïîëþñiâ
ó êiëüöi {z : 1 < |z| 6 t}. Ïîçíà÷èìî

N0(r, F ) =

r∫
1

n0(t, F )

t
dt, r > 1 (1)

i

c0(r, F ) =
1

2π

2π∫
0

log |F (reit)|dt, r > 1. (2)

Íàñòóïíà ëåìà ¹ àíàëîãîì òåîðåìè �íñåíà.

Ëåìà 1. Íåõàé ôóíêöiÿ F ìåðîìîðôíà â çîâíiøíîñòi îäèíè÷íîãî êðóãà

{z : |z| > 1}. Tîäi

N0(r,
1

F
)−N0(r, F ) = (3)

= c0(r, F )− log r

log r0
c0(r0, F ) + (

log r

log r0
− 1)c0(1, F ), r > r0 > 1.

Äîâåäåííÿ. Â [5] ìè âèâ÷àëè ôóíêöi¨ f ìåðîìîðôíi â çàìèêàííi ïiâñìóãè

S = {s = σ + it : σ > 0, 0 6 t < 2π}
òàêi, ùî f(σ) = f(σ + 2πi), σ > 0. Âiäîáðàçèâøè S ó çîâíiøíiñòü îäèíè÷íîãî êðóãà
{z : |z| > 1} çà äîïîìîãîþ âiäîáðàæåííÿ z = es, îòðèìà¹ìî òàêi ñïiââiäíîøåííÿ ìiæ
ìåðîìîðôíîþ â {z : |z| > 1} ôóíêöi¹þ F òà ìåðîìîðôíîþ â S ôóíêöi¹þ f òàêîþ,
ùî f(σ) = f(σ + 2πi), σ > 0,

f(s) = F (es).

Î÷åâèäíî, ùî çà äîïîìîãîþ âiäîáðàæåííÿ z = es, z = reit, s = σ + it îòðèìó¹ìî
ñïiââiäíîøåííÿ r = eσ, à òàêîæ

n0(r, F ) = n(log r, f) = n(σ, f), r > 1, σ ∈ S, (4)

äå n(σ, f) � ëi÷èëüíà ôóíêöiÿ ïîëþñiâ ôóíêöi¨ f ó ïðÿìîêóòíèêó {η+ it : 0 < η 6 σ,
0 6 t < 2π}.

Ç îãëÿäó íà (1)

N0(r, F ) =

r∫
1

n0(t, F )

t
dt = (5)

=

eσ∫
1

n(log t, f)

t
dt =

σ∫
0

n(η, f)dη = N(σ, f),

äëÿ r > 1 i σ > 0.
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À òàêîæ,

c0(σ, f) :=
1

2π

2π∫
0

log |f(σ + it)|dt = (6)

=
1

2π

2π∫
0

log |F (eσ+it)|dt = 1

2π

2π∫
0

log |F (reit)|dt = c0(r, F ), r > 1.

Ñïiââiäíîøåííÿ, äîâåäåíå â [5], ¹ àíàëîãîì òåîðåìè �íñåíà-Ëiòòëâóäà [2] äëÿ
ìåðîìîðôíî¨ â çàìèêàííi ïiâñìóãè S ôóíêöi¨ f òàêî¨, ùî f(σ) = f(σ + 2πi), σ > 0

N(σ,
1

f
)−N(σ, f) = (7)

= c0(σ, f)−
σ

σ0
c0(σ0, f) + (

σ

σ0
− 1)c0(0, f), σ > σ0 > 0.

Iç (7) òà ðiâíîñòåé (5), (6), îòðèìó¹ìî (3). �

3. Õàðàêòåðèñòèêà Íåâàíëiííè ìåðîìîðôíèõ çîâíi îäèíè÷íîãî êðóãà

ôóíêöié. Íåõàé âiäìiííà âiä òîòîæíîãî íóëÿ ôóíêöiÿ F ìåðîìîðôíà â çîâíiøíîñòi
îäèíè÷íîãî êðóãà {z : |z| > 1}. Ïîçíà÷èìî

m0(r, F ) =
1

2π

2π∫
0

log+|F (reit)|dt,

äå x+ = max{0, x}.

Îçíà÷åííÿ 1. Ôóíêöiÿ

T0(r, F ) = m0(r, F )− log r

log r0
m0(r0, F ) + (8)

+

(
log r

log r0
− 1

)
m0(1, F ) +N0(r, F ), r > r0 > 1,

íàçèâà¹òüñÿ õàðàêòåðèñòèêîþ Íåâàíëiííè ôóíêöi¨ F .

Åëåìåíòàðíi âëàñòèâîñòi T0(r, F ) îïèñàíi â òåîðåìi.

Òåîðåìà 1. Íåõàé ôóíêöiÿ F , F ̸≡ 0, ìåðîìîðôíà â çîâíiøíîñòi îäèíè÷íîãî êðóãà
{z : |z| > 1}. Òîäi:

i) T0(r0, F ) = 0;
ii) T0(r, F ) íåâiä'¹ìíà, íåñïàäíà é îïóêëà ñòîñîâíî log r ïðè r > r0;
iii) T0(r, F ) = T0(r,

1
F ) ïðè r > r0.

iv) T0(r, F1F2) 6 T0(r, F1) + T0(r, F2) +O(log r), r > r0,
T0(r, F1 + F2) 6 T0(r, F1) + T0(r, F2) +O(log r), r > r0.

Äîâåäåííÿ. Òâåðäæåííÿ i) íåãàéíî âèïëèâà¹ ç (8).
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Äàëi, íåõàé F ÷àñòêà äâîõ ãîëîìîðôíèõ ôóíêöié H(z) i G(z) â {z : |z| > 1},
F = H

G , äå H i G íå ìàþòü ñïiëüíèõ íóëiâ. Çàñòîñóâàâøè (3) äî G, îòðèìà¹ìî

N0(r,
1

G
) = c0(r,G)− log r

log r0
c0(r0, G) + (

log r

log r0
− 1)c0(1, G) = N0(r, F ), r > r0 > 1.

Çàóâàæèìî (a− b)+ + b = max(a, b). Òîìó, çâàæàþ÷è íà (8), õàðàêòåðèñòèêó Íåâàí-
ëiííè F = H

G ìîæíà çàïèñàòè òàê:

T0(r, F ) =
1

2π

2π∫
0

max(log |H(reiθ)|, log |G(reiθ)|)dθ −

− log r

log r0

1

2π

2π∫
0

max(log |H(r0e
iθ)|, log |G(r0e

iθ)|)dθ +

+

(
log r

log r0
− 1

)
1

2π

2π∫
0

max(log |H(eiθ)|, log |G(eiθ)|)dθ, r > r0 > 1. (9)

Ïîçíà÷èìî

I(r, F ) =
1

2π

2π∫
0

max(log |H(reiθ)|, log |G(reiθ)|)dθ, r > r0 > 1. (10)

Ôóíêöiÿ u(z) = max(log |H(z)|, log |G(z)|) ¹ ñóáãàðìîíiéíîþ â {z : |z| > 1}.
Òîìó I(r, F ) ¹ îïóêëîþ ñòîñîâíî log r [6, p. 28]. Ç ðiâíîñòåé (8), (9) i (10) îòðèìó¹ìî
ñïiââiäíîøåííÿ

T0(r, F ) = I(r, F )− log r

log r0
I(r0, F ) +

(
log r

log r0
− 1

)
I(1, F ), r > r0. (11)

Ïðàâèé áiê ðiâíîñòi (11) ¹ ñóìîþ îïóêëî¨ ñòîñîâíî log r i ëiíiéíî¨ A log r + B
ôóíêöié. Òîìó T0(r, F ) ¹ îïóêëîþ ñòîñîâíî log r äëÿ r > r0.

Ç îïóêëîñòi I(r, F ) ñòîñîâíî log r âèïëèâà¹

I(r0, F ) 6 log r − log r0
log r

I(1, F ) +
log r0
log r

I(r, F ), 1 < r0 6 r.

Îòîæ,

0 6 I(r, F )− log r

log r0
I(r0, F ) +

(
log r

log r0
− 1

)
I(1, F ), 1 < r0 6 r.

Ç îãëÿäó íà (11) îòðèìó¹ìî T0(r, F ) > 0, r > r0. Îòæå, T0(r, F ) � íåâiä'¹ìíà.
Îñêiëüêè êîæíà îïóêëà ôóíêöiÿ ìà¹ ïîõiäíó ñïðàâà [6, c. 28], òî

lim
r→r0+0

T0(r, F )− T0(r0, F )

log r − log r0
= lim

r→r0+0

T0(r, F )

log r − log r0
= T ′

0+(r0, f) > 0.

Îñêiëüêè öÿ ïîõiäíà íåñïàäíà [6, p. 28], òî 0 6 T ′
0(r0, F ) 6 T ′

0(r, F ), r > r0. Òîìó
õàðàêòåðèñòèêà (8) ¹ íåñïàäíîþ ïðè r > r0, i âëàñòèâiñòü (ii) äîâåäåíà.
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Çàñòîñîâóþ÷è (3) äî ôóíêöi¨ 1
F , ìè îòðèìà¹ìî

N0(r, F )−N0(r,
1

F
) = (12)

= c0(r,
1

F
)− log r

log r0
c0(r0,

1

F
) + (

log r

log r0
− 1)c0(1,

1

F
), r > r0 > 1.

Òâåðäæåííÿ (iii) âèïëèâà¹ íåãàéíî ç (12), (2) i âëàñòèâîñòi log x = log+ x−log+ 1
x ,

x > 0.
Âèêîðèñòîâóþ÷è íåðiâíîñòi

log+ xy 6 log+ x+ log+ y, log(x+ y) 6 log+ x+ log+ y + log 2,

äëÿ äîäàòíèõ x, y i

n0(r, F1F2) 6 n0(r, F1) + n0(r, F2), n0(r, F1 + F2) 6 n0(r, F1) + n0(r, F2),

îòðèìà¹ìî (iv), ùî çàâåðøó¹ äîâåäåííÿ. �

4. Çâ'ÿçîê ìiæ T0(r, F ) i êëàñè÷íîþ õàðàêòåðèñòèêîþ Íåâàíëiííè

T (r, F ) äëÿ ìåðîìîðôíèõ ôóíêöié, ùî ìåðîìîðôíî ïîäîâæóþòüñÿ â C.
ßêùî ìåðîìîðôíà â {z : |z| > 1} ôóíêöiÿ F ìåðîìîðôíî ïðîäîâæó¹òüñÿ â C, òî ¨¨
êëàñè÷íà õàðàêòåðèñòèêà Íåâàíëiííè T (r, F ) òàêîæ âèçíà÷åíà. Òîäi

N(r, F )−N0(r, F ) =

=

r∫
0

n(t, F )− n(0, F )

t
dt+ n(0, F ) log r −

r∫
1

n0(t, F )

t
dt =

=

1∫
0

n(t, F )− n(0, F )

t
dt+

r∫
1

n(t, F )− n(0, F )− n0(t, F )

t
dt+ n(0, F ) log r =

= N(1, F ) +

r∫
1

n(1, F )

t
dt.

Îñêiëüêè n(1, F ) = n(t, F ) − n0(t, F ) ïðè t > 1 i N(1, F ) =
1∫
0

n(t,F )−n(0,F )
t dt, òîìó

N(r, F )−N0(r, F ) = N(1, F ) + n(1, F ) log r ïðè r > r0 > 1.
Îòîæ,

T (r, F )− T0(r, F ) = N(r, F ) +m(r, F )− (13)

−N0(r, F )−m0(r, F ) +
log r

log r0
m0(r0, F )−

(
log r

log r0
− 1

)
m0(1, F ) =

= N(1, F ) + log r

[
m0(r0, F )−m0(1, F )

log r0
+ n(1, F )

]
+m0(1, F ), r > r0 > 1.

Çàóâàæèìî, ùî

N(1, F ) +m0(1, F ) = N(1, F ) +m(1, F ) = T (1, F ), r > r0 > 1. (14)

Âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ (13) i (14), îòðèìó¹ìî òàêå òâåðäæåííÿ.
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Òâåðäæåííÿ 1. Íåõàé ìåðîìîðôíà â {z : |z| > 1} ôóíêöiÿ F ìà¹ ìåðîìîðôíå

ïðîäîâæåííÿ â C. Òîäi

T0(r, F ) = T (r, F )− T (1, F ) + (15)

+ log r

[
m0(1, F )−m0(r0, F )

log r0
− n(1, F )

]
, r > r0 > 1.

5. Âèïàäîê T0(r, F ) = O(log r). Ðîçãëÿíåìî âèïàäîê

T0(r, F ) = O(log r), r > r0. (16)

Òåîðåìà 2. Íåõàé F ìåðîìîðôíà â {z : |z| > 1} ôóíêöiÿ. Âëàñòèâiñòü T0(r, F ) =
= O(log r), r > r0 âèêîíó¹òüñÿ òîäi i ëèøå òîäi, êîëè

F (z) = R(z)eh(z), (17)

äå R(z) � ðàöiîíàëüíà i h(z) � ãîëîìîðôíà i îáìåæåíà ïðè |z| > 1 ôóíêöiÿ.

Äîâåäåííÿ. Íåõàé F íàáóëî âèãëÿäó (17). Òîäi ç îãëÿäó íà âëàñòèâiñòü (iv) Tåîðåìè 1

T0(r, F ) 6 T0(r,R) + T0(r, e
h) +O(log r), r > r0. (18)

Îñêiëüêè m0(r,R) = O(log r) i N0(r,R) = O(log r), r > r0. Îòðèìó¹ìî

T0(r,R) = O(log r), r > r0. (19)

Êðiì òîãî, îñêiëüêè h ¹ îáìåæåíà ïðè |z| > 1, òî m0(r, e
h) = O(1), r > r0. Îòîæ,

îòðèìó¹ìî T0(r, e
h) = m0(r, e

h) +O(log r) = O(log r), r > r0. Ç öüîãî ñïiââiäíîøåííÿ
òà ç (18) i (19) âèïëèâà¹ (16).

