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PERIODIC WORDS CONNECTED WITH

THE TRIBONACCI WORDS
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We introduce two families of periodic words (TLP-words of type 1 and
TLP-words of type 2) that are connected with the Tribonacci numbers
and Tribonacci words, respectively.

Key words: Tribonacci numbers, Tribonacci words.

1. Introduction.

The Tribonacci numbers Tn are de�ned by the recurrence relation Tn = Tn−1 +
Tn−2+Tn−3, for all integer n > 2, and with initial values T0 = 0, T1 = 0 and T2 = 1 (see,
e.g., [1, 2, 3]). Many properties of the Tribonacci numbers require the full ring structure
of the integers. However, generalizations to the ring Zm have been considered (see, e.g.,
[4]). The sequence Tn (mod m) is periodic and repeats by returning to its starting values
because there are only a �nite number m3 of triples of terms possible, and the recurrence
of a triple results in recurrence of all the following terms.

In analogy to the de�nition of Tribonacci numbers, one de�nes the Tribonacci �nite
words as the contatenation of the three previous terms tn = tn−1tn−2tn−3, n > 2, with
initial values t0 = 0, t1 = 01 and t2 = 0102 and de�nes the in�nite Tribonacci word t,
t = lim tn (see [5]). It is the archetype of an Arnoux-Rauzy word (see, e.g., [6, 7]).

Using Tribonacci words, in the present article we shall introduce some new kinds of
the in�nite words, mainly TLP words, and investigate some of their properties.

For any notations not explicitly de�ned in this article we refer to [1, 6].
2. Tribonacci sequence modulo m.

The letter p is reserved to designate a prime and m may be arbitrary integer, m > 1.
Let T ∗

n(m), 0 6 T ∗
n(m) < m, denote the n-th member of the sequence of integers

Tn ≡ Tn−1 +Tn−2 +Tn−3 (mod m), for all integer n > 2, and with initial values T0 = 0,
T1 = 0 and T2 = 1 (T ∗

0 (m) = 0, T ∗
1 (m) = 0 and T ∗

2 (m) = 1). We reduce Tn modulo m
taking the least nonnegative residues, and let k(m) denote the length of the period of

c⃝ Barabash G., Kholyavka Ya., Tytar I., 2016
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the repeating sequence T ∗
n(m). A few properties of the function k(m) are in the following

theorem [4, 8]. Let p be an odd prime, p ̸= 11, and
(
p
11

)
denotes the Legendre symbol.

Theorem 1. In Zm the following hold:

1) Any Tribonacci sequence modulo m is periodic.
2) If

(
p
11

)
= 1, then k(p)|(p2 + p+ 1) if x3 − x2 − x− 1 is irreducible mod p, otherwise

k(p)|(p− 1).
3) If

(
p
11

)
= −1, then k(p)|(p2 − 1).

The results in Theorem 8 give upper bounds for k(p) but there are primes for which
k(p) is less than the given upper bound.

3. Tribonacci words.

Let t0 = 0, t1 = 01 and t2 = 0102. Now tn = tn−1tn−2tn−3, n > 2, the contatenation
of the three previous terms. The successive initial �nite Tribonacci words are:

t0 = 0, t1 = 01, t2 = 0102, t3 = 0102010, t4 = 0102010010201, . . . (1)

The in�nite Tribonacci word t is the limit t = limn→∞ tn. It is referenced A080843
in the On-line Encyclopedia of Integer Sequences [9]. The properties of the Tribonacci
in�nite words are of great interest in some �elds of mathematics and its application such
as number theory, fractal geometry, formal language etc. See [5, 10, 11, 12, 13].

We denote as usual by |tn| the length (the number of symbols) of tn. The following
proposition summarizes basic properties of Tribonacci words [5].

Theorem 2. The in�nite Tribonacci word and the �nite Tribonacci words satisfy the
following properties:

1) The words 11, 22 and 000 are not subwords of the in�nite Tribonacci word.
2) For all n > 0 let an be the last symbol of tn and k ≡ n (mod 3), k ∈ {0, 1, 2}. Then

we have an = k.
3) For all n > 0 |tn| = Tn+3.

4. Periodic TLP words.

Let us start with the classical de�nition of periodicity of words over arbitrary
alphabet {a0, a1, a2, . . . } (see [14]).

De�nition 1. Let w = a0a1a2 . . . be an in�nite word. We say that w is

1) a periodic word if there exists a positive integer t such that ai = ai+t for all i > 0.
The smallest t satisfying the previous condition is called the period of w;

2) an eventually periodic word if there exist two positive integers t, s such that ai = ai+t,
for all i > s;

3) an aperiodic word if it is not eventually periodic.

Theorem 3. The in�nite Tribonacci word is aperiodic.

This statement is proved in [10].
We consider the �nite Tribonacci words tn (3) as numbers written in the ternary

numeral system and denote them by bn. Denote by dn the value of the number bn in
usual decimal numeration system. We write dn = bn meaning that dn and bn are writing
of the same number in di�erent numeral systems.
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Example 1.

t0 = 0, t1 = 01, t2 = 0102, t3 = 0102010, t4 = 0102010010201, . . . ,

b0 = 0, b1 = 1, b2 = 102, b3 = 102010, b4 = 102010010201, . . . ,

d0 = 0, d1 = 1, d2 = 11, d3 = 300, d4 = 218800, d5 = 38759787911, . . . .

Theorem 4. For any �nite Tribonacci word tnwe have

d0 = 0, d1 = 1, d2 = 11, dn = dn−13
Tn+1+Tn + dn−23

Tn + dn−3 (n > 2). (2)

Proof. One can easily verify (4) for the �rst few n : d3 = b3 = 102010 = 102000+10+0 =
b23

3+b13
1+b0 = d23

3+d13
1+d0, d4 = b4 = 102010010201 = 102010000000+10200+1 =

d33
6 + d23

2 + d1. Equality (4) follows from Theorem 9 (statement 3)) and the equality
dn = bn = bn−1 0 . . . 0︸ ︷︷ ︸

Tn+1+Tn

+bn−2 0 . . . 0︸ ︷︷ ︸
Tn

+bn−3 = dn−13
Tn+1+Tn + dn−23

Tn + dn−3.

Let w0(m) = 0 and for arbitrary integer n, n > 1, dn(m) = dn (mod m), 0 6
dn(m) < m, bn(m) is dn(m) in the ternary numeration system, wn(m) = wn−1(m)bn(m).
Denote by w(m) the limit w(m) = limn→∞ wn(m).

De�nition 2. We say that

1) wn(m) is a �nite TLP word type 1 modulo m;
2) w(m) is an in�nite TLP word type 1 modulo m.

Theorem 5. The in�nite TLP word of type 1 w(p) is a periodic word.

Proof. The statement follows from (4) because there are only a �nite number of dn(p)
and 3Tn (mod p) possible, and the recurrence of the �rst few terms sequence dn(p) and
3Tn (mod p) gives recurrence of all subsequent terms.

Using Tribonacci words (3) we de�ne a periodic TLP word w∗(m) (in�nite TLP
word type 2 by modulo m). As usual, we denote by ϵ the empty word. Let v∗n(m) be the
last T ∗

n+3(m) symbols of the word tn if T ∗
n+3(m) ̸= 0, otherwise v∗n(m) = ϵ.

Theorem 6. The word length |v∗n(m)| coincides with T ∗
n+3(m).

Proof. This is clear by construction of v∗n(m) .

Since T ∗
n(m) is a periodic sequence with period k(m), the sequence |v∗n(m)| is

periodic with the same period. Let w∗
0(m) = 0 and for arbitrary integer n, n > 1,

w∗
n(m) = w∗

n−1(m)v∗n(m). Denote by w∗(m) the limit w∗(m) = limn→∞ w∗
n(m).

De�nition 3. We say that

1) w∗
n(m) is a �nite TLP word of type 2 modulo m;

2) w∗(m) is an in�nite TLP word of type 2 modulo m.

Theorem 7. The in�nite TLP word of type 2 w∗(m) is a periodic word.

The Theorem 14 is a direct corollary of Theorem 9 (statement 2)) and Theorem 13.
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We consider a semitopological α-bicyclic monoid Bα and prove that it is
algebraically isomorphic to the semigroup of all order isomorphisms between
the principal upper sets of ordinal ωα. We prove that for every ordinal α and
every (a, b) ∈ Bα if a or b is a non-limit ordinal, then (a, b) is an isolated point in
Bα. We show that for every ordinal α < ω+1 every locally compact semigroup
topology on Bα is discrete. On the other hand, we construct an example of a
non-discrete locally compact topology τlc on Bω+1 such that (Bω+1, τlc) is a
topological inverse semigroup. This example shows that there is a gap in the
proof of Theorem 2.9 [16] stating that for every ordinal α the semigroup Bα

does not admit non-discrete locally compact inverse semigroup topologies.

Key words: topological inverse semigroup, topological semigroup, semi-
topological semigroup, α-bicyclic semigroup.

In this paper all topological spaces are assumed to be Hausdor�. By N we shall
denote the set of all positive integers. A semigroup S is called inverse if for every x ∈ S
there exists a unique y ∈ S such that xyx = x and yxy = y. Later such an element y
will be denoted by x−1 and will be called the inverse of x. A map inv : S → S which
assigns to every s ∈ S its inverse is called inversion. By ω we denote the �rst in�nite ordi-
nal. A topological (inverse) semigroup is a topological space together with a continuous
semigroup operation (and an inversion, respectively). Obviously, the inversion de�ned
on a topological inverse semigroup is a homeomorphism. If S is a semigroup (an inverse
semigroup) and τ is a topology on S such that (S, τ) is a topological (inverse) semigroup,
then we shall call τ an (inverse) semigroup topology on S. A semitopological semigroup

is a topological space together with a separately continuous semigroup operation. Let f
be a map between two partial ordered sets (A,6A) and (B,6B), then we shall call f a
monotone if for every a, b ∈ A if a 6A b then f(a) 6B f(b). We shall call f an order
isomorphism if f is monotone bijection and its inverse map f−1 is also monotone.

For a partially ordered set (A,6), for an arbitrary X ⊂ A and x ∈ A we write:

1) ↓X = {y ∈ A : there exists x ∈ X such that y 6 x};
2) ↑X = {y ∈ A : there exists x ∈ X such that x 6 y};

c⃝ Bardyla S., 2016
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3) ↓x = ↓{x};
4) ↑x = ↑{x};
5) X is a lower set if X = ↓X;
6) X is an upper set if X = ↑X;
7) X is a principal lower set if X = ↓x for some x ∈ X;
7) X is a principal upper set if X = ↑x for some x ∈ X.

The bicyclic monoid B(p, q) is the semigroup with the identity 1 generated by two
elements p and q subjected only to the condition pq = 1. The distinct elements of B(p, q)
are exhibited in the following useful array

1 p p2 p3 · · ·
q qp qp2 qp3 · · ·
q2 q2p q2p2 q2p3 · · ·
q3 q3p q3p2 q3p3 · · ·
...

...
...

...
. . .

and the semigroup operation on B(p, q) is determined as follows:

qkpl · qmpn = qk+m−min{l,m}pl+n−min{l,m}.

It is well known that the bicyclic monoid B(p, q) is a bisimple (and hence simple) combi-
natorial E-unitary inverse semigroup and every non-trivial congruence on B(p, q) is a
group congruence [8]. Also classic Andersen Theorem states that a simple semigroup S
with an idempotent is completely simple if and only if S does not contains an isomorphic

copy of the bicyclic semigroup (see [1] and [8, Theorem 2.54]). Observe that the bicyclic
monoid can be represented as a semigroup of isomorphisms between principal upper sets
of partially ordered set (N,6) (see [21]). The bicyclic semigroup admits only the discrete
semigroup topology and if a topological semigroup S contains it as a dense subsemigroup
then B(p, q) is an open subset of S [9]. In [6] and [10] this result was extended for the
case of semitopological semigroups and generalized bicyclic semigroup respectively. The
problem of an embedding of the bicyclic monoid into compact-like topological semigroups
was discussed in [2], [3], [12]. Also, in [9] was described the closure of the bicyclic monoid
B(p, q) in a locally compact topological inverse semigroup. In [11] was proved that a
Hausdor� locally compact semitopological bicyclic semigroup with adjoined zero 0 is
either compact or discrete.

Among the other natural generalization of bicyclic semigroup polycyclic monoid and
α-bicyclic monoid play the major role.

Polycyclic monoid was introduced in [23]. In [4] there was introduced a notion of the
λ-polycyclic monoid, which is a generalization of the polycyclic monoid and there was
proved that for every cardinal λ > 1 the λ-polycyclic monoid Pλ can be represented as
a subsemigroup of the semigroup of all order isomorphisms between principal lower sets
of the λ-ary tree with adjoined zero. In [18] and [19] were studied algebraic properties
of the polycyclic monoid. In [22] were studied topological properties of the graph inverse
semigroups which are the generalization of polycyclic monoids and proved that for every
�nite graph E every locally compact semigroup topology on the graph inverse semigroup
over E is discrete, which implies that for every positive integer n every locally compact
semigroup topology on the n-Polycyclic monoid is discrete. In [4] were studied algebraic



ON A SEMITOPOLOGICAL α-BICYCLIC MONOID
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2016. Âèïóñê 81 11

and topological properties of the λ-polycyclic monoid and was proved that for every non-
zero cardinal λ every locally compact semigroup topology on the λ-Polycyclic monoid
is discrete. In [5] authors investigated the closure of λ-polycyclic monoid in topological
inverse semigroups.

However in this paper we are mostly concerned on the α-bicyclic monoid. This
monoid was introduced in [17]. Let α be an arbitrary ordinal and < be the usual order
on α such that a < b i� a ∈ b for every a, b ∈ α. For every a, b ∈ α we write a 6 b i�
a = b or a ∈ b. Clearly that 6 is a partial order on α. By + we will denote the usual
ordinal addition. Ordinal α is said to be prime if it can't be represented as a sum of two
ordinals which are contained in α. For every ordinals a, b such that a > b we will put
c = a− b if a = b+ c. Clearly that for every ordinals a > b there exists a unique ordinal
c such that a = b + c. For more about ordinals see [20], [25] or [26]. By the α-bicyclic
monoid Bα we mean the set ωα × ωα endowed with the following binary operation:

(a, b) · (c, d) =
{

(a+ (c− b), d), if b 6 c;
(a, d+ (b− c)), if b > c;

Later on we will write (a, b)(c, d) instead of (a, b) · (c, d).
In [17] were considered algebraic properties of bisimple semigroups with well-ordered

idempotents. In [24] was built a non-discrete inverse semigroup topology on B2. In [15]
were investigated inverse semigroup topologies on Bα.

Observe that every upper set of arbitrary ordinal α is principal.

By J↗
ωα we shall denote the semigroup of all order isomorphisms between the pri-

ncipal upper sets of the ordinal ωα endowed with multiplication of composition of partial
maps.

Topological semigroups of partial monotone bijections of linearly ordered sets were
investigated in [7], [13], [14]. In [13] it was proved that every locally compact topology
on the semigroup of all partial co�nite monotone injective transformations of the set
of positive integers is discrete. In [7] authors proved that every Baire topology on the
semigroup of almost monotone injective co-�nite partial selfmaps of positive integers is
discrete. In [14] was proved that every Baire topology on the semigroup of all monotone
injective partial selfmaps of the set of integers having co�nite domain and image is
discrete. We observe that in [7] and [14] there constructed non-discrete non-Baire inverse
semigroup topologies on the corresponding semigroups.

In this paper we consider a semitopological α-bicyclic monoid Bα and prove that it is
algebraically isomorphic to a semigroup of all order isomorphisms between the principal
upper sets of ordinal ωα. We prove that for every ordinal α for every (a, b) ∈ Bα if a
or b is a non-limit ordinal then (a, b) is an isolated point in Bα. We show that for every
ordinal α < ω + 1 every locally compact semigroup topology on Bα is discrete. However
we construct an example of a non-discrete locally compact topology τlc on Bω+1 such
that (Bω+1, τlc) is a topological inverse semigroup. This example shows that there is a
gap in [16, Theorem 2.9], where is stated that for every ordinal α there is only discrete
locally compact inverse semigroup topology on Bα.

Proposition 1. For every ordinal α the semigroup J↗
ωα of all order isomorphisms

between principle upper sets of ordinal ωα is isomorphic to the α-bicyclic monoid Bα.
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Proof. Observe that every principal upper set of ωα is an interval [a, ωα) for some a ∈ ωα.

De�ne a map h : J↗
ωα → Bα in the following way: for an arbitrary order isomorphism

f : [a, ωα) → [b, ωα) put h(f) = (a, b). Clearly that if there exists an order isomorphism
between two intervals [a, ωα) and [b, ωα) then it is unique. Thus the map h is injective.
Since ωα is a prime ordinal for every a, b < ωα upper sets [a, ωα) and [b, ωα) of ωα are
order isomorphic and hence the map h is surjective. Simple veri�cations show that the
map h is a homomorphism.

Lemma 1. Let (Bα, τ) be a semitopological semigroup. Then for every ordinal a ∈ ωα

the elements (0, a) and (a, 0) are isolated points in (Bα, τ).

Proof. Observe that if e is an idempotent of semitopological semigroup S both eS and
Se are retracts of the space S and hence are closed subsets of S. Since {(0, 0)} = Bα \
((1, 1)Bα ∪ Bα(1, 1)), (0, 0) is an isolated point in (Bα, τ).

Since (0, a)(a, 0) = (0, 0) the separate continuity of multiplication implies that there
exists an open neighborhood V ((0, a)) such that V ((0, a))(a, 0) = {(0, 0)}. Fix any point
(c, d) ∈ V ((0, a)). Then (c, d)(a, 0) = (0, 0). Hence d = a and c = 0 which implies that
V ((0, a)) = {(0, a)}. Thus (0, a) is an isolated point in (Bα, τ). Proof of the statement
that (a, 0) is an isolated point is similar.

Lemma 2. Let (Bα, τ) be a semitopological semigroup. Then for every element (a, b) ∈
Bα there exists a clopen neighborhood V ((a, b)) of (a, b) such that the following conditions

hold:

1) for every (c, d) ∈ V ((a, b)) c 6 a and d 6 b;
2) for every (c, d) ∈ V ((a, b)) a = c if and only if b = d.

Proof. Put V ((a, b)) = {x ∈ S : (0, a)x = (0, b)}. Observe that by Lemma 1 (0, b) is an
isolated point of the space Bα. Since (0, a)(a, b) = (0, b) the separate continuity of the
multiplication in Bα implies that V (a, b) is a clopen neighborhood of the point (a, b). Fix
any element (c, d) ∈ V ((a, b)). Then we have that (0, a)(c, d) = (0, b). Clearly that above
equality holds in the only case when c 6 a. Hence (0, a)(c, d) = (0, d+(a−c)) = (0, b) and
since d+(a− c) = b we get that d 6 b. Moreover if a = c then (0, a)(c, d) = (0, d) = (0, b)
and hence b = d.

Lemma 2 implies the following corollary:

Corollary 1. Let (Bα, τ) be a semitopological semigroup. Then for every �nite ordinals

n,m element (n,m) is an isolated point in the space (Bα, τ).

Lemma 3. Let (Bα, τ) is a semitopological semigroup. For every distinct ordinals a, b < α
(ωa, ωb) is an isolated point in (Bα, τ).

Proof. First we consider the case when a < b. Since (0, ωa)(ωa, ωb) = (0, ωb),
Lemma 1 and separate continuity of the semigroup operation in (Bα, τ) imply that
there exists an open neighborhood V ((ωa, ωb)) of (ωa, ωb) in (Bα, τ) such that
(0, ωa)V ((ωa, ωb)) = {(0, ωb)} and for the neighborhood V ((ωa, ωb)) conditions of
Lemma 2 hold. Then (0, ωa)(c, d) = (0, d+(ωa− c)) = (0, ωb) for every (c, d) ∈ V ((a, b)).
Hence d + (ωa − c) = d + ωa = ωb, but this equation is true only if ωa = ωb, a
contradiction.
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In the case when a > b the proof is similar.

By [26, Theorem 17] each ordinal α has Cantor's normal form, that is α = n1ω
β1 +

n2ω
β2+...+nkω

βk , where ni are positive integers and β1, β2, ..., β3 is a decreasing sequence
of ordinals.

Lemma 4. Let (Bα, τ) be a semitopological semigroup, a = n1ω
β1 +n2ω

β2 + ...+nkω
βk ,

b = m1ω
γ1+m2ω

γ2+...+mtω
γt be Cantor's normal forms of ordinals a and b respectively.

If (a, b) ∈ Bα and (ωβk , ωγt) is an isolated point in (Bα, τ) then (a, b) is an isolated point

in the space (Bα, τ).

Proof. Suppose (ωβk , ωγt) is an isolated point in (Bα, τ). Put a∗ = n1ω
β1 + n2ω

β2 +
... + (nk − 1)ωβk and b∗ = m1ω

γ1 + n2ω
γ2 + ... + (nt − 1)ωγt . Here we agree that a∗ =

0(b∗ = 0) in the case when nk = 1(nt = 1). Then (0, a∗)(a, b)(b∗, 0) = (ωβk , ωγt).
The separate continuity of multiplication in (Bα, τ) implies that there exists an open
neighborhood V ((a, b)) of (a, b) such that (0, a∗)V ((a, b))(b∗, 0) = {(ωβk , ωγt)}. Fix any
element (c, d) ∈ V ((a, b)). Obviously (0, a∗)(c, d)(b∗, 0) can be equal to (ωβk , ωγt) only if
a∗ 6 c and b∗ 6 d. Then (0, a∗)(c, d)(b∗, 0) = (c− a∗, d− b∗) = (ωβk , ωγt), which implies
that c = a and d = b. Hence V ((a, b)) = {(a, b)}.

Proposition 2. Let (Bα, τ) be a semitopological semigroup and a be a non-limit ordinal.

Then for every ordinal b ∈ ωα both (a, b) and (b, a) are isolated points in the space (Bα, τ).

Proof. Corollary 1 and Lemma 4 imply that both points (a, b) and (b, a) are isolated in
(Bα, τ) if b is a non-limit ordinal. Hence it is su�cient to consider the case when b is a
limit ordinal. Suppose to the contrary that (a, b) is a non-isolated point in (Bα, τ). Since
(a, b)(b, 0) = (a, 0), the separate continuity of multiplication in (Bα, τ), Lemmas 1 and 2
imply that there exists an open neighborhood V ((a, b)) of (a, b) satisfying conditions of
Lemma 2 such that V ((a, b))(b, 0) = {(a, 0)}. Fix an arbitrary element (c, d) ∈ V (a, b) \
{(a, b)}. Then (c, d)(b, 0) = (c + (b − d), 0) = (a, 0). Hence a = c + (b − d), but since b
is a limit ordinal we have that b − d is also a limit ordinal. Then c + (b − d) is a limit
ordinal which contradicts to the assumption that a is a non-limit ordinal. Proof of the
statement that (b, a) is an isolated point in (Bα, τ) is similar.

Theorem 1. For each α < ω + 1 every locally compact topological α-bicyclic semigroup

(Bα, τ) is discrete.

Proof. Lemmas 3 and 4 imply that if each idempotent (ωa, ωa) of the (Bα, τ) is an isolated
point then τ is discrete.

It is obvious that the subset {(n,m) : n,m < ω} ∪ {ω, ω} with the semigroup
operation induced from Bα is isomorphic to the bicyclic semigroup with adjoined zero.
Then by Lemma 2 and [11, Corollary 1], (ω, ω) is an isolated point in (Bα, τ).

Suppose (Bα, τ) is a non-discrete semigroup. Let m be the smallest positive integer
such that (ωm, ωm) is a non isolated idempotent of (Bα, τ). We remark that by the
our assumption Lemmas 3 and 4 imply that {(a, b) : a, b < ωm} is discrete subsemi-
group of (Bα, τ) which is algebraically isomorphic to Bm. By Lemma 2 there exists
a clopen compact neighborhood W ((ωm, ωm)) of (ωm, ωm) such that W ((ωm, ωm)) ⊂
Bm ∪ {(ωm, ωm)}. The continuity of the multiplication in the (Bα, τ) implies that there
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exists a compact open neighborhood V ((ωm, ωm)) ⊆ W ((ωm, ωm)) of (ωm, ωm) such
that (0, 0) /∈ V 2((ωm, ωm)). Since V ((ωm, ωm)) is compact and (ωm, ωm) is the only
non-isolated point in V ((ωm, ωm)), we have that (ωm, ωm) is a limit point of every in�-
nite sequence xn ∈ V ((ωm, ωm)) consisting of mutually distinct elements.

For an arbitrary element (y, 0) ∈ Bm put

X(y,0) = {(0, x) : (y, 0)(0, x) = (y, x) ∈ V }.

Suppose that there exists an element (y, 0) ∈ Bm for which the set X(y,0) is in�nite. Let
X(y,0) = {(0, xk) : k ∈ N} be an enumeration of the set X(y,0). Observe that

(ωm, ωm) = lim
k→∞

((y, 0)(0, xk)) = lim
k→∞

(y, xk).

Then for every ordinal z < ωm

lim
k→∞

(z, xk) = (ωm, ωm),

because

(ωm, ωm) = (z, y)(ωm, ωm) = (z, y) lim
k→∞

(y, xk) = lim
k→∞

((z, y)(y, xk)) = lim
k→∞

(z, xk)

For every k ∈ N let ck be the smallest ordinal such that (xk, ck) ∈ V ((ωm, ωm)). Since
(0, 0) /∈ V 2((ωm, ωm)) we have that there exists k0 ∈ N such that for every k > k0 ck ̸= 0.
Observe that (ωm, ωm) is a zero of Bm. The continuity of the multiplication in (Bα, τ)
implies that there exists an open compact neighborhood O((ωm, ωm)) ⊆ V ((ωm, ωm))
such that

O((ωm, ωm))(1, 0) ∪O((ωm, ωm))(ω, 0) ∪ .. ∪ O((ωm, ωm))(ωm−1, 0) ⊆ V ((ωm, ωm)).

But then an in�nite discrete space {(xk, ck) : k ∈ N} ⊂ V ((ωm, ωm)) \ O((ωm, ωm)),
which contradicts the compactness of V ((ωm, ωm)). The obtained contradiction implies
that X(y,0) is a �nite set for every element (y, 0) ∈ Bm.

Since V ((ωm, ωm)) is in�nite there exist an in�nite set A = {(yn, 0) : n ∈
N} ⊂ Bm such that X(yn,0) ̸= ∅. For an arbitrary element (yn, 0) ∈ A by (0, zyn) we
denote an element of X(yn,0) which has the greatest second coordinate. Clearly that
{(yn, 0)(0, zyn) = (yn, zyn)} is in�nite sequence of V ((ωm, ωm)). Then we have that

lim
n→∞

(yn, zyn) = (ωm, ωm).

But

(ωm, ωm) = (ωm, ωm)(0, ωm−1) = lim
n→∞

(yn, zyn)(0, ω
m−1) =

= lim
n→∞

(yn, ω
m−1 + zyn) ̸= (ωm, ωm),

because ωm−1 + zyn > zyn which contradicts the continuity of the multiplication in
(Bα, τ). Hence (Bα, τ) is a discrete semigroup.

However the following example shows that there exists a non-discrete locally
compact topology τlc on the Bω+1 such that (Bω+1, τlc) is a topological inverse semi-
group.
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Example 1. We de�ne the topology τlc in the following way: all points distinct from
(nωω,mωω) for some positive integers n,m are isolated, and the family B((nωω,mωω)) =
{Uk((nω

ω,mωω)) : k ∈ N} forms a base of the topology τlc at the point (nωω,mωω),
where

Uk((nω
ω,mωω)) = {((n− 1)ωω + ωt, (m− 1)ωω + ωt) : t > k} ∪ {(nωω,mωω)}.

Clearly that τlc is a Hausdor� topology on Bω+1. Since every open basic neighborhood
of an arbitrary non isolated point (nωω,mωω) is compact we have that τlc is locally
compact.

It is obvious that for every positive integer k

inv(Uk(nω
ω,mωω)) = Uk(mωω, nωω).

Hence the inversion is continuous in (Bω+1, τlc).
Let a < ωω+1 be an arbitrary ordinal. Below for us will be useful the following

trivial modi�cation of the Cantor's normal form of the ordinal a:

a = n1ω
ω + n2ω

t2 + ..+ npω
tp ,

where n1 is a non negative integer, n2, .., np are positive integers and ω, t2, t3, .., tp is a
decreasing sequence of ordinals.

It is su�cient to check the continuity of the multiplication at a point ((a, b), (c, d)) ∈
Bω+1 ×Bω+1 when at least one of the points (a, b) or (c, d) is non-isolated in (Bω+1, τlc).
Hence there are three cases to consider:

(1) (n1ω
ω,m1ω

ω)(nωω,mωω), where n,m, n1,m1 ∈ N;
(2) (a, b)(nωω,mωω), where (a, b) is an isolated point in (Bω+1, τlc), n,m ∈ N;
(3) (nωω,mωω)(a, b), where (a, b) is an isolated point in (Bω+1, τlc), n,m ∈ N;

Suppose the �rst case holds, then we have the multiplication of the form

(n1ω
ω,m1ω

ω)(nωω,mωω).

It has the following three subcases:

(1.1) if m1 < n then (n1ω
ω,m1ω

ω)(nωω,mωω) = ((n1 + n−m1)ω
ω,mωω);

(1.2) if m1 = n then (n1ω
ω,m1ω

ω)(nωω,mωω) = (n1ω
ω,mωω);

(1.3) if m1 > n then (n1ω
ω,m1ω

ω)(nωω,mωω) = (n1ω
ω, (m+m1 − n)ωω).

Let's consider the subcase (1.1). Let Uk(((n1 + n −m1)ω
ω,mωω)) be a basic open nei-

ghborhood of ((n1 + n−m1)ω
ω,mωω). Then we state that

Uk((n1ω
ω,m1ω

ω))Uk((nω
ω,mωω)) ⊆ Uk(((n1 + n−m1)ω

ω,mωω)).

Indeed, �x any elements

((n1 − 1)ωω + ωt, (m1 − 1)ωω + ωt) ∈ Uk((n1ω
ω,m1ω

ω))

and

((n− 1)ωω + ωp, (m− 1)ωω + ωp) ∈ Uk((nω
ω,mωω)).
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Then

((n1 − 1)ωω + ωt, (m1 − 1)ωω + ωt)((n− 1)ωω + ωp, (m− 1)ωω + ωp) =

((n1 − 1)ωω + ωt + ((n− 1)ωω + ωp − ((m1 − 1)ωω + ωt)), (m− 1)ωω + ωp) =

((n1 − 1)ωω + ωt + ((n− 1−m1 + 1)ωω + ωp), (m− 1)ωω + ωp) =

((n1 − 1 + n− 1−m1 + 1)ωω + ωp, (m− 1)ωω + ωp) =

((n1 + n−m1 − 1)ωω + ωp, (m− 1)ωω + ωp) ∈ Uk(((n1 + n−m1)ω
ω,mωω)).

Let's consider the subcase (1.2). We have that m1 = n. Let Uk((n1ω
ω,mωω)) be a basic

open neighborhood of (n1ω
ω,mωω). Then we state that

Uk((n1ω
ω, nωω))Uk((nω

ω,mωω)) ⊆ Uk((n1ω
ω,mωω)).

Indeed, �x any elements

((n1 − 1)ωω + ωt, (n− 1)ωω + ωt) ∈ Uk((n1ω
ω, nωω))

and

((n− 1)ωω + ωp, (m− 1)ωω + ωp) ∈ Uk((nω
ω,mωω)).

If p > t then

((n1 − 1)ωω + ωt, (n− 1)ωω + ωt)((n− 1)ωω + ωp, (m− 1)ωω + ωp) =

((n1 − 1)ωω + ωt + ((n− 1)ωω + ωp − ((n− 1)ωω + ωt)), (m− 1)ωω + ωp) =

((n1 − 1)ωω + ωt + (ωp − ωt), (m− 1)ωω + ωp) =

((n1 − 1)ωω + ωp, (m− 1)ωω + ωp) ∈ Uk((n1ω
ω,mωω)).

If p = t then we have the following:

((n1 − 1)ωω + ωp, (n− 1)ωω + ωp)((n− 1)ωω + ωp, (m− 1)ωω + ωp) =

((n1 − 1)ωω + ωp, (m− 1)ωω + ωp) ∈ Uk((n1ω
ω,mωω)).

If p < t then

((n1 − 1)ωω + ωt, (n− 1)ωω + ωt)((n− 1)ωω + ωp, (m− 1)ωω + ωp) =

((n1 − 1)ωω + ωt, (m− 1)ωω + ωp + ((n− 1)ωω + ωt − ((n− 1)ωω + ωp))) =

((n1 − 1)ωω + ωt, (m− 1)ωω + ωp + (ωt − ωp)) =

((n1 − 1)ωω + ωt, (m− 1)ωω + ωt) ∈ Uk((n1ω
ω,mωω)).

Let's consider the subcase (1.3). In this subcase we have that m1 > n.
Let Uk((n1ω

ω, (m+m1−n)ωω)) be a basic open neighborhood of (n1ω
ω, (m+m1−n)ωω).

Then we state that

Uk((n1ω
ω,m1ω

ω))Uk((nω
ω,mωω)) ⊆ Uk((n1ω

ω, (m+m1 − n)ωω)).

Indeed, �x any elements

((n1 − 1)ωω + ωt, (m1 − 1)ωω + ωt) ∈ Uk((n1ω
ω,m1ω

ω))

and

((n− 1)ωω + ωp, (m− 1)ωω + ωp) ∈ Uk((nω
ω,mωω)).
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Then

((n1 − 1)ωω + ωt, (m1 − 1)ωω + ωt)((n− 1)ωω + ωp, (m− 1)ωω + ωp) =

((n1 − 1)ωω + ωt, (m− 1)ωω + ωp + ((m1 − 1)ωω + ωt − ((n− 1)ωω + ωp))) =

((n1 − 1)ωω + ωt, (m− 1)ωω + ωp + ((m1 − 1− n+ 1)ωω + ωt)) =

((n1 − 1)ωω + ωt, (m+m1 − n− 1)ωω + ωt) ∈ Uk((n1ω
ω, (m+m1 − n)ωω)).

Hence the continuity of the multiplication in (Bω+1, τlc) holds in the case (1).
Let's consider the case (2). It has the following three subcases:

(2.1) a ̸= n1ω
ω and b ̸= m1ω

ω;
(2.2) a ̸= n1ω

ω and b = m1ω
ω;

(2.3) a = n1ω
ω and b ̸= m1ω

ω.

Let's consider the subcase (2.1) Let a = n1ω
ω + n2ω

t2 + ..+ npω
tp and

b = m1ω
ω +m2ω

r2 + ..+mcω
rc , (note that n1 and m1 could be equal to 0).

Then we have the following two subcases:

(2.1.1) if m1 < n then

(n1ω
ω+n2ω

t2+..+npω
tp ,m1ω

ω+m2ω
r2+..+mcω

rc)(nωω,mωω) = ((n1+n−m1)ω
ω,mωω);

(2.1.2) if m1 > n then

(n1ω
ω + n2ω

t2 + ..+ npω
tp ,m1ω

ω +m2ω
r2 + ..+mcω

rc)(nωω,mωω) =

= (n1ω
ω + n2ω

t2 + ..+ npω
tp , (m+m1 − n)ωω +m2ω

r2 + ..+mcω
rc);

Let's prove the continuity in the subcase (2.1.1). Let Uk(((n1 + n−m1)ω
ω,mωω)) be a

basic open neighborhood of ((n1 + n−m1)ω
ω,mωω). Note that

(n1ω
ω + n2ω

t2 + ..+ npω
tp ,m1ω

ω +m2ω
r2 + ..+mcω

rc)

is an isolated point in (Bω+1, τlc). Then we state that

(n1ω
ω + n2ω

t2 + ..+ npω
tp ,m1ω

ω +m2ω
r2 + ..+mcω

rc)Ur2+t2+k((nω
ω,mωω)) ⊆

⊆ Uk(((n1 + n−m1)ω
ω,mωω)).

Indeed, �x any element

((n− 1)ωω + ωt, (m− 1)ωω + ωt) ∈ Ur2+t2+k((nω
ω,mωω)).

Then

(n1ω
ω + n2ω

t2 + ..+ npω
tp ,m1ω

ω +m2ω
r2 + ..+mcω

rc)((n− 1)ωω + ωt, (m− 1)ωω+

+ ωt) = (n1ω
ω + n2ω

t2 + ..+ npω
tp + ((n− 1)ωω + ωt − (m1ω

ω +m2ω
r2 + ..

+mcω
rc)), (m− 1)ωω + ωt) =

= (n1ω
ω + n2ω

t2 + ..+ npω
tp + ((n− 1−m1)ω

ω + ωt, (m− 1)ωω + ωt) =

= ((n1 + n−m1 − 1)ωω + ωt, (m− 1)ωω + ωt) ∈ Uk(((n1 + n−m1)ω
ω,mωω)).

Hence the continuity of the multiplication in the subcase (2.1.1) holds.
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Let's consider the subcase (2.1.2). Note that both (n1ω
ω+n2ω

t2+..+npω
tp ,m1ω

ω+
m2ω

r2 + ..+mcω
rc) and (n1ω

ω+n2ω
t2 + ..+npω

tp , (m+m1−n)ωω+m2ω
r2 + ..+mcω

rc)
are isolated points in the (Bω+1, τlc). Then we state that

(n1ω
ω + n2ω

t2 + ..+ npω
tp ,m1ω

ω +m2ω
r2 + ..+mcω

rc)U0((nω
ω,mωω)) =

= {(n1ω
ω + n2ω

t2 + ..+ npω
tp , (m+m1 − n)ωω +m2ω

r2 + ..+mcω
rc)}.

Indeed, �x any element

((n− 1)ωω + ωt, (m− 1)ωω + ωt) ∈ U0((nω
ω,mωω)).

Then

(n1ω
ω + n2ω

t2 + ..+ npω
tp ,m1ω

ω +m2ω
r2 + ..+mcω

rc)((n− 1)ωω + ωt, (m− 1)ωω+

+ ωt) = (n1ω
ω + n2ω

t2 + ..+ npω
tp , (m− 1)ωω + ωt + (m1ω

ω +m2ω
r2 + ..+mcω

rc−
− ((n− 1)ωω + ωt))) =

(n1ω
ω + n2ω

t2 + ..+ npω
tp , (m− 1)ωω + ωt + ((m1 − n+ 1)ωω +m2ω

r2 + ..+mcω
rc) =

= (n1ω
ω + n2ω

t2 + ..+ npω
tp , (m+m1 − n)ωω +m2ω

r2 + ..+mcω
rc).

Hence the continuity of the multiplication in the subcase (2.1) holds.
Let's consider the subcase (2.2). Let a = n1ω

ω + n2ω
t2 + ..+ npω

tp and b = m1ω
ω.

Then we have the following two subcases:

(2.2.1) if m1 < n then

(n1ω
ω + n2ω

t2 + ..+ npω
tp ,m1ω

ω)(nωω,mωω) = ((n1 + n−m1)ω
ω,mωω);

(2.2.2) if m1 > n then

(n1ω
ω + n2ω

t2 + ..+ npω
tp ,m1ω

ω)(nωω,mωω) =

= (n1ω
ω + n2ω

t2 + ..+ npω
tp , (m+m1 − n)ωω);

Let's consider the subcase (2.2.1). Let Uk(((n1 +n−m1)ω
ω,mωω)) be a basic open

neighborhood of ((n1 + n−m1)ω
ω,mωω). Note that (n1ω

ω + n2ω
t2 + ..+ npω

tp ,m1ω
ω)

is an isolated point in the (Bω+1, τlc). Then we state that

(n1ω
ω + n2ω

t2 + ..+ npω
tp ,m1ω

ω)Ut2+k((nω
ω,mωω)) ⊆

⊆ Uk(((n1 + n−m1)ω
ω,mωω)).

Indeed, �x any element

((n− 1)ωω + ωt, (m− 1)ωω + ωt) ∈ Ut2+k((nω
ω,mωω)).

Then

(n1ω
ω + n2ω

t2 + ..+ npω
tp ,m1ω

ω)((n− 1)ωω + ωt, (m− 1)ωω + ωt) =

= (n1ω
ω + n2ω

t2 + ..+ npω
tp + ((n− 1)ωω + ωt −m1ω

ω), (m− 1)ωω + ωt) =

= (n1ω
ω + n2ω

t2 + ..+ npω
tp + ((n− 1−m1)ω

ω + ωt), (m− 1)ωω + ωt) =

= ((n1 + n−m1 − 1)ωω + ωt, (m− 1)ωω + ωt) ∈ Uk(((n1 + n−m1)ω
ω,mωω)).

Hence the continuity of the multiplication in the subcase (2.2.1) holds.
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Let's consider the subcase (2.2.2). Note that both (n1ω
ω+n2ω

t2 + ..+npω
tp ,m1ω

ω)
and (n1ω

ω + n2ω
t2 + ..+ npω

tp , (m+m1 − n)ωω) are isolated points in the (Bω+1, τlc).
Then we state that

(n1ω
ω + n2ω

t2 + ..+ npω
tp ,m1ω

ω)U0((nω
ω,mωω)) =

= {(n1ω
ω + n2ω

t2 + ..+ npω
tp , (m+m1 − n)ωω)}.

Indeed, �x any element

((n− 1)ωω + ωt, (m− 1)ωω + ωt) ∈ U0((nω
ω,mωω)).

Then

(n1ω
ω + n2ω

t2 + ..+ npω
tp ,m1ω

ω)((n− 1)ωω + ωt, (m− 1)ωω + ωt) =

= (n1ω
ω + n2ω

t2 + ..+ npω
tp , (m− 1)ωω + ωt + (m1ω

ω − ((n− 1)ωω + ωt))) =

= (n1ω
ω + n2ω

t2 + ..+ npω
tp , (m− 1)ωω + ωt + ((m1 − n+ 1)ωω) =

= (n1ω
ω + n2ω

t2 + ..+ npω
tp , (m+m1 − n)ωω).

Hence the continuity of the multiplication in the subcase (2.2) holds.
Let's consider the subcase (2.3). Let a = n1ω

ω and b = m1ω
ω +m2ω

r2 + ..+mcω
rc .

Then we have the following two subcases:

(2.3.1) if m1 < n then

(n1ω
ω,m1ω

ω +m2ω
r2 + ..+mcω

rc)(nωω,mωω) = ((n1 + n−m1)ω
ω,mωω);

(2.3.2) if m1 > n then

(n1ω
ω,m1ω

ω +m2ω
r2 + ..+mcω

rc)(nωω,mωω) =

= (n1ω
ω, (m+m1 − n)ωω +m2ω

r2 + ..+mcω
rc);

Let's consider the subcase (2.3.1). Let Uk(((n1 + n − m1)ω
ω,mωω)) be a basic open

neighborhood of ((n1 + n−m1)ω
ω,mωω). Then we state that

(n1ω
ω,m1ω

ω +m2ω
r2 + ..+mcω

rc)Ur2+k((nω
ω,mωω)) ⊆

⊆ Uk(((n1 + n−m1)ω
ω,mωω)).

Indeed, �x any element

((n− 1)ωω + ωt, (m− 1)ωω + ωt) ∈ Ur2+k((nω
ω,mωω)).

Then

(n1ω
ω,m1ω

ω +m2ω
r2 + ..+mcω

rc)((n− 1)ωω + ωt, (m− 1)ωω + ωt) =

= (n1ω
ω + ((n− 1)ωω + ωt − (m1ω

ω +m2ω
r2 + ..+mcω

rc)), (m− 1)ωω + ωt) =

= (n1ω
ω + ((n− 1−m1)ω

ω + ωt), (m− 1)ωω + ωt) =

= ((n1 + n−m1 − 1)ωω + ωt, (m− 1)ωω + ωt) ∈ Uk(((n1 + n−m1)ω
ω,mωω)).

Hence the continuity of the multiplication in the subcase (2.3.1) holds.
Now let's consider the subcase (2.3.2). Note that both (n1ω

ω,m1ω
ω +m2ω

r2 + ..
+mcω

rc) and (n1ω
ω, (m+m1 − n)ωω +m2ω

r2 + ..+mcω
rc) are isolated points in the
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(Bω+1, τlc). Then we state that

(n1ω
ω,m1ω

ω +m2ω
r2 + ..+mcω

rc)U0((nω
ω,mωω)) =

= {(n1ω
ω, (m+m1 − n)ωω +m2ω

r2 + ..+mcω
rc)}.

Indeed, �x any element

((n− 1)ωω + ωt, (m− 1)ωω + ωt) ∈ U0((nω
ω,mωω)).

Then

(n1ω
ω,m1ω

ω +m2ω
r2 + ..+mcω

rc)((n− 1)ωω + ωt, (m− 1)ωω + ωt) =

= (n1ω
ω, (m− 1)ωω + ωt + (m1ω

ω +m2ω
r2 + ..+mcω

rc − ((n− 1)ωω + ωt))) =

= (n1ω
ω, (m− 1)ωω + ωt + ((m1 − n+ 1)ωω +m2ω

r2 + ...+mcω
rc) =

= (n1ω
ω, (m+m1 − n)ωω +m2ω

r2 + ..+mcω
rc).

Hence the continuity of the multiplication holds in the case (2).
Since the inversion is continuous in (Bω+1, τlc) and

((a, b)(nωω,mωω))−1 = (mωω, nωω)(b, a)

the case (2) implies that the semigroup operation in the case (3) is continuous too.
Hence (Bω+1, τlc) is a topological inverse semigroup.
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ÏÐÎ ÍÀÏIÂÒÎÏÎËÎÃI×ÍÈÉ α-ÁIÖÈÊËI×ÍÈÉ ÌÎÍÎ�Ä

Ñåðãié ÁÀÐÄÈËÀ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà,1, Ëüâiâ, 79000

e-mail: sbardyla@yahoo.com

Äîñëiäæåíî íàïiâòîïîëîãi÷íèé α-áiöèêëi÷íèé ìîíî¨ä Bα. Äîâåäåíî, ùî
Bα � àëãåáðè÷íî içîìîðôíèé íàïiâãðóïi óñiõ ïîðÿäêîâèõ içîìîðôiçìiâ ìiæ
âåðõíiìè ìíîæèíàìè îðäèíàëó ωα. Òàêîæ äîâåäåíî, ùî äëÿ äîâiëüíîãî îð-
äèíàëó α, äëÿ äîâiëüíîãî åëåìåíòà (a, b) ∈ Bα ç òîãî, ùî a àáî b íå ¹ ãðàíè÷-
íèì îðäèíàëîì, âèïëèâà¹, ùî (a, b) ¹ içîëüîâàíîþ òî÷êîþ â Bα. Ç'ÿñîâàíî,
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ùî äëÿ äîâiëüíî îðäèíàëó α < ω+1 êîæíà ëîêàëüíî êîìïàêòíà íàïiâãðó-
ïîâà òîïîëîãiÿ íà Bα ¹ äèñêðåòíîþ i ïîáóäîâàíèé ïðèêëàä íåäèñêðåòíî¨
ëîêàëüíî êîìïàêòíî¨ òîïîëîãi¨ τlc íà Bω+1 òàêî¨, ùî (Bω+1, τlc) ¹ òîïîëî-
ãi÷íîþ iíâåðñíîþ íàïiâãðóïîþ. Öåé ïðèêëàä çàñâiä÷ó¹, ùî ¹ ïîìèëêà â
[16, Òåîðåìi 2.9], äå ñòâåðäæó¹òüñÿ, ùî äëÿ äîâiëüíîãî îðäèíàëó α iñíó¹
ëèøå äèñêðåòíà ëîêàëüíî êîìïàêòíà òîïîëîãiÿ íà Bα, ÿêà ïåðåòâîðþ¹ Bα

â òîïîëîãi÷íó iíâåðñíó íàïiâãðóïó.

Êëþ÷îâi ñëîâà: òîïîëîãi÷íà iíâåðñíà íàïiâãðóïà, òîïîëîãi÷íà íàïiâ-
ãðóïà, íàïiâòîïîëîãi÷íà íàïiâãðóïà, α-áiöèêëi÷íèé ìîíî¨ä.
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The existence and uniqueness of a weak solutions of the mixed problems
for nonlinear parabolic equations with variable delay are investigated and its
a priori estimate is obtained.

Key words: initial-boundary value problem, equation with delay, nonlinear
parabolic equation.

1. Introduction.

The initial-boundary value problems for the nonlinear parabolic equations with time
depended delay are considered. A typical example of the equations being studied here is

ut−
n∑

i=1

(
âi(x, t)uxi

)
xi

+â0(x, t)u+

t∫
t−τ(t)

c0(x, t, s)u(x, s)ds =f(x, t), (1)

(x, t) ∈ Q := Ω × (0, T ), where n ∈ N, Ω is a domain in Rn, T > 0, â0, . . . , ân are
measurable positive functions on Q, τ is a nonnegative continuous function, c0 is a
measurable bounded function, f is an integrable function, u is an unknown function.

Equations with time delay arise in modelling population dynamics, in non-
Newtonian �ltration, heat �ux, etc. ([5]). The equations of type (1) with constant
delay were investigated in [1], [2], [3], [6], [7] and others. A good reference overview of
such papers can be found in [3]. Note that in these papers the semigroup theory is used.

Partial di�erential equations with a variable delay are less studied, and we know
only publications of Rezounenko and Chueshov (in particular, [4], [8]), where equations
of type (1), with τ = τ(u), are considered. In [4], a certain abstract parabolic problem
with the state dependent delay term of a rather general structure is considered. In [8],
the nonlinear partial functional di�erential equations with main linear elliptic operator
and non-local nonlinear term is considered. For proving existence of solutions of problems
considered in [4], [8] Galerkin's approximations are used.

c⃝ Bokalo M., Ilnytska O., 2016
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To the best of our knowledge, the initial-boundary value problems for parabolic
equations with time dependent delay is an untreated topic in the literature. These
problems are considered in our paper. Existence and uniqueness of solution of the problem
are proved. The methods of investigation as in [10] are used.

The paper is organized as follows. In Section 2, the main notations and functional
spaces are introduced. The statement of the problem and formulation of the main result
are given in Section 3. The main result is proved in Section 4.

2. Notations and auxiliary facts.

Let n be a natural number, Rn be the standard linear space of ordered collections
x = (x1, ..., xn) of real numbers with the norm |x| := (|x1|2 + . . . + |xn|2)1/2. Suppose
that Ω ⊂ Rn is a bounded domain with a piecewise smooth boundary ∂Ω, ∂Ω = Γ0 ∪Γ1,
where Γ0 is the closure of an open set on ∂Ω (in particular, either Γ0 = ∅ or Γ0 = ∂Ω),
Γ1 := ∂Ω \ Γ0, ν = (ν1, . . . , νn) is a unit outward pointing normal vector on ∂Ω. Let
T > 0 and Q := Ω× (0, T ), Σ0 := Γ0 × (0, T ), Σ1 := Γ1 × (0, T ).

Now let us give the de�nitions of the following functional spaces. First, denote by
H1(Ω) the Sobolev space of the functions v ∈ L2(Ω) such that vxi

∈ L2(Ω) (i = 1, n),

with the norm ||v||H1(Ω) :=
(
||v||2L2(Ω) +

∑n
i=1 ||vxi ||2L2(Ω)

)1/2
. Let H̃1(Ω) be the closure

of the space C̃1(Ω) := {v ∈ C1(Ω) | v|Γ0 = 0
}
in H1(Ω).

Denote by L2(0, T ; H̃
1(Ω)) the space of measurable functions w : (0, T ) → H̃1(Ω)

such that for a.e. t 7→ ||w(t)||H̃1(Ω) ∈ L2(0, T ).

Denote by F (Q) the space of vector-functions (f0, f1, . . . , fn) ∈ [L2(Q)]1+n such
that fi ∈ L2(Q), and for each i ∈ {1, ..., n}, fi = 0 a.e. in some neighborhood of the
surface Σ1.

Finally, de�ne C1
0 (0, T ) as the subset of the set C1(0, T ) whose elements are of

compact support in (0, T ). Also denote by C([t1, t2];L2(Ω)) (t1, t2 ∈ R, t1 < t2) the
space of continuous functions w : [t1, t2] → L2(Ω).

3. Statement of the problem and main result.

In this paper we consider the problem of �nding a function u : Ω × [−τ0, T ] → R
satisfying (in some sense) the equation

ut −
n∑

i=1

d

dxi
ai(x, t, u,∇u) + a0(x, t, u,∇u) +

t∫
t−τ(t)

c(x, t, s, u(x, s))ds

= −
n∑

i=1

∂

∂xi
fi(x, t) + f0(x, t), (x, t) ∈ Q, (2)

the boundary conditions

u
∣∣∣
Σ0

= 0,
n∑

i=1

ai(x, t, u,∇u) νi

∣∣∣
Σ1

= 0, (3)

and the initial condition

u(x, t) = u0(x, t), (x, t) ∈ Ω× [−τ0, 0]. (4)
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Here τ : [0, T ] → R is a continuous function such that τ(t) > 0 for all t ∈ [0, T ],
τ0 := max{− inf

t∈[0,T ]
(t − τ(t)), 0} (assume [−0, 0] = {0}), τ+ := max

t∈[0,T ]
τ(t), and ai :

Q× R1+n → R, c : Q× (−τ0, T ) × R → R, fi : Q → R (i = 0, n), u0 : Ω× [−τ0, 0] → R
are given real-valued functions from the corresponding classes of initial data.

We introduce the following classes of the initial data.
De�ne A to be the set of the collections (a0, a1, . . . , an) of the functions satisfying

the following assumptions:
(A1) for every i ∈ {0, 1, . . . , n},

Q× R1+n ∋ (x, t, ρ, ξ) 7→ ai(x, t, ρ, ξ) ∈ R
is a Caratheodory function, i.e., ai(x, t, ·, ·) : R1+n → R is a continuous function for a.e.
(x, t) ∈ Q, and ai(·, ·, ρ, ξ) : Q → R is a measurable function for every (ρ, ξ) ∈ R1+n;

(A2) for every i ∈ {0, 1, . . . , n}, for every (ρ, ξ) ∈ R1+n, and for a.e. (x, t) ∈ Q the
estimate

|ai(x, t, ρ, ξ)| ≤ C1

(
|ρ|+

n∑
j=1

|ξj |
)
+ hi(x, t),

is valid, where C1 is a positive constant (depending on (a0, a1..., an)), and hi ∈ L2(Q);
(A3) for every (ρ1, ξ

1), (ρ2, ξ
2) ∈ R1+n and for a.e. (x, t) ∈ Q the inequality

n∑
i=1

(
ai(x, t, ρ1, ξ

1)− ai(x, t, ρ2, ξ
2)
)
(ξ1i − ξ2i ) +

(
a0(x, t, ρ1, ξ

1)− a0(x, t, ρ2, ξ
2)
)
(ρ1 − ρ2)

≥ −K0|ρ1 − ρ2|2,
holds, where K0 > 0 is a constant;

(A4) for every (ρ, ξ) ∈ R1+n and for a.e. (x, t) ∈ Q we have
n∑

i=1

ai(x, t, ρ, ξ)ξi + a0(x, t, ρ, ξ)ρ ≥ K1

n∑
i=1

|ξi|2 −K2|ρ|2 − g(x, t),

where K1,K2 are positive constants (depending on (a0, a1..., an)), and 0 6 g ∈ L1(Q).

De�ne C to be the set of the functions c(x, t, s, ρ), (x, t, s, ρ) ∈ Q × (−τ0, T ) × R,
satisfying the following assumptions:

(C1) c is a Caratheodory function, i.e., c(x, t, s, ·) : R → R is a continuous function
for a.e. (x, t, s) ∈ Q×(−τ0, T ), and c(·, ·, ·, ρ) : Q×(−τ0, T ) → R is a measurable function
for every ρ ∈ R; in addition, c(x, t, s, 0) = 0 for a.e. (x, t, s) ∈ Q× (−τ0, T );

(C2) there exists a constant L > 0 (depending on c) such that for every ρ1, ρ2 ∈ R
and for a.e. (x, t, s) ∈ Q× (−τ0, T ) the inequality∣∣c(x, t, s, ρ1)− c(x, t, s, ρ2)

∣∣ ≤ L|ρ1 − ρ2| (5)

holds.
Remark. From the condition c(x, t, s, 0) = 0 and (C2) it follows that for every ρ ∈ R, and
for a.e. (x, t, s) ∈ Q× (−τ0, T ) the estimate

|c(x, t, s, ρ)| ≤ L|ρ| (6)

is valid.
Now we can give a de�nition of a weak solution to problem (2)�(4).
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De�nition 1. Let (a0, a1, ..., an) ∈ A, c ∈C,(f0, f1, ..., fn) ∈F (Q), u0∈C([−τ0, 0];L2(Ω)).

The function u ∈ L2(0, T ; H̃
1(Ω)) ∩ C ([−τ0, T ];L2(Ω)) is called a weak solution of

problem (2)�(4) if u satis�es the initial condition

||u(·, t)− u0(·, t)||L2(Ω) = 0 ∀t ∈ [−τ0, 0], (7)

and the integral equality∫∫
Q

{ n∑
i=1

ai(x, t, u,∇u)vxiφ+ a0(x, t, u,∇u)vφ+ vφ

t∫
t−τ(t)

c(x, t, s, u(x, s)) ds

−uvφ′
}
dxdt =

∫∫
Q

{ n∑
i=1

fivxi
φ+ f0vφ

}
dxdt (8)

holds for every v ∈ H̃1(Ω) and φ ∈ C1
0 (0, T ).

Theorem 1. If (a0, a1, ..., an) ∈ A, c ∈ C, (f0, f1, ..., fn) ∈ F (Q), u0 ∈ C([−τ0, 0];L2(Ω)),
then problem (2)�(4) has a unique weak solution. Moreover, the weak solution u of this
problem satis�es the estimate

max
t∈[0,T ]

∫
Ω

|u(x, t)|2 dx+

∫∫
Q

{ n∑
i=1

∣∣uxi

∣∣2+|u|2
}
dxdt

≤ C2

(∫∫
Q

{ n∑
i=1

∣∣fi∣∣2+g
}
dxdt+ max

t∈[−τ0,0]

∫
Ω

|u0(x, t)|2 dxdt

)
, (9)

where C2 is a positive constant depending only on K1,K2, L, τ0, T .

4. Proof of the main result.

The following auxiliary result, which had been proved in [10], will be used in the
sequel.

Lemma 1. Suppose that w ∈ L2(0, T ; H̃
1(Ω)) satis�es the following identity∫∫

Q

{ n∑
i=1

givxiφ+ g0vφ− wvφ′
}

dxdt = 0, v ∈ H̃1(Ω), φ ∈ C1
0 (0, T ), (10)

for some gj ∈ L2(Q) (j = 0, n). Then w ∈ C([0, T ];L2(Ω)) and for every θ ∈ C1([0, T ]),

v ∈ H̃1(Ω), and t1, t2 ∈ [0, T ] (t1 < t2), we have

θ(t2)

∫
Ω

w(x, t2)v(x) dx− θ(t1)

∫
Ω

w(x, t1)v(x) dx

+

t2∫
t1

∫
Ω

{ n∑
i=1

givxi
θ + g0vθ − wvθ′

}
dxdt = 0, (11)

1

2
θ(t2)

∫
Ω

|w(x, t2)|2 dx− 1

2
θ(t1)

∫
Ω

|w(x, t1)|2 dx
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−1

2

t2∫
t1

∫
Ω

|w|2θ′ dxdt+
t2∫

t1

∫
Ω

{ n∑
i=1

giwxi + g0w

}
θ dxdt = 0. (12)

Proof of Theorem 1. For a function w : Q → R we denote

aj(w)(x, t) := aj(x, t, w(x, t),∇w(x, t)), (x, t) ∈ Q, j = 0, n,

c(w)(x, t, s) := c(x, t, s, w(x, s)), (x, t, s) ∈ Q× (−τ0, T ).

Let us prove Theorem 1 in three steps: �rstly we prove the uniqueness of solution of
problem (2)�(4), later, its existence and, �nally, we prove correctness of estimate (9).

