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YIK 519.6.

DEFECT CORRECTION METHODS, CLASSIC AND NEW

Winfried AUZINGER!, Roksolyana STOLYARCHUK?,
Martin TUTZ!

! Technische Universitit Wien,
Wiedner Haupstrasse 8-10, 1040 Wien, Austria
e-mail: w.auzinger Qtuwien.ac.at, martin.tutzQgmz.at

2 Lviv Polytechnic National University,

12 S. Bandera Str., 79018, Lviv, Ukraine
e-mail: sroksolyana@yahoo.com

Defect correction methods are based on the idea of measuring the quality
of an approximate solution to an operator equation by forming the defect, or
residual, with respect to the given problem. By an appropriate backsolving
procedure, an error estimate is obtained. This process can also be continued in
an iterative fashion. One purpose of this overview is the further dissemination
of the underlying concepts. Therefore, we first give a general and consistent
review on various types defect correction methods, and its application in the
context of discretization schemes for differential equations. After describing
the general algorithmic templates we discuss some specific techniques used in
the solution of ordinary differential equations. Moreover, new results about the
application to implicit problems are presented.

Key words: defect correction, discretization, ordinary differential equati-
ons.

1. INTRODUCTION

Defect Correction (DeC) methods (also: ‘deferred correction methods’) are based on
a particular way to estimate local or global errors, especially for differential and integral
equations. The use of simple and stable integration schemes in combination with defect
(residual) evaluation leads to computable error estimates and, in an iterative fashion,
yields improved numerical solutions.

In the first part of this article, the underlying principle is motivated and described in
a general setting, with focus on the main ideas and algorithmic templates. In the sequel,
we consider its application to ordinary differential equations in more detail. The proper

2010 Mathematics Subject Classification: 651.05, 651.06.
© W. Auzinger, R. Stolyarchuk, M. Tutz, 2016
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choice of algorithmic components is not always straightforward, and we discuss some of
the relevant issues.

We are not specifying all algorithmic components in detail, e.g., concerning the requi-
red interpolation and quadrature processes. But these are numerical standard procedures
which are easy to understand and to realize. Also, exhaustive survey of the available li-
terature on the topic is no provided here.

The introductory part of this text is a revised and extended version of the overview
given in [I]. We motivate the DeC principle in a way slightly different from the classical
paper [18], with a clear focus on the underlying error estimation principles.

In addition, some recent material is included, in particular, that concerning the role
of error structures for the convergence behavior. An algorithmic version for differential
equations in implicit formulation proposed in [19] is also presented.

We use upper indices for iteration counts and lower indices for numbering along
discrete grids.

2. UNDERLYING CONCEPTS AND GENERAL ALGORITHMIC TEMPLATES

Many iterative numerical algorithms are based on the following principle. Let an
initial value yo be given. For i =0,1,2,...:

e Compute the residual, or ‘defect’, d* of the current iterate y* with respect to the
given problem,

o backsolve for a correction €' using an approximate solver,

e apply the correction to obtain the next iterate y**! := y* — &%

Stationary iterative methods for linear systems of equations and Newton iteration for
systems of nonlinear equations are classical examples. For starting our general consi-
derations, we think of a given, original problem in form of a system of nonlinear equati-
ons,

¢(y) =0, with exact solution y = y*. (1)

2.1. Error estimation based on nonlinear approximation. We assume that some
reasonable linear or nonlinear approximation (;3 ~ ¢ is given. We consider a procedure
for the purpose of estimating the error of a given approximate solution y° to y*. To this
end we define the defect

d° = 6(y°)
of yo, i.e., the amount by which ¢(y°) fails approximate 0 = ¢(y*). Furthermore, with
y°, d° we associate the so-called neighboring problem related to (1,
d(y) =d°, with exact solution y = y°. (2)

We invoke two heuristic principles, (A) and (B) in the terminology from [18], for esti-
mating the error of y°. Originally introduced in |I8] (see also [6]), these are based on the
idea that may be considered to be closely related to , provided d° is small enough.

(A): Let § and §° be the solutions of ¢(y) = 0 and ¢(y) = d°, respectively; we
assumne that these can be formed at low computational cost. Considering original
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problem neighboring problem together with their approximations,
o(y*) =0 ¢(y") = d°
6(7) =0 (%) =d°
suggests the approximate identity
P -G~y -y
This leads to the
error estimator &% := g% — (3a)

as a computable estimate for the error e? := 4°

updated approximation y' in the form

yt=yt et =y~ (3% - p).

y® —y*. We can use it to obtain an

(3b)

(B): Consider the truncation error £ = qg(y*), the amount by which y* fails to

satisfy the approximate equation ¢(y
approximate identity

d(y™) — 0(y°) ~ o(y") — d(y°),
e, (*—d°~—d°,
suggests to choose the

truncation error estimator \Y :=d% — d°

0. With d° := ¢(y°), considering the

(4a)

ie., A0 = (¢ — ¢)(y°), as a computable estimate for the truncation error. Note
that —d® = ¢(y*) — d° is the truncation error of y* with respect to (2). In the

case y° = 7, i.e., d(y°) = 0, we have \0 = —d° ~ £*.
We can use A to obtain an updated approximation y' by solving

oy') = A",
which also provides an estimate for the error: €0 := 30 — y! ~ 90 — y*
Eq. (b)) can also be written in terms of the error estimate as
Qz(yo - 50) = )‘Oa

approximating the error equation ¢(y° — %) = £*.

In general, (A) and (B) are not equivalent. However, if ¢~)(y) = P y—cis an affine mapping,
it is easy to check that (A) and (B) result in the same error estimate €Y, which can be

directly obtained as the solution of the correction equation
P&’ =4d°,

and the corresponding truncation error estimate is \° = (Py° —¢) — d°.

(5)
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2.2. Iterated Defect Correction (IDeC). Both approaches (A) and (B) are designed
for a posteriori error estimation, and they can also be used to design iterative soluti-
on algorithms, involving updated versions of the neighboring problem in course of the
iteration. This leads in straightforward way to two alternative versions the method of
Iterated Defect Correction (IDeC), starting from an initial approximation y°. Of course,

yO = g is a natural choice.

IDeC (A):: Solve ¢(3) =0

Fori=0,1,2,..:

— Compute d* := ¢(y?)

— Solve ¢(j') = d?

— Set & :==G' —

— Update y*t! := g — &t

The corrections ¢’ play the role of successive estimates for the errors e’ =
Yy —yr. ~
IDeC (B):: Set A~1 := ¢(3°)
Fori=0,1,2,...:
— Compute d* := ¢(y?)
— Update X' := X—1 —(d?
— Solve @(yit1) =\
The X! evolve from accumulated defects, A\ = ¢(y°) —d°® — ... — d?, playing
the role of successive approximations to the truncation error ¢* = qﬁ(y*)
An equivalent reformulation reads
Fori=0,1,2,...:
— Compute d?:= ¢(y)
— Solve ¢(y"*') = (¢ — ¢)(y")
Remarks.

e Nonlinear IDeC has the form of a ‘full approximation scheme’, where we directly
solve for the new approximation in each step. If ¢ is affine, IDeC (A) and IDeC (B)
are again equivalent and can be reformulated as a correction scheme in terms of
linear backsolving steps for the correction &' = ' — 7, as in ({5)).

e IDeC (B) can also be rewritten in the spirit of (dc).

e Note that y* is a fixed point of an IDeC iteration since d* := ¢(y*) = 0.

For systems of algebraic equations, choosing q~$ to be nonlinear is usually not very relevant
from a practical point of view. Rather, such a procedure turns out to be useful in a more
general context, where ¢ represents an operator between functions spaces (typically a
differential or integral operator), and where <;~5 is a discretization of ¢. This leads us to
the class of DeC methods for differential or integral equations.
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3. APPLICATION TO ORDINARY DIFFERENTIAL EQUATIONS (ODES)

We mainly focus on IDeC (A), the ‘classical’ IDeC method originally due to [20].
IDeC (B) can be realized in a similar way, and we will remark on this where appropriate.

3.1. A basic version: IDeC (A) based on forward Euler. Let us identify the original
problem ¢(y) = 0 with an initial value problem (IVP) for a system of n ODEs,

& y@) = f(@.y@), ylzo) =y, (6a)
with exact solution y*(z) € R™. This means
$(y)(2) = L y(z) = f(z,y(2)), (6b)

with fixed initial condition y(xzg) = yo. More precisely, the underlying function spaces
and the initial condition y(z¢) = yo are part of the complete problem specification.
Furthermore, we identify the problem ¢(y) = 0 with a discretization scheme for
@; at the moment we assume that a constant stepsize h is used, with grid points x; =
a+lh,1=0,1,2,.... Consider for instance the first order accurate forward Euler scheme
Yo, - Y0
% = f(z,Y;°), 1=0,1,2,..., (7a)
and associate it with the operator ¢ acting on continuous functions y(x) satisfying the
initial condition y(z¢) = yo,

Sy = LTI g gy =0 (1)

Choose a continuous function y°(z) interpolating the Y, at the grid points x;. The
standard choice is a continuous piecewise polynomial interpolant of degree p over p + 1
successive grid points, i.e., piecewise interpolation over subintervals I; of length ph. In

the corresponding piecewise-polynomial space P,, y°(x) is the solution of (Z&(y) = 0. The
defect d° := ¢(y°) is well-defined,

d°(z) = ¢(y°)(x) = £ v°(2) - f(2,9°(2)), (8a)
and y°(z) is the exact solution of the neighboring IVP
i y(@) = f(@,y(@) +d°(@),  y(zo) = yo- (8b)

We now consider a correction step yO — yl of type (A),

Solve ¢(5°) = d°,

followed by y'(z) := y°(z) — (§° — y°)(2).
This means that §° € P, is to be understood as the interpolant of the discrete values
Y;? obtained by the solution of

v -y

h
which is the forward Euler approximation to , with additional pointwise evaluation
of the defect at the grid points z;.

According to our general characterization of IDeC (A), this process is to be continued
to obtain further iterates y*(x). If we use m IDeC steps in the first subinterval Iy = [a, a4+

= f(z, ;") +d%x), 1=0,1,2,...,
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ph], we can restart the process at the starting point a + ph of the second subinterval I,
with the new initial value y(a + ph) = y™(a + ph). This is called local, or active mode.
Alternatively, one may integrate with forward Euler over a longer interval I encompassing
several of the I, and perform IDeC on I, where each individual y*(z) is forwarded over
the complete interval. This is called global, or passive mode.

Remark. The exact solution y* is not in the scope of the iteration, since the y* live
in the space P,. But there is a fixed point § € P, related to y*: It is characterized by
the property d := o(g) =0, ie., % §(x;) = f(z, 9(a;)) for all I. This means that § is
a collocation polynomial, and IDeC based on the Euler scheme can be regarded as an
iterative method to approximate collocation solutions. In fact, this means that, instead
of @, the system of collocation equations ¢(4)(z;) = % g(x;) — f(z,9(z1)) = 0 at the
collocation nodes z; is rather to be considered as the effective original problem.

3.2. IDeC based on higher order schemes (;NS Remarks on convergence theory.
For IDeC applied to IVPs, any basic scheme ¢ may be used instead of forward Euler.
E.g., in the pioneering paper [20] a classical Runge-Kutta (RK) scheme of order 4 was
used. Using RK in the correction steps means that in each individual evaluation of the
right hand side the pointwise value of the current defect is to be added (RK applied
to [NP]). Many other authors have also considered and analyzed IDeC versions based on
RK schemes.

Despite the natural idea behind IDeC, the convergence analysis is not strai-
ghtforward. Obtaining a full higher order of convergence asymptotically for h — 0
requires

— a sufficiently well-behaved, smooth problem,

— a sufficiently high degree p for the local interpolants y'(x),

— sufficient smoothness of these interpolants, in the sense of boundedness of a

certain number of derivatives of the y’(z), uniformly for h — 0.
A typical convergence result reads as follows:

If the sequence of grids is equidistant and the wunderlying scheme

has order q, then m IDeC steps result in an error y™(x) — y*(z) =

O(hmindp,mady for b — 0, where p is the degree of interpolation.
The achievable order p is usually identical to the approximation order of the fixed point
U € Pp, which corresponds to a collocation polynomial in a generalized sense.

Naturally, IDeC can also be applied to boundary value problems (BVPs). For second

order two-point boundary value problems, the necessary algorithmic modifications have
first been described in [9]. Here, special care has to be taken at the end points of the
interpolation intervals I;, where an additional defect terms arises due to jumps in the
derivatives of the local interpolants.

3.3. The influence of a nonequidistant grid. As mentioned above, the smoothness
of the global error is essential for the successful performance of an IDeC iteration. A
technical tool to assure the latter smoothness property are asymptotic expansions of the
global discretization error § — y* for the underlying scheme, which have been proved to
exist for RK methods over constant stepsize sequences. A convergence result for IDeC
derived in this way is, e.g., given in [I0]; see also [I7].
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FiG. 1. Error behavior of an Euler solution, equidistant grid (left) and
nonequidistant grid (right).

The assumption of a constant stepsize appears quite restrictive, but it is sufficient to
assume that the stepsize h be kept fixed over each interpolation interval. We note that for
IDeC algorithms, this requirement is indeed necessary, as has been demonstrated in [3].
Otherwise the error § — y* usually lacks the required smoothness properties, despite its
asymptotic order.

To illustrate this fact, let us consider the forward Euler scheme applied to the
simple ODE y/(z) = y(z) — (sinz + cosz). For y(0) = 1, the solution of the IVP is
y*(z) = cosx. We apply on the interval = € [0, 1] and take 20 integration steps with
constant stepsize h = 1/20. Then we repeat the procedure on on a nonequidistant grid,
where the stepsizes h; are small relative random perturbations of the original stepsize
h. Fig. [1f shows the behavior of the error (lower curve) and its first difference quotients
over the grid (upper curve) for both cases. In the right plot the irregular variation of
the error is clearly visible, and this effect becomes even more significant if we consider
higher difference quotients. This is not difficult to explain theoretically, see [19]. As a
consequence, higher derivatives of the associated interpolants y‘(x) are not uniformly
bounded, which would be required in the convergence theory of IDeC schemes.

3.4. Reformulation in terms of integral equations. IQDeC (A) and IQDeC (B)
(‘spectral IDeC’). An ODE can be transformed into an integral equation. Taking the
integral means of over the interval spanned by two successive grid points gives

_ Ti41
o) =0 [ (o)) )
h 2

We observe that the left-hand side is of the same type as in the Euler approximation .
Therefore it appears natural to consider @D instead of @ as the original problem. In
addition, for numerical evaluation the integral on the right-hand side has to be approxi-
mated, typically by polynomial quadratures using the p+1 nodes available in the current
working interval I; 5 ;. The coefficients depend on the location of x; within I;.

Using @ as a generic symbol for these quadratures we obtain the computationally
tractable, modified original problem replacing the ODE , defined over the grid {z;}
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as
Yz — Yy
o)) = YELZIE) )y = 0, (102

or, more precisely, its effective version restricted to y € P,. Up to quadrature error,
is an ‘exact finite difference’ scheme exactly satisfied by y*. The treatment of the leading
derivative term ¢’ is the same in and in , which turns out to be advantageous.
leads to an alternative definition of the defect at the evaluation points x;, namely

d'(z1) = o(y')(x) (10b)

= L=V gy .

This may be interpreted in the sense that the original, pointwise defect d(x) is “precondi-
tioned’ by applying local quadrature. All other algorithmic components of IDeC remain
unchanged, with correspondingly defined neighboring problems.

In [3], this version is introduced and denoted as IQDeC (type (A)). Variants in the
spirit of IQDeC of type (B) have also been developed; this is often called ‘spectral defect
correction’ and has first been described in [8]. For a convergence proof, see [12].

Remarks.

e With appropriate choice of defect quadrature, the fixed point of IQDeC is
the same as for IDeC. In fact, the equation d = ¢(4) = 0 turns out to
be closely related to a reformulation of the associated collocation equations
9’ (x;) = f(a;,9(xz;)) in the form of an exact finite difference scheme approxi-
mated via quadrature. The latter is closely related to the implicit Runge-Kutta
(IRK) reformulation of the collocation equations.

e There are several motivations for considering IQDeC. The major point is that, as
demonstrated in [3], its convergence properties are much less affected by irregular
distribution of the x;. This is due to the close relationship between ¢~> and o,
see and . In the forward Euler case, for instance, the normal order
sequence 1,2, 3, ... shows up, in contrast to classical IDeC.

We also refer to [2] for a motivation and explanation of the IQDeC technique
in the context of semilinear problems.

e IQDeC is also closely related to the concept of exact difference schemes, see, e.g.,
[TT, [15]: Eq. (9) represents an exact difference scheme (EDS) satisfied by the
true solution y*. In the context of IQDeC, the defect is taken with respect this
EDS, using an appropriate quadrature formula for evaluation of the right-hand
side. However, this way of ‘truncating’ the EDS not the same as in [111 [T5], where
compact schemes are constructed and defect correction is typically not considered
as an algorithmic option.

Similar remarks apply to second order problems (which are also considered
in Sec.@ below). To our opinion, the combination of compactly truncated EDS
schemes with defect correction will be worth considering as an alternative to
simple fixed point iterations or more intricate Newton-like schemes applied to an
EDS.
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e For a related approach in the context of second order two-point boundary value
problems, also permitting variable mesh spacing, see [[].

e Another modification can be used to construct superconvergent IDeC methods:
In [3] (‘IPDeC’) and in [I6], use of an equidistant basic grid is combined with
defect evaluation at Gaussian nodes, in a way that the resulting iterates converge
to the corresponding superconvergent fixed point (collocation at Gaussian nodes).

3.5. Stiff and singular problems. For stiff systems of ODEs, DeC methods have been
used with some success. However, as for any other method, the convergence properti-
es strongly depend on the problem at hand. The main difficulty for DeC is that the
convergence rate may be rather poor for error components associated with stiff eigendi-
rections. An overview and further material on this topic can be found in [4] or [§]. Similar
remarks apply to problems with singularities.

3.6. Boundary value problems (BVPs) and ‘deferred correction’. Historically,
one of the first applications of a type (B) truncation error estimator @ appears in the
context of finite-difference approximations to a BVP

L y(@) = Fey(a), Ryl u(B) =0, ()

posed on an interval [a,b] (with boundary conditions represented by the function R),
or higher order problems. (A classical text on the topic is [14].) For a finite-difference
approximation of y'(x;), e.g. as in ([7a), asymptotic expansion of the truncation error ¢*
is straightforward using Taylor series and using :

Cm) = b)) = L)L

1 d> 1d®
§@y(o:l)+6@y(l’l)+ (12)

The idea is to approximate the leading term dd—; y*(x;) by a second order difference
quotient involving three successive nodes. This defines an approximate truncation error
associated with an approximate original problem, which corresponds to a higher order
discretization of . The corresponding estimator A° is obtained by evaluating the
approximate truncation error at a given y = %°. This is used in the first step of an
IDeC (B) procedure (see ([#a)—(dd)). In this context, updating the (approximate) [OP] in
course of the iteration is natural, involving difference approximations of the higher order
terms in , to be successively evaluated at the iterates y°.

IDeC (B) versions of this type are usually addressed as deferred correction techni-
ques, and they have been extensively used, especially in the context of boundary value
problems. The analysis heavily relies on the smoothness properties of the error. Piecewise
equidistant meshes are usually required. A difficulty to be coped with is the fact that
the difference quotients involved increase in complexity and have to be modified near the
boundary and at points where the stepsize is changed.

3.7. Defect-based error estimation and adaptivity. In practice, the DeC principle
is also applied — in the spirit of our original motivation — for estimating the error of
a given numerical solution with the purpose of adapting the mesh. A typical case is
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described and analyzed in [5]: Assume that y° is a piecewise polynomial collocation
solution to the BVP . Collocation methods are very popular and have favorable
convergence properties. By definition of ¢, its pointwise defect d°(z) = d%yo(x) —
f(z,y°(z)) vanishes at the collocation nodes which are, e.g., chosen in the interior of
the collocation subintervals I;. Therefore, information about the quality of y° is to be
obtained by evaluating d°(x) at another nodes, e.g., the endpoints of the I;.

For estimating the global error €°(z) = (y° — y*)(z) one can use the type (A) error
estimator based on a low-order auxiliary scheme QNS, e.g., an Euler or box scheme,
over the collocation grid. Replacing the pointwise defect d° by the modified defect d°,
analogously as in , is significantly advantageous, because this version is robust with
respect to the lack of smoothness of y° which is only a C' function. In [5] it has been
proved that such a procedure leads to a reliable and asymptotically correct error estimator
of QDeC type.

With an appropriately modified version of d°, closely related to the defect definition
from [7], the QDeC estimator can also be extended to second (or higher order) problems.

4. EXTENSIONS

In this section we describe recent extensions of the I*DeC technique (version A) to
regular implicit first and second order initial value problems in more detail. Numerical
results for selected test examples are also presented. Clearly, these versions can also be
applied to the special case of explicit ODEs.

4.1. IQDeC (A) for implicit first order ODEs — IIQDeC. Consider a first order
initial value problem of the type

F(2.y(@), £ y(@)) =0, y(wo) = yo- (13)

The IIQDeC algorithm for the solution of is an extension of the IQDeC approach
explained in Sec. For the numerical solution of we introduce a grid comprising
several subintervals I, I, ..., where the relative position of the grid points within the I;
is determined by m + 1 parameters 0 < ¢g < ¢1 < ... < ¢m—1 < ¢y < 1, and the absolute
position is given by

mj,l:Xjfl'i‘clhj, j=12,..., [=0...m,

where h; denotes the length of the subinterval I;. On this grid, a first approximation

onl, using the backward Euler scheme as basic discretization, is computed, i.e., we solve

0 _yo
P (50,70, 2000 ) <o, (14)

starting from Y’ = yo at z1,0 = 0. The Y} and, later on, the Y}, (i = 1,2,...) are
interpolated by polynomials pg(x) of degree < m, which define the piecewise polynomial
function p’(z) = p(x). The pointwise defect of p(x) with respect to is given by
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Now we define the locally integrated defect, an extension of ({10b) to the implicit case,

by
Zj,1 .
/ dj(z)dx
o YTt

d;,l = Z A d;(xj,u) ~
pn=1

The oy, are the weights of the corresponding interpolatory quadrature formulas with
nodes cy, . . ., ¢, and degree of exactness m—1. With the basic discretization scheme ,
and the defect , the discretized neighboring problem reads

15
Tj1— Tj1-1 ( )

o Vi,V =
F(l‘j,l,yf,la T?H) =dju; (16)

starting from 171")0 = yo at 1,0 = xo. With the solution of , the improved approxi-
mations are defined by

Vie=Yi— (G0 =Y, =12 (a7)

For a convergence proof of the IIQDeC method, see [19].
Example 1. Consider the implicit scalar nonlinear test problem

V'@ 4 of (2) + y(2) (18a)

—sinz

=ce + cosx —sinx,
1,

y(0) =
with exact solution y*(x) = cos z. The numerical solution is computed over a sequence of
subintervals of length h, each of them divided into a nonequidistant grid with 4 ‘randomly’
chosen nodes (¢; = 0.1234, ¢o = 0.5054, ¢3 = 0.7134, ¢4 = 1), in order to demonstrate
the robustness of IQDeC with respect to varying stepsizes.

We choose the integration interval z € [0, 3]. The resulting global errors with respect
to the exact solution at the endpoint x = 3 are displayed in Table [1| together with the
observed convergence orders. Results are given for the basic scheme (BEUL), 4 IIQDeC
iterates working in passive mode, and the fixed point of the IIQDeC iteration (COLL,
corresponding to collocation at the points where the defect is evaluated).

(18b)

4.2. IPDeC (A) for implicit second order ODEs — ITPDeC2-DQ2. Here we
present a new superconvergent [*DeC algorithm for implicit initial value problems of
second order. Consider a problem of the type

F(z,y(a), & y(@), & y())
y(wo) = vo, & y(wo) = v}, (19b)

The ITPDeC 2 algorithm for the solution of is an extension of the IPDeC approach
mentioned at the end of Sec.[B:4] It is based on a combination of an equidistant grid
{1, 1 = 0...m} with constant inner stepsize h in each interval I;, and another grid
{Zjk, k=1...m} ("h =m — 1) based on Lobatto nodes (with parameters é).

0, (19a)
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[» | BEUL |11QDeC/1 |11QDeC/2 | 11QDeC/3 | COLL |
0.1 6.31E-03 | 1.14E-04 | 1.02E-06 | 3.83E-09 | 3.98E-09

0.05 3.16 E-03 | 2.90E-05 1.31E-07 2.69E-10 | 2.43E-10
0.025 1.58E-03 | 7.30E-05 1.66E-08 1.77E-11 | 1.50E-11
0.0125 || 7.91E-04 | 1.83E-06 2.09E-09 1.14E-12 | 9.31E-12

0.1

0.05 1.00 1.98 2.96 3.83 4.04
0'025 1.00 1.99 2.98 3.92 4.02
0.0125 1.00 1.99 2.99 3.96 4.01

TABLE 1. Numerical results for Example 1

The equidistant grid {z;;} is used for realizing a second order basic discretization
(DQ2) based on symmetric finite differences according to

Yi,1-% —y
F(m1,07y07y67 hTO> = 0,
Forj>1,1>1:

0 0 0 0 0
Fleg., vo Yo —Yiio1 Y =250\ _ .
7,05 Al 2h ) h2 )

Forj>1,1=1:
0 0
] 0 Yii-Y1mo
F(I]_17m,Y}71,m, h )

3’]91—232071,m,+3’]°71,m71> —0
A2 =Y

The Lobatto grid {Z;;} is used for the computation of an interpolated defect. This is
realized as follows:

e First, after interpolating the current iterate and defining the defect in the usual
way, the defect is evaluated at the Z; 1,

djy, = 50 (@in) = f(@' ' (a50)), k=10,

e Next, after interpolating the d;k by a piecewise polynomial function d(z) we
define the modified defect
Cif()i = Cii($170)7 df’i = %pi(fﬂl,o) - Y03
Forj>1,1>0: d, := di(x));
(20a)
For j >1,1=0:

d d
i i geP i)t grp(Eioam) o
dj70 - F(x],lvp_j,m 2 77]‘70
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with the ‘jump defect’

2 . 2 .
i d= D (Ei0) + g P (i 1m)
’Y]O T 2

d i d i (20b)
I dz P (Ij,o) — P (xj—l,m)
h

Then we solve the corresponding discretized neighboring problem

i
Yi1-v0

F(m,o,yo,yé-i—cif{)i, — —%(y6+df(3i)) _ f}éi§
Forj>1,1>1:

F(:L.jyl7?7%l7 %il+12_}1}7j¢’l717 ?yiyl+1_2§,l+%ilfl) — A]i,l;
Forj>1,1=1:

F(xj—l,m,f/}i_l,m; }7;1 21’:1 m—l7 }73‘1 2)7].’i71h¢;+?j571 m—l) — A]i707

and proceed as before (cf. (I7)).

The purpose of the modified defect definition is, like for classical explicit first
order IPDeC from [3], to modify the iteration in such a way that its fixed point is given by
a higher-order superconvergent collocation scheme, in our case of Lobatto type. In fact,
Lobatto collocation at the nodes 2 ; ; means that the defect of the collocation polynomial
vanishes at these nodes, and thus, this collocation polynomial is a fixed point of our
iteration. This lets us expect that after several defect correction steps a superconvergent
iterate is obtained; see Example 2 for numerical evidence.

1. Remark. In (20a)), a defect with respect to the initial condition for the first
derivative is also taken into account. Furthermore, the discontinuity of the first derivati-
ve of p’(x) at the endpoints of the intervals I, (p’(x;)) enforces to include the jump

defect 47, see , see also [9].
Example 2. Consider the implicit scalar nonlinear test problem

'@ 4y (2) + y(2) (21a)
e ST L1 4 sing + cosz,
y(0)=1, y'(0) =1, (21b)

with exact solution y*(z) = 1+sinz. The numerical solution is computed over a sequence
of subintervals of length h, each of them divided into 6 equidistants nodes and 5 Lobatto
nodes (&, =0, ¢ = 1 — 2L gy — L. o — 1L V3L o ),

We choose the integration interval « € [0, 3]. The resulting global errors with respect
to the exact solution at the endpoint © = 3 are displayed in Table [2| together with the
observed convergence orders. Results are given for the basic scheme (DQ2), 4 IIPDeC 2
iterates working in passive mode, and the fixed point of the ITPDeC 2 iteration (L-COLL,
corresponding to Lobatto collocation of degree i = 5 at the nodes £, ; where the defect
is interpolated). Note that the convergence order of the Lobatto collocation scheme is
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[n [ pQ2 |uPDeC2/1]I11PDeC2/2 [ IIPDeC2/3 | L-COLL |

0.1 2.30E-05 1.93E-09 9.62E-14 6.07E-16 | 6.32E-16
0.05 5.75E-06 1.21E-10 1.51E-15 2.37E-18 2.47E-18
0.025 1.44E-06 7.54E-12 2.36E-17 9.24E-21 9.63E-21
0.0125 || 3.59E-07 | 4.71E-13 3.69E-19 3.61E-23 | 3.76E-23

0.1

0.05 2.00 4.00 5.99 8.00 8.00
0'025 2.00 4.00 6.00 8.00 8.00
0.0125 2.00 4.00 6.00 8.00 8.00

TABLE 2. Numerical results for Example 2.

O(h?"=2) = O(h®), and the same convergence order is realized after only 3 IIPDeC 2
iteration steps.

10.

11.

12.

13.
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METOAN KOPEKIIII JE®PEKTY, KJIACUYHI TA HOBI

Bindping AVIIIHTEP!, Pokcosana CTOJIAPUYYK?,
Mapria TYTIT!

! Bidenvevruti mexnivnutl yrisepcumen,
Bidnep 'aynmwmpacce, 8-10, 1040 Bidenv, Ascmpia
2 Hayionanvnut ynisepcumem “JTveiscora Ilosimeznira”,
eys. C. Bandepu 12, 79013, JIveis, Ykpaina

Metomu Kopexriil edekTy I'PYHTYIOTHCS Ha i€l OIMIHKN TOYHOCTI HAabInKe-
HOI'O PO3B’3Ky 3a ZomoMoroio dhopmysBanud gedekTy, ad0 3a/UIIKy, CTOCOBHO
10 MaHol 337a4i. 3a JOMOMOTOIO IMPOIEYyPH 3BOPOTHHOTO PO3B’si3yBaHHS OTPH-
Mmyemo oriukKy moxubkwm. Ileit mporec MOXKHA TIPOMOBXKUTH iTepaTtuBHO. Merta
OBOr0 OISy — HOZAJIbLIE LIOMUPEHHS KOHIEMIl, 10 PO3IVIAIA€ThCd. Db
TOTO, BIIEpIIE MOJAHO 3arajibHUM 1 Y3TOMKEHUH OISl PI3HUX THUIIB METOIIB
KOpeKIIil medekTy, IXHE 3aCTOCYBaHb B KOHTEKCTi JTUCKPETU3AIINHNX CXEM I
mudepenmianbaux piBHAHb. Ilic/s onmcy 3arajpbHOrO aJropuTMy 0OrOBOPHMO
JesiKi creniajbHi TeXHOJIOTT, siki BUKOPUCTOBYIOTEHCS /sl PO3B’SI3yBaHHS 3BU-
JaliHnX qudepeHIiaabHuX PIBHAHDB. TaK0XK MIPeICTaB/IeH] HOBI Pe3yIbTaTh CTO-
COBHO 3aCTOCYBAHHS 10 HEABHUX 33/a4.

Karowosi crosa:  xopekiia gedexry, quckpernsaiis, 3Budaiini audepen-
miaJIbHI PIBHAHHL.
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JANOEPEHIIAJIBHI PIBHAHHS AJIA T'JIJIACTUX ITPOITECIB
3 HEIIEPEPBHVUM YACOM TA MIT'PAIIIEIO

Ipuna BABUJIEBNY, Xpucruna AKNIMUWUITINH

JIveiecvrutl HautonasbHul yrieepcumem iment learna Ppanka,
eyn. Yuieepcumemcora, 1, Jlveis, 79000
e-mails: I _Bazylevych@yahoo.com, Yakymyshyn_ HrystynaQukr.net

Buseneno gudepenmianapie piBHIHHS 11 TBIpHOT (DYHKIIT MiIIsCTOrO mpo-
mecy 3 MIrparii€io Ta HeIepepBHUM 9acoM i cucteMy gudepeHmiaabHuX PIBHIHD
1S PO3IO/ILTY MMOBIPHOCTEN IIHOTO Ti/IICTOTO MPOIECY.

Karowo6t crosa: rinnsgcTuil mporiec, HeMepepBHUM dYac, Mirpariis, TBip-
Ha yHKIisd, mudepeHIiagabHe PIBHIHHS, cucTeMa IndepeHIiaIbHIX PIBHSIHB,
PO3IOLT IMOBIDHOCTEM.

1. Berymn. [epma crarrs pos risuisicrux upouecis 3 immirpauiero [I] 6ysa owy6aiko-
Bana B 1957 p. Ileit mampsiMmok BuBuasm 6araro suennx. B 1980 p. C.B. Haraes i JI.B. Xan
[2] ra H. fuer i K. Miros [3] napanensro omy6iIikyBajui CTaTTi, /1€ BIepIie JOCTi[XKy BaJIu
3a/a4y MOEIHAHHS eMirpariii ta, immirparii, To0TO AOC/iKeHHs MIrpaIifHux mPOIeciB.
Maiizke y BCiX BigoMux myO/TiKamigax, mAe JOCTiIKyBAINCh TiIJISCTI MPOIECH 3 MIrpaIlie€ro,
PO3IISAABCA BUIAI0K JAUCKPETHOTO YaCy.

2. ITocranoBka 3amadi. Posruismaemo rinscruii nporec p(t) 3 OAHUM TUIIOM Ya-
CTHMHOK, 3 MIrpaui€io ta HernepepsHuM 4acoMm. Tyr pu(t) — KUIbKICTh YaCTUHOK y MOMEHT
4qacy t. BBaxkaemo, 110 B 104aTKOBUI MOMEHT 4acy B CHCTE€Mi O/HA YaCTUHKA, TOOTO

n(0) = 1.

Ipouec p(t) MOkHA TONATH K IIOEAHAHHS [BOX MPOIECIB — OAHOPiAHUI rijisic-
tuit nponec Beamana-Xappica £(t) Ta oguopinuuit nponec mirpauii (). ko B MomeHT
yacy ¢ B cucreMmi icHye BUIIAJIKOBa KUIbKiCTb f4(t) 4aCTMHOK, TO BOHU PO3MHOXKYIOTHCH
He3aJIe’KHO OJHA BiJl OHOI Ta HE3aJIeKHO Bij CBOTO TTOXO/IZKEHHS 33 TUM CAMUM 3aKOHOM.
3aKOH PO3MHOMKEHHST YaCTHHOK Y CEPEJTMHI IesTKOl CHCTEMH BU3HAYAEThCs TporecoM &(t).
Kpim Toro, B cucremy Iine MOXKyTh iMMIrpyBaTH YacTUHKH Ta BigOyBaTwcs emirpariis.
Immirpania Ta emirpanis suszadatorbes npouecom ((t), me ((t) — no3navae KiabKicTh
YACTHHOK Yy MOMEHT 4acy t, siki eMirpyors i3 cucremu abo iMmMirpytors B Hel. Q4deBuiHO,
110

pu(t) = max{0, (1) + ()} (1)

2010 Mathematics Subject Classification: 30D15, 30D35
© 1. bazunesuu, X. dxumumun, 2016
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Onumemo geranpHime nporecu E(t) ta ((t).

Cuouarky posrisigaemo £(t). Hexait y moment uacy ¢ B cucremi icuye pi(t) 4acTuHOK.
Ili vacTrHKY HE3aJEKHO BiJ MOXOMIXKEHHS Ta HE3AJIEXKHO OJHA BiJ OTHOI, PO3MHOXKYIOTH-
cd 3a TMM caMuM 3akoHOM &(t). ToMy J0CTATHBO BU3HAYMTH 3aKOH PO3MOJINY OHI€ET
JaCTUHKH.

IMosuauumo uepes &;(At) (i = 1,..., p(t)) KuibKicTh HAINAAKIB -1 YACTMHKM 32 Yac
At, To6T0 B MoMenT vacy ¢ + At i, BpaxoByiouu oguopianicrs &(t) upuiyckaemo, 1o

P&t + At) = n | &(t) = 1} = P{&(A1) = n | §(0) = 1} =

_ _ hn At + o(At), gkmo n =0, 2, 3,...;
= Hn(At) = { 1+ h, At + o(At), sxmo n =1,

pe Y hy=0,h1<0,h;>0(j=0,2,..), Y Hy(t)=1
n= n=0

0
Ipouec £(t + At) Bu3HAYAETHCA K CYKYIHICTH HAIIAJAKIB KOXKHOI 4aCTUHKY f1;(t),

a came
p(t)

E(t+At) =D &(At).
=1

IMepexomumo no upouecy ((t). Hacamnepen Baxkaemo, o ¢(0) = 0. Y noBiabHumit
moMmentT 1acy t € [0;00) 3 fimosipuicrio Py (t) B nomyasauio immirpye k gacrunok (k =

0,1,2,...) a6o 3 iimosipnictio P.(t) 3 monyasmii emirpye r vactuaok (r = —m, ..., —1) i
(oo}
> P(t) =1, (2)
k=—m
P{¢(t) = k} = P(t), k = —m. (3)

IIporec mirparii BigOyBaeTbcs Tak. Ak yxKe 3a3HAYAIOCH, Y BUIMAIKOBUN MOMEHT
gacy (mo3Hauumo iforo 71 ) Buepiie BiaOyBaeTbcs Mirpaiia y npotueci p(t), fiMoBipHicHuit
POBIIO/IiJI KOl BU3HAYAETHCS CIIBBIIHOIMIEHHSAMUT , . Ilicna mporo BBazKa€EMO, IO
nponec ((t) 3HOBy HabyBae HyJbOBOTO 3HAYEHHS Ta MePebyBa€ y IbOMY CTAHI BHIAJIKO-
BHii 9aC To. Y MOMEHT 4Yacy 71+ T2 y CHCTEMY 3HOBY iMMIrpyioTh abo HaBIAKN eMirpyioTh
3 Hel YaCTMHKHU Ta micJist 1poro mporec ¢ (t) 3H0By HabyBae 3HAUEHHS HYJIb, Y SKOMY Iepe-
OyBa€ BHIAJKOBHI 9ac T3, i Tak mami. Bunagkosi Beauaunan 7y, To, 73, ..., Tn BBAYXKAEMO
HE3AJIE’KHUMHU Ta OJTHAKOBO PO3IIOI1IEHUMH.

Bsenemo rake nosunadenus S, = 1 + 72 + ... + 7,. [Ipouec S, € upouecom BijgHOB-
Jaewnsd, a S1,S9,...,5, — MOMEHTAMW BiIHOBJICHHSI.

Haui npumyckaemo, mo po3nomim nporecy ((t) y momentu dacy Si,S2,..., Sy
36iraloThCs, a TakoxkK, mo ((f) — oqHOpiAHUIT MapKOBCHKUil IIpoIIEC.

Bamamo acumnroruky npu At — 0:

Py(At) = 1+ poAt + o(At), Pp(At) = prAt+ o(At), k= —m,...,—1,1,...
HpUYIOMY
> pk=0,po<0, p;=0(j=-m...,—1,1,2,...).
k=—m

Hanani 6yzemo Baxkaru, mo P_,,(t) > 0 qna posinbaoro t > 0.
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Omxe, npouec p(t) MoxHa onucaru Tak. Y IIOYATKOBUI MOMEHT 4Yacy y CHUCTEMI
micrurbest onna dacruika, T06ro p(0) = 1. Ilg yacTuHKU POBMHOXKYIOTHCS 3a yzKe BKa-
3aHUM 3aKOHOM po3mnozity mporecy &(t). dauni mopsiz 3 eosoriero nporecy &(t) 3 meBHO0O
WMOBIPHICTIO MOXKYTD IIe MOTPATLIATA YaCTUHKU YU HABITAKW €MIrPYBAaTH BHACJIIOK JIil
npouecy ((t). Posnoxin npouecy ¢(t) e 3amexkuts Big £(t).

Bpaxosytoun , KLJIBKICTh YACTHHOK Yy MOMEHT 4acy t + At 10piBHIOE

n(t)

ut+ At) = max { 3 6(a0) + G (a); 0},

i=1

ne (;(At) — KUIbKiCTb YaCTHHOK, $IKi eMirpyBaJiu 3 cucremu abo iMMirpyBasu B cucremy
uporsrom uacy (t,t+ At].

Bpazkaemo, 1110 BUIIAIKOBI MOMEHTHU T1, T2, . .., Tn, . . . HE 3ajieKarb Big upouecy &(t)
Ta He 3aJIeXKaTh 3HaUeHHs mporecy ((t) y mi momenTn. TakoxK KiNbKIiCTb 4aCTHHOK, SIKi
iMMITPYIOTH y cucTeMmy ab0 eMirpyioTh 3 Hel, He 3aJIeXKUTh Bill 71,72, ..., T, - - -, & TAKOK
Bin npouecy &(t).

Tsipuy dyukmito npomecy p(t) Oymemo mosuagaru depes F),(t,s), a npomecy £(t) —
qepes3 Fe(t,s) i

Fu(t,s) =Y _ P{u(t) =n}s", Fe(t,s) =Y _ P{(t) =n}s", [s| <1, s€C.
n=0 n=0

Teipui dyukuil miibHOCTEH Nepexianux fimoBipuocreil s npouecis u(t), £(¢) mo-
3HaauMo 1epe3 f,(s) Ta h(s), Binmosiguo. h(s) BU3HATAEMO TakK:

h(s) = Zhns”, [s|] <1, seC.

n=0
Bamicrb kiacuuHol TBipHOI byHKIIT myist nipotiecy ((t) posrisgarumemo (HOyHKIHIO
. o0
Flts)= Y Pl =n}s, 0<ls|<1,
n=—m

Ky HA3BEMO Y3a2aabHeH00 MEipHoto dynkyicto. TakoxK BBEIEMO y3a2aAbHEHY MEIPHY
Pynryiro wisvrocmed nepexiguux fimoBipuocTeil ms uponecy ¢(t)

fels)="Y_ms', 0<|s|<L
l=—m

Jlasti 6y1eM0 BUKOPUCTOBYBATH TaKe TTO3HAYEHHS.
Hexait {a,}>°,, — meaka mocmigosuicTs aificaux uwucesn. ITo3naunmo

A(s) = Z ans”,

n=—k
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o0
ne s € C, 0 < |s| < sg, k — nesike HATYpaAJIbHE YUCIIO 1 Z an(s0)" < 00.Toxi
n=—k
0 oo
(A(s))o = Z an + Z ans".
n=—k n=1

Ouerngpro, 1o (A(s) Busnaueno st Beix s € [—1,1].

JIema 1. Hexat A(s) = > ans" i B(s)= Y. b,s". Todi

n=—k n=—k
(A(s) + B(s))o = (A(s))o + (B(s))o -
STkwo C' — dosiavha Konemanma, mo (CA(s))o = C{A(s))o.
JIema 2. Teipna gynruisa npouecy u(t) e momenm wacy t + At dopisnroe
Fu(t+ At s) = (Fe(t + At, s)F¢, (At, 5))q.

IMosuayumo 4epe3 67 — MOMEHT HEPIIOrO IOTPAIIAHHA B HyJb npouecy u(t), a
TAKOXK BBEJIEMO CUCTEMY TaKUX [103HaYeHb

Q(t) = P{u(t) > 0] 01 > t},

Qilt) = P{u(t) = i | 6y > 1} = 2Eu(b:5)

S L i=0,1,2,....
ilds' |,

3. OcHOBHIi pe3yJabTaTH.

Teopema 1. Tsipna dynxuyis npouecy u(t) sadosoavhse dudepenuianvhe pieHAHHI:

OF,(t, 5)

I = h(E,(t ) + (Fult, s)fc(s))o.

3 NoYamkKoeoto Yymoeoro
1(0) = 1.

Josedenns. Tlozask npouecu £(t), ((t) — omHOpiaHi, TO mpOIEC, KU 3aJa€ThCsI CIiB-
BITHOIIIEHHSIM

n(t)
plt+At) = &(AL) + G(A),
j=1
TAKOXK OJIHOPIIHMIA.
Bimomo, 1m0 B mOYaTKOBUiT MOMEHT 4Yacy B CHCTEMi € OJHA YaCTUHKA.
IMosHaunmo wepes &1 (At) KinbKicTh Ham@akie miei vacTuHky 3a yac At. Bpaxosyro-
49d, MO KITHKICTh YaCTHHOK Y CHCTEMi BU3HAYAETHCSA €BOJIIOINEIO Ti€1 YaCTUHKHU Ta JII€I0
Mirparii, To B MoMeHT 4acy At B cucremi Oyne

max{&; (At) + (o(At), 0}
yacTuHOK. KoxKHa 3 iCHYI0UMX 4aCTHMHOK y MOMeHT 4acy At yepes 4yac t, 3 BpaxyBaHHIM
MirpaniifHux IpOolEeciB, MATUMEME BUIIA/IKOBY KiJIbKiCTh HAIIAJIKIB
maz{&1(At)+(o(At),0}

(t + At) = ) ().
§=0
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Omxe, TBipHY dyHKIiO npotiecy pu(t) y MoMent acy t-+ At MOXKHA IIOJATH y BULJISAIL

Fu(t + At, 5) = Frax{e, (At)+¢o(at),0} (Fu(t, 8)).
Ile o3nauae, 1o
Ey(t+ Aty 5) = (Fe, (AL, Fy (1, 9)) Fe (At 5))o =
= ((Fu(t,s) + Ath(F,(t,s)) + o(At))(1 + Atfg(s) + o(At))) =
= (Fyu(t, ) + At(h(Fu(t, ) + Fu(t,s) Je(s)) + o(Ab))o =
= Fy(t, 8) + At(A(E,(t, 9)) + (Fu(t 9)fe(5))o) + o(Ad).
3Bigcu BuiiuBae audepeniiaibue piBusauns Jgis TBipHOl MyHKuil upouecy p(t)

aFT(f) = h(F,(t, 8)) + (Fut, ) Je(9))o-

Teopema moBeeHa. O

Sayseaorcenna 1. Posmumewmo neranbinre F),(t, s)fc(s)

(t,8) fe(s) ZP{u )=n}s" > ps' =

n=0 l=—m
oo oo oo k
=3 Y Plut)y=nips" = Y > Plult) =k }ps".
n=01l=—m k=—ml=—m
OTxe,
[eS) k
(Eou(t, ) fe(s) Z Z Plu(t) =k—Up+Yy_s* > Plut) =k -Up.
k=—ml=—m k=1 l=—m

Orxe, qudepeniianbie PIBHAHHS MOXKHA 3AMUCATH TAK:

OF.(t,s) 0 k oo . k
S _h(Fats)+ YD S Pl = k-t Y st ST Plult) = kL. (4)

k=—ml=—m k=1 I=—m
Teopema 2. 1. Hxwo icnye maxe namypasvre wucAo n, wo s koocnozo t > 0
o0 n
sukonyemvea ymosa . Qu(t) =o( Y Qu(t)), mo dan npouecy p(t) suxo-

u=n+1 u=—m
HYeEMbBCA cucmema 0ugﬁepenuicmbnua: p’i@H.ﬂH’b

0
9Qo(t) _ h(Qo®) + Y Qo-i(t)pi,

ot
I=—m
6%1;” = 1 (Qo(t)Q1(t) + l;m Qu1(t)pr,
5
86282t(t) — B"(Qo(£)Q3(t) + K (Qol(t) Z Q2-1(t)pi, ?

l=—m

D)4 Y Qualon, Yim=n.
=1

l=—m

n

0Qn(t) n 1
ot _Zn'h( Qo Hm'(

i=1
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3 no4YamrosumMUu Ymoeamu

QI(O) = 17 Qk(o) = 07 k= 0727 w1

2. kw0 npasa wacmuHa K0HCHO20 PIBHAHHA CUCTIEMU 3adosoavhnae ymosy Jlin-
WUYA, MO ICHYE PO36°A30K | 6IH EOUHUT.

Zosedenns. Ilpomudepeniiremo 1o s

82Fu(t,s) o 8F _
= W (F,(t,s) stk ! Z P{u(t) =k —U}p.
l=—m

IlincraBumo s = 0. Tomi

PEts)| [, OFu(ts) | o=, i1 ¥ _
“ot0s |, h (Fu(t75))T + ;]%’ ZZ P{u(t) =k —Uip ;
= =—m s=0
9 (9Fu(t,s) (o, OF,(t, ) ! B
5 ()|~ (e 2| l_z Pl =1-1n|
=—m s=0
0
%lt() h(Qol(t) Z Q1-(
l=—m
IIpomudepenniroemo piBHAHHS e pa3 mo 3MiHHIH §
aBFH(tvs) N/ aFH(ta S) 2
“tos? h (Fu(t,s))(T) +

2 s o0 k
8 (E ) TGS S )52 S Pt = K~ D,
k=1

l=—m

5 s s 2 2 s

- k
+Y k(k=1)s" Y Plu(t) =k~ p,
k=1 l=—m

i 3uoBy mizcraBumo s = 0. Y miacymMKy oTpuMyeMo

2
%i(t) — W(Qu()QRE) + (1 - Q)+ 3 Qailhmy

l=—m

IIpomoBxKy0UYn aHagoTivdHi MipKyBaHHS, OIEPIKYEMO

k i n k
6%7’1(75) - Zk!h(k)(Qo(t)) H n%' <Q;§t)) + Z Qn—1(t)pr + Z Qr—1(t)p1,

=1 l=—m l=n+1
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k
e Zml =k.
i=1

BpaxoBytoun Te, 1m0 icCHy€e Take HATypaJbHE YUCIIO N, IO I KOXKHOTO ¢ > () BUKO-
o0

n

nyethest ymosa  ». Pu(t) =o( Y Pu(t)), To orpnmyemo cucremy H Ie € cucrema
u=n+1 u=-—m

HesiHifiHux audepeniaabanX piBHAHb. Bpaxosyooun Te, 1m0 GyHKIIT

k i k
S @ [T (42) + 3 auitom

i=1 l=—m
k
(me > in; = k, k =1,...,n) 3a10BoAbHSOTE yMOBY Jlimmnus, To 3riquo 3 [B] mus miei
i=1
CHCTEMU iCHY€ PO3B’si30K, IpuYIoMy BiH eaumnmii. Teopemy T0BemeHO. O
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DIFFERENTIAL EQUATIONS FOR BRANCHING PROCESSES
WITH CONTINUOUS TIME AND MIGRATION
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In the paper, we derive a differential equation for a generating function of
a branching process with migration and continuous time as well as a system of
differential equations for the probability distribution of this branching process.

Key words: branching process, continuous time, generating function, di-
fferential equation, system of differential equations, probability distribution.
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BJIACTHUBOCTI CTEIIEHEBOI'O PO3BUHEHHS ITIJIOI
®YHKIIII OBMEXKEHOTO L-THIEKCY 3A CYKVYIIHICTIO
SMIHHUX

Aunpiit BAHIYVPA!, Haranis IIETPEYKO?

! Isaro- Ppanxiscorud nayionarvrut mecnivnul yrisepucmem nadmu i 2a3y,
eys. Kapnamcora, 15, Isano- Pparnxiecor, 76019,
e-mail: andriykopanytsia@gmail.com
2 Tvsiscoruts nayionanrvnut yrisepcumem imeni Isana Opanka,
eys. Ymuieepcumemcora, 1, Jlveis, 79000,
e-mail: petrehcko.n@gmail.com

V3arasbHeHo oauH Kpurepiit obmexkernocti L-innekcy 3a cykymHiCTIO 3MiH-
nux Ha Bunagok L(z) = (li(2),...,ln(2)), z € C". Orpumane TBepIKeHH:
OTINICY€ TOBOXKEHHST KOeMIII€HTIB PO3BUHEHHS y CTEIEHEBUIl DPsifl HA KICTAKY
momikpyra. Takox /T0Be/IeHO HOBe TBEPKEHHS Yepe3 3aMiHy KBAHTOPA 3araJib-
HOCTI HAQ KBAaHTOD iCHYBaHHS, siKe HOCJIA0JIIO€ BiOMI JOCTATHI yMOBH OOMezKe-
HocTi L-inmekcy 3a CyKymHICTIO 3MIHHUX JIs iaux dyHKIHH.

Karouosi caosa: tina dyskiis, oomexkennit L-iHgekc 3a CyKymHICTIO 3MiH-
HUX, LHOJIKPYT, CTEleHeBHUl Pl

1. Beryn. ¥V [1, 2] onun i3 aBropis crarri cuinbro 3 M.T. Bopayssak Ta O.B. Ckacki-
BUM POBIIUPUB O3HAUEHHS (DYHKIIH 00MekeHOro L-iHaeKcy 3a CyKyImHICTIO 3MIHHHX Ha

Bunaiok L(z) = (l1(2),...,1n(2)), ne l; : C* — Ry — nenepepsui dyuxuil. [Touepenue
osnauennsi, peenere M. T. Bopaysk ta M.M. Ilepemeroro 3 @], crocypamocst dbynkiit
Lo makoro Burasay Lo(z) = (li(|z1]), -+, tn(|2nl)), 2 = (21, ..., 2n) € C". BigmosinHo,

icayroThb il PYyHKIII, 9Ki 9epe3 Takuit By3pKuii Kiac pyukiii Ly, MaroTh HeoOMeKeHn i
Lo-ingekc 3a cykynuicrio 3minaux (qus. npukaay byskuii F(z1, z2) = exp(z122) y [B]),
x049a 3a (pikcoBaHUX 3HAYEHDb N — 1 3MIHHEX BOHFM MAalOTh OOMEXKEHU iHIeKC gK (PyHKITI
onmiel 3minnoi. YBiBmm y po3rnsan dbyukiil L 3a3nadeHoro 3arajbHINNOro BUTISAY, MU
3yMism posmmpuTu Kaac GyHKIHE ooMexenoro L-ingekcy 3a CyKymHICTIO 3MiHHUX (IUB.
Toit cammii mpukaz y |1 [7]).

M.T. Bopaynsx ta M.M. Ilepemera [3] nasesu 6e3 mosenenns Kpurepiii obMezxe-
Hocti L-iHgexcy 3a CyKymHICTIO 3MiHHAX, B IKOMY HAKJIAIAI0THCS YMOBH HA MOBOIZKEHHS
k0eMII€HTIB PO3BUHEHHS y CTEMEHEBUI P IMiI0T (PYHKIHT HA KICTAKY MOJIKPyTa. o-
ro JoeefeHHst MoxkHa 3HaiiTn y [B, 6]. BixnosinHe TBepmKeHHs 6y7I0 HOBUM HABITH st

2010 Mathematics Subject Classification: 32A15, 32A05, 32A17
© A. Baugypa, H. ITerpeuko, 2016
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n = 1. Mu nepenocumo 1o teopemy Ha Bunagok L(z) = (I1(2),...,1,(2)), ne z € C™.
KpiMm TOro, BUKOPpHCTOBYIOUHN i/1€10 PO MOXKJIMBICTH 3aMiHM KBAHTOPA 3arajbHOCTI HA
kBanTop icuyBanus [8, [0] y kpurepisix obmexkeHOCTI iHAEKCY, MU BiAMOBIIHO MOCIa0IIO-
€Mo JocTaTHi yMoBU oOMerkeHOCTi L-iH/1€KCY 3a CyKyMHICTIO 3MIHHUX (TeopeMa.

2. Ocnosni nosnadenns. Hexait L(z) = (l1(2), ..., lx(2)), L: C" — R} :=
(0, +00)™ — nesika dikcosana nenepepsha ¢ynkiis. Hiny dbyskuiio F: C* — C nasu-
Baemo ([II 2] [7], nus. rakox [B, 4]) Pynxuiero obmescenozo L-indexcy 3a cyxynuicmio

BMIHHUZ, AKIIO iCHye Uncio m € Z, Take, mo st Beix z = (21,...,2,) € C™ Ta BCix
J = (j17j27 e 7.71’7,) S Zﬁ

[F ()] [P (2)|

I S s KeZl, |K|[|<my, 1

JIL7(2) S UKILE () TIK<m (1)
Je

oIl g gkt +kn

F(K)(Z) =gk T Bzfl ...azg”’ K= (ky,....ky) €Z,
allK||=ki+...+kn, K'=k! -k, L/ = l{l -+ [Jn. Hafimentrre 1iijie 9ucio m, ams
SKOTO BUKOHYETHCS HEPIBHICTH , HA3WBAETHCSA Li-indexcom 3a CyKynHicmio 3MIHHUL
Pynryii F ta nosnauaerncs udepes N(F,L). 38’a30k o3navenus byHKIII 06MEKEHOr0
L-inzekcy 3a CykynHicTiO 3MiHHUX 3 iHmIMMU o3HadeHHsaAMEu obmexkenoro ingekcy [10) [TT]
moxkHa 3uaiitu y [1L [7].

Ham 3mamobnsithest nesiki crammaprai mozuadenus. Hexait Ry = (0,+o0). Ilo-
smaunmo 0 = (0,...,0) € R}, e = (1,...,1) € R}, 2 = (2,...,2) € R}, e¢; =
(0,...,0, \1// ,0,...,0) € R%}. Takox gna A = (ai,...,a,) € C", B =

j—Te Micre
(b1,...,by,) € C™ BUKOPUCTOBYBATUMEMO TAKi O3HAYEHHS:

AB = (a1by, -+ ;anbn), A/B = (a1/b1,...,an/bn), AP = a?lagz coab

OHAK He MOPYIIYIOYN YMOB iCHYBAHHS 3a3HAYEHUX BUPA3iB.

Banuc A < B o3mavae, mo a; < b; (j =1,...,n); Hoqi6HO BU3HAYAETHCSA BiIHOIIEH-
uga A < B.

Monikpyr {z € C" : |z; — 29| <7y, j = 1,...,n} nosmauaemo wepes D" (2°, R),
a fioro kicrax {z € C" : |z; — z?\ =7, j=1,...,n} — uepes T"(z°, R), samxnenuit
nomikpyr {z € C": |z; — 29| <rj, j=1,...,n} — gepe3 D"[2°, R].

Hexait L(z) = (I1(2),...,l,(2)), me |;(2) — momarui memepepsui ¢yukuii, z € C,
je{Ll,2,...,n}.
Hna ReRY, je{l,...,n} ra L(z) = (I1(2),...,1,(2)) Busnaaumo
l

R
. n 0
z€D {z ’L(zo)]}’
A2,i(R) = sup sup

R
. n ZO
s g =< " [ o
A(R) = (A ;(R),...;  in(R)), A2(R) = (A21(R),..., A2n(R)).

Yepes Q™ nmozHadmMo KJjac gogarHux HemepepBHux Gynkuii L(z), gki 1jg KOXKHOrO
ReR} raje{l,...,n} samoBombusmiors 0 < Aj j(R) < Mg j(R) < 400.




BJIACTUBOCTI CTEIIEHEBOI'O PO3BUHEHHS ITIJIOT ®YHKITIT ...
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mat. 2016. Bumyck 82 29

Hawm 6yzme moTpibHa Taka Teopema:

Teopema 1 ([2]). Hexau L € Q™. Llina dynryia F mae obmeoscenuts L-indexc 3a cy-
KYNHICMIO0 BMIHHUT MO0Ji T MiAbKU Modi, KOAU ICHYIOMYb wucsa p € Z4 ma ¢ € Ry maxi,
wo oas ycix z € C" cnpasdocyemnvca nepieHicms

(s (K)
max{wbl((z)) ||J||—P+1} crrlzaoc{'FLK(())| K] < } (2)

3. Ocuosni TBepmxenns. Hexait z° € C". Poszsunemo miny y C" dbynkiio F y
CTeMeHeBU Psijl, 3aMUCAHN y miaroHanbHii dopmi

Zpk (z—2° ZZsz—z (3)

k=01Jll=k

. . F(J) 0
Jie P — OTHOPiIHI MHOTOYIEHH k-TO cTemeHs, by = & Meuorounen py,, ko € Z,

HA3UBAETHCs TOJOBHUM y CTEIIEHEBOMY po3BuHeHH] ([3) Ha T”( U R), AKINO A5 KOKHOTO
z € T"(2°, R) BUKOHYeTbCs TaKa HEpPiBHICTH

1
| > oz = 2%)| < 5 max{[bs[R7: |7 = K%}
k#kO

Teopema 2. Hexati L € Q™. Lina ynruyis F mae obmescenuti L-indexc 3a cykynmnicmio
BMIHHUZ MOoJi | MinbKY Modi, Koau icnye p € Z, make, wo daa yciz d > 0 3natidemvbca
n(d) € (0;d), wo dna 6ydv-axoezo z° € C* ma deaxux r = r(d,2°) € (n(d),d), kK° =
kO(d, 2°) < p mmozousen pro € 20n06nuUM Y pAdi na T™(2°, o0oy)-

Hosedenna. Hexait F' e dynkiieio oomexenoro L-iHjekcy 3a CyKynHICTIO 3MIHHUX Ta
N = N(F,L) < 400, a ng — ne L-imgekc 3a cykymmicrio sminrmx y toum 20 € C",
TOOTO 1€ HAHIMEHIIIe YHUCIIO, JJisi SKOIO HEPIBHICTD BUKOHYyeTbC y Touri 2°.

() (50

Tomi nyst koxxuol Toukn z° € C* ng < N. Ioknazemo a% = Lljbé‘o) = ‘f,LJ(ZO))‘, ap =
max{a} : ||J|| =k}, c=2{(N+n+1)(n+1)!+(N+1)CY, y_,}. Hexait d — nosinbne
qucyo. IHoknanemo r,,, = W Uit m € Z, Ta IMO3HAYUMO fi, = max{akrm ke

Zy}, smo=min{k: aprk = u,}.
Ockinbku npu ¢ikcosanomy 2° € C* a}y < max{a% : [|J|| < no} ana ycix K € Z7,

TO G < Qn, M1 BCiX k € Z4. 3Biacu ana yeix k > ng, BpaxoByodu HepiBHICTD 7o < 1,

OTPUMAEMO akrg < QpyTy®, TOMY So < ng. Boamouac cry, = r,—1, & OTKe, Iis ycix

k> sm—1 (y HaC 7p—1 < 1) orpumyemo

k

m—1

S, _ S 1 _—s,
n;n 1 — a’Sm 1/r.m’m 1 c m—1 > ak,r-

as, T R akrk ckmsm-1 > cakrfn. (4)
3 1mi€l HepIBHOCTI BHUILINUBAE, IO S;, < Sm_1 A BCix m € N. OToxk, MOXKHa, 3aIucaTh
Lo = max{akrg k< no}, tm = max{akrfn : k<smo1}, meN
Bsenemo momarkosi nozuadenss mpu m € N
py =max {apr§ : so#k<no}, sy =min{k: k+# so,arrf = pg},

wh, = max{apr® © sy, Ak < spmo1), sh, =min{k: k# sp,aprt, = pul},
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i noBesnemo, IO icHy€E YUCIO My € Z TaKe, IO

Hmo, 1 (5)
Hmg €

Bix cynporuBHOro, npuirycTUMO, IO JIs YCiX m € Z4 BUKOHYETHCS HEPiBHICTD

*
I 1
Hm  C
Axmo s}, < sm,, TO cuepury
. a TS% * Sm . rSm
a T'sm _ Hsptmo Hm, Hm _ s, T"m _ Sm'm41 > a. rSm
SlmAl T T e T T s Sl T eshAl T pshAl—s, Z Smimtl

Kpiwm roro, mast ycix k > s ) k # sp,, (inakme kaxkyum, k — 1 > s7) moai6Ho BUBOANMO,
1o

*

Sm k k
a TS:” Qg T'm arr, QT canr
sr . Pm+1 — 5 = 5 = Ck_l - klm+1>
s .
TOOTO @gr 7o 1 > QT OIS yeix k > s}, ToMy
*
Smt1 < Sy K S — 1o (7)

AKIO Sy, < 8, < Sm—1, TO MOKJIUBOIO € PIBHICTD Spyt1 = Spy. ClIpaBai, 332 BUBHAUEHHAM
Sm+1 < Sm, TOMY 3rajana pinuicts Biporigwa. Konm i nemae, T00TO Spyq1 < Sy, TOMI
Sma1 < $m — 1 (ue varypanbui uncaal). OTox, orpumasm @

Ozxe, 3 HepiBHOCTEIl S}, | < Sp TA Sy, # Sppy1 BUILIMBAE, MO Sy 1 q < Spp1. LOMy
samictb (7)) MaTumemo HepiBHiCTH

Smt2 < Spq < Smy1 — 1L =5, — L.
Orxe, AKINO A5 yCiX M € Zy BUKOHYETHCH @, TO Ji7Il KOYKHOTO M € Z4 CIpaB-

JIZKY€ETbCS OJHA 3 HepiBHOCTEH Simiy2 K Smy1 K Sy — 1 abO Sppqo < Sy — 1, TOOTO
Sm+2 < Sm — 1. 3 IBOTO BUILIHUBAE, IO

Sm<Sm—2 — 1 < ... < Sm_omy2) — [M/2] < 80 — [m/2] <ng —[m/2] <N —[m/2].