Íàâïàêè, íåõàé âèêîíó¹òüñÿ (16). Òîäi

N0(r, F ) +m0(r, F ) = (20)

T0(r, F ) +
log r

log r0
m0(r0, F )− (

log r

log r0
− 1)m0(1, F ) = O(log r), r > r0.

Îòæå, N0(r, F ) = O(log r) i m0(r, F ) = O(log r), r > r0, áî îáèäâà äîäàíêè çëiâà
(20) íåâiä'¹ìíi.

Çi ñïiââiäíîøåííÿ N0(r, F ) = O(log r), r > r0 âèïëèâà¹, ùî n0(r, F ) 6 const.
Òîìó ÷èñëî ïîëþñiâ F ñêií÷åííå.

Çà âëàñòèâiñòþ (iii) Òåîðåìè 1 êiëüêiñòü íóëiâ F òàêîæ ñêií÷åííà.
Íåõàé R(z) � ðàöiîíàëüíà ôóíêöiÿ, íóëi i ïîëþñè ÿêî¨ çáiãàþòüñÿ ç íóëÿìè òà

ïîëþñàìè F ç óðàõóâàííÿì ¨õíüî¨ êðàòíîñòi.

Ôóíêöiÿ g(z) = F (z)
R(z) íåìà¹ íi íóëiâ, íi ïîëþñiâ ó {z : |z| > 1}. Çà Ëåìîþ 4.1.

ç [1] iñíó¹ m ∈ Z òàêå, ùî ãiëêà logG(z), G(z) = z−mg(z) âèçíà÷åíà â {z : |z| > 1}.
Ðîçãëÿíåìî ¨¨ ðÿä Ëîðàíà

logG(z) =
∑
k∈Z

ckz
k. (21)

Òîäi

log |G(z)| =
∑
k∈Z

Re(ckz
k) =

1

2

∑
k∈Z

(ckz
k + c−kz

k) =
1

2

∑
k∈Z

(ckr
k + c−kr

−k)eikθ, r > 1,
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i

1

2
(ckr

k + c−kr
−k) =

1

2π

2π∫
0

log |G(reiθ)|e−ikθdθ, r > 1, k ∈ Z. (22)

Îñêiëüêè | log |G(z)|| 6 | log |g(z)|+ |m|| log z|, |z| > 1, òî çi ñïiââiäíîøåíü (16)
i (22) âèïëèâà¹

ckr
k + c−kr

−k = O(log r), r > 1, k ∈ Z. (23)

Îñêiëüêè r > 1, òî ñïiââiäíîøåííÿ (23) âèêîíó¹òüñÿ òîäi i ëèøå òîäi, êîëè ck = 0,
k ∈ N. Òîìó ðÿä Ëîðàíà (21) ìîæíà çàïèñàòè òàê:

logG(z) = log

(
z−m F (z)

R(z)

)
= c0 +

c−1

z
+ ...+

c−k

zk
+ ..., k ∈ N.

Ïîçíà÷èìî

c0 +
c−1

z
+ ...+

c−k

zk
+ ... = h(z), |z| > 1.

Òîäi

log

(
z−m F (z)

R(z)

)
= h(z), |z| > 1. (24)

Îñêiëüêè ðÿä Ëîðàíà àáñîëþòíî çáiæíèé íà {z : |z| = 1}, òî îòðèìà¹ìî
|h(z)| = |c0|+ |c−1|+ ...+ |c−k|+ ... = const.

Îòîæ, ç (24) âèïëèâà¹

F (z) = zmR(z)eh(z),

äå h(z) îáìåæåíà ïðè |z| > 1, ùî çàâåðøó¹ äîâåäåííÿ. �

6. Êîåôiöi¹íòè ôóð'¹ ìåðîìîðôíî¨ â çîâíiøíîñòi îäèíè÷íîãî êðóãà

ôóíêöi¨. Íåõàé ôóíêöiÿ F , F ̸≡ 0, ìåðîìîðôíà â {z : |z| > 1}. Ïðèïóñòèìî, ùî F
íå ìà¹ íi íóëiâ, íi ïîëþñiâ íà |z| = 1.

Îçíà÷åííÿ 2. k-ì êîåôiöi¹íòîì Ôóð'¹ ôóíêöi¨ log |F (reit)| íàçèâà¹òüñÿ

ck(r, F ) =
1

2π

2π∫
0

e−ikt log |F (reit)|dt, r > 1, k ∈ Z.

Ëåìà 2. Íåõàé ôóíêöiÿ F , F ̸≡ 0, ìåðîìîðôíà â {z : 1 6 |z| < t, t > 1}. Íåõàé {aj}
ïîñëiäîâíiñòü íóëiâ F â {z : 1 6 |z| < t, t > 1} i {bj} � ïîñëiäîâíiñòü ¨¨ ïîëþñiâ.

Íåõàé F íå ìà¹ íi íóëiâ, íi ïîëþñiâ íà êîëi {z : |z| = 1}. Òîäi âèêîíóþòüñÿ òàêi

ñïiââiäíîøåííÿ:

ck(r, F ) =
rk

2k
αk(F )− r−k

2k
α−k(F ) + (25)

+
1

2k

∑
|aj |>1

[(
r

aj

)k

−
(
aj
r

)k
]
− 1

2k

∑
|bj |>1

[(
r

bj

)k

−
(
bj
r

)k
]
,

c−k(r, F ) = ck(r, F ), k ∈ N,
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äå αk(F ) = 1
2π

2π∫
0

e−ikt F
′(eit)

F (eit) dt, k ∈ N.

Íàéïåðøå íàãàäà¹ìî ðåçóëüòàò, äîâåäåíèé â [5]. Íåõàé f , f ̸≡ 0, ìåðîìîðôíà
â çàìèêàííi ïðÿìîêóòíèêà Rσ = {η + it : 0 < η 6 σ, 0 6 t < 2π} ôóíêöiÿ òàêà, ùî
f(σ) = f(σ + 2πi). Íåõàé {sj} � ïîñëiäîâíiñòü íóëiâ f â Rσ i {pj} � ïîñëiäîâíiñòü ¨¨
ïîëþñiâ. Ïðèïóñòèìî, ùî f íå ìà¹ íi íóëiâ, íi ïîëþñiâ íà ∂Rσ.

Ïðèéìåìî

ck(σ, f) =
1

2π

2π∫
0

e−ikt log |f(σ + it)|dt, k ∈ Z.

Ëåìà 3 ([5]). Çà âèùå çðîáëåíèõ ïðèïóùåíü âèêîíóþòüñÿ òàêi ñïiââiäíîøåííÿ:

ck(σ, f) =
ekσ

2k
αk(f)−

e−kσ

2k
α−k(f) +

+
1

2k

∑
sj∈Rσ

[(
eσ

esj

)k

−
(
esj

eσ

)k
]
− 1

2k

∑
pj∈Rσ

[(
eσ

epj

)k

−
(
epj

eσ

)k
]
,

c−k(σ, f) = ck(σ, f), k ∈ N, (26)

äå αk(f) =
1
2π

2π∫
0

e−ikt f
′(it)
f(it) dt, k ∈ N.

Äîâåäåííÿ ëåìè 2. Âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ z = reit = es = eσ+it i
f(s) = F (es), îòðèìó¹ìî

αk(f) =
1

2π

2π∫
0

e−ikt f
′(it)

f(it)
dt =

1

2π

2π∫
0

e−iktF
′(eit)

F (eit)
dt = αk(F ), k ∈ N, (27)

ck(σ, f) =
1

2π

2π∫
0

e−ikt log |f(σ + it)|dt = (28)

=
1

2π

2π∫
0

e−ikt log |F (reit)|dt = ck(r, F ), k ∈ Z.

Çàñòîñîâóþ÷è öþ æ ïiäñòàíîâêó äî (26), îòðèìó¹ìî ðiâíîñòi (25), äå ck(r, F ) i αk(F )
âèçíà÷åíi ñïiââiäíîøåííÿìè (28), (27), âiäïîâiäíî.

7. Meðîìîðôíi ôóíêöi¨ ñêií÷åííîãî λ-òèïó â çîâíiøíîñòi îäèíè÷íîãî
êðóãà.

Îçíà÷åííÿ 3. Äîäàòíà, íåñïàäíà, íåïåðåðâíà i íåîáìåæåíà ïðè r > 1 ôóíêöiÿ

λ(r) íàçèâà¹òüñÿ ôóíêöi¹þ çðîñòàííÿ.

Îçíà÷åííÿ 4. Íåõàé λ(r) ôóíêöiÿ çðîñòàííÿ i F ìåðîìîðôíà â {z : |z| > 1}. Ôóíê-
öiÿ F íàçèâà¹òüñÿ ôóíêöi¹þ ñêií÷åííîãî λ-òèïó, ÿêùî iñíóþòü äîäàòíi ñòàëi

A > 0, B > 0 òàêi, ùî T (r, F ) 6 Aλ(Br), r > r0 > 1.
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Ïîçíà÷èìî ÷åðåç Λ(∞) êëàñ ìåðîìîðôíèõ ôóíêöié ñêií÷åííîãî λ-òèïó â
{z : |z| > 1} i ÷åðåç ΛH(∞) � êëàñ ãîëîìîðôíèõ ôóíêöié ñêií÷åííîãî λ-òèïó â
{z : |z| > 1}.

Ïåðø íiæ ïåðåéòè äî îïèñó ïîñëiäîâíîñòåé íóëiâ ôóíêöi¨ ç êëàñó ΛH(∞), íà-
ãàäà¹ìî îçíà÷åííÿ ç [5].

Îçíà÷åííÿ 5 ([5]). Íåõàé λ1(σ) ôóíêöiÿ çðîñòàííÿ i f � ìåðîìîðôíà â S,
S = {σ + it, σ > 0, 0 6 t < 2π} òàêà, ùî f(σ + 2πi) = f(σ). Ôóíêöiÿ f íàçè-

âà¹òüñÿ ôóíêöi¹þ ñêií÷åííîãî λ1-òèïó, ÿêùî T (σ, f) 6 A λ1(σ + B), äëÿ äåÿêèõ

äîäàòíèõ ñòàëèõ A > 0, B > 0 i âñiõ σ, σ > σ0 > 0, äå T (σ, f) õàðàêòåðèñòèêà

Íåâàíëiííè ôóíêöi¨ f .

Ïîçíà÷èìî ÷åðåç Λ(S) êëàñ ìåðîìîðôíèõ ôóíêöié ñêií÷åííîãî λ1-òèïó â S i
÷åðåç ΛH(S) êëàñ ãîëîìîðôíèõ ôóíêöié ñêií÷åííîãî λ1-òèïó â S.

Ëåìà 4. Ãîëîìîðôíà ôóíêöiÿ F â {z : |z| > 1} ¹ ôóíêöi¹þ ñêií÷åííîãî λ-òèïó òîäi
i ëèøå òîäi, êîëè ôóíêöiÿ f(s) = F (es) ¹ ôóíêöi¹þ ñêií÷åííîãî λ1-òèïó â S, äå
λ1(σ) = λ(eσ), σ > 0.

Äîâåäåííÿ. Íåõàé F ∈ ΛH(∞). Öå îçíà÷à¹, ùî T0(r, F ) 6 Aλ(Br) äëÿ äåÿêèõ ñòàëèõ
A,B > 0 i âñiõ r > r0.

Âèêîðèñòîâóþ÷è âèùå îïèñàíi ñïiââiäíîøåííÿ z = reit = es = eσ+it i
F (z) = F (es) = f(s), îòðèìà¹ìî

T0(r, F ) = m0(r, F )− log r

log r0
m0(r0, F ) +

(
log r

log r0
− 1

)
m0(1, F ) =

=
1

2π

2π∫
0

log+ |F (reit)|dt− log r

log r0

1

2π

2π∫
0

log+ |F (r0e
it)|dt+

+

(
log r

log r0
− 1

)
1

2π

2π∫
0

log+ |F (eit)|dt = 1

2π

2π∫
0

log+ |f(σ + it)|dt−

− σ

σ0

1

2π

2π∫
0

log+ |f(σ0 + it)|dt+
(

σ

σ0
− 1

)
1

2π

2π∫
0

log+ |f(it)|dt = T (σ, F ), σ > σ0.

Îñêiëüêè T0(r, F ) 6 Aλ(Br) äëÿ äåÿêèõ ñòàëèõ A,B > 0 i âñiõ r > r0, òî
T (σ, f) 6 Aλ(Beσ) = Aλ(eσ+logB) = Aλ1(σ + C), äå C = logB.

Íàâïàêè, ÿêùî T (σ, f) 6 Aλ1(σ + C) äëÿ äåÿêèõ A,C > 0 i âñiõ σ > σ0 > 0,
òîäi T0(r, F ) 6 Aλ1(log r + C) = Aλ1(log r + log eC) = Aλ1(log e

C · r) = Aλ(Br), äå
B = eC . �

8. Ïîñëiäîâíîñòi íóëiâ ãîëîìîðôíèõ ôóíêöié ñêií÷åííîãî λ-òèïó â

çîâíiøíîñòi îäèíè÷íîãî êðóãà. Íåõàé Z = {zj} � ïîñëiäîâíiñòü êîìïëåêñíèõ
÷èñåë iç {z : |z| > 1}. ×åðåç n(t, Z) ïîçíà÷èìî ëi÷èëüíó ôóíêöiþ ïîñëiäîâíîñòi Z â
êiëüöi {z : 1 6 |z| 6 t}.

Íåõàé λ � ôóíêöiÿ çðîñòàííÿ.
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Îçíà÷åííÿ 6. Ïîñëiäîâíiñòü Z = {zj} iç {z : |z| > 1} ìà¹ ñêií÷åííó λ-ùiëüíiñòü,
ÿêùî

N(r, Z) 6 Aλ(Br), (29)

äëÿ äåÿêèõ äîäàòíèõ ñòàëèõ A,B i âñiõ r, r > 1, äå N(r, Z) =
r∫
1

n(t,Z)
t dt.