First step (uniqueness of solution). Assume the opposite. Let u1 and u2 be two
di�erent weak solutions of problem (2)�(4). Consider the di�erence between (8) with
u = u2 and (8) with u = u1. From the obtained integral identity by Lemma 1 with
w = u1 − u2, θ = e−λt (λ = const > 0), t1 = 0, t2 = T , we obtain (see (12))

1

2
e−λT

∫
Ω

|w(x, T )|2 dx+
λ

2

∫∫
Q

|w|2e−λtdxdt+

∫∫
Q

{ n∑
i=1

(ai(u1)− ai(u2))(u1,xi − u2,xi)

+(a0(u1)− a0(u2))(u1 − u2) +w(x, t)

t∫
t−τ(t)

[c(u1)(x, t, s)− c(u2)(x, t, s)] ds

}
e−λtdxdt = 0.

(13)
From condition (A3) we have

n∑
i=1

(ai(u1)− ai(u2))(u1,xi − u2,xi) + (a0(u1)− a0(u2))(u1 − u2)

> −K0|u1 − u2|2. (14)

Extend w(x, t) by 0 for all (x, t) ∈ Ω×{(−∞,−τ0) ∪ (T,+∞)}. Note that w(x, t) = 0
for a.e. (x, t) ∈ Ω×[−τ0, 0]. Using condition (C2), the Fubini Theorem (see, e.g., [13, p.91])
and H�older's inequality (see, e.g., [13, p.92]) we obtain∣∣∣∣ ∫∫

Q

w(x, t)
( t∫
t−τ(t)

[c(u1)(x, t, s)− c(u2)(x, t, s)] ds
)
e−λtdxdt

∣∣∣∣
6
∫∫
Q

|w(x, t)|
( t∫
t−τ(t)

|c(u1)(x, t, s)− c(u2)(x, t, s)| ds
)
e−λtdxdt

6 L

∫
Ω

dx

T∫
0

|w(x, t)|
( t∫
t−τ(t)

|w(x, s)|ds
)
e−λtdt

6 L

∫
Ω

dx

T∫
0

|w(x, t)|e−λt
2

(
e−

λt
2

t∫
t−τ+

|w(x, s)| ds
)
dt
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6 L
√
τ+
∫
Ω

[( T∫
0

|w(x, t)|2e−λtdt
)1/2( T∫

0

e−λtdt

t∫
t−τ+

|w(x, s)|2ds
)1/2]

dx. (15)

Now consider the second integral in the right side of inequality (15). Changing the order
of integration, for a.e. x ∈ Ω we have

T∫
0

e−λtdt

t∫
t−τ+

|w(x, s)|2ds 6
T∫

−τ+

|w(x, s)|2ds
s+τ+∫
s

e−λtdt =

= λ−1(1− e−λτ+

)

T∫
0

|w(x, s)|2e−λsds.

Substituting in (15) the last term from the obtained above relations chain instead of the
�rst one, we obtain∣∣∣ ∫∫

Q

w(x, t)
( t∫
t−τ(t)

|c(u1)(x, t, s)− c(u2)(x, t, s)| ds
)
e−λtdxdt

∣∣∣
6 L

√
τ+λ−1(1− e−λτ+)

∫∫
Q

|w(x, t)|2e−λtdxdt. (16)

Using (14), (16), from (13) we obtain(
λ/2−K0 − L

√
τ+λ−1(1− e−λτ+)

)∫∫
Q

|w(x, t)|2e−λtdtdx 6 0. (17)

Choosing λ big enough and such that λ/2−K0 − L
√
λ−1τ+(1− e−λτ+) > 0, from (17)

we obtain u1 = u2 for a.e. (x, t) ∈ Q, i.e., a contradiction to our assumption. Therefore,
a solution of problem (2)�(4) is unique.

Second step (existence of solution). For proving existence of a weak solution of
problem (2)-(4) Galerkin's method is used. Let {wj | j ∈ N} be a full linear independent

set of the functions from H̃1(Ω), which is an orthonormalized basis in L2(Ω). For each
k ∈ N, set

αk(t) :=

∫
Ω

u0(x, t)wk(x)dx, t ∈ [−τ0, 0]. (18)

Obviously, αk ∈ C([−τ0, 0]) (k ∈ N).
For all m ∈ N we denote

u0,m(x, t) :=
m∑

k=1

αk(t)wk(x), (x, t) ∈ Ω× [−τ0, 0]. (19)

It is clear that

max
t∈[−τ0,0]

||u0(·, t)− u0,m(·, t)||L2(Ω) −→
m→∞

0. (20)
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According to Galerkin's method, for every m ∈ N we put

um(x, t) :=
m∑

k=1

cm,k(t)wk(x), (x, t) ∈ Ω× [−τ0, T ], (21)

where cm,1, . . . , cm,m are continuous on [−τ0, T ] and absolutely continuous on [0, T ]
functions, which are solutions of the Cauchy problem for the system of ordinary di-
�erential equations with delay∫

Ω

um,twj dx+

∫
Ω

{ n∑
i=1

(ai(um)− fi)wj,xi + (a0(um)− f0)wj

+wj(x)

t∫
t−τ(t)

c(um)(x, t, s)ds
}
dx = 0, t ∈ [0, T ], j = 1,m, (22)

cm,k(t) = αk(t), t ∈ [−τ0, 0], k = 1,m. (23)

Note that from (19), (21) and (23) it follows that

um(x, t) = u0,m(x, t) for a.e. (x, t) ∈ Ω× [−τ0, 0]. (24)

The linear independence of functions w1, . . . , wm yields that the matrix
(∫
Ω

wkwjdx
)m
k,j=1

is invertible. Thus the system of ordinary di�erential equations with delay (22) can be
transformed to the normal form. Hence, according to the theorems of existence and
extension of the solution to this problem (see [11, p. 54], [12, p. 31]), we obtain a global
solution c1,m, . . . .., cm,m of problem (22), (23). This solution is de�ned on the interval
[−τ0, Tm⟩, where 0 < Tm ≤ T . Here the braces �⟩� means either �)� or �]�. Further we will
obtain the estimates that imply the equality [−τ0, Tm⟩ = [−τ0, T ].

Now we shall obtain estimates of um for each m ∈ N. Multiply the equation of
system (22) with a number j ∈ {1, . . . ,m} by cm,je

−λt, where λ > 0 is a positive
number, and sum over j ∈ {1, . . . ,m}. Integrating the obtained equality over t ∈ [0, σ],
where σ ∈ [0, Tm⟩, and using the integration-by-parts formula and equality (24), we have

1

2
e−λσ

∫
Ω

|um(x, σ)|2 dx− 1

2

∫
Ω

|u0,m(x, 0)|2 dx+
λ

2

σ∫
0

∫
Ω

|um(x, t)|2e−λtdxdt

+

σ∫
0

∫
Ω

{ n∑
i=1

ai(um)um,xi + a0(um)um + um(x, t)

t∫
t−τ(t)

c(um)(x, t, s)ds
}
e−λtdxdt

=

σ∫
0

∫
Ω

{ n∑
i=1

fium,xi + f0um

}
e−λtdxdt. (25)

Further we need Cauchy inequality in the form

2ab ≤ ε|a|2 + ε−1|b|2, a, b ∈ R, ε > 0. (26)
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Now, extend um(x, t) = 0 for all (x, t) ∈ Ω × ((−∞,−τ0) ∪ (T,+∞)). Then, using
(6) and Hölder's inequality we obtain

∣∣∣ σ∫
0

∫
Ω

um(x, t)
( t∫
t−τ(t)

c(um)(x, t, s) ds
)
e−λtdxdt

∣∣∣

6
σ∫

0

∫
Ω

|um(x, t)|
( t∫
t−τ(t)

|c(um)(x, t, s)| ds
)
e−λtdxdt

6 L

∫
Ω

dx

σ∫
0

|um(x, t)|e−λt
( t∫
t−τ(t)

|um(x, s)|ds
)
dt

6 L

∫
Ω

dx

σ∫
0

|um(x, t)|e−λt
2

(
e−

λt
2

t∫
t−τ+

|um(x, s)| ds
)
dt

6 L
√
τ+
∫
Ω

[( σ∫
0

|um(x, t)|2e−λtdt
)1/2( σ∫

0

e−λtdt

t∫
t−τ+

|um(x, s)|2ds
)1/2]

dx. (27)

Now, let us estimate the second integral from the right side of the inequality above, for
a.e. x ∈ Ω,

σ∫
0

e−λtdt

t∫
t−τ+

|um(x, s)|2ds6
σ∫

−τ+

|um(x, s)|2ds
s+τ+∫
s

e−λtdt

= λ−1(1− e−λτ+

)

σ∫
−τ0

|um(x, s)|2e−λsds

= λ−1(1− e−λτ+

)
( σ∫

0

|um(x, t)|2e−λtdt+

0∫
−τ0

|u0,m(x, t)|2e−λtdt
)
.

Here changing order of integration for a.e. x ∈ Ω, and (24) were used.
Substituting in the right side of (27) the last item from the obtained above chain of

relations instead of the �rst one, and using Hölder's inequality we obtain

∣∣∣ σ∫
0

∫
Ω

um(x, t)
( t∫
t−τ(t)

c(um)(x, t, s)ds
)
e−λtdxdt

∣∣∣ 6

6 L
√
τ+λ−1(1− e−λτ+)

(
2

σ∫
0

∫
Ω

|um(x, t)|2e−λtdxdt+

0∫
−τ0

∫
Ω

|u0,m(x, t)|2e−λtdxdt
)
. (28)
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From condition (A4) we have
σ∫

0

∫
Ω

{ n∑
i=1

ai(um)um,xi+a0(um)um

}
dxdt≥

σ∫
0

∫
Ω

{
K1

n∑
i=1

|um,xi |2−K2|um|2−g(x, t)
}
dxdt.

(29)
Applying inequality (26), we obtain the estimate

σ∫
0

∫
Ω

{ n∑
i=1

fium,xi + f0um

}
e−λt dxdt 6 ε

2

σ∫
0

∫
Ω

{ n∑
i=1

|um,xi(x, t)|2

+|um(x, t)|2
}
e−λtdxdt+

1

2ε

σ∫
0

∫
Ω

n∑
i=0

|fi(x, t)|2e−λtdxdt, (30)

where ε > 0 is arbitrary.
From (25), using (28) � (30), for each σ ∈ (0, Tm⟩ we obtain

e−λσ

∫
Ω

|um(x, σ)|2 dx+ (2K1 − ε)

σ∫
0

∫
Ω

n∑
i=1

|um,xi(x, t)|2e−λtdxdt

+

(
λ− 2K2 − ε− 4L

√
τ+λ−1(1− e−λτ+)

) σ∫
0

∫
Ω

|um(x, t)|2e−λtdxdt

≤ ε−1

σ∫
0

∫
Ω

n∑
i=0

|fi(x, t)|2e−λtdxdt+ 2

σ∫
0

∫
Ω

g(x, t)e−λtdxdt

+2Lτ0

√
τ+λ−1(1− e−λτ+) max

t∈[−τ0,0]

∫
Ω

|u0,m(x, t)|2dx. (31)

Taking ε = K1, λ = λ0, where λ0 is a solution of the inequality

λ− 2K2 −K1 − 4L
√

τ+λ−1(1− e−λτ+) > 0, (32)

from (31) we obtain

max
t∈[0,T ]

∫
Ω

|um(x, t)|2 dx+ C3

∫∫
Q

{ n∑
i=1

|um,xi(x, t)|2 + |um(x, t)|2
}
dxdt

≤ C4

∫∫
Q

( n∑
i=0

|fi(x, t)|2 + g(x, t)
)
dxdt+C5 max

t∈[−τ0,0]

∫
Ω

|u0,m(x, t)|2dx, (33)

where C3, C4, C5 are positive constants depending only on K,L, τ0, τ
+, T .

From (20) it follows that the sequence { max
t∈[−τ0,0]

∫
Ω

|u0,m(x, t)|2dx}∞m=1 is bounded.

Hence from (33) we obtain for all σ ∈ (0, Tm⟩ the estimates∫
Ω

|um(x, σ)|2 dx ≤ C6, (34)
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σ∫
0

∫
Ω

{ n∑
i=1

|um,xi(x, t)|2 + |um(x, t)|2
}
dxdt ≤ C7, (35)

where C6, C7 > 0 are independent of m,Tm, σ. Estimate (34) implies that there exists
an independent of Tm constant that bounds the functions cm,1, . . . , cm,m on [−τ0, Tm⟩.
Thus [−τ0, Tm⟩ = [−τ0, T ].

Condition (A2) and estimate (35) yield∫∫
Q

|ai(um)(x, t)|2 dxdt ≤ C8, i = 0, n, (36)

where C8 > 0 is independent of m.
Using (6), the Cauchy�Schwarz inequality, (20) and (34) we obtain∫∫

Q

∣∣∣ t∫
t−τ(t)

c(um)(x, t, s) ds
∣∣∣2dxdt ≤ L2(T + τ0)

∫∫
Q

T∫
−τ0

|um(x, s)|2 dsdxdt

≤ L2T (T + τ0)
(∫∫

Q

|um(x, t)|2 dxdt+τ0 max
t∈[−τ0,0]

∫
Ω

|u0,m(x, t)|2dx
)
≤ C9, (37)

where C9 > 0 is a constant independent of m.
Since the spaces L2(Q) is re�exive, and estimates (34)�(37) hold, we obtain the

existence of a subsequence (we denote it {um}m∈N again), functions v∗ ∈ L2(Ω), u ∈
L2(0, T ; H̃

1(Ω)), χi ∈ L2(Q) (i = 0, n), and ζ ∈ L2(Q) such that

um(·, T ) −→
m→∞

v∗(·) weakly in L2(Ω), (38)

um −→
m→∞

u ∗ −weakly in L∞(0, T ;L2(Ω)), (39)

um −→
m→∞

u weakly in L2(0, T ; H̃
1(Ω)), (40)

ai(um) −→
m→∞

χi weakly in L2(Q) (i = 0, n). (41)

t∫
t−τ(t)

c(um)ds −→
m→∞

ζ weakly in L2(Q). (42)

Let us prove that u is a weak solution of problem (2)�(4).
Fix the numbers j,m ∈ N such that m ≥ j. Multiplying the equation of system (22)

with number j by the function θ ∈ C1([0, T ]) we integrate the obtained equality over
t ∈ [0, T ]. Letting m → ∞, and taking into account (20), (24), (38)�(42), we obtain

θ(T )

∫
Ω

v∗(x)wj(x) dx− θ(0)

∫
Ω

u0(x, 0)wj(x) dx

−
∫∫
Q

uwjθ
′ dxdt+

∫∫
Q

{ n∑
i=1

(χi − fi)wj,xi+(χ0+ ζ −f0)wj

}
θ dxdt=0. (43)
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This equality yields that for every v ∈ H̃1(Ω) and θ ∈ C1([0, T ]) the equality

θ(T )

∫
Ω

v∗(x)v(x) dx− θ(0)

∫
Ω

u0(x, 0)v(x) dx

−
∫∫
Q

uvθ′ dxdt+

∫∫
Q

{ n∑
i=1

(χi − fi)vxi + (χ0 − f0 + ζ)v
}
θ dxdt = 0 (44)

holds.
Notice that if we take θ = φ ∈ C1

0 (0, T ) in (44) then we have the identity∫∫
Q

{ n∑
i=1

(χi−fi)vxiφ+(χ0−f0+ζ)vφ−uvφ′
}
dxdt = 0 ∀ v ∈ H̃1(Ω), ∀φ ∈ C1

0 (0, T ).

(45)
According to Lemma 1, (45) imply that

u ∈ C([0, T ];L2(Ω)) (46)

and for every v ∈ H̃1(Ω) and θ ∈ C1([0, T ]) the equality

θ(T )

∫
Ω

u(x, T )v(x) dx− θ(0)

∫
Ω

u(x, 0)v(x) dx

−
∫∫
Q

uvθ′ dxdt+

∫∫
Q

{ n∑
i=1

(χi − fi)vxi + (χ0 + ζ − f0)v
}
θ dxdt = 0 (47)

holds.
From (44) and (47) we get

u(x, 0) = u0(x, 0), u(x, T ) = v∗(x) for a.e. x ∈ Ω. (48)

Extend u by u0 on Ω × [−τ0, 0). Let us show that this extended function belongs
to the space C([−τ0, T ];L2(Ω)). Indeed, in view of (46) we conclude that the restriction
u on Ω× [0, T ] belongs to C([0, T ];L2(Ω)). From the conditions of the theorem we have
u0 ∈ C([−τ0, 0];L2(Ω)). Also, u(x, 0) = u0(x, 0) (see (48)). These two facts imply (7).
Hence, u ∈ C([−τ0, T ];L2(Ω)).

According to (45) to prove (8) it is enough to show that the equality∫
Ω

{ n∑
i=1

χivxi+ (χ0 + ζ)v
}
dx=

∫
Ω

{ n∑
i=1

ai(u)vxi+
(
a0(u) +

t∫
t−τ(t)

c(u) ds
)
v
}
dx (49)

is valid for every v ∈ H̃1(Ω) and for a.e. t ∈ (0, T ). For this we use the monotonicity
method (see [15]).

Take a function wm ∈ L2(0, T ; H̃
1(Ω)) ∩ L2(−τ0, T ;L2(Ω)) such that wm(x, t) =

u0,m(x, t) for a.e. (x, t) ∈ Ω × (−τ0, 0) and w(x, t) = w̃(x, t) for a.e. (x, t) ∈ Q, where



34
Mykola BOKALO, Olga ILNYTSKA

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2016. Âèïóñê 81

w̃ ∈ L2(0, T ; H̃
1(Ω)) is arbitrary. Denote for every m ∈ N,

Wm :=

∫∫
Q

{ n∑
i=1

(ai(um)− ai(wm))(um,xi − wm,xi) + (a0(um)− a0(wm))(um − wm)

+
λ

2
|um − wm|2 + (um − wm)

t∫
t−τ(t)

(c(um)− c(wm)) ds
}
e−λt dxdt,

where λ > 0 such that the inequality λ/2−K0 − L
√
τ+λ−1(1− e−λτ+) > 0 holds.

Using condition (A3) for every m ∈ N we have

Wm ≥
∫∫
Q

{
(
λ

2
−K0)|um − wm|2 + (um − wm)

t∫
t−τ(t)

(c(um)− c(wm)) ds
}
e−λt dxdt.

Since the inequality∣∣∣ ∫∫
Q

(um − wm)
( t∫
t−τ(t)

|c(um)− c(wm)| ds
)
e−λtdxdt

∣∣∣
6 L

√
τ+λ−1(1− e−λτ+)

∫∫
Q

|um − wm|2e−λtdxdt

holds (see (16)), and because the choice of λ we obtain Wm ≥ 0.
Hence, we have

Wm =

∫∫
Q

{ n∑
i=1

ai(um)um,xi + a0(um)um +
λ

2
|um|2 + um

t∫
t−τ(t)

c(um) ds
}
e−λt dxdt

−
∫∫
Q

{ n∑
i=1

[
ai(um)wm,xi + ai(wm)(um,xi − wm,xi)

]
+ a0(um)wm + a0(wm)(um − wm)

+λumwm−λ

2
|wm|2+wm

t∫
t−τ(t)

c(um) ds+(um−wm)

t∫
t−τ(t)

c(wm) ds
}
e−λt dxdt ≥ 0, m ∈ N.

(50)
From (50), using (25) with σ = T , we obtain

Wm =

∫∫
Q

{ n∑
i=1

fium,xi+f0um

}
e−λt dxdt−1

2
e−λT

∫
Ω

|um(x, T )|2 dx+
1

2

∫
Ω

|u0,m(x, 0)|2 dx

−
∫∫
Q

{ n∑
i=1

[
ai(um)wm,xi + ai(wm)(um,xi − wm,xi)

]
+ λumw − λ

2
|wm|2 + a0(um)wm
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+a0(w)(um −wm) +wm

t∫
t−τ(t)

c(um) ds+ (um −wm)

t∫
t−τ(t)

c(wm) ds
}
e−λt dxdt ≥ 0 (51)

for all m ∈ N.
Taking into account (38) and the second equality of (48) we have

lim
m→∞

inf ||um(·, T )||L2(Ω) ≥ ||u(·, T )||L2(Ω). (52)

De�ne w(x, t) := u0(x, t) for (x, t) ∈ Ω × (−τ0, 0), and w(x, t) := w̃(x, t) for (x, t) ∈
Ω× (0, T ). Then,

wm → w strongly in L2(Ω× (−τ0, T )). (53)

Now, let us show that∣∣∣ t∫
t−τ(t)

c(wm)ds−
t∫

t−τ(t)

c(w)ds
∣∣∣→ 0 in L2(Q). (54)

Extend the functions w,wm by 0 on Ω× {(−∞,−τ0) ∪ (T,+∞)}. Using condition (C2),
Cauchy�Schwarz inequality and changing order of integration, we obtain∫∫

Q

∣∣∣ t∫
t−τ(t)

c(wm)ds−
t∫

t−τ(t)

c(w)ds
∣∣∣2dxdt 6 τ+

∫∫
Q

( t∫
t−τ+

|c(wm)− c(w)|2ds
)
dxdt

6 L2τ+
∫∫
Q

( t∫
t−τ+

|wm(x, s)− w(x, s)|2ds
)
dxdt 6

6 L2τ+
∫
Ω

dx

T∫
−τ+

|wm(x, s)− w(x, s)|2ds
s+τ+∫
s

dt

= L2(τ+)2
∫
Ω

0∫
−τ+

|u0,m(x, t)− u0(x, t)|2dxdt −→
m→∞

0.

By (20), (40), (41), (42), (52), (53) from (51) we obtain

0 ≤ lim
m→∞

supWm ≤
∫∫
Q

{ n∑
i=1

fiuxi + f0u
}
e−λt dxdt

−1

2
e−λT

∫
Ω

|u(x, T )|2 dx+
1

2

∫
Ω

|u0(x, 0)|2 dx−
∫∫
Q

{ n∑
i=1

[
χiwxi + ai(w)(uxi − wxi)

]

+χ0w + a0(w)(u− w) + wζ + λuw − λ

2
|w|2 + (u− w)

t∫
t−τ(t)

c(w) ds
}
e−λtdxdt. (55)
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Using Lemma 1 with θ ≡ e−λt and the �rst equality of (48), from (45) we get∫∫
Q

{ n∑
i=1

χiuxi + (χ0 + ζ)u+ λ|u|2
}
e−λt dxdt =

∫∫
Q

{ n∑
i=1

fiuxi + f0u
}
e−λt dxdt

−1

2
e−λT

∫
Ω

|u(x, T )|2 dx+
1

2

∫
Ω

|u0(x, 0)|2 dx. (56)

Thus, (55) and (56) imply that∫∫
Q

{ n∑
i=1

(χi − ai(w))(uxi − wxi) + (χ0 − a0(w))(u− w)

+
λ

2
|u− w|2 + (u− w)

(
ζ −

t∫
t−τ(t)

c(w) ds
)}

e−λt dxdt ≥ 0. (57)

Substituting w = u − µvφ in the inequality above, where v ∈ H̃1(Ω), µ > 0, φ ∈
C1

0 (−τ0, T ), such that suppφ ⊂ (0, T ) and dividing the obtained inequality by µ we
obtain ∫∫

Q

{ n∑
i=1

(χi − ai(u− µvφ))vxiφ+ (χ0 − a0(u− µvφ))vφ

+λµ|vφ|2 +
(
ζ −

t∫
t−τ(t)

c(u− µvφ) ds
)
vφ
}
e−λt dxdt ≥ 0. (58)

Letting µ → 0+ in (58), using condition (A3) and the Dominated Convergence Theorem
(see [14, p. 648]), we have∫∫

Q

{ n∑
i=1

(χi − ai(u))vxiφ+ (χ0 − a0(u))vφ+ vφ
(
ζ −

t∫
t−τ(t)

c(u) ds
)}

e−λt dxdt = 0,

where v ∈ H̃1(Ω), φ ∈ C1
0 (0, T ) are arbitrary functions. Therefore we obtain (49). Thus,

u is a weak solution of problem (2)�(4).
Third step. According to Lemma 1, with w = u, t1 = 0, t2 = σ, θ = e−λt, λ = λ0,

where λ0 is a solution of inequality (32), we obtain

1

2
e−λσ

∫
Ω

|u(x, σ)|2 dx− 1

2

∫
Ω

|u0(x, 0)|2 dx+
λ

2

σ∫
0

∫
Ω

|u(x, t)|2e−λtdxdt

+

σ∫
0

∫
Ω

{ n∑
i=1

ai(u)uxi + a0(u)u+ u(x, t)

t∫
t−τ(t)

c(u)(x, t, s)ds
}
e−λtdxdt

=

σ∫
0

∫
Ω

{ n∑
i=1

fiuxi + f0u
}
e−λtdxdt. (59)
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It is easy to show that inequalities similar to (28) � (30), with u instead of um, hold.
Hence, the inequality, analogous to (33), can be obtained:

max
t∈[0,T ]

∫
Ω

|u(x, t)|2 dx+ C3

∫∫
Q

{ n∑
i=1

|uxi
(x, t)|2 + |u(x, t)|2

}
dxdt

≤ C4

∫∫
Q

( n∑
i=0

|fi(x, t)|2 + g(x, t)
)
dxdt+ C5 max

t∈[−τ0,0]

∫
Ω

|u0(x, t)|2dx. (60)

Therefore, inequality (9) holds.
�
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Mathematics, 10, A.K. Peters: Wellesley MA., 2005.
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An optimal control problem for systems described by Fourier problem
(problem without initial conditions) for nonlinear parabolic equations is studi-
ed. The control function occurs in the coe�cients of the state equations. The
existence of the optimal control is proved.

Key words: optimal control, problem without initial conditions, evolution
equation.

1. Introduction. Optimal control of determined systems governed by partial di-

�erential equations (PDEs) is currently of much interest [1, 4, 6, 7, 17, 18, 19, 20, 21, 22,
25, 26, 27, 29, 30, 31]. Optimal control problems for PDEs are most completely studied
for the case in which the control functions occur either on the right-hand sides of the
state equations, or the boundary or initial conditions (see for example, [14], [27], [31]). So
far, problems in which control functions occur in the coe�cients of the state equations
are less studied (see for example, [1], [4], [26], [29], [30]). A simple model example of such
type problem is the following (see [4]).

Consider the problem of allocating resources to maximize the net bene�t in the
conservation of the single species while the cost of the resource allocation is minimized.
In this case a state of controlled system for given control v ∈ U := L∞(Ω × (0, T )) is
de�ned by a weak solution y = y(v) = y(x, t; v), (x, t) ∈ Ω × (0, T ), from the space
L2(0, T ;H1

0 (Ω)) ∩ L3(Ω× (0, T )) ∩ C([0, T ];L2(Ω)), of the following problem:

yt −∆y + y2 − vy = 0 in Ω× (0, T ),

y
∣∣∣
Γ×(0,T )

= 0, y
∣∣∣
t=0

= y0 ∈ L2(Ω), y > 0 a.e. on Ω× (0, T ).

Here Ω is a bounded domain in Rn with piecewise smooth boundary Γ, T > 0. The
objective is to balance the two features of maximizing the population and minimizing

c⃝ Bokalo M., Tsebenko A., 2016
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the cost of the control, representing the resources. Therefore the cost functional has the
form

J(v) :=

∫ T

0

∫
Ω

[
y(x, t; v)− ρ|v(x, t)|2

]
dxdt ∀v ∈ U,

where y is the population density of a species, v is the resource function, and ρ > 0 is
given constant. An optimal control problem is to �nd a function u ∈ U∂ :=

{
v ∈ U :

0 6 v 6M a. e. in Ω× (0, T )
}
(here M = const > 0 is given) such that

J(u) = sup
v∈U∂

J(v).

This problem is nonlinear, since the dependence between the state and the control
is nonlinear.

Various generalizations of this problem were investigated in many papers, including
[1], [4], [6], [7], [17]-[20], [21], [25], [26], [29], [30] where the state of controlled system is
described by the initial-boundary value problems for parabolic equations.

In [1], [26], [29], [30] the state of controlled system is described by linear parabolic
equations and systems, while in [1] and [26] control functions appears as coe�cients
at lower derivatives, and in [29], [30] the control functions are coe�cients at higher
derivatives. In [26] the existence and uniqueness of optimal control in the case of �nal
observation was shown and a necessary optimality condition in the form of the generalized
rule of Lagrange multipliers was obtained. In paper [1] authors proved the existence of at
least one optimal control for system governed by a system of general parabolic equations
with degenerate discontinuous parabolicity coe�cienti. In papers [29], [30] the authors
consider cost function in general form, and as special case it includes di�erent kinds of
speci�c practical optimization problems.

In papers [4], [17]-[20], [21], [25] authors investigate optimal control of systems
governed by nonlinear PDEs. In particular, in [4] the problem of allocating resources
to maximize the net bene�t in the conservation of a single species is studied. The
population model is an equation with density dependent growth and spatial-temporal
resource control coe�cient. Numerical simulations illustrate several cases with Dirichlet
and Neumann boundary conditions. In [18] the optimal control problem is converted to
an optimization problem which is solved using a penalty function technique. Paper [21]
presents analytical and numerical solutions of an optimal control problem for quasilinear
parabolic equations. In [22] the authors consider the optimal control of a degenerate
parabolic equation governing a di�usive population with logistic growth terms. In paper
[25] optimal control for semilinear parabolic equations without Cesari-type conditions is
investigated.

In this paper, we study an optimal control problem for systems whose states are
described by problems without initial conditions or, other words, Fourier problems for
parabolic equations. The model example of considered optimal control problem is a
problem which di�ers from the previous one (see beginning of this section) by the followi-
ng facts: the initial moment is −∞ and, correspondly, the state equation and control
functions are considered in the domain Ω × (−∞, T ), a boundary condition is given on
the surface Σ = ∂Ω× (−∞, T ), while the initial condition is replaced by the condition

lim
t→−∞

∥y(·, t)∥L2(Ω) = 0.
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The problem without initial conditions for evolution equations describes processes
that started a long time ago and initial conditions do not a�ect on them in the actual
time moment. Such problem were investigated in the works of many mathematicians (see
[5, 12, 28] and bibliography there).

As we know among works devoted to the optimal control problems for PDEs, only
in papers [6], [7] the state of controlled system is described by the solution of Fourier
problem for parabolic equations. In the current paper, unlike the above two, we consider
optimal control problem in case when the control functions occur in the coe�cients of
the state equations. The main result of this paper is existence of the solution of this
problem.

The outline of this paper is as follows. In Section 2, we give notations, de�nitions
of function spaces and auxiliary results. In Section 3, we formulate the optimal control
problem. In Section 4, we prove existence and uniqueness of the solutions for the state
equations. Furthermore, we obtain estimates for the weak solutions of the state equations.
Finally, the existence of the optimal control is presented in Section 5.

2. Preliminaries. Let n be a natural number, Rn be the linear space of ordered
collections x = (x1, . . . , xn) of real numbers with the norm |x| := (|x1|2 + . . .+ |xn|2)1/2.
Suppose that Ω is a bounded domain in Rn with piecewise smooth boundary Γ. Set
S := (−∞, 0], Q := Ω× S, Σ := Γ× S, Ωt := Ω× {t} for each t ∈ R.

For any measurable set G ⊂ Rm, where m = n or m = n + 1, and arbitrary
q ∈ [1,∞] we denote by Lq(G) standard Lebesgue space with norm ∥ · ∥Lq(G). Under

Lq
loc

(Q), where q ∈ [1,∞], we mean the linear space of measurable functions on Q such
that their restrictions to any bounded measurable set Q′ ⊂ Q belong to the space Lq(Q′).

Let X be an arbitrary Banach space with the norm ∥ · ∥X , q ∈ [1,∞]. Denote by
Lq

loc
(S;X) the linear space of measurable functions de�ned on S with values in X, whose

restrictions to any segment [a, b] ⊂ S belong to the space Lq(a, b;X).
Let ν ∈ R, q ∈ [1,∞) and let X be as above. Put by de�nition

Lq
ν(S;X) :=

{
f ∈ Lq

loc
(S;X)

∣∣∣ ∫
S

e−2νt∥f(t)∥qXdt <∞
}
.

This space is a Banach space with respect to the norm

∥f∥Lq
ν(S;X) :=

(∫
S

e−2νt∥f(t)∥qX dt
)1/q

.

If X is a Hilbert space with the scalar product (·, ·)X then the space L2
ν(S;X) is also a

Hilbert space with the scalar product

(f, g)L2
ν(S;X) =

∫
S

e−2νt(f(t), g(t))X dt.

Denote by C1
c (I), where I ⊂ R is an interval, the linear space of continuously

di�erentiable functions on I with compact supports ( if I = (t1, t2), then we will write
C1

c (t1, t2) instead of C1
c ((t1, t2)) ). Under C(I;X), where I ⊂ R is an interval and X

is an arbitrary Banach space, we mean the linear space of continuous functions de�ned
on I with values in X. If I is a bounded closed interval then C(I;X) is Banach space
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with a norm ∥z∥C(I;X) = max
t∈I

∥z(t)∥X . In case when I is an open interval we say that

zm −→
m→∞

z in C(I;X) if for each τ1, τ2 ∈ I (τ1 < τ2) we have ∥z−zm∥C([τ1,τ2];X) −→
m→∞

0.

Let H1(Ω) := {v ∈ L2(Ω) | vxi ∈ L2(Ω) (i = 1, n)} be a Sobolev space, whi-
ch is a Hilbert space with respect to the scalar product (v, w)H1(Ω) :=

∫
Ω

{
∇v∇w +

vw
}
dx and the corresponding norm ∥v∥H1(Ω) :=

( ∫
Ω

{
|∇v|2 + |v|2

}
dx

)1/2
, where ∇v :=

(vx1 , . . . , vxn), |∇v|2 :=
n∑

i=1

|vxi |2. Under H1
0 (Ω) we mean the closure in H1(Ω) of the

space C∞
c (Ω) consisting of in�nitely di�erentiable functions on Ω with compact supports.

Denote

K := inf
v∈H1

0 (Ω), v ̸=0

∫
Ω

|∇v|2 dx∫
Ω

|v|2 dx
. (1)

Taking into account inequality (1), we de�ne a norm ∥v∥H1
0 (Ω) =

(
|∇v|2 dx

)1/2

onH1
0 (Ω),

which is equivalent to the standard norm on H1(Ω).
It is well known that the constant K is �nite and coincides with the �rst eigenvalue

of the following eigenvalue problem:

−∆v = λv, v|∂Ω = 0. (2)

From (1) it clearly follows the Friedrichs inequality∫
Ω

|∇v|2 dx > K

∫
Ω

|v|2 dx ∀ v ∈ H1
0 (Ω). (3)

Let q > 1 be a real number and q′ := q
q−1 , that is, 1

q + 1
q′ = 1. We denote

V q(Ω) := H1
0 (Ω) ∩ Lq(Ω).

It is well known that (
V q(Ω)

)′
:= H−1(Ω) + Lq′(Ω).

Also we denote
∫
Ωt

z dx :=
∫
Ω

z(x, t) dx for each z ∈ L1
loc

(S;L1(Ω)) and for a.e. t ∈ S.

Proposition 1. (Aubin theorem, see [2] and [3, p. 393]). If q > 1, r > 1 are any real

numbers, t1, t2 ∈ R (t1 < t2), W,L,B are any Banach spaces such that W
K
⊂L 	 B (here

K
⊂ means compact embedding and 	 means continuous embedding), then

{w ∈ Lq(t1, t2;W) | w′ ∈ Lr(t1, t2;B)}
K
⊂
(
Lq(t1, t2;L) ∩ C([t1, t2];B)

)
,

that is, if sequence {wm}m∈N is bounded in the space Lq(t1, t2;W) and sequence
{w′

m}m∈N is bounded in the space Lr(t1, t2;B), then there exists a subsequence
{wmj}j∈N ⊂ {wm}m∈N and function w ∈ Lq(t1, t2;L)∩C([t1, t2];B) such that wmj −→

j→∞
w

strongly in Lq(t1, t2;L) and in C([t1, t2];B).
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3. Formulation of the main problem and results. Let U be a closed li-
near subspace of L∞(Q), for example, U := L∞(Q) or U := {u ∈ L∞(Q) | v(x, t) =
0 for a.e. (x, t) ∈ Q \Qt∗,0}, where t∗ < 0 is arbitrary �xed. Assume that U is the space

of controls and for given M = const > 0 the set U∂ :=
{
v ∈ U

∣∣∣ 0 6 v 6M a.e. in Q
}

be the set of admissible controls.
We assume that the state of the investigated evolutionary system for a given control

v ∈ U∂ is described by a weak solution of problem

yt −
n∑

i,j=1

(aij(x)yxi
)xj

+ c(x)|y|p−2y − v(x, t)y = f(x, t), (x, t) ∈ Q, (4)

y
∣∣
Σ
= 0, (5)

lim
t→−∞

e−λt∥y(·, t)∥L2(Ω) = 0, (6)

where λ ∈ R is given.
Before de�ning the weak solution of problem (4)-(6), we make some assumptions:

(A): aij ∈ L∞(Ω) (i, j = 1, n), there exists µ =const> 0 such that
n∑

i,j=1

aij(x)ξiξj > µ
n∑

k=1

|ξk|2 for a.e. x ∈ Ω and for all ξ ∈ Rn, and

M − µK > 0;

(C): c ∈ L∞(Ω), c(x) > c0 = const > 0 for a.e. (x, t) ∈ Q;
(F): f ∈ L2

loc
(S;L2(Ω));

(P): p > 2.

Denote p′ = p
p−1 , i.e., 1

p + 1
p′ = 1.

De�nition 1. The function y ∈ L2
loc(S;H

1
0 (Ω))∩L

p
loc

(S;Lp(Ω))∩C(S;L2(Ω)) is called
a weak solution of problem (4)�(6) if its derivative yt belongs to L

2
loc(S;L

2(Ω)), and the
following integral equality holds∫

Ωt

{
ytψ +

n∑
i,j=1

aijyxiψxj + (c|y|p−2y − vy)ψ
}
dx

=

∫
Ωt

fψ dx for a.e. t ∈ S and for all ψ ∈ V p(Ω). (7)

A weak solution y of problem (4)�(6) will be denoted by y, or y(v), or y(x, t),
(x, t) ∈ Q, or y(x, t; v), (x, t) ∈ Q.

Remark 1. Research methodology of problems similar to problem (4)�(6) is quite well
developed, in particular, in papers of one of the authors [9]-[11],[12]. But exactly the
same problem as considered here, more precisely, Fourier problem for semilinear parabolic
equation in bounded spatial variables domains, is not investigated in literature. Moreover,
estimates of the weak solution are important for us. So, for a complete presentation of the
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material, in Section 3 we give full proof of existence and uniqueness of the weak solution
of problem (4)�(6) (for a given v ∈ U∂) and its estimates.

Hereafter we assume that λ > 0 and the cost functional has the form

J(v) =

∫∫
Q

[
|y(x, t; v)| − ρ(x, t)|v|2

]
dxdt, v ∈ U, (8)

where ρ ∈ L1(Q) is given.

Remark 2. If λ > 0 and (6) hold, then functional J is well de�ned. Indeed, (6) implies

that ∥y(·, t)∥L2(Ω) 6 C̃eλt ∀ t ∈ S, where C̃ = const > 0 . Hence, Cauchy-Schwarz

inequality yields
∫∫
Q

|y(x, t)| dxdt =
∫
S

dt
∫
Ω

|y(x, t)| dx 6 (mesnΩ)
1/2

∫
S

∥y(·, t)∥L2(Ω) dt

6 C̃(mesnΩ)
1/2

∫
S

eλtdt < ∞. Hence, the �rst term of functional J is well de�ned. As

well ρ ∈ L1(Q), v ∈ L∞(Q), so the second term of functional J is also well de�ned.

We consider the following optimal control problem: �nd a control u ∈ U∂ such
that

J(u) = sup
v∈U∂

J(v). (9)

We brie�y call this problem (9), and its solutions will be called optimal controls.

The main result of this paper is the following theorem.

Theorem 1. Let conditions (A), (C), (P), λ > M − µK hold and

f ∈ L2
λ(S;L

2(Ω)). (10)

Then problem (9) has a solution.

Remark 3. In real processes function y describes the density of population. In this cases
the additional condition y > 0 is required. This condition is satis�ed if f > 0 (see Lemma
2).

4. Well-posedness of the problem without initial conditions (Fourier
problem) for nonlinear parabolic equations.

Lemma 1. If conditions (A), (C), (F), (P) and λ >M−µK hold, then problem (4)�(6)
has at most one weak solution.

Proof. Assume the opposite. Let y1, y2 be two weak solutions of problem (4)�(6). Substi-
tuting them one by one into integral identity (7) and subtracting the obtained equalities,
for the di�erence z = y1 − y2 we obtain∫

Ωt

[
ztψ +

n∑
i,j=1

aijzxiψxj + c(|y1|p−2y1 − |y2|p−2y2)ψ

−vzψ
]
dx = 0 for every ψ ∈ V p(Ω) and for a.e. t ∈ S. (11)
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From (6) it follows the following condition

e−2λt

∫
Ωt

|z|2 dx→ 0 as t→ −∞. (12)

Taking in (11) ψ(·) = z(·, t), we get∫
Ωt

[
ztz +

n∑
i,j=1

aijzxizxj (13)

+c(|y1|p−2y1 − |y2|p−2y2)(y1 − y2)− v|z|2
]
dx = 0 and for a.e. t ∈ S.

Let us take arbitrary numbers τ1, τ2 ∈ S (τ1 < τ2). Multiplying identity (13) by 2e−2λt,
integrating from τ1 to τ2 and using the integration-by-parts formula, we obtain

e−2λt

∫
Ω

|z(x, t)|2 dx
∣∣∣t=τ2

t=τ1
+ 2

τ2∫
τ1

∫
Ω

e−2λt
[ n∑
i,j=1

aijzxizxj

+c(|y1|p−2y1 − |y2|p−2y2)(y1 − y2) + (λ− v)|z|2
]
dxdt = 0.

Thus, taking into account that c > 0, (|s1|p−2s1−|s2|p−2s2)(s1−s2) > 0 ∀s1, s2 ∈ R,
and using (A) and (3), we obtain

e−λτ2

∫
Ω

|z(x, τ2)|2 dx − e−λτ1

∫
Ω

|z(x, τ1)|2 dx

+ 2

τ2∫
τ1

∫
Ω

e−2λt(λ+ µK −M)|z|2 dxdt 6 0. (14)

Since λ >M − µK, from (14) we obtain

e−2λτ2

∫
Ω

|z(x, τ2)|2 dx 6 e−2λτ1

∫
Ω

|z(x, τ1)|2 dx. (15)

In (15) we �x τ2 and pass to the limit as τ1 → −∞. According to condition (12) we
obtain the equality e−2λτ2

∫
Ω

|z(x, τ2)|2 dx = 0. Since τ2 ∈ S is an arbitrary number, we

have z(x, t) = 0 for a. e. (x, t) ∈ Q, that is, y1(x, t) = y2(x, t) = 0 for a. e. (x, t) ∈ Q.
The resulting contradiction proves our statement. �

Remark 4. In case M − µK 6 0, there is no need to require additional condition on
solutions behavior on in�nity (like condition (6)) to insure uniqueness of solution of
problem (4)�(6) (see [13]).

Lemma 2. Let conditions (A), (C), (F), (P), f > 0 and λ > M − µK are satis�ed.
Then the weak solution of problem (4)�(6) is nonnegative.
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Proof. We denote y−(x, t) :=

{
y(x, t), if y(x, t) 6 0,
0, if y(x, t) > 0,

for a.e (x, t) ∈ Q. Let us consi-

der integral identity (7). In this identity for a.e. t ∈ S we take ψ(·) = y−(·, t). Then∫
Ωt

{
(y−)ty

− +
n∑

i,j=1

aij(y
−)xi(y

−)xj + c|y−|p − v|y−|2
}
dx

=

∫
Ωt

fy− dx for a.e. t ∈ S. (16)

Multiplying identity (16) by e−2λt, integrating from τ1 to τ2 (τ1, τ2 ∈ S arbitrary
numbers, τ1 < τ2) and using the integration-by-parts formula, we obtain

1

2
e−2λτ2

∫
Ω

|y−(x, τ2)|2 dx− 1

2
e−2λτ1

∫
Ω

|y−(x, τ1)|2 dx+ λ

τ2∫
τ1

∫
Ω

e−2λt|y−|2 dxdt

+

τ2∫
τ1

∫
Ω

e−2λt
[ n∑
i,j=1

aij(y
−)xi(y

−)xj + c|y−|p − v|y−|2
]
dxdt =

τ2∫
τ1

∫
Ω

fy−e−2λt dxdt. (17)

Since f > 0 and condition (A) hold, we obtain

1

2
e−2λτ2

∫
Ω

|y−(x, τ2)|2 dx− 1

2
e−2λτ1

∫
Ω

|y−(x, τ1)|2 dx

+

τ2∫
τ1

∫
Ω

e−2λt
[
(λ+ µK −M)|y−|2

]
dxdt 6 0.

Since λ >M − µK, then from previous inequality we obtain

e−2λτ2

∫
Ω

|y−(x, τ2)|2 dx 6 e−2λτ1

∫
Ω

|y−(x, τ1)|2 dx. (18)

We pass to the limit when τ1 → −∞ in (18). Taking into account that τ2 ∈ S is arbitrary
in (18) we have e−2λτ2

∫
Ω

|y−(x, τ2)|2 dx 6 0, we conclude that |y−(x, t)|L2(Ω) = 0 for a.e.

t ∈ S, what yields that y−(x, t) = 0 a.e. in Q. �

Theorem 2. Suppose that conditions (A), (C), (P), (10) and λ > M − µK hold. Then
problem (4)�(6) has a unique weak solution y, and y ∈ L2

λ(S;H
1
0 (Ω)) ∩ Lp

λ(S;L
p(Ω)),

yt ∈ L2
λ(S;L

2(Ω)). Moreover, the following estimates hold:

e−2λt∥y(·, t)∥2L2(Ω) 6 C1

t∫
−∞

e−2λs∥f(·, s)∥2L2(Ω) ds, t ∈ S, (19)

∥y∥2L2
λ(S;H1

0 (Ω)) + ∥yt∥2L2
λ(S;L2(Ω)) + ∥y∥p

Lp
λ(S;Lp(Ω))

6 C2∥f∥2L2
λ(S;L2(Ω)), (20)

where C1, C2 are positive constants depending on M,K, µ and λ only.
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Proof of Theorem 2. First, for each m ∈ N we de�ne Qm := Ω × (−m, 0], Σm := Γ ×
(−m, 0], fm(·, t) := f(·, t), if −m < t 6 0, and fm(·, t) := 0, if t 6 −m.

Consider the problem of �nding a function ym satisfying (in some sense) the equation

ym,t −
n∑

i,j=1

(aij(x)ym,xi)xj + c(x)|ym|p−2ym − v(x, t)ym = fm(x, t), (x, t) ∈ Qm, (21)

boundary condition

y
∣∣
Σm

= 0, (22)

and initial condition

ym(x,−m) = 0, x ∈ Ω. (23)

A weak solution of problem (21)�(23) is a function ym ∈ L2(−m, 0;H1
0 (Ω)) ∩

Lp(−m, 0;Lp(Ω)) ∩ C([−m, 0];L2(Ω)), whose derivative ym,t ∈ L2(−m, 0;L2(Ω)), and
which satis�es condition (23) and the following integral identity∫

Ωt

{
ym,tψ +

n∑
i,j=1

aijym,xiψxj + (c|ym|p−2ym − vym)ψ
}
dx

=

∫
Ωt

fmψ dxdt for a.e. t ∈ [−m, 0] and for all ψ ∈ V p(Ω) . (24)

Lemma 3. Let conditions (A), (C), (F) and (P) hold. Then problem (21)�(23) has
unique weak solution ym. Moreover, for any λ > M −µK this solution satis�es following
estimates:

e−2λt

∫
Ωt

|ym|2 dx 6 C1

t∫
−m

∫
Ω

e−2λs|f(x, s)|2 dxds, t ∈ [−m, 0], (25)

∫∫
Qm

e−2λt
[
|∇ym|2 + |ym,t|2 + |ym|p

]
dxdt 6 C2

∫∫
Qm

e−2λt|fm|2 dxdt, (26)

where C1, C2 are positive constants depending on M,K, µ and λ only.

The proof of Lemma 3 is given later in this section.
For every m ∈ N we extend ym by zero for the entire set Q and keep the

same notation ym for this extension. Note that for each m ∈ N , the function ym
belongs to L2(S;H1

0 (Ω)) ∩ Lp(S;Lp(Ω)) ∩ C(S;L2(Ω)), its derivative ym,t belongs to
L2(−m, 0;L2(Ω)), and ym satis�es integral identity (7) with fm substituted for f , i.e.,∫

Ωt

{
ym,tψ +

n∑
i,j=1

aijyxiψxj + (c|ym|p−2ym − vym)ψ
}
dx =

∫
Ωt

fmψ dx

for a.e. t ∈ S and for all ψ ∈ V p(Ω). (27)
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Thus, ym is a weak solution of problem (4)�(6) with fm substituted for f , and according
to Lemma 3 and condition (10), for ym we obtain estimates

e−2λt∥ym(·, t)∥2L2(Ω) 6 C1

t∫
−∞

e−2λs∥f(·, s∥2L2(Ω) ds, t ∈ S, (28)

∥ym∥2L2
λ(S;H1

0 (Ω)) + ∥ym,t∥2L2
λ(S;L2(Ω)) + ∥ym∥p

Lp
λ(S;Lp(Ω))

6 C2∥f∥2L2
λ(S;L2(Ω)). (29)

According to Proposition 1 and the compactness of the embedding H1
0 (Ω) ⊂ L2(Ω),

estimate (29), we obtain that there exist a subsequence of the sequence {ym} (still denoted
by {ym} for simplicity) and the function y ∈ L2

λ(S;H
1
0 (Ω))∩L

p
λ(S;L

p(Ω))∩C(S;L2(Ω))
such that yt ∈ L2

λ(S;L
2(Ω)) and

ym −→
m→∞

y weakly in L2
λ(S;H

1
0 (Ω)), (30)

ym,t −→
m→∞

yt weakly in L2
λ(S;L

2(Ω)), (31)

ym −→
m→∞

y weakly in Lp
λ(S;L

p(Ω)), (32)

ym −→
m→∞

y in C(S;L2(Ω)), (33)

ym −→
m→∞

y a.e. in Q, (34)

|ym|p−2ym −→
m→∞

|y|p−2y weakly in Lp′

λ (Q). (35)

From (35) we obtain∫∫
Q

c|ym|p−2ymψφdxdt −→
m→∞

∫∫
Q

c|y|p−2yψφdxdt ∀ψ ∈ V p(Ω), ∀φ ∈ C1
c (−∞, 0).

(36)
Let us show that the function y is a weak solution of problem (4)�(6). To do this,

we multiply identity (24) by arbitrary φ ∈ C1
c (−∞, 0) and integrate over t ∈ S∫∫

Q

{
ym,tψφ+

n∑
i,j=1

aijyxiψxjφ+ (c|ym|p−2ym − vym)ψφ
}
dxdt =

∫∫
Q

fmψφdxdt,

ψ ∈ V p(Ω), φ ∈ C1
c (−∞, 0). (37)

Now we letm→ ∞ in identity (37), taking into account (30), (31), (36) and the de�nition
of the function fm. From the obtained integral identity, taking into account Du Bois-
Reymond lemma, we get identity (7). Next, taking into account (33), we let m→ +∞ in
(28). From the resulting inequality and condition (10), we obtain condition (6). Hence,
we have proven that y is a weak solution of problem (4)�(6). And from estimate (29) and
convergence (30)�(32) we obtain estimate (20). Estimate (19) easily follows from (28)
and (33). �

Proof of Lemma 3. We �x arbitrary m ∈ N and, for simplicity, for the weak solution ym
of problem (21)�(23) we use notation z.

To prove our statement we use Galerkin's method. Let {wl | l ∈ N} be a linear
independent set of functions from V p(Ω), which is complete in V p(Ω), that is, the set of
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all its �nite linear combinations is dense in V p(Ω). According to Galerkin's method, for
every r ∈ N we put

zr(x, t) =
r∑

k=1

cr,k(t)wk(x), (x, t) ∈ Qm,

where cr,1, . . . , cr,r are absolutely continuous functions, which are solutions of the Cauchy
problem for the system of ordinary di�erential equations∫

Ωt

zr,twl dx+

∫
Ωt

{ n∑
i,j=1

aijzr,xiwl,xj + c|zr|p−2zrwl − vzrwl

}
dx

=

∫
Ωt

fwl dx, t ∈ [−m, 0], l = 1, r, (38)

cr,l(−m) = 0, l = 1, r. (39)

The linear independence of functions w1, . . . , wr yields that the matrix (brk,l)
r
k,l=1 is

positive-de�nite, where brk,l =
∫
Ω
wkwl dx (k, l = 1, r). Thus the system of ordinary

di�erential equations (38) can be transformed to the normal form. Hence, according to
the theorems of existence and extension of the solution to this problem (see [16]), there
exists the global solution cr,1, . . . .., cr,r of problem (38), (39), de�ned on [−m, t >, where
t ∈ (−m, 0], �>� means either �)� or �]�. Later we will show that [−m, t >= [−m, 0].

Multiply the equation of system (38) with number l ∈ {1, . . . , r} by e−2λtcr,l and
sum over l ∈ {1, . . . , r}. Integrating the obtained equality over t ∈ [−m, τ ] ⊂ [−m, t >,
we have

τ∫
−m

∫
Ω

e−2λtzr,tzr dxdt+

τ∫
−m

∫
Ω

e−2λt
[ n∑
i,j=1

aijzr,xizr,xj

+c|zr|p − v|zr|2
]
dxdt =

τ∫
−m

∫
Ω

e−2λtfzr dxdt. (40)

From (40), using (39), Cauchy inequality and the integration-by-parts formula, we obtain

1

2

∫
Ω

e−2λτ |zr(x, τ)|2 dx+ λ

τ∫
−m

∫
Ω

e−2λt|zr|2 dxdt

+

τ∫
−m

∫
Ω

e−2λt
[ n∑
i,j=1

aijzr,xi
zr,xj

+ c|zr|p − v|zr|2
]
dxdt (41)

6 ε1
2

τ∫
−m

∫
Ω

e−2λt|zr|2 dxdt+
1

2ε1

τ∫
−m

∫
Ω

e−2λt|f |2 dxdt, τ ∈ [−m, t >,

where ε1 > 0 is arbitrary number.
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Since v(x, t) 6 M for a.e. (x, t) ∈ Q, using (3) and condition (A), from (41), we
have

1

2

∫
Ω

e−2λτ |zr(x, τ)|2 dx+ (λ−M + µK(1− ε2)−
ε1
2
)

τ∫
−m

∫
Ω

e−2λt|zr|2 dxdt

+

τ∫
−m

∫
Ω

e−2λt
[
ε2µ|∇zr|2 + c0|zr|p

]
dxdt 6 1

2ε1

τ∫
−m

∫
Ω

e−2λt|f |2 dxdt, τ ∈ [−m, t > .

(42)

Since λ > M − µK, then one can easily choose ε1 > 0 and ε2 > 0 such that
λ−M + µK(1− ε2)− ε1

2 > 0 (for example, ε2 = λ−M+µK
4µK > 0 and ε1 = λ−M+µK

2 > 0).

This implies the following inequality

∫
Ω

e−2λτ |zr(x, τ)|2 dx+ C3

τ∫
−m

∫
Ω

e−2λt
[
|∇zr|2 + |zr|2 + |zr|p

]
dxdt (43)

6 C4

τ∫
−m

∫
Ω

e−2λt|f |2 dxdt, τ ∈ [−m, t >,

where positive constants C3, C4 do not depend on m and r.
From (43) we get the following estimates

e−2λτ

∫
Ω

|zr(x, τ)|2 dx 6 C1

τ∫
−m

∫
Ω

e−2λt|f |2 dxdt, τ ∈ [−m, t >, (44)

τ∫
−m

∫
Ω

e−2λt
[
|∇zr|2 + |zr|2 + |zr|p

]
dxdt 6 C2

τ∫
−m

∫
Ω

e−2λt|f |2 dxdt, τ ∈ [−m, t > . (45)

Estimate (44) yields that the sequence
{

ess sup
t∈[−m,t>

∥zr(·, t)∥2L2(Ω)

}
is bounded by a

constant, which is independent on t. This yields that [−m, t >= [−m, 0].
Multiply the equation of system (38) with number l ∈ {1, . . . , r} by e−2λtc′r,l(t) and

sum over l ∈ {1, . . . , r}. Integrating the obtained equality over t ∈ [−m, 0], we obtain∫∫
Qm

e−2λτ |zr,t|2 dxdt+
∫∫
Qm

e−2λt
[ n∑
i,j=1

aijzr,xizr,xj ,t

+c|zr|p−2zrzr,t − vzrzr,t
]
dxdt =

∫∫
Qm

e−2λtfzr,t dxdt. (46)

From (46), using (39) and the integration-by-parts formula and the fact that in our case

|zr|p−2zrzr,t =
1

p
(|zr|p)t,
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we obtain ∫∫
Qm

e−2λt|zr,t|2 dxdt+
1

2

∫
Ω

n∑
i,j=1

aijzr,xi(x, 0)zr,xj (x, 0) dx

+λ

∫∫
Qm

e−2λt
n∑

i,j=1

aijzr,xizr,xj dxdt+
1

p

∫
Ω

c(x)|zr(x, 0)|p dx

+
2λ

p

∫∫
Qm

e−2λtc|zr|p dxdt =
∫∫
Qm

e−2λtfzr,t dxdt+

∫∫
Qm

e−2λtvzrzr,t dxdt. (47)

Using conditions (A), (C) and Cauchy inequality from (47) we obtain∫∫
Qm

e−2λt|zr,t|2 dxdt+ λµ

∫∫
Qm

e−2λt|∇zr|2 dxdt

+
2λc0
p

∫∫
Qm

e−2λt|zr|p dxdt 6
1

2ε2

∫∫
Qm

e−2λt|f |2 dxdt

+
M

2ε1

∫∫
Qm

e−2λt|zr|2 dxdt+
(ε1M

2
+
ε2
2

)∫∫
Qm

e−2λt|zr,t|2 dxdt. (48)

From (48), using (45) and taking ε1 > 0 and ε2 > 0 such that 1− ε1M
2 − ε2

2 > 0, we get
the following estimate∫∫

Qm

e−2λt|zr,t|2 dxdt 6 C5

∫∫
Qm

e−2λt|f |2 dxdt, (49)

where constant C5 > 0 is independent on m and r.
Estimates (44), (45), (49) yield that sequence {zr}∞r=1 is bounded in the spaces

L2(−m, 0;H1
0 (Ω)), L

∞(−m, 0;L2(Ω)) and Lp(−m, 0;Lp(Ω)), and zr,t is bounded in
L2(−m, 0;L2(Ω)). Consequently, taking into account Proposition 1, we obtain exi-
stence of the subsequence of {zr}∞r=1 and the function z ∈ L2(−m, 0;H1

0 (Ω)) ∩
L∞(−m, 0;L2(Ω)) ∩ Lp(−m, 0;Lp(Ω)) such that zt ∈ L2(−m, 0;L2(Ω)) and

zr −→
r→∞

z weakly in L2(−m, 0;H1
0 (Ω)), (50)

zr,t −→
r→∞

zt weakly in L2(−m, 0;L2(Ω)), (51)

zr −→
r→∞

z weakly in Lp(−m, 0;Lp(Ω)), (52)

zr −→
r→∞

z strongly in L2(Qm), and in C([−m, 0];L2(Ω)), (53)

zr −→
r→∞

z a.e. in Q, (54)

|zr|p−2zr −→
r→∞

|z|p−2z weakly in Lp′

λ (Q). (55)
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From (54), (55), similar to the convergence (36), we have convergence∫∫
Qm

c|zr|p−2zrψφdxdt −→
r→∞

∫∫
Qm

c|z|p−2zψφdxdt. (56)

Let ν1, ..., νk (k ∈ N) are any real numbers and φ ∈ C1
c (−m, 0) is arbitrary function. For

every j ∈ {1, ..., k} we multiply the equation of system (38) with number j ∈ {1, . . . , r}
by νj , summarizing obtained equations and pass to the limit as r → ∞, denoting ψ =
k∑

j=1

νjwj and integrating resulting equality over t ∈ [−m, 0], we get

∫∫
Qm

ztψφ dxdt+

∫∫
Qm

{ n∑
i,j=1

aijzxiψxj + c|z|p−2zψ − vzψ
}
φdxdt

=

∫∫
Qm

fψφ dxdt ∀φ ∈ C1
c (−m, 0). (57)

Since the set {ν1w1+ ...+νkwk

∣∣ k ∈ N, ν1, ..., νk ∈ R} is dense in V p(Ω), then (57) yields
the equality∫∫

Qm

ztψφ dxdt+

∫∫
Qm

{ n∑
i,j=1

aijzxiψxj + c|z|p−2zψ − vzψ
}
φdxdt

=

∫∫
Qm

fψφ dxdt, ψ ∈ V p(Ω), φ ∈ C1
c (−m, 0). (58)

Using Du Bois-Reymond lemma we obtain identity (24). Thus, we have shown that
problem (21)�(23) has a solution z = ym. From (44), (45) and (49), taking into account
(50) � (53), we obtain that function ym satis�es estimates (25), (26). �

5. Proof of the main result.

Proof of Theorem 3. Existence of the solution. Since the cost functional J is bounded
above, there exists a maximizing sequence {vk} in U∂ : J(vk) −→

k→∞
sup
v∈U∂

J(v). The sequence

{vk} is bounded in the space L∞(Q), that is

0 6 vk(x, t) 6M for a.e. (x, t) ∈ Q. (59)

Since for each k ∈ N the function yk := y(vk) (k ∈ N) is a weak solution of problem
(4)�(6) for v = vk, then the following identity holds:∫∫

Q

{
yk,tψφ+

n∑
i,j=1

aijyk,xiψxjφ+ (c|yk|p−2yk − vkyk)ψφ
}
dxdt

=

∫∫
Q

fψφdxdt, ψ ∈ V p(Ω), φ ∈ C1
c (−∞, 0). (60)
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According to Theorem 2 we have the estimates

e−2λt∥yk(·, t)∥2L2(Ω) 6 C1

t∫
−∞

e−2λs∥f(·, s)∥2L2(Ω) ds, t ∈ S, (61)

∥yk∥2L2
λ(S;H1

0 (Ω)) + ∥yk,t∥2L2
λ(S;L2(Ω)) + ∥yk∥pLp

λ(S;Lp(Ω))
6 C2∥f∥2L2

λ(S;Lp(Ω)). (62)

Taking into account estimate (62) for arbitrary τ1, τ2 ∈ S (τ1 < τ2) we obtain
τ2∫

τ1

∥yk,t∥2L2(Ωt)
dt 6 C6, (63)

where C6 > 0 is a constant which depends on τ1 and τ2, but does not depend on k.
Since ρ ∈ L1(Q), using (59), we get that sequence {√ρvk}∞k=1 is bounded in L2(Q).