Tnakie kaxy4au, s, < 0, npu m > 2N + 1, mo memoxauso. OToxK, icHy€e Mg, I TKOrO
BUKOHYETHCH , MIPUYOMY SIK BHIHO 3 HABEIECHUX BUINE MipKyBaHb mg < 2NN + 1.
. d .
Ipuitmenmo r = 1y, (d) = e P = N 1a ko = S, Toni gua || J|| # ko =

Sme Ha T™(2Y, %), 3 BpaxyBaHHIM Ta , OTPUMYEMO

0[]z = 2% i’ = s

1
x || J J
= a7 < ayrt < Lo,

tomy ma T"(2Y, L(I,:O)) OZIEPIKYEMO

oo
Z by(z— 27| < Z a;fr”‘]” < Z arCh it =
k=0

1711 #ko 7 11#ko ;
keko
Smg—1 0o
k k k k
= E axCpyp " + E arCryp a7 (8)
k=0, k:57n071+1

k7é57n0



BJIACTUBOCTI CTEIIEHEBOI'O PO3BUHEHHS ITIJIOT ®YHKITIT ...
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mat. 2016. Bumyck 82 31

Bpaxosyioun (ED, BU3HAYAEMO TAKY OLIHKY /IS MIEPIIOl CyMHu:

Smg—1

ako akorko
Z arCp " Z k-1 S p (N+1)CN vy 9)

k=0,
kS

Hmg—1

. AlTppy —
s Beix k > smo 1+ 1 BUKOHY€ETBHCA akrmo_ < Mmg—1, TOMY akrfno = Ci,f’l < =%

3 oy Ha , OTPUMYEMO

oo oo 1
Yo @l <pme Y Cha S
k=8mg—1+1 k=smy—1+1
1
R (k4 1)k +2)... (k+n) 7 <
k=smo—1+1
m (n) Smg— (n)
<a5m07‘5 0 smo ) Z xk_;’_n n :a/korko csm,071 x@ .0 1+l n _
= c c 1—x
i =8mg—1HL % a:%
= SmOlZC’]nf (Smo—1+n+1)...(8mg—1 +n—J+2)%
pSmo—1+1+n—j akorko . L n (1/C)Sm071+1+n7j
- mg~4in| | =
] e S B
]Cg n kO
A, T 1 g, T
=nl(N =2 — < DN =2 10
nl(N +n+1)1=2 ;(0_1)n—a+1 (n+ DN +n+1)!=2—, (10)

60 ¢ > 2. 3 mepiBHOCTEIt BUIIJIMBAE, 1110

Z bJ(Z — ZO)J < ((N + I)C"JFN 1 + (n + 1) (N tnt 1)!)akork0 < % rko
1711 %ko ¢
TOOTO MHOro4jIeH Py, € FOJIOBHUM y DAni na kicraky T"(z°, %) HeobOxignicTn
JIOBEIeHA.
ITepeiigevo 1o aosenenns pocraruocri. Hexait icuytors uucna p € Zy ta n € (0;d)
Taki, mo s kozkuoro 20 € C" tad = 11 neskux r = r(l 20) € (1), ko = ko(1,2°) < p
MHOTO4JIEH P, € TOJIOBHIM y psi Ha xicraky T (zY, L(T \)) Toxi Ha ILOMY KiCTSAKY

k

> b= =1 = X0 bz =20 <’“°T

ll71l#ko I 711=Fko

3sizcu 3a nepisnicrio Komuri orpumaemo [by(z—2z )
[ J]| # ko, To6rO mast ycix k # ko

ko
arr® < % (11)
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IIpunycrtumo, mo F He € ¢dyukmieio obmexkenoro L-iHmekcy 3a CyKymHICTIO 3MiHHHX.
Toxui 3a Teopemoro ,H,JIH ycix p1 € Zy 1a ¢ > 1 upu geskomy 20 € C" cupasiKyerbes
HEpiBHICTH

F() (50 FK) (50
max{|(z): ||J||:p1+1}>cmax{|(z)|: |K|<p1}.

L7(20) LE(20)
Bizbmemo TyT p1 = p Ta c = ((f]ptll)') . Binrak mss BizmosigHoro zo(pl, ¢) OIEPKUMO
[FD ()] _ 1 [FROE0)]

a . .. ap, Pt o
Inmmum croBamm, ap1 > safr, 1 3Bigcing apyprPtt > S > ag,r . s nepisnicTs

cynepeunts ([L1). Orxke, F' € dbynkuiero obmexkenoro L-inuexkcy 3a cyKynnicrio 3MiHHUX.

U
HecknazHo momiTuTH, 0 y JOBeJeHHI JoctaTHOCTI pagiyc R = (r,...,r) Kicraka
T"(2°, R/L(2")) moxxua 3aminutn Ha pagiyc R = (rq,...,7,), A€ 7; He 000B’A3KOBO PiBHI

Mixk coboro, rj € {1,...,n}. Orox, Taka TeopeMa IPABHIIbHA.

Teopema 3. Hezai L € Q™ ma icuyrome p € Zy, d € (0;1], n € (0;d), wo daa 6yds-
akozo 2° € C" i deaxozo R = (r1,...,1,) arj =r;(d,2°) € (n(d);d), j € {1,2,...,n}, ma
k0 = k°(d, 2°) < p mmoeouren pro € zonosnum y padi na wicmaxy T"(2°, R/L(2°)).
Todi yina y C" gynxuia F mae obmesicenuts Li-indexce 3a cykynnicmio 3minnuz.
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PROPERTIES OF POWER SERIES EXPANSION OF ENTIRE
FUNCTION OF BOUNDED L-INDEX IN JOINT VARIABLES
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Some criterion of boundedness of L-index in joint variables is generalized in
the case L(z) = (I1(2), . ..,ln(2)), z € C". This proposition describes behaviour
of coefficients of power series expansion on the skeleton of a polydisc. Replacing
the universal quantifier by the existential quantifier, we also prove new theorem
which provides weaker sufficient conditions of boundedness of L-index in joint
variables for entire functions.
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PERIODIC WORDS CONNECTED WITH
THE k-FIBONACCI NUMBERS
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We introduce periodic words that are connected with the k-Fibonacci
numbers and investigated their properties.

Key words: k-Fibonacci numbers, k-Fibonacci words.

1. Introduction. The Fibonacci numbers F;, are defined by the recurrence relation
F, = F,_1 + F,_o, for all integer n > 1, and with initial values Fy = 0 and F; = 1.
These numbers and their generalizations have interesting properties. Different kinds of
the Fibonacci sequence and their properties have been presented in the literature, see,
e.g., [1, 2, B]. In particular, the k-Fibonacci numbers are generalizations of the Fibonacci
numbers [4].

The k-Fibonacci numbers Fjy,, defined for any integer number & > 1 by the
recurrence relation Fy ,, = kFj ,—1 + Fg n—2, for all integer n > 1, and with initial values
Fro=0and Fj; =1, see [4, 3, [6]. These numbers have been studied in several papers,
see [, [8, [@].

Many properties of k-Fibonacci numbers require the full ring structure of the
integers. However, generalizations to the ring Z,, have been considered, see, e.g., [10].

In analogy to the definition of the Fibonacci numbers, one defines the Fibonacci
finite words as the contatenation of the two previous terms f, = fr—1fn—2, n > 1, with
initial values fy = 1 and f; = 0 and defines the infinite Fibonacci word f, f = lim f,
[I1]. It is the archetype of a Sturmian word [12]. The properties of the Fibonacci infinite
word have been studied extensively by many authors, see, e.g., [12} I3}, 14, 15, 16} [17].

The k-Fibonacci words are defined as the contatenation of the previous terms f, ,, =
ff w1 frn—2, n > 1, with initial values fyo = 0 and fy1 = 0*~'1 and one defines the
infinite k-Fibonacci word f}, fi = lim fi » [18]. It is the archetype of a Sturmian word
[12] [18].
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Using k-Fibonacci words, in the present article we introduce new kind of the infinite
word, namely k-FLP word, and investigate some of its properties.
For any notations not explicitly defined in this article we refer to [2] 10, 12, 18, 19].

2. k-Fibonacci sequence modulo m. The letter p is reserved to designate a
prime, m and k are arbitrary integers, m > 2, k > 1.

We reduce Fy, , modulo m taking the least nonnegative residues. Let Fy;, (m) denote
the n-th member of the sequence of integers Fy,, = kFyn—1 + Frn_2 (mod m), 0 <
Fy . (m) < m, for all integer n > 1, and with initial values Fjo = 0 and Fj; = 1
(Fo(m) = 0 and F}, (m) = 1).

For any fixed m and & the sequence an(m) is periodic. The Pisano period, written
m(m), is the period for which the sequence Fy;, (m) of k-Fibonacci numbers modulo m
repeats [10].

The problem of determining the length of the period of the recurring sequence arose
in connection with methods for generating random numbers. A few properties of the
mr(m) are in the following theorem [I0].

Theorem 1. In Z,, the following hold:

1) Any k-Fibonacci sequence modulo m is periodic and period less than m?.
2) If m has prime factorization m =[]\, p§’, then mx(m) = lem(my (p7t), . . ., Tk (pSr)).
3) If mi|ma, then m(mq)|me(ma).

4) If k is an odd number, then 7, (k* + 4) = 4(k* + 4).

5) If k is an odd number, then m(2) = 3 and if k is an even number, then m,(2) = 2.

3. k-Fibonacci words.

Definition 1. The n-th finite k-Fibonacci words are words over 0,1 defined inductively
as follows

fk,O = Oa fk.,l = Okil]—a fk,n = fl?,n—lfk,n—% n > 1. (]-)
The infinite word f;; is the limit f} = lim fi, ,, and is called the infinite k-Fibonacci word.

For example, the successive initial finite 3-Fibonacci words are:
fa0 =0, f31 =001, f3 2 = 0010010010, f3 3 = 001001001000100100100010010010001, .. .,
f4 =001001001000100100100010010010001 .. ..

We denote as usual by |fi | the length (the number of symbols) of fi , (see [12]).
The following proposition summarizes basic properties of k-Fibonacci words [18].

Theorem 2. The infinite k-Fibonacci word and the finite k-Fibonacci words satisfy the

following properties:

1) The word 11 is not a subword of the infinite k-Fibonacci word.

2) For alln > 1 let ab be the last two symbols of fi n, then we have ab = 10 if n is even
and ab = 01 if n is odd.

3) For all kan |fk,n| = Fk,n+1~

4) The number of 1s in fi n equals F, .

4. Periodic k-FLP words. Let us start with the classical definition of periodicity
on words over arbitrary alphabet {ag,a1,az,...} (see [19]).
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Definition 2. Let w = agajas ... be an infinite word. We say that w is

1) a periodic word if there exists a positive integer t such that a; = a;y for all i > 0.
The smallest t satisfying the previous condition is called the period of w;

2) an eventually periodic word if there exist two positive integers v, s such that a; = a;ys,
for alli > r;

3) an aperiodic word if it is not eventually periodic.

Theorem 3. For any k the infinite k-Fibonacci word is aperiodic.

Proof. This statement is proved in [I§]. O

We consider the finite k-Fibonacci words fy as numbers written in the binary
system and denote them by by ,,. Denote by dj ,, the value of the number by ,, in usual
decimal numeration system. We write dj, ,, = by, meaning that by ,, and dj,, are writing
of the same number in different numeration systems.

For example, for 3-Fibonacci words we obtain:

f3,0 =0, f3,1 = 001, f32 = 0010010010, f3 3 = 001001001000100100100010010010001, ... .
bso =0, b1 =1, b3 2 = 10010010, b3 3 = 1001001000100100100010010010001, ...,
d3o=0,ds1 =1, dso =146, d3 3 = 1225933969, .. ..

Formally, fi n, n > 0, coincide with the by, ,,, taken with prefix 0k—1: fen = Ok’lbkm.

Theorem 4. For any finite k-Fibonacci word f, », in decimal numeration system we have
k—1
dk,n = dk,n—l Z 2t Fknt+Fhn—1 + dk,n—Q, n>1,
t=0
with dio =0 and d; = 1.
Proof. See [20] for a proof for FLP-words. The same argument applies to the k-FLP
words. O

Theorem 5. Let di,(p) = di,n, (mod p), 0 < din(p) < p. For any fized k and p the
sequence dy, ,(p) is periodic.

Proof. There are only a finite number of dy,(p) and 2% (mod p) possible, and the
recurrence of the first few terms sequence dy. ,(p) and 2% (mod p) gives recurrence of
all subsequent terms. The statement follows from Theorem [ O

Let T'(k,m) denote the length of the period of the repeating sequence dy ,(m).
Theorem 6. For any p and k T(k+p(p —1),p) =T(k,p).

Proof. This follows from the congruence k + p(p — 1) = k (mod p), Euler’s theorem and
Theorem 0

Let wg,0(m) = 0 and for arbitrary integer n, n > 1, let by »,(m) be di ,,(m) in the
binary numeration system, wy n(m) = wgn—1(m)bk(m). Denote by wi(m) the limit
wi(m) = limy, 00 Wi n (M).

Definition 3. We say that
1) wi (M) is a finite FLP-word type 1 by modulo m;



PERIODIC WORDS CONNECTED WITH ...
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mat. 2016. Bumyck 82 37

2) wi(m) is a infinite FLP-word type 1 by modulo m.
Theorem 7. The infinite FLP-word type 1 wy(p) is periodic.
Proof. The statement follows from Theorem [l O

Using k-Fibonacci words we define a periodic FLP-word v (m) (infinite FLP-word
type 2 by modulo m).

As usual, we denote by € the empty word [12].

First we define words ¢y ,(m). Let tx,(m) be the last Fy, ., (m) symbols of the
word fn. If Fy7, ) (m) = 0 for some k,n, then t ,(m) = €. Since Iy, (m) is a periodic
sequence, the sequence |ty ,(m)| is periodic with the same period.

Theorem 8. The word length |ty (m)| coincides with Fy, ,(m).
Proof. This is clear by construction of ¢, (m).

Let vgo(m) = 0 and for arbitrary integer n, n > 1, vy n(m) = vg n_1(M)trn(m).
Denote by v (m) the limit vg(m) = limy, o0 Vg n(M).

Definition 4. We say that
1) vgn(m) is a finite FLP-word of type 2 by modulo m;
2) vk (m) is an infinite FLP-word of type 2 by modulo m.

Theorem 9. The infinite FLP-word of type 2 vi(m) is a periodic word.
Proof. The proof is a direct corollary of Theorem [2] and Theorem O

Acknowledgement. The authors thank Taras Banakh for fruitful discussions.
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Posrasayro mepomopdni dynkunii y npoxoseniit mnomuni C* := C\ {0}
3 MaJIo0 KIIBKICTIO HYJIB 1 HOJOCiB. BHKOPHCTOBYIOUM aHAJIOIM BBEIEHUX
B. II. Ilerpenko Beqw=mn S(a, f), orpumyemo ominky Ha So(0, f), Bo(oco, f) mna
mepomopdnoi y C* dbynknii f ckingennoro mopsaaxy p > 1.

Karmwost caosa: mepomopdna GyHKIIS, HIPOKOIEHA IIOMIUHA, XaPAKTe-
puctuka Hesammianm, gedext, MiHiMaIbHe BiIXUICHHS.

1. Bcryvn

3HavHa KUIBKICTH 337129 TEOpii PO3MOIiIy 3HAYEHb MOTPEeOY€e BHBUYEHHS BJIACTUBO-
creit mepoMmopdHUX QYHKITH y HEOIHO3B I3HUX i, 30KpeMa, JBO3B a3HMX 001acTsax. Bara-
TO aBTOPIB y3arajibHIOBaIH Teopito HeBaHnmiHHM Ha BUIAJOK JBO3B’sI3HUX obsacteil. 3a
TEopeMoro PO KOH(MOPMHI BigoOparKeHHs ABO3B’sA3HUX 0OJacTell KOKHA Taka 00JaCTb
KOH(pOPMHO €KBIBAJEHTHA JEIKOMY KLIbII0, 00 IPOKOJEHIH IJIONHUHI, sIKy MOXKHA BBa-
JKATH y3arajJbHEeHUM KigbieM. My 3aCTOCOBYEMO anapaT OJHOTO 3 HAHOCTAHHIIIIX TTiIX0-
JIiB 70 BUBYEHHS PO3MOIiAY 3HAYEHDb MEPOMOPMHUX Yy KiIbI (DYHKIH, AKWl HAJEKUTD
A. Koungparioky, A. Xpucrigauny ta 1. Jlaiine [I], [2], [3].

st BUBYEHHS THOIMNAX ACHMITOTHYIHHUX BIACTHBOCTEH MepoMOp(dHUX QYHKILT
B.II. Ilerpenkom BBiB Besiwuunu S(a, f), gxi xapakrepusyiorb MiHiMajbHe BiIXUj€HH:
mepomopduol dbyuxii f Big smauenns a € C ([]). Li esrannn, sx BUABUIOCH, BOTO/I-
TOTh DaraTbMa BJIACTHBOCTSIMHU AHATOTIIHUMH JI0 BJAacTUBOCTEH medekTiB BBeaenunx P. He-
BanniaHo©0. IIpupoamno copmyiboBana 3a1ada PO3IMMUPEHHs €l Teopil Ta mepeHecenns
iT pe3ysbTaTiB Ha BUMAIOK JBO3B’A3HMX obaacreii. Bukopucrorywoun ananoru fSy(a, f)
Beenennx B.II. Ilerpenkom Besmmuwnn, orpumyemo ominku Ha B0(0, f), Bo(oo, f) st me-
pomopdroi y C* := C\ {0} dysxuii ckinuennoro mopsiaky p > 1. JocmimazkeHo BIums
Kimbkocti mysiB i momocis dbynkmii f ma 3pocramma semmaun InT M(r, f),InT M(r, %)

2010 Mathematics Subject Classification: 30D35
© O. Bepesa, A. Xpucrisguun, 2016
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npu 7 — 0 1a r — +00. OCKiIbKY 11i pe3yIbTaTu € TePEeHECeHHAM BiAIOBITHUX Pe3yIbTa-
tiB [Terpenka na Bunagok mepomopduux B C* ¢pyHKLiN, TO MU 3ara/IOM BUKOPUCTOBYEMO
ineto mosenenusi Ilerpenka 3 [d] mus Bciel kommaekcuoi mromuan C, Momudikywoun Ta
JIOTIOBHIOIOYH TIe JOBeIeHHs it Bumaaky C*.

2. O3HAYEHHS TA ITO3HAYEHHS

Hexait f — mepomopdua dyukiis y npokoseniit mimommui C* := C
nyctumo, mo f(z) # 0 ma omurmanoMy Koii. Ilosmausatumemo uepes nj(r, f), nd(r, f)
KinbKicrs nosocis gyukuii f, signosiano, B {z 1 1 < [z] < r}ra {z : L < |2] < 1},
r > 1 3 BpaxyBaHHAM iX KpaTHOCTi. Beaskatumemo npu msomy nj(1, f) = 0, i = 1,2.
Hexait no(r, f) = ni(r, f) +n3(r, f) npu r > 1. Kpim Toro, B:KuBaTUMeMO MO3HAYEHHS
no(r, f,1/f) = no(r, f) + no(r, %) npu 7 > 1. AHANIOrIYHO PO3yMIIOTHCA IMO3HAYCHHS

nz)(rvfal/f),i:l,z

\ g()}. Tpu-

[ i, f) r

Osznavenns 1 ([1],3]). Ng(r, f) :/7dt, i=1,2, No(r, f)= / no(t, f) dt.

t 4

1 1

TMosnagumo takoxk No(r, f,1/f) = No(r, f) + No(r, %), r>1.
Xapakrepucruka Ty(r, f) tuny Hesawninnu aus Gyt f, MepomopdHux y KinbIi
{z: 5 <2l < Ro}, me 1 < Ry < +o0 Gyxa seezena y [1].

Osznavenns 2 ([1,3]). To(r, f) = mo(r, f) + No(r, f), 7 > 1, de
ma(r ) = m(r. ) +m (1.5 ) = 2m(1. ).

27

1 . 1
mit.f) = o W1t ds, o <t<Ro
0

Yepes E(z,p) no3nayaruMeMo KaHOHiuHMI MHOXKHUK Bejiepiirpacca poay p, To6To
ity (PYHKINIO, sIKa BU3HATAETHCA TaK:

2 D
E(z,00=1-2, E(z,p)= (1—z)exp{z+z2—|—...+z}, p € N.
p
Osnavenns 3 ([3]). Hezat {a;} i {b;} nocaidosnocmi nyaie i noarocie dynxyii f eid-
nosidno. Iloznawumo

aj, akwo |aj| > 1, bj, axwo |bj| > 1,
i = i = (1)

L akwo |aj| < 1. b%_, axwo |b;| < 1.

a;j ’
Pid nocaidosnocmi {z;} susnauaemoca ax natimenwe nesid emue yine p maxe, wo

D 1zl < oo

Zj
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Osuauenns 4 ([3]). Iopadxom p = p[f] mepomopproi pynxuii f 6 C* nasusaemves
nopadox 3pocmanns it rapaxmepucmuywnoi Gynxuii To(r, ), mobmo

P[f]: m ].OgT()('f',f)

r—+00 1ogr
Osnauvennss 5 ([5l, [6]). Pynxuia p(r), sadana wa [1,00), Ha3ueaembeA ymoureHuM
nopadkom, axwo: 1) p(r) = 0; 2) liIJP p(r) = p, 0 < p < o0; 3) p(r) — nenepepero-
r—+00

Jdugpepenyitiosna na [1,+00); 4) 11111 rp'(r)Inr = 0.
r——+o00

Osuauenns 6 ([5], [6]). Ymounenut nopsdox dynruii p(r) nasusaemves ymownerum

nopadkom dynxyii o(r), axwo icnye o(a), 0<ola] <4oo make, wo ola] = @ ro‘p(<:)).
r—+00

Yrounenum mopsiakoM Mepomopduoi B C* dyukiil f HazuBaTUMEMO yTOYHEHHH
nopsoK ii xapakrepucruku To(r, f).

Osuauenns 7. Hezxat f mepomoppna pynxuis ¢ C* = C\ {0}. ITosnawumo

T NO(Taf)+NU(T71/f)_ T NO(T7fv]-/f)
A= T ey AT
ma
o T M(ra, f) +Int M(3,a, f) =
ﬁO(aaf) 71‘117:1»100 TO(7"7f) ) a € C7
de

M(Tvaaf):‘l?liiwl_a'r[pﬂagcv M(t7ooaf)zlzli)§|f(z)‘

Benmaunu f5y(a, f) € anajoraMmu XapakTepUCTHK MiHIMaJbHOrO Binxujexus byH-
kuii f Bix 3navenns a, senenux B.II. Tlerpenkom ([4]).

Osuauenns 8 ([3], [2]). Hezat [ - mepomopdna dynwuia 6 C*. ITosnawumo

mo(r, f%a) mo(r, f)
dola, f) = lim ———""nupuacC, dJfoo,f)= lim —~.
(@, /) rotoo To(r, f) P o(ee. f) rStoo To(r, f)
Beauwuna 0o(a, f) nazusaemoca dedpexmom Pymnruyii f das snavenns a.

JloMOBMMOCS HAIAJIl MO3HAYATH CTAJI, sKi 3ajexarsh Big ¢yukmii f giteporo C 3
iHmekcaMu 3HU3Y, & CTaJIi, gKi He 3ajeXkarh Bia f giteporo K, 3 iHmekcamu 3HU3Y.

3. OCHOBHI PE3VJIbTATH

Teopema 1. Hexzat f(z) mepomopdra 6 C* Pynruyis crinuennozo nopsadky p > 1. Todi
o a =0, 00 NPABUALHA OUIHKG

Bola, f) < 7+ 30(f)K(1 + p)log(1 + p), (2)

de K — deaxa cmana.
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BayBaxKuMO, 10 CTajly 7 B TeopeMi He MOXKHAa 3MeHIIUTH. JloCTaTHLO po3-
rignytu byskuio f(z) = exp(zP + Z%), p € N. Cupasai, ockinbku |f(re??)| =
exp {(r? + T%)cospﬁ}, T0 M(r,00,f) = M(%,oo,f) = exp (r? + T%) Tomy m(r, f) =
m(%,f) = %(rp + %p), m(l, f) = % A orxe mg(r, f) = %(rp + T% — 2). OueBuHO, 1IO

No(r, f) = 0. BBigcn

1 1
P+ — P L —
rp rp
2 ) 1 ) =T.
(r T )

log* M(r,00, f) + log* M(Z, o0, f)
o0, f) = lim L = lim
BO( f) e T()(?“, f) roco 2
T
Amagoriuno 3y (0, f) = . Bapro saysasuru, mo M (r,0, f) = M(1,0, f) = exp (r* + 1),
a TaKOXK BUKODUCTATH BjacTuBicTh xapaxkrepucruku To(r, f) = To(r, %)

Teopema 2. Hexatll f — 2oaomopdpna 6 C* dpynxuyia ckinwennozo nopadky p > 1. Axwo

> do(a, f) =2, mo Bo(oo, f) < 7.

4. JTOTIOMI}KHI PE3V/ILTATH

Teopema 3 ([3]). Hezat f — mepomoppna dynruyia 6 C*, axa mae ckinvennuid nopadox,
nexat {a;} i {b;} — nocaidosnocmi ii nyaie ma nomocie eidnosidno, i nexald p — pid
nocaidosnwocmi {z;}, ¢ — pid nocaidosnocmi {w;}, wo eusnauacmocs cnissidHowenHAM

. Todi
M Bp) I EGE.p)
£(z) = MgV P(2) laj|<1 laj|>1

1 E(%.9) 11 E(#.9)

[b;1<1 [b51>1
dem €Z, v €Ly, P(z) — nosinom, deg P(z) =2v, i v < p.

; 3)

Jlema 1. Mepomoppra 6 C* dynruyin

I E(%.p) I E(Z.p)

laj|<1 laj|>1
f(z) = 2meo TP () . (4)
LB T B

cKinuennozo nopadky p (p = [p]) 3adosoavhae pisnicmo

log|f(2)| = mlog|z| + Re {G1(R)z" + G2(R)z""} +

(1 — i) H (1 - %c) (5)

ag

1<|ak|<R £ <]ar|<1
+ log + log | + H(z2),
(1-5) I -
1<|br|<R % <Ibr|<1

de 0 < % < |zl =r < R < 400, Py_1(2) — noainom ne suwe p—1 cmenens, E(u,p) —
Kanoniunull Mrosichuk Betiepwmpacca pody p, a

R D S N 1 ©)
p ay

1<|ax|<R 1<|bp|<R ¥
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1
Gao(R)=—9q D = > . (7
£ <lax|<1 £ <|bg|<1

Ipuvomy H : C* - R 4

Pl 1N\E 1. |no(R, £, %) 1 T No(t, £, 1)
|H(z)| < Z (R> (rk 4 r—k) Tf“LNO(R’ f. ?)+kR’“ / Tlfdt +

k=1 1

(8)
No(t, f,1
+ Z ( ) (r! + 5 531/7‘) l{’l ID gt 4+ ¢y,
l=p+1
Losedenns. CuiBBiIHOIIEHHS OIIEPIKYETHCS 3 , AKIIO Bpaxyearu, mo H(z) =
Hl(z) + HZ(Z)a Je
2 1 2\t
Hi(z)= Y Re{+ ( ) +...+() }—
1<|ag|<R Ok 2 \ak p—1\ax
2 p—1
1
— > Re °) o+ | =z - (9)
bl b b
1<|b|<R
+ Z log\E p)| — Z log |E( ,p|—|—RePp 1(2),
lax| >R |bi|>R
a
(073 1 ak 2 1 ak p—1
£ <|ak|<1
b\ ° 1 (p\"!
- > R{ (l) +...+(l) + (10)
N z p—1\z
<‘bl|<1
a b
+ Y loglE(p)l — Y log|E(—p)l.
lak|< % i< %

o0
Buxopucrosyiouu uepisuicrs |log |E(u,p)|| < > #, AKa MPaBUIbHA DU |u] <
l=p+1

p=1,3 @D Ta OTPAMYEMO

=l i L
|H1 Z% an tt.,]:71/f)+ Z r /dno<t7t{’1/f)+017"p_l,
k=1

p—1 R 2 o]
1 [ dnd(t f,1/f) 1 [dn§(t, f,1/f)
|H2<z>|<2%/°tik+ > M/Otil

k=1 1 l=p+1 R
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Tob6t0
S [ dno . ot 1/T) dno(t, £,1/1)
HE) Y fta ) [ 0L sy / U D et
k=1 1 l=p+1 R

Jpiui inrerpyroun yacrunamu y nepriomy inrerpadi 3 (11), maemo

tk

1
:nO(vaal/f)_'_k NO(Rf’l/f —l—k/NOtf’l/fd

RE tk+1

st orivkm apyroro inrerpasa 3 (11)) 3HOBy aBidi 3aCTOCOBYEMO iHTETpYBAHHS YACTHHA-
MU

7’dno<t,f,1/f> _ (R AP l]"dzvo@,f,l/ﬁ _

tl B R! tl
R
nO(Rafal/f) _1 (Rfvl/f 12 Notf71/f 12 Notf71/f
T R! R S
3 oTpuMaHUX OIHOK 0Ge3M0CEPETHHO BUILTHBAE . O

JIema 2. Hezxali f — mepomoppna 6 C* dynryin nopadky p = 1, p(r) it ymounenud
nopadox. Todi npu y = yo > ro > 1 npasuasvHa HepieHicms

. J
r ="

/ wml{ / 1og+|1l|dno<t,f,1/f>+ / log+|1_11|dno<t,f,1/f>}dr<

Yo 1 1 (12)

Yy
< Ki(1+ p)log(1+ p) / r= PNy (r, £,1/ f)dr + Ca,
Yo

de ¢ = max{2, p}.

Josedenns. Hexait I — ue inrerpasn y sisiit yacruni wepisuocri (12)). Bin € cymoro asox
inrerpanis. ITosmauumo ix, Bignosiguo, I; ta Iy. Ouinky BI/IFJ’[H,ZL ans I; orpumye-
MO aHAJIOIIYHUM CIOCOBOM JI0 KJIACUYHOIO BUIAIKY, posdrianyroro B.II. Ilerpenkom [4]
Jlema 7.3]. Bapro snume 3minnTu nosuavenss n(r) "a no(r, f,1/f).

Pozringaemo Tenep interpan Io

9,

y g—1
1
I, = /T—P(T)—l{ / 10g+ i L|dn0(t,f, l/f)}d’f"
1 rt

Yo
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45

r
Hoar>1,t > 1 npn n < 1, BUKOHY€TBCHA

1 1 1
ll,f‘:175<1ff<1f—:1f—.
t t t rt Tt
Tobro mpu 7 > 1, ¢ > 1, 7 < 1 BUKOHY€THCS HEPIBHICTH
1 1
log™ > logt ———.
T R T

VY Bunanxy, konu Bxke orpuMano oninky (12) aysa inrerpasna I;, 3 origny Ha HeBix €M-
HICTH MiJIHTErpabHUX BUPA3iB, JOCTATHBO PO3IVISHYTH JIUIIE TY YACTUHY MHOXKHUHU 110

AKiii Gepernca inTerpan I, axa norpamige n0 muoxunn {(r,t) 17 > 1,6 > 1,7 > 1}.
VRPN
‘ log e .
Posrasnemo cowarky inrerparn [o(t) = / Tﬂ”dr. IepeiineMo 10 HOBOI 3MiH-
T
Yo 1
HOI T, sIKa TOB’sI3aHAa 3 " TAKWM CIIiBBiIHOMIEHHAM 1 — i I. BukopucroByodn Brac-
r
TuBicrb yrouneHoro nopsaky p(r) 4], marumemo
Y + 1 Y 1 T2
log T log T log 4
B -, -Z . 140(1) og 1
L(t) = / ro(r)+1 dr = / rp(r)+1 dr = qtr (1 - 1)7p+1 dr, t— +oo,
Yo Yo T1 q
pe 1 =q(l— 55), 2 =q(l - 55).
B ocramaboMy iHTErpasii 3pobumo Ie OfHy 3aMiHy U = 4
-
Fo d t logud
1+4+o0(1 ogu —q)du 1+ o0(1 ogudu
Iz(t):+()/ gu 1(q) :+()/ g t oo,
qtP (1-1) Pl 2 tP (u—1)—pPtlyprtl
uq u u2
e u; = (1— ﬁ)_l, uy = (1 — ﬁ)_l.
IIpu t > 1 omepxkyemo
1 < 1 . 1 S 1 1 N 1 < 1
X -, = - 1 ~X 1 -
Yot Yo Yot Yo — i 17
Ockinbku yot = yo > 1, 0 i > 1. Anasiorivno ipu y 2 yo > 1it > 1
yot
1< 1 1 1 < 1
TS g S 1
=5 1y =g -y
3Bincu
1 1 1
I<i—z=s1-=s—T
yt Yol Yo
Tobro, 1 < us <wup < (1— %0)’1, a oTKe,
Y oo
og U og U
0s / (u — 1)"’+1uf’+1du = / (u — 1)"’+1uﬂ+1du’ (13)
1
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N ) logu logu o 140
pu u — +00: (u—l)*PHuP“ ~ R Ko XK v — 1 + 0, To

log u u—1
(u—1)=Ptlyrtl ~ (u—1)=pt+l
Orxke, ocranHiil inTerpas y € 3012KHIM, TOMY

uy
~ 1+4o0(1) logu Cs
) = P [ <

= (u—1)".

t — +o0.

Uz
TloBepratounch n0 iHTerpasna I, TPUramyOUun, IO HAM JOCTATHHO OIIHUTH JIUIIE HOTO

YACTHHY, 1 BAKOPUCTOBYI04YH TOH (akT, o p(r) € yroynenum nops koM byskuii f (robro
i1 xapaxrepucruxu To(r, f)), orpumyemo

Y T
1 1
/Tﬁp(r)il /1Og+ 1 an(ta f7 7) dr g
11— f
Yo 1
< /r_p(’l‘)_l /10g+ T dno(t7f77) d'r' _
11—l f
Yo 1
Y Yy + 1 Y
B log [ d dnn(t 1 _ 1008 dne (1 1 B
a WT‘ nO(Mﬁ?)_ 2() nO(va?)_
1 Yo 1
1 no(yafal) N0(2ya f7l)
< I3no(y, f, f) <Cs o < Cs ) log2 < Cy.
Ile 3aBepriye moBEACHHS. O

Teopema 4 ([3], [2]). Hexat f — siominna 6id cmanoi mepomoppra dynruia ¢ C* i
a1,az,...,0q — PidHi Komnaekcri wucaa (q = 2). Todi

mo(r. )+ 3 molr. =) 2ol )= Ro(n )+ S ). r>1 (1)
v=1 v
de )

]/\70(7"7 f) = NO(Ta ?) + 2N0(7’, f) - NO(Ta f/)
Ji) Jrim f
f O(Ta f —a,

v=1
JIema 3 (|3]). Axwo R - payionanona dynryia, degR = q, i [ mepomopdra ¢ C*, mo
To(r,Ro f) =qTo(r, f) +O(1),  r— +oc.

S(r, f) =mo(r, )+ O0(1), r— +oo.

Jlema 4. fxwo g — 20a0mopdra 6 C* dynxuyia crinvenmnozo nopaoky p, oai axot
250((1,9) = 27 mo 50(079/) =1
a
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q
Josedenna. Hexait H(z) = h(g(2)), ne h(w Z . 3a Jlemoro
) W — ay

mo(r, H) = To(r, H) — No(r,H) = qTo(r, f) = Y _ No(r,a,,g) + O(1) =
. = (15)
:ZmO(T7au»g)+O(1)v T — +00.

Bpaxosytouu ozuadenns byskiii mo(r, ) Ta Teopemy El, MOKHa 3aIuCaTH

1
mo(r, H) < mo(r, —) +mo(r, g'H) <
g
1 ! I 1 (16)
<mo(r, )+ D molr, L) +logg = mo(r, ) +S(r,9),

e S(r) = O(logr) mpu r — +o0. 3 Ta OTPUMYEMO

> mo(ra,) = S(r.9) < mo(r. =) a7
Kpim Toro,
To(r,g') = mo(r,g') < mo(r. g)+mo(r, ¥>+0< 1) < To(r,g)+Ollogr), 1 — +oc. (18)

Tlomimumo na To(r, g) Ta cupsaMmyemo r — +00

d mo(r, 5 Ty(r, g
> do(av,g) < lim ol g,) lim o(r.g'). (19)
o1 r——+o00 0 7"79) r——+00 Q(T, g)
3 orsiay Ha
To(r,g') _ To(r,g) + O(logr)
TO(Tug) h TO(T7g)
3Bigcu
/
lim To(r,g') <1. (20)

rStoo To(r,9)
Tomy Haly/e BUIIISILY
S Gola,g) < 0(0,4'). (21)
a#oo

3a ymosoto siemu Y do(a, g) = 2. Ockinbku g € ronomopdHoo B C*, o > dp(a,g) = 1.
a a#oo
Orxke, 3 orpumyemo 0(0,9') = 1. O
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5. ToBEAEHHsI TEOPEMU [I]

Hexait G;(R) — dyunkuii 3 J'IeMI/I Hns dikcoanoro R > 1 nosnauumo gepes w;(R)
apryment G;(R), i = 1,2. Posrasinemo dbyHKIio

hr(z) = exp{mlog z + G1(R)2P + Go(R)z P}, (22)
BpaxoByioun, 1o
g (rei®)] = exp {mlogr + G1(R)r? cos(pf + w1 (R)) + Ga(R)r P cos(pf — w(R))},
|hr(2e’)| = exp {—mlogr + G1(R)r~" cos(pf — wi(R)) + Ga(R)r? cos(pf + wa(R))},
|hr(e")| = exp {G1(R) cos(pf + w1 (R)) + Ga(R) cos(pf — wa(R))}

MaTHMeMO
mo(r,hr) = m(r,hgr) + m(%, hgr) —2m(1,hgr) =

_Gi(R), , [Ga(R) _, | IGA(B)] _, , [Ga(R)

™ ™ ™ ™

 — 2 (IG1(R)] + [Ga(R))) =
_ 1Ga(R)| +1Ga(R)

™

(r? +r7P —2). (23)

SanumemMo JOMOMiXKHI PIiBHOCTI Ta HEPIBHOCTI, sKi HaM 3HAA00JATHCS B IIPOIECI
JOBeIeHHS.
1) mmo (r, hr) +2(IG1(R)| +|G2(R)]) = (IG1(R)|+|G2(R)[)(r? +r7) (summsac 5 [23));

2) ¥ logfl-| = ¥ log[f|+ X logl%—1/< Y log i+
1<|ar|<R F 1<|ar|<R k 1<|ar|<R 1<|ar|<R F
+ ¥ logl+ )< ¥ log iy +nb(R,4)log(1+ £);
1<|ar|<R 1<|ar|<R
3) Y log|l— 7| = 3 (log 4| +log %—1) < S log(r|ag|)+
£ <lak|<1 £ <lax|<1 £ <|ax|<1
+ng(R, §)log(1+ &);
4) Y logll— £ <nd(R 1)log(1+ 1) <ni(R,1);
rag f r f
1<|ar|<R
5) X log|l — % <nd(R, §)log(l + 1) < ng(R, §).
£ <lak|<1
‘ 1 1 ' ‘ 1 d
6) > log(rlax]) = — [log(rt)dnd($,f) = —nd(3, f)log(rt)| + [nf(+,. /)% =
% <lax|<1 = & =
= ng(R, f)log % + NG (R, f) < N§(R, f).
R R R
7)Y gy = [logfdng(t, f) = ng(r, flog 5|+ [ng(t, £ = log gng(R, f)+
1<|an|<R 1 11

+N§ (R, f) < Ny(R, f).
8) |GL(R)| < ool + Ng (R, f) + N3 (R, 7). |G2(R)| < NG(R.f) + NG(R, ;) (sumin-

sae 3 (6)), (7).
0 5 — 1,0

IMoznaunmo z = ret?, z ~et. 3ayBaxkuMo, M0 SK [JId Z TaK i JJisi Z MPABUJIb-
HA OIiHKA 3 Jlemu [I} a Takox log|Z| = —log|z|. Bpaxosyoun [23), (), a raxox
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JonoMizkHi piBHocTi Ta, HepisHocTi 1) — 8), orpumyemo:

. 1 .
log|f(re")| +1og |f(~e™)| < mlog|z| +|G1(R)[r? +|G2(R)[r™F + > logll—*H

1<]ak|<R
Qg 1
+ Z log1 z Z log‘l—;)—i— Z log1 — |+ [H(2)[+
1<bR|<R k £<]ar|<1 + <|bk|<1
Z 1
+mlog |2| + [GL(R)[r ™ + [Ga(R)[rP + > log |1 — =] + > log — |t
1<]ax|<R a 1<|b|<R T bk
ag ~
+ Z log‘l—?’—l— Z log o +|H(2)| <
+<]ar|<1 L <|bk|<1 z
) R
<(IGIR)|+|G2(R))(r* +r7P) + Y log— +no(R, D log(1+ )+
1<]ar|<R |a | f "
+ Z log™ ian(R l)—i— Z log™
g T 0 7f ) A
1<|be|<R | L<bgl<1 T
4) 1 1 3) R
+ (R, =) + Z log™* —| + Z logr|ax| +n3(R, f)log( + 1)+
1<]b|<R o rfbk] L<larl<1
1.8 1
+ ) log® +|H(2)|+|H(Z)| < mmo(r,hr)+2(No(R, f)+ No(R, =)+
1 \b | f
7= <|br|<1
1 R 1. 6)+7) .
+2|Oéo|+n0(R’?)10g(1+?)+no(va) + No(R,f)+[H(2)| + [H(Z)[+
1
+ +
+ Z log — |+ Z log [Tl
1<|bx|<R bk | L <<t T
+ Z log™ 1 + Z log™ _ (24)
1— -+ 1—rlbg||
1<|br|<R bk L<|brl<1
Asie
f(z) z 1
log|—~*~|=H log |1 — — 1
8 |5 2) (Z)+1<ZR0g\ a/|+1<bZ:Rog17E+
ag
+ Z log‘l—?‘—k Z log .
+ <lax|<1 £ <|bg|<1 z
HMosuauusum {c;} = {ax} U {b,} ta Bukopucrapmu (25)), orpumyemo
2 .
hr hr 1 hR / fT’eZG 1/ f(1619> 25)
,—) < + do+— | |log |-———-1|df <
ol T sl T e[| 2 [ ha(Ee?)
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< > /log do + Z /‘ ‘ do+
1<|ck‘<R ‘<1
+ max[H(2)| + lrrllwg e (26)
Z|=T zl==
Maemo
o dt o dt =
_— — | = |e P logte’? — 1 =1l 1—Li0 27
/|te19—1| /te“"—l ¢ oglie™ 1| | Bl 4
0 0
Iloxi6uo oriHiOEMO TIIe OMuH iHTEerpaJ
|Ck|
= el
—i0 " Ck| io
/ |te’9 > |e " log |te'? 1|'t:O = log’1 el (28)
I3 nepisuocreit (27) i BUILIMBAIOTH BiJAMOBIIHI OIIHKU
27 TexT 2 i
1 .
2—/|log|1— —e||dg </ At —/|log|1— @edeQé/ A(t)dt, (29)
i r
0 0 0
27 d
1 t
Alt Y —
ne Al) = 2 / [te?? — 1]
Enpeit i (I)ch [7] orpumanu ominky st A(t)
1 1+t
At) < 1 71 , t>0.
B<3 +t{ * 1—t¢ }
BukopucroByouu 1eit pe3yabrar, 3 OTPUMYEMO
2 00 14t
log | 3¢
1 2 g’ -
o / log 17ﬁ60 df < log(1+||)+/1+1ttdt
™ ¢ ¢
0 k k 0 (30)
— log <1+r> Ky <logt 4 K,
|kl |kl
Amnajoriuno
2
1
—/ log |1 — @619 df < log™ Jex] + Ky. (31)
27 r r
0
Orox,
27
1 1 1
)» / og[1 = || do < NI £ 2+ Kand(R £ D) (3)
1< u |k f f
cr|<R
7.9 1 2 1
Z d6<NO( afv?)+K4n0(Raf7?)' (33)

R<|Ck\<1
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Bukopucrosyodn , , , , @ , OIIEPKYEMO
hr
mo(r hi)<mo(r. )+ mo(r, “F1) + Co<mo(r )+ 3 /

l<|ck‘<R

do+

log |1

d0+‘max|H( )|+|Ir|1ax |H(2)] + C5 <

P> /H &

R<|Ck‘<1
2. 3 1
< mo(ﬁf)'*‘No(?“,fa?)+K5no(R>f,?>+|m|§X|H( >|"“H‘130‘1|H 2)|+Cs <
1 1
< mO(va)_FNO(T)fa?) +K57’I,0(R,f7?)+
L D N A ) . I No(t t.f,5)
k=1 1
0o l
1\ 1, [ Noltf ) .
+ Z (R) (r +ﬁ)m /wac P 4 . (34)
l=p+1 R
Hexait R = q%lr. 3 ornsiy Ha PiBHOCTI
,17“
> log* flog rogdno(t, /) | 3 log® flog i (i £);
1<|be|<R =T L<lbyl<1 G (1 )
q— 1T
X log" it | = 1o [gyanke. ) S log” \1 i flog g (/)
1<|b|<R =5 <Jbr|<1 -l
MaTHMEMO
D log+ + 3 log" —T |+ 2 log™t [— + > 10g+’71_§‘bk| =
1< |br|<R T L<byl<1 == 1gibel<R TEEL ] L by |<1
T 1 1 1
1 t rt

Toni gzt 1 <rg<yo<y<-+oo 3 ([24), B4) ra , OZEPIKIMO

1og+M(roo f)—l—log M(r,oo f)
/ TP(TH‘I

//\

7 1 G na( -4 £ 1
71_\/Tn() d g / ( f7 )dr—l—(’/TKg,)/nO(qlr’f,f)dT-i-

p(r)+ o)+ 1
Yo

p—1 Y q 1 Y q 1
1, 1 1 o /i 5) No(757, /5 7)
+2r+2)) (1--) <1+T2k> ;/WdH/WdH

Yo Yo
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a—

ql,r,
yrk [ t*kleo(t,f,;)dt
1

k
q
+<q—1) o P+ et

oo
. gt [ TN (8 f, 5 )dt

l
N 1 q =17
+(27 +2) Z (1—5) (1+rl>l<ql) / o) dr+

I=p+1 Yo

Yy Yy 1
C27r + 2)rP~1 + C5 + 2|ay| q no(74r, f, %)
+/ 7"[1("')"'1 d?“ + (log(l + qj) + 1) / Wﬂi?‘—i—

Yo Yo

q

Y Y q
No(757, £ %) 1 1 1
-1 + + = —p(r)—1
+3/ ST Cr dr—i—/ / <log =1 + log T > dng(t, f, f) r dr.
1

T
Yo Yo

(36)
Amnasoriuno sk y Bunaaky GbyHKIH MepoMopdHUAX y IJIONHHI OTPUMYEMO TaKi OIiH-
KH:
Y 1 Y 1
nO(ﬁtmﬁ?) NO(Tafv?)
/ T R < K p / — e+ c, (37)
Yo Yo
Yy Yy
No(74m) No(r, f. 7)
q—1 I f
/ rP(r)+1 dr < K7/ ro(r)+1 dr + G, (38)
Yo Yo
—Lr
_q )k —k—1 1
Y (q_lr) ‘(! t No(t,f,f)dt 1 yNO(T,f,%)
/ rp(r)+1 dr < Kgp —k / pp(r)+1 dr+ Cs, (39)
Yo Yo
y (ﬁT)l qf t_l_lNO(tva %)dt 1 Y N (T f 1)
i’ o\ J» 7
/ - dr < Ko [ Sl s G 0
Yo Yo
upu yo > ro > 1. Kpim Toro, Bukonyiorbcs HepiBaoCTi
p<(p+1)log(p+1) npm p=1; log (1 + q1> < log 3. (41)
q—

Buxopucrosyioun ([37)-([1), Jlemy 2] ra osnauenns xapakrepucruxu To(r, f), 3 (36)
OZIEPIKIMO
y
/ log™ M (r, 00, f) +log" M(3, 00, f)

P11 dr <

/

Yo
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y y
No(r, f, &
<77/To(r’f)dr—kKw(P-F1)log(p+1)/O(ff)dr—k
T

pp(r)+1 p(r)+1
Yo Yo
0 / No(r, f, 1
0 77
+ K Z 1* - p/ TP(T) + (42)
l=p+1
k NO(n f? ?)

Yo
OTO}K,,I[JIH].<T'0<y0<y<OO

/1og+M(r 0o f)+10g+M(r,oo f)

//\

TP(T)JFI
Yo

) Yy
No(r, f, %
gﬂ./TO(T’f)dr—f—S(p)Klg/(Wdr+cl4<
Yo

o+ M+

To(
<A+ 0(f K13}/ o d + Cly, (43)
= k x 1
ne  S(p)=(p+1)loglp+1)+ > (1- { +1+k}+§:luy
k=1 P I=p+1 -p q
g | 1
164@+4)bg@+47+p§:4——z+q+p E: 1—7 ) +p }: l<
k=1 —p+1 p 1= 2p+1 p

< Kis(p+ 1) log(p +2) (44)

p+l—p
st o6rpynTyBaHHs OCTanHiX ABOX 3HAKIB < y (44)) nocTaTHRO BUKOpUCTATH MIpKYyBaHHSA
3 poborn Ierpenka 4], sxi y nboMy BHIAIKY MPOCTO MEPEHOCATHCS.

dxmo p < p < p+ 3, 10 S(p) < Kig(1 + p)log(2 + p). Bsiacn

[ log" M(r,o0, f) +log* M(2,00.)
rp(r)+1 U
i [ To(r, ) )
T,
< {r K+ o) log2+ )} [ 2 ar s cu,

Yo

HepisricTn He 3MIiHIOEThCS, AKIIO P + % < p <p+1. Y nboMy BUMTAIKY PO3MOTHEMO
i3 300paxkenust QyHKITT
I[I ECGp+1) II E(E.p+1)

laj[<1 laj[>1

[1 EZp+1) I E(E,p+1)
Jb;1<1 [b;1>1

f(Z) _ ZmePerl(z)
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i MPOBOIMMO MipKyBaHHsI aAHAJIOTIYHI /IO BHUIIIEHABEIEHUX.
Haui, ockinbku To(r, f) nanexkurb 10 Kiacy po3bizKHOCTI CTOCOBHO yTOYHEHOIO 110~

PAKY, TO, BPAXOBYIOUHN , MaTHUMeEMO

Y
P~ log® M(r, 00, f) +log* M(3, 00, f))dr

Yo

lim J < m+50(f)K17(1+p)log(2+p).
Yoo [ r=P=1Ty(r, fdr
Yo

3Bimcu omep:kyeMo

log* M(r, 00, f) +log* M(%, 00, f)

Bo(oo, f) = lim <7+ Kag(f)(1+ p)log(1 + p).
r—00 TO(T» f)
HepiBHicTh mas Bo(0, f) JOBOAMTHCS AHAJONIYHO, 3 BUKODPUCTAHHIM BJIACTHBOCTI
To(r, £) = To(r, 1) (111, [3])- O

6. JLoBEAEHHA TEOPEMU

Posrasnemo dynkuito f’. 3a Jlemoro [{| orpumaemo 6y(0, f/) = 1. Ockinbku f —
rosiomopdua, To No(r, f') = 0, a orke,
NO(Tvi/) —_— mo(T,%)
V= lim =" =1— Tim ——2L= =1—5y(0, f') = 0.
%O(f) 7i)nolo To(r, f/) ango TO(T, f/) 0( 7f)
V Takomy BHOAIKY 3a TeopeMOIOMaTHMeMo Bo(0, f') < 7, Bo(oo, f1) < w. Tomy mosa f
OTPHUMYEMO

To(r, f' log™ M (r, 00, f) 4+ logt M(2, o0,
o) < v tim TS 108" M09 1) log M oe ).
r—o0 Lo(r, ) r=oc log™ M(r, 00, f) 4+ log™ M (%, 00, f')
Ak mu Bxxe Gauniu y posesenni JJemu [ (aus. (20))
To(r, 1) mo(r, /") + Olog )

(46)

lim ————2% < lim < 1.
r—oo To(r, f) ~ r=ee To(r, f)
Jlorapudmyoun BioMy HepiBHICTH
M(r)-C

T M), e My(r) = max (). M(r) = max |f(2)]. € = const

Ta CIHPAMOBYIOYH 7" — +00, OJEPKYEMO
I log M (r) < Tm log M (r) 4+ logr + O(1)

< =1.
rﬁlr+noo log Mi(r) = r—+oo log M, (r)

3Bigcu, 30kpema
— log" M(r,00,f) _ = log” M(3, 00, f)

lim — - < 1, im - 1 <
r—oo log™ M (r, 00, f') r—oo log™ M (00, f')

A rozi ([@6) mae Bo(co, f) < . =
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MIIIIAHI 3AJAYI AJ14 HEJIHIMHNX BUPOJI2KYBAHUX
ITAPABOJITYHUX PIBHAHD 3 IHTEI'PAJIHVMW
OIIEPATOPAMM TUIIY BOJIBTEPPA

Muxkosia BOKAJIO, Oasra CYC

JIveiecvrutl HautonasbHult yrieepcumem iment learna Ppanka,
eys. Yuieepcumeyvka, 1, Jlveie, 79000
e-mail: mm.bokalo@gmail.com, oliasus@gmail.com

Hocnimkeno Mimasi 3a1a4i 4718 HEJIHIMHIX BUPOKYBAHUX [1aPA0OJITHIX
PIBHSAHB 31 3MIHHMMM TOKA3HUKAMM HEJIHIHHOCTI Ta IHTErpaJIbHUMHU OTEepa-
Topamu tuny Bosbreppa. loBemeHo icHyBaHHS Ta €IWHICTD y3arabHEHUX
PO3B’#A3KIB TAKWX 33739 y BIANOBIAHUX y3arajJbHEHHX HIpOcTOpax JleGera ta
CoboneBa. OTprMaHO ampiopHi OIIHKY y3araJbHEHUX PO3B’SI3KIiB JOCILIKYBa-
HUX 33/1a9.

Karowo6t caosa: iHTErpo-mudepeHIiaIbHi PIBHIHHS, €TiITHTHO-1apa0ostiTHi
PiBHAHHS, 3MIiHHI ITOKa3HUKW HEJIHIMHOCTI, MeTox [aibopKiHa, MEeTod MOHO-
TOHHOCTI.

Bceryn

Iarerpo-audepenmniaaphi piBHAHHS MapPA0OJi9HOIO THUITY MIHPOKO BUKOPHUCTOBYIOTH
JUISE MATEeMATHIHOTO MOJETIOBAHHS CKJIAIHUX SBUII B CYIYACHOMY ITPUPOIO3HABCTBI, €KO-
HoMmini Ta TexHinmi. 30KpeMa, Taki PIBHAHHS TPAILISIOTHCS B 33a9aX OIUCY €BOJIONT
nouyssuiit [20], B reopil siiepHux peakuiil jjist BUBYEHHs 1IPOLECY yIOBLIbHEHH HEHATPO-
HiB [29], B mudysil 3apsaKeHnx YaCTUHOK y TIa3Mi Ta B IHIMX pi3HOMAHITHUX 3a7adax
[18], [19], [211, |221, |23].

Posrnsgaemo meminiiini BupokyBani napabosivyHi piBHAHHS 31 3MIHHUMY TOKA3HU-
KaMd HeJiHIAHOCTI Ta iHTerpaJbHEME OLHepaTopaMi THIy Bosbreppa. IXHIM THIOBHM
[IPUKJIJIOM € PiBHAHHSA

n

(b))~ (@il ),

i=1

P2y, ) g (e, ) uf ) 2u
Zg
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© M. Bokago, O. Cyc, 2016



MIIITAHI 3ATAYI ...

ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mat. 2016. Bumyck 82 57
t

+ [ ot ) (ule.s)) ds = Flant), - (.t) € 2 (0.7), 1)
0

e Q — obnacts B R™, T' > 0 — piiicue uucio, a; > 0 (i = 0,n), p; > 1 (i = 0,n), ho
— BuMipui obmerkeni dyHKIIT, El — sinmunesa PYHKIISA. 3ayBaXKUMO, [0 BEJIUYUHA D;
(i = 0,n), aKi HA3UBAIOTH MOKA3HWKAMH HETIHIHOCTI, € 3MiHHUMH.

Heniuitini audepenmiambai piBHAHHA TOAIOHI 10 3b=11 EO = 0 (3i 3min-
HUMU [OKAa3HUKAMU HesliiliHocri) BuB4aiorh ayxxe akrtusuo (aus. |2 Bl 4 B 6l [7, 03]
9, 17, 3T, B2])). Mimani 3aja4i st nux piBHsHb onucyiorb 6araro (bizuuHuX 1pOLECiB
(mue. [I3,[16]), 30kpema, eI€KTPOMATHITHI TIOJIsT, €JIEKTPOPEOJIOTIYHI PIAWHN, MPOIecH Bif-
HOBJIEHHS 300pa’keHHs, MOTIK CTPYMY B 3MiHHUX TEMIEpPATyPHUX MOIAX. PO3B’sa3Ku mux
33J1a9 HAJEXATh J0 BiAmoBimHUX y3aranbHerux mpoctopis Jlebera i Cobonesa. Buepime
ui npocropu Oynu Beeeni y [I5], a ixui Baactusocri pusgasnu y |8 [T, 14, [15] ra in.

Bupomxkysani neminiitai napabosianai piBHAHHS BUT/IAITY Y BUIIQJIKY, KOJIU Py =
const > 1, ..., p, =const >1 i?zo = 0, posrsaganucs y [33) [34] B3] [36, B0]. 3aysaxknumo,
10 MilaHi 3a7a4i /s 3raJlyBAaHUX PIBHAHDb Y BUMAIKY 3MIHHUX MOKA3HUKIB HEJIIHIHHOCTI
nocuimpkeni B [26].

PiBusinusa Burismy 31 CTAJIMMM OKA3HUKAMM HEJIHIHHOCTI Ta iHTerpajbHUMU
oneparopamu rociimkysann y [24] 23] 27, 28] Ta in. Sokpema, y [28] gocmimuan mimamy
33129y I8 IHTErpo-IuEePeHIiaJIbHOr0 PiBHIHHS BUTJISLY

t

up — Au+ /g(t —s,u(x,s))ds = f(x,t), (x,t) € Qx(0,4+00),
0
u=0 ma 0N x (0,+00), u(z,0) = up(x), =€l
VY mpani [25] BusuaeThes cTiftKicTh TI106ATHHOTO PO3B’SI3KY HEJOKAIBLHOTO DIBHSAHHS
Bomabreppa

uy — Au = (a — bu)u — /K(t —s)u(z,s)ds, (x,t) €2 x(0,4+00).
0

Ha sBigminy Big Bimomux Ham pobiT, MU PO3IVISIAEMO HEiHITHI BUPOAKyBaHi mapa-
6oJtiuHi PiBHSAHHS 31 3MIHHUMU TTOKA3HUKAMHU HEJIHIHHOCTI Ta iHTErpaJlbHUMU YJIEHAMHE, B
SAKUX HeBimoMa (byHKIIA BXOAWTD i 3HAK iHTErpasia 3a 9aCOBOIO 3MiHHOK, TOOTO, KON
3HAYEHHS PO3B’A3KYy B AKTYAJbHUI MOMEHT YacCy 3aJI€KUTh 1 Bi/l 3HAYEHHb PO3B’I3KY B
ronepeaHi MoMeHTH. JoCiIKyeMo TUTaHHsI TIPO OTHO3HAYHY PO3B’ I3HICTh 3a,1adi —
B y3arasibaeHux npocropax Jlebera i Cobomnena.

Pob6ora cknagaersces 31 Beryity 1 Tppox po3zisiis. ¥ nepiiomy po3ijii BBe1eHO OCHOB-

Hi TIO3HAYEHHS Ta JONOMiXkKHI dakTu. POpMyIIOBAHHS 331349l i OCHOBHOTO PE3yJIBTATY
MICTUTB APYTHil PO3ALI. ¥ TPEThOMY PO3Iiji OOIPYHTOBAHO OCHOBHU PE3y/IbTAT.
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1. OCHOBHI IO3HAYEHHS TA JOIIOMIZKHI ®AKTHU

Hexait n € N; R” — uiniiiaunii upocrip, ckiiajenuii 3 BIOPA/IKOBAHUX HAOOPIB T =
(x1,...,2,) aificaux wmcesn i magimenunit mopmoto |x| = (Jz1|? + ... + |z,.]?)Y/?; Q —
obmexkena objacth B R™ 3 KyckoBo-rytafkomw mexeo 082; 090 = 'y U Ty, ne Iy — 3a-
MUKAHHS BiakpuTol MHOKEHE Ha O (30Kkpema, ['g = () abo Ty = 9Q), T'1 := 9Q \ To;
v=(1,...,V,) — OnMHUYIHUI BEKTOD 30BHilIHBOI HOpMaJi 10 O T > 0; Q := Q% (0,T),
Yo :=T0x(0,7), X1 :=T4 x (0,7).

Beenemo meski motpibui Ham masi ¢yukmiiiai mpocropu. Hexait G = ) abo G = Q.
[pwumycrumo, mo Gynkmis r € Lo () Taka, mo r(z) = 1 ama m.B. x € Q. Yepes L, (G)
MO3HAYMMO JIiHIHHWI TPOCTIP, AKUH CKIAIAETHCs 3 BUMipHuX dyHKIii v : G — R Trakux,
o pg,-(v) < 00, 11e

par(v)i= [ Jo(a) @ do, o G =2
Q

pG,r(v) == // [o(z, )" dzdt, axmo G = Q.
Q

Heit mpocrip € 6anaxosuum 3 Hopmoio |[v]|r, (@) == Inf{A >0 | pg-(v/A) < 1} (mus. [11}
p. 599]) i iforo HasuBaIOTH Y3azasvHerum npocmopom Jlebeza. 3ayBarKumMo Take: sIKINO
r(z)=rg =const > 1 nna m.B. « € , T0 HOPMA || - ||L7,(.)(G) 36iraeTbes 31 craHgapTHO

Hopmoio ||, (e) mpocropy Jlebera L,,(G). 3riauno 3 |11} p. 599], sxuio ess iélf r(z) > 1,
e

10 cupszkennii 10 L.y (G) upoctip [L,)(G)]" ororoxmioerses 3 npocropom L) (G),
ae bynkuig ' (x), x € Q, pusHagaerbea pisnicrio 1/r(z) + 1/7'(x) = 1 ana ms. z €

Baysazkumo, mo muoxkuna C(G) e minsuoo B L,y (G) (aus. (111, p. 603]).

Hexait p = (po,...,pn) : @ — R b: Q — R — bynkuii, aki 3a10B01bHAIOTH Taki
YMOBH:
(P) mas xoxuoro i € {0,1,...,n} Bekrop-byukuisa p; : @ — R € Bumipnoio i p; :=

essinfp;(z) > 1, pj := esssupp;(z) < +oc;
zeQ e
B HKIig b — BUMipHa, HEeBia'eMHa Ta oOMexkeHa Ha {2, IPUYOMYy MHOXKHHA, 2y 1=
y pHa, ) 1P y
{z € ] b(x) > 0} — Bigkpura.

Yepes W,}(A)(Q) Mo3HAaYUMO y3arajabienuii npocrtip CoboJieBa, 10 CKIATAETHC 3
bynxuiit v € Ly, (y(Q2) rakux, mo ve, € Ly, ()(Q), ..., vz, € Ly (). HEI‘/'I/EpOCTip €
Ganaxosum 3 HOpMoIO [[vllw1 () = [[vllL,, @ + it vz, - ix W) (Q) -
posymitumenmo 3ammkanns npocropy C1(Q) :={v e C*(Q) | v|r, =0} B Wpl(_)(Q).

[Ipuitmemo V, () := WI}(.)(Q)QLQ (€). Jlerxo nepexonarucs, mo V,(€2) € 6amaxoBuM
IPOCTOPOM 3 HOPMOIO

[v]lv, (@) == ||U|\W;(_)(Q) + vl za(e) -
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Busnauumo b(x) := b(z), sxmo = € Q, 1a b(z) := 1, axmo = € Q\Qy, i npuiivemo
Hy(Q) := {v: Q — R — pumipma [v = b='/?w, ne w € Ly(Q)}. Leit mpoctip € momosmHen-
HaAM mpocTopy V,(€2) 3a miBHOpMOIO

Hb1/2

||U||Hb(sz) = U||L2(Q)-

Mg W;(’.O)(Q) posymiTmMemo mpoctip ynkmi w € L) (Q) Takux, mo w,, €
Ly, (Q), ..., we, € Ly, (1(Q). Posrnanarumemo ueit npoctip 3 HOpMOIo ||w”w;(=9)(Q) =

lwllz,, @ +30 llwa, ||z, (@) Busnaanmo npocrip W;(())(Q) SIK 3aMHUKaHHS IPOCTO-
py CH(Q) = {w € C(@Q) | w, € C@Q) (i =T,n), wlz, =0} 8 W,5(Q).

