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ÓÄÊ 519.6.

DEFECT CORRECTION METHODS, CLASSIC AND NEW

Winfried AUZINGER1, Roksolyana STOLYARCHUK2,

Martin TUTZ1

1Technische Universit�at Wien,

Wiedner Haupstrasse 8-10, 1040 Wien, Austria

e-mail: w.auzinger@tuwien.ac.at, martin.tutz@gmx.at
2Lviv Polytechnic National University,

12 S. Banderà Str., 79013, Lviv, Ukraine

e-mail: sroksolyana@yahoo.com

Defect correction methods are based on the idea of measuring the quality
of an approximate solution to an operator equation by forming the defect, or
residual, with respect to the given problem. By an appropriate backsolving
procedure, an error estimate is obtained. This process can also be continued in
an iterative fashion. One purpose of this overview is the further dissemination
of the underlying concepts. Therefore, we �rst give a general and consistent
review on various types defect correction methods, and its application in the
context of discretization schemes for di�erential equations. After describing
the general algorithmic templates we discuss some speci�c techniques used in
the solution of ordinary di�erential equations. Moreover, new results about the
application to implicit problems are presented.

Key words: defect correction, discretization, ordinary di�erential equati-
ons.

1. Introduction

Defect Correction (DeC) methods (also: `deferred correction methods') are based on
a particular way to estimate local or global errors, especially for di�erential and integral
equations. The use of simple and stable integration schemes in combination with defect
(residual) evaluation leads to computable error estimates and, in an iterative fashion,
yields improved numerical solutions.

In the �rst part of this article, the underlying principle is motivated and described in
a general setting, with focus on the main ideas and algorithmic templates. In the sequel,
we consider its application to ordinary di�erential equations in more detail. The proper

2010 Mathematics Subject Classi�cation: 65L05, 65L06.
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choice of algorithmic components is not always straightforward, and we discuss some of
the relevant issues.

We are not specifying all algorithmic components in detail, e.g., concerning the requi-
red interpolation and quadrature processes. But these are numerical standard procedures
which are easy to understand and to realize. Also, exhaustive survey of the available li-
terature on the topic is no provided here.

The introductory part of this text is a revised and extended version of the overview
given in [1]. We motivate the DeC principle in a way slightly di�erent from the classical
paper [18], with a clear focus on the underlying error estimation principles.

In addition, some recent material is included, in particular, that concerning the role
of error structures for the convergence behavior. An algorithmic version for di�erential
equations in implicit formulation proposed in [19] is also presented.

We use upper indices for iteration counts and lower indices for numbering along
discrete grids.

2. Underlying concepts and general algorithmic templates

Many iterative numerical algorithms are based on the following principle. Let an
initial value y0 be given. For i = 0, 1, 2, . . . :

• Compute the residual, or `defect', d i of the current iterate yi with respect to the
given problem,

• backsolve for a correction εi using an approximate solver,
• apply the correction to obtain the next iterate yi+1 := yi − εi.

Stationary iterative methods for linear systems of equations and Newton iteration for
systems of nonlinear equations are classical examples. For starting our general consi-
derations, we think of a given, original problem in form of a system of nonlinear equati-
ons,

φ(y) = 0, with exact solution y = y∗. (1)

2.1. Error estimation based on nonlinear approximation. We assume that some
reasonable linear or nonlinear approximation φ̃ ≈ φ is given. We consider a procedure
for the purpose of estimating the error of a given approximate solution y0 to y∗. To this
end we de�ne the defect

d 0 := φ(y0)

of y0, i.e., the amount by which φ(y0) fails approximate 0 = φ(y∗). Furthermore, with
y0, d 0 we associate the so-called neighboring problem related to (1),

φ(y) = d 0, with exact solution y = y0. (2)

We invoke two heuristic principles, (A) and (B) in the terminology from [18], for esti-
mating the error of y0. Originally introduced in [18] (see also [6]), these are based on the
idea that (2) may be considered to be closely related to (1), provided d 0 is small enough.

(A): Let ỹ and ỹ0 be the solutions of φ̃(y) = 0 and φ̃(y) = d 0, respectively; we
assume that these can be formed at low computational cost. Considering original
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problem (1) neighboring problem (2) together with their approximations,

φ(y∗) = 0 φ(y0) = d 0

φ̃(ỹ) = 0 φ̃(ỹ0) = d 0

suggests the approximate identity

ỹ0 − ỹ ≈ y0 − y∗.

This leads to the

error estimator ε0 := ỹ0 − ỹ (3a)

as a computable estimate for the error e0 := y0 − y∗. We can use it to obtain an
updated approximation y1 in the form

y1 := y0 − ε0 = y0 − (ỹ 0 − ỹ). (3b)

(B): Consider the truncation error ` ∗ := φ̃(y∗), the amount by which y∗ fails to

satisfy the approximate equation φ̃(y) = 0. With d̃ 0 := φ̃(y0), considering the
approximate identity

φ̃(y∗)− φ̃(y0) ≈ φ(y∗)− φ(y0),

i.e., ` ∗ − d̃ 0 ≈ −d 0,

suggests to choose the

truncation error estimator λ0 := d̃ 0 − d 0 (4a)

i.e., λ0 = (φ̃ − φ)(y0), as a computable estimate for the truncation error. Note
that −d 0 = φ(y∗) − d 0 is the truncation error of y∗ with respect to (2). In the

case y0 = ỹ, i.e., φ̃(y0) = 0, we have λ0 = −d 0 ≈ ` ∗.
We can use λ0 to obtain an updated approximation y1 by solving

φ̃(y1) = λ0, (4b)

which also provides an estimate for the error: ε0 := y0 − y1 ≈ y0 − y∗ = e0.
Eq. (4b) can also be written in terms of the error estimate as

φ̃(y0 − ε0) = λ0, (4c)

approximating the error equation φ̃(y0 − e0) = ` ∗.

In general, (A) and (B) are not equivalent. However, if φ̃(y) = P y−c is an a�ne mapping,
it is easy to check that (A) and (B) result in the same error estimate ε0, which can be
directly obtained as the solution of the correction equation

P ε0 = d 0, (5)

and the corresponding truncation error estimate is λ0 = (P y0 − c)− d 0.
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2.2. Iterated Defect Correction (IDeC). Both approaches (A) and (B) are designed
for a posteriori error estimation, and they can also be used to design iterative soluti-
on algorithms, involving updated versions of the neighboring problem in course of the
iteration. This leads in straightforward way to two alternative versions the method of
Iterated Defect Correction (IDeC), starting from an initial approximation y0. Of course,
y0 = ỹ is a natural choice.

IDeC (A) : : Solve φ̃(ỹ) = 0
For i = 0, 1, 2, ... :
� Compute d i := φ(yi)

� Solve φ̃(ỹi) = d i

� Set εi := ỹi − ỹ
� Update yi+1 := yi − εi

The corrections εi play the role of successive estimates for the errors ei =
yi − y∗.

IDeC (B) : : Set λ−1 := φ̃(y0)
For i = 0, 1, 2, ... :
� Compute d i := φ(yi)
� Update λi := λi−1 − d i
� Solve φ̃(yi+1) = λi

The λi evolve from accumulated defects, λi = φ̃(y0) − d 0 − . . . − d i, playing
the role of successive approximations to the truncation error ` ∗ = φ̃(y∗).

An equivalent reformulation reads
For i = 0, 1, 2, ... :
� Compute d i := φ(yi)

� Solve φ̃(yi+1) = (φ̃− φ)(yi)

Remarks.

• Nonlinear IDeC has the form of a `full approximation scheme', where we directly
solve for the new approximation in each step. If φ̃ is a�ne, IDeC (A) and IDeC (B)
are again equivalent and can be reformulated as a correction scheme in terms of
linear backsolving steps for the correction εi = ỹi − ỹ, as in (5).

• IDeC (B) can also be rewritten in the spirit of (4c).
• Note that y∗ is a �xed point of an IDeC iteration since d ∗ := φ(y∗) = 0.

For systems of algebraic equations, choosing φ̃ to be nonlinear is usually not very relevant
from a practical point of view. Rather, such a procedure turns out to be useful in a more
general context, where φ represents an operator between functions spaces (typically a

di�erential or integral operator), and where φ̃ is a discretization of φ. This leads us to
the class of DeC methods for di�erential or integral equations.
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3. Application to ordinary differential equations (ODEs)

We mainly focus on IDeC (A), the `classical' IDeC method originally due to [20].
IDeC (B) can be realized in a similar way, and we will remark on this where appropriate.

3.1. A basic version: IDeC (A) based on forward Euler. Let us identify the original
problem φ(y) = 0 with an initial value problem (IVP) for a system of n ODEs,

d
dx y(x) = f(x, y(x)), y(x0) = y0, (6a)

with exact solution y∗(x) ∈ Rn. This means

φ(y)(x) := d
dx y(x)− f(x, y(x)), (6b)

with �xed initial condition y(x0) = y0. More precisely, the underlying function spaces
and the initial condition y(x0) = y0 are part of the complete problem speci�cation.

Furthermore, we identify the problem φ̃(y) = 0 with a discretization scheme for
(6); at the moment we assume that a constant stepsize h is used, with grid points xl =
a+ l h, l = 0, 1, 2, . . .. Consider for instance the �rst order accurate forward Euler scheme

Y 0
l+1 − Y 0

l

h
= f(xl, Y

0
l ), l = 0, 1, 2, . . . , (7a)

and associate it with the operator φ̃ acting on continuous functions y(x) satisfying the
initial condition y(x0) = y0,

φ̃(y)(xl) :=
y(xl+1)− y(xl)

h
− f(xl, y(xl)) = 0. (7b)

Choose a continuous function y0(x) interpolating the Y 0
l at the grid points xl. The

standard choice is a continuous piecewise polynomial interpolant of degree p over p + 1
successive grid points, i.e., piecewise interpolation over subintervals Ij of length ph. In

the corresponding piecewise-polynomial space Pp, y0(x) is the solution of φ̃(y) = 0. The
defect d 0 := φ(y0) is well-de�ned,

d 0(x) = φ(y0)(x) = d
dx y

0(x)− f(x, y0(x)), (8a)

and y0(x) is the exact solution of the neighboring IVP

d
dx y(x) = f(x, y(x)) + d 0(x), y(x0) = y0. (8b)

We now consider a correction step y0 7→ y1 of type (A),

Solve φ̃(ỹ 0) = d 0,

followed by y1(x) := y0(x)− (ỹ 0 − y0)(x).

This means that ỹ 0 ∈ Pp is to be understood as the interpolant of the discrete values

Ỹ 0
j obtained by the solution of

Ỹ 0
l+1 − Ỹ 0

l

h
= f(xl, Ỹ

0
l ) + d 0(xl), l = 0, 1, 2, . . . ,

which is the forward Euler approximation to (8b), with additional pointwise evaluation
of the defect at the grid points xl.

According to our general characterization of IDeC (A), this process is to be continued
to obtain further iterates yi(x). If we usem IDeC steps in the �rst subinterval I1 = [a, a+
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ph], we can restart the process at the starting point a+ ph of the second subinterval I2,
with the new initial value y(a + ph) = ym(a + ph). This is called local, or active mode.
Alternatively, one may integrate with forward Euler over a longer interval I encompassing
several of the Ij and perform IDeC on I, where each individual yi(x) is forwarded over
the complete interval. This is called global, or passive mode.

Remark. The exact solution y∗ is not in the scope of the iteration, since the yi live
in the space Pp. But there is a �xed point ŷ ∈ Pp related to y∗: It is characterized by

the property d̂ := φ(ŷ) = 0, i.e., d
dx ŷ(xl) = f(xl, ŷ(xl)) for all l. This means that ŷ is

a collocation polynomial, and IDeC based on the Euler scheme can be regarded as an
iterative method to approximate collocation solutions. In fact, this means that, instead
of (6), the system of collocation equations φ(ŷ)(xl) = d

dx ŷ(xl) − f(x, ŷ(xl)) = 0 at the
collocation nodes xl is rather to be considered as the e�ective original problem.

3.2. IDeC based on higher order schemes φ̃. Remarks on convergence theory.
For IDeC applied to IVPs, any basic scheme φ̃ may be used instead of forward Euler.
E.g., in the pioneering paper [20] a classical Runge-Kutta (RK) scheme of order 4 was
used. Using RK in the correction steps means that in each individual evaluation of the
right hand side the pointwise value of the current defect is to be added (RK applied
to [NP]). Many other authors have also considered and analyzed IDeC versions based on
RK schemes.

Despite the natural idea behind IDeC, the convergence analysis is not strai-
ghtforward. Obtaining a full higher order of convergence asymptotically for h → 0
requires

� a su�ciently well-behaved, smooth problem,
� a su�ciently high degree p for the local interpolants yi(x),
� su�cient smoothness of these interpolants, in the sense of boundedness of a
certain number of derivatives of the yi(x), uniformly for h→ 0.

A typical convergence result reads as follows:

If the sequence of grids is equidistant and the underlying scheme

has order q, then m IDeC steps result in an error ym(x) − y∗(x) =
O(hmin{p,m q}) for h→ 0, where p is the degree of interpolation.

The achievable order p is usually identical to the approximation order of the �xed point
û ∈ Pp, which corresponds to a collocation polynomial in a generalized sense.

Naturally, IDeC can also be applied to boundary value problems (BVPs). For second
order two-point boundary value problems, the necessary algorithmic modi�cations have
�rst been described in [9]. Here, special care has to be taken at the end points of the
interpolation intervals Ij , where an additional defect terms arises due to jumps in the
derivatives of the local interpolants.

3.3. The in�uence of a nonequidistant grid. As mentioned above, the smoothness
of the global error is essential for the successful performance of an IDeC iteration. A
technical tool to assure the latter smoothness property are asymptotic expansions of the
global discretization error ỹ − y∗ for the underlying scheme, which have been proved to
exist for RK methods over constant stepsize sequences. A convergence result for IDeC
derived in this way is, e.g., given in [10]; see also [17].



DEFECT CORRECTION METHODS . . .
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2016. Âèïóñê 82 11

Fig. 1. Error behavior of an Euler solution, equidistant grid (left) and
nonequidistant grid (right).

The assumption of a constant stepsize appears quite restrictive, but it is su�cient to
assume that the stepsize h be kept �xed over each interpolation interval. We note that for
IDeC algorithms, this requirement is indeed necessary, as has been demonstrated in [3].
Otherwise the error ỹ − y∗ usually lacks the required smoothness properties, despite its
asymptotic order.

To illustrate this fact, let us consider the forward Euler scheme (7a) applied to the
simple ODE y′(x) = y(x) − (sinx + cosx). For y(0) = 1, the solution of the IVP is
y∗(x) = cosx. We apply (7a) on the interval x ∈ [0, 1] and take 20 integration steps with
constant stepsize h = 1/20. Then we repeat the procedure on on a nonequidistant grid,
where the stepsizes hj are small relative random perturbations of the original stepsize
h. Fig. 1 shows the behavior of the error (lower curve) and its �rst di�erence quotients
over the grid (upper curve) for both cases. In the right plot the irregular variation of
the error is clearly visible, and this e�ect becomes even more signi�cant if we consider
higher di�erence quotients. This is not di�cult to explain theoretically, see [19]. As a
consequence, higher derivatives of the associated interpolants yi(x) are not uniformly
bounded, which would be required in the convergence theory of IDeC schemes.

3.4. Reformulation in terms of integral equations. IQDeC (A) and IQDeC (B)
(`spectral IDeC'). An ODE can be transformed into an integral equation. Taking the
integral means of (6a) over the interval spanned by two successive grid points gives

y(xl+1)− y(xl)

h
=

∫ xl+1

xl

f(x, y(x)) dx. (9)

We observe that the left-hand side is of the same type as in the Euler approximation (7a).
Therefore it appears natural to consider (9) instead of (6) as the original problem. In
addition, for numerical evaluation the integral on the right-hand side has to be approxi-
mated, typically by polynomial quadratures using the p+1 nodes available in the current
working interval Ij 3 xl. The coe�cients depend on the location of xl within Ij .

Using Q as a generic symbol for these quadratures we obtain the computationally
tractable, modi�ed original problem replacing the ODE (6b), de�ned over the grid {xl}
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as

φ(y)(xl) :=
y(xl+1)− y(xl)

h
− (Qf)(x, y(x))l = 0, (10a)

or, more precisely, its e�ective version restricted to y ∈ Pp. Up to quadrature error, (10a)
is an `exact �nite di�erence' scheme exactly satis�ed by y∗. The treatment of the leading
derivative term y′ is the same in (10a) and in (7b), which turns out to be advantageous.
(10a) leads to an alternative de�nition of the defect at the evaluation points xl, namely

d̄ i(xl) := φ(yi)(xl) (10b)

=
yi(xl+1)− yi(xl)

h
− (Qf)(x, yi(x))l .

This may be interpreted in the sense that the original, pointwise defect d i(x) is `precondi-
tioned' by applying local quadrature. All other algorithmic components of IDeC remain
unchanged, with correspondingly de�ned neighboring problems.

In [3], this version is introduced and denoted as IQDeC (type (A)). Variants in the
spirit of IQDeC of type (B) have also been developed; this is often called `spectral defect
correction' and has �rst been described in [8]. For a convergence proof, see [12].

Remarks.

• With appropriate choice of defect quadrature, the �xed point of IQDeC is

the same as for IDeC. In fact, the equation d̂ = φ(û) = 0 turns out to
be closely related to a reformulation of the associated collocation equations
ŷ′(xl) = f(xl, ŷ(xl)) in the form of an exact �nite di�erence scheme approxi-
mated via quadrature. The latter is closely related to the implicit Runge-Kutta
(IRK) reformulation of the collocation equations.

• There are several motivations for considering IQDeC. The major point is that, as
demonstrated in [3], its convergence properties are much less a�ected by irregular

distribution of the xl. This is due to the close relationship between φ̃ and φ,
see (7a) and (10a). In the forward Euler case, for instance, the normal order
sequence 1, 2, 3, . . . shows up, in contrast to classical IDeC.

We also refer to [2] for a motivation and explanation of the IQDeC technique
in the context of semilinear problems.

• IQDeC is also closely related to the concept of exact di�erence schemes, see, e.g.,
[11, 15]: Eq. (9) represents an exact di�erence scheme (EDS) satis�ed by the
true solution y∗. In the context of IQDeC, the defect is taken with respect this
EDS, using an appropriate quadrature formula for evaluation of the right-hand
side. However, this way of `truncating' the EDS not the same as in [11, 15], where
compact schemes are constructed and defect correction is typically not considered
as an algorithmic option.

Similar remarks apply to second order problems (which are also considered
in Sec. 4 below). To our opinion, the combination of compactly truncated EDS
schemes with defect correction will be worth considering as an alternative to
simple �xed point iterations or more intricate Newton-like schemes applied to an
EDS.
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• For a related approach in the context of second order two-point boundary value
problems, also permitting variable mesh spacing, see [7].

• Another modi�cation can be used to construct superconvergent IDeC methods:
In [3] (`IPDeC') and in [16], use of an equidistant basic grid is combined with
defect evaluation at Gaussian nodes, in a way that the resulting iterates converge
to the corresponding superconvergent �xed point (collocation at Gaussian nodes).

3.5. Sti� and singular problems. For sti� systems of ODEs, DeC methods have been
used with some success. However, as for any other method, the convergence properti-
es strongly depend on the problem at hand. The main di�culty for DeC is that the
convergence rate may be rather poor for error components associated with sti� eigendi-
rections. An overview and further material on this topic can be found in [4] or [8]. Similar
remarks apply to problems with singularities.

3.6. Boundary value problems (BVPs) and `deferred correction'. Historically,
one of the �rst applications of a type (B) truncation error estimator (4a) appears in the
context of �nite-di�erence approximations to a BVP

d

dx
y(x) = f(x, y(x)), R(y(x0), y(b)) = 0, (11)

posed on an interval [a, b] (with boundary conditions represented by the function R),
or higher order problems. (A classical text on the topic is [14].) For a �nite-di�erence
approximation of y′(xl), e.g. as in (7a), asymptotic expansion of the truncation error `∗

is straightforward using Taylor series and using (11):

`∗(xl) = φ̃(y∗)(xl) =
y∗(xl+1)− y∗(xl)

h
− d

dx
y∗(xl)

=
1

2

d2

dx2
y∗(xl) +

1

6

d3

dx3
y∗(xl) + . . . (12)

The idea is to approximate the leading term 1
2
d2

dx2 y
∗(xl) by a second order di�erence

quotient involving three successive nodes. This de�nes an approximate truncation error
associated with an approximate original problem, which corresponds to a higher order
discretization of (11). The corresponding estimator λ0 is obtained by evaluating the
approximate truncation error at a given y = y0. This is used in the �rst step of an
IDeC (B) procedure (see (4a)�(4c)). In this context, updating the (approximate) [OP] in
course of the iteration is natural, involving di�erence approximations of the higher order
terms in (12), to be successively evaluated at the iterates yi.

IDeC (B) versions of this type are usually addressed as deferred correction techni-
ques, and they have been extensively used, especially in the context of boundary value
problems. The analysis heavily relies on the smoothness properties of the error. Piecewise
equidistant meshes are usually required. A di�culty to be coped with is the fact that
the di�erence quotients involved increase in complexity and have to be modi�ed near the
boundary and at points where the stepsize is changed.

3.7. Defect-based error estimation and adaptivity. In practice, the DeC principle
is also applied � in the spirit of our original motivation � for estimating the error of
a given numerical solution with the purpose of adapting the mesh. A typical case is
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described and analyzed in [5]: Assume that y0 is a piecewise polynomial collocation
solution to the BVP (11). Collocation methods are very popular and have favorable
convergence properties. By de�nition of y0, its pointwise defect d 0(x) = d

dx y
0(x) −

f(x, y 0(x)) vanishes at the collocation nodes which are, e.g., chosen in the interior of
the collocation subintervals Ij . Therefore, information about the quality of y0 is to be
obtained by evaluating d 0(x) at another nodes, e.g., the endpoints of the Ij .

For estimating the global error e0(x) = (y0 − y∗)(x) one can use the type (A) error

estimator (3a) based on a low-order auxiliary scheme φ̃, e.g., an Euler or box scheme,
over the collocation grid. Replacing the pointwise defect d 0 by the modi�ed defect d̄ 0,
analogously as in (10b), is signi�cantly advantageous, because this version is robust with
respect to the lack of smoothness of y0 which is only a C1 function. In [5] it has been
proved that such a procedure leads to a reliable and asymptotically correct error estimator
of QDeC type.

With an appropriately modi�ed version of d̄ 0, closely related to the defect de�nition
from [7], the QDeC estimator can also be extended to second (or higher order) problems.

4. Extensions

In this section we describe recent extensions of the I*DeC technique (version A) to
regular implicit �rst and second order initial value problems in more detail. Numerical
results for selected test examples are also presented. Clearly, these versions can also be
applied to the special case of explicit ODEs.

4.1. IQDeC (A) for implicit �rst order ODEs � IIQDeC. Consider a �rst order
initial value problem of the type

F
(
x, y(x), ddx y(x)

)
= 0, y(x0) = y0. (13)

The IIQDeC algorithm for the solution of (13) is an extension of the IQDeC approach
explained in Sec. 3.4. For the numerical solution of (13) we introduce a grid comprising
several subintervals I1, I2, . . ., where the relative position of the grid points within the Ij
is determined by m+1 parameters 0 6 c0 < c1 < . . . < cm−1 < cm 6 1, and the absolute
position is given by

xj,l = xj−1 + cl hj , j = 1, 2, . . . , l = 0 . . .m,

where hj denotes the length of the subinterval Ij . On this grid, a �rst approximation
Y 0
j,l, using the backward Euler scheme as basic discretization, is computed, i.e., we solve

F
(
xj,l, Y

0
j,l,

Y 0
j,l−Y

0
j,l−1

hj,l

)
= 0, (14)

starting from Y 0
1,0 = y0 at x1,0 = x0. The Y

0
j,l and, later on, the Y

i
j,l (i = 1, 2, . . .) are

interpolated by polynomials pij(x) of degree 6 m, which de�ne the piecewise polynomial

function pi(x) = pij(x). The pointwise defect of pij(x) with respect to (13) is given by

d ij (x) = F
(
x, pij(x), ddx p

i
j(x)

)
, x ∈ Ij .
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Now we de�ne the locally integrated defect, an extension of (10b) to the implicit case,
by

d̄ ij,l :=

m∑
µ=1

αl,µ d
i
j (xj,µ) ≈

∫ xj,l

xj,l−1

d ij (x) dx

xj,l − xj,l−1
. (15)

The αl,µ are the weights of the corresponding interpolatory quadrature formulas with
nodes c1, . . . , cm and degree of exactnessm−1. With the basic discretization scheme (14),
and the defect (15), the discretized neighboring problem reads

F
(
xj,l, Ỹ

i
j,l,

Ỹ i
j,l−Ỹ

i
j,l−1

hj,l

)
= d̄ ij,l, (16)

starting from Ỹ i1,0 = y0 at x1,0 = x0. With the solution of (16), the improved approxi-
mations are de�ned by

Y ij,l = Y 0
j,l −

(
Ỹ i−1j,l − Y

i−1
j,l

)
, i = 1, 2, . . . . (17)

For a convergence proof of the IIQDeC method, see [19].

Example 1. Consider the implicit scalar nonlinear test problem

ey
′(x) + y′(x) + y(x) (18a)

= e− sin x + cosx− sinx,

y(0) = 1, (18b)

with exact solution y∗(x) = cosx. The numerical solution is computed over a sequence of
subintervals of length h, each of them divided into a nonequidistant grid with 4 `randomly'
chosen nodes (c1 = 0.1234, c2 = 0.5054, c3 = 0.7134, c4 = 1), in order to demonstrate
the robustness of IQDeC with respect to varying stepsizes.

We choose the integration interval x ∈ [0, 3]. The resulting global errors with respect
to the exact solution at the endpoint x = 3 are displayed in Table 1 together with the
observed convergence orders. Results are given for the basic scheme (BEUL), 4 IIQDeC
iterates working in passive mode, and the �xed point of the IIQDeC iteration (COLL,
corresponding to collocation at the points where the defect is evaluated).

4.2. IPDeC (A) for implicit second order ODEs � IIPDeC2-DQ2. Here we
present a new superconvergent I*DeC algorithm for implicit initial value problems of
second order. Consider a problem of the type

F
(
x, y(x), ddx y(x), d

2

dx2 y(x)
)

= 0, (19a)

y(x0) = y0,
d
dx y(x0) = y′0. (19b)

The IIPDeC2 algorithm for the solution of (19) is an extension of the IPDeC approach
mentioned at the end of Sec. 3.4. It is based on a combination of an equidistant grid
{xj,l, l = 0 . . .m} with constant inner stepsize h in each interval Ij , and another grid
{x̂j,k, k = 1 . . . m̂} (m̂ = m− 1) based on Lobatto nodes (with parameters ĉk).
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h BEUL IIQDeC/1 IIQDeC/2 IIQDeC/3 COLL

0.1 6.31E-03 1.14E-04 1.02E-06 3.83E-09 3.98E-09
0.05 3.16 E-03 2.90E-05 1.31E-07 2.69E-10 2.43E-10
0.025 1.58E-03 7.30E-05 1.66E-08 1.77E-11 1.50E-11
0.0125 7.91E-04 1.83E-06 2.09E-09 1.14E-12 9.31E-12

0.1
0.05

1.00 1.98 2.96 3.83 4.04

0.025
1.00 1.99 2.98 3.92 4.02

0.0125
1.00 1.99 2.99 3.96 4.01

Table 1. Numerical results for Example 1

The equidistant grid {xj,l} is used for realizing a second order basic discretization
(DQ2) based on symmetric �nite di�erences according to

F
(
x1,0, y0, y

′
0,

Y 0
1,1−y0

h −y′0
h
2

)
= 0;

For j > 1, l > 1 :

F
(
xj,l, Y

0
j,l,

Y 0
j,l+1−Y

0
j,l−1

2h ,
Y 0
j,l+1−2Y

0
j,l+Y

0
j,l−1

h2

)
= 0;

For j > 1, l = 1 :

F
(
xj−1,m, Y

0
j−1,m,

Y 0
j,1−Y

0
j−1,m−1

2h ,

Y 0
j,1−2Y

0
j−1,m+Y 0

j−1,m−1

h2

)
= 0.

The Lobatto grid {x̂j,l} is used for the computation of an interpolated defect. This is
realized as follows:

• First, after interpolating the current iterate and de�ning the defect in the usual
way, the defect is evaluated at the x̂j,k,

d̂ ij,k := d
dx p

i(xj,k)− f(xi, pi(xj,k)), k = 1 . . . m̂.

• Next, after interpolating the d̂ ij,k by a piecewise polynomial function d̂(x) we
de�ne the modi�ed defect

d̂A,i1,0 := d̂ i(x1,0), d̂B,i1,0 := d
dx p

i(x1,0)− y′0;

For j > 1, l > 0 : d̂ ij,l := d̂ i(xj,l);

For j > 1, l = 0 :

d̂ ij,0 = F
(
xj,l, p

i
j,0,

d
dx p

i(xj,0)+
d
dx p

i(xj−1,m)

2 , γ̂ij,0

)
(20a)
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with the `jump defect'

γ̂ij,0 :=
d2

dx2 p
i(xj,0) + d2

dx2 p
i(xj−1,m)

2

+
d
dx p

i(xj,0)− d
dx p

i(xj−1,m)

h
.

(20b)

Then we solve the corresponding discretized neighboring problem

F
(
x1,0, y0, y

′
0 + d̂B,i1,0 ,

Ỹ i
1,1−y0

h −(y′0+d
B,i
1,0 )

h
2

)
= dA,i1,0 ;

For j > 1, l > 1 :

F
(
xj,l, Ỹ

i
j,l,

Ỹ i
j,l+1−Ỹ

i
j,l−1

2h ,
Ỹ i
j,l+1−2Ỹ

i
j,l+Ỹ

i
j,l−1

h2

)
= d̂ ij,l;

For j > 1, l = 1 :

F
(
xj−1,m, Ỹ

i
j−1,m,

Ỹ i
j,1−Ỹ

i
j−1,m−1

2h ,
Ỹ i
j,1−2Ỹ

i
j−1,m+Ỹ i

j−1,m−1

h2

)
= d̂ ij,0,

and proceed as before (cf. (17)).
The purpose of the modi�ed defect de�nition (20) is, like for classical explicit �rst

order IPDeC from [3], to modify the iteration in such a way that its �xed point is given by
a higher-order superconvergent collocation scheme, in our case of Lobatto type. In fact,
Lobatto collocation at the nodes x̂j,k means that the defect of the collocation polynomial
vanishes at these nodes, and thus, this collocation polynomial is a �xed point of our
iteration. This lets us expect that after several defect correction steps a superconvergent
iterate is obtained; see Example 2 for numerical evidence.

1. Remark. In (20a), a defect with respect to the initial condition for the �rst
derivative is also taken into account. Furthermore, the discontinuity of the �rst derivati-
ve of pi(x) at the endpoints of the intervals Ij (pi(xj)) enforces to include the jump
defect γ̂ij,0, see (20), see also [9].

Example 2. Consider the implicit scalar nonlinear test problem

ey
′′(x) + y′(x) + y(x) (21a)

= e− sin x + 1 + sinx+ cosx,

y(0) = 1, y′(0) = 1, (21b)

with exact solution y∗(x) = 1+sinx. The numerical solution is computed over a sequence
of subintervals of length h, each of them divided into 6 equidistants nodes and 5 Lobatto

nodes (ĉ1 = 0, ĉ2 = 1
2 −

√
21
14 , ĉ3 = 1

2 ; , ĉ4 = 1
2 +

√
21
14 , ĉ5 = 1).

We choose the integration interval x ∈ [0, 3]. The resulting global errors with respect
to the exact solution at the endpoint x = 3 are displayed in Table 2 together with the
observed convergence orders. Results are given for the basic scheme (DQ2), 4 IIPDeC2
iterates working in passive mode, and the �xed point of the IIPDeC2 iteration (L-COLL,
corresponding to Lobatto collocation of degree m̂ = 5 at the nodes x̂j,k where the defect
is interpolated). Note that the convergence order of the Lobatto collocation scheme is
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h DQ2 IIPDeC2/1 IIPDeC2/2 IIPDeC2/3 L-COLL

0.1 2.30E-05 1.93E-09 9.62E-14 6.07E-16 6.32E-16
0.05 5.75E-06 1.21E-10 1.51E-15 2.37E-18 2.47E-18
0.025 1.44E-06 7.54E-12 2.36E-17 9.24E-21 9.63E-21
0.0125 3.59E-07 4.71E-13 3.69E-19 3.61E-23 3.76E-23

0.1
0.05

2.00 4.00 5.99 8.00 8.00

0.025
2.00 4.00 6.00 8.00 8.00

0.0125
2.00 4.00 6.00 8.00 8.00

Table 2. Numerical results for Example 2.

O(h2m̂−2) = O(h8), and the same convergence order is realized after only 3 IIPDeC2
iteration steps.
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ÌÅÒÎÄÈ ÊÎÐÅÊÖI� ÄÅÔÅÊÒÓ, ÊËÀÑÈ×ÍI ÒÀ ÍÎÂI

Âiíôðiä ÀÓÖIÍ�ÅÐ1, Ðîêñîëàíà ÑÒÎËßÐ×ÓÊ2,
Ìàðòií ÒÓÒÖ1

1Âiäåíüñüêèé òåõíi÷íèé óíiâåðñèòåò,

Âiäíåð Ãàóïòøòðàññå, 8-10, 1040 Âiäåíü, Àâñòðiÿ
2Íàöiîíàëüíèé óíiâåðñèòåò �Ëüâiâñüêà Ïîëiòåõíiêà�,

âóë. Ñ. Áàíäåðè 12, 79013, Ëüâiâ, Óêðà¨íà

Ìåòîäè êîðåêöi¨ äåôåêòó  ðóíòóþòüñÿ íà iäå¨ îöiíêè òî÷íîñòi íàáëèæå-
íîãî ðîçâ'çêó çà äîïîìîãîþ ôîðìóâàííÿ äåôåêòó, àáî çàëèøêó, ñòîñîâíî
äî äàíî¨ çàäà÷i. Çà äîïîìîãîþ ïðîöåäóðè çâîðîòíüîãî ðîçâ'ÿçóâàííÿ îòðè-
ìó¹ìî îöiíêó ïîõèáêè. Öåé ïðîöåñ ìîæíà ïðîäîâæèòè iòåðàòèâíî. Ìåòà
öüîãî îãëÿäó � ïîäàëüøå ïîøèðåííÿ êîíöåïöi¨, ùî ðîçãëÿäà¹òüñÿ. Áiëüø
òîãî, âïåðøå ïîäàíî çàãàëüíèé i óçãîäæåíèé îãëÿä ðiçíèõ òèïiâ ìåòîäiâ
êîðåêöi¨ äåôåêòó, ¨õí¹ çàñòîñóâàíü â êîíòåêñòi äèñêðåòèçàöiéíèõ ñõåì äëÿ
äèôåðåíöiàëüíèõ ðiâíÿíü. Ïiñëÿ îïèñó çàãàëüíîãî àëãîðèòìó îáãîâîðèìî
äåÿêi ñïåöiàëüíi òåõíîëîãi¨, ÿêi âèêîðèñòîâóþòüñÿ äëÿ ðîçâ'ÿçóâàííÿ çâè-
÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü. Òàêîæ ïðåäñòàâëåíi íîâi ðåçóëüòàòè ñòî-
ñîâíî çàñòîñóâàííÿ äî íåÿâíèõ çàäà÷.

Êëþ÷îâi ñëîâà: êîðåêöiÿ äåôåêòó, äèñêðåòèçàöiÿ, çâè÷àéíi äèôåðåí-
öiàëüíi ðiâíÿííÿ.
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Âèâåäåíî äèôåðåíöiàëüíå ðiâíÿííÿ äëÿ òâiðíî¨ ôóíêöi¨ ãiëëÿñòîãî ïðî-
öåñó ç ìiãðàöi¹þ òà íåïåðåðâíèì ÷àñîì i ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü
äëÿ ðîçïîäiëó éìîâiðíîñòåé öüîãî ãiëëÿñòîãî ïðîöåñó.

Êëþ÷îâi ñëîâà: ãiëëÿñòèé ïðîöåñ, íåïåðåðâíèé ÷àñ, ìiãðàöiÿ, òâið-
íà ôóíêöiÿ, äèôåðåíöiàëüíå ðiâíÿííÿ, ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü,
ðîçïîäië éìîâiðíîñòåé.

1. Âñòóï. Ïåðøà ñòàòòÿ äëÿ ãiëëÿñòèõ ïðîöåñiâ ç iììiãðàöi¹þ [1] áóëà îïóáëiêî-
âàíà â 1957 ð. Öåé íàïðÿìîê âèâ÷àëè áàãàòî â÷åíèõ. Â 1980 ð. Ñ.Â. Íàãà¹â i Ë.Â. Õàí
[2] òà Í. ßíåâ i Ê. Ìiòîâ [3] ïàðàëåëüíî îïóáëiêóâàëè ñòàòòi, äå âïåðøå äîñëiäæóâàëè
çàäà÷ó ïî¹äíàííÿ åìiãðàöi¨ òà iììiãðàöi¨, òîáòî äîñëiäæåííÿ ìiãðàöiéíèõ ïðîöåñiâ.
Ìàéæå ó âñiõ âiäîìèõ ïóáëiêàöiÿõ, äå äîñëiäæóâàëèñü ãiëëÿñòi ïðîöåñè ç ìiãðàöi¹þ,
ðîçãëÿäàâñÿ âèïàäîê äèñêðåòíîãî ÷àñó.

2. Ïîñòàíîâêà çàäà÷i. Ðîçãëÿäà¹ìî ãiëëÿñòèé ïðîöåñ µ(t) ç îäíèì òèïîì ÷à-
ñòèíîê, ç ìiãðàöi¹þ òà íåïåðåðâíèì ÷àñîì. Òóò µ(t) − êiëüêiñòü ÷àñòèíîê ó ìîìåíò
÷àñó t. Ââàæà¹ìî, ùî â ïî÷àòêîâèé ìîìåíò ÷àñó â ñèñòåìi îäíà ÷àñòèíêà, òîáòî

µ(0) = 1.

Ïðîöåñ µ(t) ìîæíà ïîäàòè ÿê ïî¹äíàííÿ äâîõ ïðîöåñiâ − îäíîðiäíèé ãiëëÿñ-
òèé ïðîöåñ Áåëìàíà-Õàððiñà ξ(t) òà îäíîðiäíèé ïðîöåñ ìiãðàöi¨ ζ(t). ßêùî â ìîìåíò
÷àñó t â ñèñòåìi iñíó¹ âèïàäêîâà êiëüêiñòü µ(t) ÷àñòèíîê, òî âîíè ðîçìíîæóþòüñÿ
íåçàëåæíî îäíà âiä îäíî¨ òà íåçàëåæíî âiä ñâîãî ïîõîäæåííÿ çà òèì ñàìèì çàêîíîì.
Çàêîí ðîçìíîæåííÿ ÷àñòèíîê ó ñåðåäèíi äåÿêî¨ ñèñòåìè âèçíà÷à¹òüñÿ ïðîöåñîì ξ(t).
Êðiì òîãî, â ñèñòåìó ùå ìîæóòü iììiãðóâàòè ÷àñòèíêè òà âiäáóâàòèñÿ åìiãðàöiÿ.
Iììiãðàöiÿ òà åìiãðàöiÿ âèçíà÷àþòüñÿ ïðîöåñîì ζ(t), äå ζ(t) − ïîçíà÷à¹ êiëüêiñòü
÷àñòèíîê ó ìîìåíò ÷àñó t, ÿêi åìiãðóþòü iç ñèñòåìè àáî iììiãðóþòü â íå¨. Î÷åâèäíî,
ùî

µ(t) = max{0, ξ(t) + ζ(t)}. (1)

2010 Mathematics Subject Classi�cation: 30D15, 30D35
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Îïèøåìî äåòàëüíiøå ïðîöåñè ξ(t) òà ζ(t).
Ñïî÷àòêó ðîçãëÿäà¹ìî ξ(t). Íåõàé ó ìîìåíò ÷àñó t â ñèñòåìi iñíó¹ µ(t) ÷àñòèíîê.

Öi ÷àñòèíêè íåçàëåæíî âiä ïîõîäæåííÿ òà íåçàëåæíî îäíà âiä îäíî¨, ðîçìíîæóþòü-
ñÿ çà òèì ñàìèì çàêîíîì ξ(t). Òîìó äîñòàòíüî âèçíà÷èòè çàêîí ðîçïîäiëó îäíi¹¨
÷àñòèíêè.

Ïîçíà÷èìî ÷åðåç ξi(∆t) (i = 1, . . . , µ(t)) êiëüêiñòü íàùàäêiâ i-¨ ÷àñòèíêè çà ÷àñ
∆t, òîáòî â ìîìåíò ÷àñó t+ ∆t i, âðàõîâóþ÷è îäíîðiäíiñòü ξ(t) ïðèïóñêà¹ìî, ùî

P{ξi(t+ ∆t) = n | ξi(t) = 1} = P{ξi(∆t) = n | ξi(0) = 1} =

= Hn(∆t) =

{
hn∆t+ o(∆t), ÿêùî n = 0, 2, 3, . . . ;

1 + hn∆t+ o(∆t), ÿêùî n = 1,

äå

∞∑
n=0

hn = 0, h1 6 0, hj > 0 (j = 0, 2, . . .),

∞∑
n=0

Hn(t) = 1.

Ïðîöåñ ξ(t + ∆t) âèçíà÷à¹òüñÿ ÿê ñóêóïíiñòü íàùàäêiâ êîæíî¨ ÷àñòèíêè µi(t),
à ñàìå

ξ(t+ ∆t) =

µ(t)∑
i=1

ξi(∆t).

Ïåðåõîäèìî äî ïðîöåñó ζ(t). Íàñàìïåðåä ââàæà¹ìî, ùî ζ(0) = 0. Ó äîâiëüíèé
ìîìåíò ÷àñó t ∈ [0;∞) ç éìîâiðíiñòþ Pk(t) â ïîïóëÿöiþ iììiãðó¹ k ÷àñòèíîê (k =
0, 1, 2, . . .) àáî ç éìîâiðíiñòþ Pr(t) ç ïîïóëÿöi¨ åìiãðó¹ r ÷àñòèíîê (r = −m, . . . , −1) i

∞∑
k=−m

Pk(t) = 1, (2)

P{ζ(t) = k} = Pk(t), k > −m. (3)

Ïðîöåñ ìiãðàöi¨ âiäáóâà¹òüñÿ òàê. ßê óæå çàçíà÷àëîñü, ó âèïàäêîâèé ìîìåíò
÷àñó (ïîçíà÷èìî éîãî τ1) âïåðøå âiäáóâà¹òüñÿ ìiãðàöiÿ ó ïðîöåñi µ(t), éìîâiðíiñíèé
ðîçïîäië ÿêî¨ âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿìè (2), (3). Ïiñëÿ öüîãî ââàæà¹ìî, ùî
ïðîöåñ ζ(t) çíîâó íàáóâà¹ íóëüîâîãî çíà÷åííÿ òà ïåðåáóâà¹ ó öüîìó ñòàíi âèïàäêî-
âèé ÷àñ τ2. Ó ìîìåíò ÷àñó τ1 +τ2 ó ñèñòåìó çíîâó iììiãðóþòü àáî íàâïàêè åìiãðóþòü
ç íå¨ ÷àñòèíêè òà ïiñëÿ öüîãî ïðîöåñ ζ(t) çíîâó íàáóâà¹ çíà÷åííÿ íóëü, ó ÿêîìó ïåðå-
áóâà¹ âèïàäêîâèé ÷àñ τ3, i òàê äàëi. Âèïàäêîâi âåëè÷èíè τ1, τ2, τ3, . . . , τn ââàæà¹ìî
íåçàëåæíèìè òà îäíàêîâî ðîçïîäiëåíèìè.

Ââåäåìî òàêå ïîçíà÷åííÿ Sn = τ1 + τ2 + . . .+ τn. Ïðîöåñ Sn ¹ ïðîöåñîì âiäíîâ-
ëåííÿ, à S1, S2, . . . , Sn � ìîìåíòàìè âiäíîâëåííÿ.

Äàëi ïðèïóñêà¹ìî, ùî ðîçïîäiëè ïðîöåñó ζ(t) ó ìîìåíòè ÷àñó S1, S2, . . . , Sn
çáiãàþòüñÿ, à òàêîæ, ùî ζ(t) � îäíîðiäíèé ìàðêîâñüêèé ïðîöåñ.

Çàäàìî àñèìïòîòèêó ïðè ∆t→ 0:

P0(∆t) = 1 + p0∆t+ o(∆t), Pk(∆t) = pk∆t+ o(∆t), k = −m, . . . ,−1, 1, . . .

ïðè÷îìó
∞∑

k=−m

pk = 0, p0 6 0, pj > 0 (j = −m. . . ,−1, 1, 2, . . .).

Íàäàëi áóäåìî ââàæàòè, ùî P−m(t) > 0 äëÿ äîâiëüíîãî t > 0.
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Îòæå, ïðîöåñ µ(t) ìîæíà îïèñàòè òàê. Ó ïî÷àòêîâèé ìîìåíò ÷àñó ó ñèñòåìi
ìiñòèòüñÿ îäíà ÷àñòèíêà, òîáòî µ(0) = 1. Öÿ ÷àñòèíêè ðîçìíîæóþòüñÿ çà óæå âêà-
çàíèì çàêîíîì ðîçïîäiëó ïðîöåñó ξ(t). Äàëi ïîðÿä ç åâîëþöi¹þ ïðîöåñó ξ(t) ç ïåâíîþ
éìîâiðíiñòþ ìîæóòü ùå ïîòðàïëÿòè ÷àñòèíêè ÷è íàâïàêè åìiãðóâàòè âíàñëiäîê äi¨
ïðîöåñó ζ(t). Ðîçïîäië ïðîöåñó ζ(t) íå çàëåæèòü âiä ξ(t).

Âðàõîâóþ÷è (1), êiëüêiñòü ÷àñòèíîê ó ìîìåíò ÷àñó t+ ∆t äîðiâíþ¹

µ(t+ ∆t) = max
{ µ(t)∑
i=1

ξi(∆t) + ζt(∆t); 0
}
,

äå ζt(∆t) − êiëüêiñòü ÷àñòèíîê, ÿêi åìiãðóâàëè ç ñèñòåìè àáî iììiãðóâàëè â ñèñòåìó
ïðîòÿãîì ÷àñó (t, t+ ∆t].

Ââàæà¹ìî, ùî âèïàäêîâi ìîìåíòè τ1, τ2, . . . , τn, . . . íå çàëåæàòü âiä ïðîöåñó ξ(t)
òà íå çàëåæàòü çíà÷åííÿ ïðîöåñó ζ(t) ó öi ìîìåíòè. Òàêîæ êiëüêiñòü ÷àñòèíîê, ÿêi
iììiãðóþòü ó ñèñòåìó àáî åìiãðóþòü ç íå¨, íå çàëåæèòü âiä τ1, τ2, . . . , τn, . . ., à òàêîæ
âiä ïðîöåñó ξ(t).

Òâiðíó ôóíêöiþ ïðîöåñó µ(t) áóäåìî ïîçíà÷àòè ÷åðåç Fµ(t, s), à ïðîöåñó ξ(t) �
÷åðåç Fξ(t, s) i

Fµ(t, s) =

∞∑
n=0

P{µ(t) = n}sn, Fξ(t, s) =

∞∑
n=0

P{ξ(t) = n}sn, |s| 6 1, s ∈ C.

Òâiðíi ôóíêöi¨ ùiëüíîñòåé ïåðåõiäíèõ éìîâiðíîñòåé äëÿ ïðîöåñiâ µ(t), ξ(t) ïî-
çíà÷èìî ÷åðåç fµ(s) òà h(s), âiäïîâiäíî. h(s) âèçíà÷à¹ìî òàê:

h(s) =

∞∑
n=0

hns
n, |s| 6 1, s ∈ C.

Çàìiñòü êëàñè÷íî¨ òâiðíî¨ ôóíêöi¨ äëÿ ïðîöåñó ζ(t) ðîçãëÿäàòèìåìî ôóíêöiþ

F̂ζ(t, s) =

∞∑
n=−m

P{ζ(t) = n}sn, 0 < |s| 6 1,

ÿêó íàçâåìî óçàãàëüíåíîþ òâiðíîþ ôóíêöi¹þ. Òàêîæ ââåäåìî óçàãàëüíåíó òâiðíó

ôóíêöiþ ùiëüíîñòåé ïåðåõiäíèõ éìîâiðíîñòåé äëÿ ïðîöåñó ζ(t)

fζ(s) =

∞∑
l=−m

pls
l, 0 < |s| 6 1.

Äàëi áóäåìî âèêîðèñòîâóâàòè òàêå ïîçíà÷åííÿ.
Íåõàé {an}∞−∞ − äåÿêà ïîñëiäîâíiñòü äiéñíèõ ÷èñåë. Ïîçíà÷èìî

A(s) =

∞∑
n=−k

ans
n,
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äå s ∈ C, 0 < |s| < s0, k � äåÿêå íàòóðàëüíå ÷èñëî i

∞∑
n=−k

an(s0)n <∞.Òîäi

〈A(s)〉0 =

0∑
n=−k

an +

∞∑
n=1

ans
n.

Î÷åâèäíî, ùî 〈A(s) âèçíà÷åíî äëÿ âñiõ s ∈ [−1, 1].

Ëåìà 1. Íåõàé A(s) =
∞∑

n=−k
ans

n i B(s) =
∞∑

n=−k
bns

n. Òîäi

〈A(s) +B(s)〉0 = 〈A(s)〉0 + 〈B(s)〉0 .
ßêùî C � äîâiëüíà êîíñòàíòà, òî 〈CA(s)〉0 = C〈A(s)〉0.

Ëåìà 2. Òâiðíà ôóíêöiÿ ïðîöåñó µ(t) â ìîìåíò ÷àñó t+ ∆t äîðiâíþ¹

Fµ(t+ ∆t, s) = 〈Fξ(t+ ∆t, s)F̂ζt(∆t, s)〉0.

Ïîçíà÷èìî ÷åðåç θ1 � ìîìåíò ïåðøîãî ïîòðàïëÿííÿ â íóëü ïðîöåñó µ(t), à
òàêîæ ââåäåìî ñèñòåìó òàêèõ ïîçíà÷åíü

Q(t) = P{µ(t) > 0 | θ1 > t},

Qi(t) = P{µ(t) = i | θ1 > t} =
∂iFµ(t, s)

i!∂si

∣∣∣∣
s=0

, i = 0, 1, 2, . . . .

3. Îñíîâíi ðåçóëüòàòè.

Òåîðåìà 1. Òâiðíà ôóíêöiÿ ïðîöåñó µ(t) çàäîâîëüíÿ¹ äèôåðåíöiàëüíå ðiâíÿííÿ

∂Fµ(t, s)

∂t
= h(Fµ(t, s)) + 〈Fµ(t, s)f̂ζ(s)〉0,

ç ïî÷àòêîâîþ óìîâîþ

µ(0) = 1.

Äîâåäåííÿ. Ïîçàÿê ïðîöåñè ξ(t), ζ(t) − îäíîðiäíi, òî ïðîöåñ, ÿêèé çàäà¹òüñÿ ñïiâ-
âiäíîøåííÿì

µ(t+ ∆t) =

µ(t)∑
j=1

ξj(∆t) + ζt(∆t),

òàêîæ îäíîðiäíèé.
Âiäîìî, ùî â ïî÷àòêîâèé ìîìåíò ÷àñó â ñèñòåìi ¹ îäíà ÷àñòèíêà.
Ïîçíà÷èìî ÷åðåç ξ1(∆t) êiëüêiñòü íàùàäêiâ öi¹¨ ÷àñòèíêè çà ÷àñ ∆t. Âðàõîâóþ-

÷è, ùî êiëüêiñòü ÷àñòèíîê ó ñèñòåìi âèçíà÷à¹òüñÿ åâîëþöi¹þ öi¹¨ ÷àñòèíêè òà äi¹þ
ìiãðàöi¨, òî â ìîìåíò ÷àñó ∆t â ñèñòåìi áóäå

max{ξ1(∆t) + ζ0(∆t), 0}
÷àñòèíîê. Êîæíà ç iñíóþ÷èõ ÷àñòèíîê ó ìîìåíò ÷àñó ∆t ÷åðåç ÷àñ t, ç âðàõóâàííÿì
ìiãðàöiéíèõ ïðîöåñiâ, ìàòèìåìå âèïàäêîâó êiëüêiñòü íàùàäêiâ

µ(t+ ∆t) =

max{ξ1(∆t)+ζ0(∆t),0}∑
j=0

µj(t).
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Îòæå, òâiðíó ôóíêöiþ ïðîöåñó µ(t) ó ìîìåíò ÷àñó t+∆t ìîæíà ïîäàòè ó âèãëÿäi

Fµ(t+ ∆t, s) = Fmax{ξ1(∆t)+ζ0(∆t),0}(Fµ(t, s)).

Öå îçíà÷à¹, ùî

Fµ(t+ ∆t, s) = 〈Fξ1(∆t, Fµ(t, s))F̂ζ(∆t, s)〉0 =

= 〈(Fµ(t, s) + ∆th(Fµ(t, s)) + o(∆t))(1 + ∆tf̂ζ(s) + o(∆t))〉0 =

= 〈Fµ(t, s) + ∆t(h(Fµ(t, s)) + Fµ(t, s)f̂ζ(s)) + o(∆t)〉0 =

= Fµ(t, s) + ∆t(h(Fµ(t, s)) + 〈Fµ(t, s)f̂ζ(s)〉0) + o(∆t).

Çâiäñè âèïëèâà¹ äèôåðåíöiàëüíå ðiâíÿííÿ äëÿ òâiðíî¨ ôóíêöi¨ ïðîöåñó µ(t)

∂Fµ(t, s)

∂t
= h(Fµ(t, s)) + 〈Fµ(t, s)f̂ζ(s)〉0.

Òåîðåìà äîâåäåíà. �

Çàóâàæåííÿ 1. Ðîçïèøåìî äåòàëüíiøå Fµ(t, s)f̂ζ(s).

Fµ(t, s)f̂ζ(s) =

∞∑
n=0

P{µ(t) = n}sn
∞∑

l=−m

pls
l =

=

∞∑
n=0

∞∑
l=−m

P{µ(t) = n}plsn+l =

∞∑
k=−m

k∑
l=−m

P{µ(t) = k − l}plsk.

Îòæå,

〈Fµ(t, s)f̂ζ(s)〉0 =

0∑
k=−m

k∑
l=−m

P{µ(t) = k − l}pl +

∞∑
k=1

sk
k∑

l=−m

P{µ(t) = k − l}pl.

Îòæå, äèôåðåíöiàëüíå ðiâíÿííÿ ìîæíà çàïèñàòè òàê:

∂Fµ(t, s)

∂t
=h(Fµ(t, s))+

0∑
k=−m

k∑
l=−m

P{µ(t) = k−l}pl+
∞∑
k=1

sk
k∑

l=−m

P{µ(t) = k−l}pl. (4)

Òåîðåìà 2. 1. ßêùî iñíó¹ òàêå íàòóðàëüíå ÷èñëî n, ùî äëÿ êîæíîãî t > 0

âèêîíó¹òüñÿ óìîâà
∞∑

u=n+1
Qu(t) = o

( n∑
u=−m

Qu(t)
)
, òî äëÿ ïðîöåñó µ(t) âèêî-

íó¹òüñÿ ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü

∂Q0(t)

∂t
= h(Q0(t)) +

0∑
l=−m

Q0−l(t)pl,

∂Q1(t)

∂t
= h′(Q0(t))Q1(t) +

1∑
l=−m

Q1−l(t)pl,

∂Q2(t)

∂t
= h′′(Q0(t))Q2

1(t) + h′(Q0(t))Q2(t) +

2∑
l=−m

Q2−l(t)pl,

. . . . . . . . . . . . . . . . . . . . .

∂Qn(t)

∂t
=
∑

n!h(n)(Q0(t))

n∏
i=1

1

ni!

(
Qi(t)

i!

)i
+

n∑
l=−m

Qn−l(t)pl,

n∑
i=1

ini = n,

(5)
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ç ïî÷àòêîâèìè óìîâàìè

Q1(0) = 1, Qk(0) = 0, k = 0, 2, ..., n.

2. ßêùî ïðàâà ÷àñòèíà êîæíîãî ðiâíÿííÿ ñèñòåìè (5) çàäîâîëüíÿ¹ óìîâó Ëiï-
øèöÿ, òî iñíó¹ ðîçâ'ÿçîê i âií ¹äèíèé.

Äîâåäåííÿ. Ïðîäèôåðåíöiþ¹ìî (4) ïî s

∂2Fµ(t, s)

∂t∂s
= h′(Fµ(t, s))

∂Fµ(t, s)

∂s
+

∂

∂s

( ∞∑
k=1

sk
k∑

l=−m

P{µ(t) = k − l}pl

)
=

= h′(Fµ(t, s))
∂Fµ(t, s)

∂s
+

∞∑
k=1

ksk−1
k∑

l=−m

P{µ(t) = k − l}pl.

Ïiäñòàâèìî s = 0. Òîäi

∂2Fµ(t, s)

∂t∂s

∣∣∣∣
s=0

=

(
h′(Fµ(t, s))

∂Fµ(t, s)

∂s
+

∞∑
k=1

ksk−1
k∑

l=−m

P{µ(t) = k − l}pl

)∣∣∣∣∣
s=0

,

∂

∂t

(
∂Fµ(t, s)

∂s

)∣∣∣∣
s=0

=

(
h′(Fµ(t, s)

∂Fµ(t, s)

∂s

)∣∣∣∣
s=0

+

1∑
l=−m

P{µ(t) = 1− l}pl

∣∣∣∣∣
s=0

,

∂Q1(t)

∂t
= h′(Q0(t))Q1(t) +

1∑
l=−m

Q1−l(t)pl.

Ïðîäèôåðåíöiþ¹ìî ðiâíÿííÿ (4) ùå ðàç ïî çìiííié s

∂3Fµ(t, s)

∂t∂s2
= h′′(Fµ(t, s))(

∂Fµ(t, s)

∂s
)2+

+h′(Fµ(t, s))
∂2Fµ(t, s)

∂s2
+

∞∑
k=1

k(k − 1)sk−2
k∑

l=−m

P{µ(t) = k − l}pl,

∂

∂t

(
∂2Fµ(t, s)

∂s2

)
= (h′′(Fµ(t, s))

(
∂Fµ(t, s)

∂s

)2

+ h′(Fµ(t, s))
∂2Fµ(t, s)

∂s2
+

+

∞∑
k=1

k(k − 1)sk−2
k∑

l=−m

P{µ(t) = k − l}pl,

i çíîâó ïiäñòàâèìî s = 0. Ó ïiäñóìêó îòðèìó¹ìî

∂Q2(t)

∂t
= h′′(Q0(t))Q2

1(t) + h′(1−Q(t))Q2(t) +

2∑
l=−m

Q2−l(t)pl.

Ïðîäîâæóþ÷è àíàëîãi÷íi ìiðêóâàííÿ, îäåðæó¹ìî

∂Qk(t)

∂t
=
∑

k!h(k)(Q0(t))

k∏
i=1

1

ni!

(
Qi(t)

i!

)i
+

n∑
l=−m

Qn−l(t)pl +

k∑
l=n+1

Qk−l(t)pl,
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äå

k∑
i=1

ini = k.

Âðàõîâóþ÷è òå, ùî iñíó¹ òàêå íàòóðàëüíå ÷èñëî n, ùî äëÿ êîæíîãî t > 0 âèêî-

íó¹òüñÿ óìîâà
∞∑

u=n+1
Pu(t) = o

( n∑
u=−m

Pu(t)
)
, òî îòðèìó¹ìî ñèñòåìó (5). Öå ¹ ñèñòåìà

íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü. Âðàõîâóþ÷è òå, ùî ôóíêöi¨∑
k!h(k)(Q0(t))

k∏
i=1

1

ni!

(
Qi(t)

i!

)i
+

k∑
l=−m

Qk−l(t)pl,

(äå
k∑
i=1

ini = k, k = 1, . . . , n) çàäîâîëüíÿþòü óìîâó Ëiïøèöÿ, òî çãiäíî ç [5] äëÿ öi¹¨

ñèñòåìè iñíó¹ ðîçâ'ÿçîê, ïðè÷îìó âií ¹äèíèé. Òåîðåìó äîâåäåíî. �
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Óçàãàëüíåíî îäèí êðèòåðié îáìåæåíîñòi L-iíäåêñó çà ñóêóïíiñòþ çìií-
íèõ íà âèïàäîê L(z) = (l1(z), . . . , ln(z)), z ∈ Cn. Îòðèìàíå òâåðäæåííÿ
îïèñó¹ ïîâîäæåííÿ êîåôiöi¹íòiâ ðîçâèíåííÿ ó ñòåïåíåâèé ðÿä íà êiñòÿêó
ïîëiêðóãà. Òàêîæ äîâåäåíî íîâå òâåðäæåííÿ ÷åðåç çàìiíó êâàíòîðà çàãàëü-
íîñòi íà êâàíòîð iñíóâàííÿ, ÿêå ïîñëàáëþ¹ âiäîìi äîñòàòíi óìîâè îáìåæå-
íîñòi L-iíäåêñó çà ñóêóïíiñòþ çìiííèõ äëÿ öiëèõ ôóíêöié.

Êëþ÷îâi ñëîâà: öiëà ôóíêöiÿ, îáìåæåíèé L-iíäåêñ çà ñóêóïíiñòþ çìií-
íèõ, ïîëiêðóã, ñòåïåíåâèé ðÿä.

1. Âñòóï. Ó [1, 2] îäèí iç àâòîðiâ ñòàòòi ñïiëüíî ç Ì.Ò. Áîðäóëÿê òà Î.Á. Ñêàñêi-
âèì ðîçøèðèâ îçíà÷åííÿ ôóíêöié îáìåæåíîãî L-iíäåêñó çà ñóêóïíiñòþ çìiííèõ íà
âèïàäîê L(z) = (l1(z), . . . , ln(z)), äå lj : Cn → R+ � íåïåðåðâíi ôóíêöi¨. Ïîïåðåäí¹
îçíà÷åííÿ, ââåäåíå Ì.Ò. Áîðäóëÿê òà Ì.Ì. Øåðåìåòîþ [3, 4], ñòîñóâàëîñÿ ôóíêöié
L0 òàêîãî âèãëÿäó L0(z) = (l1(|z1|), . . . , ln(|zn|)), z = (z1, . . . , zn) ∈ Cn. Âiäïîâiäíî,
iñíóþòü öiëi ôóíêöi¨, ÿêi ÷åðåç òàêèé âóçüêèé êëàñ ôóíêöié L0, ìàþòü íåîáìåæåíèé
L0-iíäåêñ çà ñóêóïíiñòþ çìiííèõ (äèâ. ïðèêëàä ôóíêöi¨ F (z1, z2) = exp(z1z2) ó [3]),
õî÷à çà ôiêñîâàíèõ çíà÷åíü n− 1 çìiííèõ âîíè ìàþòü îáìåæåíèé iíäåêñ ÿê ôóíêöi¨
îäíi¹¨ çìiííî¨. Óâiâøè ó ðîçãëÿä ôóíêöi¨ L çàçíà÷åíîãî çàãàëüíiøîãî âèãëÿäó, ìè
çóìiëè ðîçøèðèòè êëàñ ôóíêöié îáìåæåíîãî L-iíäåêñó çà ñóêóïíiñòþ çìiííèõ (äèâ.
òîé ñàìèé ïðèêëàä ó [1, 7]).

Ì.Ò. Áîðäóëÿê òà Ì.Ì. Øåðåìåòà [3] íàâåëè áåç äîâåäåííÿ êðèòåðié îáìåæå-
íîñòi L-iíäåêñó çà ñóêóïíiñòþ çìiííèõ, â ÿêîìó íàêëàäàþòüñÿ óìîâè íà ïîâîäæåííÿ
êîåôiöi¹íòiâ ðîçâèíåííÿ ó ñòåïåíåâèé ðÿä öiëî¨ ôóíêöi¨ íà êiñòÿêó ïîëiêðóãà. Éî-
ãî äîâåäåííÿ ìîæíà çíàéòè ó [5, 6]. Âiäïîâiäíå òâåðäæåííÿ áóëî íîâèì íàâiòü äëÿ

2010 Mathematics Subject Classi�cation: 32A15, 32A05, 32A17

c© À. Áàíäóðà, Í. Ïåòðå÷êî, 2016
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n = 1. Ìè ïåðåíîñèìî öþ òåîðåìó íà âèïàäîê L(z) = (l1(z), . . . , ln(z)), äå z ∈ Cn.
Êðiì òîãî, âèêîðèñòîâóþ÷è iäåþ ïðî ìîæëèâiñòü çàìiíè êâàíòîðà çàãàëüíîñòi íà
êâàíòîð iñíóâàííÿ [8, 9] ó êðèòåðiÿõ îáìåæåíîñòi iíäåêñó, ìè âiäïîâiäíî ïîñëàáëþ-
¹ìî äîñòàòíi óìîâè îáìåæåíîñòi L-iíäåêñó çà ñóêóïíiñòþ çìiííèõ (òåîðåìà 3).

2. Îñíîâíi ïîçíà÷åííÿ. Íåõàé L(z) = (l1(z), . . . , ln(z)), L : Cn → Rn+ :=
(0,+∞)n � äåÿêà ôiêñîâàíà íåïåðåðâíà ôóíêöiÿ. Öiëó ôóíêöiþ F : Cn → C íàçè-
âà¹ìî ([1, 2, 7], äèâ. òàêîæ [3, 4]) ôóíêöi¹þ îáìåæåíîãî L-iíäåêñó çà ñóêóïíiñòþ

çìiííèõ, ÿêùî iñíó¹ ÷èñëî m ∈ Z+ òàêå, ùî äëÿ âñiõ z = (z1, . . . , zn) ∈ Cn òà âñiõ
J = (j1, j2, . . . , jn) ∈ Zn+

|F (J)(z)|
J !LJ(z)

6 max

{
|F (K)(z)|
K!LK(z)

: K ∈ Zn+, ‖K‖ 6 m
}
, (1)

äå

F (K)(z) :=
∂‖K‖F

∂zK
:=

∂k1+...+knf

∂zk11 . . . ∂zknn
, K = (k1, . . . , kn) ∈ Zn+,

à ‖K‖ = k1 + . . .+ kn, K! = k1! · · · kn!, LJ = lj11 · · · ljnn . Íàéìåíøå öiëå ÷èñëî m, äëÿ
ÿêîãî âèêîíó¹òüñÿ íåðiâíiñòü (1), íàçèâà¹òüñÿ L-iíäåêñîì çà ñóêóïíiñòþ çìiííèõ

ôóíêöi¨ F òà ïîçíà÷à¹òüñÿ ÷åðåç N(F,L). Çâ'ÿçîê îçíà÷åííÿ ôóíêöi¨ îáìåæåíîãî
L-iíäåêñó çà ñóêóïíiñòþ çìiííèõ ç iíøèìè îçíà÷åííÿìè îáìåæåíîãî iíäåêñó [10, 11]
ìîæíà çíàéòè ó [1, 7].

Íàì çíàäîáëÿòüñÿ äåÿêi ñòàíäàðòíi ïîçíà÷åííÿ. Íåõàé R+ = (0,+∞). Ïî-
çíà÷èìî 0 = (0, . . . , 0) ∈ Rn+, e = (1, . . . , 1) ∈ Rn+, 2 = (2, . . . , 2) ∈ Rn+, ej =
(0, . . . , 0, 1︸︷︷︸

j−òå ìiñöå

, 0, . . . , 0) ∈ Rn+. Òàêîæ äëÿ A = (a1, . . . , an) ∈ Cn, B =

(b1, . . . , bn) ∈ Cn âèêîðèñòîâóâàòèìåìî òàêi ïîçíà÷åííÿ:

AB = (a1b1, · · · , anbn), A/B = (a1/b1, . . . , an/bn), AB = ab11 a
b2
2 · . . . abnn ,

îäíàê íå ïîðóøóþ÷è óìîâ iñíóâàííÿ çàçíà÷åíèõ âèðàçiâ.
Çàïèñ A < B îçíà÷à¹, ùî aj < bj (j = 1, . . . , n); ïîäiáíî âèçíà÷à¹òüñÿ âiäíîøåí-

íÿ A 6 B.
Ïîëiêðóã {z ∈ Cn : |zj − z0j | < rj , j = 1, . . . , n} ïîçíà÷à¹ìî ÷åðåç Dn(z0, R),

à éîãî êiñòÿê {z ∈ Cn : |zj − z0j | = rj , j = 1, . . . , n} � ÷åðåç Tn(z0, R), çàìêíåíèé
ïîëiêðóã {z ∈ Cn : |zj − z0j | 6 rj , j = 1, . . . , n} � ÷åðåç Dn[z0, R].

Íåõàé L(z) = (l1(z), . . . , ln(z)), äå lj(z) � äîäàòíi íåïåðåðâíi ôóíêöi¨, z ∈ Cn,
j ∈ {1, 2, . . . , n}.

Äëÿ R ∈ Rn+, j ∈ {1, . . . , n} òà L(z) = (l1(z), . . . , ln(z)) âèçíà÷èìî

λ1,j(R) = inf
z0∈Cn

inf

{
lj(z)

lj(z0)
: z ∈ Dn

[
z0,

R

L(z0)

]}
,

λ2,j(R) = sup
z0∈Cn

sup

{
lj(z)

lj(z0)
: z ∈ Dn

[
z0,

R

L(z0)

]}
,

Λ1(R) = (λ1,j(R), . . . , λ1,n(R)), Λ2(R) = (λ2,1(R), . . . , λ2,n(R)).

×åðåç Qn ïîçíà÷èìî êëàñ äîäàòíèõ íåïåðåðâíèõ ôóíêöié L(z), ÿêi äëÿ êîæíîãî
R ∈ Rn+ òà j ∈ {1, . . . , n} çàäîâîëüíÿþòü 0 < λ1,j(R) 6 λ2,j(R) < +∞.
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Íàì áóäå ïîòðiáíà òàêà òåîðåìà:

Òåîðåìà 1 ([2]). Íåõàé L ∈ Qn. Öiëà ôóíêöiÿ F ìà¹ îáìåæåíèé L-iíäåêñ çà ñó-

êóïíiñòþ çìiííèõ òîäi i òiëüêè òîäi, êîëè iñíóþòü ÷èñëà p ∈ Z+ òà c ∈ R+ òàêi,

ùî äëÿ óñiõ z ∈ Cn ñïðàâäæó¹òüñÿ íåðiâíiñòü

max

{
|F (J)(z)|
LJ(z)

: ‖J‖ = p+ 1

}
6 cmax

{
|F (K)(z)|
LK(z)

: ‖K‖ 6 p
}
. (2)

3. Îñíîâíi òâåðäæåííÿ. Íåõàé z0 ∈ Cn. Ðîçâèíåìî öiëó ó Cn ôóíêöiþ F ó
ñòåïåíåâèé ðÿä, çàïèñàíèé ó äiàãîíàëüíié ôîðìi

F (z) =

∞∑
k=0

pk((z − z0)) =

∞∑
k=0

∑
‖J‖=k

bJ(z − z0)J , (3)

äå pk � îäíîðiäíi ìíîãî÷ëåíè k-ãî ñòåïåíÿ, bJ = F (J)(z0)
J! . Ìíîãî÷ëåí pk0 , k0 ∈ Z+,

íàçèâà¹òüñÿ ãîëîâíèì ó ñòåïåíåâîìó ðîçâèíåííi (3) íà Tn(z0, R), ÿêùî äëÿ êîæíîãî
z ∈ Tn(z0, R) âèêîíó¹òüñÿ òàêà íåðiâíiñòü

|
∑
k 6=k0

pk(z − z0)| 6 1

2
max{|bJ |RJ : ‖J‖ = k0}.

Òåîðåìà 2. Íåõàé L ∈ Qn. Öiëà ôóíêöiÿ F ìà¹ îáìåæåíèé L-iíäåêñ çà ñóêóïíiñòþ
çìiííèõ òîäi i òiëüêè òîäi, êîëè iñíó¹ p ∈ Z+ òàêå, ùî äëÿ óñiõ d > 0 çíàéäåòüñÿ

η(d) ∈ (0; d), ùî äëÿ áóäü-ÿêîãî z0 ∈ Cn òà äåÿêèõ r = r(d, z0) ∈ (η(d), d), k0 =
k0(d, z0) 6 p ìíîãî÷ëåí pk0 ¹ ãîëîâíèì ó ðÿäi (3) íà Tn(z0, re

L(z0) ).

Äîâåäåííÿ. Íåõàé F ¹ ôóíêöi¹þ îáìåæåíîãî L-iíäåêñó çà ñóêóïíiñòþ çìiííèõ òà
N = N(F,L) < +∞, à n0 � öå L-iíäåêñ çà ñóêóïíiñòþ çìiííèõ ó òî÷öi z0 ∈ Cn,
òîáòî öå íàéìåíøå ÷èñëî, äëÿ ÿêîãî íåðiâíiñòü (1) âèêîíó¹òüñÿ ó òî÷öi z0.

Òîäi äëÿ êîæíî¨ òî÷êè z0 ∈ Cn n0 6 N . Ïîêëàäåìî a∗J = |bJ |
LJ (z0)

= |F (J)(z0)|
J!LJ (z0)

, ak =

max{a∗J : ‖J‖ = k}, c = 2{(N +n+ 1)!(n+ 1)! + (N + 1)CNn+N−1}. Íåõàé d � äîâiëüíå
÷èñëî. Ïîêëàäåìî rm = d

(d+1)cm äëÿ m ∈ Z+ òà ïîçíà÷èìî µm = max{akrkm : k ∈
Z+}, sm = min{k : akr

k
m = µm}.

Îñêiëüêè ïðè ôiêñîâàíîìó z0 ∈ Cn a∗K 6 max{a∗J : ‖J‖ 6 n0} äëÿ óñiõ K ∈ Zn+,
òî ak 6 an0

äëÿ âñiõ k ∈ Z+. Çâiäñè äëÿ óñiõ k > n0, âðàõîâóþ÷è íåðiâíiñòü r0 < 1,
îòðèìà¹ìî akrk0 < an0r

n0
0 , òîìó s0 6 n0. Âîäíî÷àñ crm = rm−1, à îòæå, äëÿ óñiõ

k > sm−1 (ó íàñ rm−1 < 1) îòðèìó¹ìî

asm−1
rsm−1
m = asm−1

r
sm−1

m−1 c
−sm−1 > akr

k
m−1c

−sm−1 = akr
k
mc

k−sm−1 > cakr
k
m. (4)

Ç öi¹¨ íåðiâíîñòi âèïëèâà¹, ùî sm 6 sm−1 äëÿ âñiõ m ∈ N. Îòîæ, ìîæíà çàïèñàòè

µ0 = max{akrk0 : k 6 n0}, µm = max{akrkm : k 6 sm−1}, m ∈ N

Ââåäåìî äîäàòêîâi ïîçíà÷åííÿ ïðè m ∈ N

µ∗0 = max
{
akr

k
0 : s0 6= k 6 n0

}
, s∗0 = min{k : k 6= s0, akr

k
0 = µ∗0},

µ∗m = max{akrkm : sm 6= k 6 sm−1}, s∗m = min{k : k 6= sm, akr
k
m = µ∗m},
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i äîâåäåìî, ùî iñíó¹ ÷èñëî m0 ∈ Z+ òàêå, ùî

µ∗m0

µm0

6
1

c
. (5)

Âiä ñóïðîòèâíîãî, ïðèïóñòèìî, ùî äëÿ óñiõ m ∈ Z+ âèêîíó¹òüñÿ íåðiâíiñòü

µ∗m
µm

>
1

c
. (6)

ßêùî s∗m < sm, òî ñïåðøó

as∗mr
s∗m
m+1 =

as∗mr
s∗m
m

cs
∗
m

=
µ∗m
cs

∗
m
>

µm
cs

∗
m+1

=
asmr

sm
m

cs
∗
m+1

=
asmr

sm
m+1

cs
∗
m+1−sm

> asmr
sm
m+1.

Êðiì òîãî, äëÿ óñiõ k > s∗m, k 6= sm, (iíàêøå êàæó÷è, k − 1 > s∗m) ïîäiáíî âèâîäèìî,
ùî

as∗mr
s∗m
m+1 =

as∗mr
s∗m
m

cs
∗
m
>
akr

k
m

cs
∗
m
>
akr

k
m

ck−1
= cakr

k
m+1,

òîáòî as∗mr
s∗m
m+1 > akr

k
m+1 äëÿ óñiõ k > s∗m, òîìó

sm+1 6 s
∗
m 6 sm − 1. (7)

ßêùî sm < s∗m 6 sm−1, òî ìîæëèâîþ ¹ ðiâíiñòü sm+1 = sm. Ñïðàâäi, çà âèçíà÷åííÿì
sm+1 6 sm, òîìó çãàäàíà ðiâíiñòü âiðîãiäíà. Êîëè ¨¨ íåìà¹, òîáòî sm+1 < sm, òîäi
sm+1 6 sm − 1 (öå íàòóðàëüíi ÷èñëà!). Îòîæ, îòðèìàëè (7).

Îæå, ç íåðiâíîñòåé s∗m+1 6 sm òà s∗m 6= sm+1 âèïëèâà¹, ùî s∗m+1 < sm+1. Òîìó
çàìiñòü (7) ìàòèìåìî íåðiâíiñòü

sm+2 6 s
∗
m+1 6 sm+1 − 1 = sm − 1.

Îòæå, ÿêùî äëÿ óñiõ m ∈ Z+ âèêîíó¹òüñÿ (6), òî äëÿ êîæíîãî m ∈ Z+ ñïðàâ-
äæó¹òüñÿ îäíà ç íåðiâíîñòåé sm+2 6 sm+1 6 sm − 1 àáî sm+2 6 sm − 1, òîáòî
sm+2 6 sm − 1. Ç öüîãî âèïëèâà¹, ùî

sm6sm−2 − 1 6 . . . 6 sm−2[m/2] − [m/2] 6 s0 − [m/2] 6 n0 − [m/2] 6 N − [m/2].

Iíàêøå êàæó÷è, sm < 0, ïðè m > 2N + 1, ùî íåìîæëèâî. Îòîæ, iñíó¹ m0, äëÿ ÿêîãî
âèêîíó¹òüñÿ (5), ïðè÷îìó ÿê âèäíî ç íàâåäåíèõ âèùå ìiðêóâàíü m0 6 2N + 1.

Ïðèéìåìî r = rm0
, η(d) = d

(d+1)c2(N+1) , p = N òà k0 = sm0
. Òîäi äëÿ ‖J‖ 6= k0 =

sm0
íà Tn(z0, R

L(z0) ), ç âðàõóâàííÿì (4) òà (5), îòðèìó¹ìî

|bJ ||z − z0|J = a∗Jr
‖J‖ 6 a‖J‖r

‖J‖ 6
1

c
asm0

r
sm0
m0 =

1

c
ak0r

k0 ,

òîìó íà Tn(z0, R
L(z0) ) îäåðæó¹ìî∣∣∣∣∣∣
∑
‖J‖6=k0

bJ(z − z0)J

∣∣∣∣∣∣ 6
∑
‖J‖6=k0

a∗jr
‖J‖ 6

∞∑
k=0,
k 6=k0

akC
k
n+k−1r

k =

=

sm0−1∑
k=0,
k 6=sm0

akC
k
n+k−1r

k +

∞∑
k=sm0−1+1

akC
k
n+k−1r

k. (8)



ÂËÀÑÒÈÂÎÑÒI ÑÒÅÏÅÍÅÂÎÃÎ ÐÎÇÂÈÍÅÍÍß ÖIËÎ� ÔÓÍÊÖI� ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2016. Âèïóñê 82 31

Âðàõîâóþ÷è (7), âèçíà÷à¹ìî òàêó îöiíêó äëÿ ïåðøî¨ ñóìè:

sm0−1∑
k=0,
k 6=sm0

akC
k
n+k−1r

k 6
ak0r

k0

c

N∑
k=0

Ckn+k−1 6
ak0r

k0

c
(N + 1)CNn+N−1. (9)

Äëÿ âñiõ k > sm0−1+1 âèêîíó¹òüñÿ akrkm0−1 6 µm0−1, òîìó akr
k
m0

=
akr

k
m0−1

ck
6

µm0−1

ck
.