Since V p(Ω) � H1
0 (Ω)

K
⊂L2(Ω) (see [23] c. 245), then V p(Ω)

K
⊂L2(Ω). According to

Theorem 1 with W = V p(Ω), L = L2(Ω), B = L2(Ω), q = 2, r = 2, estimates
(59), (62), (63) yield that there exists a subsequence of the sequence {vk, yk} (still
denoted by {vk, yk}) and functions u ∈ U∂ , ζ ∈ L2(Q), y ∈ L2

λ(S;H
1
0 (Ω))∩L

p
λ(S;L

p(Ω)),
yt ∈ L2

λ(S;L
2(Ω)) such that

vk −→
k→∞

u ∗ -weakly in L∞(Q), (64)

yk −→
k→∞

y weakly in L2
λ(S;H

1
0 (Ω)), (65)

yk −→
k→∞

y weakly in Lp
λ(S;L

p(Ω)), (66)

yk −→
k→∞

y in C(S;L2(Ω)), and strongly in L2
loc(S;L

2(Ω)), (67)

yk −→
k→∞

y a.e. on Q, (68)

yk,t −→
k→∞

yt weakly in L2
λ(S;L

2(Ω)) (69)

|yk| −→
k→∞

|y| weakly in L2
λ(S;L

2(Ω)). (70)

Note that (65) implies the following

yk −→
k→∞

y, yk,xi −→
k→∞

yxi (i = 1, n) weakly in L2
loc(S;L

2(Ω)). (71)

As in (56), from (62), (67) and [?, Lemma 2.2], we obtain

c|yk|p−2yk −→
k→∞

c|y|p−2y weakly in Lp′

loc
(Q). (72)

Let us show that (64) and (67) yield∫∫
Q

ykvkψφdxdt −→
k→∞

∫∫
Q

yuψφdxdt ∀ ψ ∈ V p(Ω),∀ φ ∈ C1
c (−∞, 0). (73)

Indeed, let g := ψφ, t1, t2 ∈ S be such that suppφ ⊂ [t1, t2]. Then we have∫∫
Q

ykvkg dxdt =

t2∫
t1

∫
Ω

(ykvk − yvk + yvk)g dxdt
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=

t2∫
t1

∫
Ω

yvkg dxdt+

t2∫
t1

∫
Ω

(yk − y)vkg dxdt. (74)

From (59) and (67) it follows

∣∣∣ t2∫
t1

∫
Ω

(yk − y)vkg dxdt
∣∣∣ 6 ( t2∫

t1

∫
Ω

|vkg|2 dxdt
)1/2( t2∫

t1

∫
Ω

|yk − y|2 dxdt
)1/2

−→
k→∞

0. (75)

Thus, using (64) and (75), (74) implies (73).
Using (71) and (73), and letting k → ∞ in (60), we obtain∫∫

Q

{
ytψφ+

n∑
i,j=1

aijyxiψxjφ+ (c|y|p−2y − uy)ψφ
}
dxdt

=

∫∫
Q

fψφdxdt ∀ψ ∈ V p(Ω) ∀φ ∈ C1
c (−∞, 0). (76)

According to Du Bois-Reymond lemma, identity (76) implies that the function y =
y(u) satis�es integral identity (7). Let us show that y satis�es condition (6).

Taking into account (67), we pass to the limit in (61) as k → ∞. The resulting
inequality, according to condition (10), implies

lim
t→−∞

e−2λt

∫
Ω

|y(x, t)|2 dx = 0. (77)

Hence, we have shown that y = y(u) = y(x, t;u), (x, t) ∈ Q, is the state of the controlled
system for the control u.

It remains to prove that u is a maximizing element of the functional J . Indeed, from
(64) we get

√
ρvk −→

k→∞

√
ρu weakly in L2(Q). (78)

According to [15, p. 58, Proposition 3.5] we obtain

lim
k→∞

inf ∥√ρvk∥2L2(Q) > ∥√ρu∥2L2(Q). (79)

One can check that the functional w 7→
∫∫
Q

w dxdt : L2
λ(S;L

2(Ω)) → R is well

de�ned. Indeed, ∣∣∣ ∫∫
Q

w dxdt
∣∣∣ 6 ∫∫

Q

|w| dxdt =
∫∫
Q

e−λteλt|w| dxdt

6
(∫∫

Q

e−2λt|w| dxdt
)1/2(∫∫

Q

e2λt dxdt
)1/2

= C7∥w∥L2
λ(S;L2(Ω)), (80)

where C7 > 0 is some constant.
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We denote this functional by I. It belongs to
(
L2
λ(S;L

2(Ω))
)′
. Actually, the linearity

of I is trivial. And estimate (80) implies that I is bounded. Hence, according to (70) we
have ∫∫

Q

|yk| dxdt =< I, |yk| > −→
k→∞

< I, |y| >=
∫∫
Q

|y| dxdt. (81)

It follows easily from (8), (79) and (81) that

lim
k→∞

J(vk) = lim
k→∞

[ ∫∫
Q

|yk| dxdt−
∫∫
Q

ρ|vk|2 dxdt
]

6 lim
k→∞

∫∫
Q

|yk| dxdt− lim inf
k→∞

∥√ρvk∥2L2(Q) 6
∫∫
Q

|y| dxdt− ∥√ρu∥2L2(Q) = J(u).

Thus, we have shown that u is a solution of problem (9). �
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We establish that �nite homomorphic images of a commutative Bezout
domain are semipotent rings.

Key words: Bezout domain, semipotent ring.

The concept of semipotent ring is important and is of particular interest in the
modern research [2, 3]

Let R be a commutative Bezout domain, then for a ∈ R \ {0} the factor-ring R/aR
is an exchange ring if and only if a is an avoidable element i.e. if for any b, c ∈ R such that
aR+ bR+ cR = R there exist elements r, s ∈ R such that a = r · s, where rR+ bR = R,
sR+ bR = R and rR+ sR = R (see [1]).

In this paper we establish that for a commutative Bezout domain R and a ∈ R\{0}
the factor-ring R/aR is a semipotent ring if and only if a is a semipotent element i.e. if
for any b ∈ R there exist elements r, s ∈ R such that a = r · s, where rR + bR = R and
rR+ sR = R.

All rings considered are commutative and have the identity, 1 ̸= 0. A ring is a Bezout

ring if every its �nite generated ideal is principal.
We denote by U = U(R) the group of units of R and by J(R) the Jacobson radical of

R. Recall that a ring R is a semipotent ring, also called J0-ring by Nicholson [2], if every
its principal ideal not contained in J(R) contains a nonzero idempotent. The exampels
of such rings include the exchange rings and can be found in [2]. A ring R is an exchange

ring if for every a ∈ R there exists an idempotent e ∈ aR such that (1− e) ∈ (1− a)R.

De�nition 1. Let R be a commutative Bezout domain. An element a ∈ R \ {0} is said

to be semipotent if for any b ∈ R we have a = r ·s, where rR+bR = R and rR+sR = R.

Theorem 1. Let R be a commutative Bezout domain. Then a is a semipotent element

if and only if R/aR is a semipotent ring.

Proof. The equality rR + sR = R implies ru + sv = 1 for some elements u, v, r2u = r,
s2v = s for r = r + aR and s = s+ aR. Obviously, ru = e, e2 = e and 1− e = s̄ v. The

c⃝ Bokhonko V., 2016



BEZOUT DOMAINS ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2016. Âèïóñê 81 59

equality rR+bR = R implies 1−e ∈ b̄ R where b = b+aR. Since 1−e is an indempotent,
R is a semipotent ring. Note that if b /∈ J(aR) then 1 − e is a proper indempotent. If
for b = b + aR we have that there exist an idempotent e2 = e such that e ∈ b R. Since
e2 = e, we have e(1− e) = aα for some α ∈ R. And since e ∈ b̄ R, we have e− bt = as for
some elements t, s ∈ R. Let eR + aR = dR, then e = de0, a = da0 and a0R + e0R = R.
The equality e(1 − e) = aα implies e0(1 − e) = a0α. Since a0R + e0R = R, we have
a0R + eR = R. Let r = ao, s = d, then we have rR + bR = R. Since e − bt = as, then
rR+ sR = R. Theorem is proved.

Since an exchange ring is a semipotent ring, we have that avoidable element is
obviously a semipotent element.

The following result connects the concept of adequate element and the concept of
semipotent ring.

De�nition 2. Let R be a commutative Bezout domain. An element a ∈ R is called

adequate for an element b if we can �nd elements r, s ∈ R such that

1) a = r · s;
2) rR+ bR = R;
3) for any nonunit divisor s′ of s we have s′R+ bR ̸= R. [3]

That a is adequate for b will be denoted by aAb.

Theorem 2. Let R be commutative Bezout domain. If element a ∈ R is semipotent than

for any element b /∈ J(aR) there exists some element u ∈ R that aAbu.

Proof. Let R = R/aR be a semipotent ring and b /∈ J(aR). Then there exists a nonzero
idempotent e such that e ∈ b R. Hence, there exist some elements u, t ∈ R such that
e− bu = at. Moreover, since e2 = e, we have (1− e) = as for some element s ∈ R.

Let eR+ aR = dR, where e = de0, a = da0 and a0R+ e0R = R. Then

e0(1− e) = a0s and e+ a0j = 1

for some element j ∈ R. Taking r = a0, s = d we obtain a decomposition

a = r · s

where rR+ eR = R and s′R+ eR ̸= R, for some nonunit divisor s′ of s. Thus, aAe and
hence from bu = e+ at we obviously conclude aAbu. Theorem is proved.

As a corollary of previous theorem we obtain the following.

Theorem 3. Let R be a commutative Bezout domain and a ∈ R \ {0}. The factor-ring

R/aR is semipotent if and only if for any element b /∈ J(aR) there exists an element

u ∈ R such that aAbu and bu /∈ aR.
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äëÿ òàêèõ ðiâíÿíü. Äîâåäåíî òåîðåìó iñíóâàííÿ ¨õíiõ ðîçâ'ÿçêiâ.

Êëþ÷îâi ñëîâà: íåëiíiéíå ïàðàáîëi÷íå ðiâíÿííÿ, çìiííèé ïîêàçíèê íå-
ëiíiéíîñòi, ñòðèáêîïîäiáíèé ïðîöåñ Ëåâi, ¹âðîïåéñüêèé îïöiîí.

1. Âñòóï. Íåõàé n ∈ N, T > 0 � äåÿêi ÷èñëà, Ω ⊂ Rn � îáìåæåíà îáëàñòü
êëàñó C0,1 (äèâ. [1, c. 48]) ç ìåæåþ ∂Ω, Qt1,t2 = Ω × (t1, t2), Σt1,t2 = ∂Ω × (t1, t2),
0 ≤ t1 < t2 ≤ T , Ωτ = {(x, t) | x ∈ Ω, t = τ}, τ ∈ [0, T ]. Ðîçãëÿíåìî òàêó çàäà÷ó:

ut − a∆(|u|γ−2u) +Gu+ ϕ(Eu) = f(x, t), (x, t) ∈ Q0,T , (1)

u|Σ0,T
= 0, (2)

u|t=0 = u0, (3)

äå a > 0, γ ∈ [2, 3) � äåÿêi ÷èñëà, ∆ = ∂2

∂x2
1
+ . . .+ ∂2

∂x2
n
� îïåðàòîð Ëàïëàñà,

(Gu)(x, t) = g(x, t)|u(x, t)|q(x)−2u(x, t), (4)

(Eu)(x, t) =

∫
Ω

ϵ(x, t, z)
(
u(x+ z, t)− u(z, t)

)
dz, (5)

g, q, ϕ, ϵ, f, u0 � äåÿêi ôóíêöi¨. Â (5) ââàæà¹ìî ôóíêöiþ u ïðîäîâæåíîþ íóëåì ïðè
x ̸∈ Ω, t ∈ [0, T ].

Çàäà÷ó Êîøi äëÿ ðiâíÿííÿ òèïó (1) ç q(x) ≡ 2 äîñëiäæåíî ó [2] ïðè γ = 2, i ó
[3] ïðè γ = 3. ßê ìè äîâåäåìî, öi çàäà÷i ìàþòü ïðèêëàäíå çíà÷åííÿ â ôiíàíñîâié
ìàòåìàòèöi. Âèáèðàþ÷è ôóíêöiþ ϵ â (5), îòðèìà¹ìî, ùî ëiíiéíèé àíàëîã (1) âèíèêà¹

c⃝ Áóãðié Î., Áóãðié Ì., 2016
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â ìîäåëÿõ Ìåðòîíà [4], Êîó [5] òà iíøèõ (äèâ. [6]), ÿêi îïèñóþòü áiðæîâi êîëèâàííÿ
âàðòîñòi îïöiîíiâ. Âiäïîâiäíi äî (1) ïiâëiíiéíi iíòåãðî-äèôåðåíöiàëüíi ïàðàáîëi÷íi
âàðiàöiéíi íåðiâíîñòi ðîçãëÿíóòî ó [7], [8]. Íåëiíiéíi ðiâíÿííÿ òèïó

−ut +H(x, t, u,∇u,∆u,Eu) = 0,

ç ëiïøèöü-íåïåðåðâíîþ ôóíêöi¹þ (u, v, w) 7→H(x, t, u, v, w, z) âèâ÷åíî ó [9]-[11].
Çàäà÷i äëÿ ïàðàáîëi÷íèõ ðiâíÿíü çi ñòàëèìè ïîêàçíèêàìè íåëiíiéíîñòi é iíòåã-

ðàëüíèì äîäàíêîì iíøîãî, íiæ (5), âèãëÿäó âèâ÷àëè â [12]-[16].
Â [17] ðîçãëÿíóòî ìiøàíó çàäà÷ó äëÿ ðiâíÿííÿ

ut −∆u− |u|α(x) =
∫
Ω

|u(z, t)|β(z) dz (6)

çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi α = α(x) > 1, β = β(x) > 1. Äîâåäåíî iñíóâàí-
íÿ ëîêàëüíîãî òà íåiñíóâàííÿ ãëîáàëüíîãî ðîçâ'ÿçêó.

Ìiøàíó çàäà÷ó äëÿ íåëiíiéíîãî ðiâíÿííÿ (1) ç iíòåãðàëüíèì äîäàíêîì âèãëÿäó
(5) i çìiííèì ïîêàçíèêîì íåëiíiéíîñòi (q(x) ̸≡ const) ðîçãëÿíóòî âïåðøå.

Còðóêòóðà ïðàöi òàêà. Ó äðóãîìó ïóíêòi ñôîðìóëüîâàíî ðîçãëÿäóâàíó çàäà÷ó
i îñíîâíèé ðåçóëüòàò � òåîðåìó iñíóâàííÿ ¨¨ ðîçâ'ÿçêó. Òðåòÿ ÷àñòèíà ñòàòòi ìiñòèòü
åêîíîìi÷íó ìîäåëü îá÷èñëåííÿ âàðòîñòi îïöiîíó ¹âðîïåéñüêîãî ñòèëþ âèêîíàííÿ,
â ÿêié âèíèêà¹ ëiíiéíèé àíàëîã íàøîãî ðiâíÿííÿ. Ó ÷åòâåðòîìó ïóíêòi íàâåäåíî
îñíîâíi ïîçíà÷åííÿ òà äîïîìiæíi ôàêòè, ÿêi âèêîðèñòàíî ó ï'ÿòîìó ïóíêòi ñòàòòi
äëÿ äîâåäåííÿ îñíîâíî¨ òåîðåìè. Ñòàòòþ çàâåðøó¹ ñïèñîê ëiòåðàòóðè.

2. Ôîðìóëþâàííÿ çàäà÷i. Íåõàé G ⊂ RN , N ∈ N, � äåÿêà îáëàñòü (íàïðè-
êëàä, G = Ω, G = Q0,T i ò.ä.), L(G) � ìíîæèíà âñiõ âèìiðíèõ çà Ëåáåãîì ïiäìíîæèí
G, ML(G) � ìíîæèíà âñiõ ôóíêöié v : G → R1, âèìiðíèõ ñòîñîâíî L(G),

MLB+(G) = {p ∈ ML(G) | ess inf
y∈G

p(y) > 0, ess sup
y∈G

p(y) < +∞}.

Äàëi äëÿ êîæíî¨ ôóíêöi¨ p ∈ MLB+(G) ÷åðåç p0, p
0 ïîçíà÷àòèìåìî òàêi ÷èñëà, à

÷åðåç Sp � òàêó ôóíêöiþ:

p0 := ess inf
y∈G

p(y), p0 := ess sup
y∈G

p(y), Sp(s) := max{sp0 , sp
0

}, s ≥ 0. (7)

Íåõàé Lip (G) � ìíîæèíà ôóíêöié ϕ ∈ ML(G), ÿêi çàäîâîëüíÿþòü íà îáëàñòi G
óìîâó Ëiïøèöÿ; Lr(G), äå r ≥ 1, � ïðîñòið Ëåáåãà; Lr(0, T ;B), äå B � íîðìîâàíèé
ïðîñòið, � ïðîñòið ç [1, ñ. 155]; Wm,r(G), Wm,r

0 (G), äå m ∈ N, � ïðîñòîðè Ñîáîë¹âà,

Hm(G) = Wm,2(G), Hm
0 (G) = Wm,2

0 (G).
Íåõàé L∞

+ (G) = {p ∈ L∞(G) | ess inf
y∈G

p(y) > 1}. Çðîçóìiëî, ùî âèêîíó¹òüñÿ

âêëàäåííÿ L∞
+ (G) ⊂ MLB+(G). Êðiì ïîçíà÷åíü p0, p

0, Sp, äëÿ êîæíîãî p ∈ L∞
+ (G)

îçíà÷èìî ôóíêöiþ p′ ∈ L∞
+ (G) òàê: 1

p(y) +
1

p′(y) = 1 ìàéæå äëÿ âñiõ y ∈ G.

Íåõàé p ∈ L∞
+ (G). Âèçíà÷èìî ôóíêöiîíàë ρp(·;G) çà äîïîìîãîþ ðiâíîñòi

ρp(v;G) :=
∫
G
|v(y)|p(y) dy, äå v � äåÿêà ôóíêöiÿ. Óçàãàëüíåíèì ïðîñòîðîì Ëåáåãà

Lp(y)(G) íàçèâàþòü ìíîæèíó òàêèõ ôóíêöié v ∈ ML(G), äëÿ ÿêèõ ρp(v;G) < +∞.

Â [18, c. 599, 600] äîâåäåíî, ùî Lp(y)(G) ¹ ðåôëåêñèâíèì áàíàõîâèì ïðîñòîðîì ç
íîðìîþ Ëþêñåìáóðãà ||v;Lp(y)(G)|| := inf{λ > 0 | ρp(v/λ;G) ≤ 1}.
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Íåõàé q ∈ L∞
+ (Ω), V = H1

0 (Ω) ∩ Lq(x)(Ω),

U(Q0,T ) = {u ∈ Lq(x)(Q0,T ) | |u|γ−2u ∈ L2(0, T ;H1
0 (Ω))}.

Ïðèïóñòèìî, ùî âèêîíóþòüñÿ òàêi óìîâè:
(A): a > 0, 2 ≤ γ < 3;
(E): ϵ ∈ ML(Q0,T × Ω), |ϵ(x, t, y)| ≤ ϵ0 ìàéæå äëÿ âñiõ (x, t, y) ∈ Q0,T × Ω,

äå ϵ0 > 0 � äåÿêå ÷èñëî;
(Ô): ϕ ∈ Lip (R), |ϕ(ξ)| ≤ ϕ0|ξ| äëÿ âñiõ ξ ∈ R, äå ϕ0 > 0 � äåÿêå ÷èñëî;
(Q): q ∈ L∞

+ (Ω), q0 ≤ γ;
(G): g ∈ MLB+(Q0,T ), gt ∈ ML(Q0,T ), |gt(x, t)| ≤ g1 < +∞ ìàéæå äëÿ âñiõ

(x, t) ∈ Q0,T ;
(F): f ∈ Lγ(Q0,T );
(U): u0 ∈ Lγ(Ω), |u0|γ−2u0 ∈ H2(Ω) ∩H1

0 (Ω).
Ïîäàìî îçíà÷åííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó íàøî¨ çàäà÷i.

Îçíà÷åííÿ 1. Ôóíêöiþ u ∈ U(Q0,T )∩C([0, T ];L2(Ω)) íàçèâàòèìåìî óçàãàëüíåíèì
ðîçâ'ÿçêîì çàäà÷i (1)-(3), ÿêùî u çàäîâîëüíÿ¹ óìîâó (3) i ðiâíiñòü∫

Q0,T

[
−uvt + a(∇(|u|γ−2u),∇v) +G(u)v + ϕ(Eu)v

]
dxdt =

∫
Q0,T

fv dxdt (8)

äëÿ âñiõ v ∈ H1
0 (Q0,T ).

Òóò i äàëi ∇v = (vx1 , . . . , vxn) � ãðàäi¹íò ôóíêöi¨ v, (·, ·) � ñêàëÿðíèé äîáóòîê â
Rn. Çàóâàæèìî òàêå: ÿêùî u ∈ C([0, T ];L2(Ω)), òî u ∈ L2(Q0,T ) i ìè äîâåäåìî, ùî
òîäi Eu,Gu ∈ L2(Q0,T ). Îòæå, â (8) iíòåãðàëè ìàþòü ñåíñ. Çàóâàæèìî òàêå: ÿêùî

γ ≥ 2, òî ïðàâèëüíi íåðiâíîñòi 1 < 4(γ−1)
3γ−4 ≤ 2.

Îñíîâíèé ðåçóëüòàò ñòàòòi � òàêà òåîðåìà.

Òåîðåìà 1. Íåõàé ∂Ω ∈ C4, âèêîíóþòüñÿ óìîâè (A)-(U). Òîäi çàäà÷à (1)-(3) ìà¹
óçàãàëüíåíèé ðîçâ'ÿçîê u i, êðiì òîãî, ïðàâèëüíi òàêi âêëþ÷åííÿ:

u ∈ C
(
[0, T ];L

4(γ−1)2

3γ−4 (Ω)
)
, |u|γ−2u ∈ W

1,
4(γ−1)
3γ−4 (Q0,T ).

3. Óçàãàëüíåííÿ ìîäåëi Áëåêà-Øîóëñà îá÷èñëåííÿ ïðåìi¨ îïöiîíiâ ¹â-
ðîïåéñüêîãî ñòèëþ âèêîíàííÿ. Íàãàäà¹ìî ðåçóëüòàòè ç [4]. Ðîçãëÿíåìî ñòàíäàð-
òèçîâàíèé áiðæîâèé êîíòðàêò, ÿêèé íàäà¹ ïðàâî éîãî âëàñíèêó â äåÿêèé ìîìåíò
÷àñó T > 0 â ìàéáóòíüîìó (òåðìií âèêîíàííÿ êîíòðàêòó) êóïèòè çà äîãîâiðíîþ öi-
íîþ K > 0 (strike-öiíà áàçîâîãî àêòèâó êîíòðàêòó íà ìîìåíò âèêîíàííÿ êîíòðàêòó)
îáóìîâëåíèé îá'¹ì öüîãî áàçîâîãî àêòèâó. Ïîòî÷íà ðèíêîâà öiíà áàçîâîãî àêòèâó
(spot-öiíà) ïîñòiéíî çìiíþ¹òüñÿ. Çàëåæíî âiä ñïiââiäíîøåííÿ ìiæ strike i spot öiíà-
ìè áàçîâîãî àêòèâó âèêîíàííÿ êîíòðàêòó ìîæå áóòè âèãiäíèì àáî çáèòêîâèì.

Ñüîãîäíi íà ôîíäîâèõ áiðæàõ àêòèâíî òîðãóþòü òðüîìà îñíîâíèìè âèäàìè ôi-
íàíñîâèõ êîíòðàêòiâ: ôîðâàðäàìè � �òâåðäèìè� êîíòðàêòàìè, îáîâ'ÿçêîâèìè äî âè-
êîíàííÿ; ô'þ÷åðñàìè � êîíòðàêòàìè �ìàéæå îáîâ'ÿçêîâèìè� äî âèêîíàííÿ (ÿêùî áà-
çîâèé àêòèâ êóïóâàòè íåâèãiäíî, òî ô'þ÷åðñíà ïîçèöiÿ çàêðèâà¹òüñÿ îôñåòíîþ óãî-
äîþ); îïöiîíàìè � �íåîáîâ'ÿçêîâèìè� äî âèêîíàííÿ êîíòðàêòàìè. Îñêiëüêè â îñíîâó
êîíòðàêòiâ ëåæèòü ïåâíèé ôiíàíñîâèé àêòèâ, òî âîíè ïðèðîäíî ìàþòü ðèíêîâó âàð-
òiñòü i ¹ ïðåäìåòîì òîðãiâ íà áiðæi. Îñîáëèâî ïðèâàáëèâèìè íà áiðæàõ ¹ îïöiîíè
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àìåðèêàíñüêîãî òà ¹âðîïåéñüêîãî ñòèëiâ âèêîíàííÿ. Îïöiîí àìåðèêàíñüêîãî ñòèëþ
âèêîíàííÿ ïåðåäáà÷à¹ ìîæëèâiñòü âèêîíàííÿ êîíòðàêòó â áóäü-ÿêèé ìîìåíò ÷àñó
τ ∈ [0, T ], à ¹âðîïåéñüêîãî � ëèøå â ÷àñ τ = T .

Ìåòà öüîãî ïóíêòó � â ðàìêàõ ìîäåëi Áëåêà-Øîóëñà îáãîâîðèòè äåÿêi óçàãàëü-
íåííÿ êëàñè÷íî¨ ìåòîäèêè îá÷èñëåííÿ ðèíêîâî¨ âàðòîñòi (ïðåìi¨) îïöiîíó êóïiâëi
(call-option) ¹âðîïåéñüêîãî ñòèëþ âèêîíàííÿ íà àêöi¨.

Êëàñè÷íà òåîðiÿ Áëåêà-Øîóëñà îöiíêè îïöiîííèõ êîíòðàêòiâ ïåðåäáà÷à¹, ùî
îïåðàöi¨ ç êîíòðàêòàìè ïðîâîäÿòü íà (B,S) ðèíêó, ÿêèé ñêëàäà¹òüñÿ ç áåçðèçèêî-
âîãî àêòèâó B (áàíêiâñüêèé ðàõóíîê, áàíêiâñüêi îáëiãàöi¨) i ðèçèêîâîãî àêòèâó S
(àêöi¨). Âiäñîòêîâà ñòàâêà µ áàíêiâñüêîãî ðàõóíêó, à òàêîæ âîëàòèëüíiñòü (ìiíëè-
âiñòü) àêöi¨ σ ¹ âiäîìèìè ñòàëèìè ïàðàìåòðàìè. Ìàòåìàòè÷íà ìîäåëü öüîãî ðèíêó
îïèñó¹ åâîëþöiþ àêòèâiâ íà ñêií÷åííîìó iíòåðâàëi ÷àñó [0, T ]. Áàíêiâñüêèé ðàõóíîê
çìiíþ¹òüñÿ çà çàêîíîì B(τ) = B(0)eµτ , τ ∈ [0, T ], ç íåâèïàäêîâèì äèôåðåíöiàëîì

dB(τ) = µB(τ) dτ, B(0) > 0.

Öiíà áàçîâîãî àêòèâó îïöiîíó ìiíëèâà, âîíà çàëåæèòü âiä áàãàòüîõ ÷èííèêiâ, ¹ âè-
ïàäêîâèì ïðîöåñîì {S(τ)}τ∈[0,T ] i ñïðàâäæó¹ ñòîõàñòè÷íå äèôåðåíöiàëüíå ðiâíÿííÿ

dS(τ) = µS(τ) dτ + σ S(τ) dWτ , (9)

äå {Wτ}τ∈[0,T ] � ñòàíäàðòíèé âiíåðiâñüêèé ïðîöåñ, òîáòî ïðîöåñ áðîóíiâñüêîãî ðóõó
(äèâ. [19]). Âèêîðèñòîâóþ÷è ìåòîäèêó ïðàöi [20], ðîçâ'ÿçó¹ìî ðiâíÿííÿ (9) i îòðèìó-
¹ìî, ùî ôîðìóëà

S(τ) = S(0) e(µ−
σ2

2 )τ+σWτ =
S(0)

B(0)
B(τ) e−

σ2

2 τ+σWτ , τ ∈ [0, T ], (10)

âèçíà÷à¹ çíà÷åííÿ spot-öiíè àêöi¨ â äîâiëüíèé ìîìåíò ÷àñó τ ∈ [0, T ].
Âèïàäêîâà âåëè÷èíà

H(ST ) = (ST −K)+ = max{ST −K, 0}
íàçèâà¹òüñÿ ôóíêöi¹þ âèïëàò call-îïöiîíó ¹âðîïåéñüêîãî ñòèëþ âèêîíàííÿ, âîíà âè-
çíà÷à¹ âíóòðiøíþ âàðòiñòü îïöiîíó â ìîìåíò éîãî åêñïiðàöi¨: ÷èì áiëüøå çíà÷åííÿ
H(ST ), òèì áiëüøó âèãîäó ìàòèìåìî âiä ðåàëiçàöi¨ îïöiîíó â ÷àñ τ = T . Â ìîìåíò
τ = T çíà÷åííÿ H(ST ) ¹ ìàêñèìàëüíî ìîæëèâîþ ðèíêîâîþ öiíîþ call-îïöiîíó ¹â-
ðîïåéñüêîãî ñòèëþ âèêîíàííÿ. Îñêiëüêè H(ST ) ¹ âèïàäêîâîþ âåëè÷èíîþ, òî äëÿ
õàðàêòåðèñòèêè ïîòî÷íîãî çíà÷åííÿ ðèíêîâî¨ öiíè öüîãî îïöiîíó ïðèðîäíî ïðèéíÿ-
òè �òåïåðiøíþ� âàðòiñòü îïöiîíó â áóäü-ÿêèé ìîìåíò ÷àñó τ ∈ [0, T ] çà óìîâè, ùî
spot-öiíà àêöi¨ äîðiâíþ¹ S

v(S, τ) = e−µ(T−τ)M{H(ST ) |S(τ) = S}, S ∈ [0,+∞), τ ∈ [0, T ]. (11)

Òóò M � óìîâíå ìàòåìàòè÷íå ñïîäiâàííÿ âèïàäêîâî¨ âåëè÷èíè H(ST ), à òåðìiíè
�òåïåðiøíÿ� i �ìàéáóòíÿ� âàðòiñòü âæèâàþòüñÿ ó êëàñè÷íîìó ç ïîãëÿäó ôiíàíñîâî¨
ìàòåìàòèêè ñåíñi (äèâ., íàïðèêëàä, [21], [22]). Çîêðåìà, v(ST , 0) = e−µTM{H(ST )} �
âàðòiñòü îïöiîíó íà ìîìåíò éîãî ïiäïèñàííÿ, à v(ST , T ) = M{H(ST )} � íàéî÷iêóâà-
íiøå çíà÷åííÿ ôóíêöi¨ âèïëàò ó ÷àñ âèêîíàííÿ îïöiîíó.

Ó ðàìêàõ ìîäåëi (B,S) ðèíêó çíà÷åííÿ v(ST , 0) ìà¹ áóòè òàêèì, ùîá ïîäàëüøå
iíâåñòóâàííÿ öi¹¨ ñóìè â ôîíäîâèé ïîðòôåëü, ÿêèé ñêëàäà¹òüñÿ ç àêöié i îáëiãà-
öié, íà ìîìåíò ÷àñó τ = T äàëî ïðèáóòîê, íå ìåíøèé çà çíà÷åííÿ H(ST ). Âèáið
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îïòèìàëüíî¨ ñòðàòåãi¨ iíâåñòóâàííÿ (õåäæ-ñòðàòåãi¨) ïðîäàâöåì îïöiîíó ïåðåäáà÷à¹,
ùî äåòåðìiíîâàíà âåëè÷èíà v(S, τ) çà óìîâè, ùî çà àêöi¹þ íå âèïëà÷óþòüñÿ äèâi-
äåíòè òà iíøi ïëàòåæi, öiíà àêöi¨ ¹ íåïåðåðâíîþ âèïàäêîâîþ âåëè÷èíîþ òà äåÿêèõ
iíøèõ äîäàòêîâèõ óìîâàõ (äèâ. [23], [2]), ïîâèííà áóòè ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i
äëÿ ðiâíÿííÿ Áëåêà-Øîóëñà

vτ +
1

2
σ2S2 vSS + µS vS − µv = 0, S ∈ [0,+∞), τ ∈ [0, T ], (12)

v(0, τ) = 0, v(S, T ) = H(ST ), (13)

äå vτ = ∂v
∂τ , vS = ∂v

∂S , vSS = ∂2v
∂S2 .

Îäíàê ìîäåëü Áëåêà-Øîóëñà íå âðàõîâó¹ ìèòò¹âi ñòðèáêîïîäiáíi çìiíè öiíè
àêöi¨. Âîíè âiäáóâàþòüñÿ, íàïðèêëàä, ïiä ÷àñ íåî÷iêóâàíî¨ òåðîðèñòè÷íî¨ àòàêè, ñòè-
õiéíîãî ëèõà, îòðèìàííÿ êîìïàíi¹þ âåëèêîãî äåðæàâíîãî çàìîâëåííÿ òîùî. Ëîãà-
ðèôìi÷íà öiíà àêòèâó ó öüîìó âèïàäêó îïèñó¹òüñÿ (äèâ., íàïðèêëàä, [24], [25], [26])
ïðîöåñîì Ëåâi çi ñòðèáêîïîäiáíîþ äèôóçi¹þ (Levy jump-di�usion). Öåé ïðîöåñ ìà¹
òðè íåçàëåæíi ñêëàäîâi: íåâèïàäêîâó � ëiíiéíèé çñóâ (linear drift); âèïàäêîâó íåïå-
ðåðâíó � áðîóíiâñüêèé ðóõ (Brownian motion); âèïàäêîâó ñòðèáêîïîäiáíó � ñêëàäå-
íèé ïóàññîíiâñüêèé ïðîöåñ (compound Poisson process), òîáòî

ln
S(τ)

S(0)
= ã τ + b̃Wτ + c̃ Qτ . (14)

äå ã, b̃, c̃ � äåÿêi ñòàëi. Ó âèïàäêó (14) ðiâíÿííÿ (12) íàáóäå âèãëÿäó (äèâ. [4, ñ. 132])

ut −
1

2
σ2x2 uxx − (µ− λk)xux + g(x, t)u− λM[u(xY, t)− u(x, t)] = 0, (15)

äå u(x, t) = v(S, τ) � ïðåìiÿ ¹âðîïåéñüêîãî îïöiîíó, x = S � spot-öiíà àêöi¨, t =
T − τ � ÷àñ äî âèêîíàííÿ îïöiîíó, (Y − 1) � âèïàäêîâà âåëè÷èíà, ÿêà ïðîäóêó¹
ñòðèáêîïîäiáíó çìiíó öiíè àêöi¨ ç x äî xY , k = M[Y − 1] � ìàòåìàòè÷íå ñïîäiâàííÿ
(Y − 1), g(x, t) � äîõiäíiñòü îïöiîíó, λ � ñåðåäíÿ êiëüêiñòü ñòðèáêiâ çà îäèíèöþ ÷àñó.

Ïåðåòâîðèìî îñòàííié äîäàíîê çëiâà â (15). ßêùî D � ùiëüíiñòü ðîçïîäiëó âè-
ïàäêîâî¨ âåëè÷èíè Y , òî

M[u(xY, t)−u(x, t)]=

+∞∫
−∞

(
u(xy, t)−u(x, t)

)
D(y)dy=

+∞∫
−∞

(
u(x+z, t)−u(x, t)

)D( zx+1)

x
dz.

Äîïîâíèâøè ðiâíÿííÿ êðàéîâèìè óìîâàìè, ïiñëÿ ïåðåïîçíà÷åíü îòðèìà¹ìî çàäà÷ó

ut − a(x)uxx + b(x, λ)ux + g(x, t)u+ λ

+∞∫
−∞

h(x, z)
(
u(x+ z, t)− u(x, t)

)
dz = 0, (16)

u|x=0 = 0, u|t=0 = u0, (17)

Ïiñëÿ ïðîöåäóðè �îáðiçàííÿ� ðiâíÿííÿ (äèâ. ó îäíîâèìiðíîìó âèïàäêó, íàïðèêëàä,
[27, ñ. 39], ó áàãàòîâèìiðíîìó � [28, c. 14]), ìàòèìåìî çàäà÷ó â îáìåæåíié îáëàñòi.

Ðîçãëÿäóâàíå â öié ïðàöi ðiâíÿííÿ (1) ¹ ïåâíèì íåëiíiéíèì àíàëîãîì (16).
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4. Äîïîìiæíi ïîçíà÷åííÿ i òâåðäæåííÿ. Íîðìó áàíàõîâîãî ïðîñòîðó B
ïîçíà÷èìî || · ;B||, à ñïðÿæåíèé äî B ïðîñòið � B∗. Ñêàëÿðíèé äîáóòîê ìiæ B∗ i B

ïîçíà÷àòèìåìî ⟨·, ·⟩B. Ñèìâîë 	 îçíà÷à¹ íåïåðåðâíå,
_

	 � íåïåðåðâíå òà ùiëüíå, à
K

⊂ � êîìïàêòíå âêëàäåííÿ îäíîãî áàíàõîâîãî ïðîñòîðó â iíøèé.
Íåõàé α ∈ ML(Ω)

ϕα(x)(s) :=

{
sα(x), s > 0,
0, s ≤ 0,

x ∈ Ω. (18)

Ëåãêî ïåðåêîíàòèñÿ, ùî äëÿ áóäü-ÿêèõ s, s1, s2 ∈ R âèêîíóþòüñÿ (äèâ., íàïðè-
êëàä, [29, ñ. 82]) íåðiâíîñòi (òóò u+ = max{u, 0})

s+ ≤ |s|, |s+1 − s+2 | ≤ |s1 − s2|. (19)

Íåõàé X � äåÿêèé ïðîñòið. Ðîçãëÿíåìî ïðîñòið

W 1,p(0, T ;X) = {u ∈ Lp(0, T ;X) | ut ∈ Lp(0, T ;X)}, 1 ≤ p ≤ ∞,

çi ñòàíäàðòíî ââåäåíîþ íîðìîþ (äèâ., íàïðèêëàä, [30, ñ. 286]). Çðîçóìiëî, ùî
C1([0, T ];X) 	W 1,p(0, T ;X).

Òâåðäæåííÿ 1. (Òåîðåìà 2 [30, ñ. 286]). ßêùî X � áàíàõiâ ïðîñòið, 1 ≤ p ≤ ∞,
òî W 1,p(0, T ;X) 	 C([0, T ];X) i âèêîíó¹òüñÿ ôîðìóëà iíòåãðóâàííÿ ÷àñòèíàìè

τ∫
s

ut(t) dt = u(τ)− u(s), 0 ≤ s < τ ≤ T, u ∈ W 1,p(0, T ;X). (20)

ßê i â òåîðåìi A.1 [31, c. 47] ìàòèìåìî òàêå: ÿêùî v ∈ W 1,p(0, T ;Lp(Ω)), äå
1 ≤ p ≤ ∞, òî v+ ∈ W 1,p(0, T ;Lp(Ω)) òà (v+)t = χ̃(v)vt ìàéæå ñêðiçü â Q0,T , äå

χ̃(s) :=

{
1, s > 0,
0, s ≤ 0.

(21)

Àíàëîãi÷íå òâåðäæåííÿ ïðàâèëüíå i äëÿ v− = max{−v, 0}.
Äàëi êîðèñòóâàòèìåìîñÿ òàêèìè òâåðäæåííÿìè.

Ëåìà 1. Íåõàé Ω ⊂ Rn � îáìåæåíà îáëàñòü êëàñó C0,1. Òîäi ôîðìóëà∫
Qs,τ

wt z dxdt =

∫
Ωt

w z dx

∣∣∣∣t=τ

t=s

−
∫

Qs,τ

w zt dxdt, 0 ≤ s < τ ≤ T, (22)

âèêîíó¹òüñÿ äëÿ âñiõ ôóíêöié w òà z, ÿêi çàäîâîëüíÿþòü îäíó ç òàêèõ óìîâ:
(i) w ∈ Lq(x)(Q0,T ), äå q ∈ L∞

+ (Ω), wt ∈ L1(Q0,T ),

z ∈ L∞(Q0,T ), zt ∈ Lq′(x)(Q0,T );
(ii) w,wt ∈ L1(Q0,T ), z, zt ∈ L∞(Q0,T ).

Äîâåäåííÿ. Äîâåäåìî ïóíêò (i). Íåõàé W = {w ∈ Lq(x)(Q0,T ) | wt ∈ L1(Q0,T )},
Z = {z ∈ L∞(Q0,T ) | zt ∈ Lq′(x)(Q0,T )}. Äëÿ φ ∈ C1([0, T ]) òà z ∈ Z ìà¹ìî âêëþ÷åííÿ

φz ∈ W 1,1(0, T ;L
q0

q0−1 (Ω)). Òîìó ç ôîðìóëè (20) äëÿ u = φ(t)z(x, t) âèïëèâà¹, ùî
τ∫

s

φt(t)z(x, t) dt = φ(τ)z(x, τ)− φ(s)z(x, s)−
τ∫

s

φ(t)zt(x, t) dt, x ∈ Ω. (23)
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Íåõàé v ∈ C1(Ω). Òîäi ç (23) îòðèìà¹ìî òàêå:∫
Qs,τ

φtv z dxdt =

∫
Ωt

φv z dx

∣∣∣∣t=τ

t=s

−
∫

Qs,τ

φv zt dxdt. (24)

Çðîçóìiëî, ùî C1([0, T ];C1(Ω))
_

	W
_

	W 1,1(0, T ;L1(Ω)). Òîìó ìíîæèíà ôóíêöié{ m∑
i=1

φi(t)vi(x)
∣∣ m ∈ N, φ1, . . . , φm ∈ C1([0, T ]), v1, . . . , vm ∈ C1(Ω)

}
¹ âñþäè ùiëüíà

â ïðîñòîði W i ç (24) âèïëèâà¹ (22).
Äîâåäåííÿ (ii) öiëêîì àíàëîãi÷íå äî äîâåäåííÿ (i). �

Òâåðäæåííÿ 2. Íåõàé q ∈ L∞
+ (G). Òîäi (äèâ. [32, c. 168]) äëÿ êîæíîãî v ∈ ML(G)

âèêîíóþòüñÿ òàêi íåðiâíîñòi:
1) ||v;Lq(x)(G)|| ≤ S1/q(ρq(v;G)) ïðè ρq(v;G) < +∞;

2) ρq(v;G) ≤ Sq(||v;Lq(x)(G)||) ïðè ||v;Lq(x)(G)|| < +∞.

Ëåìà 2. Íåõàé α ∈ MLB+(G) òà p, q ∈ L∞
+ (G) � òàêi ôóíêöi¨, ùî p(y) ≥ α(y) i

q(y) ≤ p(y)
α(y) ìàéæå äëÿ âñiõ y ∈ G; ϕα(y) � ôóíêöiÿ, âèçíà÷åíà â (18) ç α(y) çàìiñòü

α(x). Òîäi, ÿêùî u ∈ Lp(y)(G), òî ϕα(y)(u) ∈ L
p(y)
α(y) (G) i ïðàâèëüíi òàêi òâåðäæåííÿ:

1) âèêîíóþòüñÿ îöiíêè

ρp/α(ϕα(y)(u);G) ≤ ρp(u;G); (25)

||ϕα(y)(u);L
q(y)(G)|| ≤ C1Sα/p

(
ρp(u;G)

)
, (26)

äå C1 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä u;
2) äëÿ âñiõ v ∈ Lp(y)(G) âèêîíó¹òüñÿ îöiíêà

ρp/α
(
ϕα(y)(u)− ϕα(y)(v);G

)
≤ C2

(
ρp(u− v;G0) +

+ S1/α′
(
ρp(u;G1) + ρp(v;G1)

)
· S1/α

(
ρp(u− v;G1)

))
, (27)

äå G0 = {y ∈ G | 0 < α(y) ≤ 1}, G1 = {y ∈ G | 1 < α(y)}, C2 > 0 � ñòàëà, ÿêà
íå çàëåæèòü âiä u;

3) ÿêùî um −→
m→∞

u ñèëüíî â Lp(y)(G), òî

ϕα(y)(u
m) −→

m→∞
ϕα(y)(u) ñèëüíî â Lq(y)(G). (28)

Äîâåäåííÿ. 1) Çðîçóìiëî, ùî p(y)
α(y) ≥ 1 ìàéæå äëÿ âñiõ y ∈ G. Ç îöiíîê (19) âè-

ïëèâà¹ òàêå: |ϕα(y)(u)|
p(y)
α(y) = |u+|p(y) ≤ |u|p(y) ∈ L1(G). Òîìó ç [33, ñ. 297] îòðèìà¹ìî

âêëþ÷åííÿ ϕα(y)(u) ∈ L
p(y)
α(y) (G), à ç îòðèìàíî¨ íåðiâíîñòi � îöiíêà (25). Êðiì òîãî,

||ϕα(y)(u);L
q(y)(G)|| ≤ C3||ϕα(y)(u);L

p(y)
α(y) (G)|| ≤ C3Sα/p

(
ρp/α(ϕα(y)(u);G)

)
.

Çâiäñè i ç (25) âèïëèâà¹ íåðiâíiñòü (26).
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2) Âèêîðèñòîâóþ÷è òåîðåìó 2.1 [34, c. 2], äîâîäèìî, ùî äëÿ âñiõ η1, η2 ∈ R
âèêîíó¹òüñÿ íåðiâíiñòü∣∣ |η1|r(y)−2η1 − |η2|r(y)−2η2

∣∣ ≤ C4(r0, r
0)(|η1|+ |η2|)r(y)−1−β(y)|η1 − η2|β(y), (29)

äå r ∈ L∞
+ (G), 0 ≤ β(y) ≤ min{1, r(y) − 1} ìàéæå äëÿ âñiõ y ∈ G, C4 > 0 � ñòàëà,

ÿêà íå çàëåæèòü âiä y, η1, η2. Íåõàé òóò r = α + 1, η1 = s+1 , η2 = s+2 , äå s1, s2 ∈ R.
Îòðèìà¹ìî òàêå:

|ϕα(y)(s1)− ϕα(y)(s2)| ≤ C5(s
+
1 + s+2 )

α(y)−β(y)|s+1 − s+2 |β(y),
äå C5 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä y, s1, s2. Âèêîðèñòàâøè îöiíêè (19), îäåðæèìî

|ϕα(y)(s1)− ϕα(y)(s2)| ≤ C5(|s1|+ |s2|)α(y)−β(y)|s1 − s2|β(y), (30)

äå 0 ≤ β(y) ≤ min{1, α(y)}, y ∈ G.
Íåõàé ñïåðøó y ∈ G0. Òîäi ç (30) ïðè β = α ìàòèìåìî âèêîíàííÿ òàêî¨ íåðiâ-

íîñòi: |ϕα(y)(s1)− ϕα(y)(s2)| ≤ C5|s1 − s2|α(y). Çâiäñè âèïëèâà¹ îöiíêà

ρp/α
(
ϕα(y)(u)− ϕα(y)(v);G0

)
≤ C6ρp(u− v;G0). (31)

ßêùî y ∈ G1, òî ç îöiíêè (30) ïðè β ≡ 1 âèïëèâà¹ ïðàâèëüíiñòü òàêî¨ íåðiâíîñòi:
|ϕα(y)(s1)− ϕα(y)(s2)| ≤ C5(|s1|+ |s2|)α(y)−1|s1 − s2|. Òîìó

ρp/α
(
ϕα(y)(u)− ϕα(y)(v);G1

)
≤ C7

∫
G1

(|u|+ |v|)
(α(y)−1)p(y)

α(y) |u− v|
p(y)
α(y) dy ≤

≤ C8|| (|u|+ |v|)
p(y)
α′(y) ;Lα′(y)(G1)|| · || |u− v|

p(y)
α(y) ;Lα(y)(G1)|| ≤

≤ C8S1/α′

(
ρα′

(
(|u|+ |v|)

p(y)
α′(y) ;G1

))
· S1/α

(
ρα

(
|u− v|

p(y)
α(y) ;G1

))
≤

≤ C9S1/α′
(
ρp(u;G1) + ρp(v;G1)

)
· S1/α

(
ρp(u− v;G1)

)
. (32)

äå α′(y) = α(y)
α(y)−1 , y ∈ G1. Äîäàâøè (32) äî (31), îòðèìà¹ìî (27).

3) Çáiæíiñòü (28) âiäðàçó âèïëèâà¹ ç îöiíêè (27). �
Ëåìà 3. Íåõàé p ∈ L∞

+ (Ω) òà θ ∈ ML(Ω × R); ìàéæå äëÿ âñiõ x ∈ Ω ôóíêöiÿ
R ∋ ξ 7→ θ(x, ξ) ∈ R ¹ íåïåðåðâíî äèôåðåíöiéîâíîþ; iñíó¹ òàêå ÷èñëî M > 0, ùî
ìàéæå äëÿ âñiõ x ∈ Ω i äëÿ âñiõ ζ, η, ξ ∈ R âèêîíóþòüñÿ îöiíêè

|θ(x, ζ)− θ(x, η)| ≤ M |ζ − η|, |θξ(x, ξ)| ≤ M. (33)

Òîäi, ÿêùî u, ut ∈ Lp(x)(Q0,T ), òî θ(x, u),
(
θ(x, u)

)
t
∈ Lp(x)(Q0,T ) i, êðiì òîãî,(

θ(x, u)
)
t
= θξ(x, u)ut . (34)

Äîâåäåííÿ. Îñêiëüêè u, ut ∈ Lp(x)(Q0,T ), òî iñíó¹ ïîñëiäîâíiñòü {um}m∈N ⊂ C1(Q0,T )

òàêà, ùî um −→
m→∞

u òà um
t −→

m→∞
ut ñèëüíî â Lp(x)(Q0,T ) i ìàéæå ñêðiçü â Q0,T . Çðî-

çóìiëî, ùî äëÿ (x, t) ∈ Q0,T i m ∈ N ïðàâèëüíà ðiâíiñòü(
θ(x, um(x, t))

)
t
= lim

h→0

θ(x, um(x, t+ h))− θ(x, um(x, t))

um(x, t+ h)− um(x, t)

um(x, t+ h)− um(x, t)

h
=

= θξ(x, u
m(x, t))um

t (x, t).
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Êðiì òîãî, |θ(x, um) − θ(x, u)| ≤ M |um − u|, à òîìó θ(x, um) −→
m→∞

θ(x, u) ñèëüíî â

ïðîñòîði Lp(x)(Q0,T ), çîêðåìà, θ(x, u) ∈ Lp(x)(Q0,T ).
Ðîçãëÿíåìî âèðàç θξ(x, u

m)um
t − θξ(x, u)ut = Am +Bm, äå

Am = θξ(x, u
m)(um

t − ut), Bm = (θξ(x, u
m)− θξ(x, u))ut.

Çðîçóìiëî, ùî |Am|p(x) ≤ Mp(x)|um
t − ut|p(x) −→

m→∞
0 â L1(Q0,T ). Òîìó Am −→

m→∞
0 â

Lp(x)(Q0,T ). Êðiì òîãî, |Bm|p(x) ≤ (2M |ut|)p(x) ∈ L1(Q0,T ) i Bm −→
m→∞

0 ìàéæå ñêðiçü

â Q0,T . Òîìó Bm −→
m→∞

0 â Lp(x)(Q0,T ). Îòæå, θξ(x, u
m)um

t −→
m→∞

θξ(x, u)ut ñèëüíî â

ïðîñòîði Lp(x)(Q0,T ), çîêðåìà θξ(x, u)ut ∈ Lp(x)(Q0,T ).
Äîâåäåìî òåïåð (34). Íåõàé φ ∈ C∞

0 (Q0,T ). Òîäi∫
Q0,T

θξ(x, u)ut φ dxdt = lim
m→∞

∫
Q0,T

θξ(x, u
m)um

t φ dxdt = lim
m→∞

∫
Q0,T

(
θ(x, um)

)
t
φ dxdt =

= − lim
m→∞

∫
Q0,T

θ(x, um)φt dxdt = −
∫

Q0,T

θ(x, u)φt dxdt.

Îòæå, â ñåíñi ïðîñòîðó ðîçïîäiëiâ D∗(Q0,T ) ìàòèìåìî (34). �

Çàóâàæèìî, ùî ëåìà 3 óçàãàëüíþ¹ ðåçóëüòàòè ëåìè 3 [35, ñ. 18], äå áóëî ðîçãëÿ-
íóòî âèïàäîê ôóíêöi¨ θ, ÿêà íå çàëåæàëà âiä x.

Íàñëiäîê 1. Íåõàé I = [a, b], àáî I = [a,+∞), àáî I = (−∞, b], äå âèêîíó¹òüñÿ
óìîâà −∞ < a < b < +∞. Ïðèïóñòèìî òàêîæ, ùî p ∈ L∞

+ (Ω); θ ∈ ML(Ω × I);
ìàéæå äëÿ âñiõ x ∈ Ω ôóíêöiÿ I ∋ ξ 7→ θ(x, ξ) ∈ R ¹ íåïåðåðâíî äèôåðåíöiéîâíîþ;
iñíó¹ òàêå ÷èñëî M > 0, ùî ìàéæå äëÿ âñiõ x ∈ Ω i äëÿ âñiõ ζ, η, ξ ∈ I âèêîíóþòüñÿ
îöiíêè (33). Òîäi, ÿêùî u, ut ∈ Lp(x)(Q0,T ) òà u(x, t) ∈ I ìàéæå äëÿ âñiõ (x, t) ∈
Q0,T , òî θ(x, u),

(
θ(x, u)

)
t
∈ Lp(x)(Q0,T ) i ïðàâèëüíà ôîðìóëà (34).

Äîâåäåííÿ. Ðîçãëÿíåìî ëèøå âèïàäîê I = (−∞, b]. Iäåþ äîâåäåííÿ çàïîçè÷èìî ç
[36, ñ. 98]. Ïðîäîâæèìî ôóíêöiþ θ ïîçà I òàê:

Θ(x, ξ) =

 θ(x, ξ), ξ ≤ b,

θξ(x, b)ξ + θ(x, b)− θξ(x, b)b, ξ > b,
x ∈ Ω.

Òîäi Θ çàäîâîëüíÿ¹ âñi óìîâè ëåìè 3 i, êðiì òîãî, Θ(x, u(x, t)) = θ(x, u(x, t)) ìàéæå
äëÿ âñiõ (x, t) ∈ Q0,T . Çâiäñè i âèïëèâà¹ äîâåäåííÿ òâåðäæåííÿ íàøîãî íàñëiäêó. �

Ëåìà 4. Íåõàé p ∈ L∞
+ (Ω), θ ∈ ML(Ω × R), N ∈ N, ξ1, . . . , ξN ∈ R; ìàéæå äëÿ

âñiõ x ∈ Ω ôóíêöiÿ R ∋ ξ 7→ θ(x, ξ) ∈ R ¹ íåïåðåðâíîþ, à ôóíêöiÿ R \ {ξ1, . . . , ξN} ∋
ξ 7→ θ(x, ξ) ∈ R ¹ äèôåðåíöiéîâíîþ; ìàéæå äëÿ âñiõ x ∈ Ω, äëÿ âñiõ ζ, η ∈ R òà

äëÿ âñiõ ξ ∈ R \ {ξ1, . . . , ξN} âèêîíóþòüñÿ (33). Òîäi, ÿêùî u, ut ∈ Lp(x)(Q0,T ), òî

θ(x, u),
(
θ(x, u)

)
t
∈ Lp(x)(Q0,T ) i ïðàâèëüíà ôîðìóëà (34).