Îçíà÷åííÿ 7. Ïîñëiäîâíiñòü Z = {zj} iç {z : |z| > 1} íàçèâà¹òüñÿ λ-äîïóñòèìîþ,
ÿêùî âîíà ìà¹ ñêií÷åííó λ-ùiëüíiñòü é iñíóþòü äîäàòíi ñòàëi A,B òàêi, ùî

1

k

∣∣∣∣∣∣
∑

r1<r6r2

(
1

zj

)k
∣∣∣∣∣∣ 6 Aλ(Br1)

rk1
+

Aλ(Br2)

rk2
,

äëÿ âñiõ r1, r2, r0 6 r1 < r2 i êîæíîãî k ∈ N.

Êðiì òîãî, äëÿ ïîñëiäîâíîñòåé êîìïëåêñíèõ ÷èñåë Q = {sj} iç S àíàëîãi÷íî
âèçíà÷àþòüñÿ òàêi ïîíÿòòÿ.

Îçíà÷åííÿ 8. Ïîñëiäîâíiñòü êîìïëåêñíèõ ÷èñåë Q = {sj} ç S ìà¹ ñêií÷åííó

λ1-ùiëüíiñòü, ÿêùî iñíóþòü äîäàòíi ñòàëi A,B òàêi, ùî

N(σ,Q) 6 Aλ1(σ +B), σ > σ0 > 0,

äå

N(σ,Q) =

σ∫
0

n(η,Q)dη,

n(η,Q) � êiëüêiñòü ÷ëåíiâ ïîñëiäîâíîñòi Q â ïðÿìîêóòíèêó Rη i λ1(σ) = λ(eσ),
σ > 0.

Îçíà÷åííÿ 9. Ïîñëiäîâíiñòü êîìïëåêñíèõ ÷èñåë Q = {sj} ç S íàçèâà¹òüñÿ λ1-äî-

ïóñòèìîþ, ÿêùî âîíà ìà¹ ñêií÷åííó λ1-ùiëüíiñòü òà iñíóþòü äîäàòíi ñòàëi A,B
òàêi, ùî

1

k

∣∣∣∣∣∣
∑

σ1<Resj6σ2

(
1

esj

)k
∣∣∣∣∣∣ 6 Aλ1(σ1 +B)

ekσ1
+

Aλ1(σ2 +B)

ekσ2
,

k ∈ N i σ0 6 σ1 < σ2, äå λ1(σ) = λ(eσ), σ > 0.

Íàñòóïíà òåîðåìà îïèñó¹ ïîñëiäîâíîñòi íóëiâ ôóíêöié iç êëàñó ΛH(∞).

Òåîðåìà 3. Äëÿ òîãî, ùîá ïîñëiäîâíiñòü Z iç {z : |z| > 1} áóëà ïîñëiäîâíiñòþ

íóëiâ ôóíêöi¨ ç ΛH(∞) íåîáõiäíî i äîñòàòíüî, ùîá âîíà áóëà λ-äîïóñòèìîþ.

Ïåðøå, íiæ äîâîäèòè öþ òåîðåìó, äîâåäåìî òàêå òâåðäæåííÿ.

Ëåìà 5. Íåõàé Z = {zj} � ïîñëiäîâíiñòü êîìïëåêñíèõ ÷èñåë iç {z : |z| > 1} i

Q = {sj} � ïîñëiäîâíiñòü êîìïëåêñíèõ ÷èñåë iç S òàêèõ, ùî zj = esj , j ∈ N.
Ïîñëiäîâíiñòü {zj} ¹ λ-äîïóñòèìîþ òîäi i ëèøå òîäi, êîëè ïîñëiäîâíiñòü {sj} ¹

λ1-äîïóñòèìîþ, äå λ1(σ) = λ(eσ), σ > 0.
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Äîâåäåííÿ. Íåõàé ïîñëiäîâíiñòü êîìïëåêñíèõ ÷èñåë {zj} ¹ λ-äîïóñòèìîþ. Òîäi âè-
êîíóþòüñÿ òàêi íåðiâíîñòi:

N0(r, Z) 6 Aλ(Br)

1

k

∣∣∣∣∣∣
∑

r1<r6r2

(
1

zj

)k
∣∣∣∣∣∣ 6 Aλ(Br1)

rk1
+

Aλ(Br2)

rk2
,

äëÿ äåÿêèõ äîäàòíèõ ñòàëèõ A,B i âñiõ r1, r2, r0 6 r1 < r2 òà êîæíîãî k ∈ N.
Ïðèéìåìî â îáîõ íåðiâíîñòÿõ z = es, z = reit, äå eσ+it = reit, σ = log r, i
âèêîðèñòà¹ìî ñïiââiäíîøåííÿ (5). Îòîæ, îòðèìà¹ìî

N0(r, Z) = N(σ,Q) 6 Aλ(Beσ) = Aλ(eσ+logB) = Aλ1(σ +D)

i

1

k

∣∣∣∣∣∣
∑

r1<r6r2

(
1

zj

)k
∣∣∣∣∣∣ = 1

k

∣∣∣∣∣∣
∑

σ1<Resj6σ2

(
1

esj

)k
∣∣∣∣∣∣ 6 Cλ(eσ1+logD)

ekσ1
+

Cλ(eσ2+logD)

ekσ2
=

=
Cλ1(σ1 + Ã)

ekσ1
+

Cλ1(σ2 + Ã)

ekσ2
,

äëÿ äåÿêèõ A,B,C,D > 0, Ã = logD, D = logB i âñiõ σ1, σ2, σ0 6 σ1 < σ2, äëÿ
âñiõ k ∈ N.

Îòæå, {sj} çàäîâîëüíÿ¹ îçíà÷åííÿ λ1-äîïóñòèìîñòi.
Íåõàé òåïåð {sj} � λ1-äîïóñòèìà. Àíàëîãi÷íèìè ìiðêóâàííÿìè îòðèìó¹ìî

λ-äîïóñòèìiñòü ïîñëiäîâíîñòi {zj}, zj = esj iç {z : |z| > 1}.
Äîâåäåííÿ òåîðåìè 3. Íåõàé {zj} � ïîñëiäîâíiñòü íóëiâ iç {z : |z| > 1}

ãîëîìîðôíî¨ ôóíêöi¨ F ñêií÷åííîãî λ-òèïó. Çâàæàþ÷è íà ëåìó 4, îòðèìà¹-
ìî, ùî ãîëîìîðôíà ôóíêöiÿ f(s) = F (es) ¹ ôóíêöi¹þ ñêií÷åííîãî λ1-òèïó, äå
λ1(s) = λ(es), σ > 0. Íåõàé ïîñëiäîâíiñòü Q = {sj}, esj = zj ¹ ïîñëiäîâíiñòþ íóëiâ
ãîëîìîðôíî¨ ôóíêöi¨ f ∈ ΛH .

Ðîçãëÿíåìî ðiçíèöþ

ck(σ2, f)

ekσ2
− ck(σ1, f)

ekσ1
=

αke
kσ2 − α−ke

−kσ2

2kekσ2
+

1

2kekσ2

 ∑
sj∈Rσ2

(
eσ2

esj

)k

−
∑

sj∈Rσ2

(
esj

eσ2

)k
−

−αke
kσ1 − α−ke

−kσ1

2kekσ1
− 1

2kekσ1

 ∑
sj∈Rσ1

(
eσ1

esj

)k

−
∑

sj∈Rσ1

(
esj

eσ1

)k
 =

=
α−k

2k

[
1

e2kσ1
− 1

e2kσ2

]
+

1

2k

 ∑
sj∈Rσ2

1

(esj )k
−

∑
sj∈Rσ1

1

(esj )k

+

+
1

2kekσ1

∑
sj∈Rσ1

(
esj

eσ1

)k

− 1

2kekσ2

∑
sj∈Rσ2

(
esj

eσ2

)k

,

äå 0 6 σ1 < σ2.
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Îòðèìà¹ìî

1

k

∑
σ1<ℜsj6σ2

1

(esj )k
=

2ck(σ2, f)

ekσ2
− 2ck(σ1, f)

ekσ1
+

α−k

k

[
1

e2kσ2
− 1

e2kσ1

]
+

+
1

kekσ2

∑
sj∈Rσ2

(
esj

eσ2

)k

− 1

kekσ1

∑
sj∈Rσ1

(
esj

eσ1

)k

.

(30)

Îñêiëüêè â ïðÿìîêóòíèêàõ Rσi , i = 1, 2, äëÿ äåÿêèõ ñòàëèõ A1, B1 > 0 âèêî-
íó¹òüñÿ

∑
sj∈Rσi

∣∣∣∣esjeσi

∣∣∣∣k 6
∑

sj∈Rσi

1 6 n(σi + 1,
1

f
) 6 N(σi + 1,

1

f
) 6 A1λ1(σi + 1 +B1),

σi > σ0, i = 1, 2, òî ëiâèé áiê ðiâíîñòi (30) îöiíèìî òàê:

1

k

∣∣∣∣∣∣
∑

σ1<ℜsj6σ2

1

eksj

∣∣∣∣∣∣ 6 A2λ1(σ2 +B2)

ekσ2
+

A2λ1(σ1 +B2)

ekσ1
+

+
|α−k|
k

[
1

e2kσ2
+

1

e2kσ1

]
+

1

kekσ2

∑
sj∈Rσ2

∣∣∣∣ esjeσ2

∣∣∣∣k +
1

kekσ1

∑
sj∈Rσ1

∣∣∣∣ esjeσ1

∣∣∣∣k 6

6 A2λ1(σ2 +B2)

ekσ2
+

A2λ1(σ1 +B2)

ekσ1
+ C

[
1

e2kσ2
+

1

e2kσ1

]
+

+
1

kekσ2
N(σ2 + 1,

1

f
) +

1

kekσ1
N(σ1 + 1,

1

f
) 6 Aλ1(σ2 +B)

ekσ2
+

Aλ1(σ1 +B)

ekσ1
,

k ∈ N, σ2 > σ1 > σ0,

(31)

äå A = max{A1, A2, C}, B = max{B1 + 1, B2}.
Çà òåîðåìîþ 2 ç [5] ïîñëiäîâíiñòü íóëiâ Q ôóíêöi¨ f ìà¹ ñêií÷åííó λ-ùiëüíiñòü.

Ðàçîì iç (31) îòðèìó¹ìî, ùî Q = {sj} � λ1-äîïóñòèìà.
Çà ëåìîþ 5 îòðèìó¹ìî λ-äîïóñòèìiñòü ïîñëiäîâíîñòi {zj}, zj = esj .
Íàâïàêè, ÿêùî ïîñëiäîâíiñòü {zj} ¹ λ-äîïóñòèìîþ, òî çãiäíî ç òåîðåìîþ Ðóáåëà-

Òåéëîðà [3, ñò. 84] ([4, ñò. 29]) iñíó¹ öiëà ôóíêöiÿ F (z) ñêií÷åííîãî λ-òèïó ç ïîñëi-
äîâíiñòþ íóëiâ Z = {zj}, ùî çàâåðøó¹ äîâåäåííÿ. �

9. Ïîñëiäîâíîñòi ïîëþñiâ ìåðîìîðôíèõ ôóíêöié ñêií÷åííîãî λ-òèïó
â çîâíiøíîñòi îäèíè÷íîãî êðóãà. Íåõàé W = {wj} � ïîñëiäîâíiñòü êîìïëåêñíèõ
÷èñåë iç {z : |z| > 1}. Íåõàé λ � ôóíêöiÿ çðîñòàííÿ.

Òåîðåìà 4. Ïîñëiäîâíiñòü W = {wj} iç {z : |z| > 1} ¹ ïîñëiäîâíiñòþ ïîëþñiâ

ôóíêöi¨ F iç êëàñó Λ(∞) òîäi i ëèøå òîäi, êîëè âîíà ìà¹ ñêií÷åííó λ-ùiëüíiñòü.

Ïåðøå, íiæ äîâåñòè öþ òåîðåìó, äîâåäåìî òàêå òâåðäæåííÿ.

Òåîðåìà 5. Ïîñëiäîâíiñòü Z = {zj} iç {z : |z| > 1} ¹ ïîñëiäîâíiñòþ íóëiâ ôóíêöi¨

F iç êëàñó Λ(∞) òîäi i ëèøå òîäi, êîëè âîíà ìà¹ ñêií÷åííó λ-ùiëüíiñòü.
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Äîâåäåííÿ. ßêùî Z = {zj} ¹ ïîñëiäîâíiñòþ íóëiâ ôóíêöi¨ F , F ∈ Λ(∞), òîäi ç (8)
îòðèìà¹ìî

N0(r, Z) = N0(r,
1

F
) 6 T0(r, F ) 6 Aλ(Br),

äëÿ âñiõ r > r0 > 1 i äåÿêèõ ñòàëèõ A,B > 0.
Íåõàé òåïåð Z = {zj} � ïîñëiäîâíiñòü çi cêií÷åííîþ λ-ùiëüíiñòþ. Tîäi çà òåî-

ðåìîþ Ðóáåëà-Òåéëîðà [3] (äèâ. òàêîæ [4, p. 35]) iñíó¹ ìåðîìîðôíà â C ôóíêöiÿ F
ñêií÷åííîãî λ-òèïó ç ïîñëiäîâíiñòþ íóëiâ Z. �

Çàñòîñîâóþ÷è òåîðåìó 5 äî ôóíêöi¨ 1
F , îòðèìó¹ìî òâåðäæåííÿ òåîðåìè 4.
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The Nevanlinna characteristic T0(r, F ) of a meromorphic function in the
exterior of unit disk is introduced, and its main properties are investigated.
A criterion of λ-type �niteness of holomorphic in the exterior of unit disk
functions F in terms of Fourier coe�cients of log |F | is obtained. The compari-
son between T0(r, F ) and the classical Nevanlinna characteristic T (r, F ) for
functions which have the meromorphic continuation into C is done. Zero sets
of holomorphic and pole sets of meromorphic functions of �nite λ-type in the
exterior of the unit disk are described.



ÇÐÎÑÒÀÍÍß I ÐÎÇÏÎÄIË ÍÓËIÂ ÒÀ ÏÎËÞÑIÂ ÌÅÐÎÌÎÐÔÍÎ� ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2014. Âèïóñê 79 147

Key words: holomorphic function, meromorphic function, function of �nite
λ-type, sequence of �nite λ-density, λ-admissible sequence.