IIpuiimemo
Ups(Q) = W, 5(Q) N L2(Q) N C((0, T; Hy(9)).
JIerko mepekoHaTHCs, 110 I1e 6aHaxiB MPOCTIp 3 HOPMOIO
el @) = ol + o)+ ma. - 1) e

Ouesunno, mo aus Oyab-axol bysknii w € U, p(Q) maemo w(-,t) € V,(Q) mns m.s.
te[0,T].

3periTon, BU3HAYUMO IPOCTOPU

Fy(Q) = {(fo, fi,- -, ) | fi € Lyy(»(Q) (i =0,m),

fi =0 B mesikomy okouii moBepxHi X1 st KOxKHOrO ¢ € {1, ..., n}},
ne 1/pi(z) +1/pi(z) =1 qna me. z € Q (i = 0,n),
Ce(0,T) := {p € C*([0,T]) | suppy C (0,T)}.

2. TIOCTAHOBKA 3AZTAYT TA ®OPMYJIIOBAHHSA OCHOBHOTO PE3VJIBTATY

Posrasnaemo 3amady: suaiiti ymkiio u : Q — R, sxka 3a710B01bHSAE (B TIEBHOMY
ceHci) piBHsAHHS

d
(b(z)u), — ; . a;(z,t,u, Vu) + ag(z,t,u, Vu)+
t n
+/h(xt5u(x s)) ds:fzifi(x t)+ fo(z,t), (x,t)€Q (2)
Y ) ) 71 axz b b b bl b
0 =
Kpa#oBi ymMOBHI
Ju
=0 =0 3
Y o ’ Oy, ls, 3)

i moYaTKOBY yMOBY

u(z,0) = up(x), saxmo z € Qib(x)>0. (4)
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Tyrb:Q - Rya; : QxR - R f;, : Q - R, h:Qx(0,T) xR — R,

: 0 — R — 3anani ajiicnosnauni Gynkuil, npudomy b(x) > 0 aus maiizke Beix x € €Q,
n

88;‘ (x,t) == ai(x, t,u, Vu) vy, (z, t) € 31, — noxinxa no “koHOpMaJi’”.
=1

BayBaxkumo, 1m0 piBHicTh b = 0 MOXKEe BUKOHYBATHCH HA, JOBLIbHIN mimMHOKUHI {2
1 IpOCTOPOBA, YaCTUHA BUPA3y B JIBiil 4acTUHI PiBHAHHSA € eminruanoo. Tomy Taki
PiBHsAHHS 11€ HA3UBAIOTH ejinruuno-uapaboniunumu (aus. [30]).

Mu posrisimaTuMeMo y3araJbHeHi po3B’s3Ku 33,3491 —@. L1 IXHBOTO O3HAYEHH ST
CIIOYATKY BBEIEMO BiIOBiIHI KJTaCH BUXITHUX TAHUX.

Hexait p — BexTOp-dyHKIis, fxka 3a10BoabHse yMOBY (P). Ilozmauumo gepes AH,
MHOXKMHY HabopiB aificnosHaunux byskuiii (ag,ai, ..., a,,h) , dKi MAIOTh Taki BJIACTH-
BOCTI:

(A1) nna xkoknoro i € {0,1,...,n} dynkmia Q@ xR 3 (z,t,p, &) — a;(z,t,p,&) €R
€ KapareoiopiBCbKOI0, T06TO, st M.B. (x,t) € Q dyukuia a;(z,t,-, ) : RH” —
R € menepepsHoio i aa Beix (p, &) € RY™ dynkmia a;(-,,p,€) : Q — R e
BUMIPHOIO; KpiM TorO, a;(z,t,0,0) = 0 mus m.B. (2,t) € Q (i =0,n);

(A2) mns xoxuoro i € {0,1,...,n}, ansg m.B. (x,t) € Q i Oyab-axux (p,&) € RIF™
MaeMO

(1,0, )] < Cr(1p2/710) [l /BE 137 g P ED) 4 hifa, ),
j=1
ne C; = const > 0, h; € Lp/i(_)(Q);
)

(A3) ma m.B. (7,t) € Q i Beix (p1,&Y), (p2,€2) € R BuxonyeTbest HepibHicTb

Z a/z x, t pla )_ai(mvtap27§2))(§il _512)+
i=1

+(a0(:ﬂ,t,p1,§ ) - ao(l’,t, PQafz))(Pl - PZ) > K1|p1 - p2|27 (5)
ne K; = const > 0;
(A4) nma M. (z,t) € Q i Beix (p,€) € R maemo

n

Zai(zvtapvg)gi + aO(I7tap7 f)P Z KQ(Z |$z

=1 =1

P ) — g(at),

ne Ko = const > 0, g € L1(Q) (oueBuino, mwo g > 0);

(H1) dysrmis Q x (0,T7) x R 3 (z,t,s,p) — h(x,t,s,p) € R € kKapareoqopiBChKOIO,
10010, 11 M.B. (2,t,5) € Q X (0,T) dyukuia h(z,t,s, ) : R — R e HenepepBHOIO
i ana Beix p € R dynkuis A+, -, -, p) : Q@ X (0,T) — R e BumipHoo; Kpim TOrO,
h(z,t,s,0) =0 nus m.B. (2,t,8) € Q X (0,T);

(Hg) mns maitxke Beix (x,t,5) € Q x (0,T') 1 Oynp-sikux p1, p2 € R maemo

‘h($7t757p1) - h(l‘7t,8,p2)| < M|p1 - pZ‘a (6)

ne M = const > 0.

Temep momaMo o3HAYEHHS y3araabHEHOTO PO3B’sSI3Ky 3aadi f@.
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Osnauennss 1. Hexali p ma b 3adosoavharoms, eidnosidno, ymoeu (P) ma (B),

(ap,a1,...,an,h) € AHl,, (fo, f1,...fn) € Fp(Q), uo € Hp(Q). Pynxyiro u € U, 1(Q)

nasusaromy ysazarvrenum pose’askom sadavi ) @), axwo eona sadosoavrae ymosy
[[u(-,0) = wo ()l 1, (2) = O

1 BUKOHYEMDCA THME2PAALHA PIBHICTND
n

//{Z a;(x,t, u, Vu)vg, @ + ag(z, t,u, Vu)vp+
Q

=1

t

+v<p/h(x7t,s,u(x,s)) ds — b(x)uvga’} dxdt = //{2”: five, @ + fovcp} dxdt  (7)
g i=1

0
das 6ydv-axuz v € V,(Q) i ¢ € CH0,T).

Teopema 1. Hezxati p ma b 3adososvnaioms, eidnosiono, ymosu (P) ma (B),
(ap,a1,...,an,h) € AH,, (fo, fi,...,fn) € Fp(Q), uwo € Hy(Q). Kpim mozo, npu-
NYCMUMO, U0

Ky — MT > 0. (8)

Todi 3adavua 7@ MaE EOUHUT Y3a2aAbHEHUT PO36 A30K | 0AA HBO20 NPABUALHE OUTHKG

trel%&)}] Q/b(z)|u(x,t)|2 dx+é/{ é |z, (2, 1)

<O [//{an |fj(x,t)‘1’}(z)+g(x,t)}dmdt+/b(m)\uo(g;)|2 ] . )
o =t

Q

PO, 1P + fu(a, 1) deds <

ne Co — momaTHa crana, fKa 3amekuth Tineku Bin Ki, Koy M, T'ip; (i =0,n).

3. OBI'PYHTYBAHHSI OCHOBHOI'O PE3VYJIbTATY
CnoanKy BBEJEMO ITO3HAYEHHA:
Oow = w, dw = wy,, (i =1,n),

a’j(w)(xvt) = aj(z,t,w(:c,t), Vw(xat))7 ($,t) €Q (] = O,Tl),
h(w)(x,t,s) := h(z,t,s,w(zx,s)), (z,t,s) € Qx(0,T)x (0,T).

Hawm Gyne morpibre Take TBepakenus (aus.[26] mema 2]).

Jlema 1. Hezati b 3adosoavnse ymosy (B), w € W;(%(Q) maka, wo b'/?w € Ly(Q) i

o deamux Pynryit g; € Ly (1(Q) (i =0,n) sukonyemvca momootcricmo

// { Zgiaiwp - bwvgp’} dzdt =0, v € V,(Q),pecCH0,T). (10)
G =0
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Todi w € C([0,T); Hy(Q)) i dan sciz 6 € C1([0,T]), v € V,(Q) i t1,ta € [0,T] (t1 < t2)
NPABUALHE PLEHOCTT

e(t2>/b() (2, t2)0(z) dz — O(t1) /b w(z, t1)o(z) do +

Q
+ // { Zg,ﬁ'ive - bwv@'} dzdt =0, (11)
7o =0

/ |th2|dx—70t1 /b Yw(z,ty)|* de—
Q Q

_]/b|w 4 dxdt+//{z:glaw}9dxdt—0 (12)

@ MAKOHC HEPIEHICTD

e, 102w D)l < Co (0 2wlF, ) + D llgille, @ 10wz, @) » (13)
=0

de Cy > 0 — cmana, Axa He 3aAeHCuMb 650 W & go, - -+, G-

JHosedenns meopemu 1. Crieprry moBeaeMo edumicms y3araabHEHOTO PO3B 3Ky 3a1adi
f. IIpunycrtumo nmporuieskue i Hexail u; Ta us — pi3Hi y3araabHeHi po3B’a3KH JAHOI
3agadi. Po3rigaeMo pi3HAINIO MiXK TOTOXKHOCTSAMHU, sKi OTPUMAIA 3 @ I1/ICTAHOBKOIO
3aMiCTh ¥ CIIOYATKY U1, & TOTIM — ug. I3 3100yTOI TOTOXKHOCTI HA TiAcTaBi nemu 1 mpu
w=u; —ug, 0 =1, ¢, =0, to =T marumemo (aus. ) piBHICTB

/()\wa|2dx+// z:;al wr) — ai(un)) (s — Dyus)+

+(up — ug) /t (x,t,8) — h(uQ)(x,t,s))ds} dxdt = 0. (14)
0

Posrusinemo 4ienu siioi wactunu pisaocti (14). 3 ymosu (As) onepkumMo HepiBHICTH

// zn: (1) — as(u2)) @1 — D) s vt > Ky //|u1 _wpldadt.  (15)

1=

Ha nizncrasi ymosu (Ho) (aus. (6)) orpumaemo
[h(ur) (@, b, s) — huz)(x,t,5)] < Mlu (2, 5) — ua(z, )| (16)

st M.B. (z,t,8) € Q x (0,T) x (0,T).
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Buxkopucrasiiu nepisaicrs Komi-Bynskosebkoro ta ouinky (16), marumemo

t

’// uy (2, t) — ua(z,t)) / (h(ur)(z,t,5) — h(uQ)(x,t,s))ds}dxdt‘ <

T T
M/ / mt|dt /|wxs|ds dCU—M/ / xt)|dt) dx <
0 0
< MT //|th\da:dt (17)

Ha nincrasi ouinok i 3 OTPUMAEMO

(K1 — MT) // lw(z,t)|? dedt < 0
Q

3siacu, Bpaxysabmm HepiaicTb (6f), orpumaemo pisnicrs [[ |w(z,t)[? dzdt = 0,
Q

10010, piBHiCTH U1 (X, t) = uo(x,t) aug M.B. (z,t) € Q. Lle cynepedursb HANIOMY HPHILY-
IIEHHIO, 10 1 JIOBOAUTH €IUHICTH y3araJbHEHOTO PO3B 3Ky 3a/1a4i 7.

Tenep noBEAEMO iCcHYBaHHA Y3ATATHHEHOTO PO3B’SI3KY 3a1at1 7, BUKOPHUCTABIIA
meron Paeno-Tamvopkina. Orox, mexait {w; € V,() | j € N} — nimiitno mesanexkna cim’s
dyskuiit, sxa € oW B mpoctopi V,(€2). OgueBuano, mo s civ’s GyHKIN € TOBHOIO i

B Hy(Q?). Iopuitmemo V), ,,,(Q) = { > apwy ‘ A1y, Oy € ]R}, m € N. OueBngno, 1Mo
k=1
samukanasg | J Vp.m(Q) B V,(Q) 36iraernesa 3 V().

meN

Ockinbkn civ’ss dynkuiit {w;| j € N} ¢ nosnoo B Hy(Q2), T0o moxma BuGpaTn
nOCTiAOBHICTD GYHKIIH {Ug m } 00— TAKY, IO Ug,m € Vpm(Q2) ans Beix m € N i

lluo — om0y = 16" 20 — b %o m| 1,0 > 0. (18)
Tenep 3ayBaxkumo, mo mig M.B. & € i mua Gyap-axoro 1 € [0, 1] marumemo

2 () — (b(x) +0) "2 *to,m (2)* < 4(b(2) + 1) wom (@) .

3Bigcu Ha migcrasi Teopemm Jlebera Mpo TpaHWUUHMI Mepexid Mg 3HAKOM iHTerpasa
(mus. |30]) pnst 6yap-sikoro m € N orpumaemo

||b1/2U0,m —(b+ n)1/2U0,77z||L2(Q) njo 0.

Orox, icHye nocaimoBHICTh {1y, }5°_; uncen 3 inrepsamy (0,1) Taxa, mo N, el 0i

||b1/2u0,m —(b+ nm)l/QUO,MHM(Q) mjgo 0. (19)
IIpuiimemo

by (x) :=b(x) + N, €, meN. (20)



Muxkona BOKAJIO, Oasra CYC

64 ISSN 2078-3744. Bicuux JIpBiB. yu-Ty. Cepis mex.-mar. 2016. Bumyck 82
Ha nincrasi Ta OJIEPIKIMO
1/2 1/2
16" 2u0 — b} *uoml| Lo — 0. (21)

Tenep nepeiinemo 6e3mocepeaHbO 10 BuKOpucTanus merony Paeno-lanbopkina. st
KOKHOTO 1M € N ralbOpKiHChKe HAOIMKEHHS Uy, [MIyKAEMO Y BUTTISI

U (2,) = Y emup(B)wi(z), (z,t) €Q,
k=1

JI€ C 1, - -+ » Cm,m — @OCOTIOTHO HemepepBHi GyHKIIi, AKi € po3p’a3kamn 3ama9i Kormi gis
cUCTeMU 3BUYANHUX JudepeHIiaJbHUX DIBHIHD
n
/bmum’twj dz + / { Z(ai(um) — fi)Oiw;+ (22)
a, G, =0
t
+wj/h(um)ds} dr =0, te [0,T], j=T,m,
0

um|t:0 = Uo,m (23)
e Q= {(z,t)|x € Q}, t € [0,T].
JloBeneMo icHyBaHHS Ta €IMHICTH PO3B’sA3KY 3a/1a4i , . Ockinbru pyHKIHT
m

w1, ..., Wy — JiHIAHO He3aIeXKHi, TO MaTpuus |a;’; = [ bpwiw; da — J0JTATHO
; 3 ki

pusHadera. OTxe, cucreMy 3BHYAMHNX IndEpEHIiaJIbHIX PiBHSAHD MOKHA 3aITACA-
T B HOpMaJbHiil dopwmi. 3a reopemoro Kapareomopi (mus. [I]) orpumaemo icnyBanHs
Ta €JWHICTD T0OATBHOTO PO3B’A3KY Clm,- - - - Cm,m 3ATAM1 , . Ieit po3s’s30k
Busnavyenuil ua npomikky [0,Ty,), ne T, < T. Tyr xyroBa ayxka ")" oznauae abo
kpyray ")", abo kBauparny "|" ayxky. Jani Mu orpumaeMo ouiHKM, 3 SKUX, 30KpEMA,
sunmBarume, 1o [0, T,,) = [0, 7.

Hnst koxuoro j € {1,...,m} i maiizke koxuoro ¢t € (0,7T) JOMHOXKHMO piBHIiCTH 3
HOMEPOM j CHCTEMU Ha Cp ;(t) 1 miacymyemo orpumani piBeocTi. Y pesynbrari ams
M.B. t € (0,T) onepxumo

n t

/ Bttt A + / { > (@i(ttm) = fi) st + / h(tm) ds} dz=0.  (24)

O g, =0 0

IIpoiaTerpyemo piBHIiCTH 3at € [0,7] C[0,Ty,), BukopucraBmm GopMymy iHTe-
TPYBaHHS YaCTUHAMU. Y PE3yabTaTi OTPUMAEMO PiBHICTH

%/bm(x)|um(x,7)|2 dx — %/bm(x)|u0’m(x)|2 dz+
Q Q

T
n

o+ (1=5)] // {3 i)} dwdi
0Q

=0
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+ ] / {tm j Blup) ds | dadt = / / {Z fibitin } dud, (25)
00 0 b =0

ne T € (0,Ty,), 6 € (0,1) — noBinbHi uncia.
3pobumo Bimmosigui ominku wienis pisuocri (25). Ha migcrasi ymos (A7) i (As)
MATHMEMO TaKy OLIHKY:

// aZ Uy, Gum} dxdt > Kl/ [t (2 7f)|2 dxdt, (26)

0Q

a 3 ymonu (Ay4) omepkumMo

/T/{zn:ai(um)aium}dmdt>[(2 /T/{zn:8ium(m7t)Pi(-r)}dxdt—/T/g(x,t)dxdt. (27)
oo =0 0a =0 s

3 ymoB (H1) i (H2) Jerko BUILINBAE HEPIBHICTH
[h(um) (2,8, 8)| < Ml (2, 5)] (28)

mng M.B. (z,t,8) € Qx (0,T) x (0,7T).
Bpaxysasiu ouinky (28] ta Bukopucrasuu uepisuicts Komi-Bynskoscbkoro, ma-
THMEMO

\/T/ {um(x,t)/th( )1, 5)ds ) dxdt‘ // (o (2, 1)) /|h ) (i, 1,5)|ds J ddt <

M/ /|um (z,t) \dt /|um (x,s |ds r < MT/ [t (0, 8) Pdadt . (29)

0Q
Jlai BukopucToByBaTuMeMo HepiBHicTh HOHTA
ab<clalf+e TT|pY, a,beR, ¢>1,¢e>0, (30)
ae q =q/(qg—1).

Bub6epemo mosinsHo 3uavenns € € (0,1). Bukopucroryroun Hepiruicts (30)), orpn-
Ma€eMO

// Zfzxtaummt dacdt // Z|8umxt|p‘“’)}dﬂcdt+

+ / ;E g (e, )P ) dedr. (31)
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3 Ha migcTasi , , Ta OJIEPKUMO
1

i/bm(x)|um(ac,7)|2 dx + 5K1/ |t (2, 1) |? dedt+
Q

+(1 = 8) K> //{Zlaium(w,t)\mw} dzdt < MT/ |t (2, )| 2ddt+
0 =0 0 Y
+5//{Z‘8ium($7t)‘pi($)} dmdt—i—//{Zgiﬁ‘fi(xi)‘p;(x) dxdt}—i—
o =0 0o =0

=0) [ [ gtart) dedt 5 [ b@luom(@) o (32)
Q

0Q

ge T € (0,T,,).
3 (32)) 6e3nocepennbo oTpuMaeMo HEPIBHICTD

%/b () [t (2, T)|* dx + (6K — MT)/ |t (, 1)|* davdt+

+[(1 =46 Kg—e// |8umwt)

1
+(1- //g x,t) dedt + §/bm(a:)|u0,m(:v)|2 de, 7€ (0,T). (33)
0Q Q

0Q

pb(w dxdt<// Ze vy llf(x )P

Bu6epewmo i 3abikcyemo 3navenns § € (0,1) take, mo 6K — MT > 0 (ue moxua
3poOUTH Ha TiacTaBi ), a morim — 3HavenHs € € (0,1) Take, mo (1 —§) Ky —e > 0, i
nigcrasumo ix B (33). ¥V pesysabrari 3100y1eM0 HEPIBHICTD

/b ) [t (2, 7) |2 dx—i—Cg// |8um1‘t)
05[4/{;|fi<x,t)

ne 7 € (0,T,,) — nosinbue, a Cs,Cy,Cs — gomarui craji, siki 3ajexkarb TLIbKH Bij
Ky, Ko, M, T ip; (i=0,n).
3 (19) BummBae, mo

pi z)}dxdt+(]4//|um 2, )2 dadt <

) 4 g(o,t) ) dedtt [ (oo (@) da] . (30
Q

/bm(z)|u07m(x)\2 dxm:io/b(:rﬂuo(z)F dx . (35)

Q Q
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oo
Orxe, IOCIITOBHICTD { S by () Jug,m ()] dm} € 0OMeyKeHOI, TOMYy Ha TiICTaBi He-
m=1

pisHOCTI ([34) MOxKHA 3p06I/ITI/I BICHOBOK, IO iCHy€ He3asexkHa Bim T}, cTaia, SKa obMe-
Kye (byHKmIo s fbm Num(x,t)|? de wa [0,T,), a orxe, icuye nesanexna Bix Tp,

craja, sSKa 06Me>Kye byHRUT ¢ty -y Cmum B [0, Ty). BHACTIIOK 1BOrO oTpuMaemo,
110 [O,T ) = [0, T]. BpaxoByiouu e, 3 OTPUMAEMO HEPIBHICTH

sup/ ()|umxt|2d:17+// |8um:z:t)
t€[0,T]

// \fz 2 OO + gla,1)} ddt + /bm@)\uo,m(x)ﬁ dr] . (36)

Q

Pi@) 4 |y ()| } dwdt <

ne Cg > 0 — crauna, sika 3asexkars Tinbku Bin Ki, Koy M, T'i p; (i =0,n).
Ha mizgcrasi i OJIEPKYEMO

sup /bm(x)|um(:c,t)|2 dr < Cr, (37)
t€[0,T]
Q
/ o (2, 6)|? daedt < C | (38)

W)} dzdt < Cy, (39)

é/ { iz::() |0t (x,t)

ae C7 > 0 — craja, 1mo He 3aJeKUTh BiJ m.

3 ymos (A1), (A2), Ta OIiHOK i OTPUMAEMO
/ (s () (2, )P4 dadt < Cy, i =07, (40)

Jf| frwos

e crami Cg i Cg — momarTHi, Mo He 3a7eKaTh Big m.

Ocxinbkn mpocropu Lo(Q), Ly, ()(Q), Ly (1(Q) (i = 0,n) pednexcusni (nus. [111
c. 600]), Tro 3 omiHOK 1} BHILIMBAE ICHYBAHHS MiMOCIIIOBHOCTI MOCIiOBHOCTI
{tm,} (nosnagaTumemo il Tak camo, gk i camy nocsigoBuicTb) Ta yHKIGH v, € La(Q),

ue W5(Q) N La(Q), xi € Ly (1(Q) (i =0,n) i ¢ € Ly(Q) maxmx, mo

® dwdt < Co, (41)

b}n/Q(')um(wT) — v,(-) caabko B Lo(9), (42)
m—r o0
Uy — u crnabko B Lo(Q) i cnabko B /V\V/;(’_O)(Q), (43)
m—0o0

a;(um) X cnabko B Ly (1(Q) (i =0,n), (44)
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h(um)dsm:;g“ cmabko B Lo (Q). (45)

o—_ .

JloBeniemo, mo u € y3aranpaennm po3s’sskom 3aaaqi ([2)—(d). Crnowarxy saysasxmwo,
o it Oyab-akux GysKiit v € Lo (Q), ¢ € Ly(0,T) Ha nigcrasi o3nauenus by, i reopemu
Jlebera npo rpanwdHW mEpexis mix 3HAKOM iHTerpaJa MaeMo

bL/2y — b2y cmmero B Ly(Q) i maiixke ckpisp ma €, (46)
bmv¢ — bv¢ cuabrO B Lo(Q). (47)
m—r o0

Tenep Bubepemo noBiIbHO Ta 3adikcyemo yuciaa j, m € N Taki, mo m > j. PiBnicts
CHCTEMU i HOMepoM j TIOMHOXKHMO Ha AoBinbHy dynkmio § € C1([0,T]) i mpoin-
Terpyemo 3100yTy piBaicTh 1o ¢t € [0, 7). YV pe3ynbraTi micis HECKIAIHUX TEPETBOPEHD,
BUKOPUCTOBYIOYH (DOPMYJIY iHTErPYBAHHS YACTHHAMU, OTPUMAEMO

Q(T)/bm(x)um(x,T)wj(x) dx — 9(0)/bm(x)u0’m($)wj(x) dx—
Q Q

// b Uy w0’ dxdt—i—// aZ Um ) —fi)Oiw; +wj/h(um)ds}9 dxdt =0. (48)

CropsamyBasmum m 10 00 B i spaxysasu 1), (42), [@3), (44)-E7), orpumaemo
G(T)/bl/Q(x)v*(x) )dx — 6 /b x)ug(x)w; () de—

/ / buw; 0’ drdt + / / — f2)0uw; + Cw; b0 dadt=0. (49)

Ocklibky j — 10BlIbHE 4KuCII0, a cucreMa GyHkiiit {w; }j’;l nosHa B pocropi V,(£2),
10 3 (49) MaTumemo, mo gus Beix v € V, () i 6 € C([0,T]) npaBunbha piBHiCTH

0(T)/b1/2(x)v*(:c)v(w) dx — 9(0)/b($)u0(x)v(:c) dx—
Q

Q
_ é/ buvt/ dudt + é/ { g(xi ~ [i)0iw + Cv 0 dedt=0. (50)

SayBa)KI/IMO take: ockimnku CL(0,T) C C*([0,T]), To 3 OTPUMAEMO TOTOKHICTH

// — [1)0ivo+ Cvp — buvy’ }dxdt:(), ne v € Vy(Q), p € CHO,T). (51)

Ha nincrasi semu 1 3 OJIEPKHIMO, IO
u € C([0,T]; Hy(2)) (52)
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i s Beix v € V() , 0 € C*([0,T)) npasunbua pisnicTb

/b ) dx — /b (x) dz —
// buvd’ dadt + // i — )0+ @}0 dedt=0. (53)

IMopisutorouu (B0) 1 (B3), orpumaemo pisaocti
w(z,0) =ug(z) magwm.B. x€Q, (54)
b2 (x)u(x, T) = vy(z) mmsa M. B. x € QL. (55)

OToxK, MU BCTAHOBHIIH, IO (DYHKIIiST U HATIEXKUTH TPOCTOPY U;,’(Q) (,ZLI/IB.i ),
3a/I0BOJIbHSIE€ TIOYATKOBY yMOBY (muB. (p4)) Ta imrerpanbry ToTOXKHiCTH (51). 3 TO-
TOXKHOCTI BUIIHBaTHME TOTOXKHICTD (7)), AKImO ms Oyap-sarux v € V(1) i maiixe
Bcix ¢ € (0,7) upasusnbHa piBHicTb

t

/{iXiaiUJrCU}dZE/{iai(u)aier (/h(u) ds)v}dx. (56)
i i=0

Q =0 Q = 0

Orxke, skmo Toroxuicrs (56|) npaBuibHa, TO u — y3arasubHenuit po3s’s30k 3axaqi (2f)—

Hnsi nopegennsi toroxuocTi (H6) BHKOpHcTagmo Mmeros monotonHOCTi (muB. [12]).

Hexait w — nosiibaa byHKIIsS 3 TpOCTOPY € W;(O)(Q) N Lo(Q). Anst koxkuoro m € N
BU3HAYAMO

// Z () = a3 () Oyt — Oy0) +

t t
w)( / h(u) ds — / hw)ds) } dedt. (57)
0 0
BI/IKOpI/ICTaBIHI/I ymoBy (As), auis gosinbroro m € N orpumMaemMo Taky OIiHKY

// az (Um) — a;(w)) (Ot — (%w)} dzdt > K1/ U, — w|? dadt. (58)
Q

IIposiBmm MipKyBamHHSs, aHAJOTIUHI 10 THX, sKi mpuBean Hac 10 (17), orpumaemo
OTIIHKY

‘// { e, 1) - w(x,t»(/t h(um)(x,1,5) ds - /th(w)(x,t,s) ds) } dudt| <
Q 0 ,

<MT // [, — w|? dzdt, m € N. (59)
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Orxke, BpaxyBaBIlu , O/IEPKUMO

Wi, = (Kl—MT)/ [, — w|? dadt =0, m €N, (60)
Sanuniemo y BUTJISAI
" t
Wy = // { Zai(um)&-um + um/h(um)ds} dxdt —
i=0 4
// aZ U ) 0w + a; (W) (s, — in)] +
t
+w/h(um) ds + (um — w) / h(w) ds} dxdt, meN. (61)
0 0
IIpuitmemo 7 =T B . Orpumaemo
// aZ U ) D Uy, +um/h(um ds dxdt = // Zfza um d:cdtf
=0
—f/b () [t (2, T)|? d + = /b z)[ugm(x)* dv, m €N. (62)

3 Ha TiIcTaBi OTPUMAEMO
< W // Zflﬁ um dxdt /b ) [t (2, T)|? da +

—}—%/bm )| o, m (x | dm—// aZ U ) Ojw + a; (w )(aium—aiw)}—i—

¢ ¢
+w/h( m) ds + ( /h dxdt m € N. (63)
0

0
Ha mizcrasi ta (p5) Marumemo
tim inf (1632t T [ zageny > 102, Ty

3Bazkarodu Ha , - , , 3 OJIEPKYEMO
. - 1 2 1 2
0 <limsup W, §// { Zfiaiu}dxdt - §/b(m)|u(x,T)| dx + 3 /b(x)|uo(x)| dx —

m—»0o0 i—0
Q = Q Q
t

_//{ z”: [Xi@iw + a;(w)(Oju — &-wﬂ +w( + (u—w) / h(w) ds}dxdt ) (65)

=0 0
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Iz , BukopucroBytouu jemy 1 npu 6 =1 1 pisuicrs (54), orpumaemo
// {3 xidwu + Cuy dadt = // {3 fiv} dear-
o i=0 o) i=0
1 2 1 2
~3 b(x)|u(x, T)|* dx + 3 b(x)|ug(z)|” dx . (66)
Q Q

Otke, 3 i OIEPZKIMO

// { zn:(Xz — ai(w))(0u — O;w) + (C - /h(w) ds) (u— w)}dxdt >0. (67)
Q =0 0

MpuiiMemo w = u — Avy B , e v € V,(Q), ¢ € CL0,T), A > 0, i moginnmo
OTpPUMaHy HepiBHICTH HA A. Y MiICYMKy MaTHMEMO

// z": (u — Avp))dve + (¢ — /h(u — ) ds)wp} dxdt > 0. (68)
0

HepeymeMo B 1o rpanumi mpu A — 0+, Bukopuctasum ymoen (A1), (As), (H1),
(Hz2) 1 reopemy Jlebera upo nepexiy #0 rpanuui iz 3HakoM inrerpana. ¥ pe3dysbrari
OTPUMAEMO PiBHICTH

//{zn:(xl a;(u)ow + (¢ — /th gpdxdt—()
g =0 A

st 6yab-axux v € V,(Q) i ¢ € CL(0,T). 3pigen nerko surmeae ToToRHICTH (56)).
IloBeieMo, 10 BUKOHYETHCS OITiHKA @D Ha migcrasi iemu 1 3 iHTErpajabHOI TOTOXK-
HOCTI , BPAXOBYIOUH , OTPUMAEMO PiBHICTH

%/b(m)|u(m,r)|2dm——/()|u0( 2de (54 (12 // > (o} deits

Q 0Q =0

// / ds dadt = // Zfzcr“)u dmdt re[0,7]. (69)

e 0 € (0,1) — noeismbHe uncso. Jami, MIpKy0OUn IiJKOM AHAJIOTIYHO, K JJIS TIEPEXOLY
Bix (25) mo (36), 3106y meMO @D TeopeMma MOBHICTIO JOBEIECHA. O

4. BUCHOBKU

Mu mocmigmnu MirmaHi 3amadi 11 BUPOMKYBAHUX MapabOTiYHuX PiBHSAHD 31 3MiH-
HUMH MOKa3HUKAMK HeJHIHHOCTI, 10 30ypeni iHTerpajbHUM OreparopoM. 30y pIorodii
onepaTop IHKOJIKW HA3WBAIOTH OMEPATOPOM IIaM’siTi, OCKIIbKU 3HAUEHHs 00pa3y mpu /il
IIHOTO OMEPATOPA 3AJIEYKUTH BiJl 3HAYEHD MIyKAHOI (DYHKIINT B MOMEHTH 4aCy, AKi Mepemy-
I0Th aKTyaJabHOMY. Takoro Tumy piBHSAHHSA paHinie He BuB4aaucs. [Ipw mbomy Ha JacTuHi
MeXKi 33/JaH0 KpaftoBy YMOBY TEPIIOrO POy, & Ha iHMI#i — apyroro. BBeaeHo MOHATTS
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y3araJabHEHOr0 PO3B’a3Ky MilraHol 3a1adi A/ PO3T/ISAyBAHUX PiBHIHD, BUKOPHUCTABIIN
y3arasibseni npocropu Jlebera ra CobosieBa. BeranoBieno yMOBH iCHYBaHHS Ta, €IMHOCTI
y3arajJbHEHUX PO3B’sI3KIiB MOC/iIKyBaHUX 3amad. [Ipu moBefeHHi iCHyBaHHS PO3B’SI3KY
BUKOpHCTaHO Moaupikarmil meromis @aeno-l'aanopKiHa Ta MOHOTOHHOCTI.
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INITIAL-BOUNDARY VALUE PROBLEMS FOR NONLINEAR
DEGENERATE PARABOLIC EQUATIONS WITH INTEGRAL
OPERATORS TYPE VOLTERRA

Mykola BOKALO, Olga SUS

Ivan Franko National University of Luiv,
Universytetska Str. 1, Lviv, 79000
e-mail: mm.bokalo@gmail.com, oliasus@gmail.com

This paper is devoted to the results of investigation of initial-boundary value
problems for nonlinear integro-differential equations with variable exponents
of nonlinearity. We consider weak solutions which belong to the generalized
Sobolev and Lebesgue spaces. Under certain conditions on data-in the uni-
queness and existence of the solutions are proved. Also estimates of the soluti-
ons are obtained.

Key words: elliptic-parabolic equations, variable exponents of nonlinearity,
Galerkin’s and monotone procedures.
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OPTIMAL CONTROL IN PROBLEMS WITHOUT INITIAL
CONDITIONS FOR WEAKLY NONLINEAR EVOLUTION
VARIATIONAL INEQUALITIES

Mykola BOKALO, Andrii TSEBENKO

Ivan Franko National University of Luviv,
1, Unwversytetska St., 79000, Lviv
e-mail: mm.bokalo@gmail.com, amtseb@gmail.com

An optimal control problem for systems described by Fourier problem
(problem without initial conditions) for weakly nonlinear evolution variational
inequalities is studied. A control function occurs in the coefficients of the vari-
ational inequality which describes the state of control system. Different types
of observation are considered. The existence of the optimal control is proved.

Key words: optimal control, problem without initial conditions, variational
inequality.

1. INTRODUCTION

Optimal control problems for systems governed by variational inequalities are quite
popular nowadays. A large number of such problems were considered in the monograph
[3] and other publications (see, e.g., [1L 10l 6], [17]).

In particular, in [I] an optimal control problem for a parabolic variational inequality
is considered. Existence and necessary conditions for the optimal control are established.

In [I6] the optimal control of parabolic variational inequalities is studied in the case
where the spatial domain is not necessarily bounded. An optimal control problem with
the control appearing in the coefficient of the leading term is investigated and a first
order optimality system in a Lagrangian framework is derived. In [I7] the author proves
an existence result for optimal control problem in coefficients of a nonlinear elliptic vari-
ational inequality using the direct method of calculus of variation and the compensated
compactness lemma.

In this paper, we study an optimal control problem for systems whose states are
described by problems without initial conditions for evolutionary variational inequalities.
A particular case of the problem for the evolution variational inequalities is a problem
for evolutionary equations. The research of the problem without initial conditions for the
evolution equations and variational inequalities were conducted in the papers [9, [13], T3]

2010 Mathematics Subject Classification: 26D10, 49J40, 49J21, 47J20, 47J22
© M. Bokalo, A. Tsebenko, 2016
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18, [19] 20), 22| 26] and others. In particular, R.E. Showalter [25] proved the existence of
a unique solution u € e*W12(—c0,0; H), where H is a Hilbert space, of the problem
without initial condition

u'(t) + pu(t) + A(u(t)) 2 f(t), t€(—00,0),

for every w + p > 0 and f € e Wh%(—o00,0; H), in case when A : H — 2% is
maximal monotone operator such that 0 € A(0). Moreover, if A = Oy, where ¢ :
H — (—o0,400] is proper, convex, and lower-semi-continuous functional such that
©(0) = 0 = min{e(v) : v € H}, then this problem is uniquely solvable for each p > 0,
f € L?(~00,0;H) and w = 0.

Note that the uniqueness of the solutions of such problem for linear parabolic equati-
ons and variational inequalities is possible only under some restrictions on the behavior
of solutions when ¢ — —oo. For the first time in the case of heat equation it was stri-
ctly justified by A.N. Tikhonov [27]. However, as it was shown by M.M. Bokalo [9], the
problem without initial conditions for some nonlinear parabolic equations has a unique
solution in the class of functions with arbitrary behavior when ¢ — —oo. Similar results
were also obtained for evolutionary variational inequalities in [9].

Previously, optimal control problems of evolution equations without initial conditi-
ons were studied by the authors (see., e.g., [ [7]). But as far as we know, optimal control
problems for variational inequalities without initial conditions were not considered yet,
which serves as one of the motivations for the study of such problems.

The outline of this paper is as follows. In Section 1, we provide notations, definitions
of function spaces and auxiliary results. In Section 2, we formulate the optimal control
problem. In Section 3, we prove existence and uniqueness of the solutions of problem
without initial conditions which describe the state of control system. Furthermore, we
obtain estimates for the solutions of the state equations. Finally, the existence of the
optimal control is presented in Section 4.

2. PRELIMINARIES

Set S := (—00,0]. Let V and H be separable Hilbert spaces with the scalar products
(-, )v, (+,-) and norms ||-||, |-|, respectively. Suppose that V' C H with continuous injection
and V is dense and compact in H, i.e., the closure of V' in H coincides with H, and there
exists a constant A > 0 such that

Aol < Jlof* Vo eV, (1)

and for every bounded sequence {wy};°, in V there exist an element w € H and a
subsequence {wy, }32; of sequence {wy}32; such that wy;, — w strongly in H.
Jj—o0

Let V' and H' be the dual spaces to V and H, respectively. We suppose (after
appropriate identification of functionals), that the space H' is a subspace of V’. Identifyi-
ng (by the Riesz—Fréchet representation theorem) spaces H and H’, we obtain continuous
and dense embeddings

VcHCV. (2)

Note, that in this case (g,v)y = (g,v) for every v € V, g € H, where (-,-)y is the scalar
product for the duality V', V. Therefore, further we use the notation (-,-) instead of
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(-,-)v. Also we use the notation || - ||« for the norm in V’. Note that
ARl < |hl* Vhe H, (3)
where A is the constant from the equality . Indeed, under we have
Ihle = sup |(ho)l < sup [h|lv] < ATVZ|A].
veV,|lv||=1 veV,|v]|=1

We introduce some spaces of functions and distributions. Let X be an arbitrary
Hilbert space with the scalar product (-,-)x and the norm || - |x. Under C(S;X) we
mean the linear space of continuous functions defined on S with values in X. We say that
Zm — Z in C(S,X) if for each t1,t2 € S (tl < tz) we have ||Z_ZmHC([t17t2];X) — 0.

m—0o0 m—o0

Let g € [1,00], ¢’ be dual to g, i.e., 1/g+ 1/¢' = 1. Denote by L2 (S;X) the linear
space of measurable functions defined on S with values in X, whose restrictions to any
segment [t1,t2] C S belong to the space L1(t1,12; X). We say that a sequence {z,,} is
bounded (respectively, strongly, weakly or -weakly convergent to z) in L{ (S; X), if for
each t1,t2 € S (t; < t2) the sequence of restrictions of {z,,} to the segment [t1,?2] is
bounded (respectively, strongly, weakly or x-weakly convergent to the restrictions of z to
this segment) in L9(tq,tq; X).

Let v € R. Put by definition

L(8:X) 1= { € Lh(8:) | [ 2 5(0) e < oc}.
s
This space is a Hilbert space with the scalar product

(f,9)r2(s:x) :/6_2”t(f(t)7g(t))x dt
S

and the corresponding norm

1/2
lzzcsy = ([ 00l d)

5
Also we introduce the space L°(S; X) := {f € L>(5; X) | esssup [e || f(t)||x] < oo}
tesS

Under D’(—o0,0;V,) we mean the space of defined on D(—o0,0) with values in V'
distributions, i.e., the space of continuous linear functionals on D(—o00,0) with values
in V| (hereafter D(—o0,0) is the space of test functions, that is, the space of infinitely
differentiable on (—o0,0) functions with compact support, equipped with corresponding
topology, and V;, is the linear space V' equipped with weak topology). It is easy to see
(using ), that the spaces L .(S; V), L2 .(S; H), L .(S; V') can be identified with the
corresponding subspaces of D'(—o0, 0; V,,). This, in particular, allows us to talk about the
derivatives 2’ of the functions z from L2 (S; V) or L2 (S; H) in the sense of distributions
D'(—00,0; V) and belonging of such derivatives to LZ (S; H) or LE .(S; V).

Denote by HL_(S;H) the space of functions z € L2 _(S;H) such that 2/ €
L% (S; H). Let us define the space
WQ,IOC(S) = {Z € LIQOC(S; V) | 2 e LIZOC(S; V/)} (4)
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From known results (see., for example, [14, P. 177-179]) it follows that HL _(S;H) C
C(S;H) and Wa10c(S) C C(S; H). Moreover, for every z in W 10c(S) or in Hlloc(S;H)
function ¢ — |z(¢)|? is absolutely continuous on any segment of the ray S and the following
equality holds

%|Z(t)|2 =2(Z'(t),2(t)) forae. te€S. (5)
Denote
H)(S):={2€ L}(S;H) |2 € L}(S;H)}, veER. (6)

In this paper we use the following well-known facts.

Proposition 1 (Cauchy-Schwarz inequality [14] p. 158]). Suppose that t1, ta € R (t1 <
t2), and X is a Hilbert space with the scalar product (-,-)x. Then, if v € L?(t1,t2; X)
and w € L?(t1,t2; X), we have (w(-),v(:))x € L*(t1,t2) and

to
/t (w(t), 0(8)) x dt < [0l]z20n 1m0 1] 22 en s
1

Proposition 2 (|28, p. 173,179]). Let X be a Banach space with the norm || - || x, and
{vk}32, be the sequence of elements of X which is weakly or x-weakly convergent to v
in X. Then lim |vl[x = [v]/x.

k—o0

Proposition 3 (|2, Aubin theorem], [, p. 393]). Suppose that ¢ > 1,7 > 1, t1,t2 €

R (t; < t2), and W, L,B are Banach spaces such that WCEL O B (here C means
compact embedding and O means continuous embedding). Then

(€ Lty to; W) | 2 € L7 (t1,t2: B)} & (Lq(tl,tg;ﬁ) N C’([tl,tg];B)). (7)

Remark 1. We understand embedding @ as follows: if a sequence {z,, } is bounded in the
space Li(t1,t2; W) and the sequence {z/,}meny is bounded in the space
L7 (ty1,ta; B), then there exist a function z € C([t1, ta]; B)NL%(t1, t2; £) and a subsequence
{zm,;} of the sequence {z,} such that z,, jjo z in C([t1,t2]; B) and strongly in

Lq(thtg;ﬁ).

Proposition 4. If a sequence {z,,} is bounded in the space L}, (S; V) and the sequence

{z],} is bounded in the space L2 (S;H), then there exist a function z € L% _(S;V),

2" € L} (S;H) and a subsequence {zp,} of the sequence {zn,} such that z,, jjoz in

C(S; H) and weakly in L}, (S;V), and 2, = 2 weakly in L (S; H).

Proof. Proposition Bl when ¢ =2, r =2, W =V, L = B = H yields, for every t1,t; €
S (t1 < t2) from the sequence of restrictions of the elements of {z,,} to the segment
[t1,t2] one can choose subsequence which is convergent in C([t1,¢2]; H) and weakly in
L?(t1,t2; V), and the sequence of derivatives of elements of this subsequence is weakly
convergent in L?(t1,to; H). For each k € N we choose a subsequence {Zm(k.g) 1521 of
a given sequence, which is convergent in C([—k,0]; H) and weakly in L?(—k,0;V) to
some function 2 € C([—k,0]; H)NL?(—k,0; V), and the sequence {2k, F521 1s weakly
convergent to the derivative z}, in L?(—Fk,0; H). Making this choice we ensure that the
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sequence {zm (k41,5 721 be a subsequence of the sequence {21 j)}72;. Now, according
to the diagonal process we select the desired subsequence as {z,(; j)}721, and we define
the function z as follows: for each k € N we take z(t) := Z(t) for t € (=k,—k+1]. O

Let ® : V — (—o0, +00] be a proper functional, which satisfies the conditions:
(A1) @(av+ (1 - a)w)< a®(v) + (1 - a)®(w) Yv,weV, Vae0,1],

i.e., the functional ® is converz,
(Az): v v inV = lim ®(vx) > ®(v),
—00

k—o0
i.e., the functional ® is lower semicontinuous.

Denote by dom(®) :={v € V: ®(v) < +oo} the effective domain of the functional .

Recall that the subdifferential of a functional ® is a mapping 0P : V — 2V’ defined
as follows

Ob(v) = {v* e V' | ®(w) = ®() + (v, w—v) YweV}, veV,
and the domain of the subdifferential 0P is the set D(0®) := {v € V| 9P(v) # &}. We
identify the subdifferential & with its graph assuming that [v,v*] € 0® if and only if
v* € 0P(v), i.e., 0P = {[v,v*] | v € D(OP), v* € OP(v))}. Rockafellar in |23 Theorem A]
proves that the subdifferential 0® is a mazimal monotone operator, that is,
(v] —v3,v1 —v2) 20V [vg,0]], [v2,v5] € 0D
and for every element [vq,vf] € V x V' we have the implication
(v —v3,v1 —v2) 20 V[vg,v3] €0P = [v1,v]] € 9D.
Additionally, assume that the following conditions hold:
(As): there exist constant Ky > 0 such that
®(v) = Ki||v]|* Vv e dom(d);
moreover, $(0) = 0;
(A4): there exists a constant Ko > 0 such that
(vF — V3,01 — 1) = Kalvy —va|? VY [v1,0]], [va,v}] € 0D,
Remark 2. Condition (Asz) implies that ®(v) > ®(0)+(0,v—0) Vv € V, hence 0 € 99(0).
From this and condition (.44) we have
(v*,v) = Ka|v|? V[v,v*] € 0. (8)
Let us consider the evolutionary variational inequality

Y () +02(y(t) +u(t)y(t) > f(t), teS, (9)
where f: S — V' and v : S — R are given measurable functions.

Definition 1. Let conditions (A;), (A2) hold and v € L$.(S), f € L3 (S;V’). A
function y is called a solution of variational inequality @D, if it satisfies the following
conditions:

1) y € Wa0c(5);

2) y(t) € D(O®) for a.e. t € S;
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3) there exists a function g € L2 (S;V’) such that for a.e. t € S we have g(t) €
0P (y(t)) and

y'(t) +g(t) +ut)y(t) = f(t) inV".
For variational inequality @D consider the problem: find its solution which satisfies
the condition
Jim e ()] =0, (10)

where v € R is given.

The problem of finding a solution of variational inequality @D for given @, u, f,
satisfying the condition for given ~, is called the problem without initial conditions
for the evolution variational inequality @D or, in short, the problem P(®,u, f,v), and
the function y is called its solution.

Remark 3. The problem P(®, u, f,~) can be replaced by the following problem. Let K be
a convex and closed set in V, A: V — V'’ be a monotone, bounded and semi-continuous
operator such that (A(v),v) = Ki|v||? Vv € V, where K; = const > 0. The problem is
to find a function y € W 10.(5), satistying the condition and for a.e. t € S

y(t) € K and (¥ (t) + Ay(t) + u(®)y(t),v —y(t)) = (f(t),v —y(t)) VveK.
Theorem 1. Let conditions (Ay) — (A4) hold. Suppose that

(F): —oco<m:= esésibpfu(t) Sesssupu(t) = M < +o0, f€ L2(S; H),
€ tes

where v € R is a constant which satisfies the inequality
Ko+m—+~v>0. (11)

Then the problem P(®,u, f,v) has a unique solution, it belongs to the space
L°(S; V)N L2(S; V) N H)(S; H) and satisfies the estimate:

T T

e y(r)|? + / ey ()2 dt + / ey (1)2 di
<G / eI f(B)2dt, TeS (12)

where C is a positive constant which depends on K1, Ks, v, A and m, M only.

The proof of this theorem is given in Section 3.

3. STATEMENT OF THE MAIN PROBLEM AND RESULTS
Let U be a closed linear subspace of L*°(.S), for example, U := L*°(S) or U := {u €
L>(S) | u(t) =0 for a.e. t € S\ [t*,0]}, where t* < 0 is arbitrary fixed. Assume that U

is the space of controls and for given constants m, M € R the set Uy := {u eU ’ m <

u(t) < M forae te S} is the set of admissible controls.

We assume that the state of the investigated evolutionary system y(u) = y(-;u) for
a given control u € Uy is described by a solution of a problem P(®,u, f,~), when the
following condition holds:
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(P) @ satisfies conditions (A1) — (A4), f € L2(S; H) and
K2+m+'y>0. (13)

From Theorem [l| we infer that there exists a unique function y(u) = y(t;u), t € S
which is the solution of problem P(®,u, f,v), and this function belongs to the space
oo ( Q. 2(q. .
LX(S;V)NL2(S; V)N HI(S; H).
Let G: C(S; H) — R be a functional which satisfies condition:

(G) G is lower semi-continuous in C'(S; H) and, moreover, ér(lg i G(z) > —o0.
ze H

We assume that the cost functional J : U — R has the form
J(u) == Gy(u) + pllullf, wel, (14)
where 1 > 0 is a constant.

We consider the following optimal control problem: find a control u* € Uy such
that

J(u*) = uienli; J(u). (15)

We briefly call this problem , and its solutions will be called the optimal controls.
The main result of this paper is the following theorem.

Theorem 2. Let conditions (P) and (G) hold. Then problem has a solution.

The proof of this theorem is given in Section 4.

4. WELL-POSEDNESS OF THE PROBLEM WITHOUT INITIAL CONDITIONS FOR WEAKLY
NONLINEAR VARIATIONAL INEQUALITY

We now turn to the question of existence and uniqueness of the solution of the
problem P(®, u, f,~).

First, we define the functional &y : H — Ry by the rule: &y (v) := P(v), if
v € V, and ®p(v) := +oo otherwise. Note that conditions (A;), (Az2), Lemma IV.5.2
and Proposition IV.5.2 of the monograph [24] imply that ® g is proper, convex, and lower-
semi-continuous functional on H, dom(®y) = dom(®) C V and 0@y = 9P N (V x H),
where 0@y : H — 2 is the subdifferential of the functional ®;. Moreover, condition
(A3) yields 0 € 9P (0).

Proposition 5 (|24, Lemma IV.4.3]). Assume that » € H(a,b; H) (—00o < a < b <
+00), and there exists g € L?(a,b; H) such that g(t) € 0® (2(t)) for a.e. t € (a,b). Then
the function ®y (z(-)) is absolutely continuous on the interval |a,b] and for any function
h:[a,b] — H such that h(t) € 0Py (2(t)) the following equality holds

d

@(I)H (2(t)) = (h(t),2'(t)) for a.e. t € (a,b).

Proposition 6 (12}, Proposition 3.12|, [24, Proposition IV.5.2]). Suppose that T > 0,
f € L*0,T;H) and zy € dom(®). Then there exists a unique function z € H*(0,T; H)
such that z(0) = zo and for a.e. t € (0,T) we have z(t) € D(0®y) and

Z'(t)+ 0Py (2(t)) > f(t) in H. (16)
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Proposition 7. Suppose that T > 0, f~e L2(0,T; H),u € L*>(0,T) and zy € dom(®).
Then there exists a unique function z € H'(0,T; H) such that z(0) = 2o and for a.e.
t € (0,7) we have z(t) € D(0®y) and

2 (t) + 0Py (2(t)) +a(t)2(t) > f(t) in H. (17)
Proof. Let o > 0 be an arbitrary fixed number and let

p(z1, 22) = tgﬁ’:ﬁ] [eiat|zl(t) - 22(75)”7 21,29 € C([0,T]; H),

be a metric on C([0,T]; H). It is obvious that the space C(]0,T]; H) with this metric
is complete. Now let us consider an operator A : C([0,T); H) — C([0,T]; H) defined as
follows: to any given function z € C([0,T]; H), it assigns a function z € H*(0,T; H) C
C([0,T]; H) such that z(0) = zp and for a.e. t € (0,T) the following inclusions hold:
z(t) € D(®y) and

() + 00y (2(t) 5 f(t) —u(t)Z(t) in H. (18)
Clearly, variational inequality coincides with variational inequality after repla-
cing ]7 by f, uz, thus using Proposition El we get that the operator A is well-defined.
Let us show that the operator A is a contraction. Indeed, let z7, zo be arbitrary function
from C([0,T]; H) and 2 := Az, zo = AZ3. According to there exist functions g
and go from L?(0,T; H) such that for every k € {1,2} and for a.e. t € (0,T) we have
gk(t) € 0Py (Zx(t)) and

2, (1) + gk (t) = f(t) — u(t)Zk(t), (19)
while 2 (0) = 2o.
Subtracting identity with k£ = 2 from identity with k& = 1, and, for a.e.
t € (0,7), multiplying the obtained identity by 21 (t) — 22(t), we get
((Z(t) = 22(1)), 21 (t) — 22(1)) + (G1(t) — G2(1), Z1(t) — Z2(1))
= —u(t)(z1(t) — 22(t), z1(t) — 22(t)) for a.e. t€ (0,7),
z1(0) — z2(0) = 0. (20)

We integrate equality by ¢ from 0 to 7 € (0,7}, taking into account that for a.e.
t € (0,7) we have

~ ~ ~ ~ 1d . ~
((ZL() = 22(0)), 21(t) = 22(8) = 5 — 21 (t) — 2 (1)
As a result we get the equality

1

350 - 20F + [ @O - 50,50 - 20)d

_ /0 u(t)(ZL(t) — Z2(t), 21 (t) — Za(t)) dt. (21)

Taking into account condition (A4), for a.e. t € (0,T") we have the inequality

(G1(t) = G2(8), 21(1) — 22(1)) > Ka|Z1(t) — 22(1)) . (22)
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Since u € L*°(0,T) then there exists a constant M > 0 such that [a(t)| < M for a.e.
t € (0,7). From this, taking into account the Cauchy inequality, for a.e. t € (0,T) we
obtain

(1) (21(1) = (), 21(1) — 22(0) | < MIZ () — Z(8)[[20(1) — 22(0)]

7 i o
< 5 1a) =20 + 12 0) - 201 (23)

where € > 0 is arbitrary.

From , according to and , we have
131(7) — Ba(r) P+ (2K, — £A) /0 31(t) — Ba(0)[2 dt < M /OT B(8) — B (0) 2 db. (24)
Choosing ¢ > 0 such that 2K, — eM > 0, from we obtain
121(7) — Z2(7) > < Oy /OT |Z1(t) — Z2(t)|? dt, 7€ (0,T], (25)

where C > 0 is a constant.
After multiplying inequality by e~2%7 we obtain

-
e 29|21 (1) — Za(T) > < C’ge_%”/ e2te™20% 71 (1) — Zo(t))* dt
0

gc —2aTt —2at |y ) — o (t 2 / 2atdt
2e max [e72*Z1(t) — Z2(1) ] €
= e B) < 2 (1 R) T T (20
From it easily follows that
p(z1,22) < V/C2/(20)p(Z1, 22).
From this, choosing o > 0 such that the inequality Cs/(2c) < 1 holds, we obtain that
the operator A is a contraction. Hence, we may apply the Banach fixed-point theorem

(the contraction mapping principle) |11, Theorem 5.7] and deduce that there exists a
unique function z € C([0,T); H) such that Az = z. Thus, Proposition [7|is proved. O

Now let us prove Theorem

Proof. The uniqueness of the solution. Assume the opposite. Let 41, y> be two solutions of
the problem P(®, u, f,~). Then for every i € {1,2} there exists a function g; € L2 _(S; V')
such that for a.e. t € S we have g;(t) € 9% (y;(t)) and

Yi(t) + gi(t) +u(t)yi(t) = f(t) in V" (27)
Denote z := y; — yo. From equalities for a.e. t € S we obtain
2'(t) + g1(t) — g2(t) +u(t)z(t) =0 in V' (28)

From it follows that the following condition holds

6727t|2(t)‘2 —0 as t— —oo. (29)
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Multiplying equality for almost every t € S on z(t), we obtain

(2'(1), 2(t) + (91(t) — g2(), y1 () — ya(t)) + u(®)|2(1)]> = 0.
According to equality (5)), condition (A4) and the fact that g;(t) € 0®(y;(t)) (i = 1,2)
for a.e. t € S, we obtain the differential inequality
Ld|z(t)?
2 dt
Let us take arbitrary numbers 71,79 € S (11 < 72). Multiplying inequality by

e~ 27t integrating from 7, to 7> and using the integration-by-parts formula, we obtain

+ (Ko +m)|z(t)]> <0 forae. tcb. (31)

+ (K2+77L+7)/e_2’”|z(t)|2dt <. (32)

T1

L o 2|™
— t
L ()

T1

Since condition hold, then from we obtain
e P 2(n) P < e ()] (33)

In we fix 75 and pass to the limit as ;1 — —o0. According to condition we
obtain the equality e=2772|z(72)|? = 0. Since 75 € S is an arbitrary number, we have
z(t) =0 for a. e. t € S, that is, y1(t) = y2(¢) for a. e. t € S. The resulting contradiction
proves the uniqueness of the solution of problem .

The existence of the solution. We divide the proof into three steps.
Step 1 (Solution approzimation). We construct a sequence of functions which, in
some sense, approximate the solution of the problem P(®,u, f,~).

Let fk(t) = f(¢t) for t € Sk := [k, 0], where k € N. For each k € N let us consider
the problem of finding a function 7, € H'(Sk; H) := {z € L*(Sk; H) | 2’ € L*(Sk; H)}
such that for a.e. t € Sy we have 7 (t) € D(0®p) and
U (t) + 0% g (Uk(t)) + w(t)yu(t) 2 fr(t) in H, (34a)
uk(—k) = 0. (34b)
Variational inequality ) means that there exists a function gy € L?(Sy; H) such that
for a.e. t € Sy, we have gi(t) € 0Py (ux(t)) and

Ur(t) + Gi(t) + u()u(t) = fu(t) in H. (35)
Note that D(0®p) C dom(®y), therefore gy (t) € V for a.e. t € S. According to
the definition of the subdifferential of a functional and the fact that g (¢) € 0P (y(t)) for
a.e. t € Si, we have
D(0) = P(Yr(t)) + (9x(¢),0 — gi(t)) for ae. € Sk.
Using this and condition (Aj3) we obtain
(x(8), Tk () = @(Fi(1)) > K1llgu(t)|* for ace. t € S (36)
Since the left side of this chain of inequalities belongs to L'(Sy), then 7 belongs to
L2(Sy; V).
For each k € N we extend the functions fx, yx and g by zero over the entire interval

S, and denote these extensions by fx,yr and gi respectively. From the above it follows
that for each k € N the function yj belongs to L?(S;V), its derivative y}, belongs to
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L?(S; H) and for a.e. t € S the inclusion gi(t) € 0% (yx(t)) and the following equality
hold (see (35))
Y + () +ut)yr = fr(t) in H. (37)
In order to show the convergence of {yx}/>; to the solution of the problem
P(®,u, f,v) we need some estimates of the functions y; (k € N).

Step 2 (Estimates of approzimating solutions).
Multiplying identity (37), for a.e. t € S, by e~?"'y,(t) and integrating if from 71 to
79 (11,72 € S are arbitrary numbers, 71 < 72), we obtain

T2

[ e @ as [ e o0, m)

T1 T1

+ /T2 e u(t)|yx(t)|* dt = /” eI (fu(t), yx(t)) dt.

1 T1

From this, taking into account and using the integration-by-parts formula, we obtain

ey ()]

T2

Ty / P ()] dt + 2 / T (gu(t)ye() dt (38)

T1 T1

T2

+2 / S e ()t di = 2 / e (fi (1), yu (1)) db.

1 T1

According to the definition of y; and (B6), we obtain

(908 9e(8) > B (1) > K llge(0)]2 for ae. t € S. (39)

Let us estimate the third term on the left-hand side of inequality . From and
for arbitrary ¢ € (0,1), we obtain

T2

2 [Tt a0 de =26+ (1= 0) [ e 0, uele)

1 T1
T2

T2
>25K2/ 6*27t|yk(t)|2dt+(1—§)K1/ ey ()| dt

1 T1

+(1-95) / Yoty v) dt. (40)

1

Using the Cauchy inequality we estimate the right-hand side of (88), as follows

2 | P e 1), 1)) dit < € [ ertmopase | '

1 T1 T1

T2

LR 0P (41)

where € > 0 is arbitrary.
From , taking into account , and the notation m := gngu(t), we obtain
€

T2

20K+ 47) — o] / 2y ()2 dt

T1

2t 2|™
ey (t)]

T1

T2

Ha=aF: [T P -0 [ e () a

1 T1

< 5*1/ e fu(®)*dt, §€(0,1), € > 0. (42)

1
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Since K1 > 0, Ko+m+~ > 0and 6 € (0,1),e > 0 are arbitrary, then we first choose
0 such that 6K5 +m + v > 0, and then we choose ¢ such that 2(6Ks +m + ) —e > 0.
As a result we obtain the estimate

e ()] +/ 6‘2'*t||yk(t)||2dt+/ e (yi (1)) dt < 03/

1 T1 T1

T

S (1) .
(43)

where Cj3 is a positive constant depending on K7, K5, m and ~ only.
We take 75 = 7, when 7 € S is arbitrary, and pass to the limit in as 7 — —oo.
Taking into account (F) and the definition of y; and fx, we obtain

T

TR B PACT

+/ e 21D (yx(t)) dt < 03/ e fu(t)?dt, TES. (44)

Since 7 € S is arbitrary, from it follows that
sequence {e~ 7y ()}, is bounded in L*°(S; H) and in L*(S;V), (45)
sequence {e™ 7' ® (yy()) ::{ is bounded in L'(S). (46)

Now let us find estimates of yj,(¢). For almost every ¢ € S we multiply equality
by e~*7ty; (t) and integrate the resulting equality from 7 to 72 (11,72 € S are arbitrary
numbers, 71 < 72). Then we obtain

/ e‘”tlyfc(t)IthJr/ e (gr(t), yi(t)) dt

1 T1
N /T2 e 2 (fr(t), yi, (1)) dt — /72 e 21 u(t) (ye (1), i (1)) dt. (47)
™ ™
From using the Cauchy-Schwarz inequality and the fact that ilelg u(t) =: M < oo we
obtain
[ etipa [ et .o
- "
<M / e (1)l (0] di + / e ) k(0] . (48)
n Tl

Since gr € L?(r1,72; H), Statement [5| implies that the function @H(yk()) is
absolutely continuous on [11, 2] and

%@H (ye(t)) = (g1(1),yx(t)) for a.e. t € (11,72). (49)

Taking into account , we estimate the second term on the left side of as follows

/:2 e (gr(t), yi (1)) dt = /Tz efzvt%q)H(yk(t)) dt

1 T1

= e "0y (yk(t))

" + 2y / e 2Py (yx(t)) dt. (50)

T 1
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Using the Cauchy inequality to the right-hand side of and estimate , we
obtain

T2

g / Ty ()l (0)] dt + / €2 fi (1) [yl (1)

T1
T2

—~ T2 1
< [P [ e R d

T1 T1

T2 1 T2
[ Cemin@Pa g [ e R

1 T1

. T2 1 T2
O [Cetp@Pas s [ e goPas [Cen@Pd 61

T1 T1 T1

From , taking into account , , we obtain

T2

T2

1 /™
3 [ TP d+ e o (1)
T1

T1

T

_ T2 T2 2
<O [P an] [ e ealnn)dr [ e A@R L (52)
T T1

1 T1

Taking into account the definitions of y; and f, condition (Aj3), and ([4), we pass
to the limit as 7y — —oo in . As a result, taking 72 = 7 € S, we obtain

T T

™Dy (yi(7)) +/ e |y ()] dt < 04/ e | fu(t)]* dt, (53)

—0o0 — 00

where C} is a positive constant depending on Ki,~, A and m, M only.
According to the definitions of the functional ® and the function fj, and condition
(As) (recall that yi(t) € V for a.e. t € S), we obtain

T T

eIyl dt < Cs / e fu () dt, (54)

— 00

)P+ [

—0Q0

where C5 > 0 is a constant depending on K7, v, A and m, M only.
Estimate and the definition of fj imply that

the sequence {yk}::; is bounded in L3 (S; V), (55)

the sequence {y,’g}:z is bounded in L2 (S; H). (56)
From , , , (F) and the definition of f; we obtain

the sequence {g};>; is bounded in L?Y(S; H). (57)

Step 8 (Passing to the limit). Since V and H are Hilbert spaces, and V embeds
in H with compact injection, then ([5), (55)-(57) and Statement [] imply that there
exist functions y € L(S;V) N L2(S;V)NHL(S;H) € C(S;H), g € L2(S;H) and a
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subsequence of sequence {yk,gk}z;“i (still denoted by {y, gk}'k";“{) such that

Yk Y x-weakly in Lo (S;V), weakly in L%(S; V) and weakly in Hi(S; H), (58)

ye —y in O(S; H), (59)
k—o0
gr — g weakly in Lg(S; H). (60)
k—o0
Note that and imply
u — vy, Y — ¥, gr — g weaklyin L2 (S;H). (61)
k—»00 k—00 k—r o0

Let v € H,p € D(—00,0) be arbitrary. For a.e. t € S we multiply equality by
v, and then we multiply the obtained equality by ¢ and integrate in ¢ on S. As a result,
we obtain the equality

/ (v (), viplt)) dt + / (g1 (), vip(t)) it + / ut) (e (). vp(t)) dit

S S S

~ [Guo.vpt)at. ken. (62)
S

We pass to the limit in as k — oo, taking into account and convergence
{fx} to fin L2 (S;H). As a result, since v € H,p € D(—00,0) are arbitrary, for a.e.

loc

t € S, we obtain the equality
y'(t) +9(t) +ult)y(t) = f(t) in H.
In order to complete the proof of the theorem it remains only to show that y(t) €
D(9®) and g(t) € 0P(y(t)) for ae. t € S.