Äîâåäåííÿ. Ðîçãëÿíåìî ëèøå âèïàäîê N = 1, ξ1 = 0. Iäåþ äîâåäåííÿ çàïîçè÷èìî ç
[36, ñ. 100]. Çðîçóìiëî, ùî ïðàâèëüíà ôîðìóëà

θ(x, u) = θ(x, u+) + θ(x,−u−)− θ(x, 0). (35)
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Îñêiëüêè u, ut ∈ Lp(x)(Q0,T ) ⊂ Lp0(Q0,T ), òî ìè çàçíà÷àëè, ùî (u±)t ∈ Lp0(Q0,T ) i
âèêîíó¹òüñÿ ôîðìóëà (u±)t = ±χ̃(u)ut, äå χ̃ âçÿòî ç (21). Òîìó ç íàñëiäêó 1 ìàòèìåìî
âèêîíàííÿ ôîðìóëè òèïó (34) äëÿ êîæíîãî äîäàíêà â (35). Òîìó (34) ïðàâèëüíà â
ñåíñi ðîçïîäiëiâ. Âêëþ÷åííÿ

(
θ(x, u)

)
t
∈ Lp(x)(Q0,T ) âèïëèâà¹ ç (332), (34). �

Ëåìà 5. Íåõàé β ∈ MLB+(Ω), ϕβ(x) � ôóíêöiÿ, âèçíà÷åíà â (18) ç β çàìiñòü α,

χk(s) =


1, s >

1

k
,

0, s ≤ 1

k
,

k ∈ N. (36)

Òîäi, ÿêùî u ∈ C1(Q0,T ) òà v, vt ∈ L1(Q0,T ), òî âèêîíó¹òüñÿ ðiâíiñòü

lim
k→+∞

∫
Q0,T

χk(u)β(x)ϕβ(x)−1(u)ut v dxdt =

=

∫
Ωt

ϕβ(x)(u) v dx

∣∣∣∣t=T

t=0

−
∫

Q0,T

ϕβ(x)(u) vt dxdt. (37)

Äîâåäåííÿ. Íåõàé

ϕβ(x),k(s) =



kβ(x), s ≥ k,

sβ(x),
1

k
< s < k,

1

kβ(x)
, s ≤ 1

k
,

ξ̃β(x),k(s) =


β(x) sβ(x)−1,

1

k
< s < k,

0, s ≤ 1

k
àáî s ≥ k,

k ∈ N2, x ∈ Ω. Çðîçóìiëî, ùî ϕβ(x),k(s) −→
k→∞

ϕβ(x)(s) äëÿ s ∈ R, x ∈ Ω. Êðiì òîãî,

äëÿ k ∈ N2 òà x ∈ Ω ôóíêöiÿ s 7→ ϕβ(x),k(s) çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ íà R i ¹

íåäèôåðåíöiéîâíîþ ëèøå â òî÷êàõ s = 1
k i s = k, äå ∂

∂s ϕβ(x),k(s) = ξ̃β(x),k(s) ïðè

s ̸= 1
k i s ̸= k. Òîìó ç ëåìè 4 âèïëèâà¹, ùî(

ϕβ(x),k(u)
)
t
= ξ̃β(x),k(u)ut ìàéæå âñþäè íà Q0,T . (38)

Îòæå, ϕβ(x),k(u),
(
ϕβ(x),k(u)

)
t
∈ L∞(Q0,T ). Òîäi ç ïóíêòó (ii) ëåìè 1 ç z = ϕβ(x),k(u),

w = v ìàòèìåìî ðiâíiñòü (22) ó âèãëÿäi∫
Q0,T

(
ϕβ(x),k(u)

)
t
v dxdt =

∫
Ω

ϕβ(x),k(u) v dx

∣∣∣∣t=T

t=0

−
∫

Q0,T

ϕβ(x),k(u) vt dxdt. (39)

Íåõàé M = max
(x,t)∈Q0,T

|u(x, t)|, k0 ∈ N, k0 ≥ max{2,M}. Îñêiëüêè |u| ≤ M ≤ k0 ≤ k,

òî ç (38) îòðèìà¹ìî
(
ϕβ(x),k(u)

)
t
= ξ̃β(x),k(u)ut = χk(u)β(x)ϕβ(x)−1(u)ut ïðè k ≥ k0.

Ç îöiíêè |ϕβ(x),k(u(x, t))| ≤ Mβ(x) ∀ (x, t) ∈ Q0,T i òåîðåìè Ëåáåãà ïðî ïåðåõiä äî
ãðàíèöi ïiä çíàêîì iíòåãðàëà (òåîðåìà 6 [33, ñ. 302]) âèïëèâà¹, ùî

lim
k→+∞

∫
Ωt

ϕβ(x),k(u) v dx =

∫
Ωt

ϕβ(x)(u) v dx ïðè t = 0 i t = T,
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lim
k→+∞

∫
Q0,T

ϕβ(x),k(u) vt dxdt =

∫
Q0,T

ϕβ(x)(u) vt dxdt.

Çâiäñè âèïëèâà¹ iñíóâàííÿ ãðàíèöi ñïðàâà â (39) ïðè k → ∞, à òîìó i ãðàíèöi çëiâà
â (39). Îòæå, âèêîíó¹òüñÿ (37) i ëåìó äîâåäåíî. �

Òâåðäæåííÿ 3. (Òåîðåìà Îáåíà, äèâ. [37] i [38, c. 393]). ßêùî s, h > 1 � äåÿêi

÷èñëà, W,L,B � áàíàõîâi ïðîñòîðè, W
K

⊂ L 	 B, òî

{u ∈ Ls(0, T ;W) | ut ∈ Lh(0, T ;B)}
K

⊂ Ls(0, T ;L) ∩ C([0, T ];B).

Ëåìà 6. ßêùî p ∈ ML(Ω), 1 ≤ p0 ≤ p(x) ≤ p0 < +∞ ìàéæå äëÿ âñiõ x ∈ Ω,
z, zt ∈ Lp(x)(Q0,T ), òî âèêîíó¹òüñÿ îöiíêà∫

Ω

|z(x, τ)|p(x) dx ≤ C10

∫
Q0,T

[
|z(x, t)|p(x) + |zt(x, t)|p(x)

]
dxdt, τ ∈ [0, T ], (40)

äå C10 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä z, τ .

Äîâåäåííÿ. Äîâåäåìî (40) ëèøå ïðè p0>1,τ >0. Îñêiëüêè z∈W 1,p0(0, T ;Lp0(Ω)), òî
ç òâåðäæåííÿ 1 âèïëèâà¹, ùî z(τ)− z(s) =

∫ τ

s
zt(t) dt, 0 ≤ s < τ ≤ T . Òîìó∫

Ω

|z(x, τ)|p(x) dx =

∫
Ω

∣∣∣z(x, s) + τ∫
s

zt(x, t) dt
∣∣∣p(x) dx ≤ C11(p)

(∫
Ω

|z(s)|p(x) dx+

+

∫
Ω

∣∣∣ τ∫
s

zt(t) dt
∣∣∣p(x)dx) ≤ C11(p)

(∫
Ω

|z(s)|p(x)dx+

∫
Ω

∣∣∣ τ∫
s

dt
∣∣∣p(x)−1

×

×
∣∣∣ τ∫
s

|zt(t)|p(x)dt
∣∣∣dx) = C12(p, T )

(∫
Ω

|z(s)|p(x) dx+

∫
Ω

τ∫
s

|zt(t)|p(x) dtdx
)
. (41)

Çiíòåãðóâàâøè (41) çà s ïiñëÿ íåñêëàäíèõ ïåðåòâîðåíü, îòðèìà¹ìî (40). �

Âèêîðèñòà¹ìî öi òâåðäæåííÿ äëÿ äîâåäåííÿ òàêèõ òåîðåì.

Òåîðåìà 2. Íåõàé α ∈ L∞
+ (Ω), ϕα(x) � ôóíêöiÿ ç (18). Òîäi ïðàâèëüíi òâåðäæåííÿ:

1) ÿêùî u ∈ C1(Q0,T ), òî ϕα(x)(u),
(
ϕα(x)(u)

)
t
∈ L∞(Q0,T ) i(

ϕα(x)(u)
)
t
= α(x)ϕα(x)−1(u)ut; (42)

2) ÿêùî u, ut ∈ Lp(x)(Q0,T ), äå p ∈ L∞
+ (Ω) i p(x) ≥ α(x) ìàéæå äëÿ âñiõ x ∈ Ω,

òî ϕα(x)(u),
(
ϕα(x)(u)

)
t
∈ L

p(x)
α(x) (Q0,T ), âèêîíó¹òüñÿ ðiâíiñòü (42) i îöiíêà

ρp/α

((
ϕα(x)(u)

)
t
;Q0,T

)
≤ C13S1/α′

(
ρp(u;Q0,T )

)
S1/α

(
ρp(ut;Q0,T )

)
, (43)

äå C13 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä u.
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Äîâåäåííÿ. Äîâåäåìî ïóíêò 1. Íåõàé u ∈ C1(Q0,T ). ßêùî v, vt ∈ C(Q0,T ), ôóíêöiþ
χk âçÿòî ç (36), k ∈ N, òî |χk(u)α(x)ϕα(x)−1(u)ut v| ≤ C14, äå C14 > 0 � ñòàëà, ÿêà
íå çàëåæèòü âiä k, x, t. Òîìó ç òåîðåìè Ëåáåãà ïðî ïåðåõiä äî ãðàíèöi ïiä çíàêîì
iíòåãðàëà âèïëèâà¹, ùî

lim
k→+∞

∫
Q0,T

χk(u)α(x)ϕα(x)−1(u)ut v dxdt =

∫
Q0,T

α(x)ϕα(x)−1(u)ut v dxdt.

Òîäi ç ðiâíîñòi (37), çàïèñàíî¨ äëÿ β = α > 1, îòðèìà¹ìî òàêå:∫
Q0,T

α(x)ϕα(x)−1(u)ut v dxdt =

∫
Ωt

ϕα(x)(u) v dx

∣∣∣∣t=T

t=0

−
∫

Q0,T

ϕα(x)(u) vt dxdt. (44)

Ïðèéìàþ÷è â (44) v ∈ C∞
0 (Q0,T ), îäåðæèìî (òóò αϕα(x)−1(u)ut ∈ L∞(Q0,T ), áî

α0 > 1) ∫
Q0,T

α(x)ϕα(x)−1(u)ut v dxdt = −
∫

Q0,T

ϕα(x)(u) vt dxdt.

Îòæå, çãiäíî ç îçíà÷åííÿì ïîõiäíî¨ ôóíêöi¨ â ñåíñi Ñîáîë¹âà ìà¹ìî âèêîíàííÿ (42).
Îñêiëüêè α0 > 1, òî ç (18) ìàòèìåìî âêëþ÷åííÿ ϕα(x) ∈ L∞(Q0,T ), à ç (42) �

âêëþ÷åííÿ
(
ϕα(x)(u)

)
t
∈ L∞(Q0,T ).

Äîâåäåìî ïóíêò 2. Íåõàé u ∈ U := {u ∈ Lp(x)(Q0,T ) | ut ∈ Lp(x)(Q0,T )}. Çðîçóìi-
ëî, ùî C1([0, T ];C1(Ω))

_

	 W 1,p0

(0, T ;Lp(x)(Ω))
_

	 U
_

	 W 1,p0(0, T ;Lp(x)(Ω)), à òîìó
iñíó¹ ïîñëiäîâíiñòü {um}m∈N ⊂ C1(Q0,T ) òàêà, ùî um −→

m→∞
u, um

t −→
m→∞

ut ñèëüíî â

Lp(x)(Q0,T ), u
m −→

m→∞
u â C([0, T ];Lp(x)(Ω)).

Íåõàé v, vt ∈ C(Q0,T ). Äëÿ êîæíîãî m ∈ N ç (44) îòðèìà¹ìî ðiâíiñòü∫
Q0,T

α(x)ϕα(x)−1(u
m)um

t v dxdt =

∫
Ω

ϕα(x)(u
m) v dx

∣∣∣∣t=T

t=0

−
∫

Q0,T

ϕα(x)(u
m) vt dxdt. (45)

Îñêiëüêè 1 < α(x) ≤ p(x), òî p(x)
α(x)−1 > 1, x ∈ Ω. Òîäi íà ïiäñòàâi ïóíêòó 3 ëåìè

2 äëÿ G = Q0,T i ç α− 1 çàìiñòü α òà q = p
α−1 ìàòèìåìî, ùî

ϕα(x)−1(u
m) −→

m→∞
ϕα(x)−1(u) ñèëüíî â L

p(x)
α(x)−1 (Q0,T ).

Çðîçóìiëî, ùî [L
p(x)

α(x)−1 (Q0,T )]
∗ ∼= L

p(x)
p(x)−(α(x)−1) (Q0,T ). Îñêiëüêè p(x) ≥ (α(x)−1)+1,

òî p(x) ≥ p(x)
p(x)−(α(x)−1) , x ∈ Ω. Òîìó ç âèáîðó {um}m∈N âèïëèâà¹, ùî

um
t −→

m→∞
ut ñèëüíî â L

p(x)
p(x)−(α(x)−1) (Q0,T ).

Òîäi ç ëåìè 5.2 [1, ñ. 19] ìàòèìåìî òàêå:∫
Q0,T

α(x)ϕα(x)−1(u
m)um

t v dxdt −→
m→∞

∫
Q0,T

α(x)ϕα(x)−1(u)ut v dxdt (46)
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i αϕα(x)−1(u)ut ∈ L1(Q0,T ). Íà ïiäñòàâi ïóíêòó 3 ëåìè 2 äëÿ q = p
α òà G = Ω,

G = Q0,T , âiäïîâiäíî, îòðèìà¹ìî, ùî

ϕα(x)(u
m(t)) −→

m→∞
ϕα(x)(u(t)) ñèëüíî â L

p(x)
α(x) (Ω) äëÿ t = 0 òà t = T, (47)

ϕα(x)(u
m) −→

m→∞
ϕα(x)(u) ñèëüíî â L

p(x)
α(x) (Q0,T ). (48)

Ñïðÿìóâàâøè â (45) m → ∞ i âèêîðèñòàâøè (46)-(48), îäåðæèìî ðiâíiñòü (44). Äàëi
ÿê i äëÿ äîâåäåííÿ ïåðøîãî ïóíêòó öi¹¨ òåîðåìè äîâîäèìî ïðàâèëüíiñòü (42).

Ç ëåìè 2 ìàòèìåìî, ùî ϕα(x)(u) ∈ L
p(x)
α(x) (Q0,T ). Ç (42), (19) i íåðiâíîñòi Þíãà

äëÿ α′(x) = α(x)
α(x)−1 , α(x) > 1 îäåðæèìî, ùî

∣∣(ϕα(x)(u)
)
t

∣∣ p(x)α(x) ≤ α(x)
p(x)
α(x) |u|

p(x)
α′(x) |ut|

p(x)
α(x) ≤ C15(|u|p(x) + |ut|p(x)) ∈ L1(Q0,T ).

Òîìó
(
ϕα(x)(u)

)
t
∈ L

p(x)
α(x) (Q0,T ).

Ç (42) i óçàãàëüíåíî¨ íåðiâíîñòi Ãåëüäåðà äëÿ α′(x), α(x) ìàòèìåìî òàêå:∫
Q0,T

∣∣∣(ϕα(x)(u)
)
t

∣∣∣ p(x)α(x)
dxdt ≤

∫
Q0,T

α(x)
p(x)
α(x) |u|

p(x)
α′(x) |ut|

p(x)
α(x) dxdt ≤

≤ C16|| |u|
p(x)
α′(x) ;Lα′(x)(Q0,T )|| · || |ut|

p(x)
α(x) ;Lα(x)(Q0,T )|| ≤

≤ C17S1/α′

( ∫
Q0,T

|u|p(x) dxdt
)
S1/α

( ∫
Q0,T

|ut|p(x) dxdt
)
,

çâiäêè i âèïëèâà¹ (43) òà äîâåäåííÿ ïóíêòó 2 íàøî¨ òåîðåìè. Òåîðåìó 2 äîâåäåíî. �

Òåîðåìà 3. Íåõàé r ∈ MLB+(Ω), ϕr(x)−2 � ôóíêöiÿ, âèçíà÷åíà â (18) ç r − 2
çàìiñòü α. Òîäi ïðàâèëüíi òàêi òâåðäæåííÿ.

1) ßêùî r0 > 1, òî ôîðìóëà(
|u|r(x)

)
t
= r(x)ϕr(x)−2(u)uut (49)

ïðàâèëüíà ïðè âèêîíàííi îäíi¹¨ ç òàêèõ óìîâ:
i) u ∈ C1(Q0,T ), i òîäi |u|r(x),

(
|u|r(x)

)
t
∈ L∞(Q0,T );

ii) u, ut ∈ Lp(x)(Q0,T ) òà p(x) ≥ r(x) äëÿ x ∈ Ω, i òîäi |u|r(x),
(
|u|r(x)

)
t
∈ L

p(x)
r(x) (Q0,T ).

2) ßêùî r0 > 2, òî ôîðìóëà(
|u|r(x)−2u

)
t
= (r(x)− 1)ϕr(x)−2(u)ut (50)

ïðàâèëüíà ïðè âèêîíàííi îäíi¹¨ ç òàêèõ óìîâ:
i) u ∈ C1(Q0,T ), i òîäi |u|r(x)−2u,

(
|u|r(x)−2u

)
t
∈ L∞(Q0,T );

ii) u, ut ∈ Lp(x)(Q0,T ) òà p(x) ≥ r(x)− 1 äëÿ x ∈ Ω, i òîäi âèêîíóþòüñÿ âêëþ÷åííÿ

|u|r(x)−2u,
(
|u|r(x)−2u

)
t
∈ L

p(x)
r(x)−1 (Q0,T ).
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Äîâåäåííÿ. öi¹¨ òåîðåìè âiäðàçó æ âèïëèâà¹ ç òåîðåìè 2 i òàêèõ ðiâíîñòåé:

|s|r(x)=ϕr(x)(s)+ϕr(x)(−s), |s|r(x)−2s=ϕr(x)−1(s)−ϕr(x)−1(−s), x ∈ Ω, s ∈ R. �
�

Çàóâàæåííÿ 1. Îñêiëüêè ϕr(x)−2(u) = |u|r(x)−2 ïðè u > 0, òî ÷àñòî (ùîá íå ââîäèòè
äîäàòêîâèõ ïîçíà÷åíü) ôîðìóëè (49) i (50) âèêîðèñòîâóþòü ó òàêîìó âèãëÿäi:(

|u|r(x)
)
t
= r(x)|u|r(x)−2uut ,

(
|u|r(x)−2u

)
t
= (r(x)− 1)|u|r(x)−2ut . (51)

Ó öüîìó âèïàäêó ââàæàþòü ïðàâi ÷àñòèíè öèõ ðiâíîñòåé òàêèìè, ùî äîðiâíþþòü
íóëþ íà ìíîæèíi
E = {(x, t) ∈ Q0,T | u(x, t) = 0}.

Òåîðåìà 4. Íåõàé α ∈ ML(Ω), 1
2 < α0 ≤ α(x) ≤ α0 ≤ 1 ìàéæå äëÿ âñiõ x ∈ Ω,

ϕα(x) � ôóíêöiÿ ç (18). Òîäi ïðàâèëüíi òàêi òâåðäæåííÿ.

1. ßêùî u ∈ C2(Q0,T ), òî ϕα(x)(u) ∈ L∞(Q0,T ),
(
ϕα(x)(u)

)
t
∈ L2(Q0,T ). Êðiì

òîãî, âèêîíó¹òüñÿ (42).

2. ßêùî u, ut, utt ∈ Lp(x)(Q0,T ), äå p ∈ L∞
+ (Ω) òà p(x) ≥ 2α(x) ìàéæå äëÿ âñiõ

x ∈ Ω, òî ϕα(x)(u) ∈ W 1,2(0, T ;L2(Ω)). Êðiì òîãî, âèêîíó¹òüñÿ (42) i îöiíêè

||ϕα(x)(u);L
2(Q0,T )|| ≤ C18Sα/p

(
ρp(u;Q0,T )

)
, (52)

||
(
ϕα(x)(u)

)
t
;L2(Q0,T )|| ≤ C19Sα/p

(
ρp(u;Q0,T ) + ρp(ut;Q0,T ) + ρp(utt;Q0,T )

)
, (53)

äå C18, C19 > 0 � ñòàëi, ÿêi íå çàëåæàòü âiä u.

Äîâåäåííÿ. Äîâåäåìî ïóíêò 1. Íåõàé u ∈ C2(Q0,T ). Âçÿâøè â ðiâíîñòi (37) β =
2α− 1 > 0 i v = ut, ùî çàêîííî, áî ut, utt ∈ L1(Q0,T ), îòðèìà¹ìî, ùî

lim
k→+∞

∫
Q0,T

fk dxdt =

∫
Ωt

ϕ2α(x)−1(u)ut dx

∣∣∣∣t=T

t=0

−
∫

Q0,T

ϕ2α(x)−1(u)utt dxdt, (54)

äå fk = χk(u)(2α(x)− 1)ϕ2α(x)−2(u)|ut|2, χk âçÿòî ç (36), k ∈ N. Çðîçóìiëî, ùî
fk(x, t) −→

k→∞
f(x, t) äëÿ (x, t) ∈ Q0,T , (55)

äå f = (2α(x) − 1)ϕ2α(x)−2(u)|ut|2 = (2α(x) − 1)|ϕα(x)−1(u)ut|2. Ç iñíóâàííÿ ãðàíèöi
(54) âèïëèâà¹, ùî iñíó¹ ñòàëà C20 > 0 òàêà, ùî äëÿ âñiõ k ∈ N ïðàâèëüíà îöiíêà∫
Q0,T

fk dxdt ≤ C20. Î÷åâèäíî, ùî fk1 ≤ fk2 ïðè k1 ≤ k2. Òîìó ç òåîðåìè Ëåâi

ïðî ìîíîòîííó çáiæíiñòü (òåîðåìà 7 [33, ñ. 303]) òà çáiæíîñòi (55) ìàòèìåìî, ùî
f ∈ L1(Q0,T ) (à òîìó ϕα(x)−1(u)ut ∈ L2(Q0,T )) i∫

Q0,T

fk dxdt −→
k→∞

∫
Q0,T

f dxdt. (56)

Òîäi ç (54) îòðèìà¹ìî ðiâíiñòü∫
Q0,T

(2α(x)− 1)|ϕα(x)−1(u)ut|2 dxdt =

∫
Ωt

ϕ2α(x)−1(u)ut dx

∣∣∣∣t=T

t=0

−
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−
∫

Q0,T

ϕ2α(x)−1(u)utt dxdt. (57)

Ç (56) òàêîæ îäåðæèìî çáiæíiñòü

||χk(u)
√
2α− 1ϕα(x)−1(u)ut;L

2(Q0,T )|| −→
k→∞

||
√
2α− 1ϕα(x)−1(u)ut;L

2(Q0,T )||. (58)

Òîìó, âèêîðèñòàâøè (55), ìîæíà äîâåñòè, ùî

χk(u)ϕα(x)−1(u)ut −→
k→∞

ϕα(x)−1(u)ut ñèëüíî â L2(Q0,T ). (59)

Íåõàé â (37) β = α, v ∈ L2(Q0,T ), vt ∈ L1(Q0,T ). Âèêîðèñòàâøè (59), îòðèìà¹ìî
(44). Äàëi ÿê i ïðè äîâåäåííi òåîðåìè 2 îäåðæèìî (42). Òîìó ìàòèìåìî âêëþ÷åííÿ
(ϕα(x)(u))t ∈ L2(Q0,T ), à ç âèãëÿäó ϕα(x) � âêëþ÷åííÿ ϕα(x)(u) ∈ L∞(Q0,T ). Ïóíêò 1
äîâåäåíî.

Äîâåäåìî ïóíêò 2. Ïåðø çà âñå äîâåäåìî (52) i (53) äëÿ u ∈ C2(Q0,T ). Îñêiëüêè
p ≥ 2α, òî 2 ≤ p

α i ç îöiíêè (26) äëÿ G = Q0,T i q ≡ 2 îäåðæèìî (52). Âèêîðèñòàâøè
ðiâíiñòü (42), ÿêà âèêîíó¹òüñÿ çãiäíî ç âæå äîâåäåíèì, ç (57) îäåðæèìî∫

Q0,T

∣∣∣(ϕα(x)(u)
)
t

∣∣∣2 dxdt ≤ |α0|2

2α0 − 1

(∫
Ω0

ϕ2α(x)−1(u)|ut| dx+

∫
ΩT

ϕ2α(x)−1(u)|ut| dx+

+

∫
Q0,T

ϕ2α(x)−1(u)|utt| dxdt
)
. (60)

Îöiíèìî íàÿâíi òóò âèðàçè. Äëÿ âñiõ r ∈ L∞
+ (Ω) ìàòèìåìî, ùî

J1 =

∫
Ω0

ϕ2α(x)−1(u)|ut| dx ≤ ||ϕ2α(x)−1(u(0));L
r′(x)(Ω)|| · ||ut(0);L

r(x)(Ω)||.

Îñêiëüêè p ≥ 2α > 1, òî ïðè r = 2α ìà¹ìî òàêi îöiíêè: 1 < r ≤ p, 2α − 1 < p
òà 1 < r′ = r

r−1 = r
2α−1 ≤ p

2α−1 . Òîìó ç îöiíêè (26) ïðè G = Ω i q = r′ îäåðæèìî,

ùî ||ϕ2α(x)−1(u(0));L
r′(x)(Ω)|| ≤ C21S(2α−1)/p(ρp(u(0); Ω)). Êðiì òîãî, ç òâåðäæåííÿ 2

îòðèìà¹ìî òàêå: ||ut(0);L
r(x)(Ω)|| ≤ C22||ut(0);L

p(x)(Ω)|| ≤ C22S1/p(ρp(ut(0); Ω)). Òî-
ìó ç (40) i î÷åâèäíî¨ ðiâíîñòi Sa(z)Sb(z) = Sa+b(z), a, b, z ≥ 0 îòðèìà¹ìî, ùî

J1 ≤ C23S(2α−1)/p

(∫
Ω

|u(0)|p(x) dx
)
S1/p

(∫
Ω

|ut(0)|p(x) dx
)
≤

≤ C24S2α/p

( ∫
Q0,T

[
|u(x, t)|p(x) + |ut(x, t)|p(x) + |utt(x, t)|p(x)

]
dxdt

)
,

äå C24 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä u. Àíàëîãi÷íó îöiíêó çðîáèìî äëÿ äðóãîãî
i òðåòüîãî iíòåãðàëiâ ó ïðàâié ÷àñòèíi íåðiâíîñòi (60) i ç (60) îòðèìà¹ìî (53).

Íåõàé òåïåð u, ut, utt ∈ Lp(x)(Q0,T ), p ≥ 2α, {uℓ}ℓ∈N ⊂ C2(Q0,T ) � ïîñëiäîâíiñòü

òàêà, ùî uℓ −→
ℓ→∞

u, uℓ
t −→
ℓ→∞

ut u
ℓ
tt −→

ℓ→∞
utt ñèëüíî â Lp(x)(Q0,T ). Ç (52), (53) îäåðæèìî

îáìåæåíiñòü ïîñëiäîâíîñòi {ϕα(x)(u
ℓ)}ℓ∈N â ïðîñòîði W 1,2(0, T ;L2(Ω)). Òîìó iñíó¹

ïiäïîñëiäîâíiñòü {uℓk}k∈N ⊂ {uℓ}ℓ∈N òàêà, ùî

ϕα(x)(u
ℓk) −→

k→∞
χ ñëàáêî â W 1,2(0, T ;L2(Ω)).
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Òîäi, çîêðåìà,

αϕα(x)−1(u
ℓk)uℓk

t =
(
ϕα(x)(u

ℓk)
)
t

−→
k→∞

ζ ñëàáêî â L2(Q0,T ).

Òàêîæ ç âèáîðó ïîñëiäîâíîñòi {uℓ}ℓ∈N ìàòèìåìî (ìîæëèâî ó ðàçi ïåðåõîäó äî íîâî¨
ïiäïîñëiäîâíîñòi) çáiæíîñòi

uℓk −→
k→∞

u, uℓk
t −→

k→∞
ut, α(x)ϕα(x)−1(u

ℓk)uℓk
t −→

k→∞
α(x)ϕα(x)−1(u)ut

ìàéæå ñêðiçü â Q0,T . Òîìó χ = ϕα(x)(u) i ζ = αϕα(x)−1(u)ut. Îòæå, âèêîíó¹òüñÿ (44)

ç v ∈ W 1,2(0, T ;L2(Ω)), à òîìó ïðàâèëüíà ðiâíiñòü (42). Âèêîðèñòîâóþ÷è ëåìó 5.3 [1,
ñ. 20], ç (52), (53), çàïèñàíèõ äëÿ uℓk , îäåðæèìî (52), (53) äëÿ íàøîãî u. �

Âèêîðèñòàâøè òåîðåìó 4, àíàëîãi÷íî ÿê òåîðåìó 3 (äèâ. òàêîæ çàóâàæåííÿ 1)
äîâîäèìî òàêå òâåðäæåííÿ.

Òåîðåìà 5. Íåõàé r ∈ MLB+(Ω). Òîäi ïðàâèëüíi òàêi òâåðäæåííÿ.
1. ßêùî 1

2 < r0 ≤ r0 ≤ 1, òî ôîðìóëà (49) ïðàâèëüíà ó ðàçi âèêîíàííÿ îäíi¹¨ ç
òàêèõ óìîâ:
i) u ∈ C2(Q0,T ), i òîäi |u|r(x) ∈ L∞(Q0,T ),

(
|u|r(x)

)
t
∈ L2(Q0,T );

ii) u, ut, utt ∈ Lp(x)(Q0,T ) òà p(x) ≥ 2r(x) ìàéæå äëÿ âñiõ x ∈ Ω, i òîäi ïðàâèëüíi

âêëþ÷åííÿ |u|r(x) ∈ W 1,2(0, T ;L2(Ω)) òà îöiíêà

|| |u|r(x);W 1,2(0, T ;L2(Ω))|| ≤ C25Sr/p

(
ρp(u;Q0,T )+ρp(ut;Q0,T )+ρp(utt;Q0,T )

)
, (61)

äå C25 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä u.
2. ßêùî 3

2 < r0 ≤ r0 ≤ 2, òî ôîðìóëà (50) ïðàâèëüíà ó ðàçi âèêîíàííÿ îäíi¹¨ ç
òàêèõ óìîâ:
i) u ∈ C2(Q0,T ), i òîäi |u|r(x)−2u ∈ L∞(Q0,T ),

(
|u|r(x)−2u

)
t
∈ L2(Q0,T );

ii) u, ut, utt ∈ Lp(x)(Q0,T ) òà p(x) ≥ 2(r(x)− 1) ìàéæå äëÿ âñiõ x ∈ Ω, i òîäi

ïðàâèëüíi âêëþ÷åííÿ |u|r(x)−2u ∈ W 1,2(0, T ;L2(Ω)) òà îöiíêà

|| |u|r(x)−2u;W 1,2(0, T ;L2(Ω))|| ≤

≤ C26S(r−1)/p

(
ρp(u;Q0,T ) + ρp(ut;Q0,T ) + ρp(utt;Q0,T )

)
, (62)

äå C26 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä u.

Çàóâàæåííÿ 2. ßê i â çàóâàæåííi 1 çàçíà÷èìî, ùî çà óìîâ òåîðåìè 5 ôîðìóëè (49)
i (50) âæèâàòèìåìî ó âèãëÿäi (51).

Ëåìà 7. ßêùî a > 0, òî âèçíà÷åíèé ðiâíiñòþ

⟨Av,w⟩H1
0(Ω) =

∫
Ω

a(∇v(x),∇w(x)) dx, v, w ∈ H1
0 (Ω), (63)

îïåðàòîð A : H1
0 (Ω) → H−1(Ω) ¹ ëiíiéíèì îáìåæåíèì íåïåðåðâíèì i ìîíîòîííèì.

Äîâåäåííÿ ëåìè 7 îïóñòèìî.

Ëåìà 8. ßêùî âèêîíóþòüñÿ óìîâè (Q) i (G), òî âèçíà÷åíèé â (4) îïåðàòîð Íå-

ìèöüêîãî G : Lq(x)(Q0,T ) → Lq′(x)(Q0,T ) ¹ îáìåæåíèì íåïåðåðâíèì i ìîíîòîííèì.
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Äîâåäåííÿ. Îáìåæåíiñòü i íåïåðåðâíiñòü G âèïëèâà¹ ç [40]. Ìîíîòîííiñòü îïåðàòîðà
G âèïëèâà¹ ç òàêî¨ ÷èñëîâî¨ íåðiâíîñòi (äèâ. òåîðåìó 2.2 [34, c. 3]):

∀ ξ1, ξ2 ∈ R : (|ξ1|r−2ξ1 − |ξ2|r−2ξ2)(ξ1 − ξ2) ≥ C27(r)(|ξ1|+ |ξ2|)r−β |ξ1 − ξ2|β , (64)

äå r > 1, max{r, 2} ≤ β < ∞, C27(r) = min{22−r, (r−1)22−r} > 0. Ëåìó äîâåäåíî. �

Ëåìà 9. ßêùî âèêîíó¹òüñÿ óìîâà (E), òî âèçíà÷åíèé â (5) iíòåãðàëüíèé îïå-
ðàòîð E : Lr(Q0,T ) → Lr(Q0,T ), äå r > 1, ¹ ëiíiéíèì îáìåæåíèì íåïåðåðâíèì
îïåðàòîðîì i çàäîâîëüíÿ¹ îöiíêó

||Eu;Lr(Q0,τ )|| ≤ C28||u;Lr(Q0,τ )||, u ∈ Lr(Q0,T ), τ ∈ (0, T ], (65)

äå C28 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä u, τ .

Äîâåäåííÿ. Ëiíiéíiñòü íàøîãî îïåðàòîðà î÷åâèäíà. Äîâåäåìî îöiíêó (65), ç ÿêî¨ i
âèïëèâàòèìóòü iíøi òâåðäæåííÿ ëåìè. Ïðîäîâæèìî êîæíó ôóíêöiþ u ∈ Lr(Q0,T )
íóëåì ïîçà Q0,T . Âèêîðèñòàâøè íåðiâíiñòü Ãåëüäåðà, îäåðæèìî∫

Q0,τ

|(Eu)(x, t)|r dxdt =

∫
Q0,τ

∣∣∣∫
Ω

ϵ(x, t, y)
(
u(x+ y, t)− u(x, t)

)
dy

∣∣∣r dxdt ≤

≤
∫

Q0,τ

(∫
Ω

|ϵ(x, t, y)|r
′
dy

) r
r′
∫
Ω

|u(x+ y, t)− u(x, t)|r dy dxdt ≤

≤ C29

∫
Q0,τ

∫
Ω

(|u(x+ y, t)|r + |u(x, t)|r) dy dxdt = 2C29|Ω|
∫

Q0,τ

|u(x, t)|r dxdt,

äå 1
r + 1

r′ = 1, |Ω| � ìiðà Ëåáåãà Ω. Ç öi¹¨ îöiíêè i âèïëèâà¹ (65). �

5. Äîâåäåííÿ òåîðåìè 1. Íåõàé γ ∈ [2, 3), 1
γ + 1

γ′ = 1. Òîäi γ′ ∈ ( 32 , 2]. Ó

âèïàäêó γ = 2 çàäà÷à (1)�(3) çíà÷íî ñïðîùó¹òüñÿ. Òîìó íåõàé äàëi γ > 2.

Êðîê 1. Çðîáèìî çàìiíó u  u, äå u = |u|γ−2u. Òîäi u = |u|γ′−2u. Òîìó (1)�(3)
åêâiâàëåíòíà òàêié çàäà÷i:

(|u|γ
′−2u)t − a∆u+G(|u|γ

′−2u) + ϕ
(
E(|u|γ

′−2u)
)
= f(x, t), (66)

u|Σ0,T = 0, u|t=0 = |u0|γ−2u0. (67)

Äëÿ äîâåäåííÿ iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (66), (67) âèêîðèñòà¹ìî ìåòîä åëiïòè÷íî¨
ðåãóëÿðèçàöi¨. Äëÿ êîæíîãî ε > 0 ðîçãëÿíåìî çàäà÷ó Äiðiõëå-Íåéìàíà

−ε uεtt +
(
|uε|γ

′−2uε
)
t
− a∆uε +G(|uε|γ

′−2uε) + ϕ
(
E(|uε|γ

′−2uε)
)
= f(x, t), (68)

uε|Σ0,T = 0, uε|t=0 = |u0|γ−2u0, uεt |t=T = 0. (69)

Íåõàé U0(Q0,T ) = {v ∈ H1(Q0,T ) | v|Σ0,T
= 0, v|t=0 = 0}. Âèêîðèñòîâóþ÷è óìîâè

∂Ω ∈ C4, 2 ≤ γ < 3 i q0 ≤ γ âèáèðà¹ìî â ïðîñòîði V äîñèòü ãëàäêó áàçó. Òîäi
äëÿ âèêîíàííÿ óìîâ òåîðåìè 1 ìåòîäîì Ãàëüîðêiíà äîâîäèìî, ùî iñíó¹ ðîçâ'ÿçîê
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uε ∈ H2(Q0,T ) ∩W 1,2(0, T ;H1
0 (Ω)) êðàéîâî¨ çàäà÷i (68), (69) òàêèé, ùî

|uε|γ′−2uε ∈ W 1,2(0, T ;L2(Ω)), G(|uε|γ′−2uε) ∈ L2(Q0,T ), ϕ
(
E(|uε|γ′−2uε)

)
∈ L2(Q0,T ),∫

Q0,T

[
εuεtvt − |uε|γ

′−2uεvt + a(∇uε,∇v) +G(|uε|γ
′−2uε)v + ϕ

(
E(|uε|γ

′−2uε)
)
v
]
dxdt+

+

∫
Ω

|uε(T )|γ
′−2uε(T )v(T ) dx =

∫
Q0,T

fv dxdt ∀ v ∈ U0(Q0,T ). (70)

Êðîê 2. Çàóâàæèìî òàêå: îñêiëüêè uε ∈ H1(Q0,T ) i 1 < γ′ ≤ 2, òî ç ïóíêòó 1.ii
òåîðåìè 3 äëÿ p(x) ≡ 2, r(x) ≡ γ′ i ç çàóâàæåííÿ 1 ìàòèìåìî òàêå:

|uε|γ
′
∈ W

1, 2
γ′
(0, T ;L

2
γ′
(Ω)),

(
|uε|γ

′)
t
= γ′ |uε|γ

′−2uε uεt . (71)

Àíàëîãi÷íî ç âêëþ÷åííÿ uε ∈ H1(Q0,T ) i ïóíêòó 1.ii òåîðåìè 3 îäåðæèìî, ùî

|uε|2 ∈ W 1,1(0, T ;L1(Ω)),
(
|uε|2

)
t
= 2 uε uεt . (72)

Êðiì òîãî, ç íåðiâíîñòi Ãåëüäåðà äëÿ ïîêàçíèêiâ γ, γ′ > 1, óìîâè (Ô) òà îöiíêè (65)
âèïëèâà¹ òàêå:∣∣∣ ∫

Q0,T

ϕ
(
E(|uε|γ

′−2uε)
)
uε dxdt

∣∣∣ ≤ ϕ0
∣∣∣∣∣∣E(

|uε|γ
′−2uε

)
;Lγ(Q0,T )

∣∣∣∣∣∣ · ||uε;Lγ′
(Q0,T )|| ≤

≤ C30||uε;Lγ′
(Q0,T )||

1
γ−1+1

= C30

∫
Q0,T

|uε|γ
′
dxdt, (73)

äå C30 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä ε. Íåõàé â (70) v = uε. Âèêîðèñòàâøè (71),
(73), ïiñëÿ íåñêëàäíèõ ïåðåòâîðåíü îäåðæèìî îöiíêó

ε

∫
Q0,T

|uεt |2 dxdt+

∫
Q0,T

[
|∇uε|2 + |uε|2 + |uε|γ

′
+ |uε|

q(x)+γ−2
γ−1

]
dxdt ≤ C31. (74)

Òîìó ∫
Q0,T

∣∣∣|uε|γ′−2uε
∣∣∣2(γ−1)

dxdt =

∫
Q0,T

|uε|2 dxdt ≤ C32. (75)

Ç óìîâè (Ô), (65) i (75) âèïëèâà¹, ùî

||ϕ
(
E(|uε|γ

′−2uε)
)
;L2(γ−1)(Q0,T )|| ≤ C33|| |uε|γ

′−2uε;L2(γ−1)(Q0,T )|| ≤ C34. (76)

ßêùî q0 ≤ γ, òî ìàéæå äëÿ âñiõ x ∈ Ω îäåðæèìî òàêå:

q(x) + γ − 2

q(x)− 1
≥ 2,

q(x)− 1

q(x) + γ − 2
+

γ − 1

q(x) + γ − 2
= 1, 2 ≥ q(x) + γ − 2

γ − 1
> 1. (77)

Òîìó ç îöiíîê (74) ìàòèìåìî, ùî∣∣∣∣∣∣G(
|uε|γ

′−2uε
)
;L

q(x)+γ−2
q(x)−1 (Q0,T )

∣∣∣∣∣∣≤C35S1/q̂

(
Ŝ̂q

(∣∣∣∣∣∣uε;L q(x)+γ−2
γ−1 (Q0,T )

∣∣∣∣∣∣))≤C36, (78)

äå q̂(x) = q(x)+γ−2
q(x)−1 , ̂̂q(x) = q(x)+γ−2

γ−1 , x ∈ Ω. Òóò C31 − C36 > 0 íå çàëåæàòü âiä ε.



ÏÐÎ ÐIÂÍßÍÍß, ÏÎÂ'ßÇÀÍI Ç �ÂÐÎÏÅÉÑÜÊÈÌ ÎÏÖIÎÍÎÌ
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2016. Âèïóñê 81 79

Îöiíêè (74)�(78) äàäóòü iñíóâàííÿ ïîñëiäîâíîñòi {εj}j∈N òàêî¨, ùî εj −→
j→∞

0,

εj > 0 äëÿ âñiõ j ∈ N,

uεj −→
j→∞

u ñëàáêî â L2(0, T ;H1
0 (Ω)) ∩ Lγ′

(Q0,T ) ∩ L
q(x)+γ−2

γ−1 (Q0,T ), (79)

|uεj |γ
′−2uεj −→

j→∞
χ1 ñëàáêî â L2(γ−1)(Q0,T ), (80)

G
(
|uεj |γ

′−2uεj
)
−→
j→∞

χ2 ñëàáêî â L
q(x)+γ−2
q(x)−1 (Q0,T ), (81)

ϕ
(
E(|uεj |γ

′−2uεj )
)
−→
j→∞

χ3 ñëàáêî â L2(γ−1)(Q0,T ), (82)

√
εj u

εj
t −→

j→∞
χ4 ñëàáêî â L2(Q0,T ). (83)

Êðîê 3. Îòðèìà¹ìî äîäàòêîâi îöiíêè. Çàóâàæèìî òàêå: îñêiëüêè uε ∈ H2(Q0,T )

i 3
2 < γ′ ≤ 2, òî ç ïóíêòó 2.ii òåîðåìè 5 äëÿ r(x) ≡ γ′

2 + 1 i p(x) ≡ 2 âèïëèâà¹, ùî

|uε|
γ′

2 −1uε ∈ W 1,2(0, T ;L2(Ω)),
(
|uε|

γ′

2 −1uε
)
t
=

γ′

2
|uε|

γ′

2 −1uεt , (84)

à ç ïóíêòó 2.ii òåîðåìè 5 äëÿ r(x) ≡ γ′ i p(x) ≡ 2 ìà¹ìî, ùî

|uε|γ
′−2uε ∈ W 1,2(0, T ;L2(Ω)),

(
|uε|γ

′−2uε
)
t
=

1

γ − 1
|uε|γ

′−2uεt . (85)

Êðiì òîãî, îñêiëüêè uε ∈ H1(Q0,T ), òî ç ïóíêòó 1.ii òåîðåìè 3 äëÿ r(x) = q(x)+γ−2
γ−1 ,

p(x) ≡ 2 (çãiäíî ç (77) p(x) ≥ r(x) > 1 äëÿ x ∈ Ω) ìàòèìåìî òàêå:

|uε|
q(x)+γ−2

γ−1 ,
(
|uε|

q(x)+γ−2
γ−1

)
t
∈ L

2(γ−1)
q(x)+γ−2 (Q0,T ),(

|uε|
q(x)+γ−2

γ−1
)
t
=

q(x) + γ − 2

γ − 1
|uε|

q(x)−γ
γ−1 uεuεt . (86)

Àíàëîãi÷íî (uεt , u
ε
x1
, . . . , uεxn

∈ H1(Q0,T )) ç ïóíêòó 1.ii òåîðåìè 3 îäåðæèìî, ùî

|uεt |2 ∈ W 1,1(0, T ;L1(Ω)),
(
|uεt |2

)
t
= 2 uεt u

ε
tt, (87)

|∇uε|2 ∈ W 1,1(0, T ;L1(Ω)),
(
|∇uε|2

)
t
= 2 (∇uε,∇uεt ). (88)

Çiíòåãðóâàâøè ÷àñòèíàìè, ùî çàêîííî çãiäíî ç (85), ç (70), îòðèìà¹ìî ðiâíiñòü∫
Q0,T

[
−εuεttv +

(
|uε|γ

′−2uε
)
t
v + a(∇uε,∇v) +

+G(|uε|γ
′−2uε)v + ϕ

(
E(|uε|γ

′−2uε)
)
v − fv

]
dxdt = 0, (89)

äå v ∈ U0(Q0,T ). Çâiäñè îäåðæèìî òàêó ðiâíiñòü â ïðîñòîði H−1(Ω):

−εuεtt(t) +
(
|uε(t)|γ

′−2uε(t)
)
t
+Auε(t) +

+G
(
|uε(t)|γ

′−2uε(t)
)
+ ϕ

(
E
(
|uε(t)|γ

′−2uε(t)
))

= f(t), t ∈ (0, T ). (90)
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Îñêiëüêè uεt ∈ L2(0, T ;H1
0 (Ω)), òî ìîæíà ïîäiÿòè ðiâíiñòþ (90) íà uεt (t). Âèêî-

ðèñòàâøè (85) i çiíòåãðóâàâøè îòðèìàíó ðiâíiñòü çà t ∈ (0, τ) ⊂ (0, T ), ìàòèìåìî∫
Q0,τ

[
−εuεttu

ε
t +

1

γ − 1
|uε|γ

′−2|uεt |2 + a(∇uε,∇uεt ) +

+G(|uε|γ
′−2uε)uεt + ϕ

(
E(|uε|γ

′−2uε)
)
uεt

]
dxdt =

∫
Q0,τ

fuεt dxdt, τ ∈ (0, T ]. (91)

Ïåðåòâîðèìî íàÿâíi òóò âèðàçè. Çiíòåãðóâàâøè ÷àñòèíàìè (äèâ. (87)) i âèêîðèñòàâ-
øè (693), îäåðæèìî, ùî∫

Q0,T

−εuεttu
ε
t dxdt = −ε

2

∫
Ω

|uεt |2 dx

∣∣∣∣t=T

t=0

= −0 +
ε

2

∫
Ω

|uεt (0)|2 dx ≥ 0.

Ç óìîâè (Ô), íåðiâíîñòåé Ãåëüäåðà (òóò 1
γ + γ−2

2γ + 1
2 = 1), Þíãà i (74) ìà¹ìî:∣∣∣− ∫

Q0,T

ϕ
(
E(|uε|γ

′−2uε)
)
uεt dxdt

∣∣∣ ≤ ϕ0

∫
Q0,T

∣∣∣E(
|uε|γ

′−2uε
)∣∣∣ |uε|1−γ′

2 |uε|
γ′

2 −1 |uεt | dxdt ≤

≤ ϕ0
∣∣∣∣∣∣E(

|uε|γ
′−2uε

)
;Lγ(Q0,T )

∣∣∣∣∣∣·∣∣∣∣∣∣ |uε|1−γ′

2 ;L
2γ
γ−2 (Q0,T )

∣∣∣∣∣∣·∣∣∣∣∣∣ |uε|γ′

2 −1uεt ;L
2(Q0,T )

∣∣∣∣∣∣≤
≤ C37||uε;Lγ′

(Q0,T )||
1

γ−1 ·
∣∣∣∣∣∣ |uε| γ−2

2(γ−1) ;L
2γ
γ−2 (Q0,T )

∣∣∣∣∣∣·∣∣∣∣∣∣ |uε|γ′

2 −1uεt ;L
2(Q0,T )

∣∣∣∣∣∣=
= C37

( ∫
Q0,T

|uε|γ
′
dxdt

) 1
2
( ∫
Q0,T

|uε|γ
′−2|uεt |2 dxdt

)1
2 ≤ κ1

∫
Q0,T

|uε|γ
′−2|uεt |2 dxdt+ C38(κ1),

äå κ1 > 0, C38(κ1) > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä ε. Ç íåðiâíîñòi Þíãà (òóò çíîâó
1
γ + γ−2

2γ + 1
2 = 1), îòðèìà¹ìî îöiíêó

|fuεt | = |f | |uε|1−
γ′

2 |uε|
γ′

2 −1 |uεt | ≤ C39(κ2)(|f |γ + |uε|(1−
γ′

2 )
2γ
γ−2 ) + κ2|uε|γ

′−2|uεt |2 =

= κ2|uε|γ
′−2|uεt |2 + C39(κ2)(|f |γ + |uε|γ

′
),

äå κ2 > 0, C39(κ2) > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä ε.
Âðàõóâàâøè öi ïåðåòâîðåííÿ i âèêîðèñòàâøè (86) òà (88), ç (91) ìàòèìåìî∫

Q0,T

[( 1

γ − 1
−κ1−κ2

)
|uε|γ

′−2|uε|2+ a

2

(
|∇uε|2

)
t
+
g(x, t)(γ − 1)

q(x) + γ − 2

(
|uε|

q(x)+γ−2
γ−1

)
t

]
dxdt ≤

≤ C38(κ1,κ2)
(
1 +

∫
Q0,T

[
|f |γ + |uε|γ

′
]
dxdt

)
. (92)

Âèáðàâøè κ1,κ2 > 0 ìàëèìè i çiíòåãðóâàâøè ÷àñòèíàìè, çâiäñè îòðèìà¹ìî îöiíêó∫
Q0,T

|uε|γ
′−2|uεt |2 dxdt ≤ C40. (93)
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Òîìó ç (84) âèïëèâà¹, ùî∫
Q0,T

∣∣∣(|uε|γ′

2 −1uε
)
t

∣∣∣2 dxdt =
|γ′|2

4

∫
Q0,T

|uε|γ
′−2|uεt |2 dxdt ≤ C41. (94)

Êðiì òîãî, ∫
Q0,T

∣∣∣|uε|γ′

2 −1uε
∣∣∣2 dxdt =

∫
Q0,T

|uε|γ
′
dxdt ≤ C42, (95)

Íåõàé γ̂ = 4(γ−1)
3γ−4 . Òîäi ç ïðèïóùåííÿ γ > 2 ìàòèìåìî, ùî γ̂ ∈ (1, 2). Òîìó ç íåðiâíîñòi

Þíãà äëÿ ïàðàìåòðiâ 2
2−γ̂ ,

2
γ̂ > 1 îòðèìà¹ìî îöiíêó

|uεt |γ̂ = |uε|
γ̂(2−γ′)

2 |uε|
γ̂(γ′−2)

2 |uεt |γ̂ ≤ C43|uε|κ + |uε|γ
′−2|uεt |2,

äå κ = γ̂(2−γ′)
2

2
2−γ̂ = 2. Çâiäñè, ç (93) i (74) âèïëèâà¹ íåðiâíiñòü∫

Q0,T

|uεt |γ̂ dxdt ≤
∫

Q0,T

[
C43|uε|2 + |uε|γ

′−2|uεt |2
]
dxdt ≤ C44. (96)

Òóò C40 − C44 > 0 � ñòàëi, ÿêi íå çàëåæàòü âiä ε.
Ç îöiíîê (74), (93)�(96) âèïëèâà¹, ùî

|uεj |
γ′

2 −1uεj −→
j→∞

χ5 ñëàáêî â W 1,2(0, T ;L2(Ω)), (97)

uεj −→
j→∞

u ñëàáêî â W 1,γ̂(Q0,T ). (98)

Òîìó ç òåîðåìè Ðåëëiõà-Êîíäðàøîâà (äèâ. ëåìó 1.28 [1, c. 47]) i ç ëåìè 1.18 [1, c. 39]
îòðèìà¹ìî, ùî

uεj −→
j→∞

u ñèëüíî â Lγ̂(Q0,T ) òà ìàéæå ñêðiçü â Q0,T . (99)

Òîìó χ1 = |u|γ′−2u, χ2 = G(|u|γ′−2u), χ5 = |u|
γ′

2 −1u.
Ç (98) i òåîðåìè Îáåíà (òâåðäæåííÿ 3) ìàòèìåìî çáiæíiñòü

uεj −→
j→∞

u â ïðîñòîði C([0, T ];Lγ̂(Ω)). (100)

Îñêiëüêè γ̂ ∈ (1, 2), òî γ̂ > 1 ≥ γ′−1, òîáòî γ̂
γ′−1 = 4(γ−1)2

3γ−4 > 1. Îòîæ, âèêîðèñòàâøè

(29), îòðèìà¹ìî îöiíêó

|| |z1|γ
′−2z1 − |z2|γ

′−2z2;L
γ̂

γ′−1 (Ω)|| ≤ C45||z1 − z2;L
γ̂(Ω)||γ

′−1, (101)

äå C45 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä z1, z2 ∈ Lγ̂(Ω). Âðàõîâóþ÷è óìîâó (Ô), (100)

i (101), äîâîäèìî ðiâíiñòü χ3 = ϕ
(
E(|u|γ′−2u)

)
.

Êðîê 4. Íåõàé â (70) ε = εj , v ∈ H1
0 (Q0,T ) i ñïðÿìó¹ìî j → ∞. Îòðèìà¹ìî∫

Q0,T

[
−|u|γ

′−2u vt + a(∇u,∇w) +G(|u|γ
′−2u)v+ ϕ

(
E(|u|γ

′−2u)
)
v− fv

]
dxdt = 0. (102)
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Çi çáiæíîñòi (98) i óìîâ (69) âèïëèâà¹, ùî ôóíêöiÿ u çàäîâîëüíÿ¹ óìîâè (67). Îòæå,
u � ðîçâ'ÿçîê (66), (67), ïðè÷îìó u ∈ W 1,γ̂(Q0,T )∩L2(0, T ;H1

0 (Ω))∩C
(
[0, T ];Lγ̂(Ω)

)
∩

L
q(x)+γ−2

γ−1 (Q0,T ), |u|
γ′

2 −1u ∈ W 1,2(0, T ;L2(Ω)), |u|γ′−2u ∈ L2(γ−1)(Q0,T ). Îñêiëüêè

u = |u|γ−2u, òî |u|
γ′

2 −1u = |u|
γ
2−1u. Îòæå,

|u|
γ
2−1u ∈ W 1,2(0, T ;L2(Ω)).

Ç îöiíêè (101) âèïëèâà¹ âêëàäåííÿ

u ∈ C
(
[0, T ];L

γ̂
γ′−1 (Ω)

)
⊂ C([0, T ];L2(Ω)),

áî γ̂
γ′−1 = 2 +

4(γ−2)(γ− 3
2 )

3γ−4 > 2. Êðiì òîãî, ðiâíiñòü (102) ïðè íàøié çàìiíi âiäðàçó

ïåðåéäå â (8). Òåîðåìó 1 äîâåäåíî. �
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ON EXISTENCE IN GENERALIZED SOBOLEV SPACES
SOLUTIONS OF THE INITIAL-BOUNDARY VALUE PROBLEMS
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We consider nonlinear degenerate convection-di�usion equations perturbed
by a jump-di�usion operator arising from theory of European option. The
initial-boundary value problems for these equation are investigated and the
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Âèêîðèñòîâóþ÷è ðåçóëüòàòè ç ïåðøî¨ ÷àñòèíè, äîâåäåíî òåîðåìè ïðî
àñèìïòîòè÷íó ïîâåäiíêó ãîëîìîðôíî¨ ôóíêöi¨ öiëêîì ðåãóëÿðíîãî çðîñ-
òàííÿ â ïðîêîëåíié êîìïëåêñíié ïëîùèíi ïðè r → +∞ òà r → 0 ïîçà
äåÿêèìè E0-ìíîæèíàìè.

Êëþ÷îâi ñëîâà: ôóíêöiÿ öiëêîì ðåãóëÿðíîãî çðîñòàííÿ, iíäèêàòîð
çðîñòàííÿ, ôóíêöiÿ ñêií÷åííîãî λ-òèïó, âåðõíÿ âiäíîñíà ìiðà, êîåôiöi¹íòè
Ôóð'¹, ãîëîìîðôíà ôóíêöiÿ.

1. Îñíîâíi ðåçóëüòàòè. Öÿ ñòàòòÿ ¹ áåçïîñåðåäíiì ïðîäîâæåííÿì [1]. Ìè âè-
êîðèñòîâóâàòèìåìî òóò îçíà÷åííÿ òà ïîçíà÷åííÿ ââåäåíi ó ïåðøié ÷àñòèíi. Çîêðåìà,
íàãàäà¹ìî îçíà÷åííÿ âåðõíüî¨ âiäíîñíî¨ ìiðè ìíîæèíè E ⊂ (0,+∞) ([1])

m∗
0(E) = lim

r→∞

mes(E ∩ (1, r))

r
+ lim

r→∞

mes(E′ ∩ (1, r))

r
, äå E′ = {1

r
: r∈E ∩ (0, 1)}.

Ìíîæèíó E ç íóëüîâîþ âåðõíüîþ âiäíîñíîþ ìiðîþ íàçèâàòèìåìî E0-ìíîæèíîþ. Â
öié ÷àñòèíi ìè äîâîäèìî òåîðåìè ïðî àñèìïòîòè÷íó ïîâåäiíêó ãîëîìîðôíî¨ ôóíêöi¨
öiëêîì ðåãóëÿðíîãî çðîñòàííÿ â ïðîêîëåíié ïëîùèíi C∗ := C \ {0} ([2]) ïðè r → +∞
òà r → 0 ïîçà äåÿêèìè E0-ìíîæèíàìè. Îñíîâíèìè ðåçóëüòàòàìè ¹ òàêi òåîðåìè.

Òåîðåìà 5. Íåõàé f ∈ Λ0
H . Òîäi iñíóþòü E0-ìíîæèíè E

(1)
0 , E

(2)
0 òàêi, ùî âèêîíó-

¹òüñÿ

lim
r→∞
r ̸∈E

(1)
0

log |f(reiφ)|
λ(r)

= h1(φ, f), (1)

lim
r→∞
r ̸∈E

(2)
0

log |f( 1r e
iφ)|

λ(r)
= h2(φ, f). (2)

ðiâíîìiðíî äëÿ φ ∈ [0, 2π].

c⃝ Âèøèíñüêèé Î., Õðèñòiÿíèí À., 2016
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Òåîðåìà 6. Íåõàé f ∈ ΛH , ôóíêöiÿ λ(r) îïóêëà ñòîñîâíî log r òà iñíóþòü E0-

ìíîæèíè E
(1)
0 , E

(2)
0 , à òàêîæ äiéñíi ôóíêöi¨ H1(φ), H2(φ) íà [0, 2π] òàêi, ùî

lim
r→∞
r ̸∈E

(1)
0

log |f(reiφ)|
λ(r)

= H1(φ), lim
r→∞
r ̸∈E

(2)
0

log |f( 1r e
iφ)|

λ(r)
= H2(φ), (3)

ðiâíîìiðíî äëÿ φ ∈ [0, 2π]. Òîäi f ∈ Λ0
H i

h1(φ, f) = H1(φ), h2(φ, f) = H2(φ) (4)

äëÿ âñiõ φ ∈ [0, 2π].

2. Äîïîìiæíi ïîíÿòòÿ òà ðåçóëüòàòè. Íåõàé f ãîëîìîðôíà ôóíêöiÿ â ïðî-
êîëåíié ïëîùèíi C∗, âiäìiííà âiä òîòîæíîãî íóëÿ. Ìè âæèâàòèìåìî äåùî ìîäè-

ôiêîâàíi ïîçíà÷åííÿ ç [3], [4] òà [5]. À ñàìå, ÷åðåç n
(1)
0 (t, f), n

(2)
0 (t, f) òà n0(T, f)

ïîçíà÷èìî êiëüêiñòü íóëiâ aj ôóíêöi¨ f ç óðàõóâàííÿì ¨õíüî¨ êðàòíîñòi âiäïîâiäíî â
{z : 1< |z|6 t}, {z : 1

t 6 |z|<1}, t > 1, òà íà îäèíè÷íîìó êîëi T = {z : |z| = 1}. Òàêîæ
íåõàé

N
(i)
0 (r, f) =

r∫
1

n
(i)
0 (t, f)

t
dt, i = 1, 2.

Äëÿ äîâiëüíîãî öiëîãî k ̸= 0 ïðèéìåìî n
(1)
k (t, f) =

∑
1<|aj |6t

e−ikγj , n
(2)
k (t, f) =∑

1
t6|aj |<1

e−ikγj , nk(T, f) =
∑

|aj |=1

e−ikγj , äå γj = arg aj , à òàêîæ

N
(i)
k (r, f) =

r∫
1

n
(i)
k (t, f)

t
dt, i = 1, 2.

Çàóâàæåííÿ 3. Âèêîðèñòîâóþ÷è âëàñòèâiñòü iíòåãðàëà Ñòiëüòü¹ñà ([6], ñ. 217-218)
ìîæåìî çàïèñàòè

r∫
1

dn
(1)
k (t, f)

tk
=

∑
1<|aj |6r

e−ikγj

|aj |k
,

r∫
1

dn
(2)
k (t, f)

tk
=

∑
1
r6|aj |<1

e−ikγj |aj |k,

r∫
1

tkdn
(1)
k (t, f) =

∑
1<|aj |6r

e−ikγj |aj |k,
r∫

1

tkdn
(2)
k (t, f) =

∑
1
r6|aj |<1

e−ikγj

|aj |k
.