Ç îãëÿäó íà (5), îòðèìó¹ìî

∞∑
k=sm0−1+1

akC
k
n+k−1r

k 6 µm0−1

∞∑
k=sm0−1+1

Ckn+k−1
1

ck
6

6 asm0−1
r
sm0−1
m0 csm0−1

∑
k=sm0−1+1

(k + 1)(k + 2) . . . (k + n)
1

ck
6

6
asm0

rsm0

c
csm0−1

( ∞∑
k=sm0−1+1

xk+n
)(n)

∣∣∣∣∣
x=1

c

=
ak0r

k0

c
csm0−1

{
xsm0−1+n+1

1−x

}(n)
∣∣∣∣∣
x=1

c

=

=
ak0r

k0

c
csm0−1

n∑
j=0

Cjn(n− j)!(sm0−1 + n+ 1) . . . (sm0−1 + n− j + 2)×

× xsm0−1+1+n−j

(1− x)n−j+1

∣∣∣∣
x= 1

c

6
ak0r

k0

c
csm0

−1n!(N + n+ 1)!

n∑
j=0

(1/c)sm0−1+1+n−j

(1− 1/c)n−j+1
=

= n!(N + n+ 1)!
ak0r

k0

c

n∑
j=0

1

(c− 1)n−j+1
6 (n+ 1)!(N + n+ 1)!

ak0r
k0

c
, (10)

áî c > 2. Ç íåðiâíîñòåé (8)-(10) âèïëèâà¹, ùî∣∣∣∣∣∣
∑
‖J‖6=k0

bJ(z − z0)J

∣∣∣∣∣∣ 6 ((N + 1)CNn+N−1 + (n+ 1)!(N + n+ 1)!)ak0r
k0

c
6

1

2
ak0r

k0 ,

òîáòî ìíîãî÷ëåí Pk0 ¹ ãîëîâíèì ó ðÿäi (3) íà êiñòÿêó Tn(z0, re
L(|z0|) ). Íåîáõiäíiñòü

äîâåäåíà.
Ïåðåéäåìî äî äîâåäåííÿ äîñòàòíîñòi. Íåõàé iñíóþòü ÷èñëà p ∈ Z+ òà η ∈ (0; d)

òàêi, ùî äëÿ êîæíîãî z0 ∈ Cn òà d = 1 i äåÿêèõ r = r(1, z0) ∈ (η; 1), k0 = k0(1, z0) 6 p
ìíîãî÷ëåí Pk0 ¹ ãîëîâíèì ó ðÿäi (3) íà êiñòÿêó Tn(z0, re

L(|z0|) ). Òîäi íà öüîìó êiñòÿêó∣∣∣∣∣∣
∑
‖J‖6=k0

bJ(z − z0)J

∣∣∣∣∣∣ =

∣∣∣∣∣∣f(z)−
∑
‖J‖=k0

bJ(z − z0)J

∣∣∣∣∣∣ 6 ak0r
k0

2
.

Çâiäñè çà íåðiâíiñòþ Êîøi îòðèìà¹ìî |bJ(z−z0)J | = a∗jr
‖J‖ 6

ak0
rk0

2 äëÿ óñiõ J ∈ Zn+,
‖J‖ 6= k0, òîáòî äëÿ óñiõ k 6= k0

akr
k 6

ak0r
k0

2
. (11)
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Ïðèïóñòèìî, ùî F íå ¹ ôóíêöi¹þ îáìåæåíîãî L-iíäåêñó çà ñóêóïíiñòþ çìiííèõ.
Òîäi çà òåîðåìîþ 1 äëÿ óñiõ p1 ∈ Z+ òà c > 1 ïðè äåÿêîìó z0 ∈ Cn ñïðàâäæó¹òüñÿ
íåðiâíiñòü

max

{
|F (J)(z0)|
LJ(z0)

: ‖J‖ = p1 + 1

}
> cmax

{
|F (K)(z0)|
LK(z0)

: ‖K‖ 6 p1
}
.

Âiçüìåìî òóò p1 = p òà c =
(

(p+1)!
ηp+1

)n
. Âiäòàê äëÿ âiäïîâiäíîãî z0(p1, c) îäåðæèìî

max

{
|F (J)(z0)|
J !LJ(|z0|)

: ‖J‖ = p+ 1

}
>

1

ηp+1
max{ |F

(K)(z0)|
K!LK(|z0|)

: ‖K‖ 6 p}.

Iíøèìè ñëîâàìè, ap+1 >
ak0

ηp+1 , i çâiäñiëÿ ap+1r
p+1 >

ak0
rp+1

ηp+1 > ak0r
k0 . Öÿ íåðiâíiñòü

ñóïåðå÷èòü (11). Îòæå, F ¹ ôóíêöi¹þ îáìåæåíîãî L-iíäåêñó çà ñóêóïíiñòþ çìiííèõ.
�

Íåñêëàäíî ïîìiòèòè, ùî ó äîâåäåííi äîñòàòíîñòi ðàäióñ R = (r, . . . , r) êiñòÿêà
Tn(z0, R/L(z0)) ìîæíà çàìiíèòè íà ðàäióñ R = (r1, . . . , rn), äå rj íå îáîâ'ÿçêîâî ðiâíi
ìiæ ñîáîþ, rj ∈ {1, . . . , n}. Îòîæ, òàêà òåîðåìà ïðàâèëüíà.

Òåîðåìà 3. Íåõàé L ∈ Qn òà iñíóþòü p ∈ Z+, d ∈ (0; 1], η ∈ (0; d), ùî äëÿ áóäü-

ÿêîãî z0 ∈ Cn i äåÿêîãî R = (r1, . . . , rn) ç rj = rj(d, z
0) ∈ (η(d); d), j ∈ {1, 2, . . . , n}, òà

k0 = k0(d, z0) 6 p ìíîãî÷ëåí pk0 ¹ ãîëîâíèì ó ðÿäi (3) íà êiñòÿêó Tn(z0, R/L(z0)).
Òîäi öiëà ó Cn ôóíêöiÿ F ìà¹ îáìåæåíèé L-iíäåêñ çà ñóêóïíiñòþ çìiííèõ.
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Some criterion of boundedness of L-index in joint variables is generalized in
the case L(z) = (l1(z), . . . , ln(z)), z ∈ Cn. This proposition describes behaviour
of coe�cients of power series expansion on the skeleton of a polydisc. Replacing
the universal quanti�er by the existential quanti�er, we also prove new theorem
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We introduce periodic words that are connected with the k-Fibonacci
numbers and investigated their properties.

Key words: k-Fibonacci numbers, k-Fibonacci words.

1. Introduction. The Fibonacci numbers Fn are de�ned by the recurrence relation
Fn = Fn−1 + Fn−2, for all integer n > 1, and with initial values F0 = 0 and F1 = 1.
These numbers and their generalizations have interesting properties. Di�erent kinds of
the Fibonacci sequence and their properties have been presented in the literature, see,
e.g., [1, 2, 3]. In particular, the k-Fibonacci numbers are generalizations of the Fibonacci
numbers [4].

The k-Fibonacci numbers Fk,n de�ned for any integer number k > 1 by the
recurrence relation Fk,n = kFk,n−1+Fk,n−2, for all integer n > 1, and with initial values
Fk,0 = 0 and Fk,1 = 1, see [4, 5, 6]. These numbers have been studied in several papers,
see [7, 8, 9].

Many properties of k-Fibonacci numbers require the full ring structure of the
integers. However, generalizations to the ring Zm have been considered, see, e.g., [10].

In analogy to the de�nition of the Fibonacci numbers, one de�nes the Fibonacci
�nite words as the contatenation of the two previous terms fn = fn−1fn−2, n > 1, with
initial values f0 = 1 and f1 = 0 and de�nes the in�nite Fibonacci word f, f = lim fn
[11]. It is the archetype of a Sturmian word [12]. The properties of the Fibonacci in�nite
word have been studied extensively by many authors, see, e.g., [12, 13, 14, 15, 16, 17].

The k-Fibonacci words are de�ned as the contatenation of the previous terms fk,n =
fkk,n−1fk,n−2, n > 1, with initial values fk,0 = 0 and fk,1 = 0k−11 and one de�nes the

in�nite k-Fibonacci word f∗k , f
∗
k = lim fk,n [18]. It is the archetype of a Sturmian word

[12, 18].

2010 Mathematics Subject Classi�cation: 08A50, 11B39, 11B83
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Using k-Fibonacci words, in the present article we introduce new kind of the in�nite
word, namely k-FLP word, and investigate some of its properties.

For any notations not explicitly de�ned in this article we refer to [2, 10, 12, 18, 19].

2. k-Fibonacci sequence modulo m. The letter p is reserved to designate a
prime, m and k are arbitrary integers, m > 2, k > 1.

We reduce Fk,n modulom taking the least nonnegative residues. Let F ∗k,n(m) denote

the n-th member of the sequence of integers Fk,n ≡ kFk,n−1 + Fk,n−2 (mod m), 0 6
F ∗k,n(m) < m, for all integer n > 1, and with initial values Fk,0 = 0 and Fk,1 = 1

(F ∗k,0(m) = 0 and F ∗k,1(m) = 1).

For any �xed m and k the sequence F ∗k,n(m) is periodic. The Pisano period, written

πk(m), is the period for which the sequence F ∗k,n(m) of k-Fibonacci numbers modulo m

repeats [10].
The problem of determining the length of the period of the recurring sequence arose

in connection with methods for generating random numbers. A few properties of the
πk(m) are in the following theorem [10].

Theorem 1. In Zm the following hold:

1) Any k-Fibonacci sequence modulo m is periodic and period less than m2.
2) If m has prime factorization m =

∏n
i=1 p

ei
i , then πk(m) = lcm(πk(p

e1
1 ), . . . , πk(p

en
n )).

3) If m1|m2, then πk(m1)|πk(m2).
4) If k is an odd number, then πk(k

2 + 4) = 4(k2 + 4).
5) If k is an odd number, then πk(2) = 3 and if k is an even number, then πk(2) = 2.

3. k-Fibonacci words.

De�nition 1. The n-th �nite k-Fibonacci words are words over 0, 1 de�ned inductively
as follows

fk,0 = 0, fk,1 = 0k−11, fk,n = fkk,n−1fk,n−2, n > 1. (1)

The in�nite word f∗k is the limit f∗k = lim fk,n and is called the in�nite k-Fibonacci word.

For example, the successive initial �nite 3-Fibonacci words are:

f3,0 = 0, f3,1 = 001, f3,2 = 0010010010, f3,3 = 001001001000100100100010010010001, . . . ,

f∗3 = 001001001000100100100010010010001 . . . .

We denote as usual by |fk,n| the length (the number of symbols) of fk,n (see [12]).
The following proposition summarizes basic properties of k-Fibonacci words [18].

Theorem 2. The in�nite k-Fibonacci word and the �nite k-Fibonacci words satisfy the
following properties:

1) The word 11 is not a subword of the in�nite k-Fibonacci word.
2) For all n > 1 let ab be the last two symbols of fk,n, then we have ab = 10 if n is even

and ab = 01 if n is odd.
3) For all k, n |fk,n| = Fk,n+1.
4) The number of 1s in fk,n equals Fk,n.

4. Periodic k-FLP words. Let us start with the classical de�nition of periodicity
on words over arbitrary alphabet {a0, a1, a2, . . . } (see [19]).
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De�nition 2. Let w = a0a1a2 . . . be an in�nite word. We say that w is

1) a periodic word if there exists a positive integer t such that ai = ai+t for all i > 0.
The smallest t satisfying the previous condition is called the period of w;

2) an eventually periodic word if there exist two positive integers r, s such that ai = ai+s,
for all i > r;

3) an aperiodic word if it is not eventually periodic.

Theorem 3. For any k the in�nite k-Fibonacci word is aperiodic.

Proof. This statement is proved in [18]. �

We consider the �nite k-Fibonacci words fk,n (1) as numbers written in the binary
system and denote them by bk,n. Denote by dk,n the value of the number bk,n in usual
decimal numeration system. We write dk,n = bk,n meaning that bk,n and dk,n are writing
of the same number in di�erent numeration systems.

For example, for 3-Fibonacci words we obtain:

f3,0 = 0, f3,1 = 001, f3,2 = 0010010010, f3,3 = 001001001000100100100010010010001, . . . ,

b3,0 = 0, b3,1 = 1, b3,2 = 10010010, b3,3 = 1001001000100100100010010010001, . . . ,

d3,0 = 0, d3,1 = 1, d3,2 = 146, d3,3 = 1225933969, . . . .

Formally, fk,n, n > 0, coincide with the bk,n, taken with pre�x 0k−1: fk,n = 0k−1bk,n.

Theorem 4. For any �nite k-Fibonacci word fk,n in decimal numeration system we have

dk,n = dk,n−1

k−1∑
t=0

2tFk,n+Fk,n−1 + dk,n−2, n > 1,

with dk,0 = 0 and dk,1 = 1.

Proof. See [20] for a proof for FLP-words. The same argument applies to the k-FLP
words. �

Theorem 5. Let dk,n(p) = dk,n (mod p), 0 6 dk,n(p) < p. For any �xed k and p the
sequence dk,n(p) is periodic.

Proof. There are only a �nite number of dk,n(p) and 2Fk,n (mod p) possible, and the
recurrence of the �rst few terms sequence dk,n(p) and 2Fk,n (mod p) gives recurrence of
all subsequent terms. The statement follows from Theorem 4. �

Let T (k,m) denote the length of the period of the repeating sequence dk,n(m).

Theorem 6. For any p and k T (k + p(p− 1), p) = T (k, p).

Proof. This follows from the congruence k + p(p− 1) ≡ k (mod p), Euler's theorem and
Theorem 4. �

Let wk,0(m) = 0 and for arbitrary integer n, n > 1, let bk,n(m) be dk,n(m) in the
binary numeration system, wk,n(m) = wk,n−1(m)bk,n(m). Denote by wk(m) the limit
wk(m) = limn→∞ wk,n(m).

De�nition 3. We say that

1) wk,n(m) is a �nite FLP-word type 1 by modulo m;
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2) wk(m) is a in�nite FLP-word type 1 by modulo m.

Theorem 7. The in�nite FLP-word type 1 wk(p) is periodic.

Proof. The statement follows from Theorem 5. �

Using k-Fibonacci words we de�ne a periodic FLP-word vk(m) (in�nite FLP-word
type 2 by modulo m).

As usual, we denote by ε the empty word [12].
First we de�ne words tk,n(m). Let tk,n(m) be the last F ∗k,n+1(m) symbols of the

word fk,n. If F
∗
k,n+1(m) = 0 for some k, n, then tk,n(m) = ε. Since F ∗k,n(m) is a periodic

sequence, the sequence |tk,n(m)| is periodic with the same period.

Theorem 8. The word length |tk,n(m)| coincides with F ∗k,n+1(m).

Proof. This is clear by construction of tk,n(m).

Let vk,0(m) = 0 and for arbitrary integer n, n > 1, vk,n(m) = vk,n−1(m)tk,n(m).
Denote by vk(m) the limit vk(m) = limn→∞ vk,n(m).

De�nition 4. We say that

1) vk,n(m) is a �nite FLP-word of type 2 by modulo m;
2) vk(m) is an in�nite FLP-word of type 2 by modulo m.

Theorem 9. The in�nite FLP-word of type 2 vk(m) is a periodic word.

Proof. The proof is a direct corollary of Theorem 2 and Theorem 8. �

Acknowledgement. The authors thank Taras Banakh for fruitful discussions.
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Ðîçãëÿíóòî ìåðîìîðôíi ôóíêöi¨ ó ïðîêîëåíié ïëîùèíi C∗ := C \ {0}
ç ìàëîþ êiëüêiñòþ íóëiâ i ïîëþñiâ. Âèêîðèñòîâóþ÷è àíàëîãè ââåäåíèõ
Â. Ï. Ïåòðåíêî âåëè÷èí β(a, f), îòðèìó¹ìî îöiíêó íà β0(0, f), β0(∞, f) äëÿ
ìåðîìîðôíî¨ ó C∗ ôóíêöi¨ f ñêií÷åííîãî ïîðÿäêó ρ > 1.

Êëþ÷îâi ñëîâà: ìåðîìîðôíà ôóíêöiÿ, ïðîêîëåíà ïëîùèíà, õàðàêòå-
ðèñòèêà Íåâàíëiííè, äåôåêò, ìiíiìàëüíå âiäõèëåííÿ.

1. Âñòóï

Çíà÷íà êiëüêiñòü çàäà÷ òåîði¨ ðîçïîäiëó çíà÷åíü ïîòðåáó¹ âèâ÷åííÿ âëàñòèâî-
ñòåé ìåðîìîðôíèõ ôóíêöié ó íåîäíîçâ'ÿçíèõ i, çîêðåìà, äâîçâ'ÿçíèõ îáëàñòÿõ. Áàãà-
òî àâòîðiâ óçàãàëüíþâàëè òåîðiþ Íåâàíëiííè íà âèïàäîê äâîçâ'ÿçíèõ îáëàñòåé. Çà
òåîðåìîþ ïðî êîíôîðìíi âiäîáðàæåííÿ äâîçâ'ÿçíèõ îáëàñòåé êîæíà òàêà îáëàñòü
êîíôîðìíî åêâiâàëåíòíà äåÿêîìó êiëüöþ, àáî ïðîêîëåíié ïëîùèíi, ÿêó ìîæíà ââà-
æàòè óçàãàëüíåíèì êiëüöåì. Ìè çàñòîñîâó¹ìî àïàðàò îäíîãî ç íàéîñòàííiøèõ ïiäõî-
äiâ äî âèâ÷åííÿ ðîçïîäiëó çíà÷åíü ìåðîìîðôíèõ ó êiëüöi ôóíêöié, ÿêèé íàëåæèòü
À. Êîíäðàòþêó, À. Õðèñòiÿíèíó òà I. Ëàéíå [1], [2], [3].

Äëÿ âèâ÷åííÿ ãëèáøèõ àñèìïòîòè÷íèõ âëàñòèâîñòåé ìåðîìîðôíèõ ôóíêöié
Â.Ï. Ïåòðåíêîì ââiâ âåëè÷èíè β(a, f), ÿêi õàðàêòåðèçóþòü ìiíiìàëüíå âiäõèëåííÿ
ìåðîìîðôíî¨ ôóíêöi¨ f âiä çíà÷åííÿ a ∈ C ([4]). Öi âåëè÷èíè, ÿê âèÿâèëîñÿ, âîëîäi-
þòü áàãàòüìà âëàñòèâîñòÿìè àíàëîãi÷íèìè äî âëàñòèâîñòåé äåôåêòiâ ââåäåíèõ Ð. Íå-
âàíëiííîþ. Ïðèðîäíî ñôîðìóëüîâàíà çàäà÷à ðîçøèðåííÿ öi¹¨ òåîði¨ òà ïåðåíåñåííÿ
¨¨ ðåçóëüòàòiâ íà âèïàäîê äâîçâ'ÿçíèõ îáëàñòåé. Âèêîðèñòîâóþ÷è àíàëîãè β0(a, f)
ââåäåíèõ Â.Ï. Ïåòðåíêîì âåëè÷èí, îòðèìó¹ìî îöiíêè íà β0(0, f), β0(∞, f) äëÿ ìå-
ðîìîðôíî¨ ó C∗ := C \ {0} ôóíêöi¨ ñêií÷åííîãî ïîðÿäêó ρ > 1. Äîñëiäæåíî âïëèâ
êiëüêîñòi íóëiâ i ïîëþñiâ ôóíêöi¨ f íà çðîñòàííÿ âåëè÷èí ln+M(r, f), ln+M(r, 1f )

2010 Mathematics Subject Classi�cation: 30D35
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ïðè r → 0 òà r → +∞. Îñêiëüêè öi ðåçóëüòàòè ¹ ïåðåíåñåííÿì âiäïîâiäíèõ ðåçóëüòà-
òiâ Ïåòðåíêà íà âèïàäîê ìåðîìîðôíèõ â C∗ ôóíêöié, òî ìè çàãàëîì âèêîðèñòîâó¹ìî
iäåþ äîâåäåííÿ Ïåòðåíêà ç [4] äëÿ âñi¹¨ êîìïëåêñíî¨ ïëîùèíè C, ìîäèôiêóþ÷è òà
äîïîâíþþ÷è öå äîâåäåííÿ äëÿ âèïàäêó C∗.

2. Îçíà÷åííÿ òà ïîçíà÷åííÿ

Íåõàé f � ìåðîìîðôíà ôóíêöiÿ ó ïðîêîëåíié ïëîùèíi C∗ := C \ {0}. Ïðè-
ïóñòèìî, ùî f(z) 6= 0 íà îäèíè÷íîìó êîëi. Ïîçíà÷àòèìåìî ÷åðåç n10(r, f), n

2
0(r, f)

êiëüêiñòü ïîëþñiâ ôóíêöi¨ f , âiäïîâiäíî, â {z : 1 < |z| 6 r} òà {z : 1
r 6 |z| < 1},

r > 1 ç âðàõóâàííÿì ¨õ êðàòíîñòi. Ââàæàòèìåìî ïðè öüîìó ni0(1, f) = 0, i = 1, 2.
Íåõàé n0(r, f) = n10(r, f) + n20(r, f) ïðè r > 1. Êðiì òîãî, âæèâàòèìåìî ïîçíà÷åííÿ
n0(r, f, 1/f) := n0(r, f) + n0(r,

1
f ) ïðè r > 1. Àíàëîãi÷íî ðîçóìiþòüñÿ ïîçíà÷åííÿ

ni0(r, f, 1/f), i = 1, 2.

Îçíà÷åííÿ 1 ([1],[3]). N i
0(r, f) =

r∫
1

ni0(t, f)

t
dt, i = 1, 2, N0(r, f) =

r∫
1

n0(t, f)

t
dt.

Ïîçíà÷èìî òàêîæ N0(r, f, 1/f) = N0(r, f) +N0(r,
1
f ), r > 1.

Õàðàêòåðèñòèêà T0(r, f) òèïó Íåâàíëiííè äëÿ ôóíêöié f, ìåðîìîðôíèõ ó êiëüöi
{z : 1

R0
< |z| < R0}, äå 1 < R0 ≤ +∞ áóëà ââåäåíà ó [1].

Îçíà÷åííÿ 2 ([1],[3]). T0(r, f) = m0(r, f) +N0(r, f), r > 1, äå

m0(r, f) = m(r, f) +m

(
1

r
, f

)
− 2m(1, f),

m(t, f) =
1

2π

2π∫
0

ln+ |f(teiθ)| dθ, 1

R0
< t < R0.

×åðåç E(z, p) ïîçíà÷àòèìåìî êàíîíi÷íèé ìíîæíèê Âåé¹ðøòðàññà ðîäó p, òîáòî
öiëó ôóíêöiþ, ÿêà âèçíà÷à¹òüñÿ òàê:

E(z, 0) = 1− z, E(z, p) = (1− z) exp
{
z +

z2

2
+ . . .+

zp

p

}
, p ∈ N.

Îçíà÷åííÿ 3 ([3]). Íåõàé {aj} i {bj} ïîñëiäîâíîñòi íóëiâ i ïîëþñiâ ôóíêöi¨ f âiä-
ïîâiäíî. Ïîçíà÷èìî

zj =

{
aj , ÿêùî |aj | > 1,
1
aj
, ÿêùî |aj | < 1.

wj =

{
bj , ÿêùî |bj | > 1,
1
bj
, ÿêùî |bj | < 1.

(1)

Ðiä ïîñëiäîâíîñòi {zj} âèçíà÷à¹òüñÿ ÿê íàéìåíøå íåâiä'¹ìíå öiëå p òàêå, ùî∑
zj

|zj |−p−1 < +∞.
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Îçíà÷åííÿ 4 ([3]). Ïîðÿäêîì ρ = ρ[f ] ìåðîìîðôíî¨ ôóíêöi¨ f â C∗ íàçèâà¹òüñÿ
ïîðÿäîê çðîñòàííÿ ¨¨ õàðàêòåðèñòè÷íî¨ ôóíêöi¨ T0(r, f), òîáòî

ρ[f ] = lim
r→+∞

log T0(r, f)

log r
.

Îçíà÷åííÿ 5 ([5], [6]). Ôóíêöiÿ ρ(r), çàäàíà íà [1,∞), íàçèâà¹òüñÿ óòî÷íåíèì

ïîðÿäêîì, ÿêùî: 1) ρ(r) > 0; 2) lim
r→+∞

ρ(r) = ρ, 0 6 ρ < ∞; 3) ρ(r) � íåïåðåðâíî-

äèôåðåíöiéîâíà íà [1,+∞); 4) lim
r→+∞

rρ′(r) ln r = 0.

Îçíà÷åííÿ 6 ([5], [6]). Óòî÷íåíèé ïîðÿäîê ôóíêöi¨ ρ(r) íàçèâà¹òüñÿ óòî÷íåíèì

ïîðÿäêîì ôóíêöi¨ α(r), ÿêùî iñíó¹ σ(α), 0<σ[α]<+∞ òàêå, ùî σ[α] = lim
r→+∞

α(r)
rρ(r)

.

Óòî÷íåíèì ïîðÿäêîì ìåðîìîðôíî¨ â C∗ ôóíêöi¨ f íàçèâàòèìåìî óòî÷íåíèé
ïîðÿäîê ¨¨ õàðàêòåðèñòèêè T0(r, f).

Îçíà÷åííÿ 7. Íåõàé f ìåðîìîðôíà ôóíêöiÿ â C∗ = C \ {0}. Ïîçíà÷èìî

κ0(f) = lim
r→+∞

N0(r, f) +N0(r, 1/f)

T0(r, f)
= lim
r→+∞

N0(r, f, 1/f)

T0(r, f)
,

òà

β0(a, f) = lim
r→+∞

ln+M(r, a, f) + ln+M( 1r , a, f)

T0(r, f)
, a ∈ C,

äå

M(r, a, f) = max
|z|=r

1

|f(z)− a|
ïðè a ∈ C, M(t,∞, f) = max

|z|=t
|f(z)|.

Âåëè÷èíè β0(a, f) ¹ àíàëîãàìè õàðàêòåðèñòèê ìiíiìàëüíîãî âiäõèëåííÿ ôóí-
êöi¨ f âiä çíà÷åííÿ a, ââåäåíèõ Â.Ï. Ïåòðåíêîì ([4]).

Îçíà÷åííÿ 8 ([3], [2]). Íåõàé f - ìåðîìîðôíà ôóíêöiÿ â C∗. Ïîçíà÷èìî

δ0(a, f) = lim
r→+∞

m0(r,
1

f−a )

T0(r, f)
ïðè a ∈ C, δ0(∞, f) = lim

r→+∞

m0(r, f)

T0(r, f)
.

Âåëè÷èíà δ0(a, f) íàçèâà¹òüñÿ äåôåêòîì ôóíêöi¨ f äëÿ çíà÷åííÿ a.

Äîìîâèìîñÿ íàäàëi ïîçíà÷àòè ñòàëi, ÿêi çàëåæàòü âiä ôóíêöi¨ f ëiòåðîþ C ç
iíäåêñàìè çíèçó, à ñòàëi, ÿêi íå çàëåæàòü âiä f ëiòåðîþ K, ç iíäåêñàìè çíèçó.

3. Îñíîâíi ðåçóëüòàòè

Òåîðåìà 1. Íåõàé f(z) ìåðîìîðôíà â C∗ ôóíêöiÿ ñêií÷åííîãî ïîðÿäêó ρ > 1. Òîäi
äëÿ a = 0, ∞ ïðàâèëüíà îöiíêà

β0(a, f) 6 π + κ0(f)K(1 + ρ) log(1 + ρ), (2)

äå K � äåÿêà ñòàëà.
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Çàóâàæèìî, ùî ñòàëó π â òåîðåìi íå ìîæíà çìåíøèòè. Äîñòàòíüî ðîç-
ãëÿíóòè ôóíêöiþ f(z) = exp(zp + 1

zp ), p ∈ N. Ñïðàâäi, îñêiëüêè |f(reiθ)| =

exp {(rp + 1
rp ) cos pθ}, òî M(r,∞, f) = M( 1r ,∞, f) = exp (rp + 1

rp ). Òîìó m(r, f) =

m( 1r , f) =
1
π (r

p + 1
rp ), m(1, f) = 2

π . À îòæå m0(r, f) =
2
π (r

p + 1
rp − 2). Î÷åâèäíî, ùî

N0(r, f) = 0. Çâiäñè

β0(∞, f) = lim
r→∞

log+M(r,∞, f) + log+M( 1r ,∞, f)
T0(r, f)

= lim
r→∞

rp +
1

rp
+ rp +

1

rp
2

π
(rp +

1

rp
− 2)

= π.

Àíàëîãi÷íî β0(0, f) = π. Âàðòî çàóâàæèòè, ùîM(r, 0, f) =M( 1r , 0, f) = exp (rp + 1
rp ),

à òàêîæ âèêîðèñòàòè âëàñòèâiñòü õàðàêòåðèñòèêè T0(r, f) = T0(r,
1
f ).

Òåîðåìà 2. Íåõàé f � ãîëîìîðôíà â C∗ ôóíêöiÿ ñêií÷åííîãî ïîðÿäêó ρ > 1. ßêùî∑
a
δ0(a, f) = 2, òî β0(∞, f) 6 π.

4. Äîïîìiæíi ðåçóëüòàòè

Òåîðåìà 3 ([3]). Íåõàé f � ìåðîìîðôíà ôóíêöiÿ â C∗, ÿêà ìà¹ ñêií÷åííèé ïîðÿäîê,
íåõàé {aj} i {bj} � ïîñëiäîâíîñòi ¨¨ íóëiâ òà ïîëþñiâ âiäïîâiäíî, i íåõàé p � ðiä
ïîñëiäîâíîñòi {zj}, q � ðiä ïîñëiäîâíîñòi {wj}, ùî âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì
(1). Òîäi

f(z) = zmez
−νP (z)

∏
|aj |61

E(
aj
z , p)

∏
|aj |>1

E( zaj , p)∏
|bj |61

E(
bj
z , q)

∏
|bj |>1

E( zbj , q)
, (3)

äå m ∈ Z, ν ∈ Z+, P (z) � ïîëiíîì, degP (z) = 2ν, i ν 6 ρ.

Ëåìà 1. Ìåðîìîðôíà â C∗ ôóíêöiÿ

f(z) = zmeα0z
p+Pp−1(z)

∏
|aj |61

E(
aj
z , p)

∏
|aj |>1

E( zaj , p)∏
|bj |61

E(
bj
z , p)

∏
|bj |>1

E( zbj , p)
(4)

ñêií÷åííîãî ïîðÿäêó ρ (p = [ρ]) çàäîâîëüíÿ¹ ðiâíiñòü

log |f(z)| = m log |z|+Re {G1(R)z
p +G2(R)z

−p} +

+ log

∣∣∣∣∣∣∣
∏

1<|ak|<R
(1− z

ak
)∏

1<|bk|<R
(1− z

bk
)

∣∣∣∣∣∣∣+ log

∣∣∣∣∣∣∣∣
∏

1
R<|ak|61

(1− ak
z )∏

1
R<|bk|61

(1− bk
z )

∣∣∣∣∣∣∣∣+H(z),
(5)

äå 0 < 1
R < |z| = r < R < +∞, Pp−1(z) � ïîëiíîì íå âèùå p−1 ñòåïåíÿ, E(u, p) �

êàíîíi÷íèé ìíîæíèê Âåé¹ðøòðàññà ðîäó p, à

G1(R) = α0 +
1

p

 ∑
1<|ak|<R

1

apk
−

∑
1<|bk|<R

1

bpk

 , (6)
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G2(R) =
1

p

 ∑
1
R<|ak|61

apk −
∑

1
R<|bk|61

bpk

 . (7)

Ïðè÷îìó H : C∗ → R i

|H(z)| 6
p−1∑
k=1

(
1

R

)k
(rk +

1

rk
)

n0(R, f,
1
f )

k
+N0(R, f,

1

f
)+kRk

R∫
1

N0(t, f,
1
f )

tk+1
dt

+

+

∞∑
l=p+1

(
1

R

)l
(rl +

1

rl
) lRl

∞∫
R

N0(t, f, 1/f)

tl+1
dt+ C1r

p−1.

(8)

Äîâåäåííÿ. Ñïiââiäíîøåííÿ (5) îäåðæó¹òüñÿ ç (4), ÿêùî âðàõóâàòè, ùî H(z) =
H1(z) +H2(z), äå

H1(z) =
∑

1<|ak|<R

Re

{
z

ak
+

1

2

(
z

ak

)2

+ . . .+
1

p− 1

(
z

ak

)p−1}
−

−
∑

1<|bl|<R

Re

{
z

bl
+

1

2

(
z

bl

)2

+ . . .+
1

p− 1

(
z

bl

)p−1}
+

+
∑
|ak|>R

log |E(
z

ak
, p)| −

∑
|bl|>R

log |E(
z

bl
, p)|+RePp−1(z),

(9)

à

H2(z) =
∑

1
R<|ak|61

Re

{
ak
z

+
1

2

(ak
z

)2
+ . . .+

1

p− 1

(ak
z

)p−1}
−

−
∑

1
R<|bl|61

Re

{
bl
z
+

1

2

(
bl
z

)2

+ . . .+
1

p− 1

(
bl
z

)p−1}
+

+
∑
|ak|6 1

R

log |E(
ak
z
, p)| −

∑
|bl|6 1

R

log |E(
bl
z
, p)|.

(10)

Âèêîðèñòîâóþ÷è íåðiâíiñòü | log |E(u, p)|| 6
∞∑

l=p+1

|u|l
l , ÿêà ïðàâèëüíà ïðè |u| <

1, p > 1, ç (9) òà (10) îòðèìó¹ìî

|H1(z)| 6
p−1∑
k=1

rk

k

R∫
1

dn10(t, f, 1/f)

tk
+

∞∑
l=p+1

rl

l

∞∫
R

dn10(t, f, 1/f)

tl
+ C1r

p−1,

|H2(z)| 6
p−1∑
k=1

1

rkk

R∫
1

dn20(t, f, 1/f)

tk
+

∞∑
l=p+1

1

rll

∞∫
R

dn20(t, f, 1/f)

tl
.
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Òîáòî,

|H(z)|6
p−1∑
k=1

1
k (r

k+ 1
rk
)

R∫
1

dn0(t, f, 1/f)

tk
+

∞∑
l=p+1

1
l (r

l+ 1
rl
)

∞∫
R

dn0(t, f, 1/f)

tl
+C1r

p−1. (11)

Äâi÷i iíòåãðóþ÷è ÷àñòèíàìè ó ïåðøîìó iíòåãðàëi ç (11), ìà¹ìî

R∫
1

dn0(t, f, 1/f)

tk
=
n0(R, f, 1/f)

Rk
+ k

R∫
1

dN0(t, f, 1/f)

tk
=

=
n0(R, f, 1/f)

Rk
+ k

N0(R, f, 1/f)

Rk
+ k

R∫
1

N0(t, f, 1/f)

tk+1
dt

 .

Äëÿ îöiíêè äðóãîãî iíòåãðàëà ç (11) çíîâó äâi÷i çàñòîñîâó¹ìî iíòåãðóâàííÿ ÷àñòèíà-
ìè

∞∫
R

dn0(t, f, 1/f)

tl
= −n0(R, f, 1/f)

Rl
+ l

∞∫
R

dN0(t, f, 1/f)

tl
=

= −n0(R, f, 1/f)
Rl

− lN0(R, f, 1/f)

Rl
+ l2

∞∫
R

N0(t, f, 1/f)

tl+1
dt 6 l2

∞∫
R

N0(t, f, 1/f)

tl+1
dt.

Ç îòðèìàíèõ îöiíîê áåçïîñåðåäíüî âèïëèâà¹ (8). �

Ëåìà 2. Íåõàé f � ìåðoìîðôíà â C∗ ôóíêöiÿ ïîðÿäêó ρ > 1, ρ(r) ¨¨ óòî÷íåíèé
ïîðÿäîê. Òîäi ïðè y > y0 > r0 > 1 ïðàâèëüíà íåðiâíiñòü

y∫
y0

r−ρ(r)−1

{ q
q−1 r∫
1

log+
1

|1− rt |
dn0(t, f, 1/f)+

q
q−1 r∫
1

log+
1

|1− 1
rt |
dn0(t, f, 1/f)

}
dr 6

6 K1(1 + ρ) log(1 + ρ)

y∫
y0

r−ρ(r)−1N0(r, f, 1/f)dr + C2,

(12)

äå q = max{2, ρ}.

Äîâåäåííÿ. Íåõàé I � öå iíòåãðàë ó ëiâié ÷àñòèíi íåðiâíîñòi (12). Âií ¹ ñóìîþ äâîõ
iíòåãðàëiâ. Ïîçíà÷èìî ¨õ, âiäïîâiäíî, I1 òà I2. Îöiíêó âèãëÿäó (12) äëÿ I1 îòðèìó¹-
ìî àíàëîãi÷íèì ñïîñîáîì äî êëàñè÷íîãî âèïàäêó, ðîçãëÿíóòîãî Â.Ï. Ïåòðåíêîì [4,
Ëåìà 7.3]. Âàðòî ëèøå çìiíèòè ïîçíà÷åííÿ n(r) íà n0(r, f, 1/f).

Ðîçãëÿíåìî òåïåð iíòåãðàë I2

I2 =

y∫
y0

r−ρ(r)−1

{ q
q−1 r∫
1

log+
1

|1− 1
rt |
dn0(t, f, 1/f)

}
dr.
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Äëÿ r > 1, t > 1 ïðè
r

t
6 1, âèêîíó¹òüñÿ∣∣∣1− r

t

∣∣∣ = 1− r

t
6 1− 1

t
6 1− 1

rt
=

∣∣∣∣1− 1

rt

∣∣∣∣ .
Òîáòî ïðè r > 1, t > 1, rt 6 1 âèêîíó¹òüñÿ íåðiâíiñòü

log+
1

|1− r
t |
> log+

1

|1− 1
rt |
.

Ó âèïàäêó, êîëè âæå îòðèìàíî îöiíêó (12) äëÿ iíòåãðàëà I1, ç îãëÿäó íà íåâiä'¹ì-
íiñòü ïiäiíòåãðàëüíèõ âèðàçiâ, äîñòàòíüî ðîçãëÿíóòè ëèøå òó ÷àñòèíó ìíîæèíè ïî
ÿêié áåðåòüñÿ iíòåãðàë I2, ÿêà ïîòðàïëÿ¹ äî ìíîæèíè {(r, t) : r > 1, t > 1, rt > 1}.

Ðîçãëÿíåìî ñïî÷àòêó iíòåãðàë I2(t) =

y∫
y0

log+ 1
|1− 1

rt |

rρ(r)+1
dr. Ïåðåéäåìî äî íîâî¨ çìií-

íî¨ τ , ÿêà ïîâ'ÿçàíà ç r òàêèì ñïiââiäíîøåííÿì 1 − 1

rt
=
τ

q
. Âèêîðèñòîâóþ÷è âëàñ-

òèâiñòü óòî÷íåíîãî ïîðÿäêó ρ(r) [4], ìàòèìåìî

I2(t) =

y∫
y0

log+ 1
|1− 1

rt |

rρ(r)+1
dr =

y∫
y0

log 1
1− 1

rt

rρ(r)+1
dr =

1 + o(1)

qtρ

τ2∫
τ1

log q
τ(

1− τ
q

)−ρ+1 dτ, t→ +∞,

äå τ1 = q(1− 1
y0t

), τ2 = q(1− 1
yt ).

Â îñòàííüîìó iíòåãðàëi çðîáèìî ùå îäíó çàìiíó u =
q

τ

I2(t) =
1 + o(1)

qtρ

u2∫
u1

log u(
1− 1

u

)−ρ+1

(−q) du
u2

=
1 + o(1)

tρ

u1∫
u2

log u du

(u− 1)−ρ+1uρ+1
, t→ +∞,

äå u1 = (1− 1
y0t

)−1, u2 = (1− 1
yt )
−1.

Ïðè t > 1 îäåðæó¹ìî

1

y0t
6

1

y0
=⇒ 1− 1

y0t
> 1− 1

y0
=⇒ 1

1− 1
y0t

6
1

1− 1
y0

.

Îñêiëüêè y0t > y0 > 1, òî 1
1− 1

y0t

> 1. Àíàëîãi÷íî ïðè y > y0 > 1 i t > 1

1 <
1

1− 1
yt

6
1

1− 1
y

,
1

1− 1
yt

6
1

1− 1
y0t

.

Çâiäñè

1 <
1

1− 1
yt

6
1

1− 1
y0t

6
1

1− 1
y0

.

Òîáòî, 1 < u2 6 u1 6 (1− 1
y 0
)−1, à îòæå,

0 6

u1∫
u2

log u

(u− 1)−ρ+1uρ+1
du <

∞∫
1

log u

(u− 1)−ρ+1uρ+1
du. (13)
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Ïðè u→ +∞ :
log u

(u− 1)−ρ+1uρ+1
∼ log u

u2
. ßêùî æ u→ 1 + 0, òî

log u

(u− 1)−ρ+1uρ+1
∼ u− 1

(u− 1)−ρ+1
= (u− 1)ρ.

Îòæå, îñòàííié iíòåãðàë ó (13) ¹ çáiæíèì, òîìó

I2(t) =
1 + o(1)

tρ

u1∫
u2

log u

(u− 1)−ρ+1uρ+1
du <

C3

tρ(t)
, t→ +∞.

Ïîâåðòàþ÷èñü äî iíòåãðàëà I2, ïðèãàäóþ÷è, ùî íàì äîñòàòíüî îöiíèòè ëèøå éîãî
÷àñòèíó, i âèêîðèñòîâóþ÷è òîé ôàêò, ùî ρ(r) ¹ óòî÷íåíèì ïîðÿäêîì ôóíêöi¨ f (òîáòî
¨¨ õàðàêòåðèñòèêè T0(r, f)), îòðèìó¹ìî

y∫
y0

r−ρ(r)−1


r∫

1

log+
1

|1− 1
rt |
dn0(t, f,

1

f
)

 dr 6

6

y∫
y0

r−ρ(r)−1


y∫

1

log+
1

|1− 1
rt |
dn0(t, f,

1

f
)

 dr =

=

y∫
1


y∫

y0

log+ 1
|1− 1

rt |

rρ(r)+1
dr

 dn0(t, f,
1

f
) =

y∫
1

I2(t) dn0(t, f,
1

f
) =

6 Iy2n0(y, f,
1

f
) 6 C3

n0(y, f,
1
f )

yρ(y)
6 C3

N0(2y, f,
1
f )

yρ(y)
log 2 6 C4.

Öå çàâåðøó¹ äîâåäåííÿ. �

Òåîðåìà 4 ([3], [2]). Íåõàé f � âiäìiííà âiä ñòàëî¨ ìåðîìîðôíà ôóíêöiÿ â C∗ i
a1, a2, . . . , aq � ðiçíi êîìïëåêñíi ÷èñëà (q > 2). Òîäi

m0(r, f) +

q∑
ν=1

m0(r,
1

f − aν
) 6 2T0(r, f)− N̂0(r, f) + S(r, f), r > 1, (14)

äå

N̂0(r, f) = N0(r,
1

f ′
) + 2N0(r, f)−N0(r, f

′)

i

S(r, f) = m0(r,
f ′

f
) +

q∑
ν=1

m0(r,
f ′

f − aν
) +O(1), r → +∞.

Ëåìà 3 ([3]). ßêùî R - ðàöiîíàëüíà ôóíêöiÿ, degR = q, i f ìåðîìîðôíà â C∗, òî

T0(r,R ◦ f) = qT0(r, f) +O(1), r → +∞.

Ëåìà 4. ßêùî g � ãîëîìîðôíà â C∗ ôóíêöiÿ ñêií÷åííîãî ïîðÿäêó ρ, äëÿ ÿêî¨∑
a
δ0(a, g) = 2, òî δ0(0, g

′) = 1.
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Äîâåäåííÿ. Íåõàé H(z) = h(g(z)), äå h(ω) =

q∑
ν=1

1

ω − aν
. Çà Ëåìîþ 3

m0(r,H) = T0(r,H)−N0(r,H) = qT0(r, f)−
q∑

ν=1

N0(r, aν , g) +O(1) =

=

q∑
ν=1

m0(r, aν , g) +O(1), r → +∞.
(15)

Âðàõîâóþ÷è îçíà÷åííÿ ôóíêöi¨ m0(r, f) òà Òåîðåìó 4, ìîæíà çàïèñàòè

m0(r,H) 6 m0(r,
1

g′
) +m0(r, g

′H) 6

6 m0(r,
1

g′
) +

q∑
ν=1

m0(r,
g′

g − aν
) + log q = m0(r,

1

g′
) + S(r, g),

(16)

äå S(r) = O(log r) ïðè r → +∞. Ç (15) òà (16) îòðèìó¹ìî

q∑
ν=1

m0(r, aν)− S(r, g) 6 m0(r,
1

g′
). (17)

Êðiì òîãî,

T0(r, g
′) = m0(r, g

′) 6 m0(r, g)+m0(r,
g′

g
)+O(1) 6 T0(r, g)+O(log r), r → +∞. (18)

Ïîäiëèìî (17) íà T0(r, g) òà ñïðÿìó¹ìî r → +∞

q∑
ν=1

δ0(aν , g) 6 lim
r→+∞

m0(r,
1
g′ )

T0(r, g′)
lim

r→+∞

T0(r, g
′)

T0(r, g)
. (19)

Ç îãëÿäó íà (18)

T0(r, g
′)

T0(r, g)
6
T0(r, g) +O(log r)

T0(r, g)
.

Çâiäñè

lim
r→+∞

T0(r, g
′)

T0(r, g)
6 1. (20)

Òîìó (19) íàáóäå âèãëÿäó ∑
a6=∞

δ0(a, g) 6 δ0(0, g
′). (21)

Çà óìîâîþ ëåìè
∑
a
δ0(a, g) = 2. Îñêiëüêè g ¹ ãîëîìîðôíîþ â C∗, òî

∑
a6=∞

δ0(a, g) = 1.

Îòæå, ç (21) îòðèìó¹ìî δ0(0, g
′) = 1. �
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5. Äîâåäåííÿ Òåîðåìè 1

Íåõàé Gi(R) � ôóíêöi¨ ç Ëåìè 1. Äëÿ ôiêñîâàíîãî R > 1 ïîçíà÷èìî ÷åðåç ωi(R)
àðãóìåíò Gi(R), i = 1, 2. Ðîçãëÿíåìî ôóíêöiþ

hR(z) = exp{m log z +G1(R)z
p +G2(R)z

−p}. (22)

Âðàõîâóþ÷è, ùî

|hR(reiθ)| = exp {m log r +G1(R)r
p cos(pθ + ω1(R)) +G2(R)r

−p cos(pθ − ω2(R))},

|hR( 1r e
iθ)| = exp {−m log r +G1(R)r

−p cos(pθ − ω1(R)) +G2(R)r
p cos(pθ + ω2(R))},

|hR(eiθ)| = exp {G1(R) cos(pθ + ω1(R)) +G2(R) cos(pθ − ω2(R))}
ìàòèìåìî

m0(r, hR) = m(r, hR) +m( 1r , hR)− 2m(1, hR) =

=
|G1(R)|

π
rp +

|G2(R)|
π

r−p +
|G1(R)|

π
r−p +

|G2(R)|
π

rp − 2

π
(|G1(R)|+ |G2(R)|) =

=
|G2(R)|+ |G2(R)|

π
(rp + r−p − 2). (23)

Çàïèøåìî äîïîìiæíi ðiâíîñòi òà íåðiâíîñòi, ÿêi íàì çíàäîáëÿòüñÿ â ïðîöåñi
äîâåäåííÿ.
1) πm0(r, hR)+2(|G1(R)|+ |G2(R)|) = (|G1(R)|+ |G2(R)|)(rp+r−p) (âèïëèâà¹ ç (23));
2)

∑
1<|ak|6R

log |1− reiθ

ak
| =

∑
1<|ak|6R

log | re
iθ

ak
|+

∑
1<|ak|6R

log | ak
reiθ
− 1| 6

∑
1<|ak|6R

log r
|ak|+

+
∑

1<|ak|6R
log(1 + |ak|r ) 6

∑
1<|ak|6R

log r
|ak| + n10(R,

1
f ) log(1 +

R
r );

3)
∑

1
R<|ak|61

log
∣∣1− akr

eiθ

∣∣ =
∑

1
R<|ak|61

(
log
∣∣akr
eiθ

∣∣+ log
∣∣∣ eiθakr − 1

∣∣∣) 6 ∑
1
R<|ak|61

log(r|ak|)+

+n20(R,
1
f ) log(1 +

R
r );

4)
∑

1<|ak|6R
log |1− eiθ

rak
| 6 n10(R, 1f ) log(1 +

1
r ) 6 n

1
0(R,

1
f );

5)
∑

1
R<|ak|61

log |1− ak
reiθ
| 6 n20(R, 1f ) log(1 +

1
r ) 6 n

2
0(R,

1
f ).

6)
∑

1
R<|ak|61

log(r|ak|) = −
1∫
1
R

log(rt) dn20(
1
t , f) = −n20( 1t , f) log(rt)

∣∣∣∣1
1
R

+
1∫
1
R

n20(
1
t , f)

dt
t =

= n20(R, f) log
r
R +N2

0 (R, f) 6 N
2
0 (R, f).

7)
∑

1<|ak|6R
log r
|ak| =

R∫
1

log r
t dn

1
0(t, f) = n10(r, f) log

r
t

∣∣∣∣R
1

+
R∫
1

n10(t, f)
dt
t = log r

Rn
1
0(R, f)+

+N1
0 (R, f) 6 N

1
0 (R, f).

8) |G1(R)| 6 |α0| + N1
0 (R, f) + N1

0 (R,
1
f ), |G2(R)| 6 N2

0 (R, f) + N2
0 (R,

1
f ) (âèïëè-

âà¹ ç (6), (7)).

Ïîçíà÷èìî z = reiθ, z̃ = 1
r e
iθ. Çàóâàæèìî, ùî ÿê äëÿ z òàê i äëÿ z̃ ïðàâèëü-

íà îöiíêà (8) ç Ëåìè 1, à òàêîæ log |z̃| = − log |z|. Âðàõîâóþ÷è (23), (5), à òàêîæ
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äîïîìiæíi ðiâíîñòi òà íåðiâíîñòi 1) � 8), îòðèìó¹ìî:

log |f(reiϕ)|+log |f(1
r
eiϕ)| 6 m log |z|+ |G1(R)|rp+ |G2(R)|r−p+

∑
16|ak|<R

log |1− z

ak
|+

+
∑

16|bk|<R

log

∣∣∣∣∣ 1

1− z
bk

∣∣∣∣∣+ ∑
1
R<|ak|<1

log
∣∣∣1− ak

z

∣∣∣+ ∑
1
R<|bk|<1

log

∣∣∣∣∣ 1

1− bk
z

∣∣∣∣∣+ |H(z)|+

+m log |z̃|+ |G1(R)|r−p + |G2(R)|rp +
∑

16|ak|<R

log |1− z̃

ak
|+

∑
16|bk|<R

log

∣∣∣∣∣ 1

1− z̃
bk

∣∣∣∣∣+
+

∑
1
R<|ak|<1

log
∣∣∣1− ak

z̃

∣∣∣+ ∑
1
R<|bk|<1

log

∣∣∣∣∣ 1

1− bk
z̃

∣∣∣∣∣+ |H(z̃)| 6

6 (|G1(R)|+ |G2(R)|)(rp + r−p)
2)
+

∑
16|ak|<R

log
r

|ak|
+ n0(R,

1

f
) log(1 +

R

r
)+

+
∑

16|bk|<R

log+

∣∣∣∣∣ 1

1− r
|bk|

∣∣∣∣∣ 5)
+ n20(R,

1

f
) +

∑
1
R<|bk|<1

log+

∣∣∣∣∣ 1

1− |bk|r

∣∣∣∣∣+
4)
+ n10(R,

1

f
) +

∑
16|bk|<R

log+

∣∣∣∣∣ 1

1− 1
r|bk|

∣∣∣∣∣ 3)
+

∑
1
R<|ak|<1

log r|ak|+ n20(R,
1

f
) log(

R

r
+ 1)+

+
∑

1
R<|bk|<1

log+
∣∣∣∣ 1

1− r|bk|

∣∣∣∣+ |H(z)|+ |H(z̃)|
1), 8)

6 πm0(r, hR)+2(N0(R, f)+N0(R,
1

f
))+

+2|α0|+ n0(R,
1

f
) log(1 +

R

r
) + n0(R,

1

f
)
6)+7)
+ N0(R, f) + |H(z)|+ |H(z̃)|+

+
∑

16|bk|<R

log+

∣∣∣∣∣ 1

1− r
|bk|

∣∣∣∣∣+ ∑
1
R<|bk|<1

log+

∣∣∣∣∣ 1

1− |bk|r

∣∣∣∣∣+
+

∑
16|bk|<R

log+

∣∣∣∣∣ 1

1− 1
r|bk|

∣∣∣∣∣+ ∑
1
R<|bk|<1

log+
∣∣∣∣ 1

1− r|bk|

∣∣∣∣ . (24)

Àëå

log

∣∣∣∣ f(z)hR(z)

∣∣∣∣ = H(z) +
∑

16|ak|<R

log |1− z

ak
|+

∑
16|bk|<R

log

∣∣∣∣∣ 1

1− z
bk

∣∣∣∣∣+
+

∑
1
R<|ak|<1

log
∣∣∣1− ak

z

∣∣∣+ ∑
1
R<|bk|<1

log

∣∣∣∣∣ 1

1− bk
z

∣∣∣∣∣ .
(25)

Ïîçíà÷èâøè {ck} = {ak} ∪ {bk} òà âèêîðèñòàâøè (25), îòðèìó¹ìî

m0(r,
hR
f

)6m(r,
hR
f

)+m(
1

r
,
hR
f

)6
1

2π

2π∫
0

∣∣∣∣log ∣∣∣∣ f(reiθ)hR(reiθ)

∣∣∣∣∣∣∣∣ dθ+ 1

2π

2π∫
0

∣∣∣∣∣log
∣∣∣∣∣ f( 1r eiθ)hR(

1
r e
iθ)

∣∣∣∣∣
∣∣∣∣∣ dθ (25)

6
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6
∑

16|ck|<R

1

2π

2π∫
0

∣∣∣∣log ∣∣∣∣1− r

|ck|
eiθ
∣∣∣∣∣∣∣∣ dθ + ∑

1
R<|ck|<1

1

2π

2π∫
0

∣∣∣∣log ∣∣∣∣1− |ck|r eiθ
∣∣∣∣∣∣∣∣ dθ+

+max
|z|=r

|H(z)|+ max
|z|= 1

r

|H(z)|. (26)

Ìà¹ìî
r
|ck|∫
0

dt

|teiθ − 1|
>

∣∣∣∣∣∣∣
r
|ck|∫
0

dt

teiθ − 1

∣∣∣∣∣∣∣ =
∣∣∣∣∣e−iθ log |teiθ − 1|

∣∣∣∣t= r
|ck|

t=0

∣∣∣∣∣ =
∣∣∣∣log ∣∣∣∣1− r

|ck|
eiθ
∣∣∣∣∣∣∣∣ . (27)

Ïîäiáíî îöiíþ¹ìî ùå îäèí iíòåãðàë
|ck|
r∫

0

dt

|teiθ − 1|
>

∣∣∣∣∣∣e−iθ log |teiθ − 1|
∣∣∣∣t=

|ck|
r

t=0

∣∣∣∣∣∣ =
∣∣∣∣log ∣∣∣∣1− |ck|r eiθ

∣∣∣∣∣∣∣∣ . (28)

Iç íåðiâíîñòåé (27) i (28) âèïëèâàþòü âiäïîâiäíi îöiíêè

1

2π

2π∫
0

| log |1− r

|ck|
eiθ||dθ 6

r
|ck|∫
0

A(t) dt,
1

2π

2π∫
0

| log |1− |ck|
r
eiθ||dθ 6

|ck|
r∫

0

A(t) dt, (29)

äå A(t) =
1

2π

2π∫
0

dt

|teiθ − 1|
.

Åäðåé i Ôóêñ [7] îòðèìàëè îöiíêó äëÿ A(t)

A(t) 6
1

1 + t

{
1 +

2

π
log

∣∣∣∣1 + t

1− t

∣∣∣∣} , t > 0.

Âèêîðèñòîâóþ÷è öåé ðåçóëüòàò, ç (29) îòðèìó¹ìî

1

2π

2π∫
0

∣∣∣∣log ∣∣∣∣1− r

|ck|
eiθ
∣∣∣∣∣∣∣∣ dθ 6 log(1 +

r

|ck|
) +

2

π

∞∫
0

log
∣∣∣ 1+t1−t

∣∣∣
1 + t

dt =

= log

(
1 +

r

|ck|

)
+K2 6 log+

r

|ck|
+K3,

(30)

Àíàëîãi÷íî

1

2π

2π∫
0

∣∣∣∣log ∣∣∣∣1− |ck|r eiθ
∣∣∣∣∣∣∣∣ dθ 6 log+

|ck|
r

+K4. (31)

Îòîæ, ∑
16|ck|<R

1

2π

2π∫
0

∣∣∣∣log ∣∣∣∣1− r

|ck|
eiθ
∣∣∣∣∣∣∣∣ dθ 6 N1

0 (, f,
1

f
) +K3n

1
0(R, f,

1

f
), (32)

∑
1
R<|ck|<1

1

2π

2π∫
0

∣∣∣∣log ∣∣∣∣1− |ck|r eiθ
∣∣∣∣∣∣∣∣ dθ 6 N2

0 (r, f,
1

f
) +K4n

2
0(R, f,

1

f
). (33)
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Âèêîðèñòîâóþ÷è (8), (23), (27), (28), (32), (33), îäåðæó¹ìî

m0(r, hR)6m0(r, f) +m0(r,
hR
f

) + C56m0(r, f)+
∑

16|ck|<R

1

2π

2π∫
0

∣∣∣∣log ∣∣∣∣1− r

|ck|
eiθ
∣∣∣∣∣∣∣∣ dθ+

+
∑

1
R<|ck|<1

1

2π

2π∫
0

∣∣∣∣log ∣∣∣∣1− |ck|r eiθ
∣∣∣∣∣∣∣∣ dθ +max

|z|=r
|H(z)|+ max

|z|= 1
r

|H(z)|+ C5 6

(32), (33)

6 m0(r, f) +N0(r, f,
1

f
) +K5n0(R, f,

1

f
) + max

|z|=r
|H(z)|+ max

|z|= 1
r

|H(z)|+ C5 6

(8)

6 m0(r, f) +N0(r, f,
1

f
) +K5n0(R, f,

1

f
)+

+2

p−1∑
k=1

(
1

R

)k
(rk +

1

rk
)

n0(R, f,
1
f )

k
+N0(R, f,

1

f
) + kRk

R∫
1

N0(t, f,
1
f )

tk+1
dt

+

+

∞∑
l=p+1

(
1

R

)l
(rl +

1

rl
)lRl

∞∫
R

N0(t, f,
1
f )

tl+1
dt+ Crp+1

+ C5. (34)

Íåõàé R = q
q−1r. Ç îãëÿäó íà ðiâíîñòi∑

16|bk|<R
log+

∣∣∣∣ 1
1− r
|bk|

∣∣∣∣ =
q
q−1 r∫
1

log+ 1

|1− rt |
dn10(t, f);

∑
1
R<|bk|<1

log+
∣∣∣∣ 1

1− |bk|r

∣∣∣∣ =− 1∫
(1− 1

q )
1
r

log+ 1

|1− tr |
dn20(

1
t , f);

∑
16|bk|<R

log+
∣∣∣∣ 1
1− 1

r|bk|

∣∣∣∣ =
q
q−1 r∫
1

log+ 1

|1− 1
rt |
dn10(t, f);

∑
1
R<|bk|<1

log+
∣∣∣ 1
1−r|bk|

∣∣∣ =− 1∫
(1− 1

q )
1
r

log+ 1
|1−rt|dn

2
0(

1
t , f)

ìàòèìåìî∑
16|bk|<R

log+
∣∣∣∣ 1
1− r
|bk|

∣∣∣∣+ ∑
1
R<|bk|<1

log+
∣∣∣∣ 1

1− |bk|r

∣∣∣∣+ ∑
16|bk|<R

log+
∣∣∣∣ 1
1− 1

r|bk|

∣∣∣∣+ ∑
1
R<|bk|<1

log+
∣∣∣ 1
1−r|bk|

∣∣∣ =
=

q
q−1 r∫
1

(
log+

1

|1− r
t |

+ log+
1

|1− 1
rt |

)
dn0(t, f,

1

f
). (35)

Òîäi äëÿ 1<r0<y0<y<+∞ ç (24), (34) òà (35), îäåðæèìî
y∫

y0

log+M(r,∞, f) + log+M( 1r ,∞, f)
rρ(r)+1

dr 6

6 π

y∫
y0

m0(r, f)

rρ(r)+1
dr + π

y∫
y0

N0(r, f,
1
f )

rρ(r)+1
dr + (πK5)

y∫
y0

n0(
q
q−1r, f,

1
f )

rρ(r)+1
dr+

+(2π + 2)

p−1∑
k=1

(1− 1

q
)k
(
1 +

1

r2k

)1

k

y∫
y0

n0(
q
q−1r, f,

1
f )

rρ(r)+1
dr +

y∫
y0

N0(
q
q−1r, f,

1
f )

rρ(r)+1
dr+
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+

(
q

q − 1

)k
k

y∫
y0

rk
q
q−1 r∫
1

t−k−1N0(t, f,
1
f )dt

rρ(r)+1
dr

+

+(2π + 2)

∞∑
l=p+1

(1− 1

q
)l
(
1 +

1

rl

)
l

(
q

q − 1

)l y∫
y0

rl
∞∫
q
q−1 r

t−l−1N0(t, f,
1
f )dt

rρ(r)+1
dr+

+

y∫
y0

C(2π + 2)rp−1 + C5 + 2|α0|
rρ(r)+1

dr + (log(1 +
q

q − 1
) + 1)

y∫
y0

n0(
q
q−1r, f,

1
f )

rρ(r)+1
dr+

+3

y∫
y0

N0(
q
q−1r, f,

1
f )

rρ(r)+1
dr+

y∫
y0


q
q−1 r∫
1

(
log+

1

|1− r
t |

+ log+
1

|1− 1
rt |

)
dn0(t, f,

1

f
)

 r−ρ(r)−1dr.

(36)
Àíàëîãi÷íî ÿê ó âèïàäêó ôóíêöié ìåðîìîðôíèõ ó ïëîùèíi îòðèìó¹ìî òàêi îöií-

êè:
y∫

y0

n0(
q
q−1 t, f,

1
f )

tρ(t)+1
dt 6 K6 · ρ

y∫
y0

N0(r, f,
1
f )

rρ(r)+1
dr + C6, (37)

y∫
y0

N0(
q
q−1r)

rρ(r)+1
dr 6 K7

y∫
y0

N0(r, f,
1
f )

rρ(r)+1
dr + C7, (38)

y∫
y0

( q
q−1r)

k

q
q−1 r∫
0

t−k−1N0(t, f,
1
f )dt

rρ(r)+1
dr 6 K8

1

ρ− k

y∫
y0

N0(r, f,
1
f )

rρ(r)+1
dr + C8, (39)

y∫
y0

( q
q−1r)

l
∞∫
q
q−1 r

t−l−1N0(t, f,
1
f )dt

rρ(r)+1
dr 6 K9

1

l − ρ

y∫
y0

N0(r, f,
1
f )

rρ(r)+1
dr + C9, (40)

ïðè y0 > r0 > 1. Êðiì òîãî, âèêîíóþòüñÿ íåðiâíîñòi

ρ < (ρ+ 1) log(ρ+ 1) ïðè ρ > 1; log

(
1 +

q

q − 1

)
6 log 3. (41)

Âèêîðèñòîâóþ÷è (37)�(41), Ëåìó 2 òà îçíà÷åííÿ õàðàêòåðèñòèêè T0(r, f), ç (36)
îäåðæèìî

y∫
y0

log+M(r,∞, f) + log+M( 1r ,∞, f)
rρ(r)+1

dr 6
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6 π

y∫
yo

T0(r, f)

rρ(r)+1
dr +K10(ρ+ 1) log(ρ+ 1)

y∫
y0

N0(r, f,
1
f )

rρ(r)+1
dr+

+K11

∞∑
l=p+1

(1− 1

q
)l

l

l − ρ

y∫
y0

N0(r, f,
1
f )dr

rρ(r)
+

+K12

p−1∑
k=1

(1− 1

q
)k
{
ρ

k
+ 1 +

k

ρ− k

} y∫
y0

N0(r, f,
1
f )

rρ(r)+1
dr + C10.

(42)

Îòîæ, äëÿ 1 < r0 < y0 < y <∞
y∫

y0

log+M(r,∞, f) + log+M( 1r ,∞, f)
rρ(r)+1

dr 6

6 π

y∫
yo

T0(r, f)

rρ(r)+1
dr + S(ρ)K13

y∫
y0

N0(r, f,
1
f )

rρ(r)+1
dr + C14 6

6 {π + κ0(f)S(ρ)K13}
y∫

yo

T0(r, f)

rρ(r)+1
dr + C14, (43)

äå S(ρ) = (ρ+ 1) log(ρ+ 1) +

p−1∑
k=1

(1− 1

q
)k
{
ρ

k
+ 1 +

k

ρ− k

}
+

∞∑
l=p+1

l

l − ρ
(1− 1

q
)l =

6 K14(ρ+1) log(ρ+1)+ρ

p−1∑
k=1

1

ρ− k
+q+ρ

2p∑
l=p+1

1

l − ρ
(1− 1

q
)l+ρ

∞∑
l=2p+1

1

l − ρ
(1− 1

q
)l 6

6 K15(ρ+ 1) log(ρ+ 2)
1

p+ 1− ρ
. (44)

Äëÿ îá ðóíòóâàííÿ îñòàííiõ äâîõ çíàêiâ 6 ó (44) äîñòàòíüî âèêîðèñòàòè ìiðêóâàííÿ
ç ðîáîòè Ïåòðåíêà [4], ÿêi ó öüîìó âèïàäêó ïðîñòî ïåðåíîñÿòüñÿ.

ßêùî p 6 ρ 6 p+ 1
2 , òî S(ρ) 6 K16(1 + ρ) log(2 + ρ). Çâiäñè

y∫
y0

log+M(r,∞, f) + log+M( 1r ,∞, f)
rρ(r)+1

dr 6

6 {π + κ0(f)K16(1 + ρ) log(2 + ρ)}
y∫

y0

T0(r, f)

rρ(r)+r
dr + C14.

(45)

Íåðiâíiñòü (45) íå çìiíþ¹òüñÿ, ÿêùî p+ 1
2 6 ρ < p+1. Ó öüîìó âèïàäêó ðîçïî÷íåìî

iç çîáðàæåííÿ ôóíêöi¨

f(z) = zmePp+1(z)

∏
|aj |61

E(
aj
z , p+ 1)

∏
|aj |>1

E( zaj , p+ 1)∏
|bj |61

E(
bj
z , p+ 1)

∏
|bj |>1

E( zbj , p+ 1)
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i ïðîâîäèìî ìiðêóâàííÿ àíàëîãi÷íi äî âèùåíàâåäåíèõ.
Äàëi, îñêiëüêè T0(r, f) íàëåæèòü äî êëàñó ðîçáiæíîñòi ñòîñîâíî óòî÷íåíîãî ïî-

ðÿäêó, òî, âðàõîâóþ÷è (45), ìàòèìåìî

lim
y→∞

y∫
y0

r−ρ(r)−1(log+M(r,∞, f) + log+M( 1r ,∞, f))dr

y∫
y0

r−ρ(r)−1T0(r, f)dr

6 π+κ0(f)K17(1+ρ) log(2+ρ).

Çâiäñè îäåðæó¹ìî

β0(∞, f) = lim
r→∞

log+M(r,∞, f) + log+M( 1r ,∞, f)
T0(r, f)

6 π +Kκ0(f)(1 + ρ) log(1 + ρ).

Íåðiâíiñòü (2) äëÿ β0(0, f) äîâîäèòüñÿ àíàëîãi÷íî, ç âèêîðèñòàííÿì âëàñòèâîñòi
T0(r, f) = T0(r,

1
f ) ([1], [3]). �

6. Äîâåäåííÿ Òåîðåìè 2

Ðîçãëÿíåìî ôóíêöiþ f ′. Çà Ëåìîþ 4 îòðèìà¹ìî δ0(0, f
′) = 1. Îñêiëüêè f �

ãîëîìîðôíà, òî N0(r, f
′) = 0, à îòæå,

κ0(f
′) = lim

r→∞

N0(r,
1
f ′ )

T0(r, f ′)
= 1− lim

r→∞

m0(r,
1
f ′ )

T0(r, f ′)
= 1− δ0(0, f ′) = 0.

Ó òàêîìó âèïàäêó çà Òåîðåìîþ 1 ìàòèìåìî β0(0, f
′) 6 π, β0(∞, f ′) 6 π. Òîìó äëÿ f

îòðèìó¹ìî

β0(∞, f) 6 π lim
r→∞

T0(r, f
′)

T0(r, f)
lim
r→∞

log+M(r,∞, f) + log+M( 1r ,∞, f)
log+M(r,∞, f ′) + log+M( 1r ,∞, f ′)

. (46)

ßê ìè âæå áà÷èëè ó äîâåäåííi Ëåìè 4 (äèâ. (20))

lim
r→∞

T0(r, f
′)

T0(r, f)
6 lim
r→∞

m0(r, f
′) +O(log r)

T0(r, f)
6 1.

Ëîãàðèôìóþ÷è âiäîìó íåðiâíiñòü

M(r)− C
r

6M1(r), äå M1(r) = max
|z|=r

|f ′(z)|, M(r) = max
|z|=r

|f(z)|, C = const

òà ñïðÿìîâóþ÷è r → +∞, îäåðæó¹ìî

lim
r→+∞

logM(r)

logM1(r)
6 lim
r→+∞

logM1(r) + log r +O(1)

logM1(r)
= 1.

Çâiäñè, çîêðåìà

lim
r→∞

log+M(r,∞, f)
log+M(r,∞, f ′)

6 1, lim
r→∞

log+M( 1r ,∞, f)
log+M( 1r ,∞, f ′)

6 1.

À òîäi (46) äà¹ β0(∞, f) 6 π. 2
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ÌIØÀÍI ÇÀÄÀ×I ÄËß ÍÅËIÍIÉÍÈÕ ÂÈÐÎÄÆÓÂÀÍÈÕ
ÏÀÐÀÁÎËI×ÍÈÕ ÐIÂÍßÍÜ Ç IÍÒÅÃÐÀËÜÍÈÌÈ

ÎÏÅÐÀÒÎÐÀÌÈ ÒÈÏÓ ÂÎËÜÒÅÐÐÀ

Ìèêîëà ÁÎÊÀËÎ, Îëüãà ÑÓÑ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåöüêà, 1, Ëüâiâ, 79000

e-mail: mm.bokalo@gmail.com, oliasus@gmail.com

Äîñëiäæåíî ìiøàíi çàäà÷i äëÿ íåëiíiéíèõ âèðîäæóâàíèõ ïàðàáîëi÷íèõ
ðiâíÿíü çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi òà iíòåãðàëüíèìè îïåðà-
òîðàìè òèïó Âîëüòåððà. Äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü óçàãàëüíåíèõ
ðîçâ'ÿçêiâ òàêèõ çàäà÷ ó âiäïîâiäíèõ óçàãàëüíåíèõ ïðîñòîðàõ Ëåáåãà òà
Ñîáîë¹âà. Îòðèìàíî àïðiîðíi îöiíêè óçàãàëüíåíèõ ðîçâ'ÿçêiâ äîñëiäæóâà-
íèõ çàäà÷.

Êëþ÷îâi ñëîâà: iíòåãðî-äèôåðåíöiàëüíi ðiâíÿííÿ, åëiïòè÷íî-ïàðàáîëi÷íi
ðiâíÿííÿ, çìiííi ïîêàçíèêè íåëiíiéíîñòi, ìåòîä Ãàëüîðêiíà, ìåòîä ìîíî-
òîííîñòi.

Âñòóï

Iíòåãðî-äèôåðåíöiàëüíi ðiâíÿííÿ ïàðàáîëi÷íîãî òèïó øèðîêî âèêîðèñòîâóþòü
äëÿ ìàòåìàòè÷íîãî ìîäåëþâàííÿ ñêëàäíèõ ÿâèù â ñó÷àñíîìó ïðèðîäîçíàâñòâi, åêî-
íîìiöi òà òåõíiöi. Çîêðåìà, òàêi ðiâíÿííÿ òðàïëÿþòüñÿ â çàäà÷àõ îïèñó åâîëþöi¨
ïîïóëÿöié [20], â òåîði¨ ÿäåðíèõ ðåàêöié äëÿ âèâ÷åííÿ ïðîöåñó óïîâiëüíåííÿ íåéòðî-
íiâ [29], â äèôóçi¨ çàðÿäæåíèõ ÷àñòèíîê ó ïëàçìi òà â iíøèõ ðiçíîìàíiòíèõ çàäà÷àõ
[18], [19], [21], [22], [23].

Ðîçãëÿäà¹ìî íåëiíiéíi âèðîäæóâàíi ïàðàáîëi÷íi ðiâíÿííÿ çi çìiííèìè ïîêàçíè-
êàìè íåëiíiéíîñòi òà iíòåãðàëüíèìè îïåðàòîðàìè òèïó Âîëüòåððà. �õíiì òèïîâèì
ïðèêëàäîì ¹ ðiâíÿííÿ

(
b(x)u

)
t
−

n∑
i=1

(
âi(x, t)|uxi

|pi(x)−2uxi

)
xi

+â0(x, t)|u|p0(x)−2u+

2010 Mathematics Subject Classi�cation: 35K10, 35K20, 35K35, 35K55, 35R09

c© Ì. Áîêàëî, Î. Ñóñ, 2016
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+

t∫
0

ĥ0(x, t, s)ĥ1(u(x, s)) ds = f(x, t) , (x, t) ∈ Ω× (0, T ), (1)

äå Ω � îáëàñòü â Rn, T > 0 � äiéñíå ÷èñëî, âi > 0 (i = 0, n), pi > 1 (i = 0, n), ĥ0

� âèìiðíi îáìåæåíi ôóíêöi¨, ĥ1 � ëiïøèöåâà ôóíêöiÿ. Çàóâàæèìî, ùî âåëè÷èíè pi
(i = 0, n), ÿêi íàçèâàþòü ïîêàçíèêàìè íåëiíiéíîñòi, ¹ çìiííèìè.

Íåëiíiéíi äèôåðåíöiàëüíi ðiâíÿííÿ ïîäiáíi äî (1) ç b ≡ 1 i ĥ0 ≡ 0 (çi çìií-
íèìè ïîêàçíèêàìè íåëiíiéíîñòi) âèâ÷àþòü äóæå àêòèâíî (äèâ. [2, 3, 4, 5, 6, 7, 13,
9, 17, 31, 32]). Ìiøàíi çàäà÷i äëÿ öèõ ðiâíÿíü îïèñóþòü áàãàòî ôiçè÷íèõ ïðîöåñiâ
(äèâ. [13, 16]), çîêðåìà, åëåêòðîìàãíiòíi ïîëÿ, åëåêòðîðåîëîãi÷íi ðiäèíè, ïðîöåñè âiä-
íîâëåííÿ çîáðàæåííÿ, ïîòiê ñòðóìó â çìiííèõ òåìïåðàòóðíèõ ïîëÿõ. Ðîçâ'ÿçêè öèõ
çàäà÷ íàëåæàòü äî âiäïîâiäíèõ óçàãàëüíåíèõ ïðîñòîðiâ Ëåáåãà i Ñîáîë¹âà. Âïåðøå
öi ïðîñòîðè áóëè ââåäåíi ó [15], à ¨õíi âëàñòèâîñòi âèâ÷àëè ó [8, 11, 14, 15] òà ií.

Âèðîäæóâàíi íåëiíiéíi ïàðàáîëi÷íi ðiâíÿííÿ âèãëÿäó (1) ó âèïàäêó, êîëè p0 ≡
const > 1, . . . , pn ≡ const > 1 i ĥ0 ≡ 0, ðîçãëÿäàëèñÿ ó [33, 34, 35, 36, 30]. Çàóâàæèìî,
ùî ìiøàíi çàäà÷i äëÿ çãàäóâàíèõ ðiâíÿíü ó âèïàäêó çìiííèõ ïîêàçíèêiâ íåëiíiéíîñòi
äîñëiäæåíi â [26].

Ðiâíÿííÿ âèãëÿäó (1) çi ñòàëèìè ïîêàçíèêàìè íåëiíiéíîñòi òà iíòåãðàëüíèìè
îïåðàòîðàìè äîñëiäæóâàëè ó [24, 25, 27, 28] òà ií. Çîêðåìà, ó [28] äîñëiäèëè ìiøàíó
çàäà÷ó äëÿ iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ âèãëÿäó

ut −4u+

t∫
0

g(t− s, u(x, s)) ds = f(x, t), (x, t) ∈ Ω× (0,+∞),

u = 0 íà ∂Ω× (0,+∞), u(x, 0) = u0(x), x ∈ Ω.

Ó ïðàöi [25] âèâ÷à¹òüñÿ ñòiéêiñòü ãëîáàëüíîãî ðîçâ'ÿçêó íåëîêàëüíîãî ðiâíÿííÿ
Âîëüòåððà

ut −4u = (a− bu)u−
t∫

0

K(t− s)u(x, s) ds, (x, t) ∈ Ω× (0,+∞).

Íà âiäìiíó âiä âiäîìèõ íàì ðîáiò, ìè ðîçãëÿäà¹ìî íåëiíiéíi âèðîäæóâàíi ïàðà-
áîëi÷íi ðiâíÿííÿ çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi òà iíòåãðàëüíèìè ÷ëåíàìè, â
ÿêèõ íåâiäîìà ôóíêöiÿ âõîäèòü ïiä çíàê iíòåãðàëà çà ÷àñîâîþ çìiííîþ, òîáòî, êîëè
çíà÷åííÿ ðîçâ'ÿçêó â àêòóàëüíèé ìîìåíò ÷àñó çàëåæèòü i âiä çíà÷åíü ðîçâ'ÿçêó â
ïîïåðåäíi ìîìåíòè. Äîñëiäæó¹ìî ïèòàííÿ ïðî îäíîçíà÷íó ðîçâ'ÿçíiñòü çàäà÷i (2)-(4)
â óçàãàëüíåíèõ ïðîñòîðàõ Ëåáåãà i Ñîáîë¹âà.

Ðîáîòà ñêëàäà¹òüñÿ çi âñòóïó i òðüîõ ðîçäiëiâ. Ó ïåðøîìó ðîçäiëi ââåäåíî îñíîâ-
íi ïîçíà÷åííÿ òà äîïîìiæíi ôàêòè. Ôîðìóëþâàííÿ çàäà÷i é îñíîâíîãî ðåçóëüòàòó
ìiñòèòü äðóãèé ðîçäië. Ó òðåòüîìó ðîçäiëi îá ðóíòîâàíî îñíîâíèé ðåçóëüòàò.
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1. Îñíîâíi ïîçíà÷åííÿ òà äîïîìiæíi ôàêòè

Íåõàé n ∈ N; Rn � ëiíiéíèé ïðîñòið, ñêëàäåíèé ç âïîðÿäêîâàíèõ íàáîðiâ x =
(x1, . . . , xn) äiéñíèõ ÷èñåë i íàäiëåíèé íîðìîþ |x| := (|x1|2 + . . . + |xn|2)1/2; Ω �
îáìåæåíà îáëàñòü â Rn ç êóñêîâî-ãëàäêîþ ìåæåþ ∂Ω; ∂Ω = Γ0 ∪ Γ1, äå Γ0 � çà-
ìèêàííÿ âiäêðèòî¨ ìíîæèíè íà ∂Ω (çîêðåìà, Γ0 = ∅ àáî Γ0 = ∂Ω), Γ1 := ∂Ω \ Γ0;
ν = (ν1, . . . , νn) � îäèíè÷íèé âåêòîð çîâíiøíüî¨ íîðìàëi äî ∂Ω; T > 0;Q := Ω×(0, T ),
Σ0 := Γ0 × (0, T ), Σ1 := Γ1 × (0, T ).

