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PEAYKIIA MATPUIIb HA/T OBJIACTIO BE3Y CTABIJIbHOI'O
PAHI'Y 1 3 YMOBOIO JIYBPOBIHA TA YMOBOIO Z

Bacuinana BOXOHKO

JIveiecvrutl naytonasvrul yrieepcumem iment leana Ppanka,
8ys. Ynisepcumemcovka, 1, JIveis, 79000
e-mail: b_ strannik@Qukr.net

Hosenero, uo obmacts Bedy crabinpuoro paury 1 3 ymosomo /lybposina i
YMOBOIO Z € KLJIbITEM €JIeMEHTAPHUX MiIbHUKIB.

Karowosi caosa: obnacts Besy, crabinpauit panr 1, Kibite e1eMeHTAPHUX
ninpauKiB, ymosu Jy6posina ta Z.

Kinbng enemenrapunx minpHukiB BBiB ¥ 1949 p. Kammancokuii [1]. KomyraTushi
KUIBIIS eJIeMEHTAPHNX JiJBHUKIB aKTHBHO BHBYAOTH ¥ [2], ase mporo He MOXKHA CKa-
34T PO HEKOMYTATHBHI Kibllgd ejgeMeHTapHUX HAbHEKIB. Cepen HeGaraThoX Mparb 3
Teopii HEKOMYTATUBHUX KiJIElb eJeMeHTapHUX JAIbHUKIB BiA3HAYMMO pe3ysbrar [2], ue
JIOBEZIEHO, 10 Maiizke aToMHa, 00sacTh besy crabisbroro panry 1 3 ymosow lybposina
€ KiJTbIIEM eJIeMeHTAPHUX JTIMTHHUKIB.

Y it mpari obmexkenHs Ha Maike aromui obmacti Besy 3msaro. loBemeno, 1o
obmacthk besy crabinpraoro panry 1 3 ymosowo Iy6posina 3 oOMe:KeHHIM IIEBHOIO BUIJISA-
Ly Ha aBoGiuni imeasnu (ymoBa Z — 3 ymou RaR = R BuiuuBag, 10 ¢ — CKiHYeHHUI
€JIEMEHT) € KLIbLEM eJeMeHTaPHUX JALIbHUKIB.

Baysaxumo, 10 ymosa JIy6porina 3riaHo 3 [2] € HeobXiTHOW 1 JOCTATHBOI YMOBOIO,
100 HAIMBJIOKAJbHE, HAIIBIEpBUHHE Kijbile be3y 0y/0 KuIbIleM eJeMeHTapHUX TiIbHU-
kiB. [Tozask HamiBIOKaJbHE Kijble € Kijbllem crabiabaoro panry 1 [2], To 3po3ymiio, mo
ymoBa Hyb6poBina €, B KpalHbOMY BHUIMAJKY, HEOOXITHOW MJid PO3IVISAIY MATAHHA KAHO-
HIYHOI JiaroHaMbHOI peayKIii MaTpuib HaI Kinbisgvu besy crabiaproro panry 1 .

Tz kisbIgem posymieMo acoriaruBhe Kibie 3 omunuieio 1 1 # 0 . Tpasum (1iBum)
KimblleM Be3y Ha3uBaeThes KilbIle, B IKOMY JOBLIBHUM CKIHUYEHHOMOPOIXKEHNWH TPABUA
(niBmit) imean € ronoBumm. Kijbie, ske € OmHOYACHO TpaBuM i JjiBuM Kijbiem Besy,
HA3UBAEThCs KimbileM besy. Ckaxkemo, 1o Kiibie R € KifbleMm ¢TabiibHOro paHry 1,
SAKIIO JJis JOBLIBHHX eJeMeHTiB a,b € R rakux, mo aR + bR = R 3Hajinerbca Takuii
enemenT t € R, mo (a + bt)R = R [2].

EnemenT KinbIlgd Ha3WBa€ThCA ATOMOM, SIKIO BiH HE3BOPOTHWM, HEHYJILOBHUI 1 HE
MOxKe OyTu 300parKeHUM y BUIJISII JOOYTKY TBOX HE3BOPOTHUX €JIEMEHTIB.

© Boxonuko B., 2015
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HenynroBuit enemenT a obmacti R Ha3BeMmo JiBUM CKIHYEHHWM, SKINO AOBLILHU
TPUBIAJIBLHUN JIiBUIl TIILHUK @ € 3BOPOTHUM, ab0 CKiHYeHHWI MOOYTOK aToMiB i mpaBuii
CKIHYEHHUI eJTeMEeHT — IIe eJIeMEHT, JOBLIbHUN MpaBuil MHOKHHUK TKOT'O 3BOPOTHHI abo
€ HoOyTKOM CKiHYeHHOI KiabKocTi aromiB. Emement a obiacti R Ha3zBeMO CKiHYEHHHUM,
AKINO BiH € J1iBUM 1 npaBuM cKindenuauM. JoBxxunoro [(a) cKiH4eHHOro eleMenTa a 061acTi
R Ha3zBeMo KiIbKiCcTh aTOMHUX TiILHUKIB.

BayBaxkuMo, 1m0 B obsracTi Be3y ememenT € CKIHYeHHUM TOJ 1 JIKINE TOMi, KOJTU BiH
Ma€ CKiHYeHHYy JOBXKHUHY [2].

®axTraro, obnacTs be3y € 06/1acTi0 TOMOBHUX ifeantiB TOI i snire TOIi, KOIU JI0-
BlABHUI HEHY/IbOBUIT, HE3BOPOTHUIL €JIEMEHT € CKiHYeHHUM [2].

Marpumi A Ta B Ha3WBAIOTHCS eKBIBAJIGHTHUMHE, SIKIO ICHYIOTH OGOPOTHI MaTPHII
P i Q man xkinpoeM BiAnoOBiZHEX po3Mipis, 110

A= PBQ.

Bynemo ropopurn, mo marpung A Han KigtbneMm R Mae KaHOHIYHY JiaroHAJBHY pe-

JYKITI0, IKIIO BOHA eKBiBAJEHTHA 70 JiaroHAIbHOI MaTPUII

eg 0 -~ 0 0 -+ 0
0 e - 0 0 --- 0
0 0 e 0 01’
o 0 --- 0 0 --- 0

ne Re;pyRCe;RNRe;i€1,2...,r—1.

fkmo Ham KinbileM R moBiTbHA MATPHIA Ma€ KAHOHITHY MIarOHAJBHY PEIYKINIO,
TO Kijblle R HA3MBAETHCs KiblIEM eJeMeHTapHUX JAUIbHUKIB [1].

VY [2] Babarchkuit 10BiB, 1110 TpocTa 06macTh Besy R € KifblieM eleMeHTapHUX k-
HUKIB TO/I 1 utie o1, ko R € 2-1IpocTor, TOOTO, SIKIO i JOBUIBHOTO HEHYIHOBOTO
esmeMenTa a € R icHYIOTH Taki eJiIeMeHTH U1, Uz, V1,V € R, 1o ujav; + usave = 1. 3a3na-
9UMO, IO y TPOCTiit obmacti R mig TOBITBHOTO HEHYJILOBOTO ejieMenTa a € R orpuMyemo
RaR = R.

Mera namoi npari — BuBduTu pisHi ymosu Ha inean RaR. Cepen nepiinx Buis
obMexkeHb Ha 0071acTh Bim3HaunMo yMoBy L.

Osnauenusa 1. Craocemo, wo nad obracmio R suxonyemocs ymosa L, axuio 3 ymosu
RaR = R sunausae, wo aR = R.

Teepmxkenns 1. Hexatli R € obaacmio 3 ymoeoro L, 6 axili 006iavHull MAKCUMAALHUT
npasutl ideas € 20406HUM, MOdi 006iAbHUT MaKCUMaAbHUT npasull ideasr — J6o6THHUT.

Jlosedenns. Hexait M = mR — noBliabHuii MakcuMasibHU paBuii inean R, 1 Hexail icHye
enemenT x takuii, mo xm ¢ M. Posrnsuemo npasuit inean M + xmR = R, ockinbku
M C M+xzmR, na nifcrasi o3uadennsi M onep:xxumo M +axmR = R, ro6ro ms+axmy = 1
I IeKUX eJIeMeHTiB s,y € R, ro6ro RmR = R. Ha mincrasi ymoBu L orpumaemo, 1o
m — oboporHuit egemMenT R, 110 HEMOXKJINBO, OCKIIbKH MR — MakCHMaJbHUH TpaBuii
imean R. Take mpotupiudsa 3acsimuaye, mo Rm C mR, Tobro mR € apobiunuM igeasom.
Teopema nmoBemeHa. O
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Oszuavenns 2. Ckaocemo, wo wad xiavuem R suxonyemovesa ymoea ybposina, Axuwo
045 d0BIABHO20 HEHYABLOB0Z0 eaemenma a € R icuye esemenm o € R marxuti, wo RaR =
aR = Ro.

OueBUIHUM TIPUKJIAIOM Kijbilsd 3 yMOBOW JlyOpoBina € mpocte kinmbie. Hacrymua,
TeopeMa BU3HAYAE 3B’sA30K Kijerb 3 yMOoBOW L i kijers 3 ymosow [lyGposina.

Teopema 1. Hexali R kiavue esemenmaprur disvhukie 3 ymosorw L. Todi R € xiavuem
3 ymosoro ybposina.

Josedenns. Hexait aR 4+ bR = R i po3rasiHeMo MaTpPHITIO

A:(g g).

Ockinbku R € KijiblieM eJIeMeHTapHUX JILHUKIB, oAl ajist MaTpuni A icHyioTb 06opoTHi
MaTpuui Apyroro nopsiky P i Q, mo

PAQ = (g 2) , (1)

e ReR C zRN Rz.

Ockinbku aR+bR = R, roni RaR+ RbR = R. 3aysaxumo, mo RaR+ RbR = RzR,
ockinmbku RcR C zR N Rz, 1o RaR + RbR = RzR. 3 ywmoBu L Bumimsae, mo z —
obopoTHuii eement .

Hexait P = (pij), @ = (gij), Toxi (p11 + p12b)gi1 = z oboporuutt exement R. Tobro
Ra + Rb = R.

. . (a .
Axmo Ra + Rb = R, 1o, npoBiBImK /Jisi MATPHUIT <O O) AHAJIOTiYHI MipKyBaHHS,
MH JoBegemo, mo alR + bR = R.
Tenep moseaemo, o Hax R Bukonyerbes ymosa Jlyoposina. Hexait a — nosinbHuil

menyiboBuil elemenT R. Ockinibku R € KiblieM e/leMeHTAPHUX MUTBHUKIB, TOJI [IJIsT MaT-

pummi A = <8 2) icayrors oboporHi Marpuni apyroro nopsaaky P = (p;;), Q = (¢i;),
it}
AP=Q (Z 0) (2)
0 b))’
ne RbR C zRN Rz. 3ayBaxkumo, mo RaR = RzR. A 3 pisHocti 2 orpuMaeMo apis = ¢12b,
apaz = qaob.

Ockinbku P — oGoporna marpuiid, T0 Rpi1s + Rpes = R. Ha mincrasi moBemenoro
BHINE OJAEPKUMO P12 R+poo R = R, T00TO p1ou~+poov = 1 ajis1 JedaKux eeMenTiB u, v € R.
[Tozasx apio = qi2b, apas = @o2b, TO @ = apiau + apaov = qr2bu + goobv € ROR. 3Biacu
RaR C RbR. Tak sx RbPR C RzR i RaR = RzR, to RaR = RbR C zRN Rz C RzR.
3eigcu RaR = zR = Rz. Teopemy moBeneHo. O

YacTKOBAM BUIAIKOM CKIHYEHHOT'O €JIeMEHTa Cayrye oOOpOTHHI eleMeHT. 3a aHa-
Jorielo 3 ymoBow L poarnsgHeMo Taky yMmoBy. 3 ymoBu RaR = R BumniuBae, 10 a —
ckinuennuii enement. 110 yMOBY Ha3BEMO YMOBOKWO Z.

Teepmxkennsa 2. Hexati R obaacmov Besy 3 ymosoro ybposina ma ymosorw Z. Todi
008iAbHUYT HEHYALOBUT eremenm a € R moocna 306pasumu iy eueandi,
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a=af = pa,

Jie o — Jyo-eleMenT, a f, p — ckindenni enementu R.

Losedenns. Ockinbku RaR = aR = Ra, 10 a = af = pa, ne Rf R = RpR = R.
3rigHo 3 OOMEXKEHHSIMU, K1 HAKJIAIEHO Ha R, oTpuMaeMo f,p — CKiHUYeHHI eJeMeHTH.
TrepaxkenHs TOBEIEHO. O

TBepmxkenns 3. [2] Hexaii R obaacmo Besy 3 ymosoro dybposina. Todi R e winvuyem
EAEMERTNAPHUT JIAbHUKIE MOodi i auwe Modi, KOAU 006IAbHA MAMPUUS

a 0
=0 2)
de RaR + RbR + RcR = R wmae xanoniuny diazonansvny pedyxuyino.

Tepgxkennst 4. [2] Hexal R — aise (npase) kiavue Besy cmabiavnozo paney 1. Todi
ons dosiaorur esemenmis a,b € R icuyroms makix € R (y € R) id € R (§ € R), wo
a+xb=d (a+by=29) i Ra+ Rb= Rd (aR+ bR =0R).

Teopema 2. Heraiit R — obaacmy Besy cmabiavhozo parey 1, 6 AKOMY SUKOHYOMBCA
ymosa Z i ymosa Jlybposinag. Todi R € Kiavuem esemenmapHuT diabHUKLS.

Jlosederna. 3rigHo 3 TBepIXKEHHSM 4 /J1d NOBEIEeHHs TeopeMU HeoOXigHO 1 J0CTaTHBO
JIOBECTH, IO AOBLIbHA MATPULS BULJIALY

a 0
= (5 2)

ge RaR + RbR + RcR = R mae KaHOHIYHY JilaroHa/bHY PEIyKILIO.
Ockinbku R € obmacrio Besy crabinpHoro panry 1, TO 3rijiHO 3 TBEPAKEHHAM 5 s
emeMenTiB a,b € R icuyorh enementn x,d € R, mo xa + b = d, ne Ra + Rb = Rd. Toxi

(o6 o= 0= (5)

e a = agd 155 JesTKOTO ejeMenTa ag € R.
Hexait cR+ dR = zR i cy + d = z, 3a3Ha9uMO, IO 11 €JIEMEHTH iCHYIOTH 3TiTHO 3
TBEpRKEHHsIM 5. 3Biacu

d c\ (1 0\ [(d+zy c\ [z c
a 0)\y 1) a 0/ \a 0/
Tyt d = 2t, ¢ = zcg. Ockinbku MaTpuiisi A eKBiBATEHTHA MaTPUII (Z 8), Je a = agpzt,

¢ = zcg i Toro, mo R = RaR + RbR + RcR = RzR + RcR, onepxwumo, mo RzR = R.
3rigHo 3 yMOBOK Z OTPHMAEMO, IO z — CKiH4YeHHil esemeHnT obnacri R.

c
0
H.C.JL.I. (maitbliplumil colnbhuii jiBuii JIBHUK) €JIEMEHT Z 1 ¢, MU OTPUMAEMO, MIO
HOBUil esleMeHT z Marpuni va micui (1.1) 6yae ckinyenuum, i fioro noBkuHa Oy/e MeHIa

3a l(z).

z . .
Posrasuemo MaTPHUIIIO B = <CL ) SaMiHIOIOUH €JIEMEHT 2 IIOC/I1IIJOBHO Ha
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Amnajoriuni mepeTBOpeHHsT BHKOHAEMO Ha, TIEPIIIOMY CTOBIIIEBI MATPUII, Jie TIepIIiii
PSIOK HOBOI MATPUIIl MOXKE 3HOBY CTaTH HEHYJIBLOBUM, aJe e MOKJIMBO JIUIE, KON TOB-
JKUHA CKIHYEHHOro ejeMenta 2z Ha micii (1.1) 3meHuryerbes, To6T0 Marpunio B 3Beaemo

110 BUTJISIILY
C— Z 0
—\0 )’
Je 2/ — CKiHYeHHUil eJeMeHT.

BukoprcToByIOUHM ONEPAIio A0JABAHHSL JO [EePIIOro CTOBII (paaKa) npasoro (Ji-
BOTO) KPATHOMY JPYTOTO CTOBIIS (PsiKa) 1 3HOBY BUKOHABIIH TOCHIAOBHY 3aMiHy eJie-
menta 2z’ wa H.C.JI.J. (H.C.II.ZI.) mporo eneMenTa i yTBOPEHOTO TaK €JIEeMeHTa, MU Oy-
JIEMO 3MEHINYBaTu J0BKUHY eneMenta z’'. Ileii npouec npojoBKyBaTUMEMO JOTH, HOKU
He OTPUMAEMO eKBiBaJeHTHy n0 R marpumpo C BurIsSLy

Tyt RsR C 2z’ RN Rz". Teopema nosenena. O

BayBaxkuMo, IO B JOBEICHH] €] TEOPEMU MU BUKOPUCTAJIN TOH (DAKT, IO TOBLILHUIMA
JiIbHUK CKiHueHHOro esiemenTa obaacri Besy e ckinvyenuum [2].
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REDUCTION OF MATRICES OVER BEZOUT DOMAIN OF
STABLE RANGE ONE WITH THE DUBROVIN CONDITION
AND THE CONDITION Z
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e-mail: b_ strannik@Qukr.net

In this paper we shown that any Bezout domain of stable range one with
Dubrovin condition and condition Z is an elementary divisor ring.
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ITPO BJIACTUBOCTI IHIMKATOPIB I'OJIOMOP®HUNX
OYHKIIN MIJIKOM PEI'VJISAPHOI'O 3POCTAHHZA B
ITPOKOJIEHIV KOMIIJIEKCHIN IIJIOIIIVHI. I

Oster BUIITMHCHLKUM, Anapiit XPUCTISTHUH

Jveiecvruts HaytonarvHul yHisepcumem imeni Ieana Dparnka,
sys. Ynisepcumemcoka, 1, JIveis, 79000
e-mail: vyshynskyiQukr.net, khrystiyanynQukr.net

JloBeero HemepepBHICTh IHANKATOPIB 3POCTAHHs TOJI0MOPGHUX (DYHKIIH
LIJIKOM PEryJIIPHOrO 3POCTAHHSI B IIPOKOJIEHIN KOMIIJIEKCHIH TIJIOIMUHI CTOCOBHO
dyHKIHT 3pocTanHs A\, a TaKOXK BJIACTUBICTH OJHOCTAIHOI HEIEPEePBHOCTI It
KJ1acy (DYHKI CKIHYEHHOTrO A\-THILY B IIPOKOJIEHIi TIJIONTUHI.

Karonos6i crosa: GyHKINS MIIIKOM PEryasapHOTO 3POCTAHHS, IHIUKATOP 3POC-
TaHHs, (DYHKIid CKIHYEHHOIO A-THUILy, BEDXHs BIIIHOCHA Mipa, OJHOCTaHA He-
nepepBHicTh, dopmyna Ilyaccoma-Eucena, xkoedimnieatrn Pyp’e, romomopdHa
byHKIIiS.

1. Beryn. OgnuM 3 OCTaHHIX MAXOIIB 0 BUBYEHHS BJIACTUBOCTEH (QYHKINH Me-
poMopdHUX y 6arartosp’si3HEX 00JaCTAX € miaxim, skwuil 3ampomoHoBaro B [1], [2], [3].
3acrocoByloun amapat, po3pobiaeHnil y 3rajaHux mparnsx, y [4] 6ymo BBeseHO TOHATTS
roaoMopdHOl PyHKIIT HIIKOM PEryaspHOro 3POCTAHHA B IIPOKOJEHIH KOMILIEKCHI ILI10-
muai C* := C )\ {0}, morarrs inmnkaropie 3pocrarnsa Takux GyHKIIH 1 10BeIeHO neski
TXHI BJIACTUBOCTI. 30KPEMa, W-TPUTOHOMETPUIHA OMYKJIICTh CYMU IHIUKATOPIB 3POCTAHHS
Ta ICHYBAHHSI KyTOBOI NILJIBHOCTI MHOXKWHY HYJIIB rOJJOMOP(MHUX (DYHKIGH IIIKOM pery-
aspHoro 3pocranas B C* Ha mepHux nociigosHocTsx. IlisHime B [5] Gymo posrisHyTO
MATAHHSA PO OTHOCTAMHE IIIJIKOM PerysipHe 3POCTAHHS MOAYJS TA aPCyMEHTY TOJIOMOP-
duoi B C* dyukuii. ABropu, BUKOpHUCTOBYIOUn MeTos, psiaiB @yp’e, pe3yabTaru paii
[6] ra inwi moromixkHI pesysibrary, siKi BOHM OJepxKasu, Kl TAKOXK MalTh camocriiine
3HAYEHHsI, oTpuUMan y (opmi KputepiiB omuc MHOX)UH TomoMmopdunx B C* dyukiii,
MOy #f apTYMEHTH AKX 3POCTAIOTH OJTHOCTANHO i MLIKOM PETyJISPHO.

Mera Hammmoi mparii — TPOIOBKUATH 3raJaHMi MUK POOIT 3 BUBYEHHS BIACTUBOCTEH
GYHKIH TIKOM PEerysipHOrO 3pOCTaHHs ¥ IIPOKOeHil miomuni. [onoBHIME 006’ €KTaMu
JOC/TiI2KeHHST TIepeayciM € IHANKATOPH 3POCTAHHA TakuX (MYHKINH. Y miff vacTuHi m0-
BOIUTHCST HETIEPEPBHICTh IHAWKATOPIB, a TAKOXK, 3aitoun anajor dpopmynu [lyaccona-
€Hcena s kinbig, orpuMannit 1. I1. Kmanoschkum y [7], moBomuThest omHOCTalHA He-
MepepBHICTh it Kaacy GbyHKIM ckingennoro A-tumy B C*. st BIacTUBICTH € KIIOYOBOO

© Bumunceknit O., Xpucrigauna A., 2015
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JIJTST JIOBEJIEHHST TEOPEM PO ACUMIITOTHYHY MOBEIIHKY TOJOMOP(MHOT hyHKIHT MLIKOM pe-
ryagpuoro 3pocrannst B8 C* mpu 7 — +o0o ta r — 0 mo3a jgeskuMu Fo-MHOKHHAMH, dKi
CTAHOBJIATH 3MICT JAPYrol YACTUHU i€l MPAari.

2. O3HayeHHd Ta IONOMIiXKHI moHATTA. Hexait f — dynkuis, roaomopdHa B
upokoseniit miomunai C* := C\ {0}, f #£ 0. Ilig GyHKuie0 3pOCTaHHA MU PO3YMITHMEMO
JOZATHY, HECHAIHY, HerepepBHy, HeoOMexkeny dyukimio A(r), r > 1. Yepes To(r, f) no-
3HAYATUMEMO XapakTepuctuky tuny Hepamminuau 1jist GyHKINH MepoMOphHUX Y KiTbIT
{z: R%, <|z] < Ro}, me 1 < Ry < +00, sika Oyna Beenena B 1], a came

TO(Taf):mO(va)'i_NO(rvf)v 1 <r < Ry,

Jie
1
ma(r ) = m(r ) +m (1.5 ) = 2m(1, ),
17 1
t, f)=— [ log™|f(te?®)| do — <t
mit,f) = 5 [log"fte N8, o <t< R,
0

a No(r,f) = f dt e ng(t, f) — niunnpua Gyakiis nomocis Gyl f B Kb
t< |z <t t>

Osnauvennst 1 ([3]). Hexaidt A\ dynxuia spocmannsa o f zosomopdna dynryia ¢ C*.
Bydemo z2060pumu, wo f dynryisa ckinvennozo \-muny, i sanucysamu f € Ng, arxwo
To(r, f) < BMCr) npu deaxux cmasux B,C das sciz r, r > 1.

Berogu magani 6ymemo npunyckaru, mo A(r) € GyHKIIEH Tak 3BAHOTO MOMIPHOIO
apocrantsi, Tobro (M > 0) (Vr > 1) : A(2r) < MA(r). Kpim Toro, o6MeKuMOCh JIHIIe
rakuMu GYHKIIAME 3pocTanHs A(r), aug akux logr = o(A(r)), r — +oo.

My BHKOPHCTOBYBAaTHMEMO TaKi MMO3HAUEHHA Mid KoedimienTis @yp’e:

1 2w . .
cr(t, f) = %/0 e~ *log|f(te®)|dh, keZ, t>0.

Osnauennst 2 ([6]). Toaomoppra 6 C* dynryia f nasusaemovesa Pynruiero yiakom pe-

2YAAPHOLO 3POCTNAHKA CIMOCOGHO PYHKYIT 3pocnanma N, akwo f € ckinuennozo A-muny
(L

7C"‘>\(r’f) =: c,(ﬁl) ma lim 2D 022).

i Yk € Z icnyromo epanuyi N lim ) o A

— 400

Knac takux bysxmiit nozmadarnmemo Ay

Oszuauenns 3 ([6]). Txwo f € AY, mo dynryii hi(0,f) = > c,(cl)eike, ha(0, f) =
kez
c(?)eiko, de c(,l), 2 ), susnaveni 6 O3nauwenni 2, Ha3UBAIOMBECA THOUKAMOPAMUY 3DOC-
k ko Ck
kEZ
manna Gynkuii f abo, Kopomaue, iHdurxamMOpamu.

Osnauenns 4. Beprhvo10 6idnocnorn mipow muoocunu E C (0, +00) 6ydemo nasusamu
BEAUNUHY
— En(l — E'Nn(1 1
ms(B) = Tom mSEOLT) | o mestBEIOM) pom (L cpn 1)) (1)
r

r—oo T r—00 r

Muoocuny E 3 Hyav06010 8epTHbO10 G1OHOCH010 MipO10 Ha3UuUSGMUMEMO Fo-mHoorcunor.
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Takoxk OymeMo mpumyckaru, 1mo ¢dbyHkiis f He Mae Hy/iB Ha Kol |z| = 1. dkmio
ans Teopem 1, 2 11e MpUIyIeHHs He 3MEHITY€E 3araJbHOCTI 1 pe3yabTaT 3aJUIIAETHC Tpa-
BUJILHUM TAKOXK U y BHUIAJAKY, Komu (DYHKINA f Mae HyJIl HA OMUHUIHOMY KOJI, TO JJIis
Teopewm 3, 4 11e TPUIIYIIIEHHA € CYyTTEBUM, OCKLIBKH JOBEIEHHS IBOX OCTAHHIX TEOPEM BH-
kopucroBye anasior ¢gpopmysu Ilyaccona-Eucena mst kinbust, orpumanuii 1. I1. Kmanos-
cbKUM [7], came 3a yMOBH BiJICyTHOCTI HyJIiB (a TaKOXK TOJIOCIB y BUNAAKY MePOMOPGhHOT
dbysxuii) Ha ko 2| = 1.

Hapemrri HaBegemo germo mogudikoBani mosnadenss 3 [1], ki Mu HEOTHOPA30BO
Oy1eMO BHKOPMCTOBYBATH B JOBEIEHHI OCHOBHUX pe3yabrariB. s romomopduoi B C*,

BIZIMIHHOT BiJT TOTOXHOTO HyJIst (BYHKINT f uepes nél) (t, f), né2)(t, f) mozHaguMO KiIbKicTh
Hynis a; dyskuii f(z) iomosimno B {z:1 < |[z| <t}, 1a {z : 1 <|z| <1}, ¢t > 1,3
, T (@)
BpaxyBaHHaAM IxHboi Kparnocri. KpiMm roro, nexaii Nél) (r,f) = fwdt, i = 1,2,
1

r>1.
3. OcHoBHI pe3yabTaTu.

Teopema 1. Hezai f € AY. Todi induxamop hi(60, ) e nenepepsnoro dynruiero.
Teopema 2. Hezat f € AS;. Todi induxamop ha (0, f) € nenepepenoro gynruicro.
Teopema 3. Hexati f € Ay, f(2) #0 npu |z| = 1. Todi
(Y= > 0) (¥ > 0) (300 > 0) BBy, 75(Ey) < n) (¥r € [2,+00) \ B,) (V. 0) :
lo— 0l <dg = |logf(re??) —log f(re'?)| < eA(r).
Teopema 4. Hezati f € Ay, f(2) #0 npu |z| = 1. Todi
(Ve > 0) (Vu > 0)(3dp > 0) (3E,,, my(EL) < p) (Vr € [2,400) \ E,) (Ve,0) :

log f (iei0> —log f (iew)‘ < eA(r).

4. JToBe/ieHHS OCHOBHUX PE3YyJIbTATIB.

lp—0| <dg =

4.1. Hosedewnsa Teopemu 1.

He 3menmnyoun 3araabHOCTI, OyneMo BBaXKarH, o MyHKINA [ He Mae HyJiB Ha KOJI
|z| = 1. 3anumemo Bupasu ana xoedinierTtis Oyp’e |3, JTema 21.1, c. 59]

ko, Nk
Ck(raf):%(akrk"‘rafk?"_k)-‘ri 3 <T> —<aj> . keEN, r>1. (2)

1<]ayi<r \\Y "
3Bigcu
k k
Ao tra e Y () [ <o+l (2] @
' k a; k r
1<]a;|<r 1<]a;|<r
oginumo (3) na 7%, OuinnMo npasy YacTHHY OTPHMAHOI HEPiBHOCTI

Aol )L 1) g~ (aj)k‘<4T°(T7f)+1nél)(r’f) FEN, r>1 (4

rk r2 rk k r2k ’

1<]az|<r
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Haragaemo, mo Mu posrisggaeMo juiie byHKIG moMipaoro 3pocranis A(r). B mpomy
BUNAJKY TOPSAAOK po GyHKIGT f, skuil BusHadaeTbes ([3]) Tak:

— logTy(r, f
po=plf) = Tim_ IOZ(T )

6yae ckinyennum. Cupsimyemo r — +o0o. B upasiii yacruuni wepisuocri (4) obuusa o-
JaHKu npsamyioTs 10 0 pu k > po. Toxi 3 (3) orpumyemo

= Z ( ) . k> po.

1<‘U‘J|

[Mosepratouucs 10 (2), MaTuMeMo

k k
1 r 1 a 1
Ck(’l"7f)—_2k| - (aj> ok Z <r> 50k k> po. (5)

1<faj|<r

Ouinroroun abcosorai Bemaunnu koediienris @yp’e (5), 3amino0uu cymMu iHTEerpasaMmu
Crinbprbeca Ta iHTErpydr YaCTUHAMY, OTPUMYEMO TIpH k > po

o0 k A k
1 r (1) 1 t (1) |04,k|
< i —_ J— — _—
o< g [ (5) e+ g [(2) anPn + 55
r 1

oo (1) r ok, (1)
1 (1) r* g (t, f) 1 (1) /t ny (¢, f) o]
—— t o e R R ey N I dt
2k tk . f> " / t "ok rkno &) 1 kot T
T 1
oo E (1) n (1)
LG 1/ r\ " ng (¢ f) n» 1/ N\ g (4 f) okl
=—— S (E) Bt gy [ ( dt -
2k_n0 (Taf)+2 L £ +2k‘ (’I",f) D) , ; + 27».16
T 1
7 k(1) o (1)
1 r\ ny’(t, f) 1 / t nO t, f) ||
o[ (E) By 2 (2 dt 1.
2/<t> t 2 r t + ok 7
T 1
3HoBY iHTETpYyIOUN wacTuHAMH, npu k = q + 1, ¢ = [po] omepxyemo
o0 k) T
1 r (1) 1 t |a k|
e nl<y [ (5) and (t,f)—2/<r> ang(e, )+ 19K -
T 1
1 N Oo?"“ NSV (e, f) 1 N r / e NV (¢, ) o]
=— t k 7dt ——= t — dt =
2 tk (t.f) , + t 2\ rk (¢ f) rk t BT
T 1
BT\ N k(NS 1 o]
T 1

Bukonyrouu anasoriani neperBopenHs, npu 1 < k < ¢ COYaTKy OTPUMAEMO

1 1 [ Rl 1 it
len(r, )] < §|akrk+a_kr*k|+§/Lwdt+,/rk ED g rsn,
1
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[Ticsist moBTOPHOTO iHTErpYBaHHs YacTuHaMu mMarumemo mpu 1 <k < g, r > 1

A A\ F k (1)
eulr )| < glawrt + @+ 5 <(t) -(4) )Wdt+zvé”<r,f>. ()
1

OueBuHO, MO MOPSIIOK P PYHKIHT Nél)(r, f) me nepesuntye po. Toxi 3a semoro Ioiis [10,
c. 155-156] agrst moBinbHOTO MOmATHOTO £ < ¢+ 1 — p icHye mocmimoBHicTs {ty,}, t, — +00
TaKa, 110

p—e
NV f) < (f) N (s ), 0 <t <ty

t pte (8)
M, 1) < () NPt ), ta <t < +o0.

n

Bukopucrosywouu (8), i3 (6) orpumyemo

e3¢} tn
k[ (ta\" [t \""dt &k N\t dt " |
< —_ —_ —_ —_ —_ —_ —_ _— =
e (£ T (2) 8 ) ()% ) el
t 1

n

00 tn
k k _
_ No(l)(tnaf) tfl p—e | /tp+s—k—1dt+ 7t1’_7,k_p+6 . /tk+p—s—1dt 1| + |Oé kk‘ _
2 2 otk
tn 1
(1) k(k —€) ||
- to ) )y L k>q+1.
P T 1)+ e

dxmo 1 < k < ¢, 1o 3 (7) Ta (8) purumsae

k t\" Cdt
ek (tns f)] < *|04kt +a— kt_k“f’N(l tn, f 2/(—> (t) 7‘5‘1 =

tn

ktk p+€~/tp757k71dt*

1 L 1
= §|aktﬁ+a—ktnk\+Né )(tmf) 5ln

1

t’!l
—gtnk p“'/t“p’s’ldt—kl =
1

1 k — —k Z\f(l) k2
= — | t + o _ t + t»y“ T No 10 1 .
2| kbn kln ‘ 0 ( f) ( 8)2 k2

Bpaxosyioun te, 1mo N(l)( f) <To(r, f) < AX(r) mpu r > 1, cupamoByo9u n — +00,
OJIEPIKYEMO

k(k — €) )
Al 25— 1), k>p,
e = lim lew(tn, F)I ((k_5)2—f02 - F

n—-+o00 )\<tn) = k2
p—e)?—
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BpaxoByioun JTOBLTBHICTE €, OTPUMYEMO, IO

2

k2 = p?|’

Ja Bia’eMHUX 1AMX BUKOPUCTOBYEMO BjacTuBicTh koedinientis ®Pyp’e c_i(r, f) =

eV < keN.

ck(r, f), 0 pa3oM 3 OTPUMAHUM PAHIIIE JAE MIJCTABY 3AMUCATU

2
1)
[ |<W7 k€ Z\ {0}.

Ile mae mpapoO CTBEPIRKYBATH, WO DS Y c,(cl)e““e 36iraeThca pisHOMIpHO Ha [0, 27], a

keZ
orxe, hy(0, f) € menepepsrOO dyHKIiEO cTocosHo 6 Ha [0, 27].

O
4.2. Hosedenns Teopemu 2.

He smenmyoun 3araasHOCTi, OygeMo BBaxKaTu, o GyHKIIA [ HeMae Hy/iB Ha OIu-
HuuHoMmy Koui. Koediujentu @yp’e muist HAOro BUIAAKY MalOTh Takuil Burusy ([3,

c.59]):

k
1 1 E 1 _ 1
Ck (r’f> = i(akr ko a_krk)Jrﬁ Z (@;r)k - () ,keN, r>1. (10)

a;Tr
J
%é\a‘7|<1

ck(i,f>‘+]1€ > (;)k (11)

L1<a 1<

3 (10) punumpae

1

k —2k | — —k

| (agr +o¢_k)+gl g aj| <2
r<la <1

[Mouinumo (11) na r*. Jlnst npaBol 4acTHHE OTPHMAHO! HEPIBHOCTI CIIPABIZKYETHCS TAKA
OITIHKA:

b Pl 1

k (2)
ol 2 (1> ‘< ATo(r.f) | 1ng” () 12

2 = rk k r2k

L a;r
#<la <1

Hexait ¢ = [po], me po — nopsmok Gyukmii f. Cupsamyemo r — +0o. B mpasiit wactuni (12)
obuzBa nojanku npamyors g0 0 upu k > ¢. Toni 3 (11) orpumyemo

1 ,
ap=—7 Yooal, k>q
0<]a ] <1

[Mosepratouucsk 70 (10), marumemo

k
L) =-2 S @i Y
Ck (rvf) - _2]{? Z (CL]T) ok Z (aﬂ“) + 2Oék-7‘ R k> - (13)

0<|a;|<+ F<lajl<1

Jani noBeneHHs CTa€ aHAJIOTIYHUM J0 JoBedeHHs1 Teopemu 1 3 BiamoBigauMu 3MiHaMu y
MO3HAYEeHHAX. TOMy Mu He OyIeMO HABOIWTHU MPOMIKHUX MipKyBaHb, SKi aHAJOTITHI 70
MIpKYBaHb y BiAMOBIIHUX Mictiax fgosenenus Teopemm 1.
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Iarerpyroun vactuHamu B (13), orpuMmyemo npu k > ¢

1 17 22 1 N D) L ol
C'“(M)\%/(t) e ag [(7) e gh e
r 1

3HOBY iHTErpyw4# JacTuHaMu Ipu k > ¢ + 1, ogepxKumo

- f < = 20 \"»J/ Y Do \BJ) g ar(2) f 1R .
Ck <T7 )‘\2/(t> t dt+2/(r> P dt NO (T7 ) 2rk7'r>1
T 1

(14)

Axrmro xx 1 < k < g, TO mic/s mepioro iIHTerpyBaHHs YaCTUHAMYU MATHMEMO

(2)
1 Lok~ ok, L Tno(tf) (f)
Ck (T,f>’§2ak’l“ + a_gr ‘+2/tk y dt+2 T’k P r>1,
1 1

a micas apyroro mus 1 <k <gq,r>1

n k k (2)
%(?fﬂ<§mm’““¥”“+§/<C)‘%f>>A%f””ﬁ+MQWJ»u@
1

OckinbKY MOpsiaoK p PyHKIHT NéQ)(r, f) ue nepesuinye po, TO, 3acTocoByoun jemy Iloiis
[10, c. 155-156], orpumyemo, mio AJisd JAOBUILHOrO aomarHoro € < g + 1 — p 3naiigerbcs
nocmiaoBHiCTE {ty,}, t, — +00 Taka, mo

N, ) < (:

n

p—e
) NP, f), 0<t<t,
(16)
t
N (¢, f) < (t
Buxkopucrosywouu (16), i3 (14) orpumyemo npu k > g + 1
1 ) k(k —¢) |ovk |
Ck (tn’f> < Ny (t”’f)<(k—5)2—p2 -+ ow r>l

Ao 1 < k < g, o 3 (15), 3acrocosytoun (16), orpumyemo

pte
) NPt ), tn <t < +oo.

1 1 _ _ 2 k2
k (tn’f>’ < i\aktnk+0¢—ktﬁ| + N )(tmf)((p_E)Q_kQ + 1), r> 1.

Ockinbku Né2)(r,f) < To(r, f) < AX(r) mpu r > 1, 1O, COpAMOBYIOUH 1 — +00,

OTPUMAEMO
k(k —¢)
Al —m—Mm——— —1 k
(@QQM ) s

1
Cr\3 >
| (2)|: li |k(tn l <

G TS T A O ;2 ()
Ha migcrasi m1oBLILHOCTI € pOOMMO BHCHOBOK, IIIO \c,(f)| % npu k € N. Bukopucro-

Bylouu Baactusicrtb c_g(r, f) = ck(r, f), marumemo |ck | < |k2_2p2| npu Beix k € Z \ {0}.
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1k9

Tomy pan > c 3biraeThesa pisHOMipHO Ha [0, 27|, a oTxe, ho(6, f) € memepepBHOWO

keZ
npu 60 € [0, 27].

4.8. Jlosedenns Teopemu 3.

Ockimpru f €Ay 10 (3A > 0) (Vr > 0) (VE€ Z) : |er(2r, f)] < AN(T), no(2r, f) <
AX(r). Hexait {a;} — nyni dyukuii f, 2 = re™?, R > r. Bukopucrosyiouu anasor dbopmymm
[Tyaccona-Eucena [7] maa mpokomenol momuan C*, moxkemo 3anucaTy

1 2m 2m
. . 1 1 .
log | (re'#)| = - [ log | F(Re) P(R, .0~ )d0+ o [log (e P(Rr. 1.6~ o)do-
0 0

1 27 ) 1 2m X
- / log | f(e")[P(R?, 7,0 — )df — — / log | f(e")|P(rR? 1,0 — )df—
47'(' 0 47'[' 0

1 2r 91 i6 R2 _ ¢~
_7/ M, log | | do-
2 Jo Op p=1 az —e ¥z
R2 —a 1 1 /
- ¥ e ¥ w L [ fewn ay
1<lay|<R G=A  dda IRl —2) el 7Y
X2 _ 332
P(X, 11 .
me P(X,x,7) = X7 —oXzcosr 12 o Hyaccoma
Ockinbku
Re? + 2 AL o
P(R,T,H—@)zReiRew_Z:Z(E) ek0=9)  p <R, (19)
keZ
To pu R = 2r
1 re'? + Let 1\ ™ k(0
. _ L o _ - or- . g —p)
P(Rr10-¢) = Plrgn0-¢) = Reo = Bg =3 (g5) o0,
T kEZ
P(R* 1,0 —p)=P(4r, 1,0 —p) = R M—Z L R (20)
s Iy )= (] ¥ - e4reigp_ei0_ Ar € ’
keZ
Ardeie 4 eif 1\*
2 _ _ I . lk(e—sa)
P(TR )179 QD) - Re 4,’,3€icp _ ei@ - ke% (47'3) € ’

3acrocoByiouu possunenus siep Ilyaccona (20), orpumyemo, mo pisuicrs (18) npu R =
2r nabyzie BUIJISTY

2 f z 7.7 i 1 17f 1’f 7
log | f(re’ )\—ZCk |7,;| et Z 222 %l ]w_QZ(C(Z(T)I@I)+EZ7(“3)1<))€W_

keZ kEZ
or — L2 = —2ra;2
— g log 2r E log [2——Z| + O(log7)
a; —z ) a; —z
1<]az|<2r 37 Slagl<1
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ge 1 <r#laj|, 2 # |a;|. Posrasnemo cymy 4-ro Ta 5-ro nomauxis B (21):

a;z
> log QTQ’T\ S logle - agl+
1<]a;|<2r 1<|a;|<2r
1
+ Y log|o- -2z~ Y logl—ayl =
r
5 <lajl<1 =< aj|<1
4

=logr > 1+ Y 1Og2(1_aj46 )‘_
1<]a;|<2r 1<|a;|<2r r

—logr Z 1-—- Z log’l—i —ie| 4
1<]a;|<2r 1<|a;|<2r
1 b .

sk T e Y sl —artmee-
' 77 <lajl<1 7 <lajl<1

710g’r‘ Z 1— Z log‘l—i —ip| __
5= <la;l<1 =< |a;|<1

_ (Tje“/’ J —ip
- Z IOgQ(l— 1 )’— Z log‘l—7 +
L<]a;l<2r 1<]az]|<2r
Y legh-artme Y log|t— Ye| —nf(2r f)log 2
27 Slayl<1 2<lajl<1

[Tozuaunmo

2 f ) 7‘7 1, 1 (]" f) (17 f) 7
Glrp) =) ol \; WJFZ 27«22 Ikl "3 2 (C(k4r)lk * Eir?’)lkl) )
kez kez

et . X
S(ryo) = — Z log 2(1%; >’+ Z log|1f%eﬂ”’|—

1<|a;|<2r 1<|a;|<5
- Z log |1 — 4r*@;e™| + Z log ’1 4 o=ie (23)
3-<laj|<1 3= <laj|<1

a TaKOXK

Forog) = 3 log|i— “eie|,

F(r,p) = Z log 12 _Z|aj| =: F(2). (24)

£<aj<2r <o |<2r

Toni (21) nabyae Burasiay
log | f(re")| = G(r,¢) + S(r,@) + F(r,¢) + ”o (2r flog2r? +O(logr), r>1. (25)

PosruisinemMo okpemMo KOXKeH 3 IepHIMx TPhoX JojaHkKiB y (25). HoBememo criouarky,

mwo S(r, )/ A(r) 6yme omroCcTadiHO HenepepsrOWO dyHKIieH mpn r > 2, 0 < ¢ < 27, daus
IIBOTO PO3LAAHEMO OKPEMO KOXKCH JTOJaHOK-CyMy, IO BXOAUTh B S(T, ).



IIPO BJIACTUBOCTI IHANKATOPIB I'OJIOMOP®HIX ®YHKIIIIA...
ISSN 2078-3744. Bicuuk JlpiB. yu-ty. Cepis mex.-mar. 2015. Bumyck 80 19

Posrsanyemu nepmy cymy 3 S(r, f), Bpaxopyroun, mo mpu 1 < |a;| < 2r ta r > 2
MpaBUIbHI HEPIBHOCTI

2r laj] aje'¥ laj] 1
1=2(1-")<2(1-=-L)<2(1—-—2L— )| <21+ L) <2(14+=)=3
< 47°> < 4r> ’ < 47“)‘ <+4r T3 ’

a TakoK TOM axT, mo dyukis log |w| € piBHOMIpHO HenepepsHOL B Kimbm 1 < |w| < 3,
ae'?
4r

pPOOUMO BHUCHOBOK, 1110 byHKIIis log ‘2 (1 —
r>2,¢€l0,2n].

Tomy orpumanu, mo (Ve; > 0) (301 > 0) (Vr > 2) (Y, 0) rakux, mo |¢ — 0] < §;
BUKOHYETHCsI

Z log

1<|a;|<2r

) ‘ PiBHOMIpHO HemepepBHA (DYHKITisS TPU

T
2<1 ﬁ)‘ < &tln(()l)(%7 f)<erAA(r).

ae’?
2<1 i >‘ Z log

1<|a;|<2r

(26)
Jna Apyroi cyMH aHAJOTidHHi BUCHOBOK OTPHMYEMO, SKINO 33yBasKUTH, IO MPH
1<la;|<§ ra r > 2 upaBuiabHi HepiBHOCT

g 1o8

|, aj —ip
=1 <1 ¢
¢ r 2 2

2 T T

Onnocraiina HEMEPePBHICTh 4eTBEePTOl cymMu 3 S(r, ) BUTLIUBAE 3 HEPIBHOCTEIH

3 1 1 laj] a; _;
T=1l-2 <l =< 1- 2 < 1= Fe <
4 4 2r T ‘ r

7= < laj| <1 Tar > 2 micas mipkysans mogi6aux 10 (26).

3permroio, posrisHeMo TpeTio cymy  y.  log|l — 4r3@;e’?|. Koxken nomaHox y
3= <lay|<1
uiit cymi mabysae surasmy log |l — (|, me ¢ = pe'™, p = 4r3|a;|, p € [2r2,4r3). dxuo
r>2 10 p > 81iTuM Glmsme p > 2. Tomy V¢, = pe’¥*, k = 1,2 npu r > 2 MarumemMo

SKI TPABUIIBHI TIPN

G1—1 C1— ¢
log|¢i — 1] — log|Cz — 1] =1 —log |1 -
og |G — 1] —log|¢z — 1| =log 2u Bl Eoue|
p(elr —e¥?) ( plv1 — 7122)
=logll+ 55— — i< log |1+ 58— "2 ) (27)
s (2 —1 8 |Gz — 1]

< tog (14 11 — vl < 108(1 + 2041 — val) <2041 — .

Hogeprarounce 10 S(r, ), pobumo BucHoBoK, mo (Ve1 < g7) (397 > 0) (Vr > 2)
(Vp,0) :

o =0 < 8 = |S(r.) = S(r.0)| < 221(nf (2r, £) + 1 (2r, £)) < 2614M(r) < ZA).

(28)

Mepeiinemo Tenep mo posrmsamy G(r, ¢).
Ockinbku auig Beix 7>1 1 k€Z 3a kpurepiem ckinyennocri A-runy [3] Bukonyerbcs
e (2r, f)| < AXN(P), |er(2, f)] < AX(r), To Bl panu B (22) 36iratorbes piBHOMIPHO IpH
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r>1, ¢ € [0,2x]. Kpim Toro, (Ve; > 0) (36 > 0) (Vp,0, | — 0| < &Y)

cr(2r, f) ik ck(2r, f) k0 ck(2r, f) zkcp ik6
> olk] - ol Z ookl —e)| <
keZ €
< AX(r 5122%' 3AN(r) -e1, r>1.
k€EZ
27” oike _ Ck(zw o ik0 2'r’ (e _ ¢ik?
‘2: m| 2:( w| |§: m )| <
keZ
< A)\ < €1 Z |k| 3A/\(’I“) -e1, r>1,
a TaKOXK
Ck 1 f Ck(Lf)) ik (Ck(lvf) Ck(laf) ik
Z k ENN A _Z W ek €| <
o ( 4r) Ikl T (49°3) Ikl 2\ ()R (4r3) K]

2
<ele(1, HI Y i <A AN), T 1
keZ

Orxe, G(r, ) € piIBHOMIPHO HeEPEPBHOK CTOCOBHO ¢ € [0, 27| Ha KOKHOMY KO |2| = 7,
r > 1. Hacopaszi, mu orpumann nasire 6inemre. A came, mo (Ver < 357) (367 > 0)
(Vr>=2) (Vp,0) takux, mo |¢ — 0| < 0] BuxkoHy€eTHCH

G(r, ) — G(r,0)] < 1 - L0AXN(r) < 2)\(7"). (29)

Hawm sammmmuanocs posrasuyta F(r,¢). Akmo ansa aeskux nopatamx aucena 6 1 R
BUKOHYyeThCs | — 0] < 6% i % < r < R, 1o, mo3naumsmn z = re'?, ( = re'? ra mxusaoun
nosuavenus: F'(z) 3 apyroi gacrunu (24), MaTuMemo

Z log |1

5<]aj|<2r

<~ 2] rle’® — ei¥|
< I 1 < 1 1+ — | <
Z og( + |z—aj| Z og +

. i |z — aj
z<a;|<2r z<a;|<2r

&r 20°R
< log (1 < log (1 .
2 Og( +|z—aj|> . Z °g< * ) (30)

|z — a;
5<]a;|<2r B la;|<2R

I — a;| — [z — a4

|z — aj

F(Q) — F(2) = log | <=

< |a7\<2r

X
701]

IMpuiivemo H = 6R, p = n(()l)(ZR, f) - n(()l)( 1> [). Bacrocysasum Jlemy Byrpy-Kaprana

[8, ¢.137] (muB. Takox [9, cT. 31]), oTpuMaemo, MO A1 JAOBLILHOTO 2 = re’? Takoro, Mo
% < |z| € R nosa JeqKo0 CHCTEMOIO KPYTiB 3 3arajibHOI0 cyMow0 pajiycis 2H = 20R

BI/IKOHyeTbCH
 H 0Rj
2 —a;| > Jia oy

) j:1727"'7p’
p p
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Jie a; 3aHyMepoBaHi y mOpsaKy 3pocTanus ixHix Bincrameit Bin z. Toxi 3 (30) orpumyemo,
o s gosiasuoro ¢ = re? raxoro, mo |¢ — 0| < 6°

F(¢)—F(z) < ) _log <1 + 27’]‘5) : (31)
j=1

Posrnsaemo gosinehi € > 0, 0 < n < 1. Hexait 6 < min {4%, ﬁ} , ne A — crana 3
YMOBH CKiHUeHHOCTi A-Tumy. 3acrocoByioun mepisaocti log(l + z) < v/ upu = > 0 Ta

n
> \/% < 2¢y/n, 3 (31) orpumyemo
m=1

¢ 6v/2p (1) €
> < 0V2p 2P <35 p<36-my ) (2R, f) < 36AN(r) < ).

F(§) = F(z) < NG

j=1

(32)

[Ipuitmemo R,, = 2", n > 3 i ana kokHOTO R, moByIyeEMO MHOXKUHY BHHSTKOBUX

KPYTiB 3 cyMoO0 pagiycie 20R,, Taky, Mo /s BCIX z, dKi He HANEKATh 10 IHUX KPYTiB i

ana posinsamx ¢ = re'? raxux, mo | — 0] < 6%, & < 2| = |¢| < R,, Buxonyerses (32).

OckinbKu T KPYrw MiCTATH BCi a; Taki, Mo % < |a;j| < 2R, TO UEHTPH LUX KPYTiB
HAJIeXKATh 10 Kbl (1 — 20)R, < |2| < (24 20)R,,.

3ayeasicenns 1. 3a 3pobIeHUX MPUIYIIEHL BUKOHYETHCS (i —20)R,, > 1. Cnpasxui, npu-
[YCTHBIIK IPOTHJIEXKHE, HETAliHO OTPUMYEMO, 110 & > 1/16, 1m0 cynepedursb BUGOPY O.
Toni B ximbmi {z : 2 < |z| < 7} MiCTATBCS NEHTPY BUHATKOBAX KPYTiB, CyMa DaIiycin
n
akux He nepesuttye 20( Ry +- - -+ Ry,). Ockimprn Y 2% < 281 10 g cyma e mepesmmye
k=1
46R,,, e n — HAUOLIbINE cepel, TUX, JJs SKUX (i — 20)R,, < r. Toni, BpaxoByiouu, Mo
d < n/40 <1/40, 10670 1 — 85 > 4/5, orpuMyeEMO

A5R,, < % < 200 < gr. (33)
TMo3HAYNMO MHOKUHY THX T, IJIf SKHX 2 = 7e'? HaJIeKATh HOOYIOBAHIH MHOZKHHI
BUHATKOBUMX KpyriB uepes E,. Bpaxosytoun, mo |0 — ¢| < 6% nus r € E, orpumyemo, 1o
npasuibHi Hepisrocti (32). Toni 3 (33) sumnusae, mo mG(E,) < n.
Bumintoroun 6 i ¢ micngvu, orpumaemo, mo s r & B, npu |0 — | < §° puxkonyerbes
F(re*) — F(re') < £X(r). 3 ornany Ha (32) oTpunMyeMo, mo

[F(Q) = F(2)] < 2MM). (34)

Hpuitasasmm §g = min{d}, 87, 6%} Ta spaxosyioun (28), (29), (34), a Taxox Te, mo logr =
o(A(r)), 7— 400, 3 (25), orpumyeMo, mo upu r = 2, r ¢ E, 1a |0 — ¢| < dp npaBuibHa
HEPIBHICTH

| log f(re?) —log f(re™)| < el(r).
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4.4. Josedennsa Teopemu 4.

3a nocaigoBHICTIO JIOMYHUX MIpKYyBaHb JOBEJIEHH 1€l TeopeMu 30iraerbcs 3 j10Be-
nerHaM TeopeMu 3, ajie KOHKDPETHi CITiBBITHOIIEHHS Ha, KOXKHOMY KPOIIl MarOTh BUTJIS
BinMiaaWH Bin BianmoBimawx y mosenenni Teopemu 3.

Ha migcrasi ckinuenHocti A-tumy ([3]) dbymknil f icaye rtaka gomarHa craja
A, mo mus BCix momartHWX r Ta BCix nmmx k BEKOHyeThea |ci(2r, f)] < AMN(r) Ta
no(2r, f) < AAN(r). Hosnaumpmn wepe3 {a;} myni dynknii f i 3acrocoBywoun anasor
dbopmynn ITyaccona-EHncena [7] myst mpokosenoi mmomman C*, orpumyemo mpu R > r

2 27
1, 1 . 1 1 1 . R
log (1) = 5 [ 1og | (REMIP(R. 1. 0-p)db+5- [ log | F(eIP(1.6-p)do-
0 0

1 o 6 2 1 1 o 6 R2
- log\f(e )|P R 3779_90 g — 10g|f(6 )|P alaa_(p do—
ar Jy r 47 r

0

1 [?" dlog|f(pe'?)] R? —e 9y
27 p p=1 7z —e 2
R2 = = 1 /
- Z log R_# - Z log M + = / J;(Z)dz-logR,
1<|a;|<R (a; —2) 1 e IR =2) m ol (2)

ne P(R,r,0 — ) — aapo IlyaccoHa, it IKOTO CIIPaBRKYIOThCA po3sruHeHHs (19), (20).
[Tpuitaasim, R = 2r, oTpuMyemMo

2 f i c ) i 1 (Lf) (Lf) 7
log |f (= )\—Zc(k Tw ’“°+Z k22\k| W‘QZGZTWM +C(k4r)|k| >elw_
keZ kEZ

or — U2 5 — 2ra; z
- Z log T—ZZT - Z log Zra‘ — J ‘ + O(logT)
1<laj|<2r ! £ <asl<1 ]
(35)
npu 1 <7 # |aj|, r # ﬁ Posrnsiremo cymy 4-ro ta 5-ro mogaskis 3 (35):
Gt 1 .
Z log [2r — a;eZ — Z log ’ew —aj|+
1<|a;|<2r " 1<|aj|<2r "
+ Z log’2ae - Z log 76“"7% =
= <ajl<1 =< |a;|<1
a;e'? 1
= Z log 2r(1— 53 >‘— Z log ;e”’(l—raew)—i-
1<|a;|<2r 1<|aj|<2r
1 1
+ Z log 5 — (1 — dajre™?)| — Z log ;ew(l—m e ") =
3 <la;l<1 L <layl<1
aoet )
= ”01)(273 f)log 2r% + Z log |1 — a;e?) — Z log |1 — raje’“"| +
T

1<|a;|<2r 1<]a;|<2r
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1 ) .
+ Z log 5(1 —dagre'?)| — Z log |1 — raje™"|.
3-<laj|<1 3-<a <1

[Toznaunmo

C 27“f eike 27«7 elhe 1 C(Lf) C(lvf) Ltp
G(r,go)zkz (’“2 NI h +Z ol * —2;%((2743);“ + (k4r)k|) e, (36)

Gt
a]e
27.3

1—

Stre)= — > log

1<|a;|<2r

— Z log%

27‘\|(1J‘<1

+ Z log |1 — raje_i‘p| —

1<|a;|<2r

+ > logll—raje |, (37)

2<la;1<1

(1 — 4raje'?)

a TaKOXK

F(r,p) = Z log |1 — raje”*|.

- <laj|<2

3 orsgay Ha BBeleHi noznavenns (35) naby/e BULIALY

log

/ (1)’ = Glr, )+ 5(r, )+ F(r,i0) (21, f)log 22 +0(logr), 7> 1. (38)

s orpuManid 0azKaHOTO PE3YJIbTATY IMTPOAHAIIZYEMO JIETAJbHIINE KOXKEH 3 Iep-
mux TphOX momaHkiB B (38). doeenemo cnepmry, mo S(r, f)/A(r) Gyae ommocraiiao He-
mepepBHOIO ¢yHKIien npu r > 2, 0 < ¢ < 27, JIj1st OTO PO3TIISTHEMO OKPEMO KOXKEH
JOJAHOK-CYMY, 110 BXOmuTh B S(r, f).