Let k € N be an arbitrary number. Since gi(t) € 0 (y(t)) for every t € S\ Sk,

where S, C S is a set of measure  zero, applying the monotonicity of subdifferential 0® i
we obtain that for every ¢t € S\ S the following equality holds:

(gr(t) — v, yk(t) —v) =0 V[v,v*] € 0Dy. (63)
Let 7 € S, h > 0 be arbitrary numbers. We integrate on (1 — h;7):

/ (gx(t) — v, yk(t) —v)dt 20 V[v,0*] € 0Ppy. (64)
T—h

Now according to and we pass to the limit in as k — oo. As a result we
obtain

OS/ (gr(T)—v" yg(t)—v) dt — (gt)—v5y(t)—v)dt 20 Vv,v*] € 0Py. (65)
—h k—o0 T—h

The monograph |28, Theorem 2, P. 192] and imply that for every [v,v*] € 0Py
there exists a set Ry, ,,] C S of measure zero such that for all 7 € S'\ Ry, ,,] we have

1

0< lim o /T_h (9(t) —v*,y(t) —v) dt = (g(1) —v*,y(1) —v). (66)
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Let us show that there exists a set of measure zero R C S such that for every 7 € S\ R
the following inequality holds

(g(T) — ", y(r) — v) >0 Vv,v'] €ody. (67)

Since V and H are separable spaces, there exists a countable set ' C 9Py, which is

dense in 0®y. Let us denote R := : U] FR[”’”*]' Since the set F' is countable, and
v,0*| €

countable union of sets of measure zero is a set of measure zero, R is a set of measure
zero. Therefore, for any 7 € S\ R inequality (67) holds for every [v,v*] € F. Let [0,7%]
be an arbitrary element from 0®p. Since F' is dense in 0®p, we have the existence of
the sequence {[v;, v/]};2, such that v; - v in V, v — v* in H and for every 7 € S\ R
we have
(9(r) —v,y(r) —w) 20 VIEN. (68)

So, passing to the limit in this equality as I — oo, we get (g(7) —v*,y(7) —¥) > 0. Thus,
for a.e. 7 € S inequality @ holds. From this, according to maximal monotonicity of
0%y, we obtain that [y(t), g(t)] € 0Py for a.e. t € S.

Estimate (12]) of the solution of the problem P(®, u*, f, ) follows directly from @,
, and (p9), and Proposition From , , according to we have

T

e |ye()P < O / 1 f(0)]2 dt.

— 00

From this we obtain that y satisfies condition . O

5. PROOF OF THE MAIN RESULT

Proof of Theorem[4 Let {uy} be a minimizing sequence for functional J in Up:
J(up) — inf J(w). According to the definition of Uy we obtain that

k—oou€lUs
the sequence {uy}72; is bounded in L*°(S). (69)

Assume that for every k € N the function y := y(ug) is a solution of the problem
P(®,ug, f,7), that is, the following variational inequality and condition at the infinity
hold

Y1) + 0% (g (1)) + un (1) > F(1), te S, (70)
Jim ey (6)] = 0. (71)

According to Definition [1| and Theorem [1} taking into account (F), for every k € N we
have y € L°(S;V)NLE(S; V)N HA(S; H) € C(S; H), y(t) € D(0®) for ae. t € S, and
the existence of a function gz € L2(S; H) such that for a.e. t € S, gi(t) € d®(yx(t)), and

k() + gu(t) + ue(Byr(t) = f(t) in H (72)

and condition holds.
Moreover, for arbitrary k € N and 7 € S the following estimate holds

T T
T

el ()2 + / ey (1) |2 di+ / ey (B dt < Cy / e f(1)[2 dt, (73)

— 00
—00 —00

where C is a positive constant depending on Ki, Ks, v, A and m, M ounly.
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Estimate (73) implies that

the sequence {e™ 7 yx(-)}72, is bounded in L>(S; V), (74)
the sequence {yi}5~; is bounded in Li(S; V), (75)
the sequence {y;}7>; is bounded in Li (S; H). (76)
From , taking into account , , we obtain that
the sequence {gi}72; is bounded in Li(S; H). (77)

Since V and H are reflexive spaces, and V' embeds in H densely, continuously
and compactly, then (69), (74)—(77), taking into account Statement [3] imply that there
exist a subsequence of the sequence {ug, yx, gx }7>; (still denoted by {ug, vk, gr}72,) and
functions u* € Up, y € L(S;V)NL2(S;V) N HL(S; H) € C(S; H) and g € L2(S; H)
such that

u u*  #-weakly in  L*°(S5), (78)
—00

Yk Y x-weakly in LS (S;V), weakly in L%(S; V) and weakly in Hi(S; H), (79)
—o0

yr —>y in C(S; H), (80)
k—o0

gr — g weakly in Li(S;H). (81)
k—o0

Similarly, as in the proof of Theorem for a.e. t € S we multiply equality by v, and
then multiply the resulting equality by ¢ and integrate on .S, where v € H, p € D(—00,0)
are arbitrary. As a result, we obtain the equality

/ (Wl (), volt)) dt + / (g0(), (1)) dt + / ik (8) (e (), vp(t)) dt

S S S

Let us show that and yield

[ @)t = [wOuo.vem)a et ¥ e D). (69
S S

Indeed, let ¢1,t5 € S be such that supp ¢ C [t1, t2]. Then we have

to

/ (1) (e (1), vp(t)) dt = / ik (£) (e (1) — (t) + y(t), vp(t)) dt
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From , and the Cauchy-Schwarz inequality it follows

’juk(t)(yk(t)—y(t),mp(t))dt‘ <

" " (85)
m( [ totoat) ([t - vl i) — 0.
Since (y(-),v)e(-) € Li.(9), implies
/ OO, [ O ve0) (56)

From ), taking into account (85)) and (86, we obtaln )
Taklng into account (79), (81) and ) we pass to the limit in as k — o0o. As
a result, for a.e. t € S we obtain the equality

y'(t) +g(t) +u(y(t) = f(t) in H.

Similarly, as in the proof of Theorem we show that y(t) € D(9P) and
g(t) € 0®(y(t)) for ae. t € S. From (I, and we have e-277lv(MI* <
CiA™t [T e " f(t)|?dt, 7 € S. This means that condition holds. Thus, the
function y is a solution of the problem P(®, u*, f,~).

It remains to show that «* is a minimizing element of the functional J. Indeed, since
the functional G is lower semicontinuous in C(S; H), then implies that

lim G(yx) > G(y). (87)
k—o0
Also and Proposition [2 yield
lim (fugllo = [Ju”v- (88)
k—o0

From [B7), (B3 we obtain that 1nf J(u) = hm J(ug) = lim G(yk)+

o lim ||uk||U > J( *). Thus, we have shown that u* is a solutlon of problem 1.) ie.,
k—o00
the optimal control. O
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PLACEMENT OF WELLS AS A METHOD OF OIL FIELD
DEVELOPMENT CONTROL

Tahir GADJIEV, Soltan ALIEV,
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of Azerbaijan National Academy of Sciences,
F. Agaev, 9, AZ11/1, Baku, Azerbaijan
e-mail: eldarab@gmail.com

Maintaining a profitable production on the depleted fields with high water
cut production is one of the challenges encountered in the oil industry. The
main objective of well placement optimization which provide a minimizing
the economic costs is the recognition of the technological state of the object
state under limited information. The present article is concerned with initial
boundary value problem for nonlinear parabolic equations using the Leray-
Schauder theorem and shows the existence and uniqueness of solutions of a
finite mathematical programming problem with constraints of a special kind
equality and inequalities.

Key words: oil and gaswell, well placement, oil reservoir, optimality cri-
terion, uniqueness.

1. Introduction. Maintaining profitable production on the mature oil fields with
high water production is one of the contemporary challenges faced by the oil industry.
Ensuring adequate investments return by using a traditional (heuristic) methods of
production control is a difficult task.

One of the most effective ways that can improve the oil production and provide the
development of weak drainable oil reservoirs is infill development deposits by drilling new
wells. Such activities include decision-making elements in order to ensure the justification
of the information to find the optimal solution of optimizing new wells placement.

This paper is focusing on maximizing oil revenues during reservoir flooding, optimi-
zing the medium and long term management of well placement, and operating wells.
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Within the framework of existing procedures, determination of the wells placement,
its control is usually performed sequentially. In some cases, the strategy of reactive
control, which depends on oil prices and the cost of the water production is implemented.
This strategy entails the shutting-in wells for economic threshold criterion, but cannot
provide the satisfactory solution since it does not take into account the relationship
between the wells placement and related controls.

The paper proposes a joint approach to optimize well placement and conditions
of their control. Two different optimizations in embedded mode are the well placement
optimization repeatedly which alternates with optimization of well control.

The suite of methods used in optimization problems allows to specify a reservoir
heterogeneity pattern, both geologically and in the hydrodynamic aspects, to identify
areas where wells are competing for the same volume of fluid.

2. Problem Statement. To describe the two-dimensional flow weakly compressible
oil in porous media was formulated as boundary value problem [ 2]:

cmiz—dwmmﬁmvm+§:¢@ax—ﬂ):m (1)

z e’ c E? t; (0,77,

p(.0) = pola), @€ 0
P 8)] e, = palat), 22D _=mn, teT] 2)
() = D )~ hmog; + B, 3)

where p = p(x,t) is the pressure at the point z € Q at time ¢; € the flow area with
boundary T', consisting of disjoint parts 'y, I'y; T'=T;Uly, 1 NTy =2; Q0 = Q\I};
k(z) the permeability; h(z) the bed thickness; u the fluid viscosity; m the porosity;
Bj, Bn the coefficients of fluid and porous medium compressibility; z! = (2}, z}) the
coordinates of I-th well placements with a flow rate ¢'(¢t), [l = 1,2,...,L, L the number
of wells; () the the generalized two-dimensional Dirac delta function; 7 the planning
period.

3. Problem-solving procedure. It is assumed that all functions, reservoir, and
the fluid parameters involved in the initial-boundary value problem —, including the
coordinates of the wells 2!, I = 1, ..., L1, are defined. Wells Ly with unknown coordinates
x;, where 1 = Ly + 1,..., Ly + Lo = L, is necessary to put into exploration, keeping the
following performance, geological and scheduled targets as:

op(z, t)
p(xvt)|zer‘1 :pl(m’t)v on ver, :p2(x’t)7 te (O’T]’ (4)
(x’i7$22)693 l:L1+137L1 (5)
lz" 2| > D, i,j=1,....L, i#j; (6)

0<d <d<qg 1=1,...,L (7)
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L T
> /O ¢'(t)dt > q, (8)
=1

where || - || is the Euclidean norm on the plane; D the minimum distance between wells;
qp the target for oil production. As can be seen from (5)—(7), in the performance of a
problem with new wells placement, operational conditions must be considered and also
optimized. Although some of the working flow rates of wells are set, it is not recommended
to change them.

As a condition let us write

a(x, )¢ > C1[¢]*; Cy = const, ¢ € E% (9)

Equations f show that in addition to the problem of new wells placement, it
is also taken into account the possibility of wells optimization. It should also be noted
that the performance of some wells is pre-defined and there is no need to assign them
new flow rates performance.

As optimum, the reservoir pressure, minimizing changes in the porous medi-
um permeability, reservoir fluid viscosity, and maximizing oil production criteria are
accepted, including their combinations and multi-criteria cases.

4. Conclusions. Thus, in this study, the initial boundary value problem for a
nonlinear parabolic equation was defined. This ensures that the imposed conditions and
the boundary conditions are mixed, i.e. on the one side is the Dirichlet conditions, on the
other the Neumann conditions. Under conditions (5))—(9) with the aid of Leray-Schauder
theorem [0} [7], the existence and uniqueness of problem solution was proven.

The theoretical analysis, presented in this paper, provides minimization of the
deviations from the average residual reservoir energy. The appropriate functional finite-
difference approximation of the whole problem is performed. Thus, the goal — to obtain
a finite mathematical programming problem with constraints of special kind of equality
— was achieved, and inequalities, which belongs to a class of optimization problems of
network structure. We also use the combination of the method of exterior penalty functi-
ons for the account of constraints , and the projection of conjugate gradient of the
penalty functional taking into account accommodate linear and positional constraints
@ and @ to solve the resulting problem of mathematical programming. The boundary
value problem is approximated using the nets technique and the numerical results for
this problem is presented.
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HaitBaxmusima npbiema aabToBrgobyTKy — 3abe3rednT €eKOHOMIYHO BU-
TiIHY eKCIUIyaTalfiio BupobieHnx HadTOBUX IOJIB B yMOBAaX OOMEXKEHO! IIOiH-
dopmosanocti. Binmosigaa mpobirema HoOpMyTIOETHCS K JBOBUMIPHA MimmaHa
KpalioBa 33/1a4a MEeXaHIKU IIOPUCTUX CePEeIOBULL, y fKIif lapaMeTrpamMu € [1opu-
cricTh HAMTOMICTKOTO cepemoBuiia, B'a3KicTh i Tck HadTH. OnTHMizyeThes
PO3TallyBaHHs CBEP/JIOBUH i TapaMeTpy KOHTPOJIIO 33 IXHBOIO €KCILIYaTaIi€l0.
JJ1s 3aCTOCOBAHUX ONTUMI3AIIHHNX IPOLEAYD i3 00MEKEHHAMA 3 BUKOPHUCTAH-
uaMm teopemu Jlepe-Illaymepa moBeeHo icCHYBaHHS Ta €QUHICTH PO3B’A3KY.

Karowoei caosa: madTOBI Ta ra30Bi CBEPAIOBUHH, ONTUMAJILHE PO3TAILY-
BaHHS CBEP/JIOBUH, HAMTOBL POMOBUINA, ONTUMAIbLHI KPUTEPIil, €IUHICTD.
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Semitopological interassociates %, » of the bicyclic semigroup % (p, q) are
studied. In particular, we show that for arbitrary non-negative integers m, n
and every Hausdorff topology 7 on €y, such that (6m,n, 7) is a semitopological
semigroup, is discrete. Also, we prove that if an interassociate of the bicyclic
monoid %,y is a dense subsemigroup of a Hausdorff semitopological semigroup
(S,-) and I = S\ Gm,n # @ then I is a two-sided ideal of the semigroup S
and show that for arbitrary non-negative integers m, n, any Hausdorff locally
compact semitopological semigroup ‘5,91,” = Gm,n U {0} is either discrete or
compact.

Key words: semigroup, interassociate of a semigroup, semitopological semi-
group, topological semigroup, bicyclic extension, locally compact space, di-
screte space, remainder.

We shall follow the terminology of [9], 10, 14, 27]. In this paper all spaces will be
assumed to be Hausdorff. By Ny and N we denote the sets of non-negative integers and
positive integers, respectively. If A is a subset of a topological space X then by clx(A)
and intx (A) we denote the closure and interior of A in X, respectively.

A semigroup is a non-empty set with a binary associative operation.

The bicyclic semigroup (or the bicyclic monoid) € (p,q) is the semigroup with the
identity 1 generated by two elements p and ¢ subject only to the condition pg = 1. The
bicyclic monoid € (p, q) is a combinatorial bisimple F-inverse semigroup (see [23]) and
it plays an important role in the algebraic theory of semigroups and in the theory of
topological semigroups. For example the well-known O. Andersen’s result [I] states that
a (0-)simple semigroup is completely (0-)simple if and only if it does not contain the
bicyclic semigroup. The bicyclic semigroup cannot be embedded into the stable semi-
groups [22].

2010 Mathematics Subject Classification: 20M10, 22A15, 54D40, 54D45, 54H10.
© O. Gutik, K. Maksymyk, 2016
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An interassociate of a semigroup (S, ) is a semigroup (.9, ) such that for all a,b, c €
S,a-(bxc)=(a-b)+xcand ax(b-c) = (axb)-c. This definition of interassociativity was
studied extensively in 1996 by Boyd et al [§]. Certain classes of semigroups are known to
give rise to interassociates with various properties. For example, it is very easy to show
that if S'is a monoid, every interassociate must satisfy the condition a *b = acbh for some
fixed element ¢ € S (see [8]). This type of interassociate was called a variant by Hickey
[20]. In addition, every interassociate of a completely simple semigroup is completely
simple [§]. Finally, it is relatively easy to show that every interassociate of a group is
isomorphic to the group itself.

In the paper [I6] the bicyclic semigroup €' (p, ¢q) and its interassociates are investi-
gated. In particular, if p and ¢ are generators of the bicyclic semigroup %(p, q) and m
and n are fixed nonnegative integers, the operation a #,, , b = ag™p"b is known to be an
interassociate. It was shown that for distinct pairs (m,n) and (s,t), the interassociates
(€D, q), *mn) and (€ (p,q), *s,) are not isomorphic. Also in [I6] the authors generalized
a result regarding homomorphisms on € (p, ¢) to homomorphisms on its interassociates.

Later for fixed non-negative integers m and n the interassociate (€ (p,q), *m.n) of
the bicyclic monoid € (p, ¢) will be denoted by €y 1.

A (semi)topological semigroup is a topological space with a (separately) continuous
semigroup operation.

The bicyclic semigroup admits only the discrete semigroup topology and if a
topological semigroup S contains it as a dense subsemigroup then %(p,q) is an open
subset of S [13]. Bertman and West in [7] extend this result for the case of Hausdorff
semitopological semigroups. Stable and I'-compact topological semigroups do not contain
the bicyclic semigroup [2, 21]. The problem of an embedding of the bicyclic monoid into
compact-like topological semigroups studied in |5l [6l [19]. Also in the paper [15] it was
proved that the discrete topology is the unique topology on the extended bicyclic semi-
group %z such that the semigroup operation on %7 is separately continuous. Amazing
dichotomy for the bicyclic monoid with adjoined zero €° = € (p, ¢) U {0} was proved in
[18]: every Hausdorff locally compact semitopological bicyclic semigroup with adjoined
zero €V is either compact or discrete.

In this paper we study semitopological interassociates (€' (p, ¢), *m,») of the bicyclic
monoid €'(p, q) for arbitrary non-negative integers m and n. Some results from [7, [13], [I8]
obtained for the bicyclic semigroup are extended to its interassociate (€'(p, q), *m.n). In
particular, we show that for arbitrary non-negative integers m, n and every Hausdorff
topology 7 on %, ,, such that (%, 7) is a semitopological semigroup, is discrete. Also,
we prove that if an interassociate of the bicyclic monoid %, is a dense subsemigroup of
a Hausdorff semitopological semigroup (S,-) and I = S\ 6, , # @ then [ is a two-sided
ideal of the semigroup S and show that for arbitrary non-negative integers m, n, any
Hausdorff locally compact semitopological semigroup €5, ,, (67 ,, = €mnU{0}) is either
discrete or compact.

For arbitrary m,n € N we denote
%;m = {qn+kpm,+l € G kil € No}.

The semigroup operation #,, ,, of €, ,, implies that €7, , is a subsemigroup of €, .
We need the following trivial lemma.
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Lemma 1. For arbitrary non-negative integers m and n the subsemigroup €y, ,, of €
is isomorphic to the bicyclic semigroup € (p, q) under the map v: €(p,q) — €, . q'pt —
qn-ﬁ-ipm—i-j’ 27.7 € NO'

Proof. Tt is sufficient to show that the map ¢: €(p,q) — %, is a homomorphism,

m,n

because ¢ is bijective. Then for arbitrary i, j, k,l € Ny we have that
i ko [ oud IR, i<k [ gt < Ry
L(q p] qp ) - { L(qipj_k'H), ifj >k - qn-‘ripm-‘rj—kt-‘rl’ ifj >k

and
Ud'P?) #mn (@"D') = ¢ g T =
— gnipmt L gmpn . gtkpm
T R e
_ { gt ig < gy
qn‘i’lperj*kJrl’ ifj > k,
which completes the proof of the lemma. O

Lemma I.1 from [I3] and the definition of the semigroup operation in %, ,, imply
the following:

Lemma 2. For arbitrary non-negative integers m and n and for each elements a,b €
Cm,n both sets

{z € Cmn: a*pnyx =0} and {x € Cmn: T *mna=>}
are finite; that is, both left and right translation by a are finite-to-one maps.

The following theorem generalizes the Eberhart—Selden result on semigroup
topologization of the bicyclic semigroup (see |13, Corollary 1.1]) and the corresponding
statement for the case semitopological semigroups in [7].

Theorem 1. For arbitrary non-negative integers m, n, every Hausdorff semitopological
semigroup (Gmn,T) is discrete.

Proof. By Proposition 1 of [7] every Hausdorff semitopological semigroup % (p, q) is di-
screte. Hence Lemma [I} implies that for any element x € %, ,, there exists an open
neighbourhood U(x) of the point z in (¢, 7) such that U(x) N%,,, = {z}. Fix
an arbitrary open neighbourhood U(¢"p™) of the point ¢"p™ in (€pn,T) such that
U(¢"p™) N, , ={q"p™}. Then the separate continuity of the semigroup operation in
(Gm.n,T) implies that there exists an open neighbourhood V(¢"p™) C U(g"p™) of the
point ¢"p™ in the space (G n, 7) such that
V(@"p") #ma ¢"p™ CU(¢"P™)  and ¢ "p"™ ko V(g"P™) S U(¢"P™).
Suppose to the contrary that the neighbourhood V' (¢"p™) is an infinite set. Then at least
one of the following conditions holds:
(1) there exists a non-negative integer iy < n such that the set A = {qiopl: le N} N
V(g™p™) is infinite;
(i) there exists a non-negative integer jo < m such that the set B = {¢'p™: l € N}n
V(¢™p™) is infinite.
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In case (i) for arbitrary ¢p! € A we have that

n,m, m,n_ ig n,n_ ig

4P Fmn 0P = q"p" g™ P 0P = q"p"g"p =
= g"pniot! ¢ U(q"p™) for sufficiently large I;

and similarly in case (i7) we obtain that

m,n mn_ m

@' kmn ¢"p™ = gD ¢ P = ¢ p g™ =
= gmdotlym ¢ U(g"p™)  for sufficiently large I;

for each ¢'p’® € B, which contradicts the separate continuity of the semigroup operation
in (Gmn, 7). The obtained contradiction implies that ¢"p™ is an isolated point in the
space (Cmn, 7).

Now, since the semigroup %, ., is simple (see [I6, Section 2|) for arbitrary a,b € G, n
there exist z,y € €. such that zay = b. The above argument implies that for arbitrary
element u € €, ,, there exist xy, Yy € €m,n such that z,uy, = ¢"p™. Now, by Lemma
we get that the equation x,zy, = ¢"p"" has finitely many solutions. This and the separate
continuity of the semigroup operation in (%, n,7) imply that the point u has an open
finite neighbourhood in (%, ,7), and hence, by the Hausdorfiness of (%, ,7), u is an
isolated point in (%, 7). Then the choice of v implies that all elements of the semigroup
©Gm.n are isolated points in (€, n, 7). O

The following theorem generalizes Theorem 1.3 from [I3].

Theorem 2. If m and n are arbitrary non-negative integers, the interassociate 6,
of the bicyclic monoid € (p,q) is a dense subsemigroup of a Hausdorff semitopological
semigroup (S,-), and I = S\ G # @ then I is a two-sided ideal of the semigroup S.

Proof. Fix an arbitrary element y € I. If -y = z ¢ I for some « € &, ,, then there exists
an open neighbourhood U(y) of the point y in the space S such that {z} - U(y) = {z} C
G m.n- The neighbourhood U (y) contains infinitely many elements of the semigroup .,
which contradicts Lemma [2] The obtained contradiction implies that = -y € I for all
2 € G, and y € I. The proof of the statement that y-2 € I for all z € €,,, , and y € 1
is similar.

Suppose to the contrary that x -y = w ¢ I for some z,y € I. Then w € %,
and the separate continuity of the semigroup operation in S implies that there exist
open neighbourhoods U(z) and U(y) of the points z and y in S, respectively, such that
{z} - U(y) = {w} and U(z) - {y} = {w}. Since both neighbourhoods U(z) and U(y)
contain infinitely many elements of the semigroup %, ,, both equalities {z} - U(y) =
{w} and U(z) - {y} = {w} contradict the mentioned above part of the proof, because
{z} - (U(y) N Gm,n) C I. The obtained contradiction implies that z -y € I. O

We recall that a topological space X is said to be:

compact if every open cover of X contains a finite subcover;

countably compact if each closed discrete subspace of X is finite;

feebly compact if each locally finite open cover of X is finite;

pseudocompact if X is Tychonoff and each continuous real-valued function on X
is bounded,;
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e locally compact if every point = of X has an open neighbourhood U(z) with the
compact closure clx (U(x));

o Cech-complete if X is Tychonoff and there exists a compactification ¢X of X
such that the remainder of X is an F,-set in cX.

According to Theorem 3.10.22 of [I4], a Tychonoff topological space X is feebly compact
if and only if X is pseudocompact. Also, a Hausdorff topological space X is feebly
compact if and only if every locally finite family of non-empty open subsets of X is finite.
Every compact space and every sequentially compact space are countably compact, every
countably compact space is feebly compact (see [4]).

A topological semigroup S is called I'-compact if for every x € S the closure of
the set {z,2?,23,...} is compact in S (see |21]). Since by Lemmathe semigroup €.
contains the bicyclic semigroup as a subsemigroup the results obtained in [2], [5], [6],
[19], [21] imply the following corollary

Corollary 1. Let m and n be arbitrary non-negative integers. If a Hausdorff topological
semigroup S satisfies one of the following conditions:
(1) S is compact;
(#) S is T'-compact;
(#it) the square S x S is countably compact; or
(iv) the square S x S is a Tychonoff pseudocompact space,

then S does not contain the semigroup G, r,.

Proposition 1. Let m and n be arbitrary non-negative integers. Let S be a Hausdorff
topological semigroup which contains a dense subsemigroup €, . Then for every c €
Cm,n the set

D. = {(l’,y) € Cgm,n X (gm,nl TH*mn Y = C}

is an open-and-closed subset of S x S.

Proof. By Theorem (1} %, , is a discrete subspace of S and hence Theorem 3.3.9 of
[14] implies that %, . is an open subspace of S. Then the continuity of the semigroup
operation of S implies that D, is an open subset of S x .S for every ¢ € €y, 1.

Suppose that there exists ¢ € €,.n such that D. is a non-closed subset of § x S.
Then there exists an accumulation point (a,b) € S x S of the set D.. The continuity
of the semigroup operation in S implies that a - b = c. But €, , X €, is a discrete
subspace of S x S and hence by Theorem [2| the points a and b belong to the two-sided
ideal I = S\ %n,» and hence the product a-b € S\ ,,,,, cannot be equal to the element
c. O

Theorem 3. Let m and n be arbitrary non-negative integers. If a Hausdorff topological
semigroup S contains €, , as a dense subsemigroup then the square S x S is not feebly
compact.

Proof. By Propositionfor every ¢ € G, the square S x S contains an open-and-closed
discrete subspace D.. In the case when ¢ = ¢"p™, the subspace D, contains an infinite
subset { (¢"p™*%,¢"T"p™) : i € Ny} and hence D, is infinite. This implies that the square
S x S is not feebly compact. O
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For arbitrary non-positive integers m and n by €0 = we denote the interassociate

m,n

©m.n With an adjoined zero 0 of the bicyclic monoid € (p, q), i.e., €y, ,, = Gm.n U{0}.

Example 1. On the semigroup ‘@”,9”1 we define a topology 7ac in the following way:

(i) every element of the semigroup %, » is an isolated point in the space (6, ,,: 7ac);
(i) the family 2(0) = {U C €2, ,,: U 30 and € \ U is finite} determines a base
of the topology 7ac at zero 0 € €7°

m,n’
i.e., Tac is the topology of the Alexandroff one-point compactification of the discrete
space Gm,n with the remainder {0}. The semigroup operation in (€}, ,,, Tac) is separately
continuous, because all elements of the interassociate %, of the bicyclic semigroup
% (p, q) are isolated points in the space (€, s TAc) and the left and right translations in

m
the semigroup %, are finite-to-one maps (see Lemma.

Remark 1. By Theorem [I] the discrete topology 74 is a unique Hausdorff topology on
the interassociate %, of the bicyclic monoid € (p,q), m,n € Ny, such that &, .
is a semitopological semigroup. So Tac is the unique compact topology on %ﬂm such
that (%,%m, Tac) is a Hausdorff compact semitopological semigroup for any non-negative

integers m and n.
The following theorem generalized Theorem 1 from [18].

Theorem 4. Let m and n be arbitrary non-negative integers. If (‘57?%”, T) s a Hausdorff
locally compact semitopological semigroup, then T is either discrete or T = Tac.

Proof. Let 7 be a Hausdorff locally compact topology on €, ,, such that (4}, ,,,7) is a
semitopological semigroup and the zero 0 of €0 , is not an isolated point of the space

m,n
(€9.,,7)- By Lemmathe subsemigroup %7, ,, of Gpnn, is isomorphic to the bicyclic semi-

group %(p, q) and hence the subsemigroup (%’fm)o =6, , U{0} of 6, ,, is isomorphic
to the bicyclic semigroup with adjoined zero €° = €' (p, q) LU {0}. Theorem implies that
Gm,n is a dense discrete subspace of (%0 T), so it is open by Corollary 3.3.10 of [14].

m,n’

This Corollary also implies that the subspace (CK;‘L’“)O of (%0

m,n?’

We claim that for every open neighbourhood V(0) of zero 0 in (%))

m,n>’

T) is locally compact.
7') the
set V(0) N (‘5;;7”)0 is infinite. Suppose to the contrary that there exists an open nei-

ghbourhood V(0) of zero 0 in (¢ ,,,7) such that the set V(0) N (%;’n)o is finite.

m,n>
Since the space ((@%mn’) is Hausdorff, without loss of generality we may assume that

V() n (‘5;%")0 = {0}. Then by the separate continuity of the semigroup operation
of (¢ ,,7) there exists an open neighbourhood W (0) of zero in (¢}, ,,,7) such that

m,n’ m,n’

wW(0) C V(0) and
(@"p™ *m.n W(0)) U (W(0) %, ¢"p™) C V(0).

Since 0 is a non-isolated point of (‘50

(a) the set W(0)N {¢'p/: i€ No,j=0,1,...,m— 1} is infinite;
(b) the set W (0) N {qipj: i=0,1,....n—1,j € Ng} is infinite.

T), at least one of the following conditions holds:
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If (a) holds then the neighbourhood W (0) contains infinitely many elements of the
form ¢'p’, where j < m, for which we have that
qipj *rmon qnpm _ qz’p]qmpnqnpm =q qumpm _ qz ]+m m c %*
Similarly, if (b) holds then the neighbourhood W(0) contains infinitely many elements
of the form ¢'p’, where i < n, for which we have that

" Fmm d'D = """ Y =" Y =" €6,
The above arguments imply that the set V(0) N (‘ﬁ,fm) is infinite. Hence we have that

the zero 0 is a non-isolated point in the subspace (CK;“L) of (€., 7).
By Lemmathe subsemigroup %, ,, of €y, n is isomorphic to the bicyclic semigroup

and hence by Theorem 1 from [I8] we obtain that the space (%;

m’n)o is compact. Then
for every open neighbourhood U(0) of the zero 0 in (%% ,,7) we have that the set
(‘Kﬁl’n)o \ U(0) is finite.

Now, the semigroup operation of ‘50 », implies that

m,_m,n i i—n

p" *mnqp —pqpqp —pqp =4q pj
and
4V fmn " = 4P = 4P =g,

for arbitrary element ¢'p’ € €, ,,. This and the definition of €}, ,, imply that

P i Gy = {d "D i 20,5 = m}
and

(gv;kzn m,n q" = {qipj_mi t2n, g2 m}
Thus the set 60, \ (pm *mon (‘é’;’n)o U (%,",‘m)o *m.n q”) is finite, and hence the above
7) has
7) is compact and

arguments imply that every open neighbourhood U(0) of the zero 0 in (%),

m,n?
a finite complement in the space (€2 ,,7). Thus the space (65,

m,n? m,n?
by Remark [1| the semitopological semigroup %gm is topologically isomorphic to the
semitopological semigroup (%&7n,TAC). (]

Since by Corollary [1| the interassociate %, of the bicyclic monoid € (p,q) does
not embed into any Hausdorff compact topological semigroup, Theorem 4| implies the
following corollary.

Corollary 2. If m and n are arbitrary non-negative integers and Cgﬁl n 18 a Hausdorff

locally compact topological semigroup, then €°

m.n 18 discrete.

The following example shows that a counterpart of the statement of Corollary
does not hold when %,% » 18 a Cech-complete metrizable topological semigroup for any
non-negative integers m and n.

Example 2. Fix arbitrary non-negative integers m and n. On the semigroup %,%’n we
define a topology 7 in the following way:

(1) every element of the interassociate %, , of the bicyclic monoid is an isolated
point in the space (%), ,,.71);
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(74) the family %;(0) = {Us: s € Ny}, where
Us={0} U{g""p" T €4 10,5 > s},
is a base of the topology 71 at the zero.

It is obvious that (%) ,,71) is first countable. Then the definition of the semigroup

operation of %), , and the arguments presented in [I7, p. 68] show that (%), ,,,71) is a
Hausdorff topological semigroup.

First we observe that each element of the family %, (0) is an open-and-closed subset
of (¢}, ,,7), and hence the space (4}, ,,,71) is regular. Since the space €, , is countable
and first countable, it is second countable and hence by Theorem 4.2.9 from [I4] it is
metrizable. Also, by Theorem 4.3.26 from [14] the space (€2 ,,,71) is Cech-complete, as

m,n?
a completely metrizable space.

Also the following example presents an interassociate of the bicyclic semigroup with
adjoined zero €° = €'(p, q) U{0} for which a counterpart of the statements of Theorem
and of Corollary [2] do not hold.

Example 3. The interassociate of the bicyclic semigroup with adjoined zero ¥ with
the operation a*xb=a-0-bis a countable semigroup with zero-multiplication. It is well
known that this semigroup endowed with any topology is a topological semigroup (see
[9] Vol. 1, Chapter 1]).

Later we shall need the following notions. A continuous map f: X — Y from a
topological space X into a topological space Y is called:

e quotient if the set f~1(U) is open in X if and only if U is open in Y (see |26]
and [14] Section 2.4]);

e hereditarily quotient or pseudoopen if for every B C Y the restriction f|g: f~(B)
— B of f is a quotient map (see |24} 25 [3] and [14, Section 2.4]);

e closed if f(F) is closed in Y for every closed subset F' in X;

o perfect if X is Hausdorff, f is a closed map and all fibers f~!(y) are compact
subsets of X (see |28] and [14, Section 3.7]).

Every closed map and every hereditarily quotient map are quotient [14]. Moreover, a
continuous map f: X — Y from a topological space X onto a topological space Y is
hereditarily quotient if and only if for every y € Y and every open subset U in X which
contains f~!(y) we have that y € inty (f(U)) (see [14, 2.4.F]).

We need the following trivial lemma, which follows from separate continuity of the
semigroup operation in semitopological semigroups.

Lemma 3. Let S be a Hausdorff semitopological semigroup and I be a compact ideal
in S. Then the Rees-quotient semigroup S/I with the quotient topology is a Hausdorff
semitopological semigroup.

The following theorem generalizes Theorem 2 from [I§].

Theorem 5. Let (‘5,{1,”,7) be a Hausdorff locally compact semitopological semigroup,
‘5,5”1 = CmnUI and I is a compact ideal of ‘57{1” Then either (€L ., 7) is a compact

m,n’
semitopological semigroup or the ideal I is open.
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Proof. Suppose that I is not open. By Lemma |3| the Rees-quotient semigroup anIzn/I
with the quotient topology 74 is a semitopological semigroup. Let 7: %Jin — %”T{m/l
be the natural homomorphism, which is a quotient map. It is obvious that the Rees-
quotient semigroup %7, ,, /I is isomorphic to the semigroup %), , and the image () is
zero of 6}, ,,/I. Now we shall show that the natural homomorphism w: € . — €/, /I
is a hereditarily quotient map. Since m(%n,,) is a discrete subspace of (67, ,,/I,7q),
it is sufficient to show that for every open neighbourhood U(I) of the ideal I in the
space (%1 ,,,7) the image m(U([)) is an open neighbourhood of the zero 0 in the space
(6} /1, 7q). Indeed, €}, ,, \ U(I) is an open subset of (¢}, ,,,7), because the elements of
the semigroup %, are isolated points of the space (‘Knl%n, 7). Also, since the restriction
Tt CGmm — T(pmp) of the natural homomorphism 7 : €7, ,, — €1, ,,/I is one-to-one,
m(€},,, \U(I)) is a closed subset of (¢} ,/I,7q). So m(U(I)) is an open neighbourhood
of the zero 0 of the semigroup (67, ,/I,74), and hence the natural homomorphism
T Gl — €L.,./1 is a hereditarily quotient map. Since I is a compact ideal of the
semitopological semigroup (%}, ,,7), 7 !(y) is a compact subset of (¢, ,,,7) for every

€ ¢}.,/1. By Din’ N’e T’ong’s Theorem (see [12] or [14, 3.7.E]), (6}, ,./1,7q) is a
Hausdorff locally compact space. Since I is not open, by Theorem [] the semitopological
semigroup (%}, ,,/1,7q) is topologically isomorphic to (€, ,,, 7ac) and hence it is compact.
We claim that the space (47, ,,,7) is compact. Indeed, let % = {U,: a € #} be an arbi-
trary open cover of the topological space (€7 ,,7). Since I is compact, there exists a
finite family {Us,, ..., Ua, } C % such that I C Uy, U---UU, . Put U = Uy, U+ --UU,, .
Then %, ,, \ U is a closed-and-open subset of (%} ,,7). Also, since the restriction
T4t Cmm — T(Gm,n) of the natural homomorphism 7 is one-to-one, w (%7, ,, \U([)) is
an open-and-closed subset of (4}, ,,/I,7q), and hence the image 7 (%7, ,, \ U(I)) is finite,
because the semigroup (%7, ,,/1,7q) is compact. Thus, the set €7, ,, \ U is finite as well

and hence the space (¢} ,,,7) is also compact. O

Corollary 3. If (‘ﬁ,{hn,r) is a Hausdorff locally compact topological semigroup, ?a”,wa =
G U and I is a compact ideal of €L, ., then the ideal I is open.

n
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IIPO HANIIBTOIIOJIOTTYHI THTEPACOIIIATUBHOCTI
BIIUKJITYHOTO MOHOIIA

Ouger I'VTIK, Karepuna MAKCHUMUK

JIveiecvrutl Haytonasvrul yrwieepcumem iment leana Pparnka,
eys. Ynisepcumemcsvka 1, JIveis, 79000,
e-mails: o_ gutik@franko.lviv.ua,
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BuBgaeMo HamiBTOIOIOTIYHI iHTEPACOUIATHBHOCTI Gy, GIIMK/IIYHOIO MO-
noina €(p,q). Joseneno, mwo s AOBUIbHUX HEBIX€MHUX LIMX 9HCEJ M, 7
KOXKHA, raycaopdoBa TOMoNOria T Ha Gp,n TaKa, MO (Gm,n,T) — HAIBTOIIOJIO-
ridHa HAMmBrPyma, € AUCKPETHO. /l0BeJeHo Take: sIKIIO IHTEPACOIATUBHICTD
GIIMKJTITHOTO MOHOIA Gy, € IIIJIHHOIO MiTHAMIBIPYITOI0 raycaopdoBoi HarmiB-
Tomosioriunoi Hamisrpynu (S, ) ta I = S\ Gm,n # &, To I — nBOGIYHMIA inean B
S, a TakoK, M0 JJid JOBLILHAX HEBLJ €EMHMX IJIUX Y9UCE M, 1 KOXKHA rayCI0p-
¢ oBa JTOKATHLHO KOMITAKTHA HAIIBTOMOJIOTITHA, HATIBIPYTIA %Si,n = Gm,n U {O}
€ abo JIUCKPETHOI0, a00 KOMITAKTHOIO.

Karowosi crosa: HaIiBrpyIa, iHTepacOmiaTUBHICTH HAIIBIPYIN, HAIIIBTOIO-
JIOTIYHA HAIIBIPyIa, TOMOIOTIYHA HAMIBIPYIIA, OIMUK/IIIHIN MOHOIT, JTOKAJIHHO
KOMIAKTHHI IIPOCTIP, AUCKPETHHUI LIPOCTIP, HAPICT.
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ON THE MONOID OF MONOTONE INJECTIVE PARTIAL
SELFMAPS OF Ni WITH COFINITE DOMAINS AND IMAGES, II

Oleg GUTIK, Inna POZDNIAKOVA

Ivan Franko National University of Luiv,
Universytetska Str., 1, 79000, Luviv,
e-mails: o_ gutik@franko.lviv.ua,
ovgutik@yahoo.com, pozdnyakova.inna@gmail.com

Let Ni be the set N? with the partial order defined as the product of usual
order < on the set of positive integers N. We study the semigroup Y0 (Ni) of
monotone injective partial selfmaps of Ni having cofinite domain and image.
We describe the natural partial order on the semigroup 20.,(N2) and show
that it coincides with the natural partial order which is induced from symmetric
inverse monoid #yxn over the set N x N onto the semigroup P05 (Né) ‘We
proved that the semigroup %0 (NZ%) is isomorphic to the semidirect product
P01 (N2) x Zs of the monoid 220 (N2) of orientation-preserving monotone
injective partial selfmaps of Né with cofinite domains and images by the cyclic
group Zz of the order two. Also we describe the congruence o on the semi-
group P05 (NZ) which is generated by the natural order < on the semigroup
P05 (N2): acf if and only if o and B are comparable in (20 (N2),<).
We prove that the quotient semigroup Z0 (NZ)/U is isomorphic to the free
commutative monoid 2AMi,, over an infinite countable set and show that the
quotient semigroup 0 (N%) /o is isomorphic to the semidirect product of the
free commutative monoid A9, by the group Z,.

Key words: Semigroup of bijective partial transformations, natural parti-
al order, semidirect product, minimum group congruence, free commutative
monoid.

We shall follow the terminology of |2] and [10].

In this paper we shall denote the first infinite cardinal by w and the cardinality of
the set A by |A|. We shall identify every set X with its cardinality |X|. By Zs we shall
denote the cyclic group of order two. Also, for infinite subsets A and B of an infinite
set X we shall write AC*B if and only if there exists a finite subset Ay of A such that
A\ Ao C B.

2010 Mathematics Subject Classification: 20M20, 20M 18
© O. Gutik, I. Pozdniakova, 2016



Oleg GUTIK, Inna POZDNIAKOVA
110 ISSN 2078-3744. Bicuux JIpBiB. yu-Ty. Cepis mex.-mar. 2016. Bumyck 82

An algebraic semigroup S is called inverse if for any element x € S there exists a
unique z~! € S such that zz~ 'z = 2 and 2 'zz~! = 27!, The element 2! is called
the inverse of x € S.

If S is a semigroup, then we shall denote the subset of idempotents in S by E(S). If
S is an inverse semigroup, then E(S) is closed under multiplication and we shall refer to
E(S) a band (or the band of S). If the band E(S) is a non-empty subset of S, then the
semigroup operation on S determines the following partial order < on E(S): e < f if and
only if ef = fe = e. This order is called the natural partial order on E(S). A semilattice
is a commutative semigroup of idempotents.

If «: X =Y is a partial map, then by dom o and ran o we denote the domain and
the range of «, respectively.

Let ., denote the set of all partial one-to-one transformations of an infinite set
X of cardinality A together with the following semigroup operation: z(af) = (za)f if
x € dom(af) = {y € doma | ya € dom 5}, for «, 5 € .#\. The semigroup .#, is called
the symmetric inverse semigroup over the set X (see [2, Section 1.9]). The symmetric
inverse semigroup was introduced by Vagner [I8] and it plays a major role in the theory
of semigroups. An element « € %, is called cofinite, if the sets A \ dom« and A \ ran «
are finite.

Let (X, <) be a partially ordered set (a poset). For an arbitrary 2 € X we denote

te={yeX:z<y}.

We shall say that a partial map a: X — X is monotone if x < y implies (z)a < (y)a for
z,y € doma.

Let N be the set of positive integers with the usual linear order <. On the Cartesian
product N x N we define the product partial order, i.e.,

(i,m) < (4,n) if and only if (i<j) and (m < n).
Later the set N x N with so defined partial order will be denoted by Ni.

By 20,,(NZ) we denote the semigroup of injective partial monotone selfmaps of N2
with cofinite domains and images. Obviously, 20, (N2 ) is a submonoid of the symmetric
inverse semigroup .#,, and 20, (N%) is a countable semigroup.

Furthermore, we shall denote the identity of the semigroup Qﬁm(Né) by I and the
group of units of P20, (NZ) by H(T).

For any positive integer n and an arbitrary a € F0 (Ni) we denote:

V" ={(n,j): j €N} H™ = {(j,n): j € N};
goma = Vn N dOHlOt; V?ana - Vn M ran Q)
H:lloma =H"Ndoma; H:Lana =H" Nrana,
and
(ia[*7j]7ja[i7*]) = (i,j)Oé, for every (Z,]) € dom a.

It well known that each partial injective cofinite selfmap f of A induces a
homeomorphism f*: \* — A\* of the remainder A* = S\ A of the Stone-Cech compacti-
fication of the discrete space A. Moreover, under some set theoretic axioms (like PFA or
OCA), each homeomorphism of w* is induced by some partial injective cofinite selfmap
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of w (see [IZ-[IT]). So, the inverse semigroup #<' of injective partial selfmaps of an
infinite cardinal A with cofinite domains and images admits a natural homomorphism
h: I — (N to the homeomorphism group ##(A\*) of A* and this homomorphism
is surjective under certain set theoretic assumptions.

In the paper [9] algebraic properties of the semigroup ﬂ/\Cf are studied. It is showed
that .#{! is a bisimple inverse semigroup and that for every non-empty chain L in F(.#{")
there exists an inverse subsemigroup S of .#{! such that S is isomorphic to the bicyclic
semigroup and L C F(S), the Green relations on .Z{ are described and it is proved that
every non-trivial congruence on f)‘ff is a group congruence. Also, the structure of the
quotient semigroup fff /o is described, where o is the least group congruence on ﬂ/\Cf.

The semigroups .#4 (N) and .#{ (Z) of injective isotone partial selfmaps with cofinite
domains and images of positive integers and integers are studied in [7] and [8], respecti-
vely. It was proved that the semigroups .#¢ (N) and .#{ (Z) have similar properties to the
bicyclic semigroup: they are bisimple and every non-trivial homomorphic image .#¢ (N)
and .#{(Z) is a group, and moreover the semigroup .#4 (N) has Z(+4) as a maximal
group image and .#4 (Z) has Z(+) x Z(+), respectively.

In the paper [6] we studied the semigroup #0..(Z},,) of monotone injective partial
selfmaps of the set of L, Xex Z having cofinite domain and image, where L,, X|ex Z
is the lexicographic product of n-elements chain and the set of integers with the usual
linear order. In this paper we described Green’s relations on #04(Z},, ), showed that the
semigroup S#0, (Z],) is bisimple and established its projective congruences. Also, we
proved that S0, (Z}., ) is finitely generated, every automorphism of .#0,,(Z) is inner and
showed that in the case n > 2 the semigroup .#0(Z], ) has non-inner automorphisms. In
[6] we also proved that for every positive integer n the quotient semigroup S0 (Zi.,)/o,
where ¢ is a least group congruence on £0.(Z}., ), is isomorphic to the direct power
(Z(+))*". The structure of the sublattice of congruences on .#@, ( ) that are contained
in the least group congruence is described in [4].

In the paper [5] we studied algebraic properties of the semigroup ﬂﬁm(Né). We
described properties of elements of the semigroup gzﬁoo(Ni) as monotone partial bijecti-
on of Ni and showed that the group of units of Y0, (Ni) is isomorphic to the cyclic
group of order two. Also in [5] the subsemigroup of idempotents of 0 (Ni) and the
Green relations on Z0,, (Ni) are described. In particular, here we proved that ¥ = ¢
in 20, (Ni)

The present paper is a continuation of [5]. We describe the natural partial order < on
the semigroup 0, (Ni) and show that it coincides with the natural partial order which
is induced from symmetric inverse monoid #yxn over the set N x N onto the semigroup
P05 (NZ). We proved that the semigroup P20, (N%) is isomorphic to the semidirect
product P01 (NZ) x Zy of the monoid 20 (NZ) of orientation-preserving monotone
injective partial selfmaps of Né with cofinite domains and images by the cyclic group Z-
of the order two. Also we describe the congruence o on the semigroup @ﬁw(Ni), which
is generated by the natural order < on the semigroup &0, (N%): ao if and only if v and
f3 are comparable in (P04 (Ni), <). We prove that the quotient semigroup 205 (Ni)/a
is isomorphic to the free commutative monoid 209, over an infinite countable set and
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show that quotient semigroup @ﬁw(Ni) /o is isomorphic to the semidirect product of
the free commutative monoid A9, by the group Zs.

The following proposition implies that the equations of the form a -z = b and
- ¢ = d in the semigroup @ﬁm(Ni) have finitely many solutions. This property holds
for the bicyclic monoid, many its generalizations and other semigroups (see corresponding
results in [1I, Bl 6] [7, 8, @]).

Proposition 1. For every o, 3 € @ﬁm(Ni), both sets

{xe 20..(NY) | a-x =5} and {xe 20..(N2) | x-a =7}
are finite. Consequently, every right translation and every left translation by an element
of the semigroup gzﬁoo(Ni) is a finite-to-one map.
Proof. We consider the case of the equation a-xy = . In the case of the equation y-a = (3
the proof is similar.

The definition of the semigroup 0, (Ni) and the equality « - x =  imply that
dom 8 C dom « and ran y C ran . Since any element of the semigroup £0,, (Ni) has a
cofinite domain and a cofinite image in N x N, we conclude that if an element y, satisfies
the equality « - x = 8 then for every other root x of the equation « - y = (3 there exist
finitely many (4,7) € (N x N) \ ran 8 such that one of the following conditions holds:

(1) (&, 5)x # (i, 7)x05

(2) (i,7)x is determined and (4, j)xo is undetermined;

(3) (4,7)x0 is determined and (7, j)x is undetermined.
This implies that the equation a -y = 8 has finitely many solutions, which completes the
proof of the proposition. O

Later we shall describe the natural partial order “<” on the semigroup ,@ﬁw(Ni).
For o, B € @ﬁw(Ni) we put
axp if and only if o = fe for some ¢ € E(@ﬁm(Ni)).
We need the following proposition from [I1].
Proposition 2 ([I1, p. 387, Corollary]). For any semigroup S and its natural partial
order < the following conditions are equivalent:
(i) a < b;
(ii) a = wb = bz, az = a for some w,z € S';
(iii) a = xb= by, ra = ay = a for some x,y € S*.
Proposition 3. The relation < is the natural partial order on the semigroup @ﬁm(Ni).

Proof. Suppose that a = e for some idempotent ¢ € E(@ﬁm(Né)). Then we have that

ae = (fe)e = f(ee) = Be = a.
Let ¢: dom(Be) — dom(Be) be the identity map of the set dom(Be). Then ¢ €
E(P0+(NZ)) and the definition of the semigroup &0, (N%) implies that dom(Se) =
dom(tf3), because ¢ is an idempotent of P20, (N2 ). This implies that (4, j)i3 = (i,)pe
for each (i,7) € dom(¢f3) and hence we get that o = fe = 5. Next we apply Propositi-
on [2 (]
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Remark 1. Proposition [3| implies that the natural partial order on the semigroup
@ﬁm(Ni) coincides with the natural partial order which is induced from symmetric
inverse monoid Hyxn over the set N x N onto the semigroup £0,, (Ni)

We define a relation o on the semigroup #0 (Ni) in the following way:
aof if and only if there exists € € BE(P0y (Ni)) such that ae = fe,
for o, f € PO, (N2).

Proposition 4. For o, € @ﬁoo(Ni) the following conditions are equivalent:

(i) acB;

there exist s,v € E(P0 (N2)) such that as = fu;

2
<
there exist s, v € E(P0(N%)) such that as = vf;

)
)
(iv) there exists 1 € E(@ﬁw(Ni)) such that 1o = 13;
) there exist s, v € E(P0x(NZ)) such that s = vf3.
o

is a congruence on the semigroup P0s(NZ).

Proof. Implication (i) = (44) is trivial.

(i1) = (i) If we have that as = Sv for some ¢,v € E(P0,(N%)) then ag(sv) =
Bu(sv). Since Wﬁoo(Ni) is a subsemigroup of the symmetric inverse monoid .#|yxxj,
the idempotents in the semigroup #0,(NZ) commute and hence a(sv) = B(sv). This
implies that aof.

(i1) = (iii) Suppose that as = Sv for some ¢, v € E(P0(NZ)). Let 1= dom(fv) —
dom(fv) be the identity map of the set dom(Bv). Then ¢ € E(#05(NZ)) and the
definition of the semigroup 220, (N%) implies that dom(Sv) = dom(sf), because v is an
idempotent of P20, (NZ). This implies that (4, )13 = (i, j)Bv for each (i,7) € dom(.3)
and hence we get that ag = fv = 1.

(#11) = (ii) Suppose that as = vf for some ¢, v € E(P0x(NZ)). Let ¢: ran(vf) —
ran(vf3) be the identity map of the set ran(v3). Then « € E(20,,(N%)) and the definition
of the semigroup P20, (NZ) implies that ran(vf3) = ran(ft), because v is an idempotent
of ,@ﬁm(Ni). Since all elements of the semigroup ,@ﬁm(Ni) are partial bijections of
N x N we get that dom(vs) = dom(S8e). This implies that (i,7)8t = (¢,7)v8 for each
(i,4) € dom(fBe) and hence we get that ag = v = S..

The proofs of equivalences (iii) < (iv) and (iv) < (v) are similar.

It is obvious that o is a reflexive and symmetric relation on Z0,, (N2 ). Suppose that
aof3 and fovy in PO, (NZ). Then there exist ¢,v € E(F0,(N%)) such that ac = f¢
and fv = yv. This implies that acv = Bsv and fvs = yvg, and since the idempotents
in 20, (Ni) commute we get that agv = fcv = fus = yug, and hence aov.

Suppose that acfB for some o, € @ﬁoo(Né). Then by (iv) there exists ¢ €
E(P0,(N2)) such that tov = 3. This implies that oy = 7y for each v € P0,(N%)
and hence by item (iv) we get that (ay)o(57). The proof of the statement that (ya)o(v53)
for each v € ﬁﬁm(Ni) is similar, and hence o is a congruence on the semigroup
POso(N2). O
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Corollary 1. For a, 3 € @ﬁm(Ni) the following condition are equivalent:
(i) aop;
(ii) awopfw;
(#i1) waowf.
Proof. (i) & (it) If acB in PO (Ni) then by Proposition |4 there exists ¢ €
E(@ﬁw(Ni)) such that va = 5. This implies that taw = (fw and hence (aw)o(Bw).
Conversely, if (aw)o(Sw) then by Proposition [d] we have that vaw = vfw for some
Ve E(@ﬁw(Ni)), and hence va = vaww = vBww = v/, which implies that acf3.
The proof of (i) < (i) is similar. O
Also the definition of the congruence o on the semigroup gzﬁoo(Ni) implies the
following simple property of o-equivalent elements of Z0,, (Ni):

Corollary 2. Let a, 8 be elements of the semigroup f@ﬁoo(Ni) such that acB. Then the
following assertions hold:

(i) (Hioma)CH' if and only if (Hiom 5)BCH;

(i1) (Hioma)aCV" if and only if (H}om 5)BCV".
We define
POL(NL) = {a € PO, (NZ): (Higma)o CH'}.

Then Lemma 3 and Theorem 1 from [5] imply that 20 (Né) is a subsemigroup of
P05 (NZ ). The subsemigroup P05 (N2) is called the monoid of orientation-preserving
monotone injective partial selfmaps of Ni with cofinite domains and images. Moreover
it is obvious that E(20%(N2) = E(P0,(N%)). Also, later by < and o we denote the
corresponding induced relations of the relations < and o from the semigroup 20, (N%)

onto its subsemigroup Z0 (N2).
The proofs of the following propositions are similar to those of Propositions (3| and
[] respectively.

Proposition 5. The relation < is the natural partial order on the semigroup L@@;(N@
Proposition 6. The relation o is a congruence on the semigroup @ﬁ;(Ni)

By w we denote the bijective transformation of N x N defined by the formula
(i,7)w = (J,1), for any (i,7) € Nx N. It is obvious that w is an element of the semigroup
POy (NZ) and wow = 1L
Remark 2. We observe that

(i) o € POL(NZ) if and only if aw, wa € P0,(N2) \ 205 (N2);

(i1) o € PO (NZ) if and only if waw € P01} (N2).

We define a map b: @ﬁ’m(Ni) — @ﬁm(Ni) by the formula (a)h = waw, for
o € PO (N2).
Proposition 7. The map b: 0, (N2) = P05 (NZ) is an automorphism of the semi-
group PO (N%). Moreover its restriction b‘yﬁ;(Ni): POL(NL) — POL(NZ) is an

automorphism of the subsemigroup P07 (NZ).
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Proof. First we show that h: @ﬁm(Ni) — POy (Ni) is a homomorphism. Fix arbitrary
a, f € POy (Ni) Then we have that

(@p)h = w(af)w = w(ddf)w = w(awwf)w = (waw)(wfw) = (@)h(5)h,
and hence b: P0,(N2) — P05 (NZ) is a homomorphism.
Fix an arbitrary a € P20, (Né) Then the definition of b implies that
(waw)h = wwaww = lal = «,

and hence the map b: P20, (N2) — P20, (N%) is surjective. Suppose that ()b = (8)h
for some «, f € P0,,(N%). Then

a =laol = wwaww = ((a)h)h = ((A)h)h = wwhww = 181 = 3,
and hence the map h: P0,,(N2) — P0,(N%) is injective. Thus the map b is an
automorphism of the semigroup Z0,(NZ).

Now, Remarkirnplies that the restriction b| 5+ 2y PO%(NZ) — P0%(N2) is
an automorphism of the semigroup 26 (N2 ), too. O

For the automorphism b: 201 (N2) — P05 (N ) of the semigroup 207 (N%) we
have that h% = ld 5+ N2) is the identity automorphism of 207 (Ni) This implies that
the element h generates\the group which is isomorphic to the cyclic group of order two
Zs. By Proposition 4 from [5] the group of units H(I) of the semigroup gzﬁoo(Ni) is
isomorphic to Zy. We define a map 9 from H(I) into the group Aut(@ﬁ;(Ni)) of
automorphisms of the semigroup gZﬁgg(Ni) in the following way (I)Q = Id 5+ ™N2) and
(@)Q = h. It is obvious that so defined map Q: H(I) — Aut(L0 (Ni)) is an inj\ective
homomorphism.

Let S and T be semigroups and let £) be a homomorphism from 7" into the semigroup
of endomorphisms End(S) of S, $: ¢t — b;. Then the Cartesian product S x T with the
following semigroup operation

(s1,t1) - (52, t2) = (51 (82)bt,, 1 - t2), 1,82 € 5, t1,t2 €T,

is called a semidirect product of the semigroup S by T and is denoted by S xg T.
We remark that if 17 is the unit of the semigroup T then (17)$) = by, is the identity
homomorphism of S and in the case when T is a group then (¢)$) = b, is an automorphism
of S for any t € T.

Theorem 1. The semigroup Wﬁm(Ni) 1s isomorphic to the semidirect product
POL(N2) xq H(I) of the semigroup P0% (NZ) by the group H(I).
Proof. We define a map J3: 20 (N2)xq H(I) — @ﬁm(Ni) by the formula (o, g)J = ag.
Then for all oy, a9 € @ﬁ;@(Ni) and g1, 92 € H(I) we have that
((@1,91) - (a2,92)) T = (a1 - (a2)(91)Q,91 - 92) T = (1 - g1 - @2 - 91,91 - 92) T =
=01g1-02-g1°-g1-g2=01"g1° Q2" Qg2 =
- (ahgl)j . (a2792)37

because g = T for any g € H(I), and hence the map J: POL(N2) xq H(I) = P0,(NZ)
is a homomorphism.
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By Lemma 3 from [5] for every a € 0, (N%) there exist at € P0f(NZ) and
ga € H(I) such that a = atg,. Indeed,

(a) in the case when (H},,, ,)a € H" we put a™ = o and g, = I;

(b) in the case when (H},,, ) C V! we put ot = aw and g, = w.

Let o, 8t € 205(N%) and ga,g9s € H(I) be such that atg, = (a¥,9,)7 =
(8%,95)3 = Btgs. Since (Hipma+)at € H' and (Hiy 5+)B87 € H', Lemma 3 from
[5] implies that g, = gs. By Proposition 4 from [5] the group of units H(I) of the
semigroup Z0,,(NZ) is isomorphic to Zg and hence o™ = atg2 = atgags = 793 =
BT. Therefore, we get that so defined map J: 205 (N2) xq H(I) - P0(N%) is an
isomorphism. O

By Theorem 2(ii1) from [5] for every o € @ﬁ;@(Ni) there exists a smallest positive
integer n,, such that (i,7)a = (4,) for each (i,j) € doma N T(ng, na)-

Lemma 1. For every a € 205 (N%) there exists oz € PO%(NZ) such that the following
assertions hold:
(i) aoas;
(i1) (i + Dager) — (0 + 1) = dagfs ) — @ for arbitrary (i,j) € domaz with j < na,
(Z.aj)af = (iaf[*,j]ajaf[i,*]) and (7/ + 17j)af - ((7/ + 1)af[*,j]7jaf[i+17*])’ i.e., O
acts as a partial shift on the set H’;
(411) (J + Daglie] — (G + 1) = Jagfie) — J for arbitrary (i,j) € domas with i < ng,
(i, 7)as = (iacng)s Jaclie)) and (3,5 + Das = (lagejir)s (G + Daglig), Goes 0
acts as a partial shift on the set V*.

Moreover, there exist smallest positive integers ﬁa,ﬁa < ng such that (i,5)as = (4,75) for

arbitrary (i,7) € domas with i > h, and (k,l)as = (k,1) for arbitrary (k,1) € dom oy
with | > v,.

