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ÐÀÍÃÓ 1 Ç ÓÌÎÂOÞ ÄÓÁÐÎÂIÍÀ ÒÀ ÓÌÎÂÎÞ Z
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Äîâåäåíî, ùî îáëàñòü Áåçó ñòàáiëüíîãî ðàíãó 1 ç óìîâîþ Äóáðîâiíà i
óìîâîþ Z ¹ êiëüöåì åëåìåíòàðíèõ äiëüíèêiâ.

Êëþ÷îâi ñëîâà: îáëàñòü Áåçó, ñòàáiëüíèé ðàíã 1, êiëüöå åëåìåíòàðíèõ
äiëüíèêiâ, óìîâè Äóáðîâiíà òà Z.

Êiëüöÿ åëåìåíòàðíèõ äiëüíèêiâ ââiâ ó 1949 ð. Êàïëàíñüêèé [1]. Êîìóòàòèâíi
êiëüöÿ åëåìåíòàðíèõ äiëüíèêiâ àêòèâíî âèâ÷àþòü ó [2], àëå öüîãî íå ìîæíà ñêà-
çàòè ïðî íåêîìóòàòèâíi êiëüöÿ åëåìåíòàðíèõ äiëüíèêiâ. Ñåðåä íåáàãàòüîõ ïðàöü ç
òåîði¨ íåêîìóòàòèâíèõ êiëåöü åëåìåíòàðíèõ äiëüíèêiâ âiäçíà÷èìî ðåçóëüòàò [2], äå
äîâåäåíî, ùî ìàéæå àòîìíà îáëàñòü Áåçó ñòàáiëüíîãî ðàíãó 1 ç óìîâîþ Äóáðîâiíà
¹ êiëüöåì åëåìåíòàðíèõ äiëüíèêiâ.

Ó öié ïðàöi îáìåæåííÿ íà ìàéæå àòîìíi îáëàñòi Áåçó çíÿòî. Äîâåäåíî, ùî
îáëàñòü Áåçó ñòàáiëüíîãî ðàíãó 1 ç óìîâîþ Äóáðîâiíà ç îáìåæåííÿì ïåâíîãî âèãëÿ-
äó íà äâîái÷íi iäåàëè (óìîâà Z � ç óìîâè RaR = R âèïëèâà¹, ùî a � ñêií÷åííèé
åëåìåíò) ¹ êiëüöåì åëåìåíòàðíèõ äiëüíèêiâ.

Çàóâàæèìî, ùî óìîâà Äóáðîâiíà çãiäíî ç [2] ¹ íåîáõiäíîþ i äîñòàòíüîþ óìîâîþ,
ùîá íàïiâëîêàëüíå, íàïiâïåðâèííå êiëüöå Áåçó áóëî êiëüöåì åëåìåíòàðíèõ äiëüíè-
êiâ. Ïîçàÿê íàïiâëîêàëüíå êiëüöå ¹ êiëüöåì ñòàáiëüíîãî ðàíãó 1 [2], òî çðîçóìiëî, ùî
óìîâà Äóáðîâiíà ¹, â êðàéíüîìó âèïàäêó, íåîáõiäíîþ äëÿ ðîçãëÿäó ïèòàííÿ êàíî-
íi÷íî¨ äiàãîíàëüíî¨ ðåäóêöi¨ ìàòðèöü íàä êiëüöÿìè Áåçó ñòàáiëüíîãî ðàíãó 1 .

Ïiä êiëüöåì ðîçóìi¹ìî àñîöiàòèâíå êiëüöå ç îäèíèöåþ i 1 ̸= 0 . Ïðàâèì (ëiâèì)
êiëüöåì Áåçó íàçèâà¹òüñÿ êiëüöå, â ÿêîìó äîâiëüíèé ñêií÷åííîïîðîäæåíèé ïðàâèé
(ëiâèé) iäåàë ¹ ãîëîâíèì. Êiëüöå, ÿêå ¹ îäíî÷àñíî ïðàâèì i ëiâèì êiëüöåì Áåçó,
íàçèâà¹òüñÿ êiëüöåì Áåçó. Ñêàæåìî, ùî êiëüöå R ¹ êiëüöåì ñòàáiëüíîãî ðàíãó 1,
ÿêùî äëÿ äîâiëüíèõ åëåìåíòiâ a, b ∈ R òàêèõ, ùî aR + bR = R çíàéäåòüñÿ òàêèé
åëåìåíò t ∈ R, ùî (a+ bt)R = R [2].

Åëåìåíò êiëüöÿ íàçèâà¹òüñÿ àòîìîì, ÿêùî âií íåçâîðîòíèé, íåíóëüîâèé i íå
ìîæå áóòè çîáðàæåíèì ó âèãëÿäi äîáóòêó äâîõ íåçâîðîòíèõ åëåìåíòiâ.

c⃝ Áîõîíêî Â., 2015
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Íåíóëüîâèé åëåìåíò a îáëàñòi R íàçâåìî ëiâèì ñêií÷åííèì, ÿêùî äîâiëüíèé
òðèâiàëüíèé ëiâèé äiëüíèê a ¹ çâîðîòíèì, àáî ñêií÷åííèé äîáóòîê àòîìiâ i ïðàâèé
ñêií÷åííèé åëåìåíò � öå åëåìåíò, äîâiëüíèé ïðàâèé ìíîæíèê ÿêîãî çâîðîòíèé àáî
¹ äîáóòêîì ñêií÷åííî¨ êiëüêîñòi àòîìiâ. Åëåìåíò a îáëàñòi R íàçâåìî ñêií÷åííèì,
ÿêùî âií ¹ ëiâèì i ïðàâèì ñêií÷åííèì. Äîâæèíîþ l(a) ñêií÷åííîãî åëåìåíòà a îáëàñòi
R íàçâåìî êiëüêiñòü àòîìíèõ äiëüíèêiâ.

Çàóâàæèìî, ùî â îáëàñòi Áåçó åëåìåíò ¹ ñêií÷åííèì òîäi i ëèøå òîäi, êîëè âií
ìà¹ ñêií÷åííó äîâæèíó [2].

Ôàêòè÷íî, îáëàñòü Áåçó ¹ îáëàñòþ ãîëîâíèõ iäåàëiâ òîäi i ëèøå òîäi, êîëè äî-
âiëüíèé íåíóëüîâèé, íåçâîðîòíèé åëåìåíò ¹ ñêií÷åííèì [2].

Ìàòðèöi A òà B íàçèâàþòüñÿ åêâiâàëåíòíèìè, ÿêùî iñíóþòü îáîðîòíi ìàòðèöi
P i Q íàä êiëüöåì âiäïîâiäíèõ ðîçìiðiâ, ùî

A = PBQ.

Áóäåìî ãîâîðèòè, ùî ìàòðèöÿ A íàä êiëüöåì R ìà¹ êàíîíi÷íó äiàãîíàëüíó ðå-
äóêöiþ, ÿêùî âîíà åêâiâàëåíòíà äî äiàãîíàëüíî¨ ìàòðèöi

ε1 0 · · · 0 0 · · · 0
0 ε2 · · · 0 0 · · · 0
...

...
...

0 0 · · · εr 0 · · · 0
...

...
...

0 0 · · · 0 0 · · · 0


,

äå Rεi+1R ⊂ εiR ∩Rεi, i ∈ 1, 2 . . . , r − 1.
ßêùî íàä êiëüöåì R äîâiëüíà ìàòðèöÿ ìà¹ êàíîíi÷íó äiàãîíàëüíó ðåäóêöiþ,

òî êiëüöå R íàçèâà¹òüñÿ êiëüöåì åëåìåíòàðíèõ äiëüíèêiâ [1].
Ó [2] Çàáàâñüêèé äîâiâ, ùî ïðîñòà îáëàñòü Áåçó R ¹ êiëüöåì åëåìåíòàðíèõ äiëü-

íèêiâ òîäi i ëèøå òîäi, êîëè R ¹ 2�ïðîñòîþ, òîáòî, ÿêùî äëÿ äîâiëüíîãî íåíóëüîâîãî
åëåìåíòà a ∈ R iñíóþòü òàêi åëåìåíòè u1, u2, v1, v2 ∈ R, ùî u1av1+u2av2 = 1. Çàçíà-
÷èìî, ùî ó ïðîñòié îáëàñòi R äëÿ äîâiëüíîãî íåíóëüîâîãî åëåìåíòà a ∈ R îòðèìó¹ìî
RaR = R.

Ìåòà íàøî¨ ïðàöi � âèâ÷èòè ðiçíi óìîâè íà iäåàë RaR. Ñåðåä ïåðøèõ âèäiâ
îáìåæåíü íà îáëàñòü âiäçíà÷èìî óìîâó L.

Îçíà÷åííÿ 1. Ñêàæåìî, ùî íàä îáëàñòþ R âèêîíó¹òüñÿ óìîâà L, ÿêùî ç óìîâè
RaR = R âèïëèâà¹, ùî aR = R.

Òâåðäæåííÿ 1. Íåõàé R ¹ îáëàñòþ ç óìîâîþ L, â ÿêié äîâiëüíèé ìàêñèìàëüíèé
ïðàâèé iäåàë ¹ ãîëîâíèì, òîäi äîâiëüíèé ìàêñèìàëüíèé ïðàâèé iäåàë � äâîái÷íèé.

Äîâåäåííÿ. ÍåõàéM = mR � äîâiëüíèé ìàêñèìàëüíèé ïðàâèé iäåàë R, i íåõàé iñíó¹
åëåìåíò x òàêèé, ùî xm /∈ M . Ðîçãëÿíåìî ïðàâèé iäåàë M + xmR = R, îñêiëüêè
M ⊆ M+xmR, íà ïiäñòàâi îçíà÷åííÿM îäåðæèìîM+xmR = R, òîáòîms+xmy = 1
äëÿ äåÿêèõ åëåìåíòiâ s, y ∈ R, òîáòî RmR = R. Íà ïiäñòàâi óìîâè L îòðèìà¹ìî, ùî
m � îáîðîòíèé åëåìåíò R, ùî íåìîæëèâî, îñêiëüêè mR � ìàêñèìàëüíèé ïðàâèé
iäåàë R. Òàêå ïðîòèði÷÷ÿ çàñâiä÷ó¹, ùî Rm ⊆ mR, òîáòî mR ¹ äâîái÷íèì iäåàëîì.
Òåîðåìà äîâåäåíà. �
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Îçíà÷åííÿ 2. Ñêàæåìî, ùî íàä êiëüöåì R âèêîíó¹òüñÿ óìîâà Äóáðîâiíà, ÿêùî
äëÿ äîâiëüíîãî íåíóëüîâîãî åëåìåíòà a ∈ R iñíó¹ åëåìåíò α ∈ R òàêèé, ùî RaR =
αR = Rα.

Î÷åâèäíèì ïðèêëàäîì êiëüöÿ ç óìîâîþ Äóáðîâiíà ¹ ïðîñòå êiëüöå. Íàñòóïíà
òåîðåìà âèçíà÷à¹ çâ'ÿçîê êiëåöü ç óìîâîþ L i êiëåöü ç óìîâîþ Äóáðîâiíà.

Òåîðåìà 1. Íåõàé R êiëüöå åëåìåíòàðíèõ äiëüíèêiâ ç óìîâîþ L. Òîäi R ¹ êiëüöåì
ç óìîâîþ Äóáðîâiíà.

Äîâåäåííÿ. Íåõàé aR+ bR = R i ðîçãëÿíåìî ìàòðèöþ

A =

(
a 0
b 0

)
.

Îñêiëüêè R ¹ êiëüöåì åëåìåíòàðíèõ äiëüíèêiâ, òîäi äëÿ ìàòðèöi A iñíóþòü îáîðîòíi
ìàòðèöi äðóãîãî ïîðÿäêó P i Q, ùî

PAQ =

(
z 0
0 c

)
, (1)

äå RcR ⊆ zR ∩Rz.
Îñêiëüêè aR+bR = R, òîäi RaR+RbR = R. Çàóâàæèìî, ùî RaR+RbR = RzR,

îñêiëüêè RcR ⊆ zR ∩ Rz, òî RaR + RbR = RzR. Ç óìîâè L âèïëèâà¹, ùî z �
îáîðîòíèé åëåìåíò R.

Íåõàé P = (pij), Q = (qij), òîäi (p11 + p12b)q11 = z îáîðîòíèé åëåìåíò R. Òîáòî
Ra+Rb = R.

ßêùî Ra + Rb = R, òî, ïðîâiâøè äëÿ ìàòðèöi

(
a b
0 0

)
àíàëîãi÷íi ìiðêóâàííÿ,

ìè äîâåäåìî, ùî aR+ bR = R.
Òåïåð äîâåäåìî, ùî íàä R âèêîíó¹òüñÿ óìîâà Äóáðîâiíà. Íåõàé a � äîâiëüíèé

íåíóëüîâèé åëåìåíò R. Îñêiëüêè R ¹ êiëüöåì åëåìåíòàðíèõ äiëüíèêiâ, òîäi äëÿ ìàò-

ðèöi A =

(
a 0
0 a

)
iñíóþòü îáîðîòíi ìàòðèöi äðóãîãî ïîðÿäêó P = (pij), Q = (qij),

ùî

AP = Q

(
z 0
0 b

)
, (2)

äå RbR ⊆ zR∩Rz. Çàóâàæèìî, ùî RaR = RzR. À ç ðiâíîñòi 2 îòðèìà¹ìî ap12 = q12b,
ap22 = q22b.

Îñêiëüêè P � îáîðîòíà ìàòðèöÿ, òî Rp12 + Rp22 = R. Íà ïiäñòàâi äîâåäåíîãî
âèùå îäåðæèìî p12R+p22R = R, òîáòî p12u+p22v = 1 äëÿ äåÿêèõ åëåìåíòiâ u, v ∈ R.
Ïîçàÿê ap12 = q12b, ap22 = q22b, òî a = ap12u + ap22v = q12bu + q22bv ∈ RbR. Çâiäñè
RaR ⊆ RbR. Òàê ÿê RbR ⊆ RzR i RaR = RzR, òî RaR = RbR ⊆ zR ∩ Rz ⊆ RzR.
Çâiäñè RaR = zR = Rz. Òåîðåìó äîâåäåíî. �

×àñòêîâèì âèïàäêîì ñêií÷åííîãî åëåìåíòà ñëóãó¹ îáîðîòíèé åëåìåíò. Çà àíà-
ëîãi¹þ ç óìîâîþ L ðîçãëÿíåìî òàêó óìîâó. Ç óìîâè RaR = R âèïëèâà¹, ùî a �
ñêií÷åííèé åëåìåíò. Öþ óìîâó íàçâåìî óìîâîþ Z.

Òâåðäæåííÿ 2. Íåõàé R îáëàñòü Áåçó ç óìîâîþ Äóáðîâiíà òà óìîâîþ Z. Òîäi
äîâiëüíèé íåíóëüîâèé åëåìåíò a ∈ R ìîæíà çîáðàçèòè ó âèãëÿäi,
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a = αf = φα,

äå α � äóî-åëåìåíò, à f, φ � ñêií÷åííi åëåìåíòè R.

Äîâåäåííÿ. Îñêiëüêè RaR = αR = Rα, òî a = αf = φα, äå RfR = RφR = R.
Çãiäíî ç îáìåæåííÿìè, ÿêi íàêëàäåíî íà R, îòðèìà¹ìî f, φ � ñêií÷åííi åëåìåíòè.
Òâåðäæåííÿ äîâåäåíî. �

Òâåðäæåííÿ 3. [2] Íåõàé R îáëàñòü Áåçó ç óìîâîþ Äóáðîâiíà. Òîäi R ¹ êiëüöåì
åëåìåíòàðíèõ äiëüíèêiâ òîäi i ëèøå òîäi, êîëè äîâiëüíà ìàòðèöÿ

A =

(
a 0
b c

)
,

äå RaR+RbR+RcR = R ìà¹ êàíîíi÷íó äiàãîíàëüíó ðåäóêöiþ.

Òâåðäæåííÿ 4. [2] Íåõàé R � ëiâå (ïðàâå) êiëüöå Áåçó ñòàáiëüíîãî ðàíãó 1. Òîäi
äëÿ äîâiëüíèõ åëåìåíòiâ a, b ∈ R iñíóþòü òàêi x ∈ R (y ∈ R) i d ∈ R (δ ∈ R), ùî
a+ xb = d (a+ by = δ) i Ra+Rb = Rd (aR+ bR = δR).

Òåîðåìà 2. Íåõàé R � îáëàñòü Áåçó ñòàáiëüíîãî ðàíãó 1, â ÿêîìó âèêîíóþòüñÿ
óìîâà Z i óìîâà Äóáðîâiíà. Òîäi R ¹ êiëüöåì åëåìåíòàðíèõ äiëüíèêiâ.

Äîâåäåííÿ. Çãiäíî ç òâåðäæåííÿì 4 äëÿ äîâåäåííÿ òåîðåìè íåîáõiäíî i äîñòàòíüî
äîâåñòè, ùî äîâiëüíà ìàòðèöÿ âèãëÿäó

A =

(
a 0
b c

)
,

äå RaR+RbR+RcR = R ìà¹ êàíîíi÷íó äiàãîíàëüíó ðåäóêöiþ.
Îñêiëüêè R ¹ îáëàñòþ Áåçó ñòàáiëüíîãî ðàíãó 1, òî çãiäíî ç òâåðäæåííÿì 5 äëÿ

åëåìåíòiâ a, b ∈ R iñíóþòü åëåìåíòè x, d ∈ R, ùî xa+ b = d, äå Ra+Rb = Rd. Òîäi(
x 1
1 0

)(
a 0
b c

)
=

(
xa+ d c

a 0

)
=

(
d c
a 0

)
,

äå a = a0d äëÿ äåÿêîãî åëåìåíòà a0 ∈ R.
Íåõàé cR + dR = zR i cy + d = z, çàçíà÷èìî, ùî öi åëåìåíòè iñíóþòü çãiäíî ç

òâåðäæåííÿì 5. Çâiäñè(
d c
a 0

)(
1 0
y 1

)
=

(
d+ xy c

a 0

)
=

(
z c
a 0

)
.

Òóò d = zt, c = zc0. Îñêiëüêè ìàòðèöÿ A åêâiâàëåíòíà ìàòðèöi

(
z c
a 0

)
, äå a = a0zt,

c = zc0 i òîãî, ùî R = RaR + RbR + RcR = RzR + RcR, îäåðæèìî, ùî RzR = R.
Çãiäíî ç óìîâîþ Z îòðèìà¹ìî, ùî z � ñêií÷åíèé åëåìåíò îáëàñòi R.

Ðîçãëÿíåìî ìàòðèöþ B =

(
z c
a 0

)
. Çàìiíþþ÷è åëåìåíò z ïîñëiäîâíî íà

Í.Ñ.Ë.Ä. (íàéáiëüøèé ñïiëüíèé ëiâèé äiëüíèê) åëåìåíò z i c, ìè îòðèìà¹ìî, ùî
íîâèé åëåìåíò z ìàòðèöi íà ìiñöi (1.1) áóäå ñêií÷åííèì, i éîãî äîâæèíà áóäå ìåíøà
çà l(z).
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Àíàëîãi÷íi ïåðåòâîðåííÿ âèêîíà¹ìî íà ïåðøîìó ñòîâïöåâi ìàòðèöi, äå ïåðøèé
ðÿäîê íîâî¨ ìàòðèöi ìîæå çíîâó ñòàòè íåíóëüîâèì, àëå öå ìîæëèâî ëèøå, êîëè äîâ-
æèíà ñêií÷åííîãî åëåìåíòà z íà ìiñöi (1.1) çìåíøó¹òüñÿ, òîáòî ìàòðèöþ B çâåäåìî
äî âèãëÿäó

C =

(
z′ 0
0 x

)
,

äå z′ � ñêií÷åííèé åëåìåíò.
Âèêîðèñòîâóþ÷è îïåðàöiþ äîäàâàííÿ äî ïåðøîãî ñòîâïöÿ (ðÿäêà) ïðàâîãî (ëi-

âîãî) êðàòíîìó äðóãîãî ñòîâïöÿ (ðÿäêà) i çíîâó âèêîíàâøè ïîñëiäîâíó çàìiíó åëå-
ìåíòà z′ íà Í.Ñ.Ë.Ä. (Í.Ñ.Ï.Ä.) öüîãî åëåìåíòà é óòâîðåíîãî òàê åëåìåíòà, ìè áó-
äåìî çìåíøóâàòè äîâæèíó åëåìåíòà z′. Öåé ïðîöåñ ïðîäîâæóâàòèìåìî äîòè, äîêè
íå îòðèìà¹ìî åêâiâàëåíòíó äî R ìàòðèöþ C âèãëÿäó

C =

(
z′′ 0
0 x

)
.

Òóò RsR ⊆ z′′R ∩Rz′′. Òåîðåìà äîâåäåíà. �
Çàóâàæèìî, ùî â äîâåäåííi öi¹¨ òåîðåìè ìè âèêîðèñòàëè òîé ôàêò, ùî äîâiëüíèé

äiëüíèê ñêií÷åííîãî åëåìåíòà îáëàñòi Áåçó ¹ ñêií÷åííèì [2].

Ëiòåðàòóðà

1. Kaplansky I. Elementary devisors and modules / I. Kaplansky //Trans. Amer. Mat. Sven.
� 1949. � Vol. 66. � P. 464�491.

2. Zabavsky B. V. Diagonal reduction of matrices over rings / Zabavsky B.V. //Mat. Studies
Monograph Series Vol. 16, 2012. � 251 p.

Ñòàòòÿ: íàäiéøëà äî ðåäêîëåãi¨ 03.10.2015
ïðèéíÿòà äî äðóêó 11.11.2015

REDUCTION OF MATRICES OVER BEZOUT DOMAIN OF

STABLE RANGE ONE WITH THE DUBROVIN CONDITION

AND THE CONDITION Z

Vasylyna Bokhonko

Ivan Franko National University of Lviv,

Universytetska Str., 1, Lviv, 79000

e-mail: b_strannik@ukr.net

In this paper we shown that any Bezout domain of stable range one with
Dubrovin condition and condition Z is an elementary divisor ring.

Key words: Bezout domain, stable range one, elementary divisor ring,
Dubrovin condition, condition Z.



ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2015. Âèïóñê 80. Ñ. 10�26

Visnyk of the Lviv Univ. Series Mech. Math. 2015. Issue 80. P. 10�26

ÓÄÊ 517.547

ÏÐÎ ÂËÀÑÒÈÂÎÑÒI IÍÄÈÊÀÒÎÐIÂ ÃÎËÎÌÎÐÔÍÈÕ
ÔÓÍÊÖIÉ ÖIËÊÎÌ ÐÅÃÓËßÐÍÎÃÎ ÇÐÎÑÒÀÍÍß Â

ÏÐÎÊÎËÅÍIÉ ÊÎÌÏËÅÊÑÍIÉ ÏËÎÙÈÍI. I

Îëåã ÂÈØÈÍÑÜÊÈÉ, Àíäðié ÕÐÈÑÒIßÍÈÍ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ, 79000

e-mail: vyshynskyi@ukr.net, khrystiyanyn@ukr.net

Äîâåäåíî íåïåðåðâíiñòü iíäèêàòîðiâ çðîñòàííÿ ãîëîìîðôíèõ ôóíêöié
öiëêîì ðåãóëÿðíîãî çðîñòàííÿ â ïðîêîëåíié êîìïëåêñíié ïëîùèíi ñòîñîâíî
ôóíêöi¨ çðîñòàííÿ λ, à òàêîæ âëàñòèâiñòü îäíîñòàéíî¨ íåïåðåðâíîñòi äëÿ
êëàñó ôóíêöié ñêií÷åííîãî λ-òèïó â ïðîêîëåíié ïëîùèíi.

Êëþ÷îâi ñëîâà: ôóíêöiÿ öiëêîì ðåãóëÿðíîãî çðîñòàííÿ, iíäèêàòîð çðîñ-
òàííÿ, ôóíêöiÿ ñêií÷åííîãî λ-òèïó, âåðõíÿ âiäíîñíà ìiðà, îäíîñòàéíà íå-
ïåðåðâíiñòü, ôîðìóëà Ïóàññîíà-�íñåíà, êîåôiöi¹íòè Ôóð'¹, ãîëîìîðôíà
ôóíêöiÿ.

1. Âñòóï. Îäíèì ç îñòàííiõ ïiäõîäiâ äî âèâ÷åííÿ âëàñòèâîñòåé ôóíêöié ìå-
ðîìîðôíèõ ó áàãàòîçâ'ÿçíèõ îáëàñòÿõ ¹ ïiäõiä, ÿêèé çàïðîïîíîâàíî â [1], [2], [3].
Çàñòîñîâóþ÷è àïàðàò, ðîçðîáëåíèé ó çãàäàíèõ ïðàöÿõ, ó [4] áóëî ââåäåíî ïîíÿòòÿ
ãîëîìîðôíî¨ ôóíêöi¨ öiëêîì ðåãóëÿðíîãî çðîñòàííÿ â ïðîêîëåíié êîìïëåêñíié ïëî-
ùèíi C∗ := C \ {0}, ïîíÿòòÿ iíäèêàòîðiâ çðîñòàííÿ òàêèõ ôóíêöié i äîâåäåíî äåÿêi
¨õíi âëàñòèâîñòi. Çîêðåìà, ω-òðèãîíîìåòðè÷íà îïóêëiñòü ñóìè iíäèêàòîðiâ çðîñòàííÿ
òà iñíóâàííÿ êóòîâî¨ ùiëüíîñòi ìíîæèíè íóëiâ ãîëîìîðôíèõ ôóíêöié öiëêîì ðåãó-
ëÿðíîãî çðîñòàííÿ â C∗ íà ïåâíèõ ïîñëiäîâíîñòÿõ. Ïiçíiøå â [5] áóëî ðîçãëÿíóòî
ïèòàííÿ ïðî îäíîñòàéíå öiëêîì ðåãóëÿðíå çðîñòàííÿ ìîäóëÿ òà àðãóìåíòó ãîëîìîð-
ôíî¨ â C∗ ôóíêöi¨. Àâòîðè, âèêîðèñòîâóþ÷è ìåòîä ðÿäiâ Ôóð'¹, ðåçóëüòàòè ïðàöi
[6] òà iíøi äîïîìiæíi ðåçóëüòàòè, ÿêi âîíè îäåðæàëè, ÿêi òàêîæ ìàþòü ñàìîñòiéíå
çíà÷åííÿ, îòðèìàëè ó ôîðìi êðèòåði¨â îïèñ ìíîæèí ãîëîìîðôíèõ â C∗ ôóíêöié,
ìîäóëi é àðãóìåíòè ÿêèõ çðîñòàþòü îäíîñòàéíî é öiëêîì ðåãóëÿðíî.

Ìåòà íàøî¨ ïðàöi � ïðîäîâæèòè çãàäàíèé öèêë ðîáiò ç âèâ÷åííÿ âëàñòèâîñòåé
ôóíêöié öiëêîì ðåãóëÿðíîãî çðîñòàííÿ ó ïðîêîëåíié ïëîùèíi. Ãîëîâíèìè îá'¹êòàìè
äîñëiäæåííÿ ïåðåäóñiì ¹ iíäèêàòîðè çðîñòàííÿ òàêèõ ôóíêöié. Ó öié ÷àñòèíi äî-
âîäèòüñÿ íåïåðåðâíiñòü iíäèêàòîðiâ, à òàêîæ, çàäiþþ÷è àíàëîã ôîðìóëè Ïóàññîíà-
�íñåíà äëÿ êiëüöÿ, îòðèìàíèé I. Ï. Êøàíîâñüêèì ó [7], äîâîäèòüñÿ îäíîñòàéíà íå-
ïåðåðâíiñòü äëÿ êëàñó ôóíêöié ñêií÷åííîãî λ-òèïó â C∗. Öÿ âëàñòèâiñòü ¹ êëþ÷îâîþ

c⃝ Âèøèíñüêèé Î., Õðèñòiÿíèí À., 2015
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äëÿ äîâåäåííÿ òåîðåì ïðî àñèìïòîòè÷íó ïîâåäiíêó ãîëîìîðôíî¨ ôóíêöi¨ öiëêîì ðå-
ãóëÿðíîãî çðîñòàííÿ â C∗ ïðè r → +∞ òà r → 0 ïîçà äåÿêèìè E0-ìíîæèíàìè, ÿêi
ñòàíîâëÿòü çìiñò äðóãî¨ ÷àñòèíè öi¹¨ ïðàöi.

2. Îçíà÷åííÿ òà äîïîìiæíi ïîíÿòòÿ. Íåõàé f � ôóíêöiÿ, ãîëîìîðôíà â
ïðîêîëåíié ïëîùèíi C∗ := C \ {0}, f ̸≡ 0. Ïiä ôóíêöi¹þ çðîñòàííÿ ìè ðîçóìiòèìåìî
äîäàòíó, íåñïàäíó, íåïåðåðâíó, íåîáìåæåíó ôóíêöiþ λ(r), r > 1. ×åðåç T0(r, f) ïî-
çíà÷àòèìåìî õàðàêòåðèñòèêó òèïó Íåâàíëiííè äëÿ ôóíêöié ìåðîìîðôíèõ ó êiëüöi
{z : 1

R0
< |z| < R0}, äå 1 < R0 6 +∞, ÿêà áóëà ââåäåíà â [1], à ñàìå

T0(r, f) = m0(r, f) +N0(r, f), 1 < r < R0,

äå

m0(r, f) = m(r, f) +m

(
1

r
, f

)
− 2m(1, f),

m(t, f) =
1

2π

2π∫
0

log+ |f(teiθ)| dθ, 1

R0
< t < R0,

à N0(r, f) =
∫ r
1
n0(t,f)

t dt, äå n0(t, f) � ëi÷èëüíà ôóíêöiÿ ïîëþñiâ ôóíêöi¨ f â êiëüöi
1/t 6 |z| 6 t, t > 1.

Îçíà÷åííÿ 1 ([3]). Íåõàé λ ôóíêöiÿ çðîñòàííÿ à f ãîëîìîðôíà ôóíêöiÿ â C∗.
Áóäåìî ãîâîðèòè, ùî f ôóíêöiÿ ñêií÷åííîãî λ-òèïó, i çàïèñóâàòè f ∈ ΛH , ÿêùî
T0(r, f) 6 Bλ(Cr) ïðè äåÿêèõ ñòàëèõ B,C äëÿ âñiõ r, r > 1.

Âñþäè íàäàëi áóäåìî ïðèïóñêàòè, ùî λ(r) ¹ ôóíêöi¹þ òàê çâàíîãî ïîìiðíîãî
çðîñòàííÿ, òîáòî (∃M > 0) (∀r > 1) : λ(2r) 6 Mλ(r). Êðiì òîãî, îáìåæèìîñü ëèøå
òàêèìè ôóíêöiÿìè çðîñòàííÿ λ(r), äëÿ ÿêèõ log r = o(λ(r)), r → +∞.

Ìè âèêîðèñòîâóâàòèìåìî òàêi ïîçíà÷åííÿ äëÿ êîåôiöi¹íòiâ Ôóð'¹:

ck(t, f) =
1

2π

∫ 2π

0

e−ikθ log |f(teiθ)| dθ, k ∈ Z, t > 0.

Îçíà÷åííÿ 2 ([6]). Ãîëîìîðôíà â C∗ ôóíêöiÿ f íàçèâà¹òüñÿ ôóíêöi¹þ öiëêîì ðå-

ãóëÿðíîãî çðîñòàííÿ ñòîñîâíî ôóíêöi¨ çðîñòàííÿ λ, ÿêùî f ¹ ñêií÷åííîãî λ-òèïó

i ∀k ∈ Z iñíóþòü ãðàíèöi lim
r→+∞

ck(r,f)
λ(r) =: c

(1)
k òà lim

r→+∞
ck(

1
r ,f)

λ(r) =: c
(2)
k .

Êëàñ òàêèõ ôóíêöié ïîçíà÷àòèìåìî Λ◦
H .

Îçíà÷åííÿ 3 ([6]). ßêùî f ∈ Λ◦
H , òî ôóíêöi¨ h1(θ, f) =

∑
k∈Z

c
(1)
k eikθ, h2(θ, f) =∑

k∈Z
c
(2)
k eikθ, äå c

(1)
k , c

(2)
k , âèçíà÷åíi â Îçíà÷åííi 2, íàçèâàþòüñÿ iíäèêàòîðàìè çðîñ-

òàííÿ ôóíêöi¨ f àáî, êîðîòøå, iíäèêàòîðàìè.

Îçíà÷åííÿ 4. Âåðõíüîþ âiäíîñíîþ ìiðîþ ìíîæèíè E ⊂ (0,+∞) áóäåìî íàçèâàòè
âåëè÷èíó

m∗
0(E) = lim

r→∞

mes(E ∩ (1, r))

r
+ lim
r→∞

mes(E′ ∩ (1, r))

r
, äå E′ = {1

r
: r∈E ∩ (0, 1)}. (1)

Ìíîæèíó E ç íóëüîâîþ âåðõíüîþ âiäíîñíîþ ìiðîþ íàçèâàòèìåìî E0-ìíîæèíîþ.
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Òàêîæ áóäåìî ïðèïóñêàòè, ùî ôóíêöiÿ f íå ìà¹ íóëiâ íà êîëi |z| = 1. ßêùî
äëÿ Òåîðåì 1, 2 öå ïðèïóùåííÿ íå çìåíøó¹ çàãàëüíîñòi i ðåçóëüòàò çàëèøà¹òüñÿ ïðà-
âèëüíèì òàêîæ é ó âèïàäêó, êîëè ôóíêöiÿ f ìà¹ íóëi íà îäèíè÷íîìó êîëi, òî äëÿ
Òåîðåì 3, 4 öå ïðèïóùåííÿ ¹ ñóòò¹âèì, îñêiëüêè äîâåäåííÿ äâîõ îñòàííiõ òåîðåì âè-
êîðèñòîâó¹ àíàëîã ôîðìóëè Ïóàññîíà-�íñåíà äëÿ êiëüöÿ, îòðèìàíèé I. Ï. Êøàíîâ-
ñüêèì [7], ñàìå çà óìîâè âiäñóòíîñòi íóëiâ (à òàêîæ ïîëþñiâ ó âèïàäêó ìåðîìîðôíî¨
ôóíêöi¨) íà êîëi |z| = 1.

Íàðåøòi íàâåäåìî äåùî ìîäèôiêîâàíi ïîçíà÷åííÿ ç [1], ÿêi ìè íåîäíîðàçîâî
áóäåìî âèêîðèñòîâóâàòè â äîâåäåííi îñíîâíèõ ðåçóëüòàòiâ. Äëÿ ãîëîìîðôíî¨ â C∗,

âiäìiííî¨ âiä òîòîæíîãî íóëÿ ôóíêöi¨ f ÷åðåç n
(1)
0 (t, f), n

(2)
0 (t, f) ïîçíà÷èìî êiëüêiñòü

íóëiâ aj ôóíêöi¨ f(z) âiäïîâiäíî â {z : 1 < |z| 6 t}, òà {z : 1
t 6 |z| < 1}, t > 1, ç

âðàõóâàííÿì ¨õíüî¨ êðàòíîñòi. Êðiì òîãî, íåõàé N
(i)
0 (r, f) :=

r∫
1

n
(i)
0 (t,f)
t dt, i = 1, 2,

r > 1.
3. Îñíîâíi ðåçóëüòàòè.

Òåîðåìà 1. Íåõàé f ∈ Λ◦
H . Òîäi iíäèêàòîð h1(θ, f) ¹ íåïåðåðâíîþ ôóíêöi¹þ.

Òåîðåìà 2. Íåõàé f ∈ Λ◦
H . Òîäi iíäèêàòîð h2(θ, f) ¹ íåïåðåðâíîþ ôóíêöi¹þ.

Òåîðåìà 3. Íåõàé f ∈ ΛH , f(z) ̸= 0 ïðè |z| = 1. Òîäi

(∀ε > 0) (∀η > 0) (∃δ0 > 0) (∃Eη, m∗
0(Eη) 6 η) (∀r ∈ [2,+∞) \ Eη) (∀φ, θ) :

|φ− θ| < δ0 =⇒ | log f(reiθ)− log f(reiφ)| < ελ(r).

Òåîðåìà 4. Íåõàé f ∈ ΛH , f(z) ̸= 0 ïðè |z| = 1. Òîäi

(∀ε > 0) (∀µ > 0)(∃δ0 > 0) (∃Eµ, m∗
0(Eµ) 6 µ) (∀r ∈ [2,+∞) \ Eµ) (∀φ, θ) :

|φ− θ| < δ0 =⇒
∣∣∣∣log f (1

r
eiθ
)
− log f

(
1

r
eiφ
)∣∣∣∣ < ελ(r).

4. Äîâåäåííÿ îñíîâíèõ ðåçóëüòàòiâ.

4.1. Äîâåäåííÿ Òåîðåìè 1.

Íå çìåíøóþ÷è çàãàëüíîñòi, áóäåìî ââàæàòè, ùî ôóíêöiÿ f íå ìà¹ íóëiâ íà êîëi
|z| = 1. Çàïèøåìî âèðàçè äëÿ êîåôiöi¹íòiâ Ôóð'¹ [3, Ëåìà 21.1, ñ. 59]

ck(r, f) =
1

2
(αkr

k+α−kr
−k)+

1

2k

∑
1<|aj |6r

( r

aj

)k
−

(
aj
r

)k , k ∈ N, r > 1. (2)

Çâiäñè

rk

∣∣∣∣∣∣(αk + α−kr
−2k) +

1

k

∑
1<|aj |6r

(
1

aj

)k∣∣∣∣∣∣ 6 2|ck(r, f)|+

∣∣∣∣∣∣1k
∑

1<|aj |6r

(
aj
r

)k∣∣∣∣∣∣ . (3)

Ïîäiëèìî (3) íà rk. Îöiíèìî ïðàâó ÷àñòèíó îòðèìàíî¨ íåðiâíîñòi

2|ck(r, f)|
rk

+
1

k

∣∣∣∣ ∑
1<|aj |6r

(
aj
r2

)k∣∣∣∣ 6 4T0(r, f)

rk
+

1

k

n
(1)
0 (r, f)

r2k
, k ∈ N, r > 1. (4)
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Íàãàäà¹ìî, ùî ìè ðîçãëÿäà¹ìî ëèøå ôóíêöi¨ ïîìiðíîãî çðîñòàííÿ λ(r). Â öüîìó
âèïàäêó ïîðÿäîê ρ0 ôóíêöi¨ f , ÿêèé âèçíà÷à¹òüñÿ ([3]) òàê:

ρ0 = ρ[f ] = lim
r→+∞

log T0(r, f)

log r

áóäå ñêií÷åííèì. Ñïðÿìó¹ìî r → +∞. Â ïðàâié ÷àñòèíi íåðiâíîñòi (4) îáèäâà äî-
äàíêè ïðÿìóþòü äî 0 ïðè k > ρ0. Òîäi ç (3) îòðèìó¹ìî

αk = −1

k

∑
1<|aj |

(
1

aj

)k
, k > ρ0.

Ïîâåðòàþ÷èñü äî (2), ìàòèìåìî

ck(r, f) = − 1

2k

∑
|aj |>r

(
r

aj

)k
− 1

2k

∑
1<|aj |6r

(
aj
r

)k
+

1

2
α−kr

−k, k > ρ0. (5)

Îöiíþþ÷è àáñîëþòíi âåëè÷èíè êîåôiöi¹íòiâ Ôóð'¹ (5), çàìiíþþ÷è ñóìè iíòåãðàëàìè
Ñòiëüòü¹ñà òà iíòåãðóþ÷è ÷àñòèíàìè, îòðèìó¹ìî ïðè k > ρ0

|ck(r, f)| 6
1

2k

∞∫
r

(
r

t

)k
dn

(1)
0 (t, f) +

1

2k

r∫
1

(
t

r

)k
dn

(1)
0 (t, f) +

|α−k|
2rk

=

=
1

2k

rk
tk
n
(1)
0 (t, f)

∣∣∣∣∞
r

+ k

∞∫
r

rk

tk
n
(1)
0 (t, f)

t
dt

+
1

2k

tk
rk
n
(1)
0 (t, f)

∣∣∣∣r
1

−k
r∫

1

tk

rk
n
(1)
0 (t, f)

t
dt

+
|α−k|
2rk

=

= − 1

2k
n
(1)
0 (r, f)+

1

2

∞∫
r

(
r

t

)k
n
(1)
0 (t, f)

t
dt+

1

2k
n
(1)
0 (r, f)−1

2

r∫
1

(
t

r

)k
n
(1)
0 (t, f)

t
dt+

|α−k|
2rk

=

=
1

2

∞∫
r

(
r

t

)k
n
(1)
0 (t, f)

t
dt− 1

2

r∫
1

(
t

r

)k
n
(1)
0 (t, f)

t
dt+

|α−k|
2rk

, r > 1.

Çíîâó iíòåãðóþ÷è ÷àñòèíàìè, ïðè k > q + 1, q = [ρ0] îäåðæó¹ìî

|ck(r, f)| 6
1

2

∞∫
r

(
r

t

)k
dN

(1)
0 (t, f)− 1

2

r∫
1

(
t

r

)k
dN

(1)
0 (t, f) +

|α−k|
2rk

=

=
1

2

rk
tk
N

(1)
0 (t, f)

∣∣∣∣∞
r

+ k

∞∫
r

rk

tk
N

(1)
0 (t, f)

t
dt

−1

2

tk
rk
N

(1)
0 (t, f)

∣∣∣∣r
1

−k
r∫

1

tk

rk
N

(1)
0 (t, f)

t
dt

+
|α−k|
2rk

=

=
k

2

∞∫
r

(
r

t

)k
N

(1)
0 (t, f)

t
dt+

k

2

r∫
1

(
t

r

)k
N

(1)
0 (t, f)

t
dt−N

(1)
0 (r, f) +

|α−k|
2rk

, r > 1. (6)

Âèêîíóþ÷è àíàëîãi÷íi ïåðåòâîðåííÿ, ïðè 1 6 k 6 q ñïî÷àòêó îòðèìà¹ìî

|ck(r, f)| ≤
1

2
|αkrk + α−kr

−k|+ 1

2

r∫
1

rk

tk
n
(1)
0 (t, f)

t
dt+

1

2

r∫
1

tk

rk
n
(1)
0 (t, f)

t
dt, r > 1.
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Ïiñëÿ ïîâòîðíîãî iíòåãðóâàííÿ ÷àñòèíàìè ìàòèìåìî ïðè 1 6 k 6 q, r > 1

|ck(r, f)| ≤
1

2
|αkrk + α−kr

−k|+ k

2

r∫
1

((
r

t

)k
−
(
t

r

)k)
N

(1)
0 (t, f)

t
dt+N

(1)
0 (r, f). (7)

Î÷åâèäíî, ùî ïîðÿäîê ρ ôóíêöi¨ N
(1)
0 (r, f) íå ïåðåâèùó¹ ρ0. Òîäi çà ëåìîþ Ïîéÿ [10,

ñ. 155-156] äëÿ äîâiëüíîãî äîäàòíîãî ε < q+1−ρ iñíó¹ ïîñëiäîâíiñòü {tn}, tn → +∞
òàêà, ùî

N
(1)
0 (t, f) 6

(
t

tn

)ρ−ε
N

(1)
0 (tn, f), 0 < t 6 tn,

N
(1)
0 (t, f) 6

(
t

tn

)ρ+ε
N

(1)
0 (tn, f), tn ≤ t < +∞.

(8)

Âèêîðèñòîâóþ÷è (8), iç (6) îòðèìó¹ìî

|ck(tn, f)| 6

k
2

∞∫
tn

(
tn
t

)k(
t

tn

)ρ+ε
dt

t
+
k

2

tn∫
1

(
t

tn

)k(
t

tn

)ρ−ε
dt

t
− 1

N
(1)
0 (tn, f)+

|α−k|
2tkn

=

= N
(1)
0 (tn, f)

k
2
tk−ρ−εn ·

∞∫
tn

tρ+ε−k−1dt+
k

2
t−k−ρ+εn ·

tn∫
1

tk+ρ−ε−1dt− 1

+
|α−k|
2tkn

=

= N
(1)
0 (tn, f)

(
k(k − ε)

(k − ε)2 − ρ2
− 1

)
+

|α−k|
2tkn

, k > q + 1.

ßêùî 1 6 k 6 q, òî ç (7) òà (8) âèïëèâà¹

|ck(tn, f)| 6
1

2
|αktkn + α−kt

−k
n |+N

(1)
0 (tn, f)

k
2

tn∫
1

(
tkn
tk

− tk

tkn

)(
t

tn

)ρ−ε
dt

t
+ 1

 =

=
1

2
|αktkn + α−kt

−k
n |+N

(1)
0 (tn, f)

k
2
tk−ρ+εn ·

tn∫
1

tρ−ε−k−1dt−

−k
2
t−k−ρ+εn ·

tn∫
1

tk+ρ−ε−1dt+ 1

 =

=
1

2
|αktkn + α−kt

−k
n |+N

(1)
0 (tn, f)

(
k2

(ρ− ε)2 − k2
+ 1

)
.

Âðàõîâóþ÷è òå, ùî N
(1)
0 (r, f) 6 T0(r, f) 6 Aλ(r) ïðè r > 1, ñïðÿìîâóþ÷è n→ +∞,

îäåðæó¹ìî

|c(1)k | = lim
n→+∞

|ck(tn, f)|
λ(tn)

6


A

(
k(k − ε)

(k − ε)2 − ρ2
− 1

)
, k > ρ,

A

(
k2

(ρ− ε)2 − k2
+ 1

)
, 1 6 k 6 ρ.

(9)
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Âðàõîâóþ÷è äîâiëüíiñòü ε, îòðèìó¹ìî, ùî

|c(1)k | 6 ρ2

|k2 − ρ2|
, k ∈ N.

Äëÿ âiä'¹ìíèõ öiëèõ âèêîðèñòîâó¹ìî âëàñòèâiñòü êîåôiöi¹íòiâ Ôóð'¹ c−k(r, f) =

ck(r, f), ùî ðàçîì ç îòðèìàíèì ðàíiøå äà¹ ïiäñòàâè çàïèñàòè

|c(1)k | 6 ρ2

|k2 − ρ2|
, k ∈ Z \ {0}.

Öå äà¹ ïðàâî ñòâåðäæóâàòè, ùî ðÿä
∑
k∈Z

c
(1)
k eikθ çáiãà¹òüñÿ ðiâíîìiðíî íà [0, 2π], à

îòæå, h1(θ, f) ¹ íåïåðåðâíîþ ôóíêöi¹þ ñòîñîâíî θ íà [0, 2π].
2

4.2. Äîâåäåííÿ Òåîðåìè 2.

Íå çìåíøóþ÷è çàãàëüíîñòi, áóäåìî ââàæàòè, ùî ôóíêöiÿ f íåìà¹ íóëiâ íà îäè-
íè÷íîìó êîëi. Êîåôiöi¹íòè Ôóð'¹ äëÿ íàøîãî âèïàäêó ìàþòü òàêèé âèãëÿä ([3,
ñ.59]):

ck

(
1

r
, f

)
=

1

2
(αkr

−k + α−kr
k)+

1

2k

∑
1
r6|aj |<1

(ajr)k−( 1

ajr

)k , k ∈ N, r > 1. (10)

Ç (10) âèïëèâà¹

rk

∣∣∣∣∣∣(αkr−2k + α−k) +
1

k

∑
1
r6|aj |<1

akj

∣∣∣∣∣∣ 6 2

∣∣∣∣ck (1

r
, f

)∣∣∣∣+
∣∣∣∣∣∣1k

∑
1
r6|aj |<1

(
1

ajr

)k∣∣∣∣∣∣ . (11)

Ïîäiëèìî (11) íà rk. Äëÿ ïðàâî¨ ÷àñòèíè îòðèìàíî¨ íåðiâíîñòi ñïðàâäæó¹òüñÿ òàêà
îöiíêà:

2
|ck( 1r , f)|

rk
+

1

k

∣∣∣∣ ∑
1
r6|aj |<1

(
1

ajr2

)k∣∣∣∣ 6 4T0(r, f)

rk
+

1

k

n
(2)
0 (r, f)

r2k
. (12)

Íåõàé q = [ρ0], äå ρ0 � ïîðÿäîê ôóíêöi¨ f. Ñïðÿìó¹ìî r → +∞. Â ïðàâié ÷àñòèíi (12)
îáèäâà äîäàíêè ïðÿìóþòü äî 0 ïðè k > q. Òîäi ç (11) îòðèìó¹ìî

α−k = −1

k

∑
06|aj |<1

akj , k > q.

Ïîâåðòàþ÷èñü äî (10), ìàòèìåìî

ck

(
1

r
, f

)
= − 1

2k

∑
0<|aj |< 1

r

(ajr)
k − 1

2k

∑
1
r6|aj |<1

(
1

ajr

)k
+

1

2
αkr

−k, k > ρ. (13)

Äàëi äîâåäåííÿ ñòà¹ àíàëîãi÷íèì äî äîâåäåííÿ Òåîðåìè 1 ç âiäïîâiäíèìè çìiíàìè ó
ïîçíà÷åííÿõ. Òîìó ìè íå áóäåìî íàâîäèòè ïðîìiæíèõ ìiðêóâàíü, ÿêi àíàëîãi÷íi äî
ìiðêóâàíü ó âiäïîâiäíèõ ìiñöÿõ äîâåäåííÿ Òåîðåìè 1.
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Iíòåãðóþ÷è ÷àñòèíàìè â (13), îòðèìó¹ìî ïðè k > q∣∣∣∣ck (1

r
, f

)∣∣∣∣ 6 1

2

∞∫
r

(
r

t

)k
n
(2)
0 (t, f)

t
dt− 1

2

r∫
1

(
t

r

)k
n
(2)
0 (t, f)

t
dt+

|αk|
2rk

, r > 1.

Çíîâó iíòåãðóþ÷è ÷àñòèíàìè ïðè k > q + 1, îäåðæèìî∣∣∣∣ck (1

r
, f

)∣∣∣∣6 k

2

∞∫
r

(
r

t

)k
N

(2)
0 (t, f)

t
dt+

k

2

r∫
1

(
t

r

)k
N

(2)
0 (t, f)

t
dt−N (2)

0 (r, f)+
|αk|
2rk

, r > 1.

(14)
ßêùî æ 1 6 k 6 q, òî ïiñëÿ ïåðøîãî iíòåãðóâàííÿ ÷àñòèíàìè ìàòèìåìî∣∣∣∣ck (1

r
, f

)∣∣∣∣ 6 1

2
|αkr−k + α−kr

k|+ 1

2

r∫
1

rk

tk
n
(2)
0 (t, f)

t
dt+

1

2

r∫
1

tk

rk
n
(2)
0 (t, f)

t
dt, r > 1,

à ïiñëÿ äðóãîãî äëÿ 1 ≤ k ≤ q, r > 1∣∣∣∣ck (1

r
, f

)∣∣∣∣6 1

2
|αkr−k+α−kr

k|+ k

2

r∫
1

((
r

t

)k
−
(
t

r

)k)
N

(2)
0 (r, f)

t
dt+N

(2)
0 (r, f). (15)

Îñêiëüêè ïîðÿäîê ρ ôóíêöi¨ N
(2)
0 (r, f) íå ïåðåâèùó¹ ρ0, òî, çàñòîñîâóþ÷è ëåìó Ïîéÿ

[10, ñ. 155-156], îòðèìó¹ìî, ùî äëÿ äîâiëüíîãî äîäàòíîãî ε < q + 1 − ρ çíàéäåòüñÿ
ïîñëiäîâíiñòü {tn}, tn → +∞ òàêà, ùî

N
(2)
0 (t, f) 6

(
t

tn

)ρ−ε
N

(2)
0 (tn, f), 0 < t 6 tn

N
(2)
0 (t, f) 6

(
t

tn

)ρ+ε
N

(2)
0 (tn, f), tn ≤ t < +∞.

(16)

Âèêîðèñòîâóþ÷è (16), iç (14) îòðèìó¹ìî ïðè k > q + 1∣∣∣∣ck ( 1

tn
, f

)∣∣∣∣ 6 N
(2)
0 (tn, f)

(
k(k − ε)

(k − ε)2 − ρ2
− 1

)
+

|αk|
2rk

, r > 1.

ßêùî 1 6 k 6 q, òî ç (15), çàñòîñîâóþ÷è (16), îòðèìó¹ìî∣∣∣∣ck ( 1

tn
, f

)∣∣∣∣ 6 1

2
|αkt−kn + α−kt

k
n|+N

(2)
0 (tn, f)

(
k2

(ρ− ε)2 − k2
+ 1

)
, r > 1.

Îñêiëüêè N
(2)
0 (r, f) 6 T0(r, f) 6 Aλ(r) ïðè r > 1, òî, ñïðÿìîâóþ÷è n → +∞,

îòðèìà¹ìî

|c(2)k | = lim
n→+∞

|ck( 1
tn
, f)|

λ(tn)
6


A

(
k(k − ε)

(k − ε)2 − ρ2
− 1

)
, k > ρ,

A

(
k2

(ρ− ε)2 − k2
+ 1

)
, 1 6 k 6 ρ.

(17)

Íà ïiäñòàâi äîâiëüíîñòi ε ðîáèìî âèñíîâîê, ùî |c(2)k | 6 ρ2

|k2−ρ2| ïðè k ∈ N. Âèêîðèñòî-

âóþ÷è âëàñòèâiñòü c−k(r, f) = ck(r, f), ìàòèìåìî |c(2)k | 6 ρ2

|k2−ρ2| ïðè âñiõ k ∈ Z \ {0}.
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Òîìó ðÿä
∑
k∈Z

c
(2)
k eikθ çáiãà¹òüñÿ ðiâíîìiðíî íà [0, 2π], à îòæå, h2(θ, f) ¹ íåïåðåðâíîþ

ïðè θ ∈ [0, 2π].
2

4.3. Äîâåäåííÿ Òåîðåìè 3.

Îñêiëüêè f ∈ΛH òî (∃A > 0) (∀r > 0) (∀k ∈ Z) : |ck(2r, f)| 6 Aλ(r), n0(2r, f)6
Aλ(r).Íåõàé {aj} � íóëi ôóíêöi¨ f , z = reiφ,R > r. Âèêîðèñòîâóþ÷è àíàëîã ôîðìóëè
Ïóàññîíà-�íñåíà [7] äëÿ ïðîêîëåíî¨ ïëîùèíè C∗, ìîæåìî çàïèñàòè

log |f(reiφ)|= 1

2π

2π∫
0

log |f(Reiθ)|P (R, r, θ−φ)dθ+ 1

2π

2π∫
0

log |f( 1
R
eiθ)|P (Rr, 1, θ−φ)dθ−

− 1

4π

∫ 2π

0

log |f(eiθ)|P (R2, r, θ − φ)dθ − 1

4π

∫ 2π

0

log |f(eiθ)|P (rR2, 1, θ − φ)dθ−

− 1

2π

∫ 2π

0

∂ log |f(ρeiθ)|
∂ρ

∣∣∣
ρ=1

log

∣∣∣∣R2 − e−iθz
1
R2 − e−iθz

∣∣∣∣ dθ−
−

∑
1<|aj |6R

log

∣∣∣∣ R2 − ajz

R(aj − z)

∣∣∣∣− ∑
1
R6|aj |<1

log

∣∣∣∣ 1
R2 − ajz
1
R (aj − z)

∣∣∣∣+ 1

πi

∫
|z|=1

f ′(z)

f(z)
dz · logR, (18)

äå P (X,x, τ) =
X2 − x2

X2 − 2Xx cos τ + x2
− ÿäðî Ïóàññîíà.

Îñêiëüêè

P (R, r, θ − φ) = Re
Reiθ + z

Reiθ − z
=
∑
k∈Z

( r
R

)|k|
eik(θ−φ), r < R, (19)

òî ïðè R = 2r

P (Rr, 1, θ − φ) = P (r,
1

2r
, θ − φ) = Re

reiφ + 1
2r e

iθ

reiφ − 1
2r e

iθ
=
∑
k∈Z

(
1

2r2

)|k|

eik(θ−φ),

P (R2, r, θ − φ) = P (4r, 1, θ − φ) = Re
4reiφ + eiθ

4reiφ − eiθ
=
∑
k∈Z

(
1

4r

)|k|

eik(θ−φ), (20)

P (rR2, 1, θ − φ) = Re
4r3eiφ + eiθ

4r3eiφ − eiθ
=
∑
k∈Z

(
1

4r3

)|k|

eik(θ−φ).

Çàñòîñîâóþ÷è ðîçâèíåííÿ ÿäåð Ïóàññîíà (20), îòðèìó¹ìî, ùî ðiâíiñòü (18) ïðè R =
2r íàáóäå âèãëÿäó

log |f(reiφ)| =
∑
k∈Z

ck(2r, f)

2|k|
eikφ+

∑
k∈Z

ck(
1
2r , f)

(2r2)|k|
eikφ − 1

2

∑
k∈Z

(
ck(1, f)

(4r)|k|
+
ck(1, f)

(4r3)|k|

)
eikφ−

−
∑

1<|aj |62r

log

∣∣∣∣∣2r −
ajz
2r

aj − z

∣∣∣∣∣− ∑
1
2r6|aj |<1

log

∣∣∣∣ 1
2r − 2rajz

aj − z

∣∣∣∣+O(log r)

(21)
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äå 1 < r ̸= |aj |, 1
r ̸= |aj |. Ðîçãëÿíåìî ñóìó 4-ãî òà 5-ãî äîäàíêiâ â (21):∑

1<|aj |62r

log

∣∣∣∣2r − ajz

2r

∣∣∣∣− ∑
1<|aj |62r

log |z − aj |+

+
∑

1
2r6|aj |<1

log

∣∣∣∣ 12r − 2rajz

∣∣∣∣− ∑
1
2r6|aj |<1

log |z − aj | =

= log r
∑

1<|aj |62r

1 +
∑

1<|aj |62r

log

∣∣∣∣2(1− aje
iφ

4r

)∣∣∣∣−
− log r

∑
1<|aj |62r

1−
∑

1<|aj |62r

log
∣∣∣1− aj

r
e−iφ

∣∣∣+
+ log

1

2r

∑
1
2r6|aj |<1

1 +
∑

1
2r6|aj |<1

log |1− 4r3aje
iφ|−

− log r
∑

1
2r6|aj |<1

1−
∑

1
2r6|aj |<1

log
∣∣∣1− aj

r
e−iφ

∣∣∣ =
=

∑
1<|aj |62r

log

∣∣∣∣2(1− aje
iφ

4r

)∣∣∣∣− ∑
1<|aj |62r

log
∣∣∣1− aj

r
e−iφ

∣∣∣+
+

∑
1
2r6|aj |<1

log |1− 4r3aje
iφ| −

∑
1
2r6|aj |<1

log
∣∣∣1− aj

r
e−iφ

∣∣∣− n
(2)
0 (2r, f) log 2r2.

Ïîçíà÷èìî

G(r, φ) =
∑
k∈Z

ck(2r, f)

2|k|
eikφ+

∑
k∈Z

ck(
1
2r , f)

(2r2)|k|
eikφ− 1

2

∑
k∈Z

(
ck(1, f)

(4r)|k|
+
ck(1, f)

(4r3)|k|

)
eikφ, (22)

S(r, φ) = −
∑

1<|aj |62r

log

∣∣∣∣2(1− aje
iφ

4r

)∣∣∣∣+ ∑
1<|aj |6 r

2

log |1− aj
r
e−iφ| −

−
∑

1
2r6|aj |<1

log |1− 4r3aje
iφ|+

∑
1
2r6|aj |<1

log
∣∣∣1− aj

r
e−iφ

∣∣∣ . (23)

à òàêîæ

F (r, φ) =
∑

r
26|aj |62r

log
∣∣∣1− aj

r
e−iφ

∣∣∣ , F (r, φ) =
∑

r
26|aj |62r

log
|z − aj |

|z|
=: F (z). (24)

Òîäi (21) íàáóäå âèãëÿäó

log |f(reiφ)| = G(r, φ) + S(r, φ) + F (r, φ) + n
(2)
0 (2r, f) log 2r2 +O(log r), r > 1. (25)

Ðîçãëÿíåìî îêðåìî êîæåí ç ïåðøèõ òðüîõ äîäàíêiâ ó (25). Äîâåäåìî ñïî÷àòêó,
ùî S(r, φ)/λ(r) áóäå îäíîñòàéíî íåïåðåðâíîþ ôóíêöi¹þ ïðè r ≥ 2, 0 ≤ φ ≤ 2π. Äëÿ
öüîãî ðîçãëÿíåìî îêðåìî êîæåí äîäàíîê-ñóìó, ùî âõîäèòü â S(r, φ).
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Ðîçãëÿíóâøè ïåðøó ñóìó ç S(r, f), âðàõîâóþ÷è, ùî ïðè 1 < |aj | 6 2r òà r > 2
ïðàâèëüíi íåðiâíîñòi

1 = 2

(
1− 2r

4r

)
6 2

(
1− |aj |

4r

)
6
∣∣∣∣2(1− aje

iφ

4r

) ∣∣∣∣ 6 2

(
1 +

|aj |
4r

)
6 2

(
1 +

1

2

)
= 3,

à òàêîæ òîé ôàêò, ùî ôóíêöiÿ log |w| ¹ ðiâíîìiðíî íåïåðåðâíîþ â êiëüöi 1 ≤ |w| ≤ 3,

ðîáèìî âèñíîâîê, ùî ôóíêöiÿ log
∣∣∣2(1− aje

iφ

4r

)∣∣∣ ðiâíîìiðíî íåïåðåðâíà ôóíêöiÿ ïðè
r > 2, φ ∈ [0, 2π].

Òîìó îòðèìàëè, ùî (∀ε1 > 0) (∃δ1 > 0) (∀r ≥ 2) (∀φ, θ) òàêèõ, ùî |φ − θ| < δ1
âèêîíó¹òüñÿ∣∣∣∣∣∣

∑
1<|aj |≤2r

log

∣∣∣∣2(1− aje
iφ

4r

)∣∣∣∣− ∑
1<|aj |≤2r

log

∣∣∣∣2(1− aje
iθ

4r

)∣∣∣∣
∣∣∣∣∣∣< ε1n

(1)
0 (2r, f)<ε1Aλ(r).

(26)
Äëÿ äðóãî¨ ñóìè àíàëîãi÷íèé âèñíîâîê îòðèìó¹ìî, ÿêùî çàóâàæèòè, ùî ïðè

1< |aj |6 r
2 òà r > 2 ïðàâèëüíi íåðiâíîñòi

1

2
= 1− |aj |

r
6
∣∣∣∣1− aj

r
e−iφ

∣∣∣∣ 6 1 +
|aj |
r

6 1 +
1

2
=

3

2
.

Îäíîñòàéíà íåïåðåðâíiñòü ÷åòâåðòî¨ ñóìè ç S(r, φ) âèïëèâà¹ ç íåðiâíîñòåé

3

4
= 1− 1

4
6 1− 1

2r
6 1− |aj |

r
6
∣∣∣∣1− aj

r
e−iφ

∣∣∣∣ 6 1 +
|aj |
r

6 1 +
1

2r
6 5

4
,

ÿêi ïðàâèëüíi ïðè 1
2r 6 |aj | < 1 òà r > 2 ïiñëÿ ìiðêóâàíü ïîäiáíèõ äî (26).

Çðåøòîþ, ðîçãëÿíåìî òðåòþ ñóìó
∑

1
2r6|aj |<1

log |1 − 4r3aje
iφ|. Êîæåí äîäàíîê ó

öié ñóìi íàáóâà¹ âèãëÿäó log |1 − ζ|, äå ζ = ρeiψ, ρ = 4r3|aj |, ρ ∈ [2r2, 4r3). ßêùî
r > 2, òî ρ > 8 i òèì áiëüøå ρ > 2. Òîìó ∀ζk = ρeiψk , k = 1, 2 ïðè r > 2 ìàòèìåìî

log |ζ1 − 1| − log |ζ2 − 1| = log

∣∣∣∣ζ1 − 1

ζ2 − 1

∣∣∣∣ = log

∣∣∣∣1 + ζ1 − ζ2
ζ2 − 1

∣∣∣∣ =
= log

∣∣∣∣1 + ρ(eψ1 − eψ2)

ζ2 − 1

∣∣∣∣ 6 log

(
1 +

ρ|ψ1 − ψ2|
|ζ2 − 1|

)
6

6 log

(
1 +

ρ

ρ−1
|ψ1 − ψ2|

)
6 log(1 + 2|ψ1 − ψ2|)62|ψ1 − ψ2|.

(27)

Ïîâåðòàþ÷èñü äî S(r, φ), ðîáèìî âèñíîâîê, ùî (∀ε1 < ε
8A ) (∃δ′1 > 0) (∀r > 2)

(∀φ, θ) :

|φ− θ| < δ′1 ⇒ |S(r, φ)− S(r, θ)| < 2ε1(n
(1)
0 (2r, f) + n

(2)
0 (2r, f)) < 2ε1Aλ(r) <

ε

4
λ(r).

(28)
Ïåðåéäåìî òåïåð äî ðîçãëÿäó G(r, φ).
Îñêiëüêè äëÿ âñiõ r>1 i k∈Z çà êðèòåði¹ì ñêií÷åííîñòi λ-òèïó [3] âèêîíó¹òüñÿ

|ck(2r, f)| 6 Aλ(r), |ck( 1
2r , f)| 6 Aλ(r), òî âñi ðÿäè â (22) çáiãàþòüñÿ ðiâíîìiðíî ïðè
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r>1, φ ∈ [0, 2π]. Êðiì òîãî, (∀ε1 > 0) (∃δ′′1 > 0) (∀φ, θ, |φ− θ| < δ′′1 )∣∣∣∣∣∑
k∈Z

ck(2r, f)

2|k|
eikφ −

∑
k∈Z

ck(2r, f)

2|k|
eikθ

∣∣∣∣∣ =
∣∣∣∣∣∑
k∈Z

ck(2r, f)

2|k|
(eikφ − eikθ)

∣∣∣∣∣ <
< Aλ(r) · ε1

∑
k∈Z

1

2|k|
= 3Aλ(r) · ε1, r > 1.

∣∣∣∣∣∑
k∈Z

ck(
1
2r , f)

(2r2)|k|
eikφ −

∑
k∈Z

ck(
1
2r , f)

(2r2)|k|
eikθ

∣∣∣∣∣ =
∣∣∣∣∣∑
k∈Z

ck(
1
2r , f)

(2r2)|k|
(eikφ − eikθ)

∣∣∣∣∣ <
< Aλ(r) · ε1

∑
k∈Z

1

(2r2)|k|
= 3Aλ(r) · ε1, r > 1,

à òàêîæ ∣∣∣∣∣∑
k∈Z

(
ck(1, f)

(4r)|k|
+
ck(1, f)

(4r3)|k|

)
eikφ −

∑
k∈Z

(
ck(1, f)

(4r)|k|
+
ck(1, f)

(4r3)|k|

)
eikφ

∣∣∣∣∣ <
< ε1|ck(1, f)|

∑
k∈Z

2

4|k|
< 4ε1Aλ(r), r > 1.

Îòæå, G(r, φ) ¹ ðiâíîìiðíî íåïåðåðâíîþ ñòîñîâíî φ∈ [0, 2π] íà êîæíîìó êîëi |z| = r,
r > 1. Íàñïðàâäi, ìè îòðèìàëè íàâiòü áiëüøå. À ñàìå, ùî (∀ε1 6 ε

40A ) (∃δ′′1 > 0)
(∀r>2) (∀φ, θ) òàêèõ, ùî |φ− θ| < δ′′1 âèêîíó¹òüñÿ

|G(r, φ)−G(r, θ)| < ε1 · 10Aλ(r) <
ε

4
λ(r). (29)

Íàì çàëèøèëîñÿ ðîçãëÿíóòè F (r, φ). ßêùî äëÿ äåÿêèõ äîäàòíèõ ÷èñåë δ i R
âèêîíó¹òüñÿ |φ−θ| < δ3 i R2 6 r 6 R, òî, ïîçíà÷èâøè z = reiφ, ζ = reiθ òà âæèâàþ÷è
ïîçíà÷åííÿ F (z) ç äðóãî¨ ÷àñòèíè (24), ìàòèìåìî

F (ζ)− F (z) =
∑

r
26|aj |62r

log

∣∣∣∣ζ − aj
z − aj

∣∣∣∣ = ∑
r
26|aj |62r

log

∣∣∣∣1 + |ζ − aj | − |z − aj |
|z − aj |

∣∣∣∣ 6
6

∑
r
26|aj |62r

log

(
1 +

|ζ − z|
|z − aj |

)
6

∑
r
26|aj |62r

log

(
1 +

r|eiθ − eiφ|
|z − aj |

)
6

6
∑

r
26|aj |62r

log

(
1 +

δ3r

|z − aj |

)
6

∑
R
4 6|aj |62R

log

(
1 +

2δ3R

|z − aj |

)
. (30)

Ïðèéìåìî H = δR, p = n
(1)
0 (2R, f)− n

(1)
0 (R4 , f). Çàñòîñóâàâøè Ëåìó Áóòðó-Êàðòàíà

[8, ñ.137] (äèâ. òàêîæ [9, ñò. 31]), îòðèìà¹ìî, ùî äëÿ äîâiëüíîãî z = reiφ òàêîãî, ùî
R
2 6 |z| 6 R ïîçà äåÿêîþ ñèñòåìîþ êðóãiâ ç çàãàëüíîþ ñóìîþ ðàäióñiâ 2H = 2δR
âèêîíó¹òüñÿ

|z − aj | >
jH

p
=
δRj

p
, j = 1, 2, ..., p,
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äå aj çàíóìåðîâàíi ó ïîðÿäêó çðîñòàííÿ ¨õíiõ âiäñòàíåé âiä z. Òîäi ç (30) îòðèìó¹ìî,
ùî äëÿ äîâiëüíîãî ζ = reiθ òàêîãî, ùî |φ− θ| < δ3

F (ζ)− F (z) 6
p∑
j=1

log

(
1 +

2pδ2

j

)
. (31)

Ðîçãëÿíåìî äîâiëüíi ε > 0, 0 < η < 1. Íåõàé δ < min
{
η
40 ,

ε
12A

}
, äå A � ñòàëà ç

óìîâè ñêií÷åííîñòi λ-òèïó. Çàñòîñîâóþ÷è íåðiâíîñòi log(1 + x) <
√
x ïðè x > 0 òà

n∑
m=1

1√
m

6 2
√
n, ç (31) îòðèìó¹ìî

F (ζ)− F (z) 6
p∑
j=1

δ
√
2p√
j

6 δ
√

2p · 2√p < 3δ · p 6 3δ · n(1)0 (2R, f) 6 3δAλ(r) <
ε

4
λ(r).

(32)
Ïðèéìåìî Rn = 2n, n > 3 i äëÿ êîæíîãî Rn ïîáóäó¹ìî ìíîæèíó âèíÿòêîâèõ

êðóãiâ ç ñóìîþ ðàäióñiâ 2δRn òàêó, ùî äëÿ âñiõ z, ÿêi íå íàëåæàòü äî öèõ êðóãiâ i
äëÿ äîâiëüíèõ ζ = reiθ òàêèõ, ùî |φ− θ| < δ3, Rn

2 6 |z| = |ζ| 6 Rn âèêîíó¹òüñÿ (32).

Îñêiëüêè öi êðóãè ìiñòÿòü âñi aj òàêi, ùî
Rn

4 < |aj | 6 2Rn, òî öåíòðè öèõ êðóãiâ

íàëåæàòü äî êiëüöÿ ( 14 − 2δ)Rn < |z| 6 (2 + 2δ)Rn.

Çàóâàæåííÿ 1. Çà çðîáëåíèõ ïðèïóùåíü âèêîíó¹òüñÿ ( 14 − 2δ)Rn ≥ 1. Ñïðàâäi, ïðè-
ïóñòèâøè ïðîòèëåæíå, íåãàéíî îòðèìó¹ìî, ùî δ > 1/16, ùî ñóïåðå÷èòü âèáîðó δ.

Òîäi â êiëüöi {z : 2 6 |z| 6 r} ìiñòÿòüñÿ öåíòðè âèíÿòêîâèõ êðóãiâ, ñóìà ðàäióñiâ
ÿêèõ íå ïåðåâèùó¹ 2δ(R1+· · ·+Rn). Îñêiëüêè

n∑
k=1

2k 6 2k+1, òî öÿ ñóìà íå ïåðåâèùó¹

4δRn, äå n � íàéáiëüøå ñåðåä òèõ, äëÿ ÿêèõ ( 14 − 2δ)Rn 6 r. Òîäi, âðàõîâóþ÷è, ùî
δ < η/40 ≤ 1/40, òîáòî 1− 8δ > 4/5, îòðèìó¹ìî

4δRn 6 16rδ

1− 8δ
6 20δr 6 η

2
r. (33)

Ïîçíà÷èìî ìíîæèíó òèõ r, äëÿ ÿêèõ z = reiφ íàëåæèòü ïîáóäîâàíié ìíîæèíi
âèíÿòêîâèõ êðóãiâ ÷åðåç Eη. Âðàõîâóþ÷è, ùî |θ−φ| < δ3 äëÿ r ̸∈ Eη îòðèìó¹ìî, ùî
ïðàâèëüíi íåðiâíîñòi (32). Òîäi ç (33) âèïëèâà¹, ùî m∗

0(Eη) 6 η.
Çìiíþþ÷è θ i φ ìiñöÿìè, îòðèìà¹ìî, ùî äëÿ r ̸∈ Eη ïðè |θ−φ| < δ3 âèêîíó¹òüñÿ

F (reiφ)− F (reiθ) < ε
4λ(r). Ç îãëÿäó íà (32) îòðèìó¹ìî, ùî

|F (ζ)− F (z)| < ε

4
λ(r). (34)

Ïðèéíÿâøè δ0 = min{δ′1, δ′′1 , δ3} òà âðàõîâóþ÷è (28), (29), (34), à òàêîæ òå, ùî log r =
o(λ(r)), r→+∞, ç (25), îòðèìó¹ìî, ùî ïðè r > 2, r /∈ Eη òà |θ − φ| < δ0 ïðàâèëüíà
íåðiâíiñòü

| log f(reiθ)− log f(reiφ)| < ελ(r).

2
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4.4. Äîâåäåííÿ Òåîðåìè 4.

Çà ïîñëiäîâíiñòþ ëîãi÷íèõ ìiðêóâàíü äîâåäåííÿ öi¹¨ òåîðåìè çáiãà¹òüñÿ ç äîâå-
äåííÿì Òåîðåìè 3, àëå êîíêðåòíi ñïiââiäíîøåííÿ íà êîæíîìó êðîöi ìàþòü âèãëÿä
âiäìiííèé âiä âiäïîâiäíèõ ó äîâåäåííi Òåîðåìè 3.

