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Hocaimxyemo namsrpymny |ID. BCix 9acTKOBHX KOCKIHUYEHHUX 130MeTpiit
MHOKUHHE Tiinx aucen Z. JToseaeno, mo dbaxrop-aamsrpyna |D e /Cmg 32 Mini-
MAaJIbHOIO TPYTIOBOIO KOHIPYEHIIEI0 €mg 130MopdHa rpymi 1s0(Z) ycix i3omerpiit
vuOXkUHA Z, IDo € F-iHBepCHOIO HAIBrpyIoio, a TaK0X, o HamiBrpymna D
isomopdua maniBupamomy mobyTky Iso(Z) Xy P (Z) BinbHOI HamiBrparku 3
onuanIeio (P (Z),U) rpynomwo Iso(Z). 3naitneno qocraTHi yMOBH, 33 BUKOHAH-
He SIKUX, TPAHCJIAIINHO HenlepeBHHA Tomosorist Ha |Do € auckpeTHOIO0, @ TaKOX)K
moOyA0BaHO HEAUCKPETHY raycaopdoBy HamiBrpynoBy Tomosoriio Ha |ID.. Jo-
caiKyeMo pobsieMy isomopdHoro 3anypenus quckperHol HamBrpynm Do, y
raycop@oBi TOMOIOTiYHI HAMBrPyH OJIU3bKi 10 KOMITAKTHHX.

Karwo6i cao6a: HamiBrpyma i30MeTpiii, 9acTKOBA OIEKITist, HAIIBTOIIOJIO-

ridHa HAIMBIPyIa, TOMOJIOTIYHA HAMIBIPYIA, KOMIAKTHUN, 3/III€HHO KOMIIAKT-
HM, c1abKO KOMIIAKTHMIA, JUCKPETHHI TPOCTIP, BKJIAICHHS.

1. TepMmiHoJOTia Ta O3HAYEHHI.

Mu kopucryBarumemocs repminosiorieio 3 [14, 16, 32, 35, 37].

Hapmani y Tekcri moryxuicrs muOXKuHE A mo3Hagarumemo uepes |A|, meprmii He-
CKiHUeHHMII KapAnWHAJ 4Yepe3 w, i MHOXKHWHY MInx uucea — depe3 Z. Yepes clx(A) i
int x (A) NO3HAYATHMEMO 3aMUKGHHA TA BHYMPIWHICMY THIMHOKIHE A B TOTIOJIOTTIHOMY
npoctopi X.

fIKIm0 BU3HAUEHE JAaCTKOBE BimoOpakeHusa a: X — Y 3 MHOXKuUHKA X y MHOXKHUHY Y,
1O yepe3 dom « i ran o OyaemMo mo3HagaT Horo 006AaCMb BU3HA%EHHA T 00AGCTND 3HA%EHD,
Binmosinmo, a wepe3 (z)a i (A)a — obpasu enementa z € dom o Ta migMmuOoKIHE A C
dom o Tpy YACTKOBOMY BimoOparkenHni «, Binmosinuo. YacTtkose BimobOpaskerus «: X —
Y HazuBaeThCs Ko-ckiHuenHum, AKIO MEOKUHA X \ doma Ta Y\ ran @ — cKiHdeHHi.

PedexkcuBre, anTrCHMeTpUYHE Ta TPAH3UTHBHE BiTHOIIEHHS HA MHOXKUHI X Ha3HU-
BAETHCS 4ACMKOSUM Nopsadkom Ha X . Muokuna X i3 3a7aHUM HA Hill YACTKOBUM IIOPSJI-
KOM < HA3UBAETHCH YACMKOBO 6NOPATKOBAHONW MHOdHCUHOW 1 no3HauaeTbes (X, ).

2010 Mathematics Subject Classification: 20M18, 20M20, 20M30, 22A15, 22A25, 54D30, 54D40, 54E52,
54H10
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Enement z 9acTkoBO BHOPsAAKOBaHO! MHOKHHE (X, <) HA3UBAETHCH:

o maxcumarvhum (minimarvrum) B (X, <), axmo 3 sigpomenns x <y (y < x) B
(X, ) BuwwmBag piBHiCTb T = Y;
o natibinvwum (natimenwum) B (X, <), akmo y < = (x < y) s Beix y € X,

Y Bunajixy, gxuo (X, <) — 4acTKOBO BIIOPSIKOBAHA MHOXKMHA 1 & < ¥, Ui JIESAKUX
z,y € X, 10 6yJeM0 rOBOPUTH, LIO eJIeMeHTH T Ta Y — nopieuasvni B (X, <). Ao xk s
€JIEMEHTIB T < ¥ He BUKOHYETHCS YKOIHE 3 BiTHOMIEHb T < Y ab0 ¥ < T, TO TOBOPUTHMEMO,
0 €JIEMEHTH T Ta Yy — HENOPIBHAJbHI y 9acTKOBO BHOpsiAKOBaHiit muoxwuHi (X, ).
YHacTkoBuii mopsiiok < Ha X HA3UBAETHCH AIHIUHUM, AKIIO TOBIJIBHI JIBa €JIEMEHTH B
(X, <) — nopiBHsisIbHI.

Binobpaxenns h: X — Y 3 yacrkoBo Brnopsiakosanol Muoxkunu (X, <) B 4aCTKOBO
BLOPsiAKOBaHY MHOXKUHY (Y, <) HA3UBAETHCH MOHOMOHHUM, SKWIO 3 T < Y BUILJIUBAE
(@)h < (y)h.

Skio S — waniBrpyma, T0 i HiIMHOXKUHA IIeMIOTEHTIB MO3HAYaeThcsa Yepe3 F(.S).
Hamisrpymna S HazuBaeTbCst 1H8EPCHOM0, SKITO s TOBLIBHOTO 11 e7leMeHTa & iCHy€e € auHuii
enement x~ ' € S makuii, mo xz 'z = z ta 2 'xz~! = 27!, B iuBepcuiit nanisrpyni S
BUIIEO3HAYCHUI eleMeHT T ' HasuBaeTbca ineepchum do x. B’aska — ne namisrpyna
inemmoreHTiB, a Haniespamra — e KoMyTarneHa B’si3ka. Hamauni depes (P (R), U) 10-
3HAYATIMEMO 6iAbHY HANI6s PamKky 3 OJUHUIICI0 HAJ, MHOKWHOIO MIfICHUX UHCes, TOOTO
MHOXKHIHY YCiX CKiHYeHHHX (pa30oM 3 MOPOXKHBOIO) MiIMHOKUH MHOXKHHE R 3 omeparieio
00’e1HaHHS.

Binnomenus ekpiBanenTrHocTi 8 HA HAMBrpyni S HA3UBAETHC KOHZPYEHYIEN, SKIIO
JUIST eJIeMenTiB @ 1 b HamiBrpynn S 3 TOro, 10 BUKOHYETHCS yMOBa (a, b) € & BUmINBaE, 10
(ca,cd), (ad,bd) € R, nns Beix ¢, d € S. Bignomenus (a,b) € & Mu Takox GyIeMO 3aIHCy-
Baru afb, i B IbOMY BUIIAJKy TOBOPUTHMEMO, IO eAEMEHMU & | b € R-eK6i6aAEHTIHUMU.

ko S — nanisrpymna, To Ha E(S) Bu3HaYEHO 4ACTKOBUIl NOPSIOK

e < f roxmiigume romi, komu ef = fe=e.