Ââåäåìî äåÿêi ïîòðiáíi íàì äàëi ôóíêöiéíi ïðîñòîðè. Íåõàé G = Ω àáî G = Q.
Ïðèïóñòèìî, ùî ôóíêöiÿ r ∈ L∞(Ω) òàêà, ùî r(x) > 1 äëÿ ì.â. x ∈ Ω. ×åðåç Lr(·)(G)
ïîçíà÷èìî ëiíiéíèé ïðîñòið, ÿêèé ñêëàäà¹òüñÿ ç âèìiðíèõ ôóíêöié v : G→ R òàêèõ,
ùî ρG,r(v) <∞, äå

ρG,r(v) :=

∫
Ω

|v(x)|r(x) dx, ÿêùî G = Ω,

i

ρG,r(v) :=

∫∫
Q

|v(x, t)|r(x) dxdt, ÿêùî G = Q.

Öåé ïðîñòið ¹ áàíàõîâèì ç íîðìîþ ||v||Lr(·)(G) := inf{λ > 0 | ρG,r(v/λ) 6 1} (äèâ. [11,
p. 599]) i éîãî íàçèâàþòü óçàãàëüíåíèì ïðîñòîðîì Ëåáåãà. Çàóâàæèìî òàêå: ÿêùî
r(x) = r0 = const > 1 äëÿ ì.â. x ∈ Ω, òî íîðìà || · ||Lr(·)(G) çáiãà¹òüñÿ çi ñòàíäàðòíîþ

íîðìîþ || · ||Lr0
(G) ïðîñòîðó Ëåáåãà Lr0(G). Çãiäíî ç [11, p. 599], ÿêùî ess inf

x∈Ω
r(x) > 1,

òî ñïðÿæåíèé äî Lr(·)(G) ïðîñòið [Lr(·)(G)]′ îòîòîæíþ¹òüñÿ ç ïðîñòîðîì Lr′(·)(G),
äå ôóíêöiÿ r′(x), x ∈ Ω, âèçíà÷à¹òüñÿ ðiâíiñòþ 1/r(x) + 1/r′(x) = 1 äëÿ ì.â. x ∈ Ω.
Çàóâàæèìî, ùî ìíîæèíà C(G) ¹ ùiëüíîþ â Lr(·)(G) (äèâ. [11, p. 603]).

Íåõàé p = (p0, . . . , pn) : Ω→ Rn+1, b : Ω→ R � ôóíêöi¨, ÿêi çàäîâîëüíÿþòü òàêi
óìîâè:

(P) äëÿ êîæíîãî i ∈ {0, 1, . . . , n} âåêòîð-ôóíêöiÿ pi : Ω → R ¹ âèìiðíîþ i p−i :=
ess inf
x∈Ω

pi(x) > 1, p+
i := ess sup

x∈Ω
pi(x) < +∞;

(B) ôóíêöiÿ b � âèìiðíà, íåâiä'¹ìíà òà îáìåæåíà íà Ω, ïðè÷îìó ìíîæèíà Ω0 :=
{x ∈ Ω | b(x) > 0} � âiäêðèòà.

×åðåç W 1
p(·)(Ω) ïîçíà÷èìî óçàãàëüíåíèé ïðîñòið Ñîáîë¹âà, ùî ñêëàäà¹òüñÿ ç

ôóíêöié v ∈ Lp0(·)(Ω) òàêèõ, ùî vx1
∈ Lp1(·)(Ω), . . . , vxn

∈ Lpn(·)(Ω). Öåé ïðîñòið ¹

áàíàõîâèì ç íîðìîþ ||v||W 1
p(·)(Ω) := ||v||Lp0(·)(Ω) +

∑n
i=1 ||vxi

||Lpi(·)(Ω). Ïiä W̃ 1
p(·)(Ω) �

ðîçóìiòèìåìî çàìèêàííÿ ïðîñòîðó C̃1(Ω) := {v ∈ C1(Ω) | v|Γ0
= 0
}
â W 1

p(·)(Ω).

Ïðèéìåìî Vp(Ω) := W̃ 1
p(·)(Ω)∩L2(Ω). Ëåãêî ïåðåêîíàòèñÿ, ùî Vp(Ω) ¹ áàíàõîâèì

ïðîñòîðîì ç íîðìîþ

||v||Vp(Ω) := ||v||W 1
p(·)(Ω) + ||v||L2(Ω) .
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Âèçíà÷èìî b̃(x) := b(x), ÿêùî x ∈ Ω0, òà b̃(x) := 1, ÿêùî x ∈ Ω\Ω0, i ïðèéìåìî
Hb(Ω) := {v : Ω→ R− âèìiðíà |v = b̃−1/2w,äå w ∈ L2(Ω)}. Öåé ïðîñòið ¹ ïîïîâíåí-
íÿì ïðîñòîðó Vp(Ω) çà ïiâíîðìîþ

||v||Hb(Ω) := ||b1/2v||L2(Ω).

Ïiä W 1,0
p(·)(Q) ðîçóìiòèìåìî ïðîñòið ôóíêöié w ∈ Lp0(·)(Q) òàêèõ, ùî wx1

∈
Lp1(·)(Q), . . . , wxn ∈ Lpn(·)(Q). Ðîçãëÿäàòèìåìî öåé ïðîñòið ç íîðìîþ ||w||W 1,0

p(·)(Q) :=

||w||Lp0(·)(Q) +
∑n
i=1 ||wxi

||Lpi(·)(Q). Âèçíà÷èìî ïðîñòið W̃
1, 0
p(·)(Q) ÿê çàìèêàííÿ ïðîñòî-

ðó C̃1,0(Q) :=
{
w ∈ C(Q)

∣∣ wxi
∈ C(Q) (i = 1, n), w|Σ0

= 0
}
â W 1,0

p(·)(Q).

Ïðèéìåìî

Up,b(Q) := W̃ 1,0
p(·)(Q) ∩ L2(Q) ∩ C([0, T ];Hb(Ω)).

Ëåãêî ïåðåêîíàòèñÿ, ùî öå áàíàõiâ ïðîñòið ç íîðìîþ

||w||Up,b(Q) := ||w||W 1,0
p(·)(Q) + ||w||L2(Q) + max

t∈[0,T ]
||w(·, t)||Hb(Ω) .

Î÷åâèäíî, ùî äëÿ áóäü-ÿêî¨ ôóíêöi¨ w ∈ Up,b(Q) ìà¹ìî w(·, t) ∈ Vp(Ω) äëÿ ì.â.
t ∈ [0, T ].

Çðåøòîþ, âèçíà÷èìî ïðîñòîðè

Fp′(Q) :=
{

(f0, f1, . . . , fn) | fi ∈ Lp′i(·)(Q) (i = 0, n),

fi = 0 â äåÿêîìó îêîëi ïîâåðõíi Σ1 äëÿ êîæíîãî i ∈ {1, ..., n}
}
,

äå 1/pi(x) + 1/p′i(x) = 1 äëÿ ì.â. x ∈ Ω (i = 0, n),

C1
c (0, T ) := {ϕ ∈ C1([0, T ]) | suppϕ ⊂ (0, T )}.

2. Ïîñòàíîâêà çàäà÷i òà ôîðìóëþâàííÿ îñíîâíîãî ðåçóëüòàòó

Ðîçãëÿäà¹ìî çàäà÷ó: çíàéòè ôóíêöiþ u : Q → R, ÿêà çàäîâîëüíÿ¹ (â ïåâíîìó
ñåíñi) ðiâíÿííÿ

(
b(x)u

)
t
−

n∑
i=1

d

dxi
ai(x, t, u,∇u) + a0(x, t, u,∇u)+

+

t∫
0

h(x, t, s, u(x, s)) ds = −
n∑
i=1

∂

∂xi
fi(x, t) + f0(x, t) , (x, t) ∈ Q , (2)

êðàéîâi óìîâè

u
∣∣∣
Σ0

= 0,
∂u

∂νa

∣∣∣
Σ1

= 0 (3)

i ïî÷àòêîâó óìîâó

u(x, 0) = u0(x), ÿêùî x ∈ Ω i b(x) > 0. (4)
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Òóò b : Ω → R, ai : Q × R1+n → R, fi : Q → R, h : Q × (0, T ) × R → R,
u0 : Ω → R � çàäàíi äiéñíîçíà÷íi ôóíêöi¨, ïðè÷îìó b(x) > 0 äëÿ ìàéæå âñiõ x ∈ Ω,

∂u
∂νa

(x, t) :=
n∑
i=1

ai(x, t, u,∇u) νi, (x, t) ∈ Σ1, � ïîõiäíà ïî �êîíîðìàëi�.

Çàóâàæèìî, ùî ðiâíiñòü b = 0 ìîæå âèêîíóâàòèñü íà äîâiëüíié ïiäìíîæèíi Ω
i ïðîñòîðîâà ÷àñòèíà âèðàçó â ëiâié ÷àñòèíi ðiâíÿííÿ (2) ¹ åëiïòè÷íîþ. Òîìó òàêi
ðiâíÿííÿ ùå íàçèâàþòü åëiïòè÷íî-ïàðàáîëi÷íèìè (äèâ. [30]).

Ìè ðîçãëÿäàòèìåìî óçàãàëüíåíi ðîçâ'ÿçêè çàäà÷i (2)-(4). Äëÿ ¨õíüîãî îçíà÷åííÿ
ñïî÷àòêó ââåäåìî âiäïîâiäíi êëàñè âèõiäíèõ äàíèõ.

Íåõàé p � âåêòîð-ôóíêöiÿ, ÿêà çàäîâîëüíÿ¹ óìîâó (P). Ïîçíà÷èìî ÷åðåç AHp
ìíîæèíó íàáîðiâ äiéñíîçíà÷íèõ ôóíêöié (a0, a1, . . . , an, h) , ÿêi ìàþòü òàêi âëàñòè-
âîñòi:

(A1) äëÿ êîæíîãî i ∈ {0, 1, . . . , n} ôóíêöiÿ Q×R1+n 3 (x, t, ρ, ξ) 7→ ai(x, t, ρ, ξ) ∈ R
¹ êàðàòåîäîðiâñüêîþ, òîáòî, äëÿ ì.â. (x, t) ∈ Q ôóíêöiÿ ai(x, t, ·, ·) : R1+n →
R ¹ íåïåðåðâíîþ i äëÿ âñiõ (ρ, ξ) ∈ R1+n ôóíêöiÿ ai(·, ·, ρ, ξ) : Q → R ¹
âèìiðíîþ; êðiì òîãî, ai(x, t, 0, 0) = 0 äëÿ ì.â. (x, t) ∈ Q (i = 0, n);

(A2) äëÿ êîæíîãî i ∈ {0, 1, . . . , n}, äëÿ ì.â. (x, t) ∈ Q i áóäü-ÿêèõ (ρ, ξ) ∈ R1+n

ìà¹ìî

|ai(x, t, ρ, ξ)| ≤ C1

(
|ρ|2/p

′
i(x) + |ρ|p0(x)/p′i(x) +

n∑
j=1

|ξj |pj(x)/p′i(x)
)

+ hi(x, t),

äå C1 = const > 0, hi ∈ Lp′i(·)(Q);

(A3) äëÿ ì.â. (x, t) ∈ Q i âñiõ (ρ1, ξ
1), (ρ2, ξ

2) ∈ R1+n âèêîíó¹òüñÿ íåðiâíiñòü

n∑
i=1

(
ai(x, t, ρ1, ξ

1)− ai(x, t, ρ2, ξ
2)
)
(ξ1
i − ξ2

i )+

+
(
a0(x, t, ρ1, ξ

1)− a0(x, t, ρ2, ξ
2)
)
(ρ1 − ρ2) ≥ K1|ρ1 − ρ2|2 , (5)

äå K1 = const > 0;
(A4) äëÿ ì.â. (x, t) ∈ Q i âñiõ (ρ, ξ) ∈ R1+n ìà¹ìî

n∑
i=1

ai(x, t, ρ, ξ)ξi + a0(x, t, ρ, ξ)ρ ≥ K2

( n∑
i=1

|ξi|pi(x) + |ρ|p0(x)
)
− g(x, t) ,

äå K2 = const > 0, g ∈ L1(Q) (î÷åâèäíî, ùî g ≥ 0);
(H1) ôóíêöiÿ Q × (0, T ) × R 3 (x, t, s, ρ) 7→ h(x, t, s, ρ) ∈ R ¹ êàðàòåîäîðiâñüêîþ,

òîáòî, äëÿ ì.â. (x, t, s) ∈ Q×(0, T ) ôóíêöiÿ h(x, t, s, ·) : R→ R ¹ íåïåðåðâíîþ
i äëÿ âñiõ ρ ∈ R ôóíêöiÿ h(·, ·, ·, ρ) : Q × (0, T ) → R ¹ âèìiðíîþ; êðiì òîãî,
h(x, t, s, 0) = 0 äëÿ ì.â. (x, t, s) ∈ Q× (0, T );

(H2) äëÿ ìàéæå âñiõ (x, t, s) ∈ Q× (0, T ) i áóäü-ÿêèõ ρ1, ρ2 ∈ R ìà¹ìî

|h(x, t, s, ρ1)− h(x, t, s, ρ2)| 6M |ρ1 − ρ2|, (6)

äå M = const > 0.

Òåïåð ïîäàìî îçíà÷åííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (2)�(4).
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Îçíà÷åííÿ 1. Íåõàé p òà b çàäîâîëüíÿþòü, âiäïîâiäíî, óìîâè (P) òà (B),
(a0, a1, . . . , an, h) ∈ AHp, (f0, f1, ..., fn) ∈ Fp′(Q), u0 ∈ Hb(Ω). Ôóíêöiþ u ∈ Up,b(Q)
íàçèâàþòü óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (2)�(4), ÿêùî âîíà çàäîâîëüíÿ¹ óìîâó

‖u(·, 0)− u0(·)‖Hb(Ω) = 0

i âèêîíó¹òüñÿ iíòåãðàëüíà ðiâíiñòü∫∫
Q

{ n∑
i=1

ai(x, t, u,∇u)vxi
ϕ+ a0(x, t, u,∇u)vϕ+

+vϕ

t∫
0

h(x, t, s, u(x, s)) ds− b(x)uvϕ′
}
dxdt =

∫∫
Q

{ n∑
i=1

fivxi
ϕ+ f0vϕ

}
dxdt (7)

äëÿ áóäü-ÿêèõ v ∈ Vp(Ω) i ϕ ∈ C1
c (0, T ).

Òåîðåìà 1. Íåõàé p òà b çàäîâîëüíÿþòü, âiäïîâiäíî, óìîâè (P) òà (B),
(a0, a1, . . . , an, h) ∈ AHp, (f0, f1, . . . , fn) ∈ Fp′(Q), u0 ∈ Hb(Ω). Êðiì òîãî, ïðè-
ïóñòèìî, ùî

K1 −MT > 0. (8)

Òîäi çàäà÷à (2)�(4) ìà¹ ¹äèíèé óçàãàëüíåíèé ðîçâ'ÿçîê i äëÿ íüîãî ïðàâèëüíà îöiíêà

max
t∈[0,T ]

∫
Ω

b(x)|u(x, t)|2 dx+

∫∫
Q

{ n∑
i=1

∣∣uxi
(x, t)

∣∣pi(x)
+|u(x, t)|p0(x) + |u(x, t)|2

}
dxdt 6

6 C2

[∫∫
Q

{ n∑
j=1

∣∣fj(x, t)∣∣p′j(x)
+g(x, t)

}
dxdt+

∫
Ω

b(x)|u0(x)|2 dx
]
, (9)

äå C2 � äîäàòíà ñòàëà, ÿêà çàëåæèòü òiëüêè âiä K1, K2, M , T i p−i (i = 0, n).

3. Îá ðóíòóâàííÿ îñíîâíîãî ðåçóëüòàòó

Ñïî÷àòêó ââåäåìî ïîçíà÷åííÿ:

∂0w := w, ∂iw := wxi
(i = 1, n),

aj(w)(x, t) := aj(x, t, w(x, t), ∇w(x, t)), (x, t) ∈ Q (j = 0, n),

h(w)(x, t, s) := h(x, t, s, w(x, s)), (x, t, s) ∈ Ω× (0, T )× (0, T ).

Íàì áóäå ïîòðiáíå òàêå òâåðäæåííÿ (äèâ.[26, ëåìà 2]).

Ëåìà 1. Íåõàé b çàäîâîëüíÿ¹ óìîâó (B), w ∈ W̃ 1,0
p(·)(Q) òàêà, ùî b1/2w ∈ L2(Q) i

äëÿ äåÿêèõ ôóíêöié gi ∈ Lp′i(·)(Q) (i = 0, n) âèêîíó¹òüñÿ òîòîæíiñòü∫∫
Q

{ n∑
i=0

gi∂ivϕ− bwvϕ′
}
dxdt = 0, v ∈ Vp(Ω), ϕ ∈ C1

c (0, T ). (10)
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Òîäi w ∈ C([0, T ];Hb(Ω)) i äëÿ âñiõ θ ∈ C1([0, T ]), v ∈ Vp(Ω) i t1, t2 ∈ [0, T ] (t1 < t2)
ïðàâèëüíi ðiâíîñòi

θ(t2)

∫
Ω

b(x)w(x, t2)v(x) dx− θ(t1)

∫
Ω

b(x)w(x, t1)v(x) dx+

+

t2∫
t1

∫
Ω

{ n∑
i=0

gi∂ivθ − bwvθ′
}
dxdt = 0, (11)

1

2
θ(t2)

∫
Ω

b(x)|w(x, t2)|2 dx− 1

2
θ(t1)

∫
Ω

b(x)|w(x, t1)|2 dx−

−1

2

t2∫
t1

∫
Ω

b|w|2θ′ dxdt+

t2∫
t1

∫
Ω

{ n∑
i=0

gi∂iw

}
θ dxdt = 0 , (12)

à òàêîæ íåðiâíiñòü

max
t∈[0,T ]

||b1/2(·)w(·, t)||2L2(Ω) ≤ C2

(
||b1/2w||2L2(Q) +

n∑
i=0

||gi||Lp′
i
(·)(Q) ||∂iw||Lpi(·)(Q)

)
, (13)

äå C2 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä w i g0, . . . , gn.

Äîâåäåííÿ òåîðåìè 1. Ñïåðøó äîâåäåìî ¹äèíiñòü óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i
(2)�(4). Ïðèïóñòèìî ïðîòèëåæíå i íåõàé u1 òà u2 � ðiçíi óçàãàëüíåíi ðîçâ'ÿçêè äàíî¨
çàäà÷i. Ðîçãëÿíåìî ðiçíèöþ ìiæ òîòîæíîñòÿìè, ÿêi îòðèìàëè ç (7) ïiäñòàíîâêîþ
çàìiñòü u ñïî÷àòêó u1, à ïîòiì � u2. Iç çäîáóòî¨ òîòîæíîñòi íà ïiäñòàâi ëåìè 1 ïðè
w = u1 − u2, θ ≡ 1, t1 = 0, t2 = T ìàòèìåìî (äèâ. (12)) ðiâíiñòü

1

2

∫
Ω

b(x)|w(x, T )|2 dx+

∫∫
Q

{ n∑
i=0

(ai(u1)− ai(u2))(∂iu1 − ∂iu2)+

+(u1 − u2)

t∫
0

(
h(u1)(x, t, s)− h(u2)(x, t, s)

)
ds
}
dxdt = 0. (14)

Ðîçãëÿíåìî ÷ëåíè ëiâî¨ ÷àñòèíè ðiâíîñòi (14). Ç óìîâè (A3) îäåðæèìî íåðiâíiñòü∫∫
Q

{ n∑
i=0

(ai(u1)− ai(u2))(∂iu1 − ∂iu2)
}
dxdt > K1

∫∫
Q

|u1 − u2|2 dxdt. (15)

Íà ïiäñòàâi óìîâè (H2) (äèâ. (6)) îòðèìà¹ìî

|h(u1)(x, t, s)− h(u2)(x, t, s)| 6M |u1(x, s)− u2(x, s)| (16)

äëÿ ì.â. (x, t, s) ∈ Ω× (0, T )× (0, T ).
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Âèêîðèñòàâøè íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî òà îöiíêó (16), ìàòèìåìî

∣∣∣ ∫∫
Q

{(
u1(x, t)− u2(x, t)

) t∫
0

(
h(u1)(x, t, s)− h(u2)(x, t, s)

)
ds
}
dxdt

∣∣∣ 6
6M

∫
Ω

( T∫
0

|w(x, t)|dt
)( T∫

0

|w(x, s)|ds
)
dx = M

∫
Ω

( T∫
0

|w(x, t)|dt
)2

dx 6

6MT

∫∫
Q

|w(x, t)|2dxdt . (17)

Íà ïiäñòàâi îöiíîê (15) i (17) ç (14) îòðèìà¹ìî(
K1 −MT

) ∫∫
Q

|w(x, t)|2 dxdt 6 0 .

Çâiäñè, âðàõóâàâøè íåðiâíiñòü (6), îòðèìà¹ìî ðiâíiñòü
∫∫
Q

|w(x, t)|2 dxdt = 0,

òîáòî, ðiâíiñòü u1(x, t) = u2(x, t) äëÿ ì.â. (x, t) ∈ Q. Öå ñóïåðå÷èòü íàøîìó ïðèïó-
ùåííþ, ùî i äîâîäèòü ¹äèíiñòü óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (2)�(4).

Òåïåð äîâåäåìî iñíóâàííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (2)�(4), âèêîðèñòàâøè
ìåòîä Ôàåäî-Ãàëüîðêiíà. Îòîæ, íåõàé {wj ∈ Vp(Ω) | j ∈ N} � ëiíiéíî íåçàëåæíà ñiì'ÿ
ôóíêöié, ÿêà ¹ ïîâíîþ â ïðîñòîði Vp(Ω). Î÷åâèäíî, ùî öÿ ñiì'ÿ ôóíêöié ¹ ïîâíîþ i

â Hb(Ω). Ïïðèéìåìî Vp,m(Ω) =
{ m∑
k=1

αkwk

∣∣∣ α1, . . . , αm ∈ R
}
, m ∈ N. Î÷åâèäíî, ùî

çàìèêàííÿ
⋃
m∈N

Vp,m(Ω) â Vp(Ω) çáiãà¹òüñÿ ç Vp(Ω).

Îñêiëüêè ñiì'ÿ ôóíêöié
{
wj | j ∈ N

}
¹ ïîâíîþ â Hb(Ω), òî ìîæíà âèáðàòè

ïîñëiäîâíiñòü ôóíêöié {u0,m}∞m=1 òàêó, ùî u0,m ∈ Vp,m(Ω) äëÿ âñiõ m ∈ N i

||u0 − u0,m||Hb(Ω) = ||b1/2u0 − b1/2u0,m||L2(Ω) −→
m→∞

0 . (18)

Òåïåð çàóâàæèìî, ùî äëÿ ì.â. x ∈ Ω i äëÿ áóäü-ÿêîãî η ∈ [0, 1] ìàòèìåìî

|b1/2(x)− (b(x) + η)1/2|2|u0,m(x)|2 ≤ 4(b(x) + 1)|u0,m(x)|2.

Çâiäñè íà ïiäñòàâi òåîðåìè Ëåáåãà ïðî ãðàíè÷íèé ïåðåõiä ïiä çíàêîì iíòåãðàëà
(äèâ. [30]) äëÿ áóäü-ÿêîãî m ∈ N îòðèìà¹ìî

||b1/2u0,m − (b+ η)1/2u0,m||L2(Ω) −→
η→+0

0 .

Îòîæ, iñíó¹ ïîñëiäîâíiñòü {ηm}∞m=1 ÷èñåë ç iíòåðâàëó (0, 1) òàêà, ùî ηm −→
m→∞

0 i

||b1/2u0,m − (b+ ηm)1/2u0,m||L2(Ω) −→
m→∞

0 . (19)

Ïðèéìåìî

bm(x) := b(x) + ηm, x ∈ Ω, m ∈ N. (20)
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Íà ïiäñòàâi (18) òà (19) îäåðæèìî

||b1/2u0 − b1/2m u0,m||L2(Ω) −→
m→∞

0 . (21)

Òåïåð ïåðåéäåìî áåçïîñåðåäíüî äî âèêîðèñòàííÿ ìåòîäó Ôàåäî-Ãàëüîðêiíà. Äëÿ
êîæíîãî m ∈ N ãàëüîðêiíñüêå íàáëèæåííÿ um øóêà¹ìî ó âèãëÿäi

um(x, t) =

m∑
k=1

cm,k(t)wk(x) , (x, t) ∈ Q ,

äå cm,1, . . . , cm,m � àáñîëþòíî íåïåðåðâíi ôóíêöi¨, ÿêi ¹ ðîçâ'ÿçêàìè çàäà÷i Êîøi äëÿ
ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü∫

Ωt

bmum,twj dx+

∫
Ωt

{ n∑
i=0

(ai(um)− fi)∂iwj+ (22)

+wj

t∫
0

h(um) ds
}
dx = 0, t ∈ [0, T ], j = 1,m ,

um|t=0 = u0,m , (23)

äå Ωt := {(x, t)|x ∈ Ω}, t ∈ [0, T ].
Äîâåäåìî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (22), (23). Îñêiëüêè ôóíêöi¨

w1, . . . , wm � ëiíiéíî íåçàëåæíi, òî ìàòðèöÿ
(
amk,j :=

∫
Ω

bmwkwj dx
)m
k,j=1

� äîäàòíî

âèçíà÷åíà. Îòæå, ñèñòåìó çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü (22) ìîæíà çàïèñà-
òè â íîðìàëüíié ôîðìi. Çà òåîðåìîþ Êàðàòåîäîði (äèâ. [1]) îòðèìà¹ìî iñíóâàííÿ
òà ¹äèíiñòü ãëîáàëüíîãî ðîçâ'ÿçêó c1,m, . . . .., cm,m çàäà÷i (22), (23). Öåé ðîçâ'ÿçîê
âèçíà÷åíèé íà ïðîìiæêó [0, Tm〉, äå Tm ≤ T . Òóò êóòîâà äóæêà "〉" îçíà÷à¹ àáî
êðóãëó ")", àáî êâàäðàòíó "]" äóæêó. Äàëi ìè îòðèìà¹ìî îöiíêè, ç ÿêèõ, çîêðåìà,
âèïëèâàòèìå, ùî [0, Tm〉 = [0, T ].

Äëÿ êîæíîãî j ∈ {1, ...,m} i ìàéæå êîæíîãî t ∈ (0, T ) äîìíîæèìî ðiâíiñòü ç
íîìåðîì j ñèñòåìè (22) íà cm,j(t) i ïiäñóìó¹ìî îòðèìàíi ðiâíîñòi. Ó ðåçóëüòàòi äëÿ
ì.â. t ∈ (0, T ) îäåðæèìî∫

Ωt

bmum,tum dx+

∫
Ωt

{ n∑
i=0

(ai(um)− fi)∂ium + um

t∫
0

h(um) ds
}
dx = 0. (24)

Ïðîiíòåãðó¹ìî ðiâíiñòü (24) çà t ∈ [0, τ ] ⊂ [0, Tm〉, âèêîðèñòàâøè ôîðìóëó iíòå-
ãðóâàííÿ ÷àñòèíàìè. Ó ðåçóëüòàòi îòðèìà¹ìî ðiâíiñòü

1

2

∫
Ω

bm(x)|um(x, τ)|2 dx− 1

2

∫
Ω

bm(x)|u0,m(x)|2 dx+

+[δ + (1− δ)]
τ∫

0

∫
Ω

{ n∑
i=0

ai(um)∂ium

}
dxdt+
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+

τ∫
0

∫
Ω

{
um

t∫
0

h(um) ds
}
dxdt =

τ∫
0

∫
Ω

{ n∑
i=0

fi∂ium

}
dxdt, (25)

äå τ ∈ (0, Tm〉 , δ ∈ (0, 1) � äîâiëüíi ÷èñëà.
Çðîáèìî âiäïîâiäíi îöiíêè ÷ëåíiâ ðiâíîñòi (25). Íà ïiäñòàâi óìîâ (A1) i (A3)

ìàòèìåìî òàêó îöiíêó:

τ∫
0

∫
Ω

{ n∑
i=0

ai(um)∂ium

}
dxdt > K1

τ∫
0

∫
Ω

|um(x, t)|2 dxdt, (26)

à ç óìîâè (A4) îäåðæèìî

τ∫
0

∫
Ω

{ n∑
i=0

ai(um)∂ium

}
dxdt>K2

τ∫
0

∫
Ω

{ n∑
i=0

|∂ium(x, t)|pi(x)
}
dxdt−

τ∫
0

∫
Ω

g(x, t)dxdt. (27)

Ç óìîâ (H1) i (H2) ëåãêî âèïëèâà¹ íåðiâíiñòü

|h(um)(x, t, s)| 6M |um(x, s)| (28)

äëÿ ì.â. (x, t, s) ∈ Ω× (0, T )× (0, T ).
Âðàõóâàâøè îöiíêó (28) òà âèêîðèñòàâøè íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî, ìà-

òèìåìî

∣∣∣ τ∫
0

∫
Ω

{
um(x, t)

t∫
0

h(um)(x, t, s)ds
}
dxdt

∣∣∣ 6 τ∫
0

∫
Ω

{
|um(x, t)|·

t∫
0

|h(um)(x, t, s)|ds
}
dxdt 6

6M
∫
Ω

{( τ∫
0

|um(x, t)|dt
)( τ∫

0

|um(x, s)|ds
)}
dx 6MT

τ∫
0

∫
Ω

|um(x, t)|2dxdt . (29)

Äàëi âèêîðèñòîâóâàòèìåìî íåðiâíiñòü Þíãà

ab ≤ ε|a|q + ε−
1

q−1 |b|q
′
, a, b ∈ R, q > 1, ε > 0, (30)

äå q′ = q/(q − 1).
Âèáåðåìî äîâiëüíî çíà÷åííÿ ε ∈ (0, 1). Âèêîðèñòîâóþ÷è íåðiâíiñòü (30), îòðè-

ìà¹ìî

τ∫
0

∫
Ω

{ n∑
i=0

fi(x, t)∂ium(x, t)
}
dxdt 6 ε

τ∫
0

∫
Ω

{ n∑
i=0

|∂ium(x, t)|pi(x)
}
dxdt+

+

τ∫
0

∫
Ω

{ n∑
i=0

ε
− 1

p
−
i
−1 |fi(x, t)|p

′
i(x)
}
dxdt. (31)
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Ç (25) íà ïiäñòàâi (26), (27), (29) òà (31) îäåðæèìî

1

2

∫
Ω

bm(x)|um(x, τ)|2 dx+ δK1

τ∫
0

∫
Ω

|um(x, t)|2 dxdt+

+(1− δ)K2

τ∫
0

∫
Ω

{ n∑
i=0

|∂ium(x, t)|pi(x)
}
dxdt 6MT

τ∫
0

∫
Ω

|um(x, t)|2dxdt+

+ε

τ∫
0

∫
Ω

{ n∑
i=0

|∂ium(x, t)|pi(x)
}
dxdt+

τ∫
0

∫
Ω

{ n∑
i=0

ε
− 1

p
−
i
−1 |fi(x, t)|p

′
i(x) dxdt

}
+

+(1− δ)
τ∫

0

∫
Ω

g(x, t) dxdt+
1

2

∫
Ω

bm(x)|u0,m(x)|2 dx, (32)

äå τ ∈ (0, Tm〉 .
Ç (32) áåçïîñåðåäíüî îòðèìà¹ìî íåðiâíiñòü

1

2

∫
Ω

bm(x)|um(x, τ)|2 dx+ (δK1 −MT )

τ∫
0

∫
Ω

|um(x, t)|2 dxdt+

+[(1− δ)K2 − ε]
τ∫

0

∫
Ω

{ n∑
i=0

|∂ium(x, t)|pi(x)
}
dxdt6

τ∫
0

∫
Ω

{ n∑
i=0

ε
− 1

p
−
i
−1 |fi(x, t)|p

′
i(x) dxdt

}
+

+(1− δ)
τ∫

0

∫
Ω

g(x, t) dxdt+
1

2

∫
Ω

bm(x)|u0,m(x)|2 dx, τ ∈ (0, Tm〉 . (33)

Âèáåðåìî i çàôiêñó¹ìî çíà÷åííÿ δ ∈ (0, 1) òàêå, ùî δK1 −MT > 0 (öå ìîæíà
çðîáèòè íà ïiäñòàâi (8)), à ïîòiì � çíà÷åííÿ ε ∈ (0, 1) òàêå, ùî (1 − δ)K2 − ε > 0, i
ïiäñòàâèìî ¨õ â (33). Ó ðåçóëüòàòi çäîáóäåìî íåðiâíiñòü

∫
Ω

bm(x)|um(x, τ)|2 dx+ C3

τ∫
0

∫
Ω

{ n∑
i=0

|∂ium(x, t)|pi(x)
}
dxdt+ C4

τ∫
0

∫
Ω

|um(x, t)|2 dxdt 6

6 C5

[∫∫
Q

{ n∑
i=0

|fi(x, t)|p
′
i(x) + g(x, t)

}
dxdt+

∫
Ω

bm(x)|u0,m(x)|2 dx
]
, (34)

äå τ ∈ (0, Tm〉 � äîâiëüíå, à C3, C4, C5 � äîäàòíi ñòàëi, ÿêi çàëåæàòü òiëüêè âiä
K1, K2, M, T i p−i (i = 0, n).

Ç (19) âèïëèâà¹, ùî∫
Ω

bm(x)|u0,m(x)|2 dx −→
m→∞

∫
Ω

b(x)|u0(x)|2 dx . (35)
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Îòæå, ïîñëiäîâíiñòü
{∫

Ω

bm(x)|u0,m(x)|2 dx
}∞
m=1

¹ îáìåæåíîþ, òîìó íà ïiäñòàâi íå-

ðiâíîñòi (34) ìîæíà çðîáèòè âèñíîâîê, ùî iñíó¹ íåçàëåæíà âiä Tm ñòàëà, ÿêà îáìå-
æó¹ ôóíêöiþ t 7→

∫
Ω

bm(x)|um(x, t)|2 dx íà [0, Tm〉, à îòæå, iñíó¹ íåçàëåæíà âiä Tm

ñòàëà, ÿêà îáìåæó¹ ôóíêöi¨ cm,1, . . . , cm,m íà [0, Tm〉. Âíàñëiäîê öüîãî îòðèìà¹ìî,
ùî [0, Tm〉 = [0, T ]. Âðàõîâóþ÷è öå, ç (34) îòðèìà¹ìî íåðiâíiñòü

sup
t∈[0,T ]

∫
Ω

bm(x)|um(x, t)|2 dx +

∫∫
Q

{ n∑
i=0

|∂ium(x, t)|pi(x) + |um(x, t)|2
}
dxdt 6

6 C6

[ ∫∫
Q

{ n∑
i=0

|fi(x, t)|p
′
i(x) + g(x, t)

}
dxdt+

∫
Ω

bm(x)|u0,m(x)|2 dx
]
, (36)

äå C6 > 0 � ñòàëà, ÿêà çàëåæàòü òiëüêè âiä K1, K2, M , T i p−i (i = 0, n).
Íà ïiäñòàâi (35) i (36) îäåðæó¹ìî

sup
t∈[0,T ]

∫
Ω

bm(x)|um(x, t)|2 dx ≤ C7 , (37)

∫∫
Q

|um(x, t)|2 dxdt ≤ C7 , (38)

∫∫
Q

{ n∑
i=0

|∂ium(x, t)|pi(x)
}
dxdt ≤ C7 , (39)

äå C7 > 0 � ñòàëà, ùî íå çàëåæèòü âiä m.
Ç óìîâ (A1), (A2), (28) òà îöiíîê (38) i (39) îòðèìà¹ìî∫∫

Q

|ai(um)(x, t)|p
′
i(x) dxdt ≤ C8 , i = 0, n , (40)

∫∫
Q

∣∣∣ t∫
0

h(um)(x, t, s) ds
∣∣∣2 dxdt 6 C9, (41)

äå ñòàëi C8 i C9 � äîäàòíi, ùî íå çàëåæàòü âiä m.
Îñêiëüêè ïðîñòîðè L2(Q), Lpi(·)(Q), Lp′i(·)(Q) (i = 0, n) ðåôëåêñèâíi (äèâ. [11,

ñ. 600]), òî ç îöiíîê (37)�(41) âèïëèâà¹ iñíóâàííÿ ïiäïîñëiäîâíîñòi ïîñëiäîâíîñòi
{um} (ïîçíà÷àòèìåìî ¨¨ òàê ñàìî, ÿê i ñàìó ïîñëiäîâíiñòü) òà ôóíêöié v∗ ∈ L2(Ω),
u ∈ W̃ 1,0

p(·)(Q) ∩ L2(Q), χi ∈ Lp′i(·)(Q) (i = 0, n) i ζ ∈ L2(Q) òàêèõ, ùî

b1/2m (·)um(·, T ) −→
m→∞

v∗(·) ñëàáêî â L2(Ω), (42)

um −→
m→∞

u ñëàáêî â L2(Q) i ñëàáêî â W̃ 1,0
p(·)(Q), (43)

ai(um) −→
m→∞

χi ñëàáêî â Lp′i(·)(Q) (i = 0, n), (44)
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t∫
0

h(um) ds −→
m→∞

ζ ñëàáêî â L2(Q). (45)

Äîâåäåìî, ùî u ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (2)�(4). Ñïî÷àòêó çàóâàæèìî,
ùî äëÿ áóäü-ÿêèõ ôóíêöié v ∈ L2(Ω), ζ ∈ L2(0, T ) íà ïiäñòàâi îçíà÷åííÿ bm i òåîðåìè
Ëåáåãà ïðî ãðàíè÷íèé ïåðåõiä ïiä çíàêîì iíòåãðàëà ìà¹ìî

b1/2m v −→
m→∞

b1/2v ñèëüíî â L2(Ω) i ìàéæå ñêðiçü íà Ω, (46)

bmvζ −→
m→∞

bvζ ñèëüíî â L2(Q). (47)

Òåïåð âèáåðåìî äîâiëüíî òà çàôiêñó¹ìî ÷èñëà j,m ∈ N òàêi, ùî m ≥ j. Ðiâíiñòü
ñèñòåìè (22) ïiä íîìåðîì j ïîìíîæèìî íà äîâiëüíó ôóíêöiþ θ ∈ C1([0, T ]) i ïðîií-
òåãðó¹ìî çäîáóòó ðiâíiñòü ïî t ∈ [0, T ]. Ó ðåçóëüòàòi ïiñëÿ íåñêëàäíèõ ïåðåòâîðåíü,
âèêîðèñòîâóþ÷è ôîðìóëó iíòåãðóâàííÿ ÷àñòèíàìè, îòðèìà¹ìî

θ(T )

∫
Ω

bm(x)um(x, T )wj(x) dx− θ(0)

∫
Ω

bm(x)u0,m(x)wj(x) dx−

−
∫∫
Q

bmumwjθ
′ dxdt+

∫∫
Q

{ n∑
i=0

(ai(um)−fi)∂iwj + wj

t∫
0

h(um)ds
}
θ dxdt = 0 . (48)

Ñïðÿìóâàâøè m äî ∞ â (48) i âðàõóâàâøè (21), (42), (43), (44)�(47), îòðèìà¹ìî

θ(T )

∫
Q

b1/2(x)v∗(x)wj(x) dx− θ(0)

∫
Q

b(x)u0(x)wj(x) dx−

−
∫∫
Q

buwjθ
′ dxdt+

∫∫
Q

{ n∑
i=0

(χi − fi)∂iwj + ζwj

}
θ dxdt=0 . (49)

Îñêiëüêè j � äîâiëüíå ÷èñëî, à ñèñòåìà ôóíêöié {wj}∞j=1 ïîâíà â ïðîñòîði Vp(Ω),
òî ç (49) ìàòèìåìî, ùî äëÿ âñiõ v ∈ Vp(Ω) i θ ∈ C1([0, T ]) ïðàâèëüíà ðiâíiñòü

θ(T )

∫
Ω

b1/2(x)v∗(x)v(x) dx− θ(0)

∫
Ω

b(x)u0(x)v(x) dx−

−
∫∫
Q

buvθ′ dxdt+

∫∫
Q

{ n∑
i=0

(χi − fi)∂iv + ζv
}
θ dxdt=0 . (50)

Çàóâàæèìî òàêå: îñêiëüêè C1
c (0, T ) ⊂ C1([0, T ]), òî ç (50) îòðèìà¹ìî òîòîæíiñòü∫∫

Q

{ n∑
i=0

(χi − fi)∂ivϕ+ ζvϕ− buvϕ′
}
dxdt=0, äå v ∈ Vp(Ω), ϕ ∈ C1

c (0, T ). (51)

Íà ïiäñòàâi ëåìè 1 ç (51) îäåðæèìî, ùî

u ∈ C([0, T ];Hb(Ω)) (52)
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i äëÿ âñiõ v ∈ Vp(Ω) , θ ∈ C1([0, T ]) ïðàâèëüíà ðiâíiñòü

θ(T )

∫
Ω

b(x)u(x, T )v(x) dx− θ(0)

∫
Ω

b(x)u(x, 0)v(x) dx−

−
∫∫
Q

buvθ′ dxdt+

∫∫
Q

{ n∑
i=0

(χi − fi)∂iv + ζv
}
θ dxdt=0 . (53)

Ïîðiâíþþ÷è (50) i (53), îòðèìà¹ìî ðiâíîñòi

u(x, 0) = u0(x) äëÿ ì. â. x ∈ Ω0 , (54)

b1/2(x)u(x, T ) = v∗(x) äëÿ ì. â. x ∈ Ω. (55)

Îòîæ, ìè âñòàíîâèëè, ùî ôóíêöiÿ u íàëåæèòü ïðîñòîðó U bp(Q) (äèâ.(43) i (52)),
çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó (4) (äèâ. (54)) òà iíòåãðàëüíó òîòîæíiñòü (51). Ç òî-
òîæíîñòi (51) âèïëèâàòèìå òîòîæíiñòü (7), ÿêùî äëÿ áóäü-ÿêèõ v ∈ Vp(Ω) i ìàéæå
âñiõ t ∈ (0, T ) ïðàâèëüíà ðiâíiñòü∫

Ω

{ n∑
i=0

χi∂iv + ζv
}
dx =

∫
Ω

{ n∑
i=0

ai(u)∂iv +
( t∫

0

h(u) ds
)
v
}
dx . (56)

Îòæå, ÿêùî òîòîæíiñòü (56) ïðàâèëüíà, òî u � óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (2)�
(4) .

Äëÿ äîâåäåííÿ òîòîæíîñòi (56) âèêîðèñòà¹ìî ìåòîä ìîíîòîííîñòi (äèâ. [12]).
Íåõàé w � äîâiëüíà ôóíêöiÿ ç ïðîñòîðó ∈ W̃ 1,0

p(·)(Q) ∩ L2(Q). Äëÿ êîæíîãî m ∈ N
âèçíà÷èìî

Wm :=

∫∫
Q

{ n∑
i=0

(ai(um)− ai(w))(∂ium − ∂iw) +

+ (um − w)
( t∫

0

h(um) ds−
t∫

0

h(w) ds
)}

dxdt. (57)

Âèêîðèñòàâøè óìîâó (A3), äëÿ äîâiëüíîãî m ∈ N îòðèìà¹ìî òàêó îöiíêó∫∫
Q

{ n∑
i=0

(ai(um)− ai(w))(∂ium − ∂iw)
}
dxdt > K1

∫∫
Q

|um − w|2 dxdt. (58)

Ïðîâiâøè ìiðêóâàííÿ, àíàëîãi÷íi äî òèõ, ÿêi ïðèâåëè íàñ äî (17), îòðèìà¹ìî
îöiíêó∣∣∣∫∫

Q

{
(um(x, t)− w(x, t))

( t∫
0

h(um)(x, t, s) ds−
t∫

0

h(w)(x, t, s) ds
)}

dxdt
∣∣∣ 6

6MT

∫∫
Q

|um − w|2 dxdt, m ∈ N. (59)
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Îòæå, âðàõóâàâøè (8), îäåðæèìî

Wm >
(
K1 −MT

) ∫∫
Q

|um − w|2 dxdt > 0, m ∈ N. (60)

Çàïèøåìî (57) ó âèãëÿäi

Wm =

∫∫
Q

{ n∑
i=0

ai(um)∂ium + um

t∫
0

h(um) ds
}
dxdt−

−
∫∫
Q

{ n∑
i=0

[
ai(um)∂iw + ai(w)(∂ium − ∂iw)

]
+

+w

t∫
0

h(um) ds+ (um − w)

t∫
0

h(w) ds
}
dxdt, m ∈ N . (61)

Ïðèéìåìî τ = T â (25). Îòðèìà¹ìî∫∫
Q

{ n∑
i=0

ai(um)∂ium + um

t∫
0

h(um)ds
}
dxdt =

∫∫
Q

{ n∑
i=0

fi∂ium

}
dxdt−

− 1

2

∫
Ω

bm(x)|um(x, T )|2 dx +
1

2

∫
Ω

bm(x)|u0,m(x)|2 dx, m ∈ N . (62)

Ç (61) íà ïiäñòàâi (62) îòðèìà¹ìî

0 6Wm =

∫∫
Q

{ n∑
i=0

fi∂ium

}
dxdt− 1

2

∫
Ω

bm(x)|um(x, T )|2 dx+

+
1

2

∫
Ω

bm(x)|u0,m(x)|2 dx−
∫∫
Q

{ n∑
i=0

[
ai(um)∂iw + ai(w)(∂ium − ∂iw)

]
+

+w

t∫
0

h(um) ds+ (um − w)

t∫
0

h(w) ds
}
dxdt, m ∈ N . (63)

Íà ïiäñòàâi (42) òà (55) ìàòèìåìî

lim inf
m→∞

||b1/2m (·)um(·, T )||L2(Ω) ≥ ||b1/2(·)u(·, T )||L2(Ω) . (64)

Çâàæàþ÷è íà (21), (43) � (45), (64), ç (63) îäåðæó¹ìî

0 ≤ lim sup
m→∞

Wm ≤
∫∫
Q

{ n∑
i=0

fi∂iu
}
dxdt− 1

2

∫
Ω

b(x)|u(x, T )|2dx+
1

2

∫
Ω

b(x)|u0(x)|2dx−

−
∫∫
Q

{ n∑
i=0

[
χi∂iw + ai(w)(∂iu− ∂iw)

]
+ wζ + (u− w)

t∫
0

h(w) ds
}
dxdt . (65)
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Iç (51), âèêîðèñòîâóþ÷è ëåìó 1 ïðè θ ≡ 1 i ðiâíiñòü (54), îòðèìà¹ìî∫∫
Q

{ n∑
i=0

χi∂iu+ ζu
}
dxdt =

∫∫
Q

{ n∑
i=0

fi∂iu
}
dxdt−

− 1

2

∫
Ω

b(x)|u(x, T )|2 dx+
1

2

∫
Ω

b(x)|u0(x)|2 dx . (66)

Îòæå, ç (65) i (66) îäåðæèìî∫∫
Q

{ n∑
i=0

(χi − ai(w))(∂iu− ∂iw) +
(
ζ −

t∫
0

h(w) ds
)

(u− w)
}
dxdt ≥ 0 . (67)

Ïðèéìåìî w = u − λvϕ â (67), äå v ∈ Vp(Ω), ϕ ∈ C1
c (0, T ), λ > 0, i ïîäiëèìî

îòðèìàíó íåðiâíiñòü íà λ. Ó ïiäñóìêó ìàòèìåìî∫∫
Q

{ n∑
i=0

(χi − ai(u− λvϕ))∂ivϕ+
(
ζ −

t∫
0

h(u− λvϕ) ds
)
vϕ
}
dxdt ≥ 0 . (68)

Ïåðåéäåìî â (68) äî ãðàíèöi ïðè λ→ 0+, âèêîðèñòàâøè óìîâè (A1), (A2), (H1),
(H2) i òåîðåìó Ëåáåãà ïðî ïåðåõiä äî ãðàíèöi ïiä çíàêîì iíòåãðàëà. Ó ðåçóëüòàòi
îòðèìà¹ìî ðiâíiñòü∫∫

Q

{ n∑
i=0

(χi − ai(u))∂iv +
(
ζ −

t∫
0

h(u) ds
)
v
}
ϕdxdt = 0

äëÿ áóäü-ÿêèõ v ∈ Vp(Ω) i ϕ ∈ C1
c (0, T ). Çâiäñè ëåãêî âèïëèâà¹ òîòîæíiñòü (56).

Äîâåäåìî, ùî âèêîíó¹òüñÿ îöiíêà (9). Íà ïiäñòàâi ëåìè 1 ç iíòåãðàëüíî¨ òîòîæ-
íîñòi (7), âðàõîâóþ÷è (4), îòðèìà¹ìî ðiâíiñòü

1

2

∫
Ω

b(x)|u(x, τ)|2 dx− 1

2

∫
Ω

b(x)|u0(x)|2 dx+ [δ + (1− δ)]
τ∫

0

∫
Ω

{ n∑
i=0

ai(u)∂iu
}
dxdt+

+

τ∫
0

∫
Ω

{
u

t∫
0

h(u) ds
}
dxdt =

τ∫
0

∫
Ω

{ n∑
i=0

fi∂iu
}
dxdt, τ ∈ [0, T ]. (69)

äå δ ∈ (0, 1) � äîâiëüíå ÷èñëî. Äàëi, ìiðêóþ÷è öiëêîì àíàëîãi÷íî, ÿê äëÿ ïåðåõîäó
âiä (25) äî (36), çäîáóäåìî (9). Òåîðåìà ïîâíiñòþ äîâåäåíà. �

4. Âèñíîâêè

Ìè äîñëiäèëè ìiøàíi çàäà÷i äëÿ âèðîäæóâàíèõ ïàðàáîëi÷íèõ ðiâíÿíü çi çìií-
íèìè ïîêàçíèêàìè íåëiíiéíîñòi, ùî çáóðåíi iíòåãðàëüíèì îïåðàòîðîì. Çáóðþþ÷èé
îïåðàòîð iíêîëè íàçèâàþòü îïåðàòîðîì ïàì'ÿòi, îñêiëüêè çíà÷åííÿ îáðàçó ïðè äi¨
öüîãî îïåðàòîðà çàëåæèòü âiä çíà÷åíü øóêàíî¨ ôóíêöi¨ â ìîìåíòè ÷àñó, ÿêi ïåðåäó-
þòü àêòóàëüíîìó. Òàêîãî òèïó ðiâíÿííÿ ðàíiøå íå âèâ÷àëèñÿ. Ïðè öüîìó íà ÷àñòèíi
ìåæi çàäàíî êðàéîâó óìîâó ïåðøîãî ðîäó, à íà iíøié � äðóãîãî. Ââåäåíî ïîíÿòòÿ
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óçàãàëüíåíîãî ðîçâ'ÿçêó ìiøàíî¨ çàäà÷i äëÿ ðîçãëÿäóâàíèõ ðiâíÿíü, âèêîðèñòàâøè
óçàãàëüíåíi ïðîñòîðè Ëåáåãà òà Ñîáîë¹âà. Âñòàíîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi
óçàãàëüíåíèõ ðîçâ'ÿçêiâ äîñëiäæóâàíèõ çàäà÷. Ïðè äîâåäåííi iñíóâàííÿ ðîçâ'ÿçêó
âèêîðèñòàíî ìîäèôiêàöi¨ ìåòîäiâ Ôàåäî-Ãàëüîðêiíà òà ìîíîòîííîñòi.
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INITIAL-BOUNDARY VALUE PROBLEMS FOR NONLINEAR
DEGENERATE PARABOLIC EQUATIONS WITH INTEGRAL

OPERATORS TYPE VOLTERRA
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e-mail: mm.bokalo@gmail.com, oliasus@gmail.com

This paper is devoted to the results of investigation of initial-boundary value
problems for nonlinear integro-di�erential equations with variable exponents
of nonlinearity. We consider weak solutions which belong to the generalized
Sobolev and Lebesgue spaces. Under certain conditions on data-in the uni-
queness and existence of the solutions are proved. Also estimates of the soluti-
ons are obtained.

Key words: elliptic-parabolic equations, variable exponents of nonlinearity,
Galerkin's and monotone procedures.
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OPTIMAL CONTROL IN PROBLEMS WITHOUT INITIAL
CONDITIONS FOR WEAKLY NONLINEAR EVOLUTION

VARIATIONAL INEQUALITIES

Mykola BOKALO, Andrii TSEBENKO

Ivan Franko National University of Lviv,

1, Universytetska St., 79000, Lviv
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An optimal control problem for systems described by Fourier problem
(problem without initial conditions) for weakly nonlinear evolution variational
inequalities is studied. A control function occurs in the coe�cients of the vari-
ational inequality which describes the state of control system. Di�erent types
of observation are considered. The existence of the optimal control is proved.

Key words: optimal control, problem without initial conditions, variational
inequality.

1. Introduction

Optimal control problems for systems governed by variational inequalities are quite
popular nowadays. A large number of such problems were considered in the monograph
[3] and other publications (see, e.g., [1, 10, 16, 17]).

In particular, in [1] an optimal control problem for a parabolic variational inequality
is considered. Existence and necessary conditions for the optimal control are established.

In [16] the optimal control of parabolic variational inequalities is studied in the case
where the spatial domain is not necessarily bounded. An optimal control problem with
the control appearing in the coe�cient of the leading term is investigated and a �rst
order optimality system in a Lagrangian framework is derived. In [17] the author proves
an existence result for optimal control problem in coe�cients of a nonlinear elliptic vari-
ational inequality using the direct method of calculus of variation and the compensated
compactness lemma.

In this paper, we study an optimal control problem for systems whose states are
described by problems without initial conditions for evolutionary variational inequalities.
A particular case of the problem for the evolution variational inequalities is a problem
for evolutionary equations. The research of the problem without initial conditions for the
evolution equations and variational inequalities were conducted in the papers [9, 13, 15,
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18, 19, 20, 22, 26] and others. In particular, R.E. Showalter [25] proved the existence of
a unique solution u ∈ e2ω·W 1,2(−∞, 0;H), where H is a Hilbert space, of the problem
without initial condition

u′(t) + µu(t) +A
(
u(t)

)
3 f(t), t ∈ (−∞, 0),

for every ω + µ > 0 and f ∈ e2ω·W 1,2(−∞, 0;H), in case when A : H → 2H is
maximal monotone operator such that 0 ∈ A(0). Moreover, if A = ∂ϕ, where ϕ :
H → (−∞,+∞] is proper, convex, and lower-semi-continuous functional such that
ϕ(0) = 0 = min {ϕ(v) : v ∈ H}, then this problem is uniquely solvable for each µ > 0,
f ∈ L2(−∞, 0;H) and ω = 0.

Note that the uniqueness of the solutions of such problem for linear parabolic equati-
ons and variational inequalities is possible only under some restrictions on the behavior
of solutions when t → −∞. For the �rst time in the case of heat equation it was stri-
ctly justi�ed by A.N. Tikhonov [27]. However, as it was shown by M.M. Bokalo [9], the
problem without initial conditions for some nonlinear parabolic equations has a unique
solution in the class of functions with arbitrary behavior when t→ −∞. Similar results
were also obtained for evolutionary variational inequalities in [9].

Previously, optimal control problems of evolution equations without initial conditi-
ons were studied by the authors (see., e.g., [8, 7]). But as far as we know, optimal control
problems for variational inequalities without initial conditions were not considered yet,
which serves as one of the motivations for the study of such problems.

The outline of this paper is as follows. In Section 1, we provide notations, de�nitions
of function spaces and auxiliary results. In Section 2, we formulate the optimal control
problem. In Section 3, we prove existence and uniqueness of the solutions of problem
without initial conditions which describe the state of control system. Furthermore, we
obtain estimates for the solutions of the state equations. Finally, the existence of the
optimal control is presented in Section 4.

2. Preliminaries

Set S := (−∞, 0]. Let V and H be separable Hilbert spaces with the scalar products
(·, ·)V , (·, ·) and norms ‖·‖, |·|, respectively. Suppose that V ⊂ H with continuous injection
and V is dense and compact in H, i.e., the closure of V in H coincides with H, and there
exists a constant λ > 0 such that

λ|v|2 6 ‖v‖2 ∀v ∈ V, (1)

and for every bounded sequence {wk}∞k=1 in V there exist an element w ∈ H and a
subsequence {wkj}∞j=1 of sequence {wk}∞k=1 such that wkj −→

j→∞
w strongly in H.

Let V ′ and H ′ be the dual spaces to V and H, respectively. We suppose (after
appropriate identi�cation of functionals), that the space H ′ is a subspace of V ′. Identifyi-
ng (by the Riesz�Fr�echet representation theorem) spaces H and H ′, we obtain continuous
and dense embeddings

V ⊂ H ⊂ V ′ . (2)

Note, that in this case 〈g, v〉V = (g, v) for every v ∈ V, g ∈ H, where 〈·, ·〉V is the scalar
product for the duality V ′, V . Therefore, further we use the notation (·, ·) instead of
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〈·, ·〉V . Also we use the notation ‖ · ‖∗ for the norm in V ′. Note that

λ‖h‖2∗ 6 |h|2 ∀h ∈ H, (3)

where λ is the constant from the equality (1). Indeed, under (1) we have

‖h‖∗ = sup
v∈V,‖v‖=1

|(h, v)| 6 sup
v∈V,‖v‖=1

|h||v| 6 λ−1/2|h|.

We introduce some spaces of functions and distributions. Let X be an arbitrary
Hilbert space with the scalar product (·, ·)X and the norm ‖ · ‖X . Under C(S;X) we
mean the linear space of continuous functions de�ned on S with values in X. We say that
zm −→

m→∞
z in C(S;X) if for each t1, t2 ∈ S (t1 < t2) we have ‖z−zm‖C([t1,t2];X) −→

m→∞
0.

Let q ∈ [1,∞], q′ be dual to q, i.e., 1/q + 1/q′ = 1. Denote by L2
loc

(S;X) the linear
space of measurable functions de�ned on S with values in X, whose restrictions to any
segment [t1, t2] ⊂ S belong to the space Lq(t1, t2;X). We say that a sequence {zm} is
bounded (respectively, strongly, weakly or ∗-weakly convergent to z) in Lq

loc
(S;X), if for

each t1, t2 ∈ S (t1 < t2) the sequence of restrictions of {zm} to the segment [t1, t2] is
bounded (respectively, strongly, weakly or ∗-weakly convergent to the restrictions of z to
this segment) in Lq(t1, t2;X).

Let ν ∈ R. Put by de�nition

L2
ν(S;X) :=

{
f ∈ L2

loc
(S;X)

∣∣∣ ∫
S

e−2νt‖f(t)‖2Xdt <∞
}
.

This space is a Hilbert space with the scalar product

(f, g)L2
ν(S;X) =

∫
S

e−2νt(f(t), g(t))X dt

and the corresponding norm

‖f‖L2
ν(S;X) :=

(∫
S

e−2νt‖f(t)‖2X dt
)1/2

.

Also we introduce the space L∞ν (S;X) := {f ∈ L∞(S;X) | ess sup
t∈S

[
e−νt‖f(t)‖X

]
<∞}.

Under D′(−∞, 0;V ′w) we mean the space of de�ned on D(−∞, 0) with values in V ′

distributions, i.e., the space of continuous linear functionals on D(−∞, 0) with values
in V ′w (hereafter D(−∞, 0) is the space of test functions, that is, the space of in�nitely
di�erentiable on (−∞, 0) functions with compact support, equipped with corresponding
topology, and Vw is the linear space V ′ equipped with weak topology). It is easy to see
(using (2)), that the spaces L2

loc
(S;V ), L2

loc(S;H), L2
loc

(S;V ′) can be identi�ed with the
corresponding subspaces ofD′(−∞, 0;V ′w). This, in particular, allows us to talk about the
derivatives z′ of the functions z from L2

loc
(S;V ) or L2

loc(S;H) in the sense of distributions
D′(−∞, 0;V ′w) and belonging of such derivatives to L2

loc(S;H) or L2
loc

(S;V ′).
Denote by H1

loc(S;H) the space of functions z ∈ L2
loc(S;H) such that z′ ∈

L2
loc(S;H). Let us de�ne the space

W2,loc(S) := {z ∈ L2
loc(S;V )

∣∣ z′ ∈ L2
loc(S;V ′)}. (4)
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From known results (see., for example, [14, P. 177-179]) it follows that H1
loc(S;H) ⊂

C(S;H) and W2,loc(S) ⊂ C(S;H). Moreover, for every z in W2,loc(S) or in H1
loc(S;H)

function t→ |z(t)|2 is absolutely continuous on any segment of the ray S and the following
equality holds

d

dt
|z(t)|2 = 2(z′(t), z(t)) for a.e. t ∈ S. (5)

Denote

H1
ν (S) := {z ∈ L2

ν(S;H)
∣∣ z′ ∈ L2

ν(S;H)}, ν ∈ R. (6)

In this paper we use the following well-known facts.

Proposition 1 (Cauchy-Schwarz inequality [14, p. 158]). Suppose that t1, t2 ∈ R (t1 <
t2), and X is a Hilbert space with the scalar product (·, ·)X . Then, if v ∈ L2(t1, t2;X)
and w ∈ L2(t1, t2;X), we have (w(·), v(·))X ∈ L1

(
t1, t2

)
and∫ t2

t1

(w(t), v(t))X dt 6 ‖w‖L2(t1,t2;X)‖v‖L2(t1,t2;X).

Proposition 2 ([28, p. 173,179]). Let X be a Banach space with the norm ‖ · ‖X , and
{vk}∞k=1 be the sequence of elements of X which is weakly or ∗-weakly convergent to v
in X. Then lim

k→∞
‖vk‖X > ‖v‖X .

Proposition 3 ([2, Aubin theorem], [4, p. 393]). Suppose that q > 1, r > 1, t1, t2 ∈
R (t1 < t2), and W,L,B are Banach spaces such that W

c
⊂L 	 B (here

c
⊂ means

compact embedding and 	 means continuous embedding). Then

{z ∈ Lq(t1, t2;W) | z′ ∈ Lr(t1, t2;B)}
c
⊂
(
Lq(t1, t2;L) ∩ C([t1, t2];B)

)
. (7)

Remark 1. We understand embedding (7) as follows: if a sequence {zm} is bounded in the
space Lq(t1, t2;W) and the sequence {z′m}m∈N is bounded in the space
Lr(t1, t2;B), then there exist a function z ∈ C([t1, t2];B)∩Lq(t1, t2;L) and a subsequence
{zmj} of the sequence {zm} such that zmj −→

j→∞
z in C([t1, t2];B) and strongly in

Lq(t1, t2;L).

Proposition 4. If a sequence {zm} is bounded in the space L2
loc(S;V ) and the sequence

{z′m} is bounded in the space L2
loc(S;H), then there exist a function z ∈ L2

loc(S;V ),
z′ ∈ L2

loc(S;H) and a subsequence {zmj} of the sequence {zm} such that zmj −→
j→∞

z in

C(S;H) and weakly in L2
loc(S;V ), and z′mj −→j→∞ z

′ weakly in L2
loc(S;H).

Proof. Proposition 3 when q = 2, r = 2, W = V , L = B = H yields, for every t1, t2 ∈
S (t1 < t2) from the sequence of restrictions of the elements of {zm} to the segment
[t1, t2] one can choose subsequence which is convergent in C([t1, t2];H) and weakly in
L2(t1, t2;V ), and the sequence of derivatives of elements of this subsequence is weakly
convergent in L2(t1, t2;H). For each k ∈ N we choose a subsequence {zm(k,j)}∞j=1 of

a given sequence, which is convergent in C([−k, 0];H) and weakly in L2(−k, 0;V ) to
some function ẑk ∈ C([−k, 0];H)∩L2(−k, 0;V ), and the sequence {z′m(k,j)}

∞
j=1 is weakly

convergent to the derivative ẑ′k in L2(−k, 0;H). Making this choice we ensure that the
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sequence {zm(k+1,j)}∞j=1 be a subsequence of the sequence {zm(k,j)}∞j=1. Now, according
to the diagonal process we select the desired subsequence as {zm(j,j)}∞j=1, and we de�ne
the function z as follows: for each k ∈ N we take z(t) := ẑk(t) for t ∈ (−k,−k + 1]. �

Let Φ : V → (−∞,+∞] be a proper functional, which satis�es the conditions:

(A1): Φ
(
αv + (1− α)w

)
6 αΦ(v) + (1− α)Φ(w) ∀ v, w ∈ V, ∀α ∈ [0, 1],

i.e., the functional Φ is convex,
(A2): vk −→

k→∞
v in V =⇒ lim

k→∞
Φ(vk) > Φ(v),

i.e., the functional Φ is lower semicontinuous.

Denote by dom(Φ) := {v ∈ V : Φ(v) < +∞} the e�ective domain of the functional Φ.

Recall that the subdi�erential of a functional Φ is a mapping ∂Φ : V → 2V
′
, de�ned

as follows

∂Φ(v) := {v∗ ∈ V ′ | Φ(w) > Φ(v) + (v∗, w − v) ∀ w ∈ V }, v ∈ V,
and the domain of the subdi�erential ∂Φ is the set D(∂Φ) := {v ∈ V | ∂Φ(v) 6= ∅}. We
identify the subdi�erential ∂Φ with its graph assuming that [v, v∗] ∈ ∂Φ if and only if
v∗ ∈ ∂Φ(v), i.e., ∂Φ = {[v, v∗] | v ∈ D(∂Φ), v∗ ∈ ∂Φ(v))}. Rockafellar in [23, Theorem A]
proves that the subdi�erential ∂Φ is a maximal monotone operator, that is,

(v∗1 − v∗2 , v1 − v2) > 0 ∀ [v1, v
∗
1 ], [v2, v

∗
2 ] ∈ ∂Φ

and for every element [v1, v
∗
1 ] ∈ V × V ′ we have the implication

(v∗1 − v∗2 , v1 − v2) > 0 ∀ [v2, v
∗
2 ] ∈ ∂Φ =⇒ [v1, v

∗
1 ] ∈ ∂Φ.

Additionally, assume that the following conditions hold:

(A3): there exist constant K1 > 0 such that

Φ(v) > K1‖v‖2 ∀ v ∈ dom(Φ);

moreover, Φ(0) = 0;
(A4): there exists a constant K2 > 0 such that

(v∗1 − v∗2 , v1 − v2) > K2|v1 − v2|2 ∀ [v1, v
∗
1 ], [v2, v

∗
2 ] ∈ ∂Φ.

Remark 2. Condition (A3) implies that Φ(v) > Φ(0)+(0, v−0) ∀v ∈ V , hence 0 ∈ ∂Φ(0).
From this and condition (A4) we have

(v∗, v) > K2|v|2 ∀ [v, v∗] ∈ ∂Φ. (8)

Let us consider the evolutionary variational inequality

y′(t) + ∂Φ
(
y(t)

)
+ u(t)y(t) 3 f(t), t ∈ S, (9)

where f : S → V ′ and u : S → R are given measurable functions.

De�nition 1. Let conditions (A1), (A2) hold and u ∈ L∞loc(S), f ∈ L2
loc(S;V ′). A

function y is called a solution of variational inequality (9), if it satis�es the following
conditions:

1) y ∈W2,loc(S);
2) y(t) ∈ D(∂Φ) for a.e. t ∈ S;
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3) there exists a function g ∈ L2
loc(S;V ′) such that for a.e. t ∈ S we have g(t) ∈

∂Φ
(
y(t)

)
and

y′(t) + g(t) + u(t)y(t) = f(t) in V ′.

For variational inequality (9) consider the problem: �nd its solution which satis�es
the condition

lim
t→−∞

e−γt|y(t)| = 0, (10)

where γ ∈ R is given.
The problem of �nding a solution of variational inequality (9) for given Φ, u, f ,

satisfying the condition (10) for given γ, is called the problem without initial conditions
for the evolution variational inequality (9) or, in short, the problem P(Φ, u, f, γ), and
the function y is called its solution.

Remark 3. The problem P(Φ, u, f, γ) can be replaced by the following problem. Let K be
a convex and closed set in V , A : V → V ′ be a monotone, bounded and semi-continuous

operator such that (A(v), v) > K̃1‖v‖2 ∀v ∈ V , where K̃1 = const > 0. The problem is
to �nd a function y ∈W2,loc(S), satisfying the condition (10) and for a.e. t ∈ S

y(t) ∈ K and (y′(t) +A(y(t)) + u(t)y(t), v − y(t)) > (f(t), v − y(t)) ∀ v ∈ K.
Theorem 1. Let conditions (A1) � (A4) hold. Suppose that

(F): −∞ < m̃ := ess inf
t∈S

u(t) 6 ess sup
t∈S

u(t) =: M̃ < +∞, f ∈ L2
γ(S;H),

where γ ∈ R is a constant which satis�es the inequality

K2 + m̃+ γ > 0. (11)

Then the problem P(Φ, u, f, γ) has a unique solution, it belongs to the space
L∞γ (S;V ) ∩ L2

γ(S;V ) ∩H1
γ(S;H) and satis�es the estimate:

e−2γτ‖y(τ)‖2 +

τ∫
−∞

e−2γt‖y(t)‖2 dt+

τ∫
−∞

e−2γt|y′(t)|2 dt

6 C1

∫ τ

−∞
e−2γt|f(t)|2 dt, τ ∈ S (12)

where C1 is a positive constant which depends on K1, K2, γ, λ and m̃, M̃ only.

The proof of this theorem is given in Section 3.

3. Statement of the main problem and results

Let U be a closed linear subspace of L∞(S), for example, U := L∞(S) or U := {u ∈
L∞(S) | u(t) = 0 for a.e. t ∈ S \ [t∗, 0]}, where t∗ < 0 is arbitrary �xed. Assume that U

is the space of controls and for given constants m,M ∈ R the set U∂ :=
{
u ∈ U

∣∣∣m 6
u(t) 6M for a.e. t ∈ S

}
is the set of admissible controls.

We assume that the state of the investigated evolutionary system y(u) = y(·;u) for
a given control u ∈ U∂ is described by a solution of a problem P(Φ, u, f, γ), when the
following condition holds:
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(P) Φ satis�es conditions (A1) � (A4), f ∈ L2
γ(S;H) and

K2 +m+ γ > 0. (13)

From Theorem 1 we infer that there exists a unique function y(u) = y(t;u), t ∈ S
which is the solution of problem P(Φ, u, f, γ), and this function belongs to the space
L∞γ (S;V ) ∩ L2

γ(S;V ) ∩H1
γ(S;H).

Let G : C(S;H)→ R be a functional which satis�es condition:

(G) G is lower semi-continuous in C(S;H) and, moreover, inf
z∈C(S;H)

G(z) > −∞.

We assume that the cost functional J : U → R has the form

J(u) := G(y(u)) + µ‖u‖2U , u ∈ U, (14)

where µ > 0 is a constant.

We consider the following optimal control problem: �nd a control u∗ ∈ U∂ such
that

J(u∗) = inf
u∈U∂

J(u). (15)

We brie�y call this problem (15), and its solutions will be called the optimal controls.
The main result of this paper is the following theorem.

Theorem 2. Let conditions (P) and (G) hold. Then problem (15) has a solution.

The proof of this theorem is given in Section 4.

4. Well-posedness of the problem without initial conditions for weakly

nonlinear variational inequality

We now turn to the question of existence and uniqueness of the solution of the
problem P(Φ, u, f, γ).

First, we de�ne the functional ΦH : H → R∞ by the rule: ΦH(v) := Φ(v), if
v ∈ V , and ΦH(v) := +∞ otherwise. Note that conditions (A1), (A2), Lemma IV.5.2
and Proposition IV.5.2 of the monograph [24] imply that ΦH is proper, convex, and lower-
semi-continuous functional on H, dom(ΦH) = dom(Φ) ⊂ V and ∂ΦH = ∂Φ ∩ (V ×H),
where ∂ΦH : H → 2H is the subdi�erential of the functional ΦH . Moreover, condition
(A3) yields 0 ∈ ∂ΦH(0).

Proposition 5 ([24, Lemma IV.4.3]). Assume that z ∈ H1(a, b;H) (−∞ < a < b <
+∞), and there exists g ∈ L2(a, b;H) such that g(t) ∈ ∂ΦH

(
z(t)

)
for a.e. t ∈ (a, b). Then

the function ΦH
(
z(·)
)
is absolutely continuous on the interval [a, b] and for any function

h : [a, b]→ H such that h(t) ∈ ∂ΦH
(
z(t)

)
the following equality holds

d

dt
ΦH
(
z(t)

)
= (h(t), z′(t)) for a.e. t ∈ (a, b).

Proposition 6 ([12, Proposition 3.12], [24, Proposition IV.5.2]). Suppose that T > 0,

f̃ ∈ L2(0, T ;H) and z0 ∈ dom(Φ). Then there exists a unique function z ∈ H1(0, T ;H)
such that z(0) = z0 and for a.e. t ∈ (0, T ) we have z(t) ∈ D(∂ΦH) and

z′(t) + ∂ΦH
(
z(t)

)
3 f̃(t) in H. (16)
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Proposition 7. Suppose that T > 0, f̃ ∈ L2(0, T ;H), ũ ∈ L∞(0, T ) and z0 ∈ dom(Φ).
Then there exists a unique function z ∈ H1(0, T ;H) such that z(0) = z0 and for a.e.
t ∈ (0, T ) we have z(t) ∈ D(∂ΦH) and

z′(t) + ∂ΦH
(
z(t)

)
+ ũ(t)z(t) 3 f̃(t) in H. (17)

Proof. Let α > 0 be an arbitrary �xed number and let

ρ(z1, z2) = max
t∈[0,T ]

[
e−αt|z1(t)− z2(t)|

]
, z1, z2 ∈ C([0, T ];H),

be a metric on C([0, T ];H). It is obvious that the space C([0, T ];H) with this metric
is complete. Now let us consider an operator A : C([0, T ];H) → C([0, T ];H) de�ned as
follows: to any given function z̃ ∈ C([0, T ];H), it assigns a function ẑ ∈ H1(0, T ;H) ⊂
C([0, T ];H) such that ẑ(0) = z0 and for a.e. t ∈ (0, T ) the following inclusions hold:
ẑ(t) ∈ D(ΦH) and

ẑ′(t) + ∂ΦH(ẑ(t)) 3 f̃(t)− ũ(t)z̃(t) in H. (18)

Clearly, variational inequality (18) coincides with variational inequality (16) after repla-

cing f̃ by f̃ − ũz̃, thus using Proposition 6 we get that the operator A is well-de�ned.
Let us show that the operator A is a contraction. Indeed, let z̃1, z̃2 be arbitrary function
from C([0, T ];H) and ẑ1 := Az̃1, ẑ2 = Az̃2. According to (18) there exist functions g̃1
and g̃2 from L2(0, T ;H) such that for every k ∈ {1, 2} and for a.e. t ∈ (0, T ) we have
g̃k(t) ∈ ∂ΦH(ẑk(t)) and

ẑ′k(t) + g̃k(t) = f̃(t)− ũ(t)z̃k(t), (19)

while ẑk(0) = z0.
Subtracting identity (19) with k = 2 from identity (19) with k = 1, and, for a.e.

t ∈ (0, T ), multiplying the obtained identity by ẑ1(t)− ẑ2(t), we get(
(ẑ1(t)− ẑ2(t))′, ẑ1(t)− ẑ2(t)

)
+ (g̃1(t)− g̃2(t), ẑ1(t)− ẑ2(t))

= −ũ(t)(z̃1(t)− z̃2(t), ẑ1(t)− ẑ2(t)) for a.e. t ∈ (0, T ),

ẑ1(0)− ẑ2(0) = 0. (20)

We integrate equality (20) by t from 0 to τ ∈ (0, T ], taking into account that for a.e.
t ∈ (0, T ) we have(

(ẑ1(t)− ẑ2(t))′, ẑ1(t)− ẑ2(t)
)

=
1

2

d

dt
|ẑ1(t)− ẑ2(t)|2.

As a result we get the equality

1

2
|ẑ1(t)− ẑ2(t)|2 +

∫ τ

0

(g̃1(t)− g̃2(t), ẑ1(t)− ẑ2(t)) dt

= −
∫ τ

0

ũ(t)(z̃1(t)− z̃2(t), ẑ1(t)− ẑ2(t)) dt. (21)

Taking into account condition (A4), for a.e. t ∈ (0, T ) we have the inequality

(g̃1(t)− g̃2(t), ẑ1(t)− ẑ2(t)) > K2|ẑ1(t)− ẑ2(t))|2. (22)
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Since ũ ∈ L∞(0, T ) then there exists a constant M̃ > 0 such that |ũ(t)| 6 M̃ for a.e.
t ∈ (0, T ). From this, taking into account the Cauchy inequality, for a.e. t ∈ (0, T ) we
obtain ∣∣ũ(t)

(
z̃1(t)− z̃2(t), ẑ1(t)− ẑ2(t)

)∣∣ 6 M̃ |z̃1(t)− z̃2(t)||ẑ1(t)− ẑ2(t)|

6
εM̃

2
|ẑ1(t)− ẑ2(t)|2 +

M̃

2ε
|z̃1(t)− z̃2(t)|2, (23)

where ε > 0 is arbitrary.
From (21), according to (22) and (23), we have

|ẑ1(τ)− ẑ2(τ)|2+(2K2 − εM̃)

∫ τ

0

|ẑ1(t)− ẑ2(t)|2 dt 6 M̃ε−1
∫ τ

0

|z̃1(t)− z̃2(t)|2 dt. (24)

Choosing ε > 0 such that 2K2 − εM̃ > 0, from (24) we obtain

|ẑ1(τ)− ẑ2(τ)|2 6 C2

∫ τ

0

|z̃1(t)− z̃2(t)|2 dt, τ ∈ (0, T ], (25)

where C2 > 0 is a constant.
After multiplying inequality (25) by e−2ατ we obtain

e−2ατ |ẑ1(τ)− ẑ2(τ)|2 6 C2e
−2ατ

∫ τ

0

e2αte−2αt|z̃1(t)− z̃2(t)|2 dt

6 C2e
−2ατ max

t∈[0,T ]

[
e−2αt|z̃1(t)− z̃2(t)|2

] ∫ τ

0

e2αt dt

=
C2

2α
(1− e−2ατ )

(
ρ(z̃1, z̃2)

)2
6
C2

2α

(
ρ(z̃1, z̃2)

)2
, τ ∈ [0, T ]. (26)

From (26) it easily follows that

ρ(ẑ1, ẑ2) 6
√
C2/(2α)ρ(z̃1, z̃2).

From this, choosing α > 0 such that the inequality C2/(2α) < 1 holds, we obtain that
the operator A is a contraction. Hence, we may apply the Banach �xed-point theorem
(the contraction mapping principle) [11, Theorem 5.7] and deduce that there exists a
unique function z ∈ C([0, T ];H) such that Az = z. Thus, Proposition 7 is proved. �

Now let us prove Theorem 1.

Proof. The uniqueness of the solution. Assume the opposite. Let y1, y2 be two solutions of
the problem P(Φ, u, f, γ). Then for every i ∈ {1, 2} there exists a function gi ∈ L2

loc(S;V ′)
such that for a.e. t ∈ S we have gi(t) ∈ ∂Φ

(
yi(t)

)
and

y′i(t) + gi(t) + u(t)yi(t) = f(t) in V ′. (27)

Denote z := y1 − y2. From equalities (27) for a.e. t ∈ S we obtain

z′(t) + g1(t)− g2(t) + u(t)z(t) = 0 in V ′. (28)

From (10) it follows that the following condition holds

e−2γt|z(t)|2 → 0 as t→ −∞. (29)
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Multiplying equality (28) for almost every t ∈ S on z(t), we obtain

(z′(t), z(t)) + (g1(t)− g2(t), y1(t)− y2(t)) + u(t)|z(t)|2 = 0. (30)

According to equality (5), condition (A4) and the fact that gi(t) ∈ ∂Φ(yi(t)) (i = 1, 2)
for a.e. t ∈ S, we obtain the di�erential inequality

1

2

d|z(t)|2

dt
+ (K2 + m̃)|z(t)|2 6 0 for a.e. t ∈ S. (31)

Let us take arbitrary numbers τ1, τ2 ∈ S (τ1 < τ2). Multiplying inequality (31) by
e−2γt, integrating from τ1 to τ2 and using the integration-by-parts formula, we obtain

1

2
e−2γt|z(t)|2

∣∣∣τ2
τ1

+ (K2 + m̃+ γ)

τ2∫
τ1

e−2γt|z(t)|2 dt 6 0. (32)

Since condition (11) hold, then from (32) we obtain

e−2γτ2 |z(τ2)|2 6 e−2γτ1 |z(τ1)|2. (33)

In (33) we �x τ2 and pass to the limit as τ1 → −∞. According to condition (29) we
obtain the equality e−2γτ2 |z(τ2)|2 = 0. Since τ2 ∈ S is an arbitrary number, we have
z(t) = 0 for a. e. t ∈ S, that is, y1(t) = y2(t) for a. e. t ∈ S. The resulting contradiction
proves the uniqueness of the solution of problem (15).