Proof. Fix an arbitrary element « of the semigroup 201 (Ni) Then by Theorem 1(1)
from [B] we get that (Hj,., ,)aC*H" and (V. ,)aC*V" for any positive integer n.
Also, the definition of the semigroup 90, (N%) and Theorem 2(ii1) of [5] imply that
there exists a smallest positive integer n, such that (i,j)a = (4,7) for each (i,7) €
dom N1 (ny,nq), and hence for arbitrary positive integers i, j < n,, there exist smallest
positive integers h, and v/, such that the following conditions hold:

Hiano N {00 p > hy} = {(,1): p > hy}

Vima {0 0): a2 vl} ={(.0): ¢ = v},
and

(k.1),(4,1) € doma,  (k,i)a€H',  (j,)aeV,
for all positive integers k > hla and [ > v&.
We put

i_za:max{hfl:izl,...,nafl} and ﬂa:max{vg‘:jzl,...,nafl}.
The above arguments imply that
Hisna V{0 )): p=ha} = {(p,i): p > ha}; (1)
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Vganam{(j7q): q2 0} =10,9): ¢ = Va}, (2)
and ' .
(k,9),(j,1) €dome,  (k,i)a €H,  (j,D)ar €V,
for all positive integers k > he and 1 > 3.
Next we put
Do = (NxN)\ ({(i,4): i < haq and j <na} U{(i,)): i <nq and j <a}).  (3)
We define o¢ = o|p_, i.e.,
domog = D,, ranog = (Dy ) and (4,5)ce = (i,7)a for all (i,7) € dom og.
Since o = e,06 = o« for the identity partial map €,: N X N —= N x N with dome, =
rane, = D,, Proposition ] implies that aoo. -
Then condition and the definition of the positive integer h, imply that
(ha + 2)%[*711 = (ha +1) +1,

and by similar arguments and induction we have that (i + 1)o 1] = (4, 1)ag[«,1) + 1 for
arbitrary i > ho + 1. Next, if we apply condition and induction for arbitrary j < ng,
then we get that (i+1)a,[xj] = (1)ee[+,7+ 1 for arbitrary i > hq +1. This implies assertion
(13).

The proof of item (#i7) is similar to (7).

The last statement of the lemma follows from the above arguments and Theorem 2(1)
from [5]. O

For every positive integer n we define partial maps v,: NxN — N x N and v, : N x
N — N x N in the following way:
dom~y, =NxN\{(L,9):¢:=1,...,n},
domuv, =N x N\ {(4,1):i=1,...,n},
ranvy, =ranv, = N x N

o [*,1]

and
([ ti—1,9), ifj<n o
(17.7)777« - { (’L,j), lfj >n for (Z7j) € dom'yn,
o -1, ity .
(4, j)vn = { (i 9), i for (i,7) € domwy,.

Simple verifications show that v,, v, € P0% (Ni) for every positive integer n, and
moreover the subsemigroups (v; | £ € N) and (v, | k € N) of the semigroup gzﬁ;g(Ni),
generated by the sets {7;: k € N} and {vy: k € N}, respectively, are isomorphic to the
free Abelian semigroup over an infinite countable set.

Lemma 2. For every a € c@ﬁ;g(Ni) there exist finitely many elements yi,, ..., vk, and
ULy, of the semigroup @ﬁ;(Ni), with k1 < ... <k, l1 <...<lj, such that
i q;
ao (! opioft .’Ul]_]), (4)
for some positive integers pi,...,p;, q1,...,q;. Moreover if

P pi, q qj b bi,d d;
aa(’ykll VRV .vlj’) and 50(7& VeVl - .Uc;)
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for some a, 8 € @ﬁ;(Ni) then (o, B) ¢ o if and only if

P1 Pi, q1 9 b bi,d d;
Why = Vi Uty -+ UL F Y0h VoV - - - Ug?

for any idempotent € PO (NZ).

Proof. Fix an arbitrary element, o of the semigroup 220 (N%). Let g be the element of
P03 (NZ) defined in the proof of Lemma (1} By Theorem 3 from [5] and the second
statement of Lemma [l| there exist smallest positive integers Emﬁa < ng such that
(i,5)0¢ = (i, 5) for arbitrary (i,j) € dom og with i > hy and (k,1)ae = (k, 1) for arbitrary
(k,1) € domog with | > 7.

By Lemmal[i] and Theorem 1(1) of [5] we have that

(oha =1)0e = (o i1y Pa=1) < (iha—=1) and  (G+1) 47 1] = Jogfe a1 = Lo
for arbitrary (j,/f\La — 1), (j + 1,%,1 — 1) € domog. Then we put p; | =7 — jaf[*ﬁ _p-
Next, for s =2, ... ,ﬁa — 2 we define integers p; _ _,...,p1 by induction,

Pho—s = J 7‘7'0&[*,%—8] o (p/};a_l o Jrpﬁoz—sﬂ) ’

where (j,?za —s)og = (]af[* ﬁa—s]jza —s) < (j,/ﬁa — s) for arbitrary (j,/ﬁa —s) € dom cg.
Similarly, by Lemma [I] and Theorem 1(1) of [5] we have that
(604 — ].,Z)af = (604 —_ 171‘%[@\04—17*]) < (604 — 1,2) and (Z -+ 1)0&[604—17*] — ’L.af[;ja_l,*] = 1,
for arbitrary (@X - l,i), (@a — 1,1+ 1) € domag. Then we put g, 1 = i — g [5,—1,4]
Next, for t = 2,...,0, — 2 we define integers ¢z, ¢, ..., ¢ by induction
Qoo—t =1~ Gog[oa—t] — (@oo—1+ -+ @a—t11),

where (U —t,i)0¢ = (Va — t,iag[oa—t,4]) < (Vo —t,1) for arbitrary (0 —t,i) € dom qg.
For any a € @ﬁ;@(Né) put £4: N x N be the identity partial map with dome, =
rane, = D, where the set D,, is defined by formula . Simple verification shows that

P Do
ca = o (Y. 7p " foft L v !) and hence
P1 Prha—-1, q1 Qoo —1
aa('yl "'72;4 U1 ...Ulj‘* ),

which implies that relation (@) holds.
Since 72, = v%, = I for any positive integer m, without loss of generality we may

assume that pi,...,p;,¢q1,...,q; are positive integers in formula .
Also, the last statement of the lemma follows from the definition of the congruence
o on the semigroup &0 (N2). O

Lemma 3. Let be ao(yy! ...vp v ...’U?jj) for o € POL(NZ) and positive integers
Dis--sDis Qiy---5G5, k1 < ... < ki, li < ... < ;. Then there ezists an idempotent
o € POL(NZ) such that

I~ _ 2 AP Pi,,q1 4G5 _ =~ Q0 45 A, P1 Di
Ealt =EaVgy -+ Vi, Yty - V1, =C€aVyy - U Vg - Vi -
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Proof. Put
Mo =Ng +Na+0a+p1+...+0i+q@ +...+gj,

where h,, and 7, are the positive integers defined in the proof of Lemma [l We define
the identity partial map £,: N x N — N x N with dom &, = ran&, = M,,, where

M, = (NXN)\({(Zvj) 1< Mg andjgma})'

Then &, < ¢, where g, is the idempotent of the semigroup Wﬁ;(Ni) defined in the
proof of Lemma [} This implies that

= — = p1 Di, 41 4 _ =~ .P1 Pi, g1 qj
Eqll = EqEqX = 80480/}%1 . ’}/ki Ul1 e Ulj = {-:a’ykl e ’yki Ull . Ulj s

and the equlity

EaVr - Veivlt .vfjj =Equf .. .vlqj'yzll Ve
follows from the definition of the idempotent &, € 20 (N2). O

The following theorem describes the quotient semigroup 0 (N2)/o.

Theorem 2. The quotient semigroup P05, (Ni)/a is isomorphic to the free commutative
monoid AM,, over an infinite countable set.

Proof. Let X = {a;: i € N} U{b;: j € N} be a countable infinite set.
We define the map ), : P05 (N2) — ANy in the following way:

(a) if ao(yp) ... vpi ol ...’U;Ijj) for some positive integers p1,...,pi, q1,---,qj, k1 <

<ki, lh<... <lj,then
(a)Hy = (75; AR .Ulqjj)f)(, =ap:...apiblt . .b?j;
(b) (I)$H, = e, where e is the unit of the free commutative monoid AN x.
Then Lemmas [2| and [3|imply that ()9, = (8)9, if and only if acf in PO (Ni)
and hence the quotient semigroup P01 (Ni) /o is isomorphic to the free commutative

monoid AN x. O

The following corollary of Theorem [2| shows that the semigroup Wﬁ;(Ni) has
infinitely many congruences similar as the free commutative monoid 2090, over an infinite
countable set.

Corollary 3. Every countable (infinite or finite) commutative monoid is a homomorphic
image of the semigroup @ﬁ;(Né)

Its obvious that every non-unit element u of the free commutative monoid AN,
over the infinite countable set {a;: i € w} U{b;: j € w} can be represented in the form

U= ail .. .ai’“b{l .. .b{’, where i1,...,1,J1,---,l; are positive integers. We define a map
f:AM, — AN, by the formula
(@i ... al o bf=al . al' by b (5)

for u =aj'...a}} bt .b{l € AM,, and (e)f = e, for unit element e of AM,,.

Proposition 8. The map f: AM,, — AM,, is an automorphism of the free commutative
monoid AN,,.
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Proof. First we show that §: 29, — AN, is a homomorphism. Fix arbitrary elements
u,v € AM,,. Without loss of generality we may assume that

R 21 ip J1 Ip _ 81 spht1 tp
u=ap...arby'...by and v=aj'...a, byt ... b}
for some non-negative integers p,i1,...,%p,J1,---17psS1s--+>Spyt1,.-.,tp, where a* =
b* =e for ¢ =0.

Then we have that
(uv)f = (a* ...aifb{l Cblraltoalrbyt bl )f =
_ (1t ip+ j1+1 ip+t _
= (a}' 51...a;f’ Sppt 1...bz’;’ P)f =

_ gditt Jpttppir+si iptsp _
=a coaPThy by =

=al' .. .agf’blf Cbiralt o alrblt b =
= (a® ... ai}”bf} . bM)b(a3t .. .a;beil Lblr)f =
= (Wi(v)f.
It is obvious that f: AN, — AIM,, is a bijective map and hence f: AM,, — AM,, is
an automorphism. O

The relationships between elements of the subsemigroup (vx | k¥ € N) and of the
subsemigroup (v, | k € N) in 201 (Ni) is described by the following proposition.

We observe that the cyclic group Z, acts on the free commutative monoid AN,
over the infinite countable set {a;: i € w} U{b;: j € w} in the following way

u, if g=0;
(u)fa if g= L

where the map f: A9, — AM,, is defined by formula. By Proposition the map f is
an automorphism of the free commutative monoid 2AN,,.

AM, X Zgy — AM,,: (u,g)r—H)—{

Proposition 9. Let p1,...,p;, k1,...,k; be some positive integers such that k1 < ... <
k;. Then the following assertions hold:
(1) @Y Ve = UL U
(1) Yt YT = WU LR
(i91) WYt = v Ui
(i) wup! vt =gt

Proof. Assertion (i) follows from the definitions of the elements of the semigroups
(v | k€ N) and (vg | k € N). Other assertions follow from (i) and the equality
ww = L. g

Later we assume that Zs = {0, 1}.
The following theorem describes the quotient semigroup 0, (Ni) /o.

Theorem 3. The semigroup PO (N%)/o is isomorphic to the semidirect product
AM, X Zo of the free commutative monoid AIM,, over an infinite countable set by the
cyclic group Zs.
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Proof. We define a map J: 20, (N2)/o — AM,, xq Za: © = (u,g) in the following
way. Let P, : Wﬁm(Ni) — gzﬁoo(Nzg)/a be the natural homomorphism generated by
the congruence o on the semigroup &0, (N%). Then for every 2 € P0,,(NZ)/o for any
oy € PO (NZ) such that (o), = 2 only one of the following conditions holds:

(1) (Haoma,)azCH';

(2) (Hcllomaz)axgvl'
We put

— ((aﬂf)ﬁtﬂﬁ)’ lf (Hcliomam)a%ng;
3= (), ©

for all a, € PO (Né) with (az)PB, = z. Then the definition of the congruence ¢ on the
semigroup L0, (Ni) and Corollaryimply that the map J: @ﬁm(Ni)/a — AM,, X Zo
is well defined.

We observe that formula (6) implies that (21)J = (e, 0) for 21 = ()P, and (z5)J =
(e,1) for x4 = (w@)P,. Hence we have that

~ f (@2)$95,0)(e,0), if (Hioma,)oaCH';
()T - (21)T = { ((0p@)$Hs,1) - (e,0), if (Hiomaz)axgvl

(
_ ((O‘I)ﬁd "6 0- _) , if (H(ljomam)amgHIQ _
T (e@)$o e, 1-0), if (Higma, ) SV
_ ((0)95,0),  if (Haoma,)awCH;
B ((Oéxw)f)g, i) ’ if (H(liom am)algvl
= (z)J

and
, if (Hcliomaz)a-rng;
) )7 lf (Hfllomaz)awgvl
— (6' (O‘x)ﬁ(ﬂ()' , it (Hcliomaz)a:chl;
T (e (w)H,,0-1), if (Hi,. am)%gvl
((02)$5,0),  if (Hiom o, )an CH;
(aﬁw)ﬁtﬂ 1) ’ lf (Héom al.)awgvl

Also, since o is congruence on ,@@)@(Ni), we get

~ ~_ ((O‘w)ﬁmﬁ) (e, Da if (Héomam)angl; _
@2 ={ (e L e
_ ((aw)ﬁg’ '67()'1)7 if (H}iomaw)aﬁng; _
| (w®@)Ho-e,1-1), if (Hioma,)azCVE
_ ((az)$o, D ,if (Htliomaw)aangl; _
B ((amw)ﬁ07 (_)) ’ lf (Htliomozx)afgvl
— ((Otm’ZUW)Y)o-, i) ? lf (Hcliomax)angl; —
B ((afbw)ﬁfﬂﬁ)? lf (Hcliomaz)al’gvl B
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_ (((OéxW)W)ﬁg7 I) ’ if (Hdom(amw))a-ﬁwcv
B ((aﬁw)ﬁav (_)) ’ if (Hdom(a w))aszH

=(r-25)J
and
(i) in the case when (Héom%)amng for a, = ’yil. fypvil. .vp?, for some
non-negative integers p,ii,...,%p, j1,--.,Jp, where % = 0¥ = I, we get that
(H(liom(waw))wafrgvla
(22)3 - (2)T = (e, 1) - ((22) 90, 0) =
= (e, 1) - ( . “’U ...Ug;p)ﬁg,()) =
= (e, 1)+ (al .. apbl . b, 0) =
= (6 (alt ... a»bl* .. br)f,1 0)
= ((a - afpbl )1 T) =
= (ajll oalrbi b, 1)
and by Proposition [0}
(2w 2)T = (wap@)Ho, 1) =
= ((w%l 'y“’vl ...Uf}’w)f)g,i) =
= (('Lﬁf vyt )9, T) =
= ((vil . .U;P'yfl . .'ygp)ija, i) =
- (b“ biral ...agp,i) -
= (a{l _.alrby ...b;f,I) ;
(74) in the case when (Héom%)amgvl we get for a, = vi'...y ’)U{I. fug,”w, for
some non-negative integers p,i,...,%p, j1,...,Jp, Where ~0 = I, we get

that (Hiom(wa, =) @e@CH?,

(2)7 - (2)T = (e, 1) - ((

1) ((z@)$o, 1) =
= (e,1) - ((7;'1 ol ...vngw)ﬁg,i) -
(e,i)-((vil Ayt ~~v§”)m,i):
(e,1)- (ot . aipb] .0, 1) =
:(e-<a§1...a;pb{l...bgp)f,i.i):

= ((aft - aipb .. b2)f0) =
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— (01 Jp it ip 0
= (al . apPby ...bpp70>

and by Proposition [0}

wyit. ’yPU . .v]];Pw)YJJ,()) =
.U;wavil ) D, ()) =
fuil .. .U;P'y{l .. .'yg”)fja,(_)) =
b1 b“’a1 ...alr ()) =

Ji Jp i1 ip 0
ait. .appbl...bp"’,O)7

which implies that (25 - )7 = ()T - (z)J.

Therefore we have showed that (1)J is the identity element of 0, (N%)/o and
(22)T - (22)T = (x1)7.

Next we shall show that so defined map J is a homomorphism from %0, (Ni) /o
into the semigroup AM,, xq Z,. Fix arbitrary elements 2 and y of @ﬁm(Ni)/o. We
consider the following four possible cases:

(i) (Hioma,)azCH' and (Hdoma Jay, CH' for any g, a, € P05 (N%) such that
)mﬂ =T and (ay)mo - y:

(a
(i) (Hd(mﬂ%)ozwgv1 and (Héom%)angl for any a,,q, € ﬁ”ﬁoc(Né) such that
(e )‘130 =z and (ay)P, = y;
i) (HX a,CH! and (H} a, CV! for any ag,q, € PO (N2) such that
dom ay dom a, /Y'Y = Y <
(ozx)‘ﬁc, =z and (ay)Bs = y;
(

(iv)

Hioma, )= CV' and (Héom%)aygvl for any a,,q, € P0,(N%) such that
(az)Bo =z and (ay)Bs = y.

Assume that (7) hods. Then we have that oy, ay,ayq, € POF(NZ). Since o is a
congruence on the semigroup 20, (N%), we may choose an element a,, = .o, €
PO%(NZ). Then (a.,)P, = xy Also, since Po: POL(NZ) — P05 (NZ)/o is the
natural homomorphism generated by the congruence o on the semigroup gzﬁoo(Ni)
we get that

(@y)T = ((aay)PBo)T = ()90, 0) = ((a20)H5,0) = ((az)9e - (0y)H4,0-0) =
((am 5:3076) ((O‘y)ﬁm ) = ( )j (y)j

If (ii) hods then by Propositions 1 and 3 from [5], a, @, ay, a,yw € P05 (NZ)
and by Lemma [2] without loss of generality we may assume that

1 7 ) 81 s t1
oy =7 'ypv VP and ay =91 Pt Y,
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for some non-negative integers p,é1,...,%p,J1,---,Jp,S15--+>5p,t1,...,tp, Where 70 =
O = I. This and the fact that o is a congruence on the semigroup 220, (Ni), Proposi-
tion 0] imply that

S

.’yPU ...vgpwvfl. ’yP'U ...’U;f'w)ﬁa,i):

) s t1 t T
. ’YPU Svlrolt ot wmwyt L )9e, 1

7 S t t 1 J—
. 'va Uffvl I e ...'ypp)sﬁg,l> =

al! ...a;}’b{l ...b;f’(afl . ..azpb? e b;”)f, 1- ()) =

i1 ippJ1 o 1 81 Sy t1 tr N —
ar'...apby ...bgf’,l)~(a1 co.ayrby ...bp”,O) =

(
(
(
— (ab ...a;pb{1 LB brall a1 =
(
(
(
(

(V.. yrof? ..vi;p)ﬁmi) (Ot )96, 0) =
(

Fa, ’y““v . .vﬁpww)f)a, i) (3. .’y;f’v? . .Ultf’)fjg, 0) =
= ((x@)90,1) - ((ay)95,0) =
(

If (iii) hods then by Propositions 1 and 3 from [5], a., ay@, aoyw € P05 (NZ)
and by Lemma [2] without loss of generality we may assume that

tp

— il 7 j — S1 S tl
oy =7 'ypv Loy and Qy =77 YPUY U,

for some non-negative integers p,ii,...,%p,J1s---sJp)S1s---5Sp,t1,...,tp, Where ~ =
v? = L. Since ¢ is a congruence on the semigroup Wﬁm(Ni), this and Proposition |§|
imply that

Sl v ) He, i) =
i ip A S Sp,,t t T
*y”v C U Py ...Upp)ﬁ,,,l) =

al! ...aéfb{l NN L Y SN B 1) =
p

( v)94.0) - (7]
(il o)9,0) - (07
= ((a2)90,0) - ((0y@)95, 1) =

. ;PU? ...U;’))f)[” T) =

(
(
(
- (alf ...a;pb{l ...bfp,ﬁ) (agt . asebl b T) =
( |
(

.
.’ygpv? V@), 1) =
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Assume that (iv) hods. Then by Propositions 1 and 3 from [B] we have that
iy T, Oy T, QU Oy, OlpTIOL T € @ﬁo‘g(Ni) and by Lemmawithout loss of generality we
may assume that

) ) .
e =" vlpv CUPT and ay =97 ey ...Utpw

for some non-negative integers p,ii,...,%p,J1,---,Jp,S1,--+,8p,t1,...,tp, Where 'y =

v? = L. Since o is a congruence on the semigroup 920, (N<) this and Proposition El

imply that

. ’)/Z”’U ...Uzjfwyfl ...’yzfpvil ...v;”w)f)g,6> =
s t1 t n) —

. vhvl N O evkeiati ...’ypp)j’)mO) =

) Sp At t n) —
. ’ypv .. Uff’ul S VP ...’ypp)fjg,()> =
altalblt Wb bralt L alr,0) =
1eeeapbyt bt bprayt e, 0) =

i1 ip 1 J1 Jp 1) . S1 Spti tr T\ __
a' ...apby ...bpp,l) (a3 co.ayrby ...bpp,l) =

i1 7 j T S1 s t T\
Y- ’y”v ...UIJ)P).V)(,J) . (('71 . ’yppvl ...vpp)fjg,l) =

(
(
(
(
- (a§1 Calb b (at . asebl b T 1)
(
(
(

(
(7{1 .. 'y“’U .. .Uipww)f)g, i) . (('yfl .. .'yzl’vil .. .Ufj’ww)j’jo, i) =
= ((2@)90.1) - ((ay@) 9o, 1) =

= ()3 (y)J
Thus the map J: @ﬁm(Ni)/a — AM, X Zs is a homomorphism. Also, si-
nce (z1)3 = (e,0), (25)T = (e,1) and for any oy = ...y 0] ... v}, where
Dy%1y. .., 8p, J1,- .., Jp are some positive integers, our above arguments imply that

()7 = ( b ...affb{l,(_)) and (y)J = (azf ...ai}’b{ﬂ I) ,
where © = ()P, and y = (o, @w)P,. This implies that the homomorphism 7 is surjecti-
ve.

Now suppose that (2)J = (y)T = (u,g) for some z,y € PO, (N%)/o. Then there
exist oy, € POL(NZ) such that ()P, = 2 and ()P, = y in the case when
g =0, and (a@)P, = x and (a,@)P, = y in the case when g = 1. If g = 0 then
x,y € POL(NL) and the condition ayoa, in POL(NZ) implies the equality z = y.
Similarly, if g = 1 then z,y € Bzﬁoo(Ni) \ ﬂﬁo‘g(Ni) and the condition a,woa,w in
@ﬁ;(Ni) implies the equality 2 = y. Hence J: gzﬁoo(Ni)/a — AM, X Zy is an
isomorphism. O
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IIPO MOHOIZ MOHOTOHHUX IH’€EKTUBHUX YACTKOBUX
ITEPETBOPEHDb MHOKVHW Ni 3 KOCKIHYEHHUMWU
OBJIACTSMHW BU3HAYEHD I SBHAYEHD, 11

Oster T'YTIK, Inna IIO3THSIKOBA

JIveiecvrutl Haytonasbrul yrieepcumem iment leana Pparxa,
sys. Ynisepcumemcovka 1, JIveis, 79000,
e-mails: o_ gutik@franko.lviv.ua,
ovgutik@yahoo.com, pozdnyakova.inna@gmail.com

Hexait Ni — muoxkuHa N? 3 4aCTKOBUM LOPSKOM, BUSHAYEHUM K J06yTOK
3BUYAMHOrO JIHIHHOTO MOPAAKY < Ha MHOXKUHI HaTypaabHuX uyncesna N. Busaa-
€Mo HAmBrpyny 0. (Ni) MOHOTOHHUX 1H €KTUBHUX YaCTKOBUX IIE€PETBOPEHD
YJaCTKOBO BIIOPAIKOBAHOI MHOXKWHUI Ni, SIKi MAIOTh KOCKIHYI€HH] 06/1aCTi BU3HA-
geHHs Ta 3HaYeHHs. OMUCYEMO MPUPOIHMI YaCTKOBUN MTOPSIOK HA HAUIBIPYI
POs (Ni) 1 IOBOAMMO, 1110 BiH 30ira€TbCd 3 IMPUPOJHUM YACTKOBUM HOPSITKOM,
AKUN IHIYKYETHCS 3 CUMETHIHOTO iHBEPCHOTO MOHOIA #NxN HAJl MHOXKUHOIO
N x N ma mamisrpyny Z0s(N2). Hosomumo, mo mHamisrpyma P0s(NZ) iso-
MopdHa HanisnpaMomy 106yTKy PO (NZ) X Zy monoina P05 (N2) opiento-
BAHNX MOHOTOHHMX iH'€KTHBHHX JaCTKOBHX II€PETBOPEHDb YACTKOBO BIIOPSIIKO-
BaHOI MHOXKUHU Ni, fAKi MAlOTh KOCKIHYEHHI 00/1acTi BUSHAYECHHS Ta 3HAYEHHS,
OUKJIYHOIO TPYIOI0 Z2 APYTOTO HMOPAIKY. TaK0oXK OIMMCYyeMO KOHTPYEHINIO 0 HA
HamiBrpym YO0 (Ni), SIKQ IOPOPKYETHCS [IPUPOJHUM YACTKOBUM IIODSIIKOM
< Ha HamiBrpym Y0 (Ni): aocf Tomi i ymmre Tomi, Koam « Ta [ € TOpiB-
HJIbHUMH B (@ﬁm(NZ), 4). Iosoammo, mo daxTop-Hamsrpyma PO5 (Né) /o
i3oMop(dHA BIILHOMY KOMYTATUBHOMY MOHOImy A, HaI HECKIHYEHHOIO 3JIi-
YEHHOI0 MHOMKHHOIO 1, mo dakTop-Hamisrpyna P0x (N2) /o isomopdia maris-
npsaMoMy A00yTKY BIIBHOrO KOMyTaTHBHOrO MOHOIma AN, rpymoio Z,.

Karono6i caro6a: HABrpymma J4acTKOBUX OI€KITiM, MOHOTOHHE YaCTKOBE Bi-
O00pazKeHHs, IPUPOJHUI YaCTKOBUN HOPAIOK, HAmBIpAMHU 100yTOK, Hali-
MEHIIa, TPYIOBa KOHT'PYEHIIisl, BIIbHUIT KOMYTATUBHUI MOHOI.
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ON FEEBLY COMPACT SHIFT-CONTINUOUS TOPOLOGIES
ON THE SEMILATTICE exp,, A

Oleg GUTIK, Oleksandra SOBOL

Ivan Franko National University of Luviv,
Universytetska 1, 79000, Lviv
e-mails: o_ gutik@franko.lviv.ua,
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We study feebly compact topologies 7 on the semilattice (exp,, A,N) such
that (exp,, A, 7) is a semitopological semilattice and prove that for any shift-
continuous Ti-topology 7 on exp, A the following conditions are equivalent:
(¢) T is countably pracompact; (i) 7 is feebly compact; (ii7) 7 is d-feebly
compact; (iv) (exp,, A, 7) is an H-closed space.

Key words: topological semilattice, semitopological semilattice, countably

pracompact, feebly compact, d-feebly compact, H-closed, semiregular space,
regular space.

Dedicated to the memory of Professor Vitaly Sushchanskyy

We shall follow the terminology of [6l 8 @] I3]. If X is a topological space and
A C X, then by clx(A) and intx(A) we denote the closure and the interior of A in
X, respectively. By w we denote the first infinite cardinal and by N the set of positive
integers.

A subset A of a topological space X is called regular open if intx (clx(A)) = A.

We recall that a topological space X is said to be

o quasiregular if for any non-empty open set U C X there exists a non-empty open

set V' C U such that clx (V) C U,

semiregular if X has a base consisting of regular open subsets;

compact if each open cover of X has a finite subcover;

countably compact if each open countable cover of X has a finite subcover;

countably compact at a subset A C X if every infinite subset B C A has an

accumulation point x in X;

e countably pracompact if there exists a dense subset A in X such that X is
countably compact at A;

2010 Mathematics Subject Classification: 22A26, 22A15, 54D10, 54D30, 54H12.
© O. Gutik, O. Sobol, 2016
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o feebly compact (or lightly compact) if each locally finite open cover of X is fini-
te [3];

o d-feebly compact (or DFCC) if every discrete family of open subsets in X is finite
(see [121);

o pseudocompact if X is Tychonoff and each continuous real-valued function on X
is bounded.

According to Theorem 3.10.22 of [8], a Tychonoff topological space X is feebly compact if
and only if X is pseudocompact. Also, a Hausdorff topological space X is feebly compact
if and only if every locally finite family of non-empty open subsets of X is finite [3].
Every compact space and every sequentially compact space are countably compact, every
countably compact space is countably pracompact, and every countably pracompact
space is feebly compact (see [2]), and every H-closed space is feebly compact too (see
[10]). Also, it is obvious that every feebly compact space is d-feebly compact.

A semilattice is a commutative semigroup of idempotents. On a semilattice S there
exists a natural partial order: e < f if and only if ef = fe = e. For any element e of a
semilattice S we put

te={feS:e<f}.

A topological (semitopological) semilattice is a topological space together with a
continuous (separately continuous) semilattice operation. If S is a semilattice and 7 is
a topology on S such that (S,7) is a topological semilattice, then we shall call 7 a
semilattice topology on S, and if 7 is a topology on S such that (S, 7) is a semitopological
semilattice, then we shall call T a shift-continuous topology on S.

For an arbitrary positive integer n and an arbitrary non-zero cardinal A we put

exp, A ={A CX: |A] <n}.

It is obvious that for any positive integer n and any non-zero cardinal A the set
exp,, A with the binary operation N is a semilattice. Later in this paper by exp, A we
shall denote the semilattice (exp,, A,N).

This paper is a continuation of [II] where we study feebly compact topologies T
on the semilattice exp,, A such that (exp,, A, 7) is a semitopological semilattice. Therein,
all compact semilattice Tj-topologies on exp, A were described. In [IT] it was proved
that for an arbitrary positive integer n and an arbitrary infinite cardinal A every Tj-
semitopological countably compact semilattice (exp,, A, 7) is a compact topological semi-
lattice. Also, there we construct a countably pracompact H-closed quasiregular non-
semiregular topology 72 such that (exp2 A, szc) is a semitopological semilattice with the
discontinuous semilattice operation and show that for an arbitrary positive integer n and
an arbitrary infinite cardinal A a semiregular feebly compact semitopological semilattice
exp,, A is a compact topological semilattice.

In this paper we show that for any shift-continuous Ti-topology 7 on exp, A the
following conditions are equivalent: (i) 7 is countably pracompact; (i¢) 7 is feebly
compact; (#i7) 7 is d-feebly compact; (iv) (exp,, A, 7) is an H-closed space.

The proof of the following lemma is similar to Lemma 4.5 of [5] or Proposition 1
from [IJ.

Lemma 1. Every Hausdorff d-feebly compact topological space with a dense discrete
subspace is countably pracompact.
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We observe that by Proposition 1 from [IT] for an arbitrary positive integer n and an
arbitrary infinite cardinal A every shift-continuous T1-topology 7 on exp,, A is functionally
Hausdorff and quasiregular, and hence it is Hausdorff.

Proposition 1. Let n be an arbitrary positive integer and A be an arbitrary infinite
cardinal. Then for every d-feebly compact shift-continuous Ti-topology T on exp, A the
subset exp, A\ exp,,_; A is dense in (exp, A, 7).

Proof. Suppose to the contrary that there exists a d-feebly compact shift-continuous
Ti-topology 7T on exp,, A such that exp, A \ exp,,_; A is not dense in (exp,, A, 7). Then
there exists a point « € exp,,_; A of the space (exp,, A, 7) such that ¢ clexp x(exp, A\
exp,,_1 A). This implies that there exists an open neighbourhood U(z) of x in (exp,, A, )
such that U(z)N (exp, A \ exp,,_; A) = @. The definition of the semilattice exp,, A implies
that every maximal chain in exp,, A is finite and hence there exists a point y € U(z) such
that Ty N U(z) = {y}. By Proposition 1(ii¢) from [II], 1y is an open-and-closed subset
of (exp,, A\, 7) and hence 1Ty is a d-feebly compact subspace of (exp,, A, 7).

It is obvious that the subsemilattice 1y of exp,, A is algebraically isomorphic to the
semilattice exp, A for some positive integer £ < n. This and above arguments imply
that without loss of generality we may assume that y is the isolated zero of the d-feebly
compact semitopological semilattice (exp,, A, 7).

Hence we assume that 7 is a d-feebly compact shift-continuous topology on exp,, A
such that the zero 0 of exp,, A is an isolated point of (exp,, A, 7). Next we fix an arbitrary
infinite sequence {z;},.y of distinct elements of cardinal A. For every positive integer j
we put

@5 = {Zn-1) 41 TnG-1)2 0 T )
Then a; € exp, A and moreover a; is a greatest element of the semilattice exp, A for
each positive integer j. Also, the definition of the semilattice exp,, A implies that for
every non-zero element a of exp,, A there exists at most one element a; such that a; € Ta.
Then for every positive integer j by Proposition 1(#i) of [I1], a; is an isolated point of
(exp,, A, T), and hence the above arguments imply that {a1,a2,...,a;,...} is an infinite
discrete family of open subset in the space (exp,, A, 7). This contradicts the d-feeble
compactness of the semitopological semilattice (exp,, A, 7). The obtained contradiction
implies the statement of our proposition. O

The following example show that the converse statement to Proposition [I] is not
true in the case of topological semilattices.

Example 1. Fix an arbitrary cardinal A and an infinite subset A in A such that |\ \ A| >
w. By m: A = exp; A\: a — {a} we denote the natural embedding of X into exp; A\. On
exp; A we define a topology 7gm in the following way:
(1) all non-zero elements of the semilattice exp; A are isolated points in (exp; A, Tam);
and
(74) the family Bym = {Up = {0} Un(B): B C A and A\ B is finite} is the base of
the topology Tam at zero 0 of exp; A.
Simple verifications show that 74, is a Hausdorff locally compact semilattice topology
on exp; A which is not compact and hence by Corollary 8 of [I1] it is not feebly compact.
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Remark 1. We observe that in the case when A = w by Proposition 13 of [I1] the topologi-
cal space (exp; A, Tdm) is collectionwise normal and it has a countable base, and hence
(expy A, Tdm) is metrizable by the Urysohn Metrization Theorem [14]. Moreover, if | B| = w
then the space (exp; A, 7am) is metrizable for any infinite cardinal ), as a topological sum
of the metrizable space (exp; w, 7gm) and the discrete space of cardinality A.

Remark 2. If n is an arbitrary positive integer > 3, A is any infinite cardinal and 7" is
the unique compact semilattice topology on the semilattice exp,, A defined in Example 4
of [I1], then we construct more stronger topology 7, on exp,, A them 7 in the following
way. Fix an arbitrary element x € exp,, A such that |z| = n — 1. It is easy to see that the
subsemilattice Tz of exp,, A is isomorphic to exp; A, and by h: exp; A = T2 we denote
this isomorphism.

Fix an arbitrary subset A in A such that |A\ A| > w. For every zero element y €
exp,, A\ Tz we assume that the base ], () of the topology 77, at the point y coincides
with the base of the topology 77" at y, and assume that 1z is an open-and-closed subset
and the topology on fx is generated by the map h: (exp, A, 72) — ta. We observe
that (exp, A, 74,,) is a Hausdorff locally compact topological space, because it is the
topological sum of a Hausdorff locally compact space 1z (which is homeomorphic to
the Hausdorff locally compact space (exp; A, 7gm) from Example and an open-and-
closed subspace exp,, A\ 1z of (exp,, A, 7). It is obvious that the set exp, A\ exp,,_; A is
dense in (exp,, A, 74.,)- Also, since 1z is an open-and-closed subsemilattice with zero x of
(exp,, A, Tjw, ), the continuity of the semilattice operations in (exp,, A, 74,,) and (exp,, A, 7Z")
and the property that the topology 7, is more stronger them 7, imply that (exp,, A, 73,)
is a topological semilattice. Moreover, the space (exp,, A, 7}, ) is not d-feebly compact,
because it contains an open-and-closed non-d-feebly compact subspace 1.

Arguments presented in the proof of Proposition |l and Proposition 1(i:i) of [11]
imply the following corollary.

Corollary 1. Letn be an arbitrary positive integer and X\ be an arbitrary infinite cardinal.
Then for every d-feebly compact shift-continuous Ti-topology T on exp, A a point © is
isolated in (exp, A\, 7) if and only if © € exp, A\ exp,,_1 A.

Remark 3. We observe that the example presented in Remark [2| implies there exists
a locally compact non-d-feebly compact semitopological semilattice (exp,, A, 7,,) with
the following property: a point x is isolated in (exp, A, 75,) if and only if x € exp, A\
€XpP,,_1 A

The following proposition gives an amazing property of the system of nei-
ghbourhoodd of zero in a T}-feebly compact semitopological semilattice exp,, A.

Proposition 2. Let n be an arbitrary positive integer, \ be an arbitrary infinite cardi-
nal and T be a shift-continuous feebly compact Ti-topology on the semilattice exp,, A.
Then for every open neighbourhood U (0) of zero 0 in (exp,, A, 7) there exist finitely many
T1,y...,Tm € X such that

exp, A\ Clexp, A(U(0)) € Tz1 U Ulay,.
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Proof. Suppose to the contrary that there exists an open neighbourhood U(0) of zero in
a Hausdorff feebly compact semitopological semilattice (exp,, A, 7) such that

XD M €l A (U(0)) £ Ty U Uty
for any finitely many x1,...,z, € A

We fix an arbitrary y; € A such that (exp, A\ clexp A(U(0))) N Ty # 2.
By Proposition 1(i7i) of [II] the set fTy; is open in (exp, A,7) and hence the set
(exp, A\ clexp, A(U(0))) N ty1 is open in (exp, A, 7) too. Then by Proposition
there exists an isolated point m; € exp, A \ exp, ;A in (exp, A, 7) such that
my € (exp, A\ clexp, A(U(0)))NTy1. Now, by the assumption there exists y, € A such that

(expn A \ Clcxpn A(U(O))) n (TyQ \ Tyl) 7£ a.

Again, since by Proposition 1(éi¢) of [1I] both sets ty; and ty, are open-and-closed
in (exp,, A, 7), Proposition [1| implies that there exists an isolated point mg € exp, A\
exp,,_1 A in (exp,, A, 7) such that

ma € (expy, A\ clexp, A(U(0))) N (Ty2 \ Ty1).-
Hence by induction we can construct a sequence {y;: i =1,2,3,...} of distinct poi-
nts of A and a sequence of isolated points {m;:i=1,2,3,...} C exp, A\ exp,_; A in
(exp,, A, 7) such that for any positive integer k the following conditions hold:

(1) (expy A\ clexp, A(U(0))) N (Tyx \ (Tyr U -+~ Utyp—1)) # &5 and
(i1) my € (expn AN\ Clexp, A(U(()))) Aye\ (Tyr U---Utye—1)).
Then similar arguments as in the proof of Proposition [I]imply that the following family

{{m;}:1=1,2,3,...}
is infinite and locally finite, which contradicts the feeble compactness of (exp,, A, 7). The
obtained contradiction implies the statement of the proposition. O

Proposition 1(éi7) of [11] implies that for any element x € exp,, A the set Tz is open-
and-closed in a T;-semitopological semilattice (exp,, A, 7) and hence by Theorem 14 from
[3] we have that for any = € exp,, A the space Tz is feebly compact in a feebly compact T73-
semitopological semilattice (exp,, A, 7). Hence Proposition 2]implies the following proposi-
tion.

Proposition 3. Letn be an arbitrary positive integer, A be an arbitrary infinite cardinal
and 7 be a shift-continuous feebly compact T1-topology on the semilattice exp,, \. Then
for any point x € exp,, A and any open neighbourhood U(z) of x in (exp, A, T) there exist
finitely many x1,...,x, € To\ {z} such that

1\ clexp, A(U(2)) Stz U---Ulzy,.
The main results of this paper is the following theorem.

Theorem 1. Let n be an arbitrary positive integer and A be an arbitrary infinite cardi-
nal. Then for any shift-continuous T -topology T on exp,, A the following conditions are
equivalent:

(i) T is countably pracompact;
(#i) 7 is feebly compact;
(#i2) T is d-feebly compact;
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(iv) the space (exp, \,7) is H-closed.

Proof. Implications (i) = (4i) and (i¢) = (i4i) are trivial and implication (iii) = (%)
follows from Proposition 1 of [I1], Lemma[I] and Proposition

Implication (iv) = (4¢) follows from Proposition 4 of [10].

(74) = (iv) We shall prove this implication by induction.

By Corollary 2 from [II] every feebly compact Tj-topology 7 on the semilatti-
ce exp; A such that (exp; A,7) is a semitopological semilattice, is compact, and hence
(exp; A, 7) is an H-closed topological space.

Next we shall show that if our statements holds for all positive integers j < k < n
then it holds for j = k. Suppose that a feebly compact Tj-semitopological semilattice
(expy, A, 7) is a subspace of Hausdorff topological space X . Fix an arbitrary point x € X
and an arbitrary open neighbourhood V(x) of z in X. Since X is Hausdorff, there exist
disjoint open neighbourhoods U(xz) C V(z) and U(0) of x and zero 0 of the semilattice
exp; A in X, respectively. Then clx (U(0)) NU(z) = @ and hence by Proposition [2] there
exists finitely many x1,..., 2, € A such that

expr, ANU(z) Ttz U-- Utz

But for any x € X the subsemilattice Tz of exp, A is algebraically isomorphic to the
semilattice exp;,_; A. Then by Proposition 1(éi¢) of [II] and Theorem 14 from [3], 1z is
a feebly compact Tj-semitopological semilattice, and the assumption of our induction
implies that Tx1,-- -, Tx,, are closed subsets of X. This implies that

W(z)=U(x)\ (Tz1 U -UTzy)

is an open neighbourhood of z in X such that W (z) Nexp, A = @. Thus, (exp, A\, 7) is
an H-closed space. This completes the proof of the requested implication. O

The following theorem gives a sufficient condition when a d-feebly compact space is
feebly compact.

Theorem 2. FEvery quasireqular d-feebly compact space is feebly compact.

Proof. Suppose to the contrary that there exists a quasiregular d-feebly compact space
X which is not feebly compact. Then there exists an infinite locally finite family %4 of
non-empty open subsets of X.

By induction we shall construct an infinite discrete family of non-empty open subsets
of X.

Fix an arbitrary U; € % and an arbitrary point z; € Uj. Since the family %4 is
locally finite there exists an open neighbourhood U(z1) C U; of the point z; in X such
that U(x1) intersects finitely many elements of %. Also, the quasiregularity of X implies
that there exists a non-empty open subset V3 C U(zy) such that clx (V1) C U(xy). Put

02/1:{UE%01U(CL‘1)QU:®}.

Since the family %4 is locally finite and infinite, so is %;. Fix an arbitrary Us € %4 and
an arbitrary point xo € Us. Since the family %4 is locally finite, there exists an open
neighbourhood U(x3) C Us of the point x5 in X such that U(xs) intersects finitely many
elements of % . Since X is quasiregular, there exists a non-empty open subset V5 C U (x3)
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such that clx(V2) € U(zz). Our construction implies that the closed sets clx (V1) and
clx (Va) are disjoint and hence so are V; and V5. Next we put

%QZ{UE%liU($2)ﬁU:®}.

Also, we observe that it is obvious that U(x1) NU = & for each U € 7.
Suppose for some positive integer k > 1 we construct:

(a) a sequence of infinite locally finite subfamilies %4, ..., %.—1 in % of non-empty
open subsets in the space X;

(b) a sequence of open subsets Uy, ..., Uy in X;

(¢) a sequence of points x1, ...,z in X and a sequence of their corresponding open
neighbourhoods U(z1),...,U(zy) in X;

(d) a sequence of disjoint non-empty subsets Vi,...,V, in X

such that the following conditions hold:

(i) %, is a proper subfamily of %;_1;
(it) U; € %i—1 and U; NU = @ for each U € %; with i < j < k;
(Z’LZ) x; € U; and U(Q}Z) CU;;
(iv) V; is an open subset of U; with clx (V;) C U(x;),
foralli=1,...,k, and

(v) clx(V1),...,clx (Vi) are disjoint.

Next we put

U, ={U € U;—1:U(x1)NU=...=U(zp)NU = &}.

Since the family %1 is infinite and locally finite, there exists a subfamily %4 in %;—1
which is infinite and locally finite. Fix an arbitrary Upy; € % and an arbitrary point
ZTk+1 € Ugqq. Since the family % is locally finite, there exists an open neighbourhood
U(zgt1) € Ugyq of the point zx11 in X such that U(xgyq) intersects finitely many
elements of %. Since the space X is quasiregular, there exists a non-empty open subset
Vi1 € U(xga1) such that clx (Viy1) € U(xgs1). Simple verifications show that the
conditions (i) — (¢v) hold in the case of the positive integer k + 1.

Hence by induction we construct the following two infinite countable families of open
non-empty subsets of X:

U ={U;:i=1,2,3,..} and ¥ ={Vi:i=1,23,.]}

such that clx (V;) C U; for each positive integer 7. Since % is a subfamily of % and %
is locally finite in X, % is locally finite in X as well. Also, above arguments imply that
¥ and

YV ={cdx(V;):i=1,2,3,...}
are locally finite families in X too.

Next we shall show that the family 7 is discrete in X. Indeed, since the family 7 is
locally finite in X, by Theorem 1.1.11 of [§] the union |J 7 is a closed subset of X, and
hence any point z € X \ |7 has an open neighbourhood O(x) = X \ |J7 which does
not intersect the elements of the family ¥". If z € clx (V) for some positive integer ¢, then
our construction implies that U(x;) is an open neighbourhood of = which intersects only
the set V; € ¥. Hence X has an infinite discrete family ¥ of non-empty open subsets in
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X, which contradicts the assumption that the space X is d-feebly compact. The obtained
contradiction implies the statement of the theorem. O

We finish this note by some simple remarks about dense embedding of an infinite
semigroup of matrix units and a polycyclic monoid into d-feebly compact topological
semigroups which follow from the results of the paper [5].

Let A be a non-zero cardinal. On the set By = (A x A\) U {0}, where 0 ¢ X x A\, we
define the semigroup operation “-” as follows

wn- o= { G0 e

and (a,b)-0=0-(a,b) =0-0 = 0 for a,b,¢,d € . The semigroup B, is called the
semigroup of AxA-matriz units (see [1]).

The bicyclic monoid %'(p, q) is the semigroup with the identity 1 generated by two
elements p and ¢ subjected only to the condition pg = 1 [7]. For a non-zero cardinal
A, the polycyclic monoid P, on A generators is the semigroup with zero given by the
presentation:

Py = <{pi}ie>\ ’ {pfl}igx | pip; ' = 17]91'10;1 =0 for i # j>

(see [B]). It is obvious that in the case when A = 1 the semigroup P, is isomorphic to the
bicyclic semigroup with adjoined zero.

By Theorem 4.4 from [5] for every infinite cardinal A the semigroup of Ax A-matrix
units By does not densely embed into a Hausdorff feebly compact topological semigroup,
and by Theorem 4.5 from [5] for arbitrary cardinal A > 2 there exists no Hausdorff feebly
compact topological semigroup which contains the A-polycyclic monoid Py as a dense
subsemigroup. These theorems and Lemma [I] imply the following two corollaries.

Corollary 2. For every infinite cardinal A the semigroup of AxA-matrix units B) does
not densely embed into a Hausdorff d-feebly compact topological semigroup.

Corollary 3. For arbitrary cardinal A > 2 there ewists no Hausdorff d-feebly compact
topological semigroup which contains the \-polycyclic monoid Py as a dense subsemi-

group.
The proof of the following corollary is similar to Theorem 5.1(5) from [4].

Corollary 4. There exists no Hausdor[f topological semigroup with the d-feebly compact
square which contains the bicyclic monoid € (p,q) as a dense subsemigroup.
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PO CJIABKO KOMITAKTHI TOIIOJIOTIi, CTOCOBHO dKNX

HAIIITPATKA exp, A MA€ HEIIEPEPBHI 3CYBH

Ouner I'YTIK, Oanekcangpa COBOJIb

JIveiecovrull naytonasvrul yrieepcumenm iment leana Pparka,
sys. Ynisepcumemcoka, 1, JIveis, 79000
e-mails: o_ gutik@franko.lviv.ua,
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Bupuaemo cs1abk0 KOMnakTHI Tonosorii 7 na mamsrparoi (exp,, A, N) Taki,
o (exp,, A, T) € HANIIBTOIOJION YHOIO HAMIBI'PATKOIO 1 JI0BEIEHO, 110 IS JOBLIIb-
uoi T-romosorii T Ha exp,, A, CTOCOBHO $IKOI 3CyBU B (€Xp,, A, T) € HeIlepepBHU-
Mu, Taki yMOBu exBiBasenTHi: (i) 7 — 371i9eHHO npakoMuakTHa; (i4) T — caabko
KoMIakTHa; (4i1) T — d-ciabko komnakTHa; (1v) (exp,, A, 7) — H-3aMHeHwHit mpo-
cTip.

Karwosi caosa: TOMONIOTiYHA HAIIBIPaTKa, HANIBTOIIOIOTIYHA HAINIBIDAT-

Ka, 3/IIYeHHO IPAKOMIIAKTHHUN. CJIA0KO KOMITAKTHUM, d-C/1abKo KoMITakTHuit, H -
3aMKHEHU TIPOCTip, HABPEry/JIAPHUIA IPOCTIp, PEryJIAPHUMA IPOCTIp.
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THE FOURIER PROBLEM FOR NONLINEAR PARABOLIC
EQUATIONS WITH A TIME-DEPENDENT DELAY

Olga Ilnytska

Ivan Franko National University of Luiv,
Universytetska Str., 1, 79000, Lviv, Ukraine
e-mail: ol.ilnytska@gmail.com

The existence and uniqueness of a weak solution of the Fourier problem for
nonlinear parabolic equations with a variable delay are investigated and its a
priori estimate is obtained.

Key words: Fourier problem, problem without initial condition, equation
with delay, nonlinear parabolic equation.

1. INTRODUCTION

The boundary value problems for the nonlinear parabolic equations with a time
depended delay are considered. A typical example of the equations being studied here is

n t

Uy — Z az](w7t)u$m1+ao(xat)u+ / Co(.'II,t, s)u(m,s)ds :f(l',t), (1)
=1 t—T(t)
(z,t) € Q = Q x (—00,0], where n € N, Q is a domain in R", @;; = a;;(¢,j =

1,n),a0,co are measurable bounded functions, and there exists ¥ = const > 0 such
that >0, @iz, 0)6& > v, & for ae. (z,t) € Q and for all (&,...,&,) € R,

ess inf ag(z,t) > 0, 7 is a nonnegative continuous function, f is an integrable function, u
(z.t)eQ
is un unknown function.

Fourier problems for evolution equations arise in modeling different nonstationary
processes in nature that started a long time ago and initial conditions do not affect on
them in the actual time moment, but boundary conditions do affect it. Thus, we can
assume that the initial time is —oo, while 0 is the final time, and initial conditions can be
replaced with the behaviour of the solution as time variable tends to —oo. The Fourier
problem for evolution equations has been widely studied. They appear in modeling in
many fields of science such as economics, physics, ecology, cybernetics, etc. (see, e.g.,
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B, [, 31, @], [10], [0, [I8], [I9], [20], [24], [22], [23]). A lot of information concerning
results on problems without initial conditions can be found in [9].

Equations with time delay arise in modelling population dynamics, in non-
Newtonian filtration, heat flux, etc. ([13]). The equations of type on finite time
interval with constant delay were investigated in [I], [2], [I7], [I4], [15], etc. Good
reference overview on such papers can be found in [I7]. We remark that in these papers
the semigroup theory is used.

Partial differential equations with a variable delay are less studied, and we known
only publications of Rezounenko and Chueshov (in particular, [12], [21]), where equations
of type (1) on finite time interval, with 7 = 7(u), are considered. In [I2], a certain abstract
parabolic problem with the state dependent delay term of a rather general structure is
considered. In [21], the nonlinear partial functional differential equations with main linear
elliptic operator and non-local nonlinear term are considered. For proving existence of
solutions of problems considered in [12], [2I] the Galerkin approximations are used.

Fourier problems for parabolic equations with constant time delay were investigated
in [T6], [7] (see also references therein).

To the best of our knowledge, the Fourier problems for parabolic equations with time
depended delay is an untreated topic in the literature. These problems are considered in
our paper. Existence and uniqueness of solution of the problem are proved. The methods
of investigation as in [6] are used.

The paper is organized in the following way. In Section 2, the main notations and
functional spaces are introduced. The statement of the problem and formulation of the
main result are given in Section 3. The main result is proved in Section 4.

2. NOTATION AND AUXILIARY FACTS

Let n be a positive integer number, R™ be the standard linear space of ordered
collections = = (x1, ..., 2,,) of real numbers with the norm |z| := (|Jz1|? + ... + |z,]?)Y/2.
Suppose that Q C R” is a bounded domain with the piecewise smooth boundary 0f2.
Also, we denote S := (—00,0], @ :=Q x5, Q:=Qx 85, ¥:=90 xS.

Let us define some functional spaces. Firstly, denote by C2°(€2) the space of infi-
nite differentiable functions on Q with compact supports. Denote by H!(Q) := {v €
L2(Q) | vy, € L*(Q) (i = 1,n)} the Sobolev space, which is a Hilbert space with the
scalar product (v, w) 1 () == [ {VvVw + vw} dz, where Vv := (va,,...,v,,) and the

Q

corresponding norm |[v||g1q) = ([ {|Vo|* + |v|2}dx)1/2. By H}(Q2) we denote the
Q

closure of C°(Q) in H(Q).
Let us remind Friedrichs’ inequality

/|v|2dx < Ky / |Vol?de Vv e Hy(Q), (2)
Q Q

where K is a positive constant independent of v. It is known that 1/Kj is the first
eigenvalue of the problem: —Av = Av, v|gq = 0.

From Friedrichs’ inequality it follows that the norm in Hg(£2) can also be written
as |[v]| iz (o) ::£|Vv|2d:c.
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For an arbitrary Banach space X by LIOC(S; X) we denote the linear space of (classes
of) measurable functions defined on S with values in X such that their restrictions on
any interval [a,b] C S belong to L?(a,b; X). Denote by LI (Q) (1 < p < oo) the linear
space of (classes of) measurable functions defined on @ such that their restrictions on
any bounded measurable set Q' C @ belongs to LP(Q’).

Denote by C1(I), where I is an interval, the linear space continuously differentiable
finite functions defined on I, moreover, if I = (t1,t2), then we will write CL(¢;,t2) instead
of C(l.((tl, tg))

Denote by F(Q) the space of vector-functions (fo, f1,..., fn) such that f; € LE .(Q)
for each i € {0,1,...,n}.

Let w € R, X be a Hilbert space with the scalar product (-, -) x and the corresponding
norm || - || x. Denote

I(5:X) = { € 12(5:) | [ lrolfar < o).
L2(S; X) is a Hilbert space with the scalar product
(Fezgsn) = [ (0).a(0)x i
and the norm L
Iz = ([ sk ar) )

The following auxiliary result, which had been proved in [6], will be used in the sequel.

Lemma 1. Let w € L%(t1,t2; Hi(S2)), where t1,t2 € R (t; < t3), satisfing the following
identity

//{ —woy' + 9071—1-291% Jp}dadt =0, ve Hy(Q), o€ Clty,t2), (4)

t1 Q
for some g; € L*(Q x (t1,t2)) (i = 0,n). Then w € C([t1,t2]; L*(Q)) and
/|wx t |2dx - —f//|w\ H'dxdt—i—//{gow—i—z:gzng }odzdt =0 (5)
01 Q2 01 Q

for any o1,09 € [t1,t2] (01 < 02), for every 0 € C1([t1,12]).
3. STATEMENT OF THE PROBLEM AND MAIN RESULT

In this paper we consider weak solutions u : Q — R of the problem
t

ut—z s (z,t,u, Vu) + ao(z, t,u, Vu) + / c(z,t,s,u(x, s))ds =
t—7(t) (6)

:_Za i(x,t) + fo(z, 1), (z,t) € Q,

u‘z =0, (7)
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li 2wt t 2 dr =
Jim e /|u(x, )|“dz =0, (8)
Q

for some w € R. Here 7 : S — R is a continuous bounded function such that 7(¢) > 0 for
alte S anda; : QxR 5 R c:QxSXxR—=R, f;: Q— R (i =0,n) are given
real-valued functions from the corresponding classes of initial data.

We introduce the following classes of the initial data.

Define A to be the set of the collections (ag, a1, ...,a,) of the functions a; : @ X
R¥*" — R (i € {0,1,...,n}) which satisfy the following conditions:

(Ap) for every i € {0,1,...,n}, a; is a Caratheodory function (i.e., a;(z,t,-,) :
R*" — R is a continuous for a.e. (x,t) € @, and a;(-,-,p,&) : @ — R is
measurable for every (p, &) € R1™"), and a;(x,t,0,0) = 0 for a.e. (z,t) € Q;

(Az) for every i € {0,1,...,n}, for a.e. (z,t) € Q and for every (p,£) € R**™ the
estimate

j=1
is valid, where C; > 0 is constant and h; € L2 _(Q);

loc

(A3) for a.e. (z,t) € Q and for every (p1,&b), (p2,£€2) € R1T™ the inequality

Z(ai(x,t,pl,fl) - ai(xatvp27£2))(€i1 - 522) + (ao(x7t7pla€1)_
i=1 § )
—ao(x,t,p2,€%)) (o1 — p2) = K1 3 _[&} = &> + Kalpr — p2|®
=1

holds, where K; > 0, Ko € R are constants.

Define C to be the set of the real-value functions ¢ : @ x S x R — R which satisfy
the following conditions:

(C1) cis a Caratheodory function (i.e., ¢(x,t,s,-) : R — R is a continuous function
for a.e. (z,t,s) € @ x S, and ¢(+,-,+, p) : @ x S — R is a measurable function for
every p € R), in addition, c¢(z,t,s,0) = 0 for a.e. (z,t,s) € Q X S;

(Cq) there exists a constant L > 0 such that for a.e. (z,t,s) € Q x .S and for every p;,
p2 € R the inequality

‘c(xatvsvpl) - c(‘rat7sap2)’ < L|p1 - p2| (10)
holds.

Remark 1. The condition (C;) (more precisely, c(x,t,s,0) = 0) and (C) imply that for
a.e. (z,t,8) € Q x S, and for every p € R the following estimate is valid:

le(,t, s, p)| < Lipl. (11)

Now we can give a definition of the weak solution of problem (6)—(g).
Definition 1. Let (ap,a1,...,an) € A, ¢ €C, (fo,f1,---,/fn) € F(Q). A function
u € LY (S;HY(Q)) N C (S;L2(Q)) is called a weak solution of problem (6)—(§) if it

loc
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satisfies condition , and the integral equality

t

// al x,t,u, Vu)vg, o + ao(z, t, u, Vu)vp + v /c(;v,t,s,u(x,s)) ds
t—7( (12)

_ uvgp da:dt // Zflvm o+ fovgo} dxdt
i=1

holds for every v € H}(Q) and ¢ € CL(—0,0).

Denote
+ ifw=0
T = t = T ! ’ 13
T ) { S —1), iw#o. 13)
We consider the inequality
w+2L\/7’+X(LU) <K1/K0—|—K2, (14)

where K5 is from @D
It is obvious that w 4+ 2Ly/7%x(w) — —oo when w — —oo, because x(w) — 0 when
w — —oo. Hence, inequality has solutions.

Theorem 1. Let (ag,a1,...,a,) € A, ¢ € C, (fo,f1,---,fn) € F(Q), and let w
satisfies . If problem @7 has a solution, then it is unique.

Theorem 2. Let the assumptions of Theorem 1 be fulfilled, and f; € L2/(S;L?*())
(i = 0,n). Then there ezists a unique solution of problem @7, and it satisfies the
following estimates:

e [lu(z, 0)* dr < Co /62Wt||f(~7t)||%2(ﬂ) dt, oesb, (15)

Q —0o0

lullLz (s;mi ) < Cs [ fllrz s;22)), (16)

where Cy, C3 are positive constants depending on 77, w, L, Ky, K1, Ko only.

4. PROOF OF THE MAIN RESULTS

For a function w : Q — R we denote

a;(w)(z,t) = a;(z, t,w(z,t), Vw(z,t)), (z,t)e€eQ, j=0,n,

c(w)(z, t,s) = c(x, t, s,w(zx,s)), (x,t,8)€QxS. (17)

Proof of Theorem 1. Suppose the contrary. Let u; and us be two distinct weak solutions
of the problem. Denote w := u; — uy. Considering the difference between for u = uq
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and u = u1, we obtain

— //wvap’ dxdt—l—//{i(ai(ul) — ai(uz))vzi—F(aO(Ul) - aO(U2))U
Q

¢ =1
¢ (18)

+v / (c(ur) — c(uz))ds}pdxdt =0 Yo € H} (), Yo € CH(—o0,0).
t—7(t)

It is clear that from for u = us and u = u; we have

2wt 2
e /|w(x,t)| dxt_>—_>DO 0. (19)
Q
According to Lemma 1, setting 6(t) = e?**, t € R, from equality we get

oo
1 1
562“’”2/\w(m,02)|2 dx — 562“"”/|w(3§,01)|2dm— w//62”t|w(x,t)|2 dxdt+
Q Q 010

+/Q/ et {;(ai(ul) = ai(u2)) (U2, — ug.e;) + (a0(u1) — ao(uz))(ur —uz)+  (20)

+w /(c(ul) - c(uz))ds} dzdt = 0,

t—7(t)

for arbitrary o1,09 € S (01 < 02).
From condition (Aj3), for a.e. (z,t) € Q we have

// 2wt [Z(ai(ul) — a;j(u2))(u1,0, —u2,z,) + (ao(u1) — ao(u2)) (w1 — u2)| dedt >

e (21)

o2
> //ew [K1|Vw|2 +K2|w|2} dzdt.
0'19

Now, we consider the last term from equality . Using condition (Cs), the Fubini
Theorem and the Cauchy—Schwarz inequality, for a.e. € Q we obtain

g2

/ (1) / (e, 1,5) — (o) (1, 8)) ds ) | <
o1 t—7(t)

¢
< L/e%t|w(x,t)| /|w(m7s)|ds dt <
t—r+

g1
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o2 /2, oy ¢ 1/2
< LVr+ /e2wt|w(x,t)|2dt /eQWt( /\w(m,s)|2ds>dt L (22)
<1 o1 t—7t

Changing order of integration and assuming w(x,t) =0 for x € Q, t > 0, for a.e. x € Q
we have

) t o2 s+rT
/62“’t( /|w(x,s)\2ds)dt< / lw(z, s)|?ds / e2tdt =
o1 t—r+ o1—7+t s
g2 g1
—x@)( [ Past [ lutes)ds), (23)
o1 o1—1+

where y(w) is defined in (T3).

Substituting in the last term from the obtained above chain of relations instead

of the first one, and using the inequalities: vab < a+b, va + b < a+vb (a > > 0),
we obtain

‘/ 2oty (a, t) /((m)(x,t,s)—c(uQ)(:c,t,s))dsdt‘

t—7(t)

<1 T+X(w)(2/62wt|w(x,t)|2dt+ [ ettt pd). (24)
o1 oy—7+t

Using (21] . from we obtain
2‘”‘72/|w z,00)*dx — 2””1/\111 z,00)}de + K, // 2 Vw(z t)|2dxdt

01 Q2
HEKs — 2L/t x(w) —w) // Xt w(z, t)|? dedt — L/ (w / / e*tlw(z,t)* dedt < 0.
o1 o1—1tQ

From this, using (2), we get

1 1
§€2WU2/|’LU($,O'2)‘2 de — 5chwl/|w(x,o'1)|2 dx
Q

+ (Kl/Ko + Ky —2L+\/7Tx(w) —w) //eth|w(x,t)|2dxdt
o1 Q

—L/7tx(w //2wt|th)| dxdt < 0.

o1—711tQ
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Since w is a solution of inequality ,

2“"’2/\111 z,09))* dz <62‘*"’1/|w z,01)[* de 420/ x(w / / 2 Mw(x,t)|* dedt.
o1—1+Q
(25)
Let as fix an arbitrary o, in (25), and let oy tends to —oo. According to condition ([L9),
the first term from the right side of inequality tends to 0. Obviously, the second
term from the right side of inequality also tends to 0. Indeed,

o1
/ /62Wt|w(a:,t)\2da:dt <77 max 2‘”t/|w x,t) |2dx) — 0.
telo1,01—77F] 01——00

1—T+Q

Thus, we get the equality e“72 |w(z, 02)|? dz = 0. Since o5 € S is arbitrary, we obtain
O

w(x,t) =0 for a.e. (z,t) € Q, this contradicts our assumption. Therefore, the solution of

problem @7 is unique. O
Proof of Theorem 2. For each m € N denote Q,, 1= Qx (—m, 0], 7, := m<i£1<0(t—7(t)).

Denote f; m (1) :== fi(-,t) if —m <t <0, and f; p(-,t) := 0 if t < —m. We consider the
problem: to find a function u,, € L?(—m,0; H}(Q)) N C([—Tm,0]; L?(2)) which satisfies
the initial condition
Um(2,t) =0, (2,t) € Q X [~Tpn, —m, (26)
and equation @ in @,, in the sense of integral equality, i.e.,
¢

// Zaz (@, ty Uy VU ) Vg, p+ap(z, t um,Vum)vcp—i—vcp/ c(um)(z,t,8) ds—unmve }dmdt

t—7(t)
Qm =1

Existence and uniqueness of a solution of this problem follows from the paper [8].
For each m € N we extend u,, by 0 onto ) and denote this extension by u,, again.