Tak o3HaueHuil yacTKOBUil MOpAA0K Ha E(S) HA3UBAETHCT NPUPOIHUM.
OznaunMo BifHOmMeEHHs < HA IHBEPCHi# HamBrpym S Tak:

s<t TOZI 1 JIWITTE TOMIi, KON s = te,

JUIA IeTKOro imemmorenta e € S. Tak o3HaYeHUil 9aCcTKOBUI MOPSIOK HA3UBAECTHCA NPU-
POOHUM HaCMEOSUM NOPAJKOM HA iHBepCHiil HaniBrpyni S [32]. OueBuaHO, 10 3BYKEHHST
UPUPOIHOIO YaCTKOBOIO LOPsi/iKy < Ha inBepcHiii Hanisrpyui S Ha 1T B’a3ky E(S) € nupu-
pomHuM wacTkouM mopsinkoM Ha E(S). Ineepcha nanisrpyna S Haswsaerwhest daxmopu-
306H010, SKITO /11 KOXKHOTO €JIeMeHTa § € S iCHY€ eJIeMeHT g TPYTIH OINHUIh HAMIBIPYTN
S Takwii, Mo s < g CTOCOBHO MPUPOIHOTO YACTKOBOI'O MOPSAKY < Ha S.

Binomo, mo rpyna Iso(Z) izomerpiii MHOKMHU uinux uucesn Z i3omopdua Hamis-
upsamMomy 100yTKy Z(+) X Zo aauTuBHOL rpynu uijaux uuces Z(+) UUKIIYHOI IPYNOK0
JPYTOro MOpSAKY Zs.

Yepes ID,, mo3naunMo HAMIBrpyIy BCiX YaCTKOBHX KOCKIHYEHHWX i30MeTpiif MHO-
SKUHE 1nx gucest Z. Hanisrpyna 1D, o3nauena B mpari Besymiak [8], me omucawo ii
TBIpHI Ta HOBEIEHO, 110 BOHA MA€ €KCIOHEHIHAJTBHUN picT. 3ayBaKuMO, 0 HAMIBIPYTa
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ID, € iHBEPCHOIO i, OYEBHUIHO, € IMiAHAIIBIPYIIOO HAIIBIPYIIH BCIX YaCTKOBUX KOCKIHIEH-
HEX Ol€KITi MHOXKWHHE IInX qucen Z, a enementu HamiBrpynu |D o, — e came 3ByKeHHsA
izoMeTpiit MHOXKWHM TIINX YHCes 7 Ha KOCKIHYEHHI MiIMHOXKWHU B pOo3yMinHi JIoycona
(mmB. [32, c. 9]). ¥ npami [9] ommcani Bimmomenns ' pina Ta rooBHi izeann HamisrpymH
ID.

ITigmHOX)KUHA A TOIOIOriYHOrO MPOCTOPY X HABUBAETHCS:

e wiavhor B X, akmio clx (A) = X;

e xowiavhoro B X, axmo X \ A — miibHa B X;

o nide ne wiavnor B X, akio cly (A) — kouibha B X;

o I -muoorcunoro, axkiio A € 3jideHHuM 00 €1HAHHAM 3aMKHEHUX MHOXKUH.

Komnaxmugixauyiero Cmoyna- exa TuXOHOBCHKOrO TpocTopy X HA3UBAETHCA KOM-
nakTHuil raycaopdgosuii upocrip X, sakuil micturh X K LJIbHUA HiIPOCTIP TaKKii, 110
JIOBUIbHE HemepepBHe Bimobpaxkenus f: X — Y B kommakTHuil raycaopdoBuii mpocTip
Y mposoBKyeThes 10 HemepepBHOTO BimoGpawenns f: X — Y [16].

Tonosoriunmit mpoctip X HaA3WBAETHCA:

® K6a3iPe2YAAPHUM, SKITO M TOBLIBHOI HEMOPOKHBOI BIAKPUTOI MaAMHOKIHA U
B X icuye Bigkpura Henopoxkus miamuoxuna V C U rtaka, uio clx (V) C U;

® KOMNAKMHUM, SKIO JOBIIbHE BiIKpHTE MOKPUTTS MPOCTOPY X MICTHTH CKiH-
YeHHE IiIOKPUTTS;

® CEKBEHULANDHO KOMNAKMHUM, SKITO JOBLIbHA MOCTIAOBHICTD B X MiCTATD 3012KHY
T ATTOCTi JOBHICTh;

® 3AIYEHHO KOMTAKMHUM, SKIIO JTOBLIbHE 3/IiY€HHE BiIKPUTE TIOKPUTTS MPOCTOPY
X MicTHTh CKiHYEHHE IiIIOKPUTTS;

® CA00KO0 KOMNAKMHUM, SKIO TOBLIbHA JIOKATHHO CKiHYEHHA CiM’d BIIKPUTHX He-
HOPOXKHIX nizMHOKuH B X € CKiHYeHHOIO [4];

e d-caabko xomnaxmuum abo DFCC-npocmopom, KO NOBiALHA IUCKpPETHA, CiM’s
BIZIKPUTHX HEMNOPOXKHIX migMHOXKKH B X € ckindeHHOWO (auB. [33]);

o ncesdokomnarmuum, SKII0 X € IJIKOM pPerysipHAM 1 KOXKHA HelepepBHa, [Iiii-
cuo3HavHa (pyHKIia Ha X € 00MEKEHOIO;

® L0KAALHO KOMNAGKMHUM, SKIIO /i KOXKHOI Toukn © € X icHye Binkpuruil okii
U(z) roukn = B X 3 xommakTHuM 3amukanusam clx (U(x));

e nosnum 3a Hexom, akmo X € uinkom peryiaspaum i mapict X \ X e F,-
MHOXKHHOIO B X

e fOepischKuMm, SKIIO JJIst KOXKHOI mocainopaocti Ay, As, ..., Ay, ... Hige HeniIbHUX
muoxkuH 3 X 00’eHaHHsd Ufil A; € KOIILJIbHOW HiAMHOXKHMHOK B X ;

e cnadko6o 6episcLKUM, AKIIO JOBLIbHA HEIIOPOXKHA 3aMKHEHa, iAMHOXKUHA B X €
0epiBCHKUM MPOCTOPOM.

3a reopemoro 3.10.22 3 [16], koM perynspuuii npocrip X € ciaabko KOMIAKTHUM TOA] 1
JuIe Tofi, Koau X € mceBIoKoMTakTHUM. KoskeH KOMTaKHMi Ta KOYKEeH CeKBEHITaIbhHO
KOMTIAKTHHUH MPOCTIP € 3/TI9YeHHO KOMTAKTHUM, KOYKEH 3JIiYeHHO KOMMAKTHHI TPOCTIp €
c/TabKO KOMITAKTHUM, & KOXKEH CJIa0KO KOMIIAKTHHH MPOCTip € d-CTabKo KOMIIAKTHUM.
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Tononoriunnit mpoctip X i3 3a4aH0I0 HA HHOMY HAIIBIPYIOBOIO OIEPAIE0 HA3UBA-
€THCSL HAMIBMONO0A02I4HONW (TMON0A02IYHON) HANIE2PYNOI0, AKILO L HALIBIPYLOBA Olle-
paris Ha X € HAPI3HO (CYKYNHO) HEmepepBHOO. [HBEPCHA TOMOJIOTiYHA HAMBIPYNa 3 He-
TIEpEPBHOIO 1HBEPCIEI0 HA3BUBAETHCA MONOA0IYHOI0 IHBEPCHOI Hanie2pynoro. Tomomorisa
T Ha [iHBepcHiii| HaniBrpymi S HasuBa€eThCs [iHeepcHot0] Hanisepynosoto, Ao (S, 7) —
ronoaoriyna [inBepcua] nanisrpyna. Takox, Tomnosnoris 7 Ha HamBrpymi S HA3UBAETHC
MPAHCAAUTTHO Henepepenoto, (S, T) — HaniBronoaoriysa HauiBrpya