Jsi KOXKHOTO JOMaHKA TEPINOol CYMU OTPUMYEMO DIBHOMIPHY HENEepepBHICTb TpHU
r>2, 0< <27, 3BaxKaogu Ha HEPiBHOCTI

3 1 a;e'¥

s<2(1- ) <‘1‘ 2
Mipkytoun moai6uo m0 (26), pobuMo BUCHOBOK PO OJHOCTANRHY HENepepBHICTL MepInol
cymu 3 S(r, ) mogisenol va A(r) mpu r>2, 0<p <27,

Hnga Tppox iHmmx cym 3 S(r, f) omHOCTaiiHy HemepepBHICTh BU3HAYAIOTH CIIOCOOOM,
AKHA OYB 3aCTOCOBAHUI i1 JOBEJCHHS OJHOCTANHOI HEIEPEPBHOCTI TPETHOIO JOJAHKA-
cymu 3 S(r, f) B Teopemi 3. A came, BCi momaHku B Apyriii i yerBepTiii cymMax HaDyBaOThH
surngny log|l — (|, a B Tperiii log %|1 — (|, ne Bcogu [¢| > 2. Tomy, BUKOPUCTOBYIOYN
(27), orpuMmyeMo GazkaHe.

Otxe, (Veg > 0,62 < g3) (305 > 0) (Vr = 2) (Ve,0) :

€
lp— 0] < 8y = |S(r, ) — S(r,0)| < 2e2(niP (2r, £) + 0P (2r, £)) < 2e2AN(r) < ).
(39)
Mepeiinemo mo posrmaxy G(r,¢). 3paxkaroun Ha KpuTepiil ckingeHAOCTI A-THMy [3],
3HOBY 4K 1 B 10BefieHHL Teopemu 3, OTPUMYEMO CIIOYATKY PiBHOMIPHY 3012KHICTH pAiB 3
G(r, ) B (36) mpu r > 1, a notiM it ogHOCTalHy HemepepsHicTs G(1, @) /A(r) pU T > 2,
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@ € [0,27]. Tomy (Vez > 0,62 < 55) (305 > 0) (Vr > 2) (Ve,0) Taxux, wo |¢ — 0] < &y
BUKOHYETHCA

IG(r, @) — G(r,0)| < £210AN(r) < ZA(T)‘ (40)

Hapemri posrananemo F(r, ¢). SIKImo njsa neakux J0SaTHAX 9uces 0 i R BUKOHY€eThCa
o — 0] < 6%iR/2 <r < R, ro, nosnauusmm ( = le“’, z = L€' anasoriuno g0 (30),
OTPHUMAEMO

< > log 1+ﬁ. (41)
|z — a;]

<<

4
b

Mpuitimemo H = §/R, p = né (2R, f) — ”0 (R/4, f). BacrocoByroun nemy Byrpy-
Kaprana ([8, c1. 137], [9, cr. 31]), oTpuMmyemo, 110 JJs1 TOBITBHOTO 2 = %ew, % <z < %

1032, JedKOI0 CHUCTEMOIO KPYTIB 3 3arajbHoI0 cyMoo paaiycis 2H = 2§/ R BuKoHYeTbCs

‘Z_G‘J| > — ) j:1727"'p7
p p
Jie a; 3aHyMepoBaHi y HOpH,ZLKy spocranHst ixuix Bincranedi Big z. Toni 3 (41) orpumyemo,
o gy nosiasaoro ¢ = e maxoro, mo |p — 0] < 63

F(¢) Zl <1 + p(s) : (42)

st noBineaux € > 0, 0 < p < 1 Bubepemo momatae § < mm{é‘—z, oA ﬁ} , e
A — crana 3 yMOBI/I ckimuennocTi A-turmy. Bpaxosytoun mepisricts log(1l + ) < /x npm

x> 0, a TakOXK Z \ﬁ < 24/n, 3 (42) orpumyemo

F(O) Z\G <36-n{P (2R, f) < (5A)\(T)<Z)\(T). (43)

st koxuoro R, = 2™, n > 3 1 noby/yeMO MHOXKHUHY BUHATKOBUX KPYTiB 3 CyMOIO
pamiycis 26/ R,, Taky, mo juid BCIX z, SIKi He HAJIEKATH 70 WX KPYTiB i AJs AOBITBHAX
_ 10 3 1 _ 2 : :
(= ye zaymos |[p — 0| <&, 5~ < [z] = [(| < £ sukonyersca (43). Ockinbku ni

KPYI'l MicTATh yci a; Taki, mo ﬁ <laj| < Rin, TO TIEHTPU ITUX KPYTiB JIEKATh y KLTbITI

(3 —2§)i <z| < (4+25)i

3aysasicenna 2. 3a 3pobIEHVX TPHUITYIEHb OUEBUIHO BUKOHYeThCa (4 + 26) <1

IMosrasmmo depes L, MHOXKUHY THX T, A1 AKHX 2 = %e“" HAJIEXKUATH HO6yILOBaHiI71

MHOXKWHI BUHATKOBUX KpyriB. Tomi

[ 20 20
E.-= U lajl = = lasl + 2=
F<layl<1 " "

Tomy

1 1
E, = ,
! U la;| + 7 7 a J|_7

1
1<W<I
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Ockinbku Z 2k L 2k 1o Z 20R,, ue nepesuriye 40R,,,, ne ng — Haiibiabme cepes
k=1 n=1
THX 7, JUISE SIKUX BUKOHYEThCSI HeplBHICTb 1< (% —26) 2

12R Kpiv Toro, akimo ﬁ < la;| <

R SIKQ, €KBIBAJICHTHA HeplBHOCTl

70, mpuraayoun, mo 0 < § < INoL

R )
orpumyemo otinky R2|a;|? — 462 > 1 —46% > 8. 3Bimcu

n0o 1 1 no ;5
mes(E;Lm(l,r))gz:( 25 |aj|+é6>zw

n=1 |aj| T R, n=1 |a]|2 - Rifb
_ _ 44
Z R2|a |2 5 < 23251% <320 Ry 41 = 640 Ry, < (44)
46)r
< 645% =320(1 — 40)r < 32rd < rp.

Bpaxosytouu o3nauenns 4, 3 (44) surumsae, mo mg(E,) < p. 3a ymosu [0 — ¢| < 6% nua
r ¢ E,, cupasmxyerbes (43). Smimoroun 0 1 ¢ Miciamu, oTpuMyeMo, o ot r ¢ E,, npu
10 — | < 6 Buxonyerbes F(re'?) — F(re'?) < £A(r). Lle pasom 3 (43) nae

IF(Q) = F()| < ZA0): (45)

[puitvmenmo 6y = min{dh, 85,52}, 3 ornamy ma (39), (40), (45), spaxosyioun, mo logr =
o(A(r)), r—+00 3 (38) orpumyemo, wo npu r > 2, r ¢ E, 1a |0 —¢| < dp cupaBmLKyeThCs

o (169) e (127)] <.
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ON THE PROPERTIES OF THE INDICATORS OF COMPLETELY
REGULARLY GROWING HOLOMORPHIC FUNCTIONS IN THE
PUNCTURED PLANE. I

Andriy KHRYSTIYANYN, Oleg VYSHYNS’KYI

Ivan Franko National University of Luviv,
Universytetska Str., 1, Lviv, 79000
e-mail: khrystiyanynQukr.net, vyshynskyiQukr.net

We prove that the growth indicators of a holomorphic function of completely
regular growth with respect to a growth function A in the punctured complex
plane are continuous. We also establish the property of uniform equicontinuity
for the functions of finite A-type in the punctured plane.

Key words: function of completely regular growth, growth indicator, functi-
on of finite A-type, upper relative measure, uniform equicontinuity, Poisson-
Jensen formula, Fourier coefficients, holomorphic function.
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ON PROPERTIES OF RADICALS AND SPECTRUM OF FINITE
HOMOMORPHIC IMAGES OF A COMMUTATIVE BEZOUT
DOMAIN

Andriy GATALEVYCH

Ivan Franko National University of Luviv,
Universytetska Str., 1, Lviv, 79000
e-mail: gatalevych@ukr.net

The properties of finite homomorphic images of commutative Bezout do-
mains under certain conditions on the Jacobson radical and maximal ideals
are investigated. We describe the structure of maximal ideals in the case of
semisimple rings. We also describe the rings R and R/aR provided that R/aR
is a Kasch ring.

Key words: Bezout ring, adequate ring, Kasch ring, pure ideal.

1. INTRODUCTION

Finite homomorphic images of a commutative Bezout domain are a source of
examples and counterexamples in the current research in the ring theory. In the article
[3] it is proved that any finite homomorphic image of a commutative Bezout domain is
an IF-ring, i.e. a ring over which any injective module is flat, and in the article [9] it is
proved that it is a P-injective ring. Furthermore, it is known that a commutative domain
is hereditary if and only if every homomorphic image of the ring is self-injective Artinian
ring [7]. In addition, a commutative domain is a Dedekind ring if every homomorphic
image of this domain is a quasi-Frobenius ring [7]. In [14], there are investigated
commutative Bezout domains by calculating their homological dimensions. In [13] it
is proved that the finite homomorphic images of a commutative Bezout ring R are
semiregular if and only if R is an adequate domain. In [2] it is proved that a Noetherian
ring whose Jacobson radical is projective has an Artinian quotient ring. In [5] there are
investigated the rings whose Jacobson radicals are coherent (flat, injective). Note that
a finite homomorphic image of the ring will be understood as factor ring on principal
ideal.

Throughout this paper R is assumed to be a commutative ring with 1 # 0. By a
Bezout ring we mean a ring in which all finitely generated ideals are principal. By J(R)
and rad(R) we denote Jacobson radical and nilradical of the ring R.

© Gatalevych A., 2015
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Definition 1. A nonzero element a of a ring R is called adequate if for every element
b € R, there exist r,s € R such that
l.a=r-s,
2. (r,b) =1,
3. for every nonunit divisor s’ of s, we have (s',b) # 1.

A commutative Bezout ring with identity is said to be adequate if every nonzero
element is adequate [15].

First note the following result.

Proposition 1. Let R be a commutative Bezout domain and a € R\(0). If the element
a is not adequate then rad(R/aR) # (0).

Proof. Note that if a = b - ¢, where (b,¢) = 1 for all such representations, then a is an
adequate element. Hence, a = b - ¢, and bR + ¢cR = dR,d ¢ U(R), otherwise the element
a will be adequate. Then we have ¢ = cod, b = byd for some elements cg, by € R. Denote
a = cobod. Tt is evident that aR C cobgdR = aR and o? = acyby. That is aR C R and
@R C aR. Hence & € rad(R/aR) and & # 0, and we obtain rad(R/aR) # (0).

Note that the condition rad(R/aR) # (0) or, more generally, J(R/aR) # (0) does
not imply that the element a is not an adequate element. For example, J(Z/12Z) # 0,
but 12 is an adequate element in the ring Z.

The answer to the question for an adequate element «a is given by Theorem.

Theorem 1. Let R be o commutative Bezout domain and a € R\0. Then the element a
is adequate if and only if R/aR is a semiregular ring. [13]

2. MAIN RESULTS

For finite homomorphic images of a commutative Bezout domain we describe the
ring in which the Jacobson radical is a principal ideal.

Theorem 2. Let R be a commutative Bezout domain and for a € R\(0): J(R/aR) is
a principal ideal. Then the element a is contained only in a finite number of mazimal
tdeals which are principal ideals.

Proof. Denote R = R/aR and b = b+ aR. According to [12] the annihilator Ann(b)
of any element b is a principal ideal. By virtue of [9] the ring R satisfies the condition
that Ann(Ann(b)) = bR. If J(R) = bR, then J(R) = Ann(¢) for some element ¢ € R.
According to [1], J(R) is a principal ideal if and only if the element a is contained in a
finite set of maximal ideals which are principal. The proof is complete.

Definition 2. An ideal I of a ring is called pure if for every a € I there exists an element
b e I such that ab=a [4].

Note that if I is a pure ideal and I C J(R), then I = (0).
Let us investigate whether the Jacobson radical is a pure ideal for any finite
homomorphic image of a commutative Bezout domain.

Definition 3. An ideal I is called dense if Ann(I) = (0) [6].

Remark that the following results are obvious.
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Proposition 2. Let R be a commutative ring and J(R) # (0) but Ann(J(R)) = (0).
Then every maximal ideal of the ring R is dense.

Proof. Let M be a maximal ideal of the ring R. Then J(R) C M, and hence Ann(M) C
Ann(J(R)) = (0). That is Ann(M) = (0), which was to be shown.

Proposition 3. Let R be a commutative ring and J(R) # (0) and there exists a mazimal
ideal M such that Ann(M) # (0). Then Ann(J(R)) # (0).

Proof. Since J(R) C M, then (0) # Ann(M) C Ann(J(R)).

Proposition 4. Let R be a commutative semiprime (i.e. reduced) ring. Then in the ring
R does not exist an ideal M such that (0) # Ann(M) C M.

Proof. Let M be an ideal in R such that (0) # Ann(M) C M. Then (Ann(M))? = (0).
Since R is semiprime ring, we obtain that Ann(M) = (0). Contradiction.
The proposition is proved.

By a semisimple ring we mean a ring R with J(R) = (0).
As a consequence we obtain the following result.

Theorem 3. Let R be a commutative semisimple ring. Then for any mazimal ideal M
of the ring R we have Ann(M) = (0) or M = mR, (m? =m).

Proof. Let M be a maximal ideal of the ring R. If Ann(M) # (0) then by Proposi-
tion 2.4, Ann(M) ¢ M and we obtain M + Ann(M) = R. Whence m + n = 1, where
m € M,n € Ann(M). Then m? + mn = m and m? = m, hence mR C M. Then for any
s € M we have sm+sn = s and s = sm that is M C mR. Hence M = mR and m? = m.
The proof is complete.

Thus, we have proved that any commutative ring with pure Jacobson radical is a
ring with projective socle, i.e., so-called PS-ring [7].

Theorem 4. Let R be a commutative semisimple ring. Then R is a PS-ring.

Definition 4. A commutative ring in which any arbilrary maximal ideal is dense is
called a Kasch ring [6].

By an atom we mean a non-unit which is not a product of non-units.

Theorem 5. Let R be commutative Bezout domain and for a € R\(0) R = R/aR is a
Kasch ring. Then an arbitrary mazimal ideal M of the ring R has the form M = eR,
where €2 = € or M = pR, where p is an atom.

Proof. If Ann(M) ¢ M then, as we have shown, M = éR. If Ann(M) C M then since R
is a Kasch ring we have M = pR. We prove that the element p is an atom. Let p = beé.
If there is bR = R, it is proved. Let bR # R. The inclusion pR C bR and that pR is
a maximal ideal of the ring R imply PR = bR, and then b = pt. Hence p = pbt and

p(1 — bt) = 0. We get that 1 — bt € Ann(M). Because of what is proven above, for any
T € annM it follows that z2 = 0 and then bt = 1 + 7, where 7 € rad(R). We obtain that
the element bf is a unit and that bR = R, which proves the theorem.



Andriy GATALEVYCH
30 ISSN 2078-3744. Bicuuk JIpBiB. yu-ry. Cepisz mex.-mar. 2015. Bumyck 80

Corollary 1. Let R be a commutative Bezout domain and, for a € R\(0); R = R/aR
is a Kasch ring and let M be a mazimal ideal of the ring R such that M = pR, where
D2 # p. Then the ideal M is not pure.

Proof. Suppose that the ideal M is pure. According to the definition of a pure ideal, for
any element p € M there exists an element § € M such that g = p. Since p is an atom,
this is possible only when b € U(R), which contradicts to the fact that § € M. The
corollary is proved.

Corollary 2. Let R be a commutative Bezoul domain and, for a € R\(0); R = R/aR is
a Kasch ring. The ring R is a finite direct sum of fields if and only if all maximal ideals
of the ring R are pure.

Proof. According to Theorem 2.4 and Corollary 2.1, any maximal ideal of the ring R has
the form M = éR, where &2 = €. Based on [10], we obtain the proof of our Corollary.

Theorem 6. Let R be a commutative Bezout domain and, for a € R\(0); R = R/aR
is a Kasch ring and let a mazimal ideal M of the ring R be flat. Then there exists an
idempotent € of the ring R such that M = éR.

Proof. Since R is a Kasch ring, then M = pR. And since Ann(M) C rad(R), then
according to [11] M is a projective module that is generated by an idempotent. The
theorem is proved.

Similarly to the Corollary 2.2, by virtue of Theorem 2.5, we obtain the following
result.

Corollary 3. Let R be a commutative Bezout domain and, for a € R\(0), R = R/aR is
a Kasch ring. The ring R is a finite direct sum of fields if and only if all mazimal ideals
of the ring R are flat.

We formulate a similar question (about the purity and flatness) for the case of
annihilator of arbitrary maximal ideal of the ring R.

According to [4], the pure ideal contained in the Jacobson radical is zero and
therefore preliminary results we obtain the following result.

Corollary 4. Let R be a commutative Bezout domain and, for a € R\(0), R = R/aR is
a Kasch ring. The ring R is a finite direct sum of fields if and only if an annihilator of
every mazimal ideal of the ring R is pure.

As a consequence of previos results we obtain the following theorem.

Theorem 7. Let R be a commutative Bezout domain in which an arbitrary mazimal
ideal is principal and let an element a € R\(0) be not adequate. Then any mazimal ideal
M = M/aR of the ring R = R/aR (here M is a mazimal ideal containing the element a)
cannot be neither flat, pure, nor injective.

Proof. Since an arbitrary maximal ideal of the ring R is a principal ideal, then by [12]
the annihilator of an arbitrary element b € R is a principal ideal. By virtue of the article
[7] in the ring R the following holds: Ann(Ann(b)) = bR. Then from [8] we obtain that
R is a Kasch ring. According to Proposition 1.1 and Corollaries 2.1, 2.4 we obtain that
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M is neither pure nor flat R-module. Since the ring R is an [F-ring, M cannot be an
injective R-module. The theorem is proved.

10.
11.
12.
13.

14.

15.
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ITPO BJIACTUBOCTI PAJJUKAJIIB I CIIEKTPA CKIHYEHHUX
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JocmimKeHo BIACTUBOCTI CKIHYEHHUX TOMOMOPGHUX 00pa3iB KOMYTATHUB-
Hux obsacreit Besy 3a neskux ymos Ha paaukas [xkekobcona i Ha MakcuMasIbHI
imeanu. Y BHIIAQJKY HAIIBIPOCTOrO KiJbIF OMHCAHO CTPYKTYPY MAKCHAMAIBHIX
ineanis. Omucano kibig R i R/aR 3a ymosu, mo R/aR € xinbuem Kama.

Karouosi caosa: xinbite Besy, agekBartre kimbre, Kinbie Kamra, gnctwit
igeadr.
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ON THE DICHOTOMY OF A LOCALLY COMPACT
SEMITOPOLOGICAL BICYCLIC MONOID
WITH ADJOINED ZERO

Oleg GUTIK

Ivan Franko National University of Lviv, Universytetska Str., 1, 79000, Lviv,
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We prove that a Hausdorff locally compact semitopological bicyclic semi-
group with adjoined zero %° is either compact or discrete. Also we show that
the similar statement holds for a locally compact semitopological bicyclic semi-
group with an adjoined compact ideal and construct an example which wit-
nesses that a counterpart of the statements does not hold when %° is a Cech-
complete metrizable topological inverse semigroup.
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1. INTRODUCTION AND PRELIMINARIES

Further we shall follow the terminology of [7, 8, 10, 24]. Given a semigroup S, we
shall denote the set of idempotents of S by E(S). A semigroup S with the adjoined zero
will be denoted by S° (cf. [§]).

A semigroup S is called inverse if for every x € S there exists a unique y € S such
that xyz = 2 and yry = y. Later such an element y will be denoted by 2! and will be
called the inverse of . A map inv: S — S which assigns to every s € S its inverse is
called inversion.

In this paper all topological spaces are Hausdorff. If Y is a subspace of a topological
space X and A C Y, then by cly (4) we denote the topological closure of Ain Y.

A semitopological (topological) semigroup is a topological space with separately
continuous (jointly continuous) semigroup operations. An inverse topological semigroup
with continuous inversion is called a topological inverse semigroup.

We recall that a topological space X is:

o locally compact if every point = of X has an open neighbourhood U(z) with the
compact closure clx (U(x));
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o Cech-complete if X is Tychonoff and there exists a compactification ¢X of X
such that the remainder ¢X \ ¢(X) is an Fy-set in cX.

The bicyclic semigroup (or the bicyclic monoid) € (p,q) is a semigroup with the
identity 1 generated by two elements p and ¢ with only one condition pg = 1. The
distinct elements of the bicyclic monoid are exhibited in the following array:

p P
3

1

g qp q* qp
o o Y
5 T A

o

w

q2
qS

The bicyclic monoid is a combinatorial bisimple F-inverse semigroup and it plays an
important role in the algebraic theory of semigroups and in the theory of topological
semigroups. For example the well-known Andersen’s result [1] states that a (0—)simple
semigroup with an idempotent is completely (0-)simple if and only if it does not contain
an isomorphic copy of the bicyclic semigroup. The bicyclic semigroup admits only the
discrete semigroup topology and if a topological semigroup S contains it as a dense
subsemigroup then € (p, ¢) is an open subset of S [11]. Bertman and West in [6] extended
this result for the case of semitopological semigroups. Stable and I'-compact topological
semigroups do not contain the bicyclic semigroup [2, 15]. The problem of an embedding
of the bicyclic monoid into compact-like topological semigroups is discussed in [4, 5, 13].

In [11] Eberhart and Selden proved that if the bicyclic monoid € (p, q) is a dense
subsemigroup of a topological monoid S and I = S\ €(p,q) # & then I is a two-sided
ideal of the semigroup S. Also, there they described the closure of the bicyclic monoid
€ (p,q) in a locally compact topological inverse semigroup. The closure of the bicyclic
monoid in a countably compact (pseudocompact) topological semigroups was studied
in [5].

The well known A. Weil Theorem states that every locally compact monothetic
topological group G (i.e., G contains a cyclic dense subgroup) is either compact or di-
screte (see [26]). Locally compact and compact monothetic topological semigroups was
studied by Hewitt [14], Hofmann [16], Koch [18], Numakura [23] and others (see more
information on this topics in the books [7] and [17]). Koch in [19] posed the following
problem: “If S is a locally compact monothetic semigroup and S has an identity, must S
be compact?” (see [7, Vol. 2, p. 144]). From the other side, Zelenyuk in [27] constructed a
countable locally compact topological semigroup without unit which is neither compact
nor discrete.

In this paper we prove that a Hausdorff locally compact semitopological bicyclic
semigroup with adjoined zero € is either compact or discrete. Also we show that the
similar statement holds for a locally compact semitopological bicyclic semigroup with an
adjoined compact ideal and construct an example which witnesses that a counterpart of
the statements does not hold when € is a Cech-complete metrizable topological inverse
semigroup.
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2. ON A LOCALLY COMPACT SEMITOPOLOGICAL BICYCLIC SEMIGROUP WITH
ADJOINED ZERO

The following proposition generalizes Theorem 1.3 from [11].

Proposition 1. If the bicyclic monoid € (p, q) is a dense subsemigroup of a semitopologi-
cal monoid S and I = S\ €(p,q) # @ then I is a two-sided ideal of the semigroup S.

Proof. Fix an arbitrary element y € I. If zy = 2z ¢ I for some = € €(p,q) then
there exists an open neighbourhood U(y) of the point y in the space S such that
{z}-U(y) = {2z} € €(p,q). The neighbourhood U(y) contains infinitely many elements
of the semigroup €(p,q). This contradicts Lemma I.1 [11], which states that for each
v,w € €(p,q) both sets {u € €(p,q): vu = w} and {u € €(p,q): wv = w} are finite.
The obtained contradiction implies that zy € I for all € €(p,q) and y € I. The proof
of the statement that yz € I for all x € €(p,q) and y € I is similar.

Suppose to the contrary that zy = w ¢ I for some z,y € I. Then w € ¥(p,q)
and the separate continuity of the semigroup operation in S implies that there exist
open neighbourhoods U(x) and U(y) of the points x and y in .S, respectively, such that
{z}-U(y) = {w} and U(z)-{y} = {w}. Since both neighbourhoods U(x) and U (y) contain
infinitely many elements of the semigroup %(p,q), both equalities {z} - U(y) = {w}
and U(z) - {y} = {w} contradict mentioned above Lemma 1.1 from [11]. The obtained
contradiction implies that xy € I.

For every non-negative integer n we put
¢lq"] = {q¢"p' € €(p,q): i =0,1,2,...} and Cp"] = {¢'p" €€ (p,q):i=0,1,2,...}.

Lemma 1. Let (¢°,7) be a locally compact semitopological semigroup. Then the following
assertions hold:

(1) for every open neighbourhood U(0) of zero in (6°,7) there exists an open compact
neighbourhood V (0) of zero in (¢°,7) such that V(0) C U(0);

(2) for every open compact neighbourhood U(0) of zero in (¢°,7) and every open
neighbourhood V (0) of zero in (€°,7) the set U(0) NV (0) is compact and open,
and the set U(0) \ V(0) is finite.

Proof. The statements of the lemma are trivial in the case when 7 is the discrete topology
on ¥V, and hence later we shall assume that the topology 7 is non-discrete.

(1) Let U(0) be an arbitrary open neighbourhood of zero in (¢, 7). By Theorem 3.3.1
from [10] the space (¢, ) is regular. Since it is locally compact, there exists an open
neighbourhood V(0) C U(0) of zero in (¢°,7) such that clgo(V(0)) € U(0). Since all
non-zero elements of the semigroup % are isolated points in (60, 7), clgo (V(0)) = V(0),
and hence our assertion holds.

(2) Let U(0) be an arbitrary compact open neighbourhood of zero in (¢, 7). Then
for an arbitrary open neighbourhood V' (0) of zero in (¢°,7) the family

% ={V(0),{{z}: x € U0)\ V(0)}}

is an open cover of U(0). Since the family % is disjoint, it is finite. So the set U(0)\ V'(0)
is finite and the set U(0) N V(0) is compact.
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Lemma 2. If (¢°,7) is a locally compact non-discrete semitopological semigroup, then
for each open neighbourhood U (0) of zero in (%O,T) there exist non-negative integers i
and j such that both sets €[q"] NU(0) and €[p’] NU(0) are infinite.

Proof. By Lemma 1(1), without loss of generality we may assume that U(0) is a compact
open neighbourhood of zero 0 in (47, 7). Put
V,(0) ={x e U(): z-q€U(0)} and Vo(0)={z€U0): p-z€U0)}.
If the set ¢[q"] N U(0) is finite for any non-negative integer i, then the formula
i+1 T 0.
i [ gt =0
R { ¢'p'~!, if [ is a positive integer, 1)
implies that the right translation p,: ¢° — ¢°: 2 ~— z - ¢ shifts all non-zero elements
of the neighbourhood V,(0). Then U(0) \ V4(0) is an infinite subset of % (p,q), which
contradicts Lemma 1(2). Similarly, if the set € [p’] N U(0) is finite for any non-negative
integer j, then the formula
I+1 Q.
il p ) i J = 07
prop = { ¢~ p!, if jis a positive integer, (2)
implies that the left translation \,: 40 — €°: 2 +— p - z shifts all non-zero elements of
the neighbourhood V,(0). This implies that U(0) \ V;,(0) is an infinite subset of €'(p, q),
which contradicts Lemma 1(2).

Lemma 3. Let (6°,7) be a locally compact non—discrete semitopologica( semigroup. Then
there exist non-negative integers i and j such that €[q*]\U(0) and €[p’]\U(0) are finite
for every open neighbourhood U(0) of zero 0 in (¢°,7).

Proof. Fix an arbitrary open compact neighbourhood Uy(0) of zero in (¢°,7). Then
Lemma 2 implies that there exist non-negative integers ¢ and j such that both sets
€[q')NUL(0) and €[p’]NUL(0) are infinite. Let U(0) be an arbitrary open neighbourhood
of zero in (¢, 7). By Lemma 1(2), the set Uy(0) \ U(0) is finite. By Lemma 1(1), there
exists an open compact neighbourhood U’(0) C U(0) of zero in (67, 7).

Now, Lemma 1(1) and the separate continuity of the semigroup operation in (¢°,7)
imply that there exists an open compact neighbourhood V(0) of zero 0 in (4°,7) such
that

V(©)cU'(0), V(©0)qCU(0) and p-V(0)<U0).
If the set €[¢‘] \ U(0) is infinite, then formula (1) implies that the right translation
pq: €° — €°: x — x-q shifts all non-zero elements of the neighbourhood V'(0) and hence
the inclusion V(0)-¢q C U’(0) implies that U’(0)\ V' (0) is an infinite set, which contradicts
Lemma 1(2). Hence the set ¢’[¢°]\U(0) is finite. Similarly, if the set ¢’ [p?]\U(0) is infinite,
then by formula (2) we have that the left translation \,: €° — €°: z — p - z shifts all
non-zero elements of the neighbourhood V(0) and hence the by inclusion p-V(0) C U’(0)
we obtain that U’(0) \ V(0) is an infinite set, which contradicts Lemma 1(2). Therefore,

the set €[p?] \ U(0) is finite as well.

Lemma 4. Let (¢°,7) be a locally compact non-discrete semitopological semigroup. Then
for every open neighbourhood U(0) of zero 0 in (¢°,7) and any non-negative integer i
both sets €[q'] \ U(0) and €[p'] \ U(0) are finite.
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Proof. By Lemma 1(1), without loss of generality we may assume that the open nei-
ghbourhood U (0) is compact. By Lemma 3 there exists a non-negative integer iy such
that €’[¢*]\U’(0) is finite for any open compact neighbourhood U’(0) of zero 0 in (¢7°, 7).
Fix an arbitrary non-negative integer i # ig. If ¢ < ig, then the separate conti-
nuity of the semigroup operation in (¢°,7) implies that there exists an open compact
neighbourhood V(0) C U(0) of zero 0 in (¢°,7) such that pi°~% .V (0) C U(0). Then

ploTt glop! = ¢'pl, for any non-negative integer [. (3)

The set €'[¢]\ V(0) is finite, and hence by (3) the set €[¢°]\U(0) C €[¢]\ (p™ ¢ - V(0))
is finite as well.

If i > ig, then the separate continuity of the semigroup operation in (¢, 7) implies
that there exists an open compact neighbourhood W (0) C U(0) of zero 0 in (¢, 7) such
that ¢~ - W(0) C U(0). Then

¢l glopt = ¢ipt, for any non-negative integer [, (4)

The set €[g™] \ W(0) is finite, and hence (4) implies that the set €[¢’] \ U(0) € €[q"] \
(¢*~% - W(0)) is finite as well.
The proof of finiteness of the set ¢/[p’] \ U(0) is similar.

Lemma 5. Let (6°,7) be a non-discrete locally compact semitopological semigroup. Then
for every open neighbourhood U(0) of zero 0 in (€°,7) the set €°\ U(0) is finite.

Proof. Suppose to the contrary that there exists an open neighbourhood U(0) of zero 0 in
(€Y, 7) such that €°\ U(0) is infinite. Lemma 1(1) implies that without loss of generality
we may assume that the neighbourhood U(0) is compact.

Now, the separate continuity of the semigroup operation in (¢, 7) implies that there
exists an open neighbourhood V(0) C U(0) of zero 0 in (¢, 7) such that p-V(0) C U(0).
By Lemma 4 for every non-negative integer n both sets €[¢"] \ U(0) and %[p"] \ U(0)
are finite. Thus, the following conditions hold:

(i) UO) UL, (€lg"] UE[p"]) # €° for every positive integer m;

(ii) for every positive integer k there exists a non-negative integer kpax such that
{d"7: j = knax} C U(0).
We have p - ¢*p' = ¢*~1p* for any integers k& > 1 and [. This and conditions (i) and (i)
imply that the set U(0) \ V(0) is infinite, which contradicts Lemma 1(2). The obtained
contradiction implies the statement of the lemma.

The following simple example shows that on the semigroup ¢° there exists a
topology Tac such that (40, 7ac) is a compact semitopological semigroup.

Example 1. On the semigroup ¢ we define a topology Tac in the following way:

(i) every element of the bicyclic monoid % (p,q) is an isolated point in the space
((507 TAC);

(i) the family 2(0) = {U C €¢°: U 5 0 and € (p,q) \ U is finite} determines a base
of the topology 7ac at zero 0 € €°,

i.e., Tac is the topology of the Alexandroff one-point compactification of the discrete
space %€ (p, q) with the remainder {0}. The semigroup operation in (4, 7ac) is separately
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continuous, because all elements of the bicyclic semigroup € (p, q) are isolated points in
the space (€9, Tac).

Remark 1. In [6] Bertman and West showed that the discrete topology 74 is a unique
topology on the bicyclic monoid %'(p,q) such that €(p,q) is a semitopological semi-
group. So Tac is the unique compact topology on ¢° such that (4°,7ac) is a compact
semitopological semigroup.

Lemma 5 and Remark 1 imply the following dichotomy for a locally compact semi-
topological semigroup €.

Theorem 1. If €° is o Hausdorff locally compact semitopological semigroup, then either
€V is discrete or €° is topologically isomorphic to (€°,7ac).

Since the bicyclic monoid %'(p,q) does not embeds into any Hausdorff compact
topological semigroup [2], Theorem 1 implies the following corollary.

Corollary 1. If €° is a Hausdorff locally compact semitopological semigroup, then €°
is discrete.

The following example shows that a counterpart of the statement of Corollary 1
does not hold when 4 is a Cech-complete metrizable topological inverse semigroup.

Example 2. On the semigroup ¢° we define a topology 71 in the following way:

(i) every element of the bicyclic monoid % (p,q) is an isolated point in the space
(ch,Tl);
(1) the family B(0) = {U,: n=0,1,2,3,...}, where

determines a base of the topology 71 at zero 0 € €°.

It is obvious that (¢°,71) is first countable space and the arguments presented in [12,
p. 68] show that (4, 71) is a Hausdorff topological inverse semigroup.

First we observe that each element of the family £(0) is an open closed subset
of (¢°,71), and hence the space (¢°,71) is regular. Since the set €° is countable, the
definition of the topology 71 implies that (¢°,7;) is second countable, and hence by
Theorem 4.2.9 from [10] the space (¢, 71) is metrizable. Also, it is obvious that the space
(6°,7) is Cech-complete, as a union two Cech-complete spaces: that are the discrete
space % (p, q) and the singleton space {0}.

3. ON A LOCALLY COMPACT SEMITOPOLOGICAL BICYCLIC SEMIGROUP WITH AN
ADJOINED COMPACT IDEAL

Later we need the following notions. A continuous map f: X — Y from a topological
space X into a topological space Y is called:
e quotient if the set f~1(U) is open in X if and only if U is open in Y (see [22]
and [10, Section 2.4]);
e hereditarily quotient or pseudoopen if for every B C Y the restriction f|z: f~(B)
— B of f is a quotient map (see [20, 21, 3] and [10, Section 2.4]);
e closed if f(F) is closed in Y for every closed subset F' in X;
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e perfect if X is Hausdorff, f is a closed map and all fibers f~!(y) are compact
subsets of X [25].

Every closed map and every hereditarily quotient map are quotient [10]. Moreover, a
continuous map f: X — Y from a topological space X onto a topological space Y is
hereditarily quotient if and only if for every y € Y and every open subset U in X which
contains f~!(y) we have that y € inty (f(U)) (see [10, 2.4.F]).

Later we need the following trivial lemma, which follows from separate continuity
of the semigroup operation in semitopological semigroups.

Lemma 6. Let S be a Hausdorff semitopological semigroup and I be a compact ideal
in S. Then the Rees-quotient semigroup S/I with the quotient topology is a Hausdorff
semitopological semigroup.

Theorem 2. Let (67,7) be a Hausdor{f locally compact semitopological semigroup, €1 =
€ (p,q)UI and I is a compact ideal of €. Then either (67, T) is a compact semitopological
semigroup or the ideal I open.

Proof. Suppose that I is not open. By Lemma 6 the Rees-quotient semigroup 47/I with
the quotient topology 74 is a semitopological semigroup. Let 7: €7 — €7 /I be the natural
homomorphism which is a quotient map. It is obvious that the Rees-quotient semigroup
%7 /I is isomorphic to the semigroup 4° and the image m(I) is zero of €°. Now we shall
show that the natural homomorphism 7: € — %7 /1 is a hereditarily quotient map. Since
(€ (p,q)) is a discrete subspace of (67/1,14), it is sufficient to show that for every open
neighbourhood U(I) of the ideal I in the space (%7, 7) we have that the image w(U([I))
is an open neighbourhood of the zero 0 in the space (¢7/1,7q). Indeed, €7 \ U(J) is a
closed-and-open subset of (47, 7), because the elements of the bicyclic monoid & (p, q)
are isolated point of (47,7). Also, since the restriction 7|g(p.q): € (p,q) — 7(¢(p,q))
of the natural homomorphism 7: €7 — %;/I is one-to-one, 7(¢7 \ U(I)) is a closed-
and-open subset of (67/1,74). So m(U(I)) is an open neighbourhood of the zero 0 of
the semigroup (%7/1,74), and hence the natural homomorphism 7: 67 — 47/ is a
hereditarily quotient map. Since I is a compact ideal of the semitopological semigroup
(61,7), 7 1(y) is a compact subset of (¢7,7) for every y € 4;/1. By Din’ N’e T’ong’s
Theorem (see [9] or [10, 3.7.E|), (67/I,74) is a Hausdorfl locally compact space. If I is
not open then by Theorem 1 the semitopological semigroup (6;/I,74) is topologically
isomorphic to (¢, 7ac) and hence it is compact. Next we shall prove that the space
(¢7,7) is compact. Let % = {U,: a € £} be an arbitrary open cover of (47, 7). Since
I is compact, there exist Uy,,..., Uy, € % such that I C Uy, U---UU,,. Put U =
Ug, U---UU,,. Then €; \ U is a closed-and-open subset of (47,7). Also, since the
restriction 7|4 (p.q): €' (p,q) — 7(€(p, q)) of the natural homomorphism 7: €7 — ¢7/1 is
one-to-one, m(6; \ U(I)) is a closed-and-open subset of (¢7/I, 1), and hence the image
w(€r \U(I)) is finite, because the semigroup (¢7/I,74) is compact. Thus, the set €7\ U
is finite and hence the space (47, T) is compact as well.

Corollary 2. If (€7, 1) is a locally compact topology topological semigroup, €1 = € (p, ¢)U
I and I is a compact ideal of €;, then the ideal I is open.
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IMTPO INXOTOMIIO JIOKAJIBHO KOMITAKTHOTI O
HATIIBTOIIOJIOTTYHOI'O BIITUKJITYHOI'O MOHOI/JIA 3
IMPMETHAHNM HYJIEM

OuJer I'VTIK

Jveiecvruti HaytonarvHul yHisepcumem imens Ieana Dparka,
eya. Yuisepcumemcora 1, JIveis, 79000

Hosemerno Take: mo raycaopdoBa JIOKAJIHHO KOMIIAKTHA HAIBTOIIOJIOTI-
yna Giuuk/iysa HAIIBIPYyLA 3 LPUEIHAHUM HyjdeM F° € abo KOMIAKTHOI, abo
JUCKPETHOI0. TaKoXK JOBEIEHO, 110 AaHAJIOTIYHE TBEP/?KEHHSI BUKOHYETHCS I
JIOKQJIbHO KOMITAKTHOTO HAIIBTOIIOJOTIYHOIO OIIUK/IIYHOIO0 MOHOLIA 3 IIPUEI-
HAHAM KOMITAKTHHUM 17€aJ10M, 1 100yI0BaHO IPUKJIA, AKUU JTOBOAUTD, IO AHA-
JIOT X TBEPIKEHb HE BUKOHYEThCH, Koum 60 — moBHa 33 UexoM MeTpu30BHA
TOIIOJIOTIYHA iHBEPCHA HAIIIBrPYIIA.

Karowoel caoea: HAOIBrpyna, HAMIBTOIOJOTIYHA HAIMBIPYIIA, TOIOJJIOTIHMHA
HAIIBrpymna, OlnuK/II9HUN MOHOI, JIOKAJIbHO KOMIAKTHUN IIPOCTIP, ITOBHUAN 32
YexoM mpoCTip, METPU30BHUI IPOCTIpP, HY/Ib, KOMIIAKTHHUH i1eaJl.
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HAIIIBI'PYIIN TA ITIOJIITOHUM 3 AHYJIATOPHUMMUA
YMOBAMMA

IOpiit IIIIYK, Ipuna KO3AYOK

Jveiecvruti HaytonarvHul yHisepcumem imeni Ieana Dparka,
eya. Yuisepcumemcovra, 1, JIveis, 79000
e-mail: yishchuk@lnu.edu.ua

BBemeHo O03HAYEHHsI HAIBKOMYTATHBHOI HAIIBrpymu i abeieBoro S-

TOJIITOHA 33 AHAJIOTIEI0 3 O3HAYEHHIMU HAIIBKOMYTATUBHUX, abe/IeBUX MOy TiB
i xinenp, aki gocaimxysanm y npangax [1]-[2]. Hamisrpymy S masuBatmmemo
HaMBKOMYTATUBHOIO, AKINO [JIs BCiX x,y € S, 3 piBHocti zy = 0 BUILIMBaE
xSy = 0. Ilpapuit S-momiron As HazmBaTEMEMO abeIE€BHM, AKIIO IJIs BCIX
a € Ag, s € S, 1 Bcix igemnorentTis e € S, ase = aes.
BukopuCTOByIOUM MOHSTTS MOAYJIB 3 aHyJIsSTOpHUME yMoBamu Bepa [12],
BBEJEHO TIOHATTS S-TOJIroHa 3 yMOBOO p.p.-Bepa i noBogeno rake: akimo Ag
— S-nouiiron 3 ymoBow p.p.-Bepa, To ymoBu pemykoBaHOCTI, CUMETPUYHOCTI,
HAIMBKOMYTATUBHOCTI i abe1eBOCTI It HHOTO OYAyTh €KBiBAJIEHTHUMUI.

Karowosi caoea: HAMIBKOMYTAaTHBHI, abeseBi, peyKOBaHi, CHMETPUYHI, 3
ymoBamu Bepa manisrpymnu i S-nosironu.

1. Beryn. Hexait S — mamisrpyna 3 mynem 0. 3o6paykennst HamiBrpymu S mepe-
TBODEHHSIMU MHOXKMHU BU3HA4Ya€ S-moJiron (S-act) rak camo, sik 300pazkenHs Kiiblg R
engoMmopdizmamu abeneBol rpymnu BusHadae R-MOmysb.

Harma MeTa — qociiauTu BIACTUBOCT] HAMBIPYI i TOJIITOHIB HAZ HUMU, siKi OJIA3b-
Ki 70 KOMyTaTUBHUX CTPYKTYDP abO 33/I0BOJILHAIOTH aHylsATOpHI ymoBu bepa. Mu Bu-
KOPHUCTOBYBAJM BIIOMI METOIM TOCTIIKEHDb Kimelb i MOAY/iB, TOMY 6arato MpuKIAgiB,
O3HaYeHb 1 BJAACTUBOCTEN 33 AHAJIOTICIO MEPEHECEHO HAa HAIIBIPYMH i MOJITOHM 3 TAKUX
upars: [1]-[5], [7]- [12]. To3uadenns mamisrpyn, nonirounis ra ixai eremenrapsi BaacTu-
BOCTI MM TOUEpIHYIN 3 miapyunukie [6], [13]- [15].

Haranaemo, mo monynb Mp Ha3uBalOTh HAIIBKOMYTATHBHUM MOIYJIEM, SAKIIO JIJIsI
6yap-sikoro m € M i 6ynb-sikoro ¢ € R, 3 ymou ma = 0 uriusae pisaicts mRa = 0 [1].
VY apyriit 9acTuHi OMPabOBAHO BJACTUBOCTI HANIBKOMYTATHBHUX MOJITOHIB 1 HABIPYII.
TakoxK pO3MISTHYTO HAMIBIPYIH, HYJIbOBI 06YTKH AKUX KOMYTYIOTh. [liia HamiBrpymum S 3
myseMm 0in > 2 My KaxkeMo, 110 S 3a10BOJIbHsIE€ YMOBY ZC),, AKIIO BUKOHYETHCA PIBHICTH
ar--ap =0 = ag(1) - y(n) = 0, 11 KOKHOI HepecraHoBKU 0 € S,. Y [3] noseneno

© Tmyxk FO., Kozauoxk 1., 2015
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Take: AKIo S 3am0BosbHsAE Z C), 1jist (PIKCOBAHOTO N = 3, TOI S TAKOK 3aI0BOIHHSIE YMO-
By ZC\ 41, O HAMBrpyna 6€3 HyJLOBUX HLIBIOTEHTHUX €JIEMEHTIB 3a[0BOJIHLHSIE YMOBY
Z(C,, nng Bcix n > 2.

Hexait R — acomiaTuBHe Kinblle 3 oguHNIEI0, MOmyab M — yuitapuwmii npasuii R-
MOysib. Jljist HenopoxkHBOI MHOKHHE X Kijibls [T BUKOPUCTOBYBATUMEMO OJIHOCTOPOHHI
ineamm rp(X) = {r € R | Xr = 0} ma Ig(X) = {r € R | rX = 0}, sxi HazuBaoTh
npasuM aHyasgTopoM X B R i mium amynstopom X B R, Bianosigxo. CumBomom 7 < 7
TO3HAYMMO BiTHOIIEHHS OyTH T IMOILyIeM.

Haragaemo, 1o kiabue R Ha3MBAETHCA PEAYKOBAHNM, AKIO R He Ma€ HEHYJIHOBUX
HLJILIIOTEHTHUX eJIEMEHTIB. 3ayBaXKuMo, o Bel pejykoBaui kinbusg — abesesi (Tobro, Bei
inemmorenTH B HAX € neHTpasbHuMmu). Y [8] Kamnaucekuit BBiB Kinbig Bepa sk Kijb-
g, B AKUX npasuii (JaiBuit) anyasTop Oyab-sKOI HEIOPOKHBOI IIAMHOKUHA O0OOB’A3KO0-
BO TIOPOIKYEThCs imemmnorenTom. Kinpite R HaszuBaeTbes kBasi-BepoBum, aximo npasuii
AHYJIATOD KOXKHOIO IPAaBOro ineaisy Kiibig R nopopkyerbes (dk npasuii ineasn) inem-
morerroM. O0uaBa BU3HAYEHHA JTiBO-IpaBo cuMerpudHi. Kinbie R HA3WBAETHCS TPABUM
(Bimmosigmo, niBuMm) ronosHnM kBas3i-Beposum (afo nmpocro npasum (BiAmoOBiTHO, JTiBEM)
p.q.-BepoBuM Kinbiem, gKino npasuii (BiAIOBIAHO, JIBUi) aHYJAATOD TOJOBHOTO IIPABOIO
(BiamosinHo, jiBoro) izeany xinbig R nopomkyerbes igemmnorentom. Kinbie R nasuba-
€ThCA p.q.-bBepoBrM KimbleM, AKINO BOHO € OJHOYACHO MPaBUM i jiBuM p.d.-BepoBuM.

Iumre y3aranmbpHeHHs Kimenb bepa cranoBmgarh p.p.-Kimbig. Kinbie R Ha3uBaeThCS
upaBuM (BLANOBLAHO, siiBUM) P.p.-KijibLieM, K110 upasuil (BLALOBLIHO, JiBUIl) aHy/IATOD
emeMenTa 3 R mopomkyerhes inemmorenToM. Kinbile R HA3WBAECTHCS P.P.-KUIBIEM, SIKITO
BOHO € OHOYACHO MPABUM 1 JIiBUM P.p.-KijbieM. Kinbile R HA3UBAECTHCA HATIBKOMYTATHB-
HWM, SKINO J719 KOKHOTO a € R, rr(a) € ineanom B R. (Te came ms Gyap-akux a,b € R,
3 ymosu ab = 0 BumiuBae, 1o aRb = 0). Inemnorent e € R HA3UBAETHCH LEHTPATIBHUM,
SKIIO Te = ex mig Beix ¢ € R. Inemmorent e? = e € R HA3UBAETHCS JIIBHM (BiamoBinHO,
OPAaBUM) HAMBIEHTPAJILHUM iIeMIOTEeHTOM, Ko eR (Binmosigmo, Re) € 1BOCTOpOHHIM
imeamom B R.

VY [9] BBeneno nouarra Bepopux, KBasi-BepoBux i p.p.-Mo/yIiB Tax:

a) Mg nasusaerbes Beposum momysem, ko ais 6yab-aKkoi miaMuoxuau X 3 M|
rr(X) =eR, ne e? =c € R;

6) Mp HaswBaeThcst KBazi-BeposnM Mozysem, sIKIO 17151 6YIb-sIKOTO miaMomysst N
3 M,rp(N)=¢eR, nee? =c€ R;

B) Mp Ha3UBAETHCA P.p.-MOMYJIEM, SKINO s Oyab-skoro m € M, rr(m) = eR, ne
e? =e € R.

Y [4] monyns Mp masuaerbcsa p.q.-BepoBum, gakimo s Gyab-skoro m € M,
rr(mR) = eR, ne €2 = e € R. Moay:is Mp Ha3UBAIOTH HAIIBKOMYTATHBHIUM MOJLYJIEM,
SIKINO Jist Oyap-akoro m € M i 6ymp-sikoro a € R, 3 ymoeu ma = (0 BUIIMBAE, IO
mRa = 0.

Hexait M — npasuii R-monyns i S = Endg(M). Toni M — niBuii S-momynb, npa-
Buit R-monyub i S-R-6imonynb. ¥ upani [12] Pizsi i Poman nasusators M monynem Bepa,
SKITNO TpaBuil anyaarop B M Gyab-sKOro JiBoro ijieany B S MOPOIKYETHCS iI€MIIOTEHTOM
3 S (abo, o exBiBasenTHO, M5 Beix R-miamomymis N 3 M, Ig(N) = Sesze? =e € S);i
M ¢ kBasi-BepoBum MomyeMm, sKIo mpasuii anyaaTop B M Oymab-sikoro igeany S mopo-
JKY€eThCs imeMnorenToM 3 S (abo, 1110 eKBIBATIEHTHO, 1Jist BCIX IIJIKOM XapaKTEPUCTUIHUX
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R-mizmonmynis N 3 M, I,(N) = Se 3 €2 = e € S). Cepes inmToro, BOHN J0BEH, MO OyIh-
dAKa npsiMa cyMma Moy Bepa (Bianosinno ksasi-Bepa) € rakox Beposum (BimnosinHo,
kBasi-Beposum) momymem, i kimens enmomopdismis S = Endgr(M) Beposux (Binmosiz-
HO, kBa3i-Beposux) monynis M e Beposum (Binmosinuo, kaszi-Beposum) kisbiem (nus.
reopemy 4.1 B [12]).

B [2, TBep/kenHs 2.7] mOoBeNEHO TaKe: SKIINO MOAYIh MR € HAIBKOMYTATHBHUM MO-
aynem, To Mp € momymem Bepa Tomi i Timbku TOmi, SKIIO BiH € MomyieMm kBazi-Bepa, i
Mp € p.p.-Momymem, TOI i TITbKHU TOML, AKIIO 1e p.q.-Beposuit moxyns. s mamiBo-
MYTATHBHOTO Kinbus R noeeneHo, mo R € p.p.-kimbmem Togi i qmme toni, komu R[] €
p.p-kimbrem. Kimene R ¢ Beposum, Toai i Tinbkm Tomi, komm R[r] — kimbne Bepa, R e
p.q.-BeposuM Kimbuem, Tozi i Tinbku Tomdi, kKomu R[x] — p.q.-Bepose kinbie.

Hexait S — monoin 3 omuaunero 1.

Osnavenns 1. Henopoocnsa mnooicuna A nasueaemovea npasum S-noaizonom (abo npa-
UM NONT20HOM HaO MOnOidom S ), arwo icnye maxe Gidobpasicerns:

wiAXS— A
(a,s) — as = p(a, s),

de das ecix s,t € S i daa 6cix a € A suKoHYIOMbCA YMOBU:
1)a-1=ua;
2) a(st) = (as)t.
Inxoau maxe 6ido6pascerna HA3UBAOMD CIMPYKMYPOSGHUM 6i000PGHCEHHAM.

[Ipasuit S-nomgiron A nozHadaeThest 4yepe3 Ag. AHATOMYHO BU3HAYAETHCS JTiBH S-
MOJIirOH, sIKUi mo3HadYaeThesa depe3 gA. 3azmadmmo, mo cam mouoin S € mpaBum S-
[IOJIIrOHOM, 1 OJHOYACHO JIIBUM S-IIOJIrOHOM.

Axmo S — Hanirpyna 6e3 oAuHUILG, TO LEPIIa yMOB3 B O3HAYEHHI IOJIrOHA € 3aii-
Boto. Tomni roBOpUMO MPO MOJIITOH HAJ, HAIiBIPYTIO0.

Ao S € KOMyTaATHBHUM MOHOIIOM, TO KOXKHUM JIiBUH S-TIOTITOH MOXKHA PO3TJIs-
nmard i gk npasuit S-nogiron. Cupasii, skmo gA € jiBum S-TOJIrOHOM, TO MOXKHA, BU-
3HAYNUTH MHOXKEHHS CIpaBa Ha ejeMeHT 3 S: a * s = sa gy Bcix a € Ais € S. Toxi
axl=1la=apnascixaec Al

a*(8182) = ax(s281) = (s281)a =
= s9(s1a) = sa(a*s1) = (a*$1) * so.

V 1poMy BUnagky MoxkHa posraggaru A Hag S sk S-010IiroH, OCKiIbKY 418 BCIX S1, So €
S'1a € A BUKOHYETHCS PIBHICTB

(s1a) * s = sa(s1a) = (s281)a = (s182)a = s1(s2a) = s1(a * s2).

V 1iit nparti Bei ostironu A BosiofitoTh Hysem 0, TOOTO TAKUM eIEMEHTOM, JIJIsT TKOTO
BUKOHYeThCH 0-s =0, 0 € A Vse §S.

Osznaauenns 2. [Ipasuill S-noaizon As HA3UBAEMBCA MOUHUM, AKWO 04 6CiT S,t € S i
deaxoeo a € A 3 pisnocmi as = at sunaueae, wo s =t.

Osnauenusa 3. Ilpasuii S-nosizon Ag Ha3UBAEMBCA CMPO20 MOYHUM, AKULO 0L 6CIT
s,t €S i ecixa € A 3 pienocmi as = at eunaueae, wo s =t.
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OueBuHO, IO KOXKHAMK CTPOr0 TOYHHWH IMOIIrOH € TOYHUM mojiroHoM. [loxironn Sg
Ta ¢S € ToYHuME, OCKiabKU 1 € S, 1 1 moJiroHu cTporo ToYHi, AKIO S € CKOPOTHUM
3iBa abo crmpaBa.

3 o3HaueHHs 2 BUIIMBAE TAKEe: SIKIIO TOJITOH MICTHTH TOYHUN MOJITOH, TO BECh
moJIiron takoxk touHmit. Axkmo xkx A;,i € I crporo Toumi mpasi S-momiromm, TO iXHE
o0’ eqHanHsa Uie ; A; TAKOXK € CTPOro TOYHHUM IOJITOHOM.

2. HaniBkoMyTaTHBHI HAIIIBrpynu i abeJieBi IMOJIIrOHN HAJ HIMH.

Osnauenus 4. Hanisepyna S HA3UBAEMBCA HANIGKOMYMAMUEHOW, AKWO OAd 6ydb-
axux a,b €S, ab =0 sukonyemvcs, wo aSb =10,

Teepmxkenusd 1. Taxi ymosu 0as nanisepynu S exeicaseHITHL.
1. Hanisepyna S — HANIBKOMYMAMUEHG.
2. Ilpasuti anyaamop 6ydv-axozo esemenma € i0earom € S.
3. Jlisuti anysamop 6ydv-aK020 esemenma € i0eanrom 6 S.

Josedenna. (1) = (2) Hexaii S — naniskomyrarusua ta Ann,.(a) = {s € S, as =0} —
npasuil anysisarop esementa a € S. Ouesuano, mo Ann,.(a) — npasuii izean B S.

Toni 3 ymosu (1) Bummusae, mwo Vs € S,Vb € Ann,(a) Bukonyernca a(sb) = 0.

Orxe, sb € Ann,.(a) pna Beix s € S, To6T0 Ann,.(a) € npoGidyanM igeanom B S.

(2) = (1) dxmo ab = 0, ne a,b € S, 10 b € Ann,(a). Ockinbku 3a ymosow (2)
VYa € S, Ann,(a) — nBobiunwmii inean, o Vs € S, b € Ann,.(a) i asb = 0.

3eigcu, aSh = 0, T06T0 S — HamiBrpyna.

(2) & (3) moBoguThes aHAIOriYHO, 10 ekBiBameHTHOCTI (1) < (2), po3rnsHyBIIHN
miewit anyaarop Ann;(b) nosinprOrO emementa b HamiBrpymu S. O

Osznaauenns 5. Haniezpyna S na3usacmvbesa pedyrkosaHor0, AKUO GOHA HE MAE HEHYAbO-
BUL HIABNOMEHMHUL EAEMEHTIB.

Beenmemo o3naveHts abeeBOro MOMIrOHY 33 AHAJIOTIEI0 3 A0EIEBUM KiJIBIIEM 1 MOITY-
JieM, npoanaJizyemo ixui aacrusocti. ¥ [1] BBemeno Take o3nauenHs abeseBoro MOLyJIs.

Osuavenud 6. Modyav M nad wisvuem R nasusaemovces abesesum, Axuo 0as 6ydo-
axur m € M, a € Rie?=e € R, mae = mea.

Osuavenud 7. I[lonizon A wad monoidom S nasusamumemo abesesum, AKWO 0an 6ydob-
axur a € A i s € S ma 6ydv-axozo idemnomenma €2 = e € S euronyemuvca pienicmo
ase = aes.

Jlema 1. 1. Hanieepyna S € 3 yeHmMpasvhumu idemnomenmamss modi i miavky mooi,
KoAu Kooicen S-noaizon € abeaesuMm.

2. Haniszpyna S 6yde 3 ueHmMpasvhumu i0eMnomerwmamu moodi i misvku modi, Koau
S — abenesuil noaizon nwad S.

Jlosedenna. 1. JloBememo HeOOXiTHICTD.

Hexait S — mamiBrpymna 3 NeHTpaJbHAMEA 1IeMIIOTeHTaMu. 3 O3HAYEHHS 7 i Oy/Ib-
akux €2 = e € S, s € S Buxkomyernca pisgicrs se = es. Toai ase = aes, qusa a € A.
Orxe, momiron A man S — abeneBwii.

JloBe1IeMO TOCTATHICTD.
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Hexait Kozken nomiron A maj mamisrpynowo S — abenesuit. Axmo A = S1, Toxi se = a
i BUKOHYETHCS piBHICTL Se = 1se = les = es. 3Bijcu, HamiBrpyna S 3 IEeHTPAJTbHUMU
1IeMIIOTeHTaMH.