Íàãàäà¹ìî, ùî ïiä ôóíêöi¹þ çðîñòàííÿ ìè ðîçóìi¹ìî äîäàòíó, íåñïàäíó, íåïå-
ðåðâíó, íåîáìåæåíó ôóíêöiþ λ. Ìè ðîçãëÿäà¹ìî òàê çâàíi ôóíêöi¨ ïîìiðíîãî çðîñ-
òàííÿ, òîáòî òàêi ôóíêöi¨ çðîñòàííÿ äëÿ ÿêèõ (∃M > 0) (∀r > 1) : λ(2r) 6 Mλ(r).

Îçíà÷åííÿ 5. Êëàñ ôóíêöié Λ◦
H áóäåìî íàçèâàòè òðèâiàëüíèì, ÿêùî äëÿ âñiõ

ôóíêöié ç öüîãî êëàñó iíäèêàòîðè h1 ≡ 0, h2 ≡ 0. Â iíøîìó âèïàäêó áóäåìî êàçàòè,

ùî êëàñ Λ◦
H ¹ íåòðèâiàëüíèì.

Ôóíêöi¨ çðîñòàííÿ λ(r) òà λ̃(r), äëÿ ÿêèõ λ(r)/λ̃(r) → 1 ïðè r → +∞ áóäåìî
ââàæàòè åêâiâàëåíòíèìè é îòîòîæíþâàòè.
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Ëåìà 1. Äëÿ òîãî, ùîá êëàñ Λ◦
H áóâ íåòðèâiàëüíèì, äîñòàòíüî, ùîá ôóíêöiÿ çðîñ-

òàííÿ λ(r) áóëà åêâiâàëåíòíîþ äî äåÿêî¨ îïóêëî¨ ñòîñîâíî log r ôóíêöi¨ çðîñòàííÿ.

Äîâåäåííÿ. Íåõàé ôóíêöiÿ çðîñòàííÿ λ(r) åêâiâàëåíòíà äî äåÿêî¨ îïóêëî¨ ñòîñîâíî
log r ôóíêöi¨ çðîñòàííÿ. Íå çìåíøóþ÷è çàãàëüíîñòi, ìîæåìî ââàæàòè, ùî ôóíê-
öiÿ λ âèçíà÷åíà ïðè r > 0. Â òàêîìó âèïàäêó íåòðèâiàëüíèì áóäå êëàñ Λ◦

E öiëèõ
ôóíêöié öiëêîì ðåãóëÿðíîãî çðîñòàííÿ (äèâ. [7] àáî [8, c. 85]), à îòæå, iñíóâàòèìå
öiëà ôóíêöiÿ f äëÿ ÿêî¨ iíäèêàòîð h1 ̸≡ 0. Êîæíà öiëà ôóíêöiÿ öiëêîì ðåãóëÿðíîãî
çðîñòàííÿ ñòîñîâíî λ â êëàñè÷íîìó ðîçóìiííi [8], [9] áóäå òàêîæ ôóíêöi¹þ öiëêîì
ðåãóëÿðíîãî çðîñòàííÿ i â ïðîêîëåíié ïëîùèíi C∗. Ñïðàâäi, ÿêùî T (r, f) ¨¨ êëàñè÷íà
õàðàêòåðèñòèêà Íåâàíëiííè [10], òî ñïðàâäæó¹òüñÿ íåðiâíiñòü T0(r, f) 6 T (r, f) äëÿ

âñiõ r > 1 (äèâ. [3]). Êðiì òîãî, iñíóâàòèìóòü ãðàíèöi lim
r→∞

ck(
1
r ,f)

λ(r) = 0 äëÿ âñiõ k ∈ Z.
À îòæå, f çàäîâîëüíÿòèìå Îçíà÷åííÿ 2 ç ïåðøî¨ ÷àñòèíè öi¹¨ ïðàöi. Ó öüîìó âèïàäêó
ãîëîìîðôíà ó C∗ ôóíêöiÿ f(1/z) òàêîæ íàëåæàòèìå äî êëàñó Λ◦

H ç iíäèêàòîðîì
h2 ̸≡ 0. �

Ëåìà 2. Íåõàé λ(r) ôóíêöiÿ ïîìiðíîãî çðîñòàííÿ îïóêëà ñòîñîâíî log r. Íåõàé
1<γ<2. Òîäi

sup
r>1

λ(γr)

λ(r)
6 1 +M3(γ − 1).

Äîâåäåííÿ öi¹¨ ëåìè ¹ àíàëîãi÷íèì äî äîâåäåííÿ Ëåìè 7.2 ç [8, ñò. 81], [11].

Ëåìà 3. Íåõàé f ∈ ΛH . Òîäi

∀k ∈ Z ∃Ak ∀γ ∈ (1, 2) ∀r > 1 :

∣∣∣∣ck(γr, f)− ck(r, f)

∣∣∣∣ 6 Ak(γ − 1)λ(r).

Ëåìà 4. Íåõàé f ∈ ΛH . Òîäi

∀k ∈ Z ∃Ak ∀γ ∈ (1, 2) ∀r > 1 :

∣∣∣∣ck ( 1

γr
, f

)
− ck

(
1

r
, f

) ∣∣∣∣ 6 Ak(γ − 1)λ(r).

Äîâåäåííÿ öèõ äâîõ ëåì ìè ïîäà¹ìî íèæ÷å.

3. Äîâåäåííÿ ëåìè 3. Îñêiëüêè f ∈ ΛH , òî (∃A > 0) (∀r > 1) (∀k ∈ Z) :
|ck(2r, f)|6Aλ(r), n0(2r, f)6Aλ(r).

Ñïî÷àòêó ðîçãëÿíåìî âèïàäîê k = 0. Íàì çíàäîáèòüñÿ òàêà ôîðìóëà, ÿêó ìîæ-
íà çíàéòè â äîâåäåííi àíàëîãà ôîðìóëè �íñåíà äëÿ êiëüöÿ ç ðîáîòè [3]

N
(1)
0 (r, f) +

1

2
n0(T, f) log r = c0(r, f)− c0(1, f) + αf log r, (5)

äå T = {z : |z| = 1}, αf � ñòàëà, ÿêà íå çàëåæèòü âiä r. Ìà¹ìî

N
(1)
0 (γr, f)−N

(1)
0 (r, f) =

γr∫
r

n
(1)
0 (t, f)

t
dt 6 n

(1)
0 (γr, f) log γ 6 A(γ − 1)λ(r). (6)

Òîìó, âèêîðèñòîâóþ÷è (5), îòðèìó¹ìî

|c0(γr, f)− c0(r, f)| ≤ A(γ − 1)λ(r) +
1

2
(n0(T, f) + |αf |) log γ ≤ B(γ − 1)λ(r),
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äå B = A+
n0(T,f)+|αf |

2λ(1) .

Ïðè k ∈ N, âèêîðèñòîâóþ÷è âèðàçè äëÿ êîåôiöi¹íòiâ Ôóð'¹ ([4])

ck(r, f) =
1

2
(αkr

k + α−kr
−k) +

1

2k

∑
1<|aj |6r

( r

aj

)k

−

(
aj
r

)k
− nk(T, f)

2krk
, r > 1,

îòðèìó¹ìî

ck(γr, f)

γk
− ck(r, f) =

1

2γk

(
αk(γr)

k +
α−k

(γr)k

)
+

1

2kγk

∑
1<|aj |6γr

(γr

aj

)k

−

(
aj
γr

)k
−

−nk(T, f)
2kγ2krk

− 1

2
(αkr

k + α−kr
−k)− 1

2k

∑
1<|aj |6r

( r

aj

)k

−

(
aj
r

)k
+

nk(T, f)
2krk

=

=
kα−k − nk(T, f)

2krk

(
1

γ2k
− 1

)
− 1

2kγ2k

∑
r<|aj |6γr

(
aj
r

)k

−

− 1

2k

(
1

γ2k
− 1

) ∑
1<|aj |6r

(
aj
r

)k

+
1

2k

∑
r<|aj |6γr

(
r

aj

)k

.

(7)

Âðàõîâóþ÷è, ùî

γs − 1 6 2s · (γ − 1), (8)

ïðè 1 < γ < 2 òà s ∈ N, îöiíèìî ñóìè ç ïðàâî¨ ÷àñòèíè (7). Ìà¹ìî∣∣∣∣ 12k
(

1

γ2k
− 1

) ∑
1<|aj |6r

(
aj
r

)k ∣∣∣∣ 6 1

2k

γ2k − 1

γ2k
n
(1)
0 (r, f) =

=
1

2k

(γk + 1)(γk − 1)

γ2k
n
(1)
0 (r, f) <

γk − 1

2k
n
(1)
0 (r, f) < 2k(γ − 1)Aλ(r),

(9)

à òàêîæ, âèêîðèñòîâóþ÷è çîáðàæåííÿ ñóì iíòåãðàëàìè Ñòiëòü¹ñà (äèâ. Çàóâàæåí-
íÿ 3) òà iíòåãðóþ÷è ÷àñòèíàìè

1

2k

∣∣∣∣ ∑
r<|aj |6γr

(
r

aj

)k

− 1

γ2k

∑
r<|aj |6γr

(
aj
r

)k ∣∣∣∣ =
=

1

2k

∣∣∣∣rk
γr∫
r

dn
(1)
k (r, f)

tk
− 1

rkγ2k

γr∫
r

tkdn
(1)
k (r, f)

∣∣∣∣ =
=

1

2k

∣∣∣∣∣rk
n

(1)
k (t, f)

tk

∣∣∣∣γr
r

+ k

γr∫
r

n
(1)
k (r, f)

tk+1
dt

−

− 1

rkγ2k

 tkn
(1)
k (t, f)

∣∣∣∣∣
γr

r

− k

γr∫
r

tk−1n
(1)
k (r, f)dt

∣∣∣∣∣ 6
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6 1

2k

(
1− 1

γ2k

)
n
(1)
0 (r, f) +

rk

2k
n
(1)
0 (γr, f)

(
1

rk
− 1

(γr)k

)
+

1

2k
n
(1)
0 (γr, f)

γk − 1

γ2k
=

=
1

2k

(
1− 1

γ2k

)
n
(1)
0 (r, f) +

1

2k

(
1− 1

γk

)
n
(1)
0 (γr, f) +

1

2k

(
1

γk
− 1

γ2k

)
n
(1)
0 (γr, f) =

=
1

2k

(
1− 1

γ2k

)
(n

(1)
0 (r, f)+n

(1)
0 (γr, f)) 6 1

k
n
(1)
0 (γr, f)

γ2k − 1

γ2k
< 2k(γ− 1)Aλ(r). (10)

Íàðåøòi,∣∣∣∣kα−k − nk(T, f)
2krk

(
1

γ2k
− 1

)∣∣∣∣ 6 |α−k|+ n0(T, f)
2

2k(γ−1) 6 |α−k|+ n0(T, f)
2λ(1)

2k(γ−1)λ(r).

(11)
Òîäi ç (7), çâàæàþ÷è íà (9) � (11), îòðèìó¹ìî

1

γk

∣∣∣∣ck(γr, f)− γkck(r, f)

∣∣∣∣ 6 (2A+
|α−k|
2λ(1)

)
2k(γ − 1)Aλ(r).

Îñêiëüêè

|ck(γr, f)− ck(r, f)| 6 (γk − 1)|ck(r, f)|+ |ck(γr, f)− γkck(r, f)|,
òî

|ck(γr, f)− ck(r, f)| 6 2k(γ − 1)Aλ(r)+

+

(
2A+

|α−k|+ n0(T, f)
2λ(1)

)
22k(γ − 1)Aλ(r) = (γ − 1)Akλ(r),

äå Ak = 2kA+
(
2A+ |α−k|+n0(T,f)

2λ(1)

)
22k.

Ïðè k ∈ Z âèêîðèñòîâó¹ìî âëàñòèâiñòü c−k(r, f) = ck(r, f).
2

4. Äîâåäåííÿ Ëåìè 4. Äîâåäåííÿ öi¹¨ ëåìè çà ñâî¹þ ñòðóêòóðîþ íàãàäó¹
äîâåäåííÿ Ëåìè 3 iç âèêîðèñòàííÿì âiäïîâiäíèõ ñïiââiäíîøåíü i ðåçóëüòàòiâ äëÿ
âèïàäêó |z| < 1.

Îñêiëüêè f ∈ΛH , òî (∃A> 0) (∀r > 1) (∀k ∈ Z) : |ck( 1
γr , f)|6Aλ(r), n0(γr, f)6

Aλ(r).
Äëÿ âèïàäêó k = 0 âèêîðèñòà¹ìî òàêå ñïiââiäíîøåííÿ, ÿêå ìîæíà çíàéòè â

äîâåäåííi àíàëîãà ôîðìóëè �íñåíà äëÿ êiëüöÿ ç [3]

N
(2)
0 (r, f)− 1

2
n0(T, f) log r = c0

(
1

r
, f

)
− c0(1, f)− αf log r, r > 1, (12)

äå αf � ñòàëà, ÿêà íå çàëåæèòü âiä r. Àíàëîãi÷íî äî (6) îäåðæó¹ìî

N
(2)
0 (γr, f)−N

(2)
0 (r, f) =

γr∫
r

n
(2)
0 (t, f)

t
dt 6 A(γ − 1)λ(r).

Ç (12) îòðèìó¹ìî∣∣∣∣c0( 1

γr
, f

)
− c0

(
1

r
, f

)∣∣∣∣ ≤ A(γ − 1)λ(r) +
1

2
(n0(T, f) + |αf |) log γ ≤ B(γ − 1)λ(r),

äå B = A+
n0(T,f)+|αf |

2λ(1) .
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Ïðè k ∈ N, âèêîðèñòîâóþ÷è âèðàçè äëÿ êîåôiöi¹íòiâ Ôóð'¹ [4]

ck

(
1

r
, f

)
=

1

2
(αkr

−k +α−kr
k)+

1

2k

∑
1
r6|aj |<1

(ajr)
k −

(
1

ajr

)k
− nk(T, f)

2kr−k
, r > 1,

îòðèìó¹ìî

ck(
1
γr , f)

γk
−ck(

1

r
, f) =

αk(γr)
−k + α−k(γr)

k

2γk
+

1

2kγk

∑
1
γr6|aj |<1

(
(ajγr)

k −
(

1

ajγr

)k
)
−

−nk(T, f)
2kr−k

− 1

2
(αkr

−k + α−kr
k)− 1

2k

∑
1
r6|aj |<1

(ajr)
k −

(
1

ajr

)k
+

nk(T, f)
2kr−k

− =

=
αkr

−k

2

(
1

γ2k
− 1

)
+

1

2k

∑
1
γr6|aj |< 1

r

(ajr)
k+

+
1

2k

(
1− 1

γ2k

) ∑
1
r6|aj | <1

(
1

ajr

)k

− 1

2kγ2k

∑
1
γr6|aj |< 1

r

(
1

ajr

)k

. (13)

Îöiíèìî ñóìè ç ïðàâî¨ ÷àñòèíè (13). Âèêîðèñòîâóþ÷è (8), à òàêîæ ñêií÷åííiñòü λ-
òèïó, ìà¹ìî∣∣∣∣∣ 12k

(
1

γ2k
− 1

) ∑
1
r6|aj |<1

(
1

ajr

)k
∣∣∣∣∣ 6 1

2k

γ2k − 1

γ2k
n
(2)
0 (r, f) < 2k(γ − 1)Aλ(r). (14)

Çîáðàæóþ÷è ñóìè iíòåãðàëàìè Ñòiëüòü¹ñà, êîðèñòóþ÷èñü Çàóâàæåííÿì 3 òà çàñòî-
ñîâóþ÷è iíòåãðóâàííÿ ÷àñòèíàìè, îòðèìó¹ìî

1

2k

∣∣∣∣∣ ∑
1
γr6|aj |< 1

r

(ajr)
k − 1

γ2k

∑
1
γr6|aj |< 1

r

(
1

ajr

)k
∣∣∣∣∣ =

=
1

2k

∣∣∣∣∣rk
γr∫
r

dn
(2)
k (r, f)

tk
− 1

rkγ2k

γr∫
r

tkdn
(2)
k (r, f)

∣∣∣∣∣ =
=

1

2k

∣∣∣∣∣rk
n

(2)
k (t, f)

tk

∣∣∣∣γr
r

+ k

γr∫
r

n
(2)
k (r, f)

tk+1
dt

−

− 1

rkγ2k

 tkn
(2)
k (t, f)

∣∣∣∣∣
γr

r

− k

γr∫
r

tk−1n
(2)
k (r, f)dt

∣∣∣∣∣ 6
6 1

2k

(
1− 1

γ2k

)
n
(2)
0 (r, f) +

rk

2k
n
(2)
0 (γr, f)

(
1

rk
− 1

(γr)k

)
+

1

2k
n
(2)
0 (γr, f)

γk − 1

γ2k
6

=
1

2k

(
1− 1

γ2k

)
(n

(2)
0 (r, f)+n

(2)
0 (γr, f)) 6 1

k
n
(2)
0 (γr, f)

γ2k − 1

γ2k
< 2k(γ−1)Aλ(r). (15)
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Íàðåøòi, ∣∣∣∣αkr
−k

2

(
1

γ2k
− 1

)∣∣∣∣ ≤ |αk|
2rk

γ2k − 1

γ2k
≤ |αk|

2λ(1)
2k(γ − 1)λ(r). (16)

Òîäi ç (14) � (16) îòðèìó¹ìî 1
γk

∣∣∣∣ck( 1
γr , f)− γkck(

1
r , f)

∣∣∣∣ 6 (2A+ |ak|
2λ(1) )2

k(γ − 1)Aλ(r).

Àëå îñêiëüêè∣∣∣∣ck ( 1

γr
, f

)
− ck

(
1

r
, f

)∣∣∣∣ 6 (γk − 1)

∣∣∣∣ck (1

r
, f

)∣∣∣∣+ ∣∣∣∣ck ( 1

γr
, f

)
− γkck

(
1

r
, f

)∣∣∣∣ ,
òî ∣∣∣∣ck ( 1

γr
, f

)
− ck

(
1

r
, f

)∣∣∣∣ 6 2k(γ − 1)Aλ(r)+

+

(
2A+

|ak|
2λ(1)

)
22k(γ − 1)Aλ(r) = Ak(γ − 1)λ(r),

äå Ak = 2kA+ (2A+ |ak|
2λ(1) )2

2k.

Äëÿ îòðèìàííÿ áàæàíîãî ðåçóëüòàòó äëÿ âiä'¹ìíèõ öiëèõ k âèêîðèñòîâó¹ìî

ðiâíiñòü c−k(
1
r , f) = ck(

1
r , f).

2

5. Äîâåäåííÿ Òåîðåìè 5. Íåõàé z = reiφ. Çà òåîðåìîþ ïðî îäíîñòàéíó íå-
ïåðåðâíiñòü [1, Òåîðåìà 3], ìà¹ìî (∀η > 0) (∃Eη) : m

∗
0(Eη) 6 η òàêå, ùî ïðè r ̸∈ Eη,

r>1 ñiì'ÿ ôóíêöié h
(1)
r (φ) := log |f(reiφ)|

λ(r) ¹ îäíîñòàéíî íåïåðåðâíîþ. Âðàõîâóþ÷è íå-

ïåðåðâíiñòü iíäèêàòîðà h1 [1, Òåîðåìà 1], îòðèìó¹ìî, ùî (∀ε > 0) (∃δ > 0) (∀η > 0)
(∀r ̸∈ Eη) (∀θ, φ) :

|θ−φ| < δ →
∣∣|h(1)

r (φ)−h1(φ)|−|h(1)
r (θ)−h1(θ)|

∣∣ < |h(1)
r (φ)−h(1)

r (θ)|+|h1(φ)−h1(θ)| <
ε

2
.

Çâiäñè

|h(1)
r (φ)− h1(φ)| < |h(1)

r (θ)− h1(θ)|+
ε

2
.

Iíòåãðóþ÷è îñòàííþ íåðiâíiñòü ñòîñîâíî θ íà [φ,φ+ δ], îäåðæèìî

|h(1)
r (φ)− h1(φ)| <

1

δ

φ+δ∫
φ

|h(1)
r (θ)− h1(θ)|dθ +

ε

2
<

1

δ

2π∫
0

|h(1)
r (θ)− h1(θ)|dθ +

ε

2
. (17)

Îñêiëüêè f ∈ Λ◦
H , òî, çâàæàþ÷è íà ([5], Òåîðåìà 1, p = 1), ðîáèìî âèñíîâîê, ùî

ïðàâèëüíà ðiâíiñòü

lim
r→∞

2π∫
0

∣∣∣∣ log |f(reiθ)|λ(r)
− h1(θ)

∣∣∣∣dθ = 0,

òîìó

(∃rε > 1) (∀r ∈ (rε,+∞) \ Eη) :
1

δ

2π∫
0

|h(1)
r (θ)− h1(θ)|dθ <

ε

2
.
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Îòæå, lim
r→∞
r ̸∈Eη

h
(1)
r (φ) = h1(φ) äëÿ êîæíîãî φ ∈ [0, 2π]. Âèêîðèñòîâóþ÷è ìiðêóâàí-

íÿ íàâåäåíi ó [12, ñ.185-186, ï.3], îòðèìó¹ìî iñíóâàííÿ E0-ìíîæèíè E
(1)
0 òàêî¨, ùî

lim
r→∞
r ̸∈E

(1)
0

h
(1)
r (φ) = h1(φ) ðiâíîìiðíî ñòîñîâíî φ ∈ [0, 2π].

Íåõàé òåïåð z = 1
r e

iφ. Çàñòîñîâóþ÷è ëåìó ïðî îäíîñòàéíó íåïåðåðâíiñòü äëÿ
öüîãî âèïàäêó [1, Òåîðåìà 4], ìà¹ìî (∀µ > 0) (∃Eµ) : m∗

0(Eµ) 6 µ òàêå, ùî ïðè

r ̸∈ Eµ, r > 1 ñiì'ÿ ôóíêöié h
(2)
r (φ) :=

log |f( 1
r e

iφ)|
λ(r) áóäå îäíîñòàéíî íåïåðåðâíîþ.

Äàëi ìiðêó¹ìî àíàëîãi÷íî ÿê ó âèïàäêó äîâåäåííÿ ïåðøî¨ ÷àñòèíè òåîðåìè, âèêî-
ðèñòîâóþ÷è íåïåðåðâíiñòü iíäèêàòîðà h2 [1, Òåîðåìà 2], iíòåãðóþ÷è òà çàñòîñîâóþ÷è
ðåçóëüòàò ç [2] (Òåîðåìà 2, q = 1)

lim
r→∞

2π∫
0

∣∣∣∣ log |f( 1r eiθ)|λ(r)
− h2(θ)

∣∣∣∣dθ = 0

îòðèìó¹ìî ñïî÷àòêó, ùî lim
r→∞
r ̸∈Eµ

h
(2)
r (φ) = h2(φ, f) äëÿ êîæíîãî φ ∈ [0, 2π], à ïîòiì é

iñíóâàííÿ E0-ìíîæèíè E
(2)
0 òàêî¨, ùî lim

r→∞
r ̸∈E

(2)
0

h
(2)
r (φ) = h2(φ, f) ðiâíîìiðíî ñòîñîâíî

φ ∈ [0, 2π], çàñòîñîâóþ÷è òîé ñàìèé ìåòîä ç [12, ñ.185-186, ï.3], ùî é ó âèïàäêó
z = reiθ.

2

6. Äîâåäåííÿ Òåîðåìè 6. Íåõàé λ(r) � ôóíêöiÿ çðîñòàííÿ, îïóêëà ñòîñîâíî
log r. Òîäi çà Ëåìîþ 1 êëàñ Λ◦

H ¹ íåòðèâiàëüíèì. Íåõàé f ∈ Λ◦
H . Ïðèïóñòèìî, ùî

âèêîíó¹òüñÿ (3), òîáòî

∀ε > 0 ∃r′ > 1 ∀r ∈ (r′,+∞) \ E1
0 ∀φ ∈ [0, 2π] :

∣∣∣∣ log |f(reiφ)|λ(r)
−H1(φ)

∣∣∣∣ < ε,

∀ε > 0 ∃r′′ > 1 ∀r ∈ (r′′,+∞) \ E2
0 ∀φ ∈ [0, 2π] :

∣∣∣∣ log |f( 1r eiφ)|λ(r)
−H2(φ)

∣∣∣∣ < ε.

Öi íåðiâíîñòi ìîæíà ïåðåïèñàòè ó âèãëÿäi

H1(φ)− ε <
log |f(reiφ)|

λ(r)
< H1(φ) + ε, H2(φ)− ε <

log |f( 1r e
iφ)|

λ(r)
< H2(φ) + ε.

Iíòåãðóþ÷è öi íåðiâíîñòi ñòîñîâíî φ ïî [0, 2π], ìàòèìåìî

1

2π

2π∫
0

H1(φ)e
−ikφ dφ− ε <

1

λ(r)

1

2π

2π∫
0

log |f(reiφ)|e−ikφ dφ <
1

2π

2π∫
0

H1(φ)e
−ikφ dφ+ ε,

1

2π

2π∫
0

H2(φ)e
−ikφ dφ−ε <

1

λ(r)

1

2π

2π∫
0

log

∣∣∣∣f (1

r
eiφ
)∣∣∣∣ e−ikφ dφ <

1

2π

2π∫
0

H2(φ)e
−ikφ dφ+ε.
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Çâiäñè, ïîçíà÷èâøè êîåôiöi¹íòè Ôóð'¹ ôóíêöi¨ H1(φ) ÷åðåç b
(1)
k , à êîåôiöi¹íòè Ôóð'¹

ôóíêöi¨ H2(φ) ÷åðåç b
(2)
k , îòðèìà¹ìî∣∣∣∣ck(r, f)λ(r)

− b
(1)
k

∣∣∣∣ < ε,

∣∣∣∣ck( 1r , f)λ(r)
− b

(2)
k

∣∣∣∣ < ε.

À îòæå,

lim
r→∞
r ̸∈E

(1)
0

ck(r, f)

λ(r)
= b

(1)
k , lim

r→∞
r ̸∈E

(2)
0

ck(
1
r , f)

λ(r)
= b

(2)
k .

Çîêðåìà,

∀ε > 0 ∀γ > 1(γr ̸∈ E
(1)
0 ) ∀r > r1 = r1(ε) ∀k ∈ Z : |ck(γr, f)− b

(1)
k λ(γr)| < ελ(r),

(18)

∀ε > 0 ∀γ > 1(γr ̸∈ E
(2)
0 ) ∀r > r2 = r2(ε) ∀k ∈ Z : |ck(

1

γr
, f)− b

(2)
k λ(γr)| < ελ(r).

(19)
Ç îçíà÷åííÿ E0-ìíîæèíè âèïëèâà¹, ùî äëÿ äîâiëüíîãî γ0 òàêîãî, ùî 1 < γ0 < 2

çíàéäåòüñÿ r3 = r3(γ0) òàêå, ùî ïðè E
(1)
0 ∋ r > r3 iñíó¹ γ, 1 < γ 6 γ0, äëÿ ÿêîãî

γr ̸∈ E
(1)
0 . Îòæå, ïðè E

(1)
0 ∋ r > r′0 := max{r1, r3}, âèêîðèñòîâóþ÷è (18), Ëåìè 2, 3,

à òàêîæ ïîïåðåäí¹ çàóâàæåííÿ, äëÿ ôiêñîâàíîãî k ∈ Z çíàõîäèìî

|ck(r, f)− b
(1)
k λ(r)| 6 |ck(γr, f)− b

(1)
k λ(γr)|+ |ck(γr, f)− ck(r, f)|+ |b(1)k ||λ(γr)−λ(r)| 6

6 Mελ(r) +Ak(γ0 − 1)λ(r) + |b(1)k |M3(γ0 − 1)λ(r).

Çâiäñè âèïëèâà¹, ùî limr→∞
ck(r,f)
λ(r) = b

(1)
k , k ∈ Z.

Àíàëîãi÷íî äëÿ äîâiëüíîãî γ0∈(1, 2) çíàéäåòüñÿ r4=r4(γ0) òàêå, ùî ïðè E
(2)
0 ∋

r > r4 iñíó¹ γ, 1 < γ 6 γ0, äëÿ ÿêîãî γr ̸∈ E
(2)
0 . À îòæå, ïðè E

(2)
0 ∋ r > r′′0 :=

max{r2, r4}, âèêîðèñòîâóþ÷è (19), Ëåìè 2, 4 äëÿ ôiêñîâàíîãî k ∈ Z îòðèìó¹ìî∣∣∣∣ck(1

r
, f

)
− b

(2)
k λ(r)

∣∣∣∣6 ∣∣∣∣ck( 1

γr
, f

)
− b

(2)
k λ(γr)

∣∣∣∣+ ∣∣∣∣ck ( 1

γr
, f

)
− ck

(
1

r
, f

)∣∣∣∣+
+|b(2)k ||λ(γr)− λ(r)| 6 Mελ(r) +Ak(γ0 − 1)λ(r) + |b(2)k |M3(γ0 − 1)λ(r).

Òîìó

lim
r→∞

ck(
1
r , f)

λ(r)
= b

(2)
k , k ∈ Z.

Ïðèãàäóþ÷è îçíà÷åííÿ ôóíêöi¨ öiëêîì ðåãóëÿðíîãî çðîñòàííÿ, ðîáèìî âèñíîâîê, ùî
f ∈ Λ0

H . Íà ïiäñòàâi íåïåðåðâíîñòi H1, H2 îòðèìó¹ìî âèêîíàííÿ (4).
2
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A class of degenerated second order elliptic-parabolic equations of non-
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1. Introduction. Let Ω be a bounded domain in Rn with the boundary ∂Ω ⊂ C2,
let Ω × (0;T ) be the cylinder, where T ∈ (0;∞). Let us consider in QT the boundary
value problem

lu =

n∑
i,j=1

aij(x, t)uij + ψ(x, t)utt − ut = f(x, t), (1)

u|Γ(QT ) = 0, (2)

where for i, j ∈ {1, . . . , n}, uij =
∂2u

∂xi∂xj
, ui =

∂u
∂xi

,

Γ(QT ) = (∂Ω×[0, T ])∪(Ω×(x, t) : t = 0) is parabolic boundary ofQT , and

Ψ(x, t) = ω(x)λ(t)φ(T − t), (3)

where ω(x)∈Ap satis�es the condition of Muckenhoupt (see [8]),

λ(t)>0, λ(t)∈C1[0, T ], φ(z)>0, φ8(z)>0, φ(z)∈C1[0, T ], φ(0) = φ8(0) = 0, φ(z)>βzφ8(z),

here β is a positive constant.
Assume that for the coe�cients of the operator ???? the following conditions hold:
If ∥aij(x, t)∥ is a real symmetrical matrix with elements measurable in QT for every

(x, t)∈QT and ξ∈Rn then the inequalities

c⃝ Gadjiev T., Aliev S., Gasanova G., 2016
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γω(x)|ξ|26
n∑

i,j=1

aij(x, t)ξiξj6γ−1ω(x)|ξ|2 (4)

hold, where γ is a constant from the interval [0, 1].
The purpose of this paper is to obtain a coercive estimation for problem (1)�(2) in

an appropriate Sobolev space.
The obtained estimation can be used when proving a unique strong (almost

everywhere) solvability of the �rst boundary value problem (1)�(2) at every

f(x, t)∈L2(QT ).

The theory of degenerated elliptic-parabolic equations ascends to the classical paper
by Keldysh [1] in which the correct statements of the boundary value problems for the
equations of kind (1) with one space variable were found. G.Fickera [2] has established a
weak solvability of the �rst boundary value problem for a wide class of the second order
equations with the non-negative characteristic form (see also [3]). As to strong solvability
of the �rst boundary value problem for elliptic-parabolic equations in the non-divergent
form with smooth coe�cients, we shall note in this connection the papers [4-6]. The
similar result for the equations of kind (1) is the case when the coe�cients satisfy the
Cordes condition is obtained in [7].

The paper is organized as follows. In Section 2 we present some de�nitions and
preliminary results. In Section 3 we give main results.

2. De�nitions and preliminary results. For R > 0 and x0∈Ω we denote the ball
{x : |x−x0| < R} by BR(x0) and the cylinder BR(x

0)×(0, T ) by QRT (x
0). Let BR(x

0)⊂Ω.

We say that u(x, t)∈A(QRT (x0)) if u(x, t)∈C∞(Q
R

T (x
0)), u|t=0 = 0 and suppu∈QρT (x0) for

some ρ∈(0, R).
We say that u(x, t)∈A1(Q

R
T (x

0)) if u(x, t)∈C∞(Q
R

T (x
0)), u|t=0 = 0. Finally,

u(x, t)∈B(QRT (x
0)) if u(x, t)∈A(QRT (x0)) and u|t=T = ut|t=T = 0. In the sequel,

the notation C(·) shows that a positive constants C depends only on the contents of
brackets.

Let us introduce the Banach spaces of the functions u(x, t) given on QT with �nite
norms

∥u∥w1
2,ω(QT )

= (
∫
QT
ω(x)(u2 +

∑n
i=1u

2
xi)dxdt)

1
2 ,

∥u∥w2
2,ω(QT )

= (
∫
QT
ω(x)(u2 +

∑n
i=1u

2
xi +

∑n
i,j=1u

2
xixi)dxdt)

1
2 ,

∥u∥w2,1
2 (QT )

= ∥u∥w2
2,ω(QT )

+ ∥ut∥L2(QT )
,

∥u∥w2,2
2,ψ(QT )

=

(
∫
QT

(ω(x)(u2 +
∑n
i=1u

2
xi +

∑n
i,j=1u

2
xixi) + u2t + ψ2(x, t)u2tt + ψ(x, t)

∑n
i=1u

2
tt)dxdt)

1
2 ,

∥u∥w1,1
2,ψ(QT )

= (
∫
QT

(ω(x)(u2 +
∑n
i=1u

2
xi) + u2t + ψ2(x, t)u2tt)dxdt)

1
2 .

Suppose that ẇ1,1
2,ψ(QT ) is a subspace of the space w1,1

2,ψ(QT ) that contains the set of all

functions from C∞(QT ) vanishing on the parabolic boundary Γ(QT ).
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Consider the model operator

Z0 = ω(x)∆ + ψ(x, t)
∂2

∂t2
− ∂

∂t
,

where ∆ =
∑n
i=1

∂2

∂x2 is the Laplace operator.

Lemma 1. If the function ψ(x, t) satis�es (3) and conditions (4) are ful�lled, then there
exists T1(ψ(x, t), n) such that T6T1 and for any function u(x, t)∈A(QRT (x0)) the estimate∫

QRT (x0)

[
ω2(x)

n∑
i=1

u2uij + u2t + ψ2(x, t)u2it + ψ(x, t)

n∑
i=1

u2tt

]
dxdt 6

6 (1 +DS)

∫
QRT (x0)

(Z0u)
2
dxdt (5)

holds, where S = S(ψ, n) is some constant, D = D(T ) = q(T ) + q1(T ) and q(T ) =
sup
t∈[0,T ]

φ′(t), q1(T ) = sup
t∈[0,T ]

φ(t).

3. Coercive estimates for weak solutions and main result.

Lemma 2. If the conditions of the previous lemma are ful�lled, then for any function
u(x, t)∈A(QRT (x0)), where T6T2(ψ, n, δ) the following estimate is true:

I =

∫
QRT (x0)

(
ω2(x)

n∑
i=1

u2uij + u2t + ψ2(x, t)u2it + ψ(x, t)

n∑
i=1

u2tt

)
dxdt 6

6C2

∫
QRT (x0)

(Zu)
2
dxdt,

where C2 = C2(ψ, n, δ).

Lemma 3. If conditions (4), (5) are ful�lled for the coe�cients of the operator Z, then
at T6T2 the following estimate is true for any function u(x, t)∈A(QRT (x0))

∥u∥w2,2
2,ψ(Q

R
T (x0))6C4(ψ, δ, n)∥Zu∥l2(QRT (x0)).

Lemma 4. If conditions (4), (5) are ful�lled for the coe�cients of the operator Z, then for
every T6T2 and ε > 0 the following estimate holds for any function u(x, t)∈A1(Q

R
T (x

0)):

∥u∥
w2,2

2,ψ(Q
R/2
T (x0))

6C8∥Zu∥l2(QRT (x0)) + ε∥u∥w2,2
2,ψ(Q

R
T (x0)) +

C9(ψ, δ, n)

εR2
∥u∥l2(QRT (x0)).

Corollary 1. If the coe�cients of the operator Z satisfy conditions (4), (5), then for
every T6T2 and ε > 0 the estimate

∥u∥w2,2
2,ψ(QT (ρ))

6C13(ψ, δ, n, ρ,Ω)∥Zu∥l2(QT ) + ε∥u∥w2,2
2,ψ(QT )

+ C14(ψ, δ, n, ρ,Ω)∥u∥l2(QT )

holds for any function u(x, t)∈C∞(QT (x
0)), where u|t=0 = 0.
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Lemma 5. If the coe�cients of the operator Z satisfy conditions (4), (5), then there
exists ρ1(n, σ,Ω) such that for every T6T2 and δ > 0 the estimate

∥u∥w2,2
2,ψ(Q

1
T (ρ1)

)6C15(ψ, δ, n, ρ1,Ω)∥Zu∥l2(QT )+ε∥u∥w2,2
2,ψ(QT )

+
C16(ψ, δ, n, ρ1,Ω)

ε
∥u∥l2(QT )

holds for any function u(x, t)∈C∞(QT (x
0)), where u|t=0 = 0 and Q1

T (ρ1) = QT \QT (ρ1).

Lemma 6. Under the conditions of Lemma 5 the estimate

∥u∥w2,2
2,ψ(QT )

6C27(ψ, δ, n, ρ,Ω)∥Zu∥l2(QT ) + C28(ψ, δ, n, ρ1,Ω)∥u∥l2(QT )

holds for any u(x, t)∈w2,2
2,ψ(QT ) and T6T2.

Theorem 1. If conditions (4), (5) are ful�lled, then there exists T0 = T0(ψ, δ, n,Ω) such
that for every T6T2 the estimate

∥u∥2w2,2
2,ψ(Q)6C29(ψ, δ, n,Ω)∥Zu∥l2(Q)

holds for any function u(x, t)∈w2,2
2,ψ(Q).
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Let N2
6 be the set N2 with the partial order de�ned as the product of usual

order 6 on the set of positive integers N. We study the semigroup PO∞(N2
6) of

monotone injective partial selfmaps of N2
6 having co�nite domain and image.

We describe properties of elements of the semigroup PO∞(N2
6) as monotone

partial bijections of N2
6 and show that the group of units of PO∞(N2

6) is
isomorphic to the cyclic group of order two. Also we describe the subsemi-
group of idempotents of PO∞(N2

6) and the Green relations on PO∞(N2
6). In

particular, we show that D = J in PO∞(N2
6).

Key words: semigroup of partial bijections, monotone partial map, idem-
potent, Green's relations.

1. Introduction and preliminaries

We shall follow the terminology of [1] and [9].
In this paper we shall denote the cardinality of the set A by |A|. We shall identify

all sets X with their cardinality |X|. By Z2 we shall denote the cyclic group of order two.
Also, for in�nite subsets A and B of an in�nite set X we shall write A⊆∗B if and only
if there exists a �nite subset A0 of A such that A \A0 ⊆ B.

An algebraic semigroup S is called inverse if for any element x ∈ S there exists a
unique x−1 ∈ S such that xx−1x = x and x−1xx−1 = x−1. The element x−1 is called
the inverse of x ∈ S.

If S is a semigroup, then we shall denote the subset of idempotents in S by E(S).
If S is an inverse semigroup, then E(S) is closed under multiplication and we shall refer
to E(S) as a band (or the band of S). If the band E(S) is a non-empty subset of S, then
the semigroup operation on S determines the following partial order 6 on E(S): e 6 f

c⃝ Gutik O., Pozdniakova I., 2016
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if and only if ef = fe = e. This order is called the natural partial order on E(S). A
semilattice is a commutative semigroup of idempotents. A semilattice E is called linearly

ordered or a chain if its natural order is a linear order.
If S is a semigroup, then we shall denote the Green relations on S by R, L , J , D

and H (see [1, Section 2.1]):

aRb if and only if aS1 = bS1;

aL b if and only if S1a = S1b;

aJ b if and only if S1aS1 = S1bS1;

D = L ◦ R = R ◦ L ;

H = L ∩ R.

The R-class (resp., L -, H -, D- or J -class) of the semigroup S which contains an
element a of S will be denoted by Ra (resp., La, Ha, Da or Ja).

If α : X ⇀ Y is a partial map, then by domα and ranα we denote the domain and
the range of α, respectively.

Let Iλ denote the set of all partial one-to-one transformations of an in�nite set
X of cardinality λ together with the following semigroup operation: x(αβ) = (xα)β if
x ∈ dom(αβ) = {y ∈ domα | yα ∈ domβ}, for α, β ∈ Iλ. The semigroup Iλ is called the
symmetric inverse semigroup over the set X (see [1, Section 1.9]). The symmetric inverse
semigroup was introduced by Vagner [16] and it plays a major role in the semigroup
theory. An element α ∈ Iλ is called co�nite, if the sets λ \domα and λ \ ranα are �nite.

Let (X,6) be a partially ordered set (a poset). A non-empty subset A of (X,6) is
called a chain if the induced partial order from (X,6) onto A is linear. For an arbitrary
x ∈ X and non-empty A ⊆ X we denote

↑x = {y ∈ X : x 6 y} , ↓x = {y ∈ X : y 6 x} , ↑ A =
∪
x∈A

↑x and ↓ A =
∪
x∈A

↓x.

We shall say that a partial map α : X ⇀ X is monotone if x 6 y implies (x)α 6 (y)α for
x, y ∈ domα.

Let N be the set of positive integers with the usual linear order ≤. On the Cartesian
product N× N we de�ne the product partial order, i.e.,

(i,m) 6 (j, n) if and only if (i 6 j) and (m 6 n).

Later the set N× N with this partial order will be denoted by N2
6.

By PO∞(N2
6) we denote the subsemigroup of injective partial monotone selfmaps

of N2
6 with co�nite domains and images. Obviously, PO∞(N2

6) is a submonoid of the

semigroup Iω and PO∞(N2
6) is a countable semigroup.

Furthermore, we shall denote the identity of the semigroup PO∞(N2
6) by I and the

group of units of PO∞(N2
6) by H(I).

It well known that each partial injective co�nite selfmap f of λ induces a
homeomorphism f∗ : λ∗ → λ∗ of the remainder λ∗ = βλ \ λ of the Stone-�Cech compacti-
�cation of the discrete space λ. Moreover, under some set theoretic axioms (like PFA or
OCA), each homeomorphism of ω∗ is induced by some partial injective co�nite selfmap
of ω, where ω is a �rst in�nite cardinal (see [10]�[15] and the corresponding sections
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in the book [17]). Thus, the inverse semigroup I cf
λ of injective partial selfmaps of an

in�nite cardinal λ with co�nite domains and images admits a natural homomorphism
h : I cf

λ → H (λ∗) to the homeomorphism group H (λ∗) of λ∗ and this homomorphism
is surjective under certain set theoretic assumptions.

In the paper [8] algebraic properties of the semigroup I cf
λ are studied. It is shown

that I cf
λ is a bisimple inverse semigroup and that for every non-empty chain L in E(I cf

λ )
there exists an inverse subsemigroup S of I cf

λ such that S is isomorphic to the bicyclic
semigroup and L ⊆ E(S), described the Green relations on I cf

λ and proved that every
non-trivial congruence on I cf

λ is a group congruence. Also, the structure of the quotient
semigroup I cf

λ /σ, where σ is the least group congruence on I cf
λ , is described.

The semigroups I↗
∞(N) and I↗

∞(Z) of injective isotone partial selfmaps with co�nite
domains and images of positive integers and integers, respectively, are studied in [6] and
[7]. It was proved that the semigroups I↗

∞(N) and I↗
∞(Z) have similar properties to the

bicyclic semigroup: they are bisimple and every non-trivial homomorphic image I↗
∞(N)

and I↗
∞(Z) is a group, and moreover the semigroup I↗

∞(N) has Z(+) as a maximal
group image and I↗

∞(Z) has Z(+)× Z(+), respectively.
In the paper [5] we studied the semigroup IO∞(Zn

lex) of monotone injective partial
selfmaps of the set of Ln ×lex Z having co�nite domain and image, where Ln ×lex Z
is the lexicographic product of n-elements chain and the set of integers with the usual
linear order. We described the Green relations on IO∞(Zn

lex), showed that the semigroup
IO∞(Zn

lex) is bisimple and established its projective congruences. Also, we proved that
IO∞(Zn

lex) is �nitely generated, every automorphism of IO∞(Z) is inner, and showed
that in the case n > 2 the semigroup IO∞(Zn

lex) has non-inner automorphisms. In [5] we
proved that for every positive integer n the quotient semigroup IO∞(Zn

lex)/σ, where σ

is a least group congruence on IO∞(Zn
lex), is isomorphic to the direct power (Z(+))

2n
.

The structure of the sublattice of congruences on IO∞(Zn
lex) which are contained in the

least group congruence is described in [4].
In this paper we study algebraic properties of the semigroup PO∞(N2

6). We describe

properties of elements of the semigroup PO∞(N2
6) as monotone partial bijection of N2

6
and show that the group of units of PO∞(N2

6) is isomorphic to the cyclic group of the

order two. Also, the subsemigroup of idempotents of PO∞(N2
6) and the Green relations

on PO∞(N2
6) are described. In particular, we show that D = J in PO∞(N2

6).

2. Properties of elements of the semigroup PO∞(N2
6) as monotone partial

permutations

In this short section we describe properties of elements of the semigroup PO∞(N2
6)

as monotone partial transformations of the poset N2
6.

For any n ∈ N and an arbitrary α ∈ PO∞(N2
6) we denote:

V
n = {(n, j) : j ∈ N}; H

n = {(j, n) : j ∈ N};
V
n
domα = V

n ∩ domα; V
n
ranα = V

n ∩ ranα;

H
n
domα = H

n ∩ domα; H
n
ranα = H

n ∩ ranα.
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Remark 1. We observe that the de�nition of the semigroup PO∞(N2
6) implies that for

any n ∈ N and arbitrary α ∈ PO∞(N2
6) the sets Vn

domα, V
n
ranα, H

n
domα and Hn

ranα are

in�nite, and moreover all of these sets with the partial order induced from N2
6 are order

isomorphic to (N,6).

Lemma 1. There exists no element α of the semigroup PO∞(N2
6) such that (m,n) <

(m,n)α for some (m,n) ∈ domα.

Proof. Suppose the contrary, i.e., that there exists an element α of the semigroup
PO∞(N2

6) such that (m,n) < (m,n)α for some (m,n) ∈ domα. We denote (m,n)α =

(i, j). Then our assumption implies that the family of subsets

Rα =
{
V
k
ranα : k < i

}
∪
{
H

k
ranα : k < j

}
has more elements than the family

Dα =
{
V
k
domα : k < m

}
∪
{
H

k
domα : k < n

}
.

Then there exist A ∈ Dα and distinct B1, B2 ∈ Rα such that the following conditions
hold:

(i) (p, q)α ∈ B1 for in�nitely many (p, q) ∈ A; and
(ii) (s, t)α ∈ B2 for in�nitely many (s, t) ∈ A.

We observe that A is a linearly ordered subset of the poset N2
6. Hence, the de�nition of

the semigroup PO∞(N2
6) implies that the image (A)α must be a linearly ordered subset

of the poset N2
6 as well. This implies that one of the following conditions holds:

(a) there exist distinct elements Vk1
ranα and Vk2

ranα of the family Rα such that the sets

V
k1
ranα ∩ (A)α and Vk2

ranα ∩ (A)α are in�nite;

(b) there exist distinct elements Hk1
ranα and Hk2

ranα of the family Rα such that the

sets Hk1
ranα ∩ (A)α and Hk2

ranα ∩ (A)α are in�nite;

(c) there exist distinct elements Vk1
ranα and Hk2

ranα of the family Rα such that the sets

V
k1
ranα ∩ (A)α and Hk2

ranα ∩ (A)α are in�nite.

Each of the above conditions contradicts the fact that (A)α is a linearly ordered subset
of the poset N2

6. The obtained contradiction implies the statement of the lemma.

By ϖ we denote the bijective transformation of N × N de�ned by the formula
(i, j)ϖ = (j, i), for any (i, j) ∈ N×N. It is obvious that ϖ is an element of the semigroup
PO∞(N2

6) and ϖϖ = I.

Lemma 2. There exists no element α of the semigroup PO∞(N2
6) such that (n,m) <

(m,n)α for some (m,n) ∈ domα.

Proof. Suppose the contrary. Then there exists an element α of the semigroup PO∞(N2
6)

such that (n,m) < (m,n)α for some (m,n) ∈ domα. Then we obtain that (m,n) <
(m,n)αϖ, which contradicts Lemma 1. The obtained contradiction implies the statement
of our lemma.
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For arbitrary positive integer l we de�ne a partial map αl
V
: N2 ⇀ N2 in the following

way:

dom(αl
V
) = N2 \ {(1, 1), . . . , (l, 1)} , ran(αl

V
) = N2 and

(i, j)αl
V
=

{
(i, j), if i > l;
(i, j − 1), if i 6 l.

It it obvious that αl
V
∈ PO∞(N2

6) for any positive integer l.

Lemma 3. For any element α of the semigroup PO∞(N2
6) the following assertions hold:

(1) either (H1
domα)α ⊆ H

1 or (H1
domα)α ⊆ V

1;

(2) either (V1
domα)α ⊆ V

1 or (V1
domα)α ⊆ H

1.

Proof. We shall show that assertion (1) holds. The proof of (2) is similar.
First we observe that (H1

domα)α ⊆ H
1 if and only if (H1

domα)αϖ ⊆ V
1.

Suppose the contrary: there exists an element α of the semigroup PO∞(N2
6) such

that neither (H1
domα)α ⊆ H

1 nor (H1
domα)α ⊆ V

1. Then the de�nition of the semigroup
PO∞(N2

6), Lemma 1 and the above observation imply that without loss of generality

we may assume that (H1
domα)α * H

1 ∪ V1 and there exists (k, 1) ∈ domα such that

(k, 1)α = (i, j), j ̸= 1 and 2 6 i < k. Also, by the de�nition of αl
V
∈ PO∞(N2

6) we get
that without loss of generality we may assume that j = 2, i.e., (k, 1)α = (i, 2). Then

there exist disjoint in�nite subsets A and B of the set V1
domα ∪ . . . ∪ Vk−1

domα such that

A∪B = V
1
domα∪ . . .∪Vk−1

domα, H
1
ranα ⊆ (A)α and V

1
ranα∪ . . .∪Vk−1

ranα ⊆ (B)α.

If A ∩ V1
domα ̸= ∅ then the de�nition of the semigroup PO∞(N2

6) and Lemma 1

imply that there exists (a, b) ∈ B such that (a, b)α ∈ V1
ranα and (c, d) 6 (a, b) for some

(c, d) ∈ A, which contradicts the de�nition of the partial order 6 of the poset N2
6.

Assume that A ⊆ V
2
domα ∪ . . . ∪ Vk−1

domα. Then there exist in�nite subsets A1 ⊆ A

and B1 ⊆ B such that (A1)α = H
1
ranα \ {(1, 1)} and (B1)α = V

1
ranα \ {(1, 1)}. Hence

the de�nition of the poset N2
6 implies that at least one of the following conditions holds:

↑A1 ∩ ↓B1 ̸= ∅ or ↓A1 ∩ ↑B1 ̸= ∅. If ↑A1 ∩ ↓B1 ̸= ∅ then (↓B1)α ⊆ ↓V1
ranα = V

1

but V1 ∩ ↑
(
H

1
ranα \ {(1, 1)}

)
⊆ V

1 ∩ ↑
(
H

1 \ {(1, 1)}
)
= ∅, a contradiction. Similarly, if

↓A1 ∩ ↑B1 ̸= ∅ then (↓A1)α ⊆ ↓H1
ranα = H

1 and we get a contradiction with

H
1 ∩ ↑

(
V
1
ranα \ {(1, 1)}

)
⊆ H

1 ∩ ↑
(
V
1 \ {(1, 1)}

)
= ∅.

The obtained contradictions imply the statement of the lemma.

Proposition 1. Let α be an arbitrary element of the semigroup PO∞(N2
6). Then the

following assertions hold:

(1) (H1
domα)α ⊆ H

1 if and only if (V1
domα)α ⊆ V

1, and moreover in this case the

sets H1 \ (H1
domα)α and V1 \ (V1

domα)α are �nite;

(2) (H1
domα)α ⊆ V

1 if and only if (V1
domα)α ⊆ H

1, and moreover in this case V1 \
(H1

domα)α and H1 \ (V1
domα)α are �nite.

Proof. The �rst statements of assertions (1) and (2) follow from Lemma 3 and their
second parts follow from Lemma 1.
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Theorem 1. Let α be an arbitrary element of the semigroup PO∞(N2
6) and n be an

arbitrary positive integer. Then the following assertions hold:

(1) if (H1
domα)α ⊆ H

1 then (Hn
domα)α⊆∗

H
n and (Vn

domα)α⊆∗
V
n, and moreover

(H1
domα ∪ . . . ∪ Hn

domα)α ⊆ H
1 ∪ . . . ∪ Hn and (V1

domα ∪ . . . ∪ Vn
domα)α ⊆ V

1 ∪ . . . ∪ Vn;

(2) if (H1
domα)α ⊆ V

1 then (Hn
domα)α⊆∗

V
n and (Vn

domα)α⊆∗
H

n, and moreover

(H1
domα ∪ . . . ∪ Hn

domα)α ⊆ V
1 ∪ . . . ∪ Vn and (V1

domα ∪ . . . ∪ Vn
domα)α ⊆ H

1 ∪ . . . ∪ Hn.

Proof. (1) We shall prove this assertion by induction.
In the case when n = 1 our statement follows from Lemma 3 and Proposition 1.

Next we shall show that the step of induction holds.
We assume that our assertion holds for arbitrary α ∈ PO∞(N2

6) and for all positive
integers n ≤ k and we shall prove that then the assertion is true in the case when
n = k + 1.

For an arbitrary element α of the semigroup PO∞(N2
6) we de�ne a partial map

α[k+1] : N2 ⇀ N2 in the following way:

(i, j)α[k+1] is de�ned if and only if (i, j) ∈ domα ∩ ↑(k + 1, k + 1)

and (i, j)α ∈ ranα ∩ ↑(k + 1, k + 1), and moreover in this case we put

(i, j)α[k+1] = (i, j)α,

i.e., the partial map α[k+1] : N2 ⇀ N2 is the restriction of the partial map α : N2 ⇀ N2

onto the set ↑(k + 1, k + 1). Since the set ↑(k + 1, k + 1) with the partial induced from
N2

6 is order isomorphic to N2
6, the assumption of induction and Lemma 3 imply that

either (Hk+1 ∩ dom(α[k+1]))α[k+1] ⊆ H
k+1 or (Hk+1 ∩ dom(α[k+1]))α[k+1] ⊆ V

k+1. Then
the inclusion

↓(H1
domα ∪ . . . ∪ Hk

domα) ⊆ ↓(H1
domα ∪ . . . ∪ Hk

domα ∪ Hk+1
domα)

implies that

(Hk+1 ∩ dom(α[k+1]))α = (Hk+1 ∩ dom(α[k+1]))α[k+1] ⊆ H
k+1.

Hence we have that (Hk+1
domα)α⊆∗

H
k+1, because the set domα \ dom(α[k+1]) ∩ Hk+1

is �nite. Also, since (i, j) 6 (p, q) for all (i, j) ∈ domα \ dom(α[k+1]) ∩ Hk+1 and

(p, q) ∈ dom(α[k+1])∩Hk+1, the de�nition of the semigroup PO∞(N2
6), the assumption of

induction and the inclusion (Hk+1∩dom(α[k+1]))α ⊆ H
k+1 imply the requested inclusion

(H1
domα ∪ . . . ∪ Hk

domα ∪ Hk+1
domα)α ⊆ H

1 ∪ . . . ∪ Hk ∪ Hk+1.

Again using indiction and Proposition 1 we get that the condition (H1
domα)α ⊆ H

1

implies that (Hn
domα)α⊆∗

H
n and (V1

domα∪. . .∪V
n
domα)α ⊆ V

1∪. . .∪Vn for every positive
integer n.

(2) If (H1
domα)α ⊆ V

1 then (H1
domα)αϖ ⊆ H

1. Then assertion (1) and the equality
αϖϖ = α imply assertion (2).

The following theorem describes the structure of elements of the semigroup
PO∞(N2

6) as monotone partial permutations of the poset N2
6.
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Theorem 2. Let α be an arbitrary element of the semigroup PO∞(N2
6). Then the

following assertions hold:

(1) if (H1
domα)α ⊆ H

1 then

(i1) (i, j)α 6 (i, j) for each (i, j) ∈ domα; and

(ii1) there exists a smallest positive integer nα such that (i, j)α = (i, j) for each
(i, j) ∈ domα ∩ ↑(nα, nα);

(2) if (H1
domα)α ⊆ V

1 then

(i2) (i, j)α 6 (j, i) for each (i, j) ∈ domα; and

(ii2) there exists a smallest positive integer nα such that (i, j)α = (j, i) for each
(i, j) ∈ domα ∩ ↑(nα, nα).

Proof. (1) Fix an arbitrary element α of the semigroup PO∞(N2
6) such that (H1

domα)α ⊆
H

1. Suppose to the contrary that there exists (i, j) ∈ domα such that (i, j)α = (k, l) 

(i, j). Then Lemma 1, Theorem 1(1) and the de�nition of the partial order of the poset
N2

6 imply that k > i and l < j. Now, by the de�nition of the semigroup PO∞(N2
6) we

get that there exists a positive integer m 6 i such that

(V1
domα ∪ . . . ∪ Vm

domα)α * V
1 ∪ . . . ∪ Vm,

which contradicts Theorem 1(1). The obtained contradiction implies the requested
inequality (i, j)α 6 (i, j) and this completes the proof of (i).

Next we shall prove (ii). Fix an arbitrary element α of the semigroup PO∞(N2
6)

such that (H1
domα)α ⊆ H

1. Suppose to the contrary that for any positive integer n there
exists (i, j) ∈ domα∩↑(n, n) such that (i, j)α ̸= (i, j). We put Ndomα =

∣∣N2 \ domα
∣∣+1

and

Mdomα = max {{i : (i, j) /∈ domα} , {j : (i, j) /∈ domα}}+ 1.

The de�nition of the semigroup PO∞(N2
6) implies that the positive integers Ndomα and

Mdomα are well de�ned. Put n0 = max {Ndomα,Mdomα}. Then our assumption implies
that there exists (i, j) ∈ domα∩ ↑(n0, n0) such that (i, j)α = (iα, jα) ̸= (i, j). By (i), we
have that (iα, jα) < (i, j). We consider the case when iα < i. In the case when jα < j
the proof is similar. Assume that i 6 j. By Theorem 1 the partial bijection α maps
the set Si = {(n,m) : n,m 6 i− 1} into itself. Also, by the de�nition of the semigroup
PO∞(N2

6) the partial bijection α maps the set {(i, 1), . . . , (i, i)} into Si as well. Then
our construction implies that

|Si \ domα| =
∣∣N2 \ domα

∣∣ = Ndomα − 1 and |{(i, 1), . . . , (i, i)}| > Ndomα,

a contradiction. In the case when j 6 i we get a contradiction in a similar way. This
completes the proof of existence of such a positive integer nα for any α ∈ PO∞(N2

6).
The existence of such minimal positive integer nα follows from the fact that the set of
all positive integers with the usual order 6 is well-ordered.

(2) If (H1
domα)α ⊆ V

1 then (H1
domα)αϖ ⊆ H

1, and hence (1) and the equality
αϖϖ = α imply our assertion.

Theorem 2 implies the following corollary:

Corollary 1.
∣∣N2 \ ranα

∣∣ 6 ∣∣N2 \ domα
∣∣ for an arbitrary α ∈ PO∞(N2

6).
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For an arbitrary non-empty subset A of N × N and any element (i, j) ∈ N × N we

denote A = {(i, j) ∈ N× N : (j, i) ∈ A} and (i, j) = (j, i).