BuBuenns HaAMiBrpynoBUX HEIMCKPETHUX TOTOJIOIOTI3AINN HATIBIPYT TOUYMHAETHCS
3 kiacnyHol mpari Edeprapra ta Cenjena [15], y skiit qoBeieHO, 110 KOYKHA HAIBIPYTIO-
Ba raycopdosa rorosoris Ha GiukiaigHoMy MOHOIIL € (p, ¢) € muckperHoo. ¥ mpari [7]
Beprman i Yect goBenu, mo KoxKHA raycaopdoBa TPAHCIAIINHO HEITEPEPBHA TOMOJIOTIs
Ha F(p,q) € Takox JuckperHow. Y npausgx [17, 23] sragauni pesynbraru Oyniu noimpe-
Hi Ha po3lMpPeHy OIUUK/IIYHY HAIIBIPYILy %7 Ta Ha IHTEPACOLIaTHMBHOCTI OILMKJIYHOIO
monoina. Takox TafimanoB y [38] moOymyBaB MPUKJIAJ HAMBIPYNH, sika JOMYCKa€E JIHi-
IIe TMCKPEeTHY HamiBrpymnoBy raycaopdoy Tomosoriio Ta B [39] BiH BU3HAYMB JocTaTHI
O3HAKM HEJIMCKPETHOI HAMIBI'PYIIOBOI TOIOJOri3amii KoMmyTaruBHOI HamiBrpymnu. Haris-
rpyna 1’ wazuBaeTbcs 1alimar06010, AKIIO BOHA MICTATH ABi pi3ui Toukm Op, cop Taki,
mo xy = oor Iy NOBLIbHEUX pisaux TouoK z,y € T \ {07,007} i 2y = ocor y Beix
inmmx Bunazakax [20]. YV npani [20] mosenero, mo noinbHa TafiMmanoBa HamiBrpymna mae
Taki TomoJoriuni Baacrusocti: (i) koxkua T}-TOMOJOrA 3 HENEPEPBHUME 3CyBaMu HA T
€ muckperno; (ii) T 3aMkHeHa B J0BLIbHIN T7-TOmMOJOrIUHIl HAMBrpymi, M0 MiCTUTH
T sk nigaanisrpyny; (iii) koxen neizomopduuii romomopduuii 06pas Z uanisrpynu T’
€ HAIBIPYNOIO 3 HYJbOBUM MHOXKEHHSM 1, OT?KE€, € TOIOJIOIIYHOI0 HAMIBI'PYIOK B JI0-
BisbHI#T Tomosoril Ha Z. JIMCKpeTHi Ta HEJUCKPETHI TOMOJIOTi3allii HAIIBIPYII IIE€PETBO-
PeHb 33 MOIyJIeM OEepiBChKOTO UM JIOKAJIBHO KOMIIAKTHOTO MPOCTOPY BUBYAJIHN B MPAIAX
[5, 6, 12, 13, 19, 22, 26, 28, 29].

IIpobmema i3oMOpdHOrO 3aHypeHHS HAMIBIPYNI y TaycaopdOBi TOMOJIOTIYHI HAIiB-
rpynu 6au3bKi 10 KOMIAKTHUX J0caiKyBamu B [1, 2, 3, 6, 12, 13, 18, 21, 23, 24, 25, 27].

Mu nosoumo, o daxrop-namisrpyna 1D /€me 33 MiHIMAIBHOIO IPYLOBOIO KOH-
rpyentieio Cng i30Mopdra rpymi Iso(Z) ycix isomerpiit MuoxkuHn Z; namisrpymna 1D
¢ F-imBepcHOIO HAMIBrpyImow, a Takox, mo HamiBrpyna 1D, i3omopdra HamiBmpsmMoMmy
I00yTKY 150(Z) Xy Poo(Z) BimbHOI HamIBrpaTKu 3 OnuHHIEIO (Ps(Z),U) rpynoio Iso(Z).
Busnagyeno mocrarai ymoBH, 33 BUKOHAHHS SKAX TPAHCISIIRHO HENEPEPBHA TOMOJIOTIs
Ha IDy € aucKkperHo0, a TAKOXK MOOYJOBAHO HEAMCKPETHY raycaopdOBy HAINIBIPYIIO-
By Tomnojiorito Ha ID,. Jdocaimkyerbes mpobrema i30MOpdHOTO 3aHypEHHST TUCKPETHOI
nanisrpynu ID., y raycaopdosi Tomosoriuni HamiBrpynu Ou3bKi 10 KOMITAKTHUX.

2. CrpykrypHa Teopema ausa Hamisrpynm 1D .
Hagimenma rpynosa Konrpyentisa €mg Ha imBepcHiit Hamisrpymi S BH3HATAETHCA TaK

(mus. [35, IIL.5)):
5Cmgt B S roxi i smie Toui, Ko icuye inemnorenr e €S Takuil, mo  es = et.

3 o3nauenns Hauiprpynu IDo, BuILIMBAE, 10 i JOBLIBHOIO €JIEMEHTa (v HalliB-
rpymu ID, icHye enunuii ejieMenT 7y, TPyIU OIUHUIH H(l) TaKA#, M0 @ < Yo, & OTIKE,
O3HAYEHO BiIOOpaKeHHS

(1) &: 1D — H(1): a— 74
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3 o3nauenns Hamisrpynu ID., BumiuBae, mo Tak o3Hadene BimoOpaxkenus & € ClOp’€K-
TUBHUM roMoMopdizMom, i Tum Ginbine s o, § € 1Dy, Mmaemo, 1o

aCmgf 1Ozl i mmmre Tozi, komn ()& = (5)8.
OToX, MU JIOBEJIU TaKy TEOPEMY

Teopema 1. @axmop-naniszpyna 1Dy /€ e isomopdna epyni 1so(Z) ycix isomempit
MHOHCUHY Z, PUOMY NPUPOIHUTE 20MOMOPPHI3M €an: ID. — Iso(Z) susnauwaemocs 3a
dopmyaoto (1).

Harazgaemo, mio insepcua naiisrpyna S nazusaerbcd F-ineepcroro, akio Cpmg-Kiac
5Cmg KOKHOTO €JIeMEeHTa S Ma€ HafGLIbImii eJleMeHT CTOCOBHO MPUPOJHOTO YaCTKOBOTO
nopsiaky B S [34]. OueBngno, 1mo KoxkHa F-IHBepCHA HAMIBIPYIa MICTHTH OIMHUIIO.

3 osmauenns nanisrpynu |D., BumImBaE, mo JOBIIBHOTO €/IEMEHTA (v HAIIBIPYIIH
ID, icuye eauumii esieMenT 7y, rpynu oguuunb H (1) takuii, mo « < 74, a OTKe, BUKO-
HYETHCSH

Hacaimok 1. ID,, € F-ineepcroro waniezpynoio.

s TOBIIBHOTO ejleMeHTa S IHBePCHOI HAMIBrpynu S MO3HAYNMO
ls={zeS:z<s},

e < — MpUPOAHWI JYaCTKOBUIA MOPSIIOK HA S.

Hexait S — nosinbaa F-inBepcua HamiBrpyma. Tosi A JOBIILHOTO eIleMeHTa S Ha-
miBrpynum S Uepes e, HOZHAYHMO iIeMIOTEHT s5 1 € S, 4epes t, — HafGLILIITIT efleMenT
CTOCOBHO HPHPOJHOTO YaCTKOBOTO HOPAJKY Ha S B €pg-Kiaci Sg,,, €/l1eMeHTa s, i Hexai
Ts = {ts: s € S}. Toxi nanisrpyna S € Tu3’IOHKTHIM 00’€THAHHAM MHOXKUH [t, e t € T
[34].

Crpykrypa F-iHBepCHUX HamiBrpyIl BUKJaJeHa y [34], Hagami Mn Jaji BUKOpHCTa-
€MO TaKi /iBa TBep/KeHHs Jisi onucanasd HamBrpynu 1D .