2. HeobxigHicTh JOBOAUTHCA aHAJIONIYHO 4K B 1.

Toseaemo pocraruicrs. Hexaif moniron A — abenesuit. dkmo A = S', ro mamis-
rpyma S 3 meHTpajgbHuME inemmnorenTamu. Ao A — 6e3 oIuHUIN, TO 33 BIJOMOIO TPO-
MEeIYyPOI0 MOXKHA JOAYIUTH OJUHUIIO ¥ OTPUMATH HamiBrpymy 3 ommauteio. Tom se = a
i BUKOHYETHCA piBHICTL se = lse = les = es. Tomy namisrpyna S € 3 neHTpATBHUMU
igeMIIOTeHTaMH. O

3 mpukjaay 1 BuUIIHBaAE, MO iCHYIOTH abeeBi S-MOIroHM HABITH, AKIIO S HE €
HAIBIPYIOIO 3 NEHTPAJIbHUMHU 1/IEMIIOTEHTAMH.

ITpukuag 1. [Hobyayemo abenesuit S-noniron A, ge S He € HAMBrpynow 3 MEHTPAb-
HUMH 17€MIOTEHTAMU.
1. Hexait P — O6ymp-ake mose. Po3risgHeMo HAMIBIPYIy BEPXHIX TPUKYTHHX 2 X 2

MaTPHUIL S = {(8 IC)> , e a, b, c € P} i mogtiron A = {(8 2) ,me d e P}. s 6ynb-

akoro a € Ais €S, akmpo e = e € S, To BUKOHYETLCA aSe = aes.
Orxe, S — abesieBuil npasuit S-1OIIroH.

0 0 10
2. st e = (O 0) Ta e = (0 1) OYeBHUIHO, 110 S — abeesa.

Hexaii e = <(1) 8 € S. Toxni e — izemmnorent B S. Insa a = g

(Y Y (G )60

Otmxke, S — HAMBrpyna 3 MeHTPAJTHHUMHU 1J€MIOTEHTAMHA.

. (00 . fa by (0 0y (0 O
Hexame-(o 1>€S.T0/11ae—(0 c) (O 1)_(0 c)’

_ (0 0\ (a b _ (0 b\
Ta ea = O 1 0 c = 0 c . 1OMYy 1JEeMIIOTEHT € HE€ € HECHTPAJIbHUM.

TKe, S — He € HANiBrpyIo 3 MeHTPATbHIUME 1IeMIIOTEHTAMU.

€ S orpumaemo

TBepaxkenus 2. Kaac abeae8uT nosizonie € 3aMEHYMUM W000 83A4MMA NIONOAT20HIE,
dobymxis i zomomopdrux obpasie. Tomy abesesi NoNi2OHU 3AMKEHYMI U000 NPAMUL CYM.

Jlosedenna. 1. Hexait A — abenesuit nmosiron i #oro ninmuoxuna B C A, Vb € B. Toxi
Vs € S, €2 = e € S Buxonyerbca bes = bse, 60 b € B = b € A. Otxe, B — abeneruii
MMOJINOH 33 O3HAYEHHSIM 7.

2. Hexait A, B — abenesi nosironu Hax S. Toxl mo6yTok nosironis A X B — Takox
abenesnit, 60 A x B = {(a,b) € Ax B}1i (a,b)es = (aes,bes) = (a,b)se. Insa Gyap-strkux
e2=es€8S,acA bcB.

3. Hexait ¢ : A — B — romomopdism mnomirony A 8 B. Toai ans 6yab-gKoro
b e Imp C B icuye Take a € A, mo ¢(a) = b, 1 Vs € § p(as) = ¢(a)s. Orke, bes =
pla)es = p(aes) = p(ase) = ¢(a)se = bse nna Gyap-saxoro imemnorenta e € S. Tomy
©(A) — abenepuii momroH. O
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Tsepaxenus 3. Hanigzpyna S 6yde Hanie2pyno 3 UeHmMpasvbHUMY 10eMNOMEHMAMU
modi § auwe Modi, KOAU ICHYE MOYHUT abesesuli nosizoH Had Herw.
Josedenna. (=) dkmo S HaniBrpyna 3 UEHTPAIBHUME 1IEMIIOTEHTAMU, TO S€ = €S JLld
Byab-akoro €2 = e,s € S. 3a nemoro 1 S-nosiron S, e abenesuM, orTke, ase = aes i
As = 0. Jlns BCix s,t € S i mesirkoro a € Ss, orpumaemo As = At = 0. 3sigcu, s = t.
Orxe, icuye Tounuit abenesuit S-TOJITOH.

(<) Hexaii icuye Tounuii abesnesuii S-nosiron A Takuii, mo s 6yap-akux a € A i
e2 =e, s €S, roni aes = ase. 3Bincu, 3 Tounocti A nax S BumnBae, mo es = se. Orixke,
S — HamiBrpyna 3 UE€HTPAJbHUMHM 11eMIIOTEHTAMH. |

3i crarri J.Augepcena i B.Kawmino [3] posrisnemo Take O3HAUEHHSI I TEOPEMH.

Osuavenud 8. Hexati S — naniezpyna 3 nysem i n = 2. Todi xasicyms, wo S 3a-
dosoavuse ymosy ZC,, axuo 0as 6ydv-axux ai,...,an € S 3 moz2o, wo ay---ay, = 0
BUNAUBAE Uy(1) ** " Ag(n) = 0 daa 6ciz 0 € Sp.

Teopema 1. Byods-axa pedyxosana nanisepyna S eoaodie saacmusicrmio ZCs.

Teopema 2. Hexati S — nanigepyna 3 0 in > 3. dxwo S 3adosoavnac ymosy ZCh,
modi S 3adosoavuac ymosy ZCyp 1 makooic.

Hacninok 1. Sxwo naniszpyna S 3adosoavnae saacmusicmo ZC3, mo S 3adoeoava-
mume ZC,, das ecixz n > 3.

Teopema 3. Hexati S pedykosana nanisepyna. Todi S sadososvnsae ZCy das scixn = 2.

Hexait S — mamierpymna 3 Hysgem. dAkimo S mMae OIUHUINO, TOAL 3pO3yMuIO, 10 S
3a10BOJIbHsIE YMOBY Z (', 3BIIKY BUTLIUBAE, 10 S 3a00BObHSE 1 yMOBY ZCp_1 I 1 >
3. 3 HACTYIIHOIO IPUKJIAAY BHILIMBAE TaKe: KOJIM S HE MA€ OAUHMUIIL, TOIl HE BUKOHYETHCS
ZCy = ZCph_1 nman = 3.

Ipuknax 2. Hexait M, = {0} U{e;; | 1 <i<j<n}, geeen =ep, axkmo j =110s
innmomy Bunaixy. Byap-sikuit nobyTox n enementis 3 M, nopisuioBatume 0, orike, M,
3a70BoibHsAE yMOBY ZC,, (Takok 3a10BosibHsie yMOBY ZCy, it m 2= ).

punycrumo, mo 2 < ¢ < n; TOAL €12€23- - €541 = €141 # 0, i o3Ha4ae, 1o
eiit1€12 - €i—1; = 0. Omxke, M, ue 3amoBonbuse ZC;.

Osnavenust 9. Pezyaapua nanieepyna S 3 yeHmMpasvbHuUMy i0eMNOMERMAMY HA3UBGE-
moca Kaigopdosoro.

BukopucroBytoun Teopemu 1-3 i ixui HACTIIKH, MU IOBEJIN TAKe TBEPIKEHH.

TsBepaxkenus 4. Hexati S — Kaigopdoea naniszpyna. Axwo S 3adososvHae ymosy
ZCy dasa deaxozon = 2, modi S — pedyxosana naniezpyna.

Josedenns. Tpunycrumo, o Jx # 0, x € S rakuit, mo ™ =0, g1e m > 1. I Hexait x =
xbx s neaxoro b € S. Toui xb — nenrpanbhuii igemnorent, tomy * = xbr = x2b. O1xke,
r =xxb=2(x?b)b =230 = --- = 2™b,,,_; = 0, a Hamiprpyna S — peayKoBaHa. O

3. ITogironu 3 ymoBamu Bepa.

Osznavenns 10. [Tosizon A nad nanieepynor S nasusamumemo npasum p.p.-Beposum,
AKwo dan eciz a € A, Anng(a) ={s € S, as = 0} = eS — npasuii ideasr 6 S.
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Osnavenns 11. Ioaizon A nad naniezpynoio S HA3USAMUMEMO NPAEUM (Ai6UM) D.q.-
Beposum, arxwo daa eciz a € A npasut anyaamop Anng(aS) koocnozo 204061020 npa-
6020 ideany naniszpynu S nopodscyemuves (ax npasull idean) idemnomenmonm.

Oszuavenud 12. Ioaizon A nad naniezpynoro S Ha3usaemves pedykosaHUM, AKULO OAA
eciz a € A, Vs € S suxonyemvcea mare: as =0 = aS N As = 0.

Jlema 2. Bydvo-axull pedyrosanuil nosizon € HANIGKOMYMATMUCHUM.

Jlosedenna. Hexait nomiron A — penykoBauuii, Togi jjist Oyab-sikoro ¢ € A ta s € S
A He € HamiBKOMyTaTHBHUM, TOOTO BuKOHYy€eThes (as = 0) = aS N As = 0. doBejeHHs
MPOBEIEMO Bi CYIPOTHUBHOTO.

Mpunycrumo, mo as = 0 ¢ aSs # 0, roni It € S rake, mo ats # 0. 3 piBrocri
a(ts) = (at)s orpumaemo, mo a(ts) € aS, a (at)s € As. Orxe, ats € aS N As. Ile
cynepeunTh penykosanocTi A. Tomy A — HaTIBKOMYTATHBHUH TIOTITOH. ]

JIema 3. Hrxwo S-noaicon A — naniekomymamuenud, mo ein abesesuti. 36opomme
meepdoicenna 6yde npasusbhum, Axuo A nosieon 3 ymosor p.p.-Bepa.

Hosedenna. (=) Hexait e — igemnorent B Sia € A, s € S. Ockinbku A € HamiBKOMY-
TaTuBHUM, TO 3 as = 0 BumuBag, mo (as)e = 0. 3 inmoro 6oky, aSs =0 = aes =0 € S.
Toni ase = aes = 0 ays Gynb-sikoro a € Aie? =e € S. Orxe, A — abeneruit MOJIroH.
(<) Tenep npunycrumo, mo A — abeseBuii nosiron 3 ymosoio p.p.-Bepa. Hexaii
a€Ais€Sias=0,roni s € eS nna geskoro €2 =e € S. Tomy ae = 0,60 e? =e € S
is = esy. Orke, aeS = 0. 3a npunymenuam aSe = 0. JJoOMHOXKUBIIN CIIpaBa Ha Si,
orpumaemo aSes; = 0. Ockinbku s = esy, aSs = 0. Tomy A — HaniBkomyTaruBHUi
TTOJTITOH. g

Jlema 4. xwo A — pedyrosanuil noaizon, modi A ¢ abeaesum. 36opomme meepdocenms
npasusbhe 0AA abeaesux nosizonie 3 ymoeoio p.p.-Bepa.

Zosedenna. Hexait A — penykoBannmii. Ockinbku 6yb-sKuii peayKOBaHHI MTOJITOH € Ha-
mipkomyTarneanM (Jlema 2) i Oyab-siKWil HATIBKOMYTATHBHUI TOJTiroH € abenesum (Jle-
ma 3), o A — abeneBuii NOIroH.

Hapnaku. Hexait A Gyme abeseBuM MOJINOHOM 3 YMOBOK p.p.-bepa. Ilpunycrumo,
mo as =0 g a € Ais € S. dkmo x € aS[)As, To icaye a1 € A i sy € S raxi,
mo ¢ = as; = a1S. Ockinbku A 3agoBosbHAE yMOBY p.p.-Bepa i as = 0, o 3Bigcu
s € Anng(a) = eS s neaxoro imemnorenta €2 = e € S. Toai s = et i xe = asye = a; se,
net € 5. Tozask A abenesnii i ae = 0, To asie = aes; = a15¢ = a1es = aje’t = ajet =
als = 0. 3Bigcu = a;s = 0 marumemo nporupiuus, orke, aS (| As = 0, Tobro A —
PeIyKOBAHUHN TOJTITOH. O

Hacrynuuit npukmas 10BOAUT, 10 icHye motiron A 3 yMoBOIO p.q.-Bepa Takwuii, 1o

HE 33/I0BOJIbHSE YMOBY p.p.-Bepa i € abesieBum nosnironom, ase e € peaykopanum. Orxe,
obepHeHe TBepaKeHHs JleMu 2 He € MPABUIHLHUM.

ITpukuag 3. Icuye abenesuit momiron A 3 ymMoBoio p.q.-bBepa, skuii He € peayKoBaHUM
i me 3am0BOILHsAE yMOBY p.p.-Bepa. Hexait Z — mamisrpyna minux umcen i Z2*2 i 2 x 2

MaTpHIld HAI Z
A:{(i Z):azd mod 2, b=c=0 modZ}
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i mexait A — npasuii S-moJTiroH.

Osznaauenns 13. [Hoaizon A nasueaemves cumempuynum, Axuwo 3 piewocmi ast = 0
sunausae, wo ats =0 das 6ydo-axur a € A i s,t € S.

Jlema 5. Sxwo A — cumempuunul nosizon, modi A — abesesutl. 36opommne meepo-
SHCEHHA NPABUALHE, Akwo A € noaizonom 3 ymosor p.p.-Bepa.

Tosedenns. Ipumycrumo, mo A — cumerpuunuit mosiron. Hexaita € Aie? =e, s € S.
Toni ase = 0. 3 cumerpuynocTi nonirony A sumausae, mo aes = 0. OTxe, aes = aese.
3 immoro 60Ky, ase = asee. 3Bigacu ase = aes. Tomy nojiron A — abesieBuit.

Hagsnaku. ITpunycrumo, mo A — nomiron 3 ymoBoio p.p.-bepa. Hexait a € A, s,t €
S i ast = 0. Ockinbru A — momiron 3 ymosow p.p.-Bepa, To t € Anng(as) = eS ans
gesikoro igemnorenta e € S. Toni t = et i ase = 0. 3a Jlemow 3 orpumaemo aSs = 0,
3okpema, atse = 0. 3a ymoBoio ats = aets = atse = 0. Orxe, A — cumeTpuvHMiA
TTOJTITOH. O

Teopema 4. Hexaii A — noaizon 3 ymoeoro p.p.-Bepa. Todi maxi meepdocenna exsica-
AEHMMHE:

1) A — pedyrosarui;

2) A — cumempuunui;

3) A — naniexomymamuenul;

4) A — abeaesuil.

osedenna. < (4). Peayxosanwmii noniron A Gyne abenesnm 3a Jlemoro 4.
0 1 4). P iron A 6 6 JI 4
(2) & (4). Cuverpuynuii nomiron A Gyne abenepum, o BunauBae 3 Jlemu 5.
(3) & (4). Josenennsa suriusae 3 Jlemu 3. O

Jlema 6. Hexati A e abeaesum noaizonom 3 ymoeoio p.p.-Bepa. Todi daa 6ydv-axux
a € A suxonyemoca, Anng(a) = Anng(as).

JHosedenns. Bimomo, mo Anng(aS) C Anng(a).
Hapnaku, koxkeHn abeneBuil MOJIroH 3 yMoBOO p.p.-bepa € komyraruBamM, TOMY 3

pisaocti as = 0 Bunsmbae aSs = 0. Orxe, Anng(a) C Anng(aS). Tomy Anng(a) =
Anng(aS). O

Hacuigok 2. Hexati A — abeaesuti noaizon 3 ymoeoro p.p.-bepa. Todi A 6yde noaizorom
3 ymos010 p.q.-Bepa.

Jlosedennsa. Hexali nosiron A 6yne abesieBUM IOJIrOHOM 3 yMOBOIO p.p.-Bepa. 3a Jle-
Mmoo 6 omepzxumo Anng(a) = Anng(aS) = eS ana 6yap-axkoro a € A Tta imemmoreHTa
e € S. Tomy A — momiron 3 ymMoBOI0O p.q.-Bepa. O
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SEMIGROUPS AND S-POLYGONS WITH ANNIHILATION
CONDITIONS

Yuriy ISHCHUK, Iryna KOZACHOK

Ivan Franko National University of Luiv,
Universytetska Str., 1, Lviv, 79000
e-mail: yishchuk@lnu.edu.ua

We introduce the notions of semicommutative semigroup and abelian S-
polygon by analogy with the notions of semicommutative, abelian modules and
rings investigated in [1]-]2]. We say that a semigroup S is a semicommutative
semigroup if for any z,y € S, vy = 0 implies xSy = 0. A right S-polygon As
is called abelian if, for any a € Ag and any s € S, any idempotent e € S,
ase = aes.
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Using the notions of Baer’s conditions for modules in [12] we introduce p.p.-
Baer S-polygons and prove that if Ag is a p.p.-Baer S-polygon, then the condi-
tions for As to be a reduced, symmetric, semicommutative and an abelian
S-polygon are equivalent.

Key words: semicommutative, abelian, reduced, symmetric, p.p.-Baer semi-
groups and S-polygons.
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OBEPHEHA 3AJTAYA JJId IBOBUMIPHOT'O PIBHAHHS#I
TEIIJIOITPOBI/ZTHOCTI 3 HEJIOKAJIBHOIO YMOBOIO
INEPEBU3HAYEHHAAI

Haraniga KIHAITT

Jveiecvruti HaytonarvHul yHisepcumem imeni Ieana Dparka,
eya. Yuisepcumemcovra, 1, JIveis, 79000
e-mail: n_kinash@lnu.edu.ua

Busnawerno moctaTHi yMOBH iICHYBaHHS Ta €IMHOCTI KJIACHIHOTO PO3B’ 3Ky
obepHEHOI 3a/1a4l BU3HAYEHHS 3aJI€2KHOIO Bij 9acy crapuioro koedimienTa y
JBOBUMIDHOMY DiBHSHHI TEIJIONPOBITHOCTI 3 HEJIOKAJIBHOIO YMOBOIO II€PEBU3-
HAYeHHS.

Karowoet caosa: obepHeHa 337ata, HEJIOKAJIHHA yMOBA [I€PEBU3HAEHHS,
JBOBUMIPHE PIBHSIHHS TEILJIOIPOBIIHOCTI.

1. Beryn. [Ipobaemarnka xkoediieHTHEX 00epHeHnX 33,7349 HAOY 1 3HAUHOTO TIOIIH-
pents mie 3 70-x pokiB Munynoro cromitrsa. Henokanbui obepreni 3a1a4i a1 OMHOBAMID-
HOro piBHsHHs Teronposianocri pocaigus Isanyos M.I. [1]. V upaui Bepesuunpkoi 1.B.
[2] BU3HAUEHO YMOBM iCHYBAHHS Ta, €IMHOCT] PO3B’s13Ky 0OepHEHOT 3314l 7151 OTHOBUMIp-
HOTO TTOBHOTO MapabosIivHOro piBHAHHS 3 KpalfioBumu ymosaMmu HeliMaHa Ta HEJTOKAIBHOKO
yMoBoio nepesusnadenus. Jermo nizuime Ipunnis H.M. [3] posrasiyna obepreny 3amasdy
3HAXOMKEeHHs KoedirienTa 6img MOTOANIOl MOXiTHOI A7 TTOBHOIO Mapabo idHOrO PiBHSI-
HHs 3 BUPO/KEHHSIM TAKOXK 13 HEJIOKAJIBHOI yMOBOIO nepeBusnadenus. ObepHeni 3amadi
3 HEJIOKAJIbHUMHY Ta IHTErpajJbHUMN yMOBAMH J0CTiIKeH] Takox y [4], [5].

OHOBUMIDHI 3312491 MEHIII TOYHO OMUCYIOTH MIMCHICTH, HIXK 1XHI TBOBUMIpHI aHa-
Jioru. JIBoBuMipHI 33134l BU3HAYEHHS CTAPIIOrO KOeMIMEHTa, PO3TJIAHYTO, HATPUKJIA,
y npangx Isangosa M.I. ta Caraiisaka P.B. [6], [7]. Uucenbui Meroqu ana obuncaenusa
po3B’a3kiB aBoBuMipHUX ObepHeHUX 3a7a4 nogaxo y [8], [9]. Baramom nparp, ne Gynu 6
po3rIsiHyTi GararoBuMipHi obepHeHi 3amadi, € He HaATO Oararo. lle crmoHykamo aBTOpa
BUKOHATH JTOCJTII2KEHHSI.

Mu posrisnyiu ObepHEHY 3a/a9y 3HAXOIMKEHHS 3aJIeKHOTO Bil 9acy CTapInoro
KoedirienTa ABOBUMIPHOrO PiBHIHHS TEILIONPOBiAHOCTI 3 KpaitoBuMu ymosamu Hefima-
Ha Ta HEJOKAJBHOIO YMOBOIO fK YMOBOIO IepeBHM3HAYeHHd. BU3HAYMIN 10CTATHI yMOBHU
icHyBaHHS Ta €IMHOCTI PO3B’ 43Ky 3ajadi. Buma 10k HeJIOKAIbHOI YMOBY [IEPEBU3HATECHHS

© Kinam H., 2015
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3 iHTerpaJbHUM JOJAHKOM PO3TJISTHYIH OKPEMO.

2. ®opMyJIOBaHHS 3aJadyi Ta OCHOBHI mpumyImeHHsi. B obnacri Qr :=
{(z,y,t) : 0 < x < h,0<y<I,0<t<T} posrasmaemo OGEpHEHY 33/1a9y BU3HAICHHST
napu HeBigmomux Gyskuii (a(t), u(z,y,t)) and piBHAHHSA TEILIOUPOBIAHOCTI

U = ( )Au + f(.I Y, )a (xvyat) € QT (1)
3 TTOYATKOBOIO YMOBOIO
u(@,y,0) = ¢(z,y), (z,y) € [0,h] x[0,1], (2)
KpaloBUMU yMOBAMUA
ux(oayat) - ﬂll(yat)a um(hvyat) = ,u'12(y7t)7 (y7t) € [Oal] X [O,T], (3)
uy(z,0,t) = por(x,t), wy(z,l,t) = poa(z,t), (x,t) €[0,h] x[0,T] (4)
Ta HEJOKAJbHOI) YMOBOIO IIEPEBU3HAYCHHS
41 (t)u(ov Yo, t) + v (t)u(hv Yo, t) = MS(t)a te [07 T]v (5)

ne yo — dikcoBane 3HaYeHHs 3 TPOMIKKY [0, ].

Hexat Gi(x,t,&,7) — dynknii Ipina omHoBMUMIpHOI 3a7a4i mas pPIBHAHHA Up =
a(t)ug, 13 KpaliOBUMM YMOBAMHE NepHIoro poay mnpu k = 1, apyroro — npu k = 2, ymoBa-
mu w(0,t) = p1(t), ugp(h,t) = pa(t),t € [0,T] —mpu k = 3, ug (0,t) = pa(t), wu(h,t)=
us(t),t € [0,T] — upu k = 4. Bouu Bu3HAYAIOTHCSA PIBHICTIO

+o0 b1, (w—g—i—?nh)
Gi(z,1,6,7) = 2\/779 2. (o (exp<_4(9(t>—9<r)))+

n=-—oo

+(=1)* exp (-WW)) k=1,4, 0(t)= /ta(T)dT,tE [0,T7. (6)
0

4(6(t) - 0(7))

®ynukmio G, (y,t,n,T) 3agaemo anamnoriaao g0 Gy (x,t,&, 7).
Toni dyukuia Ipina 3azaqi (1)-(4) Busnauaersbcs piBnicTO

Gk’m('ra ZJ7 ta 57 na 7-) = Gk (l‘7 ta 57 T)G’m (ya t? 77? T)' (7)

[IpunycTrMo, M0 BUKOHYIOTHCA YMOBH :
(A1) f€C>°Qr), » e C*[0,h] x[0,1]), p1, 2 € CHH([0,1] x [0,T]),
H21, H22 € Cl’l([ovh] X [OvT])v M3, V1, V2 € Cl([OaT])§
(Az) <p(:c,y) 2 0, (:C,y) € [07h] X [071]5 Vi(t) < O7V§(t) <0, te [O>T}§
Mll(y,t) <0, M12(ya ) >0, (yat) € [Ovl] X [07T]; M21(x7t> <0, N?Q(xvt) =0,
(z,t) € [0,h] x [O,TL fla,y,t) 20, (z,9,t) € Qr;

(A3) Ap(z, y) 0, (x,y) € [0,h]x[0,1]; wv;i(t) 20,i=1,2, 11(t)+wa(t) >0,t€[0,T];
pa1e(y, ) — f2(0,y,t) <0, /Lth(ya t) = fx(hyy,t) = 0, (y,t) €[0,1] x [0,T};
M21t(x7t) ($7 ) <0, M22t(x t) fy(x,l, ) = 0, (.%',t) € [Ovh] X [07T];

Af(xvy’ ) 2 0, (xvyvt) € QT7

(A4) ¢:(0,y) = p11(,0), @u(h,y) = p12(y,0), @y(x,0) = p21(2,0), py(z,h) = p22(z,0);
(A5) p5(t) —v1(t) f(0, 90, ) — v2(t) f(hyyo, t) >0, t€0,T];
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(A6) v1(0)p(0,90) + v2(0)p(h, yo) = u3(0).

3. Orpumanns 3 3aga4i (1)—(5) piBHaHHS cTocoBHO a(t). dkmpo a(t) — Bimoma
byuxis, To u(z,y,t) € poss’askom 3amaqi (1)—(4). Orxke, BUKOHYETBCS DIiBHICTB

l

u(z,y,t) //G22 z,y,t,6,m,0)p(&,n)dEdn

0
+/
0

l
/ Gaa (i, .1, 0,7, 7)a(7) s (7, 7)ddr+

G22 :C yatahvna ) ( )/1/12 nT dndT

1
/

0

h
/ G, 9,1, €,0,7)a(7) o (€, 7)dEdT+
0

G22 ({E, Y, t, 57 ha 7')0/(7')/1,22 (57 T)dgd’r +

Ot O\N

_I_
o .
o .
o _

h
/ Gaa(, . t,€,1,7) F (€., 7)dédndr.
0

(8)

3acrocoryemo 1o (8) oneparop Jlamraca. Bpaxosytoun ymMoBn yaromxkentst (A4) Ta Biac-
tuBocTi yHKHil I'piHa, 3aCTOCOBYIOUM iHTErpYyBAHHS YACTUHAME, OTPUMYEMO
Il h t

l
AU(%ZU»t) ://G22($ayyt7f7nvo)AW(f’n)dﬁdﬁ—//G22($,y7t,0,7777')(/i117(77,7')_
0 0

0 0
t

- fE(07 m, T))dndT + / / G22 ({I?, Y, ta h7 7, T) (/1’127 (777 7—) - f{(hv m, T))d?]dT—

0 0
t h t h

- / / G (., 1, €,0,7) (ia1r (6,7) — f,)(€,0,7))dédr + / / G, 1, €, 1, 7)x
0 0 00
h

t o1l
X (H227(57 ) fn(€7l77— dng—" G22 37 yat E n,T )Af(§7n37)d§dnd7— (9)
[

Hudepenuiowgu ymosy (5) ta 3acrocoytoun (1), orpumyemo oneparopHe piBHAHHSA
cTOCOBHO a(t) BUTISATY

_ _Q1(?)
a=Pa, acC(0,T]), xme(Pa)(t)= ) (10)
Ql(t) = :U’:/S(t) - Vl(t)f(o’ yOvt) - VQ(t)f(h’ yOvt) - Vi(t)u(oay%t) - Vé(t)u(hvy%t)(ﬂ )
11
Q2(t) = v1(t)Au(0, yo,t) + v2(t)Au(h, yo, t), t€[0,T], (12)

a u(0,yo,1t), Au(0,yo,t), u(h,yo,t) Ta Au(h,yo,t) 3anatorbca dopmymamu (8) Ta (9) y
(0,90,t) Ta (h,yo,t), Binmosigmo. JlomaraicTs (12) BAMIMBAE 3 ANPIOPHWX OIIHOK, SKi
BU3HAYAIOTh Y JIOBEJEeHHI TeopeMu 1.

I3 cmocoby orpumannsa cuctemu piHsaHb (8), (10) BumMBae, MO pPoO3B’A30K (@, U)
sagadi (1)—(5) 3amoBonbuse cucreMy (8), (10). JoBeaemo, mo npaBuibHuM € 1 obepHeHe
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TBepKeHHs. ExBiBasenTHicTh pisHsAHHA (8) 3amaqi (1)—(4) 3a ymosu, mo a(t) — sigo-
me, noeenena y [10]. Jomuoxyemo (10) ma (12) Ta inTerpyemo 3a wacom Bing 0 mo t i3
BpaxyBaHHsM ymoBu y3romkents (A6). Bpaxosyoun eksiBasenTnicTs 3agadi (1)—(4)
piBaaAHHIO (8), 6auuMO, 10 OTPUMAHA PIBHICTH ekBiBaseHTHA YMOBI (5).

4. IcHyBaHHsSI Ta eJMHicTH po3B’si3Ky 3amaui (1)—(5).

Teopema 1. fxwo euxonyromvca ymosu (Al)—(A6), mo sadaua (1)~(5) mae npu-
natimni odun poss’asox (a(t),u(z,y,t)) € C([0,T]) x C*H(Qr).

Josedenns. o6 nosecru icuyBanus po3s’sa3ky 3amadi (1)—(5), 3a monomorow reopemu
[MTayaepa nosenemo icHyBanHg po3B’a3Ky piBasauus (10).

Yepes C;, i = 1,6 nosHayaemo pi3Hi gozaTHi crasi, sKi 3ajeKarb Bij BUXIIHUX
manux, h ta T.

Hagpenemo Braacrusocti dyuknii I'pina 3 [12], gkl BUKOPHCTOBYIOTE y JT0BeIEHH]

Ga(x,t,&,0)dE = 1, (13)

T~

1 1
Go(0,4,0,7) < ~ 4+ ——o o 14
N AN CORG) .
106 3acTrocyBaru Teopemy Illaynepa, moTpiGHO PO3TIASTHYTH OMEPATOPHE PiBHSHHS
(10) ma muoxuni N = {a € C([0,T]) : Ao < a(t) < A1}, ne Ay, A1— Taki crani, mo
oneparop P mepesomuts muokuny Ny cebe (Tobro, Ag < (Pa)(t) < A, t € [0,T] ana
JoBLbHOT a € N). BusHauumo, sskuMu MaioTh OyTH 11i CTaJi.

ITposenemo oniaky (Pa(t)) sam3y. 3ayBazKuMo, 10 3 ABHOIO 300parkeHHs (hyHKII
[pina (7) Gaa(z,y,t,&,n,7) > 0. Bpaxosywoun ymosu (A2), (Ab), i3 (11) orpumyemo

Ql(t) = tél[loln](pﬁ( ) - Vl(t)f(ovy(bt) - VQ(t)f(hvyOat)) = Cl > 07 te [OvT]

T

IMozHAYNMO Gpin = min a(t) Ta onirmmo (12). I3 (13), (14)

te[0,T]
Cs
t) < C. , 0, 7).
Q2(1) 2+ o €0, 7]
Orxe,
C
(Pa)(t) > ———, t€[0,T].
Cy + me
Busnaunmo Ag i3 piBHOCTI
Ch
e 0
Co+ & s

TOA1

20,

2
(Cs +/C3 + 40201>
AO =
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OTxe, nasg nopinbHOTO 0@ € N
(Pa)(t) = Ay, t€][0,T).
IIposenemo ouinky (Pa)(t) 3Bepxy. Ouinoemo (12), Bukopucrosyioan (A3) ra (13)
I h I h
Qa2(t) > V1(t)/ Gzz(O,yo,t,&mO)Aw(f,n)dédn+Vz(t)//Gzz(h,yoyt,&mo)x
0 00

0

x Ap(&,n)dédn = (11(t) + Z/Q(t))[o }rjlir[lo Z]Ago(x, y)=Cy >0, te][0,T].
,h]x 0,

TosHauaeMO Gmax = max a(t) Ta 3 (13), (14) orpumvyemo ominky (11) 3Bepxy

t€[0,T]
Q1(t) < C5 + Cov/amax-

Toni
Cs + Ce+/tmax
(Pa)(t)< 5 + Cgy/Gma )
Cy
Buaxomumo Aj 3 piBHOCTI
Cs 4+ Cs v/ Aq A
- 1,

TOJIi

2
. Cs + /CZ +4C4Cs
T 20,

Orxe, i 3uaiiennx 3uadens Ao, Ay orpumaemo take: axmo a € N, roi (Pa) € N.
Posrasnaemo oneparopre pipasuus (10) wa muoxuni N := {a € C([0,T]) : Ap <
a(t) < A;}. Omeparop P meperoguth muoxuny Ny cebe 3rimHo 3 orminkamu sume. Te,
mo P uinkom menepepsnmii Ha N, BusHagaemMo ananoriano mo [12], ¢.27. Toxi icuyBanns
HerepepBHOro po3s’s3ky pieusuHg (10) Bumiusae 3 Teopemu Illaymepa npo Hepyxomy
TOYKY IiJTKOM HemepepsHOTO omeparopa. Ockimpku dyukiia v € C?1(Q1) oxmosHadmo
BusHauaerhes 3 (1)—(4) mpu 3aganomy a € C(0,T), To TeopeMy JOBEIEHO. O

Teopema 2. Sxwo suronyromvesa ymosu (A2), (A5), mo pose’asox (1)-(5) edunui y
kaaci C([0,T]) x C*1(Q).

Josedenna. Tpumycrumo, 1o icuyors asi mapu Gyukuiit (aq(t), ui(z,y,t)) Ta
(ag(t),uz(z,y,t)), mo € poss’askamum 3amaqi (1)-(5). Beegemo uosi dynkmii:

as(t) := a1 (t) —az(t), te€[0,T], wus(x,y,t):=ui(z,y,t)—us(x,y,t), (z,y,t)€ Qr.

(15)
Tomi napa dyukuiit (as(t), us(x,y,t)) € po3s’s3kom 3ama4i
ust = a1(t)Auz + az(t)Aus, (x,y,t) € Qr, (16)
uz(x,y,0) =0, (x,y)€[0,h] x][0,], (17)
use(0,y,%) =0, wsz(h,y,t) =0, (y,t)€[0,1]x][0,T], (18)
ugy(z,0,t) =0, wusy(z,l,t) =0, (x,t)€0,h]x][0,T], (19)
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141 (t)U3(0, Yo, t) + I/Q(f)’[l,g(h, Yo, t) = O, te [0, T] (20)
Hudepeniioemo (20) Ta, 3acrocoytoun (16), orpumyemo

1 / /
O = B0, 0) + ey, 0w ) Oy, 0

—vi(t)ar(t)Aus(0,y0,t) — va(t)ai(t)Aus(h, yo, 1)) (21)

[Tosuaunmo [epes 622($7y,t7§,77,7) dynkuito Ipina 3amaqi (18), (19) mna pisBadas
@y = a1 (t)Ad. Ockimbru a4 (t) — Bimoma dbynKmig, To pos3s’s30k 3anaqi (16)-(19) emuamit
# BH3HAYAIOTH 33 (POPMYIIOI0

t 1 h
(z,y,t /0/0/622(1’7y,t,f,n,T)ag(T)AuQ(ﬁ,n,T)dfdndr. (22)

Bacrocorytoun 10 (22) oneparop Jlamaaca, OTpUMYEMO

l

t h
Aw@%ﬂ:/M//A o,y b, € T)as(r) Ay (€, T)dedn. (23)
0 0 0

Bpaxosyroun (22) Ta (23), i3 (21) onepxkumo piBHAHHA CTOCOBHO a3(t)

h

¢ !
1
as(t) = dT// —v G (0,90,t,&,m,
3() v1(t)Auz (0, yo,t) + va(t) Aua(h, yo, t) o/ ) 0( 1(H)G22(0,90, 2, &1, 7)=

- Vé(f)ézz(h»y(hta&nﬁ) —vi(t)ai(t )AG22(07y07t7577777) — va(t)ai(t)x

X Aé22(h7 Yo, t? fa 7, T)) as (T)AUQ (57 m, T)dé-d’r] (24)

Hosememo, mo vy (t) Aus (0, yo, t) +v2(t) Aug(h, yo,t) # 0. Ockinbku (az, u2) € O3B I3KOM
3amadi (1)-(5), To 3 (10) maTumemo

v1(t) Auz (0, yo, ) + va(t) Aua(h, yo, t) = az(t)(u3(t) — vi(t) £(0,y0,t) — va(t) f(h, yo, t)—
— Vi (t)u2(0, 90, t) — va(t)uz(h, yo, 1))

3ayBaxkuMo, 10 Uz BU3HAUAETHCA (dopMysion (8) sk po3s’s30k 3amadi (1)-(4). Orxe, 3
ymoB (A2), (A5) suninBae

I/l(t)A’LLQ(O, Yo, t) + VQ(t)AUQ(h, Yo, t) >0, te [0, T]

Orpumanu iHnTerpajibue piBHIHHA Boaneppa APYroro pomy (24) 3rimHo 3 Teope-
Mo10 4, ¢.21 i3 [11] inrerpamn, mo micrars AGas (0, yo, t, &, 1, 7) Ta AGas(h, yo, t,&,1,7), €
HenepepBHAMA PYHKIIAME, OCKLTbKH Aus (€, 1), T) 3amoBoabaae ymoBy Lesbaepa, 3a mpoc-
topoeumu 3minauMu. Toni iHTerpasbhe pisHsaHHA Boabreppa apyroro posy (24) Mae emu-
HUil po3B’sa30K ag(t) =0, ¢ € [0,T], a orxe, 3 pirrocti (22) us(z,y,t) =0, (x,y,t) €
Qr. €auwicts po3s’asky (1)-(5) y kmaci C([0,T]) x C?T*Y(Q) nosemeno. O



Haramnia KIHATII
58 ISSN 2078-3744. Bicuuk JIpBiB. yu-ry. Cepisz mex.-mar. 2015. Bumyck 80

5. Bumajjok HeJIOKAJIbHOT YMOBHM I€PEeBU3HAYEHHSI 3 IHTErpajJbHUM J0-
naakom. B obnacti Qp po3rasigaeMo ODepHEHY 3alady BU3HAYEHHS MApU HEBITOMUX
byuxuiit (a(t),uw(z,y,t)) nus pisasassa (1), mo 3amosonbHAe ymosu (2)-(4) Ta yMOBy
MEPEBU3HAYCHHSA BUTIISTY

I h
umwmmﬁ+mwwmmw+wm//ﬁm%wmw=%m,tewﬂ7@a
0 0

ne yo — dikcosane snavenns 3 [0, ].
Ho ymos (A1)-(A4) opueamyemo:
(Ala) v3 € CL([0,T)); (A2a) v4(t) <0 tel0,T); (A3a) v3(t) =0, tel0,T7];

(A5a) :LL/S(t) - Vl(t)f(oay(%t) - VQ(t)f(hvy(J?t) - V3 fj f z,Y, )dl’dy > Oa te [05T]7

L h
(A6a) v1(0)p(0,y0) + v2(0)p(h, yo) + v3(0) [ [ w(x,y)dzdy = pus3(0).
00
Bpaxosytoun, mo

l

Il h h
//Nww7M@—/Wd%ﬂwmwm®+/mM%ﬂﬂm@ﬁﬂ%
0 O 0

0
t [0, 7],

nudepentioemo (25) ta, 3acrocoByoun (1), oTpuMyemMo

= Pa, a e (Pa :Q?’(t)
o= Po. acCOT). s (Pa)n) = 540, (26)
Qs(t) = 15(8) — 1 (8) (0, 0, 1) — 12 (1) F(O. 90, £) — vt £ (o, ) — va(t) X
Il h Il h
X//fx% dady — v(£)u(0, yo, £) — v(E)ulh, yo, ) //ux% dedy,
0 0 0 0
(27)

l

Qa(t) = v1(t)Au(0, yo,t) + va(t) Au(h, yo,t) +va(t </ pi2(y,t) — paa(y, t))dy+

0
h

+ /(,uzz(l‘ﬂf) - ugl(x,t))dx>, t €[0,7]. (28)

0

Buauenns u(0, yo, t), Au(0,yo,t), u(h, yo,t), Au(h,yo, t) Ta u(z,y,t) y (27), (28) 3anaors
dbopmynamu (8) ta (9) y Bignosignux roukax. OTox,

l h l h
Qs = O1(t) — vt //fx%tww—% //ﬁx% dedy,
0 0 0 0
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l

h
Qa = Qa2(t) + 13() /(ulz(y,t) — i (y, 1))dy + /(/m(ant) — p2(z,))de |
0 0
te[0,T].
Ha mizcraBi Busnadenux piBHOCTEN POPMYTIOEMO Ta JOBOAMMO TEOPEMH 1CHYBAHHSI
Ta enuHOCTI po3B’si3Ky 3amadi (1)-(4), (25) ananoriuno 10 Teopem 1, 2.
Teopema 3. frxwo suxonyromwves ymosu (Al)-(A4), (Ala)-(A3a), (Aba), (A6a),
mo sadava (1)-(4), (25) mae npunatimni odun pose’asox (a(t),u(z,y,t)) € C([0,T]) x
C*H Q).
Teopema 4. fruo sukonyromsues ymosu (A2), (A2a), (Aba), mo poszs’azox (1)-(4),
(25) edunuti y xaaci C([0,T]) x C?T4HQr).
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AN INVERSE PROBLEM FOR A TWO-DIMENSIONAL HEAT
EQUATION WITH NONLOCAL OVERDETERMINATION
CONDITION

Nataliia KINASH

Ivan Franko National University of Luiv,
Universytetska Str., 1, Lviv, 79000
e-mail: n_kinash@lnu.edu.ua

Sufficient conditions of existence and uniqueness of solution to the inverse
problem of determining time-dependent leading coefficient in a 2-dimensional
heat equation with nonlocal overdetermination condition are established.

Key words: inverse problem, nonlocal overdetermination condition, 2D heat
equation.
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YIK 512.536

IMPO KJIACUYHI AYOIIOJIITOHN TA OESAKI IXHI
3ACTOCYBAHHA

Mukoaa KOMAPHUIIbKWUM, Fanauna 3EJIICKO

JIveieckutl naytonarvnul yrieepcumem imens leana Ppanka,
sy.a. Yuisepcumemcoka, 1 , JIvsis, 79000
e-mail: nick.komarnytsky@Qyandez.ua

Bseieno noHaTTS JBOCTOPOHHBOTO MiIIOMITOHY [EHTPOBAHOIO [IOJITOHY HAT
MOHOIIOM 3 HyJIeM, sike IPHUPOJHO y3arajbHIOE JBOCTODPOHHI i7easr MOHOIIA.
Bomo rpyHTy€THC Ha BimOMil BiracTHBOCTI BeTaBku MHOKHUKA, (IFP), axy Bus-
gasu ['pynBasb i Ceessiipi. JIBocTOpoHHI HiAIOIIrOHN 3aCTOCOBYIOTH J10 1100y~
JOBH OCHOB TeOpil KJACUYHUX JAYOIOJITOHIB 1 KJIACHIHO IIEPBUHHUX IIiIITOJIIT0-
HiB. XapaKkTepu3yOThCS KJIACUYHI IyOIOJIrOHN 3aC00aMy MOBH aHYISTOPHUAX
imeamiB. JlociiiizKeHO KIACHYHI TOII-IyOIOJITOHH.

Ka104061 ca06a: TEPBUHHUN MiAIIOJINOH, KJIACHYHO II€PBUHHUN II0JIi-
TOH, IBOCTOPOHHI# IAIIOIITOH, KJ/JIACUYHWHA IYOIOJITOH, KJIACHYHHUN TOI-
JTyOTIOJIIT OH.

1. Berym. Mera namol mpami — ZOCTiINTH MOXKJIUBICTE TOOYIOBH Teopil myormoui-
POHIB 33 KJIACUYHOI CXEMOI), Ha BiJIMIHY BiJl TEXHOJIOIIH, SKi 32CTOCOBYIOTD iJI€10 I1JIKOM
iHBapiaHTHWUX TiAMOJITOHIB, TNB., HATTPUKJIAL, Tpaiio Poyerana i Epmana [14]. 3ayrsaxu-
MO, IO KJAC TYOMOJITOHIB, AKUil JOCTIIKYEThCA B Tl Tpalli, He € 3aMKHEHUM CTOCOBHO
TePEXOIy 10 MPSIMUX A00YTKIB CiMeil TOJIrOHIB, MO CUIBHO KOHTPACTYE 3 KJTACHIHUM PO-
3yMIHHSAM QYOKLTENb Ta AyOMOIYJIB, & OTXKe, i Ayornosironis. Mu BBOAMMO IBOCTOPOHHI,
i 30KpeMa, JIBOCTOPOHHI KJACHUYHO NEPBUHHI Mi/IOJIITOHHU, sKi Kpa3 i € TOYKaMu KJia-
cuuanoro crnekrpa Karo nporo momirony. Koukperni npukiaam 3acBigayioTh, M0 HABITH
HaJl KOMYTATUBHUMH MOHOIAMW 3 HYJEM iCHYIOTH KJIACUYIHO TIEPBUHHI T ATOMITOHN, AKi
He 30008 ’s3aH1 Oyt nepsunHuMY. Ha3Ba “KIacuvuHO NepBUHHUN IS CIIEKTPA TOXOIUTH
BiZ HOBOTO TepMiHa “KIacHYHO mepBuHHME miamomyas” . Ilei Tum MomysiB BIepIne BUKO-
pucramu Bex6ooai i Koxi B npani [6] (3a znassoro “cnadbko nepsunni”). B [5] gocaimkenta
TAKUX MOJIYJIIB IIPOJOBKEHO BKE IIijl HA3BOIO KTACHIHO ITEPBUHHUX MOMYJiB. JlocmimKy-
BATUMEMO KJIACUYHO MEPBUHHUIM crleKTp KaTo mosirony 3a cxemoro, Ky 3ali0ovaTKyBa/In
Ha3BaHI aBTOPH i MOMYJiB. KopucTyBaruMeMoch BBEIEHUM TePMIHOM ‘TBOCTOPOHHIM
mianoairon”; akuii y3arajbHioe (B IesKOMY CEHCl) HOHSTTS JBOCTOPOHHBOIO ineasty Kijib-
g (MOHOIA) 1 IoNOMAarae BUALIMTY HiKaBUI KJ1aC NOJITOHIB, IPUPOIHO HA3BAHUI KJI1ACOM
KJIACUYHUX TYOIOJIroHiB. BHKOPHCTOByBATMMEMO TEXHIKY MiAMOAYIIB 3 “BIACTUBICTIO

© Komapuunpkwuit M. Bedicko T'., 2015
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BryadeHHst MHOKHWKA® (I F'P) (nue., Hanpukiaaz, [10]) ta igeo JIBOCTOPOHHBOIO MiIMO-
Jynst 3 [2]. BuswauuMo Haiinpocrimi BracTuBocTi Takux mignosironis. Beogumo moHsATTs
KJIACUYHO TIEPBHHHOIO MAMOIIrOHY i KjaacwmaHOro cmekrpa Karo MynbTHUILTKAIi#HOTO
KJIACHYIHOTO IYOIOJIrOHy. 3’ICYyEMO BJIACTMBOCTI TAKUX TIOJITOHIB Ta MPOIEMOHCTPYEMO,
mo Kiaacuaauil cuekTp Karo moBoguThes mogibHo gk 3Bu4aiinnii criektp Karo monoiga.
Knacuuani myomonirorn oxapakTepu30BaHi MOBOIO aHYJIATOPHUX MPAaBUX ieanin. Pe3ymnnb-
taT Harajaye TeepiykenHs Jlomma i Jle na Ilen’T nosenenmii nyist Momyais [13].

2. ITonepenui gaHi.

Bceroau gepes S nosnavarumemo MoOHOID 3 HyseM 0 1 HEHYJIBOBOIO OAMHHIEIO 1, aje
He 000B’A3KOBO KOMyTaTuBHHA. Hemopoxkma MHOXKHHA A Ha3MBATHMETLCA NPABUM S-
HOJIrOHOM 1 MO3HAYAETHCs uepe3 Ag, gKio icHye Taka mis (a,s) — as 3 A X S B A, mo
i) a(st) = (as)t qnsa scix a € Ais,t € 5,1ii) al =1 gns koxkHOro 0 € A.

[Migmuoxkuna B momirony Ag Ha3WBA€TbCs MiANOMTOHOM, SAKIO bs € B s Beix
b€ Bise S. Cumposiuno 3anucyeMo 1o curyanito tak: B < A. Tomy miamoniron S-
nosirony Sg(Bianosinuo ¢5) € upaBum (Bianosiauo aiBum) ineanom mouoina S. Esement
0 € Ag Ha3WBaETHCS HEPYXOMUM €JIEMEHTOM TONTOHy A, stkuio mist Beix s € S, 0s = 0.
Bci monironun Ag B miif ctarTi MalOTh €IUHUE HEPYXOMUN €1eMEHT, SIKUH TO3HAYAEThHCS
gepe3 0 i Takwuit, o ms Bcix a € Ais € S, 0s =01 a0 = 0; 0 Ha3UBATUMEMO HYJIEM
nomnirony A. ITosirosu 3 3a3Ha4YeHOIO BIACTHBICTIO 333BUYail HASUBAIOTH IEHTPOBAHUMU.
Axmo I peskuii izean B S, To piciB dpakrop MoHOIIA S 3a MomynaeM | IO3HAYATHMEMO
qepe3 S/I; nobpe Bimomo, mo knacamu exsiBanentrocti B S/I ¢ I (ayns ana S/I) i
BCl omnoenemenTHi MHOkUHU {a}, ge a € S\ I. Hamani Bupas “S-mnosiron” oznagarume
IeHTpoBanuit “yuiTapauii npasuit S-nmoniron”. Kareropito BCiX MEHTPOBAHUX YHITAPHUX
[IpaBuX MOJIroHiB nosnadgaemo yepes C Acts — S.

CroBocnonydenns “igean mMoHoiga’ S o3HadaTuMe “IBOCTOPOHHIN imeasn mMoHoiza.
Inean I B S HazuBaeMO EPBUHHUM, SKINO JJisi Oyib-aKux a,b € S, 3 prmovenns aSb C I
BUILIUBAE, 10 ab0 a € I abo b € I. O1xke, I € nepBUHHUM TOMI 1 TIABKK TOJL, KOJIU JIJIsT
Oynb-sikux mpasux igeanis J i K momnoina S, 3 srumouenss JK C I pumniusag, mo J C 1
abo K C 1.

ITignoniron B noairona A Ha3WBa€ThCA MEPBUHHUM IIIAIIOIITOHOM, AKIIO /IS KOXK-
HOro a € A i xoxxsoro r € S, 3 Baouyens aSr C B pumimsae, mo abo a € B abo
Ar C B. Cam nogiron A 3 CActs — S Ha3uBaeThCs MEPBUHHNM, KO mianomiron (0)
nosirony A e neppunanM (ue. [3]).

Haszsemo Biacuuii migmosiron P mosirony A KIaCU9HO MEPBUHHWM TTiIMOJITOHOM,
SAKIIO A KoxkHOro mianosmirony C momirony A i Oyap-skux ineanis A, B monoiza S 3
praoueraa C AB C B sumausae, mo abo CA C P a6o CB C P.

OueBuHO, HAJ, IPOCTUM MOHOIZOM 3 HyJIeM BCi BJIACHI HiAIOJIrOHM JOBLIBHOIO He-
HYJIBOBOT'O TIOJIITOHY OyIyTh KJIACUIHO TEPBUHHUMU. 33YBAYKUMO, 110 KJIACUIHO TEPBUHHI
MOJIYJIi Pi3HI ABTOPY BU3HAYAIOTH TIO0-PI3HOMY, ajie eKBiBajeHTHUMH criocobavu. O3HadeH-
H$l KJIACHYIHO TIEPBUHHOTO TiANOJITOHY OTPUMYETHC 3 O3HAYEHHS KIJIACUYHO TEPBUHHOTO
nigmozyss 3 npani [10] 3amMino0 BIANOBLAHMX MOAYJABHUX T€PMIHIB IXHIMH TIOJIrOHHUMU
Bigmosigamkavu. KiaacnvHo mepBuHHI MOMINOHN MalOTh Ty BJIACTHBICTH, IO MPaBi aHy-
JISTOPU HEHYJIHOBUX IXHIX Mi/MOJITOHIB € MePBUHHUMY ieasaMu MoHoina. IIpasma, Taxi
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TEPBUHHI AHYJISATOPU MOXKYTh OyTH pi3HUMEU s PI3HUX MiAIOJITOHIB, TOM AK y TIep-
BUHHUX TIOJIITOHAX BOHM DPiBHI MiXK co00r0. JIid MeTajbHIMOro 3HaOMCTBA 3 KJIACHIHO
NEPBUHHUMU MOJYJISIMUA DEKOMEHYEMO BXKe 3rajlaHy Ipaio [6].

Monoizn S Ha3UBAETHC JLYOMOHOIIOM, SIKINO KOXKHMI OJHOCTOPOHHIM i1eai y HBOMY
JIBOCTOPOHHI#, T0O6TO mist koxkHoro z € S, S = Sx. JomarkoBy indopmaliio npo ne
MOZKHA IOYePIHYTH 3 [4].

Ao mis koxkHOro mignogirony B monirony A icuye makwit imean I monoima S,
mo B = Al, ro S-nomiron A HazuBaTMMEMO MyAbTUILTIKAIiHIM S-momironom. Taxi
nosirony AocaiiKysamu B npangx [9], [12]. 3axanuii S-noniron A € mysnbTUILLIKAI-
HUM TOHi i TLIBKHM TOHI, KOMM IJis KOXKHOTO a € A icmye Takmii imeasn [ momoima S, mo
aS = Al. QueBumno, 10 /s MATOMIrOHY B MynbTummikarifinoro S-nomnirony A suko-
HyeThes pipaicts B = A(B : A), ne (B : A) = {s € S : As C B}. TlosHa ninkareropis
kareropii C'Acts — S, kKaacom 0OEKTIB K0T € KJTac MYJIbTUIIKAIIIWHAX MOJINOHIB, HA3H-
BAETHCsI KATErOPi€0 MYJIbTUILIIKALIMHUX MOJIroHIB 1 mosHavaeTbes yepes MC Acts — S.
3a ponarkoporo indopmMauieto om0 Teopii nmosironis BiacuiaeMo uurada g0 upaui [11].

3. Iouironn 3 Baacrusictio (IFP) i aBocTopoHHi migmosironn.

Haramaemo, mo KaacwIHuil Miaxia A0 AyOKiJenb I'PYHTYETHCA Ha TMOHATTI IBOCTO-
POHHDLOTO ifeany. ¥ BUMAAKY MOMYJIB, a TUM Tade TOJITOHIB MOHATTS JTBOCTOPOHHOCTI
HIXTO i He HaMaraBCs BBECTH Y 3B’g3KY 3 IXHBOIO MPUPOIHO AIIPIOPHOIO OTHOCTOPOHHICTIO.

IIpore ckpymyaIbO3HUIA aHATI3 BUABUB, IO AESKIi ITiATIOMITOHA BCE 2K MAIOTh BIACTH-
BOCTI, #Ki 3 BEJIMKOIO IMOBIPHICTIO HAra/lylOTh JIBOCTOPOHHI CIPYKTYPH.

Beememo dbopmanbHe O3HAUYEHHS TiAMOJITOHY 3 BJIACTUBICTIO BCTABKY MHOXKHUKA,
(B.B.M), abo B anrmiiicbkomy Bapiauti (IFP), sxe sukopucrano B npami I'pyaBaibia
i Ccessiipi [10], B xKoHTeKcTi Teopil momyniB. ¥ Byxuiil curyamil 1e MOHATTS BIEpIIE
cdopmymiosas Bein B [7], pocaimkyroun Maiizke-Kinbiis.

ITignoniron B npaBoro noiirony A Ha3uBa€TbCs MiAIIOIIIOHOM 3 BJACTUBICTIO BCTAB-
kn MaOoKHWKA (IFP), sikuio 3 ymoBu sa € B qyist s € Si a € A BUIUINBaE BKIIFOUEHHS
sSa C B. KaxyThb, mo nouiron A mae snacrusicrs (IFP), axio ioro nyiabosuit miamno-
giron mae Baacrusicts (IFP).

Y Bunasky npasux izeasis Monoina 3 wyaem Biacrusicrs (IFP) nia koxuoro upaso-
ro migizeany K mpasoro imeasny I eksiBanenTHa mgocToponHocti izeasny I. Tomy mamasti
mignosironn mosirony A, Bcl mpasi mignosironw skux BosoxitoTk Baactusictio (IFP),
HA3UBATHMEMO JIBOCTOPOHHIME migmoaironamu. Cepen IpUKIALIB BiA3HAYMMO, IO BECh
nosiron € mignosironom 3 BaacrusicTio (IFP) ax migmosiron camoro cebe, a HyJbOBHI
M ATIOJITOH € JBOCTOPOHHIM Y KOKHOMY TIOJITOHI HAI AyOMOHOI0M 3 HyteM. Ham komyTa-
TUBHUM MOHOIJIOM BCi MHiJMOJJITOHU JOBLIBHOIO TOJITOHY € JBOCTOPOHHIMH, IO CBLIYUTH
[IPO MPHUPOAHICTH I[HOIO TOHATTS.

Haragaemo mesiki o3HaveHHs 3 npari [1], mo cToCy0ThCs MpaBuX aHyJISTOPHUX ie-
aJiB eJIeMeHTIB MOJITOHY.

Hasa enemenrta a € A Busnauumo upasuii anyisrop dopmynoi Ann.(a) =
{(s,t) € S x S : as = at}. lle mpasa koHrpyennis Ha nomironi A. Hynb-koMmoneHTa i€l
KOHTPYEHIIiI HA3MBAETHCSA IPABUM AHYJISATOPHUM ieanoM enemerTa a € A i mO3HAYAETHCA
qepe3 ann,(a).

Teepmxkeuns 1. Hexatt S — monoid 3 nyaem i A — noaizon 3 xamezopii C Acts — S.
Todi nepesiveni nudicue saacmueocmi noaizony A exsisarenmmi:
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1) woorcnuti nionoaizon nosizony A mae eaacmusicms (IFP);

2) wootcHull cKinuenHo nopoddcenuti nidnoaizon nosizony A Mae GAGCTIUGICTNG
(IFP);

3) woorcnul yuraiunud nidnoaizon nosizony A mae eaacmusicmo (IFP);

4) das wootcnozo nidnoaizony B noaizony A daxmop noaizon Pica A/B eoiodie
BAACTNUBICINIO: NPAEULT GHYAAMOPHUT idean KocHozo eaemenma nosizony A/B e deo-
COPoHHIM idearom 6 S.

