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SMICT

Taruna Bapabaw, fpocaas Xoasexa, Ipuna Tumap. Ilepioanyni ciosa, moB’s-
3ami 31 ciosamu Tpibonaudi e

Cepaiti Bapduaa. Ilpo maniBrononporianuii a- 61LLI/IKJ'IILIHI/II/I MOHOII .

Muxona Boxano, Oavea Lnvnuyvre. OmgHO3HAYHA PO3B A3HICTD MIMIAHUX 33,189
JIJIsI HeMHIAHUX TapabosiIHuX PpiBHAHB 31 3MIHHUM 3ali3HEHHIM

Muxona Boxanro, Andpit Ilebenro. 3anada onTUMAaIBHOTO KEPYBAHHS PECYPC-
HUM KOeDIIIEHTOM TOMYIAIIHOT MOMIE I, IO OMUCYEThCA 3aJa9ei0 6e3 1mo-
YATKOBUX YMOB JIJisl TAPaBOIidHOrO PiBHAHHA

Bacuauna Boxonro. Komyrarusni obmacti Besy, ckinuenni FOMOMOp(i)Hl o6pa31/1

AKHX € HaHlBHOTy)KHI/IMI/I KIHBHHMI/I .

Ounez Byepiti, Muxoaa Byepit. IIpo icHyBaHHS B y3araJbHEHUX TTPOCTOPAX Co—

6oJieBa PO3B’S3KIB MIMMAHUX 3339 JJIsi HEJIHIHHUX iHTerpo-audepeniia-
JIbHUX DiBHSHB, OB’ A3aHUX 3 €BPONEICHKUM OIIIIOHOM e

Ounez Buwencoruii, Andpiti Xpucmisanun. Ilpo BractuBocTi iHANKATOPIB MOJIO-
MopdHUX QYHKIIH MITKOM PEeryasapHOTO 3POCTAHHsI B MPOKOJIEHIN KOMII-
JekcHii maormmuai. 11

Tazip T'adoicice, Coaman Anice, [Nonean F a.CcaMo6a. OLUHKI/I PO3B’SI3KIB eJIinTHY-
HO-TTAPabOIIYHUX PIBHIHB

Ounez Tymix, Inna Ilozonarosa. TIpo MOHOT MOHOTOHHUX 1H€KTUBHUX 9aCTKO-
BHX TIePeTBOPeHb MHOXKHHE N2 3 KOCKiHUeHHIMHE 00JaCTAMA BU3HATCHD i
3HAYEHD -

Mapxian ,Zf[o6yw060b7cuu SaYBa}KeHHH 710 361>KHOCT1 iHTerpaJin ﬂannaca CTIJIb—

THECA . . . .
’ Andpi Kom?pammn

TuaHl QYHKIIT . C e . .
Oavea M’ayc. OyHKIiOHATbHE YNCTICHHS HA, anre6pax TUILY B1Hepa Ta, foro
nudepeHtiaIbHl BIacTHBOCTI . C e e
Taauna Crimrko. BusnatdeHHst MOJOIIIAX Koed)uueHTlB napa6o.qu0ro piBHAH-

HsT B 00JTACTI 3 BLIHHOK MEKEI0
Oxcana Aposa. Ilpo Bubip Majoro mapamMerpa HOPMYBAHHS TeHEPATOPA BUMIAJ-
KOBOT'O TIPOTIECY . . .
Muxkosa dpociaBoBuy KOMapHI/ILU)KI/II/I (1948 — 2016)
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PERIODIC WORDS CONNECTED WITH
THE TRIBONACCI WORDS

Galyna BARABASH, Yaroslav KHOLYAVKA, Iryna TYTAR

Ivan Franko National University of Luviv,
Universytetska Str., 1, Lviv, 79000
e-mails: galynabarabash71@gmail.com,
ya_ khol@franko.lviv.ua,
iratytarl217@Qgmail.com

We introduce two families of periodic words (TLP-words of type 1 and
TLP-words of type 2) that are connected with the Tribonacci numbers
and Tribonacci words, respectively.

Key words: Tribonacci numbers, Tribonacci words.

1. Introduction.

The Tribonacci numbers T, are defined by the recurrence relation 7T, = T,,—1 +
Th—o+T,—3, for all integer n > 2, and with initial values Tp = 0, T3 = 0 and T3 = 1 (see,
e.g., [1, 2, 3]). Many properties of the Tribonacci numbers require the full ring structure
of the integers. However, generalizations to the ring Z,, have been considered (see, e.g.,
[4]). The sequence T;, (mod m) is periodic and repeats by returning to its starting values
because there are only a finite number m? of triples of terms possible, and the recurrence
of a triple results in recurrence of all the following terms.

In analogy to the definition of Tribonacci numbers, one defines the Tribonacci finite
words as the contatenation of the three previous terms t, = t,_1tp_ot,_3, n > 2, with
initial values tg = 0, t; = 01 and t; = 0102 and defines the infinite Tribonacci word t,
t =limt, (see [5]). It is the archetype of an Arnoux-Rauzy word (see, e.g., [6, 7]).

Using Tribonacci words, in the present article we shall introduce some new kinds of
the infinite words, mainly TLP words, and investigate some of their properties.

For any notations not explicitly defined in this article we refer to [1, 6].

2. Tribonacci sequence modulo m.

The letter p is reserved to designate a prime and m may be arbitrary integer, m > 1.

Let T)(m), 0 < T;*(m) < m, denote the n-th member of the sequence of integers
T,=Th—1+Th—2+T,_3 (mod m), for all integer n > 2, and with initial values Ty = 0,
Ty =0and To =1 (T§(m) = 0, T} (m) = 0 and Ty (m) = 1). We reduce T,, modulo m
taking the least nonnegative residues, and let k(m) denote the length of the period of

© Barabash G., Kholyavka Ya., Tytar 1., 2016
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the repeating sequence T)F(m). A few properties of the function k(m) are in the following
theorem [4, 8]. Let p be an odd prime, p # 11, and () denotes the Legendre symbol.

Theorem 1. In Z,, the following hold:

1) Any Tribonacci sequence modulo m is periodic.

2) If (1) =1, then k(p)|(p*> + p+1) if 2* — 2® — 2 — 1 is irreducible mod p, otherwise
k(p)l(p—1).

3) If (£)) = —1, then k(p)|(p* — 1).

The results in Theorem 8 give upper bounds for k(p) but there are primes for which
k(p) is less than the given upper bound.

3. Tribonacci words.

Let tg = 0, t; = 01 and t2 = 0102. Now t,, = t,,—1tn—_ot,—_3, n > 2, the contatenation
of the three previous terms. The successive initial finite Tribonacci words are:

to =0, t; =01, t5 = 0102, ¢t3 = 0102010, ¢4, = 0102010010201, ... (1)

The infinite Tribonacci word ¢ is the limit ¢ = lim,,_, o t,,. It is referenced A080843
in the On-line Encyclopedia of Integer Sequences [9]. The properties of the Tribonacci
infinite words are of great interest in some fields of mathematics and its application such
as number theory, fractal geometry, formal language etc. See [5, 10, 11, 12, 13].

We denote as usual by |t,| the length (the number of symbols) of ¢,,. The following
proposition summarizes basic properties of Tribonacci words [5].

Theorem 2. The infinite Tribonacci word and the finite Tribonacci words satisfy the
following properties:

1) The words 11, 22 and 000 are not subwords of the infinite Tribonacci word.

2) For all n = 0 let a,, be the last symbol of t,, and k = n (mod 3), k € {0,1,2}. Then
we have a, = k.

3) For alln >0 |t,| = Thys.

4. Periodic TLP words.
Let us start with the classical definition of periodicity of words over arbitrary
alphabet {ag,a1,az,...} (see [14]).

Definition 1. Let w = agaias ... be an infinite word. We say that w is

1) a periodic word if there exists a positive integer t such that a; = a1 for all i > 0.
The smallest t satisfying the previous condition is called the period of w;

2) an eventually periodic word if there exist two positive integers t, s such that a; = a;4¢,
for alli > s;

3) an aperiodic word if it is not eventually periodic.

Theorem 3. The infinite Tribonacci word is aperiodic.

This statement is proved in [10].

We consider the finite Tribonacci words ¢, (3) as numbers written in the ternary
numeral system and denote them by b,. Denote by d,, the value of the number b, in
usual decimal numeration system. We write d,, = b,, meaning that d,, and b,, are writing
of the same number in different numeral systems.
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Example 1.
to =0, t; =01, to = 0102, t3 = 0102010, ¢4, = 0102010010201, ...,
bp =0, by =1, by =102, b3 = 102010, by = 102010010201, ...,
dy=0, di =1, do =11, d3 = 300, dy = 218800, ds = 38759787911, ....
Theorem 4. For any finite Tribonacci word t,we have
do=0, di=1, do=11, dy=dp 13" " 4d, 23" +d,_ 3(n>2). (2

Proof. One can easily verify (4) for the first few n : d3 = b3 = 102010 = 102000+ 1040 =
b2334+b131 +by = do3®+d1 3 +dy, dy = by = 102010010201 = 102010000000+ 10200+1 =
d33® + d232 + d;. Equality (4) follows from Theorem 9 (statement 3)) and the equality
— — — Trnt1+Tn T
dp,=b,=b,_1 0...0 +b,,_20...0+b,,_3=d,,_13 +d,_23'" +dp_3.
Tog1+Tn T,

Let wo(m) = 0 and for arbitrary integer n, n > 1, d,(m) = d, (mod m), 0 <
dn(m) < m, b,(m) is d,,(m) in the ternary numeration system, wy, (m) = wy,—1(m)b, (m).
Denote by w(m) the limit w(m) = lim, o wp(m).

Definition 2. We say that

1) wyp(m) is a finite TLP word type 1 modulo m;
2) w(m) is an infinite TLP word type 1 modulo m.

Theorem 5. The infinite TLP word of type 1 w(p) is a periodic word.

Proof. The statement follows from (4) because there are only a finite number of d,(p)
and 37* (mod p) possible, and the recurrence of the first few terms sequence d,,(p) and
3T» (mod p) gives recurrence of all subsequent terms.

Using Tribonacci words (3) we define a periodic TLP word w*(m) (infinite TLP
word type 2 by modulo m). As usual, we denote by € the empty word. Let v (m) be the
last Ty, 3(m) symbols of the word t,, if Ty, 3(m) # 0, otherwise vy, (m) = e.

Theorem 6. The word length |vy;,(m)| coincides with T} 5(m).

Proof. This is clear by construction of v} (m) .

Since T} (m) is a periodic sequence with period k(m), the sequence |vf(m)| is
periodic with the same period. Let wgi(m) = 0 and for arbitrary integer n, n > 1,
wi(m) = wk_;(m)v}(m). Denote by w*(m) the limit w*(m) = lim,,_, o w}(m).

Definition 3. We say that

1) wk(m) is a finite TLP word of type 2 modulo m;
2) w*(m) is an infinite TLP word of type 2 modulo m.

Theorem 7. The infinite TLP word of type 2 w*(m) is a periodic word.
The Theorem 14 is a direct corollary of Theorem 9 (statement 2)) and Theorem 13.
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ON A SEMITOPOLOGICAL o-BICYCLIC MONOID

Serhii BARDYLA

Ivan Franko National University of Luviv,
Universytetska Str., 1, Lviv, 79000
e-mail: sbardyla@yahoo.com

We consider a semitopological a-bicyclic monoid B, and prove that it is
algebraically isomorphic to the semigroup of all order isomorphisms between
the principal upper sets of ordinal w®. We prove that for every ordinal o and
every (a,b) € B if a or bis a non-limit ordinal, then (a, b) is an isolated point in
Bo. We show that for every ordinal oo < w+1 every locally compact semigroup
topology on B, is discrete. On the other hand, we construct an example of a
non-discrete locally compact topology 7ic on By41 such that (Bu+i,7ic) is a
topological inverse semigroup. This example shows that there is a gap in the
proof of Theorem 2.9 [16] stating that for every ordinal « the semigroup Ba
does not admit non-discrete locally compact inverse semigroup topologies.

Key words: topological inverse semigroup, topological semigroup, semi-
topological semigroup, a-bicyclic semigroup.

In this paper all topological spaces are assumed to be Hausdorff. By N we shall
denote the set of all positive integers. A semigroup S is called inverse if for every z € S
there exists a unique y € S such that xyx = = and yry = y. Later such an element y
will be denoted by x~! and will be called the inverse of 2. A map inv : S — S which
assigns to every s € S its inverse is called inversion. By w we denote the first infinite ordi-
nal. A topological (inverse) semigroup is a topological space together with a continuous
semigroup operation (and an inversion, respectively). Obviously, the inversion defined
on a topological inverse semigroup is a homeomorphism. If S is a semigroup (an inverse
semigroup) and 7 is a topology on S such that (S, 7) is a topological (inverse) semigroup,
then we shall call 7 an (inverse) semigroup topology on S. A semitopological semigroup
is a topological space together with a separately continuous semigroup operation. Let f
be a map between two partial ordered sets (A4,<a) and (B, <p), then we shall call f a
monotone if for every a,b € A if a <a b then f(a) <p f(b). We shall call f an order
isomorphism if f is monotone bijection and its inverse map f~! is also monotone.

For a partially ordered set (A, <), for an arbitrary X C A and = € A we write:

1) JX = {y € A: there exists z € X such that y < z};
2) 1X = {y € A: there exists z € X such that z < y};

© Bardyla S., 2016
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3) Lo = Wah
1) 1o = Ha}
5) X is a lower set if X = [ X;
6) X is an upper set if X =1X;
7) X is a principal lower set if X = |z for some z € X
7) X is a principal upper set if X =tz for some x € X.

The bicyclic monoid A(p, q) is the semigroup with the identity 1 generated by two
elements p and ¢ subjected only to the condition pg = 1. The distinct elements of B(p, q)
are exhibited in the following useful array

p P
3

g qp q* qp
@ ap ¢’ ¢p’
@ ép @B @

and the semigroup operation on %(p, q) is determined as follows:

qkpl . qmpn _ qk+m—min{l,m}pl+n—mill{l7m}.
It is well known that the bicyclic monoid %(p, q) is a bisimple (and hence simple) combi-
natorial E-unitary inverse semigroup and every non-trivial congruence on %(p,q) is a
group congruence [8]. Also classic Andersen Theorem states that a simple semigroup S
with an idempotent is completely simple if and only if S does not contains an isomorphic
copy of the bicyclic semigroup (see [1] and [8, Theorem 2.54]). Observe that the bicyclic
monoid can be represented as a semigroup of isomorphisms between principal upper sets
of partially ordered set (N, <) (see [21]). The bicyclic semigroup admits only the discrete
semigroup topology and if a topological semigroup S contains it as a dense subsemigroup
then A(p, q) is an open subset of S [9]. In [6] and [10] this result was extended for the
case of semitopological semigroups and generalized bicyclic semigroup respectively. The
problem of an embedding of the bicyclic monoid into compact-like topological semigroups
was discussed in [2], [3], [12]. Also, in [9] was described the closure of the bicyclic monoid
PB(p,q) in a locally compact topological inverse semigroup. In [11] was proved that a
Hausdorff locally compact semitopological bicyclic semigroup with adjoined zero 0 is
either compact or discrete.

Among the other natural generalization of bicyclic semigroup polycyclic monoid and
a-bicyclic monoid play the major role.

Polycyclic monoid was introduced in [23]. In [4] there was introduced a notion of the
A-polycyclic monoid, which is a generalization of the polycyclic monoid and there was
proved that for every cardinal A > 1 the A-polycyclic monoid Py can be represented as
a subsemigroup of the semigroup of all order isomorphisms between principal lower sets
of the A-ary tree with adjoined zero. In [18] and [19] were studied algebraic properties
of the polycyclic monoid. In [22] were studied topological properties of the graph inverse
semigroups which are the generalization of polycyclic monoids and proved that for every
finite graph E every locally compact semigroup topology on the graph inverse semigroup
over F is discrete, which implies that for every positive integer n every locally compact
semigroup topology on the n-Polycyclic monoid is discrete. In [4] were studied algebraic
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and topological properties of the A-polycyclic monoid and was proved that for every non-
zero cardinal A every locally compact semigroup topology on the A-Polycyclic monoid
is discrete. In [5] authors investigated the closure of A-polycyclic monoid in topological
inverse semigroups.

However in this paper we are mostly concerned on the a-bicyclic monoid. This
monoid was introduced in [17]. Let a be an arbitrary ordinal and < be the usual order
on « such that a < b iff a € b for every a,b € a. For every a,b € a we write a < b iff
a =bor a € b. Clearly that < is a partial order on «. By 4+ we will denote the usual
ordinal addition. Ordinal « is said to be prime if it can’t be represented as a sum of two
ordinals which are contained in «. For every ordinals a,b such that a > b we will put
c=a—bif a =b+ c. Clearly that for every ordinals a > b there exists a unique ordinal
¢ such that ¢ = b+ ¢. For more about ordinals see [20], [25] or [26]. By the a-bicyclic
monoid B, we mean the set w* x w® endowed with the following binary operation:

(a+(c—0b),d), if b<g
(a,b)-(c,d):{ (a,d+ (b—c)), if b>c

Later on we will write (a,b)(c, d) instead of (a,b) - (¢, d).

In [17] were considered algebraic properties of bisimple semigroups with well-ordered
idempotents. In [24] was built a non-discrete inverse semigroup topology on Ba. In [15]
were investigated inverse semigroup topologies on B,,.

Observe that every upper set of arbitrary ordinal « is principal.

By jfa we shall denote the semigroup of all order isomorphisms between the pri-
ncipal upper sets of the ordinal w® endowed with multiplication of composition of partial
maps.

Topological semigroups of partial monotone bijections of linearly ordered sets were
investigated in [7], [13], [14]. In [13] it was proved that every locally compact topology
on the semigroup of all partial cofinite monotone injective transformations of the set
of positive integers is discrete. In [7] authors proved that every Baire topology on the
semigroup of almost monotone injective co-finite partial selfmaps of positive integers is
discrete. In [14] was proved that every Baire topology on the semigroup of all monotone
injective partial selfmaps of the set of integers having cofinite domain and image is
discrete. We observe that in [7] and [14] there constructed non-discrete non-Baire inverse
semigroup topologies on the corresponding semigroups.

In this paper we consider a semitopological a-bicyclic monoid B, and prove that it is
algebraically isomorphic to a semigroup of all order isomorphisms between the principal
upper sets of ordinal w®. We prove that for every ordinal « for every (a,b) € B, if a
or b is a non-limit ordinal then (a,bd) is an isolated point in B,. We show that for every
ordinal o < w + 1 every locally compact semigroup topology on B, is discrete. However
we construct an example of a non-discrete locally compact topology 7. on B,1 such
that (B,+1,7ic) is a topological inverse semigroup. This example shows that there is a
gap in [16, Theorem 2.9], where is stated that for every ordinal « there is only discrete
locally compact inverse semigroup topology on B,.

Proposition 1. For every ordinal o the semigroup jfa of all order isomorphisms
between principle upper sets of ordinal w® is isomorphic to the a-bicyclic monoid B,,.
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Proof. Observe that every principal upper set of w® is an interval [a,w®) for some a € w®.
Define a map h : /5 — B, in the following way: for an arbitrary order isomorphism
f e, w®) = [byw®) put h(f) = (a,b). Clearly that if there exists an order isomorphism
between two intervals [a,w®) and [b,w®) then it is unique. Thus the map h is injective.
Since w® is a prime ordinal for every a,b < w® upper sets [a,w®) and [b,w®) of w* are
order isomorphic and hence the map h is surjective. Simple verifications show that the
map h is a homomorphism.

Lemma 1. Let (B,,T) be a semitopological semigroup. Then for every ordinal a € w®
the elements (0,a) and (a,0) are isolated points in (By,T).

Proof. Observe that if e is an idempotent of semitopological semigroup S both eS and
Se are retracts of the space S and hence are closed subsets of S. Since {(0,0)} = B, \
((1,1)B, UB,(1,1)), (0,0) is an isolated point in (B, T).

Since (0, a)(a,0) = (0,0) the separate continuity of multiplication implies that there
exists an open neighborhood V' ((0, a)) such that V((0,a))(a,0) = {(0,0)}. Fix any point
(¢c,d) € V((0,a)). Then (¢, d)(a,0) = (0,0). Hence d = a and ¢ = 0 which implies that
V((0,a)) = {(0,a)}. Thus (0,a) is an isolated point in (B, 7). Proof of the statement
that (a,0) is an isolated point is similar.

Lemma 2. Let (B,,T) be a semitopological semigroup. Then for every element (a,b) €
B, there exists a clopen neighborhood V ((a,b)) of (a,b) such that the following conditions
hold:

1) for every (c,d) € V((a,b)) ¢ < a and d < b;

2) for every (c,d) € V((a,b)) a = c if and only if b=d.

Proof. Put V((a,b)) = {z € S : (0,a)x = (0,b)}. Observe that by Lemma 1 (0,b) is an
isolated point of the space B,. Since (0,a)(a,b) = (0,b) the separate continuity of the
multiplication in B, implies that V' (a,b) is a clopen neighborhood of the point (a, b). Fix
any element (c,d) € V((a,b)). Then we have that (0,a)(c,d) = (0,b). Clearly that above
equality holds in the only case when ¢ < a. Hence (0,a)(c,d) = (0,d+(a—c)) = (0,b) and
since d+ (a —¢) = b we get that d < b. Moreover if a = ¢ then (0, a)(c,d) = (0,d) = (0,b)
and hence b = d.

Lemma 2 implies the following corollary:

Corollary 1. Let (B, 7) be a semitopological semigroup. Then for every finite ordinals
n,m element (n,m) is an isolated point in the space (Ba,T).

Lemma 3. Let (B, 7) is a semitopological semigroup. For every distinct ordinals a,b < «
(w?, w?) is an isolated point in (By,T).

Proof. First we consider the case when a < b. Since (0,w%)(w? w’) = (0,w),
Lemma 1 and separate continuity of the semigroup operation in (B,,7) imply that
there exists an open neighborhood V((w? w®)) of (w* w’) in (B,,7) such that
(0,w)V((w*,w®) = {(0,w*)} and for the neighborhood V((w® w®)) conditions of
Lemma 2 hold. Then (0,w®)(c,d) = (0,d+ (w® —c¢)) = (0,w’) for every (c,d) € V((a,b)).
Hence d + (w® — ¢) = d + w*® = w®, but this equation is true only if w® = w®, a
contradiction.
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In the case when a > b the proof is similar.

By [26, Theorem 17] each ordinal a has Cantor’s normal form, that is a = nyw® +
naw™ 4 ... +n,wP* , where n; are positive integers and 81, fa, ..., 3 is a decreasing sequence
of ordinals.

Lemma 4. Let (B, T) be a semitopological semigroup, a = n1wP' +now® + ... +npw’*,
b= miw™ +mow™ +...4+mw* be Cantor’s normal forms of ordinals a and b respectively.
If (a,b) € By and (W W) is an isolated point in (By,T) then (a,b) is an isolated point
in the space (Ba,T).

Proof. Suppose (w”*,wt) is an isolated point in (Ba,7). Put a* = njwf' + nyw? +
o (ng — DwP and b* = myw™ + now?? + ... + (ny — 1)w?t. Here we agree that a* =
0(b* = 0) in the case when ny = 1(n; = 1). Then (0,a*)(a,b)(b*,0) = (WP w).
The separate continuity of multiplication in (B,,7) implies that there exists an open
neighborhood V' ((a, b)) of (a,b) such that (0,a*)V((a,b))(b*,0) = {(w?*,w?*)}. Fix any
element (c,d) € V((a,b)). Obviously (0,a*)(c,d)(b*,0) can be equal to (w?*,w*) only if
a* < cand b* < d. Then (0,a*)(c,d)(b*,0) = (c — a*,d — b*) = (w,w"*), which implies
that ¢ = a and d = b. Hence V((a,b)) = {(a,b)}.

Proposition 2. Let (B, T) be a semitopological semigroup and a be a non-limit ordinal.
Then for every ordinal b € w® both (a,b) and (b, a) are isolated points in the space (Ba, T).

Proof. Corollary 1 and Lemma 4 imply that both points (a,b) and (b, a) are isolated in
(Ba,7) if b is a non-limit ordinal. Hence it is sufficient to consider the case when b is a
limit ordinal. Suppose to the contrary that (a,b) is a non-isolated point in (B, 7). Since
(a,b)(b,0) = (a,0), the separate continuity of multiplication in (B,,7), Lemmas 1 and 2
imply that there exists an open neighborhood V' ((a, b)) of (a,b) satisfying conditions of
Lemma 2 such that V((a,b))(b,0) = {(a,0)}. Fix an arbitrary element (c,d) € V(a,b) \
{(a,b)}. Then (c¢,d)(b,0) = (¢ + (b —d),0) = (a,0). Hence a = ¢+ (b — d), but since b
is a limit ordinal we have that b — d is also a limit ordinal. Then ¢ + (b — d) is a limit
ordinal which contradicts to the assumption that a is a non-limit ordinal. Proof of the
statement that (b, a) is an isolated point in (Bg, 7) is similar.

Theorem 1. For each o < w+ 1 every locally compact topological a-bicyclic semigroup
(Bo,T) is discrete.

Proof. Lemmas 3 and 4 imply that if each idempotent (w®, w?®) of the (B, 7) is an isolated
point then 7 is discrete.

It is obvious that the subset {(n,m) : n,m < w} U {w,w} with the semigroup
operation induced from B, is isomorphic to the bicyclic semigroup with adjoined zero.
Then by Lemma 2 and [11, Corollary 1|, (w,w) is an isolated point in (Bg, 7).

Suppose (Ba, 7) is a non-discrete semigroup. Let m be the smallest positive integer
such that (w™,w™) is a non isolated idempotent of (B,,7). We remark that by the
our assumption Lemmas 3 and 4 imply that {(a,b) : a,b < w™} is discrete subsemi-
group of (B,,7) which is algebraically isomorphic to B,,. By Lemma 2 there exists
a clopen compact neighborhood W ((w™,w™)) of (w™,w™) such that W((w™,w™)) C
By U {(w™,w™)}. The continuity of the multiplication in the (B, 7) implies that there
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exists a compact open neighborhood V((w™,w™)) C W((w™,w™)) of (w™,w™) such
that (0,0) ¢ V2((w™,w™)). Since V((w™,w™)) is compact and (w™,w™) is the only
non-isolated point in V ((w™,w™)), we have that (w™,w™) is a limit point of every infi-
nite sequence z,, € V((w™,w™)) consisting of mutually distinct elements.

For an arbitrary element (y,0) € B,, put
X0 ={(0,2) : (,0)(0,2) = (y,x) € V}.

Suppose that there exists an element (y,0) € B, for which the set X, o) is infinite. Let
Xy,00 = 1{(0,7%) : k € N} be an enumeration of the set X, o). Observe that

(wm7wm) = lim ((y,O)(O,Ik)) = lim (y,«Ik)~
k—o0 k— o0
Then for every ordinal z < w™

lim (z,2g) = (W™, w™),
k— o0

because
(W™ w™) = (z,y) (W™ w™) = (2,y) lim (y,2x) = lim ((2,y)(y,zx)) = lim (z, z)

For every k € N let ¢, be the smallest ordinal such that (zg,cr) € V((w™,w™)). Since
(0,0) ¢ V2((w™,w™)) we have that there exists ko € N such that for every k > ko ¢ # 0.
Observe that (w™,w™) is a zero of By,. The continuity of the multiplication in (B, 7)
implies that there exists an open compact neighborhood O((w™,w™)) C V((w™,w™))
such that

O((w™,w™))(1,0) UO((w™,w™))(w,0) U.. U O((w™,w™))(w™™",0) € V((w™,w™)).

But then an infinite discrete space {(zg,cx) : k € N} C V((w™,w™)) \ O((w™,w™)),
which contradicts the compactness of V((w™,w™)). The obtained contradiction implies
that X(, 0) is a finite set for every element (y,0) € B,,.

Since V((w™,w™)) is infinite there exist an infinite set A = {(yn,0) : n €
N} C B,, such that X, o) # 0. For an arbitrary element (y,,0) € A by (0, z,,) we
denote an element of X, o) which has the greatest second coordinate. Clearly that

{(yn,0)(0, 2zy,,) = (Yn, 2y, ) } is infinite sequence of V ((w™,w™)). Then we have that

T (g, 2,) = (@™, 0™).

But
(W™ W™) = (@™,w™) (0,0 ) = lim (Un» 24,)(0,0™ 1) =
= lim (yn, 0™+ 2,,) # (W™, W),

n—oo

because w™ ! + z, > z, which contradicts the continuity of the multiplication in
(Ba, 7). Hence (B, T) is a discrete semigroup.

However the following example shows that there exists a non-discrete locally
compact topology 7. on the B,11 such that (B,+1,7c) is a topological inverse semi-

group.
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Example 1. We define the topology 7. in the following way: all points distinct from
(nw*, mw*) for some positive integers n, m are isolated, and the family Z((nw*, mw®)) =
{Uk((nw*, mw®)) : k € N} forms a base of the topology 7. at the point (nw*,mw®),
where

Uk (nw®,mw®)) = {((n — Dw* + ', (m — Dw® + w') : t > k} U {(nw®, mw*)}.

Clearly that 7. is a Hausdorff topology on B,1. Since every open basic neighborhood
of an arbitrary non isolated point (nw“,mw®) is compact we have that 7. is locally
compact.

It is obvious that for every positive integer k

inv(Ug (nw®, mw®)) = Uk (mw®, nw®).

Hence the inversion is continuous in (B,41, 7ic)-
Let a < w**! be an arbitrary ordinal. Below for us will be useful the following
trivial modification of the Cantor’s normal form of the ordinal a:

a=nw® + nw' + .. + npwtp,

where ny is a non negative integer, no, ..,n, are positive integers and w,to,t3,..,t, is a
decreasing sequence of ordinals.

It is sufficient to check the continuity of the multiplication at a point ((a,b), (¢, d)) €
B,4+1 % Bu+1 when at least one of the points (a,b) or (¢, d) is non-isolated in (B 41, 7ic)-
Hence there are three cases to consider:

(1) (nw*, mw*)(nw®, mw*), where n,m,n;, my € N;
(2) (a,b)(nw®, mw®), where (a,b) is an isolated point in (By,+1,7c), n,m € N;
(3) (nw*, mw*)(a,b), where (a,b) is an isolated point in (B,41, i), n,m € N;

Suppose the first case holds, then we have the multiplication of the form
(n1w®, miw®) (nw®, mw®).

It has the following three subcases:

(1.1) if my < n then (nqw*, mw*)(nw*, mw*) = ((n1 +n — m)w®, mw*);
(1.2) if my = n then (nw*, mw®)(nw*, mw*) = (n1w*, mMw*);
(1.3) if my > n then (nw*, mw®)(nw*, mw*) = (n1w*, (M + my — n)w*).

Let’s consider the subcase (1.1). Let Ug(((n1 +n — mq)w®, mw®)) be a basic open nei-
ghborhood of ((n; +n — mp)w®, mw®). Then we state that

U ((nw®, miw®))Ug((nw*, mw®)) C Ug(((n1 +n — mq)w®, mw®)).
Indeed, fix any elements
((ng — Dw® +w', (mp — Dw® +w') € Up((nw”, miw®))

and

((n—1Dw” +wP, (m — )w® + wP) € Ug((nw*, mw®)).
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ny — Dw® +wt, (my — Dw® +w)((n — Dw® +wP, (m — Dw” +wP) =

n1 — Dw? +wh + ((n — Dw* +wP — ((mp — Dw® +wh)), (m — Dw® + wP) =
ny — Dw® +w' 4+ (n—1—=my + Dw® +wP),(m— 1w +wP) =
n—1l+n—1-—m;+ Hw” +wP, (m—1w* +uwP) =

(n1+n—m; — Dw” + P, (m— 1w +wP) € Up(((n1 +n — mq)w®, mw®)).

—~ Y~ ~~ —~
—_— o~ =~ =~

Let’s consider the subcase (1.2). We have that m; = n. Let Ug((n1w®, mw®)) be a basic
open neighborhood of (njw®, mw*). Then we state that

Uk ((n1w®, nw®)) Uk ((nw*, mw®)) C Uk ((n1w®, mw®)).
Indeed, fix any elements
((n1 — Dw® +wh, (n — Dw® +w') € Up((nw®, nw®))
and
((n = 1Dw” +wP, (m — )w® + wP) € Up((nw*, mw®)).
If p >t then
((n1 — Dw® +w', (n — Dw® +w')((n — Dw® + P, (m — Dw® + wP) =
(n1 — Dw® + 0"+ (0 — Dw® + wP — ((n — Dw® + '), (m — Dw® + wP) =
((n1 — Dw® + W' + (WP —wh), (m — Dw® +wP) =
((n1 — Dw® + WP, (m — 1)w* + wP) € Up((nw", mw®)).
If p =t then we have the following:
((ng — Dw®” + WP, (n — Dw® + wP)((n — D + w?, (m — Dw® + wP) =
((ng — Dw® + WP, (m — 1)w* + wP) € Ugp((nw", mw®)).
If p <t then
(1 — 1 + ', (0 — 1)
((n1 — Dw® +w', (m — Dw* +wP + (n — Dw® +w' — ((n — Dw* +wP))) =
((n1 = Dw” +w', (m = Do +wP + (W' —wP)) =
) -1

m
((n1 — Dw® + ', (m — Dw® + w') € Up((nw®, mw®)).

n w? +wh((n — Dw +wP, (m — w* +wP) =

Let’s consider the subcase (1.3). In this subcase we have that m; > n.
Let Uy ((n1w*, (m+mi—n)w®)) be a basic open neighborhood of (niw®, (m+mi —n)w®).
Then we state that

U (niw?, miw®)) Uk ((nw®, mw®)) C Uk((n1w®, (m 4+ my —n)w®)).
Indeed, fix any elements
((n1 — Dw® + ', (mg — Dw® +w') € Up((nw”, miw®))

and
((n — Dw* + P, (m—Dw” + wP) € Uk((nw*, mw®)).
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Then

(m1 — Dw® + ") ((n — Dw* + wP, (m — w* +wP) =

w? +wh (m — Dw® + wP + ((my — Dw® +w' — ((n — Dw® +wP))) =
(m—1Dw* +wP + ((m —1—n+Dw* + ') =

W’ +wh (m+my —n—Dw” +w') € Up((nw®, (m +my — n)w®)).

Hence the continuity of the multiplication in (By41, 7ic) holds in the case (1).
Let’s consider the case (2). It has the following three subcases:

(2.1) a # nw* and b # myw®;
(2.2) a # nw* and b = myw®;
(2.3) a =nyw* and b # miw®.

Let’s consider the subcase (2.1) Let a = njw® 4+ naw'? + .. + nyw' and
b=miw® + maow™ + .. + mew™, (note that ny and m; could be equal to 0).
Then we have the following two subcases:

(2.1.1) if my < n then
(n1w” +12w" +..4+npw', miw” +maw™ +..+mew”™ ) (nw, mw*) = ((n1+n—mq)w®, mw®);
(2.1.2) if my > n then

(n1w® + now™ + .. + npw', Mmiw® + maw™ + .. + mew” ) (nw®, mw*) =

= (Mw” 4+ n2w™ + .. + npw', (M +my — n)w® + maw™ + .. + Mew"™);

Let’s prove the continuity in the subcase (2.1.1). Let Ux(((n1 +n — my)w*, mw®)) be a
basic open neighborhood of ((ny +n —mp)w*, mw®). Note that

(n1w® 4 now®™ + .. + npwtp, miw® + mow™ + .. + mew’)
is an isolated point in (8,41, 7). Then we state that
(n1w® 4+ now™ + .. + npw' maw® + maw”™ + .. + Mew" ) Upy 1y 41 ((nW®, mw®)) C
C Ui(((n1 +n —mp)w”, mw®)).
Indeed, fix any element
(n — Dw® + W', (m— Dw* +w") € Upypty 1k ((nw®, mw®)).
Then
(n1w® 4+ n2w™ + .. + npw', miw® + maw™ + .. + mew”)((n — Dw® + w’, (m — 1w+
+w") = (mw® + n2w' + .. + npw' + ((n — Dw® +w' — (Mmiw® + maw™ + ..
+mew”™)), (m — Dw® +w') =
= (nw® + naw® + .. + npw' + ((n — 1 —my)w® + ', (m — Dw® + w') =
=((n1+n—m; — Dw” +w', (m—Dw” +w'") € Up(((n1 +n —my)w®”, mw®)).

Hence the continuity of the multiplication in the subcase (2.1.1) holds.
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Let’s consider the subcase (2.1.2). Note that both (nqw® +now +..+n,w', myw” +
mow™ +..+mew”) and (njw® +now'? +..+npw', (Mm—+my —n)w® +mow”™ + ..+ mew"™)
are isolated points in the (B,1, 7). Then we state that

(n1w® + noaw™ + .. + npw', miw® + maw™ + .. + mew”)Up((nw®, mw®)) =

= {(n1w” + now' + .. + nyw', (M +my — n)w” + maw™ + .. + mew")}.
Indeed, fix any element

((n — Dw® + ', (m — Dw* +w') € Up((nw*, mw®)).

Then
(n1w® 4+ n2w™ + .. + npw', miw® + maw™ + .. + mew”)((n — Dw® + w’, (m — 1w+
+ w') = (Mw® + n2w™ + .. + npw', (m — Dw® + w' + (Maw® + maw™ + .. + mew”™ —
—((n = Nw* +u"))) =
(n1w® 4+ n2w™ + .. + npw', (m — Dw® + w' + ((m1 —n + Dw® + maw™ + .. + mew”™) =
= (nw® + naw™ + .. + npwtp, (m+m; —n)w” + maw™ + .. + mw"™).

Hence the continuity of the multiplication in the subcase (2.1) holds.
Let’s consider the subcase (2.2). Let a = njw® + naw™ + .. + nyw' and b = myw®.
Then we have the following two subcases:

(2.2.1) if m1 < n then
(n1w® + naw™ + .. + npw', miw®) (nw®, mw®) = ((n1 +n — my)w”, mw*);
(2.2.2) if my > n then
(n1w® 4+ now™ + .. + npw', miw®) (nw*, mw®) =
= (nw® + naw™ + .. + npw', (m +my — n)w®);
Let’s consider the subcase (2.2.1). Let Ug(((n1 +n —m1)w®, mw®)) be a basic open

neighborhood of ((n1 +n —mq)w®, mw®). Note that (n1w” + naw’ + .. + nyw'», miw®)
is an isolated point in the (By41, 7). Then we state that

(n1w® 4+ now™ + .. + npw', maw ) U,y 41 ((nw®, mw®)) C
C Up(((n1 +n —mq)w®, mw®)).
Indeed, fix any element
((n — Dw* + ', (m — Dw* +w") € Upyii((nw”, mw®)).
Then
(n1w® + now™ + .. + npw', miw?)((n — Dw® +w', (m — D +w') =
= (mw® + now™ + .. + npw' + ((n — Dw® + w' — miw®), (m — Dw® + w') =
= (mw” 4+ n2w™ + .. + npw' + ((n — 1 — my)w® + w'), (m — D +w') =
=((n1 +n—mp — Dw* +wt, (m - Dw* +w) € Up(((n1 +n — myp)w®, mw®)).

Hence the continuity of the multiplication in the subcase (2.2.1) holds.
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Let’s consider the subcase (2.2.2). Note that both (njw® +now® + .. +n,w', miw®)
and (n1w® 4+ now' + .. + nyw'», (m + my — n)w®) are isolated points in the (By11, 7ie)-
Then we state that

(n1w® 4+ naw™ + .. + npw', miw* ) Ug((nw®, mw®)) =
= {(nMw® + naw™ + .. + nyw', (m +my —n)w*)}.
Indeed, fix any element
((n— Dw®” +w', (m — Dw* +w') € Up((nw”, mw®)).
Then
(n1w® 4+ naw™ + .. + npw', miw?)((n — D + W', (m — N + ') =
= (nw® + naw® + .. + npw', (m — Dw® + ' + (mw® — ((n — D +w'))) =
= (nw® + naw' + .. + npw', (m — Dw® +w' + ((m1 —n + Dw®) =
= (nw® + naw™ + .. + npw', (M +my — n)w®).
Hence the continuity of the multiplication in the subcase (2.2) holds.

Let’s consider the subcase (2.3). Let a = njw® and b = miw® + mow™ + .. + mew"e.
Then we have the following two subcases:

(2.3.1) if m1 < n then
(nw®, miw® + maw™ + .. + mew”™) (nw®, mw®) = ((n1 +n — mp)w*, mw*);
(2.3.2) if my > n then
(nw®, miw® + maw™ + .. + mew") (nw*, mw®) =
= (nw®, (m+mq — n)w* + maw™ + .. + mew"™);
Let’s consider the subcase (2.3.1). Let Ur(((n1 + n — my1)w*, mw®)) be a basic open
neighborhood of ((n; +n —my)w®, mw*). Then we state that
(nw®, miw® + maw™ + .. + mew")Up, 1 ((nw®, mw®)) C
C Uk(((n1 +n —mq)w®, mw?)).
Indeed, fix any element
(n—Dw* + ', (m — Dw® +w") € U1 ((nw®, mw®)).
Then
(n1w®, miw® + maw™ + .. + mew”™)((n — Dw® + W', (m — Dw®” +w') =
= (mw” + ((n — Dw® +w' — (Miw®” + maw™ + .. + mw™)), (m — Dw® + w') =
= (mw* + ((n —1—mp)w” +wh), (m — Dw* +w') =
=((n1 +n—mp — Dw* +w', (m— 1w +w') € Up(((n1 +n — myp)w®, mw®)).
Hence the continuity of the multiplication in the subcase (2.3.1) holds.

Now let’s consider the subcase (2.3.2). Note that both (njw®, miw” + maw™ + ..
+ mew”™) and (niw®, (m 4+ my — n)w® + maw™ + .. + mew") are isolated points in the
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(Bw+1,Tic)- Then we state that
(n1w®, miw® + maw™ + .. + mew"™ ) Up ((nw®, mw®)) =
= {(mw”, (m+m; —n)w® + maw™ + .. + mw")}.
Indeed, fix any element
(n = Dw* + ', (m — Dw® +w') € Up((nw®, mw®)).
Then
(n1w”, miw® + maw™ + .. + mew”™)((n — Dw® + ', (m — Dw® +w') =
= (nw*, (m — Dw* + w' 4+ (mw® + mow™ + .. + mew™ — ((n — Dw* +wh))) =
= (mw*, (m — Dw* + W' + (M1 —n + Dw® + mow™ + ... + mew™) =
= (mw”, (m+m; —n)w* + maw™ + .. + mew”).

Hence the continuity of the multiplication holds in the case (2).
Since the inversion is continuous in (Byt1,7.) and

((a,b)(nw®, mw*)) "t = (mw*, nw*) (b, a)

the case (2) implies that the semigroup operation in the case (3) is continuous too.
Hence (By+1,Tic) is a topological inverse semigroup.
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IMPO HAIIIBTOIIOJ/IOTTYHUMN o-BINMUKJITYHUN MOHOI T,

Cepriit BAPINJIA

Jveiecvruti HaytonarvHul yHisepcumem imeni Ieana Dparnka,
eys. Yuisepcumemcoka,l, JIveis, 79000
e-mail: sbardyla@yahoo.com

ocnigkeno HamiBTOMOIOr 9HAN -6inpkmigruii Mmoroin Be. Josemeno, mo
Ba — anrebpuyno isomopdHuit Hanisrpymi ycix nopsiakosux isomopdizmins mix
BEpXHIMU MHOXKUHAMU OpauHaIy w®. Takoxk MOBEIEHO, 10 JJIA JOBLIHHOTO Op-
JUHAJLY v, 71 JIOBLIBHOTO esieMenTa (a, b) € Ba 3 Toro, mo a abo b He € rpanuy-
HUM OP/IMHAJIOM, BUILIUBAE, O (a,b) € i30/1b0BaHOI0 TOYKOIO B Bo. 3’sacoBano,
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10 18 AOBLIHHO OpAMHAIY @ < w + 1 KOXKHa, JIOKAJIHHO KOMITAKTHA HATIBIPY-
moBa Tomosoria Ha B, € AucKpeTHO 1 moOymoBaHMil TPUKIIAL HEIUCKPETHOT
JIOKAJIbHO KOMIIAKTHOI TOHoJIoril e Ha Bu4+1 Takoi, mo (Bu41,7ic) € To10.10-
ri9HOIO iHBEpCHOIO HAmiBrpymomo. lleit mpukian 3acBimdye, IO € IOMHIKA B
[16, Teopemi 2.9], me cTBEPMKYETHCA, WO s JOBLIBHOTO OPAMHALY (@ iCHY€E
JIMIIE JUCKPETHA JIOKAJIbHO KOMIIAKTHA TOIOJIOrid Ha Be, gka neperBopioe By
B TOIIOJIOTIYHY iHBEPCHY HAIIIBIDYILY.

Karwost caosa: TOMOJIOTIYHA iHBepCHA HAMIBIPYIA, TONOJIOTIYHA HAIB-
rpyIa, HAIiBTOIIOJOTIYHA HAMBIPYIA, O-OiMUKIIIHII MOHOIH.
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UNIQUE SOLVABILITY OF INITIAL-BOUNDARY VALUE
PROBLEMS FOR NONLINEAR PARABOLIC EQUATIONS WITH
TIME DEPENDENT DELAY

Mykola BOKALO, Olga ILNYTSKA

Ivan Franko National University of Luviv,
Universytetska Str., 1, Lviv, 79000
e-mails: mm.bokalo@gmail.com, ol.ilnytska@gmail.com

The existence and uniqueness of a weak solutions of the mixed problems
for nonlinear parabolic equations with variable delay are investigated and its
a priori estimate is obtained.

Key words: initial-boundary value problem, equation with delay, nonlinear
parabolic equation.

1. Introduction.
The initial-boundary value problems for the nonlinear parabolic equations with time
depended delay are considered. A typical example of the equations being studied here is

n t

ut_z(ai(:v,t)uw)wﬁao(x,t)u‘f' / co(z,t, s)u(z, s)ds = f(z,1), e

i=1 t—(t)

(x,t) € Q := Q x (0,T), where n € N, Q is a domain in R®, T > 0, ay,...,a, are
measurable positive functions on @, 7 is a nonnegative continuous function, ¢ is a
measurable bounded function, f is an integrable function, u is an unknown function.

Equations with time delay arise in modelling population dynamics, in non-
Newtonian filtration, heat flux, etc. ([5]). The equations of type (1) with constant
delay were investigated in [1], [2], [3], [6], [7] and others. A good reference overview of
such papers can be found in [3]. Note that in these papers the semigroup theory is used.

Partial differential equations with a variable delay are less studied, and we know
only publications of Rezounenko and Chueshov (in particular, [4], [8]), where equations
of type (1), with 7 = 7(u), are considered. In [4], a certain abstract parabolic problem
with the state dependent delay term of a rather general structure is considered. In [§],
the nonlinear partial functional differential equations with main linear elliptic operator
and non-local nonlinear term is considered. For proving existence of solutions of problems
considered in [4], [8] Galerkin’s approximations are used.

© Bokalo M., Ilnytska O., 2016
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To the best of our knowledge, the initial-boundary value problems for parabolic
equations with time dependent delay is an untreated topic in the literature. These
problems are considered in our paper. Existence and uniqueness of solution of the problem
are proved. The methods of investigation as in [10] are used.

The paper is organized as follows. In Section 2, the main notations and functional
spaces are introduced. The statement of the problem and formulation of the main result
are given in Section 3. The main result is proved in Section 4.

2. Notations and auxiliary facts.

Let n be a natural number, R™ be the standard linear space of ordered collections
z = (21,...,2,) of real numbers with the norm |z| := (|z1|> + ... + |z.|?)"/2. Suppose
that Q C R” is a bounded domain with a piecewise smooth boundary 02, 092 =TqUT',
where T is the closure of an open set on 92 (in particular, either Ty = @) or T'g = 99Q),
Iy :=90Q\To, v = (v1,...,,) is a unit outward pointing normal vector on 9S). Let
T>0and Q:=Qx (0,T), So:=To x (0,T), Sy :=T; x (0,T).

Now let us give the definitions of the following functional spaces. First, denote by
H(Q) the Sobolev space of the functions v € Ly(f2) such that v,, € La(Q) (i = 1,n),

1/2 -
with the norm ||v|| g1 () = (Hv||%2(m + 30 v, %2(9)) / . Let H'(Q) be the closure
of the space C1(Q) := {v e C*(Q) | v|p, = 0} in H* ().

Denote by Ly(0,T; H(Q)) the space of measurable functions w : (0,T) — H'(Q)
such that for a.e. t — Hw(t)||H1(Q) € Ly(0,7).

Denote by F(Q) the space of vector-functions (fo, f1,--.,fn) € [L2(Q)]**™ such
that f; € L2(Q), and for each i € {1,...,n}, fi = 0 a.e. in some neighborhood of the
surface X1.

Finally, define C3(0,T) as the subset of the set C'(0,7T) whose elements are of
compact support in (0,7). Also denote by C([t1,t2]; L2(2)) (t1,t2 € R, t1 < t2) the
space of continuous functions w : [t1, ta] = L2(Q).

3. Statement of the problem and main result.

In this paper we consider the problem of finding a function u : Q x [-79,T] — R
satisfying (in some sense) the equation

n

wp — Z dixl g,i(;v,tu7 V’u,) + ao(m,t,m VU) + / C(l’,t, S,U(.’E, 3))ds

=1 t—7(t)
"9
=-> o fim ) + folw,0), (01) €Q, (2)
=1 I
the boundary conditions
ul =0, a;(x,t,u, Vu) v; =0, 3
O 2 il Q

and the initial condition

u(z,t) = uo(z,t), (x,t) € Q x [~7,0]. (4)
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Here 7 : [0,7] — R is a continuous function such that 7(¢) > 0 for all ¢ € [0,7],
To = max{—t i[%fT](t — 7(t)),0} (assume [—0,0] = {0}), 7" := max 7(¢), and a; :
€

QxR SR c:Qx (—10,T) xR =R, fi: Q=R (i=0,n), up: Q x [~79,0] = R
are given real-valued functions from the corresponding classes of initial data.

We introduce the following classes of the initial data.