Jlema 1 ([34, nema 3]). Hexati S — F-ineepcna naniezpyna 3 odunuyero lg. Todi:

(1) 1 — odunuuya naniespamxu E(S);
(4i) mmoorcuna Ts 3 Oinaprolo onepayiero

U *V = by, u,v € Tg,

€ epynoro 3 netimpasvrum esemenmom lg, i t~1 e obepnenum do eaemenma t 6
epyni (Ts,*);

(7i1) daa wootcnozo enemenma t € Tg eidobpasicenna §i: E(S) — ler, osnavene 3a
Ppopmyr010

(e =tft™",  feB(S),

€ CI0P EXMUSHUM 20MOMOPPHIZMOM, NPUHOMY F14 € MOMONCHUM 61000PAHCEHHAM
na E(S);

(i) (15)Ft = er U (€1)Fi—1 = €;-1, daa dosiavnozo esemenma t € Ts;

(v) daa dosinvhuz enemermis u,v € S BUKOHYEMbCA PIBHICTIL

((15)8w) Fv - ()Tusw = ((f)Fu) Fo, oas dosinvhozo idemnomenma f € S;
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(vi) axwo u,v € Tg, mo

oas ecir idemnomenmis [ < e, ma g

Cuxv),

<
< e, Haniszpynu S.

Teopema 2 ([34, reopema 3]). Hezatl S — F-ineepcra naniezpyna ma .= U (Jerx{t}).
teTs
Osnawumo wa & binapry onepayito o mak: axwo u,v € Ts, mo das idemnomenmie

f < ey ma g < e, npuiimemo
(2) (f7u)o(g7v):(f'(g>guau*fv)'
Todi o — nanieepynosa onepayis na ¥ i naniszpyna (7, 0) izomopdra nanisepyni S

cmocoeno 6idobpasicenmnsa H: S — L s+ (ssil,ts).

Hexaii A ta B — nanisrpynu, End(B) — nanisrpyna engomopdizmis nanisrpynu B
i Busnaueno romomopdism h: A — End(B): b — by,. Toni muoxkuna A X B 3 6inapHoio
OIEepAIIiEI0
(a1,b1) - (a2, b2) = (a1az, (b1)ha,b2), ar,az € A, by,by € B

HA3UBAETHCS HANIBNPAMUM 0OYMKOM HATBrpyH A HAIIBrpymoo B ¢TOCOBHO FOMOMOP-
dismy b i1 nosnauaerscas A Xy B [32]. ¥V 1poMy BUNAIKY KaxKyTh, IO BU3HAYEHA IIPaBA
aist Hanisrpyuu A va maunisrpyuni B engomopdizmis (romomopdismis). 3ayBaxkumo, mwo
HAMIBIpAMUA JOOYTOK IHBEPCHUX HAMIBIPYT HE 3aBXKIW € IHBEPCHOI HAMIBIPYHOIO (IUB.
[32, po3min 5.3]).

Jlema 2. Bidobpasicennsa h: H(1) — End(E(IDs)): v — by, de (a)hy = v tay —
asmomopdism naniespamru E(IDy,), € zomomopdismom, npuwomy by — momoorcrud
asmomopdism nanisspamru E(IDy).

JHosedenns. Hus noslnbhux v € H(1), e,0 € E(IDs) orpumaemo, mo
(e)hy =7 tery =77 reyy ey = (€)b, ()b,

a orzke, ), — romomopdism manisrparku F(IDo). Ockinbku nna gosinpuux v € H(1)
ta ¢ € E(IDy) enement yey~ ! € inemnorentom namisrpynu 1D, i

(vey by =7 ey Dy =
To Tomomopdism b, — crop’exkTusHe Bigobpazkennsa. Oduesnamno, mo b — TOTOXKHE Bij-
obpaxkennst Hambrparkn FE(IDy).
Ipunycrumo, mo ()b, = ()b, mna geaxux v € H(1), €,¢ € E(IDy). Ockinbku
H(1) — rpyua opununp nanierpynu 1D, TO 3 piBHOCTEI
Ty = (e)hy = Wby =77y
BHILTABAE, IO
e=lel =y leyy =y vy = Ll =,
a orxe, i, — aBromopdizm mamisrparku E(ID).
Badikcyemo nosinbui 7,0 € H(1). Toni ana mosuibHOro inemnorenta € € 1Dy
MA€EMO, 10

(£)hs = (v6) 'evd = 071y eqd = 671 (2)by6 = ((£)by) b5 = (¢) (B - bs)
a oTKe, Tak o3HaveHe Binobpaxkenus h: H(1) — End (F(ID)) € romomopdizmom. [



ITPO HAIIBTPVITY ID
ISSN 2078-3744. Bicuuk JIpBiB. yu-Ty. Cepis mex.-mart. 2017. Bumyck 83 11

Hacrymaa teopema onmcye crpykrypy Hamisrpymu 1D ..

Teopema 3. Hanisepyna IDs, i3omopdna nanienpamomy dobymxy lso(Z) xy P (Z)
8iAbHOT HanissSpamky 3 odunuyero (P (Z),U) epynoro Iso(Z) ycix isomempit mMHostcuny
ytaux wucen 7.

Josedenns. Ockinbku rpyna opununps H (1) naunisrpynu IDs i3omopdua rpyni Iso(Z)
yCix i3omeTpiit MHOXKHMHEH Z, TO HAM JOCTATHBO J0BecTH, mo HamBrpyma 1D, i3omopd-
na mamiBnpsiMomy mo6yTky H(1) xy E(IDo) mamisrparkn E(ID.,) rpynoo ogueuns
H (1) mamisrpynu ID., crocoBro romomopdismy h: H(1) — End (E(IDy)) : v — by,
e ()b, =" lay.

Osnaunmo Binobpazkenus T: 1D, — H(1) Xy E(IDy) 3a dopmyiorno

(OL)KS = (FYOM aila) 9
Jie eleMeHT 7, rpymu omuuunb H(1) namierpynu ID.,, Busnauenuii dbopmymnow (1).
Ockinpku jist g0BiIbHOTO esieMenTa « HamiBrpynu |D., icHye eamnunii enemeHT 7y, rpy-
nu oguuunb H (1) takuit, mo o < 74, TO 3 HacHAiAKy 1 BUIUIMBAE, 1O BimoOpazKeHHs
T: 1D — H(1) x4y E(IDs) o3Ha4YeHE KOPEKTHO, i BOHO € ciop’ekruBHHM. IIpmmyc-
THUMO, IO icHyIOTH enemenTn « ta [ Hamirpymm ID., Taki, mo ()T = (B8)%. Tomi
(’ya, a‘la) = ('767 ﬂ_lﬁ) i, BAKOPHUCTABIITN BJIACTUBICTH, 110 JJIA JOBLIBHOTO €JIEMEHTa, (
nanisrpynu ID., icuye eaunuii ejeMent vy, rpyuu omuauis H (1) rakuii, mo o < vq, 1
aemy 1.4.6 3 [32], orpumyemo
a=7.0 la=y""18 =5,

a orke, BimoOpazkenus T: IDy, — H(1) Xy E(IDy) € Crop’eKTHBHEM.

Hexaii o Ta  — nosinbhui enementu Hanisrpynu IDs. Toxi 3 dopmymnu (1) i Teo-
pemu 1 Burtusae, mo aB€mgYays, 1 OCKUIBKE Vo, v3 € H(1), TO OTpUMYEMO, IO VoY3 =
Yap- 3BiICW BUTMIIMBAE, IMIO

()T(B)T = (Yoo ') (8,87'8) =
= (Vo875 @ty B) =
= (Yap, 75 ' taysB7'B).