Josedenna. Ivmnikanil 1) = 2) = 3) ouesuani. Josememo immiikamio 3) = 4). Hexait
B — nignoniron nosirony A i@ € A/B. Torpibuo gosectu, 1mo npasuil inean Ann,. (@)
TaKoXK € i JiBuM imeasom. Ilpumycrumo, mo t € Ann,a. Toxi at = 0, 3igku af = 0, a
orxke, at € B. Bapngaku ymosi (IFP) orpumaemo aut € B aua koxuoro u € S. Tenep
Haanmo, mo aut = 0. Hami aut = 0, 3Bigkn sunmmBae, mo ut € Ann,.(@) 3a 6yab-aIKOrO
u € S. Tomy Ann,.(a@) € aABOCTOPOHHIM imeasom MoHOINA S. JIjist 3aBEpINEHHS TOBEICHHSI
JIOCTATHLO TepeBipuTy icrunuicTs iMmutikanii 4) = 1). Hexaii as € B anisa dikcoBanoro
mignosirony B nonirony A, me a € Ais € S. llepeitimosim 10 KJaciB €KBiBaJEHTHOCTI
picosoro dakropa A/B, marumemo s € Ann,.(@). BpaxyBasmm mBOCTOPOHHICTD MTPABOTO
aHyngaTOpa eeMenTa @ 3 A/ B 6adnmo, mo us € Ann,. (@), a ne 03HaYa€ BUKOHAHHA YMOBH
aus € B miust koxkHoro u € S. Orxke, ymosa (IFP) ansa miamonirony B BUKOHYeTHCS i
JTOBCJICHHS TBCPIYKEHHST 3aBepIIeHe. O

Orxe, MOXKHA HA3BATHU IOJITOH A IBOCTOPOHHIM, AKINO BiH 33J0BOJIbHAE €KBIBAJICH-
THI ymMoBU TBepmkenHs 1.

3 o3HavUeHHs BUIJIMBAE, IO TMAMOIITOH IBOCTOPOHHBOIO MOJITOHY € JBOCTOPOHHIM.
30KkpeMa MPABUJIBHA, TAKa JEMA.

TBepaxkennsi 2. Hexati A, B,C € CActs — S. fdxwo C — deocmoponniii nidnosizon
noaieony B i B — deocmoponniti nidnoaizon noaizony A, mo C' — deocmoponniii nidno-
Al20H nosieony A.

TBepaxkenus 3. Jl6ocmoporti nidnoaizony Jo6iabHOZ0 NOAIZOHY YMBOPIML TOSHY
Jpamry, a 060cMopoHHE NIONOAT20HY 3 COUHUMU JONOBHEHHAMYU — NOGHY OYAESY JS'DAMEKY.

JloBemeHHs IIHOTO TBEPIKEHHs IIPOBOANTELC OE3I0CEPETHBOI0 TPEPEBIPKOI0 HEOOXi 1~
HuX BAacTuBocTeil. Ile pyTuHHI cTaHIaPTHI TEPEBipKH, SKi MOYKEe BUKOHATH 3aITliKABICHMH
qUTAM.

4. Kitacu4Hi mmpasi AyOIIOJIIrOHM Ta CTPOri mpaBi JyOMMOJIIrOHH.

BronuMo kacwvHi aHATOTY TTPABUX TYOTOJITOHIB i TPaBUX CTPOTHUX JIYOTOJIITOHIB.
Jns mporo Ham Tpeba Haragatu HeoOximHi dakTh 3 mpari [14].

CrogaTky BBEIEMO MOHATTS KJIACUIHOTO jyomnojirony. [Ipasuil mosiron HasusaTu-
MEMO KJIACHYHWUM IMPAaBUM JIYOIIOJITOHOM, SIKIIO B HbOMY BCi TIPaBi MiANIOJIrOHA — JBO-
cTOPOHHI. AHaJIOriYHO (POPMYIIOETHC O3HAYEHHSA KJIACUIHOIO JIBOIO J1yOILOJIrOHY.

OueBUIHO, MO KOXKHUN MiAMOMITOH TPABOTO MOJITOHY HAJ MPABUM TYOMOHOIIOM 3
HyneM € asoctoponHiM. ToMy BCi TpaBi MOIrOHN HAMI TPABUM ITYOMOHOIIOM 3 HYJIEM €
KJIACUYHUMU JTyOMOJiTOHAMH.

Hasgemo B minkoM imBapianTHUM mignomiroroM momirony A, sxmo f(B) C B aus
KOKHOTO eHgomMopdismy f momiromy A i A Ha3MBAETHCA AYONOJIrOHOM, AKIINO KOMKHHIMA
IiAIOJIIrOH TOMIIroHy A € IJIKOM iHBapiaHTHIM.
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[Ipasuit S — moniron A HA3WBAETHCST CTPOTHM YOIOJITOHOM, AKIIO JJIsi KOXKHOTO
mignonirony B monirony A caix tr(B, A) = Ujepom(p,a) f(B) nonirony B B A nopis-
Hioe B.

3ayBaxKuMo, 10 POBIVISHYTI BHINE MOHSTTS IYyOIOJIrOHY Ta CTPOTO JIYOIOJIrOHY
CAabKO y3rOMKyIOThCH 3 KIACHIHUM TIIXOI0M 0 AyOmOHAThH. Hampukiam, HaBiTh HAT
KOMYTATUBHUM MOHOIIIOM MOXKYTb ICHYBATH TIOJIINOHHU, K1 HE € CTPOTHMH JTYOIOJIITOHAMH.
3 inmioro 6oky, npamMuii Jo0yTOK Oy/ib-gaKOT ¢iM’T KJIIACHYIHUX TIPABUX JLYOIOJITOHIB 3HOBY
€ KJTACUIHUM TIPABUM TYOTIOITOHOM.

Teepaxenusa 4. Hexatli S — monoid 3 nenyavoeorw odunuuyero A € CActs — S xaacun-
Hutl npasull dyonoaizon. Todi eksisaseHmui Maki MEEPIHCEHHA:

1) A ¢ cmpozum dyonosizonom;

2) xootcnudi nidnoaizon noaizony A € cmpozum dYonoaizoHoM;

3) axwo ann,(a) C ann,(b), mo b € aS das 6ydo-axux a,b € A;

4) npasi anysamophi i0eait eaemenmie KoicHo20 20MOMOPPHO20 06Pasy noaizony
A e deocmoponnimu idearamu monoida S;

5) npasi anyAAMOPHE 10eaAU EACMEHTNIG KOICHO20 DICOB020 BAKMOP-NOATZONY NOAI-
20my A € deocmopornimu idearamu monoida S.

Hosederna. ExpiBamenTricTs TBepakens 1)-3) Busnadena B [14]. ExsiBasenTHicTs TBEp-
JuKenb 3) 1 5) BumuBae 3 TBepirkenHs 1. ExsiBanenrnicrs 4) 1 5) € Hacainkom Biacru-
BOCTI BCTABKM MHOYKHWKA, MepehOpMyIbOBAHOT JJIsT KOHTPYEHIiH. O

5. KnacnuHo mepBuHHI mijgmosironn i kiaacuauumii cnektp Karo kiaacudno-
T'o JAyOMOJIITOHY.

4K imrocTpallito KOpUCHOCTI i71el pO3TISAy ABOCTOPOHHIX MiMOITOHIB Ta, KITACHIHIX
JLyONOJITOHIB MPOITOHYEMO OIHY 3 MOXKJIUBUX TEXHOJIOTIH mepeHnecenHs Tomnosorii 3apu-
CbKOro 3i criekrpa Karo komyrarusHoro Monoina Ha kiracu4auit cuekrp Karo kiacuasoro
JIyOTIOJITOHY.

Hanami, wexait S — jayomoHoin 3 myjaem i Hexail A — geskuii S-mosiiron. 9k mwu
BYKE 3ralyBaJid, KOXKHUI MpaBUil TMOMIroH Haj S € KJIACUYHUM JIyOIOJITOHOM, TOMY BC
ftoro mignosironn € gsocroporHivMu. Kmacmano nepsuaauM crnexkrpom CKSpec(A) mo-
BLIBHOrO MOJIroHy A HaJ MOHOIIOM HAa3MBAETHCA MHOXKHMHA BCIX JABOCTOPOHHIX IIiAIO-
Jironis nosirony A, gki € KJacu4HO nepBMHHMMHU. 3agamo Tonosoriio Ha CKSpec(A),
SIKa, y3araJibHIOE TOMOJIOTII0 3apuChbKOro 3 MOJAYJIB HAJ| KOMYTATUBHUMHU KiJIBISIMU Ha,
KJIACUYHI AYOTONITOHM HaJ JTyoMOHOITamMu. HaszwBaTwmMmeMmo ITI0 TOMOJIOTII0 TOMOJOTIEI0
Maitxke-3apucbkoro Ha nojironi A. Insa nporo Bubepemo HOBiabHMI migmosiron B He-
HYJBOBOI'O KJIACUYHOTO JAyOnoyirony A i BU3HAYMMO KJIACHYIHUN MHOTOBH, HanI B, skwuii
nosHagaemo V(B), AK MHOXKHHY BCIX TAKMX KJIACHYHO-IIEPBUHHUX IiAIIOMironis P 1o-
mirony A, mus skmx N C P. 9k ao6pe vimomo: V(N) = 0; V(0) = CKSpec(A);
Nicr V(N:) = V(3 _,er Ni) mna nosinbroi muoxkunu innexcis I; V(N)UV (L) C V(NNL),
e N, L, N; < M.

Civ’to Beix mimvuokun V(N) muoxuan CK Spec(A) mozraanmo aepes C(A). Toxi
C(A) micTurs mopoxkuio Muoxkuny 1 CK Spec(A), ane, gk i y Bunagky mozayis, C'(A) ne
3000B’s13aHa 6yTH 3aMKHEHOI CTOCOBHO CKIHYEHHMX 00 €/IHAHD.
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3a aHATIOT1€10 3 MOTYISIME, HA3BEMO S-TIOMTOH A KAGCUNHUM TON-NOAT20HOM, TKITTO
muoxkuHa C(A) 3aMKHEHA CTOCOBHO CKIHUEHHUX 06’€[HAHD, TOOTO JIjid NOBLILHUX MiJTI0-
aironis N ta L monirony A icaye taxmit mignomniron K noairony A, mo V(N) U V(L) =
V(K). Ouesnano, Toai C'(A) 3am0BoIBHSE AKCIOMU JIJI 3AaMKHEHNUX TLIMHOKAH TOTOJIO-
riYHOrO TPOCTOPY. 3PO3yMiJIO TAKOXK, IO YCi CKiHYEHH] IePeTHHHU JIOMOBHEHD 10 MHOXKIH
3 C(A) yrBopioioTh 6a3y BIAKPUTHX MAMHOKUH I1yKaHOro mpoctopy C K Spec(A).

BayBaxkuMo, IO TOTOJIOr s Maiizke-3apucbKoro Ha MOHOIAL S 1 3Buuaiina Tomosoris
Bapucbkoro MoHoina S 36iraloThes.

Cdopmyaioemo ananor pesysbrary nparyi [15], skuil BUgBUBCH OPABHJILHUM 1y BH-
naaKy Kaacuaaoro crnekrpa Karo romn-myonomirony.

Teepaxenna 5. Tonosoziunut npocmip X e 2omeomoppnuti do CKSpec(A) das de-
AK020 MON-0yonoaizona A modi i Miabky Modi, KOAU SUKOHYIOMDBCA MAK] MPU GAGCTIU-
60cmi:

1) X e Ty — npocmopom;

2) mnoocuna gidkpumuz aamor npocmopy X € 6asoro 6 X, wo micmums X i €
3AMEHEHOI0 CMOCOBHO CKIHYEHHUT NEePemumio;

3) dogiabrutll nepemun He36I0HUT 3aKPUIMUT NIOMHOdCUH NPocmopy X € 3aMuraH-
nam edunoi mouxu i X sadoeoavuac ymosy: axwo {Uy : A € A C U}, mo icuyroms maxi
enemenmu A, .., \n € A, wo (i, Ux, C U.

Hosenenns reopemu € momudikalieo BiAnoBiaHOro noBeaennd 3 upani [15] i3 Bpa-
xyBanu#aM dakris, njopenenux B upani [§].
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CLASSICAL DUO-ACTS AND SOME THEIR APPLICATIONS

Mykola Komarnitskij, Galyna Zelisko

Ivan Franko National University of Luiv,
Universytets’ka Str., 1, Lviv, 79000
e-mail: nick.komarnytsky@Qyandez.ua

A notion of a two-sided subact of centered act over a monoid with zero
is introduced. Properties of these acts are described and, on their basis, the
theory of classical duo-acts is constructed, as opposed to the theory of duo-
acts based on the technique of completely invariant subacts. The acts with
various annihilator conditions are considered. The two-sided subacts are appli-
ed for construction of backgrounds of the theory of classical duo-acts and prime
subacts. The classical duo-acts are characterized by means of language of anni-
hilator ideals. The classical duo top-acts are described.

Key words: act, classical duo-act, classical prime act, two-sided subact,
classical duo-act, classical duo top-act
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ITPO BATATOYJIEHHY ACUMIITOTUKY AHAJIITUYHUX Y
KPY3I XAPAKTEPUCTUYHNX ®OYHKIIIN NMMOBIPHOCHUX
3AKOHIB

JIro6os KYJIABEILD

Jveiecvruti HaytonarvHul yHisepcumem imens Ieana Pparka,
eys. Yuieepcumemcora, 1, Jlveis, 79000
e-mail: lubov.kulyavets @gmail.com

Hns amanituanol B kpysi {z : |z| < R} xapakrepucrtuanoi GyHKIi ¢
iimosipaicHoro 3axkony F omepxano ymosu Ha Wr(z) = 1 — F(z) + F(—x),
x > 0, Ipu BUKOHAHHI AKUX g ii Makcumymy monynas M, (r) mpasuibHa

m

T; 1
J T+O(lanrTR.

acuMIITOTHYHA piBHICTD In M, (r) =
p W() E(RfT)pJ (R*T)
j=1
Kmowoesi caosa: pan [lipixsie, AMOBIpHICHHI 3aKOH, XapaKTEPUCTUYIHA
dyHKIIiS.

Hecnanna HemepeppHa 3iiBa Ha (—o00, +00) dynkiia F wasusaerbes [1, c. 10]
fiMoBipHicHEM 3akoHOM, sikimo lim F(x) = 11 lim F(z) = 0, a pusHavyeHa s
r—+o0 T—r—00

+oo |
nificanx 3Havensb z dyskuia ¢(z) = [ e**dF(x) nasupaerbea |1, c. 12| xapaxrepuc-
— 00

TUYHOIO QYHKIHEO HOTO 3aKOHY. ZKINO ¢ MOMyCcKae aHATITUIHE MTPOIOBXKEHHS Ha KPYT
Dr = {2z : |2]| < R},0 < R < 400, T0 ¢ HasuBaeThCa anamitmauoio B Dp xapax-
TepucTuIHOO (yHKIico. Braxkaemo, mo Di € MakcuMaabHAM KPYTOM AHAJIITHIHOCTI
dbyuxuii ¢. Bizomo [1, c. 37-38], 1m0 ¢ ¢ anamitnunowo B D xapakTeprcTHIHO0 GYHKITED
fiMoBipHicHoro 3akony F' roxi i timeku Toai, kKomm Wr(z) = 1—F(x)+F(—z) = O(e™"%)
npu ¢ — 400 mia KoxkuOoro r > 0. 3BiacKH BUILINBAE, IO

1 1
lim —1 = R. (1)

n
z—4o0 L WF (I)

Oy 0 < r < R npuitmemo M, (1) = max{|p(2)| : |2| = r}. B [2]| nocninxkeno ymosy,
3a gaKux g 1ol (R = +00) xapakrepucTudHol GyHKUiT npaBuiibHe CliBBLAHOIIEHHS

In My (r) = Tjr% + (r +o(1))r, r— +o, (2)
j=1

© Kyasiens JI., 2015



IIPO BATATOYJIEHHY ACUMIITOTUKY AHAJIITUYHUX ¥V KPV3I ...
ISSN 2078-3744. Bicuuk JlpiB. yu-ty. Cepis mex.-mar. 2015. Bumyck 80 69

Je 01 >1,0<90< o< <g<pform>2T >0T;, € R\{0} for 2<j <m
i 7 € R\{0}. Moseneno, mo (2) € mIpaBUILHEM TOA] i TLTLKA TOMI, KOJA 7St GYIb-AKOTO
€ > 0 BUKOHYBaJIaCh aCUMIITOTUYHA HEPIBHICTH

¢ p1/(p1—1) i ¢ p;/(p1—1)
In Wp(t) S _Tl(pl — 1) ( ) + Tj ( ) +
Tipy = Tipy

p/(p1—1)
+(r+¢e) <T1p1) , t>to(e),

Ta iCHyBaJa 3pOCTarda Mo +00 NOCTIMOBHICTE (t)) AOMATHEX IHCEN Taka, 10

t p1/(p1—1) m t pj/p1—1)
1 t) > —T, -1 | 5 Ti\ 7,0
n We(ty) > 1(p1 ) <T1p1) +jg2 / <T1p1> i

t P/Pl—l
tr-e) (Tll;l)

itgyr — b, = 0(t2p1+p—2)/2(p1_1)) mpu k — oo.

Mu npunycTuMo, mo ¢ — aHaJiTHYHA B KPy3i {2 : |2| < R} iimMoBipHicHOrO 3aK0HY
F' i Buznaunmo ymoBu Ha Wr, 3a skux
m
T; T+ o(1
In M, = 2 , R, 3
nMo() =3 e Y ey T 3)

j=1

Je 0<p<pm<--<pa<p;,Th>0,T; e R\{0} miz 2 < j <mirTeR\{0}.
st uporo mpuitmMemo fi,(r) = sup{Wr(z)e™ : « > 0} i goBeseMoO CHOYATKY, IO
ACUMITOTHYHA PiBHICTH (3) pIBHOCHJIBHA ACUMOTOTHYHIHA PiBHOCTI

- T, T+ 0(1)
1 = J . 4
H;U'Lp('r') =~ (R—T)pj (R—’I”)p7 TTR ()
Ocxkineku [1, ¢. 55] pe(r) < 2M,(r), To 3 HepiBHOCTI
- T, T+o(1
In M, < 1 »
DM S g Y e R ©)
BUILIUBAE HEPiBHICTH
= T; 7 +0(1)
1 < j _
nﬂw(r)_;(Rir)pj +(R*T')p’ TTR (6)
3 irmoro 6oky [1, c. 52],
My(r) < I (r)+1+Wgp(0), I,(r)= Wg(z)e"dx + 1+ Wg(0)

0
quist Beix r € (0, R). Hua I,(r) orpumaemo

o0
Loy = (R =P 72) = [ Wi(a)elr =0 ey <
0
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—(R—r)P1—P+2y _ NW(T)
r)/e dxi—(R_T)Pl—p+2.
0

In My(r — (R—r)PP+) <
j=1
Hosraxmmo t = r— (R—7r)P1 P2, Toni nesaskko nosectu Taxe: r = t—(14+o0(1))(R—
t)P1=P*+2 npu t + R. Tomy myia koxmuoro 1 < j <m
1 1

G~ wogn (- A ep(R=7) =

1 (Lo _ 1 1
“m—wm‘<R—wvmﬂl‘WR—ww+OQR—wJ

npu t T R. Tomy 3 (7) Bumausae, 1o

T T+o(1)
mﬂhu)SEQU%%P1+ —=, tTR,
iz

Tomy
Tj T+ O(].)

E R Er A @)

To6To HepiBrocTi (5) 1 (6) ekBiBasIEHTHI.

SIkimo Temep BEKOHYEThCA (4), TO 3 eKBiBaseHTHOCTI HepiBHOCTEH (5) 1 (6) BHILIMBAE
(3). dkmo x (4) He BuKOHyeTbCs1, TO 3 orisuy Ha HepiBHOcTi (3) 1 fp(r) < 2My(r)
MpaBUJIbHA HEPIBHICTH

“ T; 1
lnuw(rk)ﬁz 4 ) + 71+ o(l) k — oo,
j:

R—rp)Pi  (R—rp)P’

nng peakoi mocmimosHocTi (1) T R, me 71 < 7. Tomi ana miel mocaizosrocti (1) T R
upaBuiibHa HepiBHicTb (7) 3 71 3amicrb T, 1 HOBTOPIOIOYM HABEJEH] paHille MipKyBaHH:,
OTPUMYEMO OIIHKY (3) 3 71 3aMICTh T [Jist JesKOI TOCTiMOBHOCTI (t);) T R, 1110 HEMOKJIUEO.

Orke, acumnrornani pisrocti (3) 1 (1) € piBHOCHIBHUMHE, | HAM 3aJMITHIIOCH BU3HA~
quru ymoBu Ha W, 3a gKUX OpaBUIbHA aCUMIOTOTUYHA PiBHICTH (4). [Ijis 1bOro MOKeMo
BUKODHUCTATH Takuii orpuManuii B [2] pesyabrar.

JIema 1. Hezxaii ¢ynwuii P(t) i Q(o) = sup{P(t) + ot : t > 0} cnpaosiceni 3a Fneom,
a0 <p<pm<--<p<p,TH >07T; € RA{0} dna 2 < j < m, 7 € R\{0} 4
p1+ p > 2p2. Todi das mozo
Ty (1
A= p+ e et ®

o]

Heobxidno 1 docmammubo, uob daa 6ydv-akozo € > 0:
1) 6yaa npasuavhoro nepienicmo

p1/(p1+1) m ¢ p;j/(p1+1)
+> T +
) Z; ’ <T1P1)

P(t) <Ti(p1+1) (T1p1 ‘

¢ p/(p1+1)
) . t>to(e);

+r+e) (7o
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2) icnyeana spocmaroua do +00 nocaidosnicms (tr) dodamuur “uces maxa, w0

t p1/(p1+1)  m th p;/(p1+1)
H%)Zﬂ@r+m(ﬂm> +§:E<ﬂm> +
2

Jj=

¢ p/(p1+1)
Yk
Tip: )

+(r+¢) (

tk+1 —t = O( — 0Q.

(PR
Ao nputiMmemo o = r — R, To, OCKLIBKHU
In p,(r) = sup{ln Wg(z) +rz: >0} =
— sup{ln (Wi (2)e™) + (r = Rz : @ > 0} = Q(r — R) = Q(0r),
ne P(t) = In (Wg(t)ef). Tomy 3riamo 3 1eMOI0 HPABHIbLHE TAKE TBED/ZKEHHSI.

Teepaxenusa 1. Hexati p1 + p > 2p2. Todi daa mozo, wob acumnmomuume pieHicmo
(4) 6yaa npasuavholo, Heobxidno i docmammbo, wob das 6ydv-axoeo € > 0:
1) 6yaa npasusvhoro Hwepienicmo

" p1/(p1+1) m ¢ p;/(p1+1)
mmwm%gnm+n< ) +Z%( ) .
j=2

Tipy Tip1

¢ p/(p1+1)
) . t>to(e);

+(r+e) <T1p1

2) icnyeana spocmaroua do +00 nocaidosnicms (tx) dodamuur wuces maxa, w0

t p1/(p1+1) m te pj/(p1+1)
lmmmeznm+n( ) +ZE< ) ;
=2

Tip1 Tip1

th )p/(m—H)

+(r+¢e) <T1p1

k — oo.

p+2)(2 1
tk-‘,—l _ tk: — O(t/(gpl+p+ )( (p1+ )),

3perToro, ocKigbKH acaMIToTHYHI piBHOCTI (3) i (4) € PIBHOCHIBHUMHE, TPUXOINMO
J0 TaKOl OCHOBHOI TEOpeMU.

Teopema 1. Hexati p1 +p > 2p2. Todi dasn mozo, wob acumnmomuuna pienicms (3)
byaa NpasusbHo10, HeobTidno i docmammso, wob daa bydv-arozo € > 0 6UKOHYBAAUCH
ymosu 1) i 2) paniwe dosedenozo meepdocens.

Aptop Bucnosmoe nongaky Hlepemeri M.M. 3a cayuiHi 3ayBaskeHHS.
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ON MANY-TERMED ASYMPTOTIC OF ANALYTIC IN A DISK
CHARACTERISTIC FUNCTIONS OF PROBABILITY LAWS

Lyubov KULYAVEC’

Ivan Franko National University of Luiv,
Universytetska Str., 1, Lviv, 79000
e-mail: lubov.kulyavets @gmail.com

For an analytic in a disk {z : |z| < R} characteristic function ¢ of the
probability law F'| there are indicated conditions on Wg(z) = 1—F(z)+F(—x),
x > 0, under which for its maximum modulus M, (r) the asymtotical equality

_ m Tj T+O(1)
In My, (r) = 321 B—rp T R=r) as r T R holds.

Key words: Dirichlet series, probability law, characteristic function.
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VIIK 514

AJANOEPEHIIAJIBHO-TEOMETPUYHA CTPYKTVYPA
INVIAIKNX CYBMEPCIN

Bikrop KY3AKOHB!, Onekcanap IIIEJIEXOB?

L 0decvra noyionarvra axademis TAPUOSUT METHOAOZI,
eya. Kanamnua, 112, m. Odeca, 65039
e-mail: kuzakon_v@Qukr.net
2Tsepc"omul depotcasrutl ynisepcumem,
eya. XKeasabosa 33, m. Teepv, 170100
e-mail: amshelekhov@rambler.ru

Meromom Eni Kaprana BuBuaemMo reomMeTpiio mapyBaHHS, STKa € TOPOIZKEHA
rinaakon cybmepciero. OTpuMaHO KaHOHIYHMI BUI/IA] CTPYKTYPHHX DPIBHSAHD
raaakol cybmepcii, 3'sCOBaHO reoMeTpUyHMI CeHC KaHOHIZamil. Yk mpukmiar,
JeTajabHO PO3IJISHYTO MIAPYBAHHS JIBOBUMIPHMX IIOBEPXOHb y TPUBUMIPHOMY
€BKJIIJIOBOMY TIPOCTOPI, OIKUCAHO yCi HOro iHBapiaHTu.

Karouost caosa: MHOroBuI, 30BHImHI (popMU, PyXOMHUI perep, TJIagKe mra-
DPYBAHHSI, TOJIOBHE PO3IIapPyBAHHS, IHBAPIaHT, IIaIKi cyOMepcil.

1. Beryn. TudepentianbHi iHBapiaHTH MIAPYBAHD JOCTII2KYBAB OJUH 3 aBTOPIB I1i€l
crarti y npaugax [6]-[14]. BacrocoByBasn MeroauKy, ska 3anponoHosBana B [1],[3]. Hama
MeTa — JOCHITUTH TeOMeTPilo IIaJAKWX MapyBaHb KiaacuaHuM meronoM K.Kaprawma, B
OCHOBI SIKOTO € 30BHIIHI ¢opmMu Ta pyxomuii penep. et meTron 6yB cyTTE€BO BIOCKOHA-
Jienuit y nparigx 6ararbox reomerpis: I.®. Jlantesum, nus., nanpukian, [15], [16]. 3okpe-
Ma, y [17] Bin nobyayBas inBapianTHy Teopito audepeniiiioBanux BinobpazkeHb IIaaKoro
MHOTOBHU/Iy ¥ MHOTOBH OinMbIOl po3mMipHOCTI. My PO3BHHYIN IO TEOPIIO M1 BHUMAJIKY
raaakux cyomepciii. B meprmiit wactuHi npari 3HaHIEHO KAHOHIYHWN BUTJISII CTPYKTYP-
HUX PIBHSIHB MIAIKOI CyOMepcii Ta 3’ ICOBAHO TeOMEeTPUYHII CEHC TPOBEIEHOT KAHOHI3AITI].
Takox MU TPOJIEMOHCTPYBAJIH, IO 3 CYOMEPCie0 KaHOHIYHO TIOB’ a3aHi G-CTPYKTYpH mep-
IIIOT0 Ta JAPYTOro HOPSAIKY, Ta MEBHUM TPUBAJEHTHUN TE€H30D. ¥ APYTifl YacThHI AeTasb-
HO PO3IVISAAEMO PO3MIAPYBAHHS JABOBHMIPHUX MMOBEPXOHb ¥ TPUBUMIPHOMY €BKJIiIOBOMY
IIPOCTOPI, 3HAXOIUMO Horo mudepeHIiaabHi iHBapiaHTH, 3’ ICOBYEMO IXHIl T€OMEeTpUIHUN
ceHc. 30KpeMa, MU JIOBEIH, 10 ajredpa iHBapiaHTIB MOPOMKEH], 1HBAPIAHTAME IPYTOTO
pepeHITiaTbHOrO OKOJTY, SKi BU3HAYAKThH PO3IIAPYBAHHS 3 TOYHICTIO 0 PYXY-

© B. M. Kyszakons, O. M. ITlenexos, 2015
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2. CTpyKTypHI piBHSIHHS I1ajkol cybmepcii.

2.1. CmpyxmypHi pieHAHHA 24a0K0T cybmepcii y dosinvromy penepi. Hexait M ta
X — rnmagki MHOrOBHAM po3MipHOCTEH n Ta r, Bimmosimuo, n > r, ta f : M — X —
riaake Binobpazkenns (cybmepcis).

Brigno 3 [15] 3aaaMo crpykrypHi piBusHHs MuOroBuay M y Burusii

dw® =w? /\wé,
dw; :w;? A wh 4 WP Awék, (1)

dw;k :w;Tch A win - w;;n,k A w;'n - w;’wz A wl:n +w™A w;'knu
Tyr ', i,5,k,m,... = 1,2,...n, — 6a3ucui gudepenmniabui dopmu Mmuorosuny M, aki
€ 3aJIe’KHUMHE Bif amdepennianis mapaMmerpis ! — JTOKAIbHEX KOOpAmHAT Ha M.
ok Bigomo [16], bopmu wt i wj— yTBOpIOIOTHL Oasuc posmapysannsa H (M) xopeuepis
meproro mopsKy muorosuy M, dopwu W', Wl wh — Gasuc posmapysanus H? (M)
KOPEIEPIiB IPyTroro mOpsaKy Ta iH.
AwnasoriuyHo 3amuimeMo CTPYKTYPHI PIBHSAHHS MHOTOBAITY X

di* =9° A 9E,
dvy =9y AN Je + 9 ANI9E,, (2)
Tyt 9%, a,b,c,... = 1,2,...m, — 6asucui mudepenmiaabai ¢opMu MHOTOBUIY X, IO

3a/1eXKaTh Bin qudepeHIiatiB mapaMerpiB u® — JOKAJIbHUX KOOpDIAWHAT HA X .

VY nokambHMX KOOpAMHATAX piBHsHHSA cybmepcii f malysatoTh Burmsay u = f(x).
Ko Mu IpoandePEHITII0EMO T1e PIBHAHHS Ta 3aMiHUMO Y HOMY AU(EPEHITAIN 3MIiHHAX
Ha imBapianTHi dopmu w!, ¥, To oTpumaemo mudepentiabHi piBHARHS cybMmepcii f y
iHBapiaHTHOMY BUTJIAIL

9 = N W' (3)

@yrkmii AY = \?(x,u) yTBOpIOOTH audepeHIiaTbHO-TeOMeTPUIHIH 06 €KT MEPIIOro mo-
panxy Binobpaxkenus f [15].

Cybmepcist f Busnavae y muoropuai M mrapysanuss @ i3 mapamu KoposmipHocTi
m, ne 6azoro mapysanas € muOroBua X. Illap y M BusnauaeTbcs iKCAIi€n TOYKU
muorosuay X, 106T0 dikcamieo sokaabaux Koopauuar u® (abo, Koporiie, napaMerpa
u). Baxatouu u = const, orpumyemo ¥* = 0, BHACIIIOK 90ro 3 (3) BUILIUBAE

MNw'=0 (4)

— mudepennianbHi piBHAHHA mapyBanHg P.

Ha muorosuai M gie mncepmorpyma JOKAIbHUX dudeoMopdi3MiB, IKy MO3HATUMO
P. Amanoriuny rpymy, mo gie #Ha X, nosnaunmo Q. ko va mHOroBmmax M ta X He
3adiKCOBAHO KOMAHUX TOJATKOBUX CTPYKTYDP, TO cyOMmepcis f Ta mapysanuas O posris-
JATAMYTBCS 3 TOUHICTIO 70 MEPETBOPEHD TiceBaorpyu P x Q.

Bosuiuae audepenniioBants piBHAHb (3) 3 ypaxyBaHHSIM CTDYKTYPHUX DIBHAHD
[IPU3BOAUTH IO MOsiBU KBAJIPATHYHUX PIBHAHD

(AN = AFwF + NP 99) AW = 0.
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3rigmo 3 gemoro Kaprama orpumaemo
AXE = Npwf 4+ X2 = A, (5)

Je A = A}, — Jeaxi HOBI GyHKIIl, AKi pasoM 3 QyHKIiAME A CTAHOBIATH JudepeH-
UiajbHO-TeOMeTpUYHM 06’ €KT APYroro nopsaaky simobpaxkenns f [15].

ITponos:xkyrouu piuganug (5), To6T0, nudepeHiiooYr X 30BHINIHHBO, TA 3rOJ0M
po3kpuBaiodn 3a jemoio Kaprana, OTpUMYEMO HOBY Cepii0 PiBHAHD, IO MIiCTITH HOBI
dbyukuii A, Ta in. Pismaumsa (1), (2) pasom 3 pisusauamu (3), (5) HA3BUBAIOTL CMpPYk-
MYPHUMU PihaAnHAMY cybmepcii [ abo wapysanns .

3eysumo pommny Kopemepis H'(M), subupaioan dbopmu A w', AKi aHyTO0THCH
Ha mapax mapysanng P, gk wosi 6asmucui dopmu w® muOroBumy M. Y HOoBOMY bas3mci
piBusnng (4) wapy wapysanus ¢ nabyayTh BUrIsiLy

w®=0. (6)
[Mopisuiooun 3 (4), 3HAXOAMMO, IO ¥ HOBOMY perepi Ay = 07, A% = 0, ne 3a3Bu4ail
4epe3 dp nosHadeHo cuMmBoi Kponekepa ra u =m+1,m+2,...,n. Orpumani xopenepu

MEPINOTO TOPSIIKY Ha3BeMO ajanroBanuMu cybmepcii f abo mapysannio ¢. 3sudaiino,
TEepMiH ,,aJalITOBAHUI KOpenep* 3aCTOCOBYIOTH TAKOXK J0 YChOrO PO3MIAPYBAHHS a1aIITO-
BaHMX KOpemepiB, ake byaemo mo3nadarn R1. Hami 6ymemMo BBaxKaTH, IO YCi PO3PaXyHKN
BUKOHYIOTb B &/[AIITOBAHOMY Koperepl Ri. Y HboMy piBHsiHH: (3) MAIOTh LPOCTUIT BULJIsL

9 = w?. (7)
Hassemo iX kKanoHiuHUMY pieHaRHAMY cybmepcii f abo wapyearms P.
Bracninok crerfamizanii kopenepa (Af = g, A% = 0) piBusHus (5) MOXKHa HONIHTH
Ha JBi cepil

a__ ,.a a  k
b = Wp T Appw (8)
Ta
a a v a , b
Wy = Auvw + Aubw ’ (9)
a a . a N
Jie no3HadeHo A%, = —A%, . Buacnigok cumerpil BemmanH )\jk TI0 HUKHIX iHIeKcax, Be-

Y
‘., TAKOXK € cuMmerpuunumn A, = Al .
2.2. Kanowiwni cmpyxmypHi pienanna cyomepcii. Ao npoandepeHiioeMo pis-
HAHHS (9) 30BHINIHBO, TO OTPHMAEMO

VAL AW’ + A% Awb + A% AL WU AW =0, (10)

uv ve

Jauanan A’

e TO3HAYEHO

a __ a b a a w a w a
vAuu - dAuv + Au'uwb - vawu - Auwwv + Wyw> (11)
a _ a c , .a a , v a , ¢ a , v a
vAub - dAub + Aubwc - Avbwu - Aucwb - Auvwb + Wyb-
a
uv

a

vy TAKOK CHMETPHIHI

Buacnigok cumerpii Benuunn A% MOXKHA BBAXKaTH, IO (HOpME w
wo = wa. .

uv
Kopucryiouncs nemoro Kaprana, 3 ksaaparuaaux pisasub (10) orpumaemo

a __ Apa b a w
VA'U,’U - Au’ubw + Au’uww )

a a C a v (12)
vAub = Aubcw T+ Adbvw )
Jie BUKOHYIOTHCS CITiBBiTHOITICHH T
A([luv]b =0, AZmu = l(luvw)7 AZ[bc] =0, A’Zb’u - Ava = AZcAbe' (13)
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dximo nozHaunMo
O = wl + A4 w”, (14)

10 piBHsHHA (8) HAGYLYTH BUTISLY

Uy = @y, (15)

a BHacinok (7), (15) i piexocreit A%, = —A%, = — A7, mepii cepil CTPYKTYPHUX PIBHAHD
(1) i (2) HabyayTh OTHAKOBOTO BUTJISATY

dw® = Wb AR, (16)

Ha pemry piBusinb nepiioi cepii (1) 3amina (14) ve BruBae
dw® = Wk AWl
Buaiinemo 306pakenns (penpesenTaiiio) mncesnorpynu P X Q y kopenepi Rq. o-
BijbHE TeperTBopents 3 P nabysae Burigny w' = piw’, a J0BilbHE epeTBOpeHHs 3 Q
— 9 = ql‘}ﬂb. BraxkatumMeMo, mo Kobasuen @ i ¥ Takoxk 3 Ri, TOOTO AA HEX TaKOXK
BHKOHYIOThCA piBHAHHA (7): ¥ = @°. Toni 3 nmonepenHix piBHAHD BUILTHBAE, IO ¢ff = pf,
py = 0, marpuna (p;) nabyne surmsLy

( gg; (pgf) )

OToxX, BHACTIIOK PedyKIii pernepa ncesorpyna P 3pysunacd 1o ncesgorpynu P, obme-
skeHol ymoBamu p¢ = 0, a ncepmorpyna Q BRIATAETHCA y P/, mo € 11 posmmperHsam.

Bawmina (14) Bu3zHadae nepexij 10 HOBOIO aIalTOBAHOIO KOPEIepa, KUl II03HAYUMO
Ro. Hani 6ymemo BBazkaru, MO yci piBHsiHHA 3amucani y koperepi Ro. Ilopisrioioun
pisasuusg (15) Ta (8), 3HAX0AUMO, 110 ¥ KOpenepi Ro MalOTh BUKOHYBATUCH CITIBBIIHOIIEH-
HeA A, = 0, 3BiAKN BHACHIOK cuMeTpil WX BeIWYWH 328 HIKHIMH IHJEKCAMU MaTHMeMO
A2, = 0. Bracrinox mporo pisrsimus (9) HaOyIyTh BELIALY

wy = A% w”, (17)
Jie, BPAXOBYIOUH [ONEpe/THI TTO3HAYEHHS, OTPHMAEMO
Al = Ay (18)
3 apyrux pismocreii pisusus (11) Ta (12) Bacmizok ymosu A%, = 0 BumIHBAE
Wyp = Ay + Agpew” + Ay, w0, (19)
a criBinHOMeHHs (13) Termep MOXKHA 3alMCATH TaK:
Al[luv]b =0, Ava = ?uvw)’ Ag[bc] =0, va = Ava’ (13/)

Hudepeniioemo (15), cKOpucTaBiuch crpyKTyphuuMu pisusansvu (1) ta (2), 3a-
nucanuMu y Kopenepi Ro. Omepsxumo

a a c a a ,u v o_
(wbc - bc) ANw™ + (wbv - Auvwb) Aw" =0.
Bacrocyemo memy Kaprana Ta oTpuMaeMo piBHAHHS
a a __ ,a d a v
Whe — ﬂbc = HpeaW + HpepW s

a a , u__ ,a c a w
Why — Auvwb = UppeW T Hppw®
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Jle BUKOHYIOTLCS CITIBBiTHOIIIEHHS
Hoiea) = 05 Hbew = Hiver  Hpuw] = 0- (21)
3a monomorowo nepiioro 3i cuiesiguoniens (20) BBEIEMO TAKL I03HAYEHHS:
&g(: = wi()lc - /U‘Z(:’Uwv = 193(: + u(gcdwd = gc' (22)
OcTarodno OTpUMAEMO
dwy = wp ANwe + wy Awy, +w Awp, +w” A wp,
=wp Awd + A% wp ANw? +w Awp, +w¥ Awy,
= wp Awd + w”(wp, — Al wi) + w A wp,..
SBaminowun BUpa3 y AyKkax 3a gonomoron (20), Ta BpaxOBYIOHYH CHIBBLIHOIIEHHSH
:“Z[vw] = 0 (aums. (21)), nicis neperBopeHb 3 ypaxyBaHHsM [O3HA4YeHb (22), 0CTATO4HO
OLIEPKYEMO
dwy = &p N 0% + w® A @y, (23)
MoxkHa TepeBipuTH IPOCTUM OOUMCIEHHSM, 0 (hopma dl?l‘fc Ma€ caMe TaKuil BUTJISII,
T00TO, AUdEpeHIiIOBaHHA CHIBBIIHOMIEHHT Wy, = 192’0 o BuriuBae 3 (22), 1ae TOTOK-
HICTb.

Baminu (22) BU3HAYAIOTH MEPEXis 10 HOBUX ANANTOBAHUX KOPEIEPIB TPEThOro Io-
paaKy Ha muorosupax M i X, i mi kopenepu mozHauMMmo, BiNOBiAHO, R i R'. B mux

(mus. (22)) Bke @, = V§., TOMy 3 piBHsAHDL BurIany (20), 3ammcamux mjIs Kopemepa R,
BUILIUBAE U, = pi. =0, Tomy apyre piBuanng (20) Habyae BUTIALY
Wy = Apuy + Hpupw”- (20)

IIpomorxKyroun HaBeeHI MipKYBaHHS 33, THIYKITEI, MATIMEMO TaKe TBEPIKEHHS.

Teopema 1. Hexati f : M — X — zaadka cybmepcis ma cmpykmypHi PIGHAHHA
muozosudie M ma X sanucani y eueasdi (1), (2). Todi 6asucu y poswapysanHar Kope-
nepie nepuwiozo, dpy2020 Ma HWUT Nopaokie na muozosudar M ma X mootcha obpamu
maK, o0 6UKOHYEANUCA DIGHANHA

a __ a a __ a a __ a
19 =w, p — Wy, Whe = ’ﬂbc’ e (24)
0as 0Ydb-AK01 KiALKOCTNE HUMCHIT IHIeKCTS.

Ao e 3pobsieHo, TO BBAXKATUMEMO, IO cmpykmypu muozosudie M ma X e xa-
HOHIMHO Y32000CEHUMU CTNOCOEHO cybmepcii f. Y 1bOMY BUMAJKY CTPYKTYPHI PIBHIHHS
(2) MHOrOBHlY X CTAHOBJIATH YACTHHY CTPYKTYPHUX piBHsaAHb (1) Muorosumy M, sxi Oy-
JIEMO HA3HBATH KGHOHIYHUMUY CIMPYKMYDHUMY PiehaARRAMY cybmepcit [ abo wapysarns
P,

SIKIIO BUKOHYETHCS JIUIE MEpIa cepid CuiBBiaHOMEeHb (24), TO BBasXKATUMEMO, IO
€ KaHOHIYHO Y3TOJKEHUMH CTPYKTYPH TIEPIIOro MOPSAIKY, AKINO TepIna Ta, Apyra cepii
CTiBBIIHOIIEHb — TO KAHOHIYHO Y3TO/ZKEHUMU € CTPYKTYPHU JPYTOr0o MOPAAKY CTOCOBHO
cybmepcii f Ta iH.

SIKIMO KAHOHIYHO y3TOMKEHUMH € CTPYKTYPH JAPYrOro MOPsIAKY, TO HepImi ABi cepii
piBHgAHB (1) GyZ€MO Ha3WBATU CTPYKTYPHUMHU DIiBHAHHsIMU cyOMepcil f.
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2.3. G-cmpyxmypu, noe’a3ani 3 cybmepcier.
IMepuui uBi cepii crpykrypuux piBusnb (1) maorosumy M
dw' =W ANwj,  dw; = wi Awp, +w" Awy (25)

MOZKHA PO3LJIAATH K CTPYKTYDHI PIBHSHHS FOJIOBHOI'O PO3IIAPYBaHHs pernepis (penepis
epIoro mopsiaky ) uam M, 6a3o10 axoro € M, a mapom — MHOrOBUZ R, perepis meproro
HopAAKy, BifHeceHWX 1o meBHOI TOUkH p, p € M. lllap R, BUHOKPeMTIOEThCA IiTKOM
inTerpoBHOIO cucremoro w! = 0, BHACTIIOK AKOl piBHsAHHA (25) HaGyBAIOTh BUIIIALY

(577;» = Wf AT (26)

TyT 3a3puuait 77} = w; (modw® = 0), a § — cumBo mEbEPEHITIIOBARHSA 38 BTOPUHAIMHA
mapaMeTpaMu, TOOTO 3a mapaMerpaMu perepa y R,. Pisuaumns (26) ¢ piBHsHHAME TOBHOT
mimitnol rpynu GL(n), mo aie na mMuorosuni R, BITBLHO Ta IPOCTO TPAH3UTHUBHO.

Ao wa muOrOBHIax M Ta X KAHOHIYHO Y3roKeHi CTPYKTYPH JAPYroro mOpsSaKYy,
10 3 piBHAHL (17) Ta (26) orpumyemo 7% = 0, on¢ = 0. Ilinkom inTerpoBHa cucTeMa
7% = 0 Buokpemtoe Ha rpymi GL(n) miarpyny G, cTpyKTypHI PiBHSHHS AKOI OTPEMAEMO
3 (26), BpaxoByoun 7y =0

omy =mp Aml, dmy =mp Al +my Amy, 0my =) AT, (26")

(32)

me A, B,C — marpuni r X 1, (n —r) X r,(n —r) X (n — r), BiAIOBiTHO.

Hinkom inTerposui cucremu 7 = my = 0, mpy = 7y = 0, 7y = 7 = 0 BHOKpeMIIO-
101h y rpyni G Bianosigpo niarpymu GL(r), A(r,n — 1), GL(n — r), ne 4epes A(r,n —r)
HO3HAYEHO abesieBy TPYIYy MATpHilb (N — 7) X 7 MOA0 JA0JaBaHHA. K BUIHO 3 DIBHAHB
(26), nigrpymm GL(r) i GL(n — r) € HOpMaJIbHUME JiabHIKAME G.

I'pyna G i€ TpaH3UTUBHO HA MHOTOBHUII aJAIITOBAHUX PENEPIB, SIKUH MU TO3HAYUIIN
sk Ri. Tomy Bona 3anae wa muorosuni M G-crpykrypy [19], sky mMu nosnagumo Bg.

3riano 3 o3nadernaM rpyna G L(r) TpaH3UTUBHO Ji€ Ha PO3MIAPYBAaHHI penepiB MHO-
rosuny X. Jlosenemo, mo rpyna GL(n — r) TpaH3UTUBHO Ji€ HA PO3IMAPYBAHHI penepin
mapy mapysanis ¢. Cupasai, map dikcyerbest piBasuaam (9), BHACILIOK 9KOTO 3 PiB-
Hanb (1) (B azanToBaHOMY pernepi) OTPUMYEMO CTPYKTYDHI PIBHAHHS Iapy

Ipyna G € rpymnow MaTpuilh BUTIISATY

dw" =w’ AW

v

dw® =wP Aw™ +F Wl Awt FwP Awh, = w? Awh + A% W AW+ wh Aw!

vw vw -
®ikcyroun Touky mapy (w* = 0), ogepKyeMo cTpyKTypHi piBHsHHaA Tpymu GL(n — r)

u o _w u
dmy =m, N,

Orxke, 119 rpyna i€ Ha PO3MIAPYBaHHI pernepin, 6a3010 SKOTO € map mapyBaHHas P.
Haui posrasinemo nepiui Tpu cepii crpykrypHuux pisasb (1). Ix MoxkHa posrismaru

AK CTPYKTYPHI PIBHAHHS TOJOBHOI'O PO3IIAPYBAHHS PelepiB aApyroro nopsaaky Ham M,

6a3or0 gKoro € M, a mapoM — MHOTOBH], Rf) perepiB Apyroro MOpsIAKY, BiTHECEHUX
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1o meBHol Touku p, p € M. Hlap Rf, BUOKPEMJTIOETHCA TILTKOM 1HTETPOBHOIO CUCTEMOIO

w' = 0, Baacuinok gxoi 3 (1) Bunsubae
ot =mf Al

J J k>

(28)

OM g =T N Ty — Ty AT — Ty AT

i piBusgHHS BU3HAYAIOTH rpymy Jli, SKa Mae HA3BY IUQEPEHIAIBHOI IPYIH APYTOTO
nopsnky [15], mosaummo 1i D2, Bazmaumvo, mo AudepeRtiambai TPyIH A0CTi Ky BaTT
pi3Hi aBTOpH, HAIPHUKIAM, iX MATPHYIHY pelpe3eHTaliio mogano y [18], nus. Takox [4].

ko crpykTypu MuOoroBuais M ta X y3romKeHi 10 APYroro moOpsaKy, TO 3 TPETHOT
cepii piBugnp (28) nHa mincrasi (17) 3HaX0AMMO

a _ b a a w a w
57T’1w = Tyw A Ty — Tww A Ty — Tyw A Ty - (28)

3Binch BumIHBaE, WO cucteMa mdadopux piBHaEb ¢, = 0 Ha rpym D? € miakoM inTe-
IPOBHOIO, OTYKe, BHOKPEMITIOE [esKy MiArpyTy, To3HaquMo ii DE.

Hexait y posmapyBanti penepis gpyroro mopsaky uan M 3adikcoBamo mimposmra-
DYBaHHS BUIJISALY

a __
uv

w B2 ,w". (29)

Io3uasmmo fioro R. Y mapi RZQ, IIHOTO i APO3MIapyBAHHSA OYIyTh BUKOHYBATHCH DiBHAHHS
mo, = 0, Tobro y Rf) gie rpyma DE. Otxe, ma mMuoropuai M pusHadgeHo G-CTPYKTYpPY
Apyroro nopsaxy Bpz i3 crpykTypHOIO rpy1oo D2 [4]. Oamouaco 3 (12) 3HAXOAUMO, MO

na R dopuma VA%, crae ronosHow. Ie o3navae, mue. [15], mo pesmanan A%, yTBODIOIOTH
Ten30p Ha G-crpykrypi Bg. JoBeneMo Teopemy.

Teopema 2. Hexati f: M — X — cybmepcia, i cmpykmypu M ma X kanoHiuno
y3eodoiceni cmocosno f, mobmo suronyromusca pisnanns (1), (16), (17), (19), (20°), (23)
i ma in. Todi na M eusnaneno G-cmpyxmypy Ba, de G — nidepyna suzasdy (27) nosnoi
ainitinoi epynu GL(n), wo diec na nidposwapysanni penepis, 3a0anux pienanmuamu (17).
Hezxati na M sadixcosarnud nepemun euzandy (29). Todi na M eusnaueno G-cmpyxmypy
dpy2020 nopAdky Bpz i3 empyxmypnoro epynoro DZ — nidepynoro dudepenyianvnoi epynu
dpyeozo nopadky D?, suoxpemaenoto pienannamu 7, = 0. ¥ yvomy eunadxy eesurunu
A8, susnaneni pishocmamu (10) ma (12,1), ymeoproroms menzop na G-cmpyxmypi Be.

3. IuBapianTu posmapyBaHHS MMOBEPXOHb Y TPUBUMIPHOMY €BKJiIOBOMY
IpoCcTOPi.

3.1. Pienannsa cybmepcii f : E> — R.

Hexait f : E> = R, ne E? — tpusumipruit eskiinosuit mpoctip. Y E? Mmu 6ynemo Bu-
KOPHCTOBYBATH OPTOHOPMOBaHI pernepu. ToMy momepenni MipKyBaHHS IOBEAETHCS JEIIO
3MIHUTH, OCKIJIbKM TX IIPOBOJIMIIN JIJId 3araJIbHOIO BUIIA/IKY, KOJIM HA MHOT'OBHU/IM PELEPIB
HE HAKJIAJIAETHCS KOJHUX YMOB.

Hexait p — noBinbua Touka y E2, e; — pyxoMuii opTroHOpMOBaHwmii penep, i, j, k, ... =
1,2, 3. Braxkaemo, K 3a3mait

dp = w'e;, de; = wle;. (30)

J

®opmu w' Ta w] 3a0BOILHAIOTH CTPYKTYDHI PiBHSHHSA €BKJIiIOBOTO TPOCTOPY

dw' =W ANw),  dw) = wf A wh, (31)
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Ta CIiBBIIHOIITEHHS

wj— = —w], wi =0, (32)
AKi BUITHBAIOTH 3 yMOBH OPTOHOPMOBaHOCTI. SIK Bimomo [4], bopyu w' Ta wj‘ € iHBapi-
anTHEME GopMamu rpymu pyxis D? mpocropy E3.
B omHoBUMipHOMY BUNaAKY piBHsAHHS (2) HAOYAYTH BATJISILY
dot = 9P ANOT, dOT = 9P A9, d9Y =01 A9 9 AT, (33)

BazHaumMo, Mo mig gac 3Minn kobasucy ¥ = \I! dopmu y pipHarmax (33) mepe-
TBOPIOIOTHCA TAK:

U1 =91 —dg/q, 9}, = ¢ 91y, Viy = ¢ P0hqy, -

AjanTysaTH pOAMHY OPTOHOPDMOBAHHX pernepis y E3 MoKHA 3 IBOX MipKyBaHb:
1) w6 cupocruru piBHauHs mapy; 2) mob cupocruru pisusuug cybmepcii f. Ilap V
(nBoBUMipHa IoBepxHa) y E3 3Buuaiino BusHaua€ThCA piBHARHAM w® = 0, y IOMY BHIIAJI-
Ky BEKTODHU €] 1 €5 PYXOMOI0 pPernepa JAOTUYHI 10 TIOBEpXHI V', a BEKTOp €3 CIPSMOBAHUIL

BUTTIALY
O =wd, W% = prb,

e a,b = 1,2, (pf) — oproronansua Marpung. OOupaioun Taky POAMHY Denepis, Mu

oTpuMaeMo piBHsaHHA cybmepcil y surssaai 90 = Aw?. 3pobumo na R saminy xobasucy

¥ — M, BHAcTinOK "oro piBHAEEA cyOMepcil HabyIe BUTIATY

I = wd. (34)

3 immoro 6oky, sosinbauil mudeomopdism 3 Q mae 6yru 3anucanunii y surasam 91 = ¢!
abo Ha migcrasi (34), ©3 = qw3. IlopiBHIOOYHN 31 3raJAHUMHI JOIYCTUMUMHU IEPETBOPEH-
HSIMH, 3HAXOIUMO, IO ¢ = 1, T06TO Oyp-axkuit audeomopdizm 3 Q HabyBae BUTISIITY

o3 = ws. (35)

Voro 3navyenns HojArae B TOMy, IO ICEBIOIPYIA TaK 3BAHMX Kai6PyBaIbHEX Iepe-
tBopens ¥ — ¢! Ha R € TpuBiampHOIO, TO6TO KaTibpyBaHus — (dikcoBame. 3 HABEIEHHX
MIPKyBaHb BUILIMBAE, M0 HETPUBIAIBHA MICEBIAOIPYIA KATiOPyBaIbHUX TEPETBOPEHDb MO-
JKe BUHWUKHYTH JIUITE V pa3i BiIMOBM Bif BUMOTH OPTOHOPMOBAHOCTI PYXOMOTO pemnepa,
TOOTO 3a YMOBH, 110 ¥ PYXOMOMY OPTOTOHAJILHOMY perepi BeKTop HopMasi Jio mapy V
He 000B’SI3KOBO ONMHUTHHIH.

Haui mu posrisnemo Tinbku Bunanok ¢ = 1 (kanibpysannsg € (IKCOBaHUM), KOJIH
BHKOHYIOThC4 piBHAHHA (34) 1 (35).

3.2. Kanoniwnuti penep cybmepcii f : E3 — R,

Hudepentirooun (34) 3oBHiNHRo 3a monoMoro (31)—(33), Bpaxosyroun (34), orpu-
MY€MO DIBHAHHS

W AW WP AW = WP AYT
3Bigcu 3a memoro Kaprana oaep:kyemo

3

3 1 2 3 1 2 3
W] = 011w + a1pw” + a1w”, wy = a1w + aw’ + aaw”, ajz = asy, (36)

1

91 = —a1w! — asw? + azw?. (37)
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Baznagumo, 1110, MiACTABMBIIM el BUpa3 y nepliie piBHsaHas cucremu (33), oTpumy-
eMo Bupa3 s opmu dw?, AKMit BUNIMBAE TAKOXK 3 TIepimoi cepil pisasanb (31) i piBnann
(36)

dw® = ayw' A w? + aw?® AW (38)

Hudepentiiiondn 30BHINTHBO piBHAHHA (36), OTPUMAEMO

1 2 3 _
Vo Aw +vae Aw® +vyar Aw” =0,
1 2
V a2 Aw™ + YVage Aw —|—Va2/\w3 =0,
Jie TIO3HAYCHO
2
Va1l = daj; — 2a12w7,
1 2
Va2 = dajz — a11wy — awy,
1
Vage = dagz — 2a12w3, (39)
2 3 3 2 1 2
Va1 = da — aswi + a11wy + a1pw; + (a1)*w” + arasw?,
1 3 3 1 2 2
Va2 = das — a1ws + a1owy + agews + ajasw + (ag) w”.
3Bigcu, wa migcrasi gemu Kaprana, BUimBaioTh piBHOCTI
_ 1 2 3
Va1l = a111w + a112w” + a113w”,
1 2 3
Vai2 = a112W" + G12ow” + a123w°7,
_ 1 2 3 40
V22 = Q122w + Q222w + a223w°, (40)
1 2 3
Va1 = a113w” + ajgzw” + bpiw”,
1 2 3
Va2 = a123w” + a223w” + baaw”.

Hundepentiiiorngn 30BHINHBO piBHsIHHS (37), MiCIsT MepeTBOpPeHb Ta 3aCTOCYBAHHS
nemu Kaprara orpuMyemo

dag + 01, = azzw’+ (41)
(—=b11 — a1as + 2a1a11 + 2a2a12)w" + (—ba2 — azas + 2a1a12 + 2a2a22)w?,

Jie az3 — Jesika, HOBA (DYHKIIIs.
DikcyeMo TouKy p, T06TO BBaskaruMemo w’ = 0. Toxi 3 (41) BuriuBae piBHIHHS

Saz + 1, =0,

Jie, 9K i BUIIE, CHMBOJ 0 O3Hadae AudepeHIiioBaHHs 33 BTOPUHHUMH MapaMerpamu. 3
ocTaHHBOT piBHOCTI ME GaumMmo, Mo 3aBAaku dikcamii 3MiHHOT a3 MoxkHa bopMy 71
MPUBECTH JI0 HyJs. [HaKIIEe KasKydu, MU MOYKEMO 3BY3UTH POIWHY PEepiB, JIUIITUBIIN
TimEKY Ti, B AKX dopma Y1, € romosHoo. BaskatTumemo, Harmpukaam, az = 0, Tofi 3
(41) orpumaemo Bupas ans dbopmm Vi,

19%1 = a33w3 + (_bll + 2aq1a11 + 2(12&12)&)1 + (—622 + 2a1a12 + 2a2a22)w2. (41/)
Pisuganusa (37) Bracainok mposejieHol kaHoHizanii HabyBae TaKOro BULJISIY:

91 = —a1w! — agw?. (37)
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ko npoxudepeniioBary piBHsttHs (36’) 30BHINIHLO I CKOPUCTATHCS APYIUM DiBHSAH-
HaM (33), piBHsiHHAM (41) (332 ymoBu ag = 0), ocrannivu gBoma piBHsHHAMHA (39) Ta
CTPYKTYpHUMY piBHsHHAME (31), TO OTPUMYEMO TOTOXKHOCTI.