Define A to be the set of the collections (ag, a1, ..., a,) of the functions satisfying
the following assumptions:

(A;) for every i € {0,1,...,n},

Q X R1+n > (x7t7p7§) = a’i(x7tapa 5) € R

is a Caratheodory function, i.e., a;(x,t,-,-) : R'™™ — R is a continuous function for a.e.
(x,t) € Q, and a;(-,-, p,€) : Q@ — R is a measurable function for every (p,£) € R*™;

(Az) for every i € {0,1,...,n}, for every (p,£) € R and for a.e. (7,t) € Q the
estimate .,

lai(@,t,p,€)| < Cr(lpl + D 1&51) + hi(x, 1),
j=1

is valid, where C; is a positive constant (depending on (ag,a1...,a,)), and h; € La(Q);

(A3) for every (p1,&1), (p2,€2) € R1T™ and for a.e. (z,t) € Q the inequality
Z (ai(xa t,p1, 51) - ai(mv t, p2, 52)) (511 - 522) + (QO(xv t,p1, 51) - ao(.’t, t, p2, 52)) (pl - p2)
i=1

> —Kolp1 — pal*,

holds, where Ky > 0 is a constant;

(Ay) for every (p,€) € RY™ and for a.e. (z,t) € Q we have

n n
Za’i(];7tapa g)f? + aO(xvtapaE)p > Ky Z |£1‘2 - K2|p|2 - g(T7t)a
=1

i= i=1
where K7, K5 are positive constants (depending on (ag, a;...,a,)), and 0 < g € L1(Q).

Define C to be the set of the functions c(z,t,s,p), (x,t,s,p) € Q@ x (—79,T) x R,
satisfying the following assumptions:

(C1) ¢ is a Caratheodory function, i.e., ¢(z,t,s,-) : R — R is a continuous function
for a.e. (x,t,s) € Qx(—70,T), and c(-,-, -, p) : @ X (—79,T) — R is a measurable function
for every p € R; in addition, ¢(x,t,s,0) =0 for a.e. (x,t,s) € Q x (—79,T);

(C2) there exists a constant L > 0 (depending on c¢) such that for every p1, po € R
and for a.e. (z,t,s) € Q x (—79,T) the inequality

‘c($7t787p1)_C($7tvsap2)’ §L|P1 _P2| (5)
holds.
Remark. From the condition ¢(x,t,s,0) = 0 and (Cz) it follows that for every p € R, and
for a.e. (x,t,s) € Q X (—70,T) the estimate
e(,t,5,p)] < Llp| (6)
is valid.
Now we can give a definition of a weak solution to problem (2)—(4).
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Definition 1. Let (ag, a1, ...,an) € A, ¢ €C,(fo, f1, ..., fn) EF(Q), uo € C([—T0, 0]; L2(2)).
The function u € Lo(0,T; HY(Q)) N C ([—70,T); L2(R)) is called a weak solution of
problem (2)-(4) if u satisfies the initial condition

ul ) = uo(, )|y @) =0 VE € [=70,0], (7)
and the integral equality

" t
//{Z ai(z,t,u, Vu)vg, o + ao(x, t, u, Vu)vp + vp / c(x,t, s,u(x,s)) ds
g =l o)

t—

—uwp’} dzdt = //{Z": five, 0+ fovtp} dxdt (8)
G =

holds for every v € H' () and ¢ € C3(0,7).

Theorem 1. If (ag, a1, ...,a,) € A, c € C, (fo, f1,-.-, fn) € F(Q), uo € C([—70,0]; L2(2)),
then problem (2)-(4) has a unique weak solution. Moreover, the weak solution u of this
problem satisfies the estimate

) ,
tre%n;]/m(x,t)\ dx—i—//{z; |ux1
Q Q =
n ‘ ) ,
< CQ(é/{l_Zl ‘fz‘ +g} dmdt+tEI[IiaT§0]Sz/|uo(x,t)| dacdt), (9)

where Cy is a positive constant depending only on K1, Ko, L, 19, T.

2—|—|u\2} dxdt

4. Proof of the main result.

The following auxiliary result, which had been proved in [10], will be used in the
sequel. B
Lemma 1. Suppose that w € Ly (0, T; H*(Q)) satisfies the following identity

// { Zgivxicp + govp — wvap’} dedt =0, wve€ ﬁ]l(Q)7 pE C&((LT), (10)
o i=1

for some g; € L2(Q) (j =0,n). Then w € C([0,T]; L2(2)) and for every 6 € C*([0,T7),
v € HYQ), and t1,ts € [0,T] (t1 < t2), we have

9(t2)/w(m,t2)v(a:) dx — H(tl)/w(a:,tl)v(a:) dx

Q Q

to n
"‘// { Zgi%ﬁ + govh — wv@’} dzdt = 0, (11)
FA A

%G(tg)/|w(9:,t2)|2 dx — %H(tl)/hu(x,tl)\Z dx
Q Q
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to to n
1
—5//|w|20’ dwdt—l—//{ZgiwIi +gow}9 drdt = 0. (12)
t1 Q t1 Q i=1

Proof of Theorem 1. For a function w : @ — R we denote
Clj(w)(.’L‘,t) = aj(x,t,w(x,t),Vw(x,t)), (J),t) € Q7 Jj=0,n,
c(w)(z,t,s) = c(x,t,5,w(z, ), (2,t,5) € Qx (=70,T).

Let us prove Theorem 1 in three steps: firstly we prove the uniqueness of solution of
problem (2)—(4), later, its existence and, finally, we prove correctness of estimate (9).

First step (uniqueness of solution). Assume the opposite. Let u; and us be two
different weak solutions of problem (2)-(4). Consider the difference between (8) with
u = ug and (8) with v = w;. From the obtained integral identity by Lemma 1 with
w=1uj —ug, § = e M (A =const > 0), t; =0, to = T, we obtain (see (12))

,AT/\w z, T)? de + = // lw|?e /\tdl‘dt—F//{ (@i(u1) — ai(u2))(u1,z;, — u2,4;)

+(ao(ur) — ag(uz))(ur —u2) +w(x,t) / [e(ur)(x,t,8) — c(uz)(x,t, s)] ds}e_’\tdxdt = 0.

t—7(t)

(13)
From condition (A3z) we have
> (ai(w) = ai(us))(ur e, — uae,) + (ao(ur) — ao(uz))(ur — us)
i=1
—Koluy — us|?. (14)
Extend w(z,t) by 0 for all (z,t) € Qx{(—o00, —79) U (T, +00)}. Note that w(z,t) =0

for a.e. (x,t) € Qx[—7p,0]. Using condition (Cz), the Fubini Theorem (see, e.g., [13, p.91])
and Holder’s inequality (see e.g., [13, p.92]) we obtain

’// s t C(ul)(%ﬂs) — c(uz)(z,t, s)] dS)e_“da:dt’

t— T(t)

// |w(x, t)] / le(ur)(x,t, 8) (ug)(x7t,5)|ds)e_’\tdxdt

t—7(t)

L/d;z:/|w 2, b)] / |w(a;,s)|ds>e*”dt

t—7(t)

T ¢
At At
SL/da:/|wx t)le” 2 6_7 /|w(x,s)|ds>dt
Q 0 t—r+
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T T t
N 1/2 v 9 1/2
< LVT+/ (/|w(:c,t)|2ef tdt) (/ei dt /|w(a“,s)\ ds) dzx. (15)
Q 0 0 t—7+

Now consider the second integral in the right side of inequality (15). Changing the order
of integration, for a.e. z € Q2 we have

s+7t

T ¢ T
/e”‘tdt / |w(z, s)|?ds < / lw(z, s)|?ds / e Mdt =
0 t—7t —r+

S

T
=211 - 67/\T+) / lw(z, s)|?e*ds.
0

Substituting in (15) the last term from the obtained above relations chain instead of the
first one, we obtain

t

| [[wto( [ letw)ats) = cluz)(o.t.5)] ds)e o
Q

t—7(t)

< Ly/7tA"1(1 — e*”*)// lw(z,t)|?e~ M dadt. (16)
Q
Using (14), (16), from (13) we obtain

A2 —Kg— L\/TtA"1(1 —e 2T) lw(z,t)|2e Mdtdz < 0. (17)
e Y

Choosing A big enough and such that \/2 — Ko — Ly/A~17+H(1 —e=>") > 0, from (17)
we obtain u; = usg for a.e. (z,t) € Q, i.e., a contradiction to our assumption. Therefore,
a solution of problem (2)—(4) is unique.

Second step (existence of solution). For proving existence of a weak solution of
problem (2)-(4) Galerkin’s method is used. Let {w; |j € N} be a full linear independent
set of the functions from H'(9), which is an orthonormalized basis in L (f2). For each
ke N, set

ag(t) := [ uo(z, t)wg(z)dz, € [—7,0]. (18)
/

Obviously, oy, € C([—70,0]) (k € N).
For all m € N we denote

uom (2, 1) ==Y on(t)wp(z), (z,t) € Qx [-79,0)]. (19)
k=1
It is clear that
nax o (s ) = wo,m (5 Dl o) —2 (20)
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According to Galerkin’s method, for every m € N we put

m
Um(x7t) = Z C7n,k(t)wk(z)7 (‘T7t) € ﬁ X [7TOaT]a (21)
k=1
where ¢ 1,...,Cm,m are continuous on [—7y,T] and absolutely continuous on [0,7

functions, which are solutions of the Cauchy problem for the system of ordinary di-
flerential equations with delay

n

/um,twj dx + / { Z(ai(um) — fi)wj 2, + (ao(um) — fo)w;

Q o =t
¢
+w;(z) / c(um)(ac,hs)ds} dx=0, te€l0,T7], j=1,m, (22)
t—7(t)
Cm k() = ag(t), te[-70,0], k=1 m. (23)
Note that from (19), (21) and (23) it follows that
U (2,1) = ug,m(z,t) for a.e. (x,t) € Q x [—79,0]. (24)
m
The linear independence of functions wy, . .., w,, yields that the matrix (f wkwjdw) o
Q J=

is invertible. Thus the system of ordinary differential equations with delay (22) can be
transformed to the normal form. Hence, according to the theorems of existence and
extension of the solution to this problem (see [11, p. 54], [12, p. 31]), we obtain a global
solution €1 m, ... .., Cm,m of problem (22), (23). This solution is defined on the interval
[—70, Trm), where 0 < T,,, < T. Here the braces “)” means either “)” or “|”. Further we will
obtain the estimates that imply the equality [—7o, Tpn) = [—70, T

Now we shall obtain estimates of w,, for each m € N. Multiply the equation of
system (22) with a number j € {1,...,m} by ¢, e, where A > 0 is a positive
number, and sum over j € {1,...,m}. Integrating the obtained equality over t € [0, o],
where o € [0,T,,,), and using the integration-by-parts formula and equality (24), we have

1 AT
_Aa/‘um(l‘,O')P dz — §/|Uo,m(l‘,0)|2 dx + 5/ [um (2, 1))~ dadt
%) ) 00

g
n

t
+//{Zaz U ) Uim,z; F @0 (U ) Uy, + U (2, 1) / c(um)(z,t, s ds} “AMdzdt

0o =1 —7(t)

H-

o

= // { Zflumm + foum}e_)‘tdxdt. (25)
0 =1
Further we need Cauchy inequality in the form

2ab < glal®* +e7b]?, a,bER, e>0. (26)
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Now, extend um,(z,t) = 0 for all (z,t) € Q x ((—o0, —79) U (T, +00)). Then, using
(6) and Holder’s inequality we obtain

‘//um (1) / c(um)(z, t, ) ds)e_’\tdxdt‘

t—7(t)

</ |um(x,t)|( / le(um)(z, t, s)| ds)e_)‘tdxdt

0 Q t—7(t)

/dx/|um:ct —At(/ [t 5)lds) i

7.

o t
< L/dm/ |um(x,t)|e_% (6_% / |um(9c,s)|ds)dt
0 t—7t

Q

< LVt l J|um(x,t)|2e_“dt 2 oe‘“dt t|um(ac,s)|2ds Uﬂdl‘- (27)
f1(/ )U(fer e

0

Now, let us estimate the second integral from the right side of the inequality above, for
a.e. x € €,

o t b+7_+
/ )‘tdt/ (z,8)Pds< /|um z,8)|%ds /e_Mdt
ot s

=11 - e_>‘7+)/|um(a:, s)|2e e ds
o

o 0
—ala- e_’\T+)(/ o (2, 1) 2=t + / [ . )P
0 —T0
Here changing order of integration for a.e. z € Q, and (24) were used.

Substituting in the right side of (27) the last item from the obtained above chain of
relations instead of the first one, and using Holder’s inequality we obtain

t

’/U/um(x’t)< / C(Um)(Lt,S)dS)e’”dxdt‘ <
0Q

t—7(t)

o 0
éL\/TJF)\*l(l—e*)‘T*)(Q/ g (z, £)[2e~ M dadt + //|u0’m(x7t)|26_’\tda:dt>. (28)

0Q —T0Q2
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From condition (A4) we have

// Za@ U ) U, ggl+ao(um)um}da:dt>//{ immx 2

0o =1

Kolum|*—g(x, t)} dxdt.

(29)
Applying inequality (26), we obtain the estimate

// ZZfomLJFfOUm} “Mdrdt < = //{mez (z,t)]

[t (2, 1)) } 7)‘tdxdt+f//2\fl x,t)[2e”Mdxdt, (30)

1=0

where € > 0 is arbitrary.
From (25), using (28) — (30), for each o € (0,T,,) we obtain

/\umxa| de + (2K, —¢) //Z\um% z,t)2e " Mdrdt

OQZI

—|—<)\ — 2Ky —e —4Ly/TtA1(1 - e—>"'+)> / |t (, 1) |2~ dxdt

_1//Z|f1xt|2 _’\tdacdt—i—Q// (z,t)e Mdxdt

0 o =0 00

+2LTO\/T+/\*1(1 — e*’\T+ max /|U0m z,1) | dx. (31)

—70,0

Taking € = K1, A = Ao, where )¢ is a solution of the 1nequahty

AN—2Ky — Ky —4L T+A_1(1—€_)‘T+) >07 (32)

from (31) we obtain

max /|um(x,t)|2 dz + Cs //{me,%(gg,mu [ (1) } dadt
Q i=1

te[0,T]

n
< 04// (Z |fi(z,t)]? +g(x,t))d1‘dt—|—0r max /|u0 m(z,t)|?dz, (33)
G i—0 t€ 77’0,
where Cs, Cy, Cy are positive constants depending only on K L o, 7", T.
From (20) it follows that the sequence { I[nax }f\uo m (2, 1) [2dr}oo_; is bounded.

—70,

Hence from (33) we obtain for all o € (0,7,,) the estimates

/Ium,(x,<7)\2 dz < Cs, (34)



Mykola BOKALO, Olga ILNYTSKA
32 ISSN 2078-3744. Bicuuk JIpBiB. yu-ty. Cepis mex.-mar. 2016. Bumyck 81

/ / \um @)+ (D)2} drdt < O, (35)

where Cg, C7 > 0 are independent of m,T,,, c. Estimate (34) implies that there exists
an independent of T, constant that bounds the functions ¢ 1, ..., Cmm o0 [—To, Tpn)-
Thus [—70, Tin) = [—70, 1.

Condition (Az) and estimate (35) yield

J[ i) e 0 dwar < ¢, i~ (36)

where Cg > 0 is independent of m.
Using (6), the Cauchy—Schwarz inequality, (20) and (34) we obtain

//‘/ c(um)(x,t, ) ds‘ dgcdt<L2T+TO ///|umxs| dsdxdt

t—7(t) Q —7o

< LQT(T + To)(// |um(x,t)|2 dxdt +19 ter[ri?)(o] / \uo,m(ac,t)|2dx) < Cy, (37)

where Cg > 0 is a constant independent of m.

Since the spaces Lo(Q) is reflexive, and estimates (34)—(37) hold, we obtain the
existence of a subsequence (we denote it {um,}men again), functions v, € La(Q), u €
Ly(0,T; H'(2)), xi € L2(Q) (i =0,7n), and ¢ € Ly(Q) such that

U (-, T) — vi() weakly in  Lo(Q), (38)
Um — U x —weakly in  Loo(0,T; La(9)), (39)
m oo
U — U weakly in  Lo(0,T; H'(2)), (40)
a;(Um,) X weakly in L2(Q) (i =0,n). (41)
¢
c(Upm)ds — ¢ weakly in La(Q). (42)

t—7(t)
Let us prove that u is a weak solution of problem (2)—(4).
Fix the numbers j,m € N such that m > j. Multiplying the equation of system (22)
with number j by the function € C'([0,T]) we integrate the obtained equality over
t € [0,T]. Letting m — oo, and taking into account (20), (24), (38)—(42), we obtain

o(T) / v, (2w, (z) da — 6(0) / o (@, 0)w; () dar

Q

/ / ww; 0 dwdt+ / / — )W)z + (x0+ ¢ — fo)w; }9 dedt=0.  (43)
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This equality yields that for every v € H*(Q) and 6 € C*([0,T]) the equality

6(T) /v*(x)v(:lc) dx — 9(0)/u0(:1c70)v(a:) dx

Q Q

// wvld dxdt + // " — fi)ve, + (xo — fo + C)U}G dzdt =0 (44)

i=

holds.
Notice that if we take § = ¢ € C}(0,T) in (44) then we have the identity

// — fi)vz, 0+ (xo— fo+ Qv —uve } dzdt =0 Yv e H(Q), Yo € CL(0,T).

(45)
According to Lemma 1, (45) imply that

u e C([0,T]; La(2)) (46)

and for every v € H'(Q) and 6 € C1(]0,T)) the equality

9(T)/u(at,T)v(a:) dx — 0(0) /u(m,O)v(m) dx

Q Q

_//uvgf dde// zn: — fi)ve, + (xo+ ¢ — foo 0 dedt =0 (47)
Q @ =

holds.
From (44) and (47) we get

u(x,0) = up(x,0), wu(z,T)=uv.(x) forae x€q. (48)

Extend u by ug on Q x [—79,0). Let us show that this extended function belongs
to the space C([—79, T]; L2(2)). Indeed, in view of (46) we conclude that the restriction
u on Q x [0, T] belongs to C([0,T]; L2(2)). From the conditions of the theorem we have
ug € C([—70,0]; L2(Q)). Also, u(z,0) = ug(z,0) (see (48)). These two facts imply (7).
Hence, u € C([—70,T); L2(£2)).

According to (45) to prove (8) it is enough to show that the equality

/{ZH:XWM Xo +¢) } /{2:(1Z )V, + ( o(u) + /tc(u) ds)v}dm (49)
o = Tt

t—7(t)

is valid for every v € H*(Q) and for a.e. t € (0,T). For this we use the monotonicity
method (see [15]).

Take a function wy, € Lo(0,T; HY(Q)) N La(—70, T; L2(Q)) such that wy,(z,t) =
uo,m(x,t) for a.e. (z,t) € Q x (—79,0) and w(z,t) = w(z,t) for a.e. (z,t) € Q, where
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@ € Ly(0,T; H'(Q)) is arbitrary. Denote for every m € N,

Win = // { Zn:(ai(um) - ai(wm»(um,xi - U/m,mi) + (ao(um) — ao(wm)) (Um — wm)
o —

i=1

t
2t — i (t — 01) / (clu) — eluwy,)) ds pe™ dat
t—7(t)

where A > 0 such that the inequality /2 — Ko — Ly/7*A=1(1 — e=>™") > 0 holds.
Using condition (Aj3) for every m € N we have

W, > 4/ {(g — Ko)|tm — w2 + (tm — wn) /t(c(um) — c(w,) ds o dadt.

t—7(t)

Since the inequality

t

Y/ IR
Q

t—7(t)

< L\/TJF)\*l(l —e ) // Uy, — Wiy |2e" M dadt
Q

holds (see (16)), and because the choice of A we obtain W, > 0.
Hence, we have

t
. A 2 —Xt
W = // { Zai(um)um@i + aO(um)um + §|um| + U / C(um) d‘s}e dxdt
o) =

i=1 t—7(t)

- // { En: [ai(um)wm,mi + ai (W) (Um,z; — wmm)] + ag (U ) Way, + ag (W) (U, — Wap)
¢ i=1

t t
+)\umwm—%|wm|2+wm / () ds+ (U —wp,) / c(wp) ds}e_)‘t dxdt >0, m e N.
7(t) t—7(t)

t—
(50)
From (50), using (25) with o = T, we obtain

- 1 1
W, = . — At _ AT 2 - 2
m—//{ Elfzum,wi""foum}e dxdt 26 /‘um(va” dm+2/|u0,m($70)‘ dx
Q i= Q Q

n

_ // { Z [ai(um)wmw + ai(wm) (U 2, — wmw)] + AW — %|wm|2 + ag(Um )W,
Q

i=1
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t t
Fao(w) (Um — W) + Wi, / () ds 4 (Um — wp,) / c(wp,) ds} “Mdrdt >0 (51)
t—7(t) t—7(t)
for all m € N.
Taking into account (38) and the second equality of (48) we have

i inf [l (- | ac@) > 100, 7)o, (52)

Define w(x,t) := ug(x,t) for (z,t) € Q x (—79,0), and w(x,t) := w(x,t) for (z,t) €
Q x (0,7T). Then,

Wy, — w strongly in Lo (Q X (—70,T)). (53)
Now, let us show that
¢ ¢
‘ / c(wp)ds — / c(w)ds‘ =0 in Ly(Q). (54)

t—7(t) t—7(t)

Extend the functions w, wy,, by 0 on Q x {(—o0, —79) U (T, +00)}. Using condition (Cz),
Cauchy—-Schwarz inequality and changing order of integration, we obtain

//’ / c(wn)ds — j c(w)dsrd:rdt // /|Cwm )~ e(w )|2ds)dxdt

t—7(t)

< L7 +// / i (2, 5) — (m,s)|2ds)dxdt<

T s+T
<IL? /dm/ |wp (z,8) — w(z, s)|*ds / dt
Q —7t S

= L3(t // [uo,m (z,t) — ug(z,t)Pdxdt — 0.

m—o0

By (20), (40), (41), (42), (52), (53) from (51) we obtain

0< tim supWon < [[ {3 fos, + foufe ™ dade
m—00 —
Q =

2 [ e ] a0 = [[{3 v + ), — )]
Q Q Q =t

¢
+xow + ap(w)(u — w) + w¢ + Auw — %\w|2 + (u—w) / c(w) ds}e*)‘tdxdt. (55)

t—7(t)
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Using Lemma 1 with § = e=** and the first equality of (48), from (45) we get

// Zquxl (X0 +C)u+)\|u\ M dadt = // Zfluz +f0u} N godt

1
e_’\T/|u(x,T)|2 dw+§/|u0(x,0)|2 dx. (56)
Q
Thus, (55) and (56) 1mp1y that

/ J {30 st =)+ 0~ s = )
+g|u—w|2+(u7w)(gf / c(w) ds)}ef)‘t dxdt > 0. (57)
t—r(t)

Substituting w = w — pvy in the inequality above, where v € ﬁl(Q), w >0, ¢ €
C¢(—79,T), such that suppe C (0,7) and dividing the obtained inequality by u we
obtain

// — ai(u — pup))vg, @ + (xo — ao(u — pve))ve

t

+ vl + (C - / c(u — pop) ds)vgo}e*/\t dxdt > 0. (58)
t—7(t)
Letting 4 — 0+ in (58), using condition (A3) and the Dominated Convergence Theorem
(see [14, p. 648]), we have
t

// Zn: i~ ai(w)vz o+ (x 0*ﬂo<ﬂ))w+w(<f /C(u) ds)}e*M dzdt = 0,
Q =1

t—7(t)

where v € HY(Q), ¢ € C$(0,T) are arbitrary functions. Therefore we obtain (49). Thus,
u is a weak solution of problem (2)—(4).

Third step. According to Lemma 1, with w = u, t; =0, to = 0, 0 = e ™M, X = X,
where A¢ is a solution of inequality (32), we obtain

1 o
_,\o/|u(x,a)|2 dx—§/\u0(x,0)\2 dx+%//|u(x,t)|26_mdmdt
Q Q

0 Q
t

+/° / {ia“u)uzﬁ%(“)“ﬂ(m»ﬂ / c(u)(w,t, 5)ds be M dudt
0o =i

t—7(t)

= j/{if’u” +fou}ef/\td:17dt. (59)
0o =t
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It is easy to show that inequalities similar to (28) — (30), with u instead of w,y,, hold.

Hence, the inequality, analogous to (33), can be obtained:

2 2 2
t§3§]/|u(x7t)| dx + Cj //{Z;mmi(x,m + Ju(z, t)] }d:vdt
Q =

Q

[~7o0,

< C4// (io |fi(z, t)|* + g(x, t))dmdt + C5t€max0]/\u0(x, t)|?dz. (60)
Q ' Q

Therefore, inequality (9) holds.

10.

11.

12.

REFERENCES

Batkai A. Semigroups for delay equations / A. Bdtkai, S. Piazzera //in Resarch Notes in
Mathematics, 10, A. K. Peters: Wellesley MA., 2005.

Batkai A. Asymptotic behaviour of parabolic problems with delays in the highest order
derivatives / A. Batkai, R. Schnaubelt // Semigroup Forum. — 2004. — Vol. 69. Ne3. — P.
369-399.

Khusainov D. Strong and Mild Extrapolated L? -Solutions to the Heat Equation with
Constant Delay / D. Khusainov, M. Pokojovy, R. Racke // STAM Journal on Mathematical
Analysis. — 2015. — Vol. 47, Ne 1. — P. 427-454 .

Chueshov I. Finite-dimensional global attractors for parabolic nonlinear equations with
state-dependent delay / I.Chueshov, A. Rezounenko // Commun. Pure Appl. Anal. — 2015.
— Vol. 14. — P. 1685-1704.

Jin Ch. Traveling wavefronts for a time delayed non-Newtonian filtration equation / Ch.
Jin, J. Yin // Physica D. — 2012. — Vol. 241. — P. 1789-1803.

Ezzinbi K. Periodic solutions of non-densely defined delay evolution equations / K. Ezzinbi,
J. H. Liu // Journal of Applied Mathematics and Stochastic Analysis. — 2002. — Vol. 15,
Ne2. — P. 105-114.

Di Blasio G. L*-regularity for parabolic partial integrodifferential equations with delay in
the highest-order derivatives / G. Di Blasio, K. Kunisch, E. Sinestrari //J. Math. Anal.
Appl. — 1984. — Vol.102. — P. 38-57.

Rezounenko A. V. A non-local PDE model for population dynamics with state-selective
delay: Local theory and global attractors / A. V. Rezounenko, J. Wu //J. Comp. App.
Math. — 2006. — Vol. 190. — P. 99—113.

Bokalo M. M. The unique solvability of a problem without initial conditions for linear and
nonlinear elliptic-parabolic equations / M. M. Bokalo //J. Math. Sciences. — 2011. —
Vol. 178, Ne 1. — P. 41-64 (Translated from Ukr. Matem. Visn. — 2011. — Vol. 8. Ne 1. —
P. 55-86).

Bokalo M.M. Unique solvability of initial boundary value problems for anisotropic elliptic-
parabolic equations with variable exponents of nonlinearity / M.M. Bokalo, O.M. Bubhrii,
R. A. Mashiyev //Journal of nonlinear evolution equations and applications. — 2014. —
Vol.2013, Ne 6. — P. 67--87.

Coddington E. A. Theory of ordinary differential equations / E. A. Coddington, N. Levinson
// McGraw-Hill book company, New York, Toronto, London, 1955.

Elsholts L.E. Introduction to the theory of differential equations with deviating argument
/ L.E. Elsholts, S.B. Norkin // Moscow: Nauka., 1971.



38

Mykola BOKALO, Olga ILNYTSKA
ISSN 2078-3744. Bicuuk JIpBiB. yu-ty. Cepis mex.-mar. 2016. Bumyck 81

13.

14.

15.

16.

Brezis H. Functional Analysis, Sobolev Spaces and Partial Differential Equations / H. Brezis
// Springer, 2011.

Evans L. C. Partial differential equations / L. C. Evans // Graduate Studies in Mathemati-
cs. 2nd ed. — Vol. 19. Providence (RI): Amer. Math. Soc., 2010.

Lions J.-L. Quelques méthodes de résolution des problémes aux limites non linéaires / J.-L.
Lions // Dunod Gauthier-Villars, Paris, 1969.

RizZi¢ka M. Electrorheological fluids: modeling and mathematical theory / M. RuZicka
// Lecture Notes in Mathematics, 1748. Springer-Verlag, Berlin, 2000.

Cmamma: naditiwaa do pedronezii 29.12.2015
nputinama do dpyxy 08.06.2016

OJHO3HAYHA PO3B’4d3HICTDb MIIMAHNX 3AJAY J1J14
HEJITHINHUX ITAPABOJITYHIX PIBHSHB 31 3SMIHHUM
3AIIISBHEHHAM

Mwukona BOKAJIO, Oasra IJIBHUIIBbK A

Jveiecvruti HaytonarvHUl yHisepcumem imens Ieana Dparnka,
sys. Yuisepcumemcoka, 1, JIveis, 79000
e-mails: mm.bokalo@gmail.com, ol.ilnytska@gmail.com

JocmimKeHo MNTAaHHS ICHYBAHHS T €IUHOCT] y3araJbHEHNX PO3B’A3KiB Mi-
MAHMX 337aY I HeJIHIRHIX mapaboIidHnX piBHSHD 31 3MIHHIM 3aMi3HEHHSIM.
OTpuMaHO anpiopHi OMIHKKA PO3B’I3KiB PO3IJISHYTUX 33/1a4.

Karwost croea: Mimana 3a7a4a, DIBHAHHA 3 3alli3HEeHHAM, HeJliHiliHe Ia-
paboJiiuHe piBHAHHS.



ISSN 2078-3744. Bicnwux Jlveie. yn-my. Cepis mex.-mam. 2016. Bunycx 81. C. 39-57
Visnyk of the Lviv Univ. Series Mech. Math. 2016. Issue 81. P. 39-57

YIK 517.956.4; 517.977.5

OPTIMAL RESOURCE COEFFICIENT CONTROL IN A
DYNAMIC POPULATION MODEL WITHOUT INITTIAL
CONDITIONS

Mykola BOKALO, Andrii TSEBENKO

Ivan Franko National University of Luiv,
1, Universytetska St., Lviv, 79000
e-mail: mm.bokalo@gmail.com, amtseb@gmail.com

An optimal control problem for systems described by Fourier problem
(problem without initial conditions) for nonlinear parabolic equations is studi-
ed. The control function occurs in the coefficients of the state equations. The
existence of the optimal control is proved.
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1. Introduction. Optimal control of determined systems governed by partial di-

fferential equations (PDEs) is currently of much interest [1, 4, 6, 7, 17, 18, 19, 20, 21, 22,
25, 26, 27, 29, 30, 31]. Optimal control problems for PDEs are most completely studied
for the case in which the control functions occur either on the right-hand sides of the
state equations, or the boundary or initial conditions (see for example, [14], [27], [31]). So
far, problems in which control functions occur in the coefficients of the state equations
are less studied (see for example, [1], [4], [26], [29], [30]). A simple model example of such
type problem is the following (see [4]).

Consider the problem of allocating resources to maximize the net benefit in the
conservation of the single species while the cost of the resource allocation is minimized.
In this case a state of controlled system for given control v € U := L*(Q x (0,T)) is
defined by a weak solution y = y(v) = y(z,t;v), (z,t) € Q x (0,T), from the space
L2(0,T; HY(Q)) N L3(Q x (0, 7)) N C ([0, T); L3(£2)), of the following problem:

y—Ay+y?P—vy=0 in Qx(0,7),

=0, =yo € L3(Q), y>=>0 ae. onQx(0,7).
] - Y|, = Yo ), v a.e. on (0,7)

Here €2 is a bounded domain in R™ with piecewise smooth boundary I'; 7" > 0. The
objective is to balance the two features of maximizing the population and minimizing
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the cost of the control, representing the resources. Therefore the cost functional has the
form

J(v) ::/0 /Q [y(z, t;v) — plv(z, t)[?] dedt Vv € U,

where y is the population density of a species, v is the resource function, and p > 0 is
given constant. An optimal control problem is to find a function u € Uy := {v elU
0<v<M aeinQx(0,7)} (here M = const > 0 is given) such that
J(u) = sup J(v).
veUy

This problem is nonlinear, since the dependence between the state and the control
is nonlinear.

Various generalizations of this problem were investigated in many papers, including
[1], [4], [6], [7], [17]-[20], [21], [25], [26], [29], [30] where the state of controlled system is
described by the initial-boundary value problems for parabolic equations.

In [1], [26], [29], [30] the state of controlled system is described by linear parabolic
equations and systems, while in [1] and [26] control functions appears as coefficients
at lower derivatives, and in [29], [30] the control functions are coefficients at higher
derivatives. In [26] the existence and uniqueness of optimal control in the case of final
observation was shown and a necessary optimality condition in the form of the generalized
rule of Lagrange multipliers was obtained. In paper [1] authors proved the existence of at
least one optimal control for system governed by a system of general parabolic equations
with degenerate discontinuous parabolicity coefficienti. In papers [29], [30] the authors
consider cost function in general form, and as special case it includes different kinds of
specific practical optimization problems.

In papers [4], [17]-[20], [21], [25] authors investigate optimal control of systems
governed by nonlinear PDEs. In particular, in [4] the problem of allocating resources
to maximize the net benefit in the conservation of a single species is studied. The
population model is an equation with density dependent growth and spatial-temporal
resource control coefficient. Numerical simulations illustrate several cases with Dirichlet
and Neumann boundary conditions. In [18] the optimal control problem is converted to
an optimization problem which is solved using a penalty function technique. Paper [21]
presents analytical and numerical solutions of an optimal control problem for quasilinear
parabolic equations. In [22] the authors consider the optimal control of a degenerate
parabolic equation governing a diffusive population with logistic growth terms. In paper
[25] optimal control for semilinear parabolic equations without Cesari-type conditions is
investigated.

In this paper, we study an optimal control problem for systems whose states are
described by problems without initial conditions or, other words, Fourier problems for
parabolic equations. The model example of considered optimal control problem is a
problem which differs from the previous one (see beginning of this section) by the followi-
ng facts: the initial moment is —oo and, correspondly, the state equation and control
functions are considered in the domain © x (—oo,T'), a boundary condition is given on
the surface ¥ = 092 x (—o00,T'), while the initial condition is replaced by the condition

im ly G 6] zz@) =0
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The problem without initial conditions for evolution equations describes processes
that started a long time ago and initial conditions do not affect on them in the actual
time moment. Such problem were investigated in the works of many mathematicians (see
[5, 12, 28] and bibliography there).

As we know among works devoted to the optimal control problems for PDEs, only
in papers [6], [7] the state of controlled system is described by the solution of Fourier
problem for parabolic equations. In the current paper, unlike the above two, we consider
optimal control problem in case when the control functions occur in the coefficients of
the state equations. The main result of this paper is existence of the solution of this
problem.

The outline of this paper is as follows. In Section 2, we give notations, definitions
of function spaces and auxiliary results. In Section 3, we formulate the optimal control
problem. In Section 4, we prove existence and uniqueness of the solutions for the state
equations. Furthermore, we obtain estimates for the weak solutions of the state equations.
Finally, the existence of the optimal control is presented in Section 5.

2. Preliminaries. Let n be a natural number, R” be the linear space of ordered
collections = = (x1,...,z,) of real numbers with the norm |z| == (|z1|> +... +|z.[?)V/2
Suppose that €2 is a bounded domain in R™ with piecewise smooth boundary I'. Set
S:=(-00,0],Q: =0 x5, X:=T x5, Q:=Q x {t} for each ¢t € R.

For any measurable set G C R™, where m = n or m = n + 1, and arbitrary
q € [1,00] we denote by L(G) standard Lebesgue space with norm || - ||Le(e). Under
Ll (Q), where g € [1,00], we mean the linear space of measurable functions on Q such
that their restrictions to any bounded measurable set Q' C @ belong to the space LI(Q’).

Let X be an arbitrary Banach space with the norm || - | x, ¢ € [1,00]. Denote by
L .(S; X) the linear space of measurable functions defined on S with values in X, whose
restrictions to any segment [a,b] C S belong to the space L4(a,b; X).

Let v € R,q € [1,00) and let X be as above. Put by definition

L(8:X) 1= {1 € Lipe(8:) | [ 2 5(0) | < o).
s
This space is a Banach space with respect to the norm

s = ([ e hriar) ™

S

If X is a Hilbert space with the scalar product (-,-)x then the space L2(S; X) is also a
Hilbert space with the scalar product

(F.9)13(5:x) = / e (F(1), g(t))x dt.

S

Denote by C!(I), where I C R is an interval, the linear space of continuously
differentiable functions on I with compact supports ( if I = (1,t2), then we will write
Cl(t1,t2) instead of C}((t1,t2))). Under C(I;X), where I C R is an interval and X
is an arbitrary Banach space, we mean the linear space of continuous functions defined
on I with values in X. If I is a bounded closed interval then C(I; X) is Banach space
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with a norm ||z||c(,x) = max lz(t)||x . In case when I is an open interval we say that
€
Zm — 2z in C(I; X) if for each 71,75 € I (11 < 72) we have ||z—2m | () ,ra:x) — 0.
m—o0 m—oo
Let HY(Q) = {v € La(Q) | vs; € L2(Q) (i = 1,n)} be a Sobolev space, whi-
ch is a Hilbert space with respect to the scalar product (v, w)g1(q) := i {VUVU} +
Q

vw} dz and the corresponding norm ||v]|g1(q) = ([ {|Vv|? +|v]?} dz) 1/2, where Vv :=
)

2. Under H}(2) we mean the closure in H'(Q) of the

n
(Vg V2, )s [VOU? = Y |vg,
i—1

7
space C2°(2) consisting of infinitely differentiable functions on €2 with compact supports.
Denote
[ |Vv|]?dz

K := inf (L 1
veEH(Q), v#0 f |U|2dI ( )
Q

1/2
Taking into account inequality (1), we define a norm [|v[| g1 (o) = (|VU\2 dm) on H}(Q),

which is equivalent to the standard norm on H*().
It is well known that the constant K is finite and coincides with the first eigenvalue
of the following eigenvalue problem:

—Av=Av, wlga =0. (2)
From (1) it clearly follows the Friedrichs inequality
/\Vv|2dx > K/ lv|*dz Vv e HJ(Q). (3)
Q Q
Let ¢ > 1 be a real number and ¢ := %, that is, % + % = 1. We denote

VQ) = H}(Q) N LYQ).
It is well known that
(V)" == H'(Q) + L7 ().

Also we denote [ zdz := [ z(z,t)dz for each z € L, (S; L*(Q)) and for a.e. t € S.
Q o)

Proposition 1. (Aubin theorem, see [2] and [3, p. 393]). If ¢ > 1,7 > 1 are any real
K
numbers, t1,t2 € R (t1 < t2), W, L, B are any Banach spaces such that W C L © B (here

K
C means compact embedding and ¢ means continuous embedding), then

{w € L(ty,t; W) | w’' € L (t1,t2;B)} - (L‘I(tl,tg;ﬁ) N C([tl,tz];B)),

that is, if sequence {wp,}men is bounded in the space Li(t1,t2; W) and sequence

{w!,}men is bounded in the space L"(t1,t2;B), then there exists a subsequence

{Wm, }jen C {wm}men and function w € LI(t1,t2; L)NC([t1, t2]; B) such that wy,, — w
: j—o0

strongly in Li(t1,to; L) and in C([t1, t2]; B).
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3. Formulation of the main problem and results. Let U be a closed li-
near subspace of L>(Q), for example, U := L>®(Q) or U := {u € L™(Q) | v(z,t) =
0 for a.e. (z,t) € Q\ Qi 0}, where t* < 0 is arbitrary fixed. Assume that U is the space

of controls and for given M = const > 0 the set Uy := {v ceU ’ 0<v<M aein Q}

be the set of admissible controls.
We assume that the state of the investigated evolutionary system for a given control
v € Uy is described by a weak solution of problem

n

ye = D (@i (@)ye)a; + @yl 2y —v(a, )y = f(2,1), (2.t) €Q, (4)

ij=1

yly, =0, (5)

: — At
Jim ey 1)llze @) =0, (6)

where A € R is given.
Before defining the weak solution of problem (4)-(6), we make some assumptions:

(A): a;; € L*°(2) (i,j = 1,n), there exists u =const> 0 such that
S oa(@)&€ = > |&|* for ae. z € Q and for all £ € R", and
k=1

ij=1
M — uK > 0;

(C): c € L>®(Q), c(z) = co = const > 0 for a.e. (z,t) € Q;

(F): f € Lo (S5 L2 (Q));

(P): p>2.

Denote p’ = p%? ie., % + 1% =1.

Definition 1. The functiony € L7, (S; H} () N LY (S; LP(Q)) N C(S; L*(Q)) is called
a weak solution of problem (4)—(6) if its derivative y; belongs to L7 (S;L?(S2)), and the

following integral equality holds

/ {W/J + Zn: iz, a, + (clylP 2y — Uy)z/)} dx

Q, i,j=1

= /fz/J dz  for a.e. t € S and for all ¢ € VP(Q). (7)

O

A weak solution y of problem (4)-(6) will be denoted by y, or y(v), or y(z,t),
(z,1) € Q, or y(z, t;v), (z,1) € Q.

Remark 1. Research methodology of problems similar to problem (4)—(6) is quite well
developed, in particular, in papers of one of the authors [9]-[11],[12]. But exactly the
same problem as considered here, more precisely, Fourier problem for semilinear parabolic
equation in bounded spatial variables domains, is not investigated in literature. Moreover,
estimates of the weak solution are important for us. So, for a complete presentation of the
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material, in Section 3 we give full proof of existence and uniqueness of the weak solution
of problem (4)—(6) (for a given v € Us) and its estimates.

Hereafter we assume that A > 0 and the cost functional has the form

J(v) = // [ly(z, t;v)| — p(z, t)|v]* ] dadt, veU, (8)
Q

where p € L1(Q) is given.

Remark 2. If A > 0 and (6) hold, then functional J is well defined. Indeed, (6) implies
that [|y(-,t)||r2() < CeM Vt € S, where C = const > 0 . Hence, Cauchy-Schwarz

inequality yields [[|y(z,t)|dzdt = [dt [|y(z,t)|dz < (mes, Q)2 [|ly(-,t)|r2q)dt
Q s Q S
< C(mes,Q)/? JeMdt < oco. Hence, the first term of functional J is well defined. As
s

well p € L1(Q), v € L*>(Q), so the second term of functional J is also well defined.

We consider the following optimal control problem: find a control v € Uy such
that

J(u) = Usg[? J(v). (9)

We briefly call this problem (9), and its solutions will be called optimal controls.

The main result of this paper is the following theorem.

Theorem 1. Let conditions (A), (C), (P), A> M — uK hold and
f e LX(S; L*(Q)). (10)
Then problem (9) has a solution.

Remark 3. In real processes function y describes the density of population. In this cases
the additional condition y > 0 is required. This condition is satisfied if f > 0 (see Lemma
2).

4. Well-posedness of the problem without initial conditions (Fourier
problem) for nonlinear parabolic equations.

Lemma 1. If conditions (A), (C), (F), (P) and A > M — uK hold, then problem (4)—(6)
has at most one weak solution.

Proof. Assume the opposite. Let y1, y2 be two weak solutions of problem (4)—(6). Substi-
tuting them one by one into integral identity (7) and subtracting the obtained equalities,
for the difference z = y; — yo we obtain

" n
/ {Zﬂ/’ + Y iz, + P — [ye P Pye)d

Q i,j=1

—vzw] dr =0 for every ¢ € VP(Q) and for a.e. t € S. (11)
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From (6) it follows the following condition

6_2/\t/|2|2 dr -0 as t— —oo. (12)
Qy

Taking in (11) ¥(-) = z(-, t), we get

n

/ {ztz + Z 522, 2x; (13)

o, ij—1
ey P2y — |yelP2y2) (y1 — y2) — v|z|2} dr =0 and for ae. t€S.

Let us take arbitrary numbers 71,75 € S (11 < 72). Multiplying identity (13) by 2e~2*,
integrating from 71 to 7o and using the integration-by-parts formula, we obtain

To
t=T1o n
-2 2 —2)Xt
e t/|z(337t)| dx‘t:n +2//e 1‘{ E AijZa; Za;
Q

0 =1
el P2y — a7 22) (1 — 12) + (= v)|2f?] dadt = 0.

Thus, taking into account that ¢ > 0, (|s1|P~2s1 —|s2|P2s2)(s1 —82) = 0Vs1, 2 € R,
and using (A) and (3), we obtain

67)‘72/\2(1:,7'2)|2dx - 67)\71/|Z(I,7’1)|2d56
Q Q

+ 2// e M\ + uK — M)|2|* dedt < 0. (14)
T1Q

Since A > M — pK, from (14) we obtain

672)\72/|Z($,T2)|2d$<672)\T1/|Z(1},T1)|2dx. (15)
Q Q

In (15) we fix 7 and pass to the limit as 71 — —oo. According to condition (12) we
obtain the equality e=2*2[ |z(z,72)|? dz = 0. Since 72 € S is an arbitrary number, we
Q

have z(z,t) = 0 for a. e. (x,t) € Q, that is, y1(z,t) = ya(z,t) = 0 for a. e. (z,t) € Q.
The resulting contradiction proves our statement. U

Remark 4. In case M — uK < 0, there is no need to require additional condition on
solutions behavior on infinity (like condition (6)) to insure uniqueness of solution of
problem (4)—(6) (see [13]).

Lemma 2. Let conditions (A), (C), (F), (P), f =20 and X > M — puK are satisfied.
Then the weak solution of problem (4)—(6) is nonnegative.
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i <
Proof. We denote y™ (. t) :={ %’(x’t)’ li‘ZEZZii;S

der integral identity (7). In this identity for a.e. t € S we take ¢(-) =y~ (-, t). Then

J{6 0+ 3 a1, + el ol o

Q4 i,j=1

for a.e (x,t) € Q. Let us consi-

= /fy* dr forae. tes. (16)

Multiplying identity (16) by e~ 2, integrating from 7y to 7 (71,7 € S arbitrary
numbers, 71 < 72) and using the integration-by-parts formula, we obtain

_2)\7'2/|y [I,' T ‘ d{E—f —2)\7'1/|y 1. 7_1 | dx—f—A// —2)\t|y ‘2d(£dt

71 Q
/ [ ™Y @i ), +cly P = oly™ ] dadt = / fyme™™ dudt. (17)

0 i,j=1 71 Q

Since f > 0 and condition (A) hold, we obtain

1 oo [ 1 oo [
¢ 22 2/\y (x,72)|2dx—§e 22 1/|y (z,71)] dx
Q

Q

TL

+// e M (N + uK — M)y~ |*] dzdt <0
71 2

Since A > M — pK, then from previous inequality we obtain

/ (2, m) 2 d < e / ly~ (2, m)|? de. (18)

We pass to the limit when 71 — —o0 in (18). Taking into account that 7o € S is arbitrary
in (18) we have e =2 2 |y~ (z, 72)|* dz < 0, we conclude that |y~ (z,t)|r2(q) = 0 for a.e.
Q

t € S, what yields that y~ (z,t) =0 a.e. in Q. O

Theorem 2. Suppose that conditions (A), (C), (P), (10) and A\ > M — uK hold. Then
problem (4)—(6) has a unique weak solution y, and y € L3(S; H}(Q)) N LY (S; LP()),
yr € L3(S; L?(2)). Moreover, the following estimates hold:

t

e My D7) < O /B*QASI\f(wS)H%zm) ds, t €5, (19)
”yHL2 S;HE(€2)) + ||yt||L2 S;L2(Q)) + Hy”LP(S iLr(Q)) X C2||fHL2 S;L2(9Q))’ (20)

where C1,Cy are positive constants depending on M, K, u and \ only.
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Proof of Theorem 2. First, for each m € N we define @, := Q x (—=m,0], &, := T x
(=m, 0], fr(-,t) := f(-,t), if —m <t <0, and f,(-,t) :=0, if t < —m.
Consider the problem of finding a function y,, satisfying (in some sense) the equation

n

Ym,t — Z (aij (-r)ym,wi)a;j + C(m)|ym|p72ym - 1}(.13, t)ym = fm($,t), (x,t) € Q'rru (21)
i,j=1

boundary condition

=0, (22)
and initial condition
Ym(x,—m) =0, x €. (23)

A weak solution of problem (21)—(23) is a function y,, € L?*(—m,0; H}(Q)) N
LP(—m,0; LP(2)) N C([—m, 0]; L%()), whose derivative y,,; € L*(—m,0; L3(Q)), and
which satisfies condition (23) and the following integral identity

/{ym,tw + Z aijymwiwwj + (C|ym|p_2ym - Uym)w} dz

&, ij=1
= /fmz/J dzdt for a.e. t € [-m,0] and for all ¥ € VP(Q) . (24)
Q

Lemma 3. Let conditions (A), (C), (F) and (P) hold. Then problem (21)—(23) has
unique weak solution y,,. Moreover, for any A > M — uK this solution satisfies following
estimates:

t
3*2/\t/|ym\2dz’ <Gy / /672’\3\f(x,s)|2 dzds, te€[-m,0], (25)
Q —-m Q
J[ &2 [1Tunl? 4 lnal? + ] dede < Co [ [ 21,2 (26)
Qum @m

where C1,Cy are positive constants depending on M, K, and A only.

The proof of Lemma 3 is given later in this section.

For every m € N we extend y,, by zero for the entire set ) and keep the
same notation y,, for this extension. Note that for each m € N, the function y,,
belongs to L2(S; HL(Q)) N LP(S; LP(Q)) N C(S; L3(Q)), its derivative y,; belongs to
L?(—m,0; L(£2)), and y,, satisfies integral identity (7) with f,, substituted for f, i.e.,

/{ym,tw + Z aiijiz/}mj + (Clym|p_2ym - Uym)w} dx = /fmw dx
Q H,j=1 Q.
for a.e. t € S and for all ¢ € VP(Q). (27)
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Thus, ¥, is a weak solution of problem (4)—(6) with f,, substituted for f, and according
to Lemma 3 and condition (10), for y,, we obtain estimates

t

e lym (- D)lI72 () < Cr / e f(sll7ayds, tES,  (28)

2 2 2
||ymHL§(S;H(§(Q)) + ||ym,t||L§(s;L2(Q)) + ||ym||i§(s;m(g)) < C2||f||L§(s;L2(Q))- (29)

According to Proposition 1 and the compactness of the embedding HE () C L?(€),
estimate (29), we obtain that there exist a subsequence of the sequence {y,, } (still denoted
by {ym} for simplicity) and the function y € L3 (S; H}(€2)) N LY (S; LP(Q2)) NC(S; L*(2))
such that y; € L3(S; L*(2)) and

Yym — y  weaklyin L3(S; Hy (), (30)
Ymit —> Yt weakly in L3 (S; L*(Q2)), (31)
Ym — Y weakly in L% (S; LP(Q)), (32)
ym — y in C(S;L%(Q)), (33)

Ym —> Y ae in Q, (34)
[ymlP 2y — [yl weakly in L5 (Q). (35)

From (35) we obtain
// |ym P 2ymp dadt — // cly|P 2y drdt Vip € VP(Q), Vo € C}(—0o0,0).
Q Q

(36)
Let us show that the function y is a weak solution of problem (4)—(6). To do this,
we multiply identity (24) by arbitrary ¢ € C}(—00,0) and integrate over t € S

// {y7n,,t7;[}<p +
Q
Y EVP(Q), ¢ C{—00,0). (37)

Now we let m — oo in identity (37), taking into account (30), (31), (36) and the definition
of the function f,,. From the obtained integral identity, taking into account Du Bois-
Reymond lemma, we get identity (7). Next, taking into account (33), we let m — +o0 in
(28). From the resulting inequality and condition (10), we obtain condition (6). Hence,
we have proven that y is a weak solution of problem (4)—(6). And from estimate (29) and
convergence (30)—(32) we obtain estimate (20). Estimate (19) easily follows from (28)
and (33). O

ij=1

> it a0+ (Clyml? 2 — v} dodt = [[ fodadt,
Q

Proof of Lemma 3. We fix arbitrary m € N and, for simplicity, for the weak solution y,,
of problem (21)—(23) we use notation z.