Now, we shall get estimates of u,, for each m € N. First, remark that for each
m € N the function u,, belongs to L?(S; H}(Q)) N C(S;L?(2)) and satisfies integral
equality with f; ,, instead of f; (i = 1,n), i.e., the following equality holds:

// aZ Ty by U, VUi ) Uz, @ + a0 (X, Ty Uy Vg, )vp+

t

+v<p/ c(um)(z,t, s)ds — umvcp’}dxdt

t—7(t)

- //{z”: fimVe, @ + fo,mmp} drdt, ve HY(Q), ¢eCl{—o0,0). (28)

Q i=1
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Applying Lemma 1 with 0(t) = 2e2%!, ¢t € S, and [0y, 0] C S, 01 < —m, to equality ,
we obtain

2““’2/|um z,09)|? dx — 2‘*"71/|um z,01))? de—

_2w// 2wt|um (z,t |2 dajdt+2// ZWt Zaz U ) U2y + @0 (U ) U+

0182 0182
t
+ Uy, / c(tm)(x,t s)ds} dxdt = 2// Zwt Zf’ mUm,z; + fo mum} dxdt. (29)
t—7(t) o1 Q)

According to the Cauchy inequality for a.e. t € S we have

// QUJt Zfzmumz7+f0mum}dmdt

0’19

€ 2wt 2 2wt
5// IVt + [11yn dxdt+—// Z|fm| dedt,  (30)

01 Q)

for arbitrary € > 0.
Similar to , from for a.e. x € 2 we can get

‘/ Wty (1) / (um)(x,t,s)dsdt‘g

t—7(t)

o2 g1
<L T+X(w)(2/eM|um(z,t)\2dt+ / 62‘*’t|um(x,t)|2dt>. (31)
o1 oy—1+t

By (A1), (A3) and (2) we obtain that

o2

al um Um,x; ap\Um )Um 2 1 U 2|Um T
//M{Z + ag () }da:dt>// “tK|V 2+ K| |}ddt

o1 Q) i=1 o1 Q)

o2
://62‘“{(6—1-1—5)K1|Vum|2—|—K2|um|2}dzdt
0102

> / / (1= 6 K[V + (5K /Ko + Ka) [um |2 } dad, (32)
o1 Q)

where § > 0 is a constant close to 1.
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By using estimates , and , and condition , and taking o1 < —m

we obtain

2Wz/mm (2,09)[2 d + (2(1 — 6y — ¢) // €2, (2, 1) [2dadt

—mQQ

( ((5K1/K0+K2—&)—2L\/T+X ) // 2, (z,t)|Pdxdt

—mQQ
—1// 2“’t2|flmxt|dxdt (33)
—m Q

If we take e = min{0 K1 /Ko + K3 — w — 2L+/7tx(w), (1 — 0) K1}, then

2“"2/|um(x o) > dx + Cy // !V [* dzdt < 05// 2wtz|f””| drdt,

—mQ —m
(34)

where C4 and Cj are positive constants depending on Ky, K1, Ko, L, 77 and w only.
It is clear that wu,, belongs to L2 (S; H}(Q)). Therefore, from we obtain

/|um(a:a| dx+C4// 2V, |* dedt < 05// 2“’tz:|f1m| dxdt, o€S.

—o0o —oo
(35)
By the definition of f; ,,, from we have
() iy < Cs [ MZ Ui OBy dte oS, (30)
[umll L2 (s:m2(0)) < Cs Z | fill 2 (s;L2()) (37)

i=0

where C5 > 0,Cg > 0 are positive constants depending on w, 7", Ko, K1, K2 and L only.
Let us show that {u,,} is a Cauchy sequence. Taking arbitrary k,! € N such that

k <l and considering difference between u; and wu;, similarly as estimate , for any

o € S such that —k < o < 0 one can obtain

/|uk x,0) —w(z,0)|? d$+C7// XV (uy, — wy)|? dadt

—-1Q

08// MZIL — fual?

-1 Q
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where C7 and Cy are positive constants independent of k,[. Thus

€29 g (- 0) — (-, 0) 20 < Cs / MZM, Vo dt, —k<o<0, (39)

e = vl simpca < / MZ 1. By (40)
2
The condition f; € L2(S; L?*()) implies that the right-hand sides of inequalities
and tend to zero when & and [ tend to +oo. This means that the sequence
{um }_, is a Cauchy sequence in the space L2 (S; H}(Q)) N C(S; L?(£2)). Consequently,
we obtain the existence of the function v € L2 (S; H}(Q)) N C(S; L*(Q)) such that

Uy — U strongly in L2 (S; H3(Q)) N C(S; L*(Q)). (41)

m—roo
Using condition (Cs), the Cauchy-Schwarz inequality and we get
t t

(o2} 5
//‘ / c(um)(x,t,8)ds — / c(u)(m,t,s)ds‘ dxdt <
o1 Q

t—7(t)

~ 7/( j |c(um)(z’t’3)C(U)(Lt,S)st) dxdt <
<L +// / [um (2, 5) — u(z, s)|*ds dtdz <

Q o1 t—7t

o2 s-Q—TJr

< L27+/ / / [t (2, 8) — u(z, 8)|*dt dsdx =

Qo—7+ s

o2
= L2712 / /|um(w7t) —u(z, t)Pdtde — 0.

m— o0
o1t Q
Thus, we obtain

t t

/ c(um)ds — / c(u)ds strongly in L% _.(Q). (42)
t—7(t) t—7(t)

By (A2) and estimate we have that for each o1,09 € S(01 < 02) the estimate

o2 g2
// |a; (um)|? dedt < Cw/ (Jtm|* + [V |* + |h]?) dzdt < Ciy (43)

019 o1 Q

is correct, where C1g and C4; are positive constants independent of m.
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Hence, from we obtain that the function a;(u,,) is bounded in L (Q). This
and yield that there exists a subsequence of {u,, }5°_; (denoted also by {u.,,}2°_;)

and functions y; € L2 .(Q) (i = 0,n) such that

loc
U > Uy Umg; > Uy 2. 00 Q, 1=0,n, (44)
a;(Um,) X weakly in L2 .(Q), i=0,n, (45)
Condition (A;) and [{4) yield
a;(Um) T a;(u) ae.onQ, ¢=0,n. (46)
By Lemma 1.3 from [I§], and we obtain
a;(um,) % ai(u) weakly in L _(Q), i=0,n. (47)

Let us show that the function u is a weak solution of problem ({6), @, (8). For
this purpose, we tend m — oo in identity , taking into account (41), (42),
and the definition of the function f;,,. As a result we obtain identity (12). Now, taking
into account (1), we let m — +oo in (36]). From the resulting inequality and condition
f € L2(S;L*(Q2)), we obtain condition (8). Hence, we have proven that u is a weak

solution of problem (6)), (@), (8)-
It is easy to show that inequalities similar to , , with u instead of u., hold.

Thus, estimates , hold. O
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AN INITIAL VALUE PROBLEM 2’ = f (t,z,2'), x (0) = 0:
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We find a nonempty set of continuously differentiable solutions z: (0, p] —
R each of which possesses required asymptotical properties when ¢ — +0. Also
we establish uniqueness conditions.

Key words: implicit differential equation, initial value problem, solvability,
uniqueness, asymptotic property.

The general solvability and solutions number problem for implicit ordinary differenti-
al equations was under consideration in [1], [2], [3], [6]. In [7], [9], [10] conditions for
convergence of successive approximations to implicit equations solutions were found.
At the same time asymptotic properties of implicit differential equations are still only
partially understood; there are only isolated results obtained, for example, [11]. This
article presents an investigation of the initial value problem 2’ = f (¢,z,2'), « (0) = 0.
The asymptotic behaviour of solutions is being discussed. We describe an approach which
makes it possible to consider implicit initial value problems. Our approach to the problem
seems to be very much different from the usual ones. We use qualitative methods (see,
for instance, [4], [5], [8], and also [11]) together with fixed point methods. We establish
general schemes of investigation which may be applied to many various problems of local
analysis. In this paper existence of continuously differentiable solutions is being proved.
Asymptotic properties of each of these solutions is discussed and if certain conditions are
fulfilled then the uniqueness of solution is established.
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1. First the following initial value problem
o' (t) = f(tz(t),2' (1), (1)
z(0)=0 (2)

is under consideration, where ¢t € (0,7) is a real variable, = : (0,7) — R is a real unknown
function, f : D — R is a continuous function,

D={(tzy) :te(0,7), |z —&E@)] <rta(t), ly—E& (t)| <raa(t)};
here £ : (0,7) — (0,+00) , @ : (0,7) — (0,+00) are continuously differentiable functions,
€)= f(£€@),& () <a(t), te(0,7),
Jm a(t) =0, lim £() =0, lim & (t) =&, 0< & < +oo,

at) ) g ¢ 2D

R0 € (2) | toto a(t)

=qp,0 < ay < +o0.
Suppose that

|f (tzoyn) = f (o y2)l <y lys — vl s (6a,9:) €D, i € {1,2},
where 1, is a constant, 0 < I, < 1, (1 —1,)”" < min {(1 + aq) 71,72}

Definition 1. For any p € (0,7) a continuously differentiable function x: (0,p] — R is
said to be a p-solution of the problem (1), (2), if

1) (t,z(t),2' (t)) € D, t € (0,p];
2) x identically satisfies equation (1) for all t € (0, p|;
3) lim z(t) =0.

t—+0

We denote by U (p, M,q) the set of all continuously differentiable functions
u: (0, p] = R such that
lu(t) =€) < Mta(t), [u'(t) =& ()] < gMa(t), t € (0,p]; (3)
here p, M, g are constants, p € (0,7), M >0, g > 0.

Theorem 1. Suppose that the following conditions hold:
|f (t, 2, y) = f (a2, y)| S L (p) [t —t2f, (ti,2,y) €D, 0< p<ty, ta<T7, (4

|f (t7x17y) - f (t7:1723y)| < l£ (t) ‘Il - LE2| ) (taxlay) € D? i € {lﬂ 2}3 (5)
where ly: (0,7) = (0,+400), l,: (0,7) = (0,400) are continuous functions, 0 < t1 < tg <
T =1 (t) > 1 (t2), tliIEO tl, (t) = 0. Then there exist p, M, q such that the problem (1
—

)

(2) has a nonempty set of p-solutions x: (0, p] — R each of which belongs to U (p, M, q).
Theorem 2. Suppose that the following condition holds:

|f (taxlvy) - f (t7x27y)| <ly |II?1 - $2| ) (tvxivy) € Dvl € {172} ) (6)

where I, is a constant, I, + 1, < 1. Then there exist p, M, q such that the problem (1),
(2) has a unique p-solution x: (0, p] — R which belongs to U (p, M, q).
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Proof of Theorem 1. First of all we select constants p, M, g. Let the following conditions

hold:
mo (1 + 040) -1

(1 —ql,) "t < M < my,
Toly (1+ a0 —qly) mo

14+ap<qg<

where mg = ((1+ ap) (1 — ly))_l. We do not present here the conditions for selection of p
to keep the size of this paper reasonable. We now indicate nothing but p is small enough,
M, q are large enough and our selection of p, M, g ensures the validity of all our reasoning
given below. Let B be the space of continuously differentiable functions z: (0,p] — R
with the norm

llls = max (| (D] + 12" (B)])- (7)

Let U be the subset of B such that every its element w : [0, p] — R satisfies inequalities
(3), and also u (0) = 0, u’ (0) = & and, moreover,

Vi € (0,p], Vi1, t2 € [, p] : |u' (t2) — ' (t2)] < K (p) [t1 — taf, (8)
where

-1 _
K(p)=1—1) (le(p)+n").

It is easy to see that U is a closed, bounded and convex set. Moreover, U is a compact
set (in view of the Arzeld Theorem). We will consider the differential equation

o' (t) = f(tu(t),u (1), (9)
where v € U is an arbitrary fixed function. Let
Do ={(t,z) :t € (0,p],z € R}.

In D for equation (9) conditions of the Existence and Uniqueness Theorem and conditions
of the Continuous Dependence of the Initial Data Theorem are fulfilled. Let

Oy ={(t,x): t € (0,p], |z =& ()] = Mta(t)},
D1 ={(t,z):t € (0,p],|x — &) < Mta(t)},
H={(tz):t=pfe—E(p)| < Mpa(p)}.
Let the function A;: Dy — [0, 4+00) be defined by the equality
A (tw) = (2 = €(1)  (ta (1)

and let a;: Dy — R be the derivative of the function A; by virtue of equation (9). It is
easy to see that a; (¢,2) < 0 when (¢,2) € ®;. Let us prove that any integral curve of
equation (9) which intersects ®; at an arbitrary point (to, o) for small enough [t — 7|
(where t < p) lies in Dy if t > to and lies outside of D if t < to. In fact, let P (to, 7o) be

an arbitrary point belonging to ®; and let J,, : (¢, zp (¢)) be an integral curve of equation
(9) which passes through the point P. Then

Aq (to, rp (to)) = ]\427 aj (to,xp (to)) < 0.
Therefore if tg € (0, p) then there exists § > 0 such that
Sign (Al (t,xp (t)) - Al (to, Trp (to))) = Sigl’l (to — t) 5 |f, - t0| < (5,

sign (|mp () — ()| (ta (t) ! - M) = sign (to — t), [t — to| < 4.



G. CONTI, Y. KUZINA, O. ZERNOV
154 ISSN 2078-3744. Bicuux JIpBiB. yu-Ty. Cepis mex.-mar. 2016. Bumyck 82

What this means is (¢,zp (t)) € Dy if t € (to,to + 6) and (¢, zp (t)) €Dy if t € (tg — 6, to)-
If ty = p then there exists § > 0 such that

Ai (t,zp (1) > Ax (to,zp (to)), t € (p—06,p),
or

jep (8) = € (0)] (ta (8)) ™ > M, t € (p—6,p),
and this means that (t,zp (t)) €Dy, t € (p — 4, p).

This implies that at least one of integral curves of equation (9) which intersect H
is defined for all ¢ € (0, p] and lies in Dy if ¢ € (0, p]. In fact, having common points
with ®; when ¢ increases is beyond the capabilities of any integral curve of equation (9)
which intersects ®;. That is why all these curves have to intersect H. Let the mapping
¥: ®; — H be defined by the following way: the point 1 (P) € H is assigned to P € &,
if both P and % (P) belong to the common integral curve of equation (9). Let

Y (P1) ={¢(P): P e Pi}.
The set H\v (®1) is nonempty (H is a closed set, but ¢ (1) is not since 1 (®1) is the
image of the nonclosed set ®;). Let J,, : (¢, 2, (t)) be an integral curve of equation (9)
such that (p,z, (p)) € H\@ (®1). It is clear that J, : (t,2, (t)) has no common point
with ®;. Therefore J, : (¢, 2, (t)) is defined for all ¢t € (0, p] and J, : (¢, 2, (t)) comes
into the point (0,0) if ¢ — +0 and, moreover, J, : (¢, 2, (t)) lies in Dy if ¢t € (0, p]. It is
easy to see that the following inequalities are fulfilled when ¢ € (0, p):

|2 (1) = € (0] < Mtar(t) 2" () = &' (8)] < gMa(t). (10)
Let x,, (0) = 0, z/, (0) = &. Let us prove that
Vi € (0, 0]V, ta € [p, p] : 2" (1) — 2w (B2)] < K (n) [t2 — tof - (11)
Select € (0, p] and ¢; € [u, pl, ¢ € {1,2}; let t; < to. From the identities
i, () = f (ti,u(t) o' (4)) i € {1,2} (12)

we obtain
|20 (t1) — 2"y (t2)] < 1 (1) [t1 = ta| + Lo (t1) u (t1) —u(t2)| + 1y |0 (1) — o' (t2)| <
< (e () + 1) [t = o] + 1, K () [t — t2] =
=(1=1y) K(p) [t1 — to| + [, K () [t1 — t2| =
=K (p) [ty — t2|.

This means that z,, € U. Let us prove that if ¢ — +0 then all integral curves of equation
(9) leave the set D1\ {(0,0)}, with the only exception J, : (£, z, (¢)). Indeed, let

Dy (1) = {(t.2) £ € (0,p], |2 — o (8)] = puter () (— )},

Dy () = {(t,2) : £ € (0,p], & — 0 (8)] < pitar (£) (~In1)},
where p is a parameter, u € (0,1]. Let the function As: Dy — [0,400) be defined by the
equality

Ay (t,x) = (z — xy (1)) (ta () (— Int)) >

and let as: Dy — R be the derivative of the function As by virtue of equation (9). It
is easy to see that as (t,z) < 0 when (¢,x) € Dy, x # x, (t). In particular, as (t,2) < 0
when (t,z) € ®3(u) for each p € (0,1]. Therefore for each p € (0,1] an integral curve
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of equation (9) which intersects ®3 (p) at an arbitrary point (tg, o), for small enough
|t — to| (where t < p): lies in Do (1) when t > to and lies outside of Dy () when ¢ < g
(the proof is similar to that for ®;). Let P (t.,z.) € D1\ {(0,0)}, 2. # x, (t.). Then
there exists p. € (0,1] such that P, € ®3 (u.). As follows from the above, the integral
curve of equation (9) J, : (¢,2* (t)) which passes through P, lies outside of Dy (1) if
t € (t_,t.), where (¢t_,t,) is the left maximal existence interval for the solution z*. From
the other hand there exists t.. € (0, p) such that if (¢t,z) € D; and if ¢ € (0,%..) then

(t,x) € Da (). Let

t* = min {t., ts }
As appears from the above J, : (t,2* (t)) lies outside of D; when t € (t_,t*). Introduce
an operator T: Y — U by Tu = x,,. Let us prove that T': I — U is a continuous operator.
Let u; € U, i € {1,2}, be arbitrary functions and let Tu; = z;, ¢ € {1,2}. Then z; € U,
i€{1,2}, and if t € (0, p] then the following identities are valid:
:L'; (t) = f(tvui (t)vu/i (t))vi € {172} (13)

If u; = up then xy = 5. Suppose ||u; — uz||z = h, h > 0. Let
5 = {(t,2) L e (0,0], lo— 22 ()] = A (ta ()™}

Dy = {(ta) s t € (0,0], o — w2 (O] < B*(tar (£))' 7"},
where v is a constant such that 0 < v < 0. Let the function As: Dy — [0, +00) be defined
by the equality
A (t ) = (& — w2 (1)) (b (1) "
and let a3 : Dy — R be the derivative of the function As by virtue of equation
2’ (t) = f(t,u1 () ,u'1 (1)) (14)
Since
Jur () =z (£)] = Jur (£) = ua (8)]"ua (£) —us ()77 <
< flur — wslls (Jur (8) = € (B)] + Juz (£) = £ (1)) <
< h(@2Mta ()™, te(0,p],

1—-v

[u'y (t) — /s (8)] = |u'y (t) — w2 (8)] |y () — /2 (8)] 7 <
< lur —uall (Ju's (8) = € (8] + [u'2 (8) — €' (1)) <
<h"(2qMa ()™, te(0,0],

it is easy to see that as (t,2) < 0 when (¢, z) € ®3. Therefore an integral curve of equation
(14) which intersects ®3 at an arbitrary point (¢, o), for small enough |t — to| (where
t < p): lies in D3 when ¢ > ty and lies outside of D3 when ¢ < to (the proof is similar to
that for ®;). Moreover, we obtain

@1 () = w2 (8)] < |21 (8) = € ()] + a2 (1) — £ (1)] < 2Mta(t) < b (ta (1)),

when t € (0,t(h)], where t (h) € (0, p] is small enough. Therefore if ¢t € (0,¢ (h)] then
the integral curve J : (t,z1 (t)) of equation (14) lies in D3. As follows from the above,
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if ¢ increases monotonically from ¢ =t (h) to t = p then the integral curve J : (¢, z1 (t))
cannot intersect ®3 and therefore this curve remains in D3 for all ¢ € (0, p]. We obtain

o1 (8) =22 (D < Rt (£)",  tE€(0,]. (15)
From (13) we see that

21 (8) =22 ()] < (b ()", tE(0,p]. (16)

Since p is small sufficiently it follows from (15), (16) that

o1 () — 2 (O] 4l () — 2 (O] < ) e (0,4, (17)

We now turn to a direct proof of the continuity of the operator T : U — U. Let there be
given € > 0. There exists t. € (0, p) such that

2Mto(t) +2qMa(t) <

E
t

€ (0,te].

DN ™

Then
|21 (t) = o ()| + [2"1 (1) — 2’2 ()] < |1 () — E(O)] + |22 (1) — ()| +
21/ (t) — & (t)] + |22 (t) — € ()] < 2Mta () + 2¢Ma (t) < g te(0,t]. (18)
Suppose t € [t, p]. We find from (17) that

|21 (1) = @2 (8)] + |21 (t) — 22 (8)] < t € [te, p].- (19)

o= (%)

If h < 0 () then it follows from (19) that
21 (8) = 2 (O] + |21 (1) =22 (1) < 3,
Since z; (0) = 0, z} (0) = &, ¢ € {1, 2}, it follows from (18), (20) that
|21 () = @2 ()] + |21 (t) — 22 (1)] < g t € [0, p]

hu
t )

Let
t€[tep]. (20)

and therefore c
|21 — 225 < 3

Thus, for any € > 0 there exists § (¢) > 0 such that if |ju; — uz|z3 = h < 6 (¢) then
€
||TU1 — TUQHB = ||J?1 — I’QHB < 5 < €.

The reasoning given above is independent of selection u; € U, i € {1,2}. Therefore
T:U — U is a continuous operator.

To complete the proof of Theorem 1 it suffices to apply the Schauder Fixed Point
Theorem to the operator T: U — U. O
ot)
0 &M
condition only for obtaining asymptotic forrn of estimates (3).

It may be noted that the condition hm

= 0 is not necessary; we use this
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Proof of Theorem 2. At the beginning we select the constants p, M, ¢ identical to those
for the proof of Theorem 1. Let B be the space of continuously differentiable functions
x: [0,p] = R with norm (7). Let U be the subset of B such that every its element
u: [0, p] — R satisfies inequalities (3) and also u (0) = 0, v’ (0) = &. It is obvious that U
is a bounded closed set. Let us consider the initial value problem (9), (2) where u € U is
an arbitrary fixed function. Let us consider precisely the same sets Dy, ®1, D1, H as in
the proof of Theorem 1. In Dy for equation (9) conditions of the Existence and Uniqueness
Theorem and conditions of the Continuous Dependence of the Initial Data Theorem are
fulfilled. By using a reasoning as in the proof of Theorem 1 we make sure that among
integral curves of equation (9) which intersect H there exists a unique integral curve (e.g.
Jo @ (t, x4 (t))) which is defined for all ¢ € (0, p] and lies in Dy when ¢ € (0, p]. It is easy
to see that inequalities (10) are fulfilled if ¢ € (0, p]. Let x,, (0) = 0, 2/, (0) = &. Then
Z, € U. Introduce an operator T: U — U by Tu = x,,.

Let us prove that T : Y — U is a contraction operator. Let u; € U, i € {1,2}
be arbitrary functions and let Tu; = x;, ¢ € {1,2}. Then x; € U, i € {1,2}, and if
t € (0,p] then the identities (13) are fulfilled. If u; = wg then z; = 3. Suppose that
lluy — uz|lg = h, h > 0. Let

O3 ={(t,z):t € (0,p], [x —z2(t)] = nht},

D3 ={(t,z) : 1 € (0,p], |w— 2 (t)] <nht},
where 7 is a constant such that n > [, +1,,. Let a function As: Dy — [0, 4+00) be defined
by the equality

Ag (tx) = (x — o (1)t

and let asz: Dy — R be the derivative of the function Ag by virtue of equation (14). It is
easy to see that a3 (t,2) < 0 when (¢,z) € ®3. Therefore an integral curve of equation
(14) which intersects ®3 at an arbitrary point (¢o,xo) for small enough |t — to| (where

t < p) lies in D5 if t > to and lies outside of D3 if t < ¢y (the proof is similar to that for
®; in the proof of Theorem 1). Thus

|21 () = 22 ()] < |21 (8) = E(O)] + |2 () = E(B)] < 2Mtex (t) < nht,

if t € (0,t(h)]; here t(h) € (0,p) is small enough. Therefore if ¢ € (0,¢(h)] then the
integral curve J : (t,z1 (¢t)) of equation (14) lies in D5. As appears from the above, if
t increases monotonically from ¢ = ¢ (h) to ¢ = p then the integral curve J : (¢,z1 (t))
cannot intersect ®3. Therefore J : (¢, 27 (¢)) remains in D5 for all ¢ € (0, p]. We obtain

21 (t) = @2 (O] < wht, £ € (0,0, (21)
From (13) we see that
2"y () =22 ()] < (la +1y) b, L€ (0,p)
and therefore
|21 (8) =22 ()] + 2"y (1) =22 ()] < (o + 1y +mt) b, L€ (0,p]. (22)

Let 0 = £ (141, + 1,); it is obvious that 6 € (0,1). Since p is small enough and z; (0) = 0,
2} (0) = &, @ € {1,2}, it follows from (22) that

|21 () — 22 (1) + |21 (1) — "2 (1) < Oh,t € (0, p]
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and therefore
||$1 — {EQHB S 9h,
or
[Tu1 — Tus|[g < Of|ur — uzl|g, (23)
where 6 € (0, 1). The reasoning given above is independent of selection u; € U, i € {1, 2}.
Therefore T: U — U is a contraction operator.

To complete the proof of Theorem 2 it suffices to apply the Banach Contraction
Mapping Theorem to the operator T': U — U. (]

2. Next, the initial value problem (1), (2) will be under consideration, where ¢ €
(0,7) a real variable, z: (0,7) — R a real unknown function, f: D — R is a continuous
function,

D={(t,z,y): t € (0,7),|z[ <& @), lyl <ra’ ()}
here £: (0,7) — (0, +00) is a continuously differentiable function, &' (¢t) > 0, t € (0, 7),

: o T gl ey £(t) _
tl—lgqeo5 (5 =0, t1—1>r£0§ (5 =0, t510 & (1)

If (£,0,0)| <K& (),  te(0,7).

Suppose that
|f(t7x7y1)_f(ta‘r7y2)‘Sly‘yl_yﬂv (taxvyi)epa i€{172}7

where [, is a constant, [, < 1.

Let us introduce the same definition of p-solution of problem (1), (2) as in the first
part of the paper.

We denote by U (p,M,q) the set of all continuously differentiable functions
u: (0, p] — R such that

lu()] < ME®R), [/ ()] < qME (t), te(0,p]; (24)
here p, M, g are constants, p € (0,7), M >0, ¢ > 0.

Theorem 3. Suppose that conditions (4), (5) hold, where l;: (0,7) — (0,400),
lo: (0,7) = (0,400) are continuous nonincreasing functions,

&) _

and
L,+1,<1, K< (1—-L;—1,)min{r,rs}.

Then there exist p, M,q such that problem (1), (2) has a nonempty set of p-solutions
x: (0,p] = R each of which belongs to U (p, M, q).

Theorem 4. Suppose that condition (6) be fulfilled, where I, is a constant,
lo + 1y, <1, K < (1—1ly)min{ry,rs}.

Then there exist p, M, q such that problem (1), (2) has a unique p-solution z: (0,p] - R
which belongs to U (p, M, q).
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Proof of Theorem 3. First of all we select constants p, M, q. Let the following conditions
hold:

(1—LE)Ir.11n{r17r2}’ K <M< min{rl,rg}.

K + l,min {r, 72} 1—-L, —ql, q

We do not present here the conditions for selection of p, because the volume of this
paper is resricted. We now note nothing but p is small enough, M, ¢ are large enough
and selection of p, M, q ensures the validity of all our reasoning given below. Let B be
the space of continuously differentiable functions z: [0, p] — R with norm (7). Let U be
the subset of B such that every its element u: [0, p] — R satisfies inequalities (24) and
also 4 (0) = 0, v’ (0) = 0 and, moreover, condition (8) holds, where

K ()= (1=1,) 7" (0 (1) + 1 (1)
It is easy to see that U is a closed, bounded and convex set. Moreover, U is a compact

set (according to the Arzeld Theorem). We will consider differential equation (9), where
u € U is an arbitrary fixed function. Let

Do ={(t,z) : t € (0,p],x € R}.
In Dq for equation (9) conditions of the Existence and Uniqueness Theorem and condi-
tions of the Continuous Dependence of the Initial Data Theorem hold. Let
Py ={(t,z) : t € (0,p], || = ME(D)},
D1 ={(t,z):t€(0,p], |z| < ME(2)},
H={({tz):t=p, x| <ME(p)}.
Let a function A;: Dy — [0,400) be defined by the equality

A () = 22 (£ ()7
and let a;: Dy — R be the derivative of the function A; by virtue of equation (9). It is
easy to see that a; (¢,2) < 0 when (¢,x) € ®;. By using a reasoning as in the proof of
Theorem 1 we make sure that among integral curves of equation (9) which intersect H
there exists at least one integral curve (let it be Jy : (¢, 2, (t))) which is defined for all
t € (0, p] and lies in Dy for all ¢t € (0, p]. Next we will prove that there is only one integral
curve of such type; for this purpose we consider the families of sets

@2 (n) = {(t.2) 1 € (0.p], o= ()] = (€ ()* }

Dy () = {(t2) : £ € (0,p], | = (8)] < (€ (1)* },
where p is a parameter, u € (0,1]. Let a function As: Dy — [0, +00) be defined by the
equality

1l<qg<

Nl

Ay (t2) = (v — o (£)*(E (1)
and let ag : Dy — R be the derivative of the function Ay by virtue of equation (9). It is
easy to see that as (t,2) < 0 when (t,2) € Dy, © # 2, (t). Then we can use a reasoning
as in the proof of Theorem 1. It is easy to see that the following inequalities are valid:
|z (B)] < ME(2), 2w ()] < qME' (t) T € (0, 7] (25)

and condition (11) is fulfilled. Let z, (0) = 0, 2/, (0) = 0. Then x, € U. Introduce an
operator T: Y — U by Tu = x,,. Let us prove that T: Y — U is a continuous operator.
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Let u; € U, i € {1,2} be arbitrary functions and let Tw; = z;, ¢ € {1,2}. Then x; € U,
i € {1,2} and if t € (0, p] then identities (13) are valid. If u; = ug then x1 = 5. Assume
lur — uzl|g = h, h > 0. Let

@5 = {(t.2): L e (0,p], o =22 ()] = mh" (€ (1)},

Dy = {(ta) 1€ (0.0, o -2 ()] < (€ (1)},
where v, 7 are constants such that
O<v<l n>201-v)"(Ly+1) M) "
Let a function Az : Dy — [0, 4+00) be defined by the equality

Az (tw) = (2 — 22 () (€ (1) 207
and let az: Dy — R be the derivative of the function As by virtue of equation (14). It

is easy to see that ag (t,z) < 0 when (¢,x) € ®3. Further our reasoning is identical with
the corresponding part of the proof of Theorem 1. We obtain

o1 (8) = w2 ()] < ¥ (€)', € (0],

'y (8) — 2 (1) Sw ()R (EW)' T, te(0,0],
where w: (0, p] = (0,400) is a continuous function, tlinﬂow (t) =0, and, lastly,
—

w1 (8) — 22 (B)] + |21 (8) —2'2 () <BV(E®) T, te(0,0],
and -
||Tu1 —TUQHB < 5 < e
if

1

s sl = b < (56 t) "

The reasoning given above is independent of selection of u; € U, i € {1,2}. Therefore
T:U — U is a continuous operator.

To complete the proof of Theorem 3 it is sufficient to apply the Schauder Fixed
Point Theorem to the operator T: U — U. O

Proof of Theorem 4. First of all we select constants p, M, q. Let the following conditions
hold:

(lfLr)H.liIl{T‘l,’l"Q}’ K <M< min{rl,rg}'

K + 1, min {ry, 72} 1—gql, q

The conditions for selection of p is not presented. p is small enough. Let 5 be the space
of continuously differentiable functions z: [0, p] — R with norm (7). Let U be the subset
of B, every element u: [0, p] — R of which satisfies inequalities (24), and also u (0) = 0,
u' (0) = 0. It is easy to see that U is a closed bounded set. Let us consider the initial
value problem (9), (2) where u € U is an arbitrary fixed function. Further let us consider
precisely the same sets Dy, ®1, D1, H and ®5 (1), D2 (1) as in the proof of Theorem 3. In
Dy for equation (9) conditions of the Existence and Uniqueness Theorem and conditions
of the Continuous Dependence of the Initial Data Theorem hold. By using a reasoning
as in the proof of Theorem 3 we establish that there is one and only one integral curve of
equation (9) (let us denote it by Jo : (¢, z, (¢))) which intersects H and lies in D; when

1<g<
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t € (0,p]. It is easy to see that inequalities (25) hold. Let z, (0) = 0, 2/, (0) = 0. Then
x, € U. Introduce an operator 7' : Y — U by Tu = x,. Let us prove that T: U — U is
a contraction operator. Let u; € U, i € {1,2} be arbitrary functions and let Tu; = x;,
i € {1,2}. Then x; € U, i € {1,2}, and if t € (0, p] then identities (13) are fulfilled.
If u; = uy then x; = x5. Suppose that ||u; —uzlz = h, h > 0. Let us consider the
same sets @3, D3 and the function As: Dy — [0,+00) as in the proof of Theorem 2. Let
as: Dy — R be the derivative of the function Az by virtue of equation (14). It is easy to
see that a3 (t,2) < 0 when (¢,2) € ®3. Moreover,

|1 (8) — w2 (O)] < |oa () [ + [aa (8)] < 2ME(t) < nht

when t € (0,¢ (h)], where ¢t (k) € (0, p) is small enough. In the same way as in the proof
of Theorem 2 it is easy to obtain (21), (22) and (23), where

1

It is obvious that 6 € (0,1). The reasoning given above is independent of selection of
u; €U, i € {1,2}. Therefore T: U — U is a contraction operator.

To complete the proof of Theorem 4 it is sufficient to apply the Banach Contraction
Mapping Theorem to the operator T: U — U. O
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Some new examples and properties of differential semiring ideals are given.
Radical differential ideals of commutative differential semirings are studied.
It is shown that a radical differential subtractive ideal is an intersection of
prime differential subtractive ideals. Differential semirings in which the radical
of every differential subtractive ideal is again differential are characterized.

Key words: Differential semiring, differential semiring ideal, radical di-
fferential ideal.

1. Introduction and preliminaries. In 1935 Vandiver [9] introduced a notion
of semiring as a generalization of associative rings and distributive lattices. Semiring
derivations, differential semirings and their differential ideals were considered by Golan
in [], where he gave few simple examples and properties. Thierrin [§] proved that the
semiring of languages over some alphabet forms a differential additively idempotent semi-
ring under the operations of union as the addition and catenation as the product. He
gave a number of other interesting examples of differential semirings of languages and
studied some of their properties, proving that differential semirings are of great interest
due to their possible applications. Recently in [2] the authors investigated some further
properties of semiring derivations and differential semiring ideals. This motivates a study
of differential semirings as semirings, not necessarily idempotent, with an abstract deri-
vation, not connected with formal languages.

The objective of this paper is to provide a study of differential semirings, mostly
concerning basic properties of differential semiring ideals. A number of new examples and
properties of differential semiring ideals are given. In the paper, radical differential ideals
of commutative differential semirings are investigated. It is shown that a radical differenti-
al subtractive ideal is an intersection of prime differential subtractive ideals (Theorem 2).
The paper also touches the question as to when the radical of every differential semiri-
ng ideal is differential. Theorem 3 lists conditions equivalent to the last-mentioned one.
Differential semirings in which the previously stated property holds for every differential
ideal are studied.
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For the sake of completeness some definitions and properties used in the paper will
be given here. For more information on semirings see [4] or [5].

Let R be a nonempty set and let + and - be binary operations on R named addition
and multiplication respectively. An algebraic system (R, +, -) is called a semiring if (R, +)
is a commutative semigroup and (R, -) is a semigroup such that multiplication distributes
over addition from either side. A semiring which is not a ring is called a proper semiring.
A semiring (R, +,-) is called commutative if multiplication is commutative.

An element 0 € R is called zero if a+0=0+a =a for all a € R. An element 1 € R
is called identity if a-1 =1-a =a for all a € R. Zero 0 € R is called (multiplicatively)
absorbing if a-0=0-a =0 for all a € R.

A semifield is a semiring in which non-zero elements form a group under multipli-
cation.

An element a € R is called additively idempotent if a +a = a. An element a € R
is called multiplicatively idempotent if a - a = a. Denote by I (R) the set of all additi-
vely idempotent elements of R, and by I*(R) the set of all multiplicatively idempotent
elements of R. The set I*(R) is an ideal of R, and I*(R) is a submonoid of (R,-), if
leR.

A semiring R is called additively (multiplicatively) idempotent if every element of R
is additively (multiplicatively) idempotent. Additively idempotent semirings are of great
interest due to their applications. They are widely known as idempotent semirings.

A non-empty subset of R, closed under addition and multiplication, is called a
subsemiring of R. A nonempty subset I # () of R is called a (semiring) ideal of R, if it
is closed under addition and both ra € I and ar € I hold for any r € R and a € I. Note
that according to this definition a semiring ideal is not necessarily proper.

An ideal I of R is called a subtractive ideal (or k-ideal) if a+b € I and a € I imply
that b € I. The k-closure cl(I) of an ideal I is defined as the set cI(I) = {a € Rla+b €
I for some b € I'}. It is an ideal of R satisfying I C cl(I) and cl(cl(I)) = cl(I). An ideal
I of R is subtractive if and only if I = cl(I).

An ideal I of the semiring R is called strong if a +b € I implies a € I and b € I for
every a,b € R. Every strong ideal is subtractive.

A prime ideal of R is a proper ideal P of R in which a € P or b € P whenever
ab € P. So P is prime if and only if for ideals A and B in R the inclusion AB C P
implies that A C P or B C P, where AB = {abla € A and be B} C A B.

A proper ideal I of R is called mazimal if T g J for any ideal J of R implies J = R.

In a commutative semiring R the radical of an ideal I is denoted by /T and defined
to be the set VT = {r € R|r" € I for some n € Ny}. According to [3] and 1] I C /1.
If T is a subtractive ideal of R, then so is v/I. Moreover, v/ is an intersection of all the
prime ideals of R containing I, whenever 1 € R.

An ideal I of R is said to be radical (or perfect) if I =+/T.

Throughout the paper R denotes a commutative semiring in the above sense with
identity 1 and absorbing zero 0 # 1, unless stated otherwise. N denotes the set of positive
integers and Ny = N {0} the set of non-negative integers.

2. Differential semiring ideals and homomorphisms. Let R be a semiring, not
necessarily commutative. A map §: R — R is called a derivation [4] on R if 6 (a +b) =
d(a)+d(b) and 0 (ab) = 6 (a) b+ ad (b) for any a,b € R. A semiring R equipped with a
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derivation ¢ is called differential with respect to the derivation §, or a §-semiring, and
denoted by (R,9) [2].
An ideal T of the d-semiring R is called differential [4] if 6 (a) € T whenever a € I.
It is easily seen that {0} is a differential subtractive ideal of any differential semiring
R. As noted in [2], in a differential semiring R with absorbing zero the set V(R) of all
additively invertible elements forms a differential ideal.

Example 1. The set IT(R) of all additively idempotent elements of a differential semi-
ring (R, ) is a differential ideal of R.

The set I*(R) of all multiplicatively idempotent elements of the commutative di-
fferential semiring (R, ¢) is generally not an ideal. Moreover, I*(R) is not differentially
closed, but it can be easily proved that if R is a commutative differential semiring and
I*(R) is an ideal of R, then it is a differential ideal.

Example 2. In a polynomial ring R = Ny [z] together with one derivation § = d%,

defined by d(n) = 0 for all n € Ny and 0 (x) = 1, the ideal I = (2™,n), n € N, is
differential.

In what follows R denotes a differential semiring under the derivation ¢.

Proposition 1. Every multiplicatively idempotent two-sided ideal I of a differential semi-
ring R (i. e. such that I? = I) is differential.

Proof. Let (R,d) be a differential semiring and I? = I. If a € I, then it is a finite sum
a= Zle r;8;, where r;,s; € I. Then § (a) = Zle 0(r;) si + Zle ;0 (s;) € I. Hence T
is a differential ideal of R. O

Proposition 2. If I is a differential ideal of R, then its k-closure cl(I) is a differential
subtractive ideal of R.

Proof. It is well known that cl(I) is a subtractive ideal. If a € cl(I), then there exists b € T
such that a + b € I. It follows that 6(a) 4+ 6(b) € I and §(b) € I. Therefore §(a) € cl(I),
and cl(I) is differential ideal. O

Proposition 3. (1) An intersection of any family of subtractive differential ideals
of R is a subtractive differential ideal of R;
(2) A sum of any family of differential ideals of R is a differential ideal of R;
(3) A product of any finite family of differential ideals of R is a differential ideal of
R.

A semiring R is called ideally differential if all of its ideals are differential.

Every additively idempotent differential semiring is ideally differential. Propositi-
on [l implies that every multiplicatively idempotent commutative differential semiring is
ideally differential.

In what follows let R be a commutative differential semiring with respect to the
derivation 4.

Lemma 1. If I is a radical differential subtractive ideal of R and ab € I, then 6 (a)b e I
and ad (b) € I.
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Proof. It is clear that ¢ (ab) = ¢ (a) b+ ad (b) € I. Moreover, §(a)b € R. By multiplicative
commutativity we have that §(a)b - d(ab) = (6(a)b)? + ab - §(a)é(b) € I. Since I is an
ideal of R, ab € I implies ab- & (a)§ (b) € I, and by subtractiveness (§(a)b)” € I. Hence
d(a)b € I. As a result, the subtractiveness of I implies ad(b) € I. O

Proposition 4. If I is a radical differential subtractive ideal of R and A is an arbitrary
nonempty subset of R, then

(I:A)={reR|raclforallac A}
is a radical differential subtractive ideal of R.

Proof. Under given conditions (I : A) is an ideal of R [5]. If » € (I : A), then ra € I for
all a € A. Therefore §(ra) = 6 (r)a + 76 (a) € 1. It follows 6 (r)a - 6 (ra) = (6 (r)a)* +
ra-9(r)d(a) € I. It is clear that ra - ¢ ()0 (a) € I. Since the ideal I is subtractive, we
have (6 (r)a)® € I, and 6 (r)a € I for all a € A. Therefore 0 (r) € (I : A). Hence (I : A)
is a differential ideal of R.

Let ™ € (I : A) for some r € R, n € N. Then r"a € I for all a € A. It follows
that (ra)" = (r"a)a™~! € I. Since I is radical, we have ra € I for all a € A. Hence
re (I:A),and (I:A)is radical.

Let r,r+s € (I : A). Then ra € I and (r+ s)a € I for all a € A. By subtractiveness
of I, ra+ sa € I and ra € I follow sa € I. Hence s € (I : A), so (I : A) is a subtractive
ideal of R. g

A subset A of R is called differentially closed, if a € A implies 6(a) € A. Differential
ideals are differentially closed.

Proposition 5. Let (R,d) be a differential semiring, not necessarily commutative. If T
is a differential subtractive left ideal of R and A C R is a nonempty differentially closed
subset of R, then (I : A) ={r € R|ra € I} is a differential subtractive left ideal of R.

Proof. Under given conditions (I : A) is a subtractive left ideal of R [5]. Let » € (I : A).
Then ra € I for all a € A. Since I and A are differentially closed d(a) € A and d(ra) =
d(r)a +rd(a) € I. It follows that §(r)a € I, since I is subtractive and rdé(a) € I. Hence
d(r) e (I A), and (I : A) is differential. O

Let A C R be a non-empty subset of a semiring R. The annihilator ideal of A is
defined as the set (0: A)={re€ Rlra=0forallac A}.

Corollary 1. Let (R, ) be a differential semiring, not necessarily commutative. If A C R
is a nonempty differentially closed subset of R, then (0 : A) is a differential subtractive
ideal of R.

For an element a € R denote a*) = a, o’ = §(a), a” = §(5(a)), ...a™ = §(a(*V),
n € Np, and a(*>) = {a(™|n € Ny}. The set a(>) of all derivatives of a € R is differentially
closed in R, so we have the following result.

Corollary 2. Let (R,0) be a differential semiring, not necessarily commutative. If 1
is a differential subtractive left ideal of R and a € R, then (I : a(‘x’)) is a differential
subtractive left ideal of R.

Note the following properties, which are straightforward to prove.
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Proposition 6. Let (R,0) be a differential semiring, not necessarily commutative.
(1) If I C J, then (I : a(oo)) - (J : a(oo)) for any a € R.
(2) (I:a>)) C(I:a) for any a € R.
(3) ((1:al)) b)) = (I:(ab)®>)) for any a,b € R.

Proposition 7. An intersection of an arbitrary family of radical (resp. subtractive)
differential ideals of R is a radical (resp. subtractive) differential ideal of R.

Proof. In any differential semiring R an intersection of an arbitrary family of (subtractive)
differential ideals of R is a (subtractive) differential ideal of R by Proposition [3| In any
commutative semiring R an intersection of any family of radical semiring ideals is a
radical ideal of R. O

Let A be a subset of R. Denote the smallest differential ideal containing the set A
by [A], the smallest radical differential ideal containing A by {A}, the smallest differenti-
al subtractive ideal containing the set A by |A|, and the smallest radical differential
subtractive ideal containing A by (A4) .

Lemma 2. For any element r € R and any subset A of R, r(A) C (rA).

Proof. By Proposition [ ((rA):r) is a radical differential subtractive ideal of R. Since
rA C (rA), then A C ((rA) :r). It follows (4) C ((rA) : r). Hence r(A) C (rA). O

Lemma 3. For any subsets A and B of R, (A){B) C (AB).

Proof. By Lemma 2 A C ((AB):(B)) = {z € R|z(B) C (AB)}. By Proposition [
((AB) : (B)) is a radical differential subtractive ideal of R. It all implies that (A) C
((AB) : (B)). Hence (A)(B) C (AB). O

Theorem 1. Let S be a multiplicatively closed subset of R (0 ¢ S). If I is a radical
differential subtractive ideal of R mazimal among radical differential subtractive ideals
disjoint from S, then I is prime.

Proof. Let S C R be a multiplicatively closed subset of R and let I be a radical differential
ideal of R maximal among those not meeting S. Suppose that there exist a,b € R such
thata-bel,a¢ I and b ¢ I. Then I & (I,a) and I & (I,b), moreover (I,a) (S # @
and (I,a)()S # @. Thus there exist u,v € S such that v € (I,a) and v € (I,b). Thus
wv € (I,a)(I,b) C I by Lemma [3] Therefore I (S # @, which is a contradiction. O

Corollary 3. Let S C R be a multiplicatively closed subset of R and let I be any radi-
cal differential subtractive ideal disjoint from S. Then there exists a prime differential
subtractive ideal P containing I which is disjoint from S.

A semiring ideal I of R is called quasi-prime if it is maximal among the differential
ideals disjoint from some multiplicatively closed subset S of R.
Every prime differential ideal is quasi-prime.

Theorem 2. If I is a radical differential subtractive ideal of R, then it is an intersection
of all the prime differential subtractive ideals containing I.
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Proof. Let I be a radical differential subtractive ideal of R. It is clear that any radical
differential subtractive ideal is contained in the intersection of all the prime differential
subtractive ideals containing it.

To prove the inclusion (), P C I take some a ¢ I and denote S = {a"|n € No}.
Since I is radical, S()I = @. There exists some radical differential subtractive ideal P
of R which is maximal among radical differential subtractive ideals disjoint from S. By
Theorem [1} P is a prime differential subtractive ideal of R containing I and S P = @.
It follows that a™ ¢ P for any n € Ny, and therefore a ¢ P. Hence a ¢ (;cp P. O

Corollary 4. Let A be a non-empty subset of R. Then (A) is the intersection of all the
prime differential subtractive ideals P containing A.

A map f: Ry — Ry is called a semiring homomorphism if f(a + b) = f(a) + f(b)
and f(ab) = f(a)- f(b) for all a,b € R. The kernel of f is defined as the set Ker f = {r €
R|f(r) =0g,}, and the image of f is the set Im f = {r € Ry : 3s € Ry f(s) = r}.

A homomorphism of differential semirings f: Ry — Ry is called a differential
homomorphism if f(§(r)) =08 (f(r)) for all r € R;.

Proposition 8. Let Ry and Ry be differential semirings, and let f: Ry — Rs be a
differential semiring homomorphism. Then
(1) Ker f is a differential subtractive ideal of Ry;
(2) Im f is a differential subsemiring of Ra;
(3) If I is a differential ideal of Ry, then I¢ is a differential ideal of Ry;
(4) If I is a differential subtractive ideal of Ro, then I¢ is a differential subtractive
ideal of R;.

Proof. (1) Clearly, if r € Ker f, then f (r) =0g, and f (6(r)) = (f(r)) = 6(0r,) = Og,.
Hence §(r) € Ker f, and Ker(f) is differential.

(2) If r € Im f then there exists s € Ry such that f(s) = r. It follows that (r) =
6 (f(s)) = f(6(s)) € Im f.

(3) If r € I¢ then r = Zle rif (s;), si € I. Then we have §(r) =6 (31, rif (s;)) =
S (8(ri) - f(si) + 1 f(6(si))) € I°, because s; € 1.

(4) If r € I° then f(r) € I. Since 0 (f (r)) = f(6(r)) € I, then d(r) € I°. O

Corollary 5. Let Ry and Ry be differential semirings. If f: Ry — Rs is a differenti-
al semiring homomorphism and P is a prime differential subtractive ideal of Ro, then
f~Y(P) is a prime differential subtractive ideal of R;.
Proof. Follows by [3, Proposition 3.2].

The following proposition is straightforward to prove.

Proposition 9. Let Ry and Ry be differential semirings, and let f: Ry — Ro be

a differential semiring homomorphism. Then f induces a differential isomorphism
f: Ri/Ker f — Im f for which f(r + Ker f) = f(r) for all r € R;.
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3. Differential semirings in which the radical of each differential ideal is
differential. For a subset A of R we define its differential A4 to be the set

Ay = {a € R’a(”) € Aforalln € NO}.

Proposition 10. Let A, B, A;, i € I, be subsets of R. Then (), has the following
properties:
(1) Ay € A;

(2)

E ; IfA - B then A# - B#,’
) (Nies Ai)# = Nier (Ai)y;
(6)
(7)

(8) Ay - By C (AB),,.
Proposition 11. The operator (), has the following properties.
(1) If I is an ideal of R, then Iy is a differential ideal of R.
(2) If I is a strong ideal of R, then Iy is a differential strong ideal of R.
(3) If I is a subtractive ideal of R, then Iy is a differential subtractive ideal of R.
(4) If I is a subsemiring of R, then Iy is a differential subsemiring of R.
(5) If I is a differential ideal of R, then Iy = 1.

Proof. (1) Let a,b € Iy. Then a(™ € I and ™ € I for any n € Ny, thus (a + b)(") =
a™ + 5™ € I. Hence a +b € Iy. If a € Iy and 7 € R then a®) € I for any k € Ny. By
the Leibnitz rule, (ra)™ = S CEr(n=Rg(*) ¢ I. It means that ra € I;. Hence I is
an ideal of R. The ideal I is differential since I is differentially closed for any subset
I of R.

(2) Suppose that a +b € Ix. Then (a + b)™ = a™ + b € I for any n € Ny. The
ideal I being strong implies that a(™ € I and b € I. Thus a € I and b € Ty, so Iy
is strong.

(3) Follows from (2) since every strong ideal is subtractive. (4) Follows from (1). (5)
follows from Proposition O

Proposition 12. Let I be an arbitrary subtractive semiring ideal of R and let A be a
differentially closed subset of R. Then the following equality holds:

(I : A)# = (I# . A)
Proof. Suppose 7 € (I : A)y. Then 1™ € (I : A) for all n € Ny, so r™a € I for all
a € A. Since A is differentially closed, then ra’ € I. Therefore (ra) = r'a+ra’ € I. By
induction we obtain that (ra)™ € I for all n € Ny. Hence r € (Ig - A).

Conversely, let r € (I : A). Then (ra)(”) €lforalaec A, n e Ny, i e rae€l,
(ra) =r'a+rd € I, (ra)" =r"a+2r'd' +ra" €1, ..., (ra)™ =Y} _, Ckr(n=kgk) ¢
Since A is differentially closed, by subtractiveness of I, (ra)’ € I and ra’ € I imply
r’a € I. We may infer by induction that »™a € I for all @ € A, n € Ny. It follows that
rM e (I:A),iere(l:Ay. O
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Corollary 6. If I is a subtractive ideal of R and A is a differentially closed subset of R,
then (I4 : A) is a differential subtractive ideal of R.

Corollary 7. Let I be an arbitrary subtractive ideal of R and a € R. Then (I : a(oo))# =
(I# : a(oo)).

Proposition 13. Let Ry and Ry be differential semirings, and let f: Ry — Rs be a
differential semiring homomorphism. Then ( )# has the following properties:

(1) If A is a subset of Ry, then f(Ay) C (f (A))y;

(2) If A is a subset of Ry and f: Ry — R is a differential semiring monomorphism,
then f (Ay) = (f (A)) .

(3) If B is a subset of Ry and f: Ry — Ry is a differential semiring epimorphism,
then {1 (By) = (£~ (B)).,-

Proposition 14. In any differential semiring R for any prime ideal P of R the di-
[ferential ideal Py is quasi-prime.

Proof. Suppose P is a prime ideal of R and S = R\ P. Then S is multiplicatively closed,
and, by Propositions and Py is a differential ideal of R disjoint from S. If I is
any differential ideal disjoint from S, then I C P. Thus I = Ix C Pyx. Hence Py is
quasi-prime. O

It is known even in the case of differential rings that the radical of a differential
ideal is not necessarily differential. This is also true for semirings. For example, for an
ideal (2™, n) of the semiring Ny[z] its radical is not differential.

Theorem 3. The following conditions are equivalent:

(1) If I is a differential subtractive ideal of R, then so is \/1;

(2) If S C R is a multiplicatively closed subset of R (0 ¢ S) and I is a differential
subtractive ideal of R disjoint from S, then every differential subtractive ideal of
R which is mazimal among differential subtractive ideals containing I and not
meeting S is prime.

(8) If I is a prime subtractive ideal of R, then Ly is a differential prime subtractive
ideal of R.

(4) Any prime subtractive ideal, minimal over some differential subtractive ideal, is
differential.

(5) If A is any subset of R then (A) = \/|A].

(6) Any quasi-prime subtractive ideal I in R is prime.

(7) Any quasi-prime subtractive ideal I in R is radical.

Proof. (1) = (2) Let the radical of each differential subtractive ideal of R be differential.
Suppose S C R is a multiplicatively closed subset of R (0 ¢ S), I is a differential
subtractive ideal of R such that I NS = @, and K is an arbitrary differential ideal of
R such that I C K, KNS = &, and for any differential subtractive ideal L such that
K C L we have K = L. Under given conditions V'K is a differential subtractive ideal of
R. Moreover, I C K C VK. Since K is maximal, we have K = /K. Thus K is a radical
differential subtractive ideal of R, maximal with respect to the exclusion of S. Hence, by
Theorem [, K is prime.
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(2) = (3) Suppose S C R is a multiplicatively closed subset of R (0 ¢ S), I is a
differential subtractive ideal of R such that I NS = &, and every differential subtractive
ideal K of R, maximal among those containing I and not meeting S is prime. Let P be
any prime subtractive ideal. Under given conditions S = R\ P is a multiplicatively closed
subset of R and {0} is a differential subtractive ideal disjoint from S. Moreover, Py C P
follows SN Py = @. Thus Py is a differential subtractive ideal of R disjoint from S. If I
is an arbitrary differential subtractive ideal of R such that Py C I and I NS = &, then
I C P. 1t follows that ] = I C Px. Thus Py is prime.

(3) = (4) Let I be an arbitrary differential subtractive ideal of R, and let P be
a prime subtractive ideal of R minimal among those containing /. Then we have I =
Iy C Py C P. Since P is prime, moreover it is minimal among prime subtractive ideals
containing I, Py is prime by assumption and Py = P. Thus P is differential.

(4) = (1) Follows from Theorem [2] and Proposition |3| Let I be an differential
subtractive ideal of R. The radical of each differential subtractive ideal is the intersection
of all prime differential subtractive ideals containing it, moreover this intersection is a
prime ideal and it is minimal over I. It follows by assumption that /I is differential.

(1) & (5) If a radical of each differential subtractive ideal is a differential subtracti-
ve ideal, then the same holds for the differential subtractive ideal |A|. Then \/|A] is
differential and obviously coincides with (A). Conversely, let I be a differential ideal.
Then (I) = \/|I] = VT is a differential ideal of R.

(3) & (6) Obviously, since (0) is a differential subtractive ideal contained in any
other differential subtractive ideal not meeting S.

(6) < (7) Obviously follows from definition and Theorem O

A differential semiring satisfying one of the equivalent conditions stated in the
Theorem [3| is called a dmsp-semiring. Note that differential rings in which the radical
of each differential ideal is differential were studied in 1973 by H. Gorman, who coined
the term of a d-MP-ring; rings satisfying the same property were studied by Keigher
[6] in 1977, who named them special rings. Nowadays in differential algebraic geometry
the term of a Keigher ring is generally used instead. It is therefore easy to see that in a
dmsp-semiring maximal among differential subtractive ideals are prime. Every differenti-
ally trivial semiring is a dmsp-semiring. {0} is a dmsp-semiring. Any differential semifield
is a dmsp-semiring. Any Keigher ring is a dmsp-semiring.

Corollary 8. In a dmsp-semiring the radical of an arbitrary differential subtractive ideal
is the intersection of all the prime differential subtractive ideals containing I.

Proof. Since I is differential by Theorem (5) we have (I) = \/|I| = V/I. From Theorem
(I) = N;cp P, and the result follows. O

Note that this corollary can be proved directly using the argument similar to the
proof of Theorem [2}

Let I be an ideal of a semiring R and let a,b € R. Define the equivalence a ~ b if
and only if there exist x,y € I such that a+2 = b+y. Then ~ is an equivalence relation
on R. Let [a]f or [a] be the equivalence class of a € R. Then R/I = {[a]¥|a € R} is a
semiring under the binary operations defined as follows: [a] + [b] = [a+b] and [a][b] = [ab]
for all a,b € R. This semiring is called the Bourne factor semiring of R by I.
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Let (R,0) be a differential semiring and let I be a differential semiring ideal of R.
Then it can be easily proved that the Bourne factor semiring R/I is a differential semiring
under the derivation d: R/I — R/I given by d ([a]) = [d(a)]} for any a € R.

Proposition 15. If R is a dmsp-semiring and I is a differential subtractive ideal of R,
then R/I is a dmsp-semiring.

Proof. The statement follows easily from the structure of prime ideals of the Bourne
factor semiring R/I and the definition of dmsp-semiring. O

Proposition 16. If I is a radical differential subtractive ideal of the dmsp-semiring R,
then Iy is a radical differential subtractive ideal of R.

Proof. Let I be a radical differential subtractive ideal of R. By Theorem [2| I coincides
with the intersection of all prime differential subtractive ideals of R which contain it.
Thus I =();cp P. By Propositionsandthe operator ()4 preserves intersections,

inclusion and subtractive ideals. Therefore ()4 also preserves radical ideals. O

Proposition 17. If Ry is a dmsp-semiring and f: Ry — Ro is a differential semiring
epimorphism, then Rs is a dmsp-semiring.

Proof. Denote A = {P € SpecR; | Kerf C P} C R;y. It is clear that the differential
epimorphism f: Ry — Ry induces a differential isomorphism f = f|4 : A — SpecR»
between prime ideals P of R;, containing the kernel of the homomorphism Kerf and
prime ideals of Rs.

Let Q € SpecR,. Since R; is a dmsp-semiring and f~1 (Q) = f~1(Q) € Ais a prime
subtractive ideal of R; by Corollary then sois f~1(Q) w1t follows from the properties

of ( )u (Proposition that Qu = f (f~1(Qx)) = f((f‘*l (Q))#) . Therefore Qy is
]

a prime differential subtractive ideal of Ro. Hence Rs is a dmsp-semiring.

Proposition 18. Let Ry,..., R, be differential semirings and let R = Ry X --- X R,.
Then R is a dmsp-semiring if and only if R; is a dmsp-semiring for each 1.

Proof. Let R be a dmsp-semiring. Then for every i the canonical projection 7;: R — R;
is a differential epimorphism. By Proposition every R; is a dmsp-semiring.
Conversely, suppose all R; are dmsp-semirings and P is a prime subtractive ideal
of R. Consider the canonical projections m;: P — P; for all i = 1,2,...,n. It follows
that 7 (P) = Py is a prime subtractive ideal of Ry for some k, k € {1,2,...,n}, and
7;(P) = Ry for | # k. Then 7}, ' (Py) = P. Therefore Py = (" (Pr)) e = 7. ((Pr)s)-
Since 7, '((Pg)4) is a prime subtractive ideal of R by Corollary o0 is Px. Hence R is
a dmsp-semiring. ]
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Hageneno moBi mpukitagn ta BAaCTUBOCTI qudepeHIiaIbHIX i/1eaiB y Ha-
miBKiIbIgx. Jlocimkyemo pagukas audepeHiaJbHOro i1easry KOMyTaTUBHOTO
mudepenIiaIbHOro HAMBKIIbIA. JJoBeeHo, o paauKaIbHuil JudepeHIiaib-
HUI HAIIBCTPOrUM i1easl € IepeTHHOM IEePBUHHUX AudEpPeHIaJbHIX HAIB-
crporux imeasis. ITomano xapakrepusaliio jaudepeHIiaJbHUX HAIIBKiIElb, B
SKUX PAJIMKAJI KOXKHOTO Au(epeHIiaIbHOr0 HAMBCTPOroro ijteaay € audepeH-
iaJIbHUM.

Karwost caosa: mudepeniiagbHe HAMBKIIbIE, AudepeHIiaJ pHuil i1easn
HAIMBKIJIbIE, PaJuKaabHUi audepenmiaabauil imear.
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PE30JIBBEHTA 1 YMOBMU PO3B’A3HOCTI BJIACHUX
PO3HNIUPEHD JITHIMHOI'O BI/IHOIITEHHZAI ¥
IT'JIBBEPTOBOMY IIPOCTOPI

Ougsbra IIII'YPA, Oser CTOPO2K

Jveiecvruti HaytonarvHul yrisepcumem imens Isana Dparka,
eys. Yuieepcumemcora, 1, JIveis, 79000,
e-mail: info@nuft.edu.ua, storog@Qukr.net

Y Tepminax abOCTPAKTHHX KPANOBUX OIMEPATOPIB MOCTIIKEHO OMMH KJIAC
posmupens L 4 bikcoBaHOrO 3aMKHEHOrO0 JIiHINHOTO Bigunomenns Lo y rianbep-
TOBOMY IIPDOCTOPi. BCTaHOB/IEHO PO3MipHICTH MHOTOBHY HYJIB, KOPO3MIPHICTB
o06sracTi 3HAYEHD 1 KpUTEPili HOPMATHHOI po3B’a3HOCTI Bimpomenaa La — A (A €
C). Buaiineno pe3o/IbBEHTHY MHOKUHY Ta I00YI0BAHY PE30JIbBEHTY DPO3LJIY-
BAHOTO PO3IIMPEHHS.

Kao4061 carosa: rinbbepTiB mpocTip, JiHifiHE BiIHOLIEHHS, OIIEPATOP, pe-
30J/IbBEHTA.

1. Beryn. Teopis miniitaux Bignomens (“6araro3Hadnux omneparopis” y rianbep-
TOBOMY IIPOCTOPI) — BaxKJIMBHIA PO31ia (DYHKIOHAJIBHOIO aHAJI3Y. Ii 3anowarkosas P.
Apenc [1] i snaiinuia cBiit noganpmmii pozsurok y npaugx E.A. Koxinrrona [2] (ca-
MOCHPsi?KeHI PO3LIMPEHHs HELIbHO BU3HAYEHUX epMmitoBux oneparopis), A. Haiikcmu i
TI. Croo [3] (ommc camocnpsizKeHUX PO3IHUPEHh CHMETPUYHOTO BiIHONIEHHST B TepMiHAaX
nedexraux npocropis), @.C. Pode-Bekerosa [d], A.H. Kouy6es [5], B.I. T'opbatyx i
M.JI. Topbauyka [6] (3acrocyBanHs Teopil JiHIHKX BiHOIIEHb /10 OMACY CAMOCIIPSIZKe-
HUX Ta JUCUIATUBHUX DO3IIUPEHb PI3HUX KJIACIB CUMETPUYHUX ONEPATOPIB) Ta IHIIMX
MareMaTukiB. IIpoTsarom ocTaHHIX ABAAIATH POKIB 3aIliKaBIEHICTD /10 T€OPil BiIHOIIEHD
snagro mocuianaacd. Ile mom’si3ano, 30KpeMa, 3 THM, IO BOHA 3HANIIA Pi3HOMAHITHI
3aCTOCYBAHHS B TEOPil PO3IIUPEHb HEIIJIbHO BU3HAYEHUX OMEPATOPIB, mepemayciM aude-
pennianpaux (quB., Hanpukias [7, 8, @) 10, 1T, 12] 13, [14], ne po3suBaeThCs KOHIENIis
IPOCTOPY TPAHUIHUX 3HAYEHD i Biamosimuol ¢dpyuknii Beitns ams mixiifimoro BimgHOIIEHHS,
Ta LUTOBAHY TaM JITEPaTypy).