IMopanei mipkyBanug anasoriuni. IIpoaudepeniiitoemo pisugnus (41°), sacrocoBy-
emo siemy Kaprana, ra BBaskaruMeMo B OrpuMaHux piBasaHHAX w' = 0. Ilicas o6unciaens
OTPUMAEMO PIBHOCTI

1
(5&33 + 71'111 = 0,

3 gKUX 6aYMMO, 10 3aBaKd (ikcanil 3MiHHOT az3 MozKHA BOPMY 71, 3BECTH JO Hy-
ns. Beaxatoun azz = 0, mu 3pobumo dbopmy 91, romosnoto, a dbopmyna (41°) mabyme
BUTJISTY

19%1 = (—b11 + 2a1a11 + 2(12&12)001 =+ (—b22 + 2a1a12 + 2a2a22)w2. (41”)

[IpomoB:xyro9Yn MipKyBaHH:A 3a iHAYKIED, MATUMEMO TaKe TBEPIKEHHA.

Teopema 3. Hexzati 3adano cybmepcito f : E3 — R, de npocmip E> eioneceno do
OPMOHOPMOBAHOZ0 PENEPa, G CMPYKMypHi nceedo2pynu nepemeopend wa R maomos u-
eand (83). Todi ncesdoepyna KaribpYSANLHUL NEPETNBOPEHD € MPUGILALHOW, G POOUHQ
penepie y B> ma na R mooicna subpamu max, wo dopma w? 6yde 20a06n010 na R, i na R
ichyomy penepu nepuiozo, dpy2020 ma MHWUT nopadkie mari, wo dopmu 91,91, 91, ...
MOoHCAUBO byde supazumu 3a gopmysamu (84), (87°), (417) ma inwumu, de ui pisHarHs
€ YiAKOM THMe2posHUMY Ha MHo206udi B3 x R.

Bragannil y TeopeMi perep Ha3BEMO KaHOWIuHUM penepom Reo cybmepcii f: E3 —
R. SIKI0 BUKOHAHO TiJBKY piBHSIHHSA (34), TO BRAXKATUMEMO, ITI0 TTPOBEIEHO KAHOHI3AIIi0
HEpINoro MOPSIKY I no3Hadary Bianosinui penepu Rq; axmo Tiabku (34) Ta (37") — o
OPOBEJIEHO KAHOHIZAIII APYroro nopsaky (pernepu Ro) TomIo.

3’acyemo reomerpuaHmii cenc Kanomnizamii. Hexait w! = w? = 0, Toai 3 nepmroi ce-
pii pisranb (30) orpumyemo dp = w3es, a 3 (38) — dw® = 0, 3Bigkm w? = ds. OTxe,
TOYKa P PYXAEThCA y370B2K KpuBOl { — OpTOroHa/bHOI TPAEKTOPIl JABOBUMIPHOIO LIADY
mapyBanus ¢, a s — HarypaabHmii napamerp Ha £. 3 iHITOTO OOKY, OCKIIBKYM BHACIIIOK
wl = w? = 0 dbopmu V1, ¥31,,... nopismtOIOTL HyO, TO piBHAHHS (33) MOJKHA 3BECTH JI0
omuoro pisuguug di! = 0 a6o dw® = 0. Orxe, na R BUHHKA€E CTPYKTypa OZHOBHMIp-
HOIO €BKJILZIOBOIO [IPOCTOPY 3 KAHOHIYHUM NapaMerpoM (JIEKAPTOBOK KOODAUHATOW) S.
Omoorc, muozosud R — 6aza wapyearnna ® xanonivno sxaadaemoca e E3 ax opmozo-
HAABHA MPLEKMOPIA Ub020 UAPYEAHHA.

3.8. Hcesdozpyna nepemeopens y E> x R.

Ak BKe Oyso 3a3HaueHo, cybMmepcio f abo mapysarag ¢ po3TaAAA0TH 3 TOYHICTIO
10 TlepeTBopens ncesporpynn P x Q. YV upoMmy Bunaixy P e rpynowo pyxis D3, i1 mia y

TepMiHax iHBapiaHTHEX POpM w' 1 Wi 3aNUCYIOTh y BALIA/L (zuB. BuE)

e a,b=1,2 u (p}) — oproronanbua Marpuns. 11i piBHSIHHS MOXKHA CIPOCTHTH, SIKIIO
Bubparu B KOXKHiil Touni mapy V enunuii (KaHOHIYHME) perep, BEKTOPH €1 1 es dKOro
CIIPAMOBAaHI MO TOMOBHUX HampaMax moBepxui V. Toxai monepenmi piBHsHHA HAOYBaIOTH
BUILJTATY

o = W' (43)
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Judepeniionun i pIBHAHHS 3a JOMNOMOIOI0 CTPYKTYPHUX piBHgHb (31), Ha mizcrasi
(43) orpumaemo w! A (w; — of);) = 0. 3eiacm w;- — (IJ; = cj-kwk7 cé-k = c};j. 3 iHmoro
6oky, Ha miacrasl (32) OTpUMYEMO CIiBBLIHOIIEHHST c; = —cZ]k Onepxxumo ci-k = —cgk =
—Chy = ”?z = "fg ;
piBHARHA pasoM 3 piBHARHAMHE (43), oTpEMyeMO, AK Bimomo [2], gito rpyma pyxis D? na
co0i.

Hoslupuuit sjudpeomopdizm R — R 3 Q nabysae Burusiny (35) abo

9t = ot (44)

— i i i [J— i = @& i
= —¢}; = —Cjy, sBlakm ¢y = 0, 1 orxe, w; = wj. InTerpyoun ni

Judepeniionoun e piBasguEg 33 gomoMorow (33) Ta 3acrocysasim jemy Kaprada, Ha
nizcrasi (37) onepakyemo Ui = U1 + kw? abo

2

10" + 00® = ajw' + asw? + kwd.

Ockinbku dopmu w! i w? momyckaroTh JHIIe OPTOrOHAJILHI IIePeTBOPEHHS BUNIALY W =
piw® (mue. m. 2.1), To k = 0 i xopekTop a(a1,d2) OTPEMyEMO 3 KoBekTOpa a(ai,az)
3BOPOTHUM OPTOTOHAJBHUM TIEPETBOPEHHSIM, 3AMUINEMO 1€ Y BUTJISIL

a =TII(a). (45)
[Ia piBHicTH ekBiBasIeHTHA HonepenHiM, akmo k = 0
9t =oh (46)
IMTpomos:kyiouu pisuicrs (46) 1 Bpaxosyioun (41"), npuiigemMo 10 aHaKOriYHOrO pe-
3yJIbTATY
By =II(Bn1), (47)
1e B11 — KOBEKTOp 3 KOOp/IMHATAMU

(=b11 + 2a1a11 + 2a2a12, —baa + 2a1a12 + 2a2a22),

a KOBEKTOD B mae Taxi cami KOOPJIMHATH, aJle 3 XBUIbKOIO.

IIpomorxKyr09n 33 IHAYKITIEIO, OTPUMYEMO MOCTiTOBHICTL KOBEKTOPiB a, B11, B111 ...
SIK1 IEPETBOPIOIOTHLCS 34 JOMOMOToI0 omeparopa Il B aHasoriuni Beuynnm, aje Taki, o
obuamcyeni B immiit Toumi. JToBememo Teopemy.

Teopema 4. Hexad cybmepcia f : E3 — R 3 mpusiasvnoro ncesdoepynoto xani-
bpysasvHUT nepemeoperd sidnecena Jo KaHoHiwHO20 penepa Roo. Todi dis ncesdozpynu
nepemeopens na R ¢ npamum dobymrom nepemeopenns (35), wo eidobpascae wap V y
wap V, ma onepamopa 11, axuti sidobpasicae ineapiawmmi xosexmopu 3 wapy V na wap
V y300691C OPMOZONANLHUL MPAEKMOPIT.

3.4. Insapianmu wapysanna wodo 0ii epynu D3.

3 pipuarna (39) i (40) sumameae, mo, dikcyioun rogopHi mapamerpu (W' = 0),
BEJIUYINHA Qgp, Qg, 0, 0 = 1,2, MAIOTH 330BOILHSATH PiBHAHHSI

2 1 2 1
5@11 - 2(1127T1 = 0, 5&12 — Q11T — Q22T = 0, 6(122 - 2(1127’(2 = 0, (48)

Jle CUMBOJIM 0 1 T MAIOTh TOM caMuii ceHc, o # sumie (aus. (26)). 3 piBHsHb (48) BUMIN-
BAIOTH TakKi PIBHOCTI:

§(arazn — (a12)*) =0, (a1 + az) =0.
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Ixwiit cenc mossArae B TOMY, 1O BETUYUHU (11022 — (a12)2 Ta a11 + ago — iHBapianTH,
TOOTO He 3MIHIOIOTHCS TIiJ] Yac JOIYyCTUMUX IIEPETBOPEHD perepa (Kopernepa,).
PiBusanma (48) MoXKHA 3alUcaTH ¥ BANIAIL

0y + acpTs + aemy = 0, dag + abﬂz =0.

Taxwuii BUTIA PIBHAHD, SIKi 38/I0BOJIBHAIOTD BEJIUIHHE Ggp 1 A, O3HAYAE, IO BOHU YTBO-
PIOIOTH TEH30PU CTOCOBHO JOMYCTUMEX TIEPETBOPEHB pernepa. 3’sCyeMo TXHill reoMeTpud-
HUI CeHC.

inkoM iHTErpOBHE PIBHAHHS

wi=0 (49)
BUOKDpeMJIIOE 1iap mapybanda ® — nposumipny nosepxuio V. Ha wiii piBusuana (36)
HabyIe BUTISIY
3 _ 1 2 3 _ 1 2 /
Wy = a11w + a1pw”?, Wy = agw + agw”. (36")
3 (30), xopucryogucs (41) Ta (36’), 3HaX0AUMO
dp = whey +w?ey, d®p=(.)e1 + (...)ea + (a11(wh)? 4 2a120 W? + aga(w?)?)es.

KBaJpaTuana (bopma HabyBae BETIALY 02 = a11(w!)? + 2a10wtw? + age(w?)?. Y mpomy
BHTIAJIKY TIepIia KBagpaTnana dpopMa nosepxai V mabyme surnamy (dp)? = (w!)?+ (w?)2.
3BiCH JErKO 3HAXOAMMO TIOBHY Ta CEPEIHIO0 KPUBUHY MTOBEpXxHi V/

K = aia — (a12)?, 2H = a1 + ass.

Posrisaemo wa moeepxHi V' 0671aCTH HEOMOLTIYHUX TOYOK T8, 3BY3UMO POIUHY AT~
TOBAHUX pernepiB, BBaxkawun a1z = 0. OTpuMaeMo Tak 3BaHUI KAHOHIYHUII pemep Mmo-

Bepxui. Toni 3 (42) smaxomumo daj; = dage = 0, T06TO BeJUUMHY G171 1 @2z CTAIOTH
inBapianTamu. besmocepeanbo mepeBipsieMo, MO € — TOJOBHI KPUBWHHU TOBEpXHiI V':
ki = ai1, k2 = aze. Ockinbku nosepxus ve € ombiniunow, 1o ki # ko, i 3 apyroro

pisngnns (40) moxkHa 3HaiiTH Gopmy w?, TOGTO BupasuTH i1 Yepe3 rosoBHI dopmu w'.
VYV pOMY BUIAJKY KOODIWMHATHI HAPSMU, SKi BU3HAYEH] OA3UCHUMHU BEKTOPAMU €1 Ta €g
Ha TMOBepXHi V, € TOJTOBHUMHU HANIPSMAME B KOXKHIM TOYII 1€l MOBEpPXHi.

ITTo6 3’sicyBaTn TeOMETPUYIHHIE CEHC iIHBAPIAHTHOTO KOBEKTOPA Oy, PO3LISHEMO IIIa-
pysanus & xpusux, oproronansre mapysanuio . BOHO BHOKPEMIIOETHCH PIBHIHHAMIE

w=w?=0. (50)

Hexait, six i Bume, ¢ — aosimbaa Kpusa mapysamas & p € ¢. Ha mincrasi (50) orpu-

Maemo dp = w?ez, w? = ds, Bpaxosyoun (32) i (36),

@ 3 d?p B wie; +wies

=€ -V — - = —a1€1 — azes.
ds " ds? w3
9k HaurMo, BEKTOP —a1€] — U2€s € BEKTOPOM KPUBWHU KpuBoi £. 3 HUM TIOB’sa3aHi 1Ba
. . . 1 .
impapianTi: KpusnHa KpuBoi k = | — aje; — ases| = ((a1)? + (a2)?)2 Ta xyr Mik nuM

BEKTOPOM KPWBHHHU Ta OIHUM 3 TOJOBHUX HAMP:AMIB moBepxHi V. Y KaHOHIYHOMY perepi
BEJIMYUHU Q] 1 G2 € IHBapiaHTaMu — IIPOEKIIIAMU BEKTOPA KPUBUHU HA T'OJIOBHI HAIIPAMU
moBepxHi V.
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AnayoridHUMHU MIPKYBAHHIMU MOYKHA 3’ICyBATH TEOMETPUIHWIA CEHC JTudepeHti-
aJIbHUX IHBAPIAHTIB MuDEPeHIiaJIbHIX OKOMIIB TPETHOT0, Y€TBEPTOr0 Ta BUIIUX MOPSIKIB,
JIUB. TIPO 1I€, HAIPUKIAL, Y [5].

3.5. Anzebpa insapianmis wapyeanns f : E3 — R.

Hexait penep y E? € xanoniunum, 10610 BuKOHyeThca piBHiCTH 1o = 0. Tomi yci
dbyukuii, sKi BXOAATb 10 CTPYKTYpHuX piBHsHb (36), (40) ta nHacrynui, orpuMani cran-
JAPTHAM NIPOIOBIKEHHAM, OynyTh iHBapiaHTamu crocosmo il rpymum D3 x Q, ne D3 e
rpymioro pyxis y E3, a Q — mcesmorpymna mokambaux audeomopdizmin mpamoi R. Y apy-
roMy TugepeHIliaIbHOMY OKOJI iCHY€e YOTHDPY HE3AJIEIKHUX IHBAPIAHTA G11, A2, G1 1 A9.

106 3HaiiTy BUT/IsiT iHBAPiaHTIB TPETHOrO ANMEPEHIIATBHOTO OKOJLY, TTEPEITUIIIEMO
piBasunsa (40), BpaxoBywouu (39) ta ymoBu kKauonizamii a1o = 0. Ilicas nepersopenn
OTPUMAEMO

day = a1w' + a19w? + a113w3,

dagy = a190w' + a200w? + a223w3,
da; = (aazai12 — (al)2 - (a11)2 + a113)w1+
(aaza122 — araz + araz)w? + byw?,
das = (—aaraii2 — a1as + a123)w1+

(—aaiaize — (612)2 - (CL22)2 + 6223)002 + bogw?.
Jle TIO3HAYEHO

71 T T
a = (1111 - 1122) 5 b1 = aaza123 — ara11 + b11, bao = —aaiai23 — agag + baa.

KoedimienTu 6ina 6aszucaux ¢hopM y mpaBux dacTuHax pisHanb (51) € inBapianraMn
TPETHOrO AUPEPEHTIATBHOTO OKOTY. BOHM 3’aBIAI0THCA K TMOXiTHI Bi iHBapianTiB mpu
mbepeHITiroBaHH] 33 iIHBAPIAaHTHUMY HAIPIMAMK — y310BZK NOJIOBHUX HAIIPSIMIB TIOBEPX-
i V' i B Hanpsami kpusoi £.

Sk Buano 3 piBHsHb (40), y TPerboMy OKOJL OTPUMYEMO JIBAHAIIATH iHBADIAHTIB.
3 HuX € ,ZLQB’HTB HE3aJIE2KHUX: d111,ad112,0A113,A122, 4222, 0223, 4123, 511, 622, a immii Tpu
MOKHA BHPA3WUTH dUepe3 HuX. depe3 3rafaHi AeB’dATh He3aJeKHNX IHBAPIaHTIB TaKOK
MOXKHA BHUPA3UTH iHBApPiaHTH — KOOPAWHATH KOBEKTOpiB &, B11, B111 .. .,, auB. m. 2.3.

Tax caM0 MOXKHA OTPUMYBATH ¥ YCi OTAIBII iIHBAPIAHTY: MIJISXOM rDEPEHIIOBAH-
Hsl iIHBApiaHTIB MOMEPETHROTO AU(EPEHITIATBLHOTO OKOTY Y3I0BXK IHBAPIAHTHUX HAMPIAMIB.
V Takux BHUMAIKAX KaXKyTh, IO aiarebpa iHBapiaHTiB MOpOMKeHa iHBAPIAHTAMY G11, A22,
aq Ta Aa9.

Ponb inBapianTiB @11, a2, a1 Ta Ao MOSICHIOETHCA Y TAKOMY TBEP/IZKEHHI.

Teopema 3 (po ekBiBasieHTHiCTH mapyBaHb). Hexail ichye 064 wapysanua:
f: E3 = R, axe susnavene cmpykmypnumu pieuamnamu (31), (32), (36), (40), ma
WAPYBAHHA f c B3 — R, axe susnauene CMPYKMYPHUMU PIBHAHHAMY MaAK020 CAMO-
20 suzaady, 6 AKUT POpMU w; ma PYHKYIE a11, A22, A1, G2 3AMIHEHT HO GHAA02INHI 3
muavdoro. Ipunycmumo, wo ineapionmu dpyz020 Judepenyiansbnozo OKOAY Y YUL Wa-
pysans 36izaromoca. Todi wapysarns f zf — exe6isaAeHMMHE, MOOMO ICHYye PYX, AKU
wapysanns [ nepesodumsv Y wapysanus f

U st mpocToTn OOYHCIEHD BBAKATUMEMO, IO CTPYKTYPHI PiBHAHHA 000X mIapy-
BaHb 3alMCaHl y KaHoHiuHOMYy penepi (a12 = a1z = 0). Tozai ymoBa piBHOCTI iHBapiaHTiB
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HabyBae BULTIAILY
a11 = a1, G2 = Q22,01 = 41,02 = Gg. (52)
Posrismemo Ha mpamomy no6yTky E? x E? pipmamms
@' =w' (53)
Ha mincrasi (52) i (53) 3 (36) orpumyemo wi = @, wi = @3, a 3 (40) — a;;1 =
@111, G112 = G112 Ta iH. 3 OUX PIBHOCTEN BUILIMBAE PiBHICTH w% = (:}%

BpaxoByroun mi piBHOCTI Ta, momepenni, 3aaxoaumo, mo d(w’ — @*) = 0. Orxe, 3a
reopemoio Ppobeniyca cucrema (53) € uiakoM iHTErpoBHOW. [T iHTErpAIILHUM MHOIOBUIOM
Gyme rpadik Bimobpaxkenns ¢ : E* — E?, ake susHauaeTnesa pipnanmavum (53), Ta npu
3a]aHUX [IOYATKOBUX YMOBAaX OJHO3HAYHO Bu3Hauene. [Ipore piBusuHs (53) 36iraerbcs
3 piBHanusm (43), ake, gk 6yno mopexeno y n. 2.3, BusHavae rpyny pyxiB. Sk BugHO 3

piBasaub (53), ¢ BinoGpaxkae mwapu mapysauud ® y mapu mapysanng ¢. O
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THE DIFFERENTIAL-GEOMETRIC STRUCTURE OF A
SMOOTH SUBMERSION
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We study the geometry foliation generated by a smooth submersion. The
canonical form of the structural equations of smooth submersion has been
obtained. As an example, a foliation of two-dimensional surfaces in three-
dimensional Euclidean space is researched in details. Its invariants are descri-
bed.
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INVERSE PROBLEM TO FRACTIONAL DIFFUSION EQUATION
WITH UNKNOWN YOUNG COEFFICIENT

Halyna LOPUSHANSKA, Vita RAPITA

Ivan Franko National University of Luiv,
Unwversytetska str., 1, Lviv, 79000
e-mail: vrapita@gmail.com

We study the inverse problem for linear nonhomogeneous diffusion equation
with regulating fractional derivative of order 8 € (0,2) with respect to time
on a bounded cylindrical domain o X (0,7, the inverse problem on determi-
nation of a pair of functions: a classical solution u of the first boundary value
problem to such an equation and unknown, depending on time variable, conti-
nuous coefficient in young term of the equation under the over-determination
condition

/u(:)c,t)ap(m)dx =F(), telo,T]

Qo
with some given functions ¢ and F. The unique solvability of the problem is
established. The Green function method is used.

Key words: fractional derivative, inverse boundary value problem, the
Green vector function, operator equation.

1. Introduction. The conditions of classical solvability of the first boundary value
problem to the equation

DPu(z,t) — a®Au(z,t) = Fy(z,t), a® = const > 0

with regulating fractional derivative (see [1] — [3])

t
o u(x, u(z,0
(- /3)[af0f(t T)/)ad ( )}7 Be(0,1),

t

xT)dT

t—7)B

DPu(z,t) =

0

Urr(x,T ur(x,7 ut (x,0
D} u(x,t) = Ny ({ (t—T()ﬁ*)l dr = 55 [at f )7 Jedr — o= T)B)l}ﬁ for 5 € (1,2)

were obtained in [4], [5]. In [6]-[11] there were proved the existence and uniqueness
theorems and also the representations, by means of the Green functions, of classical solu-
tions of fractional Cauchy problems to equations of such kind. In [12]-[14] the solvability
of fractional Cauchy problems in spaces of generalizes functions was proved.

© H. Lopushanska, V. Rapita, 2015
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In this note we prove the existence and uniqueness of the solution (u, b) of the inverse
boundary value problem

DPu— Au—b(t)u = Fo(z,t), (x,t) € Qo x (0,77, (1)
u(z, t) =0, (z,t) € Qo x[0,T], (2)
w(z,0) = Fi(z), wu(x,0) = Fy(z), z €, (3)
/u(w,t)gao(x)dx =F(), tel0,T] (4)

Qo

where 3 € (0,2), g is a bounded domain in RY, N > 3, with the boundary ; = 99 of
class C'*° s € (0,1), Fy, F1, s, F, ¢q are given functions. The second initial condition
in (3) is absent in the case 8 € (0, 1].

Note that for 8 = 1 (respectively, % in place of D}) the inverse boundary
value problems on determination of a pair of functions (u,b) were studied in [15]
and other works, where existence and uniqueness theorems were proved. Some inverse
boundary value problems to diffusion-wave equation with different unknown functions
or parameters were investigated, for example, in [16]-[23].

We shall use the Green function method to prove the solvability of this problem.

2. Main notations and auxiliary results. We shall use the following notations
Qz’ = x (07T]7 i=0,1, QQ :QOa

D(R™) is the space of indefinitely differentiable functions with compact supports in
R™ m=12,..., D(Qy) = {v € C®(Qy) : (&) vy =0, k=0,1,...},

D'(R™) and D'(Q,) are the spaces of linear continuous functionals (generalized
functions [24], p. 13-15) on D(R™) and D(Q,), respectively, (f,¢) is the value of f €
D'(R™) on the test function ¢ € D(R™) and also the value of f € ©'(Q,) onto ¢ €
D(Qo)-

We denote by * the operation of convolution of generalized functions f and g, use
the function

Sty =" for x>0 and  fa(t) = fi,(t) for A <0,

where I'(z) is the Gamma-function, 6(¢) the Heaviside function. The relation

fa* fu = fFrypholds.

Note that Riemann-Lioville derivative vt(ﬁ ) (z,t) of order § > 0 is defined by

vt(ﬁ) (x,t) = fp(t) xv(z,t)
and  DPv(x,t) = v\ (x,t) — fi_s(t)v(x,0) for B € (0,1),
Dlv(a,t) = v (@, t) — fi_s(t)v(z,0) — fo_s(t)ve(x,0) for B € (1,2).

Let C(Qo), C(Qy), C[0,T] be the classes of continuous functions on Qo, @, and
0,77, respectively, ~C7(€p) (C7(€2)) be the class of bounded continuous functions on
Qo (Qo) satisfying the Holder condition, C7(Q;) (C7(Q;)) be the class of bounded

continuous functions on @; (Q;) which for all ¢ € (0, T satisfy the Holder condition with
respect to the space variables, i = 0,1, Cy.3(Qo) = {v € C(Qo) | Av, D/v € C(Qo)},
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CQ’Q(Q()) = CQJ}(QO)OC(QO) in the case ﬂ S (0, ].], Czﬁ(@o) = {’U € CQﬁ(Qo) | U,V €
C(Qo)}if B e (1,2).
Suppose that the following assumptions hold:

(FO) FO € C’Y(QO)a oaSs (07 ]')a

(F].) F e CW(Q()), P’1|Q1 = O,
(F2) F, € C7(Q),
(

F) F,DPF € C[0,T),it exists f :== inf |F(t)| >0,
te[0,T

(®) o€ C*(Q), ¢ola, =0.

Definition 1. A pair of functions

(u,b) € M5(Qo) = Mg := C2,5(Qo) x C[0,T]
satisfying equation (1) on Qo and conditions (2)—(4) is called the solution of problem
(1)~(4)-

It follows from (3) and (4) the necessary concordance conditions

[ F@enlade =), [ Fa@g()iz = F0). (5)
Qo Qo
We introduce the operators
L: (Lv)(z,t) = U,Sﬁ)(a:,t) — Av(z, t), (z,t) € Qy, v €D'(Qy),
Lres: (L"9)(x,t) = Div(x,t) — Av(z,t),  (2,t) € Qy, v € Co5(Qo).

Definition 2. The vector-function (Go(x,t,y,7),G1(z,t,y), Ga(x,t,y)) such that under
rather reqular go, g1, g2 the function
t

u(e.t) = [dr [ Gota ooty + Y [ Gitatng . @€y (0)
Qo

0 =10,

is the classical (from Ca.5(Qo)) solution of the problem

L™u(z,t) = go(x,1), (2,1) € Qo, (7)
U(I7t) = Oa (JC,t) S Qh (8)
u(z,0) = g1(x), w(x,0) = go(z), z € 9)

is called the Green vector-function of this problem.
From Definition 2 it follows that
(LGo)(x,t,y,7) =6(x —y,t —7), (x,t),(y,7) € Qo where ¢ is the Dirac delta-function,
(L"9G)(z,t,y) =0, (z,t) € Qo, Yy € Qo, j=12, Gi(z,0,y) =6(x —y),
5G1(2,0,y) =0, Ga2(z,0,y) =0, FGa(w,0,y) =6(z —y), =,y € Q.
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Lemma 1. The following relations hold:
t _
Gj(x7ta y) = ffj_ﬁ(T)Go(l',t, y7T)dT} (I7t) € QO; RS QOa j:1}2
0

The lemma can be proved by using the scheme of the proof of the corresponding
result in [12].
Lemma [23]. The Green vector-function of the first boundary value problem (7)—(9)
exists.

Remark 1. From the maximum principle [4] and Lemma 1 it follows that
Go(z,t,y,7) >0 for (z,t),(y,7) € Qo, Gi(z,t,y) >0, (z,t)€Qo, yE&EQ,
From the results of [6], [11] it follows that

NP a0 (12108, 8)

i (I oven)

is the fundamental function of the operator L where

m,n (a17'}/1) (a » 7, ) : :
H (Z’(bhﬁﬁ (b; BZ) is the H-function of Fox (|25]).

Using the properties of the H-functions the following estimates are found (see, for
example, [6], [14]):

G(z,t) = (10)

C Cy . 2
|G(z,t)] < tm%a |fi-p(t) x G(x,1)] < W7 =12, |z> <4t
~ 3—3
Cot?’1  /lz|?\tzzem fc(i“"Qﬁ)Q ' Co
G(x,t)| < (7) 4agt < —0
Gl Ol s o (g ‘ = B2V

1

Gyt e\ —o(12)77 oy
|fi—p(t) * G(z,t)] < |] Lal (%)2@ D \wr <2
x

j=1,2, |z|*>4t°
where ¢, Cf, C;, C; (1 =0,1,2) are some positive constants.

Remark 2. According to Levy method we obtain the same kind of estimates for the
functions Go(z,t,y,7), Gj(z,t,y) as for G(z — y,t — 7), jfj,g(T)G(x —y,t — 7)dr,
7 =1,2, respectively. ’
From the results of [7], [8] it follows that the estimates
|Gi(z 4+ Az, t 4+ At,y, 1) — Gi(x, t,y,7)| < Ai(z, t,y, )| Az| + |AL|P/2]7 (11)

V(z,t), (x+ Az, t + At) € Qo, (y,7) € Qi, i=0,1,2
hold with some 0 < v < 1 where non-negative functions A;(x,t,y, ) have the same kind
of estimates as for G;(x,t,y,7), i = 0,1,2, respectively, and G;(x,t,y,7) = Gi(x,t,y),
Ai(z,t,y,7) = Ai(x,t,y) for i = 1,2. Note that for general parabolic boundary value
problem the Holder conditions for all components of the Green vector-function were
obtained in [26], [27].
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Theorem 1. If go € C7(Qo), v € (0,1), g; € C"(Q), 7 = 1,2, gila, = 0 then there
exists the unique solution u € Ca g(Qo) of the problem (7), (8), (9), it is defined by

u(z,t) = (Bogo) (z,t) + (G191)(z, 1) + (G292) (2, 1), (2,) € Qo (12)
where (Gogo)(z,6) = [ dr [ Gola.ty, T)go(y. 7y, (®59;)(a.6) = [ Gi(a,t,y)g;(y)dy,
0o Q Q
j=1,2. ’ ’
Proof. Taking into account Lemma 1 and Remark 2, as in [8], [13], [26], we show that
function (12) belongs to Cs g(Qo) and satisfies problem (1)—(3). Namely, we have

t
‘fd’r f Go(xatvya’r)gO(yaT)dy‘
0 D

t
< [dr / Go(w,t,y,7)lg0(y, 7)ldy
0 {(y,7)€Qo:ly—z|<2(t—7)#/2}
+ f Go(xvtay77)‘g0(y77—)|dy:|
{(y 7)€y —al>2(6-7)3/2)
t
< de[ S T =190y, 7)|dy
0 {(y,7)€Qo:ly—z|<2(t—7)P/2}
+ f @_ﬁ%\go(yﬁﬂdy}
{(y,7)€Qo:|y—z|>2(t—7)B/2}
t L 2(t—7’)5/2 diam$o ar
< Cf [m [ rdr+ m / 77] dr - [lgollc(o)
0 2(t—7)B/2
ot
Cof [(t =777 4 (¢ = )P ey Ldr - lgol ooy
< kot™ - llgollcige) V(1) € Qo,
where C*, C, C k: ko are some positive constants, §1 = 8 — o, ¢ is an arbitrary number
from (0, ), Hgol\cmg0 = sup |[go(w,t)|.
z,t)EQo

Similarly, we obtain the uniform convergence, and therefore continuity on Qq, of the
other term in the right-hand side of (12):
‘ ij(x,ty)gj(y)dy) < [ I Gj(z,t,y)dy+
Qo {(y,7)EQo:|ly—x|<2tB/2}
Gy(,t,y)dy] - gl
{(y,7)€Q0:|y—=|>2t5/2}
j-1-8
< ¢ S Wdy
{(y,7)€Q0:|y—=|<2tP/2}

p ly—=|? 2-8
I et
+{( T)EQ: \f |>2t8/2} fy=el™ ( a7 )2(2 e : dy 'HgﬂHC(Qo)
YT 0:|ly—x
diamQo aN ,*(ﬁ) 2-38
< kjt/ 1{14' [ rmE s e T\ dr} N1lle@o
2t8/2

< kjtji ng”C(Qo)v (:E,t) € QO’ J=12

where cg, ¢, l%j, k; (j = 1,2) are positive constants.
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As in [8], [27] we show that under conditions of the theorem function (12) belongs
to the required space and satisfies the problem. The uniqueness of the solution follows
from the maximum principle [4].

3. The existence and uniqueness theorems for inverse problem. We pass
to proof of the existence of the solution of inverse problem (1)—(4).

From Theorem 1 it follows that under assumptions (F0), (F1), (F2) and known
b € C[0,T)] the solution u € Cq,5(Qo) of the first boundary value problem (1)—(3) satisfies
the integral equation

U(Z,t) - (®O(bu + FO))(xat) + (®1F1)(:L',t) + (®2F2)($7t)7 (.’t,t) € Q07

that is
t

u( t) = / dr / Sole, by, b(r)uly, T)dy + h(w 1), (2,t) € Qo (13)
0 o

where
t

2

hat) = [ dr [ Golotey. ol iy + 3 [ G t) By, (2,0) € Qo. (19
0 Qo =1,

Conversely, any solution u € C7(Qo) of integral equation (13) (with known b € C[0,77)

belongs to the space Cs 5(Qo) and is a solution of problem (1)—(3).
From equation (1) and conditions (2), (®) it follows that

/Dfu(m7t)cpo(x)d:v = /u(nc,L‘)Aapo(x)dac—i—b(t)/u(gc,t)<,00(9c)alx—|—/Fo(gc,t)<,90(alc)alx7
Qo Qo Qo Q0
t € (0,7). Using condition (4) we obtain

DEF(t) = / (@, ) Ago(z)dz + b(t)F(t) + / Fol, oo (2)da
Qo Qo

and, using (F),

b(t) = [D{F(t) - / Fo(z,t)po(x)dz — / u(@, t)Apo(2)dz] [F(H)] ", te€(0,T]. (15)
Qo Qo
Note that, according to (15), b € C[0,T] for u € C7(Qp). By substituting the right-hand
side of (15) into (13) in place of b we obtain the following nonlinear integral equation for
unknown u € C7(£)
t

= -1 x T 4 T) — 2, T z)dz—
ula, 1) = / F(r)) d/ Go(z,t,y,7) [DI F(r) / Folz, 7)po(2)d (16)

- /u(z,T)Agoo(z)dz]u(y,T)dy + h(x,t), (z,t) € Qo.
Qo
We have reduced problem (1)-(4) to system (15), (16). The converse conclusion holds
and we obtain the following result.
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Theorem 2. Under assumptions (F0), (F1), (F2), (F), (®) and concordance condition
(5) a pair of functions (u,b) € Ma(Qo) is the solution of problem (1)-(4) if and only if
the function u € C7(Qo) is a solution of integral equation (16), b € C[0,T] is defined
by (15).

Theorem 3. Under assumptions (F0), (F1), (F2), (F), (®) and concordance condition
(5) there exists some T* € (0,T] (respectively, Q5 = Qo x (0,T%]) and the solution
(u,b) € M3(QF) = C2,5(Qf) x [0,T*] of problem (1)-(4): the function u is a solution of
integral equation (16), b is defined by (15).

Proof. Granting Theorem 2 it is enough to prove the solvability of equation (16) in the
class C7(Qo). Let
b = b(t
[16ll 1o, e, [b(£)],

l|lv||cv(gy) = max{ sup |v(z,1), sup W%}
(z,t)EQo (z,t)E€Qo,|Az|<1
Mp = Mr(Qo) ={v e C7(Qo) | |[vllcv(q, < R} for some R = const > 0.

We shall use the Schauder principle. On My we consider the operator

(Pv)(x,t) := [[F(r)]"tdr f Go(z,t, )[DBF fFO z,T)po(2)dz

Qo

f u\z, T A@O )dZ]U(y,T)dy + h(xvt)a (.’I,‘,t) € QOv v € Mp

O —

where the function h(LL‘, t) is defined by (14).

At the beginning we show the existence of R > 0, T* € (0,7}, and therefore M}, =
Mg (Qp) such that P : M}, — M.

Using the proof of Theorem 1, for v € Mg, (z,t) € Qo, we obtain

(Po)(a. )] < %tﬁlmm e R2) + W, 1))

h(z,8)] < kot™ || Folle(gy) + k1l Fillos) + k2tll Fallo@ey,  (2:t) € Qo.
Thus, [(Pv)(z,t)| < %tﬁl (c1R+ caR%) + By(t), (x,t) € Qo
where 1 = |[DPF — [ Fo(z,)po(2)dz|lcror), 2= [ [Apo(2)|dz,
Q Q

0 0
Bo(t) = kot™ | Follc(qo) + kil Fillog) + k2t Fall o @o)-
Also, we have
|((Po)(z + Az, t) — (Po)(z, )| _

|Az|Y -
CIR+02R2 / |G0 x+A$at7y’T) _Go(mat7y’7)| ‘h(l‘—‘y—ACC,t) _h($7t)|
< —F dy +
| Az |7 |Az|Y

9 _
S %/d’r /AO(Z,t,y,T)dy+ |h(m+A|:Z.i)7 h(x’t”ﬂ (“Bat) € QO'
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We used Remark 2. In just the same way we estimate the second term. As in the proof
of Theorem 1 for v € C7(Qo), (z,t) € Qo, |Az| < 1, we obtain

|(Pv)(z + Az, t) — (Pv)(x,t)] 5, 1R+ o R?
< esth' —— + By (t t
|A$"Y > C3 f + 1( )a (:L’, )GQO
where
Bi(t) = est™ | Follo(qo) + call Filleao) + esllFall o)
t

c3= sup t /4 de j Ao(z, t,y, 7)dy,

(z,t)€Qo 0 Q
Cq4 = SUup f Al(xatvy)dyy C5 = Sup t f AZ(lvtvy)dy

z€Qo Q z€Q

As a result we obtain: 1Pvllcv gy <

< max{ max [%tﬁl (c1 R+ caR?) + By(t)], max [573#31 (c1R+coR?)+ B1(t)]} Vv € Mp.
te[0,T] te[0,T]
In order the inequality
max{dot’ R? + By(t),dit"* R* + By (t),1} < R, Vt€[0,T*",] (17)

holds for some T* € (0,T], R > 1 with dy = kko, di = kecg and k = %, consider
the functions
fi(s) = djtﬁls2 —-s, >0, j=0,1.
We find fj(s) = 2d;t7's — 1 and prove that s; = [2d;t°*] " is the point of the minimum
of fj(s), = 0,1. Then the inequality [|Pv||c(qs) < R forall v e My s fulfilled for
some R >1 if djtﬁ15? —s5; < —B;(t) and [2d;t71]71 > 1 for all t € [0,#], 7 = 0,1 and
T* = min{¢}, t,T}.
We have djtﬁls? —5; = _ﬁa J = 0,1. There exists t; > 0 such that
o
4djt61 -

B;(t)

(that is 4k(kot®)2(|Follc(ge) + 4kki (kot™)||Fillc@, — 1 < 0 for all ¢ € [0,¢5] and
4k(63tﬁl)2”F0”C(Qo) +4k0364t61 HF1||C(Q0) -1 S Oforallt e [O,tik]) and also [detﬂl]il Z
1 for all t € [0,%7], j = 0, 1. They are

1
- —_ 1
: k1l Fillo@ fllFol - Br
% _ 0) Q) _ __f
tp = min { ol Follcan) 1+ (Cl+cg)kf|\F1H20(Qo) 1 7 | 2(c1+ca)ko ,

- N 1
. cal| Fillo(ag) fllFolle(qo) . P f B1
tr = mm{ e lFlowy \\/ 11 @readinltg, 1 | Hertenyes
if HFOHC(QO) > 07
- 1 1
% . f B1 f B1
to = mm{ _4(cl+cQ)k0k1HF1Hc(QO)i| ) [2(c1+02)k0} and

L 1
P ! Pr —
t] = min { {4(c1+02)6304|\F1Hc((zo)} ’ [2(01+02)53} }

in the case Fy(z,t) = 0, (x,t) € Qo.
Note that from (5) and (F) it follows that | /1] c(q,) > 0. We have proven the existence
of R>1,T* > 0 such that P: Mp — MF.
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The operator P is continuous on M} = {v € C(QF) | l[vlleqs) < R} (thus, on
M},). Namely, for vi,vs € J\;[I*%
|[Pv1 — Pua|c(qs) =

= sup /[F(T)]ldTQ/ Go(z,t,y,7) /vg(z,T)Agoo(z)dz[vg(y,T) —v1(z,7)]

(z,t)€Q A

0

— /[m (2,7) — va(z, 7)Ao (2)dz - v1(y, T) | dy
Qo

<es s / (F(r))\dr / Gola, t.y,)dy- [l loos) + lo2llows ] lon — vallewn
z,t)EQ]
0 Q0

Qkocg(T*)ﬁlR
< f”vl —vallo@z)-
Similarly we obtain that the operator P is compact on M}, (and thus on M}): the
uniform boundedness of the set

PMj}, == {(Pv)(a,t), (z,t) €Qf| ve Mg},
was established earlier; in addition, from the properties of Green operators and Remark 2
it follows that for all € > 0 there exists § = () such that for all (z,t) € QF, |Az| <4,
|At] < 6 and for all v € M},

sup |(Pv)(z + Az, t + At) — (Pv)(x,t)]
(2,t)€Qg

t
< M sup [dr [ |Go(x+ Az, t + At,z,7) — Go(,t, 2,7)|dz
(z,£)€Qg 0 Qo

+ sup |h(z+ Az, t+ At) — h(z, 1)
(z,t)eQg

< [<c1R+czR;>c3(T*>‘“ + Bi(T")] - [|Az] +|AtP2]Y <e.

As aresult, the operator P is equicontinuous on M}. According to the Schauder principle,
there exists the solution u € M}, of equation (16).

Theorem 4. Under condition F(t) # 0, t € [0,T], the solution (u,b) € Ms(Qo) of
problem (1)—(4) is unique.

Proof. Take two solutions (u1,b1), (uz,b2) € Mz(Qo) of problem (1)—(4) and substitute
them into equation (1). We obtain

Df(ul — UQ) = A(U,l - UQ) + b1u1 - bgUg,
D,@B(ul — UQ) = A(ul — ’U,g) + (b1 — bz)’u,l + bg(ul — ’U,g)
and for u = uy — ug, b =07 — bs

Dfu:Au+b2u+bu1.
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From the boundary condition it follows that
u(z,t) =0, €, tel0,T)
and from the initial condition
u(z,0) =0, u(z,0) =0, =z €.

Then, by Theorem 1, the function u(z,t) satisfies the equation
t

u(zw,t) = /dT/Go(x,t,y,T)(bg(T)u(y,T) +b(T)ur(y,7))dz, (x,t) € Qo
Qo

0

and belongs to Ca 5(Qo).
From over-determination condition (4) and from (15) it follows that

/u(a:,t)Agoo(x)dx =-b(t)F(t), tel0,T]. (18)
Qo

Then u(z,t) satisfies the integral equation

t
u(zx,t) = /dT/Go(I,t,y,T) ba(T)u(y, 7) — o dr
0 O

that is

u(x,t)/th/ Gola,t, 2,7)ba(7)
0 Qo

—ﬁ /Go(:c,t,yﬁ)ul(yﬁ)dy Apo(2) | u(z,7)dz, (z,t) € Qo.

By uniqueness of the solution of the second type linear Volterra integral equation with
integrable kernel we obtain wu(x,t) = 0, (z,t) € Qp. Then from (18) it follows that
b(t)F(t) = 0, ¢t € [0,T)]. Since F(t) # 0 on [0,7] (under assumption of the theorem),
b(t)=0,t€0,T).

Remark 3. The obtained result is correct in the case 8 € (0, 1] (without the second initial
condition u;(z,0) = Fy(x), € ) if in all formulas we put Fy(x) =0, z € Q.

A similar result holds for inverse problem on determination of a pair of functions:
the solution u of the second boundary value problem for such an equation and unknown
coefficient b(t) in the young term under the same over-determination condition (4).

We may study the cases N = 1,2 in just the same way.
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Radical filters of semisimple modules with finite homogeneous components
are described.

Key words: semisimple ring, module, radical filter.

All rings are assumed to be associative with unit 1#0 and all modules are left
unitary.

Let R be a ring. The category of left R-modules will be denoted by R — Mod.
We shall write N < M if N is a submodule of M. The set of all R-endomorphisms of
M will be denoted by End(M). Let soc(M) denote the socle of M. Let N < M and
f € End(M). Put

(N : f)ar = {x € M|f(x) € N}, End(M)y = {f € End(M)|f(M) C N} .

Let E be some non-empty collection of submodules of a left R-module M.
Consider the following conditions:

LeE,L<N<M= NE€EE, (1)

LeE,fe EndM)= (L: f)m € E; (2)

N,.Le E=NNLEcE; (3)

N e E,NeGen(M),L<N<MAVge EndM)y:(L:g)y cE=LeE; (4)

Definition 1. A non-empty collection E of submodules of a left R-module M satisfying
(1), (2), (3) is called a preradical filter of M.

Definition 2. A non-empty collection E of submodules of a left R-module M satisfying
(1), (2), (4) is called a radical filter of M.

Definition 3. A preradical (radical) filter E of a left R-module M is said to be trivial
if either E={L|L < M} or E = {M}.

© Maturin Yu., 2015
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Proposition 1. Let M be a semisimple R-module with a unique homogeneous component
and let M = ® M;, where M; is simple for each i € I. If Card(I) < oo, then every
icl

preradical filter of M is trivial.

Proof. Suppose that Card(I) < co. Let E be a preradical filter of M such that E # {M}.
We claim that £ = {L|L < M}. Indeed, consider the submodule L = (5 H of M.
Since L is a submodule of M, L is semisimple (see Proposition 9.4 [1, p. 117]. Suppose
that L # 0. Hence there exists a simple submodule T of L.

Let f: T — M be an arbitrary R-homomorphism. Since M is semisimple, there
exists a submodule H such that M = H & T. Consider the map g : M — M such that
Vt € TVh € H : g(t + h) = f(¢). It is obvious that g is an R-homomorphism. Then
g(T) = f(T). T C L implies that f(T) C g(L). It is easy to see that g(L) C L. Therefore
f(T') € L. It follows from this that > c rrom . (ran 4(1) = Tru(T) C L(see [p. 109,
1]). However, Tray(T) = M. Hence M = L. Now we obtain E = {M}. However, this
contradicts the original assumption that E # {M}. Therefore, we must conclude that
L = 0. By Proposition 10.6 [p.125,1], since Card(I) < oo, M is a finitely cogenerated
module. Taking into consideration this fact and ()5 H = 0, we see that there exist
submodules Hy, Ho, ..., H, of M belonging to E such that Hy ([ Hz()...()H» = 0. Thus,
by (3), Hi(VH2()...[VHnr € E. Now we obtain 0 € E. Hence E = {L|L < M}.

Lemma 1. If E is a radical filter of an R-module M, then E satisfies the following
condition

N,L€E,N€Gen(M)= N(|L€E. (3

Proof. Let E be a radical filter of an R-module M, N € Gen(M), and N,L € E.

Consider an arbitrary g belonging to End(M)y. Let z be an arbitrary element of
(L : g)am. Then g(x) € N and g(x) € L. Therefore, z € (L(\N : g)m. And now we
obtain (L : g)pr € (LN : g)m- By (2), since E is a radical filter of an R-module M,
(L : g)m € E. Taking into account (L : g)pr C (LN : g)am, by (1), (LN :g)m € E.
However, N € E, L(YIN C N, and N € Gen(M). By (4), N(\L € E.

Corollary 1. Let M be an R-module. If every submodule of M is generated by M, then
every radical filter of M is a preradical filter.

Example 1. Every radical filter of any ring is a preradical filter.

Proposition 2. If M is a semisimple R-module, then every radical filter of M is a
preradical filter.

Proof. Let K be any submodule of M. By Lemma 9.2 [1, p. 116], M = K @ H, where K
is a submodule of M. Consider the epimorphism f : M — K such that f(k+ h) = k for
every k € K and h € H. Hence K € Gen(M). Now apply Corollary 1.

Proposition 3. Let M be a semisimple R-module with a unique homogeneous component

and let M = @ M;, where M; is simple for each i € I. If Card(I) < oo, then every radical
i€l

filter of M is trivial.
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Proof. Apply Proposition 2 and Proposition 1.

Let M be a semisimple left R-module with a unique homogeneous component and
let M = & M;, where M; is simple for each i € I. If N = @& N;, where N; is simple for
el =r

each i € J and M = N, then Card(I) = Card(J). Put
Cards(M) := Card(I).

Proposition 4. Let M be a semisimple R-module with a unique homogeneous component.
If Cards(M) is infinite, then the collection

E,(M) :={L|L < M,Card,(M/L) < p}

is a non-trivial radical [preradical] filter of M for each infinite cardinal number p <
Cards(M).

Proof. Let Cards(M) be infinite and p be an infinite cardinal number such that p <
Cards(M). (1) Let L € E,(M) and L < N < M.

Hence Cards(M/L) < p. Since M, N are semisimple modules and N < M,L < N,
there exist submodules K < M, H < N such that

M=N&K N=LoH.

This implies that M = L & H & K.

It is easily seen that Cards(M) = Cards(L)+ Cards(H® K). Since HO K 2 M/L,
Cards(H ® K) = Cards,(M/L) < p. However, Cards,(H & K) = Card,(H) + Cards(K).
Therefore Cards(H) + Cards(K) < p. Since Cards,(K) < Cards(H) + Cards(K),
Card,(K) < p. It is easy to see that K = M/N. Hence Cards(M/N) = Card,(K) < p.
This means that N € E,(M).

(2) Let L € E,(M) and f € End(M).

Let mqy,me € M such that m; —mo € (L : f)p. Hence f(mq) — f(ma) = f(my —
mg) € L. Therefore, we have a map

g:M/(L: f)y — M/L,

where Vm € M : gim + (L : f)pr) = f(m) + L. Tt is obvious that g is monomorphism.
This implies that M/L = D @& U, where D 2 M/(L: f)p, U < M/L. Thus Cards(D) +
Cards(U) = Cards(M/L). But Cards(D) = Cards(M/(L : f)a). Hence, Cards(M/(L :
fs) + Cards(U) = Cards(M/L) < p. This implies that Cards(M/(L : f)p) < p. This
means that M/(L: f)m € Ep(M).

(4) Let N € E,(M),N € Gen(M),L < N < M and (L : g)p € E,(M) for every
g e End(M)N

As M is semisimple and N < M we see that there exists a submodule T of M such
that M = N @ T. Consider the projection

gn M — M, gn(n+1t) =nfor everyn € N,t € T.

Let mi1,mo € M be such that my; — mg € (L : gn)n. This implies that gy (mq) —
gn(ma) = gn(my — mgy) € L. Let n be an arbitrary element of N. Hence gy(n) = n.
If gv(m1) — gn(me) € L, then my — mso € (L : gn)am. From what has already been
proved, we deduce that g : M/(L : gn)m — N/L is a bijection. It is easy to see that
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q is an R-homomorphism. Therefore, Cards(M/(L : gn)am) = Cards(N/L). Since (L :
gN)m € Ep(M), Cards(M/(L : gn)a) < p. Thus Cards(N/L) < p. Taking into account
that M/L is semisimple and N/L < M/L, we have that there exists a submodule D of
M/L such that M/L = N/L @ D. Therefore D = (M/L)/(N/L) = M/N. Since M/L =
N/L® D, Cards(M/L) = Cards(N/L)+ Cards(D) = Cards(N/L)+ Cards(M/N). We
have Cards(M/N) < p, because N € E,(M). Consider the following cases:

(i) Cards(N/L) < oo and Cards(M/N) < oo;

(ii) Cards(N/L) = oo or Cards(M/N) = oo.

(i) Assume Cards(N/L) < oo and Cards(M/N) < co. Hence

Cards(M/L) = Cards(N/L) + Cards(M/N) < oc.
Therefore Cards;(M/L) = Cards(N/L) + Cards(M/N) < p, because p is infinite.
(ii) Assume Cards(N/L) = oo or Cards(M/N) = oo. Taking into account
Cards(M/L) = Cards(N/L) + Cards(M/N), by (2.1) [2, p. 417],

Cards(M/L) = max{Cards(N/L),Cards(M/N)}.

But Cards(N/L) < p, Cards(M/N) < p. Thus we have Cards;(M/L) < p.

In both cases we obtain Cards(M/L) < p. It means that L € E,(M). Therefore
E,(M) is a non-empty set satistfying (1), (2), (4). Now apply Proposition 2.

Since M is semisimple and Cards(M) # 0, there exists a minimal submodule T
of M. Hence M = T @ Wfor some submodule W # M of M. Therefore M/W = T.
Hence, Card,(M/W) = Cards(T) = 1. Thus, W € E,(M) for each infinite cardinal
number p < Cards(M). We obtain E,(M) # {M} for each infinite cardinal number
p < Cards(M).

Since Cards(M/0) = Cards(M), 0 ¢ E,(M) for each infinite cardinal number
p < Cards(M).

Proposition 5. (Theorem 1 [5]). Let M be a semisimple R-module with a unique
homogeneous component. If Cards(M) is infinite, then every non-trivial radical [preradi-
call filter of M is of the form E,(M) for some infinite cardinal number p < Cards(M).

Corollary 2. If M is a semisimple R-module with a unique homogeneous component,
then:

(i) The set of all radical filters of M and the set of all preradical filters of M are
equal.

(i1) If Cards(M) is finite, then all radical [preradical] filters are trivial.

(iii) If Cards(M) is infinite, then {E,(M)|p = oco,p < Cards(M)} is the set of all
non-trivial radical [preradical] filters of M.

Proof. Apply Propositions 1, 3, 4, 5.
Proposition 6. If M is a left R-module such that M = My & My @ ... ® M, where

M; = Try(M;) for each i € {1,2,...,n} and S < M = S € Gen(M) for every S, then:
(i) Every radical [preradical] filter E of M is of the form

E={Ji+Jo+t .t Jol|Ji € Ei(i € {1,2,..n})},



Yuriy MATURIN
104 ISSN 2078-3744. Bicuuk JIpBiB. yu-ry. Cepisz mex.-mar. 2015. Bumyck 80

where E; is a radical [preradical] filter of M; for each i € {1,2,...,n}.
(i1) If E; is a radical [preradical] filter of M; for each i € {1,2,...,n}, then E =
{Ih+Ja+ ..+ Ju|Ji € E;i(i € {1,2,...,n})} is a radical [preradical] filter of M.

Proof. (i) By Theorem 2 [5]. (ii) By Theorem 1 [6].

Theorem 1. If M is a semisimple R-module with a finite number of homogeneous
components My, Mo, ..., M,,, then:

(i) The set of all radical filters of M and the set of all preradical filters of M are
equal.

(’LZ) {{J1 +Jo+ ...+ J, |Jl S El(l S {1,2, ,n})} |Ez € {E L(Ml) |pi =00,p; <
< Cards,(M)YU. {{M;},{Li|L; < M; }}(i € {1,2,....,n})} is the set of all radical filters
of M.

Proof. By Propositions 1, 6 and Corollary 2.

Corollary 3. If M is a finitely generated semisimple R-module, then the set of all
radical [preradical] filters of M is a 2"-element set, where n is a number of homogeneous
components of M.

Remark 1. Let M = & M, be a semisimple R-module, where M, # 0 is a homogeneous
a<

component of M for any ordinal number a < &, £ is a limit ordinal number, and o is a
limit ordinal number such that ¢ < . Consider

F,={K<M| & M,CK,x<o}
x<a<§

We see that ((Fe = @® M, ¢ F, and F, is a radical filter of M.
oc<la<é

Indeed, let 0 <1 < & If x < o, then x <7 < { and we have M, C & M, for
xSa<g

every x < 0. Thus M, C @ My=\F,foroc<n<¢&.
<a<¢

x<o
x<
Let n < 0. Since o is a limit ordinal number, n+1 < o. Since ( & M,) M, =

n+1<a<é
0, NFo M, =0forn<o.
Put D := (F,. Let K, be a minimal submodule of M, for any a < ¢&.
Taking into account Proposition 9.4 [1], we obtain D € Gen({K,|a < &}). Hence

D = @gtrD(Ka). Since W — trw(K,),W € R — Mod is a hereditary preradi-
a<

cal [4], trp(Ky) = tryy(Ko)(ND = Moq(\D. Thus N F, = D = & (M,(\D) =
a<é
EB(MOCHD)EB D (MOCHD):O@ S My= & M,.
ocla< ocla<§

a<lo I3 < ocla<f
Let x < 0. Hence M, N\ Fo =M, () & My=0.Thus & M, isnot contai-
oc<la<§

xsa<§
ned in () F,, for any x < o. Hence (| F, ¢ Fy.
Consider conditions 1, 2, 4 for radical filters.
(1) This is clear.
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(2) Let x <o, K <M, &® M, C K, and f € End(M). Since M,, is a fully

x<a<§
invariant submodule of M for any a < &,f( & M,)C & M, Hence @ M, C
xsa<g

xsa<g xsa<g
(K : f)ar- Therefore (K : f)p € Fy,.
(4) Let N € F,,L < N < M and Vg € End(M)y : (L : g)m € F,. Hence there
exists an ordinal number x < ¢ such that <€9 5Mo‘ C N. Consider
x<la<

g: M — M,glmi +mg) =my,(m1 € @& My,mae & M,).
x<a<§ a<x

It is easily seen that g € End(M)y. Thus (L : g)m € F,. Hence there exists § < o
such that @& M, C (L: g)m- Put v := max(x, ). Hence
BLla<g

© Ad@ ::g( S2) Ala)g;L~

y<a<§ y<a<§

Therefore

LeF,.

Let fo(0 < &) be an element of End(M) such that fa(m) = m for every m € My
and fp(m) = 0 for every m € M,,, where o < £ and « # 6.
Put

Foo={fo(L)|L € Fy }.
Let 0 < 0 and S < Mpy. Then ® M,C @ M,+ S, because 0+ 1 < o.
0+1<a<f 0+1<a<f

Hence @& My+S€F, ThusS=/fo( & M,+5S)eF,9. Weobtain F,g =
0+1<a<§ 0+1<a<§

{S|S < My} for any 0 < o.
Let 0 < 6 < ¢ and let H be an arbitrary element of F, 9. Then there exists K € F,
such that fo(K) = H.Hence & M, C K for some x < 0. Since o <0 < ¢ and x < o,

x<a<{

X < 6 < & Therefore My € @& M, C K. Hence, My = fo(Mp) C fo(K) C My. We
x<a<§

obtain H = Mjy.