To prove our statement we use Galerkin’s method. Let {w;|l € N} be a linear
independent set of functions from VP(Q), which is complete in VP(Q2), that is, the set of
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all its finite linear combinations is dense in VP(Q). According to Galerkin’s method, for
every 7 € N we put

z(zt) =Y errt)wn(z), (2,t) € Qm,
k=1

where ¢, 1, ..., ¢, are absolutely continuous functions, which are solutions of the Cauchy
problem for the system of ordinary differential equations

n
-2
/Zr,th dr + /{ g QijZr Wiz, + C|Zr\p Zrwp — vzrwl} dx

Q4 Qy 1,j=1
= /fwl de, te[-m,0], I=1,r, (38)
Qy
cri(—m)=0, l=1,r. (39)
The linear independence of functions wi,...,w, yields that the matrix (b )} ,—; is

positive-definite, where b}, ; = [, wrw; dz (k,I = T,7). Thus the system of ordinary
differential equations (38) can be transformed to the normal form. Hence, according to
the theorems of existence and extension of the solution to this problem (see [16]), there

exists the global solution ¢, 1, ... .., ¢, of problem (38), (39), defined on [—m, ¢ >, where
t € (—m,0], ”>" means either ”)” or 7. Later we will show that [-m,t >= [-m,0].
Multiply the equation of system (38) with number [ € {1,...,7} by e ?*¢,; and
sum over [ € {1,...,r}. Integrating the obtained equality over t € [-m, 7| C [-m,t >,
we have
T T n
//e‘”tzr,tzr dxdt + / /6_2/\t[ Z Qij2r,z; Zrz;
—-m Q -m Q =1
+c|zp|P — v|zr|2] dzdt = / /efw‘tfzr dzdt. (40)
-m Q

From (40), using (39), Cauchy inequality and the integration-by-parts formula, we obtain

1 T
5/672AT|Z7,(I,T)|2 dx + A / /(372)‘t\,7,'r|2 dxdt
Q

—-m Q
+ / /6_2>\t|: Z Qij2r,a; 2re; + Cl2p P — v|zr|2} dxdt (41)
“m Q ij=1
T 1 T -
<3 / /e_2>‘t|zT|2dxdt+ — / /6_2’\t|f\2d:ﬂdt, T € [—m,t >,
2 261
—m —-m Q

where €; > 0 is arbitrary number.
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Since v(z,t) < M for a.e. (z,t) € Q, using (3) and condition (A), from (41), we
have

1 T
i/eszT\z,.(x,T)F de+ (A= M+ pK(1 —e2) — %1) / /672)\t|2’7«|2 dzdt
Q —m
r 1 r _
+ / /e‘”t [e211| V2, |* + ol [P] ddt < %0 / /6_2’\t|f|2d9(;dt7 TE[-m,t>.
1
—m Q —m

(42)

Since A\ > M — uK then one can easily choose €1 > 0 and €5 > 0 such that
A= M+ pK(1 —e2) — 5 > 0 (for example, e = %7}“>0and51:%>0).
This implies the followmg inequality

/672/\T|ZT(I,T)|2 dz + Cs / /e*QAt[\VzAQ + |2 |? + |2 [P] dadt (43)
Q -m Q

<Oy / /e_”‘t\ﬂ2 dxdt, 7€ [-m,t >,

—m Q

where positive constants C3, Cy do not depend on m and r.
From (43) we get the following estimates

72)‘7/|z z,7)|* dr < C // R F12dadt, T € [-m,t >, (44)

—m
/ / Va2 + |22 + |2 [7] dadt < 02/ / TP dedt, 7 € [-m, T > . (45)
e —m Q

Estimate (44) yields that the sequence { ess sup ||zr(-,t)H%2(Q)} is bounded by a
te[—m,t>
constant, which is independent on ¢. This yields that [—m,t >= [—m, 0].
Multiply the equation of system (38) with number I € {1,...,7} by 6_2’\’50’“(15) and

sum over | € {1,...,r}. Integrating the obtained equality over t € [—m, 0], we obtain
// 2272, +f? d;l:dt+// 72” Z Qij 2, Zr,m; 8
Qm Qm nI=t
+elze P2 22 s — vzrzr’t} dzdt = // e‘zxtfzr,t dzxdt. (46)

From (46), using (39) and the integration-by-parts formula and the fact that in our case

_ 1
‘Zr|p 227"27",1& = I;(|Zr‘p)t7
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we obtain

1 n
//672”|zm|2 dzdt + 5/ z ij2rz;(7,0)2p 2, (7,0) dv

m

+)\// —2xt Z Qij2r s 2y dadt + = /c(a: |z (2,0) P da

i,j=1

// —2)\tC|ZT‘p dadt — // ”tfzrtdﬂﬁdt-f' // Y02y 2p 4 dadt. 47

Using conditions (A), (C) and Cauchy inequality from (47) we obtain

// T dxdt+)\u// TN 2, |? dadt

Q777

2>\
0 // 2N P dadt < —// —2M £12 dadt
M
// e Mz ? da dt+ 61 62 // M2 dadt. (48)

Q m

From (48), using (45) and taking e, > 0 and &2 > 0 such that 1 — < — 22 > 0, we get
the following estimate

// e M) 2,1 dxdt < Cs // e M| f|? dxdt, (49)

where constant C's > 0 is independent on m and 7.

Estimates (44), (45), (49) yield that sequence {z,}°2; is bounded in the spaces
L2(—m,0; H} (), L>®(—m,0;L3(Q?)) and LP(—m,0; LP (Q)), and z,.; is bounded in
L?(—m,0; L?(£2)). Consequently, taking into account Proposition 1, we obtain exi-
stence of the subsequence of {z.}°%, and the function z € L2(—m,0; H}(Q2)) N
L% (—m,0; L2(Q2)) N LP(—m, 0; LP())) such that z; € L?(—m,0; L%(Q)) and

ok weakly in  L*(—m, 0; Hy(Q)), (50)

Zrp 2 2 weakly in  L%(—m, 0; L*(Q)), (51)

Z =2 weakly in  LP(—m, 0; L?(Q)), (52)

Zr 22 strongly in  L*(Q), and in C([-m,0]; L*(2)), (53)
Zr 2z ae in Q, (54)

|2, P22, havd 12|P7%2  weakly in LZ;\/(Q). (55)
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From (54), (55), similar to the convergence (36), we have convergence

// |z P22 1h dadt v // c|z|P~221p dadt. (56)

Let vy, ..., (k € N) are any real numbers and ¢ € C!(—m,0) is arbitrary function. For

every j € {1,...,k} we multiply the equation of system (38) with number j € {1,...,r}

by v;, summarizing obtained equations and pass to the limit as » — oo, denoting ¢ =
k

> v jw; and integrating resulting equality over ¢t € [—m, 0], we get
Jj=1

// zp drdt + //{ Z Qij2g; Vo, +C|z|p_2z¢ — vzw}godxdt
Qm Qm ihj:l

:/ fip dzdt Yo € CH—m,0). (57)
Qm

Since the set {riwi + ... + vpwy | k€ N,uvy,...,v; € R} is dense in VP(€2), then (57) yields
the equality

// zpthp dadt + //{ Z Qij2e, Vs, + 2P 220 — v2) b dadt

3,j=1

= / fip dzdt, ¢ € VP(Q), @€ CH—m,0). (58)
Q’VTL
Using Du Bois-Reymond lemma we obtain identity (24). Thus, we have shown that

problem (21)—(23) has a solution z = y,,,. From (44), (45) and (49), taking into account
(50) — (53), we obtain that function y,, satisfies estimates (25), (26). O

5. Proof of the main result.

Proof of Theorem 3. Ezxistence of the solution. Since the cost functional J is bounded
above, there exists a maximizing sequence {vy} in Ug: J(vg) T sup J(v). The sequence
0 pelUy
{v} is bounded in the space L*°(Q), that is
0 < wvg(z,t) < M forae. (z,t)€qQ. (59)

Since for each k € N the function yi := y(vr) (k € N) is a weak solution of problem
(4)—(6) for v = vy, then the following identity holds:

// Yt + Z i Yk o Yy 0 + (clynlP 2 yp — vkyk)W} dxdt

1,0=1

_ // fgdedt, e VP(Q), ¢ € Cl(—o0,0). (60)
Q
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According to Theorem 2 we have the estimates
t

e Mlyr ()72 @) < O /E’QASIIJ”(»S)H%zm) ds, t €5, (61)
2 2 2
Hyk||L§(S;H3(Q)) + Hyk.,tHLi(s;H(Q)) + ||yk||i§(S;LP(Q)) < 02Hf||L§(s;Lp(Q))~ (62)

Taking into account estimate (62) for arbitrary 71,72 € S (11 < 72) we obtain

T2
[ el de < G, (63)
T1

where Cg > 0 is a constant which depends on 7 and 79, but does not depend on k.
Since p € L*(Q), using (59), we get that sequence {/pv}72; is bounded in L*(Q).

Since VP(Q) © H(Q)C LX(Q) (see [23] c. 245), then VP(Q)C L(Q). According to
Theorem 1 with W = VP(Q), £ = L*(Q), B = L*Q), ¢ = 2, r = 2, estimates
(59), (62), (63) yield that there exists a subsequence of the sequence {vg,yx} (still
denoted by {vi,yx}) and functions u € Uy, ¢ € L*(Q), y € L3(S; H3(Q))NLE(S; LP(Q)),
yr € L3(S;L?()) such that

vk Uk -weakly in  L™°(Q), (64)
— 00
Yk Y weakly in L3 (S; HL(Q)), (65)
—00
Yk =2 Y weakly in L% (S; LP(Q)), (66)
— 00
Yk Y in  C(S; L*()), and strongly in L7 .(S; L*(9)), (67)
—00
yr — y ae.on @, (68)
k—o0
Yet >y weakly in L3(S; L2 () (69)
—00
il — lol weakdy in L3(S: L2(9) (70)
—00
Note that (65) implies the following
Y — Yy Ykas — Yp, (i=1,n) weakly in L _(S;L*(Q)). (71)
k—o0 k—o0
As in (56), from (62), (67) and [?, Lemma 2.2], we obtain
clynl"~yr — clyl”?y  weakly in (@) (72)

Let us show that (64) and (67) yield

// YrVEp dedt v // yuppdrdt ¥ b € VP(Q),Y ¢ € C(—0,0). (73)
—00
Q Q

Indeed, let g := v, t1,t2 € S be such that supp ¢ C [t1,t2]. Then we have

ta
// Yrvrg dadt = //(ykvk — yvg + yv)g dedt
Q

t1 Q
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tz t2

= //yvkgdacdt—i—//(yk — y)vgg dadt. (74)
t1 Q t1 Q

From (59) and (67) it follows

‘f/(yk — y)ung dadt| < (7/|vkg|2dxdt)1/2(/t2/|yk yfdzat)” 0. (@)
t1 Q

t1 Q t1 Q

Thus, using (64) and (75), (74) implies (73).
Using (71) and (73), and letting £ — oo in (60), we obtain

4,j=1

// {ytw + En) iy, Vu, o + (clyP %y — uy)wgo} dadt
G

= //fwdxdt Vi € VP(Q) Vo € CH(—00,0). (76)
Q

According to Du Bois-Reymond lemma, identity (76) implies that the function y =
y(u) satisfies integral identity (7). Let us show that y satisfies condition (6).

Taking into account (67), we pass to the limit in (61) as k — oo. The resulting
inequality, according to condition (10), implies

lim e M [|y(z,t)|* dz = 0. (77

t——o0
Q
Hence, we have shown that y = y(u) = y(x,t;u), (z,t) € Q, is the state of the controlled
system for the control u.
It remains to prove that u is a maximizing element of the functional J. Indeed, from
(64) we get

VUK P Vpu  weakly in - L*(Q). (78)
— 00
According to [15, p. 58, Proposition 3.5] we obtain
Jim inf IvVPvklZa(q) = VPl e (q)- (79)

One can check that the functional w — [[wdzdt : L3(S;L*(?)) — R is well
Q

‘//w d:cdt’ < //|w|dmdt = // e MeM|w| drdt
Q Q

Q
1/2 1/2
<( / / e ddr) " ( / / M drdt) ' = Crllwll s (80)
Q Q

where C7 > 0 is some constant.

defined. Indeed,
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We denote this functional by L. Tt belongs to (L3 (S; L*(Q2)))". Actually, the linearity

of I is trivial. And estimate (80) implies that I is bounded. Hence, according to (70) we
have

// el dedt =< LJye > — <, Jy] >= / ly| dadt. (81)
—00
Q

It follows easily from (8), (79) and (81) that

hm J(vg) = hm //|yk|dxdt //p|vk| dxdt

. . . 2 2 _
< Jim [ [l dodt ~ timint | VBon e < [ [ oldede ~ |VBullaq) = J0)
Q Q

Thus, we have shown that v is a solution of problem (9). O
REFERENCES
1. Akimenko V.V. An optimal control model for a system of degenerate parabolic integro-

10.

11.

differential equations / V.V. Akimenko, A.G. Nakonechnyi, O.Yu. Trofimchuk // Cyberneti-
cs and Systems Analysis — 2007. — Vol. 43, No. 6. — P. 838-847.

Aubin J.-P. Un theoreme de compacite / J.-P. Aubin // Comptes rendus hebdomadaires
des seances de 'academie des sciences — 2007. — Vol. 256, No. 24. — P. 5042-5044.
Bernis F. Existence results for doubly nonlinear higher order parabolic equations on
unbounded domains / F. Bernis // Math. Ann. — 1988. — Vol. 279. — P. 373-394.

Bintz J. Optimal control of resourse coefficient in a parabolic population model / J. Bintz,
H. Finotti, and S. Lenhart // Biomat 2013: Proceedings of the International Symposium on
Mathematical and Computational Biology — Singapure, 2013. — P. 121-136.

Bokalo M.M. Dynamical problems without initial conditions for elliptic-parabolic equations
in spatial unbounded domains / M.M. Bokalo // Electron. J. Differential Equations — 2010.
— Vol. 2010, No. 178. — P. 1-24.

Bokalo M. M. Optimal control of evolution systems without initial conditions / M.M. Bokalo
// Visnyk of the Lviv University. Series Mechanics and Mathematics — 2010. — Vol. 73. —
P. 85-113.

Bokalo M.M. Optimal control problem for evolution systems without initial conditions /
M.M. Bokalo // Nonlinear boundary problem — 2010. — Vol. 20. — P. 14-27.

Bokalo M.M. Unique solvability of initial-boundary-value problems for anisotropic elliptic-
parabolic equations with variable exponents of nonlinearity / M.M. Bokalo, O.M. Bubhrii,
R.A. Mashiyev // Journal of nonlinear evolution equations and applications — 2014. — Vol.
2013, No. 6. — P. 67-87.

Bokalo M.M. Problem without initial conditions for classes of nonlinear parabolic equations
/ M.M. Bokalo // J. Sov. Math. — 1990. — Vol. 51, No. 3. — P. 2291-2322.

Bokalo M.M. On the well-posedness of the Fourier problem for higher-order nonlinear
parabolic equations with variable exponents of nonlinearity / M.M. Bokalo, I.B. Pauchok
// Mat. Stud. — 2006. — Vol. 26, No. 1. — P. 25-48.

Bokalo M.M. Problems without initial conditions for degenerate implicit evolution equations
/ M.M. Bokalo, Y.B. Dmytryshyn // Electronic Journal of Differential Equations — 2008.
— Vol. 2008, No. 4. — P. 1-16.



56

Mykola BOKALO, Andrii TSEBENKO
ISSN 2078-3744. Bicuuk JIpBiB. yu-ty. Cepis mex.-mar. 2016. Bumyck 81

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

Bokalo M. Linear evolution first-order problems without initial conditions / M. Bokalo, A.
Lorenzi // Milan Journal of Mathematics — 2009. — Vol. 77. — P. 437-494.

Bokalo M. Existence of optimal control in the coefficients for problem without initial condi-
tion for strongly nonlinear parabolic equations / M. Bokalo, A. Tsebenko // Matematchni
Studii — 2016. — Vol. 45, No. 1. — P. 40-56.

Boltyanskiy V.G. Mathematical methods of optimal control / V.G. Boltyanskiy — M., 1969.
Brezis H. Functional Analysis, Sobolev Spaces and Partial Differential Equations / H. Brezis
— Springer New York Dordrecht Heidelberg London, 2011.

Coddington E.A., Levinson N. Theory of ordinary differential equations / E.A. Coddington,
N. Levinson — McGraw-Hill book company, New York, Toronto, London, 1955.

Farag M.H. Computing optimal control with a quasilinear parabolic partial differential
equation / M.H. Farag // Surveys in mathematics and its applications — 2009. — Vol.
4. — P. 139-153.

Farag M.H. On an optimal control problem for a quasilinear parabolic equation / M.H.
Farag, S.H. Farag // Applicationes mathematicae — 2000. — Vol. 27, No. 2. — P. 239-250.
Fattorini H.O. Optimal control problems for distributed parameter systems governed by
semilinear parabolic equations in L' and L* spaces / H.O. Fattorini // Optimal Control of
Partial Differential Equations. Lecture Notes in Control and Information Sciences — 1991.
— Vol. 149. — P. 68-80.

Feiyue He Periodic Optimal Control for Parabolic Volterra-Lotka Type Equations / He
Feiyue, A. Leung, S. Stojanovic // Mathematical Methods in the Applied Sciences — 1995.
— Vol. 18. — P. 127-146.

Khater A.H. Analytical and numerical solutions of a quasilinear parabolic optimal control
problem / A.H. Khater, A.B. Shamardanb, M.H. Farag, A.-H. Abel-Hamida // Journal of
Computational and Applied Mathematics — 1998. — Vol. 95, No. 1-2. — P. 29-43.
Lenhart S.M. Optimal Control for Degenerate Parabolic Equations with Logistic Growth /
S.M. Lenhart, J. Yong // Retrieved from the University of Minnesota Digital Conservancy
— 1992. — http://purl.umn.edu/2294.

Lions J.-L. Optimal Control of Systems Gocerned by Partial Differentiul Equations / J.-L.
Lions — Springer, Berlin, 1971.

Lions J.-L. Operational differential equations and boundary value problems, 2 ed J.-L. Lions
— Berlin—Heidelberg-New York, 1970.

Hongwei Lou Optimality conditions for semilinear parabolic equations with controls in leadi-
ng term / Hongwei Lou // ESAIM: Control, Optimisation and Calculus of Variations — 2011.
— Vol. 17, No. 4. — P. 975-994.

Zuliang Lu Optimal control problem for a quasilinear parabolic equation with controls in the
coefficients and with state constraints / Zuliang Lu // Lobachevskii Journal of mathematics
— 2011. — Vol. 32, No. 4. — P. 320-327.

Pukalskyi I1.D. Nonlocal boundary-value problem with degeneration and optimal control
problem for linear parabolic equations / I.D. Pukalskyi // Journal of Mathematical Sciences
— 2012. — Vol. 184, No. 1. — P. 19-35.

Showalter R.E. Monotone operators in Banach space and nonlinear partial differential
equations / R.E. Showalter // Amer. Math. Soc., Vol. 49, Providence, 1997.

Tagiev R.K. Existance and uniquiness of second order parabolic bilinear optimal control
problems / R.K. Tagiev // Differential Equations — 2013. — Vol. 49, No. 3. — P. 369-381.
Hashimov S.A. On optimal control of the coefficients of a parabolic equation involing phase
constraints / S.A. Hashimov, R.K. Tagiyev // Proceedings of IMM of NAS of Azerbaijan
— 2013. — Vol. 38. — P. 131-146.



OPTIMAL RESOURCE COEFFICIENT CONTROL ...
ISSN 2078-3744. Bicuuxk JIpsiB. yu-ty. Cepis mex.-mar. 2016. Bumyck 81 57

31. Samoilenko A.M. Optimal control with impulsive component for systems described by impli-
cit parabolic operator differential equations / A.M. Samoilenko, L.A. Vlasenko // Ukrainian
Mathematical Journal — 2009. — Vol. 61, No. 8. — P. 1250-1263.

Cmamma: neditiwna do pedroneeii 11.05.2016
doonpaywosana 01.06.2016
nputinama do dpyxy 08.06.2016

3A/TAYA OIITUMAJILHOTO KEPYBAHHSI PECYPCHUM
KOE®IIIEHTOM IO YJIAIINHOT MOIEJII, 11O
OIMICYETHCS 3AJJAYEIO BE3 IOYATKOBUX YMOB JIJISI
TAPABOJITYHOT'O PIBHAHHS

Mukosaa BOKAJIO, Auapiiit HIEBEHKO

JIveiecvrutl Haytonasvrul yrieepcumem iment learna Ppanka,
eyn. Yuieepcumemcora, 1, Jlveis, 79000
e-mail: mm.bokalo@gmail.com, amtseb@gmail.com

Busteno 3a7aty ONTHMAJILHOIO KEPYBAHHS CHCTEMAMM, IO OMUCYIOTHCS
3amageo Dyp’e misa wHeniHifiuux mapabosiuanx piBHgaHb. KepyBanus € koedi-
LI€HTOM DiBHAHHY CTaHy. /l0BeIeHO iCHYBaHHS ONTHMAJILHOTO YIIPABJIHHS.

Karowosi crosa: onrmmasibHe KepyBaHHS, 33734l 0e3 MOYATKOBUX YMOB,
€BOJTIOIiTHI DIBHAHHSL.



ISSN 2078-3744. Bicnwux Jlveie. yn-my. Cepis mex.-mam. 2016. Bunycx 81. C. 58-60
Visnyk of the Lviv Univ. Series Mech. Math. 2016. Issue 81. P. 58—60

VAK 512.552.13

BEZOUT DOMAINS WHOSE FINITE HOMOMORPHIC IMAGES
ARE SEMIPOTENT RINGS
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We establish that finite homomorphic images of a commutative Bezout
domain are semipotent rings.

Key words: Bezout domain, semipotent ring.

The concept of semipotent ring is important and is of particular interest in the
modern research [2, 3]

Let R be a commutative Bezout domain, then for a € R\ {0} the factor-ring R/aR
is an exchange ring if and only if a is an avoidable element i.e. if for any b, ¢ € R such that
aR + bR + cR = R there exist elements r, s € R such that a = r - s, where rR+ bR = R,
sR+bR =R and TR+ sR = R (see [1]).

In this paper we establish that for a commutative Bezout domain R and a € R\ {0}
the factor-ring R/aR is a semipotent ring if and only if @ is a semipotent element i.e. if
for any b € R there exist elements 7, s € R such that a« = r - s, where rR + bR = R and
rR+sR=R.

All rings considered are commutative and have the identity, 1 # 0. A ring is a Bezout
ring if every its finite generated ideal is principal.

We denote by U = U(R) the group of units of R and by J(R) the Jacobson radical of
R. Recall that a ring R is a semipotent ring, also called Jy-ring by Nicholson [2], if every
its principal ideal not contained in J(R) contains a nonzero idempotent. The exampels
of such rings include the exchange rings and can be found in [2]. A ring R is an exchange
ring if for every a € R there exists an idempotent e € aR such that (1 —e) € (1 —a)R.

Definition 1. Let R be a commutative Bezout domain. An element a € R\ {0} is said
to be semipotent if for any b € R we have a = r-s, whererR+bR = R and rR+sR = R.

Theorem 1. Let R be a commutative Bezout domain. Then a is a semipotent element
if and only if R/aR is a semipotent ring.

Proof. The equality 7R + sR = R implies ru + sv = 1 for some elements u, v, 7217 = T,

527 =5for T =7+ aR and 5 = s + aR. Obviously, 7u = ¢, € = e and 1 — € = 5 7. The

© Bokhonko V., 2016
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equality rR+bR = R implies 1—€ € b R where b = b+aR. Since 1 —¢ is an indempotent,
R is a semipotent ring. Note that if b ¢ J(aR) then T — € is a proper indempotent. If
for b = b+ aR we have that there exist an idempotent € = € such that € € b R. Since
€% =&, we have e(1 —e) = aa for some o € R. And since € € b R, we have e — bt = as for
some elements t, s € R. Let eR + aR = dR, then e = deg, a = dag and agR + egR = R.
The equality e(l — e) = ac« implies ep(l — e) = apa. Since apR + ¢gR = R, we have
aoR 4+ eR = R. Let r = a,, s = d, then we have rR + bR = R. Since e — bt = as, then
rR + sR = R. Theorem is proved.

Since an exchange ring is a semipotent ring, we have that avoidable element is
obviously a semipotent element.

The following result connects the concept of adequate element and the concept of
semipotent ring.

Definition 2. Let R be a commutative Bezout domain. An element a € R is called
adequate for an element b if we can find elements r,s € R such that

1) a=r-s;
2) TR+bR=R;
3) for any nonunit divisor s' of s we have 'R+ bR # R. [3]

That a is adequate for b will be denoted by ,Ap.

Theorem 2. Let R be commutative Bezout domain. If element a € R is semipotent than
for any element b ¢ J(aR) there exists some element u € R that o Apy.

Proof. Let R = R/aR be a semipotent ring and b ¢ J(aR). Then there exists a nonzero
idempotent € such that € € b R. Hence, there exist some elements u,t € R such that

e — bu = at. Moreover, since €2 = €, we have (1 — e) = as for some element s € R.
Let eR + aR = dR, where e = deg, a = dag and agR 4+ egR = R. Then

eo(l —e) =aps and e+ apj =1
for some element j € R. Taking r = ag, s = d we obtain a decomposition
a=r-s

where rR+ e¢R = R and s'R + eR # R, for some nonunit divisor s’ of s. Thus, ,A. and
hence from bu = e + at we obviously conclude ,Ap,. Theorem is proved.

As a corollary of previous theorem we obtain the following.

Theorem 3. Let R be a commutative Bezout domain and a € R\ {0}. The factor-ring
R/aR is semipotent if and only if for any element b ¢ J(aR) there exists an element
u € R such that ,Ap, and bu ¢ aR.
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ITPO ICHYBAHHZ B Y3ATAJIbHEHUX ITPOCTOPAX
COBOJIEBA PO3B’43KIB MIIMTAHNX 3AJAY OJIA
HEJITHIMHUX IHTETPO-AN®EPEHIIIAJIBHIUX PIBHAHD,
IMOB’SI3AHUX 3 €BPOIENCHKIM OIIIIIOHOM

Ouier BYT'PIN, Mukoaa BYT'PIN

JIveiecvrull nautonasvrul yrieepcumem iment leana Pparnka,
sys. Yuisepcumemcoka, 1, JIveis, 79000
e-mail: ol _buhrii@i.ua

PosriisnyTo HesminiitHi BupomKeHi piBHSHHS KOHBeKIi-audy3ii, 30ypemi
cTpubkonomiGHIM qudy3iHHNM OITepaToOpOM, SIKi TIOB’sT3aHi 3 TEOPIEIO IHOYTBO-
PEHHS OIIIIOHIB €BPOIEHCHKOTO CTUJIIO BUKOHAaHHS. JlocaiKeHo Minmani 3agaqgi
I TakuX piBHAHB. /loBemeHo TeopeMy icHyBaHHS IXHIX PO3B’I3KiB.

Kamowo6i crosa: wHeniHiliHe mapaOoJidHe PiBHAHHS, 3MIHHUN ITIOKA3HUK He-
qinifHOCTi, cTprOKONOmiGHME mpotec JIeBi, €BpoONeiChKIil OMIOH.

1. Berym. Hexait n € N, T > 0 — mesiki umcnaa, 0 C R™ — obmexena obracTsb
kracy CO! (mus. [1, c. 48]) 3 Mexeio 0Q, Qi1 = QX (t1,t2), Xiy 4, = OQ X (t1,t2),
0<t1 <ta<T,Q ={(z,t) |z €Q, t=7}, 7 €[0,T]. Posrnanemo TaKy 3anady:

Ut — CLA(‘U|’Y72U) + Gu + (b(Eu) = f(.]?,t), (I,t) S QO,T; (1)
U|EO,T =0, (2>
ult=o0 = uo, (3)

2 2
me a>0,v € [2,3) - meaki umcna, A = % +...+ 6‘9? — oneparop Jlamnaca,
1 n

(Gu)(z,t) = gl t)]u(z, )| ") Pu(x, 1), (4)

(Bu)(z,t) = / e(z,t, 2) (u(x +2t) — ulz, t)) dz, (5)
Q
9,4, b, €, f,up — nesiki dbyukiii. B (5) BBakaeMo GYHKIIIO % MPOJOBKEHOI HYJIEM IPU
x & Q,te[0,T)].
Bamaay Komi mna pisaamas tuny (1) 3 ¢(z) = 2 mocnimkeno y |2 mpm v = 2, iy
[3] mpu v = 3. Ak mMu JoBememo, I 3a7adi MaTh TPUKJIATHE 3HAYeHHs B (hiHaHCOBIH
maremaruii. Bubupatoun byskiio € B (5), orpuMaemo, 1o Jsiniitauii anagor (1) BuHIKaE

© Byrpiit O., Byrpiit M., 2016
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B Mozensix Meprona [4], Koy [5] Ta inmmx (mus. [6]), siki onucyoTh Gip:KoBi KOJHBaHHS
Baprocti omnmionis. Bixnosiaui no (1) nisainiiini inrerpo-mudepennianbui mapabosidni
Bapianiiini wepiBuocti posrasuayTo y [7], [8]. Heniniiini piBusuug Tumy

—uy + H(z,t,u, Vu, Au, Eu) =0,

3 Jinmmik-HenepepeHo dyHKIien (u, v, w)— H(z,t, u, v, w, z) pusdeso y [9]-[11].
Bamadi g1 mapabomidHuX pIBHSIHB 31 CTAJNME MOKA3HUKAME HeJIHIAHOCTI i inTer-
pabHIM JOJAHKOM iHImoro, uixk (5), surisaay susdanu B [12]-[16].
B [17] posrasgayTo Mminiany 3aiady aJis PIBHAHHS

up — Au — |u|*@®) = / lu(z,1)|?*) dz (6)
Q

31 3MiHEMME MOKa3HUKaMu HeqiHifHOCTI 00 = () > 1, = B(x) > 1. [loBemeno icuyBan-
Hsl JIOKAJILHOTO Ta HEICHYBaHHS IJI00aJHHOTO PO3B’SI3KY.

Mimany 3azady Jis Heaiuiiinoro pisusaus (1) 3 iHTerpajbHUM NOJAHKOM BULJISILY
(5) i 3MinHMM nokazHMKOM HeminifiHocTi (g(x) # const) po3rusHyTO BHEpIIE.

Crpykrypa mpalii Taka. ¥ JApyroMy myHKTI ¢hOPMYILOBAHO PO3TISIYBAHY 3339y
i ocHOBHHUII pe3ysbTaT — TEOpeMy icHyBaHH4 ii po3B’sa3ky. Tpera dyacTuHa CTaTTi MiCTATD
€KOHOMIYHY MOJeh OOYHMCIIeHHST BApTOCTi OMIIOHY €BPOMEHCHKOrO CTUII0 BUKOHAHHSI,
B dKilf BUHWKaE JIHIFHUN aHAJIOr HAITOTO DPIBHAHHS. Y YeTBEPTOMY MYHKTI HaBeIeHO
OCHOBHI HO3HAYEHHS Ta JIONOMiKHI (hakTH, sKi BUKOPUCTAHO y II'ITOMY IYHKTI CTaTTi
[Tl TOBEeIeHHs OCHOBHOI Teopemu. CTaTTiO 3aBEPIINYE CIUCOK JITEPATYPH.

2. ®opmysmoBannsg 3agadi. Hexait G C RNV, N € N, - neaxa obnacts (Hanpu-
knax, G =Q, G = Qoritna), L(G) — MHOKUHA BCiX BUMIpHUX 3a JleOeroM miqMHOKIH
G, ML(G) — mroxmuna Beix ynkmiit v : G — R, puvipanx crocosno L(G),

MLBL(G) ={pe ML(G) | essinf p(y) >0, esssup p(y) < +oo}.
yeG yeG

Jami nns xoxuoi dbynkmii p € MLB, (G) wepes po,p° mozmagarmvemo Taxi wmcna, a
Jepe3 S, — TaKy YHKILO:
po:=essinf p(y), p°:=esssupp(y),  Sp(s) :=max{s™, "'}, s>0. (7)
yeG yeG
Hexait Lip (G) — muoxknna byt ¢ € ML(G), aki 3a10BoNbHAITH Ha obiaacti G
ymosy Jinmuus; L™ (G), ne r > 1, — npocrip Jle6era; L™ (0,T; B), ne B — mopMoBaHmit
npocrip, — npocrip 3 [1, ¢. 155]; W™ (G), Wy""(G), ne m € N, — npocropu CoGosesa,
H™(G) = W™2(G), H'(G) = Wg*(G).
Hexait LY (G) = {p € L>®(G) | ess iélf p(y) > 1}. 3po3ymisnio, MO0 BUKOHYETHCS
ye

sruaagents LY (G) € MLB(G). Kpim nosuadens po, p¥, Sp, ans koxuoro p € L (G)
ozraanMo dynkuio p’ € L (G) Tak: ﬁ + ﬁ = 1 maiizke aya Beix y € G.

Hexaii p € L3°(G). Busnaunmo dynxuionan p,(-;G) 3a gomomoror pisHOCTI
pp(v;G) == [, lo(y)|PW) dy, ne v — mesika dbywkmis. Yzaramsrerum mpoctopom JleGera
LPW)(G) mazupators MuoKunEy Takux dymnknii v € ML(G), s axux p,(v; G) < +oo.
B [18, c. 599, 600] moseneno, mo LPW)(G) e pedrexcnBauM 6aHAXOBHM ITPOCTOPOM 3
Hopmoio JTiokcemGypra ||[v; LPM) (G)|| := inf{\ > 0 | p,(v/\; G) < 1}.
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Hexait ¢ € L2(Q), V = H}(Q) N LI@)(Q),
U(Qor) ={u€ L"(Qox) | |u'"?u e L*(0,T; Hy ()}

[IpurycTrMo, M0 BUKOHYIOTLCS TaKi YMOBH:

(A):a>0,2<y<3;

(E): e € ML(Qor x Q), |e(z,t,y)| < € maitke as Beix (x,t,y) € Qo X €,
1e € > 0 — mesike 4HCIO;

(®@): ¢ € Lip (R), |¢(&)| < ¢°[¢| ansa veix € € R, me ¢° > 0 — mesxe wmcio;

(Q):qeLT(Q), " <

(G): g € MLB(Qo.r), gt € ML(Qo,1), |ge(x,t)] < g' < 00 mafixe qns Beix
((ﬂ,t) € QO,T;

(F): f € L7(Qo,1);

(U): ug € LY(), |uo|?2uo € H*(Q) N H ().

ITogamo o3HAMEHHS y3araJbHEHOIO PO3B’sI3KY HAIIOl 33,131,

Osnauenns 1. Qynxyito u € U(Qo.r)NC([0,T]; L3(Q)) nasusamumemo yzazasvnenum
pose’asxom 3adai (1)-(3), axwpo u 3adosorvhae ymosy (3) i pisnicmo

/ {—uvt + a(V(ju]""?u), Vv) + G(u)v + ¢(Eu)v} dadt = / fu dadt (8)
Qo,1 Qo,1
das eciz v € H} (Qo ).

Tyt i mani Vo = (Vgy,..., 0z, ) — Fpa,ILiSHT dbynkuii v, (-, ) — ckangpHuit 100yTOK B
R™. Baypaxmumo Take: aximo u € C([0,7]; L*(2)), To u € L?*(Qor) i Mu moBeaemo, mo
torni Eu,Gu € L*(Qor). Orxe, B (8) inTerpanu MaioTh cerc. 3ayBasKmMO Take: sSKITIO
v > 2, To mpaBuJbHI HepiBHOCTI 1 < (7 1) <2

OCHOBHUII pe3ysTbTaT CTATTI — TaKa TeopeMa.

Teopema 1. Hezati 92 € C*, euxonyromvca ymosu (A)-(U). Todi sadawa (1)-(3) mae
y3azasvHenull po36°A30K U 1, KPIM M020, NPABUALHI MAKE BKAOWEHHA

4(y=1)? 1 40=1)
we C([0,T] L3717 (Q), [u]"?u e W= (Qor).

3. ¥Y3arasmpbHenns mogedi Baeka-1Tloysica obunciienas npemii ONIioOHIB €B-
porneiicbkoro cTmio BuUKoHaHHs. Haranaemo pesynbraru 3 [4]. Posrnganemo crangap-
THU30BAaHUI OIPXKOBHI KOHTPAKT, SKWH HAJAE MPABO HOTO BIACHUKY B JESIKHA MOMEHT
yacy T > 0 B maiibyrHbomy (repMiH BUKOHAHHH KOHTPAKTY) KYLUTH 34 JOrOBIPHOIO 1ij-
Hoio K > 0 (strike-uina 6a30BOro akTuBY KOHTPAKTY HA MOMEHT BUKOHAHHS KOHTDAKTY )
obymMoBieHnit 06’em 1poro 6azosoro aktuy. Ilorouna puHKOBa IiHa 6A30BOTO AKTHBY
(spot-1iHa) MoCTIHHO 3MIHIOETbCA. 3aJ/I€XKHO Bij criBBiaHONIEHHs MiXK strike 1 spot mina-
M# 0a30BOTO AKTHWBY BUKOHAHHSA KOHTPAKTY MOXKe OyTH BUrigHUM ab0 30MTKOBHM.

Crorozai Ha GOHAOBUX OipKAX AKTHBHO TOPTYIOTH TPbOMA OCHOBHUMH BuaMu (i-
HAHCOBUX KOHTPAKTIB: (hopBapmaMu — “TBEPIUMHU’ KOHTPAKTAMU, OO0B’I3KOBUMHU IO BU-
KOHaHHs; (b’I0UePCAMU — KOHTPAKTAMU “Maiizke 000B sI3KOBUMK” 110 BUKOHAHHS (KO Oa-
30BUil aKTUB KYIIyBATH HEBUTITHO, TO (b’I0UEpPCHA TO3MUIIis 3aKPUBAECTHCA ODCETHOIO Yro-
JI010) ; omiioHaMu — “HeoboB’a3koBuME” 10 BUKOHAHHS KOHTpakTamu. OCKIJIbKU B OCHOBY
KOHTPAKTIB JIeKUTH TIeBHuiT (hIHAHCOBUI aKTHUB, TO BOHK MPUPOTHO MAIOTh PHHKOBY Bap-
TicTh 1 € mpeaMeroM TopriB Ha Oipxki. Ocobmuso mpuBabauBuMEU Ha OipKax € OMIIOHH
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aMEepPUKAHCBHKOIO T4, €BPONEHCHKOr0 CTU/B BUKOHAHHS. OTMIIOH aMEPUKAHCHKOIO CTUIIO
BUKOHAHHS TIePe10aYa€ MOMXKJIUBICTh BUKOHAHHS KOHTPAKTY B OyIb-sIKUIl MOMEHT 4acy
7 € [0,T], a eBponeiicbkoro — qmme B 9ac 7 = 1.

Mera nporo nyHKTy — B pamkax mozeni Bieka-Illoyica obropopurn mesiki y3arayib-
HEHHs KJIACMYHOI MeToauku obuucsieHHd pUHKOBOI Baprocri (upewil) onujoHy yuisui
(call-option) eBporeiicbKOro T BUKOHAHHS Ha, AKIIil.

Knacuuna teopis Busexa-Illoysica oKy ONITIOHHWX KOHTPAKTIB Tependadae, 1o
omeparil 3 KOHTPaKTaAMHU TPOBOAATH Ha (B, S) puHKY, AKuWii CKIAmAEThes 3 GE3PU3UKO-
Boro aktuBy B (6amkiBchkuil paxyHok, GankiBchki obmiranii) 1 pusukoBoro aktuBy S
(akuii). Bincorkosa craBka jp GaHKIBCHKOrO PaxyHKY, & TaKOxkK BOJATUIbHICTH (MiHJIU-
BICTH) akIlii 0 € BIIOMUMH CTAJIMMHU mapamerpamu. MareMaTudHa MOJENb IbOTO PUHKY
OIIMCYE EBOJIIOIII0 AKTUBIB Ha ckinuenHnoMmy inrepsai dacy [0,7]. Baukischbkuil paxyHoK
suminHOETHC 3a 3aKoHOoM B(7T) = B(0)e!™, 7 € [0,T], 3 nHeBunaakosum audepenIiazom

dB(t) = uB(7) dr, B(0) > 0.

[Tira 6a30BOro aKTWBY OIIIIOHY MIH/IMBA, BOHA 3aJIE2KUTh Bi 0ArarboxX UMHHUKIB, € BU-
maKoBUM 1ponecoM {S(7)}rejo,r) 1 cupasazKye croxacTudne gudepeniiaibue PiBHAH

dS(t) =uS(r)dr 4+ o S(1) dW,, (9)

ne {W;}epo,1) — cTanmapraumii BinepischbKuil mporec, To6To mpomec 6poyHiBCHKOro pyxy
(muB. [19]). Bukopucrosyiouu meroauky npani [20], po3s’s3yemo pisusannsg (9) 1 orpumy-
eMo, mo dpopmyna
2 S 0 2
S(r) = S(0) el TITHWr — 50 B(r)e~ T W 10,7, (10)
B(0)
BU3HAYAE 3HAYEHHS SPOt-I[iHM akiii B HoBiAbHUE MoMmenT dacy T € [0, 7.
Bunankosa Benuauna

H(ST) = (ST — K)+ = HlaX{ST — K, O}

Ha3UBAETHCA MYHKIIEIO BUIIAT call-onmiony eBponeiichKoro CTUI0 BUKOHAHHS, BOHA BH-
3HAYA€ BHYTPIIIHIO BaPTICTH OIMIIOHY B MOMEHT #Oro ekcmiparii: uumM OiibIne 3HATEHHA
H(S7), rum Giibloy BArogy MaTHMMEMO Bij peasizanii onmiony B wac 7 = 7. B mMomenr
7 = T suavenna H(Sy) € MakCUMAJIbHO MOKJIUBOIO PUHKOBOIO IiHOIO call-omiiony eB-
porneiicbkoro cruio Bukonauus. Ockinbku H(S7) € BUNAIKOBOIO BEIMYUHOI, TO JJist
XapaKTEPUCTUKY TIOTOYHOTO 3HAYEHHS PUHKOBOI I[iHU 1HOTO OMITIOHY TPUPOIHO TPUHS-
TH “renepinma” BApTiCTH OMIIOHY B Oymnb-sxuii MmomenT 4dacy 7 € [0, 7] 3a ymoBu, mo
spot-ina akuii gopipHioe S

v(S,7) = e M T=IM{H(S7) |S(T) =S}, Sel0,+x), 7e€l0,T] (11)

Tyr M — ymMOBHE MaTeMATWYHE CTIOAIBAHHS BUMAIKOBOI Benmawau H(St), a Tepminm
“remepimtas’ i “MaifibyTHS BapTICTh BKUBAIOTHCA y KJIACHIHOMY 3 MOLVISAAY (PiHAHCOBOI
MaTeMaTuKy cenci (mus., manpukmaf, [21], [22]). 3oxkpema, v(St,0) = e HITM{H (ST)} -
BapTiCTh OMIOHY Ha MOMeHT jioro mignucanss, a v(Sy,T) = M{H (St)} — naiiouikysa-
Hinre 3naveHHs GYHKII BUMIIAT y YaC BUKOHAHHS OIIIOHY.

VY pamkax momeni (B, S) punaky saauenns v(St,0) mae 6yTn TakuM, o6 TOIATBIIE
inBecTyBaHHA 1€l cymu B (HOHAOBHI mOpT(deEnb, sKnuil CKIQIAETHCA 3 aKIiil i obsira-
miit, Ha MoMenT 4yacy 7 = T maso npubyTok, He MeHInuii 3a 3HadenHsa H(St). Bubip
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ONTUMAJILHOI CTparerii iHBecTyBaHHs (XeI[XK-CTPaTeril) MPOJABIEeM OIIIOHY Iepeabadae,

o jerepMminoBana BeauuuHa v (S, T) 3a YMOBH, 10 33 AKIIEI0 HE BUILIAYYIOTHCH JUBi-

JEHTHU Ta IHII [aTexi, MiHa aKIlil € HEelePpepPBHOI BHUIIAIKOBOIO BEJIUUYMHOIO Ta JEIKHUX

inmmx gomarkosux ymoBax (mmB. [23], [2]), moBuHHA GyTH PO3B’sA3KOM KpaiioBoi 3a1a4l
nns pisasiaag Buoeka-ITloysica

1
vy + 3 025%vgs + pSvs —pw =0, S € [0,+00), T€0,T], (12)
U(Oa T) = 07 U(Sa T) = H(ST)v (13)

o) 9 o
Je Ur = 8727 vs = aig*’ Uss = 85’2'

Oanak momens baeka-Illoysica mHe BpaxoBye MUTTEBI CTpMOKOMOMiOHI 3MiHU TiHM
axiii. Boun BimOyBarOThCs, HATPUKIAI, i/ Y4C HEOUIKYBAHOI TEPOPUCTUIHOI ATAKH, CTH-
XifHOTO JIUXa, OTPUMAHHS KOMIIAHIEI BEJIMKOTO JTE€PKABHOTO 3aMOBJEHHsS TOIIO. Jlora-
pudMivHa TiHA AKTHUBY y IIBOMY BHIAJKY ONMCYeThes (nuB., Hanpukaan, [24], [25], [26])
uporecom Jlesi 31 crpubkonoaituo audysiero (Levy jump-diffusion). Heit nporec mMae
TPHM He3aJeXKHl CKIaa0Bi: HeBUNAIKOBY — Jiniitnuii 3cys (linear drift); BunaakoBy wHere-
pepBHy — OpoysiBebkuil pyx (Brownian motion); BunajakoBy crpubkonoaibuy — ckiia/ie-
Huii myacconisebkuit mporec (compound Poisson process), To6To

S -~ -
lnSEg;:aT—i—bWT—i—cQT. (14)
ze a, E,Ef Jedki crami. Y sunagry (14) piBasanus (12) vabyae surisny (mus. [4, c. 132])
1
ut = 5 02 2% Uy — (1 — NE)T Uy + gz, t)u — AM[u(2Y,t) — u(z,t)] = 0, (15)

nme u(xz,t) = v(S,7) — npemia eBpomeiickkoro onmiony, x = S — spot-mina axii, ¢ =
T — 7 — wac a0 BuKOHaHH#A onmiony, (Y — 1) — BEMAAKOBA BEIMYMHA, AKA TPOIYKYE
crpubromoAiGHy 3MiHy miEM akmil 3 © 10 xY, k = M[Y — 1] — matemarnane cnomiBaHHST
(Y —1), g(x,t) — noxizHicTh OMIOHY, A — CEpeaHs KLIBKICTh CTPUOKIB 38 OJUHHUITIO YACY.

IMepersopumo ocranmiil qogaHok 3iisa B (15). Akuo D — miabHICTS PO3NOALTY BU-
MaIKOBOI BeJIUIHHH Y, TO

+00 400 ;
Mlu(wY. ) (e, 0] = [ (uley,t) ~u(e,0) D)y = [ (w21 —ua. ) 2 g

JlomoBHMBINY PiBHAHHS KPAWOBAMU YMOBAMH, TIC/IA MEPENO3ZHAYEHD OTPUMAEMO 33039y

+oo
up — () Ugg + b(x, N) up + gz, t)u + A / h(z, z) (u(:c + z,t) — u(z, t)) dz=0, (16)
ulz=0 =0, ult=0 = uo, (17)

[Micag npouemypu “obpizanisa’ piBHdAHHS (IUB. y OJHOBUMIDHOMY BHUIIJIKY, HAIPUKJIAI,
[27, c. 39], y GararoBumipromy — [28, c. 14]), maTuMemo 3ama4y B 0OMeKeHil obsacTi.
Posrngaaysane B it npani pisaanus (1) € neBuum HeminifiHuM aHasoroM (16).
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4. JomomixkHi mmo3HadeHHs 1 TBepixkeHHsi. Hopmy Ganaxosoro mpocropy B
no3uauumo || -5 B||, a cupskennii 1o B npocrip — B*. Ckansapuuit 106yrok mixx B* i B

nozHagaruMeMo (-, ). Cumbon OO o3Hauae Henepepshe, () — HelepPEpBHE Ta IILIbHE, &
K
C — KOMITAKTHE BKJIQJIEHHS OZHOrO OAHAXOBOIO IPOCTOPY B iHIIHUMA.

Hexait o € ML(2)

s s >0,
(ﬁa(aj)(s) = { 0, s <0, x e Q. (18)

Jlerko nepexonarucsd, 1o AJs OyIb-aKuX S, S1,S2 € R Bukonyworbca (auB., Hanpu-
ka1, |29, c. 82|) mepisnocri (tyr ut = max{u,0})
st<|sl, [sf — s3] <[s1—s2l. (19)
Hexait X — neakuit nupocrip. Po3risremo mpocrip
WLP(0,7;X) = {u € LP(0,T; X) | us € LP(0,T; X)}, 1<p< oo,
31 CTaHJAPTHO BBEJEHOK HOpMOKO (auB., Hampukmaafd, [30, c. 286]). 3posymimo, o
CLH([0,T]; X) O WLr(0,T; X).
TBepmxkenns 1. (Teopema 2 [30, c. 286]). Hrxwo X — 6anazie npocmip, 1 < p < oo,
mo WHP(0,T; X) O C([0,T]; X) i sukonyemvca Gopmyaa inmezpyeania acmunamu
/ut(t) dt =u(r) —u(s), 0<s<7<T, ueW"(0,T;X). (20)

9k i B Teopemi A.1 [31, c. 47] marumenmo Take: skmo v € WLP(0,T; LP(Q)), ae
1 <p<oo, 0 vt € WhP(0,T; LP(Q2)) Ta (vh): = X(v)v; matixe ckpisb B Qo 1, e

~ 1, s>0,
w={y 220 1)
Amayioriune TBepKeHHS paBWAbHE 1 mytst v = max{—v, 0}.