2. ITosnauenns Ta ¢dopmyaoBanHg 3amadi. [lomepemni BimomocTi. [Tig H
posymiemo bikcoBanuil KOMILIEKCHUH TiIb0epTiB mpocTip 31 ckansgpuuM qobyTkom (-|).

2010 Mathematics Subject Classification: 47B44, 81Q15
© O. Iirypa, O. Cropox, 2016
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Byb-aknit (3avMknenwit) mimiitamit Mporosun 8 H2 = H @© H masuBaeTbesa (3amKHe-
HUM) AtHiGHuM idnowennam B H. Tlpuknanom Jiniiinoro sinuowenus € rpadik GrT
ainifinoro omeparopa 7', TOMy B Teopil JiHIHUX BiJHONIEHHL OMEPATOP OTOTOKHIOIOTH 3
ifioro rpadikom. Mu Bukopucrosyemo taki nmosunauenns: D(T'), R(T), ker T— Biamnosinno,
006J1aCTh BU3HAYEHHS, 00/1aCTh 3HAYE€Hb 1 MHOrOBH/, HYJIIB BiaHOmenHs (oneparopa) T

DIT)={yeH|3 €H): (yy)eT}; RT)={y €eH|ByecH): (y,y)eT}
kerT'={yeT:(y,0)€T}; ol ={(y,ay'): (y,9') € T};
armo A€ C, o T — A= {(y,y — \y) : (y,¥') € T} (oo,
ker(T —A) ={ye H:(y,00 €T =X} (={yeH:(y,\y) €T});

ker(T — A) = {(y, \y) : y € ker(T — \)}; T'={(y,y) € H*: (y,y) € T};
T(0)={y' € H:(0,¢)) € T};
nns Gyab-skoro Jinifinoro Bimnomenuns T C H? cnpsokene (mimiitne) wigmomenns T*

BHU3HAYAETHCA TaAK:

T*=H?0JT = JH*ST),

~ (0 —ilg).

p(T) ={A € C:ker(T— ) = {0}, R(T— \) = H} (pe3oabBeHTHA MHOKHHA BiIHOIIEHHS
T).

Jie

Haui, axmo X, Y — rinebeprosi npocropu, 10 (+|-) x— CUMBOJI CKaJISIPHOrO H00YTKY

Ha X; B(X,Y) — cykyunicrs Jjinifinux Henepepsuux oneparopis S : X — Y rakux, mo
D(S)=X; B(X) =B(X,X):

1x — TOTOXKHE MEPETBOPEHHS TPOCTOPY X ;

S | E — 3Byxenns BigoOpaxenus S Ha MHOXKUHY K

+,® — BiAIOBiIHO CUMBOJIE IIPAMOI T OPTOrOHAJBHOI CyMHU;

© — CEMBOJI OPTOTOHAJILHOTO JTOTIOBHEHHST;

SFE — obpa3 muoxunu F mnpu Bimobpaxkeni S;

E — 3aMuKaHHI MHOXKHHE E.

Posb mouarkoBoro o6’exra Bimirpae napa (L, Lg) 3aMKHeHUX JIHIHIX BiIHOIIEHD B
def

H rakux, mo Ly C L. IIpuitmemo Mdéng, My = L*. Bigomo [16], wo icuytors rinsbep-
toBi mpocropn G1,Go Ta miniitai oneparopn I'; € B(L, G;) (i = 1,2) raxi, 1o
R(Fl D Fg) = G1 P Gs, ker(F1 &) Fg) =Ly i fl S B(M, Gg), fg S B(M, G1)
(Kl BU3HAYAIOTHCS OHO3HAYHO, BuxoAsd4n 3 G, Ga, 'y, T's) Taxi, mo
R, ®Ty) =Gy ® Gy, ker(Ty @ Ty) = My,
Vi=(y,y) €L, Vi=(z2)eM  (y]2) - (yl) = [17IT22)q, — (TayIT12)c,

IIpu npomy

[ JT, =0, TyJT, =ilg,, Dol = —ilg,, T2Jl, =0, (2)
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e J BU3HAYCHO sriguo 3 (1). Byuab-sike 3amkHene Jiniiine signomenns Ly (M) Take, mo
Ly C Ly C L (Bignosiguo, My C My C M ) Mu HA3UBAEMO BJIACHMM DO3IUIUPEHHSIM
BigHomenust Lo(My).

Hexait F' — neskwii rins0epris npoctip Takwmii, mo dim F' = dim(G; @ G2). HeBaxko
JIOBECTH, 1110 JJisi Oy Ib-sIKOI'O BJIACHOIO po3inupenns L Bignomenns Lo icuye A € B(G1®
Gq, F) rake, mo Ly = ker AT'. Tani nucarumemo L4 3amictb Li. Orox

La=ker(AiT1 + AsTy) ={ye L: Ail1g+ Aoy =0}, meA;=AlG;(i=1,2).
3posywmino, mo 4; € B(G;, F).
Hauii nupunyckaemo, 1o pesosbBenTra MuOKuHa p(Lo) BiiHOILEHHS Lgdéf ker I'y me-
nopoxus. Hexait A € p(Lz), a otixe, A € p(Ms), ne Mgdéf ker[y (= L3). Toni

L (L, - N e BH), MYy, -3 (= L3) € B(H).

B Tepminax abcTakTHUX TDAHUYHUX ONEPATOPIB, TOOTO y BUIJISAML, AKWNA y BUMAIKY [IH-
depenmiaIbHUX 0IEPATOPIB TPUBOAUTH OE3MOCEPETHBO A0 KPAXOBUX yMOB, BCTAHOBJIEHO
PO3MipHICTH MHOIOBH/IY HYJIiB, KOPO3MIpHICTH 00JIACTI 3HAYEHD 1 KpUTEpiii HOpMAaIbHOL
poss’szrocti Bigpomenuss Ly — A (A € C). 3okpema, 3’sCOBAHO, KOJIW 1€ BiIHOIIEHHS
€ po3B’si3anM, T06TO, Koou ker(Ly — ) = {0}, R(A — \) = H. Y 1upoMy BHUIAJKY TO-
OymoBano pe3osbBenty BigHomenus L 4. OKpeMy yBary mpuaiieHO BHIAIKY, Komu A €
HOPMAJILHO PO3B’sA3HUM OIIEPATOPOM.

3. HJomomixkui oneparop-dyukuii. Hexaii A € p(Ls). Ipuitmemo
VyEHZ)\y:(LAy,y—i—)\L)\y), i VzEH]/\/[\Xz:(MX@z—i—XMXz).
Jlema 1.
R(Ly) = Lo, R(My) = M. (3)

Zosederns. 3po3ymiso, 1o /L\,\ € B(H,H?). Hani GrLy = {(y,L\y) : y € H}, Tomy
Ly —=A={(Lxy,y) :y € H}, aorxe, Ly = {(Lay,y + Lay : y € H)} = R(Ly). llepmy 3
piBaOCTel (3) moseneno. pyry 10BOAMMO aHAJIOIIYHO. O

Hacmigok 1. Vy € H FQZ)\y =0, VzeH TQJ/\IXZ = 0.

HprIMeMO degf(flj\/f\x)*, Zxd;f(rlz)\)*.
Jlema 2. .
ZAEB(GQ,H)7 Z,\Z(L)\(Trl—I—)\?TQ)—FT&'Q)Fl, (4)
Zx € B(Gy, H), Zx = (Mx(my + Ama) + m2) 17, (5)

dem : H> — H @ {0}, mo : H?> — {0} ® H — opmonpoexmopu.

[osedenma. Ockinbku M\; € B(H,H?) i R(My) = My C M, r0 ]\/4} € B(H, M); ockinb-
kul'y € B(H, GQ), TO FlMX € B(H, Gg) TOMy Zy € B(GQ,H)
Hani, Va € Go,Vz € H

(21Zxa) = (T1Mxz|a)a, = (Mx2|Tia) = (Maz, 2 + AM52)|(mi Ty a, moly @) g =

= (MXZ|7r11:;a)+(z\7r2fja)+(XMXz\7T2f:a) = (Z|L)\7T1f:CL)—F(Z|7T2f1<a)+(2|)\LA7T2fIa) =
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— (2|(Lamy + T2 + ALym))T ) a.
Orxe, (4) poBeneHo, (5) TOBOAMMO AHAJIOTIYHO. O
Ilosnagenns: Va € Gq ZAadéf(ZAa, AZy\a).

Jema 3. R(Zy) C L i b7y = 1¢.
Zlosederts.

7y = (Zx,AZy) = (La(m1 + M) + 7oLy, ML (m1 + Amo) Ty + moly)) =

= (La(m + )\Wz)f:a AL (my + A?Tz)ﬁk + (m1 + Aﬂz)f:) + (sz; *Wlf:) =
EA(m + )\Wg)ft + fo;
e J susnaueno sriguo 3 (1). Ane

Va € Go La(m + Am)Tya C Ly C L

(I[I/IB/.\ gemy 1), f;ka € M & My, romy (aus. [17]) ijfia € L6 Ly C L. 3Biacu Buniusae,

wo Zya € L. Jani, spaxosytoun (2) i Hacainok 1, 6auumo, 1mo

Va € Go I‘QE,\(ﬂ'l + /\Wg)f:a = O,Fg(ijfj)a = a,

TOMY FQZ\)\G =a. U
Jlema 4.

fozikel"(L—)\)leggr(L,)\)y (6)

R(Z)) = ker(L — \) (7)

JHosedenns. Hexait y € ker(L — \), x € H. 3acrocoByo4u piBHICTDH
(v'l2) = (v]#) = (T17IT22)6, — (Tay[Tiz)e,
upu § = (y, \y)(€ k/c?r(L —A)), 2 = M5z, orpumyeMo (BpaxoByIO4YM HACJIIOK 1)
Z\Taflr) = (Tof[Ts Myw) = ~[(DigiTeMzr)er — (T2fTs Maw)e,) =
= (—=[(wIMzz) = (ylo) + AM5z] = (y|z).
3Bigcu BumuBag, 1o miga oyap-akoro y € ker(L — A) ZyI'a(y, \y) = y, a Tomy

1) Z)\Fg(y, Ay) = (y, \y), T06TO cupasmkyerbes (6);

2) ker(L — \) C R(Z)).
Kpim Toro, 3 jemu 2 Bumimsae, wo s Beakoro a € Gao( Zya, AZya) € L, robro Zya €
ker(L — A). Immmmu cnosamu, R(Zy) C ker(L — A). Pismicts (7), a 3 Hewo i memy 4,
JOBEIEHO. O

IMpuitmenmo M()\)déffl Z.

Baysaocenna 1.
M(X) =T1Ly(m + Am2)T5. (8)
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Cupasxi, 7\ = EA(m + )\wz)l:: + sz: (nuB noBeseHHs JeMu 3), TOMY
M(/\) = Flz)\ = Flf,\(m + )\Wg)fI + zFlffI
Ockiipku, 3 orsay Ha (2), Flff: =0, 1o (8) moseneno.

Jlema 5.
D(Ly) +ker(L — X\) = D(L). (9)

(
JZosedenns. Braouennss D(Lg) + ker(L — A\) C D(L) e oueBunnum. Hasunaku, Hexaii
y € D(L). Toni icaye y' € H rake, mo (y,y' — A\y) € L — . Ane H = R(Ly — \), Tomy
icaye u € D(Ly) rake, mo (u,y’ —Ay) € Lo — A C L — X Tomy (y —u,0) € L — A, 10610
y—u € ker(L —\). Orox, y =u+ (y —u) € D(Ls) + ker(L — A). O

Baysascenns 2. Cywma (9), 3arasom, e € npsimoro. Touninie
D(La)()ker(L — A) = {0} <= Ly(0) = L(0).

[osedenns. (=) Hexait v € L(0) = (L — A\)(0). Toxi (0;v) € L — A. Haui, ockinbkn
R(Ly — \) = H, 10 icaye u € D(Ly — ) = D(Lg) Take, mo (u,v) € Ly — A C L — A
3sigcu Bumsmsae, mo (u,0) = (u,v) — (0,v) € L — A, ro6T0 u € ker(L — A). Orox,
u € ker(L — X) N D(Lz), Tro6ro u = 0. A e o3nagae, mo (0,v) € L — X. Orxke, v €
(Lz — A)(0) = L(0).

(<) Hexait u € D(Lg) Nker(L — ). Le o3nawae:

1) (Jve H): (u,v) € Ly C L;

2) (u, u) €T.
Maemo: (0,v — Au) € L = v — Au € L(0) = L2(0) = (0,v — Au) € S = (u, u) =
(u,v) — (0,0 — Au) € S = u € ker(S — A) = u=0. O

Jema 6. Lotker(L — \) = L.

JHosederna. a) La N lze\r(L — A) = {0}. Hexait (y,y') € La N lze\r(L — A), 30KpeMa icHye
ac G2 Take, 1o (y,y/) = (Z)\(l, )‘Z)\a) (ILHB' (7))7 a OTIKeE, (yayl - /\y) = (ya O) € L2 - )‘;
abo, mo eksiBanentno, y € ker(La — A). Ane ker(Lg — A) = 0, Tomy (y,y’) = (0,0).

6) Lo + k/e\r(L — A) = L. Brutouenust Ly + lze\r(L — A) C L ouesunne. IIpornsexue

BKJIIOYUeHHsT BATLIABAE 3 Toro, mo (V§ € L) § = (§ — Zalay) + Z\I'y i nem 3, 4. O
Jema 7. a) LoNker(L — \) = {0};

6) Lotker(L — \) C ker(I'y — M(A\)I%)

JZosedenns. a) TIpaBubHICTD [IHOrO TBEPZKEHHS BUILIUBAE 3 JIeMU 6.

6) dxmo § = (y,y') € Lo, o I'1g = T'ay = 0, a orxe, 'ty = M(A )ng Ao
Y € ker(L — \), 10, 3  OrJIsi/ly Ha JIeMu 3, 4, icaye a € Gy Take, Mo Yy = Zxa, a OTKe
T1§ — M(\aj = T1Zxa — M(MT2Zxa = M(N)a = M(\)a = 0. O

Hacainok 2. Lo+ker(L — \) = ker(I', — M(\)I%).



PE30JIBBEHTA 1 YMOBU PO3B’I3HOCTI BJIACHIUX PO3ILINPEHD ...
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mat. 2016. Bumyck 82 179

Josedenns. Hexait § € l;e\r(l"‘l —M(MNT3). 3 ornsiny nHatemn 4,6,y € L = L2+I:G\I'(L—A)
iicaytorh U € Lg,a € Go Taki, mo § = u + Z\a, a omke, (I — M(MT2)(u + Z\a) =0.
Orox,

0= Fla + FlZAa — M(/\)FQU - M()\)Fga - M(A)FQZA(I = Fl?’,b\
Ockinbku I'ot = 0, To U € Ly. O

3aysaocenna 3. Minsitoun posnsivu apu (L, Lo) ta (M, My), aHAJIOTI9HO TOBOANMO, IIIO:
AKIITO Zxdéf(ZX, XZX)’ TO R(Fva) = EG\I‘(M — X), fQZX = 1(;1,

Exfg Lker(M —)) = Lg%

~

axmo M(N) T, Zs, o M(X) € B(Gy, Ga), M(N) = T'y Mx(m1 + Ama)TT,
Moy+ker(M — X) = ker(Ty — M(X)T).
Kpium toro, VA € p(Ly) M(M)* = M(X).

Cupasi, ajist Oyab-sikux a € G1,b € Go
(MNalb)e, = (T1Z5alb)c, = (ZzalT1b)u= = (Zza, \Zza)| (mT1b, ol b))z =
= (Zsa|mI1b) + (\ZxalmaI1b) = (Zxal(m + Ama)T1b) =
= (a|T1L(m1 + Am2)T1b)g, = (a|M(\)b)g,
4. OcHOBHUI pe3yJIbTar.
JIema 8. IIpunycmumo, wo X € p(Ls). ¥V uyvomy eunadky:
a) esemenm f € H nansesrcums do R(Lg — X) modi i misvku modi, Koau

A Zif € R(ALM(N) + Ap); (10)

0) ker(La — A) = Zy ker(A1 M () + As). (11)
Josedenna. Hexait f € H. Ockinbku R(Ly — \) = H, 1o f € R(Ly — )), a orxe,
(Laf,f) € Ly — X C L — \. Tlpunycrumo, mo ais geakoro y € H  (y, f) € L — . Toni
(y — Lxf,0) € L — \, a orxe, icaye a € G Take, mo

y=L\f+ Zxa. (12)
Maemo
fERLa-N ey flela- e (y,f+ly)ELae
& (Lyaf + Zxa, f + ALxf + AZa) € La < Laf + Zya € ker(A Ty + AsT) <
AT (L f+Zxa)+AoTo(af+Zra) = AT L f+ AT 1 Zya+AsTo Ly f+AsTo Zya = 0 <
& M ZLf + AIM(Na+ + Asa =0.
OcranHIO PiBHICTH MOXKHA TIEPEMUCATH TAK:
(ALM(N) + Az)a = —A1 ZLf. (13)

Orxe, f € R(L4 — A) roxi i Timbku Toxi, Koim icHye a € G Take, 10 CIPABIXKYETHCS
(13), Tobro, Ko BUKOHY€ETHCHA (10). TloBTOprooun 1i MipkyBanusa npu f = 0, 6agumo,
mo crpaskyerbes (11). O
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[Ipuiimemo A,\défAlM(/\) + As.
3aysaocenna 4. Hexait A € p(Lz). Toxni

a) ker ZX = 0;

6) ker(Z3 | ker(M — ) = {0};

B) R(T1Ly) = R(Z%) = G1; (14)

r) [1Ly L R(Lo — A) = Z5 L R(Lo — A) = 0. (15)
Josederna. a) Zxa =0=Zya=0=a=12Z5a=0.

6) Hexait u € ker(M — X), Zsu = 0. Ockinbku ker(M — \) = R(Zy), ro icuye a € Gy
Take, mo Zxa = u. Maemo 0 = Z}u = Z;Z,\a, ToMy Zxa = u = 0.

B) Ockinbku R(EA) = Ly = kerI'y, 1o nocrarubo nosecru, mo R(Ty | ker'y) = Gy.
A e cghfdls rak, romy mo R(I'; & I';) = R(I'1) @ R(T'2), a orxe, R(T; | ker[y) =
R(T)) = G

r) Hexait v € R(Lo — A). Icaye v € H rake, mo (u,v) € Lo — A C Ly — A. Maewmo
Lyv = (Lyv,v 4+ AL\v) = (u,v + Au). Azne (u,v) € Lo — A, Tomy (u,v + Au) € Lo, oTKe,
L)Ly = 0. 0
Hacuainok 3. Icnye zomeomopdizm 11y € B(Gy,ker(M — X)) maxuti, wo

R(La —\) = R(Lo — \) @\ (A; ' R(AY)). (16)
Josedenns. Jlerko 6aunru, mo R(Ly — \) — 3aMKHEHU#l MHOIOBUJL, a OTKE
H = R(Lo— \) @ ker(M — X).

3Binch, a Takox 3 (14) i (15) BumuBae, mo R(Z; Lker(M — X)) = R(Z;) =G

Tomy (Z% | ker(M — X)) € B(ker(M — X, G1)) — romeomopdiam, a orske

L, (Z5 | ker(M — X))~ € B(Gy, ker(M — X))

~ romeomopdism G — ker(M — N).
Hani f € R(La — A) Toni i Tinbku Tomi, Koam icuyors fo € R(Lg — A) i

fi € R(La— X\ & R(Lo—\) = R(Lg — \) Nker(M — )
raki, wo f = fo + f1. 3 inmoro 6oky, spaxosytouu (10) i (15), 6agumo, wo
fER(LA—N & Zif € AT'R(AN) & Z5fo + Z1Lf1 € AT'R(AN) &
& (Z Lker(M =N f1) € AT'R(Ay) & f1 € I\ (A7'R(A))).

Pisricrs (16) mosexeHo. O
Teopema 1. Hezaii A € p(Lz). Todi:
a) dimker(L4 — A) = dimker Ajy; (17)
6) dim[H/R(La — \)] = dim[R(A1)/(R(A1) N R(A)]; (18)

B) R(La — \) samxnenuii 6 H modi i miavku modi, xoau AT R(A)) samxnenui 6
Gl;
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r) A € p(La) modi i misvku modi, xoau ker Ay = {0}, R(A1) C R(Ax), mobmo,
KOAU A)_\lAl € B(G1,Gs).

Y uyvomy sunadky
(LA —/\)_1 =Ly —Z,\A;1A>\Z§. (19)
osedenna. a) Pisnicts (17) unnusae 3 (11) i nenepepsnoi o6opornocti oneparopa Zy.
6) Hexaii ker(M — X) = I (A7 ' R(Ay))4L1, To6T0
Gy = I\(A7 ' R(AN))HIIA (T £4),

abo, 0 € pIBHOCHUILHUM,
G1 = AT R(ANHI L. (20)
3 inmoro 60ky, BpaxoByouu (16), orpumyemo
H = R(Lo — N4 ker(M —X) = R(Lg — NI\ (AT R(AN)+L1 = R(La — M\)+L,
a ormke (amB. (20))
dim[H/R(La — )] = dim £; = dimIT; ' £; = dim[G; /A7 ' R(A))].
Ane AT'R(A)) = ATH(R(A1) N R(A))), Tomy pisricrs (18) pisrocuibia Taxiii:
dim[G1 /AT (R(A1) N R(Ay))] = dim[R(A1)/(R(A1) N R(Ay))].

Hosememo 1. Hexaii

G = AII(R(Al) n R(A)\))"FE,
a oTKe,

R(A1) = (R(A1) N R(A\)+A L.

Kpim Toro, saxkmo | € £ i Al = 0, o 1 € AT'({0}) € ATY(R(A1) N R(A4;). Orox,
1€ ATYH(R(A1) N R(AN)) N L = 0. Tomy dim £ = dim A; £, a orxe,

dim[G1 /AT (R(A1) N R(Ay))] = dim £ = dim A, £ = dim[R(A;)/(R(A;) N R(Ay))]-

TeepazKenns 6) T0BEIEHO.
B) IIpaBusIbHICTH MBOTO TBEPIKEHHS (e3mocepe b0 BumauBae 3 (16).
r) 3 (17), (18) BunsmBae, 110

ker(La — \) = {0} S kerAy = {0} (21)
R(Li—\) = H & R(A) C R(Ay). (22)

Bpaxosyrouu (21), (22) i 3acrocoByiouu Teopemy npo 3amkHenuii rpadik (uus. [15,
c. 211)), 6auumo, wo

(LA — )\)71 S B(H) = A;lAl [S B(Gl,Gg).

Ipunycrumo, wo ymosu (21), (22) cupaB/Kyorbed. 3HANRAEMO PE30JIbBEHTY OLEPATOPA
L 4, TOOTO pO3B’sTZKEMO TaKy 3aady:

nexati f € R(La — \) (= H); snatimu y € H maxe, wo (y,f) € La — A.

J1J1s1 hOTO MOBTOPUMO MIpKYBaHHS, BHKOPUCTAaHI JJI1sT TOBeneH s jieMu 8. OTpumy-
emo (y, f) € L — X roui i rinmbku Toni, konu icaye a € Go take, mo y = Ly f + Zya (nus.
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(12)); upu mpomy f € R(La — A) Toai i Tinbku ol , ko Aya = —Alzif (zuB. (13)).
Mincrasnsioan (13) B (12), 6aunmo, mo

(La=N"'f =y =Laf - Z3A A Z5 S
Pirnicrs (19) mosexero. O

Haui ckpizb nig Boo (X1, X2), ne X1, Xo— rinbbeprosi upocropu, po3yMieMo MHO-
JKMHY KOMIAKTHHX oneparopis 3 B(X1, X3), a BOO(H)défBOO (H,H).
Hacaigok 4. B ymosax meopemu 1

(La—A) "' = Ly € Bo(H) & Ay Ay € Boo(G1, Ga).
Josedenna. (=) Hexait A € p(La) Np(La)i(La—N)"1L0y = —ZAA/(lAlZ; € Boo(H).
Tomi
ZNALVT AL Z% L ker(M — X) € Boo(ker(M — X), H),
a oTKe,
ZNAY AV Z3TD\ = Z) AN Ay € Boo (G, H).
Ockinbkm, ker Zy, = {0}, a R(Z)) = ker(L — \), r0 Z, ' € B(ker(L — \), G3), Tomy
A;lAl = Z/\_lZ,\A/(lAl c BOO(Gl,GQ).

(<) Ockimbxn Zy € B(Ga, H), Ay'Ay € Boo(G1,Ga), Z5 € B(H,G1), 10 3 (19)

puraBae, mo (La — A\) ™t — Ly € Boo(H). O

5. Bunagok, konu R(A) — 3amkHeHuil nigupocTip. Y 0bOMY BUIAJIKY TBED/I-
JKEeHHsI, BUCJIOB/IeHHI B Teopemi 1 Ta Hacmiaxy 4, JOMyCKaOTh JAeski yrounenns. Jlami

. . —d
CKpi3b BBaxkaeMmo, mo L4 — BigHomenns onucade B u. 1, npudomy R(A) = R(A) éfFl

(e IpUILyIIeHHS He 3MEHIIYE 3arajbHOCT]).

Jlema 9. N N

Joeedenna. Y npani [16] moseneno, o icuye B € B(Gy @ G1, F © Fy) Takwii, 1o
L% =ker BT = {z € M : BTz = 0} M.
Binsmme toro, Mp = L% < ker A = J*R(B*), ne

(0 ilg,
J_<—z'1g1 0 >

Mingiouu posnsmu A ta B 1 BpaxoBylouu HOpMaJibHy pO3B’a3HICTH oneparopa A (a orxe,
i oneparopa A* — mus. [15, c. 295]), 6auumo, mo LY = Mp < ker B = JR(A*).

Ante mpasa wacruna pismocti (23) — ne {Z € M : T2 € JR(A*)}, B ot uac, sk
Mp={z€e M: ['Z € ker B}. Jlemy nosezeo. O

JIema 10. Hezat A € p(Ls). Icnye zomeomopdism ﬁi € B(Ga,ker(L — X)) maxud, wo
R(L* —X) = R(My — \) @ Tl R(A}). (24)
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Zosedenns. Mipkyrouu Tak, SIK IpU JOBEJIEHHI 3ayBaxkeHHs 4, 6a4uMo, 10
ker(Zy | ker(L — X)) = {0}, R(Z3 | ker(L — X)) = Gs.
Tomy T2 (25 | ker(L — A))~1 € B(Ga, ker(L — ) — romeomopdism G — ker(L — A).
Bpaxosyioun nemy 1, 3ayBaxkeHus 3 Ta jemy 9, OTpUMyEMO:
M —X={(Mxf + Zsa,f) : f € Hya € Gy}, (25)
]\/ny + Exa € L% roui i rinbku roni, kou icuye h € Fy Take, mo
{ DS+ T Zza=a3h { Zif + M(Na = Ash
LCoMyf +T1Z5a = —Ajh a=—Ah
< Z5f = (M(N)*AT 4+ A3)h = Alh.

Orxe, (mue. (25)), f € R(L* — \) Toxi i Tinbku Tomi, Komu icuye h € F) Taxe, 110
Z% f = Ajh, T06t0, kOnU Z5 f € R(A%) (mop. 3 (10)). 3oxpema,

fFERLY —NN[HORM—N)] =R(LY% — X) Nker(L — A)

toxi i Tineku Toxi, xonu (Z3 | ker(L — \)f € R(A3})), robro, xomu f € ﬁ;R(Aj{). Jlemy
JOBEJIEHO. O

=

Hacuaigok 5.

ker(L¥ — \) = ZXA”{ ker A3. (26)

Josedenns. s roro, mob nepekoHaTucs y NpaBuIbHOCTI (26), 10CTATHHO HOBTOPUTH

MipKyBaHHsI, BUKOPUCTaHI B mporeci goseaenns jgemu 10, mpu f = 0. O
Teopema 2. Hezati R(A) = Fy, A € p(La). Todi

a) dimker(L% — \) = dim ker A3; (27)

6) dim[H/R(L} — )] = dim[G>/R(A3)]; (28)

B) R(La — A) samxnenuds 6 H modi i miavku modi, xosu R(Ay) samrnenud y F.
Y yvomy eunadxy

dim[H © R(L4 — \)] = dim[F} © R(A))], (29)
dim[H © R(L% — \)] = dim[G; © R(43})]; (30)
) A € p(La) modi i minvku modi , koau Ay' € B(Fy,Gs). V yvomy sunadry
(La—XN)"'Ly € Boo(H) & Ay € Boo(G1, Fy).
Aosedenna. a) 3posymino, mo R(A1) + R(AN) = R(A) = Fi, Tomy (aus. [15, c. 279))

ker A} Nker A5 = 0. 3sizacu , 3 (26) Ta 3 oboporHoCTi Oneparopa Zy BummBae (27).
6) Hexait

ker(L — \)~! =TI R(A})+L. (31)
3 (31) BumwiuBae Taxe:
1) H = R(My — N\)+II5R(A3)+L rax mo dim[H/(R(L% — \))] = dim £;

2) Gy = II5 " ker(L — \) = R(A})+I$' £, max mo dim[Gy/R(A3)] = dimII'£ =
dim L.



Ousbra ITIITYPA, Oxer CTOPO2K
184 ISSN 2078-3744. Bicuux JIpBiB. yu-Ty. Cepis mex.-mar. 2016. Bumyck 82

Pisuicrs (28) mosexeno.

B) Ockinbkn R(My — X)— 3aMKHEHWI MHOTOBHUJ, TO TMPABUJIBHICTH IIHOTO TBEP.-
JKEeHHsI BUILIUBaE Oe3mocepequno 3 (24), mpu 1mpoMy MOTPIOGHO B3ATH 10 yBard TEOPEMY
PO OTHOYACHY 3AMKHEHICTh 00JIACTEll 3HAYEHD B3AEMHO CIIPSIKEHUX JIHINHUX OTIepaTopiB
(Bigmommens) (xus. [3],[15, c. 295]), a TakoXK 3aCTOCYBABIIN TBEP/ZKEHHS &) 1 TeOpeMy mpo
B3a€MHY OPTOIOHAJIBHICTH MHOTOBU/IIB HYJIB Ta 00JacTell 3HAYEHb B3AEMHO CIPIKEHUX
oueparopis (Bigpowens) (aus. [1, 2, 3]).

r) Besnocepenuno 3 (29), (30) Bumiusag, 1mo

R(Ls— X)) =H< R(A\) = Fy, R(L}% — X\) = H < R(A}) = Gs.
BpaxoBytoun 1m0 obcTaBuHy Ta IOBEIEHE BUIMNE, OAIUMO, IO
A€ p(La) & )€ p(LY) < ker(LY — X\) = {0},
R(Ly — A) = {0} & ker(43) = = {0},
R(A})™' € B(Ga, Fy) & Ay € B(Fy, Go).
Haui (qus. mHacainok 4)
(La—A) "' =Ly € Bo(H) & A" € Boo(G1,Go).

Ane A;l € B(Fy,G2), Tomy A;lAA € By (G1,G3) Tomi i Timbkm Toxi, Komm A; €
Boo(G1, F1). Teopemy noBejieneHo. O
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RESOLVENT AND CONDITIONS OF SOLVABILITY FOR
PROPER EXTENSIONS OF LINEAR RELATION IN HILBERT
SPACE
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In the terms of abstract boundary operators a class of extensions L4 of a
fixed closed linear relation Lg in a Hilbert space is investigated. The dimension
of the null space, the codimension of range and a criterion of normal solvability
for the relation Ly — A (A € C) are established. The resolvent set of the
considered extension is founded and its resolvent is constructed.

Key words: Hilbert space, linear relation, operator, resolvent.
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HANBUIBIIINN COVIBHUN OIJIBHUK I HAMTMEHIIIE
CIIIJIBHE KPATHE OZTHOTI'O KJIACY MATPUIIb

Annpiit POMAHIB

Inemumym npuraadrux npobaesm MELaHIKY i MAMEMATMUKY
im. S.C. ITidempuzava HAH Yxpainu,
eya. Hayxosa, 36, Jlveis, 79060
e-mail: romaniv_ aQukr.net

Jli1st 0cOOIMBUX MATPHUIIh APYTOTO MOPAIKY HAJl KOMYTATUBHOIO 00JIACTIO
Besy crabisbroro paury 1,5 3uaiineno ¢popmy Cwmita Ta mepeTBOpIOBaIbLHI MaT-
purli IXHROTO HANOIIBIIOTO CHIABHOTO JIBOTO JILIFHAKA Ta HAWMEHIIOrO CITi/Ib-
HOTO TIPABOTO KPATHOTO.

Karwoei caosa: xKoMyTaTnBHA 00siacTh Besy crabinbpmoro panry 1,5, Haii-
OL/IbIMI CILIBHUN IIIBHUK MaTPUIb, HaWMEHIIe CILIbHE KpPaTHe MaTPHIlb,
dopma Cumira, neperBopoBajibHA MATPUL.

Y 2008 p. ¥. Makl'osepH BBiB y po3riisz Kiibiis Maiizke crabimpaoro panry 1. Tobro
Kiiblg Herpusiasibii romoMopdui 0bpasu akux € Kiabugmu crabiabuoro panry 1 [4].

Ha mincrasi miporo knacy xisens B. Illenpuk BBiB MOHATTS KijIbIlst CTAOIIEHOTO PAH-
ry 1,5. Kinene R € wiavuyem cmabiavrozo paney 1,5, SKIIO A8 JOBIIBHUX B3AEMHO MPO-
cTUX 37iBa eneMeHTiB a,b,c i3 R , ¢ # 0 icuye Takuii enement r € R, mo enemenTu
a+ br, ¢ B3aemuo upocri 3aisa [3]. JocuipKyouu crpyKkTypy Kijelb MaTpullb, BiH J0BiB,
IO KiJIbIle MaTPUIb APYrOro MOPHANIKY HAaJl KijgbieM crabinbaoro paury 1,5 € xiibiem
crabimbroro paury 1,5. Tomy, TpupoOmHO, BUHUKJIA 3304 JOCIIIKEHHS apu(PMEeTHIHIX
BJIACTUBOCTEHN KijIellb MATPHUIh APYTOTrO MOPSIKY HAJ TAKWUMHU KiIbISMHU.

Hexait R — komyTaTuBHa 001acTh Be3y crabimpmoro panry 1,531 # 01 A ta B —
vatpuri Hax R. dkmo A = BC, 10 KaxyTh, 0 MaTpuiist B € 4i6um diabHuKkom mMampuyi
A, a marpung A € npasum xKpamuum mampuyi B.

dxmo A = DAy ta B = DBy, To matpuiio D Ha3WBaIOTh CNIAbHUM AIGUM 0iAb-
nukom Marpuilb A ta B. Kpim TOro, sKimo KOKHWA iHINH CHIALHWA JIiBUH JIILHIK
Marpuib A Ta B miauTh 31iBa mMarpuiio D, To marpung D HA3UBAETLCA HAUOIALUUM
CNIADHUM Ai6UM diabHukom MaTpullb A ta B (B nosnauennsx (4, B);).

Axmo M = AP = BQ, to marpuiio M Ha3UBalOThb CNIALHUM NMPAEUM KDAMHUM
marpuupb A ta B. Kpim Toro, akmo marpuusg M € jiBuM AlJIbHUKOM KOXKHOI'O iHILIOIO
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COITBHOTO MPABOro KparHoro marpuib A ta B, 1o marpuiio M HA3UBAIOTH HATMEHULUM
CNIALHUM NPasum KpamHnum matpunb A ta B (B nosnauenusx [A, B;).
Iponorxkyroemo mocaimkenns posnodari B [2], 30KkpeMa, BCTAHOBIIIOIOTHCS B3ae-
MO3B’s13KM Mik (opmamn CmiTa i MepeTBOPIOBAILHUME MATPHUISIMH JIBOX OCOOJIMUBHIX
MaTpuip Ta dopmamu Cmira, i mepeTBOPIOBAIHLHUMEI MATPHUIAME IXHBOTO HAHOLIBIIIOrO
COTBHOTO [IUTBHAKA Ta HARMEHIIIOr0 CHiIBHOTO KPATHOrO HAJ[ KOMYTATHBHOIO 0DJIACTIO
Besy crabinmbuoro panry 1,5.
Hexait A ta B — ocobauBsi 2 x 2 marpumi wan R. JIjas HuX iCHyIOTH Taki 00OpOTHI
varpuni Pa, Q4 Ta P, Qp, mo
Po,AQ4 =E, ne E = diag(e1, 0),
PBBQB = A, e A= diag(51,0).
Marpuui E ra A nazusatorses popmamu Cuita [6], a marpuii Pa, P ta Q 4, Q g jgiBuMu

Ta [IPABUMHM II€PETBOPIOBAJILHUMY MaTpULAMuU MaTpuub A ta B, BiauosigHo.
Hexait a € R. Posrnsinemo muOX)UHY G, BCiX 000POTHUX MATPUIH BUTJISILY

hit  hio
ahor  haa ||’

OueBngno, mo G, € MyJIbTUILIIKATUBHOIO rpymo. Akmo a = 0, to G, = Gy — rpyna
000POTHUX BEPXHIX TPUKYTHUX MATPUILH.

[Tosnaunmo uepe3 P 4 Ta P g MHOXKUHY BCiX JIIBUX MEPETBOPIOBAJIBHUX MATPHUITD JJIs
marputb A ra B, Bigunosigno. 3riguo 3 pesyabraramu [I], [B], P4 = GoPa, P = GoP5.
CumBonamu [a, b] Gyiemo mo3HagaTH HAfIMEHITE CIIJTBHE KPATHE €JIEMEHTIB a Ta b, Jepes3
alb — esleMeHT @ IiNTH eNeMenT b.

o . . — 2 .
Jlema 1. Hezaii A, B — ocobauei mampuyi 3 Ms(R), PpPy' = |si;|l] = S. Tooi
enemenm sz1le1, 01] € ineapiaHmMOM cMOCOBHO BUOOPY NEPEMBOPIOBANLHUL MAMPUYb Pp
ma Py.

Josedenns. Hexait A = diag(e;,0) B = diag(d1,0) i F4 ra Fp immi xiBi neperso-
proBasbhHi Marpuni mux marpunb. 1Todto Fa € Py, Fp € Pp. Toai icayiors Taki

/
€1 V12 er hio
HA: 1 ’ TaHB: , 110 FA:HAPA, FB:HBPB. Ilo3ua-
0 e 0 e
_ 2 .
unmo FpF L= Hsngl = S’. lns noBesieHHs JIeMU TOTPIGHO 3’siCyBaaTH, IO Sa1 Ta Shy

acoriioBHi B Kinmbii R. Posrmsaemo m006yTOK MaTpHIlh
S' = FpF,' = HgPp(HaPs)™' = HpPpP,;'H,' = HpSH ",
ae S = PBPXI. 3amuiemMo 1 MaTpUIl B IBHOMY BUTJISIl, TOOTO
|l S S12 .
O e 292

! !
S21 S22 S91 S

/ /
‘ S11 S12 H:

7—1 " "
e hiz € = S si2
2 0

/— 1
€9 S21U S99

e u = ege'fl — obopoTHHii esemenT Kbl R. OTxe, sh; = So1u, MO 1 MOTPIGHO GyI10
JIOBECTH. 0

€1 S

0 e . Todi

JIema 2. Hezxat A, B — ocobausi mampuyi 3 Ma(R), PBPX1 = ‘

Py=Pp.
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JHosederns. Ockinbku

(] S
0 €9
10 Pg = HP4, ne H € Gy. BayBaxkusmiu, 1mo P 4 = Go P4, oTpuMy€eMO, 110

PB = GQPB = G()HPA = G()PA = PA-

PPt = = H € Gy,

[l
Jlema 3. Hexati A, B — ocobauei mampuyi 3 Ma(R), PBPE1 = ‘ 561 212 ’ . Todi dan
22
6ydv-axux imwuz mampuys Py € P4 ma Py € Pp mamumemo
/ /
/ pr—1 _ || S11 512
PpP, " = ‘ 0 shy

[osedenna. Hexait P ta Pp inmi il meperBopioBanbul Marpuni marpuips A ta B.
To6ro Py € P4, Py € Pp. Toai icuyiors taki Hy € Gog 1a Hg € Go, mo Py = HsPa,
Py = HpPg.
Pozruisitnemo 100yTOK MaTpHUIh
PPyt = HpPp(HaPa) ™' = HgPsPy ' Hy' = HpSH, ' = ||si,|7.
3amuieMo 1 MaTpUIll B IBHOMY BUTJISAII, TOOTO

HpSHY' = hir hiz || || suosiz ||| la b || || s Silz .
0 h22 0 S99 0 lzg 0 S99
Orxe, sh; = 0, mo i norpibro Gys0 HOBECTH. O

Teopema 1. Hezxail R — xomymamuena obaacmv Besy cmabiavrozo paney 1,5, A =
diag(1,0), B = diag(d1,0), PpPy" = ||si;|, Ps € P, Pa € Pa. Todi:
1) axwo so1 # 0, mo
(A,B); = (LsP4)"'® = (LpPp)'®,
de

)

p1 0
(I):
H 0 2

(61, 51) 0
0 sa1[e1,01]
a mampuyi L 4 ma Lg 3a0060abHA10Mb PieHiCMb LglLA = PBPE1 1 HANEAHCAMD,

610nosidno, epynam G_e2  ma G_e2
(#2.21) (#2,61)

2) axwo s =0, mo (A, B), = P~1®, de

_ || (e1,61) O
N R

, PePy=Pp.

Josedenns. 1. Ha nigcrasi jemu [l eiement soqleq, 1], a orxke, i marpunga ® ue 3ase-
2KaTh Bi BUOOpY mepeTBopoBaIbHEX MaTpuilh P4 Ta Pp. Hani noBemgeHHs TPOBOIUTHCS
anaJsioriyso sik y reopemi 2 3 [2].

2. 3rigHo 3 Jj1eMoIo [3| esleMeHT So1 JOPIBHIOE HYJIF0 HE3AJIEXKHO Bij BUDOPY MaTpullb
P4 a Pp. Ha nincrasi nemn 2] maemo, mo Py = Pp. Hexait U € P4 = Pp. Ile o3nauac,
mo marpuii A ta B MOXHA 3anmucaTv y BUTJISA

A=U"'EQ,', B=U"1AQg".
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Posrnsgaemo marpuitio

(61,51) 0

D=U"! 0 0 H =U"'o.
OckinbKu
€1 0
A= <U1 (51651) 8 H> X <H (51651) 0 HQ:11> = DA,
61
B= (Ul (51(’)51) 8 ) X <H (61(»)51) 8 HQ1_31> = DBy,

to D € cuijibHUM JIiBUM JALIBHUKOM Marpuib A ta B.

Hexait T = P;'TQL, ne

I'= y M ye

’ gl
0 7
— iamuit coinbauit giBuil giibaUK MaTpunb A Ta B, To6ro A = T Ay, B = T'Bs. Orxke,
T'|E ta I'|A. Ockimbku v |1 Ta 71|61, 10 1 |(€1,d1) . Orox, T |®. Toxi, na mimcrasi
nemu 5 3 [2] marpung T € nisum ginsarkoM Marpuri D. Orxke, D € HARGLIbIIMM CIITBHIM
JIIBEM JIIBHUKOM MaTpullb A Ta B. O

Teopema 2. Hexai R — xomymamuena obracms Besy cmabisvnozo paney 1,5, A =
diag(gla 0): B = diag((Sla 0)7
PPyt = ||5ij||fa Pp € Pp, P4 cPy.
Todi
1) axwo so1 #0, mo M = [A, B], = 0;
2) axwo s =0, mo [A, B, = P71Q, de

’ [51,51] 0

Q=1"9" o

H,PEPA:PB.

Zosedenwns. 1. IIna nopeneHHs tpeba JOBECTH, IO, KPiM HyJLOBOI MATPHIN, HE iCHYE
IHIIOrO CIiJIBHOIO IIPABOro KparHoro mMarpuipb A ta B.
[Ipunycrumo, mo M = PJ\}ITQ;} # 0 — cuinbHe npase kparhne marpuib A ta B.
Toni E|Y ma A|Y. Orke, T = diag(r,0). Oxpim Toro, M = AA; ta M = BBs.
Ockinbkn A|M ra B|M 3niBa, To Ha miacraei tTeopemu 1 3 [B] P4 = Ly Py Ta
Pg =Ly, Py, e Ly € G_c2 i Ly, € G 5, . 3ayBaskuMO, 110 B I[bOMY BHITAJIKY

— rpymna obOOpPOTHHUX BEPXHIX TPUKYTHUX MATPUIb. lomi Py = LK;PA i Py = LX/Ill Pg,

€271 (02,71)

€1 *

G = =G 5 _‘Oe
2

(e2,71) (52.71)

TOOTO L;;PA = L]T/IllPB. A 1e o3magae, mo Ly, L;j = PBPIZ1 = 5. Orxe,

TOOTO S91 = 0. lle cymepeduTs ymMOBi Teopemu.

€1 *
0 €9

S11 S12
$21 822

b
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2. 3riguo 3 nemoro [3| Hesanexuo Big Bubopy marpunp P4 Ta Pp eneMeHT Sgq I10pis-
mioe myso. Ha mizcrasi neMHEMaeMo, mo P4, = Pp. Hexait U € P4 = Pp. lle o3nauae,
mo martpuri A Ta B MOXKHA, 3anucaTH Y BUTJISI

A=U"'EQ,!, B=UAQg".
Posrnsgaemo marpuitio

[51, 51] 0

_ —1 _ —1
T LY e
Ockinbkn
[£1,01]
_ _1ller O 1 LLil 0 .
u=(o7] 5 o) =] 5 5)-
_ (gl 0 0 pn i
_(U 0 0 QB X QB d 0 ’

1o M € cuiibHMM IpaBUM KpaTHuUM Marpuib A ta B.

Hexait F' = Pg 1FQ;1 — iHme crisibHe npase KparHe marpunpb A ta B. Ile o3na-
9ag, 10 BiAIOBIHI iIHBapiaHTHI MHOXKHUKH MaTpuIii F' KpaTHi iHBApIaHTHAM MHOKHHKAM
varpuiib A Ta B. OckinbKu MIHIM iHBAPIAHTHI MHOXKHWKY ITUX MATPHUIb € HYJISIMH, TO
marpuns I' mae surnsn I' = diag(y1,0). Oxpim Toro, e1|y1 Ta d1]y1. Tomy [e1,01]|71,
T06TO 71 = [€1,01]c. Omzke, Q | T'. Ockineru F = AF}, To 3rigHo 3 Teopemoio 1 3 [5]
Py=U=LPr,ne Le G_- .~ Ipyna 00OPOTHHUX BEPXHIX TPUKYTHUX MATPHUIh. 3a-

(e2,71
yBaxkuBiu, mo G2 =G _w orpumyemo, mo U = LPp, ne L € G_«»y , a 11e Ha

(e2,71) (w2,71) (wa,71
uizcrasl semu 6 3 [2] o3nauae, wo marpuusg M € aiBum glnbaukom marpuui F. Orxe, M

€ HAMEHIIINM CIIbHUM PABUM KpaTHUM MaTpullb A ta B. O
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THE GREATEST COMMON DIVISOR AND LEST COMMON
MULTIPLE OF ONE CLASS OF MATRICES

Andriy ROMANIV

Pidstryhach Institute for Applied Problems of Mechanics and Mathematics
NAS of Ukraine, 8b Naukova str., L’viv, 79060
e-mail: romaniv_ aQukr.net

For a singular matrix of the second order over a commutative Bezout
domain of stable range 1.5, the Smith normal form and transforming matrices
of them, the left greatest common divisor and right lest common multiple are
established.

Key words: commutative Bezout domain of stable range 1,5, greatest
common divisor of matrices, lest common multiple of matrices, Smith normal
form, transforming matrix.
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CLEAN DUO RINGS

Natalia RONSKA, Anatoliy DMYTRUK

Ivan Franko National University of Luviv,
Universytetska Str., 1, 79000, Lviv
e-mail: nataliarr@ukr.net

A ring with unit element is called a duo ring if every one-sided ideal is
two-sided. A ring is called clean if every its element is the sum of a unit and an
idempotent. This article describes some of the properties of clean duo-rings.

Key words: Bezout ring, clean ring, avoidable ring, duo ring

Helmer [6] was the first to start considering the adequate domains with the idea
to obtain abstract characterization of the rings of integer functions. The adequate rings
with zero-divisors in Jacobson radical were studied by Kaplansky [7]. Gillman and Henri-
ksen have shown that a von Neumann regular ring is adequate [4]. The first example of
Bezout nonadequate domain, which is a domain of elementary divisors, was constructed
by Henriksen [5].

Zabavsky and Kuznitska [8] have introduced for consideration a new class of so-called
avoidable rings that contains the adequate ring.

Gatalevych [3] was the first, who studied noncommutative adequate rings and their
generalizations. He has proved that the generalized right adequate duo Bezout domain
is an elementary divisor domain.

All rings are associative rings with nonzero identity.

Definition 1. A ring R is said to be a clean ring if for any element © € R there exists
a converse element v € R and an idempotent e € R such that x = u + e.

Definition 2. A ring R is called a Bezout right (left) ring if every finitely generated
right (left) ideal in R is principal.

Definition 3. An element a # 0 of the Bezout domain R is called a right adequate
element if for any element b € R there exist the elements r,s € R so that:

1) a=rs;

2) bR+ rR = R;

3)Vs eR, sRCsR+#*R=bR+s'R+#R.

2010 Mathematics Subject Classification: 16U70, 16U80
© N. Ronska, A. Dmytruk, 2016
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Definition 4. A ring, in which every nonzero element is right adequate, is called a right
adequate ring.
A ring R is called everywhere right adequate ring ring if every its element is adequate

Definition 5. A ring R is called a right (left) duo-ring if the following equivalent
statements hold:

1) Every right (left) ideal in R is an ideal;

2) For every x € R,Rx C xR (Rx D xzR).

Such rings were investigated by E. Feller [2] and G. Thierrin [II]. Trivial examples
of duo rings are, of course, commutative rings and division rings. Nontrivial duo rings
are not difficult to come by (e.g., any noncommutative special primary ring is duo,
since the only right or left ideals are powers of the unique maximal ideal). In fact some
interesting examples of duo rings have already occurred in the literature: M. Auslander
and O. Goldman have shown in [I] that there exist noncommutative maximal orders
which are both duo rings and Noetherian domains. Further investigations of such rings
have been carried out by G. Maury in [9].

Definition 6. An element a of a duo ring R is said to be right avoidable if for any
elements b,c € R such that aR + bR + cR = R there exist elements r,s € R such that
a=r1s,TR+bR=R, sR+cR =R, and TR+ sR = R. A ring R is called right avoidable
if every its nonzero element is right avoidable.

A ring R is called everywhere right avoidable if every element of R is right avoidable.

Theorem 1. Any right adequate element of Bezout duo-ring is right avoidable.

Proof. Let R be a Bezout duo-ring and a is an adequate element of R. Let aR+bR+cR =
R and a = rs where TR + bR = R and $R + bR # R for every element § such that
sR C $R # R. Obviously rR+sR = R. Let sR+cR = dR # R. Since d is a noninvertible
divisor of an element s, we see that dR + bR = hR # R. Since cR C dR C hR,bR C hR
and aR C sR C hR. We have aR + bR + cR C hR # R. This is impossible, since
aR+bR+cR=R. O

As an obvious consequence we obtain the following result.
Corollary 1. Any right adequate Bezout duo-ring is right avoidable ring.

Theorem 2. Let a be an right avoidable element of a duo-ring R. Then zero is right
avoidable element of the factor-ring R/aR.

Proof. Let R = R/aR, and bR+¢R = R, where b = b+aR, ¢ = c+aR. By the assumption
we have a = rs, where rR+ bR = R, sR+ cR = R and rR+ sR = R. Now we have

0=7-35, where TR+ bR =R,SR+¢R =R and TR+ SR = R. O

Theorem 3. Duo-ring R is clean if and only if the zero element is right avoidable.

Proof. Let bR+cR = R and 0 = rs, where rR+bR = R, sR+cR = Rand rR+sR = R.
Since rR+ sR = R, we see that ru+ sv = 1 for some elements u,v € R. Since 0 = rs, we
have r?u = r, s>v = 5. Denote ru = e, then €2 = e and 1 — e = sv. Since rR + bR = R,
we obtain ra + b8 = 1 for some elements «, f € R. Here svb = sv, i.e. 1 —e € bR.
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Similarly, e € cR. By [10] R is an exchange ring. In the case of duo rings classes of
exchange and clean rings coincide, so R is a clean ring. N ecessity is proved.

We will prove that any clean ring is a ring in which zero is right avoidable. Let
bR + cR = R. There exists an idempotent e € R such that e € bR and 1 — e € cR. Since
0=-¢e(1—e), weobtain (1—e)R+bR = R, eR+cR = R, and eR+ (1 —e)R = R. Putting
1—e =r,e =s we obtain an appropriate representation of the zero element. O

Theorem 4. Let R be a duo Bezout domain. If 0 is right avoidable element of R/aR
then a is right avoidable element of R.

Proof. Denote R = R/aR. Since zero is right avoidable element, for any elements b,¢ € R
such that bR + ¢R = R there exists such 7,5 € R that 0 = 7-5 and 7R + bR = R,
5R+cR=Rand TR+3R = R. Denote 7 =r+aR,5=s+aR,b=0b+aR, ¢=c+aR.

Let b and c be arbitrary elements of R such that aR+bR+cR = R. Since TR+bR =
R, there are elements u,v,t € R such that ru 4+ bv = 1 + at. Let aR + rR = §R. Then
a = dag, r = drg for some elements ag, 79 € R moreover agR + roR = R. It follows that
IR+ DR = R.

Since 0 = 7 -3, we obtain rs = ao for some element o € R. Then drgs = daga. Since
R is a domain we have ros = aga. Since roR + agR = R, there exist elements ¢,k € R
such that rot + agk = 1. This means that ag8 = s for some element 5 € R. Therefore
a = dag, where 6R + bR = R and sR C agR. Since 3R + ¢R = R, it is obvious that
aoR + cR = R. Since TR + 3R = R then, obviously, 6R + agR = R. Thus we have shown
that a is right avoidable element. O
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Kinbite 3 omuHUIEI0 HA3UBAETHCA JIyO KiJIBIIEM, SIKIIO KOXKEH HMOro OJIHO-
Oiunmit imeasn € apobiunuM. Kinblle Ha3WMBAETHCSA YUCTUM, SKIO KOXKEH HOro
€JIEMEHT € CyMOI0 060POTHOTO i imemmnoTerTa. OMUCAHO JEsKi 3 BJIACTUBOCTEH
YUCTUX AYyO KiJIelp.

Kamowoei crosa: Kinbiie Besy, uncre Kijbile, po3AiabHE KiJIbIE, YO KiIbIEe
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ON EXISTENCE AND UNIQUENESS OF VARIATIONAL
SOLUTIONS TO DIRICHLET BOUNDARY VALUE PROBLEM
FOR NONLINEAR ELLIPTIC EQUATION WITH
NONSTANDARD GROWTH CONDITIONS

Pavlo TKACHENKO

Oles Honchar Dnipropetrovsk National University,
Haharina av., 72, Dnipro, Ukraine
e-mail: cool.phenom@mail.Tu

The Dirichlet boundary value problem for a nonlinear elliptic equation
with nonstandard growth conditions in the main part of operator is considered.
There is a peculiarity of this problem, which means that without a preliminary
definition of an intermediate space, where the solution is searched, a Lavrentiev
effect may be observed. Existence and uniqueness of variational solutions for
each intermediate weighted Sobolev-Orlicz space are proven.

Key words: nonlinear elliptic equation, variable exponent, Lavrentiev effect,
Sobolev-Orlicz space.

1. INTRODUCTION

Let Q& C R™(n > 2) be a bounded domain with Lipschitz boundary, let p: Q@ — R
be a Lebesgue measurable function such that 1 < a < p(z) < 8 < +oo for a.e. z € Q.
Let also pu: Q — R be a measurable function such that u € LY(Q), u(z) > 0 for a.e.

z € Qand plz) 7 € LI®)(Q), where 27 T gty = 1 for ae. x € Q. Here L1#)(Q) is a
well-known variable Lebesgue space.

Let LP®)(Q, udz) be a functional space which is defined as follows:

LP(”)(Q,udx) = {v: Q—R: /|U(Z’)|p(w) p(x) dr < +OO}'
Q

Unlike Lp("”)(Q), these spaces are far less known, but, nonetheless, under the given
constraints on p they have almost the same properties as LP(*)(Q): reflexivity, separability

2010 Mathematics Subject Classification: 35J60
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and completeness with respect to the Luxemburg norm [1]
lll s 2100 = i {A > 0: [ ) AP pta) do < 1}.
Q

These spaces are usually called weighted variable Lebesgue spaces or weighted Lebesgue-
Orlicz spaces. We will also take into consideration another type of spaces, namely, wei-
ghted Sobolev-Orlicz spaces, which are separable reflexive Banach spaces generally defi-
ned as follows:

Wol,p(w) (Q, pda) = {u e WH(Q) : /|Vu(x)|p(x) p(x)de < oo},
Q

HUHWOLp(z)(Q’HdI) = H|Vu”|LP(w)(Q,;Lda:)'
The aim of this paper is to establish some existence and uniqueness theorems for
the following boundary value problem (BVP)

— div (u(x) |V [P —2 Vu) = —div (u(m)ﬁ(m)) on Q,
u=0 on 09,

(1)

where F = (f1,., fn) € [L‘Z(“J)(Q,udx)}n is given, u :  — R is uknown. It is worth
mentioning that we do not state anything rigorous beforehand about the exact functional
space to which the function u belongs. To be more precise, we can only assert that
u € Wol’p(x)(ﬂ, pdx) as in the widest possible case.

The reason for such a vague explanation is based on the structure of spaces
W P@(Q, pdz) and Hy?(Q, pdx), where HyP') (€, pndz) is a closure of C§°(€) with
respect to the given norm of Wol’p(x)(Q,udx). It is obvious that H&’p(x)(Q,udx) C

WP (Q, udz), but there exist functions such that Hy*™ (Q, pda) £ Wi P™(Q, pda)
[2], which makes the boundary value problem (1) far more challenging.

Let us consider a closed subspace V of the space W01 P (Z)(Q, wdz) such that
HyP™(Q, pda) C V.

It is obvious that C3°(R) C V, but if V # Hy*(Q, pdz), then Cg°(R) is not dense in
V. It is also clear that a functional

v / ) Y fulo)o, () do = / n(@)F(2) Vo) de (2)

is an element of V* (to make sure, see Theorem 8, Section 3), a dual space of V. This
allows us to give the following definition of solutions to problem (1).

Definition 1. A function u € V is said to be a V-solution (variational solution with
respect to the space V') to the problem (1) if the integral equality

/,u(x) VP2 Vuve do = /,u(x)ﬁ(x)Vv dz (3)
Q )

holds true for allv e V.
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Similarly, another well-known definition of solutions to (1) should also be recalled.

Definition 2. A function u € Wol’p(gﬁ)(Q,udm) is said to be a weak solution to the
boundary value problem (1) if an integral equality from (3) holds true only for those v
which belong to C5°(£2).

Remark 1. Each V-solution to (1) is also a weak solution to (1).
The main result of this paper is the following statement.

Theorem 1. Boundary value problem (1) has a unique V-solution for each intermediate
space Hé’p(x)(ﬂ,udx) CVC Wol’p(x)(Q,udx).

The proof of this theorem will be based on considering an operator equation

Au) = f, (4)

where u € V. f € V*/A: V — V* V is a Banach space, V* is a dual space. We will
show that BVP (1) is equivalent to the equation (4), which allows to apply a theorem of
existence and uniqueness of solutions to this equation [3]. This idea will be implemented
in Section 3.

To be more rigorous, we should provide a historical review and some information
about physical sense of the given problem, because it is not just abstract one and has some
important background. To start with, the boundary value problem (1) became widely
known after the paper [4] by V.V. Zhikov in 1986, which was followed by a numerous
series of researches in, for instance, articles [5, 17]. Namely, it was shown that a functional

I(u):/f(a:,Vu)dx,
Q

where the function f(z,&) : Q x R™ — R satisfies the growth conditions

—Cco +C1 |§\p§f(x,§)§co+02 |£|qa q > p,

can attain different minimums for different test function spaces. In other words, it means
that we can observe Lavrentiev phenomenon for some functional spaces. Afterwards,
the question of solvability of the corresponding Euler-Lagrange equation, which also
was considered separately as a degenerate elliptic equation, was broached in papers of
scientists such as Xian-Ling Fan, Qi-Hu Zhang [6], V.V. Zhikov, S.Ye. Pastukhova (for
instance, [9]), Yu.A. Alkhutov, O.V. Krashennikova (for instance, [10]), P. Marcellini [11],
M. Giaquinta [12], M. Ruzicka [13] and others.

Generally, the first studies on solvability of problem (1) in terms of weak solutions
(see Definition 2) were devoted to the case u(x) = 1 (see [6]). Furthermore, a series
of researches into the problem (1) was conducted by the group of Russian scientists
(V.V. Zhikov, S.Ye. Pastukhova, Yu.A. Alkhutov, O.V. Krashennikova). These researches
include both variations of problem (1) with u(x) # 1 and parabolic generalizations of
this problem, not to mention that topics of these scientists’ papers also include some case
studies of Sobolev-Orlicz spaces.

A substantial contribution to the theory of equations with variable exponents
was also brought by some Ukrainian mathematicians, mostly by M.M. Bokalo and
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O.M. Buhriy, who conducted various researches into parabolic extensions of BVP (1)
(see their latest papers [7, 8]).

The key issue of the problem (1) is that generally it may have an infinite number of
solutions. This issue is based on the fact that C§°(£2) may be either dense or not dense in
WO1 P (1)(9, dz) depending on regularity properties of p(x). There were also some studies
on the equality

Hy"™ (@, pda) = Wy (Q, pdx),
which subsequently turned out to be guaranteed by the density of C§°(£2) in the space
WP (Q, pdz). In this case, the density of Cg°(€2) in W™ (Q, idz) may be violated
not only because of the lack of regularity for p(x), but also due to violation of the
Muckenhoupt condition by u(x), which in turn is the corresponding condition for density
of C§°(Q) in WyP(, pdz) [14, p.1].

The main result of the paper is similar to those mentioned above, most of all to
Theorem 2.1 from [5], but it has a certain difference: unlike the results on BVPs for
degenerate elliptic equations in [5], the following result encompasses those cases of weight
p(z) which do not satisfy conditions from 2.2 [5].

As for the physical applicability, the BVP (1) is a certain variation of the classical
thermistor problem [15]. It can be reduced from the system of PDEs to a single equation
in the same way as it was shown in [15]. By and large, this BVP can be used for modeli-
ng electrorheological and thermoelectric characteristics of various processes [13], which
makes us ascertain of actuality of the given problem.

2. SOME PRELIMINARY RESULTS

Theorem 2. The space Wol’p(w)(Q,udx) is continuously imbedded into the space
Wy (); in other words,

1,p(z *
Vu € W, P )(Q,de) : ||U||wg11(9) <K ”“”WJ’P(I)(Q,;LM) '
where K* = const > 0.

Proof. Firstly, by definition, Wol’p(x)(Q,udx) - Wol’l(Q), which implies that for arbi-
trarily chosen u € Wi ™) (Q, udz) we have [ullyr ) = J [Vu(@)] dz < co. Secondly,
Q

by the Holder inequality for variable Lebesgue spaces [16, p.14] we obtain

— Up(@) |, =1/p() 4 < H 1/p(=) ‘ H ~1/p(x) _
/|Vu| dz /\Vu\,u 1 de < K ||u |Vul Lo (@) 1 Lo ()
Q Q
Since
5 ) (vl [
1 p(x
H”WW”" — inf /\>0:/u dr <1y =
Lr(=)(Q) A
Q
— inf A>o:/\A p@) dz <15 = |1Vl o goy
Q
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then
Il oy < B [P MV @eany = K Tl @00y
R
which provides an imbedding Wol’p(x)(Q, pdz) — Wy (). O

Theorem 3. The space Wol’p(x)(ﬂ,,udx) is a separable reflerive Banach space with
respect to the given norm.

Proof. The normability of W, ") (€, dz) is almost obvious. The next step is to verify
the completeness, reflexivity and separability for this space. To start with, we draw our
attention to the completeness property. With that in mind, we consider a fundamental
sequence {uk};;“i and substantiate its convergence.