Íà ïiäñòàâi ñêií÷åííîñòi λ-òèïó ([3]) ôóíêöi¨ f iñíó¹ òàêà äîäàòíà ñòàëà
A, ùî äëÿ âñiõ äîäàòíèõ r òà âñiõ öiëèõ k âèêîíó¹òüñÿ |ck(2r, f)| 6 Aλ(r) òà
n0(2r, f) 6 Aλ(r). Ïîçíà÷èâøè ÷åðåç {aj} íóëi ôóíêöi¨ f i çàñòîñîâóþ÷è àíàëîã
ôîðìóëè Ïóàññîíà-�íñåíà [7] äëÿ ïðîêîëåíî¨ ïëîùèíè C∗, îòðèìó¹ìî ïðè R > r

log |f(1
r
eiθ)| = 1

2π

2π∫
0

log |f(Reiθ)|P (R, 1
r
, θ−φ)dθ+ 1

2π

2π∫
0

log |f( 1
R
eiθ)|P (R

r
, 1, θ−φ)dθ−

− 1

4π

∫ 2π

0

log |f(eiθ)|P
(
R2,

1

r
, θ − φ

)
dθ − 1

4π

∫ 2π

0

log |f(eiθ)|P
(
R2

r
, 1, θ − φ

)
dθ−

− 1

2π

∫ 2π

0

∂ log |f(ρeiθ)|
∂ρ

∣∣∣
ρ=1

log

∣∣∣∣R2 − e−iθz
1
R2 − e−iθz

∣∣∣∣ dθ−
−

∑
1<|aj |6R

log

∣∣∣∣ R2 − ajz

R(aj − z)

∣∣∣∣− ∑
1
R6|aj |<1

log

∣∣∣∣ 1
R2 − ajz
1
R (aj − z)

∣∣∣∣+ 1

πi

∫
|z|=1

f ′(z)

f(z)
dz · logR,

äå P (R, r, θ − φ) � ÿäðî Ïóàññîíà, äëÿ ÿêîãî ñïðàâäæóþòüñÿ ðîçâèíåííÿ (19), (20).
Ïðèéíÿâøè, R = 2r, îòðèìó¹ìî

log |f (z)|=
∑
k∈Z

ck(2r, f)

(2r2)|k|
eikφ +

∑
k∈Z

ck(
1
2r , f)

2|k|
eikφ − 1

2

∑
k∈Z

(
ck(1, f)

(4r3)|k|
+
ck(1, f)

(4r)|k|

)
eikφ−

−
∑

1<|aj |62r

log

∣∣∣∣∣2r −
ajz
2r

aj − z

∣∣∣∣∣− ∑
1
2r6|aj |<1

log

∣∣∣∣ 1
2r − 2rajz

aj − z

∣∣∣∣+O(log r)

(35)
ïðè 1 < r ̸= |aj |, r ̸= 1

|aj | . Ðîçãëÿíåìî ñóìó 4-ãî òà 5-ãî äîäàíêiâ ç (35):∑
1<|aj |62r

log

∣∣∣∣2r − aje
iφ

2r2

∣∣∣∣− ∑
1<|aj |62r

log

∣∣∣∣1r eiφ − aj

∣∣∣∣+
+

∑
1
2r6|aj |<1

log

∣∣∣∣ 12r − 2aje
iφ

∣∣∣∣− ∑
1
2r6|aj |<1

log

∣∣∣∣1r eiφ − aj

∣∣∣∣ =
=

∑
1<|aj |62r

log

∣∣∣∣2r(1− aje
iφ

2r3

)∣∣∣∣− ∑
1<|aj |62r

log

∣∣∣∣1r eiφ (1− raje
−iφ)∣∣∣∣+

+
∑

1
2r6|aj |<1

log

∣∣∣∣ 12r (1− 4ajre
iφ)

∣∣∣∣− ∑
1
2r6|aj |<1

log

∣∣∣∣1r eiφ(1− raje
−iφ)

∣∣∣∣ =
= n

(1)
0 (2r, f) log 2r2 +

∑
1<|aj |62r

log

∣∣∣∣1− aje
iφ

2r3

∣∣∣∣− ∑
1<|aj |62r

log
∣∣1− raje

−iφ∣∣+
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+
∑

1
2r6|aj |<1

log

∣∣∣∣12(1− 4ajre
iφ)

∣∣∣∣− ∑
1
2r6|aj |<1

log
∣∣1− raje

−iφ∣∣ .
Ïîçíà÷èìî

G(r, φ) =
∑
k∈Z

ck(2r, f)

(2r2)|k|
eikφ+

∑
k∈Z

ck(
1
2r , f)

2|k|
eikφ− 1

2

∑
k∈Z

(
ck(1, f)

(4r3)|k|
+
ck(1, f)

(4r)|k|

)
eikφ, (36)

S(r, φ) = −
∑

1<|aj |62r

log

∣∣∣∣1− aje
iφ

2r3

∣∣∣∣+ ∑
1<|aj |62r

log |1− raje
−iφ| −

−
∑

1
2r6|aj |<1

log

∣∣∣∣12(1− 4raje
iφ)

∣∣∣∣+ ∑
2
r6|aj |<1

log |1− raje
−iφ|, (37)

à òàêîæ

F (r, φ) =
∑

1
2r6|aj |6 2

r

log |1− raje
−iφ|.

Ç îãëÿäó íà ââåäåíi ïîçíà÷åííÿ (35) íàáóäå âèãëÿäó

log

∣∣∣∣f (1

r
eiφ
)∣∣∣∣ = G(r, φ)+S(r, φ)+F (r, φ)−n(1)0 (2r, f) log 2r2+O(log r), r > 1. (38)

Äëÿ îòðèìàííÿ áàæàíîãî ðåçóëüòàòó ïðîàíàëiçó¹ìî äåòàëüíiøå êîæåí ç ïåð-
øèõ òðüîõ äîäàíêiâ â (38). Äîâåäåìî ñïåðøó, ùî S(r, f)/λ(r) áóäå îäíîñòàéíî íå-
ïåðåðâíîþ ôóíêöi¹þ ïðè r ≥ 2, 0 ≤ φ ≤ 2π. Äëÿ öüîãî ðîçãëÿíåìî îêðåìî êîæåí
äîäàíîê-ñóìó, ùî âõîäèòü â S(r, f).

Äëÿ êîæíîãî äîäàíêà ïåðøî¨ ñóìè îòðèìó¹ìî ðiâíîìiðíó íåïåðåðâíiñòü ïðè
r≥2, 0≤φ≤2π, çâàæàþ÷è íà íåðiâíîñòi

3

2
6 2

(
1− 1

r2

)
6
∣∣∣∣1− aje

iφ

2r3

∣∣∣∣ 6 1 +
|aj |
2r3

≤ 5

4
, ïðè 1 < |aj | 6 2r, r ≥ 2.

Ìiðêóþ÷è ïîäiáíî äî (26), ðîáèìî âèñíîâîê ïðî îäíîñòàéíó íåïåðåðâíiñòü ïåðøî¨
ñóìè ç S(r, φ) ïîäiëåíî¨ íà λ(r) ïðè r≥2, 0≤φ≤2π.

Äëÿ òðüîõ iíøèõ ñóì ç S(r, f) îäíîñòàéíó íåïåðåðâíiñòü âèçíà÷àþòü ñïîñîáîì,
ÿêèé áóâ çàñòîñîâàíèé äëÿ äîâåäåííÿ îäíîñòàéíî¨ íåïåðåðâíîñòi òðåòüîãî äîäàíêà-
ñóìè ç S(r, f) â Òåîðåìi 3. À ñàìå, âñi äîäàíêè â äðóãié i ÷åòâåðòié ñóìàõ íàáóâàþòü
âèãëÿäó log |1 − ζ|, à â òðåòié log 1

2 |1 − ζ|, äå âñþäè |ζ| ≥ 2. Òîìó, âèêîðèñòîâóþ÷è
(27), îòðèìó¹ìî áàæàíå.

Îòæå, (∀ε2 > 0, ε2 <
ε
8A ) (∃δ

′
2 > 0) (∀r > 2) (∀φ, θ) :

|φ− θ| < δ′2 =⇒ |S(r, φ)− S(r, θ)|< 2ε2(n
(1)
0 (2r, f) + n

(2)
0 (2r, f))< 2ε2Aλ(r)<

ε

4
λ(r).

(39)
Ïåðåéäåìî äî ðîçãëÿäó G(r, φ). Çâàæàþ÷è íà êðèòåðié ñêií÷åííîñòi λ-òèïó [3],

çíîâó ÿê i â äîâåäåííi Òåîðåìè 3, îòðèìó¹ìî ñïî÷àòêó ðiâíîìiðíó çáiæíiñòü ðÿäiâ ç
G(r, φ) â (36) ïðè r > 1, à ïîòiì é îäíîñòàéíó íåïåðåðâíiñòü G(r, φ)/λ(r) ïðè r > 2,
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φ ∈ [0, 2π]. Òîìó (∀ε2 > 0, ε2 <
ε
40 ) (∃δ

′′
2 > 0) (∀r > 2) (∀φ, θ) òàêèõ, ùî |φ − θ| < δ′′2

âèêîíó¹òüñÿ

|G(r, φ)−G(r, θ)| < ε210Aλ(r) <
ε

4
λ(r). (40)

Íàðåøòi ðîçãëÿíåìî F (r, φ). ßêùî äëÿ äåÿêèõ äîäàòíèõ ÷èñåë δ i R âèêîíó¹òüñÿ
|φ − θ| < δ3 i R/2 6 r 6 R, òî, ïîçíà÷èâøè ζ = 1

r e
iθ, z = 1

r e
iφ àíàëîãi÷íî äî (30),

îòðèìà¹ìî

F (ζ)− F (z) =
∑

1
2r6|aj |6 2

r

log

∣∣∣∣ζ − aj
z − aj

∣∣∣∣ 6 ∑
1

2R6|aj |6 4
R

log

(
1 +

2δ3 1
R

|z − aj |

)
. (41)

Ïðèéìåìî H = δ/R, p = n
(2)
0 (2R, f) − n

(2)
0 (R/4, f). Çàñòîñîâóþ÷è ëåìó Áóòðó-

Êàðòàíà ([8, ñò. 137], [9, ñò. 31]), îòðèìó¹ìî, ùî äëÿ äîâiëüíîãî z = 1
r e
iφ, 1

R 6 |z| 6 2
R

ïîçà äåÿêîþ ñèñòåìîþ êðóãiâ ç çàãàëüíîþ ñóìîþ ðàäióñiâ 2H = 2δ/R âèêîíó¹òüñÿ

|z − aj | >
jH

p
=
δ 1
Rj

p
, j = 1, 2, ...p,

äå aj çàíóìåðîâàíi ó ïîðÿäêó çðîñòàííÿ ¨õíiõ âiäñòàíåé âiä z. Òîäi ç (41) îòðèìó¹ìî,
ùî äëÿ äîâiëüíîãî ζ = 1

r e
iθ òàêîãî, ùî |φ− θ| < δ3

F (ζ)− F (z) 6
p∑
j=1

log

(
1 +

2pδ2

j

)
. (42)

Äëÿ äîâiëüíèõ ε > 0, 0 < µ 6 1 âèáåðåìî äîäàòíå δ < min
{
µ
32 ,

ε
12A ,

1
4
√
2

}
, äå

A � ñòàëà ç óìîâè ñêií÷åííîñòi λ-òèïó. Âðàõîâóþ÷è íåðiâíiñòü log(1 + x) <
√
x ïðè

x > 0, à òàêîæ
n∑

m=1

1√
m

6 2
√
n, ç (42) îòðèìó¹ìî

F (ζ)− F (z) 6
p∑
j=1

√
2pδ√
j

6 3δ · n(2)0 (2R, f) 6 3δAλ(r) <
ε

4
λ(r). (43)

Äëÿ êîæíîãî Rn = 2n, n > 3 i ïîáóäó¹ìî ìíîæèíó âèíÿòêîâèõ êðóãiâ ç ñóìîþ
ðàäióñiâ 2δ/Rn òàêó, ùî äëÿ âñiõ z, ÿêi íå íàëåæàòü äî öèõ êðóãiâ i äëÿ äîâiëüíèõ
ζ = 1

r e
iθ çà óìîâ |φ − θ| < δ3, 1

Rn
6 |z| = |ζ| 6 2

Rn
âèêîíó¹òüñÿ (43). Îñêiëüêè öi

êðóãè ìiñòÿòü óñi aj òàêi, ùî
1

2Rn
< |aj | 6 4

Rn
, òî öåíòðè öèõ êðóãiâ ëåæàòü ó êiëüöi

( 12 − 2δ) 1
Rn

< |z| 6 (4 + 2δ) 1
Rn
.

Çàóâàæåííÿ 2. Çà çðîáëåíèõ ïðèïóùåíü î÷åâèäíî âèêîíó¹òüñÿ (4 + 2δ) 1
Rn

≤ 1.

Ïîçíà÷èìî ÷åðåç Eµ ìíîæèíó òèõ r, äëÿ ÿêèõ z = 1
r e
iφ íàëåæèòü ïîáóäîâàíié

ìíîæèíi âèíÿòêîâèõ êðóãiâ. Òîäi

Eµ =
∪

1
r<|aj |<1

[
|aj | −

2δ

Rn
, |aj |+

2δ

Rn

]
.

Òîìó

E′
µ =

∪
1< 1

|aj |
<r

[
1

|aj |+ 2δ
Rn

,
1

|aj | − 2δ
Rn

]
.
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Îñêiëüêè
n∑
k=1

2k 6 2k+1, òî
n0∑
n=1

2δRn íå ïåðåâèùó¹ 4δRn0 , äå n0 � íàéáiëüøå ñåðåä

òèõ n, äëÿ ÿêèõ âèêîíó¹òüñÿ íåðiâíiñòü 1
r < ( 12 − 2δ) 1

Rn
, ÿêà åêâiâàëåíòíà íåðiâíîñòi

r > 2Rn

1−4δ . Êðiì òîãî, ÿêùî 1
2Rn

< |aj | 6 4
Rn

, òî, ïðèãàäóþ÷è, ùî 0 < δ < 1
4
√
2
,

îòðèìó¹ìî îöiíêó R2
n|aj |2 − 4δ2 > 1

4 − 4δ2 > 1
8 . Çâiäñè

mes
(
E′
µ ∩ (1, r)

)
6

n0∑
n=1

(
1

|aj | − 2δ
Rn

− 1

|aj |+ 2δ
Rn

)
=

n0∑
n=1

4δ
Rn

|aj |2 − 4δ2

R2
n

=

=

n0∑
n=1

4δRn
R2
n|aj |2 − 4δ2

6
n0∑
n=1

32δRn 6 32δRn0+1 = 64δRn0 6

6 64δ
(1− 4δ)r

2
= 32δ(1− 4δ)r < 32rδ < rµ.

(44)

Âðàõîâóþ÷è îçíà÷åííÿ 4, ç (44) âèïëèâà¹, ùî m∗
0(Eµ) 6 µ. Çà óìîâè |θ−φ| < δ3 äëÿ

r ̸∈ Eµ ñïðàâäæó¹òüñÿ (43). Çìiíþþ÷è θ i φ ìiñöÿìè, îòðèìó¹ìî, ùî äëÿ r ̸∈ Eµ ïðè
|θ − φ| < δ3 âèêîíó¹òüñÿ F (reiφ)− F (reiθ) < ε

4λ(r). Öå ðàçîì ç (43) äà¹

|F (ζ)− F (z)| < ε

4
λ(r). (45)

Ïðèéìåìî δ0 = min{δ′2, δ′′2 , δ3}. Ç îãëÿäó íà (39), (40), (45), âðàõîâóþ÷è, ùî log r =
o(λ(r)), r→+∞ ç (38) îòðèìó¹ìî, ùî ïðè r ≥ 2, r ̸∈ Eµ òà |θ−φ| < δ0 ñïðàâäæó¹òüñÿ∣∣∣∣log f (1

r
eiθ
)
− log f

(
1

r
eiφ
)∣∣∣∣ < ελ(r).

2
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ON THE PROPERTIES OF THE INDICATORS OF COMPLETELY
REGULARLY GROWING HOLOMORPHIC FUNCTIONS IN THE

PUNCTURED PLANE. I
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Ivan Franko National University of Lviv,

Universytetska Str., 1, Lviv, 79000

e-mail: khrystiyanyn@ukr.net, vyshynskyi@ukr.net

We prove that the growth indicators of a holomorphic function of completely
regular growth with respect to a growth function λ in the punctured complex
plane are continuous. We also establish the property of uniform equicontinuity
for the functions of �nite λ-type in the punctured plane.

Key words: function of completely regular growth, growth indicator, functi-
on of �nite λ-type, upper relative measure, uniform equicontinuity, Poisson-
Jensen formula, Fourier coe�cients, holomorphic function.
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ON PROPERTIES OF RADICALS AND SPECTRUM OF FINITE
HOMOMORPHIC IMAGES OF A COMMUTATIVE BEZOUT

DOMAIN

Andriy GATALEVYCH

Ivan Franko National University of Lviv,
Universytetska Str., 1, Lviv, 79000

e-mail: gatalevych@ukr.net

The properties of �nite homomorphic images of commutative Bezout do-
mains under certain conditions on the Jacobson radical and maximal ideals
are investigated. We describe the structure of maximal ideals in the case of
semisimple rings. We also describe the rings R and R/aR provided that R/aR
is a Kasch ring.

Key words: Bezout ring, adequate ring, Kasch ring, pure ideal.

1. Introduction

Finite homomorphic images of a commutative Bezout domain are a source of
examples and counterexamples in the current research in the ring theory. In the article
[3] it is proved that any �nite homomorphic image of a commutative Bezout domain is
an IF-ring, i.e. a ring over which any injective module is �at, and in the article [9] it is
proved that it is a P-injective ring. Furthermore, it is known that a commutative domain
is hereditary if and only if every homomorphic image of the ring is self-injective Artinian
ring [7]. In addition, a commutative domain is a Dedekind ring if every homomorphic
image of this domain is a quasi-Frobenius ring [7]. In [14], there are investigated
commutative Bezout domains by calculating their homological dimensions. In [13] it
is proved that the �nite homomorphic images of a commutative Bezout ring R are
semiregular if and only if R is an adequate domain. In [2] it is proved that a Noetherian
ring whose Jacobson radical is projective has an Artinian quotient ring. In [5] there are
investigated the rings whose Jacobson radicals are coherent (�at, injective). Note that
a �nite homomorphic image of the ring will be understood as factor ring on principal
ideal.

Throughout this paper R is assumed to be a commutative ring with 1 ̸= 0. By a
Bezout ring we mean a ring in which all �nitely generated ideals are principal. By J(R)
and rad(R) we denote Jacobson radical and nilradical of the ring R.

c⃝ Gatalevych A., 2015
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De�nition 1. A nonzero element a of a ring R is called adequate if for every element
b ∈ R, there exist r, s ∈ R such that
1. a = r · s,
2. (r, b) = 1,
3. for every nonunit divisor s′ of s, we have (s′, b) ̸= 1.

A commutative Bezout ring with identity is said to be adequate if every nonzero
element is adequate [15].

First note the following result.

Proposition 1. Let R be a commutative Bezout domain and a ∈ R\(0). If the element
a is not adequate then rad(R/aR) ̸= (0).

Proof. Note that if a = b · c, where (b, c) = 1 for all such representations, then a is an
adequate element. Hence, a = b · c, and bR+ cR = dR, d /∈ U(R), otherwise the element
a will be adequate. Then we have c = c0d, b = b0d for some elements c0, b0 ∈ R. Denote
α = c0b0d. It is evident that aR ⊂ c0b0dR = αR and α2 = ac0b0. That is aR ( αR and
α2R ⊂ aR. Hence ᾱ ∈ rad(R/aR) and ᾱ ̸= 0̄, and we obtain rad(R/aR) ̸= (0).

Note that the condition rad(R/aR) ̸= (0) or, more generally, J(R/aR) ̸= (0) does
not imply that the element a is not an adequate element. For example, J(Z/12Z) ̸= 0̄,
but 12 is an adequate element in the ring Z.

The answer to the question for an adequate element a is given by Theorem.

Theorem 1. Let R be a commutative Bezout domain and a ∈ R\0. Then the element a
is adequate if and only if R/aR is a semiregular ring. [13]

2. Main Results

For �nite homomorphic images of a commutative Bezout domain we describe the
ring in which the Jacobson radical is a principal ideal.

Theorem 2. Let R be a commutative Bezout domain and for a ∈ R\(0): J(R/aR) is
a principal ideal. Then the element a is contained only in a �nite number of maximal
ideals which are principal ideals.

Proof. Denote R̄ = R/aR and b̄ = b + aR. According to [12] the annihilator Ann(b̄)
of any element b̄ is a principal ideal. By virtue of [9] the ring R̄ satis�es the condition
that Ann(Ann(b̄)) = b̄R̄. If J(R̄) = b̄R̄, then J(R̄) = Ann(c̄) for some element c̄ ∈ R̄.
According to [1], J(R̄) is a principal ideal if and only if the element a is contained in a
�nite set of maximal ideals which are principal. The proof is complete.

De�nition 2. An ideal I of a ring is called pure if for every a ∈ I there exists an element
b ∈ I such that ab = a [4].

Note that if I is a pure ideal and I ⊆ J(R), then I = (0).
Let us investigate whether the Jacobson radical is a pure ideal for any �nite

homomorphic image of a commutative Bezout domain.

De�nition 3. An ideal I is called dense if Ann(I) = (0) [6].

Remark that the following results are obvious.
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Proposition 2. Let R be a commutative ring and J(R) ̸= (0) but Ann(J(R)) = (0).
Then every maximal ideal of the ring R is dense.

Proof. Let M be a maximal ideal of the ring R. Then J(R) ⊂ M , and hence Ann(M) ⊂
Ann(J(R)) = (0). That is Ann(M) = (0), which was to be shown.

Proposition 3. Let R be a commutative ring and J(R) ̸= (0) and there exists a maximal
ideal M such that Ann(M) ̸= (0). Then Ann(J(R)) ̸= (0).

Proof. Since J(R) ⊂ M , then (0) ̸= Ann(M) ⊂ Ann(J(R)).

Proposition 4. Let R be a commutative semiprime (i.e. reduced) ring. Then in the ring
R does not exist an ideal M such that (0) ̸= Ann(M) ⊂ M .

Proof. Let M be an ideal in R such that (0) ̸= Ann(M) ⊂ M . Then (Ann(M))2 = (0).
Since R is semiprime ring, we obtain that Ann(M) = (0). Contradiction.

The proposition is proved.

By a semisimple ring we mean a ring R with J(R) = (0).
As a consequence we obtain the following result.

Theorem 3. Let R be a commutative semisimple ring. Then for any maximal ideal M
of the ring R we have Ann(M) = (0) or M = mR, (m2 = m).

Proof. Let M be a maximal ideal of the ring R. If Ann(M) ̸= (0) then by Proposi-
tion 2.4, Ann(M) * M and we obtain M + Ann(M) = R. Whence m + n = 1, where
m ∈ M,n ∈ Ann(M). Then m2 +mn = m and m2 = m, hence mR ⊂ M . Then for any
s ∈ M we have sm+ sn = s and s = sm that is M ⊂ mR. Hence M = mR and m2 = m.
The proof is complete.

Thus, we have proved that any commutative ring with pure Jacobson radical is a
ring with projective socle, i.e., so-called PS-ring [7].

Theorem 4. Let R be a commutative semisimple ring. Then R is a PS-ring.

De�nition 4. A commutative ring in which any arbitrary maximal ideal is dense is
called a Kasch ring [6].

By an atom we mean a non-unit which is not a product of non-units.

Theorem 5. Let R be commutative Bezout domain and for a ∈ R\(0) R̄ = R/aR is a
Kasch ring. Then an arbitrary maximal ideal M̄ of the ring R̄ has the form M̄ = ēR̄,
where ē2 = ē or M̄ = p̄R̄, where p̄ is an atom.

Proof. If Ann(M̄) * M̄ then, as we have shown, M̄ = ēR̄. If Ann(M̄) ⊂ M̄ then since R̄
is a Kasch ring we have M̄ = p̄R̄. We prove that the element p̄ is an atom. Let p̄ = b̄c̄.
If there is b̄R̄ = R̄, it is proved. Let b̄R̄ ̸= R̄. The inclusion p̄R̄ ⊂ b̄R̄ and that p̄R̄ is
a maximal ideal of the ring R̄ imply p̄R̄ = b̄R̄, and then b̄ = p̄t̄. Hence p̄ = p̄b̄t̄ and
p̄(1̄ − b̄t̄) = 0̄. We get that 1̄ − b̄t̄ ∈ Ann(M̄). Because of what is proven above, for any
x̄ ∈ annM̄ it follows that x̄2 = 0̄ and then b̄t̄ = 1̄ + r̄, where r̄ ∈ rad(R̄). We obtain that
the element b̄t̄ is a unit and that b̄R̄ = R̄, which proves the theorem.
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Corollary 1. Let R be a commutative Bezout domain and, for a ∈ R\(0); R̄ = R/aR
is a Kasch ring and let M̄ be a maximal ideal of the ring R̄ such that M̄ = p̄R̄, where
p̄2 ̸= p̄. Then the ideal M̄ is not pure.

Proof. Suppose that the ideal M̄ is pure. According to the de�nition of a pure ideal, for
any element p̄ ∈ M̄ there exists an element q̄ ∈ M̄ such that p̄q̄ = p̄. Since p is an atom,
this is possible only when b̄ ∈ U(R̄), which contradicts to the fact that q̄ ∈ M̄ . The
corollary is proved.

Corollary 2. Let R be a commutative Bezout domain and, for a ∈ R\(0); R̄ = R/aR is
a Kasch ring. The ring R̄ is a �nite direct sum of �elds if and only if all maximal ideals
of the ring R̄ are pure.

Proof. According to Theorem 2.4 and Corollary 2.1, any maximal ideal of the ring R̄ has
the form M̄ = ēR̄, where ē2 = ē. Based on [10], we obtain the proof of our Corollary.

Theorem 6. Let R be a commutative Bezout domain and, for a ∈ R\(0); R̄ = R/aR
is a Kasch ring and let a maximal ideal M̄ of the ring R̄ be �at. Then there exists an
idempotent ē of the ring R̄ such that M̄ = ēR̄.

Proof. Since R̄ is a Kasch ring, then M̄ = p̄R̄. And since Ann(M̄) ⊂ rad(R̄), then
according to [11] M̄ is a projective module that is generated by an idempotent. The
theorem is proved.

Similarly to the Corollary 2.2, by virtue of Theorem 2.5, we obtain the following
result.

Corollary 3. Let R be a commutative Bezout domain and, for a ∈ R\(0), R̄ = R/aR is
a Kasch ring. The ring R̄ is a �nite direct sum of �elds if and only if all maximal ideals
of the ring R̄ are �at.

We formulate a similar question (about the purity and �atness) for the case of
annihilator of arbitrary maximal ideal of the ring R̄.

According to [4], the pure ideal contained in the Jacobson radical is zero and
therefore preliminary results we obtain the following result.

Corollary 4. Let R be a commutative Bezout domain and, for a ∈ R\(0), R̄ = R/aR is
a Kasch ring. The ring R̄ is a �nite direct sum of �elds if and only if an annihilator of
every maximal ideal of the ring R̄ is pure.

As a consequence of previos results we obtain the following theorem.

Theorem 7. Let R be a commutative Bezout domain in which an arbitrary maximal
ideal is principal and let an element a ∈ R\(0) be not adequate. Then any maximal ideal
M̄ = M/aR of the ring R̄ = R/aR (here M is a maximal ideal containing the element a)
cannot be neither �at, pure, nor injective.

Proof. Since an arbitrary maximal ideal of the ring R is a principal ideal, then by [12]
the annihilator of an arbitrary element b̄ ∈ R̄ is a principal ideal. By virtue of the article
[7] in the ring R̄ the following holds: Ann(Ann(b̄)) = b̄R̄. Then from [8] we obtain that
R̄ is a Kasch ring. According to Proposition 1.1 and Corollaries 2.1, 2.4 we obtain that
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M̄ is neither pure nor �at R̄-module. Since the ring R̄ is an IF -ring, M̄ cannot be an
injective R̄-module. The theorem is proved.
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Äîñëiäæåíî âëàñòèâîñòi ñêií÷åííèõ ãîìîìîðôíèõ îáðàçiâ êîìóòàòèâ-
íèõ îáëàñòåé Áåçó çà äåÿêèõ óìîâ íà ðàäèêàë Äæåêîáñîíà i íà ìàêñèìàëüíi
iäåàëè. Ó âèïàäêó íàïiâïðîñòîãî êiëüöÿ îïèñàíî ñòðóêòóðó ìàêñèìàëüíèõ
iäåàëiâ. Îïèñàíî êiëüöÿ R i R/aR çà óìîâè, ùî R/aR ¹ êiëüöåì Êàøà.
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We prove that a Hausdor� locally compact semitopological bicyclic semi-
group with adjoined zero C 0 is either compact or discrete. Also we show that
the similar statement holds for a locally compact semitopological bicyclic semi-
group with an adjoined compact ideal and construct an example which wit-
nesses that a counterpart of the statements does not hold when C 0 is a �Cech-
complete metrizable topological inverse semigroup.
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1. Introduction and preliminaries

Further we shall follow the terminology of [7, 8, 10, 24]. Given a semigroup S, we
shall denote the set of idempotents of S by E(S). A semigroup S with the adjoined zero
will be denoted by S0 (cf. [8]).

A semigroup S is called inverse if for every x ∈ S there exists a unique y ∈ S such
that xyx = x and yxy = y. Later such an element y will be denoted by x−1 and will be
called the inverse of x. A map inv : S → S which assigns to every s ∈ S its inverse is
called inversion.

In this paper all topological spaces are Hausdor�. If Y is a subspace of a topological
space X and A ⊆ Y , then by clY (A) we denote the topological closure of A in Y .

A semitopological (topological) semigroup is a topological space with separately
continuous (jointly continuous) semigroup operations. An inverse topological semigroup
with continuous inversion is called a topological inverse semigroup.

We recall that a topological space X is:

• locally compact if every point x of X has an open neighbourhood U(x) with the
compact closure clX(U(x));

c⃝ Gutik O., 2015
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• �Cech-complete if X is Tychono� and there exists a compacti�cation cX of X
such that the remainder cX \ c(X) is an Fσ-set in cX.

The bicyclic semigroup (or the bicyclic monoid) C (p, q) is a semigroup with the
identity 1 generated by two elements p and q with only one condition pq = 1. The
distinct elements of the bicyclic monoid are exhibited in the following array:

1 p p2 p3 · · ·
q qp qp2 qp3 · · ·
q2 q2p q2p2 q2p3 · · ·
q3 q3p q3p2 q3p3 · · ·
...

...
...

...
. . .

The bicyclic monoid is a combinatorial bisimple F -inverse semigroup and it plays an
important role in the algebraic theory of semigroups and in the theory of topological
semigroups. For example the well-known Andersen's result [1] states that a (0�)simple
semigroup with an idempotent is completely (0�)simple if and only if it does not contain
an isomorphic copy of the bicyclic semigroup. The bicyclic semigroup admits only the
discrete semigroup topology and if a topological semigroup S contains it as a dense
subsemigroup then C (p, q) is an open subset of S [11]. Bertman and West in [6] extended
this result for the case of semitopological semigroups. Stable and Γ-compact topological
semigroups do not contain the bicyclic semigroup [2, 15]. The problem of an embedding
of the bicyclic monoid into compact-like topological semigroups is discussed in [4, 5, 13].

In [11] Eberhart and Selden proved that if the bicyclic monoid C (p, q) is a dense
subsemigroup of a topological monoid S and I = S \ C (p, q) ̸= ∅ then I is a two-sided
ideal of the semigroup S. Also, there they described the closure of the bicyclic monoid
C (p, q) in a locally compact topological inverse semigroup. The closure of the bicyclic
monoid in a countably compact (pseudocompact) topological semigroups was studied
in [5].

The well known A. Weil Theorem states that every locally compact monothetic

topological group G (i.e., G contains a cyclic dense subgroup) is either compact or di-

screte (see [26]). Locally compact and compact monothetic topological semigroups was
studied by Hewitt [14], Hofmann [16], Koch [18], Numakura [23] and others (see more
information on this topics in the books [7] and [17]). Koch in [19] posed the following
problem: �If S is a locally compact monothetic semigroup and S has an identity, must S
be compact? � (see [7, Vol. 2, p. 144]). From the other side, Zelenyuk in [27] constructed a
countable locally compact topological semigroup without unit which is neither compact
nor discrete.

In this paper we prove that a Hausdor� locally compact semitopological bicyclic
semigroup with adjoined zero C 0 is either compact or discrete. Also we show that the
similar statement holds for a locally compact semitopological bicyclic semigroup with an
adjoined compact ideal and construct an example which witnesses that a counterpart of
the statements does not hold when C 0 is a �Cech-complete metrizable topological inverse
semigroup.
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2. On a locally compact semitopological bicyclic semigroup with

adjoined zero

The following proposition generalizes Theorem I.3 from [11].

Proposition 1. If the bicyclic monoid C (p, q) is a dense subsemigroup of a semitopologi-

cal monoid S and I = S \ C (p, q) ̸= ∅ then I is a two-sided ideal of the semigroup S.

Proof. Fix an arbitrary element y ∈ I. If xy = z /∈ I for some x ∈ C (p, q) then
there exists an open neighbourhood U(y) of the point y in the space S such that
{x} · U(y) = {z} ⊂ C (p, q). The neighbourhood U(y) contains in�nitely many elements
of the semigroup C (p, q). This contradicts Lemma I.1 [11], which states that for each
v, w ∈ C (p, q) both sets {u ∈ C (p, q) : vu = w} and {u ∈ C (p, q) : uv = w} are �nite.
The obtained contradiction implies that xy ∈ I for all x ∈ C (p, q) and y ∈ I. The proof
of the statement that yx ∈ I for all x ∈ C (p, q) and y ∈ I is similar.

Suppose to the contrary that xy = w /∈ I for some x, y ∈ I. Then w ∈ C (p, q)
and the separate continuity of the semigroup operation in S implies that there exist
open neighbourhoods U(x) and U(y) of the points x and y in S, respectively, such that
{x}·U(y) = {w} and U(x)·{y} = {w}. Since both neighbourhoods U(x) and U(y) contain
in�nitely many elements of the semigroup C (p, q), both equalities {x} · U(y) = {w}
and U(x) · {y} = {w} contradict mentioned above Lemma I.1 from [11]. The obtained
contradiction implies that xy ∈ I.

For every non-negative integer n we put

C [qn] =
{
qnpi ∈ C (p, q) : i = 0, 1, 2, . . .

}
and C [pn] =

{
qipn ∈ C (p, q) : i = 0, 1, 2, . . .

}
.

Lemma 1. Let (C 0, τ) be a locally compact semitopological semigroup. Then the following

assertions hold:

(1) for every open neighbourhood U(0) of zero in (C 0, τ) there exists an open compact

neighbourhood V (0) of zero in (C 0, τ) such that V (0) ⊆ U(0);
(2) for every open compact neighbourhood U(0) of zero in (C 0, τ) and every open

neighbourhood V (0) of zero in (C 0, τ) the set U(0) ∩ V (0) is compact and open,

and the set U(0) \ V (0) is �nite.

Proof. The statements of the lemma are trivial in the case when τ is the discrete topology
on C 0, and hence later we shall assume that the topology τ is non-discrete.

(1) Let U(0) be an arbitrary open neighbourhood of zero in (C 0, τ). By Theorem 3.3.1
from [10] the space (C 0, τ) is regular. Since it is locally compact, there exists an open
neighbourhood V (0) ⊆ U(0) of zero in (C 0, τ) such that clC 0(V (0)) ⊆ U(0). Since all
non-zero elements of the semigroup C 0 are isolated points in (C 0, τ), clC 0(V (0)) = V (0),
and hence our assertion holds.

(2) Let U(0) be an arbitrary compact open neighbourhood of zero in (C 0, τ). Then
for an arbitrary open neighbourhood V (0) of zero in (C 0, τ) the family

U = {V (0), {{x} : x ∈ U(0) \ V (0)}}

is an open cover of U(0). Since the family U is disjoint, it is �nite. So the set U(0)\V (0)
is �nite and the set U(0) ∩ V (0) is compact.
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Lemma 2. If (C 0, τ) is a locally compact non-discrete semitopological semigroup, then

for each open neighbourhood U(0) of zero in (C 0, τ) there exist non-negative integers i
and j such that both sets C [qi] ∩ U(0) and C [pj ] ∩ U(0) are in�nite.

Proof. By Lemma 1(1), without loss of generality we may assume that U(0) is a compact
open neighbourhood of zero 0 in (C 0, τ). Put

Vq(0) = {x ∈ U(0) : x · q ∈ U(0)} and Vp(0) = {x ∈ U(0) : p · x ∈ U(0)} .
If the set C [qi] ∩ U(0) is �nite for any non-negative integer i, then the formula

qipl · q =

{
qi+1, if l = 0;
qipl−1, if l is a positive integer,

(1)

implies that the right translation ρq : C 0 → C 0 : x 7→ x · q shifts all non-zero elements
of the neighbourhood Vq(0). Then U(0) \ Vq(0) is an in�nite subset of C (p, q), which
contradicts Lemma 1(2). Similarly, if the set C [pj ] ∩ U(0) is �nite for any non-negative
integer j, then the formula

p · qjpl =
{

pl+1, if j = 0;
qj−1pl, if j is a positive integer,

(2)

implies that the left translation λp : C 0 → C 0 : x 7→ p · x shifts all non-zero elements of
the neighbourhood Vp(0). This implies that U(0) \ Vp(0) is an in�nite subset of C (p, q),
which contradicts Lemma 1(2).

Lemma 3. Let (C 0, τ) be a locally compact non-discrete semitopological semigroup. Then

there exist non-negative integers i and j such that C [qi]\U(0) and C [pj ]\U(0) are �nite
for every open neighbourhood U(0) of zero 0 in (C 0, τ).

Proof. Fix an arbitrary open compact neighbourhood U0(0) of zero in (C 0, τ). Then
Lemma 2 implies that there exist non-negative integers i and j such that both sets
C [qi]∩U0(0) and C [pj ]∩U0(0) are in�nite. Let U(0) be an arbitrary open neighbourhood
of zero in (C 0, τ). By Lemma 1(2), the set U0(0) \ U(0) is �nite. By Lemma 1(1), there
exists an open compact neighbourhood U ′(0) ⊆ U(0) of zero in (C 0, τ).

Now, Lemma 1(1) and the separate continuity of the semigroup operation in (C 0, τ)
imply that there exists an open compact neighbourhood V (0) of zero 0 in (C 0, τ) such
that

V (0) ⊆ U ′(0), V (0) · q ⊆ U ′(0) and p · V (0) ⊆ U ′(0).

If the set C [qi] \ U(0) is in�nite, then formula (1) implies that the right translation
ρq : C 0 → C 0 : x 7→ x·q shifts all non-zero elements of the neighbourhood V (0) and hence
the inclusion V (0)·q ⊆ U ′(0) implies that U ′(0)\V (0) is an in�nite set, which contradicts
Lemma 1(2). Hence the set C [qi]\U(0) is �nite. Similarly, if the set C [pj ]\U(0) is in�nite,
then by formula (2) we have that the left translation λp : C 0 → C 0 : x 7→ p · x shifts all
non-zero elements of the neighbourhood V (0) and hence the by inclusion p ·V (0) ⊆ U ′(0)
we obtain that U ′(0) \ V (0) is an in�nite set, which contradicts Lemma 1(2). Therefore,
the set C [pj ] \ U(0) is �nite as well.

Lemma 4. Let (C 0, τ) be a locally compact non-discrete semitopological semigroup. Then

for every open neighbourhood U(0) of zero 0 in (C 0, τ) and any non-negative integer i
both sets C [qi] \ U(0) and C [pi] \ U(0) are �nite.
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Proof. By Lemma 1(1), without loss of generality we may assume that the open nei-
ghbourhood U(0) is compact. By Lemma 3 there exists a non-negative integer i0 such
that C [qi0 ]\U ′(0) is �nite for any open compact neighbourhood U ′(0) of zero 0 in (C 0, τ).

Fix an arbitrary non-negative integer i ̸= i0. If i < i0, then the separate conti-
nuity of the semigroup operation in (C 0, τ) implies that there exists an open compact
neighbourhood V (0) ⊆ U(0) of zero 0 in (C 0, τ) such that pi0−i · V (0) ⊆ U(0). Then

pi0−i · qi0pl = qipl, for any non-negative integer l. (3)

The set C [qi0 ]\V (0) is �nite, and hence by (3) the set C [qi]\U(0) ⊆ C [qi]\
(
pi0−i · V (0)

)
is �nite as well.

If i > i0, then the separate continuity of the semigroup operation in (C 0, τ) implies
that there exists an open compact neighbourhood W (0) ⊆ U(0) of zero 0 in (C 0, τ) such
that qi−i0 ·W (0) ⊆ U(0). Then

qi−i0 · qi0pl = qipl, for any non-negative integer l, (4)

The set C [qi0 ] \W (0) is �nite, and hence (4) implies that the set C [qi] \ U(0) ⊆ C [qi] \(
qi−i0 ·W (0)

)
is �nite as well.

The proof of �niteness of the set C [pi] \ U(0) is similar.

Lemma 5. Let (C 0, τ) be a non-discrete locally compact semitopological semigroup. Then

for every open neighbourhood U(0) of zero 0 in (C 0, τ) the set C 0 \ U(0) is �nite.

Proof. Suppose to the contrary that there exists an open neighbourhood U(0) of zero 0 in
(C 0, τ) such that C 0 \U(0) is in�nite. Lemma 1(1) implies that without loss of generality
we may assume that the neighbourhood U(0) is compact.

Now, the separate continuity of the semigroup operation in (C 0, τ) implies that there
exists an open neighbourhood V (0) ⊆ U(0) of zero 0 in (C 0, τ) such that p ·V (0) ⊆ U(0).
By Lemma 4 for every non-negative integer n both sets C [qn] \ U(0) and C [pn] \ U(0)
are �nite. Thus, the following conditions hold:

(i) U(0) ∪
∪m

n=0 (C [qn] ∪ C [pn]) ̸= C 0 for every positive integer m;
(ii) for every positive integer k there exists a non-negative integer kmax such that{

qkpj : j > kmax
}
⊂ U(0).

We have p · qkpl = qk−1pk for any integers k > 1 and l. This and conditions (i) and (ii)
imply that the set U(0) \ V (0) is in�nite, which contradicts Lemma 1(2). The obtained
contradiction implies the statement of the lemma.

The following simple example shows that on the semigroup C 0 there exists a
topology τAc such that (C 0, τAc) is a compact semitopological semigroup.

Example 1. On the semigroup C 0 we de�ne a topology τAc in the following way:

(i) every element of the bicyclic monoid C (p, q) is an isolated point in the space
(C 0, τAc);

(ii) the family B(0) =
{
U ⊆ C 0 : U ∋ 0 and C (p, q) \ U is �nite

}
determines a base

of the topology τAc at zero 0 ∈ C 0,

i.e., τAc is the topology of the Alexandro� one-point compacti�cation of the discrete
space C (p, q) with the remainder {0}. The semigroup operation in (C 0, τAc) is separately
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continuous, because all elements of the bicyclic semigroup C (p, q) are isolated points in
the space (C 0, τAc).

Remark 1. In [6] Bertman and West showed that the discrete topology τd is a unique
topology on the bicyclic monoid C (p, q) such that C (p, q) is a semitopological semi-
group. So τAc is the unique compact topology on C 0 such that (C 0, τAc) is a compact
semitopological semigroup.

Lemma 5 and Remark 1 imply the following dichotomy for a locally compact semi-
topological semigroup C 0.

Theorem 1. If C 0 is a Hausdor� locally compact semitopological semigroup, then either

C 0 is discrete or C 0 is topologically isomorphic to (C 0, τAc).

Since the bicyclic monoid C (p, q) does not embeds into any Hausdor� compact
topological semigroup [2], Theorem 1 implies the following corollary.

Corollary 1. If C 0 is a Hausdor� locally compact semitopological semigroup, then C 0

is discrete.

The following example shows that a counterpart of the statement of Corollary 1
does not hold when C 0 is a �Cech-complete metrizable topological inverse semigroup.

Example 2. On the semigroup C 0 we de�ne a topology τ1 in the following way:

(i) every element of the bicyclic monoid C (p, q) is an isolated point in the space
(C 0, τ1);

(ii) the family B(0) = {Un : n = 0, 1, 2, 3, . . .}, where

Un = {0} ∪
{
qipj ∈ C (p, q) : i, j > n

}
,

determines a base of the topology τ1 at zero 0 ∈ C 0.

It is obvious that (C 0, τ1) is �rst countable space and the arguments presented in [12,
p. 68] show that (C 0, τ1) is a Hausdor� topological inverse semigroup.

First we observe that each element of the family B(0) is an open closed subset
of (C 0, τ1), and hence the space (C 0, τ1) is regular. Since the set C 0 is countable, the
de�nition of the topology τ1 implies that (C 0, τ1) is second countable, and hence by
Theorem 4.2.9 from [10] the space (C 0, τ1) is metrizable. Also, it is obvious that the space
(C 0, τ1) is �Cech-complete, as a union two �Cech-complete spaces: that are the discrete
space C (p, q) and the singleton space {0}.

3. On a locally compact semitopological bicyclic semigroup with an

adjoined compact ideal

Later we need the following notions. A continuous map f : X → Y from a topological
space X into a topological space Y is called:

• quotient if the set f−1(U) is open in X if and only if U is open in Y (see [22]
and [10, Section 2.4]);

• hereditarily quotient or pseudoopen if for everyB ⊂ Y the restriction f |B : f−1(B)
→ B of f is a quotient map (see [20, 21, 3] and [10, Section 2.4]);

• closed if f(F ) is closed in Y for every closed subset F in X;
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• perfect if X is Hausdor�, f is a closed map and all �bers f−1(y) are compact
subsets of X [25].

Every closed map and every hereditarily quotient map are quotient [10]. Moreover, a
continuous map f : X → Y from a topological space X onto a topological space Y is
hereditarily quotient if and only if for every y ∈ Y and every open subset U in X which
contains f−1(y) we have that y ∈ intY (f(U)) (see [10, 2.4.F]).

Later we need the following trivial lemma, which follows from separate continuity
of the semigroup operation in semitopological semigroups.

Lemma 6. Let S be a Hausdor� semitopological semigroup and I be a compact ideal

in S. Then the Rees-quotient semigroup S/I with the quotient topology is a Hausdor�

semitopological semigroup.

Theorem 2. Let (CI , τ) be a Hausdor� locally compact semitopological semigroup, CI =
C (p, q)⊔I and I is a compact ideal of CI . Then either (CI , τ) is a compact semitopological

semigroup or the ideal I open.

Proof. Suppose that I is not open. By Lemma 6 the Rees-quotient semigroup CI/I with
the quotient topology τq is a semitopological semigroup. Let π : CI → CI/I be the natural
homomorphism which is a quotient map. It is obvious that the Rees-quotient semigroup
CI/I is isomorphic to the semigroup C 0 and the image π(I) is zero of C 0. Now we shall
show that the natural homomorphism π : CI → CI/I is a hereditarily quotient map. Since
π(C (p, q)) is a discrete subspace of (CI/I, τq), it is su�cient to show that for every open
neighbourhood U(I) of the ideal I in the space (CI , τ) we have that the image π(U(I))
is an open neighbourhood of the zero 0 in the space (CI/I, τq). Indeed, CI \ U(I) is a
closed-and-open subset of (CI , τ), because the elements of the bicyclic monoid C (p, q)
are isolated point of (CI , τ). Also, since the restriction π|C (p,q) : C (p, q) → π(C (p, q))
of the natural homomorphism π : CI → CI/I is one-to-one, π(CI \ U(I)) is a closed-
and-open subset of (CI/I, τq). So π(U(I)) is an open neighbourhood of the zero 0 of
the semigroup (CI/I, τq), and hence the natural homomorphism π : CI → CI/I is a
hereditarily quotient map. Since I is a compact ideal of the semitopological semigroup
(CI , τ), π

−1(y) is a compact subset of (CI , τ) for every y ∈ CI/I. By Din' N'e T'ong's
Theorem (see [9] or [10, 3.7.E]), (CI/I, τq) is a Hausdor� locally compact space. If I is
not open then by Theorem 1 the semitopological semigroup (CI/I, τq) is topologically
isomorphic to (C 0, τAc) and hence it is compact. Next we shall prove that the space
(CI , τ) is compact. Let U = {Uα : α ∈ I } be an arbitrary open cover of (CI , τ). Since
I is compact, there exist Uα1 , . . . , Uαn ∈ U such that I ⊆ Uα1 ∪ · · · ∪ Uαn . Put U =
Uα1 ∪ · · · ∪ Uαn . Then CI \ U is a closed-and-open subset of (CI , τ). Also, since the
restriction π|C (p,q) : C (p, q) → π(C (p, q)) of the natural homomorphism π : CI → CI/I is
one-to-one, π(CI \ U(I)) is a closed-and-open subset of (CI/I, τq), and hence the image
π(CI \U(I)) is �nite, because the semigroup (CI/I, τq) is compact. Thus, the set CI \U
is �nite and hence the space (CI , τ) is compact as well.

Corollary 2. If (CI , τ) is a locally compact topology topological semigroup, CI = C (p, q)⊔
I and I is a compact ideal of CI , then the ideal I is open.
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Äîâåäåíî òàêå: ùî ãàóñäîðôîâà ëîêàëüíî êîìïàêòíà íàïiâòîïîëîãi-
÷íà áiöèêëi÷íà íàïiâãðóïà ç ïðè¹äíàíèì íóëåì C 0 ¹ àáî êîìïàêòíîþ, àáî
äèñêðåòíîþ. Òàêîæ äîâåäåíî, ùî àíàëîãi÷íå òâåðäæåííÿ âèêîíó¹òüñÿ äëÿ
ëîêàëüíî êîìïàêòíîãî íàïiâòîïîëîãi÷íîãî áiöèêëi÷íîãî ìîíî¨äà ç ïðè¹ä-
íàíèì êîìïàêòíèì iäåàëîì, i ïîáóäîâàíî ïðèêëàä, ÿêèé äîâîäèòü, ùî àíà-
ëîã öèõ òâåðäæåíü íå âèêîíó¹òüñÿ, êîëè C 0 � ïîâíà çà ×åõîì ìåòðèçîâíà
òîïîëîãi÷íà iíâåðñíà íàïiâãðóïà.

Êëþ÷îâi ñëîâà: íàïiâãðóïà, íàïiâòîïîëîãi÷íà íàïiâãðóïà, òîïîëîãi÷íà
íàïiâãðóïà, áiöèêëi÷íèé ìîíî¨ä, ëîêàëüíî êîìïàêòíèé ïðîñòið, ïîâíèé çà
×åõîì ïðîñòið, ìåòðèçîâíèé ïðîñòið, íóëü, êîìïàêòíèé iäåàë.
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Ââåäåíî îçíà÷åííÿ íàïiâêîìóòàòèâíî¨ íàïiâãðóïè i àáåëåâîãî S-
ïîëiãîíà çà àíàëîãi¹þ ç îçíà÷åííÿìè íàïiâêîìóòàòèâíèõ, àáåëåâèõ ìîäóëiâ
i êiëåöü, ÿêi äîñëiäæóâàëè ó ïðàöÿõ [1]�[2]. Íàïiâãðóïó S íàçèâàòèìåìî
íàïiâêîìóòàòèâíîþ, ÿêùî äëÿ âñiõ x, y ∈ S, ç ðiâíîñòi xy = 0 âèïëèâà¹
xSy = 0. Ïðàâèé S-ïîëiãîí AS íàçèâàòèìåìî àáåëåâèì, ÿêùî äëÿ âñiõ
a ∈ AS , s ∈ S, i âñiõ iäåìïîòåíòiâ e ∈ S, ase = aes.
Âèêîðèñòîâóþ÷è ïîíÿòòÿ ìîäóëiâ ç àíóëÿòîðíèìè óìîâàìè Áåðà [12],
ââåäåíî ïîíÿòòÿ S-ïîëiãîíà ç óìîâîþ p.p.-Áåðà i äîâîäåíî òàêå: ÿêùî AS

� S-ïîëiãîí ç óìîâîþ p.p.-Áåðà, òî óìîâè ðåäóêîâàíîñòi, ñèìåòðè÷íîñòi,
íàïiâêîìóòàòèâíîñòi é àáåëåâîñòi äëÿ íüîãî áóäóòü åêâiâàëåíòíèìè.

Êëþ÷îâi ñëîâà: íàïiâêîìóòàòèâíi, àáåëåâi, ðåäóêîâàíi, ñèìåòðè÷íi, ç
óìîâàìè Áåðà íàïiâãðóïè i S-ïîëiãîíè.

1. Âñòóï. Íåõàé S � íàïiâãðóïà ç íóëåì 0. Çîáðàæåííÿ íàïiâãðóïè S ïåðå-
òâîðåííÿìè ìíîæèíè âèçíà÷à¹ S-ïîëiãîí (S-act) òàê ñàìî, ÿê çîáðàæåííÿ êiëüöÿ R
åíäîìîðôiçìàìè àáåëåâî¨ ãðóïè âèçíà÷à¹ R-ìîäóëü.

Íàøà ìåòà � äîñëiäèòè âëàñòèâîñòi íàïiâãðóï i ïîëiãîíiâ íàä íèìè, ÿêi áëèçü-
êi äî êîìóòàòèâíèõ ñòðóêòóð àáî çàäîâîëüíÿþòü àíóëÿòîðíi óìîâè Áåðà. Ìè âè-
êîðèñòîâóâàëè âiäîìi ìåòîäè äîñëiäæåíü êiëåöü i ìîäóëiâ, òîìó áàãàòî ïðèêëàäiâ,
îçíà÷åíü i âëàñòèâîñòåé çà àíàëîãi¹þ ïåðåíåñåíî íà íàïiâãðóïè i ïîëiãîíè ç òàêèõ
ïðàöü: [1]�[5], [7]� [12]. Ïîçíà÷åííÿ íàïiâãðóï, ïîëiãîíiâ òà ¨õíi åëåìåíòàðíi âëàñòè-
âîñòi ìè ïî÷åðïíóëè ç ïiäðó÷íèêiâ [6], [13]� [15].

Íàãàäà¹ìî, ùî ìîäóëü MR íàçèâàþòü íàïiâêîìóòàòèâíèì ìîäóëåì, ÿêùî äëÿ
áóäü-ÿêîãîm ∈ M i áóäü-ÿêîãî a ∈ R, ç óìîâèma = 0 âèïëèâà¹ ðiâíiñòümRa = 0 [1].
Ó äðóãié ÷àñòèíi îïðàöüîâàíî âëàñòèâîñòi íàïiâêîìóòàòèâíèõ ïîëiãîíiâ i íàïiâãðóï.
Òàêîæ ðîçãëÿíóòî íàïiâãðóïè, íóëüîâi äîáóòêè ÿêèõ êîìóòóþòü. Äëÿ íàïiâãðóïè S ç
íóëåì 0 i n > 2 ìè êàæåìî, ùî S çàäîâîëüíÿ¹ óìîâó ZCn, ÿêùî âèêîíó¹òüñÿ ðiâíiñòü
a1 · · · an = 0 ⇒ aσ(1) · · · aσ(n) = 0, äëÿ êîæíî¨ ïåðåñòàíîâêè σ ∈ Sn. Ó [3] äîâåäåíî

c⃝ Iùóê Þ., Êîçà÷îê I., 2015
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òàêå: ÿêùî S çàäîâîëüíÿ¹ ZCn äëÿ ôiêñîâàíîãî n > 3, òîäi S òàêîæ çàäîâîëüíÿ¹ óìî-
âó ZCn+1, ùî íàïiâãðóïà áåç íóëüîâèõ íiëüïîòåíòíèõ åëåìåíòiâ çàäîâîëüíÿ¹ óìîâó
ZCn äëÿ âñiõ n > 2.

Íåõàé R � àñîöiàòèâíå êiëüöå ç îäèíèöåþ, ìîäóëü M � óíiòàðíèé ïðàâèé R-
ìîäóëü. Äëÿ íåïîðîæíüî¨ ìíîæèíè X êiëüöÿ R âèêîðèñòîâóâàòèìåìî îäíîñòîðîííi
iäåàëè rR(X) = {r ∈ R | Xr = 0} òà lR(X) = {r ∈ R | rX = 0}, ÿêi íàçèâàþòü
ïðàâèì àíóëÿòîðîì X â R i ëiâèì àíóëÿòîðîì X â R, âiäïîâiäíî. Ñèìâîëîì ” 6 ”
ïîçíà÷èìî âiäíîøåííÿ áóòè ïiäìîäóëåì.

Íàãàäà¹ìî, ùî êiëüöå R íàçèâà¹òüñÿ ðåäóêîâàíèì, ÿêùî R íå ìà¹ íåíóëüîâèõ
íiëüïîòåíòíèõ åëåìåíòiâ. Çàóâàæèìî, ùî âñi ðåäóêîâàíi êiëüöÿ � àáåëåâi (òîáòî, âñi
iäåìïîòåíòè â íèõ ¹ öåíòðàëüíèìè). Ó [8] Êàïëàíñüêèé ââiâ êiëüöÿ Áåðà ÿê êiëü-
öÿ, â ÿêèõ ïðàâèé (ëiâèé) àíóëÿòîð áóäü-ÿêî¨ íåïîðîæíüî¨ ïiäìíîæèíè îáîâ'ÿçêî-
âî ïîðîäæó¹òüñÿ iäåìïîòåíòîì. Êiëüöå R íàçèâà¹òüñÿ êâàçi-Áåðîâèì, ÿêùî ïðàâèé
àíóëÿòîð êîæíîãî ïðàâîãî iäåàëó êiëüöÿ R ïîðîäæó¹òüñÿ (ÿê ïðàâèé iäåàë) iäåì-
ïîòåíòîì. Îáèäâà âèçíà÷åííÿ ëiâî-ïðàâî ñèìåòðè÷íi. Êiëüöå R íàçèâà¹òüñÿ ïðàâèì
(âiäïîâiäíî, ëiâèì) ãîëîâíèì êâàçi-Áåðîâèì (àáî ïðîñòî ïðàâèì (âiäïîâiäíî, ëiâèì)
p.q.-Áåðîâèì êiëüöåì, ÿêùî ïðàâèé (âiäïîâiäíî, ëiâèé) àíóëÿòîð ãîëîâíîãî ïðàâîãî
(âiäïîâiäíî, ëiâîãî) iäåàëó êiëüöÿ R ïîðîäæó¹òüñÿ iäåìïîòåíòîì. Êiëüöå R íàçèâà-
¹òüñÿ p.q.-Áåðîâèì êiëüöåì, ÿêùî âîíî ¹ îäíî÷àñíî ïðàâèì i ëiâèì p.q.-Áåðîâèì.

Iíøå óçàãàëüíåííÿ êiëåöü Áåðà ñòàíîâëÿòü p.p.-êiëüöÿ. Êiëüöå R íàçèâà¹òüñÿ
ïðàâèì (âiäïîâiäíî, ëiâèì) p.p.-êiëüöåì, ÿêùî ïðàâèé (âiäïîâiäíî, ëiâèé) àíóëÿòîð
åëåìåíòà ç R ïîðîäæó¹òüñÿ iäåìïîòåíòîì. Êiëüöå R íàçèâà¹òüñÿ p.p.-êiëüöåì, ÿêùî
âîíî ¹ îäíî÷àñíî ïðàâèì i ëiâèì p.p.-êiëüöåì. Êiëüöå R íàçèâà¹òüñÿ íàïiâêîìóòàòèâ-
íèì, ÿêùî äëÿ êîæíîãî a ∈ R, rR(a) ¹ iäåàëîì â R. (Òå ñàìå äëÿ áóäü-ÿêèõ a, b ∈ R,
ç óìîâè ab = 0 âèïëèâà¹, ùî aRb = 0). Iäåìïîòåíò e ∈ R íàçèâà¹òüñÿ öåíòðàëüíèì,
ÿêùî xe = ex äëÿ âñiõ x ∈ R. Iäåìïîòåíò e2 = e ∈ R íàçèâà¹òüñÿ ëiâèì (âiäïîâiäíî,
ïðàâèì) íàïiâöåíòðàëüíèì iäåìïîòåíòîì, ÿêùî eR (âiäïîâiäíî, Re) ¹ äâîñòîðîííiì
iäåàëîì â R.

Ó [9] ââåäåíî ïîíÿòòÿ Áåðîâèõ, êâàçi-Áåðîâèõ i p.p.-ìîäóëiâ òàê:
à) MR íàçèâà¹òüñÿ Áåðîâèì ìîäóëåì, ÿêùî äëÿ áóäü-ÿêî¨ ïiäìíîæèíè X ç M ,

rR(X) = eR, äå e2 = e ∈ R;
á) MR íàçèâà¹òüñÿ êâàçi-Áåðîâèì ìîäóëåì, ÿêùî äëÿ áóäü-ÿêîãî ïiäìîäóëÿ N

ç M , rR(N) = eR, äå e2 = e ∈ R;
â) MR íàçèâà¹òüñÿ p.p.-ìîäóëåì, ÿêùî äëÿ áóäü-ÿêîãî m ∈ M , rR(m) = eR, äå

e2 = e ∈ R.
Ó [4] ìîäóëü MR íàçèâà¹òüñÿ p.q.-Áåðîâèì, ÿêùî äëÿ áóäü-ÿêîãî m ∈ M ,

rR(mR) = eR, äå e2 = e ∈ R. Ìîäóëü MR íàçèâàþòü íàïiâêîìóòàòèâíèì ìîäóëåì,
ÿêùî äëÿ áóäü-ÿêîãî m ∈ M i áóäü-ÿêîãî a ∈ R, ç óìîâè ma = 0 âèïëèâà¹, ùî
mRa = 0.

Íåõàé M � ïðàâèé R-ìîäóëü i S = EndR(M). Òîäi M � ëiâèé S-ìîäóëü, ïðà-
âèé R-ìîäóëü i S-R-áiìîäóëü. Ó ïðàöi [12] Ðiçâi i Ðîìàí íàçèâàþòü M ìîäóëåì Áåðà,
ÿêùî ïðàâèé àíóëÿòîð âM áóäü-ÿêîãî ëiâîãî iäåàëó â S ïîðîäæó¹òüñÿ iäåìïîòåíòîì
ç S (àáî, ùî åêâiâàëåíòíî, äëÿ âñiõ R-ïiäìîäóëiâ N ç M , lS(N) = Se ç e2 = e ∈ S); i
M ¹ êâàçi-Áåðîâèì ìîäóëåì, ÿêùî ïðàâèé àíóëÿòîð â M áóäü-ÿêîãî iäåàëó S ïîðî-
äæó¹òüñÿ iäåìïîòåíòîì ç S (àáî, ùî åêâiâàëåíòíî, äëÿ âñiõ öiëêîì õàðàêòåðèñòè÷íèõ
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R-ïiäìîäóëiâ N ç M , ls(N) = Se ç e2 = e ∈ S). Ñåðåä iíøîãî, âîíè äîâåëè, ùî áóäü-
ÿêà ïðÿìà ñóìà ìîäóëiâ Áåðà (âiäïîâiäíî êâàçi-Áåðà) ¹ òàêîæ Áåðîâèì (âiäïîâiäíî,
êâàçi-Áåðîâèì) ìîäóëåì, i êiëåöü åíäîìîðôiçìiâ S = EndR(M) Áåðîâèõ (âiäïîâiä-
íî, êâàçi-Áåðîâèõ) ìîäóëiâ M ¹ Áåðîâèì (âiäïîâiäíî, êâàçi-Áåðîâèì) êiëüöåì (äèâ.
òåîðåìó 4.1 â [12]).

Â [2, òâåðäæåííÿ 2.7] äîâåäåíî òàêå: ÿêùî ìîäóëü MR ¹ íàïiâêîìóòàòèâíèì ìî-
äóëåì, òî MR ¹ ìîäóëåì Áåðà òîäi i òiëüêè òîäi, ÿêùî âií ¹ ìîäóëåì êâàçi-Áåðà, i
MR ¹ p.p.-ìîäóëåì, òîäi i òiëüêè òîäi, ÿêùî öå p.q.-Áåðîâèé ìîäóëü. Äëÿ íàïiâêî-
ìóòàòèâíîãî êiëüöÿ R äîâåäåíî, ùî R ¹ p.p.-êiëüöåì òîäi i ëèøå òîäi, êîëè R[x] ¹
p.p.-êiëüöåì. Êiëüöå R ¹ Áåðîâèì, òîäi i òiëüêè òîäi, êîëè R[x] � êiëüöå Áåðà, R ¹
p.q.-Áåðîâèì êiëüöåì, òîäi i òiëüêè òîäi, êîëè R[x] � p.q.-Áåðîâå êiëüöå.

Íåõàé S � ìîíî¨ä ç îäèíèöåþ 1.

Îçíà÷åííÿ 1. Íåïîðîæíÿ ìíîæèíà A íàçèâà¹òüñÿ ïðàâèì S-ïîëiãîíîì (àáî ïðà-
âèì ïîëiãîíîì íàä ìîíî¨äîì S), ÿêùî iñíó¹ òàêå âiäîáðàæåííÿ:

µ : A× S → A,
(a, s) 7→ as = µ(a, s),

äå äëÿ âñiõ s, t ∈ S i äëÿ âñiõ a ∈ A âèêîíóþòüñÿ óìîâè:
1) a · 1 = a;
2) a(st) = (as)t.
Iíêîëè òàêå âiäîáðàæåííÿ íàçèâàþòü ñòðóêòóðîâàíèì âiäîáðàæåííÿì.

Ïðàâèé S-ïîëiãîí A ïîçíà÷à¹òüñÿ ÷åðåç AS . Àíàëîãi÷íî âèçíà÷à¹òüñÿ ëiâèé S-
ïîëiãîí, ÿêèé ïîçíà÷à¹òüñÿ ÷åðåç SA. Çàçíà÷èìî, ùî ñàì ìîíî¨ä S ¹ ïðàâèì S-
ïîëiãîíîì, i îäíî÷àñíî ëiâèì S-ïîëiãîíîì.

ßêùî S � íàïiâãðóïà áåç îäèíèöi, òî ïåðøà óìîâà â îçíà÷åííi ïîëiãîíà ¹ çàé-
âîþ. Òîäi ãîâîðèìî ïðî ïîëiãîí íàä íàïiâãðóïîþ.

ßêùî S ¹ êîìóòàòèâíèì ìîíî¨äîì, òî êîæíèé ëiâèé S-ïîëiãîí ìîæíà ðîçãëÿ-
äàòè i ÿê ïðàâèé S-ïîëiãîí. Ñïðàâäi, ÿêùî SA ¹ ëiâèì S-ïîëiãîíîì, òî ìîæíà âè-
çíà÷èòè ìíîæåííÿ ñïðàâà íà åëåìåíò ç S: a ∗ s = sa äëÿ âñiõ a ∈ A i s ∈ S. Òîäi
a ∗ 1 = 1a = a äëÿ âñiõ a ∈ A i

a ∗ (s1s2) = a ∗ (s2s1) = (s2s1)a =
= s2(s1a) = s2(a ∗ s1) = (a ∗ s1) ∗ s2.

Ó öüîìó âèïàäêó ìîæíà ðîçãëÿäàòèA íàä S ÿê S-áiïîëiãîí, îñêiëüêè äëÿ âñiõ s1, s2 ∈
S i a ∈ A âèêîíó¹òüñÿ ðiâíiñòü

(s1a) ∗ s2 = s2(s1a) = (s2s1)a = (s1s2)a = s1(s2a) = s1(a ∗ s2).
Ó öié ïðàöi âñi ïîëiãîíè A âîëîäiþòü íóëåì 0, òîáòî òàêèì åëåìåíòîì, äëÿ ÿêîãî

âèêîíó¹òüñÿ 0 · s = 0, 0 ∈ A, ∀s ∈ S.

Îçíà÷åííÿ 2. Ïðàâèé S-ïîëiãîí AS íàçèâà¹òüñÿ òî÷íèì, ÿêùî äëÿ âñiõ s, t ∈ S i
äåÿêîãî a ∈ A ç ðiâíîñòi as = at âèïëèâà¹, ùî s = t.

Îçíà÷åííÿ 3. Ïðàâèé S-ïîëiãîí AS íàçèâà¹òüñÿ ñòðîãî òî÷íèì, ÿêùî äëÿ âñiõ
s, t ∈ S i âñiõ a ∈ A ç ðiâíîñòi as = at âèïëèâà¹, ùî s = t.
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Î÷åâèäíî, ùî êîæíèé ñòðîãî òî÷íèé ïîëiãîí ¹ òî÷íèì ïîëiãîíîì. Ïîëiãîíè SS

òà SS ¹ òî÷íèìè, îñêiëüêè 1 ∈ S, i öi ïîëiãîíè ñòðîãî òî÷íi, ÿêùî S ¹ ñêîðîòíèì
çëiâà àáî ñïðàâà.

Ç îçíà÷åííÿ 2 âèïëèâà¹ òàêå: ÿêùî ïîëiãîí ìiñòèòü òî÷íèé ïîëiãîí, òî âåñü
ïîëiãîí òàêîæ òî÷íèé. ßêùî æ Ai, i ∈ I ñòðîãî òî÷íi ïðàâi S-ïîëiãîíè, òî ¨õí¹
îá'¹äíàííÿ

∪
i∈I Ai òàêîæ ¹ ñòðîãî òî÷íèì ïîëiãîíîì.

2. Íàïiâêîìóòàòèâíi íàïiâãðóïè é àáåëåâi ïîëiãîíè íàä íèìè.

Îçíà÷åííÿ 4. Íàïiâãðóïà S íàçèâà¹òüñÿ íàïiâêîìóòàòèâíîþ, ÿêùî äëÿ áóäü-
ÿêèõ a, b ∈ S, ab = 0 âèêîíó¹òüñÿ, ùî aSb = 0.

Òâåðäæåííÿ 1. Òàêi óìîâè äëÿ íàïiâãðóïè S åêâiâàëåíòíi.
1. Íàïiâãðóïà S � íàïiâêîìóòàòèâíà.
2. Ïðàâèé àíóëÿòîð áóäü-ÿêîãî åëåìåíòà ¹ iäåàëîì â S.
3. Ëiâèé àíóëÿòîð áóäü-ÿêîãî åëåìåíòà ¹ iäåàëîì â S.

Äîâåäåííÿ. (1) ⇒ (2) Íåõàé S � íàïiâêîìóòàòèâíà òà Annr(a) = {s ∈ S, as = 0} �
ïðàâèé àíóëÿòîð åëåìåíòà a ∈ S. Î÷åâèäíî, ùî Annr(a) � ïðàâèé iäåàë â S.

Òîäi ç óìîâè (1) âèïëèâà¹, ùî ∀s ∈ S, ∀b ∈ Annr(a) âèêîíó¹òüñÿ a(sb) = 0.
Îòæå, sb ∈ Annr(a) äëÿ âñiõ s ∈ S, òîáòî Annr(a) ¹ äâîái÷íèì iäåàëîì â S.
(2) ⇒ (1) ßêùî ab = 0, äå a, b ∈ S, òî b ∈ Annr(a). Îñêiëüêè çà óìîâîþ (2)

∀a ∈ S, Annr(a) � äâîái÷íèé iäåàë, òî ∀s ∈ S, b ∈ Annr(a) i asb = 0.
Çâiäñè, aSb = 0, òîáòî S � íàïiâãðóïà.
(2) ⇔ (3) äîâîäèòüñÿ àíàëîãi÷íî, äî åêâiâàëåíòíîñòi (1) ⇔ (2), ðîçãëÿíóâøè

ëiâèé àíóëÿòîð Annl(b) äîâiëüíîãî åëåìåíòà b íàïiâãðóïè S. �

Îçíà÷åííÿ 5. Íàïiâãðóïà S íàçèâà¹òüñÿ ðåäóêîâàíîþ, ÿêùî âîíà íå ìà¹ íåíóëüî-
âèõ íiëüïîòåíòíèõ åëåìåíòiâ.

Ââåäåìî îçíà÷åííÿ àáåëåâîãî ïîëiãîíó çà àíàëîãi¹þ ç àáåëåâèì êiëüöåì i ìîäó-
ëåì, ïðîàíàëiçó¹ìî ¨õíi âëàñòèâîñòi. Ó [1] ââåäåíî òàêå îçíà÷åííÿ àáåëåâîãî ìîäóëÿ.

Îçíà÷åííÿ 6. Ìîäóëü M íàä êiëüöåì R íàçèâà¹òüñÿ àáåëåâèì, ÿêùî äëÿ áóäü-
ÿêèõ m ∈ M , a ∈ R i e2 = e ∈ R, mae = mea.

Îçíà÷åííÿ 7. Ïîëiãîí A íàä ìîíî¨äîì S íàçèâàòèìåìî àáåëåâèì, ÿêùî äëÿ áóäü-
ÿêèõ a ∈ A i s ∈ S òà áóäü-ÿêîãî iäåìïîòåíòà e2 = e ∈ S âèêîíó¹òüñÿ ðiâíiñòü
ase = aes.

Ëåìà 1. 1. Íàïiâãðóïà S ¹ ç öåíòðàëüíèìè iäåìïîòåíòàìè òîäi i òiëüêè òîäi,
êîëè êîæåí S-ïîëiãîí ¹ àáåëåâèì.

2. Íàïiâãðóïà S áóäå ç öåíòðàëüíèìè iäåìïîòåíòàìè òîäi i òiëüêè òîäi, êîëè
S � àáåëåâèé ïîëiãîí íàä S.

Äîâåäåííÿ. 1. Äîâåäåìî íåîáõiäíiñòü.
Íåõàé S � íàïiâãðóïà ç öåíòðàëüíèìè iäåìïîòåíòàìè. Ç îçíà÷åííÿ 7 äëÿ áóäü-

ÿêèõ e2 = e ∈ S, s ∈ S âèêîíó¹òüñÿ ðiâíiñòü se = es. Òîäi ase = aes, äëÿ a ∈ A.
Îòæå, ïîëiãîí A íàä S � àáåëåâèé.

Äîâåäåìî äîñòàòíiñòü.
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Íåõàé êîæåí ïîëiãîíA íàä íàïiâãðóïîþ S � àáåëåâèé. ßêùîA = S1, òîäi se = a
i âèêîíó¹òüñÿ ðiâíiñòü se = 1se = 1es = es. Çâiäñè, íàïiâãðóïà S ç öåíòðàëüíèìè
iäåìïîòåíòàìè.

2. Íåîáõiäíiñòü äîâîäèòüñÿ àíàëîãi÷íî ÿê â 1.
Äîâåäåìî äîñòàòíiñòü. Íåõàé ïîëiãîí A � àáåëåâèé. ßêùî A = S1, òî íàïiâ-

ãðóïà S ç öåíòðàëüíèìè iäåìïîòåíòàìè. ßêùî A � áåç îäèíèöi, òî çà âiäîìîþ ïðî-
öåäóðîþ ìîæíà äîëó÷èòè îäèíèöþ é îòðèìàòè íàïiâãðóïó ç îäèíèöåþ. Òîäi se = a
i âèêîíó¹òüñÿ ðiâíiñòü se = 1se = 1es = es. Òîìó íàïiâãðóïà S ¹ ç öåíòðàëüíèìè
iäåìïîòåíòàìè. �

Ç ïðèêëàäó 1 âèïëèâà¹, ùî iñíóþòü àáåëåâi S-ïîëiãîíè íàâiòü, ÿêùî S íå ¹
íàïiâãðóïîþ ç öåíòðàëüíèìè iäåìïîòåíòàìè.

Ïðèêëàä 1. Ïîáóäó¹ìî àáåëåâèé S-ïîëiãîí A, äå S íå ¹ íàïiâãðóïîþ ç öåíòðàëü-
íèìè iäåìïîòåíòàìè.

1. Íåõàé P � áóäü-ÿêå ïîëå. Ðîçãëÿíåìî íàïiâãðóïó âåðõíiõ òðèêóòíèõ 2 × 2

ìàòðèöü S =

{(
a b
0 c

)
,äå a, b, c ∈ P

}
i ïîëiãîí A =

{(
0 0
0 d

)
, äå d ∈ P

}
. Äëÿ áóäü-

ÿêîãî a ∈ A i s ∈ S, ÿêùî e2 = e ∈ S, òî âèêîíó¹òüñÿ ase = aes.
Îòæå, S � àáåëåâèé ïðàâèé S-ïîëiãîí.

2. Äëÿ e =

(
0 0
0 0

)
òà e =

(
1 0
0 1

)
î÷åâèäíî, ùî S � àáåëåâà.

Íåõàé e =

(
1 0
0 0

)
∈ S. Òîäi e � iäåìïîòåíò â S. Äëÿ a =

(
a b
0 c

)
∈ S îòðèìà¹ìî

ae =

(
a b
0 c

)(
1 0
0 0

)
=

(
a 0
0 0

)
òà ea =

(
1 0
0 0

)(
a b
0 c

)
=

(
a 0
0 0

)
.

Îòæå, S � íàïiâãðóïà ç öåíòðàëüíèìè iäåìïîòåíòàìè.

Íåõàé e =

(
0 0
0 1

)
∈ S. Òîäi ae =

(
a b
0 c

)(
0 0
0 1

)
=

(
0 0
0 c

)
,

òà ea =

(
0 0
0 1

)(
a b
0 c

)
=

(
0 b
0 c

)
. Òîìó iäåìïîòåíò e íå ¹ öåíòðàëüíèì.

Îòæå, S � íå ¹ íàïiâãðóïîþ ç öåíòðàëüíèìè iäåìïîòåíòàìè.

Òâåðäæåííÿ 2. Êëàñ àáåëåâèõ ïîëiãîíiâ ¹ çàìêíóòèì ùîäî âçÿòòÿ ïiäïîëiãîíiâ,
äîáóòêiâ i ãîìîìîðôíèõ îáðàçiâ. Òîìó àáåëåâi ïîëiãîíè çàìêíóòi ùîäî ïðÿìèõ ñóì.

Äîâåäåííÿ. 1. Íåõàé A � àáåëåâèé ïîëiãîí i éîãî ïiäìíîæèíà B ⊂ A, ∀b ∈ B. Òîäi
∀s ∈ S, e2 = e ∈ S âèêîíó¹òüñÿ bes = bse, áî b ∈ B ⇒ b ∈ A. Îòæå, B � àáåëåâèé
ïiäïîëiãîí çà îçíà÷åííÿì 7.

2. Íåõàé A,B � àáåëåâi ïîëiãîíè íàä S. Òîäi äîáóòîê ïîëiãîíiâ A×B � òàêîæ
àáåëåâèé, áî A×B = {(a, b) ∈ A×B} i (a, b)es = (aes, bes) = (a, b)se. Äëÿ áóäü-ÿêèõ
e2 = e, s ∈ S, a ∈ A, b ∈ B.