3a semoro 2 Bimobpaxenus b, : E(IDy) — E(IDs): o = vy 'y € aBroMOpdizmom
nanisrparku E(ID,), a 0TKe OTpuUMy€EMO, 110 €JIEMEHT 'yﬁ_la_loz’yg € imemMmnoTeHTOM Ha-
nisrpynu ID,. Ockinbku ID,, — inBepcHa HAMBrpymna, TO IJjisd JIOBLIHHOTO €JIEMEHTA (v
nanisrpynu 1D, icHye enuuuii enement 7, rpynu omununb H (1) makuii, 1o o < vo. 3
nemu 1.4.6 3 [32] Bunusae, mo 3 = y357 '3, a orxe,

V5o a8 = (7510710%) (B718) (6718) =
= (871897") (@7"a) (1a87'8) =
= (1387'8) " (a7 a) (3587'8) =

571 (047104) 6 —

(ﬁ_lofl) (Ozﬂ) —
= (aB) " (aB).

1
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Orox, OTPUMYEMO
(@B)T = (Yap, (aB)'aB) = (a)T(B)T,
a orxe, Bigobpaxkenns T: IDo — H(1) Xy E(IDs) € romomopdizmonm, 1o i 3aBepiirye

JIOBEJEHHA TEOPEMU. O

IMozasik rpyna Iso(Z) izomopdua HaniBupsimomy 1006yTKy Z(+) X Zsg, TO 3 Teopemu 3
BUILJINBAE HACJIIOK.

Hacaigok 2. Hanisepyna ID., izomopdra Hanienpamomy 0obymixy

(Z(+) % L) w1y, P (Z).
Hanani mam 6yae morpibHe Take TBEPIZKEHHS.

Teepmxkenras 1. Jasa dosiavnozo o € IDo, mHoorcuna
ta={f€lDy: a<p}

CKIHYEHHA.

Josedenna. 3 nemu 1.4.6 [32] Bunnusae, 1o

Ta = {6 €Dy : a= aa_lﬂ} ,

i, BukopucTaBiu Te, mo y Hamsrpym 1D, yci iIeMnoTeHTH € YaCTKOBUMM TOTOXKHW-
MU BiOOpakKeHHSMYM KOCKIHYEHHUX y 7 IiJIMHOYXKHUH, OTPUMYEMO, IO MiIMHOXKHUHA Ta €
ckingeHHo0 B 1D . O

TBepmxenas 2. /s dosisvhux o, B € IDy, mHoocunu
R(alp) ={x € IDs: ax =} i  L(a|B) ={x € IDx: xa = 5}

cxinuenni. Ipuwomy, axwo R(alB) # @ (L(alB) # @), mo |R(a|B)NH(1)] = 1
(IL(alB) N H(1)] = 1).

Josedenns. 3aysaxkumo, oueBugno, wo R(a|f) € nigMHOKUHOIO MHOKUHY
R = {X €lD: a tay = a_lﬁ} ,

ockimeka o~ la € izemmorentom mamisrpymm 1D, To orpumyemo, mo R C ta~!B. Toxi
3a TBepKeHHsAM 1 orpumyemo, mo R — ckinuenna, a orxke, R(«|f) — ckinuenna mix-
vuoxkuna B IDy,. Ocranne TBep/pKeHHs BuiimBae 3 Toro, mo Dy, € F-maniBrpymoro.
JoBeneHHst TBepIXKeHHs ¥ BUTIAAKY MHOXKWHU L(«|f) € aHamoriaamm. O

3. Ilpo (mamiB)romosoriuny HaniBrpymy ID..

TBepmxkenasa 3. Hexat 7 — Ti-monoaozia ua Hanieepyni ID., cmocoseno axoi ni6i
(npaei) scysu 6 (IDy,T) € nenepeperumu 6i000PANHCEHHAMU MA TRONOAOZINHUT NPOCTIID
(ID,T) Micmumb i3oavosany mouky. Todi epyna odunuuys H(1) e duckpemmnum niod-
npocmopom 6 (IDo,, T).
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Josedenns. Tpunycrumo, mo Jisi 3cyBu B (IDoo, 7) € HEnepepBHEMU BiIOOPazKEHHIMHU.
Hexaii g — iosboBana rouka B (1D, 7). Toui 3 nenepepsuocti sisux 3cysis y (Do, T)
BUTIJINBAE, 10 MHOXKWHA Ty — BIIKPUTO-3aMKHEHAa, SIK TOBHMI MpPoobpa3 BiAKPUTO-
3aMKHEHOI MHOKMHU TIpU HeNepepBHOMY JiBOMY 3CyBi Ha iJeMIOTEHT oy, ! Mozask
7 — Ty-ronoioris Ha HaniBrpymi IDs, TO 3a TBepKeHHsM 2 Tpyna oxuaunn H (1) na-
nisrpynu Do micturh i3oiboBany 104Ky B (Do, 7). Asie B KOxHINl rpyni piBHsAHHSS
ax = b mae enunuii po3p’sa30K 1 muoxkuua 1D, \ H(1) € qobiunum ineasiom B HamiBrpyi
ID o, TO 3 HemepeprHOCTI NiBUX 3¢YBiB ¥ (IDo, T) BUMIINBAE, IO KOKEH €JIEMEHT TPYTH
opmuntp H (1) € i3onboBanon0 Toukor B mpocTopi (1D, 7).

st mpaBUX 3CYBIB /IOBEIeHHS aHAJOTIdHE. U

Teopema 4. Hexali T — bepiscoka T1-monoaoezisa na nanieepyni 1D, cmocoseno axoi
aisi (npasi) scyeu 6 (IDy,T) € nenepepsnumu eidobpasicernnamu. Todi epyna odunuys
H(1) e duckpemmnum nionpocmopom 6 (IDy, T).

[osederns. Ipumycrumo, mo aisl 3cysu B (IDo, T) € HEIEpEPBHUME BiIOOPasKeHHAMMU.
TMozask mamierpyna 1D, 3nivenna, o 3 6eposocri Th-npocropy (1D, T) BuMIIMBAE, 110
xo4a 6 omuH enement cim’i {{a} : a € IDy} Mae Henopoxuio BHyTpimHicTh B (1D o, 7),
a orxke, npocrip (IDs,7) MicTurh i30ib0BaHy TOUKy. Jlasi CKOPHCTAEMOCsH TBEPIKEH-

HAM 3. O

KaxyTb, 1o ronosoris 7 Ha Hamisrpymi S € 4igo (npaso) E-6episcvkoro, KO JJist
JoBLIbHOTO ineMiorenta e € S uigupocrip eS (Se) B S € 6epiBcbKuM.

Teopema 5. Koowcna aieo (npaso) E-bepiscvra Ti-monosozis T na nanieepyni 1D,
cmocosno axoi npasi (aiei) scyeu 6 (IDwo,T) € Henepepenumu 6idobpascernamu, Juc-
KPEMHA.

Jlosedenns. Hexait 7 — niBo E-6Gepiscbka Th-Tomosoris #a nauisrpymi ID.,, crocosro
sikoi q1iBi (npasi) 3cysu B (1D, 7) € HenmepepsHuMy Bimobpaxkenusamu. Ockinbkn 1Dy, —
imBepcHa Hamiprpyma, To alDo, = aa 1D, q1a goBinabHOTO eementa o € 1D, a oTiKe,
alD, — Gepiscbkuii mignpoctip B (IDy, 7). Toxi 3 6eposocti Th-upocropy alD ., Bunm-
Bae, mo xo4a 6 omuu enement cim’i {{8}: f € alDy} Mae HEOPOXKHIO BHYTPIIIHICTD B
alD, a orxke, mpocrip alDy, Mmictuts i3omboBany Touky. Hexait o — i3ombpoBaHA TOU-
ka B alDy i aff = ag aua gesikoro 5 € IDo. Toxai 3 nemepepBHOCTI paBuxX 3CyBiB y
(IDw, T) Ta TBEpIIKEHHS 2 BUIUINBAE, II0 MHOXKWHA,

{x €IDx: xB = ao}

€ ckinyennoro ta BiakpuToio B (IDy,7) gK moBHUi n1poobpa3 BiAKPUTOI MHOXKUHU TIPU
HelmepepBHOMY IMPABOMY 3CyBi Ha emeMeHT (3, i, KpiM TOro, BOHA MICTHTb €JIeMEHT .
3BiaKku BumIMBaE, o « — i3o0iaboBana To4ka B (1D, 7). 3 noBlibHOCTI BUGOPY esemeHTa
a € IDy, BuiuBag, wo yci rouku upocropy (Do, 7) i30sboBami. O

[Mozask B raycaopdosiit nanisromnosoriuniit Hamisrpyni S MHOXKuUHM €S 1 Se — 3aMK-
HeHi 115 JOBLIBHOIO izeMiorenTa e € S, TO 3 TeopeMu 5 BUILIMBAE TAKUI HAC/ILI0K

Hacuainok 3. Kooicua 2aycdopdosa mpancaauitino nenepepena cnadkoso bepiscovka mo-
noaozia T na naniszpyni 1D, € duckpemmoro.
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OckinbKu KOXKeH raycaopdOoBuii JOKATHHO KOMIAKTHUN TOMOJOMYHUI TPOCTIp €
noBauM 3a Yexom, a koxken nosuumii 3a UexoMm € cuankoso Gepiscbkum (aus. [16]), To 3
HACJTIIKY 3 BUTIINBAE HACTIIOK 4.