ÐÎÑÒ È ÐÀÑÏÐÅÄÅËÅÍÈÅ ÍÓËÅÉ È ÏÎËÞÑÎÂ
ÌÅÐÎÌÎÐÔÍÎÉ ÔÓÍÊÖÈÈ Â ÎÊÐÅÑÒÍÎÑÒÈ

ÑÓÙÅÑÒÂÅÍÍÎ ÎÑÎÁÎÉ ÒÎ×ÊÈ

Íàòàëüÿ ÑÎÊÓËÜÑÊÀß

Ëüâîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Èâàíà Ôðàíêî,

óë. Óíèâåðñèòåòñêàÿ, 1, Ëüâîâ, 79000

e-mail: natalya.sokulska@gmail.com

Ââåäåíî õàðàêòåðèñòèêó Íåâàíëèííû T0(r, F ) ìåðîìîðôíîé âî âíåø-
íîñòè åäèíè÷íîãî êðóãà ôóíêöèè è äîêàçàíû åå îñíîâíûå ñâîéñòâà. Ïîëó-
÷åí êðèòåðèé êîíå÷íîñòè λ-òèïà ãîëîìîðôíûõ âî âíåøíîñòè åäèíè÷íîãî
êðóãà ôóíêöèé F â òåðìèíàõ êîýôôèöèåíòîâ Ôóðüå log |F |. Óñòàíîâëåíà
ñâÿçü ìåæäó T0(r, F ) è êëàññè÷åñêîé õàðàêòåðèñòèêîé Íåâàíëèííû T (r, F )
äëÿ ôóíêöèé, êîòîðûå èìåþò ìåðîìîðôíîå ïðîäîëæåíèå â C. Îïèñàíû ïî-
ñëåäîâàòåëüíîñòè íóëåé ãîëîìîðôíûõ è ïîëþñîâ ìåðîìîðôíûõ ôóíêöèé
êîíå÷íîãî λ-òèïà âî âíåøíîñòè åäèíè÷íîãî êðóãà.

Êëþ÷åâûå ñëîâà: ãîëîìîðôíàÿ ôóíêöèÿ, ìåðîìîðôíàÿ ôóíêöèÿ,
ôóíêöèÿ êîíå÷íîãî λ-òèïà, ïîñëåäîâàòåëüíîñòü ñ êîíå÷íîé λ-ïëîòíîñòüþ,
λ-äîïóñòèìàÿ ïîñëåäîâàòåëüíîñòü.
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ÎÁÌÅÆÅÍIÑÒÜ IÍÒÅÃÐÀËÜÍÈÕ ÑÅÐÅÄÍIÕ
ËÎÃÀÐÈÔÌIÂ ËÎÊÑÎÄÐÎÌÍÈÕ ÔÓÍÊÖIÉ

Ñâÿòîñëàâ ÒÀÐÀÑÞÊ, Îëüãà ÃÓÙÀÊ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ, 79000

e-mail: svt.tarasyuk@gmail.com, olya_khyl@ukr.net

Äîâåäåíî, ùî iíòåãðàëüíi ñåðåäíi ms(r, f) ëîãàðèôìà ëîêñîäðîìíî¨
ôóíêöi¨ f îáìåæåíi i ïðè s = 2 íåïåðåðâíi.

Êëþ÷îâi ñëîâà: ëîêñîäðîìíà ôóíêöiÿ, åëiïòè÷íà ôóíêöiÿ, iíòåãðàëüíi
ñåðåäíi, êîåôiöi¹íòè Ôóð'¹.

1. Âñòóï. Äîïîìiæíi ïîíÿòòÿ òà òâåðäæåííÿ. Ñèñòåìàòè÷íå âèâ÷åííÿ
ìóëüòèïëiêàòèâíî ïåðiîäè÷íèõ ìåðîìîðôíèõ ôóíêöié ðîçïî÷àâ Î. Ðàóçåíáåð ([1]).
Âàëiðîí ([2]) íàçâàâ öi ôóíêöi¨ ëîêñîäðîìíèìè, áî òî÷êè, â ÿêèõ òàêà ôóíêöiÿ íàáó-
âà¹ îäíàêîâèõ çíà÷åíü, ëåæàòü íà ëîãàðèôìi÷íèõ ñïiðàëÿõ, à îáðàçè ëîãàðèôìi÷íèõ
ñïiðàëåé íà ñôåði Ðiìàíà ïåðåòèíàþòü êîæåí ìåðèäiàí ïiä îäíàêîâèì êóòîì. Ëî-
êñîäðîìíi ìåðîìîðôíi ôóíêöi¨ äàþòü ïðîñòó êîíñòðóêöiþ åëiïòè÷íèõ ôóíêöié ([2],
[3]).

Îçíà÷åííÿ 1 ([2], [3]). Íåõàé C∗ = C \ {0}. Ôóíêöiÿ f : C∗ → C íàçèâà¹òüñÿ
ëîêñîäðîìíîþ ç ìóëüòèïëiêàòîðîì q, 0 < |q| < 1, ÿêùî f ìåðîìîðôíà â C∗i ∀z ∈ C∗

âèêîíó¹òüñÿ ðiâíiñòü f(qz) = f(z).

Íàãàäà¹ìî äåÿêi âëàñòèâîñòi ëîêñîäðîìíèõ ôóíêöié ([2], [3], [7]).
Êîæíà âiäìiííà âiä íóëÿ ëîêñîäðîìíà ôóíêöiÿ ç ìóëüòèïëiêàòîðîì q ìà¹ íå

ìåíøå, íiæ äâà ïîëþñè â êiëüöi Ar = {z : |q|r < |z| 6 r}. Êiëüêiñòü ïîëþñiâ ôóíêöi¨
f îäíàêîâà â êîæíîìó êiëüöi Ar.

Ïîðÿäêîì m, m > 2, ëîêñîäðîìíî¨ ôóíêöi¨ f íàçèâàþòü êiëüêiñòü ¨¨ ïîëþñiâ ó
êiëüöi Ar.

Îçíà÷åííÿ 2 ([4]). Íåõàé f � ìåðîìîðôíà â êiëüöi A = {z : 1
r0

< |z| < r0} ôóíêöiÿ,

äå 1 < r0 6 +∞. Ôóíêöiÿ

T0(r, f) = m0(r, f) +N0(r, f), 1 6 r < r0,

c⃝ Òàðàñþê Ñ., Ãóùàê Î., 2014
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íàçèâà¹òüñÿ õàðàêòåðèñòèêîþ Íåâàíëiííè ôóíêöi¨ f, äå

m0(r, f) = m(r, f) +m(
1

r
, f)− 2m(1, f), m(r, f) =

1

2π

∫ π

0

log+ |f(reiφ)|dφ,

a+ = max(a, 0), N0(r, f) =

∫ r

1

n0(t, f)

t
dt,

n0(r, f) � ëi÷èëüíà ôóíêöiÿ ïîëþñiâ ôóíêöi¨ f â êiëüöi {z : 1
r < |z| 6 r}.

Òåîðåìà A ([5]). Íåõàé f � ëîêñîäðîìíà ôóíêöiÿ ïîðÿäêó m. Òîäi

T0(r, f) =
m

log 1
|q|

log2 r +Q(log r), r > 1,

äå Q(t) � òàêà, ùî

|Q(t)| 6 2mt+ C, t > 0,

à C � äåÿêà ñòàëà.

Îçíà÷åííÿ 3 ([4]). Íåõàé λ � äîäàòíà, íåñïàäíà, íåïåðåðâíà, íåîáìåæåíà íà
[1,+∞) ôóíêöiÿ i f � ìåðîìîðôíà ôóíêöiÿ â C∗. Ôóíêöiþ f � íàçèâàþòü ôóíê-
öi¹þ ñêií÷åíîãî λ-òèïó, ÿêùî T0(r, f) 6 Bλ(Cr) çà äåÿêèõ ñòàëèõ B,C, äëÿ âñiõ
r > 1.

Òåîðåìà Á ([4]). Íåõàé ôóíêöiÿ f ìåðîìîðôíà â C∗,

ck(r, f) =
1

2π

∫ 2π

0

e−ikθ log |f(reiθ)|dθ, r > 0, k ∈ Z.

Òàêi òâåðäæåííÿ åêâiâàëåíòíi:
à) f ¹ ôóíêöi¹þ ñêií÷åíîãî λ-òèïó;
á) (∃B,C) (∀r > 1) (∀k ∈ Z): |ck(r, f)|+ |ck( 1r , f)| 6 Bλ(Cr);

â) (∃B,C) (∀r > 1) (∀k ∈ Z): |ck(r, f)|+ |ck(
1

r
, f)| 6 Bλ(Cr)

|k|+ 1
.

Òåîðåìà Â (Ãàóñäîðôà-Þíãà). Íåõàé
1

p
+

1

s
= 1, 1 < p 6 2, à

ck(f) =
1

2π

∫ 2π

0

f(x)e−ikxdx, k ∈ Z.

ßêùî f ∈ Lp[0, 2π], òî

∥f∥ls
def
=

(
+∞∑

k=−∞

|ck(f)|s
)1/s

6
(

1

2π

∫ 2π

0

|f(x)|pdx
)1/p

def
= ∥f∥Lp .

ßêùî ∥f∥lp < ∞, òî iñíó¹ ôóíêöiÿ f ∈ Ls[0, 2π], äëÿ ÿêî¨ ck = ck(f), k ∈ Z, i
∥f∥Ls 6 ∥f∥lp .

2. Âëàñòèâîñòi iíòåãðàëüíèõ ñåðåäíiõ ëîãàðèôìiâ ëîêñîäðîìíèõ
ôóíêöié. Ó öüîìó ïiäðîçäiëi äîâåäåíî äåÿêi âëàñòèâîñòi iíòåãðàëüíèõ ñåðåäíiõ
ëîãàðèôìiâ ëîêñîäðîìíèõ ôóíêöié.
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Òåîðåìà 1. Íåõàé f : C∗ → C � ëîêñîäðîìíà ôóíêöiÿ. Òîäi äëÿ áóäü-ÿêîãî ôiêñî-
âàíîãî s > 1 iíòåãðàëüíi ñåðåäíi

ms(t, f) =

(
1

2π

∫ 2π

0

| log |f(teiθ)||sdθ
)1/s

îáìåæåíi íà R+.

Äîâåäåííÿ. Ç òåîðåìè A âèïëèâà¹, ùî

T0(r, f) 6 C1 log
2(r + 1), r > 1,

äå C1 � äåÿêà ñòàëà. Òîìó f ¹ ôóíêöi¹þ ñêií÷åíîãî λ-òèïó ïðè λ(r) = log2(r + 1).
Çà òåîðåìîþ Á

|ck(r, f)| 6
Bλ(r)

|k|+ 1
, k ∈ Z, r > 0,

çà äåÿêîãî B > 0.
Íåõàé 1 < r 6 1

|q| . Òîäi

|ck(r, f)| 6
B log2( 1

|q| + 1)

|k|+ 1
, k ∈ Z. (1)

Ç îãëÿäó íà òåîðåìó Â, ïðè s > 2 îäåðæèìî

ms(r, f) =

(
1

2π

∫ 2π

0

| log |f(reiθ)||sdθ
) 1

s

6
(∑

k∈Z

|ck(r, f)|p
) 1

p

6

6

∑
k∈Z

B log2
(

1
|q| + 1

)
|k|+ 1

p
1
p

,
1

s
+

1

p
= 1.

Íåõàé t > 0, à n ∈ Z òàêå, ùî n ∈
[
− log t
log |q| − 1, − log t

log |q|

)
. Òîäi 1 < |q|nt 6 1

|q| . Ç

ëîêñîäðîìíîñòi ôóíêöi¨ f âèïëèâà¹, ùî

(∀n ∈ Z) : ms(|q|nt, f) = ms(t, f), t > 0.

Òîìó

ms(t, f) 6
(∑

k∈Z

1

(|k|+ 1)p

) 1
p

B log2
(

1

|q|
+ 1

)
, t > 0.

Îòæå, îáìåæåíiñòü iíòåãðàëüíèõ ñåðåäíiõ ms(t, f) ïðè s > 2 äîâåäåíî.
Îñêiëüêè iíòåãðàëüíi ñåðåäíi ms(t, f) ìîíîòîííî íåñïàäíi ôóíêöi¨ çìiííî¨ s, òî

ïðè 1 6 s < 2 ¨õíÿ îáìåæåíiñòü òàêîæ âèïëèâà¹ ç îñòàííüî¨ íåðiâíîñòi.
Òåîðåìó 1 äîâåäåíî. �

Òåîðåìà 2. Íåõàé f : C∗ → C � ëîêñîäðîìíà ôóíêöiÿ. Òîäi äëÿ âñiõ k ∈ Z ôóíêöi¨
ck(r, f) i m2(r, f) � íåïåðåðâíi íà (0,+∞).
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Äîâåäåííÿ. Íåõàé q � ìóëüòèïëiêàòîð ôóíêöi¨ f . Òîäi

ck(r, f) =
1

2π

∫ 2π

0

e−ikφ log |f(qnreiφ)|dφ =
1

2π

∫ 2π

0

e−ikφ log |f(|q|nreinαeiφ)|dφ =

=
1

2π

∫ 2π

0

e−ikθ log |f(|q|nreiθ)|dθ = ck(|q|nr, f),

òîáòî

ck(|q|nr, f) = ck(r, f), r > 0, n ∈ Z, k ∈ Z.
Öå îçíà÷à¹, ùî êîåôiöi¹íòè ck(r, f) ìóëüòèïëiêàòèâíî ïåðiîäè÷íi íà R+ ç ìóëüòè-
ïëiêàòîðîì |q|.

Äîâåäåìî íåïåðåðâíiñòü ck(r, f), k ̸= 0.
Íåõàé A = {z : |q| 6 |z| 6 1

|q|}. ×åðåç A∗ ïîçíà÷èìî A ç ðîçðiçàìè {z =

τa, τ > 1}, ÿêùî |a| > 1, i {z = τa, 0 6 τ 6 1}, ÿêùî |a| < 1, äå a ¹ íóëåì ÷è
ïîëþñîì ôóíêöi¨ f.