3. Íåõàé φ : A → B � ãîìîìîðôiçì ïîëiãîíó A â B. Òîäi äëÿ áóäü-ÿêîãî
b ∈ Imφ ⊆ B iñíó¹ òàêå a ∈ A, ùî φ(a) = b, i ∀s ∈ S φ(as) = φ(a)s. Îòæå, bes =
φ(a)es = φ(aes) = φ(ase) = φ(a)se = bse äëÿ áóäü-ÿêîãî iäåìïîòåíòà e ∈ S. Òîìó
φ(A) � àáåëåâèé ïîëiãîí. �
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Òâåðäæåííÿ 3. Íàïiâãðóïà S áóäå íàïiâãðóïîþ ç öåíòðàëüíèìè iäåìïîòåíòàìè
òîäi i ëèøå òîäi, êîëè iñíó¹ òî÷íèé àáåëåâèé ïîëiãîí íàä íåþ.

Äîâåäåííÿ. (⇒) ßêùî S íàïiâãðóïà ç öåíòðàëüíèìè iäåìïîòåíòàìè, òî se = es äëÿ
áóäü-ÿêîãî e2 = e, s ∈ S. Çà ëåìîþ 1 S-ïîëiãîí Ss ¹ àáåëåâèì, îòæå, ase = aes i
As = 0. Äëÿ âñiõ s, t ∈ S i äåÿêîãî a ∈ Ss, îòðèìà¹ìî As = At = 0. Çâiäñè, s = t.
Îòæå, iñíó¹ òî÷íèé àáåëåâèé S-ïîëiãîí.

(⇐) Íåõàé iñíó¹ òî÷íèé àáåëåâèé S-ïîëiãîí A òàêèé, ùî äëÿ áóäü-ÿêèõ a ∈ A i
e2 = e, s ∈ S, òîäi aes = ase. Çâiäñè, ç òî÷íîñòi A íàä S âèïëèâà¹, ùî es = se. Îòæå,
S � íàïiâãðóïà ç öåíòðàëüíèìè iäåìïîòåíòàìè. �

Çi ñòàòòi Ä.Àíäåðñåíà i Â.Êàìiëî [3] ðîçãëÿíåìî òàêå îçíà÷åííÿ i òåîðåìè.

Îçíà÷åííÿ 8. Íåõàé S � íàïiâãðóïà ç íóëåì i n > 2. Òîäi êàæóòü, ùî S çà-
äîâîëüíÿ¹ óìîâó ZCn, ÿêùî äëÿ áóäü-ÿêèõ a1, . . . , an ∈ S ç òîãî, ùî a1 · · · an = 0
âèïëèâà¹ aσ(1) · · · aσ(n) = 0 äëÿ âñiõ σ ∈ Sn.

Òåîðåìà 1. Áóäü-ÿêà ðåäóêîâàíà íàïiâãðóïà S âîëîäi¹ âëàñòèâiñòþ ZC2.

Òåîðåìà 2. Íåõàé S � íàïiâãðóïà ç 0 i n > 3. ßêùî S çàäîâîëüíÿ¹ óìîâó ZCn,
òîäi S çàäîâîëüíÿ¹ óìîâó ZCn+1 òàêîæ.

Íàñëiäîê 1. ßêùî íàïiâãðóïà S çàäîâîëüíÿ¹ âëàñòèâiñòü ZC3, òî S çàäîâîëüíÿ-
òèìå ZCn äëÿ âñiõ n > 3.

Òåîðåìà 3. Íåõàé S ðåäóêîâàíà íàïiâãðóïà. Òîäi S çàäîâîëüíÿ¹ ZCn äëÿ âñiõ n > 2.

Íåõàé S � íàïiâãðóïà ç íóëåì. ßêùî S ìà¹ îäèíèöþ, òîäi çðîçóìiëî, ùî S
çàäîâîëüíÿ¹ óìîâó ZCn, çâiäêè âèïëèâà¹, ùî S çàäîâîëüíÿ¹ i óìîâó ZCn−1 äëÿ n >
3. Ç íàñòóïíîãî ïðèêëàäó âèïëèâà¹ òàêå: êîëè S íå ìà¹ îäèíèöi, òîäi íå âèêîíó¹òüñÿ
ZCn ⇒ ZCn−1 äëÿ n > 3.

Ïðèêëàä 2. Íåõàé Mn = {0} ∪ {eij | 1 6 i < j 6 n}, äå eijelk = eik, ÿêùî j = l i 0 â
iíøîìó âèïàäêó. Áóäü-ÿêèé äîáóòîê n åëåìåíòiâ ç Mn äîðiâíþâàòèìå 0, îòæå, Mn

çàäîâîëüíÿ¹ óìîâó ZCn (òàêîæ çàäîâîëüíÿ¹ óìîâó ZCm äëÿ m > n).
Ïðèïóñòèìî, ùî 2 6 i < n; òîäi e12e23 · · · eii+1 = e1i+1 ̸= 0, i îçíà÷à¹, ùî

eii+1e12 · · · ei−1i = 0. Îòæå, Mn íå çàäîâîëüíÿ¹ ZCi.

Îçíà÷åííÿ 9. Ðåãóëÿðíà íàïiâãðóïà S ç öåíòðàëüíèìè iäåìïîòåíòàìè íàçèâà¹-
òüñÿ Êëiôîðäîâîþ.

Âèêîðèñòîâóþ÷è òåîðåìè 1�3 i ¨õíi íàñëiäêè, ìè äîâåëè òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 4. Íåõàé S � Êëiôîðäîâà íàïiâãðóïà. ßêùî S çàäîâîëüíÿ¹ óìîâó
ZCn äëÿ äåÿêîãî n > 2, òîäi S � ðåäóêîâàíà íàïiâãðóïà.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî ∃x ̸= 0, x ∈ S òàêèé, ùî xm = 0, äå m > 1. I íåõàé x =
xbx äëÿ äåÿêîãî b ∈ S. Òîäi xb � öåíòðàëüíèé iäåìïîòåíò, òîìó x = xbx = x2b. Îòæå,
x = xxb = x(x2b)b = x3b = · · · = xmbm−1 = 0, à íàïiâãðóïà S � ðåäóêîâàíà. �

3. Ïîëiãîíè ç óìîâàìè Áåðà.

Îçíà÷åííÿ 10. Ïîëiãîí A íàä íàïiâãðóïîþ S íàçèâàòèìåìî ïðàâèì p.p.-Áåðîâèì,
ÿêùî äëÿ âñiõ a ∈ A, AnnS(a) = {s ∈ S, as = 0} = eS � ïðàâèé iäåàë â S.
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Îçíà÷åííÿ 11. Ïîëiãîí A íàä íàïiâãðóïîþ S íàçèâàòèìåìî ïðàâèì (ëiâèì) p.q.-
Áåðîâèì, ÿêùî äëÿ âñiõ a ∈ A ïðàâèé àíóëÿòîð AnnS(aS) êîæíîãî ãîëîâíîãî ïðà-
âîãî iäåàëó íàïiâãðóïè S ïîðîäæó¹òüñÿ (ÿê ïðàâèé iäåàë) iäåìïîòåíòîì.

Îçíà÷åííÿ 12. Ïîëiãîí A íàä íàïiâãðóïîþ S íàçèâà¹òüñÿ ðåäóêîâàíèì, ÿêùî äëÿ
âñiõ a ∈ A, ∀s ∈ S âèêîíó¹òüñÿ òàêå: as = 0 ⇒ aS ∩As = 0.

Ëåìà 2. Áóäü-ÿêèé ðåäóêîâàíèé ïîëiãîí ¹ íàïiâêîìóòàòèâíèì.

Äîâåäåííÿ. Íåõàé ïîëiãîí A � ðåäóêîâàíèé, òîäi äëÿ áóäü-ÿêîãî a ∈ A òà s ∈ S
A íå ¹ íàïiâêîìóòàòèâíèì, òîáòî âèêîíó¹òüñÿ (as = 0) ⇒ aS ∩ As = 0. Äîâåäåííÿ
ïðîâåäåìî âiä ñóïðîòèâíîãî.

Ïðèïóñòèìî, ùî as = 0 i aSs ̸= 0, òîäi ∃t ∈ S òàêå, ùî ats ̸= 0. Ç ðiâíîñòi
a(ts) = (at)s îòðèìà¹ìî, ùî a(ts) ∈ aS, a (at)s ∈ As. Îòæå, ats ∈ aS ∩ As. Öå
ñóïåðå÷èòü ðåäóêîâàíîñòi A. Òîìó A � íàïiâêîìóòàòèâíèé ïîëiãîí. �
Ëåìà 3. ßêùî S-ïîëiãîí A � íàïiâêîìóòàòèâíèé, òî âií àáåëåâèé. Çâîðîòíå
òâåðäæåííÿ áóäå ïðàâèëüíèì, ÿêùî A ïîëiãîí ç óìîâîþ p.p.-Áåðà.

Äîâåäåííÿ. (⇒) Íåõàé e � iäåìïîòåíò â S i a ∈ A, s ∈ S. Îñêiëüêè A ¹ íàïiâêîìó-
òàòèâíèì, òî ç as = 0 âèïëèâà¹, ùî (as)e = 0. Ç iíøîãî áîêó, aSs = 0 ⇒ aes = 0 ∈ S.
Òîäi ase = aes = 0 äëÿ áóäü-ÿêîãî a ∈ A i e2 = e ∈ S. Îòæå, A � àáåëåâèé ïîëiãîí.

(⇐) Òåïåð ïðèïóñòèìî, ùî A � àáåëåâèé ïîëiãîí ç óìîâîþ p.p.-Áåðà. Íåõàé
a ∈ A i s ∈ S i as = 0, òîäi s ∈ eS äëÿ äåÿêîãî e2 = e ∈ S. Òîìó ae = 0, áî e2 = e ∈ S
i s = es1. Îòæå, aeS = 0. Çà ïðèïóùåííÿì aSe = 0. Äîìíîæèâøè ñïðàâà íà s1,
îòðèìà¹ìî aSes1 = 0. Îñêiëüêè s = es1, aSs = 0. Òîìó A � íàïiâêîìóòàòèâíèé
ïîëiãîí. �
Ëåìà 4. ßêùî A � ðåäóêîâàíèé ïîëiãîí, òîäi A ¹ àáåëåâèì. Çâîðîòíå òâåðäæåííÿ
ïðàâèëüíå äëÿ àáåëåâèõ ïîëiãîíiâ ç óìîâîþ p.p.-Áåðà.

Äîâåäåííÿ. Íåõàé A � ðåäóêîâàíèé. Îñêiëüêè áóäü-ÿêèé ðåäóêîâàíèé ïîëiãîí ¹ íà-
ïiâêîìóòàòèâíèì (Ëåìà 2) i áóäü-ÿêèé íàïiâêîìóòàòèâíèé ïîëiãîí ¹ àáåëåâèì (Ëå-
ìà 3), òî A � àáåëåâèé ïîëiãîí.

Íàâïàêè. Íåõàé A áóäå àáåëåâèì ïîëiãîíîì ç óìîâîþ p.p.-Áåðà. Ïðèïóñòèìî,
ùî as = 0 äëÿ a ∈ A i s ∈ S. ßêùî x ∈ aS

∩
As, òî iñíó¹ a1 ∈ A i s1 ∈ S òàêi,

ùî x = as1 = a1s. Îñêiëüêè A çàäîâîëüíÿ¹ óìîâó p.p.-Áåðà i as = 0, òî çâiäñè
s ∈ AnnS(a) = eS äëÿ äåÿêîãî iäåìïîòåíòà e2 = e ∈ S. Òîäi s = et i xe = as1e = a1se,
äå t ∈ S. Ïîçàÿê A àáåëåâèé i ae = 0, òî as1e = aes1 = a1se = a1es = a1e

2t = a1et =
a1s = 0. Çâiäñè x = a1s = 0 ìàòèìåìî ïðîòèði÷÷ÿ, îòæå, aS

∩
As = 0, òîáòî A �

ðåäóêîâàíèé ïîëiãîí. �
Íàñòóïíèé ïðèêëàä äîâîäèòü, ùî iñíó¹ ïîëiãîí A ç óìîâîþ p.q.-Áåðà òàêèé, ùî

íå çàäîâîëüíÿ¹ óìîâó p.p.-Áåðà i ¹ àáåëåâèì ïîëiãîíîì, àëå íå ¹ ðåäóêîâàíèì. Îòæå,
îáåðíåíå òâåðäæåííÿ Ëåìè 2 íå ¹ ïðàâèëüíèì.

Ïðèêëàä 3. Iñíó¹ àáåëåâèé ïîëiãîí A ç óìîâîþ p.q.-Áåðà, ÿêèé íå ¹ ðåäóêîâàíèì
i íå çàäîâîëüíÿ¹ óìîâó p.p.-Áåðà. Íåõàé Z � íàïiâãðóïà öiëèõ ÷èñåë i Z2×2 i 2 × 2
ìàòðèöÿ íàä Z

A =

{(
a b
c d

)
: a ≡ d mod 2, b ≡ c ≡ 0 mod 2

}
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i íåõàé A � ïðàâèé S-ïîëiãîí.

Îçíà÷åííÿ 13. Ïîëiãîí A íàçèâà¹òüñÿ ñèìåòðè÷íèì, ÿêùî ç ðiâíîñòi ast = 0
âèïëèâà¹, ùî ats = 0 äëÿ áóäü-ÿêèõ a ∈ A i s, t ∈ S.

Ëåìà 5. ßêùî A � ñèìåòðè÷íèé ïîëiãîí, òîäi A � àáåëåâèé. Çâîðîòíå òâåðä-
æåííÿ ïðàâèëüíå, ÿêùî A ¹ ïîëiãîíîì ç óìîâîþ p.p.-Áåðà.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî A � ñèìåòðè÷íèé ïîëiãîí. Íåõàé a ∈ A i e2 = e, s ∈ S.
Òîäi ase = 0. Ç ñèìåòðè÷íîñòi ïîëiãîíó A âèïëèâà¹, ùî aes = 0. Îòæå, aes = aese.
Ç iíøîãî áîêó, ase = asee. Çâiäñè ase = aes. Òîìó ïîëiãîí A � àáåëåâèé.

Íàâïàêè. Ïðèïóñòèìî, ùî A � ïîëiãîí ç óìîâîþ p.p.-Áåðà. Íåõàé a ∈ A, s, t ∈
S i ast = 0. Îñêiëüêè A � ïîëiãîí ç óìîâîþ p.p.-Áåðà, òî t ∈ AnnS(as) = eS äëÿ
äåÿêîãî iäåìïîòåíòà e ∈ S. Òîäi t = et i ase = 0. Çà Ëåìîþ 3 îòðèìà¹ìî aSs = 0,
çîêðåìà, atse = 0. Çà óìîâîþ ats = aets = atse = 0. Îòæå, A � ñèìåòðè÷íèé
ïîëiãîí. �
Òåîðåìà 4. Íåõàé A � ïîëiãîí ç óìîâîþ p.p.-Áåðà. Òîäi òàêi òâåðäæåííÿ åêâiâà-
ëåíòíi:

1) A � ðåäóêîâàíèé;
2) A � ñèìåòðè÷íèé;
3) A � íàïiâêîìóòàòèâíèé;
4) A � àáåëåâèé.

Äîâåäåííÿ. (1) ⇔ (4). Ðåäóêîâàíèé ïîëiãîí A áóäå àáåëåâèì çà Ëåìîþ 4.
(2) ⇔ (4). Ñèìåòðè÷íèé ïîëiãîí A áóäå àáåëåâèì, ùî âèïëèâà¹ ç Ëåìè 5.
(3) ⇔ (4). Äîâåäåííÿ âèïëèâà¹ ç Ëåìè 3. �

Ëåìà 6. Íåõàé A ¹ àáåëåâèì ïîëiãîíîì ç óìîâîþ p.p.-Áåðà. Òîäi äëÿ áóäü-ÿêèõ
a ∈ A âèêîíó¹òüñÿ, AnnS(a) = AnnS(aS).

Äîâåäåííÿ. Âiäîìî, ùî AnnS(aS) ⊂ AnnS(a).
Íàâïàêè, êîæåí àáåëåâèé ïîëiãîí ç óìîâîþ p.p.-Áåðà ¹ êîìóòàòèâíèì, òîìó ç

ðiâíîñòi as = 0 âèïëèâà¹ aSs = 0. Îòæå, AnnS(a) ⊂ AnnS(aS). Òîìó AnnS(a) =
AnnS(aS). �
Íàñëiäîê 2. Íåõàé A � àáåëåâèé ïîëiãîí ç óìîâîþ p.p.-Áåðà. Òîäi A áóäå ïîëiãîíîì
ç óìîâîþ p.q.-Áåðà.

Äîâåäåííÿ. Íåõàé ïîëiãîí A áóäå àáåëåâèì ïîëiãîíîì ç óìîâîþ p.p.-Áåðà. Çà Ëå-
ìîþ 6 îäåðæèìî AnnS(a) = AnnS(aS) = eS äëÿ áóäü-ÿêîãî a ∈ A òà iäåìïîòåíòà
e ∈ S. Òîìó A � ïîëiãîí ç óìîâîþ p.q.-Áåðà. �
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SEMIGROUPS AND S-POLYGONS WITH ANNIHILATION

CONDITIONS

Yuriy ISHCHUK, Iryna KOZACHOK

Ivan Franko National University of Lviv,

Universytetska Str., 1, Lviv, 79000

e-mail: yishchuk@lnu.edu.ua

We introduce the notions of semicommutative semigroup and abelian S-
polygon by analogy with the notions of semicommutative, abelian modules and
rings investigated in [1]-[2]. We say that a semigroup S is a semicommutative
semigroup if for any x, y ∈ S, xy = 0 implies xSy = 0. A right S-polygon AS

is called abelian if, for any a ∈ AS and any s ∈ S, any idempotent e ∈ S,
ase = aes.
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Using the notions of Baer's conditions for modules in [12] we introduce p.p.-
Baer S-polygons and prove that if AS is a p.p.-Baer S-polygon, then the condi-
tions for AS to be a reduced, symmetric, semicommutative and an abelian
S-polygon are equivalent.

Key words: semicommutative, abelian, reduced, symmetric, p.p.-Baer semi-
groups and S-polygons.
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Âèçíà÷åíî äîñòàòíi óìîâè iñíóâàííÿ òà ¹äèíîñòi êëàñè÷íîãî ðîçâ'ÿçêó
îáåðíåíî¨ çàäà÷i âèçíà÷åííÿ çàëåæíîãî âiä ÷àñó ñòàðøîãî êîåôiöi¹íòà ó
äâîâèìiðíîìó ðiâíÿííi òåïëîïðîâiäíîñòi ç íåëîêàëüíîþ óìîâîþ ïåðåâèç-
íà÷åííÿ.

Êëþ÷îâi ñëîâà: îáåðíåíà çàäà÷à, íåëîêàëüíà óìîâà ïåðåâèçíà÷åííÿ,
äâîâèìiðíå ðiâíÿííÿ òåïëîïðîâiäíîñòi.

1. Âñòóï.Ïðîáëåìàòèêà êîåôiöi¹íòíèõ îáåðíåíèõ çàäà÷ íàáóëà çíà÷íîãî ïîøè-
ðåííÿ ùå ç 70-õ ðîêiâ ìèíóëîãî ñòîëiòòÿ. Íåëîêàëüíi îáåðíåíi çàäà÷i äëÿ îäíîâèìið-
íîãî ðiâíÿííÿ òåïëîïðîâiäíîñòi äîñëiäèâ Iâàí÷îâ Ì.I. [1]. Ó ïðàöi Áåðåçíèöüêî¨ I.Á.
[2] âèçíà÷åíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó îáåðíåíî¨ çàäà÷i äëÿ îäíîâèìið-
íîãî ïîâíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ ç êðàéîâèìè óìîâàìè Íåéìàíà òà íåëîêàëüíîþ
óìîâîþ ïåðåâèçíà÷åííÿ. Äåùî ïiçíiøå Ãðèíöiâ Í.Ì. [3] ðîçãëÿíóëà îáåðíåíó çàäà÷ó
çíàõîäæåííÿ êîåôiöi¹íòà áiëÿ ìîëîäøî¨ ïîõiäíî¨ äëÿ ïîâíîãî ïàðàáîëi÷íîãî ðiâíÿ-
ííÿ ç âèðîäæåííÿì òàêîæ iç íåëîêàëüíîþ óìîâîþ ïåðåâèçíà÷åííÿ. Îáåðíåíi çàäà÷i
ç íåëîêàëüíèìè òà iíòåãðàëüíèìè óìîâàìè äîñëiäæåíi òàêîæ ó [4], [5].

Îäíîâèìiðíi çàäà÷i ìåíø òî÷íî îïèñóþòü äiéñíiñòü, íiæ ¨õíi äâîâèìiðíi àíà-
ëîãè. Äâîâèìiðíi çàäà÷i âèçíà÷åííÿ ñòàðøîãî êîåôiö¹íòà ðîçãëÿíóòî, íàïðèêëàä,
ó ïðàöÿõ Iâàí÷îâà Ì.I. òà Ñàãàéäàêà Ð.Â. [6], [7]. ×èñåëüíi ìåòîäè äëÿ îá÷èñëåííÿ
ðîçâ'ÿçêiâ äâîâèìiðíèõ îáåðíåíèõ çàäà÷ ïîäàíî ó [8], [9]. Çàãàëîì ïðàöü, äå áóëè á
ðîçãëÿíóòi áàãàòîâèìiðíi îáåðíåíi çàäà÷i, ¹ íå íàäòî áàãàòî. Öå ñïîíóêàëî àâòîðà
âèêîíàòè äîñëiäæåííÿ.

Ìè ðîçãëÿíóëè îáåðíåíó çàäà÷ó çíàõîäæåííÿ çàëåæíîãî âiä ÷àñó ñòàðøîãî
êîåôiöi¹íòà äâîâèìiðíîãî ðiâíÿííÿ òåïëîïðîâiäíîñòi ç êðàéîâèìè óìîâàìè Íåéìà-
íà òà íåëîêàëüíîþ óìîâîþ ÿê óìîâîþ ïåðåâèçíà÷åííÿ. Âèçíà÷èëè äîñòàòíi óìîâè
iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i. Âèïàäîê íåëîêàëüíî¨ óìîâè ïåðåâèçíà÷åííÿ

c⃝ Êiíàø Í., 2015
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ç iíòåãðàëüíèì äîäàíêîì ðîçãëÿíóëè îêðåìî.

2. Ôîðìóëþâàííÿ çàäà÷i òà îñíîâíi ïðèïóùåííÿ. Â îáëàñòi QT :=
{(x, y, t) : 0 < x < h, 0 < y < l, 0 < t < T} ðîçãëÿäà¹ìî îáåðíåíó çàäà÷ó âèçíà÷åííÿ
ïàðè íåâiäîìèõ ôóíêöié (a(t), u(x, y, t)) äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi

ut = a(t)∆u+ f(x, y, t), (x, y, t) ∈ QT (1)

ç ïî÷àòêîâîþ óìîâîþ

u(x, y, 0) = φ(x, y), (x, y) ∈ [0, h]× [0, l], (2)

êðàéîâèìè óìîâàìè

ux(0, y, t) = µ11(y, t), ux(h, y, t) = µ12(y, t), (y, t) ∈ [0, l]× [0, T ], (3)

uy(x, 0, t) = µ21(x, t), uy(x, l, t) = µ22(x, t), (x, t) ∈ [0, h]× [0, T ] (4)

òà íåëîêàëüíîþ óìîâîþ ïåðåâèçíà÷åííÿ

ν1(t)u(0, y0, t) + ν2(t)u(h, y0, t) = µ3(t), t ∈ [0, T ], (5)

äå y0 � ôiêñîâàíå çíà÷åííÿ ç ïðîìiæêó [0, l].

Íåõàé Gk(x, t, ξ, τ) � ôóíêöi¨ Ãðiíà îäíîâèìiðíî¨ çàäà÷i äëÿ ðiâíÿííÿ ut =
a(t)uxx iç êðàéîâèìè óìîâàìè ïåðøîãî ðîäó ïðè k = 1, äðóãîãî � ïðè k = 2, óìîâà-
ìè u(0, t) = µ1(t), ux(h, t) = µ4(t), t ∈ [0, T ] � ïðè k = 3, ux(0, t) = µ2(t), u(h, t) =
µ3(t), t ∈ [0, T ] � ïðè k = 4. Âîíè âèçíà÷àþòüñÿ ðiâíiñòþ

Gk(x, t, ξ, τ) =
1

2
√
π(θ(t)− θ(τ))

+∞∑
n=−∞

(−1)[
k−1
2 ]n

(
exp

(
− (x− ξ + 2nh)2

4(θ(t)− θ(τ))

)
+

+(−1)k exp

(
− (x+ ξ + 2nh)2

4(θ(t)− θ(τ))

))
, k = 1, 4, θ(t) =

t∫
0

a(τ)dτ, t ∈ [0, T ]. (6)

Ôóíêöiþ Gm(y, t, η, τ) çàäà¹ìî àíàëîãi÷íî äî Gk(x, t, ξ, τ).
Òîäi ôóíêöiÿ Ãðiíà çàäà÷i (1)-(4) âèçíà÷à¹òüñÿ ðiâíiñòþ

Gkm(x, y, t, ξ, η, τ) = Gk(x, t, ξ, τ)Gm(y, t, η, τ). (7)

Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè :
(A1) f ∈ C2,0(QT ), φ ∈ C2([0, h]× [0, l]), µ11, µ12 ∈ C1,1([0, l]× [0, T ]),
µ21, µ22 ∈ C1,1([0, h]× [0, T ]), µ3, ν1, ν2 ∈ C1([0, T ]);
(A2) φ(x, y) > 0, (x, y) ∈ [0, h]× [0, l]; ν′1(t) 6 0, ν′2(t) 6 0, t ∈ [0, T ];
µ11(y, t) 6 0, µ12(y, t) > 0, (y, t) ∈ [0, l]× [0, T ]; µ21(x, t) 6 0, µ22(x, t) > 0,
(x, t) ∈ [0, h] × [0, T ] ; f(x, y, t) > 0, (x, y, t) ∈ QT ;
(A3)∆φ(x, y) > 0, (x, y) ∈ [0, h]×[0, l]; νi(t) > 0, i = 1, 2, ν1(t)+ν2(t) > 0, t ∈ [0, T ];
µ11t(y, t)− fx(0, y, t) 6 0, µ12t(y, t)− fx(h, y, t) > 0, (y, t) ∈ [0, l]× [0, T ];
µ21t(x, t)− fy(x, 0, t) 6 0, µ22t(x, t)− fy(x, l, t) > 0, (x, t) ∈ [0, h]× [0, T ];
∆f(x, y, t) > 0, (x, y, t) ∈ QT ;
(A4) φx(0, y) = µ11(y, 0), φx(h, y) = µ12(y, 0), φy(x, 0) = µ21(x, 0), φy(x, h) = µ22(x, 0);
(A5) µ′

3(t)− ν1(t)f(0, y0, t)− ν2(t)f(h, y0, t) > 0, t ∈ [0, T ];
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(A6) ν1(0)φ(0, y0) + ν2(0)φ(h, y0) = µ3(0).

3. Îòðèìàííÿ ç çàäà÷i (1)�(5) ðiâíÿííÿ ñòîñîâíî a(t). ßêùî a(t) � âiäîìà
ôóíêöiÿ, òî u(x, y, t) ¹ ðîçâ'ÿçêîì çàäà÷i (1)�(4). Îòæå, âèêîíó¹òüñÿ ðiâíiñòü

u(x, y, t)=

l∫
0

h∫
0

G22(x, y, t, ξ, η, 0)φ(ξ, η)dξdη −
t∫

0

l∫
0

G22(x, y, t, 0, η, τ)a(τ)µ11(η, τ)dηdτ+

+

t∫
0

l∫
0

G22(x, y, t, h, η, τ)a(τ)µ12(η, τ)dηdτ −
t∫

0

h∫
0

G22(x, y, t, ξ, 0, τ)a(τ)µ21(ξ, τ)dξdτ+

+

t∫
0

h∫
0

G22(x, y, t, ξ, h, τ)a(τ)µ22(ξ, τ)dξdτ +

t∫
0

l∫
0

h∫
0

G22(x, y, t, ξ, η, τ)f(ξ, η, τ)dξdηdτ.

(8)

Çàñòîñîâó¹ìî äî (8) îïåðàòîð Ëàïëàñà. Âðàõîâóþ÷è óìîâè óçãîäæåííÿ (A4) òà âëàñ-
òèâîñòi ôóíêöi¨ Ãðiíà, çàñòîñîâóþ÷è iíòåãðóâàííÿ ÷àñòèíàìè, îòðèìó¹ìî

∆u(x, y, t) =

l∫
0

h∫
0

G22(x, y, t, ξ, η, 0)∆φ(ξ, η)dξdη −
t∫

0

l∫
0

G22(x, y, t, 0, η, τ)(µ11τ (η, τ)−

− fξ(0, η, τ))dηdτ +

t∫
0

l∫
0

G22(x, y, t, h, η, τ)(µ12τ (η, τ)− fξ(h, η, τ))dηdτ−

−
t∫

0

h∫
0

G22(x, y, t, ξ, 0, τ)(µ21τ (ξ, τ)− fη(ξ, 0, τ))dξdτ +

t∫
0

h∫
0

G22(x, y, t, ξ, h, τ)×

× (µ22τ (ξ, τ)− fη(ξ, l, τ))dξdτ +

t∫
0

l∫
0

h∫
0

G22(x, y, t, ξ, η, τ)∆f(ξ, η, τ)dξdηdτ. (9)

Äèôåðåíöiþþ÷è óìîâó (5) òà çàñòîñîâóþ÷è (1), îòðèìó¹ìî îïåðàòîðíå ðiâíÿííÿ
ñòîñîâíî a(t) âèãëÿäó

a = Pa, a ∈ C([0, T ]), äå (Pa)(t) =
Q1(t)

Q2(t)
, (10)

Q1(t) = µ′
3(t)− ν1(t)f(0, y0, t)− ν2(t)f(h, y0, t)− ν′1(t)u(0, y0, t)− ν′2(t)u(h, y0, t),

(11)

Q2(t) = ν1(t)∆u(0, y0, t) + ν2(t)∆u(h, y0, t), t ∈ [0, T ], (12)

à u(0, y0, t),∆u(0, y0, t), u(h, y0, t) òà ∆u(h, y0, t) çàäàþòüñÿ ôîðìóëàìè (8) òà (9) ó
(0, y0, t) òà (h, y0, t), âiäïîâiäíî. Äîäàòíiñòü (12) âèïëèâà¹ ç àïðiîðíèõ îöiíîê, ÿêi
âèçíà÷àþòü ó äîâåäåííi òåîðåìè 1.

Iç ñïîñîáó îòðèìàííÿ ñèñòåìè ðiâíÿíü (8), (10) âèïëèâà¹, ùî ðîçâ'ÿçîê (a, u)
çàäà÷i (1)�(5) çàäîâîëüíÿ¹ ñèñòåìó (8), (10). Äîâåäåìî, ùî ïðàâèëüíèì ¹ i îáåðíåíå
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òâåðäæåííÿ. Åêâiâàëåíòíiñòü ðiâíÿííÿ (8) çàäà÷i (1)�(4) çà óìîâè, ùî a(t) � âiäî-
ìå, äîâåäåíà ó [10]. Äîìíîæó¹ìî (10) íà (12) òà iíòåãðó¹ìî çà ÷àñîì âiä 0 äî t iç
âðàõóâàííÿì óìîâè óçãîäæåííÿ (A6). Âðàõîâóþ÷è åêâiâàëåíòíiñòü çàäà÷i (1)�(4)
ðiâíÿííþ (8), áà÷èìî, ùî îòðèìàíà ðiâíiñòü åêâiâàëåíòíà óìîâi (5).

4. Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (1)�(5).

Òåîðåìà 1. ßêùî âèêîíóþòüñÿ óìîâè (A1)�(A6), òî çàäà÷à (1)�(5) ìà¹ ïðè-

íàéìíi îäèí ðîçâ'ÿçîê (a(t), u(x, y, t)) ∈ C([0, T ])× C2,1(QT ).

Äîâåäåííÿ. Ùîá äîâåñòè iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1)�(5), çà äîïîìîãîþ òåîðåìè
Øàóäåðà äîâåäåìî iñíóâàííÿ ðîçâ'ÿçêó ðiâíÿííÿ (10).

×åðåç Ci, i = 1, 6 ïîçíà÷à¹ìî ðiçíi äîäàòíi ñòàëi, ÿêi çàëåæàòü âiä âèõiäíèõ
äàíèõ, h òà T .

Íàâåäåìî âëàñòèâîñòi ôóíêöi¨ Ãðiíà ç [12], ÿêi âèêîðèñòîâóþòü ó äîâåäåííi

h∫
0

G2(x, t, ξ, 0)dξ = 1, (13)

G2(0, t, 0, τ) 6
1

h
+

1√
π(θ(t)− θ(τ))

. (14)

Ùîá çàñòîñóâàòè òåîðåìó Øàóäåðà, ïîòðiáíî ðîçãëÿíóòè îïåðàòîðíå ðiâíÿííÿ
(10) íà ìíîæèíi N := {a ∈ C([0, T ]) : A0 6 a(t) 6 A1}, äå A0, A1− òàêi ñòàëi, ùî
îïåðàòîð P ïåðåâîäèòü ìíîæèíó N ó ñåáå (òîáòî, A0 6 (Pa)(t) 6 A1, t ∈ [0, T ] äëÿ
äîâiëüíî¨ a ∈ N ). Âèçíà÷èìî, ÿêèìè ìàþòü áóòè öi ñòàëi.

Ïðîâåäåìî îöiíêó (Pa(t)) çíèçó. Çàóâàæèìî, ùî ç ÿâíîãî çîáðàæåííÿ ôóíêöi¨
Ãðiíà (7) G22(x, y, t, ξ, η, τ) > 0. Âðàõîâóþ÷è óìîâè (A2), (A5), iç (11) îòðèìó¹ìî

Q1(t) > min
t∈[0,T ]

(µ′
3(t)− ν1(t)f(0, y0, t)− ν2(t)f(h, y0, t)) = C1 > 0, t ∈ [0, T ].

Ïîçíà÷èìî amin = min
t∈[0,T ]

a(t) òà îöiíèìî (12). Iç (13), (14)

Q2(t) 6 C2 +
C3√
amin

, t ∈ [0, T ].

Îòæå,

(Pa)(t) > C1

C2 +
C3√
amin

, t ∈ [0, T ].

Âèçíà÷èìî A0 iç ðiâíîñòi

C1

C2 +
C3√
A0

= A0,

òîäi

A0 :=

(
−C3 +

√
C2

3 + 4C2C1

2C2

)2

.



56
Íàòàëiÿ ÊIÍÀØ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2015. Âèïóñê 80

Îòæå, äëÿ äîâiëüíîãî a ∈ N
(Pa)(t) > A0, t ∈ [0, T ].

Ïðîâåäåìî îöiíêó (Pa)(t) çâåðõó. Îöiíþ¹ìî (12), âèêîðèñòîâóþ÷è (A3) òà (13)

Q2(t) > ν1(t)

l∫
0

h∫
0

G22(0, y0, t, ξ, η, 0)∆φ(ξ, η)dξdη + ν2(t)

l∫
0

h∫
0

G22(h, y0, t, ξ, η, 0)×

×∆φ(ξ, η)dξdη > (ν1(t) + ν2(t)) min
[0,h]×[0,l]

∆φ(x, y) > C4 > 0, t ∈ [0, T ].

Ïîçíà÷à¹ìî amax = max
t∈[0,T ]

a(t) òà ç (13), (14) îòðèìó¹ìî îöiíêó (11) çâåðõó

Q1(t) 6 C5 + C6
√
amax.

Òîäi

(Pa)(t) 6 C5 + C6
√
amax

C4
.

Çíàõîäèìî A1 ç ðiâíîñòi

C5 + C6

√
A1

C4
= A1,

òîäi

A1 :=

(
C6 +

√
C2

6 + 4C4C5

2C4

)2

.

Îòæå, äëÿ çíàéäåíèõ çíà÷åíü A0, A1 îòðèìà¹ìî òàêå: ÿêùî a ∈ N , òî i (Pa) ∈ N .
Ðîçãëÿäà¹ìî îïåðàòîðíå ðiâíÿííÿ (10) íà ìíîæèíi N := {a ∈ C([0, T ]) : A0 6

a(t) 6 A1}. Îïåðàòîð P ïåðåâîäèòü ìíîæèíó N ó ñåáå çãiäíî ç îöiíêàìè âèùå. Òå,
ùî P öiëêîì íåïåðåðâíèé íà N , âèçíà÷à¹ìî àíàëîãi÷íî äî [12], c.27. Òîäi iñíóâàííÿ
íåïåðåðâíîãî ðîçâ'ÿçêó ðiâíÿííÿ (10) âèïëèâà¹ ç òåîðåìè Øàóäåðà ïðî íåðóõîìó
òî÷êó öiëêîì íåïåðåðâíîãî îïåðàòîðà. Îñêiëüêè ôóíêöiÿ u ∈ C2,1(QT ) îäíîçíà÷íî
âèçíà÷à¹òüñÿ ç (1)�(4) ïðè çàäàíîìó a ∈ C(0, T ), òî òåîðåìó äîâåäåíî. �

Òåîðåìà 2. ßêùî âèêîíóþòüñÿ óìîâè (A2), (A5), òî ðîçâ'ÿçîê (1)�(5) ¹äèíèé ó

êëàñi C([0, T ])× C2+α,1(QT ).

Äîâåäåííÿ. Ïðèïóñòèìî, ùî iñíóþòü äâi ïàðè ôóíêöié (a1(t), u1(x, y, t)) òà
(a2(t), u2(x, y, t)), ùî ¹ ðîçâ'ÿçêàìè çàäà÷i (1)-(5). Ââåäåìî íîâi ôóíêöi¨:

a3(t) := a1(t)− a2(t), t ∈ [0, T ], u3(x, y, t) := u1(x, y, t)− u2(x, y, t), (x, y, t) ∈ QT .
(15)

Òîäi ïàðà ôóíêöié (a3(t), u3(x, y, t)) ¹ ðîçâ'ÿçêîì çàäà÷i

u3t = a1(t)∆u3 + a3(t)∆u2, (x, y, t) ∈ QT , (16)

u3(x, y, 0) = 0, (x, y) ∈ [0, h]× [0, l], (17)

u3x(0, y, t) = 0, u3x(h, y, t) = 0, (y, t) ∈ [0, l]× [0, T ], (18)

u3y(x, 0, t) = 0, u3y(x, l, t) = 0, (x, t) ∈ [0, h]× [0, T ], (19)
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ν1(t)u3(0, y0, t) + ν2(t)u3(h, y0, t) = 0, t ∈ [0, T ]. (20)

Äèôåðåíöiþ¹ìî (20) òà, çàñòîñîâóþ÷è (16), îòðèìó¹ìî

a3(t) =
1

ν1(t)∆u2(0, y0, t) + ν2(t)∆u2(h, y0, t)
(−ν′1(t)u3(0, y0, t)− ν′2(t)u3(h, y0, t)−

− ν1(t)a1(t)∆u3(0, y0, t)− ν2(t)a1(t)∆u3(h, y0, t)). (21)

Ïîçíà÷èìî ÷åðåç Ĝ22(x, y, t, ξ, η, τ) ôóíêöiþ Ãðiíà çàäà÷i (18), (19) äëÿ ðiâíÿííÿ
ût = a1(t)∆û. Îñêiëüêè a1(t) � âiäîìà ôóíêöiÿ, òî ðîçâ'ÿçîê çàäà÷i (16)-(19) ¹äèíèé
é âèçíà÷àþòü çà ôîðìóëîþ

u3(x, y, t) =

t∫
0

l∫
0

h∫
0

Ĝ22(x, y, t, ξ, η, τ)a3(τ)∆u2(ξ, η, τ)dξdηdτ. (22)

Çàñòîñîâóþ÷è äî (22) îïåðàòîð Ëàïëàñà, îòðèìó¹ìî

∆u3(x, y, t) =

t∫
0

dτ

l∫
0

h∫
0

∆Ĝ22(x, y, t, ξ, η, τ)a3(τ)∆u2(ξ, η, τ)dξdη. (23)

Âðàõîâóþ÷è (22) òà (23), iç (21) îäåðæèìî ðiâíÿííÿ ñòîñîâíî a3(t)

a3(t) =
1

ν1(t)∆u2(0, y0, t) + ν2(t)∆u2(h, y0, t)

t∫
0

dτ

l∫
0

h∫
0

(
−ν′1(t)Ĝ22(0, y0, t, ξ, η, τ)−

− ν′2(t)Ĝ22(h, y0, t, ξ, η, τ)− ν1(t)a1(t)∆Ĝ22(0, y0, t, ξ, η, τ)− ν2(t)a1(t)×

×∆Ĝ22(h, y0, t, ξ, η, τ)

)
a3(τ)∆u2(ξ, η, τ)dξdη. (24)

Äîâåäåìî, ùî ν1(t)∆u2(0, y0, t)+ν2(t)∆u2(h, y0, t) ̸= 0. Îñêiëüêè (a2, u2) ¹ ðîçâ'ÿçêîì
çàäà÷i (1)�(5), òî ç (10) ìàòèìåìî

ν1(t)∆u2(0, y0, t) + ν2(t)∆u2(h, y0, t) = a2(t)(µ
′
3(t)− ν1(t)f(0, y0, t)− ν2(t)f(h, y0, t)−

− ν′1(t)u2(0, y0, t)− ν′2(t)u2(h, y0, t)).

Çàóâàæèìî, ùî u2 âèçíà÷à¹òüñÿ ôîðìóëîþ (8) ÿê ðîçâ'ÿçîê çàäà÷i (1)-(4). Îòæå, ç
óìîâ (À2), (À5) âèïëèâà¹

ν1(t)∆u2(0, y0, t) + ν2(t)∆u2(h, y0, t) > 0, t ∈ [0, T ].

Îòðèìàëè iíòåãðàëüíå ðiâíÿííÿ Âîëüòåððà äðóãîãî ðîäó (24). Çãiäíî ç òåîðå-

ìîþ 4, ñ.21 iç [11] iíòåãðàëè, ùî ìiñòÿòü ∆Ĝ22(0, y0, t, ξ, η, τ) òà ∆Ĝ22(h, y0, t, ξ, η, τ), ¹
íåïåðåðâíèìè ôóíêöiÿìè, îñêiëüêè∆u2(ξ, η, τ) çàäîâîëüíÿ¹ óìîâó Ãåëüäåðà çà ïðîñ-
òîðîâèìè çìiííèìè. Òîäi iíòåãðàëüíå ðiâíÿííÿ Âîëüòåððà äðóãîãî ðîäó (24) ìà¹ ¹äè-
íèé ðîçâ'ÿçîê a3(t) = 0, t ∈ [0, T ], à îòæå, ç ðiâíîñòi (22) u3(x, y, t) = 0, (x, y, t) ∈
QT . �äèíiñòü ðîçâ'ÿçêó (1)-(5) ó êëàñi C([0, T ])× C2+α,1(QT ) äîâåäåíî. �
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5. Âèïàäîê íåëîêàëüíî¨ óìîâè ïåðåâèçíà÷åííÿ ç iíòåãðàëüíèì äî-
äàíêîì. Â îáëàñòi QT ðîçãëÿäà¹ìî îáåðíåíó çàäà÷ó âèçíà÷åííÿ ïàðè íåâiäîìèõ
ôóíêöié (a(t), u(x, y, t)) äëÿ ðiâíÿííÿ (1), ùî çàäîâîëüíÿ¹ óìîâè (2)-(4) òà óìîâó
ïåðåâèçíà÷åííÿ âèãëÿäó

ν1(t)u(0, y0, t) + ν2(t)u(h, y0, t) + ν3(t)

l∫
0

h∫
0

u(x, y, t)dxdy = µ3(t), t ∈ [0, T ], (25)

äå y0 � ôiêñîâàíå çíà÷åííÿ ç [0, l].
Äî óìîâ (A1)-(A4) ïðè¹äíó¹ìî:
(A1a) ν3 ∈ C1([0, T ]); (A2a) ν′3(t) 6 0 t ∈ [0, T ]; (A3a) ν3(t) > 0, t ∈ [0, T ];

(A5a) µ′
3(t)− ν1(t)f(0, y0, t)− ν2(t)f(h, y0, t)− ν3(t)

l∫
0

h∫
0

f(x, y, t)dxdy > 0, t ∈ [0, T ];

(A6a) ν1(0)φ(0, y0) + ν2(0)φ(h, y0) + ν3(0)
l∫
0

h∫
0

φ(x, y)dxdy = µ3(0).

Âðàõîâóþ÷è, ùî

l∫
0

h∫
0

∆u(x, y, t)dxdy =

l∫
0

(µ12(y, t)− µ11(y, t))dy +

h∫
0

(µ22(x, t)− µ21(x, t))dx,

t ∈ [0, T ],

äèôåðåíöiþ¹ìî (25) òà, çàñòîñîâóþ÷è (1), îòðèìó¹ìî

a = P̃ a, a ∈ C([0, T ]), äå (P̃ a)(t) =
Q3(t)

Q4(t)
, (26)

Q3(t) = µ′
3(t)− ν1(t)f(0, y0, t)− ν1(t)f(0, y0, t)− ν2(t)f(h, y0, t)− ν3(t)×

×
l∫

0

h∫
0

f(x, y, t)dxdy − ν′1(t)u(0, y0, t)− ν′2(t)u(h, y0, t)− ν′3(t)

l∫
0

h∫
0

u(x, y, t)dxdy,

(27)

Q4(t) = ν1(t)∆u(0, y0, t) + ν2(t)∆u(h, y0, t) + ν3(t)

( l∫
0

(µ12(y, t)− µ11(y, t))dy+

+

h∫
0

(µ22(x, t)− µ21(x, t))dx

)
, t ∈ [0, T ]. (28)

Çíà÷åííÿ u(0, y0, t),∆u(0, y0, t), u(h, y0, t),∆u(h, y0, t) òà u(x, y, t) ó (27), (28) çàäàþòü
ôîðìóëàìè (8) òà (9) ó âiäïîâiäíèõ òî÷êàõ. Îòîæ,

Q3 = Q1(t)− ν3(t)

l∫
0

h∫
0

f(x, y, t)dxdy − ν′3(t)

l∫
0

h∫
0

u(x, y, t)dxdy,
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Q4 = Q2(t) + ν3(t)

 l∫
0

(µ12(y, t)− µ11(y, t))dy +

h∫
0

(µ22(x, t)− µ21(x, t))dx

 ,

t ∈ [0, T ].

Íà ïiäñòàâi âèçíà÷åíèõ ðiâíîñòåé ôîðìóëþ¹ìî òà äîâîäèìî òåîðåìè iñíóâàííÿ
òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1)-(4), (25) àíàëîãi÷íî äî òåîðåì 1, 2.

Òåîðåìà 3. ßêùî âèêîíóþòüñÿ óìîâè (A1)-(A4), (A1a)-(A3a), (A5a), (A6a),
òî çàäà÷à (1)-(4), (25) ìà¹ ïðèíàéìíi îäèí ðîçâ'ÿçîê (a(t), u(x, y, t)) ∈ C([0, T ]) ×
C2,1(QT ).

Òåîðåìà 4. ßêùî âèêîíóþòüñÿ óìîâè (A2), (A2a), (A5a), òî ðîçâ'ÿçîê (1)-(4),
(25) ¹äèíèé ó êëàñi C([0, T ])× C2+α,1(QT ).
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AN INVERSE PROBLEM FOR A TWO-DIMENSIONAL HEAT

EQUATION WITH NONLOCAL OVERDETERMINATION

CONDITION
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Su�cient conditions of existence and uniqueness of solution to the inverse
problem of determining time-dependent leading coe�cient in a 2-dimensional
heat equation with nonlocal overdetermination condition are established.

Key words: inverse problem, nonlocal overdetermination condition, 2D heat
equation.
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Ââåäåíî ïîíÿòòÿ äâîñòîðîííüîãî ïiäïîëiãîíó öåíòðîâàíîãî ïîëiãîíó íàä
ìîíî¨äîì ç íóëåì, ÿêå ïðèðîäío óçàãàëüíþ¹ äâîñòîðîííi iäåàëè ìîíî¨äà.
Âîíî  ðóíòó¹òüñÿ íà âiäîìié âëàñòèâîñòi âñòàâêè ìíîæíèêà (IFP), ÿêó âèâ-
÷àëè Ãðóíâàëüä i Ññåââiiði. Äâîñòîðîííi ïiäïîëiãîíè çàñòîñîâóþòü äî ïîáó-
äîâè îñíîâ òåîði¨ êëàñè÷íèõ äóîïîëiãîíiâ i êëàñè÷íî ïåðâèííèõ ïiäïîëiãî-
íiâ. Õàðàêòåðèçóþòüñÿ êëàñè÷íi äóîïîëiãîíè çàñîáàìè ìîâè àíóëÿòîðíèõ
iäåàëiâ. Äîñëiäæåíî êëàñè÷íi òîï-äóîïîëiãîíè.

Êëþ÷îâi ñëîâà: ïåðâèííèé ïiäïîëiãîí, êëàñè÷íî ïåðâèííèé ïîëi-
ãîí, äâîñòîðîííié ïiäïîëiãîí, êëàñè÷íèé äóîïîëiãîí, êëàñè÷íèé òîï-
äóîïîëiãîí.

1. Âñòóï. Ìåòà íàøî¨ ïðàöi � äîñëiäèòè ìîæëèâiñòü ïîáóäîâè òåîði¨ äóîïîëi-
ãîíiâ çà êëàñè÷íîþ ñõåìîþ, íà âiäìiíó âiä òåõíîëîãié, ÿêi çàñòîñîâóþòü iäåþ öiëêîì
iíâàðiàíòíèõ ïiäïîëiãîíiâ, äèâ., íàïðèêëàä, ïðàöþ Ðîóåòàíà i Åðøàäà [14]. Çàóâàæè-
ìî, ùî êëàñ äóîïîëiãîíiâ, ÿêèé äîñëiäæó¹òüñÿ â öié ïðàöi, íå ¹ çàìêíåíèì ñòîñîâíî
ïåðåõîäó äî ïðÿìèõ äîáóòêiâ ñiìåé ïîëiãîíiâ, ùî ñèëüíî êîíòðàñòó¹ ç êëàñè÷íèì ðî-
çóìiííÿì äóîêiëåöü òà äóîìîäóëiâ, à îòæå, i äóîïîëiãîíiâ. Ìè ââîäèìî äâîñòîðîííi,
i çîêðåìà, äâîñòîðîííi êëàñè÷íî ïåðâèííi ïiäïîëiãîíè, ÿêi ÿêðàç i ¹ òî÷êàìè êëà-
ñè÷íîãî ñïåêòðà Êàòî öüîãî ïîëiãîíó. Êîíêðåòíi ïðèêëàäè çàñâiä÷óþòü, ùî íàâiòü
íàä êîìóòàòèâíèìè ìîíî¨äàìè ç íóëåì iñíóþòü êëàñè÷íî ïåðâèííi ïiäïîëiãîíè, ÿêi
íå çîáîâ'ÿçàíi áóòè ïåðâèííèìè. Íàçâà �êëàñè÷íî ïåðâèííèé� äëÿ ñïåêòðà ïîõîäèòü
âiä íîâîãî òåðìiíà �êëàñè÷íî ïåðâèííèé ïiäìîäóëü�. Öåé òèï ìîäóëiâ âïåðøå âèêî-
ðèñòàëè Áåõáîîäi i Êîõi â ïðàöi [6] (çà íàçâîþ �ñëàáêî ïåðâèííi�). Â [5] äîñëiäæåííÿ
òàêèõ ìîäóëiâ ïðîäîâæåíî âæå ïiä íàçâîþ êëàñè÷íî ïåðâèííèõ ìîäóëiâ. Äîñëiäæó-
âàòèìåìî êëàñè÷íî ïåðâèííèé ñïåêòð Êàòî ïîëiãîíó çà ñõåìîþ, ÿêó çàïî÷àòêóâàëè
íàçâàíi àâòîðè äëÿ ìîäóëiâ. Êîðèñòóâàòèìåìîñü ââåäåíèì òåðìiíîì �äâîñòîðîííié
ïiäïîëiãîí�, ÿêèé óçàãàëüíþ¹ (â äåÿêîìó ñåíñi) ïîíÿòòÿ äâîñòîðîííüîãî iäåàëó êiëü-
öÿ (ìîíî¨äà) i äîïîìàãà¹ âèäiëèòè öiêàâèé êëàñ ïîëiãîíiâ, ïðèðîäíî íàçâàíèé êëàñîì
êëàñè÷íèõ äóîïîëiãîíiâ. Âèêîðèñòîâóâàòèìåìî òåõíiêó ïiäìîäóëiâ ç �âëàñòèâiñòþ

c⃝ Êîìàðíèöüêèé Ì. Çåëiñêî Ã., 2015
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âêëàäåííÿ ìíîæíèêà� (IFP ) (äèâ., íàïðèêëàä, [10]) òà iäåþ äâîñòîðîííüîãî ïiäìî-
äóëÿ ç [2]. Âèçíà÷èìî íàéïðîñòiøi âëàñòèâîñòi òàêèõ ïiäïîëiãîíiâ. Ââîäèìî ïîíÿòòÿ
êëàñè÷íî ïåðâèííîãî ïiäïîëiãîíó i êëàñè÷íîãî ñïåêòðà Êàòî ìóëüòèïëiêàöiéíîãî
êëàñè÷íîãî äóîïîëiãîíó. Ç'ÿñó¹ìî âëàñòèâîñòi òàêèõ ïîëiãîíiâ òà ïðîäåìîíñòðó¹ìî,
ùî êëàñè÷íèé ñïåêòð Êàòî ïîâîäèòüñÿ ïîäiáíî ÿê çâè÷àéíèé ñïåêòð Êàòî ìîíî¨äà.
Êëàñè÷íi äóîïîëiãîíè îõàðàêòåðèçîâàíi ìîâîþ àíóëÿòîðíèõ ïðàâèõ iäåàëiâ. Ðåçóëü-
òàò íàãàäó¹ òâåðäæåííÿ Ëîìïà i Äå ëà Ïåí'¨ äîâåäåíèé äëÿ ìîäóëiâ [13].

2. Ïîïåðåäíi äàíi.
Âñþäè ÷åðåç S ïîçíà÷àòèìåìî ìîíî¨ä ç íóëåì 0 i íåíóëüîâîþ îäèíèöåþ 1, àëå

íå îáîâ'ÿçêîâî êîìóòàòèâíèé. Íåïîðîæíÿ ìíîæèíà A íàçèâàòèìåòüñÿ ïðàâèì S-
ïîëiãîíîì i ïîçíà÷à¹òüñÿ ÷åðåç AS , ÿêùî iñíó¹ òàêà äiÿ (a, s) 7→ as ç A× S â A, ùî
i) a(st) = (as)t äëÿ âñiõ a ∈ A i s, t ∈ S, ii) a1 = 1 äëÿ êîæíîãî a ∈ A.

Ïiäìíîæèíà B ïîëiãîíó AS íàçèâà¹òüñÿ ïiäïîëiãîíîì, ÿêùî bs ∈ B äëÿ âñiõ
b ∈ B i s ∈ S. Ñèìâîëi÷íî çàïèñó¹ìî öþ ñèòóàöiþ òàê: B 6 A. Òîìó ïiäïîëiãîí S-
ïîëiãîíó SS(âiäïîâiäíî SS) ¹ ïðàâèì (âiäïîâiäíî ëiâèì) iäåàëîì ìîíî¨äà S. Åëåìåíò
0 ∈ AS íàçèâà¹òüñÿ íåðóõîìèì åëåìåíòîì ïîëiãîíó A, ÿêùî äëÿ âñiõ s ∈ S, 0s = 0.
Âñi ïîëiãîíè AS â öié ñòàòòi ìàþòü ¹äèíèé íåðóõîìèé åëåìåíò, ÿêèé ïîçíà÷à¹òüñÿ
÷åðåç 0 i òàêèé, ùî äëÿ âñiõ a ∈ A i s ∈ S, 0s = 0 i a0 = 0; 0 íàçèâàòèìåìî íóëåì
ïîëiãîíó A. Ïîëiãîíè ç çàçíà÷åíîþ âëàñòèâiñòþ çàçâè÷àé íàçèâàþòü öåíòðîâàíèìè.
ßêùî I äåÿêèé iäåàë â S, òî ðiñiâ ôàêòîð ìîíî¨äà S çà ìîäóëåì I ïîçíà÷àòèìåìî
÷åðåç S/I; äîáðå âiäîìî, ùî êëàñàìè åêâiâàëåíòíîñòi â S/I ¹ I (íóëü äëÿ S/I) i
âñi îäíîåëåìåíòíi ìíîæèíè {a}, äå a ∈ S \ I. Íàäàëi âèðàç �S-ïîëiãîí� îçíà÷àòèìå
öåíòðîâàíèé �óíiòàðíèé ïðàâèé S-ïîëiãîí�. Êàòåãîðiþ âñiõ öåíòðîâàíèõ óíiòàðíèõ
ïðàâèõ ïîëiãîíiâ ïîçíà÷à¹ìî ÷åðåç CActs− S.

Ñëîâîñïîëó÷åííÿ �iäåàë ìîíî¨äà� S îçíà÷àòèìå �äâîñòîðîííié iäåàë ìîíî¨äà�.
Iäåàë I â S íàçèâà¹ìî ïåðâèííèì, ÿêùî äëÿ áóäü-ÿêèõ a, b ∈ S, ç âêëþ÷åííÿ aSb ⊆ I
âèïëèâà¹, ùî àáî a ∈ I àáî b ∈ I. Îòæå, I ¹ ïåðâèííèì òîäi i òiëüêè òîäi, êîëè äëÿ
áóäü-ÿêèõ ïðàâèõ iäåàëiâ J i K ìîíî¨äà S, ç âêëþ÷åííÿ JK ⊆ I âèïëèâà¹, ùî J ⊆ I
àáî K ⊆ I.

Ïiäïîëiãîí B ïîëiãîíà A íàçèâà¹òüñÿ ïåðâèííèì ïiäïîëiãîíîì, ÿêùî äëÿ êîæ-
íîãî a ∈ A i êîæíîãî r ∈ S, ç âêëþ÷åííÿ aSr ⊆ B âèïëèâà¹, ùî àáî a ∈ B àáî
Ar ⊆ B. Ñàì ïîëiãîí A ç CActs − S íàçèâà¹òüñÿ ïåðâèííèì, ÿêùî ïiäïîëiãîí (0)
ïîëiãîíó A ¹ ïåðâèííèì (Äèâ. [3]).

Íàçâåìî âëàñíèé ïiäïîëiãîí P ïîëiãîíó A êëàñè÷íî ïåðâèííèì ïiäïîëiãîíîì,
ÿêùî äëÿ êîæíîãî ïiäïîëiãîíó C ïîëiãîíó A i áóäü-ÿêèõ iäåàëiâ A,B ìîíî¨äà S ç
âêëþ÷åííÿ CAB ⊆ B âèïëèâà¹, ùî àáî CA ⊆ P àáî CB ⊆ P .

Î÷åâèäíî, íàä ïðîñòèì ìîíî¨äîì ç íóëåì âñi âëàñíi ïiäïîëiãîíè äîâiëüíîãî íå-
íóëüîâîãî ïîëiãîíó áóäóòü êëàñè÷íî ïåðâèííèìè. Çàóâàæèìî, ùî êëàñè÷íî ïåðâèííi
ìîäóëi ðiçíi àâòîðè âèçíà÷àþòü ïî-ðiçíîìó, àëå åêâiâàëåíòíèìè ñïîñîáàìè. Îçíà÷åí-
íÿ êëàñè÷íî ïåðâèííîãî ïiäïîëiãîíó îòðèìó¹òüñÿ ç îçíà÷åííÿ êëàñè÷íî ïåðâèííîãî
ïiäìîäóëÿ ç ïðàöi [10] çàìiíîþ âiäïîâiäíèõ ìîäóëüíèõ òåðìiíiâ ¨õíiìè ïîëiãîííèìè
âiäïîâiäíèêàìè. Êëàñè÷íî ïåðâèííi ïîëiãîíè ìàþòü òó âëàñòèâiñòü, ùî ïðàâi àíó-
ëÿòîðè íåíóëüîâèõ ¨õíiõ ïiäïîëiãîíiâ ¹ ïåðâèííèìè iäåàëàìè ìîíî¨äà. Ïðàâäà, òàêi
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ïåðâèííi àíóëÿòîðè ìîæóòü áóòè ðiçíèìè äëÿ ðiçíèõ ïiäïîëiãîíiâ, òîäi ÿê ó ïåð-
âèííèõ ïîëiãîíàõ âîíè ðiâíi ìiæ ñîáîþ. Äëÿ äåòàëüíiøîãî çíàéîìñòâà ç êëàñè÷íî
ïåðâèííèìè ìîäóëÿìè ðåêîìåíäó¹ìî âæå çãàäàíó ïðàöþ [6].

Ìîíî¨ä S íàçèâà¹òüñÿ äóîìîíî¨äîì, ÿêùî êîæíèé îäíîñòîðîííié iäåàë ó íüîìó
äâîñòîðîííié, òîáòî äëÿ êîæíîãî x ∈ S, xS = Sx. Äîäàòêîâó iíôîðìàöiþ ïðî öå
ìîæíà ïî÷åðïíóòè ç [4].

ßêùî äëÿ êîæíîãî ïiäïîëiãîíó B ïîëiãîíó A iñíó¹ òàêèé iäåàë I ìîíî¨äà S,
ùî B = AI, òî S-ïîëiãîí A íàçèâàòèìåìî ìóëüòèïëiêàöiéíèì S-ïîëiãîíîì. Òàêi
ïîëiãîíè äîñëiäæóâàëè â ïðàöÿõ [9], [12]. Çàäàíèé S-ïîëiãîí A ¹ ìóëüòèïëiêàöié-
íèì òîäi i òiëüêè òîäi, êîëè äëÿ êîæíîãî a ∈ A iñíó¹ òàêèé iäåàë I ìîíî¨äà S, ùî
aS = AI. Î÷åâèäíî, ùî äëÿ ïiäïîëiãîíó B ìóëüòèïëiêàöiéíîãî S-ïîëiãîíó A âèêî-
íó¹òüñÿ ðiâíiñòü B = A(B : A), äå (B : A) = {s ∈ S : As ⊆ B}. Ïîâíà ïiäêàòåãîðiÿ
êàòåãîði¨ CActs− S, êëàñîì îá¹êòiâ ÿêî¨ ¹ êëàñ ìóëüòèïëiêàöiéíèõ ïîëiãîíiâ, íàçè-
âà¹òüñÿ êàòåãîði¹þ ìóëüòèïëiêàöiéíèõ ïîëiãîíiâ i ïîçíà÷à¹òüñÿ ÷åðåç MCActs − S.
Çà äîäàòêîâîþ iíôîðìàöi¹þ ùîäî òåîði¨ ïîëiãîíiâ âiäñèëà¹ìî ÷èòà÷à äî ïðàöi [11].

3. Ïîëiãîíè ç âëàñòèâiñòþ (IFP) i äâîñòîðîííi ïiäïîëiãîíè.
Íàãàäà¹ìî, ùî êëàñè÷íèé ïiäõiä äî äóîêiëåöü  ðóíòó¹òüñÿ íà ïîíÿòòi äâîñòî-

ðîííüîãî iäåàëó. Ó âèïàäêó ìîäóëiâ, à òèì ïà÷å ïîëiãîíiâ ïîíÿòòÿ äâîñòîðîííîñòi
íiõòî i íå íàìàãàâñÿ ââåñòè ó çâ'ÿçêó ç ¨õíüîþ ïðèðîäíî àïðiîðíîþ îäíîñòîðîííiñòþ.

Ïðîòå ñêðóïóëüîçíèé àíàëiç âèÿâèâ, ùî äåÿêi ïiäïîëiãîíè âñå æ ìàþòü âëàñòè-
âîñòi, ÿêi ç âåëèêîþ éìîâiðíiñòþ íàãàäóþòü äâîñòîðîííi ñòðóêòóðè.

Ââåäåìî ôîðìàëüíå îçíà÷åííÿ ïiäïîëiãîíó ç âëàñòèâiñòþ âñòàâêè ìíîæíèêà
(Â.Â.Ì), àáî â àíãëiéñüêîìó âàðiàíòi (IFP), ÿêå âèêîðèñòàíî â ïðàöi Ãðóíâàëüäà
i Ññåââiiði [10], â êîíòåêñòi òåîði¨ ìîäóëiâ. Ó âóæ÷ié ñèòóàöi¨ öå ïîíÿòòÿ âïåðøå
ñôîðìóëþâàâ Áåëë â [7], äîñëiäæóþ÷è ìàéæå-êiëüöÿ.

Ïiäïîëiãîí B ïðàâîãî ïîëiãîíó A íàçèâà¹òüñÿ ïiäïîëiãîíîì ç âëàñòèâiñòþ âñòàâ-
êè ìíîæíèêà (IFP), ÿêùî ç óìîâè sa ∈ B äëÿ s ∈ S i a ∈ A âèïëèâà¹ âêëþ÷åííÿ
sSa ⊆ B. Êàæóòü, ùî ïîëiãîí A ìà¹ âëàñòèâiñòü (IFP), ÿêùî éîãî íóëüîâèé ïiäïî-
ëiãîí ìà¹ âëàñòèâiñòü (IFP).

Ó âèïàäêó ïðàâèõ iäåàëiâ ìîíî¨äà ç íóëåì âëàñòèâiñòü (IFP) äëÿ êîæíîãî ïðàâî-
ãî ïiäiäåàëó K ïðàâîãî iäåàëó I åêâiâàëåíòíà äâîñòîðîííîñòi iäåàëó I. Òîìó íàäàëi
ïiäïîëiãîíè ïîëiãîíó A, âñi ïðàâi ïiäïîëiãîíè ÿêèõ âîëîäiþòü âëàñòèâiñòþ (IFP),
íàçèâàòèìåìî äâîñòîðîííiìè ïiäïîëiãîíàìè. Ñåðåä ïðèêëàäiâ âiäçíà÷èìî, ùî âåñü
ïîëiãîí ¹ ïiäïîëiãîíîì ç âëàñòèâiñòþ (IFP) ÿê ïiäïîëiãîí ñàìîãî ñåáå, à íóëüîâèé
ïiäïîëiãîí ¹ äâîñòîðîííiì ó êîæíîìó ïîëiãîíi íàä äóîìîíî¨äîì ç íóëåì. Íàä êîìóòà-
òèâíèì ìîíî¨äîì âñi ïiäïîëiãîíè äîâiëüíîãî ïîëiãîíó ¹ äâîñòîðîííiìè, ùî ñâiä÷èòü
ïðî ïðèðîäíiñòü öüîãî ïîíÿòòÿ.

Íàãàäà¹ìî äåÿêi îçíà÷åííÿ ç ïðàöi [1], ùî ñòîñóþòüñÿ ïðàâèõ àíóëÿòîðíèõ iäå-
àëiâ åëåìåíòiâ ïîëiãîíó.

Äëÿ åëåìåíòà a ∈ A âèçíà÷èìî ïðàâèé àíóëÿòîð ôîðìóëîþ Annr(a) :=
{(s, t) ∈ S × S : as = at}. Öå ïðàâà êîíãðóåíöiÿ íà ïîëiãîíi A. Íóëü-êîìïîíåíòà öi¹¨
êîíãðóåíöi¨ íàçèâà¹òüñÿ ïðàâèì àíóëÿòîðíèì iäåàëîì åëåìåíòà a ∈ A i ïîçíà÷à¹òüñÿ
÷åðåç annr(a).

Òâåðäæåííÿ 1. Íåõàé S � ìîíî¨ä ç íóëåì i A � ïîëiãîí ç êàòåãîði¨ CActs − S.
Òîäi ïåðåëi÷åíi íèæ÷å âëàñòèâîñòi ïîëiãîíó A åêâiâàëåíòíi:
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1) êîæíèé ïiäïîëiãîí ïîëiãîíó A ìà¹ âëàñòèâiñòü (IFP);
2) êîæíèé ñêií÷åííî ïîðîäæåíèé ïiäïîëiãîí ïîëiãîíó A ìà¹ âëàñòèâiñòü

(IFP);
3) êîæíèé öèêëi÷íèé ïiäïîëiãîí ïîëiãîíó A ìà¹ âëàñòèâiñòü (IFP);
4) äëÿ êîæíîãî ïiäïîëiãîíó B ïîëiãîíó A ôàêòîð ïîëiãîí Ðiñà A/B âîëîäi¹

âëàñòèâiñòþ: ïðàâèé àíóëÿòîðíèé iäåàë êîæíîãî åëåìåíòà ïîëiãîíó A/B ¹ äâî-
ñòîðîííiì iäåàëîì â S.

Äîâåäåííÿ. Iìïëiêàöi¨ 1) ⇒ 2) ⇒ 3) î÷åâèäíi. Äîâåäåìî iìïëiêàöiþ 3) ⇒ 4). Íåõàé
B � ïiäïîëiãîí ïîëiãîíó A i a ∈ A/B. Ïîòðiáíî äîâåñòè, ùî ïðàâèé iäåàë Annr(a)
òàêîæ ¹ i ëiâèì iäåàëîì. Ïðèïóñòèìî, ùî t ∈ Annra. Òîäi at = 0, çâiäêè at = 0, à
îòæå, at ∈ B. Çàâäÿêè óìîâi (IFP) îòðèìà¹ìî aut ∈ B äëÿ êîæíîãî u ∈ S. Òåïåð
áà÷èìî, ùî aut = 0. Äàëi aut = 0, çâiäêè âèïëèâà¹, ùî ut ∈ Annr(a) çà áóäü-ÿêîãî
u ∈ S. Òîìó Annr(a) ¹ äâîñòîðîííiì iäåàëîì ìîíî¨äà S. Äëÿ çàâåðøåííÿ äîâåäåííÿ
äîñòàòíüî ïåðåâiðèòè iñòèííiñòü iìïëiêàöi¨ 4) ⇒ 1). Íåõàé as ∈ B äëÿ ôiêñîâàíîãî
ïiäïîëiãîíó B ïîëiãîíó A, äå a ∈ A i s ∈ S. Ïåðåéøîâøè äî êëàñiâ åêâiâàëåíòíîñòi
ðiñîâîãî ôàêòîðà A/B, ìàòèìåìî s ∈ Annr(a). Âðàõóâàâøè äâîñòîðîííiñòü ïðàâîãî
àíóëÿòîðà åëåìåíòà a ç A/B áà÷èìî, ùî us ∈ Annr(a), à öå îçíà÷à¹ âèêîíàííÿ óìîâè
aus ∈ B äëÿ êîæíîãî u ∈ S. Îòæå, óìîâà (IFP) äëÿ ïiäïîëiãîíó B âèêîíó¹òüñÿ i
äîâåäåííÿ òâåðäæåííÿ çàâåðøåíå. �

Îòæå, ìîæíà íàçâàòè ïîëiãîí A äâîñòîðîííiì, ÿêùî âií çàäîâîëüíÿ¹ åêâiâàëåí-
òíi óìîâè Òâåðäæåííÿ 1.

Ç îçíà÷åííÿ âèïëèâà¹, ùî ïiäïîëiãîí äâîñòîðîííüîãî ïîëiãîíó ¹ äâîñòîðîííiì.
Çîêðåìà ïðàâèëüíà òàêà ëåìà.

Òâåðäæåííÿ 2. Íåõàé A,B,C ∈ CActs − S. ßêùî C � äâîñòîðîííié ïiäïîëiãîí
ïîëiãîíó B i B � äâîñòîðîííié ïiäïîëiãîí ïîëiãîíó A, òî C � äâîñòîðîííié ïiäïî-
ëiãîí ïîëiãîíó A.

Òâåðäæåííÿ 3. Äâîñòîðîííi ïiäïîëiãîíè äîâiëüíîãî ïîëiãîíó óòâîðþþòü ïîâíó
 ðàòêó, à äâîñòîðîííi ïiäïîëiãîíè ç ¹äèíèìè äîïîâíåííÿìè � ïîâíó áóëåâó  ðàòêó.

Äîâåäåííÿ öüîãî òâåðäæåííÿ ïðîâîäèòüñÿ áåçïîñåðåäíüîþ ïðåðåâiðêîþ íåîáõiä-
íèõ âëàñòèâîñòåé. Öå ðóòèííi ñòàíäàðòíi ïåðåâiðêè, ÿêi ìîæå âèêîíàòè çàöiêàâëåíèé
÷èòà÷.

4. Êëàñè÷íi ïðàâi äóîïîëiãîíè òà ñòðîãi ïðàâi äóîïîëiãîíè.
Ââîäèìî êëàñè÷íi àíàëîãè ïðàâèõ äóîïîëiãîíiâ i ïðàâèõ ñòðîãèõ äóîïîëiãîíiâ.

Äëÿ öüîãî íàì òðåáà íàãàäàòè íåîáõiäíi ôàêòè ç ïðàöi [14].
Ñïî÷àòêó ââåäåìî ïîíÿòòÿ êëàñè÷íîãî äóîïîëiãîíó. Ïðàâèé ïîëiãîí íàçèâàòè-

ìåìî êëàñè÷íèì ïðàâèì äóîïîëiãîíîì, ÿêùî â íüîìó âñi ïðàâi ïiäïîëiãîíè � äâî-
ñòîðîííi. Àíàëîãi÷íî ôîðìóëþ¹òüñÿ îçíà÷åííÿ êëàñè÷íîãî ëiâîãî äóîïîëiãîíó.

Î÷åâèäíî, ùî êîæíèé ïiäïîëiãîí ïðàâîãî ïîëiãîíó íàä ïðàâèì äóîìîíî¨äîì ç
íóëåì ¹ äâîñòîðîííiì. Òîìó âñi ïðàâi ïîëiãîíè íàä ïðàâèì äóîìîíî¨äîì ç íóëåì ¹
êëàñè÷íèìè äóîïîëiãîíàìè.

Íàçâåìî B öiëêîì iíâàðiàíòíèì ïiäïîëiãîíîì ïîëiãîíó A, ÿêùî f(B) ⊆ B äëÿ
êîæíîãî åíäîìîðôiçìó f ïîëiãîíó A i A íàçèâà¹òüñÿ äóîïîëiãîíîì, ÿêùî êîæíèé
ïiäïîëiãîí ïîëiãîíó A ¹ öiëêîì iíâàðiàíòíèì.
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Ïðàâèé S � ïîëiãîí A íàçèâà¹òüñÿ ñòðîãèì äóîïîëiãîíîì, ÿêùî äëÿ êîæíîãî
ïiäïîëiãîíó B ïîëiãîíó A ñëiä tr(B,A) =

∪
f∈Hom(B,A) f(B) ïîëiãîíó B â A äîðiâ-

íþ¹ B.
Çàóâàæèìî, ùî ðîçãëÿíóòi âèùå ïîíÿòòÿ äóîïîëiãîíó òà ñòðîãî äóîïîëiãîíó

ñëàáêî óçãîäæóþòüñÿ ç êëàñè÷íèì ïiäõîäîì äî äóîïîíÿòü. Íàïðèêëàä, íàâiòü íàä
êîìóòàòèâíèì ìîíî¨äîì ìîæóòü iñíóâàòè ïîëiãîíè, ÿêi íå ¹ ñòðîãèìè äóîïîëiãîíàìè.
Ç iíøîãî áîêó, ïðÿìèé äîáóòîê áóäü-ÿêî¨ ñiì'¨ êëàñè÷íèõ ïðàâèõ äóîïîëiãîíiâ çíîâó
¹ êëàñè÷íèì ïðàâèì äóîïîëiãîíîì.

Òâåðäæåííÿ 4. Íåõàé S � ìîíî¨ä ç íåíóëüîâîþ îäèíèöåþ A ∈ CActs−S êëàñè÷-
íèé ïðàâèé äóîïîëiãîí. Òîäi åêâiâàëåíòíi òàêi òâåðäæåííÿ:

1) A ¹ ñòðîãèì äóîïîëiãîíîì;
2) êîæíèé ïiäïîëiãîí ïîëiãîíó A ¹ ñòðîãèì äóîïîëiãîíîì;
3) ÿêùî annr(a) ⊆ annr(b), òî b ∈ aS äëÿ áóäü-ÿêèõ a, b ∈ A;
4) ïðàâi àíóëÿòîðíi iäåàëè åëåìåíòiâ êîæíîãî ãîìîìîðôíîãî îáðàçó ïîëiãîíó

A ¹ äâîñòîðîííiìè iäåàëàìè ìîíî¨äà S;
5) ïðàâi àíóëÿòîðíi iäåàëè åëåìåíòiâ êîæíîãî ðiñîâîãî ôàêòîð-ïîëiãîíó ïîëi-

ãîíó A ¹ äâîñòîðîííiìè iäåàëàìè ìîíî¨äà S.