Jlasi KOpUCTyBATUMEMOCS TAKUMH TBEPIZKEHHAMU.

JIema 1. Hezati Q C R™ — obmesicena obaacmo xaacy COL. Todi gopmyaa

t=
/wtzdxdt:/wzdm —/wztdmdt, 0<s<7<T, (22)
Qs o = ql.

BUKOHYEMBCA OAA 8CIT PYHKUIT W ma 2, AKX 3600604bHANMD 00HY 3 MAKUT YMOG:

(i) w € L1 (Qo 1), de g € LL(), wy € LY(Qo,7),

2 € L®(Qor), 2 € LY@ (Qo1r);

(i5) w,we € LY(Qo.1), 2,2t € L=(Qo.1).

Zosedenmnsa. Toseaemo nynxr (i). Hexait W = {w € LY (Qo7) | w; € L*(Qo.r)},
Z={2e€L®Qor)|2zeL’®(Qor)}. duaeec C([0,T]) ta z € Z MaEMO BKIOUEHH s

0

q

wz € WHY(0,T; L -1 (Q)). Tomy 3 dopmymnu (20) mna u = ¢(t)z(z, t) Burumsae, mo

T T

/apt(t)z(m,t) dt = o(1)z(z,7) — p(s)z(x, s) — /cp(t)zt(x,t) dt, = €. (23)

S S
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Hexait v € C(Q). Tomi 3 (23) oTpumaemo Take:

/ pv z dadt = /gm;z dx — / YU 24 dxdt. (24)
t=s

QS,T Qt, QS,T

t=T1

Bposymino, mo C1([0,T]; C1 () O W O WL1(0,T; LY(Q)). Tomy muoxkuHa byHKIiH
{Z wi(t)vi( ’ meN, o1,...,0m € CH[0,T]), v1,...,0m € Cl(ﬁ)} € BCIOIY IIiJIbHA

B npocropi W i 3 (24) Bunsmsae (22).
Hosenenns (i) uinkom anasnoriuue a0 posexnenns (i). O

Teepmxennd 2. Hexati g € LE(G). Todi (dus. [32, c. 168]) daa koorcnozo v € ML(G)
BUKOHYIOMBCA AKT HEPLEHOCTIL:
1) [Jo; LN G| < S1yq(pg(v:G)) mpu pg(v; G) < +00;
2) pg(v; G) < Sq(|lv; LI (G)])) mpu ||v; LY(G)|| < +oo.
Jlema 2. Hexati o € MLBL(G) ma p,q € LY (G) — maxi dynruii, wo p(y) > a(y) i
q(y) < % matiorce 0aa 6cix y € G; do(y) — Pymsuia, eusnavena 6 (18) 3 a(y) samicmo

py)
a(z). Todi, axwo u € LPW(G), mo du(y)(u) € LW (G) i npasuavni maxi meepdoicenmna:

1) suxonyromoca oyinku

Pp/a(Pa(y) (u): G) < pp(u; G); (25)

[[@ay (w); LI (G| < CLSayy (pp(u; G)), (26)

de C; > 0 — cmana, akxa ne 3aaencums 6id u;
2) das sciz v € LPW)(G) sukonyemnea ouinka

Pp/a(Ba(y) (1) = Ga(y) (v); G) < C2 (Pp(u —v;Go) +

+ S1ja (P G1) + 0y (0:.G1)) - S (pp(u = v3G)) ) (27)

dleGo={yeG|0<aly)<1},Gi={yeG|1<aly)}, Co>0 - cmanra, axa
HE 3ANENCUMDb 610 U;
3) axwo u™ — u cuavno ¢ LPW(Q), mo

m—00
Pa(y)(u™) — Pa(y)(u) cuavno 6 Lq(y)(G). (28)
Josedenns. 1) 3posymijio, mo % > 1 maiixe aig Beix y € G. 3 ouinok (19) Bu-

p(y)
HBaE TaKe: |@q () (u)| W = [ut[P®) < |u[P®) € LY(G). Tomy 3 (33, c. 297| orpumaemo
p(y)
BKITIOUEHHST ¢ (y)(u) € LW (G), a 3 orpumanol HepiBHOCTI — ominka (25). Kpim Toro,

p(y)

W (@] < CySasp(p/a(Baw(@): 6))-

[[@ay) (w); LI (G| < Csl|$agy) (u); L

3sigcu i 3 (25) BumuBae HepiBHiCTE (26).
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2) Bukopucropytoun teopemy 2.1 [34, c. 2|, moBogmmo, mo Agasd BCix 11,72 € R
BUKOHY€ETHCA HEPIBHICTD

| [m2]" @201 — [n2|" @) 25| < Calro, ) (Ima| + |n2|)" @1 =PW ny — o P®) - (29)

e r € LY(G), 0 < B(y) < min{l,7(y) — 1} maiike qns seix y € G, Cy > 0 — crana,
AKa He 3aJIexKUThb Bix ¥, 71, 7e. Hexait yr 7 = a + 1, 1 = s{, m2 = s5, zne 51,52 € R.
OTpuMaeMo Take:

‘Qsoz(y) (51) - ¢a(y) (82)| < 05(51_ + S;)a(y)iﬁ(y”si’_ - S;W@);
ze Cs > 0 — crasna, sika He 3aJIeKUTh Bl Y, S1, S2. Bukopucrasmu ouinku (19), onepkumo
(Do) (51) = Pay) (52)| < Cs([s1| + |sa)* W PW 51 — 5|7, (30)

ze 0 < B(y) < min{l,a(y)}, y € G.
Hexaii cuepiy y € Go. Toai 3 (30) npu f = o MaTHMeMO BHKOHAHHSA TAKOl HEDPIB-
HOCTL: [@a(y) (51) — Ba(y)(s2)| < Cs|s1 — s2|*W). Bpincn summsae oninka

Pp/a(Bay) () = ba(y)(v); Go) < Copp(u — v; Go). (31)
ko y € Gy, 1o 3 ouinku (30) npu f = 1 BULIUBAE TPABUIBHICTD TaKOl HEPIBHOCTI:
|Ba(y) (51) = Bay) (s2)] < Cs([s1] + [s2)*@) " [s1 — so]. Tomy

(a(y)—1)p(y) p(y)
Pp/a (¢a(y)(u) - ¢a(y)(v>; Gl) < C7 /(‘u| + |U|) aly) ‘u - U| aly) dy <
G1

p(y) , p(y)
< Gyl (fu] + [o]) @@ 5 LY@ (G| - || |u = o *@) 5 LW (G| <
p(y) p(y)
< CsS1/ar (par (1l + 1) W5 G1) ) - Sy (pa(u = v]*0)5G1)) <
< CoS1 /0 (pp(u; G1) + pp(v; G1)) - S1/a (pp(u — v; G1)). (32)
ae o (y) = a‘()‘;)yll, y € Gy. Jonasmm (32) 1o (31), orpumaemo (27).

3) 36ixuicrs (28) Biapasy summusae 3 omiuku (27). O

Jlema 8. Hexaii p € LY(2) ma 0 € ML(Q x R); matioce daa eciz v € Q dynxyin
R > & 0(x,€) € R e nenepepsno dudepenuyitiosnorn; icnye maxe wucao M > 0, wo
Mmatiorce das eciz x € ) i das sciz (,n,& € R suxonyromuea oyinky

0(z,) — Oz, )| < M|C—nl,  [Oe(x,§)] < M. (33)
Todi, axwo u,u; € LP@(Qo. 1), mo 0(z,u), (G(x,u))t € LP@)(Qo.1) i, Kpim mozo,
(6(z, u))t = Oc(x,u) uy . (34)

Josedenna. Ockinbkn u, u; € Lp(z)(QoyT), 0 icaye nocaimosuicTs {u™ }men C CH(Qo,r)
TaKa, mo u™ — u Ta ul® — u; cuabHo B LP*)(Qo 1) i maiike ckpizm B Qo, 7. 3po-
m—r 00 m—0o0

symino, mo ana (z,t) € Qo 1 m € N npaBunpaa piBHiCTH
0z, u™(x,t + b)) — 0(z, ™ (z, 1)) w™ (2, t + h) — u™(x,t
o (ot — i P 10) = (0, ) w4 1) )
t h—0 u™(z,t + h) — um(z,t) h

= O¢(z,u™(z,t)) ui*(x, ).




IIPO PIBHSHHS, TIOB’A3AHI 3 €BPOIIENICHKIM OIIIIIOHOM
ISSN 2078-3744. Bicuuxk JIpsiB. yu-ty. Cepis mex.-mar. 2016. Bumyck 81 69

Kpim Toro, [0(z,u™) — 0(z,u)] < M|u™ — u|, a Tomy 0(z,u™) — 60(z,u) cuibHO B
m— o0

npocropi LP)(Qq 1), 30xpema, (z,u) € LP®) (Qo 7).
Posrmsmemo Bupas g (z, u™)u]” — O¢(x, u)uy = An + By, 1€

Ap = 0c(z,u™)(uf” —ug), Bpm = (Oe(x,u™) — Oc(z,u))uy.
3posymino, mo |A,,[P®) < MP@ |y — u|P®) — 0 B LY (Qor). Tomy A,, — 0 B
m—oo m—o0
LY (Qo.r). Kpint toro, |Bul?® < (2Mu)?®) € L(Qo) § B —> 0 s crpiss
m—roo
B8 Qor. Tomy B,, — 08 LP®)(Qo1). Orixe, O¢ (v, u™)ul® — Oc(x, u)uy cmabHO B
m—o0 N m—ro0
npocropi LP)(Qo 1), 30kpema ¢ (z, w)uy € LP@)(Qo 7).
Hoseaemo renep (34). Hexait ¢ € C§°(Qo,r)- Toni

/ O¢(z, u)us o dedt = lim O (z, u™)ui* ¢ dedt = lim (6(z, um))t o dxdt =

m—r oo m—r o0
Qo,1 Qo, 17 Qo, 1
= — lim O(z,u™) r dedt = — / 0z, u) @ dadt.
m—roo
Qo, T Qo, T
Orike, B ceHci npocropy posnoainis D*(Qo r) marnmemo (34). O

Baysaxknmo, 10 JieMa 3 y3arajbHIOE pesyabraTh Jemu 3 [35, c. 18], xe 6ymo posris-
HyTO BUOAIO0K (DYHKIII 0, sika He 3a/iekasia B .

Hacainok 1. Hexaii [ = [a,b], abo I = [a,+00), abo I = (—0o0,b], de euxonyemvca
ymosa —oo < a < b < 4o00. Ipunycmumo maxooc, wo p € L°(Q); 6 € ML(Q x I);
matioice das ecix x € Q dynnyia I 3 § — 0(z,€) € R ¢ nenepepeno dudepenyitiosroro;
icnye make wucao M > 0, wo mativice daa eciz x € i das scixz (,n, € € I suxonyromses
oyinry (33). Todi, axwo u,uy € L™ (Qor) ma u(z,t) € I matioce dan sciz (z,t) €
Qo,1, mo 0(x,u), (ﬁ(x,u))t € LP®)(Qo 1) i npasuavra dopmyara (84).

Josederna. Posrnanemo same sunamok I = (—o0,b]. Inew noBeneHHs 3amo3mammo 3
[36, c. 98]. IIpoaosxkumo dyukuin 6 noza I rak:
0(z,§), £<b,
O(z,§) = x € .

ef(va)g + Q(L,b) - 9§($7b)ba 5 > ba

Toxi © 3amoBonbHAE BCi ymMoBH Jemu 3 i, kpim Toro, ©(z, u(x,t)) = 0(x, u(x,t)) maiixe
ans Beix (z,t) € Qo,r. 3Biacu i BUILIMBAE OBEAEHHS TBEPIZKEHHS HAMIONO HACHiAKY. [

Jlema 4. Hexati p € LE(Q), 6 € ML(Q xR), N € N, &1,...,&nv € R; wmatiorce dan
sciz x € Q Pynruyia R 3 & — 0(x,£) € R e nenepepsnor, a dynruia R\ {&1,...,én} D
& 0(x,&) € R e dupepenuitiosnoro; matioice das eciz x € Q, das eciz (,n € R ma
dan eciz € € R\ {&1,...,En} suwonyromovea (33). Todi, axwo u,u; € LP®)(Qo1), mo
0(x,u), (0(z, u))t € LP@)(Qo.7) i npasuavra dopmyaa (34).

Jlosederna. Posrisaemo numie sunagok N = 1, & = 0. Inero noBefeHHs 3a03MYUMO 3
[36, c. 100]. 3po3ymino, o upasuibaa hopmysa

0(z,u) = 0(z,u™) + 0(z,—u") — 6(x,0). (35)
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Ocximbxn u,uy € LP@)(Qo 1) C LP°(Qo7), To Mu 3a3nasam, mo (uF), € LPO(Qor) i
BuKoHyeThes bopmyna (ut); = £x(u)uy, 1e X B3aTo 3 (21). Tomy 3 Hacinky 1 MaTuMemo
BUKOHaHH:A dopmynn tuny (34) naa koxuoro nogaska B (35). Tomy (34) mpasuibua B
cenci posnoginis. Bxmouenns (6(z,u)), € LP)(Qo r) Bummsac 3 (33;), (34). O

Jlema 5. Hexaii B € MLB(Q), ¢y — Pyrsuin, eusnavena 6 (18) 3 B samicmo o,

1, s>

)

ke N. (36)

= e

0, s<

)

Todi, axwo u € C1(Qo ) ma v,v; € LY(Qo.1), mo euxonyemvca pienicmo

li =
k_grrloo Xk(u) B(x) dp(z)y—1(w)us v dadt
QO,T
t=T
= /(bﬂ(m) (u)v dx - / Pp(z)(u) ve dadt. (37)
Qy =0 Qo, T
Jlosedenna. Hexaii
kB@ s>k .
;o1 B B(z) sP@)=1, % < s <k,
Spn(s) =4 0 L <<k Gyauls) = .
1 1 0, s< - abo s>k,
s < — k
kB(z)’ -k’

k € No, x € Q. Bposywmino, mo ¢gz)k(s) P Pp(x)(s) maa s € R, z € Q. Kpim roro,
—00

g k € Ny ta o € Q dynkuia s — ¢g(y),1(s) 3amosombuge ymosy Jlinmmms ma R i e

HeaudepeHifioBHO0 e B Toukax s = 1 i s = k, 1e %qbﬁ(m)’k(s) = £8(a),k(8) TpH

s # % i s# k. Tomy 3 neMu 4 BUILIHBAE, IO
(¢5(m)7k(u))t = gﬁ(z)_’k(u)ut Mmaiizke BCIomu HA Qo 7 (38)

Orxe, dg(a),k(u), (¢ﬁ(m)7k(u))t € L>(Qo,r). Toni 3 mynkry (ii) nevu 13 2 = ¢g(a) 1 (u),
w = v MaTUMeMO piBHicTh (22) y Buragni

t=T
/ (¢5(x)7k(u))tv dxdt = /gb/g(m),k(u)v dz - / BB,k (w) vy dadt. (39)
Qo,T Q =0 Qo,r

Hexait M = ( r?ag?( lu(z,t)|, ko € N, kg > max{2, M'}. Ockineru |u| < M < kg < k,

z,t)eQo, T

10 3 (38) orpumaeso (Pa(o)x(1)),= ek (Wur = Xk(1) B(2) Pa(a)—1(u)ur npu k > ko
3 ominkn |¢g(r x(u(z,t))] < MPE) V (2,t) € Qor i Teopemn Jlebera mpo mepexiza 1o
rpaHumi mif 3HaKoM iHTerpana (teopema 6 [33, c. 302]) BumauBae, 1o

lim /¢ﬁ($)7k(u)vdw:/qﬁﬂ(z)(u)vdx mpu t=0 1 t="1T,
Q4 Q

k—+oo
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lim / Pp(z).k(w) vy dadt = / Pp(z)(u) vy dadt.
Qo,T

k— 400
Qo,T
3Bigcu BUILINBAE ICHYBaHHS TpaHuIl cupasa B (39) npu k — 0o, a ToMy i rpaHuni 37iBa
B (39). OTxe, BUKOHYeTHCA (37) 1 JileMy J0BeJIEHO. O

Teepaxkenus 3. (Teopema Obena, due. [37] i [38, c. 393]). Axwo s,h > 1 — deaxi
wucaa, W, L, B — banaxosi npocmopu, W cr O B, mo

{ue L0, T;W) | u € L"(0,T;B)} C L*(0,T; £) n C([0,T); B).

Jlema 6. Sxwpo p € ML(Q), 1 < py < p(x) < p® < +00 matisrce das 6ciz x € Q,
Z,2t € L”(w)(QU’T), MO GUKOHYETNBCA OUIHKA

/ |22, 7)) dz < Cao / (126, )" + |z(2, ")) dadt, =€ [0,T],  (40)
Q Qo, T

de C19 > 0 — cmanaa, axa e 3arescums 6id z, T.

Jlosedenna. Jlosenemo (40) mmme mpu po > 1,7 > 0. Ockimpkn 2z € WHPe (0, T; LPo(Q)), To
3 TRepKenns 1 Bumumbae, mo 2(7) — 2(s) = [] z(t) dt, 0 < s <7 < T. Tomy

f (@)
/\z(mx)\p(x) dx = /‘z(az,s) + /zt(x,t) dt‘p dx < C11(p) (/ |2(s)|P®) da +
Q Q

s Q
[ p() TG
+ [ a0 @ ir) < cnw)( [ [| a7
Q s Q Q s

| / 2O dt]dr) = Crap. T) / 12()P@ dar + / / (O didz).  (41)
s Q Q s
Biurerpysasiuu (41) 3a s MiCIsg HECKIQIHUX [IEPETBOPEHD, OTpuMaeMo (40). O

Bukopucraemo 11i TBep/I2KeHHS JIJI JOBEJIEHHST TAKUX TEOPeM.

Teopema 2. Hexaii o« € L°(Q), ¢o(z) — Pymxuia 3 (18). Todi npasuavri meepooicenma:
1) axwo u € CY(Qo,r), mo ba(ax) (1), ((ba(,;)(u))t € L>®(Qo,r) i

(Qsa(w) (u))t = O[(J)) ¢a(x)7l(u) Uts (42)
2) axwo u,uy € LP@(Qo.r), dep € L () i p(x) > a(x) matioce daa eciz x €
p(x)
mo G () (), ((ba(z)(u))t € L= (Qo,1), sukonyemvca piswicmv (42) i oyinka
Pp/a <(¢a(w) (u))ta QO,T) < ClSSl/a’ (pp (U, QO,T))Sl/a (pp(ut; QO,T)) ) (43)

de C13 > 0 — cmaaa, axa ne 3anredcums 610 U.
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Jlosedenna. Josenemo myrkt 1. Hexait u € C1(Qo ). Sxmo v, v, € C(Qo 1), byuxmito
Xk B3470 3 (36), k € N, 1o |xr(u) a(Z) do(z)—1(w)us v| < Cla, e Crq > 0 — cramna, gxa
e 3anexuth Bifg k,x,t. Tomy 3 Teopemu Jlebera mpo mepexim 10 TpaHuUIl HiJ 3HAKOM
iHTerpaJia BUILIHUBAE, 1110

lim Xk (1) a() o (z)—1 (w)us v dodt = / () Po(a)—1(w)ur v dadt.

k—-+oo
Qo,T Qo,T

Tomi 3 piBrocTi (37), 3anucanol gua § = « > 1, orpuMaemMo Take:

/ O[(l’) ¢a(m)—1(u)ut v dzdt = /¢a(af) (u) v dx
Qo,17 Q¢

t=T
- / Pa(e) (W) vy dxdt.  (44)
= Qor

Hpuitvatoun 8 (44) v € C§°(Qo,r), 0mepKUMO (TYT & Qo (z)—1(u)us € L¥(Qo,r), 60
oy > 1)

/ a(2)Pa(z)—1(w)us v dedt = — / Pa(a) (u) ve dadt.
Qo, T Qo,T
Omrxke, 3riaHo 3 o3uaveHHsaM noxiguol Gyukiil B cernci CoboneBa Mmaemo BukoHanHs (42).
Ockinbku ag > 1, 10 3 (18) MaTuMEMO BKIIOYEHHH Qo (z) € L>(Qo,r), a 3 (42) -

BKJIIOYEHHS (qba(m)(u))t € L>®(Qo,r).
Jowenemo myukt 2. Hexait u € U := {u € LP™®)(Qo.7) | us € LP®(Qo.7)}. 3posymi-
710, mo C([0,T); C1(Q)) © W#° (0, T; LP®(Q)) O U O Whro(0,T; LP@)(Q)), a Tomy
icaye mocinosicTs {u™}men C CH(Qor) Taka, mo u™ ? u, up? ? U; CUJIBHO B
LP@) (Qo.1r), v — u B C([0,T]; LP®)(Q)).
m—0o0

Hexait v,v; € C(Qo, 7). Has koxkroro m € N 3 (44) orpumaemo piBHICTH

/ a(z) (ba(w)—l(um)u;n v dxdt = /¢a(x)(um) v dx
Q

t=T
- / Po(a) (™) vy dadt. (45)
dor =0 Qi

Ocxkinpku 1 < a(x) < p(x), TO aﬁ;ﬁll > 1, z € Q. Toxi na nixcrasi nynkry 3 jgemu

2 mns G = Qo,r i3 a—13amicTe v Ta ¢ = % MaTUMeEMO, IO

p(z)
ba(a)—1(u™) = Pa(z)—1(u) cumpro B L@)=1(Qq 7).
p(x) p(x)
Bposywmino, mo [L )1 (Qg r)]* = Lr)— (@) =1) (Qq 7). Ockinbku p(x) > (a(x)—1)+1,
)

To p(z) > W, x € Q. Tomy 3 Bubopy {u™}men BUILIHBAE, IO

__p@)
u® — wu; cmmero B LP@—(@@)-1)(Qq 7).
m—r 00

Tozi 3 memu 5.2 [1, c. 19] maTumemo Take:

m—r oo

/ () Pa(e)—1 (u™)uf" v dedt — () Pa(e)—1 (w)us v drdt (46)

Qo,T Qo,T
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i ado(z)—1(w)uy € L'(Qor). Ha mincrasi nmynkry 3 semn 2 qns ¢ = £ ma G = Q,
G = Qo,r, BIAIOBIAHO, OTPUMAEMO, IO

(@)
<f)a(m)(um(t))mﬁo Pa(e)(u(t)) cuabHO B Lg(I) (Q) mna t=0 ta t=T, (47)
(
qba(r)(um) — ¢oz(:r)( ) cunbHO B L@ (QO T) (48)

m—0oQ
Cupamysasun B (45) m — oo i Bukopuctasim (46)-(48), ogepskumo pisnicTs (44). Hami
dK 1 Jyisi IOBEIEHHS EPIIOrO LYHKTY L€l TeopeMu JOBOAMMO LpaBuibHicTb (42).
p(z)
3 semu 2 MaTHMEMO, O Ga(z)(u) € L) (Qo7). 3 (42), (19) i mepisnocri FOmnra

st of (z) = a?w()rzl ,a(r) > 1 ogepxuMoO, O

pz) p(z) p(z) p(z)
| (b (), *® < a(a) @@ Ju] '@ fuy| @) < Cys(jufP™ + |ueP) € LN (Qo,r).-

p(z)
Tomy (¢Q(I) (u)) € Lo(@) (QO T)

p(z)  px) p(z)
“> dzdt < / a(z) @@ |y| @ @) |y,| @) dzdt <

3 (42) i ysarambrenol HeplBHOCTi Tenpnepa qos o (x), () maTaMeMo Take:
Qo, 1

(%) ( )

< Cugl| Jul @75 L@ Qo) -] g o€

) L (Qor)l| <

< 01751/a'< / \U|p(x) dxdt) Sl/a( / |Ut|p(z) dﬁ?dt>7
Qo, T Qo, T

3Blaku i BunumBae (43) Ta nosejenns nyHkry 2 Haioi reopemu. Teopemy 2 nosegeno. [

Teopema 3. Hexat r € MLB(Q), ¢prz)—2 — Pynxuia, eusnavena ¢ (18) 3 v — 2
samicmo . Todi npasuavri maki meeporcents.
1) dwxwo ro > 1, mo dopmyaa
(|u|T(I))t = r($)¢r(w)72(u)u Ut (49)
NPABUNDHG NPU BUKOHAHHT 00HIET 3 MAKUT YMO8:
i) u€ CH(Qo,r), i modi [ul"@), (|u\r(w))t € L>®(Qor);

i) u,uy € Lp(“”)(QQT) ma p(x) > r(z) dasx € Q, i modi |u|”(”’), (|u|r(”)) € LT(I (Qo,1)-
2) Sxwo ro > 2, mo Popmyaa
(Jul"®72u), = (r(x) = )y —a(u) uy (50)
NPAGUNDHG NPU BUKOHAHHT 00HIET 3 MAKUT YMOS:
i)ue€ CYQor), i modi [u|"® 2y, (\u|’“(“")’2u)t € L>®(Qo1);
i) u,us € LP™®)(Qo 1) ma p(x ) > r(z) — 1 daa x € Q, 1 M0Ji GUKOHYIOMBCA BRAIOUEHHA

2, ) 24), € LT Qo ).
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Jlosedenna. Tiel TeopeMu Bifipasy K BUILIHBAE 3 TEOpeMH 2 i TAKWX PIBHOCTEI:

) =00y (5)+brar(—5)s 15T 5= 00y 1(5) =Gy 1 (—9), €D, sER O
O
Bayeaoicenna 1. OCKITBKE ¢(z)—2(u) = |u["®~2 mpm u > 0, To Hacro (mo6 e BEOINTH
JIONATKOBUX TO3HAa4YeHb) dopmymn (49) i (50) BUKOPUCTOBYIOTH ¥ TAKOMY BUTJISIL:
r(z)\ _ r(z)—2 r(z)—2 _ _ r(z)—2
- ts - .
(lu["*)), = (@) ul wu (lul u), = (r(@) = 1u| ug. (51

Y npoMy BUTAQIKY BBAXKAIOTH TMPaBi YaCTUHU IUX PIBHOCTEH TaKWMU, IO JTOPIBHIOIOTH
HYTI0 HA MHOYKWHI

E={(z,t) € Qo | u(z,t) = 0}.

Teopema 4. Hezali o € ML(Q), 3 < ap < a(z) < a® < 1 matioice das eciz x € Q,
ba(x) — Pynxuis 3 (18). Todi npasuarvni maxi meepdsicenma.
1. o u € C*(Qor), M0 Po(ay(u) € L(Qo.1), (Pa(x) (1)), € L*(Qor). Kpim
Mo20, SUKORYETNBLCA (42).
2. STxwo u,up, uy € LP@(Qo.1), de p € L(Q) ma p(z) > 2a(x) mativsce das 6ciz
2 € Q, Mo o) (u) € WH2(0,T; L2(K2)). Kpim moeo, suronyemvea (42) i oyinku

| ¢a(a) (w); L*(Qo)I| < CisSasp(pp(u; Qo,r)), (52)

(Pa(z)(w)),; L*(Qo,1)|| € C19Sa/p (pp(w; Qo) + pp(us; Qo,r) + pplus; Qor)),  (53)
de Ci5,C19 > 0 — cmani, sxi ne saaedxcams 610 u.

t

Jlosedenna. Josenemo myrkr 1. Hexait u € C%(Qo,r). Baasmm B pismocti (37) 8 =
200 — 1> 01 v = uy, Mo 3aK0HHO, 60 Uz, Uy € L'(Qo 1), oTpuMaemo, mo

=T
- / P20(a)—1(W)use drdt, (54)
=0
Qo,T

k— 400

lim / fr dxdt = /(]ﬁga(z),l(u)ut dx
Qo, T Qq

ae fr = xk(u)(20(2) — 1)¢oam)—2(w)|u?, Xk B3a1O 3 (36), k € N. Bposywmino, mo
Jr(z,t) kjof(:c,t) g (z,t) € Qo,r, (55)

me f = (2a(x) — 1)¢2a(z),2(u)\ut|2 = (2a(x) — 1)|¢a(x),1(u)ut|2. 3 icHyBaHHSA TpaHAII
(54) BumuBae, mo icaye crana Cao > 0 Taka, mo miuga Beix k € N npaBusibHa OLiHKA
fQO,T fr dedt < Chg. Ouesuano, mo fi, < fr, mpu k1 < ka. Tomy 3 teopemm Jlesi
opo MOHOTOHHY 36ikHiCTH (Teopema 7 [33, c. 303]) ra 36ixmuocti (55) mMarnmemo, 1o
feLYQo,r) (a oMy du(z)—1(u)us € L*(Qor)) i

fr dxdt havd f dxdt. (56)
Qo1 Qo,1
Toni 3 (54) orpumaemo piBHICTH
t=T
| a(a) = Dloas(wuf dedt = [ Groor-s(wyun da|  —
Qo,1 Q =0
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- / ¢2a(w)—1(u)utt dxdt. (57)
Qo,T

3 (56) TakoK OnePKUMO 361KHICTH
||Xk(u)m¢a(x)—l(u)ut;LQ(Q(),T)Hkjgo||m¢a(m)—1(u)ut§L2(Q().,T)H‘ (58)
Tomy, BukopucTasing (55), MOXKHA JOBECTH, IIO
Xk (1) P () —1 (1) kjo ba(e)—1(w)us cumpHO B LQ(Q(),T). (59)

Hexait 5 (37) 8 = «, v € L*(Qo,7), v+ € L'(Qo,r). Bukopucrasmm (59), orpmmaemo
(44). Hani sk i mpu mosenenHi Teopemu 2 ofep:kuMo (42). ToMy MaTUMeMO BKJIOUEHHST
(Ga) (W) € L*(Qo,1), & 3 BULIALY (g (y) — BKIIOUEHHS @y (u) € L(Qo 7). Hynkr 1
JIOBEJIEHO.

Hosenemo mynxr 2. Iepm 3a Bee goseenmo (52) i (53) nasa u € C?(Qo r). Ockinbkn
p>2a, 102 < 213 oninkn (26) g1a G = Qorigqg=2 O,B;ep}KI/IMO (52). Bukopucrasiiu

piBaicrs (42), HKa BUKOHYETBCH 3U1IHO 3 B2Ke poBedeHuM, 3 (57) ouepumo
02
/ ’(qsa(I) (u))t‘ dxdt < | o — 1 /¢20¢ (z)— 1 |ut| dx + /¢20¢(LI) |ut| dx +
+ / Poa(e)—1 () uet] dmdt). (60)
Qo,T
Ouinnmo HasBHi TyT Bupasu. s Beix r € L3°(£2) marnmemo, mo
Ji = /qbza(x w)[ur| dz < [|@zaay—1(u(0)); L™ (Q)]] - ||ue (0); L™ ().

Ockinbru p Z 2a > 1, 10 an/I r = 2o Maemo Taki omigku: 1 < r < p, 2aa—1 < p
T

Tal < v/ = = "= < Tomy 3 ominku (26) mpu G = Qi ¢ = r’ onepxkumo,
)i

r—1 2a—1 = 2(1 1°
110 |[P20(2)—1(w(0)); L" @ ()| < C21S2a-1)/p(Pp(u(0); ©2)). Kpim Toro, 3 TRepKenns 2
orpivaewo axe: [[ug(0); L™ ()| < Cosl g (0); LPO(Q)]] < CaaS) (0 (e (0); 2)). To-
My 3 (40) i oueBnpHOT piBHOCT S4(2)Sh(2) = Satp(2), a,b, z > 0 orpuMaemo, 1o

i < CasSaa1ym / [0(0) ") dz) S1 . ( / [ (0) /) d) <
Q Q

< (94550 /,,( / {|u(x7t)|p(”“') ¥ g (2, 8)P@ + \utt(x,t)w@} d:pdt),
Qo, 1

ge Cyy > 0 — craga, gKa He 3a/eKUTh Bijg u. AHaJOrYHy OUiHKY 3pOOMMO AJ1d APYIroro
i TpeThoro iHTErpasis y mpasiit wactuui vepisaocti (60) i 3 (60) orpumaemo (53).

Hexaii Tenmep u, uy, Uy € Lp(x)(Qo,T), p > 2a, {u'}eny € C?(Qo 1) — mocainoBHICTE
Taxa, mo u’ — u, uf — uy ufy — uy cumpno B LP@(Qo r). 3 (52), (53) omeprmmo

£— 00 £— 00 £— 00

obMesKeHicTh mocigoBHOCTI {Po(z) (Uf)}ren B mpocTopi WH2(0,T; L*(R2)). Tomy ichye
mignocmigosricrs {uf }ren C {uf}en Taxa, mo

qba(x)(uek) X crabko B WH2(0,T; L*(Q)).
—00
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Toni, 3o0kpema,
oqua(w)_l(ue’“)uf’“ = (¢a(:v) (uek))t kjo C ¢c1a0KO B L2(Q07T).

Takozx 3 Bubopy nocimosaocti {uf}ey MaTuMemo (MOXKIHBO y Pasi mepexony 10 HOBOL
migmocainosHocT) 36iKHOCTI

utt — u, ufk — uy, a(m)%(x),l(ul’“)uf" — (1) Do) —1 (W)U
k—o0 k—o0 k—o00

maiixe cKkpizb B Qo 1. ToMy X = ¢q(z) (1) 1 ( = @ @q(y)—1(u)us. Orixe, BuKOHYETHCH (44)
3v € WH2(0,T; L*(Q)), a Tomy mpapumbha pisricTs (42). Bukopucrosyioun memy 5.3 [1,
c. 20], 3 (52), (53), sarmmcanmux ana u'*, onepxumo (52), (53) Ana HAMOrO U. O

Bukopucrasiiu Teopemy 4, aHAJIOrYHO dK Teopemy 3 (IuB. TaKOXK 3ayBakeHHs 1)
JIOBOJIIMO TAKE TBEPIKEHHS.

Teopema 5. Hexatir € MLBL (). Todi npasusvni maxi meepiicenms.
1. Hxwpo % <rg <10 <1, mo dopmyaa (49) npasuavha y pasi euroHaHHA 00HicE 3
MAKUT YMOG:
i) e C*(Qor), i modi [ul"® € L®(Qur), (Ju"®), € I2(Qor);
ii) u, ug, ugy € LP(Qo.r) ma p(x) > 2r(x) mationce das eciz x € Q, i modi npasusvHi
sxmouenna |u|"®) € WH2(0,T; L*(Q)) ma oyinka
[ ul" @ W20, T3 L)) < CasSy/p (pp (13 Qo,r) + pp (e Qo,r) + pp(uee; Qo,r)) s (61)

de Co5 > 0 — cmaaa, akxa ne 3aiesxcumsv 6id u.
2. Axwo % < 1o <1 <2, mo gopmyaa (50) npasuavna y pasi suronanma odwiei 3
MAKUT YMOS:
i)ue€ C*Qor), i modi lu|"™®~2u € L>(Qor), (\u|r(m)*2u)t € L?(Qo.r);
i) u, ug, uge € LP(Qo.r) ma p(z) > 2(r(z) — 1) matiorce das sciz x € Q, i modi
npasuavii examonenns [ul" "2y € WH2(0,T; L*(Q)) ma ouyinska

|| ]2 W20, T; L2(Q)]] <
< Co6S(r—1)/p(Pp(w; Qo) + pp(us; Qo) + pp(use; Qo,r)), (62)
de Cs5 > 0 — cmana, axa He 3a4edcumb 610 U.

Sayeaoicenna 2. Ak 1 B 3ayBaxkenni 1 3a3HaUMMO, IO 33 YMOB Teopemu 5 (opmysu (49)
i (50) BxkmBarmmemo y Burtsai (51).

Jlema 7. Axwo a > 0, mo susnaveruli pieHicmio
(Av, W) g1y = /a(Vv(m),Vw(x)) dr, v,we Hy(Q), (63)
Q

onepamop A : H} () — H=Y(Q) € ainitinum o6Mesicenum Henepepstum i MOHOMOHHUM.
JloBeneHHSA JeMU 7 OIIyCTHMO.

JIema 8. Mrxwo suxonyromocsa ymosu (Q) i (G), mo eusnauenui 6 (4) onepamop He-
muypkozo G = LI (Qo.r) = LY@ (Qo.r) € 0bmesrcenum nenepeperum i MoHOMoHHUM.
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Josedenna. Obmesxenicrs 1 HertepepericTs G Buninbag 3 [40]. MoHOTOHHICTE OmepaTopa
G BunmBae 3 Takol YHCAOBOI HepiBHOCTI (AuB. Teopemy 2.2 [34, c. 3]):

VéLE eR: (|66 — & %) (6 — &) > Cur(r) (& + [€) 76 - &7, (64)
ner > 1, max{r,2} < 3 < oo, Cor(r) = min{2%7", (r —1)227"} > 0. Jlemy noremeno. [
JIema 9. Hxwo suxonyemocs ymosa (E), mo susnauenutd 6 (5) inmeeparvnui one-

pamop E : L"(Qor) — L"(Qor), de r > 1, € AtHiGHuMm 06MENHCEHUM HENEPEPEHUM
ONEPATNOPOM | 3A40080NLHAE OUTHKY

[|Ew; L™ (Qo,r)l| < Caslus L™(Qor)ll, w € L™(Qor), 7€ (0,7, (65)
de Cog > 0 — cmaaa, aka ne 3asescums 6i0 u, T.

Josedenns. Jliniiinicrs wamoro omneparopa odesuuna. Josenemo ouinky (65), 3 gkof i
BUILIMBATUMYTD iHIl TBEp/zKenHA semu. [IpomoBaxumo koxkny dbyukuio v € L™ (Qo r)
HyJeM 1o3a (Qo,r. Buxopucrasmm HepiBHicTb lebaepa, onep:KuMoO

/ [(Eu)(z,t)|" dedt = / ‘/ e(z,t,y) (u(x +y,t) — u(m,t)) dy’r dzdt <
Qo,r

Qo Q

< [ ([ tetwtanr” dy)” [lute s 9.0)~ a0 dy dade <
Q Q

Qo,~

< Oy / /(\u(x +y, )"+ |u(z, t)|") dy dedt = 2Ca9|9)| / |u(z, t)|" dadt,
Qo,r 2 Qo,r

e % + L =1, |Q| — mipa Jle6era . 3 uiei ouinku i Bunusae (65). O

T

5. Jlosenenns teopemm 1. Hexaii v € [2,3), %‘i‘ % = 1. Tomi v € (3,2]. ¥

Bunajaky v = 2 3aga4da (1)—(3) suauno cnpomyerses. Tomy mexall pani v > 2.
Kpox 1. 3pobumo 3aminy u ~ u, ge u = |u|""2u. Toxi u = |u|” ~2u. Tomy (1)—(3)
eKBiBaJIeHTHa TaKiil 3amadi:

(Jul""2u)e — a Au+ G(Ju]" "2u) + ¢(E(ju]" "2u)) = f(z,1), (66)

U|207T = 0, U|t:0 = "UJO"Y?QUO. (67)

Jns nopesieHHst icHYBaHHS PO3B’s13Ky 3a7a4i (66), (67) BHKOPHCTAEMO METO, eTimNTHIHOT
peryaspu3zarnii. JIna koxknoro € > 0 posrasaemo 3aaaqay lipixme-Heitmana

—euf, + (Ju]"2u%), — a Au® + G(Ju]" 72uf) + (B0 720f)) = f(z,t),  (68)

UE‘EO,T = 0, U6|t:0 = |u0|“’_2u0, Uﬂt:T =0. (69)

Hexait Up(Qor) = {v € H"(Qo,r) | v|ser =0, v|t—o = 0}. Buropucrosyioun ymosu
00 € C* 2 <~y < 3iq < v subupaemo B npocropi V gocurs raaaky 6asy. Toui
JI7IsT BUKOHAHHST YMOB TeopemMu 1 meronoMm [aipopKiHa JOBOAMMO, IO iCHYE PO3B’SI30K
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u® € H2(Qo 1) NWH2(0,T; H} (Q)) xpaitosoi 3anadi (68), (69) Taxwuit, mo
U] 20 € WH2(0, T3 L2(Q)), G(|u]" 2uf) € L2(Qo,r), ¢(E(|uf|"~2u)) € L*(Qo,r),

/ [sufvt — [uf]" 20y 4 a(Vus, Vo) + G(Juf]" 208 o + ¢(E(|u€\"’/*2u5))v} dxdt +
Qo,17
+/|uE(T)|7/_2uE(T)v(T) dx = / fodzdt Ve Uy(Qor). (70)
Q Qo,T
Kpox 2. 3aysaxumo take: ockinbku u® € H(Qor) i1 <+ < 2, ro 3 mynxry L.ii
reopemu 3 most p(x) = 2, r(z) =+ i 3 3ayBakeHHs 1 MATMEMO TaKe:
W e W T QT @), (W), = e ()
Anagyiorigno 3 BKIIOYEHHA U° € Hl(Qo}T) i myukry 1.ii Teopemn 3 omepzKMMO, IO
uf|* e WhH0,T; L1 (), (Ju®]?), = 2u" ;. (72)

Kpim Toro, 3 mepiBrocTi enbepa mas nokasuukis v, > 1, ymosu (@) Ta oninku (65)
BUILTUBAE TAKE:

1/ E(luP'=20))u dadt| < 6| [B (v "20%); L7(Qo.r) | - 10 L7 Qo) <
< Canllus L7 (Qu) |77 = o [ o] dad, (73)
QO,T

ne Cso > 0 — crana, sika He 3amexxurhb Bin €. Hexaii B (70) v = u®. Bukopucrapmm (71),
(73), mic/is HECKJIAIHUX TIEPETBOPEHD OJIEPIKUMO OLIHKY

g(z)+~v—2
€ / |u§|? dadt + / [\VU 2+ [uf]? + |uf]” +|u5\7“/ ! }dzdtSC’gl. (74)
Qo, T Qo,T
Tomy
/72 2(7_1) 2
/‘|u€\7 ue dzdt = / 6|2 dedt < Cis. (75)
Qo,T Qo,T

3 ymosu (@), (65) i (75) pumuusag, o
¢ (E(lu*|"~%u%)); L207D(Qor)|| < Cs|| v ~u%; L0~ (Qo.r)l| < Csa. (76)
dxmo ¢° < v, To Maiixe 171 Beix o € ) OTEPIKAMO TaKe:

gl@) +v -2, q(z) —1 -1l S @)+ =2
qlz)—1 — 7 q@)+v-2 ql@)+y-2 - oy-1

Tomy 3 ominok (74) Marumemo, 10

> 1. (77)

a(z)+y—2

o0 =20): LT @ur)| | < o852 @u)|) ) < (79

ae q(x) = %, a\(a:) = %, z € Q. Tyt Cq; — C36 > 0 He 3amesxaTh Bif €.
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Omuinku (74)—(78) manyTs icmysamus mociaimosrocti {€;}jen Takof, mo €; — 0,
]‘)OO

€; > 0 ana seix j € N,

u® jjo u cmabko B L*(0,T; Hy(22)) N L’Y/(Q(],T) N LW%_Q (Qo,r), (79)
|usi [¥ 2y o cmabro 8 L207(Qo 1), (80)

G (|us ] ~2u®) S X2 c1abKo B L%(QO,T% (81)
O(E(u ")) — xa enabron L207D(Qor), (82)

VEj Uy j;)o x4 cmabro B L*(Qor). (83)

Kpox 3. OTpuMaeMo J101aTKOBi OMiHKH. 3ayBaxKuMo Take: ockimbku u® € H2(Qo 1)
i % <7’ <2, ro 3 mynkry 2.ii Teopemu 5 gna r(x) = L + 11 p(x) = 2 Bunnusae, mwo

ol ~' ,y/ '
luf|Z e € WH2(0,T; L2 (Q)), (\u€|7_1us)t =5 luf|Z ~tug, (84)
a 3 myHkry 2.ii reopemu 5 mnga r(z) =4’ i p(x) = 2 maemo, mo
’ / 1 ’
W e WO T @), (), = o P (89)

Kpim Toro, ockinbku u® € H'(Qo.r), To 3 mynkry 1.ii Teopemu 3 mis r(z) = %_172

)

p(x) =2 (3rigno 3 (77) p(z) > r(z) > 1 ana x € Q) MaTEMEMO TaKe:

| d@)+y=2 | d@)+y=2 _2(y=1)
e (W), € I Qo).

q(x)+y—2 -9 q(x)—v
(w5717 ziq("’”)”l U] T utus (86)
t ¥ —

Amnagoriuno (uf,uf ,...,u5 € H'(Qor)) 3 mynkry 1.ii reopemn 3 omepxumo, mo
uf[* € WHH0, T3 LM(Q),  (luil), = 2uf uj,, (87)
[Vu[? e WHH0, T5 LY (), (IVuf?), = 2(Vu®, Vug). (88)

BinrerpyBaBiinu YacTUHAMH, 10 3aKOHHO 3riaHo 3 (85), 3 (70), orpuMaemo piBHiCTH

/ [—Euftv + (|u5|7/_2u5)tv + a(Vu®, Vu) +
QO,T
+ G 20 + G(B(|uf [ 2uf))v — fv} dzdt = 0, (89)
ne v € Uyp(Qo,r). Beincu ogepsxumo taky pismicts B mpoctopi H 1 (Q):

—eug, (1) + (l* (O] (1)), + Au® (1) +

+G(luE @) 2 (@) + S(E(uE )] "2 @) = f(t), te(0,T). (90)
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Ockimpru ui € L2(0,T; HY(2)), To Moxxua momisTu pisnicTio (90) ma uf(t). Buko-
pucrasinu (85) i sinTerpysasiiu orpumany pisaicts 3a t € (0,7) C (0,7T), marumMemMo

1
_~n€ €
/{ z;‘uttut—I—fY71

Qo,+

G20 + o(B(u* ') | dedt = /fut dedt, e (0,7].  (91)
Qo,r

[TeperBopumo HasiBHI TYT Bupasu. 3inrerpyBasiiu yacrunamu (nus. (87)) i Bukopucras-
i (693), oaepKuUMO, 1o

/ —eug,uf dedt = —% / u$|? dx
Q

Qo, T

Ju 2 Jug ? + a(Ves, Vug) +

t=T

t=0

— —0+%/\u§(0)|2 dz > 0.
Q

3 ymosu (@), nepisaocreit [enpaepa (TyT -+ = 2 + 3 =1), FOnra i (74) maemo:

\—/ B 2)ut dode| < o° [ |E(|u6|’*’—2u€>

’ !’
W T g dadt <

QO,T
e [ [ [ e
< Curllo® I Qo) 17T || 10° 07 2272 Q| | 1 20 22(Qur) |-
:C37(/\u8|7' da:dt)j( /|u‘€|7/*2|u§|2 dxdt)é §%1/|u6|7,*2\uf|2 dxdt + Csg(5e1),
Qo,1 Qo,r Qo,T

ne s > 0, C3g(5e1) > 0 — crama, ska He 3amexxuth Bin €. 3 mepisrocTi FOHra (TyT 3HOBY
1 y—2 1 _ :
St 3= 1), oTpuMaEmMo OIIHKY

_1 ol 1— _
] = £ 015 (] < Cao(oea) (17 + 1070 722) - segu 7 =2 a2 =

= oo u[" Ui ? + Cao (Ge2) (17 + |u¥]™),
ze »s > 0, Cs9(562) > 0 — cramna, gKa He 3aJ€KATH Bif €.
Bpaxysasiuu 1i nepersopenns i Bukopucrasiiu (86) ta (88), 3 (91) marumemo

1 , t)(y—1 g(z)+y=2
S =2 (92, + 20O =3 (550 ] v <
v—1 g(z) +v—2 t
0,T
< CasGon) (14 [ (18174 10T dad). (92)
Qo,T
Bubpasim s, 50 > 0 MamuMu 1 3iHTErpyBaBIIA YaCTHHAMHE, 3BiICH OTPUMAEMO OIIHKY

/ lus | ~2|us|? dadt < Cyo. (93)
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Tomy 3 (84) BumsmBae, MO

/ ‘(|uf|%'—1u6) ? gt = / e 2w dadt < C (94)
t 4 t >~ 41
Qo,T Qo,T
Kpim Toro,
/ ‘|u5|77’1u5 ’ dxdt = / lus|"" dadt < Cyo, (95)
Qo, 1 Qo,T

Hexaiiy = 4?()3;11) . Toxi 3 npunymenns v > 2 marumemo, mo v € (1,2). Tomy 3 HepiBHOCTI

IOura mis mapamerpin %, % > 1 oTpUMaEMO OIHKY

~ 7(2=") (v’ ~2) S /
ug " = o] T (U] < et ot e,
e »x = 32— 2A = 2. 3Biacu, 3 (93 74) BUILIMBAE HEPIBHICTH
2 P
/ 5|7 dadt < / [043|u€|2 + |uP 2 i ?) dadt < Caa. (96)
0 T

Tyt Cyo — C’44 > 0 — crasi, 9Ki He 3a/JeKATh Bif €.
3 oninok (74), (93)-(96) sBumnBaE, 10

|u61‘%*1ufi — x5 cmabko B W12(0,T; L (1)), (97)
j—oo

Ui — u cmabko 8 WHT(Qor). (98)
‘]*)OO

Tomy 3 reopemu Pesuixa-Konpamosa (nus. semy 1.28 [1, c. 47]) i 3 semu 1.18 [1, c. 39]
OTPUMAEMO, IO

u’ — u CHIBHO B L'Y(Qo T) Ta Maike ckpisb B Qo 1. (99)
J_)OO

/ / 7
Tomy x1 = |u]” ~%u, x2 = G(Ju]" ~u), x5 = [u[ 7 u.
3 (98) i reopemn Obena (TBepaKeHHS 3) MATUMEMO 36iKHICTH

u$i — u B upocropi  C([0,T]; LY(Q)). (100)
j—00
Ockinexm 7 € (1,2), g = 4(;;122 > 1. OToXK, BUKOPUCTABIIH
(29), orpEMaEMo OIHKY
’ ’ /i = /_
21" 7221 = |22|” "220; LY =1 (Q)]] < Cusllzr — 22 L7 ()" 7, (101)

1e Cys > 0 — crama, siKa He 3aIeKUTh BT 21, 22 € L7 (). Bpaxosyioun ymory (@), (100)
i (101), noBoauMo piBHicTb X3 = ¢(E(|u|7/’2u)).
Kpox 4. Hexait 8 (70) ¢ =, v € H}(Qo,r) i cupamyemo j — 00. Orpumaemo
/ {—|u|7/*2u v + a(Vu, Vw) + G(\u\"*/*zu)v + ¢(E(|u|7/*2u))v - fv} dzdt = 0. (102)
QO,T



Oser BYI'PIN, Muxkona BYT'PIN
82 ISSN 2078-3744. Bicuuk JIpBiB. yu-ty. Cepis mex.-mar. 2016. Bumyck 81

3i s6izknocti (98) i ymos (69) BummBag, mo dynkuis u 3a10B0/1bHAE yMOBH (67). OTKe,
u — po3B’s30K (66), (67), npuuomy u € W7 (Qor)NL*(0,T; Hg(2))NC ([0, T]; L7(2)) N
q(z)+7—2 /

L 71T (Qor), |u|77_1u e WL2(0,T; L2(Q)), [u]' ~2u € L2O0~D(Qo.r). Ockinbku
u = |u|""2u, o |u|;yf_1u = |u|%_1u. Orxe,
|2~ u € WE2(0, T; L(9)).