Íåõàé F (z) = f(z)
zp , äå p = 1

2πi

∫
|z|=1

f ′(z)
f(z) dz, i âèáåðåìî äåÿêå çíà÷åííÿ logF (1).

ßê i â ([4]) ïðèéìåìî

logF (z)
def
= logF (1) +

z∫
1

F ′(ξ)

F (ξ)
dξ, z ∈ A∗.

ßêùî 1 < r 6 1
|q| , òîäi, ÿê i â [4] òà [7], îòðèìà¹ìî

ck(r, f) + ck(
1

r
, f) =

1

2
(αkr

k + α−kr
−k + αkr

−k + α−kr
k)+

+
1

2k

∑
1<|aj |6r

((
r

aj

)k

−
(
aj
r

)k
)

+
1

2k

∑
1
r6|aj |61

(
(ajr)

k −
(

1

ajr

)k
)
−

− 1

2k

∑
1<|aj |6r

((
r

bj

)k

−
(
bj
r

)k
)
− 1

2k

∑
1
r6|bj |61

((
bjr
)k−( 1

bjr

)k
)
−nk(T)

2k

(
1

rk
+rk

)
=

=
1

2
(αk+αk)(r

k+r−k)+
1

2k

∫ r

1

[(r
t

)k
−
(
t

r

)k
]
dnk(t, f)−

nk(T)
2k

(
1

rk
+ rk

)
, k ̸= 0,

äå T � îäèíè÷íå êîëî,

nk(T)
def
=

∑
|aj |=1

e−ikγj , nk(t, f) =
∑

1
t6|aj |6t

e−ikγj , aj = |aj |eiγj ,

aj i bj � âiäïîâiäíî ïîñëiäîâíiñòü íóëiâ i ïîëþñiâ ôóíêöi¨ f, αk � êîåôiöi¹íòè ðîçâè-
íåííÿ â ðÿä Ëîðàíà ôóíêöi¨ logF (z) â äåÿêîìó êiëüöi ç öåíòðîì ó òî÷öi z = 0, ÿêå
ìiñòèòü îäèíè÷íå êîëî.

Ïîäiáíî ÿê â [7], iíòåãðóþ÷è ÷àñòèíàìè, îòðèìà¹ìî

ck(r, f)+ck(
1

r
, f) =

1

2
(αk+αk)(r

k+r−k)+
1

2

∫ r

1

[(r
t

)k
−
(
t

r

)k
]
nk(t, f)

t
dt−rk

k
nk(T) =
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=
1

2
(αk+αk)(r

k+r−k)+
rk

2

∫ r

1

1

tk+1
nk(t, f)dt−

1

2rk

∫ r

1

tk−1nk(t, f)dt−
rk

k
nk(T), k ̸= 0.

Îòæå, ∀k ̸= 0 êîåôiöi¹íòè ck(r, f) íåïåðåðâíi íà
[
1, 1

|q|

]
ÿê ñóìà íåïåðåðâíèõ

ôóíêöié òà iíòåãðàëiâ çi çìiííîþ âåðõíüîþ ìåæåþ. Îñêiëüêè ck(r, f) ìóëüòèïëiêà-
òèâíî ïåðiîäè÷íi, òî âîíè íåïåðåðâíi íà R+.

Äîâåäåìî íåïåðåðâíiñòü c0(r, f). Äîâiëüíó ìåðîìîðôíó ôóíêöiþ f ìîæíà çà-
ïèñàòè ÿê ÷àñòêó äâîõ ãîëîìîðôíèõ ôóíêöié g i h

f(reiθ) =
g(reiθ)

h(reiθ)
.

Çâiäñè
log |f(reiθ)| = log |g(reiθ)| − log |h(reiθ)|.

Çà îçíà÷åííÿì

c0(r, f) =
1

2π

∫ 2π

0

log |f(reiθ)|dθ =
1

2π

∫ 2π

0

log |g(reiθ)|dθ − 1

2π

∫ 2π

0

log |h(reiθ)|dθ.

Ëîãàðèôì ìîäóëÿ ãîëîìîðôíî¨ ôóíêöi¨ ¹ ñóáãàðìîíiéíîþ ôóíêöi¹þ. Îñêiëüêè
iíòåãðàë âiä ñóáãàðìîíiéíî¨ ôóíêöi¨ ¹ îïóêëîþ ôóíêöi¹þ ñòîñîâíî log r ([6]), òîìó i
íåïåðåðâíîþ, òî êîåôiöi¹íò c0(r, f) � íåïåðåðâíà ôóíêöiÿ.

Îòæå, äëÿ âñiõ k ∈ Z êîåôiöi¹íòè ck(r, f) íåïåðåðâíi íà R+.
Íåïåðåðâíiñòü m2(r, f) îòðèìó¹ìî ç ðiâíîñòi Ïàðñåâàëÿ

m2(r, f) =

(
1

2π

∫ 2π

0

| log |f(reiθ)||2dθ
) 1

2

=

(
+∞∑

k=−∞

|ck(r, f)|2
) 1

2

, (2)

îñêiëüêè ç (1) âèïëèâà¹ ðiâíîìiðíà çáiæíiñòü ðÿäó ó ñïiââiäíîøåííi (2). �
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BOUNDEDNESS OF INTEGRAL MEANS OF LOXODROMIC
FUNCTION LOGARITHMS

Svyatoslav TARASYUK, Olha HUSHCHAK

Ivan Franko National University of Lviv,

Universytetska Str., 1, Lviv, 79000

e-mail: tidisi.dt@gmail.com, olya_khyl@ukr.net

It is proved that the integral means ms(r, f) of a loxodromic function
logarithm are bounded and in the case s = 2 they are continuous.

Key words: loxodromic function, elliptic function, integral means, Fourier
coe�cients.

ÎÃÐÀÍÈ×ÅÍÍÎÑÒÜ ÈÍÒÅÃÐÀËÜÍÛÕ ÑÐÅÄÍÈÕ
ËÎÃÀÐÈÔÌÎÂ ËÎÊÑÎÄÐÎÌÍÛÕ ÔÓÍÊÖÈÉ

Ñâÿòîñëàâ ÒÀÐÀÑÞÊ, Îëüãà ÃÓÙÀÊ

Ëüâîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Èâàíà Ôðàíêî,

óë. Óíèâåðñèòåòñêàÿ, 1, Ëüâîâ, 79000

e-mail: tidisi.dt@gmail.com, olya_khyl@ukr.net

Äîêàçàíî, ÷òî èíòåãðàëüíûå ñðåäíèåms(r, f) ëîãàðèôìà ëîêñîäðîìíîé
ôóíêöèè f îãðàíè÷åíû è ïðè s = 2 íåïðåðûâíû.

Êëþ÷åâûå ñëîâà: ëîêñîäðîìíàÿ ôóíêöèÿ, ýëëèïòè÷åñêàÿ ôóíêöèÿ, èí-
òåãðàëüíûå ñðåäíèå, êîýôôèöèåíòû Ôóðüå.
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ÓÊÎÐÎ×ÅÍÍß ÌIØÀÍÎ� ÇÀÄÀ×I ÄËß ÇËI×ÅÍÍÎ�
ÃIÏÅÐÁÎËI×ÍÎ� ÑÈÑÒÅÌÈ ËIÍIÉÍÈÕ ÐIÂÍßÍÜ

Òàðàñ ÔIÐÌÀÍ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ, 79000

e-mail: taras�rman91@ukr.net

Äî ìiøàíî¨ çàäà÷i â ïðÿìîêóòíèêó äëÿ çëi÷åííî¨ ãiïåðáîëi÷íî¨ ñèñòåìè
ëiíiéíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó ç äâîìà íåçàëåæíèìè çìiííèìè ïîáó-
äîâàíî âêîðî÷åíó çàäà÷ó.

Êëþ÷îâi ñëîâà: ãiïåðáîëi÷íà ñèñòåìà, ëiíiéíi ðiâíÿííÿ, óêîðî÷åíà çà-
äà÷à, ìåòîä õàðàêòåðèñòèê.

1. Âñòóï. Çëi÷åííi ñèñòåìè, òîáòî äèôåðåíöiàëüíi ðiâíÿííÿ â ïðîñòîðiM îáìå-
æåíèõ ÷èñëîâèõ ïîñëiäîâíîñòåé [1], ìàþòü âëàñòèâîñòi, ÿêi äàþòü çìîãó çàñòîñîâó-
âàòè ¨õ äëÿ äîñëiäæåííÿ áàãàòüîõ ìàòåìàòè÷íèõ ìîäåëåé, çîêðåìà, ïðè âèêîðèñòàí-
íi ìåòîäó Ôóð'¹ äî ðîçâ'ÿçàííÿ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè.
Îñíîâíi ïðîáëåìè äîñëiäæåííÿ çëi÷åííèõ ñèñòåì äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ
ðiâíÿíü íàâåäåíî â ïðàöÿõ [1-4].

Ïèòàííÿ óêîðî÷åííÿ çëi÷åííèõ ñèñòåì àêòóàëüíå, îñêiëüêè äëÿ ñêií÷åííèõ ñèñ-
òåì ðîçðîáëåíî ìåòîäè ¨õíüîãî ðîçâ'ÿçàííÿ. Òîìó äëÿ âêîðî÷åíî¨ ñèñòåìè äîñòàòíüî
äîâåñòè, ùî ¨¨ ðîçâ'ÿçêè ìàéæå íå âiäðiçíÿþòüñÿ âiä ðîçâ'ÿçêiâ çëi÷åííî¨ ñèñòåìè.

Ó öié ïðàöi äî ìiøàíî¨ çàäà÷i â ïðÿìîêóòíèêó äëÿ çëi÷åííî¨ ãiïåðáîëi÷íî¨ ñèñ-
òåìè ëiíiéíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó ç äâîìà íåçàëåæíèìè çìiííèìè çàñòîñîâà-
íî äåÿêèé àíàëîã ìåòîäó âêîðî÷åííÿ çëi÷åííèõ ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ
ðiâíÿíü [4]. Ïîäiáíèé ïiäõiä âèêîðèñòàíî â [5,6].

2. Ôîðìóëþâàííÿ çàäà÷i. Ó ïðÿìîêóòíèêó Π = {(x, t) : 0 6 x 6 l,
0 6 t 6 T} ðîçãëÿíåìî çëi÷åííó ãiïåðáîëi÷íó ñèñòåìó ëiíiéíèõ äèôåðåíöiàëüíèõ
ðiâíÿíü ïåðøîãî ïîðÿäêó, çàïèñàíó â iíâàðiàíòàõ

∂ui
∂t

+ λi(x, t)
∂ui
∂x

=

∞∑
j=1

aij(x, t)uj(x, t) + fi(x, t), i ∈ N. (1)

Íåõàé I+ = {2k − 1| k ∈ N}, à I− = N/I+ i, êðiì òîãî, âïîðÿäêîâàíi â êîæíié
òî÷öi ïðÿìîêóòíèêà Π òàê:

λ1(x, t) > λ3(x, t) > ... > λ2k−1(x, t) > ...,

c© Ôiðìàí Ò., 2014
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λ2(x, t) 6 λ4(x, t) 6 ... 6 λ2k(x, t) 6 ...,

äå λi ç íåïàðíèìè iíäåêñàìè áóäóòü äîäàòíèìè âåëè÷èíàìè, à ç ïàðíèìè � âiä'¹ì-
íèìè.

Äëÿ ñèñòåìè (1) çàäàìî ïî÷àòêîâó

ui(x, 0) = gi(x), x ∈ [0, l], i ∈ N, (2)

òà êðàéîâi

ui(0, t) =
∑
j∈I−

αij(t)uj(0, t) + hi(t), t ∈ [0, T ], i ∈ I+,

ui(l, t) =
∑
j∈I+

βij(t)uj(l, t) + ri(t), t ∈ [0, T ], i ∈ I− (3)

óìîâè.
Çàäà÷ó (1)�(3) áóäåìî ðîçãëÿäàòè ó ïðîñòîði C∞, åëåìåíòîì ÿêîãî ¹ ç÷èñëåííà

ñóêóïíiñòü íåïåðåðâíèõ ôóíêöié, ðiâíîìiðíî îáìåæåíèõ äåÿêîþ ñòàëîþ. Â ïðîñòîði
C∞ âèçíà÷èìî íîðìó äëÿ âåêòîðà u(x, t) = (u1(x, t), u2(x, t), ...)

||u|| = sup
i∈N

max
(x,t)∈Π

{|ui(x, t)|}.

Íàäàëi áóäåìî âèêîðèñòîâóâàòè ïîçíà÷åííÿ u = (u1, u2, ...), λ = (λ1, λ2, ...),
g = (g1, g2, ...).

×åðåç ϕi(τ ;x, t) ïîçíà÷èìî ðîçâ'ÿçîê çàäà÷i

dξ

dτ
= λi(ξ, τ), i ∈ N (4)

ç ïî÷àòêîâèìè óìîâàìè

ξ|τ=t = x. (5)

Íåõàé Li(x, t) � iíòåãðàëüíà êðèâà, çàäàíà ðiâíÿííÿì ξ = ϕi(τ ;x, t), ÿêà âèõî-
äèòü ç òî÷êè (x, t), à ti(x, t) � îðäèíàòà ïåðåòèíó i-¨ õàðàêòåðèñòèêè ç ïðÿìîþ x = 0
àáî x = l ó íàïðÿìi ñïàäàííÿ t.

3. Îñíîâíi ðåçóëüòàòè. Äîñòàòíüî ðîçãëÿäàòè ïðÿìîêóòíèê [0, l] × [0, T ], äå
T âèáðàíî òàê, ùî L1(0, 0) i L2(l, 0) íå ïåðåòèíàþòüñÿ [7]. Öå çàáåçïå÷ó¹ òå, ùî óñi
õàðàêòåðèñòèêè, ÿêi âèõîäÿòü ç íèæíiõ êóòîâèõ òî÷îê, íå áóäóòü ïåðåòèíàòèñÿ â Π.

Íåõàé P+
2k = {(x, t) : x 6 L2k(l, 0), (x, t) ∈ Π}, à P−2k = Π\P+

2k. Àíàëîãi÷íî

âèçíà÷èìî P+
2k−1 = {(x, t) : x 6 L2k−1(0, 0), (x, t) ∈ Π} i P−2k−1 = Π\P+

2k−1 (äèâ ðèñ.).