Äîâåäåííÿ. Åêâiâàëåíòíiñòü òâåðäæåíü 1)�3) âèçíà÷åíà â [14]. Åêâiâàëåíòíiñòü òâåð-
äæåíü 3) i 5) âèïëèâà¹ ç òâåðäæåííÿ 1. Åêâiâàëåíòíiñòü 4) i 5) ¹ íàñëiäêîì âëàñòè-
âîñòi âñòàâêè ìíîæíèêà, ïåðåôîðìóëüîâàíî¨ äëÿ êîíãðóåíöié. �

5. Êëàñè÷íî ïåðâèííi ïiäïîëiãîíè i êëàñè÷íèé ñïåêòð Êàòî êëàñè÷íî-
ãî äóîïîëiãîíó.

ßê iëþñòðàöiþ êîðèñíîñòi iäå¨ ðîçãëÿäó äâîñòîðîííiõ ïiäïîëiãîíiâ òà êëàñè÷íèõ
äóîïîëiãîíiâ ïðîïîíó¹ìî îäíó ç ìîæëèâèõ òåõíîëîãié ïåðåíåñåííÿ òîïîëîãi¨ Çàðè-
ñüêîãî çi ñïåêòðà Êàòî êîìóòàòèâíîãî ìîíî¨äà íà êëàñè÷íèé ñïåêòð Êàòî êëàñè÷íîãî
äóîïîëiãîíó.

Íàäàëi, íåõàé S � äóîìîíî¨ä ç íóëåì i íåõàé A � äåÿêèé S-ïîëiãîí. ßê ìè
âæå çãàäóâàëè, êîæíèé ïðàâèé ïîëiãîí íàä S ¹ êëàñè÷íèì äóîïîëiãîíîì, òîìó âñi
éîãî ïiäïîëiãîíè ¹ äâîñòîðîííiìè. Êëàñè÷íî ïåðâèííèì ñïåêòðîì CKSpec(A) äî-
âiëüíîãî ïîëiãîíó A íàä ìîíî¨äîì íàçèâà¹òüñÿ ìíîæèíà âñiõ äâîñòîðîííiõ ïiäïî-
ëiãîíiâ ïîëiãîíó A, ÿêi ¹ êëàñè÷íî ïåðâèííèìè. Çàäàìî òîïîëîãiþ íà CKSpec(A),
ÿêà óçàãàëüíþ¹ òîïîëîãiþ Çàðèñüêîãî ç ìîäóëiâ íàä êîìóòàòèâíèìè êiëüöÿìè íà
êëàñè÷íi äóîïîëiãîíè íàä äóîìîíî¨äàìè. Íàçèâàòèìåìî öþ òîïîëîãiþ òîïîëîãi¹þ
ìàéæå-Çàðèñüêîãî íà ïîëiãîíi A. Äëÿ öüîãî âèáåðåìî äîâiëüíèé ïiäïîëiãîí B íå-
íóëüîâîãî êëàñè÷íîãî äóîïîëiãîíó A i âèçíà÷èìî êëàñè÷íèé ìíîãîâèä íàä B, ÿêèé
ïîçíà÷à¹ìî V (B), ÿê ìíîæèíó âñiõ òàêèõ êëàñè÷íî-ïåðâèííèõ ïiäïîëiãîíiâ P ïî-
ëiãîíó A, äëÿ ÿêèõ N ⊆ P . ßê äîáðå âiäîìî: V (N) = ∅; V (0) = CKSpec(A);∩

i∈I V (Ni) = V (
∑

i∈I Ni) äëÿ äîâiëüíî¨ ìíîæèíè iíäåêñiâ I; V (N)∪V (L) ⊆ V (N∩L),
äå N,L,Ni 6 M .

Ciì'þ âñiõ ïiäìíîæèí V (N) ìíîæèíè CKSpec(A) ïîçíà÷èìî ÷åðåç C(A). Òîäi
C(A) ìiñòèòü ïîðîæíþ ìíîæèíó i CKSpec(A), àëå, ÿê i ó âèïàäêó ìîäóëiâ, C(A) íå
çîáîâ'ÿçàíà áóòè çàìêíåíîþ ñòîñîâíî ñêií÷åííèõ îá'¹äíàíü.
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Çà àíàëîãi¹þ ç ìîäóëÿìè, íàçâåìî S-ïîëiãîí A êëàñè÷íèì òîï-ïîëiãîíîì, ÿêùî
ìíîæèíà C(A) çàìêíåíà ñòîñîâíî ñêií÷åííèõ îá'¹äíàíü, òîáòî äëÿ äîâiëüíèõ ïiäïî-
ëiãîíiâ N òà L ïîëiãîíó A iñíó¹ òàêèé ïiäïîëiãîí K ïîëiãîíó A, ùî V (N) ∪ V (L) =
V (K). Î÷åâèäíî, òîäi C(A) çàäîâîëüíÿ¹ àêñiîìè äëÿ çàìêíåíèõ ïiäìíîæèí òîïîëî-
ãi÷íîãî ïðîñòîðó. Çðîçóìiëî òàêîæ, ùî óñi ñêií÷åííi ïåðåòèíè äîïîâíåíü äî ìíîæèí
ç C(A) óòâîðþþòü áàçó âiäêðèòèõ ïiäìíîæèí øóêàíîãî ïðîñòîðó CKSpec(A).

Çàóâàæèìî, ùî òîïîëîãiÿ ìàéæå-Çàðèñüêîãî íà ìîíî¨äi S i çâè÷àéíà òîïîëîãiÿ
Çàðèñüêîãî ìîíî¨äà S çáiãàþòüñÿ.

Ñôîðìóëþ¹ìî àíàëîã ðåçóëüòàòó ïðàöi [15], ÿêèé âèÿâèâñÿ ïðàâèëüíèì i ó âè-
ïàäêó êëàñè÷íîãî ñïåêòðà Êàòî òîï-äóîïîëiãîíó.

Òâåðäæåííÿ 5. Òîïîëîãi÷íèé ïðîñòið X ¹ ãîìåîìîðôíèé äî CKSpec(A) äëÿ äå-
ÿêîãî òîï-äóîïîëiãîíà A òîäi i òiëüêè òîäi, êîëè âèêîíóþòüñÿ òàêi òðè âëàñòè-
âîñòi:

1) X ¹ T0 � ïðîñòîðîì;
2) ìíîæèíà âiäêðèòèõ ëàòîê ïðîñòîðó X ¹ áàçîþ â X, ùî ìiñòèòü X i ¹

çàìêíåíîþ ñòîñîâíî ñêií÷åííèõ ïåðåòèíiâ;
3) äîâiëüíèé ïåðåòèí íåçâiäíèõ çàêðèòèõ ïiäìíîæèí ïðîñòîðó X ¹ çàìèêàí-

íÿì ¹äèíî¨ òî÷êè i X çàäîâîëüíÿ¹ óìîâó: ÿêùî {Uλ : λ ∈ Λ ⊂ U}, òî iñíóþòü òàêi
åëåìåíòè λ1, .., λn ∈ Λ, ùî

∩n
i=1 Uλi ⊂ U .

Äîâåäåííÿ òåîðåìè ¹ ìîäèôiêàöi¹þ âiäïîâiäíîãî äîâåäåííÿ ç ïðàöi [15] iç âðà-
õóâàííÿì ôàêòiâ, äîâåäåíèõ â ïðàöi [8].
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A notion of a two-sided subact of centered act over a monoid with zero
is introduced. Properties of these acts are described and, on their basis, the
theory of classical duo-acts is constructed, as opposed to the theory of duo-
acts based on the technique of completely invariant subacts. The acts with
various annihilator conditions are considered. The two-sided subacts are appli-
ed for construction of backgrounds of the theory of classical duo-acts and prime
subacts. The classical duo-acts are characterized by means of language of anni-
hilator ideals. The classical duo top-acts are described.

Key words: act, classical duo-act, classical prime act, two-sided subact,
classical duo-act, classical duo top-act
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ÏÐÎ ÁÀÃÀÒÎ×ËÅÍÍÓ ÀÑÈÌÏÒÎÒÈÊÓ ÀÍÀËIÒÈ×ÍÈÕ Ó
ÊÐÓÇI ÕÀÐÀÊÒÅÐÈÑÒÈ×ÍÈÕ ÔÓÍÊÖIÉ ÉÌÎÂIÐÍÎÑÍÈÕ

ÇÀÊÎÍIÂ

Ëþáîâ ÊÓËßÂÅÖÜ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ, 79000

e-mail: lubov.kulyavets@gmail.com

Äëÿ àíàëiòè÷íî¨ â êðóçi {z : |z| < R} õàðàêòåðèñòè÷íî¨ ôóíêöi¨ φ
éìîâiðíiñíîãî çàêîíó F îäåðæàíî óìîâè íà WF (x) = 1 − F (x) + F (−x),
x > 0, ïðè âèêîíàííi ÿêèõ äëÿ ¨¨ ìàêñèìóìó ìîäóëÿ Mφ(r) ïðàâèëüíà

àñèìïòîòè÷íà ðiâíiñòü ln Mφ(r) =
m∑

j=1

Tj

(R− r)pj
+

τ + o(1)

(R− r)p
ïðè r ↑ R.

Êëþ÷îâi ñëîâà: ðÿä Äiðiõëå, éìîâiðíiñíèé çàêîí, õàðàêòåðèñòè÷íà
ôóíêöiÿ.

Íåñïàäíà íåïåðåðâíà çëiâà íà (−∞, +∞) ôóíêöiÿ F íàçèâà¹òüñÿ [1, ñ. 10]
éìîâiðíiñíèì çàêîíîì, ÿêùî lim

x→+∞
F (x) = 1 i lim

x→−∞
F (x) = 0, à âèçíà÷åíà äëÿ

äiéñíèõ çíà÷åíü z ôóíêöiÿ φ(z) =
+∞∫
−∞

eizxdF (x) íàçèâà¹òüñÿ [1, ñ. 12] õàðàêòåðèñ-

òè÷íîþ ôóíêöi¹þ öüîãî çàêîíó. ßêùî φ äîïóñêà¹ àíàëiòè÷íå ïðîäîâæåííÿ íà êðóã
DR = {z : |z| < R}, 0 < R ≤ +∞, òî φ íàçèâà¹òüñÿ àíàëiòè÷íîþ â DR õàðàê-
òåðèñòè÷íîþ ôóíêöi¹þ. Ââàæà¹ìî, ùî DR ¹ ìàêñèìàëüíèì êðóãîì àíàëiòè÷íîñòi
ôóíêöi¨ φ. Âiäîìî [1, ñ. 37-38], ùî φ ¹ àíàëiòè÷íîþ â DR õàðàêòåðèñòè÷íîþ ôóíêöi¹þ
éìîâiðíiñíîãî çàêîíó F òîäi i òiëüêè òîäi, êîëèWF (x) =: 1−F (x)+F (−x) = O(e−rx)
ïðè x → +∞ äëÿ êîæíîãî r ≥ 0. Çâiäñè âèïëèâà¹, ùî

lim
x→+∞

1

x
ln

1

WF (x)
= R. (1)

Äëÿ 0 ≤ r < R ïðèéìåìî Mφ(r) = max{|φ(z)| : |z| = r}. Â [2] äîñëiäæåíî óìîâè,
çà ÿêèõ äëÿ öiëî¨ (R = +∞) õàðàêòåðèñòè÷íî¨ ôóíêöi¨ ïðàâèëüíå ñïiââiäíîøåííÿ

lnMφ(r) =
m∑
j=1

Tjr
ϱj + (τ + o(1))rϱ, r → +∞, (2)

c⃝ Êóëÿâåöü Ë., 2015
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äå ϱ1 > 1, 0 < ϱ < ϱm < · · · < ϱ2 < ϱ1 for m ≥ 2, T1 > 0, Tj ∈ R\{0} for 2 ≤ j ≤ m
i τ ∈ R\{0}. Äîâåäåíî, ùî (2) ¹ ïðàâèëüíèì òîäi i òiëüêè òîäi, êîëè äëÿ áóäü-ÿêîãî
ε > 0 âèêîíóâàëàñü àñèìïòîòè÷íà íåðiâíiñòü

ln WF (t) ≤ −T1(p1 − 1)

(
t

T1p1

)p1/(p1−1)

+

m∑
j=2

Tj

(
t

T1p1

)pj/(p1−1)

+

+(τ + ε)

(
t

T1p1

)p/(p1−1)

, t ≥ t0(ε),

òà iñíóâàëà çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü (tk) äîäàòíèõ ÷èñåë òàêà, ùî

ln WF (tk) ≥ −T1(p1 − 1)

(
tk

T1p1

)p1/(p1−1)

+
m∑
j=2

Tj

(
tk

T1p1

)pj/p1−1)

+

+(τ − ε)

(
tk

T1p1

)p/p1−1

i tk+1 − tk = o(t
(p1+p−2)/2(p1−1)
k ) ïðè k → ∞.

Ìè ïðèïóñòèìî, ùî φ � àíàëiòè÷íà â êðóçi {z : |z| < R} éìîâiðíiñíîãî çàêîíó
F i âèçíà÷èìî óìîâè íà WF , çà ÿêèõ

ln Mφ(r) =

m∑
j=1

Tj

(R− r)pj
+

τ + o(1)

(R− r)p
, r ↑ R, (3)

äå 0 < p < pm < · · · < p2 < p1, T1 > 0, Tj ∈ R\{0} äëÿ 2 ≤ j ≤ m i τ ∈ R\{0}.
Äëÿ öüîãî ïðèéìåìî µφ(r) = sup{WF (x)e

rx : x ≥ 0} i äîâåäåìî ñïî÷àòêó, ùî
àñèìïòîòè÷íà ðiâíiñòü (3) ðiâíîñèëüíà àñèìïòîòè÷íié ðiâíîñòi

ln µφ(r) =

m∑
j=1

Tj

(R− r)pj
+

τ + o(1)

(R− r)p
, r ↑ R. (4)

Îñêiëüêè [1, ñ. 55] µφ(r) ≤ 2Mφ(r), òî ç íåðiâíîñòi

ln Mφ(r) ≤
m∑
j=1

Tj

(R− r)pj
+

τ + o(1)

(R− r)p
, r ↑ R (5)

âèïëèâà¹ íåðiâíiñòü

ln µφ(r) ≤
m∑
j=1

Tj

(R− r)pj
+

τ + o(1)

(R− r)p
, r ↑ R. (6)

Ç iíøîãî áîêó [1, ñ. 52],

Mφ(r) ≤ Iφ(r) + 1 +WF (0), Iφ(r) =

∫ ∞

0

WF (x)e
rxdx+ 1 +WF (0)

äëÿ âñiõ r ∈ (0, R). Äëÿ Iφ(r) îòðèìà¹ìî

Iφ(r − (R− r)p1−p+2) =

∞∫
0

WF (x)e
(r−(R−r)p1−p+2)xdx ≤
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≤ µφ(r)

∞∫
0

e−(R−r)p1−p+2xdx =
µφ(r)

(R− r)p1−p+2
.

Òîìó

ln Mφ(r − (R− r)p1−p+2) ≤
m∑
j=1

Tj

(R− r)pj
+

τ + o(1)

(R− r)p
, r ↑ R. (7)

Ïîçíà÷èìî t = r−(R−r)p1−p+2. Òîäi íåâàæêî äîâåñòè òàêå: r = t−(1+o(1))(R−
t)p1−p+2 ïðè t ↑ R. Òîìó äëÿ êîæíîãî 1 ≤ j ≤ m

1

(R− r)pj
=

1

(R− t)pj

(
1− (1 + o(1))pj(R− t)p1−p+1

)
=

=
1

(R− t)pj
− (1 + o(1))pj

(R− t)pj−p1+p−1
=

1

(R− t)pj
+ o

(
1

(R− t)p

)
ïðè t ↑ R. Òîìó ç (7) âèïëèâà¹, ùî

ln Mφ(t) ≤
m∑
j=1

Tj

(R− t)pj
+

τ + o(1)

(R− t)p
, t ↑ R,

òîáòî íåðiâíîñòi (5) i (6) åêâiâàëåíòíi.
ßêùî òåïåð âèêîíó¹òüñÿ (4), òî ç åêâiâàëåíòíîñòi íåðiâíîñòåé (5) i (6) âèïëèâà¹

(3). ßêùî æ (4) íå âèêîíó¹òüñÿ, òî ç îãëÿäó íà íåðiâíîñòi (3) i µφ(r) ≤ 2Mφ(r)
ïðàâèëüíà íåðiâíiñòü

ln µφ(rk) ≤
m∑
j=1

Tj

(R− rk)pj
+

τ1 + o(1)

(R− rk)p
, k → ∞,

äëÿ äåÿêî¨ ïîñëiäîâíîñòi (rk) ↑ R, äå τ1 < τ . Òîäi äëÿ öi¹¨ ïîñëiäîâíîñòi (rk) ↑ R
ïðàâèëüíà íåðiâíiñòü (7) ç τ1 çàìiñòü τ , i ïîâòîðþþ÷è íàâåäåíi ðàíiøå ìiðêóâàííÿ,
îòðèìó¹ìî îöiíêó (3) ç τ1 çàìiñòü τ äëÿ äåÿêî¨ ïîñëiäîâíîñòi (tk) ↑ R, ùî íåìîæëèâî.

Îòæå, àñèìïòîòè÷íi ðiâíîñòi (3) i (4) ¹ ðiâíîñèëüíèìè, i íàì çàëèøèëîñü âèçíà-
÷èòè óìîâè íà WF , çà ÿêèõ ïðàâèëüíà àñèìïòîòè÷íà ðiâíiñòü (4). Äëÿ öüîãî ìîæåìî
âèêîðèñòàòè òàêèé îòðèìàíèé â [2] ðåçóëüòàò.

Ëåìà 1. Íåõàé ôóíêöi¨ P (t) i Q(σ) = sup{P (t) + σt : t ≥ 0} ñïðÿæåíi çà Þíãîì,
à 0 < p < pm < · · · < p2 < p1, T1 > 0, Tj ∈ R\{0} äëÿ 2 ≤ j ≤ m, τ ∈ R\{0} i
p1 + p > 2p2. Òîäi äëÿ òîãî

Q(σ =

m∑
j=1

Tj

|σ|
+

τ + o(1)

|σ|p
, σ ↑ 0, (8)

íåîáõiäíî i äîñòàòíüî, ùîá äëÿ áóäü-ÿêîãî ε > 0:
1) áóëà ïðàâèëüíîþ íåðiâíiñòü

P (t) ≤ T1(p1 + 1)

(
t

T1p1

)p1/(p1+1)

+

m∑
j=2

Tj

(
t

T1p1

)pj/(p1+1)

+

+(τ + ε)

(
t

T1p1

)p/(p1+1)

, t ≥ t0(ε);
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2) iñíóâàëà çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü (tk) äîäàòíèõ ÷èñåë òàêà, ùî

P (tk) ≥ T1(p1 + 1)

(
tk

T1p1

)p1/(p1+1)

+
m∑
j=2

Tj

(
tk

T1p1

)pj/(p1+1)

+

+(τ + ε)

(
tk

T1p1

)p/(p1+1)

i

tk+1 − tk = o(t
(p1+p+2)(2(p1+1)
k ), k → ∞.

ßêùî ïðèéìåìî σ = r −R, òî, îñêiëüêè

ln µφ(r) = sup{ln WF (x) + rx : x ≥ 0} =

= sup{ln (WF (x)e
Rx) + (r −R)x : x ≥ 0} = Q(r −R) = Q(σ),

äå P (t) = ln (WF (t)e
Rt). Òîìó çãiäíî ç ëåìîþ ïðàâèëüíå òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 1. Íåõàé p1 + p > 2p2. Òîäi äëÿ òîãî, ùîá àñèìïòîòè÷íà ðiâíiñòü
(4) áóëà ïðàâèëüíîþ, íåîáõiäíî i äîñòàòíüî, ùîá äëÿ áóäü-ÿêîãî ε > 0:

1) áóëà ïðàâèëüíîþ íåðiâíiñòü

ln (WF (t)e
Rt) ≤ T1(p1 + 1)

(
t

T1p1

)p1/(p1+1)

+

m∑
j=2

Tj

(
t

T1p1

)pj/(p1+1)

+

+(τ + ε)

(
t

T1p1

)p/(p1+1)

, t ≥ t0(ε);

2) iñíóâàëà çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü (tk) äîäàòíèõ ÷èñåë òàêà, ùî

ln (WF (tk)e
Rtk ≥ T1(p1 + 1)

(
tk

T1p1

)p1/(p1+1)

+
m∑
j=2

Tj

(
tk

T1p1

)pj/(p1+1)

+

+(τ + ε)

(
tk

T1p1

)p/(p1+1)

i

tk+1 − tk = o(t
(p1+p+2)(2(p1+1)
k ), k → ∞.

Çðåøòîþ, îñêiëüêè àñèìïòîòè÷íi ðiâíîñòi (3) i (4) ¹ ðiâíîñèëüíèìè, ïðèõîäèìî
äî òàêî¨ îñíîâíî¨ òåîðåìè.

Òåîðåìà 1. Íåõàé p1 + p > 2p2. Òîäi äëÿ òîãî, ùîá àñèìïòîòè÷íà ðiâíiñòü (3)
áóëà ïðàâèëüíîþ, íåîáõiäíî i äîñòàòíüî, ùîá äëÿ áóäü-ÿêîãî ε > 0 âèêîíóâàëèñü
óìîâè 1) i 2) ðàíiøå äîâåäåíîãî òâåðäæåííÿ.

Àâòîð âèñëîâëþ¹ ïîäÿêó Øåðåìåòi Ì.Ì. çà ñëóøíi çàóâàæåííÿ.

Ëiòåðàòóðà

1. Ëèííèê Þ.Â. Ðàçëîæåíèÿ ñëó÷àéíûõ âåëè÷èí è âåêòîðîâ /Þ.Â. Ëèííèê, È.Â. Îñòðîâ-
ñêèé //M: Nauka, 1972. � 479 ñ.



72
Ëþáîâ ÊÓËßÂÅÖÜ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2015. Âèïóñê 80

2. Ñòåöü Þ.Â. Áàãàòî÷ëåííà ñòåïåíåâà àñèìïòîòèêà ëîãàðèôìà ìàêñèìàëüíîãî ÷ëåíà
àáñîëþòíî çáiæíîãî ó ïiâïëîùèíi ðÿäó Äiðiõëå /Þ.Â. Ñòåöü, Ì.Ì.Øåðåìåòà //Âiñíèê
Ëüâiâ. óí-òó. Ñåð. ìåõ.-ìàò. � 2015. � Âèï. 80. � Ñ. 145�160.

Ñòàòòÿ: íàäiéøëà äî ðåäêîëåãi¨ 01.07.2015
ïðèéíÿòà äî äðóêó 11.11.2015

ON MANY-TERMED ASYMPTOTIC OF ANALYTIC IN A DISK
CHARACTERISTIC FUNCTIONS OF PROBABILITY LAWS

Lyubov KULYAVEC'

Ivan Franko National University of Lviv,

Universytetska Str., 1, Lviv, 79000

e-mail: lubov.kulyavets@gmail.com

For an analytic in a disk {z : |z| < R} characteristic function φ of the
probability law F , there are indicated conditions onWF (x) = 1−F (x)+F (−x),
x > 0, under which for its maximum modulus Mφ(r) the asymtotical equality

ln Mφ(r) =
m∑

j=1

Tj

(R− r)pj
+

τ + o(1)

(R− r)p
as r ↑ R holds.

Key words: Dirichlet series, probability law, characteristic function.
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Ìåòîäîì Åëi Êàðòàíà âèâ÷à¹ìî ãåîìåòðiþ øàðóâàííÿ, ÿêà ¹ ïîðîäæåíà
ãëàäêîþ ñóáìåðñi¹þ. Îòðèìàíî êàíîíi÷íèé âèãëÿä ñòðóêòóðíèõ ðiâíÿíü
ãëàäêî¨ ñóáìåðñi¨, ç'ÿñîâàíî ãåîìåòðè÷íèé ñåíñ êàíîíiçàöi¨. ßê ïðèêëàä,
äåòàëüíî ðîçãëÿíóòî øàðóâàííÿ äâîâèìiðíèõ ïîâåðõîíü ó òðèâèìiðíîìó
åâêëiäîâîìó ïðîñòîði, îïèñàíî óñi éîãî iíâàðiàíòè.

Êëþ÷îâi ñëîâà: ìíîãîâèä, çîâíiøíi ôîðìè, ðóõîìèé ðåïåð, ãëàäêå øà-
ðóâàííÿ, ãîëîâíå ðîçøàðóâàííÿ, iíâàðiàíò, ãëàäêi ñóáìåðñi¨.

1. Âñòóï. Äèôåðåíöiàëüíi iíâàðiàíòè øàðóâàíü äîñëiäæóâàâ îäèí ç àâòîðiâ öi¹¨
ñòàòòi ó ïðàöÿõ [6]�[14]. Çàñòîñîâóâàëè ìåòîäèêó, ÿêà çàïðîïîíîâàíà â [1],[3]. Íàøà
ìåòà � äîñëiäèòè ãåîìåòðiþ ãëàäêèõ øàðóâàíü êëàñè÷íèì ìåòîäîì Å.Êàðòàíà, â
îñíîâi ÿêîãî ¹ çîâíiøíi ôîðìè òà ðóõîìèé ðåïåð. Öåé ìåòîä áóâ ñóòò¹âî âäîñêîíà-
ëåíèé ó ïðàöÿõ áàãàòüîõ ãåîìåòðiâ: Ã.Ô. Ëàïò¹âèì, äèâ., íàïðèêëàä, [15], [16]. Çîêðå-
ìà, ó [17] âií ïîáóäóâàâ iíâàðiàíòíó òåîðiþ äèôåðåíöiéîâàíèõ âiäîáðàæåíü ãëàäêîãî
ìíîãîâèäó ó ìíîãîâèä áiëüøî¨ ðîçìiðíîñòi. Ìè ðîçâèíóëè öþ òåîðiþ äëÿ âèïàäêó
ãëàäêèõ ñóáìåðñié. Â ïåðøié ÷àñòèíi ïðàöi çíàéäåíî êàíîíi÷íèé âèãëÿä ñòðóêòóð-
íèõ ðiâíÿíü ãëàäêî¨ ñóáìåðñi¨ òà ç'ÿñîâàíî ãåîìåòðè÷íèé ñåíñ ïðîâåäåíî¨ êàíîíiçàöi¨.
Òàêîæ ìè ïðîäåìîíñòðóâàëè, ùî ç ñóáìåðñi¹þ êàíîíi÷íî ïîâ'ÿçàíi G-ñòðóêòóðè ïåð-
øîãî òà äðóãîãî ïîðÿäêó, òà ïåâíèé òðèâàëåíòíèé òåíçîð. Ó äðóãié ÷àñòèíi äåòàëü-
íî ðîçãëÿäà¹ìî ðîçøàðóâàííÿ äâîâèìiðíèõ ïîâåðõîíü ó òðèâèìiðíîìó åâêëiäîâîìó
ïðîñòîði, çíàõîäèìî éîãî äèôåðåíöiàëüíi iíâàðiàíòè, ç'ÿñîâó¹ìî ¨õíié ãåîìåòðè÷íèé
ñåíñ. Çîêðåìà, ìè äîâåëè, ùî àëãåáðà iíâàðiàíòiâ ïîðîäæåíà iíâàðiàíòàìè äðóãîãî
äèôåðåíöiàëüíîãî îêîëó, ÿêi âèçíà÷àþòü ðîçøàðóâàííÿ ç òî÷íiñòþ äî ðóõó.

c⃝ Â. Ì. Êóçàêîíü, Î. Ì. Øåë¹õîâ, 2015
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2. Ñòðóêòóðíi ðiâíÿííÿ ãëàäêî¨ ñóáìåðñi¨.
2.1. Ñòðóêòóðíi ðiâíÿííÿ ãëàäêî¨ ñóáìåðñi¨ ó äîâiëüíîìó ðåïåði. Íåõàé M òà

X � ãëàäêi ìíîãîâèäè ðîçìiðíîñòåé n òà r, âiäïîâiäíî, n > r, òà f : M → X �
ãëàäêå âiäîáðàæåííÿ (ñóáìåðñiÿ).

Çãiäíî ç [15] çàäàìî ñòðóêòóðíi ðiâíÿííÿ ìíîãîâèäó M ó âèãëÿäi

dωi =ωj ∧ ωi
j ,

dωi
j =ωk

j ∧ ωi
k + ωk ∧ ωi

jk,

dωi
jk =ωm

jk ∧ ωi
m − ωi

mk ∧ ωm
j − ωi

jm ∧ ωm
k + ωm ∧ ωi

jkm, . . .

(1)

Òóò ωi, i, j, k,m, ... = 1, 2, . . . n, � áàçèñíi äèôåðåíöiàëüíi ôîðìè ìíîãîâèäó M , ÿêi
¹ çàëåæíèìè âiä äèôåðåíöiàëiâ ïàðàìåòðiâ xi � ëîêàëüíèõ êîîðäèíàò íà M .

ßê âiäîìî [16], ôîðìè ωi i ωi
j óòâîðþþòü áàçèñ ðîçøàðóâàííÿ H1(M) êîðåïåðiâ

ïåðøîãî ïîðÿäêó ìíîãîâèäó M , ôîðìè ωi, ωi
j , ω

i
jk � áàçèñ ðîçøàðóâàííÿ H2(M)

êîðåïåðiâ äðóãîãî ïîðÿäêó òà ií.
Àíàëîãi÷íî çàïèøåìî ñòðóêòóðíi ðiâíÿííÿ ìíîãîâèäó X

dϑa =ϑb ∧ ϑa
b ,

dϑa
b =ϑc

b ∧ ϑa
c + ϑc ∧ ϑa

bc,

. . .

(2)

Òóò ϑa, a, b, c, ... = 1, 2, . . .m, � áàçèñíi äèôåðåíöiàëüíi ôîðìè ìíîãîâèäó X, ùî
çàëåæàòü âiä äèôåðåíöiàëiâ ïàðàìåòðiâ ua � ëîêàëüíèõ êîîðäèíàò íà X.

Ó ëîêàëüíèõ êîîðäèíàòàõ ðiâíÿííÿ ñóáìåðñi¨ f íàáóâàþòü âèãëÿäó u = f(x).
ßêùî ìè ïðîäèôåðåíöiþ¹ìî öå ðiâíÿííÿ òà çàìiíèìî ó íüîìó äèôåðåíöiàëè çìiííèõ
íà iíâàðiàíòíi ôîðìè ωi, ϑa, òî îòðèìà¹ìî äèôåðåíöiàëüíi ðiâíÿííÿ ñóáìåðñi¨ f ó
iíâàðiàíòíîìó âèãëÿäi

ϑa = λa
i ω

i. (3)

Ôóíêöi¨ λa
i = λa

i (x, u) óòâîðþþòü äèôåðåíöiàëüíî-ãåîìåòðè÷íèé îá'¹êò ïåðøîãî ïî-
ðÿäêó âiäîáðàæåííÿ f [15].

Ñóáìåðñiÿ f âèçíà÷à¹ ó ìíîãîâèäi M øàðóâàííÿ Φ iç øàðàìè êîðîçìiðíîñòi
m, äå áàçîþ øàðóâàííÿ ¹ ìíîãîâèä X. Øàð ó M âèçíà÷à¹òüñÿ ôiêñàöi¹þ òî÷êè
ìíîãîâèäó X, òîáòî ôiêñàöi¹þ ëîêàëüíèõ êîîðäèíàò ua (àáî, êîðîòøå, ïàðàìåòðà
u). Ââàæàþ÷è u = const, îòðèìó¹ìî ϑa = 0, âíàñëiäîê ÷îãî ç (3) âèïëèâà¹

λa
i ω

i = 0 (4)

� äèôåðåíöiàëüíi ðiâíÿííÿ øàðóâàííÿ Φ.
Íà ìíîãîâèäi M äi¹ ïñåâäîãðóïà ëîêàëüíèõ äèôåîìîðôiçìiâ, ÿêó ïîçíà÷èìî

P. Àíàëîãi÷íó ãðóïó, ùî äi¹ íà X, ïîçíà÷èìî Q. ßêùî íà ìíîãîâèäàõ M òà X íå
çàôiêñîâàíî æîäíèõ äîäàòêîâèõ ñòðóêòóð, òî ñóáìåðñiÿ f òà øàðóâàííÿ Φ ðîçãëÿ-
äàòèìóòüñÿ ç òî÷íiñòþ äî ïåðåòâîðåíü ïñåâäîãðóïè P ×Q.

Çîâíiøí¹ äèôåðåíöiþâàííÿ ðiâíÿíü (3) ç óðàõóâàííÿì ñòðóêòóðíèõ ðiâíÿíü
ïðèçâîäèòü äî ïîÿâè êâàäðàòè÷íèõ ðiâíÿíü

(dλa
i − λa

k ω
k
i + λb

i ϑ
a
b ) ∧ ωi = 0.
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Çãiäíî ç ëåìîþ Êàðòàíà îòðèìà¹ìî

dλa
i − λa

k ω
k
i + λb

i ϑ
a
b = λa

ikω
k, (5)

äå λa
ik = λa

ki � äåÿêi íîâi ôóíêöi¨, ÿêi ðàçîì ç ôóíêöiÿìè λa
i ñòàíîâëÿòü äèôåðåí-

öiàëüíî-ãåîìåòðè÷íèé îá'¹êò äðóãîãî ïîðÿäêó âiäîáðàæåííÿ f [15].
Ïðîäîâæóþ÷è ðiâíÿííÿ (5), òîáòî, äèôåðåíöiþþ÷è ¨õ çîâíiøííüî, òà çãîäîì

ðîçêðèâàþ÷è çà ëåìîþ Êàðòàíà, îòðèìó¹ìî íîâó ñåðiþ ðiâíÿíü, ùî ìiñòÿòü íîâi
ôóíêöi¨ λa

ikℓ, òà ií. Ðiâíÿííÿ (1), (2) ðàçîì ç ðiâíÿííÿìè (3), (5) íàçèâàþòü ñòðóê-
òóðíèìè ðiâíÿííÿìè ñóáìåðñi¨ f àáî øàðóâàííÿ Φ.

Çâóçèìî ðîäèíó êîðåïåðiâ H1(M), âèáèðàþ÷è ôîðìè λa
i ω

i, ÿêi àíóëþþòüñÿ
íà øàðàõ øàðóâàííÿ Φ, ÿê íîâi áàçèñíi ôîðìè ωa ìíîãîâèäó M . Ó íîâîìó áàçèñi
ðiâíÿííÿ (4) øàðó øàðóâàííÿ Φ íàáóäóòü âèãëÿäó

ωa = 0. (6)

Ïîðiâíþþ÷è ç (4), çíàõîäèìî, ùî ó íîâîìó ðåïåði λa
b = δab , λ

a
u = 0, äå çàçâè÷àé

÷åðåç δab ïîçíà÷åíî ñèìâîë Êðîíåêåðà òà u = m+1,m+2, . . . , n. Îòðèìàíi êîðåïåðè
ïåðøîãî ïîðÿäêó íàçâåìî àäàïòîâàíèìè ñóáìåðñi¨ f àáî øàðóâàííþ Φ. Çâè÷àéíî,
òåðìií

”
àäàïòîâàíèé êîðåïåð“ çàñòîñîâóþòü òàêîæ äî óñüîãî ðîçøàðóâàííÿ àäàïòî-

âàíèõ êîðåïåðiâ, ÿêå áóäåìî ïîçíà÷àòè R1. Äàëi áóäåìî ââàæàòè, ùî óñi ðîçðàõóíêè
âèêîíóþòü â àäàïòîâàíîìó êîðåïåðiR1. Ó íüîìó ðiâíÿííÿ (3) ìàþòü ïðîñòèé âèãëÿä

ϑa = ωa. (7)

Íàçâåìî ¨õ êàíîíi÷íèìè ðiâíÿííÿìè ñóáìåðñi¨ f àáî øàðóâàííÿ Φ.
Âíàñëiäîê ñïåöiàëiçàöi¨ êîðåïåðà (λa

b = δab , λ
a
u = 0) ðiâíÿííÿ (5) ìîæíà ïîäiëèòè

íà äâi ñåði¨
ϑa
b = ωa

b + λa
bkω

k (8)

òà
ωa
u = Aa

uvω
v +Aa

ubω
b, (9)

äå ïîçíà÷åíî Aa
uk = −λa

uk. Âíàñëiäîê ñèìåòði¨ âåëè÷èí λa
jk ïî íèæíiõ iíäåêñàõ, âå-

ëè÷èíè Ai
uv òàêîæ ¹ ñèìåòðè÷íèìè Ai

uv = Ai
vu.

2.2. Êàíîíi÷íi ñòðóêòóðíi ðiâíÿííÿ ñóáìåðñi¨. ßêùî ïðîäèôåðåíöiþ¹ìî ðiâ-
íÿííÿ (9) çîâíiøíüî, òî îòðèìà¹ìî

▽Aa
uv ∧ ωv +▽Aa

ub ∧ ωb +Aa
ubA

b
vcω

v ∧ ωc = 0, (10)

äå ïîçíà÷åíî

▽Aa
uv = dAa

uv +Ab
uvω

a
b −Aa

wvω
w
u −Aa

uwω
w
v + ωa

uv,

▽Aa
ub = dAa

ub +Ac
ubω

a
c −Aa

vbω
v
u −Aa

ucω
c
b −Aa

uvω
v
b + ωa

ub.
(11)

Âíàñëiäîê ñèìåòði¨ âåëè÷èí Aa
uv ìîæíà ââàæàòè, ùî ôîðìè ωa

uv òàêîæ ñèìåòðè÷íi
ωa
uv = ωa

uv.
Êîðèñòóþ÷èñü ëåìîþ Êàðòàíà, ç êâàäðàòè÷íèõ ðiâíÿíü (10) îòðèìà¹ìî

▽Aa
uv = Aa

uvbω
b +Aa

uvwω
w,

▽Aa
ub = Aa

ubcω
c +Aa

ubvω
v,

(12)

äå âèêîíóþòüñÿ ñïiââiäíîøåííÿ

Aa
[uv]b = 0, Aa

uvw = Aa
(uvw), Aa

u[bc] = 0, Aa
ubv −Aa

uvb = Aa
ucA

c
ub. (13)
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ßêùî ïîçíà÷èìî
ω̃a
b = ωa

b + λa
bkω

k, (14)

òî ðiâíÿííÿ (8) íàáóäóòü âèãëÿäó

ϑa
b = ω̃a

b , (15)

à âíàñëiäîê (7), (15) i ðiâíîñòåé Aa
ub = −λa

ub = −λa
bu ïåðøi ñåði¨ ñòðóêòóðíèõ ðiâíÿíü

(1) i (2) íàáóäóòü îäíàêîâîãî âèãëÿäó

dωa = ωb ∧ ω̃a
b . (16)

Íà ðåøòó ðiâíÿíü ïåðøî¨ ñåði¨ (1) çàìiíà (14) íå âïëèâà¹

dωu = ωk ∧ ωu
k .

Çíàéäåìî çîáðàæåííÿ (ðåïðåçåíòàöiþ) ïñåâäîãðóïè P × Q ó êîðåïåði R1. Äî-
âiëüíå ïåðåòâîðåííÿ ç P íàáóâà¹ âèãëÿäó ω̃i = pijω

j , à äîâiëüíå ïåðåòâîðåííÿ ç Q
� ϑ̃a = qabϑ

b. Ââàæàòèìåìî, ùî êîáàçèñè ω̃i i ϑ̃a òàêîæ ç R1, òîáòî äëÿ íèõ òàêîæ
âèêîíóþòüñÿ ðiâíÿííÿ (7): ϑ̃a = ω̃a. Òîäi ç ïîïåðåäíiõ ðiâíÿíü âèïëèâà¹, ùî qab = pab ,
pav = 0, ìàòðèöÿ (pij) íàáóäå âèãëÿäó(

(pab ) 0
(pub ) (puv )

)
.

Îòîæ, âíàñëiäîê ðåäóêöi¨ ðåïåðà ïñåâäîãðóïà P çâóçèëàñÿ äî ïñåâäîãðóïè P ′, îáìå-
æåíî¨ óìîâàìè pav = 0, à ïñåâäîãðóïà Q âêëàäà¹òüñÿ ó P ′, ùî ¹ ¨¨ ðîçøèðåííÿì.

Çàìiíà (14) âèçíà÷à¹ ïåðåõiä äî íîâîãî àäàïòîâàíîãî êîðåïåðà, ÿêèé ïîçíà÷èìî
R2. Äàëi áóäåìî ââàæàòè, ùî óñi ðiâíÿííÿ çàïèñàíi ó êîðåïåði R2. Ïîðiâíþþ÷è
ðiâíÿííÿ (15) òà (8), çíàõîäèìî, ùî ó êîðåïåðiR2 ìàþòü âèêîíóâàòèñü ñïiââiäíîøåí-
íÿ λa

bk = 0, çâiäêè âíàñëiäîê ñèìåòði¨ öèõ âåëè÷èí çà íèæíiìè iíäåêñàìè ìàòèìåìî
Aa

ub = 0. Âíàñëiäîê öüîãî ðiâíÿííÿ (9) íàáóäóòü âèãëÿäó

ωa
u = Aa

uvω
v, (17)

äå, âðàõîâóþ÷è ïîïåðåäíi ïîçíà÷åííÿ, îòðèìà¹ìî

Aa
uv = Aa

vu. (18)

Ç äðóãèõ ðiâíîñòåé ðiâíÿíü (11) òà (12) âíàñëiäîê óìîâè Aa
ub = 0 âèïëèâà¹

ωa
ub = Aa

uvω
v
b +Aa

ubcω
c +Aa

ubvω
v, (19)

à ñïiââiäíîøåííÿ (13) òåïåð ìîæíà çàïèñàòè òàê:

Aa
[uv]b = 0, Aa

uvw = Aa
(uvw), Aa

u[bc] = 0, Aa
ubv = Aa

uvb. (13′)

Äèôåðåíöiþ¹ìî (15), ñêîðèñòàâøèñü ñòðóêòóðíèìè ðiâíÿííÿìè (1) òà (2), çà-
ïèñàíèìè ó êîðåïåði R2. Îäåðæèìî

(ωa
bc − ϑa

bc) ∧ ωc + (ωa
bv −Aa

uvω
u
b ) ∧ ωv = 0.

Çàñòîñó¹ìî ëåìó Êàðòàíà òà îòðèìà¹ìî ðiâíÿííÿ

ωa
bc − ϑa

bc = µa
bcdω

d + µa
bcvω

v,

ωa
bv −Aa

uvω
u
b = µa

bvcω
c + µa

bvwω
w,

(20)
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äå âèêîíóþòüñÿ ñïiââiäíîøåííÿ

µa
b[cd] = 0, µa

bcv = µa
bvc, µa

b[vw] = 0. (21)

Çà äîïîìîãîþ ïåðøîãî çi ñïiââiäíîøåíü (20) ââåäåìî òàêi ïîçíà÷åííÿ:

ω̃a
bc ≡ ωa

bc − µa
bcvω

v = ϑa
bc + µa

bcdω
d ≡ ϑ̃a

bc. (22)

Îñòàòî÷íî îòðèìà¹ìî

dωa
b = ωc

b ∧ ωa
c + ωu

b ∧ ωa
u + ωc ∧ ωa

bc + ωv ∧ ωa
bv

= ωc
b ∧ ωa

c +Aa
uvω

u
b ∧ ωv + ωc ∧ ωa

bc + ωv ∧ ωa
bv

= ωc
b ∧ ωa

c + ωv(ωa
bv −Aa

uvω
u
b ) + ωc ∧ ωa

bc.

Çàìiíþþ÷è âèðàç ó äóæêàõ çà äîïîìîãîþ (20), òà âðàõîâóþ÷è ñïiââiäíîøåííÿ
µa
b[vw] = 0 (äèâ. (21)), ïiñëÿ ïåðåòâîðåíü ç óðàõóâàííÿì ïîçíà÷åíü (22), îñòàòî÷íî

îäåðæó¹ìî
dω̃a

b = ω̃c
b ∧ ω̃a

c + ωc ∧ ω̃a
bc. (23)

Ìîæíà ïåðåâiðèòè ïðîñòèì îá÷èñëåííÿì, ùî ôîðìà dϑ̃a
bc ìà¹ ñàìå òàêèé âèãëÿä,

òîáòî, äèôåðåíöiþâàííÿ ñïiââiäíîøåííÿ ω̃a
bc = ϑ̃a

bc, ùî âèïëèâà¹ ç (22), äà¹ òîòîæ-
íiñòü.

Çàìiíè (22) âèçíà÷àþòü ïåðåõiä äî íîâèõ àäàïòîâàíèõ êîðåïåðiâ òðåòüîãî ïî-
ðÿäêó íà ìíîãîâèäàõ M i X, i öi êîðåïåðè ïîçíà÷èìî, âiäïîâiäíî, R3 i R′. Â íèõ
(äèâ. (22)) âæå ω̃a

bc ≡ ϑ̃a
bc, òîìó ç ðiâíÿíü âèãëÿäó (20), çàïèñàíèõ äëÿ êîðåïåðà R3,

âèïëèâà¹ µa
bcd = µa

bcv = 0, òîìó äðóãå ðiâíÿííÿ (20) íàáóäå âèãëÿäó

ωa
bu = Aa

vuω
v
b + µa

buvω
v. (20′)

Ïðîäîâæóþ÷è íàâåäåíi ìiðêóâàííÿ çà iíäóêöi¹þ, ìàòèìåìî òàêå òâåðäæåííÿ.
Òåîðåìà 1. Íåõàé f : M → X � ãëàäêà ñóáìåðñiÿ òà ñòðóêòóðíi ðiâíÿííÿ

ìíîãîâèäiâ M òà X çàïèñàíi ó âèãëÿäi (1), (2). Òîäi áàçèñè ó ðîçøàðóâàííÿõ êîðå-
ïåðiâ ïåðøîãî, äðóãîãî òà iíøèõ ïîðÿäêiâ íà ìíîãîâèäàõ M òà X ìîæíà îáðàòè
òàê, ùîá âèêîíóâàëèñÿ ðiâíÿííÿ

ϑa = ωa, ϑa
b = ωa

b , ωa
bc = ϑa

bc, . . . (24)

äëÿ áóäü-ÿêî¨ êiëüêîñòi íèæíiõ iíäåêñiâ.

ßêùî öå çðîáëåíî, òî ââàæàòèìåìî, ùî ñòðóêòóðè ìíîãîâèäiâ M òà X ¹ êà-
íîíi÷íî óçãîäæåíèìè ñòîñîâíî ñóáìåðñi¨ f . Ó öüîìó âèïàäêó ñòðóêòóðíi ðiâíÿííÿ
(2) ìíîãîâèäó X ñòàíîâëÿòü ÷àñòèíó ñòðóêòóðíèõ ðiâíÿíü (1) ìíîãîâèäó M , ÿêi áó-
äåìî íàçèâàòè êàíîíi÷íèìè ñòðóêòóðíèìè ðiâíÿííÿìè ñóáìåðñi¨ f àáî øàðóâàííÿ
Φ.

ßêùî âèêîíó¹òüñÿ ëèøå ïåðøà ñåðiÿ ñïiââiäíîøåíü (24), òî ââàæàòèìåìî, ùî
¹ êàíîíi÷íî óçãîäæåíèìè ñòðóêòóðè ïåðøîãî ïîðÿäêó, ÿêùî ïåðøà òà äðóãà ñåði¨
ñïiââiäíîøåíü � òî êàíîíi÷íî óçãîäæåíèìè ¹ ñòðóêòóðè äðóãîãî ïîðÿäêó ñòîñîâíî
ñóáìåðñi¨ f òà ií.

ßêùî êàíîíi÷íî óçãîäæåíèìè ¹ ñòðóêòóðè äðóãîãî ïîðÿäêó, òî ïåðøi äâi ñåði¨
ðiâíÿíü (1) áóäåìî íàçèâàòè ñòðóêòóðíèìè ðiâíÿííÿìè ñóáìåðñi¨ f .
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2.3. G-ñòðóêòóðè, ïîâ'ÿçàíi ç ñóáìåðñi¹þ.

Ïåðøi äâi ñåði¨ ñòðóêòóðíèõ ðiâíÿíü (1) ìíîãîâèäó M

dωi = ωj ∧ ωi
j , dωi

j = ωk
j ∧ ωi

k + ωk ∧ ωi
jk (25)

ìîæíà ðîçãëÿäàòè ÿê ñòðóêòóðíi ðiâíÿííÿ ãîëîâíîãî ðîçøàðóâàííÿ ðåïåðiâ (ðåïåðiâ
ïåðøîãî ïîðÿäêó) íàäM , áàçîþ ÿêîãî ¹M , à øàðîì � ìíîãîâèä Rp ðåïåðiâ ïåðøîãî
ïîðÿäêó, âiäíåñåíèõ äî ïåâíî¨ òî÷êè p, p ∈ M . Øàð Rp âèîêðåìëþ¹òüñÿ öiëêîì
iíòåãðîâíîþ ñèñòåìîþ ωi = 0, âíàñëiäîê ÿêî¨ ðiâíÿííÿ (25) íàáóâàþòü âèãëÿäó

δπi
j = πk

j ∧ πi
k. (26)

Òóò çàçâè÷àé πi
j = ωi

j(modω
i = 0), à δ � ñèìâîë äèôåðåíöiþâàííÿ çà âòîðèííèìè

ïàðàìåòðàìè, òîáòî çà ïàðàìåòðàìè ðåïåðà ó Rp. Ðiâíÿííÿ (26) ¹ ðiâíÿííÿìè ïîâíî¨
ëiíiéíî¨ ãðóïè GL(n), ùî äi¹ íà ìíîãîâèäi Rp âiëüíî òà ïðîñòî òðàíçèòèâíî.

ßêùî íà ìíîãîâèäàõ M òà X êàíîíi÷íî óçãîäæåíi ñòðóêòóðè äðóãîãî ïîðÿäêó,
òî ç ðiâíÿíü (17) òà (26) îòðèìó¹ìî πa

u = 0, δπa
u = 0. Öiëêîì iíòåãðîâíà ñèñòåìà

πa
u = 0 âèîêðåìëþ¹ íà ãðóïi GL(n) ïiäãðóïó G, ñòðóêòóðíi ðiâíÿííÿ ÿêî¨ îòðèìà¹ìî
ç (26), âðàõîâóþ÷è πa

u = 0

δπa
b = πc

b ∧ πa
c , δπ

u
b = πc

b ∧ πu
c + πv

b ∧ πu
v , δπ

u
v = πw

v ∧ πu
w. (26′)

Ãðóïà G ¹ ãðóïîþ ìàòðèöü âèãëÿäó(
A 0
B C

)
, (27)

äå A,B,C � ìàòðèöi r × r, (n− r)× r, (n− r)× (n− r), âiäïîâiäíî.
Öiëêîì iíòåãðîâíi ñèñòåìè πu

b = πu
v = 0, πu

v = πa
b = 0, πa

b = πu
b = 0 âèîêðåìëþ-

þòü ó ãðóïi G âiäïîâiäíî ïiäãðóïè GL(r), A(r, n− r), GL(n− r), äå ÷åðåç A(r, n− r)
ïîçíà÷åíî àáåëåâó ãðóïó ìàòðèöü (n − r) × r ùîäî äîäàâàííÿ. ßê âèäíî ç ðiâíÿíü
(26'), ïiäãðóïè GL(r) i GL(n− r) ¹ íîðìàëüíèìè äiëüíèêàìè G.

Ãðóïà G äi¹ òðàíçèòèâíî íà ìíîãîâèäi àäàïòîâàíèõ ðåïåðiâ, ÿêèé ìè ïîçíà÷èëè
ÿê R1. Òîìó âîíà çàäà¹ íà ìíîãîâèäi M G-ñòðóêòóðó [19], ÿêó ìè ïîçíà÷èìî BG.

Çãiäíî ç îçíà÷åííÿì ãðóïà GL(r) òðàíçèòèâíî äi¹ íà ðîçøàðóâàííi ðåïåðiâ ìíî-
ãîâèäó X. Äîâåäåìî, ùî ãðóïà GL(n− r) òðàíçèòèâíî äi¹ íà ðîçøàðóâàííi ðåïåðiâ
øàðó øàðóâàííÿ Φ. Ñïðàâäi, øàð ôiêñó¹òüñÿ ðiâíÿííÿì (9), âíàñëiäîê ÿêîãî ç ðiâ-
íÿíü (1) (â àäàïòîâàíîìó ðåïåði) îòðèìó¹ìî ñòðóêòóðíi ðiâíÿííÿ øàðó

dωu =ωv ∧ ωu
v ,

dωu
v =ωw

v ∧ ωu
w + ωb

v ∧ ωu
b + ωw ∧ ωu

vw = ωw
v ∧ ωu

w +Ab
vwω

w ∧ ωu
b + ωw ∧ ωu

vw.

Ôiêñóþ÷è òî÷êó øàðó (ωu = 0), îäåðæó¹ìî ñòðóêòóðíi ðiâíÿííÿ ãðóïè GL(n− r)

dπu
v = πw

v ∧ πu
w.

Îòæå, öÿ ãðóïà äi¹ íà ðîçøàðóâàííi ðåïåðiâ, áàçîþ ÿêîãî ¹ øàð øàðóâàííÿ Φ.
Äàëi ðîçãëÿíåìî ïåðøi òðè ñåði¨ ñòðóêòóðíèõ ðiâíÿíü (1). �õ ìîæíà ðîçãëÿäàòè

ÿê ñòðóêòóðíi ðiâíÿííÿ ãîëîâíîãî ðîçøàðóâàííÿ ðåïåðiâ äðóãîãî ïîðÿäêó íàä M ,
áàçîþ ÿêîãî ¹ M , à øàðîì � ìíîãîâèä R2

p ðåïåðiâ äðóãîãî ïîðÿäêó, âiäíåñåíèõ
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äî ïåâíî¨ òî÷êè p, p ∈ M . Øàð R2
p âèîêðåìëþ¹òüñÿ öiëêîì iíòåãðîâíîþ ñèñòåìîþ

ωi = 0, âíàñëiäîê ÿêî¨ ç (1) âèïëèâà¹

δπi
j =πk

j ∧ πi
k,

δπi
jk =πm

jk ∧ πi
m − πi

mk ∧ πm
j − πi

jm ∧ πm
k .

(28)

Öi ðiâíÿííÿ âèçíà÷àþòü ãðóïó Ëi, ÿêà ìà¹ íàçâó äèôåðåíöiàëüíî¨ ãðóïè äðóãîãî
ïîðÿäêó [15], ïîçíà÷èìî ¨¨ D2. Çàçíà÷èìî, ùî äèôåðåíöiàëüíi ãðóïè äîñëiäæóâàëè
ðiçíi àâòîðè, íàïðèêëàä, ¨õ ìàòðè÷íó ðåïðåçåíòàöiþ ïîäàíî ó [18], äèâ. òàêîæ [4].

ßêùî ñòðóêòóðè ìíîãîâèäiâM òà X óçãîäæåíi äî äðóãîãî ïîðÿäêó, òî ç òðåòüî¨
ñåði¨ ðiâíÿíü (28) íà ïiäñòàâi (17) çíàõîäèìî

δπa
uv = πb

uv ∧ πa
b − πa

wv ∧ πw
u − πa

uw ∧ πw
v . (28)

Çâiäñè âèïëèâà¹, ùî ñèñòåìà ïôàôîâèõ ðiâíÿíü πa
uv = 0 íà ãðóïi D2 ¹ öiëêîì iíòå-

ãðîâíîþ, îòæå, âèîêðåìëþ¹ äåÿêó ïiäãðóïó, ïîçíà÷èìî ¨¨ D2
0.

Íåõàé ó ðîçøàðóâàííi ðåïåðiâ äðóãîãî ïîðÿäêó íàä M çàôiêñîâàíî ïiäðîçøà-
ðóâàííÿ âèãëÿäó

ωa
uv = Ba

uvkω
k. (29)

Ïîçíà÷èìî éîãî R̃. Ó øàði R2
p öüîãî ïiäðîçøàðóâàííÿ áóäóòü âèêîíóâàòèñü ðiâíÿííÿ

πa
uv = 0, òîáòî ó R2

p äi¹ ãðóïà D2
0. Îòæå, íà ìíîãîâèäi M âèçíà÷åíî G-ñòðóêòóðó

äðóãîãî ïîðÿäêó BD2
0
iç ñòðóêòóðíîþ ãðóïîþ D2

0 [4]. Îäíî÷àñíî ç (12) çíàõîäèìî, ùî

íà R̃ ôîðìà▽Aa
uv ñòà¹ ãîëîâíîþ. Öå îçíà÷à¹, äèâ. [15], ùî âåëè÷èíè Aa

uv óòâîðþþòü
òåíçîð íà G-ñòðóêòóði BG. Äîâåäåìî òåîðåìó.

Òåîðåìà 2. Íåõàé f : M → X � ñóáìåðñiÿ, i ñòðóêòóðè M òà X êàíîíi÷íî
óçãîäæåíi ñòîñîâíî f , òîáòî âèêîíóþòüñÿ ðiâíÿííÿ (1), (16), (17), (19), (20'), (23)
i òà ií. Òîäi íà M âèçíà÷åíî G-ñòðóêòóðó BG, äå G � ïiäãðóïà âèãëÿäó (27) ïîâíî¨
ëiíiéíî¨ ãðóïè GL(n), ùî äi¹ íà ïiäðîçøàðóâàííi ðåïåðiâ, çàäàíèõ ðiâíÿííÿìè (17).
Íåõàé íà M çàôiêñîâàíèé ïåðåòèí âèãëÿäó (29). Òîäi íà M âèçíà÷åíî G-ñòðóêòóðó
äðóãîãî ïîðÿäêó BD2

0
iç ñòðóêòóðíîþ ãðóïîþ D2

0 � ïiäãðóïîþ äèôåðåíöiàëüíî¨ ãðóïè

äðóãîãî ïîðÿäêó D2, âèîêðåìëåíîþ ðiâíÿííÿìè πa
uv = 0. Ó öüîìó âèïàäêó âåëè÷èíè

Aa
uv, âèçíà÷åíi ðiâíîñòÿìè (10) òà (12,1), óòâîðþþòü òåíçîð íà G-ñòðóêòóði BG.

3. Iíâàðiàíòè ðîçøàðóâàííÿ ïîâåðõîíü ó òðèâèìiðíîìó åâêëiäîâîìó
ïðîñòîði.

3.1. Ðiâíÿííÿ ñóáìåðñi¨ f : E3 → R.
Íåõàé f : E3 → R, äå E3 � òðèâèìiðíèé åâêëiäîâèé ïðîñòið. Ó E3 ìè áóäåìî âè-

êîðèñòîâóâàòè îðòîíîðìîâàíi ðåïåðè. Òîìó ïîïåðåäíi ìiðêóâàííÿ äîâåäåòüñÿ äåùî
çìiíèòè, îñêiëüêè ¨õ ïðîâîäèëè äëÿ çàãàëüíîãî âèïàäêó, êîëè íà ìíîãîâèäè ðåïåðiâ
íå íàêëàäà¹òüñÿ æîäíèõ óìîâ.

Íåõàé p � äîâiëüíà òî÷êà ó E3, ei � ðóõîìèé îðòîíîðìîâàíèé ðåïåð, i, j, k, ... =
1, 2, 3. Ââàæà¹ìî, ÿê çàçè÷àé

dp = ωiei, dei = ωj
i ej . (30)

Ôîðìè ωi òà ωj
i çàäîâîëüíÿþòü ñòðóêòóðíi ðiâíÿííÿ åâêëiäîâîãî ïðîñòîðó

dωi = ωj ∧ ωi
j , dωi

j = ωk
j ∧ ωi

k, (31)
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òà ñïiââiäíîøåííÿ
ωi
j = −ωj

i , ω
i
i = 0, (32)

ÿêi âèïëèâàþòü ç óìîâè îðòîíîðìîâàíîñòi. ßê âiäîìî [4], ôîðìè ωi òà ωi
j ¹ iíâàði-

àíòíèìè ôîðìàìè ãðóïè ðóõiâ D3 ïðîñòîðó E3.
Â îäíîâèìiðíîìó âèïàäêó ðiâíÿííÿ (2) íàáóäóòü âèãëÿäó

dϑ1 = ϑ1 ∧ ϑ1
1, dϑ

1
1 = ϑ1 ∧ ϑ1

11, dϑ
1
11 = ϑ1

1 ∧ ϑ1
11 + ϑ1 ∧ ϑ1

111, . . . (33)

Çàçíà÷èìî, ùî ïiä ÷àñ çìiíè êîáàçèñó ϑ̃1 = λϑ1 ôîðìè ó ðiâíÿííÿõ (33) ïåðå-
òâîðþþòüñÿ òàê:

ϑ̃1
1 = ϑ1

1 − dq/q, ϑ̃1
11 = q−1ϑ1

11, ϑ̃
1
111 = q−2ϑ1

111, . . .

Àäàïòóâàòè ðîäèíó îðòîíîðìîâàíèõ ðåïåðiâ ó E3 ìîæíà ç äâîõ ìiðêóâàíü:
1) ùîá ñïðîñòèòè ðiâíÿííÿ øàðó; 2) ùîá ñïðîñòèòè ðiâíÿííÿ ñóáìåðñi¨ f . Øàð V
(äâîâèìiðíà ïîâåðõíÿ) ó E3 çâè÷àéíî âèçíà÷à¹òüñÿ ðiâíÿííÿì ω3 = 0, ó öüîìó âèïàä-
êó âåêòîðè e1 i e2 ðóõîìîãî ðåïåðà äîòè÷íi äî ïîâåðõíi V , à âåêòîð e3 ñïðÿìîâàíèé
ó íàïðÿìi ¨¨ íîðìàëi. Ìîæëèâi ïåðåòâîðåííÿ êîðåïåðà â öüîìó âèïàäêó íàáóâàþòü
âèãëÿäó

ω̃3 = ω3, ω̃a = pabω
b,

äå a, b = 1, 2, (pab ) � îðòîãîíàëüíà ìàòðèöÿ. Îáèðàþ÷è òàêó ðîäèíó ðåïåðiâ, ìè
îòðèìà¹ìî ðiâíÿííÿ ñóáìåðñi¨ ó âèãëÿäi ϑ1 = λω3. Çðîáèìî íà R çàìiíó êîáàçèñó
ϑ1 → λϑ1, âíàñëiäîê ÷îãî ðiâíÿííÿ ñóáìåðñi¨ íàáóäå âèãëÿäó

ϑ1 = ω3. (34)

Ç iíøîãî áîêó, äîâiëüíèé äèôåîìîðôiçì ç Q ìà¹ áóòè çàïèñàíèé ó âèãëÿäi ϑ̃1 = qϑ1

àáî íà ïiäñòàâi (34), ω̃3 = qω3. Ïîðiâíþþ÷è çi çãàäàíèìè äîïóñòèìèìè ïåðåòâîðåí-
íÿìè, çíàõîäèìî, ùî q = 1, òîáòî áóäü-ÿêèé äèôåîìîðôiçì ç Q íàáóâà¹ âèãëÿäó

ω̃3 = ω3. (35)

Éîãî çíà÷åííÿ ïîëÿãà¹ â òîìó, ùî ïñåâäîãðóïà òàê çâàíèõ êàëiáðóâàëüíèõ ïåðå-
òâîðåíü ϑ1 → qϑ1 íà R ¹ òðèâiàëüíîþ, òîáòî êàëiáðóâàííÿ � ôiêñîâàíå. Ç íàâåäåíèõ
ìiðêóâàíü âèïëèâà¹, ùî íåòðèâiàëüíà ïñåâäîãðóïà êàëiáðóâàëüíèõ ïåðåòâîðåíü ìî-
æå âèíèêíóòè ëèøå ó ðàçi âiäìîâè âiä âèìîãè îðòîíîðìîâàíîñòi ðóõîìîãî ðåïåðà,
òîáòî çà óìîâè, ùî ó ðóõîìîìó îðòîãîíàëüíîìó ðåïåði âåêòîð íîðìàëi äî ùàðó V
íå îáîâ'ÿçêîâî îäèíè÷íèé.

Äàëi ìè ðîçãëÿíåìî òiëüêè âèïàäîê q = 1 (êàëiáðóâàííÿ ¹ ôiêñîâàíèì), êîëè
âèêîíóþòüñÿ ðiâíÿííÿ (34) i (35).

3.2. Êàíîíi÷íèé ðåïåð ñóáìåðñi¨ f : E3 → R.
Äèôåðåíöiþþ÷è (34) çîâíiøíüî çà äîïîìîãîþ (31)�(33), âðàõîâóþ÷è (34), îòðè-

ìó¹ìî ðiâíÿííÿ
ω1 ∧ ω3

1 + ω2 ∧ ω3
2 = ω3 ∧ ϑ1

1.

Çâiäñè çà ëåìîþ Êàðòàíà îäåðæó¹ìî

ω3
1 = a11ω

1 + a12ω
2 + a1ω

3, ω3
2 = a21ω

1 + a22ω
2 + a2ω

3, a12 = a21, (36)

i
ϑ1
1 = −a1ω

1 − a2ω
2 + a3ω

3. (37)
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Çàçíà÷èìî, ùî, ïiäñòàâèâøè öåé âèðàç ó ïåðøå ðiâíÿííÿ ñèñòåìè (33), îòðèìó-
¹ìî âèðàç äëÿ ôîðìè dω3, ÿêèé âèïëèâà¹ òàêîæ ç ïåðøî¨ ñåði¨ ðiâíÿíü (31) i ðiâíÿíü
(36)

dω3 = a1ω
1 ∧ ω3 + a2ω

2 ∧ ω3. (38)

Äèôåðåíöiþþ÷è çîâíiøíüî ðiâíÿííÿ (36), îòðèìà¹ìî

▽ a11 ∧ ω1 +▽a12 ∧ ω2 +▽a1 ∧ ω3 = 0,

▽ a12 ∧ ω1 +▽a22 ∧ ω2 +▽a2 ∧ ω3 = 0,

äå ïîçíà÷åíî

▽a11 = da11 − 2a12ω
2
1 ,

▽a12 = da12 − a11ω
1
2 − a22ω

2
1 ,

▽a22 = da22 − 2a12ω
1
2 ,

▽a1 = da1 − a2ω
2
1 + a11ω

3
1 + a12ω

3
2 + (a1)

2ω1 + a1a2ω
2,

▽a2 = da2 − a1ω
1
2 + a12ω

3
1 + a22ω

3
2 + a1a2ω

1 + (a2)
2ω2.

(39)

Çâiäñè, íà ïiäñòàâi ëåìè Êàðòàíà, âèïëèâàþòü ðiâíîñòi

▽a11 = a111ω
1 + a112ω

2 + a113ω
3,

▽a12 = a112ω
1 + a122ω

2 + a123ω
3,

▽a22 = a122ω
1 + a222ω

2 + a223ω
3,

▽a1 = a113ω
1 + a123ω

2 + b11ω
3,

▽a2 = a123ω
1 + a223ω

2 + b22ω
3.

(40)

Äèôåðåíöiþþ÷è çîâíiøíüî ðiâíÿííÿ (37), ïiñëÿ ïåðåòâîðåíü òà çàñòîñóâàííÿ
ëåìè Êàðòàíà îòðèìó¹ìî

da3 + ϑ1
11 = a33ω

3+

(−b11 − a1a3 + 2a1a11 + 2a2a12)ω
1 + (−b22 − a2a3 + 2a1a12 + 2a2a22)ω

2,
(41)

äå a33 � äåÿêà íîâà ôóíêöiÿ.
Ôiêñó¹ìî òî÷êó p, òîáòî ââàæàòèìåìî ωi = 0. Òîäi ç (41) âèïëèâà¹ ðiâíÿííÿ

δa3 + π1
11 = 0,

äå, ÿê i âèùå, ñèìâîë δ îçíà÷à¹ äèôåðåíöiþâàííÿ çà âòîðèííèìè ïàðàìåòðàìè. Ç
îñòàííüî¨ ðiâíîñòi ìè áà÷èìî, ùî çàâäÿêè ôiêñàöi¨ çìiííî¨ a3 ìîæíà ôîðìó π1

11

ïðèâåñòè äî íóëÿ. Iíàêøå êàæó÷è, ìè ìîæåìî çâóçèòè ðîäèíó ðåïåðiâ, ëèøèâøè
òiëüêè òi, â ÿêèõ ôîðìà ϑ1

11 ¹ ãîëîâíîþ. Ââàæàòèìåìî, íàïðèêëàä, a3 = 0, òîäi ç
(41) îòðèìà¹ìî âèðàç äëÿ ôîðìè ϑ1

11

ϑ1
11 = a33ω

3 + (−b11 + 2a1a11 + 2a2a12)ω
1 + (−b22 + 2a1a12 + 2a2a22)ω

2. (41′)

Ðiâíÿííÿ (37) âíàñëiäîê ïðîâåäåíî¨ êàíîíiçàöi¨ íàáóâà¹ òàêîãî âèãëÿäó:

ϑ1
1 = −a1ω

1 − a2ω
2. (37′)
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ßêùî ïðîäèôåðåíöiþâàòè ðiâíÿííÿ (36') çîâíiøíüî i ñêîðèñòàòèñÿ äðóãèì ðiâíÿí-
íÿì (33), ðiâíÿííÿì (41) (çà óìîâè a3 = 0), îñòàííiìè äâîìà ðiâíÿííÿìè (39) òà
ñòðóêòóðíèìè ðiâíÿííÿìè (31), òî îòðèìó¹ìî òîòîæíîñòi.

Ïîäàëüøi ìiðêóâàííÿ àíàëîãi÷íi. Ïðîäèôåðåíöiþ¹ìî ðiâíÿííÿ (41'), çàñòîñîâó-
¹ìî ëåìó Êàðòàíà, òà ââàæàòèìåìî â îòðèìàíèõ ðiâíÿííÿõ ωi = 0. Ïiñëÿ îá÷èñëåíü
îòðèìà¹ìî ðiâíîñòi

δa33 + π1
111 = 0,

ç ÿêèõ áà÷èìî, ùî çàâäÿêè ôiêñàöi¨ çìiííî¨ a33 ìîæíà ôîðìó π1
111 çâåñòè äî íó-

ëÿ. Ââàæàþ÷è a33 = 0, ìè çðîáèìî ôîðìó ϑ1
111 ãîëîâíîþ, à ôîðìóëà (41') íàáóäå

âèãëÿäó

ϑ1
11 = (−b11 + 2a1a11 + 2a2a12)ω

1 + (−b22 + 2a1a12 + 2a2a22)ω
2. (41′′)

Ïðîäîâæóþ÷è ìiðêóâàííÿ çà iíäóêöi¹þ, ìàòèìåìî òàêå òâåðäæåííÿ.
Òåîðåìà 3. Íåõàé çàäàíî ñóáìåðñiþ f : E3 → R, äå ïðîñòið E3 âiäíåñåíî äî

îðòîíîðìîâàíîãî ðåïåðà, à ñòðóêòóðíi ïñåâäîãðóïè ïåðåòâîðåíü íà R ìàþòü âè-
ãëÿä (33). Òîäi ïñåâäîãðóïà êàëiáðóâàëüíèõ ïåðåòâîðåíü ¹ òðèâiàëüíîþ, à ðîäèíà
ðåïåðiâ ó E3 òà íà R ìîæíà âèáðàòè òàê, ùî ôîðìà ω3 áóäå ãîëîâíîþ íà R, i íà R
iñíóþòü ðåïåðè ïåðøîãî, äðóãîãî òà iíøèõ ïîðÿäêiâ òàêi, ùî ôîðìè ϑ1, ϑ1

1, ϑ
1
11, . . .

ìîæëèâî áóäå âèðàçèòè çà ôîðìóëàìè (34), (37'), (41�) òà iíøèìè, äå öi ðiâíÿííÿ
¹ öiëêîì iíòåãðîâíèìè íà ìíîãîâèäi E3 × R.

Çãàäàíèé ó òåîðåìi ðåïåð íàçâåìî êàíîíi÷íèì ðåïåðîì R∞ ñóáìåðñi¨ f : E3 →
R. ßêùî âèêîíàíî òiëüêè ðiâíÿííÿ (34), òî ââàæàòèìåìî, ùî ïðîâåäåíî êàíîíiçàöiþ
ïåðøîãî ïîðÿäêó i ïîçíà÷àòè âiäïîâiäíi ðåïåðè R1; ÿêùî òiëüêè (34) òà (37′) � òî
ïðîâåäåíî êàíîíiçàöiþ äðóãîãî ïîðÿäêó (ðåïåðè R2) òîùî.

Ç'ÿcó¹ìî ãåîìåòðè÷íèé ñåíñ êàíîíiçàöi¨. Íåõàé ω1 = ω2 = 0, òîäi ç ïåðøî¨ ñå-
ði¨ ðiâíÿíü (30) îòðèìó¹ìî dp = ω3e3, à ç (38) � dω3 = 0, çâiäêè ω3 = ds. Îòæå,
òî÷êà p ðóõà¹òüñÿ óçäîâæ êðèâî¨ ℓ � îðòîãîíàëüíî¨ òðà¹êòîði¨ äâîâèìiðíîãî øàðó
øàðóâàííÿ Φ, à s � íàòóðàëüíèé ïàðàìåòð íà ℓ. Ç iíøîãî áîêó, îñêiëüêè âíàñëiäîê
ω1 = ω2 = 0 ôîðìè ϑ1

1, ϑ
1
11, . . . äîðiâíþþòü íóëþ, òî ðiâíÿííÿ (33) ìîæíà çâåñòè äî

îäíîãî ðiâíÿííÿ dϑ1 = 0 àáî dω3 = 0. Îòæå, íà R âèíèêà¹ ñòðóêòóðà îäíîâèìið-
íîãî åâêëiäîâîãî ïðîñòîðó ç êàíîíi÷íèì ïàðàìåòðîì (äåêàðòîâîþ êîîðäèíàòîþ) s.
Îòîæ, ìíîãîâèä R � áàçà øàðóâàííÿ Φ êàíîíi÷íî âêëàäà¹òüñÿ â E3 ÿê îðòîãî-
íàëüíà òðà¹êòîðiÿ öüîãî øàðóâàííÿ.

3.3. Ïñåâäîãðóïà ïåðåòâîðåíü ó E3 × R.
ßê âæå áóëî çàçíà÷åíî, ñóáìåðñiþ f àáî øàðóâàííÿ Φ ðîçãëÿäàþòü ç òî÷íiñòþ

äî ïåðåòâîðåíü ïñåâäîãðóïè P ×Q. Ó öüîìó âèïàäêó P ¹ ãðóïîþ ðóõiâ D3, ¨ ¨ äiÿ ó
òåðìiíàõ iíâàðiàíòíèõ ôîðì ωi i ωi

j çàïèñóþòü ó âèãëÿäi (äèâ. âèùå)

ω̃3 = ω3, ω̃a = pabω
b,

äå a, b = 1, 2 è (pab ) � îðòîãîíàëüíà ìàòðèöÿ. Öi ðiâíÿííÿ ìîæíà ñïðîñòèòè, ÿêùî
âèáðàòè â êîæíié òî÷öi øàðó V ¹äèíèé (êàíîíi÷íèé) ðåïåð, âåêòîðè e1 i e2 ÿêîãî
ñïðÿìîâàíi ïî ãîëîâíèõ íàïðÿìàõ ïîâåðõíi V . Òîäi ïîïåðåäíi ðiâíÿííÿ íàáóâàþòü
âèãëÿäó

ω̃i = ωi. (43)
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Äèôåðåíöiþþ÷è öi ðiâíÿííÿ çà äîïîìîãîþ ñòðóêòóðíèõ ðiâíÿíü (31), íà ïiäñòàâi
(43) îòðèìà¹ìî ωj ∧ (ωi

j − ω̃i
j) = 0. Çâiäñè ωi

j − ω̃i
j = cijkω

k, cijk = cikj . Ç iíøîãî

áîêó, íà ïiäñòàâi (32) îòðèìó¹ìî ñïiââiäíîøåííÿ cijk = −cjik. Îäåðæèìî cijk = −cjik =

−cjki = ckji = ckij = −cikj = −cijk, çâiäêè cijk = 0, i îòæå, ωi
j = ω̃i

j . Iíòåãðóþ÷è öi
ðiâíÿííÿ ðàçîì ç ðiâíÿííÿìè (43), îòðèìó¹ìî, ÿê âiäîìî [2], äiþ ãðóïè ðóõiâ D3 íà
ñîái.

Äîâiëüíèé äèôåîìîðôiçì R → R ç Q íàáóâà¹ âèãëÿäó (35) àáî

ϑ̃1 = ϑ1. (44)

Äèôåðåíöiþþ÷è öå ðiâíÿííÿ çà äîïîìîãîþ (33) òà çàñòîñóâàâøè ëåìó Êàðòàíà, íà
ïiäñòàâi (37') îäåðæó¹ìî ϑ̃1

1 = ϑ1
1 + kω3 àáî

ã1ω̃
1 + ã2ω̃

2 = a1ω
1 + a2ω

2 + kω3.