3 ominkwm (101) BUTIIMBAE BKIATEHHS

u € C([O,T];L%(Q)) c C([0,T]; L*(Q)),

3 4(y=2)(v—3%)
6o 7/11 =2 + 377_42

nepeiige B (8). Teopemy 1 moseneno. O

> 2. Kpim roro, piaicrs (102) npu namiit 3amini Biapasy
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ON EXISTENCE IN GENERALIZED SOBOLEV SPACES
SOLUTIONS OF THE INITIAL-BOUNDARY VALUE PROBLEMS
FOR NONLINEAR INTEGRO-DIFFERENTIAL EQUATIONS
ARISING FROM THEORY OF EUROPEAN OPTION

Oleh BUHRII, Mykola BUHRII

Ivan Franko National University of Luviv,
Universytets’ka Str., 1, Lviv, 79000
e-mail: ol _buhrii@i.ua

‘We consider nonlinear degenerate convection-diffusion equations perturbed
by a jump-diffusion operator arising from theory of European option. The
initial-boundary value problems for these equation are investigated and the
existence theorem for the problems are proved.

Key words: nonlinear parabolic equation, variable exponent of nonlinearity,
Levy jump-diffucion process, European option.
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ITPO BJIACTUBOCTI IHIIMKATOPIB I'OJIOMOP®HUNX
OYHKIIN MNIJIKOM PEI'VJIAPHOI'O 3POCTAHHZA B
ITPOKOJIEHIVN KOMIIJIEKCHIW IIJIOIITVHI. I

Oster BUIIMHCBHKU, Annpiiit XPUCTISTHIH

JIveiecvrutl HaytonasbHul yrieepcumem iment learna Ppanka,
79000, JIveis, eya. Ynieepcumemcoka, 1
e-mail: vyshynskyi@Qukr.net, khrystiyanynQukr.net

Bukopucrosyioun pe3yiapraru 3 HepLIOl YaCTUHU, JOBEIEHO TEOPEMU IIPO
ACHMIITOTUYHY TOBEIIHKY TrosoMopdHOl dYHKIT IIJIKOM DeryasipHOrO 3pOoc-
TaHHS B HPOKOJIEHIN KOMILTEKCHIHM rwiommHi npu 7 — +oo Tta r — 0 moza
geaxumu Fo-MHOXKUHAMM.

Karowoei crosa: GYHKIS TIKOM DPEryaspHOrO 3POCTAHHS, IHIUKATOP
3pocranss, HYHKIisd CKIHYEHHOIO A-THUILy, BEDXHs BiJHOCHA Mipa, KoedinienTu
®yp’e, rotomopdHA HYHKITIS.

1. OcuosHi pesyabraTu. g crarra € 6e3nocepentiv npogosxennam [1]. Mu Bu-
KOPHUCTOBYBATUMEMO TYT O3HAYEHHS Ta MO3HAYEHHS BBEIEH] y mepimiil yactui. 30Kpema,
HAraJAEMO O3HAUEHHS BepXHBO! BiaHocHO! Mipn MHOXKuHN E C (0, +00) ([1])

— mes(EN(1,r — mes(E'N(1,r
(BN (L) | o mes(E N (L1)

1
- : / .
mo(E) _7-1520 . Jim . ne E _{; creEN(0,1)}.
Muoxuny E 3 HyJIbOBOIO BEPXHBOIO BIIHOCHOIO Mipoi0 HazuBaruMeMo Ey-MHOXKUHOW0. B
il 9aCTUHI MU JOBOJAMMO TEOPEMU PO ACUMIITOTAYHY MOBEIIHKY TOJOMOPGHOT GyHKIIT
ITKOM PETYISAPHOTO 3pocTants B mpokomneniit wromuai C* := C\ {0} (|2]) npn r — +00

ta r — 0 no3a jeskumu Ey-muOKunamu. OCHOBHUMHE PE3yJIbTATAME € TaKi TEOPEMHU.

Teopema 5. Hezati f € Y. Todi icnyromv Eg-mnoocunu E(()l), E(()Q) MaKi, U0 BUKOHY-

EMbCA ‘
log | f(re™)|

T;LEI%) )\(’I") = hl(@v f)? (1)
_log|f(2e’?)]
g%o) r) ha(e, f)- (2)

pisHoMipHo das ¢ € [0, 27].

© Bummuncekuii O., Xpucrisaua A., 2016
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Teopema 6. Hexati [ € Ay, dynxuia A(r) onyxaa cmocoeno logr ma icnuyroms Eg-
(1) (2

mmooicunu By By, a maxoore diticni dynryii Hi(p), Ha(p) na [0,27] maxi, wo
log | f(re?)| _log|f(7e™)|
8T _ g lim —o e g
i CEREEN (o).t “EE = ), ©
réE, réE,

pienomipno dan o € [0,27]. Todi f € AY i

h1(80af) :Hl(@)a h2(§07f) :HQ(SD) (4)
dan eciz ¢ € [0, 27].

2. JonoMixkHi MOHATTH Ta pesyiabraTu. Hexaii f romomopdna QyHKIig B Ipo-
xosteriit mrommui C*, BimMinHA Big TOTOXKHOTO HyjAst. MU BXKHUBATHMEMO IEINO MOJIM-
dikosani mosmauenns 3 [3], [4] Ta [5]. A came, uepes n(()l)(t,f), n((JQ) (t, f) Ta no(T, f)
HO3HAYUMO KiJIbKicTb Hy/iB a; bynkuil f 3 ypaxysauuam ixupol KpaTHOCTi BifnosinHo B
fz:1<2|<t}, {2 1<|2| <1}, t > 1, Ta na onunnanomy komi T = {z : |z| = 1}. Taxox
Hexaii

. w0
S L P

t
1
Has posinproro mismoro k # 0 mpuitmemo ng)(t,f) = Y e, n,@(tf) =
1<|aj|<t
o e (T, f) = > e ™, ne v, = arga;, a Takox
1glayl<1 laj|=1
T .
(2)
i n,.” (t, .
N,El)(r, ) :/#dt, 1=1,2.

1

3aysasicenna 3. Buropncrosytoun BiacTueicTh inTerpana Crinbreeca ([6], ¢. 217-218)
MOXKEMO 3aIUCATH

r r

dn(t, f) dn’ (¢, f) e
/ e 2 LA / e 2 el
1

1 1<|a;|<r L<layl<1
[ vy |k [ e ™
/t dny,”(t, f) = Z e " a ", /t dny"(t, f) = Z ol
1 1<|a;|<r 1 1azl<1 Y

Haramaemo, 1o mig QyHKIIen 3pocTaHHsa MU PO3YMIEMO J0AaTHY, HECIIAIHY, Hele-
pepBHy, HeoOMexkeHy dyHKIO A. Mu po3rsisimaemMo Tak 3BaHi QYHKIHI MOMIPHOTO 3pOC-
TaHHs, ToOTO Takl yHKIIT 3pocTanus gy gkux (IM > 0) (Vr > 1) : A(2r) < MA(r).

OsnauenHsa 5. Kaac pynxyit A} O6ydemo nasusamu mpusiaabrum, AKWO 0AR 6CIT

Pynryit 3 yvozo xaacy induxamopu hy = 0, he = 0. B inwomy sunadxy 6ydemo xaszamu,
o )

wo Kaac Ay e nempueiasvrum.

®ynxuii 3pocrannsa A(r) ta A(r), ans axkux A(r)/A(r) — 1 opu r — +oo Gyaemo
BBAKATH €KBIBAJICHTHUMHY il OTOTOKHIOBATH.
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Jema 1. [laa mozo, wob xaac A 6ye nempusiaavhum, docmamuvo, wob Gynkyis apoc-
manna A(r) 6yaa exsisarenmnoio 0o dearoi onyxaol cmocosno logr dynrkyii spocmanna.

Hosedenna. Hexalt Gynkuia spoctanng A(7) eKBIBATCHTHA, 10 JEAKOI OIIYKJIOl CTOCOBHO
logr dynxuii 3pocrannsa. He 3MeHIIyH04M 3arajbHOCTI, MOXKEMO BBaXKATH, 110 (DYHK-
mist A BusHaduena mpu r > 0. B rakomy Bumanky sHerpmsiambHmM Oyme kmac A9, mimmx
dbyuxiit miakoMm perynsipHOro 3pocranust (que. [7] abo [8, c. 85]), a orke, icHyBaTHMe
mina dyukiis f aaa akoi imgukarop hy Z 0. Koxkna mija GyHKIis MijJKoM peryaspHoro
3POCTAHHS CTOCOBHO A B KJIACMYHOMY Po3yMinHi [8], [9] Gyme Takox dyHKUi€H HiIKOM
PEryJIApHOro 3pocTanis i B npokoaenii maommai C*. Crupasai, axmo T'(r, f) i1 knacuana
xapakrepucruka Hepauninuu [10], To cupasmkyeThes wepisaicts To(r, f) < T'(r, f) mus

1
BCix > 1 (mme. [3]). KpiM Toro, icHyBaTuMyTh rpaHuIi ILm Ck/\((fr’)f) = 0 gy BCix k € Z.
I o0

A orxke, f 3amoBonbusTMe O3HAUEHHS 2 3 IEPIIOT YACTUHY Il mpalli. Y [ILOMY BUTIAIKY
ronomopdua y C* dbyskuis f(1/z) makox Hanexkarume no kaacy A%, 3 iHgukaTopom
ho £ 0. O

JIema 2. Hexaid A(r) dynruyia nomiprozo spocmannsa onykaa cmocosno logr. Hexad
1<y<2. Todi
A
sup (1)
r>1 )\(7")
Hosenenns 1iei semu € anasoriyaum 10 aosenennd Jlemu 7.2 3 [8, cr. 81], [11].

Jlema 3. Hexati f € Ay. Todi

<1+ MP(y - 1).

VEeZ 3A, Vye(l,2) Vr>1:

(o) = o )] < Ay = DA,
Jlema 4. Hexatl f € Ag. Todi

VkeZ 3FA, VYye(1,2) Vr>1: .

o (,le f> — o (1,f> ‘ < Au(y = DAW).

JloBeneHHst UX JBOX JIEM MU TTOJAEMO HUXKYE.

3. Hosenenns Jjemu 3. Ockinbku f € Ay, ro (3A >0) (Vr > 1) (Vk € Z) :
lek (21, )| <AX(T), no(2r, [) <AN(r).

Crouarky posrisaemo Bunagok k = 0. Ham 3uanobuthes Taka opMyna, siky MOXK-
Ha 3HaliTH B IOBeseHHI aHasora GopMynn €HeeHa s Kinblg 3 poborn [3]

1
NV (r, )+ 5no(T, )logr = eo(r. f) = coL, f) + ay logr, (5)
ne T ={z:|z| =1}, oy — crana, ska He 3anexurh Big r. Maemo

W
NP ) = N0 = [ D < i o pyogr < a6 - 0200 ©)

T

Tomy, BukopucTOBY04H (5), OTPUMYEMO

o7, ) = eor, )l < Aly = DAY + 3 (00(T, 1) + gl logy < Bl = DA,
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— no(T,f)+|oy|

ITpu k € N, pukopucrosyioun Bupasu s koedinienris Pyp’e ([4])

koo, K
Ck(r’f):%(a”hra‘”_kwri > <T> _<?> _%, r>1,

aj
1<]a;|<r
OTPUMYEMO
(r.f) 1 a 1 AN
Ce 0T, k, Q—k or a;
EL) e f) = k<ak<wr> + k) o 2 () - ()
gl 2y () 2k Ll \\ % yr
(T.5) 1 1 S (a\")  m)
I B N e A AN I ) el J)
e A 7 1<|Z< <Gj> ( r ) T
az|<r
B Nk
_kap (M1 N1 (%) -
2krk ~2k 2k~y2k T
r<la;|<yr (7)
1/1 a,\" 1 r\"
= -1 ts _ R
i) 2 G 2 ()
1<y |<r r<lazlgyr N &
Bpaxosyroun, 1o
Y -1< 2 (y-1), (8)
upu 1 <y <2ras €N, ouinumo cymu 3 upapoi gactunu (7). Maemo
—\Fk 2k
1 1 a; 1% =1 (1
w2 () e e
1<]a;|<r (9)
L (0 + D=1 * -1 5
= ﬁ’y#n() (r,f) < o% ng (1, f) < 2%(y — 1) AX(r),

a TaKO¥K, BUKOPUCTOBYIOUM 300paxkenHs cyMm imTerpanamu Crinrheca (nus. 3ayBarkeH-
He 3) Ta IHTErpylouu YacTHHAMU

w X ()= X (3) -
r<la;|<yr J r<|a;|<yr
1 k ’Yrdngcl) (Tv f) 1 T k5 (1)
~ k| th  pko2k tdny (r, f)| =
1 r r 1
= i Tk M ! + k Mdt _
N 2k tk - thk+1
yr yr
o2k thn (¢, £) *k/tkflng)(r,f)dt <
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1 1 1 r* a 1 1 1 v -1
<o (1 - V)M )+ gy (or. f) ( - (W)k) + g Om ) =

1 1\ o 1 1 1 /1 1
= %(1 - W)ﬂf) 'r. )+ %(1 - 7k>n81)(w,f) + o5 <7k. - 7%) g (yr, f) =
2k

= 5 (17 2 ) 00N+ 6m ) < e ) T <26 - paxe). o

Hapermnri,

ka_p —ni(T, f) (1 B 1)‘

< ‘a*k| + ’I’L[)(T,f)
2krk 2k

= 2

||+ no(T, f)

201 < =55

2F (y=1)A(r).
(11)

Toni 3 (7), 3Baszkaroun Ha (9) — (11), orpumyemo

71;.3 ce(yr, ) = ¥ ex(r, f)‘ < <2A+

o]

2A(1)

) 28 (v — 1) AN(r).
Ockinbkn
len(yr, £) = exr, )] < (0F = Dlew(r, I + ex(yr, ) =2 en(r, £,

TO

e (yr, ) = en(r, )] < 28(y = DAX(r)+

W) 2% (y = DAN(r) = (v — D) ApA(r),

ne Ap =28A+ (2A + %) 92k,

+ <2A+

ITpu k € Z suxopucroByemo Biactusicts ¢k (r, f) = ck(r, ).
O

4. MoBenenns Jlemu 4. JloBemenus 1€l jemMu 3a CBOEIO CTPYKTYPOIO HATaIye
noBeneHus Jlemn 3 i3 BUKOPHCTAHHAM BiIMOBIIHUX CIIBBiIHOINEHL 1 Pe3yJabTATIB I
BUIAIKY |z| < 1.

Ockinbrn f € Ay, 1o (3A>0) (Vr>1) (Vk € Z) : |ck($,f)\ < AX(r), no(yr, f) <
AX(r).

Hns pumaaxky k = 0 BHKOpPHCTAEMO TaKe CMiBBITHOIIEHHS, sSKe MOYKHA 3HAWTH B
JloBe/ieHH] anasora dopMynn €HceHa st Kbl 3 (3]

2 1 1
N(g )(r,f)fino('ﬂ',f)logr:co <T7f)00(17f)aflogra T'>]., (12)

Jie oif — CTasIa, sika He 3aJIeXKUuTh Bix r. AHasoriuno mno (6) omep:xyemo
yr

(2)

2 2 (t, f
NP r ) = NP = [ dy < - 0a).

T

3 (12) orpumyemo

o (08 = o (1.7)] £ A6 = DAG) + 500(T. 1)+l 0wy < B = DA,

s B = A4 mTtal
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IIpu k € N, BukopucroBywour Bupaszu st koedinienris Pyp’e [4]

k
1 1 L 1 _ 1 ~ (T, f)

T
laj|<1 J

Sl
N

OTPUMYEMO

C(%af) 1 ap(yr)F + a_g(yr)k 1 = 1 k

2,7 \‘U‘J|<1 aj’yr
(T,/) 1 1 1\ )
_neld, J) L —k L m eky =k [ 1 e\t J)
2kr—Fk Q(ri A 2k | Z (@) <ajr> + 2kr—Fk
7 <laj|<1
—k
T 1 1 K
= 9 <ry2k — 1 —+ ﬂ ) Z (ajr) —+
S <lagl<
1 1 1\" 1 1\
—(1- = —) - — i 1
+2k( 72’“> 1<; o <%‘T) k2 2 ; (%‘T) 1)
X1

%g‘aj|<?

Ouinumo cymu 3 npasoi yactunu (13). Bukopucrosyiouu (8), a TakoXk CKIHYEHHICTH A-
THILY, MAEMO

1/ 1 LN\l 1% 1 "
ok (’)’% 1) E (ajr> | S ok % ny (r, f) < 2%(y — 1)AN(r) (14)

L<]agl<1

3obpaxkytouu cymu inTerpanavMu CTUIBTBECA, KOPUCTYIOUNCH 3ayBaXKEHHIM 3 T4, 3aCTO-
COBYIOUH {HTEIPYBAHHS YACTUHAMU, OTPAMYEMO

k
9% Z (ijr)k - on Z () =
1 1 Y 1 1 a;r
57 Slag <5 Lglagl<t
(9 yr
1 k dng (’I’, f) 1 k7 (2)
~ k| / th _Tk,ka/t dny” (r, f)| =
2 2
N ST A S ICY PR
2k otk i, 1
1 r yr
e | 1n0@n] —n [enPmpa | <

1 L), @ o L 2) -1
< g2 (17 23 )0+ (Wf)( - ) g T <

2k
= 3¢ (17 25 ) 6 40 1) < o m ) Tt < -0 ANG). (15)
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Hapermnri,
—k 2k
o 1 lag| ¥ =1 _ o]
— =1 < — < 2 — DA(r). 16

€1
3F

Toai 3 (14) — (16) orpumyemo

e ) = ) < A+ K2 - DANG)

o (51)| + fa (1) =t (19)

Ase ockinbku

() () e

)

TO
Ck <7f> — Ck <71,7f> ‘ g 2]?(,)/ - 1>AA(T)+
|ax| _
+ (2A + 2A(1)> 22K (v — D)AXN(r) = Ar(y — D)A(r),
ne Ay = 28A + (24 + Jyl )22k,

Jns orpuManisg 6aKaHOro pe3yabTary Mg Bif €éMHHX HIANX kK BHUKOPHCTOBYEMO
P1BHICTH c—k(;a f) = Ck(;7 f)

O

5. Hosenenns Teopemu 5. Hexait z = re’®. 3a TeopeMoo mpo OJHOCTANHY He-
nepepsuicrs [1, Teopema 3|, maemo (Vi > 0) (3E,) : m§(E,) < 1 take, wo upu r & E,,
r>1 ciM’a pynxuiii hg)(gp) = % € oJiHOCTaliHO HellepepBHO. Bpaxopyrouu ne-
nepepeHicThb iHaMKaTopa hy [1, Teopema 1], orpumyemo, mo (Ve > 0) (36 > 0) (Vn > 0)

(Vr & E,) (V0,9) :
6=l < 5 = [IKD () =ha () =D (O)=ha (O)]] < 1BV () =D (6) [+l (9)=h1 (9)] < 5.
3Bigcu
B () = ha()] < [BD(6) = ha(0)| + 5
THTEerpyioun ocTaHHIO HEPIBHICTL CTOCOBHO 6 Ha [p, ¢ + 4], oaepxKuMO

©+06 2m

WO~ ma) <5 [ 0O - m@)do+5 < 5 [1h06) - m@)do+ 5. (1)
(7] 0

Ockinpru f € A%, mo, 3Baxawun Ha ([5], Teopema 1, p = 1), poBuMO BHCHOBOK, 110

MpaBUJIbLHA PiBHICTH
2m .
log | f(re')]
A(r)

lim
T—>00

- hl(e)‘de —0,

TOMY

(Fre >1) (V€ (re,+00)\ B,) %/mw(a) — hi(0)]d0 < g
0
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Orxe, lim h&l)(go) = hi(p) mna koxmoro ¢ € [0,27]. BUKOPUCTOBYIOYM MipKyBaH-
réEy

Hg HaBezeni y [12, ¢.185-186, 1.3], orpumyemo icHyBanus Eo-MHOKUHK Eél) TaKol, IO

Jim h (@) = hy(p) pisromipro cTocosro @ € [0, 27).
7‘€E(()1)

Hexait Tenep z = %e“". 3aCcTOCOBYIOUH JIEMY TIPO OMHOCTANHY HEIEepepPBHICTD Jist

uporo sunagxy |1, Teopema 4|, maemo (Vp > 0) (3E,) : my(E,) < p rake, mo npu
. . 1 Leie
r & E,, r>1civa dynkuiit hg.Q)((p) = % Oyme OTHOCTANHO HEMmEepPepBHOIO.
Jamai MipKyeEMO aHATOTIYHO AK y BHUMAAKY JOBEIEHHS MEPINOl YaCTUHU TEOPEMU, BHKO-
PHCTOBYIO4M HerepepBHicTh iHaukaropa hs [1, Teopema 2], inrerpytoyu ta 3acTocoByoun
pesyabrar 3 [2] (Teopema 2, ¢ = 1)
27
1

log | £ (e

A(r)

lim
T—00

— hy(6)|d6 =0

OTPUMYEMO CHOYATKY, o lim_ hﬁz)(go) = ha(p, f) nma koxuOro @ € [0,27], a moTiM i
réE,
icuyBanHsa Fo-MHOXKUHI E(g2) TaKOi, IO Tli)nolo h$>2)(50) = ha(p, f) piIBHOMIPHO CTOCOBHO
7‘€Eé2)

¢ € [0,27], 3acTocoBYIOUM TO cammii meron 3 [12, ¢.185-186, m.3|, mo #i y BAmAIKY
z=re?.

O

6. doBegenns Teopemu 6. Hexait A(r) — dbyHKIis 3pocTanisi, OMyK/Ia CTOCOBHO

logr. Toxi 3a Jlemowo 1 xsac Ay, e merpusiampaum. Hexait f € Ay. Ilpunycrumo, mo

BHKOHYy€eTbCA (3), TOOTO

1 iv
Ve>0 I’ >1 Vre(r,+o0)\Ej Vo el0,2n]: 0g|§\”((r)e)| —H1(<P)‘ <e,
r
lo Leie
Ve>0 I >1 Vre(, +o0)\ EZ Vye[0,27]: W — Hz(tp)‘ <e.
T
[Ii HepiBHOCTI MOYKHA TIEPETUCATH § BUTJISAL
log | f(re'?)| log |f(;¢"%)]
H — — < H H. — —r < H .
1(@) €< )\(’f‘) < 1(90) +e, 2((10) €< )\(7") < 2(90) +e€
Tarerpytoun mi HepiBHOCTI cTOCOBHO @ WO [0, 27], MaTEMEMO
2m 2m 2m
L/Hl(go)e*“w dp —e < 11 /log |f(re'?)|e*¢ dp < 1 /Hl(go)e*ik“’ dp+e€
27 A(r) 27 27 ’
0 0 0
27 27

2
1 . 1 1 1. . 1 .
— | H ke dp—e < ——— [ 1 e I —/H —ike dpte.
27r/ 2(p)e p—e < NG 27r/ 0g’f<r6 ) e <5 2(p)e pte
0 0

0
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3sigcu, nosuagusnm Koedinientu @yp’e dyukuii Hi (@) yepes b,(cl), a koedimieratu Pyp’e
byuxuii Ha(p) uepes bf), OTPHMAEMO

ce(r, f) ) alE f) @
—b S d) .
Y I e V(O R I
A orxe,
lim cr(r, f) bl(;)’ im (+:.f) _ b,(f).
e A(r) e r)
réE; réE;
3okpema,
Ve >0 Vy > 1(yr ¢ Eél)) Vr>ry=ri(e) VkeZ: |ex(yr, f) — b,(cl))\(vrﬂ <e(r),
(18)
1
Ve>0Vy> 1y € ESD)Vr > 1y =ro(e) Yk € Z: |ck(%,f) —bPA(yr)| < eA(r).
(19)

3 o3nauenust Fy-MHOXKWHU BUTLIHBAE, MO JJIsI JOBLILHOTO 7y Takoro, mo 1 < vy < 2
sHaligerbea r3 = r3(yo) Take, MO IIpu Eél) S r > r3icaye v, 1 < v < 70, A1 AKOTO
yr ¢ Eél). OTxe, ipn Eél) > r > r{ := max{ry, s}, Bukopucrosytoun (18), Jlemm 2, 3,
a TAKOXK MOMEPEeTHE 3ayBarKeHHs, i1 (HiKCOBAHOTO k € 7 3HAXOIUMO

lex(ry ) = DA < e (v, ) = bSO Ar) |+ len (v, f) = ex(ry )]+ B [IA(vr) = A(r)| <
< MeA(r) + A (0 — DAW) + B M3 (0 — D).

3Bijacu BumuBae, mo lim, % = bg), ke Z.

Amagoriuno s mosinbrOTO ) € (1, 2) 3HANAETHCT 14 =74(7)) Take, MO Mpw E(()z) E)

r > ry icaye v, 1 < v < 7, A5 SKOTO YT & E(()Q). A orxe, npu E(()Q) Sr > =
max{ra, 74}, Bukopucrosyiouu (19), Jlemu 2, 4 s dikcoBanoro k € Z 0TpuMyeMo

()~ 820 < Jon (52 1) = 6270m)| + u (7 5) = e (72)

) <
'S
B IA(rr) = M) < MeA(r) + Ag(o — DA() + [B2 M3 (0 — D)A(r).

+ +

Tomy
1
li Ck(;v f)
im —T—~
r—oo  A(1)
[Ipuramyoun o3uagents pyHKILT MITKOM PEryasapHOrO 3POCTAHHS, POOMMO BUCHOBOK, 110
[ € AY. Ha nincrasi menepepsnocti Hy, Hy orpumyemo BukoHaHHS (4).

=b? ke

O
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ON THE PROPERTIES OF THE INDICATORS OF COMPLETELY
REGULARLY GROWING HOLOMORPHIC FUNCTIONS IN THE
PUNCTURED PLANE. II
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Ivan Franko National University of Luiv,
79000, Lviv, Universytetska Str., 1
e-mail: khrystiyanyn@Qukr.net, vyshynskyiQukr.net

Using the results obtained in Part I we prove theorems describing
asymptotic behaviour of a holomorphic function of completely regular growth
in the punctured complex plane as r — +o0 and 7 — 0 outside some Fjp-sets.

Key words: function of completely regular growth, growth indicator, functi-
on of finite A-type, upper relative measure, Fourier coefficients, holomorphic
function.
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ESTIMATES OF SOLUTIONS OF ELLIPTIC-PARABOLIC
EQUATIONS

Tahir GADJIEV, Soltan ALIEV, Gunel GASANOVA

Institute of Mathematics and Mechanics,
NAS of Azerbaijan, Baku, Azerbaijan
e-mail: tgadjiev@mail.az

A class of degenerated second order elliptic-parabolic equations of non-
divergent structure is considered. For solutions of the boundary value problems
of these equations the coercive estimation in an appropriate Sobolev space is
established.

Key words: elliptic-parabolic equations, boundary value problems, Sobolev
space.

1. Introduction. Let © be a bounded domain in R" with the boundary 9Q C C?,
let 2 x (0;T) be the cylinder, where T' € (0;00). Let us consider in Q7 the boundary
value problem

n

lu= Z aij (@, t)uij + (@, thup —ue = f(2,1), (1)
i,j=1
ull'(@r) =0, (2)
where for ¢,j € {1,...,n}, w; = %{;‘mi, u; = g;,

L(Qr) = (00x[0, T)U(2x (z,t) : t = 0) is parabolic boundary of@r, and
U(a,t) = w(@)A(B)e(T - 1), (3)
where w(z)€A, satisfies the condition of Muckenhoupt (see [8]),
A(t)=0, A(£)€C[0,T], ¢(2)20,¢'(2) 20, 9(2)€CM[0, TT, (0) = ¢'(0) = 0, p(2)=B2¢'(2),

here B is a positive constant.
Assume that for the coefficients of the operator 7777 the following conditions hold:
If ||a;; (x, t)|| is a real symmetrical matrix with elements measurable in Qr for every
(z,t)eQr and £ER™ then the inequalities

© Gadjiev T., Aliev S., Gasanova G., 2016
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n

(@)<Y aii(@, )€ <y w(@) ¢l (4)

i,j=1

hold, where 7 is a constant from the interval [0, 1].

The purpose of this paper is to obtain a coercive estimation for problem (1)—(2) in
an appropriate Sobolev space.

The obtained estimation can be used when proving a unique strong (almost
everywhere) solvability of the first boundary value problem (1)—(2) at every

f(z, ) €Ly (Qr).

The theory of degenerated elliptic-parabolic equations ascends to the classical paper
by Keldysh [1] in which the correct statements of the boundary value problems for the
equations of kind (1) with one space variable were found. G.Fickera [2] has established a
weak solvability of the first boundary value problem for a wide class of the second order
equations with the non-negative characteristic form (see also [3]). As to strong solvability
of the first boundary value problem for elliptic-parabolic equations in the non-divergent
form with smooth coefficients, we shall note in this connection the papers [4-6]. The
similar result for the equations of kind (1) is the case when the coefficients satisfy the
Cordes condition is obtained in [7].

The paper is organized as follows. In Section 2 we present some definitions and
preliminary results. In Section 3 we give main results.

2. Definitions and preliminary results. For R > 0 and 2°€Q we denote the ball
{x : |r—2° < R} by Br(z°) and the cylinder Bg(z°)x(0,T) by QF(z°). Let Br(z%)CQ.
We say that u(z,t)€A(QE(x0)) if u(z, t)eC’oo(@g(mO)), ul,_, = 0 and supp ueQr(z°) for
some p€(0, R).

We say that u(z,t)€A;(QE(20)) if wu(, t)eC"X’(@g(xo)), ul,_o = 0. Finally,
u(z,t)eB(QE(20)) if u(x,t)eA(@?(xo)) and ul,_p = u¢|,_p = 0. In the sequel,
the notation C(-) shows that a positive constants C' depends only on the contents of
brackets.

Let us introduce the Banach spaces of the functions u(z,t) given on Qr with finite
norms

lellwy fQT (u® + Y07 yu3, dudt) 2,
||U’H (QT) IQT + Zz 1’u’zl + 21 = 1u:1: T )dxdt)§7
el 2t my = ||uuw2,w<QT 1l gy

Hun;i(QT) =
fQ u + Zz 1u Zz Jj= lum xL) + u + wQ(T t)utt + ?/}(.I t)z;” 1utt)dxdf)%

1
Hu||w2 »@r) fQT (u? + Ez 1“ DEs ui +° (x, tyug,)dedt )= .

Suppose that wzjw(QT) is a subspace of the space w;fp(QT) that contains the set of all
functions from C°°(Qr) vanishing on the parabolic boundary T'(Qr).
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Consider the model operator
0? 0
Zy = w(z)A + (=, t)atQ ~ o

where A = Zz 1 &Ez is the Laplace operator.

Lemma 1. If the function (x,t) satisfies (3) and conditions () are fulfilled, then there
exists Ty (Y (z,t),n) such that T<Ty and for any function u(x,t)€A(QER(x0)) the estimate

/ laﬁ () Z ui” +u? + 2 (z, t)ud, + Y(x,t) Z uff] dzdt <

QE(20) i=1 i=1
< (1+ DS) / (Zou)?dzdt (5)
QF (z°)
holds, where S = S(¢,n) is some constant, D = D(T) = ¢(T) + ¢1(T) and ¢(T) =

sup ¢'(t), q(T)= sup @(t).
te[0,7T) t€[0,T)

3. Coercive estimates for weak solutions and main result.

Lemma 2. If the conditions of the previous lemma are fulfilled, then for any function
u(z, )€ A(QE(2Y)), where T<T2(v,n, ) the following estimate is true:

I= / < Z“u”"'“t + %, t)ufy + (1) Zutt>dxdt

i=1

<Oy / (Zu)?dadt,
QF ()
where Co = Ca (1, m, §).

Lemma 3. If conditions (4), (5) are fulfilled for the coefficients of the operator Z, then
at T<Ty the following estimate is true for any function u(z,t)€ A(QE ("))

[[ull,, 72 (QE(20)) Ca(¥, 9, n)”ZU‘”lg(QR(mO))

Lemma 4. If conditions (4), (5) are fulfilled for the coefficients of the operator Z, then for
every T<Ty and € > 0 the following estimate holds for any function u(z,t)€ A1 (QE(2)):

||u||w§:i(Q§/2(I0))<CS||Zu||l2(Q¥(:ED)) +ellull 22 (g a0y + [ully, (o (20))-

Corollary 1. If the coefficients of the operator Z satisfy conditions (4), (5), then for
every T<Ts and € > 0 the estimate

1l 22 @y <Cr3( 61 0, D Z0ly ) + N0l 22 ) + Cral 61 0, D)l

holds for any function u(z,t)eC>®(Qr(2)), where ul,_, = 0.
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Lemma 5. If the coefficients of the operator Z satisfy conditions (4), (5), then there
exists p1(n,o,Q) such that for every T<T» and § > 0 the estimate

+016(¢7 57 n, p1, Q)

H“”ng(QlT(pl))ng(?/%5,n,PlaQ)||ZUH12(QT)+5||U||w§fb(QT) c ||U||52(QT)

holds for any function u(z,t)€C*(Qp(2°)), where ul,_, = 0 and Q%(p1) = Qr\Q7(p1).
Lemma 6. Under the conditions of Lemma 5 the estimate

Hu||w§i(QT)<CZ7(Q/}7 67 n, P, Q)qu||12(QT) + 028(¢7 §u n, p1, Q) ||u||12(QT)
holds for any u(as,t)Ew;:i(QT) and T<T,.

Theorem 1. If conditions (4), (5) are fulfilled, then there exists To = To(),6,n,Q) such
that for every T<T5 the estimate

2
||u||w§j)(Q)<C29(¢a ,m, Q)HZUHZQ(Q)

holds for any function u(x,t)Ewgi(Q)
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Let Nzg be the set N? with the partial order defined as the product of usual
order < on the set of positive integers N. We study the semigroup Z0x (N2) of
monotone injective partial selfmaps of Ni having cofinite domain and image.
We describe properties of elements of the semigroup %0, (N2) as monotone
partial bijections of Ni and show that the group of units of @ﬁm(Ni) is
isomorphic to the cyclic group of order two. Also we describe the subsemi-
group of idempotents of P20 (N2) and the Green relations on 0 (N2). In
particular, we show that 2 = ¢ in 20, (N2).

Key words: semigroup of partial bijections, monotone partial map, idem-
potent, Green’s relations.

1. INTRODUCTION AND PRELIMINARIES

We shall follow the terminology of [1] and [9].

In this paper we shall denote the cardinality of the set A by |A|. We shall identify
all sets X with their cardinality | X|. By Zs we shall denote the cyclic group of order two.
Also, for infinite subsets A and B of an infinite set X we shall write AC*B if and only
if there exists a finite subset Ag of A such that A\ 4y C B.

An algebraic semigroup S is called inverse if for any element x € S there exists a
unique 27! € S such that zz~ 'z = 2 and 2 'zz~! = 27!, The element 2! is called
the inverse of v € S.

If S is a semigroup, then we shall denote the subset of idempotents in S by E(S).
If S is an inverse semigroup, then F(S) is closed under multiplication and we shall refer
to E(S) as a band (or the band of S). If the band E(S) is a non-empty subset of S, then
the semigroup operation on S determines the following partial order < on E(S): e < f

© Gutik O., Pozdniakova 1., 2016
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if and only if ef = fe = e. This order is called the natural partial order on E(S). A
semilattice is a commutative semigroup of idempotents. A semilattice F is called linearly
ordered or a chain if its natural order is a linear order.

If S is a semigroup, then we shall denote the Green relations on S by %, £, 7, 2
and J (see [1, Section 2.1]):

aZb if and only if aS' = bS*;

a.Zb if and only if S'a = S'b;
a_Zbif and only if S'aS* = S'bS*;
D=L oR=X0Y,
H=ZLNX.

The %#-class (resp., £-, J€-, - or #-class) of the semigroup S which contains an
element a of S will be denoted by R, (resp., La, Hq, Dq or J,).

If a: X =Y is a partial map, then by dom o and ran o we denote the domain and
the range of «, respectively.

Let ., denote the set of all partial one-to-one transformations of an infinite set
X of cardinality A together with the following semigroup operation: z(af) = (za)p if
z € dom(af) = {y € dom« | ya € dom B}, for «, 8 € Zy. The semigroup %, is called the
symmetric inverse semigroup over the set X (see [1, Section 1.9]). The symmetric inverse
semigroup was introduced by Vagner [16] and it plays a major role in the semigroup
theory. An element « € Z), is called cofinite, if the sets A\ dom « and A\ ran « are finite.

Let (X, <) be a partially ordered set (a poset). A non-empty subset A of (X, <) is
called a chain if the induced partial order from (X, <) onto A is linear. For an arbitrary
x € X and non-empty A C X we denote

tr={yeX:z<y}, le={yeX:y<a}, TA4= UTaz and | A= Uiaz.
z€A z€A
We shall say that a partial map «: X — X is monotone if x < y implies (z)a < (y)a for
z,y € dom .
Let N be the set of positive integers with the usual linear order <. On the Cartesian
product N x N we define the product partial order, i.e.,

(z,m) < (4,n) if and only if (i<j) and (m < n).

Later the set N x N with this partial order will be denoted by Ni.

By &0, (Né) we denote the subsemigroup of injective partial monotone selfmaps
of Né with cofinite domains and images. Obviously, .@ﬁm(Ni) is a submonoid of the
semigroup %, and f_@ﬁw(Ni) is a countable semigroup.

Furthermore, we shall denote the identity of the semigroup @ﬁm(Ni) by I and the
group of units of P00, (NZ) by H(T).

It well known that each partial injective cofinite selfmap f of A induces a
homeomorphism f*: A\* — A\* of the remainder A* = S\ A of the Stone-Cech compacti-
fication of the discrete space A. Moreover, under some set theoretic axioms (like PFA or
OCA), each homeomorphism of w* is induced by some partial injective cofinite selfmap
of w, where w is a first infinite cardinal (see [10]-[15] and the corresponding sections
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in the book [17]). Thus, the inverse semigroup #5f of injective partial selfmaps of an
infinite cardinal A with cofinite domains and images admits a natural homomorphism
h: I — H#(\*) to the homeomorphism group 7 (\*) of A* and this homomorphism
is surjective under certain set theoretic assumptions.

In the paper [8] algebraic properties of the semigroup fff are studied. It is shown
that fff is a bisimple inverse semigroup and that for every non-empty chain L in (ﬂff)
there exists an inverse subsemigroup S of .#{f such that S is isomorphic to the bicyclic
semigroup and L C E(S5), described the Green relations on fff and proved that every
non-trivial congruence on fff is a group congruence. Also, the structure of the quotient
semigroup #1f /o, where o is the least group congruence on !, is described.

The semigroups .74 (N) and .#{ (Z) of injective isotone partial selfmaps with cofinite
domains and images of positive integers and integers, respectively, are studied in [6] and
[7]. It was proved that the semigroups .4 (N) and .#{ (Z) have similar properties to the
bicyclic semigroup: they are bisimple and every non-trivial homomorphic image JO/; (N)
and .#{(Z) is a group, and moreover the semigroup .#4 (N) has Z(+) as a maximal
group image and .#Z (Z) has Z(+) x Z(+), respectively.

In the paper [5] we studied the semigroup S0 (Z}, ) of monotone injective partial
selfmaps of the set of L, Xjex Z having cofinite domain and image, where L, Xjex Z
is the lexicographic product of n-elements chain and the set of integers with the usual
linear order. We described the Green relations on S0, (Z]., ), showed that the semigroup
IO (Z7,) is bisimple and established its projective congruences. Also, we proved that
IO (Z7,) is finitely generated, every automorphism of #0, (Z) is inner, and showed
that in the case n > 2 the semigroup 0, (Z},,) has non-inner automorphisms. In [5] we
proved that for every positive integer n the quotient semigroup SO0, (Z..)/o, where o
is a least group congruence on S0 (Z}.), is isomorphic to the direct power (Z(—G—))Q".
The structure of the sublattice of congruences on Y0, (Zi,,) which are contained in the
least group congruence is described in [4].

In this paper we study algebraic properties of the semigroup &0, (Né) We describe
properties of elements of the semigroup £0 (Ni) as monotone partial bijection of Ni
and show that the group of units of gzﬁoo(Ni) is isomorphic to the cyclic group of the
order two. Also, the subsemigroup of idempotents of ?ﬁm(Ni) and the Green relations

on D0, (N%) are described. In particular, we show that ¥ = ¢ in 20,,(N2).

2. PROPERTIES OF ELEMENTS OF THE SEMIGROUP PO, (NZ) AS MONOTONE PARTIAL
PERMUTATIONS

In this short section we describe properties of elements of the semigroup ?}’ﬁoo(Ni)
as monotone partial transformations of the poset Nzg.
For any n € N and an arbitrary a € 0,,(N%) we denote:

V" ={(n,j): j € N} H™ = {(j,n): j € N};
gomoz = V" Ndom Q; Vﬁula =V" Nran Qg

Hiom o = H" Ndom a; H. .. =H"Nrana.
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Remark 1. We observe that the definition of the semigroup @ﬁm(Ni) implies that for
any n € N and arbitrary a € 20, (N%) the sets Viom o> Vianas Hioma and Hp,,, are
infinite, and moreover all of these sets with the partial order induced from Né are order

isomorphic to (N, <).

Lemma 1. There exists no element a of the semigroup P0s(NZ) such that (m,n) <
(m,n)a for some (m,n) € dom a.

Proof. Suppose the contrary, i.e., that there exists an element « of the semigroup
PO (NZ) such that (m,n) < (m,n)a for some (m,n) € doma. We denote (m,n)a =
(i,4). Then our assumption implies that the family of subsets

R = {Vhunai b <ipU{HE, ik <}

has more elements than the family

9, = {v’;oma: k< m} U {Hﬁomaz k < n}

Then there exist A € ©,, and distinct By, B2 € R, such that the following conditions
hold:

(1) (p,q)a € Bj for infinitely many (p,q) € A; and

(#4) (s,t)a € By for infinitely many (s, t) € A.
We observe that A is a linearly ordered subset of the poset Né. Hence, the definition of
the semigroup #0, (N2 ) implies that the image (A)o must be a linearly ordered subset
of the poset Ni as well. This implies that one of the following conditions holds:

(a) there exist distinct elements VX! and V2
VEL N (A)a and VP2, N (A)a are infinite;

(b) there exist distinct elements H* and H" _ of the family %, such that the
sets H. N (A)a and H*2 N (A)a are infinite;

(¢) there exist distinct elements VFLand H®2  of the family R, such that the sets

ran & ran «
VEL N (A)a and H*2 N (A)a are infinite.

of the family R, such that the sets

Each of the above conditions contradicts the fact that (A)« is a linearly ordered subset
of the poset Ni. The obtained contradiction implies the statement of the lemma.

By w we denote the bijective transformation of N X N defined by the formula

(i,7)w = (J, 1), for any (4, j) € NxN. It is obvious that w is an element of the semigroup
POy (NZ) and wow = 1L

Lemma 2. There exists no element o of the semigroup ﬁﬁm(Ni) such that (n,m) <
(m,n)a for some (m,n) € domav.

Proof. Suppose the contrary. Then there exists an element « of the semigroup 20, (N%)
such that (n,m) < (m,n)a for some (m,n) € doma. Then we obtain that (m,n) <
(m,n)aw, which contradicts Lemma 1. The obtained contradiction implies the statement
of our lemma.
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For arbitrary positive integer [ we define a partial map of,: N> — N2 in the following
way:
dom(ad)) = N2\ {(1,1),...,(l,1)}, ran(ad,) = N? and
(G, if > 1;
(i, j)oy, = { (i,j—1), ifi<l
It it obvious that of, € P00, (N%) for any positive integer .

Lemma 3. For any element o of the semigroup P04, (Ni) the following assertions hold:
(1) either (Hioma) € HY or (H] aC V!

doma)
(2) either (Vigma)o C V' or (VA )a CH.
Proof. We shall show that assertion (1) holds. The proof of (2) is similar.

First we observe that (H}, . . )a C H' if and only if (H},,, . )aw C V'

Suppose the contrary: there exists an element « of the semigroup P04 (Né) such
that neither (H},,, ) C H' nor (HY,, ) C V' Then the definition of the semigroup
gzﬁoo(Ni), Lemma 1 and the above observation imply that without loss of generality
we may assume that (Hi,.,.)o € H' UV and there exists (k,1) € doma such that
(k,1)a = (i,j), 7 # 1 and 2 < i < k. Also, by the definition of of, € P05 (NZ) we get
that without loss of generality we may assume that j = 2, i.e., (k,1)a = (4,2). Then

there exist disjoint infinite subsets A and B of the set Vi, o U...U v’g;}m such that
1 k—1 1 1 k—1
AUB:VdomaU"‘UVdomaﬂ Hrana g (A)a and VranaU"'UVrana g (B)a

If ANV}, # @ then the definition of the semigroup P05 (NZ) and Lemma 1
imply that there exists (a,b) € B such that (a,b)a € V., ., and (¢, d) < (a,b) for some

ran
(¢,d) € A, which contradicts the definition of the partial order < of the poset Ni.
Assume that A C V3, U...UVE"L ~Then there exist infinite subsets 4; C A

and B; C B such that (A;)a = HL , \ {(1,1)} and (By)a = V., \ {(1,1)}. Hence
the definition of the poset Ni implies that at least one of the following conditions holds:

TAIN By # @ or [A;N1B) # @. If 1A N |By # @ then (1B1)a C [V},,, = V'
but V! N1 (Hiana \{(1,1)}) C vint (H1 \ {(1,1)}) = @, a contradiction. Similarly, if
LA, N1B; # @ then (JA;)a C [H., , = H' and we get a contradiction with

HU N (Viwa V(L DY) SH AT (VI {(LD)}) = 2.

The obtained contradictions imply the statement of the lemma.

Proposition 1. Let o be an arbitrary element of the semigroup @ﬁm(Ni). Then the
following assertions hold:
(1) (Hioma) € HY if and only if (Vi .)a C V', and moreover in this case the
sets H'\ (H, o) and V' \ (Vi o )a are finite;
(2) (Hioma) C V! if and only if (Vi .)a C H', and moreover in this case V'\
(Hiomo)a and HY\ (VA o are finite.

Proof. The first statements of assertions (1) and (2) follow from Lemma 3 and their
second parts follow from Lemma 1.



ON THE MONOID OF MONOTONE ...
ISSN 2078-3744. Bicuuxk JIpsiB. yu-ty. Cepis mex.-mar. 2016. Bumyck 81 105

Theorem 1. Let o be an arbitrary element of the semigroup @ﬁm(Ni) and n be an
arbitrary positive integer. Then the following assertions hold:

(1) if (Hi,.o)a CH then (HY, . . )aC*H™ and (V4. ,)aC*V", and moreover
(Hioma U UHS Yo CH'"U...UH" and (Vo U...UVE, )aCV U...uV™
(2) if (Hioma)a C V! then (Hi2)aC*V"™ and (V5o o)C*H™, and moreover
(Hioma U UHL L JaCVIUL.UV" and (Vigma U-- - UVioma)a CH UL UH™

Proof. (1) We shall prove this assertion by induction.

In the case when n = 1 our statement follows from Lemma 3 and Proposition 1.
Next we shall show that the step of induction holds.

We assume that our assertion holds for arbitrary o € P04 (Ni) and for all positive
integers n < k and we shall prove that then the assertion is true in the case when
n==k+1.

For an arbitrary element a of the semigroup ﬁﬁ’w(Né) we define a partial map
Q1] " N2 — N? in the following way:

(i,7)apks1) is defined if and only if (i,7j) € domanNf(k+1,k+1)
and (i,j)a €ranaNf(k+1,k+ 1), and moreover in this case we put
(ivj)a[k+1] = (iaj)av

i.e., the partial map apq): N2 — N? is the restriction of the partial map a: N? — N2
onto the set 1(k + 1,k + 1). Since the set T(k + 1,k + 1) with the partial induced from
Né is order isomorphic to Ni, the assumption of induction and Lemma 3 imply that
either (H*™'n dom(ap11)))agps1) € H* or (HF1 N dom(ap41)))apes1) € V! Then
the inclusion

‘L(H(lioma u...u Hgom(x) - J/(H(liolna U...u Hk U Hk""1 )

dom « dom «

implies that
(H*" ndom(apy1)))a = (H*' N dom(apesy))operr) € HM

Hence we have that (H5Tl YaC*H*™! because the set doma \ dom(avjg41)) N HE+L
is finite. Also, since (i,5) < (p,q) for all (i,7) € doma \ dom(ap4q1)) N H* and
(p,q) € dom(a[kH])ﬂHkH, the definition of the semigroup ,@ﬁw(Ni), the assumption of

induction and the inclusion (H**! Ndom(ap41)))a C H**! imply the requested inclusion

(Hioma U...UHE UHAML Yo CH'U...UHFUHF

dom «

Again using indiction and Proposition 1 we get that the condition (H},,,,)a C H'
implies that (HJ,,, ,)aC*H" and (Vi o U...UVL . )a C VIU...UV" for every positive
integer n.

(2) If (Hioma) € V! then (H3, .. )aw C H'. Then assertion (1) and the equality
aww = « imply assertion (2).

The following theorem describes the structure of elements of the semigroup
f@ﬁm(Ni) as monotone partial permutations of the poset Ni.
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Theorem 2. Let o be an arbitrary element of the semigroup ﬂﬁm(Ni). Then the
following assertions hold:
(1) #f (Hioma) CH' then
(i1) (iy4)a < (i,4) for each (i,j) € doma; and
(7i1) there exists a smallest positive integer ny such that (i,7)a = (i,5) for each
(i,7) € dom & N e, 710);
(2) if (Hioma)o € V' then
(i2) (4,7)a < (4, ) for each (i,j) € doma; and
(ii2) there exists a smallest positive integer ny such that (i,j)a = (4,4) for each
(1,4) € doma N (ng, na).