The existence of the solution. We divide the proof into three steps.
Step 1 (Solution approximation). We construct a sequence of functions which, in

some sense, approximate the solution of the problem P(Φ, u, f, γ).

Let f̂k(t) := f(t) for t ∈ Sk := [−k, 0], where k ∈ N. For each k ∈ N let us consider
the problem of �nding a function ŷk ∈ H1(Sk;H) :=

{
z ∈ L2(Sk;H)

∣∣ z′ ∈ L2(Sk;H)
}

such that for a.e. t ∈ Sk we have ŷk(t) ∈ D(∂ΦH) and

ŷ ′k(t) + ∂ΦH
(
ŷk(t)

)
+ u(t)ŷk(t) 3 f̂k(t) in H, (34a)

ŷk(−k) = 0. (34b)

Variational inequality (34a) means that there exists a function ĝk ∈ L2(Sk;H) such that
for a.e. t ∈ Sk we have ĝk(t) ∈ ∂ΦH(ûk(t)) and

ŷ ′k(t) + ĝk(t) + u(t)ŷk(t) = f̂k(t) in H. (35)

Note that D(∂ΦH) ⊂ dom(ΦH), therefore ŷk(t) ∈ V for a.e. t ∈ Sk. According to
the de�nition of the subdi�erential of a functional and the fact that ĝk(t) ∈ ∂Φ(ŷ(t)) for
a.e. t ∈ Sk, we have

Φ(0) > Φ(ŷk(t)) + (ĝk(t), 0− ŷk(t)) for a.e. t ∈ Sk.
Using this and condition (A3) we obtain

(ĝk(t), ŷk(t)) > Φ(ŷk(t)) > K1‖ŷk(t)‖2 for a.e. t ∈ Sk. (36)

Since the left side of this chain of inequalities belongs to L1(Sk), then ŷk belongs to
L2(Sk;V ).

For each k ∈ N we extend the functions f̂k, ŷk and ĝk by zero over the entire interval
S, and denote these extensions by fk, yk and gk respectively. From the above it follows
that for each k ∈ N the function yk belongs to L2(S;V ), its derivative y′k belongs to
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L2(S;H) and for a.e. t ∈ S the inclusion gk(t) ∈ ∂ΦH
(
yk(t)

)
and the following equality

hold (see (35)
y′k + gk(t) + u(t)yk = fk(t) in H. (37)

In order to show the convergence of {yk}+∞k=1 to the solution of the problem
P(Φ, u, f, γ) we need some estimates of the functions yk (k ∈ N).

Step 2 (Estimates of approximating solutions).
Multiplying identity (37), for a.e. t ∈ S, by e−2γtyk(t) and integrating if from τ1 to

τ2 (τ1, τ2 ∈ S are arbitrary numbers, τ1 < τ2), we obtain∫ τ2

τ1

e−2γt(y′k(t), yk(t)) dt+

∫ τ2

τ1

e−2γt(gk(t), yk(t)) dt

+

∫ τ2

τ1

e−2γtu(t)|yk(t)|2 dt =

∫ τ2

τ1

e−2γt(fk(t), yk(t)) dt.

From this, taking into account (5) and using the integration-by-parts formula, we obtain

e−2γt|yk(t)|2
∣∣∣τ2
τ1

+ 2γ

∫ τ2

τ1

e−2γt|yk(t)|2 dt+ 2

∫ τ2

τ1

e−2γt(gk(t), yk(t)) dt (38)

+ 2

∫ τ2

τ1

e−2γtu(t)|yk(t)|2 dt = 2

∫ τ2

τ1

e−2γt(fk(t), yk(t)) dt.

According to the de�nition of yk and (36), we obtain

(gk(t), yk(t)) > Φ
(
yk(t)

)
> K1‖yk(t)‖2 for a.e. t ∈ S. (39)

Let us estimate the third term on the left-hand side of inequality (38). From (8) and (39)
for arbitrary δ ∈ (0, 1), we obtain

2

∫ τ2

τ1

e−2γt(gk(t), yk(t)) dt = 2(δ + (1− δ))
∫ τ2

τ1

e−2γt(gk(t), yk(t)) dt

> 2δK2

∫ τ2

τ1

e−2γt|yk(t)|2 dt+ (1− δ)K1

∫ τ2

τ1

e−2γt‖yk(t)‖2 dt

+(1− δ)
∫ τ2

τ1

e−2γtΦ
(
yk(t)

)
dt. (40)

Using the Cauchy inequality we estimate the right-hand side of (38), as follows

2

∫ τ2

τ1

e−2γt(fk(t), yk(t)) dt 6 ε
∫ τ2

τ1

e−2γt|yk(t)|2 dt+ ε−1
∫ τ2

τ1

e−2γt|fk(t)|2 dt, (41)

where ε > 0 is arbitrary.
From (38), taking into account (40), (41) and the notation m̃ := inf

t∈S
u(t), we obtain

e−2γt|yk(t)|2
∣∣∣τ2
τ1

+ [2(δK2 + m̃+ γ)− ε]
∫ τ2

τ1

e−2γt|yk(t)|2 dt

+ (1− δ)K1

∫ τ2

τ1

e−2γt‖yk(t)‖2 dt+ (1− δ)
∫ τ2

τ1

e−2γtΦ
(
yk(t)

)
dt

6 ε−1
∫ τ2

τ1

e−2γt|fk(t)|2 dt, δ ∈ (0, 1), ε > 0. (42)
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Since K1 > 0, K2+m̃+γ > 0 and δ ∈ (0, 1), ε > 0 are arbitrary, then we �rst choose
δ such that δK2 +m+ γ > 0, and then we choose ε such that 2(δK2 +m+ γ)− ε > 0.
As a result we obtain the estimate

e−2γt|yk(t)|2
∣∣∣τ2
τ1

+

∫ τ2

τ1

e−2γt‖yk(t)‖2 dt+

∫ τ2

τ1

e−2γtΦ
(
yk(t)

)
dt 6 C3

∫ τ2

τ1

e−2γt|fk(t)|2 dt,

(43)

where C3 is a positive constant depending on K1,K2, m̃ and γ only.
We take τ2 = τ , when τ ∈ S is arbitrary, and pass to the limit in (43) as τ1 → −∞.

Taking into account (F) and the de�nition of yk and fk, we obtain

e−2γτ |yk(τ)|2 +

∫ τ

−∞
e−2γt‖yk(t)‖2 dt

+

∫ τ

−∞
e−2γtΦ

(
yk(t)

)
dt 6 C3

∫ τ

−∞
e−2γt|fk(t)|2 dt, τ ∈ S. (44)

Since τ ∈ S is arbitrary, from (44) it follows that

sequence {e−γ·yk(·)}+∞k=1 is bounded in L∞(S;H) and in L2(S;V ), (45)

sequence
{
e−2γ·Φ

(
yk(·)

)}+∞
k=1

is bounded in L1(S). (46)

Now let us �nd estimates of y′k(t). For almost every t ∈ S we multiply equality (37)
by e−2γty′k(t) and integrate the resulting equality from τ1 to τ2 (τ1, τ2 ∈ S are arbitrary
numbers, τ1 < τ2). Then we obtain∫ τ2

τ1

e−2γt|y′k(t)|2 dt+

∫ τ2

τ1

e−2γt(gk(t), y′k(t)) dt

=

∫ τ2

τ1

e−2γt(fk(t), y′k(t)) dt−
∫ τ2

τ1

e−2γtu(t)(yk(t), y′k(t)) dt. (47)

From (47) using the Cauchy-Schwarz inequality and the fact that sup
t∈S

u(t) =: M̃ <∞ we

obtain ∫ τ2

τ1

e−2γt|y′k(t)|2 dt+

∫ τ2

τ1

e−2γt(gk(t), y′k(t)) dt

6 M̃
∫ τ2

τ1

e−2γt|yk(t)||y′k(t)| dt+

∫ τ2

τ1

e−2γt|fk(t)||y′k(t)| dt. (48)

Since gk ∈ L2(τ1, τ2;H), Statement 5 implies that the function ΦH
(
yk(·)

)
is

absolutely continuous on [τ1, τ2] and

d

dt
ΦH
(
yk(t)

)
= (gk(t), y′k(t)) for a.e. t ∈ (τ1, τ2). (49)

Taking into account (49), we estimate the second term on the left side of (48) as follows∫ τ2

τ1

e−2γt(gk(t), y′k(t)) dt =

∫ τ2

τ1

e−2γt
d

dt
ΦH
(
yk(t)

)
dt

= e−2γtΦH
(
yk(t)

)∣∣∣τ2
τ1

+ 2γ

∫ τ2

τ1

e−2γtΦH
(
yk(t)

)
dt. (50)
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Using the Cauchy inequality to the right-hand side of (48) and estimate (44), we
obtain

M̃

∫ τ2

τ1

e−2γt|yk(t)||y′k(t)| dt+

∫ τ2

τ1

e−2γt|fk(t)||y′k(t)| dt

6 M̃2

∫ τ2

τ1

e−2γt|yk(t)|2 dt+
1

4

∫ τ2

τ1

e−2γt|y′k(t)|2 dt

+

∫ τ2

τ1

e−2γt|fk(t)|2 dt+
1

4

∫ τ2

τ1

e−2γt|y′k(t)|2 dt

6 M̃2

∫ τ2

τ1

e−2γt|yk(t)|2 dt+
1

2

∫ τ2

τ1

e−2γt|y′k(t)|2 dt+

∫ τ2

τ1

e−2γt|fk(t)|2 dt. (51)

From (48), taking into account (50), (51), we obtain

1

2

∫ τ2

τ1

e−2γt|y′k(t)|2 dt+ e−2γtΦH
(
yk(t)

)∣∣∣τ2
τ1

6 M̃2

∫ τ2

τ1

e−2γt|yk(t)|2 dt+ 2|γ|
∫ τ2

τ1

e−2γtΦH
(
yk(t)

)
dt+

∫ τ2

τ1

e−2γt|fk(t)|2 dt. (52)

Taking into account the de�nitions of yk and fk, condition (A3), (1) and (44), we pass
to the limit as τ1 → −∞ in (52). As a result, taking τ2 = τ ∈ S, we obtain

e−2γτΦH
(
yk(τ)

)
+

∫ τ

−∞
e−2γt|y′k(t)|2 dt 6 C4

∫ τ

−∞
e−2γt|fk(t)|2 dt, (53)

where C4 is a positive constant depending on K1, γ, λ and m̃, M̃ only.
According to the de�nitions of the functional ΦH and the function fk, and condition

(A3) (recall that yk(t) ∈ V for a.e. t ∈ S), we obtain

e−2γτ‖yk(τ)‖2 +

∫ τ

−∞
e−2γt|y′k(t)|2 dt 6 C5

∫ τ

−∞
e−2γt|fk(t)|2 dt, (54)

where C5 > 0 is a constant depending on K1, γ, λ and m̃, M̃ only.
Estimate (54) and the de�nition of fk imply that

the sequence
{
yk
}+∞
k=1

is bounded in L∞γ (S;V ), (55)

the sequence
{
y′k
}+∞
k=1

is bounded in L2
γ(S;H). (56)

From (37), (44), (56), (F) and the de�nition of fk we obtain

the sequence {gk}+∞k=1 is bounded in L2
γ(S;H). (57)

Step 3 (Passing to the limit). Since V and H are Hilbert spaces, and V embeds
in H with compact injection, then (45), (55)�(57) and Statement 4 imply that there
exist functions y ∈ L∞γ (S;V ) ∩ L2

γ(S;V ) ∩ H1
γ(S;H) ⊂ C(S;H), g ∈ L2

γ(S;H) and a
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subsequence of sequence {yk, gk}+∞k=1 (still denoted by {yk, gk}+∞k=1) such that

yk −→
k→∞

y ∗-weakly in L∞loc(S;V ), weakly in L2
γ(S;V ) and weakly in H1

γ(S;H), (58)

yk −→
k→∞

y in C(S;H), (59)

gk −→
k→∞

g weakly in L2
γ(S;H). (60)

Note that (58) and (60) imply

yk −→
k→∞

y, y′k −→
k→∞

y′, gk −→
k→∞

g weakly in L2
loc

(S;H). (61)

Let v ∈ H,ϕ ∈ D(−∞, 0) be arbitrary. For a.e. t ∈ S we multiply equality (37) by
v, and then we multiply the obtained equality by ϕ and integrate in t on S. As a result,
we obtain the equality∫

S

(y′k(t), vϕ(t)) dt+

∫
S

(gk(t), vϕ(t)) dt+

∫
S

u(t)(yk(t), vϕ(t)) dt

=

∫
S

(fk(t), vϕ(t)) dt, k ∈ N. (62)

We pass to the limit in (62) as k → ∞, taking into account (61) and convergence
{fk} to f in L2

loc(S;H). As a result, since v ∈ H,ϕ ∈ D(−∞, 0) are arbitrary, for a.e.
t ∈ S, we obtain the equality

y′(t) + g(t) + u(t)y(t) = f(t) in H.

In order to complete the proof of the theorem it remains only to show that y(t) ∈
D(∂Φ) and g(t) ∈ ∂Φ

(
y(t)

)
for a.e. t ∈ S.

Let k ∈ N be an arbitrary number. Since gk(t) ∈ ∂ΦH
(
yk(t)

)
for every t ∈ S \ S̃k,

where S̃k ⊂ S is a set of measure zero, applying the monotonicity of subdi�erential ∂ΦH
we obtain that for every t ∈ S \ S̃k the following equality holds:

(gk(t)− v∗, yk(t)− v) > 0 ∀ [v, v∗] ∈ ∂ΦH . (63)

Let τ ∈ S, h > 0 be arbitrary numbers. We integrate (63) on (τ − h; τ):∫ τ

τ−h
(gk(t)− v∗, yk(t)− v) dt > 0 ∀ [v, v∗] ∈ ∂ΦH . (64)

Now according to (59) and (60) we pass to the limit in (64) as k → ∞. As a result we
obtain

06
∫ τ

τ−h
(gk(τ)−v∗, yk(t)−v) dt −→

k→∞

∫ τ

τ−h
(g(t)−v∗, y(t)−v) dt > 0 ∀ [v, v∗] ∈ ∂ΦH . (65)

The monograph [28, Theorem 2, P. 192] and (65) imply that for every [v, v∗] ∈ ∂ΦH
there exists a set R[v,v∗] ⊂ S of measure zero such that for all τ ∈ S \R[v,v∗] we have

0 6 lim
h→+0

1

h

∫ τ

τ−h

(
g(t)− v∗, y(t)− v

)
dt =

(
g(τ)− v∗, y(τ)− v

)
. (66)
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Let us show that there exists a set of measure zero R ⊂ S such that for every τ ∈ S \R
the following inequality holds(

g(τ)− v∗, y(τ)− v
)
> 0 ∀[v, v∗] ∈ ∂ΦH . (67)

Since V and H are separable spaces, there exists a countable set F ⊂ ∂ΦH , which is
dense in ∂ΦH . Let us denote R := ∪

[v,v∗]∈F
R[v,v∗]. Since the set F is countable, and

countable union of sets of measure zero is a set of measure zero, R is a set of measure
zero. Therefore, for any τ ∈ S \ R inequality (67) holds for every [v, v∗] ∈ F . Let [v̂, v̂∗]
be an arbitrary element from ∂ΦH . Since F is dense in ∂ΦH , we have the existence of
the sequence {[vl, v∗l ]}∞l=1 such that vl → v̂ in V , v∗l → v̂∗ in H and for every τ ∈ S \ R
we have

(g(τ)− v∗l , y(τ)− vl) > 0 ∀ l ∈ N. (68)

So, passing to the limit in this equality as l→∞, we get (g(τ)− v̂∗, y(τ)− v̂) > 0. Thus,
for a.e. τ ∈ S inequality (67) holds. From this, according to maximal monotonicity of
∂ΦH , we obtain that [y(t), g(t)] ∈ ∂ΦH for a.e. t ∈ S.

Estimate (12) of the solution of the problem P(Φ, u∗, f, γ) follows directly from (44),
(54), (58) and (59), and Proposition 2. From (44), (59), (12) according to (1) we have

e−2γτ |yk(τ)|2 6 C1

∫ τ

−∞
e−2γt|f(t)|2 dt.

From this we obtain that y satis�es condition (10). �

5. Proof of the main result

Proof of Theorem 2. Let {uk} be a minimizing sequence for functional J in U∂ :
J(uk) −→

k→∞
inf
u∈U∂

J(u). According to the de�nition of U∂ we obtain that

the sequence {uk}∞k=1 is bounded in L∞(S). (69)

Assume that for every k ∈ N the function yk := y(uk) is a solution of the problem
P(Φ, uk, f, γ), that is, the following variational inequality and condition at the in�nity
hold

y′k(t) + ∂Φ
(
yk(t)

)
+ uk(t)yk(t) 3 f(t), t ∈ S, (70)

lim
t→−∞

e−γt|yk(t)| = 0. (71)

According to De�nition 1 and Theorem 1, taking into account (F), for every k ∈ N we
have yk ∈ L∞γ (S;V )∩L2

γ(S;V )∩H1
γ(S;H) ⊂ C(S;H), yk(t) ∈ D(∂Φ) for a.e. t ∈ S, and

the existence of a function gk ∈ L2
γ(S;H) such that for a.e. t ∈ S, gk(t) ∈ ∂Φ(yk(t)), and

y′k(t) + gk(t) + uk(t)yk(t) = f(t) in H (72)

and condition (71) holds.
Moreover, for arbitrary k ∈ N and τ ∈ S the following estimate holds

e−2γτ‖yk(τ)‖2+

τ∫
−∞

e−2γt‖yk(t)‖2 dt+
τ∫

−∞

e−2γt|y′k(t)|2 dt 6 C1

∫ τ

−∞
e−2γt|f(t)|2 dt, (73)

where C1 is a positive constant depending on K1, K2, γ, λ and m, M only.
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Estimate (73) implies that

the sequence {e−γ·yk(·)}∞k=1 is bounded in L∞(S;V ), (74)

the sequence {yk}∞k=1 is bounded in L2
γ(S;V ), (75)

the sequence {y′k}∞k=1 is bounded in L2
γ(S;H). (76)

From (72), taking into account (69), (75), (76) we obtain that

the sequence {gk}∞k=1 is bounded in L2
γ(S;H). (77)

Since V and H are re�exive spaces, and V embeds in H densely, continuously
and compactly, then (69), (74)�(77), taking into account Statement 3, imply that there
exist a subsequence of the sequence {uk, yk, gk}∞k=1 (still denoted by {uk, yk, gk}∞k=1) and
functions u∗ ∈ U∂ , y ∈ L∞γ (S;V ) ∩ L2

γ(S;V ) ∩ H1
γ(S;H) ⊂ C(S;H) and g ∈ L2

γ(S;H)
such that

uk −→
k→∞

u∗ ∗-weakly in L∞(S), (78)

yk −→
k→∞

y ∗-weakly in L∞loc(S;V ), weakly in L2
γ(S;V ) and weakly in H1

γ(S;H), (79)

yk −→
k→∞

y in C(S;H), (80)

gk −→
k→∞

g weakly in L2
γ(S;H). (81)

Similarly, as in the proof of Theorem 1, for a.e. t ∈ S we multiply equality (72) by v, and
then multiply the resulting equality by ϕ and integrate on S, where v ∈ H,ϕ ∈ D(−∞, 0)
are arbitrary. As a result, we obtain the equality∫

S

(y′k(t), vϕ(t)) dt+

∫
S

(gk(t), vϕ(t)) dt+

∫
S

uk(t)(yk(t), vϕ(t)) dt

=

∫
S

(f(t), vϕ(t)) dt, k ∈ N. (82)

Let us show that (78) and (80) yield∫
S

uk(t)(yk(t), vϕ(t)) dt −→
k→∞

∫
S

u∗(t)(y(t), vϕ(t)) dt ∀v ∈ H, ∀ϕ ∈ D(−∞, 0). (83)

Indeed, let t1, t2 ∈ S be such that suppϕ ⊂ [t1, t2]. Then we have

∫
S

uk(t)(yk(t), vϕ(t)) dt =

t2∫
t1

uk(t)(yk(t)− y(t) + y(t), vϕ(t)) dt

=

t2∫
t1

uk(t)(y(t), vϕ(t)) dt+

t2∫
t1

uk(t)(yk(t)− y(t), vϕ(t)) dt. (84)
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From (69), (80) and the Cauchy-Schwarz inequality it follows∣∣∣ t2∫
t1

uk(t)(yk(t)−y(t), vϕ(t)) dt
∣∣∣ 6

6M
( t2∫
t1

|ϕ(t)v|2 dt
)1/2( t2∫

t1

|yk(t)− y(t)|2 dt
)1/2

−→
k→∞

0.

(85)

Since (y(·), v)ϕ(·) ∈ L1
loc(S), (78) implies

t2∫
t1

uk(t)(y(t), vϕ(t)) dt −→
k→∞

t2∫
t1

u∗(t)(y(t), vϕ(t)) dt. (86)

From (84), taking into account (85) and (86), we obtain (83).
Taking into account (79), (81) and (83) we pass to the limit in (82) as k → ∞. As

a result, for a.e. t ∈ S we obtain the equality

y′(t) + g(t) + u∗(t)y(t) = f(t) in H.

Similarly, as in the proof of Theorem 1, we show that y(t) ∈ D(∂Φ) and

g(t) ∈ ∂Φ
(
y(t)

)
for a.e. t ∈ S. From (1), (73) and (80) we have e−2γτ |y(τ)|

2

6
C1λ

−1 ∫ τ
−∞ e−2γt|f(t)|2 dt, τ ∈ S. This means that condition (10) holds. Thus, the

function y is a solution of the problem P(Φ, u∗, f, γ).
It remains to show that u∗ is a minimizing element of the functional J . Indeed, since

the functional G is lower semicontinuous in C(S;H), then (80) implies that

lim
k→∞

G(yk) > G(y). (87)

Also (78) and Proposition 2 yield

lim
k→∞

‖uk‖U > ‖u∗‖U . (88)

From (14), (87), (88) we obtain that inf
u∈U∂

J(u) = lim
k→∞

J(uk) > lim
k→∞

G(yk)+

µ lim
k→∞

‖uk‖U > J(u∗). Thus, we have shown that u∗ is a solution of problem (15), i.e.,

the optimal control. �
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Maintaining a pro�table production on the depleted �elds with high water
cut production is one of the challenges encountered in the oil industry. The
main objective of well placement optimization which provide a minimizing
the economic costs is the recognition of the technological state of the object
state under limited information. The present article is concerned with initial
boundary value problem for nonlinear parabolic equations using the Leray-
Schauder theorem and shows the existence and uniqueness of solutions of a
�nite mathematical programming problem with constraints of a special kind
equality and inequalities.

Key words: oil and gaswell, well placement, oil reservoir, optimality cri-
terion, uniqueness.

1. Introduction. Maintaining pro�table production on the mature oil �elds with
high water production is one of the contemporary challenges faced by the oil industry.
Ensuring adequate investments return by using a traditional (heuristic) methods of
production control is a di�cult task.

One of the most e�ective ways that can improve the oil production and provide the
development of weak drainable oil reservoirs is in�ll development deposits by drilling new
wells. Such activities include decision-making elements in order to ensure the justi�cation
of the information to �nd the optimal solution of optimizing new wells placement.

This paper is focusing on maximizing oil revenues during reservoir �ooding, optimi-
zing the medium and long term management of well placement, and operating wells.
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Within the framework of existing procedures, determination of the wells placement,
its control is usually performed sequentially. In some cases, the strategy of reactive
control, which depends on oil prices and the cost of the water production is implemented.
This strategy entails the shutting-in wells for economic threshold criterion, but cannot
provide the satisfactory solution since it does not take into account the relationship
between the wells placement and related controls.

The paper proposes a joint approach to optimize well placement and conditions
of their control. Two di�erent optimizations in embedded mode are the well placement
optimization repeatedly which alternates with optimization of well control.

The suite of methods used in optimization problems allows to specify a reservoir
heterogeneity pattern, both geologically and in the hydrodynamic aspects, to identify
areas where wells are competing for the same volume of �uid.

2. Problem Statement. To describe the two-dimensional �ow weakly compressible
oil in porous media was formulated as boundary value problem [1, 2]:

c(x)
∂p

∂t
− div(a(x,Op)Op) +

L∑
l=1

ql(t)δ(x− xl) = 0, (1)

x ∈ Ω0 ⊂ E2, t ∈ (0, T ],

p(x, 0) = p0(x), x ∈ Ω;

p(x, t)
∣∣
x∈Γ1

= p1(x, t),
∂p(x, t)

∂n

∣∣∣∣
x∈Γ2

= p2(x, t), t ∈ (0, T ], (2)

a(x) =
k(x)h(x)

µ
, c(x) = h(m0βj + βn), (3)

where p = p(x, t) is the pressure at the point x ∈ Ω at time t; Ω the �ow area with
boundary Γ, consisting of disjoint parts Γ1, Γ2; Γ = Γ1 ∪ Γ2, Γ1 ∩ Γ2 = ∅; Ω0 = Ω\Γ;
k(x) the permeability; h(x) the bed thickness; µ the �uid viscosity; m the porosity;
βj , βn the coe�cients of �uid and porous medium compressibility; xl = (xl1, x

l
2) the

coordinates of l-th well placements with a �ow rate ql(t), l = 1, 2, . . . , L, L the number
of wells; δ(·) the the generalized two-dimensional Dirac delta function; T the planning
period.

3. Problem-solving procedure. It is assumed that all functions, reservoir, and
the �uid parameters involved in the initial-boundary value problem (1)−(3), including the
coordinates of the wells xl, l = 1, ..., L1, are de�ned. Wells L2 with unknown coordinates
xi, where i = L1 + 1, ..., L1 + L2 = L, is necessary to put into exploration, keeping the
following performance, geological and scheduled targets as:

p(x, t)
∣∣
x∈Γ1

= p1(x, t),
∂p(x, t)

∂n

∣∣∣∣
x∈Γ2

= p2(x, t), t ∈ (0, T ], (4)

(xi1, x
i
2) ∈ Ω, i = L1 + 1, . . . , L; (5)

‖xi − xj‖ > D, i, j = 1, . . . , L, i 6= j; (6)

0 6 ql 6 ql(t) 6 q−l, l = 1, . . . , L; (7)
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L∑
l=1

∫ T

0

ql(t)dt > q, (8)

where ‖ · ‖ is the Euclidean norm on the plane; D the minimum distance between wells;
qp the target for oil production. As can be seen from (5)−(7), in the performance of a
problem with new wells placement, operational conditions must be considered and also
optimized. Although some of the working �ow rates of wells are set, it is not recommended
to change them.

As a condition let us write

a(x, ζ)ζ > C1|ζ|2; C1 = const, ζ ∈ E2. (9)

Equations (5)−(8) show that in addition to the problem of new wells placement, it
is also taken into account the possibility of wells optimization. It should also be noted
that the performance of some wells is pre-de�ned and there is no need to assign them
new �ow rates performance.

As optimum, the reservoir pressure, minimizing changes in the porous medi-
um permeability, reservoir �uid viscosity, and maximizing oil production criteria are
accepted, including their combinations and multi-criteria cases.

4. Conclusions. Thus, in this study, the initial boundary value problem for a
nonlinear parabolic equation was de�ned. This ensures that the imposed conditions and
the boundary conditions are mixed, i.e. on the one side is the Dirichlet conditions, on the
other the Neumann conditions. Under conditions (5)−(9) with the aid of Leray-Schauder
theorem [6, 7], the existence and uniqueness of (1)−(3) problem solution was proven.

The theoretical analysis, presented in this paper, provides minimization of the
deviations from the average residual reservoir energy. The appropriate functional �nite-
di�erence approximation of the whole problem is performed. Thus, the goal − to obtain
a �nite mathematical programming problem with constraints of special kind of equality
� was achieved, and inequalities, which belongs to a class of optimization problems of
network structure. We also use the combination of the method of exterior penalty functi-
ons for the account of constraints (4), (5) and the projection of conjugate gradient of the
penalty functional taking into account accommodate linear and positional constraints
(6) and (7) to solve the resulting problem of mathematical programming. The boundary
value problem is approximated using the nets technique and the numerical results for
this problem is presented.
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Íàéâàæëèâiøà ïðáëåìà íàôòîâèäîáóòêó � çàáåçïå÷èòè åêîíîìi÷íî âè-
ãiäíó åêñïëóàòàöiþ âèðîáëåíèõ íàôòîâèõ ïîëiâ â óìîâàõ îáìåæåíî¨ ïîií-
ôîðìîâàíîñòi. Âiäïîâiäíà ïðîáëåìà ôîðìóëþ¹òüñÿ ÿê äâîâèìiðíà ìiøàíà
êðàéîâà çàäà÷à ìåõàíiêè ïîðèñòèõ ñåðåäîâèù, ó ÿêié ïàðàìåòðàìè ¹ ïîðè-
ñòiñòü íàôòîìiñòêîãî ñåðåäîâèùà, â'ÿçêiñòü i òèñê íàôòè. Îïòèìiçó¹òüñÿ
ðîçòàøóâàííÿ ñâåðäëîâèí i ïàðàìåòðè êîíòðîëþ çà ¨õíüîþ åêñïëóàòàöi¹þ.
Äëÿ çàñòîñîâàíèõ îïòèìiçàöiéíèõ ïðîöåäóð iç îáìåæåííÿìè ç âèêîðèñòàí-
íÿì òåîðåìè Ëåðå-Øàóäåðà äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó.

Êëþ÷îâi ñëîâà: íàôòîâi òà ãàçîâi ñâåðäëîâèíè, îïòèìàëüíå ðîçòàøó-
âàííÿ ñâåðäëîâèí, íàôòîâi ðîäîâèùà, îïòèìàëüíi êðèòåði¨, ¹äèíiñòü.
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Semitopological interassociates Cm,n of the bicyclic semigroup C (p, q) are
studied. In particular, we show that for arbitrary non-negative integers m, n
and every Hausdor� topology τ on Cm,n such that (Cm,n, τ) is a semitopological
semigroup, is discrete. Also, we prove that if an interassociate of the bicyclic
monoid Cm,n is a dense subsemigroup of a Hausdor� semitopological semigroup
(S, ·) and I = S \ Cm,n 6= ∅ then I is a two-sided ideal of the semigroup S
and show that for arbitrary non-negative integers m, n, any Hausdor� locally
compact semitopological semigroup C 0

m,n = Cm,n t {0} is either discrete or
compact.

Key words: semigroup, interassociate of a semigroup, semitopological semi-
group, topological semigroup, bicyclic extension, locally compact space, di-
screte space, remainder.

We shall follow the terminology of [9, 10, 14, 27]. In this paper all spaces will be
assumed to be Hausdor�. By N0 and N we denote the sets of non-negative integers and
positive integers, respectively. If A is a subset of a topological space X then by clX(A)
and intX(A) we denote the closure and interior of A in X, respectively.

A semigroup is a non-empty set with a binary associative operation.
The bicyclic semigroup (or the bicyclic monoid) C (p, q) is the semigroup with the

identity 1 generated by two elements p and q subject only to the condition pq = 1. The
bicyclic monoid C (p, q) is a combinatorial bisimple F -inverse semigroup (see [23]) and
it plays an important role in the algebraic theory of semigroups and in the theory of
topological semigroups. For example the well-known O. Andersen's result [1] states that
a (0�)simple semigroup is completely (0�)simple if and only if it does not contain the
bicyclic semigroup. The bicyclic semigroup cannot be embedded into the stable semi-
groups [22].
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An interassociate of a semigroup (S, ·) is a semigroup (S, ∗) such that for all a, b, c ∈
S, a · (b ∗ c) = (a · b) ∗ c and a ∗ (b · c) = (a ∗ b) · c. This de�nition of interassociativity was
studied extensively in 1996 by Boyd et al [8]. Certain classes of semigroups are known to
give rise to interassociates with various properties. For example, it is very easy to show
that if S is a monoid, every interassociate must satisfy the condition a ∗ b = acb for some
�xed element c ∈ S (see [8]). This type of interassociate was called a variant by Hickey
[20]. In addition, every interassociate of a completely simple semigroup is completely
simple [8]. Finally, it is relatively easy to show that every interassociate of a group is
isomorphic to the group itself.

In the paper [16] the bicyclic semigroup C (p, q) and its interassociates are investi-
gated. In particular, if p and q are generators of the bicyclic semigroup C (p, q) and m
and n are �xed nonnegative integers, the operation a ∗m,n b = aqmpnb is known to be an
interassociate. It was shown that for distinct pairs (m,n) and (s, t), the interassociates
(C (p, q), ∗m,n) and (C (p, q), ∗s,t) are not isomorphic. Also in [16] the authors generalized
a result regarding homomorphisms on C (p, q) to homomorphisms on its interassociates.

Later for �xed non-negative integers m and n the interassociate (C (p, q), ∗m,n) of
the bicyclic monoid C (p, q) will be denoted by Cm,n.

A (semi)topological semigroup is a topological space with a (separately) continuous
semigroup operation.

The bicyclic semigroup admits only the discrete semigroup topology and if a
topological semigroup S contains it as a dense subsemigroup then C (p, q) is an open
subset of S [13]. Bertman and West in [7] extend this result for the case of Hausdor�
semitopological semigroups. Stable and Γ-compact topological semigroups do not contain
the bicyclic semigroup [2, 21]. The problem of an embedding of the bicyclic monoid into
compact-like topological semigroups studied in [5, 6, 19]. Also in the paper [15] it was
proved that the discrete topology is the unique topology on the extended bicyclic semi-
group CZ such that the semigroup operation on CZ is separately continuous. Amazing
dichotomy for the bicyclic monoid with adjoined zero C 0 = C (p, q) t {0} was proved in
[18]: every Hausdor� locally compact semitopological bicyclic semigroup with adjoined
zero C 0 is either compact or discrete.

In this paper we study semitopological interassociates (C (p, q), ∗m,n) of the bicyclic
monoid C (p, q) for arbitrary non-negative integers m and n. Some results from [7, 13, 18]
obtained for the bicyclic semigroup are extended to its interassociate (C (p, q), ∗m,n). In
particular, we show that for arbitrary non-negative integers m, n and every Hausdor�
topology τ on Cm,n such that (Cm,n, τ) is a semitopological semigroup, is discrete. Also,
we prove that if an interassociate of the bicyclic monoid Cm,n is a dense subsemigroup of
a Hausdor� semitopological semigroup (S, ·) and I = S \Cm,n 6= ∅ then I is a two-sided
ideal of the semigroup S and show that for arbitrary non-negative integers m, n, any
Hausdor� locally compact semitopological semigroup C 0

m,n (C 0
m,n = Cm,nt{0}) is either

discrete or compact.

For arbitrary m,n ∈ N we denote

C ∗
m,n =

{
qn+kpm+l ∈ Cm,n : k.l ∈ N0

}
.

The semigroup operation ∗m,n of Cm,n implies that C ∗
m,n is a subsemigroup of Cm,n.

We need the following trivial lemma.
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Lemma 1. For arbitrary non-negative integers m and n the subsemigroup C ∗
m,n of Cm,n

is isomorphic to the bicyclic semigroup C (p, q) under the map ι : C (p, q)→ C ∗
m,n : qipj 7→

qn+ipm+j, i, j ∈ N0.

Proof. It is su�cient to show that the map ι : C (p, q) → C ∗
m,n is a homomorphism,

because ι is bijective. Then for arbitrary i, j, k, l ∈ N0 we have that

ι(qipj · qkpl) =

{
ι(qi−j+kpl), if j < k;
ι(qipj−k+l), if j > k

=

{
qn+i−j+kpm+l, if j < k;
qn+ipm+j−k+l, if j > k

and

ι(qipj) ∗m,n ι(qkpl) = qn+ipm+j ∗m,n qn+kpm+l =

= qn+ipm+j · qmpn · qn+kpm+l =

= qn+ipj · qkpm+l =

=

{
qn+i−j+kpm+l, if j < k;
qn+ipm+j−k+l, if j > k,

which completes the proof of the lemma. �

Lemma I.1 from [13] and the de�nition of the semigroup operation in Cm,n imply
the following:

Lemma 2. For arbitrary non-negative integers m and n and for each elements a, b ∈
Cm,n both sets

{x ∈ Cm,n : a ∗m,n x = b} and {x ∈ Cm,n : x ∗m,n a = b}
are �nite; that is, both left and right translation by a are �nite-to-one maps.

The following theorem generalizes the Eberhart�Selden result on semigroup
topologization of the bicyclic semigroup (see [13, Corollary I.1]) and the corresponding
statement for the case semitopological semigroups in [7].

Theorem 1. For arbitrary non-negative integers m, n, every Hausdor� semitopological

semigroup (Cm,n, τ) is discrete.

Proof. By Proposition 1 of [7] every Hausdor� semitopological semigroup C (p, q) is di-
screte. Hence Lemma 1 implies that for any element x ∈ C ∗

m,n there exists an open
neighbourhood U(x) of the point x in (Cm,n, τ) such that U(x) ∩ C ∗

m,n = {x}. Fix
an arbitrary open neighbourhood U(qnpm) of the point qnpm in (Cm,n, τ) such that
U(qnpm) ∩ C ∗

m,n = {qnpm}. Then the separate continuity of the semigroup operation in
(Cm,n, τ) implies that there exists an open neighbourhood V (qnpm) ⊆ U(qnpm) of the
point qnpm in the space (Cm,n, τ) such that

V (qnpm) ∗m,n qnpm ⊆ U(qnpm) and qnpm ∗m,n V (qnpm) ⊆ U(qnpm).

Suppose to the contrary that the neighbourhood V (qnpm) is an in�nite set. Then at least
one of the following conditions holds:

(i) there exists a non-negative integer i0 < n such that the set A =
{
qi0pl : l ∈ N

}
∩

V (qnpm) is in�nite;
(ii) there exists a non-negative integer j0 < m such that the set B =

{
qlpj0 : l ∈ N

}
∩

V (qnpm) is in�nite.
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In case (i) for arbitrary qi0pl ∈ A we have that

qnpm ∗m,n qi0pl = qnpmqmpnqi0pl = qnpnqi0pl =

= qnpn−i0+l /∈ U(qnpm) for su�ciently large l;

and similarly in case (ii) we obtain that

qlpj0 ∗m,n qnpm = qlpj0qmpnqnpm = qlpj0qmpm =

= qm−j0+lpm /∈ U(qnpm) for su�ciently large l;

for each qlpj0 ∈ B, which contradicts the separate continuity of the semigroup operation
in (Cm,n, τ). The obtained contradiction implies that qnpm is an isolated point in the
space (Cm,n, τ).

Now, since the semigroup Cm,n is simple (see [16, Section 2]) for arbitrary a, b ∈ Cm,n
there exist x, y ∈ Cm,n such that xay = b. The above argument implies that for arbitrary
element u ∈ Cm,n there exist xu, yu ∈ Cm,n such that xuuyu = qnpm. Now, by Lemma 2
we get that the equation xuxyu = qnpm has �nitely many solutions. This and the separate
continuity of the semigroup operation in (Cm,n, τ) imply that the point u has an open
�nite neighbourhood in (Cm,n, τ), and hence, by the Hausdor�ness of (Cm,n, τ), u is an
isolated point in (Cm,n, τ). Then the choice of u implies that all elements of the semigroup
Cm,n are isolated points in (Cm,n, τ). �

The following theorem generalizes Theorem I.3 from [13].

Theorem 2. If m and n are arbitrary non-negative integers, the interassociate Cm,n
of the bicyclic monoid C (p, q) is a dense subsemigroup of a Hausdor� semitopological

semigroup (S, ·), and I = S \ Cm,n 6= ∅ then I is a two-sided ideal of the semigroup S.

Proof. Fix an arbitrary element y ∈ I. If x ·y = z /∈ I for some x ∈ Cm,n then there exists
an open neighbourhood U(y) of the point y in the space S such that {x} ·U(y) = {z} ⊂
Cm,n. The neighbourhood U(y) contains in�nitely many elements of the semigroup Cm,n
which contradicts Lemma 2. The obtained contradiction implies that x · y ∈ I for all
x ∈ Cm,n and y ∈ I. The proof of the statement that y · x ∈ I for all x ∈ Cm,n and y ∈ I
is similar.

Suppose to the contrary that x · y = w /∈ I for some x, y ∈ I. Then w ∈ Cm,n
and the separate continuity of the semigroup operation in S implies that there exist
open neighbourhoods U(x) and U(y) of the points x and y in S, respectively, such that
{x} · U(y) = {w} and U(x) · {y} = {w}. Since both neighbourhoods U(x) and U(y)
contain in�nitely many elements of the semigroup Cm,n, both equalities {x} · U(y) =
{w} and U(x) · {y} = {w} contradict the mentioned above part of the proof, because
{x} · (U(y) ∩ Cm,n) ⊆ I. The obtained contradiction implies that x · y ∈ I. �

We recall that a topological space X is said to be:

• compact if every open cover of X contains a �nite subcover;
• countably compact if each closed discrete subspace of X is �nite;
• feebly compact if each locally �nite open cover of X is �nite;
• pseudocompact if X is Tychono� and each continuous real-valued function on X
is bounded;
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• locally compact if every point x of X has an open neighbourhood U(x) with the
compact closure clX(U(x));

• �Cech-complete if X is Tychono� and there exists a compacti�cation cX of X
such that the remainder of X is an Fσ-set in cX.

According to Theorem 3.10.22 of [14], a Tychono� topological space X is feebly compact
if and only if X is pseudocompact. Also, a Hausdor� topological space X is feebly
compact if and only if every locally �nite family of non-empty open subsets of X is �nite.
Every compact space and every sequentially compact space are countably compact, every
countably compact space is feebly compact (see [4]).

A topological semigroup S is called Γ-compact if for every x ∈ S the closure of
the set {x, x2, x3, . . .} is compact in S (see [21]). Since by Lemma 1 the semigroup Cm,n
contains the bicyclic semigroup as a subsemigroup the results obtained in [2], [5], [6],
[19], [21] imply the following corollary

Corollary 1. Let m and n be arbitrary non-negative integers. If a Hausdor� topological

semigroup S satis�es one of the following conditions:

(i) S is compact;

(ii) S is Γ-compact;

(iii) the square S × S is countably compact; or

(iv) the square S × S is a Tychono� pseudocompact space,

then S does not contain the semigroup Cm,n.

Proposition 1. Let m and n be arbitrary non-negative integers. Let S be a Hausdor�

topological semigroup which contains a dense subsemigroup Cm,n. Then for every c ∈
Cm,n the set

Dc = {(x, y) ∈ Cm,n × Cm,n : x ∗m,n y = c}
is an open-and-closed subset of S × S.

Proof. By Theorem 1, Cm,n is a discrete subspace of S and hence Theorem 3.3.9 of
[14] implies that Cm,n is an open subspace of S. Then the continuity of the semigroup
operation of S implies that Dc is an open subset of S × S for every c ∈ Cm,n.

Suppose that there exists c ∈ Cm,n such that Dc is a non-closed subset of S × S.
Then there exists an accumulation point (a, b) ∈ S × S of the set Dc. The continuity
of the semigroup operation in S implies that a · b = c. But Cm,n × Cm,n is a discrete
subspace of S × S and hence by Theorem 2 the points a and b belong to the two-sided
ideal I = S \Cm,n and hence the product a · b ∈ S \Cm,n cannot be equal to the element
c. �

Theorem 3. Let m and n be arbitrary non-negative integers. If a Hausdor� topological

semigroup S contains Cm,n as a dense subsemigroup then the square S × S is not feebly

compact.

Proof. By Proposition 1 for every c ∈ Cm,n the square S×S contains an open-and-closed
discrete subspace Dc. In the case when c = qnpm, the subspace Dc contains an in�nite
subset

{(
qnpm+i, qn+ipm

)
: i ∈ N0

}
and hence Dc is in�nite. This implies that the square

S × S is not feebly compact. �
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For arbitrary non-positive integers m and n by C 0
m,n we denote the interassociate

Cm,n with an adjoined zero 0 of the bicyclic monoid C (p, q), i.e., C 0
m,n = Cm,n t {0}.

Example 1. On the semigroup C 0
m,n we de�ne a topology τAc in the following way:

(i) every element of the semigroup Cm,n is an isolated point in the space
(
C 0
m,n, τAc

)
;

(ii) the family B(0) =
{
U ⊆ C 0

m,n : U 3 0 and Cm,n \ U is �nite
}
determines a base

of the topology τAc at zero 0 ∈ C 0
m,n,

i.e., τAc is the topology of the Alexandro� one-point compacti�cation of the discrete
space Cm,n with the remainder {0}. The semigroup operation in

(
C 0
m,n, τAc

)
is separately

continuous, because all elements of the interassociate Cm,n of the bicyclic semigroup
C (p, q) are isolated points in the space (C 0

m,n, τAc) and the left and right translations in
the semigroup Cm,n are �nite-to-one maps (see Lemma 2).

Remark 1. By Theorem 1 the discrete topology τd is a unique Hausdor� topology on
the interassociate Cm,n of the bicyclic monoid C (p, q), m,n ∈ N0, such that Cm,n
is a semitopological semigroup. So τAc is the unique compact topology on C 0

m,n such

that (C 0
m,n, τAc) is a Hausdor� compact semitopological semigroup for any non-negative

integers m and n.

The following theorem generalized Theorem 1 from [18].

Theorem 4. Let m and n be arbitrary non-negative integers. If
(
C 0
m,n, τ

)
is a Hausdor�

locally compact semitopological semigroup, then τ is either discrete or τ = τAc.

Proof. Let τ be a Hausdor� locally compact topology on C 0
m,n such that

(
C 0
m,n, τ

)
is a

semitopological semigroup and the zero 0 of C 0
m,n is not an isolated point of the space(

C 0
m,n, τ

)
. By Lemma 1 the subsemigroup C ∗

m,n of Cm,n is isomorphic to the bicyclic semi-

group C (p, q) and hence the subsemigroup
(
C ∗
m,n

)0
= C ∗

m,n t {0} of C 0
m,n is isomorphic

to the bicyclic semigroup with adjoined zero C 0 = C (p, q)t{0}. Theorem 1 implies that
Cm,n is a dense discrete subspace of

(
C 0
m,n, τ

)
, so it is open by Corollary 3.3.10 of [14].

This Corollary also implies that the subspace
(
C ∗
m,n

)0
of

(
C 0
m,n, τ

)
is locally compact.

We claim that for every open neighbourhood V (0) of zero 0 in
(
C 0
m,n, τ

)
the

set V (0) ∩
(
C ∗
m,n

)0
is in�nite. Suppose to the contrary that there exists an open nei-

ghbourhood V (0) of zero 0 in
(
C 0
m,n, τ

)
such that the set V (0) ∩

(
C ∗
m,n

)0
is �nite.

Since the space
(
C 0
m,n, τ

)
is Hausdor�, without loss of generality we may assume that

V (0) ∩
(
C ∗
m,n

)0
= {0}. Then by the separate continuity of the semigroup operation

of
(
C 0
m,n, τ

)
there exists an open neighbourhood W (0) of zero in

(
C 0
m,n, τ

)
such that

W (0) ⊆ V (0) and

(qnpm ∗m,nW (0)) ∪ (W (0) ∗m,n qnpm) ⊆ V (0).

Since 0 is a non-isolated point of
(
C 0
m,n, τ

)
, at least one of the following conditions holds:

(a) the set W (0) ∩
{
qipj : i ∈ N0, j = 0, 1, . . . ,m− 1

}
is in�nite;

(b) the set W (0) ∩
{
qipj : i = 0, 1, . . . , n− 1, j ∈ N0

}
is in�nite.
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If (a) holds then the neighbourhood W (0) contains in�nitely many elements of the
form qipj , where j < m, for which we have that

qipj ∗m,n qnpm = qipjqmpnqnpm = qipjqmpm = qi−j+mpm ∈ C ∗
m,n.

Similarly, if (b) holds then the neighbourhood W (0) contains in�nitely many elements
of the form qipj , where i < n, for which we have that

qnpm ∗m,n qipj = qnpmqmpnqipj = qnpnqipj = qnpn−i+j ∈ C ∗
m,n.

The above arguments imply that the set V (0) ∩
(
C ∗
m,n

)0
is in�nite. Hence we have that

the zero 0 is a non-isolated point in the subspace
(
C ∗
m,n

)0
of

(
C 0
m,n, τ

)
.

By Lemma 1 the subsemigroup C ∗
m,n of Cm,n is isomorphic to the bicyclic semigroup

and hence by Theorem 1 from [18] we obtain that the space
(
C ∗
m,n

)0
is compact. Then

for every open neighbourhood U(0) of the zero 0 in
(
C 0
m,n, τ

)
we have that the set(

C ∗
m,n

)0 \ U(0) is �nite.

Now, the semigroup operation of C 0
m,n implies that

pm ∗m,n qipj = pmqmpnqipj = pnqipj = qi−npj

and

qipj ∗m,n qn = qipjqmpnqn = qipjqm = qipj−m,

for arbitrary element qipj ∈ C ∗
m,n. This and the de�nition of C ∗

m,n imply that

pm ∗m,n C ∗
m,n =

{
qi−npj : i > n, j > m

}
and

C ∗
m,n ∗m,n qn =

{
qipj−m : i > n, j > m

}
.

Thus the set C 0
m,n \

(
pm ∗m,n

(
C ∗
m,n

)0 ∪ (
C ∗
m,n

)0 ∗m,n qn) is �nite, and hence the above

arguments imply that every open neighbourhood U(0) of the zero 0 in
(
C 0
m,n, τ

)
has

a �nite complement in the space
(
C 0
m,n, τ

)
. Thus the space

(
C 0
m,n, τ

)
is compact and

by Remark 1 the semitopological semigroup C 0
m,n is topologically isomorphic to the

semitopological semigroup
(
C 0
m,n, τAc

)
. �

Since by Corollary 1 the interassociate Cm,n of the bicyclic monoid C (p, q) does
not embed into any Hausdor� compact topological semigroup, Theorem 4 implies the
following corollary.

Corollary 2. If m and n are arbitrary non-negative integers and C 0
m,n is a Hausdor�

locally compact topological semigroup, then C 0
m,n is discrete.

The following example shows that a counterpart of the statement of Corollary 2
does not hold when C 0

m,n is a �Cech-complete metrizable topological semigroup for any
non-negative integers m and n.

Example 2. Fix arbitrary non-negative integers m and n. On the semigroup C 0
m,n we

de�ne a topology τ1 in the following way:

(i) every element of the interassociate Cm,n of the bicyclic monoid is an isolated
point in the space (C 0

m,n, τ1);
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(ii) the family B1(0) = {Us : s ∈ N0}, where

Us = {0} ∪
{
qn+ipm+j ∈ C 0

m,n : i, j > s
}
,

is a base of the topology τ1 at the zero.

It is obvious that (C 0
m,n, τ1) is �rst countable. Then the de�nition of the semigroup

operation of C 0
m,n and the arguments presented in [17, p. 68] show that (C 0

m,n, τ1) is a
Hausdor� topological semigroup.

First we observe that each element of the family B1(0) is an open-and-closed subset
of (C 0

m,n, τ1), and hence the space (C 0
m,n, τ1) is regular. Since the space C 0

m,n is countable
and �rst countable, it is second countable and hence by Theorem 4.2.9 from [14] it is
metrizable. Also, by Theorem 4.3.26 from [14] the space (C 0

m,n, τ1) is �Cech-complete, as
a completely metrizable space.

Also the following example presents an interassociate of the bicyclic semigroup with
adjoined zero C 0 = C (p, q)t{0} for which a counterpart of the statements of Theorem 4
and of Corollary 2 do not hold.

Example 3. The interassociate of the bicyclic semigroup with adjoined zero C 0 with
the operation a ∗ b = a · 0 · b is a countable semigroup with zero-multiplication. It is well
known that this semigroup endowed with any topology is a topological semigroup (see
[9, Vol. 1, Chapter 1]).

Later we shall need the following notions. A continuous map f : X → Y from a
topological space X into a topological space Y is called:

• quotient if the set f−1(U) is open in X if and only if U is open in Y (see [26]
and [14, Section 2.4]);

• hereditarily quotient or pseudoopen if for everyB ⊂ Y the restriction f |B : f−1(B)
→ B of f is a quotient map (see [24, 25, 3] and [14, Section 2.4]);

• closed if f(F ) is closed in Y for every closed subset F in X;
• perfect if X is Hausdor�, f is a closed map and all �bers f−1(y) are compact
subsets of X (see [28] and [14, Section 3.7]).

Every closed map and every hereditarily quotient map are quotient [14]. Moreover, a
continuous map f : X → Y from a topological space X onto a topological space Y is
hereditarily quotient if and only if for every y ∈ Y and every open subset U in X which
contains f−1(y) we have that y ∈ intY (f(U)) (see [14, 2.4.F]).

We need the following trivial lemma, which follows from separate continuity of the
semigroup operation in semitopological semigroups.

Lemma 3. Let S be a Hausdor� semitopological semigroup and I be a compact ideal

in S. Then the Rees-quotient semigroup S/I with the quotient topology is a Hausdor�

semitopological semigroup.

The following theorem generalizes Theorem 2 from [18].

Theorem 5. Let (C I
m,n, τ) be a Hausdor� locally compact semitopological semigroup,

C I
m,n = Cm,n t I and I is a compact ideal of C I

m,n. Then either (C I
m,n, τ) is a compact

semitopological semigroup or the ideal I is open.
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Proof. Suppose that I is not open. By Lemma 3 the Rees-quotient semigroup C I
m,n/I

with the quotient topology τq is a semitopological semigroup. Let π : C I
m,n → C I

m,n/I
be the natural homomorphism, which is a quotient map. It is obvious that the Rees-
quotient semigroup C I

m,n/I is isomorphic to the semigroup C 0
m,n and the image π(I) is

zero of C I
m,n/I. Now we shall show that the natural homomorphism π : C I

m,n → C I
m,n/I

is a hereditarily quotient map. Since π(Cm,n) is a discrete subspace of (C I
m,n/I, τq),

it is su�cient to show that for every open neighbourhood U(I) of the ideal I in the
space (C I

m,n, τ) the image π(U(I)) is an open neighbourhood of the zero 0 in the space

(C I
m,n/I, τq). Indeed, C I

m,n \U(I) is an open subset of (C I
m,n, τ), because the elements of

the semigroup Cm,n are isolated points of the space (C I
m,n, τ). Also, since the restriction

π|Cm,n
: Cm,n → π(Cm,n) of the natural homomorphism π : C I

m,n → C I
m,n/I is one-to-one,

π(C I
m,n \ U(I)) is a closed subset of (C I

m,n/I, τq). So π(U(I)) is an open neighbourhood

of the zero 0 of the semigroup (C I
m,n/I, τq), and hence the natural homomorphism

π : C I
m,n → C I

m,n/I is a hereditarily quotient map. Since I is a compact ideal of the

semitopological semigroup (C I
m,n, τ), π−1(y) is a compact subset of (C I

m,n, τ) for every

y ∈ C I
m,n/I. By Din' N'e T'ong's Theorem (see [12] or [14, 3.7.E]), (C I

m,n/I, τq) is a
Hausdor� locally compact space. Since I is not open, by Theorem 4 the semitopological
semigroup (C I

m,n/I, τq) is topologically isomorphic to (C 0
m,n, τAc) and hence it is compact.

We claim that the space (C I
m,n, τ) is compact. Indeed, let U = {Uα : α ∈ I } be an arbi-

trary open cover of the topological space (C I
m,n, τ). Since I is compact, there exists a

�nite family {Uα1
, . . . , Uαn

} ⊂ U such that I ⊆ Uα1
∪· · ·∪Uαn

. Put U = Uα1
∪· · ·∪Uαn

.
Then C I

m,n \ U is a closed-and-open subset of (C I
m,n, τ). Also, since the restriction

π|Cm,n
: Cm,n → π(Cm,n) of the natural homomorphism π is one-to-one, π(C I

m,n\U(I)) is

an open-and-closed subset of (C I
m,n/I, τq), and hence the image π(C I

m,n \ U(I)) is �nite,

because the semigroup (C I
m,n/I, τq) is compact. Thus, the set C I

m,n \ U is �nite as well

and hence the space (C I
m,n, τ) is also compact. �

Corollary 3. If (C I
m,n, τ) is a Hausdor� locally compact topological semigroup, C I

m,n =

Cm,n t I and I is a compact ideal of C I
m,n, then the ideal I is open.
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Âèâ÷à¹ìî íàïiâòîïîëîãi÷íi iíòåðàñîöiàòèâíîñòi Cm,n áiöèêëi÷íîãî ìî-
íî¨äà C (p, q). Äîâåäåíî, ùî äëÿ äîâiëüíèõ íåâiä'¹ìíèõ öiëèõ ÷èñåë m, n
êîæíà ãàóñäîðôîâà òîïîëîãiÿ τ íà Cm,n òàêà, ùî (Cm,n, τ) � íàïiâòîïîëî-
ãi÷íà íàïiâãðóïà, ¹ äèñêðåòíîþ. Äîâåäåíî òàêå: ÿêùî iíòåðàñîöiàòèâíiñòü
áiöèêëi÷íîãî ìîíî¨äà Cm,n ¹ ùiëüíîþ ïiäíàïiâãðóïîþ ãàóñäîðôîâî¨ íàïiâ-
òîïîëîãi÷íî¨ íàïiâãðóïè (S, ·) òà I = S \Cm,n 6= ∅, òî I � äâîái÷íèé iäåàë â
S, à òàêîæ, ùî äëÿ äîâiëüíèõ íåâiä'¹ìíèõ öiëèõ ÷èñåë m, n êîæíà ãàóñäîð-
ôîâà ëîêàëüíî êîìïàêòíà íàïiâòîïîëîãi÷íà íàïiâãðóïà C 0

m,n = Cm,n t {0}
¹ àáî äèñêðåòíîþ, àáî êîìïàêòíîþ.

Êëþ÷îâi ñëîâà: íàïiâãðóïà, iíòåðàñîöiàòèâíiñòü íàïiâãðóïè, íàïiâòîïî-
ëîãi÷íà íàïiâãðóïà, òîïîëîãi÷íà íàïiâãðóïà, áiöèêëi÷íèé ìîíî¨ä, ëîêàëüíî
êîìïàêòíèé ïðîñòið, äèñêðåòíèé ïðîñòið, íàðiñò.
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ON THE MONOID OF MONOTONE INJECTIVE PARTIAL
SELFMAPS OF N2

6 WITH COFINITE DOMAINS AND IMAGES, II
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Let N2
6 be the set N2 with the partial order de�ned as the product of usual

order 6 on the set of positive integers N. We study the semigroup PO∞(N2
6) of

monotone injective partial selfmaps of N2
6 having co�nite domain and image.

We describe the natural partial order on the semigroup PO∞(N2
6) and show

that it coincides with the natural partial order which is induced from symmetric
inverse monoid IN×N over the set N × N onto the semigroup PO∞(N2

6). We

proved that the semigroup PO∞(N2
6) is isomorphic to the semidirect product

PO+
∞(N2

6) o Z2 of the monoid PO+
∞(N2

6) of orientation-preserving monotone

injective partial selfmaps of N2
6 with co�nite domains and images by the cyclic

group Z2 of the order two. Also we describe the congruence σ on the semi-
group PO∞(N2

6) which is generated by the natural order 4 on the semigroup

PO∞(N2
6): ασβ if and only if α and β are comparable in

(
PO∞(N2

6),4
)
.

We prove that the quotient semigroup PO+
∞(N2

6)/σ is isomorphic to the free
commutative monoid AMω over an in�nite countable set and show that the
quotient semigroup PO∞(N2

6)/σ is isomorphic to the semidirect product of the
free commutative monoid AMω by the group Z2.

Key words: Semigroup of bijective partial transformations, natural parti-
al order, semidirect product, minimum group congruence, free commutative
monoid.

We shall follow the terminology of [2] and [10].
In this paper we shall denote the �rst in�nite cardinal by ω and the cardinality of

the set A by |A|. We shall identify every set X with its cardinality |X|. By Z2 we shall
denote the cyclic group of order two. Also, for in�nite subsets A and B of an in�nite
set X we shall write A⊆∗B if and only if there exists a �nite subset A0 of A such that
A \A0 ⊆ B.
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An algebraic semigroup S is called inverse if for any element x ∈ S there exists a
unique x−1 ∈ S such that xx−1x = x and x−1xx−1 = x−1. The element x−1 is called
the inverse of x ∈ S.

If S is a semigroup, then we shall denote the subset of idempotents in S by E(S). If
S is an inverse semigroup, then E(S) is closed under multiplication and we shall refer to
E(S) a band (or the band of S). If the band E(S) is a non-empty subset of S, then the
semigroup operation on S determines the following partial order 6 on E(S): e 6 f if and
only if ef = fe = e. This order is called the natural partial order on E(S). A semilattice

is a commutative semigroup of idempotents.
If α : X ⇀ Y is a partial map, then by domα and ranα we denote the domain and

the range of α, respectively.
Let Iλ denote the set of all partial one-to-one transformations of an in�nite set

X of cardinality λ together with the following semigroup operation: x(αβ) = (xα)β if
x ∈ dom(αβ) = {y ∈ domα | yα ∈ domβ}, for α, β ∈ Iλ. The semigroup Iλ is called
the symmetric inverse semigroup over the set X (see [2, Section 1.9]). The symmetric
inverse semigroup was introduced by Vagner [18] and it plays a major role in the theory
of semigroups. An element α ∈ Iλ is called co�nite, if the sets λ \ domα and λ \ ranα
are �nite.

Let (X,6) be a partially ordered set (a poset). For an arbitrary x ∈ X we denote

↑x = {y ∈ X : x 6 y} .

We shall say that a partial map α : X ⇀ X is monotone if x 6 y implies (x)α 6 (y)α for
x, y ∈ domα.

Let N be the set of positive integers with the usual linear order ≤. On the Cartesian
product N× N we de�ne the product partial order, i.e.,

(i,m) 6 (j, n) if and only if (i 6 j) and (m 6 n).

Later the set N× N with so de�ned partial order will be denoted by N2
6.

By PO∞(N2
6) we denote the semigroup of injective partial monotone selfmaps of N2

6

with co�nite domains and images. Obviously, PO∞(N2
6) is a submonoid of the symmetric

inverse semigroup Iω and PO∞(N2
6) is a countable semigroup.

Furthermore, we shall denote the identity of the semigroup PO∞(N2
6) by I and the

group of units of PO∞(N2
6) by H(I).

For any positive integer n and an arbitrary α ∈PO∞(N2
6) we denote:

V
n = {(n, j) : j ∈ N}; H

n = {(j, n) : j ∈ N};
V
n
domα = V

n ∩ domα; V
n
ranα = V

n ∩ ranα;

H
n
domα = H

n ∩ domα; H
n
ranα = H

n ∩ ranα,

and

(iα[∗,j], jα[i,∗]) = (i, j)α, for every (i, j) ∈ domα.

It well known that each partial injective co�nite selfmap f of λ induces a
homeomorphism f∗ : λ∗ → λ∗ of the remainder λ∗ = βλ \ λ of the Stone-�Cech compacti-
�cation of the discrete space λ. Moreover, under some set theoretic axioms (like PFA or
OCA), each homeomorphism of ω∗ is induced by some partial injective co�nite selfmap
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of ω (see [12]�[17]). So, the inverse semigroup I cf
λ of injective partial selfmaps of an

in�nite cardinal λ with co�nite domains and images admits a natural homomorphism
h : I cf

λ → H (λ∗) to the homeomorphism group H (λ∗) of λ∗ and this homomorphism
is surjective under certain set theoretic assumptions.

In the paper [9] algebraic properties of the semigroup I cf
λ are studied. It is showed

that I cf
λ is a bisimple inverse semigroup and that for every non-empty chain L in E(I cf

λ )
there exists an inverse subsemigroup S of I cf

λ such that S is isomorphic to the bicyclic
semigroup and L ⊆ E(S), the Green relations on I cf

λ are described and it is proved that
every non-trivial congruence on I cf

λ is a group congruence. Also, the structure of the
quotient semigroup I cf

λ /σ is described, where σ is the least group congruence on I cf
λ .

The semigroups I↗∞(N) and I↗∞(Z) of injective isotone partial selfmaps with co�nite
domains and images of positive integers and integers are studied in [7] and [8], respecti-
vely. It was proved that the semigroups I↗∞(N) and I↗∞(Z) have similar properties to the
bicyclic semigroup: they are bisimple and every non-trivial homomorphic image I↗∞(N)
and I↗∞(Z) is a group, and moreover the semigroup I↗∞(N) has Z(+) as a maximal
group image and I↗∞(Z) has Z(+)× Z(+), respectively.

In the paper [6] we studied the semigroup IO∞(Znlex) of monotone injective partial
selfmaps of the set of Ln ×lex Z having co�nite domain and image, where Ln ×lex Z
is the lexicographic product of n-elements chain and the set of integers with the usual
linear order. In this paper we described Green's relations on IO∞(Znlex), showed that the
semigroup IO∞(Znlex) is bisimple and established its projective congruences. Also, we
proved that IO∞(Znlex) is �nitely generated, every automorphism of IO∞(Z) is inner and
showed that in the case n > 2 the semigroup IO∞(Znlex) has non-inner automorphisms. In
[6] we also proved that for every positive integer n the quotient semigroup IO∞(Znlex)/σ,
where σ is a least group congruence on IO∞(Znlex), is isomorphic to the direct power

(Z(+))
2n
. The structure of the sublattice of congruences on IO∞(Znlex) that are contained

in the least group congruence is described in [4].
In the paper [5] we studied algebraic properties of the semigroup PO∞(N2

6). We

described properties of elements of the semigroup PO∞(N2
6) as monotone partial bijecti-

on of N2
6 and showed that the group of units of PO∞(N2

6) is isomorphic to the cyclic

group of order two. Also in [5] the subsemigroup of idempotents of PO∞(N2
6) and the

Green relations on PO∞(N2
6) are described. In particular, here we proved that D = J

in PO∞(N2
6).

The present paper is a continuation of [5]. We describe the natural partial order 4 on
the semigroup PO∞(N2

6) and show that it coincides with the natural partial order which
is induced from symmetric inverse monoid IN×N over the set N×N onto the semigroup
PO∞(N2

6). We proved that the semigroup PO∞(N2
6) is isomorphic to the semidirect

product PO+
∞(N2

6) o Z2 of the monoid PO+
∞(N2

6) of orientation-preserving monotone

injective partial selfmaps of N2
6 with co�nite domains and images by the cyclic group Z2

of the order two. Also we describe the congruence σ on the semigroup PO∞(N2
6), which

is generated by the natural order 4 on the semigroup PO∞(N2
6): ασβ if and only if α and

β are comparable in
(
PO∞(N2

6),4
)
. We prove that the quotient semigroup PO+

∞(N2
6)/σ

is isomorphic to the free commutative monoid AMω over an in�nite countable set and
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show that quotient semigroup PO∞(N2
6)/σ is isomorphic to the semidirect product of

the free commutative monoid AMω by the group Z2.

The following proposition implies that the equations of the form a · x = b and
x · c = d in the semigroup PO∞(N2

6) have �nitely many solutions. This property holds

for the bicyclic monoid, many its generalizations and other semigroups (see corresponding
results in [1, 3, 6, 7, 8, 9]).

Proposition 1. For every α, β ∈PO∞(N2
6), both sets{

χ ∈PO∞(N2
6) | α · χ = β

}
and

{
χ ∈PO∞(N2

6) | χ · α = β
}

are �nite. Consequently, every right translation and every left translation by an element

of the semigroup PO∞(N2
6) is a �nite-to-one map.

Proof. We consider the case of the equation α ·χ = β. In the case of the equation χ ·α = β
the proof is similar.

The de�nition of the semigroup PO∞(N2
6) and the equality α · χ = β imply that

domβ ⊆ domα and ranχ ⊆ ranα. Since any element of the semigroup PO∞(N2
6) has a

co�nite domain and a co�nite image in N×N, we conclude that if an element χ0 satis�es
the equality α · χ = β then for every other root χ of the equation α · χ = β there exist
�nitely many (i, j) ∈ (N× N) \ ranβ such that one of the following conditions holds:

(1) (i, j)χ 6= (i, j)χ0;
(2) (i, j)χ is determined and (i, j)χ0 is undetermined;
(3) (i, j)χ0 is determined and (i, j)χ is undetermined.

This implies that the equation α ·χ = β has �nitely many solutions, which completes the
proof of the proposition. �

Later we shall describe the natural partial order �4� on the semigroup PO∞(N2
6).

For α, β ∈PO∞(N2
6) we put

α 4 β if and only if α = βε for some ε ∈ E(PO∞(N2
6)).

We need the following proposition from [11].

Proposition 2 ([11, p. 387, Corollary]). For any semigroup S and its natural partial

order 4 the following conditions are equivalent:

(i) a 4 b;
(ii) a = wb = bz, az = a for some w, z ∈ S1;

(iii) a = xb = by, xa = ay = a for some x, y ∈ S1.

Proposition 3. The relation 4 is the natural partial order on the semigroup PO∞(N2
6).

Proof. Suppose that α = βε for some idempotent ε ∈ E(PO∞(N2
6)). Then we have that

αε = (βε)ε = β(εε) = βε = α.

Let ι : dom(βε) → dom(βε) be the identity map of the set dom(βε). Then ι ∈
E(PO∞(N2

6)) and the de�nition of the semigroup PO∞(N2
6) implies that dom(βε) =

dom(ιβ), because ε is an idempotent of PO∞(N2
6). This implies that (i, j)ιβ = (i, j)βε

for each (i, j) ∈ dom(ιβ) and hence we get that α = βε = ιβ. Next we apply Propositi-
on 2. �
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Remark 1. Proposition 3 implies that the natural partial order on the semigroup
PO∞(N2

6) coincides with the natural partial order which is induced from symmetric

inverse monoid IN×N over the set N× N onto the semigroup PO∞(N2
6).

We de�ne a relation σ on the semigroup PO∞(N2
6) in the following way:

ασβ if and only if there exists ε ∈ E(PO∞(N2
6)) such that αε = βε,

for α, β ∈PO∞(N2
6).

Proposition 4. For α, β ∈PO∞(N2
6) the following conditions are equivalent:

(i) ασβ;
(ii) there exist ς, υ ∈ E(PO∞(N2

6)) such that ας = βυ;

(iii) there exist ς, υ ∈ E(PO∞(N2
6)) such that ας = υβ;

(iv) there exists ι ∈ E(PO∞(N2
6)) such that ια = ιβ;

(v) there exist ς, υ ∈ E(PO∞(N2
6)) such that ςα = υβ.

Thus σ is a congruence on the semigroup PO∞(N2
6).

Proof. Implication (i)⇒ (ii) is trivial.
(ii) ⇒ (i) If we have that ας = βυ for some ς, υ ∈ E(PO∞(N2

6)) then ας(ςυ) =

βυ(ςυ). Since PO∞(N2
6) is a subsemigroup of the symmetric inverse monoid I|N×N|,

the idempotents in the semigroup PO∞(N2
6) commute and hence α(ςυ) = β(ςυ). This

implies that ασβ.
(ii)⇒ (iii) Suppose that ας = βυ for some ς, υ ∈ E(PO∞(N2

6)). Let ι : dom(βυ)→
dom(βυ) be the identity map of the set dom(βυ). Then ι ∈ E(PO∞(N2

6)) and the

de�nition of the semigroup PO∞(N2
6) implies that dom(βυ) = dom(ιβ), because υ is an

idempotent of PO∞(N2
6). This implies that (i, j)ιβ = (i, j)βυ for each (i, j) ∈ dom(ιβ)

and hence we get that ας = βυ = ιβ.
(iii)⇒ (ii) Suppose that ας = υβ for some ς, υ ∈ E(PO∞(N2

6)). Let ι : ran(υβ)→
ran(υβ) be the identity map of the set ran(υβ). Then ι ∈ E(PO∞(N2

6)) and the de�nition

of the semigroup PO∞(N2
6) implies that ran(υβ) = ran(βι), because υ is an idempotent

of PO∞(N2
6). Since all elements of the semigroup PO∞(N2

6) are partial bijections of

N × N we get that dom(υβ) = dom(βι). This implies that (i, j)βι = (i, j)υβ for each
(i, j) ∈ dom(βι) and hence we get that ας = υβ = βι.

The proofs of equivalences (iii)⇔ (iv) and (iv)⇔ (v) are similar.
It is obvious that σ is a re�exive and symmetric relation on PO∞(N2

6). Suppose that

ασβ and βσγ in PO∞(N2
6). Then there exist ς, υ ∈ E(PO∞(N2

6)) such that ας = βς
and βυ = γυ. This implies that αςυ = βςυ and βυς = γυς, and since the idempotents
in PO∞(N2

6) commute we get that αςυ = βςυ = βυς = γυς, and hence ασγ.

Suppose that ασβ for some α, β ∈ PO∞(N2
6). Then by (iv) there exists ι ∈

E(PO∞(N2
6)) such that ια = ιβ. This implies that ιαγ = ιβγ for each γ ∈ PO∞(N2

6)

and hence by item (iv) we get that (αγ)σ(βγ). The proof of the statement that (γα)σ(γβ)
for each γ ∈ PO∞(N2

6) is similar, and hence σ is a congruence on the semigroup

PO∞(N2
6). �
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Corollary 1. For α, β ∈PO∞(N2
6) the following condition are equivalent:

(i) ασβ;
(ii) α$σβ$;

(iii) $ασ$β.

Proof. (i) ⇔ (ii) If ασβ in PO∞(N2
6) then by Proposition 4 there exists ι ∈

E(PO∞(N2
6)) such that ια = ιβ. This implies that ια$ = ιβ$ and hence (α$)σ(β$).

Conversely, if (α$)σ(β$) then by Proposition 4 we have that να$ = νβ$ for some
ν ∈ E(PO∞(N2

6)), and hence να = να$$ = νβ$$ = νβ, which implies that ασβ.

The proof of (i)⇔ (ii) is similar. �

Also the de�nition of the congruence σ on the semigroup PO∞(N2
6) implies the

following simple property of σ-equivalent elements of PO∞(N2
6):

Corollary 2. Let α, β be elements of the semigroup PO∞(N2
6) such that ασβ. Then the

following assertions hold:

(i) (H1
domα)α⊆H1 if and only if (H1

dom β)β⊆H1;

(ii) (H1
domα)α⊆V1 if and only if (H1

dom β)β⊆V1.

We de�ne
PO+
∞(N2

6) =
{
α ∈PO∞(N2

6) : (H1
domα)α ⊆ H

1
}
.

Then Lemma 3 and Theorem 1 from [5] imply that PO+
∞(N2

6) is a subsemigroup of

PO∞(N2
6). The subsemigroup PO+

∞(N2
6) is called the monoid of orientation-preserving

monotone injective partial selfmaps of N2
6 with co�nite domains and images. Moreover

it is obvious that E(PO+
∞(N2

6) = E(PO∞(N2
6)). Also, later by 4 and σ we denote the

corresponding induced relations of the relations 4 and σ from the semigroup PO∞(N2
6)

onto its subsemigroup PO+
∞(N2

6).
The proofs of the following propositions are similar to those of Propositions 3 and

4, respectively.

Proposition 5. The relation 4 is the natural partial order on the semigroup PO+
∞(N2

6).

Proposition 6. The relation σ is a congruence on the semigroup PO+
∞(N2

6).

By $ we denote the bijective transformation of N × N de�ned by the formula
(i, j)$ = (j, i), for any (i, j) ∈ N×N. It is obvious that $ is an element of the semigroup
PO∞(N2

6) and $$ = I.

Remark 2. We observe that

(i) α ∈PO+
∞(N2

6) if and only if α$,$α ∈PO∞(N2
6) \PO+

∞(N2
6);

(ii) α ∈PO+
∞(N2

6) if and only if $α$ ∈PO+
∞(N2

6).

We de�ne a map h : PO∞(N2
6) → PO∞(N2

6) by the formula (α)h = $α$, for

α ∈PO∞(N2
6).

Proposition 7. The map h : PO∞(N2
6)→PO∞(N2

6) is an automorphism of the semi-

group PO∞(N2
6). Moreover its restriction h|PO+

∞(N2
6) : PO+

∞(N2
6) → PO+

∞(N2
6) is an

automorphism of the subsemigroup PO+
∞(N2

6).
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Proof. First we show that h : PO∞(N2
6)→PO∞(N2

6) is a homomorphism. Fix arbitrary

α, β ∈PO∞(N2
6). Then we have that

(αβ)h = $(αβ)$ = $(αIβ)$ = $(α$$β)$ = ($α$)($β$) = (α)h(β)h,

and hence h : PO∞(N2
6)→PO∞(N2

6) is a homomorphism.

Fix an arbitrary α ∈PO∞(N2
6). Then the de�nition of h implies that

($α$)h = $$α$$ = IαI = α,

and hence the map h : PO∞(N2
6) → PO∞(N2

6) is surjective. Suppose that (α)h = (β)h

for some α, β ∈PO∞(N2
6). Then

α = IαI = $$α$$ = ((α)h)h = ((β)h)h = $$β$$ = IβI = β,

and hence the map h : PO∞(N2
6) → PO∞(N2

6) is injective. Thus the map h is an

automorphism of the semigroup PO∞(N2
6).

Now, Remark 2 implies that the restriction h|PO+
∞(N2

6) : PO+
∞(N2

6)→PO+
∞(N2

6) is

an automorphism of the semigroup PO+
∞(N2

6), too. �

For the automorphism h : PO+
∞(N2

6)→PO+
∞(N2

6) of the semigroup PO+
∞(N2

6) we

have that h2 = IdPO+
∞(N2

6) is the identity automorphism of PO+
∞(N2

6). This implies that

the element h generates the group which is isomorphic to the cyclic group of order two
Z2. By Proposition 4 from [5] the group of units H(I) of the semigroup PO∞(N2

6) is

isomorphic to Z2. We de�ne a map Q from H(I) into the group Aut(PO+
∞(N2

6)) of

automorphisms of the semigroup PO+
∞(N2

6) in the following way (I)Q = IdPO+
∞(N2

6) and

($)Q = h. It is obvious that so de�ned map Q : H(I)→ Aut(PO+
∞(N2

6)) is an injective
homomorphism.

Let S and T be semigroups and let H be a homomorphism from T into the semigroup
of endomorphisms End(S) of S, H : t 7→ ht. Then the Cartesian product S × T with the
following semigroup operation

(s1, t1) · (s2, t2) = (s1 · (s2)ht1 , t1 · t2) , s1, s2 ∈ S, t1, t2 ∈ T,
is called a semidirect product of the semigroup S by T and is denoted by S oH T .
We remark that if 1T is the unit of the semigroup T then (1T )H = h1T is the identity
homomorphism of S and in the case when T is a group then (t)H = ht is an automorphism
of S for any t ∈ T .
Theorem 1. The semigroup PO∞(N2

6) is isomorphic to the semidirect product

PO+
∞(N2

6) oQ H(I) of the semigroup PO+
∞(N2

6) by the group H(I).

Proof. We de�ne a map I : PO+
∞(N2

6)oQH(I)→PO∞(N2
6) by the formula (α, g)I = αg.

Then for all α1, α2 ∈PO+
∞(N2

6) and g1, g2 ∈ H(I) we have that

((α1, g1) · (α2, g2)) I = (α1 · (α2)(g1)Q, g1 · g2) I = (α1 · g1 · α2 · g1, g1 · g2) I =

= α1 · g1 · α2 · g1 · g1 · g2 = α1 · g1 · α2 · g2 =

= (α1, g1)I · (α2, g2)I,

because g2 = I for any g ∈ H(I), and hence the map I : PO+
∞(N2

6)oQH(I)→PO∞(N2
6)

is a homomorphism.



116
Oleg GUTIK, Inna POZDNIAKOVA

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2016. Âèïóñê 82

By Lemma 3 from [5] for every α ∈ PO∞(N2
6) there exist α+ ∈ PO+

∞(N2
6) and

gα ∈ H(I) such that α = α+gα. Indeed,

(a) in the case when (H1
domα)α ⊆ H

1 we put α+ = α and gα = I;
(b) in the case when (H1

domα)α ⊆ V
1 we put α+ = αω and gα = ω.