Proposition 2. Let α be an arbitrary element of the semigroup PO∞(N2
6). Then the

following assertions hold:

(i) dom(ϖα) = dom(ϖαϖ) = domα and dom(αϖ) = domα;
(ii) ran(ϖα) = ranα and ran(ϖαϖ) = ran(αϖ) = ranα;
(iii) α is an idempotent if and only if so is ϖαϖ.

Proof. Items (i) and (ii) follow from the de�nition of the composition of partial maps.
(iii) Suppose that α is an idempotent of the semigroup PO∞(N2

6). By items (i) and

(ii) we have that dom(ϖαϖ) = domα = ranα = ran(ϖαϖ). Then (j, i)ϖαϖ =
(i, j)αϖ = (i, j)ϖ = (j, i) for an arbitrary (i, j) ∈ domα, and hence ϖαϖ ∈
E(PO∞(N2

6)). The converse statement follows from the equality ϖϖ = I.

The following statement follows from the de�nition of the semigroup PO∞(N2
6) and

Lemma 3.

Proposition 3. Let α and β be arbitrary elements of the semigroup PO∞(N2
6). Then

(H1
dom(αβ))αβ ⊆ H

1 if and only if (H1
dom(βα))βα ⊆ H

1.

3. Algebraic properties of the semigroup PO∞(N2
6)

Theorems 1 and 2 imply the following

Proposition 4. The group of units H(I) of the semigroup PO∞(N2
6) is isomorphic to

Z2.

Proposition 5. Let α be an element of the semigroup PO∞(N2
6). Then α ∈ H(I) if and

only if domα = N2.

Proof. The implication (⇒) is trivial. The implication (⇐) follows from Theorems 1, 2
and Corollary 1.

Proposition 6. An element α of PO∞(N2
6) is an idempotent if and only if α is an

identity partial self-map of N2
6 with the co�nite domain.

Proof. The implication (⇐) is trivial.
(⇒) Let an element α be an idempotent of the semigroup PO∞(N2

6). Then for

every x ∈ domα we have that (x)αα = (x)α and hence we get that domα2 = domα and
ranα2 = ranα. Also since α is a partial bijective self-map of N2

6 we conclude that the
previous equalities imply that domα = ranα. Fix an arbitrary x ∈ domα and suppose
that (x)α = y. Then (x)α = (x)αα = (y)α = y. Since α is a partial bijective self-map
of N2

6 we have that the equality (y)α = y implies that the full preimage of y under the

partial map α is equal to y. Similarly the equality (x)α = y implies that the full preimage
of y under the partial map α is equal to x. Thus we get that x = y and our implication
holds.
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Remark 2. The proof of Proposition 6 implies that the statement of the proposition
holds for any semigroup of partial bijections, but in the general case of a semigroup of
transformations this statement is not true.

The following theorem describes the subset of idempotents of the semigroup
PO∞(N2

6).

Theorem 3. For an element α of the semigroup PO∞(N2
6) the following conditions are

equivalent:

(i) α is an idempotent of PO∞(N2
6);

(ii) domα = ranα and there exists a positive integer n > 1 such that (n, 1) ∈ domα
and (n, 1)α ∈ H1;

(iii) domα = ranα and there exists a positive integer m > 1 such that (1,m) ∈ domα
and (1,m)α ∈ V1.

Proof. Implications (i) ⇒ (ii) and (i) ⇒ (iii) follow from Proposition 6.
We shall prove implication (ii) ⇒ (i) by induction in two steps. The proof of impli-

cation (iii) ⇒ (i) is similar.
First we remark that if (1, 1) ∈ domα then since (1, 1) 6 (i, j) for any (i, j) ∈ domα,

the de�nition of the semigroup PO∞(N2
6) implies that (1, 1)α = (1, 1).

Now, condition (ii) and Lemma 3 imply that (H1
domα)α ⊆ H

1. Since the set H1
domα

with the induced order from the poset N2
6 is order isomorphic to the set of all posi-

tive integers with the usual linear order, without loss of generality we may assume
that H1

domα =
{
x1
i : i = 1, 2, 3, . . .

}
and x1

i 6 x1
j in H1

domα if and only if i 6 j. Si-

nce (H1
domα)α ⊆ H

1, Theorem 2(1) implies that (x1
1, 1)α 6 (x1

1, 1), and by the equali-
ty H1

domα = H
1
ranα we get that (x1

1, 1)α = (x1
1, 1). Suppose that we have shown that

(x1
l , 1)α = (x1

l , 1) for every positive integer l < t0, where t0 is some positive integer

> 2. Then the equality H1
domα = H

1
ranα and Theorem 2(1) imply that (x1

t0 , 1)α =

(x1
t0 , 1), because (x1

t0 , 1)α 6 (x1
t0 , 1) and (H1

domα)α ⊆ H
1. Therefore, we have proved

that (x1
k, 1)α = (x1

k, 1) for every (xk, 1) ∈ domα.
Now, we shall show that the equality (p, q)α = (p, q) for all positive integers q < k0

and all positive integers p such that (p, q) ∈ domα, where k0 is some positive integer

> 2, implies that (p, k0)α = (p, k0) for all (p, k0) ∈ domα. Since the set Hk0

domα wi-
th the induced order from the poset N2

6 is order isomorphic to the set of all positive
integers with the usual linear order, without loss of generality we may assume that

H
k0

domα =
{
xk0
i : i = 1, 2, 3, . . .

}
and xk0

i 6 xk0
j in Hk0

domα if and only if i 6 j. Then the

assumption of induction and Theorem 1(1) imply that (Hk0

domα)α ⊆∗
H

k0 . Theorem 2(1)

implies that (xk0
1 , k0)α 6 (xk0

1 , k0), and by the equality Hk0

domα = H
k0
ranα we get that

(xk0
1 , k0)α = (xk0

1 , k0). Suppose that we showed that (xk0

l , k0)α = (xk0

l , k0) for every posi-

tive integer l < s0, where s0 is a some positive integer > 2. Then the equality Hk0

domα =

H
k0
ranα and Theorem 2(1) imply that (xk0

s0 , k0)α = (xk0
s0 , k0), because (x

k0
s0 , k0)α 6 (xk0

s0 , k0)

and (Hk0

domα)α ⊆ H
k0 . Therefore, we have proved that (xk0

k , k0)α = (xk0

k , k0) for every

(xk0

k , k0) ∈ domα.
The proof of implication (ii) ⇒ (i) is complete.

Proposition 6 implies the following proposition.
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Proposition 7. The subset of idempotents E(PO∞(N2
6)) of the semigroup PO∞(N2

6)
is a commutative submonoid of PO∞(N2

6) and moreover E(PO∞(N2
6)) is isomorphic

to the free semilattice with unit
(
P∗(N2),∪

)
over the set N2 under the mapping (ε)h =

N2 \ dom ε.

Later we shall need the following technical lemma.

Lemma 4. Let α be an element of the semigroup PO∞(N2
6). Then the following asserti-

ons hold:

(i) α = γα for some γ ∈ PO∞(N2
6) if and only if the restriction γ|domα : domα →

N2 is an identity partial map;

(ii) α = αγ for some γ ∈ PO∞(N2
6) if and only if the restriction γ|ranα : ranα → N2

is an identity partial map

Proof. (i) The implication (⇐) is trivial.
(⇒) Suppose that α = γα for some γ ∈ PO∞(N2

6). Then we have that domα ⊆
dom γ and domα ⊆ ran γ. Since γ : N2 ⇀ N2 is a partial bijection, the above arguments
imply that (i, j)γ = (i, j) for each (i, j) ∈ domα. Indeed, if (i, j)γ = (m,n) ̸= (i, j) for
some (i, j) ∈ domα then since α : N2 ⇀ N2 is a partial bijection we have that either

(i, j)α = (i, j)γα = (m,n)α ̸= (i, j)α, if (m,n) ∈ domα,

or (m,n)α is unde�ned. This completes the proof of the implication.
The proof of (ii) is similar to that of (i).

The following theorem describes the Green relations L , R, H and D on the semi-
group PO∞(N2

6).

Theorem 4. Let α and β be elements of the semigroup PO∞(N2
6). Then the following

assertions hold:

(i) αL β if and only if either α = β or α = ϖβ;
(ii) αRβ if and only if either α = β or α = βϖ;

(iii) αH β if and only if either α = β or α = ϖβ = βϖ;

(iv) αDβ if and only if α = µβν for some µ, ν ∈ H(I).

Proof. (i) The implication (⇐) is trivial.
(⇒) Suppose that αL β in the semigroup PO∞(N2

6). Then there exist γ, δ ∈
PO∞(N2

6) such that α = γβ and β = δα. The last equalities imply that ranα = ranβ.
By Lemma 3 only one of the following cases holds:

(i1) (H1
domα)α ⊆ H

1 and (H1
dom β)β ⊆ H

1;

(i2) (H1
domα)α ⊆ H

1 and (H1
dom β)β ⊆ V

1;

(i3) (H1
domα)α ⊆ V

1 and (H1
domβ)β ⊆ H

1;

(i4) (H1
domα)α ⊆ V

1 and (H1
domβ)β ⊆ V

1.

Suppose that case (i1) holds. Then the equalities α = γβ and β = δα imply that

(H1
dom γ)γ ⊆ H

1 and (H1
dom δ)δ ⊆ H

1, (1)

and moreover we have that α = γδα and β = δγβ. Hence by Lemma 4 we have that
the restrictions (γδ)|domα : domα → N2 and (δγ)|dom β : domβ → N2 are identity parti-
al maps. Then by condition (1) we obtain that the restrictions γ|domα : domα → N2
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and δ|dom β : domβ → N2 are also identity partial maps. Indeed, other wise there exi-
sts (i, j) ∈ domα such that either (i, j)γ 
 (i, j) or (i, j)δ 
 (i, j), which contradicts
Theorem 2(1). Thus, the above arguments imply that in case (i1) we have that α = β.

Suppose that case (i2) holds. Then we have that α = γβ = γIβ = γ(ϖϖ)β =
(γϖ)(ϖβ) and ϖβ = (ϖδ)α. Hence we get that αL (ϖβ), (H1

domα)α ⊆ H
1 and

(H1
dom(ϖβ))ϖβ ⊆ H

1. Then we apply case (i1) for elements α and ϖβ and obtain that
α = ϖβ.

In case (i3) the proof of the equality α = ϖβ is similar to case (i2).
Suppose that case (i4) holds. Then the equalities α = γβ and β = δα imply that

αϖ = γ(βϖ) and βϖ = δ(αϖ), which implies that (αϖ)L (βϖ). Since for the elements
αϖ and βϖ of the semigroup PO∞(N2

6) case (i1) holds, αϖ = βϖ and hence α =

αϖϖ = βϖϖ = β, which completes the proof of (i).
The proof of assertion (ii) is dual to that of (i).
Assertion (iii) follows from (i) (ii).
(iv) Suppose that αDβ in PO∞(N2

6). Then there exists γ ∈ PO∞(N2
6) such that

αL γ and γRβ. By Proposition 4 the group of units H(I) of the semigroup PO∞(N2
6)

has two distinct elements I and ϖ. By (i), (ii), there exist µ, ν ∈ H(I) such that α = µγ
and γ = βν and hence α = µβν. Converse, suppose that α = µβν for some µ, ν ∈ H(I).
Then by (i), (ii), we have that αL (βν) and βR(βν), and hence αDβ.

Theorem 4 implies Corollary 2 which gives the inner characterization of the Green
relations L , R, H and D on the semigroup PO∞(N2

6) as partial permutations of the
poset N2

6.

Corollary 2. (i) Every L -class of PO∞(N2
6) contains two distinct elements.

(ii) Every R-class of PO∞(N2
6) contains two distinct elements.

(iii) Every H -class of PO∞(N2
6) contains at most two distinct elements.

(iv) The H -class of PO∞(N2
6) which contains an element α consists of two distinct

elements if and only if domα = domα, ranα = ranα and ((i, j))α = (i, j)α for

each (i, j) ∈ domα, and the H -class of α is a singleton in the other case.

(v) The H -class of PO∞(N2
6) which contains an idempotent ε consists of two disti-

nct elements if and only if dom ε = dom ε.
(vi) The H -class of PO∞(N2

6) which contains an idempotent ε is a singleton if and

only if dom ε ̸= dom ε.
(vii) Every D-class of PO∞(N2

6) contains either two or four distinct elements.

(viii) A D-class of PO∞(N2
6) has two distinct elements if and only if it contains only

one H -class.

(ix) A D-class of PO∞(N2
6) has two distinct elements if and only if it contains a

non-singleton H -class.

(x) A D-class of PO∞(N2
6) has four distinct elements if and only every its H -class

is singleton.

(xi) A D-class of PO∞(N2
6) has four distinct elements if and only it contains a

singleton H -class.

(xii) The D-class of PO∞(N2
6) which contains an idempotent ε consists of two distinct

elements if and only if dom ε = dom ε.
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(xiii) The D-class of PO∞(N2
6) which contains an idempotent ε consists of four disti-

nct elements if and only if dom ε ̸= dom ε.

Proof. Statements (i), (ii) and (iii) are trivial and they follow from the equality ϖϖ = I
and the corresponding statements of Theorem 4.

(iv) By (i) and (ii) we have that the H -class of PO∞(N2
6) which contains an

element α contains at most two distinct elements.
(⇒) Assume that αH β in PO∞(N2

6) and α ̸= β. By Theorem 4(iii), β = αϖ = ϖα.

Then by the de�nition of ϖ we get that domβ = domα = domα and ranβ = ranα =
ranα. If (i, j) ∈ domα and (i, j)α = (m,n) then

(n,m) = (m,n)ϖ = (i, j)αϖ = (i, j)β = (i, j)ϖα = (j, i)α.

This completes the proof of the implication.
The converse implication is trivial, and the last statement of item (iv) follows from

the above part of its proof.
(v) If dom ε = dom ε then εϖ = ϖε ̸= ε. Conversely, suppose that εϖ = ϖε ̸= ε.

Since domϖ = ranϖ = N × N and dom ε = ran ε, the equality εϖ = ϖε implies that
dom(εϖ) = dom ε = ran ε = ran(ϖε), and hence the de�nition of the element ϖ ∈ H(I)
implies that dom ε = dom ε.

Statement (vi) follows from items (iii), (v).
(vii) Theorem 4(iv) and (i), (ii) imply that every D-class of the semigroup

PO∞(N2
6) contains at most four and at least two distinct elements. Suppose to the

contrary that there exists a D-class Dα in PO∞(N2
6) which contains three distinct

elements such that α ∈ Dα for some element α of the semigroup PO∞(N2
6). By

Theorem 4(iv), ϖα,αϖ,ϖαϖ ∈ Dα. Since ϖγ ̸= γ ̸= γϖ for any γ ∈ PO∞(N2
6),

we have that ϖα = αϖ or α = ϖαϖ. If ϖα = αϖ then the de�nition of the
element ϖ of PO∞(N2

6) implies that α = ϖϖα = ϖαϖ. Similarly, if α = ϖαϖ then
ϖα = ϖϖαϖ = αϖ. This completes the proof of the statement.

(viii) (⇒) Assume that a D-class of PO∞(N2
6) has two distinct elements and it

contains α. Then the proof of item (vii) implies that ϖα = αϖ and α = ϖαϖ. By
Theorem 4(iv) we have that Dα = Hα.

Implication (⇐) is trivial.
(ix) Implication (⇒) follows form item (viii).
(⇐) Assume that there exists a D-class of PO∞(N2

6) which contains a non-singleton
H -class Hα of PO∞(N2

6) for some α ∈ PO∞(N2
6). By Theorem 4(iii) we have that

Hα = {α, αϖ} and α ̸= αϖ = ϖα. Then the last equality implies that α = ϖαϖ. Hence
by Theorem 4(iv), Dα = Hα, which complete the proof of the implication.

Statement (x) follows from (viii), (ix).
(xi) By Theorem 2.3 of [1] any two H -classes of an arbitrary D-class are of the

same cardinality. Now, we apply statement (x).
Statement (xii) follows from (viii), (v).
Items (x) and (vi) imply statement (xiii).

We need the following three lemmas.

Lemma 5. Let α, β and γ be elements of the semigroup PO∞(N2
6) such that α = βαγ.

Then the following statements hold:



112
Oleg GUTIK and Inna POZDNIAKOVA

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2016. Âèïóñê 81

(i) if (H1
dom β)β ⊆ H

1 then the restrictions β|domα : domα ⇀ N × N and

γ|ranα : ranα ⇀ N× N are identity partial maps;

(ii) if (H1
dom β)β ⊆ V

1 then (i, j)β = (j, i) for each (i, j) ∈ domα and (m,n)γ =
(n,m) for each (m,n) ∈ ranα; and moreover in this case we have that domα =

domα, ranα = ranα and (j, i)α = (i, j)α for any (i, j) ∈ domα, i.e., α = ϖαϖ.

Proof. (i) Assume that the inclusion (H1
dom β)β ⊆ H

1 holds. Then one of the following
cases holds:

(1) (H1
domα)α ⊆ H

1;
(2) (H1

domα)α ⊆ V
1.

If case (1) holds then the equality α = βαγ and Lemma 3 imply that (H1
dom γ)γ ⊆ H

1.
By Theorem 2(1), (i, j)β 6 (i, j) for any (i, j) ∈ domβ and (m,n)γ 6 (m,n) for any
(m,n) ∈ dom γ. Suppose that (i, j)β < (i, j) for some (i, j) ∈ domα. Then we have that

(i, j)α = (i, j)βαγ < (i, j)αγ 6 (i, j)α,

which contradicts the equality α = βαγ. The obtained contradiction implies that the
restriction β|domα : domα ⇀ N × N is an identity partial map. This and the equality
α = βαγ imply that the restriction γ|ranα : ranα ⇀ N × N is an identity partial map
too.

Suppose that case (2) holds. Then we have that (H1
domα)αϖ ⊆ H

1. Now, the equality
α = βαγ and the de�nition of the element ϖ the semigroup PO∞(N2

6) imply that

αϖ = βαγϖ = β(αϖ)(ϖγϖ).

Then we apply case (1). This completes the proof of (i).
(ii) Assume that the inclusion (H1

domβ)β ⊆ V
1 holds. Then the equality α = βαγ

implies that α = ββαγγ and the inclusion (H1
dom β)β ⊆ V

1 implies that (H1
dom(ββ))ββ ⊆

H
1. Now, by (i), the restrictions (ββ)|domα : domα ⇀ N × N and (γγ)|ranα : ranα ⇀

N × N are identity partial maps. Since (H1
dom β)β ⊆ V

1, Theorem 2(2) implies that
(i, j)β 6 (j, i) for any (i, j) ∈ domα. Suppose that (i, j)β < (j, i) for some (i, j) ∈
domα. Again, by Theorem 2(2) we get that (j, i)β 6 (i, j) and hence we have that
(i, j) = (i, j)ββ < (j, i)β 6 (i, j), a contradiction. The obtained contradiction implies
that (i, j)β = (j, i) for each (i, j) ∈ domα. Next, the inclusion (H1

dom β)β ⊆ V
1 and the

equality α = βαγ imply that (H1
dom γ)γ ⊆ V

1. Then the similar arguments as in the above
part of the proof imply that (m,n)γ = (n,m) for each (m,n) ∈ ranα.

Now, the property that (i, j)β = (j, i) for each (i, j) ∈ domα and (m,n)γ = (n,m)
for each (m,n) ∈ ranα, and the equality α = βαγ imply that domα = domα and
ranα = ranα. Fix an arbitrary (i, j) ∈ domα. Put (m,n) = (i, j)α. Then the above part
of the proof of this item implies that (m,n) = (i, j)α = (i, j)βαγ = (j, i)αγ and hence
(n,m) = (m,n)ϖ = (j, i)αγϖ = (j, i)α.

Lemma 6. Let α and β be elements of the semigroup PO∞(N2
6) and A be a co�nite

subset of N × N. If the restriction (αβ)|A : A ⇀ N × N is an identity partial map then

one of the following conditions holds:

(i) the restrictions α|A : A ⇀ N×N and β|A : A ⇀ N×N are identity partial maps;

(ii) (i, j)α = (j, i) for all (i, j) ∈ A and (m,n)β = (n,m) for all (m,n) ∈ A.
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Proof. By Lemma 3 we have that either (H1
domα)α ⊆ H

1 or (H1
domα)α ⊆ V

1. Suppose
that the inclusion (H1

domα)α ⊆ H
1 holds. Then the de�nition of the semigroup PO∞(N2

6)
implies that (H1

dom β)β ⊆ H
1. By Theorem 2(1) we have that

(i, j)α 6 (i, j)

for any (i, j) ∈ domα and (m,n)β 6 (m,n) for any (m,n) ∈ domβ. Suppose that
(i, j)α < (i, j) for some (i, j) ∈ A. Then we have that

(i, j) = (i, j)αβ < (i, j)β 6 (i, j),

which contradicts the assumption that the restriction (αβ)|A : A ⇀ N× N is an identity
partial map. Hence the restriction α|A : A ⇀ N × N is an identity partial map. Similar
arguments imply that the restriction β|A : A ⇀ N × N is also an identity partial map.
Thus, in the case when (H1

domα)α ⊆ H
1, item (i) holds.

Suppose that the inclusion (H1
domα)α ⊆ V

1 holds. By the de�nition of the semigroup
PO∞(N2

6) we have that

(H1
dom β)β ⊆ V

1, αβ = (αϖ)(ϖβ), (H1
dom(αϖ))αϖ ⊆ H

1

and

(H1
dom(ϖβ))ϖβ ⊆ H

1.

Then the previous part of the proof implies that the restrictions (αϖ)|A : A ⇀ N × N
and (ϖβ)|A : A ⇀ N × N are identity partial maps. Since (αϖ)ϖ = α and ϖ(ϖβ) = β,
the inclusion (H1

domα)α ⊆ V
1 implies that (ii) holds.

Lemma 7. Let α and β be elements of the semigroup PO∞(N2
6) and A be a co�nite

subset of N×N. If (i, j)αβ = (j, i) for all (i, j) ∈ A, then one of the following conditions

holds:

(i) the restriction α|A : A ⇀ N× N is an identity partial map and (m,n)β = (n,m)
for all (m,n) ∈ A;

(ii) (i, j)α = (j, i) for all (i, j) ∈ A and β|A : A ⇀ N× N is an identity partial map.

Proof. The assumption of the lemma implies that the restriction α(βϖ)|A : ⇀ N× N is
an identity partial map. Hence by Lemma 6 only one of the following conditions holds:

(1) the restrictions α|A : A ⇀ N × N and (βϖ)|A : A ⇀ N × N are identity partial
maps;

(2) (i, j)α = (j, i) for all (i, j) ∈ A and (m,n)βϖ = (n,m) for all (m,n) ∈ A.

Since (βϖ)ϖ = β, the above arguments imply the statement of the lemma.

Elementary calculations and the de�nition of the semigroup PO∞(N2
6) imply the

following proposition.

Proposition 8. Let α and β be elements of the semigroup PO∞(N2
6). Then the following

assertions hold:

(i) if the restriction β|ranα : ranα ⇀ N × N is an identity partial map then αβ =
αI = α;

(ii) if the restriction β|domα : domα ⇀ N× N is an identity partial map then βα =
Iα = α;
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(iii) if (m,n)β = (n,m) for all (m,n) ∈ ranα then αβ = αϖ;

(iv) if (m,n)β = (n,m) for all (m,n) ∈ domα then βα = ϖα.

Theorem 5. D = J in PO∞(N2
6).

Proof. The inclusion D ⊆ J is trivial.
Fix any α, β ∈ PO∞(N2

6) such that αJ β. Then there exist γα, δα, γβ , δβ ∈
PO∞(N2

6) such that α = γαβδα and β = γβαδβ (see [2] or [3, Section II.1]). Hence we
have that

α = γαγβαδβδα and β = γβγαβδαδβ .

Suppose that
(H1

dom(γαγβ)
)γαγβ ⊆ H

1.

By Proposition 3,
(H1

dom(γβγα))γβγα ⊆ H
1.

Lemma 5(i) implies that the restrictions

(γαγβ)|domα : domα ⇀ N× N, (δβδα)|ranα : ranα ⇀ N× N,
(γβγα)|dom β : domβ ⇀ N× N and (δαδβ)|ran β : ranβ ⇀ N× N

are identity partial maps. Then by Lemma 6 and Proposition 8 there exist ω1, ω2 ∈ H(I)
such that γβα = ω1α, αδβ = αω2, γαβ = ω1β and βδα = βω2. This implies that

α = γαβδα = ω1βδα = ω1βω2 and β = γβαδβ = ω1αδβ = ω1αω2,

and hence by Theorem 4 we get that αDβ.
Suppose that

(H1
dom(γαγβ)

)γαγβ ⊆ V
1.

Then by Proposition 3 and Lemma 3 we have that

(H1
dom(γβγα))γβγα ⊆ V

1.

Now, as in the above part of the proof the statement of the theorem follows from
Lemma 5(ii), Lemma 7 and Proposition 8.
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Íåõàé N2
6 � ìíîæèíà N2 ç ÷àñòêîâèì ïîðÿäêîì, âèçíà÷åíèì ÿê äîáóòîê

çâè÷àéíîãî ëiíiéíîãî ïîðÿäêó 6 íà ìíîæèíi íàòóðàëüíèõ ÷èñåë N. Âèâ÷å-
íî íàïiâãðóïó PO∞(N2

6) ìîíîòîííèõ ií'¹êòèâíèõ ÷àñòêîâèõ ïåðåòâîðåíü
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÷àñòêîâî âïîðÿäêîâàíî¨ ìíîæèíè N2
6, ÿêi ìàþòü êîñêií÷åííi îáëàñòi âèçíà-

÷åííÿ òà çíà÷åííÿ. Îïèñó¹ìî âëàñòèâîñòi åëåìåíòiâ íàïiâãðóïè PO∞(N2
6)

ÿê ìîíîòîííèõ ÷àñòêîâèõ ái¹êöié ÷àñòêîâî âïîðÿäêîâàíî¨ ìíîæèíè N2
6 i

äîâîäèìî, ùî ãðóïà îäèíèöü íàïiâãðóïè PO∞(N2
6) içîìîðôíà öèêëi÷íié

ãðóïi äðóãîãî ïîðÿäêó. Òàêîæ îïèñó¹ìî ïiäíàïiâãðóïó iäåìïîòåíòiâ íàïiâ-
ãðóïè PO∞(N2

6) òà âiäíîøåííÿ Ãðiíà PO∞(N2
6). Çîêðåìà, äîâåäåíî, ùî

D = J â PO∞(N2
6).

Êëþ÷îâi ñëîâà: íàïiâãðóïà ÷àñòêîâèõ ái¹êöié, ìîíîòîííå ÷àñòêîâå
âiäîáðàæåííÿ, iäåìïîòåíò, âiäíîøåííÿ Ãðiíà.
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ÇÀÓÂÀÆÅÍÍß ÄÎ ÇÁIÆÍÎÑÒI IÍÒÅÃÐÀËIÂ
ËÀÏËÀÑÀ-ÑÒIËÜÒÜ�ÑÀ

Ìàðêiÿí ÄÎÁÓØÎÂÑÜÊÈÉ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

79000, Ëüâiâ, âóë. Óíiâåðñèòåòñüêà, 1

e-mail: mdobush19@gmail.com

Äëÿ àáñöèñè çáiæíîñòi iíòåãðàëó Ëàïëàñà-Ñòiëüòü¹ñà îòðèìàíî íîâó

ôîðìóëó. Çáiæíiñòü iíòåãðàëiâ Ëàïëàñà-Ñòiëüòü¹ñà çâîäèòüñÿ äî çáiæíîñòi

ðÿäiâ Äiðiõëå.

Êëþ÷îâi ñëîâà: iíòåãðàë Ëàïëàñà-Ñòiëüòü¹ñà, ðÿä Äiðiõëå.

1. Âñòóï. Íåõàé V � êëàñ íåâiä'¹ìíèõ íåñïàäíèõ íåïåðåâíèõ ñïðàâà íåîáìå-
æåíèõ íà [0,+∞) ôóíêöié F , à f � íåâiä'¹ìíà íà [0,+∞) ôóíêöiÿ. Iíòåãðàë

I(σ) =

∫ ∞

0

f(x)exσdF (x), σ ∈ R (1)

íàçèâà¹òüñÿ [1, c.7] iíòåãðàëîì Ëàïëàñà-Ñòiëüòü¹ñà. Çðîçóìiëî, ùî iíòåãðàë (1) àáî
çáiæíèé äëÿ âñiõ σ ∈ R, àáî ðîçáiæíèé äëÿ âñiõ σ ∈ R, àáî iñíó¹ ÷èñëî σ3[I] òàêå,
ùî öåé iíòåãðàë çáiæíèé äëÿ σ < σ3[I] i ðîçáiæíèé äëÿ σ > σ3[I]. Â îñòàííüîìó
âèïàäêó ÷èñëî σ3[I] íàçèâà¹òüñÿ àáñöèñîþ çáiæíîñòi. ßêùî iíòåãðàë (1) ðîçáiæíèé
äëÿ âñiõ σ ∈ R, òî ââàæà¹ìî σ = −∞, à ÿêùî çáiæíèé äëÿ âñiõ σ ∈ R, òî ââàæà¹ìî
σ = +∞.

2. Îñíîâíà ÷àñòèíà.

Òâåðäæåííÿ 1 ([1], ñ.11). ßêùî F ∈ V i lim
x→∞

lnF (x)

x
= τ , òî

σ3 > α− τ, α =: lim
x→∞

1

x
ln

1

f(x)
, (2)

êðiì âèïàäêó, êîëè τ = α = +∞. Çâiäñè âèïëèâà¹ òàêå: ÿêùî F ∈ V i lnF (x) = o(x)
ïðè x → ∞, òî σ3[I] > α.

Â [1, c.16] äîâåäåíî, ùî äëÿ êîæíèõ −∞ 6 γ 6 β 6 +∞ iñíó¹ äîäàòíà i íåïå-

ðåðâíà íà [0,+∞) ôóíêöiÿ f òàêà, ùî äëÿ iíòåãðàëà I(σ) =

∫ ∞

0

f(x)exσdx ïðàâèëüíi

c⃝ Äîáóøîâñüêèé Ì., 2016
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ðiâíîñòi σ3[I] = β > γ = α. Ùîá îòðèìàòè ðiâíiñòü σ3[I] = α, ÿê â [1, c.21], áóäå-
ìî ãîâîðèòè, ùî íåâiä'¹ìíà íà [0,+∞) ôóíêöiÿ f ðåãóëÿðíî çìiíþ¹òüñÿ ñòîñîâíî
F ∈ V , ÿêùî iñíóþòü ÷èñëà a > 0, b > 0 i δ > 0 òàêi, ùî äëÿ âñiõ x > a∫ x+b

x−a

dF (x) > δf(x). (3)

Òâåðäæåííÿ 2 ([1], ñ.11). Íåõàé F ∈ V i f ðåãóëÿðíî çìiíþ¹òüñÿ ñòîñîâíî F , òî

σ3[I] 6 α.

Îá'¹äíóþ÷è òâåðäæåííÿ 1 i 2, ïðèõîäèìî äî òàêîãî ðåçóëüòàòó.

Òâåðäæåííÿ 3. ßêùî F ∈ V i f ðåãóëÿðíî çìiíþ¹òüñÿ ñòîñîâíî F . Òîäi, ÿêùî

lnF (x) = o(x) ïðè x → ∞, òî σ3[I] = α.

Òóò áóäå íàâåäåíèé iíøèé ïiäõiä äî äîñëiäæåííÿ çáiæíîñòi iíòåãðàëiâ Ëàïëàñà-
Ñòiëüòü¹ñà, ÿêèé  ðóíòó¹òüñÿ íà çâåäåííi iíòåãðàëà äî ðÿäó Äiðiõëå.

Îòæå, íåõàé (λn) � äîâiëüíà çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü äîäàòíèõ ÷èñåë
òàêà, ùî λ0 = 0, λn+1 − λn 6 h < +∞ i lnn = o(λn) ïðè n → ∞. Òîäi

I(σ) =
∞∑

n=0

∫ λn+1

λn

f(x)exσdF (x). (4)

ßêùî σ > 0, òî

eλnσ

∫ λn+1

λn

f(x)dF (x) 6
∫ λn+1

λn

f(x)exσdF (x) 6

6 eλn+1σ

∫ λn+1

λn

f(x)dF (x) 6 ehσeλnσ

∫ λn+1

λn

f(x)dF (x),

(5)

à ÿêùî σ 6 0, òî

eλnσ

∫ λn+1

λn

f(x)dF (x) >
∫ λn+1

λn

f(x)exσdF (x) >

> eλn+1σ

∫ λn+1

λn

f(x)dF (x) > ehσeλnσ

∫ λn+1

λn

f(x)dF (x),

(6)

Ïðèéìåìî

an =

∫ λn+1

λn

f(x)dF (x), n > 0 (7)

i ðîçãëÿíåìî ðÿä Äiðiõëå

F (σ) =
∞∑

n=0

ane
λnσ. (8)

Òîäi ç (4)�(6) âèïëèâà¹, ùî F (σ) 6 I(σ) 6 ehσF (σ), ÿêùî σ > 0, i ehσF (σ) 6
I(σ) 6 F (σ), ÿêùî σ 6 0. Òîìó àáñöèñà çáiæíîñòi iíòåãðàëà (1) çáiãà¹òüñÿ ç àáñöèñîþ
çáiæíîñòi ðÿäó Äiðiõëå (8). Îñêiëüêè lnn = o(λn) ïðè n → ∞, òî [2,c.15] äëÿ àáñöèñè
çáiæíîñòi σ3[F ] ðÿäó Äiðiõëå ïðàâèëüíà ðiâíiñòü

σ3[F ] = lim
n→∞

1

λn
ln

1

an
.

Îòæå, ïðàâèëüíà òàêà òåîðåìà.
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Òåîðåìà 1. Íåõàé F ∈ V , f � íåâiä'¹ìíà íà [0,+∞) ôóíêöiÿ, à (λn) � äîâiëüíà

çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü òàêà, ùî λn+1 − λn < h < +∞ i lnn = o(λn) ïðè
n → ∞.
Òîäi

σ3[I] = lim
n→∞

1

λn
ln

1∫ λn+1

λn
f(x)dF (x)

. (9)

Çàóâàæèìî, ùî ç äîâåäåíî¨ òåîðåìè âèïëèâàþòü òâåðäæåííÿ 2 i 3.
Ñïðàâäi, ïðèïóñòèìî, α > −∞. Òîäi äëÿ áóäü-ÿêîãî α∗ < α i âñiõ x > x0(α

∗) ç
(2) âèïëèâà¹ íåðiâíiñòü f(x) 6 e−α∗x. Òîìó äëÿ âñiõ äîñèòü âåëèêèõ n∫ λn+1

λn

f(x)dF (x) 6
∫ λn+1

λn

e−α∗xdF (x) 6 F (λn+1)e
−α∗λn+1 + α∗

∫ λn+1

λn

F (x)e−α∗xdx

i ÿêùî lnF (x) = o(x) ïðè x → ∞, òî∫ λn+1

λn
f(x)dF (x) 6 exp{−α∗(1 + o(1))λn+1}+ α∗ ∫ λn+1

λn
exp{−α∗(1 + o(1))x}dx 6

6 exp{−α∗(1 + o(1))λn}+ exp{−α∗(1 + o(1))λn} = exp{−α∗(1 + o(1))λn} n → ∞.

Òîìó ç (9) âèïëèâà¹, ùî

σ3[I] > lim
n→∞

1

λn
ln eα

∗(1+o(1))λn = α∗,

òîáòî ç îãëÿäó íà äîâiëüíiñòü α∗ ïðàâèëüíà íåðiâíiñòü σ3[I] > α, ÿêà ¹ î÷åâèäíîþ,
êîëè α = −∞. Îòæå, ç òåîðåìè âèïëèâà¹ òâåðäæåííÿ 2.

Ïðèïóñòèìî òåïåð, ùî α < +∞. Òîäi äëÿ êîæíîãî α∗ > α iñíó¹ ïîñëiäîâíiñòü
(xk) ↑ +∞ òàêà, ùî f(xh) > exp{−α∗xh}. Òîìó, ÿêùî f ðåãóëÿðíî çìiíþ¹òüñÿ ñòî-
ñîâíî F, òî ç (3) ìàòèìåìî∫ xh+b

xh−a

f(t)dF (t) > δf(xh) > δ exp{−α∗xh}.

Ìîæåìî ââàæàòè, ùî xh+1 − a > xh + b i âèáåðåìî ïîñëiäîâíiñòü λnh
òàê, ùîá

λnh
= xh−a i λnh+1 = xh+b. Òîäi λnh+1−λnh

= b+a < ∞. Ðåøòó ÷ëåíiâ ïîñëiäîâíîñòi
ìîæåìî âèáðàòè äîâiëüíî, ùîá λn+1 − λn 6 h(h > b+ a) i lnn = o(λn) ïðè n → ∞.

Òîäi ç (9) âèïëèâà¹, ùî

σ3[I] 6 lim
n→∞

1

λnh

ln
1∫ λnh+1

λnh
f(t)dt

6 lim
n→∞

1

xh − a
ln

1

δ exp{−α∗xh}
= α∗,

òîáòî ç îãëÿäó íà äîâiëüíiñòü α∗ îòðèìà¹ìî íåðiâíiñòü σ3[I] 6 α, ÿêà ¹ î÷åâèäíîþ,
ÿêùî α = +∞. Îòîæ, ç òåîðåìè âèïëèâà¹ òâåðäæåííÿ 3.

Çàóâàæèìî òàêîæ, ùî ç òåîðåìè 1 âèïëèâà¹ òàêèé ðåçóëüòàò.

Íàñëiäîê 1. Íåõàé F ∈ V i f � íåâiä'¹ìíà íà [0,+∞) ôóíêöiÿ òàêà, ùî ln f(x) =
o(x) ïðè x → +∞, à (λn) � òàêà çðîñòàþ÷à ïîñëiäîâíiñòü äîäàòíèõ ÷èñåë , ùî

λn+1 − λn 6 h < +∞ äëÿ âñiõ n i ln f(x) = o(x) ïðè x → +∞. Òîäi

σ3[I] = lim
n→∞

1

λn
ln

1

F (λn + 1)− F (λn)
. (10)



120
Ìàðêiÿí ÄÎÁÓØÎÂÑÜÊÈÉ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2016. Âèïóñê 81

Ñïðàâäi, äëÿ êîæíîãî ε > 0 i âñiõ x > x0(ε) ìà¹ìî −εx 6 ln f(x) 6 xε. Òîìó
äëÿ âñiõ n > n0(ε)

e−ελn+1(F (λn + 1)− F (λn)) 6
∫ λn+1

λn

f(x)dF (x) 6 eελn+1(F (λn + 1)− F (λn)),

òîáòî

ln
e−ελn+1

(F (λn + 1)− F (λn))
6 1∫ λn+1

λn
f(x)dF (x)

6 ln
eελn+1

(F (λn + 1)− F (λn))
.

Çâiäêè ç îãëÿäó íà (9) âèïëèâà¹, ùî

lim
n→∞

1

λn
ln

1

(F (λn + 1)− F (λn))
− ε 6 σ3[I] 6 lim

n→∞

1

λn
ln

1

(F (λn + 1)− F (λn))
+ ε,

i çàâäÿêè äîâiëüíîñòi ε ïðàâèëüíà ðiâíiñòü (10).
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We investigate p-elliptic functions (meromorphic in C functions satisfying
the conditions g(u + ω1) = g(u) , g(u + ω2) = pg(u), ω1, ω2 ∈ C, p ∈ C\{0},
Imω2

ω1
> 0). In the case p = 1 this is the classical theory of elliptic functions.

p-Elliptic functions generate so-called p-loxodromic functions and vice versa.
We generalize the elliptic Weierstrass ℘-function and �nd the corresponding
p-loxodromic function in the case |p| = 1.

Key words: p-elliptic function, the Weierstrass ℘-function, p-loxodromic
function, generalized Weierstrass ℘-function.
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2. Introduction

As usual, C∗ = C\{0}.

De�nition 1. Let ω1, ω2 be complex numbers such that Imω2

ω1
> 0. A meromorphic in

C function g is called p-elliptic, if there exists p ∈ C∗ such that for every u ∈ C

g(u+ ω1) = g(u), g(u+ ω2) = pg(u). (1)

c⃝ Kondratyuk A., Khoroshchak V., Lukivska D., 2016



122
A. KONDRATYUK, V. KHOROSHCHAK, D. LUKIVSKA

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2016. Âèïóñê 81

The second property is called the multi p-periodicity of period ω2. Note that
(1) implies g(u+mω1 + nω2) = png(u), where m,n ∈ Z.

Denote the class of p-elliptic functions by Ep.
If p = 1 we obtain the classical theory of elliptic functions, which are well known

due to the works of K. Jacobi, N. Abel, K. Weierstrass. The theories of loxodromic
(multiplicatively periodic) and elliptic functions are dual (see [1], [2], [3]).

3. Relation between p-loxodromic and p-elliptic functions

We are going to show that the p-elliptic functions generate the so-called p-loxodromic
functions and vice versa.

De�nition 2. Let q ∈ C∗, 0 < |q| < 1. A meromorphic in C∗ function f is said to be

p-loxodromic of multiplicator q if there exists p ∈ C∗, p ̸= 1, such that for every

z ∈ C∗

f(qz) = pf(z). (2)

Let Lqp denote the class of p-loxodromic functions of multiplicator q.

If f is meromorphic in C∗ and p-loxodromic of multiplicator q = e2πi
ω2
ω1 , Imω2

ω1
> 0,

that is f ∈ Lqp, then the function

g(u) = f
(
e2πi

u
ω1

)
is meromorphic in C and p-elliptic of periods ω1, ω2. Indeed, for all u ∈ C we have

g(u+mω1 + nω2) = f
(
e2πi

u+mω1+nω2
ω1

)
= f

(
e2πin

ω2
ω1 e2πi

u
ω1

)
=

= f
(
qne2πi

u
ω1

)
= pnf

(
e2πi

u
ω1

)
= png(u).

Hence, g ∈ Ep.
Conversely, if g ∈ Ep and z ∈ C∗, then the function

f(z) = g
( ω1

2iπ
log z

)
is well de�ned because g admits the period ω1 and log z ∈ C/2iπZ. In other words we have
here that the composition of a multivalent mapping and a univalent one is a univalent

function. Hence, if we set q = e2πi
ω2
ω1 , Imω2

ω1
> 0, we obtain

f(qz) = g
( ω1

2iπ
log(qz)

)
= g

(
ω2 +

ω1

2iπ
log z

)
=

= pg
( ω1

2iπ
log z

)
= pf(z).

Thus, f ∈ Lqp.
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4. Generalization of the Weierstrass ℘-function

Taking into account the fact that ℘ and ℘′ generate the �eld of elliptic functions, it
will be interesting to obtain a counterpart of ℘ in the theory of p-elliptic functions.

Therefore, in this section we generalize the elliptic Weierstrass ℘-function

℘(u) =
1

u2
+

∑
ω ̸=0

(
1

(u− ω)2
− 1

ω2

)
,

where ω1, ω2 ∈ C, Imω2

ω1
> 0, ω = mω1 + nω2, m, n ∈ Z. The proposed generalized

function will be a p-elliptic function.
Let p = eiα and

gα(u) =
1

u2
+

∑
ω ̸=0

(
einα

(u− ω)2
− einα

ω2

)
.

If p = 1, we have
g0(u) = ℘(u).

We suppose further p ̸= 1.

De�nition 3. Let p = eiα, p ̸= 1. The function of the form

℘α(u) = gα(u) + Cα,

where

Cα =
gα

(ω2

2

)
− eiαgα

(
−ω2

2

)
eiα − 1

,

is called the generalized Weierstrass ℘-function.

We prove the following theorem.

Theorem 1. The generalized Weierstrass ℘-function ℘α belongs to Ep with p = eiα ̸= 1.

Proof. Let us consider the derivative of gα,

g′α(u) = −2
∑
ω

einα

(u− ω)3
.

We have

g′α(u+ ω2) = −2
∑

m,n∈Z

einα

(u+ ω2 −mω1 − nω2)3
= −2

∑
m,n∈Z

einα

(u−mω1 − (n− 1)ω2)3
=

= −2eiα
∑

m,n∈Z

ei(n−1)α

(u−mω1 − (n− 1)ω2)3
= eiαg′α(u).

Thus, we obtain
g′α(u+ ω2)− eiαg′α(u) = 0. (3)

Note that the function (gα + C) satis�es (3) for any C ∈ C. Put
C = Cα.

Then relation (3) implies

gα(u+ ω2) + Cα − eiα
(
gα(u) + Cα

)
= A,
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where A is a constant. Let us de�ne A. Setting u = −ω2

2 in the preceding equality, we
obtain

gα

(ω2

2

)
− eiαgα

(
−ω2

2

)
+ (1− eiα)Cα = A.

Taking into account the choice of Cα, we conclude that A = 0. Hence, we have

gα(u+ ω2) + Cα = eiα
(
gα(u) + Cα

)
, (4)

that is we have shown that the function ℘α = gα + Cα is multi p-periodic of period ω2.
It remains to prove the uniqueness of Cα. We suppose that there is a constant C

such that the function
(
gα + C

)
is multi p-periodic of period ω2, that is

gα(u+ ω2) + C = eiα
(
gα(u) + C

)
.

Using (4), we obtain C−Cα = eiα
(
C−Cα

)
, which implies C = Cα. Let us now consider

the period ω1. We have

g′α(u+ ω1) = −2
∑

m,n∈Z

einα

(u+ ω1 −mω1 − nω2)3
=

= −2
∑

m,n∈Z

einα

(u− (m− 1)ω1 − nω2)3
= g′α(u).

Hence, g′α(u+ ω1) = g′α(u). We can deduce from this the following

gα(u+ ω1) + Cα = gα(u) + Cα +B, (5)

where B is some constant.
Let us now de�ne B. Using equalities (4) and (5), we obtain

gα(u+ ω2 + ω1) + Cα = gα(u+ ω2) + Cα +B,

gα(u+ ω1 + ω2) + Cα = eiα
(
gα(u+ ω1) + Cα

)
= eiα

(
gα(u) + Cα +B

)
.

We can write B in the form

B =
gα(u+ ω2)− eiαgα(u) + Cα(1− eiα)

eiα − 1
.

Setting u = −ω2

2
, we have

B =
gα

(ω2

2

)
− eiαgα

(
−ω2

2

)
eiα − 1

− Cα.

According to the de�nition of Cα, we can conclude B = Cα − Cα = 0. Since B = 0,
equalities (4), (5) imply that the function ℘α = gα+Cα belongs to Ep with p = eiα, p ̸= 1,
which completes the proof.
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5. Generalization of the Weierstrass ζ and σ functions

Let us now consider the function

ζα(u) =
1

u
+

∑
ω ̸=0

(
einα

u− ω
+

einα

ω
+

ueinα

ω2

)
,

where ω1, ω2 ∈ C, Imω2

ω1
> 0, ω = mω1 + nω2, m, n ∈ Z. The remainders of the series

converge uniformly on the compact subsets of C, see [4].
Di�erentiating ζα we obtain gα(u) = −ζ ′α(u). Hence, ℘α(u) = gα(u) + Cα =

= Cα − ζ ′α(u). We can rewrite ζα as follows

ζα(u) =
1

u
+

∑
n∈Z

einα
∑
m∈Z

(
1

u− ω
+

1

ω
+

u

ω2

)
, m2 + n2 ̸= 0.

Fix n ∈ Z and denote

χ0(u) =
1

u
+

∑
m ̸=0

(
1

u−mω1
+

1

mω1
+

u

m2ω2
1

)
,

χn(u) =
∑
m∈Z

(
1

u− ω
+

1

ω
+

u

ω2

)
, n ̸= 0.

Then, ζα can be rewritten as follows

ζα(u) =
∑
n∈Z

einαχn(u). (6)

Let f(u) = 1− u
ω . We have f ′(u)

f(u) = 1
u−ω . Hence, we obtain

u∫
0

dζ

ζ − ω
=

u∫
0

f ′(ζ)

f(ζ)
dζ = log f(u)− log f(0)

for any branch of log f and speci�cally for the branch de�ned by the condition
log f(0) = log 1 = 0. Thus, we have

u∫
0

dζ

ζ − ω
= log

(
1− u

ω

)
.

By A∗ denote C with radial slits from ω to ∞. Integrating

(
χ0(t)−

1

t

)
and χn(t) along

a path in A∗ which connects the points 0 and u, we obtain

u∫
0

(
χ0(t)−

1

t

)
dt =

∑
m ̸=0,n=0

(
log

(
1− u

ω

)
+

u

ω
+

u2

2ω2

)
, (7)

u∫
0

χn(t)dt =
∑
m∈Z

(
log

(
1− u

ω

)
+

u

ω
+

u2

2ω2

)
, n ̸= 0. (8)
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Let us consider the entire functions

σ0(u) = u
∏

m ̸=0,n=0

(
1− u

ω

)
e

u
ω+ u2

2ω2 ,

σn(u) =
∏
m∈Z

(
1− u

ω

)
e

u
ω+ u2

2ω2 , n ̸= 0.

Using these functions, we can rewrite (7) and (8) in the form
u∫

0

(
χ0(t)−

1

t

)
dt = log

σ0(u)

u
,

u∫
0

χn(t)dt = log σn(u).

If we di�erentiate these relations, then we obtain

χ0(u) =
σ′
0(u)

σ0(u)
, χn(u) =

σ′
n(u)

σn(u)
.

Taking into account such representations of χn(u), n ∈ Z, we can rewrite (6) as follows

ζα(u) =
∑
n∈Z

einα
σ′
n(u)

σn(u)
.

Hence, ℘α can be rewritten in the next form

℘α(u) = Cα +
∑
n∈Z

einα
σ′2
n (u)− σ′′

n(u)σn(u)

σ2
n(u)

.

Remark 1. If we consider the product
∏
n∈Z

σn(u), then we obtain the Weierstrass σ-

function. If α = 0, then ζ0 is the Weierstrass ζ-function.

6. p-loxodromic function that corresponds to the generalized

Weierstrass ℘-function

Let us consider the function

ρp(z) =
∑
n∈Z

(pq)nz

(z − qn)2
, |q| < 1, |q| < |p| < 1

|q|
.

Since |pq| < 1, qn → 0 as n → +∞, and

∣∣∣∣qp
∣∣∣∣ < 1, the remainders of the series converge

uniformly on the compact subsets of C∗.
The function ρp belongs to Lqp. Indeed,

ρp(qz) =
∑
n∈Z

(pq)nqz

(qz − qn)2
=

∑
n∈Z

pnqn−1z

(z − qn−1)2
=

= p
∑
n∈Z

(pq)n−1z

(z − qn−1)2
= pρp(z).

The following theorem holds.

Theorem 2. If q = e2πi
ω2
ω1 , Imω2

ω1
> 0, then ρp

(
e2πi

u
ω1

)
= − ω2

1

4π2℘α(u), p = eiα ̸= 1.
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Proof. Let us consider the function

f(z) =

+∞∑
n=0

(pq)n

z − qn
+

+∞∑
k=1

1

pk

(
1

qkz − 1
+ 1

)
.

The remainders of the �rst series converge if |p| < 1
|q| , and of the second if |q| < |p|.

Hence, if |q| < |p| < 1
|q| , the function f is meromorphic in C∗. It is easy to verify that

the functions f and ρp are connected as follows

ρp(z) = −zf ′(z). (9)

All points satisfying the equation

e2πi
u
ω1 = qn, n ∈ Z (10)

are simple poles of the function f
(
e2πi

u
ω1

)
. If u satis�es relation (10), then (u+mω1),

m ∈ Z, satisfy it as well. Thus, f
(
e2πi

u
ω1

)
has the poles at the points ω = mω1 + nω2,

m, n ∈ Z.
Let now calculate the residues of f

(
e2πi

u
ω1

)
at the points ω. If n > 0, then

lim
u→ω

(u− ω)f
(
e2πi

u
ω1

)
= lim

u→ω
(pq)n

u− ω

e2πi
u
ω1 − e2πi

ω
ω1

= lim
u→ω

pn
u− ω

e
2πi
ω1

(u−ω) − 1
=

ω1

2πi
pn.

Similarly, if n < 0, n = −k, then we obtain

lim
u→ω

(u− ω)f
(
e2πi

u
ω1

)
= lim

u→ω
pn(u− ω)

(
1

e−2πin
ω2
ω1 e−2πin u

ω1 − 1
+ 1

)
=

= lim
u→ω

pn(u− ω)

e
2πi
ω1

(u−ω) − 1
=

ω1

2πi
pn.

Thus, the principal parts corresponding to each pole ω take the form ω1

2πi
pn

u−ω .

Since f
(
e2πi

u
ω1

)
is a meromorphic in C function of variable u, in virtue of the

Mittag-Le�er theorem [4] there exists a meromorphic function F (u) with the same poles
and principal parts. That is there exists an entire function G(u) such that

f
(
e2πi

u
ω1

)
= G(u) + F (u).

Applying the theorem of expansion into the simple fraction [4] to the function F (u),
we obtain

F (u) =
ω1

2πi

 1

u
+

∑
ω ̸=0

u2

ω2

pn

u− ω

 .

Since the double series
∑

ω ̸=0
1

|ω|3 is convergent (see [3], [4]), the series on the right hand

side of preceding equality is uniformly convergent on the compact subsets of C.
Hence, we obtain

f
(
e2πi

u
ω1

)
= G(u) +

ω1

2πi

 1

u
+

∑
ω ̸=0

u2

ω2

pn

u− ω

 . (11)
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Relation (9) implies

ρp

(
e2πi

u
ω1

)
= −e2πi

u
ω1 f ′

(
e2πi

u
ω1

)
.

Di�erentiating equality (11), we have

−ρp

(
e2πi

u
ω1

)
=

ω1

2πi
G′(u)− ω2

1

4π2

− 1

u2
+

∑
ω ̸=0

(
pn

ω2
− pn

(u− ω)2

) .

According to the de�nition of ℘α we can deduce

−ρp

(
e2πi

u
ω1

)
=

ω1

2πi
G′(u) +

ω2
1

4π2
(℘α(u)− Cα)

or this can be rewritten in the form

ω2
1

4π2
℘α(u) + ρp

(
e2πi

u
ω1

)
=

ω2
1

4π2
Cα − ω1

2πi
G′(u). (12)

The function on the left hand side of equality (12) is p-elliptic as the sum of two
p-elliptic functions. Thus, an entire function on the right hand side of (12) is p-elliptic.
Since |p| = 1 then (1) implies that every entire p-elliptic function is bounded in C. Thus,
by the Liouville theorem it is constant. The only constant function g ∈ Ep in the case
p ̸= 1 is g ≡ 0. Hence, we can conclude from (12) the equality

ρp

(
e2πi

u
ω1

)
= − ω2

1

4π2
℘α(u).

This completes the proof.
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p ∈ C\{0}). Ó âèïàäêó p = 1 � öå êëàñè÷íà òåîðiÿ åëiïòè÷íèõ ôóíêöié.
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ÔÓÍÊÖIÎÍÀËÜÍÅ ×ÈÑËÅÍÍß ÍÀ ÀËÃÅÁÐÀÕ ÒÈÏÓ
ÂIÍÅÐÀ ÒÀ ÉÎÃÎ ÄÈÔÅÐÅÍÖIÀËÜÍI ÂËÀÑÒÈÂÎÑÒI

Îëüãà Ì'ßÓÑ

Íàöiîíàëüíèé óíiâåðñèòåò "Ëüâiâñüêà ïîëiòåõíiêà" ,

âóë. Ñòåïàíà Áàíäåðè, 12, Ëüâiâ, Óêðà¨íà

e-mail: myausolya@mail.ru

Ïîáóäîâàíî ôóíêöiîíàëüíå ÷èñëåííÿ Õiëëå-Ôiëëiïñà-Áàëàêðiøíàíà íà
àëãåáðàõ òèïó Âiíåðà îáìåæåíèõ àíàëiòè÷íèõ ôóíêöié íà îäèíè÷íié êóëi
ó êëàñàõ óçàãàëüíåíèõ ôóíêöié òà îäåðæàíi éîãî äèôåðåíöiàëüíi âëàñòè-
âîñòi.

Êëþ÷îâi ñëîâà: óçàãàëüíåíà ôóíêöiÿ, îïåðàòîðíå ÷èñëåííÿ, ãåíåðàòîð
ãðóïè, àëãåáðà òèïó Âiíåðà.

1. Âñòóï. Ïåðåòâîðåííÿ

x̂ =

∞∫
−∞

U(t)xdt, (1)

äå U(t) � ãðóïà îïåðàòîðiâ, íàçèâàþòü ïåðåòâîðåííÿì Å. Õiëëå, Ð. Ôiëëiïñà òà
À. Áàëàêðèøíàíà, ÿêå âîíè âèêîðèñòîâóâàëè äëÿ ïîáóäîâè ôóíêöiîíàëüíîãî ÷èñ-
ëåííÿ [1, 2, 3] ãåíåðàòîðiâ C0 � ãðóï îïåðàòîðiâ ó çãîðòêîâèõ àëãåáðàõ ìið.

Çà äîïîìîãîþ ïåðåòâîðåíü âèãëÿäó (1) òà ¨õíiõ óçàãàëüíåíü ó [2] ïîáóäîâàíî
ôóíêöiîíàëüíå ÷èñëåííÿ ãåíåðàòîðiâ ñèëüíî íåïåðåðâíèõ ãðóï îïåðàòîðiâ ó êëàñàõ
îáìåæåíèõ ôóíêöié, ó [4, 5, 6] � ó ïåâíèõ êëàñàõ óçàãàëüíåíèõ ôóíêöié åêñïîíåíöi-
àëüíîãî òèïó, çîêðåìà, ó [6] � íà áàíàõîâèõ àëãåáðàõ òèïó Âiíåðà îáìåæåíèõ àíàëi-
òè÷íèõ ôóíêöié íà îäèíè÷íié êóëi. Çàóâàæèìî, ùî çà äîïîìîãîþ ïåðåòâîðåííÿ

x̂ =

∞∫
0

U(t)xdt,

äå U(t)� ïiâãðóïà îïåðàòîðiâ, ó [1, 7] òà iíøèõ ïðàöÿõ áóäóþòü ôóíêöiîíàëüíå ÷èñ-
ëåííÿ ãåíåðàòîðiâ ïiâãðóï îïåðàòîðiâ.

Îñêiëüêè ïðîñòîðè ôóíêöié åêñïîíåíöiàëüíîãî òèïó [8, 9] iíâàðiàíòíi ùîäî
îïåðàòîðiâ äèôåðåíöiþâàííÿ, òî òàêå ôóíêöiîíàëüíå ÷èñëåííÿ ìà¹ äåÿêi äèôåðåíöi-
àëüíi âëàñòèâîñòi, ÿêèõ íåìà¹ ó êëàñè÷íîìó ôóíêöiîíàëüíîìó ÷èñëåííi îïåðàòîðiâ.

c⃝ Ì'ÿóñ Î., 2016



ÔÓÍÊÖIÎÍÀËÜÍÅ ×ÈÑËÅÍÍß ÍÀ ÀËÃÅÁÐÀÕ ÒÈÏÓ ÂIÍÅÐÀ ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2016. Âèïóñê 81 131

Ìåòà íàøî¨ ïðàöi � ïîáóäóâàòè ôóíêöiîíàëüíå ÷èñëåííÿ íà áàíàõîâèõ àëãåáðàõ
òèïó Âiíåðà äëÿ iíøèõ, íiæ ó [6], ïðîñòîðiâ óçàãàëüíåíèõ ôóíêöié òà âèçíà÷èòè éîãî
äèôåðåíöiàëüíi âëàñòèâîñòi.

2. Ðîçïîäiëè åêñïîíåíöiàëüíîãî òèïó. Íåõàé L1(R) � áàíàõiâ ïðîñòið ñó-
ìîâíèõ ôóíêöié φ(t) äiéñíî¨ çìiííî¨ t ∈ R ç íîðìîþ ∥φ∥L1 :=

∫
R |φ(t)| dt. ßêùî

φ,ψ ∈ L1(R), òî âèçíà÷åíà çãîðòêà

(φ ∗ ψ)(t) :=
∫
R
φ(s)ψ(t− s) ds.

Ïðîñòið L1(R) ¹ áàíàõîâîþ àëãåáðîþ ñòîñîâíî çãîðòêè.