Îñêiëüêè ôîðìè ω1 i ω2 äîïóñêàþòü ëèøå îðòîãîíàëüíi ïåðåòâîðåííÿ âèãëÿäó ω̃a =
pabω

b (äèâ. ï. 2.1), òî k = 0 i êîâåêòîð ã(ã1, ã2) îòðèìó¹ìî ç êîâåêòîðà a(a1, a2)
çâîðîòíèì îðòîãîíàëüíèì ïåðåòâîðåííÿì, çàïèøåìî öå ó âèãëÿäi

ã = Π(a). (45)

Öÿ ðiâíiñòü åêâiâàëåíòíà ïîïåðåäíiì, ÿêùî k = 0

ϑ̃1
1 = ϑ1

1. (46)

Ïðîäîâæóþ÷è ðiâíiñòü (46) i âðàõîâóþ÷è (41"), ïðèéäåìî äî àíàëîãi÷íîãî ðå-
çóëüòàòó

B̃11 = Π(B11), (47)

äå B11 � êîâåêòîð ç êîîðäèíàòàìè

(−b11 + 2a1a11 + 2a2a12, −b22 + 2a1a12 + 2a2a22),

à êîâåêòîð B̃11 ìà¹ òàêi ñàìi êîîðäèíàòè, àëå ç õâèëüêîþ.
Ïðîäîâæóþ÷è çà iíäóêöi¹þ, îòðèìó¹ìî ïîñëiäîâíiñòü êîâåêòîðiâ a, B11, B111 . . . ,

ÿêi ïåðåòâîðþþòüñÿ çà äîïîìîãîþ îïåðàòîðà Π â àíàëîãi÷íi âåëè÷èíè, àëå òàêi, ùî
îá÷èñëåíi â iíøié òî÷öi. Äîâåäåìî òåîðåìó.

Òåîðåìà 4. Íåõàé ñóáìåðñiÿ f : E3 → R ç òðèâiàëüíîþ ïñåâäîãðóïîþ êàëi-
áðóâàëüíèõ ïåðåòâîðåíü âiäíåñåíà äî êàíîíi÷íîãî ðåïåðà R∞. Òîäi äiÿ ïñåâäîãðóïè
ïåðåòâîðåíü íà R ¹ ïðÿìèì äîáóòêîì ïåðåòâîðåííÿ (35), ùî âiäîáðàæà¹ øàð V ó

øàð Ṽ , òà îïåðàòîðà Π, ÿêèé âiäîáðàæà¹ iíâàðiàíòíi êîâåêòîðè ç øàðó V íà øàð
Ṽ óçäîâæ îðòîãîíàëüíèõ òðà¹êòîðié.

3.4. Iíâàðiàíòè øàðóâàííÿ ùîäî äi¨ ãðóïè D3.
Ç ðiâíÿííÿ (39) i (40) âèïëèâà¹, ùî, ôiêñóþ÷è ãîëîâíi ïàðàìåòðè (ωi = 0),

âåëè÷èíè aab, aa, a, b = 1, 2, ìàþòü çàäîâîëüíÿòè ðiâíÿííÿ

δa11 − 2a12π
2
1 = 0, δa12 − a11π

1
2 − a22π

2
1 = 0, δa22 − 2a12π

1
2 = 0, (48)

äå ñèìâîëè δ i π ìàþòü òîé ñàìèé ñåíñ, ùî é âèùå (äèâ. (26)). Ç ðiâíÿíü (48) âèïëè-
âàþòü òàêi ðiâíîñòi:

δ(a11a22 − (a12)
2) = 0, δ(a11 + a22) = 0.
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�õíié ñåíñ ïîëÿãà¹ â òîìó, ùî âåëè÷èíè a11a22 − (a12)
2 òà a11 + a22 � iíâàðiàíòè,

òîáòî íå çìiíþþòüñÿ ïiä ÷àñ äîïóñòèìèõ ïåðåòâîðåíü ðåïåðà (êîðåïåðà).
Ðiâíÿííÿ (48) ìîæíà çàïèñàòè ó âèãëÿäi

δaab + acbπ
c
a + aacπ

c
b = 0, δaa + abπ

b
a = 0.

Òàêèé âèãëÿä ðiâíÿíü, ÿêi çàäîâîëüíÿþòü âåëè÷èíè aab i aa, îçíà÷à¹, ùî âîíè óòâî-
ðþþòü òåíçîðè ñòîñîâíî äîïóñòèìèõ ïåðåòâîðåíü ðåïåðà. Ç'ÿñó¹ìî ¨õíié ãåîìåòðè÷-
íèé ñåíñ.

Öiëêîì iíòåãðîâíå ðiâíÿííÿ

ω3 = 0 (49)

âèîêðåìëþ¹ øàð øàðóâàííÿ Φ � äâîâèìiðíó ïîâåðõíþ V . Íà íié ðiâíÿííÿ (36)
íàáóäå âèãëÿäó

ω3
1 = a11ω

1 + a12ω
2, ω3

2 = a21ω
1 + a22ω

2. (36′)

Ç (30), êîðèñòóþ÷èñü (41) òà (36'), çíàõîäèìî

dp = ω1e1 + ω2e2, d2p = (...)e1 + (...)e2 + (a11(ω
1)2 + 2a12ω

1ω2 + a22(ω
2)2)e3.

Çâiäñè ìè áà÷èìî, ùî òåíçîð auv ¹ àñèìïòîòè÷íèì òåíçîðîì ïîâåðõíi V , i ¨ ¨ äðóãà
êâàäðàòè÷íà ôîðìà íàáóâà¹ âèãëÿäó φ2 = a11(ω

1)2 + 2a12ω
1ω2 + a22(ω

2)2. Ó öüîìó
âèïàäêó ïåðøà êâàäðàòè÷íà ôîðìà ïîâåðõíi V íàáóäå âèãëÿäó (dp)2 = (ω1)2+(ω2)2.
Çâiäñè ëåãêî çíàõîäèìî ïîâíó òà ñåðåäíþ êðèâèíó ïîâåðõíi V

K = a11a22 − (a12)
2, 2H = a11 + a22.

Ðîçãëÿíåìî íà ïîâåðõíi V îáëàñòü íåîìáiëi÷íèõ òî÷îê òà çâóçèìî ðîäèíó àäàï-
òîâàíèõ ðåïåðiâ, ââàæàþ÷è a12 = 0. Îòðèìà¹ìî òàê çâàíèé êàíîíi÷íèé ðåïåð ïî-
âåðõíi. Òîäi ç (42) çíàõîäèìî δa11 = δa22 = 0, òîáòî âåëè÷èíè a11 i a22 ñòàþòü
iíâàðiàíòàìè. Áåçïîñåðåäíüî ïåðåâiðÿ¹ìî, ùî öå � ãîëîâíi êðèâèíè ïîâåðõíi V :
k1 = a11, k2 = a22. Îñêiëüêè ïîâåðõíÿ íå ¹ îìáiëi÷íîþ, òî k1 ̸= k2, i ç äðóãîãî
ðiâíÿííÿ (40) ìîæíà çíàéòè ôîðìó ω2

1 , òîáòî âèðàçèòè ¨¨ ÷åðåç ãîëîâíi ôîðìè ωi.
Ó öüîìó âèïàäêó êîîðäèíàòíi íàïðÿìè, ÿêi âèçíà÷åíi áàçèñíèìè âåêòîðàìè e1 òà e2
íà ïîâåðõíi V , ¹ ãîëîâíèìè íàïðÿìàìè â êîæíié òî÷öi öi¹¨ ïîâåðõíi.

Ùîá ç'ÿñóâàòè ãåîìåòðè÷íèé ñåíñ iíâàðiàíòíîãî êîâåêòîðà au, ðîçãëÿíåìî øà-
ðóâàííÿ Φ⊥ êðèâèõ, îðòîãîíàëüíå øàðóâàííþ Φ. Âîíî âèîêðåìëþ¹òüñÿ ðiâíÿííÿìè

ω1 = ω2 = 0. (50)

Íåõàé, ÿê i âèùå, ℓ � äîâiëüíà êðèâà øàðóâàííÿ Φ⊥, p ∈ ℓ. Íà ïiäñòàâi (50) îòðè-
ìà¹ìî dp = ω3e3, ω3 = ds, âðàõîâóþ÷è (32) i (36),

dp

ds
= e3,

d2p

ds2
=

ω1
3e1 + ω2

3e2
ω3

= −a1e1 − a2e2.

ßê áà÷èìî, âåêòîð −a1e1 − a2e2 ¹ âåêòîðîì êðèâèíè êðèâî¨ ℓ. Ç íèì ïîâ'ÿçàíi äâà
iíâàðiàíòè: êðèâèíà êðèâî¨ k = | − a1e1 − a2e2| = ((a1)

2 + (a2)
2)

1
2 òà êóò ìiæ öèì

âåêòîðîì êðèâèíè òà îäíèì ç ãîëîâíèõ íàïðÿìiâ ïîâåðõíi V . Ó êàíîíi÷íîìó ðåïåði
âåëè÷èíè a1 i a2 ¹ iíâàðiàíòàìè � ïðîåêöiÿìè âåêòîðà êðèâèíè íà ãîëîâíi íàïðÿìè
ïîâåðõíi V .
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Àíàëîãi÷íèìè ìiðêóâàííÿìè ìîæíà ç'ÿñóâàòè ãåîìåòðè÷íèé ñåíñ äèôåðåíöi-
àëüíèõ iíâàðiàíòiâ äèôåðåíöiàëüíèõ îêîëiâ òðåòüîãî, ÷åòâåðòîãî òà âèùèõ ïîðÿäêiâ,
äèâ. ïðî öå, íàïðèêëàä, ó [5].

3.5. Àëãåáðà iíâàðiàíòiâ øàðóâàííÿ f : E3 → R.
Íåõàé ðåïåð ó E3 ¹ êàíîíi÷íèì, òîáòî âèêîíó¹òüñÿ ðiâíiñòü a12 = 0. Òîäi óñi

ôóíêöi¨, ÿêi âõîäÿòü äî ñòðóêòóðíèõ ðiâíÿíü (36), (40) òà íàñòóïíi, îòðèìàíi ñòàí-
äàðòíèì ïðîäîâæåííÿì, áóäóòü iíâàðiàíòàìè ñòîñîâíî äi¨ ãðóïè D3 × Q, äå D3 ¹
ãðóïîþ ðóõiâ ó E3, à Q � ïñåâäîãðóïà ëîêàëüíèõ äèôåîìîðôiçìiâ ïðÿìî¨ R. Ó äðó-
ãîìó äèôåðåíöiàëüíîìó îêîëi iñíó¹ ÷îòèðè íåçàëåæíèõ iíâàðiàíòà a11, a22, a1 i a2.

Ùîá çíàéòè âèãëÿä iíâàðiàíòiâ òðåòüîãî äèôåðåíöiàëüíîãî îêîëó, ïåðåïèøåìî
ðiâíÿííÿ (40), âðàõîâóþ÷è (39) òà óìîâè êàíîíiçàöi¨ a12 = 0. Ïiñëÿ ïåðåòâîðåíü
îòðèìà¹ìî

da11 = a111ω
1 + a112ω

2 + a113ω
3,

da22 = a122ω
1 + a222ω

2 + a223ω
3,

da1 = (aa2a112 − (a1)
2 − (a11)

2 + a113)ω
1+

(aa2a122 − a1a2 + a123)ω
2 + b̃11ω

3,

da2 = (−aa1a112 − a1a2 + a123)ω
1+

(−aa1a122 − (a2)
2 − (a22)

2 + a223)ω
2 + b̃22ω

3.

(51)

äå ïîçíà÷åíî

a = (a11 − a22)
−1, b̃11 = aa2a123 − a1a11 + b11, b̃22 = −aa1a123 − a2a22 + b22.

Êîåôiöi¹íòè áiëÿ áàçèñíèõ ôîðì ó ïðàâèõ ÷àñòèíàõ ðiâíÿíü (51) ¹ iíâàðiàíòàìè
òðåòüîãî äèôåðåíöiàëüíîãî îêîëó. Âîíè ç'ÿâëÿþòüñÿ ÿê ïîõiäíi âiä iíâàðiàíòiâ ïðè
äèôåðåíöiþâàííi çà iíâàðiàíòíèìè íàïðÿìàìè � óçäîâæ ãîëîâíèõ íàïðÿìiâ ïîâåðõ-
íi V i â íàïðÿìi êðèâî¨ ℓ.

ßê âèäíî ç ðiâíÿíü (40), ó òðåòüîìó îêîëi îòðèìó¹ìî äâàíàäöÿòü iíâàðiàíòiâ.
Ç íèõ ¹ äåâ'ÿòü íåçàëåæíèõ: a111, a112, a113, a122, a222, a223, a123, b̃11, b̃22, à iíøi òðè
ìîæíà âèðàçèòè ÷åðåç íèõ. ×åðåç çãàäàíi äåâ'ÿòü íåçàëåæíèõ iíâàðiàíòiâ òàêîæ
ìîæíà âèðàçèòè iíâàðiàíòè � êîîðäèíàòè êîâåêòîðiâ a, B11, B111 . . . ,, äèâ. ï. 2.3.

Òàê ñàìî ìîæíà îòðèìóâàòè é óñi ïîäàëüøi iíâàðiàíòè: øëÿõîì äèôåðåíöiþâàí-
íÿ iíâàðiàíòiâ ïîïåðåäíüîãî äèôåðåíöiàëüíîãî îêîëó óçäîâæ iíâàðiàíòíèõ íàïðÿìiâ.
Ó òàêèõ âèïàäêàõ êàæóòü, ùî àëãåáðà iíâàðiàíòiâ ïîðîäæåíà iíâàðiàíòàìè a11, a22,
a1 òà a2.

Ðîëü iíâàðiàíòiâ a11, a22, a1 òà a2 ïîÿñíþ¹òüñÿ ó òàêîìó òâåðäæåííi.
Òåîðåìà 3 (ïðî åêâiâàëåíòíiñòü øàðóâàíü). Íåõàé iñíó¹ äâà øàðóâàííÿ:

f : E3 → R, ÿêå âèçíà÷åíå ñòðóêòóðíèìè ðiâíÿííÿìè (31), (32), (36), (40), òà

øàðóâàííÿ f̃ : Ẽ3 → R̃, ÿêå âèçíà÷åíå ñòðóêòóðíèìè ðiâíÿííÿìè òàêîãî ñàìî-
ãî âèãëÿäó, â ÿêèõ ôîðìè ωi

j òà ôóíêöi¨ a11, a22, a1, a2 çàìiíåíi íà àíàëîãi÷íi ç
òèëüäîþ. Ïðèïóñòèìî, ùî iíâàðiàíòè äðóãîãî äèôåðåíöiàëüíîãî îêîëó ó öèõ øà-
ðóâàíü çáiãàþòüñÿ. Òîäi øàðóâàííÿ f i f̃ � åêâiâàëåíòíi, òîáòî iñíó¹ ðóõ, ÿêèé
øàðóâàííÿ f ïåðåâîäèòü ó øàðóâàííÿ f̃ .

� Äëÿ ïðîñòîòè îá÷èñëåíü ââàæàòèìåìî, ùî ñòðóêòóðíi ðiâíÿííÿ îáîõ øàðó-
âàíü çàïèñàíi ó êàíîíi÷íîìó ðåïåði (a12 = ã12 = 0). Òîäi óìîâà ðiâíîñòi iíâàðiàíòiâ
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íàáóâà¹ âèãëÿäó
a11 = ã11, a22 = ã22, a1 = ã1, a2 = ã2. (52)

Ðîçãëÿíåìî íà ïðÿìîìó äîáóòêó Ẽ3 × Ẽ3 ðiâíÿííÿ

ω̃i = ωi. (53)

Íà ïiäñòàâi (52) i (53) ç (36) îòðèìó¹ìî ω3
1 = ω̃3

1 , ω
3
2 = ω̃3

2 , à ç (40) � a111 =
ã111, a112 = ã112 òà ií. Ç öèõ ðiâíîñòåé âèïëèâà¹ ðiâíiñòü ω2

1 = ω̃2
1 .

Âðàõîâóþ÷è öi ðiâíîñòi òà ïîïåðåäíi, çíàõîäèìî, ùî d(ωi − ω̃i) = 0. Îòæå, çà
òåîðåìîþ Ôðîáåíióñà ñèñòåìà (53) ¹ öiëêîì iíòåãðîâíîþ. �¨ iíòåãðàëüíèì ìíîãîâèäîì
áóäå ãðàôiê âiäîáðàæåííÿ φ : Ẽ3 → Ẽ3, ÿêå âèçíà÷à¹òüñÿ ðiâíÿííÿìè (53), òà ïðè
çàäàíèõ ïî÷àòêîâèõ óìîâàõ îäíîçíà÷íî âèçíà÷åíå. Ïðîòå ðiâíÿííÿ (53) çáiãà¹òüñÿ
ç ðiâíÿííÿì (43), ÿêå, ÿê áóëî äîâåäåíî ó ï. 2.3, âèçíà÷à¹ ãðóïó ðóõiâ. ßê âèäíî ç
ðiâíÿíü (53), φ âiäîáðàæà¹ øàðè øàðóâàííÿ Φ ó øàðè øàðóâàííÿ Φ̃. 2
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We study the geometry foliation generated by a smooth submersion. The
canonical form of the structural equations of smooth submersion has been
obtained. As an example, a foliation of two-dimensional surfaces in three-
dimensional Euclidean space is researched in details. Its invariants are descri-
bed.
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INVERSE PROBLEM TO FRACTIONAL DIFFUSION EQUATION
WITH UNKNOWN YOUNG COEFFICIENT
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We study the inverse problem for linear nonhomogeneous di�usion equation
with regulating fractional derivative of order β ∈ (0, 2) with respect to time
on a bounded cylindrical domain Ω0 × (0, T ], the inverse problem on determi-
nation of a pair of functions: a classical solution u of the �rst boundary value
problem to such an equation and unknown, depending on time variable, conti-
nuous coe�cient in young term of the equation under the over-determination
condition ∫

Ω0

u(x, t)φ(x)dx = F (t), t ∈ [0, T ]

with some given functions φ and F . The unique solvability of the problem is
established. The Green function method is used.

Key words: fractional derivative, inverse boundary value problem, the
Green vector function, operator equation.

1. Introduction. The conditions of classical solvability of the �rst boundary value
problem to the equation

Dβ
t u(x, t)− a2∆u(x, t) = F0(x, t), a2 = const > 0

with regulating fractional derivative (see [1] � [3])

Dβ
t u(x, t) =

1
Γ(1−β)

t∫
0

uτ (x,τ)
(t−τ)β

dτ = 1
Γ(1−β)

[
∂
∂t

t∫
0

u(x,τ)
(t−τ)β

dτ − u(x,0)
tβ

]
, β ∈ (0, 1),

Dβ
t u(x, t) =

1
Γ(2−β)

t∫
0

uττ (x,τ)
(t−τ)β−1 dτ = 1

Γ(2−β)

[
∂
∂t

t∫
0

uτ (x,τ)
(t−τ)β−1 dτ − ut(x,0)

(t−τ)β−1

]
, for β ∈ (1, 2)

were obtained in [4], [5]. In [6]�[11] there were proved the existence and uniqueness
theorems and also the representations, by means of the Green functions, of classical solu-
tions of fractional Cauchy problems to equations of such kind. In [12]�[14] the solvability
of fractional Cauchy problems in spaces of generalizes functions was proved.

c⃝ H. Lopushanska, V. Rapita, 2015
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In this note we prove the existence and uniqueness of the solution (u, b) of the inverse
boundary value problem

Dβ
t u−∆u− b(t)u = F0(x, t), (x, t) ∈ Ω0 × (0, T ], (1)

u(x, t) = 0, (x, t) ∈ Ω0 × [0, T ], (2)

u(x, 0) = F1(x), ut(x, 0) = F2(x), x ∈ Ω0, (3)∫
Ω0

u(x, t)φ0(x)dx = F (t), t ∈ [0, T ] (4)

where β ∈ (0, 2), Ω0 is a bounded domain in RN , N ≥ 3, with the boundary Ω1 = ∂Ω of
class C1+s, s ∈ (0, 1), F0, F1, F2, F , φ0 are given functions. The second initial condition
in (3) is absent in the case β ∈ (0, 1].

Note that for β = 1 (respectively, ∂
∂t in place of D1

t ) the inverse boundary
value problems on determination of a pair of functions (u, b) were studied in [15]
and other works, where existence and uniqueness theorems were proved. Some inverse
boundary value problems to di�usion-wave equation with di�erent unknown functions
or parameters were investigated, for example, in [16]�[23].

We shall use the Green function method to prove the solvability of this problem.

2. Main notations and auxiliary results. We shall use the following notations
Qi = Ωi × (0, T ], i = 0, 1, Q2 = Ω0,

D(Rm) is the space of inde�nitely di�erentiable functions with compact supports in
Rm, m = 1, 2, . . . , D(Q0) = {v ∈ C∞(Q0) : (

∂
∂t )

kv|t=T = 0, k = 0, 1, . . . },
D′(Rm) and D′(Q0) are the spaces of linear continuous functionals (generalized

functions [24], p. 13-15) on D(Rm) and D(Q0), respectively, (f, φ) is the value of f ∈
D′(Rm) on the test function φ ∈ D(Rm) and also the value of f ∈ D′(Q0) onto φ ∈
D(Q0).

We denote by ∗ the operation of convolution of generalized functions f and g, use
the function

fλ(t) =
θ(t)tλ−1

Γ(λ) for λ > 0 and fλ(t) = f ′
1+λ(t) for λ 6 0,

where Γ(z) is the Gamma-function, θ(t) the Heaviside function. The relation

fλ ∗ fµ = fλ+µholds.

Note that Riemann-Lioville derivative v
(β)
t (x, t) of order β > 0 is de�ned by

v
(β)
t (x, t) = f−β(t) ∗ v(x, t)

and Dβ
t v(x, t) = v

(β)
t (x, t)− f1−β(t)v(x, 0) for β ∈ (0, 1),

Dβ
t v(x, t) = v

(β)
t (x, t)− f1−β(t)v(x, 0)− f2−β(t)vt(x, 0) for β ∈ (1, 2).

Let C(Q0), C(Q0), C[0, T ] be the classes of continuous functions on Q0, Q0 and
[0, T ], respectively, Cγ(Ω0) (C

γ(Ω̄0)) be the class of bounded continuous functions on
Ω0 (Ω̄0) satisfying the H�older condition, Cγ(Qi) (Cγ(Q̄i)) be the class of bounded
continuous functions on Qi (Q̄i) which for all t ∈ (0, T ] satisfy the H�older condition with

respect to the space variables, i = 0, 1, C2,β(Q0) = {v ∈ C(Q0) |∆v,Dβ
t v ∈ C(Q0)},
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C2,β(Q̄0) = C2,β(Q0)∩C(Q̄0) in the case β ∈ (0, 1], C2,β(Q̄0) = {v ∈ C2,β(Q0) | v, vt ∈
C(Q̄0)} if β ∈ (1, 2).

Suppose that the following assumptions hold:

(F0) F0 ∈ Cγ(Q0), γ ∈ (0, 1),

(F1) F1 ∈ Cγ(Ω̄0), F1|Ω1 = 0,

(F2) F2 ∈ Cγ(Ω̄0),

(F ) F,DβF ∈ C[0, T ], it exists f := inf
t∈[0,T ]

|F (t)| > 0,

(Φ) φ0 ∈ C2(Ω̄0), φ0|Ω1 = 0.

De�nition 1. A pair of functions

(u, b) ∈ Mβ(Q0) = Mβ := C2,β(Q̄0)× C[0, T ]

satisfying equation (1) on Q0 and conditions (2)�(4) is called the solution of problem
(1)�(4).

It follows from (3) and (4) the necessary concordance conditions∫
Ω0

F1(x)φ0(x)dx = F (0),

∫
Ω0

F2(x)φ0(x)dx = F ′(0). (5)

We introduce the operators

L : (Lv)(x, t) ≡ v
(β)
t (x, t)−∆v(x, t), (x, t) ∈ Q0, v ∈ D′(Q0),

Lreg : (Lregv)(x, t) ≡ Dβ
t v(x, t)−∆v(x, t), (x, t) ∈ Q0, v ∈ C2,β(Q̄0).

De�nition 2. The vector-function (G0(x, t, y, τ), G1(x, t, y), G2(x, t, y)) such that under
rather regular g0, g1, g2 the function

u(x, t) =

t∫
0

dτ

∫
Ω0

G0(x, t, y, τ)g0(y, τ)dy +
2∑

j=1

∫
Ω0

Gj(x, t, y)gj(y)dy, (x, t) ∈ Q0 (6)

is the classical (from C2,β(Q̄0)) solution of the problem

Lregu(x, t) = g0(x, t), (x, t) ∈ Q0, (7)

u(x, t) = 0, (x, t) ∈ Q̄1, (8)

u(x, 0) = g1(x), ut(x, 0) = g2(x), x ∈ Ω̄0 (9)

is called the Green vector-function of this problem.

From De�nition 2 it follows that

(LG0)(x, t, y, τ) = δ(x− y, t− τ), (x, t), (y, τ) ∈ Q0 where δ is the Dirac delta-function,

(LregGj)(x, t, y) = 0, (x, t) ∈ Q0, y ∈ Ω0, j = 1, 2, G1(x, 0, y) = δ(x− y),

∂
∂tG1(x, 0, y) = 0, G2(x, 0, y) = 0, ∂

∂tG2(x, 0, y) = δ(x− y), x, y ∈ Ω0.
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Lemma 1. The following relations hold:

Gj(x, t, y) =
t∫
0

fj−β(τ)G0(x, t, y, τ)dτ , (x, t) ∈ Q̄0, y ∈ Ω0, j=1,2.

The lemma can be proved by using the scheme of the proof of the corresponding
result in [12].
Lemma [23]. The Green vector-function of the �rst boundary value problem (7)�(9)
exists.

Remark 1. From the maximum principle [4] and Lemma 1 it follows that

G0(x, t, y, τ) > 0 for (x, t), (y, τ) ∈ Q0, Gi(x, t, y) > 0, (x, t) ∈ Q0, y ∈ Ω0,

From the results of [6], [11] it follows that

G(x, t) =
πN/2tβ−1

|x|N
H2,0

1,2

(
|x|2

4tβ

∣∣∣(β, β)
(1, 1) (N/2, 1)

)
, (10)

is the fundamental function of the operator L where

Hm,n
p,q

(
z
∣∣∣(a1, γ1) . . . (ap, γp)
(b1, β1) . . . (bq, βq)

)
is the H-function of Fox ([25]).

Using the properties of the H-functions the following estimates are found (see, for
example, [6], [14]):

|G(x, t)| ≤ C∗
0

t|x|N−2
, |fj−β(t) ∗G(x, t)| ≤

C∗
j

tβ−j+1|x|N−2
, j = 1, 2, |x|2 < 4tβ ,

|G(x, t)| ≤ Ĉ0t
β−1

|x|N
·
( |x|2
4tβ

)1+ N
2(2−β)

e
−c

(
|x|2

4a0tβ

) 1
2−β

≤ C0

t1−β |x|N
,

|fj−β(t) ∗G(x, t)| ≤ Ĉjt
j−1

|x|N
·
( |x|2
4tβ

) N
2(2−β)

e
−c

(
|x|2

4tβ

) 1
2−β

≤ Cjt
j−1

|x|N
, j = 1, 2, |x|2 > 4tβ

where c, C∗
i , Ci, Ĉi (i = 0, 1, 2) are some positive constants.

Remark 2. According to Levy method we obtain the same kind of estimates for the

functions G0(x, t, y, τ), Gj(x, t, y) as for G(x − y, t − τ),
t∫
0

fj−β(τ)G(x − y, t − τ)dτ ,

j = 1, 2, respectively.
From the results of [7], [8] it follows that the estimates

|Gi(x+∆x, t+∆t, y, τ)−Gi(x, t, y, τ)| ≤ Ai(x, t, y, τ)[|∆x|+ |∆t|β/2]γ (11)

∀(x, t), (x+∆x, t+∆t) ∈ Q̄0, (y, τ) ∈ Q̄i, i = 0, 1, 2

hold with some 0 < γ < 1 where non-negative functions Ai(x, t, y, τ) have the same kind
of estimates as for Gi(x, t, y, τ), i = 0, 1, 2, respectively, and Gi(x, t, y, τ) = Gi(x, t, y),
Ai(x, t, y, τ) = Ai(x, t, y) for i = 1, 2. Note that for general parabolic boundary value
problem the H�older conditions for all components of the Green vector-function were
obtained in [26], [27].
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Theorem 1. If g0 ∈ Cγ(Q0), γ ∈ (0, 1), gj ∈ Cγ(Ω̄0), j = 1, 2, g1|Ω1 = 0 then there
exists the unique solution u ∈ C2,β(Q̄0) of the problem (7), (8), (9), it is de�ned by

u(x, t) =
(
G0g0

)
(x, t) +

(
G1g1)(x, t) +

(
G2g2)(x, t), (x, t) ∈ Q̄0 (12)

where (G0g0)(x, t) =
t∫
0

dτ
∫
Ω0

G0(x, t, y, τ)g0(y, τ)dy, (Gjgj)(x, t) =
∫
Ω0

Gj(x, t, y)gj(y)dy,

j = 1, 2.

Proof. Taking into account Lemma 1 and Remark 2, as in [8], [13], [26], we show that
function (12) belongs to C2,β(Q̄0) and satis�es problem (1)�(3). Namely, we have∣∣∣ t∫

0

dτ
∫
Ω0

G0(x, t, y, τ)g0(y, τ)dy
∣∣∣

≤
t∫
0

dτ
[ ∫
{(y,τ)∈Ω0:|y−x|<2(t−τ)β/2}

G0(x, t, y, τ)|g0(y, τ)|dy

+
∫

{(y,τ)∈Ω0:|y−x|>2(t−τ)β/2}
G0(x, t, y, τ)|g0(y, τ)|dy

]
≤

t∫
0

dτ
[ ∫
{(y,τ)∈Ω0:|y−x|<2(t−τ)β/2}

C∗dy
(t−τ)|y−x|N−2 |g0(y, τ)|dy

+
∫

{(y,τ)∈Ω0:|y−x|>2(t−τ)β/2}

C∗dy
(t−τ)1−β |y−x|N |g0(y, τ)|dy

]
≤ C

t∫
0

[
1

(t−τ)

2(t−τ)β/2∫
0

rdr + 1
(t−τ)1−β

diamΩ0∫
2(t−τ)β/2

dr
r

]
dτ · ∥g0∥C(Q̄0)

≤ Ĉ
t∫
0

[
(t− τ)β−1 + (t− τ)β−1ln diamΩ0

(t−τ)β/2

]
dτ · ∥g0∥C(Q̄0)

≤ k0t
β1 · ∥g0∥C(Q̄0) ∀(x, t) ∈ Q̄0,

where C∗, C, Ĉ, k̂, k0 are some positive constants, β1 = β − ϱ, ϱ is an arbitrary number
from (0, 1), ||g0||C(Q̄0) := sup

(x,t)∈Q0

|g0(x, t)|.

Similarly, we obtain the uniform convergence, and therefore continuity on Q̄0, of the
other term in the right-hand side of (12):∣∣∣ ∫

Ω0

Gj(x, t, y)gj(y)dy
∣∣∣ ≤ [ ∫

{(y,τ)∈Ω0:|y−x|<2tβ/2}
Gj(x, t, y)dy+∫

{(y,τ)∈Ω0:|y−x|>2tβ/2}
Gj(x, t, y)dy

]
· ||gj ||C(Ω̄0)

≤ c0

[ ∫
{(y,τ)∈Ω0:|y−x|<2tβ/2}

tj−1−β

|x|N−2 dy

+
∫

{(y,τ)∈Ω0:|y−x|>2tβ/2}

tj−1

|y−x|N ·
( |y−x|2

4tβ

) N
2(2−β) e

−c

(
|y−x|2

4tβ

) 1
2−β

dy
]
· ||gj ||C(Ω̄0)

≤ k̂jt
j−1

[
1 +

diamΩ0∫
2tβ/2

r
N

2−β−1t−
βN

2(2−β) e
−ĉ

(
r2

tβ

) 1
2−β

dr
]
· ||g1||C(Ω̄0)

≤ kjt
j−1||gj ||C(Ω̄0), (x, t) ∈ Q̄0, j = 1, 2

where c0, ĉ, k̂j , kj (j = 1, 2) are positive constants.
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As in [8], [27] we show that under conditions of the theorem function (12) belongs
to the required space and satis�es the problem. The uniqueness of the solution follows
from the maximum principle [4].

3. The existence and uniqueness theorems for inverse problem. We pass
to proof of the existence of the solution of inverse problem (1)�(4).

From Theorem 1 it follows that under assumptions (F0), (F1), (F2) and known
b ∈ C[0, T ] the solution u ∈ C2,β(Q̄0) of the �rst boundary value problem (1)�(3) satis�es
the integral equation

u(x, t) =
(
G0

(
bu+ F0

))
(x, t) +

(
G1F1)(x, t) +

(
G2F2)(x, t), (x, t) ∈ Q̄0,

that is

u(x, t) =

t∫
0

dτ

∫
Ω0

G0(x, t, y, τ)b(τ)u(y, τ)dy + h(x, t), (x, t) ∈ Q̄0 (13)

where

h(x, t) =

t∫
0

dτ

∫
Ω0

G0(x, t, y, τ)F0(y, τ)dy +

2∑
j=1

∫
Ω0

Gj(x, t, y)Fj(y)dy, (x, t) ∈ Q̄0. (14)

Conversely, any solution u ∈ Cγ(Q0) of integral equation (13) (with known b ∈ C[0, T ])
belongs to the space C2,β(Q̄0) and is a solution of problem (1)�(3).

From equation (1) and conditions (2), (Φ) it follows that∫
Ω0

Dβ
t u(x, t)φ0(x)dx =

∫
Ω0

u(x, t)∆φ0(x)dx+ b(t)

∫
Ω0

u(x, t)φ0(x)dx+

∫
Ω0

F0(x, t)φ0(x)dx,

t ∈ (0, T ]. Using condition (4) we obtain

Dβ
t F (t) =

∫
Ω0

u(x, t)∆φ0(x)dx+ b(t)F (t) +

∫
Ω0

F0(x, t)φ0(x)dx

and, using (F),

b(t) =
[
Dβ

t F (t)−
∫
Ω0

F0(x, t)φ0(x)dx−
∫
Ω0

u(x, t)∆φ0(x)dx
]
[F (t)]−1, t ∈ (0, T ]. (15)

Note that, according to (15), b ∈ C[0, T ] for u ∈ Cγ(Q0). By substituting the right-hand
side of (15) into (13) in place of b we obtain the following nonlinear integral equation for
unknown u ∈ Cγ(Ω0)

u(x, t) =

t∫
0

[F (τ)]−1dτ

∫
Ω0

G0(x, t, y, τ)
[
Dβ

t F (τ)−
∫
Ω0

F0(z, τ)φ0(z)dz− (16)

−
∫
Ω0

u(z, τ)∆φ0(z)dz
]
u(y, τ)dy + h(x, t), (x, t) ∈ Q̄0.

We have reduced problem (1)�(4) to system (15), (16). The converse conclusion holds
and we obtain the following result.
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Theorem 2. Under assumptions (F0), (F1), (F2), (F), (Φ) and concordance condition
(5) a pair of functions (u, b) ∈ Mβ(Q0) is the solution of problem (1)�(4) if and only if
the function u ∈ Cγ(Q0) is a solution of integral equation (16), b ∈ C[0, T ] is de�ned
by (15).

Theorem 3. Under assumptions (F0), (F1), (F2), (F), (Φ) and concordance condition
(5) there exists some T ∗ ∈ (0, T ] (respectively, Q∗

0 = Ω0 × (0, T ∗]) and the solution
(u, b) ∈ Mβ(Q

∗
0) = C2,β(Q̄

∗
0)× [0, T ∗] of problem (1)�(4): the function u is a solution of

integral equation (16), b is de�ned by (15).

Proof. Granting Theorem 2 it is enough to prove the solvability of equation (16) in the
class Cγ(Q0). Let

||b||C[0,T ] = max
t∈[0,T ]

|b(t)|,

||v||Cγ(Q0) = max{ sup
(x,t)∈Q0

|v(x, t)|, sup
(x,t)∈Q0,|∆x|<1

|v(x+∆x,t)−v(x,t)|
|∆x|γ },

MR = MR(Q0) = {v ∈ Cγ(Q0) | ||v||Cγ(Q0) ≤ R} for some R = const > 0.

We shall use the Schauder principle. On MR we consider the operator

(Pv)(x, t) :=
t∫
0

[F (τ)]−1dτ
∫
Ω0

G0(x, t, y, τ)
[
Dβ

τ F (τ)−
∫
Ω0

F0(z, τ)φ0(z)dz

−
∫
Ω0

u(z, τ)∆φ0(z)dz
]
u(y, τ)dy + h(x, t), (x, t) ∈ Ω0, v ∈ MR

where the function h(x, t) is de�ned by (14).
At the beginning we show the existence of R > 0, T ∗ ∈ (0, T ], and therefore M∗

R =
MR(Q

∗
0) such that P : M∗

R → M∗
R.

Using the proof of Theorem 1, for v ∈ MR, (x, t) ∈ Q̄0, we obtain

|(Pv)(x, t)| ≤ k0
f
tβ1(c1R+ c2R

2) + |h(x, t)|,

|h(x, t)| ≤ k0t
β1∥F0∥C(Q0) + k1∥F1∥C(Ω̄0) + k2t∥F2∥C(Ω̄0), (x, t) ∈ Q̄0.

Thus, |(Pv)(x, t)| ≤ k0

f tβ1(c1R+ c2R
2) +B0(t), (x, t) ∈ Q̄0

where c1 = ∥DβF −
∫
Ω0

F0(z, ·)φ0(z)dz∥C[0,T ], c2 =
∫
Ω0

|∆φ0(z)|dz,

B0(t) = k0t
β1∥F0∥C(Q0) + k1∥F1∥C(Ω̄0) + k2t∥F2∥C(Ω̄0).

Also, we have
|(Pv)(x+∆x, t)− (Pv)(x, t)|

|∆x|γ
≤

≤ c1R+ c2R
2

f

t∫
0

dτ

∫
Ω0

|G0(x+∆x, t, y, τ)−G0(x, t, y, τ)|
|∆x|γ

dy +
|h(x+∆x, t)− h(x, t)|

|∆x|γ

≤ c1R+ c2R
2

f

t∫
0

dτ

∫
Ω0

A0(x, t, y, τ)dy +
|h(x+∆x, t)− h(x, t)|

|∆x|γ
, (x, t) ∈ Q0.
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We used Remark 2. In just the same way we estimate the second term. As in the proof
of Theorem 1 for v ∈ Cγ(Q0), (x, t) ∈ Q0, |∆x| < 1, we obtain

|(Pv)(x+∆x, t)− (Pv)(x, t)|
|∆x|γ

≤ c3t
β1

c1R+ c2R
2

f
+B1(t), (x, t) ∈ Q0

where
B1(t) = c3t

β1∥F0∥C(Q0) + c4∥F1∥C(Ω̄0) + c5∥F2∥C(Ω̄0),

c3 = sup
(x,t)∈Q0

t−β1

t∫
0

dτ
∫
Ω0

A0(x, t, y, τ)dy,

c4 = sup
x∈Ω0

∫
Ω0

A1(x, t, y)dy, c5 = sup
x∈Ω0

t
∫
Ω0

A2(x, t, y)dy.

As a result we obtain: ∥Pv∥Cγ(Q0) ≤
≤ max{ max

t∈[0,T ]
[k0

f tβ1(c1R+ c2R
2)+B0(t)], max

t∈[0,T ]
[ c3f tβ1(c1R+ c2R

2)+B1(t)]} ∀v ∈ MR.

In order the inequality

max{d0tβ1R2 +B0(t), d1t
β1R2 +B1(t), 1} ≤ R, ∀t ∈ [0, T ∗, ] (17)

holds for some T ∗ ∈ (0, T ], R ≥ 1 with d0 = kk0, d1 = kc3 and k = c1+c2
f , consider

the functions

fj(s) = djt
β1s2 − s, s ≥ 0, j = 0, 1.

We �nd f ′
j(s) = 2djt

β1s− 1 and prove that sj = [2djt
β1 ]−1 is the point of the minimum

of fj(s), j = 0, 1. Then the inequality ∥Pv∥Cγ(Q∗
0)

≤ R for all v ∈ M∗
R is ful�lled for

some R ≥ 1 if djt
β1s2j − sj ≤ −Bj(t) and [2djt

β1 ]−1 ≥ 1 for all t ∈ [0, t∗j ], j = 0, 1 and
T ∗ = min{t∗0, t∗1, T}.

We have djt
β1s2j − sj = − 1

4djtβ1
, j = 0, 1. There exists t∗j > 0 such that

− 1

4djtβ1
≤ −Bj(t)

(that is 4k(k0t
β1)2∥F0∥C(Q0) + 4kk1(k0t

β1)∥F1∥C(Ω̄0) − 1 ≤ 0 for all t ∈ [0, t∗0] and

4k(c3t
β1)2∥F0∥C(Q0)+4kc3c4t

β1∥F1∥C(Ω̄0)−1 ≤ 0 for all t ∈ [0, t∗1]) and also [2djt
β1 ]−1 ≥

1 for all t ∈ [0, t∗j ], j = 0, 1. They are

t∗0 = min

{[
k1∥F1∥C(Ω̄0)

2k0∥F0∥C(Q0)

(√
1 +

f∥F0∥C(Q0)

(c1+c2)k2
1∥F1∥2

C(Ω̄0)

− 1

)] 1
β1

,
[

f
2(c1+c2)k0

] 1
β1

}
,

t∗1 = min

{[
c4∥F1∥C(Ω̄0)

2c3∥F0∥C(Q0)

(√
1 +

f∥F0∥C(Q0)

(c1+c2)c24∥F1∥2
C(Ω̄0)

− 1

)] 1
β1

,
[

f
2(c1+c2)c3

] 1
β1

}
if ∥F0∥C(Q0) > 0,

t∗0 = min

{[
f

4(c1+c2)k0k1∥F1∥C(Ω̄0)

] 1
β1

,
[

f
2(c1+c2)k0

] 1
β1

}
and

t∗1 = min

{[
f

4(c1+c2)c3c4∥F1∥C(Ω̄0)

] 1
β1

,
[

f
2(c1+c2)c3

] 1
β1

}
in the case F0(x, t) ≡ 0, (x, t) ∈ Q0.

Note that from (5) and (F) it follows that ∥F1∥C(Ω̄0) > 0. We have proven the existence
of R ≥ 1, T ∗ > 0 such that P : M∗

R → M∗
R.
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The operator P is continuous on M̃∗
R = {v ∈ C(Q∗

0) | ||v||C(Q∗
0)

≤ R} (thus, on

M∗
R). Namely, for v1, v2 ∈ M̃∗

R

||Pv1 − Pv2||C(Q∗
0)

=

= sup
(x,t)∈Q∗

0

∣∣∣∣∣∣
t∫

0

[F (τ)]−1dτ

∫
Ω0

G0(x, t, y, τ)

∫
Ω0

v2(z, τ)∆φ0(z)dz[v2(y, τ)− v1(z, τ)]

−
∫
Ω0

[v1(z, τ)− v2(z, τ)]∆φ0(z)dz · v1(y, τ)

 dy

∣∣∣∣∣∣
≤ c2 sup

(x,t)∈Q∗
0

t∫
0

[F (τ)]−1dτ

∫
Ω0

G0(x, t, y, τ)dy ·
[
∥v1∥C(Q∗

0)
+ ∥v2∥C(Q∗

0)

]
∥v1− v2∥C(Q∗

0)

≤ 2k0c2(T
∗)β1R

f
∥v1 − v2∥C(Q∗

0)
.

Similarly we obtain that the operator P is compact on M̃∗
R (and thus on M∗

R): the
uniform boundedness of the set

PM̃∗
R := {(Pv)(x, t), (x, t) ∈ Q∗

0 | v ∈ M̃∗
R},

was established earlier; in addition, from the properties of Green operators and Remark 2
it follows that for all ε > 0 there exists δ = δ(ε) such that for all (x, t) ∈ Q∗

0, |∆x| < δ,

|∆t| < δ and for all v ∈ M̃∗
R

sup
(x,t)∈Q∗

0

|(Pv)(x+∆x, t+∆t)− (Pv)(x, t)|

≤ c1R+c2R
2

f sup
(x,t)∈Q∗

0

t∫
0

dτ
∫
Ω0

|G0(x+∆x, t+∆t, z, τ)−G0(x, t, z, τ)|dz

+ sup
(x,t)∈Q∗

0

|h(x+∆x, t+∆t)− h(x, t)|

≤
[ (c1R+c2R

2)c3(T
∗)β1

f +B1(T
∗)
]
·
[
|∆x|+ |∆t|β/2

]γ
< ε.

As a result, the operator P is equicontinuous onM∗
R. According to the Schauder principle,

there exists the solution u ∈ M∗
R of equation (16).

Theorem 4. Under condition F (t) ̸= 0, t ∈ [0, T ], the solution (u, b) ∈ Mβ(Q0) of
problem (1)�(4) is unique.

Proof. Take two solutions (u1, b1), (u2, b2) ∈ Mβ(Q0) of problem (1)�(4) and substitute
them into equation (1). We obtain

Dβ
t (u1 − u2) = ∆(u1 − u2) + b1u1 − b2u2,

Dβ
t (u1 − u2) = ∆(u1 − u2) + (b1 − b2)u1 + b2(u1 − u2)

and for u = u1 − u2, b = b1 − b2

Dβ
t u = ∆u+ b2u+ bu1.
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From the boundary condition it follows that

u(x, t) = 0, x ∈ Ω̄1, t ∈ [0, T ]

and from the initial condition

u(x, 0) = 0, ut(x, 0) = 0, x ∈ Ω̄0.

Then, by Theorem 1, the function u(x, t) satis�es the equation

u(x, t) =

t∫
0

dτ

∫
Ω0

G0(x, t, y, τ)(b2(τ)u(y, τ) + b(τ)u1(y, τ))dx, (x, t) ∈ Q̄0

and belongs to C2,β(Q̄0).
From over-determination condition (4) and from (15) it follows that∫

Ω0

u(x, t)∆φ0(x)dx = −b(t)F (t), t ∈ [0, T ]. (18)

Then u(x, t) satis�es the integral equation

u(x, t) =

t∫
0

dτ

∫
Ω0

G0(x, t, y, τ)

b2(τ)u(y, τ)−
u1(y, τ)

∫
Ω0

u(z, τ)∆φ0(z)dz

F (τ)

 dτ

that is

u(x, t) =

t∫
0

dτ

∫
Ω0

G0(x, t, z, τ)b2(τ)

− 1

F (τ)

∫
Ω0

G0(x, t, y, τ)u1(y, τ)dy

∆φ0(z)

u(z, τ)dz, (x, t) ∈ Q̄0.

By uniqueness of the solution of the second type linear Volterra integral equation with
integrable kernel we obtain u(x, t) = 0, (x, t) ∈ Q̄0. Then from (18) it follows that
b(t)F (t) = 0, t ∈ [0, T ]. Since F (t) ̸= 0 on [0, T ] (under assumption of the theorem),
b(t) ≡ 0, t ∈ [0, T ].

Remark 3. The obtained result is correct in the case β ∈ (0, 1] (without the second initial
condition ut(x, 0) = F2(x), x ∈ Ω̄0) if in all formulas we put F2(x) ≡ 0, x ∈ Ω̄0.

A similar result holds for inverse problem on determination of a pair of functions:
the solution u of the second boundary value problem for such an equation and unknown
coe�cient b(t) in the young term under the same over-determination condition (4).

We may study the cases N = 1, 2 in just the same way.
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Äîñëiäæåíî îáåðíåíó çàäà÷ó äëÿ ëiíiéíîãî íåîäíîðiäíîãî ðiâíÿííÿ äè-
ôóçi¨ ç ðåãóëÿðèçîâàíîþ ïîõiäíîþ äðîáîâîãî ïîðÿäêó β ∈ (0, 2) çà ÷àñîì
â îáìåæåíîìó öèëiíäði Ω0 × (0, T ] � çàäà÷ó ïðî âèçíà÷åííÿ ïàðè ôóí-
êöié: êëàñè÷íîãî ðîçâ'ÿçêó u ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ òàêîãî ðiâíÿííÿ
òà íåâiäîìîãî, çàëåæíîãî âiä ÷àñó, íåïåðåðâíîãî êîåôiöi¹íòà â ìîëîäøîìó
÷ëåíi ðiâíÿííÿ çà óìîâè ïåðåâèçíà÷åííÿ∫

Ω0

u(x, t)φ(x)dx = F (t), t ∈ [0, T ]

ç äåÿêèìè çàäàíèìè ôóíêöiÿìè φ i F . Âñòàíîâëåíî îäíîçíà÷íó ðîçâ'ÿç-
íiñòü çàäà÷i. Âèêîðèñòîâó¹ìî ìåòîä ôóíêöi¨ Ãðiíà.

Êëþ÷îâi ñëîâà: ïîõiäíà äðîáîâîãî ïîðÿäêó, îáåðíåíà êðàéîâà çàäà÷à,
âåêòîð-ôóíêöiÿ Ãðiíà, îïåðàòîðíå ðiâíÿííÿ.
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RADICAL FILTERS OF SEMISIMPLE MODULES WITH FINITE

NUMBER OF HOMOGENEOUS COMPONENTS

Yuriy MATURIN
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Drohobych State Pedagogical University,

3 Stryjska Str., Drohobych, 82100

e-mail: yuriy_maturin@hotmail.com

Radical �lters of semisimple modules with �nite homogeneous components
are described.

Key words: semisimple ring, module, radical �lter.

All rings are assumed to be associative with unit 1̸=0 and all modules are left
unitary.

Let R be a ring. The category of left R-modules will be denoted by R − Mod.
We shall write N ≤ M if N is a submodule of M . The set of all R-endomorphisms of
M will be denoted by End(M). Let soc(M) denote the socle of M . Let N ≤ M and
f ∈ End(M). Put

(N : f)M = {x ∈ M |f(x) ∈ N} , End(M)N = {f ∈ End(M) |f(M) ⊆ N} .

Let E be some non-empty collection of submodules of a left R-module M .
Consider the following conditions:

L ∈ E,L ≤ N ≤ M ⇒ N ∈ E; (1)

L ∈ E, f ∈ End(M) ⇒ (L : f)M ∈ E; (2)

N,L ∈ E ⇒ N ∩ L ∈ E; (3)

N ∈ E,N ∈ Gen(M), L ≤ N ≤ M ∧ ∀g ∈ End(M)N : (L : g)M ∈ E ⇒ L ∈ E; (4)

De�nition 1. A non-empty collection E of submodules of a left R-module M satisfying
(1), (2), (3) is called a preradical �lter of M .

De�nition 2. A non-empty collection E of submodules of a left R-module M satisfying
(1), (2), (4) is called a radical �lter of M .

De�nition 3. A preradical (radical) �lter E of a left R-module M is said to be trivial
if either E = {L |L ≤ M} or E = {M}.

c⃝ Maturin Yu., 2015
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Proposition 1. Let M be a semisimple R-module with a unique homogeneous component
and let M = ⊕

i∈I
Mi, where Mi is simple for each i ∈ I. If Card(I) < ∞, then every

preradical �lter of M is trivial.

Proof. Suppose that Card(I) < ∞. Let E be a preradical �lter of M such that E ̸= {M}.
We claim that E = {L |L ≤ M}. Indeed, consider the submodule L =

∩
H∈E H of M.

Since L is a submodule of M , L is semisimple (see Proposition 9.4 [1, p. 117]. Suppose
that L ̸= 0. Hence there exists a simple submodule T of L.

Let f : T → M be an arbitrary R-homomorphism. Since M is semisimple, there
exists a submodule H such that M = H ⊕ T . Consider the map g : M → M such that
∀t ∈ T∀h ∈ H : g(t + h) = f(t). It is obvious that g is an R-homomorphism. Then
g(T ) = f(T ). T ⊆ L implies that f(T ) ⊆ g(L). It is easy to see that g(L) ⊆ L. Therefore
f(T ) ⊆ L. It follows from this that

∑
q∈HomR(T,M) q(T ) = TrM (T ) ⊆ L(see [p. 109,

1]). However, TrM (T ) = M . Hence M = L. Now we obtain E = {M}. However, this
contradicts the original assumption that E ̸= {M}. Therefore, we must conclude that
L = 0. By Proposition 10.6 [p.125,1], since Card(I) < ∞, M is a �nitely cogenerated
module. Taking into consideration this fact and

∩
H∈E H = 0, we see that there exist

submodules H1, H2, ..., Hn of M belonging to E such that H1

∩
H2

∩
...

∩
Hn = 0. Thus,

by (3), H1

∩
H2

∩
...

∩
Hn ∈ E. Now we obtain 0 ∈ E. Hence E = {L |L ≤ M}.

Lemma 1. If E is a radical �lter of an R-module M , then E satis�es the following
condition

N,L ∈ E,N ∈ Gen(M) ⇒ N
∩

L ∈ E. (3′)

Proof. Let E be a radical �lter of an R-module M , N ∈ Gen(M), and N,L ∈ E.
Consider an arbitrary g belonging to End(M)N . Let x be an arbitrary element of

(L : g)M . Then g(x) ∈ N and g(x) ∈ L. Therefore, x ∈ (L
∩
N : g)M . And now we

obtain (L : g)M ⊆ (L
∩
N : g)M . By (2), since E is a radical �lter of an R-module M ,

(L : g)M ∈ E. Taking into account (L : g)M ⊆ (L
∩
N : g)M , by (1), (L

∩
N : g)M ∈ E.

However, N ∈ E, L
∩
N ⊆ N , and N ∈ Gen(M). By (4), N

∩
L ∈ E.

Corollary 1. Let M be an R-module. If every submodule of M is generated by M , then
every radical �lter of M is a preradical �lter.

Example 1. Every radical �lter of any ring is a preradical �lter.

Proposition 2. If M is a semisimple R-module, then every radical �lter of M is a
preradical �lter.

Proof. Let K be any submodule of M . By Lemma 9.2 [1, p. 116], M = K ⊕H, where K
is a submodule of M . Consider the epimorphism f : M → K such that f(k + h) = k for
every k ∈ K and h ∈ H. Hence K ∈ Gen(M). Now apply Corollary 1.

Proposition 3. Let M be a semisimple R-module with a unique homogeneous component
and let M = ⊕

i∈I
Mi, where Mi is simple for each i ∈ I. If Card(I) < ∞, then every radical

�lter of M is trivial.
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Proof. Apply Proposition 2 and Proposition 1.

Let M be a semisimple left R-module with a unique homogeneous component and
let M = ⊕

i∈I
Mi, where Mi is simple for each i ∈ I. If N = ⊕

i∈J
Ni, where Ni is simple for

each i ∈ J and M ∼= N , then Card(I) = Card(J). Put

Cards(M) := Card(I).

Proposition 4. LetM be a semisimple R-module with a unique homogeneous component.
If Cards(M) is in�nite, then the collection

Ep(M) := {L |L ≤ M,Cards(M/L) < p}
is a non-trivial radical [preradical] �lter of M for each in�nite cardinal number p ≤
Cards(M).

Proof. Let Cards(M) be in�nite and p be an in�nite cardinal number such that p ≤
Cards(M). (1) Let L ∈ Ep(M) and L ≤ N ≤ M .

Hence Cards(M/L) < p. Since M,N are semisimple modules and N ≤ M,L ≤ N ,
there exist submodules K ≤ M,H ≤ N such that

M = N ⊕K,N = L⊕H.

This implies that M = L⊕H ⊕K.
It is easily seen that Cards(M) = Cards(L)+Cards(H⊕K). Since H⊕K ∼= M/L,

Cards(H ⊕K) = Cards(M/L) < p. However, Cards(H ⊕K) = Cards(H) +Cards(K).
Therefore Cards(H) + Cards(K) < p. Since Cards(K) ≤ Cards(H) + Cards(K),
Cards(K) < p. It is easy to see that K ∼= M/N . Hence Cards(M/N) = Cards(K) < p.
This means that N ∈ Ep(M).

(2) Let L ∈ Ep(M) and f ∈ End(M).
Let m1,m2 ∈ M such that m1 −m2 ∈ (L : f)M . Hence f(m1) − f(m2) = f(m1 −

m2) ∈ L. Therefore, we have a map

g : M/(L : f)M → M/L,

where ∀m ∈ M : g(m + (L : f)M ) = f(m) + L. It is obvious that g is monomorphism.
This implies that M/L = D⊕U , where D ∼= M/(L : f)M , U ≤ M/L. Thus Cards(D) +
Cards(U) = Cards(M/L). But Cards(D) = Cards(M/(L : f)M ). Hence, Cards(M/(L :
f)M ) + Cards(U) = Cards(M/L) < p. This implies that Cards(M/(L : f)M ) < p. This
means that M/(L : f)M ∈ Ep(M).

(4) Let N ∈ Ep(M), N ∈ Gen(M), L ≤ N ≤ M and (L : g)M ∈ Ep(M) for every
g ∈ End(M)N .

As M is semisimple and N ≤ M we see that there exists a submodule T of M such
that M = N ⊕ T . Consider the projection

gN : M → M, gN (n+ t) = n for every n ∈ N, t ∈ T.

Let m1,m2 ∈ M be such that m1 −m2 ∈ (L : gN )M . This implies that gN (m1) −
gN (m2) = gN (m1 − m2) ∈ L. Let n be an arbitrary element of N . Hence gN (n) = n.
If gN (m1) − gN (m2) ∈ L, then m1 − m2 ∈ (L : gN )M . From what has already been
proved, we deduce that q : M/(L : gN )M → N/L is a bijection. It is easy to see that
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q is an R-homomorphism. Therefore, Cards(M/(L : gN )M ) = Cards(N/L). Since (L :
gN )M ∈ Ep(M), Cards(M/(L : gN )M ) < p. Thus Cards(N/L) < p. Taking into account
that M/L is semisimple and N/L ≤ M/L, we have that there exists a submodule D of
M/L such that M/L = N/L⊕D. Therefore D ∼= (M/L)/(N/L) ∼= M/N . Since M/L =
N/L⊕D, Cards(M/L) = Cards(N/L)+Cards(D) = Cards(N/L)+Cards(M/N). We
have Cards(M/N) < p, because N ∈ Ep(M). Consider the following cases:

(i) Cards(N/L) < ∞ and Cards(M/N) < ∞;
(ii) Cards(N/L) = ∞ or Cards(M/N) = ∞.
(i) Assume Cards(N/L) < ∞ and Cards(M/N) < ∞. Hence

Cards(M/L) = Cards(N/L) + Cards(M/N) < ∞.

Therefore Cards(M/L) = Cards(N/L) + Cards(M/N) < p, because p is in�nite.
(ii) Assume Cards(N/L) = ∞ or Cards(M/N) = ∞. Taking into account

Cards(M/L) = Cards(N/L) + Cards(M/N), by (2.1) [2, p. 417],

Cards(M/L) = max{Cards(N/L), Cards(M/N)}.
But Cards(N/L) < p, Cards(M/N) < p. Thus we have Cards(M/L) < p.
In both cases we obtain Cards(M/L) < p. It means that L ∈ Ep(M). Therefore

Ep(M) is a non-empty set satisfying (1), (2), (4). Now apply Proposition 2.
Since M is semisimple and Cards(M) ̸= 0, there exists a minimal submodule T

of M . Hence M = T ⊕ W for some submodule W ̸= M of M . Therefore M/W ∼= T .
Hence, Cards(M/W ) = Cards(T ) = 1. Thus, W ∈ Ep(M) for each in�nite cardinal
number p ≤ Cards(M). We obtain Ep(M) ̸= {M} for each in�nite cardinal number
p ≤ Cards(M).

Since Cards(M/0) = Cards(M), 0 /∈ Ep(M) for each in�nite cardinal number
p ≤ Cards(M).

Proposition 5. (Theorem 1 [5]). Let M be a semisimple R-module with a unique
homogeneous component. If Cards(M) is in�nite, then every non-trivial radical [preradi-
cal] �lter of M is of the form Ep(M) for some in�nite cardinal number p ≤ Cards(M).

Corollary 2. If M is a semisimple R-module with a unique homogeneous component,
then:

(i) The set of all radical �lters of M and the set of all preradical �lters of M are
equal.

(ii) If Cards(M) is �nite, then all radical [preradical] �lters are trivial.
(iii) If Cards(M) is in�nite, then {Ep(M) |p = ∞, p ≤ Cards(M)} is the set of all

non-trivial radical [preradical] �lters of M .

Proof. Apply Propositions 1, 3, 4, 5.

Proposition 6. If M is a left R-module such that M = M1 ⊕ M2 ⊕ ... ⊕ Mn, where
Mi = TrM (Mi) for each i ∈ {1, 2, ..., n} and S ≤ M ⇒ S ∈ Gen(M) for every S, then:

(i) Every radical [preradical] �lter E of M is of the form

E = {J1 + J2 + ...+ Jn |Ji ∈ Ei(i ∈ {1, 2, ..., n})},
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where Ei is a radical [preradical] �lter of Mi for each i ∈ {1, 2, ..., n}.
(ii) If Ei is a radical [preradical] �lter of Mi for each i ∈ {1, 2, ..., n}, then E =

{J1 + J2 + ...+ Jn |Ji ∈ Ei(i ∈ {1, 2, ..., n})} is a radical [preradical] �lter of M .

Proof. (i) By Theorem 2 [5]. (ii) By Theorem 1 [6].

Theorem 1. If M is a semisimple R-module with a �nite number of homogeneous
components M1,M2, ...,Mn, then:

(i) The set of all radical �lters of M and the set of all preradical �lters of M are
equal.

(ii) {{J1 + J2 + ...+ Jn |Ji ∈ Ei(i ∈ {1, 2, ..., n})} |Ei ∈ {Epi(Mi) |p i = ∞, pi ≤
≤ Cards(Mi)}

∪
. {{Mi}, {Li |Li ≤ Mi }}(i ∈ {1, 2, ..., n})} is the set of all radical �lters

of M .

Proof. By Propositions 1, 6 and Corollary 2.

Corollary 3. If M is a �nitely generated semisimple R-module, then the set of all
radical [preradical] �lters of M is a 2n-element set, where n is a number of homogeneous
components of M .

Remark 1. LetM = ⊕
α<ξ

Mα be a semisimple R-module, whereMα ̸= 0 is a homogeneous

component of M for any ordinal number α < ξ, ξ is a limit ordinal number, and σ is a
limit ordinal number such that σ ≤ ξ. Consider

Fσ := {K ≤ M

∣∣∣∣ ⊕
χ≤α<ξ

Mα ⊆ K,χ < σ}.

We see that
∩
Fσ = ⊕

σ≤α<ξ
Mα /∈ Fσ and Fσ is a radical �lter of M .

Indeed, let σ ≤ η < ξ. If χ < σ, then χ < η < ξ and we have Mη ⊆ ⊕
χ≤α<ξ

Mα for

every χ < σ. Thus Mη ⊆
∩

χ<σ ⊕
χ≤α<ξ

Mα =
∩
Fσ for σ ≤ η < ξ.

Let η < σ. Since σ is a limit ordinal number, η+1 < σ. Since ( ⊕
η+1≤α<ξ

Mα)
∩
Mη =

0,
∩
Fσ

∩
Mη = 0 for η < σ.

Put D :=
∩

Fσ. Let Kα be a minimal submodule of Mα for any α < ξ.
Taking into account Proposition 9.4 [1], we obtain D ∈ Gen({Kα |α < ξ }). Hence
D = ⊕

α<ξ
trD(Kα). Since W 7→ trW (Kα),W ∈ R − Mod is a hereditary preradi-

cal [4], trD(Kα) = trM (Kα)
∩
D = Mα

∩
D. Thus

∩
Fσ = D = ⊕

α<ξ
(Mα

∩
D) =

⊕
α<σ

(Mα

∩
D)⊕ ⊕

σ≤α<ξ
(Mα

∩
D) = 0⊕ ⊕

σ≤α<ξ
Mα = ⊕

σ≤α<ξ
Mα.

Let χ < σ. Hence Mχ

∩∩
Fσ = Mχ

∩
⊕

σ≤α<ξ
Mα = 0. Thus ⊕

χ≤α<ξ
Mα is not contai-

ned in
∩

Fσ for any χ < σ. Hence
∩

Fσ /∈ Fσ.
Consider conditions 1, 2, 4 for radical �lters.
(1) This is clear.
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(2) Let χ < σ, K ≤ M , ⊕
χ≤α<ξ

Mα ⊆ K, and f ∈ End(M). Since Mα is a fully

invariant submodule of M for any α < ξ,f( ⊕
χ≤α<ξ

Mα) ⊆ ⊕
χ≤α<ξ

Mα. Hence ⊕
χ≤α<ξ

Mα ⊆

(K : f)M . Therefore (K : f)M ∈ Fσ.
(4) Let N ∈ Fσ, L ≤ N ≤ M and ∀g ∈ End(M)N : (L : g)M ∈ Fσ. Hence there

exists an ordinal number χ < σ such that ⊕
χ≤α<ξ

Mα ⊆ N . Consider

g : M → M, g(m1 +m2) = m1, (m1 ∈ ⊕
χ≤α<ξ

Mα,m2 ∈ ⊕
α<χ

Mα).

It is easily seen that g ∈ End(M)N . Thus (L : g)M ∈ Fσ. Hence there exists β < σ
such that ⊕

β≤α<ξ
Mα ⊆ (L : g)M . Put γ := max(χ, β). Hence

⊕
γ≤α<ξ

Mα = g( ⊕
γ≤α<ξ

Mα) ⊆ L.

Therefore

L ∈ Fσ.

Let fθ(θ < ξ) be an element of End(M) such that fθ(m) = m for every m ∈ Mθ

and fθ(m) = 0 for every m ∈ Mα, where α < ξ and α ̸= θ.
Put

Fσ,θ = {fθ(L) |L ∈ Fσ }.
Let θ < σ and S ≤ Mθ. Then ⊕

θ+1≤α<ξ
Mα ⊆ ⊕

θ+1≤α<ξ
Mα + S, because θ + 1 < σ.

Hence ⊕
θ+1≤α<ξ

Mα + S ∈ Fσ. Thus S = fθ( ⊕
θ+1≤α<ξ

Mα + S) ∈ Fσ,θ. We obtain Fσ,θ =

{S |S ≤ Mθ } for any θ < σ.
Let σ ≤ θ < ξ and let H be an arbitrary element of Fσ,θ. Then there exists K ∈ Fσ

such that fθ(K) = H. Hence ⊕
χ≤α<ξ

Mα ⊆ K for some χ < σ. Since σ ≤ θ < ξ and χ < σ,

χ < θ < ξ. Therefore Mθ ⊆ ⊕
χ≤α<ξ

Mα ⊆ K. Hence, Mθ = fθ(Mθ) ⊆ fθ(K) ⊆ Mθ. We

obtain H = Mθ.
Therefore {

∑
α<ξ Hα |Hα ∈ Fσ,α } = {T ≤ M |

∩
Fσ ⊆ T} ̸= Fσ (see Proposition

6 (i)).
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Íåõàé ℘i(z), (i = 1, 2) � àëãåáðè÷íî íåçàëåæíi åëiïòè÷íi ôóíêöi¨ Âåé¹ð-
øòðàññà. Îòðèìàíî îöiíêó ñóìiñíîãî íàáëèæåííÿ iíâàðiàíòiâ öèõ ôóíêöié,
¨õíiõ ïåðiîäiâ, ÷èñëà α òà çíà÷åíü êîæíî¨ ç öèõ ôóíêöié ó ïåðiîäàõ iíøî¨
òà â òî÷öi α.

Êëþ÷îâi ñëîâà: ñóìiñíi íàáëèæåííÿ, åëiïòè÷íà ôóíêöiÿ Âåé¹ðøòðàññà.

1. Âñòóï. Ðîçãëÿíåìî àëãåáðè÷íî íåçàëåæíi åëiïòè÷íi ôóíêöi¨ Âåé¹ðøòðàññà
℘1(z), ℘2(z) ç iíâàðiàíòàìè g1,2, g1,3, g2,2, g2,3, âiäïîâiäíî. Ïîçíà÷èìî ÷åðåç (ω, ω1)
ïàðó îñíîâíèõ ïåðiîäiâ ôóíêöi¨ ℘1(z), à ÷åðåç (ω, ω2) � ôóíêöi¨ ℘2(z) [1]. Íåõàé α
äîâiëüíå ÷èñëî òàêå, ùî mω + m1ω1 + m2ω2 + α íå ¹ ïîëþñàìè ℘1(z) òà ℘2(z) ïðè
óñiõ m,m1,m2 ∈ N.

Íàäàëi áóäåìî äîòðèìóâàòèñü òàêèõ ïîçíà÷åíü [2]: ÷åðåç d(P ), L(P ) ïîçíà÷èìî
ñòåïiíü òà äîâæèíó ìíîãî÷ëåíà P ç öiëèìè êîåôiöi¹íòàìè; ξ1, . . . ξ12 � íàáëèæàþ÷i
àëãåáðè÷íi ÷èñëà, di = d(ξi) òà Li = L(ξi) � ¨õíi ñòåïåíi òà äîâæèíè, âiäïîâiäíî.

Òåîðåìà 1. Äëÿ äîâiëüíèõ àëãåáðè÷íèõ ÷èñåë ξ1, . . . ξ12 ñïðàâäæó¹òüñÿ

|α−ξ1|+ |ω−ξ2|+ |ω1−ξ3|+ |g1,2−ξ4|+ |g1,3−ξ5|+ |g2,2−ξ6|+ |g2,3−ξ7|+ |℘2(ω1)−ξ8|
+|℘1(α)− ξ9|+ |℘2(α)− ξ10|+ |ω2 − ξ11|+ |℘1(ω2)− ξ12| > exp

(
−ΛT 3

)
, (1)

äå n0 = degQ(ξ1, . . . ξ12), T
2 = n0

(
lnL1

d1
+ · · ·+ lnL12

d12
+ lnn0

)
, Λ > 0 � êîí-

ñòàíòà, çàëåæíà ëèøå âiä ÷èñåë g1,2, g1,3, g2,2, g2,3 òà α.

Ïîäiáíi îöiíêè òà ôîðìóëþâàííÿ çàäà÷ ìîæíà çíàéòè, íàïðèêëàä, â [2], [3].
2. Äîâåäåííÿ Òåîðåìè 1. Äîòðèìóâàòèìåìîñü ñòàíäàðòíèõ ïîçíà÷åíü â òå-

îði¨ åëiïòè÷íèõ ôóíêöié [1]. Äîâåäåìî òàêó îöiíêó íàáëèæåííÿ.

Òåîðåìà 2. Äëÿ äîâiëüíèõ àëãåáðè÷íèõ ÷èñåë ξ1, . . . ξ10 ñïðàâäæó¹òüñÿ òà-
êà íåðiâíiñòü: |α − ξ1| + |ω − ξ2| + |ω1 − ξ3| + |g1,2 − ξ4| + |g1,3 − ξ5| + |g2,2 −
ξ6| + |g2,3 − ξ7|+ |℘2(ω1) − ξ8| + |℘1(α) − ξ9| + |℘2(α) − ξ10| > exp

(
−λ8 N3

)
, äå

c⃝ Ìèëüî Î.ß., Õîëÿâêà ß.Ì., 2015



108
Îëüãà ÌÈËÜÎ, ßðîñëàâ ÕÎËßÂÊÀ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2015. Âèïóñê 80

N2 = n
(

lnL1

d1
+ · · ·+ lnL10

d10
+ lnn

)
, n = degQ(ξ1, . . . ξ10), λ � íàòóðàëüíå ÷èñëî,

çàëåæíå ëèøå âiä g1,2, g1,3, g2,2, g2,3 òà α.

Íåõàé c1, c2, ... � äîäàòíi êîíñòàíòè, ÿêi íå çàëåæàòü âiä n, di, Li òà λ.

Ëåìà 1. ßêùî λ � äîñòàòíüî âåëèêå, òî íåðiâíiñòü

|α− ξ1|+ |ω − ξ2|+ |ω1 − ξ3|+ |g1,2 − ξ4|+ |g1,3 − ξ5|+ |g2,2 − ξ6|+ |g2,3 − ξ7|+

|℘2(ω1)− ξ8|+ |℘1(α)− ξ9|+ |℘2(α)− ξ10| < exp
(
−λ8 N3

)
(2)

íåìîæëèâà.

Äîâîäèòè Ëåìó 1 áóäåìî âiä ñóïðîòèâíîãî. Ïðèéìåìî

M = [λN ], K = L = S = [λ2N ], (3)

m,m1, s ∈ Z, 0 6 s 6 S, ìåæi çìiíè m òà m1 áóäóòü çàçíà÷åíi â êîæíîìó âèïàäêó
îêðåìî. Ïîçíà÷èìî ÷åðåç ζ1, ..., ζn ëiíiéíî íåçàëåæíi ñåðåä ÷èñåë ξu1

1 , ..., ξu10
10 , ui =

0, 1, ..., di − 1. Âèçíà÷èìî

f(z) =
K∑

k=1

L∑
l1,l2=1

Ck,l1,l2z
k℘l1

1 (z)℘
l2
2 (z), Ck,l1,l2 =

n∑
τ=1

Ck,l1,l2,τζτ , Ck,l1,l2,τ ∈ Z. (4)

ßê i â [4], ïîçíà÷èìî ϕ(z) = ℘2(z+
ω
2 ). Ç ôîðìóëè äîäàâàííÿ äëÿ ℘(z) îòðèìà¹ìî

℘2(z + w) = ℘2(z +
ω

2
+ w +

ω

2
) =

(
ϕ′(z)− ϕ′(w)

2(ϕ(z)− ϕ(w))

)2

− ϕ(z)− ϕ(w) =
Λ1(z, w)

Λ2(z, w)
. (5)

Iñíóþòü ìíîãî÷ëåíè [4] Gs,p,l âiä ℘2(z), ℘
′
2(z), ϕ(z), ϕ

′(z) òàêi, ùî

Gs,p,l =
ds

d ws
(Λp

1(z, w)Λ
l
2(z, w))|w=0, (6)

lnL(Gs,p,l) 6 s ln(s(p+ l) + c1(s+ p+ l)), degGs,p,l 6 4(p+ l).
Âðàõîâóþ÷è, ùî (℘′

i(z))
2 = 4℘3

i (z)− gi,2℘i(z)− gi,3 òà ℘′′
i (z) = 6℘2

i (z)− gi,2/2, ç
(5), (6) ïîäiáíî ÿê ó ïðàöi [4], îòðèìà¹ìî

f (s)(z) =
ds

d ws
((Λ−L

2 (z, w)(f(z+w)ΛL
2 (z, w)))|w=0 =

s∑
t=0

(
s

t

)(
ds−t

d ws−t
Λ−L
2 (z, w)

)
|w=0×

×
K∑

k=1

L∑
l1,l2=1

Ck,l1,l2

t∑
i=0

(
t

i

)(
dt−i

d wt−i
(z + w)k℘l1

1 (z + w)

)
|w=0Gi,l2,L−l2(z). (7)

Ïîçíà÷èìî

fs,t(z) =
K∑

k=1

L∑
l1,l2=1

Ck,l1,l2

t∑
i=0

(
t

i

)(
dt−i

dwt−i
(z + w)k℘l1

1 (z + w)

)
|w=0Gi,l2,L−l2(z). (8)

Íåõàé ξ213 = 4ξ38 − ξ6ξ8 − ξ7, ξ214 = 4ξ39 − ξ4ξ9 − ξ5, ξ215 = 4ξ310 − ξ6ξ10 − ξ7;
ξ = (ξ1, . . . , ξ10, ξ13, ξ14, ξ15); fs,m,m1(ξ) òà fs,t,m,m1(ξ) � âèðàçè, îòðèìàíi ç âèðàçiâ

f (s)(mω + m1ω1 + α) òà fs,t(mω + m1ω1 + α) çàìiíîþ α, ω, ω1, g1,2, g1,3, g2,2, g2,3,
℘2(ω1), ℘1(α), ℘2(α), ℘

′
2(ω1)℘

′
1(α), ℘

′
2(α), íà ξ1, . . . , ξ10, ξ13, ξ14, ξ15, âiäïîâiäíî.
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Ðîçãëÿíåìî fs,t,m,m1(ξ), 1 6 m,m1 6 M , 0 6 t 6 s 6 S, ÿê M2S ëiíiéíi ôîðìè
âiä nKL2 çìiííèõ Ck,l1,l2,τ . Çãiäíî ç [5] ëåìà 4.1 òà (3), (8), âèáåðåìî ÷èñëà Ck,l1,l2,τ ,
ÿêi íå âñi äîðiâíþþòü íóëþ òàê, ùî äëÿ 1 6 m,m1 6 M , 0 6 t 6 s 6 S

fs,t,m,m1(ξ) = 0, 0 < max |Ck,l1,l2,τ | < exp(c2λ
3 n−1N3). (9)

Ç (2), (3), (9) ïðè 1 6 m,m1 6 λM , 0 6 s 6 S îòðèìà¹ìî

|f (s)(mω +m1ω1 + α)− fs,m,m1(ξ)| < exp(−1

2
λ8N3). (10)

Ç (7)�(10), ÿêùî 1 6 m,m1 6 M , 0 6 s 6 S, òî îäåðæèìî

|f (s)(mω +m1ω1 + α)| < exp(−1

2
λ8N3). (11)

Äîâåäåìî, ùî îöiíêà (11) òàêîæ âèêîíó¹òüñÿ i äëÿ 1 6 m,m1 6 λM , 0 6 s 6 S.