Let α+, β+ ∈ PO+
∞(N2

6) and gα, gβ ∈ H(I) be such that α+gα = (α+, gα)I =

(β+, gβ)I = β+gβ . Since (H1
domα+)α+ ⊆ H

1 and (H1
dom β+)β+ ⊆ H

1, Lemma 3 from
[5] implies that gα = gβ . By Proposition 4 from [5] the group of units H(I) of the
semigroup PO∞(N2

6) is isomorphic to Z2 and hence α+ = α+g2α = α+gαgβ = β+g2β =

β+. Therefore, we get that so de�ned map I : PO+
∞(N2

6) oQ H(I) → PO∞(N2
6) is an

isomorphism. �

By Theorem 2(ii1) from [5] for every α ∈PO+
∞(N2

6) there exists a smallest positive

integer nα such that (i, j)α = (i, j) for each (i, j) ∈ domα ∩ ↑(nα, nα).

Lemma 1. For every α ∈PO+
∞(N2

6) there exists αf ∈PO+
∞(N2

6) such that the following

assertions hold:

(i) ασαf;

(ii) (i + 1)αf[∗,j] − (i + 1) = iαf[∗,j] − i for arbitrary (i, j) ∈ domαf with j < nα,

(i, j)αf =
(
iαf[∗,j], jαf[i,∗]

)
and (i + 1, j)αf =

(
(i + 1)αf[∗,j], jαf[i+1,∗]

)
, i.e., αf

acts as a partial shift on the set Hj;

(iii) (j + 1)αf[i,∗] − (j + 1) = jαf[i,∗] − j for arbitrary (i, j) ∈ domαf with i < nα,

(i, j)αf =
(
iαf[∗,j], jαf[i,∗]

)
and (i, j + 1)αf =

(
iαf[∗,j+1], (j + 1)αf[i,∗]

)
, i.e., αf

acts as a partial shift on the set Vi.

Moreover, there exist smallest positive integers ĥα, v̂α 6 nα such that (i, j)αf = (i, j) for

arbitrary (i, j) ∈ domαf with i > ĥα and (k, l)αf = (k, l) for arbitrary (k, l) ∈ domαf

with l > v̂α.

Proof. Fix an arbitrary element α of the semigroup PO+
∞(N2

6). Then by Theorem 1(1)

from [5] we get that (Hndomα)α⊆∗Hn and (Vndomα)α⊆∗Vn for any positive integer n.
Also, the de�nition of the semigroup PO∞(N2

6) and Theorem 2(ii1) of [5] imply that

there exists a smallest positive integer nα such that (i, j)α = (i, j) for each (i, j) ∈
domα∩↑(nα, nα), and hence for arbitrary positive integers i, j < nα there exist smallest
positive integers hiα and vjα such that the following conditions hold:

H
i
ranα ∩

{
(p, i) : p > hiα

}
=
{

(p, i) : p > hiα
}

;

V
j
ranα ∩

{
(j, q) : q > vjα

}
=
{

(j, q) : q > vjα
}
,

and

(k, i), (j, l) ∈ domα, (k, i)α ∈ H
i, (j, l)α ∈ V

j ,

for all positive integers k > hiα and l > vjα.
We put

h̄α = max
{
hiα : i = 1, . . . , nα − 1

}
and v̄α = max

{
vjα : j = 1, . . . , nα − 1

}
.

The above arguments imply that

H
i
ranα ∩

{
(p, i) : p > h̄α

}
=
{

(p, i) : p > h̄α
}

; (1)



ON THE MONOID OF MONOTONE ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2016. Âèïóñê 82 117

V
j
ranα ∩ {(j, q) : q > v̄α} = {(j, q) : q > v̄α} , (2)

and

(k, i), (j, l) ∈ domα, (k, i)α ∈ H
i, (j, l)α ∈ V

j ,

for all positive integers k > h̄α and l > v̄α.
Next we put

Dα = (N× N) \
({

(i, j) : i 6 h̄α and j 6 nα
}
∪ {(i, j) : i 6 nα and j 6 v̄α}

)
. (3)

We de�ne αf = α|Dα , i.e.,
domαf = Dα, ranαf = (Dα)α and (i, j)αf = (i, j)α for all (i, j) ∈ domαf.

Since αf = εααf = εαα for the identity partial map εα : N × N ⇀ N × N with dom εα =
ran εα = Dα, Proposition 4 implies that ασαf.

Then condition (1) and the de�nition of the positive integer h̄α imply that(
h̄α + 2

)
αf[∗,1]

=
(
h̄α + 1

)
αf[∗,1]

+ 1,

and by similar arguments and induction we have that (i + 1)αf[∗,1] = (i, 1)αf[∗,1] + 1 for

arbitrary i > h̄α + 1. Next, if we apply condition (1) and induction for arbitrary j < nα
then we get that (i+1)αf[∗,j] = (i)αf[∗,j]+1 for arbitrary i > h̄α+1. This implies assertion
(ii).

The proof of item (iii) is similar to (ii).
The last statement of the lemma follows from the above arguments and Theorem 2(1)

from [5]. �

For every positive integer n we de�ne partial maps γn : N×N⇀ N×N and υn : N×
N⇀ N× N in the following way:

dom γn = N× N \ {(1, i) : i = 1, . . . , n} ,
dom υn = N× N \ {(i, 1) : i = 1, . . . , n} ,
ran γn = ran υn = N× N

and

(i, j)γn =

{
(i− 1, j), if j 6 n;
(i, j), if j > n

for (i, j) ∈ dom γn,

(i, j)υn =

{
(i, j − 1), if i 6 n;
(i, j), if i > n

for (i, j) ∈ dom υn.

Simple veri�cations show that γn, υn ∈PO+
∞(N2

6) for every positive integer n, and

moreover the subsemigroups 〈γk | k ∈ N〉 and 〈υk | k ∈ N〉 of the semigroup PO+
∞(N2

6),

generated by the sets {γk : k ∈ N} and {υk : k ∈ N}, respectively, are isomorphic to the
free Abelian semigroup over an in�nite countable set.

Lemma 2. For every α ∈PO+
∞(N2

6) there exist �nitely many elements γk1 , . . . , γki and

υl1 , . . . , υlj of the semigroup PO+
∞(N2

6), with k1 < . . . < ki, l1 < . . . < lj, such that

ασ
(
γp1k1 . . . γ

pi
ki
υq1l1 . . . υ

qj
lj

)
, (4)

for some positive integers p1, . . . , pi, q1, . . . , qj. Moreover if

ασ
(
γp1k1 . . . γ

pi
ki
υq1l1 . . . υ

qj
lj

)
and βσ

(
γb1a1 . . . γ

bi
aiυ

d1
c1 . . . υ

dj
cj

)
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for some α, β ∈PO+
∞(N2

6) then (α, β) /∈ σ if and only if

ιγp1k1 . . . γ
pi
ki
υq1l1 . . . υ

qj
lj
6= ιγb1a1 . . . γ

bi
aiυ

d1
c1 . . . υ

dj
cj

for any idempotent ι ∈PO+
∞(N2

6).

Proof. Fix an arbitrary element α of the semigroup PO+
∞(N2

6). Let αf be the element of

PO+
∞(N2

6) de�ned in the proof of Lemma 1. By Theorem 3 from [5] and the second

statement of Lemma 1 there exist smallest positive integers ĥα, v̂α 6 nα such that

(i, j)αf = (i, j) for arbitrary (i, j) ∈ domαf with i > ĥα and (k, l)αf = (k, l) for arbitrary
(k, l) ∈ domαf with l > v̂α.

By Lemma 1 and Theorem 1(1) of [5] we have that(
j, ĥα−1

)
αf =

(
jαf[∗,ĥα−1], ĥα−1

)
< (j, ĥα−1) and (j+1)αf[∗,ĥα−1]− jαf[∗,ĥα−1] = 1,

for arbitrary
(
j, ĥα − 1

)
,
(
j + 1, ĥα − 1

)
∈ domαf. Then we put pĥα−1 = j − jαf[∗,ĥα−1].

Next, for s = 2, . . . , ĥα − 2 we de�ne integers pĥα−s, . . . , p1 by induction,

pĥα−s = j − jαf[∗,ĥα−s] −
(
pĥα−1 + . . .+ pĥα−s+1

)
,

where
(
j, ĥα−s

)
αf =

(
jαf[∗,ĥα−s], ĥα−s

)
6 (j, ĥα−s) for arbitrary

(
j, ĥα−s

)
∈ domαf.

Similarly, by Lemma 1 and Theorem 1(1) of [5] we have that(
v̂α − 1, i

)
αf =

(
v̂α − 1, iαf[v̂α−1,∗]

)
< (v̂α − 1, i) and (i+ 1)αf[v̂α−1,∗] − iαf[v̂α−1,∗] = 1,

for arbitrary
(
v̂α − 1, i

)
,
(
v̂α − 1, i + 1

)
∈ domαf. Then we put qv̂α−1 = i − iαf[v̂α−1,∗].

Next, for t = 2, . . . , v̂α − 2 we de�ne integers qv̂α−t, . . . , q1 by induction

qv̂α−t = i− iαf[v̂α−t,∗] − (qv̂α−1 + . . .+ qv̂α−t+1) ,

where
(
v̂α − t, i

)
αf =

(
v̂α − t, iαf[v̂α−t,∗]

)
6
(
v̂α − t, i

)
for arbitrary

(
v̂α − t, i

)
∈ domαf.

For any α ∈ PO+
∞(N2

6) put εα : N × N be the identity partial map with dom εα =

ran εα = Dα, where the set Dα is de�ned by formula (3). Simple veri�cation shows that

εαα = εα
(
γp11 . . . γ

p
ĥα−1

ĥα−1
υq11 . . . υ

qv̂α−1

lj

)
and hence

ασ
(
γp11 . . . γ

p
ĥα−1

ĥα−1
υq11 . . . υ

qv̂α−1

lj

)
,

which implies that relation (4) holds.
Since γ0m = υ0m = I for any positive integer m, without loss of generality we may

assume that p1, . . . , pi, q1, . . . , qj are positive integers in formula (4).
Also, the last statement of the lemma follows from the de�nition of the congruence

σ on the semigroup PO+
∞(N2

6). �

Lemma 3. Let be ασ
(
γp1k1 . . . γ

pi
ki
υq1l1 . . . υ

qj
lj

)
for α ∈ PO+

∞(N2
6) and positive integers

p1, . . . , pi, q1, . . . , qj, k1 < . . . < ki, l1 < . . . < lj. Then there exists an idempotent

ε̂α ∈PO+
∞(N2

6) such that

ε̂αα = ε̂αγ
p1
k1
. . . γpikiυ

q1
l1
. . . υ

qj
lj

= ε̂αυ
q1
l1
. . . υ

qj
lj
γp1k1 . . . γ

pi
ki
.
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Proof. Put

mα = nα + h̄α + v̄α + p1 + . . .+ pi + q1 + . . .+ qj ,

where h̄α and v̄α are the positive integers de�ned in the proof of Lemma 1. We de�ne
the identity partial map ε̂α : N× N⇀ N× N with dom ε̂α = ran ε̂α = Mα, where

Mα = (N× N) \ ({(i, j) : i 6 mα and j 6 mα}) .

Then ε̂α 4 εα where εα is the idempotent of the semigroup PO+
∞(N2

6) de�ned in the
proof of Lemma 1. This implies that

ε̂αα = ε̂αεαα = ε̂αεαγ
p1
k1
. . . γpikiυ

q1
l1
. . . υ

qj
lj

= ε̂αγ
p1
k1
. . . γpikiυ

q1
l1
. . . υ

qj
lj
,

and the equlity

ε̂αγ
p1
k1
. . . γpikiυ

q1
l1
. . . υ

qj
lj

= ε̂αυ
q1
l1
. . . υ

qj
lj
γp1k1 . . . γ

pi
ki

follows from the de�nition of the idempotent ε̂α ∈PO+
∞(N2

6). �

The following theorem describes the quotient semigroup PO+
∞(N2

6)/σ.

Theorem 2. The quotient semigroup PO+
∞(N2

6)/σ is isomorphic to the free commutative

monoid AMω over an in�nite countable set.

Proof. Let X = {ai : i ∈ N} ∪ {bj : j ∈ N} be a countable in�nite set.
We de�ne the map Hσ : PO+

∞(N2
6)→ AMX in the following way:

(a) if ασ
(
γp1k1 . . . γ

pi
ki
υq1l1 . . . υ

qj
lj

)
for some positive integers p1, . . . , pi, q1, . . . , qj , k1 <

. . . < ki, l1 < . . . < lj , then

(α)Hσ =
(
γp1k1 . . . γ

pi
ki
υq1l1 . . . υ

qj
lj

)
Hσ = ap1k1 . . . a

pi
ki
bq1l1 . . . b

qj
lj

;

(b) (I)Hσ = e, where e is the unit of the free commutative monoid AMX .

Then Lemmas 2 and 3 imply that (α)Hσ = (β)Hσ if and only if ασβ in PO+
∞(N2

6)

and hence the quotient semigroup PO+
∞(N2

6)/σ is isomorphic to the free commutative
monoid AMX . �

The following corollary of Theorem 2 shows that the semigroup PO+
∞(N2

6) has
in�nitely many congruences similar as the free commutative monoid AMω over an in�nite
countable set.

Corollary 3. Every countable (in�nite or �nite) commutative monoid is a homomorphic

image of the semigroup PO+
∞(N2

6).

Its obvious that every non-unit element u of the free commutative monoid AMω

over the in�nite countable set {ai : i ∈ ω} ∪ {bj : j ∈ ω} can be represented in the form

u = ai11 . . . a
ik
k b

j1
1 . . . bjll , where i1, . . . , ik, j1, . . . , ll are positive integers. We de�ne a map

f : AMω → AMω by the formula

(ai11 . . . a
ik
k b

j1
1 . . . bjll )f = aj11 . . . ajll b

i1
1 . . . b

ik
k , (5)

for u = ai11 . . . a
ik
k b

j1
1 . . . bjll ∈ AMω and (e)f = e, for unit element e of AMω.

Proposition 8. The map f : AMω → AMω is an automorphism of the free commutative

monoid AMω.
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Proof. First we show that f : AMω → AMω is a homomorphism. Fix arbitrary elements
u, v ∈ AMω. Without loss of generality we may assume that

u = ai11 . . . a
ip
p b

j1
1 . . . bjpp and v = as11 . . . aspp b

t1
1 . . . btpp

for some non-negative integers p, i1, . . . , ip, j1, . . . , jp, s1, . . . , sp, t1, . . . , tp, where ai =
bi = e for i = 0.

Then we have that

(uv)f = (ai11 . . . a
ip
p b

j1
1 . . . bjpp a

s1
1 . . . aspp b

t1
1 . . . btpp )f =

= (ai1+s11 . . . aip+spp bj1+t11 . . . bjp+tpp )f =

= aj1+t11 . . . ajp+tpp bi1+s11 . . . bip+spp =

= aj11 . . . ajpp b
i1
1 . . . b

ip
p a

t1
1 . . . atpp b

s1
1 . . . bspp =

= (ai11 . . . a
ip
p b

j1
p . . . b

jp
l )h(as11 . . . aspp b

t1
1 . . . btpp )f =

= (u)f(v)f.

It is obvious that f : AMω → AMω is a bijective map and hence f : AMω → AMω is
an automorphism. �

The relationships between elements of the subsemigroup 〈γk | k ∈ N〉 and of the
subsemigroup 〈υk | k ∈ N〉 in PO+

∞(N2
6) is described by the following proposition.

We observe that the cyclic group Z2 acts on the free commutative monoid AMω

over the in�nite countable set {ai : i ∈ ω} ∪ {bj : j ∈ ω} in the following way

AMω × Z2 → AMω : (u, g) 7→ v =

{
u, if g = 0̄;
(u)f, if g = 1̄,

where the map f : AMω → AMω is de�ned by formula(5). By Proposition 8 the map f is
an automorphism of the free commutative monoid AMω.

Proposition 9. Let p1, . . . , pi, k1, . . . , ki be some positive integers such that k1 < . . . <
ki. Then the following assertions hold:

(i) $γp1k1 . . . γ
pi
ki
$ = υp1k1 . . . υ

pi
ki
;

(ii) γp1k1 . . . γ
pi
ki
$ = $υp1k1 . . . υ

pi
ki
;

(iii) $γp1k1 . . . γ
pi
ki

= υp1k1 . . . υ
pi
ki
$;

(iv) $υp1k1 . . . υ
pi
ki
$ = γp1k1 . . . γ

pi
ki
.

Proof. Assertion (i) follows from the de�nitions of the elements of the semigroups
〈γk | k ∈ N〉 and 〈υk | k ∈ N〉. Other assertions follow from (i) and the equality
$$ = I. �

Later we assume that Z2 = {0̄, 1̄}.
The following theorem describes the quotient semigroup PO∞(N2

6)/σ.

Theorem 3. The semigroup PO∞(N2
6)/σ is isomorphic to the semidirect product

AMω oQ Z2 of the free commutative monoid AMω over an in�nite countable set by the

cyclic group Z2.
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Proof. We de�ne a map I : PO∞(N2
6)/σ → AMω oQ Z2 : x 7→ (u, g) in the following

way. Let Pσ : PO∞(N2
6) → PO∞(N2

6)/σ be the natural homomorphism generated by

the congruence σ on the semigroup PO∞(N2
6). Then for every x ∈PO∞(N2

6)/σ for any

αx ∈PO∞(N2
6) such that (αx)Pσ = x only one of the following conditions holds:

(1) (H1
domαx)αx⊆H1;

(2) (H1
domαx)αx⊆V1.

We put

(x)I =

{
((αx)Hσ, 0̄) , if (H1

domαx)αx⊆H1;

((αx$)Hσ, 1̄) , if (H1
domαx)αx⊆V1.

(6)

for all αx ∈PO∞(N2
6) with (αx)Pσ = x. Then the de�nition of the congruence σ on the

semigroup PO∞(N2
6) and Corollary 2 imply that the map I : PO∞(N2

6)/σ → AMω×Z2

is well de�ned.
We observe that formula (6) implies that (xI)I = (e, 0̄) for xI = (I)Pσ and (x$)I =

(e, 1̄) for x$ = ($)Pσ. Hence we have that

(x)I · (xI)I =

{
((αx)Hσ, 0̄) · (e, 0̄) , if (H1

domαx)αx⊆H1;

((αx$)Hσ, 1̄) · (e, 0̄) , if (H1
domαx)αx⊆V1 =

=

{
((αx)Hσ · e, 0̄ · 0̄) , if (H1

domαx)αx⊆H1;

((αx$)Hσ · e, 1̄ · 0̄) , if (H1
domαx)αx⊆V1 =

=

{
((αx)Hσ, 0̄) , if (H1

domαx)αx⊆H1;

((αx$)Hσ, 1̄) , if (H1
domαx)αx⊆V1 =

= (x)I

and

(xI)I · (x)I =

{
(e, 0̄) · ((αx)Hσ, 0̄) , if (H1

domαx)αx⊆H1;

(e, 0̄) · ((αx$)Hσ, 1̄) , if (H1
domαx)αx⊆V1 =

=

{
(e · (αx)Hσ, 0̄ · 0̄) , if (H1

domαx)αx⊆H1;

(e · (αx$)Hσ, 0̄ · 1̄) , if (H1
domαx)αx⊆V1 =

=

{
((αx)Hσ, 0̄) , if (H1

domαx)αx⊆H1;

((αx$)Hσ, 1̄) , if (H1
domαx)αx⊆V1 =

= (x)I.

Also, since σ is congruence on PO∞(N2
6), we get

(x)I · (x$)I =

{
((αx)Hσ, 0̄) · (e, 1̄) , if (H1

domαx)αx⊆H1;

((αx$)Hσ, 1̄) · (e, 1̄) , if (H1
domαx)αx⊆V1 =

=

{
((αx)Hσ · e, 0̄ · 1̄) , if (H1

domαx)αx⊆H1;

((αx$)Hσ · e, 1̄ · 1̄) , if (H1
domαx)αx⊆V1 =

=

{
((αx)Hσ, 1̄) , if (H1

domαx)αx⊆H1;

((αx$)Hσ, 0̄) , if (H1
domαx)αx⊆V1 =

=

{
((αx$$)Hσ, 1̄) , if (H1

domαx)αx⊆H1;

((αx$)Hσ, 0̄) , if (H1
domαx)αx⊆V1 =
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=

{
(((αx$)$)Hσ, 1̄) , if (H1

dom(αx$))αx$⊆V
1;

((αx$)Hσ, 0̄) , if (H1
dom(αx$))αx$⊆H

1 =

= (x · x$)I

and

(i) in the case when (H1
domαx)αx⊆H1 for αx = γi11 . . . γ

ip
p υ

j1
1 . . . υ

jp
p , for some

non-negative integers p, i1, . . . , ip, j1, . . . , jp, where γ
0 = υ0 = I, we get that

(H1
dom($αx))$αx⊆V

1,

(x$)I · (x)I = (e, 1̄) · ((αx)Hσ, 0̄) =

= (e, 1̄) ·
(

(γi11 . . . γipp υ
j1
1 . . . υjpp )Hσ, 0̄

)
=

= (e, 1̄) ·
(
ai11 . . . a

ip
p b

j1
1 . . . bjpp , 0̄

)
=

=
(
e · (ai11 . . . aipp b

j1
1 . . . bjpp )f, 1̄ · 0̄

)
=

=
(

(ai11 . . . a
ip
p b

j1
1 . . . bjpp )f, 1̄

)
=

=
(
aj11 . . . ajpp b

i1
1 . . . b

ip
p , 1̄

)
and by Proposition 9,

(x$ · x)I = (($αx$)Hσ, 1̄) =

=
(

($γi11 . . . γipp υ
j1
1 . . . υjpp $)Hσ, 1̄

)
=

=
(

(υi11 . . . υipp $$γ
j1
1 . . . γjpp )Hσ, 1̄

)
=

=
(

(υi11 . . . υipp γ
j1
1 . . . γjpp )Hσ, 1̄

)
=

=
(
bi11 . . . b

ip
p a

j1
1 . . . ajpp , 1̄

)
=

=
(
aj11 . . . ajpp b

i1
1 . . . b

ip
p , 1̄

)
;

(ii) in the case when (H1
domαx)αx⊆V1 we get for αx = γi11 . . . γ

ip
p υ

j1
1 . . . υ

jp
p $, for

some non-negative integers p, i1, . . . , ip, j1, . . . , jp, where γ
0 = υ0 = I, we get

that (H1
dom($αx$))$αx$⊆H

1,

(x$)I · (x)I = (e, 1̄) · ((αx$)Hσ, 1̄) =

= (e, 1̄) ·
(

(γi11 . . . γipp υ
j1
1 . . . υjpp $$)Hσ, 1̄

)
=

= (e, 1̄) ·
(

(γi11 . . . γipp υ
j1
1 . . . υjpp )Hσ, 1̄

)
=

= (e, 1̄) ·
(
ai11 . . . a

ip
p b

j1
1 . . . bjpp , 1̄

)
=

=
(
e · (ai11 . . . aipp b

j1
1 . . . bjpp )f, 1̄ · 1̄

)
=

=
(

(ai11 . . . a
ip
p b

j1
1 . . . bjpp )f, 0̄

)
=
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=
(
aj11 . . . ajpp b

i1
1 . . . b

ip
p , 0̄

)
and by Proposition 9,

(x$ · x)I = (($αx$)Hσ, 0̄) =

=
(

($γi11 . . . γipp υ
j1
1 . . . υjpp $)Hσ, 0̄

)
=

=
(

(υi11 . . . υipp $$γ
j1
1 . . . γjpp )Hσ, 0̄

)
=

=
(

(υi11 . . . υipp γ
j1
1 . . . γjpp )Hσ, 0̄

)
=

=
(
bi11 . . . b

ip
p a

j1
1 . . . ajpp , 0̄

)
=

=
(
aj11 . . . ajpp b

i1
1 . . . b

ip
p , 0̄

)
,

which implies that (x$ · x)I = (x$)I · (x)I.
Therefore we have showed that (xI)I is the identity element of PO∞(N2

6)/σ and

(x$)I · (x$)I = (xI)I.
Next we shall show that so de�ned map I is a homomorphism from PO∞(N2

6)/σ

into the semigroup AMω oQ Z2. Fix arbitrary elements x and y of PO∞(N2
6)/σ. We

consider the following four possible cases:

(i) (H1
domαx)αx⊆H1 and (H1

domαy )αy⊆H1 for any αx, αy ∈ PO∞(N2
6) such that

(αx)Pσ = x and (αy)Pσ = y;

(ii) (H1
domαx)αx⊆V1 and (H1

domαy )αy⊆H1 for any αx, αy ∈ PO∞(N2
6) such that

(αx)Pσ = x and (αy)Pσ = y;

(iii) (H1
domαx)αx⊆H1 and (H1

domαy )αy⊆V1 for any αx, αy ∈ PO∞(N2
6) such that

(αx)Pσ = x and (αy)Pσ = y;

(iv) (H1
domαx)αx⊆V1 and (H1

domαy )αy⊆V1 for any αx, αy ∈ PO∞(N2
6) such that

(αx)Pσ = x and (αy)Pσ = y.

Assume that (i) hods. Then we have that αx, αy, αxαy ∈ PO+
∞(N2

6). Since σ is a

congruence on the semigroup PO∞(N2
6), we may choose an element αxy = αxαy ∈

PO+
∞(N2

6). Then (αxy)Pσ = xy Also, since Pσ : PO+
∞(N2

6) → PO∞(N2
6)/σ is the

natural homomorphism generated by the congruence σ on the semigroup PO∞(N2
6)

we get that

(xy)I = ((αxy)Pσ)I = ((αxy)Hσ, 0̄) = ((αxαy)Hσ, 0̄) = ((αx)Hσ · (αy)Hσ, 0̄ · 0̄) =

= ((αx)Hσ, 0̄) · ((αy)Hσ, 0̄) = (x)I · (y)I.

If (ii) hods then by Propositions 1 and 3 from [5], αx$,αy, αxαy$ ∈ PO+
∞(N2

6)
and by Lemma 2 without loss of generality we may assume that

αx = γi11 . . . γipp υ
j1
1 . . . υjpp $ and αy = γs11 . . . γspp υ

t1
1 . . . υtpp ,
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for some non-negative integers p, i1, . . . , ip, j1, . . . , jp, s1, . . . , sp, t1, . . . , tp, where γ
0 =

υ0 = I. This and the fact that σ is a congruence on the semigroup PO∞(N2
6), Proposi-

tion 9 imply that

(xy)I = ((αxαy$)Hσ, 1̄) =

=
(

(γi11 . . . γipp υ
j1
1 . . . υjpp $γ

s1
1 . . . γspp υ

t1
1 . . . υtpp $)Hσ, 1̄

)
=

=
(

(γi11 . . . γipp υ
j1
1 . . . υjpp υ

s1
1 . . . υspp $$γ

t1
1 . . . γtpp )Hσ, 1̄

)
=

=
(

(γi11 . . . γipp υ
j1
1 . . . υjpp υ

s1
1 . . . υspp γ

t1
1 . . . γtpp )Hσ, 1̄

)
=

=
(
ai11 . . . a

ip
p b

j1
1 . . . bjpp b

s1
1 . . . bspp a

t1
1 . . . atpp , 1̄

)
=

=
(
ai11 . . . a

ip
p b

j1
1 . . . bjpp (as11 . . . aspp b

t1
1 . . . btpp )f, 1̄ · 0̄

)
=

=
(
ai11 . . . a

ip
p b

j1
1 . . . bjpp , 1̄

)
·
(
as11 . . . aspp b

t1
1 . . . btpp , 0̄

)
=

=
(

(γi11 . . . γipp υ
j1
1 . . . υjpp )Hσ, 1̄

)
·
(
(γs11 . . . γspp υ

t1
1 . . . υtpp )Hσ, 0̄

)
=

=
(

(γi11 . . . γipp υ
j1
1 . . . υjpp $$)Hσ, 1̄

)
·
(
(γs11 . . . γspp υ

t1
1 . . . υtpp )Hσ, 0̄

)
=

= ((αx$)Hσ, 1̄) · ((αy)Hσ, 0̄) =

= (x)I · (y)I.

If (iii) hods then by Propositions 1 and 3 from [5], αx, αy$,αxαy$ ∈ PO+
∞(N2

6)
and by Lemma 2 without loss of generality we may assume that

αx = γi11 . . . γipp υ
j1
1 . . . υjpp and αy = γs11 . . . γspp υ

t1
1 . . . υtpp $,

for some non-negative integers p, i1, . . . , ip, j1, . . . , jp, s1, . . . , sp, t1, . . . , tp, where γ
0 =

υ0 = I. Since σ is a congruence on the semigroup PO∞(N2
6), this and Proposition 9

imply that

(xy)I = ((αxαy$)Hσ, 1̄) =

=
(

(γi11 . . . γipp υ
j1
1 . . . υjpp γ

s1
1 . . . γspp υ

t1
1 . . . υtpp $$)Hσ, 1̄

)
=

=
(

(γi11 . . . γipp υ
j1
1 . . . υjpp γ

s1
1 . . . γspp υ

t1
1 . . . υtpp )Hσ, 1̄

)
=

=
(
ai11 . . . a

ip
p b

j1
1 . . . bjpp a

s1
1 . . . aspp b

t1
1 . . . btpp , 0̄ · 1̄

)
=

=
(
ai11 . . . a

ip
p b

j1
1 . . . bjpp , 0̄

)
·
(
as11 . . . aspp b

t1
1 . . . btpp , 1̄

)
=

=
(

(γi11 . . . γipp υ
j1
1 . . . υjpp )Hσ, 0̄

)
·
(
(γs11 . . . γspp υ

t1
1 . . . υtpp )Hσ, 1̄

)
=

=
(

(γi11 . . . γipp υ
j1
1 . . . υjpp )Hσ, 0̄

)
·
(
(γs11 . . . γspp υ

t1
1 . . . υtpp $$)Hσ, 1̄

)
=

= ((αx)Hσ, 0̄) · ((αy$)Hσ, 1̄) =

= (x)I · (y)I.
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Assume that (iv) hods. Then by Propositions 1 and 3 from [5] we have that
αx$,αy$,αxαy, αx$αy$ ∈ PO+

∞(N2
6) and by Lemma 2 without loss of generality we

may assume that

αx = γi11 . . . γipp υ
j1
1 . . . υjpp $ and αy = γs11 . . . γspp υ

t1
1 . . . υtpp $,

for some non-negative integers p, i1, . . . , ip, j1, . . . , jp, s1, . . . , sp, t1, . . . , tp, where γ
0 =

υ0 = I. Since σ is a congruence on the semigroup PO∞(N2
6), this and Proposition 9

imply that

(xy)I = ((αxαy)Hσ, 0̄) =

=
(

(γi11 . . . γipp υ
j1
1 . . . υjpp $γ

s1
1 . . . γspp υ

t1
1 . . . υtpp $)Hσ, 0̄

)
=

=
(

(γi11 . . . γipp υ
j1
1 . . . υjpp υ

s1
1 . . . υspp $$γ

t1
1 . . . γtpp )Hσ, 0̄

)
=

=
(

(γi11 . . . γipp υ
j1
1 . . . υjpp υ

s1
1 . . . υspp γ

t1
1 . . . γtpp )Hσ, 0̄

)
=

=
(
ai11 . . . a

ip
p b

j1
1 . . . bjpp b

s1
1 . . . bspp a

t1
1 . . . atpp , 0̄

)
=

=
(
ai11 . . . a

ip
p b

j1
1 . . . bjpp · (a

s1
1 . . . aspp b

t1
1 . . . btpp )f, 1̄ · 1̄

)
=
(
ai11 . . . a

ip
p b

j1
1 . . . bjpp , 1̄

)
·
(
as11 . . . aspp b

t1
1 . . . btpp , 1̄

)
=

=
(

(γi11 . . . γipp υ
j1
1 . . . υjpp )Hσ, 1̄

)
·
(
(γs11 . . . γspp υ

t1
1 . . . υtpp )Hσ, 1̄

)
=

=
(

(γi11 . . . γipp υ
j1
1 . . . υjpp $$)Hσ, 1̄

)
·
(
(γs11 . . . γspp υ

t1
1 . . . υtpp $$)Hσ, 1̄

)
=

= ((αx$)Hσ, 1̄) · ((αy$)Hσ, 1̄) =

= (x)I · (y)I.

Thus the map I : PO∞(N2
6)/σ → AMω oQ Z2 is a homomorphism. Also, si-

nce (xI)I = (e, 0̄), (x$)I = (e, 1̄) and for any αx = γi11 . . . γ
ip
p υ

j1
1 . . . υ

jp
p , where

p, i1, . . . , ip, j1, . . . , jp are some positive integers, our above arguments imply that

(x)I =
(
ai11 . . . a

ip
p b

j1
1 , 0̄

)
and (y)I =

(
ai11 . . . a

ip
p b

j1
1 , 1̄

)
,

where x = (αx)Pσ and y = (αx$)Pσ. This implies that the homomorphism I is surjecti-
ve.

Now suppose that (x)I = (y)I = (u, g) for some x, y ∈ PO∞(N2
6)/σ. Then there

exist αx, αy ∈ PO+
∞(N2

6) such that (αx)Pσ = x and (αy)Pσ = y in the case when

g = 0̄, and (αx$)Pσ = x and (αy$)Pσ = y in the case when g = 1̄. If g = 0̄ then
x, y ∈ PO+

∞(N2
6) and the condition αxσαy in PO+

∞(N2
6) implies the equality x = y.

Similarly, if g = 1̄ then x, y ∈ PO∞(N2
6) \PO+

∞(N2
6) and the condition αx$σαy$ in

PO+
∞(N2

6) implies the equality x = y. Hence I : PO∞(N2
6)/σ → AMω oQ Z2 is an

isomorphism. �



126
Oleg GUTIK, Inna POZDNIAKOVA

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2016. Âèïóñê 82

Acknowledgements. The authors acknowledge Taras Banakh and Alex Ravsky
for their comments and suggestions.

References

1. Bardyla S., Gutik O. On a semitopological polycyclic monoid //Algebra Discr. Math. �
2016. � 21, �2. � P. 163�183.

2. Cli�ord A. H., Preston G. B. The algebraic theory of semigroups. � Providence: Amer.
Math. Soc., 1961. � Vol. 1. � xv+224 p.; 1967. � Vol. 2. � xv+350 p.

3. Eberhart C., Selden J. On the closure of the bicyclic semigroup //Trans. Amer. Math. Soc.
� 1969. � 144. � P. 115�126.

4. Gutik O., Pozdniakova I. Congruences on the monoid of monotone injective partial selfmaps
of Ln×lexZ with co-�nite domains and images // J. Math. Sci. � 2016. � 217, �2. � P. 139�
148.

5. Gutik O., Pozdniakova I. On the monoid of monotone injective partial selfmaps of N2
6

with co�nite domains and images //Visn. L'viv. Univ., Ser. Mekh.-Mat. � 2016. � 81. �
P. 101�116.

6. Gutik O., Pozdnyakova I. On monoids of monotone injective partial selfmaps of Ln ×lex Z
with co-�nite domains and images //Algebra Discr. Math. � 2014. � 17, �2. � P. 256�279.

7. Gutik O., Repov�s D. Topological monoids of monotone, injective partial selfmaps of N having
co�nite domain and image // Stud. Sci. Math. Hungar. � 2011. � 48, �3. � P. 342�353.

8. Gutik O., Repov�s D. On monoids of injective partial selfmaps of integers with co�nite do-
mains and images //Georgian Math. J. � 2012. � 19, �3. � P. 511�532.

9. Gutik O., Repov�s D. On monoids of injective partial co�nite selfmaps //Math. Slovaca. �
2015. � 65, �5. � P. 981�992.

10. Howie J.M. Foundations of semigroup theory. � Oxford: Oxford Univ. Press, 1995. �
x+356 p.

11. Mitsch H. A natural partial order for semigroups //Proc. Am. Math. Soc. � 1986. � 97,
�3. � P. 384�388.

12. Shelah S., Stepr	ans J. Non-trivial homeomorphisms of βN \ N without the Continuum
Hypothesis //Fund. Math. � 1989. � 132. � P. 135�141.

13. Shelah S., Stepr	ans J. Somewhere trivial autohomeomorphisms // J. London Math. Soc.
Ser. 3. � 1994. � 49, �3. � P. 569�580.

14. Shelah S., Stepr	ans J. Martin's axiom is consistent with the existence of nowhere trivial
automorphisms //Proc. Amer. Math. Soc. � 2002. � 130, �7. � P. 2097�2106.

15. Veli�ckovi�c B. De�nable automorphisms of P(ω)/ fin //Proc. Amer. Math. Soc. � 1986. �
96, �1. � P. 130�135.

16. Veli�ckovi�c B. Applications of the Open Coloring Axiom // Set Theory of the Continuum, H.
Judah, W. Just et H. Woodin, eds., Pap. Math. Sci. Res. Inst. Workshop, Berkeley, 1989,
� Berlin: MSRI Publications. Springer-Verlag. Vol. 26, 1992. � P. 137�154.

17. Veli�ckovi�c B. OCA and automorphisms of P(ω)/ fin //Topology Appl. � 1993. � 49, �1.
� P. 1�13.

18. Vagner V.V. Generalized groups //Dokl. Akad. Nauk SSSR � 1952. � 84. � P. 1119�1122
(in Russian).

Ñòàòòÿ: íàäiéøëà äî ðåäêîëåãi¨ 31.01.2017

ïðèéíÿòà äî äðóêó 27.02.2017



ON THE MONOID OF MONOTONE ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2016. Âèïóñê 82 127

ÏÐÎ ÌÎÍÎ�Ä ÌÎÍÎÒÎÍÍÈÕ IÍ'�ÊÒÈÂÍÈÕ ×ÀÑÒÊÎÂÈÕ
ÏÅÐÅÒÂÎÐÅÍÜ ÌÍÎÆÈÍÈ N2

6 Ç ÊÎÑÊIÍ×ÅÍÍÈÌÈ
ÎÁËÀÑÒßÌÈ ÂÈÇÍÀ×ÅÍÜ I ÇÍÀ×ÅÍÜ, II

Îëåã ÃÓÒIÊ, Iííà ÏÎÇÄÍßÊÎÂÀ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà 1, Ëüâiâ, 79000,

e-mails: o gutik@franko.lviv.ua,

ovgutik@yahoo.com, pozdnyakova.inna@gmail.com

Íåõàé N2
6 � ìíîæèíà N2 ç ÷àñòêîâèì ïîðÿäêîì, âèçíà÷åíèì ÿê äîáóòîê

çâè÷àéíîãî ëiíiéíîãî ïîðÿäêó 6 íà ìíîæèíi íàòóðàëüíèõ ÷èñåë N. Âèâ÷à-
¹ìî íàïiâãðóïó PO∞(N2

6) ìîíîòîííèõ ií'¹êòèâíèõ ÷àñòêîâèõ ïåðåòâîðåíü

÷àñòêîâî âïîðÿäêîâàíî¨ ìíîæèíè N2
6, ÿêi ìàþòü êîñêií÷åííi îáëàñòi âèçíà-

÷åííÿ òà çíà÷åííÿ. Îïèñó¹ìî ïðèðîäíèé ÷àñòêîâèé ïîðÿäîê íà íàïiâãðóïi
PO∞(N2

6) i äîâîäèìî, ùî âií çáiãà¹òüñÿ ç ïðèðîäíèì ÷àñòêîâèì ïîðÿäêîì,
ÿêèé iíäóêó¹òüñÿ ç ñèìåòè÷íîãî iíâåðñíîãî ìîíî¨äà IN×N íàä ìíîæèíîþ
N × N íà íàïiâãðóïó PO∞(N2

6). Äîâîäèìî, ùî íàïiâãðóïà PO∞(N2
6) içî-

ìîðôíà íàïiâïðÿìîìó äîáóòêó PO+
∞(N2

6) oZ2 ìîíî¨äà PO+
∞(N2

6) îði¹íòî-
âàíèõ ìîíîòîííèõ ií'¹êòèâíèõ ÷àñòêîâèõ ïåðåòâîðåíü ÷àñòêîâî âïîðÿäêî-
âàíî¨ ìíîæèíè N2

6, ÿêi ìàþòü êîñêií÷åííi îáëàñòi âèçíà÷åííÿ òà çíà÷åííÿ,
öèêëi÷íîþ ãðóïîþ Z2 äðóãîãî ïîðÿäêó. Òàêîæ îïèñó¹ìî êîíãðóåíöiþ σ íà
íàïiâãðóïi PO∞(N2

6), ÿêà ïîðîäæó¹òüñÿ ïðèðîäíèì ÷àñòêîâèì ïîðÿäêîì

4 íà íàïiâãðóïi PO∞(N2
6): ασβ òîäi i ëèøå òîäi, êîëè α òà β ¹ ïîðiâ-

íÿëüíèìè â
(
PO∞(N2

6),4
)
. Äîâîäèìî, ùî ôàêòîð-íàïiâãðóïà PO+

∞(N2
6)/σ

içîìîðôíà âiëüíîìó êîìóòàòèâíîìó ìîíî¨äó AMω íàä íåñêií÷åííîþ çëi-
÷åííîþ ìíîæèíîþ i, ùî ôàêòîð-íàïiâãðóïà PO∞(N2

6)/σ içîìîðôíà íàïiâ-
ïðÿìîìó äîáóòêó âiëüíîãî êîìóòàòèâíîãî ìîíî¨äà AMω ãðóïîþ Z2.

Êëþ÷îâi ñëîâà: íàïiâãðóïà ÷àñòêîâèõ ái¹êöié, ìîíîòîííå ÷àñòêîâå âi-
äîáðàæåííÿ, ïðèðîäíèé ÷àñòêîâèé ïîðÿäîê, íàïiâïðÿìèé äîáóòîê, íàé-
ìåíøà ãðóïîâà êîíãðóåíöiÿ, âiëüíèé êîìóòàòèâíèé ìîíî¨ä.
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ON FEEBLY COMPACT SHIFT-CONTINUOUS TOPOLOGIES
ON THE SEMILATTICE expn λ

Oleg GUTIK, Oleksandra SOBOL

Ivan Franko National University of Lviv,

Universytetska 1, 79000, Lviv

e-mails: o gutik@franko.lviv.ua,
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We study feebly compact topologies τ on the semilattice (expn λ,∩) such
that (expn λ, τ) is a semitopological semilattice and prove that for any shift-
continuous T1-topology τ on expn λ the following conditions are equivalent:
(i) τ is countably pracompact; (ii) τ is feebly compact; (iii) τ is d-feebly
compact; (iv) (expn λ, τ) is an H-closed space.

Key words: topological semilattice, semitopological semilattice, countably
pracompact, feebly compact, d-feebly compact, H-closed, semiregular space,
regular space.

Dedicated to the memory of Professor Vitaly Sushchanskyy

We shall follow the terminology of [6, 8, 9, 13]. If X is a topological space and
A ⊆ X, then by clX(A) and intX(A) we denote the closure and the interior of A in
X, respectively. By ω we denote the �rst in�nite cardinal and by N the set of positive
integers.

A subset A of a topological space X is called regular open if intX(clX(A)) = A.
We recall that a topological space X is said to be

• quasiregular if for any non-empty open set U ⊂ X there exists a non-empty open
set V ⊂ U such that clX(V ) ⊆ U ;

• semiregular if X has a base consisting of regular open subsets;
• compact if each open cover of X has a �nite subcover;
• countably compact if each open countable cover of X has a �nite subcover;
• countably compact at a subset A ⊆ X if every in�nite subset B ⊆ A has an
accumulation point x in X;

• countably pracompact if there exists a dense subset A in X such that X is
countably compact at A;

2010 Mathematics Subject Classi�cation: 22A26, 22A15, 54D10, 54D30, 54H12.

c© O. Gutik, O. Sobol, 2016
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• feebly compact (or lightly compact) if each locally �nite open cover of X is �ni-
te [3];

• d-feebly compact (or DFCC ) if every discrete family of open subsets in X is �nite
(see [12]);

• pseudocompact if X is Tychono� and each continuous real-valued function on X
is bounded.

According to Theorem 3.10.22 of [8], a Tychono� topological space X is feebly compact if
and only if X is pseudocompact. Also, a Hausdor� topological space X is feebly compact
if and only if every locally �nite family of non-empty open subsets of X is �nite [3].
Every compact space and every sequentially compact space are countably compact, every
countably compact space is countably pracompact, and every countably pracompact
space is feebly compact (see [2]), and every H-closed space is feebly compact too (see
[10]). Also, it is obvious that every feebly compact space is d-feebly compact.

A semilattice is a commutative semigroup of idempotents. On a semilattice S there
exists a natural partial order: e 6 f if and only if ef = fe = e. For any element e of a
semilattice S we put

↑e = {f ∈ S : e 6 f} .
A topological (semitopological) semilattice is a topological space together with a

continuous (separately continuous) semilattice operation. If S is a semilattice and τ is
a topology on S such that (S, τ) is a topological semilattice, then we shall call τ a
semilattice topology on S, and if τ is a topology on S such that (S, τ) is a semitopological
semilattice, then we shall call τ a shift-continuous topology on S.

For an arbitrary positive integer n and an arbitrary non-zero cardinal λ we put

expn λ = {A ⊆ λ : |A| 6 n} .
It is obvious that for any positive integer n and any non-zero cardinal λ the set

expn λ with the binary operation ∩ is a semilattice. Later in this paper by expn λ we
shall denote the semilattice (expn λ,∩).

This paper is a continuation of [11] where we study feebly compact topologies τ
on the semilattice expn λ such that (expn λ, τ) is a semitopological semilattice. Therein,
all compact semilattice T1-topologies on expn λ were described. In [11] it was proved
that for an arbitrary positive integer n and an arbitrary in�nite cardinal λ every T1-
semitopological countably compact semilattice (expn λ, τ) is a compact topological semi-
lattice. Also, there we construct a countably pracompact H-closed quasiregular non-
semiregular topology τ2

fc
such that

(
exp2 λ, τ

2
fc

)
is a semitopological semilattice with the

discontinuous semilattice operation and show that for an arbitrary positive integer n and
an arbitrary in�nite cardinal λ a semiregular feebly compact semitopological semilattice
expn λ is a compact topological semilattice.

In this paper we show that for any shift-continuous T1-topology τ on expn λ the
following conditions are equivalent: (i) τ is countably pracompact; (ii) τ is feebly
compact; (iii) τ is d-feebly compact; (iv) (expn λ, τ) is an H-closed space.

The proof of the following lemma is similar to Lemma 4.5 of [5] or Proposition 1
from [1].

Lemma 1. Every Hausdor� d-feebly compact topological space with a dense discrete

subspace is countably pracompact.
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We observe that by Proposition 1 from [11] for an arbitrary positive integer n and an
arbitrary in�nite cardinal λ every shift-continuous T1-topology τ on expn λ is functionally
Hausdor� and quasiregular, and hence it is Hausdor�.

Proposition 1. Let n be an arbitrary positive integer and λ be an arbitrary in�nite

cardinal. Then for every d-feebly compact shift-continuous T1-topology τ on expn λ the

subset expn λ \ expn−1 λ is dense in (expn λ, τ).

Proof. Suppose to the contrary that there exists a d-feebly compact shift-continuous
T1-topology τ on expn λ such that expn λ \ expn−1 λ is not dense in (expn λ, τ). Then
there exists a point x ∈ expn−1 λ of the space (expn λ, τ) such that x /∈ clexpn λ(expn λ \
expn−1 λ). This implies that there exists an open neighbourhood U(x) of x in (expn λ, τ)

such that U(x)∩
(
expn λ \ expn−1 λ

)
= ∅. The de�nition of the semilattice expn λ implies

that every maximal chain in expn λ is �nite and hence there exists a point y ∈ U(x) such
that ↑y ∩ U(x) = {y}. By Proposition 1(iii) from [11], ↑y is an open-and-closed subset
of (expn λ, τ) and hence ↑y is a d-feebly compact subspace of (expn λ, τ).

It is obvious that the subsemilattice ↑y of expn λ is algebraically isomorphic to the
semilattice expk λ for some positive integer k 6 n. This and above arguments imply
that without loss of generality we may assume that y is the isolated zero of the d-feebly
compact semitopological semilattice (expn λ, τ).

Hence we assume that τ is a d-feebly compact shift-continuous topology on expn λ
such that the zero 0 of expn λ is an isolated point of (expn λ, τ). Next we �x an arbitrary
in�nite sequence {xi}i∈N of distinct elements of cardinal λ. For every positive integer j
we put

aj =
{
xn(j−1)+1, xn(j−1)+2, . . . , xnj

}
.

Then aj ∈ expn λ and moreover aj is a greatest element of the semilattice expn λ for
each positive integer j. Also, the de�nition of the semilattice expn λ implies that for
every non-zero element a of expn λ there exists at most one element aj such that aj ∈ ↑a.
Then for every positive integer j by Proposition 1(iii) of [11], aj is an isolated point of
(expn λ, τ), and hence the above arguments imply that {a1, a2, . . . , aj , . . .} is an in�nite
discrete family of open subset in the space (expn λ, τ). This contradicts the d-feeble
compactness of the semitopological semilattice (expn λ, τ). The obtained contradiction
implies the statement of our proposition. �

The following example show that the converse statement to Proposition 1 is not
true in the case of topological semilattices.

Example 1. Fix an arbitrary cardinal λ and an in�nite subset A in λ such that |λ \A| >
ω. By π : λ → exp1 λ : a 7→ {a} we denote the natural embedding of λ into exp1 λ. On
exp1 λ we de�ne a topology τdm in the following way:

(i) all non-zero elements of the semilattice exp1 λ are isolated points in (exp1 λ, τdm);
and

(ii) the family Bdm = {UB = {0} ∪ π(B) : B ⊆ A and A \B is �nite} is the base of
the topology τdm at zero 0 of exp1 λ.

Simple veri�cations show that τdm is a Hausdor� locally compact semilattice topology
on exp1 λ which is not compact and hence by Corollary 8 of [11] it is not feebly compact.
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Remark 1. We observe that in the case when λ = ω by Proposition 13 of [11] the topologi-
cal space (exp1 λ, τdm) is collectionwise normal and it has a countable base, and hence
(exp1 λ, τdm) is metrizable by the Urysohn Metrization Theorem [14]. Moreover, if |B| = ω
then the space (exp1 λ, τdm) is metrizable for any in�nite cardinal λ, as a topological sum
of the metrizable space (exp1 ω, τdm) and the discrete space of cardinality λ.

Remark 2. If n is an arbitrary positive integer > 3, λ is any in�nite cardinal and τnc is
the unique compact semilattice topology on the semilattice expn λ de�ned in Example 4
of [11], then we construct more stronger topology τn

dm
on expn λ them τnc in the following

way. Fix an arbitrary element x ∈ expn λ such that |x| = n− 1. It is easy to see that the
subsemilattice ↑x of expn λ is isomorphic to exp1 λ, and by h : exp1 λ → ↑x we denote
this isomorphism.

Fix an arbitrary subset A in λ such that |λ \A| > ω. For every zero element y ∈
expn λ \ ↑x we assume that the base Bn

dm
(y) of the topology τn

dm
at the point y coincides

with the base of the topology τnc at y, and assume that ↑x is an open-and-closed subset
and the topology on ↑x is generated by the map h :

(
exp2 λ, τ

2
fc

)
→ ↑x. We observe

that (expn λ, τ
n
dm

) is a Hausdor� locally compact topological space, because it is the
topological sum of a Hausdor� locally compact space ↑x (which is homeomorphic to
the Hausdor� locally compact space (exp1 λ, τdm) from Example 1) and an open-and-
closed subspace expn λ \ ↑x of (expn λ, τ

n
c ). It is obvious that the set expn λ \ expn−1 λ is

dense in (expn λ, τ
n
dm

). Also, since ↑x is an open-and-closed subsemilattice with zero x of
(expn λ, τ

n
dm

), the continuity of the semilattice operations in (expn λ, τ
n
dm

) and (expn λ, τ
n
c )

and the property that the topology τn
dm

is more stronger them τnc , imply that (expn λ, τ
n
dm

)
is a topological semilattice. Moreover, the space (expn λ, τ

n
dm

) is not d-feebly compact,
because it contains an open-and-closed non-d-feebly compact subspace ↑x.

Arguments presented in the proof of Proposition 1 and Proposition 1(iii) of [11]
imply the following corollary.

Corollary 1. Let n be an arbitrary positive integer and λ be an arbitrary in�nite cardinal.

Then for every d-feebly compact shift-continuous T1-topology τ on expn λ a point x is

isolated in (expn λ, τ) if and only if x ∈ expn λ \ expn−1 λ.

Remark 3. We observe that the example presented in Remark 2 implies there exists
a locally compact non-d-feebly compact semitopological semilattice (expn λ, τ

n
dm

) with
the following property: a point x is isolated in (expn λ, τ

n
dm

) if and only if x ∈ expn λ \
expn−1 λ.

The following proposition gives an amazing property of the system of nei-
ghbourhoodd of zero in a T1-feebly compact semitopological semilattice expn λ.

Proposition 2. Let n be an arbitrary positive integer, λ be an arbitrary in�nite cardi-

nal and τ be a shift-continuous feebly compact T1-topology on the semilattice expn λ.
Then for every open neighbourhood U(0) of zero 0 in (expn λ, τ) there exist �nitely many

x1, . . . , xm ∈ λ such that

expn λ \ clexpn λ(U(0)) ⊆ ↑x1 ∪ · · · ∪ ↑xm.
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Proof. Suppose to the contrary that there exists an open neighbourhood U(0) of zero in
a Hausdor� feebly compact semitopological semilattice (expn λ, τ) such that

expn λ \ clexpn λ(U(0)) 6⊆ ↑x1 ∪ · · · ∪ ↑xm
for any �nitely many x1, . . . , xm ∈ λ.

We �x an arbitrary y1 ∈ λ such that
(
expn λ \ clexpn λ(U(0))

)
∩ ↑y1 6= ∅.

By Proposition 1(iii) of [11] the set ↑y1 is open in (expn λ, τ) and hence the set(
expn λ \ clexpn λ(U(0))

)
∩ ↑y1 is open in (expn λ, τ) too. Then by Proposition 1

there exists an isolated point m1 ∈ expn λ \ expn−1 λ in (expn λ, τ) such that

m1 ∈
(
expn λ \ clexpn λ(U(0))

)
∩↑y1. Now, by the assumption there exists y2 ∈ λ such that(

expn λ \ clexpn λ(U(0))
)
∩ (↑y2 \ ↑y1) 6= ∅.

Again, since by Proposition 1(iii) of [11] both sets ↑y1 and ↑y2 are open-and-closed
in (expn λ, τ), Proposition 1 implies that there exists an isolated point m2 ∈ expn λ \
expn−1 λ in (expn λ, τ) such that

m2 ∈
(
expn λ \ clexpn λ(U(0))

)
∩ (↑y2 \ ↑y1) .

Hence by induction we can construct a sequence {yi : i = 1, 2, 3, . . .} of distinct poi-
nts of λ and a sequence of isolated points {mi : i = 1, 2, 3, . . .} ⊂ expn λ \ expn−1 λ in
(expn λ, τ) such that for any positive integer k the following conditions hold:

(i)
(
expn λ \ clexpn λ(U(0))

)
∩ (↑yk \ (↑y1 ∪ · · · ∪ ↑yk−1)) 6= ∅; and

(ii) mk ∈
(
expn λ \ clexpn λ(U(0))

)
∩ (↑yk \ (↑y1 ∪ · · · ∪ ↑yk−1)).

Then similar arguments as in the proof of Proposition 1 imply that the following family

{{mi} : i = 1, 2, 3, . . .}
is in�nite and locally �nite, which contradicts the feeble compactness of (expn λ, τ). The
obtained contradiction implies the statement of the proposition. �

Proposition 1(iii) of [11] implies that for any element x ∈ expn λ the set ↑x is open-
and-closed in a T1-semitopological semilattice (expn λ, τ) and hence by Theorem 14 from
[3] we have that for any x ∈ expn λ the space ↑x is feebly compact in a feebly compact T1-
semitopological semilattice (expn λ, τ). Hence Proposition 2 implies the following proposi-
tion.

Proposition 3. Let n be an arbitrary positive integer, λ be an arbitrary in�nite cardinal

and τ be a shift-continuous feebly compact T1-topology on the semilattice expn λ. Then
for any point x ∈ expn λ and any open neighbourhood U(x) of x in (expn λ, τ) there exist
�nitely many x1, . . . , xm ∈ ↑x \ {x} such that

↑x \ clexpn λ(U(x)) ⊆ ↑x1 ∪ · · · ∪ ↑xm.

The main results of this paper is the following theorem.

Theorem 1. Let n be an arbitrary positive integer and λ be an arbitrary in�nite cardi-

nal. Then for any shift-continuous T1-topology τ on expn λ the following conditions are

equivalent:

(i) τ is countably pracompact;

(ii) τ is feebly compact;

(iii) τ is d-feebly compact;
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(iv) the space (expn λ, τ) is H-closed.

Proof. Implications (i) ⇒ (ii) and (ii) ⇒ (iii) are trivial and implication (iii) ⇒ (i)
follows from Proposition 1 of [11], Lemma 1 and Proposition 1.

Implication (iv)⇒ (ii) follows from Proposition 4 of [10].
(ii)⇒ (iv) We shall prove this implication by induction.
By Corollary 2 from [11] every feebly compact T1-topology τ on the semilatti-

ce exp1 λ such that (exp1 λ, τ) is a semitopological semilattice, is compact, and hence
(exp1 λ, τ) is an H-closed topological space.

Next we shall show that if our statements holds for all positive integers j < k 6 n
then it holds for j = k. Suppose that a feebly compact T1-semitopological semilattice
(expk λ, τ) is a subspace of Hausdor� topological space X. Fix an arbitrary point x ∈ X
and an arbitrary open neighbourhood V (x) of x in X. Since X is Hausdor�, there exist
disjoint open neighbourhoods U(x) ⊆ V (x) and U(0) of x and zero 0 of the semilattice
expk λ in X, respectively. Then clX(U(0))∩U(x) = ∅ and hence by Proposition 2 there
exists �nitely many x1, . . . , xm ∈ λ such that

expk λ ∩ U(x) ⊆ ↑x1 ∪ · · · ∪ ↑xm.

But for any x ∈ λ the subsemilattice ↑x of expk λ is algebraically isomorphic to the
semilattice expk−1 λ. Then by Proposition 1(iii) of [11] and Theorem 14 from [3], ↑x is
a feebly compact T1-semitopological semilattice, and the assumption of our induction
implies that ↑x1, · · · , ↑xm are closed subsets of X. This implies that

W (x) = U(x) \ (↑x1 ∪ · · · ∪ ↑xm)

is an open neighbourhood of x in X such that W (x) ∩ expk λ = ∅. Thus, (expk λ, τ) is
an H-closed space. This completes the proof of the requested implication. �

The following theorem gives a su�cient condition when a d-feebly compact space is
feebly compact.

Theorem 2. Every quasiregular d-feebly compact space is feebly compact.

Proof. Suppose to the contrary that there exists a quasiregular d-feebly compact space
X which is not feebly compact. Then there exists an in�nite locally �nite family U0 of
non-empty open subsets of X.

By induction we shall construct an in�nite discrete family of non-empty open subsets
of X.

Fix an arbitrary U1 ∈ U0 and an arbitrary point x1 ∈ U1. Since the family U0 is
locally �nite there exists an open neighbourhood U(x1) ⊆ U1 of the point x1 in X such
that U(x1) intersects �nitely many elements of U0. Also, the quasiregularity of X implies
that there exists a non-empty open subset V1 ⊆ U(x1) such that clX(V1) ⊆ U(x1). Put

U1 = {U ∈ U0 : U(x1) ∩ U = ∅} .

Since the family U0 is locally �nite and in�nite, so is U1. Fix an arbitrary U2 ∈ U1 and
an arbitrary point x2 ∈ U2. Since the family U1 is locally �nite, there exists an open
neighbourhood U(x2) ⊆ U2 of the point x2 in X such that U(x2) intersects �nitely many
elements of U1. Since X is quasiregular, there exists a non-empty open subset V2 ⊆ U(x2)
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such that clX(V2) ⊆ U(x2). Our construction implies that the closed sets clX(V1) and
clX(V2) are disjoint and hence so are V1 and V2. Next we put

U2 = {U ∈ U1 : U(x2) ∩ U = ∅} .

Also, we observe that it is obvious that U(x1) ∩ U = ∅ for each U ∈ U1.
Suppose for some positive integer k > 1 we construct:

(a) a sequence of in�nite locally �nite subfamilies U1, . . . ,Uk−1 in U0 of non-empty
open subsets in the space X;

(b) a sequence of open subsets U1, . . . , Uk in X;
(c) a sequence of points x1, . . . , xk in X and a sequence of their corresponding open

neighbourhoods U(x1), . . . , U(xk) in X;
(d) a sequence of disjoint non-empty subsets V1, . . . , Vk in X

such that the following conditions hold:

(i) Ui is a proper subfamily of Ui−1;
(ii) Ui ∈ Ui−1 and Ui ∩ U = ∅ for each U ∈ Uj with i 6 j 6 k;
(iii) xi ∈ Ui and U(xi) ⊆ Ui;
(iv) Vi is an open subset of Ui with clX(Vi) ⊆ U(xi),

for all i = 1, . . . , k, and

(v) clX(V1), . . . , clX(Vk) are disjoint.

Next we put

Uk = {U ∈ Uk−1 : U(x1) ∩ U = . . . = U(xk) ∩ U = ∅} .

Since the family Uk−1 is in�nite and locally �nite, there exists a subfamily Uk in Uk−1
which is in�nite and locally �nite. Fix an arbitrary Uk+1 ∈ Uk and an arbitrary point
xk+1 ∈ Uk+1. Since the family Uk is locally �nite, there exists an open neighbourhood
U(xk+1) ⊆ Uk+1 of the point xk+1 in X such that U(xk+1) intersects �nitely many
elements of Uk. Since the space X is quasiregular, there exists a non-empty open subset
Vk+1 ⊆ U(xk+1) such that clX(Vk+1) ⊆ U(xk+1). Simple veri�cations show that the
conditions (i)− (iv) hold in the case of the positive integer k + 1.

Hence by induction we construct the following two in�nite countable families of open
non-empty subsets of X:

U = {Ui : i = 1, 2, 3, . . .} and V = {Vi : i = 1, 2, 3, . . .}

such that clX(Vi) ⊆ Ui for each positive integer i. Since U is a subfamily of U0 and U0

is locally �nite in X, U is locally �nite in X as well. Also, above arguments imply that
V and

V = {clX(Vi) : i = 1, 2, 3, . . .}
are locally �nite families in X too.

Next we shall show that the family V is discrete in X. Indeed, since the family V is
locally �nite in X, by Theorem 1.1.11 of [8] the union

⋃
V is a closed subset of X, and

hence any point x ∈ X \
⋃

V has an open neighbourhood O(x) = X \
⋃

V which does
not intersect the elements of the family V . If x ∈ clX(Vi) for some positive integer i, then
our construction implies that U(xi) is an open neighbourhood of x which intersects only
the set Vi ∈ V . Hence X has an in�nite discrete family V of non-empty open subsets in
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X, which contradicts the assumption that the space X is d-feebly compact. The obtained
contradiction implies the statement of the theorem. �

We �nish this note by some simple remarks about dense embedding of an in�nite
semigroup of matrix units and a polycyclic monoid into d-feebly compact topological
semigroups which follow from the results of the paper [5].

Let λ be a non-zero cardinal. On the set Bλ = (λ × λ) ∪ {0}, where 0 /∈ λ × λ, we
de�ne the semigroup operation � · � as follows

(a, b) · (c, d) =
{

(a, d), if b = c;
0, if b 6= c,

and (a, b) · 0 = 0 · (a, b) = 0 · 0 = 0 for a, b, c, d ∈ λ. The semigroup Bλ is called the
semigroup of λ×λ-matrix units (see [7]).

The bicyclic monoid C (p, q) is the semigroup with the identity 1 generated by two
elements p and q subjected only to the condition pq = 1 [7]. For a non-zero cardinal
λ, the polycyclic monoid Pλ on λ generators is the semigroup with zero given by the
presentation:

Pλ =
〈
{pi}i∈λ ,

{
p−1i
}
i∈λ | pip

−1
i = 1, pip

−1
j = 0 for i 6= j

〉
(see [5]). It is obvious that in the case when λ = 1 the semigroup P1 is isomorphic to the
bicyclic semigroup with adjoined zero.

By Theorem 4.4 from [5] for every in�nite cardinal λ the semigroup of λ×λ-matrix
units Bλ does not densely embed into a Hausdor� feebly compact topological semigroup,
and by Theorem 4.5 from [5] for arbitrary cardinal λ > 2 there exists no Hausdor� feebly
compact topological semigroup which contains the λ-polycyclic monoid Pλ as a dense
subsemigroup. These theorems and Lemma 1 imply the following two corollaries.

Corollary 2. For every in�nite cardinal λ the semigroup of λ×λ-matrix units Bλ does

not densely embed into a Hausdor� d-feebly compact topological semigroup.

Corollary 3. For arbitrary cardinal λ > 2 there exists no Hausdor� d-feebly compact

topological semigroup which contains the λ-polycyclic monoid Pλ as a dense subsemi-

group.

The proof of the following corollary is similar to Theorem 5.1(5) from [4].

Corollary 4. There exists no Hausdor� topological semigroup with the d-feebly compact

square which contains the bicyclic monoid C (p, q) as a dense subsemigroup.

Acknowledgements. We acknowledge Alex Ravsky and the referee for their com-
ments and suggestions.
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Âèâ÷à¹ìî ñëàáêî êîìïàêòíi òîïîëîãi¨ τ íà íàïiâ ðàòöi (expn λ,∩) òàêi,
ùî (expn λ, τ) ¹ íàïiâòîïîëîãi÷íîþ íàïiâ ðàòêîþ i äîâåäåíî, ùî äëÿ äîâiëü-
íî¨ T1-òîïîëîãi¨ τ íà expn λ, ñòîñîâíî ÿêî¨ çñóâè â (expn λ, τ) ¹ íåïåðåðâíè-
ìè, òàêi óìîâè åêâiâàëåíòíi: (i) τ � çëi÷åííî ïðàêîìïàêòíà; (ii) τ � ñëàáêî
êîìïàêòíà; (iii) τ � d-ñëàáêî êîìïàêòíà; (iv) (expn λ, τ) � H-çàìíåíèé ïðî-
ñòið.

Êëþ÷îâi ñëîâà: òîïîëîãi÷íà íàïiâ ðàòêà, íàïiâòîïîëîãi÷íà íàïiâ ðàò-
êà, çëi÷åííî ïðàêîìïàêòíèé. ñëàáêî êîìïàêòíèé, d-ñëàáêî êîìïàêòíèé, H-
çàìêíåíèé ïðîñòið, íàïiâðåãóëÿðíèé ïðîñòið, ðåãóëÿðíèé ïðîñòið.
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THE FOURIER PROBLEM FOR NONLINEAR PARABOLIC
EQUATIONS WITH A TIME-DEPENDENT DELAY
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The existence and uniqueness of a weak solution of the Fourier problem for
nonlinear parabolic equations with a variable delay are investigated and its a
priori estimate is obtained.

Key words: Fourier problem, problem without initial condition, equation
with delay, nonlinear parabolic equation.

1. Introduction

The boundary value problems for the nonlinear parabolic equations with a time
depended delay are considered. A typical example of the equations being studied here is

ut−
n∑

i,j=1

âij(x, t)uxixj
+â0(x, t)u+

t∫
t−τ(t)

c0(x, t, s)u(x, s)ds =f(x, t), (1)

(x, t) ∈ Q := Ω × (−∞, 0], where n ∈ N, Ω is a domain in Rn, âij = âji(i, j =
1, n), â0, c0 are measurable bounded functions, and there exists ν = const > 0 such
that

∑n
i,j=1 âij(x, t)ξiξj > ν

∑n
i=1 ξ

2
i for a.e. (x, t) ∈ Q and for all (ξ1, . . . , ξn) ∈ Rn,

ess inf
(x,t)∈Q

â0(x, t) > 0, τ is a nonnegative continuous function, f is an integrable function, u

is un unknown function.
Fourier problems for evolution equations arise in modeling di�erent nonstationary

processes in nature that started a long time ago and initial conditions do not a�ect on
them in the actual time moment, but boundary conditions do a�ect it. Thus, we can
assume that the initial time is −∞, while 0 is the �nal time, and initial conditions can be
replaced with the behaviour of the solution as time variable tends to −∞. The Fourier
problem for evolution equations has been widely studied. They appear in modeling in
many �elds of science such as economics, physics, ecology, cybernetics, etc. (see, e.g.,

2010 Mathematics Subject Classi�cation: 35K55, 35D30, 35R10, 35B45
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[3], [4], [5], [9], [10], [11], [18], [19], [20], [24], [22], [23]). A lot of information concerning
results on problems without initial conditions can be found in [9].

Equations with time delay arise in modelling population dynamics, in non-
Newtonian �ltration, heat �ux, etc. ([13]). The equations of type (1) on �nite time
interval with constant delay were investigated in [1], [2], [17], [14], [15], etc. Good
reference overview on such papers can be found in [17]. We remark that in these papers
the semigroup theory is used.

Partial di�erential equations with a variable delay are less studied, and we known
only publications of Rezounenko and Chueshov (in particular, [12], [21]), where equations
of type (1) on �nite time interval, with τ = τ(u), are considered. In [12], a certain abstract
parabolic problem with the state dependent delay term of a rather general structure is
considered. In [21], the nonlinear partial functional di�erential equations with main linear
elliptic operator and non-local nonlinear term are considered. For proving existence of
solutions of problems considered in [12], [21] the Galerkin approximations are used.

Fourier problems for parabolic equations with constant time delay were investigated
in [16], [7] (see also references therein).

To the best of our knowledge, the Fourier problems for parabolic equations with time
depended delay is an untreated topic in the literature. These problems are considered in
our paper. Existence and uniqueness of solution of the problem are proved. The methods
of investigation as in [6] are used.

The paper is organized in the following way. In Section 2, the main notations and
functional spaces are introduced. The statement of the problem and formulation of the
main result are given in Section 3. The main result is proved in Section 4.

2. Notation and auxiliary facts

Let n be a positive integer number, Rn be the standard linear space of ordered
collections x = (x1, ..., xn) of real numbers with the norm |x| := (|x1|2 + . . .+ |xn|2)1/2.
Suppose that Ω ⊂ Rn is a bounded domain with the piecewise smooth boundary ∂Ω.
Also, we denote S := (−∞, 0], Q := Ω× S, Q := Ω× S, Σ := ∂Ω× S.

Let us de�ne some functional spaces. Firstly, denote by C∞c (Ω) the space of in�-
nite di�erentiable functions on Ω with compact supports. Denote by H1(Ω) := {v ∈
L2(Ω) | vxi ∈ L2(Ω) (i = 1, n)} the Sobolev space, which is a Hilbert space with the
scalar product (v, w)H1(Ω) :=

∫
Ω

{
∇v∇w + vw

}
dx, where ∇v := (vx1

, . . . , vxn
) and the

corresponding norm ‖v‖H1(Ω) :=
( ∫

Ω

{
|∇v|2 + |v|2

}
dx
)1/2

. By H1
0 (Ω) we denote the

closure of C∞c (Ω) in H1(Ω).
Let us remind Friedrichs' inequality∫

Ω

|v|2 dx 6 K0

∫
Ω

|∇v|2 dx ∀ v ∈ H1
0 (Ω), (2)

where K0 is a positive constant independent of v. It is known that 1/K0 is the �rst
eigenvalue of the problem: −∆v = λv, v|∂Ω = 0.

From Friedrichs' inequality it follows that the norm in H1
0 (Ω) can also be written

as ||v||H1
0 (Ω) :=

∫
Ω

|∇v|2dx.
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For an arbitrary Banach space X by L2
loc

(S;X) we denote the linear space of (classes
of) measurable functions de�ned on S with values in X such that their restrictions on
any interval [a, b] ⊂ S belong to L2(a, b;X). Denote by Lp

loc
(Q) (1 6 p 6 ∞) the linear

space of (classes of) measurable functions de�ned on Q such that their restrictions on
any bounded measurable set Q′ ⊂ Q belongs to Lp(Q′).

Denote by C1
c (I), where I is an interval, the linear space continuously di�erentiable

�nite functions de�ned on I, moreover, if I = (t1, t2), then we will write C1
c (t1, t2) instead

of C1
c ((t1, t2)).
Denote by F (Q) the space of vector-functions (f0, f1, . . . , fn) such that fi ∈ L2

loc
(Q)

for each i ∈ {0, 1, ..., n}.
Let ω ∈ R,X be a Hilbert space with the scalar product (·, ·)X and the corresponding

norm ‖ · ‖X . Denote

L2
ω(S;X) :=

{
f ∈ L2

loc
(S;X)

∣∣∣ ∫
S

e2ωt‖f(t)‖2Xdt <∞
}
.

L2
ω(S;X) is a Hilbert space with the scalar product

(f, g)L2
ω(S;X) =

∫
S

e2ωt(f(t), g(t))X dt

and the norm

‖f‖L2
ω(S;X) :=

(∫
S

e2ωt‖f(t)‖2X dt
)1/2

. (3)

The following auxiliary result, which had been proved in [6], will be used in the sequel.

Lemma 1. Let w ∈ L2(t1, t2;H1
0 (Ω)), where t1, t2 ∈ R (t1 < t2), satis�ng the following

identity

t2∫
t1

∫
Ω

{
− wvϕ′ + (g0v +

n∑
i=1

givxi
)ϕ
}
dxdt = 0, v ∈ H1

0 (Ω), ϕ ∈ C1
c (t1, t2), (4)

for some gi ∈ L2(Ω× (t1, t2)) (i = 0, n). Then w ∈ C([t1, t2];L2(Ω)) and

1

2
θ(t)

∫
Ω

|w(x, t)|2 dx
∣∣∣t=σ2

t=σ1

− 1

2

σ2∫
σ1

∫
Ω

|w|2θ′ dxdt+

σ2∫
σ1

∫
Ω

{
g0w +

n∑
i=1

giwxi

}
θ dxdt = 0 (5)

for any σ1, σ2 ∈ [t1, t2] (σ1 < σ2), for every θ ∈ C1([t1, t2]).

3. Statement of the problem and main result

In this paper we consider weak solutions u : Q→ R of the problem

ut−
n∑
i=1

d

dxi
ai(x, t, u,∇u) + a0(x, t, u,∇u) +

t∫
t−τ(t)

c(x, t, s, u(x, s))ds =

= −
n∑
i=1

∂

∂xi
fi(x, t) + f0(x, t), (x, t) ∈ Q,

(6)

u
∣∣
Σ

= 0, (7)
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lim
t→−∞

e2ωt

∫
Ω

|u(x, t)|2 dx = 0, (8)

for some ω ∈ R. Here τ : S → R is a continuous bounded function such that τ(t) > 0 for
all t ∈ S, and ai : Q × R1+n → R, c : Q × S × R → R, fi : Q → R (i = 0, n) are given
real-valued functions from the corresponding classes of initial data.

We introduce the following classes of the initial data.
De�ne A to be the set of the collections (a0, a1, . . . , an) of the functions ai : Q ×

R1+n → R (i ∈ {0, 1, . . . , n}) which satisfy the following conditions:

(A1) for every i ∈ {0, 1, . . . , n}, ai is a Caratheodory function (i.e., ai(x, t, ·, ·) :
R1+n → R is a continuous for a.e. (x, t) ∈ Q, and ai(·, ·, ρ, ξ) : Q → R is
measurable for every (ρ, ξ) ∈ R1+n), and ai(x, t, 0, 0) = 0 for a.e. (x, t) ∈ Q;

(A2) for every i ∈ {0, 1, . . . , n}, for a.e. (x, t) ∈ Q and for every (ρ, ξ) ∈ R1+n the
estimate

|ai(x, t, ρ, ξ)| ≤ C1

(
|ρ|+

n∑
j=1

|ξj |
)

+ hi(x, t)

is valid, where C1 > 0 is constant and hi ∈ L2
loc

(Q);
(A3) for a.e. (x, t) ∈ Q and for every (ρ1, ξ

1), (ρ2, ξ
2) ∈ R1+n the inequality

n∑
i=1

(
ai(x, t, ρ1, ξ

1)− ai(x, t, ρ2, ξ
2)
)
(ξ1
i − ξ2

i ) +
(
a0(x, t, ρ1, ξ

1)−

− a0(x, t, ρ2, ξ
2)
)
(ρ1 − ρ2) ≥ K1

n∑
i=1

|ξ1
i − ξ2

i |2 +K2|ρ1 − ρ2|2
(9)

holds, where K1 > 0,K2 ∈ R are constants.

De�ne C to be the set of the real-value functions c : Q × S × R → R which satisfy
the following conditions:

(C1) c is a Caratheodory function (i.e., c(x, t, s, ·) : R → R is a continuous function
for a.e. (x, t, s) ∈ Q× S, and c(·, ·, ·, ρ) : Q× S → R is a measurable function for
every ρ ∈ R), in addition, c(x, t, s, 0) = 0 for a.e. (x, t, s) ∈ Q× S;

(C2) there exists a constant L > 0 such that for a.e. (x, t, s) ∈ Q×S and for every ρ1,
ρ2 ∈ R the inequality∣∣c(x, t, s, ρ1)− c(x, t, s, ρ2)

∣∣ ≤ L|ρ1 − ρ2| (10)

holds.

Remark 1. The condition (C1) (more precisely, c(x, t, s, 0) = 0) and (C2) imply that for
a.e. (x, t, s) ∈ Q× S, and for every ρ ∈ R the following estimate is valid:

|c(x, t, s, ρ)| ≤ L|ρ|. (11)

Now we can give a de�nition of the weak solution of problem (6)�(8).

De�nition 1. Let (a0, a1, . . . , an) ∈ A, c ∈ C, (f0, f1, . . . , fn) ∈ F (Q). A function
u ∈ L2

loc(S;H1
0 (Ω)) ∩ C

(
S;L2(Ω)

)
is called a weak solution of problem (6)�(8) if it
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satis�es condition (8), and the integral equality∫∫
Q

{ n∑
i=1

ai(x, t, u,∇u)vxi
ϕ+ a0(x, t, u,∇u)vϕ+ vϕ

t∫
t−τ(t)

c(x, t, s, u(x, s)) ds

− uvϕ′
}
dxdt =

∫∫
Q

{ n∑
i=1

fivxi
ϕ+ f0vϕ

}
dxdt

(12)

holds for every v ∈ H1
0 (Ω) and ϕ ∈ C1

c (−∞, 0).
Denote

τ+ := sup
t∈S

τ(t), χ(ω) :=

{
τ+, if ω = 0,
1

2ω (e2ωτ+ − 1), if ω 6= 0.
(13)

We consider the inequality

ω + 2L
√
τ+χ(ω) < K1/K0 +K2, (14)

where K2 is from (9).

It is obvious that ω+ 2L
√
τ+χ(ω)→ −∞ when ω → −∞, because χ(ω)→ 0 when

ω → −∞. Hence, inequality (14) has solutions.

Theorem 1. Let (a0, a1, . . . , an) ∈ A, c ∈ C, (f0, f1, . . . , fn) ∈ F (Q), and let ω
satis�es (14). If problem (6)�(8) has a solution, then it is unique.

Theorem 2. Let the assumptions of Theorem 1 be ful�lled, and fi ∈ L2
ω(S;L2(Ω))

(i = 0, n). Then there exists a unique solution of problem (6)�(8), and it satis�es the
following estimates:

e2ωσ

∫
Ω

|u(x, σ)|2 dx 6 C2

σ∫
−∞

e2ωt||f(·, t)||2L2(Ω) dt, σ ∈ S, (15)

||u||L2
ω(S;H1

0 (Ω)) 6 C3 ||f ||L2
ω(S;L2(Ω)), (16)

where C2, C3 are positive constants depending on τ+, ω, L,K0,K1,K2 only.

4. Proof of the main results

For a function w : Q→ R we denote

aj(w)(x, t) := aj(x, t, w(x, t),∇w(x, t)), (x, t) ∈ Q, j = 0, n,

c(w)(x, t, s) := c(x, t, s, w(x, s)), (x, t, s) ∈ Q× S. (17)

Proof of Theorem 1. Suppose the contrary. Let u1 and u2 be two distinct weak solutions
of the problem. Denote w := u1−u2. Considering the di�erence between (12) for u = u2
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and u = u1, we obtain

−
∫∫
Q

wvϕ′ dxdt+

∫∫
Q

[ n∑
i=1

(ai(u1)− ai(u2))vxi +
(
a0(u1)− a0(u2)

)
v

+ v

t∫
t−τ(t)

(
c(u1)− c(u2)

)
ds
]
ϕdxdt = 0 ∀v ∈ H1

0 (Ω), ∀ϕ ∈ C1
c (−∞, 0).