Íåõàé L
(m,a,ω)
1 (R) � ïðîñòið ñóìîâíèõ ôóíêöié φ(t) ç íîðìîþ

∥φ∥
L

(m,a,ω)
1 (R) =

∞∫
−∞

|tmω(at)φ(t)|dt <∞

ïðè ôiêñîâàíèõ m, a (m = 0, 1, 2, . . . ; a > 0), äå ω(t) (−∞ < t < ∞)� öiëà òðàíñöåí-
äåíòíà ôóíêöiÿ íóëüîâîãî ðîäó, êîðåíi ÿêî¨ ëåæàòü íà óÿâíié äîäàòíié ïiâîñi

ω(t) = C
∞∏
k=1

(
1− t

itk

)
,

C = const, C ≥ 1, 0 < t1 ≤ t2 ≤ t3 ≤ . . . ,

∞∑
k=1

1

tk
<∞, àáî ω(t) ≡ 1.

Äëÿ êîæíîãî ν > 0 ó ïðîñòîði L
(m,a,ω)
1 (R) âèçíà÷èìî [10] áàíàõiâ ïiäïðîñòið

E(m,a,ω)
ν :=

{
φ(t) ∈ L

(m,a,ω)
1 (R) | ∥φ∥

E
(m,a,ω)
ν

= sup
k∈Z+

∥Dkφ∥
L

(m,a,ω)
1 (R)

νk
<∞

}
,

ÿêèé ¹ iíâàðiàíòíèì ñòîñîâíî îïåðàòîðà äèôåðåíöiþâàííÿ D = d
dt , òîáòî ÿêùî φ ∈

E
(m,a,ω)
ν , òî Dφ ∈ E

(m,a,ω)
ν , âêëàäåííÿ E

(m,a,ω)
ν ⊂ L

(m,a,ω)
1 (R) içîìåòðè÷íå [10]. Íåõàé

E(m,a,ω) :=
∪

ν
E(m,a,ω)

ν = lim indν→+∞E
(m,a,ω)
ν

� îá'¹äíàííÿ ïðîñòîðiâ ç òîïîëîãi¹þ iíäóêòèâíî¨ ãðàíèöi ñòîñîâíî íåïåðåðâíèõ âêëà-

äåíü E
(m,a,ω)
ν ⊂ E

(m,a,ω)
µ , äå ν ≤ µ. Ïðîñòið E(m,a,ω) íàëåæèòü îáëàñòi âèçíà÷åííÿ

îïåðàòîðà äèôåðåíöiþâàííÿ D òà ¹ iíâàðiàíòíèì ùîäî éîãî äi¨ [10].
Ó âèïàäêó m = 0 òà ω ≡ 1 îòðèìó¹ìî ïðîñòîðè

Eν :=
{
φ(t) ∈ L1(R) | ∥φ∥Eν = sup

k∈Z+

∥Dkφ∥L1(R)

νk
<∞

}
òà E :=

∪
ν>0 Eν .

Ïðîñòið E ñêëàäà¹òüñÿ ç óñiõ öiëèõ àíàëiòè÷íèõ ôóíêöié íà C åêñïîíåíöiàëü-
íîãî òèïó, çâóæåííÿ ÿêèõ íà äiéñíó âiñü R íàëåæèòü L1(R). Îïåðàòîðíå ÷èñëåííÿ ó
öüîìó êëàñi ôóíêöié òà ó êëàñi ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà íüîìó âèâ÷åíå
ó [5].

Ââåäåìî [10] ïðîñòið

E :=
∩

m,a
E(m,a,ω) = lim prm,aE

(m,a,ω)
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ç òîïîëîãi¹þ ïðîåêòèâíî¨ ãðàíèöi, âïîðÿäêóâàâøè m, a òàê, ùîá âêëàäåííÿ
E(m+1,a+1,ω) ⊂ E(m,a,ω) áóëè íåïåðåðâíèìè. Çãiäíî ç [10] ïðîñòið E ñåêâåíöiàëüíî
ïîâíèé (äèâ. [9]), iíâàðiàíòíèé ñòîñîâíî äi¨ içîìåòðè÷íî¨ ãðóïè çñóâiâ Ts : φ(t) →
φ(t− s), s ∈ R íà L1(R).

×åðåç L(E) ïîçíà÷à¹ìî àëãåáðó ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðiâ íàä ïðîñòîðîì
E ç ñèëüíîþ îïåðàòîðíîþ òîïîëîãi¹þ.

Åëåìåíòè ñïðÿæåíîãî ïðîñòîðó E′ íàçèâà¹ìî [10] óçàãàëüíåíèìè ôóíêöiÿìè
åêñïîíåíöiàëüíîãî òèïó. Ïðîñòið E′ � ëîêàëüíî îïóêëèé ëiíiéíèé òîïîëîãi÷íèé
ïðîñòið. Ó [10] äîâåäåíî, ùî E′ ¹ iíâàðiàíòíèì ùîäî äèôåðåíöiþâàííÿ, òîìó êî-
ðåêòíî âèçíà÷åíà îïåðàöiÿ äèôåðåíöiþâàííÿ

⟨φ | Dkg⟩ = (−1)k⟨Dkφ | g⟩, k ∈ Z+ (2)

äëÿ âñiõ ôóíêöiîíàëiâ g ∈ E′ i âñiõ öiëèõ ôóíêöié φ ∈ E íà R åêñïîíåíöiàëüíîãî
òèïó. Îïåðàöiþ çãîðòêè ôóíêöié f ∈ E′ òà φ ∈ E âèçíà÷à¹ìî ôîðìóëîþ

(f ∗ φ)(t) := ⟨φ(t− s) | f(s)⟩ = ⟨Tsφ(t) | f(t)⟩.

Ó [10] äîâåäåíî, ùî äëÿ êîæíî¨ f ∈ E′ îïåðàòîð çãîðòêè

Kf : E ∋ φ −→ f ∗ φ (3)

íàëåæèòü ïðîñòîðó L(E), çàäîâîëüíÿ¹ ñïiââiäíîøåííÿ

KfT−sφ = T−sKfφ ∀φ ∈ E, ∀ s ∈ R, (4)

i íàâïàêè, ÿêùî îïåðàòîð Kf ∈ L(E) çàäîâîëüíÿ¹ óìîâó (4), òî iñíó¹ ¹äèíèé ôóíê-
öiîíàë f ∈ E′ òàêèé, ùî îïåðàòîð Kf íàáóâà¹ âèãëÿäó (3).

Çãîðòêó ôóíêöié f, g ∈ E′ âèçíà÷à¹ìî [10] ôîðìóëîþ

⟨φ | f ∗ g⟩ = [f ∗ (g ∗ φ)](0) ∀φ ∈ E.

Òîäi [10, 11]

(f ∗ g) ∗ φ = f ∗ (g ∗ φ) ∀f, g ∈ E′, φ ∈ E,

E′ � òîïîëîãi÷íà àëãåáðà ùîäî çãîðòêè

E′ × E′ ∋ (g, h) 7−→ g ∗ h ∈ E′,

à E � ¨¨ çãîðòêîâà ïiäàëãåáðà.
Çà âiäîìîþ òåîðåìîþ Ïåéëi�Âiíåðà�Øâàðöà [12, c. 175], Ôóð'¹-îáðàç

Ê :=

{
φ̂(ξ) =

∞∫
−∞

e−it·ξφ(t) dt (ξ ∈ R) : φ(t) ∈ E

}
ïðîñòîðó E ç iíäóêòèâíîþ òîïîëîãi¹þ ïðè ïåðåòâîðåííi Ôóð'¹

F : E ∋ φ −→ φ̂ ∈ Ê

ñêëàäà¹òüñÿ ç íåñêií÷åííî äèôåðåíöiéîâíèõ ôiíiòíèõ ôóíêöié íà R. Òîìó

Ê ⊂ D(R), (5)

äå D(R) � êëàñè÷íèé ïðîñòið îñíîâíèõ ôóíêöié Øâàðöà. Çãiäíî ç [10]

F(g ∗ h) = ĝ ∗ h = ĝ · ĥ, g, h ∈ E′
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i òîäi Ôóð'¹-îáðàç Ê′ ïðîñòîðó E′ � òîïîëîãi÷íà àëãåáðà ç ïîòî÷êîâèì ìíîæåííÿì, à

Ê � ¨¨ ïiäàëãåáðà ùîäî ìíîæåííÿ; ⟨Ê | Ê′⟩ óòâîðþ¹ íîâó äóàëüíó ïàðó, ùî ¹ Ôóð'¹-
îáðàçîì äóàëüíî¨ ïàðè ⟨E | E′⟩.

3. Àëãåáðà Âiíåðà Wπ(B). Íåõàé X � áàíàõiâ ðåôëåêñèâíèé ïðîñòið, X ′ �
äóàëüíèé äî íüîãî; B(Xn)� ñóêóïíiñòü îáìåæåíèõ n-ëiíiéíèõ ôóíêöiîíàëiâ íàXn =
X× . . .×X; B(Xn

s ) � ñóêóïíiñòü óñiõ ñèìåòðè÷íèõ n-ëiíiéíèõ ôóíêöiîíàëiâ h, òîáòî
òàêèõ, ùî h(x1, . . . , xn) = h(xs1 , . . . , xsn) äëÿ êîæíîãî åëåìåíòà s = (s1, . . . , sn) ãðóïè
Gn ïåðåñòàíîâîê ìíîæèíè {1, . . . , n}; Pn(X) � ñóêóïíiñòü n-îäíîðiäíèõ ôóíêöiîíà-
ëiâ f : X → C, òîáòî òàêèõ, ùî

f(x) = (h ◦∆n)(x) ∀x ∈ X òà äåÿêîãî h ∈ B(Xn),

äå ∆n � âêëàäåííÿ X â Xn, à ñàìå ∆n : X −→ Xn (x 7−→ (x, . . . , x)).
Àëãåáðè÷íèé ïðîåêòèâíèé òåíçîðíèé äîáóòîê n ïðîñòîðiâ Áàíàõà

X⊗n = X ⊗ . . .⊗X

ñêëàäà¹òüñÿ ç óñiõ ñêií÷åííèõ ñóì

u =
∑
j

x1j ⊗ · · · ⊗ xnj , xij ∈ X, i = 1, . . . , n, j ∈ N (6)

çi çâè÷àéíèìè àëãåáðè÷íèìè îïåðàöiÿìè [13, 14].
Íåõàé X⊗n

π � àëãåáðè÷íèé òåíçîðíèé äîáóòîê X⊗n ç ïðîåêòèâíîþ íîðìîþ [13]

∥u∥π = inf
∑
j

∥x1j∥ · · · ∥xnj∥.

Òóò iíôiìóì ïðèéìà¹ìî çà âñiìà ñêií÷åííèìè çîáðàæåííÿìè (6),
X ′⊗n

π � ïðîåêòèâíèé òåíçîðíèé äîáóòîê äóàëüíèõ áàíàõîâèõ ïðîñòîðiâ X ′ (âi-
äîìî [3], IV.9, [15], ùî X ′⊗n

π ¹ çàìêíåíèì ïiäïðîñòîðîì ïðîñòîðó (X⊗n
π )′);

⟨u | F ′
n⟩ � çíà÷åííÿ ëiíiéíîãî ôóíêöiîíàëó F ′

n ∈ X ′⊗n
π íà u ∈ X⊗n

π ;
x1 ⊙ . . .⊙ xn := 1

n!

∑
s=(s1,...,sn)∈Gn

xs1 ⊗ . . . ⊗ xsn � åëåìåíòè ñèìåòðè÷íîãî

ïðîåêòèâíîãî òåíçîðíîãî äîáóòêó X⊙n
π ;

x⊙n := x⊙ . . .⊙ x ∈ X⊙n
π , x⊙0 := 1 ∈ C ∀x ∈ X.

Çãiäíî ç [15] êîæíîìó ôóíêöiîíàëó F ′
n ∈ X ′⊙n

π âiäïîâiäà¹ ¹äèíèé n-îäíîðiäíèé
ïîëiíîì Fn [16, 17] òàêèé, ùî

Fn(x) := ⟨x⊙n | F ′
n⟩ äëÿ âñiõ x ∈ X.

Ïîçíà÷èìî

Pn
π (X) =

{
Fn : F

′
n ∈ X ′⊙n

π

}
, n = 1, 2, . . . , P0

π(X) = C.

Íà Pn
π (X) âèçíà÷à¹ìî íîðìó

∥Fn∥ := ∥F ′
n∥π, ∀F ′

n ∈ X
′⊙n
π

òà îäåðæó¹ìî içîìåòðiþ Pn
π (X) òà X ′⊙n

π [18, Prop. 1]. Çàóâàæèìî, ùî Pn
π (X) ⊂

Pn(X).
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Êîðèñòóþ÷èñü ïîäiáíèì îçíà÷åííÿì äëÿ ïðîñòîðiâ Ãiëüáåðòà ç [19], ó [20] ââå-
äåíà àëãåáðà Âiíåðà

Wπ(X) :=

{
F =

∑
n∈Z+

Fn : Fn ∈ Pn
π (X)

}
çi ñêií÷åííîþ íîðìîþ ∥F∥ =

∑
n∈Z+

∥Fn∥.

Ïðè X = C îòðèìó¹ìî êëàñè÷íó àëãåáðó Âiíåðà.
Íåõàé B = B(X) =

{
x ∈ X : ∥x∥ < 1

}
� âiäêðèòà îäèíè÷íà êóëÿ â X. Çãiäíî ç

[18], Wπ(B) � áàíàõîâà ïiäàëãåáðà ç îäèíèöåþ àëãåáðè âñiõ îáìåæåíèõ àíàëiòè÷íèõ
ôóíêöié íà B(X).

Ó [21] äîñëiäæåíî âëàñòèâîñòi ñåêòîðiàëüíèõ îïåðàòîðiâ íà àëãåáðàõ òèïó Âiíå-
ðà. Ôóíêöiîíàëüíå ÷èñëåííÿ äëÿ ãåíåðàòîðiâ ñèëüíî íåïåðåðâíèõ ãðóï içîìåòðè÷íèõ
ëiíiéíèõ îïåðàòîðiâ, ùî äiþòü íà àëãåáði Âiíåðà Wπ(B), ïîáóäîâàíå â [6] ó Ôóð'¹-
îáðàçàõ ïðîñòîðiâ E òà E ′. Òóò áóäó¹ìî éîãî ó Ôóð'¹-îáðàçàõ ïðîñòîðiâ E, E′ òà
âèçíà÷à¹ìî äèôåðåíöiàëüíi âëàñòèâîñòi ïîáóäîâàíîãî ôóíêöiîíàëüíîãî ÷èñëåííÿ.

4. Ôóíêöiîíàëüíå ÷èñëåííÿ íà àëãåáði Âiíåðà. Íåõàé Ut (t ∈ R) � C0-
ãðóïà ëiíiéíèõ içîìåòðè÷íèõ îïåðàòîðiâ íà X ç ãåíåðàòîðîì −A. Òîäi íà àëãåáði
Wπ(B) êîðåêòíî âèçíà÷åíà [18] C0-ãðóïà içîìåòðè÷íèõ îïåðàòîðiâ

ÛtF (x) = F (Utx), x ∈ B, F ∈Wπ(B).

Òàêîæ Ût ¹ ãðóïîþ àëãåáðè÷íèõ àâòîìîðôiçìiâ

Ût(F ·G) =
(
ÛtF

)
·
(
ÛtG

)
.

Ñïðàâäi, îñêiëüêè F ·G =
∑

n∈Z+

( n∑
k=0

Fk ·Gn−k

)
, òî

Ût(F ·G)(x) = (F ·G)(Utx)

=
∑
n∈Z+

n∑
k=0

Fk(Utx) ·Gn−k(Utx)

=
∑
n∈Z+

Fn(Utx) ·
∑
n∈Z+

Gn(Utx)

=
(
ÛtF

)
(x) ·

(
ÛtG

)
(x), x ∈ B.

Ïîçíà÷à¹ìî ÷åðåç L(Wπ) áàíàõîâó àëãåáðó âñiõ îáìåæåíèõ ëiíiéíèõ îïåðàòîðiâ
íà Wπ. Íåõàé A

′ � ñïðÿæåíèé äî A, I ′ � îäèíè÷íèé îïåðàòîð â X ′,
A′

j := I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
j−1

⊗A′ ⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
n−j

, j = 1, 2, . . . , n, A′
0 = I ′,

−Â � ãåíåðàòîð ãðóïè Ût.

5. Âëàñòèâîñòi ôiíiòíèõ ôóíêöié âiä îïåðàòîðà Â. Äëÿ êîæíî¨ φ ∈ E
âèçíà÷à¹ìî îïåðàòîðè

φ̂(A) =

∫
R
Utφ(t) dt,
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[φ̂(Aj)]
′
:= I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸

j−1

⊗ [φ̂(A)]
′ ⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸

n−j

, j = 1, 2, . . . , n,

äå [φ̂(A)]
′
� ñïðÿæåíèé äî φ̂(A) ∈ L(X), [φ̂(A0)]

′
= I ′.

Îïåðàòîðè φ̂(A) òà [φ̂(A)]
′
îáìåæåíi íà X i X

′⊙n
π , âiäïîâiäíî.

Çãiäíî ç [18]

ÂF (x) =
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

A′
jF

′
n

⟩
,

à çà òåîðåìîþ 1 [6] äëÿ êîæíî¨ φ ∈ E îïåðàòîð φ̂(Â)

φ̂(Â)F (x) =
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

[φ̂(Aj)]
′
F ′
n

⟩
, x ∈ B, F ∈Wπ (7)

íàëåæèòü äî áàíàõîâî¨ àëãåáðè L(Wπ).

Òåîðåìà 1. Äëÿ äîâiëüíèõ φ,ψ ∈ E

(̂Dkφ)(Â) = Âk φ̂(Â), k = 1, 2, . . . , (8)

̂(φ ∗ ψ)(Â) = φ̂(Â)ψ̂(Â). (9)

Äîâåäåííÿ. Äîâåäåìî ñïî÷àòêó äèôåðåíöiàëüíó âëàñòèâiñòü (8). Äëÿ äîâiëüíèõ φ ∈
E, F ∈Wπ, x ∈ B çíàéäåìî (̂Dφ)(Â)F (x). Çãiäíî ç îçíà÷åííÿì

(̂Dφ)(Â)F (x) =
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

[
(̂Dφ)(Aj)

]′
F ′
n

⟩

=
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

I ′ ⊗ . . .⊗ I ′ ⊗
[
(̂Dφ)(A)

]′
︸ ︷︷ ︸

j

⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
n−j

F ′
n

⟩
.

Âèêîðèñòîâóþ÷è âëàñòèâiñòü ãðóïè, äîâîäèìî, ùî

(̂Dφ)(A) =
∫
R
Ut(Dφ)(t)dt = −

∫
R
DUtφ(t)dt = Aφ̂(A),

òîáòî

(̂Dφ)(A) = Aφ̂(A). (10)

Òîäi (̂Dφ)(Â)F (x) íàáóâà¹ âèãëÿäó

(̂Dφ)(Â)F (x) =

=
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

I ′ ⊗ . . .⊗ I ′ ⊗ [Aφ̂(A)]
′︸ ︷︷ ︸

j

⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
n−j

F ′
n

⟩
=

=
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

[φ̂(A)]
′
A′F ′

n

⟩
=

∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

A′ [φ̂(A)]
′
F ′
n

⟩
.
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Äëÿ äîâiëüíèõ y ∈ D(A′) ìàòèìåìî

n∑
j=1

A′ [φ̂(A)]
′
y =

=
n∑

j=1

I ′y1 ⊗ . . .⊗ I ′yj−1 ⊗A′ [φ̂(A)]
′
yj ⊗ I ′yj+1 ⊗ . . .⊗ I ′yn =

=

n∑
j=1

A′
j

(
I ′y1 ⊗ . . .⊗ I ′yj−1 ⊗ [φ̂(A)]

′
yj ⊗ I ′yj+1 ⊗ . . .⊗ I ′yn

)
.

Âðàõóâàâøè îçíà÷åííÿ Â òà φ̂(Â) ∈ L(Wπ), îäåðæó¹ìî

(̂Dφ)(Â)F (x) =∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
k=0

A′
k

n!

∑
(s1,...,sn)∈Gn

(
I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸

k−1

⊗ [φ̂(A)]
′ ⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸

n−k

)(
F ′
n,s1 ⊗ . . .⊗ F ′

n,sn

)⟩

=
∑

n∈Z+

⟨
x⊙n

∣∣∣ n∑
k=0

A′
k

n∑
j=0

[φ̂(Aj)]
′
F ′
n

⟩
=

= Â
∑

n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

[φ̂(Aj)]
′
F ′
n

⟩
= Â φ̂(Â)F (x),

à îòæå, äëÿ äîâiëüíèõ φ ∈ E, F ∈Wπ, x ∈ B

(̂Dφ)(Â)F (x) = Â φ̂(Â)F (x). (11)

Òàê ñàìî äëÿ äîâiëüíî âèáðàíîãî k, âðàõîâóþ÷è, ùî (̂Dkφ)(A) = Akφ̂(A) [11] òà
ïîïåðåäíi ïåðåòâîðåííÿ, ìà¹ìî

(̂Dkφ)(Â)F (x) =
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

[
(̂Dkφ)(Aj)

]′
F ′
n

⟩
=

=
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

I ′ ⊗ . . .⊗ I ′ ⊗
[
(̂Dkφ)(A)

]′
︸ ︷︷ ︸

j

⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
n−j

F ′
n

⟩
=

=
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

I ′ ⊗ . . .⊗ I ′ ⊗
[
Akφ̂(A)

]′︸ ︷︷ ︸
j

⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
n−j

F ′
n

⟩
=

= Âk
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

I ′ ⊗ . . .⊗ I ′ ⊗ [φ̂(A)]
′︸ ︷︷ ︸

j

⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
n−j

F ′
n

⟩
=

= Âk
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

φ̂(Âj)F
′
n

⟩
= Âk φ̂(Â)F (x).
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Äëÿ äîâiëüíèõ φ,ψ ∈ E âèçíà÷åíîþ ¹ çãîðòêà ôóíêöié φ ∗ ψ ∈ E,

φ̂(A)ψ̂(A) ∈ L(X) òà âiäîìà âëàñòèâiñòü ̂(φ ∗ ψ)(A) = φ̂(A)ψ̂(A) [11].

Äëÿ äîâiëüíèõ φ,ψ ∈ E, F ∈Wπ, x ∈ B çíàéäåìî

̂(φ ∗ ψ)(Â)F (x) =
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

[
̂(φ ∗ ψ)(Aj)

]′
F ′
n

⟩
=

=
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

I ′ ⊗ . . .⊗ I ′ ⊗
[
̂(φ ∗ ψ)(A)

]′
︸ ︷︷ ︸

j

⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
n−j

F ′
n

⟩
=

=
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

I ′ ⊗ . . .⊗ I ′ ⊗
[
φ̂(A)ψ̂(A)

]′
︸ ︷︷ ︸

j

⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
n−j

F ′
n

⟩
.

Çâiäñè, ÿê ïðè äîâåäåííi ïîïåðåäíüî¨ âëàñòèâîñòi, îòðèìó¹ìî

̂(φ ∗ ψ)(Â)F (x) = φ̂(Â) ψ̂(Â)F (x)

äëÿ äîâiëüíèõ F ∈Wπ òà x ∈ B, à îòæå, âëàñòèâiñòü (9). Òåîðåìà äîâåäåíà.
�

6. Óçàãàëüíåíi ôóíêöié âiä îïåðàòîðà Â òà ¨õíi âëàñòèâîñòi. Âèçíà÷èìî
ïîïîâíåííÿ

E(Wπ) := E ⊗π Wπ

òåíçîðíîãî äîáóòêó E ⊗Wπ ç âiäïîâiäíîþ ïðîåêòèâíîþ òåíçîðíîþ íîðìîþ.
Ç âiäîìî¨ òåîðåìè Ãðîòåíäiêà [3, ñ. 122] ïðî çîáðàæåííÿ åëåìåíòiâ ïðîåêòèâíîãî

òåíçîðíîãî äîáóòêó âèïëèâà¹, ùî äëÿ êîæíî¨ F ∈ E(Wπ) iñíó¹ íàáið φj ∈ E, j ∈ N
òàêèé, ùî ðÿäè

F =
∑
j∈N

Fj ⊗ φj Fj ∈Wπ, φj ∈ E (12)

àáñîëþòíî çáiãàþòüñÿ â E(Wπ). Êîæíèé åëåìåíò F ∈ E(Wπ) ¹Wπ-çíà÷íà öiëà ôóíê-
öiÿ åêñïîíåíöiàëüíîãî òèïó

R ∋ t 7−→ F (x, t) =
∑
j∈Z+

Fj(x, t) =
∑
j∈Z+

Fj(x)⊗ φj(t), Fj ∈Wπ, φj ∈ E.

Îòæå, âèçíà÷åíi åëåìåíòè

F̂ := {
∑
j∈Z+

φ̂j(Â)Fj : Fj ∈Wπ, φj ∈ E} ∈ Ê(Wπ),

äå φ̂j(Â) âèçíà÷åíà ôîðìóëîþ (7).
Ïiäïðîñòið

Ê(Wπ) :=
{
F̂ : F ∈ E(Wπ)

}
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ïîâíèé ùîäî íîðìè, iíäóêîâàíî¨ âiäîáðàæåííÿì E(Wπ) ∋ F 7−→ F̂ ∈ Ê(Wπ) (äîâî-
äèòüñÿ ÿê ëåìà 5 ó [4]).

Âèçíà÷èìî çãîðòêó ðîçïîäiëó åêñïîíåíöiàëüíîãî òèïó g ∈ E′ i Wπ-çíà÷íî¨ öiëî¨
ôóíêöi¨ åêñïîíåíöiàëüíîãî òèïó F ∈ E(Wπ), ïîäàíî¨ çà äîïîìîãîþ ðÿäó (12)

(F ∗ g)(x, t) =
∑
j∈N

Fj(x)⊗ (g ∗ φj)(t), x ∈ B, t ∈ R, (13)

äå g ∗ φ � çãîðòêà ðîçïîäiëó g ∈ E′ i φ ∈ E.

Ïiäïðîñòið Ê(Wπ) iíâàðiàíòíèé ùîäî êîæíîãî

K̂g : K̂gF̂ := F̂ ∗ g, g ∈ E′

(äîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ ëåìè 6 iç [4]).

Ïîçíà÷à¹ìî ÷åðåç L
[
Ê(Wπ)

]
àëãåáðó âñiõ îáìåæåíèõ ëiíiéíèõ îïåðàòîðiâ íà

ïðîñòîði Ê(Wπ) ç ñèëüíîþ îïåðàòîðíîþ òîïîëîãi¹þ.

Äëÿ g ∈ E′ âèçíà÷èìî ëiíiéíèé îïåðàòîð ĝ(Â) ôîðìóëîþ

ĝ(Â) : Ê(Wπ) ∋ F̂ =
∑
j∈Z+

φ̂j(Â)Fj −→ ĝ(Â)F̂ ,

ĝ(Â)F̂ :=
∑
j∈Z+

̂(g ∗ φj)(Â)Fj ∈ Ê(Wπ).
(14)

Òåîðåìà 2. Âiäîáðàæåííÿ

Ê′ ∋ ĝ −→ ĝ(Â) ∈ L
[
Ê(Wπ)

]
¹ íåïåðåðâíèì ãîìîìîðôiçìîì àëãåáðè Ê′ íà L

[
Ê(Wπ)

]
. Äëÿ äîâiëüíî¨ g ∈ E′

(̂Dkg)(Â) = Âkĝ(Â), k = 1, 2, . . . , (15)

äå ïîõiäíà Dg óçàãàëüíåíî¨ ôóíêöi¨ g âèçíà÷åíà ôîðìóëîþ (2).

Äîâåäåííÿ. Çà âëàñòèâîñòÿìè çãîðòêè òà ç îçíà÷åííÿ ïðîñòîðó Ê îäåðæó¹ìî, ùî

K̂g : Ê −→ Ê. Çà îçíà÷åííÿì Ê(Wπ)

F̂m → F̂ ó ïðîñòîði Ê(Wπ) òîäi i òiëüêè òîäi, êîëè
Fm → F ó ïðîñòîði E(Wπ), m→ ∞.

ßêùî æ Fm → F ,m→ ∞ ó ïðîñòîði E(Wπ), òî çà íåïåðåðâíiñòþ Kg ìàòèìåìî:

KgF
m → KgF , m→ ∞ ó ïðîñòîði E. Çâiäñè çíîâó çà îçíà÷åííÿì Ê(Wπ) îòðèìó¹ìî

K̂gF̂m → K̂gF̂ , m→ ∞. Ìè ç'ÿñóâàëè, ùî K̂g ∈ L(Ê).
Äëÿ äîâiëüíèõ óçàãàëüíåíèõ ôóíêöié f, g iç ðiâíîñòi

Kf∗g = KfKg

âèïëèâà¹

K̂f∗g = K̂f K̂g.

Îòæå, ïîáóäîâàíå ôóíêöiîíàëüíå ÷èñëåííÿ ðåàëiçó¹ àëãåáðè÷íèé ãîìîìîðôiçì
iç çãîðòêîâî¨ àëãåáðè óçàãàëüíåíèõ ôóíêöié íà àëãåáðó íåïåðåðâíèõ îïåðàòîðiâ íàä

ïðîñòîðîì Ê(Wπ).
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Ùîá äîâåñòè íåïåðåðâíiñòü ôóíêöiîíàëüíîãî ÷èñëåííÿ, âèêîðèñòîâó¹ìî, ùî ó

ïðîñòîði Ê′ òîïîëîãiÿ iíäóêó¹òüñÿ ç E′, à â ïðîñòîði E′ çàäàíî ñëàáêó òîïîëîãiþ.
Îòîæ, äîñòàòíüî äîâåñòè íåïåðåðâíiñòü âiäîáðàæåííÿ

E′ ∋ g −→ ĝ(Â)F̂ ∈ Ê(Wπ) äëÿ êîæíîãî F̂ ∈ Ê(Wπ).

Çà âëàñòèâiñòþ çãîðòêè îäåðæó¹ìî íåïåðåðâíiñòü

E′ ∋ g −→ Kg ∈ L(E(Wπ)),

à çâiäñè òàêîæ íåïåðåðâíiñòü âiäîáðàæåííÿ

E′ ∋ g −→ ĝ(Â)F̂ ∈ E(Wπ).

ßêùî gm → g ó ïðîñòîði E′, òî

(I ⊗Kgm)F → (I ⊗Kg)F

ó ïðîñòîði E(Wπ). Ç îçíà÷åííÿ Ê ìàòèìåìî K̂gm F̂ → K̂gF̂ ó ïðîñòîði Ê(Wπ). Îòæå,
âiäîáðàæåííÿ

E′ ∋ g −→ K̂gF̂ ∈ Ê(Wπ)

¹ íåïåðåðâíèì.
Äîâåäåìî äèôåðåíöiàëüíó âëàñòèâiñòü (15). Âèêîðèñòîâóþ÷è îçíà÷åííÿ (14)

óçàãàëüíåíî¨ ôóíêöi¨ âiä îïåðàòîðà, äëÿ äîâiëüíèõ g ∈ E′, F̂ ∈ Ê(Wπ) ìàòèìåìî

(̂Dg)(Â)F̂ =
∑
j∈Z+

̂(Dg ∗ φj)(Â)Fj (16)

ç äåÿêèìè ôóíêöiÿìè Fj ∈Wπ, φj ∈ E. Çà âëàñòèâîñòÿìè çãîðòêè

Dg ∗ φ = g ∗Dφ = D(g ∗ φ).

Äëÿ êîæíî¨ Fj ∈Wπ ìàòèìåìî

̂(Dg ∗ φj)(Â)Fj(x) = ̂D(g ∗ φj)(Â)Fj(x)

i öi ôóíêöi¨ âèçíà÷àþòüñÿ ôîðìóëîþ (7) (îñêiëüêè g ∗ φ ∈ E äëÿ äîâiëüíèõ g ∈ E′,
φ ∈ E)

̂D(g ∗ φj)(Â)Fj(x) =

=
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
k=0

[
̂D(g ∗ φj)(Ak)

]′
F ′
n

⟩
=

=
∑
n∈Z+

⟨
x⊙n

∣∣∣
 n∑
k=0

I ′ ⊗ . . .⊗ I ′ ⊗ [ ̂D(g ∗ φj)(A)]
′︸ ︷︷ ︸

k

⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
n−k

F ′
n

⟩

äëÿ âñiõ x ∈ B. Çà äîâåäåíèì ó [10]

̂D(g ∗ φj)(A) = A ̂(g ∗ φj)(A),

çâiäêè ïîïåðåäíié âèðàç íàáóâà¹ âèãëÿäó
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∑
n∈Z+

⟨
x⊙n

∣∣∣
 n∑
k=0

I ′ ⊗ . . .⊗ I ′ ⊗ [A ̂(g ∗ φj)(A)]
′︸ ︷︷ ︸

k

⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
n−k

F ′
n

⟩
,

à îñòàííié, ÿê ïðè âèâåäåííi âëàñòèâîñòi (8), äîðiâíþ¹

Â
∑
n∈Z+

⟨
x⊙n

∣∣∣
 n∑
k=0

I ′ ⊗ . . .⊗ I ′ ⊗ [ ̂(g ∗ φj)(A)]
′︸ ︷︷ ︸

k

⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
n−k

F ′
n

⟩
=

= Â
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
s=0

[
̂(g ∗ φj)(Ak)

]′
F ′
n

⟩
= Â ̂(g ∗ φj)(Â)Fj(x), x ∈ B.

Ìè äîâåëè, ùî

̂(Dg ∗ φj)(Â)Fj(x) = Â ̂(g ∗ φj)(Â)Fj(x), x ∈ B.

Çâiäñè, íà ïiäñòàâi ôîðìóë (14) òà (16), îäåðæó¹ìî áàæàíó âëàñòèâiñòü (15) ïðè k =
1. Âèïàäîê k = 2, 3, . . . ðîçãëÿäà¹ìî ÿê ïðè äîâåäåííi òåîðåìè 1 iç âèêîðèñòàííÿì
âiäîìèõ âiäïîâiäíèõ âëàñòèâîñòåé ôóíêöié îïåðàòîðàA òà âëàñòèâîñòåé çãîðòîê. �
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Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè

iì. ß.Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè,

âóë. Äæ. Äóäà¹âà, 15, 79005, Ëüâiâ, Óêðà¨íà
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Ç'ÿñîâàíî óìîâè îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi îáåðíåíî¨ çàäà÷i âèçíà÷åííÿ
çàëåæíèõ âiä ÷àñó êîåôiöi¹íòiâ ïðè ïåðøèõ ïîõiäíèõ íåâiäîìî¨ ôóíêöi¨
ó äâîâèìiðíîìó ïàðàáîëi÷íîìó ðiâíÿííi â îáëàñòi, ðîçòàøóâàííÿ ÷àñòèíè
ìåæi ÿêî¨ âèçíà÷à¹òüñÿ íåâiäîìèìè çàëåæíèìè âiä ÷àñó ôóíêöiÿìè.

Êëþ÷îâi ñëîâà: îáåðíåíà çàäà÷à, âiëüíà ìåæà, ïàðàáîëi÷íå ðiâíÿííÿ,
ôóíêöiÿ Ãðiíà.

Ìè äîñëiäæó¹ìî çàäà÷ó, ÿêà ïî¹äíó¹ äâà òèïè çàäà÷, à ñàìå, êîåôiöi¹íòíó îáåð-
íåíó çàäà÷ó i çàäà÷ó ç âiëüíîþ ìåæåþ. Êîæåí iç öèõ òèïiâ âèâ÷àëè ðàíiøå, ïðîòå
¨õí¹ ïî¹äíàííÿ â îäíié çàäà÷i íåäîñòàòíüî âèâ÷åíå ïèòàííÿ. Ó [1]�[4] äîñëiäæåíî
îáåðíåíi çàäà÷i âèçíà÷åííÿ çàëåæíîãî âiä ÷àñó êîåôiöi¹íòà ïðè ìîëîäøié ïîõiäíié
íåâiäîìî¨ ôóíêöi¨ â îäíîâèìiðíèõ ïàðàáîëi÷íèõ ðiâíÿííÿõ â îáëàñòÿõ ç âiäîìèìè
ìåæàìè. Çàìiíîþ íåçàëåæíèõ çìiííèõ çàäà÷i ç âiëüíèìè ìåæàìè ìîæíà çâåñòè äî
êîåôiöi¹íòíèõ îáåðíåíèõ çàäà÷ â îáëàñòÿõ ç ôiêñîâàíèìè ìåæàìè. Òàêèé ïiäõiä äà¹
çìîãó îá'¹äíàòè äâà òèïè çàäà÷ � êîåôiöi¹íòíi îáåðíåíi çàäà÷i òà çàäà÷i ç âiëüíèìè
ìåæàìè â îäèí. Ó ïðàöÿõ [5]�[8] çíàéäåíî óìîâè îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi îáåðíåíèõ
çàäà÷ âèçíà÷åííÿ çàëåæíèõ âiä ÷àñó ñòàðøèõ êîåôiöi¹íòiâ â îäíî- òà äâîâèìiðíèõ
ïàðàáîëi÷íèõ ðiâíÿííÿõ â îáëàñòÿõ ç âiëüíèìè ìåæàìè. Äîñëiäæåííÿ îáåðíåíèõ
çàäà÷ äëÿ äâîâèìiðíèõ ïàðàáîëi÷íèõ ðiâíÿíü ç íåâiäîìèìè çàëåæíèìè âiä ÷àñó ìî-
ëîäøèìè êîåôiöi¹íòàìè â îáëàñòÿõ ç âiëüíèìè ìåæàìè ¹ àêòóàëüíèì.

1. Ôîðìóëþâàííÿ çàäà÷i. Â îáëàñòi ΩT = {(x1, x2, t) : 0 < x1 < l(t),
0 < x2 < h(t), 0 < t < T}, äå l = l(t), h = h(t) � íåâiäîìi ôóíêöi¨, ðîçãëÿäà¹ìî
îáåðíåíó çàäà÷ó âèçíà÷åííÿ êîåôiöi¹íòiâ b1(t), b2(t) ïàðàáîëi÷íîãî ðiâíÿííÿ

ut = ∆u+ b1(t)ux1 + b2(t)ux2 + f(x1, x2, t), (x1, x2, t) ∈ ΩT , (1)

çà óìîâ
u(x1, x2, 0) = φ(x1, x2), (x1, x2) ∈ [0, l(0)]× [0, h(0)], (2)

c⃝ Ñíiòêî Ã., 2016



ÂÈÇÍÀ×ÅÍÍß ÊÎÅÔIÖI�ÍÒIÂ ÏÀÐÀÁÎËI×ÍÎÃÎ ÐIÂÍßÍÍß ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2016. Âèïóñê 81 143

u(0, x2, t) = µ1(x2, t), u(l(t), x2, t) = µ2(x2, t), (x2, t) ∈ [0, h(t)]× [0, T ],

u(x1, 0, t) = µ3(x1, t), u(x1, h(t), t) = µ4(x1, t), (x1, t) ∈ [0, l(t)]× [0, T ], (3)

l′(t) = −
h(t)∫
0

ux1(l(t), x2, t)dx2 + µ5(t), h′(t) = −
l(t)∫
0

ux2(x1, h(t), t)dx1 + µ6(t),

l(t)∫
0

h(t)∫
0

u(x1, x2, t)dx2dx1 = µ7(t),

l(t)∫
0

h(t)∫
0

x2u(x1, x2, t)dx2dx1 = µ8(t), t ∈ [0, T ]. (4)

Çàìiíîþ çìiííèõ y1 =
x1
l(t)

, y2 =
x2
h(t)

çàäà÷ó (1)�(4) çâîäèìî äî îáåðíåíî¨ çàäà÷i

ç íåâiäîìèìè (l(t), h(t), b1(t), b2(t), v(y1, y2, t)), äå v(y1, y2, t) = u(y1l(t), y2h(t), t), â
îáëàñòi QT = {(y1, y2, t) : 0 < y1 < 1, 0 < y2 < 1, 0 < t < T}

vt =
1

l2(t)
vy1y1

+
1

h2(t)
vy2y2

+
b1(t) + y1l

′(t)

l(t)
vy1

+
b2(t) + y2h

′(t)

h(t)
vy2

+

+f(y1l(t), y2h(t), t), (y1, y2, t) ∈ QT , (5)

v(y1, y2, 0) = φ(y1l(0), y2h(0)), (y1, y2) ∈ [0, 1]× [0, 1], (6)

v(0, y2, t) = µ1(y2h(t), t), v(1, y2, t) = µ2(y2h(t), t), (y2, t) ∈ [0, 1]× [0, T ],

v(y1, 0, t) = µ3(y1l(t), t), v(y1, 1, t) = µ4(y1l(t), t), (y1, t) ∈ [0, 1]× [0, T ], (7)

l′(t) = −h(t)
l(t)

1∫
0

vy1(1, y2, t)dy2 + µ5(t), t ∈ [0, T ], (8)

h′(t) = − l(t)

h(t)

1∫
0

vy2(y1, 1, t)dy1 + µ6(t), t ∈ [0, T ], (9)

h(t)l(t)

1∫
0

1∫
0

v(y1, y2, t)dy1dy2 = µ7(t), t ∈ [0, T ], (10)

h2(t)l(t)

1∫
0

1∫
0

y2v(y1, y2, t)dy1dy2 = µ8(t), t ∈ [0, T ]. (11)

2. Îñíîâíi ðåçóëüòàòè. Óìîâè íà âèõiäíi äàíi, çà ÿêèõ iñíó¹ ¹äèíèé ðîçâ'ÿçîê
çàäà÷i (5)�(11), çàçíà÷åíi â òàêèõ òåîðåìàõ.

Òåîðåìà 1. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè:

1) f ∈ C1,0([0,∞) × [0,∞) × [0, T ]), φ ∈ C2([0,∞) × [0,∞)),
µi ∈ C2,1([0,∞) × [0, T ]), i = 1, 2, µj ∈ C2,1([0,∞) × [0, T ]), j = 3, 4,
µk ∈ C[0, T ], k = 5, 6, µn ∈ C1[0, T ], n = 7, 8;
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2) f(x1, x2, t) > 0, (x1, x2, t) ∈ [0,∞) × [0,∞) × [0, T ], 0 < φ0 6 φ(x1, x2) 6
φ1 < ∞, (x1, x2) ∈ [0,∞) × [0,∞), φx1(x1, x2) > 0, φx2(x1, x2) > 0,
(x1, x2) ∈ [0, l(0)] × [0, h(0)], φx1(x1, x2) − φx1(x1, h(0) − x2) > 0,

φx2(x1, h(0) − x2) − φx2(x1, x2) > 0, (x1, x2) ∈ [0, l(0)] ×
[
0, h(0)2

)
, µn(t) > 0,

n = 7, 8, t ∈ [0, T ];
3) óìîâè óçãîäæåííÿ íóëüîâîãî òà ïåðøîãî ïîðÿäêiâ.

Òîäi ìîæíà çàçíà÷èòè òàêå ÷èñëî T0, 0 < T0 6 T , ÿêå âèçíà÷à¹òüñÿ âèõiäíè-
ìè äàíèìè, ùî iñíó¹ ðîçâ'ÿçîê (l, h, b1, b2, v) ∈ (C1[0, T0])

2 × (C[0, T0])
2 × C2,1(QT0

),
l(t) > 0, h(t) > 0, t ∈ [0, T0], çàäà÷i (5)�(11).

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè:

1) f ∈ C1,0([0,∞) × [0,∞) × [0, T ]), µi ∈ C3,1([0,∞) × [0, T ]), i = 1, 2,
µj ∈ C3,1([0,∞)× [0, T ]), j = 3, 4;

2) 0 < φ0 6 φ(x1, x2) 6 φ1 < ∞, (x1, x2) ∈ [0,∞) × [0,∞),
φx1(x1, x2) − φx1(x1, h(0) − x2) > 0, φx2(x1, h(0) − x2) − φx2(x1, x2) > 0,

(x1, x2) ∈ [0, l(0)] ×
[
0, h(0)2

)
, φx1(x1, x2) > 0, φx2(x1, x2) > 0,

(x1, x2) ∈ [0, l(0)]× [0, h(0)], µn(t) > 0, n = 7, 8, t ∈ [0, T ].

Òîäi ìîæíà çàçíà÷èòè òàêå ÷èñëî t0, 0 < t0 6 T , ÿêå âèçíà÷à¹òüñÿ âèõiäíèìè
äàíèìè, ùî çàäà÷à (5)�(11) íå ìîæå ìàòè äâîõ ðiçíèõ ðîçâ'ÿçêiâ (l, h, b1, b2, v) ∈
(C1[0, t0])

2 × (C[0, t0])
2 × C2,1(Qt0), l(t) > 0, h(t) > 0, t ∈ [0, t0].

3. Iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (5)�(11). Äîâåäåííÿ iñíóâàííÿ ðîçâ'ÿçêó çà-
äà÷i (5)�(11)  ðóíòó¹òüñÿ íà çâåäåííi çàäà÷i äî ñèñòåìè ðiâíÿíü ñòîñîâíî íåâiäîìèõ
i çàñòîñóâàííi äî íå¨ òåîðåìè Øàóäåðà ïðî íåðóõîìó òî÷êó. Ñïî÷àòêó âèçíà÷èìî
çíà÷åííÿ íåâiäîìèõ ôóíêöié l(t), h(t) ó ïî÷àòêîâèé ìîìåíò ÷àñó. Ç óìîâ (2), (4)
îòðèìó¹ìî

l0∫
0

h0∫
0

φ(x1, x2)dx2dx1 = µ7(0),

l0∫
0

h0∫
0

x2φ(x1, x2)dx2dx1 = µ8(0), (12)

l0 = l(0), h0 = h(0). Ïîçíà÷èâøè

l0∫
0

φ(x1, x2)dx1 = ψ(l0, x2), ïîäàìî (12) ó âèãëÿäi

h0∫
0

ψ(l0, x2)dx2 = µ7(0),

h0∫
0

x2ψ(l0, x2)dx2 = µ8(0).

Çãiäíî ç ïðèïóùåííÿìè òåîðåìè

l0φ0 6 ψ(l0, x2) 6 l0φ1.

Òîäi

l0h0φ0 6
h0∫
0

ψ(l0, x2)dx2 6 l0h0φ1.
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Ôóíêöiÿ y =

h0∫
0

ψ(l0, x2)dx2 çà äîâiëüíîãî ôiêñîâàíîãî l0 > 0 ìîíîòîííî çðîñòàþ÷à

ñòîñîâíî h0. Îòîæ, iñíó¹ ¹äèíå çíà÷åííÿ h0(l0), ÿêå ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

h0(l0)∫
0

ψ(l0, x2)dx2 = µ7(0).

Îòæå,

µ7(0)

l0φ1
6 h0(l0) 6

µ7(0)

l0φ0
,

φ0µ
2
7(0)

2l0φ2
1

6
h0(l0)∫
0

x2ψ(l0, x2)dx2 6 φ1µ
2
7(0)

2l0φ2
0

.

Òîäi y =

h0∫
0

x2ψ(l0, x2)dx2 ìîíîòîííî ñïàäíà ôóíêöiÿ çìiííî¨ l0, ÿêà ïåðåòíå ïðÿ-

ìó y = µ8(0) òiëüêè â îäíié òî÷öi. Îòæå, iñíó¹ ¹äèíèé ðîçâ'ÿçîê l0, h0 ñèñòåìè
ðiâíÿíü(12).

Çâåäåìî çàäà÷ó (5)�(7) äî çàäà÷i ç íóëüîâèìè ïî÷àòêîâîþ òà êðàéîâèìè óìîâà-
ìè. Ââåäåìî ïîçíà÷åííÿ

µ0(y1, y2, t) = µ1(y2h(t), t)− µ1(0, t) + µ3(y1l(t), t) + y1(µ2(y2h(t), t)− µ2(0, t)−

−µ1(y2h(t), t) + µ1(0, t)) + y2(µ4(y1l(t), t)− µ3(y1l(t), t)− µ1(h(t), t) + µ1(0, t))−
−y1y2(µ2(h(t), t)− µ2(0, t)− µ1(h(t), t) + µ1(0, t)),

v0(y1, y2, t) = φ(y1l0, y2h0) + µ0(y1, y2, t)− µ0(y1, y2, 0),

ṽ(y1, y2, t) = v(y1, y2, t)− v0(y1, y2, t),

L =
∂

∂t
− 1

l2(t)

∂2

∂y21
− 1

h2(t)

∂2

∂y22
.

Äëÿ ôóíêöi¨ ṽ(y1, y2, t) îòðèìó¹ìî çàäà÷ó

Lṽ =
b1(t) + y1l

′(t)

l(t)
vy1(y1, y2, t) +

b2(t) + y2h
′(t)

h(t)
vy2(y1, y2, t)−

−Lv0(y1, y2, t) + f(y1l(t), y2h(t), t), (y1, y2, t) ∈ QT ,

ṽ(y1, y2, 0) = 0, (y1, y2) ∈ [0, 1]× [0, 1],

ṽ(0, y2, t) = ṽ(1, y2, t) = 0, ṽ(y1, 0, t) = ṽ(y1, 1, t) = 0, (y1, y2, t) ∈ QT . (13)

Çà äîïîìîãîþ ôóíêöi¨ Ãðiíà G = G(y1, y2, t, η1, η2, τ) ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ
ðiâíÿííÿ

Lṽ = 0

ðîçâ'ÿçîê çàäà÷i (13) ïîäàìî ó âèãëÿäi

ṽ(y1, y2, t) =

t∫
0

1∫
0

1∫
0

G(y1, y2, t, η1, η2, τ)

(
b1(τ) + η1l

′(τ)

l(τ)
vη1

(η1, η2, τ)− Lv0(η1, η2, τ)+
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+
b2(τ) + η2h

′(τ)

h(τ)
vη2(η1, η2, τ) + f(η1l(τ), η2h(τ), τ)

)
dη1dη2dτ, (y1, y2, t) ∈ QT .

Ïîçíà÷èâøè w1(y1, y2, t) = vy1
(y1, y2, t), w2(y1, y2, t) = vy2

(y1, y2, t), p(t) = l′(t),
q(t) = h′(t), ïîâåðíåìîñü äî ôóíêöi¨ v

v(y1, y2, t) = v0(y1, y2, t) +

t∫
0

1∫
0

1∫
0

G(y1, y2, t, η1, η2, τ)

(
b1(τ) + η1p(τ)

l(τ)
w1(η1, η2, τ)+

+
b2(τ) + η2q(τ)

h(τ)
w2(η1, η2, τ)− Lv0(η1, η2, τ) + f(η1l(τ), η2h(τ), τ)

)
dη1dη2dτ, (14)

(y1, y2, t) ∈ QT .

Ïðîäèôåðåíöiþâàâøè (14) çà çìiííèìè y1, y2, îäåðæó¹ìî

w1(y1, y2, t) = v0y1(y1, y2, t) +

t∫
0

1∫
0

1∫
0

Gy1(y1, y2, t, η1, η2, τ)

(
b1(τ) + η1p(τ)

l(τ)
×

×w1(η1, η2, τ) +
b2(τ) + η2q(τ)

h(τ)
w2(η1, η2, τ)− Lv0(η1, η2, τ)+

+f(η1l(τ), η2h(τ), τ)

)
dη1dη2dτ, (y1, y2, t) ∈ QT , (15)

w2(y1, y2, t) = v0y2(y1, y2, t) +

t∫
0

1∫
0

1∫
0

Gy2(y1, y2, t, η1, η2, τ)

(
b1(τ) + η1p(τ)

l(τ)
×

×w1(η1, η2, τ) +
b2(τ) + η2q(τ)

h(τ)
w2(η1, η2, τ)− Lv0(η1, η2, τ)+

+f(η1l(τ), η2h(τ), τ)

)
dη1dη2dτ, (y1, y2, t) ∈ QT . (16)

Ç óìîâ (8)�(11) çíàõîäèìî

p(t) = −h(t)
l(t)

1∫
0

w1(1, y2, t)dy2 + µ5(t), t ∈ [0, T ], (17)

q(t) = − l(t)

h(t)

1∫
0

w2(y1, 1, t)dy1 + µ6(t), t ∈ [0, T ], (18)

h(t) =

µ8(t)
1∫
0

1∫
0

v(y1, y2, t)dy1dy2

µ7(t)
1∫
0

1∫
0

y2v(y1, y2, t)dy1dy2

, t ∈ [0, T ], (19)
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l(t) =

µ2
7(t)

1∫
0

1∫
0

y2v(y1, y2, t)dy1dy2

µ8(t)

(
1∫
0

1∫
0

v(y1, y2, t)dy1dy2

)2 , t ∈ [0, T ]. (20)

Ïðîäèôåðåíöiþâàâøè óìîâè (10), (11) çà çìiííîþ t i âèêîðèñòàâøè (5), îòðèìó¹ìî

b1(t) =
1

∆(t)

((
l(t)h(t)

1∫
0

µ4(y1l(t), t)dy1 − µ7(t)

)
F1(t)−

−l(t)F2(t)

1∫
0

(µ4(y1l(t), t)− µ3(y1l(t), t))dy1

)
, t ∈ [0, T ], (21)

b2(t) =
1

∆(t)

(
F2(t)h(t)

1∫
0

(µ2(y2h(t), t)− µ1(y2h(t), t))dy2−

−h2(t)F1(t)

1∫
0

y2(µ2(y2h(t), t)− µ1(y2h(t), t))dy2

)
, t ∈ [0, T ], (22)

äå

F1(t) =
h(t)

l(t)

1∫
0

(w1(0, y2, t)− w1(1, y2, t))dy2 +
l(t)

h(t)

1∫
0

(w2(y1, 0, t)− w2(y1, 1, t))dy1+

−l(t)h(t)
1∫

0

1∫
0

f(y1l(t), y2h(t), t)dy1dy2 + h(t)

(
h(t)

l(t)

1∫
0

w1(1, y2, t)dy2 − µ5(t)

)
×

×
1∫

0

µ2(y2h(t), t)dy2 + l(t)

(
l(t)

h(t)

1∫
0

w2(y1, 1, t)dy1 − µ6(t)

) 1∫
0

µ4(y1l(t), t)dy1 + µ′
7(t),

F2(t) =
h2(t)

l(t)

1∫
0

y2(w1(0, y2, t)− w1(1, y2, t))dy2 − l(t)

1∫
0

w2(y1, 1, t)dy1+

+l(t)

1∫
0

1∫
0

(w2(y1, y2, t)− y2h
2(t)f(y1l(t), y2h(t), t))dy1dy2+

+h2(t)

(
h(t)

l(t)

1∫
0

w1(1, y2, t)dy2 − µ5(t)

) 1∫
0

y2µ2(y2h(t), t)dy2+

+l(t)h(t)

(
l(t)

h(t)

1∫
0

w2(y1, 1, t)dy1 − µ6(t)

) 1∫
0

µ4(y1l(t), t)dy1 + µ′
8(t),
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∆(t) = h(t)

1∫
0

(µ2(y2h(t), t)− µ1(y2h(t), t))dy2

(
l(t)h(t)

1∫
0

µ4(y1l(t), t)dy1−

−µ7(t)

)
− l(t)h2(t)

1∫
0

y2(µ2(y2h(t), t)− µ1(y2h(t), t))dy2×

×
1∫

0

(µ4(y1l(t), t)− µ3(y1l(t), t))dy1.

Îòîæ, çàäà÷ó (5)�(11) çâåäåíî äî ñèñòåìè ðiâíÿíü (14)�(22) ñòîñîâíî íå-
âiäîìèõ (v(y1, y2, t), w1(y1, y2, t), w2(y1, y2, t), p(t), q(t), h(t), l(t), b1(t), b2(t)). ßêùî
(l, h, b1, b2, v) ∈ (C1[0, T ])2 × (C[0, T ])2 × C2,1(QT ) ¹ ðîçâ'ÿçêîì çàäà÷i (5)�(11),
òî (v, w1, w2, p, q, h, l, b1, b2) ∈ (C(QT ))

3 × (C[0, T ])6 � ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü
(14)�(22). Ïðàâèëüíèì ¹ i îáåðíåíå òâåðäæåííÿ.

Íåõàé (v, w1, w2, p, q, h, l, b1, b2) � íåïåðåðâíèé ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü
(14)�(22). Ïðîäèôåðåíöiþ¹ìî (14) çà çìiííèìè y1, y2. Ïðàâi ÷àñòèíè îòðèìàíèõ
ðiâíîñòåé i ðiâíîñòåé (15), (16) çáiãàþòüñÿ, òîìó ìîæåìî çðîáèòè âèñíîâîê, ùî
wi(y1, y2, t) = vyi(y1, y2, t), i = 1, 2. Îòæå, ôóíêöiÿ v ∈ C2,1(QT ) çàäîâîëüíÿ¹
ðiâíÿííÿ

vt =
1

l2(t)
vy1y1 +

1

h2(t)
vy2y2 +

b1(t) + y1p(t)

l(t)
vy1 +

b2(t) + y2q(t)

h(t)
vy2+

+f(y1l(t), y2h(t), t), (y1, y2, t) ∈ QT , (23)

òà óìîâè (6), (7) äëÿ äîâiëüíèõ íåïåðåðâíèõ íà [0, T ] ôóíêöié l(t), h(t), p(t), q(t), b1(t),
b2(t). Ç ðiâíîñòåé (19), (20) âèïëèâàþòü óìîâè (10), (11). Ïðèïóùåííÿ òåîðåìè äàþòü
ïiäñòàâè ïðîäèôåðåíöiþâàòè (19), (20) çà t. Âèêîðèñòàâøè òå, ùî ôóíêöiÿ v(y1, y2, t)
çàäîâîëüíÿ¹ ðiâíÿííÿ (23), òà âiäíÿâøè âiä îòðèìàíèõ ðiâíîñòåé (21), (22), îäåðæó-
¹ìî

µ7(t)((p(t)− l′(t))h(t) + (q(t)− h′(t))l(t)) = 0,

µ8(t)((p(t)− l′(t))h(t) + 2(q(t)− h′(t))l(t)) = 0.

Çâiäñè ðîáèìî âèñíîâîê, ùî p(t) = l′(t), q(t) = h′(t), l, h ∈ (C1[0, T ])2 i ôóíêöiÿ
v(y1, y2, t) çàäîâîëüíÿ¹ ðiâíÿííÿ (5). Ç (17), (18) îòðèìó¹ìî óìîâè (8), (9).

Îòæå, åêâiâàëåíòíiñòü çàäà÷i (5)�(11) òà ñèñòåìè ðiâíÿíü (14)�(22) ó çàçíà÷å-
íîìó ñåíñi äîâåäåíî.

Çâåäåìî ∆(t) äî âèãëÿäó

∆(t) = l(t)h2(t)

( 1∫
0

1∫
0

w1(y1, y2, t)dy2dy1

1∫
0

1∫
0

y2w2(y1, y2, t)dy2dy1−

−
1∫

0

1∫
0

y2w1(y1, y2, t)dy2dy1

1∫
0

1∫
0

w2(y1, y2, t)dy2dy1

)
=
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=
1

2
l(t)h2(t)

( 1∫
0

1∫
0

(1− 2y2)w1(y1, y2, t)dy2dy1

1∫
0

1∫
0

w2(y1, y2, t)dy2dy1+

+

1∫
0

1∫
0

w1(y1, y2, t)dy2dy1

1∫
0

1∫
0

(2y2 − 1)w2(y1, y2, t)dy2dy1

)
.

Â (15) âñi äîäàíêè, êðiì φy1(y1l0, y2h0), ïðè t → 0 ïðÿìóþòü äî íóëÿ. Òîäi
çãiäíî ç óìîâàìè òåîðåìè ç (15) ìîæåìî çðîáèòè âèñíîâîê ïðî iñíóâàííÿ òàêîãî
÷èñëà t1, 0 < t1 6 T , ùî

w1(y1, y2, t) >
l0
2

min
(y1,y2)∈[0,1]×[0,1]

φy1(y1l0, y2h0) ≡M1 > 0, (y1, y2, t) ∈ Qt1 .

Òîäi
1∫

0

1∫
0

w1(y1, y2, t)dy2dy1 > 0, t ∈ [0, t1].