Proof. (1) Fix an arbitrary element « of the semigroup 0, (Ni) such that (H éoma)a C
H!. Suppose to the contrary that there exists (i,j) € dom « such that (i,5)a = (k,1) &
(7,7). Then Lemma 1, Theorem 1(1) and the definition of the partial order of the poset
NZ imply that k > i and [ < j. Now, by the definition of the semigroup 20 (NZ) we
get that there exists a positive integer m < ¢ such that

(Vioma U... UV Do g VIU...uVv™,

which contradicts Theorem 1(1). The obtained contradiction implies the requested
inequality (¢,7)a < (i,7) and this completes the proof of ().

Next we shall prove (i7). Fix an arbitrary element « of the semigroup Wﬁm(Ni)
such that (H}, . .)a € H'. Suppose to the contrary that for any positive integer n there
exists (4, ) € domaNf(n,n) such that (i, ) # (i, 7). We put Naoma = |N? \ dom or| + 1
and

Maom o = max{{i: (i,7) ¢ doma},{j: (i,7) ¢ doma}}+ 1.

The definition of the semigroup 0, (Ni) implies that the positive integers Ngom o and
Mdom o are well defined. Put np = max {Ngom o, Mdom « }- Then our assumption implies
that there exists (¢,7) € dom aN1(ng,no) such that (4, j)a = (ia,Ja) 7# (i,7). By (4), we
have that (ia,ja) < (4,7). We consider the case when i, < i. In the case when j, < j
the proof is similar. Assume that ¢ < j. By Theorem 1 the partial bijection o maps
the set S; = {(n,m): n,m < ¢ — 1} into itself. Also, by the definition of the semigroup
PO (NZ) the partial bijection a maps the set {(i,1),...,(i,i)} into S; as well. Then
our construction implies that

|S; \ doma| = |N2\doma| = Ngoma — 1 and {(i,1),..., (%9} = Ndom o>

a contradiction. In the case when j < ¢ we get a contradiction in a similar way. This
completes the proof of existence of such a positive integer n,, for any o € @ﬁm(Ni).
The existence of such minimal positive integer n, follows from the fact that the set of
all positive integers with the usual order < is well-ordered.

(2) T (Hioma)e € V' then (Hi . .)ow C H', and hence (1) and the equality
aww = o imply our assertion.

Theorem 2 implies the following corollary:

Corollary 1. ’NQ \rana| < ‘NQ \ dom «| for an arbitrary o € POy (NZ).
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For an arbitrary non-empty subset A of N x N and any element (i,j) € N x N we
denote A = {(i,j) € Nx N: (j,i) € A} and (4,5) = (j,1).

Proposition 2. Let o be an arbitrary element of the semigroup ngfoo(Né), Then the
following assertions hold:
(1) dom(wa) = dom(waw) = dom « and dom(aw) = dom «;
(74) ran(wa) =rana and ran(waw) = ran(aw) = Tan a;
(i4i) « is an idempotent if and only if so is waw.

Proof. Ttems (i) and (ii) follow from the definition of the composition of partial maps.
(7i1) Suppose that « is an idempotent of the semigroup Qﬁm(Ni). By items (7) and
(79) we have that dom(waw) = doma = Tfana = ran(waw). Then (j,))waw =
(i,7))aw = (i,j)w = (j,i) for an arbitrary (i,j) € doma, and hence waw €
E(20,(NZ)). The converse statement follows from the equality ww = I.

The following statement, follows from the definition of the semigroup 20, (N2 ) and
Lemma 3.

Proposition 3. Let « and B be arbitrary elements of the semigroup ,@ﬁw(l\%), Then
(Hiom(am)aB € H' if and only if (Hiom(sa))Ba € H,

3. ALGEBRAIC PROPERTIES OF THE SEMIGROUP @ﬁm(Ni)
Theorems 1 and 2 imply the following

Proposition 4. The group of units H(I) of the semigroup PO (N%) is isomorphic to
Zs.

Proposition 5. Let o be an element of the semigroup @ﬁ;@(Ni), Then o € H(D) if and
only if dom o = N2,

Proof. The implication (=) is trivial. The implication (<) follows from Theorems 1, 2
and Corollary 1.

Proposition 6. An element o of @ﬁw(Ni) is an idempotent if and only if o is an
identity partial self-map of Nz< with the cofinite domain.

Proof. The implication (<) is trivial.

(=) Let an element a be an idempotent of the semigroup 0, (NZ). Then for
every r € dom a we have that (z)aa = (z)a and hence we get that dom o? = dom « and
rana? = rana. Also since « is a partial bijective self-map of Né we conclude that the
previous equalities imply that dom o = ran «. Fix an arbitrary * € dom « and suppose
that (z)a = y. Then (z)a = (z)aa = (y)a = y. Since « is a partial bijective self-map
of Nz< we have that the equality (y)a = y implies that the full preimage of y under the
partial map « is equal to y. Similarly the equality (z)a = y implies that the full preimage
of y under the partial map « is equal to . Thus we get that z = y and our implication
holds.
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Remark 2. The proof of Proposition 6 implies that the statement of the proposition
holds for any semigroup of partial bijections, but in the general case of a semigroup of
transformations this statement is not true.

The following theorem describes the subset of idempotents of the semigroup

PO, (N2).

Theorem 3. For an element o of the semigroup @ﬁw(Ni) the following conditions are
equivalent:
(1) « is an idempotent of @ﬁm(Ni),'
(#7) doma =rana and there exists a positive integer n > 1 such that (n,1) € doma
and (n,1)a € HY;
(7i1) dom« = ran« and there exists a positive integer m > 1 such that (1,m) € dom «
and (1,m)a € V.

Proof. Implications (i) = (i) and (¢) = (4i7) follow from Proposition 6.

We shall prove implication (i) = (¢) by induction in two steps. The proof of impli-
cation (4i1) = (4) is similar.

First we remark that if (1,1) € dom « then since (1, 1) < (¢, §) for any (¢, j) € dom ¢,

the definition of the semigroup P20, (N \) implies that (1,1)a = (1 1).

Now, condition (ii) and Lemma 3 imply that (H},.,,)a C H'. Since the set H}, ...,
with the induced order from the poset Né is order isomorphic to the set of all posi-
tive integers with the usual linear order, without loss of generality we may assume
that HY, ., = {z}:i1=1,2,3,...} and 2} < arjl in HY, ., if and only if i < j. Si-
nce (Hi,o)a Q H', Theorem 2(1) implies that (z1,1)a < (21,1), and by the equali-
ty Hi,..., = HL. . we get that (z!,1)a = (z},1). Suppose that we have shown that
(z},D)a = (x},1) for every positive integer [ < %y, where ¢y is some positive integer
> 2. Then the equality H} .., = HL.. and Theorem 2(1) imply that (z1,,)a =
(z1,,1), because (zf,,1)a < (zf,,1) and (Hjo, o) € H'. Therefore, we have proved
that (23, 1)a = (zf, 1) for every (zx,1) € doma.

Now, we shall show that the equality (p,¢)a = (p, q) for all positive integers g < kg
and all positive integers p such that (p,q) € dom«, where ko is some positive integer
> 2, implies that (p,ko)a = (p, ko) for all (p,ko) € doma. Since the set HE
th the induced order from the poset Ni is order isomorphic to the set of all positive

integers with the usual linear order, without loss of generality we may assume that
Hggma = {xko 1=1,2,3,. } and xf” < xf" in Hiigma if and only if ¢ < j. Then the
assumption of induction and Theorem 1(1) imply that (Hggma)oz C* H* . Theorem 2(1)
implies that (:(;1 Jko)a < (259, ko), and by the equality HY = HF = we get that
(x]f", ko)a = (:r1 , ko). Suppose that we showed that (:Ll Jko)a = (azl , ko) for every posi-

Wi-

tive integer | < sg, where s¢ is a some positive integer > 2. Then the equality Hgoma =
H  and Theorem 2(1) imply that (z* z¥0 ko) = (2%, ko), because (x%0, ko)or < (xk0, ko)
and (H% Yo C H*. Therefore, we have proved that (z}° ko) = (2§, ko) for every
(z}0, ko) € dom av.,

The proof of implication (i7) = (¢) is complete.

80’

Proposition 6 implies the following proposition.
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Proposition 7. The subset of idempotents E(@ﬁm(Ni)) of the semigroup @ﬁoo(Ni)
is a commutative submonoid of Wﬁm(Ni) and moreover E(@ﬁm(Ni)) is isomorphic
to the free semilattice with unit (9*(1\12)7 U) over the set N?> under the mapping ()b =
N2\ dome.

Later we shall need the following technical lemma.

Lemma 4. Let a be an element of the semigroup @ﬁo@(Nzg). Then the following asserti-
ons hold:

(i) a=~ya for some vy € ﬂﬁ(x,(Ni) if and only if the restriction ¥|domo: doma —

N? is an identity partial map;
(i1) o= ary for some~y € PO (NZ) if and only if the restriction y|rano: rana — N?
is an identity partial map
Proof. (i) The implication (<) is trivial.

(=) Suppose that a = ya for some v € PO, (NZ). Then we have that doma C
dom~ and dom « C ran+. Since v: N2 — N? is a partial bijection, the above arguments
imply that (¢,7)y = (4,4) for each (i,j) € dom . Indeed, if (¢,5)y = (m,n) # (4, 7) for
some (i,j) € dom « then since a: N> — N? is a partial bijection we have that either

(i,j)a = (i,j)ya = (m,n)a # (i,j)a,  if (m,n) € doma,

or (m,n)a is undefined. This completes the proof of the implication.
The proof of (i¢) is similar to that of (7).

The following theorem describes the Green relations ., Z, 7 and 2 on the semi-
group Y0, (N%).

Theorem 4. Let a and 3 be elements of the semigroup @ﬁm(Ni). Then the following
assertions hold:
(1) «ZB if and only if either o = 8 or a = wp;
(13) aZB if and only if either a = 8 or a = fw;
(#i1) oS if and only if either o = B or o = wf = fw;
(iv) a2p if and only if o« = pBv for some p,v € H(D).
Proof. (i) The implication (<) is trivial.
(=) Suppose that a8 in the semigroup F0(NZ). Then there exist 7,5 €
@ﬁw(Ni) such that @ = v8 and 8 = da. The last equalities imply that ran o = ran .
By Lemma 3 only one of the following cases holds:
(7’1) (H(lioma)a Cc Hl and (H(llomﬂ)ﬁ - Hl;
(i2) (Haoma)o ©H' and (Haom 5)8 S V'
(23) (Hclloma)a - Vl and (Hcllomﬁ)ﬁ - Hl;
(7’4) (H(lioma)a - Vl and (H(liom/?)ﬂ c Vl'
Suppose that case (i1) holds. Then the equalities & = y8 and 8 = d« imply that
(Htllorn'y)’y C Hl and (H(llomé)5 c H17 (1)
and moreover we have that « = vda and § = §v5. Hence by Lemma 4 we have that
the restrictions (76)|domo: doma — N? and (67)|qom s: dom 3 — N? are identity parti-
al maps. Then by condition (1) we obtain that the restrictions 7|qoma«: doma — N2
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and d|gomg: domp — N2 are also identity partial maps. Indeed, other wise there exi-
sts (i,j) € doma such that either (i,5)y & (4,5) or (¢,7)8 % (4,7), which contradicts
Theorem 2(1). Thus, the above arguments imply that in case (i1) we have that a = 8.

Suppose that case (iz) holds. Then we have that « = 78 = 718 = y(ww)8 =
(yw)(wph) and wf = (wd)a. Hence we get that o.?(wf), (Hiyma)a € H' and
(H(liom(wﬁ))wﬁ C H'. Then we apply case (i1) for elements o and wf and obtain that
a=wpf.

In case (i3) the proof of the equality o = wf is similar to case (iz).

Suppose that case (i4) holds. Then the equalities « = v8 and 8 = d« imply that
aw = y(fw) and fw = d(aw), which implies that (aw).Z(Bw). Since for the elements
aw and fw of the semigroup ﬁﬁm(Ni) case (i1) holds, aw = fw and hence a =
aww = fww = §, which completes the proof of (7).

The proof of assertion (i¢) is dual to that of (7).

Asgsertion (#ii) follows from (4) (i%).

(iv) Suppose that a2 in 20, (NZ). Then there exists v € P04, (NZ) such that
af~ and 7Z%3. By Proposition 4 the group of units H(I) of the semigroup 0 (Ni)
has two distinct elements I and w. By (4), (i), there exist pu, v € H(I) such that o = py
and v = v and hence a = pfv. Converse, suppose that o = pufv for some p, v € H (D).
Then by (%), (i7), we have that a.Z(fv) and SZ(Bv), and hence aZ0.

Theorem 4 implies Corollary 2 which gives the inner characterization of the Green
relations &, Z, 7 and 2 on the semigroup ﬁﬁm(Ni) as partial permutations of the
poset NZ.

Corollary 2. (i) Every Z-class of P05 (NZ) contains two distinct elements.
(i1) Every Z-class of 20 (N%) contains two distinct elements.
(i4i) Every €-class of @ﬁm(Ni) contains at most two distinct elements.
(iv) The s -class of POy (NZ) which contains an element a consists of two distinct

elements if and only if doma = doma, rana = Tana and ((i,4))o = (i,§)a for
each (i,7) € dom«, and the S -class of a is a singleton in the other case.
(v) The H-class of ?ﬁm(Ni) which contains an idempotent € consists of two disti-
nct elements if and only if dome = dome.
(vi) The H-class of PO (NZ) which contains an idempotent ¢ is a singleton if and
only if dome # dome.
(vii) Every 2-class of @ﬁw(Né) contains either two or four distinct elements.
(viit) A D-class of @ﬁw(Né) has two distinct elements if and only if it contains only
one J-class.
(iz) A D-class of ﬁﬁm(Né) has two distinct elements if and only if it contains a
non-singleton € -class.
() A D-class of @ﬁm(Ni) has four distinct elements if and only every its 7 -class
is singleton.
(zi) A D-class of POx(NZ) has four distinct elements if and only it contains a
singleton € -class.
(zti) The D-class of POx (Ni) which contains an idempotent € consists of two distinct
elements if and only if dome = dome.
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(ziii) The PD-class of ﬂﬁm(Ni) which contains an idempotent € consists of four disti-

net elements if and only if dome # dome.

Proof. Statements (), (#4) and (ii9) are trivial and they follow from the equality ww =1
and the corresponding statements of Theorem 4.

(iv) By (i) and (ii) we have that the J#-class of 90, (N%Z) which contains an
element a contains at most two distinct elements.

(=) Assume that .7’ in P05, (NZ) and o # . By Theorem 4(iii), f = aw = wa.
Then by the definition of @ we get that dom 3 = doma = dom« and ran3 = rana =
rana. If (i,7) € doma and (4, j)a = (m,n) then

(nam) = (man)w = (L,_])OMD = (Za])ﬁ = (i7j)wa = (_]J)Ck
This completes the proof of the implication.

The converse implication is trivial, and the last statement of item (iv) follows from
the above part of its proof.

(v) If dome = dome then eww = we # e. Conversely, suppose that ew = we # ¢.
Since domw = ranw = N X N and dome = rane, the equality ew = we implies that
dom(ew) = dome = rane = ran(we), and hence the definition of the element w € H (I)
implies that dome = dome.

Statement (vi) follows from items (i43), (v).

(vii) Theorem 4(iv) and (i), (#) imply that every P-class of the semigroup
e@ﬁm(Ni) contains at most four and at least two distinct elements. Suppose to the
contrary that there exists a Z-class D, in ,@ﬁw(Ni) which contains three distinct
elements such that o« € D, for some element « of the semigroup @ﬁm(Ni). By
Theorem 4(iv), wa, aw,waw € D,. Since wy # v # ~vw for any v € @ﬁw(Ni),
we have that wa = aw or @ = waw. If wa = aw then the definition of the
element w of @ﬁw(Ni) implies that & = wwa = waw. Similarly, if « = waw then
wa = wwaw = aw. This completes the proof of the statement.

(viii) (=) Assume that a Z-class of P0,(NZ) has two distinct elements and it
contains «. Then the proof of item (vii) implies that wa = aw and o = waw. By
Theorem 4(iv) we have that D, = H,.

Implication (<) is trivial.

(iz) Tmplication (=) follows form item (wviiz).

(<) Assume that there exists a Z-class of gzﬁoo(Ni) which contains a non-singleton
H-class H, of Qﬁm(Ni) for some « € ﬁﬁm(Ni). By Theorem 4(iii) we have that
H, = {a,aw} and a # aw = wa. Then the last equality implies that o = waw. Hence
by Theorem 4(iv), D, = H,, which complete the proof of the implication.

Statement (z) follows from (viii), (ix).

(i) By Theorem 2.3 of [1] any two #-classes of an arbitrary Z-class are of the
same cardinality. Now, we apply statement ().

Statement (zii) follows from (viii), (v).

Items (x) and (vi) imply statement (zii7).

We need the following three lemmas.

Lemma 5. Let o, 3 and v be elements of the semigroup (@ﬁm(Ni) such that o = Bary.
Then the following statements hold:
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(i) if (H(liomﬁ)ﬁ C H' then the restrictions Bliaoma: doma — N x N and
Ylrana: Tana — N x N are identity partial maps;

(i) if (Héomﬁ)ﬁ C V! then (i,7)8 = (j,i) for each (i,j) € doma and (m,n)y =
(n,m) for each (m,n) € ran«; and moreover in this case we have that doma =

doma, rana =Tana and (j,1)a = (i, )« for any (i,7) € doma, i.e., @ = waw.

Proof. (i) Assume that the inclusion (HY,,, g)B C H! holds. Then one of the following
cases holds:

(1) (Hioma)r C HY;

(2) (Hioma)o C V.

If case (1) holds then the equality a = Say and Lemma 3 imply that (H éom,y)'y C H.
By Theorem 2(1), (4,7)8 < (i,4) for any (i,7) € dom S and (m,n)y < (m,n) for any
(m,n) € dom~. Suppose that (i,7)8 < (4, ) for some (i,j) € dom a. Then we have that

(i, j)oe = (i, ) Bory < (i, jlory < (i, f)av,

which contradicts the equality o = Bary. The obtained contradiction implies that the
restriction Slgoma: doma — N x N is an identity partial map. This and the equality
a = PBary imply that the restriction |rana: rana — N x N is an identity partial map
too.

Suppose that case (2) holds. Then we have that (H},,,,)aw C H'. Now, the equality
a = Pary and the definition of the element w the semigroup 0 (Ni) imply that

aw = Payw = f(aw)(wyw).

Then we apply case (1). This completes the proof of (7).

(i) Assume that the inclusion (Hi,, 3)8 C V' holds. Then the equality o = Bary
implies that o = BBayy and the inclusion (Hj,y, )8 € V' implies that (Homss))88 C
H'. Now, by (i), the restrictions (88)|doma: doma — N x N and (79)|rana: rana —
N x N are identity partial maps. Since (Hjoy )8 € V', Theorem 2(2) implies that
(1,5)8 < (j,i) for any (i,7j) € domc. Suppose that (i,5)8 < (j,4) for some (i,j) €
dom «. Again, by Theorem 2(2) we get that (j,4)8 < (4,7) and hence we have that
(i,5) = (4,5)88 < (4,1)8 < (i,7), a contradiction. The obtained contradiction implies
that (4,7)8 = (j,4) for each (,j) € dom . Next, the inclusion (Hcliom,@)ﬁ C V! and the
equality o = Bay imply that (H éomﬂ/)'y C V'. Then the similar arguments as in the above
part of the proof imply that (m,n)y = (n,m) for each (m,n) € rana.

Now, the property that (i,7)8 = (j,4) for each (7,j) € dom« and (m,n)y = (n,m)
for each (m,n) € rana, and the equality o = fay imply that doma = doma and
ran ¢ = Tan a. Fix an arbitrary (i,7) € dom a. Put (m,n) = (i, 7)a. Then the above part
of the proof of this item implies that (m,n) = (i,j)a = (i,7)Bay = (j, i)y and hence
(n,m) = (m, )@ = (j, )arm = (3, ).

Lemma 6. Let o and 3 be elements of the semigroup f@ﬁm(Ni) and A be a cofinite
subset of N x N. If the restriction (af)|a: A —= N x N is an identity partial map then
one of the following conditions holds:
(i) the restrictions ala: A =~ Nx N and B|a: A = N x N are identity partial maps;
(ii) (i,§)a = (4,4) for all (i,7) € A and (m,n)B = (n,m) for all (m,n) € A.
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Proof. By Lemma 3 we have that either (H),, ,)a € H' or (Hi,,,.)a € V'. Suppose
that the inclusion (H},,, ) € H' holds. Then the definition of the semigroup 20, (Ni)

implies that (H(liomﬂ)ﬁ C H'. By Theorem 2(1) we have that
(i, ) < (i, )

for any (i,j) € doma and (m,n) < (m,n) for any (m,n) € dom . Suppose that
(i,j)a < (1,7) for some (i,75) € A. Then we have that

(i:3) = (1. 3)aB < (i.)8 < (i.3),
which contradicts the assumption that the restriction (af8)|a: A = N x N is an identity
partial map. Hence the restriction a|4: A — N x N is an identity partial map. Similar
arguments imply that the restriction 8|4: A = N x N is also an identity partial map.
Thus, in the case when (H3, . )a C H', item (i) holds.

Suppose that the inclusion (H}, ., ,)a € V' holds. By the definition of the semigroup
PO, (NZ) we have that

(Hiom )8 € V', 0 = (0@)(@B), (Hiom(aw))o@ C H'
and
(Hcliom(wﬁ))wﬂ c Hl-
Then the previous part of the proof implies that the restrictions (aw)|a: A = N x N
and (wf)|a: A = N x N are identity partial maps. Since (aw)w = « and w(wp) = B,
the inclusion (H3,,, ) € V! implies that (i) holds.

Lemma 7. Let « and B be elements of the semigroup @ﬁm(Ni) and A be a cofinite
subset of Nx N. If (i,j)aB = (j, i) for all (i,j) € A, then one of the following conditions
holds:
(i) the restriction ala: A —= N x N is an identity partial map and (m,n)B = (n,m)
for all (m,n) € A;
(i1) (i,5)a = (4,4) for all (i,j) € A and Blx: A — N x N is an identity partial map.

Proof. The assumption of the lemma implies that the restriction a(8w)|a: — N x N is
an identity partial map. Hence by Lemma 6 only one of the following conditions holds:
(1) the restrictions as: A = N x N and (Bw)|a: A — N x N are identity partial
maps; -
(2) (i,4)a = (4,1) for all (i,5) € A and (m,n)Bw = (n,m) for all (m,n) € A.
Since (fw)w = B, the above arguments imply the statement of the lemma.

Elementary calculations and the definition of the semigroup z@ﬁw(Ni) imply the
following proposition.

Proposition 8. Let o and 5 be elements of the semigroup f@@,o(Ni). Then the following
assertions hold:

(i) if the restriction Blrana: rana — N X N is an identity partial map then of =
al = a;

i) if the restriction Blgoma: doma — N x N is an identity partial map then Sa =

i) if the restriction 3 d N x N i identity partial then B
o =«
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(#2) if (m,n)B = (n,m) for all (m,n) € ran« then af = aw;
() if (m,n)B = (n,m) for all (m,n) € doma then fa = wa.

Theorem 5. 7 = ¢ in P0,(N%).

Proof. The inclusion 2 C ¢ is trivial.

Fix any «a,8 € @@,@(Ni) such that «_# 3. Then there exist 7Ya,da,78,95 €
PO (NZ) such that o = 7,80, and 5 = ygads (see [2] or [3, Section IL.1]). Hence we
have that

o = Y,780030, and [ = v3vaBda03.
Suppose that
(Héom(%%))va’yﬁ < H'.
By Proposition 3,
(Hfliom(v/sva))’757a CH.
Lemma 5(7) implies that the restrictions
(Ya¥8)|ldoma: doma = N XN,  (030a)|rana: rana — N x N,

(v8Ya)|domg: dom B =N x N and (6408)|ranpg: ranf — N x N
are identity partial maps. Then by Lemma 6 and Proposition 8 there exist wy,ws € H(I)
such that yga = wia, adg = aws, 7.0 = w1 and Bd, = Bws. This implies that
o = 'Yozﬁ(sa = w1 80a = wiPuws and 8= ’Yﬁ()é(s/j = wlaég = w1Qws,
and hence by Theorem 4 we get that aZ8.
Suppose that
1 1
(Hdom('ya'yﬁ))’yoé’}/ﬂ cV.
Then by Proposition 3 and Lemma 3 we have that

(Hcliom('yfg'ya))’YB'yoz - Vl'

Now, as in the above part of the proof the statement of the theorem follows from
Lemma, 5(i¢), Lemma 7 and Proposition 8.

ACKNOWLEDGEMENTS

The author acknowledges T. Banakh and A. Ravsky for their comments and suggesti-
ons.

REFERENCES

1. Clifford A. H., Preston G. B. The Algebraic Theory of Semigroups, Vol. I.;, Amer. Math.
Soc. Surveys 7, Providence, R.I., 1961; Vol. II., Amer. Math. Soc. Surveys 7, Providence,
R.I., 1967.

2. Green J. A. On the structure of semigroups, Ann. Math. (2) 54 (1951), 163—172.

3. Grillet P. A. Semigroups. An Introduction to the Structure Theory, Marcel Dekker, New
York, 1995.



ON THE MONOID OF MONOTONE ...
ISSN 2078-3744. Bicuuxk JIpsiB. yu-ty. Cepis mex.-mar. 2016. Bumyck 81 115

4.

10.

11.

12.

13.

14.

15.

16.

17.

Gutik O., Pozdniakova I. Congruences on the monoid of monotone injective partial selfmaps
of Ly, Xiex Z with co-finite domains and images, Mat. Metody Fiz.-Mekh. Polya 57:2 (2014),
7-15; reprinted version: J. Math. Sci. 217:2 (2016), 139-148.

Gutik O., Pozdnyakova I. On monoids of monotone injective partial selfmaps of L, Xiex Z
with co-finite domains and images, Algebra Discr. Math. 17:2 (2014), 256-279.

Gutik O., Repov§ D. Topological monoids of monotone, injective partial selfmaps of N having
cofinite domain and image, Stud. Sci. Math. Hungar. 48:3 (2011), 342-353.

Gutik O., Repovs D. On monoids of injective partial selfmaps of integers with cofinite domai-
ns and images, Georgian Math. J. 19:3 (2012), 511-532.

Gutik O., Repovs D. On monoids of injective partial cofinite selfmaps, Math. Slovaca 65:5
(2015), 981-992.

Howie J. M. Fundamentals of Semigroup Theory, London Math. Monographs, New Ser. 12,
Clarendon Press, Oxford, 1995.

Shelah S., Steprans J. Non-trivial homeomorphisms of SN \ N without the Continuum
Hypothesis, Fund. Math. 132 (1989), 135-141.

Shelah S., Steprans J. Somewhere trivial autohomeomorphisms, J. London Math. Soc. (2),
49 (1994), 569-580.

Shelah S., Steprans J. Martin’s axiom is consistent with the existence of nowhere trivial
automorphisms, Proc. Amer. Math. Soc. 130 (2002), 2097-2106.

Velickovié B. Definable automorphisms of &?(w)/ fin, Proc. Amer. Math. Soc. 96 (1986),
130-135.

Velickovié B. Applications of the Open Coloring Axiom, In Set Theory of the Continuum,
H. Judah, W. Just et H. Woodin, eds., Pap. Math. Sci. Res. Inst. Workshop, Berkeley, 1989,
MSRI Publications. Springer-Verlag. Vol. 26, Berlin, (1992), pp. 137-154.

Velickovié B. OCA and automorphisms of & (w)/ fin, Topology Appl. 49 (1993), 1-13.
Vagner V. V. Generalized groups, Dokl. Akad. Nauk SSSR 84 (1952), 1119-1122 (in Russi-
an).

Weaver N. Forcing for Mathematicians, World Sc. Publ. Co., 2014.

Cmamma: neditiwna do pedroneeii 06.02.2016
nputinama do dpyxy 08.06.2016

PO MOHOIJ MOHOTOHHUX ITH’€EKTUBHUX YACTKOBUX

INTEPETBOPEHDb MHO>KVHUA NQ< 3 KOCKIHYEHHNMMA
OBJIACTAMU BU3HAYEHD I SBHAYEHD

Ouger I'VTIK, Inna IIO3JHAKOBA

Jveiecvruti HayionarvHul yrisepcumem imens Iseana Pparka,
eya. Yuisepcumemcora 1, JIveis, 79000,
e-mails: o_ gutik@franko.lviv.ua,
ovgutik@yahoo.com, pozdnyakova.inna@gmail.com

Hexait N 2< — muoxuHa N? 3 4aCTKOBUM HOPSIKOM, BU3HAUEHIM SK J0GYTOK
3BUYAMHOTO JIHINHOTO OPAAKY < HAa MHOXKWHI HATypaspbHuX dnces N. Busue-
HO HamiBrpyny 0. (Ni) MOHOTOHHUX 1H’€KTUBHMX YaCTKOBUX IE€PETBOPEHD
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9JaCTKOBO BIIOPAIKOBAHOI MHOXKUHU NZ, SIKi MAIOTh KOCKIHYIeHHi 06/1aCTi BU3HA-
wenHd Ta 3HaveHHd. OUHUCYEMO BIACTUBOCTI e1eMeHTiB HamBrpynmu PO (Ni)
K MOHOTOHHHWX YAaCTKOBHUX OI€KIIl YaCTKOBO BITOPSITKOBAHOI MHOXKWHHI Ni i
J0BOJMMO, WO I'Pyla OJMHUIL HamiBrpyuu PO (Nzg) i3oMopdHa nMKIYHIT
rpymi Apyroro nopaaky. Takox onmrCyeMo HigHAMBIPYIY iIEMIOTEHTIB HaIIiB-
rpymn Y0 (N2) Ta simmomenna I'pina P20 (NZ). Bokpema, n0BesenHo, mo
2=798 ,@ﬁm(Ni).

Karowo6i caosa: HAIBrpyna YaCcTKOBUX OI€KIIiH, MOHOTOHHE YaCTKOBE
BiJI0OpaXKeHHs, 11eMII0TeHT, BiaHomenas [ pina.
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VIIK 517.5

3AYBAKEHHZ{ 10 3BI2KHOCTI IHTEI'PAJIIB
JIAIIJIACA-CTIJIBTBECA

Mapkisn JJOBYIIIOBCHbKU

Jveiscvruti HauLoHaAbHUY YHIsepcumem imeni Ieana Dpanka,
79000, JIveis, sya. Ynieepcumemcora, 1
e-mail: mdobush19Q@Qgmail.com

Hna abcumcen 36ixkuO0CT] iHTerpany Jlammaca-Crimbrbeca OTpUMaHO HOBY
dopmyiy. 36ixkuicTs inrerpadis Jlawiaca-Crisibrbeca 3B0auTbCs 40 36i:KHOCTL
panis lipixie.

Karowoet caosa: interpasn Jlamnaca-Crinbrheca, psa lipixie.

1. Beryn. Hexait V' — kac HeBix eMHUX HECTATHUX HEIEPEBHUX CIIpaBa HeoOMe-
xeanx Ha [0, +00) dynkuiit F, a f — mesin’emna Ha [0, +00) dymruisa. Iarerpan

I(o) = /000 f(z)e®dF (z), o € R (1)

HasuBaeThes [1, ¢.7] inrerpanom Jlanmaca-Crinbrbeca. 3po3ymino, o inrerpasn (1) aGo
36ixkHMit 1y Beix o € R, a6o po3bixuauit mus Beix o € R, abo icaye umcao o3[1] Take,
mo el inTerpan 36ixkuUA aua o < o3[l] i po3bixkuuit num o > o3[I]. B ocranEbROMY
BUNAIKY 9ncio o3[l] HazuBaeThest abcimcoro 36ixku0CTi. Km0 iHTerpan (1) postiKHuit
I BCix 0 € R, To BBAXKaEMO 0 = —00, a AKIIO 30iKHMI 171 BCix 0 € R, TO BBAXKaEMO
O = +00.

2. OcuoBHa JacTHUHA.

— InF
TBepmxkenns 1 ([1], c.11). Hxwo F €V i ILm I x(x) =T, mo
1 1
o3>a—7, a=: lim —Iln—— (2)

z—o00 T f(x),

Kpim sunadry, xoau T = o = +00. 3eidcu sunausac maxe: axwo F € V ilnF(x) = o(x)
npu x — 00, mo o3[l] = «.

B [1, ¢.16] nosexneno, mo st KOxKHEEX —00 < 7 < [ < 400 icHye nofarHa i Hene-

o0
pepsHa Ha [0, +00) dyuknia f Taka, o mug inrerpana I (o) = / f(x)e® dz npaBuibHi
0

© Hobymorcekuit M., 2016
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piprocri o3[I] = f > v = «a. Hlo6 orpumary piexicts o3[I] = «, gk B [1, ¢.21], Oyme-
MO TOBOPWTH, IO Hepix'emua Ha [0, +00) yHKIiA [ PEryaspHO 3MIHIOETHCS CTOCOBHO
F €V, gk icayors ancna a > 0,0 > 01§ > 0 raxi, mo midg Beix 2> a

z+b
[ ar@ =) 3)
Teepmxkenns 2 ([1], c.11). Hexalt F € V i f peayaspro samimoemocs cmocoeno F', mo
03{” < a.

O6’emayroun TBepAKeHHd 1 1 2, TPUXOAUMO JI0 TAKOTO PE3YJIbTATY.

TBepaxkennst 3. Sdxwo F € V i f peeyaapro smimoemoesa cmocosno F. Todi, axwo
In F(z) = o(x) npu x — oo, mo o3[l] = a.

Tyr 6yne vaBemenuit iHmMwMiA miaxin 10 HOCTiKeHHs 30i2KHOCT] iHnTerpastis Jlammaca-
Crinbprbeca, sSKuil TPYHTYEThC HA 3BeJEeHH] iHTerpata a0 paxy ipixme.

Orxe, Hexait (\,,) — JOBLIBHA 3poCTaroda O +00 MOCHIIOBHICTE JOJATHAX THCE
raka, o Ao = 0, Apy1 — A < h < 400 ilnn =o(N\,) npu n — oo. Toui

oo Ant1
I(o) = TOdF (x).
@=3 /A @) (4)
Axmo o > 0, To

Ant1 An+1
e / F(@)dF(z) < / F@)e™ dF(z) <
R A i An - Ant (5)
< n+10 dF < Tern0 dF s
<e A F(2)dF () < ehe A f(2)dF (z)

n n
a akmo o < 0, To
Ant1

Ant1
e)‘""/ f(x)dF(x) > f(@)e™dF (z) >

An Ant1 An Ani1 (6)
> e’\"“"/ f(z)dF(x) = eh”eA”"/ f(z)dF(x),
A A

n n

[Tpuitmemo

Ant1
ap, = //\ f(z)dF(x),n >0 (7)

n

i posriisaemo psaa Hipixite

(o]
F(o)= Z ane. (8)
n=0
Toni 3 (4)—(6) sunmsae, mo F(o) < I(0) < " F(0), akmo o > 0,1 e F(o) <
I(0) < F(0), axmp o < 0. Tomy abemuca 36ixu0CTi inTerpamna (1) 36iraeTbes 3 abenmcoio
36ixxnocTi pamy Hipixie (8). Ockinbku lInn = o(A,) npu n — oo, To |2,¢.15] ana abecnmen
36ixknO0CTI 03[F| paxy ipixae npaBuiabHA DiBHICTH

1 1
o3[F] = lim —lna—.
n—oo n n

Orxe, MpaBUIbHA TaKa TEOPEMA.
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Teopema 1. Hexati F € V, f — nesid’emna na [0, +00) dynruia, a (A,) — dosiavha
3pocmarwa do +00 NoCAIdOSHICTNG MAKa, Wo Apt1 — Ap < h < 400 i lnn = o(A\,) npu
n — 00.

Todi ) )
o3[I] = lim A—ln P )
n—oo \n f)\ " f(l')dF(l’)

n

(9)

SayBaxKuMo, M0 3 JOBEJEHO] TeOpeMU BUILIMBAIOTH TBEP/KeHHs 2 1 3.
Cupagai, npunycrumo, « > —oo. Toxi mng Bynb-gaxoro o < « i Beix > zo(a™) 3
(2) punutnBae Hepipaicts f(2) < e™* *. ToMmy JJisd BCIX TOCHTH BEJIMKHX 1

An41

)\"+1 /\n+1 « * *
/ f@)dF(z) < / " AR (2) < F(Apyr)e™ @ A+t 4 a*/ F(x)e™® *dx
A An An

v An

i sxmmo In F'(x) = o(z) mpw  — 00, TO

St fa)dF () < exp{—a*(1+ 0(1)Ang1} + o [ exp{—a*(1+ o(1))z}dz <
<exp{—a*(1+o0(1))An} +exp{—a™(1 + o(1))\n} = exp{—a™(1 + o(1)) A} n — 0.

Tomy 3 (9) BuruBae, Mo

1 .
o3[I] > lim — Ine® 1+ — o

n—oo n
TOOTO 3 OIJIAAY Ha JOBLIBLHICTH  MpaBWIbHA HEPIBHICTH 03[I] > @, AKa € OYEBUIHOIO,
Koy o = —00. OTiKe, 3 TEOPEMU BUILINBAE TBEP/KEHHS 2.
[Ipunycrumo Temep, mo « < +o0o. Tomi aasd KOKHOrO a* > ¢ iCHy€ MOCHIIOBHICTH
(xg) T +o00 Taka, mo f(xp) > exp{—a*z}. Tomy, axmo f peryagapHO 3MIHIOETBCS CTO-
cosHo I, 1o 3 (3) marnmemo

Tp+b
| #0dp) > 55(on) > Sexp{-a’an).
Tp—a
Mo:xkeMO BBaxKaTH, IO Tp41 — @ > T + b i Bubepemo nocninosHicTs A, Tax, mob
An, = Th—aiA,, +1 = xp+b. Toxi Ay, +1—Ap, = b+a < co. Pemry unenis nocninosrocTi
MOXKEMO BHODATH JOBLIBHO, MO0 Apt1 — Ay < (A >b+a) ilnn = o()\,) mpu n — oco.
Toxi 3 (9) BumnBag, 1O

. 1 1 . 1 1
o5l < lm ——n—— < Iim n -
n— oo )\nh f)\ nptl f(t)dt n—oo Lh — a 5€Xp{—04*37h}
np

a®,

TOOTO 3 OISy HA JMOBUIBHICTE o OTpUMAEMO HepiBHICTEL 03[/] < @, AKa € OYEBUTHOIN,
AKIO @ = +00. OTOXK, 3 TEOPEMH BUILJINBAE TBEPIKEHHS 3.
SayBa;KMMO TaKOXK, 110 3 TEOPEMHU 1 BUILIMBAE TAKUN PE3yJIbTAT.

Hacainok 1. Hexat F €V i f — neeid’emna na [0, +00) dynwuia maxa, wo ln f(x) =
o(z) npu x — 400, a (A\,) — maxa 3pocmaiona NOcAidoeHicmes JOGAMHUT “uces , WO
Ant1 — Ap < h < 400 daa eciz n i 1n f(z) = o(x) npu x — +o00. Todi

1

1
Il= 1 —1 . 1
osll] = I I e = F o) (10)
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Crpaggi, asst koxxkaoro € > 0 1 Beix @ > xo(e) maemo —ex < In f(z) < ze. Tomy
ISt BCIX 1 2> no(g)

Ani1
e (F (A +1) = F(\n)) < A f(@)dF(z) < e (F(Ay + 1) = F(A)),
TOOTO
In ¢~ < 1 <In il
(FOu+1) = FQn)) = [2 faydrF(z)  (FOn+1) = F()

3Bigku 3 orisay Ha (9) BUILIMBAE, IO
1 1 1

1
im — —e< o3Il < lim —
A P FEO, D) oy Sl s I S ey — o) T

i saBngru gosinbHOCTI € npasuabHa pisaicrs (10).
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For the abscissa of the convergence of Laplace-Stieltjes integral a new
formula is obtained. The convergence of the Laplace-Stieltjes integrals reduces
to the convergence of Dirichlet series.
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p-ELLIPTIC FUNCTIONS
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We investigate p-elliptic functions (meromorphic in C functions satisfying
the conditions g(u + w1) = g(u), g(u + w2) = pg(u), wi,ws € C, p € C\{0},
Imi—f > 0). In the case p = 1 this is the classical theory of elliptic functions.
p-Elliptic functions generate so-called p-loxodromic functions and vice versa.
We generalize the elliptic Weierstrass gp-function and find the corresponding
p-loxodromic function in the case |p| = 1.

Key words: p-elliptic function, the Weierstrass p-function, p-loxodromic
function, generalized Weierstrass gp-function.
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2. INTRODUCTION
As usual, C* = C\{0}.

Definition 1. Let wi,wy be complex numbers such that Im"’2 > 0. A meromorphic in
C function g is called p-elliptic, if there exists p € C* such that for every u € C

glu+wr) =g(u), g(u+wz)=pg(u). (1)

© | Kondratyuk A., | Khoroshchak V., Lukivska D., 2016
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The second property is called the multi p-periodicity of period w,. Note that
(1) implies g(u 4+ mwy + nwz) = p"g(u), where m,n € Z.

Denote the class of p-elliptic functions by &,.

If p = 1 we obtain the classical theory of elliptic functions, which are well known
due to the works of K. Jacobi, N. Abel, K. Weierstrass. The theories of loxodromic
(multiplicatively periodic) and elliptic functions are dual (see [1], [2], [3]).

3. RELATION BETWEEN p-LOXODROMIC AND p-ELLIPTIC FUNCTIONS

We are going to show that the p-elliptic functions generate the so-called p-loxodromic
functions and vice versa.

Definition 2. Let ¢ € C*, 0 < |¢q| < 1. A meromorphic in C* function f is said to be

p-loxodromic of multiplicator g if there exists p € C*, p # 1, such that for every
zeC*

f(qz) =pf(2). (2)

Let £L,, denote the class of p-loxodromic functions of multiplicator g.
If f is meromorphic in C* and p-loxodromic of multiplicator ¢ = 627”7?, Imz—f >0,
that is f € Lgp, then the function

g(u) = f (62”%1)
is meromorphic in C and p-elliptic of periods wy,ws. Indeed, for all u € C we have

Qg YEmestnwy 2min—2 2mi %
g(u 4+ mwy +nwy) = f (6 T =fleM e ) =

= f (") = prf (7 ) = prg(u).

Hence, g € &,.
Conversely, if g € £, and z € C*, then the function
— (2L
1(2) = g (5= log )

is well defined because g admits the period wy and log z € C/2inZ. In other words we have

here that the composition of a multivalent mapping and a univalent one is a univalent
2722
w1

function. Hence, if we set g =€ , Img—f > 0, we obtain

flgz) =g (% log(qz)) =9 (wz + %log z) =
= pg (;%Tlogz) —pf(2).

Thus, f € Lgp.
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4. GENERALIZATION OF THE WEIERSTRASS (-FUNCTION

Taking into account the fact that o and g’ generate the field of elliptic functions, it
will be interesting to obtain a counterpart of g in the theory of p-elliptic functions.
Therefore, in this section we generalize the elliptic Weierstrass gp-function

where wy,ws € C, Imz—f >0, w = mwi+ nwy, m,n € Z. The proposed generalized
function will be a p-elliptic function.
Let p = €' and

If p=1, we have

We suppose further p # 1.
Definition 3. Let p = e'®, p # 1. The function of the form
@a(u) = ga(u) + Ca,

()~ (-5)
a\ &) € a\ T 5
9o\ 3 9o \" 3

et — 1 ’
is called the generalized Weierstrass p-function.

where

C(y =

We prove the following theorem.
Theorem 1. The generalized Weierstrass p-function oo belongs to &, with p = ' # 1.

Proof. Let us consider the derivative of g,,
eina
= —2 _—_—
2 oy
w

We have

ln/(¥ U’La
!
go(u+we) = -2 E 5 =2 E =
Wy — Mw; — Nw U — mw n—1)wy)3
mnEZ U Wy 1 2 m, nEZ 1= ( ) 2)
ei(n—l)(x

=2 Z (u—mw; — (n— Dwy)3 = ¢ga(u)

m,neEZ

Thus, we obtain

Galu +w2) — g, (u) = 0. 3)
Note that the function (g, + C) satisfies (3) for any C € C. Put
C = C,.

Then relation (3) implies
ga(u+w2) +C, _eia(ga( )+C ) :A
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where A is a constant. Let us define A. Setting u = —%* in the preceding equality, we
obtain

Ja (%) — e, (—%) + (1 =0, = A.

Taking into account the choice of C, we conclude that A = 0. Hence, we have
go(u+wz) + Ca =€ (ga(u) + Ca), (4)

that is we have shown that the function g, = go + C, is multi p-periodic of period ws.
It remains to prove the uniqueness of C,. We suppose that there is a constant C
such that the function (ga + C) is multi p-periodic of period wo, that is

Jo(u+we)+C = eio‘(ga(u) + C).
Using (4), we obtain C' — C, = ¢*(C' — C,), which implies C = C,. Let us now consider
the period wi. We have

ino

e
"(u4w)) =-2 =
9al ) mZn;Z (u 4wy — mwy — nws)3

e
-] =g (u).

Z (u—(m—Dw; — nws)3 9o (1)

Hence, ¢/,(u 4+ w1) = ¢, (u). We can deduce from this the following

ga(u+wl)+ca:ga(u)+ca+37 (5)

where B is some constant.
Let us now define B. Using equalities (4) and (5), we obtain

Jo(u+ w2 +wi1) + Co = ga(u +wa) + Co + B,

Jo(u+ w1 +we)+Cy = em(ga(quwl) +C’a) = em(ga(u) + Cy +B).

We can write B in the form

Go(u +ws) — 6mga (u) + Co (1 — 6m)

B = -
et —1

w
Setting u = —72, we have

g (G) e ()

et —1

According to the definition of C,, we can conclude B = C, — C, = 0. Since B =0,
equalities (4), (5) imply that the function p, = go+C4q belongs to &, with p = €', p # 1,
which completes the proof.
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5. GENERALIZATION OF THE WEIERSTRASS ( AND o FUNCTIONS

Let us now consider the function
1 eimx eina ueimx
u) = — ,
Ca(w) U+Z<uw+ w + w? )

where wi,wy € C,Im% > 0,w = mwy + nws, m,n € Z. The remainders of the series
converge uniformly on the compact subsets of C, see [4].

Differentiating (, we obtain g,(u) = —(.(u). Hence, po(u) = ga(u) + Co =
= Cq — ¢/, (u). We can rewrite (, as follows

1 ino 1 1 u 2 2
Ca(u)—u-i-ze Z(u—w+w+w2>’ m?® 4+ n? # 0.

neZ meZ

Fix n € Z and denote

m=#0
1 1 U
Xn(u)—Z(u_w w“rw2>, 77/750
meZ

Then, (, can be rewritten as follows

Calu) =Y €™ xn(u). (6)

neZ
Let f(u) =1— 2. We have J;l((;‘)) = ﬁ Hence, we obtain

RS i[5 DR,
/ C_WO/f(C)dclng log £(0)

for any branch of log f and specifically for the branch defined by the condition
log f(0) =log 1 = 0. Thus, we have

u

A:1og<175).

(—w
0

1
By A* denote C with radial slits from w to co. Integrating (Xo(t) - t) and x,,(t) along
a path in A* which connects the points 0 and u, we obtain

2

/U<X0(t)—1> dt = Z <log (1—5)4—54—;;2), (7)
0

m#0,n=0
2

/uxn(t)dtzz(1og(1—Z)+Z+2“w2>, n #0. (8)
0

mEeEZ
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Let us consider the entire functions
2

oo(u) =u H (1—%)e%+2u?,

m#0,n=0

_ WY et
on(u) = H (1 w)e 22 n#£0.
meZ
Using these functions, we can rewrite (7) and (8) in the form

/u (Xo(t) - 1) dt = log Uol(tu)7 /uxn(t)dt ~log o ().

0

If we differentiate these relations, then we obtain

_ oo(u) _ ou(w)
XO(U) - O'()(’U/)7 X'n(u) - O'n(’u,)
Taking into account such representations of x,(u), n € Z, we can rewrite (6) as follows
ina U’;L(u)
(u)=> e .
Calw) = 3 e 2

nez

Hence, @, can be rewritten in the next form

o) = 1 3 e )= 0o
nez n

Remark 1. If we consider the product [] on(u), then we obtain the Weierstrass o-
neZ
function. If & = 0, then (p is the Weierstrass (-function.

6. p-LOXODROMIC FUNCTION THAT CORRESPONDS TO THE GENERALIZED
WEIERSTRASS (-FUNCTION

Let us consider the function

(pg)"z 1
pp(z) = Z G-q)® gl <1, |g| <pl < i
neZ

Since |pq| < 1, ¢" — 0 as n — +00, and ’q‘ < 1, the remainders of the series converge

uniformly on the compact subsets of C*.
The function p, belongs to L. Indeed,

_ (pa)"az P
pp(qz) = T;Z (g2 — q")2 7% (z— qn—1)2
(pg)" 'z
= T a1 p(2).
P2 oo Y

The following theorem holds.

Theorem 2. If ¢ = 627”%, Im% > 0, then pp (e2mﬁ) = —lez@a(u), p=e 1.
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Proof. Let us consider the function

f(z):m iolk(qz_lﬂ)

nO k=

The remainders of the first series converge if |p| < W’ and of the second if |¢| < [p].
Hence, if |g| < |p| < ﬁ, the function f is meromorphic in C*. It is easy to verify that
the functions f and p, are connected as follows

pp(z) = —2f'(2). (9)
All points satisfying the equation
T =", neZ (10)

are simple poles of the function f ( iy ) If u satisfies relation (10), then (u + mw1),

m € Z, satisfy it as well. Thus, f (e%iﬁ) has the poles at the points w = mw; + nws,
m,n € Z.
Let now calculate the residues of f (QQﬂZ“’Ll) at the points w. If n > 0, then

. 2i U—w . n U —w w1,
lim (v —w (6 ) = lim — % = lim — T = — .
u—)w( )f u—)w(pq) 27”%1 _ 627”571 u—)wp 62“’”11 (u—w) _ 1 271

Similarly, if n < 0,n = —k, then we obtain

lim(ufw)f(e% )*hmp( W)< ; ! 1+1>

U—rw u—w 6727rzn—16727mnq .
. " (u —w) w1 g,
T uw i u—w) _q | 2mi
Thus, the principal parts corresponding to each pole w take the form %upfw

Since f (e”™"*1 ) is a meromorphic in C function of variable u, in virtue of the

Mittag-Leffler theorem [4] there exists a meromorphic function F'(v) with the same poles
and principal parts. That is there exists an entire function G(u) such that

f (62“@*‘1) = G(u) + F(u).

Applying the theorem of expansion into the simple fraction [4] to the function F(u),
we obtain

n

wr |1 u? p
F = — —_ JR—
(u) 2mi u+zw2u—w
w#0
Since the double series _ ﬁ is convergent (see [3], [4]), the series on the right hand
side of preceding equality is uniformly convergent on the compact subsets of C.