(18)

It is clear that from (8) for u = u2 and u = u1 we have

e2ωt

∫
Ω

|w(x, t)|2 dx −→
t→−∞

0. (19)

According to Lemma 1, setting θ(t) = e2ωt, t ∈ R, from equality (18) we get

1

2
e2ωσ2

∫
Ω

|w(x, σ2)|2 dx− 1

2
e2ωσ1

∫
Ω

|w(x, σ1)|2 dx− ω

σ2∫
σ1

∫
Ω

e2ωt|w(x, t)|2 dxdt+

+

σ2∫
σ1

∫
Ω

e2ωt
[ n∑
i=1

(ai(u1)− ai(u2))(u1,xi
− u2,xi

) + (a0(u1)− a0(u2))(u1 − u2)+

+ w

t∫
t−τ(t)

(c(u1)− c(u2)
)
ds
]
dxdt = 0,

(20)

for arbitrary σ1, σ2 ∈ S (σ1 < σ2).
From condition (A3), for a.e. (x, t) ∈ Q we have

σ2∫
σ1

∫
Ω

e2ωt
[ n∑
i=1

(ai(u1)− ai(u2))(u1,xi−u2,xi) + (a0(u1)− a0(u2))(u1 − u2)
]
dxdt >

>

σ2∫
σ1

∫
Ω

e2ωt
[
K1|∇w|2 +K2|w|2

]
dxdt.

(21)

Now, we consider the last term from equality (20). Using condition (C2), the Fubini
Theorem and the Cauchy�Schwarz inequality, for a.e. x ∈ Ω we obtain∣∣∣∣∣∣∣

σ2∫
σ1

e2ωtw(x, t)
( t∫
t−τ(t)

(
c(u1)(x, t, s)− c(u2)(x, t, s)

)
ds
)
dt

∣∣∣∣∣∣∣ 6
6 L

σ2∫
σ1

e2ωt|w(x, t)|

 t∫
t−τ+

|w(x, s)|ds

 dt 6
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6 L
√
τ+

 σ2∫
σ1

e2ωt|w(x, t)|2dt

1/2 σ2∫
σ1

e2ωt
( t∫
t−τ+

|w(x, s)|2ds
)
dt

1/2

. (22)

Changing order of integration and assuming w(x, t) = 0 for x ∈ Ω, t > 0, for a.e. x ∈ Ω
we have

σ2∫
σ1

e2ωt
( t∫
t−τ+

|w(x, s)|2ds
)
dt 6

σ2∫
σ1−τ+

|w(x, s)|2ds
s+τ+∫
s

e2ωtdt =

= χ(ω)
( σ2∫
σ1

e2ωs|w(x, s)|2ds+

σ1∫
σ1−τ+

e2ωs|w(x, s)|2ds
)
, (23)

where χ(ω) is de�ned in (13).
Substituting in (22) the last term from the obtained above chain of relations instead

of the �rst one, and using the inequalities:
√
ab 6 a+b,

√
a+ b 6

√
a+
√
b (a > 0, b > 0),

we obtain ∣∣∣ σ2∫
σ1

e2ωtw(x, t)

t∫
t−τ(t)

(
c(u1)(x, t, s)− c(u2)(x, t, s)

)
dsdt

∣∣∣
6 L

√
τ+χ(ω)

(
2

σ2∫
σ1

e2ωt|w(x, t)|2dt+

σ1∫
σ1−τ+

e2ωt|w(x, t)|2dt
)
. (24)

Using (21), (24), from (20) we obtain

1

2
e2ωσ2

∫
Ω

|w(x, σ2)|2 dx − 1

2
e2ωσ1

∫
Ω

|w(x, σ1)|2 dx +K1

σ2∫
σ1

∫
Ω

e2ωt|∇w(x, t)|2 dxdt

+(K2 − 2L
√
τ+χ(ω)− ω)

σ2∫
σ1

∫
Ω

e2ωt|w(x, t)|2 dxdt− L
√
τ+χ(ω)

σ1∫
σ1−τ+

∫
Ω

e2ωt|w(x, t)|2 dxdt 6 0.

From this, using (2), we get

1

2
e2ωσ2

∫
Ω

|w(x, σ2)|2 dx − 1

2
e2ωσ1

∫
Ω

|w(x, σ1)|2 dx

+
(
K1/K0 +K2 − 2L

√
τ+χ(ω)− ω

) σ2∫
σ1

∫
Ω

e2ωt|w(x, t)|2 dxdt

−L
√
τ+χ(ω)

σ1∫
σ1−τ+

∫
Ω

e2ωt|w(x, t)|2 dxdt 6 0.
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Since ω is a solution of inequality (14),

e2ωσ2

∫
Ω

|w(x, σ2)|2 dx 6 e2ωσ1

∫
Ω

|w(x, σ1)|2 dx+2L
√
τ+χ(ω)

σ1∫
σ1−τ+

∫
Ω

e2ωt|w(x, t)|2 dxdt.

(25)
Let as �x an arbitrary σ2 in (25), and let σ1 tends to −∞. According to condition (19),
the �rst term from the right side of inequality (25) tends to 0. Obviously, the second
term from the right side of inequality (25) also tends to 0. Indeed,

0 6

σ1∫
σ1−τ+

∫
Ω

e2ωt|w(x, t)|2 dxdt 6 τ+ max
t∈[σ1,σ1−τ+]

(
e2ωt

∫
Ω

|w(x, t)|2 dx
)
−→

σ1→−∞
0.

Thus, we get the equality e2ωσ2
∫
Ω

|w(x, σ2)|2 dx = 0. Since σ2 ∈ S is arbitrary, we obtain

w(x, t) = 0 for a.e. (x, t) ∈ Q, this contradicts our assumption. Therefore, the solution of
problem (6)�(8) is unique. �

Proof of Theorem 2. For eachm ∈ N denote Qm := Ω×(−m, 0], τm := min
−m6t60

(t−τ(t)).

Denote fi,m(·, t) := fi(·, t) if −m < t 6 0, and fi,m(·, t) := 0 if t 6 −m. We consider the
problem: to �nd a function um ∈ L2(−m, 0;H1

0 (Ω)) ∩ C([−τm, 0];L2(Ω)) which satis�es
the initial condition

um(x, t) = 0, (x, t) ∈ Ω× [−τm,−m], (26)

and equation (6) in Qm in the sense of integral equality, i.e.,∫∫
Qm

{ n∑
i=1

ai(x, t, um,∇um)vxi
ϕ+a0(x, t, um,∇um)vϕ+vϕ

t∫
t−τ(t)

c(um)(x, t, s) ds−umvϕ′
}
dxdt

=

∫∫
Qm

{ n∑
i=1

fi,mvxi
ϕ+ f0,mvϕ

}
dxdt, v ∈ H1

0 (Ω), ϕ ∈ C1
c (−m, 0). (27)

Existence and uniqueness of a solution of this problem follows from the paper [8].
For each m ∈ N we extend um by 0 onto Q and denote this extension by um again.

Now, we shall get estimates of um for each m ∈ N. First, remark that for each
m ∈ N the function um belongs to L2(S;H1

0 (Ω)) ∩ C(S;L2(Ω)) and satis�es integral
equality (12) with fi,m instead of fi (i = 1, n), i.e., the following equality holds:∫∫

Q

{ n∑
i=1

ai(x, t, um,∇um)vxiϕ+ a0(x, t, um,∇um)vϕ+

+vϕ

t∫
t−τ(t)

c(um)(x, t, s)ds− umvϕ′
}
dxdt

=

∫∫
Q

{ n∑
i=1

fi,mvxiϕ+ f0,mvϕ
}
dxdt, v ∈ H1

0 (Ω), ϕ ∈ C1
c (−∞, 0). (28)
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Applying Lemma 1 with θ(t) = 2e2ωt, t ∈ S, and [σ1, σ2] ⊂ S, σ1 < −m, to equality (28),
we obtain

e2ωσ2

∫
Ω

|um(x, σ2)|2 dx− e2ωσ1

∫
Ω

|um(x, σ1)|2 dx−

−2ω

σ2∫
σ1

∫
Ω

e2ωt|um(x, t)|2 dxdt+ 2

σ2∫
σ1

∫
Ω

e2ωt
[ n∑
i=1

ai(um)um,xi + a0(um)um+

+um

t∫
t−τ(t)

c(um)(x, t, s)ds
]
dxdt = 2

σ2∫
σ1

∫
Ω

e2ωt
{ n∑
i=1

fi,mum,xi + f0,mum

}
dxdt. (29)

According to the Cauchy inequality for a.e. t ∈ S we have

σ2∫
σ1

∫
Ω

e2ωt
{ n∑
i=1

fi,mum,xi
+ f0,mum

}
dxdt

6
ε

2

σ2∫
σ1

∫
Ω

e2ωt
{
|∇um|2 + |um|2

}
dxdt+

1

2ε

σ2∫
σ1

∫
Ω

e2ωt
n∑
i=0

|fi,m|2dxdt, (30)

for arbitrary ε > 0.
Similar to (24), from (11) for a.e. x ∈ Ω we can get

∣∣∣ σ2∫
σ1

e2ωtum(x, t)

t∫
t−τ(t)

c(um)(x, t, s)dsdt
∣∣∣ 6

6 L
√
τ+χ(ω)

(
2

σ2∫
σ1

e2ωt|um(x, t)|2dt+

σ1∫
σ1−τ+

e2ωt|um(x, t)|2dt
)
. (31)

By (A1), (A3) and (2) we obtain that

σ2∫
σ1

∫
Ω

e2ωt
{ n∑
i=1

ai(um)um,xi + a0(um)um

}
dxdt ≥

σ2∫
σ1

∫
Ω

e2ωt
{
K1|∇um|2 +K2|um|2

}
dxdt

=

σ2∫
σ1

∫
Ω

e2ωt
{

(δ + 1− δ)K1|∇um|2 +K2|um|2
}
dxdt

>

σ2∫
σ1

∫
Ω

e2ωt
{

(1− δ)K1|∇um|2 + (δK1/K0 +K2) |um|2
}
dxdt, (32)

where δ > 0 is a constant close to 1.
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By (29) using estimates (30), (31) and (4), and condition (26), and taking σ1 < −m
we obtain

e2ωσ2

∫
Ω

|um(x, σ2)|2 dx+ (2(1− δ)K1 − ε)
σ2∫
−m

∫
Ω

e2ωt|∇um(x, t)|2dxdt

+

(
2
(
δK1/K0 +K2 − ω − 2L

√
τ+χ(ω)

)
− ε
) σ2∫
−m

∫
Ω

e2ωt|um(x, t)|2dxdt

6 ε−1

σ2∫
−m

∫
Ω

e2ωt
n∑
i=0

|fi,m(x, t)|2dxdt. (33)

If we take ε = min{δK1/K0 +K2 − ω − 2L
√
τ+χ(ω), (1− δ)K1}, then

e2ωσ2

∫
Ω

|um(x, σ2)|2 dx+ C4

σ2∫
−m

∫
Ω

e2ωt|∇um|2 dxdt 6 C5

σ2∫
−m

∫
Ω

e2ωt
n∑
i=0

|fi,m|2dxdt,

(34)

where C4 and C5 are positive constants depending on K0,K1,K2, L, τ
+ and ω only.

It is clear that um belongs to L2
ω(S;H1

0 (Ω)). Therefore, from (34) we obtain

e2ωσ

∫
Ω

|um(x, σ)|2 dx+ C4

σ∫
−∞

∫
Ω

e2ωt|∇um|2 dxdt 6 C5

σ∫
−∞

∫
Ω

e2ωt
n∑
i=0

|fi,m|2dxdt, σ ∈ S.

(35)

By the de�nition of fi,m, from (35) we have

e2ωσ||um(·, σ)||2L2(Ω) 6 C5

σ∫
−∞

e2ωt
n∑
i=0

||fi(·, t)||2L2(Ω) dt, σ ∈ S, (36)

‖um‖L2
ω(S;H1

0 (Ω)) 6 C6

n∑
i=0

‖fi‖L2
ω(S;L2(Ω)), (37)

where C5 > 0, C6 > 0 are positive constants depending on ω, τ+,K0,K1,K2 and L only.
Let us show that {um} is a Cauchy sequence. Taking arbitrary k, l ∈ N such that

k < l and considering di�erence between uk and ul, similarly as estimate (35), for any
σ ∈ S such that −k 6 σ 6 0 one can obtain

e2ωσ

∫
Ω

|uk(x, σ)− ul(x, σ)|2 dx+ C7

σ∫
−l

∫
Ω

e2ωt|∇(uk − ul)|2 dxdt

6 C8

σ∫
−l

∫
Ω

e2ωt
n∑
i=0

|fi,k − fi,l|2dxdt, (38)
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where C7 and C8 are positive constants independent of k, l. Thus

e2ωσ‖uk(·, σ)− ul(·, σ)‖2L2(Ω) 6 C8

−k∫
−l

e2ωt
n∑
i=0

‖fi(·, t)‖2L2(Ω) dt, −k 6 σ 6 0, (39)

‖uk − ul‖L2
ω(S;H1

0 (Ω)) 6 C9

−k∫
−l

e2ωt
n∑
i=0

‖fi(·, t)‖2L2(Ω) dt. (40)

The condition fi ∈ L2
ω(S;L2(Ω)) implies that the right-hand sides of inequalities

(39) and (40) tend to zero when k and l tend to +∞. This means that the sequence
{um}∞m=1 is a Cauchy sequence in the space L2

ω(S;H1
0 (Ω))∩C(S;L2(Ω)). Consequently,

we obtain the existence of the function u ∈ L2
ω(S;H1

0 (Ω)) ∩ C(S;L2(Ω)) such that

um −→
m→∞

u strongly in L2
ω(S;H1

0 (Ω)) ∩ C(S;L2(Ω)). (41)

Using condition (C2), the Cauchy-Schwarz inequality and (41) we get

σ2∫
σ1

∫
Ω

∣∣∣ t∫
t−τ(t)

c(um)(x, t, s)ds−
t∫

t−τ(t)

c(u)(x, t, s)ds
∣∣∣2dxdt 6

6 τ+

σ2∫
σ1

∫
Ω

( t∫
t−τ+

|c(um)(x, t, s)− c(u)(x, t, s)|2ds
)
dxdt 6

6 L2τ+

∫
Ω

σ2∫
σ1

t∫
t−τ+

|um(x, s)− u(x, s)|2ds dtdx 6

6 L2τ+

∫
Ω

σ2∫
σ1−τ+

s+τ+∫
s

|um(x, s)− u(x, s)|2dt dsdx =

= L2τ+2

σ2∫
σ1−τ+

∫
Ω

|um(x, t)− u(x, t)|2dtdx −→
m→∞

0.

Thus, we obtain

t∫
t−τ(t)

c(um)ds −→
m→∞

t∫
t−τ(t)

c(u)ds strongly in L2
loc

(Q). (42)

By (A2) and estimate (37) we have that for each σ1, σ2 ∈ S(σ1 < σ2) the estimate

σ2∫
σ1

∫
Ω

|ai(um)|2 dxdt 6 C10

σ2∫
σ1

∫
Ω

(
|um|2 + |∇um|2 + |hi|2

)
dxdt 6 C11 (43)

is correct, where C10 and C11 are positive constants independent of m.
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Hence, from (43) we obtain that the function ai(um) is bounded in L2
loc

(Q). This
and (41) yield that there exists a subsequence of {um}∞m=1 (denoted also by {um}∞m=1)
and functions χi ∈ L2

loc
(Q) (i = 0, n) such that

um −→
m→∞

u, um,xi −→
m→∞

uxi a.e. on Q, i = 0, n, (44)

ai(um) −→
m→∞

χi weakly in L2
loc

(Q), i = 0, n, (45)

Condition (A1) and (44) yield

ai(um) −→
m→∞

ai(u) a.e. on Q, i = 0, n. (46)

By Lemma 1.3 from [18], (45) and (46) we obtain

ai(um) −→
m→∞

ai(u) weakly in L2
loc

(Q), i = 0, n. (47)

Let us show that the function u is a weak solution of problem (6), (7), (8). For
this purpose, we tend m → ∞ in identity (27), taking into account (41), (42), (47)
and the de�nition of the function fi,m. As a result we obtain identity (12). Now, taking
into account (41), we let m→ +∞ in (36). From the resulting inequality and condition
f ∈ L2

ω(S;L2(Ω)), we obtain condition (8). Hence, we have proven that u is a weak
solution of problem (6), (7), (8).

It is easy to show that inequalities similar to (36), (37), with u instead of um hold.
Thus, estimates (15), (16) hold. �
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AN INITIAL VALUE PROBLEM x′ = f (t, x, x′), x (0) = 0:
SOLVABILITY, NUMBER OF SOLUTIONS, ASYMPTOTICS
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We �nd a nonempty set of continuously di�erentiable solutions x : (0, ρ] →
R each of which possesses required asymptotical properties when t→ +0. Also
we establish uniqueness conditions.

Key words: implicit di�erential equation, initial value problem, solvability,
uniqueness, asymptotic property.

The general solvability and solutions number problem for implicit ordinary di�erenti-
al equations was under consideration in [1], [2], [3], [6]. In [7], [9], [10] conditions for
convergence of successive approximations to implicit equations solutions were found.
At the same time asymptotic properties of implicit di�erential equations are still only
partially understood; there are only isolated results obtained, for example, [11]. This
article presents an investigation of the initial value problem x′ = f (t, x, x′), x (0) = 0.
The asymptotic behaviour of solutions is being discussed. We describe an approach which
makes it possible to consider implicit initial value problems. Our approach to the problem
seems to be very much di�erent from the usual ones. We use qualitative methods (see,
for instance, [4], [5], [8], and also [11]) together with �xed point methods. We establish
general schemes of investigation which may be applied to many various problems of local
analysis. In this paper existence of continuously di�erentiable solutions is being proved.
Asymptotic properties of each of these solutions is discussed and if certain conditions are
ful�lled then the uniqueness of solution is established.
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1. First the following initial value problem

x′ (t) = f (t, x (t) , x′ (t)) , (1)

x (0) = 0 (2)

is under consideration, where t ∈ (0, τ) is a real variable, x : (0, τ)→ R is a real unknown
function, f : D → R is a continuous function,

D = {(t, x, y) : t ∈ (0, τ) , |x− ξ (t)| < r1tα (t) , |y − ξ′ (t)| < r2α (t)} ;

here ξ : (0, τ)→ (0,+∞) , α : (0, τ)→ (0,+∞) are continuously di�erentiable functions,

|ξ′ (t)− f (t, ξ (t) , ξ′ (t))| ≤ α (t) , t ∈ (0, τ) ,

lim
t→+0

α (t) = 0, lim
t→+0

ξ (t) = 0, lim
t→+0

ξ′ (t) = ξ0, 0 ≤ ξ0 < +∞,

lim
t→+0

α (t)

ξ′ (t)
= 0, lim

t→+0
t
α′ (t)

α (t)
= α0, 0 ≤ α0 < +∞.

Suppose that

|f (t, x, y1)− f (t, x, y2)| ≤ ly |y1 − y2| , (t, x, yi) ∈ D, i ∈ {1, 2} ,

where ly is a constant, 0 < ly < 1, (1− ly)
−1

< min {(1 + α0) r1, lyr2}.

De�nition 1. For any ρ ∈ (0, τ) a continuously di�erentiable function x : (0, ρ]→ R is
said to be a ρ-solution of the problem (1), (2), if

1) (t, x (t) , x′ (t)) ∈ D, t ∈ (0, ρ];
2) x identically satis�es equation (1) for all t ∈ (0, ρ];
3) lim

t→+0
x (t) = 0.

We denote by U (ρ,M, q) the set of all continuously di�erentiable functions
u : (0, ρ]→ R such that

|u (t)− ξ (t)| ≤Mtα (t) , |u′ (t)− ξ′ (t)| ≤ qMα (t) , t ∈ (0, ρ] ; (3)

here ρ,M, q are constants, ρ ∈ (0, τ), M > 0, q > 0.

Theorem 1. Suppose that the following conditions hold:

|f (t1, x, y)− f (t2, x, y)| ≤ lt (µ) |t1 − t2| , (ti, x, y) ∈ D, 0 < µ ≤ t1, t2 < τ, (4)

|f (t, x1, y)− f (t, x2, y)| ≤ lx (t) |x1 − x2| , (t, xi, y) ∈ D, i ∈ {1, 2} , (5)

where lt : (0, τ)→ (0,+∞), lx : (0, τ)→ (0,+∞) are continuous functions, 0 < t1 < t2 <
τ ⇒ lt (t1) ≥ lt (t2), lim

t→+0
tlx (t) = 0. Then there exist ρ, M, q such that the problem (1),

(2) has a nonempty set of ρ-solutions x : (0, ρ]→ R each of which belongs to U (ρ, M, q).

Theorem 2. Suppose that the following condition holds:

|f (t, x1, y)− f (t, x2, y)| ≤ lx |x1 − x2| , (t, xi, y) ∈ D, i ∈ {1, 2} , (6)

where lx is a constant, lx + ly < 1. Then there exist ρ,M, q such that the problem (1),
(2) has a unique ρ-solution x : (0, ρ]→ R which belongs to U (ρ, M, q).
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Proof of Theorem 1. First of all we select constants ρ, M, q. Let the following conditions
hold:

1 + α0 < q <
m0 (1 + α0)− 1

m0ly
, (1 + α0 − qly)

−1
< M < m0,

wherem0 = ((1 + α0) (1− ly))
−1
. We do not present here the conditions for selection of ρ

to keep the size of this paper reasonable. We now indicate nothing but ρ is small enough,
M, q are large enough and our selection of ρ,M, q ensures the validity of all our reasoning
given below. Let B be the space of continuously di�erentiable functions x : (0, ρ] → R
with the norm

‖x‖B = max
t∈[0,ρ]

(|x (t)|+ |x′ (t)|) . (7)

Let U be the subset of B such that every its element u : [0, ρ] → R satis�es inequalities
(3), and also u (0) = 0, u′ (0) = ξ0 and, moreover,

∀µ ∈ (0, ρ] , ∀t1, t2 ∈ [µ, ρ] : |u′ (t1)− u′ (t2)| ≤ K (µ) |t1 − t2| , (8)

where

K (µ) = (1− ly)
−1 (

lt (µ) + µ−1
)
.

It is easy to see that U is a closed, bounded and convex set. Moreover, U is a compact
set (in view of the Arzelá Theorem). We will consider the di�erential equation

x′ (t) = f (t, u (t) , u′ (t)) , (9)

where u ∈ U is an arbitrary �xed function. Let

D0 = {(t, x) : t ∈ (0, ρ] , x ∈ R} .
In D for equation (9) conditions of the Existence and Uniqueness Theorem and conditions
of the Continuous Dependence of the Initial Data Theorem are ful�lled. Let

Φ1 = {(t, x) : t ∈ (0, ρ] , |x− ξ (t)| = Mtα (t)} ,

D1 = {(t, x) : t ∈ (0, ρ] , |x− ξ (t)| < Mtα (t)} ,
H = {(t, x) : t = ρ, |x− ξ (ρ)| < Mρα (ρ)} .

Let the function A1 : D0 → [0,+∞) be de�ned by the equality

A1 (t, x) = (x− ξ (t))
2
(tα (t))

−2

and let a1 : D0 → R be the derivative of the function A1 by virtue of equation (9). It is
easy to see that a1 (t, x) < 0 when (t, x) ∈ Φ1. Let us prove that any integral curve of
equation (9) which intersects Φ1 at an arbitrary point (t0, x0) for small enough |t− t0|
(where t ≤ ρ) lies in D1 if t > t0 and lies outside of D1 if t < t0. In fact, let P (t0, x0) be
an arbitrary point belonging to Φ1 and let Jp : (t, xP (t)) be an integral curve of equation
(9) which passes through the point P . Then

A1 (t0, xP (t0)) = M2, a1 (t0, xP (t0)) < 0.

Therefore if t0 ∈ (0, ρ) then there exists δ > 0 such that

sign (A1 (t, xP (t))−A1 (t0, xP (t0))) = sign (t0 − t) , |t− t0| < δ,

or

sign
(
|xP (t)− ξ (t)| (tα (t))

−1 −M
)

= sign (t0 − t) , |t− t0| < δ.
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What this means is (t, xP (t)) ∈ D1 if t ∈ (t0, t0 + δ) and (t, xP (t))∈D1 if t ∈ (t0 − δ, t0).
If t0 = ρ then there exists δ > 0 such that

A1 (t, xP (t)) > A1 (t0, xP (t0)) , t ∈ (ρ− δ, ρ) ,

or
|xP (t)− ξ (t)| (tα (t))

−1
> M, t ∈ (ρ− δ, ρ) ,

and this means that (t, xP (t))∈D1, t ∈ (ρ− δ, ρ).
This implies that at least one of integral curves of equation (9) which intersect H

is de�ned for all t ∈ (0, ρ] and lies in D1 if t ∈ (0, ρ]. In fact, having common points
with Φ1 when t increases is beyond the capabilities of any integral curve of equation (9)
which intersects Φ1. That is why all these curves have to intersect H. Let the mapping
ψ : Φ1 → H be de�ned by the following way: the point ψ (P ) ∈ H is assigned to P ∈ Φ1

if both P and ψ(P ) belong to the common integral curve of equation (9). Let

ψ (Φ1) = {ψ (P ) : P ∈ Φ1} .
The set H\ψ (Φ1) is nonempty (H is a closed set, but ψ (Φ1) is not since ψ (Φ1) is the
image of the nonclosed set Φ1). Let Ju : (t, xu (t)) be an integral curve of equation (9)
such that (ρ, xu (ρ)) ∈ H\ψ (Φ1). It is clear that Ju : (t, xu (t)) has no common point
with Φ1. Therefore Ju : (t, xu (t)) is de�ned for all t ∈ (0, ρ] and Ju : (t, xu (t)) comes
into the point (0, 0) if t → +0 and, moreover, Ju : (t, xu (t)) lies in D1 if t ∈ (0, ρ]. It is
easy to see that the following inequalities are ful�lled when t ∈ (0, ρ]:

|xu (t)− ξ (t)| ≤Mtα (t) , |x′u (t)− ξ′ (t)| ≤ qMα (t) . (10)

Let xu (0) = 0, x′u (0) = ξ0. Let us prove that

∀µ ∈ (0, ρ]∀t1, t2 ∈ [µ, ρ] : |x′u (t1)− x′u (t2)| ≤ K (µ) |t1 − t2| . (11)

Select µ ∈ (0, ρ] and ti ∈ [µ, ρ], i ∈ {1, 2}; let t1 < t2. From the identities

x′u (ti) = f (ti, u (ti) , u
′ (ti)) , i ∈ {1, 2} (12)

we obtain

|x′u (t1)− x′u (t2)| ≤ lt (µ) |t1 − t2|+ lx (t1) |u (t1)− u (t2)|+ ly |u′ (t1)− u′ (t2)| ≤
≤
(
lt (µ) + µ−1

)
|t1 − t2|+ lyK (µ) |t1 − t2| =

= (1− ly)K (µ) |t1 − t2|+ lyK (µ) |t1 − t2| =
= K (µ) |t1 − t2| .

This means that xu ∈ U . Let us prove that if t→ +0 then all integral curves of equation
(9) leave the set D1\ {(0, 0)}, with the only exception Ju : (t, xu (t)). Indeed, let

Φ2 (µ) = {(t, x) : t ∈ (0, ρ] , |x− xu (t)| = µtα (t) (− ln t)} ,
D2 (µ) = {(t, x) : t ∈ (0, ρ] , |x− xu (t)| < µtα (t) (− ln t)} ,

where µ is a parameter, µ ∈ (0, 1]. Let the function A2 : D0 → [0,+∞) be de�ned by the
equality

A2 (t, x) = (x− xu (t))
2
(tα (t) (− ln t))

−2

and let a2 : D0 → R be the derivative of the function A2 by virtue of equation (9). It
is easy to see that a2 (t, x) < 0 when (t, x) ∈ D0, x 6= xu (t). In particular, a2 (t, x) < 0
when (t, x) ∈ Φ2 (µ) for each µ ∈ (0, 1]. Therefore for each µ ∈ (0, 1] an integral curve
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of equation (9) which intersects Φ2 (µ) at an arbitrary point (t0, x0), for small enough

|t− t0| (where t ≤ ρ): lies in D2 (µ) when t > t0 and lies outside of D2 (µ) when t < t0
(the proof is similar to that for Φ1). Let P∗ (t∗, x∗) ∈ D1\ {(0, 0)}, x∗ 6= xu (t∗). Then
there exists µ∗ ∈ (0, 1] such that P∗ ∈ Φ2 (µ∗). As follows from the above, the integral

curve of equation (9) J∗ : (t, x∗ (t)) which passes through P∗ lies outside of D2 (µ∗) if
t ∈ (t−, t∗), where (t−, t∗) is the left maximal existence interval for the solution x∗. From
the other hand there exists t∗∗ ∈ (0, ρ) such that if (t, x) ∈ D1 and if t ∈ (0, t∗∗) then
(t, x) ∈ D2 (µ∗). Let

t∗ = min {t∗, t∗∗} .
As appears from the above J∗ : (t, x∗ (t)) lies outside of D1 when t ∈ (t−, t

∗). Introduce
an operator T : U → U by Tu = xu. Let us prove that T : U → U is a continuous operator.
Let ui ∈ U , i ∈ {1, 2}, be arbitrary functions and let Tui = xi, i ∈ {1, 2}. Then xi ∈ U ,
i ∈ {1, 2}, and if t ∈ (0, ρ] then the following identities are valid:

x′i (t) = f (t, ui (t) , u′i (t)) , i ∈ {1, 2} . (13)

If u1 = u2 then x1 = x2. Suppose ‖u1 − u2‖B = h, h > 0. Let

Φ3 =
{

(t, x) : t ∈ (0, ρ] , |x− x2 (t)| = hν(tα (t))
1−ν
}
,

D3 =
{

(t, x) : t ∈ (0, ρ] , |x− x2 (t)| < hν(tα (t))
1−ν
}
,

where ν is a constant such that 0 < ν < 0. Let the function A3 : D0 → [0,+∞) be de�ned
by the equality

A3 (t, x) = (x− x2 (t))
2
(tα (t))

−2(1−ν)

and let a3 : D0 → R be the derivative of the function A3 by virtue of equation

x′ (t) = f (t, u1 (t) , u′1 (t)) . (14)

Since

|u1 (t)− u2 (t)| = |u1 (t)− u2 (t)|ν |u1 (t)− u2 (t)|1−ν ≤

≤ ‖u1 − u2‖νB (|u1 (t)− ξ (t)|+ |u2 (t)− ξ (t)|)1−ν ≤

≤ hν(2Mtα (t))
1−ν

, t ∈ (0, ρ] ,

|u′1 (t)− u′2 (t)| = |u′1 (t)− u′2 (t)|ν |u′1 (t)− u′2 (t)|1−ν ≤

≤ ‖u1 − u2‖νB (|u′1 (t)− ξ′ (t)|+ |u′2 (t)− ξ′ (t)|)1−ν ≤

≤ hν(2qMα (t))
1−ν

, t ∈ (0, ρ] ,

it is easy to see that a3 (t, x) < 0 when (t, x) ∈ Φ3. Therefore an integral curve of equation
(14) which intersects Φ3 at an arbitrary point (t0, x0), for small enough |t− t0| (where
t ≤ ρ): lies in D3 when t > t0 and lies outside of D3 when t < t0 (the proof is similar to
that for Φ1). Moreover, we obtain

|x1 (t)− x2 (t)| ≤ |x1 (t)− ξ (t)|+ |x2 (t)− ξ (t)| ≤ 2Mtα (t) < h
ν

(tα (t))
1−ν

,

when t ∈ (0, t (h)], where t (h) ∈ (0, ρ] is small enough. Therefore if t ∈ (0, t (h)] then
the integral curve J : (t, x1 (t)) of equation (14) lies in D3. As follows from the above,
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if t increases monotonically from t = t (h) to t = ρ then the integral curve J : (t, x1 (t))
cannot intersect Φ3 and therefore this curve remains in D3 for all t ∈ (0, ρ]. We obtain

|x1 (t)− x2 (t)| ≤ h
ν

(tα (t))
1−ν

, t ∈ (0, ρ] . (15)

From (13) we see that

|x′1 (t)− x′2 (t)| ≤ h
ν

t
(tα (t))

1−ν
, t ∈ (0, ρ] . (16)

Since ρ is small su�ciently it follows from (15), (16) that

|x1 (t)− x2 (t)|+ |x′1 (t)− x′2 (t)| ≤ h
ν

t
, t ∈ (0, ρ] . (17)

We now turn to a direct proof of the continuity of the operator T : U → U . Let there be
given ε > 0. There exists tε ∈ (0, ρ) such that

2Mtα (t) + 2qMα (t) ≤ ε

2
, t ∈ (0, tε] .

Then

|x1 (t)− x2 (t)|+ |x′1 (t)− x′2 (t)| ≤ |x1 (t)− ξ (t)|+ |x2 (t)− ξ (t)|+

|x1′ (t)− ξ′ (t)|+ |x′2 (t)− ξ′ (t)| ≤ 2Mtα (t) + 2qMα (t) ≤ ε

2
, t ∈ (0, tε] . (18)

Suppose t ∈ [tε, ρ]. We �nd from (17) that

|x1 (t)− x2 (t)|+ |x′1 (t)− x′2 (t)| ≤ h
ν

tε
, t ∈ [tε, ρ] . (19)

Let

δ (ε) =

(
εtε
2

) 1
ν

.

If h < δ (ε) then it follows from (19) that

|x1 (t)− x2 (t)|+ |x′1 (t)− x′2 (t)| ≤ ε

2
, t ∈ [tε, ρ] . (20)

Since xi (0) = 0, x′i (0) = ξ0, i ∈ {1, 2}, it follows from (18), (20) that

|x1 (t)− x2 (t)|+ |x′1 (t)− x′2 (t)| ≤ ε

2
, t ∈ [0, ρ]

and therefore
‖x1 − x2‖B ≤

ε

2
.

Thus, for any ε > 0 there exists δ (ε) > 0 such that if ‖u1 − u2‖B = h < δ (ε) then

‖Tu1 − Tu2‖B = ‖x1 − x2‖B ≤
ε

2
< ε.

The reasoning given above is independent of selection ui ∈ U , i ∈ {1, 2}. Therefore
T : U → U is a continuous operator.

To complete the proof of Theorem 1 it su�ces to apply the Schauder Fixed Point
Theorem to the operator T : U → U . �

It may be noted that the condition lim
t→+0

α(t)
ξ′(t) = 0 is not necessary; we use this

condition only for obtaining asymptotic form of estimates (3).
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Proof of Theorem 2. At the beginning we select the constants ρ, M, q identical to those
for the proof of Theorem 1. Let B be the space of continuously di�erentiable functions
x : [0, ρ] → R with norm (7). Let U be the subset of B such that every its element
u : [0, ρ]→ R satis�es inequalities (3) and also u (0) = 0, u′ (0) = ξ0. It is obvious that U
is a bounded closed set. Let us consider the initial value problem (9), (2) where u ∈ U is
an arbitrary �xed function. Let us consider precisely the same sets D0, Φ1, D1, H as in
the proof of Theorem 1. In D0 for equation (9) conditions of the Existence and Uniqueness
Theorem and conditions of the Continuous Dependence of the Initial Data Theorem are
ful�lled. By using a reasoning as in the proof of Theorem 1 we make sure that among
integral curves of equation (9) which intersect H there exists a unique integral curve (e.g.
J0 : (t, xu (t))) which is de�ned for all t ∈ (0, ρ] and lies in D1 when t ∈ (0, ρ]. It is easy
to see that inequalities (10) are ful�lled if t ∈ (0, ρ]. Let xu (0) = 0, x′u (0) = ξ0. Then
xu ∈ U . Introduce an operator T : U → U by Tu = xu.

Let us prove that T : U → U is a contraction operator. Let ui ∈ U , i ∈ {1, 2}
be arbitrary functions and let Tui = xi, i ∈ {1, 2}. Then xi ∈ U , i ∈ {1, 2}, and if
t ∈ (0, ρ] then the identities (13) are ful�lled. If u1 = u2 then x1 = x2. Suppose that
‖u1 − u2‖B = h, h > 0. Let

Φ3 = {(t, x) : t ∈ (0, ρ] , |x− x2 (t)| = ηht} ,

D3 = {(t, x) : t ∈ (0, ρ] , |x− x2 (t)| < ηht} ,
where η is a constant such that η > lx + ly. Let a function A3 : D0 → [0,+∞) be de�ned
by the equality

A3 (t, x) = (x− x2 (t))
2
t−2

and let a3 : D0 → R be the derivative of the function A3 by virtue of equation (14). It is
easy to see that a3 (t, x) < 0 when (t, x) ∈ Φ3. Therefore an integral curve of equation
(14) which intersects Φ3 at an arbitrary point (t0, x0) for small enough |t− t0| (where
t ≤ ρ) lies in D3 if t > t0 and lies outside of D3 if t < t0 (the proof is similar to that for
Φ1 in the proof of Theorem 1). Thus

|x1 (t)− x2 (t)| ≤ |x1 (t)− ξ (t)|+ |x2 (t)− ξ (t)| ≤ 2Mtα (t) < ηht,

if t ∈ (0, t (h)]; here t (h) ∈ (0, ρ) is small enough. Therefore if t ∈ (0, t (h)] then the
integral curve J : (t, x1 (t)) of equation (14) lies in D3. As appears from the above, if
t increases monotonically from t = t (h) to t = ρ then the integral curve J : (t, x1 (t))
cannot intersect Φ3. Therefore J : (t, x1 (t)) remains in D3 for all t ∈ (0, ρ]. We obtain

|x1 (t)− x2 (t)| ≤ ηht, t ∈ (0, ρ] . (21)

From (13) we see that

|x′1 (t)− x′2 (t)| ≤ (lx + ly)h, t ∈ (0, ρ]

and therefore

|x1 (t)− x2 (t)|+ |x′1 (t)− x′2 (t)| ≤ (lx + ly + ηt)h, t ∈ (0, ρ] . (22)

Let θ = 1
2 (1 + lx + ly); it is obvious that θ ∈ (0, 1). Since ρ is small enough and xi (0) = 0,

x′i (0) = ξ0, i ∈ {1, 2}, it follows from (22) that

|x1 (t)− x2 (t)|+ |x′1 (t)− x′2 (t)| ≤ θh, t ∈ (0, ρ]
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and therefore

‖x1 − x2‖B ≤ θh,
or

‖Tu1 − Tu2‖B ≤ θ‖u1 − u2‖B, (23)

where θ ∈ (0, 1). The reasoning given above is independent of selection ui ∈ U , i ∈ {1, 2}.
Therefore T : U → U is a contraction operator.

To complete the proof of Theorem 2 it su�ces to apply the Banach Contraction
Mapping Theorem to the operator T : U → U . �

2. Next, the initial value problem (1), (2) will be under consideration, where t ∈
(0, τ) a real variable, x : (0, τ)→ R a real unknown function, f : D → R is a continuous
function,

D = {(t, x, y) : t ∈ (0, τ) , |x| < r1ξ (t) , |y| < r2ξ
′ (t)} ;

here ξ : (0, τ)→ (0,+∞) is a continuously di�erentiable function, ξ′ (t) > 0, t ∈ (0, τ),

lim
t→+0

ξ (t) = 0, lim
t→+0

ξ′ (t) = 0, lim
t→+0

ξ (t)

ξ′ (t)
= 0,

|f (t, 0, 0)| ≤ Kξ′ (t) , t ∈ (0, τ) .

Suppose that

|f (t, x, y1)− f (t, x, y2)| ≤ ly |y1 − y2| , (t, x, yi) ∈ D, i ∈ {1, 2} ,

where ly is a constant, ly < 1.
Let us introduce the same de�nition of ρ-solution of problem (1), (2) as in the �rst

part of the paper.
We denote by U (ρ,M, q) the set of all continuously di�erentiable functions

u : (0, ρ]→ R such that

|u (t)| ≤Mξ (t) , |u′ (t)| ≤ qMξ′ (t) , t ∈ (0, ρ] ; (24)

here ρ,M, q are constants, ρ ∈ (0, τ), M > 0, q > 0.

Theorem 3. Suppose that conditions (4), (5) hold, where lt : (0, τ) → (0,+∞),
lx : (0, τ)→ (0,+∞) are continuous nonincreasing functions,

lim
t→+0

ξ (t)

ξ′ (t)
lx (t) = Lx, 0 ≤ Lx < +∞

and

Lx + ly < 1, K < (1− Lx − ly) min {r1, r2} .
Then there exist ρ,M, q such that problem (1), (2) has a nonempty set of ρ-solutions
x : (0, ρ]→ R each of which belongs to U (ρ,M, q).

Theorem 4. Suppose that condition (6) be ful�lled, where lx is a constant,

lx + ly < 1, K < (1− ly) min {r1, r2} .

Then there exist ρ,M, q such that problem (1), (2) has a unique ρ-solution x : (0, ρ]→ R
which belongs to U (ρ,M, q).
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Proof of Theorem 3. First of all we select constants ρ,M, q. Let the following conditions
hold:

1 < q <
(1− Lx) min {r1, r2}
K + ly min {r1, r2}

,
K

1− Lx − qly
< M <

min {r1, r2}
q

.

We do not present here the conditions for selection of ρ, because the volume of this
paper is resricted. We now note nothing but ρ is small enough, M, q are large enough
and selection of ρ,M, q ensures the validity of all our reasoning given below. Let B be
the space of continuously di�erentiable functions x : [0, ρ]→ R with norm (7). Let U be
the subset of B such that every its element u : [0, ρ] → R satis�es inequalities (24) and
also u (0) = 0, u′ (0) = 0 and, moreover, condition (8) holds, where

K (µ) = (1− ly)
−1

(lt (µ) + lx (µ)) .

It is easy to see that U is a closed, bounded and convex set. Moreover, U is a compact
set (according to the Arzelá Theorem). We will consider di�erential equation (9), where
u ∈ U is an arbitrary �xed function. Let

D0 = {(t, x) : t ∈ (0, ρ] , x ∈ R} .
In D0 for equation (9) conditions of the Existence and Uniqueness Theorem and condi-
tions of the Continuous Dependence of the Initial Data Theorem hold. Let

Φ1 = {(t, x) : t ∈ (0, ρ] , |x| = Mξ (t)} ,
D1 = {(t, x) : t ∈ (0, ρ] , |x| < Mξ (t)} ,
H = {(t, x) : t = ρ, |x| < Mξ (ρ)} .

Let a function A1 : D0 → [0,+∞) be de�ned by the equality

A1 (t, x) = x2(ξ (t))
−2

and let a1 : D0 → R be the derivative of the function A1 by virtue of equation (9). It is
easy to see that a1 (t, x) < 0 when (t, x) ∈ Φ1. By using a reasoning as in the proof of
Theorem 1 we make sure that among integral curves of equation (9) which intersect H
there exists at least one integral curve (let it be J0 : (t, xu (t))) which is de�ned for all
t ∈ (0, ρ] and lies in D1 for all t ∈ (0, ρ]. Next we will prove that there is only one integral
curve of such type; for this purpose we consider the families of sets

Φ2 (µ) =
{

(t, x) : t ∈ (0, ρ] , |x− xu (t)| = µ(ξ (t))
1
2

}
,

D2 (µ) =
{

(t, x) : t ∈ (0, ρ] , |x− xu (t)| < µ(ξ (t))
1
2

}
,

where µ is a parameter, µ ∈ (0, 1]. Let a function A2 : D0 → [0,+∞) be de�ned by the
equality

A2 (t, x) = (x− xu (t))
2
(ξ (t))

−1

and let a2 : D0 → R be the derivative of the function A2 by virtue of equation (9). It is
easy to see that a2 (t, x) < 0 when (t, x) ∈ D0, x 6= xu (t). Then we can use a reasoning
as in the proof of Theorem 1. It is easy to see that the following inequalities are valid:

|xu (t)| ≤Mξ (t) , |x′u (t)| ≤ qMξ′ (t) , t ∈ (0, ρ] (25)

and condition (11) is ful�lled. Let xu (0) = 0, x′u (0) = 0. Then xu ∈ U . Introduce an
operator T : U → U by Tu = xu. Let us prove that T : U → U is a continuous operator.
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Let ui ∈ U , i ∈ {1, 2} be arbitrary functions and let Tui = xi, i ∈ {1, 2}. Then xi ∈ U ,
i ∈ {1, 2} and if t ∈ (0, ρ] then identities (13) are valid. If u1 = u2 then x1 = x2. Assume
‖u1 − u2‖B = h, h > 0. Let

Φ3 =
{

(t, x) : t ∈ (0, ρ] , |x− x2 (t)| = ηhν(ξ (t))
1−ν
}
,

D3 =
{

(t, x) : t ∈ (0, ρ] , |x− x2 (t)| < ηhν(ξ (t))
1−ν
}
,

where ν, η are constants such that

0 < ν < 1, η > 2(1− ν)
−1

(Lx + 1) (2M)
1−ν

.

Let a function A3 : D0 → [0,+∞) be de�ned by the equality

A3 (t, x) = (x− x2 (t))
2
(ξ (t))

−2(1−ν)

and let a3 : D0 → R be the derivative of the function A3 by virtue of equation (14). It
is easy to see that a3 (t, x) < 0 when (t, x) ∈ Φ3. Further our reasoning is identical with
the corresponding part of the proof of Theorem 1. We obtain

|x1 (t)− x2 (t)| ≤ ηhν(ξ (t))
1−ν

, t ∈ (0, ρ] ,

|x′1 (t)− x′2 (t)| ≤ ω (t)hν(ξ (t))
1−ν

, t ∈ (0, ρ] ,

where ω : (0, ρ]→ (0,+∞) is a continuous function, lim
t→+0

ω (t) = 0, and, lastly,

|x1 (t)− x2 (t)|+ |x′1 (t)− x′2 (t)| ≤ hν(ξ (t))
−1
, t ∈ (0, ρ] ,

and
‖Tu1 − Tu2‖B ≤

ε

2
< ε

if

‖u1 − u2‖B = h <
(ε

2
ξ (tε)

) 1
ν

.

The reasoning given above is independent of selection of ui ∈ U , i ∈ {1, 2}. Therefore
T : U → U is a continuous operator.

To complete the proof of Theorem 3 it is su�cient to apply the Schauder Fixed
Point Theorem to the operator T : U → U . �

Proof of Theorem 4. First of all we select constants ρ,M, q. Let the following conditions
hold:

1 < q <
(1− Lx) min {r1, r2}
K + ly min {r1, r2}

,
K

1− qly
< M <

min {r1, r2}
q

.

The conditions for selection of ρ is not presented. ρ is small enough. Let B be the space
of continuously di�erentiable functions x : [0, ρ]→ R with norm (7). Let U be the subset
of B, every element u : [0, ρ]→ R of which satis�es inequalities (24), and also u (0) = 0,
u′ (0) = 0. It is easy to see that U is a closed bounded set. Let us consider the initial
value problem (9), (2) where u ∈ U is an arbitrary �xed function. Further let us consider
precisely the same sets D0, Φ1, D1, H and Φ2 (µ) , D2 (µ) as in the proof of Theorem 3. In
D0 for equation (9) conditions of the Existence and Uniqueness Theorem and conditions
of the Continuous Dependence of the Initial Data Theorem hold. By using a reasoning
as in the proof of Theorem 3 we establish that there is one and only one integral curve of
equation (9) (let us denote it by J0 : (t, xu (t))) which intersects H and lies in D1 when
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t ∈ (0, ρ]. It is easy to see that inequalities (25) hold. Let xu (0) = 0, x′u (0) = 0. Then
xu ∈ U . Introduce an operator T : U → U by Tu = xu. Let us prove that T : U → U is
a contraction operator. Let ui ∈ U , i ∈ {1, 2} be arbitrary functions and let Tui = xi,
i ∈ {1, 2}. Then xi ∈ U , i ∈ {1, 2}, and if t ∈ (0, ρ] then identities (13) are ful�lled.
If u1 = u2 then x1 = x2. Suppose that ‖u1 − u2‖B = h, h > 0. Let us consider the
same sets Φ3,D3 and the function A3 : D0 → [0,+∞) as in the proof of Theorem 2. Let
a3 : D0 → R be the derivative of the function A3 by virtue of equation (14). It is easy to
see that a3 (t, x) < 0 when (t, x) ∈ Φ3. Moreover,

|x1 (t)− x2 (t)| ≤ |x1 (t) |+ |x2 (t)| ≤ 2Mξ (t) < ηht

when t ∈ (0, t (h)], where t (h) ∈ (0, ρ) is small enough. In the same way as in the proof
of Theorem 2 it is easy to obtain (21), (22) and (23), where

θ =
1

2
(1 + lx + ly) .

It is obvious that θ ∈ (0, 1). The reasoning given above is independent of selection of
ui ∈ U , i ∈ {1, 2}. Therefore T : U → U is a contraction operator.

To complete the proof of Theorem 4 it is su�cient to apply the Banach Contraction
Mapping Theorem to the operator T : U → U . �
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Some new examples and properties of di�erential semiring ideals are given.
Radical di�erential ideals of commutative di�erential semirings are studied.
It is shown that a radical di�erential subtractive ideal is an intersection of
prime di�erential subtractive ideals. Di�erential semirings in which the radical
of every di�erential subtractive ideal is again di�erential are characterized.

Key words: Di�erential semiring, di�erential semiring ideal, radical di-
�erential ideal.

1. Introduction and preliminaries. In 1935 Vandiver [9] introduced a notion
of semiring as a generalization of associative rings and distributive lattices. Semiring
derivations, di�erential semirings and their di�erential ideals were considered by Golan
in [4], where he gave few simple examples and properties. Thierrin [8] proved that the
semiring of languages over some alphabet forms a di�erential additively idempotent semi-
ring under the operations of union as the addition and catenation as the product. He
gave a number of other interesting examples of di�erential semirings of languages and
studied some of their properties, proving that di�erential semirings are of great interest
due to their possible applications. Recently in [2] the authors investigated some further
properties of semiring derivations and di�erential semiring ideals. This motivates a study
of di�erential semirings as semirings, not necessarily idempotent, with an abstract deri-
vation, not connected with formal languages.

The objective of this paper is to provide a study of di�erential semirings, mostly
concerning basic properties of di�erential semiring ideals. A number of new examples and
properties of di�erential semiring ideals are given. In the paper, radical di�erential ideals
of commutative di�erential semirings are investigated. It is shown that a radical di�erenti-
al subtractive ideal is an intersection of prime di�erential subtractive ideals (Theorem 2).
The paper also touches the question as to when the radical of every di�erential semiri-
ng ideal is di�erential. Theorem 3 lists conditions equivalent to the last-mentioned one.
Di�erential semirings in which the previously stated property holds for every di�erential
ideal are studied.
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For the sake of completeness some de�nitions and properties used in the paper will
be given here. For more information on semirings see [4] or [5].

Let R be a nonempty set and let + and · be binary operations on R named addition
and multiplication respectively. An algebraic system (R,+, ·) is called a semiring if (R,+)
is a commutative semigroup and (R, ·) is a semigroup such that multiplication distributes
over addition from either side. A semiring which is not a ring is called a proper semiring.
A semiring (R,+, ·) is called commutative if multiplication is commutative.

An element 0 ∈ R is called zero if a+ 0 = 0 +a = a for all a ∈ R. An element 1 ∈ R
is called identity if a · 1 = 1 · a = a for all a ∈ R. Zero 0 ∈ R is called (multiplicatively)
absorbing if a · 0 = 0 · a = 0 for all a ∈ R.

A semi�eld is a semiring in which non-zero elements form a group under multipli-
cation.

An element a ∈ R is called additively idempotent if a + a = a. An element a ∈ R
is called multiplicatively idempotent if a · a = a. Denote by I+(R) the set of all additi-
vely idempotent elements of R, and by I×(R) the set of all multiplicatively idempotent
elements of R. The set I+(R) is an ideal of R, and I×(R) is a submonoid of (R, ·), if
1 ∈ R.

A semiring R is called additively (multiplicatively) idempotent if every element of R
is additively (multiplicatively) idempotent. Additively idempotent semirings are of great
interest due to their applications. They are widely known as idempotent semirings.

A non-empty subset of R, closed under addition and multiplication, is called a
subsemiring of R. A nonempty subset I 6= ∅ of R is called a (semiring) ideal of R, if it
is closed under addition and both ra ∈ I and ar ∈ I hold for any r ∈ R and a ∈ I. Note
that according to this de�nition a semiring ideal is not necessarily proper.

An ideal I of R is called a subtractive ideal (or k-ideal) if a+ b ∈ I and a ∈ I imply
that b ∈ I. The k-closure cl(I) of an ideal I is de�ned as the set cl(I) = {a ∈ R|a+ b ∈
I for some b ∈ I}. It is an ideal of R satisfying I ⊆ cl(I) and cl(cl(I)) = cl(I). An ideal
I of R is subtractive if and only if I = cl(I).

An ideal I of the semiring R is called strong if a+ b ∈ I implies a ∈ I and b ∈ I for
every a, b ∈ R. Every strong ideal is subtractive.

A prime ideal of R is a proper ideal P of R in which a ∈ P or b ∈ P whenever
ab ∈ P . So P is prime if and only if for ideals A and B in R the inclusion AB ⊆ P
implies that A ⊆ P or B ⊆ P , where AB = {ab|a ∈ A and b ∈ B} ⊆ A

⋂
B.

A proper ideal I of R is called maximal if I $ J for any ideal J of R implies J = R.

In a commutative semiring R the radical of an ideal I is denoted by
√
I and de�ned

to be the set
√
I = {r ∈ R|rn ∈ I for some n ∈ N0}. According to [3] and [1] I ⊆

√
I.

If I is a subtractive ideal of R, then so is
√
I. Moreover,

√
I is an intersection of all the

prime ideals of R containing I, whenever 1 ∈ R.
An ideal I of R is said to be radical (or perfect) if I =

√
I.

Throughout the paper R denotes a commutative semiring in the above sense with
identity 1 and absorbing zero 0 6= 1, unless stated otherwise. N denotes the set of positive
integers and N0 = N

⋃
{0} the set of non-negative integers.

2. Di�erential semiring ideals and homomorphisms. Let R be a semiring, not
necessarily commutative. A map δ : R → R is called a derivation [4] on R if δ (a+ b) =
δ (a) + δ (b) and δ (ab) = δ (a) b+ aδ (b) for any a, b ∈ R. A semiring R equipped with a
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derivation δ is called di�erential with respect to the derivation δ, or a δ-semiring, and
denoted by (R, δ) [2].

An ideal I of the δ-semiring R is called di�erential [4] if δ (a) ∈ I whenever a ∈ I.
It is easily seen that {0} is a di�erential subtractive ideal of any di�erential semiring

R. As noted in [2], in a di�erential semiring R with absorbing zero the set V (R) of all
additively invertible elements forms a di�erential ideal.

Example 1. The set I+(R) of all additively idempotent elements of a di�erential semi-
ring (R, δ) is a di�erential ideal of R.

The set I×(R) of all multiplicatively idempotent elements of the commutative di-
�erential semiring (R, δ) is generally not an ideal. Moreover, I×(R) is not di�erentially
closed, but it can be easily proved that if R is a commutative di�erential semiring and
I×(R) is an ideal of R, then it is a di�erential ideal.

Example 2. In a polynomial ring R = N0 [x] together with one derivation δ = d
dx ,

de�ned by δ(n) = 0 for all n ∈ N0 and δ (x) = 1, the ideal I = (xn, n), n ∈ N, is
di�erential.

In what follows R denotes a di�erential semiring under the derivation δ.

Proposition 1. Every multiplicatively idempotent two-sided ideal I of a di�erential semi-
ring R (i. e. such that I2 = I) is di�erential.

Proof. Let (R, δ) be a di�erential semiring and I2 = I. If a ∈ I, then it is a �nite sum

a =
∑k

i=1 risi, where ri, si ∈ I. Then δ (a) =
∑k

i=1 δ (ri) si +
∑k

i=1 riδ (si) ∈ I. Hence I
is a di�erential ideal of R. �

Proposition 2. If I is a di�erential ideal of R, then its k-closure cl(I) is a di�erential
subtractive ideal of R.

Proof. It is well known that cl(I) is a subtractive ideal. If a ∈ cl(I), then there exists b ∈ I
such that a+ b ∈ I. It follows that δ(a) + δ(b) ∈ I and δ(b) ∈ I. Therefore δ(a) ∈ cl(I),
and cl(I) is di�erential ideal. �

Proposition 3. (1) An intersection of any family of subtractive di�erential ideals
of R is a subtractive di�erential ideal of R;

(2) A sum of any family of di�erential ideals of R is a di�erential ideal of R;
(3) A product of any �nite family of di�erential ideals of R is a di�erential ideal of

R.

A semiring R is called ideally di�erential if all of its ideals are di�erential.
Every additively idempotent di�erential semiring is ideally di�erential. Propositi-

on 1 implies that every multiplicatively idempotent commutative di�erential semiring is
ideally di�erential.

In what follows let R be a commutative di�erential semiring with respect to the
derivation δ.

Lemma 1. If I is a radical di�erential subtractive ideal of R and ab ∈ I, then δ (a) b ∈ I
and aδ (b) ∈ I.
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Proof. It is clear that δ (ab) = δ (a) b+aδ (b) ∈ I. Moreover, δ(a)b ∈ R. By multiplicative
commutativity we have that δ(a)b · δ(ab) = (δ(a)b)2 + ab · δ(a)δ(b) ∈ I. Since I is an

ideal of R, ab ∈ I implies ab · δ (a) δ (b) ∈ I, and by subtractiveness (δ(a)b)
2 ∈ I. Hence

δ(a)b ∈ I. As a result, the subtractiveness of I implies aδ(b) ∈ I. �

Proposition 4. If I is a radical di�erential subtractive ideal of R and A is an arbitrary
nonempty subset of R, then

(I : A) = {r ∈ R |ra ∈ I for all a ∈ A}
is a radical di�erential subtractive ideal of R.

Proof. Under given conditions (I : A) is an ideal of R [5]. If r ∈ (I : A), then ra ∈ I for

all a ∈ A. Therefore δ(ra) = δ (r) a + rδ (a) ∈ I. It follows δ (r) a · δ (ra) = (δ (r) a)
2

+
ra · δ (r) δ (a) ∈ I. It is clear that ra · δ (r) δ (a) ∈ I. Since the ideal I is subtractive, we

have (δ (r) a)
2 ∈ I, and δ (r) a ∈ I for all a ∈ A. Therefore δ (r) ∈ (I : A). Hence (I : A)

is a di�erential ideal of R.
Let rn ∈ (I : A) for some r ∈ R, n ∈ N. Then rna ∈ I for all a ∈ A. It follows

that (ra)
n

= (rna) an−1 ∈ I. Since I is radical, we have ra ∈ I for all a ∈ A. Hence
r ∈ (I : A), and (I : A) is radical.

Let r, r+ s ∈ (I : A). Then ra ∈ I and (r+ s)a ∈ I for all a ∈ A. By subtractiveness
of I, ra+ sa ∈ I and ra ∈ I follow sa ∈ I. Hence s ∈ (I : A), so (I : A) is a subtractive
ideal of R. �

A subset A of R is called di�erentially closed, if a ∈ A implies δ(a) ∈ A. Di�erential
ideals are di�erentially closed.

Proposition 5. Let (R, δ) be a di�erential semiring, not necessarily commutative. If I
is a di�erential subtractive left ideal of R and A ⊆ R is a nonempty di�erentially closed
subset of R, then (I : A) = {r ∈ R |ra ∈ I } is a di�erential subtractive left ideal of R.

Proof. Under given conditions (I : A) is a subtractive left ideal of R [5]. Let r ∈ (I : A).
Then ra ∈ I for all a ∈ A. Since I and A are di�erentially closed δ(a) ∈ A and δ(ra) =
δ(r)a + rδ(a) ∈ I. It follows that δ(r)a ∈ I, since I is subtractive and rδ(a) ∈ I. Hence
δ(r) ∈ (I : A), and (I : A) is di�erential. �

Let A ⊆ R be a non-empty subset of a semiring R. The annihilator ideal of A is
de�ned as the set (0 : A) = {r ∈ R |ra = 0 for all a ∈ A}.

Corollary 1. Let (R, δ) be a di�erential semiring, not necessarily commutative. If A ⊆ R
is a nonempty di�erentially closed subset of R, then (0 : A) is a di�erential subtractive
ideal of R.

For an element a ∈ R denote a(0) = a, a′ = δ(a), a′′ = δ(δ(a)), . . . a(n) = δ(a(n−1)),
n ∈ N0, and a

(∞) = {a(n)|n ∈ N0}. The set a(∞) of all derivatives of a ∈ R is di�erentially
closed in R, so we have the following result.

Corollary 2. Let (R, δ) be a di�erential semiring, not necessarily commutative. If I
is a di�erential subtractive left ideal of R and a ∈ R, then

(
I : a(∞)

)
is a di�erential

subtractive left ideal of R.

Note the following properties, which are straightforward to prove.
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Proposition 6. Let (R, δ) be a di�erential semiring, not necessarily commutative.

(1) If I ⊆ J , then
(
I : a(∞)

)
⊆
(
J : a(∞)

)
for any a ∈ R.

(2)
(
I : a(∞)

)
⊆ (I : a) for any a ∈ R.

(3)
((
I : a(∞)

)
: b(∞)

)
=
(
I : (ab)(∞)

)
for any a, b ∈ R.

Proposition 7. An intersection of an arbitrary family of radical (resp. subtractive)
di�erential ideals of R is a radical (resp. subtractive) di�erential ideal of R.

Proof. In any di�erential semiring R an intersection of an arbitrary family of (subtractive)
di�erential ideals of R is a (subtractive) di�erential ideal of R by Proposition 3. In any
commutative semiring R an intersection of any family of radical semiring ideals is a
radical ideal of R. �

Let A be a subset of R. Denote the smallest di�erential ideal containing the set A
by [A], the smallest radical di�erential ideal containing A by {A}, the smallest di�erenti-
al subtractive ideal containing the set A by |A|, and the smallest radical di�erential
subtractive ideal containing A by 〈A〉 .

Lemma 2. For any element r ∈ R and any subset A of R, r〈A〉 ⊆ 〈rA〉.

Proof. By Proposition 4, (〈rA〉 : r) is a radical di�erential subtractive ideal of R. Since
rA ⊆ 〈rA〉, then A ⊆ (〈rA〉 : r). It follows 〈A〉 ⊆ (〈rA〉 : r). Hence r〈A〉 ⊆ 〈rA〉. �

Lemma 3. For any subsets A and B of R, 〈A〉〈B〉 ⊆ 〈AB〉.

Proof. By Lemma 2, A ⊆ (〈AB〉 : 〈B〉) = {x ∈ R|x〈B〉 ⊆ 〈AB〉}. By Proposition 4,
(〈AB〉 : 〈B〉) is a radical di�erential subtractive ideal of R. It all implies that 〈A〉 ⊆
(〈AB〉 : 〈B〉). Hence 〈A〉〈B〉 ⊆ 〈AB〉. �

Theorem 1. Let S be a multiplicatively closed subset of R (0 /∈ S). If I is a radical
di�erential subtractive ideal of R maximal among radical di�erential subtractive ideals
disjoint from S, then I is prime.

Proof. Let S ⊆ R be a multiplicatively closed subset of R and let I be a radical di�erential
ideal of R maximal among those not meeting S. Suppose that there exist a, b ∈ R such
that a · b ∈ I, a /∈ I and b /∈ I. Then I & 〈I, a〉 and I & 〈I, b〉, moreover 〈I, a〉

⋂
S 6= ∅

and 〈I, a〉
⋂
S 6= ∅. Thus there exist u, v ∈ S such that u ∈ 〈I, a〉 and v ∈ 〈I, b〉. Thus

uv ∈ 〈I, a〉〈I, b〉 ⊆ I by Lemma 3. Therefore I
⋂
S 6= ∅, which is a contradiction. �

Corollary 3. Let S ⊆ R be a multiplicatively closed subset of R and let I be any radi-
cal di�erential subtractive ideal disjoint from S. Then there exists a prime di�erential
subtractive ideal P containing I which is disjoint from S.

A semiring ideal I of R is called quasi-prime if it is maximal among the di�erential
ideals disjoint from some multiplicatively closed subset S of R.

Every prime di�erential ideal is quasi-prime.

Theorem 2. If I is a radical di�erential subtractive ideal of R, then it is an intersection
of all the prime di�erential subtractive ideals containing I.
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Proof. Let I be a radical di�erential subtractive ideal of R. It is clear that any radical
di�erential subtractive ideal is contained in the intersection of all the prime di�erential
subtractive ideals containing it.

To prove the inclusion
⋂

I⊆P P ⊆ I take some a /∈ I and denote S = {an|n ∈ N0}.
Since I is radical, S

⋂
I = ∅. There exists some radical di�erential subtractive ideal P

of R which is maximal among radical di�erential subtractive ideals disjoint from S. By
Theorem 1, P is a prime di�erential subtractive ideal of R containing I and S

⋂
P = ∅.

It follows that an /∈ P for any n ∈ N0, and therefore a /∈ P . Hence a /∈
⋂

I⊆P P . �

Corollary 4. Let A be a non-empty subset of R. Then 〈A〉 is the intersection of all the
prime di�erential subtractive ideals P containing A.

A map f : R1 → R2 is called a semiring homomorphism if f(a + b) = f(a) + f(b)
and f(ab) = f(a) · f(b) for all a, b ∈ R. The kernel of f is de�ned as the set Ker f = {r ∈
R|f(r) = 0R2}, and the image of f is the set Im f = {r ∈ R2 : ∃s ∈ R1 f(s) = r}.

A homomorphism of di�erential semirings f : R1 → R2 is called a di�erential
homomorphism if f (δ (r)) = δ (f (r)) for all r ∈ R1.

Proposition 8. Let R1 and R2 be di�erential semirings, and let f : R1 → R2 be a
di�erential semiring homomorphism. Then

(1) Ker f is a di�erential subtractive ideal of R1;
(2) Im f is a di�erential subsemiring of R2;
(3) If I is a di�erential ideal of R1, then I

e is a di�erential ideal of R2;
(4) If I is a di�erential subtractive ideal of R2, then Ic is a di�erential subtractive

ideal of R1.

Proof. (1) Clearly, if r ∈ Ker f , then f (r) = 0R2
and f (δ(r)) = δ (f(r)) = δ(0R2

) = 0R2
.

Hence δ(r) ∈ Ker f , and Ker(f) is di�erential.
(2) If r ∈ Im f then there exists s ∈ R1 such that f(s) = r. It follows that δ(r) =

δ (f(s)) = f (δ(s)) ∈ Im f .

(3) If r ∈ Ie then r =
∑k

i=1 rif (si), si ∈ I. Then we have δ(r) = δ (
∑n

i=1 rif (si)) =∑n
i=1 (δ(ri) · f (si) + ri · f (δ (si))) ∈ Ie, because si ∈ I.
(4) If r ∈ Ic then f (r) ∈ I. Since δ (f (r)) = f (δ(r)) ∈ I, then δ(r) ∈ Ic. �

Corollary 5. Let R1 and R2 be di�erential semirings. If f : R1 → R2 is a di�erenti-
al semiring homomorphism and P is a prime di�erential subtractive ideal of R2, then
f−1(P ) is a prime di�erential subtractive ideal of R1.

Proof. Follows by [3, Proposition 3.2].

The following proposition is straightforward to prove.

Proposition 9. Let R1 and R2 be di�erential semirings, and let f : R1 → R2 be
a di�erential semiring homomorphism. Then f induces a di�erential isomorphism
f̄ : R1/Ker f → Im f for which f̄(r + Ker f) = f(r) for all r ∈ R1.
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3. Di�erential semirings in which the radical of each di�erential ideal is

di�erential. For a subset A of R we de�ne its di�erential A# to be the set

A# =
{
a ∈ R

∣∣∣a(n) ∈ A for alln ∈ N0

}
.

Proposition 10. Let A, B, Ai, i ∈ I, be subsets of R. Then ( )# has the following
properties:

(1) A# ⊆ A;
(2) (A#)# = A#;

(3) A# = A if and only if A is di�erentially closed in R;
(4) If A ⊆ B then A# ⊆ B#;

(5)
(⋂

i∈I Ai

)
#

=
⋂

i∈I (Ai)#;

(6)
⋃

i∈I (Ai)# ⊆
(⋃

i∈I Ai

)
#
;

(7) A# +B# ⊆ (A+B)#;

(8) A# ·B# ⊆ (AB)#.

Proposition 11. The operator ( )# has the following properties.

(1) If I is an ideal of R, then I# is a di�erential ideal of R.
(2) If I is a strong ideal of R, then I# is a di�erential strong ideal of R.
(3) If I is a subtractive ideal of R, then I# is a di�erential subtractive ideal of R.
(4) If I is a subsemiring of R, then I# is a di�erential subsemiring of R.
(5) If I is a di�erential ideal of R, then I# = I.

Proof. (1) Let a, b ∈ I#. Then a(n) ∈ I and b(n) ∈ I for any n ∈ N0, thus (a+ b)
(n)

=

a(n) + b(n) ∈ I. Hence a+ b ∈ I#. If a ∈ I# and r ∈ R then a(k) ∈ I for any k ∈ N0. By

the Leibnitz rule, (ra)
(n)

=
∑n

k=0 C
k
nr

(n−k)a(k) ∈ I. It means that ra ∈ I#. Hence I# is
an ideal of R. The ideal I# is di�erential since I# is di�erentially closed for any subset
I of R.

(2) Suppose that a+ b ∈ I#. Then (a+ b)(n) = a(n) + b(n) ∈ I for any n ∈ N0. The

ideal I being strong implies that a(n) ∈ I and b(n) ∈ I. Thus a ∈ I# and b ∈ I#, so I#
is strong.

(3) Follows from (2) since every strong ideal is subtractive. (4) Follows from (1). (5)
follows from Proposition 10. �

Proposition 12. Let I be an arbitrary subtractive semiring ideal of R and let A be a
di�erentially closed subset of R. Then the following equality holds:

(I : A)# = (I# : A).

Proof. Suppose r ∈ (I : A)#. Then r(n) ∈ (I : A) for all n ∈ N0, so r
(n)a ∈ I for all

a ∈ A. Since A is di�erentially closed, then ra′ ∈ I. Therefore (ra)′ = r′a+ ra′ ∈ I. By
induction we obtain that (ra)(n) ∈ I for all n ∈ N0. Hence r ∈ (I# : A).

Conversely, let r ∈ (I# : A). Then (ra)(n) ∈ I for all a ∈ A, n ∈ N0, i. e. ra ∈ I,
(ra)′ = r′a+ra′ ∈ I, (ra)′′ = r′′a+2r′a′+ra′′ ∈ I, . . . , (ra)(n) =

∑n
k=0 C

k
nr

(n−k)a(k) ∈ I.
Since A is di�erentially closed, by subtractiveness of I, (ra)′ ∈ I and ra′ ∈ I imply
r′a ∈ I. We may infer by induction that r(n)a ∈ I for all a ∈ A, n ∈ N0. It follows that
r(n) ∈ (I : A), i. e. r ∈ (I : A)#. �
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Corollary 6. If I is a subtractive ideal of R and A is a di�erentially closed subset of R,
then (I# : A) is a di�erential subtractive ideal of R.

Corollary 7. Let I be an arbitrary subtractive ideal of R and a ∈ R. Then
(
I : a(∞)

)
#

=(
I# : a(∞)

)
.

Proposition 13. Let R1 and R2 be di�erential semirings, and let f : R1 → R2 be a
di�erential semiring homomorphism. Then ( )# has the following properties:

(1) If A is a subset of R1, then f (A#) ⊆ (f (A))#;

(2) If A is a subset of R1 and f : R1 → R2 is a di�erential semiring monomorphism,
then f (A#) = (f (A))#;

(3) If B is a subset of R2 and f : R1 → R2 is a di�erential semiring epimorphism,
then f−1 (B#) =

(
f−1 (B)

)
#
.

Proposition 14. In any di�erential semiring R for any prime ideal P of R the di-
�erential ideal P# is quasi-prime.

Proof. Suppose P is a prime ideal of R and S = R \P . Then S is multiplicatively closed,
and, by Propositions 10 and 11, P# is a di�erential ideal of R disjoint from S. If I is
any di�erential ideal disjoint from S, then I ⊆ P . Thus I = I# ⊆ P#. Hence P# is
quasi-prime. �

It is known even in the case of di�erential rings that the radical of a di�erential
ideal is not necessarily di�erential. This is also true for semirings. For example, for an
ideal (xn, n) of the semiring N0[x] its radical is not di�erential.

Theorem 3. The following conditions are equivalent:

(1) If I is a di�erential subtractive ideal of R, then so is
√
I;

(2) If S ⊆ R is a multiplicatively closed subset of R (0 /∈ S) and I is a di�erential
subtractive ideal of R disjoint from S, then every di�erential subtractive ideal of
R which is maximal among di�erential subtractive ideals containing I and not
meeting S is prime.

(3) If I is a prime subtractive ideal of R, then I# is a di�erential prime subtractive
ideal of R.

(4) Any prime subtractive ideal, minimal over some di�erential subtractive ideal, is
di�erential.

(5) If A is any subset of R then 〈A〉 =
√
|A|.

(6) Any quasi-prime subtractive ideal I in R is prime.
(7) Any quasi-prime subtractive ideal I in R is radical.

Proof. (1)⇒ (2) Let the radical of each di�erential subtractive ideal of R be di�erential.
Suppose S ⊆ R is a multiplicatively closed subset of R (0 /∈ S), I is a di�erential
subtractive ideal of R such that I ∩ S = ∅, and K is an arbitrary di�erential ideal of
R such that I ⊆ K, K ∩ S = ∅, and for any di�erential subtractive ideal L such that
K ⊆ L we have K = L. Under given conditions

√
K is a di�erential subtractive ideal of

R. Moreover, I ⊆ K ⊆
√
K. Since K is maximal, we have K =

√
K. Thus K is a radical

di�erential subtractive ideal of R, maximal with respect to the exclusion of S. Hence, by
Theorem 1, K is prime.
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(2) ⇒ (3) Suppose S ⊆ R is a multiplicatively closed subset of R (0 /∈ S), I is a
di�erential subtractive ideal of R such that I ∩ S = ∅, and every di�erential subtractive
ideal K of R, maximal among those containing I and not meeting S is prime. Let P be
any prime subtractive ideal. Under given conditions S = R\P is a multiplicatively closed
subset of R and {0} is a di�erential subtractive ideal disjoint from S. Moreover, P# ⊆ P
follows S ∩P# = ∅. Thus P# is a di�erential subtractive ideal of R disjoint from S. If I
is an arbitrary di�erential subtractive ideal of R such that P# ⊆ I and I ∩ S = ∅, then
I ⊆ P . It follows that I = I# ⊆ P#. Thus P# is prime.

(3) ⇒ (4) Let I be an arbitrary di�erential subtractive ideal of R, and let P be
a prime subtractive ideal of R minimal among those containing I. Then we have I =
I# ⊆ P# ⊆ P . Since P is prime, moreover it is minimal among prime subtractive ideals
containing I, P# is prime by assumption and P# = P . Thus P is di�erential.

(4) ⇒ (1) Follows from Theorem 2 and Proposition 3. Let I be an di�erential
subtractive ideal of R. The radical of each di�erential subtractive ideal is the intersection
of all prime di�erential subtractive ideals containing it, moreover this intersection is a
prime ideal and it is minimal over I. It follows by assumption that

√
I is di�erential.

(1)⇔ (5) If a radical of each di�erential subtractive ideal is a di�erential subtracti-

ve ideal, then the same holds for the di�erential subtractive ideal |A|. Then
√
|A| is

di�erential and obviously coincides with 〈A〉. Conversely, let I be a di�erential ideal.

Then 〈I〉 =
√
|I| =

√
I is a di�erential ideal of R.

(3) ⇔ (6) Obviously, since (0) is a di�erential subtractive ideal contained in any
other di�erential subtractive ideal not meeting S.

(6)⇔ (7) Obviously follows from de�nition and Theorem 2. �

A di�erential semiring satisfying one of the equivalent conditions stated in the
Theorem 3 is called a dmsp-semiring. Note that di�erential rings in which the radical
of each di�erential ideal is di�erential were studied in 1973 by H. Gorman, who coined
the term of a d-MP -ring; rings satisfying the same property were studied by Keigher
[6] in 1977, who named them special rings. Nowadays in di�erential algebraic geometry
the term of a Keigher ring is generally used instead. It is therefore easy to see that in a
dmsp-semiring maximal among di�erential subtractive ideals are prime. Every di�erenti-
ally trivial semiring is a dmsp-semiring. {0} is a dmsp-semiring. Any di�erential semi�eld
is a dmsp-semiring. Any Keigher ring is a dmsp-semiring.

Corollary 8. In a dmsp-semiring the radical of an arbitrary di�erential subtractive ideal
is the intersection of all the prime di�erential subtractive ideals containing I.

Proof. Since I is di�erential by Theorem 3 (5) we have 〈I〉 =
√
|I| =

√
I. From Theorem

2, 〈I〉 =
⋂

I⊆P P , and the result follows. �

Note that this corollary can be proved directly using the argument similar to the
proof of Theorem 2.

Let I be an ideal of a semiring R and let a, b ∈ R. De�ne the equivalence a ∼ b if
and only if there exist x, y ∈ I such that a+x = b+ y. Then ∼ is an equivalence relation
on R. Let [a]RI or [a] be the equivalence class of a ∈ R. Then R/I = {[a]RI |a ∈ R} is a
semiring under the binary operations de�ned as follows: [a]+[b] = [a+b] and [a][b] = [ab]
for all a, b ∈ R. This semiring is called the Bourne factor semiring of R by I.
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Let (R, δ) be a di�erential semiring and let I be a di�erential semiring ideal of R.
Then it can be easily proved that the Bourne factor semiring R/I is a di�erential semiring
under the derivation d : R/I −→ R/I given by d

(
[a]RI

)
= [d(a)]RI for any a ∈ R.

Proposition 15. If R is a dmsp-semiring and I is a di�erential subtractive ideal of R,
then R/I is a dmsp-semiring.

Proof. The statement follows easily from the structure of prime ideals of the Bourne
factor semiring R/I and the de�nition of dmsp-semiring. �

Proposition 16. If I is a radical di�erential subtractive ideal of the dmsp-semiring R,
then I# is a radical di�erential subtractive ideal of R.

Proof. Let I be a radical di�erential subtractive ideal of R. By Theorem 2, I coincides
with the intersection of all prime di�erential subtractive ideals of R which contain it.
Thus I =

⋂
I⊆P P . By Propositions 10 and 11 the operator ( )# preserves intersections,

inclusion and subtractive ideals. Therefore ( )# also preserves radical ideals. �

Proposition 17. If R1 is a dmsp-semiring and f : R1 → R2 is a di�erential semiring
epimorphism, then R2 is a dmsp-semiring.

Proof. Denote A = {P ∈ SpecR1 | Kerf ⊆ P} ⊆ R1. It is clear that the di�erential
epimorphism f : R1 → R2 induces a di�erential isomorphism f̄ = f |A : A → SpecR2

between prime ideals P of R1, containing the kernel of the homomorphism Kerf and
prime ideals of R2.

Let Q ∈ SpecR2. Since R1 is a dmsp-semiring and f̄−1 (Q) = f−1 (Q) ∈ A is a prime
subtractive ideal of R1 by Corollary 5, then so is f−1 (Q)#. It follows from the properties

of ( )# (Proposition 13) that Q# = f̄
(
f̄−1 (Q#)

)
= f̄

((
f̄−1 (Q)

)
#

)
. Therefore Q# is

a prime di�erential subtractive ideal of R2. Hence R2 is a dmsp-semiring. �

Proposition 18. Let R1, . . . , Rn be di�erential semirings and let R = R1 × · · · × Rn.
Then R is a dmsp-semiring if and only if Ri is a dmsp-semiring for each i.

Proof. Let R be a dmsp-semiring. Then for every i the canonical projection πi : R→ Ri

is a di�erential epimorphism. By Proposition 17, every Ri is a dmsp-semiring.
Conversely, suppose all Ri are dmsp-semirings and P is a prime subtractive ideal

of R. Consider the canonical projections πi : P → Pi for all i = 1, 2, . . . , n. It follows
that πk(P) = Pk is a prime subtractive ideal of Rk for some k, k ∈ {1, 2, . . . , n}, and
πj(P) = Rl for l 6= k. Then π−1k (Pk) = P. Therefore P# = (π−1k (Pk))# = π−1k ((Pk)#).