Ëåìà 2. Íåõàé íåðiâíiñòü (11) ñïðàâäæó¹òüñÿ äëÿ 1 6 m,m1 6 2dM , 2d < λ ïðè
0 6 s 6 S . Òîäi âîíà ñïðàâäæó¹òüñÿ i äëÿ 1 6 m,m1 6 2d+1M çà òèõ ñàìèõ s.

Íåõàé G(z) = f(z)σ2L
1 (z)σ2L

2 (z), äå σi(z) � σ-ôóíêöiÿ, ùî âiäïîâiäà¹ ℘i(z) [1].
Âèáåðåìî íàéìåíøå öiëå r òàêå, ùî r > 4(2dM + 1)(|ω| + |ω1| + |ω2| + |α| + 1). Ïî-
çíà÷èìî R = 4r. Òîäi ç (3), (4) i (9) îòðèìà¹ìî |G(z)||z|6R < exp(−c32

dλ4N3), òî-

ìó ç ëåìè 4.5 â [5] ïðè 0 6 s 6 S îòðèìà¹ìî |G(s)(z)||z|6r < exp(−2dλ5N3). Äëÿ

ε = R−1 â ε-îêîëàõ V (ε,mω + m1ω1 + α) òî÷îê mω + m1ω1 + α ôóíêöi¨ σ1(z) òà
σ2(z) íå ìàþòü íóëiâ, òîìó ïðè 1 6 m,m1 6 λM ç ëåìè 7.1 [3] òà (3) îòðèìà¹-
ìî |σi(z)|z∈V (ε,mω+m1ω1+α) > exp(−c4λ

4N2), çâiäêè ïðè 1 6 m,m1 6 λM âèïëè-

âà¹ |f(z)|z∈V (ε,mω+m1ω1+α) < exp(−22d−1λ5N3). Îòæå, äëÿ 1 6 m,m1 6 2d+1M ,
0 6 s 6 S îòðèìà¹ìî

|f (s)(mω +m1ω1 + α)| < exp(−2dλ5

3
N3). (12)

Âðàõîâóþ÷è (10), äëÿ 1 6 m,m1 6 2d+1M òà 0 6 s 6 S ç (12) âèïëèâà¹

|fs,m,m1(ξ)| < exp(−2dλ5

4
N3). (13)

Ðîçãëÿäàþ÷è fs,t,m,m1(ξ), 0 6 t 6 s 6 S, 1 6 m,m1 6 2d+1M ÿê çíà÷åííÿ
âiäïîâiäíîãî ìíîãî÷ëåíà â àëãåáðè÷íèõ òî÷êàõ, ç ëåìè 4.1 â [5] òà (3) îòðèìà¹ìî
äëÿ fs,t,m,m1(ξ) ̸= 0 îöiíêó

|fs,t,m,m1(ξ)| > exp(−λ3,5N3). (14)

Ç (8), (14) îäåðæèìî

|fs,m,m1(ξ)| > exp(−λ4N3). (15)

Îöiíêè (13) i (15) ñóïåðå÷ëèâi, òîìó äëÿ 1 6 m,m1 6 2d+1M , 0 6 t 6 s 6 S
îòðèìà¹ìî fs,m,m1(ξ) = 0, ùî ðàçîì ç (10) äîâîäèòü Ëåìó 2.

Îöiíèìî |Ck,l1,l2,τ | çâåðõó. Ïðèéìåìî

ακ =
(
1− κ

λL

) ω + ω1 + α

4
, κ = 1, ..., L. (16)

Ç ëåìè 4 [6] îòðèìà¹ìî òâåðäæåííÿ.
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Ëåìà 3. Íåõàé ∆ = det(℘l1
1 (ακ))l1, κ=1,...,L, ∆(κ) = det(℘l2

2 (m1ω1 + ακ)l2, m1=1,...,L,
∆(m1, κ) = det((mω +m1ω1 + ακ)

k)m, k=1,...,L, ∆l1, κ � àëãåáðè÷íå äîïîâíåííÿ åëå-

ìåíòà ℘l1
1 (ακ) âèçíà÷íèêà ∆, ∆l2, m1(κ) � åëåìåíòà ℘l2

2 (m1ω1 + ακ) âèçíà÷íèêà

∆(κ), ∆m, k(m1, κ) � åëåìåíòà (mω + m1ω1 + ακ)
k âèçíà÷íèêà ∆(m1, κ). ßêùî

∆ ̸= 0, ∆(κ) ̸= 0 òà ∆(m1, κ) ̸= 0, òî

Ck,l1,l2 =
L∑

κ, m, m1=1

∆l1, κ

∆

∆l2, m1(κ)

∆(κ)

∆m, k(m1, κ)

∆(m1, κ)
f(mω +m1ω1 + ακ). (17)

Ç (16) âèïëèâà¹, ùî ∆, ∆(κ) i ∆(m1, κ), ÿêi ¹ âèçíà÷íèêàìè Âàíäåðìîíäà,
âiäìiííi âiä íóëÿ. Ç (3), (16) òà ëåìè 1.1 [3] äëÿ äîâiëüíî¨ ℘(z) âèïëèâà¹ |℘(ακ) −
℘(αj)| > exp(−λ lnN), κ ̸= j. Ç öi¹¨ îöiíêè òà (3) îòðèìà¹ìî∣∣∣∣∆l1, κ

∆

∣∣∣∣ , ∣∣∣∣∆l2, m1(κ)

∆(κ)

∣∣∣∣ , ∣∣∣∣∆m, k(m1, κ)

∆(m1, κ)

∣∣∣∣ < exp(c5λ
3N lnN). (18)

Ç ëåìè 7.1 [3] äëÿ 1 6 m,m1 6 L, â òî÷êàõ z = mω + m1ω1 + ακ îòðèìà¹ìî
min |σ2L(z)| > exp(−c6λ

6N3), òîìó çà óìîâè (1/2)λ 6 2d 6 λ îäåðæèìî îöiíêó
|f(mω +m1ω1 + ακ)| < exp(−(1/4)λ7N3). Çâiäñè i ç (17), (18) òà Ëåìè 3 âèïëèâà¹

|Ck,l1,l2 | < exp(−λ6N3). (19)

Ðîçãëÿäàþ÷è Ck,l1,l2 ÿê çíà÷åííÿ âiäïîâiäíîãî ìíîãî÷ëåíà (4) Ak, p, l ç öiëèìè
êîåôiöi¹íòàìè Ck,l1,l2,τ â òî÷öi ξ1, . . . , ξ10 i âèêîðèñòîâóþ÷è (3) òà ëåìó 4.1 [5], äëÿ
Ck,l1,l2 ̸= 0 îòðèìà¹ìî |Ck,l1,l2 | > exp(−λ4N3), ùî ñóïåðå÷èòü îöiíöi (19). Òîìó âñi
Ck,l1,l2 äîðiâíþþòü íóëåâi. Àëå òîäi ç (4) i âñi Ck,l1,l2,τ äîðiâíþþòü íóëåâi, ùî ñó-
ïåðå÷èòü (9). Îñòàíí¹ ïðîòèði÷÷ÿ çàñâiä÷ó¹, ùî (2) íå ñïðàâäæó¹òüñÿ, ùî äîâîäèòü
Ëåìó 1 òà Òåîðåìó 2. ßêùî â (2) çàìiíèòè ω1 íà ω2 i ℘2(ω1) íà ℘1(ω2) òà âçÿòè òî÷êè
mω +m2ω2 + α, òî òàêèìè æ ìiðêóâàííÿìè îòðèìà¹ìî äîâåäåííÿ òâåðäæåííÿ, ÿêå
ïîäiáíå äî Òåîðåìè 2 äëÿ òàê çìiíåíî¨ ìíîæèíè ÷èñåë. Îòæå, (1) âèêîíó¹òüñÿ çà
äîñèòü âåëèêîãî Λ. Òåîðåìà 1 äîâåäåíà.
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SIMULTANEOUS APPROXIMATION OF INVARIANTS, PERIOD
AND VALUES OF TWO ELLIPTIC WEIERSTRASS FUNCTIONS

Yaroslav KHOLYAVKA, Olga MYLYO

Ivan Franko National University of Lviv,

Universytetka Str. 1, Lviv, 79000

e-mail: ya_khol@franko.lviv.ua, olga.mylyo@gmail.com

Let ℘i(z), i = 1, 2, be algebraically independent Weierstrass elliptic functi-
ons. We estimate a simultaneous approximation of invariants of these functions,
their periods, number α and values of each of these functions at the periods of
the other one and at the point α.

Key words: simultaneous approximation, Weierstrass elliptic function.
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Äëÿ äîâiëüíî¨ ïîâiëüíî çðîñòàþ÷î¨ ôóíêöi¨ υ ïîáóäîâàíî ïðèêëàä öiëî¨
ôóíêöi¨ f íóëüîâîãî ïîðÿäêó, ëîãàðèôìi÷íà ïîõiäíà ÿêî¨ çîâíi äåÿêî¨ C2

0 -
ìíîæèíè åêâiâàëåíòíà ëi÷èëüíié ôóíêöi¨ íóëiâ f i íóëi f íå ìàþòü êóòîâî¨
υ-ùiëüíîñòi.

Êëþ÷îâi ñëîâà: öiëà ôóíêöiÿ, ëîãàðèôìi÷íà ïîõiäíà, íóëüîâèé ïîðÿ-
äîê, êóòîâà ùiëüíiñòü.

1. Âñòóï i ôîðìóëþâàííÿ ðåçóëüòàòiâ. Íåõàé f � öiëà ôóíêöiÿ ñêií÷åí-
íîãî äîäàòíîãî ïîðÿäêó ρ i öiëêîì ðåãóëÿðíîãî çðîñòàííÿ [1]. Äîáðå âiäîìî, ùî
öiëêîì ðåãóëÿðíå çðîñòàííÿ öiëî¨ ôóíêöi¨ äîäàòíîãî íåöiëîãî ïîðÿäêó åêâiâàëåíòíå
iñíóâàííþ êóòîâî¨ ùiëüíîñòi ¨¨ íóëiâ ñòîñîâíî ôóíêöi¨ ïîðiâíÿííÿ rρ(r), äå ρ(r) �
óòî÷íåíèé ïîðÿäîê ôóíêöi¨ f .

Ïîçíà÷èìî ÷åðåç F (z) = zf ′(z)/f(z)� ëîãàðèôìi÷íó ïîõiäíó ôóíêöi¨ f . Àñèìï-
òîòè÷íi ôîðìóëè F (z) äëÿ öiëî¨ ôóíêöi¨ ö. ð. çð. f çîâíi äåÿêèõ âèíÿòêîâèõ ìíîæèí
çíàéäåíî â [2], à â [3] äîâåäåíî, ùî ç àñèìïòîòèêè F (z) âèïëèâà¹ öiëêîì ðåãóëÿðíå
çðîñòàííÿ ôóíêöi¨ f . Ìè ðîçãëÿíåìî àíàëîãi÷íi çàäà÷i äëÿ öiëèõ ôóíêöié íóëüîâîãî
ïîðÿäêó.

×åðåç L ïîçíà÷àòèìåìî êëàñ äîäàòíèõ, íåñïàäíèõ, íåîáìåæåíèõ, íåïåðåðâíî
äèôåðåíöiéîâíèõ íà R+ ôóíêöié υ òàêèõ, ùî rυ′(r)/υ(r) → 0 ïðè r → +∞, n(r) =
n(r, 0, 2π) � ëi÷èëüíà ôóíêöiÿ íóëiâ f , à ÷åðåç H0(υ), υ ∈ L, � êëàñ öiëèõ ôóíêöié
f íóëüîâîãî ïîðÿäêó, äëÿ ÿêèõ 0 < ∆ = lim

r→+∞
n(r)/υ(r) < +∞. Íåõàé n(r, α, β) �

êiëüêiñòü íóëiâ öiëî¨ ôóíêöi¨ â ñåêòîði {z : |z| 6 r, α 6 arg z < β}, 0 6 α < β < 2π.
Áóäåìî ãîâîðèòè, ùî íóëi ôóíêöi¨ f ∈ H0(υ) ìàþòü êóòîâó υ-ùiëüíiñòü, ÿêùî

iñíó¹ ãðàíèöÿ

∆(α, β) : = lim
r→+∞

n(r, α, β)

υ(r)
,

äëÿ âñiõ α i β, ùî íå íàëåæàòü äåÿêié íå áiëüøå, íiæ çëi÷åííié ìíîæèíi ç [0, 2π].

c⃝ Ìîñòîâà Ì., 2015
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Íàãàäà¹ìî, ùî ìíîæèíà E ⊂ C íàëåæèòü äî êëàñó C2
0 , ÿêùî E � âèìiðíà i

mes2 (E ∩C(r)) = o(r2), r → +∞, äå mes2 � ïëîñêà ìiðà Ëåáåãà, à C(r) = {z : |z| 6
r}.

Àñèìïòîòèêó ëîãàðèôìi÷íî¨ ïîõiäíî¨ äëÿ f ∈ H0(υ) çíàéäåíî â [4].

Òåîðåìà À. Íåõàé υ ∈ L, f ∈ H0(υ) i íóëi f ìàþòü êóòîâó υ-ùiëüíiñòü.
Òîäi iñíó¹ ìíîæèíà E ∈ C2

0 òàêà, ùî

F (reiφ) = ∆υ(r) + o(υ(r)) = n(r) + o(υ(r)), z → ∞, z /∈ E.

Ç òåîðåìè 1 âèïëèâà¹, ùî îáåðíåíå òâåðäæåííÿ äî òåîðåìè À íåïðàâèëüíå.

Òåîðåìà 1. Äëÿ äîâiëüíî¨ ôóíêöi¨ υ ∈ L iñíóþòü ôóíêöiÿ f ∈ H0(υ) i ìíîæèíà

E ∈ C2
0 òàêi, ùî

F (reiφ) = n(r) + o(1), z = reiφ → ∞, z /∈ E (1)

i íóëi f íå ìàþòü êóòîâî¨ υ-ùiëüíîñòi.

2. Äîâåäåííÿ. Äëÿ äîâåäåííÿ òåîðåìè 1 áóäåìî âèêîðèñòîâóâàòè òàêèé íàñëi-
äîê ç òåîðåìè Òåïëiöà [[5], ñ. 326], ÿêèé ñôîðìóëþ¹ìî ó âèãëÿäi ëåìè.

Ëåìà 1. Íåõàé (xn) i (yn) íåñêií÷åííî ìàëi ïîñëiäîâíîñòi i äëÿ äîâiëüíîãî m ∈ N

|y1|+ |y2|+ . . .+ |ym| 6 K (K = const).

Òîäi

zn = x1yn + x2yn−1 + . . .+ xny1 → 0, n → +∞.

Äîâåäåííÿ òåîðåìè. Íåõàé υ � äîâiëüíà ôóíêöiÿ ç êëàñó L. Âèáåðåìî ïîñëi-
äîâíiñòü äiéñíèõ ÷èñåë rk òàêó, ùî rk ↗ +∞ ïðè k → +∞ i

υ(r1) = 1, rk+1 > 2rk, υ(rk) ∈ N.

Ïðèéìåìî m1 = υ(r1) = 1,mk = υ(rk)− υ(rk−1), k > 2,

υ(rk) > (k + 1)υ(rk−1). (2)

Íåõàé

f(z) =
+∞∏
k=1

(
1−

(
z

rk

)mk
)
.

Îñêiëüêè mk = υ(rk) − υ(rk−1) > kυ(rk−1) > k i äëÿ äîâiëüíîãî R > 0 (R/rk)
mk <

(1/2)k, k > k0, òî ðÿä
+∞∑
k=1

(
z

rk

)mk

� àáñîëþòíî i ðiâíîìiðíî çáiæíèé â êðóçi

{z : |z| 6 R}, à îòæå, f(z) � öiëà ôóíêöiÿ.
Íåõàé rn 6 r < rn+1. Òîäi

n(r) =

n∑
k=1

mk = υ(r1) +

n∑
k=2

(υ(rk)− υ(rk−1)) = υ(rn) 6 υ(r)
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i äëÿ âñiõ α i β, 0 6 α < β < 2π, îòðèìà¹ìî

n(r, α, β) = (1 + o(1))
β − α

2π

∑
rk6r

mk = (1 + o(1))
β − α

2π
υ(rn), r → +∞.

Çâiäñè, çàâäÿêè (2), îòðèìó¹ìî, ùî

lim
r→+∞

n(r, α, β)

υ(r)
= lim

n→+∞

n(rn, α, β)

υ(rn)
=

β − α

2π
,

lim
r→+∞

n(r, α, β)

υ(r)
= lim

n→+∞

n(rn+1 − 0, α, β)

υ(rn+1)
=

β − α

2π
lim

n→+∞

υ(rn)

υ(rn+1)
= 0.

Îòæå, íóëi f íå ìàþòü êóòîâî¨ υ-ùiëüíîñòi.
Ëåãêî áà÷èòè, ùî

F (z) =
+∞∑
k=1

(−mk)(z/rk)
mk

1− (z/rk)mk
=

n∑
k=1

mk

1− (rk/z)mk
+

+∞∑
k=n+1

mk(z/rk)
mk

(z/rk)mk − 1
=

=
n∑

k=1

mk +
n∑

k=1

mk(rk/z)
mk

1− (rk/z)mk
+

+∞∑
k=n+1

mk(z/rk)
mk

(z/rk)mk − 1
.

Çâiäñè äëÿ rn 6 |z| = r < rn+1

|F (z)− n(r)| 6
∣∣∣∣∣

n∑
k=1

mk(rk/z)
mk

1− (rk/z)mk

∣∣∣∣∣+
∣∣∣∣∣

+∞∑
k=n+1

mk(z/rk)
mk

(z/rk)mk − 1

∣∣∣∣∣ = |Σ1|+ |Σ2| . (3)

Äàëi äëÿ rn
(
1 + 1/

√
mn

)
6 |z| 6 rn+1

(
1− 1/

√
mn+1

)
îòðèìà¹ìî(

rn
|z|

)mn

6
(
1 +

1
√
mn

)−mn

6 2−
√
mn ,(

|z|
rn+1

)mn+1

6
(
1− 1

√
mn+1

)mn+1

6 2−
√
mn+1 .

Òîäi ∣∣∣∣ 1

1− (rn/|z|)mn

∣∣∣∣ < 1

1− 2−
√
mn

< 2,∣∣∣∣ 1

(|z|/rn+1)
mn+1 − 1

∣∣∣∣ 6 1

1− 1/2−
√
mn+1

< 2.

Äëÿ k 6 n− 1 ïðàâèëüíi òàêi îöiíêè:(
rk
|z|

)mk

6
(
rn−1

rn

)mk

6
(
1

2

)mk

6 1

2
,

rk
rn

=
rk

rk+1
· rk+1

rk+2
· . . . · rn−1

rn
6

(
1

2

)n−k

.

Îòæå,

|Σ1| 6
n−1∑
k=1

mk(rk/r)
mk

|1− (rk/z)mk |
+mn

(rn
r

)mn
∣∣∣1− (rn

z

)mn
∣∣∣−1

6
n−1∑
k=1

mk(rk/rn)
mk

1− (rk/rn)mk
+
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+2mn

(
1 +

1
√
mn

)−mn

6 2
n−1∑
k=1

mk(rk/rn)
mk+2

mn

e
√
mn

6 2
n−1∑
k=1

mk2
(k−n)mk+o(1), n → +∞.

Ïðèéíÿâøè xl = mk/2
mk , yl = 1/2kmk , ç ëåìè 1 îäåðæó¹ìî

|Σ1| = o(1), n → +∞. (4)

Äàëi, àíàëîãi÷íî äî îöiíêè |Σ1| , îòðèìó¹ìî

|Σ2| 6
+∞∑

k=n+2

mk(r/rk)
mk

|(z/rk)mk − 1|
+mn+1

(
r

rn+1

)mn+1
∣∣∣∣( z

rn+1

)mn+1

− 1

∣∣∣∣−1

<

<

+∞∑
k=n+2

mk(rn+1/rk)
mk

1− (rn+1/rk)mk
+ 2mn+1

(
1− 1

√
mn+1

)mn+1

6

6 2

+∞∑
k=n+2

mk

2(k−n)mk
+ 2

mn+1

e
√
mn+1

= o(1), n → +∞. (5)

Îòæå, ç (3)-(5) äëÿ z /∈ E =
+∞∪
k=1

(
rk − rk/

√
mk, rk + rk/

√
mk

)
âèêîíó¹òüñÿ (1).

Çàëèøà¹òüñÿ äîâåñòè, ùî E ∈ C2
0 . Ñïðàâäi, äëÿ rn 6 r 6 rn+1/2 ìàòèìåìî

mes2 (E ∩ C(r)) 6
n∑

k=1

(
r2k(1 +

1
√
mk

)2 − r2k

)
=

n∑
k=1

(
2

r2k√
mk

+
r2k
mk

)
6

6 3r2n

n∑
k=1

(rk/rn)
2

√
mk

6 3r2
n∑

k=1

2(k−n)2

√
mk

.

Ïðèéíÿâøè xl = 1/
√
ml, yl = 1/4l, çà ëåìîþ 1 îòðèìó¹ìî

mes2 (E ∩ C(r)) = o(r2), r → +∞.

Àíàëîãi÷íî, äëÿ rn+1/2 6 r 6 rn+1

mes2 (E ∩ C(r)) 6
n+1∑
k=1

(
r2k(1 +

1
√
mk

)2 − r2k

)
6 3r2n+1

n+1∑
k=1

(rk/rn+1)
2

√
mk

6

6 12r2
n+1∑
k=1

2(k−n−1)2

√
mk

= o(r2), r → +∞.

Îòæå, ç îñòàííiõ äâîõ ñïiââiäíîøåíü

mes2 (E ∩ C(r)) = o(r2), r → +∞,

ùî äîâîäèòü òåîðåìó 1.
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For any slowly increasing function υ we have constructed an example of a
function f of zero order, the logarithmic derivative of which outside of some
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ÃÅËÜÔÎÍÄÀ-ËÅÎÍÒÜ�ÂÀ ÀÍÀËIÒÈ×ÍÈÕ ÔÓÍÊÖIÉ

Îêñàíà ÌÓËßÂÀ, Ñòåïàí ÔÅÄÈÍßÊ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ, 79000,

e-mail: info@nuft.edu.ua, fedynyak@yahoo.com

Äëÿ öiëèõ i àíàëiòè÷íèõ â îäèíè÷íîìó êðóçi ôóíêöié ó òåðìiíàõ óçà-
ãàëüíåíèõ ïîðÿäêiâ äîñëiäæåíî çðîñòàííÿ àäàìàðîâèõ êîìïîçèöié ¨õíiõ
ïîõiäíèõ Ãåëüôîíäà-Ëåîíòüåâà. Âèâ÷åíî ïîâîäæåííÿ ìàêñèìàëüíèõ ÷ëå-
íiâ òàêèõ êîìïîçèöié.

Êëþ÷îâi ñëîâà: àíàëiòè÷íà ôóíêöiÿ, ïîõiäíà Ãåëüôîíäà-Ëåîíòü¹âà,
êîìïîçèöiÿ Àäàìàðà, ìàêñèìàëüíèé ÷ëåí.

Äëÿ ñòåïåíåâîãî ðÿäó

f(z) =

∞∑
k=0

fkz
k (1)

ç ðàäióñîì çáiæíîñòi R[f ] = R ∈ [0,∞] i ñòåïåíåâîãî ðÿäó l(z) =
∑∞

k=0 lkz
k ç R[l] =

R ∈ [0,∞] i lk > 0 äëÿ âñiõ k ≥ 0 ñòåïåíåâèé ðÿä

D
(n)
l f(z) =

∞∑
k=0

lk
lk+n

fk+nz
k (2)

íàçèâà¹òüñÿ [1] ïîõiäíîþ Ãåëüôîíäà-Ëåîíòü¹âà n-ãî ïîðÿäêó. ßêùî l(z) = ez, òî

D
(n)
l f(z) = f (n)(z) ¹ çâè÷àéíîþ ïîõiäíîþ n-ãî ïîðÿäêó.

Còåïåíåâèé ðÿä

(f ∗ g)(z) =
∞∑
k=0

fkgkz
k (3)

íàçèâà¹òüñÿ àäàìàðîâîþ êîìïîçèöi¹þ ðÿäó (1) i ðÿäó
∞∑
k=0

gkz
k = g(z). Âiäîìî [2],

ùî R[f ∗ g] ≥ R[f ]R[g] i îáåðíåíà íåðiâíiñòü ìîæå íå âèêîíóâàòèñü. Âëàñòèâîñòi
àäàìàðîâèõ êîìïîçèöié âèêîðèñòîâóþòü äëÿ äîñëiäæåííÿ àíàëiòè÷íèõ ïðîäîâæåíü
ôóíêöié (äèâ., íàïðèêëàä, [3], [4], ñ.31�57).

c⃝ Î. Ìóëÿâà, Ñ. Ôåäèíÿê, 2015



118
Îêñàíà ÌÓËßÂÀ, Ñòåïàí ÔÅÄÈÍßÊ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2015. Âèïóñê 80

Çðîçóìiëî, ùî íå çàâæäè ðàäióñ çáiæíîñòi ïîõiäíî¨ Ãåëüôîíäà-Ëåîíòü¹âà ðÿäó
(1) çáiãà¹òüñÿ ç ðàäióñîì çáiæíîñòi öüîãî ðÿäó. Àëå ïðàâèëüíà òàêà ëåìà [5].

Ëåìà 1. Äëÿ òîãî, ùîá äëÿ êîæíîãî ðÿäó (1) ðiâíîñòi R[f ] = +∞ i R[D
(n)
l f ] = +∞

áóëè ðiâíîñèëüíèìè, íåîáõiäíî i äîñòàòíüî, ùîá

0 < q = lim
k→∞

k
√

lk/lk+1 ≤ lim
k→∞

k
√

lk/lk+1 = Q < +∞, (4)

à äëÿ åêâiâàëåíòíîñòi ðiâíîñòåé R[f ] = 1 i R[D
(n)
l f ] = 1 íåîáõiäíîþ i äîñòàòíüîþ

¹ óìîâà

lim
k→∞

k
√
lk/lk+1 = 1. (5)

Ùîäî îäíî÷àñíî¨ àíàëiòè÷íîñòi ïîõiäíî¨ Ãåëüôîíäà-Ëåîíòü¹âà àäàìàðîâî¨ êîì-
ïîçèöi¨

D
(n)
l (f ∗ g)(z) =

∞∑
k=0

lk
lk+n

fk+ngk+nz
k (6)

ôóíêöié f i g òà àäàìàðîâî¨ êîìïîçèöi¨

(D
(n)
l f ∗D(n)

l g)(z) =

∞∑
k=0

(
lk

lk+n

)2

fk+ngk+nz
k (7)

¨õíi ïîõiäíi Ãåëüôîíäà-Ëåîíòü¹âà â [5] äîâåäåíî ÿê ëåìó.

Ëåìà 2. Çà óìîâè (4) ðiâíîñèëüíèìè ¹ ðiâíîñòi R[D
(n)
l f ∗D(n)

l g] = +∞ i R[D
(n)
l (f ∗

g)] = +∞, à çà óìîâè (5) òàêèìè ¹ ðiâíîñòi R[D
(n)
l f ∗D(n)

l g] = 1 i R[D
(n)
l (f ∗g)] = 1.

ßêùî R[f ] > 0, òî äëÿ 0 ≤ r < R[f ] íåõàé M(r, f) = max{|f(z)| : |z| = r},
µ(r, f) = max{|fk|rk : k ≥ 0} � ìàêñèìàëüíèé ÷ëåí ðÿäó (1), à ν(r, f) = max{n :
|fk|rk = µ(r, f)} � éîãî öåíòðàëüíèé iíäåêñ.

Íàéâæèâàíiøèìè õàðàêòåðèñòèêàìè çðîñòàííÿ öiëî¨ ôóíêöi¨ f ¹ ¨¨ ïîðÿäîê ϱ[f ]
i íèæíié ïîðÿäîê λ[f ], îçíà÷åíi ôîðìóëàìè

λ[f ] = lim
r→+∞

ln ln M(r, f)

ln r
, ϱ[f ] = lim

r→+∞

ln ln M(r, f)

ln r
.

Äëÿ ôóíêöié, àíàëiòè÷íèõ â êðóçi D = {z : |z| < 1}, íèæíié ïîðÿäîê λ∗[f ] i ïîðÿäîê
ϱ∗[f ] ââîäÿòü çà ôîðìóëàìè

λ∗[f ] = lim
r↑1

ln+ ln M(r, f)

− ln (1− r)
, ϱ∗[f ] = lim

r↑1

ln+ ln M(r, f)

− ln (1− r)
.

Îñíîâíèìè â [5] ¹ òàêi òåîðåìè.

Òåîðåìà A. Íåõàé f i g � öiëi ôóíêöi¨. ßêùî âèêîíó¹òüñÿ óìîâà (4) ç q > 1, òî

lim
r→+∞

1

ln r
ln ln

µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

= λ[f ∗ g],
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i

lim
r→+∞

1

ln r
ln ln

µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

= ϱ[f ∗ g],

ÿêùî

0 < lim
k→∞

lk
(k + 1)lk+1

≤ lim
k→∞

lk
(k + 1)lk+1

< +∞, (8)

òî

lim
r→+∞

1

ln r
ln

µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

= nλ[f ∗ g],

i

lim
r→+∞

1

ln r
ln

µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

= nϱ[f ∗ g].

Óìîâà (4) ç q > 1 â òåîðåìi À ¹ iñòîòíîþ [5].

Òåîðåìà B. Íåõàé f i g � àíàëiòè÷íi â D ôóíêöi¨ i R[f ∗ g] = 1. Òîäi çà óìîâè (9)

nλ∗[f ∗ g] ≤ lim
r↑1

1

− ln (1− r)
ln+

µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

≤ n(λ∗[f ∗ g] + 1)

i

nϱ∗[f ∗ g] ≤ lim
r↑1

1

− ln (1− r)
ln+

µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

≤ n(ϱ∗[f ∗ g] + 1).

Ó [5] â òåðìiíàõ ïîðÿäêó òà íèæíüîãî ïîðÿäêó òàêîæ äîñëiäæåíî ïîâîäæåííÿ

âiäíîøåíü
µ(r,D

(m)
l (f ∗ g)

µ(r,D
(n)
l (f ∗ g))

i
µ(r,D

(m)
l f ∗D(m)

l g)

µ(r,D
(n)
l f ∗D(n)

l g)
ç n > m.

Òóò ìè ïåðåíåñåìî ðåçóëüòàòè ç [5] íà âèïàäîê óçàãàëüíåíèõ ïîðÿäêiâ, ÿêi ââiâ
Ì.Ì. Øåðåìåòà.

×åðåç L ïîçíà÷èìî êëàñ äîäàòíèõ íåïåðåðâíèõ íà (−∞,+∞) ôóíêöié α òàêèõ,
ùî α(x) = α(x0) äëÿ −∞ < x ≤ x0 i α(x) ↑ +∞ ïðè x0 ≤ x → +∞. Áóäåìî ãîâîðèòè,
ùî α ∈ L0, ÿêùî α ∈ L i α((1 + o(1))x) = (1 + o(1))α(x) ïðè x → +∞. Çðåøòîþ,
α ∈ Lïç, ÿêùî α ∈ L i α(cx) = (1 + o(1))α(x) ïðè x → +∞ äëÿ êîæíîãî c ∈ (0,+∞),
òîáòî α � ïîâiëüíî çðîñòàþ÷à ôóíêöiÿ. Çðîçóìiëî, ùî Lïç ⊂ L0.

Äëÿ α ∈ L i β ∈ L óçàãàëüíåíèìè ïîðÿäêîì ϱαβ [f ] i íèæíiì ïîðÿäêîì λαβ [f ]
öiëî¨ ôóíêöi¨ f íàçèâàþòüñÿ [6] âåëè÷èíè

ϱαβ [f ] = lim
r→+∞

α(ln M(r, f))

β(ln r)
, λαβ [f ] = lim

r→+∞

α(ln M(r, f))

β(ln r)
.

Äëÿ ôóíêöié, àíàëiòè÷íèõ â êðóçi D, óçàãàëüíåíi íèæíié ïîðÿäîê λ∗
αβ [f ] i ïîðÿäîê

ϱ∗αβ [f ] ââîäÿòüñÿ [7] çà ôîðìóëàìè

λ∗
αβ [f ] = lim

r↑1

α(ln M(r, f))

β(1/(1− r))
, ϱ∗αβ [f ] = lim

r↑1

α(ln M(r, f))

β(1/(1− r))
.
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ßêùî â îçíà÷åííÿõ óçàãàëüíåíèõ ïîðÿäêiâ ôóíêöi¨ (1) çàìiñòü ln M(r, f) ïîñòàâè-
ìî ln µ(r, f) àáî ν(r, f), òî îòðèìà¹ìî âåëè÷èíè, ÿêi ïîçíà÷èìî, âiäïîâiäíî, ÷åðåç
ϱαβ [ln µ], λαβ [ln µ], ϱαβ [ν], λαβ [ν] i ϱ

∗
αβ [ln µ], λ∗

αβ [ln µ], ϱ∗αβ [ν], λ
∗
αβ [ν].

Ëåìà 3. Íåõàé α ∈ Lïç, β ∈ L0 i äëÿ êîæíîãî c ∈ (0, +∞)

α(xα−1(cβ(x))) = (1 + o(1))cβ(x), x → +∞. (9)

Òîäi, ÿêùî f � öiëà ôóíêöiÿ, òî ϱαβ [f ] = ϱαβ [ln µ] = ϱαβ [ν] = ϱαβ [f
′] i λαβ [f ] =

λαβ [ln µ] = λαβ [ν] = λαβ [f
′].

ßêùî æ f � àíàëiòè÷íà â D ôóíêöiÿ, lim
k→∞

|fk| = +∞ i α(x) = o(β(x)) ïðè

x → +∞, òî ϱ∗αβ [f ] = ϱ∗αβ [ln µ] = ϱ∗αβ [ν] = ϱ∗αβ [f
′] i λ∗

αβ [f ] = λ∗
αβ [ln µ] = λ∗

αβ [ν] =

λ∗
αβ [f

′].

Äîâåäåííÿ. Ç íåðiâíîñòi Êîøi µ(r, f) ≤ M(r, f) îòðèìó¹ìî ϱαβ [ln µ] ≤ ϱαβ [f ],
λαβ [ln µ] ≤ λαβ [f ], ϱ

∗
αβ [ln µ] ≤ ϱ∗αβ [f ] i λ

∗
αβ [ln µ] ≤ λ∗

αβ [f ]. Ç iíøîãî áîêó, íåõàé

0 < γ(r) < R[f ]− r. Òîäi

M(r, f) ≤
∞∑
k=0

|fk|(r + γ(r))k
(

r

r + γ(r)

)k

≤ µ(r + γ(r), f)
r + γ(r)

γ(r)
.

ßêùî R[f ] = +∞, òî âèáåðåìî γ(r) = εr, äå 0 < ε < 1. Òîäi ln M(r, f) ≤
≤ ln µ((1 + ε)r, f) + ln ((1 + ε)/ε) = (1 + o(1)) ln µ((1 + ε)r, f) ïðè r → +∞ i, ÿêùî
α ∈ L0 i β ∈ L0, òî ëåãêî îòðèìó¹ìî íåðiâíîñòi ϱαβ [ln µ] ≥ ϱαβ [f ] i λαβ [ln µ] ≥ λαβ [f ].

ßêùî æ R[f ] = 1, òî âèáåðåìî γ(r) = ε(1 − r), äå 0 < ε < 1. Òîäi ln M(r, f) ≤
ln µ(r + ε(1− r), f) + ln (1/(ε(1− r)), i îòæå,

α(ln M(r, f)) ≤ α(2max{ln µ(r + ε(1− r), f), ln (1/(ε(1− r)))}) =
= (1 + o(1))α(max{ln µ(r + ε(1− r), f), ln (1/(ε(1− r)))}) ≤
≤ (1 + o(1))(α(ln µ(r + ε(1− r), f)) + α(ln (1/(ε(1− r))))), r ↑ 1.

Îñêiëüêè α ∈ L0 i α(x) = o(β(x)) ïðè x → +∞, òî îòðèìó¹ìî

α(ln M(r, f))

β(1/(1− r))
≤ α(ln µ(r + ε(1− r), f))

β(1/(1− r − ε(1− r)))

β(1/(1− r − ε(1− r)))

β(1/(1− r))
,

òîáòî

ϱ∗αβ [f ] ≤ ϱ∗αβ [ln µ]A(ε) i λ∗
αβ [f ] ≤ λ∗

αβ [ln µ]A(ε),

äå A(ε) = lim
x→+∞

β(x/(1− ε))

β(x)
.

Â [8] äîâåäåíî òàêó âëàñòèâiñòü êëàñó L0: ÿêùî β ∈ L0 i ε ∈ (0, 1), òî

lim
x→+∞

β((1 + ε)x)

β(x)
→ 1 ïðè ε → 0. Òîìó A(ε) → 1 ïðè ε → 0, i îòæå, ç îãëÿäó

íà äîâiëüíiñòü ε ïðàâèëüíi íåðiâíîñòi ϱ∗αβ [f ] ≤ ϱ∗αβ [ln µ] i λ∗
αβ [f ] ≤ λ∗

αβ [ln µ]. Ðiâ-

íîñòi ϱαβ [ln µ] = ϱαβ [f ], λαβ [ln µ] = λαβ [f ], ϱ
∗
αβ [f ] = ϱ∗αβ [ln µ] i λ∗

αβ [f ] = λ∗
αβ [ln µ]

äîâåäåíî.
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Äîáðå âiäîìî [9, c. 13], ùî çà óìîâè çðîñòàííÿ ôóíêöi¨ ln µ(r, f) äëÿ 0 ≤ r0 <
r < R[f ]

ln µ(r, f)− ln µ(r0, f) =

∫ r

r0

ν(t, f)d ln t.

Òîìó

ln µ(r, f)− ln µ(r0, f) ≤ ν(r, f) ln (r/r0)

i äëÿ 0 < γ(r) < r − r0

ln µ(r, f)− ln µ(r0, f) ≥
∫ r

r−γ(r)

ν(t, f)d ln t ≥ ν(r − γ(r), f) ln
r

r − γ(r)
.

ßêùî R[f ] = +∞, òî âèáåðåìî r0 = 1 i γ(r) = εr, äå 0 < ε < 1. Òîäi

ln µ(r, f)− ln µ(r0, f) ≥ ν((1− ε)r, f) ln (1/(1− ε)),

çâiäêè ç îãëÿäó íà óìîâè α ∈ Lïç, β ∈ L0 i íàâåäåíó âèùå âëàñòèâiñòü ôóíêöié ç êëà-
ñó L0, ÿê ó äîâåäåííi íåðiâíîñòåé ϱ∗αβ [f ] ≤ ϱ∗αβ [ln µ] i λ∗

αβ [f ] ≤ λ∗
αβ [ln µ], îòðèìó¹ìî

íåðiâíîñòi ϱαβ [ν] ≤ ϱαβ [ln µ] i λαβ [ν] ≤ λαβ [ln µ]. Ç iíøîãî áîêó,

ln µ(r, f) ≤ ln µ(r0, f) + ν(r, f)(ln r − ln r0) = (1 + o(1))ν(r, f) ln r ïðè r → +∞,

i, ÿêùî ν(rk, f) ≤ α−1(cβ(ln rk)), òî ç îãëÿäó íà óìîâó (9)

α(ln µ(rk, f)) ≤ (1 + o(1))α(ln rkα
−1(cβ(ln rk))) = (1 + o(1))cβ(ln rk)

ïðè k → ∞. Çâiäñè îòðèìó¹ìî íåðiâíîñòi ϱαβ [ln µ] ≤ ϱαβ [ν] i λαβ [ln µ] ≤ λαβ [ν].
ßêùî R[f ] = 1, òî âèáåðåìî r0 = 1/2 i γ(r) = ε(1− r), äå 0 < ε < 1. Òîäi

ln µ(r, f) ≤ ln µ(1/2, f) + ν(r, f) ln 2,

çâiäêè âèïëèâàþòü íåðiâíîñòi ϱ∗αβ [ln µ] ≤ ϱ∗αβ [ν] i λ
∗
αβ [ln µ] ≤ λ∗

αβ [ν]. Ç iíøîãî áîêó,

îñêiëüêè ç óìîâè lim
k→∞

|fk| = +∞ âèïëèâà¹ çðîñòàííÿ ôóíêöi¨ ln µ(r, f) äî +∞, òî

ln µ(r, f) ≥ lnµ(r0, f) + ν(r − ε(1− r), f) ln
r

r − ε(1− r)
=

= (1 + o(1))ε(1− r)ν(r − ε(1− r), f),

òîáòî

ν(r − ε(1− r), f) ≤ (1 + o(1))
ln µ(r, f)

ε(1− r)
, r ↑ 1.

Òîìó, ÿêùî ln µ(rk, f) ≤ α−1(cβ(1/(1− rk))), òî ç îãëÿäó íà óìîâè (9) i α ∈ Lïç

α(ν(rk − ε(1− rk), f)) ≤ α

(
(1 + o(1))

1

ε(1− rk)
α−1

(
cβ

(
1

1− rk

)))
=

= (1 + o(1))cβ

(
1

1− rk

)
ïðè k → ∞. Çâiäñè âèïëèâà¹, ùî

α(ν(rk − ε(1− rk), f))

β(1/(1− (rk − ε(1− rk)))
≤ (1 + o(1))c

β(1/(1− rk))

β(1/(1 + ε)(1− rk))
, k → ∞,
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çâiäêè ç îãëÿäó íà âëàñòèâiñòü ôóíêöié ç êëàñó L0 i äîâiëüíiñòü ε îòðèìó¹ìî íåðiâ-
íîñòi ϱ∗αβ [ν] ≤ ϱ∗αβ [ln µ] i λ∗

αβ [ν] ≤ λ∗
αβ [ln µ]. Ðiâíîñòi ϱαβ [ln µ] = ϱαβ [ν], λαβ [ln µ] =

λαβ [ν], ϱ
∗
αβ [ν] = ϱ∗αβ [ln µ] i λ∗

αβ [ν] = λ∗
αβ [ln µ] äîâåäåíî.

Äëÿ 0 < γ(r) < R[f ]− r ç iíòåãðàëüíî¨ ôîðìóëè Êîøi

f ′(z) =
1

2πi

∫
|τ−z|=γ(|z|

f(τ)dτ

(τ − z)2

îòðèìó¹ìî íåðiâíiñòü M(r, f ′) ≤ M(r + γ(r), f)/γ(r), à ç îãëÿäó íà ôîðìó-

ëó Ëåéáíiöà-Íüþòîíà f(z) =
z∫
0

f ′(τ)dτ + f(0) ïðàâèëüíà íåðiâíiñòü M(r, f) ≤

M(r, f ′) + |f(0)|. ßêùî R[f ] = +∞, òî âèáåðåìî γ(r) = 1 i ç îñòàííiõ äâîõ íåðiâ-
íîñòåé îäåðæèìî ðiâíîñòi ϱαβ [f

′] = ϱαβ [f ] i λαβ [f
′] = λαβ [f ]. ßêùî R[f ] = 1, òî

âèáåðåìî γ(r) = ε(1− r), 0 < ε < 1. Òîäi, ÿê âèùå,

α(ln M(r, f ′)) ≤ α(ln M(r + ε(1− r), f) + ln (1/(ε(1− r))) ≤
≤ (1 + o(1))(α(ln M(r + ε(1− r), f) + α(ln (1/(1− r))), r ↑ 1.

Îñêiëüêè α(ln x) = o(β(x)) ïðè x → +∞, òî âèêîðèñòîâóþ÷è âëàñòèâiñòü ôóí-
êöié ç êëàñó L0 i äîâiëüíiñòü ε, îòðèìó¹ìî íåðiâíîñòi ϱ∗αβ [f

′] ≤ ϱ∗αβ [f ] i λ
∗
αβ [f

′] ≤
λ∗
αβ [f ]. Ïðîòèëåæíi íåðiâíîñòi âèïëèâàþòü ç íåðiâíîñòi M(r, f) ≤ M(r, f ′) + |f(0)|.
Ëåìó 3 äîâåäåíî. �

Ïåðåéäåìî äî çðîñòàííÿ ïîõiäíèõ Ãåëüôîíäà-Ëåîíòü¹âà.

Ëåìà 4. Íåõàé α ∈ Lïç, β ∈ L0 i äëÿ êîæíîãî c ∈ (0, +∞) i âèêîíó¹òüñÿ óìîâà
(9). Òîäi, ÿêùî f i g � öiëi ôóíêöi¨, à ïîñëiäîâíiñòü (lk) çàäîâîëüíÿ¹ óìîâó (4), òî

λαβ [D
(n)
l f ∗D(n)

l g] = λαβ [D
(n)
l (f ∗g)] = λ[f ∗g] i ϱαβ [D(n)

l f ∗D(n)
l g] = ϱαβ [D

(n)
l (f ∗g)] =

ϱ[f ∗ g] äëÿ êîæíîãî n ∈ N.

Äîâåäåííÿ. Ñïî÷àòêó äîâåäåìî, ùî λαβ [D
(n)
l f ] = λαβ [f ] i ϱαβ [D

(n)
l f ] = ϱαβ [f ]. Äîñ-

òàòíüî ðîçãëÿíóòè âèïàäîê n = 1. Ç óìîâè (4) âèïëèâà¹ iñíóâàííÿ òàêèõ ÷èñåë
0 < q1 ≤ q2 < +∞, ùî qk1 ≤ lk/lk+1 ≤ qk2 äëÿ âñiõ k ≥ 0. Òîìó, ÿê äîâåäåíî â [5],
ïðàâèëüíi àñèìïòîòè÷íi íåðiâíîñòi

(1 + o(1)) ln µ(q1r, f) ≤ ln µ(r,D
(1)
l f) ≤ (1 + o(1)) ln µ(q2r, f), r → +∞,

òîáòî çà óìîâ α ∈ L0, β ∈ L0 îòðèìó¹ìî ðiâíîñòi ϱαβ [ln µ(·, D(1)
l f ] = ϱαβ [ln µ(·, f ]

i λαβ [ln µ(·, D(1)
l f ] = λαβ [ln µ(·, Dl(1)f ], çâiäêè ç îãëÿäó íà ëåìó 3 âèïëèâàþòü ïî-

òðiáíi ðiâíîñòi. Îòæå, λαβ [D
(n)
l (f ∗ g)] = λ[f ∗ g] i ϱαβ [D

(n)
l (f ∗ g)] = ϱ[f ∗ g]. Ùîá

äîâåñòè ðiâíîñòi λ[D
(n)
l f ∗D(n)

l g)] = λ[D
(n)
l (f ∗ g)] i ϱ[D(n)

l f ∗D(n)
l g)] = ϱ[D

(n)
l (f ∗ g)],

òðåáà çàóâàæèòè, ùî [5], qn1 µ(r,D
(n)
l (f ∗g)) ≤ µ(r,D

(n)
l f ∗D(n)

l g) ≤ qn2 µ(r,D
(n)
l (f ∗g)),

i âèêîðèñòàòè íàâåäåíó âèùå àðãóìåíòàöiþ. Ëåìó 4 äîâåäåíî.
�

Ëåìà 5. Íåõàé α ∈ Lïç, β ∈ L0, äëÿ êîæíîãî c ∈ (0, +∞) âèêîíó¹òüñÿ óìîâà (9) i

α(x) = o(β(x)) ïðè x → +∞. Òîäi, ÿêùî f i g � àíàëiòè÷íi D ôóíêöi¨, lim
k→∞

|fk||gk| =
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+∞ à ïîñëiäîâíiñòü (lk) çàäîâîëüíÿ¹ óìîâó (8), òî λ
∗
αβ [D

(n)
l f ∗D(n)

l g] = λ∗
αβ [D

(n)
l (f ∗

g)] = λ[f ∗ g] i ϱ∗αβ [D
(n)
l f ∗D(n)

l g] = ϱ∗αβ [D
(n)
l (f ∗ g)] = ϱ[f ∗ g] äëÿ êîæíîãî n ∈ N.

Äîâåäåííÿ. Ñïî÷àòêó äîâåäåìî òàêå: ÿêùî lim
k→∞

|fk| = +∞, òî λ∗
αβ [D

(n)
l f ] = λ∗

αβ [f ] i

ϱ∗αβ [D
(n)
l f ] = ϱ∗αβ [f ]. Äîñòàòíüî ðîçãëÿíóòè âèïàäîê n = 1. Ç (8) âèïëèâà¹ iñíóâàííÿ

òàêèõ ÷èñåë 0 < h1 ≤ h2 < +∞, ùî h1(k + 1) ≤ lk/lk+1 ≤ h2(k + 1) äëÿ âñiõ

k ≥ 0. Òîìó µ(r,D
(1)
l f) ≤ h2 max{(k + 1)|fk+1|rk : k ≥ 0} = h2µ(r, f

′) i, àíàëîãi÷íî,

µ(r,D
(1)
l f) ≥ h1µ(r, f

′), çâiäêè âèïëèâà¹, ùî λ∗
αβ [ln µ(·, D(1)

l f)] = λ∗
αβ [ln µ(·, f ′)] i

ϱ∗αβ [ln µ(·, D(1)
l f)] = ϱ∗αβ [ln µ(·, f ′)]. Òîìó çà ëåìîþ 3 λ∗

αβ [D
(1)
l f)] = λ∗

αβ [f
′] = λ∗

αβ [f ] i

ϱ∗αβ [D
(1)
l f)] = ϱ∗αβ [f

′] = ϱ∗αβ [f ]. Îòæå, λ
∗
αβ [D

(n)
l (f ∗ g)] = λ∗

αβ [f ∗ g] i ϱ∗αβ [D
(n)
l (f ∗ g)] =

ϱ∗αβ [f ∗ g].
Ùîá äîâåñòè, ùî λ∗

αβ [D
(n)
l f ∗D(n)

l g)] = λ∗
αβ [D

(n)
l (f ∗ g)] i ϱ∗αβ [D

(n)
l f ∗D(n)

l g)] =

ϱ∗αβ [D
(n)
l (f ∗ g)], òðåáà çàóâàæèòè, ùî çà óìîâè (8) ïðàâèëüíi [5] íåðiâíîñòi

hn
1µ(r, F

(n)) ≤ µ(r,D
(n)
l f ∗D(n)

l g) ≤ hn
2µ(r, F

(n)), äå

F (z) =
∞∑
k=0

lk
lk+n

fk+ngk+nz
k+n = znD

(n)
l (f ∗ g)(z).

Çâiäñè i ëåìè 3 âèïëèâà¹, ùî λ∗
αβ [D

(n)
l f ∗D(n)

l g)] = λ∗
αβ [F

(n)] = λ∗
αβ [F ] = λ∗

αβ [D
(n)
l (f ∗

g)] i ϱ∗αβ [D
(n)
l f ∗D(n)

l g)] = ϱ∗αβ [F
(n)] = ϱ∗αβ [F ] = ϱ∗αβ [D

(n)
l (f ∗g)]. Ëåìó 5 äîâåäåíî. �

Âèêîðèñòîâóþ÷è ëåìè 3 � 5, äîâåäåìî òåïåð òåîðåìè, ÿêi óçàãàëüíþþòü àáî
äîïîâíþþòü òåîðåìè À i Á. Ïî÷íåìî ç âèïàäêó, êîëè ïîñëiäîâíiñòü (lk) çàäîâîëüíÿ¹
óìîâó (4).

Òåîðåìà 1. Íåõàé α ∈ Lïç, β ∈ L0 i äëÿ êîæíîãî c ∈ (0, +∞) âèêîíó¹òüñÿ óìîâà
(9). Òîäi, ÿêùî f i g � öiëi ôóíêöi¨, à ïîñëiäîâíiñòü (lk) çàäîâîëüíÿ¹ óìîâó (4) ç
q > 1, òî äëÿ n < m

lim
r→+∞

1

β(ln r)
α

(
ln

rm−nµ(r,D
(m)
l (f ∗ g)

µ(r,D
(n)
l (f ∗ g))

)
=

= lim
r→+∞

1

β(ln r)
α

(
ln

µ(r,D
(m)
l f ∗D(m)

l g)

µ(r,D
(n)
l f ∗D(n)

l g)

)
=

= lim
r→+∞

1

β(ln r)
α

(
ln

µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

)
= λαβ [f ∗ g] (10)

i
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lim
r→+∞

1

β(ln r)
α

(
ln

rm−nµ(r,D
(m)
l (f ∗ g)

µ(r,D
(n)
l (f ∗ g))

)
=

= lim
r→+∞

1

β(ln r)
α

(
ln

µ(r,D
(m)
l f ∗D(m)

l g)

µ(r,D
(n)
l f ∗D(n)

l g)

)
=

= lim
r→+∞

1

β(ln r)
α

(
ln

µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

)
= ϱαβ [f ∗ g]. (11)

Äîâåäåííÿ. Áóäåìî âèêîðèñòîâóâàòè äîâåäåíi â [5] òàêi íåðiâíîñòi:

l
ν(r,D

(n)
l (f∗))

l
ν(r,D

(n)
l (f∗g))+n

≤
µ(r,D

(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

≤
l
ν(r,D

(n)
l f∗D(n)

l g)

l
ν(r,D

(n)
l f∗D(n)

l g)+n

(12)

i

l
ν(r,D

(n)
l (f∗g))+n−m

l
ν(r,D

(n)
l (f∗g))

≤
rm−nµ(r,D

(m)
l (f ∗ g))

µ(r,D
(n)
l (f ∗ g))

≤
l
ν(r,D

(m)
l (f∗g))

l
ν(r,D

(m)
l (f∗g))+m−n

. (13)

Äîâåäåìî ñïî÷àòêó îñòàííi ðiâíîñòi â (12) i (13). Ç (4) ç q > 1 ââèïëèâà¹ iñíó-
âàííÿ òàêèõ ÷èñåë 1 < q1 ≤ q2 < +∞, ùî qkn1 ≤ lk/lk+n ≤ qkn2 äëÿ âñiõ k ≥ k0. Òîìó
ç îãëÿäó íà (12)

nν(r,D
(n)
l (f ∗ g)) ln q1 ≤ ln

µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

≤ nν(r,D
(n)
l f ∗D(n)

l g) ln q2, (14)

äëÿ r ≥ r0. Çà ëåìîþ 3

lim
r→+∞

α(ν(r,D
(n)
l (f ∗ g))

β(ln r)
= λαβ [D

(n)
l (f ∗ g)],

lim
r→+∞

α(ν(r,D
(n)
l (f ∗ g)))

β(ln r)
= ϱαβ [D

(n)
l (f ∗ g)]

i òàêi æ ðiâíîñòi ïðàâèëüíi, ÿêùî çàìiñòüD
(n)
l (f∗g) ïîñòàâèòèD

(n)
l f∗D(n)

l g, îñêiëüêè
α ∈ Lïç, òî ç (14) îòðèìó¹ìî ïîòðiáíi ðiâíîñòi.

Äàëi, çà âèêîíàííÿ óìîâè (4) ç q > 1 ç (13) çàìiñòü (14) òåïåð äëÿ âñiõ äîñèòü
âåëèêèõ r > 0 îòðèìó¹ìî

(m−n)ν(r,D
(n)
l (f ∗g)) ln q1 ≤ ln

rm−nµ(r,D
(m)
l (f ∗ g)

µ(r,D
(n)
l (f ∗ g))

≤ (m−n)ν(r,D
(m)
l (f ∗g)) ln q2,

çâiäêè, ç îãëÿäó íà ëåìó 3, âèïëèâàþòü ðiâíîñòi

lim
r→+∞

1

β(ln r)
α

(
ln

rm−nµ(r,D
(m)
l (f ∗ g)

µ(r,D
(n)
l (f ∗ g))

)
= λαβ [f ∗ g]
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i

lim
r→+∞

1

β(ln r)
α

(
ln

rm−nµ(r,D
(m)
l (f ∗ g)

µ(r,D
(n)
l (f ∗ g))

)
= ϱαβ [f ∗ g].

Íàðåøòi, âðàõîâóþ÷è, ùî ðÿä (7) âiäðiçíÿ¹òüñÿ âiä ðÿäó (6) òiëüêè òèì, ùî
çàìiñòü lk/lk+n ñòî¨òü (lk/lk+n)

2, ç îãëÿäó íà (13) ìàòèìåìî

(
l
ν(r,D

(n)
l (f∗g))+n−m

l
ν(r,D

(n)
l (f∗g))

)2

≤
rm−nµ(r,D

(m)
l f∗D

(m)
l g)

µ(r,D
(n)
l f ∗D(n)

l g)
≤

(
l
ν(r,D

(m)
l (f∗g))

l
ν(r,D

(m)
l (f∗g))+m−n

)2

(15)

äëÿ âñiõ äîñèòü âåëèêèõ r > 0, çâiäêè, ÿê i ðàíiøå, îòðèìó¹ìî ðiâíîñòi

lim
r→+∞

1

β(ln r)
α

(
ln

rm−nµ(r,D
(m)
l f∗D

(m)
l g)

µ(r,D
(n)
l f ∗D(n)

l g)

)
= λαβ [f ∗ g]

i

lim
r→+∞

1

β(ln r)
α

(
ln

rm−nµ(r,D
(m)
l f∗D

(m)
l g)

µ(r,D
(n)
l f ∗D(n)

l g)

)
= ϱαβ [f ∗ g]

Òåîðåìó 1 äîâåäåíî.
�

Ïåðåéäåìî äî ðîçëÿäó âèïàäêó, êîëè ïîñëiäîâíiñòü (lk) çàäîâîëüíÿ¹ óìîâó (8).

Òåîðåìà 2. Íåõàé α ∈ Lïç, β ∈ L0 i äëÿ êîæíîãî c ∈ (0, +∞) âèêîíó¹òüñÿ óìîâà
(9). Òîäi, ÿêùî f i g � öiëi ôóíêöi¨, à ïîñëiäîâíiñòü (lk) çàäîâîëüíÿ¹ óìîâó (8) òî:

1) äëÿ n ≥ 1

lim
r→+∞

1

β(ln r)
α

 n

√√√√µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

 = λαβ [f ∗ g]

i

lim
r→+∞

1

β(ln r)
α

 n

√√√√µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

 = ϱαβ [f ∗ g];

2) äëÿ m > n

lim
r→+∞

1

β(ln r)
α

r · m−n

√√√√ µ(r,D
(m)
l (f ∗ g)

µ(r,D
(n)
l (f ∗ g))

 = λαβ [f ∗ g],

i

lim
r→+∞

1

β(ln r)
α

r · m−n

√√√√ µ(r,D
(m)
l (f ∗ g)

µ(r,D
(n)
l (f ∗ g))

 = ϱαβ [f ∗ g];

3) äëÿ m > n

lim
r→+∞

1

β(ln r)
α

√
r · 2(m−n)

√√√√µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

 = λαβ [f ∗ g],
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i

lim
r→+∞

1

β(ln r)
α

√
r · 2(m−n)

√√√√µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

 = ϱαβ [f ∗ g].

Äîâåäåííÿ. Ç (8) âèïëèâà¹ iñíóâàííÿ òàêèõ ÷èñåë 0 < h1 ≤ h2 < +∞, ùî h1k
n ≤

lk/lk+n ≤ h2k
n äëÿ âñiõ k ≥ 0. Òîìó ç (12) äëÿ âñiõ r ≥ r0 îòðèìà¹ìî

h1ν
n(r,D

(n)
l (f ∗ g)) ≤

µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

≤ h2ν
n(r,D

(n)
l f ∗D(n)

l g),

òîáòî

ν(r,D
(n)
l (f ∗ g)) n

√
h1 ≤ n

√√√√µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

≤ ν(r,D
(n)
l f ∗D(n)

l g) n
√
h2, (16)

çâiäêè ç îãëÿäó íà óìîâó α ∈ Lïç i ëåìó 3 îòðèìó¹ìî òâåðäæåííÿ 1) òåîðåìè 2.
Äàëi, ç (13) äëÿ âñiõ äîñèòü âåëèêèõ r > 0 ìàòèìåìî

h1ν
m−n(r,D

(n)
l (f ∗ g)) ≤

rm−nµ(r,D
(m)
l (f ∗ g)

µ(r,D
(n)
l (f ∗ g))

≤ h2ν
m−n(r,D

(m)
l (f ∗ g)),

òîáòî

ν(r,D
(n)
l (f ∗ g)) m−n

√
h1 ≤ m−n

√√√√rm−nµ(r,D
(m)
l (f ∗ g)

µ(r,D
(n)
l (f ∗ g))

≤ ν(r,D
(m)
l (f ∗ g)) m−n

√
h1, (17)

çâiäêè îòðèìó¹ìî òâåðäæåííÿ 2) òåîðåìè 2.
Íàðåøòi, ç (15) âèïëèâà¹, ùî

ν(r,D
(n)
l (f ∗ g)) 2(m−n)

√
h1 ≤ 2(m−n)

√√√√rm−nµ(r,D
(m)
l f ∗D(m)

l g)

µ(r,D
(n)
l f ∗D(n)

l g)
≤

≤ ν(r,D
(m)
l (f ∗ g)) 2(m−n)

√
h1, (18)

çâiäêè îäåðæó¹ìî òâåðäæåííÿ 3). Òåîðåìó 2 äîâåäåíî.
�

Âèêîðèñòîâóþ÷è (16) � (18) òà ëåìè 3 � 5, ïîäiáíî äîâîäèòüñÿ òåîðåìà 3.

Òåîðåìà 3. Íåõàé α ∈ Lïç, β ∈ L0, äëÿ êîæíîãî c ∈ (0, +∞) âèêîíó¹òüñÿ óìîâà
(9) i α(x) = o(β(x)) ïðè x → +∞. Òîäi, ÿêùî f i g � àíàëiòè÷íi â D ôóíêöi¨,

lim
k→∞

|fk||gk| = +∞, à ïîñëiäîâíiñòü (lk) çàäîâîëüíÿ¹ óìîâó (8) òî:
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1) äëÿ n ≥ 1

lim
r↑1

1

β

(
1

1− r

)α

 n

√√√√µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

 = λ∗
αβ [f ∗ g]

i

lim
r↑1

1

β

(
1

1− r

)α

 n

√√√√µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

 = ϱ∗αβ [f ∗ g];

2) äëÿ m > n

lim
r↑1

1

β

(
1

1− r

)α

r · m−n

√√√√ µ(r,D
(m)
l (f ∗ g)

µ(r,D
(n)
l (f ∗ g))

 = λ∗
αβ [f ∗ g],

i

lim
r↑1

1

β

(
1

1− r

)α

r · m−n

√√√√ µ(r,D
(m)
l (f ∗ g)

µ(r,D
(n)
l (f ∗ g))

 = ϱ∗αβ [f ∗ g];

3) äëÿ m > n

lim
r↑1

1

β

(
1

1− r

)α

√
r · 2(m−n)

√√√√µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

 = λ∗
αβ [f ∗ g],

i

lim
r↑1

1

β

(
1

1− r

)α

√
r · 2(m−n)

√√√√µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

 = ϱ∗αβ [f ∗ g].

Çàóâàæèìî, ùî óìîâè òåîðåì 1 � 2 çàäîâîëüíÿþòü, íàïðèêëàä, ôóíêöi¨ α(x) =
ln x i β(x) = x. Òîìó ç òåîðåì 1 i 2 âèïëèâà¹ òåîðåìà À. Ôóíêöi¨ α(x) = β(x) = ln x
óìîâó (9) íå çàäîâîëüíÿ¹, i âèäíî, ùî òåîðåìà 3 íå ¹ óçàãàëüíåííÿì òåîðåìè Á, à ¨¨
äîïîâíåííÿì.

Ëiòåðàòóðà

1. Ãåëüôîíä À.Î., Ëåîíòü¹â À.Ô. Îá îäíîì îáîáùåíèè ðÿäà Ôóðüå// Ìàòåì. ñá. � Ò.23.
N 3. � 1957. � Ñ. 477�500.

2. Hadamard J. Theoreme sur le series entieres // Acta math. Bd. � 22. 1899. � S. 55�63.
3. Hadamard J. La serie de Taylor et son prolongement analytique // Scientia phys.-math. �

N 12. � 1901. � P. 42�63.
4. Ë. Áèáåðáàõ Àíàëèòè÷åñêîå ïðîäîëæåíèå � Ì.: Íàóêà, 1967. � 239 ñ.
5. Ëóãîâàÿ Ë.Ë., Ìóëÿâà Î.Ì., Øåðåìåòà Ì.Í. Ñâîéñòâà àäàìàðîâñêèõ êîìïîçèöèé

ïðîèçâîäíûõ Ãåëüôîíäà-Ëåîíòüåâà àíàëèòè÷åñêèõ ôóíêöèé // Óôèìñêèé ìàòåì.
æóðí. � Ò.2, N 2. � 2010. � Ñ. 90�101.



128
Îêñàíà ÌÓËßÂÀ, Ñòåïàí ÔÅÄÈÍßÊ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2015. Âèïóñê 80

6. Øåðåìåòà Ì.Í. Î ñâÿçè ìåæäó ðîñòîì ìàêñèìóìà ìîäóëÿ öåëîé ôóíêöèè è ìîäóëÿìè
êîýôôèöèåíòîâ åå ñòåïåííîãî ðàçëîæåíèÿ // Èçâ.âóçîâ. Ìàòåì. � 1967. � N2. � C. 100�
108.

7. Øåðåìåòà Ì.Í. Î ñâÿçè ìåæäó ðîñòîì ôóíêöèè, àíàëèòè÷åñêîé â êðóãå, è ìîäóëÿìè
êîýôôèöèåíòîâ åå ðÿäà Òåéëîðà // ÄÀÍ ÓÑÑÐ. Cåð. À. � 1966. � N6. � Ñ. 729�732.

8. Sheremeta M.M. On two classes of positive functions and belonging to them of main
characteristics of entire functions // Matem. Studii. � 2003. � Vol. 19, N 1. � P. 73�82.

9. Ã. Ïîëèà , Ã. Ñåãå Çàäà÷è è òåîðåìû èç àíàëèçà. II. � M.: Íàóêà, 1978. � 432ñ.

Ñòàòòÿ: íàäiéøëà äî ðåäêîëåãi¨ 30.06.2015
ïðèéíÿòà äî äðóêó 11.11.2015

ON HADAMARD'S COMPOSITIONS OF GELFOND-LEONT'EV
DERIVATIVES FOR ANALYTIC FUNCTIONS
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For entire and analytic functions in the unit disk, in the terms of generalized
orders, the growth of Hadamard's compositions of Gelfond-Leont'ev derivati-
ves is investigated. The behaviour of the maximal terms such compositions is
studied.

Key words: analytic function, Hadamard's composition, Gelfond-Leont'ev
derivative, maximal term.
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REMARK TO LOWER ESTIMATES FOR CHARACTERISTIC
FUNCTIONS OF PROBABILITY LAWS
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Let α be a slowly increasing function and φ be the characteristic function
of probability law F that is analytic in DR = {z : |z| < R}, 0 < R 6 +∞,
M(r, φ) = max{|φ(z)| : |z| = r} and WF (x) = 1 − F (x) + F (−x), x > 0.
Conditions on WF and α, under which α(ln M(r, φ)) > (1+o(1))ϱα(1/(R−r))
as r ↑ R, are investigated.

Key words: analytic function, characteristic function, probability law.

A non-decreasing, left-continuous function F de�ned on (−∞,+∞) is said [1, p. 10]
to be a probability law if lim

x→+∞
F (x) = 1 and lim

x→−∞
F (x) = 0. Given real z, the function

φ(z) =
+∞∫
−∞

eizxdF (x) is called [1, p. 12] the characteristic function of this law. If φ has

an analytic continuation on the disk DR = {z : |z| < R}, 0 < R 6 +∞, then we call φ an
analytic in DR characteristic function of the law F . In the sequel, we always assume that
DR is the maximal disk of analyticity of φ. It is known [1, p. 37-38], that φ is an analytic
in DR characteristic function of the law F if and only if WF (x) = 1 − F (x) + F (−x) =
O(e−rx) as x → +∞ for every r ∈ [0, R). Hence it follows that lim

x→+∞

1
x ln 1

WF (x) = R.

If we put M(r, φ) = max{|φ(z)| : |z| = r} and µ(r, φ) = sup{WF (x)e
rx : x > 0}

for 0 6 r < R, then [1, p. 54-55] µ(r, φ) 6 2M(r, φ). Therefore, the lower estimates
for lnµ(r, φ) imply the corresponding estimates for lnM(r, φ). Further, we assume that
lnµ(r, φ) ↑ +∞ as r ↑ R. Hence

lim
x→+∞

WF (x)e
Rx = +∞. (1)

By Lsi we denote the class of positive, continuous functions α, de�ned on
(−∞, +∞), such that α(x) = α(x0) for x 6 x0, α(x) ↑ +∞ and α(cx) = (1 + o(1))α(x)
as x0 6 x ↑ +∞ for every c ∈ (0,+∞). In [2] the following statements are proved.

c⃝ Platsydem M., 2015
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Proposition 1. Let α ∈ Lsi, β ∈ Lsi,
d lnβ−1(α(x))

d ln x 6 q < 1 for all x large enough and

α
(

x
β−1(α(x))

)
= (1 + o(1))α(x) as x → +∞, and φ be an analytic in DR, 0 < R < +∞,

characteristic function of probability law F , for which β

(
xk

ln(WF (xk)e
Rxk)

)
6 α(xk) for

some sequence of positive numbers (xk) increasing to +∞ such that β−1(α(xk+1)) =
= O(β−1(α(xk))) as k → ∞. Then

α(lnµ(r, φ)) > (1 + o(1))β(1/(R− r)), r ↑ R. (2)

Proposition 2. Let α ∈ Lsi, β ∈ Lsi,
d lnα−1(β(x))

d lnx 6 q < 1 for all x large enough
dα−1(β(x))

dx = 1
f(x) ↓ 0 and α−1(β(f(x))) = O(α−1(β(x))) as x → +∞, and φ be an

analytic in DR, 0 < R < +∞, characteristic function of probability law F , for which
α
(
ln
(
WF (xk)e

Rxk
))

> β(xk) for some sequence of positive numbers (xk), increasing to

+∞, such that lim
k→∞

(f(xk+1)/f(xk)) < 2. Then asymptotic inequality (2) holds.

The condition on α and β in Proposition 1 assume that the function α increases
slower than the function β. In Proposition 2, α increases quicker than β.

Here we consider the case when β(x) = ϱα(x) for all x > x0, where 0 < ϱ < +∞,
that is the functions β and α have the same growth. We use a result from [2].

Let Ω(R) be a class of positive, unbounded functions Φ, de�ned on (0, R), such that
the derivative Φ′ is positive continuously di�erentiable and increasing to +∞ on (0, R).

For Φ ∈ Ω(R) we denote by ϕ the function inverse to Φ′, and let Ψ(r) = r− Φ(r)
Φ′(r) be the

function associated with Φ in the sense of Newton.

Lemma 1. Let Φ ∈ Ω(R), 0 < R < +∞, and φ be an analytic in DR characteristic
function of a probability law F for which (1) holds and

lnWF (xk) > −xkΨ(ϕ(xk)) (3)

for some sequence of positive numbers (xk) increasing to +∞ such that ϕ(xk+1)−ϕ(xk) 6
h(xk+1), where h is a positive continuous and non-increasing function on [x0,+∞) and
R > ϕ(x)− h(x) → R as x → +∞. Then

lnµ(r, f)) > Φ(r − h(Φ′(r))), r0 6 r < R. (4)

Using this lemma we prove the following theorem.

Theorem 1. Let α ∈ Lsi be a continuously di�erentiable function and φ be an analytic
in DR characteristic function of a probability law F . Suppose that one of the following
conditions is ful�lled:

1) ϱ > 1, lim
x→+∞

d lnα−1(x)
d lnα−1(ϱx) = q(ϱ) < 1, α

(
x

α(x)

)
= (1 + o(1))α(x) as x → +∞ and

α

(
xk

ln (WF (xk)eRxk)

)
6 α(xk)

ϱ
(5)

for some sequence of positive numbers (xk) increasing to +∞ such that α−1(α(xk+1)/ϱ) =
= O(α−1(α(xk)/ϱ)) as k → ∞;
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2) 0 < ϱ < 1, lim
x→+∞

d lnα−1(ϱx)
d lnα−1(x) = q(ϱ) < 1, dα−1(ϱα(x))

dx = 1
f(x) ↓ 0, α−1(ϱα(f(x))) =

= O(α−1(ϱα(x))) as x → +∞ and

α
(
ln
(
WF (xk)e

Rxk
))

> ϱα(xk) (6)

for some sequence of positive numbers (xk) increasing to +∞ such that lim
k→∞

f(xk+1

f(xk)
< 2.

Then

α(lnµ(r, φ)) > (1 + o(1))ρα

(
1

R− r

)
, r ↑ R. (7)

Proof. At �rst let ϱ > 1. Then (5) implies the inequality lnWF (xk) > −Rxk +
xk

α−1(α(xk)/ϱ)
. Since lim

x→+∞
d lnα−1(x)
d lnα−1(ϱx) = q(ϱ) < 1, we have d lnα−1(α(x)/ϱ)

d ln x 6
6 (1 + o(1))q(ϱ) and x

α−1(α(x)/ϱ) ↑ +∞ as x0 6 x → +∞. Therefore, using l'Hospital's

rule we obtain

x

α−1(α(x)/ϱ)
> (1 + o(1))(1− q(ϱ))

x∫
x0

dt

α−1(α(t)/ϱ)
, x → +∞,

and, thus,

lnWF (xk) > −Rxk + (1− q1)

xk∫
x0

dt

α−1(α(t)/ϱ)
(8)

for every q1 ∈ (q(ϱ), 1) and all k large enough. We put

Φ(r) =

r∫
r0

α−1

(
ϱα

(
1− q2
R− x

))
dx, q1 < q2 < 1. (9)

Then Φ′(r) = α−1

(
ϱα

(
1− q2
R− x

))
, ϕ(x) = R− 1− q2

α−1(α(x)/ϱ)
and

xΨ(ϕ(x)) =

x∫
x0

ϕ(t)dt+ const = Rx− (1− q2)

x∫
x0

dt

α−1(α(t)/ϱ)
+ const,

i. e. in view of (8) and of the inequality q1 < q2 we obtain (3).
Since α−1(α(xk+1)/ϱ) 6 Kα−1(α(xk)/ϱ), K > 1, for all k > k0, we have

1

α−1(α(xk)/ϱ)
− 1

α−1(α(xk+1)/ϱ)
6 K − 1

α−1(α(xk+1)/ϱ)
.

Therefore, putting h(x) = (K−1)(1−q2)
α−1(α(x)/ϱ) , we obtain ϕ(x)− h(x) = R− K(1−q2)

α−1(α(x)/ϱ) → R as

x → +∞, h(Φ′(r)) = (K − 1)(R− r) and ϕ(xk+1)− ϕ(xk) 6 h(xk+1) for k > k0.
Finally, for every η > 0 and all r ∈ [r0(η), R) from (9) it follows that

Φ(r) =

r∫
r−η(R−r)

α−1

(
ϱα

(
1− q2
R− x

))
dx > η(R− r)α−1

(
ϱα

(
1− q2

(1 + η)(R− r)

))
.
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Therefore, by Lemma 1

lnµ(r, φ) > η(R− r + h(Φ′(r)))α−1

(
ϱα

(
1− q2

(1 + η)(R− r + h(Φ′(r)))

))
=

= ηK(R− r)α−1

(
ϱα

(
1− q2

(1 + η)K(R− r)

))
,

whence in view of the condition α(x/α(x)) = (1 + o(1))α(x) as x → +∞ we have

α(lnµ(r, φ)) > α

(
ηK(R− r)α−1

(
ϱα

(
1− q2

(1 + η)K(R− r)

)))
=

= (1 + o(1))α

α−1

(
ϱα

(
1− q2

(1 + η)K(R− r)

))
1− q2

(1 + η)K(R− r)

 =

= (1 + o(1))ϱα

(
1− q2

(1 + η)K(R− r)

)
= (1 + o(1))ϱα

(
1

R− r

)
, r ↑ R,

thus we obtain (7).
Now let 0 < ϱ < 1. If we put xΨ(ϕ(x)) = Rx − α−1(ϱα(x)) then (6) implies (3),

ϕ(x) = (xΨ(ϕ(x)))′ = R − 1/f(x), Φ′(r) = f−1(1/(R − r)) and since d lnα−1(ρα(x))
d ln x 6

q(ϱ)(1 + o(1)) as x → +∞ we have

Φ(r) =

r∫
r0

f−1

(
1

R− x

)
dx =

f−1(1/(R−r))∫
f−1(1/(R−r0))

td

(
−1

f(t)

)
=

= −(R− r)f−1(1/(R− r)) + α−1(ϱα(f−1(1/(R− r)))) + const =

= α−1(ϱα(f−1(1/(R− r))))

{
1− (R− r)f−1(1/(R− r))

α−1(ϱα(f−1(1/(R− r))))

}
+ const >

> (1− q)α−1(ϱα(f−1(1/(R− r))))

for every q ∈ (q(ϱ), 1) and all r ∈ [r0(q), R). But the condition α−1(ϱα(f(x))) =
O(α−1(ϱα(x))) as x → +∞ implies that α−1(ϱα(1/(R − r))) 6 Kα−1(ϱα(f−1(1/(R −
r)))), K = const > 0. Therefore, Φ(r) > K1α

−1(ϱα(1/(R − r))), K1 = const > 0, and if
we put h(x) = a(R− ϕ(x)), 0 < a < 1, then

Φ(r − h(Φ′(r)) > K1α
−1

(
ϱα

(
1

(1 + a)(R− r)

))
. (10)

It is clear that, in view of the relation ϕ(x) = R−1/f(x), the condition ϕ(xk+1)−ϕ(xk) 6
h(xk+1) is equivalent to the condition f(xk+1) 6 (1 + a)f(xk) and the last one follows

from the condition lim
k→∞

f(xk+1

f(xk)
< 2. Therefore, by Lemma 1 we see that (4) and (10)

implies (7). The proof of Theorem 1 is complete.