Hence, we obtain

T 1
f(2 WI):G(uH% E+Z%up—w . (11)
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Relation (9) implies
27 2 gy 27
pp<e wl) =—e" e f (e wl).
Differentiating equality (11), we have

2 n
2mi W1 Wi 1 D D
— 0, A w = 7G _— _— _———
Pr (P ' > 270 () 472 2 Z (oﬂ (u— w)2>

w#0
According to the definition of p, we can deduce
2
ami ) _ W1y w1
—pp (¥ ) = S5G (W) + 15 (palu) = Ca)
or this can be rewritten in the form
2 2
wi 2mi ) _ Wi Wi
hpalu) +pp (P ) = 500 — 256 (). (12)

The function on the left hand side of equality (12) is p-elliptic as the sum of two
p-elliptic functions. Thus, an entire function on the right hand side of (12) is p-elliptic.
Since |p| = 1 then (1) implies that every entire p-elliptic function is bounded in C. Thus,
by the Liouville theorem it is constant. The only constant function g € £, in the case
p # 1is g = 0. Hence, we can conclude from (12) the equality

wi

P (62”51) =~ 59alu).
P A2
This completes the proof.
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p-EJIIIITUYHI ®YHKIIIT
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Busueno p-enintumani dynkuil (mepomopdui y C dynkuii, mo 3a1080/15-
uaoTs ymosu g(u +w1) = g(u), g(u + w2) = pg(u), wi,w2 € C, Im22 > 0,
p € C\{0}). ¥V Bunaaky p = 1 — me kyacu4na Teopisd eminTuaHux (GyHKIIH.
HoBemeno 38’430k p-eminrudHux GYHKIIN 3 P-JIOKCOAPOMHUMHE. Y 3araJIbHEHO
eminTrany p-dyukmiio BeitepmiTpacca. 3HaiigeHo p-JI0KCOAPOMHY (BYHKILIO,
saKa BiamoBinae ysarasabHeniil p-ynknii Beitepmrpacca y sumanky |[p| = 1.

Karouosi crosa: p-emintwana byHKIsd, E-byarmis Beitepmpacca,
p-s10kcoapoMHa (yHKIisA, y3aragpHeHa ©-dyuknia BeitepmTpacca.
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OYHKIIOHAJIBHE UNCJIEHHA HA AJITEBPAX TUITY
BIHEPA TA MOI'O JU®EPEHIITAJIBHI BJIACTUBOCTI

Oubra M’AYC

Haugonanvrut ynisepcumem "Jlveiscvra nosimexrnika”
eya. Cmenana Bandepu, 12, JIveis, Yrpaina
e-mail: myausolya@mail.ru

IlobymoBano dyukmionansue uncienns Xiane-Pinninca-Bamakpimuana na
anrebpax tumy Binepa obmerkeHnx aHAMITHYHAX (DYHKINI HA OMMHUYHIN Kyl
y KJIacax y3araJibHeHuX (DyHKIII Ta O/iepKaHi oro mudepeHtiaabHi BIacTh-
BOCTI.

Karowoei croea: y3arambHeHA (DYHKILS, OI€PATOPHE HUCIEHHS, T€HEPATOD
rpymu, aarebpa tuny Bimepa.

1. Beryn. Ilepersopennsa

oo
G / U (t)adt, (1)

“oo
ne U(t) — rpyma omeparopis, HasmBaioTh nepersopenaam E. Ximne, P. ®@imnimca Ta

A. BanmakpumiHaHa, sike BOHM BHUKOPUCTOBYBAJM JIJIsT TIOOYAOBU (PYHKITIOHATBEHOTO THC-
sensst [1, 2, 3] reneparopis Cp — rpyIm onepaTopis y 3ropTKOBUX ajrebpax Mip.

3a jgomomororo neperBopeHb Buris Ly (1) Ta ixmix ysarambHeHb y [2] mobygoBano
dyHKIIIOHATIbHE YUCTEHHSA T€HEPATOPIB CHIIBHO HEMEPEPBHUX IPYI OMEPATOPIB y KIacax
obmexkenux GyHkuii, y [4, 5, 6] — y neBHux Kjacax ysarajdbHeHUX (DYHKIIH eKCIIOHeHI-
AJILHOTO THITY, 30Kpema, v [6] — Ha Ganaxosux anrebpax Tury Binepa obMerkeHWX aHAJI-
THIHUX QYHKINNH HA OMUHUYHIN Kysi. 3ayBaXKuMo, IO 38 JOMOMOTOK TEPETBOPEHHS

o0

T= / U (t)xdt,
0
ne U(t)— mierpyma omeparopis, y [1, 7] Ta inmmx npansx Gyayrors byHKIIOHATBHE THC-
JIEHHS D€HEPATOPIB IIBIPYII OLIEPATOPIiB.
Ockinpkn mpocTopu GyYHKINH excrnoHeHnianbHoro Trny [8, 9] imBapianTHi momo
omepaTopiB AudepeHI0BaHHS, TO Take (DYHKIOHAIBbHE YUCTeHHS MA€ AesIKi nudepeHiii-
aJIbHI BJIACTUBOCTI, SIKMX HEMAE y KJIACUIHOMY (DyHKIIOHATIHLHOMY “HCJIEHHI OIIepaTopiB.

© M’syc O., 2016
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Mera mammol mpami — nobyayBaTu (hyHKITIOHAIbHE YUCIeHHs Ha OAHAX0BUX aaredpax
tuny Binepa aug inmmx, Hix y [6], mpocTopis y3araspbHeHnx OyHKIIH Ta BU3HAYNTH HOT0O
JudepeHIfianbHi BIACTHBOCTI.

2. Posnoainu ekcrioHeHIjiajgbaoro tuity. Hexaii L1 (R) — 6anaxis npocrip cy-
MoHnx dyrKIiil (t) nificroi 3uminmoi ¢ € R 3 HopMmow |[¢||z, = [ |@(t)]dt. dxmo
©, € L1(R), 10 BU3HAYEHA 3rOpTKA

(o 0)(®)i= [ pls)itt - ) ds.
R
IMpocrip L1 (R) € Garnaxosoio aarefpord CTOCOBHO 3TOPTKH.
Hexait L(lm’a’w)(R) — mpocrip cymoBHUX bYHKIIH ¢(t) 3 HOPMOKO

oo
H@HLyH«w)(R) = / [t™w(at)p(t)|dt < oo
—o00

npu dikcoBanux m,a (m =0,1,2,...;a > 0), ge w(t) (—oo < t < 00)— Liaa TPAHCIEH-
JmeHTHa (DYHKIS HyJIHOBOIO POy, KOPEHI SKOI JIeXKaTh HA yABHIN momarTHiil miBoci

w(t) = oﬁ (1- é)
k=1

o0
1
C=const, C>1, 0<t;<ty<tz<..., Z—<oo,a60w(t)zl.
P
Hns xkoxknoro v > 0 y mpocTopi LY”’LL"’J)(R) pu3HaumMo [10] Ganaxis mimampocTip

(m,a,w) (m,a,w) HDkQOHL(lmﬁww)(R)
Blma) {<p(t) er! (R) | [|ll pormwer = sup i < 00}7
v kEZ v

SAKWI € ITHBAPIAaHTHUM CTOCOBHO omeparopa nudepeniioBanas D = %, TOOTO AKITO @ €
E,(,m’a’“’)7 To Dy € Eﬁm"a’w), BKJIAJIEHHS ESme) o Lgm’a’w) (R) izomerpuane [10]. Hexait

Bme) = | | B = lim indy | a0 B

— 00’e¢qHAHHS ITPOCTOPIB 3 TOMOJIOTIEI0 iHIYKTUBHOI IPAHMII CTOCOBHO HEITEPEPBHUX BKJIA-
JeHb E,Sm’a’w) - El(fn’a’w)7 ae v < p. Tpocrip E(™®%) manexuth o61acTi BUSHAYEHHST
omneparopa gudepentiopants D ra € iHBapianTHUM 110710 oro aii [10].

Y Bunagky m = 0 Ta w = 1 oTpuMy€EMO TPOCTOPHU

k
&= {p(t) € LiR) | gler = sup Ll T oo} ma Ei=U,ue "
kEZy v

IIpocrip € ckitapaerbes 3 ycix ninmx aHasgitnunux ¢yskuiii Ha C ekcrionenmiaib-
HOTO TUITY, 3BYYKEeHHs AKUX Ha JificHy Bich R mnanexurs L1 (R). Oueparopue uucients y
IbOMY KJtaci (PYHKIIM Ta y Kaaci JiHIfTHIX HenepepBHUX (DYHKIIOHAJIB Ha, HhOMY BHBYEHE
y [5]-

Bsenemo [10] mpoctip

E = ﬂ Emaw) — Lim prm,aE(m’a’w)
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3 TOTOJIOTIEI0 MPOEKTUBHOI I'PAHUITN, BIOPSIKYBABIIT M, @ TaK, MO0 BKIAIEHHS
Elmtlatle)  pOmew) Gy penepepsruvu. 3rizao 3 [10] npocrip E cekpenmiambo
noeruit (nws. |9]), imBapianTHE cTocoBHO mii i3oMerpwuHOl rpymm 3cyBiE Ts @ o(t) —
o(t—s), s € Rua Li(R).

Yepes L(F) no3nauaeMo aaredpy JiHIHHUX HEIEPEPBHUX OIIEPATOPIB HAJL IPOCTOPOM
FE 3 cuabHOIO 0OnIepaToOpHOI0 TOTOJIOTIE.

Enementn cnpsikenoro npocropy E' masmusaemo [10] ysaranprenmvmum dbyHKIIsIMEA
eKCIIOHeHIianpHoro tumy. Ilpocrip E/ — IOKaIbHO ONYKIHMH JIHIHHWHA TOMOMOridHmil
npoctip. ¥ [10] aoseneno, mo E’' € impapianTHUM mom0 mudepeHIiIOBAHAS, TOMY KO-
PEKTHO BHU3HAYEHA ONepallisa AudepeHIriiOBaAHHsI

k k/pk
(p| D%) = (-1)"(D"¢|g), kel (2)
nng Beix gyHkmionanis g € F' 1 Beix mimmx dyskmiii ¢ € F #Ha R eKCIoHeHIiaIbHOro
runy. Onepauito sroprku ¢ynxuiii f € E' Ta ¢ € E Busnauaemo popmyiow0
(fx@)(t) == (ot =) | fs)) = (Tsp(t) | F(1)).
VY [10] moseneno, mo ast kKoxkHOI f € E' onepaTop 3ropTku
Ki: Es¢p— fxo 3)
HanexkuTh ipocropy L(E), 3a10BONbHAE CHIBBITHOMEHHST

KT _p=T_ Ko Ve E, Vs eR, (4)

i maBmaxu, siximo oneparop Ky € L(F) 3amosonbHae yMoBy (4), T0 icuye equuuii GyHk-
ujonan f € E’ rakwuit, mo oneparop Ky maGysae Burmsany (3).
Broprky dyukmiit f, g € E' Buznauaemo [10] dopmymoro

(pl fxg)=[f=(gx9)]0) VeeE.
Toni [10, 11]
(frg)xp=fx(gxp) VfgeE, pek,
E’ — rononoriuna anredpa 100 3ropTKH

E'xE'">(g,h)— gxh € F,

a E — i1 sropTkoBa miganrebpa.
Ba Bigomoro reopemoro Ieitni-Binepa—IlIsapua [12, c. 175], ®yp’e-obpas

oo
B {p© = [ el €em o€ B
—oo
npocropy E 3 ingykTuBHOIO TOmosoriero npu neperBopenni @yp’e
F:E>p— €k
CKJIAJAEThCA 3 HEeCKiHYeHHO mudepenmifiopanx diniTanx yuxmiit #a R. Tomy
E c D(R), (5)

nme D(R) — kmacwarnii mpocrip ocaosanx ¢ynkmii [Ilsapna. 3rigao 3 [10]

Flgxh)=gxh=3g-h, gheFE
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i TO,HI Dyp’e-0b6paz E npocropy E' — Tononorqua anredpa 3 MOTOYKOBUM MHOKEHHSIM, a,
E - ii niganre6pa Mmoo MHOMKEHHs; <E | E ) YTBODIOE HOBY Jya/bHy Hapy, mo € ®yp’e-
obpasom ayambroi mapu (E | E).

3. Aurebpa Binepa W, (B). Hexait X — Ganaxis pedmexkcusuuii npocrip, X' —
MyaJbHuil 10 Heoro; B(X ™) — cykyunicrb obMmexkenux n-ainiinux pyukunionanis na X" =
X x...xX; B(X}) — cykynuicrb ycix cumerpuanux n-ainiinux dbysxionaais h, To6To
Takux, wo h(r1,...,2,) = h(Ts;,...,Ts, ) I KOKHOTO enieMenTa § = (81, ..., Sy ) TPyIH
G,, mepectanoBOK MHOKUHH {1,...,n}; P"(X) — cykymHicTs n-onaopinanx dbyHKIiOHA-
ais f: X — C, To6T0 Takux, 1m0

f)=(hoA,)(z) VxeX tageakoro he B(X"),

me A, —sraagenns X B X" acame A, : X — X" (x— (z,...,2)).
Anrebpuununit mpoekTHBHUIT TeH30pHMIT 10OYTOK N mpocTopiB Banaxa

X" =X®...0X

CKJIQJIAETHC 3 YCiX CKIHYEHHUX CYyM

U:Z$1j®"'®$nj, (L’ijEX, 1=1,...,n, jGN (6)

31 3Buyaiinumu anrebpudanumu onepaniavu [13, 14].
Hexait X&" — anre6puynuii Tenzopuuit 106yTok X ©" 3 mpoexTHBHOI0 HOPMOIO [13]

[ullr = mfz sl - llns]l-

Tyt indimym npuiimaemo 3a Bcima cKindeHHumu 300paxkentsavu (6),

X/®" — npoekTuBHME TeH30pHU NOOYTOK AyaabHUX ODanaxopux npocropis X' (Bi-
nomo [3], IV.9, [15], mo X/®" € samknenum migmpocropom mpocropy (X2™)');

(u| F!) — swauenns miniitnoro dbynkmionany F) € X/'®" ua u € X2";

1 O...0z, = % Zs:(sl, 5n)EGn Ts1 X ... ® x5, — €JIeMEHTH CHUMETPUIHOIO
[POEKTUBHOTO TEH30PHOTO JI06YTKY X O

" i=r0...0ze X" 20:=1€C VzelX.

Brigno 3 [15] koxuoMy bymKIioHANy F), € X;@"’ BiATIOBiae enuHUI N-OXHOPI THUAIT
nosinom F, [16, 17] rakwuii, wo

F,(z) == (z®" | F!) nna seix z € X.
[MTozramMo
PrX)={F,: F, e X}°"}, n=1,2,..., P2X) =C.
Ha P (X) Busnagaemo HOPMY
1Foll i= | Folley Y, € X0

Ta ofepxxyeMo izomerpiio PP(X) ra X/©" [18, Prop. 1|. Baysamumo, mo P2(X) C
P (X).
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Kopueryrounces noaibauM o3HadeHHsiM Juist npocropis T'umsGepra 3 [19], v [20] Bre-
nera aarebpa Binepa

Wr(X) = {F = > FuiF, ¢ P;‘(X)}
neZy
31 ckingernoo mopmomw ||[F|| = Y || F.]l.
nely

IMpu X = C orpumyemo kjaacuuany anredpy Binepa.

Hexait B = B(X) = {z € X: ||z]| < 1} — Binkpura onunuuna kynst 8 X. 3rigno 3
[18], W, (B) — 6araxosa miganrebpa 3 oquHATEIO anreGpy BCiX 0OMEKEHNX AHATI THIHAX
dbywxuii va B(X).

VY [21] mocnimzkeHo BacTHBOCTI CeKTOpiaNbHUX onepaTopis Ha anrebpax tumy BiHe-
pa. OyHKITIOHAIbHE YUCIEHHS 1 T€HePATOPIB CUTLHO HEMEPEPBHUX TPYT 130METPUIHIX
MHIAEUX omepaTopis, mo AiTh Ha anreOpi Binepa W, (B), moGyaosanre B [6] y @yp’e-
obpazax npocropis £ Ta £'. Tyr 6yayemo ioro y ®yp’e-obpazax npocropis F, E' Ta
BU3HATAEMO AU epeHniaibHi BIACTHBOCTI 10OYI0BAHOIO (hyHKIIOHAIBHOTO IUCACHHS.

4. @OyukiioHajdbHe YyuciaeHHs: Ha auarebpi Bimepa. Hexait U; (t € R) — Cp-
rpyna miHifiHux i3oMerpuanux omepartopiB Ha X 3 reneparopom —A. Toni Ha amrebpi
W, (B) xopekTrO BusHaueHa [18] Cy-rpyna izomerpuaHnX onepaTopis

UF(z) = F(Uyz), xz€B, FecW.(B).
Taxox U, € IPYTIOI0 aaredpwIHuX aBTOMOp(di3Min
U(F - G) = (UF) - (UG).
Cupasni, ockimekn F -G = ) ( i Fy - Gn_k), TO
n€Zy k=0

U,(F-G)(z) =(F-G)(Ua)

> ) FulUiz) - ok (Up)

n€Z4 k=0
=Y Fu(Uwx) Y Gu(Usz)
nely nely

= (U,F)(2) - (U,G)(z), =€ B.

IMozuagaemo gepes L(W,) 6anaxoBy anredpy Bcix oOMexkeHUX JIHIFHUX oneparopis
Ha W,. Hexait A" — cipsxennit 1o A, I’ — onpawunmii oneparop B X',

Ay=T'®.. ' Ael'®...0I j=12,...,n Ay=1I,

—— ——
Jj—1 n—j

—A — reneparop rpynu Us.

5. BuacruBocri ¢dinitanx ¢hyHKMii Bijg omeparopa A. Jlna koxxHOI @ € E
BHU3HAYAEMO OTIEPATOPH

B(A) = / Usp(t) dt,
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A =I'®.. ') el'®...0I', j=12,...

[(P( J)} ® ® ® [QD( )} ® ® ® 9 j )<y 7”3
j—1 n—j

e [@(A)]/ — cupsaxennii gjo p(A) € L(X), [@(Ao)]/ =1,

Oneparopn $(A) ta [B(A)] obmexeni ma X i X, O™, BianosigHo.
Brigno 3 [18]

AF(z)= > <x®”

neZy

a 3a reopemoio 1 [6] musa koxuoi @ € F oneparop @

(
PAF(x) =Y <x®" Z[@(Aj)]'Fé>, reB, FeWsy (7)

n€EZ4 7=0
HAJEXKUTH 110 Oanaxosoi anrebpm L(W).

Teopema 1. Jlaa dosiavhuzx p, v € E

(DF@)(A) = A (A), k=1,2,..., (8)
(¢« 0)(A) = B(A)D(A). 9)

Josedennsa. JloBenemo criouarky mudepeHniagbay BaacTubicTs (8). djist J0BIIbHUX © €

—_— ~

E, F € W,, x € B snaiinemo (Dy)(A)F(x). 3rinao 3 o3Ha9€HHAAM

—  ~ n — /
DADFE) = <x@“ > (Do) F;>
n 3=0
n — !/
— On 4 / ! Il
= <z ZI ®...01 ®[(D¢)(A)} I'®...ol Fn>
n€Zy 7=0 / n—j
J
BUKOPHCTOBYIOUN BJIACTHBICTE IPYTH, JOBOAUMO, IO
(Dp)(A) = [U(De)(t)dt = — [ DUp(t)dt = AG(A),
R R
TOOTO /\
(Dp)(A) = Ap(A). (10)
Toni (Dy)(A)F () nabysae Burmsty
(De)(A)F(z) =
_ On U U ~ / ! I nli o
=> <:c ‘ZI ®..0I [AP(A)) ®I'®...® T Fn>
n€EZy 7=0 7 n—j

- X (| Sparar) - ¥ (e S ater ).

nely 3=0
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Hna nosinbanx y € D(A’) maruvemo

=N e @l a0 A PA) Yy @ I'yn ®... 0y, =
j=1

n
> A (I’yl ®... 00y 1@ PA) Yy @Iy ..o I'yn).
j=1

o~

Bpaxysasum osnauenns A ra $(A) € L(W,), onepxyemo

—

(Dp)(A)F(x) =
S (2o an% > (I’@...@I’@[@(A)]’@I’@...@I’)(F,’Z,Sl®...®F,’L’Sn)
neZy E=0 " (s1,...,50)€Cn T T
=2 <~T®” > ALY [@(AJ)YF'> =
nEZy k=0  j=0
=4 ¥ (2| X [BA))F, ) = AG(A)F(a),
nezy j=0

a oTXxKe, 1y noBiipHUX p € B, F e W, x € B
(Dp)(A)F(x) = AG(A)F(x). (11)

Tak camo ays1 AOBLIIBHO BUOPAaHOTO kK, BPAXOBYIOUH, IO (D/"\gp)(A) = AFZ(A) [11] Ta
MOTIEpeTHI TIEPETBOPEHHS, MAEMO

— o — /
DF)AF@) = Y <x@" [ [@Fe)) F,3> -

neZy §j=0

n€EZy

= AF Z <$®"

neELy

n
Sre..el'e[AeA) el'e.. . ol'F,) =
= —_—

n—j

YI'e..el'@Alel's..l'F, )=
= \___—V'f__J

n—j

<.

= A" N <x®" . @(Aj)p,;> = AF B(A)F(x).

neZ,y §j=0
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Jns moBinbHUX 0,1 € E Bu3HAUEHO € 3ropTKa (byHKINH ¢ ¢ € E,
P(A)Y(A) € L(X) Ta Bimoma Bractusicts (¢ * ¥)(A) = P(A)P(A) [11].
Hns mosinbuux @, € B, F € W, x € B 3naiineMo

(px ) ADF@) = > <x®" > [(W)(Aj>}'F;> -

ne€Zy j=0

-5 (o

I'g..@l'® (m)(A) /®I’®...®I’F{L>:
)3 | [ere or

n—j

J

—e

nely

n R /
I'e..ol o(A)v(A I'e...@I'F! ).
Yl @ [pui) sl'e. .o >

n—j

J
3BijicH, 9K IpW JOBEJIEHHI TOMEPETHBOI BIACTUBOCT, OTPUMYEMO

(px)(A)F(z) = P(A) P(A)F(z)
nng poplibnux F € W ta x € B, a orxe, Bnacrusicts (9). Teopema nosesena.
O

6. ¥YsaraabpHeHi (pyHKIIil Big omepaTopa A ra ixHi BIacTHBoCTi. BusHatumo

TTOTIOBHEHH T
EW,) = E®; W,
TeH30pHOro 100yTKy F @ W, 3 BiAMOBiAHOIO MPOEKTUBHOIO TEH30PHOIO HOPMOIO.

3 Bimomoi Teopemu I'porenika [3, ¢. 122] mpo 300paskeHHs €JI€MEHTIB TIPOEKTHBHOTO
TEH30PHOTO JOOYTKY BHILIHBAE, IO A1t KoxKHOL F' € E(W;) icaye Habip ¢; € E, j € N
TaKW#, 0 paau

F=) F®p; FiecW, ¢/cE (12)
jEN
abcomoruo 36iratorhea B E(W,). Koxkuuit enement F € E(W) € W-3nadna uina GhyHk-
IIisl eKCIOHEHIIaIbHOTO THILY

Rt Fla,t)= Y Fj(z,t)= Y Fij(z)®¢;(t), Fj €Wy ¢,k
JEL4 JEL+
Orxe, BU3HAYEH] eJIeMEHTH
F={>" Gj(A)F;: F;e€Ws, ¢;€E}eEW,),
jez+
e {5](;1) BusHaueHa dopmymnorw (7).
IlizmpocTip
E(W,) = {ﬁ; Fe E(WW)}
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TOBHMUII OO HOPMH, iHIyKoBaHoi BinoGpaskennsy E(Wy) > F — F € E(W,) (1oBo-
JIUThCS AK JteMa 5 y [4]).

BusHaunMO 3ropTKy PO3NOMLTY eKCIOHEeHIIaabHoro tuy g € E' i W -3nagnol nimol
byuxii excorernianbroro THY F € E(W)), momanoi 3a gomomorowo paxy (12)

(Fxg)(a,t) =) Fi(z)@(gx¢;)(t), x€B, teR, (13)
JEN

ze g * ¢ — 3ropTKa posnoniny g € E' i p € E.

Miznpocrip E(W,.) iHBapianTHHI MOA0 KOKHOTO

}/(\'g:f(gﬁ::F/*\g, gecFE

(TOBOIUTBCA 3a CXEMOIO JOBeJIeHHS jtemu 6 i3 [4]).

[Mosnawaemo gepes L {E(WW) anrebpy BCix 0OMEKEHWMX JIHIHHUX OnmepaTropis Ha
IpocTOpi E(Wﬂ) 3 CHJIBHOIO OIepATOPHON TOIOJIOIIE0.

Insa g € E' suznaaumo Jninifinuii onepaTop ﬁ(g) dopmyioro

G(A): E(W,) > F = D %ilA A)F; — G(A)F,

e (14)
GAF = (g7 p))(A)F; € E(Wy),
JELy

Teopema 2. Bidobpasicerns
B 55— §(A) € £ [E(W)
€ HENEPEPEHUM 20MOMOPPIZMOM aA2e0PU E na L [ (W, )} Maa dosinonoi g € E’

(Dkg)(A) = A*G(A), k=1,2,..., (15)
de noxiona Dg ysazasvnenoi dynxyii g susnauena gopmyaoto (2).

/losedena. 3a BIACTHBOCTAME 3TOPTKH Ta 3 O3HAMEHHS TPOCTOPY E onepxyemo, 1o
K . E — E. 3a osnavennsm E(W,)
Fm 5 F y mpocTopi E(WW) TOAl 1 TINBKY TOI, KON
F™ — F y upocropi E(W,), m — oo.

ko xx F™ — F, m — ooy npocropi E(W,), ro 3a HeHepepBHiCTIO K, martumemo:
K F™ — K, F, m — 0o y npocropi E. SBI,D;CI/I 3HOBY 3a O3HAYEHHSIM E(Wﬂ) OTPUMYEMO
KFm—>KF m — oo. Mu 3’acysaiu, LLLOK € L(E).

Jna nolIbHEX y3aragbHenux yHKIIR f, g i3 piBHOCT

Kig = Kp K,
BUILTHBAE
Rpvy = ByR,.
Orxe, mobymoBaHe GyHKIIOHATBHE YHCIEHHS peaidye anrebpuanuii romoMopdizm

i3 3ropTKOBOI anredOpu y3arajabHeHuX (PYHKILH Ha anredpy HEIepepBHUX ONEPATOPIB HAT,
upocropom E(W,).
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[To6 moBecTu HemepepBHICTH (YHKITIOHAIBLHOTO YUCIEHHS, BUKOPUCTOBYEMO, IO ¥
npocropi E' tononoria inaykyerbea 3 E', a B mpocropi E’ 330aH0 ¢1abKy TOIMOMOTIIO.
Orok, TOCTAaTHBO HOBECTH HENEPEPBHICTH BiTOOPAKEHHS

E'5 g — G(A)F € E(Wy) s koxuoro F € E(Wy).
3a BJIACTUBICTIO 3TOPTKHU OEPKYEMO HETIEPEPBHICTD
E'>9— K, L(E(Wy)),
a 3BiJICH TAKOXK HENEPEPBHICTH BiIOOpaKeHHs
E'>g— G(AF € E(W,).
ko g, — g y npocropi E’, To
(I® K, ) F—(I®K,)F

~

y mpocropi E(W,). 3 osnauenns E Marumemo Kgmﬁ — IA(gﬁ y mpocropi E(W,). Otxe,
BiH0OparkeHHs

E' 39— K,F € E(W,)
€ HEelePEePBHUM.
Hosegemo nudepenujanbuy saacrusicrs (15). Bukopucrosytoun oznavenns (14)
y3arasbHenol GpyHKUi Bl oneparopa, jig aosibaux g € E') F € E(W,) marumemMo

(Dg)(A)F = Y (Dg* ;) (A)F; (16)
JEZT
3 gearnmu byHKRIigMu I € Wr, ¢; € E. 3a BAacTHBOCTAMHI 3TOPTKA
Dgx ¢ =g* Do = D(g* ).
Hna xoxnoi F; € W, marnMeMo
(Dg * @;)(A)Fj(z) = D(g = ¢;)(A)Fj(x)

i mi gynkmii usHagaoTses Gopmymnown (7) (ockinbku g * ¢ € E ana gosinbanx g € F/,
p€E)

—

D(g * ;) (A) Fj () =
=2 <x®" > [D@j><Ak>]'F;> -
n€Zy k=0
- " . I’®...®]’®[D(/;j)(A)]’@@I’@...@I’ F,’L>

k n—k
s Beix ¢ € B. 3a posenenum y [10]

D(g*¢;)(A) = A(g*¢;)(A),
3BIJIKM IIONEpEeIHIN BUpa3 HaOyBae BUIISIILY
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) <x@n

neZly

%I’@...@I’@[A(g*¢j)(A)]/®I’®...®I’ F,;>,
= k n—k

a ocranHiil, 4k npu BupeieHHi BiactuBocti (8), mopiBHioE

I;JF@...@I’@[(g*gpj)(A)]/(@I/@...@I/ F,’l>=

=4 <x@” Z[(@)(A@}'FQ=2<g/*?j><ﬁ>Fj<x>7 reB.
neZy

Mu noeesu, 1110

o~ o~ PN

(Dg *9;)(A)Fy(x) = A (g ;) (A)Fj(x), x € B.

3sincu, Ha migcraei dopmyn (14) ta (16), oneprryemo GazkaHy BiacTusicTs (15) npu k =
1. Bummagox k = 2,3,... po3IIdIaeMO gK IPH J0BEIeHHI TeopeMu 1 i3 BEUKOPHCTAHHAM
BIIOMEX BiAIOBimHUX BaacTUBOCTEH (DyHKIIH onmepaTopa A Ta BIACTUBOCTEH 3ropToK. [

10.
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Hille-Phillips-Balacrishnan functional calculus on Wiener algebras of
bounded analytical functions on unit ball and its differential properties are
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BU3HAYEHHS{ MOJIOANINX KOE®IIMIEHTIB
ITAPABOJITYHOI'O PIBHAHHA
B OBJIACTI 3 BIVIbHOIO ME2KERO

Taguna CHITKO

Incmumym npuraadruT NPobaem METAHIKY | MAMEMATIUKY
im. H.C. Ilidempuezawa HAH Yxpainu,
eya. Howc. dydaesa, 15, 79005, JIvsis, Ykpaina
e-mail: snitkog@ukr.net

3’gCcoBaHO yMOBHU OTHO3HAYHOI PO3B’sI3HOCTI 0OEpHEHOT 3a/1a1l BU3HAYEHHS
3a/IeKHUX Bi 9acy KoedImieHTiB mpu mepImmx MOXigHux HeBimomol (yHKIHT
y ZBOBHMIDHOMY IapabO/iYHOMY DIBHAHHI B 00J1aCTi, PO3TAILYBAHHS YaCTUHA
MeKi K0! BU3HAUAETHCS HEBIJOMUMHY 3aJI€KHUME Big dacy yHKIHAMMA.

Kamowoei crosa: obepHeHa 3ajiada, BlIbHA MeXKa, l1apabosivHe PIBHAHHS,
dyukmia ['pina.

Mu pocmimKyeMo 3aaady, dKa MOEAHYE ABA TAMH 33,1349, a caMme, KoedimienTHy odep-
HEHy 33Ja49y 1 33349y 3 BLIbHOIO Merkero. KoxkeH i3 IuX THIB BUBYAJJIN PAHIIIe, TPOTe
TXHE TIOEIHAHHS B OJHI{ 3amaul HemoCTATHHO BUBYeHe muTaHHs. Y [1]-[4] mocmimskeno
obepHeHi 3a7a4l BU3HAYEHHST 3AJIEIKHOTO BiJl 9acy KoedIlieHTa TPU MOJIOAIIH TOXiTHi i
HeBioMol byHKIT B OMHOBUMIPDHUX MApa0OivYHAX PIBHAHHAX B 00JIaCTSAX 3 BimoMuMmu
MeXKaMU. 3aMiHOIO HE3AJEKHUX 3MIHHMX 3374491 3 BIIBHAMH MEKAMH MOXKHA 3BECTH JI0
KoedimienTHEX 0DepHEHNX 33434 B 001acTax 3 (pikcoBaHuMHU MexKaMu. Taxwil miaxim Jae
3MOTY 00’€THATH IBa TUMHU 33039 — KoedillieHTHI 00epHeH] 337a4i Ta 334341 3 BUIbHUMHI
MeKaM¥ B ofuH. Y Tipansx [5]-[8] 3HaiieHo yMOBH OMHO3HAYHOT PO3B’SI3HOCTI O0epHEHHX
3a/1a9 BU3HAYEHHS 3aJIEXKHUX Bifl 9acy crapmmX KOediIieHTiB B OIHO- Ta JBOBUMIDHUX
mapabomiuHuX PIBHAHHAX B OOJACTIX 3 BiMbHEMHU MexKaMu. JlocmimgKeHHsS OOepHEHHX
33034 OJId ABOBUMIPHUX HapabOIivIHUX PIBHSIHD 3 HEBiIOMUMH 33aJI€KHUMH Bil 9acy MO-
JoaiuMu KoedinieHTaMu B 001aCTAX 3 BUIBHUMH MEXKAMH € aKTYaJbHUAM.

1. ®opmymoBanHs 3aga4i. B obnacti Qpr = {(x1,22,t) : 0 < z1 < [(¢),
0 < a2 < h(t),0 <t <T} mel=1It), h =h(t) — uwesimomi yHrHil, posrasggaemMo
obepreny 3aja4y BusHadenHsa koediiienTis by (t), ba(t) napaboniunoro piBHsAHHS

up = Au+ by (t)ug, + ba(t)us, + f(21,22,1), (71,22,t) € O, (1)

3a yMOB

u(xhxg,()) = Lp(l'17$2)7 (51317562) € [07l(0)] X [O,h(O)], (2)

© Chuitko T, 2016
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U(O,l'gﬂf) = /u‘l(x%t)a u(l(t)7$27t) = NQ(xZ,t)v (x2>t) € [Ov h(t)] X [OaT]a
w(ry,0,t) = pg(z1,t), w(zy,h(t),t) = palx1,t), (x1,t) €10,1(¢)] x [0,T7, (3)
h(t) 1(t)

v(t) = - / iy (1(8), 2, s + pis(t), M (t) = — / gy (21, B(t), D)y + 1o (8),
0

o

1(t) h(t) 1(t) h(t)
/ u(xy, 22, t)dradry = pr(t), / /xgu X1, To, t)dredry = psg(t), t € [0,T]. (4)
0 0 0

1

)y 2 h(t)

3 HEBLIOMMUMHI (l(t)vh(t)7b1( )762(t)7v(y17y2at))a Je v(y1,y2,t) = u(yll(t)7y2h(t)ﬂt)a B
obmacti Qr = {(y1,y2,1) : 0<y1 <1,0<y2 < 1,0<t < T}

o

3aMiHOI0 3MIHHUX 1 = sagaqy (1)—(4) 3BoauMO 10 06epHEHOT 33,1341

B 1 1 b1 (f) + yll’(t) bg (t) + ygh/(t)
Ut = %Uylyl + hT(t) Vyays l(t) Uy, h(t) Uy, +
+f(y1l(t), y2h(t), 1), (y1,92,t) € Qr, (5)
v(ylv Y2, 0) = @(yll(o)a th(O))a (yla yQ) € [Oa 1] X [Oa 1]7 (6)

v(0,y2,t) = pa(y2h(t), 1),  v(1,y2,t) = pa(y2h(t),t), (y2,t) €[0,1] x 0,77,
’U(ylaO?t) = M3(yll(t)’t)a U(ylv 17t) = /~L4(yll(t)at)v (ylvt) € [Ov 1] X [OaT]a (7)

I't) = —};(tt)) /lvyl(l,yg,t)dyg +ps(t), tel0,T], (8)
0
= (tt/lva (y1,1,t)dy; + pe(t), t€10,7], (9)
0
lt)/l/lv (Y1, Y2, t)dy1dys = p7(t), t€[0,T7], (10)
00
t)/l/lyzv (Y1, Y2, t)dyrdys = ps(t), t€[0,T]. (11)
00

2. OcHOBHI pe3yJibTaTh. Y MOBU HA BUXIIHI TaHl, 33 IKUX ICHYE €IUHUI PO3B 30K
zagaui (5)—(11), 3a3Ha4eH] B TAKUX TEOpEMax.

Teopema 1. Ilpunycmumo, wo BUKOHYOMBCA YMOBU:
1) f € 0%0,00) x [0,00) x [0,7]), ¢ € C¥Io,
€ C23([0,00) x [0,7]), i = 1,2, p; € C>1([0,00
ur € C[0,T], k=5,6, u, € CH0,T], n=1,8;

N—

X
k=)
=3
:./

o

Il
uc.o
q»-lk
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2) f(xlaw% ) Oa (1’1,%2, ) [0 OO) X [O,OO) X [O7T]v 0 < ®o < (19(1'1>$2) <
1 < o0, (x1,22) € [0,00) X [0,00), @u (x1,22) > 0, @u,(x1,22) > 0,
($1’x2) € [Ovl( )] X [ (O)L 90w1(x1>$2) - @Il(ml’h(o) - :L‘g) > 0)
es(1,1(0) = 22) = a1 2) > 0, (1,02) € [0.100) % 0.42). () > 0,
n="18,tel0,T];

3) ymoeu Y32002CcenA HYABOBO20 A NEPULO20 NOPAIKIG.

Todi moorcna 3asnavumu maxe wucao Ty, 0 < Ty < T, ake susHauaemsves euwﬁ?uu—
mu danumu, wo icnye pose’asor (I, h, by, ba,v) € (CH0,Tp])? x (C0,Tp])* x C*H(Qq,),
1(t) >0, h(t) >0, t €[0,To], sadawi (5)-(11).

Teopema 2. Hezatli 8uKoHyombCa Yymoeu:
1) f € CH9([0,00) x [0,00) x [0,T]), p; € C>([0,00) x [0,T]), i = 1,2,

pj € C*H([0,00) x [0, T]), j = 3,4
2)0 < ¢ < pr,a) < o1 < oo, (x1,m2) € [0,00) X [0,00),
903”(.’1;1,,%2) - @:m('rlvh(o) - 372) > 0, prz(xl’h(o) - $2) - szvz(xlvx2) > 0,

(r1,72) € [0,1(0)] x [Ovh(go)), Qo (T1,02) > 0, g, (21,22) > 0,

(z1,22) €[0,1(0)] x [0,h(0)], pn(t) >0, n="7,8, t€[0,T].
Todi mostcha sasnavumu maxe wucao to,0 < tog < T, AKe 6USHAUAEMbCA GUTIOHUMU
danumu, wo sadaua (5)-(11) ne mooce mamu deox pisnux poss’askie (I, h,b1,ba,v) €

(C0,0])? x (C[0,t0])* x C*1(Qy,), U(t) > 0, h(t) >0, t € [0,t0].

3. IcuyBanus po3B’a3ky 3agaui (5)—(11). JoreeHHst icHyBaHHS PO3B’sI3KY 3a-
naui (5)—(11) rpyHTYeThCs Ha 3BEJEHHL 33/a4i 10 CUCTEMU PIBHSHB CTOCOBHO HEBIJIOMUX
i 3acrocyBanni 10 Hel Teopemu laynepa npo Hepyxomy Touky. CIOYaTKy BU3HAYNMO
snagenns Hesimomnx bynkniit [(t), h(t) v nouarkosumii momenT uacy. 3 ymoB (2), (4)
OTPHUMYEMO

lo ho lo ho
/cp(xl,xg)dxgdxl = 17(0), // o(x1, x2)drodry = psg(0), (12)
00 00

lo

lo =1(0), ho = h(0). ozraunsmm /cp(xl,mg)dxl = 9(lp, x2), momamo (12) y purasmi

0
ho ho
/dj(lo,mz)dﬂcz = p7(0), /$2¢(lo,$2)d$2 = 115(0).
0 0

3rifiHO 3 TPUNYIIEHHIMA TEOPEMHU

lowo < ¥(lo, v2) < lowr.
Toni

lohowo < /lﬁ(lo,diz)d@ < lohoyr.
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ho
Oyukmis y = / ¥(lp, x9)dzs 3a moBinbHOrO (hikcoBanoro ly > 0 MOHOTOHHO 3POCTAIOYA

0
cTocoBHO hg. Orox, icHye equne 3uadenns ho(lp), sKe € PO3B’I3KOM DIBHAHHS

ho(lo)
/ Y(lo, v2)dws = p7(0).
0

Orxe,

ho(lo)
2 2
. m(O)’ soww(g) < at(ly, w2)d> < sm/w(g).
lowo 27 21008

ho

Toni y = / x9t(lg, z2)dxo MoHOTOHHO cragHa GYHKIS 3MIHHOL [, fKa IeperHe nps-

0
My y = pg(0) Tinbku B opmiit Touni. OTxe, icHye enumuuil po3s’s30k lg, hg cucremu
piBasHb(12).

3senemo 3a1a4y (5)—(7) 10 3ama4i 3 HyTBOBUME MOYATKOBOIO Ta KPAHOBAMU yMOBa-
Mu. BBeneMo nosnadenus

oY1, Y2, ) = pa(y2h(t), ) — p1(0,8) + ps(y1l(t), 1) + y1(p2(y2h(t), ) — p2(0,2)—
—pa(y2h(t), 1) + p1(0,8)) + y2(pa(yrl(t), 1) — pa(yal(t), t) — pa(h(t), t) + p1(0,¢))—

=192 (p2(h(t), 1) — p2(0,t) — pa(h(t),t) + pa(0,2)),
vo(y1,Y2,t) = ¢(y1lo, y2ho) + po(y1, y2,t) — po(y1, y2,0),
o(

(Y1, y2,t) = v(y1,Y2, 1) — vo(y1,Y2,1),
0 1 02 1 02

SOt P(t)dy h3(t) dy3
Jna bysxuil 9(y1, Yo, t) oTpuMyeMo 3a0a49y

/ /
Lo = O+ nlt) ;Egll @) . (g, 1) + 22D 12D Z(ty)?h )

—Lvo(y1, Y, t) + f(yul(t), y2h(t), 1), (y1,92,1) € Qr,
0(y1,92,0) =0, (y1,92) € [0,1] x [0,1],
0(0,2,) = 0(1,42,) =0, 0(y1,0,8) = 0(y1, 1,1) =0, (yr,92,1) €Qr.  (13)
3a monomororw dyuxii Ipina G = G(y1,y2,t, 71, N2, T) TEpIIol KpaioBoi 3a1a4i 1J1st
piBHAHHS

Vys (yh Y2, t)_

Lv=20

po3B’s130K 3amadvi (13) mogamo y Bursmi

t 1 1
bi(T) +ml' (7
ylay27 ///G(917927t,771a77277')(1()1(;))1()0711(771’77277')—LUO(UlaW%TH‘
0 0 O
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ba(7) + nah’ (1)
h(T)

[ToznausnmM w1 (y17 Y2, t) = Uy, (yla Y2, t)a w2 (y17 Y2, t) = Uy, (y17 Y2, t)? p(t) = ll<t)a
q(t) = h/(t), noepremMock no dyHKIT v

Oy (M1, M2, 7) + f(ml(7), n2h(T), T)) dmdnadr,  (y1,92,t) € Qp.

t 1

1
bi(1) +
(ylay27t)_vo y17y27 +///Gy1ay27t7717n2a )<()l(§]1p() 1(77177727T)+
0 0 0

+Ww2(771777277) — Lvo(m,m2,7) + f(ml(7), 772h(7)77)>d771d772d77 (14)

(y17y2at) S @T'

[Ipomudepenuiosasim (14) 3a 3MiHHUME Y1, Y2, OAEPKYEMO

t 1 1
bi(t) +mp(r
wl(y17y27t):vOyl(y17y27t)+///Gyl(y17y27t7n17n277)<1()1(7_)1()><
0 0 0

le(nlﬂhﬁ) + b()}:(_7_7;2q<) 2(7717772,7—) - LUO(Ula”QvT)—’_
+NMMWMWJOMWWﬂ(mmﬁ€QW (15)

w2(y17y27t) _UOyQ y17y27 +

1 1

bi () + mp(r
//Gw(yl’y2’t7nlv77277)<1(>l(7_7)71(>><
00

ba(7) + m2q(7)

S—_ .

xwi(n1, 2, T) + wa(n1,m2, T) — Lo (1, m2, 7)+

h(r)
ﬂmmmmmmﬂ)mmmﬂ<%m@eQT (16)

3 ymos (8)—(11) 3HaX01UMO
p@——%g/mﬂmﬁ@ﬁwWLtGMﬂ, (17)

0

I(t h
q@=—&g/m@nuwm+%w,temﬂ, (18)

11
t) [ [ v(yr, ya, t)dyrdys
h(t) = 00 , tel0,T], (19)

11
t) fny’U ylay27 dyldyQ
00
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11
) [ [ y*v(yr,y2, t)dy1dys
00
(1) = ul A (20)
(f v(y1, Y2, dyldy2)
0

0
[Tpomudepenniosasiu ymosu (10), (11) 3a 3minHoI0 ¢ 1 Bukopucrasiim (5), OTPUMYEMO

1

by (t) = <( /u4 y1l(t), t)dyr — pr(t ))Fl(t)

0

Fo(0) [ (ranl(9),0) = a0, >>dyl), te0.7], (21)
0
1 1
bao(t) = —— | Fa(t p2(y2h(t),t) — pi(y2h(t),t))dy2—
(o g
1
RO [ ) m(yzh(t),t))dyg), te(0,7), (22)
0

e

:if (w1(0,y2,t) —wi(1, y2, ))dy2+l((tt))

1t (w2(y1703t) 7w2(y1713t))dy1+

o _

1

0
11
h(t)
—l(t)h(t) Fyl(t), y2h(t), t)dy1dyz + h(t) ) wi(1,y2,t)dys — ps(t) | x
00

0

S 0/ u2<y2h<t>,t>dy2+z(t>(fft) 0/ walon, 10~ () ) 0/ palynl(6), O + 140,

1 1
/yz w1(0,y2,t) —wi(1,y2,t))dys — I(t /wz Y1, 1, t)dy1+
0 0

1 1
// (wa(y1,y2,t) — y2h® () f (Y1l (), y2h(t), 1)) dyr dya+
0 0

+h2(t)(?(;))/1w1(1,y2, t)dya — ps(t) >/1y2#2 (y2h(t), t)dy2+
0 0
+l(t)h(t)<l((i))/lw2(y1 L t)dy: — )/1#4 (y1l(t), t)dyr + pg(t),
0 0
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1 1
/ p2(y2h(t),t) — pa(y2h(t), ) dy2< /M4 yal(t),t)dy: —
0 0
1
—pr(t ) /yz p2(y2h(t),t) — pa(y2h(t), 1)) dyz x
0
1
[ (ralant6),0) = pslanl0), ).
0

Orox, 3amaay (5)—(11) sBemeno no cucremu pisasgub (14)—(22) crocoBHO He-
Binommx  (v(y1, Y2, 1), wi(y1, y2, 1), wa(y1,y2, 1), p(t), a(t), h(t),1(t), b1 (t), b2(t)).  Axmo
(I, h,b1,ba,v) € (CY0,T))? x (C[0,T))? x C?*1(Qr) € posp’sizrom zamadi (5)—(11),
10 (v, w1, w2, P, q,h,1,b1,b2) € (C(Qp))? x (C[0,T])® — posp’s30x cucremu pisHAHD
(14)—(22). TIpaBunbHUM € i 0BepHEHEe TBEPIZKEHHSI.