Hacuinok 4. Kooicna zaycdopdosa mparcasyitino nenepepsna nosha 3a dexom (a om-
orce, i NOKAABHO KOMNAKMHa) monoaoeia T na wanieepyni 1D, € duckpemmnono.

3 HaCTYMHOrO MPUKJIA/Ly BUILIMBAE, 0 Ha HamiBrpymi ID, icHye Heauckperna nebe-
piBcbka raycaopdosa ronodioris Tyg Taka, mo (1D, TNg) € TOHOIOrYHO HAIIBIPY IO,

Ipuxaazn 1. Bizomo, mo rpyna isomerpiii Iso(T!) oqurmaHOro Koma
T ={2€C: |z| =1}
Ha KOMILJIEKCHIi 1iomuHi isomopdua nanisnpaMomy 106yTky T < Zs Ta BigoOpazkenns
0: Z(4+) X Zy — T' % Zy: (2,a) — (€%, a)

€ isomopduum (anrebpuanum) 3amypennsm rpymu Iso(Z) B rpyny lso(T!). Hexait na
onmEmIHOMY Koot T! 337aH0 KOMIAKTHY TOIOJIOriIo, iEaykosany 3 C, ge ua C BusHadIeHa
3BUYAHA €BKJII0OBA TOMOJIOTis, a Ha Tpymi Z, BU3HAUEHA AUCKpeTHa Tomosoris. Tosmi
T x Zs 3 Tonomorieio 106y TKy € KOMIAKTHOIO TOHOIOTYHOI0 TPyIofo (auB. [36, mpukmas
6.22]), sika inaykye na uigrpyui 1so(Z) HeaucKkperHy rpylnoBy TOLOJIOLIO.

Hexait na nanierparii %, (Z) 3amana quckperna romosoris. Toxi 3a Teopemoro 2.10
3 [11, Tom 1, c. 67] manisrpyna (Z(+) x Za) X Pao(Z) 3 TOLOIOTIEIO TOOYTKY € TOMOIO-
PYHOI0 HAMBIPYNOIO, KA, OYEBUIHO, HE € JUCKPETHUM MTPOCTOPOM.

Jlema 3. dxwo A — duckpemnull wisvhuil nionpocmip T1-monosoziunozo npocmopy
X, mo A — sidkpumuti nidnpocmip ¢ X.

JHosedenns. Ilpumycrumo nporuiiexse: icHye Todka € € A Taka, 1m0 KOoxKeH i1 Biakpuruii
okin U(x) nepernnae muoxuny X \ A. 3abikcyemo nosinbauit Binkpurwii okin Uy (x) Tou-
K1 2 B TonosorivromMy nipocropi X rakwit, mo Up(z) N A = {z}. Toxi Uy(z) € Bimkpurum
okoiioM Jiesikol Toukn y € Up(z) N X \ A B Tomosorignomy mpocropi X, a orxke, Up(x)
MIiCTUTH HECKIHYEHHY KiIbKICTb TOYOK MHOXKMHU A, 1110 cynepeuntsb Bubopy okoiy Up(x).
3 orpuMaHOI CylepevHOCTi BUILIMBAE TBEP/KEHHS JIEMHU. O

Teopema 6. Hezxali duckpemna maniezpyna ID., € wiavnorw nidnanieepynoro Ti-
naniemonoaoziwnoi wanieepynu S 4 I = S\ IDy # . Todi I € dsobiwvnum ideanrom
6 S.

JHosedenns. 3 nemu 3 suruBag, mo 1Dy, € BiAKpuTUM mANTPOCTOPOM B S.

Badikcyemo noBlibHuii esement y € I, gaxwo x -y = z ¢ I ajsi 1€gK0ro ejemMmexTa
z € IDs, 10 ichnye Bigkpuruii okin U(y) rouku y B TonosoriuHomy npocropi S rakwii,
mo {z} - U(y) = {2z} C IDy. Okin U(y) micTuTh HeCcKiHUEHHY KiIbKICTh eleMeHTiB
nanisrpymnu 1D, 0 CynepeduTsh TBEPIKEHHIO 2. 3 OTPUMAHOrO MPOTUPIYYs BUILIUBAE,
mo x -y € I nna seix x € ID, and y € . JloBenenns TBepaKeHHs, 110 ¥ - © € I ajs BCix
z € IDy Ta y € I € anasoriaaum.

IMpunycrumo nporunexue: = -y = w ¢ I, ana neskux x,y € I. Tomi w € IDy i
3 HaPi3HOI HEMEPEPBHOCTI HAMIBIPYIIOBOI Omnepariii B S BUIIMBAE, IO iCHYIOTH BiIKPUTI
okosn U(z) ra U(y) Touok x Ta y B mpocropi S, Bianosiguo, raki, mo {z} - U(y) = {w}
and U(z) - {y} = {w}. Oxnak obunsa okomu U(x) i U(y) MicTATH HECKIHYEHHY KiTBbKICTH
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emementiB HamiBrpynu |D o, a oTxe, 06umsi pisrocti {z}-U(y) = {w} # U(z) -{y} = {w}
cymepedarhb monepenniit wactuni nosenenns reopemu, ockinbku {x} - (U(y) N
3 OTPUMAHOrO TPOTUPIYYS BUILIUBAE, MO T -y € 1. O

TBepaxenus 4. Hexat 2aycdopdosa mononoziuna naniezpyna S micmums Juckpemmy
naniszpyny ID. ax wirvny nidnaniszpyny. Todi das dosisvrozo ¢ € 1D, mHodcumna

Dc = {(iL’,y) € IDOO X ’Doo Ty = C}
8iKkpuUmMO-3aMEHEHEG 6 S X S.

JHosedenns. 3 memu 3 Bunmusae, mo 1Dy, € Bigkpurum mignpocropom B S. Toni 3 ne-
LepepBHOCTI HamiBrpynoBol omepauii B Haumisrpyui S orpumyemo, mo D, — Biakpura
MAMHOXHWHA B MPocTOopi S X S mis moBiibHOTO eneMenTa ¢ € 1D .

[Ipunycrumo, 1o icaye Takuii etement ¢ € ID o, 1m0 D, € HE3aMKHEHOIO Tl IMHOXK 1~
HO10 B S X S. Toxi icuye Touka nHakonmuenus (a,b) € Sx S muoxuuu D,. 3 nHenepepBHOCTi
HamiBrpymoBol omnepaiiil B S BUILIMBAE, 10 a - b = ¢. Ase IDo, X ID, € mqucKperaum mij-
PoCTOpOM B S X S, a orKe, 3a TeopeMoro 6 Touku a i b Hasmexkarb 10 ABOOIYHOrO igeamny
I = S\ ID, a 3Bigcn BummBae, mo q00yToK a - b € S\ 1Dy, He MoXe TOpiBHIOBATH
€JIEMEeHTOBI C. U

Teopema 7. fxwo 2aycdopposa monosoziuna naniezpyna S micmums nanieepyny 1D,
AKX WisvHy duckpemuy nidnaniezpyny, mo keadpam S X S He € caabKo KOMNAKMHUM
NPOCMOPOM.