Àíàëîãi÷íî ç (16) ìîæåìî ââàæàòè, ùî iñíó¹ òàêå ÷èñëî t2, 0 < t2 6 T , ùî

w2(y1, y2, t) >
h0
2

min
(y1,y2)∈[0,1]×[0,1]

φy2(y1l0, y2h0) ≡M2 > 0, (y1, y2, t) ∈ Qt2 .

Òîäi
1∫

0

1∫
0

w2(y1, y2, t)dy2dy1 > 0, t ∈ [0, t2].

Ïîäàìî âèðàçè
1∫
0

1∫
0

(1−2y2)w1(y1, y2, t)dy2dy1,
1∫
0

1∫
0

(2y2−1)w2(y1, y2, t)dy2dy1 ó âèãëÿäi

1∫
0

1∫
0

(1− 2y2)w1(y1, y2, t)dy2dy1 =

=

1∫
0

1
2∫

0

(1− 2y2)(w1(y1, y2, t)− w1(y1, 1− y2, t))dy2dy1, (24)

1∫
0

1∫
0

(2y2 − 1)w2(y1, y2, t)dy2dy1 =

=

1∫
0

1
2∫

0

(1− 2y2)(w2(y1, 1− y2, t)− w2(y1, y2, t))dy2dy1. (25)

Ïiäñòàâèìî (15) â (24). Âñi äîäàíêè, êðiì φy1(y1l0, y2h0) − φy1(y1l0, h0(1 − y2)), ïðè
t → 0 ïðÿìóþòü äî íóëÿ. Òîäi ìîæåìî ââàæàòè, ùî iñíó¹ òàêå ÷èñëî t3, 0 < t3 6 T ,
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ùî
1∫

0

1∫
0

(1− 2y2)w1(y1, y2, t)dy2dy1 > l0
2

1∫
0

1
2∫

0

(1− 2y2)×

×(φy1(y1l0, y2h0)− φy1(y1l0, h0(1− y2)))dy2dy1 > 0, t ∈ [0, t3].

Ïiäñòàâèâøè (16) â (25), ìîæåìî çðîáèòè âèñíîâîê ïðî iñíóâàííÿ òàêîãî ÷èñëà t4,
0 < t4 6 T , ùî

1∫
0

1∫
0

(2y2 − 1)w2(y1, y2, t)dy2dy1 > h0
2

1∫
0

1
2∫

0

(1− 2y2)×

×(φy2(y1l0, h0(1− y2))− φy2(y1l0, h0y2))dy2dy1 > 0, t ∈ [0, t4].

Âèçíà÷èìî îöiíêè ôóíêöié l(t) i h(t). Çãiäíî ç óìîâàìè òåîðåìè ç (14) ìîæåìî
ââàæàòè, ùî iñíó¹ òàêå ÷èñëî t5, 0 < t5 6 T , ùî

v(y1, y2, t) >
φ0

2
≡M0 > 0, (y1, y2, t) ∈ Qt5 . (26)

Âèêîíàííÿ (26) ðiâíîñèëüíå âèêîíàííþ íåðiâíîñòi∣∣∣∣µ0(y1, y2, t)− µ0(y1, y2, 0) +

t∫
0

1∫
0

1∫
0

G(y1, y2, t, η1, η2, τ)×

×
(
b1(τ) + η1p(τ)

l(τ)
w1(η1, η2, τ) +

b2(τ) + η2q(τ)

h(τ)
w2(η1, η2, τ)− Lv0(η1, η2, τ)+

+f(η1l(τ), η2h(τ), τ)

)
dη1dη2dτ

∣∣∣∣ 6M0, (y1, y2, t) ∈ Qt5 . (27)

Âðàõóâàâøè (27), ç (14) îäåðæó¹ìî

v(y1, y2, t) 6 φ1 +M0 ≡M3 <∞, (y1, y2, t) ∈ Qt5 . (28)

Òîäi äëÿ ðîçâ'ÿçêiâ ðiâíÿíü (19), (20) ñïðàâäæóþòüñÿ íåðiâíîñòi

0 < H0 6 h(t) 6 H1 <∞, 0 < L0 6 l(t) 6 L1 <∞, t ∈ [0, t5]. (29)

Îòæå,

∆(t) > C0 > 0, t ∈ [0, t0], t0 = min{ti}, i = 1, 5. (30)

Âèçíà÷èìî îöiíêè ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü (14)�(22). Ïîçíà÷èìî
Wi(t) = max

(y1,y2)∈[0,1]×[0,1]
|wi(y1, y2, t)|, i = 1, 2. Ç (17), (18), (21), (22), âðàõóâàâøè

(28)�(30), îäåðæó¹ìî

|p(t)| 6 C1 + C2W1(t), |q(t)| 6 C3 + C4W2(t), |b1(t)| 6 C5 + C6W1(t) + C7W2(t),

|b2(t)| 6 C8 + C9W1(t) + C10W2(t), t ∈ [0, t0]. (31)

Âèêîðèñòàâøè (29), (31) òà îöiíêè ôóíêöi¨ Ãðiíà [9], ç (15), (16) îòðèìó¹ìî

W1(t) 6 C11 + C12

t∫
0

(1 +W1(τ) +W2(τ) +W1(τ)W2(τ) +W 2
1 (τ) +W 2

2 (τ))
dτ√
t− τ

,
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W2(t) 6 C13 + C14

t∫
0

(1 +W1(τ) +W2(τ) +W1(τ)W2(τ)+

+W 2
1 (τ) +W 2

2 (τ))
dτ√
t− τ

, t ∈ [0, t0].

Çâiäñè äëÿ ôóíêöi¨ R(t) =W1(t) +W2(t) îäåðæó¹ìî íåðiâíiñòü

R(t) 6 C15 + C16

t∫
0

R(τ) +R2(τ)√
t− τ

dτ, t ∈ [0, t0].

Ìåòîä ðîçâ'ÿçóâàííÿ îñòàííüî¨ íåðiâíîñòi ïîäàíî â [10]. Çâiäñè îòðèìó¹ìî îöiíêó

R(t) 6M4 <∞, t ∈ [0, t6],

äå M4 i t6, 0 < t6 6 t0, âèçíà÷àþòüñÿ âiäîìèìè âåëè÷èíàìè. Òîäi

|w1(y1, y2, t)| 6M4, |w2(y1, y2, t)| 6M4, |p(t)| 6 B1 <∞,

|q(t)| 6 B2 <∞, |b1(t)| 6 B3 <∞, |b2(t)| 6 B4 <∞, t ∈ [0, t6].

Âèçíà÷èìî îïåðàòîð P i ïîáóäó¹ìî ìíîæèíó N òàê, ùîá îïåðàòîð P ïåðåâîäèâ
N â ñåáå. Âiçüìåìî äîâiëüíi (v, w1, w2, p, q, h, l, b1, b2), äëÿ ÿêèõ ïðàâèëüíi âèçíà÷åíi
îöiíêè. Îöiíèìî ïðàâi ÷àñòèíè ðiâíÿíü (15), (16):∣∣∣∣v0y1(y1, y2, t) +

t∫
0

1∫
0

1∫
0

Gy1(y1, y2, t, η1, η2, τ)

(
b1(τ) + η1p(τ)

l(τ)
w1(η1, η2, τ)+

+
b2(τ) + η2q(τ)

h(τ)
w2(η1, η2, τ)− Lv0(η1, η2, τ) + f(η1l(τ), η2h(τ), τ)

)
dη1dη2dτ

∣∣∣∣ 6
6 C11 + C17

√
t, (y1, y2, t) ∈ Qt6 ,∣∣∣∣v0y2(y1, y2, t) +

t∫
0

1∫
0

1∫
0

Gy2(y1, y2, t, η1, η2, τ)

(
b1(τ) + η1p(τ)

l(τ)
w1(η1, η2, τ)+

+
b2(τ) + η2q(τ)

h(τ)
w2(η1, η2, τ)− Lv0(η1, η2, τ) + f(η1l(τ), η2h(τ), τ)

)
dη1dη2dτ

∣∣∣∣ 6
6 C13 + C18

√
t, (y1, y2, t) ∈ Qt6 .

Âèáèðàþ÷è ÷èñëî t7, 0 < t7 6 t6, òàê, ùîá âèêîíóâàëàñü íåðiâíiñòü
C11 + C17

√
t6 6M4, îòðèìà¹ìî∣∣∣∣v0y1(y1, y2, t) +

t∫
0

1∫
0

1∫
0

Gy1(y1, y2, t, η1, η2, τ)

(
b1(τ) + η1p(τ)

l(τ)
w1(η1, η2, τ)+

+
b2(τ) + η2q(τ)

h(τ)
w2(η1, η2, τ)− Lv0(η1, η2, τ) + f(η1l(τ), η2h(τ), τ)

)
dη1dη2dτ

∣∣∣∣ 6
6M4, (y1, y2, t) ∈ Qt7 .
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Àíàëîãi÷íî ìîæåìî ââàæàòè, ùî iñíó¹ òàêå ÷èñëî t8, 0 < t8 6 t6, ùî
C13 + C18

√
t8 6M4. Òîäi∣∣∣∣v0y2(y1, y2, t) +

t∫
0

1∫
0

1∫
0

Gy2(y1, y2, t, η1, η2, τ)

(
b1(τ) + η1p(τ)

l(τ)
w1(η1, η2, τ)+

+
b2(τ) + η2q(τ)

h(τ)
w2(η1, η2, τ)− Lv0(η1, η2, τ) + f(η1l(τ), η2h(τ), τ)

)
dη1dη2dτ

∣∣∣∣ 6
6M4, (y1, y2, t) ∈ Qt8 .

Ïîäàìî ñèñòåìó ðiâíÿíü (14)�(22) ó âèãëÿäi îïåðàòîðíîãî ðiâíÿííÿ

ω = Pω,

äå ω = (v(y1, y2, t), w1(y1, y2, t), w2(y1, y2, t), p(t), q(t), h(t), l(t), b1(t), b2(t)), à îïåðàòîð
P = (P1, . . . , P9) âèçíà÷à¹òüñÿ ïðàâèìè ÷àñòèíàìè ðiâíÿíü (14)�(22). Ïîçíà÷èìî
N = {(v, w1, w2, p, q, h, l, b1, b2) ∈ (C(QT0

))3 × (C[0, T0])
6 : M0 6 v(y1, y2, t) 6 M3,

M1 6 w1(y1, y2, t) 6 M4, M2 6 w2(y1, y2, t) 6 M4, H0 6 h(t) 6 H1, L0 6 l(t) 6 L1,
|p(t)| 6 B1, |q(t)| 6 B2, |b1(t)| 6 B3, |b2(t)| 6 B4}, T0 = min{t7, t8}. Ìíîæèíà N
çàäîâîëüíÿ¹ óìîâè òåîðåìè Øàóäåðà ïðî íåðóõîìó òî÷êó, à îïåðàòîð P ïåðåâîäèòü
N â ñåáå. Òå, ùî îïåðàòîð P öiëêîì íåïåðåðâíèé íà N , äîâîäèòüñÿ ÿê ó [10].

Îòîæ, çà òåîðåìîþ Øàóäåðà ïðî íåðóõîìó òî÷êó iñíó¹ ðîçâ'ÿçîê ñèñòåìè ðiâ-
íÿíü (14)�(22), à îòæå, i ðîçâ'ÿçîê çàäà÷i (5)�(11) ïðè (y1, y2, t) ∈ QT0

.
4. �äèíiñòü ðîçâ'ÿçêó çàäà÷i (5)�(11). Ïðèïóñòèìî, ùî (li(t), hi(t), b1i(t),

b2i(t), vi(y1, y2, t)), i = 1, 2, � äâà ðîçâ'ÿçêè çàäà÷i (5)�(11). Ïîçíà÷èìî

l′i(t)

li(t)
= pi(t),

h′i(t)

hi(t)
= qi(t),

b1i(t)

li(t)
= si(t),

b2i(t)

hi(t)
= ri(t), i = 1, 2,

p(t) = p1(t)− p2(t), q(t) = q1(t)− q2(t), s(t) = s1(t)− s2(t), r(t) = r1(t)− r2(t),

v(y1, y2, t) = v1(y1, y2, t)− v2(y1, y2, t).

Ôóíêöi¨ p(t), q(t), s(t), r(t), v(y1, y2, t) çàäîâîëüíÿþòü ðiâíÿííÿ

vt =
1

l21(t)
vy1y1 +

1

h21(t)
vy2y2 + (s1(t) + y1p1(t))vy1 + (r1(t) + y2q1(t))vy2+

+

(
1

l21(t)
− 1

l22(t)

)
v2y1y1 +

(
1

h21(t)
− 1

h22(t)

)
v2y2y2 + (s(t) + y1p(t))v2y1+

+(r(t) + y2q(t))v2y2
+ f(y1l1(t), y2h1(t), t)− f(y1l2(t), y2h2(t), t), (y1, y2, t) ∈ QT , (32)

òà óìîâè

v(y1, y2, 0) = 0, (y1, y2) ∈ [0, 1]× [0, 1], (33)

v(0, y2, t) = µ1(y2h1(t), t)− µ1(y2h2(t), t), v(1, y2, t) = µ2(y2h1(t), t)− µ2(y2h2(t), t),

v(y1, 0, t) = µ3(y1l1(t), t)− µ3(y1l2(t), t),

v(y1, 1, t) = µ4(y1l1(t), t)− µ4(y1l2(t), t), (y1, y2, t) ∈ QT , (34)

p(t) = −h1(t)
l21(t)

1∫
0

vy1
(1, y2, t)dy2 + µ5(t)

(
1

l1(t)
− 1

l2(t)

)
−
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−
(
h1(t)

l21(t)
− h2(t)

l22(t)

) 1∫
0

v2y1(1, y2, t)dy2, t ∈ [0, T ], (35)

q(t) = − l1(t)

h21(t)

1∫
0

vy2(y1, 1, t)dy1 + µ6(t)

(
1

h1(t)
− 1

h2(t)

)
−

−
(
l1(t)

h21(t)
− l2(t)

h22(t)

) 1∫
0

v2y2(y1, 1, t)dy1, t ∈ [0, T ], (36)

1∫
0

1∫
0

v(y1, y2, t)dy1dy2 = µ7(t)

(
1

l1(t)h1(t)
− 1

l2(t)h2(t)

)
, t ∈ [0, T ], (37)

1∫
0

1∫
0

y2v(y1, y2, t)dy1dy2 = µ8(t)

(
1

l1(t)h21(t)
− 1

l2(t)h22(t)

)
, t ∈ [0, T ]. (38)

Çâåäåìî çàäà÷ó (32)�(34) äî çàäà÷i ç íóëüîâèìè êðàéîâèìè óìîâàìè. Ââåäåìî
ïîçíà÷åííÿ

ψ(y1, y2, t) = (1−y1)(µ1(y2h1(t), t)−µ1(y2h2(t), t))+y1(µ2(y2h1(t), t)−µ2(y2h2(t), t))+

+(1− y2)(µ3(y1l1(t), t)− µ3(y1l2(t), t)) + y2(µ4(y1l1(t), t)− µ4(y1l2(t), t))−
−y1y2(µ2(h1(t), t)− µ2(h2(t), t)),

ṽ(y1, y2, t) = v(y1, y2, t)− ψ(y1, y2, t),

L1 =
∂

∂t
− 1

l21(t)

∂2

∂y21
− 1

h21(t)

∂2

∂y22
− (s1(t) + y1p1(t))

∂

∂y1
− (r1(t) + y2q1(t))

∂

∂y2
.

Äëÿ ôóíêöi¨ ṽ(y1, y2, t) îòðèìó¹ìî çàäà÷ó

L1ṽ = −L1ψ(y1, y2, t) +

(
1

l21(t)
− 1

l22(t)

)
v2y1y1 +

(
1

h21(t)
− 1

h22(t)

)
v2y2y2+

+(s(t) + y1p(t))v2y1 + (r(t) + y2q(t))v2y2 + f(y1l1(t), y2h1(t), t)−
−f(y1l2(t), y2h2(t), t), (y1, y2, t) ∈ QT ,

ṽ(y1, y2, 0) = 0, (y1, y2) ∈ [0, 1]× [0, 1],

ṽ(0, y2, t) = ṽ(1, y2, t) = 0, ṽ(y1, 0, t) = ṽ(y1, 1, t) = 0, (y1, y2, t) ∈ QT . (39)

Çîáðàçèâøè ðîçâ'ÿçîê çàäà÷i (39) çà äîïîìîãîþ ôóíêöi¨ Ãðiíà

G̃ = G̃(y1, y2, t, η1, η2, τ) ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ

L1ṽ = 0,

ïîâåðíåìîñü äî ôóíêöi¨ v(y1, y2, t)

v(y1, y2, t) = ψ(y1, y2, t)+

t∫
0

1∫
0

1∫
0

G̃(y1, y2, t, η1, η2, τ)

((
1

l21(τ)
− 1

l22(τ)

)
v2η1η1(η1, η2, τ)+

+

(
1

h21(τ)
− 1

h22(τ)

)
v2η2η2(η1, η2, τ) + (s(τ) + η1p(τ))v2η1(η1, η2, τ)+
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+(r(τ) + η2q(τ))v2η2(η1, η2, τ)− L1ψ(η1, η2, τ) + f(η1l1(τ), η2h1(τ), τ)−

−f(η1l2(τ), η2h2(τ), τ)
)
dη1dη2dτ, (y1, y2, t) ∈ QT . (40)

Îñêiëüêè äëÿ bi(t), i = 1, 2, ñïðàâäæóþòüñÿ ðiâíîñòi, àíàëîãi÷íi äî (21), (22), òî
çâiäñè îòðèìó¹ìî

s(t)

1∫
0

(µ2(y2h2(t), t)− µ1(y2h2(t), t))dy2 + r(t)

1∫
0

(µ4(y1l2(t), t)− µ3(y1l2(t), t))dy1+

+p(t)

1∫
0

µ2(y2h2(t), t)dy2 + q(t)

1∫
0

µ4(y1l2(t), t)dy1 = F3(t), t ∈ [0, T ], (41)

r(t)

( 1∫
0

(1− y2)(µ2(y2h2(t), t)− µ1(y2h2(t), t))dy2

1∫
0

µ4(y1l2(t), t)dy1+

+

1∫
0

y2(µ2(y2h2(t), t)− µ1(y2h2(t), t))dy2

1∫
0

µ3(y1l2(t), t)dy1 −
1∫

0

(µ2(y2h2(t), t)−

−µ1(y2h2(t), t))dy2

1∫
0

1∫
0

v2(y1, y2, t)dy1dy2

)
+ p(t)

( 1∫
0

y2µ1(y2h2(t), t)dy2×

×
1∫

0

µ2(y2h2(t), t)dy2 −
1∫

0

y2µ2(y2h2(t), t)dy2

1∫
0

µ1(y2h2(t), t)dy2

)
+

+q(t)

1∫
0

(1− y2)(µ2(y2h2(t), t)− µ1(y2h2(t), t))dy2

1∫
0

µ4(y1l2(t), t)dy1 =

= F3(t)

1∫
0

(1− y2)(µ2(y2h2(t), t)− µ1(y2h2(t), t))dy2 +

1∫
0

(µ2(y2h2(t), t)−

−µ1(y2h2(t), t))dy2

(
s1(t)

1∫
0

(1− y2)(µ2(y2h1(t), t)− µ2(y2h2(t), t)−

−µ1(y2h1(t), t) + µ1(y2h2(t), t))dy2 + r1(t)

1∫
0

(µ3(y1l1(t), t)− µ3(y1l2(t), t))dy1+

+p1(t)

1∫
0

(1− y2)(µ2(y2h1(t), t)− µ2(y2h2(t), t))dy2 − µ′
7(t)

(
1

l1(t)h1(t)
− 1

l2(t)h2(t)

)
+

+
1

l21(t)

1∫
0

(1−y2)(vy1
(1, y2, t)−vy1

(0, y2, t))dy2−
1

h21(t)

1∫
0

vy2
(y1, 0, t)dy1+

1∫
0

1∫
0

(1−y2)×
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×(f(y1l1(t), y2h1(t), t)− f(y1l2(t), y2h2(t), t))dy1dy2 +
1

h21(t)

1∫
0

1∫
0

vy2(y1, y2, t)dy1dy2+

+

(
1

h21(t)
− 1

h22(t)

)(
µ′
8(t)

l1(t)
−

1∫
0

v2y2(y1, 0, t)dy1 +

1∫
0

1∫
0

v2y2(y1, y2, t)dy1dy2

)
+

(
1

l21(t)
−

− 1

l22(t)

)(
µ′
8(t)

h22(t)
+

1∫
0

(1− y2)(v2y1
(1, y2, t)− v2y1

(0, y2, t))dy2

))
, t ∈ [0, T ], (42)

F3(t) = −s1(t)
1∫

0

(µ2(y2h1(t), t)− µ2(y2h2(t), t)− µ1(y2h1(t), t) + µ1(y2h2(t), t))dy2−

−r1(t)
1∫

0

(µ4(y1l1(t), t)− µ4(y1l2(t), t)− µ3(y1l1(t), t) + µ3(y1l2(t), t))dy1−

−p1(t)
1∫

0

(µ2(y2h1(t), t)− µ2(y2h2(t), t))dy2 − q1(t)

1∫
0

(µ4(y1l1(t), t)− µ4(y1l2(t), t))dy1+

+µ′
7(t)

(
1

l1(t)h1(t)
− 1

l2(t)h2(t)

)
− 1

l21(t)

1∫
0

(vy1(1, y2, t)− vy1(0, y2, t))dy2−

− 1

h21(t)

1∫
0

(vy2(y1, 1, t)− vy2(y1, 0, t))dy1 −
(

1

l21(t)
− 1

l22(t)

) 1∫
0

(v2y1(1, y2, t)−

−v2y1(0, y2, t))dy2 −
(

1

h21(t)
− 1

h22(t)

) 1∫
0

(v2y2(y1, 1, t)− v2y2(y1, 0, t))dy1−

−
1∫

0

1∫
0

(f(y1l1(t), y2h1(t), t)− f(y1l2(t), y2h2(t), t))dy1dy2.

Çàóâàæèìî, ùî äëÿ

∆(t) = l2(t)h
2
2(t)

1∫
0

(µ2(y2h2(t), t)− µ1(y2h2(t), t))dy2

( 1∫
0

µ4(y1l2(t), t)dy1−

−
1∫

0

1∫
0

v2(y1, y2, t)dy1dy2

)
−

1∫
0

y2(µ2(y2h2(t), t)− µ1(y2h2(t), t))dy2×

×
1∫

0

(µ4(y1l2(t), t)− µ3(y1l2(t), t))dy1

âèêîíó¹òüñÿ íåðiâíiñòü (30).
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Ïðîäèôåðåíöiþâàâøè (40) çà çìiííèìè y1, y2, îäåðæó¹ìî

vy1(y1, y2, t) = ψy1(y1, y2, t) +

t∫
0

1∫
0

1∫
0

G̃y1(y1, y2, t, η1, η2, τ)

((
1

l21(τ)
− 1

l22(τ)

)
×

×v2η1η1(η1, η2, τ) +

(
1

h21(τ)
− 1

h22(τ)

)
v2η2η2(η1, η2, τ) + (s(τ) + η1p(τ))v2η1(η1, η2, τ)+

+(r(τ) + η2q(τ))v2η2(η1, η2, τ)− L1ψ(η1, η2, τ) + f(η1l1(τ), η2h1(τ), τ)−

−f(η1l2(τ), η2h2(τ), τ)
)
dη1dη2dτ, (y1, y2, t) ∈ QT , (43)

vy2(y1, y2, t) = ψy2(y1, y2, t) +

t∫
0

1∫
0

1∫
0

G̃y2(y1, y2, t, η1, η2, τ)

((
1

l21(τ)
− 1

l22(τ)

)
×

×v2η1η1(η1, η2, τ) +

(
1

h21(τ)
− 1

h22(τ)

)
v2η2η2(η1, η2, τ) + (s(τ) + η1p(τ))v2η1(η1, η2, τ)+

+(r(τ) + η2q(τ))v2η2(η1, η2, τ)− L1ψ(η1, η2, τ) + f(η1l1(τ), η2h1(τ), τ)−

−f(η1l2(τ), η2h2(τ), τ)
)
dη1dη2dτ, (y1, y2, t) ∈ QT . (44)

Âèðàçèìî li(t), hi(t) ÷åðåç pi(t), qi(t)

li(t) = li(0) exp

 t∫
0

pi(τ)dτ

 , hi(t) = hi(0) exp

 t∫
0

qi(τ)dτ

 , i = 1, 2,

äå l1(0) = l2(0) = l0, h1(0) = h2(0) = h0. Çâiäñè, âèêîðèñòàâøè ðiâíîñòi

ex − ey = (x− y)

1∫
0

ey+τ(x−y)dτ,

f(yh1(t))− f(yh2(t)) = y(h1(t)− h2(t))

1∫
0

fy(y(h2(t) + σ(h1(t)− h2(t))), t)dσ,

îòðèìó¹ìî

1

l1(t)
− 1

l2(t)
= − 1

l0

t∫
0

p(τ)dτ

1∫
0

exp

(
−

t∫
0

(σp(τ) + p2(τ))dτ

)
dσ,

1

h1(t)
− 1

h2(t)
= − 1

h0

t∫
0

q(τ)dτ

1∫
0

exp

(
−

t∫
0

(σq(τ) + q2(τ))dτ

)
dσ,

µi(y2h1(t), t)− µi(y2h2(t), t) =

= y2(h1(t)− h2(t))

1∫
0

µix2(y2(h2(t) + σ(h1(t)− h2(t))), t)dσ, i = 1, 2,

µj(y1l1(t), t)− µj(y1l2(t), t) =



ÂÈÇÍÀ×ÅÍÍß ÊÎÅÔIÖI�ÍÒIÂ ÏÀÐÀÁÎËI×ÍÎÃÎ ÐIÂÍßÍÍß ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2016. Âèïóñê 81 157

= y1(l1(t)− l2(t))

1∫
0

µjx1(y1(l2(t) + σ(l1(t)− l2(t))), t)dσ, j = 3, 4. (45)

Ðiâíîñòi (45) ìîæåìî âèêîðèñòàòè äëÿ çîáðàæåííÿ ðiçíèöü l1(t)− l2(t),
1

l21(t)
− 1

l22(t)
,

h1(t) − h2(t),
1

h21(t)
− 1

h22(t)
, µix1(y2h1(t), t) − µix1(y2h2(t), t), µix1x1(y2h1(t), t) −

µix1x1(y2h2(t), t), µit(y2h1(t), t)−µit(y2h2(t), t), i = 1, 2, µjx2(y1l1(t), t)−µjx2(y1l2(t), t),
µjx2x2(y1l1(t), t) − µjx2x2(y1l2(t), t), µjt(y1l1(t), t) − µjt(y1l2(t), t), j = 3, 4,
f(y1l1(t), y2h1(t), t)− f(y1l2(t), y2h2(t), t).

Ïiäñòàâèâøè (43), (44) â (35), (36), (41), (42) i âèêîðèñòàâøè (45), îòðèìó¹ìî
ñèñòåìó îäíîðiäíèõ iíòåãðàëüíèõ ðiâíÿíü Âîëüòåððà äðóãîãî ðîäó (35), (36), (41),
(42) ñòîñîâíî íåâiäîìèõ (p(t), q(t), s(t), r(t)) ç ÿäðàìè, ùî ìàþòü iíòåãðîâíi îñîáëè-
âîñòi. Ç âëàñòèâîñòåé ðîçâ'ÿçêiâ òàêèõ ñèñòåì âèïëèâà¹, ùî ñèñòåìà ìà¹ òiëüêè òðè-
âiàëüíèé ðîçâ'ÿçîê.

Îòæå, l1(t) = l2(t), h1(t) = h2(t), b11(t) = b12(t), b21(t) = b22(t),
v1(y1, y2, t) = v2(y1, y2, t), (y1, y2, t) ∈ Qt0 .
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ÏÐÎ ÂÈÁIÐ ÌÀËÎÃÎ ÏÀÐÀÌÅÒÐÀ ÍÎÐÌÓÂÀÍÍß

ÃÅÍÅÐÀÒÎÐÀ ÂÈÏÀÄÊÎÂÎÃÎ ÏÐÎÖÅÑÓ

Îêñàíà ßÐÎÂÀ

Ëüâiñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ, Óêðà¨íà

e-mail: oksana-yarova@rambler.ru

Äîñëiäæåíî ìàðêîâñüêi âèïàäêîâi åâîëþöi¨ òà ¨õíi àïðîêñèìàöi¨. Îñíîâ-
íèì îá'¹êòîì äîñëiäæåííÿ ¹ ãåíåðàòîðè âèïàäêîâèõ ïðîöåñiâ ç íåçàëåæíè-
ìè ïðèðîñòàìè. Öi ïðîöåñè ðîçãëÿäàþòü â ñõåìàõ ïóàññîíîâî¨ àïðîêñèìàöi¨
òà àïðîêñèìàöi¨ Ëåâi. Ãåíåðàòîðè âèïàäêîâèõ ïðîöåñiâ íîðìóþòüñÿ ïàðà-
ìåòðàìè, ÿêi ¹ íåëiíiéíèìè ôóíêöiÿìè. Äîâåäåíî iñíóâàííÿ òàêèõ ïàðà-
ìåòðiâ íîðìóâàííÿ.

Êëþ÷îâi ñëîâà: ãåíåðàòîð, ìàðêîâñüêèé ïðîöåñ, ïðîöåñ ç íåçàëåæíèìè
ïðèðîñòàìè, íîðìóâàëüíèé ìíîæíèê, ïóàññîíîâà àïðîêñèìàöiÿ, àïðîêñè-
ìàöiÿ Ëåâi.

1. Âñòóï. Äîñëiäæåííÿì ìàðêîâñüêèõ âèïàäêîâèõ åâîëþöié òà ¨õíiõ àïðîêñè-
ìàöié ïðèñâÿ÷åíî áàãàòî íàóêîâèõ ïðàöü, ñåðåä ÿêèõ ìîæíà âèäiëèòè [1], [2], [3].
Çîêðåìà â [3] äîñëiäæóþòüñÿ ïðîöåñè ç íåçàëåæíèìè ïðèðîñòàìè â ñõåìàõ ïóàññîíî-
âî¨ àïðîêñèìàöi¨ òà àïðîêñèìàöi¨ Ëåâi. Â òàêèõ ïðîöåñàõ íåìà¹ äèôóçiéíî¨ ñêëàäîâî¨,
à ìiæ ñòðèáêàìè âiäáóâà¹òüñÿ ìàðêîâñüêèé ïðîöåñ. Â àïðîêñèìàöiÿõ Ïóàññîíà i Ëå-
âi ãåíåðàòîð ïðîöåñó íîðìó¹òüñÿ ëiíiéíèì ìíîæíèêîì[1]. Ïðîòå â äåÿêèõ âèïàäêàõ
òàêå íîðìóâàííÿ íå ¹ äîöiëüíèì. Òîìó âèíèêà¹ ïîòðåáà ðîçãëÿäàòè íîðìóâàëüíèé
ìíîæíèê ÿê íåëiíiéíó ôóíêöiþ. Ìåòà íàøî¨ ïðàöi � çíàéòè òàêi ïàðàìåòðè â çî-
áðàæåííi ãåíåðàòîðà âèïàäêîâîãî ïðîöåñó ç íåçàëåæíèìè ïðèðîñòàìè.

2. Àïðîêñèìàöiÿ Ïóàññîíà òà Ëåâi. Ðîçãëÿíåìî ñiì'þ ìàðêîâñüêèõ ïðîöåñiâ
ç íåçàëåæíèìè ïðèðîñòàìè ηε1(·) òà òðà¹êòîðiÿìè â îáëàñòi âèçíà÷åííÿ DR[0;∞), ÿêi
íîðìóþòüñÿ ìíîæíèêîì g1(ε) → 0,ïðè (ε) → 0

ηε1(t) = η( t
(g1(ε))

), t > 0,

äå η(t) � ïðîöåñ ç íåçàëåæíèìè ïðèðîñòàìè, ùî âèçíà÷àþòüñÿ ãåíåðàòîðàìè

Γεφ(u) = (g1(ε))
−1

∫
R
(φ(u+ v)− φ(u))Γε(dv).

Òóò φ(u) � äiéñíîçíà÷íà, äâi÷i äèôåðåíöiéîâàíà ôóíêöiÿ â Rd, ÿêà äîðiâíþ¹ 0 íà íå-
ñêií÷åíîñòi òà ç sup-íîðìîþ φ(u) íàëåæèòü êëàñó äâi÷i íåïåðåðâíî-äèôåðåíöiéîâíèõ

c⃝ ßðîâà Î., 2016
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ôóíêöié â åâêëiäîâîìó ïðîñòîði C2
0 (R

d). ßäðî iíòåíñèâíîñòi Γε íàëåæèòü êëàñó
C3(R). Öå ÿäðî çàäîâîëüíÿ¹ óìîâó Γε(0) = 0.

Íåõàé âèêîíóþòüñÿ óìîâè ïóàññîíîâî¨ àïðîêñèìàöi¨.
(P1) Àïðîêñèìàöiÿ ñåðåäíiõ

bε = g1(ε)(b+ θεb)

òà

cε = g1(ε)(c+ θεc),

äå b <∞, c <∞, |θεb | → 0, |θεc | → 0, g1(ε) → 0.
(P2) ßäðî iíòåíñèâíîñòåé ìà¹ òàêå àñèìïòîòè÷íå ïîäàííÿ

Γεg = g1(ε)(Γg + θεg).

äëÿ âñiõ g, ùî íàëåæàòü êëàñó C3(R). ßäðî iíòåíñèâíîñòi Γ0(dv) ) çàäàíî íà êëàñi
ôóíêöié, ùî âèçíà÷à¹ ìiðó C3(R) òàêèì ñïiââiäíîøåííÿì

Γg =
∫
R
g(v)Γ0(dv).

(P3)Ó ãðàíè÷íîìó ãåíåðàòîði íåìà¹ äèôóçiéíî¨ ñêëàäîâî¨, òîáòî âèêîíó¹òüñÿ
òàêà óìîâà

c =
∫
R
v2Γ0(dv) = 0

(P4) Ñïðàâäæó¹òüñÿ ñïiââiäíîøåííÿ

limc→∞
∫
|v|>c v

2Γ0(dv) = 0,

ùî âèçíà÷à¹ ðiâíîìiðíó êâàäðàòè÷íó iíòåãðîâàíiñòü.
Ïåðåéäåìî äî àïðîêñèìàöi¨ Ëåâi.
Ðîçãëÿíåìî ñiì'þ ìàðêîâñüêèõ ïðîöåñiâ ç íåçàëåæíèìè ïðèðîñòàìè, ÿêi íîð-

ìóþòüñÿ ìíîæíèêîì g2(ε), äå g2(ε) = o(g1(ε)

ηε2(t) = η( t
(g2(ε))

), t > 0.

Òóò η(t) � ïðîöåñ ç íåçàëåæíèìè ïðèðîñòàìè, ùî âèçíà÷àþòüñÿ ãåíåðàòîðàìè

Γεφ(u) = (g2(ε))
−1

∫
R
(φ(u+ v)− φ(u))Γε(dv),

äå φ(u) � äiéñíîçíà÷íà, äâi÷i äèôåðåíöiéîâàíà ôóíêöiÿ â Rd, ÿêà äîðiâíþ¹ 0 íà íå-
ñêií÷åíîñòi òà ç sup-íîðìîþ φ(u) íàëåæèòü êëàñó äâi÷i íåïåðåðâíî-äèôåðåíöiéîâíèõ
ôóíêöié â åâêëiäîâîìó ïðîñòîði C2

0 (R
d). ßäðî iíòåíñèâíîñòi Γε íàëåæèòü êëàñó

C3(R). Òàêå ÿäðî çàäîâîëüíÿ¹ óìîâó Γε(0) = 0.
Íåõàé âèêîíóþòüñÿ óìîâè àïðîêñèìàöi¨ Ëåâi.
(L1) Àïðîêñèìàöiÿ ñåðåäíiõ

bε = g1(ε)b1 + g2(ε)(b+ θεb)

òà

cε = g2(ε)(c+ θεc),

äå b <∞, c <∞, |θεb | → 0, |θεc | → 0, g1(ε) → 0.
(L2) ßäðî iíòåíñèâíîñòåé ìà¹ òàêå àñèìïòîòè÷íå çîáðàæåííÿ

Γεg = g2(ε)(Γg + θεg),

äëÿ âñiõ g, ùî íàëåæàòü êëàñó C3(R). ßäðî iíòåíñèâíîñòi Γ0(dv) çàäàíî íà êëàñi
ôóíêöié, ùî âèçíà÷à¹ ìiðó C3(R) òàêèì ñïiââiäíîøåííÿì:

Γg =
∫
R
g(v)Γ0(dv).

(L3) Ñïðàâäæó¹òüñÿ ñïiââiäíîøåííÿ
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limc→∞
∫
|v|>c v

2Γ0(dv) = 0,

ùî âèçíà÷à¹ ðiâíîìiðíó êâàäðàòè÷íó iíòåãðîâàíiñòü.
3. Âèáið ïàðìàìåòðà íîðìóâàííÿ.
Ðîçãëÿíåìî ãåíåðàòîð ìàðêîâñüêîãî ïðîöåñó ïóàññîíîâî¨ àïðîêñèìàöi¨, ùî íîð-

ìó¹òüñÿ ìíîæíèêîì g1(ε)

Γεg = g1(ε)(Γg + θεg).

Äëÿ ãåíåðàòîðà Γεg çàâæäè iñíó¹ òàêèé ãðàíè÷íèé ãåíåðàòîð Γg, ùî
Γε
g−Γg

g1(ε)
= Γ1,g.

Çíàéäåìî çîáðàæåííÿ ãåíåðàòîðà Γ1,g

Γε
g−Γg

g1(ε)
=

g1(ε)(Γg+Θε
g−Γg

g1(ε)
=

g1(ε)Γg+g1(ε)Θ
ε
g−Γg

g1(ε)
=

Γg(g1(ε)−1)
g1ε

+Θεg = Γ1,g.

Âèáåðåìî òàêèé íîðìóâàëüíèé ìíîæíèê g2(ε) = o(g1(ε)), äëÿ ÿêîãî âèêîíó¹òüñÿ
òàêà óìîâà:

Γε
g−Γg−g1(ε)Γ1,g

g2(ε)
= Γ2,g.

Çíàéäåìî çîáðàæåííÿ ãåíåðàòîðà Γ2,g

Γε
g−Γg−g1(ε)Γ1,g

g2(ε)
=

Γε
g−Γg−Γg(g1(ε)−1)−g1(ε)Θε

g

g2(ε)
=
g2(ε)Γg+g2(ε)Θ

ε
g−Γg−Γg(g1(ε)−1)−g1(ε)Θε

g

g1(ε)
=

=
Γg(g2(ε)−1−g1(ε)+1+Θε

g(g2(ε)−g1(ε))
g2(ε)

=
Γg(g2(ε)−g1(ε))

g2(ε)
+Θεg

g2(ε)−g1(ε)
g2(ε)

= Γ2,g.

Îòîæ,

Γεg−Γ = g1(ε)Γ1,g+g2(ε)Γ2,g+o(g2(ε)) = Γg(g1(ε)−1)+g1(ε)Θ
ε
g+Γg(g2(ε)−g1(ε))+

+Θεg(g2(ε)− g1(ε)) = Γg(g2(ε)− 1) + Θεgg2(ε) + o(g2(ε)).

Öå ñïiââiäíîøåííÿ ìiñòèòü äîäàíîê Θεg. Çíàéäåìî éîãî ç ðîçâ'ÿçêó çàäà÷i ñèí-
ãóëÿðíîãî çáóðåííÿ.

Äëÿ ãåíåðàòîðà ìàðêîâñüêîãî ïðîöåñó, íîðìîâàíîãî ìíîæíèêîì g2(ε), çàäà÷à
çàïèøåòüñÿ òàê:

Γε = Γ + Γ1,gg2(ε)

φε = φ+ φ1g2(ε).

Ðîçâ'ÿçîê çàäà÷i ñèíãóëÿðíîãî çáóðåííÿ íàáóäå âèãëÿäó

Γεφε = 0

Γφ1 + Γφ = ψ

Γ1,gφ1 = Θε.

Âèðàçèìî Θε

Γεφε = Γφ+ g2(ε)(Γφ1 + Γ1,gφ) + φ1Γ1,gg
2
2(ε) = Γφ+ g2(ε)ψ +Θεg22(ε) = 0.

Çâiäñè

Θε = − Γφ
g22(ε)

− ψ
g2(ε)

.
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4. Âèñíîâêè. Îòæå, iñíóþòü íåëiíiéíi ïàðàìåòðè íîðìóâàííÿ äëÿ ãåíåðàòîðiâ
ìàðêîâñüêèõ ïðîöåñiâ ó ñõåìi ïóàññîíîâî¨ àïðîêñèìàöi¨ òà àïðîêñèìàöi¨ Ëåâi.

Ñïèñîê âèêîðèñòàíî¨ ëiòåðàòóðè

1. Koroliuk V. Stochastic systems in merging phase space. / V.S. Koroliuk, N. Limnios //
Singapore: World Scienti�c Publishing Company, 2005. � 348 p.

2. Cherno� H. Measure of asymptotical e�ciency for tests of a hypothesis based on the sum
of observations / H. Cherno� // Annals of Mathematical Statistics. �- 1952. �- Vol. 23,
Number 4. �� P. 493�655.

3. Feng J. Large deviation for stochastic processes. / J. Feng, T.G. Kurtz // Mathematical
Surveys and Monographs, 131. Providence, RI. AMS, 2006. � 410 p.

Ñòàòòÿ: íàäiéøëà äî ðåäêîëåãi¨ 28.12.2015

ïðèéíÿòà äî äðóêó 08.06.2016
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Consider the Markov random evolution and their approximation. The
main object of study is the generator of random processes with independent
increments. These processes are considered in Poisson approximation and
approximation of Levi scheme. Generators of random processes are normalized
by parameters, which are nonlinear functions. We prove the existence of these
parameters.
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ÌÈÊÎËÀ ßÐÎÑËÀÂÎÂÈ× ÊÎÌÀÐÍÈÖÜÊÈÉ

(25.05.1948 � 20.04.2016)

20 êâiòíÿ 2016 ðîêó ïiøîâ ç æèòòÿ çàâiäóâà÷ êàôåäðè àëãåáðè i ëîãiêè, Çàñëó-
æåíèé ïðîôåñîð Ëüâiâñüêîãî íàöiîíàëüíîãî óíiâåðcèòåòó iìåíi Iâàíà Ôðàíêà äîê-
òîð ôiçèêî-ìàòåìàòè÷íèõ íàóê Ìèêîëà ßðîñëàâîâè÷ Êîìàðíèöüêèé. Éîãî ðàïòîâà
ñìåðòü ñòàëà âåëèêîþ âòðàòîþ ÿê äëÿ ëüâiâñüêèõ ìàòåìàòèêiâ, òàê i äëÿ âñüîãî
óêðà¨íñüêîãî ìàòåìàòè÷íîãî òîâàðèñòâà.

Ìèêîëà ßðîñëàâîâè÷ Êîìàðíèöüêèé íàðîäèâñÿ 25 òðàâíÿ 1948 ðîêó â ñåëi Êî-
ìàðíèêè Ëüâiâñüêî¨ îáëàñòi. Ïiñëÿ çàêií÷åííÿ ñåðåäíüî¨ øêîëè âñòóïèâ íà ìåõàíiêî-
ìàòåìàòè÷íèé ôàêóëüòåò Ëüâiâñüêîãî äåðæàâíîãî óíiâåðñèòåòó iìåíi Iâàíà Ôðàí-
êà. Ó 1971 ðîöi, ïiñëÿ çàêií÷åííÿ óíiâåðñèòåòó ïðàöþâàâ ó âiääiëi àëãåáðè Ôiçèêî-
ìåõàíi÷íîãî iíñòèòóòó Àêàäåìi¨ íàóê ÓÐÑÐ, ç ÿêîãî i áóâ ïðèçâàíèé íà äiéñíó àð-
ìiéñüêó ñëóæáó. Ïiñëÿ ïîâåðíåííÿ ç àðìi¨, Ì. ß. Êîìàðíèöüêèé ïðàöþâàâ ç 1974 ïî
1979 ð. iíæåíåðîì âiääiëó àëãåáðè Iíñòèòóòó ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòå-
ìàòèêè, îäíî÷àñíî íàâ÷àþ÷èñü â àñïiðàíòóði. Ó 1979 ð. âií çàõèñòèâ êàíäèäàòñüêó
äèñåðòàöiþ.

Ó ëþòîìó 1979 ðîêó ðîçïî÷àëàñÿ éîãî íàóêîâî-ïåäàãîãi÷íà äiÿëüíiñòü íà ìåõà-
íiêî-ìàòåìàòè÷íîìó ôàêóëüòåòi Ëüâiâñüêîãî äåðæàâíîãî óíiâåðñèòåòó. Íàäàëi, âñå
éîãî íàóêîâå æèòòÿ áóëî òiñíî ïîâ'ÿçàíå ç öèì ôàêóëüòåòîì. Ó 1993-1995 ðîêàõ
â ÿêîñòi ñòàðøîãî íàóêîâîãî ñïiâðîáiòíèêà âií ïðàöþâàâ íàä áàãàòüìà âàæëèâè-
ìè àëãåáðà¨÷íèìè çàäà÷àìè. Îòðèìàíi ðåçóëüòàòè ëÿãëè â îñíîâó éîãî äîêòîðñüêî¨
äèñåðòàöi¨, çàõèùåíî¨ â 1998 ðîöi. Ç 1998 ðîêó âií ïðàöþâàâ íà ïîñàäi ïðîôåñîðà
êàôåäðà àëãåáðè i òîïîëîãi¨, â 2002 ðîöi ñòàâ çàâiäóâà÷åì öi¹¨ êàôåäðè, à çãîäîì
ïiñëÿ ¨¨ ïîäiëó â 2003 ðîöi � çàâiäóâà÷åì êàôåäðè àëãåáðè i ëîãiêè. Ó 1992�1993 i
1996�1999 ðîêàõ âií áóâ çàñòóïíèêîì äåêàíà ìåõàíiêî-ìàòåìàòè÷íîãî ôàêóëüòåòó.
Ó 1999 ð. Ìèêîëó ßðîñëàâîâè÷à îáðàíî ïåðøèì ãîëîâîþ Ëüâiâñüêîãî òîâàðèñòâà
ëîãiêiâ, çàñíîâàíîãî ó öüîìó æ ðîöi.
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Ìèêîëà ßðîñëàâîâè÷ Êîìàðíèöüêèé çðîáèâ çíà÷íèé âíåñîê ó áàãàòüîõ îáëà-
ñòÿõ ñó÷àñíî¨ àëãåáðè: òåîði¨ êiëåöü i ìîäóëiâ, òåîði¨ ìîäåëåé, êàòåãîðíî¨ ëîãiêè,
òåîði¨ íàïiâãðóï òà ïîëiãîíiâ. Òàê, çîêðåìà, â 1996 ðîöi âií ðîçâ'ÿçàâ ïðîáëåìó
Êîçåíñà-Ôåéñà ïðî çëi÷åííèé óëüòðàñòåïiíü V-îáëàñòi Êîéôìàíà-Êîççåíñà, ðîçâ'ÿ-
çîê ÿêî¨ ñòàâ îñíîâîþ éîãî äîêòîðñüêî¨ äèñåðòàöi¨. Âií çíàéøîâ íåîáõiäíi i äîñòàòíi
óìîâè àêñiîìàòèçîâíîñòi êëàñiâ ðàäèêàëiâ â êàòåãîði¨ ìîäóëiâ íàä îáëàñòþ Äåäå-
êiíäà â òåðìiíàõ ïîäiëüíîñòi ìîäóëiâ ðàäèêàëiâ. Ñåðåä iíøèõ ðåçóëüòàòiâ ó öüîìó
íàïðÿìêó ìîæíà íàâåñòè äîâåäåííÿ àêñiîìàòèçîâíîñòi êëàñó íåêîìóòàòèâíèõ êiëåöü
Ïðþôåðà.

Ïðîôåñîð Ì. ß. Êîìàðíèöüêèé ¹ àâòîðîì ïîíàä 100 íàóêîâèõ ïðàöü, áàãàòüîõ
íàóêîâî-ìåòîäè÷íèõ ðîçðîáîê, ñåðåä ÿêèõ ïiäðó÷íèêè òà íàâ÷àëüíi ïîñiáíèêè ç ëi-
íiéíî¨ àëãåáðè, äèñêðåòíî¨ ìàòåìàòèêè, àëãåáðè i ìàòåìàòè÷íî¨ ëîãiêè.

Íà äîäàòîê äî éîãî ïëîäîòâîðíî¨ äîñëiäíèöüêî¨ ðîáîòè, Ìèêîëà ßðîñëàâîâè÷
Êîìàðíèöüêèé òàêîæ àêòèâíî çàéìàâñÿ âèêëàäàöüêîþ äiÿëüíiñòþ, îñîáëèâî â ïî-
øóêó òàëàíîâèòèõ ñòóäåíòiâ i çàëó÷åííÿì ¨õ äî äîñëiäíèöüêî¨ äiÿëüíîñòi. Ïðîôåñîð
Êîìàðíèöüêèé áóâ êåðiâíèêîì ñåìè êàíäèäàòñüêèõ äèñåðòàöié òà íàóêîâèì êîíñóëü-
òàíòîì äâîõ äîêòîðñüêèõ äèñåðòàöié. Âií îðãàíiçóâàâ áàãàòî ìiæíàðîäíèõ àëãåáðà-
¨÷íèõ êîíôåðåíöié ó Ëüâîâi òà áóâ ðåäàêòîðîì áàãàòüîõ ìàòåìàòè÷íèõ æóðíàëiâ.
Çîêðåìà, âií áóâ çàñòóïíèêîì ãîëîâíîãî ðåäàêòîðà æóðíàëó �Algebra and Discrete
Mathematics�, ÷ëåíîì ðåäêîëåãié Ìàòåìàòè÷íèõ ñòóäié òà Âiñíèêà Ëüâiâñüêîãî óíi-
âåðñèòåòó (ñåðiÿ ìåõàíiêî-ìàòåìàòè÷íà). Áàãàòî ðîêiâ iç ñàìîãî çàñíóâàííÿ Ìèêîëà
ßðîñëàâîâè÷ Êîìàðíèöüêèé áóâ íåçìiííèì êåðiâíèêîì Ëüâiâñüêîãî ìiñüêîãî àëãå-
áðà¨÷íîãî ñåìiíàðó òà ñïiëüíîãî ñåìiíàðó ç êàôåäðîþ ãåîìåòði¨ i òîïîëîãi¨ ç òåîði¨
ïîëiãîíiâ i ñïåêòðàëüíèõ ïðîñòîðiâ.

Ó 2014 ðîöi çà éîãî áàãàòîði÷íó ïðîäóêòèâíó íàóêîâî-ïåäàãîãi÷íó ðîáîòó, Ìè-
êîëà ßðîñëàâîâè÷ Êîìàðíèöüêèé áóâ óäîñòî¹íèé çâàííÿ Çàñëóæåíîãî ïðîôåñîðà
Ëüâiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Iâàíà Ôðàíêà.

Ïðîôåñîð Ìèêîëà ßðîñëàâîâè÷ Êîìàðíèöüêèé âiäçíà÷àâñÿ åðóäèöi¹þ i ðîçó-
ìiííÿì ðîëi ìàòåìàòèêè ó ñó÷àñíîìó ñâiòi. Âií ìàâ áàãàòî äðóçiâ ñåðåä ìàòåìàòèêiâ
â Óêðà¨íi i ïî âñüîìó ñâiòó. Ñâiòëà ïàì'ÿòü ïðî Ìèêîëó ßðîñëàâîâè÷à íàçàâæäè
çàëèøèòüñÿ â óìàõ i ñåðöÿõ éîãî êîëåã, ñòóäåíòiâ, ñiì'¨ òà äðóçiâ.

Ò.Î. Áàíàõ, À.I. Ãàòàëåâè÷, I.É. Ãóðàí, Î.Â. Ãóòiê, Á.Â. Çàáàâñüêèé,
Ì.Ì. Çàði÷íèé, Â.Ð. Çåëiñêî, Þ.Á. Iùóê, Ì.Î. Ìàëî¨ä-Ãë¹áîâà, I.Î. Ìåëüíèê,
Ð.Ì. Îëiéíèê, ß.Ã. Ïðèòóëà, Î.Ì. Ðîìàíiâ



ÏÐÀÂÈËÀ ÄËß ÀÂÒÎÐIÂ

1. Ñòàòòÿ ïîâèííà ìiñòèòè ðåçóëüòàòè íîâèõ äîñëiäæåíü àâòîðà ç ïîâíèì äîâå-
äåííÿì. Íå äîöiëüíî ðîáèòè âåëèêi îãëÿäè âæå îïóáëiêîâàíèõ ðåçóëüòàòiâ. Ðîáèòè
ïîñèëàííÿ íà íåîïóáëiêîâàíi ïðàöi íå ìîæíà.

2. Òåêñò ñòàòòi íàáèðàþòü íà êîìï'þòåði óêðà¨íñüêîþ ÷è àíãëiéñüêîþ ìîâàìè.
Äî ðåäàêöiéíî¨ êîëåãi¨ ïîòðiáíî ïîäàâàòè:

äâà ïðèìiðíèêè ñòàòòi ç ïiäïèñîì àâòîðà (ñïiâàâòîðiâ) íà îñòàííié ñòîðiíöi;
íàçâó ñòàòòi, ðåçþìå (ðåçþìå ìà¹ ïåðåäàâàòè çìiñò îñíîâíèõ ðåçóëüòàòiâ ñòàòòi,

à íå ëèøå ïîâòîðþâàòè ¨¨ íàçâó), êëþ÷îâi ñëîâà, iì'ÿ, ïðiçâèùå àâòîðà, ìiñöå ðîáîòè,
àäðåñó óêðà¨íñüêîþ òà àíãëiéñüêîþ ìîâàìè, åëåêòðîííó àäðåñó;

åëåêòðîííèé âàðiàíò ñòàòòi òà ðåçþìå ïîäà¹òüñÿ íà âåá-ñòîðiíöi
http://publications.lnu.edu.ua/bulletins/index.php/mmf
òà âàðòî íàäiñëàòè çà àäðåñîþ lnu.visn.mm@gmail.com);
äîâiäêà ïðî àâòîðà (ñïiâàâòîðiâ), ó ÿêié òðåáà çàçíà÷èòè iì'ÿ, ïî áàòüêîâi òà

ïðiçâèùå àâòîðà, ìiñöå ðîáîòè, ïîñàäó, àäðåñó óêðà¨íñüêîþ òà àíãëiéñüêîþ ìîâàìè,
òåëåôîí, åëåêòðîííó àäðåñó.

Îïòèìàëüíèé îáñÿã ñòàòòi äî 12 ñòîðiíîê. Ðîçìið øðèôòiâ 10pt, âèñîòà ñòîðiíêè
� 190 mm, øèðèíà � 135 mm.

3. Âèìîãè äî íàáîðó.

Òåêñò ñòàòòi ñòâîðþâàòè ó âåðñi¨ LATEX ç êîäóâàííÿì êèðèëè÷íèõ øðèôòiâ

”
Êèðèëèöÿ (Windows)“ (êîäîâà ñòîðiíêà 1251).

Íà ïåðøié ñòîðiíöi ñòàòòi ïîòðiáíî çàçíà÷èòè íîìåð ÓÄÊ òà MSC 2010.

Íîìåðè ôîðìóë ñòàâèòè ç ïðàâîãî áîêó i íóìåðóâàòè ëèøå ôîðìóëè, íà ÿêi ¹
ïîñèëàííÿ.

Ó ïîñèëàííÿõ íà òåîðåìó ç ìîíîãðàôi¨ çàçíà÷èòè ñòîðiíêó, íà ÿêié âîíà îïè-
ñàíà.

Ðèñóíêè äî ñòàòòi ïîäàâàòè ó ãðàôi÷íîìó ôîðìàòi BMP ÷è PCX. Íàçâà ðè-
ñóíêà ÷è éîãî íîìåð íå âõîäÿòü ó çîáðàæåííÿ, ¨õ òðåáà ñòâîðþâàòè çàñîáàìè
LATEX'ó. Âèáèðàþ÷è ðîçìið ãðàôi÷íîãî çîáðàæåííÿ, íàëåæèòü âðàõóâàòè, ùî
âîíî áóäå íàäðóêîâàíå íà ïðèíòåði ç ðîçäiëüíîþ çäàòíiñòþ 600 dpi.

Ëiòåðàòóðó ïîäàâàòè çàãàëüíèì ñïèñêîì ó ïîðÿäêó ïîñèëàíü íà äæåðåëà â
òåêñòi ñòàòòi.

Çðàçêè áiáëiîãðàôi÷íîãî îïèñó êíèãè, ñòàòòi, ïðåïðèíòó, äèñåðòàöi¨, äåïîíîâà-
íîãî ðóêîïèñó, òåç äîïîâiäåé êîíôåðåíöié (ç'¨çäiâ òà ií.):

Ñïèñîê âèêîðèñòàíî¨ ëiòåðàòóðè

1. Ñòåïàíåö À. È., Ñåðäþê À. Ñ. Ïðÿìûå è îáðàòíûå òåîðåìû òåîðèè ïðèáëè-
æåíèÿ ôóíêöèé â ïðîñòðàíñòâå Sp // Óêð. ìàò. æóðí. � 2002. � 54, � 1. � Ñ.
106�124.

2. Áåéòìåí Ã., Ýðäåéè À. Âûñøèå òðàíñöåíäåíòíûå ôóíêöèè. Ãèïåðãåîìåòðè÷å-
ñêàÿ ôóíêöèÿ. Ôóíêöèè Ëåæàíäðà. � Ìîñêâà: Íàóêà, 1973. � 296 c.



3. Ìèõàéëåíêî Ã.Ä. Íàçâà. � Ëüâiâ: IÏÏÌÌ, 1993. � 9 ñ. � (Ïðåïðèíò / ÍÀÍ
Óêðà¨íè, Ií-ò ïðèêë. ïðîáëåì ìåõàíiêè i ìàòåìàòèêè iì. ß.Ñ. Ïiäñòðèãà÷à:
80.1).

4. Äîáðóøèí Ð. Ë., Ñèíàé ß. Ã., Ñóõîâ Þ. Ì. Äèíàìè÷åñêèå ñèñòåìû ñòàòèñòè-
÷åñêîé ìåõàíèêè // Èòîãè íàóêè è òåõíèêè. Ñåð. Ñîâð. ïðîáë. ìàòåìàòèêè.
Ôóíäàì. íàïðàâëåíèÿ / ÂÈÍÈÒÈ. � 1985. � 2. � Ñ. 235�284.

5. Ñåðäþê À. Ñ. Ïîïåðå÷íèêè â ïðîñòîði Sp êëàñiâ ôóíêöié, ùî îçíà÷àþòüñÿ
ìîäóëÿìè íåïåðåðâíîñòi ¨õ ψ-ïîõiäíèõ // Åêñòðåìàëüíi çàäà÷i òåîði¨ ôóíêöié
òà ñóìiæíi ïèòàííÿ: Ïðàöi Ií-òó ìàòåìàòèêè ÍÀÍ Óêðà¨íè. �- 2003. � 46. �
Ñ. 229�248.

6. Êîëìàç Þ.À. Íàçâà: àâòîðåô. äèñ. íà çäîáóòòÿ íàóê. ñòóïåíÿ êàíä. ôiç.-ìàò.
íàóê. � Êèiâ, 2008. � 20 ñ.

7. Ñåíèê Ñ.Ì., Ìàíäðèê I.T. Íàçâà . � Êè¨â, 1992. � 17 ñ. � Äåï. â ÄÍÒÁ
Óêðà¨íè, Â2020�1995.

8. Ìóðàâñüêèé Â.Ê., Ëiñêî Ñ.Â. Íàçâà // Íàóêîâà êîíô. �Íåëiíiéíi äèôåðåíöi-
àëüíi ðiâíÿííÿ�: òåçè äîï., 27 ñåðïíÿ � 2 âåðåñíÿ 1994 ð., Êè¨â. � Êè¨â: ÊÍÓ
iì. Ò.Ã. Øåâ÷åíêà, 1994. � Ñ. 540�551.
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