Îáëàñòi P+
2k i P

−
2k, P

+
2k−1 i P−2k−1
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Áóäåìî ââàæàòè, ùî ôóíêöiÿ λ : R2 →M çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ çà çìií-
íîþ x â Π, ÿêùî λi ∈ Lipx(Π) äëÿ âñiõ i ∈ N.

Ïîðÿä ç ñèñòåìîþ (1) ðîçãëÿíåìî âêîðî÷åíó ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü

∂uni
∂t

+ λi(x, t)
∂uni
∂x

=

∞∑
j=1

aij(x, t)u
n
j (x, t) + fi(x, t), i ∈ {1, ..., n}, (6)

äå uni (x, t) äëÿ i ∈ {n+ 1, ...} âèçíà÷åíi òàê:

un2k(x, t) =



g2k(ϕ2k(0;x, t)), ïðè (x, t) ∈ P+
2k,

[ n+1
2 ]∑
j=1

β2k,2j−1(t2k(x, t))un2j−1(l, t2k(x, t))+

+
∞∑

j=[ n+1
2 ]+1

β2k,2j−1(t2k(x, t))g2j−1(ϕ2j−1(0; l, t2k(x, t)))+

+r2k(t2k(x, t)), ïðè (x, t) ∈ P−2k,

(7)

un2k−1(x, t) =



g2k−1(ϕ2k−1(0;x, t)), ïðè (x, t) ∈ P−2k−1,
[ n2 ]∑
j=1

α2k−1,2j(t2k−1(x, t))un2j(0, t2k−1(x, t))+

+
∞∑

j=[ n2 ]+1

α2k−1,2j(t2k−1(x, t))g2j(ϕ2j(0; 0, t2k−1(x, t)))+

+h2k−1(t2k−1(x, t)), ïðè (x, t) ∈ P+
2k−1,

(8)

ç ïî÷àòêîâîþ óìîâîþ (2) òà êðàéîâèìè óìîâàìè (3).
Çàäà÷ó (6), (2), (3) íàçâåìî óêîðî÷åíîþ ìiøàíîþ çàäà÷åþ, ùî âiäïîâiäà¹ çàäà÷i

(1)-(3).
Iíòåãðóâàííÿì êîæíîãî ç ðiâíÿíü ñèñòåìè (1) âçäîâæ âiäïîâiäíèõ õàðàêòåðèñ-

òèê çâåäåìî çàäà÷ó (1)-(3) äî ñèñòåìè iíòåãðî-ôóíêöiîíàëüíèõ ðiâíÿíü

ui(x, t) = ωi[u](x, t) +

t∫
max{ti(x,t),0}

( ∞∑
j=1

aijuj + fi

)
[(ϕi(τ ;x, t), τ)]dτ, i ∈ N (9)

äå

ωi[u](x, t) =


∑
j∈I−

αij(ti(x, t))uj(0, ti(x, t)) + hi(ti(x, t)), ïðè ϕi(ti(x, t);x, t) = 0,

gi(ϕi(0;x, t)),∑
j∈I+

βij(ti(x, t))uj(l, ti(x, t)) + ri(ti(x, t)), ïðè ϕi(ti(x, t);x, t) = l.

(10)
Äëÿ âêîðî÷åíî¨ ñèñòåìè îòðèìà¹ìî

uni (x, t) = σi[u
n](x, t) +

t∫
max{ti(x,t),0}

( ∞∑
j=1

aiju
n
j + fi

)
[(ϕi(τ ;x, t), τ)]dτ, i ∈ {1, ..., n}, (11)
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äå

σ2k[un](x, t) =


g2k(ϕ2k(0;x, t)), ïðè (x, t) ∈ P+

2k,
∞∑
j=1

β2k,2j−1(t2k(x, t))un2j−1(l, t2k(x, t)) + r2k(t2k(x, t)),

ïðè (x, t) ∈ P−2k,

(12)

σ2k−1[un](x, t) =


g2k−1(ϕ2k−1(0;x, t)), ïðè (x, t) ∈ P−2k−1,
∞∑
j=1

α2k−1,2j(t2k−1(x, t))un2j(0, t2k−1(x, t)) + h2k−1(t2k−1(x, t)),

ïðè (x, t) ∈ P+
2k−1.

(13)

Îçíà÷åííÿ 1. Íåïåðåðâíó ôóíêöiþ u : Π→M, ÿêà çàäîâîëüíÿ¹ ñèñòåìó iíòåãðî-
ôóíêöiîíàëüíèõ ðiâíÿíü (9), íàçâåìî óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (1)-(3).

Àíàëîãi÷íî âèçíà÷èìî óçàãàëüíåíèé ðîçâ'ÿçîê óêîðî÷åíî¨ çàäà÷i ÿê íåïåðåðâ-

íèé ðîçâ'ÿçîê ñèñòåìè (11). Ïîçíà÷èìî ai ≡
∞∑
j=1

|aij(x, t)|, α2i−1 ≡
∞∑
j=1

|α2i−1,2j(t)|,

β2i ≡
∞∑
j=1

|β2i,2j−1(t)|.

Òåîðåìà 1. Íåõàé âèõiäíi äàíi çàäà÷i (1)-(3) çàäîâîëüíÿþòü óìîâè:
1) λ ∈ C∞(Π) ∩ Lipx(Π);
2) äëÿ äîâiëüíîãî i ∈ N, ôóíêöi¨ ai ∈ C(Π), α2i−1 ∈ C[0, T ], β2i ∈ C[0, T ] îáìå-

æåíi

ai(x, t) 6 a(x, t),

α2i−1(t) 6 α(t),

β2i(t) 6 β(t),

äå a(x, t), α(t), β(t) � äåÿêi íåïåðåðâíi ôóíêöi¨;
3) äëÿ äîâiëüíî¨ u ∈ D, äå D � îáìåæåíà îáëàñòü ïðîñòîðó C∞, âèêîíóþòüñÿ

îáìåæåííÿ:

|
∞∑
j=1

aij(x, t)uj(x, t) + fi(x, t)| 6 Ai,

|
∞∑
j=1

α2i−1,2j(t)u2j(0, t)| 6 Λ2i−1,

|
∞∑
j=1

β2i,2j−1(t)u2j−1(l, t)| 6 B2i,

äå Ai,Λ2i−1, B2i � äåÿêi ñòàëi, ïðè÷îìó Ai,Λ2i−1, B2i → 0, ïðè i→∞;
4) âèêîíóþòüñÿ óìîâè ïîãîäæåííÿ íóëüîâîãî ïîðÿäêó:

g2i−1(0) =

∞∑
j=1

α2i−1,2j(0)g2j(0) + h2i−1(0), i ∈ N,
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g2i(l) =

∞∑
j=1

β2i,2j−1(0)g2j−1(l) + r2i(0), i ∈ N.

Òîäi ðîçâ'ÿçîê çàäà÷i (1)-(3) òà çàäà÷i äëÿ âêîðî÷åíî¨ ñèñòåìè (6), (2),(3) áó-
äóòü ÿê çàâãîäíî áëèçüêi ïðè äîñòàòíüî âåëèêîìó, àëå ñêií÷åííîìó çíà÷åííi n.

Äîâåäåííÿ. Íåõàé A = max
(x,t)∈Π

{|a(x, t)|}, Λ = max
t∈[0,T ]

{|α(t)|} òà B = max
t∈[0,T ]

{|β(t)|}.

Îöiíèìî ðiçíèöþ |ui(x, t) − uni (x, t)| äëÿ i ∈ {n + 1, ...}. Íåõàé ñïî÷àòêó i = 2k
òà (x, t) ∈ P+

2k. Îäåðæèìî îöiíêó

|u2k(x, t)−un2k(x, t)|6 |ω2k[u](x, t)−g2k(ϕ2k(0;x, t))|+
t∫

0

A2kdτ 6 TA2k→ 0 ïðè k →∞.

ßêùî i = 2k òà (x, t) ∈ P−2k, òî ìàòèìåìî

|u2k(x, t)− un2k(x, t)| 6 |ω2k[u](x, t)−
[ n+1

2 ]∑
j=1

β2k,2j−1(t2k(x, t))un2j−1(l, t2k(x, t))−

−
∞∑

j=[ n+1
2 ]+1

β2k,2j−1(t2k(x, t))g2j−1(ϕ2k(0; l, t2k(x, t)))− r2k(t2k(x, t))|+
t∫

t2k(x,t)

A2kdτ 6

6 TA2k + 2B2k → 0, ïðè k →∞.
Òåïåð íåõàé i = 2k − 1, òà (x, t) ∈ P−2k−1. Òîäi

|u2k−1(x, t)− un2k−1(x, t)| 6 |ω2k−1[u](x, t)− g2k−1(ϕ2k−1(0;x, t))|+

+

t∫
0

A2k−1dτ 6 TA2k−1 → 0, ïðè k →∞.

ßêùî i = 2k − 1, òà (x, t) ∈ P+
2k−1, òî

|u2k−1(x, t)− un2k−1(x, t)| 6 |ω2k−1[u](x, t)−
[ n2 ]∑
j=1

α2k−1,2j(t2k−1(x, t))un2j(0, t2k−1(x, t))−

−
∞∑

j=[ n2 ]+1

α2k−1,2j(t2k−1(x, t))g2j(ϕ2k−1(0; 0, t2k−1(x, t)))− h2k−1(t2k−1(x, t))|+

+

t∫
t2k−1(x,t)

A2k−1dτ 6 TA2k−1 + 2Λ2k−1 → 0, ïðè k →∞.

Îòæå, äëÿ i ∈ {n + 1, ...} òà äîâiëüíîãî δ > 0 ïðè äîñèòü âåëèêîìó çíà÷åííi n
áóäå âèêîíóâàòèñÿ

|ui(x, t)− uni (x, t)| < δ,

äëÿ äîâiëüíîãî (x, t) ∈ Π.
Íåõàé U(t) = sup

16i6n
x,τ6t

{|ui(x, τ)− uni (x, τ)|}.
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Îöiíèìî ðiçíèöþ |ui(x, t)− uni (x, t)| äëÿ i ∈ {1, ..., n}. Äëÿ i = 2k òà (x, t) ∈ P+
2k

ïðàâèëüíà îöiíêà

|u2k(x, t)− un2k(x, t)| 6 |ω2k[u](x, t)− σ2k[un](x, t)|+

+

t∫
0

∣∣∣ ∞∑
j=1

(
a2k,j(uj − unj )

)
[(ϕ2k(τ ;x, t), τ)]

∣∣∣dτ 6 TAδ +A

t∫
0

U(τ)dτ.

ßêùî i = 2k òà (x, t) ∈ P−2k, òî

|u2k(x, t)− un2k(x, t)| 6 |ω2k[u](x, t)− σ2k[un](x, t)|+

+

t∫
t2k(x,t)

∣∣∣ ∞∑
j=1

(
a2k,j(uj − unj )

)
[(ϕ2k(τ ;x, t), τ)]

∣∣∣dτ 6
6
∣∣∣ ∞∑
j=1

β2k,2j−1(t2k(x, t))(u2j−1(l, t2k(x, t))− un2j−1(l, t2k(x, t)))
∣∣∣+ TAδ+A

t∫
0

U(τ)dτ 6

6 TAδ +A

t∫
0

U(τ)dτ +B(δ + max
16j6[ n+1

2 ],

(x,t)∈P−
2k

{|u2j−1(l, t2k(x, t))− un2j−1(l, t2k(x, t))|}).

Íåõàé òåïåð i = 2k − 1 òà (x, t) ∈ P−2k−1. Òîäi

|u2k−1(x, t)− un2k−1(x, t)| 6 |ω2k−1[u](x, t)− σ2k−1[un](x, t)|+

+

t∫
0

∣∣∣ ∞∑
j=1

(
a2k,j(uj − unj )

)
[(ϕ2k−1(τ ;x, t), τ)]

∣∣∣dτ 6 TAδ +A

t∫
0

U(τ)dτ.

ßêùî i = 2k − 1 òà (x, t) ∈ P+
2k−1, òî

|u2k−1(x, t)− un2k−1(x, t)| 6 |ω2k−1[u](x, t)− σ2k−1[un](x, t)|+

+

t∫
t2k−1(x,t)

∣∣∣ ∞∑
j=1

(
a2k,j(uj − unj )

)
[(ϕ2k−1(τ ;x, t), τ)]

∣∣∣dτ 6
6
∣∣∣ ∞∑
j=1

α2k−1,2j(t2k−1(x, t))(u2j(0, t2k−1(x, t))−un2j(0, t2k−1(x, t)))
∣∣∣+TAδ+A

t∫
0

U(τ)dτ6

6 TAδ +A

t∫
0

U(τ)dτ + Λ(δ + max
16j6[ n2 ],

(x,t)∈P+
2k−1

{|u2j(0, t2k−1(x, t))− un2j(0, t2k−1(x, t))|}).

Îöiíèìî ðiçíèöi |u2j−1(l, t2k(x, t)) − un2j−1(l, t2k(x, t))| òà |u2j(0, t2k−1(x, t))−
−un2j(0, t2k−1(x, t))|. ßêùî (x, t) ∈ P−2k, òî

|u2j−1(l, t2k(x, t))− un2j−1(l, t2k(x, t))| 6
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6

t2k(x,t)∫
0

∣∣∣ ∞∑
p=1

(
a2j−1,p(up − unp )

)
[(ϕ2j−1(τ ; l, t2k(x, t)), τ)]

∣∣∣dτ 6 TAδ +A

t∫
0

U(τ)dτ.

Äëÿ (x, t) ∈ P+
2k−1 îäåðæèìî

|u2j(0, t2k−1(x, t))− un2j(0, t2k−1(x, t))| 6

6

t2k−1(x,t)∫
0

∣∣∣ ∞∑
p=1

(
a2j,p(up − unp )

)
[(ϕ2j(τ ; 0, t2k−1(x, t)), τ)]

∣∣∣dτ 6 TAδ +A

t∫
0

U(τ)dτ.