Therefore {>
6 ())-

Acknowledgement. I would like to thank Professor M. Ya. Komarnytskyi for
helpful discussions.

ace Ha|Ho € Fro} = {T < M| F, CT} # F, (see Proposition
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CYMICHI HABJIN2KEHH{ THBAPIAHTIB, ITEPIO/IIB TA
3HAYEHD JABOX EJIIIITUNYHUX ®YHKIIN BEUEPIIITPACCA

Oabra MUJIBO, dpocaas XOJIABKA

Jveiecvruti HaytonarvHul yHisepcumem imeni Ieana Dparka,
eys. Yuisepcumemcoka, 1, JIveis, 79000
e-mail: olga.mylyoQgmail.com, ya_ khol@franko.lviv.ua

Hexait p;(z), (1 = 1,2) — anreGpuano me3anexHi emintuani Gysxmii Beiiep-
mrpacca. OTpUMaHO OIMIHKY CyMiCHOrO HabIMKeHHs iHBapianTiB 1ux GyHKIIHA,
TXHIX TepioniB, YMCIa (v T4 3HAYMEHBb KOXKHOI 3 nmx (DYHKIIH y mepiomax iHMIol
Ta B TOYII (.

Karowosi crosa: cymicui nabimzxennd, eninruaaa dyakiisa Beitepmrpacca.

1. Beryn. Posrasuemo ajrebpuano Hezasiexksi emimmuani hyHkiii Beiieprirrpacca
01(2), 92(z) 3 inBapianramu ¢i1 2,913, 92,2, 92,3, BinnosigHo. Ilosnaunmo depes (w,wr)
napy OCHOBHUX Trepiomi dyHKII ©1(2), a wepes (w,ws) — bdyrKmil pa(z) [1]. Hexait o
JOBLIBHE 9HCJIO TaKe, MO Mw + miwy + Maows + « He € nomocaMu ©1(z) Ta po(2) mpu
ycix m, my, mo € N.

Hanasi 6y1eMo JOTpHMYBaTHCh TaKWX Mo3HaYeHb [2]: uepes d(P), L(P) mosnaunmo
CTEIMHDb T JOBXKUHY MHOrouwieHa P 3 mijgumu koediriertamm; €1, . .. 1o — HAOMMAKATOUL
anrebpwani wncna, d; = d(§;) ta L; = L(§;) — ixui cTeneni Ta mOBKWHW, BiImOBiIHO.

Teopema 1. /s dosisvhur anrzebpunhus wucea &1, . . .12 cnpasdicyemoves
loo = &1| +|w —&a| + w1 — &3]+ [g1.2 — §al + 91,3 — &5] + (92,2 — &6 |+ [92,3 — &7| + [pa(w1) — s
+lp1(@) = &ol + |p2(@) = Eio] + |wz — | +[p1(w2) — 12| > exp (ZAT®), (1)

InL InL
de ng = degQ(&1, ... &12), T2”0<n Ly e
dy dy2

CMARMA, 3AAEHCHA AuWe 610 WUCea §1 2, 91,3, §2,2, §2,3 MG Q.

+lnn0) , A >0 — xon-

IToni6ui onjnku Ta dopMysTOBaHH: 33734 MOXKHA 3HAlTH, Hanpukaal, B [2], [3].
2. HoBeaeuns Teopemu 1. /lorpuMyBaTnuMeMOCh CTaHAAPTHUX MO3HAYEHD B Te-
opii exinTuurnx dbyukuii [1]. JosemeMo Taky OIiHKY HAOJHKEHHS.

Teopema 2. Jlaa dosiavHux aszebpunwnuxr wuces &1,...E10 CNPasodHcyemves ma-
Ka mepisnicmo: o — &1| 4+ |w — & + w1 — &| + |g12 — &l + |g13 — &| + |g2,2 -
€o| + 1923 — &+ [p2(w1) — & + [p1(@) — &l + [p2(a) = &o] > exp (-A*N?), de

© Munso O.41., Xosasira 51.M., 2015
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N2 =n (% 4ot % + 1nn) , n=degQ(&,...£10), A\ — Hamypasvhe wucao,
3aneorcHe auwe 610 gi2, 91,3, 92,2, 92,3 Ma Q.
Hexait c1, ca, ... — mogaTHi KOHCTAHTH, sIKi He 3aj€XKaTh Big n,d;, L; Ta A.
Jlema 1. Hxwo N\ — docmamhubo eesukre, mo HepieHicms
loo = &1 + |w — &a| + w1 — &] +191,2 — al + |91, — &5 + (92,2 — &6l + |g2,3 — &7+
lp2(w1) — &s| + [p1(a) — &o| + [p2(a) — &1o] < exp (—A® N?) (2)
HEMOIHCAUBAE.
Josomutu Jlemy 1 6ymemo Big cymporusaoro. [Ipuitmemo
M =[AN], K=L=S=][\N], (3)

m,my,s € Z, 0 < s <5, Mexi 3minm m ta my OyayTh 3a3HaYEH] B KOKHOMY BHIAIKY

okpemo. Iloznaammo [epes (1, ..., ¢, miniiiHo He3amexkHi cepen wmcen &7, ..., &143°, u; =

0,1,...,d; — 1. Busnauumo
K L n
F@ =) Conn?o (2)92(2), Cinin =Y Crintorlr, Chirtnr €Z. (4)
k=111,la=1 =1
Ak i B [4], nozHaunMO ¢(2) = p2(2+%). 3 dopmynu gomapanHs 114 ©(2) OTPUMAEMO
¢ () = ¢'(w) \?
S —aegy) o) = T O

Icuytors Muorowtenu [4] G p Bin p2(2), p5(2), ¢(2), ¢'(2) Taki, mo

w w
@2(2+w)zp2(2+2+w+2):<

S

(AT WAz, w)mo, (©

InL(Gspi) < sln(s(p+ 1) +ci(s+p+1)), degGs i < 4(p+1).

Bpaxosytoun, mo (pf(2))* = 407 (2) — gi20i(2) — 91,3 1a 9] (2) = 607 (2) — gi2/2, 3
(5), (6) nouibuo sk y npai [4], orpumaemo

Gsm,l =

. ds B i s ds—t 3
FO2) = T (A7 "z w) (f+w)AS (2w = Y @ ( T L(w)) =0
t=0
K L t ¢ dt_i
DIDD CZ() (W(2+w)k@"11(2+w)> fu=Gits os(2) (7)
k=111,lo=1 i—0 \! w
IHozragnmo
K L t ¢ dt_i
P =3 3 O3 () (GG 0ok 0)) oo a(2): 9
k=111,lo=1 i=0

_ Hexail &5 = 46§ — &6s — &, €y = 468 — €y — &, €5 = 46 — &bro — &n;
§=(&1,---,610,613,614,615); fsmmi (§) 1@ fst.m,m, (§) — BUPa3m, orpumani 3 Bupasis
f(s)(mw + mw; + a) Ta fs,t(mw + miwi + «) 3aMino0 «, w, wi, 91,2, 91,3, 92,2, 92,3,

pa(w1), p1(a), p2(a), ph(wr) @) (a), py(a), na &1, ..., &0, 13, €14, £15, BinmoBinmo.
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PosrasgreMo fs i mm, (€), 1 <m,m; < M,0<t<s< S, axk M2S ninitmi bopvn
Bin nK L? avinaux Ch g, 1+ 3riano 3 [5] nema 4.1 ta (3), (8), subepemo uucna Cy i, 15,7,
sKi He BCl JOPIBHIOIOTH HYJO Tak, w0 maid 1 <m,m; < M,0<t<s< S

fstmmi () =0, 0<max|Cry, 1,.-| < exp(caA® nIN3). (9)
3(2), (3), (9) mpu 1 <m,m; <AM, 0 < s < S orpumaemo

7o - maor +0)  fumm, (B)] < exp(— 5ANY) (10)

3 (7)-(10), axmo 1 < m,m; < M, 0 < s < S, 10 omepKuMO
| £ (mw + maw; + )] < exp(—%/\gNg’). (11)
Hoseznemo, 1o oninka (11) rakoxk Bukonyerbed i gy 1 < m,mp < AM, 0< s < S.

Jlema 2. Hezaii nepisnicmo (11) cnpasdocyemnca daa 1 < m,my < 29M, 2¢ < X npu
0<s< S . Todi sona cnpasdocyemves i das 1 < m,my < 291N 30 mux camuz S.

Hexait G(z) = f(2)02E(2)03"(2), ne 0i(2) — o-byukuis, mo sianosizae p;(z) [1].
BuGepemo naiimenme mije r take, wo r > 4(2¢4M + 1)(|w| + |wi| + |wa| + |a] + 1). TTo-
smaumvo R = 4r. Toni 3 (3), (4) i (9) orpumaemo |G(2)]1.j<r < exp(—c329A*N3), To-
My 3 temn 4.5 B [5] mpu 0 < s < S orpmvaemo |G (2)|, 1<, < exp(—2¢A\°N3). Hna
e = R7! B e-oromax V(g,mw + miw; + @) ToU0K mw + miw; + o byskmii o1(z) Ta
02(z) He maroTh HymiB, ToMy mpu 1 < m,m; < AM 3 memu 7.1 [3] Ta (3) orpmmae-
MO |05(2)]2ev (e, mwtmiwr+a) > exp(—c4A*N?), spinkn npu 1 < m,m; < AM suniu-
Ba€ |f(2)|.ev(e,mwtmiwita) < exp(—227INN3). Orxe, gua 1 < mymy < 29710,
0 < s < S orpumaemo
d\5

2
|£) (mw + miwr + )] < exp(— N?). (12)

Bpaxosytoun (10), mia 1 < m,my < 29 M 12 0 < s < S 3 (12) punimsae

W N3). (13)

Famm B)] < exp(—>

Posraanatotn fsimm, (€), 0 < t < s < 5,1 < mym; < 29 M ax snavenns
BiATIOBiIHOTO MHOTOWIEHA B ajrebpuvHux Toukax, 3 Jemn 4.1 B [5] ma (3) orpumaemo

A fotmm, (€) # 0 ouinky
[ fs,tam,my ()] > exp(=A>7N?). (14)
3 (8), (14) omepxkumo
| fomma (€)] > exp(=A'N?). (15)
Ouinku (13) i (15) cynepewnusi, romy st 1 < mymy < 2991M, 0 <t <s< S

OTPUMAEMO f5 m.m, (§) = 0, o pasom 3 (10) goBoauTh Jlemy 2.
Oninnmo |C i, 1,,7| 3Bepxy. Ipuiimemo

. K\ w+w +a .
an_(l AL) k=1 L (16)

3 nemu 4 [6] oTpEMaEMO TBEpAKEHHS.
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Jema 3. Hezaii A = det(p! (a))i,. wet....n, A(r) = det(p2(miwi + @iy, my=1...L,
A(my, k) = det((mw +miwi + @) m, k=1....1, Ay, x — aszebpunne donoenenna ene-
menma P4 (o) susnawnura A, Ny, o, (K) — eaemenma i (miwi + ) eusnawnura
A(K), A, k(ma, k) — esemenma (mw + miwr + o,)® eusnaunura A(ma, k). Trkwo
A #£0, A(k) #0 ma A(my, k) #0, mo

L
Z All, K Alz, my (/ﬁl) A'm7 k(mlv ”f)

A A(k) A(mq, k)

Crir s = f(mw 4+ miws + ay). (17)

Kk, m, mp=1

3 (16) Bummmsae, mo A; A(k) i A(my, k), axi € BusHAYHUKaMu BaHmepMoHIA,

Bigminni Big Hyasa. 3 (3), (16) Ta gemu 1.1 [3] mas nosinbHOT p(2) Bumuusae |p(oy) —

p(aj)| > exp(—AInN), K # j. 3 miel ominku ta (3) orpuMaemMo

All, K Alg, mi (H) Am,, k‘(mla H)
A A(r) A(ma, k)

3 aemm 7.1 [3] g 1 < m,my < L, B TOUKax z = mw + miwi + @, OTPHMAEMO

min |o25(2)| > exp(—ceA®N3), Tomy 3a ymosu (1/2)A < 2¢ < \ omepkuMo OmiHKY
|f(mw +mywr + ay)| < exp(—(1/4)A"N3). Bsigcn i 3 (17), (18) ta Jlemn 3 Buninbae

, , < exp(csA*NIn N). (18)

6 T3
|Crir ] < exp(=A"N?). (19)
Posrasagaroun Cy, i, 1, SK 3HaUeHHA BignoBigHOro Muorousnena (4) Ay , | 3 HiauMu
koedirienramu Ci 1y 1,7 B TOUI &1, ..., &10 1 BuKOprcTOoByoun (3) ta memy 4.1 [5], mia

Chiy.1, # 0 orpumaeno |Cypy 1,| > exp(=A*N3), mo cynepeants ominmi (19). Tomy Bei
C,11 .1, AopiBHOIOTE Hysesl. Ase toxai 3 (4) i Bci Cky, 1,,- JOPIBHIOIOTH HyJEBi, IO Cy-
nepeauts (9). Ocranne npoTupivds 3acBidye, o (2) He COPABIKYETHCS, IO TOBOAUTH
Jlemy 1 ra Teopemy 2. SIkmio B (2) 3aminuT w1 Ha we 1 pa(w1) HA P1(w2) TA B3ATH TOYKU
mw + Maws + (i, TO TAKUMHU 7K MIPKYBAHHAMHA OTPAMAEMO JIOBEJIEHHS TBEPIZKEHHS, STKE
noxuibue g0 Teopemu 2 nng tak 3minenol muoxkunu uncen. Orxke, (1) BUKOHY€EThCs 3a
npocutb Benukoro A, Teopema 1 moBeaena.
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SIMULTANEOUS APPROXIMATION OF INVARIANTS, PERIOD
AND VALUES OF TWO ELLIPTIC WEIERSTRASS FUNCTIONS

Yaroslav KHOLYAVKA, Olga MYLYO

Ivan Franko National University of Luviv,
Universytetka Str. 1, Lviv, 79000
e-mail: ya_ khol@franko.lviv.ua, olga.mylyo@gmail.com

Let pi(z), ¢ = 1,2, be algebraically independent Weierstrass elliptic functi-
ons. We estimate a simultaneous approximation of invariants of these functions,
their periods, number a and values of each of these functions at the periods of

the other one and at the point a.
Key words: simultaneous approximation, Weierstrass elliptic function.
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VIIK 517.53

3B’SI30K MIYK ACUMIITOTNKOI JIOTAPU®MIYHOI
IMOXITHOI TA KYTOBOIO IIIJILHICTIO HYJIIB IIIJIOI
®YHKIIII ITIOBIJILHOT'O 3POCTAHHSA

Map’sua MOCTOBA

JIveiecvrull nautonasvrul yrieepcumem iment leana Pparnka,
ey.a. Yuisepcumeyvxa, 1, Jveis, 79000
e-mail: memyr28@gmail.com

st moBLIHHOT MOBLTBHO 3poCcTa0dol GyHKIIT v TOOY/I0BAHO MIPUKJIIA ILI0L
byuxuii f HyIb0BOro HOpsiKy, sorapudmivHa noxigHa sikoi 308Hi gesikoi C3-
MHOKHWHHM €KBiBaJIeHTHA, JH9nbHIN yHKIGT Hys1iB f i Hysi f He MaOTh KyTOBOI
V-IILJILHOCTI.

Karowosi caosa: 1inma dyHKmis, gorapudMidHa MOXigHA, HYJIBOBUN MOPS-
JI0K, KyTOBA IIIJIbHICTh.

1. Beryn i dopmysroBanust pesyabraTtiB. Hexail f — mina dyukiis ckinuen-
HOTO JOJATHOrO MOPSIAKY p 1 miskoM peryisiproro spoctanssi [1]. Jlobpe Bimomo, 1o
IILJIKOM PEryJsgpHe 3POCTAHHSA M0l DYHKINT TOJIATHOTO HEIJI0r0 MOPIIKY €KBIBAJEHTHE
yTOYHEHHUH nopsAaoK PyHKHil f.

Mosuauumo wepes F(z2) = zf'(2)/ f(z) — norapudwmiuny noxinuy dbyskiii f. Acumn-
roruani popmyau F(z) ayist uinol GyHKIT 1. p. 3p. f 30BHI JI€AKUX BUHATKOBAX MHOMKWUH
3Halinero B [2], a B [3] moBeneno, mo 3 acuMnToThkU F'(2) BUNIMBAE IIJIKOM peryJispHe
3pocrands GyHKIIl f. Mu posrisgHeMo aHajoriusi 3a0a4i a1 ninx GyHKIiA HyJI50BOIO
TOPSIIKY.

Yepes L mo3HavaTHMEMO KJIAC JOJATHUX, HECHAIHUX, HEOOMEKEHUX, HElepepBHO
mudepenniiosrnx Ha Ry dyHKIil v raknx, mo rv'(r)/v(r) — 0 opu r — +oo, n(r) =
n(r,0,27) — niunnbha dbyukiis nyais f, a sepes Ho(v), v € L, — kaac uinux QyHKIiit
f mymaboBoro mopsaaky, mig skux 0 < A = T@w n(r)/v(r) < +oo. Hexait n(r,a, ) —
KinpKicrs mymis ol dyukmii B cexropi {z: |2| < r,a < arg 2 < 5},0< a < B < 27,

Bynemo rosoputu, mo uyai dbyexiii f € Hyp(v) MaioTh KyTOBY U-IIIIBHICTE, SIKIIO
icHye TpaHUIA

Ala, f): = lim nlr, )

r——+o00 U('r') ’
s BCiX o1 B, mi0 He HajiexkaTh JesaKii He Glabine, Hix 3aivenuiil Maoxkuni 3 [0, 27].

© Mocrosa M., 2015
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Haranaemo, mo muoxkuuaa E C C Hanexxurh 10 Kaacy Cg, Ao F — pumipHa i
mesy (ENC(r)) = o(r?), r — 400, me mesy — maocka Mipa Jlebera, a C(r) = {z: |z| <

r}.

Acmvnroruky norapudmivrol noxiguol musa f € Hy(v) sraiimeno B [4].

Teopema A. Hexati v € L, [ € Hy(v) i nysi [ maroms xymosy U-uisbHicmb.
Todi icnye mmoorcuna E € C3 maxa, wo

F(re*) = Av(r) +o(v(r)) = n(r) + o(v(r)), z—=>o00, z¢E.

3 Teopemu 1 BurIHBaE, 1Mo obepHEHe TBEPIKEHHS 0 TeOpeMu A HermpaBuIbHe.
Teopema 1. Jlaa dosiavnoi dynxyii v € L icnypoms dynwuia f € Ho(v) 1 muoorcuna
E € C2 maxi, wo

F(re®)=n(r) +o(l), z=re"¥ 500, 2¢E (1)
i Hyai f He Mawmob Kymoeoi U-uiabHOCT.

2. Noseneunsd. g nosenenns: Teopemu 1 Oy1eMo BUKOPUCTOBYBATH TaKUil HAC/Ti-
1ok 3 reopemu Temtina [[5], ¢. 326], akuii copMyIIIOEMO y BUIJIs] JEMHU.

JIema 1. Hexaii (x,,) i (yn) neckinwenno maai nocaidosrnocmi i das dosiavhozo m € N
[yl + |y2| + ..+ |ym| < K (K = const).

Todi
Zn = T1Yn + T2Yn—1 + ... + Tpy1 — 0,n — +o0.

Zlosedenns meopemu. Hexait v — nosliabhaa dyHkuis 3 kiacy L. Bubepemo nocii-
JIOBHICTB JIHCHUX YUCEN T') TaKy, o 7y / +oo mpu k — +oo i

v(r1) =1, rp41 > 2rg,v(rg) € N
[puiimemo my = v(ry) = 1,my = v(ry) —v(rg—1), k > 2,

v(rg) > (k+ Do(rg—1). (2)

ro-10-(2)")

Ockinbku my = v(rg) — v(rg—1) > kv(rg—1) > k i gna nosineaoro R > 0 (R/rg)™ <

Hexait

+o0 mg
(1/2)*, k > ko, To pax >, <> — abcomoTHOo 1 piBHOMIpHO 36iKHMIT B Kpy3i
k=1 \Tk
{z:|z| < R}, a orxe, f(z) — nina dyHKIis.
Hexait 7, <r < rp41. Toni

n(r) = ka =uv(r1) + Z (v(rg) —v(r—1)) = v(ry) < v(r)
k=1 k=2
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igng ecix aif,0<a<f <27, OTPUMAEMO

n(r,a, 8) = (1+ 00))% > me = (L4 o(1) (), 7= +oo.

T}Cgr

3eigcu, 3apugku (2), OTPUMYEMO, IO

R M_ lim n(T7L7avﬁ)_ﬂ_O‘

1 = =
r—o0 u(r) n—too  wv(ry) 21
liim n(r, «, /8) — lim n(rn+1 - 07 a, ﬂ) — 5 — lim U(Tn) -0
rotoo U(T) n—+o00 U(Trpt1) 21 n—o+oo U(Tpi1)

Orxe, Hyai f He MarOTh KyTOBOI U-MIIJIBHOCTI.
Jlerko 6aunTu, 1Mo

+oo n +o00
_ (=mg)(z/ri)™ my, m(z/Te)™
F(Z) _kz:; 1—(Z/Tk)mk _; ]__(:r-k/z)mk +k:zn;i_1 (Z/?"k)mk -1
_ zn: Zn: k(ri/z)me Ji my(z/r)™
=1 (ri/z)™ Z/Tk )k — 1
3siacn mag ry, < 2| =7 < rpp
FG) = < 32 1 e | + k:ZnH G /Tk)mk | = E 2 B

Hami gmst ry, (1 + 1/,/mn) <zl € rpyr (1 — 1/1/mn+1) OTPUMAEMO

r My 1 —Mn
=) <1 e
(|z> \( +\ﬁmn) S ’

|Z| Mn41 1 Mn41
() <o) e

Fut1 N
Tomi
1 1
| < T <
1 1

m = <2
([2l/rn1)" —1‘ 1—1/2-Vmn

g k <n — 1 npaBuiabHi Taki OIMHKN:

L mp Tr—1 mg 1 me 1
T g < a g a?
|z Tn 2 2

n—=k
Tk Tk Tk+1 Tn—1 < (1>
_E . . . <[ = .

Tn Tkl Tht2 Tn 2

Orxe,

=i < Z g e () = ()

n—-1 My T'k;/?" 'rn;C
<D Tyt
1= (rg/rp)™

k=1




3B’A30K MIZK ACUMIITOTUKOIO JIOTAPU®MIYHOT TTOXI/THOL. ..

ISSN 2078-3744. Bicuuk JlpiB. yu-ty. Cepis mex.-mar. 2015. Bumyck 80 115
1 —my, n—1
2m,, (1 <2 <2 glh=mmi 4 o(1 :
+2my, ( + m) ;mk Tk/rn) \/7 z_:mk +O( )a n — 400
Hpuitassum x; = my /2™,y = 1/2F™% 3 nemn 1 omepkyemo
|%1] = o(1), n — 4oc. (4)
Hani, aranoriaao no ominkwm |X1|, orpumyemo
too y Mp+41 My 41 -1
my(r/rg) ™ r * z
Sy Y el (T 1| <
h kzzn;-z |(2/rg)m* — 1] " Tn+1 Tn+1
k 1 Mn41
- Z wwmm (1_> <
W 1= (rnga fre)™ Myt
Mp41 _
2kz = n)mk +2- 7 = o(1), n— +oo. (5)
n+2

Orxe, 3 (3)-(5) mna z ¢ E = +Ljo (ri — re//Mu, T +73/\/My) Bukonyerses (1).

BamumaeThbest mosectn, mo E € C3. Cripapai, ans 7, < 7 < 7y41/2 MaTuMeMo

n

mesy (ENC(r) <Y (r,i(1+ \/:ka —r,3> = Zn: (2;7% + jk) <

k=1 k=1

3r i rk/T” 22
k=1

Hpuitnasmu z; = 1/\/my, y; = 1/4!, 3a gemoro 1 orpumyemo

2(k n)2

mesy (ENC(r)) = o(r?), r — +oc.
Anagnoriuno, ad rp41/2 <r < rpg
n+1 1 n+1 ’I’k/’f‘
1)
mesy (ENC(r)) < <?“21+ > 3r nt
Bnem) <3 (0 + i 3
4l o(k—n—1)2
<1272 Z =o(r?), r = 4o0.
k=1
Ot:xe, 3 ocraHHIX ABOX CHIBBIIHOLIEHD
mesy (ENC(r)) = o(r?), r — +oo,
IO JTOBOIUTH TeopeMy 1.
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RELATIONSHIP BETWEEN THE ASYMPTOTIC OF
LOGARITHMIC DERIVATIVE AND ANGULAR DENSITY OF
ZEROS FOR AN ENTIRE FUNCTION OF SLOW GROWTH

Mariana MOSTOVA

Ivan Franko National University of Luviv,
Universytetska Str., 1, Lviv, 79000
e-mail: memyr238@gmail.com

For any slowly increasing function v we have constructed an example of a
function f of zero order, the logarithmic derivative of which outside of some
C2-set is equivalent to the zero counting function of f and zeros of f do not
have angular v-density.

Key words: entire function, logarithmic derivative, zero order, angular
density.
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PO AIAMAPOBI KOMITO3WMIIIT ITIOXITHNX
TFEJIbOOHIA-JIEOHTBEBA AHAJIITUYHUNX ®YHKIIIV

Oxcana MVYJISIBA, Crenan ®EJIMHAK

JIveiecvrutl HautonasbHul yrieepcumem iment leana Ppanka,
eys. Yuieepcumemcora, 1, JIveis, 79000,
e-mail: info@nuft.edu.ua, fedynyak@yahoo.com

Jist minux 1 aHATITHYHEX B OOUHUYHOMY Kpy3i GyHKINN y TepMminax y3a-
raJibHEHUX IOPSAIKIB JIOC/IKEHO 3POCTAaHHS aJaMapOBHX KOMIIO3UINN TXHIX
noxigaux enbdonna-/IleonTheBa. BuBueHO TOBOMKEHHS MAKCUMAJBHUX UJTe-
HIB TaKUX KOMITO3UITIA.

Karwost caosa: amamituuna ¢yskiis, moxiana lembpdorma-JleonTneBa,
xoMmo3umisg AgaMapa, MAKCUMAJILHAN YJIeH.

JI7sl cTeneHeBoro pamy

o0

flz) = kazk (1)

k=0
3 pasiycom 36iknocti R[f] = R € [0, 00] i crenenesoro pany 1(z) = > oo k2" 3 R[] =
R e [0,00] il > 0 mms Beix k > 0 crenenerwii psi

D(n)f Z lk+ fk+nz (2)

HasuBaeThes [1] moximHO© FeﬂbeOH,Z[a—HQOHTbeBa n-ro nopazaky. dxkmo I(z) = €*, 1o
Dl(n) f(2) = f")(2) e 3BUYaHO0 HOXIIHOWO N-TO HOPSIIKY.
CrerneneBuii psi

(f % 9)( Z Fegr (3)

oo
HA3WBAETHCA aJaMapoBoio Kommosutieo paay (1) i pamxy Y. grz® = g(z). Bimowo [2],

mo R[f % g] > R[f]R[g] i obGephena HepiBHICTL MOXKE HE BUKOHYBATUCH. BiacTuBocti
a7]aMapOBUX KOMITO3HUIIIH BUKOPUCTOBYIOTE TSl AOCHIKEHHS AHAJITHIHAX MTPOIOBKEHD
dbyukuiit (aus., nanpukmaaz, [3], [4], c.31-57).

© O. Myunsiea, C. ®eaunsik, 2015
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3po3yMmijo, Mo He 3aBkK U pasdiyc 30ikuocTi moxinuol Lenbdonna-JleonTbeBa psimy
(1) 36iraeTbes 3 pajiycom 36iKHOCTI IBOTO pALY. Asle TpaBHIbHA Taka Jema [5].

JIema 1. Jlaa mozo, wob das xosicnozo pady (1) pisnocmi R[f] = 400 iR[Dl(n)f] =400
OYAU PIBHOCUADHUMU, HEOOTIOHO i docmamHbo, wWob

0<g= lim v/lp/lpy1 < k@ Vie/lks1 = Q < 400, (4)

k—oco

a dan exsisasenmmuocmi pienocmet R[f] =1 R[Dl(n)f] =1 neobxionorw i docmamuboro
€ Yymosa

khm \k/ lk/lk+1 = 1. (5)
—00

lomo ommHovacHol aHamiTraHOCTI oxianol l'enbdoraa-JIeonTheBa agaMapoBOl KOM-
TO3MUITT

(oo}

Dl( )(f * g)(z) = Z 7fk+ngk+nzk (6)
k=0 lkJrn
dyukmii fi g Ta amamMapoBol KOMITO3UINT
() ¢ . () () 5
(Dl f * Dl g)(Z) = Z lk-i— karnngrnZ (7)
k=0 NPT

ixui noxinai Tenbdorna-JleonThera B [5] q0BEIEHO 5K TeMy.

Jlema 2. 3a ymosu (4) pisnocusbrumu € pighocmi R[Dl(")f*Dl(n)g] = 400 iR[Dl(n) (f=*
g)] = +00, a 3a ymosu (5) maxumu € pienocmi R[Dl(”)f*Dl(n)g] =1 iR[Dl(")(f*g)] =1.

dxmo R[f] > 0, To mma 0 < r < R[f] mexait M(r, f) = max{|f(2)| : |z| = r},
w(r, ) = max{|fx|r* : & > 0} — maxcumanbuuit wien pagy (1), a v(r, f) = max{n :
|fx|r* = pu(r, f)} — fioro nenrpanbuuil injexc.

HaiipKuBaHimuMu Xapak TepUCTUKAMU 3POCTanHs 110l yHKIGT f € 1T mopsaaok of f]
i mkHif mopagok \[f], ozraueni dopmymamm

Afl = lim 1n1nM(r,f)’ ofl = Tm lnlnM(r,f)'

r—+00 Inr r——oo Inr
Hna byuxniit, apamitaaanx B kpysi D = {z : |z| < 1}, awxwiit nopsmok \*[f] i mopsamox
0*[f] BBOmATE 32 dopmymamm
In*ln M —Intln M
Nf] = tim PR M) gy gy 2 0 M )
1 —In(l—7) 1 —In(1—r)
OcuoBanMu B [5] € Taki Teopemu.

Teopema A. Hexaii f i g — uini dyukuii. kuio Bukonyerbea ymosa (4) 3 ¢ > 1, To

(n) (n)
lim Llnln uir, Dy (J:* ) = Alf *gl,
e I D (e g))
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p(r, D™ £ DI g)

lim — = o[f = gl,
ol DY (f # g))
SAKIIO
0< lim — < fm o ®)
1 B 1 R 0,
k—o0 (k + 1)lk+1 T k—oo (k + 1)lk+1
TO
1 wu(r D(n)f * D(”)g)
lim liln — (n) l :’n,)\[f*g],
oo T pu(r, Dy (f % g)
i
lim —In pr, Dy /=Dy 9) = nol[f * g].

bl DM (f % g))
Ymosa (4) 3 ¢ > 1 B Teopemi A ¢ icrorHomw [5].
Teopema B. Hexait 1 g — ananituuni 8 D dyuxnii i R[f * g] = 1. Tozi 3a ymosu (9)

(n) (n)
X[ 4] < lim + ur D" 1+ Dfg

r1 —ln(l—r) n M(TaDl(n>(f*g)) Sn()‘*[f*g]"‘]-)

no*[f * g] < lim ot M D f D)

r11 —111(1—7‘) M(TyDl(n)(f*g)) Sn(g*[f*g}+1)

Y [5] B repMinax mOpAAKY Ta HUXKHBOTO IMOPAJKY TAKOXK JOCIILIZKEHO HOBOIYKEHHS
u(r, D™ (f % g) G D™ [« D{™g)
u(r, Di(f x9))  p(r, Di"™ f = Di"g)

TyT Mu nepeHecemo pesyibraru 3 [5] Ha BUIAJOK y3arajlbHEHUX [IOPSJIKIB, AKi BBIB
M.M. [lepemera.

Yepes L Mo3HAYMMO KJIAC JOJATHUX HENEPepBHUX Ha, (—00, +00) dyHKIIH o TaKuX,
mo a(x) = azg) 1 —oo < x < xg i a(z) T +oo mpu o <  — +00. Bynemo ropopurw,
mo a € L axmo « € Li a((1+o(1))z) = (1 + o(1))a(z) npu 2 — +o0. 3pemroro,
a € Ly, axmo o € L i alcz) = (14 o(1))a(x) npu x — 400 qrs koxuOro ¢ € (0, 400),
TOBTO (v — MOBLIBLHO 3pocTaioya MyHKIiA. 3po3ymino, mo Ly, C LY.

HOna o € L'i B € L y3aranpnennmu nopsaakoM 0qg[f] 1 HukHIM nopaakom Aag|f]
ol dyHkuii f HazuBaThes [6] BemmunHR

— afln M(r, f)) . a(ln M(r, f))
1 — A =1 N P
oo (nr) 7’ sl T%OO B(ln r)
Hna dyskuiit, ananitnaanx B kpysi D, ysaranbreni HUKHIA TOPAIOK Af g [f] i mopamok
gzﬁ[f} BBOAATHCA [7] 32 dopmymamu
. _a(ln M(r, f))
=lim ———==
S V=)

BiIHOTITEHD 31n>m.

0aplf] =

T G LGY )]
ealll = Bz )
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SIKI0 B O3HAUEHHSAX y3araibHeHHX Topsikis dyuknil (1) 3amicts In M(r, f) nocrasu-
Mo In p(r, f) abo v(r, f), TO OTPUMAEMO BEJMYMHU, fAKi MO3HAUMUMO, BIANOBIIHO, depes3

Qaﬁ[ln /J], )‘a/@[ln :U’]7 QQB[V]’ )‘aﬁ[y] i Q:;ﬁ[ln /J], )‘Zﬁ[ln /J], QZ[K[V]’ )‘Zﬁ[y]

Jlema 3. Hezaii o € Ly, € L° i das woorcnozo ¢ € (0, +00)

alza(cB(x))) = (1 +o(1))cB(x), = — +oo. (9)
Todi, anwo | — uina ymnuiz, mo 0opf] = caplln p] = eaplv] = caplf’] i Aaplf] =
Aaplln p] = Aaglv] = Aaplf]- o
Skwpo ore [ — anasimuuna ¢ D dynryia, ler{:O|fk\ = 400 i a(z) = o(B(z)) npu
T — +00, mo QZ,B[f] = Q:;,B[ln p = QZ[;[V] = QZﬁ[f/] Z)‘Z,B[f] = )‘Z,B[ln ul = )\Z,@’M =
Al
Hosedenns. 3 mepisnocri Komi p(r, f) < M(r, f) orpumyemo goplln p] < o0a8[f],

Aagln p] < Aaplfls ohslln pl < oi5(f1 1 ANoplln p] < Ajglf]. 3 immoro Goky, mexait
0 <~(r) < R[f] — r. Toni

9] k
k r r+(r)
M 1) < Yl #2055 ) < w20 D
dxmo R[f] = +oo, To Bubepemo y(r) = er, ne 0 < ¢ < 1. Tomi In M(r, f) <

<Inp((l+e)rfl)+In((1+e)/e) = (1 +01))In pu((1+¢e)r, f) npu r — 400 i, axmo
a € L%iB € LY 1o nerko orpumyemo HepiBHOCTI 0ag|ln 1] > 00s(f] 1 Aag(ln ] > Aaslf]-

dxmo x R[f] = 1, 1o Bubepemo v(r) = (1 —r), ne 0 < ¢ < 1. Toni In M(r, f) <
In p(r+e(l—7),f)+In(1/(e(1 —7)), i orxe,

alln M(r, f)) < amax{In u(r +e(1 —7), f), n(1/(e(1 —r)))}) =
= (L+o(1))a(max{ln p(r +&(1 —r), f), In(1/(e(1 = 7)))}) <
< (T +o)(a(n p(r+e(l—r), f)) +a(n(l/(e(1-r))))), rTl
Ocxkimbku o € LY i a(z) = o(B(x)) mpu & — +00, TO OTpUMyEMO

alln p(r+e(l—=r), f)BA/(1—-—r—=c(l—r1)))
BL/(1—r—e(l—r))) B(L/(1—1)) ’

a(ln M(r, f))
B(L/(1—r))

<

TOOTO
0aslf] < 04plln plA(e) 1 AGslf] < Agslln p]A(e),
Bla/(1 =)

A(e) = lim
Je (5) zHHJIrloo B(l')
B [8] moBenero Taxy mmactusicts kmacy L°: axwo B € LY ie € (0,1), mo
— BT o)
)

Ha JIOBiNbHICTE € TpaBubHi HepisHOCTI 0%5(f] < 0flln p] 1 Nig[f] < Ajglln p]. Pis-

woeti fapln 1] = 0as(f], Aaslin 1] = Aaslfl, 05501 = e5slin ]  Nylf] = Aslin 1]
JOBEJICHO.

— 1 npue — 0. Tomy A(e) = 1 npm ¢ — 0, i orxe, 3 ormamy
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Hobpe Bigomo [9, c. 13], mo 3a ymosu 3poctanss dbyskuil In pu(r, f) ana 0 < rg <
r < R[f]

In w(r, f) —In w(re, f) = /TV(t,f)dln t.

To

Tomy
o pu(r, f) = In p(ro, f) < w(r, f)In(r/ro)
iana 0<~(r)<r—r
r
r=9(r)’

In w(r, f) —In w(re, f) > /T ( )V(t,f)dln t>v(r—~(r), f)ln
r—v(r

dxmo R[f] = 400, To Bubepemo 19 = 1 i y(r) =er, me 0 < & < 1. Toni

In p(r, f) —In w(ro, f) 2 v((1 —&)r, f)In(1/(1 —¢)),

3BinKu 3 ormsany HA yMOBH o € Ly, B € LY i naBeneny puie BiacTusicTs GYHKILH 3 K1a-
cy L°, sk y moBenenHi mepiBHOCTEH 0nplf1 < 0hplln p] 1 A7 5[f] < Aflln ], orpumyemo
HepiBHOCTI Pag([V] < 0agln ] 1 Aagv] < Aag[ln p]. 3 ivmoro 6oky,

I (r, £) < n plro, ) + v, £)(n 7 — nr) = (1 -+ 0(1))w(r, £)In 7 mpm 7 — +o00,
i, axmo v(ry, f) < a~(cB(In 1)), To 3 ormsAAy Ha ymOBY (9)

alln p(ry, £)) < (14 o(1))a(In rpa™ (cB(n ry))) = (1 4 o(1))cB(In 74)

npu k — co. 3Biacn orpuMyemo HEPIBHOCTI 0ap(ln p] < 0aplV] 1 Aaglln p] < Aaglv].
dxmo R[f] = 1, To Bubepemo 19 = 1/2 i y(r) =e(1 —r), ne 0 < e < 1. Toni

In pu(r, f) <Inop(1/2, f) + v(r, f)In 2,
3BijiKu BUILIMBAIOTH HepisHOCTi 0f5(In 1] < 0f 5[V] 1 AL 5(In p] < Aj5[v]. 3 immoro Goky,
OCKIJIbKH 3 YMOBH km | f| = +o00 BumIMBae 3pocranus dbyukiii In u(r, f) 10 +00, T0
—00
In p(r, f) = Inp(ro, f) +v(r —e(1 —T),f)lnﬁ =
=1 +o(1))e(d —r)v(r—e(l—r), f),

TOOTO

In pu(r, f)
e(l—r)’

Towmy, axmio In u(rg, f) < a=(cB(1/(1 —rt))), To 3 ormsamy Ha yMopu (9) i v € Ly,

avire ==, 1) < o (14 o) o (o8 (257 )) -
— 1+ o(wyes ()

l—Tk

vir—e(l—r),f) <(1+o0(1)) rt 1.

npu k — 00. 3BiACH BUILIUBAE, LIO

a(v(ry —e(l —ry), f))
BL/(L—(rr —e(l—11)))

pA/A —1k))
B/A+e)d=ry))’

< (I+o(1))c

k — oo,
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3BizKu 3 oMy Ha BacTuBicTs (yHKUii 3 Kiaacy L° i noBinbHICTE £ OTpUMyeMO HepiB-
Hocti o) 5[V] < ofsln p] i A glv] < Niglln pl. Pisrocti gaglln p] = 0ap[V], Aaplln p] =
NaglV], 2510 = 0350In 1] £ Aoyl = Al 2] momesero.

Hna 0 < ~(r) < R[f] — r 3 inrerpansuoi dhopmynu Komi

ra-5 [ 2%

2mi (1—2)
|7—z]=7(lz]

orpumyemo gepisaicts M (r, f/) < M(r + ~(r), f)/~4(r), a 3 ormany na dopmy-
z

ay Jlefionina-Heotona f(z) = [ f'(7)dr + f(0) mpaeunbua Hepismictes M(r, f) <
0

M(r, f') + |£(0)|. dxmo R[f] = +o0, To Bubepemo y(r) = 1 1 3 ocTanHix ABOX Hepis-
HOCTEH OnepKuMO PIBHOCTL 0up[f'] = 0aplf] 1 Aaplf’] = Aaplf]- dxmo R[f] = 1, To
subepemo y(r) = (1 —r), 0 < & < 1. Toxi, sk BumE,

afln M(r, f') < a(ln M(r+e(l—r), f) +In(1/(e(1 = 1)) <

< (1 +oM)(a(ln M(r+e(l=r), f)+a(n(1/(L-r)), rtL

Ockinpku a(In ) = o(B(x)) npu & — +00, TO BUKOPUCTOBYIOUN BIACTUBICTE (QyH-

kmift 3 kaacy L° i mosinbHicTs €, oTpuMyeMo HepiBHOCTI 0nslf'T < 0iplf1 1 Asplf'] <
&plf]. Tlporrnexwi mepisrocTi BUMMBaOTH 3 Hepiswocti M (r, f) < M(r, ) + |f(0)]-

Jlemy 3 moBeneHO.

Ilepeitnemo mo 3pocrannga moxigamx ['enbdorma-JleonThEBA.

Jlema 4. Hexati o € Ly, B € LY i daa wooicnozo ¢ € (0, +00) i sukonyemvea ymosa
(9). Todi, axwpo [ i g — yiai Pynruii, a nocaidosnicms (Ii,) sadosoavnae ymosy (4), mo

MaslD™ fx D™ gl = Aas[D{" (£ 49)] = Alf #9] i 0as[D{"” f+ D" g] = 0as[D{™ (f+9)] =
olf * g] dan woocnoeo n € N.

Hosederna. CrogaTKy AOBEIEMO, IO /\ag[Dl(n)f] = Aoglf] 1 0ap [Dl(n)f] = 0as|f]. oc-
TATHBO PO3TJIAHYTH BUIAIOK 1 = 1. 3 ymoBu (4) BUIIMBAE ICHYBaHHSI TAKMX THCEI
0<q <q < +oo, mo qf < li/lgr1 < g5 ana veix k > 0. Tomy, ax goseneno B [5],
MPaBUIbHI aCUMITOTUYHI HEPIBHOCTI

(1+o(1) In p(qur, £) < In pu(r, DIV F) < (14 o(1) In pulgor, f), 7 — 400,

10670 32 ymoB @ € LY, 3 € LY orpumyemo pisHOCTI 04 p(In u(-,Dl(l)f} = 0ap[ln p(-, f]
i Aaplln ,u(-,Dl(l)f] = Aoglln p(-, Dy(1) f], 3Binkm 3 ornamy Ha jgemy 3 BUILIHBAIOTH T10-
TpibHi piBHOCTI. OTXKE, Aag[Dl(n)(f xg)] = AN[fxg]i Qag[Dl(n>(f x g)] = olf * g]. 1106
posecru pissocri A[D{" f  D{"g)] =AD" (f )} i oD} f » D{"g)] = olD}"(f ).
tpeGa saysascuri, mo (5], g u(r, D" (f+g)) < p(r, D{" f+ D™ g) < g pu(r, D™ (f g)),
i BUKOpHCTaTH HABENeHy BuUIle apryMmenTariiio. Jlemy 4 mnoseaeno.

U

Jlema 5. Hexati o € Ly,, B € LY, daa xoocnozo ¢ € (0, +00) euKonyemvea ymosa (9) i
alz) = o(B(x)) npuxz — +o0. Todi, axwo f i g — anasimuywni D Gynruii, klim | fellgx| =
— 00
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+00 a nocaidosnicms (1) sadosoavuac ymosy (8), mo /\ZB[D;n)f*D,F")g] = )\Zﬂ[D,F")(f*
9)) = Alf # ] i @D f+ D" g] = 035 [D™ (f % 9)] = olf * g] dan woorcnozo n € N.

Jlosedenna. CrouaTky NOBEAEMO Take: sKIIO k@o | fr] = 400, T0 A} 4 [Dl(")f] = Nslfli
04 [Dl(")f] = 0},3[f]. Hocrarubo posrasmyT Bumanok n = 1. 3 (8) punimbae icHyBaHHS
ragkmx wmucen 0 < h; < hg < 4oo, mo hy(k + 1) < lg/lgr1 < ha(k + 1) ans Beix
k > 0. Tomy pu(r, Dl(l)f) < hgmax{(k + 1)|fer1|r* : k > 0} = hop(r, f') i, anamnoriumo,
wu(r, Dl(l)f) > hip(r, f'), seinku sunimsae, mo A g(In u(~,Dl(1)f)] = Nplln p(, f)] i
ghsln (DY )] = gl (-, f)]. Towy s meworo 3 Nig D}V )] = Neg[f'] = A /]
0D} )] = aiglf') = oplf) Omme, NoglDy™ (f %.9)] = Niglf 9] 1 €l [D}™ ( 9)] =
QZﬁ[f * g].

106 soneern, mo Nig[Df" f + D" g)] = Xep (DI (f * )] § 245D f + D" g)) =
0hs [Dl(")(f * g)], Tpeba 3zayBaxkuru, MmO 3a ymoBH (8) mpasuabHi [5]| HepiBHOCTI
B, F™) < ulr, D f « D" g) < W3 u(r, F™), ae

00 I .
F() = 3 1 frnhan?™" = 2D x.0)(2)
k:0 n

3Biacu i temMu 3 BUILIHBAE, 110 /\Zﬁ[Dl(n)f*Dl(n)g)] = /\ZQ[F(H)] = NglF1 =Ny [Dl(n) (f*
9)]1 2D £ D1Vg)] = 0ig ™) = 02s[F) = 02D} (f9)]- Tenny 5 aoseaeno. O

BukopucroBytoun nemu 3 — 5, 10BeIeMO Temep TEOPEMH, sKi y3araJabHIOIOTH abo
monoBHIOITE Teopemu A i B. Tlounemo 3 Bumaaxy, komm nocainosricts () 3310B0MbHSIE

ymoBy (4).

Teopema 1. Hexati o € Ly, 8 € LY i daa xosicrozo ¢ € (0, +00) euxonyemuves ymosa
(9). Todi, avwo f i g — wini Pynruii, a nocaidosnicme (i) 3adosoavnae ymosy (4) 3
qg>1, modaan<m

m—n (m)
Jim 1 olm " u(r,(l)?l (f*xg) _
7‘—>+OOB(1H T) ,U,(’I", Dln (f*g))
(m) (m)
D D

= lim ! « ln'u(r’ l( )f* 1()9) -

r——+oo ﬁ(ln 7’) ,U(T; Dln f * Dln g)
I u(r, D" f + D{"g)
= lm afn (n)

rtoo B(In 1) w(r, D, (f*g)

) = Aaplf * g (10)



Oxkcana MVYJIABA, Crenan PEJNMHAK
124 ISSN 2078-3744. Bicuuk JIpBiB. yn-ry. Cepisz mex.-mar. 2015. Bumyck 80

i) u(r D" (f + 9))

R N (m pu(r, D™ f Dl(””g)) _

A(lnr) w(r, Dl(”)f * Dl(")g)

=l <ln u(r, DI f « DIMyg)
u(r, D (f * 9))

Josedenna. ByaeMo BUKOPUCTOBYBATH JOBe/eH] B [5] Taki HepiBHOCTI:

m—n (m)
Tim 1 o (hl r ,U(Tle (f*g)> _

) = aplf * g (11)

L (r. D™ (£)) - p(r, D™ f % D™ g) - L (r. D™ £aD(™ g)

; = ™ =7 (12)
V(T7Dl(n>(f*g))+’ﬂ ,U/(r» Dl (f*g)) V(nDl(n)f*Dl(n)g)-i-n
i
L o m—n pim) L. o
v(r.D{" (fra)tn—m _ " ", Dy (f 2 g)) o teeDi™ (fx9)) (13)
Lo, D (29)) u(r, D (f + g) L (r D™ (f1g)) 4m—n

Hosenemo crodarky ocranui pisocti B (12) i (13). 3 (4) 3 ¢ > 1 BBunsuBae icny-
BaHHs Takux gmces 1 < ¢ < g < 400, 110 q{"” <lp/lgan < q§” oy Beix k > kg. Tomy
3 oty Ha (12)

p(r, D™ f 5 D™ g)
u(r, DI (f % g))

nv(r, Dl(")(f xg))In ¢ <In < nv(r, Dl(n)f * Dl(n)g) In qo, (14)

O T > Tg. 3a JIeMo 3

a(v(r, D" (f * g))

T I A
— v(r, D™ (f « n
TEELHOO Oé( ( ,/6(1111 5{ g))) _ Qaﬁ[Dl( )(f % g)]

)

i Taki > piBHOCTI IPaBHU/IBHI, AKIIO 3aMiCTh Dl(”) (f*g) mocraputn Dl(")f*Dl("
a € Ly, 10 3 (14) orpumyemo norpibui piBHOCTI.

Haui, 3a Bukonauus ymosu (4) 3 ¢ > 1 3 (13) 3amicrs (14) reuep juis BCix gocurhb
BeIMKUX 7 > 0 OTPUMYEMO

g, OCKiJIbKHI

™, Dl(m)(f *g)
uir, D" (f * g))
3BiJIKH, 3 OTJIAIY Ha JIEMY 3, BUILIMBAIOTH PiBHOCTI

. 1 ™= (e, D™ (f % g)
lim a
oo (I T) u(r, DM (f * g))

(m—n)v(r, D" (f+g))In ¢ <1n < (m—n)v(r, D{"™(f*g))In g5,

) = Aaglf * ]
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. 1 m—n D(m)
lim alm?” M(T’(n)l (f+9) = 0aglf * g].
r=eo finr) u(r. Dy (f  g))
Hapewrri, spaxoBytoun, wo psu (7) Blupizuserbcs i psay (6) Tiabku TuMm, 1m0
zaMicTb I, /lgyn ¢TOITH (I /lp1n)?, 3 ornsmy na (13) MaTuMemo

l (n) 2 m—n D(m) *D(m) l (m) 2

v(r, D (frg)tn—m \ " "u(r, Dy f* Dy g) v(r,D{™ (1%9)) (1)
lV(r,Dl(n)(f*g)) :u’(r? Dl(n)f* Dl(n)g) !

JUIs BCIX gocuTb Besmmkux T > 0, 3BigKH, fK 1 panimie, oTpuMyeMo piBHOCTL

" (e, Dy D g
“ <l ( OISO )> = Aaglf * gl
p(r, D, f* D, g)

v(r,D{™ (f*g))+m—n

lim
rtoo B(In T)

I
T_g[_loo ﬁ(]n 7“)

u(r, D" f + D"g) ) Tl

Teopemy 1 noseneno.
(]
Tepeiinemo mo PO3NAMY BUNIAIKY, KOJIH NOCTIIOBHICTE (I);) 33700BOMBHsE yMOBY (8).

Teopema 2. Hexati o € Ly, 3 € L° i daa wooicnozo ¢ € (0, +00) euxonyemvcs ymosa
(9). Todi, axwo [ i g — uiai Pynruii, a nocaidosnicms (I,) 3adosoavhae ymosy (8) mo:

1) daan>1
lim L al i, Dl(")f*Dl(")g) = Aaslf * 9]
rorpoo B0 T) u(r, D{(f % 9))
i
L p(r, D f+DiMg) | ooslf * gl
r—+00 5(111 T‘) M(T D(n)(f * )) o ’
I l g
2) dasm >n
(m)
, 1 | 1(r, Dy (f % g
lim ﬁ(ln T)OZ r- % :)‘Oé,ﬁ[f*g]a
r——+00 pu(r, Dy (f + 9))
1
1 1 m—n M(T7D(m)(‘f*g)
A sy T A | = el x )
3) dasm >n
(n) (n)
D D
lim a | Ve 2 pr Dy Dy 9) = aglf * gl,

oo BN T) w(r, DI (f % g))
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a \/; 2(m—n) p(r, 7 (nJ;* 1 g)
pu(r, D (f * g))

lim = 0aplf * gl

r—+o00 ﬁ(ln T)

Josedenna. 3 (8) BuiuBae icuyBanns Takux uucesn 0 < hy < hy < 400, mo hik" <
Uk /lkrn < hok™ ans Beix k > 0. Tomy 3 (12) gys Beix 1 > 1o OTpUMAEMO

p(r, D™ f+ D™ g)
p(r, D™ (f % g))

hav" (r, D™ (f % g)) < < hov"(r, D™ f 5 D™ g),

TOOTO

p(r, D™ £ DI g)
u(r, DI (f % g))

3BiAKY 3 ornmgmy Ha yMOBY « € Ly, i emy 3 orpuMyemo TBepKents 1) Treopemu 2.
Haui, 3 (13) mis Beix gocuTh Beukux r > 0 MaTuMeMO

(e, D™ (f +.9)
p(r, DI (f * g))

v(r, D (f %)) /1 < 7 <v(r,D{" f+ D" g)¥/ha,  (16)

< hov™ " (r, D™ (f % g)),

hav™ " (r, D™ (f % g)) <

TOOTO

rm (e, D™ (f # g)
u(r, D (f  g))

3BIIKM OTPUMYEMO TBEDIKEHHS 2) Teopemu 2.
Haperuri, 3 (15) sumiusag, mio

v(r, DI (fxg) "W/l < 8 < u(r, D™ (f+g)) "/ I, (17)

rm=ny(r, Dl(m)f * Dl(m)g)
/14(7', Dl(n)f « D[(n)g)

v(r, D™ (f % g)) * /Iy, (18)

3BLIKM ozepxyemo rBepazkenns 3). Teopemy 2 noBezneHo.

V('r, Dl(n) (f % g)) 2(m—n) hl S 2(m—n)

Buxopucrosyoun (16) — (18) Ta nemu 3 — 5, noaibHO JOBOAUTHCS Teopema 3.

Teopema 3. Hezati o € Ly,, 8 € LY, daa xoosicrozo ¢ € (0, +00) euronyemnes ymosa
(9) i a(x) = o(B(z)) npu x — +oo. Todi, akwo [ i g — anarimuuni 6 D dynxuii,
klim | frllgr] = 400, a nocaidosnicms (Iy,) 3adososvuae ymosy (8) mo:

—00
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1—r

1) daan>1
lim 1 al M(T’Dl(n)f*Dl(n)g) = A\oplf * 4]
o 5(1 ! ) u(r, D" (f % 9))
- T
i
m 1 ol » /L(T,Dl(n)f*Dl(n)g) _ % [f* ]
rii 1 D Capld * 9
B 1 M(ﬂ 1 (f*g))
- T
2) danm >n
T SN S TG ACETIR NSV P
e ﬂ<11 > uir, D" (f * g))
- T
i
e ol m—nw = 0% 4[f * g;
1 1 D(”) Q(xﬂ gl
ae p(r, Dy (f * 9))
- T
3) dasm >n
lim ————a [ V7 2 p(r. D" f « D"'g) = Xaplf = gl,
= (11) u(r, D" (f * 9)) ’
—-Tr
i
TS Y T [ 0 k22 ) ) B
(=) D (f gy )

BayBaxkumMo, Mo yMOBH TeopeM 1 — 2 330BONBbHAOTH, HANPAKIAT, GyHKI a(x) =
In z i 8(x) = x. Tomy 3 Teopem 1 i 2 Bumubae Teopema A, ®yaxuii a(x) = f(z) =1n x
yMOBY (9) He 3aJ0BOJIbHSAE, | BUIHO, IO TEOpEMa 3 He € y3arajabHeHHsIM TeopemMu B, a il

JOIOBHEHHSIM.
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ON HADAMARD’S COMPOSITIONS OF GELFOND-LEONT’EV
DERIVATIVES FOR ANALYTIC FUNCTIONS
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Universitetska Str., 1, Lviv, 79000
e-mail: info@nuft.edu.ua, fedynyak@yahoo.com

For entire and analytic functions in the unit disk, in the terms of generalized
orders, the growth of Hadamard’s compositions of Gelfond-Leont’ev derivati-
ves is investigated. The behaviour of the maximal terms such compositions is
studied.

Key words: analytic function, Hadamard’s composition, Gelfond-Leont’ev
derivative, maximal term.
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REMARK TO LOWER ESTIMATES FOR CHARACTERISTIC
FUNCTIONS OF PROBABILITY LAWS

Marta PLATSYDEM

Ivan Franko National University of Luiv,
Universytetska Str., 1, Lviv, 79000
e-mail: marta.platsydem@gmail.com

Let a be a slowly increasing function and ¢ be the characteristic function
of probability law F that is analytic in Dr = {z : |2|] < R},0 < R < 400,
M(r, ) = max{|p(2)| : |z| = r} and Wr(z) = 1 — F(z) + F(—z), z > 0.
Conditions on Wr and «, under which a(ln M (r,¢)) > (14+0(1))oa(1/(R—7))
as r T R, are investigated.

Key words: analytic function, characteristic function, probability law.

A non-decreasing, left-continuous function F' defined on (—o0, +00) is said [1, p. 10]
to be a probability law if lirf F(z)=1and lim F(x)=0. Given real z, the function

+oo
o(z) = [ e”**dF(x) is called [1, p. 12] the characteristic function of this law. If ¢ has
an analytic continuation on the disk D = {z : |2| < R}, 0 < R < 400, then we call ¢ an
analytic in Dy characteristic function of the law F. In the sequel, we always assume that
Dg is the maximal disk of analyticity of ¢. It is known [1, p. 37-38], that ¢ is an analytic
in Dp characteristic function of the law F' if and only if Wg(z) =1 — F(z) + F(—x) =

O(e™") as x — +oo for every r € [0, R). Hence it follows that lim 1In Wpl(z) = R.
Tr—400

If we put M(r,¢) = max{|p(z)| : |2| = r} and p(r,¢) = sup{Wg(z)e™ : = > 0}
for 0 < r < R, then [1, p. 54-55] pu(r,¢) < 2M(r, ). Therefore, the lower estimates
for In p(r, ) imply the corresponding estimates for In M (r, ¢). Further, we assume that
In pu(r, ) T +00 as r T R. Hence

lim Wg(z)ef™® = +o0. (1)

r— 400

By L,; we denote the class of positive, continuous functions «, defined on
(=00, +0), such that a(x) = a(zg) for = < zo, a(z) T +oo and a(cz) = (1 + o(1))a(x)
as zo < x T +oo for every ¢ € (0,400). In [2] the following statements are proved.