Firstly, by the Holder inequality for variable Lebesgue spaces, since

Juller e = [ fute)] da.
Q

then
— _ —1/p(x)
/ [Vt~ Vit e < K [~ 100 00 1 o O
Q
which implies that {Vuy} 2] is fundamental in [L'(Q)]". The space [L'(Q)]" is

complete, that is why there exists ¢ € [Ll(Q)}n such that Vug — 9 strongly in
[L1(2)]". In addition, as {ur};25 is fundamental in Wol’p(z)(Q,ud:r), therefore, the
sequence {Vu}; %S is fundamental with respect to [LT’(””)(Q,,udx)]n, thereby, due to
completeness we establish an existence of a function ¢/ € [LP(*)(Q,pdz)]" with a
property Vu, — v’. Thus, as [Lp(x)(ﬂ,udx)}n — [Ll(Q)]n by (5), then it follows that
Y=

Secondly, basing on imbedding Wol’p(x)(ﬂ,ud:v) < Wy (Q) (by Theorem 2) we
infer that 1) is a weak gradient for some function v € LP®)(Q, udx). In conclusion, as
every function {uk};::i has a zero trace, it indicates that u also has zero trace, from where
we state that {u,}>5 converges to u in the space W, ' (). Since {Vuy}, =5 is convergent
to Vu with respect to [LP*) (€, udx)]", we conclude that u € Wy ®(Q, pdz) to finish
the proof of completeness for W™ (Q, i dz).

Now let us prove reflexivity and separability for I/VO1 P (x)(Q,udx). In order to
establish these statements, we define a function

F W@ pdz) = M ¢ [170)(Q, ) "

where f(u) = Vu, M is an image of Wol’p(m)(ﬂ,udx). The next stage is to show that
f is an injective operator. We assume to the contrary that for distinct uy # ug €
Wol’p(m)(Q,udx) an equality Vu; = Vus holds true. If it holds, then u; = us + C, but
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also uy € Wy (), which is contrary to ug € W' (Q), hence, we arrive at contradiction.
The operator f is also surjective by the definition. Moreover, since

HUH[Lp(w)(Q,de)]" = |||u|||LP(r)(Q,pdm)7

Hul - u2||W01’p(m)(Q“u,dz) = ||VU/1 - V’U’QH [LP(”J)(Q”udm)]n ’
that is why f is an isometry. As Wol’p(l)(Q7 pdz) is a complete space, then the image M
is closed in [Lp("”)(Q,,udx)]n. The space [LP(*)(Q, ,udx)]n is separable and reflexive [1],

and because of the fact that f is an isometry, Wol’p(‘r) (Q, ndz) is a separable reflexive
space by the properties of isometry. O

Theorem 4. Let u € LP*)(Q, udx). Then the following inequality holds true

min {[[ul* ull”} < ppu() < max {Jlul® [lul "}
where

P () = / ()P () da,
Q

lull = llell Lo ) -

Proof. If u = 0, then the inequality is obvious. To start with, we mention that if ||u| =
a # 0, then p,,, (%) =1 ([16, p.4]). To proceed, let ||u|| > 1. Then

1 < u < 1
a?ﬁp,#(u) = Pp,p (g) = ajpp,u(u)a
which implies that
[ull* < ppu(w) < Jlufl”.
The inequality
lall” < ppupu) < [lull,

if 0 < ||lu|| < 1, can be confirmed in the same way. Now, if we combine these inequalities,
then the given result is obvious. (]

Definition 3 ([3, p. 182]). Let V' be a Banach space. An operator A :V — V* is said
to be coercive if

(A(u), u)v=v

1m = +400.
J[uf| o0 [l

Definition 4 ([3, p. 168]). Let V' be a Banach space. An operator A :V — V* is said
to be hemicontinuous if a function

f) = (A(u+ M), w)y- v

is continuous on R for all u,v,w € V.
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3. EXISTENCE AND UNIQUENESS OF VARIATIONAL SOLUTIONS
To prove the main theorem of this paper, we will use the following statement.

Theorem 5 ([3, p. 182]). Let V' be a separable reflexive Banach space, let V* be a dual
space of V and let A: V — V* be a bounded hemicontinuous coercive monotone operator.
Then for every f € V* an equation A(u) = f has a solution. If the operator is strictly
monotone, then this solution is unique.

Before proving the main theorem, we provide some additional theorems in order to
make the proof clearer.

Theorem 6. Every intermediate space V is a separable reflexive Banach space equipped

with the norm |H|W01*”<“)(Q,udz)'

Proof. By definition, V is a closed linear manifold in the space W()l’p(z)(ﬁudx), which
is a separable reflexive Banach space, therefore, V' is also a separable reflexive Banach
space. O

Let us consider a form
a(u,v) = /u(x) |Vu|p(x)_2 VuVuvdz, wu,veV. (6)
Q
Theorem 7. The form a(-,-) : V. xV — R (see (6)) is well defined and the following
inequality
Jaw,0)] < K olly max { g™ July} Ve e v
holds, where K = const > 0.

Proof. By the Holder inequality, we have

/u(g;) IVuP@ 1 Vo) de < K Huﬁ V|

’ule) |VU|P(I)—1‘

Lr(=) () H

Lq(l‘)(Q)
Q
By the arguments from Theorem 2,
1
@ |V ’ = ) 7
T 190 = Dol (™)
Let us show that
1
@ P(m)*l‘ < { a—1 571}
et gt < Koma {7 ®)
We will take into account the following chain of transformations:
p(z)
p(z)—1 1 |p@-T
B p(x) v p(m) 1
Huﬁ V) 1’ — inf /\>o:/ p 0 (z) [Vl dr <1y =
La@) () A
Q
. . |VU|P($)
=inf< A>0: Wﬂ(x)dxgl

Q
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If u = 0, then the inequality (8) holds true. Assuming that |[u[|,, = C < +o0, let us
demonstrate that infimum in the last block of equalities is finite. In order to substantiate
it, we consider two cases: C' > 1,0 < C < 1. In the first case let A = C#~1. Hence,

p(x) p(z)
|VU| N(x) dr = /C(|VU|M($) dz <

pYCH 1) 25 =
Q Q

| V[P |Vu[P@)
< | ——————plx)dz = | ———p(z)dz =1 =
*/ o122 (@) cr@ M)

Q Q
Vu|P(®) B
= inf¢A>0: %u(m) de<1%<cP1= ||u||‘ﬁ/ L
Q

In the second case 0 < C < 1, that is why we take A = C®~! and use the same idea
as for the first case with C' > 1 to show that
: Ivu‘p(x) a—1 a—1
inf /\>0:/W,u(m)dx§1 <C =l
Q
Thus, the inequality (8) holds true, since we may combine two cases by choosi-

ng maximum value between them. Ultimately, after combining (8) and (7) we draw a
conclusion that the statement of this theorem holds. ]

It is clear that by fixing an argument u € V the form from Theorem 7 can be
restricted to the domain V', whereby we define a functional v — a(u,v), v € V, which
is also linear and continuous on V. Therefore, we have operator A : V — V* defined by
the rule

(A(u),v)y= v = a(u,v) Yu,veV. (9)

Theorem 8. The operator A : V. — V* is bounded, coercive, hemicontinuous and strictly
monotone.

Proof. From Theorem 7 we have
Al < K mae {57 1)

hence, the operator A is bounded.
The next step of the proof is to confirm that the operator A is coercive. Owing to
the equality

() w)y-y = [ uta) [Fu@)P da,
Q
and Definition 3, we ensure that

p(@) [Vul"'? da
Ay _ 4 RGN

1im —_— = m =
lull—oo  [|ully lful|—o0 llwlly lull—oo  flully,

o {flg el
. = T min {[uly " Jullg 7} = e,
o Tl el
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because «a, 8 > 1. In the last line we have applied an inequality from Theorem 4.
Now, we prove that the operator A is hemicontinuous. In order to ensure hemiconti-
nuity, it is sufficient to make sure of the equality

)l\irrb<A(u + ), w)y- v = (Aw), w)y~ v VYu,v,w e V. (10)
—
Without the loss of generality, we may consider A € [—1, 1]. By definition,

(A(u+ Av),w)y- vy = /u(a:) [Vu + )\Vv|p(x)_2 V (u+ Av) Vw dz.

Q
The integrated expression can be estimated as follows:

1(z) [Vu + AVoPP 72V (4 + Ao) V| < pz) [Vu + AVo[P@ V| <

< (@) (IVul + [Vo))" ! [Vl € L1(9),
where the last statement may be confirmed by the same arguments as those used in
Theorem 7 while proving the first inequality. Hence, since

IV + AV 72V (u 4 ) Vwu(z) — |[Vu?™ 72 VuVwu(z) ae. in Q Vu,v,w €V,

then (by the Lebesgue dominated convergence theorem) the operator A is hemiconti-
nuous.

Finally, it remains to guarantee that the operator A is strictly monotone.

Let r € R be an arbitrary number such that » > 1. It is well-known that the function
s |s|""%s: R — R is strictly monotone, i.e.,

(|51\T_2 51 — |82|T_2 s2)(s1—52) >0 Vsy, 80 € R, 51 # so.
With this in mind, we can deduce that

67+ nl" > Il Inl (16772 + 10"™2)  Ve,m € R [el, Il # 0, [€] # ol

By the Cauchy-Schwarz inequality, £ < |£| |n|, which can be applied to the previous
inequality:

&+ Inl" > &n (16" + 1) =

= (I =" me—n) >0 Ve nER" ¢l Inl £0, €] # In].
Now let &, n € R™ : |¢] = |n| = p > 0 and £ # +n. Then it is clear that

(I = Il n.g—n) = " +Inl" — &n (167> + 1nl") =

=2p" = 26np" " =2p"(1 = &'7y'), (11)
where ¢ = p~1¢, ' = p~!n). From here we infer that |¢/| = || = 1 and &’ # +7/. Hence,
it is obvious that

€ =\ >0 VAER,
because otherwise in the case & = Ao’ for some \g € R, we have \g = %1, which is
impossible. As a result, this implies that

L=2X7"+ X2 >0 VAER,
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guaranteeing that D = 4(¢'n')? —4 < 0 and &'n’ < 1, which provides that the expression
(11) is always positive. The same holds true for n = —¢ as well as when one of these
vectors is zero.

Taking into account all these arguments, we draw a conclusion that

(I =1 ne—n) >0 VeneR g4 (12)

To show that the operator A is also strictly monotone, we first recall the condition of
monotonicity:

(A(u) — A(),u —v)y=y >0 Yu,v € V,u#w.

If u,v € V : u # v, then there exists a positive measure set £ C 2 such that
Vu(z) # Vu(z) for x € E C Q and Vu(z) = Vu(z) for x € Q\ E. Since p(z) > 1 and
p(z) > 0 for almost all z € Q, then from this and (12) it follows

(A(w) — A(w),u —v)y= v =

= / (@) (V)PP 72 Vu(z) — |Vo(2) |72 Vo(z), Vu(z) — Vo(z)) dz > 0,

from where we ascertain that operator A is strictly monotone. O

Now we define functional f : V — R by the following rule:

v f(v) = /u(m)ﬁ(m)Vv(ac) dz, veVW (13)

Q

Theorem 9. This functional f: V — R is well defined, linear and continuous, that is,
fev* and also f(v) = (f,v)v-yv, veEV.

Proof. Indeed, after using again the Hdélder inequality, we get

[vlly - (14)

/,u(a:)ﬁ(x)Vv(x) dx S/M(UC) ‘ﬁ(m)‘ |Vo(z)| de<K H‘ﬁ(m)“ Lale) (@, dr)

Q Q

From the last inequality we may infer that f: V' — R is a bounded functional. Since f
is linear, hence, it is also continuous, that is, f € V*. O

Proof of Theorem 1. After the previous definitions and statements we may make
conclusion that the definition of V-solution to the problem (1) is correct, and this problem
is equivalent to abstract equation (4), where

HYPY(Q, pda) CV C WP (Q, pdz),

V*isdualtoV,and f € V* A:V — V* are defined above. To this operator equation we
can apply Theorem 5. Therefore, by Theorem 5, the equation (4) has a unique solution,
which in turn is equivalent to the existence of a unique V-solution to the BVP (1). O
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Consequently, we have proven that the boundary value problem (1) has a unique

V-solution with respect to each intermediate space

10.

11.

12.

13.

14.

15.

16.

17.

HyP"(Q, pda) CV C WP (Q, pdz).
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ITPO ICHYBAHHS TA € IUHICTH BAPIAIIINHUX PO3’SI3KIB
SAJAYI AIPIXJIE JJId HEJITHIMHOI'O EJIIIITUYHOTI'O
PIBHAHHA 3 HECTAHJAPTHUMUW YMOBAMM 3POCTAHHA

ITasio TKAYEHKO

Lninponemposcoruti Hayionasvhul yrwisepcumem wm. O. I'onwapa,
npocnexm Lazapina, 72, Aninpo, Yxpaina
e-mail: cool.phenom@mail.ru

PosrisayTo 3amaqy ipixire s HEMHIAHOTO eTIITUYHOTO PIBHIHHS 3 He-
CTAaHJAPTHAMH yMOBAaMU 3DOCTAHHS B FOJIOBHIN dacTuHi oneparopa. Icaye oco-
OIMBICTD ITET 3a/7a9i, BOHA TIOJISITA€ B TOMY, IO 6€3 MOMEepeTHbOTO 3a3HAYEH-
ug npocropy CoboneBa-Opiiva, B SKOMYy NIYKAEMO PO3B’A30K, MPOCTEKYETHCA
edekT JlaBperTbeBa. /loBereHO iCHYBAaHHS Ta €IMHICTH BapianiiHuIX PO3B’A3KiB
Autst poMizkHEX npocTopiB Cobomesa-Opirita.

Karowoei caosa: HemiHiiiHe eIiNTHHE DIBHSAHHS, 3MIHHII TOKA3HUK, e eKT
JlaBpenTtneBa, mpoctip CoboseBa-Opitiga.
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reviimn KOH®OPMHUX ITIEPETBOPEHB JIOKAJIBHO
KOH®OPMHO-KEJIEPOBIX MHOTOBU/IB I TOMOTETI
KEJIEPOBUX MHOT'OBU/IB

€srenr YEPEBKO

Odecorutll HAUIOHAALHULT EKOHOMINHUT YHIBEPCUMEM,
syx. Ilpeobpascencoka, 8, Odeca, 65082
e-mail: cherevko@usa.com

Posrasiayro iHdiHiTe3MMaIbHI T€PETBOPEHHS JIOKAJBHO KOH(MOPMHO-
KeJIepOBUX MHOTOBHIB, sIKi 30epiraloTh KOMILIEKCHY iXHIO CTpYKTypy. OTpnm-
maHo Bupa3 gy moxiguol JIi dopm JIi mux muoroBmais. Takox mOC/IIKO
3B'SI30K MiXK Trpymnoio KoH(MOPMHHX IE€PETBOPEHb KOH(OPMHO-KEIEPOBOTO
MHOTOBH/y Ta IPYIOI0 TOMOTETiil KeJIepoBOro MHOTOBHULY.

Karwoet caosa: KesrlepoBi MHOTOBHIM, JIOKAJIHHO KOH(OPMHO-KEIepOBi
mHOroBuau, dopma Jli, indiniTe3nmasibHi TepeTBOPEHHS, AHATITUYIHI BEKTOPHI
noJist, moxiaaa JIi.

1. Berymn. O6’ekToM JOCTIKEHHS € JIOKATHHO KOH(MOPMHO-KEIEePOBI MHOIOBHIA
raki, mwo dim(M) = n = 2m > 2. KoudopmHo-KesepoBuM MHOIOBUJAM HPUCBsYEH]
upani 6ararbox mocsiguukis. JIokasmbHO KOH(MDOPMHO-KEIEPOBI MHOIOBU/U PO3IVISIAJIN
B [I1], [2], [7]. Takoxx BapTO 3razaT EHIUKJIONMEANIHY POOOTY B IboMy Hampsimi [9].
Tndinitesnmanbui kordopMHI nepersoperHst MHoroBuais susdamnu B [§], [5]. Iuranus
iH(iHiTE3NMATBHIX KOH(POPMHHUX MEPETBOPEHDb KOMILIEKCHUX MHOTOBHIIB TOCITIIXKYyBa-
au B [12]. Mera namoi upani — gociaiauru nupobiaemu iHdiniTe3uMaibHUX KOHDOPMHUX
[IEPETBOPEHD JIOKAJIBHO KOH(MOPMHO-KEJIEPOBUX MHOI'OBH/IIB.

2. JIKK-muoroBuau ta iH(iHiTe3uMaIbHI ieperBopeHHsi. CTIOYaTKY MOTAMO
JeKiIbKa HeoOXiTHIX O3HAYUEHbD.

Osuauvenna 1. Matiorce Komnaekcrnoro cmpykmyporo J Ha3uearoms maxutll apinop Ji,
wo
1 JO0 7
JLJE = =5 (1)

Tyr 65 — cumson Kponekepa.
O3suaueHHd 2. MH0206ud, Ha AKOMY 360aH0 MATdHCE KOMNAEKCHY cpykmypy J, Ha3Uu-

6a10Mb MATINHCE KOMNAEKCHUM MHO206UIOM.

2010 Mathematics Subject Classification: 32Q15, 53A30, 53B35
© €. Yepesko, 2016
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OsnaueHHd 3. Mailioice KOMNAEKCHUT MHO206UOD € MATIHCE EPMIMOBUM, AKULO HA HHOMY
3adana epmimosa mMempura

TET gas = gij- (2)
Maiizke epmirtoBuii muorosuz nozuagaemo {M,, J, g}.

Osnauvenns 4. Maiorce epmimosuts mnozosud {M,,J, g} € epmimosum, axuo maiioce
Komnaexcra cmpykmypa € iwmezposnoto [1], [12].

SayBaxKuMO Take: sIKIIO Maii?ke KOMIUIEKCHA cTpyKTypa J 1 muOorosus M, OymyTb
HasiexkaTu kjaacy C*, TO JOCTATHBOK YMOBOIO IHTETPOBHOCTI MaiiyKe KOMILJIEKCHOI CTPYK-
TYpH € TOTOXKHA PiBHiCTH HymO Ter3zopa Heiterxeiica:

N = JX (0505 — 0aJ}) — 5 (0iJ) — 0aJf) =0, (3)
abo, 10 eKBiBAJIEHTHO,
JE = Je Il TE 5 (4)
Kowmoro Mu mo3HagaeMo KOBapiaHTHY TOXiIHY B 3B’ I3HOCTI, Y3TOIXKEHiH 3 PiMaHOBOIO
METPUKOIO gjj.
SIkmmo, 10 Toro Xk, Ha epmitoBomy muorosuni { M, J, g} cnpaBmxKyerhes

ko _
Ji; =0, (5)
TO BiH € KeAeposuM.

OsnaveHHd 5. Epmimosutl mHozo6ud M, , mae Ha36y JI0KaIbHO KOH(POPMHO-KEJIEPOBOIO
(vopomwe, JIKK-) MuoroBumy, axwo icwye eidxpume noxpumms U = {Ua}aeA
mhozoeudy M ma cucmema ¥ = {04: Uy — Rlaca e2aadkux dynkuid maxuz, wo
{J|Ua,§a = 6_2‘7°‘g|UQ} — Keaeposa cmpyrmypa 0as bydv-axozo o € A. Ilepexid 6id
mempuru gly, 0o mempuru e”2%e gy HAZUBLEMBCA AOKAALHO KOHPOPMIHO20 NEPemeo-
perns cmpyxmypu. DPYnKyis 0 HAZUBAEMBCA BUIHAYAADHONW PYHKUIEW KOHPOPMHO20
nepemsopenns 2.

Binowmo, mo na JIKK-muorosuzi dopma JIi (Lee form), komnonenTu sikoi Bu3Haua-
10Thes Gopmydioo [3]
2

1
w=——"000J] a0  wi=-—- QJBaJﬁ (6)
Ma€e O6yTH 3aMKHEHOIO
dw = 0.
OsnaueHHd 6. Ilepemeopenns mrozosudy M,
—h _ h hy, 1 .2 n
Tt =2+t (x, 2%, .. ), (7)
de t — 006iAbHUL MAAUT NAPAMEMD He3aredtchull 610 T, HA3UBAEMbCA THPIHIMEIUMAND-
1020 nepemeopenna muozoeuda M,. Bexmop &(x', 22, ... 2™) nasueaemuca 2enepamo-

POM NEPEMBOPEHHA.
IMoxizua JIi (Lie derivative) Tensopa EgT;j;:’ UMy (p,q) Y3I0BXK BEKTOPHOTO MOJIST
¢B Koop;LHHaTax HaDyBa€ BUIJISLY

2 Tu iy :Tu zp S+T“ zp é-k Tu Jp fk z Sip iy zlzgjq €p ( )

q Ji---Jq:$ kjz.. kjk..-Jq -Jq )
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Koudopwmni indinitesumasbii neperBopents Xxapakrepu3yioTbes piBasuuavu [12]

Legij =& + & = ¢Yij- 9)

Bizomo Take: Koiu BeKTOpHE moJTe & TOpoKye iHdiniTe3uMaabai KOH(POPMHI ITePEeTBOPEH-
Hsl, BOHO Pa30M 3 inBapianrom ¢ Mae 3auoBosbhsru cucremy [6], [5]:

1) 51,] fzya

2) (p’u

3) 51,] + & = 90is5 (10)
4) & jr = Ea Ry + 5 (k915 + 0i9ik — igin);

5) i = w2z (6" Rija + EaiB + i BY — 52255 (€°Roa + 9R))

3. Tenszop Heiienxeiica Tta dopma JIi npu koudbdopmuux indiHiTE3U-
MaJbHUX TeperBopenHsix. OCOOIUBAM BHUIAIKOM € CHTYyaIlis, KOJU BEKTODPHE TOJIe
&(zt, 2%, ..., 2™) NOpOIKy€E MepeTBOpenHs, Mo 36epirae KoMIiekcHy cTpyKTypy [12]

Ledi=J0 8 —Jrg  + T =0. (11)

Take mosie Mae HA3BY KOHMPABAPIAGHMHO20 GHAAIMUYHOZ20 BEKTOPHOTO moJisi. Bapro 3a-
YBaXKUTHU Take: OCKijabku audepenmioBanns JIi KOMyTye 3 oneparieio 30BHIIIHBOIO [H-
depenrniroBaHHs

ngw = Sgdw,

Oymp-sKi iH(iHiTe3NMANIBHI TepeTBOpeHHsT 30epiraroTh 3amMKHeHicTs dpopmu JIi. Orxe, He-
00Xi/THOIO Ta TOCTATHHOIO YMOBOIO TOTO, 1100 mpu iHdiHiTe3nMaTbHIX KOH(MOPMHUX Tepe-
TBOpeHHsAX MHOTOBU 3asmmascsa JIKK-muorosumom, € 36epexkents: epMiToBOCTI, TOOTO
30epeKeHHsI BUKOHAHHS YMOBH , Ky MOXKHA 3aIIMCATH y T€PMiHAX KOBAPiaHTHUX I0-
XiTHIX

NG =2 (Jay = J3a) =I5 (Jaa = Jia) =0
Jst Iboro moTpiGHO, 1106
SgNikj =0.

drmo Mu BuMaraeMo 30€pekKeHHsT KOMILJIEKCHOI CTpyKTypu, TO moximua JIi Tensopa
Heitenxeiica HabyBae BUTIAILY

LN =0 (Sedh j — LedFy) — I3 (Ll — L)) (12)
BHACJIi IOK .

Binoma roroxHicTs [12], 1mo € npaBmibHO0 [uist Oy/1b-sKuX iHOIHITE3NMATBHUX e~
PeTBOpEHD

SedE; = (LIF) = TP LTy — JELeD, (13)

ze F?Z- — 00’€KT 3B’A3HOCTI, y3TOMKEHNH 3 METPUKOIO g;;. Jns indiniTesmmaapbanx KOH-
GOpMHUX TIEPETBOPEHD

1
Qérfi = 5(55% + 5]]?%' - ¢*g:;) (14)
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Buacninok Bumoru 36epexkenHs KoMmiuiekcHoi crpykrypu (L1)), u , MiICTABUBIIHT Y
(13), orpumyemo

1 1
LeJf; = iJf(fsfs% +6%pp — ¥ gp;) — §J§(5f%‘ +07pi — i) = )
1 k Ja k k k o .-
= B (5j<]i Vo — ¢"Jij _JjSDi+JaSD gzg).

O6uucaumo noxinny JIi Terszopa Heltenxeiica y3/10BK BEKTOPHOTO TOJs £, BPAXOBYIOYH

(15)
SeNG = TP (Sedh ;= LeTfa) = I8 (Ledhi — L) =

= %J? (05 JEpp — " Jaj = JFpa + J50" gas—
—65 7008 + W* Jja + JE0; — J50P gja) — (16)

—%J? (0¥ J00p — 9" Jai = If 0 + JE@" gaim

0k T 05 + O Tia + JE@i — JEGP gia).

PoskpuBarouu jyxkku ta 3B0Ag4u noaidui wienu y (16), orpumyemo, mo noxigna JIi
ter3opa Helienxeiica TOTOKHO JOPIBHIOE HYJIIO

LN =0.

Bpaxosytoun toit ¢axkr, 1o Oyab-saKi indiniTe3aumanbhi mepeTBoOpeHHs 30epiraloTh 3aMK-
HeHicTh dpopmu JIi, OTPUMYEMO TaKe TBEPIYKEHHSI.

Teopema 1. Ilpu iHPIHIMESZUMAALHUL KOHPOPMHUL NEPEMBOPEHHAT, WO 30epizaromy
KOMNACKCHY cmpykmypy, mensop Hetienzetica maxoorc 3bepizaemouea. 3oxpema, JIKK-
MHo206u0 6yde nepemeopeno y JIKK-mmnozo6ud.

Teneps 3uaitnemo noxiauy JIi dopmu JIi. Bpaxosyioun , OTPHUMYEMO 3 @
2 a 78 2 ey B
Sgwi :—7’”_225(;]57&‘]14 ) :_771_225(‘]5,04)‘71' . (17)

3 immoro 60Ky, ockinbku omeparis audepeniioBanis JIi € mepecTaBHOO 3i 3rOPTKOIO,
To MaruMeMo 3 (|15)), 3ropraroun ingexcu k Ta j

1
LeJia =735 (anwﬁ — ¢*Jia — Japi + J,?tpﬁgia) =

2

_Ys, _ag o) — 18
2 n']z Yp— ¥ Jia + JBZ@ ( )
1 o n—2

=3 (TZJEQUB — ¢ Jia — zﬂ@ﬁ) = ?Jﬁpﬂ

IlincraBumo B . Orpumyemo
2 n—2
A BgJ) = .. 1
Lewi = ——— - —5—Jypti = i (19)

OTOX, MATHMEMO TAKE TBEDIKEHHS:
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Teopema 2. I[Ipu indinimesumarvbhus Konpopmuuxr nepemeopennar JIKK-mmnoz06udis,
wWo 36epi2aromyv KOMNAEKCHY CMPYKMYPY, 6EKMoOpHe noae & ma iHeapianm p, AKi 6u3Ha-
YAOMBCA 3 CUCTEMU , Komnouewm noxidwot JIi gopmu JIi dopieHooms wacmurHum
NOTIOHUM THEADIGHMA ©

Sgwi = Y;-
3BepHEMO yBary, 1o 3TiIHO 3
Lewi = wi o +wal” ;.

3 iummoro 60Ky,

0
% (waéﬂ) = Woz,iga + wagaﬂ"
Bnacmimok 3amknenocti dopmu Ji, w; j = wj i, a ToMy 3 BUTLINBAE, 110
0
57 (Wal®) = (wal?) ; = ¢u. (20)
3sigcu ckansap ¢ 3 piugung (10f) nos’s3anuit 3 hopmoro JIi Ta BekTopHUM 110JIEM € TaK:

(03
o =wa* +C,
nme C — moeinbHA KOHCTaHTa. OTike, BpaxoBytoun ymoBy ([L1) anamituarocTi BEKTOPHOTO
nosnist £ cucrema piBasHb ([10) HabyBae BUIISTY

) fz,j = 61]?
2) 61,] + 6], = (waga =+ C)gij; (21)
3) &ijr = i3 ((Wal®) #9id T (wafa)ngik: - (wa§a)7i9jk);
4) Jj y&F — Jagl + i =0

4. Izomopdism rpyn koHpopMmHEuX neperBopenb JIKK-MmHOrosmmae ta ro-
MoTeTiil BiamoBigHOrO KesiepoBoro mMHoroBuie. Pisusuus (21) € poss’s3annmvn
CTOCOBHO MOXiAHUX 1 = 2m HeBigomux byHKI, piBusgans (21) — BiaAIOBiAHO, CTOCOBHO

+1

. e o . 2m(2m+1
n? = 4m? meBimomux dyukuiil. PiBuanma 1. MIiCTATH "(”2 — 2m( ;”Jr ) OBMerKeHHS.

Ax jerko 6aqHTH,) 3adae 2m? HeszamexxHEX 0OMerkeHb. OCKITBKE JOCTIIKyBaHmit
MHOTOBH/I, € €PMITOBAM, TO 3 iIHTEIPOBHOCTI Maii?Ke KOMILJIEKCHOI CTPYKTYPHU BUILIMBAE
iCHyBaHHS TOJIOHOMHOI CHCTEMH KOMILTEKCHHX KoopamHaT (2%, 2%). B Hux ymosu )
BUTJISIIATUMYTh SIK

8350‘:0
Dpe* = 0.
Bracainok nporo
a _ a8 -1 a &6
Vi =Tge = Ve
& -1 4 .5
Vst = The0 = Y2 6.

Omnyckaoun iHIEKCH, MATHMEMO
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3Bincu Mu Gaunmo, mo (21p) mictars m(m + 1) oOMexkeHb, dKi € 3aJeKHAMA Bix
(21}). Orxe, poss’si3ok cucremu (21) Gyue 3amexaru Bijg

2m(2m + 1)
— 4

r=4m? + 2m — 5 m(m+1)—2m? +1=(m+1)2

crammx. TakuM 9UHOM, OTPUMAHO TaKWil PE3YJIbTAT.
Teopema 3. frxwo JIKK-mnozoeud {M,,J, g}, n = 2m donyckae epyny G, indinime-

3UMANDHUT nouéopmmm: nepemeopens, Akl 36epi2aroms KOMRAEKCHY cmpymnypy, mo

1) gl,] fz]a

2) gl,] + §j7 = (wafa + C)gz];
) &
) J

w

gk = ol + 5 (was?®) 193 T (Wafa)ngik - (waga)ﬂvgjk);
4) JE 8k = JRg 4 Jige =0
Iopadox uiei 2pynu 1 ne nepesuwye (m + 1)2.

Posrusnemo keseposuii muorosuy {K,,J, g}, oudopmuuii JIKK-muorosuosi

{M,, J,g}. Ba oznauennsm, §;; = g;je” 2%, w; = 20 ;. Toni

al ]. ]. ].
Fk Fk k k k
AN 551 i 553 it 5 9ii» (22)

— 00’ekT 3B’s3HOCTI, y3roikenuii 3 merpukoi §. Hexaii wa {K,,J, g} i na {M,,J, g}
3aaHO KOHTpaBapianTHe BekTopHe mose &£'. ITo3znaanmo

£ = Eai; & = E%i = L7

3HaiiieMo KoBapiaHTHY TOXiTHY KOBEKTODA él y 3B’SI3HOCTI, y3rojKeHiit 3 MeTpI/IKOIO g.
Kosapiantay moxiamy y 38’s3HOCTI F Mu OyeMO 03HAYATH BEPTUKAIHHOIO PUCKOO ', a
y 3B’s3HOCTI I‘”, Y3TO/IZKeHii 3 MeTpI/IKOIO JIKK-muoroBumy ¢, mo3nadmmo, sik 3a3BUYail,
Komo10. Maemo:

1 o
Wi — 5‘*} glj)ga

§ilj = &g + (%53% + %57
= (67) , + gy + 3hn — twhagy =
=&ije % —Gie W + %éiwj + %éjwi - %Wagagij = (23)
= (& — %giwj + %gjwi - %wafagij)e_% =
= (&',j — %giwj + %Sjwi)e_% — %w"gagij.

Hexaii Teniep nose &' € opnuM 3 THX, 110 TOPOIKYI0Th Ha { Ky, J, §} TpyIly romoreriii.
Toxi BoHO Mag 3a0BOTBHATH PiBHSIHHS

&ij + &t = Caij- (24)
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IigcraBusmm y , OTPUMYEMO:

e (& + &) — w*abij = Chijs

€2 (&g + &) = Chij + wEabis

e (& + &) = e 27 (wagij + Cyij)-

TobT0, ocKinbku €27 # 0, T0 HeOBXiHO MAE€ BUKOHYBATHCDH )

&+ &= (wal® +O)gij.

Hani nponudepeniitoemo koBapianTHO &;|; 10 z* y 3p’asmocti I‘fj. Ockinbku 1} TO
OTPUMYEMO

- 1 1
i = €27 (&ijw + 1wk (§w; — &wj) — Z§awa (wigjk — wigin)+

+%(£awa,jgik — &aw® igjk) + %(gjwi,k — &wjk) + i||w||2(£igjk —&9ik)—
(@07 01+ (067 s — (8%) 050)) = -

= e (& jk + ’fa(i“’k (05 wi — 6fwj) — iwa (wigjk — wjgix)+

b (= k) 5 (8w — 8Fwn) + I (0T gz — 5500))~

1

—5 ((wa€®) 4955 + (Wa€®) ;g0 — (wal®) 951)),

1e ||w]|? = wiw;g". 3 inmoro Goky, 3 1) MATHMEMO, 110 TeH30p KPUBUHU R KEJIepoBOro
muoroBugy {K,,J,§} nos’a3annii 3 tersopom kpusuan R JIKK-muorosumy {M,,J, g}
TaK:

. 1 1 1
Rf}k = Rf-’jk + 5;-”(§wi,k + —wiwg — ZHOJHQQUC)—

4
1 1 1
=0k (Gwig + gwiw; — 7llwlg;)+ (26)
1 1 1 1
+(§wh,j + Ewhw_j)gik - (§Wh’k + thwk)gij-

Binomo Take: komu nose & mopomxkye Ha {K,, J, §} romorerito, To BOHO Ma€ 3a10-
BOJIBHSITH TAKOXK DiBHSHHS [§]

éi\jk = éajoz (27)
IlincraBuBmu i y PiBHSIHHS , BPaxXOBYIOYH, IO éz = &e729, oTpuMaeMo
1
e 27k = e 2 (SaRi + 5((wa€a)7k9ij + (waga),jgik - (Wozfa)ﬂ'gjk))
Buosy, Buaciinok e~ 2 # 0, HeobXijHO MAE BUKOHYBATHCD )
1
ik = Sa Ry + 5((%45&)&91'3' + (wafa)’jgik - (Wafa)’igjk)~

YMOBa, aHAJITHYHOCTI KOHTPABAPIAHTHOTO BEKTOPHOTO MO &' JJIS KeJepOBOTO MHOTO-
sty {Kn,J, g}
i __ 71 k ) e T
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Bracaizok Bmactusocteit moximaoi JIi 11s ymoBa 6yme BUKOHYBATHCH TOML i TLMBKH TOJI,
KOJTY aHAJIOTI9HA YMOBA Gyne BukonyBaruch miis JIKK-muorosuny {M,,, J, g}. Otox,
AKIIO BEKTOPHE Toje &' 3aJ0BONBHAE CHCTEMY , TO BOHO HEOOXITHO 3aJI0BOJILHSIE
cucTemy

1) &5 = s
2) &ij + &5 = Cijs

b AR 28
3) €k = Ealil, (28)

Y k ) B
4) J;lkf — Jf{’la + J&ﬁ“‘j =0.
Otxke, OTPUMAHO TAKU PE3YJIHTAT.

Teopema 4. fxuwo JIKK-mnozo6ud {M,,J, g}, n = 2m donyckae epyny G, inginime-
BUMANLHUT KOHPGOPMHUL NePemeopens, aki 30epizatomv KOMNAEKCHY CMPYKMYpPY, mo
UA 2DYNG AOKAALHO 130MOPPHA 2pYni 20momemil Keaeposozo muoz2o6udy {K,, J, g}, axa
nepebyesae y Kondopmuit eidnosionocmi 3 { My, J, g}.

3aBepIny0dn, 3a3HAYNMO, IO IO0BEJEHA TEOpeMa JAyKe MOIi0Ha 0 pe3yJIbTary,
orpumanoro P. ®@. Binsamosum ([6], crop. 274) mns AificHEX JIOPEHIIEBAX MHOTOBHJIB:
rpyma KOH(pOPMHHUX IEPETBOPEHbD, AKi 0T Y HEKOH(POPMHO-TIIOCKOMY TIOJI TAXKIiHHSI, €
IPyIIOI0 pyxiB ab0 roMoTeTiit mpocTopy, KOHGOPMHOro JaHoMy. K 6ad9mmo, KII09I0BOIO
BiMiHHICTIO HAITOTO BUTIAKY € BiacyTHiCTH BuMord, mob JIKK-vmuorosuzn { M,,, J, g} 6yB
HEKOH(POPMHO-TITTOCKHM.

CIIMCOK BUKOPUCTAHOI JIITEPATYPU

1. Kupuuenxo B.D. dudbddepenrmaabHO-reoOMeTPUYIECKHEe CTPYKTYPHl Ha MHOTO00pDA3UAX. —
Mocksa: MIITY, 2003. — 495 c.

2. Kupuuenro B.®. JlokaabHO KOHGMDOPMHO-KeJIepOBbl MHOI000pa3ust IOCTOSHHON IT0JI0MOpd-
HO#1 cexionHoM KpususHbl // Marem. ¢6. — 1991. — 182, Ne3. — C. 354--363.

3. Kupuuenxo B.®D. KoHdOPMHO-TIIOCKHME JOKAIHLHO KOH(POPMHO-KETIEPOBHI MHOTO00Pa-
3us // Marem. 3amerku — 1992. — 51, Ne5. — C. 57—66.

4. Kysaxonv B.M., Yepesko €.B. Kondopmuo-keneposi npocropu ta KoH(GOPMHI neperBope-
HHS TeH30pa eHeprii-immynscy // Proc. Inter. Geom. Center. — 2011. — 4, Ned. — P. 20-26.

5. Muxew H., Moadobaes J]. O pacrpeneseHny MOPsIKOB IPYIIT KOH(GOPMHBIX TpeoGpa3oBa-
Huil puMaHOBBIX mpoctpancTs // U3B. By3os. Marem. — 1991. — Ne12. — C. 24-29.

6. Ilempos A.3. Hosbie meromapt B 001eit Teopuu ornocuresnbaocru. — Mocksa: Hayka, 1966.
— 496 c.

7. Padyaosuy 2K., Muxew H. Deonesmaeckne oTo6paxkennsi KOH(MOPMHO-KETEPOBBIX IPOCT-
paucrs // U3s. Bysos. Marem. — 1994. — Ne3. — C. 50-52.

8. Odsenzapm JI.II. Pumanosa reomerpus. — Mocksa: WJI, 1948. — 316 c.

9. Dragomir S., Ornea L. Locally conformal Kéhler geometry. — Basel: Birkhduser — 1998. —
328p.

10. Mikes J., VanZurova A., Hinterleitner I. Geodesic mappings and some generalizations. —
Olomouc: Palacky University Press, 2009. — 304p.

11. Vaisman I. A geometric condition for an l.c.K. manifold to be Kahler // Geom. Dedicata.
— 1981. — 10, Nel. — P. 129-134.



€srenr YEPEBKO
216 ISSN 2078-3744. Bicuux JIpBiB. yu-Ty. Cepis mex.-mar. 2016. Bumyck 82

12. Yano K. Differential geometry on complex and almost complex spaces. — New York:
Pergamon Press Book, 1965. — 326p.

Cmamma: naditiwnaa do pedroneeii 16.10.2016
nputinama do dpyxy 11.12.2016

GROUPS OF CONFORMAL TRANSFORMATIONS ON LOCALLY
CONFORMAL KAHLER MANIFOLDS AND GROUPS OF
HOMOTHETIC MOTIONS ON KAHLER MANIFOLDS

Yevhen CHEREVKO

Odesa National Economics University,
8, Preobrazhenska str., Odesa, 65082 Ukraine
e-mail: cherevko@usa.com

In this paper, we study infinitesimal conformal transformations which does
not change a complex structure of locally conformal K&hler manifolds. We
have found an expression for the Lie derivative of a Lee form with respect to
a covariant almost analytic field for locally conformal Kahler manifolds. Also
we explore links between the group of conformal transformations on a locally
conformal K&hler manifold and a group of homothetic motions on a K&hler
manifold.
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IIPO MATPUYHI BIIOBPAKEHH ITIJINX
IMOCJIIIOBHOCTEN

Mpupocaas Illepemera

Jveiecvruti HaytonarvHul ynisepcumem imens Isana Pparka,
Ynieepcumemcevka 1, m. Jveie, 79000
e-mail: m_m_ sheremeta@list.ru

IocnimoBHICTD (Tr) KOMILUIEKCHAX 9UCE HASUBAETHCH 14i/A0%0 CTOCOBHO 3DO-
cTaio|oi 10 400 nocaigosuocti (A, ) Jomaraux wucest, axwo pag Jipixsie 3 koe-
dimieHTamMu T, 1 TOKA3HUKAMHU \,, € TLJIUM. ¥Y3arajJbHEHUM TTOPSIKOM ITOC/Ii 0B~
rOCTI (Z5,) Gy/1IeMO HA3WBATH y3araJbHEHMH MOPSAIOK Bianosimaoro pamy lipix-
Jsie. naiineno neobxiany i mocTaTHIO yMOBY [1s TOrO, 100 MaTpuns (Gnk) Bigo-
Opakasa KJIac ILIAX MOCIIOBHOCTEH y3araabHeHoTo mopaaky < o € (0, 4o00)
¥ KJIaC IiIuX MOC/TIOBHOCTEN y3aranpaeHoro mopanky < u € (0, +o0).

Karuwosi caosa: pan ipixyie, marpuuHe BimoOparKeHHsI, y3arajbHEHUH
TMOPSIOK.

1. Beryn. 3riguo 3 [I] nmocnigosHicts © = (2,) KOMIUIEKCHHX 9HCE] HA3UBAECTHCSH
yinor, Ko rakoo € dyukuis f(z) = > xp2". IlopsaukoM ¢ nocaizosuocti = (xy,)
— nlnn
HA3UBAETHCS MOPAIOK GYHKIHI f, ToOTO 3a Teopemoro Anamapa 9 = lim ——— . Jljia
n—oo —In |z,
dikcoranoro g € (0, +00) gepes 2(g) MO3HAYNMO KJac BCIX IIIMX MOCIIOBHOCTEH TI0-
panKy < 0.

Hexaii ¢ = (§,) — OOCIHLIOBHICTH HEHYJBLOBUX KOMIUIEKCHUX umces, a s$(§) =
={z: &y, — 0(n — 00)}. Axmo mosuauumo ||z||e = sup{|{n2n| : n > 1}, To mpocrip
(s(&), I 1l¢) € |2] 6anaxosum i komuakruum. B [I] pocaiszkeno ymosu, 3a aKkux mMarpuis
A = (ank)n, k>1 Bimobpaxkae s(&) B s(n) = {y : Myn — 0(n — 00)}. '

Hexaii (€0)) i () — mocaigosrocri mocimosrocreit (To6ro £U) = (57(3)) in =
(1)) raxi, mo s(6™) € s(60)) i s(y™) C s(n) gz k > j. Mpuitmeno S = (1) s(£9),

J
T = ms(n(i)) i mpumycTIMO, O TS KOKHOTO j icHye Take k > j, mo Z €9 /e <
1 n

400, a IIa KOXKHOIO % icHye Take [ > 1, IO |7],(f)/m(ll)’ — 0 (n — o0). Hapemri, 3a

2010 Mathematics Subject Classification: 30B20
© M. Ilepemera, 2016
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osnavdennsaM marpurig A Bimobpaxkae S B T, SKINO It KOXKHOTO 4 icHye Take j, mo A
sinobpazkae s(£U)) B s(n®). B [I] moseseno rake TBepKeHHS.

Jlema 1. Jlas mozo, wob mampuusa A eidobpasicara S 6 T, neobxiono i docmammvo,
w06 dast K0otcHo20 i icnysanu maxi j 1 M € (0, +00), wo das eciz n ik

1 an /60| < M. &)

Buxopucrosyoun 1o gemy, B [I] moseneHo, mo aias roro, mob marpuns A Binobpa-
xkasa Qo) B Q(p), Heobxiano i mocraTHbO, 100 /i KOXKHOrO ¢ > 1 iCHyBaIu Taki r > 0
i M€ (0, +00), mo anst Beix n i k

n”/t\ank|k_k/r < M.

Ileit pesynbrar Oyme y3araabHEHO, 3 OJHOTO OOKY, HA BHIAIOK ILIAX ITOCTiIOBHOCTEI,
o3HadeHnx 30ikHicTiO paAmiB Jlipixie 31 3pocraloummMu 10 +00 MOKA3HUKAME, & 3 iHIIO-
I'0 — HA y3arajbHEHI HOPAIKU 3POCTAHHS.

2. OcuoBHa yacruna. Orke, Hexaii A = (\,) — 3pocraiya 10 +00 IMOC/II0BHICT
nopataux ducest. [locainosuicts © = () KOMILJIEKCHUX Yuces Oy1eMO Ha3UBAETHU L1LJIOK0
CTOCOBHO TOC/IIOBHOCTI A, gKIo psz Hipixite

F(z) = Z xnexp{zAn}, z=o0+it, (2)
n=1

abcomoTHO 36ira€Thbcss B yCilf KOMILIEKCHI# miomumai. Ias mporo psay mpuiiMemo
M(o,F) =sup{|F(c +ir)| : 7 € R}

Yepes L MO3HAUNMO KJIAC TOJATHUX HETEPEPBHUX Ha (—00, +00) GYHKINH o TaKuX,
mo ax) = a(zg) mist —oo < x < xg i a(z) T +oo mpu g <  — +00. Bynemo ropoputw,
mo o € LY, sxmo o € Li a((1+o(1))z) = (1 + o(1))a(z) npu x — +oo. Haperri,
0 € Ly, sikimio o € L1 aex) = (14 o(1))a(x) upu & — 400 gy koxHOTO ¢ € (0, 400),
TOOTO (v — MOBLIBLHO 3pocraioua ByHKIig. 3po3ymino, mo Ly, C LP.

Ona o € L'i f € L ysarasbueHuM nopajgkom Qq,g[F| niioro pany dipixme
Ha3WBAEThHCA 3] Besrmamma

— oa(ln M(o, F))

Qa,,@[F] = UETOO B(U)

)

a [yt 11 3HAXO/KEHHs MpaBuibHe [4, ¢. 26] Take TBEDIKEHHS.

Jlema 2. Hexai 0 < p < 400, @ € L i B € L — nenepepsno dugdepenuyitiosni pynruyii i
BUKOHYEMBCA 00HG 3 YMOB:

a) ac L B(lnz) e L, dﬂdll(rtitz(fc))_);
ilnn=o(A,) (n— 00);

-1
6) a € Lna, 6(111 x) S Lns; M

(0,+0) ilnn=0(\,) (n — oégl

(x — +00) daa woorcrozo ¢ € (0, +00)

= O(1) (x = 400) daa KoscHo20 C €
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Todi ¢a,[F] = 0a,pz] = €apl(2n)]; de

. A\,
B ( +—In )
p An |xn|

Ysazanvnenum nopadkom 1iioi crocoBHO A = (\,) mocaigosuocti x = (x,) Gyxemo
Ha3UBATH y3araJbHEHHI MOPSIOK BiAHOBiaHOrO TMiaoro pamy Hipixie , TOOTO BEIUYN-
Hy .

Inst dircoBanoro g € (0, +00) wepes €2, (@) HO3HAUNMO KJIAC BCIX IITUX CTOCOBHO
A = (\,) mochigoBrocreit ¥ = (x,) y3araJbHEHOTO MOPSIKY Qo g[x] < g i moBememo
HACTYTIHY JIEMY.

Jlema 3. Hezat (0;) — nocaidosnicmo dodamuuz wucena i 9; | o (j — 00). Ipunycmumo,
WO BUKOHYEMBCA 00HA 3 YMO6 a) wu 6) aemu 2, i nputimemo

£0) Z exp {An (6‘1 (glja (2)) B zl)) } '

Qa,5(0) = ms(g(j))-

J

Tooi

Josedenns. CnovgaTky mOBEIEMO, IO ﬂ s(§(j)) C Q¢ 8(0). Ockinbku
J

s(€9) = {(wn) : €20 = 0(n = c0)},

TO OJI4 BCixX JIOCUTH BEJIUKHUX N

sl () D)

3BiJIKM BUILJINBAE, IO

1 1

—In — = 400 (n— ),

An |xn|
i 3 ornany ma ymoBy Inn = O(A\,) (n — o0) abcuuca 36ixku0CTi pamy ipixie 3
raknMu Koedirienramn gopisHioe +oo (auB. [5]). Orike, mocainoBHicTs © = (2,) € mizo0
CTOCOBHO TOCiI0BHOCTI A = (). 3 HepiBHOCTI BUILJINBAE TAKOXK,
0 171 OYIb-AKOTO j

Tim (A /p) < 0;
oo i (1 + iln 1)
p An |1'n|

i ocxinbku 0 } 0 (j — 0), 10 gaplr] < 0, 10610 5(£W)) C Qup(0), 1 orae,
ﬂs(g(j)) - Qa,ﬂ(@)'
J

Hapmaxu, sximo (z,) € Q4 5(0), T0 A1s 6ynb-saxoro € > 0

lzn| < eXp{—An (ﬁ_l <Qj€)a (;")) - ;)}, n = no(e),
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eitizon{on (5 (e () o (o)) wmir
BayBazxumo take: aximo B(ln z) € L0 i § > 0, To
B (1 +)a(t)) — B~ ()} = +o0, t— +o0. (6)

Cupasai, AKIIO 711 IESKOL MPAMYIOUOL 710 400 MOCJALTOBHOCTI (t,) MPABUIbHA HEPIBHICTD

t{B7H (L +0)a(tr)) — B~ (alte)} < K < +oo,

TO
(14 0)a(ti) < BB (a(t)) + K/te) = B (In (e @EDek/w)) —
-y (1n {(1 +o(1))ef (e tk”}) = (1+o0(1))alty), k— oo,
10 HEMOXKJIMBO.
3 ornsy Ha @ i mepiBHicTB 0; > 03 BUILITUBAE, mo |2,&2| — 0 (n — 00), TobTO
(z,) € s(€U)) must kozxnoro j, i orke, Qy 5(0) C ﬂ ). Jlemy 3 noseueno. O

Bukopucrosyiouu nemu [I]i[8] nosenemo raky reopemy.

Teopema 1. Hexatli pynruii « € L ma § € L i nocaidosnicms X = (\,,) 3ado60abHA10Mb
YMOGU A@Mu@ 0 € (0,400) i p € (0, +oc0. Jdas mozo, wob mampuuys A = (ank)
sidobpasicara Qo 3(0) 6 Qo p(p), neobxidno i docmamuvo, w6 das KodcHozo t > [
ichysaau maxi r > 0 i M € (0, +00), wo das ecix n i k

oo (7 (o (3) ) o (2 (o (3) D)o

Josedenns. Hexait (p;) — Taka 10CHII0BHICTD JOJATHUX YUCEIL, 1O fi; | [, &

-l (5 (2(2)-1)}

3a semomo 3 Qy 5(p) = ﬂs(n(i)) iQapo) = ﬂs(ﬁ(j)). Jlerko TepeBipuTH Take: SKIIO
i J
or < 0; mna k> j, o fT(L]) < .g,(f) asst k> j, 3BiAKM 3TiHO 3 O3HAYEHHSIM BUILJIABAE, 10
s(&®)) € s(€W)) ma k > 4. Tomi6no, s(n™) C s(n\9)) aaa k > j.
st I > 4, 9K y JOBEeJeHHI CIIiBBIJHOLIEHHS |§ j)xn| — 0 (n = o0) B Jewmi
sukopucrosyioun ymosy 3(In z) € L°, orpumyemo

(4)
o (7 G () - e (3)) o e
nr(f) o p i p
Hapemri, guasg k > j
R N G R )
angn znjep{ An(ﬁ At (e NS

[pumnycTumo, 1mo BuKonyethes ymosa a) jemu 2| Toxi B(In x) € LY i, sk panirme,
(

Bla +o(1)) = B(In{(1 + o(1))e"}) = (1 + o(1)) ()
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upu x — +00. 3siacu summsae, mo B (t/ox) — 871t/ 0j) > hi; > 0 nua Beix t > to,
60 akuo B (t,/ox) — B (tn/0j) — 0 aus nesxoi nocainosnocti (t,) 1 +00, To

tn/ok < BB (tn/0j) +€) = (L+e)tn/0;

npu n = ng(e), mo memoxianso. Orxe, 3 (7) 3 orsimy Ha ymMoBy In n = o(A,) (n — o0)
OTPUMYEMO

D €9 /e <3 "exp {— Ak} < +o0, (8)

n

3a ymosu 6) B(ln z) € Lz i Bz + O(1)) = (1 + 0(1))B(x) npu £ — +o00. Tomy Tenep

PG Ge5)) e o
k J

i 3 ornay Ha ymoBy In n = O(X,) (n — 00) 3HOBY orpmmyemo ().

Orzxe, MOKeMO 3acTocyBaTh jJeMy 1 10 S = Qq g(0) i T = Qq (1), 32 AKOIO Aus
Toro, mob marpuist A = (a,i) Bizobpaxana Q. 3(0) B Qa,g(1), HeoOXimHO i mOCTATHBO,
mo6 1y1st KOPKHOTO 4 icayBamu Taki j i M € (0, 400), mo s Beix n i k

(e (B) D
(1 (o (5) )

3BimcHu JIErKO OTPUMATH BUCHOBOK TEOPEMU. O

Haenemo aBa mpocti Hacaiakm. fIKIIO B O3HAYMEHH] y3araJbHEHOTO MOPSIKY ILJI0TO
pany ipixie subepemo «(t) = Int i S(t) = ¢ gua t > ¢y, TO OTPUMAEMO O3HAYEHHS
R-nopsjiky oR, a AKio 3a ymosl gog = p € (0, +00) Bubepemo «a(t) =t i B(t) = ePt, ro
OTPUMAEMO O3Ha4YeHHS R-Tuiy Tk IBOro paay. 3 ZOBEIEHOI TEOPEMH JIETKO BUILTHBAIOTD
TaKi JiBa TBEP/I2KEHHS.

Hacuinok 1. Hexati Qr(0) — waac éciz yiauz cmocosno A = (\y,) nocaidosrhocmeti x =
(zn) R-nopadky < o. Ipunycmumo, wo In n = O(\,) (n = 00), a 0 < 9, u < +00. Jas
mozo, wob mampuys A = (any) 6idobpascara Qg (o) 6 Qr(p), neobxidno i docmammvo,
w06 das Kootcnozo t > p ichysaau maki r > o i M € (0, +00), wo das ecix n i k

1 1
S EE I P

Hacuainok 2. Hezat Qr(p,T) — kaac 6ciz yiaux cmocosno A = (\,) nocaidosnocmet
x = (x,), 3pocmanna axuz ne nepesuusye R-nopadky p i R-muny T. ITpunycmumo, wo
Inn =o0\,) (n = ), a0 < Ty, Ty < +00. Jas mozo, wob mampuuys A = (ang)
sidobpasicana Qr(p, T1) 6 Qr(p, Ts), Heobxidno i docmammvo, wob das Koscnozo t > Ty
icnysaau maxi r > Ty it M € (0, 4+00), wo das ecix n i k

An An A A
ank|exp{ln o kg k} < M.
p etp p erp
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BayBazkKuMO Take: sIKIIO y CTENEeHeBOMY pO3BuHEHHI 1inol GyHKuil f(z) = E Tp2"
n

3pobuMo 3amiHy z Ha €, TO oTpuMaeMo Iiauii psax lipixie 3 MOKA3HUKAMHA \,, = N.
Towmy 3 HaCJ'IiILKYBI/IH.HI/IBaG Hasezenuil pute pesysnbrar 3 [I] aus uiaux nocsigoBHoOCTE
CKiHYE€HHOT'O TIOPS/JIKY.

3. HomoBuenns. [ns a € Li f € L monudikoBaHUM y3araJbHEHUM MTOPSIIKOM
nioro pany ipixie HA3UBAETHCA BEJTUINHA

—F = T " <lnM(a,F)> .

o—+oo (0 o

B [6] noseneno Take: saxmo o € Lys i B € L%, a60 B € Lys i @ € L, a nokasuuku
An 38710BOMBHAIOTE yMOBY Inn = o(A, 37 (ca(N,))) mpu n — +o00
st Gyap-sakoro ¢ € (0, +00), To

_ L _ al\,
Qaﬁ[F] = Qa”g[x] = ngr}rloo /8<1()1)
T

Towmy, sixmio wepes (1, 5(0) TO3HAINMO KJIAC BCIX MiTMX cTOCOBHO A = () TIOCITITOB-
HocTeit x = (2,,) MOMUGbIKOBAHOTO y3araabHEHOTO TIOPATKY 0,45(2] < p, TO, TOBTOPIOIOTH
nosenenns reopemu [I} mepeiinemo no reopemu 2} bopmymoBanns kol 3uaMHO HpoCTie,
uix reopemu [I}

Teopema 2. Hexati abo o € Ly, i f € L° a0 B € Ly, i o € LY Inn =
o(AnB7 Hca(An))) mpun — +00 daa Kosicrozo ¢ € (0,+00), o € (0,+00) i pu € (0, +00).
Jas mozo, wob mampuysa A = (a,p) eidobpasicara Qng(0) 6 Qus(p), neobriono i do-
cmamubo, wob 0as Koscnozo t > [ icnysaau r > o @ M € (0,+00) mari, wo dasn 6cix

nih
|anh|exp {Anﬁ_l (1(1()\71)) - )\hﬁ_l (ia()\h)>} < M.
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ON MATRIX MAPS OF ENTIRE SEQUENCES
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A sequence (z,) of complex numbers is called entire with respect to a
sequence (A,) of positive numbers increasing to +oo, if the Dirichlet series
with coefficients x, and exponents A, is entire. We will define the generalized
order of the sequence (x,) as the generalized order of this Dirichlet series. We
find a necessary and sufficient condition for a matrix (anx) to map a class of
entire sequences of the generalized order < g € (0,+00) into a class of entire
sequences of the generalized order < p € (0, +00).

Key words: Dirichlet series, matrix map, generalized order

Cmamma: naditiwna do pedxonezii 10.10.2016.
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ITPO MIZKHAPO/ITHY MATEMATNYHY KOH®EPEHIIIIO,
INPUCBAYEHY 120-it PIYHUII 3 JHA HAPOJAZKEHHA
KA3MMUPA KYPATOBCBKOI'O

Ha 6a3i JIbBiBchbkOro namionasbuoro yuisepcurery kademapa reomerpil i Tomosorii
OpramizyBajia MiXKHapOIHY KoH(EepeHIIito, npucesdeny 120-if piuHWIi 3 THS HAPOIKEH-
HS BCECBITHRO BimjoMoro Tomosora Kaznvmupa Kypartochkoro, akuii mparioBas y JIbBOBi
3 1927 no 1934 poku. Koudepenrtis sindysamacs 3 27 Bepecuss 10 1 xoBtHsa 2016 po-
Ky. ¥ koudepenii B3s0 yuacts nonay 70 maykosmis i3 10 kpain: Ykpaiau, [lombi,
Kupruzii, Yexii, I'py3ii, Beaukoi Bpuramnii, I3painio, Kanaau, Himeaannun ta Pocii.

Ha kondepenuii 6ysi0 Burosiomweno 11 mienapuux jouosieii (rpusasicrio 40 xsu-
JIUH KOXKHA), 12 maniBmaenapuux (30 x8) i 39 cekiiinux monosizei (25 xB) y 9 cekmisx
(mo 3 cekuil merno): “Icropis maremaruku”, “Tonosoria B ananisi’, “Tonosoriuna ajre-
6pa”, “Barambua Tomosoris”, “Teoperuko-mHOKuUHHA Tomooris”, “Kareropra Tomosoris’”,
“Teomerpmana tonomoria”’, “Aundepenmiitaa reomerpisa’, “Teopis rpadis”.
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M. Husek (Prague, Czech Republic), Lattices of uniformly continuous functions;
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e W. Marciszewski (Warsaw, Poland), On weak and pointwise topologies in
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[Mpani koHdepeHnIiii 3aMIaHOBAHO BUIATH OKPEMUM BUITYCKOM KypHaiy “ Topological
Algebra and its Applications” (Bugasuunrso de Gruyter).

Heranphy iHdOpMAIIio PO KOHGEPEHIHo Ta i1 HAyKOBY MpOrpamMy MOXKHA 3HAWTH
Ha web-cropinui (http://www.math.lviv.ua/conf-2016/).

Tapac Banax, Oaee lymik



ITPABMJIA [OJI51 ABTOPIB

1. CrarTst MOBUHHA MICTUTHU PE3y/IbTaTH HOBUX JIOCJII?KEHDb aBTOPA 3 TIOBHUM TOBE-
gerHaM. He T0minbHO poOMTH BEMHUKI OIVISIAN BKe OMyOMiKOBAHUX Pe3yabTariB. Poburu
MTOCUTIaHHs Ha HeomyO/iKoBaHi mparli He MOXKHA.

2. Tekcr crarTi HAOMPAIOTH HA KOMIT IOTEPi YKPATHCHKOIO YU AHTIHCHKOI MOBAMU.
Jo pemakiitHoi KoJserii moTpibHo mozaBaTH:

JIBA IPUMIPHUKM CTATTI 3 MiAnucoM aBTopa (CriBaBTOPIB) Ha OCTaHHIH CTOpiHI;

Ha3By cTaTTi, pesome (pe3ioMe M€ epeaBaT 3MICT OCHOBHUX Pe3YJIbTaTiB CTarTi,
a He Jiuile HoBTopIoBaTy 11 Ha3BY ), KJIIOYOBL €j10Ba, iM’s, Hpi3Bulle aBropa, micue poboru,
aJpecy YKpaiHCHKOIO Ta aHMJIiHCHKOI0O MOBAMH, €JIEKTPOHHY aJIPECY;

eJIEKTPOHHUIT BapiaHT CTATTI Ta pe3ioMe MOJAECTHCA Ha BEO-CTOPIHII

http:/ /publications.lnu.edu.ua/bulletins /index.php /mmf

Ta BapTO HAJICJIATHU 33 aApecoro [nu.visn.mm@gmail.com);

JoBiKa 11po aBropa (cuiBaBropis), y skiit Tpeba 3asuaduru im’s, 10 6aTHKOBI Ta
TIPi3BHUINE aBTOPA, Micle pobOTH, TTOCATY, aAPecy YKPAIHCHKOIO Ta aHTIICHKOI0 MOBAMM,
TesneOH, eJIeKTPOHHY aIPECy.

Onrumanbauit 06car crarTi 10 12 cropinok. Po3mip mpudtis 10pt, Bucora cTopiaku
— 190 mm, mupura — 135 mm.

3. Bumoru g0 nabopy.

Tekcr crarrti crBoproBatu y Bepcii TEX 3 komyBaHHAM KUPUIXIHUX MIPUPTIB
,» Kupmmng (Windows)“ (komosa cropinka 1251).

Ha mepmiit cropinni crarTi norpiduo 3a3uadntu HOMep YK ta MSC 2010.

Homepu dopmysn craButu 3 mpaBoro 60Ky i HymMepyBaTu e (hopMysin, Ha SKi €
MTOCUJTAHHS.

Y mocunaHHAX HA Teopemy 3 MOoHOrpadii 3a3HAYUTH CTOPIHKY, HA SKiil BOHA OMH-
CaHa.

Pucynku go crarri nogasatu y rpadiunomy dopmari BMP uu PCX. Hasea pu-
CyHKa, 91 HOro HOMEpP He BXOOSATH y 300pakeHHs, iX Tpeba CTBOPIOBATH 3acobaMu
BTEX’y. Bubuparoun po3mip rpadivyaoro 300parkeHHsi, HAJEKUTh BPAaXyBaTH, IO
BOHO Oy/ie HAAPYKOBaHE HA MPWHTEP] 3 Po3/aiabHOI0 3aaTHicTIO 600 dpi.
Jlireparypy mojaBaTu 3arajbHUM CIHCKOM y TOPSIKY MOCHJIAHB HA JIZKepesia B
TEKCTi CTaTTi.

3pazku 6ibmiorpadidHOro onucy KHUTH, CTATTi, MPENPUHTY, AUCEPTAIIil, JeMOHOBAa-

HOIO PYKOIIUCY, Te3 JonoBigeit kondepenuiii (3’i34iB Ta ix.):
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