Òîìó äëÿ âñiõ (x, t) ∈ Π òà i = 2k ìàòèìåìî

|u2k(x, t)− un2k(x, t)| 6 Bδ + TAδ +A

t∫
0

U(τ)dτ +B(TAδ +A

t∫
0

U(τ)dτ).

Äëÿ i = 2k − 1 òà (x, t) ∈ Π îäåðæèìî

|u2k−1(x, t)− un2k−1(x, t)| 6 Λδ + TAδ +A

t∫
0

U(τ)dτ + Λ(TAδ +A

t∫
0

U(τ)dτ).

Çâiäñè îäåðæèìî, ùî äëÿ âñiõ i ∈ {1, ..., n} òà (x, t) ∈ Π

|ui(x, t)− uni (x, t)| 6 (B + Λ)δ + TAδ +A

t∫
0

U(τ)dτ + (B + Λ)(TAδ +A

t∫
0

U(τ)dτ).

Òîìó äëÿ ôóíêöi¨ U(t) ìàòèìåìî

U(t) 6 (TA(Λ +B + 1) + Λ +B)δ +A(Λ +B + 1)

t∫
0

U(τ)dτ.

Çà ëåìîþ Ãðîíóîëëà-Áåëëìàíà îòðèìà¹ìî

U(t) 6 (TA(Λ +B + 1) + Λ +B)δeA(Λ+B+1)t 6 (TA(Λ +B + 1) + Λ +B)δeA(Λ+B+1)T .

Âèáðàâøè äîñèòü ìàëå çíà÷åííÿ δ, çàâäÿêè âèáîðó äîñèòü âåëèêîãî n, ìîæíà äî-
ñÿãíóòè òîãî, ùî äëÿ âñiõ i ∈ {1, ..., n} áóäå âèêîíóâàòèñÿ

|ui(x, t)− uni (x, t)| < ε,

à öå îçíà÷à¹, ùî äëÿ äîâiëüíîãî i ∈ N,

|ui(x, t)− uni (x, t)| < ε.

Òåîðåìà äîâåäåíà. �
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In this paper we established that the �nite homomorphic images of a
commutative Bezout domain are morphic rings. We described the commutati-
ve Bezout domains, whose �nite homomorphic images are the Kasch rings.
Moreover, we presented an example of a commutative morphic ring which is
not a clean ring.

Key words: morphic ring, Bezout ring, Kasch ring.

The concept of morphic ring was introduced by Nicholson and Sanchez Campos in
[11]. This class of rings is rather important and they are of particular interest in modern
research. It is known that the commutative morphic rings are Bezout rings.

In this paper we will prove that �nite homomorphic images of a commutative Bezout
domain are morphic rings. We will describe the commutative Bezout domains whose
�nite homomorphic images are Kasch rings. In addition, we construct an example of a
commutative morphic ring which is not a clean ring.

We will recall all the necessary de�nitions and facts. We denote U = U(R) for the
group of units of R, denote left and right annihilators of a subset X ⊆ R by l(X) and
r(X) respectively, and we write Z for the ring of integers and Zn for the ring of integers
modulo n.

If R is a commutative ring then l(a) = r(a) for all elements a in R, where l(a) and
r(a) are left and right annihilators of an element a respectively, and in this case we write
Ann(a) = l(a) = r(a).

All necessary de�nitions and facts can be found in [1], [2], [11]-[15].

De�nition 1. An element a in a ring R is called left morphic if R/Ra ∼= l(a) as left
R-modules. The ring R is called left morphic if every its element is left morphic. The
right morphic rings are de�ned analogously. The ring R is called morphic if it is left and
right morphic [2], [11]-[15].

Lemma 1. [11] The following statements are equivalent for an element a in a ring R:

1) An element a is left morphic, i. e. R/Ra ∼= l(a).
2) There exists an element b in a ring R such that Ra = l(b) and l(a) = Rb.

c⃝ Zabavsky B., Pihura O., 2014



164
Bohdan ZABAVSKY, Oksana PIHURA

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2014. Âèïóñê 79

3) There exists an element b in a ring R such that Ra = l(b) and l(a) ∼= Rb.

De�nition 2. A ring R is called uniquely morphic if for any element a in the ring R
there exists a unique element b in the ring R such that Ra = l(b) and l(a) = Ra [15].

De�nition 3. A commutative ring R is called P -injective if for any element a in the
ring R we have that Ann(Ann(aR)) = aR [14].

De�nition 4. A ring R is called a Bezout ring if all �nitely generated ideals are principal
[16].

Theorem 1. [2, 11] Let R be a commutative morphic ring. Then:

1) for any element a in a ring R we have Ann(Ann(aR)) = aR (i. e., a ring R is a
P -injective ring);

2) for any �nite set of elements a1, a2, . . . , an in a ring R there exists an element b
in R such that a1R∩a2R∩ . . .∩anR = bR (that is �nite intersection of principal
ideals is again principal one);

3) for any �nite set of elements a1, a2, . . . , an in a ring R there exists an element b
in R such that a1R+ a2R+ . . .+ anR = bR (that is R is Bezout ring).

De�nition 5. A commutative ring R is said to be coherent if

1) the annihilator of any element a in R is a �nitely generated ideal, and
2) �nite intersection of any �nitely generated ideals is again �nitely generated [14].

Thus from previous theorem we obtain that morphic rings are coherent.

De�nition 6. A commutative ring R is called almost Baer if for any element x there
exists an element y such that Ann(xR) = yR [16].

Gathering known facts about Bezout rings we have:

Theorem 2. Let R be a commutative Bezout domain. Then for any nonzero element
a ∈ R we have:

1) R/aR is a coherent ring;
2) R/aR is a P -injective ring;
3) R/aR is a morphic ring.

Proof. 1) From [16] we know that ring R/aR is almost Baer ring and using Theorem 1
we obtain that R is a coherent ring.

2) This is proved in [14].
3) Let b be an element in the ring R = R/aR. Then we have Ann(bR) = cR, because

R is an almost Baer ring. As R is a P -injective ring, then we have Ann(Ann(bR)) = bR
and �nally Ann(Ann(bR)) = Ann(cR). Hence we have bR = Ann(cR).

Therefore for any element b there exists c such that Ann(b) = cR and Ann(c) = bR
that is R is a morphic ring (according to Lemma 1).

De�nition 7. An element a in a ring R is called clean if it is the sum of an idempotent
and a unit in R. If all elements in R are clean then R called clean [2, 8, 10].
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Note that the clean rings are PM -rings (that means that any its prime ideal belongs
to a unique maximal ideal) [4, 10].

As a consequence of this fact we can give an example of a commutative morphic
ring that is not clean. It is a negative answer to a question in the article [11].

Let R be Henriksen ring [9], namely R = {z0 + a1x+ a1x
2 + . . . |z0 ∈ Z, ai ∈ Q, i =

1, 2, . . .}. It is known that R is a commutative Bezout domain [9]. The factor ring R/xR
according to Theorem 2 is a morphic ring but it is not clean since any homomorphic
image of the ideal N = {a1x + a1x

2 + . . . |ai ∈ Q, i = 1, 2, . . .} is an ideal N/xR that
is prime, but belongs to all maximal ideals in the factor ring R/xR. That is why R/xR
is not clean because any clean ring has to be a PM -ring. Note that xR ̸= N whereas
1/2 ∈ N but 1/2 /∈ xR.

So we have a negative answer to the problem in [11].

De�nition 8. A ring R is called a left Kasch ring if every simple left R-module embeds
in RR that is r(L) ̸= 0 for every (maximal) left ideal L in a ring R [14].

Theorem 3. Let R be a commutative Bezout domain R and a is some nonzero element
in R. The following statements are equivalent:

1) R/aR is a Kasch ring;
2) Any maximal ideal M that contains the element a is principal.

Proof. (1) ⇒ (2). Let us consider a Kasch ring R/aR and let M be a maximal ideal in
this ring. We can write Ann(M) = H where H is an ideal in R/aR and H ̸= {0}. Since
H annihilates the maximal ideal M , we can write HM = {0}. Since the maximal ideal
M belongs to Ann(H), by maximality of M , we have that M = Ann(H) ̸= R.

Since M is a maximal ideal, then for every element d ̸= 0 which belongs to the ideal
H we have the equality dM = {0}. Thus we obtain that the maximal ideal M belongs
to Ann(d), where d is a nonunit.

Hence M = Ann(d) = bR because R/aR is a morphic ring. Therefore, M = bR and
M = bR+ aR = cR, because R is a commutative Bezout domain for some c ∈ R.

Hence M is a maximal ideal which is a principal ideal.
(2) ⇒ (1). Suppose that any maximal ideal M that contains an element a, is a

principal one. Considering its homomorphic image we haveM = mR = Ann(nR) because
R/aR is a morphic ring. Since m ̸∈ U(R), we have Ann(nR) ̸= R and then nR ̸= {0}.

Then Ann(M) = Ann(Ann(nR)) = nR ̸= {0}, therefore Ann(M) is a nonzero
principal ideal, and this proves that R/aR is a Kasch ring.

Corollary 1. If R is a commutative principal ideal domain, then R/aR is a Kasch ring,
for any nonzero a ∈ R.

Theorem 4. [15] Any uniquely morphic ring R is one of the following types:

1) R is a division ring;
2) R is a boolean ring;
3) R ∼= Z2[x]/(x

2);
4) R ∼= Z4;
5) R ∼= M2(Z2).
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De�nition 9. A ring R is called a ring of stable range 1 if for any pair of elements
a, b ∈ R such that aR+ bR = R there is an element t ∈ R such that a+ bt ∈ U(R) [1, 8].

Theorem 5. Any uniquely morphic ring has stable range 1.

Proof. According to Theorem 4 we may assume that a ring R is one of the �ve mentioned
types.

We are going to prove that the stable range of each of these rings is equal to 1.
Firstly we consider case (2). A ring R is a boolean ring, which means that x2 = x

for any x ∈ R. Then for any a ∈ R we have a · 1 · a = a, that is R is a unit-regular ring.
According to [5] the stable range of unit-regular ring equals 1.

Since R ∼= Z2[x]/(x
2) = {0, 1, x, x+ 1} is a semilocal ring and Z4 = {0, 1, 2, 3} is a

local ring with maximal ideal M = (2). All the rings of type (1), (3) and (4) have stable
range 1, due to [1].

In case when R ∼= M2(Z2) we have a �nite ring, so it is a ring with stable range 1.
Theorem is proved.

De�nition 10. We say that a ring R is an elementary divisor ring if any matrix A over
R admits a diagonal reduction, that is for the matrix A there exist invertible matrices
P and Q of appropriate sizes such that PAQ = D = (di) is diagonal matrix such that
Rdi+1R ⊆ diR ∩Rdi [7].

If only 1 × 2 (2 × 1) matrices over a ring R admit a diagonal reduction then R is
said to be a right (left) Hermite ring. An Hermite ring is a ring which is both right and
left Hermite ring [7, 17].

Theorem 6. [17] A right Bezout ring of stable range 1 is a right Hermite ring.

Since uniquely morphic rings are morphic and they are Bezout rings, then according
to Theorem 5 we can conclude that uniquely morphic rings are Bezout rings of stable
range 1. Finally we have obtained next result.

Theorem 7. Any uniquely morphic ring is an Hermite ring.

Theorem 8. Any uniquely morphic ring is an elementary divisor ring.

Proof. LetR be a uniquely morphic ring. Note that ifR is either a boolean ring, Z2[x]/(x
2)

or Z4 then R is commutative Bezout ring of stable range 1, since, according to [16] is an
elementary divisor ring.

The case when R is a division ring is obvious.
As the �eld Z2 is an elementary divisor ring and any matrix ring over an elementary

divisor ring is again an elementary divisor ring then in the case of M2(Z2) we are done.
Theorem is proved.
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The main result of this note is to demonstrate that the construction of
the space of pairs of compact convex subsets in normed spaces determines a
monad in the category of normed spaces and bounded linear operators.

Key words: compact convex set, Banach space, category, monad, lattice.

1. Introduction

The pairs of convex subsets in linear spaces �nd numerous applications in di�erent
areas of mathematics. In particular, they are used in the quasidi�erential calculus [4],
mathematical economics (in investigations of the Aumann integral [2]).

Di�erent authors (see, e.g., [5, 6, 7]) considered the linear space of the (equivalence
classes of) pairs of convex sets. This construction was considered from the categorical
point of view in the realm of fuzzy metric spaces by the second named author [10]. In
[10], a fuzzy norm on the mentioned linear space was de�ned and it was proved that
the functor of the pairs of polyhedral convex sets (i.e., the convex hulls of �nite subsets)
determines a monad in a suitable category.

The aim of the present paper is to demonstrate that the construction of the (normed)
linear space of the (equivalence classes of) pairs of compact convex sets generates a
monad in the category of normed linear spaces. We also discuss the category of algebras
determined by this monad.

c⃝ Bazylevych L., Savchenko O., Zarichnyi M., 2014
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2. Preliminaries

2.1. Pairs of compact convex sets. For every linear topological space X, let cc(X)
denote the set of nonempty compact convex subsets in X. As usual, + stands also for
the Minkowski addition: A+B = {a+ b | a ∈ A, b ∈ B}, for every A,B ∈ cc(X).

Consider the following equivalence relation ∼ on the set L(X) = cc(X)× cc(X):

(A,B) ∼ (C,D), if A+D = B + C.

The equivalence class containing (A,B) is denoted by [A,B]. The quotient set K(X) =
L(X)/ ∼ is a linear space with respect to the addition

[A,B] + [C,D] = [A+ C,B +D]

and multiplication by scalar de�ned by the formula

λ[A,B] =

{
[λA, λB], if λ > 0,

[−λB,−λA], if λ < 0

(see [7]).
Suppose now that (X, ∥ · ∥) is a normed space. Denote by dH the Hausdor� metric

on cc(X) with respect to the metric d induced by the norm ∥ · ∥. It is known (see, e.g.,
[7]) that the following function ∥ · ∥′ is a norm on K(X): ∥[A,B]∥′ = dH(A,B).