Since lnM(r, φ) > lnµ(r, φ)− ln 2, choosing α(x) = lnx from Theorem 1 we obtain
the following assertion.
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Corollary 1. Let φ be an analytic in DR characteristic function of a probability law F .
Suppose that one of the following conditions is ful�lled:

1) ϱ > 1 and ln
(
WF (xk)e

Rxk
)
> x

(ϱ−1)/ϱ
k for some sequence of positive numbers

(xk) increasing to +∞ such that xk+1 = O(xk) as k → ∞;
2) 0 < ϱ < 1 and ln

(
WF (xk)e

Rxk
)
> xϱ for some sequence of positive numbers (xk)

increasing to +∞ such that lim
k→∞

(
xk+1

xk

)1−ϱ

< 2.

Then ln ln M(r, φ)) > (1 + o(1))ϱ ln(1/(R− r)) as r ↑ R.
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ÇÀÓÂÀÆÅÍÍß ÙÎÄÎ ÎÖIÍÎÊ ÇÍÈÇÓ ÄËß
ÕÀÐÀÊÒÅÐÈÑÒÈ×ÍÈÕ ÔÓÍÊÖIÉ ÉÌÎÂIÐÍIÑÍÈÕ

ÇÀÊÎÍIÂ

Ìàðòà ÏËÀÖÈÄÅÌ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ, 79000

e-mail: marta.platsydem@gmail.com

Íåõàé α � ïîâiëüíî çðîñòàþ÷à ôóíêöiÿ, à φ � àíàëiòè÷íà â DR = {z :
|z| < R}, 0 < R 6 +∞, õàðàêòåðèñòè÷íà ôóíêöiÿ éìîâiðíiñíîãî çàêîíó
F, M(r, φ) = max {|φ(z)| : |z| = r < R} i WF (x) = 1 − F (x) + F (−x), x >
0. Äîñëiäæåíî óìîâè íà ôóíêöi¨ WF i α, çà ÿêèõ ïðàâèëüíà íåðiâíiñòü
α(ln M(r, φ)) > (1 + o(1))ϱα(1/(R− r)), r ↑ R.

Êëþ÷îâi ñëîâà: àíàëiòè÷íà ôóíêöiÿ, õàðàêòåðèñòè÷íà ôóíêöiÿ, éìî-
âiðíiñíèé çàêîí.
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ÏÎËIÂ
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Íàöiîíàëüíèé óíiâåðñèòåò �Ëüâiâñüêà ïîëiòåõíiêà�,
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ßâíî áóäó¹ìî â ðîçøèðåííÿõ Êóììåðà ñêií÷åííèõ ïîëiâ åëåìåíòè âå-
ëèêîãî ìóëüòèïëiêàòèâíîãî ïîðÿäêó.

Êëþ÷îâi ñëîâà: ñêií÷åííå ïîëå, ìóëüòèïëiêàòèâíèé ïîðÿäîê, ðîçøè-
ðåííÿ Êóììåðà.

Âiäîìî, ùî ìóëüòèïëiêàòèâíà ãðóïà ñêií÷åííîãî ïîëÿ � öèêëi÷íà. Òâiðíó öi¹¨
ãðóïè íàçèâàþòü ïðèìiòèâíèì åëåìåíòîì. Çàäà÷à åôåêòèâíî¨ ïîáóäîâè ïðèìiòèâíî-
ãî åëåìåíòà çàäàíîãî ñêií÷åíîãî ïîëÿ ¹ âàæêîþ â îá÷èñëþâàëüíié òåîði¨ ñêií÷åííèõ
ïîëiâ [7, 8]. Îñü ÷îìó ðîçãëÿäàþòü ìåíø îáìåæóþ÷å ïèòàííÿ: çíàéòè åëåìåíò âå-
ëèêîãî ìóëüòèïëiêàòèâíîãî ïîðÿäêó. Ó öüîìó âèïàäêó äîñòàòíüî îòðèìàòè íèæíþ
îöiíêó äëÿ ïîðÿäêó. Åëåìåíòè âåëèêîãî ïîðÿäêó ïîòðiáíi äëÿ áàãàòüîõ çàñòîñóâàíü.
Òàêi çàñòîñóâàííÿ, çîêðåìà, îõîïëþþòü êðèïòîãðàôiþ, òåîðiþ êîäóâàííÿ, ãåíåðà-
òîðè ïñåâäîâèïàäêîâèõ ÷èñåë i êîìáiíàòîðèêó. Åëåìåíòè âåëèêîãî ïîðÿäêó òàêîæ
âèêîðèñòîâóþòü â àëãîðèòìi AKS äîâåäåííÿ ïðîñòîòè ÷èñåë, ÿêó çàïðîïîíóâàëè
Àãðàâàë, Êàéàë òà Ñàêñåíà [2].

Ó ïðàöi [6] Ãàî äàâ àëãîðèòì ïîáóäîâè åëåìåíòiâ âåëèêîãî ïîðÿäêó äëÿ
áàãàòüîõ (çãiäíî ç âèñëîâëåíîþ íèì, ïðîòå íå äîâåäåíîþ, ãiïîòåçîþ äëÿ âñiõ)
çàãàëüíèõ ðîçøèðåíü Fqm ñêií÷åíîãî ïîëÿ Fq ç íèæíüîþ ìåæåþ äëÿ ïîðÿä-
êó exp(Ω((logm)2/ log logm)). Âîëîõ [12] çàïðîïîíóâàâ ìåòîä ïîáóäîâè åëåìåíòiâ
ïîðÿäêó ïðèíàéìíi exp(Ω(logm)2)).

Äëÿ ÷àñòêîâèõ âèïàäêiâ ñêií÷åííèõ ïîëiâ ìîæíà çáóäóâàòè åëåìåíòè, ÿêi ìà-
þòü íàáàãàòî áiëüøi ïîðÿäêè. Ðîçøèðåííÿ, ïîâ'ÿçàíi ç ïîíÿòòÿì ãàóññîâîãî ïåðiîäó,
ðîçãëÿíóòî â [3, 9]. Íèæíÿ îöiíêà äëÿ ïîðÿäêó äîðiâíþ¹ exp(Ω(

√
m)).

Ðîçøèðåííÿ íà ïiäñòàâi ïîëiíîìà Êóììåðà íàáóâàþòü âèãëÿäó Fq[x]/(x
m − a).

�õ, çîêðåìà, çàñòîñîâóþòü ó êðèïòîãðàôi¨, ÿêà  ðóíòó¹òüñÿ íà ñïàðþâàííi. Ó [5]

c⃝ Ïîïîâè÷ Ð., 2015
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ïîêàçàíî, ÿê áóäóâàòè åëåìåíòè âåëèêîãî ïîðÿäêó â òàêèõ ðîçøèðåííÿõ çà óìî-
âè q ≡ 1(mod m), òîáòî äëÿ ðîçøèðåíü Êóììåðà. Ó öüîìó ðàçi îòðèìàíî íèæ-
íþ ìåæó exp(Ω(m)). Ïðîòå çàçíà÷åíà íèæíÿ ìåæà ¹ íàáëèæåíîþ, à íå òî÷íîþ.
Äëÿ ïðèêëàäíèõ çàñòîñóâàíü (çîêðåìà, êðèïòîëîãi¨) ñóòò¹âîþ ¹ òî÷íà îöiíêà çíè-
çó. Ó [10] çáóäîâàíî åëåìåíòè âåëèêîãî ïîðÿäêó äëÿ òàêèõ ðîçøèðåíü áåç óìîâè

q ≡ 1(mod m). Íèæíÿ ìåæà äëÿ ìóëüòèïëiêàòèâíîãî ïîðÿäêó äîðiâíþ¹ 2⌊
3√2m⌋.

Ðîçøèðåííÿ Àðòiíà-Øðà¹ðà ðîçãëÿíóòî â [1].
Ñêií÷åííå ïîëå ç q åëåìåíòiâ ïîçíà÷à¹ìî Fq. Ãðóïó, ïîðîäæåíó åëåìåíòîì v,

ïîçíà÷àòèìåìî ⟨v⟩. Êiëüêiñòü ñïîëó÷åíü ç n åëåìåíòiâ ïî k åëåìåíòiâ ïîçíà÷èìî Ck
n.

|S| ïîçíà÷àòèìå êiëüêiñòü åëåìåíòiâ ìíîæèíè S.
Áóäó¹ìî åëåìåíòè âåëèêîãî ïîðÿäêó â ðîçøèðåííÿõ Êóììåðà ñêií÷åííèõ ïîëiâ

òà äà¹ìî òî÷íó íèæíþ îöiíêó äëÿ ¨õíüîãî ìóëüòèïëiêàòèâíîãî ïîðÿäêó. Äëÿ öüîãî
áåðåìî ëiíiéíèé äâî÷ëåí âiä åëåìåíòà, ÿêèé çàäà¹ ðîçøèðåííÿ, òà âñi éîãî ñïðÿæåíi,
ùî òàêîæ íàëåæàòü äî ïiäãðóïè, ïîðîäæåíî¨ öèì äâî÷ëåíîì, i áóäó¹ìî ¨õíi ðiçíi äî-
áóòêè. Óñi ñïðÿæåíi çàçíà÷åíîãî ëiíiéíîãî äâî÷ëåíà òàêîæ ¹ ëiíiéíèìè äâî÷ëåíàìè.
Iäåþ çàïðîïîíóâàâ Áåðiçáåéòià [4] ÿê âäîñêîíàëåííÿ àëãîðèòìó AKS [2] òà ðîçâèíóâ
â [5] äëÿ ðîçøèðåíü Êóììåðà.

Ïîëå L ¹ ðîçøèðåííÿì Êóììåðà [7] ïîëÿ K, ÿêùî äëÿ äåÿêîãî çàäàíîãî öiëîãî
÷èñëà n > 1 âèêîíóþòüñÿ òàêi óìîâè: K ìiñòèòü n ðiçíèõ êîðåíiâ ñòåïåíÿ n ç îäèíèöi
(òîáòî, êîðåíiâ ïîëiíîìà xn − 1) òà L/K ìà¹ àáåëåâó ãðóïó Ãàëóà ïîðÿäêó n.

Çîêðåìà, äëÿ âèïàäêó ñêií÷åííèõ ïîëiâ: ðîçøèðåííÿ Fqm ïîëÿ Fq ¹ ðîçøèðåí-
íÿì Êóììåðà òîäi i ëèøå òîäi, êîëè m äiëèòü q − 1 [5, 7]. Ó öüîìó ðàçi ìîæíà
ââàæàòè, ùî Fqm = Fq[x]/(x

m − a). Ïîçíà÷èìî θ = x(mod (xm − a)) � êëàñ åëåìåí-
òà x çà ìîäóëåì xm − a. Çðîçóìiëî, ùî θm = a òà θq−1 = (θm)(q−1)/m = a(q−1)/m.
Íàñòóïíå ôîðìóëþâàííÿ ¹ î÷åâèäíèì.

Ëåìà 1. ßêùî ïîëiíîìè g(x) òà h(x) ç Fq[x] ñòåïåíÿ ìåíøîãî çà m ðiçíi, òî êëàñè
öèõ ïîëiíîìiâ â Fq[x]/(x

m − a) òàêîæ ¹ ðiçíèìè.

Ëåìà 2. Äëÿ áóäü-ÿêîãî åëåìåíòà b ç ïîëÿ Fq ñïðÿæåíi åëåìåíòà θ + b íàä öèì

ïîëåì íàáóâàþòü âèãëÿäó ai(q−1)/mθ + b (i = 0, ...,m− 1).

Äîâåäåííÿ. Ðîçãëÿíåìî ñïðÿæåíi åëåìåíòà θ + b, òîáòî åëåìåíòè, â ÿêi âií ïåðåõî-
äèòü, êîëè äi¹ àâòîìîðôiçì Ôðîáåíióñà.

Äîâåäåìî, ùî

(θ + b)q
i

= ai(q−1)/mθ + b (1)

äëÿ áóäü-ÿêîãî íàòóðàëüíîãî i. Äîâåäåìî öå iíäóêöi¹þ ïî i.
Î÷åâèäíî, ùî äëÿ i = 0 ðiâíiñòü (1) âèêîíó¹òüñÿ. Ïðèïóñòèìî, ùî âîíà âèêîíó-

¹òüñÿ äëÿ äåÿêîãî i. Òîäi äëÿ i+ 1 îòðèìà¹ìî

(θ + b)q
i+1

= [(θ + b)q
i

]q = (ai(q−1)/mθ + b)q = ai(q−1)/mθq + b

= ai(q−1)/ma(q−1)/mθ + b = a(i+1)(q−1)/mθ + b.

Îòæå, ðiâíiñòü (1) ïðàâèëüíà äëÿ áóäü-ÿêîãî íàòóðàëüíîãî i. �
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Çàóâàæèìî, ùî åëåìåíòè ai(q−1)/mθ + b ó ôîðìóëþâàííi ëåìè 2 ¹ ðiçíèìè äëÿ
i = 0, ...,m− 1, îñêiëüêè ai(q−1)/mθ � ðiçíi.

Ïîñèëåíó íåðiâíiñòü äëÿ áiíîìiàëüíèõ êîåôiöi¹íòiâ îòðèìàëè â [11, íàñëiäîê
2.9, íåðiâíiñòü (2.13)]. Çðåøòîþ, îòðèìàëè òàêèé ðåçóëüòàò.

Ëåìà 3. Ïðè s > 1 òà t ≥ 2 ïðàâèëüíà òàêà íåðiâíiñòü:

Ct
st > 1, 08444 · e− 1

8t t−
1
2

ss(t−1)+1

(s− 1)(s−1)(t−1)
(2)

Çàôiêñó¹ìî öiëi ÷èñëà 1 ≤ k− ≤ k ≤ m − 1. Íåõàé S(m, k−, k) ìíîæèíà òàêèõ
âiäîáðàæåíü f ç ìíîæèíè {0, ...,m− 1} â ìíîæèíó öiëèõ ÷èñåë, ùî:

(V1) |{i|f(i) < 0}| = k−;
(V2) −

∑
i,f(i)<0 f(i) ≤ k;

(V3)
∑

i,f(i)≥0 f(i) ≤ m− 1− k.

Ëåìà 4. Êiëüêiñòü åëåìåíòiâ ìíîæèíè S(m, k−, k)äîðiâíþ¹

Ck−
m C

k−
k Cm−k−1

2m−k−k−1.

Äîâåäåííÿ. Ùîá çàäàòè åëåìåíò ìíîæèíè S(m, k−, k), ñïî÷àòêó âèáèðà¹ìî ìiñöÿ,
íà ÿêèõ çíà÷åííÿ âiäîáðàæåííÿ âiä'¹ìíi � öå âðàõîâó¹ ìíîæíèê C

k−
m . Äàëi âèáèðà-

¹ìî çíà÷åííÿ âiä'¹ìíèõ åëåìåíòiâ òàê, ùîá ñóìà ¨õíiõ àáñîëþòíèõ çíà÷åíü íå ïåðå-
âèùóâàëà k � öå âðàõîâó¹ ìíîæíèê C

k−
k . Íàðåøòi âèáèðà¹ìî íåâiä'¹ìíi çíà÷åííÿ

âiäîáðàæåííÿ f íà m− k− ìiñöÿõ òàê, ùîá ¨õíÿ ñóìà íå ïåðåâèùóâàëà m− 1− k �
öå âðàõîâó¹ ìíîæíèê Cm−k−1

2m−k−k−1. �

Ëåìà 5. Êiëüêiñòü åëåìåíòiâ ìíîæèíè S(m, k−, k) áiëüøå âiä 4m äëÿ m ≥ 39.

Äîâåäåííÿ. Ïðèéìåìî k− = k = 2. Òîäi çãiäíî ç ëåìîþ 4

|S(m, k−, k)| = C2
mCm−3

2m−5 >
m(m− 1)

2
Cm−3

2(m−3).

Âèêîðèñòîâóþ÷è ëåìó 3, íåðiâíiñòü (2) (áåðåìî s = 2 òà t = m− 3), îòðèìó¹ìî

Cm−3
2(m−3) ≥ 1, 08444 · e−

1
8(m−3) · 4m

128
√
m− 3

.

Òîäi |S(m, k−, k)| ≥ 1, 08444 · m(m − 1) · e−
1

8(m−3) · 4m

256
√
m−3

. Îñêiëüêè 1, 08444 ·

m(m− 1) · e−
1

8(m−3) ≥ 256
√
m− 3 äëÿ m ≥ 39, òî ìàòèìåìî |S(m, k−, k)| > 4m. �

Òåîðåìà 1. Ïðèïóñòèìî, ùî m ≥ 39. Äëÿ áóäü-ÿêîãî íåíóëüîâîãî åëåìåíòà b ïîëÿ
Fq åëåìåíò θ + b ðîçøèðåííÿ Êóììåðà Fqm ìà¹ ïîðÿäîê áiëüøèé âiä 4m.

Äîâåäåííÿ. Çãiäíî ç ëåìîþ 2 ñïðÿæåíi åëåìåíòà θ+b (âðàõîâóþ÷è ñàì åëåìåíò θ+b)
íàáóâàþòü âèãëÿäó ai(q−1)/mθ+b äëÿ i = 0, ...,m−1. Çðîçóìiëî, ùî âñi âîíè íàëåæàòü
äî ïiäãðóïè ⟨θ + b⟩.

Íåõàé S(m, k−, k)� ìíîæèíà âiäîáðàæåíü f ç ìíîæèíè {0, ..., m−1} â ìíîæèíó
öiëèõ ÷èñåë ç îïèñàíèìè ðàíiøå âëàñòèâîñòÿìè V1, V2, V3. Äëÿ êîæíîãî åëåìåíòà f
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ç ìíîæèíè S(m, k−, k) óòâîðþ¹ìî äîáóòîê
∏

0≤i≤m−1

(ai(q−1)/mθ + b)f(i) , ÿêèé òàêîæ

íàëåæèòü äî ⟨θ + b⟩. Ñòâåðäæó¹ìî, ùî äâîì ðiçíèì åëåìåíòàì f òà g ç ìíîæèíè
S(m, k−, k) âiäïîâiäàþòü ðiçíi äîáóòêè.

Äîâåäåìî öå ìåòîäîì âiä ïðîòèëåæíîãî. Ïðèïóñòèìî, ùî åëåìåíòèf òà g ðiçíi,
àëå âiäïîâiäíi ¨ì äîáóòêè îäíàêîâi∏

0≤i≤m−1

(ai(q−1)/mθ + b)f(i) =
∏

0≤i≤m−1
(ai(q−1)/mθ + b)g(i). (3)

Îñêiëüêè ïîëiíîì xm − a ¹ õàðàêòåðèñòè÷íèì ïîëiíîìîì äëÿ θ , òî ìîæåìî
çàïèñàòè

∏
0≤i≤m−1

(ai(q−1)/mθ + b)f(i) =
∏

0≤i≤m−1
(ai(q−1)/mθ + b)g(i)(mod(xm − a)).

Òîäi

∏
0≤i≤m−1, f(i)≥0

(ai(q−1)/mx+ b)f(i)
∏

0≤i≤m−1, g(i)<0

(ai(q−1)/mx+ b)−g(i) =

∏
0≤i≤m−1, f(i)<0

(ai(q−1)/mx+b)−f(i)
∏

0≤i≤m−1, g(i)≥0

(ai(q−1)/mx+b)g(i)(mod(xm−a)). (4)

Ïîçàÿê îòðèìàëè ïîëiíîì ñòåïåíÿ∑
0≤i≤m−1, f(i)≥0

f(i) +
∑

0≤i≤m−1, g(i)<0

(−g(i)) ≤ m− 1 < deg(xm − a),

ó ëiâié ÷àñòèíi òà ïîëiíîì ñòåïåíÿ∑
0≤i≤m−1, f(i)<0

(−f(i)) +
∑

0≤i≤m−1, g(i)≥0

g(i) ≤ m− 1 < deg(xm − a)

ó ïðàâié ÷àñòèíi ðiâíîñòi (4), òî çà ëåìîþ 1 öi ïîëiíîìè ðiâíi ÿê ïîëiíîìè íàä Fq ,
òîáòî

∏
0≤i≤m−1, f(i)≥0

(ai(q−1)/mx+ b)f(i)
∏

0≤i≤m−1, g(i)<0

(ai(q−1)/mx+ b)−g(i) =

∏
0≤i≤m−1, f(i)<0

(ai(q−1)/mx+ b)−f(i)
∏

0≤i≤m−1, g(i)≥0

(ai(q−1)/mx+ b)g(i). (5)

Ó ðiâíîñòi (5) îäåðæàëè íåðîçêëàäíi òà ïîïàðíî ðiçíi ìíîæíèêè ai(q−1)/mx +
b, i = 0, ..., m − 1. Öÿ ðiâíiñòü ñóïåðå÷èòü îäíîçíà÷íîñòi ðîçêëàäó ïîëiíîìiâ íàä
ïîëåì Fq, ùî ðîáèòü ðiâíiñòü (3) íåìîæëèâîþ. Îòæå, äîáóòêè, ÿêi âiäïîâiäàþòü
ðiçíèì åëåìåíòàì ìíîæèíè S(m, k−, k), íå ìîæóòü áóòè îäíàêîâèìè.
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Îòîæ, êiëüêiñòü ðiçíèõ ðîçãëÿíóòèõ äîáóòêiâ, ÿêi íàëåæàòü äî ïiäãðóïè ⟨θ + b⟩,
äîðiâíþ¹ êiëüêîñòi åëåìåíòiâ ó ìíîæèíi S(m, c−, c). Çãiäíî ç ëåìîþ 4 êiëüêiñòü
åëåìåíòiâ ó ìíîæèíi S(m, c−, c) äîðiâíþ¹

Ck−
m C

k−
k Cm−k−1

2m−k−k−1.

Çà ëåìîþ 5 ìàòèìåìî, ùî |S(m, k−, k)| > 4m äëÿ m ≥ 39. Ó ïiäñóìêó îòðèìó¹ìî
òâåðäæåííÿ òåîðåìè. �

Çàóâàæèìî, ùî çäåáiëüøîãî ðîçãëÿäàþòü ðîçøèðåííÿ Êóììåðà, äëÿ ÿêèõ m
íàáàãàòî áiëüøå âiä q. Òîìó óìîâà m ≥ 39 íå ¹ íàäòî îáìåæóâàëüíîþ. ßêùî æ
âñå-òàêè öiêàâèì ¹ âèïàäîê m < 39, òî òðåáà âèêîíàòè îêðåìå äîñëiäæåííÿ.
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ÊÎÌÓÒÀÒÈÂÍI E-ÀÒÎÌÍI ÊIËÜÖß

Àíäðié ÑÀÃÀÍ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ, 79000
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Ââåäåíî ïîíÿòòÿ e-àòîìíîãî êiëüöÿ. Ç'ÿñîâàíî, ùî êîìóòàòèâíå êiëüöå
Äiðiõëå ¹ e-àòîìíèì êiëüöåì. Äîâåäåíî, ùî êîìóòàòèâíå e-àòîìíå êiëüöå
¹ êiëüöåì ç åëåìåíòàðíîþ ðåäóêöi¹þ ìàòðèöü, à òàêîæ, ùî êîìóòàòèâíå
ëîêàëüíå e-àòîìíå êiëüöå ¹ êiëüöåì ç åëåìåíòàðíîþ ðåäóêöi¹þ ìàòðèöü.

Êëþ÷îâi ñëîâà: åâêëiäîâå êiëüöå, êiëüöå Äiðiõëå, êiëüöå Áåçó, åëåìåí-
òàðíà ðåäóêöiÿ ìàòðèöü, åëåìåíòàðíî ãîëîâíå êiëüöå.

1. Âñòóï. Äîñëiäæåíî êîìóòàòèâíi êiëüöÿ, íàä ÿêèìè äîâiëüíà ìàòðèöÿ çâî-
äèòüñÿ äî êàíîíi÷íîãî äiàãîíàëüíîãî âèãëÿäó (òîáòî âèãëÿäó, äå êîæåí ïîïåðåäíié
äiàãîíàëüíèé åëåìåíò ¹ ïîâíèì äiëüíèêîì íàñòóïíîãî) åëåìåíòàðíèìè ïåðåòâîðåí-
íÿìè. Çàäà÷ó çíàõîäæåííÿ íåîáõiäíèõ i äîñòàòíiõ óìîâ, ÿêi òðåáà íàêëàñòè íà êiëü-
öå, ùîá äîâiëüíà ìàòðèöÿ íàä öèì êiëüöåì çâîäèëàñü äî êàíîíi÷íîãî äiàãîíàëüíîãî
âèãëÿäó äîìíîæåííÿì íà âiäïîâiäíi åëåìåíòàðíi ìàòðèöi (òàêi êiëüöÿ íàçâàëè "êiëü-
öÿ ç åëåìåíòàðíîþ ðåäóêöi¹þ ìàòðèöü"), ñôîðìóëþâàâ Á.Â. Çàáàâñüêèé ó 1996 ð. [5].
Öÿ ïðîáëåìà ìà¹ ñâî¨ì ïðîòîòèïîì âiäîìó òåîðåìó Ãàóñà (ïðî åêâiâàëåíòíiñòü äî-
âiëüíî¨ ìàòðèöi íàä ïîëåì äiàãîíàëüíié ìàòðèöi ç îäèíèöÿìè òà íóëÿìè íà ãîëîâíié
äiàãîíàëi), ðåçóëüòàòè Ñìiòà (ïðî çâåäåííÿ öiëî÷èñåëüíèõ ìàòðèöü äî äiàãîíàëüíî-
ãî âèãëÿäó åëåìåíòàðíèìè ïåðåòâîðåííÿìè ðÿäêiâ i ñòîâïöiâ), äîñëiäæåííÿ Äiêñîíà,
Âåääåðáàðíà, âàí äåð Âåðäåíà, Äæåêîáñîíà, Òåéõìþëëåðà òà iíøèõ, ÿêi ïîøèðèëè
ðåçóëüòàòè Ñìiòà íà ðiçíi êëàñè êîìóòàòèâíèõ i íåêîìóòàòèâíèõ êiëåöü (êiëüöÿ Åâ-
êëiäà, îáëàñòi ãîëîâíèõ iäåàëiâ i ò.ä.). Êðiì òîãî, öÿ çàäà÷à ìà¹ òiñíèé ïåðåòèí iç
êiëüöÿìè åëåìåíòàðíèõ äiëüíèêiâ (ÿêi ó 1949 ð. ââiâ äî ðîçãëÿäó I. Êàïëàíñüêèé [3]),
òîáòî êiëüöÿìè, íàä ÿêèìè äîâiëüíà ìàòðèöÿ çâîäèòüñÿ äî êàíîíi÷íîãî äiàãîíàëü-
íîãî âèãëÿäó äîìíîæåííÿì íà âiäïîâiäíi îáîðîòíi ìàòðèöi. Ïiçíiøå áóëî çíàéäåíî
ïðèêëàäè êiëåöü åëåìåíòàðíèõ äiëüíèêiâ, ÿêi íå ¹ êiëüöÿìè ç åëåìåíòàðíîþ ðåäóê-
öi¹þ ìàòðèöü. Îòîæ, çàäà÷ó, ÿêó ìè ðîçâ'ÿçó¹ìî, ìîæíà ñôîðìóëþâàòè òàê: äîñëi-
äæåííÿ êîìóòàòèâíèõ êiëåöü åëåìåíòàðíèõ äiëüíèêiâ, íàä ÿêèìè äîâiëüíà îáîðîòíà
ìàòðèöÿ ðîçêëàäà¹òüñÿ ó äîáóòîê åëåìåíòàðíèõ ìàòðèöü.

2. Ãîëîâíi ðåçóëüòàòè. Âñi ðîçãëÿíóòi â öié ïðàöi êiëüöÿ ¹ êîìóòàòèâíèìè ç
âiäìiííîþ âiä íóëÿ îäèíèöåþ.

c⃝ Ñàãàí À., 2015
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×åðåç U(R) ïîçíà÷èìî ãðóïó îáîðîòíèõ åëåìåíòiâ êiëüöÿ R, à ÷åðåç GLn(R) �
ãðóïó âñiõ îáîðîòíèõ ìàòðèöü ïîðÿäêó n ç åëåìåíòàìè êiëüöÿ R.

Ïiä åëåìåíòàðíèìè ìàòðèöÿìè ç åëåìåíòàìè êiëüöÿ ðîçóìi¹ìî êâàäðàòíi ìàò-
ðèöi òàêèõ òèïiâ: 1) äiàãîíàëüíi ç îáîðîòíèìè åëåìåíòàìè íà ãîëîâíié äiàãîíàëi;
2) ìàòðèöi, âiäìiííi âiä îäèíè÷íî¨ äåÿêèì íåíóëüîâèì åëåìåíòîì ïîçà ãîëîâíîþ
äiàãîíàëëþ. Ãðóïó âñiõ åëåìåíòàðíèõ ìàòðèöü äðóãîãî òèïó ïîðÿäêó n ç åëåìåíòàìè
ç êiëüöÿ R ïîçíà÷àòèìåìî GEn(R).

Êiëüöå íàçèâàþòü åëåìåíòàðíî ãîëîâíèì [1], ÿêùî äëÿ äîâiëüíèõ åëåìåíòiâ
a, b ∈ R iñíóþòü òàêèé åëåìåíò d ∈ R i ìàòðèöÿ Q ∈ GE2(R), ùî (a, b)Q = (d, 0).

Êiëüöåì Áåçó [2] íàçèâàþòü êiëüöå, â ÿêîìó äîâiëüíèé ñêií÷åííî ïîðîäæåíèé
iäåàë ¹ ãîëîâíèì.

Ïiä àòîìîì [8] ðîçóìi¹ìî åëåìåíò, ÿêèé ¹ íåîáîðîòíèì i íå çîáðàæó¹òüñÿ ó
âèãëÿäi äîáóòêó äâîõ íåîáîðîòíèõ åëåìåíòiâ.

Îáëàñòü R íàçèâàòèìåìî êiëüöåì Äiðiõëå [4], ÿêùî äëÿ åëåìåíòiâ a, b ∈ R,
òàêèõ, ùî aR + bR = R iñíó¹ åëåìåíò t ∈ R, ùî åëåìåíò a + bt = q, äå q � àòîì
êiëüöÿ R.

Íåõàé R � êiëüöå i a, b ∈ R. Ïàðà (a, b) íàçèâà¹òüñÿ e-àòîìíîþ ïàðîþ, ÿêùî
iñíóþòü ìàòðèöÿ Q ∈ GE2(R) i àòîì q ∈ R, ùî (a, b)Q = (q,m), äå m ∈ R. Îáëàñòü R
íàçèâà¹òüñÿ e-àòîìíèì êiëüöåì, ÿêùî äëÿ áóäü-ÿêèõ a, b ∈ R òàêèõ, ùî aR+bR = R
i 0 ̸= c ∈ R, iñíó¹ y ∈ R, ùî (a+ by, c) ¹ e-àòîìíîþ ïàðîþ.

Êiëüöå R íàçèâà¹òüñÿ êiëüöåì ç åëåìåíòàðíîþ ðåäóêöi¹þ ìàòðèöü [5], ÿêùî
äîâiëüíà ìàòðèöÿ A íàä êiëüöåì R âîëîäi¹ åëåìåíòàðíîþ ðåäóêöi¹þ, òîáòî iñíóþòü
òàêi åëåìåíòàðíi íàä R ìàòðèöi P1, . . . , Pk, Q1, . . . , Qs âiäïîâiäíèõ ðîçìiðiâ, ùî

P1 · P2 · · ·Pk ·A ·Q1 ·Q2 · · ·Qs = diag(ε1, . . . , εr, 0, . . . , 0),

äå Rεi+1R ⊆ Rεi ∩ εiR äëÿ i = 1, 2, . . . , r − 1.

Òâåðäæåííÿ 1. Íåõàé R � êiëüöå Äiðiõëå, òîäi R ¹ e-àòîìíèì êiëüöåì.

Äîâåäåííÿ. Íåõàé R � êiëüöå Äiðiõëå. Îòðèìà¹ìî aR + bR = R, äå a, b ∈ R i 0 ̸=
c ∈ R. Çàôiêñó¹ìî òàêèé åëåìåíò y ∈ R, ùî a + by = q � àòîì ç R. Òîäi ìà¹ìî
(a+ by, c)I2 = (a+ by, c), äå I2 � îäèíè÷íà ìàòðèöÿ äðóãîãî ïîðÿäêó íàä êiëüöåì R.
Öå çàñâiä÷ó¹, ùî ïàðà (a+ by, c) ¹ e-àòîìíîþ. Òîìó R ¹ e-àòîìíèì êiëüöåì. �

Ïðèêëàäàìè e-àòîìíîãî êiëüöÿ ìîæå ñëóãóâàòè êiëüöå öiëèõ ÷èñåë, êiëüöå R =
{z0 + a1x+ . . .+ anx

x + . . . |z0 ∈ Z, ai ∈ Q} òà ií.

Òåîðåìà 1. Íåõàé R � êiëüöå. Òîäi òàêi òâåðäæåííÿ åêâiâàëåíòíi:

1) R � e-àòîìíå êiëüöå;
2) äëÿ áóäü-ÿêèõ a, b ∈ R òàêèõ, ùî aR+ bR = R i 0 ̸= c ∈ R, iñíóþòü y ∈ R i

ñêií÷åííi íàáîðè gi, ri (1 6 i 6 n) åëåìåíòiâ ç R, ùî rn ¹ àòîìîì, ïðè÷îìó

a+ by = cg1 + r1, c = r1g2 + r2, . . . , rn−2 = rn−1gn + rn.

Äîâåäåííÿ. (1) ⇒ (2) Íåõàé aR+bR = R, äå a, b ∈ R i 0 ̸= c ∈ R. Çãiäíî ç îçíà÷åííÿì
e-àòîìíîãî êiëüöÿ iñíó¹ y ∈ R, Q ∈ GE2(R) i àòîìíèé åëåìåíò q ∈ R òàêi, ùî
(a + by, c)Q = (q,m), äå m ∈ R. Îñêiëüêè ìàòðèöÿ Q ∈ GE2(R), òî çãiäíî ç [8] ¨¨
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ìîæíà ïîäàòè ó âèãëÿäi(
1 0

−g1 1

)(
1 −g2
0 1

)
· · ·

(
1 0

−gn−1 1

)(
1 −gn
0 1

)(
u1 0
0 u2

)
,

äå u1, u2 ∈ U(R) i n ∈ N. Òîäi

(a+ by, c)

(
1 0

−g1 1

)(
1 −g2
0 1

)
· · ·

(
1 0

−gn−1 1

)(
1 −gn
0 1

)
= (qu−1

1 ,mu−1
2 ).

Íåõàé (a+ by, c)

(
1 0

−g1 1

)
= (r1, c). Òîäi a+ by = cg1 + r1. Íåõàé (r1, c)

(
1 −g2
0 1

)
=

(r1, r2). Çà iíäóêöi¹þ îòðèìà¹ìî

(rn−3, rn−2)

(
1 0

−gn−1 1

)
= (qu−1

1 , rn−2),

(qu−1
1 , rn−2)

(
1 −gn
0 1

)
= (qu−1

1 ,mu−1
2 ).

Òîäi rn−3 = rn−2gn−1+ qu−1
1 i rn−2 = qu−1

1 gn−1+mu−1
2 . Íåõàé qu−1

1 = rn−1 i mu−1
2 =

rn. Òîìó îäåðæèìî ïîñëiäîâíiñòü ñïiââiäíîøåíü

a+ by = cg1 + r1, c = r1g2 + r2, . . . , rn−2 = rn−1gn + rn,

äå rn ∈ R � àòîì.
(2) ⇒ (1) Çà óìîâîþ äëÿ áóäü-ÿêèõ a, b ∈ R òàêèõ, ùî aR+ bR = R i 0 ̸= c ∈ R,

iñíó¹ y ∈ R i ñêií÷åííèé ëàíöþã ïîäiëüíîñòi

a+ by = cg1 + r1, c = r1g2 + r2, . . . , rn−2 = rn−1gn + rn,

äå rn ∈ R � àòîì. Òîäi çàïèøåìî öåé ëàíöþã ó âèãëÿäi

(a+ by, c)

(
0 1
1 −g1

)(
0 1
1 −g2

)
· · ·

(
0 1
1 −gn−1

)(
0 1
1 −gn

)(
0 1
1 0

)
= (rn, rn−1).

Íàì çàëèøèëîñü äîâåñòè, ùî ìàòðèöÿ F (x) =

(
0 1
1 x

)
¹ åëåìåíòàðíîþ. Îòðèìàëè

F (x) =

(
1 x
0 1

)(
1 0
0 −1

)(
1 1
0 1

)(
1 0
−1 1

)(
1 1
0 1

)
∈ GE2(R),

ùî é òðåáà áóëî äîâåñòè. �

Òâåðäæåííÿ 2. Áóäü-ÿêå e-àòîìíå êiëüöå Áåçó ¹ åëåìåíòàðíî ãîëîâíèì.

Äîâåäåííÿ. Íåõàé R � e-àòîìíå êiëüöå Áåçó. Ðîçãëÿíåìî äîâiëüíi åëåìåíòè a, b ∈ R.
Îñêiëüêè R � êiëüöå Áåçó, òî aR+bR = dR äëÿ äåÿêîãî åëåìåíòà d ∈ R. Òîäi iñíóþòü
òàêi åëåìåíòè a0, b0, u, v ∈ R, ùî a = da0, b = db0, au + bv = d. Çâiäñè îòðèìó¹ìî
d(a0u+ b0v − 1) = 0. Íåõàé c = a0u+ b0v − 1, òîäi a0R + (b0v − c)R = R i dc = 0. Çà
óìîâîþ iñíó¹ x ∈ R i Q ∈ GE2(R), ùî (a0 + (b0v − c)x, b0)Q = (q,m), äå q � àòîì ç
R i m ∈ R. Òîäi çà òåîðåìîþ 6 [7] iñíó¹ ìàòðèöÿ P ∈ GE2(R), ùî (q,m)P = (q, 0).
Îòæå, îòðèìà¹ìî

(a+ bvx, b)QP = d(a0 + (b0v − c)x, b0)QP = d(q, 0) = (dq, 0).
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Òîäi

(a, b)

(
1 0
vx 1

)
GP = (dq, 0).

Îòæå, R � åëåìåíòàðíî ãîëîâíå êiëüöå. �

Òåîðåìà 2. Íåõàé R � e-àòîìíå êiëüöå. Òîäi åêâiâàëåíòíi òàêi òâåðäæåííÿ:

1) R � êiëüöå ç åëåìåíòàðíîþ ðåäóêöi¹þ ìàòðèöü;

2) R � êiëüöå Áåçó.

Äîâåäåííÿ. Çà òâåðäæåííÿì 2 êiëüöå R ¹ åëåìåíòàðíî ãîëîâíèì, òîìó çà òâåðä-

æåííÿì 2 [6] äëÿ äîâåäåííÿ äîñòàòíüî ðîçãëÿíóòè ìàòðèöi âèãëÿäó A =

(
a b
c o

)
∈

M2(R), äå aR + bR + cR = R. Òîäi iñíóþòü x, y, z ∈ R, ùî ax + by + cz = 1. Îòæå,
aR + (by + cz)R = R. Çà óìîâîþ iñíó¹ äåÿêå t ∈ R, ùî a+ (by + cz)t = p, äå p ∈ R i
ïàðà (p, b) ¹ e-àòîìíîþ. Òîìó(

1 zt
0 1

)
A

(
1 0
yt 1

)
=

(
p b
c 0

)
.

Îñêiëüêè (p, b) � e-àòîìíà ïàðà, òî iñíóþòü Q ∈ GE2(R) i d ∈ R, ùî (p, b)Q = (q, d),
äå q ¹ àòîìîì ç R.

Îòæå, (
p b
c 0

)
Q =

(
q d
∗ ∗

)
= C.

Çà òåîðåìîþ 6 [7] ìàòðèöÿ C, à îòæå, i ìàòðèöÿ A âîëîäi¹ åëåìåíòàðíîþ ðåäóêöi¹þ.
Òîìó R � êiëüöå ç åëåìåíòàðíîþ ðåäóêöi¹þ ìàòðèöü.

Íåîáõiäíiñòü î÷åâèäíà. �

ßê íàñëiäîê îòðèìà¹ìî òàêó òåîðåìó.

Òåîðåìà 3. Íåõàé R � êiëüöå Äiðiõëå. Òîäi åêâiâàëåíòíèìè ¹ òàêi òâåðäæåííÿ:

1) R � êiëüöå ç åëåìåíòàðíîþ ðåäóêöi¹þ ìàòðèöü;

2) R � êiëüöå Áåçó.

Êîìóòàòèâíà îáëàñòü R íàçèâà¹òüñÿ ëîêàëüíèì e-àòîìíèì êiëüöåì, ÿêùî äëÿ
áóäü-ÿêèõ a, b ∈ R, ùî aR + bR = R i 0 ̸= c ∈ R õî÷à á îäíà ç ïàð (a, c) àáî (b, c) ¹
e-àòîìíîþ ïàðîþ.

Òâåðäæåííÿ 3. Ëîêàëüíî e-àòîìíå êiëüöå ¹ e-àòîìíèì êiëüöåì.

Äîâåäåííÿ. Íåõàé aR+ bR = R i 0 ̸= c ∈ R. Òîäi ìàòèìåìî äâà âèïàäêè:

1) (a, c) ¹ e-àòîìíîþ ïàðîþ. Òîäi (a+ b · 0, c) ¹ e-àòîìíîþ ïàðîþ;
2) (a, c) íå ¹ e-àòîìíîþ ïàðîþ. Îñêiëüêè aR+(a+b)R = R i (a, c) íå ¹ e-àòîìíîþ

ïàðîþ, òî (a+ b · 1, c) � e-àòîìíà ïàðà. Îòæå, R ¹ e-àòîìíèì êiëüöåì.

�

ßê íàñëiäîê îòðèìà¹ìî òàêó òåîðåìó.

Òåîðåìà 4. Ëîêàëüíî e-àòîìíå êiëüöå Áåçó ¹ êiëüöåì ç åëåìåíòàðíîþ ðåäóêöi¹þ

ìàòðèöü.
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ËÎÃÀÐÈÔÌÀ ÌÀÊÑÈÌÀËÜÍÎÃÎ ×ËÅÍÀ ÀÁÑÎËÞÒÍÎ
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Çíàéäåíî óìîâè íà ïîêàçíèêè òà êîåôiöi¹íòè ðÿäó Äiðiõëå ç íó-
ëüîâîþ àáñöèñîþ àáñîëþòíî¨ çáiæíîñòi, ïðè âèêîíàííi ÿêèõ äëÿ ëîãà-
ðèôìà ìàêñèìàëüíîãî ÷ëåíà ïðàâèëüíà àñèìïòîòè÷íà ðiâíiñòü lnµ(σ) =

T1|σ|−ρ1 +
∑n−1

j=2 Tj |σ|−ρj + (τ + o(1))|σ|−ρn , σ ↑ 0, äå T1 > 0 Tj ∈ R \ {0},

j = 2, n− 1, τ ∈ R \ {0}, 0 < ρn < ... < ρ2 < ρ1 i
ρ1 + ρn

2
> ρ2.

Êëþ÷îâi ñëîâà: ðÿä Äiðiõëå, ìàêñèìàëüíèé ÷ëåí, áàãàòî÷ëåííà àñèìï-
òîòèêà.

1. Âñòóï. Ðîçãëÿíåìî ðÿä Äiðiõëå

F (s) =

∞∑
n=0

an exp{sλn}, s = σ + it, (1)

äå (λn) � çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü íåâiä'¹ìíèõ ÷èñåë (λ0 = 0). ßêùî àáñöèñà
àáñîëþòíî¨ çáiæíîñòi ðÿäó (1) äîðiâíþ¹ σa ∈ (−∞,+∞], òî éîãî çðîñòàííÿ îòîòîæ-
íþþòü çi çðîñòàííÿì ôóíêöi¨ M(σ, F ) = sup{|F (σ+ it)| : t ∈ R} ïðè σ ↑ σa. Âàæëèâó
ðîëü ó äîñëiäæåííi çâ'ÿçêó ìiæ çðîñòàííÿì M(σ, F ) i ïîâîäæåííÿì êîåôiöi¹íòiâ
âiäiãðà¹ ìàêñèìàëüíèé ÷ëåí µ(σ, F ) = max{|an| exp{σλn} : n > 0}. Äîñëiäæåííÿ
çâ'ÿçêiâ ìiæ çðîñòàííÿì lnµ(σ, F ) i ïîâîäæåííÿì ó òåðìiíàõ äâî÷ëåííî¨ àñèìòîòèêè
êîåôiöi¹íòiâ çàïî÷àòêîâàíî â [4], äå çàçíà÷åíî íåîáõiäíó òà äîñòàòíþ óìîâè íà an, çà
ÿêî¨ ó âèïàäêó öiëèõ (σa = +∞) ðÿäiâ Äiðiõëå lnµ(σ, F ) ìà¹ äâî÷ëåííó ïîêàçíèêîâó
àñèìïòîòèêó âèãëÿäó lnµ(σ, F ) = T exp{ρ1σ} + (1 + o(1))τ exp{ρσ}, σ → +∞, äå
0 < ρ < ρ1 < +∞, T > 0 i τ ∈ R \ {0}. Î.Ì. Ñóìèê ïîäiáíó çàäà÷ó ðîçâ'ÿçàëà äëÿ
äâî÷ëåííî¨ ñòåïåíåâî¨ àñèìïòîòèêè lnµ(σ, F ) äëÿ öiëèõ ðÿäiâ Äiðiõëå i äëÿ ðÿäiâ
Äiðiõëå ç íóëüîâîþ àáñöèñîþ àáñîëþòíî¨ çáiæíîñòi.

Çàãàëüíó ïðîáëåìó ïðî áàãàòî÷ëåííó ïîêàçíèêîâó àñèìïòîòèêó ëîãàðèôìà
ìàêñèìàëüíîãî ÷ëåíà öiëîãî ðÿäó Äiðiõëå ðîçãëÿíóëà Î.Ì. Ñóìèê [5]. Çîêðåìà,

áóëî äîâåäåíî, ùî äëÿ òîãî, ùîá lnµ(σ, F ) =
∑n−1

j=1 Tjϵ
ρjσ + (τ + o(1))ϵρnσ σ → ∞,

c⃝ Ñòåöü Þ., Øåðåìåòà Ì., 2015



146
Þëiÿ ÑÒÅÖÜ, Ìèðîñëàâ ØÅÐÅÌÅÒÀ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2015. Âèïóñê 80

äå T1 > 0 Tj ∈ R, j = 2, n− 1, τ ∈ R, 0 < ρn < ... < ρ2 < ρ1,
ρ1 + ρn

2
> ρ2,

íåîáõiäíî i äîñòàòíüî, ùîá äëÿ áóäü-ÿêîãî ε > 0:
1) iñíóâàëî òàêå ÷èñëî n0(ε), ùî äëÿ âñiõ n > n0(ε)

ln |an| 6 −λn

ρ1
ln

λn

ϵT1ρ1

n−1∑
j=1

Tj

(
λn

T1ρ1

) ρj
ρ1

+ (τ + ε)

(
λn

T1ρ1

) ρn
ρ1

;

2) iñíóâàëà çðîñòàþ÷à ïîñëiäîâíiñòü (nk) íàòóðàëüíèõ ÷èñåë òàêà, ùî

ln |ank
| > −λnk

ρ1
ln

λnk

ϵT1ρ1
+

n−1∑
j=1

Tj

(
λnk

T1ρ1

) ρj
ρ1

+ (τ − ε)

(
λnk

T1ρ1

) ρn
ρ1

,

äëÿ âñiõ k > k0 i λnk+1
− λnk

= o

(
λ

ρ1+ρn
2ρ1

nk

)
, k → ∞.

Ìåòà íàøî¨ ïðàöi � äîñëiäèòè, çà ÿêèõ óìîâ íà êîåôiöi¹íòè an òà ïîêàçíèêè λn

ðÿäó Äiðiõëå (1) ç íóëüîâîþ àáñöèñîþ àáñîëþòíî¨ çáiæíîñòi äëÿ éîãî ìàêñèìàëüíîãî
÷ëåíà ïðàâèëüíà àñèìïòîòè÷íà ðiâíiñòü

lnµ(σ) =
T1

|σ|ρ1
+

n−1∑
j=2

Tj

|σ|ρj
+

(τ + o(1))

|σ|ρn
, σ ↑ 0, (2)

äå T1 > 0, Tj ∈ R \ {0}, j = 2, n− 1, τ ∈ R \ {0}, 0 < ρn < ... < ρ2 < ρ1,
ρ1 + ρn

2
> ρ2.

Òåîðåìà 1. Äëÿ òîãî, ùîá lnµ(σ) ìàâ áàãàòî÷ëåííó ñòåïåíåâó àñèìïòîòèêó âè-
ãëÿäó (2) íåîáõiäíî i äîñòàòíüî, ùîá äëÿ áóäü ÿêîãî ε > 0:

1) iñíóâàëî òàêå ÷èñëî n0(ε), ùî äëÿ âñiõ n > n0(ε)

ln |an| 6 T1(ρ1 + 1)

(
λn

T1ρ1

) ρ1
ρ1+1

+
n−1∑
j=2

Tj

(
λn

T1ρ1

) ρj
ρ1+1

+ (τ + ε)

(
λn

T1ρ1

) ρn
ρ1+1

; (3)

2) iñíóâàëà çðîñòàþ÷à ïîñëiäîâíiñòü (nk) íàòóðàëüíèõ ÷èñåë òàêà, ùî äëÿ
âñiõ k > k0

ln |ank
| > T1(ρ1 + 1)

(
λn

T1ρ1

) ρ1
ρ1+1

+

n−1∑
j=2

Tj

(
λn

T1ρ1

) ρj
ρ1+1

+ (τ − ε)

(
λn

T1ρ1

) ρn
ρ1+1

(4)

i

λnk+1
− λnk

= o

(
λ

ρn+ρ1+2

2(ρ1+1)
nk

)
k → ∞. (5)

Äëÿ äîâåäåííÿ òåîðåìè áóäåìî âèêîðèñòîâóâàòè òàêi äîïîìiæíi ðåçóëüòàòè.
×åðåç Ω(0) ïîçíà÷èìî êëàñ äîäàòíèõ íåîáìåæåíèõ íà (−∞, 0) ôóíêöié Φ òàêèõ,

ùî ïîõiäíà Φ′ äîäàòíà, íåïåðåðâíî äèôåðåíöiéîâàíà i çðîñòà¹ äî +∞ íà (−∞, 0).

Äëÿ Φ ∈ Ω(0) íåõàé φ � ôóíêöiÿ, îáåðíåíà äî Φ′, à Ψ(σ) = σ − Φ(σ)

Φ′(σ)
� ôóíêöiÿ,

àñîöiéîâàíà ç Φ çà Íüþòîíîì. Òîäi ôóíêöiÿ Ψ íåïåðåðâíî äèôåðåíöiéîâàíà i çðîñòà¹
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äî 0 íà (−∞, 0), à ôóíêöiÿ φ íåïåðåðâíî äèôåðåíöiéîâàíà i çðîñòà¹ äî 0 íà (0,+∞).
Çâiäñè âèïëèâà¹, ùî îáåðíåíà äî Ψ ôóíêöiÿ Ψ−1 òàêîæ çðîñòà¹ äî 0 íà (−∞, 0).

Ëåìà 1 ([1-2]). Íåõàé Φ ∈ Ω(0). Äëÿ òîãî, ùîá lnµ(σ, F ) 6 Φ(σ) äëÿ âñiõ σ ∈ [σ0, 0)
íåîáõiäíî i äîñòàòíüî, ùîá ln |an| 6 −λnΨ(φ(λn)) äëÿ âñiõ n > n0.

Ëåìà 2 ([2-3]). Äëÿ äîäàòíèõ ÷èñåë a < b ïðàâèëüíà íåðiâíiñòü G1(a, b,Φ) <
G2(a, b,Φ), äå

G1(a, b,Φ) =
ab

b− a

∫ b

a

Φ(φ(t))

t2
dt, G2(a, b,Φ) = Φ

(
1

b− a

∫ b

a

φ(t)dt

)
.

Ëåìà 3 ([2]). Íåõàé Φj ∈ Ω(0) (j = 1, 2) i

Φ1(σ) 6 lnµ(σ, F ) 6 Φ2(σ) (6)

äëÿ âñiõ σ ∈ [σ0, 0). Òîäi
ln |an| 6 −λnΨ2(φ2(λn)) (7)

äëÿ âñiõ n > n0 òà iñíó¹ çðîñòàþ÷à ïîñëiäîâíiñòü (nk) íàòóðàëüíèõ ÷èñåë òàêà,
ùî

ln |ank
| > −λnk

Ψ1(φ1(λnk
)) (8)

i

G1(λnk
, λnk+1

,Φ2) > Φ1

(
1

λnk+1
− λnk

∫ λnk+1

λnk

φ2(t)dt

)
. (9)

Ëåìà 4 ([2]). Íåõàé Φ ∈ Ω(0) i ln |ank
| 6 −λnk

Ψ(φ(λnk
)) äëÿ äåÿêî¨ çðîñòàþ÷î¨

ïîñëiäîâíîñòi (nk) íàòóðàëüíèõ ÷èñåë. Òîäi äëÿ âñiõ σ ∈ [φ1(λnk
), φ1(λnk+1

)] i âñiõ
k > k0 ïðàâèëüíà íåðiâíiñòü

lnµ(σ, F ) > Φ1(σ)− (G2(λnk
, λnk+1

,Φ)−G1(λnk
, λnk+1

,Φ)). (10)

2. Àñèìïòîòèêà ôóíêöi¨ φ.
Îòæå, íåõàé Φ ∈ Ω(0) � òàêà ôóíêöiÿ, ùî

Φ(σ) =
T1

|σ|ρ1
+

n−1∑
j=2

Tj

|σ|ρj
+

τ

|σ|ρn
, σ0 6 σ < 0, (11)

äå T1 > 0 Tj ∈ R \ {0}, j = 2, n− 1, τ ∈ R \ {0}, 0 < ρn < ... < ρ2 <

ρ1 i
ρ1 + ρn

2
> ρ2.

Äëÿ ôóíêöi¨ (11) àñèìïòîòèêó îáåðíåíî¨ ôóíêöi¨ φ îïèñó¹ ëåìà.

Ëåìà 5. ßêùî ôóíêöiÿ Φ ∈ Ω(0) òàêà, ùî âèêîíó¹òüñÿ (11), òî äëÿ ôóíêöi¨ φ
ïðè x → +∞ ïðàâèëüíà òàêà àñèìïòîòè÷íà ðiâíiñòü:

φ(x) = −
(

x

T1ρ1

)− 1
ρ1+1

−
n−1∑
j=2

ρjTj

ρ1T1(ρ1 + 1)

(
x

T1ρ1

) ρj−ρ1−1

ρ1+1

−

− τρn(1 + o(1))

T1ρ1(ρ1 + 1)

(
x

T1ρ1

) ρn−ρ1−1
ρ1+1

.



148
Þëiÿ ÑÒÅÖÜ, Ìèðîñëàâ ØÅÐÅÌÅÒÀ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2015. Âèïóñê 80

Äîâåäåííÿ. Îñêiëüêè

Φ′(σ) =
T1ρ1

|σ|ρ1+1
+

n−1∑
j=2

Tjρj
|σ|ρj+1

+
τρn

|σ|ρn+1
,

òî äëÿ çíàõîäæåííÿ àñèìïòîòèêè ôóíêöi¨ φ òðåáà ðîçâ'ÿçàòè ðiâíÿííÿ

T1ρ1
|σ|ρ1+1

+

n−1∑
j=2

Tjρj
|σ|ρj+1

+
τρn

|σ|ρn+1
= x. (12)

Ëåãêî ïîáà÷èòè, ùî ðîçâ'ÿçîê σ = σ(x) öüîãî ðiâíÿííÿ çàäîâîëüíÿ¹ óìîâó

T1ρ1
|σ|ρ1+1

(1 + o(1)) = x (x → +∞),

òîìó áóäåìî øóêàòè éîãî ó âèãëÿäi

|σ| =
(
T1ρ1
x

) 1
ρ1+1

+ α(x), (13)

äå

α = α(x) = o(x− 1
ρ1+1 ) (x → +∞).

Ïiäñòàâëÿþ÷è (13) â (12), îòðèìà¹ìî

T1ρ1((
T1ρ1
x

) 1
ρ1+1

+ α(x)

)ρ1+1
+

n−1∑
j=2

Tjρj((
T1ρ1
x

) 1
ρ1+1

+ α(x)

)ρj+1
+

τρn((
T1ρ1
x

) 1
ρ1+1

+ α(x)

)ρn+1
= x,

òîáòî

x(
1 + α(x)

(
x

T1ρ1

) 1
ρ1+1

)ρ1+1
+

n−1∑
j=2

Tjρj(
T1ρ1
x

) ρj+1

ρ1+1
(
1 + α(x)

(
x

T1ρ1

) 1
ρ1+1

)ρj+1
+

+
τρn(

T1ρ1
x

) ρn+1
ρ1+1

(
1 + α(x)

(
x

T1ρ1

) 1
ρ1+1

)ρn+1
= x,

çâiäêè(
1 +

(
x

T1ρ1

) 1
ρ1+1

α

)−(ρ1+1)

+
n−1∑
j=2

Tjρj
T1ρ1

(
x

T1ρ1

) ρj−ρ1
ρ1+1

(
1 +

(
x

T1ρ1

) 1
ρ1+1

α

)−(ρj+1)

+

+
τρn
T1ρ1

(
x

T1ρ1

) ρn−ρ1
ρ1+1

(
1 +

(
x

T1ρ1

) 1
ρ1+1

α

)−(ρn+1)

= 1.
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Çâiäñè ïðè x → +∞ îòðèìó¹ìî

1− (ρ1 + 1)α

(
x

T1ρ1

) 1
ρ1+1

+O

(
α2x

2
ρ1+1

)
+

+

n−1∑
j=2

ρjTj

ρ1T1

(
x

T1ρ1

) ρj−ρ1
ρ1+1

(
1− (ρj + 1)α

(
x

T1ρ1

) 1
ρ1+1

+O

(
α2x

2
ρ1+1

))
+

+
τρn(1 + o(1))

T1ρ1

(
x

T1ρ1

) ρn−ρ1
ρ1+1

= 1,

òîáòî

α =
n−1∑
j=2

(
ρjTj

ρ1T1(ρ1 + 1)

(
x

T1ρ1

) ρj−ρ1−1

ρ1+1

− ρjTj(ρj + 1)

ρ1T1(ρ1 + 1)

(
x

T1ρ1

) ρj−ρ1
ρ1+1

α+

+O

(
α2x

ρj−ρ1+1

ρ1+1

))
+

τρn(1 + o(1))

T1ρ1(ρ1 + 1)

(
x

T1ρ1

) ρn−ρ1−1
ρ1+1

+O

(
α2x

2
ρ1+1

)
,

x → +∞. (14)

Îñêiëüêè α(x)x
1

ρ1+1 → 0 (x → +∞), òî çâiäñè

α =
ρ2T2(1 + o(1))

ρ1T1(ρ1 + 1)

(
x

T1ρ1

) ρ2−ρ1−1
ρ1+1

=
ρ2T2

ρ1T1(ρ1 + 1)

(
x

T1ρ1

) ρ2−ρ1−1
ρ1+1

+ β, (15)

äå

β = β(x) = o(x
ρ2−ρ1−1

ρ1+1 ), x → +∞,

i îòæå, ç (14) îòðèìó¹ìî

ρ2T2

ρ1T1(ρ1 + 1)

(
x

T1ρ1

) ρ2−ρ1−1
ρ1+1

+ β =

=
n−1∑
j=2

(
ρjTj

ρ1T1(ρ1 + 1)

(
x

T1ρ1

) ρj−ρ1−1

ρ1+1

− ρjTj(ρj + 1)

ρ1T1(ρ1 + 1)

(
x

T1ρ1

) ρj−ρ1
ρ1+1

×

×
(

ρ2T2

ρ1T1(ρ1 + 1)

(
x

T1ρ1

) ρ2−ρ1−1
ρ1+1

+ β

)
+O

(
x

2ρ2−3ρ1+ρj−1

ρ1+1

))
+

+
τρn(1 + o(1))

T1ρ1(ρ1 + 1)

(
x

T1ρ1

) ρn−ρ1−1
ρ1+1

+O

(
x

2(ρ2−ρ1)−1
ρ1+1

)
, x → +∞,

çâiäêè ëåãêî âèïëèâà¹, ùî ïðè x → +∞

β(x) =

n−1∑
j=3

ρjTj

ρ1T1(ρ1 + 1)

(
x

T1ρ1

) ρj−ρ1−1

ρ1+1

−

− (1 + o(1))

n−1∑
j=2

ρjTj(ρj + 1)

ρ1T1(ρ1 + 1)

ρ2T2

ρ1T1(ρ1 + 1)

(
x

T1ρ1

) ρj+ρ2−2ρ1−1

ρ1+1

+
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+O

(
x

2ρ2−3ρ1+ρj−1

ρ1+1

)
+

τρn(1 + o(1))

T1ρ1(ρ1 + 1)

(
x

T1ρ1

) ρn−ρ1−1
ρ1+1

+O

(
x

2(ρ2−ρ1)−1
ρ1+1

)
. (16)

Îñêiëüêè ρn > 2ρ2 − ρ1, òî
ρn − ρ1 − 1 > 2(ρj − ρ1)− 1 > 3(ρj − ρ1)− 1 > ... > n(ρj − ρ1)− 1, j = 2, n− 1
i ç (16) îòðèìó¹ìî

β(x) =
τρn(1 + o(1))

T1ρ1(ρ1 + 1)

(
x

T1ρ1

) ρn−ρ1−1
ρ1+1

+
n−1∑
j=3

Tjρj
T1ρ1(ρ1 + 1)

(
x

T1ρ1

) ρj−ρ1−1

ρ1+1

, x → +∞.

Òîìó ç (13) i (15) âèïëèâà¹ òâåðäæåííÿ ëåìè 5. �

Âèêîðèñòîâóþ÷è ëåìó 5, çíàéäåìî àñèìòîòè÷íi ôîðìóëè äëÿ Φ(φ(x)) i

xΨ(φ(x)), äå Ψ(σ) = σ − Φ(σ)

Φ′(σ)
.

Ëåìà 6. ßêùî ôóíêöiÿ Φ ∈ Ω(0) òàêà, ùî âèêîíó¹òüñÿ (11), òî ïðè x → +∞
ïðàâèëüíi òàêi àñèìïòîòè÷íi ðiâíîñòi

xΨ(φ(x)) = −T1(ρ1 + 1)

(
x

T1ρ1

) ρ1
ρ1+1

−
n−1∑
j=2

Tj

(
x

T1ρ1

) ρj
ρ1+1

−

− (τ + o(1))

(
x

T1ρ1

) ρn
ρ1+1

(17)

i

Φ(φ(x)) = T1

(
x

T1ρ1

) ρ1
ρ1+1

+
n−1∑
j=2

Tj

(
1− ρj

ρ1 + 1

)(
x

T1ρ1

) ρj
ρ1+1

+

+
(τ + o(1))(ρ1 − ρn + 1)

ρ1 + 1

(
x

T1ρ1

) ρn
ρ1+1

. (18)

Äîâåäåííÿ. Îñêiëüêè xΨ(φ(x)) =

∫ x

x0

φ(t)dt+ const, òî ïðè x → +∞

xΨ(φ(x)) = −
(

1

T1ρ1

)− 1
ρ1+1

∫ x

x0

t−
1

ρ1+1 dt−

−
n−1∑
j=2

ρjTj

ρ1T1(ρ1 + 1)

(
1

T1ρ1

) ρj−ρ1−1

ρ1+1
∫ x

x0

t
ρj−ρ1−1

ρ1+1 dt−

− τρn(1 + o(1))

T1ρ1(ρ1 + 1)

(
1

T1ρ1

) ρn−ρ1−1
ρ1+1

∫ x

x0

t
ρn−ρ1−1

ρ1+1 dt+ const =

= −
(

1

T1ρ1

)− 1
ρ1+1 ρ1 + 1

ρ1
x

ρ1
ρ1+1 −

n−1∑
j=2

ρjTj

ρ1T1(ρ1 + 1)

(
1

T1ρ1

) ρj−ρ1−1

ρ1+1 ρ1 + 1

ρj
x

ρj
ρ1+1−
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− τρn(1 + o(1))

T1ρ1(ρ1 + 1)

(
1

T1ρ1

) ρn−ρ1−1
ρ1+1 ρ1 + 1

ρn
x

ρn
ρ1+1 + const =

= −T1(ρ1 + 1)

(
x

T1ρ1

) ρ1
ρ1+1

−
n−1∑
j=2

Tj

(
x

T1ρ1

) ρj
ρ1+1

− (τ + o(1))

(
x

T1ρ1

) ρn
ρ1+1

,

òîáòî îòðèìó¹ìî àñèìïòîòè÷íó ðiâíiñòü (17).
Âèêîðèñòîâóþ÷è ðiâíiñòü Φ(φ(x)) = xφ(x)−xΨ(φ(x)), îòðèìó¹ìî àñèìïòîòè÷íó

ðiâíiñòü (18).

3. Àñèìïòîòè÷íà ïîâåäiíêà G1(tk, tk+1,Φ) i G2(tk, tk+1,Φ).
Íåõàé 0 < tk ↑ +∞ (k → ∞) ç îçíà÷åííÿ G1(a, b,Φ) i ç îãëÿäó íà (18) îòðèìà-

¹ìî

G1(tk, tk+1,Φ) =
tktk+1

tk+1 − tk

∫ tk+1

tk

Φ(φ(t))

t2
dt =

=
tktk+1

tk+1 − tk

∫ tk+1

tk

(
T1

(
t

T1ρ1

) ρ1
ρ1+1

+
n−1∑
j=2

Tj

(
1− ρj

ρ1 + 1

)(
t

T1ρ1

) ρj
ρ1+1

+

+
(τ + o(1))(ρ1 − ρn + 1)

ρ1 + 1

(
t

T1ρ1

) ρn
ρ1+1

)
dt

t2
=

=
tktk+1

tk+1 − tk

(
T1

(
1

T1ρ1

) ρ1
ρ1+1

∫ tk+1

tk

t
−ρ1−2
ρ1+1 dt+

+

n−1∑
j=2

Tj

(
1− ρj

ρ1 + 1

)(
1

T1ρ1

) ρj
ρ1+1

∫ tk+1

tk

t
ρj−2ρ1−2

ρ1+1 dt+

+
(τ + o(1))(ρ1 − ρn + 1)

ρ1 + 1

(
1

T1ρ1

) ρn
ρ1+1

∫ tk+1

tk

t
ρn−2ρ1−2

ρ1+1 dt

)
=

=
tktk+1

tk+1 − tk

{
T1(ρ1 + 1)

(
1

T1ρ1

) ρ1
ρ1+1

(
t

−1
ρ1+1

k − t
−1

ρ1+1

k+1

)
+

+

n−1∑
j=2

Tj

(
1

T1ρ1

) ρj
ρ1+1

(
t
ρj−ρ1−1

ρ1+1

k − t
ρj−ρ1−1

ρ1+1

k+1

)
+

+ (τ + o(1))

(
1

T1ρ1

) ρn
ρ1+1

(
t
ρn−ρ1−1

ρ1+1

k − t
ρn−ρ1−1

ρ1+1

k+1

)}
, k → ∞.

Ïðèïóñòèìî, ùî tk+1 = tk(1 + θk), äå θk > 0. Òîäi ïðè k → ∞ îäåðæó¹ìî

G1(tk, tk(1 + θk),Φ) =
tk(1 + θk)

θk

(
T1(ρ1 + 1)

(
1

T1ρ1

) ρ1
ρ1+1

t
−1

ρ1+1

k

(
1− (1 + θk)

−1
ρ1+1

)
+

+

n−1∑
j=2

Tj

(
1

T1ρ1

) ρj
ρ1+1

t
ρj−ρ1−1

ρ1+1

k

(
1− (1 + θk)

ρj−ρ1−1

ρ1+1

)
+
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+ (τ + o(1))

(
1

T1ρ1

) ρn
ρ1+1

t
ρn−ρ1−1

ρ1+1

k

(
1− (1 + θk)

ρn−ρ1−1
ρ1+1

))
=

=
(1 + θk)

θk

(
T1(ρ1 + 1)

(
tk

T1ρ1

) ρ1
ρ1+1

(
1− (1 + θk)

−1
ρ1+1

)
+

+

n−1∑
j=2

Tj

(
tk

T1ρ1

) ρj
ρ1+1

(
1− (1 + θk)

ρj−ρ1−1

ρ1+1

)
+

+ (τ + o(1))

(
tk

T1ρ1

) ρn
ρ1+1

(
1− (1 + θk)

ρn−ρ1−1
ρ1+1

))
. (19)

�

Çâiäñè ëåãêî âèïëèâàþòü äâi ëåìè.

Ëåìà 7. ßêùî iñíó¹ çðîñòàþ÷à ïîñëiäîâíiñòü (kj) íàòóðàëüíèõ ÷èñåë òàêà, ùî
θkj → +∞ ïðè j → ∞, òî äëÿ öi¹¨ ïîñëiäîâíîñòi ïðè j → ∞

G1(tkj , tkj (1 + θkj ),Φ) = (1 + o(1))T1(ρ1 + 1)

(
tkj

T1ρ1

) ρ1
ρ1+1

.

Ëåìà 8. ßêùî iñíó¹ çðîñòàþ÷à ïîñëiäîâíiñòü (kj) íàòóðàëüíèõ ÷èñåë òàêà, ùî
θkj

→ θ ∈ (0,+∞) ïðè j → ∞, òî äëÿ öi¹¨ ïîñëiäîâíîñòi ïðè j → ∞

G1(tkj , tkj (1 + θkj ),Φ) = (1 + o(1))T1(ρ1 + 1)

(
tkj

T1ρ1

) ρ1
ρ1+1 1 + θ

θ

(
1− (1 + θ)−

1
ρ1+1

)
.

Ïðèïóñòèìî òåïåð, ùî θk → 0 (k → ∞). Òîäi ç îãëÿäó íà (19)

G1(tkj , tkj (1 + θkj ),Φ) = T1(ρ1 + 1)

(
tk

T1ρ1

) ρ1
ρ1+1 1 + θk

θk
×

×
(
1−

(
1− θk

ρ1 + 1
+

(ρ1 + 2)θ2k
2(ρ1 + 1)2

− (ρ1 + 2)(2ρ1 + 3)θ3k
6(ρ1 + 1)3

+O(θ4k)

))
+

+

n−1∑
j=2

Tj

(
tk

T1ρ1

) ρj
ρ1+1 1 + θk

θk
×

(
1−

(
1 +

(ρj − ρ1 − 1)θk
ρ1 + 1

+
(ρj − 2ρ1 − 2)(ρj − ρ1 − 1)θ2k

2(ρ1 + 1)2
+O(θ3k)

))
+

+ (τ + o(1))

(
tk

T1ρ1

) ρn
ρ1+1 1 + θk

θk

(
1−

(
1 +

(ρn − ρ1 − 1)θk
ρ1 + 1

+O(θ2k)

)))
=

= T1

(
tk

T1ρ1

) ρ1
ρ1+1

(1 + θk)

(
1− (ρ1 + 2)θk

2(ρ1 + 1)
− (ρ1 + 2)(2ρ1 + 3)θ2k

6(ρ1 + 1)2
+O(θ3k)

)
−

−
n−1∑
j=2

(
Tj

(
tk

T1ρ1

) ρj
ρ1+1

(1 + θk)

(
ρj − ρ1 − 1

ρ1 + 1
+
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+
(ρj − 2ρ1 − 2)(ρj − ρ1 − 1)θk

2(ρ1 + 1)2
+O(θ2k)

))
−

− (τ + o(1))(ρn − ρ1 − 1)

ρ1 + 1

(
tk

T1ρ1

) ρn
ρ1+1

, k → ∞.

Çâiäñè âèïëèâà¹ òàêà ëåìà.

Ëåìà 9. Íåõàé ôóíêöiÿ Φ ∈ Ω(0) òàêà, ùî âèêîíó¹òüñÿ (11), à θk → 0 (k → ∞).
Òîäi ïðè k → ∞

G1(tk, tk(1 + θk),Φ) = T1

(
tk

T1ρ1

) ρ1
ρ1+1

+
T1ρ1θk

2(ρ1 + 1)

(
tk

T1ρ1

) ρ1
ρ1+1

−

− T1ρ1(ρ1 + 2)

6(ρ1 + 1)2
θ2k

(
tk

T1ρ1

) ρ1
ρ1+1

+
n−1∑
j=2

Tj(ρ1 + 1− ρj)

ρ1 + 1

(
tk

T1ρ1

) ρj
ρ1+1

+

+

n−1∑
j=2

Tjρj(ρ1 + 1− ρj)

2(ρ1 + 1)2

(
tk

T1ρ1

) ρj
ρ1+1

θk +
(τ + o(1))(ρ1 + 1− ρn)

ρ1 + 1

(
tk

T1ρ1

) ρn
ρ1+1

+

+O(t
ρ1

ρ1+1

k θ3k) +O(t
ρ2

ρ1+1

k θ2k).

Äëÿ òîãî, ùîá îòðèìàòè àñèìïòîòè÷íå ïîâîäæåííÿ âåëè÷èíè G2(tk, tk+1,Φ) äî-
ñëiäèìî ñïî÷àòêó ïîâîäæåííÿ âåëè÷èíè

κ(tk, tk+1,Φ) =
1

tk+1 − tk

∫ tk+1

tk

φ(t)dt. (20)

ßê âèäíî ç äîâåäåííÿ ðiâíîñòi (17), îäåðæèìî

|κ(tk, tk+1,Φ)| =
ρ1 + 1

ρ1
(T1ρ1)

1
ρ1+1

t
ρ1

ρ1+1

k+1 − t
ρ1

ρ1+1

k

(tk+1 − tk)
+

+
n−1∑
j=2

Tj

(T1ρ1)
ρj

ρ1+1

t
ρj

ρ1+1

k+1 − t
ρj

ρ1+1

k

(tk+1 − tk)
+

(τ + o(1))

(T1ρ1)
ρn

ρ1+1

t
ρn

ρ1+1

k+1 − t
ρn

ρ1+1

k

(tk+1 − tk)
.

ßêùî tk+1 = tk(1 + θk), äå θk > 0, òî ïðè k → ∞ îòðèìó¹ìî

|κ(tk, tk(1 + θk),Φ)| =
ρ1 + 1

ρ1

(
tk

T1ρ1

)− 1
ρ1+1 ((1 + θk)

ρ1
ρ1+1 − 1)

θk
+

+
n−1∑
j=2

Tj

T1ρ1

(
tk

T1ρ1

) ρj−ρ1−1

ρ1+1 ((1 + θk)
ρj

ρ1+1 − 1)

θk
+

+
(τ + o(1))

T1ρ1

(
tk

T1ρ1

) ρn−ρ1−1
ρ1+1 ((1 + θk)

ρn
ρ1+1 − 1)

θk
. (21)
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Ïðèïóñòèìî, ùî iñíó¹ çðîñòàþ÷à ïîñëiäîâíiñòü (kj) íàòóðàëüíèõ ÷èñåë òàêà, ùî
θkj → +∞ (j → ∞). Äëÿ öi¹¨ ïîñëiäîâíîñòi ç îãëÿäó íà (21) ïðè j → ∞ îäåðæèìî

|κ(tkj , tkj (1 + θkj ),Φ)| =
ρ1 + 1

ρ1

(
tkj

T1ρ1

)− 1
ρ1+1

θ
− 1

ρ1+1

kj
(1 + o(1)),

îñêiëüêè

G2(tk, tk+1,Φ) = Φ(κ(tk, tk+1,Φ)) =
T1(1 + o(1))

|κ(tk, tk+1,Φ)|ρ1
, k → ∞,

òî çâiäñè ëåãêî îòðèìó¹ìî òàêó ëåìó.