© Platsydem M., 2015
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—1
Proposition 1. Let a € Ly, 5 € Ly, %}tx(m)) < q < 1 for all x large enough and

a (W) =1+ o(1))a(z) as x = +o0, and ¢ be an analytic in D, 0 < R < 400,
characteristic function of probability law F, for which 8 (m(wp(xi)e’?%)) < a(zy) for

some sequence of positive numbers (xy) increasing to +oo such that B~ (a(z41)) =
= O0(B Y a(zr))) as k — co. Then

a(lnp(r,p)) = (1+0(1)8(1/(R=7)), rTR. (2)
Proposition 2. Let o € Lg;, B € Ly, mo:i%ll(f(z)) < q < 1 for all x large enough
w = ﬁ 10 and =Y (B(f(2))) = O(a"t(B(x))) as © — +oo, and ¢ be an

analytic in Dr, 0 < R < 400, characteristic function of probability law F, for which
o (In (We(zg)e)) > B(xx) for some sequence of positive numbers (xy,), increasing to
+00, such that km (f(xg+1)/f(zr)) < 2. Then asymptotic inequality (2) holds.

hde el

The condition on « and 8 in Proposition 1 assume that the function « increases
slower than the function 8. In Proposition 2, « increases quicker than 3.

Here we consider the case when 8(z) = pa(z) for all > xg, where 0 < o < +00,
that is the functions 8 and o have the same growth. We use a result from [2].

Let Q(R) be a class of positive, unbounded functions ®, defined on (0, R), such that
the derivative ®’ is positive continuously differentiable and increasing to +o00 on (0, R).
For ® € Q(R) we denote by ¢ the function inverse to @', and let U(r) =r — g,((:)) be the
function associated with @ in the sense of Newton.

Lemma 1. Let ® € Q(R), 0 < R < 400, and ¢ be an analytic in Dr characteristic
function of a probability law F for which (1) holds and

InWg(xg) 2 —21P(od(zr)) (3)

for some sequence of positive numbers (xy,) increasing to +00 such that ¢p(xp+1)— (k) <
h(zk+1), where h is a positive continuous and non-increasing function on [xg, +00) and
R > ¢(z) — h(xz) - R as x — +o00. Then

Wa(r. f) > B — h(@ (), ro<r<R @
Using this lemma we prove the following theorem.

Theorem 1. Let a € Lg; be a continuously differentiable function and ¢ be an analytic
in Dy characteristic function of a probability law F. Suppose that one of the following
conditions is fulfilled:

dina~'(z)

1)o>1, mgrfoo Tha~T(on) = q(o) <1, « (—a‘z‘;)) = (1+o0(1))a(z) as © — +oo and
Tk a(zy)
<
@ (ln(Wp(xk)eR“’k)> 0

for some sequence of positive numbers (x1,) increasing to +0o such that o= (a(xp11)/0) =
= O(a™Ha(zr)/0)) as k — oo;

()
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77— dlna"!(ox da Y (oa(x _
2)0<o<1, Tm GEE =alo) <1, =2 = 1510, a7 (ea(f(2)) =
= O(a"Y(oa())) as © — +oo and
o (ln (Wp(xk)eRm’“)) > oa(xy) (6)
for some sequence of positive numbers (xr) increasing to +0o such that km f;f;:)l < 2.
bde el
Then
1

o(In u(r, ) > (1+ o(1) pa ( - ) rTR )

Proof. At first let ¢ > 1. Then (5) implies the inequality InWg(zr) > —Rzy +
T . T dlna~'(z dlna ' (a(z
R Y Since mginoo Wl((@x)) = g¢q(p) < 1, we have # <
< (1+0(1))g(p) and @7 | o0 as xg < & — foo. Therefore, using 'Hospital’s
rule we obtain
xr
T dt
— > (1+o(1)(1—qlo /7 T — +00,
aT(a@/g -t W) [ o
o
and, thus,
InWp(ax) > —Rap + (1 q)[ dt (8)
k) 2 —1ixg - —
) V] aNa(b)/e)
o
for every q1 € (q(0),1) and all k large enough. We put

T 1_
O(r) :/a_l (,Qa <Rq;>> dr, q <qgs<1.
)

Then &(r) = a~! (ga G%_q;)), o(z) =R — #(f)/g) and

2 (o(z)) = /gb(t)dt + const = Rz — (1 — ¢2) / al(;hét)/g) + const,

Zo

i. e. in view of (8) and of the inequality ¢; < g2 we obtain (3)

Since a Y (a(zrs1)/0) < Ka Y (a(zy)/0), K > 1, for all k > ko, we have
1 1

K-1
< .
a ta(rr)/o) o Hal(zpr1)/o) — a Ha(zky1)/o0)
Therefore, putting h(z) = LU —0w)

o T(a(@)/o) » Ve obtain ¢(x) — h(z) = R —  K(l—g2)
x — 400, h(®'(r)) = (K — 1)(R —r) and ¢(zpq1) — ¢(xr) < h(zpry) for k > ko.

Tt/ s
Finally, for every n > 0 and all r € [ro(n), R) from (9) it follows that

o Rl ) T e e
r—n(R—r)

1+n)(R—7)
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( T+n)(R l—_r?ih@'(r)»)) N

e
oo (i)

whence in view of the condition a(z/a(x) +o(1))a(z) as  — +oo we have

a(lnp(r,p)) > o (nK<R ~ ot (ga <(1+771);(E’R_)))> _

A (ga<(11+_”:)f )

(I+nEK(R—-r)

_ - _ 1 :
— (1t oen (s ) =k oea (71 ) r iR
thus we obtain (7).
Now let 0 < o < 1. If we put 2¥(¢(z)) = Rz — a~!(pa(z)) then (6) implies (3),

o(x) = (x¥(p(x))) = R—1/f(x), ®(r) = f~'(1/(R —r)) and since %W <
q(0)(1+0o(1)) as ¥ — +00 we have

Therefore, by Lemma 1

Inpu(r,p) 2n(R—7r+ h(®

FHL/(R=r))

/ ey ()

=11/ (R=r0))
=—(R=r)f'(1/(R=7))+a” ( ( (1/( —7)))) + const =

— aoal f- /(R 1)) cons
s el N Gy | oo >
> (1—q)a" (ea(f~ ( / —))))
for every ¢ € (q(p),1) and all r € [ro(q), R). But the condition o~ !(oa(f(z))) =
O(a~Y(oa(x))) as ¥ — +oo implies that a1 (pa(1/(R —7))) < Ka Y (oa(f~1(1/(R
7)))), K = const > 0. Therefore, ®(r) > Kia (oa(1/(R —1))), K1 = const > 0, and if
we put h(z) = a(R — ¢(x)),0 < a < 1, then

®(r— h(®'(r) = Kia™! <Qa ((1+¢1)1(R1")>> . (10)

It is clear that, in view of the relation ¢(x) = R—1/f(x), the condition ¢(xg+1)—P(xx) <
h(zk41) is equivalent to the condition f(zr41) < (14 a)f(xk) and the last one follows

from the condition kﬁ % < 2. Therefore, by Lemma 1 we see that (4) and (10)
—00

implies (7). The proof of Theorem 1 is complete.

Since In M (r, ) = In p(r, p) —In2, choosing a(x) = Inx from Theorem 1 we obtain
the following assertion.
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Corollary 1. Let ¢ be an analytic in D characteristic function of a probability law F'.
Suppose that one of the following conditions is fulfilled:

1) o>1andIn (Wp(a:k)eRIk) > a:,(f*l)/g for some sequence of positive numbers
(zk) increasing to +00 such that 11 = O(xy) as k — oo;

2)0 < o<1 andIn(Wg(zi)ef™™ ) > a¢ for some sequence of positive numbers (zy,)
— -0
increasing to +00 such that lim (z;—:l) < 2.

Then Inln M(r,0)) > (1 + o(1))eIn(1/(R —r)) as r 1 .
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Hexait @ — noBinbrO 3pocTanova GbyHKIia, a ¢ — anagitnaaa B Dr = {z :
|z| < R}, 0 < R < 400, xapakrepucrudna (GyHKIis AMOBIPHICHOTO 3aKOHY
F, M(r,p) = max{|p(2)| : |2| =r <R} i Wp(z) = 1— F(z) + F(—=x), z >
0. Hdocaimxkeno ymoBu Ha dbyuknii Wr i o, 3a SKuX IpaBUIbHA HEPIBHICTH
aln M(r,¢)) > (1+o(1)ea(L/(R—1)), r 1 R.

Karowosi caosa: anamituaHa GYHKIS, XapaKTePpUCTUIHA (DYHKIIsA, HMO-
BIpHICHUI 3aKOH.
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HV>2KHA MEZKA NOJIA MYJIBTUILJIITIKATVBHOI'O ITIOPAJIKY
EJIEMEHTIB ¥ POSIHINPEHHAX KYMMEPA CKIHYEHHUNX
I10JIIB

Poman ITOITIOBUY

Haytonanvruti ynieepcumem “/Iveiscora noaimexnixa’”,
eys. Bandepu, 12, JIveis, 79013
e-mail: rombp07@gmail.com

fIBHO Bymyemo B posmupenHsax KyMmmepa CKIHUEHHUX OB €JIeMEHTH Be-
JITKOT'O MYJIbTHILTIKATUBHOTO IOPAIKY.

Karowost caoea: CKiHY9eHHe Iojie, MYJIbTHILUTIKATUBHUI IMOPANOK, PO3IIN-
penasa Kymwmepa.

Bimomo, mo MyabTUNITIKATUBHA IPYTa CKIHIEHHOTO MO — IuKAidHa. TBipHY 1miel
PNy HA3WBAIOTH MPUMITHBHUM €JIeMeHTOM. 3a1a49a edeKTUBHOT 06y I0BY MPUMITHBHO-
T'0 eJIEMEHTa, 33JAHOT0 CKIHIEHOTrO TOJIA € BayKKOIO B OOIHCTIOBATbHIN Teopii cKiHdeHHIX
nonis [7, 8]. Ock 4oMy DPO3IJIAAAIOTH MEHI OOMEXKYIOYe [IUTAHHS: 3HANTU eJeMEHT Be-
JINKOTO MYJIbTUILTIKATUBHOTO MOPSIAKY. ¥ IIBOMY BUMAIKY JOCTATHBO OTPUMATH HUMKHIO
OIIHKY [/ MOPAIKY. EJleMeHTH BETUKOrO MOPSIKY MOTPIOHI //Tst 6araThOX 3aCTOCYBAHb.
Taxi 3acTOCyBaHHsI, 30KpEMa, OXOILIIITh KPUNTOrpadi, TeOpilo KOMyBaHHs, TeHEPa-
TOPH TICEBIOBUITAKOBAX YHUCES 1 KOMOiHATOPHKY. EneMenTrn BeIMKOro mopsaKy Takoxk
BUKOPUCTOBYIOTH B ajropurmi AKS soBefieHHS MPOCTOTH YHCEN, SIKY 3allpOMOHYBAJIH
Arpasai, Kaitan ta Cakcena [2].

Y npami [6] Tao nmas anropur™ TOOY/JOBY €JIeMEHTIB BEJHKOTO TOPSIKY JJist
faraThbox (3riHO 3 BUCJOBJIEHOI HMM, OPOTE€ HE JOBEIEHOIO, TIOTEe30I0 i BCIX)
3araJibHAX pO3MUpeHb Fym cKiHdeHoro mosda F, 3 HUJKHBOIO MEXKEI0 g INOpA-
Ky exp(2((logm)?/loglogm)). Bonox [12] 3ampomonryBaB MeTon, HOGYIOBH eTeMEHTIB
nopsaxy npunaiimui exp(Q(logm)?)).

Jis 9acTKOBUX BUMAJKIB CKIHYEHHWX MOJIiB MOXKHA 30yIyBaTH €JIeMeHTH, sKi Ma-
0Th Habarato 6ibii mopsiaku. Po3mupentsi, Mo’ a3aH] 3 MOHATTIM rayCcCOBOrO Mepiony,
po3rasEyTO B [3, 9]. Hmkaa oninka myis nopsaaky mopisaoe exp(Q(y/m)).

Posmmpenns wa niacrasi noninoma Kymmepa nabysawors surnany Fylz]/ (2™ — a).
Ix, soxpema, 3acrocoByors y kpunrorpadii, sKa IPyHTYEThCS HA CHAPOBAHHL. Y [5]

© Momnosnu P., 2015
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MIOKAa3aHo, K OYIyBaTH €JIEeMEHTHU BEJUKOTO TOPSJIKY B TAKWX DPO3IMUPEHHAX 33 yMO-
Bu ¢ = 1(mod m), To6ro ansa posmupens Kymmepa. Y 1poMy pa3i OTPUMAHO HUK-
o Mexy exp(2(m)). TIpore 3a3HaYeHA HUKHA MeKa € HAGIMKEHOIO, a HE TOTHOH.
g npukaagHux 3acTocyBaHb (30KpeMa, KPUIITOJIONIT) CyTTEBOIO € TOYHA OIIHKA 3HU-
3y. ¥ [10] 36yu0BaHO ejeMEHTU BEJMKOIO LOPAJKY s TAKUX PO3LMpeHb 6e3 yMoBu
g = 1(mod m). Huxxua mexka Jjid MyJbTUILIKATUBHOrO MOPAJIKY JOPIBHIOE QLWJ
Posumpenns Aprina-IlIpaepa posrasnyro B [1].

Ckinuenne mosie 3 ¢ enementiB mo3nadaemo Fy. I'pymy, nopomxeny emementoM v,
nosnagaruMemo (v). KinbkicTs cnonydens 3 n enementis 1o k enementis nosnadumo CF.
|S| mosHawaTuMe KiNMBKICTH eeMeHTiB MHOKAHT S.

Byayemo esemenTn BeIMKOro nopsiiky B po3mmmpenaax Kymmepa CKiHYeHHUX [TOJIiB
Ta, JAEMO TOYHY HUZKHIO OIIHKY MJIsl IXHBOTO MYJIBTUILIIKATUBHOTO MOPSAKY. [l mporo
GepeMo JTiHINHUN TBOYIEH BiJ eJleMeHTa, SKUi 33/1a€ PO3MIUPEHHS, Ta BCI OT0 CIIPsKeHi,
10 TAKOXK HAJIEKATH JI0 MIATPYIIH, TOPOKEHOT UM TBOYUIEHOM, 1 Oymayemo ixui pizui m0-
O6yTKu. Yci cripsrKeHi 3a3HAYEHOrO JIIHIHHOTO ABOYJIEHA TAKOXK € JIHIAHUME JTBOYICHAMU.
Ineto 3anpononysas Bepizbeiiria [4] sk Burockonanenuns aaropurmy AKS [2] ra pozsunys
B [5] mst posmupens Kymmepa.

Toxe L € posmupernnsm Kymmvepa [7] nosns K, SKINo fis JesiKOro 3aIaHOTO IHI0T0
4qucsia n > 1 BUKOHYIOTHCS Taki yMoBu: K MiCTHTH 1 PI3HNX KOPEHIB CTeleHs 1 3 OJUHHIIL
(Tobro, kKopeHis momiroMa =™ — 1) Ta L/ K mae abenery rpymy Lanya mopsanky n.

3okpema, 111 BUIAAKY CKiHUEHHUX [OJIiB: posmmupenus Fym mons Fj e po3mupes-
HaM Kymmepa Tomi i smmme tozi, koan m mimth ¢ — 1[5, 7]. ¥V mpoMy pasi MoxHA
BBaxkary, mo Fym = Fy[z]/(2™ — a). o3uaunmo 6 = x(mod (™ — a)) — K1ac exeMeH-
Ta x 3a MomyteMm ™ — a. 3posywmino, mo 0™ = a ta §171 = (9@~ /M = gla=1)/m
Hacrymnue dbopMynroBanas € OUeBUIHUM.

JIema 1. Hxwo noainomu g(x) ma h(x) 3 Fy[x] cmenens menwozo 36 m pigni, mo kaacu
yux nosinomie ¢ Fylx]/(x™ — a) makooc e piswumu.

Jlema 2. Jlaa 6ydv-axozo easemenma b 3 noas Fy cnpasceni eremenma 6 + b wad yum
noaem nabysarwms sueandy a1=D/mg 4 b (i=0,...m—1).

Zlosedenns. PosrisiHeMmo cupsikeni enemenrta 6 + b, o010 esieMeHTH, B siKi BiH 11€pexo-
IWTh, Koau mie apromopdizm Ppodeniyca.

Hosenemo, 1110

0+ b)qi — gila=D/mg 4y (1)

s OyAb-AKOTO HATypasbHOro ¢. JloBemeMo 1e iHayKIfew mo 1.
Ouesumno, mo jgisi ¢ = 0 pisaicts (1) Bukonyerbed. [Ipunycrumo, 1m0 BoHa BUKOHY-
€ThCA [JIA AeaKoro 4. Tomi ajs ¢ + 1 orpumaemo

O+b)7" =[(0+)7)1 = (aTD/mg 4 b1 = gila=D/mga 4
= gila=D/my(a=1)/mg 4 p — ((H+D)(a=1)/mg 4 p

Orike, piBHicTh (1) mpaBuIbHA JJist 6YIb-SIKOTO HATYPAIBHOTO . O
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BayBaxknMo, o exementy a'9~ /™0 4+ by bopMymosanni seMu 2 € pi3HIME TS
i=0,...,m—1, ockimpku a4~ D/™0 — pizmi.

IMocuneny wepiBaicTs mig GinomianbHux koedinienTis orpumanu B [11, Hacaizok
2.9, mepisnicTh (2.13)]. 3pewrrow, orpuManu TaKUl pe3ysibTar.

Jlema 3. Ilpu s > 1 ma t > 2 npagusvHa Maxa HEPIGHICTL!

. 4 Ss(tfl)Jrl
Cl,>1,08444 - e 5743 Ry == (2)

Badikcyemo nini uncna 1 < k- < k < m — 1. Hexaii S(m, k_, k) MHO)KMHA TAKUX
BinoGpaxens f 3 muoxkuEM {0,...,m — 1} B MHOKHWHY IiJMX 9UCEJT, TIO:

(V1) {ilf(1) < O} = k-

(V2) =220 piiy<0 F(1) < F;

(V3) i pyso f(H) <m —1—k.

JIema 4. Kiavkicmo eaemenmie mmooicunu S(m, k_, k)dopienoe
k_ k- ~m—k—1
Cm Ck C2m7k,k71'

Josedenna. o6 3amatu enement muoxuuu S(m,k_, k), cnodarky BubupaeMo Miclig,

Ha AKWX 3HAYEHHS BimoOparkeHHs Bia’ €éMHI — 1€ BpaxoBy€ MHOKHUK C’f{. Jami subupa-
€MO 3HAUYEHHS Bil'€MHUX €JIEMEHTIB Tak, MO0 cyMa iXHIX abCONOTHUX 3HAYEHDb HE TIepe-
BHILyBaja k — 1ie BpaxOBy€ MHOMKHHUK C,’:’. Hapermri Bubupaemo HeBix eMHI 3HATMEHHS
BigoOpaxkennsa f Ha m — k_ micusgx rax, mo0 ixHsi cyma He nepepuityBaia m — 1 — k —

m—k—1
e BpaxoBye MHOKHHK Co " . u

JIema 5. Kiavkicmo eaemenmie muooicunu S(m, k_, k) Giavwe 6id 4™ das m > 39.

Llosedenns. Tlpuiimemo k_ =k = 2. Toxi sriguo 3 nemoro 4
m—2 m(m - 1) m—=
|S(m, k_, k)| = C2,C5—3 > #CQ(mig).

Buxkopucrosywouu semy 3, nepisuicrs (2) (6epemo s = 2 ra t = m — 3), orpuMyeMo

4m
Cm3 > 1,08444 ¢ ST
2(m=3) = ¢ 128v/m — 3
Toxi [S(m, k_, k)| > 1,08444 - m(m — 1) - ¢~ 59 - 5567 Ocximpkn 1,08444 -

m(m—1)-e” S > 256+/m — 3 arst m > 39, to marumenmo |S(m, k_, k)| > 4™. O

Teopema 1. Ipunycmumo, wo m > 39. Jlaa 6yob-aKx020 nenyabo6020 eaemenma b noas
F, enemerm 0 4 b poswupenns Kymmepa Fom mae nopados Giavwud eid 4™.

Josedenns. 3rinuo 3 jeMoro 2 cupsizkeni esementa 0+ b (BpaxoByouu cam esiement 6+ b)
HabyBaorh Burasiay a'@~D/M04b dani = 0, ...,m—1. 3po3yMiso, 1m0 BCi BOHY HAJIEKATH
mo migrpyma (6 + b).

Hexait S(m, k_, k) — muOxkwuHA BinoOGpazkens f 3 muoxuan {0, ..., m—1} B MEOXUHY
IITTUX YuCest 3 omucanuMu pasinie Biaactusoctamu V1, V2, V3. [na koxkHoro exementa f
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3 muoxuEn S(m, k_, k) yreoproemo mo6yrox  [[ (a*@7V/™0 4 b)FO) | axuit axox
0<i<m—1
HajexkuTh 10 (6 + b). CTBepIKyeMO, M0 ABOM DI3HUM ejieMeHTaM f Ta ¢ 3 MHOKUHU
S(m, k_, k) Biagnosimaiors pizui no0yTKU.
JoBeneMo 1e MeToaoM Bin mporuiaexkuoro. I[Ipunycrumo, mo eneMenTu f Ta g pisHi,
asie Bimmosimui iMm mOOYTKM OMHAKOBI

i(g—1)/m 1@ — i(g=1)/r (@)
H (a"? 6+0b) _Hogigm_l(a a "0 + )9, (3)

0<i<m-—1

Ockinbku momiHOM =" — @ € XapaKTepUCTUYHUM MOJIHOMOM st 6 | TO MOXKeMO
3amucaTu

H (aa=1/mg 4 p)f @) = H (a’@=D/m 4 p)9) (mod(z™ — a)).

0<i< 1 0<i<m—1
Toni
H (a@=1/mg 4 p)F D H (a@=D/mg 4 p)=9() =
0<i<m—1, f(i)>0 0<i<m-—1, g(i)<0
11 (a’@=D/m gy p)=F (D 11 (@@= D/m 21 5)9D) (mod(z™ —a)). (4)
0<i<m—1, f(i)<0 0<i<m—1, g(i)>0

ITozasik orpuMasy TOJIHOM CTemeHs

Yoo+ Y. (—g() <m—1<deg(a™ —a),

0<i<m—1, f(i)>0 0<i<m—1, g(i)<0

y JIiBiif YaCTUHI Ta MOJIHOM CTeneHsd

S =+ Y gl <m—1<degla™ —a)

0<i<m—1, f(i)<0 0<i<m—1, g(4)>0

y upasiit gactuni pisrocti (4), T0 3a gemoro 1 i mosinomu piBHI gk mojiHOMHA Hag Fy |
TOOTO

H (@@= D/myg 4 )0 H (a@=1/mg 4 p)=9() —
0<i<m—1, f(i)>0 0<i<m-—1, g(i)<0

H (a’@=D/m g 4 p)=f@ H (aia=D/m g 4 )9, (5)
0<i<m—1, f(i)<0 0<i<m—1,g(i)>0

Y pisrocti (5) omeprkasm Hepo3KIaIHi Ta MOMAPHO pi3mi MEOMKHEKE a'(1~D/ Mg 4
b,i = 0,..., m — 1. IIa piBHicTh cymepednTh OTHO3HAYHOCTI PO3KIALY TOJIHOMIB HA
) ) ) y y
noneMm Fy, mo poburs piBHicTs (3) HemokimBow. Otxke, moOyTKH, AKi BiAIOBiZAIOTH
pisHEM enmeMeHTaM MHOXKUHH S(m, k_, k), He MOXKYTb OyTH OJTHAKOBUMHU.
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OToxK, KIIBKICTL PI3HUX PO3IJISHYTUX H00YTKIB, sKi HajeXarh 10 miarpynu (6 + b),
JOPiBHIOE KIIBKOCTI ejieMeHTiB y MHOXKUHI S(m, c_, ¢). 3rigno 3 nemow0 4 KijabKicTh
esiemenTiB y muoxuui S(m, c_, ¢) nopiBHioe

k_ k- ~m—k—1
Cr Ok Com i k1
3a nemow 5 marmmemo, mo |S(m, k_, k)| > 4™ pma m > 39. ¥V miacymMKy oTpmMyeMo
TBep/ZKeHHS TEeOpeMU. O

SayBaxkuMo, M0 310100 PO3TISIAI0Th po3mupenas Kymmepa, [Ijist SKux m
mabararo Giswine Bim g. Tomy ymoBa m > 39 He ¢ HamATO 00MEXKYBAIHHOW. AKINO K
BCE-TaKM IIKABUM € BHIAA0K M < 39, To Tpeba BUKOHATH OKPEME TOCIiIzKEHHI.
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KOMYTATUBHI E-ATOMHI KIJIbBIIA

Annapiii CATAH

Jveiscvruts HautoHarvHUY YHisepcumem imeni Ieana Dpanka,
sys. Ynisepcumemcoka, 1, JIveis, 79000
e-mail: andrijsagan@gmail.com

BseeHo nmoHATTS €-aTOMHOrO Ki/IbIld. 3'sICOBAHO, 1[0 KOMYTATUBHE KiIbIle
Hipixire € e-aromuanM Kinbrem. /loBeneHo, M0 KOMyTaTHBHE €-aTOMHE KijIbIle
€ KiJIbIIeM 3 eJIeMEHTAPHOI0 PEIYKINED MATPHUIlh, 8 TAKOXK, IO KOMYTATUBHE
JIOKQJIbHE e-aTOMHE KiJIbIle € KiJIbIeM 3 eJIeMEHTAPHOI0 PEIYKINE0 MATPHUII.

Karowost caoea: eBKILIOBe Kimbile, Kimbile [lipixne, kinbie Besy, ememen-
TapHA PEAYKIls MATPUIlh, €JIEMEHTAPHO I'OJIOBHE KiJIBITE.

1. Beryn. /[locmizkeHo KOMYTATUBHI KiTbIlA, HAJ SKAMU JTOBLILHA MATPHUIISI 3BO-
JIUTHCs JI0 KAHOHIYHOTO JiaroHaJIbHOrO BUIJIsiHy (TOOTO BUIJIsLY, J€ KOMXKEH NOIepeHii
JiaroHaJIbHUIN €JeMEHT € TIOBHUM /[IIbHUKOM HACTYITHOIO) €JIEMEHTAPHUMH [1E€PETBOPEH-
HaMU. 3129y 3HAXO/ZKEHHs HeOOXIHUX 1 ocTaTHiX yMOB, SKi Tpeba HAKJIACTH HA Kijlb-
1e, o6 TOBLIBHA MATPHUIST HAJM IIMM KiJIBIIEM 3BOAUIACH JO KAHOHIYHOIO JiarOHAJILHOTO
BUT/ISLY JOMHOXKEHHSIM Ha BIANOBIAHI ejileMerTapHi MaTpuIl (Taki Kbl Hazamm "Kijib-
I51 3 eJIEMEHTaPHOIO peAyKIlieio marpuip"), chopmyrmosas B.B. 3abascekuit y 1996 p. [5].
IIa npobsiema Mae coim tpororunom Bimomy reopemy [ayca (mpo ekBiBasieHTHICTH [10-
BLJIBHOI MATPHII HAJI [TOJIEM J/IIarOHAJIbHIM MATPHUII 3 OAUHUISEMY Ta HYJISMUA HA TOJIOBHIH
miaronas), pesyabraru Cumita (PO 3BEIEHHS MITOUUCETBHAX MATPUID 0 MIArOHATBHO-
IO BUIJISIJLY €JIEMEHTAPHUMH IIEPETBOPEHHSAME PAJIKIB 1 CTOBIIB), Aocaimkents JlikcoHa,
Bennepbapna, Ban gep Bepmena, /Ixxkekobcona, Tefixmioniepa Ta iHIMNX, SKi TOMMUPUINT
pesyinbraru Cumita Ha pi3Hi KJIaCH KOMyTATUBHUX 1 HEKOMYTaTUBHUX Kinenb (Kiabig Es-
kaiga, obuacri ronoBaux izeadnis i r.a.). Kpim Toro, ug 3azagya mae ricuuil neperun i3
KLIbLgMU ejieMeHTapHuX AlibHuKiB (siki y 1949 p. BBiB 10 posrasny . Kannancekuii [3]),
TOOTO KiNBISIMKA, HAJ, SKAMH JOBIJIbHA MATPHUIA 3BOAUTHCS 10 KAHOHITHOTO IiaroHAb-
HOTO BUTJISY JOMHOXKEHHSM Ha BiamoBimai oboporHi marpuri. Ilizuime 6ymo 3naiineHo
MIPUKJIAIN KiJIelb eJIeMEHTAPHUX JILIbHUKIB, Kl HEe € KiJTbIFgMHU 3 eJIeMEeHTAPHOIO PeyK-
uiero marpuib. OTOXK, 33734y, AKY MU PO3B’A3y€MO, MOXKHA C(OPMY/IIOBATH TaK: JOCJIi-
JPKEHHSI KOMYTATUBHHUX Kilellb €JIEMEHTAPHUX JIIbHUKIB, HAJL AKUMHU JOBiIbHA 000pOTHA
MATPHUIlS PO3KIATAETHCS ¥ HOOYTOK €JIEMEHTAPHUX MATPHUIIh.

2. T'ostoBHi pe3yabraTu. Bei posrisiayTi B 1iiil mparii Kijgblg € KOMYTaTUBHAMHA 3
BiIMIHHOIO BiJT HY/I OMHUIIEIO.

© Caran A., 2015
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Yepes U(R) no3HauumMo rpyiy oGOpOTHUX eleMeHTIB Kiabig R, a uepes GL, (R) —
IPYIy BCiX 0OOPOTHUX MATPHUIb MOPSIIKY N 3 eJeMeHTaMu Kiabiia K.

Ilig eneMeHTApHUMH MATPHUISIMU 3 €I€MEHTAMH KiIbIA PO3yMiEMO KBAJAPATHI MAT-
puni Takux Tunis: 1) glaroHasbHi 3 0GOPOTHUMHU €JIeMEHTAMM Ha [OJIOBHIN miaronadi;
2) marpuul, BiAMIHHI BLA OAMHMYHOI JESKUM HEHYJIbOBUM €JIEMEHTOM 11033 I'0JIOBHOIO
miaroHa/uTro. ['pymy BCiX eJIleMeHTAPHUX MATPHUITL IPYTOrO TUIY TOPSIAKY 1 3 €JIeMEHTAMU
3 Kiibig R nosnauarumemo GE,, (R).

Kinbne HasuBaioTh esemenmapho 20a06num [1], AKIO g JAOBLTBHNX €IeMEHTIB
a,b € R icaytors Takwuii exement d € R i marpunsa Q) € GE5(R), mo (a,b)Q = (d,0).

Kiavyem Besy [2] nazuparors Kiiblie, B aKOMY JOBLIbHUI CKIHYEHHO HOPOKEHUIT
ieasl € TOJIOBHUM.

IMin amomom [8] posymieMo enemeHT, KU € HEOOOPOTHHUM 1 He 300parKyeTbesi y
BUIJISII JOOYTKY TBOX HEOOOPOTHUX €JIEMEHTIB.

Ob6anacre R wasuBarumemo kiavuem ipizae [4], axkmo nna eneventis a,b € R,
rakux, mo aR + DR = R icuye enemenr t € R, mo exement a + bt = ¢, ne ¢ — arom
Kigpisa R.

Hexait R — kinbue i a,b € R. Iapa (a,b) HA3UBAETHCS €-AMOMHOI0 NAPOIO, SKIIO
icaytors Marpung Q) € GE>(R) i arom ¢ € R, mo (a,b)Q = (¢,m), ne m € R. Obnacts R
Ha3UBAETHCS €-GIMOMHUM KiAbUeM, IKITO g Oyab-akux a,b € R rakux, mo aR+bR = R
i0#ceR,icaye y € R, mo (a + by, ¢) € e-aTOMHOIO TIAPOIO.

Kinbue R HA3UBAETbCH KiAbUeM 3 eAeMEHMAPHOI0 PedyKyicto mampuysb [5], ko
JIOBiIbHA MaTpuIst A HaJl KijibiieM R 6040dic eaemenmaphoro pedyxuicto, T06TO iCHYIOTH
Taki enemenTapHi Hajg R marpuri Py, ..., Py, Q1, ..., Qs BiATOBIHUX pO3MipiB, 1110

Pl PQPICAQI 'QQ"'QS :diag(gla-"7€’l“507"'a0)>
ne Re;y1 RC Re;NegR o e =1,2,...,r — 1.
Tsepaxenus 1. Hexalti R — wiavue Jipizae, modi R € e-amomnum Kiabuyem.

Jlosedenns. Hexait R — kinbue Hipixie. Orpumaemo aR + bR = R, ne a,b € Ri 0 #
¢ € R. Badikcyemo makuit enement y € R, mo a + by = q¢ — arom 3 R. Toni maemo
(a+by,c)ly = (a+ by, c), ne Iy — oguHUYHA MATPULA IPYTOTO MOPIAKY HAI KilbleM R.
IIe s3acBimuye, mo napa (a + by, ¢) € e-aromuow. Tomy R € e-aroMHUM KibleM. O

[Tpukamamu e-aTOMHOTO KiJbIls MOYXKe CIYTYBATH KiJIBIIE TJIUX YUCe, Kijabie R =
{zo+a1z+...+a,z®+ ... |20 € Z,a; € Q} ra in.

Teopema 1. Hezati R — xiavue. Todi maxi meepiscenns ekeisareHmmui;

1) R — e-amommne xiavuye;
2) das 6ydv-axuz a,b € R maxuz, wo aR+bR=R i0# c€ R, ichylomv y € R i
cxinuenni nabopu g;, i (1 < i < n) eaemenmis 3 R, wo r, € amomom, npuwomy

a+by=cg1+ri,c=r192+7T2, .o, Tn_2="Tn_19n + Tn-

[osedenns. (1) = (2) Hexait aR+bR = R, ne a,b € R10 # ¢ € R. 3rigno 3 03HAYEHHAM
e-aTOMHOro Kimpug icaye y € R, Q@ € GE3(R) i aroMmHu#i exement ¢ € R rtaki, mo
(a + by, c)Q = (¢,m), ne m € R. Ockimbku marpuns @@ € GE2(R), To 3rigao 3 [8] i
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MOYKHA TTOIATH Y BUTJISL

(G D6 )G DE ) 0)

ne ui,us € U(R) in € N. Toxi

L0\ (1 =g\ (1 O\(1 =g\ _, 1
coma(C D 1) Y E)-rmrtman

Hexait (a + by, ¢) ( 19 ?) = (r1,c¢). Toxi a+ by = cgy + r1. Hexaii (r1, ) (é _192> =
— Y1

(r1,72). 3a IHAYKUIE OTpUMAEMO

1 0
(Tn—37 Tn72) <

—Ggn—1 1

) = (qufl’rn*Q)v

-1 1 —gn -1 -1
(qul ,’I"n_g) (0 1 > = (qul , MUy )
Toxi _ -1 - I | 1 Hexaii gu=) — . -1 _
OHl Tp—3 = Tn—29n—11tQqU; 1Tp_2 = qUy Gn_1+ MUy . Hexall qu; " =7Tp_1 1 MUy =
7. TOMY OEPKUMO TIOCTITOBHICTH CITIBBiIHOIIIEHE
a+by=cg1+711, c=T1g2+ T2, --. , Tn2 =Tn_19n + Tn,

ae r, € R — arom.
(2) = (1) 3a ymosow mia Gynp-sknx a,b € R raknx, mo aR+bR=Ri0# c € R,
icuye y € R i cKiHUeHHU# JTAHIIOT TOMIIBHOCTL

a+by: cg1+1r1, c="r1g2+ 72, ..., Tneo = Tp_19n + Tn,

ne r, € R — arom. Toxi 3amummemo 1et JaHIIOr v BATJISAI

cemall )0 )LL) ) )

Hawm 3anumuiocs posecru, mo marpuig F(z) = <(1) ;) € enemenTapuo. Orpumaan
1 =z 1 0 1 1 1 0 1 1
F(z) = (0 1) (0 1) (0 1) (1 1) (0 1) € GEy(R),
o it Tpeba OyI0 moBecTH. O

TBepaxkeuns 2. Bydo-axe e-amomue xiavuye Be3y € esemenmapro 20406HuUM.

Jlosedenns. Hexait R — e-aromue kinbiie Be3y. Pozriusuemo nosinbhi exementu a,b € R.
Ockinbku R — kinbne Besy, To aR+bR = dR s peskoro enemenTa d € R. Toxi icuyiors
Taki eleMeHTH ag,bg,u,v € R, mo a = dag,b = dby,au + bv = d. 3Bigcu oTpuMyemMo
d(apu + bov — 1) = 0. Hexait ¢ = agu + bov — 1, Tomi apR + (bov —¢c)R = Ridec =0. 3a
yMoBoio icaye © € R i Q € GE2(R), mo (ao + (bov — ¢)x,bo)Q = (¢, m), ne ¢ — arom 3
R im € R. Toni 3a Teopemoto 6 |7] icaye marpuns P € GE5(R), mo (¢,m)P = (g,0).
Orxke, orpuMaeMo

(a + buz, b)QP = d(ag + (bov — )z, bo)QP = d(g,0) = (dg,0).
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Toni
@ (L YYar=(qo0.
’ vr 1 ’
Otxe, R — eneMeHTapHO TOJOBHE KiJIbIIE. O

Teopema 2. Hexati R — e-amommne wisvue. Todi exsisasenmui maki meeporcerms:
1) R — xiavuye 3 eaemenmaproro pedyrsuyicto mompuib;
2) R — xiavye Besy.

Jlosedenna. 3a TBep/KeHHsSM 2 Kuiblle R € emeMeHTapHO TOJIOBHUM, TOMY 33 TBEDI-

c o
Ms(R), ne aR+ bR + ¢cR = R. Toni icuyiors z,y,2z € R, mo ax + by + cz = 1. Orxe,
aR + (by + cz)R = R. 3a ymoBoio icuye neske t € R, mo a+ (by + cz)t =p, ne p € R i
napa (p,b) € e-aromuoio. Tomy

o )46 D)-( o)

Ocxkinbku (p,b) — e-aromna napa, to icayors Q € GE3(R) id € R, mo (p,b)Q = (q,d),

e q € aToMoMm 3 R.
p b\, _(a d\_
(¢ o)e-(t )=

Orxe,
3a Teopemoto 6 [7] marpung C, a oTxe, | MaTpuils A BOJIOZIE €IEMEHTAPHOI DEIYKIIEH.
Tomy R — Kifblle 3 €IeMEHTAPHOI PEIYKIHEI0 MATPHUID.

HeobxinnicTs oyeBuana. O

. a b
keHHaAM 2 [6] muig JoBeneHHs JOCTaTHBO PO3IJISAHYTH MATPUIL BULsLy A = ( ) €

4K HaciIOK OTPUMAEMO TAKy TEOPEMY.

Teopema 3. Hexati R — wiavue ipizae. Todi exsisaseHMHUMU € MOKT MEEPIHCEHHA:
1) R — kiavue 3 eAeMmenmaproto pedyskuyictio Mampuyb;
2) R — xiavuye Besy.
KomyraruBHa 0b6nacTh R HABUBAETHCA A0KAALHUM €-GMOMHUM KiALUEM, TKIIO I

Gyap-aknx a,b € R, mo aR+ bR = R i0 # ¢ € R xo4a 6 omna 3 nap (a,c) abo (b,c) e
€-ATOMHOIO TIAPOIO.

TBepaxkeHaada 3. JloxaivHo e-amomue KiibUe € e-amOMHUM KIALUEM.

Jlosedenna. Hexait aR+ bR = R1i 0 # ¢ € R. Toxi MaTuMeMoO 1Ba BUMAIKH:
1) (a,c) e e-aromuomw mapoto. Toxi (a + b+ 0, ¢) € e-aTOMHOIO TTAPOIO;
2) (a,c) me e e-aromuow napow. Ockinbku aR+(a+b)R = Ri (a, ) HE € e-aTOMHOI
napow, 10 (a + b 1,¢) — e-aromua mapa. Orke, R € e-aTOMHUM KiIbIEM.

(]
K HACHiIOK OTPUMAEMO TAKy TEOPEMY.

Teopema 4. Jlokaavro e-amommne kiavuye Besy e xiavuyem 3 esemeHmapnoo pedyryiero
MAMPUUD.
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A concept of e-atomic ring is introduced. It is shown that any commutative
Dirichlet ring is an e-atomic ring. It is proved that any commutative e-atomic
ring is a ring with elementary reduction of matrices, and that any commutative
local e-atomic ring is a ring with elementary reduction of matrices.
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BATATOYJIEHHA CTEIIEHEBA ACUMIITOTUKA
JIOTAPUOMA MAKCUMAJIBHOTI'O YJIEHA ABCOJIFOTHO
3BI2KHOTI'O V¥ IIIBIVIOIIINWHI PA1Y AIPIXJIE

HOuais CTEIIb, Mupocaas IITEPEMETA

Jveiecvruts HaytonarvHul yHisepcumem imeni Ieana Dparnka,
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Buaiineno ymoBu Ha nokasuuku Ta kKoedimientu psay Jipixae 3 Hy-
JIBOBOIO abcmmcoI0 abCOIOTHOT 301KHOCTI, DM BUKOHAHHI SKWAX IS JIOTa-
pudMa MAKCUMAJIBHOTO €/ICHA TPABH/IbHA ACHMITOTHYIHA PiBHICTH In (o) =

— n—1 —pa —

Tilo|~" + 32055 Tilo| ™" + (T +o(1))|o| ™", 10, ne Ty >0 T; € R\ {0},

. . p1+ pPn

j=2,n—-1, TeR\{0}, 0<pn<..<p2<p1 i —
Karwosi caosa: psan dipixie, MaKCUMAIbHAN UJI€H, 0araTOqIeHHa aCUMII-

TOTHKA.

> pa.

1. Beryn. Posrnauemo psig Hipixae

o]
F(s) = Zan exp{s\,}, s=o+it, (1)

n=0
ze (An) — 3pocTarda 10 +00 MoCTiAOBHICTD HeBix emanx wmcen (Ag = 0). dkmo abemmcea
abcosmorHOl 36ixkn0cTi pany (1) mopisawe 0, € (—00, +00], TO HOro 3pOCTaHHS OTOTOK-
HIOIOTH 31 3poctanusm byukuii M (o, F') = sup{|F(c+it)| : t € R} npu o T 0,. Baskausy
poJb y HochijKeHHl 38’a3Ky Mix 3pocranasM M (o, F') 1 nosomkenusam koedilieHTin
Bigirpae makcumanbuuii wien u(o, F) = max{|a,|exp{oA,} : n > 0}. Jocnimxenus
3B’s13KiB Mixk 3pocranram In (o, F') i mOBO/KeHHAM y TEPMIHAX JTBOWIEHHO! ACHMTOTHKA
koedinienTis 3a1109aTKOBAHO B [4], Je 3a3Ha4eH0 HEODXIAHY Ta JOCTATHIO YMOBU HA Gy, 34
KOl y Bunajky mianx (o, = +00) paais dipixse In p(o, F) Mae ABOUIEHHY TIOKA3HUKOBY
acuMnToTuky Burssiay Inp(o, F) = Texp{pio} + (1 + o(1))Texp{pc}, o — +o0, ne
0<p<pr<+4oo,T>0ireR\{0}. O.M. Cymuk nomibuy 3amady po3B’s3ama JIst
JMBOWIEHHO! cTeneneBoi acmMnrotuku 1n (o, F) nus minux panis ipixme i pist psanis

Hipixie 3 HYIBOBOIO abCIMCOI0 abCOMIOTHOI 361 KHOCTI.

SaranbHy TpobieMy Tpo GaraTouIeHHy MOKAa3HWKOBY ACUMTTOTHUKY Jorapudma
MaKCHMAaJIbHOTO wieHa 1ijoro psaxy ipixse posrasayna O.M. Cymuk [5]. Bokpewma,
6y710 OBEIEHO, 10 AJIst TOTo, 106 In y(o, F) = Z;:ll T;e?% + (T 4+ 0(1))e” o — o0,

© Creus 0., Illepemera M., 2015
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P1 +pn

geTy >07; e Rj=2n—-1, 7R, 0<p, <..<p2<p1, 5

> p2,
HeoOXinHO 1 mocTtaTHbO, MO0 A1 Oyab-skoro € > 0:
1) icayBaso Take ancyio ng(e), mo mis Beix n = no(e)
P Pn

n—1 -2 Pn

A A A P1 A 1

Inja,| < == In—= T = —|—T—|—E( n) :
[an| p1 lepljz:; '7<T1P1) ( ) Tip1

2) icHyBaJsia 3pOCTaya MOCAIIOBHICTE (1)) HATYPAJLHUX YUCEJT TAKa, 110

M Ay

n—1 £ £n
n
In|a,,| > ——%1In

A\, p1 A P1
p1 €lipr ; "\Tip1 ( ) Tip1
P1tpn

amg seix k 2> ko i Apyyy — Any = o</\n,fp1 ), k — oo.

Mera HaImmol mpari — JOCHIIUTH, 33 SKUX YMOB Ha KOeDIIieHTH a,, Ta MOKA3ZHUKHA Ay,
pany ipixie (1) 3 HyJb0BOIO abCIMCOI0 aGCOMIOTHOT 361KHOCTL JJisi HOrO MaKCUMAJIBHOIO
4jIeHa TPABUIbHA aCUMIITOTUYHA PiBHICTH

o |o|Pm

n—1
Ty T; (t+0(1))
In (o) = |2 + Z |0‘JP7‘ + » o010, (2)
j=2 """
ae Ty > 0,7, € R\ {0},j =2,n—-1, 7€ R\{0}, 0<p, < .. < p2 < pa,
P1 +pn
2

Teopema 1. Jlas moeo, wob In (o) mae bazamounenny cmenenesy acumMnmomury 6u-
2aady (2) neobxidno i docmammvo, wob das 6yde axozo € > 0:
1) icnysano maxe wucao ng(e), wo daa eciz n = no(e)

_P1 n—1 _Pi _Pn_

>\n p1+1 )\n p1+1 >\n p1+1
In|a,| <Ti(p1+1 + > T; +(r+e¢ ; 3
ol < Talor + 1) ( 72 > (72) Hera(ps) s @

2) icnyeana 3pocmaions nocaidoehicms (Ng) HOMYPANLHUT “UCes MaKa, U0 O
ecix k > ko

> pa.

Pn

_P1_ n—1 _Pi
)\ p1+1 )\ p1+1 )\ p1+1
Inla,, | > T —|—1(n) +§T<") +T—€(n) 4
| nk| 1(p1 ) T]p] = J Tlpl ( ) T]p] ( )

pPntp1+2

Ank+1 - Ank - O<An2k(pl+1) ) k — OQ. (5)

Jlns moBemenHs TeopemMu OyIeMO BUKOPUCTOBYBATH TaKi JOMOMIXKHI pe3yJIbTaTH.
Yepes 2(0) mo3nauumMo Kiac A0JaTHuX HeoOMexkenux Ha, (—oo, 0) dbyukiii ¢ rakux,
mo noximaa ¢’ momarna, memepepsHO amdepeHmifioBana i 3pocrae mo +oo Ha (—00,0).
. D(o .
Ona @ € Q(0) mexait ¢ — dbynukuis, obeprena g0 ¥, a ¥(o) = o — <I>/(( )) — ynkKiig,
o
acoriiiosana 3 ¢ 3a Heroronom. Toxi dyukiia ¥ HermrepepsHO audepeniiioBata i 3pocrae
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1o 0 Ha (—00,0), a dyukiis ¢ HenepepsHo audepeniiiosana i 3pocrae 10 0 na (0, +00).
3pincn BumuBae, mo obeprena 1o ¥ dynkmia ¥ Takoxk 3pocrae 10 0 Ha (—00,0).

JIema 1 ([1-2]). Heza@i ® € Q(0). Jas mozo, wob In u(o, F) < ®(0) daa eciz o € [09,0)
Heobxziono i docmammvo, wob In|a,| < =AU (p(\y,)) das eciz n > ng.

JIema 2 ([2-3]). Jaa dodamnuz wucer a < b npasusvna mepienicmv Gi(a,b, @) <
Ga(a,b, @), de

o) - ba_ba /ab W) i Gya,b, @) = @(bia /ab<p(t)dt>.

2
JIema 3 ([2]). Hexati ®; € Q(0) (j=1,2) ¢
®1(0) <Inp(o, F) < $2(0) (6)

oas eciz o € [00,0). Todi
Infan] < =X a(p2(An)) (7
0As BCIT M = N Ma ICHYE 3POCTAIONG NOCAI006HICMYL (N)) HAMYPLALHUT “UCEA TAKA,
wo
nfan,| 2 =An, ®1(p1(An,)) (8)

1 )‘"k+1
)\nk+1 - /\nk-, /)\ i (t)dt> . (9)

"k

Gl (Ank ) )\”k+1 ) ¢2) 2 (Dl (

JIema 4 (|2]). Hezxat ® € Q(0) i Injan,| < —An, V(M) das desaxoi spocmarowoi
nocaidosrocmi (ny) wamyparsrus wucer. Todi das ecix o € [p1(An, ), ©1(An, )] @ 6ciz
k > ko npasusvhra nepiericmo

lnlLL(0—7F) 24) ( ) (GQ( ng nk+1’ ) Gl( Nk nk+1vq)))' (10)

2. Acumiroruka QpyHKIIIL ©.
Orxe, mexait @ € Q(0) — raka dyHKIig, IO

T T; T
d(0) = J , <0 <0, 11
= o Lol T S y
pneTh > 07T, €¢ R\{0},j =2,n—1, 7 € R\{0}, 0 < p, < ... < pa <
p1+pn
P1 D) > p2.

Hust dynkuil (11) acumnroruky obepuenol dyHKUIT ¢ ouucye jema.

JIema 5. Sxwo dynxuia ® € Q(0) maxa, wo suxonyemves (11), mo das Pynryii ¢
npu T — +00 NPAGUABHA MAKE ACUMNMOMUNHA PIGHICTIb,

pj—p1—1

J
p1+1 €T p1+1
T) = — —
#lz) <T1P1> Z P1T1 P1 + 1 <T1f71>
pPn—p1—1

RTINS
Tipi(pr+1) \Tip:
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Jlosedenna. OcKinbKu
Tipr Pj TP
/ — 7 J n
(o) = |o|Pr 1 Z |0|p,+1 |o|pnt1”

TO /TSl 3HAXO/IZKEHHST aCUMITOTUKA (byHKL[i'i  Tpeba po3B’s3aTH PIBHSAHHS

Ty p1 T;p; TPn
[Pt Z |o|Ps p lopntt Z- (12)

Jlerko nmobaduTy, o po3B’a30K 0 = o () UbOro PIBHAHHA 33I0BOJIbHSE YMOBY

Tip1
‘0’|P1+1

(1+o0(1) =2 (x— +o0),

TOMy OyZeMO IIyKaTu foro y BUIVIsI

o] = (T”) +a), (13

X

ze
a=az)=o(z" 1 ) (x — +00).

[Mixcrasnaioan (13) B (12), orpuMaemo

n—1
11P1 Z 1JpJ +
T st p1+1 T FIES pit+1
101 101
TPn o
1 - k)
T 1+l pnt1
T
TOOTO
n—1
x Tjp;

ST Pl Z PiFT 1 p.+1+
<1+a(x)( ° ) 1 ) = (BN e ()T
Tipy x T1p1
TPn
+ pnt =T

1 1 1
T1p1>p1+1( < T )P1+1>p”+
1+ oz
(™ @) (7=

1 —(p1+1) n— 1 Pi—P1 1 —(p;+1)
€T p1+1 pj €T p1+1 €T p1+1
b ( ) a) j j ( ) <1 * < > a> -
( Tip1 Z 5 Tipr \T1p; Tip1

Pn—pP1

=\ —(entl)
() " (0 (2) )
+ 1+ « =1.
Tip1 (Tlpl> Tip1

3BLIKHK
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3Biacu npu £ — +00 OTPUMYEMO
1—( 1)<x>pll+l 0(22>
—(p1+ 1o + a“xett |+
Tip1
n—1

Pj—P1 1
o (am) " ( ()" +ol=))
= 1—(pj + 1) + 0| a”zntt | |+
— 1111 \Tips (ps +1) Tip1
Pn—pP1
+wn<1+o<1>>( z )
Tip1 Tip1

=1,

TOOTO

n—1 pj—P1—1 Pj—P1

i( ( G )mﬂ_pjmpjﬂ)( = )”“a+
= p1Th P1+) Tip1 p1Ti(pr + 1) \Tip

Pn—P1—

pj=P1+1 Tpn(1+0(1)) T T 5 2
9] 2 1 [0) )
" <a v >) - Tipi(pr +1) \Tips O

Tr — +00.

Ockinbku a(x)xﬁ —0 (z — 4+0), T0 3BiACH

p2—p1—1 p2—p1—1

p2To(1+0(1)) ( x > P p2Ts < T > ZES! p
o= = ,
piTi(pr +1) \Tips p1Ti(p1 + 1) \Tip1

e
p2—p1—1

B=px)=o0lx ¥ ), x— 400,

i orxke, 3 (14) orpumyemo

p2—p1—1

p21> ( z ) it -
p1Ti(pr + 1) \Tip
n—1 pj—P1—L Pj—P1
S Gt (an) e ()
P1T1 Pl + ) \Tip: p1Thi(p1 + 1) \Tips

T /)2704-1171 2p5—3p1+pj—1

p2 2 €T Pl P2 —OPLTP;—

X o) oY),
<P1T1(P1 +1) <T1P1>

—p1—

Pn 1
ECESE 2—=P1)—
# el (CE) T o), a e

Tipi(pr +1) \Tip1
3BIJKH JIErKO BHILIHBAE, IO IIPH T — 400

pj—p1—1
n—1 3Pl

piT; ( x ) i
x) = —
B( ) ; plTl(pl —|—1) T1p1
Pjtp2—2p1—1

n—1

T (p: 41 T 1T T

~(to(y Y bt paTe ( - ) T
= piTi(p1 + 1) prT1(p1 + 1) \ T1p1
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pPn—p1—1
209 —3p1+p; 1 Tpn(1+o(1))< x )+ (<>>
+ 0|z P1FL + +O(x /¥t . (16

( > Tipi(pr +1) \Ti; (16)

Ockinbku p, > 2py — p1, TO
pn—p1—1>2(pj—p1)—1>3(pj—p1)—1>...>n(pj—p1)—1, j=2n-1
3 (16) oTpuMyeMO

pn pj—r1—1
Tpn(]_ +0(1)) €T P1+ jpj xT p1+1
B(x) = , T — foo.
() Tipi(pr+1) \Tip1 Z < Tip1(p1 + 1) \T1p1

Tomy 3 (13) i (15) BunsMBae TBEpPKEHHS JIeMH 5. O

Buxopucropyroun Jemy 5, 3Hafimemo acumrormuni dopmyan mias P(p(z)) i

JIema 6. Sdxwo dynxuia ® € Q(0) maka, wo suxonyemsves (11), mo npu © — +00
NPABUALHL MAKT GCUMNMOMUYHE PIEHOCTI

_P1 n—1 _Pi
x p1tl x P11
W (p(x)) = =T; +1 —E T; —
(@( )) 1<p1 )<T1p1> =2 J(T1p1>

Pn

>p1+1 an

— (t+0(1)) <T1p1

_P1_ n—1 _Pi_

€T p1+1 p €T p1+1

O(p(x)) =T + Ti(1-—2 >< > +
wten=n( ) S (7

_Pn

(T4+oM)(pr —pn+1) [ x 7!
" p1+1 (Tm) - U9

x
Josedenns. Ockinbku ¥ (p(z)) = / (t)dt + const, To npm  — 400

Zo

1 _011-%-1 T
Z‘\I/(QO(J?)) = _(T1p1> / t Pt dt—
Zo

pj—p1—1

1\ 7iFT [T et
-5 (7)o
/)1T1 pl +1 Tip1 zo

pPn—p1—1

W 40(1) [ 1 A [

~ Tpa(1+of ))( ) T / e
TlPl(Pl +1) \Tipx 2o

pj—p1—1

N
Tip1 P1T1 P1+1 Tip1 Pj




BATATOYJIEHHA CTEIIEHEBA ACUMIITOTUKA JIOTAPU®MA...
ISSN 2078-3744. Bicuuk JlpiB. yu-ty. Cepis mex.-mar. 2015. Bumyck 80 151

Pn
xritl + const =

n—p1—1
_mn<1+o<1>>< 1 ) prt1
Tipi(p1 +1) \Tip1 Pn

n—1 _Pj Pn
p1+1 p1+1 €T p1+1
—n ()" () e ) "

Jj=

2
TOOTO OTPUMYEMO ACUMITOTHYHY piBHicTb (17).
Buxopucrosyrwun pisaicts P(p(z)) = xo(x)—2 ¥ (p(x)), OTpUMyEMO ACHMOTOTHIHY
piBuicts (18).

3. Acumnroruuda noBeminka Gi(tk, tk+1,®) 1 Gao(tg, tgr1, D).
Hexait 0 < ty, T 400 (k — o0) 3 o3navenns Gy(a,b, ®) i 3 orsimy Ha (18) orpuma-
€MO

tith bt O (p(t
Gl(tkvtk-i-l,q)) = tkﬂ%ltk/ (fQ( ))dt =

Pj

tit teta o nl N
et () () ()
tet1 =tk Jy, 101 p p1 + 1/ \Tip1

n (T+0(1))(P1—pn+1)( >”“>dt
p1+1 Tip1 t2

P1
o) e
tpy1 — U Tip1

n—1 t
P p1+1 k+1 pj—2p1—2
T 1—- — Tttt
+Jz; ( Pl+1>(T1P1> / N "
L (T o) (p pn+1)< )
p1+1 Tip1

bt (o
i+l dt | =

Lty
= e L () (T —t,:rf)+

tk+1 — Tk

)

n—1 _Pi_ —p1—1 C—p1—1
1 p1+1 PiTP1 Pj—PL
+) Tj(T ) (tk e >+
=2 101

1 % pn—p1—1 pPn—p1—1
+(r+o(1))<TIpl) (tk S )} k — oo.

[Mpunycrumo, wo tg+1 = tx(1 + 0k), me 0 > 0. Toxi upu k — 0o oxepKyeMo

te(1+6 1 \7T =L L
Gy (g, te (1 4 0y), @) = k(ekk)(Tl(p1+l)<Tp ) e (1(1+0k)m+1>+
1

n—1 1
1 p1+1 ”Jp ’21 pj—p1—1
JrZTJ'<T1P1) t " L= (1+0k) »50 )+

Jj=2
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]. ﬁ pr”iillil pn—p1—1
+ (74 0(1)) Tipn t, " 1= (1+0,) m+ =

(1+6) te \ 7 1
= 2T 1 1—1(1 p1+1
O e+ D\ 70 (1+6c) -

(i) (o)
+3 T L= (140, 77 )+
"\Tip1 ¥

Jj=2

Pn

+(T+o(1))< 2. )+ (1—(1+9k)”"m”+111)>. (19)

Tip1
O

3BimcK JIErKO BUILIMBAIOTH JIBl JIEMU.