Since π−1k ((Pk)#) is a prime subtractive ideal of R by Corollary 5, so is P#. Hence R is
a dmsp-semiring. �
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Íàâåäåíî íîâi ïðèêëàäè òà âëàñòèâîñòi äèôåðåíöiàëüíèõ iäåàëiâ ó íà-
ïiâêiëüöÿõ. Äîñëiäæó¹ìî ðàäèêàë äèôåðåíöiàëüíîãî iäåàëó êîìóòàòèâíîãî
äèôåðåíöiàëüíîãî íàïiâêiëüöÿ. Äîâåäåíî, ùî ðàäèêàëüíèé äèôåðåíöiàëü-
íèé íàïiâñòðîãèé iäåàë ¹ ïåðåòèíîì ïåðâèííèõ äèôåðåíöiàëüíèõ íàïiâ-
ñòðîãèõ iäåàëiâ. Ïîäàíî õàðàêòåðèçàöiþ äèôåðåíöiàëüíèõ íàïiâêiëåöü, â
ÿêèõ ðàäèêàë êîæíîãî äèôåðåíöiàëüíîãî íàïiâñòðîãîãî iäåàëó ¹ äèôåðåí-
öiàëüíèì.

Êëþ÷îâi ñëîâà: äèôåðåíöiàëüíå íàïiâêiëüöå, äèôåðåíöiàëüíèé iäåàë
íàïiâêiëüöÿ, ðàäèêàëüíèé äèôåðåíöiàëüíèé iäåàë.
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ÐÅÇÎËÜÂÅÍÒÀ É ÓÌÎÂÈ ÐÎÇÂ'ßÇÍÎÑÒI ÂËÀÑÍÈÕ
ÐÎÇØÈÐÅÍÜ ËIÍIÉÍÎÃÎ ÂIÄÍÎØÅÍÍß Ó

ÃIËÜÁÅÐÒÎÂÎÌÓ ÏÐÎÑÒÎÐI

Îëüãà ÏIÃÓÐÀ, Îëåã ÑÒÎÐÎÆ
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Ó òåðìiíàõ àáñòðàêòíèõ êðàéîâèõ îïåðàòîðiâ äîñëiäæåíî îäèí êëàñ
ðîçøèðåíü LA ôiêñîâàíîãî çàìêíåíîãî ëiíiéíîãî âiäíîøåííÿ L0 ó ãiëüáåð-
òîâîìó ïðîñòîði. Âñòàíîâëåíî ðîçìiðíiñòü ìíîãîâèäó íóëiâ, êîðîçìiðíiñòü
îáëàñòi çíà÷åíü i êðèòåðié íîðìàëüíî¨ ðîçâ'ÿçíîñòi âiäíîøåííÿ LA−λ (λ ∈
C). Çíàéäåíî ðåçîëüâåíòíó ìíîæèíó òà ïîáóäîâàíó ðåçîëüâåíòó ðîçãëÿäó-
âàíîãî ðîçøèðåííÿ.

Êëþ÷îâi ñëîâà: ãiëüáåðòiâ ïðîñòið, ëiíiéíå âiäíîøåííÿ, îïåðàòîð, ðå-
çîëüâåíòà.

1. Âñòóï. Òåîðiÿ ëiíiéíèõ âiäíîøåíü (�áàãàòîçíà÷íèõ îïåðàòîðiâ� ó ãiëüáåð-
òîâîìó ïðîñòîði) � âàæëèâèé ðîçäië ôóíêöiîíàëüíîãî àíàëiçó. �¨ çàïî÷àòêîâàâ Ð.
Àðåíñ [1] i çíàéøëà ñâié ïîäàëüøèé ðîçâèòîê ó ïðàöÿõ Å.À. Êîäiíãòîíà [2] (ñà-
ìîñïðÿæåíi ðîçøèðåííÿ íåùiëüíî âèçíà÷åíèõ åðìiòîâèõ îïåðàòîðiâ), À. Äàéêñìè i
Ã. Ñíîî [3] (îïèñ ñàìîñïðÿæåíèõ ðîçøèðåíü ñèìåòðè÷íîãî âiäíîøåííÿ â òåðìiíàõ
äåôåêòíèõ ïðîñòîðiâ), Ô.Ñ. Ðîôå-Áåêåòîâà [4], À.Í. Êî÷óáåÿ [5], Â.I. Ãîðáà÷óê i
Ì.Ë. Ãîðáà÷óêà [6] (çàñòîñóâàííÿ òåîði¨ ëiíiéíèõ âiäíîøåíü äî îïèñó ñàìîñïðÿæå-
íèõ òà äèñèïàòèâíèõ ðîçøèðåíü ðiçíèõ êëàñiâ ñèìåòðè÷íèõ îïåðàòîðiâ) òà iíøèõ
ìàòåìàòèêiâ. Ïðîòÿãîì îñòàííiõ äâàäöÿòè ðîêiâ çàöiêàâëåíiñòü äî òåîði¨ âiäíîøåíü
çíà÷íî ïîñèëèëàñÿ. Öå ïîâ'ÿçàíî, çîêðåìà, ç òèì, ùî âîíà çíàéøëà ðiçíîìàíiòíi
çàñòîñóâàííÿ â òåîði¨ ðîçøèðåíü íåùiëüíî âèçíà÷åíèõ îïåðàòîðiâ, ïåðåäóñiì äèôå-
ðåíöiàëüíèõ (äèâ., íàïðèêëàä [7, 8, 9, 10, 11, 12, 13, 14], äå ðîçâèâà¹òüñÿ êîíöåïöiÿ
ïðîñòîðó ãðàíè÷íèõ çíà÷åíü i âiäïîâiäíî¨ ôóíêöi¨ Âåéëÿ äëÿ ëiíiéíîãî âiäíîøåííÿ,
òà öèòîâàíó òàì ëiòåðàòóðó).

2. Ïîçíà÷åííÿ òà ôîðìóëþâàííÿ çàäà÷i. Ïîïåðåäíi âiäîìîñòi. Ïiä H
ðîçóìi¹ìî ôiêñîâàíèé êîìïëåêñíèé ãiëüáåðòiâ ïðîñòið çi ñêàëÿðíèì äîáóòêîì (·|·).
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Áóäü-ÿêèé (çàìêíåíèé) ëiíiéíèé ìíîãîâèä â H2 = H ⊕ H íàçèâà¹òüñÿ (çàìêíå-
íèì) ëiíiéíèì âiäíîøåííÿì â H. Ïðèêëàäîì ëiíiéíîãî âiäíîøåííÿ ¹ ãðàôiê GrT
ëiíiéíîãî îïåðàòîðà T , òîìó â òåîði¨ ëiíiéíèõ âiäíîøåíü îïåðàòîð îòîòîæíþþòü ç
éîãî ãðàôiêîì. Ìè âèêîðèñòîâó¹ìî òàêi ïîçíà÷åííÿ: D(T ), R(T ), kerT� âiäïîâiäíî,
îáëàñòü âèçíà÷åííÿ, îáëàñòü çíà÷åíü i ìíîãîâèä íóëiâ âiäíîøåííÿ (îïåðàòîðà) T :

D(T ) = {y ∈ H|(∃y′ ∈ H) : (y, y′) ∈ T}; R(T ) = {y′ ∈ H|(∃y ∈ H) : (y, y′) ∈ T};

kerT = {y ∈ T : (y, 0) ∈ T}; αT = {(y, αy′) : (y, y′) ∈ T};
ÿêùî λ ∈ C, òî T − λ = {(y, y′ − λy) : (y, y′) ∈ T} (îòîæ,

ker(T − λ) = {y ∈ H : (y, 0) ∈ T − λ} (= {y ∈ H : (y, λy) ∈ T});

k̂er(T − λ) = {(y, λy) : y ∈ ker(T − λ)}; T−1 = {(y′, y) ∈ H2 : (y, y′) ∈ T};

T (0) = {y′ ∈ H : (0, y′) ∈ T};
äëÿ áóäü-ÿêîãî ëiíiéíîãî âiäíîøåííÿ T ⊂ H2 ñïðÿæåíå (ëiíiéíå) âiäíîøåííÿ T ∗

âèçíà÷à¹òüñÿ òàê:
T ∗ = H2 	 ĴT = Ĵ(H2 	 T ),

äå

Ĵ =

(
0 −i1H
i1H 0

)
; (1)

ρ(T ) = {λ ∈ C : ker(T −λ) = {0}, R(T −λ) = H} (ðåçîëüâåíòíà ìíîæèíà âiäíîøåííÿ
T ).

Äàëi, ÿêùî X,Y � ãiëüáåðòîâi ïðîñòîðè, òî (·|·)X� ñèìâîë ñêàëÿðíîãî äîáóòêó
íà X; B(X,Y ) � ñóêóïíiñòü ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðiâ S : X → Y òàêèõ, ùî
D(S) = X; B(X) = B(X,X):

1X � òîòîæíå ïåðåòâîðåííÿ ïðîñòîðó X;
S ↓ E � çâóæåííÿ âiäîáðàæåííÿ S íà ìíîæèíó E;
+̇,⊕ � âiäïîâiäíî ñèìâîëè ïðÿìî¨ òà îðòîãîíàëüíî¨ ñóìè;
	 � ñèìâîë îðòîãîíàëüíîãî äîïîâíåííÿ;
SE � îáðàç ìíîæèíè E ïðè âiäîáðàæåííi S;
E � çàìèêàííÿ ìíîæèíè E.

Ðîëü ïî÷àòêîâîãî îá'¹êòà âiäiãðà¹ ïàðà (L,L0) çàìêíåíèõ ëiíiéíèõ âiäíîøåíü â

H òàêèõ, ùî L0 ⊂ L. Ïðèéìåìî M
def
= L∗0, M0

def
= L∗. Âiäîìî [16], ùî iñíóþòü ãiëüáåð-

òîâi ïðîñòîðè G1, G2 òà ëiíiéíi îïåðàòîðè Ãi ∈ B(L,Gi) (i = 1, 2) òàêi, ùî

R(Ã1 ⊕ Ã2) = G1 ⊕G2, ker(Ã1 ⊕ Ã2) = L0 i Ã̃1 ∈ B(M,G2), Ã̃2 ∈ B(M,G1)

(ÿêi âèçíà÷àþòüñÿ îäíîçíà÷íî, âèõîäÿ÷è ç G1, G2,Ã1,Ã2) òàêi, ùî

R(Ã̃1 ⊕ Ã̃2) = G2 ⊕G1, ker(Ã̃1 ⊕ Ã̃2) = M0,

∀ŷ = (y, y′) ∈ L, ∀ẑ = (z, z′) ∈M (y′|z)− (y|z′) = (Ã1ŷ|Ã̃2ẑ)G1 − (Ã2y|Ã̃1ẑ)G2 .

Ïðè öüîìó

Ã1Ĵ Ã̃
∗
1 = 0, Ã1Ĵ Ã̃

∗
2 = i1G1

, Ã2Ĵ Ã̃
∗
1 = −i1G2

, Ã2Ĵ Ã̃
∗
2 = 0, (2)
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äå Ĵ âèçíà÷åíî çãiäíî ç (1). Áóäü-ÿêå çàìêíåíå ëiíiéíå âiäíîøåííÿ L1(M1) òàêå, ùî
L0 ⊂ L1 ⊂ L (âiäïîâiäíî, M0 ⊂ M1 ⊂ M ) ìè íàçèâà¹ìî âëàñíèì ðîçøèðåííÿì
âiäíîøåííÿ L0(M0).

Íåõàé F � äåÿêèé ãiëüáåðòiâ ïðîñòið òàêèé, ùî dimF = dim(G1⊕G2). Íåâàæêî
äîâåñòè, ùî äëÿ áóäü-ÿêîãî âëàñíîãî ðîçøèðåííÿ L1 âiäíîøåííÿ L0 iñíó¹ A ∈ B(G1⊕
G2, F ) òàêå, ùî L1 = kerAÃ. Äàëi ïèñàòèìåìî LA çàìiñòü L1. Îòîæ

LA = ker(A1Ã1 +A2Ã2) = {ŷ ∈ L : A1Ã1ŷ +A2Ã2ŷ = 0}, äå Ai = A ↓ Gi (i = 1, 2).

Çðîçóìiëî, ùî Ai ∈ B(Gi, F ).

Äàëi ïðèïóñêà¹ìî, ùî ðåçîëüâåíòíà ìíîæèíà ρ(L2) âiäíîøåííÿ L2
def
= kerÃ2 íå-

ïîðîæíÿ. Íåõàé λ ∈ ρ( L2), à îòæå, λ ∈ ρ(M2), äå M2
def
= ker Ã̃2 (= L∗2). Òîäi

Lλ
def
= (L2 − λ)−1 ∈ B(H), Mλ

def
= (M2 − λ

−1
) (= L∗λ) ∈ B(H).

Â òåðìiíàõ àáñòàêòíèõ ãðàíè÷íèõ îïåðàòîðiâ, òîáòî ó âèãëÿäi, ÿêèé ó âèïàäêó äè-
ôåðåíöiàëüíèõ îïåðàòîðiâ ïðèâîäèòü áåçïîñåðåäíüî äî êðàéîâèõ óìîâ, âñòàíîâëåíî
ðîçìiðíiñòü ìíîãîâèäó íóëiâ, êîðîçìiðíiñòü îáëàñòi çíà÷åíü i êðèòåðié íîðìàëüíî¨
ðîçâ'ÿçíîñòi âiäíîøåííÿ LA − λ (λ ∈ C). Çîêðåìà, ç'ÿñîâàíî, êîëè öå âiäíîøåííÿ
¹ ðîçâ'ÿçíèì, òîáòî, êîëè ker(LA − λ) = {0}, R(A − λ) = H. Ó öüîìó âèïàäêó ïî-
áóäîâàíî ðåçîëüâåíòó âiäíîøåííÿ LA. Îêðåìó óâàãó ïðèäiëåíî âèïàäêó, êîëè A ¹
íîðìàëüíî ðîçâ'ÿçíèì îïåðàòîðîì.

3. Äîïîìiæíi îïåðàòîð-ôóíêöi¨. Íåõàé λ ∈ ρ(L2). Ïðèéìåìî

∀y ∈ H L̂λy = (Lλy, y + λLλy), i ∀z ∈ H M̂λz = (Mλz, z + λMλz).

Ëåìà 1.

R(L̂λ) = L2, R(Mλ) = M2. (3)

Äîâåäåííÿ. Çðîçóìiëî, ùî L̂λ ∈ B(H,H2). Äàëi GrLλ = {(y, Lλy) : y ∈ H}, òîìó
L2 − λ = {(Lλy, y) : y ∈ H}, à îòæå, L2 = {(Lλy, y + Lλy : y ∈ H)} = R(L̂λ). Ïåðøó ç
ðiâíîñòåé (3) äîâåäåíî. Äðóãó äîâîäèìî àíàëîãi÷íî. �

Íàñëiäîê 1. ∀y ∈ H Ã2L̂λy = 0, ∀z ∈ H Ã̃2M̂λz = 0.

Ïðèéìåìî Zλ
def
= (Ã̃1M̂λ)∗, Z̃λ

def
= (Ã1L̂λ)∗.

Ëåìà 2.

Zλ ∈ B(G2, H), Zλ = (Lλ(π1 + λπ2) + π2)Ã̃
∗
1, (4)

Z̃λ ∈ B(G1, H), Z̃λ = (Mλ(π1 + λπ2) + π2)Ã∗1, (5)

äå π1 : H2 → H ⊕ {0}, π2 : H2 → {0} ⊕H � îðòîïðîåêòîðè.

Äîâåäåííÿ. Îñêiëüêè M̂λ ∈ B(H,H2) i R(M̂λ) = M2 ⊂M, òî M̂λ ∈ B(H,M); îñêiëü-

êè Ã̃1 ∈ B(H,G2), òî Ã̃1M̂λ ∈ B(H,G2). Òîìó Zλ ∈ B(G2, H).
Äàëi, ∀a ∈ G2,∀z ∈ H

(z|Zλa) = (Ã̃1M̂λz|a)G2
= (M̂λz|Ã̃

∗
1a) = ((Mλz, z + λMλz)|(π1Ã̃

∗
1a, π2Ã̃

∗
1a))H2 =

= (Mλz|π1Ã̃
∗
1a)+(z|π2Ã̃

∗
1a)+(λMλz|π2Ã̃

∗
1a) = (z|Lλπ1Ã̃

∗
1a)+(z|π2Ã̃

∗
1a)+(z|λLλπ2Ã̃

∗
1a) =
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= (z|(Lλπ1 + π2 + λLλπ2))Ã̃
∗
1a.

Îòæå, (4) äîâåäåíî, (5) äîâîäèìî àíàëîãi÷íî. �

Ïîçíà÷åííÿ: ∀a ∈ G2 Ẑλa
def
= (Zλa, λZλa).

Ëåìà 3. R(Ẑλ) ⊂ L i Ã2Ẑλ = 1G.

Äîâåäåííÿ.

Ẑλ = (Zλ, λZλ) = (Lλ(π1 + λπ2)Ã̃
∗
1 + π2Ã̃

∗
1, λ(Lλ(π1 + λπ2)Ã̃

∗
1 + π2Ã̃

∗
1)) =

= (Lλ(π1 + λπ2)Ã̃
∗
1, λLλ(π1 + λπ2)Ã̃

∗
1 + (π1 + λπ2)Ã̃

∗
1) + (π2Ã̃

∗
1,−π1Ã̃

∗
1) =

L̂λ(π1 + λπ2)Ã̃
∗
1 + iĴ Ã̃

∗
1,

äå Ĵ âèçíà÷åíî çãiäíî ç (1). Àëå

∀a ∈ G2 L̂λ(π1 + λπ2)Ã̃
∗
1a ⊂ L2 ⊂ L

(äèâ. ëåìó 1), Ã̃
∗
1a ∈M 	M0, òîìó (äèâ. [17]) iĴ Ã̃

∗
1a ∈ L	 L0 ⊂ L. Çâiäñè âèïëèâà¹,

ùî Ẑλa ∈ L. Äàëi, âðàõîâóþ÷è (2) i Íàñëiäîê 1, áà÷èìî, ùî

∀a ∈ G2 Ã2L̂λ(π1 + λπ2)Ã̃
∗
1a = 0,Ã2(iĴ Ã̃

∗
1)a = a,

òîìó Ã2Ẑλa = a. �

Ëåìà 4.

ẐλÃ2 ↓ k̂er(L− λ) = 1
k̂er(L−λ), (6)

R(Zλ) = ker(L− λ) (7)

Äîâåäåííÿ. Íåõàé y ∈ ker(L− λ), x ∈ H. Çàñòîñîâóþ÷è ðiâíiñòü

(y′|z)− (y|z′) = (Ã1ŷ|Ã̃2z)G1
− (Ã2y|Ã̃1z)G2

ïðè ŷ = (y, λy)(∈ k̂er(L− λ)), z = Mλx, îòðèìó¹ìî (âðàõîâóþ÷è íàñëiäîê 1)

ZλÃ2ŷ|x) = (Ã2ŷ|Ã̃1M̂λx) = −[(Ã1ŷ|Ã̃2M̂λx)G1 − (Ã2ŷ|Ã̃1M̂λx)G2
] =

= (−[(λy|Mλx)− (y|x) + λMλx] = (y|x).

Çâiäñè âèïëèâà¹, ùî äëÿ áóäü-ÿêîãî y ∈ ker(L− λ) ZλÃ2(y, λy) = y, à òîìó

1) ẐλÃ2(y, λy) = (y, λy), òîáòî ñïðàâäæó¹òüñÿ (6);
2) ker(L− λ) ⊂ R(Zλ).

Êðiì òîãî, ç ëåìè 2 âèïëèâà¹, ùî äëÿ âñÿêîãî a ∈ G2( Zλa, λZλa) ∈ L, òîáòî Zλa ∈
ker(L − λ). Iíøèìè ñëîâàìè, R(Zλ) ⊂ ker(L − λ). Ðiâíiñòü (7), à ç íåþ i ëåìó 4,
äîâåäåíî. �

Ïðèéìåìî M(λ)
def
= Ã1Ẑλ.

Çàóâàæåííÿ 1.

M(λ) = Ã1L̂λ(π1 + λπ2)Ã̃
∗
1. (8)
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Ñïðàâäi, Ẑλ = L̂λ(π1 + λπ2)Ã̃
∗
1 + iĴ Ã̃

∗
1 (äèâ äîâåäåííÿ ëåìè 3), òîìó

M(λ) = Ã1Ẑλ = Ã1L̂λ(π1 + λπ2)Ã̃
∗
1 + iÃ1Ĵ Ã̃

∗
1.

Îñêiëüêè, ç îãëÿäó íà (2), Ã1Ĵ Ã̃
∗
1 = 0, òî (8) äîâåäåíî.

Ëåìà 5.

D(L2) + ker(L− λ) = D(L). (9)

Äîâåäåííÿ. Âêëþ÷åííÿ D(L2) + ker(L − λ) ⊂ D(L) ¹ î÷åâèäíèì. Íàâïàêè, íåõàé
y ∈ D(L). Òîäi iñíó¹ y′ ∈ H òàêå, ùî (y, y′ − λy) ∈ L − λ. Àëå H = R(L2 − λ), òîìó
iñíó¹ u ∈ D(L2) òàêå, ùî (u, y′ − λy) ∈ L2 − λ ⊂ L− λ. Òîìó (y − u, 0) ∈ L− λ, òîáòî
y − u ∈ ker(L− λ). Îòîæ, y = u+ (y − u) ∈ D(L2) + ker(L− λ). �

Çàóâàæåííÿ 2. Ñóìà (9), çàãàëîì, íå ¹ ïðÿìîþ. Òî÷íiøå

D(L2)
⋂

ker(L− λ) = {0} ⇐⇒ L2(0) = L(0).

Äîâåäåííÿ. (⇒) Íåõàé v ∈ L(0) = (L − λ)(0). Òîäi (0; v) ∈ L − λ. Äàëi, îñêiëüêè
R(L2 − λ) = H, òî iñíó¹ u ∈ D(L2 − λ) = D(L2) òàêå, ùî (u, v) ∈ L2 − λ ⊂ L − λ.
Çâiäñè âèïëèâà¹, ùî (u, 0) = (u, v) − (0, v) ∈ L − λ, òîáòî u ∈ ker(L − λ). Îòîæ,
u ∈ ker(L − λ) ∩ D(L2), òîáòî u = 0. À öå îçíà÷à¹, ùî (0, v) ∈ L − λ. Îòæå, v ∈
(L2 − λ)(0) = L2(0).

(⇐) Íåõàé u ∈ D(L2) ∩ ker(L− λ). Öå îçíà÷à¹:

1) (∃v ∈ H) : (u, v) ∈ L2 ⊂ L;
2) (u, λu) ∈ T .

Ìà¹ìî: (0, v − λu) ∈ L ⇒ v − λu ∈ L(0) = L2(0) ⇒ (0, v − λu) ∈ S ⇒ (u, λu) =
(u, v)− (0, v − λu) ∈ S ⇒ u ∈ ker(S − λ)⇒ u = 0. �

Ëåìà 6. L2+̇k̂er(L− λ) = L.

Äîâåäåííÿ. a) L2 ∩ k̂er(L − λ) = {0}. Íåõàé (y, y′) ∈ L2 ∩ k̂er(L − λ), çîêðåìà iñíó¹
a ∈ G2 òàêå, ùî (y, y′) = (Zλa, λZλa) (äèâ. (7)), à îòæå, (y, y′ − λy) = (y, 0) ∈ L2 − λ,
àáî, ùî åêâiâàëåíòíî, y ∈ ker(L2 − λ). Àëå ker(L2 − λ) = 0, òîìó (y, y′) = (0, 0).

á) L2 + k̂er(L− λ) = L. Âêëþ÷åííÿ L2 + k̂er(L− λ) ⊂ L î÷åâèäíå. Ïðîòèëåæíå
âêëþ÷åííÿ âèïëèâà¹ ç òîãî, ùî (∀ŷ ∈ L) ŷ = (ŷ − ẐλÃ2y) + ẐλÃy i ëåì 3, 4. �

Ëåìà 7. à) L0 ∩ k̂er(L− λ) = {0};
á) L0+̇k̂er(L− λ) ⊂ ker(Ã1 −M(λ)Ã2)

Äîâåäåííÿ. a) Ïðàâèëüíiñòü öüîãî òâåðäæåííÿ âèïëèâà¹ ç ëåìè 6.
á) ßêùî ŷ = (y, y′) ∈ L0, òî Ã1ŷ = Ã2ŷ = 0, à îòæå, Ã1ŷ = M(λ)Ã2ŷ. ßêùî

ŷ ∈ k̂er(L − λ), òî, ç îãëÿäó íà ëåìè 3, 4, iñíó¹ a ∈ G2 òàêå, ùî y = Ẑλa, à îòæå
Ã1ŷ −M(λ)Ã2ŷ = Ã1Ẑλa−M(λ)Ã2Ẑλa = M(λ)a = M(λ)a = 0. �

Íàñëiäîê 2. L0+̇k̂er(L− λ) = ker(Ã1 −M(λ)Ã2).
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Äîâåäåííÿ. Íåõàé ŷ ∈ k̂er(Ã1−M(λ)Ã2). Ç îãëÿäó íà ëåìè 4, 6, ŷ ∈ L = L2+̇k̂er(L−λ)

i iñíóþòü û ∈ L2, a ∈ G2 òàêi, ùî ŷ = û + Ẑλa, à îòæå, (Ã1 −M(λ)Ã2)(û + Ẑλa) = 0.
Îòîæ,

0 = Ã1û+ Ã1Zλa−M(λ)Ã2u−M(λ)Ã2û−M(λ)Ã2Zλa = Ã1û.

Îñêiëüêè Ã2û = 0, òî û ∈ L0. �

Çàóâàæåííÿ 3. Ìiíÿþ÷è ðîëÿìè ïàðè (L,L0) òà (M,M0), àíàëîãi÷íî äîâîäèìî, ùî:

ÿêùî ̂̃Zλdef= (Z̃λ, λZ̃λ), òî R(
̂̃
Zλ) = k̂er(M − λ), Ã̃2

̂̃
Zλ = 1G1

,̂̃
ZλÃ̃2 ↓ k̂er(M − λ) = 1

k̂er(M−λ);

ÿêùî M̃(λ)
def
= Ã̃1

̂̃
Zλ, òî M̃(λ) ∈ B(G1, G2), M̃(λ) = Ã̃1M̂λ(π1 + λπ2)Ã∗1,

M0+̇k̂er(M − λ) = ker(Ã̃1 − M̃(λ)Ã̃2).

Êðiì òîãî, ∀λ ∈ ρ(L2) M(λ)∗ = M̃(λ).

Ñïðàâäi, äëÿ áóäü-ÿêèõ a ∈ G1, b ∈ G2

(M̃(λ)a|b)G2
= (Ã̃1

̂̃
Zλa|b)G2

= (
̂̃
Zλa|Ã̃

∗
1b)H2 = ((Z̃λa, λZ̃λa)|(π1Ã̃

∗
1b, π2Ã̃

∗
1b))H2 =

= (Z̃λa|π1Ã̃
∗
1b) + (λZ̃λa|π2Ã̃

∗
1b) = (Z̃λa|(π1 + λπ2)Ã̃

∗
1b) =

= (a|Ã1L̂λ(π1 + λπ2)Ã̃
∗
1b)G1 = (a|M(λ)b)G1 .

4. Îñíîâíèé ðåçóëüòàò.

Ëåìà 8. Ïðèïóñòèìî, ùî λ ∈ ρ(L2). Ó öüîìó âèïàäêó:

a) åëåìåíò f ∈ H íàëåæèòü äî R(LA − λ) òîäi i òiëüêè òîäi, êîëè

A1Z̃
∗
λf ∈ R(A1M(λ) +A2); (10)

á) ker(LA − λ) = Zλ ker(A1M(λ) +A2). (11)

Äîâåäåííÿ. Íåõàé f ∈ H. Îñêiëüêè R(L2 − λ) = H, òî f ∈ R(L2 − λ), à îòæå,
(Lλf, f) ∈ L2 − λ ⊂ L− λ. Ïðèïóñòèìî, ùî äëÿ äåÿêîãî y ∈ H (y, f) ⊂ L− λ. Òîäi
(y − Lλf, 0) ∈ L− λ, à îòæå, iñíó¹ a ∈ G2 òàêå, ùî

y = Lλf + Zλa. (12)

Ìà¹ìî
f ∈ R(LA − λ)⇔ (y, f) ∈ LA − λ⇔ (y, f + λy) ∈ LA ⇔

⇔ (Lλf + Zλa, f + λLλf + λZa) ∈ LA ⇔ L̂λf + Ẑλa ∈ ker(A1Ã1 +A2Ã2)⇔
A1Ã1(L̂λf+Ẑλa)+A2Ã2(L̂λf+Ẑλa) ≡ A1Ã1L̂λf+A1Ã1Ẑλa+A2Ã2L̂λf+A2Ã2Ẑλa = 0⇔

⇔ A1Z̃
∗
λ
f +A1M(λ)a+ +A2a = 0.

Îñòàííþ ðiâíiñòü ìîæíà ïåðåïèñàòè òàê:

(A1M(λ) +A2)a = −A1Z̃
∗
λ
f. (13)

Îòæå, f ∈ R(LA − λ) òîäi i òiëüêè òîäi, êîëè iñíó¹ a ∈ G2 òàêå, ùî ñïðàâäæó¹òüñÿ
(13), òîáòî, êîëè âèêîíó¹òüñÿ (10). Ïîâòîðþþ÷è öi ìiðêóâàííÿ ïðè f = 0, áà÷èìî,
ùî ñïðàâäæó¹òüñÿ (11). �
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Ïðèéìåìî Aλ
def
= A1M(λ) +A2.

Çàóâàæåííÿ 4. Íåõàé λ ∈ ρ(L2). Òîäi

a) ker Z̃λ = 0;
á) ker(Z̃∗

λ
↓ ker(M − λ)) = {0};

â) R(Ã1L̂λ) ≡ R(Z̃∗
λ
) = G1; (14)

ã) Ã1L̂λ ↓ R(L0 − λ) ≡ Z̃∗
λ
↓ R(L0 − λ) = 0. (15)

Äîâåäåííÿ. a) Z̃λa = 0⇒ ̂̃
Z
∗

λa = 0⇒ a = Ã̃2
̂̃
Z
∗

λa = 0.

á) Íåõàé u ∈ ker(M −λ), Z̃λu = 0. Îñêiëüêè ker(M −λ) = R(Z̃λ), òî iñíó¹ a ∈ G1

òàêå, ùî Z̃λa = u. Ìà¹ìî 0 = Z̃∗
λ
u = Z̃∗

λ
Z̃λa, òîìó Zλa = u = 0.

â) Îñêiëüêè R(L̂λ) = L2 = kerÃ2, òî äîñòàòíüî äîâåñòè, ùî R(Ã1 ↓ kerÃ2) = G1.
À öå cghfdls òàê, òîìó ùî R(Ã1 ⊕ Ã2) = R(Ã1) ⊕ R(Ã2), à îòæå, R(Ã1 ↓ kerÃ2) =
R(Ã1) = G1.

ã) Íåõàé v ∈ R(L0 − λ). Iñíó¹ u ∈ H òàêå, ùî (u, v) ∈ L0 − λ ⊂ L2 − λ. Ìà¹ìî
L̂λv = (Lλv, v + λLλv) = (u, v + λu). Àëå (u, v) ∈ L0 − λ, òîìó (u, v + λu) ∈ L0, îòæå,
Ã1L̂λv = 0. �

Íàñëiäîê 3. Iñíó¹ ãîìåîìîðôiçì Πλ ∈ B(G1, ker(M − λ)) òàêèé, ùî

R(LA − λ) = R(L0 − λ)⊕Πλ(A−11 R(Aλ)). (16)

Äîâåäåííÿ. Ëåãêî áà÷èòè, ùî R(L0 − λ) � çàìêíåíèé ìíîãîâèä, à îòæå

H = R(L0 − λ)⊕ ker(M − λ).

Çâiäñè, à òàêîæ ç (14) i (15) âèïëèâà¹, ùî R(Z̃∗λ ↓ ker(M − λ)) = R(Z̃∗
λ
) = G1.

Òîìó (Z̃∗λ ↓ ker(M − λ)) ∈ B(ker(M − λ, G1)) � ãîìåîìîðôiçì, à îòæå

Πλ
def
= (Z̃∗λ ↓ ker(M − λ))−1 ∈ B(G1, ker(M − λ))

� ãîìåîìîðôiçì G1 → ker(M − λ).
Äàëi f ∈ R(LA − λ) òîäi i òiëüêè òîäi, êîëè iñíóþòü f0 ∈ R(L0 − λ) i

f1 ∈ R(LA − λ)	R(L0 − λ) = R(LA − λ) ∩ ker(M − λ)

òàêi, ùî f = f0 + f1. Ç iíøîãî áîêó, âðàõîâóþ÷è (10) i (15), áà÷èìî, ùî

f ∈ R(LA − λ)⇔ Z̃∗
λ
f ∈ A−11 R(Aλ)⇔ Z̃∗λf0 + Z̃∗

λ
f1 ∈ A−11 R(Aλ)⇔

⇔ (Z̃∗λ ↓ ker(M − λ)f1) ∈ A−1R(Aλ)⇔ f1 ∈ Πλ(A−11 R(Aλ)).

Ðiâíiñòü (16) äîâåäåíî. �

Òåîðåìà 1. Íåõàé λ ∈ ρ(L2). Òîäi:

à) dim ker(LA − λ) = dim kerAλ; (17)

á) dim[H/R(LA − λ)] = dim[R(A1)/(R(A1) ∩R(Aλ))]; (18)

â) R(LA − λ) çàìêíåíèé â H òîäi i òiëüêè òîäi, êîëè A−11 R(Aλ) çàìêíåíèé â

G1;
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ã) λ ∈ ρ(LA) òîäi i òiëüêè òîäi, êîëè kerAλ = {0}, R(A1) ⊂ R(Aλ), òîáòî,
êîëè A−1λ A1 ∈ B(G1, G2).

Ó öüîìó âèïàäêó

(LA − λ)−1 = Lλ − ZλA−1λ AλZ̃
∗
λ
. (19)

Äîâåäåííÿ. a) Ðiâíiñòü (17) âèïëèâà¹ ç (11) i íåïåðåðâíî¨ îáîðîòíîñòi îïåðàòîðà Zλ.
á) Íåõàé ker(M − λ) = Πλ(A−11 R(Aλ))+̇L1, òîáòî

ΠλG1 = Πλ(A−11 R(Aλ))+̇Πλ(Π−1λ L1),

àáî, ùî ¹ ðiâíîñèëüíèì,
G1 = A−11 R(Aλ)+̇Π−1λ L1. (20)

Ç iíøîãî áîêó, âðàõîâóþ÷è (16), îòðèìó¹ìî

H = R(L0 − λ)+̇ ker(M − λ) = R(L0 − λ)+̇Πλ(A−11 R(Aλ)+̇L1 = R(LA − λ)+̇L1,

à îòæå (äèâ. (20))

dim[H/R(LA − λ)] = dimL1 = dim Π−1λ L1 = dim[G1/A
−1
1 R(Aλ)].

Àëå A−11 R(Aλ) = A−11 (R(A1) ∩R(Aλ)), òîìó ðiâíiñòü (18) ðiâíîñèëüíà òàêié:

dim[G1/A
−1
1 (R(A1) ∩R(Aλ))] = dim[R(A1)/(R(A1) ∩R(Aλ))].

Äîâåäåìî ¨¨. Íåõàé
G1 = A−11 (R(A1) ∩R(Aλ))+̇L,

a îòæå,
R(A1) = (R(A1) ∩R(Aλ)+̇A1L.

Êðiì òîãî, ÿêùî l ∈ L i A1l = 0, òî l ∈ A−11 ({0}) ⊂ A−11 (R(A1) ∩ R(Al). Îòîæ,
l ∈ A−11 (R(A1) ∩R(Aλ)) ∩ L = 0. Òîìó dimL = dimA1L, à îòæå,

dim[G1/A
−1
1 (R(A1) ∩R(Aλ))] = dimL = dimA1L = dim[R(A1)/(R(A1) ∩R(Aλ))].

Òâåðäæåííÿ á) äîâåäåíî.
â) Ïðàâèëüíiñòü öüîãî òâåðäæåííÿ áåçïîñåðåäíüî âèïëèâà¹ ç (16).
ã) Ç (17), (18) âèïëèâà¹, ùî

ker(LA − λ) = {0} ⇔ kerAλ = {0} (21)

R(LA − λ) = H ⇔ R(A1) ⊂ R(Aλ). (22)

Âðàõîâóþ÷è (21), (22) i çàñòîñîâóþ÷è òåîðåìó ïðî çàìêíåíèé ãðàôiê (äèâ. [15,
c. 211]), áà÷èìî, ùî

(LA − λ)−1 ∈ B(H)⇔ A−1λ A1 ∈ B(G1, G2).

Ïðèïóñòèìî, ùî óìîâè (21), (22) ñïðàâäæóþòüñÿ. Çíàéäåìî ðåçîëüâåíòó îïåðàòîðà
LA, òîáòî ðîçâ'ÿæåìî òàêó çàäà÷ó:

íåõàé f ∈ R(LA − λ) (= H); çíàéòè y ∈ H òàêå, ùî (y, f) ∈ LA − λ.

Äëÿ öüîãî ïîâòîðèìî ìiðêóâàííÿ, âèêîðèñòàíi äëÿ äîâåäåííÿ ëåìè 8. Îòðèìó-
¹ìî (y, f) ∈ L− λ òîäi i òiëüêè òîäi, êîëè iñíó¹ a ∈ G2 òàêå, ùî y = Lλf + Zλa (äèâ.
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(12)); ïðè öüîìó f ∈ R(LA − λ) òîäi i òiëüêè òîäi , êîëè Aλa = −A1Z̃
∗
λ
f (äèâ. (13)).

Ïiäñòàâëÿþ÷è (13) â (12), áà÷èìî, ùî

(LA − λ)−1f = y = Lλf − ZλA−1λ A1Z̃
∗
λ
f.

Ðiâíiñòü (19) äîâåäåíî. �

Äàëi ñêðiçü ïiä B∞(X1, X2), äå X1, X2� ãiëüáåðòîâi ïðîñòîðè, ðîçóìi¹ìî ìíî-

æèíó êîìïàêòíèõ îïåðàòîðiâ ç B(X1, X2), à B∞(H)
def
= B∞(H,H).

Íàñëiäîê 4. Â óìîâàõ òåîðåìè 1

(LA − λ)−1 − Lλ ∈ B∞(H)⇔ A−1λ A1 ∈ B∞(G1, G2).

Äîâåäåííÿ. (⇒) Íåõàé λ ∈ ρ(L2) ∩ ρ(LA) i (LA − λ)−1Lλ ≡ −ZλA−1λ A1Z̃
∗
λ
∈ B∞(H).

Òîäi
ZλA

−1
λ A1Z̃

∗
λ
↓ ker(M − λ) ∈ B∞(ker(M − λ), H),

à îòæå,
ZλA

−1
λ A1Z̃

∗
λ
Πλ = ZλA

−1
λ A1 ∈ B∞(G1, H).

Îñêiëüêè, kerZλ = {0}, à R(Zλ) = ker(L− λ), òî Z−1λ ∈ B(ker(L− λ), G2), òîìó

A−1λ A1 = Z−1λ ZλA
−1
λ A1 ∈ B∞(G1, G2).

(⇐) Îñêiëüêè Zλ ∈ B(G2, H), A−1λ A1 ∈ B∞(G1, G2), Z̃∗
λ
∈ B(H,G1), òî ç (19)

âèïëèâà¹, ùî (LA − λ)−1 − Lλ ∈ B∞(H). �

5. Âèïàäîê, êîëè R(A) � çàìêíåíèé ïiäïðîñòið. Ó öüîìó âèïàäêó òâåðä-
æåííÿ, âèñëîâëåííi â òåîðåìi 1 òà íàñëiäêó 4, äîïóñêàþòü äåÿêi óòî÷íåííÿ. Äàëi

ñêðiçü ââàæà¹ìî, ùî LA � âiäíîøåííÿ îïèñàíå â ï. 1, ïðè÷îìó R(A) = R(A)
def
= F1

(öå ïðèïóùåííÿ íå çìåíøó¹ çàãàëüíîñòi).

Ëåìà 9.

L∗A = {ẑ ∈M |∃h ∈ F1 : Ã̃1ẑ = A∗1h, Ã̃2ẑ = −A∗1h}. (23)

Äîâåäåííÿ. Ó ïðàöi [16] äîâåäåíî, ùî iñíó¹ B ∈ B(G2 ⊕G1, F 	 F1) òàêèé, ùî

L∗A = kerBÃ̃ = {z ∈M : BÃ̃z = 0}def= MB .

Áiëüøå òîãî, MB = L∗A ⇔ kerA = J∗R(B∗), äå

J =

(
0 i1G2

−i1G1 0

)
.

Ìiíÿþ÷è ðîëÿìè A òà B i âðàõîâóþ÷è íîðìàëüíó ðîçâ'ÿçíiñòü îïåðàòîðà A (à îòæå,
i îïåðàòîðà A∗ � äèâ. [15, ñ. 295]), áà÷èìî, ùî L∗A = MB ⇔ kerB = JR(A∗).

Àëå ïðàâà ÷àñòèíà ðiâíîñòi (23) � öå {ẑ ∈ M : Ã̃ẑ ∈ JR(A∗)}, â òîé ÷àñ, ÿê
MB = {z ∈M : Ã̃ẑ ∈ kerB}. Ëåìó äîâåäåíî. �

Ëåìà 10. Íåõàé λ ∈ ρ(L2). Iñíó¹ ãîìåîìîðôiçì Π̃λ ∈ B(G2, ker(L− λ)) òàêèé, ùî

R(L∗A − λ) = R(M0 − λ)⊕ Π̃λR(A∗λ). (24)
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Äîâåäåííÿ. Ìiðêóþ÷è òàê, ÿê ïðè äîâåäåííi çàóâàæåííÿ 4, áà÷èìî, ùî

ker(Z∗λ ↓ ker(L− λ)) = {0}, R(Z∗λ ↓ ker(L− λ)) = G2.

Òîìó Π̃λ

def
= (Z∗λ ↓ ker(L− λ))−1 ∈ B(G2, ker(L− λ) � ãîìåîìîðôiçì G2 → ker(L− λ).

Âðàõîâóþ÷è ëåìó 1, çàóâàæåííÿ 3 òà ëåìó 9, îòðèìó¹ìî:

M − λ = {(Mλf + Z̃λa, f) : f ∈ H, a ∈ G1}, (25)

M̂λf +
̂̃
Zλa ∈ L∗A òîäi i òiëüêè òîäi, êîëè iñíó¹ h ∈ F1 òàêå, ùî{

Ã̃1M̂λf + Ã̃1Z̃λa = A∗2h

Ã̃2M̂λf + Ã̃1Z̃λa = −A∗1h
⇔
{
Z∗λf + M̃(λ)a = A∗2h
a = −A∗1h

⇔

⇔ Z∗λf = (M(λ)∗A∗1 +A∗2)h ≡ A∗λh.
Îòæå, (äèâ. (25)), f ∈ R(L∗A − λ) òîäi i òiëüêè òîäi, êîëè iñíó¹ h ∈ F1 òàêå, ùî
Z∗λf = A∗λh, òîáòî, êîëè Z

∗
λf ∈ R(A∗λ) (ïîð. ç (10)). Çîêðåìà,

f ∈ R(L∗A − λ) ∩ [H 	R(M0 − λ)] = R(L∗A − λ) ∩ ker(L− λ)

òîäi i òiëüêè òîäi, êîëè (Z∗λ ↓ ker(L− λ)f ∈ R(A∗λ)), òîáòî, êîëè f ∈ Π̃λR(A∗λ). Ëåìó
äîâåäåíî. �

Íàñëiäîê 5.

ker(L∗A − λ) = Z̃λA
∗
1 kerA∗λ. (26)

Äîâåäåííÿ. Äëÿ òîãî, ùîá ïåðåêîíàòèñÿ ó ïðàâèëüíîñòi (26), äîñòàòíüî ïîâòîðèòè
ìiðêóâàííÿ, âèêîðèñòàíi â ïðîöåñi äîâåäåííÿ ëåìè 10, ïðè f = 0. �

Òåîðåìà 2. Íåõàé R(A) = F1, λ ∈ ρ(L2). Òîäi

à) dim ker(L∗A − λ) = dim kerA∗λ; (27)

á) dim[H/R(L∗A − λ)] = dim[G2/R(A∗λ)]; (28)

â) R(LA − λ) çàìêíåíèé â H òîäi i òiëüêè òîäi, êîëè R(Aλ) çàìêíåíèé ó F1.

Ó öüîìó âèïàäêó

dim[H 	R(LA − λ)] = dim[F1 	R(Aλ)], (29)

dim[H 	R(L∗A − λ)] = dim[G1 	R(A∗λ)]; (30)

ã) λ ∈ ρ(LA) òîäi i òiëüêè òîäi , êîëè A−1λ ∈ B(F1, G2). Ó öüîìó âèïàäêó

(LA − λ)−1Lλ ∈ B∞(H)⇔ A1 ∈ B∞(G1, F1).

Äîâåäåííÿ. a) Çðîçóìiëî, ùî R(A1) + R(Aλ) = R(A) ≡ F1, òîìó (äèâ. [15, c. 279])
kerA∗1 ∩ kerA∗λ = 0. Çâiäñè , ç (26) òà ç îáîðîòíîñòi îïåðàòîðà Z̃λ âèïëèâà¹ (27).

á) Íåõàé
ker(L− λ)−1 = Π̃λR(A∗λ)+̇L. (31)

Ç (31) âèïëèâà¹ òàêå:

1) H = R(M0 − λ)+̇Π̃λR(A∗λ)+̇L òàê ùî dim[H/(R(L∗A − λ))] = dimL;
2) G2 = Π̃−1

λ
ker(L − λ) = R(A∗λ)+̇Π̃−1

λ
L, òàê ùî dim[G2/R(A∗λ)] = dim Π̃−1

λ
L =

dimL.
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Ðiâíiñòü (28) äîâåäåíî.
â) Îñêiëüêè R(M0 − λ)� çàìêíåíèé ìíîãîâèä, òî ïðàâèëüíiñòü öüîãî òâåðä-

æåííÿ âèïëèâà¹ áåçïîñåðåäíüî ç (24), ïðè öüîìó ïîòðiáíî âçÿòè äî óâàãè òåîðåìó
ïðî îäíî÷àñíó çàìêíåíiñòü îáëàñòåé çíà÷åíü âçà¹ìíî ñïðÿæåíèõ ëiíiéíèõ îïåðàòîðiâ
(âiäíîøåíü) (äèâ. [3],[15, c. 295]), à òàêîæ çàñòîñóâàâøè òâåðäæåííÿ à) i òåîðåìó ïðî
âçà¹ìíó îðòîãîíàëüíiñòü ìíîãîâèäiâ íóëiâ òà îáëàñòåé çíà÷åíü âçà¹ìíî ñïðÿæåíèõ
îïåðàòîðiâ (âiäíîøåíü) (äèâ. [1, 2, 3]).

ã) Áåçïîñåðåäíüî ç (29), (30) âèïëèâà¹, ùî

R(LA − λ) = H ⇔ R(Aλ) = F1, R(L∗A − λ) = H ⇔ R(A∗λ) = G2.

Âðàõîâóþ÷è öþ îáñòàâèíó òà äîâåäåíå âèùå, áà÷èìî, ùî

λ ∈ ρ(LA)⇔ λ ∈ ρ(L∗A)⇔ ker(L∗A − λ) = {0},
R(L∗A − λ) = {0} ⇔ ker(A∗λ) = = {0},

R(A∗λ)−1 ∈ B(G2, F1)⇔ A−1λ ∈ B(F1, G2).

Äàëi (äèâ. íàñëiäîê 4)

(LA − λ)−1 − Lλ ∈ B∞(H)⇔ A−1λ ∈ B∞(G1, G2).

Àëå A−1λ ∈ B(F1, G2), òîìó A−1λ Aλ ∈ B∞(G1, G2) òîäi i òiëüêè òîäi, êîëè A1 ∈
B∞(G1, F1). Òåîðåìó äîâåäåäåíî. �
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ÍÀÉÁIËÜØÈÉ ÑÏIËÜÍÈÉ ÄIËÜÍÈÊ I ÍÀÉÌÅÍØÅ
ÑÏIËÜÍÅ ÊÐÀÒÍÅ ÎÄÍÎÃÎ ÊËÀÑÓ ÌÀÒÐÈÖÜ

Àíäðié ÐÎÌÀÍIÂ

Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè

iì. ß.Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè,

âóë. Íàóêîâà, 3á, Ëüâiâ, 79060

e-mail: romaniv_a@ukr.net

Äëÿ îñîáëèâèõ ìàòðèöü äðóãîãî ïîðÿäêó íàä êîìóòàòèâíîþ îáëàñòþ
Áåçó ñòàáiëüíîãî ðàíãó 1,5 çíàéäåíî ôîðìó Ñìiòà òà ïåðåòâîðþâàëüíi ìàò-
ðèöi ¨õíüîãî íàéáiëüøîãî ñïiëüíîãî ëiâîãî äiëüíèêà òà íàéìåíøîãî ñïiëü-
íîãî ïðàâîãî êðàòíîãî.

Êëþ÷îâi ñëîâà: êîìóòàòèâíà îáëàñòü Áåçó ñòàáiëüíîãî ðàíãó 1,5, íàé-
áiëüøèé ñïiëüíèé äiëüíèê ìàòðèöü, íàéìåíøå ñïiëüíå êðàòíå ìàòðèöü,
ôîðìà Ñìiòà, ïåðåòâîðþâàëüíà ìàòðèöÿ.

Ó 2008 ð. Ó. ÌàêÃîâåðí ââiâ ó ðîçãëÿä êiëüöÿ ìàéæå ñòàáiëüíîãî ðàíãó 1. Òîáòî
êiëüöÿ íåòðèâiàëüíi ãîìîìîðôíi îáðàçè ÿêèõ ¹ êiëüöÿìè ñòàáiëüíîãî ðàíãó 1 [4].

Íà ïiäñòàâi öüîãî êëàñó êiëåöü Â. Ùåäðèê ââiâ ïîíÿòòÿ êiëüöÿ ñòàáiëüíîãî ðàí-
ãó 1,5. Êiëüöå R ¹ êiëüöåì ñòàáiëüíîãî ðàíãó 1,5, ÿêùî äëÿ äîâiëüíèõ âçà¹ìíî ïðî-
ñòèõ çëiâà åëåìåíòiâ a, b, c iç R , c 6= 0 iñíó¹ òàêèé åëåìåíò r ∈ R, ùî åëåìåíòè
a+ br, c âçà¹ìíî ïðîñòi çëiâà [3]. Äîñëiäæóþ÷è ñòðóêòóðó êiëåöü ìàòðèöü, âií äîâiâ,
ùî êiëüöå ìàòðèöü äðóãîãî ïîðÿäêó íàä êiëüöåì ñòàáiëüíîãî ðàíãó 1,5 ¹ êiëüöåì
ñòàáiëüíîãî ðàíãó 1,5. Òîìó, ïðèðîäíî, âèíèêëà çàäà÷à äîñëiäæåííÿ àðèôìåòè÷íèõ
âëàñòèâîñòåé êiëåöü ìàòðèöü äðóãîãî ïîðÿäêó íàä òàêèìè êiëüöÿìè.

Íåõàé R � êîìóòàòèâíà îáëàñòü Áåçó ñòàáiëüíîãî ðàíãó 1,5 ç 1 6= 0 i A òà B �
ìàòðèöi íàä R. ßêùî A = BC, òî êàæóòü, ùî ìàòðèöÿ B ¹ ëiâèì äiëüíèêîì ìàòðèöi

A, à ìàòðèöÿ A ¹ ïðàâèì êðàòíèì ìàòðèöi B.
ßêùî A = DA1 òà B = DB1, òî ìàòðèöþ D íàçèâàþòü ñïiëüíèì ëiâèì äiëü-

íèêîì ìàòðèöü A òà B. Êðiì òîãî, ÿêùî êîæíèé iíøèé ñïiëüíèé ëiâèé äiëüíèê
ìàòðèöü A òà B äiëèòü çëiâà ìàòðèöþ D, òî ìàòðèöÿ D íàçèâà¹òüñÿ íàéáiëüøèì

ñïiëüíèì ëiâèì äiëüíèêîì ìàòðèöü A òà B (â ïîçíà÷åííÿõ (A,B)l).
ßêùî M = AP = BQ, òî ìàòðèöþ M íàçèâàþòü ñïiëüíèì ïðàâèì êðàòíèì

ìàòðèöü A òà B. Êðiì òîãî, ÿêùî ìàòðèöÿ M ¹ ëiâèì äiëüíèêîì êîæíîãî iíøîãî

2010 Mathematics Subject Classi�cation: 15À23

c© À. Ðîìàíiâ, 2016
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ñïiëüíîãî ïðàâîãî êðàòíîãî ìàòðèöü A òà B, òî ìàòðèöþ M íàçèâàþòü íàéìåíøèì
ñïiëüíèì ïðàâèì êðàòíèì ìàòðèöü A òà B (â ïîçíà÷åííÿõ [A,B]r).

Ïðîäîâæóþ¹ìî äîñëiäæåííÿ ðîçïî÷àòi â [2], çîêðåìà, âñòàíîâëþþòüñÿ âçà¹-
ìîçâ'ÿçêè ìiæ ôîðìàìè Ñìiòà i ïåðåòâîðþâàëüíèìè ìàòðèöÿìè äâîõ îñîáëèâèõ
ìàòðèöü òà ôîðìàìè Ñìiòà, i ïåðåòâîðþâàëüíèìè ìàòðèöÿìè ¨õíüîãî íàéáiëüøîãî
ñïiëüíîãî äiëüíèêà òà íàéìåíøîãî ñïiëüíîãî êðàòíîãî íàä êîìóòàòèâíîþ îáëàñòþ
Áåçó ñòàáiëüíîãî ðàíãó 1,5.

Íåõàé A òà B � îñîáëèâi 2 × 2 ìàòðèöi íàä R. Äëÿ íèõ iñíóþòü òàêi îáîðîòíi
ìàòðèöi PA, QA òà PB , QB , ùî

PAAQA = E, äå E = diag(ε1, 0),

PBBQB = ∆, äå ∆ = diag(δ1, 0).

Ìàòðèöi E òà ∆ íàçèâàþòüñÿ ôîðìàìè Ñìiòà [6], à ìàòðèöi PA, PB òà QA, QB ëiâèìè
òà ïðàâèìè ïåðåòâîðþâàëüíèìè ìàòðèöÿìè ìàòðèöü A òà B, âiäïîâiäíî.

Íåõàé a ∈ R. Ðîçãëÿíåìî ìíîæèíó Ga âñiõ îáîðîòíèõ ìàòðèöü âèãëÿäó∥∥∥∥ h11 h12
ah21 h22

∥∥∥∥ .
Î÷åâèäíî, ùî Ga ¹ ìóëüòèïëiêàòèâíîþ ãðóïîþ. ßêùî a = 0, òî Ga = G0 � ãðóïà
îáîðîòíèõ âåðõíiõ òðèêóòíèõ ìàòðèöü.

Ïîçíà÷èìî ÷åðåç PA òà PB ìíîæèíè âñiõ ëiâèõ ïåðåòâîðþâàëüíèõ ìàòðèöü äëÿ
ìàòðèöü A òà B, âiäïîâiäíî. Çãiäíî ç ðåçóëüòàòàìè [1], [5], PA = G0PA, PB = G0PB .
Ñèìâîëàìè [a, b] áóäåìî ïîçíà÷àòè íàéìåíøå ñïiëüíå êðàòíå åëåìåíòiâ a òà b, ÷åðåç
a|b � åëåìåíò a äiëèòü åëåìåíò b.

Ëåìà 1. Íåõàé A, B � îñîáëèâi ìàòðèöi ç M2(R), PBP
−1
A = ‖sij‖21 = S. Òîäi

åëåìåíò s21[ε1, δ1] ¹ iíâàðiàíòîì ñòîñîâíî âèáîðó ïåðåòâîðþâàëüíèõ ìàòðèöü PB
òà PA.

Äîâåäåííÿ. Íåõàé A = diag(ε1, 0) B = diag(δ1, 0) i FA òà FB iíøi ëiâi ïåðåòâî-
ðþâàëüíi ìàòðèöi öèõ ìàòðèöü. Tîáòî FA ∈ PA, FB ∈ PB . Òîäi iñíóþòü òàêi

HA =

∥∥∥∥ e′1 v12
0 e′2

∥∥∥∥ òà HB =

∥∥∥∥ e1 h12
0 e2

∥∥∥∥, ùî FA = HAPA, FB = HBPB . Ïîçíà-

÷èìî FBF
−1
A =

∥∥s′ij∥∥21 = S′. Äëÿ äîâåäåííÿ ëåìè ïîòðiáíî ç'ÿñóâààòè, ùî s21 òà s
′
21

àñîöiéîâíi â êiëüöi R. Ðîçãëÿíåìî äîáóòîê ìàòðèöü

S′ = FBF
−1
A = HBPB(HAPA)−1 = HBPBP

−1
A H−1A = HBSH

−1
A ,

äå S = PBP
−1
A . Çàïèøåìî öi ìàòðèöi â ÿâíîìó âèãëÿäi, òîáòî∥∥∥∥ s′11 s′12

s′21 s′22

∥∥∥∥ =

∥∥∥∥ e1 h12
0 e2

∥∥∥∥ · ∥∥∥∥ s11 s12
s21 s22

∥∥∥∥ · ∥∥∥∥ e′−11 ∗
0 e′−12

∥∥∥∥ =

∥∥∥∥ s′′11 s′′12
s21u s′′22

∥∥∥∥,
äå u = e2e

′−1
1 � îáîðîòíèé åëåìåíò êiëüöÿ R. Îòæå, s′21 = s21u, ùî i ïîòðiáíî áóëî

äîâåñòè. �

Ëåìà 2. Íåõàé A, B � îñîáëèâi ìàòðèöi ç M2(R), PBP
−1
A =

∥∥∥∥ e1 s
0 e2

∥∥∥∥ . Òîäi
PA = PB .
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Äîâåäåííÿ. Îñêiëüêè

PBP
−1
A =

∥∥∥∥ e1 s
0 e2

∥∥∥∥ = H ∈ G0,

òî PB = HPA, äå H ∈ G0. Çàóâàæèâøè, ùî PA = G0PA, îòðèìó¹ìî, ùî

PB = G0PB = G0HPA = G0PA = PA.

�

Ëåìà 3. Íåõàé A, B � îñîáëèâi ìàòðèöi ç M2(R), PBP
−1
A =

∥∥∥∥ s11 s12
0 s22

∥∥∥∥ . Òîäi äëÿ
áóäü-ÿêèõ iíøèõ ìàòðèöü P ′A ∈ PA òà P ′B ∈ PB ìàòèìåìî

P ′BP
′−1
A =

∥∥∥∥ s′11 s′12
0 s′22

∥∥∥∥ .
Äîâåäåííÿ. Íåõàé P ′A òà P ′B iíøi ëiâi ïåðåòâîðþâàëüíi ìàòðèöi ìàòðèöü A òà B.
Tîáòî P ′A ∈ PA, P

′
B ∈ PB . Òîäi iñíóþòü òàêi HA ∈ G0 òà HB ∈ G0, ùî P

′
A = HAPA,

P ′B = HBPB .
Ðîçãëÿíåìî äîáóòîê ìàòðèöü

P ′BP
′−1
A = HBPB(HAPA)−1 = HBPBP

−1
A H−1A = HBSH

−1
A =

∥∥s′ij∥∥21 .
Çàïèøåìî öi ìàòðèöi â ÿâíîìó âèãëÿäi, òîáòî

HBSH
−1
A =

∥∥∥∥ h11 h12
0 h22

∥∥∥∥ · ∥∥∥∥ s11 s12
0 s22

∥∥∥∥ · ∥∥∥∥ l11 l12
0 l22

∥∥∥∥ =

∥∥∥∥ s′11 s′12
0 s′22

∥∥∥∥ .
Îòæå, s′21 = 0, ùî i ïîòðiáíî áóëî äîâåñòè. �

Òåîðåìà 1. Íåõàé R � êîìóòàòèâíà îáëàñòü Áåçó ñòàáiëüíîãî ðàíãó 1,5, A =
diag(ε1, 0), B = diag(δ1, 0), PBP

−1
A = ‖sij‖21, PB ∈ PB, PA ∈ PA. Òîäi:

1) ÿêùî s21 6= 0, òî

(A,B)l = (LAPA)−1Φ = (LBPB)−1Φ,

äå

Φ =

∥∥∥∥ ϕ1 0
0 ϕ2

∥∥∥∥ =

∥∥∥∥ (ε1, δ1) 0
0 s21[ε1, δ1]

∥∥∥∥ ,
à ìàòðèöi LA òà LB çàäîâîëüíÿþòü ðiâíiñòü L−1B LA = PBP

−1
A i íàëåæàòü,

âiäïîâiäíî, ãðóïàì G ϕ2
(ϕ2,ε1)

òà G ϕ2
(ϕ2,δ1)

;

2) ÿêùî s21 = 0, òî (A,B)l = P−1Φ, äå

Φ =

∥∥∥∥ (ε1, δ1) 0
0 0

∥∥∥∥ , P ∈ PA = PB .

Äîâåäåííÿ. 1. Íà ïiäñòàâi ëåìè 1 åëåìåíò s21[ε1, δ1], à îòæå, i ìàòðèöÿ Φ íå çàëå-
æàòü âiä âèáîðó ïåðåòâîðþâàëüíèõ ìàòðèöü PA òà PB . Äàëi äîâåäåííÿ ïðîâîäèòüñÿ
àíàëîãi÷íî ÿê ó òåîðåìi 2 ç [2].

2. Çãiäíî ç ëåìîþ 3 åëåìåíò s21 äîðiâíþ¹ íóëþ íåçàëåæíî âiä âèáîðó ìàòðèöü
PA òà PB . Íà ïiäñòàâi ëåìè 2 ìà¹ìî, ùî PA = PB . Íåõàé U ∈ PA = PB . Öå îçíà÷à¹,
ùî ìàòðèöi A òà B ìîæíà çàïèñàòè ó âèãëÿäi

A = U−1EQ−1A , B = U−1∆Q−1B .
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Ðîçãëÿíåìî ìàòðèöþ

D = U−1
∥∥∥∥ (ε1, δ1) 0

0 0

∥∥∥∥ = U−1Φ.

Îñêiëüêè

A =

(
U−1

∥∥∥∥ (ε1, δ1) 0
0 0

∥∥∥∥)× (∥∥∥∥ ε1
(ε1,δ1)

0

0 0

∥∥∥∥Q−1A )
= DA1,

B =

(
U−1

∥∥∥∥ (ε1, δ1) 0
0 0

∥∥∥∥)× (∥∥∥∥ δ1
(ε1,δ1)

0

0 0

∥∥∥∥Q−1B )
= DB1,

òî D ¹ ñïiëüíèì ëiâèì äiëüíèêîì ìàòðèöü A òà B.
Íåõàé T = P−1T ΓQ−1T , äå

Γ =

∥∥∥∥ γ1 0
0 γ2

∥∥∥∥ , γ1 |γ2 ,
� iíøèé ñïiëüíèé ëiâèé äiëüíèê ìàòðèöü A òà B, òîáòî A = TA2, B = TB2. Îòæå,
Γ |E òà Γ |∆ . Îñêiëüêè γ1 |ε1 òà γ1 |δ1 , òî γ1 |(ε1, δ1) . Îòîæ, Γ |Φ . Òîäi, íà ïiäñòàâi
ëåìè 5 ç [2] ìàòðèöÿ T ¹ ëiâèì äiëüíèêîì ìàòðèöiD. Îòæå,D ¹ íàéáiëüøèì ñïiëüíèì
ëiâèì äiëüíèêîì ìàòðèöü A òà B. �

Òåîðåìà 2. Íåõàé R � êîìóòàòèâíà îáëàñòü Áåçó ñòàáiëüíîãî ðàíãó 1,5, A =
diag(ε1, 0), B = diag(δ1, 0),

PBP
−1
A = ‖sij‖21 , PB ∈ PB , PA ∈ PA.

Òîäi

1) ÿêùî s21 6= 0, òî M = [A,B]r = 0;
2) ÿêùî s21 = 0, òî [A,B]r = P−1Ω, äå

Ω =

∥∥∥∥ [ε1, δ1] 0
0 0

∥∥∥∥ , P ∈ PA = PB .

Äîâåäåííÿ. 1. Äëÿ äîâåäåííÿ òðåáà äîâåñòè, ùî, êðiì íóëüîâî¨ ìàòðèöi, íå iñíó¹
iíøîãî ñïiëüíîãî ïðàâîãî êðàòíîãî ìàòðèöü A òà B.

Ïðèïóñòèìî, ùî M = P−1M ΥQ−1M 6= 0 � ñïiëüíå ïðàâå êðàòíå ìàòðèöü A òà B.
Òîäi E|Υ òà ∆|Υ. Îòæå, Υ = diag(τ1, 0). Îêðiì òîãî, M = AA2 òà M = BB2.

Îñêiëüêè A|M òà B|M çëiâà, òî íà ïiäñòàâi òåîðåìè 1 ç [5] PA = LMPM òà
PB = LM1PM , äå LM ∈ G ε2

(ε2,τ1)
i LM1

∈ G δ2
(δ2,τ1)

. Çàóâàæèìî, ùî â öüîìó âèïàäêó

G ε2
(ε2,τ1)

= G δ2
(δ2,τ1)

=

∥∥∥∥ e1 ∗
0 e2

∥∥∥∥
� ãðóïà îáîðîòíèõ âåðõíiõ òðèêóòíèõ ìàòðèöü. Òîäi PM = L−1M PA i PM = L−1M1

PB ,

òîáòî L−1M PA = L−1M1
PB . À öå îçíà÷à¹, ùî LM1

L−1M = PBP
−1
A = S. Îòæå,∥∥∥∥ e1 ∗

0 e2

∥∥∥∥ =

∥∥∥∥ s11 s12
s21 s22

∥∥∥∥ ,
òîáòî s21 = 0. Öå ñóïåðå÷èòü óìîâi òåîðåìè.
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2. Çãiäíî ç ëåìîþ 3 íåçàëåæíî âiä âèáîðó ìàòðèöü PA òà PB åëåìåíò s21 äîðiâ-
íþ¹ íóëþ. Íà ïiäñòàâi ëåìè 2 ìà¹ìî, ùî PA = PB . Íåõàé U ∈ PA = PB . Öå îçíà÷à¹,
ùî ìàòðèöi A òà B ìîæíà çàïèñàòè ó âèãëÿäi

A = U−1EQ−1A , B = U−1∆Q−1B .

Ðîçãëÿíåìî ìàòðèöþ

M = U−1
∥∥∥∥ [ε1, δ1] 0

0 0

∥∥∥∥ = U−1Ω.

Îñêiëüêè

M =

(
U−1

∥∥∥∥ ε1 0
0 0

∥∥∥∥Q−1A )
×
(

(QA

∥∥∥∥ [ε1,δ1]
ε1

0

0 0

∥∥∥∥) =

=

(
U−1

∥∥∥∥ δ1 0
0 0

∥∥∥∥Q−1B )
×
(
QB

∥∥∥∥ [ε1,δ1]
δ1

0

0 0

∥∥∥∥) ,
òî M ¹ ñïiëüíèì ïðàâèì êðàòíèì ìàòðèöü A òà B.

Íåõàé F = P−1F ΓQ−1F � iíøå ñïiëüíå ïðàâå êðàòíå ìàòðèöü A òà B. Öå îçíà-
÷à¹, ùî âiäïîâiäíi iíâàðiàíòíi ìíîæíèêè ìàòðèöi F êðàòíi iíâàðiàíòíèì ìíîæíèêàì
ìàòðèöü A òà B. Îñêiëüêè øíøi iíâàðiàíòíi ìíîæíèêè öèõ ìàòðèöü ¹ íóëÿìè, òî
ìàòðèöÿ Γ ìà¹ âèãëÿä Γ = diag(γ1, 0). Îêðiì òîãî, ε1|γ1 òà δ1|γ1. Òîìó [ε1, δ1]|γ1,
òîáòî γ1 = [ε1, δ1]α. Îòæå, Ω | Γ. Îñêiëüêè F = AF1, òî çãiäíî ç òåîðåìîþ 1 ç [5]
PA = U = LPF , äå L ∈ G ε2

(ε2,γ1)
� ãðóïà îáîðîòíèõ âåðõíiõ òðèêóòíèõ ìàòðèöü. Çà-

óâàæèâøè, ùî G ε2
(ε2,γ1)

= G ω2
(ω2,γ1)

îòðèìó¹ìî, ùî U = LPF , äå L ∈ G ω2
(ω2,γ1)

, à öå íà

ïiäñòàâi ëåìè 6 ç [2] îçíà÷à¹, ùî ìàòðèöÿ M ¹ ëiâèì äiëüíèêîì ìàòðèöi F. Îòæå, M
¹ íàéìåíøèì ñïiëüíèì ïðàâèì êðàòíèì ìàòðèöü A òà B. �
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A ring with unit element is called a duo ring if every one-sided ideal is
two-sided. A ring is called clean if every its element is the sum of a unit and an
idempotent. This article describes some of the properties of clean duo-rings.

Key words: Bezout ring, clean ring, avoidable ring, duo ring

Helmer [6] was the �rst to start considering the adequate domains with the idea
to obtain abstract characterization of the rings of integer functions. The adequate rings
with zero-divisors in Jacobson radical were studied by Kaplansky [7]. Gillman and Henri-
ksen have shown that a von Neumann regular ring is adequate [4]. The �rst example of
Bezout nonadequate domain, which is a domain of elementary divisors, was constructed
by Henriksen [5].

Zabavsky and Kuznitska [8] have introduced for consideration a new class of so-called
avoidable rings that contains the adequate ring.

Gatalevych [3] was the �rst, who studied noncommutative adequate rings and their
generalizations. He has proved that the generalized right adequate duo Bezout domain
is an elementary divisor domain.

All rings are associative rings with nonzero identity.

De�nition 1. A ring R is said to be a clean ring if for any element x ∈ R there exists
a converse element u ∈ R and an idempotent e ∈ R such that x = u+ e.

De�nition 2. A ring R is called a Bezout right (left) ring if every �nitely generated
right (left) ideal in R is principal.

De�nition 3. An element a 6= 0 of the Bezout domain R is called a right adequate
element if for any element b ∈ R there exist the elements r, s ∈ R so that:

1) a = rs;
2) bR+ rR = R;
3) ∀ s′ ∈ R, sR ⊂ s′R 6= R⇒bR+ s′R 6= R.

2010 Mathematics Subject Classi�cation: 16U70, 16U80
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De�nition 4. A ring, in which every nonzero element is right adequate, is called a right
adequate ring.

A ring R is called everywhere right adequate ring ring if every its element is adequate

De�nition 5. A ring R is called a right (left) duo-ring if the following equivalent
statements hold:

1) Every right (left) ideal in R is an ideal;
2) For every x ∈ R,Rx ⊂ xR (Rx ⊃ xR).

Such rings were investigated by E. Feller [2] and G. Thierrin [11]. Trivial examples
of duo rings are, of course, commutative rings and division rings. Nontrivial duo rings
are not di�cult to come by (e.g., any noncommutative special primary ring is duo,
since the only right or left ideals are powers of the unique maximal ideal). In fact some
interesting examples of duo rings have already occurred in the literature: M. Auslander
and O. Goldman have shown in [1] that there exist noncommutative maximal orders
which are both duo rings and Noetherian domains. Further investigations of such rings
have been carried out by G. Maury in [9].

De�nition 6. An element a of a duo ring R is said to be right avoidable if for any
elements b, c ∈ R such that aR + bR + cR = R there exist elements r, s ∈ R such that
a = rs, rR+ bR = R, sR+ cR = R, and rR+ sR = R. A ring R is called right avoidable
if every its nonzero element is right avoidable.

A ring R is called everywhere right avoidable if every element of R is right avoidable.

Theorem 1. Any right adequate element of Bezout duo-ring is right avoidable.

Proof. Let R be a Bezout duo-ring and a is an adequate element of R. Let aR+bR+cR =
R and a = rs where rR + bR = R and śR + bR 6= R for every element ś such that
sR ⊂ śR 6= R. Obviously rR+sR = R. Let sR+cR = dR 6= R. Since d is a noninvertible
divisor of an element s, we see that dR+ bR = hR 6= R. Since cR ⊂ dR ⊂ hR, bR ⊂ hR
and aR ⊂ sR ⊂ hR. We have aR + bR + cR ⊂ hR 6= R. This is impossible, since
aR+ bR+ cR = R. �

As an obvious consequence we obtain the following result.

Corollary 1. Any right adequate Bezout duo-ring is right avoidable ring.

Theorem 2. Let a be an right avoidable element of a duo-ring R. Then zero is right
avoidable element of the factor-ring R/aR.

Proof. Let R = R/aR, and bR+cR = R, where b = b+aR, c = c+aR. By the assumption
we have a = rs, where rR + bR = R, sR + cR = R and rR + sR = R. Now we have
0 = r · s, where rR+ bR = R, sR+ cR = R and rR+ sR = R. �

Theorem 3. Duo-ring R is clean if and only if the zero element is right avoidable.

Proof. Let bR+cR = R and 0 = rs, where rR+ bR = R, sR+cR = R and rR+sR = R.
Since rR+ sR = R, we see that ru+ sv = 1 for some elements u, v ∈ R. Since 0 = rs, we
have r2u = r, s2v = s. Denote ru = e, then e2 = e and 1− e = sv. Since rR + bR = R,
we obtain rα+ bβ = 1 for some elements α, β ∈ R. Here svbβ = sv, i.e. 1− e ∈ bR.
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Similarly, e ∈ cR. By [10] R is an exchange ring. In the case of duo rings classes of
exchange and clean rings coincide, so R is a clean ring. N ecessity is proved.

We will prove that any clean ring is a ring in which zero is right avoidable. Let
bR+ cR = R. There exists an idempotent e ∈ R such that e ∈ bR and 1− e ∈ cR. Since
0 = e(1−e), we obtain (1−e)R+bR = R, eR+cR = R, and eR+(1−e)R = R. Putting
1− e = r, e = s we obtain an appropriate representation of the zero element. �

Theorem 4. Let R be a duo Bezout domain. If 0 is right avoidable element of R/aR
then a is right avoidable element of R.

Proof. Denote R = R/aR. Since zero is right avoidable element, for any elements b, c ∈ R
such that bR + cR = R there exists such r, s ∈ R that 0 = r · s and rR + bR = R,
sR+ cR = R and rR+ sR = R. Denote r = r+ aR, s = s+ aR, b = b+ aR, c = c+ aR.

Let b and c be arbitrary elements of R such that aR+bR+cR = R. Since rR+bR =
R, there are elements u, v, t ∈ R such that ru + bv = 1 + at. Let aR + rR = δR. Then
a = δa0, r = δr0 for some elements a0, r0 ∈ R moreover a0R + r0R = R. It follows that
δR+ bR = R.

Since 0 = r · s, we obtain rs = aα for some element α ∈ R. Then δr0s = δa0α. Since
R is a domain we have r0s = a0α. Since r0R + a0R = R, there exist elements t, k ∈ R
such that r0t + a0k = 1. This means that a0β = s for some element β ∈ R. Therefore
a = δa0, where δR + bR = R and sR ⊂ a0R. Since sR + cR = R, it is obvious that
a0R+ cR = R. Since rR+ sR = R then, obviously, δR+ a0R = R. Thus we have shown
that a is right avoidable element. �
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Êiëüöå ç îäèíèöåþ íàçèâà¹òüñÿ äóî êiëüöåì, ÿêùî êîæåí éîãî îäíî-
ái÷íèé iäåàë ¹ äâîái÷íèì. Êiëüöå íàçèâà¹òüñÿ ÷èñòèì, ÿêùî êîæåí éîãî
åëåìåíò ¹ ñóìîþ îáîðîòíîãî é iäåìïîòåíòà. Îïèñàíî äåÿêi ç âëàñòèâîñòåé
÷èñòèõ äóî êiëåöü.

Êëþ÷îâi ñëîâà: êiëüöå Áåçó, ÷èñòå êiëüöå, ðîçäiëüíå êiëüöå, äóî êiëüöå
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ON EXISTENCE AND UNIQUENESS OF VARIATIONAL
SOLUTIONS TO DIRICHLET BOUNDARY VALUE PROBLEM

FOR NONLINEAR ELLIPTIC EQUATION WITH
NONSTANDARD GROWTH CONDITIONS
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The Dirichlet boundary value problem for a nonlinear elliptic equation
with nonstandard growth conditions in the main part of operator is considered.
There is a peculiarity of this problem, which means that without a preliminary
de�nition of an intermediate space, where the solution is searched, a Lavrentiev
e�ect may be observed. Existence and uniqueness of variational solutions for
each intermediate weighted Sobolev-Orliñz space are proven.

Key words: nonlinear elliptic equation, variable exponent, Lavrentiev e�ect,
Sobolev-Orlicz space.

1. Introduction

Let Ω ⊂ Rn (n ≥ 2) be a bounded domain with Lipschitz boundary, let p : Ω → R
be a Lebesgue measurable function such that 1 < α ≤ p(x) ≤ β < +∞ for a.e. x ∈ Ω.
Let also µ : Ω → R be a measurable function such that µ ∈ L1(Ω), µ(x) > 0 for a.e.

x ∈ Ω and µ(x)−
1

p(x) ∈ Lq(x)(Ω), where 1
p(x) + 1

q(x) = 1 for a.e. x ∈ Ω. Here Lq(x)(Ω) is a

well-known variable Lebesgue space.
Let Lp(x)(Ω, µdx) be a functional space which is de�ned as follows:

Lp(x)(Ω, µdx) =

{
v : Ω→ R :

∫
Ω

|v(x)|p(x)
µ(x) dx < +∞

}
.

Unlike Lp(x)(Ω), these spaces are far less known, but, nonetheless, under the given
constraints on p they have almost the same properties as Lp(x)(Ω): re�exivity, separability

2010 Mathematics Subject Classi�cation: 35J60
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and completeness with respect to the Luxemburg norm [1]

‖u‖Lp(x)(Ω,µ dx) = inf

{
λ > 0:

∫
Ω

|u(x)/λ|p(x)
µ(x) dx ≤ 1

}
.

These spaces are usually called weighted variable Lebesgue spaces or weighted Lebesgue-
Orlicz spaces. We will also take into consideration another type of spaces, namely, wei-
ghted Sobolev-Orlicz spaces, which are separable re�exive Banach spaces generally de�-
ned as follows:

W
1,p(x)
0 (Ω, µdx) =

{
u ∈W 1,1

0 (Ω) :

∫
Ω

|∇u(x)|p(x)
µ(x) dx <∞

}
,

‖u‖
W

1,p(x)
0 (Ω,µ dx)

= ‖|∇u|‖Lp(x)(Ω,µ dx) .

The aim of this paper is to establish some existence and uniqueness theorems for
the following boundary value problem (BVP){

− div
(
µ(x) |∇u|p(x)−2∇u

)
= −div

(
µ(x)~F (x)

)
on Ω,

u = 0 on ∂Ω,
(1)

where ~F = (f1, ..., fn) ∈
[
Lq(x)(Ω, µdx)

]n
is given, u : Ω → R is uknown. It is worth

mentioning that we do not state anything rigorous beforehand about the exact functional
space to which the function u belongs. To be more precise, we can only assert that

u ∈W 1,p(x)
0 (Ω, µdx) as in the widest possible case.

The reason for such a vague explanation is based on the structure of spaces

W
1,p(x)
0 (Ω, µdx) and H

1,p(x)
0 (Ω, µdx), where H

1,p(x)
0 (Ω, µdx) is a closure of C∞0 (Ω) with

respect to the given norm of W
1,p(x)
0 (Ω, µdx). It is obvious that H

1,p(x)
0 (Ω, µdx) ⊂

W
1,p(x)
0 (Ω, µdx), but there exist functions such that H

1,p(x)
0 (Ω, µdx) 6= W

1,p(x)
0 (Ω, µdx)

[2], which makes the boundary value problem (1) far more challenging.