Hexaii (v, w1, w2,p,q,h,1,b1,bo) — HemepepBHUII DPO3B’A30K CUCTEMU DIBHAHB
(14)—(22). Ipomudepennioemo (14) 3a 3mimnumu yi,ys. [IpaBl 9acruu orpuMaHux
piBaocreii i piBaocreii (15), (16) 36irarorTbcs, TOMY MOMKEMO 3POOUTH BHUCHOBOK, IO
wi(y1,y2,t) = vy, (y1,v2,t), i = 1,2, Orxe, dyuknia v € C?1(Qr) zamosonbuse
PiBHSAHHSA

! 1 bi(t) +yup(t)  ba(t) + y2q()
Ut = %vylyl + hT(t)Uyzyz + l(t) Uy, + h(t) Uy, +
+f(yil(t), y2h(1), 1),  (y1,92,t) € Qr, (23)

ta ymoBH (6), (7) ass noeinpaux Henepeprrux Ha [0, T dyukuiit 1(t), h(t), p(t), q(t), b1 (1),
ba(t). 3 pisHocreit (19), (20) BumuBatoTh ymosu (10), (11). IlpunyiuenHs TeopeMu Ta0Th
nixcrasu npoudepenmiosarn (19), (20) 3a t. Bukopucrasmm te, mo bynkmis v(y;, ya, t)
3a10BOJIbHAE piBHAHHA (23), Ta BlaHgBlm Bl orpuManux pisuocreii (21), (22), onepxy-
€MO

pr () ((p(t) = V' (E)A(E) + (q(t) — 1/ (1))I(t)) =0,
ps(8)((p(t) = U'(1)A(E) + 2(q(t) — W' ())(t)) = 0.
! ) =

U'(t), qt) = W), I,h € (C'0,T])? i dynxmuisa
;3(( 7, (1 )OTpI/IMyGMO ymoBH (8), ()9)

11) ra cucremu piBusinb (14)—(22) y 3a3nadve-

3Bimcu pobumo BUCHOBOK, o p(t) =
v(y1,y2,t) 33a0BOMBHSIE piBHAHAS (5).
Orxe, ekBiBasienTricTs 3ama4i (5
HOMY CEHCI TOBEIIEHO.
Bememo A(t) mo Bursity

1 1 1 1
A(t) = I(t)h*(t) <//w1(y1,?/27 dy2dyl//y2w2 Y1, Y2, t)dyadys —
0 0 0 O
1 1

1 1
—//yzwl Y1, Y2, t dy2dyl//w2 Y1, Y2, )dygdm) =
00

0
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1 1 1 1
2(t) (// (1 — 2yz)w1(y1,yo,t dy2dy1//w2 Y1, Y2, t)dyady +
0 0 0 0
1 1 1 1
+//wl(yhya,t)dyzdm//(?yz - 1)w2(y1,y2,t)dy2dy1>.
0 0 0 O

B (15) Bci nomamku, kpiM @y, (y1lo, y2ho), npu t — 0 npsmyiors no myns. Tox
3rigHo 3 ymoBamu Teopemu 3 (15) mMoxemMo 3poBUTH BUCHOBOK IIPO iCHYBaHHS TAKOIO
qucaa t1, 0 <t; < 7T, mo

ly _
,Y2,t) = — i lo,y2ho) = My > 0, ,Y2,t) € .
wi(y1,y2,1) 5 (yl,yz)gég]x[o,l] Py1 (y1lo, y2ho) 1 (Y1, 92, 1) Qtl

Toni
11
//wl Y1,Y2,1 dydeh >0, te [O,tl].
00
Amnasoriuno 3 (16) MokeMO BBaXKaTH, 10 iCHye Take IuCIO to, 0 <ty < T, mo

h _
wa(y1,y2,t) = — Oy (y1lo, y2ho) = M2 >0,  (y1,y2,t) € Q-

min
2 (y1,92)€[0,1]x[0,1]

Toni
11
//’LUQ ylay27 ddeyl > 0 te [0 tg]
0 0
11
Monanmo BHpaBHff (1=2y2)w1(y1,y2,t)dy2dy1, ff (2y2 — Dwa(y1, Yo, t)dy2dy: y Burmsazi
00 00
1 1
/(1 - 2y2)w1 (y1792>t)dy2dy1 =
00
13
= // 1 - 2y2 w1 y17y2at) - wl(ylv]- - y27t))dy2dy17 (24)
0
11
// (2y2 — Dwa(y1, Y2, t)dyady; =
0 0
13
N //(1 = 2y2)(w2(y1, 1 — y2, 1) — wa(y1, y2, 1)) dyady:. (25)
0 0

Mincrasumo (15) B (24). Bel momanku, xpim @y, (Y1lo, y2ho) — @y (y1lo, ho(1 — y2)), upu
t — 0 mpsMyroTh 10 HyId. Toxl MoxKeMO BBazKaTH, IO icHye Take uncio t3, 0 < i3 < T,



T'anuaa CHITKO
150 ISSN 2078-3744. Bicuuk JIpBiB. yu-ty. Cepis mex.-mar. 2016. Bumyck 81

1 1 1 %
// (1 = 2y2)w1(y1, Y2, t)dy2dys > 50// (1 —2ys)x
00 00

X (¢y: (y1lo, y2ho) — @y, (Y1lo, ho(1 — y2)))dy2dys > 0, t € [0, t3].
[Mincrapusmm (16) B (25), MO¥KeMO 3pOOUTH BUCHOBOK PO ICHYBAHHST TAKOTO HCIIA Ty,

0<ty <T,mo
11 13
ho
(2y2 — Dwa(y1, y2,t dyady1/7 (1 —2y2)x
0 0 0

X (ys (Y1lo, ho(1 = y2)) — @y, (y1lo, hoyz))ddelh >0, t € [0,24].
Busnauumo orinkn dbyukuniit [(t) 1 A(t). Srigao 3 ymoamu Teopemu 3 (14) MmoxkeMo
BBazkKaTH, IO iCHY€E Take 9ucio ts, 0 < t5 < T, mo

U(yhy?at) z % = MO > Oa (y13y27t) € @ts' (26)

Burkonamnusa (26) piBHOCHIbHE BUKOHAHHIO HEPIBHOCTI

o~

t

1 1
o (Y1, y2,t) — po(y1, y2,0) + //G(yl,y%tﬂhﬂhﬁ)x
0 0

) <IH(T)ZJ(FTT)71MT)W1(711,772, 7) + W%(m,m,ﬂ = Lwo(m,m2, 7)+

+f(ml(7),m2h(7), T))dmdnsz < Mo,  (y1,92:t) € Q- (27)
Bpaxysasmu (27), 3 (14) omepxyemo
v(y1,y2,t) < o1+ Mo = Mz <00, (y1,y2.1) € Q.. (28)
Toni st po3s’sizkis pisusanb (19), (20) cupaBazKyOThCs HepiBHOCTI
O0< Hy<h(t) S HH<oo, 0<Lyg<I(t)<Li<oo, te][0,ts]. (29)
Omrke,
A(t) = C() > 0, t e [O,to], to = min{ti}, 1= 1,5 (30)
Busnauumo ouinku poss’askis  cucremu  piBHaab  (14)—(22). Iloszmauumo
Wz(t) = max | 1(y17y27t)|7 = 1,2, 3 (17)7 (18)7 (21)7 (22)7 BpaXyBaslln

(y1,y2)€[0,1]x[0,1]
(28)—(30), onep:kyemo

lp(t)] < C1 + CoaWi(t), [q(t)] < Cs + CaWa(t), [b1(t)] < Cs + CsW(t) + CrWa(1),

|b2(t)| Cg + Cng( ) + Cl()WQ( ) te [0715()]. (31)
Buxopucrasmu (29), (31) ra oniaku dbyukuii pina [9], 3 (15), (16) orpumyemo

Wi(t) < Cn +012/(1 + Wi(7) + Wa(r) + Wi (m)Wa(7) + WE (1) + W5 (7))
0

N
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Wa(t) < Crs + Cis /(1 W) + Wa(r) + W (7)) Wa(r)4+
0

LWR(r) + WE ()

NS

3eimen mna bynkmii R(t) = Wi (t) + Wa(t) omepxyemo HepisHiCTH

€ [0, to].

R(t) < C15 + Ci6 / R(T\)/:—_Rfm
0

Meton, po3B’sI3yBalHsa OCTaHHLOI HepipHOCTI nomano B [10]. 3Bigcu oTpUMyeEMO OLIHK
p at A pumy HIHKY

R(t) < My < 0o, t€/0,tg],

dr, te€ [O,to].

ae My itg, 0 < tg < tp, BUBHAYAIOTHCA BIIOMUME BeauduHaMu. Tomi
|w1(y1ay27t)| g M47 ‘wQ(y17y27t)‘ < M47 |p(t)| < Bl < 00,
|q(t)| < By < o0, |b1(t)| < B3 < o0, |b2(t)| <Bs< oo, te [O,t(;].

Busrauumo omeparop P i mobyayemo muoxkuay N Tak, mob oneparop P nepesomqus
N B cebe. Bizpmemo moBinbHi (v, w1, w2, P, q, h, 1, b1, be), MIst AKUX TPABUIbHI BU3HAYEH]
omiaku. OuinuMo npasi yactunu pisasub (15), (16):

t 1 1
bi(7) + T
U()yl(y1,y27t)+///Gyl(yl»y27ta771777277')(1()7711)()1111(7717772»7')"‘
0 0 O

i(7)

ba(7) + m2q(7)
h(7)

<

wa (N1, N2, T) — Lvg(n1,n2, T) + f(771l(7')a772h(7)77')> dmdnadr

<Cn+CirVt, (Y1, y2.t) € Qy,

t 1 1
bi(7) + T
UOyz y17y27 +///GQZ(y17y27tanl77727T)(1()1(7_7)7110()’(1/1(7717772,7—)"‘
0 0

ba(T) + 12gq(7)
h(T)

<

w2(771, 12, T) - Lvo(nlv 72, T) + f(nll(T)7 772h(7—)7 T)) dnldUQdT

< Ciz+ CisVt,  (y1,y2,1) € Q.

Bubuparouun uucio t7;, 0 < ty < tg, Tak, 100 BUKOHYBAJACh HEPIBHICTH
C11 + Ci7v/tg < My, orpumaemo

t 1 1

bi(7) +

1}091 Y1, Y2, +/ /Gyl Y1, Y2, 1, n,n2, T )( ( )l( 7)’1p( ) 1(7717772a7—)+
0 0

ba(T) + 12gq(7)
h(r)

<

wa(ni,m2,T) — Lug(n1,m2,7) + f(ﬁll(T)ﬂ?zh(T)J)) dndnodr

< My, (ylay27t) e@tw
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AmnajyioriyHo MOKeMO BBaXkKaTH, IO icCHye Take umciao tg, 0 < tg < tg, 10
Ci3 + Cigv/tg < My. Toni

t 1 1
bi(7) +mp(r
UOyz ylvaa +///Gyz(yl,y%tﬂhﬂhﬂ')(1()771()101(7]1,772,7')-1-
0 0 O

I(7)

ba(7) + T
20 0y )~ Lo )+ F(). (). 7)) | <
<M4a (ylay27t) e@tg'
ITosamo cucremy piBusinb (14)—(22) y BuruIsiAl OLEPATOPHOIO PiBHAHHSA
w = Pw,
ae w = (v(y1,y2,t), wi(y1, Y2, 1), w2(y1, Y2, 1), p(t), g(t), h(t),1(t), b1(t), b2(t)), a omeparop
P = (Pi,...,Py) BusHauaeThcsi mpapuMu dacTuHaMu pisHsiHb (14)—(22). Tlosnaunmo

N = {(v, w1, w2,p,q,h,1,b1,b2) € (C(Qr,))* x (C[0,To))® : Mo < v(y1,y2,t) < Ms,
My < wi(y1,y2,t) < My, Mz < wa(yr,y2,t) < My, Ho < h(t) < Hi, Lo < U(t) < L,
|p(t)‘ < Bl, |q(t)| < 327 |b1(t)| < Bg, |b2(t)| < B4}7 To = min{t77t8}. Muoxkuna N
3an0BosbHAE yMoBH Teopemu Llaynepa nmpo HepyxoMmy TOUKYy, a oneparop P mepesomutsb
N B cebe. Te, o oneparop P 1inkom wenepepsuuii na N, nopoaurbes K y [10].

Orox, 3a Teopemoro [laymepa po HEPYXOMY TOYKY iCHY€ DO3B’SI30K CHCTEMU DiB-
uaHb (14)-(22), a orxke, i po3s’asok 3anadi (5)—(11) npu (y1,y2,t) € Qp, -

4. €auHicTb po3B’sa3ky 3agadi (5)—(11). Ipunycrumo, mo (1;(t), hi(t), b14i(t),
bai (t), vi(y1,y2,1)), i = 1,2, — aa pose’s3km 3amadi (5)—(11). Tosrauanmo

L Ri(t) bu(t) bai(t)
Lo PO T e gy = a0 gy =),
p(t) =p1(t) —p2(t), qt)=aq(t) —q2t), si)=s1(t) —sa2(t), r(t)=71(t) —7r2(2),
v(y1,y2,t) = vi(y1, Y2, t) — v2(y1, Y2, t).
@ynkii p(t), q(t), s(t),r(t), v(y1, y2,t) 32A0BOTBHAIOTH PIBHIHHS

i=1,2,

1 1
vt = 2 Vyiy, + 72 Vypys + (51(8) + y1p1(1)) vy, + (11(2) + Y241 () ) vy, +
(1) 1(t)

1 1 1 1
+(l%(t) - %)U%lyl + <h2(t) n3(t )>U2yzyz + (s(t) + y1p(t))vay, +
+(r(t) + y2q(t) )vay, + f(yali (1), y2h1(8), 1) — f(y1l2(t), y2ha(t), 1), (y1,92,t) € Qr, (32)

T8 YMOBU
v(y1,92,0) =0, (y1,92) €[0,1] x [0,1], (33)
v(0,y2,t) = p1(y2ha(t), 1) — pa(y2ha(t),t),  v(1,y2,t) = p2(y2hi(t), ) — pa(y2ha(t), 1),
v(y1,0,t) = pa(yila(t), 1) — pa(yalz(t), 1),
v(y1, 1,t) = pa(yila(t),t) — pa(yrla(t),1),  (y1,92,1) € Qr, (34)

ha(t) [ 11
0 O/Uyl(l’ymt)dyz +“5(t)<ll(t) - 12(15)>_

p(t) =
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ml) el [
1(¢ 2(t
— — 1 t)d tel0,T 35
<l%(ﬁ) l%(t))/vle( s Y2, t)dya, € [0,7], (35)

0

1
q(t) = —;112(” /”y2 (Y1, 1, t)dyr + p (t) (fbll(t) - h21(t)>_
0

1
11 t t
_<h t t >/ Vay, yl,l,t dyl, t e [O,T], (36)
0

1 _ 1
1()h1(t)  la(t)ha(?)

1
/U(Z/hyz,t)dyldln = pr(t) (l

—

>, t € 0,77, (37)

0
1
/yQU(yhyz,t)dwdyz = Mg(t)(ll(t)iﬁ(t) - lg(t)ilg(t)>7 te[0,7].  (38)

3Benemo 3aga4y (32)-(34) no 3amadi 3 HyapOBHMU KpajioBuMmu ymMoBaMu. Beememo
MO3HAYEHHST

YY1, y2,t) = (L—y1) (1 (y2ha (t), t) — pa(y2ha(t), 1) +y1 (u2(y2hi (t), 1) — p2(y2ha(t), 1))+
(1 —y2) (3 (yala (), ) — ps(yala(t), 1)) + y2(pa(yrla(t),t) — palyala(t), 1)) —
—y1y2(p2(h(t), t) — pa(ha(t), 1)),

(Y1, Y2, t) = v(y1,y2,t) — ¥(y1,92, 1),

0 1 02 1 09? 0 0
L, = % Bo oy WRh)og (s1(t) +y1p1(t))8T/1 — (r1(t) +y2Q1(t))67y2~

o— -
o

Jna dysxuil 9(y1, ya,t) oTpuMyeMo 3a;1atly

+(s(t) + yap(t))vay, + ( (t) + qu(t))UQyz + [yl (t), y2ha (), 1) —
—f(yla(t), y2h2(t), 1),  (y1,92,t) € Qr,
9(y1,92,0) =0, (y1,92) € [0,1] x [0,1],
9(0,y2,t) = 0(1,y2,t) =0, 0(y1,0,t) = (y1,1,t) =0, (y1,¥2,t) € Qp- (39)
_ Bo0pasupmmm  po3B’a30K  3amadl (39) 3a gmomomorowo  dyskuii [pina
G = G(y1, Y2, t,m1,M2, T) NEPIIOl KPaOBOT 33184l /1J1d PIBHIHHS
L5 =0,

MOBEPHEMOCH 10 (PYHKITT (yl, Ya, t)

1 1
U(y1792> )_ y1711127 /// y15y27t 771’77277—)(<_)U2 (7)1777277')4‘
/ 70 Bm )

+ (h%](-T) - >’U2"72?72 m, 72, T ) =+ (5(7—) + Ulp(T))Wm (771’ 72, T)+
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+(r(7) + 12q(7))v2n, (1, M2, T) — Latp (1, m2, ) + f(mla (1), m2ha (1), 7)—
—f(77112(7')7772h2(7)a7')>d771d772d77 (y1,2,t) € Q. (40)

Ockinbku mis b;(t), i = 1,2, cupaBakyorbesa piBaocTi, ananoriuni 1o (21), (22), To
3BiICH OTPUMYEMO
1

1
S(t)/(u2(y2h2(t)7 t) — p1(y2ha(t), t))dys + 1 / pa(yila(t),t) — pz(yila(t),t))dy +
0
1
p2(y2ha(t), t)dys + q(t /M4 yila(t),t)dyr = F3(t), t€[0,T], (41)
0
(1 = y2)(p2(y2ha(t), t) — p1(y2ha(t), ))dyz/ a(y1la(t), t)dy1 +
+/y2(u2(y2h2(t),t) —ul(yth(t),t))dyg/ (y1la(t), t)dy, — //12 (y2ho(t
0 0 0
—p1(y2ha(t) Y2 v2(Y1, Y2, t)dy1dys p(t) Yo (y2ho(t), t)dya x
e )" <0/
2(y2ha(t), t)dy2 — [ yap2(y2ha(t), t)dyz [ pi(y2ha(t),t)dy2 |+
Jotonin [t i)

1 1
/umuwm )ummm»m/<wm>m—
0

1 1
/ L —yo)(p2(y2ha(t),t) — ui(y2ha(t), t))dy2 +/ pa(y2ha(t
0 0
1
—p1(y2ha(t), t))dys (81 /1—y2 po(y2hi(t),t) — p2(y2ha(t), t)—
0
1
—p1(y2ha (t),t) + p1(y2ha(t), t))dys + r(t / ps(yrla(t), t) — pus(yala(t), t))dyr1+
0

u—yamﬂmm@»w—uﬂw@&»ﬂﬂm—uchﬂwzu)—b@;ﬂﬂ>+

hl(t) /1vy2(y1,0,t)dy1 +/1/(1—y2)><
0 00

+p1(t)

—

12(t) (1 —y2)(vy, (1,92,t) —vy, (0, Y2, t))dy2 — %

+
—
O\H o
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1 1
//”yz Y1, Y2, t)dy1dya+
0 0

11

s (t) / // 1
0,t)d t)dy,d _—

(l ) Vay, (Y1, y1+0 J Vay, (Y1, Y2, t)dy1 dy 2(0)

0

X(f(yli(t),y2hi(t),t) — f(yrla(t), y2ha(t), t))dyidy: + o

+<h%ﬂh§t>
t)

1

/ (t)
<N8 +/ 17y2 U2y1 ]- » Y2, ) U2y1(0ay27t))dy2)>a te [OaT]a (42)
0

h3(t)
)= st / (yaha (s2ha(t), ) — (s (£),8) + pa (yaha(2), 1)) o
0
—r(t /M4 yili(t),t) — pa(yila(t),t) — pa(yili(t),t) + pa(yila(t),t))dy. —
0
() / (2 (y2ha (£),1) — pa(yaha(t), £))dyz — an (¢ / (rayal(£),2) — palynla(t), ) dys +
0 0
1 1
+17(t) - Uy (1, y2,1) = vy, (0, 92, 1)) ly>—
(ll(t)hl(t) ha( ) l (t) 0/

1 1 /
h%(t) (Uyz (y1,1,t) — Vys (y1,0,1))dy; — (lz(t) — lz(t)> O/(v2y1(1vy2at)_

|
—_
O\H

1
_”2y1(07y27t))dy2 ( 2t h )/UQyz Y1, 1 t ’l)2y2(y1,0,t))dy1—
l
0

11
—// (y1l1(t), y2ha(t),t) — flyrla(t), y2ha(t),t))dyidys.
00

SayBaxkKuMo, 110 JJIst
1

A0 = B0 [ (ra(yaha(e). ) — i (aha(0). ) ( [ watontate). -

0
1
0

1
vo(y1, Y2, 1) dy1dy2> - /yQ(Mz(thQ(t)7t) — w1 (y2ha(t),t))dy2 x
0

o—__

1
x/ pa(yila(t) — p3(y1la(t),t))dy:
0

BHKOHY€ThCs HepiBHiCTH (30).
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IMpomudepentiosasiiu (40) 3a 3MIHHUMY Y1, Y2, OJIEPKYEMO

- 1 1
vyl(ylvaa ) %1 Y1, Y2, ///G yl»y%t m, 72, T )(<l2( ) 12(T)>X
2
0 0 O

s O 7) 4 (075 = ey ) PO ) (5(7) 0o (. )+
+(r(r )+U2Q(T))Uzn2(7}17772, 7) = Lap(ni,m2, 7) + fmla (7), meha (1), 7)—
—f(mla(7),n2h2(7), ))dmd?hdﬂ (y1,92,t) € Qp, (43)
1

t 1
~ 1 1
Uz ) at: 2 1) at +///G2 ) 7t7 ) ,T((—)X
v (Y1, Y2, 1) = ¥y, (Y1, Y2, 1) vy w2 (Y1, 92, 8,1, 12, 7) 20 B0

0
X s, 11,712, 7) + (21 — ) (11,12, 7) + ((7) + mup() iz (11,2, 7)
hl(T) h2( )
+(r(7) + 12q(7))v2n, (1, M2, T) — Litp (1, m2, ) + f(mla (1), n2ha (1), 7)—
—f (77112(7')7772h2(7),7)>d771d772d7'7 (y1,y2,t) € Q. (44)
Bupasumo 1;(t), hi(t) aepes pi(t), g;(t)

0) exp (/pi(T)dT> s hi(t) = hi(0) exp (/Qi(T)dT) ,i=1,2,
0

0

ze 11(0) = 13(0) = ly, h1(0) = ha(0) = hg. 3Biacu, BukopucTapmym piBHOCTI
1

e —e¥=(z— y)/e“T(w*y)dT,
0

flyha(t)) — f(yha(t)) = y(ha(t) — ha(t)) / Fy(y(ha(t) + o(ha(t) — ha(t))), t)do,
0

OTPUMYEMO
t 1 t

- o = —;O/pmmo/exp(—o/( (1) + pa(r))ir )

hll(t) - h;(t) —-a / a(r)dr / exp( / (oa() + as( >>df)d

= y2(ha(t) — ha(?)) /Mm (y2(ha(t) + o (ha(t) — ha(t))), t)do, i = 1,2,
0

Hj (ylll(t)v t) — My (y1l2(t)7 t) =
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1
= 0(6) = 82(0) [ i, 02(0) + o1 (6) = O)), o, =30 (49
0
1 1

PiBrocri (45) MokeMO BUKOPHCTATH 1151 300pazkenHs pizanis 1 (t) —la(t),

M) = Ralt), s — e e (9201 (),0) — i, (2R (0),0), s (ol (6),1) —
hi(t)  ha(t)
Hizyay (Y2h2(t), 1), pir(Y2ha (), 1) —pie (y2ha(t), ), = 1,2, pje, (Y1l1(8), 1) — e, (y212(2), 1),
Hjwws (Y111 (0),8) — fijasas (Y1l2(t), 1), th(@/lll(t)vt) mit(yala(t),t), j = 3,4,
fla(t),y2ha (), 1) — fyala(t), y2ha(t), 1)

Mincrasusumm (43), (44) B (35), (36), (41), (42) i Bukopucrasmu (45), OTPEMYEMO
cucTeMy OTHODIMHWX iHTerpasbHuX piBHsHL Boawreppa apyroro poxy (35), (36), (41),
(42) crocoeno Hepimomux (p(t), q(t), s(t),r(t)) 3 sapamu, o MarTh iHTErpoBHI 0COBIN-
BOCTi. 3 BIACTUBOCTEN PO3B’A3KIB TAKUX CUCTEM BUILIUBAE, [0 CUCTEMAa, MA€ TIIHKU TPH-
BialbHMI PO3B’A30K.

OT)Ke, ll(t) = lg(t), hl(t) i hg(t), bll(t) = blg(t), bgl(t) = bgg(t),
Ul(yla Y2, t) = v?(ylv Y2, t)v (yh Y2, t) S Qto'

HONRO)
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DETERMINATION OF THE MINOR COEFFICIENTS IN A
PARABOLIC EQUATION IN A FREE BOUNDARY DOMAIN

Halyna SNITKO

Pidstryhach Institute for Applied Problems of Mechanics and Mathematics,
National Academy of Sciences of Ukraine,
Dudaev Str., 15, 79005, Lviv, Ukraine
e-mail: snitkog@ukr.net

We find unique solvability conditions of the inverse problem of finding the
time-dependent coefficients of the first derivatives of unknown function in two-
dimensional parabolic equation in a domain for which the location of boundary
part is described by the unknown time-dependent functions.

Key words: inverse problem, Green function, free boundary, parabolic
equation.
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VK 519.217

ITPO BUBIP MAJIOTO ITAPAMETPA HOPMYBAHHA
I'EHEPATOPA BUITAJKOBOTI'O ITPOIIECY

Oxkcana SAPOBA

JIveicvruli Haytonaavrul yrieepcumem imeni Ieana Pparka,
eys. Yuieepcumemcovra, 1, JIveis, Yxpaina
e-mail: oksana-yarova@rambler.ru

ociKeHo MapKOBChKi BUIIAIKOBI €BOJTIONIT Ta IXHi ampokcuMariii. OCHOB-
HUM 00 €KTOM JIOCJII?KEHHs € PeHePaTOPU BUITAIKOBHUX IIPOIIECIB 3 HE3a €K HU-
mu npupocramu. 1i nporecu po3riis aoTh B CXeMax ILyaCCOHOBOI allpOKCAMAIIT
Ta ampokcumarii Jlesi. ['emepaTopu BUIIAAKOBUX IIPOIECIB HOPMYIOTHCH ITapa-
MeTpamu, gKi € HemmiHilanMu dyukmnigsvu. [loBegeHo icHyBaHHS TaKAX mapa-
MeTpiB HOPMYBAHHSI.

Karowoet caosa: TenepaTop, MApKOBCHKUI IIPOIIEC, TIPOIIEC 3 HE3AJIEKHUMU
MIPUPOCTaMU, HOPMYBAJIHHUN MHOXKHUK, IIyaCCOHOBA AIIPOKCHUMAIIis, allPOKCHU-
maris Jlesi.

1. Beryn. HocaimKeHHAM MapKOBCHKMX BUITAAKOBUX €BOJIONIH Ta IXHIX allpOKCH-
Mauiil npucBgueHo Hararo HayKOBUX Lpallb, cepei skuX MoxHa Buaiauru [1], [2], [3].
3okpema B [3] 1oCHIKYIOThCS TPOLIECH 3 He3aIeXKHUMI TIPHPOCTAMU B CXEMaX MyaCcCOHO-
BOI amporcuMariii Ta ampokcuMartii Jlesi. B rakux mporecax vemae qudy3iiiHol CKIIaI0BOI,
a Mixk cTpubkamu BiOyBaeThCsa MApKOBChKuUil nporiec. B anpokcumarnizax [Iyaccona i Jle-
Bl reHeparTop Iporecy HOpMyeTbesd JinilinuM MuoxkuukoMm[1]. Ilpore B geskux Bunagkax
TaKe HOPMYBaHHS HE € JIOIiIbHUM. 1OMy BUHUKAE mOTPEDA PO3IIAAATH HOPMYBAJIBHUN
MHOXKHUK K HeJiHifiHy dyHKiio. Mera Hamol mpami — 3HalTH Taki TapamMeTpu B 30-
OpaskeHH] TeHepaTOPa BUIMIAIKOBOIO TPOIECY 3 HE3AJEKHUMY TPUPOCTAMH.

2. Anopokcumariis Ilyaccona ta Jlesi. Posrisiremo civM’10 MApKOBCHKUX TTPOIIECIB
3 He3aIeKHUME npupocTamu 75 () Ta TpackTopiamu B obnacti BusHauenna DF[0; 0o), axi
HOPMYIOTbCA MHOKHUKOM ¢1(g) — O,mpum (€) — 0

ni(t) =n(Giepy) t 20,
ne n(t) — mpolec 3 He3aAeKHUME IPUPOCTAMME, [0 BU3HAYAIOTHCS TEHEPATOPAMUI
Teo(u) = (g91(2) 7 [ ((u+v) — o(u))*(dv).

Tyt p(u) — niiicnosuagna, npiul qudepenniiobana GHyHKIs B R?, sixa nopismioe 0 Ha He-
CKIHYEHOCT] Ta 3 SUP-HOPMOIO Y (U) HAJIEXKUTH KJacy ABidi HerepepBHO-TudbepeH i HoBHIX

© f4posa O., 2016
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byskmift B esxmigosomy mpoctopi C2(RY). dapo imTencusrocti [ HaTexuThL Kaacy
C3(R). Ue aapo 3amoombase ymosy ['€(0) = 0.
Hexait BUKOHYIOTHCA YMOBH IIyaCCOHOBOI allPOKCHMAITII.
(P1) Aupokcumaris cepensix
b = g1(e)(b+65)
Ta
Ce = 91(6)(6 + 0(6)3
ae b<oo,e<oo, |0 — 0,05 —0,91(s) — 0.
(P2) dupo inTeHcuBHOCTER Mae Take aCHMIOTOTHUYHE [IOJAHHS
Iy =g1(e)(Ly +65).
I BCiX g, mo Hamexarh kaacy C2(R). Sapo imrencusrocti ['V(dv) ) 3amano ma kmaci
dynxuiii, mo susnavae mipy C3(R) TakuM cniBpigHOmeHHAM
r, = fR g(v)I0(dv).
(P3)Y rpannunomy rexeparopi Hemae qudysiiHOI CKIAZ0BOI, TOOTO BHKOHYETHCS
TaKa yMOBa
c= [v?T%dv) =0
(P4) Crpap/KyeThCs CIiBBIAHOIIEHHS
lime_ o0 f‘v|>c 0210 (dv) = 0,
IO BU3HAYAE PIBHOMIPDHY KBaIPATUIHY iHTETPOBAHICTD.
Ilepeitnemo mo ampoxcumariii Jlesi.
Posrasaemo ciM’io MapKOBCHKHUX IIPOIECIB 3 HE3AJEKHUMHU MMPUPOCTAMH, SIKi HOP-
MYIOThCA MHOKHHUKOM g2 (€), ae ga(e) = o(g1(€)
t
n3(t) = (@), t 2 0.
Tyt n(t) — nponec 3 He3aIEKHAME IIPUPOCTAMHE, IO BU3HAYAIOTHCA TEHEPATOPAMHI
Tp(u) = (92(¢)) 7" [ (o(u +v) — p(u))T*(dv),
ne o(u) — nificHoznadna, asidi qudepenniiiosana GyHKIis B R?, sxa nopisHioe 0 ma He-
CKIHYEHOCTI Ta 3 SUP-HOPMOIO (1) HATIEKATH KIACY MBIvl HemepepBHO-IudePeH i HOBHAX
bynkuiit B esxaigosomy mnpocropi C2(RY). dapo inrencusrocri ' nagexurh Kiaacy
C3(R). Take sa1po 3amoBoibhse ymosy 1(0) = 0.
Hexait BUKOHYIOTHCS YMOBU ampokcumariii JI1esi.
(L1) AnpoxcumMarist cepequix
be = g1(e)b1 + g2(e) (b + 0;)
Ta
ce = g2(e)(c + 65),
Je b<oo,c<oo, |0 =005 —0,01(e) = 0.
(L2) dapo inrencuBHOCTelH Ma€ TaKe ACHMIITOTHYHE 300parKeHHsT
IS = 92()(Tg + 05),
I Beix g, mo mamexars Kiaacy C2(R). Sapo imrencusnocti I'(dv) 3amamo ma kmaci
byuKmii, mo pusHadae Mipy C3(R) TakuM CHiBBiTHOMEHHAM:
r,= fR g()T0(dv).
(L3) CunpaBmKxyeTbCs CHiBBLIHOMICHHS
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: 210 _
lme— oo f|v|>cv I(dv) = 0,
1110 BU3HAYAE PIBHOMIPHY KBaJIPATUYHY IHTETPOBAHICTD.
3. Bubip mapmamMeTrpa HOpMYBaHHH.
Pozrasimemo rerepaTop MapKOBCHKOTO MPOIIECY MTYACCOHOBOT alTpOKCUMAIIii, 110 HOP-
MY€ETbCS MHOXKHUKOM g1 (€)
[S— 154
I = g1(e)(Ty + 99).
e . . .
Hns reneparopa I') 3aBxan icHye Takuit rpannuHuil rereparop Iy, mo
re-r
g [
o@ e
3Haiinemo 300paskeHHs reHeparopa I'y 4

Fe—Ty _ 91(0)Tg+05-Ty _ g1(e)lg+61(6)O5—Ty _ Ty(ga(e)—1)

MO e) o) =g T =T,

Bubepemo Takuit HOpMyBaJbHHI MHOXKHHUK g2(€) = 0(g1(€)), Jy1s AKOTO BUKOHYEThCS
TAKa yMOBA!
F; —Tg—g1(e)l1 g
g92(¢)
3HaiinemMo 300paskeHHs reHepaTopa ['s 4

=Tg,.

I'-Tg—91(e)T1,g Ty -Tg—T4(g1(e)—1)—9g1(€)O7 _ g2(e)Tg+92(e)O; —Tg—Tg(g1(e)—1)—g1(£)OF
g2(¢) B g2(¢) B g1(e) B

— Dol02(9)=1-01(e) 41403 (92(2)~91(2)) __ Ty(92(8)—91(2)) 2(2)-g1(e) _
= 520 = e TOTLe =l

Orox,
I5—T = g1(e)l'1g+g2(e)2,gF0(g2(¢)) = Ty(g1(e)—1)+91(£)O5 4+ (92(€) —91())+
+05(92(¢) — 91(€)) = Tg(g2(e) — 1) + Ogga(e) + 0(g2(e))-

Ile cmiBBigHOIIEHHS MiCTHUTH JOJAHOK @f]. 3ualigeMo foro 3 po3B’a3Ky 3a/Ja4i CHH-
TYJASPHOTO 30y peHHs.
st redeparopa MapKOBCHKOTO IIPOIECY, HOPMOBAHOIO MHOXKHUKOM ¢2(€), 3amada
3aIUIIeTHCS TAK:
e =T+T1 492(¢)

©° =+ 192(e).
Po3s’s30k 3a7a4i cuarynsaproro 30ypenns HAOyIe BUTIIALY

[ =0
For+Tp =19
Fl,g@l = ©°.

Bupaszumo ©°

9 =T+ ga(e)(Tpr + T1g0) + o111 495 () = T + ga(e) + ©°g3(e) = 0.
3Bigcn

_ _ Ty P
O =-02G " we
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4. BucunoBku. O1xe, icHyIOTh HETIHIITHI TapaMeTpy HOPMYBAHHS JJis TeHEpaTOPiB

MapKOBCHLKHUX TPOIECIB ¥ cXeMi MTyaCCOHOBOI ampoOKCUMAIii Ta amporcumMartii JIesi.

1.

2.
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ABOUT SELECTION OF A SMALL NORMALIZATION
PARAMETER FOR GENERATOR
OF RANDOM PROCESS

Oksana YAROVA

Ivan Franko National University of Luviv,
Universytetska str., 1, Lviv, Ukraine
e-mail: oksana-yarova@rambler.ru

Consider the Markov random evolution and their approximation. The
main object of study is the generator of random processes with independent
increments. These processes are considered in Poisson approximation and
approximation of Levi scheme. Generators of random processes are normalized
by parameters, which are nonlinear functions. We prove the existence of these
parameters.

Key words: generator, Markov process, a process with independent
increments normalizing factor, Poisson approximation, Levy approximation.



MUKOJIA APOCJIABOBUY KOMAPHUIITbKWI
(25.05.1948 — 20.04.2016)

20 kBiTHs 2016 POKY MMIOB 3 KUTTs 3aBiayBad Kadeapu aarebpu i jJoriku, 3aciy-
xkenuit npodecop JIbBIBCHKOrO HAIIOHAIBHOIO yHiBepcurery imeni Isana ®panka TOK-
top disuko-MareMarnanux Hayk Mukona Spociaasosuy Komapuunskuii. Moro panrosa
CMEPTH CTAJIA BEJUKOK BTPATOK K JJs JbBIBCBKUX MaTEMATHKIB, TaK 1 IJIs BCHOTO
YKPalHCHKOTO MATEMATUIHOIO TOBAPUCTBA.

Muxkona fpocnaosuna Komapamibkuit napomuscea 25 TpaBaa 1948 poky B cemi Ko-
vapuuku JIbBiBCbKOT 06macTi. Ilicisa 3akinyentsa cepeiHbOT MIKOIM BCTYITUB HA MEXAHIKO-
MaTemMaTudHuil axynprer JIbBIBCAKOrO IEpP2KABHOrO yHiBepcurery iMeni IBana ®pan-
ka. ¥ 1971 pori, micas 3akinveHHs yHIBepCUTeTy MpaioBaB y Bigaini anrebpu Pizuko-
MexaHiuHoro iHcruTyTy Akamemii wayk YPCP, 3 sikoro i 6yB mpu3sanuii Ha mificHy ap-
MiticbKy cayxk0y. Ilicas noBepuenus 3 apwmii, M. . Komapuuibkuii mpaiosas 3 1974 mo
1979 p. imxkenepom Bigginy anredpu lacTuTyTy npukaamHuX TpobIeM MeXaHiKW i MaTe-
MAaTUKHU, OJHOYACHO HABYAIOUYNCH B acmipanTypi. ¥ 1979 p. BiH 3aXxuCTUB KaHIAIATCHKY
JMCEePTAILLiTO.

Y moromy 1979 poky posnodanacs HOro HayKOBO-TIEJAroTivHa TisIbHICTL HA MeXa-
HiKO-MaTeMaTudHOMYy akynbreTi JIbBiBCBKOTO mepxkaBHoro yHiBepcurTery. Hamani, Bee
itoro HaykoBe »KHUTTsI Oyj0 TicHO noB’s3ane 3 HuM dakyiapreroMm. Y 1993-1995 pokax
B SIKOCTi CTApIIOr0 HAYKOBOI'O CIIBPOOITHWKA BiH MIpaloBaB HaJ OararbMa BarKJINBH-
mu agrebpalunumvu 3agadamu. OTpuMaHi pe3yabTaTh JSriad B OCHOBY HOr0 JOKTOPCHKOT
avceprarii, 3axumienoi B 1998 pori. 3 1998 poxy BiH mpaltoBaB Ha mocamdi mpodecopa
xadepa anredbpu i Tomosorii, B 2002 pori crap 3aBimyBadem 1€l Kadeapu, a 3romom
micys i1 momty B 2003 porti — 3aBigyBadem kadenpu anrebpu i jgoriku. ¥ 1992-1993 i
1996-1999 pokax BiH OyB 3aCTYIHUKOM JT€KAHA MEXAHIKO-MATEMATHIHOrO (PaKYIbTETY.
Y 1999 p. Mukony fApociaBosmda 00paHO mepIuM rosoBoi JIbBIBCBKOTO TOBAapHCTBA
JIOTiKiB, 3aCHOBAHOTO Y TLOMY 2K POTIi.
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Muxkosa Apocaasopua KoMapauUibkuii 3pobus 3HaYHWI BHECOK y Oararhox 00sa-
CTSX Cy4dacHOI ayirebpu: Teopil Kijemb i MOMy/iB, Teopii Momeseil, KaTeropHol JOTiKu,
Teopil mamiBrpym Ta mosironiB. Tak, 30kpema, B 1996 pori BiH po3s’szaB mpobiemy
Kozenca-®etica npo 3sivennnii yasrpacremnias V-obmacri Koiidbmana-Koszzenca, po3s’s-
30K {KOI CTaB OCHOBOIO HOr0 MOKTOPCHKOI auceprariii. Bin 3uaiimos neobxiani i mocrarHi
YMOBH aKCIOMaTW30BHOCTI KJIACiB paguKasiB B Kareropii Momysie wan obsgactio Jleme-
KiH/a B T€PMiHAX TOIIIBHOCTI MOAYJiB paavkamis. Ceper iHIUX PE3YyAbTATIB ¥ IHOMY
HAMPAMKY MOXKHA HABECTH JOBEICHHA AKCIOMATU30BHOCTI KJIACY HEKOMYTATUBHUAX KiJlelhb
[Iprodepa.

IIpodecop M. 4. Komapuunpkuii € apropom mouass 100 HaykoBuX pailb, 6ararsox
HAYKOBO-METOINYHUX PO3POOOK, cepel] IKUX MiIPYJIHUKU TA HABYAILHI MOCIOHUKY 3 JIi-
HIHOT aredpu, TUCKPETHOT MATEMATUKH, aJIredpu 1 MATeMATHIHOI JIOTIKH.

Ha momarox mo #ioro miogoTBOpHOI Jocaimuunbkol podoru, Mukosa fpociaBoBrd
Komapaunpkuii TakoK aKTUBHO 3aiiMaBCs BUKJIAIAIBKOI TiAIbHICTIO, OCOOIUBO B IMO-
YKy TATAHOBUTHX CTYAEHTIB i 3aydIeHHAM 1X IO JOCTITHUIIBKOL disgabHocTi. [Tpodecop
Komapuunpkuii 6yB KEpIBHEKOM CEMM KAHIUIATCHKUX JUCEPTAIN Ta HAYKOBUM KOHCYJITb-
TAaHTOM JIBOX JOKTOPCHKWX JucepTariiii. Bin oprauizysas 6araro Mi>KHapOmHUX ajarebpa-
Tunmx KoHQepeHIiiil y JIbBoBI Ta 6yB pemakTOpoM 0araThbOX MATEMATHYHUX KYPHAJIB.
3okpemMa, BiH OHYB 3aCTYIHHKOM TOJOBHOIO peaakTopa kypuauy “Algebra and Discrete
Mathematics”, wienom peakoseriit Maremaruwanux cryaiit ta Bicauka JIbBiBCbKOTO yHI-
Bepcutrery (cepis Mexaniko-maremaru4na). Bararo pokis i3 camoro 3acuysanns Mukosa
Apocnasoru KomapHuuiibkuit 6yB HE3MIHHUM KepPiBHUKOM JIBBIBCHKOrO MICBKOTO ajre-
OpAIIHOTO CeMiHApy Ta CHLILHOTO ceMmiHapy 3 Kadeapor reoMerpii i Tomosorii 3 Teopii
TIOJITOHIB i CHEKTPATBHAX TTPOCTOPIB.

Y 2014 pori 3a ioro 6araTopiyay IpoayKTUBHY HAYKOBO-emaroriuyuny pobory, Mu-
kosa flpociaasoBuu Komapuuiibkuit 6yB yaocToeHU 3BaHHS 3aciiyKEHOrO mpodecopa
JILBIBCHKOTO HAITIOHAJBLHOTO YHiBepcuTeTy iMmeni IBana ®panka.

ITpodecop Mukona Apocnasosuyu KoMmapHuiibkuii BinzHAYABCS ePYIUINEIO 1 pO3y-
MIHHSIM POJIi MaTeMaTHKM y cydacHOMY cBiti. Bin mas 6araro apy3iB cepes; MareMaTuKiB
B Ykpaiui i mo Bceomy cBity. Citna mam’ars npo Mukomy fpociaBoBuda HazaBXKIu
3aJIUIMIATHCA B YMaX i CepIgxX HOro KoJer, CTyIeHTiB, ciM’l Ta apy3is.

T.O. Banaz, A.I T'smanresuy, I.H. Dypan, O.B. I'ymix, B.B. 3abaecoru,
M.M. Bapiwnui, B.P. 3eaicko, FO.B. Twyx, M.O. Manaoid-I'ncbosa, 1.0. Meavrus,
P.M. Oanitinux, A.I. IIpumyaa, O.M. Pomanie



ITPABIJIA OJId ABTOPIB

1. Crarrs noBUHHA MICTUTH PE3YIbTATH HOBUX JOCTI/XKEHb aBTOPA 3 TIOBHUM JIOBE-
gerHsaM. He mominbHO poOnTH BEINUKI OIVIsian BxKe OMyOiKOBaHMX pe3ysbTaTiB. Poburu
TTOCUJIAHHS HA HEOTyOIiKOBaHI mpalii He MOYKHA.

2. Tekcr crarti HAOMPAIOTH HA KOMIT IOTEPl YKPATHCHKOK YU AHTVIHCHKOK MOBAMU.
Jo pemakiitaol kojerii morpibHO momaBaTH:

JIBa IPUMIPHUKK CTATTI 3 [iAnucoM aBropa (criBaBTopiB) Ha ocTaHHiil cTOpiHI;

HA3BY CTATTi, pe3toMe (pe3toMe Mae epejaBaT 3MiCT OCHOBHUX Pe3YJIbTaTiB CTaTTi,
a He JINTIIE TIOBTOPIOBATH i1 HA3BY ), KITFOUOB] CJIOBA, iM’s1, pi3BUINE aBTOpa, Micie poboTH,
aJpecy YKpPalHCHKOIO Ta aHIIIICEKOI0 MOBaMMU, €JIEKTPOHHY aJPecy;

eTEKTPOHHUIT BapiaHT CTATTI Ta pe3ioMe MOJAECThCI Ha BeO-CTOPIHII

http://publications.lnu.edu.ua/bulletins/index.php /mmf

Ta BapTO HAJICJIATHU 33 ajpecoro Inu.visn.mm@gmail.com);

JoBLAKa 11po aBropa (cuiBaBropis), y skiil Tpeba 3asnaduru iM’s, 10 6aTbKOBI TA
Tpi3BHINE aBTOpPA, Micie poboTH, MOCATY, apecy YKPAIHCHKOIO Ta aHIIIHCHKOI0 MOBaMM,
TesiehoH, eJIEKTPOHHY aapecy.

Onrumanbamii 06csr crarti 10 12 cropinok. Po3mip mpudris 10pt, Bucora cropinku
— 190 mm, mpura — 135 mm.

3. Bumoru g0 nHabopy.

Tekcr crarTi crBoproBatu y Bepcil INTEX 3 KomyBaHHSM KUPUIUIHUX MIPU(DTIB
,» Kupmmnug (Windows)“ (komosa cropinka 1251).

Ha meprriii cropinmi crarTi moTpitmo 3a3uadntu HOMep YK ta MSC 2010.

Howmepn dopmyn craBuTu 3 mpaBoro 60Ky i HymepyBaTu Juiie (pOpMyIn, Ha dKi €
MOCUJIAHHS.

Y nocunanugx HA TeopeMmy 3 MoHOrpadii 3a3HaYUTH CTOPIHKY, HA AKifi BOHA OIH-
caHa.

Pucynku no crarti nomasaru y rpadivaomy dopmari BMP an PCX. Haszsa pu-
CYHKa 94U HOr0 HOMEp He BXOIATH Vv 300pakeHHs, X Tpeba CTBOPIOBATH 3acodaMu
BTEX’y. Bubupaoun posmip rpadiuyaoro 306parkeHHsl, HAJIEXKHUThL BPaxyBaTH, 110
BoHo 6yze HaIpyKOBaHe Ha IPUHTEPi 3 po3aiabHo 3marHicTio 600 dpi.

Jliteparypy momaBaTy 3araJbHUM CIUCKOM Yy THOPSIKY HOCHJIAHb HA J2KEPea B

TEeKCTi cTarTi.

3pa3ku 6ibmiorpadivHOro onNucy KHUTH, CTATTi, IPENPUHTY, AUCEPTAIlil, JeMOHOBa-
HOIO PYKOIIUCY, Te3 JonoBigeil koudepeniii (3’i3ais ra in.):

CIMCOK BUKOPUCTAHOI JIITEPATYPU

1. Cmenaney, A. U., Cepdiox A. C. Ilpsmbie u 0OpaTHBIE TEOPEMbI TEOPUN MPUDJIH-
skenust yukuuit B upocrpancrse SP // Ykp. mar. xKypu. — 2002. — 54, Ne 1. — C.
106-124.

2. Betimwmen I., Opdetiu A. Boicuine TpancuenieaTHbie dbyHKIHH. [ uniepreomerpude-
ckas pyuknusa. Oyukium Jlexxanapa. — Mocksa: Hayka, 1973. — 296 c.



. Muzatinenro /. Hazpa. — Jlpsis: IIITIMM, 1993. — 9 ¢. — (IIpeupunr / HAH
Vkpaiau, [a-1 npuxs. npobsem mexaniku i maremaruku im. A.C. Tligcrpuradga:
80.1).

. Jobpywun P. JI., Cunati 4. I'., Cyzros KJ. M. JlunaMudecKkre CUCTEMbI CTATUCTHU-
veckoit Mexanuku // Wrorw nayku n rtexuuku. Cep. CoBp. mpobil. MaTeMaTHKH.

®yunam. nanpasienus /| BUHUTH. — 1985. — 2. — C. 235-284.

. Cepdiox A. C. Tlonepeunuku B npocropi SP knaciB GyHKIH, M0 03HAYAIOTHCA
MOJLYJISIMU HerepepBHocTi ix -noxinaux // Excrpemanbui 3ana4ai Teopii dbyHkiiii
Ta cymixkui murannus: [Ipamni Te-Ty maremarnkn HAH Ykpaian. — 2003. — 46. —
C. 229-248.

. Koamas FO.A. Hazsa: asroped. quc. Ha 3700yTTd HAYK. CTYTEHs KaHJI. (Pi3.-Mar.
Hayk. — Kuis, 2008. — 20 c.

. Cenux C.M., Mandpux I.T. Hazea . — Kuis, 1992. — 17 ¢. — Jlen. 8 JIHTH
Vxpainu, B2020-1995.

. Mypascowui B.K., Jlicko C.B. Hazsa // Haykosa xkond. “Heninitini nndeperui-
anpHi piBHAHHT: Te3u mo1., 27 cepnasa — 2 BepecHs 1994 p., Kuis. — Kuis: KHY
im. T.T. IlleBuenka, 1994. — C. 540-551.



Galyna Barabash,
Yaroslav Kholyavka,
Iryna Tytar.

Serhii Bardyla.
Mykola Bokalo,
Olga IInytska.
Mykola Bokalo,
Andrii Tsebenko.
Vasylyna Bokhonko.
Ouer byrpiii,
Mukoaa Byrpiii.

Ouier BuineHcbkHii,
Amnapiii XpHcTistHUH.
Tahir Gadjiev,

Soltan Aliev,

Gunel Gasanova.

Oleh Gutik,

Inna Pozdniakova.
Mapkisin Jo0ymoBcbKHii.
Andriy Kondratyuk |,
Vasylyna Khoroshchak,
Dzvenyslava Lukivska.
Oasra M'siyc.

IN'asmna CuiTko.

Oxcana Slposa.

Periodic words connected with the Tribonacci Words.............ocoeweveeeveeeeen...

On semitopological a-bicyclic monoid....

Unique solvability of initial-boundary value prob!ems for nonhnear

parabolic equations with time dependent delay.... e
Optimal resource coefficient control in a aj)namxc p()pulatmn modeZ

Without iNitial CONAITIONS. .............ccocoviiiiiiiiiiiiiiiiieee et
Bezout domains whose finite homomorphic images are semipotent rings....

I1Ipo icnysanns 6 y3aeanvnenux npocmopax Cobonesa po3e'sasKie
MIMAnux 3a0a4 015 HeTiHIUHUX THmMe2po- dud;epenuiaﬂbnux pieisiib,
HOB'A3AHUX 3 E6PONEUCLKUM ONYIOHOM...
Hpo 61acmu6oCcmi iHOUKamopie awtauopgfmux t})yHKwu uwxow

On the monoid of monotone injective partial selfmaps of N2< with
cofinite domains and images...

3ayeadicenns 0o 30ixcHoCmi inmezpanie ﬂamaca—Cmmbmbeca ..................
DEHIDIC JURCHONS. c.c.ovviiiis coviivsssiriivismsisneirinismbnis it ot oot s T

Qynrkyionanvhe yucienns Ha areeopax muny Binepa ma iiozo

Qudhepenyianvni enacmueocmi..
Busnauenns monoowux KOQQ’JIE{!SHmIB‘ napaﬁoﬂmnoeo PIGHAHHA 6
OBIACH 3 BLILHOIO MEICEID. v iisivasvsn st e
IIpo eubip manoeo napamempa HOpMyeanus cenepamopa
BUNAOKOBOLO FPOYCCY..........ceveeeiveeieiiaeirieet et sttt eae st eseeaeeia e s sieens
Muxkona Apocnasoeuy Komapnuyvkuii (1948 — 2016)

Sponsored by CAMIMS
http://camims.com.ua

we will benefit you by maths

i B

39
58

. 61

85
95

100
B
12]

159



http://www.tcpdf.org