Zosedenns. 3 rBepuzkenHsm 4 gy poBiabHOro ejemenra ¢ € IDo, kBagpar S X S wmi-
CTUTh BIIKPUTO-3aMKHEHUH IUCKPETHUH TiATpocTip D.. Y BUNANIKY, KOJN ¢ € OTMHUIIEIO
rpymu omwHUIh HamBrpynu ID.,, 70 MHOXUHA D, MICTUTH HECKIHYEHHY MIiIMHOXKUHY
{(#,271) : @ € H(1)}, a orxe, Mmpoxunna D, € HecKiHIeHHO0. 3Bi/ICH BUILIMBAE, 1O IIPO-
crip S X S He € c;1a0KO KOMIAKTHUM. O

3 iumoro OOKy, KOXKEH 3JIiYeHHO KOMITAKTHUI TPOCTIP € CIA0KO KOMIIAKTHUM i 33
reopemoro 3.10.4 3 [16] 3amMkHeHnMiT miAMTpOCTip 3/1i9€HHO KOMIIAKTHOTO TIPOCTOPY € 3HOBY
3JII9eHHO KOMIAKTHUM, TO 3 TEOPEeMHU 7 BUILIUBAE HACTLIOK J.

Hacaigok 5. Axwo ezaycdopposa monoaoziuna Haniezpyna S Micmumsd JuckpemHy Ha-
nieepyny Do, mo ii xeadpam S X S He € 3ATHEHHO KOMNAKIMHUM TIPOCTIOPOM.

Bizomo, 1110 KOMIMaKTHICTH i CEKBEHITIAJIbHA KOMIAKTHICTD 30epira€ThCs CKiHYeHHH!-
mu 100yTKaMu (quB. [16, po3/in 3]), a oTKe, 3 HACIIAKY 5 BUIUIMBAIOTH TaKi JBa HACII KA

Hacaigok 6. Jluckpemna naniszpyna 1D, He 3anyproemvbes monoaoz2inho i30Mop@hHo 6
2100y 2aycdopdo6y KOMNAKMMHY TMONON02IWHY HANIEZPYTY.

Hacaigok 7. Jluckpemna naniszpyna 1D, He 3anyproemves monoaoz2inho i30Mop@hHo 6
HCOOHY 2aycdopPosy CeKBEHUIAALHO KOMNAKIMHY MONOAOZIYHY HANISZPYNY.

Teopema 8. fdxuwo 2aycdopposa monosoziuna nanieepyna S micmumo wanisepyny 1D
3 1304v08a1010 moukoro 6 1D, mo xeadpam S X S He € 3AIHEHHO KOMNAKMHUM NPOCTO-
poMm.
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JHosedenns. dAxmo nanisrpyna 1D, MicTUTH 1301b0BaHy TOYKY, TO 3a TBEP/ZKEHHSIM 3
rpyua oguuuub H(1) € nuckpernum nixnpocropom B IDo,. Toui 3a rBepkennsiv 2.3.3
3 [16] orpumaemo, mo clgxs(H (1) x H(1)) = cls(H(1)) x clg(H(1)), a Toxi 3 Teope-
mu 3.10.4 3 [16] BummmBae, mo clgxs(H(1) x H(1)) — 3miueHHO KOMIAKTHHI IPOCTIp.
Onnax clgxs(H(1) x H(1)) — 3amrHeHa migHamisrpyma B .S x S (mus. [11, 7. 1, c. 9-10]),
TO 3 aHAJIOrIYHUX MIPKyBaHb (K 1 B J0BeeHH]l TBep/KeHHs 4 1 Teopemu 7) OTPUMYEMO,
wo clgxs(H (1) x H(1)) ne € caabko KOMIAKTHUM miupocropoM B S X S, a orxke, 3a
reopemoio 3.10.4 3 [16] mpoctip S X S He € 37IiYeHHO KOMIAKTHNM. O

Teopema 9. Caabko KOMNAKMHG KEG3T-De2YAApHa T1-Monoa02iuHa THEEPCHA HANIBZPYNG
Hne micmumo nanieepyny 1D ax wiavny nidnaniezpyny.

Zlosedenns. TlpumycTuMo mpOTHIEKHE: iCHYE CIA0OKO KOMIAKTHA KBasi-perysisapua 17-
TONOJIOriYHa iHBepcHa HamiBrpyna S, ska mictuth HamiBrpyny ID., gk miinemy migaa-
nisrpymny. Tozni 3 Teopemu 2.8 monorpadil [31] Bumiusae, mo npocrip HamiBrpymnu S €
GepiBcbkuM, a oTKe, x04a 6 onun enement cimi % = {s: s € IDy} U {S\ ID} mae
HernopoxkHio BHyTpiHicTs. [To3ask yci rouku muoxkunu S\ IDo € TOYKAMU JOTUKY 10O
muoknHN 1D y mpocropi S, To ints (S \ ID) = &, a orke, nHaniprpyna 1D, MictnTh
i3ospoBany Touky B mpocropi S. Tozi 3a TBepmKeHHsM 3 rpyna omuHun H (1) Hamie-
rpymu ID., € auckpernum migmpocropom y HamiBrpymi IDo,, a orxke, i y mpoctopi S.
Ipunycrumo, mo rpyna oguuunb H (1) nanisrpynu IDs, He € 3aMKHEHUM OIAIPOCTOPOM
y Torosioriuniit inBepcHuiit nHamiBrpymi S. 3adikcyemo J0BLIbHUI ejleMenT s € S Takwuii,
mo s € clg (H(1)) \ H(1). osenemo, mo ss~! # 1 # s~ 1s. Hexait U(1) — fosimbumii
BigkpuTuit okis oguuuii 1 wamisrpynu ID., y Tomosoriuniit inBepcHiit HamiBrpym S Ta-
kuit, mo U(1)NIDy = {1}. Oanak S — romosoriuHa iHBepCHA HAMIBIpyIa, a OTXKe, iCHy€
BinkpuTuii okin V(s) enemenra s y npocropi S rakwuii, 1o

V(s)- (V(s) T U(V(s)) - V(s) CU().

Ane okin V(s) enemenTa s MIiCTHTh HECKiHYEHHY KUIBKICTh €JIEMEHTIB TDYIH OJWHUIIH
H(1) manisrpynm 1D, To

(V) (V) U vVis) T Vis) NIDw £ {1,

a e cynepeunthb Bubopy okosty U(1). 3 orpuMaHol CylnepedHOCTi BUILIUBAE, IO IPyIa
omuuunpb H (1) nanisrpynu 1D, € 3aMKHEHMM TiAIPOCTOPOM y TOHOJIONYHI iHBEpCHii
Hanisrpyni S, i Gliabiie roro, rpyna opununs H (1) nanisrpynu 1Dy, € rpynono oxuaunn
HaniBrpymu S.