Jlema 7. frwo icnye spocmatowa nocaidosnicms (kj) namypaivnuz wuceas maxa, wo
Ok, — 400 npu j — 00, mo daa yiei nocaidosnocmi npu j — o0

t \ oot
Gty b (1 + 600,), @) = (1 + o(1)) T (pr + 1) (Tfél) .

JIema 8. AAxwpo icnye spocmaroua nocaidosnicms (k;) MGMYPEALHUT “uces MaKa, U0
Ox; — 0 € (0,400) npu j — oo, mo dasa yiei nocaidosnocmi npu j — 0o

tk?j # 1 +9 1
Gl(tkj7tk] (1 + ij), ':I)) = (]. + O(].))Tl(pl + 1) T T 1-— (1 + 9) 1L ).

Mpunycrumo renep, mo 0 — 0 (k — 00). Toxi 3 orsay ua (19)

P1
t pl+1]__|_0
R e M

y <1_ <1 _ % +2)67  (p1+2)(2p1 +3)6} +O(9§))>+

pr+1  2(p1+1)? 6(p1 + 1)
(1 (1 P e o))
+ (7 +0(1)) <Ti];1)pf11 ! _gkek (1 — (1 + W + O(Hﬁ)))) =
(5™ 0o (- G - o)

n—1 _Pi_
tk )P1+1 (P]_pl_l
— T — 1+6 -+
— ( ! <T1P1 ( 2 p1+1
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4 i =21 = 2)(pj — pr = D)ok +O(9,3))>—

153

2(p1 +1)?

Pn

1)) (pn —p1— 1) [t \ 70T

R Y L
p1+1 T1p1

3Bi/ICH BUILIMBAE TAKa, JeMa.

JIema 9. Hexaii ynxuia © € Q(0) maxa, wo suxonyemves (11), a 0, — 0 (kK — o).
Todi npu k — oo

1
ty \7t77 Tipi0 £, \ Pt
Gl(tk,tk(uok),cp)_ﬂ( i > +21p1k)( k> B

Tip1 (p1 + Ty p1
) e °;
T1P1(P1 + 2) 2 tx pl'l"l . Tj(pl +1-— pj) t ﬂlil
- 7 Ok +> +
6(p1 +1) Tip1 o p1+1 Tip1
Py Pn
+ Z Beston 31 i) (e Y=y, (oo Lz pn) (e )P
2(p1 +1)2 Tip1 p1+1 T1p1

+ O(tkl“ 03) + O(tm“ 2.

s moro, o6 oTpuMaTH acCMMIITOTHYHE TOBOMXKeHHs Bemannau Go(tg, tyy1, P) 10-
CITITUMO CITOYATKY TOBOJZKEHHS BEJTUIUHA

1 th+1
k

Sk BuaHO 3 goBesenns piBuocti (17), onepumo

o e
pt1 Lty —
sty s, ® Ty py )i et T
el s, )] = L 1y B
n—1 T. tnlpil _tpfil (7 + o(1)) tnfil _tpfzh
+§ : J k+1 + k+1

=2 (Tlpl)pfil (i1 —te) (D) At (Beer —tk)

SAkmo tgy1 = tx(1+ 0g), ne 0, > 0, To mpu k — 00 OTPEMYEMO

1 o1
1 t Pt ((1 0. )P T — 1
ety b (1 + 01, ) = 22F <k> T (14 6,)7 ),

p1 \Tip1 O
aa— 0.)7FT —
+ Z < ) ((1+6) 1)+
Tlpl Tip1 0

Tip1 Tip1 Ok
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[Ipumycrumo, mo icHye 3pocTaroda HOCTIOBHICTH (k;) HATYPAJBHAX HHCET TAKa, IO
O, — +oo (j — o0). [na njel nocrinoprocti 3 orngny na (21) npu j — 00 OIepPIKUMO

1
ti \ Pitl __1__
S) T A o),

P1+1(
se(ty.  tr, (L+0.), @) =
|¢(th, st ( k), @)l Tion

p1
OCKIJIBbKH
Ti(140(1))

GQ(tk7tk+1a(I)) = (D(%(tkatk+1vq))) = ‘%(tk tk—i—l (I))‘Pl’

k — oo,

TO 3BLICH JIETKO OTPUMY€EMO TaKy JIEMY.

JIema 10. Hxwo ichye 3pocmarona nocaidosuicms (kj) HAMYPAILHUT wuces maka, wo
O, — 400 npu j — 00, mo daa yiei nocaidosnocmi

G 0r,), @ o\ ()7 gt
Ltk (1 . =1 1)T / ! ] .
ot 11, (14 00,).8) = (L o) (2] (7)™ (o )

IloaibHO TOBOIUTHCS TAKa JIEMA.

JIema 11. Hxwo icnye 3pocmarona nocaidosuicms (ki) HAMYParLHUT wuces maka, wo
O, — 6 € (0,400) npu j — 0o, mo dasa uiei nocaidosrnocmi npu j — 00

Go(tr;, tr, (1 +0k,;), ®) =

~aoyr(524)" (;fpl) ( Ll S

IMpunycrumo temep, mo 6 — 0 (k — 00). Toai 3 orsimy wa (19) orprmaemo

1
L[t \ 7 02
|2e(tr, te(1 4+ 0y), @) = pLt <k> 1 <1 + - O — Pr%%k

P10k \Tip1 p1+1 2(p1 +1)2

n—1 pj—Pr1—1

pi(p1 +2)0} 4 ) T; ( L > Pt ( Pi

F D% ol 1) + Y 1+ b
6(p1 +1)3 (6+) Jz::z T1p10k \T1p1 pr+17"
pPn—p1—1
pi(pr+1—p;)07 3 ) (T +0(1)) ( t ) PLH
— +0(6;))—-1) + X

2(p1 +1)2 (6) Tip10r \T1p1

1

Pn 9 tk p1+1

x (14 O, + O(0 —1>_< ) -
( o+ 10k T O Tips

0 t \ A 2)02 [ tp \ AT S
k (k:) +(p1+)k<k) +O(9’%tkp1+)+

~ 2(p1 + 1) \Tip 6(p1 +1)2 \T1p1
_ pj—p1—1 n—1 pj—r1—1
Z Tjp, ( t > A 3 Tipi(p1 +1 — p;)Ok < by ) A
= Tipi(pr + 1) \Tips = 2T p1(p1 +1)2 Tip1

pn—p1—1 1
p2—p1-1 (T + 0(1)) tr BZEE tr e 0y
Lo A >+"“ _ O
(Ot ) Tip1(p1 + 1) \Tip1 Tip 2(p1 +1)
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pj—P1
+ (p1+2)02 nzzl Tp, (tk )”1+1_
6(p1 +1)2 T1pl p1+1)\Tips

n—1 Pj—P1 pn—p1
ZTJpJ(pl“—/’J)ek( b >+ + pn(7+o(1))( t > A

2T1p1(p1 + 1)? Tip1 Tip1(p1 + 1) \Tip1

j=2
+0(0}) + 007, )), k—oco. (22)

Yepes B(tk,0)) MO3HAYAMO TaKy BEJIUYHHY:

Pj—P1

0 p1 +2 92 iy P tr p1Hl
B(ty, 0r) = — +2 Lo, ’ -
(tk. B 2(p1+1)  6(p1+1)2 Z Tipi(p1 +1) \Tip1

—nzl ipilprt1— p])9k< 23 )”1+1+pn(7'+0(1))< th );1“1
2T p1(p1 + 1)? Tip;1 Tipi(p1 + 1) \Tip1 .

Tomy 1pu k — oo

t 7ﬁ 02*P11

Ockinpru B(tg,0r) = 0 (k — 00), 10 aasg p > 0 3 (22) orpumyemo

1 tk /711:-1 P2—pP1 -p
= 1+ B(ty, 0) + O(6) + 003, } =
[oe(tis tr(1+ O, D)7 (ﬂm) { (k. 6x) + O0) + OB )

¢ TEa 1
- (T’; ) {1 — pB(tk, k) + WTHBQ(%@;C) + O<B3(tk,9k)) +0(67)+
11

£2—rl e 2
+O0(6ht, )}— <tk > {1+ PO _ plor+2)0;

T1P1 2(p1+1)  6(p1+ 1)
n—1 Pj—P1
_ Z pTp; < ) a2 Z PTJPJ p1+1— Pj)ek( tr ) nE
< Tip1(p1 +1) \T1p1 2T p1(p1 +1)2 Tip1
ppn(T + 0(1)) ( s ) p1+1 p(p+ 1) 9}% ) 021911 5
= + 002,77 ) + 0(63)+
Tipi(p1 +1) \T1p1 2 4(p1 +1)2 Oty ) (0%)

2(p2—p1)

+ O(Oxt,, " )}, k — oo,

a OCKIJIBKI

Go (tkathrla Q) = ®(se(ty, thr1,P)) =

]
_ k> ko),
i Zwk, I ) (k= Ho)

| (tk7tk+17 tk+17 |%(tkatk+17

TO 3BIJICH ONEPKYEMO
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Pl n-1 _P3 L
tk p1+1 tk p1+1 tk p1+1
Gty tr(1+ 6;), ® :T( ) +> T( ) +r< ) -
2t tr( k) ®) ! Tip1 "\ Tip1 T1p1

j=2

n—1 P _P1_
_ Z Tjp; ( i ) P n T1p10 ( ty ) ”1“+
= (+HY\Tipn 2(p1 + 1) \T1p1

n P P
n Zl Tip; (p1 +1—p;)0k ( tr ) = Tip1(p1 + 2)0,% < e ) ER! N
2(p1 +1)2 Tip1 6(p1 + 1)2 Tip1

P1 Pn
T1p163 < (78 >p1“ TPn ( (78 >p1“ 2 3
+ Tk + + O] 03+
S+ )\ Tipn 21 + )\ Tipn (H )

_P2
+O0@t 08, k— oo

Orxke, goBemeMO TaKUi aHaJIOr JleMu 9.

JIema 12. Hezati ¢ynryin ® € Q(0) maxa, wo suxonyemwves (11), a 0, — 0 (kK — o).
Todi

P1 p1
ty \ 1Tt T1p10; tp | 1tt

Go(te. te(1+0.), ) =T, —— R _

2l 1+ 00), ) ( ) " 20+ )\ Tipy

P1 _ Pj

Tlpl(”1+5)e ( L )p1+1+nZ:1Tj(P1+1—Pj)( th ),,1+1+

24(p1 +1)2 Tip p1+1 Tip

P

Pg (pr+1=pj)( t e
Y i O+
Z 2(p1 +1)2 Tip1 ¥

Jj=2

(pr+1—pn)(7+0(1)) ( x

+
p1+1 Tip1
3 jem 91 12 orpumyeMo Taky Jemy.

¥t P 3 PN 2
+O 0 + Ot T 07), Kk — oo,

JIema 13. Hexati ¢ynwuyia © € Q(0) maxa, wo suxonyemves (11), a 0y — 0 (k —
00). Todi

T ty \ 7T
Gz(tmk(wek),@)—Gl(tk,tk(uek),@):8(p11”+11)(T1‘;1) 02+

_P2 _P1 Pn
+ 00 + O3t ) + o(t,gl“ > k — oo,

Bukopucrosytoun jemu 7 — 13, 10BEIEMO TII€ TaKy JIEMY.
Jlema 14. Hexai

T1 j T—E¢&
dy(0) = o] + Jz:; ER + oo oo <o <0,

T ”2*1 T,  T4e¢
= — <
£2(0) |o|Pt ! j=2 || * |o|en’ o S0 <0
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Hpunyemumo, wo tpr1 = (1 + Otk 1 das eciz k = ko
G1(thstit1, P2) = @1 (5e(th, tig, P2)). (23)
Todi 9k — 01

Pn—pP1

16(/)1 + 1) tk p1+1 Pn—pP1
02 —— 7 1 ot k — oo.
P e o) () o), ko

/

2e

Josedenna. Ockinbku 1 (o) = $a(0) — ol

s @1(e(tr, tigr, P2)) =
= Ga(tg, tgt1, P2), TO 3 (23) orpUMacMo
2e
|2¢(th, titr, Do) [P

[punycrumo, 1o km 0 = +o0. Toxi icuye 3pocratoda mocainosHicTs (kj) HaTy-
— 00

G1(tk, tet1, Do) = Galty, tryr, o) —

(24)

PAJIBHAX 9HCE TaKa, mwo Oy, — 0o (j — 00), a ans miei mocaizosnocri 3a memamu 7 i 10

Pn _plil _ _Pn
i 3 oro, mo |3(ty, tyt1, P2)|P" = (1+0(1))(M> ' (T?;n) 0,7 (k> o)

P1
OOEPXKUMO

Pl 1
th. p1+1 p1 )”1< th. )m+1 L1 )
Ti(p + 1) =—— > (14 o(1)T J 0.1, § = oo,
1(p1 )(T1p1> (1+0(1)) 1(p1+1 Tim K, j

110 HEMOZKTHBO.
ko klim 0 = 6 € (0,+00), T0 ichye 3pocrarya nocainosuicts (k;) HATYpaIb-
;—» 00

HUX 4uces Taka, mo Oy, — 0(j — 00), a aua miei mociigzoprOCTI 3 oriAmy Ha Jle-
mu 8 1 11 i acumnroruky |s(tg,tkr1, P2)

Pn -
o () ()
((1+9)%1

P
5 ) (k — 00) mpaBusIbHA ACUMIITOTHYHA HepiBHICTH

P1

t, )P1+11+9< _1>

; RO e mm) >
Tip1 0 ( )

_p1_
a +O(1))T1( o1 >P1( 7% )p1+1 (9)91 o
p1+1 Tlpl (1_"_6)%_1 ) 5

3BIJIKM BUILIMBAE, 1110

1 1 P1 P1
v (1o ) > (S ()
4 p1+1 (140)m+ —1

[Moni6uo, BukopucroByioun HepiBuicts G1(tg, tpt1, P2) < Ga(tk, tpt1, P2) 1 nemu 7
ta 10, oTpuMaEMo MPOTHIEKHY HepiBHicTh. ToMy 6 3amM0BOBbHSE PIBHAHHS

(14_&)% s o P1_ pfln
W (1+0)p1+ _]. (1+0)91+ _1 —W (25)

Jlerko nepesipuru, mo 8 = 0 € po3s’a3kom piBusuug (25) 1 gk 3a3Hadgeno B [6] ue
PIBHAHHS He Ma€ JOJATHUX KOPEHIB.

T1(p1 + 1)<
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p1
Omxe, 0, — 0 (k — 00) orpmmyenmo, mo [s¢(ty, tet1, P2)| = (1+0(1)) (Tfkp )
(k — 00), a y npoMy BUNAIKY 3 ormsmy Ha (24)
p1
() o)
T O < +ol et )+
8(p1 + 1) \Tip1 |2¢(tr, thyt, @2)|Pm kYK
_P1_ Pn
+0 <9zt,§1“) + o(t,jl“)

upu k — oo. Tomy
T 02 t % P2
1P10) <9 < k > 3 ( 2 ,,1+1)
o Sl + O\ 65t +
8(p1+1) Tip1 Wk

Pn—p1

+O<92t,§1“> —|—o<tklerl ) (k — 00),

3BiJIKM BUILJIMBAE TBEPIKEHHs JieMu 14. O

4. Hosenenusi reopemu 1. [Mounemo 3 neobximnocri. 3 (2) BumauBae, 1O 1jist

koxuoro € € (0, |7]) i Beix o € [o¢(g),0) orpumaemo
T; (t+¢)

n—1 n—1
T1 TJ (T—E) T1
o +jZ:; et e Sl F) < o +;2 ol T

TOOTO BUKOHy€ThCst yMOBa (6) nemu 3 3
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T T; (r—e) T T; (t+¢)
P — J P — J .
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3a 1iero emoro npaBuibHI HepiBHOCTI (6)—(8). Ase 3a 1emoro 6
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n 2 2(P2(An 11 T =~ I\ Ty
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—(t+e+o , M — 00,
Tip
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a 3a aemoro 14 3 HepiBHOCTI (5) BUILTHBAE
Pn—p1
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TOOTO
pPntp1+2
)\nk+l - )‘nL p1+ (\[+ O( ))(Tlpl)z(lerl) )‘ 2(p1+1) 3 k — oo.

3aBgKU JOBIIBHOCTI € 3 NUX CIIBBITHONIEHL BUILIMBAOTE criBBigHOmeHHs (3) — (5).
Hoseznemo nocraruicrs ymos (3) — (5). Bukopucrosyiouu semy 11 jiemy 6, HEBasKKO
JIOBECTH, 10 3 OIJISIAY Ha JOBLIBHICTD £ 3 yMOBHU (3) BUILTUBAE ACUMITOTUYHA HEPIBHICTH

n—1

n (o) \a|p1 Z|0\PJ T+0(1))’ o 10. (26)

|g’ Pn

Jani 3a memoro 4 i nemoro 13 3 mepisrocti (4) amst Beix 0 € [p1(An,), 01(An,,, )] 1 Beix
k > ko orpumaemo

IIIN(U) >(D ( ) (GQ( Nk nk+1’ ) Gl( Nk nk+17q))) :@1(0')7

Pl

__Tipy <An) 62 + O(O2NT) + O(3AT) + 0(ABTT), k= oo,
8(p1 + 1) \T1p1 '

Zie 3 oryisimy Ha yMoBy (5)

n >\n T

o+ o 2(p1+1

9k = ML TR = O(/\ngjl )>a k — oo.
)\nk

Ockimbru @1(An,) < 0 < @1(Any 1), T0 An, < @1(0) < Ay, 13 (5) MmaTumemo
Pn

lnu(0)><1>1(a)+o((<1>'1(g))/511)@1(0)+0<1>p1+1)

|o"/)1+1

=®q(0) + 0<1>, o710,
ol

3BIJIKHM, 3aBIAKH JOBIILHOCTI § , OTPUMYEMO ACUMIITOTHIHY HEPiBHICTD

n—1

In 1(o) Z |a\p] T g, (27)

|g’ Pn

3 (26) i (27) punmusae (2). Teopemy 1 noBeeHO.

,01 +pn

SayBakennda 1. YmoBa > po v Teopemi 1 € icrorrow. dag Bunanky n = 3 1e

JIoBesieHo B [7].

3ayBaxkenHst 2. B [8] noBezneno, mo 11st TOro, MO0 ISl KOKHOTO aBCOMOTHO 3013KHOrO
y mismionmHi {s : Res < 0} paxy Hipixse (1) 31 3a1aHO0 TTOCITITOBHICTIO MTOKA3HUKIB
(A\n) cuiBBigaomenus (2) 6y10 PiIBHOCHIJIbHE CIIBBIIHOIIEHHIO

(1+0(1))r
In M(o, F) |m Z \UIQJ i 10, (28)

Pn
neobxinno i nocrarnbo, mo6 Inn = o(A;' ™) mpu n — co. O6’eanyroun neii pesynbrar 3
TEOpeMoIo 1, OTPHMYEMO TaKe TBEPIZKCHHS.
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—Pn_
Hacuimox 1. Hezxad pLt o > po, alnn = o(A;"") npun — co. Todi das mozo, upob

npasusbhum 6ya0 cniesidnowenns (28), neobxidno i docmammvo, wob dasn 6Yydv-aK020
e > 0 suxonysasuce ymoeu 1) i 2) meopemu 1.
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MANY-TERM POWER ASYMPTOTICS FOR LOGARITHM OF
THE MAXIMAL TERM OF A DIRICHLET SERIES ABSOLUTE
CONVERGENT IN THE HALFPLANE

Yuliya STETS, Myroslav SHEREMETA

ITvan Franko National University of Lviv,
Universytetska str., 1, Lviv, 79000
e-mail: vovylka@list.ru, m_m_ sheremeta@list.ru

‘We have found conditions on exponents and coefficients of Dirichlet series
with null abscissa of absolute convergence, under which for logarithm of the
maximal term the asymptotic equality In u(c) = Ti|o| ™"t + Z;l:_; Tjlo|=Pi +
(r+o(1)o|=?, o 10, where Ts > 0T; € R\ {0},j =2,n—-1, 7 €
R\{0}, 0<pn<..<p2<p1 and MTM > po is true.

Key words: Dirichlet series, maximal term, many-term asymptotics.
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PO OBMEX>KEHICTH [-IHIEKCY BUPOJI2KEHOI
TIIIEPTEOMETPUYHOI ®YHKIIIL

IOpiit TPYXAH, Mupocias IIEPEMETA

Jveiecvruti HaytonarvHUl yHisepcumem imens Ieana Dparnka,
sys. Yuisepcumemcoka, 1, JIveis, 79000
e-mail: yurik93Q@mail.ru, m m sheremeta@list.Tu

Hocnimkeno obmexeHicTb [-iH1eKCY BUPOzKeHO] rinepreomerpuyHol ¢ yHK-
mii.

Karwosi caosa: 1ina GyHKIisSE, 0OMEKEHICTh [-IHAEKCY, BUPOIXKEHA Tirep-
reoMeTpudHa PyHKITIS.

Hexait
F(2) = fa2" (1)
n=0

— nina GyHknig, a | — nomarHa HenepepeHa Ha [0, +00) dyaknia. OyHkuia f Ha3uBaE-
Thest byHKIE 0bMeskenoro [-inaekcy [1], sikimo icaye N € Z. Take, mo st Beix n € Zy

izeC
/") (2)] <max{|f(k)(z)| .

nlin(|z]) — klk(|z])
Haiimenine 3 takux yucesn N HasuBaeTbes [-ingekcom GyHKOil f i nmo3HauYaeThCcs depes
N(f,1).
Haa G C C mexait N(f,l;G) — lHuneke Gyukuii f B8 G, T06T0 HaliMeHIIe 3 TaKUX
qucen N € Z,, mo (2) BUKOHY€eThCA 17151 BCix n € Z4 1z € G.
Bupomkenoro rinepreomerpudnor QyHKIE Ha3uBaeThed [2] dbyHKIig

o<k<N}. 2)

= (S ita)
F(z)=F(a,v;2) =1+ - —, 0,-1—2,.... 3
@ =rlema =1+ ST 5 07 3)

B [3] moBemero Take: sikio mapamerpu GyHKINT (3) 3a10B0bHSIOTE YMOBY 0 < o <
< 7, 1o mus koxuoi moxignoi F(™, n > 0 npasmwasna mepismicts N(F(,1,) < 1, xe
In(r) = 4max{\/e/(2 — v/€), v + n + 1}. Bunukae npupojse 3anuraHis, saKuM Oyje
l-inmexc dbyuknil (3) y sumazaky, komn 0 < v < .

© Tpyxan 0., ITTepemera M., 2015
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[To6 BignoBicTu Ha I TUTAHHS, MU BUKOPHUCTAEMO Ty OOCTABUHY, IO BHPOKEHA,
rimepreoMerpuyHa GYHKIIA € [2] po3s’si3koM TrbepeHIiaJbHIO PIBHAHHS

2w + (v — 2)w’ — aw =0, (4)
i noseneny B [3] semy.

Jlema 1. Axwo dynruis (1) anarimuvna 6 Dp = {z: |2| < R}, fo=11
n=1

1+ a(R)
(1—a(R))(R—|z])’
dxmo z € Dep, 0 < € < 1, 0 R—|2] > (1 — &R i3 semu 1 Bunumsag, 1mo

N(£15 Der) < 13 1(01) = gy s, G0 mano N(J. 1, G) £ N 1 1.(r) < (),

To Hepazkko nosectw [1], mo N(f,1*,G) < N. Tomy mpaBuIbHA Taka JeMa.

Jlema 2. Swxwo dynxuia (1) yiaa i fo = 1, mo daa wosxcnux € € (0, 1) i R € (0, +00)
1+a(R)

(1 =&R( —a(R))

(o7 . .. .
< — nnsg scix § > 0. Tomy nns xoedirienTis
gl

mo N(f,1; Dg) <1 31(]z]) =

3a ymosu (5) npasuavna nepienicmo N(f,1; Der) <1 3 1(]z]) =

 +
Ba ymoBu 0 < v < o OTpUMAEMO ‘7,
J+

k
. l [« . .
fr dymkuii (3) npasmrsHa omiEka |fi| < o <) nag Beix k > 1, 1 oTke, SKIIO

v

v S = 7t
R=-",nenec(0,In2), 10 > |fe|REF < Y i e"—1 = a(R) < 1. dxmo Tenep

@ k=1 k=1 R

|z2| <ER = Eﬂ, ze € € (0, 1), To 3Bimcu 3a 1eMOI0 2 OTPUMYEMO TaKe TBEPIKCHHS.
a

Teepmxkenua 1. Sdxwo napemempu supodscenoi zinepzeomempuywhol Pynruii 3ado-
soavHaomos ymosy 0 < v < «, mo das xoorcnuz 1 € (0,1n 2) i £ € (0, 1) npasusvha
nepienicmo N(F,1; Deyy/o) <1 3

1(l=))

(2—en1—8&yn

(6)
TTozraummo 5
« «a
L=Lla,7v,&m :max{1+ —, }

( ) &n- &y

Josenemo renep, mo byukiia F' B C\ Dgy, /o € 0bmexenoro [-ingexcy 3 [(|z]) = L. Ina
IHOTO CIOYATKY 3ayBayKUMO, IO JJid Beix m > 0

1+ (m+7)a/(Eym) _ 1
(m+2) 2

Crpasni, dyskmia y jisiit wacrusi mepisHocri (7) cnagae 3a 3MIHHOIO ™ 3a yMOBU

<L (7)

1 «

2a—E&ny—ya < 0, TOMY He epeBUIIye 3 (1 + £> i 3pocTae y TpOTHIEKHOMY BUMAIKY,
n

1 2«

1 OT2Ke, HE IIEPEBUIILYE — —.
28y
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IIpaBunbHA TAaKOXK HEPIBHICTH
2

[0
— < L2 8
Eny ®)
C i <1 40‘2>0‘2${ > 1, o> o o
mpaBmal, gkmo v < 1, To > KITIO 7K 7Y 0 — < — < <
()2 — &y Eny — &n T (En)?

(”@)2

HosenemMo, HapemTi, Mo A7 BCix m > 1
2(m+ a)a 9
(m+2)(m+1)&ny —

dAkwo « > 1, To Bupa3 y Jislii yacruni wepiuocri (9) cnazae 3a 3miHHO© M 1 TO-

2
My He TEPeBUIIYE :—. Bukopucrosytoun (8), orpumyemo (9). Akupo x a < 1, To
nmy
2(m + a)a 2 402
(m+ 2)(m+ Dem — (m+2em 5 = @y

Mincrasnsioun F' y pisasana (4), nna |z| > &yn/a omepxumo
2
a v y a
|F" (2 g( )F’()+F(z)|§<1+)F 2)| + —|F(2)],
(2)] B | | ‘Z|\ & |F'(2)] 5777\

3Biaku, Bukopucropyoun (7) 3 m = 0 Ta (8),
2

@ @
1+ —
[F" ()] &n |F'(2)] 5777 [F'(2)]
< F < F .
o2 = or np ooz F@Ismax e [FG) (10)
ko niacrasumo F'y (4) i nponudepenniooemo m > 1 pa3, To oTpuMaeMo
2ZFFD () 4 (m 4y — 2)F™ ) (2) — (m + o) F™(2) = 0, (11)
3BLIKM, 9K Bulle, Bukopucropywouu (7) ta (9),
1+(m+7)a (m+ a)a
[F ()] Eym PO ()| 30 [P ()]
m+2)1Lm2 = (m+2)L (m+ DL (m+2)(m+ 1)L2 mlLm

o [FTG) FG)
= has (m+ )ILm+17 mlLm

3 (10) i (12) serko BumIHBaE, 1o JJst Beix n > 0

FM) (2 F'(z
o ().

TOOTO TPABUIBHE TAKE TBEPIKEHHS.

Teepaxenusa 2. dxwo napemempu eupodsxcenoi zinepzeomempuynol Pymruyii 3ado-
soavHaomo ymosy 0 < v < «, mo daa xoorcnuz 1 € (0,1n 2) i £ € (0, 1) npasusvha

a 2«
nepienicms N(F,[;C\ D o) <13z —max{1+ }
( \ Deyn/a) (I2[) & e

BukopucroByroun 3ayBaKeHHS IiCId JIeMH 1, OTPUMYEMO TaKy TEOpeMY.
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Teopema 1. Hrxwo napamempu eupodaicenoi zinepzeomempurHoi GyHKULD 3a60080AbHA-
toms ymoey 0 < v < «, mo das xoorcnuz ) € (0, In 2) 1€ € (0, 1) npasuavna nepienicmo
N(F,1) <13

) = max{ o1 2 2 (13)
= max , —, — .
2-en@ =& &’y
2(2—em) 2\ .
ko subepemo £ = 4 on  TO3a ymoBH 1) € (0, In 2) maTumenmo £ € | 0, 7)1

ae” 20 a4—e")

C—en(I—&Em &y m2—en)’

i orke, 3 (13) orpumaemo

a4 —em) a 4—¢
l = 1+ — .
(= { 2G5 1 )
Moxemo Takoxk mpoeimbHo Bubupatu 1 € (0,1n2). Jdas n = In(3/2) orpumyemo
4 —el 5
= <
n(2—e")  In(3/2)
Hacaimok 1. Axwo napemempu supodscenoi 2inepzeomempushol Gynruii 3a00804bHA-
tomob ymosy 0 < v < a, mo npasuavha nepienicmov N(F,1) <1 3
25 25«
4 7 2y |

> Tomy 3 TeOpeMU BUILIMBAE TAKUN HACILIOK.

1(]2]) Em&x{l—!—

BayBaxxumo Taxe: ockinbku [3] mra dbymxmii (3) i n > 1 noximma F™ mae l-ingexc
TaKwui, 5K i PpyHKIiT

oo k+n—1 J +a Zk
Fu(2) =1+ -
. ‘ k)
k=1 j=n Jtoy ) B
1 (a\”
a 11 koedilieHTH HE MEPEBUIYIOTH A ajas Bcix k > 1, To 3rimHO 3 IOBEIEH-
S \Y

HAM TBepIzKeHHA 1 nua Oymab-axmx 1 € (0,1n2) 1 € € (0, 1) npaBunbHA HEPIBHICTH
N(F™ . 1; Deyysa) < 1, e U(|2]) nabysae surasmy (6).

3 inmoro 60Ky, mas KoxHOrO dikcoasoro n > 11 Beix m > 0 3 roroxuOcTi (11)
OZEPIKYEMO

M ) b (m4n4y — 2) FOP D () — (m +n + o) FH) (2) = 0. (14)
Toroxuicrs (14) Biapizugerses Big (11) Tum, mo Tenep 3amicts y croith n+-y, a 3aMicrb
a croith n 4+ «. Tomy, ax Bume, aaa Koxkuux 77 € (0,1ln2) i £ € (0, 1) orpumyemo

o n+a 2(n+a)
wepisricts N(F™,1;C\ D <1s3l(lz]) = max{l + , }

Orxe, axkmo 0 < v < «, to ana koxuux 7 € (0,1n 2) i & € (0, 1) mpasunpHa
HepiBHICTE N(F(”),l) <13

— o ae’ n+a 2(n+a)
== {(26”)(15)777’1+ &n ’€n(n+7)}'
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KOH®OPMHI BI/ZIOBPA>KEHH# JIOKAJIBHO
KOH®OPMHO-KEJIEPOB1X MHOI'OBIAIB

€sres YEPEBKO

Odecorutl HAULOHAALHUL EKOHOMINHUT YHIBEPCUMEM,
eya. Ilpeobpascencoka, 8, Odeca, 65082
e-mail: cherevko@usa.com

PosrasiryTo xoHMOpMHI BimoOpakeHHs JIOKAJIBHO KOH(MOPMHO-KEIEPOBHUX
muoroBuiB. OTpuMmano iHBapiaHTH Takux BimoOpakeHb. Takoxk 3HANIEHO BU-
pa3u TeH30pa pPiMaHOBOI KPpMBMHM Ta TeH30pa Piudi KOH(OPMHO-TIIOCKUX JI0-
KaJIbHO KOH(MOPMHO-KeJIePOBIUX MHOTOBHU/IIB.

Karwowo6i carosa: KemepoBi MHOTOBHIM, JIOKAJIHBHO KOH(MOPMHO-KeIepoBi
muorosuau, Gopma Jli(Lee form), xordopmui Binobpaxkenns, TeH30p piManHo-
BOI KpUBUHU, TeH30Dp Piwdi.

1. Beryn. Ilpeaverom BuUBUEHHS y IIili CTATTI € JIOKAJIHHO KOH(DOPMHO-KEIEPOBi
mHOropuau Taki, wo dim(M) = n = 2m > 2. KondpopMHO-KEIEPOBUM MHOTOBHIAM
MPUCBAYEHO Tparl 6araTbox MOCTITHUKIB. JIOKAIBhHO KOH(MOPMHO-KETEPOB MHOTOBUIN
posrmsimanu [13], [2], [5]. Bapro 3ragarn eHIUKIONeANYHY IPAIO Y IOMY Hampsawmi [11].
Teone3nyni BinoOpaXkeHHsl JOKAIBHO KOH(GOPMHO-KEJIEPOBUX MHOIOBUIB BUBYAIHU Y [5],
Jie BUSIBHJIA, 110 KOH(POPMHO-KEIEPOBL MHOTOBHIM HE JOMYCKAIOTh HETPUBIAJIBHUX Ie0Ie-
3UYHUX BifoOpakeHb Ha Maif’ke epMiTOBI MPOCTOPK 3 yMOBOW 30epiraHHs KOMILIEKCHOT
CTPYKTypu. 3 iHIITOro H0KY, BimOMO, 110 KOH(MOPMHA BiIMOBIIHICTH IBOX KEJIEPOBUX MHO-
rOBH/IIB, HeOOXinHO € romorerieto [14]. Mera Hamol mpari — JocaiguTu mpobIeMu KOH-
dopMHUX BiI0OpakeHb JOKAJTHHO KOH(POPMHO-KEJIEPOBAX MHOTOBHUIIB.

2. JIKK-muorosugu. Haitnepuie nonamo jekinbka HeoOxinHux o3nadensb [1].

Osnauvenns 1. Matioice Komnaexcroro cmpyxmyporo J nasuearomo maxudi agdinop J;,
wo:
1 JOo )
Joj = —0j. @

Tyt (5; — cumBoa Kporekepa.

O3znaueHus 2. Mnozo6ud, na axomy 3a0ano madorce Komnaiekcuy cmpysmypy J, nasu-
6a10MB MATINCE KOMNACKCHUM MHO2068UJOM.

© Yepesko €., 2015
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Osznauennus 3. Maioce KOMNAEKCHUT MHO206UOD € MATHCE EPMIMOBUM, AKULO HE HBOMY
3a0ana epMimosa MempuKa

JET gap = gij- (2)
Maiizke epmiToBuii MuOrosu nosuadaemo {M,, J, g}.

Osnauenns 4. Mativice epmimosuti muozoeud {M,, J, g} € epmimosum, axwo matioice
KOMNAEKCHG, CIpykmypa € iwmezposnoto [1], [14].

SayBaxKnMO Take: SIKIIO Maii?Ke KOMIIJIEKCHA cTpykTypa J Ta muorosuyx M, OyryThb
Hasexkaru kaacy C*, IOCTATHBOI YMOBOKO IHTEMPOBHOCTI MaiiKe KOMILJIEKCHOT CTPYKTY-
pU € TOTOXKHA piBHICTHL Hy/TI0 TeH30pa Helienxeiica

N = Je (0505 — 0aJ)) — I3 (0iJ) — 0aJf) =0, (3)
abo, 0 eKBiBAJIEHTHO
k _ B 7k
Jij = JﬁJj o p- (4)
Komoro Mu mo3Ha"aeM0 KOBapiaHTHY TOXIAHY B 3B’sI3HOCTI, y3TOMXKEHI 3 piMaHOBOO

METPHUKOIO ;-
Sxmo x wa epmitoBomy MuOTOBUIM {M,,, J, g} cnpaBmxyeTbes

JE. =0, (5)

.3

TO BiH € KeAeposum.

Oszuavenns 5. Epmimosut muozo6ud M, mae Ha36y JOKAIBHO KOH(POPMHO-KEJIEPOBOTO
(xopomwe, JIKK-) Muorosuny, axuyo icnye eidxpume noxpummasa b = {Uo‘}aeA MHO-
2o6udy M ma cucmema ¥ = {04 : Uy — R}lpca eaadvuzr dynxuitd maxuz, wo
{J|Ua7ga = 6_20‘*9|UQ} — Keaepoea cmpykmypa oas 6ydv saxozo o € A. Iepexid eid
mempuku gly, do mempuru e 2°°gly. Mmae 1a36Y JTOKAIBHO KOH(MDOPMHOIO MEpeTBo-
DPEHHST CTPYKTYPU. DPUHKUIA T HA3UGAEMDHCA BUIHAUATIHHOIO (DYHKIUEID KOHPOPMHO20
nepemeoperua [2].

Binowmo, o na JIKK-muorosuii, dbopma Jli (Lee form), koMmoneHTH Kol BU3HAUA-
101h dopmyoio [3]
1 2
w=——000J abo w;=-——">0J5 J7, 6
m—1 2 n B,avi ( )
Mag OyTH 3aMKHEHOIO
dw = 0.

OcCKiJTbKY MY IPOBOAMMO JTOCJTiIKEHHS JIOKAJIBHO, SIKITO He 00y MOBJIEHO MMPOTHUJIEKHE, TO
iHJeKc, BiAMOBiIHWI 10 KApPTH MHOIOBHIY, BAKOPUCTOBYBATH M8 3PYYHOCTI He 6ymemo,
4K T1e i 3po0IeHo B OCTaHHiI#i (HOPMYIIi.

Osnauenns 6. Pimanosi mnozosudu {My,, g} i {M,,G} nepebysaromo y rondopmnii
810N06IOHOCTNG, AKULO TTHI MEMPUKY TLO6 A3AHI CNIBGIIHOUEHHAM

gi(x) = 27 gy (), ()

de p(x) — deaxuti insapianm.
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. . —k . . .
Jlast 06’ekTiB 3B’SI3HOCTI Ffj u I';; xondopMHO BiANOBIAHWX NMPOCTOPIB My, g Ta

M ,,, g BUKOHYETBCA
=k
Fij = Ffj + 5f<pj + 5}“% - @kgz‘j, (8)

P
e pi = g

3. 38’30k ¢dopm JIi JIKK-mHOrosuaiB, fkKi mepebypaioTh y KOHQpOPM-
Hili Bigmosignocti. Tenep 3’dacyemo, gk mos’sa3ani mixk coboro dopmu JIi nBox JIKK-
muorosumis {M,,J, g} i {M,,J,g}, axmo BoHn mepebyBaioTh y KOH(MOPMHiH Bimmosii-
vocTi. [lepenycim 3ramaeMo, Mo KOBapiaHTHI TOXi/THI MafiKe KOMILIEKCHOI CTPYKTYPH Y
3B’s3rocTax I i [ 3310BONIBbHSIOTE CIIiBBLAHOMICHIS

g =+ J P — I P (9)

Tyr BeprukambHOIO pHcKoo "|'Mo3Hadena KoBapiaHTHa MOXigmHa y 3B’a3HOCTI I, y3ro-
suKeniit 3 Merpukoio g, (z) = e2#(*)g;;(x) Ta
k _ 7k k k k k
Pr =T =I5 =06 ¢; +6;0i — 0" gij- (10)
[Tixcrasumvo (10) y (9)

Ty = IE 4+ T2 0505 + 05 pa — 0" gag) — IS (0805 + 850 — 0 gi5) =

e N (11)
= ij + 5;”Ji Do — Jl-jgok — J]’-“goi + J§99 Gij-
3ropratoun (11) no ingekcax k ta j, oTpuMaeMo
i(Ta = Jzojoz + nJvoé@O/ - Ji(xgpa + Jai(pa = Jﬁa + (’fl - 2)‘];190(1
Bpaxosytouu (1),
JS\an —J§ I =—(n—2)g,

abo (6)

Wi — w; = 2¢;, (12)

ne W iw — dopmm JIi, Bixmosigno, muorosumis { M, J,g} i {M,, J,g}. Otox, icaye Taxa
TeopeMa.

Teopema 1. Sxuo JIKK-mnozosudu {M,,J, g} i {M,,J, g} npebyearoms y xongopmmii
sidnosidrnocmi max, wo g;; () = 62“’(”)91'.7(1‘), mo ixni gopmu JIi nos’azani maxk:

w—w = 2dy.

4. ImBapianTu Koudopmunx simobpaxkeus JIKK-muorosuais. Ilepenumemo
(12) y Burnaai

1_ 1
Yi = iwi — 50.)2', (13)
i nponudepentioemo (13) koBapianTHO
1_ 1
i = 5Wij — Wi (14)

3 inmoro 60ky, BpaxoByioun (13)

Tomy
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Wij = Wi)j + Waldi @ + 050 — 99gij) = Wy + Wipj + Wipi — Wa®gij =
1 1

— — — «

— fwz-wj — fo.)jwi — Wa® g”
2 2

Bomnouac

Bap™gij = Bag™P0pgi; = Wag®e P 0pe* gi; = Wag 050:; = 0 0abi;-

Orpumyemo
_ _ 1 1_ o —
Wij = Wi T Wij — JWiw; — SWiw; — W Pal;j =
2 2 15
1 1 (15)
[Migcrasaouan (15) y (14), ogepxumo
1_ 1 o _ 1_ 1, _ o —
$ig = 5@l ~ 5w + QUi — Wiy — JWwi — W Wali + 1% WaTij- (16)

Binomo [5], mo mpu KoHMDOPMHUX BiOOPAKEHHSX BHKOHYIOThCS CITIBBITHOIICHHS

1 _
wij + §A1<P9ij = Lij — Lqj, (17)

e i = i — iy, mam A = ||p|[* = pip;g" (nepurmii mapanmerp Bessrpami), a Lij
i L;; remsopu Bpinkmana, sinnosiguno, muorosunis M, i M, [9]. Jaa M, sin naGysae
BUTTIALY
1 1

Lii=— (Rii— —— Ra::).
0= o Ry 2(n — 1) )
Tyt R;; — rensop Piudi i R = R;;¢g" — ckansipna kpusuna M,,. ¥ BUNAJKy MHOTOBHITY
M, i BeaUYIHUH OGUHCIIIONTD AHAIOTIIHO.

Buxopucrosyoun (16) i (13), orpumaemo

1_ 1 1 1_ 1_
Pij = Pij — PiPs = Wil T GWig T Wil — ik — 20w
1 1 1
—iwawa@-j + iw%agij - Z(wi —w)(wWj —wj) = (18)
1_ 1 1__ 1 1, _ o =
= iwi‘j — iwi’j + Zwiwj — Zwiwj — Zw Walbi; + Zw Walij;-
Tenep 3naxonnMo mepinuil mapamerp benbrpami
i = Lo = T B S S
A1 = @ipig” = —(@; — wi)(W; —wj)g” = -wiw;g" — zww" + —w'w;. (19)
4 4 2 4
[Mixcrasumo (18) 1 (19) y (17)
1_ 1 1__ 1 1, _ 1_, _
§wi‘j - §wi,j + Zwiwj - ZUJiwj - Zw Wagij + Zw WalG;+
S 1, 1, —
+§(1wawﬂg b _ §waw + Zw wa)gij = Lij — Lij-
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Ockinbku g*P gij = g°f Gij 1 Waw®gij = W*wWa7;;, PO3KPUBAIOYH JIy>KKH 1 3B0ATH MOi06-
Hi, TO OTPUMYEMO

1 1 1 1 1

iwﬂj — iwi,j —+ Zwiwj — Zwiwj — gwawagij —+ gwawagij = fij — LZJ (20)
3 (20) Bumwusag, mo
P;j = Py,
e
def 1 1 1
Pij é Lij — iwi,j — Zwiwj + gwawagij. (21)

Bimomo Takox, 1o TeH30pu KpuBwHH MHOroBuaiB M, i M,, mo mepebyBamoTh y
kondopmuiil Bignosinuocti (7), nos’a3ani rak:

—=h
Ry = Rl + 61 0is — 01 oir + 0 gis — 0} gin + (5rgi5 — 7 gir) Arep, (22)
1e o = g"pq. Hiacrasumo renep (18) u (19) B (22):
—h 1_ 1 1_ 1 1, _ 1_, _
R = R?jk. + 5,’;(5%“7 — Wi + Wi~ qwiw = W Waly; + e Waij)—
S 11 SN B
—0; (§Wz‘|k Wik + Yk T Wik = W Wa iy + 1Y waFik)+
. S L
i (SWge — =w ~WaWE — ~WaWE — —W W TAAN -
g gJ 9 Blk 2 B.k 4 B¥k 4 B¥k 4 gﬁk 4 gﬁk
P | 11 1,1,
-9 gik(gwﬂu T QWeg T WsW) — qWpwj — W Wagg; T W wWalg;)+
1 ., 1 .1
+(5£gij — 5?91'16) (Zwawgg b _ SWaw + v wa).
PoskpuBaoyu gyKKHU Ta IPYIYIOUN, OTPUMAEMO
—h
Qijk = Q?jkv
ze
def 1 1 1
I 6;‘L(§Wi,k + Wik — ZHW”QQM)—
Wl 1 1,
—0p (Gwis + qwiw; = 7lIwllPgi5)+ (23)
1 1 1, 1,
+(§Wh7j + gwh%‘)gik - (gwl & ZW’ Wk ) 9ij»

npuaomy w” = wag®, a Takox th = wang“h i, mapemrri, ||w||? = wawgga'@.

OTpuMaeMOo 11e OIUH IPOCTUI IHBAPIAHT, 10 HE € TeH30poM. JJIsh HOro miacTaBuMO
(13) B (8)
1 1 1 1

—k 1_ 1_ _
L= Ffj + §f(§wj — §wj) + 5f(§w, — 5&17) — (iwagko‘ — iwk)gij,

POBKPUEMO Jy>KKH, CKOPHCTAEMOCH IHBAPIaHTHICTIO JOOYTKY ¢i; g®? ra meperpymyemo

k 1
iy

1 1 1 1 1
k— k— Kk k k k k
0;W; — iéjwi + WG, = Fij — 551' wj — §5jwi + —w"gij.

r
2 2
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Orxke, MU OTpUMAIH IHBAPIAHT

Nk def

1 1 1
Fij = FZ — 5(5ij — 5(5?(4)1 + fwkgij, (24)

2

0 He € TeH30poM. Mu He BHUIAIKOBO MO3HAYHUIN HOT0 K Ffj,

saganuii (24), oueBUaHO € 06’€KTOM PIMAHOBOI 3B’43HOCTI [IEBHOI'O KEJIEPOBOI'O MHOIOBH-
ny {Ky, J, i}, kordopmuoro JTIKK-muorosunam {M,,, J, g} 1a {M,, J,g}. Mu orpumamm
TEopeMy.

OCKLIbKH apaMerp, AKuii

Teopema 2. Sdxwo JKK-mnozoeudu {M,,J, g} i {M,,J, g} nepebysaroms y xongopm-
niti sidnosidnocmi max, wo g,;(r) = e2?(®) g,;(x), mo mensopu
1 1

Pij =Lijj — jw

1
Wig — Wiwj + §||w\|zg,~j;

1 1 1
ik = Rijp + 07 (Goik + qoir — gllwlPgn) =
1 1 1
h
—0y, (5%‘,;‘ Wi — 1\|w|\29ij)+
1 1 1 1
+(50"5 + 0w g = (G0 i + gw"wr)gis
bydymo ineapiahmuumu. Kpim mozo, ichye ineapianmuuti 00’exm, axuli He € MeH30pom
o def 1 1 1
F;CJ § F;CJ — 557’%)] — 56;6(&}1 + §wkgij.
Ile 06’exm pimanoeoi 36’a3nocmi dearozo neﬂepoeoaMnoeoeudy {Kn, J, G}, wo e xon-
dopmmum o6om JIKK-mnozoeudam — {My,,J, g} i {M,,J, g}

Orpumaemo e gekinbka inpapiantaux 06’ekris. g mouarky sropuemo (23) 1o
imnekcax h ta k

1 1 1 1
Qij = Rij — (Swiy + qwiw; — ZlIwlgi3) (n — 2) — 5 Aowgyy, (25)

2 4 4 2
1e Aow = wy 597 (npyruit napamerp Besbrpami, [9]). Mu orpumanu me oauH imBapi-
anTHHE TeH30p. 3pO3yMino, MmO TeH30p ;~45 — TakoXK € imapianTHuM. Bigmimemo iioro

3 P;j, skuit BusznateHo y (21)

—% + %wm‘ + iwiw]— - £||w||2gz'j + m =
Bracaigok nporo My OTpUMaJIH 1€ OOMH TEH30D, AKuil 36epiracTbes
e e e (26)
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Bianimemo 3 @y, akuii 6ys0 BusHadeno y (25) imBapiant w

Qij — 25y _nl)(n 2 _ Rij — (%wm‘ + %wz‘wj - i\lﬂl%m)(” -2)-
e L e
=Ri; — % - (%ww + iwiwj - (ﬁHWHQ - %Aﬂu)gij)(” -2).
Orpumanuit inBapiant
H;j o R;; — % - (%Wi,j + iwiw]— — (%HwW - %AQOJ)QZ‘])(TL —2) (27)

0cObOJIMBO MIKABUH y BUNAJIKY, Ko KoH(DOpMEE Bigobparkenns mixk JIKK-muorosumamu
{M,,J,g} i {M,,J,g} € KORIUPKYIAPHUM, TOOTO, KOBEKTOPHE TDAJi€HTHE TOTe ©; €
KOHITUPKYJISPHUM.

5. Kounupkyusipui Bimobpaxkeuus JIKK-mHOroBmais.

Haranaemo osnadenua.

Osuauennd 7. Kosexmophne nose & Ha3u8aI0Mb KOHUUPKYAAPHUM, AKULO MGE CAYUL-
HICTb PIEHAHHA

§ij = P9ij + a;&, (28)
npuMomy, a; ; — aj; = 0, mobmo Koeexmop a; Aoxaavro epadienmuud, o p(x) — deaxud
CROAAD.

[amumu croBamu, € € KOHIUPKYJISIPHUAM, SKINO ICHYE TaKUil CKAJSPHUN MHOMKHUK
A, mo nose ( = A 33I0BOIBHSITAME PIBHIHHA
Gi,j = PYij- (29)
OueBuHO, M0 Y BUIAJIKY, KOJIU
$ij = i t PYij
HoJe ©; TaKOXK € KOHIUPKYaapHuM (A = e~ % ). dkio koudopMue BinoOpazKeHHs KOH-
IUPKYJISPHE, TO TEH30D
def Rg- j
EZ] = R’L] — n”

Gyze 3bepirarucs, sk Mu 6aunmo 3 noeeseHol y [10] Teopemn.

Teopema 3. [10] Jasa mozo, wob nid wac xongopmmuozo eidobpasicenns f : {My,g} —
{M,,,g} sbepicacca mensop E;j = Rij — Rfl” , Heobxidno ma docmammuvo, wob ye 6ido-
bpastcenna 6YaA0 KOHUUPKEYAAPHUM.

3BijicH BUILIMBAE TEOPEMA.

Teopema 4. Sxuwo JKK-mnozoeudu {M,,J,g} i {M,,J, g} nepebysaromn y xorgopm-
HIU KOHUUPKYAAPHIT 610N0610HOCTIE TaK, W0 Jij (z) = 62¢($)gij (x), ma @i ; = ©iQ;+pYis,
mo men3op
¥ def 1 1 1 1
Hij = = (i + qwiw; = (- Wl = 5 -Aaw)gi) (n = 2)
byde insapioHmMHUM.
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6. Koudopmuo-minocki JIKK-mHOrOoBum Ta y3arajibHeH1 MHOTOBH/ A X OTI-
da. Bigomo, mo koHbOpMHO-TIIOCKKIH Ketepornit MEOroBu ] € mrockuM [14]. Toxi, ode-
BUIHO, /Uit Oyab-akoro JIKK-MHOroBuIy, SKIO BiH € MHOTOBUIOM CTaJI0l KDUBUHE, Oy1e
BUKOHYBATHUCH DIBHAHHS

1 1
(o + g — (g llell? = 5 Aaw)gig) (0 — 2) = . (30)

Ak Bugno 3 (30), y upomy Bunaixy ¢dpopma JIi w € KOHIMPKYJAPHUM KOBEKTOPHUM IO
aeMm (A = e?, w = 2do). Kpim Toro, Binomo, mo Oynb-axuit eftumreitnosuit (E;; = 0)
KOH(DOPMHO-TIJIOCKUIT MHOTOBH/I, € MHOTOBHJIOM CTAJI0] KDUBUHM. 3BIJICH OTPUMAEMO TaKy
TeopeMy.

Teopema 5. [3] Jlaa mozo, wob xongopmmo-naockut JTKK-muozo6ud 6y6 mHoz06udom
a0t KpusuUHY, HeobxTidno i docmamnovo, wob tozo gopma JIi bysa KoHUUPKYAAPHUM
KOGEKMOPHUM NOAEM, MOOGMO 300060AbHANG PIGHAHNA

1 1 1
Wij = (%HWW - EAQW)gij - iwiwj' (31)

Haragaemo, mo JIKK-mHOroBHMI Mae Ha3By y3arajJbHEHOTO MHOTOBUAY Xomda,
AKMIO #oro dopma JIi TOTOXKHO 33I0BOJIBHSIE YMOBY

wm = 0 (32)
3 (31) serko BUILTHBAE TEOPEMA.

Teopema 6. [3|/TKK-mHo206u0 cmaaol KpusuHy He Moxce OYmMu Y3a2aAbHEHUM MHOZ0-
sudom Xondga.

Jlosedenna. Cupasmi, mist JIKK-MHOrOBHAY CTaOl KPUBUHHE, SIKITO BiH € y3araJbHEHUM
muOorouzioM Xornda pHacainok (31) i (32) Mae BUKOHYBATHCH

(gl\w|l2 - ;Azw)gij = wiwj. (33)

Le nemoxxuso npu w 7# 0, OCKIIbKY paHr MaTpUL] g;; 1OPIBHIOE PO3MipHOCTI pocTopy,
a PaHr w;w; — TLIbKN OZWHAI. Il

Hexait {M,, J, g} — xoudopmuo-miockuit JIKK-muorosuz. Ile o3nadae, mo icuye
keneposuit muorosuy {IC,, J, ¢}, no-uepie, sokanbuo koudopmuuit {M,,J, g}, a mo-
npyre, meit xemeposmit MuEOTOBH {KC,, J, §} Oyme Takox KOHEGOPMHO-TUIOCKUM. K Mwm
B2Ke 3a3Hauasy, KOH(OPMHO-IIOCKUH KeslepoBuil MHOTOBU, € IIOCKUM, TOOTO, 1/1s1 TeH-
30pa KpuBUHHU Ta Terzopa Piuui muorosuny {K,,, J, §} cnipasmxyerbes Rl i =0, R; i = 0.
Buacainok xemeposocti { Ky, J, §} #ioro dbopma JIi 6yme tpusiansroio @ = 0. 3 mux MipKy-
BaHb, (23), (25) orpumaemo, 1o Ter30p kpuputu Koudopmuo-nockoro JIKK-muorosumy
HabyBae BI/II‘J‘IH,ZLy

1 1 1 1
Rl = 5k( wij + wiwj — ||w||29z'j) - 5;-‘(§wi,k + Wik — i\|w|\2gik)+
(5 + Tehen)gy — (265 + 1w, o
+ 5(«0 k ZW Wk ) Gij (5‘*) j Zo‘) wﬂ)glk’

Biamosinao tensop Piudi

1 1 1 Aswg;;
Rij = (Gwiy + qwiw; — 71lwll’gi5) (n = 2) + ==
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3 (35) oTpUMaEMO 3HAYEHHS CKAJAPHOI KPUBUHU

J

ij 1 ij L ij L ij Aowygij 4

R = Ri;g9” = (ngﬁ,jgj +qwiwig” = 1|IW|I29U9j)(n* 2) + —"2g
(n_l)(n_2)||w”2

ST .

3pemrrow, 3 (21) HaBeleHl MipKyBaHHs JAIOTh IICTABA OTPUMATH TEH30p BpinkMmana
koudopmuO-TIocKOr0 JIKK-MHOrOBIITY

1 1 1,
i = §Wi"j + zwiwj — gw WaGij- (37)

Haramaemo, mo Tenzop Beiins KOHGOPMHOI KPUBHHYA BU3HAYAIOTH TaK:

(36)
= (n - 1)A2w —

L

def
Clix = Ry + 05 L — 63 Lij + L gix — LiLgij.- (38)
Mincrasumu (34) i (37) B (38), marumemo, o tex3op Beiing koHGOPMHO-ILIOCKOIO
JIKK-mHOTOBUY 06€PTAETHCS TOTOKHO Y HYIh

C’Z};k =0.

Hapemri, axmo JIKK-muorosun {M,,, J, g} € MHOrOBEIOM CTanol KPUBWHH, TO MOYKHA,
BpaxoBywouu (36), Bunucaru foro TeH3op KpuBuHU Ta Ten3op Pivydui B mpocrimomy Bu-
TJIsLTl

R

R n-2
n(n—1)

h
Rl = 5

?

1
(5/?%]‘ - 5?9%) = n (Azw - ||w||2) (5291']' - 5?9%)- (39)

~1
Rij = " (

n—2 9
Agw = ——|lu] )9is- (40)
OrpumaHi pe3yapTaTH MOXKHA MACYMYBATH y BUTJISL TAKOT TEOPEMHU.

Teopema 7. Sxwo JIKK-muozoeud {M,,J, g} e xondopmmo-niockum, mo @oz0 men-
30p Kpusunu, men3op Pivui ma cxarapna xpusuna 3adaromocs, 6i0nosidHo, MAKUMU
BUPA3AMU

1 1 1 1 1 1
R?jk = 5;}3(50%,]- + —wiw; — Z”CUHQgij) - 5?(70%19 + —wiwy — ZHWHQQM)"_

1 5 i
+(%Wh,k + iwhwk)gij _ (%th n iwhwj)gik,
iy = (%“W’ + iwi% - %HW\FW)(” -2)+ %7
R=(n- 1 - 2

3oxpema, axuwo JIKK-mnozosud {M,, J, g} € mnozo6udom cmanoi Kpusunu, mo men3op
kpusuny mae mensop Piwvi nabyearome euzandy

—2
e wlP) (81 gss — 6" gik).

ij

Rh = l (Agw —
n

n—1 n—2
Rij = — (Aow — THUJHQ)gij-
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CONFORMAL MAPPINGS OF LOCALLY CONFORMAL
KAHLER MANIFOLDS

Yevhen CHEREVKO

Odesa National Economics University,
Preobrazhenska Str., 8, Odesa, 65082
e-mail: cherevko@usa.com

In this paper we study conformal mappings which does not change a
complex structure of locally conformal Ké&hler manifolds. We have found
expression for a Riemann tensor for conformally-flat locally conformal Kahler
manifolds and for ones of constant curvature. Also we have found objects
which are the same for the manifolds in conformal correspondence.

Key words: Kéhler manifold, reduced branching processes, locally
conformal Kahler manifolds, Lee form, conformal mappings, Riemann tensor,
Ricci tensor.
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