Let us consider a closed subspace V of the space W
1,p(x)
0 (Ω, µdx) such that

H
1,p(x)
0 (Ω, µdx) ⊂ V.

It is obvious that C∞0 (Ω) ⊂ V , but if V 6= H
1,p(x)
0 (Ω, µdx), then C∞0 (Ω) is not dense in

V . It is also clear that a functional

v 7→
∫
Ω

µ(x)

n∑
k=1

fk(x)vxk
(x) dx ≡

∫
Ω

µ(x)~F (x)∇v(x) dx (2)

is an element of V ∗ (to make sure, see Theorem 8, Section 3), a dual space of V . This
allows us to give the following de�nition of solutions to problem (1).

De�nition 1. A function u ∈ V is said to be a V -solution (variational solution with
respect to the space V ) to the problem (1) if the integral equality∫

Ω

µ(x) |∇u|p(x)−2∇u∇v dx =

∫
Ω

µ(x)~F (x)∇v dx (3)

holds true for all v ∈ V .
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Similarly, another well-known de�nition of solutions to (1) should also be recalled.

De�nition 2. A function u ∈ W
1,p(x)
0 (Ω, µdx) is said to be a weak solution to the

boundary value problem (1) if an integral equality from (3) holds true only for those v
which belong to C∞0 (Ω).

Remark 1. Each V -solution to (1) is also a weak solution to (1).

The main result of this paper is the following statement.

Theorem 1. Boundary value problem (1) has a unique V -solution for each intermediate

space H
1,p(x)
0 (Ω, µdx) ⊆ V ⊆W 1,p(x)

0 (Ω, µdx).

The proof of this theorem will be based on considering an operator equation

A(u) = f, (4)

where u ∈ V, f ∈ V ∗, A : V → V ∗, V is a Banach space, V ∗ is a dual space. We will
show that BVP (1) is equivalent to the equation (4), which allows to apply a theorem of
existence and uniqueness of solutions to this equation [3]. This idea will be implemented
in Section 3.

To be more rigorous, we should provide a historical review and some information
about physical sense of the given problem, because it is not just abstract one and has some
important background. To start with, the boundary value problem (1) became widely
known after the paper [4] by V.V. Zhikov in 1986, which was followed by a numerous
series of researches in, for instance, articles [5, 17]. Namely, it was shown that a functional

I(u) =

∫
Ω

f(x,∇u) dx,

where the function f(x, ξ) : Ω× Rn → R satis�es the growth conditions

−c0 + c1 |ξ|p ≤ f(x, ξ) ≤ c0 + c2 |ξ|q , q > p,

can attain di�erent minimums for di�erent test function spaces. In other words, it means
that we can observe Lavrentiev phenomenon for some functional spaces. Afterwards,
the question of solvability of the corresponding Euler-Lagrange equation, which also
was considered separately as a degenerate elliptic equation, was broached in papers of
scientists such as Xian-Ling Fan, Qi-Hu Zhang [6], V.V. Zhikov, S.Ye. Pastukhova (for
instance, [9]), Yu.A. Alkhutov, O.V. Krashennikova (for instance, [10]), P. Marcellini [11],
M. Giaquinta [12], M. R�u�zi�cka [13] and others.

Generally, the �rst studies on solvability of problem (1) in terms of weak solutions
(see De�nition 2) were devoted to the case µ(x) = 1 (see [6]). Furthermore, a series
of researches into the problem (1) was conducted by the group of Russian scientists
(V.V. Zhikov, S.Ye. Pastukhova, Yu.A. Alkhutov, O.V. Krashennikova). These researches
include both variations of problem (1) with µ(x) 6= 1 and parabolic generalizations of
this problem, not to mention that topics of these scientists' papers also include some case
studies of Sobolev-Orlicz spaces.

A substantial contribution to the theory of equations with variable exponents
was also brought by some Ukrainian mathematicians, mostly by M.M. Bokalo and
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O.M. Buhriy, who conducted various researches into parabolic extensions of BVP (1)
(see their latest papers [7, 8]).

The key issue of the problem (1) is that generally it may have an in�nite number of
solutions. This issue is based on the fact that C∞0 (Ω) may be either dense or not dense in

W
1,p(x)
0 (Ω, dx) depending on regularity properties of p(x). There were also some studies

on the equality

H
1,p(x)
0 (Ω, µdx) = W

1,p(x)
0 (Ω, µdx),

which subsequently turned out to be guaranteed by the density of C∞0 (Ω) in the space

W
1,p(x)
0 (Ω, µdx). In this case, the density of C∞0 (Ω) in W

1,p(x)
0 (Ω, µdx) may be violated

not only because of the lack of regularity for p(x), but also due to violation of the
Muckenhoupt condition by µ(x), which in turn is the corresponding condition for density

of C∞0 (Ω) in W 1,p
0 (Ω, µdx) [14, p.1].

The main result of the paper is similar to those mentioned above, most of all to
Theorem 2.1 from [5], but it has a certain di�erence: unlike the results on BVPs for
degenerate elliptic equations in [5], the following result encompasses those cases of weight
µ(x) which do not satisfy conditions from 2.2 [5].

As for the physical applicability, the BVP (1) is a certain variation of the classical
thermistor problem [15]. It can be reduced from the system of PDEs to a single equation
in the same way as it was shown in [15]. By and large, this BVP can be used for modeli-
ng electrorheological and thermoelectric characteristics of various processes [13], which
makes us ascertain of actuality of the given problem.

2. Some Preliminary Results

Theorem 2. The space W
1,p(x)
0 (Ω, µdx) is continuously imbedded into the space

W 1,1
0 (Ω); in other words,

∀u ∈W 1,p(x)
0 (Ω, µdx) : ‖u‖W 1,1

0 (Ω) ≤ K
∗ ‖u‖

W
1,p(x)
0 (Ω,µ dx)

,

where K∗ = const > 0.

Proof. Firstly, by de�nition, W
1,p(x)
0 (Ω, µdx) ⊂ W 1,1

0 (Ω), which implies that for arbi-

trarily chosen u ∈ W 1,p(x)
0 (Ω, µdx) we have ‖u‖W 1,1

0 (Ω) =
∫
Ω

|∇u(x)| dx < ∞. Secondly,

by the H�older inequality for variable Lebesgue spaces [16, p.14] we obtain∫
Ω

|∇u| dx =

∫
Ω

|∇u|µ1/p(x) · µ−1/p(x) dx ≤ K
∥∥∥µ1/p(x) |∇u|

∥∥∥
Lp(x)(Ω)

∥∥∥µ−1/p(x)
∥∥∥
Lq(x)(Ω)

.

Since∥∥∥µ 1
p(x) |∇u|

∥∥∥
Lp(x)(Ω)

= inf

λ > 0 :

∫
Ω

∣∣∣∣∣µ
1

p(x) (x) |∇u|
λ

∣∣∣∣∣
p(x)

dx ≤ 1

 =

= inf

λ > 0 :

∫
Ω

∣∣∣∣∇uλ
∣∣∣∣p(x)

µ(x) dx ≤ 1

 = ‖|∇u|‖Lp(x)(Ω,µ dx) ,
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then

‖u‖W 1,1
0 (Ω) ≤ K

∥∥∥µ−1/p(x)
∥∥∥
Lq(x)(Ω)︸ ︷︷ ︸

K∗

‖|∇u|‖Lp(x)(Ω,µ dx) = K∗ ‖u‖
W

1,p(x)
0 (Ω,µ dx)

,

which provides an imbedding W
1,p(x)
0 (Ω, µdx) ↪→W 1,1

0 (Ω). �

Theorem 3. The space W
1,p(x)
0 (Ω, µdx) is a separable re�exive Banach space with

respect to the given norm.

Proof. The normability of W
1,p(x)
0 (Ω, µdx) is almost obvious. The next step is to verify

the completeness, re�exivity and separability for this space. To start with, we draw our
attention to the completeness property. With that in mind, we consider a fundamental
sequence {uk}+∞k=1 and substantiate its convergence.

Firstly, by the H�older inequality for variable Lebesgue spaces, since

‖u‖[L1(Ω)]n =

∫
Ω

|u(x)| dx,

then ∫
Ω

|∇uk −∇um| dx ≤ K ‖uk − um‖W 1,p(x)
0 (Ω,µ dx)

∥∥∥µ−1/p(x)
∥∥∥
Lq(x)(Ω)

, (5)

which implies that {∇uk}+∞n=1 is fundamental in
[
L1(Ω)

]n
. The space

[
L1(Ω)

]n
is

complete, that is why there exists ψ ∈
[
L1(Ω)

]n
such that ∇uk → ψ strongly in[

L1(Ω)
]n
. In addition, as {uk}+∞k=1 is fundamental in W

1,p(x)
0 (Ω, µdx), therefore, the

sequence {∇uk}+∞k=1 is fundamental with respect to
[
Lp(x)(Ω, µdx)

]n
, thereby, due to

completeness we establish an existence of a function ψ′ ∈
[
Lp(x)(Ω, µdx)

]n
with a

property ∇uk → ψ′. Thus, as
[
Lp(x)(Ω, µdx)

]n
↪→
[
L1(Ω)

]n
by (5), then it follows that

ψ = ψ′.

Secondly, basing on imbedding W
1,p(x)
0 (Ω, µdx) ↪→ W 1,1

0 (Ω) (by Theorem 2) we

infer that ψ is a weak gradient for some function u ∈ Lp(x)(Ω, µdx). In conclusion, as

every function {uk}+∞k=1 has a zero trace, it indicates that u also has zero trace, from where

we state that {uk}+∞k=1 converges to u in the spaceW
1,1
0 (Ω). Since {∇uk}+∞k=1 is convergent

to ∇u with respect to
[
Lp(x)(Ω, µdx)

]n
, we conclude that u ∈W 1,p(x)

0 (Ω, µdx) to �nish

the proof of completeness for W
1,p(x)
0 (Ω, µdx).

Now let us prove re�exivity and separability for W
1,p(x)
0 (Ω, µdx). In order to

establish these statements, we de�ne a function

f : W
1,p(x)
0 (Ω, µdx)→M  

[
Lp(x)(Ω, µdx)

]n
,

where f(u) = ∇u, M is an image of W
1,p(x)
0 (Ω, µdx). The next stage is to show that

f is an injective operator. We assume to the contrary that for distinct u1 6= u2 ∈
W

1,p(x)
0 (Ω, µdx) an equality ∇u1 = ∇u2 holds true. If it holds, then u1 = u2 + C, but
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also u1 ∈W 1,1
0 (Ω), which is contrary to u2 ∈W 1,1

0 (Ω), hence, we arrive at contradiction.
The operator f is also surjective by the de�nition. Moreover, since

‖u‖[Lp(x)(Ω,µ dx)]
n = ‖|u|‖Lp(x)(Ω,µ dx) ,

‖u1 − u2‖W 1,p(x)
0 (Ω,µ dx)

= ‖∇u1 −∇u2‖[Lp(x)(Ω,µ dx)]
n ,

that is why f is an isometry. As W
1,p(x)
0 (Ω, µdx) is a complete space, then the image M

is closed in
[
Lp(x)(Ω, µdx)

]n
. The space

[
Lp(x)(Ω, µdx)

]n
is separable and re�exive [1],

and because of the fact that f is an isometry, W
1,p(x)
0 (Ω, µdx) is a separable re�exive

space by the properties of isometry. �

Theorem 4. Let u ∈ Lp(x)(Ω, µdx). Then the following inequality holds true

min
{
‖u‖α , ‖u‖β

}
≤ ρp,µ(u) ≤ max

{
‖u‖α , ‖u‖β

}
,

where

ρp,µ(u) =

∫
Ω

|u(x)|p(x)
µ(x) dx,

‖u‖ = ‖u‖Lp(x)(Ω,µ dx) .

Proof. If u = 0, then the inequality is obvious. To start with, we mention that if ‖u‖ =
a 6= 0, then ρp,µ

(
u
a

)
= 1 ([16, p.4]). To proceed, let ‖u‖ ≥ 1. Then

1

aβ
ρp,µ(u) ≤ ρp,µ

(u
a

)
≤ 1

aα
ρp,µ(u),

which implies that

‖u‖α ≤ ρp,µ(u) ≤ ‖u‖β .

The inequality

‖u‖β ≤ ρp,µ(u) ≤ ‖u‖α ,

if 0 < ‖u‖ < 1, can be con�rmed in the same way. Now, if we combine these inequalities,
then the given result is obvious. �

De�nition 3 ([3, p. 182]). Let V be a Banach space. An operator A : V → V ∗ is said
to be coercive if

lim
‖u‖→∞

〈A(u), u〉V ∗,V

‖u‖V
= +∞.

De�nition 4 ([3, p. 168]). Let V be a Banach space. An operator A : V → V ∗ is said
to be hemicontinuous if a function

f(λ) = 〈A(u+ λv), w〉V ∗,V

is continuous on R for all u, v, w ∈ V .
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3. Existence and Uniqueness of Variational Solutions

To prove the main theorem of this paper, we will use the following statement.

Theorem 5 ([3, p. 182]). Let V be a separable re�exive Banach space, let V ∗ be a dual
space of V and let A : V → V ∗ be a bounded hemicontinuous coercive monotone operator.
Then for every f ∈ V ∗ an equation A(u) = f has a solution. If the operator is strictly
monotone, then this solution is unique.

Before proving the main theorem, we provide some additional theorems in order to
make the proof clearer.

Theorem 6. Every intermediate space V is a separable re�exive Banach space equipped
with the norm ‖·‖

W
1,p(x)
0 (Ω,µ dx)

.

Proof. By de�nition, V is a closed linear manifold in the space W
1,p(x)
0 (Ω, µdx), which

is a separable re�exive Banach space, therefore, V is also a separable re�exive Banach
space. �

Let us consider a form

a(u, v) =

∫
Ω

µ(x) |∇u|p(x)−2∇u∇v dx, u, v ∈ V. (6)

Theorem 7. The form a(·, ·) : V × V → R (see (6)) is well de�ned and the following
inequality

|a(u, v)| ≤ K ‖v‖V max
{
‖u‖α−1

V , ‖u‖β−1
V

}
∀u, v ∈ V,

holds, where K = const > 0.

Proof. By the H�older inequality, we have∫
Ω

µ(x) |∇u|p(x)−1 |∇v| dx ≤ K
∥∥∥µ 1

p(x) |∇v|
∥∥∥
Lp(x)(Ω)

∥∥∥µ 1
q(x) |∇u|p(x)−1

∥∥∥
Lq(x)(Ω)

.

By the arguments from Theorem 2,∥∥∥µ 1
p(x) |∇v|

∥∥∥
Lp(x)(Ω)

= ‖v‖V . (7)

Let us show that∥∥∥µ 1
q(x) |∇u|p(x)−1

∥∥∥
Lq(x)(Ω)

≤ K max
{
‖u‖α−1

V , ‖u‖β−1
V

}
. (8)

We will take into account the following chain of transformations:

∥∥∥µ 1
q(x) |∇u|p(x)−1

∥∥∥
Lq(x)(Ω)

= inf

λ > 0 :

∫
Ω

∣∣∣∣∣µ
p(x)−1
p(x) (x) |∇u|p(x)−1

λ

∣∣∣∣∣
p(x)

p(x)−1

dx ≤ 1

 =

= inf

λ > 0 :

∫
Ω

|∇u|p(x)

λq(x)
µ(x) dx ≤ 1

 .
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If u = 0, then the inequality (8) holds true. Assuming that ‖u‖V = C < +∞, let us
demonstrate that in�mum in the last block of equalities is �nite. In order to substantiate
it, we consider two cases: C ≥ 1, 0 < C < 1. In the �rst case let λ = Cβ−1. Hence,∫

Ω

|∇u|p(x)

λq(x)
µ(x) dx =

∫
Ω

|∇u|p(x)

C(β−1)
p(x)

p(x)−1

µ(x) dx ≤

≤
∫
Ω

|∇u|p(x)

C(p(x)−1)
p(x)

p(x)−1

µ(x) dx =

∫
Ω

|∇u|p(x)

Cp(x)
µ(x) dx = 1 =⇒

=⇒ inf

λ > 0 :

∫
Ω

|∇u|p(x)

λq(x)
µ(x) dx ≤ 1

 ≤ Cβ−1 = ‖u‖β−1
V .

In the second case 0 < C < 1, that is why we take λ = Cα−1 and use the same idea
as for the �rst case with C ≥ 1 to show that

inf

λ > 0 :

∫
Ω

|∇u|p(x)

λq(x)
µ(x) dx ≤ 1

 ≤ Cα−1 = ‖u‖α−1
V .

Thus, the inequality (8) holds true, since we may combine two cases by choosi-
ng maximum value between them. Ultimately, after combining (8) and (7) we draw a
conclusion that the statement of this theorem holds. �

It is clear that by �xing an argument u ∈ V the form from Theorem 7 can be
restricted to the domain V , whereby we de�ne a functional v 7→ a(u, v), v ∈ V , which
is also linear and continuous on V . Therefore, we have operator A : V → V ∗ de�ned by
the rule

〈A(u), v〉V ∗,V = a(u, v) ∀u, v ∈ V. (9)

Theorem 8. The operator A : V → V ∗ is bounded, coercive, hemicontinuous and strictly
monotone.

Proof. From Theorem 7 we have

‖A(u)‖V ∗ ≤ K max
{
‖u‖α−1

V , ‖u‖β−1
V

}
,

hence, the operator A is bounded.
The next step of the proof is to con�rm that the operator A is coercive. Owing to

the equality

〈A(u), u〉V ∗,V =

∫
Ω

µ(x) |∇u(x)|p(x)
dx,

and De�nition 3, we ensure that

lim
‖u‖→∞

〈A(u), u〉V ∗,V

‖u‖V
= lim
‖u‖→∞

∫
Ω

µ(x) |∇u|p(x)
dx

‖u‖V
= lim
‖u‖→∞

ρp,µ(|∇u|)
‖u‖V

≥

≥ lim
‖u‖→∞

min
{
‖u‖αV , ‖u‖

β
V

}
‖u‖V

= lim
‖u‖→∞

min
{
‖u‖α−1

V , ‖u‖β−1
V

}
= +∞,
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because α, β > 1. In the last line we have applied an inequality from Theorem 4.
Now, we prove that the operator A is hemicontinuous. In order to ensure hemiconti-

nuity, it is su�cient to make sure of the equality

lim
λ→0
〈A(u+ λv), w〉V ∗,V = 〈A(u), w〉V ∗,V ∀u, v, w ∈ V. (10)

Without the loss of generality, we may consider λ ∈ [−1, 1]. By de�nition,

〈A(u+ λv), w〉V ∗,V =

∫
Ω

µ(x) |∇u+ λ∇v|p(x)−2∇ (u+ λv)∇w dx.

The integrated expression can be estimated as follows:∣∣∣µ(x) |∇u+ λ∇v|p(x)−2∇ (u+ λv)∇w
∣∣∣ ≤ µ(x) |∇u+ λ∇v|p(x)−1 |∇w| ≤

≤ µ(x) (|∇u|+ |∇v|)p(x)−1 |∇w| ∈ L1(Ω),

where the last statement may be con�rmed by the same arguments as those used in
Theorem 7 while proving the �rst inequality. Hence, since

|∇u+ λ∇v|p(x)−2∇ (u+ λv)∇wµ(x)→ |∇u|p(x)−2∇u∇wµ(x) a.e. in Ω ∀u, v, w ∈ V,
then (by the Lebesgue dominated convergence theorem) the operator A is hemiconti-
nuous.

Finally, it remains to guarantee that the operator A is strictly monotone.
Let r ∈ R be an arbitrary number such that r > 1. It is well-known that the function

s 7→ |s|r−2
s : R→ R is strictly monotone, i.e.,(

|s1|r−2
s1 − |s2|r−2

s2

)(
s1 − s2

)
> 0 ∀s1, s2 ∈ R, s1 6= s2.

With this in mind, we can deduce that

|ξ|r + |η|r > |ξ| |η|
(
|ξ|r−2

+ |η|r−2
)
∀ξ, η ∈ Rn : |ξ| , |η| 6= 0, |ξ| 6= |η| .

By the Cauchy-Schwarz inequality, ξη ≤ |ξ| |η|, which can be applied to the previous
inequality:

|ξ|r + |η|r > ξη
(
|ξ|r−2

+ |η|r−2
)

=⇒

=⇒
(
|ξ|r−2

ξ − |η|r−2
η, ξ − η

)
> 0 ∀ξ, η ∈ Rn : |ξ| , |η| 6= 0, |ξ| 6= |η| .

Now let ξ, η ∈ Rn : |ξ| = |η| = ρ > 0 and ξ 6= ±η. Then it is clear that(
|ξ|r−2

ξ − |η|r−2
η, ξ − η

)
= |ξ|r + |η|r − ξη

(
|ξ|r−2

+ |η|r−2
)

=

= 2ρr − 2ξηρr−2 = 2ρr(1− ξ′η′), (11)

where ξ′ = ρ−1ξ, η′ = ρ−1η. From here we infer that |ξ′| = |η′| = 1 and ξ′ 6= ±η′. Hence,
it is obvious that

|ξ′ − λη′| > 0 ∀λ ∈ R,
because otherwise in the case ξ′ = λ0η

′ for some λ0 ∈ R, we have λ0 = ±1, which is
impossible. As a result, this implies that

1− 2λξ′η′ + λ2 > 0 ∀λ ∈ R,
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guaranteeing that D = 4(ξ′η′)2 − 4 < 0 and ξ′η′ < 1, which provides that the expression
(11) is always positive. The same holds true for η = −ξ as well as when one of these
vectors is zero.

Taking into account all these arguments, we draw a conclusion that(
|ξ|r−2

ξ − |η|r−2
η, ξ − η

)
> 0 ∀ξ, η ∈ Rn : ξ 6= η. (12)

To show that the operator A is also strictly monotone, we �rst recall the condition of
monotonicity:

〈A(u)−A(v), u− v〉V ∗,V > 0 ∀u, v ∈ V, u 6= v.

If u, v ∈ V : u 6= v, then there exists a positive measure set E ⊂ Ω such that
∇u(x) 6= ∇v(x) for x ∈ E ⊂ Ω and ∇u(x) = ∇v(x) for x ∈ Ω \ E. Since p(x) > 1 and
µ(x) > 0 for almost all x ∈ Ω, then from this and (12) it follows

〈A(u)−A(v), u− v〉V ∗,V =

=

∫
E

µ(x)
(
|∇u(x)|p(x)−2∇u(x)− |∇v(x)|p(x)−2∇v(x),∇u(x)−∇v(x)

)
dx > 0,

from where we ascertain that operator A is strictly monotone. �

Now we de�ne functional f : V → R by the following rule:

v 7→ f(v) =

∫
Ω

µ(x)~F (x)∇v(x) dx, v ∈ V. (13)

Theorem 9. This functional f : V → R is well de�ned, linear and continuous, that is,
f ∈ V ∗, and also f(v) = 〈f, v〉V ∗,V , v ∈ V .

Proof. Indeed, after using again the H�older inequality, we get∣∣∣∣∣∣
∫
Ω

µ(x)~F (x)∇v(x) dx

∣∣∣∣∣∣≤
∫
Ω

µ(x)
∣∣∣~F (x)

∣∣∣ |∇v(x)| dx≤K
∥∥∥∣∣∣~F (x)

∣∣∣∥∥∥
Lq(x)(Ω,µ dx)

‖v‖V . (14)

From the last inequality we may infer that f : V → R is a bounded functional. Since f
is linear, hence, it is also continuous, that is, f ∈ V ∗. �

Proof of Theorem 1. After the previous de�nitions and statements we may make
conclusion that the de�nition of V -solution to the problem (1) is correct, and this problem
is equivalent to abstract equation (4), where

H
1,p(x)
0 (Ω, µdx) ⊆ V ⊆W 1,p(x)

0 (Ω, µdx),

V ∗ is dual to V , and f ∈ V ∗, A : V → V ∗ are de�ned above. To this operator equation we
can apply Theorem 5. Therefore, by Theorem 5, the equation (4) has a unique solution,
which in turn is equivalent to the existence of a unique V -solution to the BVP (1). �
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Consequently, we have proven that the boundary value problem (1) has a unique
V -solution with respect to each intermediate space

H
1,p(x)
0 (Ω, µdx) ⊆ V ⊆W 1,p(x)

0 (Ω, µdx).
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Îäåñüêèé íàöiîíàëüíèé åêîíîìi÷íèé óíiâåðñèòåò,
âóë. Ïðåîáðàæåíñüêà, 8, Îäåñà, 65082

e-mail: cherevko@usa.com

Ðîçãëÿíóòî iíôiíiòåçèìàëüíi ïåðåòâîðåííÿ ëîêàëüíî êîíôîðìíî-
êåëåðîâèõ ìíîãîâèäiâ, ÿêi çáåðiãàþòü êîìïëåêñíó ¨õíþ ñòðóêòóðó. Îòðè-
ìàíî âèðàç äëÿ ïîõiäíî¨ Ëi ôîðì Ëi öèõ ìíîãîâèäiâ. Òàêîæ äîñëiäæî
çâ'ÿçîê ìiæ ãðóïîþ êîíôîðìíèõ ïåðåòâîðåíü êîíôîðìíî-êåëåðîâîãî
ìíîãîâèäó òà ãðóïîþ ãîìîòåòié êåëåðîâîãî ìíîãîâèäó.

Êëþ÷îâi ñëîâà: êåëåðîâi ìíîãîâèäè, ëîêàëüíî êîíôîðìíî-êåëåðîâi
ìíîãîâèäè, ôîðìà Ëi, iíôiíiòåçèìàëüíi ïåðåòâîðåííÿ, àíàëiòè÷íi âåêòîðíi
ïîëÿ, ïîõiäíà Ëi.

1. Âñòóï. Îá'¹êòîì äîñëiäæåííÿ ¹ ëîêàëüíî êîíôîðìíî-êåëåðîâi ìíîãîâèäè
òàêi, ùî dim(M) = n = 2m > 2. Êîíôîðìíî-êåëåðîâèì ìíîãîâèäàì ïðèñâÿ÷åíi
ïðàöi áàãàòüîõ äîñëiäíèêiâ. Ëîêàëüíî êîíôîðìíî-êåëåðîâi ìíîãîâèäè ðîçãëÿäàëè
â [11], [2], [7]. Òàêîæ âàðòî çãàäàòè åíöèêëîïåäè÷íó ðîáîòó â öüîìó íàïðÿìi [9].
Iíôiíiòåçèìàëüíi êîíôîðìíi ïåðåòâîðåííÿ ìíîãîâèäiâ âèâ÷àëè â [8], [5]. Ïèòàííÿ
iíôiíiòåçèìàëüíèõ êîíôîðìíèõ ïåðåòâîðåíü êîìïëåêñíèõ ìíîãîâèäiâ äîñëiäæóâà-
ëè â [12]. Ìåòà íàøî¨ ïðàöi � äîñëiäèòè ïðîáëåìè iíôiíiòåçèìàëüíèõ êîíôîðìíèõ
ïåðåòâîðåíü ëîêàëüíî êîíôîðìíî-êåëåðîâèõ ìíîãîâèäiâ.

2. ËÊÊ-ìíîãîâèäè òà iíôiíiòåçèìàëüíi ïåðåòâîðåííÿ. Ñïî÷àòêó ïîäàìî
äåêiëüêà íåîáõiäíèõ îçíà÷åíü.

Îçíà÷åííÿ 1. Ìàéæå êîìïëåêñíîþ ñòðóêòóðîþ J íàçèâàþòü òàêèé àôiíîð J ij ,
ùî

J iαJ
α
j = −δij (1)

Òóò δij � ñèìâîë Êðîíåêåðà.

Îçíà÷åííÿ 2. Ìíîãîâèä, íà ÿêîìó çàäàíî ìàéæå êîìïëåêñíó ñòðóêòóðó J , íàçè-
âàþòü ìàéæå êîìïëåêñíèì ìíîãîâèäîì.

2010 Mathematics Subject Classi�cation: 32Q15, 53A30, 53B35

c© �. ×åðåâêî, 2016
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Îçíà÷åííÿ 3. Ìàéæå êîìïëåêñíèé ìíîãîâèä ¹ ìàéæå åðìiòîâèì, ÿêùî íà íüîìó
çàäàíà åðìiòîâà ìåòðèêà

Jαi J
β
j gαβ = gij . (2)

Ìàéæå åðìiòîâèé ìíîãîâèä ïîçíà÷à¹ìî {Mn, J, g}.

Îçíà÷åííÿ 4. Ìàéæå åðìiòîâèé ìíîãîâèä {Mn, J, g} ¹ åðìiòîâèì, ÿêùî ìàéæå
êîìïëåêñíà ñòðóêòóðà ¹ iíòåãðîâíîþ [1], [12].

Çàóâàæèìî òàêå: ÿêùî ìàéæå êîìïëåêñíà ñòðóêòóðà J i ìíîãîâèä Mn áóäóòü
íàëåæàòè êëàñó Cω, òî äîñòàòíüîþ óìîâîþ iíòåãðîâíîñòi ìàéæå êîìïëåêñíî¨ ñòðóê-
òóðè ¹ òîòîæíà ðiâíiñòü íóëþ òåíçîðà Íåé¹íõåéñà:

Nk
ij = Jαi

(
∂jJ

k
α − ∂αJkj

)
− Jαj

(
∂iJ

k
α − ∂αJki

)
= 0, (3)

àáî, ùî åêâiâàëåíòíî,

Jki,j = Jαi J
β
j J

k
α,β . (4)

Êîìîþ ìè ïîçíà÷à¹ìî êîâàðiàíòíó ïîõiäíó â çâ'ÿçíîñòi, óçãîäæåíié ç ðiìàíîâîþ
ìåòðèêîþ gij .

ßêùî, äî òîãî æ, íà åðìiòîâîìó ìíîãîâèäi {Mn, J, g} ñïðàâäæó¹òüñÿ

Jki,j = 0, (5)

òî âií ¹ êåëåðîâèì.

Îçíà÷åííÿ 5. Åðìiòîâèé ìíîãîâèäMn, ìà¹ íàçâó ëîêàëüíî êîíôîðìíî-êåëåðîâîãî
(êîðîòøå, ËÊÊ-) ìíîãîâèäó, ÿêùî iñíó¹ âiäêðèòå ïîêðèòòÿ U =

{
Uα

}
α∈A

ìíîãîâèäó M òà ñèñòåìà Σ = {σα : Uα → R}α∈A ãëàäêèõ ôóíêöié òàêèõ, ùî{
J |Uα , ĝα = e−2σαg|Uα

}
� êåëåðîâà ñòðóêòóðà äëÿ áóäü-ÿêîãî α ∈ A. Ïåðåõiä âiä

ìåòðèêè g|Uα äî ìåòðèêè e−2σαg|Uα íàçèâà¹òüñÿ ëîêàëüíî êîíôîðìíîãî ïåðåòâî-
ðåííÿ ñòðóêòóðè. Ôóíêöiÿ σ íàçèâà¹òüñÿ âèçíà÷àëüíîþ ôóíêöi¹þ êîíôîðìíîãî
ïåðåòâîðåííÿ [2].

Âiäîìî, ùî íà ËÊÊ-ìíîãîâèäi ôîðìà Ëi (Lee form), êîìïîíåíòè ÿêî¨ âèçíà÷à-
þòüñÿ ôîðìóëîþ [3]

ω =
1

m− 1
δΩ ◦ J àáî ωi = − 2

n− 2
Jαβ,αJ

β
i , (6)

ìà¹ áóòè çàìêíåíîþ
dω = 0.

Îçíà÷åííÿ 6. Ïåðåòâîðåííÿ ìíîãîâèäó Mn

xh = xh + tξh(x1, x2, . . . , xn), (7)

äå t � äîâiëüíèé ìàëèé ïàðàìåòð íåçàëåæíèé âiä xi, íàçèâà¹òüñÿ iíôiíiòåçèìàëü-
íîãî ïåðåòâîðåííÿ ìíîãîâèäà Mn. Âåêòîð ξ(x

1, x2, . . . , xn) íàçèâà¹òüñÿ ãåíåðàòî-
ðîì ïåðåòâîðåííÿ.

Ïîõiäíà Ëi (Lie derivative) òåíçîðà LξT
i1...ip
j1...jq

òèïó (p, q) óçäîâæ âåêòîðíîãî ïîëÿ

ξ â êîîðäèíàòàõ íàáóâà¹ âèãëÿäó

LξT
i1...ip
j1...jq

= T
i1...ip
j1...jq,s

ξs+T
i1...ip
kj2...jq

ξk,j1 + . . .+T
i1...ip
kjk...jq

ξk,j1−T
li2...ip
j1...jq

ξi1,l−T
i1i2...l
j1...jq

ξ
ip
,l. (8)
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Êîíôîðìíi iíôiíiòåçèìàëüíi ïåðåòâîðåííÿ õàðàêòåðèçóþòüñÿ ðiâíÿííÿìè [12]

Lξgij = ξi,j + ξj,i = ϕgij . (9)

Âiäîìî òàêå: êîëè âåêòîðíå ïîëå ξ ïîðîäæó¹ iíôiíiòåçèìàëüíi êîíôîðìíi ïåðåòâîðåí-
íÿ, âîíî ðàçîì ç iíâàðiàíòîì ϕ ìà¹ çàäîâîëüíÿòè ñèñòåìó [6], [5]:

1) ξi,j = ξij ;
2) ϕ,i = ϕi;
3) ξi,j + ξj,i = ϕgij ;
4) ξi,jk = ξαR

α
kji + 1

2 (ϕkgij + ϕjgik − ϕigjk);

5) ϕi,j = 2
n−2

(
ξαRij,α + ξα,iR

α
j + ξα,jR

α
i −

gij
2(n−1) (ξαR,α + ϕR)

)
.

(10)

3. Òåíçîð Íåé¹íõåéñà òà ôîðìà Ëi ïðè êîíôîðìíèõ iíôiíiòåçè-

ìàëüíèõ ïåðåòâîðåííÿõ. Îñîáëèâèì âèïàäêîì ¹ ñèòóàöiÿ, êîëè âåêòîðíå ïîëå
ξ(x1, x2, . . . , xn) ïîðîäæó¹ ïåðåòâîðåííÿ, ùî çáåðiãà¹ êîìïëåêñíó ñòðóêòóðó [12]

LξJ
i
j = J ij,kξ

k − Jαj ξi,α + J iαξ
α
,j = 0. (11)

Òàêå ïîëå ìà¹ íàçâó êîíòðàâàðiàíòíîãî àíàëiòè÷íîãî âåêòîðíîãî ïîëÿ. Âàðòî çà-
óâàæèòè òàêå: îñêiëüêè äèôåðåíöiþâàííÿ Ëi êîìóòó¹ ç îïåðàöi¹þ çîâíiøíüîãî äè-
ôåðåíöiþâàííÿ

dLξω = Lξdω,

áóäü-ÿêi iíôiíiòåçèìàëüíi ïåðåòâîðåííÿ çáåðiãàþòü çàìêíåíiñòü ôîðìè Ëi. Îòæå, íå-
îáõiäíîþ òà äîñòàòíüîþ óìîâîþ òîãî, ùîá ïðè iíôiíiòåçèìàëüíèõ êîíôîðìíèõ ïåðå-
òâîðåííÿõ ìíîãîâèä çàëèøàâñÿ ËÊÊ-ìíîãîâèäîì, ¹ çáåðåæåííÿ åðìiòîâîñòi, òîáòî
çáåðåæåííÿ âèêîíàííÿ óìîâè (3), ÿêó ìîæíà çàïèñàòè ó òåðìiíàõ êîâàðiàíòíèõ ïî-
õiäíèõ

Nk
ij = Jαi

(
Jkα,j − Jkj,α

)
− Jαj

(
Jkα,i − Jki,α

)
= 0.

Äëÿ öüîãî ïîòðiáíî, ùîá

LξN
k
ij = 0.

ßêùî ìè âèìàãà¹ìî çáåðåæåííÿ êîìïëåêñíî¨ ñòðóêòóðè, òî ïîõiäíà Ëi òåíçîðà
Íåé¹íõåéñà íàáóâà¹ âèãëÿäó

LξN
k
ij = Jαi

(
LξJ

k
α,j − LξJ

k
j,α

)
− Jαj

(
LξJ

k
α,i − LξJ

k
i,α

)
. (12)

âíàñëiäîê (11).
Âiäîìà òîòîæíiñòü [12], ùî ¹ ïðàâèëüíîþ äëÿ áóäü-ÿêèõ iíôiíiòåçèìàëüíèõ ïå-

ðåòâîðåíü

LξJ
k
i,j −

(
LξJ

k
i

)
,j

= Jβi LξΓ
k
jβ − JkβLξΓ

β
ji, (13)

äå Γkji � îá'¹êò çâ'ÿçíîñòi, óçãîäæåíèé ç ìåòðèêîþ gij . Äëÿ iíôiíiòåçèìàëüíèõ êîí-
ôîðìíèõ ïåðåòâîðåíü

LξΓ
k
ji =

1

2
(δki ϕj + δkj ϕi − ϕkgij) (14)
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Âíàñëiäîê âèìîãè çáåðåæåííÿ êîìïëåêñíî¨ ñòðóêòóðè (11), è (14), ïiäñòàâèâøè ó
(13), îòðèìó¹ìî

LξJ
k
i,j =

1

2
Jβi (δkβϕj + δkj ϕβ − ϕkgβj)−

1

2
Jhβ (δβi ϕj + δβj ϕi − ϕ

βgij) =

=
1

2

(
δkj J

α
i ϕα − ϕkJij − Jkj ϕi + Jkαϕ

αgij
)
.

(15)

Îá÷èñëèìî ïîõiäíó Ëi òåíçîðà Íåé¹íõåéñà óçäîâæ âåêòîðíîãî ïîëÿ ξ, âðàõîâóþ÷è
(15)

LξN
k
ij = Jαi

(
LξJ

k
α,j − LξJ

k
j,α

)
− Jαj

(
LξJ

k
α,i − LξJ

k
i,α

)
=

=
1

2
Jαi

(
δkj J

β
αϕβ − ϕkJαj − Jkj ϕα + Jkβϕ

βgαj−

−δkαJ
β
j ϕβ + ϕkJjα + Jkαϕj − Jkβϕβgjα

)
−

−1

2
Jαj

(
δki J

β
αϕβ − ϕkJαi − Jki ϕα + Jkβϕ

βgαi−

−δkαJ
β
i ϕβ + ϕkJiα + Jkαϕi − Jkβϕβgiα

)
.

(16)

Ðîçêðèâàþ÷è äóæêè òà çâîäÿ÷è ïîäiáíi ÷ëåíè ó (16), îòðèìó¹ìî, ùî ïîõiäíà Ëi
òåíçîðà Íåé¹íõåéñà òîòîæíî äîðiâíþ¹ íóëþ

LξN
k
ij = 0.

Âðàõîâóþ÷è òîé ôàêò, ùî áóäü-ÿêi iíôiíiòåçèìàëüíi ïåðåòâîðåííÿ çáåðiãàþòü çàìê-
íåíiñòü ôîðìè Ëi, îòðèìó¹ìî òàêå òâåðäæåííÿ.

Òåîðåìà 1. Ïðè iíôiíiòåçèìàëüíèõ êîíôîðìíèõ ïåðåòâîðåííÿõ, ùî çáåðiãàþòü
êîìïëåêñíó ñòðóêòóðó, òåíçîð Íåé¹íõåéñà òàêîæ çáåðiãà¹òüñÿ. Çîêðåìà, ËÊÊ-
ìíîãîâèä áóäå ïåðåòâîðåíî ó ËÊÊ-ìíîãîâèä.

Òåïåðü çíàéäåìî ïîõiäíó Ëi ôîðìè Ëi. Âðàõîâóþ÷è (11), îòðèìó¹ìî ç (6)

Lξωi = − 2

n− 2
Lξ

(
Jαβ,αJ

β
i

)
= − 2

n− 2
Lξ

(
Jαβ,α

)
Jβi . (17)

Ç iíøîãî áîêó, îñêiëüêè îïåðàöiÿ äèôåðåíöiþâàííÿ Ëi ¹ ïåðåñòàâíîþ çi çãîðòêîþ,
òî ìàòèìåìî ç (15), çãîðòàþ÷è iíäåêñè k òà j

LξJ
α
i,α =

1

2

(
nJβi ϕβ − ϕ

αJiα − Jααϕi + Jαβ ϕ
βgiα

)
=

=
1

2

(
nJβi ϕβ − ϕ

αJiα + Jβiϕ
β
)

=

=
1

2

(
nJβi ϕβ − ϕ

αJiα − Jiβϕβ
)

=
n− 2

2
Jβi ϕβ .

(18)

Ïiäñòàâèìî (18) â (17). Îòðèìó¹ìî

Lξωi = − 2

n− 2
· n− 2

2
Jβγ ϕβJ

γ
i = ϕi. (19)

Îòîæ, ìàòèìåìî òàêå òâåðäæåííÿ:
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Òåîðåìà 2. Ïðè iíôiíiòåçèìàëüíèõ êîíôîðìíèõ ïåðåòâîðåííÿõ ËÊÊ-ìíîãîâèäiâ,
ùî çáåðiãàþòü êîìïëåêñíó ñòðóêòóðó, âåêòîðíå ïîëå ξ òà iíâàðiàíò ϕ, ÿêi âèçíà-
÷àþòüñÿ ç ñèñòåìè (10), êîìïîíåíò ïîõiäíî¨ Ëi ôîðìè Ëi äîðiâíþþòü ÷àñòèííèì
ïîõiäíèì iíâàðiàíòà ϕ

Lξωi = ϕi.

Çâåðíåìî óâàãó, ùî çãiäíî ç (8)

Lξωi = ωi,αξ
α + ωαξ

α
,i.

Ç iíøîãî áîêó,
∂

∂xi
(
ωαξ

α
)

= ωα,iξ
α + ωαξ

α
,i.

Âíàñëiäîê çàìêíåíîñòi ôîðìè Ëi, ωi,j = ωj,i, à òîìó ç (8) âèïëèâà¹, ùî

∂

∂xi
(
ωαξ

α
)

=
(
ωαξ

α
)
,i

= ϕi. (20)

Çâiäñè ñêàëÿð ϕ ç ðiâíÿííÿ (103) ïîâ'ÿçàíèé ç ôîðìîþ Ëi òà âåêòîðíèì ïîëåì ξ òàê:

ϕ = ωαξ
α + C,

äå C � äîâiëüíà êîíñòàíòà. Îòæå, âðàõîâóþ÷è óìîâó (11) àíàëiòè÷íîñòi âåêòîðíîãî
ïîëÿ ξ ñèñòåìà ðiâíÿíü (10) íàáóâà¹ âèãëÿäó

1) ξi,j = ξij ;
2) ξi,j + ξj,i =

(
ωαξ

α + C
)
gij ;

3) ξi,jk = ξαR
α
kji + 1

2

((
ωαξ

α
)
,k
gij +

(
ωαξ

α
)
,j
gik −

(
ωαξ

α
)
,i
gjk

)
;

4) J ij,kξ
k − Jαj ξi,α + J iαξ

α
,j = 0.

(21)

4. Içîìîðôiçì ãðóï êîíôîðìíèõ ïåðåòâîðåíü ËÊÊ-ìíîãîâèäe òà ãî-

ìîòåòié âiäïîâiäíîãî êåëåðîâîãî ìíîãîâèäe. Ðiâíÿííÿ (211) ¹ ðîçâ'ÿçàíèìè
ñòîñîâíî ïîõiäíèõ n = 2m íåâiäîìèõ ôóíêöié, ðiâíÿííÿ (213) � âiäïîâiäíî, ñòîñîâíî

n2 = 4m2 íåâiäîìèõ ôóíêöié. Ðiâíÿííÿ (212) ìiñòÿòü
n(n+1)

2 = 2m(2m+1)
2 îáìåæåííÿ.

ßê ëåãêî áà÷èòè,(214) çàäà¹ 2m2 íåçàëåæíèõ îáìåæåíü. Îñêiëüêè äîñëiäæóâàíèé
ìíîãîâèä ¹ åðìiòîâèì, òî ç iíòåãðîâíîñòi ìàéæå êîìïëåêñíî¨ ñòðóêòóðè âèïëèâà¹
iñíóâàííÿ ãîëîíîìíî¨ ñèñòåìè êîìïëåêñíèõ êîîðäèíàò (zα, zα̂). Â íèõ óìîâè (214)
âèãëÿäàòèìóòü ÿê

∂β̂ξ
α = 0

∂βξ
α̂ = 0.

Âíàñëiäîê öüîãî

∇β̂ξ
α = Γα

β̂δ
ξδ =

√
−1

2
Jα
β̂,δ
ξδ

∇βξα̂ = Γα̂
βδ̂
ξδ̂ =

√
−1

2
J α̂
β,δ̂
ξδ̂.

Îïóñêàþ÷è iíäåêñè, ìàòèìåìî

∇β̂ξα̂ =

√
−1

2
Jβ̂α̂,δξ

δ

∇βξα =

√
−1

2
Jβα,δ̂ξ

δ̂.
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Çâiäñè ìè áà÷èìî, ùî (212) ìiñòÿòü m(m + 1) îáìåæåíü, ÿêi ¹ çàëåæíèìè âiä
(214). Îòæå, ðîçâ'ÿçîê ñèñòåìè (21) áóäå çàëåæàòè âiä

r = 4m2 + 2m− 2m(2m+ 1)

2
+m(m+ 1)− 2m2 + 1 = (m+ 1)2

ñòàëèõ. Òàêèì ÷èíîì, îòðèìàíî òàêèé ðåçóëüòàò.

Òåîðåìà 3. ßêùî ËÊÊ-ìíîãîâèä {Mn, J, g}, n = 2m äîïóñêà¹ ãðóïó Gr iíôiíiòå-
çèìàëüíèõ êîíôîðìíèõ ïåðåòâîðåíü, ÿêi çáåðiãàþòü êîìïëåêñíó ñòðóêòóðó, òî
âåêòîðíi ïîëÿ, ÿêi ¨¨ ïîðîäæóþòü, çàäîâîëüíÿþòü ñèñòåìó ðiâíÿíü:

1) ξi,j = ξij ;
2) ξi,j + ξj,i =

(
ωαξ

α + C
)
gij ;

3) ξi,jk = ξαR
α
kji + 1

2

((
ωαξ

α
)
,k
gij +

(
ωαξ

α
)
,j
gik −

(
ωαξ

α
)
,i
gjk

)
;

4) J ij,kξ
k − Jαj ξi,α + J iαξ

α
,j = 0.

Ïîðÿäîê öi¹¨ ãðóïè r íå ïåðåâèùó¹ (m+ 1)2.

Ðîçãëÿíåìî êåëåðîâèé ìíîãîâèä {Kn, J, ĝ}, êîíôîðìíèé ËÊÊ-ìíîãîâèäîâi
{Mn, J, g}. Çà îçíà÷åííÿì, ĝij = gije

−2σ, ωi = 2σ,i. Òîäi

Γ̂kij = Γkij −
1

2
δki ωj −

1

2
δkj ωi +

1

2
ωkgij , (22)

� îá'¹êò çâ'ÿçíîñòi, óçãîäæåíèé ç ìåòðèêîþ ĝ. Íåõàé íà {Kn, J, ĝ} i íà {Mn, J, g}
çàäàíî êîíòðàâàðiàíòíå âåêòîðíå ïîëå ξi. Ïîçíà÷èìî

ξi = ξαgαi; ξ̂i = ξαĝαi = ξie
−2σ.

Çíàéäåìî êîâàðiàíòíó ïîõiäíó êîâåêòîðà ξ̂i ó çâ'ÿçíîñòi, óçãîäæåíié ç ìåòðèêîþ ĝ.
Êîâàðiàíòíó ïîõiäíó ó çâ'ÿçíîñòi Γ̂kij ìè áóäåìî ïîçíà÷àòè âåðòèêàëüíîþ ðèñêîþ ”, à

ó çâ'ÿçíîñòi Γkij , óçãîäæåíié ç ìåòðèêîþ ËÊÊ-ìíîãîâèäó g, ïîçíà÷èìî, ÿê çàçâè÷àé,
êîìîþ. Ìà¹ìî:

ξ̂i|j = ξ̂i,j +
(1

2
δαi ωj +

1

2
δαj ωi −

1

2
ωαgij

)
ξ̂α =

=
(
ξie
−2σ)

,j
+

1

2
ξ̂iωj +

1

2
ξ̂jωi −

1

2
ωαξ̂αgij =

= ξi,je
−2σ − ξie−2σωj +

1

2
ξ̂iωj +

1

2
ξ̂jωi −

1

2
ωαξ̂αgij =

=
(
ξi,j −

1

2
ξiωj +

1

2
ξjωi −

1

2
ωαξαgij

)
e−2σ =

=
(
ξi,j −

1

2
ξiωj +

1

2
ξjωi

)
e−2σ − 1

2
ωαξαĝij .

(23)

Íåõàé òåïåð ïîëå ξi ¹ îäíèì ç òèõ, ùî ïîðîäæóþòü íà {Kn, J, ĝ} ãðóïó ãîìîòåòié.
Òîäi âîíî ìà¹ çàäîâîëüíÿòè ðiâíÿííÿ

ξ̂i|j + ξ̂j|i = Cĝij . (24)
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Ïiäñòàâèâøè (23) ó (24), îòðèìó¹ìî:

e−2σ
(
ξi,j + ξj,i

)
− ωαξαĝij = Cĝij ;

e−2σ
(
ξi,j + ξj,i

)
= Cĝij + ωαξαĝij ;

e−2σ
(
ξi,j + ξj,i

)
= e−2σ

(
ωαξαgij + Cgij

)
.

Òîáòî, îñêiëüêè e−2σ 6= 0, òî íåîáõiäíî ìà¹ âèêîíóâàòèñü (212)

ξi,j + ξj,i =
(
ωαξ

α + C
)
gij .

Äàëi ïðîäèôåðåíöiþ¹ìî êîâàðiàíòíî ξ̂i|j ïî xk ó çâ'ÿçíîñòi Γ̂kij . Îñêiëüêè (22), òî
îòðèìó¹ìî

ξ̂i|jk = e−2σ
(
ξi,jk +

1

4
ωk

(
ξjωi − ξiωj

)
− 1

4
ξαωα

(
ωigjk − ωjgik

)
+

+
1

2

(
ξαω

α
,jgik − ξαωα,igjk

)
+

1

2

(
ξjωi,k − ξiωj,k

)
+

1

4
||ω||2

(
ξigjk − ξjgik

)
−

−1

2

((
ωαξ

α
)
,k
gij +

(
ωαξ

α
)
,j
gik −

(
ωαξ

α
)
,i
gjk

))
=

= e−2σ
(
ξi,jk + ξα

(1

4
ωk

(
δαj ωi − δαi ωj

)
− 1

4
ωα

(
ωigjk − ωjgik

)
+

+
1

2

(
ωα,jgik − ωα,igjk

)
+

1

2

(
δαj ωi,k − δαi ωj,k

)
+

1

4
||ω||2

(
δαi gjk − δαj gik

))
−

−1

2

((
ωαξ

α
)
,k
gij +

(
ωαξ

α
)
,j
gik −

(
ωαξ

α
)
,i
gjk

))
,

(25)

äå ||ω||2 = ωiωjg
ij . Ç iíøîãî áîêó, ç (22) ìàòèìåìî, ùî òåíçîð êðèâèíè R̂ êåëåðîâîãî

ìíîãîâèäó {Kn, J, ĝ} ïîâ'ÿçàíèé ç òåíçîðîì êðèâèíè R ËÊÊ-ìíîãîâèäó {Mn, J, g}
òàê:

R̂hijk = Rhijk + δhj
(1

2
ωi,k +

1

4
ωiωk −

1

4
||ω||2gik

)
−

−δhk
(1

2
ωi,j +

1

4
ωiωj −

1

4
||ω||2gij

)
+

+
(1

2
ωh,j +

1

4
ωhωj

)
gik −

(1

2
ωh,k +

1

4
ωhωk

)
gij .

(26)

Âiäîìî òàêå: êîëè ïîëå ξi ïîðîäæó¹ íà {Kn, J, ĝ} ãîìîòåòiþ, òî âîíî ìà¹ çàäî-
âîëüíÿòè òàêîæ ðiâíÿííÿ [8]

ξ̂i|jk = ξ̂αR̂
α
kji. (27)

Ïiäñòàâèâøè (25) i (26) ó ðiâíÿííÿ (27), âðàõîâóþ÷è, ùî ξ̂i = ξie
−2σ, îòðèìà¹ìî

e−2σξi,jk = e−2σ
(
ξαR

α
kji +

1

2

((
ωαξ

α
)
,k
gij +

(
ωαξ

α
)
,j
gik −

(
ωαξ

α
)
,i
gjk

))
.

Çíîâó, âíàñëiäîê e−2σ 6= 0, íåîáõiäíî ìà¹ âèêîíóâàòèñü (213)

ξi,jk = ξαR
α
kji +

1

2

((
ωαξ

α
)
,k
gij +

(
ωαξ

α
)
,j
gik −

(
ωαξ

α
)
,i
gjk

)
.

Óìîâà àíàëiòè÷íîñòi êîíòðàâàðiàíòíîãî âåêòîðíîãî ïîëÿ ξi äëÿ êåëåðîâîãî ìíîãî-
âèäó {Kn, J, ĝ}

LξJ
i
j = J ij|kξ

k − Jαj ξi|α + J iαξ
α
|j = 0.
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Âíàñëiäîê âëàñòèâîñòåé ïîõiäíî¨ Ëi öÿ óìîâà áóäå âèêîíóâàòèñü òîäi i òiëüêè òîäi,
êîëè àíàëîãi÷íà óìîâà (11) áóäå âèêîíóâàòèñü äëÿ ËÊÊ-ìíîãîâèäó {Mn, J, g}. Îòîæ,
ÿêùî âåêòîðíå ïîëå ξi çàäîâîëüíÿ¹ ñèñòåìó (21), òî âîíî íåîáõiäíî çàäîâîëüíÿ¹
ñèñòåìó

1) ξ̂i,j = ξ̂ij ;

2) ξ̂i,j + ξ̂j,i = Cĝij ;

3) ξ̂i,jk = ξ̂αR̂
α
kji;

4) J ij|kξ
k − Jαj ξi|α + J iαξ

α
|j = 0.

(28)

Îòæå, îòðèìàíî òàêèé ðåçóëüòàò.

Òåîðåìà 4. ßêùî ËÊÊ-ìíîãîâèä {Mn, J, g}, n = 2m äîïóñêà¹ ãðóïó Gr iíôiíiòå-
çèìàëüíèõ êîíôîðìíèõ ïåðåòâîðåíü, ÿêi çáåðiãàþòü êîìïëåêñíó ñòðóêòóðó, òî
öÿ ãðóïà ëîêàëüíî içîìîðôíà ãðóïi ãîìîòåòié êåëåðîâîãî ìíîãîâèäó {Kn, J, ĝ}, ÿêà
ïåðåáóâà¹ ó êîíôîðìíié âiäïîâiäíîñòi ç {Mn, J, g}.

Çàâåðøóþ÷è, çàçíà÷èìî, ùî äîâåäåíà òåîðåìà äóæå ïîäiáíà äî ðåçóëüòàòó,
îòðèìàíîãî Ð. Ô. Áiëÿëîâèì ([6], ñòîð. 274) äëÿ äiéñíèõ ëîðåíöåâèõ ìíîãîâèäiâ:
ãðóïà êîíôîðìíèõ ïåðåòâîðåíü, ÿêi äiþòü ó íåêîíôîðìíî-ïëîñêîìó ïîëi òÿæiííÿ, ¹
ãðóïîþ ðóõiâ àáî ãîìîòåòié ïðîñòîðó, êîíôîðìíîãî äàíîìó. ßê áà÷èìî, êëþ÷îâîþ
âiäìiííiñòþ íàøîãî âèïàäêó ¹ âiäñóòíiñòü âèìîãè, ùîá ËÊÊ-ìíîãîâèä {Mn, J, g} áóâ
íåêîíôîðìíî-ïëîñêèì.
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ÏÐÎ ÌÀÒÐÈ×ÍI ÂIÄÎÁÐÀÆÅÍÍß ÖIËÈÕ
ÏÎÑËIÄÎÂÍÎÑÒÅÉ

Ìèðîñëàâ Øåðåìåòà

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

Óíiâåðñèòåòñüêà 1, ì. Ëüâiâ, 79000

e-mail: m_m_sheremeta@list.ru

Ïîñëiäîâíiñòü (xn) êîìïëåêñíèõ ÷èñåë íàçèâà¹òüñÿ öiëîþ ñòîñîâíî çðî-
ñòàþ÷î¨ äî +∞ ïîñëiäîâíîñòi (λn) äîäàòíèõ ÷èñåë, ÿêùî ðÿä Äiðiõëå ç êîå-
ôiöi¹íòàìè xn i ïîêàçíèêàìè λn ¹ öiëèì. Óçàãàëüíåíèì ïîðÿäêîì ïîñëiäîâ-
íîñòi (xn) áóäåìî íàçèâàòè óçàãàëüíåíèé ïîðÿäîê âiäïîâiäíîãî ðÿäó Äiðiõ-
ëå. Çíàéäåíî íåîáõiäíó i äîñòàòíþ óìîâó äëÿ òîãî, ùîá ìàòðèöÿ (ank) âiäî-
áðàæàëà êëàñ öiëèõ ïîñëiäîâíîñòåé óçàãàëüíåíîãî ïîðÿäêó ≤ % ∈ (0,+∞)
ó êëàñ öiëèõ ïîñëiäîâíîñòåé óçàãàëüíåíîãî ïîðÿäêó ≤ µ ∈ (0,+∞).

Êëþ÷îâi ñëîâà: ðÿä Äiðiõëå, ìàòðè÷íå âiäîáðàæåííÿ, óçàãàëüíåíèé
ïîðÿäîê.

1. Âñòóï. Çãiäíî ç [1] ïîñëiäîâíiñòü x = (xn) êîìïëåêñíèõ ÷èñåë íàçèâà¹òüñÿ
öiëîþ, ÿêùî òàêîþ ¹ ôóíêöiÿ f(z) =

∑
n xnz

n. Ïîðÿäêîì % ïîñëiäîâíîñòi x = (xn)

íàçèâà¹òüñÿ ïîðÿäîê ôóíêöi¨ f , òîáòî çà òåîðåìîþ Àäàìàðà % = lim
n→∞

n ln n

− ln |xn|
. Äëÿ

ôiêñîâàíîãî % ∈ (0, +∞) ÷åðåç Ω(%) ïîçíà÷èìî êëàñ âñiõ öiëèõ ïîñëiäîâíîñòåé ïî-
ðÿäêó ≤ %.

Íåõàé ξ = (ξn) � ïîñëiäîâíiñòü íåíóëüîâèõ êîìïëåêñíèõ ÷èñåë, à s(ξ) =
= {x : ξnxn → 0 (n → ∞)}. ßêùî ïîçíà÷èìî ||x||ξ = sup{|ξnxn| : n ≥ 1}, òî ïðîñòið
(s(ξ), || · ||ξ) ¹ [2] áàíàõîâèì i êîìïàêòíèì. Â [1] äîñëiäæåíî óìîâè, çà ÿêèõ ìàòðèöÿ
A = (ank)n, k≥1 âiäîáðàæà¹ s(ξ) â s(η) = {y : ηnyn → 0 (n→∞)}.

Íåõàé (ξ(j)) i (η(i)) � ïîñëiäîâíîñòi ïîñëiäîâíîñòåé (òîáòî ξ(j) = (ξ
(j)
n ) i η(i) =

(η
(i)
k )) òàêi, ùî s(ξ(k)) ⊂ s(ξ(j)) i s(η(k)) ⊂ s(η(j)) äëÿ k > j. Ïðèéìåìî S =

⋂
j

s(ξ(j)),

T =
⋂
i

s(η(i)) i ïðèïóñòèìî, ùî äëÿ êîæíîãî j iñíó¹ òàêå k > j, ùî
∑
n

|ξ(j)n /ξ(k)n | <

+∞, à äëÿ êîæíîãî i iñíó¹ òàêå l > i, ùî
∣∣η(i)n /η

(l)
n

∣∣ → 0 (n → ∞). Íàðåøòi, çà

2010 Mathematics Subject Classi�cation: 30B20

c© Ì. Øåðåìåòà, 2016
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îçíà÷åííÿì ìàòðèöÿ A âiäîáðàæà¹ S â T , ÿêùî äëÿ êîæíîãî i iñíó¹ òàêå j, ùî A
âiäîáðàæà¹ s(ξ(j)) â s(η(i)). Â [1] äîâåäåíî òàêå òâåðäæåííÿ.

Ëåìà 1. Äëÿ òîãî, ùîá ìàòðèöÿ A âiäîáðàæàëà S â T , íåîáõiäíî i äîñòàòíüî,
ùîá äëÿ êîæíîãî i iñíóâàëè òàêi j i M ∈ (0, +∞), ùî äëÿ âñiõ n i k∣∣∣η(i)n ank/ξ

(j)
k

∣∣∣ ≤M. (1)

Âèêîðèñòîâóþ÷è öþ ëåìó, â [1] äîâåäåíî, ùî äëÿ òîãî, ùîá ìàòðèöÿ A âiäîáðà-
æàëà Ω(%) â Ω(µ), íåîáõiäíî i äîñòàòíüî, ùîá äëÿ êîæíîãî t > µ iñíóâàëè òàêi r > %
i M ∈ (0, +∞), ùî äëÿ âñiõ n i k

nn/t|ank|k−k/r ≤M.

Öåé ðåçóëüòàò áóäå óçàãàëüíåíî, ç îäíîãî áîêó, íà âèïàäîê öiëèõ ïîñëiäîâíîñòåé,
îçíà÷åíèõ çáiæíiñòþ ðÿäiâ Äiðiõëå çi çðîñòàþ÷èìè äî +∞ ïîêàçíèêàìè, à ç iíøî-
ãî � íà óçàãàëüíåíi ïîðÿäêè çðîñòàííÿ.

2. Îñíîâíà ÷àñòèíà. Îòæå, íåõàé λ = (λn) � çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü
äîäàòíèõ ÷èñåë. Ïîñëiäîâíiñòü x = (xn) êîìïëåêñíèõ ÷èñåë áóäåìî íàçèâà¹òè öiëîþ
ñòîñîâíî ïîñëiäîâíîñòi λ, ÿêùî ðÿä Äiðiõëå

F (z) =

∞∑
n=1

xn exp{zλn}, z = σ + it, (2)

àáñîëþòíî çáiãà¹òüñÿ â óñié êîìïëåêñíié ïëîùèíi. Äëÿ öüîãî ðÿäó ïðèéìåìî
M(σ, F ) = sup{|F (σ + iτ)| : τ ∈ R}.

×åðåç L ïîçíà÷èìî êëàñ äîäàòíèõ íåïåðåðâíèõ íà (−∞,+∞) ôóíêöié α òàêèõ,
ùî α(x) = α(x0) äëÿ −∞ < x ≤ x0 i α(x) ↑ +∞ ïðè x0 ≤ x→ +∞. Áóäåìî ãîâîðèòè,
ùî α ∈ L0, ÿêùî α ∈ L i α((1 + o(1))x) = (1 + o(1))α(x) ïðè x → +∞. Íàðåøòi,
α ∈ Lïç, ÿêùî α ∈ L i α(cx) = (1 + o(1))α(x) ïðè x→ +∞ äëÿ êîæíîãî c ∈ (0,+∞),
òîáòî α � ïîâiëüíî çðîñòàþ÷à ôóíêöiÿ. Çðîçóìiëî, ùî Lïç ⊂ L0.

Äëÿ α ∈ L i β ∈ L óçàãàëüíåíèì ïîðÿäêîì %α,β [F ] öiëîãî ðÿäó Äiðiõëå (2)
íàçèâà¹òüñÿ [3] âåëè÷èíà

%α,β [F ] = lim
σ→+∞

α(ln M(σ, F ))

β(σ)
,

à äëÿ ¨¨ çíàõîäæåííÿ ïðàâèëüíå [4, c. 26] òàêå òâåðäæåííÿ.

Ëåìà 2. Íåõàé 0 < p < +∞, α ∈ L i β ∈ L � íåïåðåðâíî äèôåðåíöiéîâíi ôóíêöi¨ i
âèêîíó¹òüñÿ îäíà ç óìîâ:

à) α ∈ L0, β(ln x) ∈ L0,
dβ−1(cα(x))

d ln x
→ 1

p
(x → +∞) äëÿ êîæíîãî c ∈ (0,+∞)

i ln n = o(λn) (n→∞);

á) α ∈ Lïç, β(ln x) ∈ Lïç,
dβ−1(cα(x))

d ln x
= O(1) (x → +∞) äëÿ êîæíîãî c ∈

(0,+∞) i ln n = O(λn) (n→∞).
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Òîäi %α,β [F ] = %α,β [x] = %α,β [(xn)], äå

%α,β [x] = lim
n→∞

α(λn/p)

β

(
1

p
+

1

λn
ln

1

|xn|

) . (3)

Óçàãàëüíåíèì ïîðÿäêîì öiëî¨ ñòîñîâíî λ = (λn) ïîñëiäîâíîñòi x = (xn) áóäåìî
íàçèâàòè óçàãàëüíåíèé ïîðÿäîê âiäïîâiäíîãî öiëîãî ðÿäó Äiðiõëå (2), òîáòî âåëè÷è-
íó (3).

Äëÿ ôiêñîâàíîãî % ∈ (0, +∞) ÷åðåç Ωα,β(%) ïîçíà÷èìî êëàñ âñiõ öiëèõ ñòîñîâíî
λ = (λn) ïîñëiäîâíîñòåé x = (xn) óçàãàëüíåíîãî ïîðÿäêó %α,β [x] ≤ % i äîâåäåìî
íàñòóïíó ëåìó.

Ëåìà 3. Íåõàé (%j) � ïîñëiäîâíiñòü äîäàòíèõ ÷èñåë i %j ↓ % (j →∞). Ïðèïóñòèìî,
ùî âèêîíó¹òüñÿ îäíà ç óìîâ à) ÷è á) ëåìè 2, i ïðèéìåìî

ξ(j)n = exp

{
λn

(
β−1

(
1

%j
α

(
λn
p

))
− 1

p

)}
.

Òîäi

Ωα,β(%) =
⋂
j

s(ξ(j)).

Äîâåäåííÿ. Ñïî÷àòêó äîâåäåìî, ùî
⋂
j

s(ξ(j)) ⊂ Ωα,β(%). Îñêiëüêè

s(ξ(j)) = {(xn) : ξ(j)n xn → 0 (n→∞)},

òî äëÿ âñiõ äîñèòü âåëèêèõ n

|xn| ≤
1

ξ
(j)
n

= exp

{
−λn

(
β−1

(
1

%j
α

(
λn
p

))
− 1

p

)}
, (4)

çâiäêè âèïëèâà¹, ùî
1

λn
ln

1

|xn|
→ +∞ (n→∞),

i ç îãëÿäó íà óìîâó ln n = O(λn) (n → ∞) àáñöèñà çáiæíîñòi ðÿäó Äiðiõëå (2) ç
òàêèìè êîåôiöi¹íòàìè äîðiâíþ¹ +∞ (äèâ. [5]). Îòæå, ïîñëiäîâíiñòü x = (xn) ¹ öiëîþ
ñòîñîâíî ïîñëiäîâíîñòi λ = (λn). Ç íåðiâíîñòi (4) âèïëèâà¹ òàêîæ,
ùî äëÿ áóäü-ÿêîãî j

lim
n→∞

α(λn/p)

β

(
1

p
+

1

λn
ln

1

|xn|

) ≤ %j
i îñêiëüêè %j ↓ % (j → ∞), òî %α,β [x] ≤ %, òîáòî s(ξ(j)) ⊂ Ωα,β(%), i îòæå,⋂
j

s(ξ(j)) ⊂ Ωα,β(%).

Íàâïàêè, ÿêùî (xn) ∈ Ωα,β(%), òî äëÿ áóäü-ÿêîãî ε > 0

|xn| ≤ exp

{
−λn

(
β−1

(
1

%+ ε)
α

(
λn
p

))
− 1

p

)}
, n > n0(ε),
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i

|xnξ(j)n | ≤ exp

{
−λn

(
β−1

(
1

%+ ε
α

(
λn
p

))
− β−1

(
1

%j
α

(
λn
p

)))}
, n > n0(ε). (5)

Çàóâàæèìî òàêå: ÿêùî β(ln x) ∈ L0 i δ > 0, òî

t{β−1((1 + δ)α(t))− β−1(α(t))} → +∞, t→ +∞. (6)

Ñïðàâäi, ÿêùî äëÿ äåÿêî¨ ïðÿìóþ÷î¨ äî +∞ ïîñëiäîâíîñòi (tk) ïðàâèëüíà íåðiâíiñòü

tk{β−1((1 + δ)α(tk))− β−1(α(tk))} ≤ K < +∞,
òî

(1 + δ)α(tk) ≤ β(β−1(α(tk)) +K/tk) = β
(

ln
(
eβ

−1(α(tk))eK/tk)
))

=

= β
(

ln
{

(1 + o(1))eβ
−1(α(tk))

})
= (1 + o(1))α(tk), k →∞,

ùî íåìîæëèâî.
Ç îãëÿäó íà (6) i íåðiâíiñòü %j > % ç (5) âèïëèâà¹, ùî |xnξjn| → 0 (n→∞), òîáòî

(xn) ∈ s(ξ(j)) äëÿ êîæíîãî j, i îòæå, Ωα,β(%) ⊂
⋂
j

s(ξ(j)). Ëåìó 3 äîâåäåíî. �

Âèêîðèñòîâóþ÷è ëåìè 1 i 3, äîâåäåìî òàêó òåîðåìó.

Òåîðåìà 1. Íåõàé ôóíêöi¨ α ∈ L òà β ∈ L i ïîñëiäîâíiñòü λ = (λn) çàäîâîëüíÿþòü
óìîâè ëåìè 2, % ∈ (0, +∞) i µ ∈ (0, +∞. Äëÿ òîãî, ùîá ìàòðèöÿ A = (ank)
âiäîáðàæàëà Ωα,β(%) â Ωα,β(µ), íåîáõiäíî i äîñòàòíüî, ùîá äëÿ êîæíîãî t > µ
iñíóâàëè òàêi r > % i M ∈ (0, +∞), ùî äëÿ âñiõ n i k

|ank| exp

{
λn

(
β−1

(
1

t
α

(
λn
p

))
− 1

p

)
− λk

(
β−1

(
1

r
α

(
λk
p

))
− 1

p

)}
≤M.

Äîâåäåííÿ. Íåõàé (µi) � òàêà ïîñëiäîâíiñòü äîäàòíèõ ÷èñåë, ùî µi ↓ µ, à

η(i)n = exp

{
λn

(
β−1

(
1

µi
α

(
λn
p

))
− 1

p

)}
.

Çà ëåìîþ 3 Ωα,β(µ) =
⋂
i

s(η(i)) i Ωα,β(%) =
⋂
j

s(ξ(j)). Ëåãêî ïåðåâiðèòè òàêå: ÿêùî

%k < %j äëÿ k > j, òî ξ
(j)
n ≤ ξ(k)n äëÿ k > j, çâiäêè çãiäíî ç îçíà÷åííÿì âèïëèâà¹, ùî

s(ξ(k)) ⊂ s(ξ(j)) äëÿ k > j. Ïîäiáíî, s(η(k)) ⊂ s(η(j)) äëÿ k > j.

Äëÿ l > i, ÿê ó äîâåäåííi ñïiââiäíîøåííÿ
∣∣ξ(j)n xn

∣∣ → 0 (n → ∞) â ëåìi 3,

âèêîðèñòîâóþ÷è óìîâó β(ln x) ∈ L0, îòðèìó¹ìî

η
(i)
n

η
(l)
n

= exp

{
−λn

(
β−1

(
1

µl
α

(
λn
p

))
− β−1

(
1

µi
α

(
λn
p

)))}
→ 0, n→∞.

Íàðåøòi, äëÿ k > j∑
n

ξ
(j)
n

ξ
(k)
n

=
∑
n

exp

{
−λn

(
β−1

(
1

%k
α

(
λn
p

))
− β−1

(
1

%j
α

(
λn
p

)))}
. (7)

Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ óìîâà à) ëåìè 2. Òîäi β(ln x) ∈ L0 i, ÿê ðàíiøå,

β(x+ o(1)) = β(ln{(1 + o(1))ex}) = (1 + o(1))β(x)
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ïðè x → +∞. Çâiäñè âèïëèâà¹, ùî β−1(t/%k) − β−1(t/%j) ≥ hkj > 0 äëÿ âñiõ t ≥ t0,
áî ÿêùî β−1(tn/%k)− β−1(tn/%j)→ 0 äëÿ äåÿêî¨ ïîñëiäîâíîñòi (tn) ↑ +∞, òî

tn/%k ≤ β(β−1(tn/%j) + ε) = (1 + ε)tn/%j

ïðè n > n0(ε), ùî íåìîæëèâî. Îòæå, ç (7) ç îãëÿäó íà óìîâó ln n = o(λn) (n → ∞)
îòðèìó¹ìî ∑

n

ξ(j)n /ξ(k)n ≤
∑
n

exp {−λnhkj} < +∞, (8)

Çà óìîâè á) β(ln x) ∈ Lïç i β(x+O(1)) = (1 + o(1))β(x) ïðè x→ +∞. Òîìó òåïåð

β−1
(

1

%k
α

(
λn
p

))
− β−1

(
1

%j
α

(
λn
p

))
→ +∞, n→∞,

i ç îãëÿäó íà óìîâó ln n = O(λn) (n→∞) çíîâó îòðèìó¹ìî (8).
Îòæå, ìîæåìî çàñòîñóâàòè ëåìó 1 äî S = Ωα,β(%) i T = Ωα,β(µ), çà ÿêîþ äëÿ

òîãî, ùîá ìàòðèöÿ A = (ank) âiäîáðàæàëà Ωα,β(%) â Ωα,β(µ), íåîáõiäíî i äîñòàòíüî,
ùîá äëÿ êîæíîãî i iñíóâàëè òàêi j i M ∈ (0, +∞), ùî äëÿ âñiõ n i k

exp

{
λn

(
β−1

(
1

µi
α

(
λn
p

))
− 1

p

)}
exp

{
λk

(
β−1

(
1

%j
α

(
λk
p

))
− 1

p

)} |ank| ≤M.

Çâiäñè ëåãêî îòðèìàòè âèñíîâîê òåîðåìè. �

Íàâåäåìî äâà ïðîñòi íàñëiäêè. ßêùî â îçíà÷åííi óçàãàëüíåíîãî ïîðÿäêó öiëîãî
ðÿäó Äiðiõëå âèáåðåìî α(t) = ln t i β(t) = t äëÿ t ≥ t0, òî îòðèìà¹ìî îçíà÷åííÿ
R-ïîðÿäêó %R, à ÿêùî çà óìîâè %R = p ∈ (0, +∞) âèáåðåìî α(t) = t i β(t) = ept, òî
îòðèìà¹ìî îçíà÷åííÿ R-òèïó TR öüîãî ðÿäó. Ç äîâåäåíî¨ òåîðåìè ëåãêî âèïëèâàþòü
òàêi äâà òâåðäæåííÿ.

Íàñëiäîê 1. Íåõàé ΩR(%) � êëàñ âñiõ öiëèõ ñòîñîâíî λ = (λn) ïîñëiäîâíîñòåé x =
(xn) R-ïîðÿäêó ≤ %. Ïðèïóñòèìî, ùî ln n = O(λn) (n→∞), à 0 < %, µ < +∞. Äëÿ
òîãî, ùîá ìàòðèöÿ A = (ank) âiäîáðàæàëà ΩR(%) â ΩR(µ), íåîáõiäíî i äîñòàòíüî,
ùîá äëÿ êîæíîãî t > µ iñíóâàëè òàêi r > % i M ∈ (0, +∞), ùî äëÿ âñiõ n i k

|ank| exp

{
λn ln λn

t
− λk ln λk

r

}
≤M.

Íàñëiäîê 2. Íåõàé ΩR(p, T ) � êëàñ âñiõ öiëèõ ñòîñîâíî λ = (λn) ïîñëiäîâíîñòåé
x = (xn), çðîñòàííÿ ÿêèõ íå ïåðåâèùó¹ R-ïîðÿäêó p i R-òèïó T . Ïðèïóñòèìî, ùî
ln n = o(λn) (n → ∞), à 0 < T1, T2 < +∞. Äëÿ òîãî, ùîá ìàòðèöÿ A = (ank)
âiäîáðàæàëà ΩR(p, T1) â ΩR(p, T2), íåîáõiäíî i äîñòàòíüî, ùîá äëÿ êîæíîãî t > T2
iñíóâàëè òàêi r > T1 i M ∈ (0, +∞), ùî äëÿ âñiõ n i k

|ank| exp

{
λn
p

ln
λn
etp
− λk

p
ln

λk
erp

}
≤M.
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Çàóâàæèìî òàêå: ÿêùî ó ñòåïåíåâîìó ðîçâèíåííi öiëî¨ ôóíêöi¨ f(z) =
∑
n

xnz
n

çðîáèìî çàìiíó z íà ez, òî îòðèìà¹ìî öiëèé ðÿä Äiðiõëå (2) ç ïîêàçíèêàìè λn = n.
Òîìó ç íàñëiäêó 1 âèïëèâà¹ íàâåäåíèé âèùå ðåçóëüòàò ç [1] äëÿ öiëèõ ïîñëiäîâíîñòåé
ñêií÷åííîãî ïîðÿäêó.

3. Äîïîâíåííÿ. Äëÿ α ∈ L i β ∈ L ìîäèôiêîâàíèì óçàãàëüíåíèì ïîðÿäêîì
öiëîãî ðÿäó Äiðiõëå (2) íàçèâà¹òüñÿ âåëè÷èíà

%α,β [F ] = lim
σ→+∞

1

β(σ)
α

(
lnM(σ, F )

σ

)
.

Â [6] äîâåäåíî òàêå: ÿêùî α ∈ Lïç i β ∈ L0, àáî β ∈ Lïç i α ∈ L0, à ïîêàçíèêè
λn çàäîâîëüíÿþòü óìîâó lnn = o(λnβ

−1(cα(λn))) ïðè n→ +∞
äëÿ áóäü-ÿêîãî c ∈ (0,+∞), òî

%α,β [F ] = %α,β [x] := lim
n→+∞

α(λn)

β
(

1
λn

ln 1
|xn|

) .
Òîìó, ÿêùî ÷åðåç Ωα,β(%) ïîçíà÷èìî êëàñ âñiõ öiëèõ ñòîñîâíî λ = (λn) ïîñëiäîâ-

íîñòåé x = (xn) ìîäèôiêîâàíîãî óçàãàëüíåíîãî ïîðÿäêó %αβ [x] 6 ρ, òî, ïîâòîðþþ÷è
äîâåäåííÿ òåîðåìè 1, ïåðåéäåìî äî òåîðåìè 2, ôîðìóëþâàííÿ ÿêî¨ çíà÷íî ïðîñòiøå,
íiæ òåîðåìè 1.

Òåîðåìà 2. Íåõàé àáî α ∈ Lïç i β ∈ L0, àáî β ∈ Lïç i α ∈ L0, lnn =
o(λnβ

−1(cα(λn))) ïðè n→ +∞ äëÿ êîæíîãî c ∈ (0,+∞), % ∈ (0,+∞) i µ ∈ (0,+∞).
Äëÿ òîãî, ùîá ìàòðèöÿ A = (anh) âiäîáðàæàëà Ωαβ(%) â Ωαβ(µ), íåîáõiäíî i äî-
ñòàòíüî, ùîá äëÿ êîæíîãî t > µ iñíóâàëè r > % i M ∈ (0,+∞) òàêi, ùî äëÿ âñiõ
n i h

|anh| exp

{
λnβ

−1
(

1

t
α(λn)

)
− λhβ−1

(
1

r
α(λh)

)}
6M.
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A sequence (xn) of complex numbers is called entire with respect to a
sequence (λn) of positive numbers increasing to +∞, if the Dirichlet series
with coe�cients xn and exponents λn is entire. We will de�ne the generalized
order of the sequence (xn) as the generalized order of this Dirichlet series. We
�nd a necessary and su�cient condition for a matrix (ank) to map a class of
entire sequences of the generalized order ≤ % ∈ (0,+∞) into a class of entire
sequences of the generalized order ≤ µ ∈ (0,+∞).
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