Let K̃(X) denote the completion of K(X) with respect to the norm ∥ · ∥′. Given a

bounded linear operator f : X → Y , let a map f̃ : K(X) → K(Y ) be de�ned as follows:

f̃([A,B]) = [f(A), f(B)]. It is easy to check that f̃ is a well-de�ned linear operator.
For the seek of notational simplicity, in the sequel we will denote all the norms

simply by ∥ · ∥.

Ëåìà 1. f̃ is bounded and ∥f̃∥ = ∥f∥.

Äîâåäåííÿ. Let ∥[A,B]∥ ≤ 1. Then dH(A,B) ≤ 1 and therefore dH(f(A), f(B)) ≤ ∥f∥,
which is equivalent to ∥[f(A), f(B)]∥ ≤ ∥f∥. Thus ∥f̃∥ ≤ ∥f∥. The reverse inequality is
obvious. �

This allows us to extend f̃ and to obtain a bounded linear operator K̃(X) → K̃(Y ).

We denote it by K̃(f).
Denote by Ban the category of Banach spaces and bounded linear operators. We

therefore obtain a functor K̃ : Ban → Ban.

2.2. Monads and algebras. Recall some necessary de�nitions concerning the monads;
see, e.g., [1] for details.

Îçíà÷åííÿ 1. A monad T = (T, η, µ) in a category C consists of an endofunctor T : C →
C and natural transformations η : 1C → T (unit), µ : T 2 = T ◦ T → T (multiplication)
that satisfy the following relations: µ ◦ Tη = µ ◦ ηT =1T and µ ◦ µT = µ ◦ Tµ. In other
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words, the following two diagrams are commutative:

T 3(X)
T (µX) //

µT (X)

��

T 2(X)

µX

��
T 2(X)

µX

// T (X)

, T (X)
T (ηX) //

1
((PP

PPP
PPP

PPP
PP

T 2(X)

µX

��

T (X)
ηT (X)oo

1
vvnnn

nnn
nnn

nnn
n

T (X)

The left side diagram is referred to as the associativity and the second one as the
two-side unit.

Îçíà÷åííÿ 2. Let T = (T, η, µ) be a monad on a category C. A pair (X, ξ), where X
is an object of C and ξ : T (X) → X a morphism of is called a T-algebra if the diagrams

X
ηX //

1

''OO
OOO

OOO
OOO

OO TX

ξ

��
X

, T 2X
µX //

Tξ

��

TX

ξ

��
TX

ξ
// X

are commutative.

Îçíà÷åííÿ 3. A morphism φ : X → Y is said to be a morphism of T-algebras (X, f) →
(Y, g), if the diagram

TX
Tφ //

f

� �

TY

g

��
X

φ
// Y

(1)

commutes.
T-algebras and their morphisms form a category which we denote by CT.

3. Result

Given a Banach space X, denote by ηX : X → K(X) the map acting by the formula:
ηX(x) = [{x}, {0}].

Òâåðäæåííÿ 1. η = (ηX) is a natural transformation

Äîâåäåííÿ. We �rst note that, for any x, y ∈ X, we have

d(ηX(x), ηX(y)) = ∥[{x}, {0}]− [{y}, {0}]∥ = ∥[{x}, {y}]∥ = dH({x}, {y}) = d(x, y).

Clearly, ηX is a linear map. Given a bounded linear operator f : X → Y , we obtain,
for any x ∈ X,

K(f)ηX(x) = K(f)([{x}, {0}]) = [{f(x)}, {0}] = ηY f(x),

i.e., η is a natural transformation. �
By completing, one also obtains a natural transformation from the identity functor

to the functor K̃. We keep the notation η for this transformation.
By conv(A) we denote the convex hull of a set A in a linear space. If A =

{x1, . . . , xn}, then we denote it convex hull by ⟨x1, . . . , xn⟩. For any linear space X,
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let Kp(X) denote the set of equivalence classes of pairs of convex polyhedra in X, i.e.,
convex hulls of nonempty �nite sets in X.

Ëåìà 2. Let Y be a dense set in cc(X), where X is a Banach space. Then the set
{[A,B] ∈ K(X) | A,B ∈ Y } is dense in K(X). In particular, if Z is a dense subset in
X, then the set

{[A,B] ∈ K(X) | A,B are convex polyhedra with vertices in Z}

is dense in K(X).

Äîâåäåííÿ. The proof follows that of the corresponding result from from [9]. �

For any subsets A,B ⊂ X, let A ∨B = conv(A ∪B).
For any [A,B], [C,D] ∈ K(X) let

[A,B]⊕ [C,D] = [(A+D) ∨ (B + C), B +D].

The space K(X) forms a vector lattice with respect to the operation ⊕.
Recall the construction from [10]. Suppose that [A,B] ∈ K2

p(X), then there exist

[Ai, Ci], [Bj , Dj ] ∈ Kp(X), i = 1, . . . , k, j = 1, . . . , l,

such that

A = ⟨[A1, C1], . . . , [Ak, Ck]⟩, B = ⟨[B1, D1, ], . . . , [Bl, Dl]⟩.
Then we let

µX([A,B]) = ([A1, C1]⊕ · · · ⊕ [Ak, Ck]) + ([D1, B1, ]⊕ · · · ⊕ [Dl, Bl]).

The following lemma is proved in [10].

Ëåìà 3. Let

M = ⟨[A1, B1], . . . , [Ak, Bk]⟩ ⊂ Lp(X).

Then

supM =[(A1 +B2 + · · ·+Bk) ∨ (B1 +A2 +B3 · · ·+Bk)

∨ (B1 +B2 + · · ·+Ak), B1 + · · ·+Bk].

This lemma implies the following formula (see [10]):

µX([A,B]) = max(A)−max(B).

Ëåìà 4. The map µX is a linear operator of norm 1.

Äîâåäåííÿ. This is proved in [10]. �

Now note thatKp(X) is a dense subset of the spaceK(X) and therefore in K̃(X). Usi-

ng Lemma 2 we conclude that the set K2
p(X) = Kp(Kp(X)) is dense in K̃2(X). Therefore

one can extend the natural transformation µ to a unique natural transformation from
K̃2(X) to K̃(X). We keep the same notation µ also for this extended transformation.

Òåîðåìà 1. The triple K = (K̃, η, µ) is a monad on the category Ban.
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Äîâåäåííÿ. The commutativity of the diagrams from the de�nition of monads is proved
in [10] for the case of the classes of equivalence of pairs of polyhedral compact convex

sets. Since these classes form, by Lemma 2, a dense subset in the spaces K̃3(X), one can
conclude that the diagram representing the associativity property of the multiplication
is also commutative.

�

Let X be a Banach lattice. We refer to [8] for the basic facts concerning Banach
lattices. We denote the supremum of x, y ∈ X by x⊕ y. Recall that X is an AM-space if
∥x⊕ y∥ = max{∥x∥, ∥y∥} for all x, y ≥ 0.

Òåîðåìà 2. The category of K-algebras is isomorphic to the category of Banach lattices
and linear lattice homomorphisms.

Äîâåäåííÿ. Let (X, ξ) be a K-algebra. De�ne an operation ⊕ : X × X → X by the
formula

x⊕ y = ξ(ηX(x)⊕ ηX(y)) = ξ([⟨x, y⟩, {0}]).
Note that

∥x⊕ y∥ ≤dH(⟨x, y⟩, {0}) ≤ max{d(tx+ (1− t)y, 0) | t ∈ [0, 1]}
≤max{t∥x∥+ (1− t)∥y∥ | t ∈ [0, 1]} ≤ max{∥x∥, ∥y∥}.

Clearly, x⊕ x = x, for any x ∈ X.
Let x, y, z ∈ X. We are going to prove that (x⊕ y)⊕ z = x⊕ (y ⊕ z). Consider the

element
α = [⟨[⟨x, y⟩, {0}], [{z}, {0}]⟩,K(ηX)(ηX(0))] ∈ K2(X).

Then

µX(α) =max{[⟨x, y⟩, {0}], [{z}, {0}]} −maxK(ηX)(ηX(0))] = [⟨x, y, z⟩, {0}]− [{0}, {0}]
=[⟨x, y, z⟩, {0}].

On the other hand,

K(ξ)(α) =[⟨ξ([⟨x, y⟩, {0}]), ξ([{z}, {0}])⟩, ηX(0))] = [⟨x⊕ y, z⟩, {0}].
Therefore, from the de�nition of algebra it follows that

(x⊕ y)⊕ z = ξ([⟨x⊕ y, z⟩, {0}]) = ξ([⟨x, y, z⟩, {0}]).
One can similarly prove that

x⊕ (y ⊕ z) = ξ([⟨x, y, z⟩, {0}]).
One can easily prove that (X,⊕) is a Banach lattice.
Now let (X,⊕) be a Banach lattice. De�ne ξ : K(X) → X by the formula: ξ([A,B]) =

maxA−maxB. First note that ξ is well-de�ned. Indeed, if [A,B] = [C,D], then A+D =
B + C and therefore

maxA+maxD = max(A+D) = max(B + C) = maxB +maxC.

We have ξηX(x) = ξ([{x}, {0}]) = x− 0 = x, for every x ∈ X.
Now let α = [A,B] ∈ K2

p(X),

A = ⟨[A1, B1], . . . , [Am, Bm]⟩, B = ⟨[C1, D1], . . . , [Cn, Dn]⟩.
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Then

µX(α) = maxA−maxB = [A1, B1]⊕ · · · ⊕ [Am, Bm]− [C1, D1]⊕ · · · ⊕ [Cn, Dn]

and, since ξ is a lattice homomorphism,

ξµX(α) = max
i

(maxAi −maxBi)−max
j

(maxCj −maxDj).

On the other hand,

K(ξ)(α) = [⟨maxA1 −maxB1, . . . ,maxAm −maxBm⟩,
⟨maxC1 −maxD1, . . . ,maxCn −maxDn⟩]

and therefore

ξK(ξ)(α) = max
i

(maxAi −maxBi)−max
j

(maxCj −maxDj) = ξµX(α).

Note that any nonexpanding lattice preserving linear operator generates a morphism
of the corresponding K-algebras.

We are going to show that the described correspondences between the Banach latti-
ces and K-algebras are inverse to each other. We temporarily denote by ⊕ξ the lattice
operation on X that corresponds to the K-algebra (X, ξ) and by ξ⊕ the structure map
of the K-algebra that corresponds to the lattice operation ⊕.

Given (X,⊕), for any x, y ∈ X we obtain

x⊕ξ y = ξ([⟨x, y⟩], {0}]) = max⟨x, y⟩ −max{0} = x⊕ y.

On the other hand, given (X, ξ), for any A = ⟨a1, . . . , am⟩ ⊂ X, A = ⟨b1, . . . , bn⟩ ⊂
X we obtain

ξ⊕([A,B]) =max⟨a1, . . . , am⟩ −max⟨b1, . . . , bn⟩ = a1 ⊕ · · · ⊕ am − b1 ⊕ · · · ⊕ bn

=ξ([⟨a1, . . . , am⟩, {0}])− ξ([⟨b1, . . . , bb⟩, {0}]) = ξ([A,B]).

This �nishes the proof of the theorem. �

4. Pairs of compact convex subsets of constant width

A compact convex subset A in the Euclidean space Rn is said to be a set of constant
width d > 0 if A−A = Bd(0) (the closed ball of radius d centered at the origin). Topology
of the hyperspace of compact convex sets of constant width in Rn, n ≥ 2, was studied in
[3].

Let Sn−1 denote the unit sphere in Rn. Given a compact convex body A ⊂ Rn,
de�ne the support function hA : Sn−1 → R by the formula: hA(v) = max{⟨x, v⟩ | x ∈ A},
for v ∈ Sn−1 (here ⟨·, ·⟩ stands for the inner product in Rn). Then one can reformulate
the de�nition of the bodies of constant width, namely, A is of constant width λ > 0 if
|hA(v)− hA(−v)| = λ, for every v ∈ Sn−1.

Denote by Kcw(Rn) the family

{[A,B] ∈ K(Rn) | [A,B] = [C,D], where C,D are of constant width}.

Òâåðäæåííÿ 2. The set Kcw(Rn) is a closed linear subspace in K(Rn).
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Äîâåäåííÿ. Suppose that [Ai, Bi] ∈ Kcw(Rn), i = 1, 2. Then there exist compact convex
sets Ci, Bi of constant width in Rn such that [Ai, Bi] = [Ci, Di], i = 1, 2. We obtain

[A1, B1] + [A2, B2] = [C1, D1] + [C2, D2] = [C1 + C2, D1 +D2] ∈ Kcw(Rn),

because the Minkowski sum of bodies of constant width is again of constant width. It is
also easy to demonstrate that α[A,B] ∈ Kcw(Rn), for any [A,B] ∈ Kcw(Rn) and α ∈ R.

Closedness of Kcw(Rn) in K(Rn) easily follows from the fact that the set cw(Rn) of
compact convex bodies of constant width is closed in the hyperspace cc(Rn).

�

Let K̃cw(Rn) denote the completion of the space Kcw(Rn). We obtain a functor

K̃cw from the category of �nite-dimensional Euclidean spaces and orthoprojectors to the
category Ban. This follows from the fact that the orthogonal projection of any body of
constant width is also a body of constant width.

5. Remarks and open questions

It looks plausible that the results of this note can be generalized, on one hand, to
the case of locally convex spaces and, on the other hand, to the case of convex bounded
subsets in normed (locally convex) spaces.
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ñàíà.

Ðèñóíêè äî ñòàòòi ïîäàâàòè ó ãðàôi÷íîìó ôîðìàòi BMP ÷è PCX. Íàçâà ðè-
ñóíêà ÷è éîãî íîìåð íå âõîäÿòü ó çîáðàæåííÿ, ¨õ òðåáà ñòâîðþâàòè çàñîáàìè
LATEX'ó. Âèáèðàþ÷è ðîçìið ãðàôi÷íîãî çîáðàæåííÿ, íàëåæèòü âðàõóâàòè, ùî
âîíî áóäå íàäðóêîâàíå íà ïðèíòåði ç ðîçäiëüíîþ çäàòíiñòþ 600 dpi.

Ëiòåðàòóðó ïîäàâàòè çàãàëüíèì ñïèñêîì ó ïîðÿäêó ïîñèëàíü íà äæåðåëà â
òåêñòi ñòàòòi.
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