Ëåìà 10. ßêùî iñíó¹ çðîñòàþ÷à ïîñëiäîâíiñòü (kj) íàòóðàëüíèõ ÷èñåë òàêà, ùî
θkj → +∞ ïðè j → ∞, òî äëÿ öi¹¨ ïîñëiäîâíîñòi

G2(tkj , tkj (1 + θkj ),Φ) = (1 + o(1))T1

(
ρ1

ρ1 + 1

)ρ1
(

tkj

T1ρ1

) ρ1
ρ1+1

θ
ρ1

ρ1+1

kj
(j → ∞).

Ïîäiáíî äîâîäèòüñÿ òàêà ëåìà.

Ëåìà 11. ßêùî iñíó¹ çðîñòàþ÷à ïîñëiäîâíiñòü (kj) íàòóðàëüíèõ ÷èñåë òàêà, ùî
θkj → θ ∈ (0,+∞) ïðè j → ∞, òî äëÿ öi¹¨ ïîñëiäîâíîñòi ïðè j → ∞

G2(tkj , tkj (1 + θkj ),Φ) =

= (1 + o(1))T1

(
ρ1

ρ1 + 1

)ρ1
(

tkj

T1ρ1

) ρ1
ρ1+1

(
((1 + θ)

ρ1
ρ1+1 − 1)

θ

)−ρ1

.

Ïðèïóñòèìî òåïåð, ùî θk → 0 (k → ∞). Òîäi ç îãëÿäó íà (19) îòðèìà¹ìî

|κ(tk, tk(1 + θk),Φ)| =
ρ1 + 1

ρ1θk

(
tk

T1ρ1

)− 1
ρ1+1

(
1 +

ρ1
ρ1 + 1

θk − ρ1θ
2
k

2(ρ1 + 1)2
+

+
ρ1(ρ1 + 2)θ3k
6(ρ1 + 1)3

+O(θ4k)− 1

)
+

n−1∑
j=2

Tj

T1ρ1θk

(
tk

T1ρ1

) ρj−ρ1−1

ρ1+1
(
1 +

ρj
ρ1 + 1

θk−

− ρj(ρ1 + 1− ρj)θ
2
k

2(ρ1 + 1)2
+O(θ3k)− 1

)
+

(τ + o(1))

T1ρ1θk

(
tk

T1ρ1

) ρn−ρ1−1
ρ1+1

×

×
(
1 +

ρn
ρ1 + 1

θk +O(θ2k)− 1

)
=

(
tk

T1ρ1

)− 1
ρ1+1

−

− θk
2(ρ1 + 1)

(
tk

T1ρ1

)− 1
ρ1+1

+
(ρ1 + 2)θ2k
6(ρ1 + 1)2

(
tk

T1ρ1

)− 1
ρ1+1

+O(θ3kt
− 1

ρ1+1

k )+

+

n−1∑
j=2

Tjρj
T1ρ1(ρ1 + 1)

(
tk

T1ρ1

) ρj−ρ1−1

ρ1+1

−
n−1∑
j=2

Tjρj(ρ1 + 1− ρj)θk
2T1ρ1(ρ1 + 1)2

(
tk

T1ρ1

) ρj−ρ1−1

ρ1+1

+

+O(θ2kt
ρ2−ρ1−1

ρ1+1

k )

)
+

ρn(τ + o(1))

T1ρ1(ρ1 + 1)

(
tk

T1ρ1

) ρn−ρ1−1
ρ1+1

=

(
tk

T1ρ1

)− 1
ρ1+1

(
1− θk

2(ρ1 + 1)
+
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+
(ρ1 + 2)θ2k
6(ρ1 + 1)2

+

n−1∑
j=2

Tjρj
T1ρ1(ρ1 + 1)

(
tk

T1ρ1

) ρj−ρ1
ρ1+1

−

−
n−1∑
j=2

Tjρj(ρ1 + 1− ρj)θk
2T1ρ1(ρ1 + 1)2

(
tk

T1ρ1

) ρj−ρ1
ρ1+1

+
ρn(τ + o(1))

T1ρ1(ρ1 + 1)

(
tk

T1ρ1

) ρn−ρ1
ρ1+1

+

+O(θ3k) +O(θ2kt
ρ2−ρ1
ρ1+1

k )

)
, k → ∞. (22)

×åðåç B(tk, θk) ïîçíà÷èìî òàêó âåëè÷èíó:

B(tk, θk) = − θk
2(ρ1 + 1)

+
(ρ1 + 2)θ2k
6(ρ1 + 1)2

+

n−1∑
j=2

Tjρj
T1ρ1(ρ1 + 1)

(
tk

T1ρ1

) ρj−ρ1
ρ1+1

−

−
n−1∑
j=2

Tjρj(ρ1 + 1− ρj)θk
2T1ρ1(ρ1 + 1)2

(
tk

T1ρ1

) ρj−ρ1
ρ1+1

+
ρn(τ + o(1))

T1ρ1(ρ1 + 1)

(
tk

T1ρ1

) ρn−ρ1
ρ1+1

.

Òîìó ïðè k → ∞

|κ(tk, tk(1 + θk),Φ)| =

(
tk

T1ρ1

)− 1
ρ1+1

(
1 + B(tk, θk) + O(θ3k) + O(θ2kt

ρ2−ρ1
ρ1+1

k )

)
.

Îñêiëüêè B(tk, θk) → 0 (k → ∞), òî äëÿ p > 0 ç (22) îòðèìó¹ìî

1

|κ(tk, tk(1 + θk),Φ)|p
=

(
tk

T1ρ1

) p
ρ1+1

{
1 +B(tk, θk) +O(θ3k) +O(θ2kt

ρ2−ρ1
ρ1+1

k )

}−p

=

=

(
tk

T1ρ1

) p
ρ1+1

{
1− pB(tk, θk) +

p(p+ 1)

2
B2(tk, θk) +O

(
B3(tk, θk)

)
+O(θ3k)+

+O(θ2kt
ρ2−ρ1
ρ1+1

k )

}
=

(
tk

T1ρ1

) p
ρ1+1

{
1 +

pθk
2(ρ1 + 1)

− p(ρ1 + 2)θ2k
6(ρ1 + 1)2

−

−
n−1∑
j=2

pTjρj
T1ρ1(ρ1 + 1)

(
tk

T1ρ1

) ρj−ρ1
ρ1+1

+
n−1∑
j=2

pTjρj(ρ1 + 1− ρj)θk
2T1ρ1(ρ1 + 1)2

(
tk

T1ρ1

) ρj−ρ1
ρ1+1

−

− pρn(τ + o(1))

T1ρ1(ρ1 + 1)

(
tk

T1ρ1

) ρn−ρ1
ρ1+1

+
p(p+ 1)

2

θ2k
4(ρ1 + 1)2

+O(θ2kt
ρ2−ρ1
ρ1+1

k ) +O(θ3k)+

+O(θkt
2(ρ2−ρ1)

ρ1+1

k )

}
, k → ∞,

à îñêiëüêè

G2(tk, tk+1,Φ) = Φ(κ(tk, tk+1,Φ)) =

=
T1

|κ(tk, tk+1,Φ)|ρ1
+

n−1∑
j=2

Tj

|κ(tk, tk+1,Φ)|ρj
+

τ

|κ(tk, tk+1,Φ)|ρn
(k > k0),

òî çâiäñè îäåðæó¹ìî
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G2(tk, tk(1 + θk),Φ) = T1

(
tk

T1ρ1

) ρ1
ρ1+1

+
n−1∑
j=2

Tj

(
tk

T1ρ1

) ρj
ρ1+1

+ τ

(
tk

T1ρ1

) ρ
ρ1+1

−

−
n−1∑
j=2

Tjρj
(ρ1 + 1)

(
tk

T1ρ1

) ρj
ρ1+1

+
T1ρ1θk

2(ρ1 + 1)

(
tk

T1ρ1

) ρ1
ρ1+1

+

+

n−1∑
j=2

Tjρj(ρ1 + 1− ρj)θk
2(ρ1 + 1)2

(
tk

T1ρ1

) ρj
ρ1+1

− T1ρ1(ρ1 + 2)θ2k
6(ρ1 + 1)2

(
tk

T1ρ1

) ρ1
ρ1+1

+

+
T1ρ1θ

2
k

8(ρ1 + 1)

(
tk

T1ρ1

) ρ1
ρ1+1

+
τρn

2(ρ1 + 1)

(
tk

T1ρ1

) ρn
ρ1+1

+O(t
ρ1

ρ1+1

k θ3k)+

+O(t
ρ2

ρ1+1

k θ2k), k → ∞.

Îòæå, äîâåäåìî òàêèé àíàëîã ëåìè 9.

Ëåìà 12. Íåõàé ôóíêöiÿ Φ ∈ Ω(0) òàêà, ùî âèêîíó¹òüñÿ (11), à θk → 0 (k → ∞).
Òîäi

G2(tk, tk(1 + θk),Φ) = T1

(
tk

T1ρ1

) ρ1
ρ1+1

+
T1ρ1θk

2(ρ1 + 1)

(
tk

T1ρ1

) ρ1
ρ1+1

−

− T1ρ1(ρ1 + 5)

24(ρ1 + 1)2
θ2k

(
tk

T1ρ1

) ρ1
ρ1+1

+

n−1∑
j=2

Tj(ρ1 + 1− ρj)

ρ1 + 1

(
tk

T1ρ1

) ρj
ρ1+1

+

+
n−1∑
j=2

Tjρj(ρ1 + 1− ρj)

2(ρ1 + 1)2

(
tk

T1ρ1

) ρj
ρ1+1

θk+

+
(ρ1 + 1− ρn)(τ + o(1))

ρ1 + 1

(
x

T1ρ1

) ρn
ρ1+1

+O(t
ρ1

ρ1+1

k θ3k) +O(t
ρ2

ρ1+1

k θ2k), k → ∞,

Ç ëåì 9 i 12 îòðèìó¹ìî òàêó ëåìó.

Ëåìà 13. Íåõàé ôóíêöiÿ Φ ∈ Ω(0) òàêà, ùî âèêîíó¹òüñÿ (11), à θk → 0 (k →
∞).Òîäi

G2(tk, tk(1 + θk),Φ)−G1(tk, tk(1 + θk),Φ) =
T1ρ1

8(ρ1 + 1)

(
tk

T1ρ1

) ρ1
ρ1+1

θ2k+

+O(θ2kt
ρ2

ρ1+1

k ) +O(θ3kt
ρ1

ρ1+1

k ) + o

(
t

ρn
ρ1+1

k

)
, k → ∞,

Âèêîðèñòîâóþ÷è ëåìè 7 � 13, äîâåäåìî ùå òàêó ëåìó.

Ëåìà 14. Íåõàé

Φ1(σ) =
T1

|σ|ρ1
+

n−1∑
j=2

Tj

|σ|ρj
+

τ − ε

|σ|ρn
, σ0 6 σ < 0,

Φ2(σ) =
T1

|σ|ρ1
+

n−1∑
j=2

Tj

|σ|ρj
+

τ + ε

|σ|ρn
, σ0 6 σ < 0.
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Ïðèïóñòèìî, ùî tk+1 = (1 + θk)tk i äëÿ âñiõ k > k0

G1(tk, tk+1,Φ2) > Φ1(κ(tk, tk+1,Φ2)). (23)

Òîäi θk → 0 i

θ2k 6 16(ρ1 + 1)

T1ρ1
(ε+ o(1))

(
tk

T1ρ1

) ρn−ρ1
ρ1+1

+ o

(
t
ρn−ρ1
ρ1+1

k

)
, k → ∞.

Äîâåäåííÿ. Îñêiëüêè Φ1(σ) = Φ2(σ)−
2ε

|σ|ρn
, Φ1(κ(tk, tk+1,Φ2)) =

= G2(tk, tk+1,Φ2), òî ç (23) îòðèìà¹ìî

G1(tk, tk+1,Φ2) > G2(tk, tk+1,Φ2)−
2ε

|κ(tk, tk+1,Φ2)|ρn
. (24)

Ïðèïóñòèìî, ùî lim
k→∞

θk = +∞. Òîäi iñíó¹ çðîñòàþ÷à ïîñëiäîâíiñòü (kj) íàòó-

ðàëüíèõ ÷èñåë òàêà, ùî θkj → ∞ (j → ∞), à äëÿ öi¹¨ ïîñëiäîâíîñòi çà ëåìàìè 7 i 10

i ç òîãî, ùî |κ(tk, tk+1,Φ2)|ρn = (1+ o(1))

(
ρ1+1
ρ1

)ρn

·
(

tk
T1ρ1

)− ρn
ρ1+1

· θ
− ρn

ρ1+1

k (k → ∞)

îäåðæèìî

T1(ρ1 + 1)

(
tkj

T1ρ1

) ρ1
ρ1+1

> (1 + o(1))T1

(
ρ1

ρ1 + 1

)ρ1
(

tkj

T1ρ1

) ρ1
ρ1+1

θ
ρ1

ρ1+1

kj
, j → ∞,

ùî íåìîæëèâî.
ßêùî lim

k→∞
θk = θ ∈ (0,+∞), òî iñíó¹ çðîñòàþ÷à ïîñëiäîâíiñòü (kj) íàòóðàëü-

íèõ ÷èñåë òàêà, ùî θkj → θ(j → ∞), à äëÿ öi¹¨ ïîñëiäîâíîñòi ç îãëÿäó íà ëå-

ìè 8 i 11 i àñèìïòîòèêó |κ(tk, tk+1,Φ2)|ρn = (1 + o(1))

(
ρ1+1
ρ1

)ρn

·
(

tk
T1ρ1

)− ρn
ρ1+1

·(
(1+θ)

ρ1
ρ1+1 −1
θ

)ρn

(k → ∞) ïðàâèëüíà àñèìïòîòè÷íà íåðiâíiñòü

T1(ρ1 + 1)

(
tkj

T1ρ1

) ρ1
ρ1+1 1 + θ

θ

(
1− (1 + θ)−

1
ρ1+1

)
>

(1 + o(1))T1

(
ρ1

ρ1 + 1

)ρ1
(

tkj

T1ρ1

) ρ1
ρ1+1

(
θ

(1 + θ)
ρ1

ρ1+1 − 1

)ρ1

, j → ∞,

çâiäêè âèïëèâà¹, ùî

(ρ1 + 1)
1 + θ

θ

(
1− (1 + θ)−

1
ρ1+1

)
>

(
ρ1

ρ1 + 1

)ρ1
(

θ

(1 + θ)
ρ1

ρ1+1 − 1

)ρ1

.

Ïîäiáíî, âèêîðèñòîâóþ÷è íåðiâíiñòü G1(tk, tk+1,Φ2) < G2(tk, tk+1,Φ2) i ëåìè 7
òà 10, îòðèìà¹ìî ïðîòèëåæíó íåðiâíiñòü. Òîìó θ çàäîâîëüíÿ¹ ðiâíÿííÿ

(1 + θ)
ρ1

ρ1+1

θρ1+1

(
(1 + θ)

1
ρ1+1 − 1

)(
(1 + θ)

ρ1
ρ1+1 − 1

)ρ1

=
ρρ1

1

(ρ1 + 1)ρ1+1
. (25)

Ëåãêî ïåðåâiðèòè, ùî θ = 0 ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (25) i ÿê çàçíà÷åíî â [6] öå
ðiâíÿííÿ íå ìà¹ äîäàòíèõ êîðåíiâ.
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Îòæå, θk → 0 (k → ∞) îòðèìó¹ìî, ùî |κ(tk, tk+1,Φ2)|ρn = (1+o(1))

(
tk

T1ρ1

)− ρn
ρ1+1

(k → ∞), à ó öüîìó âèïàäêó ç îãëÿäó íà (24)

T1ρ1
8(ρ1 + 1)

(
tk

T1ρ1

) ρ1
ρ1+1

θ2k 6 2ε

|κ(tk, tk+1,Φ2)|ρn
+O

(
θ2kt

ρ2
ρ1+1

k

)
+

+O

(
θ3kt

ρ1
ρ1+1

k

)
+ o

(
t

ρn
ρ1+1

k

)
ïðè k → ∞. Òîìó

T1ρ1θ
2
k

8(ρ1 + 1)
6 2ε

(
tk

T1ρ1

) ρn−ρ1
ρ1+1

+O

(
θ2kt

ρ2
ρ1+1

k

)
+

+O

(
θ3kt

ρ1
ρ1+1

k

)
+ o

(
t
ρn−ρ1
ρ1+1

k

)
(k → ∞),

çâiäêè âèïëèâà¹ òâåðäæåííÿ ëåìè 14. �

4. Äîâåäåííÿ òåîðåìè 1. Ïî÷íåìî ç íåîáõiäíîñòi. Ç (2) âèïëèâà¹, ùî äëÿ
êîæíîãî ε ∈ (0, |τ |) i âñiõ σ ∈ [σ0(ε), 0) îòðèìà¹ìî

T1

|σ|ρ1
+

n−1∑
j=2

Tj

|σ|ρj
+

(τ − ε)

|σ|ρn
6 lnµ(σ, F ) 6 T1

|σ|ρ1
+

n−1∑
j=2

Tj

|σ|ρj
+

(τ + ε)

|σ|ρn
,

òîáòî âèêîíó¹òüñÿ óìîâà (6) ëåìè 3 ç

Φ1(σ) =
T1

|σ|ρ1
+

n−1∑
j=2

Tj

|σ|ρj
+

(τ − ε)

|σ|ρn
, Φ2(σ) =

T1

|σ|ρ1
+

n−1∑
j=2

Tj

|σ|ρj
+

(τ + ε)

|σ|ρn
.

Çà öi¹þ ëåìîþ ïðàâèëüíi íåðiâíîñòi (6)�(8). Àëå çà ëåìîþ 6

λnΨ2(φ2(λn)) = −T1(ρ1 + 1)

(
λn

T1ρ1

) ρ1
ρ1+1

−
n−1∑
j=2

Tj

(
λn

T1ρ1

) ρj
ρ1+1

−

− (τ + ε+ o(1))

(
λn

T1ρ1

) ρn
ρ1+1

, n → ∞,

λnk
Ψ1(φ1(λnk

)) = −T1(ρ1 + 1)

(
λnk

T1ρ1

) ρ1
ρ1+1

−
n−1∑
j=2

Tj

(
λnk

T1ρ1

) ρj
ρ1+1

−

− (τ − ε+ o(1))

(
λnk

T1ρ1

) ρn
ρ1+1

, k → ∞,

à çà ëåìîþ 14 ç íåðiâíîñòi (5) âèïëèâà¹(
λnk+1

− λnk

λnk

)2

= θ2k 6 16(ρ1 + 1)

T1ρ1
(ε+ o(1))

(
λnk

T1ρ1

) ρn−ρ1
ρ1+1

, k → ∞,
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òîáòî

λnk+1
− λnk

6 4
√
ρ1 + 1(

√
ε+ o(1))(T1ρ1)

−ρn−1
2(ρ1+1)λ

ρn+ρ1+2

2(ρ1+1)
nk , k → ∞.

Çàâäÿêè äîâiëüíîñòi ε ç öèõ ñïiââiäíîøåíü âèïëèâàþòü ñïiââiäíîøåííÿ (3) � (5).
Äîâåäåìî äîñòàòíiñòü óìîâ (3) � (5). Âèêîðèñòîâóþ÷è ëåìó 1 i ëåìó 6, íåâàæêî

äîâåñòè, ùî ç îãëÿäó íà äîâiëüíiñòü ε ç óìîâè (3) âèïëèâà¹ àñèìïòîòè÷íà íåðiâíiñòü

lnµ(σ) 6 T1

|σ|ρ1
+

n−1∑
j=2

Tj

|σ|ρj
+

(τ + o(1))

|σ|ρn
, σ ↑ 0. (26)

Äàëi çà ëåìîþ 4 i ëåìîþ 13 ç íåðiâíîñòi (4) äëÿ âñiõ σ ∈ [φ1(λnk
), φ1(λnk+1

)] i âñiõ
k > k0 îòðèìà¹ìî

lnµ(σ) > Φ1(σ)− (G2(λnk
, λnk+1

,Φ)−G1(λnk
, λnk+1

,Φ)) = Φ1(σ)−

− T1ρ1
8(ρ1 + 1)

(
λnk

T1ρ1

) ρ1
ρ1+1

θ2k +O(θ2kλ
ρ2

ρ1+1
nk ) +O(θ3kλ

ρ1
ρ1+1
nk ) + o(λ

ρn
ρ1+1
nk ), k → ∞,

äå ç îãëÿäó íà óìîâó (5)

θk =
λnk+1

− λnk

λnk

= o

(
λ

ρn−ρ1
2(ρ1+1)
nk

)
, k → ∞.

Îñêiëüêè φ1(λnk
) 6 σ 6 φ1(λnk+1

), òî λnk
6 Φ′

1(σ) 6 λnk+1
i ç (5) ìàòèìåìî

lnµ(σ) > Φ1(σ) + o((Φ′
1(σ))

ρn
ρ1+1 ) = Φ1(σ) + o

(
1

|σ|ρ1+1

) ρn
ρ1+1

) =

= Φ1(σ) + o

(
1

|σ|ρn

)
, σ ↑ 0,

çâiäêè, çàâäÿêè äîâiëüíîñòi δ , îòðèìó¹ìî àñèìïòîòè÷íó íåðiâíiñòü

lnµ(σ) > T1

|σ|ρ1
+

n−1∑
j=2

Tj

|σ|ρj
+

(τ + o(1))

|σ|ρn
, σ ↑ 0. (27)

Ç (26) i (27) âèïëèâà¹ (2). Òåîðåìó 1 äîâåäåíî.

Çàóâàæåííÿ 1. Óìîâà
ρ1 + ρn

2
> ρ2 ó òåîðåìi 1 ¹ iñòîòíîþ. Äëÿ âèïàäêó n = 3 öå

äîâåäåíî â [7].
Çàóâàæåííÿ 2. Â [8] äîâåäåíî, ùî äëÿ òîãî, ùîá äëÿ êîæíîãî àáñîëþòíî çáiæíîãî
ó ïiâïëîùèíi {s : Res < 0} ðÿäó Äiðiõëå (1) çi çàäàíîþ ïîñëiäîâíiñòþ ïîêàçíèêiâ
(λn) ñïiââiäíîøåííÿ (2) áóëî ðiâíîñèëüíå ñïiââiäíîøåííþ

ln M(σ, F ) =
T1

|σ|ϱ1
+

m∑
j=2

Tj

|σ|ϱj
+

(1 + o(1))τ

|σ|ϱn
, σ ↑ 0, (28)

íåîáõiäíî i äîñòàòíüî, ùîá lnn = o(λ
ρn

ρ1+1
n ) ïðè n → ∞. Îá'¹äíóþ÷è öåé ðåçóëüòàò ç

òåîðåìîþ 1, îòðèìó¹ìî òàêå òâåðäæåííÿ.
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Íàñëiäîê 1. Íåõàé
ρ1 + ρn

2
> ρ2, à lnn = o(λ

ρn
ρ1+1
n ) ïðè n → ∞. Òîäi äëÿ òîãî, ùîá

ïðàâèëüíèì áóëî ñïiââiäíîøåííÿ (28), íåîáõiäíî i äîñòàòíüî, ùîá äëÿ áóäü-ÿêîãî
ε > 0 âèêîíóâàëèñü óìîâè 1) i 2) òåîðåìè 1.
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MANY-TERM POWER ASYMPTOTICS FOR LOGARITHM OF

THE MAXIMAL TERM OF A DIRICHLET SERIES ABSOLUTE

CONVERGENT IN THE HALFPLANE
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Ivan Franko National University of Lviv,

Universytetska str., 1, Lviv, 79000

e-mail: vovylka@list.ru, m−m−sheremeta@list.ru

We have found conditions on exponents and coe�cients of Dirichlet series
with null abscissa of absolute convergence, under which for logarithm of the
maximal term the asymptotic equality lnµ(σ) = T1|σ|−ρ1 +

∑n−1
j=2 Tj |σ|−ρj +

(τ + o(1))|σ|−ρn , σ ↑ 0, where T1 > 0 Tj ∈ R \ {0}, j = 2, n− 1, τ ∈
R \ {0}, 0 < ρn < ... < ρ2 < ρ1 and

ρ1 + ρn
2

> ρ2 is true.

Key words: Dirichlet series, maximal term, many-term asymptotics.
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ÏÐÎ ÎÁÌÅÆÅÍIÑÒÜ l-IÍÄÅÊÑÓ ÂÈÐÎÄÆÅÍÎ�
ÃIÏÅÐÃÅÎÌÅÒÐÈ×ÍÎ� ÔÓÍÊÖI�

Þðié ÒÐÓÕÀÍ, Ìèðîñëàâ ØÅÐÅÌÅÒÀ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ, 79000

e-mail: yurik93@mail.ru, m m sheremeta@list.ru

Äîñëiäæåíî îáìåæåíiñòü l-iíäåêñó âèðîäæåíî¨ ãiïåðãåîìåòðè÷íî¨ ôóíê-
öi¨.

Êëþ÷îâi ñëîâà: öiëà ôóíêöiÿ, îáìåæåíiñòü l-iíäåêñó, âèðîäæåíà ãiïåð-
ãåîìåòðè÷íà ôóíêöiÿ.

Íåõàé

f(z) =

∞∑
n=0

fnz
n (1)

� öiëà ôóíêöiÿ, à l � äîäàòíà íåïåðåðâíà íà [0, +∞) ôóíêöiÿ. Ôóíêöiÿ f íàçèâà¹-
òüñÿ ôóíêöi¹þ îáìåæåíîãî l-iíäåêñó [1], ÿêùî iñíó¹ N ∈ Z+ òàêå, ùî äëÿ âñiõ n ∈ Z+

i z ∈ C
|f (n)(z)|
n!ln(|z|)

≤ max

{
|f (k)(z)|
k!lk(|z|)

: 0 6 k 6 N

}
. (2)

Íàéìåíøå ç òàêèõ ÷èñåë N íàçèâà¹òüñÿ l-iíäåêñîì ôóíêöi¨ f i ïîçíà÷à¹òüñÿ ÷åðåç
N(f, l).

Äëÿ G ⊂ C íåõàé N(f, l;G) � l-iíäåêñ ôóíêöi¨ f â G, òîáòî íàéìåíøå ç òàêèõ
÷èñåë N ∈ Z+, ùî (2) âèêîíó¹òüñÿ äëÿ âñiõ n ∈ Z+ i z ∈ G.

Âèðîäæåíîþ ãiïåðãåîìåòðè÷íîþ ôóíêöi¹þ íàçèâà¹òüñÿ [2] ôóíêöiÿ

F (z) = F (α, γ; z) = 1 +
∞∑
k=1

k−1∏
j=0

j + α

j + γ

 zk

k!
, γ ̸= 0, −1 − 2, . . . . (3)

Â [3] äîâåäåíî òàêå: ÿêùî ïàðàìåòðè ôóíêöi¨ (3) çàäîâîëüíÿþòü óìîâó 0 < α ≤
≤ γ, òî äëÿ êîæíî¨ ïîõiäíî¨ F (n), n ≥ 0 ïðàâèëüíà íåðiâíiñòü N(F (n), ln) ≤ 1, äå
ln(r) ≡ 4max{

√
e/(2 −

√
e), γ + n + 1}. Âèíèêà¹ ïðèðîäíå çàïèòàííÿ, ÿêèì áóäå

l-iíäåêñ ôóíêöi¨ (3) ó âèïàäêó, êîëè 0 < γ ≤ α.

c⃝ Òðóõàí Þ., Øåðåìåòà Ì., 2015
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Ùîá âiäïîâiñòè íà öå ïèòàííÿ, ìè âèêîðèñòà¹ìî òó îáñòàâèíó, ùî âèðîäæåíà
ãiïåðãåîìåòðè÷íà ôóíêöiÿ ¹ [2] ðîçâ'ÿçêîì äèôåðåíöiàëüíãî ðiâíÿííÿ

zw′′ + (γ − z)w′ − αw = 0, (4)

i äîâåäåíó â [3] ëåìó.

Ëåìà 1. ßêùî ôóíêöiÿ (1) àíàëiòè÷íà â DR = {z : |z| ≤ R}, f0 = 1 i
∞∑

n=1

|fn|Rn ≤ a(R) < 1, (5)

òî N(f, l; DR) ≤ 1 ç l(|z|) = 1 + a(R)

(1− a(R))(R− |z|)
.

ßêùî z ∈ DξR, 0 < ξ < 1, òî R − |z| ≥ (1 − ξ)R i ç ëåìè 1 âèïëèâà¹, ùî

N(f, l; DξR) ≤ 1 ç l(|z|) ≡ 1 + a(R)

(1− ξ)R(1− a(R))
, áî ÿêùî N(f, l∗, G) ≤ N i l∗(r) ≤ l∗(r),

òî íåâàæêî äîâåñòè [1], ùî N(f, l∗, G) ≤ N . Òîìó ïðàâèëüíà òàêà ëåìà.

Ëåìà 2. ßêùî ôóíêöiÿ (1) öiëà i f0 = 1, òî äëÿ êîæíèõ ξ ∈ (0, 1) i R ∈ (0, +∞)

çà óìîâè (5) ïðàâèëüíà íåðiâíiñòü N(f, l; DξR) ≤ 1 ç l(|z|) ≡ 1 + a(R)

(1− ξ)R(1− a(R))
.

Çà óìîâè 0 < γ ≤ α îòðèìà¹ìî
j + α

j + γ
≤ α

γ
äëÿ âñiõ j ≥ 0. Òîìó äëÿ êîåôiöi¹íòiâ

fk ôóíêöi¨ (3) ïðàâèëüíà îöiíêà |fk| ≤ 1

k!

(
α

γ

)k

äëÿ âñiõ k ≥ 1, i îòæå, ÿêùî

R =
γη

α
, äå η ∈ (0, ln 2), òî

∞∑
k=1

|fk|Rk ≤
∞∑
k=1

ηk

k!
= eη − 1 = a(R) < 1. ßêùî òåïåð

|z| ≤ ξR = ξ
γη

α
, äå ξ ∈ (0, 1), òî çâiäñè çà ëåìîþ 2 îòðèìó¹ìî òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 1. ßêùî ïàðàìåòðè âèðîäæåíî¨ ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨ çàäî-
âîëüíÿþòü óìîâó 0 < γ ≤ α, òî äëÿ êîæíèõ η ∈ (0, ln 2) i ξ ∈ (0, 1) ïðàâèëüíà
íåðiâíiñòü N(F, l; Dξγη/α) ≤ 1 ç

l(|z|) ≡ αeη

(2− eη)(1− ξ)γη
. (6)

Ïîçíà÷èìî

L = L(α, γ, ξ, η) = max

{
1 +

α

ξη
,
2α

ξηγ

}
.

Äîâåäåìî òåïåð, ùî ôóíêöiÿ F â C \Dξγη/α ¹ îáìåæåíîãî l-iíäåêñó ç l(|z|) ≡ L. Äëÿ
öüîãî ñïî÷àòêó çàóâàæèìî, ùî äëÿ âñiõ m ≥ 0

1 + (m+ γ)α/(ξγη)

(m+ 2)
≤ 1

2
L. (7)

Ñïðàâäi, ôóíêöiÿ ó ëiâié ÷àñòèíi íåðiâíîñòi (7) ñïàäà¹ çà çìiííîþ m çà óìîâè

2α−ξηγ−γα < 0, òîìó íå ïåðåâèùó¹
1

2

(
1 +

α

ξη

)
i çðîñòà¹ ó ïðîòèëåæíîìó âèïàäêó,

i îòæå, íå ïåðåâèùó¹
1

2

2α

ξηγ
.
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Ïðàâèëüíà òàêîæ íåðiâíiñòü

α2

ξηγ
≤ L2. (8)

Ñïðàâäi, ÿêùî γ ≤ 1, òî
4α2

(ξηγ)2
≥ α2

ξηγ
. ßêùî æ γ ≥ 1, òî

α2

ξηγ
≤ α2

ξη
≤ α2

(ξη)2
≤

≤
(
1 +

α

ξη

)2

.

Äîâåäåìî, íàðåøòi, ùî äëÿ âñiõ m ≥ 1

2(m+ α)α

(m+ 2)(m+ 1)ξηγ
≤ L2. (9)

ßêùî α ≥ 1, òî âèðàç ó ëiâié ÷àñòèíi íåðiâíîñòi (9) ñïàäà¹ çà çìiííîþ m i òî-

ìó íå ïåðåâèùó¹
α2

ξηγ
. Âèêîðèñòîâóþ÷è (8), îòðèìó¹ìî (9). ßêùî æ α ≤ 1, òî

2(m+ α)α

(m+ 2)(m+ 1)ξηγ
≤ 2α

(m+ 2)ξηγ
≤ α

ξηγ
≤ 4α2

(ξηγ)2
.

Ïiäñòàâëÿþ÷è F ó ðiâíÿííÿ (4), äëÿ |z| ≥ ξγη/α îäåðæèìî

|F ′′(z)| ≤
(
1 +

γ

|z|

)
|F ′(z)|+ α

|z|
|F (z)| ≤

(
1 +

γα

ξγη

)
|F ′(z)|+ α2

ξγη
|F (z)|,

çâiäêè, âèêîðèñòîâóþ÷è (7) ç m = 0 òà (8),

|F ′′(z)|
2!L2

≤
1 +

α

ξη

2L

|F ′(z)|
1!L

+

α2

ξγη

2L2
|F (z)| ≤ max

{
|F ′(z)|
1!L

, |F (z)|
}
. (10)

ßêùî ïiäñòàâèìî F ó (4) i ïðîäèôåðåíöiþ¹ìî m ≥ 1 ðàç, òî îòðèìà¹ìî

zF (m+2)(z) + (m+ γ − z)F (m+1)(z)− (m+ α)F (m)(z) ≡ 0, (11)

çâiäêè, ÿê âèùå, âèêîðèñòîâóþ÷è (7) òà (9),

|F (m+2)(z)|
(m+ 2)!Lm+2

≤
1 +

(m+ γ)α

ξγη

(m+ 2)L

|F (m+1)(z)|
(m+ 1)!Lm+1

+

(m+ α)α

ξγη

(m+ 2)(m+ 1)L2

|F (m)(z)|
m!Lm

≤

≤ max

{
|F (m+1)(z)|

(m+ 1)!Lm+1
,
|F (m)(z)|
m!Lm

}
. (12)

Ç (10) i (12) ëåãêî âèïëèâà¹, ùî äëÿ âñiõ n ≥ 0

|F (n)(z)|
n!Ln

≤ max

{
|F ′(z)|
1!L

, |F (z)|
}
,

òîáòî ïðàâèëüíå òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 2. ßêùî ïàðàìåòðè âèðîäæåíî¨ ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨ çàäî-
âîëüíÿþòü óìîâó 0 < γ ≤ α, òî äëÿ êîæíèõ η ∈ (0, ln 2) i ξ ∈ (0, 1) ïðàâèëüíà

íåðiâíiñòü N(F, l;C \ Dξγη/α) ≤ 1 ç l(|z|) ≡ max

{
1 +

α

ξη
,
2α

ξηγ

}
.

Âèêîðèñòîâóþ÷è çàóâàæåííÿ ïiñëÿ ëåìè 1, îòðèìó¹ìî òàêó òåîðåìó.
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Òåîðåìà 1. ßêùî ïàðàìåòðè âèðîäæåíî¨ ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨ çàäîâîëüíÿ-
þòü óìîâó 0 < γ ≤ α, òî äëÿ êîæíèõ η ∈ (0, ln 2) i ξ ∈ (0, 1) ïðàâèëüíà íåðiâíiñòü
N(F, l) ≤ 1 ç

l(|z|) ≡ max

{
αeη

(2− eη)(1− ξ)γη
, 1 +

α

ξη
,
2α

ξηγ

}
. (13)

ßêùî âèáåðåìî ξ =
2(2− eη)

4− eη
, òî çà óìîâè η ∈ (0, ln 2) ìàòèìåìî ξ ∈

(
0,

2

3

)
i

αeη

(2− eη)(1− ξ)γη
=

2α

ξηγ
=

α(4− eη)

ηγ(2− eη)
,

i îòæå, ç (13) îòðèìà¹ìî

l(|z|) ≡ max

{
α(4− eη)

ηγ(2− eη)
, 1 +

α

η

4− eη

2(2− eη)

}
.

Ìîæåìî òàêîæ äîâiëüíî âèáèðàòè η ∈ (0, ln 2). Äëÿ η = ln (3/2) îòðèìó¹ìî
4− eη

η(2− eη)
=

5

ln (3/2)
<

25

2
. Òîìó ç òåîðåìè âèïëèâà¹ òàêèé íàñëiäîê.

Íàñëiäîê 1. ßêùî ïàðàìåòðè âèðîäæåíî¨ ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨ çàäîâîëüíÿ-
þòü óìîâó 0 < γ ≤ α, òî ïðàâèëüíà íåðiâíiñòü N(F, l) ≤ 1 ç

l(|z|) ≡ max

{
1 +

25α

4
,
25α

2γ

}
.

Çàóâàæèìî òàêå: îñêiëüêè [3] äëÿ ôóíêöi¨ (3) i n ≥ 1 ïîõiäíà F (n) ìà¹ l-iíäåêñ
òàêèé, ÿê i ôóíêöiÿ

Fn(z) = 1 +
∞∑
k=1

k+n−1∏
j=n

j + α

j + γ

 zk

k!
,

à ¨¨ êîåôiöi¹íòè íå ïåðåâèùóþòü
1

k!

(
α

γ

)k

äëÿ âñiõ k ≥ 1, òî çãiäíî ç äîâåäåí-

íÿì òâåðäæåííÿ 1 äëÿ áóäü-ÿêèõ η ∈ (0, ln 2) i ξ ∈ (0, 1) ïðàâèëüíà íåðiâíiñòü
N(F (n), l; Dξγη/α) ≤ 1, äå l(|z|) íàáóâà¹ âèãëÿäó (6).

Ç iíøîãî áîêó, äëÿ êîæíîãî ôiêñîâàíîãî n ≥ 1 i âñiõ m ≥ 0 ç òîòîæíîñòi (11)
îäåðæó¹ìî

zF (m+n+2)(z) + (m+ n+ γ − z)F (n+m+1)(z)− (m+ n+ α)F (n+j)(z) ≡ 0. (14)

Òîòîæíiñòü (14) âiäðiçíÿ¹òüñÿ âiä (11) òèì, ùî òåïåð çàìiñòü γ ñòî¨òü n+γ, à çàìiñòü
α ñòî¨òü n + α. Òîìó, ÿê âèùå, äëÿ êîæíèõ η ∈ (0, ln 2) i ξ ∈ (0, 1) îòðèìó¹ìî

íåðiâíiñòü N(F (n), l;C \ D(ξγη/α)) ≤ 1 ç l(|z|) ≡ max

{
1 +

n+ α

ξη
,
2(n+ α)

ξη(n+ γ)

}
.

Îòæå, ÿêùî 0 < γ ≤ α, òî äëÿ êîæíèõ η ∈ (0, ln 2) i ξ ∈ (0, 1) ïðàâèëüíà
íåðiâíiñòü N(F (n), l) ≤ 1 ç

l(|z|) ≡ max

{
αeη

(2− eη)(1− ξ)γη
, 1 +

n+ α

ξη
,
2(n+ α)

ξη(n+ γ)

}
.
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ÊÎÍÔÎÐÌÍI ÂIÄÎÁÐÀÆÅÍÍß ËÎÊÀËÜÍÎ

ÊÎÍÔÎÐÌÍÎ-ÊÅËÅÐÎÂÈÕ ÌÍÎÃÎÂÈÄIÂ

�âãåí ×ÅÐÅÂÊÎ

Îäåñüêèé íàöiîíàëüíèé åêîíîìi÷íèé óíiâåðñèòåò,
âóë. Ïðåîáðàæåíñüêà, 8, Îäåñà, 65082

e-mail: cherevko@usa.com

Ðîçãëÿíóòî êîíôîðìíi âiäîáðàæåííÿ ëîêàëüíî êîíôîðìíî-êåëåðîâèõ
ìíîãîâèäiâ. Îòðèìàíî iíâàðiàíòè òàêèõ âiäîáðàæåíü. Òàêîæ çíàéäåíî âè-
ðàçè òåíçîðà ðiìàíîâî¨ êðèâèíè òà òåíçîðà Ði÷÷i êîíôîðìíî-ïëîñêèõ ëî-
êàëüíî êîíôîðìíî-êåëåðîâèõ ìíîãîâèäiâ.

Êëþ÷îâi ñëîâà: êåëåðîâi ìíîãîâèäè, ëîêàëüíî êîíôîðìíî-êåëåðîâi
ìíîãîâèäè, ôîðìà Ëi(Lee form), êîíôîðìíi âiäîáðàæåííÿ, òåíçîð ðiìàíî-
âî¨ êðèâèíè, òåíçîð Ði÷÷i.

1. Âñòóï. Ïðåäìåòîì âèâ÷åííÿ ó öié ñòàòòi ¹ ëîêàëüíî êîíôîðìíî-êåëåðîâi
ìíîãîâèäè òàêi, ùî dim(M) = n = 2m > 2. Êîíôîðìíî-êåëåðîâèì ìíîãîâèäàì
ïðèñâÿ÷åíî ïðàöi áàãàòüîõ äîñëiäíèêiâ. Ëîêàëüíî êîíôîðìíî-êåëåðîâi ìíîãîâèäè
ðîçãëÿäàëè [13], [2], [5]. Âàðòî çãàäàòè åíöèêëîïåäè÷íó ïðàöþ ó öüîìó íàïðÿìi [11].
Ãåîäåçè÷íi âiäîáðàæåííÿ ëîêàëüíî êîíôîðìíî-êåëåðîâèõ ìíîãîâèäiâ âèâ÷àëè ó [5],
äå âèÿâèëè, ùî êîíôîðìíî-êåëåðîâi ìíîãîâèäè íå äîïóñêàþòü íåòðèâiàëüíèõ ãåîäå-
çè÷íèõ âiäîáðàæåíü íà ìàéæå åðìiòîâi ïðîñòîðè ç óìîâîþ çáåðiãàííÿ êîìïëåêñíî¨
ñòðóêòóðè. Ç iíøîãî áîêó, âiäîìî, ùî êîíôîðìíà âiäïîâiäíiñòü äâîõ êåëåðîâèõ ìíî-
ãîâèäiâ, íåîáõiäíî ¹ ãîìîòåòi¹þ [14]. Ìåòà íàøî¨ ïðàöi � äîñëiäèòè ïðîáëåìè êîí-
ôîðìíèõ âiäîáðàæåíü ëîêàëüíî êîíôîðìíî-êåëåðîâèõ ìíîãîâèäiâ.

2. ËÊÊ-ìíîãîâèäè. Íàéïåðøå ïîäàìî äåêiëüêà íåîáõiäíèõ îçíà÷åíü [1].

Îçíà÷åííÿ 1. Ìàéæå êîìïëåêñíîþ ñòðóêòóðîþ J íàçèâàþòü òàêèé àôiíîð J i
j ,

ùî:

J i
αJ

α
j = −δij . (1)

Òóò δij � ñèìâîë Êðîíåêåðà.

Îçíà÷åííÿ 2. Ìíîãîâèä, íà ÿêîìó çàäàíî ìàéæå êîìïëåêñíó ñòðóêòóðó J , íàçè-
âàþòü ìàéæå êîìïëåêñíèì ìíîãîâèäîì.

c⃝ ×åðåâêî �., 2015
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Îçíà÷åííÿ 3. Ìàéæå êîìïëåêñíèé ìíîãîâèä ¹ ìàéæå åðìiòîâèì, ÿêùî íà íüîìó
çàäàíà åðìiòîâà ìåòðèêà

Jα
i J

β
j gαβ = gij . (2)

Ìàéæå åðìiòîâèé ìíîãîâèä ïîçíà÷à¹ìî {Mn, J, g}.

Îçíà÷åííÿ 4. Ìàéæå åðìiòîâèé ìíîãîâèä {Mn, J, g} ¹ åðìiòîâèì, ÿêùî ìàéæå
êîìïëåêñíà ñòðóêòóðà ¹ iíòåãðîâíîþ [1], [14].

Çàóâàæèìî òàêå: ÿêùî ìàéæå êîìïëåêñíà ñòðóêòóðà J òà ìíîãîâèä Mn áóäóòü
íàëåæàòè êëàñó Cω, äîñòàòíüîþ óìîâîþ iíòåãðîâíîñòi ìàéæå êîìïëåêñíî¨ ñòðóêòó-
ðè ¹ òîòîæíà ðiâíiñòü íóëþ òåíçîðà Íåé¹íõåéñà

Nk
ij = Jα

i

(
∂jJ

k
α − ∂αJ

k
j

)
− Jα

j

(
∂iJ

k
α − ∂αJ

k
i

)
= 0, (3)

àáî, ùî åêâiâàëåíòíî

Jk
i,j = Jα

i J
β
j J

k
α,β . (4)

Êîìîþ ìè ïîçíà÷à¹ìî êîâàðiàíòíó ïîõiäíó â çâ'ÿçíîñòi, óçãîäæåíié ç ðiìàíîâîþ
ìåòðèêîþ gij .

ßêùî æ íà åðìiòîâîìó ìíîãîâèäi {Mn, J, g} ñïðàâäæó¹òüñÿ

Jk
i,j = 0, (5)

òî âií ¹ êåëåðîâèì.

Îçíà÷åííÿ 5. Åðìiòîâèé ìíîãîâèäMn ìà¹ íàçâó ëîêàëüíî êîíôîðìíî-êåëåðîâîãî
(êîðîòøå, ËÊÊ-) ìíîãîâèäó, ÿêùî iñíó¹ âiäêðèòå ïîêðèòòÿ U =

{
Uα

}
α∈A

ìíî-

ãîâèäó M òà ñèñòåìà Σ = {σα : Uα → R}α∈A ãëàäêèõ ôóíêöié òàêèõ, ùî{
J |Uα , ĝα = e−2σαg|Uα

}
� êåëåðîâà ñòðóêòóðà äëÿ áóäü ÿêîãî α ∈ A. Ïåðåõiä âiä

ìåòðèêè g|Uα äî ìåòðèêè e−2σαg|Uα ìà¹ íàçâó ëîêàëüíî êîíôîðìíîãî ïåðåòâî-
ðåííÿ ñòðóêòóðè. Ôóíêöiÿ σ íàçèâà¹òüñÿ âèçíà÷àëüíîþ ôóíêöi¹þ êîíôîðìíîãî
ïåðåòâîðåííÿ [2].

Âiäîìî, ùî íà ËÊÊ-ìíîãîâèäi, ôîðìà Ëi (Lee form), êîìïîíåíòè ÿêî¨ âèçíà÷à-
þòü ôîðìóëîþ [3]

ω =
1

m− 1
δΩ ◦ J àáî ωi = − 2

n− 2
Jα
β,αJ

β
i , (6)

ìà¹ áóòè çàìêíåíîþ

dω = 0.

Îñêiëüêè ìè ïðîâîäèìî äîñëiäæåííÿ ëîêàëüíî, ÿêùî íå îáóìîâëåíî ïðîòèëåæíå, òî
iíäåêñ, âiäïîâiäíèé äî êàðòè ìíîãîâèäó, âèêîðèñòîâóâàòè äëÿ çðó÷íîñòi íå áóäåìî,
ÿê öå i çðîáëåíî â îñòàííié ôîðìóëi.

Îçíà÷åííÿ 6. Ðiìàíîâi ìíîãîâèäè {Mn, g} i {Mn, g} ïåðåáóâàþòü ó êîíôîðìíié
âiäïîâiäíîñòi, ÿêùî ¨õíi ìåòðèêè ïîâ'ÿçàíi ñïiââiäíîøåííÿì

gij(x) = e2φ(x)gij(x), (7)

äå φ(x) � äåÿêèé iíâàðiàíò.
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Äëÿ îá'¹êòiâ çâ'ÿçíîñòi Γk
ij è Γ

k

ij êîíôîðìíî âiäïîâiäíèõ ïðîñòîðiâ Mn, g òà

Mn, g âèêîíó¹òüñÿ

Γ
k

ij = Γk
ij + δki φj + δkj φi − φkgij , (8)

äå φi =
∂φ
∂xi .

3. Çâ'çîê ôîðì Ëi ËÊÊ-ìíîãîâèäiâ, ÿêi ïåðåáóâàþòü ó êîíôîðì-

íié âiäïîâiäíîñòi. Òåïåð ç'ÿñó¹ìî, ÿê ïîâ'ÿçàíi ìiæ ñîáîþ ôîðìè Ëi äâîõ ËÊÊ-
ìíîãîâèäiâ {Mn, J, g} i {Mn, J, g}, ÿêùî âîíè ïåðåáóâàþòü ó êîíôîðìíié âiäïîâiä-
íîñòi. Ïåðåäóñiì çãàäà¹ìî, ùî êîâàðiàíòíi ïîõiäíi ìàéæå êîìïëåêñíî¨ ñòðóêòóðè ó
çâ'ÿçíîñòÿõ Γ i Γ çàäîâîëüíÿþòü ñïiââiäíîøåííÿ

Jk
i|j = Jk

i,j + Jα
i P

k
αj − Jk

αP
α
ij . (9)

Òóò âåðòèêàëüíîþ ðèñêîþ "|"ïîçíà÷åíà êîâàðiàíòíà ïîõiäíà ó çâ'ÿçíîñòi Γ, óçãî-
äæåíié ç ìåòðèêîþ gij(x) = e2φ(x)gij(x) òà

P k
ij = Γ

k

ij − Γk
ij = δki φj + δkj φi − φkgij . (10)

Ïiäñòàâèìî (10) ó (9)

Jk
i|j = Jk

i,j + Jα
i (δ

k
αφj + δkj φα − φkgαj)− Jk

α(δ
α
i φj + δαj φi − φαgij) =

= Jk
i,j + δkj J

α
i φα − Jijφ

k − Jk
j φi + Jk

αφ
αgij .

(11)

Çãîðòàþ÷è (11) ïî iíäåêñàõ k òà j, îòðèìà¹ìî

Jα
i|α = Jα

i,α + nJα
i φα − Jiαφ

α + Jαiφ
α = Jα

i,α + (n− 2)Jα
i φα.

Âðàõîâóþ÷è (1),

Jα
β|αJ

β
i − Jα

β,αJ
β
i = −(n− 2)φi,

àáî (6)

ωi − ωi = 2φi, (12)

äå ω i ω � ôîðìè Ëi, âiäïîâiäíî, ìíîãîâèäiâ {Mn, J, g} i {Mn, J, g}. Îòîæ, iñíó¹ òàêà
òåîðåìà.

Òåîðåìà 1. ßêùî ËÊÊ-ìíîãîâèäè {Mn, J, g} i {Mn, J, g} ïðåáóâàþòü ó êîíôîðìíié
âiäïîâiäíîñòi òàê, ùî gij(x) = e2φ(x)gij(x), òî ¨õíi ôîðìè Ëi ïîâ'ÿçàíi òàê:

ω − ω = 2dφ.

4. Iíâàðiàíòè êîíôîðìíèõ âiäîáðàæåíü ËÊÊ-ìíîãîâèäiâ. Ïåðåïèøåìî
(12) ó âèãëÿäi

φi =
1

2
ωi −

1

2
ωi, (13)

i ïðîäèôåðåíöiþ¹ìî (13) êîâàðiàíòíî

φi,j =
1

2
ωi,j −

1

2
ωi,j . (14)

Ç iíøîãî áîêó, âðàõîâóþ÷è (13)

ωi|j = ωi,j − ωαP
α
ij .

Òîìó
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ωi,j = ωi|j + ωα(δ
α
i φj + δαj φi − φαgij) = ωi|j + ωiφj + ωjφi − ωαφ

αgij =

= ωi|j + ωiωj −
1

2
ωiωj −

1

2
ωjωi − ωαφ

αgij .

Âîäíî÷àñ

ωαφ
αgij = ωαg

αβφβgij = ωαg
αβe−2φφβe

2φgij = ωαg
αβφβgij = ωαφαgij .

Îòðèìó¹ìî

ωi,j = ωi|j + ωiωj −
1

2
ωiωj −

1

2
ωjωi − ωαφαgij =

= ωi|j + ωiωj −
1

2
ωiωj −

1

2
ωjωi −

1

2
ωαωαgij +

1

2
ωαωαgij .

(15)

Ïiäñòàâëÿþ÷è (15) ó (14), îäåðæèìî

φi,j =
1

2
ωi|j −

1

2
ωi,j +

1

2
ωiωj −

1

4
ωiωj −

1

4
ωjωi −

1

4
ωαωαgij +

1

4
ωαωαgij . (16)

Âiäîìî [5], ùî ïðè êîíôîðìíèõ âiäîáðàæåííÿõ âèêîíóþòüñÿ ñïiââiäíîøåííÿ

φij +
1

2
∆1φgij = Lij − Lij , (17)

äå φij = φi,j −φiφj , äàëi ∆1φ = ||φ||2 = φiφjg
ij (ïåðøèé ïàðàìåòð Áåëüòðàìi), à Lij

i Lij òåíçîðè Áðiíêìàíà, âiäïîâiäíî, ìíîãîâèäiâ Mn i Mn [9]. Äëÿ Mn âií íàáóâà¹
âèãëÿäó

Lij =
1

n− 2

(
Rij −

1

2(n− 1)
Rgij

)
.

Òóò Rij � òåíçîð Ði÷÷i i R = Rijg
ij � ñêàëÿðíà êðèâèíà Mn. Ó âèïàäêó ìíîãîâèäó

Mn öi âåëè÷èí îá÷èñëþþòü àíàëîãi÷íî.
Âèêîðèñòîâóþ÷è (16) i (13), îòðèìà¹ìî

φij = φi,j − φiφj =
1

2
ωi|j −

1

2
ωi,j +

1

2
ωiωj −

1

4
ωiωj −

1

4
ωjωi−

−1

4
ωαωαgij +

1

4
ωαωαgij −

1

4
(ωi − ωi)(ωj − ωj) =

=
1

2
ωi|j −

1

2
ωi,j +

1

4
ωiωj −

1

4
ωiωj −

1

4
ωαωαgij +

1

4
ωαωαgij .

(18)

Òåïåð çíàõîäèìî ïåðøèé ïàðàìåòð Áåëüòðàìi

∆1φ = φiφjg
ij =

1

4
(ωi − ωi)(ωj − ωj)g

ij =
1

4
ωiωjg

ij − 1

2
ωiω

i +
1

4
ωiωi. (19)

Ïiäñòàâèìî (18) i (19) ó (17)

1

2
ωi|j −

1

2
ωi,j +

1

4
ωiωj −

1

4
ωiωj −

1

4
ωαωαgij +

1

4
ωαωαgij+

+
1

2

(1
4
ωαωβg

αβ − 1

2
ωαω

α +
1

4
ωαωα

)
gij = Lij − Lij .
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Îñêiëüêè gαβgij = gαβgij i ωαω
αgij = ωαωαgij , ðîçêðèâàþ÷è äóæêè i çâîäÿ÷è ïîäiá-

íi, òî îòðèìó¹ìî

1

2
ωi|j −

1

2
ωi,j +

1

4
ωiωj −

1

4
ωiωj −

1

8
ωαωαgij +

1

8
ωαωαgij = Lij − Lij . (20)

Ç (20) âèïëèâà¹, ùî

P ij = Pij ,

äå

Pij
def
= Lij −

1

2
ωi,j −

1

4
ωiωj +

1

8
ωαωαgij . (21)

Âiäîìî òàêîæ, ùî òåíçîðè êðèâèíè ìíîãîâèäiâ Mn i Mn, ùî ïåðåáóâàþòü ó
êîíôîðìíié âiäïîâiäíîñòi (7), ïîâ'ÿçàíi òàê:

R
h

ijk = Rh
ijk + δhkφij − δhj φik + φh

kgij − φh
j gik +

(
δhkgij − δhj gik

)
∆1φ, (22)

äå φh
k = ghαφαk. Ïiäñòàâèìî òåïåð (18) è (19) â (22):

R
h

ijk = Rh
ijk + δhk (

1

2
ωi|j −

1

2
ωi,j +

1

4
ωiωj −

1

4
ωiωj −

1

4
ωαωαgij +

1

4
ωαωαgij)−

−δhj (
1

2
ωi|k − 1

2
ωi,k +

1

4
ωiωk − 1

4
ωiωk − 1

4
ωαωαgik +

1

4
ωαωαgik)+

+ghβgij(
1

2
ωβ|k − 1

2
ωβ,k +

1

4
ωβωk − 1

4
ωβωk − 1

4
ωαωαgβk +

1

4
ωαωαgβk)−

−ghβgik(
1

2
ωβ|j −

1

2
ωβ,j +

1

4
ωβωj −

1

4
ωβωj −

1

4
ωαωαgβj +

1

4
ωαωαgβj)+

+
(
δhkgij − δhj gik

)(1
4
ωαωβg

αβ − 1

2
ωαω

α +
1

4
ωαωα

)
.

Ðîçêðèâàþ÷è äóæêè òà ãðóïóþ÷è, îòðèìà¹ìî

Q
h

ijk = Qh
ijk,

äå

Qh
ijk

def
= Rh

ijk + δhj
(1
2
ωi,k +

1

4
ωiωk − 1

4
||ω||2gik

)
−

−δhk
(1
2
ωi,j +

1

4
ωiωj −

1

4
||ω||2gij

)
+

+
(1
2
ωh

,j +
1

4
ωhωj

)
gik −

(1
2
ωh

,k +
1

4
ωhωk

)
gij ,

(23)

ïðè÷îìó ωh = ωαg
αh, à òàêîæ ωh

,j = ωα,jg
αh i, íàðåøòi, ||ω||2 = ωαωβg

αβ .
Îòðèìà¹ìî ùå îäèí ïðîñòèé iíâàðiàíò, ùî íå ¹ òåíçîðîì. Äëÿ öüîãî ïiäñòàâèìî

(13) â (8)

Γ
k

ij = Γk
ij + δki

(1
2
ωj −

1

2
ωj

)
+ δkj

(1
2
ωi −

1

2
ωi

)
−
(1
2
ωαg

kα − 1

2
ωk

)
gij ,

ðîçêðè¹ìî äóæêè, ñêîðèñòà¹ìîñü iíâàðiàíòíiñòþ äîáóòêó gijg
αβ òà ïåðåãðóïó¹ìî

Γ
k

ij −
1

2
δki ωj −

1

2
δkj ωi +

1

2
ωkgij = Γk

ij −
1

2
δki ωj −

1

2
δkj ωi +

1

2
ωkgij .
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Îòæå, ìè îòðèìàëè iíâàðiàíò

Γ̂k
ij

def
= Γk

ij −
1

2
δki ωj −

1

2
δkj ωi +

1

2
ωkgij , (24)

ùî íå ¹ òåíçîðîì. Ìè íå âèïàäêîâî ïîçíà÷èëè éîãî ÿê Γ̂k
ij , îñêiëüêè ïàðàìåòð, ÿêèé

çàäàíèé (24), î÷åâèäíî ¹ îá'¹êòîì ðiìàíîâî¨ çâ'ÿçíîñòi ïåâíîãî êåëåðîâîãî ìíîãîâè-
äó {Kn, J, ĝ}, êîíôîðìíîãî ËÊÊ-ìíîãîâèäàì {Mn, J, g} òà {Mn, J, g}. Ìè îòðèìàëè
òåîðåìó.

Òåîðåìà 2. ßêùî ËÊÊ-ìíîãîâèäè {Mn, J, g} i {Mn, J, g} ïåðåáóâàþòü ó êîíôîðì-
íié âiäïîâiäíîñòi òàê, ùî gij(x) = e2φ(x)gij(x), òî òåíçîðè

Pij = Lij −
1

2
ωi,j −

1

4
ωiωj +

1

8
||ω||2gij ;

Qh
ijk = Rh

ijk + δhj
(1
2
ωi,k +

1

4
ωiωk − 1

4
||ω||2gik

)
−

−δhk
(1
2
ωi,j +

1

4
ωiωj −

1

4
||ω||2gij

)
+

+
(1
2
ωh

,j +
1

4
ωhωj

)
gik −

(1
2
ωh

,k +
1

4
ωhωk

)
gij

áóäóòü iíâàðiàíòíèìè. Êðiì òîãî, iñíó¹ iíâàðiàíòíèé îá'¹êò, ÿêèé íå ¹ òåíçîðîì

Γ̂k
ij

def
= Γk

ij −
1

2
δki ωj −

1

2
δkj ωi +

1

2
ωkgij .

Öå îá'¹êò ðiìàíîâî¨ çâ'ÿçíîñòi äåÿêîãî êåëåðîâîãî ìíîãîâèäó {Kn, J, ĝ}, ùî ¹ êîí-
ôîðìíèì îáîì ËÊÊ-ìíîãîâèäàì � {Mn, J, g} i {Mn, J, g}.

Îòðèìà¹ìî ùå äåêiëüêà iíâàðiàíòíèõ îá'¹êòiâ. Äëÿ ïî÷àòêó çãîðíåìî (23) ïî
iíäåêñàõ h òà k

Qij = Rij −
(1
2
ωi,j +

1

4
ωiωj −

1

4
||ω||2gij

)
(n− 2)− 1

2
∆2ωgij , (25)

äå ∆2ω = ωα,βg
αβ (äðóãèé ïàðàìåòð Áåëüòðàìi, [9]). Ìè îòðèìàëè ùå îäèí iíâàði-

àíòíèé òåíçîð. Çðîçóìiëî, ùî òåíçîð
Qij

n−2 � òàêîæ ¹ iíâàðiàíòíèì. Âiäíiìåìî éîãî

ç Pij , ÿêèé âèçíà÷åíî ó (21)

Pij −
Qij

n− 2
=

1

n− 2

(
Rij −

1

2(n− 1)
Rgij

)
− 1

2
ωi,j −

1

4
ωiωj +

1

8
ωαωαgij−

− Rij

n− 2
+

1

2
ωi,j +

1

4
ωiωj −

1

4
||ω||2gij +

∆2ωgij
2(n− 2)

=

= − 1

2(n− 1)(n− 2)
Rgij −

1

8
||ω||2gij +

∆2ωgij
2(n− 2)

.

Âíàñëiäîê öüîãî ìè îòðèìàëè ùå îäèí òåíçîð, ÿêèé çáåðiãà¹òüñÿ

Sij
def
=

( R

2(n− 1)(n− 2)
+

1

8
||ω||2 − ∆2ω

2(n− 2)

)
gij . (26)
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Âiäíiìåìî ç Qij , ÿêèé áóëî âèçíà÷åíî ó (25) iíâàðiàíò
2Sij(n−1)(n−2)

n

Qij −
2Sij(n− 1)(n− 2)

n
= Rij −

(1
2
ωi,j +

1

4
ωiωj −

1

4
||ω||2gij

)
(n− 2)−

−∆2ωgij
2

− Rgij
n

− 2(n− 1)(n− 2)

8n
||ω||2gij +

(n− 1)(n− 2)∆2ω

n(n− 2)
gij =

= Rij −
Rgij
n

−
(1
2
ωi,j +

1

4
ωiωj −

( 1

4n
||ω||2 − 1

2n
∆2ω

)
gij

)
(n− 2).

Îòðèìàíèé iíâàðiàíò

Hij
def
= Rij −

Rgij
n

−
(1
2
ωi,j +

1

4
ωiωj −

( 1

4n
||ω||2 − 1

2n
∆2ω

)
gij

)
(n− 2) (27)

îñîáëèâî öiêàâèé ó âèïàäêó, êîëè êîíôîðìíå âiäîáðàæåííÿ ìiæ ËÊÊ-ìíîãîâèäàìè
{Mn, J, g} i {Mn, J, g} ¹ êîíöèðêóëÿðíèì, òîáòî, êîâåêòîðíå ãðàäi¹íòíå ïîëå φi ¹
êîíöèðêóëÿðíèì.

5. Êîíöèðêóëÿðíi âiäîáðàæåííÿ ËÊÊ-ìíîãîâèäiâ.

Íàãàäà¹ìî îçíà÷åííÿ.

Îçíà÷åííÿ 7. Êîâåêòîðíå ïîëå ξ íàçèâàþòü êîíöèðêóëÿðíèì, ÿêùî ìà¹ ñëóø-
íiñòü ðiâíÿííÿ

ξi,j = ρgij + ajξi, (28)

ïðè÷îìó, ai,j − aj,i = 0, òîáòî êîâåêòîð ai ëîêàëüíî ãðàäi¹íòíèé, à ρ(x) � äåÿêèé
ñêàëÿð.

Iíøèìè ñëîâàìè, ξ ¹ êîíöèðêóëÿðíèì, ÿêùî iñíó¹ òàêèé ñêàëÿðíèé ìíîæíèê
λ, ùî ïîëå ζ = λξ çàäîâîëüíÿòèìå ðiâíÿííÿ

ζi,j = ρgij . (29)

Î÷åâèäíî, ùî ó âèïàäêó, êîëè

φi,j = φiφj + ρgij ,

ïîëå φi òàêîæ ¹ êîíöèðêóëÿðíèì (λ = e−φ ). ßêùî êîíôîðìíå âiäîáðàæåííÿ êîí-
öèðêóëÿðíå, òî òåíçîð

Eij
def
= Rij −

Rgij
n

áóäå çáåðiãàòèñÿ, ÿê ìè áà÷èìî ç äîâåäåíî¨ ó [10] òåîðåìè.

Òåîðåìà 3. [10] Äëÿ òîãî, ùîá ïiä ÷àñ êîíôîðìíîãî âiäîáðàæåííÿ f : {Mn, g} →
{Mn, g} çáåðiãàâñÿ òåíçîð Eij = Rij − Rgij

n , íåîáõiäíî òà äîñòàòíüî, ùîá öå âiäî-
áðàæåííÿ áóëî êîíöèðêóëÿðíèì.

Çâiäñè âèïëèâà¹ òåîðåìà.

Òåîðåìà 4. ßêùî ËÊÊ-ìíîãîâèäè {Mn, J, g} i {Mn, J, g} ïåðåáóâàþòü ó êîíôîðì-
íié êîíöèðêóëÿðíié âiäïîâiäíîñòi òàê, ùî gij(x) = e2φ(x)gij(x), òà φi,j = φiφj+ρgij,
òî òåíçîð

∗
Hij

def
= −

(1
2
ωi,j +

1

4
ωiωj −

( 1

4n
||ω||2 − 1

2n
∆2ω

)
gij

)
(n− 2)

áóäå iíâàðiàíòíèì.
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6. Êîíôîðìíî-ïëîñêi ËÊÊ-ìíîãîâèäè òà óçàãàëüíåíi ìíîãîâèäè Õîï-

ôà. Âiäîìî, ùî êîíôîðìíî-ïëîñêèé êåëåðîâèé ìíîãîâèä ¹ ïëîñêèì [14]. Òîäi, î÷å-
âèäíî, äëÿ áóäü-ÿêîãî ËÊÊ-ìíîãîâèäó, ÿêùî âií ¹ ìíîãîâèäîì ñòàëî¨ êðèâèíè, áóäå
âèêîíóâàòèñü ðiâíÿííÿ

−
(1
2
ωi,j +

1

4
ωiωj −

( 1

4n
||ω||2 − 1

2n
∆2ω

)
gij

)
(n− 2) = 0. (30)

ßê âèäíî ç (30), ó öüîìó âèïàäêó ôîðìà Ëi ω ¹ êîíöèðêóëÿðíèì êîâåêòîðíèì ïî-
ëåì (λ = eσ, ω = 2dσ). Êðiì òîãî, âiäîìî, ùî áóäü-ÿêèé åéíøòåéíîâèé (Eij = 0)
êîíôîðìíî-ïëîñêèé ìíîãîâèä ¹ ìíîãîâèäîì ñòàëî¨ êðèâèíè. Çâiäñè îòðèìà¹ìî òàêó
òåîðåìó.

Òåîðåìà 5. [3] Äëÿ òîãî, ùîá êîíôîðìíî-ïëîñêèé ËÊÊ-ìíîãîâèä áóâ ìíîãîâèäîì
ñòàëî¨ êðèâèíè, íåîáõiäíî i äîñòàòíüî, ùîá éîãî ôîðìà Ëi áóëà êîíöèðêóëÿðíèì
êîâåêòîðíèì ïîëåì, òîáòî çàäîâîëüíÿëà ðiâíÿííÿ

ωi,j =
( 1

2n
||ω||2 − 1

n
∆2ω

)
gij −

1

2
ωiωj . (31)

Íàãàäà¹ìî, ùî ËÊÊ-ìíîãîâèä ìà¹ íàçâó óçàãàëüíåíîãî ìíîãîâèäó Õîïôà,
ÿêùî éîãî ôîðìà Ëi òîòîæíî çàäîâîëüíÿ¹ óìîâó

ωi,j = 0. (32)

Ç (31) ëåãêî âèïëèâà¹ òåîðåìà.

Òåîðåìà 6. [3]ËÊÊ-ìíîãîâèä ñòàëî¨ êðèâèíè íå ìîæå áóòè óçàãàëüíåíèì ìíîãî-
âèäîì Õîïôà.

Äîâåäåííÿ. Ñïðàâäi, äëÿ ËÊÊ-ìíîãîâèäó ñòàëî¨ êðèâèíè, ÿêùî âií ¹ óçàãàëüíåíèì
ìíîãîâèäîì Õîïôà âíàñëiäîê (31) i (32) ìà¹ âèêîíóâàòèñü( 1

n
||ω||2 − 2

n
∆2ω

)
gij = ωiωj . (33)

Öå íåìîæëèâî ïðè ω ̸= 0, îñêiëüêè ðàíã ìàòðèöi gij äîðiâíþ¹ ðîçìiðíîñòi ïðîñòîðó,
à ðàíã ωiωj � òiëüêè îäèíèöi. �

Íåõàé {Mn, J, g} � êîíôîðìíî-ïëîñêèé ËÊÊ-ìíîãîâèä. Öå îçíà÷à¹, ùî iñíó¹
êåëåðîâèé ìíîãîâèä {Kn, J, ĝ}, ïî-ïåðøå, ëîêàëüíî êîíôîðìíèé {Mn, J, g}, à ïî-
äðóãå, öåé êåëåðîâèé ìíîãîâèä {Kn, J, ĝ} áóäå òàêîæ êîíôîðìíî-ïëîñêèì. ßê ìè
âæå çàçíà÷àëè, êîíôîðìíî-ïëîñêèé êåëåðîâèé ìíîãîâèä ¹ ïëîñêèì, òîáòî, äëÿ òåí-
çîðà êðèâèíè òà òåíçîðà Ði÷÷i ìíîãîâèäó {Kn, J, ĝ} ñïðàâäæó¹òüñÿ R̂h

ijk = 0, R̂ij = 0.

Âíàñëiäîê êåëåðîâîñòi {Kn, J, ĝ} éîãî ôîðìà Ëi áóäå òðèâiàëüíîþ ω̂ = 0. Ç öèõ ìiðêó-
âàíü, (23), (25) îòðèìà¹ìî, ùî òåíçîð êðèâèíè êîíôîðìíî-ïëîñêîãî ËÊÊ-ìíîãîâèäó
íàáóâà¹ âèãëÿäó

Rh
ijk = δhk

(1
2
ωi,j +

1

4
ωiωj −

1

4
||ω||2gij

)
− δhj

(1
2
ωi,k +

1

4
ωiωk − 1

4
||ω||2gik

)
+

+
(1
2
ωh

,k +
1

4
ωhωk

)
gij −

(1
2
ωh

,j +
1

4
ωhωj

)
gik.

(34)

Âiäïîâiäíî òåíçîð Ði÷÷i

Rij =
(1
2
ωi,j +

1

4
ωiωj −

1

4
||ω||2gij

)
(n− 2) +

∆2ωgij
2

. (35)
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Ç (35) îòðèìà¹ìî çíà÷åííÿ ñêàëÿðíî¨ êðèâèíè

R = Rijg
ij =

(1
2
ωi,jg

ij +
1

4
ωiωjg

ij − 1

4
||ω||2gijgij

)
(n− 2) +

∆2ωgij
2

gij =

= (n− 1)∆2ω − (n− 1)(n− 2)

2
||ω||2.

(36)

Çðåøòîþ, ç (21) íàâåäåíi ìiðêóâàííÿ äàþòü ïiäñòàâè îòðèìàòè òåíçîð Áðiíêìàíà
êîíôîðìíî-ïëîñêîãî ËÊÊ-ìíîãîâèäó

Lij =
1

2
ωi,j +

1

4
ωiωj −

1

8
ωαωαgij . (37)

Íàãàäà¹ìî, ùî òåíçîð Âåéëÿ êîíôîðìíî¨ êðèâèíè âèçíà÷àþòü òàê:

Ch
ijk

def
= Rh

ijk + δhj Lik − δhkLij + Lh
j gik − Lh

kgij . (38)

Ïiäñòàâèâøè (34) i (37) â (38), ìàòèìåìî, ùî òåíçîð Âåéëÿ êîíôîðìíî-ïëîñêîãî
ËÊÊ-ìíîãîâèäó îáåðòà¹òüñÿ òîòîæíî ó íóëü

Ch
ijk ≡ 0.

Íàðåøòi, ÿêùî ËÊÊ-ìíîãîâèä {Mn, J, g} ¹ ìíîãîâèäîì ñòàëî¨ êðèâèíè, òî ìîæíà,
âðàõîâóþ÷è (36), âèïèñàòè éîãî òåíçîð êðèâèíè òà òåíçîð Ði÷÷i â ïðîñòiøîìó âè-
ãëÿäi

Rh
ijk =

R

n(n− 1)

(
δhkgij − δhj gik

)
=

1

n

(
∆2ω − n− 2

2
||ω||2

)(
δhkgij − δhj gik

)
. (39)

Rij =
n− 1

n

(
∆2ω − n− 2

2
||ω||2

)
gij . (40)

Îòðèìàíi ðåçóëüòàòè ìîæíà ïiäñóìóâàòè ó âèãëÿäi òàêî¨ òåîðåìè.

Òåîðåìà 7. ßêùî ËÊÊ-ìíîãîâèä {Mn, J, g} ¹ êîíôîðìíî-ïëîñêèì, òî éîãî òåí-
çîð êðèâèíè, òåíçîð Ði÷÷i òà ñêàëÿðíà êðèâèíà çàäàþòüñÿ, âiäïîâiäíî, òàêèìè
âèðàçàìè

Rh
ijk = δhk

(1
2
ωi,j +

1

4
ωiωj −

1

4
||ω||2gij

)
− δhj

(1
2
ωi,k +

1

4
ωiωk − 1

4
||ω||2gik

)
+

+
(1
2
ωh

,k +
1

4
ωhωk

)
gij −

(1
2
ωh

,j +
1

4
ωhωj

)
gik,

Rij =
(1
2
ωi,j +

1

4
ωiωj −

1

4
||ω||2gij

)
(n− 2) +

∆2ωgij
2

,

R = (n− 1)∆2ω − (n− 1)(n− 2)

2
||ω||2.

Çîêðåìà, ÿêùî ËÊÊ-ìíîãîâèä {Mn, J, g} ¹ ìíîãîâèäîì ñòàëî¨ êðèâèíè, òî òåíçîð
êðèâèíè òà òåíçîð Ði÷÷i íàáóâàþòü âèãëÿäó

Rh
ijk =

1

n

(
∆2ω − n− 2

2
||ω||2

)(
δhkgij − δhj gik

)
.

Rij =
n− 1

n

(
∆2ω − n− 2

2
||ω||2

)
gij .
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In this paper we study conformal mappings which does not change a
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Ó ïîñèëàííÿõ íà òåîðåìó ç ìîíîãðàôi¨ çàçíà÷èòè ñòîðiíêó, íà ÿêié âîíà îïè-
ñàíà.

Ðèñóíêè äî ñòàòòi ïîäàâàòè ó ãðàôi÷íîìó ôîðìàòi BMP ÷è PCX. Íàçâà ðè-
ñóíêà ÷è éîãî íîìåð íå âõîäÿòü ó çîáðàæåííÿ, ¨õ òðåáà ñòâîðþâàòè çàñîáàìè
LATEX'ó. Âèáèðàþ÷è ðîçìið ãðàôi÷íîãî çîáðàæåííÿ, íàëåæèòü âðàõóâàòè, ùî
âîíî áóäå íàäðóêîâàíå íà ïðèíòåði ç ðîçäiëüíîþ çäàòíiñòþ 600 dpi.

Ëiòåðàòóðó ïîäàâàòè çàãàëüíèì ñïèñêîì ó ïîðÿäêó ïîñèëàíü íà äæåðåëà â
òåêñòi ñòàòòi.
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