Hani 3aysaxkumo, 1o rpyna oguautp H (1) vanisrpynu 1D, € BiakpuTuM mignpoc-
topom B mpocrtopi S. Crpaszai, 3 HaBeIeHWX MIpKyBaHb BUILIMBAE, IO HAMBrpyma S
MicTuTh i30/1b0BaHy TOUKY Sg € |Do B mpocropi S. Ilozask S — romosioriuna inBepc-
Ha HAIIBIPyIa, TO IIOBHUI Impoobpas ({so})pgo1 CTOCOBHO IIPABOTO 3CYBY ps,: S — S :
S > S+ S¢ € BAKPUTOIO HMiAMHOXKUHOIO B S. 3 o3nadenus HaniBrpymnu 1D, Bummsae, mo
({soD)ps,t N H(1) = {1}. dosenemo, mo muoxuna ({so})p;,! ckimuenna. Mpumycrmmo
nporunexne. Hexait ({so})p;," — nmeckinuenna muoxuna B S. Toni 3 TBepkenns 2 Bu-
IUIMBaE, 1Mo Biakpura nigMHOKUHA ({S0}) ,os_o1 MIiCTHUTh HECKIHYEHHY KiJIbKICTh eJIEMEHTIB
3 mapocry S\ ID,, a orke, BoHa € BiakpuruMm okojoM jaedkol Touku x € S\ IDy,. Ase
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noBinbHuil BigkpuTuii okia rouku x € S\ 1Dy, MicTuTh HeCKiHYeHHY KiJIbKICTH eseMeH-
1is nanisrpynu 1D, a ne cynepeuants TBepazkennio 2, ockimbku (({so})ps,t) pso = {50}
Orozk, MU oTpuMadH, mo MHEOKUHA ({so}) p;ol BiJIKpUTa Ta CKiHYEHHA, 1, KPIM TOTrO, BOHA
micrurh oguaumio 1 rpynu oguuunb H(1). Orxke, onunung 1 rpynu omununp H (1) na-
nisrpynu 1D, € 130/1b0BaHOI0 TOYKOIO B IpocTopi S. 3adikcyeMo TOBIIbHUI eeMeHT Tg
rpymu ompuaunp H(1). Tozask S — ronomoriuna iHBepCcHA HAMBrpyma, TO MOBHHE MPO-
obpas ({1})/);0,11 CTOCOBHO LIPABOLO 3CYBY [, =1 S — S:srs sy’ €BiakpuTOO HigMHO-

sxuuoio B S. Tozxi 3 o3nauenns manisrpynu 1D, Buniusae, mo ({1})/);,11 NIDs = {x0}.
0

BuKOpPHCTOBYI0YHM TBEDIKEHHS 2, OTPUMYEMO, IO ({1})p;_11 NS = {zp}. Orox, rpyna
0

omuuunb H (1) wamisrpynu 1D, € BiIKpUTO-3aMKHEHUM JTUCKPETHUM I1iIIPOCTOPOM y TO-

mosIorivuHiil iHBepcHiit HAMIBrpymi S, a 1e cynepednTs CaadKiit KOMIAKTHOCTI IPOCTOPY S.

3 OTpPUMAHOrO MPOTUPiYYsl BUILIMBAE TBEP/PKEHHS TEOPEMHU. (]

Teopema 10. Haniszpyna ID,, ne 3anyproemuvesa 6 ocodny 3aivenno womnaxmmuy Ts-
MONONOIYHY THEEPCHY HATIE2DYNY.

Jlosederms. Ilpumycrumo, Mo icHy€e 3/1i9eHHO KOMIAKTHA 13-TOIOJIOriYHa IHBEPCHA, Ha-
niBrpyna S, ska micrurb namisrpyny |Do. Tozi 3 reopem 2.1.6 i 3.10.4 3 [16] Bunsusae,
wo 3amukanus clg (IDy) € 3uiuenno komunakraum T3-1pocTopoMm, a 3 rBepikenns 11.2 3
[15], mo clg (IDy) — monosoriuna imBepcHa HamiBrpyma. Orike, T3-ToOmoIOTIYHA iHBED-
cua namisrpyna clg (IDy) MicTurh miibHy HamiBrpymy, a 1e cynepedurb Teopemi 9. 3
OTPUMAHOTO MPOTUPIYYS BUIJINBAE TBEPIZKEHHS TEOPEMMU. O
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We study the semigroup I D, of all partial isometries of the set of integers Z.
It is proved that the quotient semigroup I Doo/€mg, where €mg is the minimum
group congruence, is isomorphic to the group Iso(Z) of all isometries of Z, I Do
is an F-inverse semigroup, and I D« is isomorphic to the semidirect product
Is0(Z) Xy Ps(Z) of the free semilattice with unit (F(Z),U) by the group
Iso(Z). We give the sufficient conditions on a shift-continuous topology 7 on
IDo when 7 is discrete. A non-discrete Hausdorff semigroup topology on I Do,
is constructed. Also, the problem of an embedding of the discrete semigroup
1D into Hausdorff compact-like topological semigroups is studied.
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We prove that each monomorphic functor with finite supports F': Comp —
Comp has a unique extension F': TYCH — TYCH to the category TYCH
of Tychonoff spaces and their arbitrary maps such that F|Tych = Fjs where
Fp : Tych — Tych is the extension of the functor F' to the category Tych of
Tychonoff spaces and their continuous maps, constructed by Chigogidze.

Key words: monomorphism, monomorphic functor, finite support, extensi-
on of functor

In this article we describe a general construction of an extension of a monomorphic
functor F' : Comp — Comp with finite supports in the category Comp of compact
Hausdorff spaces and their continuous maps to a functor F : TYCH — TYCH in the
category TYCH whose objects are Tychonov spaces and morphisms are arbitrary (not
necessarily continuous) maps between Tychonoff spaces. More information on functors
in the category Comp can be found in the book [4].

We shall say that a functor F': Comp — TYCH

e is monomorphic if F preserves monomorphisms, which means that for any injecti-
ve continuous map f : X — Y between compact Hausdorff spaces the map
Ff:FX — FY is injective;

e has finite supports if for each compact Hausdorff space X and each a € F' X there
is a finite subset A C X such that a € Fiq x(FA) where i4 x : A — X is the
identity inclusion.

More information on monomorphic functors with finite supports can be found in
the paper [1].

Given a functor F' : Comp — TYCH we first extend F' to a functor Fj : Tych —
TYCH defined on the category Tych of Tychonoff spaces and their continuous maps.
Given a Tychonoff space X let 58X be the Stone-Cech compactification of X and K(X)
be the family of all compact subsets of X. For each compact subset K € K(X) let

2010 Mathematics Subject Classification: 18 A22
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ix gx : K — X C BX bethe identity inclusion of K into the Stone-Cech compactification
of X. Applying the functor F' to the inclusion ix gx : K — X, we get a map Fig gx :
FK — F(8X).

Now let

FsX = |J Fikpx(FK).
Kek(X)

For any continuous function f : X — Y between Tychonoff spaceslet 5f : X — BY
be the Stone-Cech extension of f and Fgf : FgX — FgY be the restriction of the map
FBf to FgX. In such way we define the extension Fg : Tych — TYCH of the functor F
to the category Tych. For functors /' : Comp — Comp the extension Fj3 was introduced
and studied by Chigogidze in [2].

Now assuming that the functor F' : Comp — TY CH is monomorphic and has finite
supports, we shall further extend the functor Fj3 to a functor F: TYCH — TYCH
defined on the category TYCH of Tychonoff spaces and their arbitrary (not necessarily
continuous) maps. For a Tychonoff space X let [X]|<“ be the family of all finite subspaces
of X.

Proposition 1. If a functor F' : Comp — TYCH has finite supports, then
FsX = |J Fiapx(FA).
Ag[X]<w

Proof. The inclusion |J ¢(xj<w Fia,sx(FA) C FgX follows from the inclusion [X]<* C
K(X). To prove the reverse inclusion, fix any element a € FgX and find a compact subset
K C X such that a € Fig gx(FK). Find an element b € FK such that a = Fik gx (D).
Since F has finite supports, there exists a finite subset A C K such that b € Fia g (FA)
and hence b = Fia i(c) for some ¢ € FA. Since i4 gx = ix,gx ©4,K, We get
a = F’L'ngx(b) =

= Figpx(Fiak(c)) =

= F(ik px oiax)(c) =

= FZ’A’Bx(C) S FiA’gx(FA).

Now we are able to prove the main result of this note.

Theorem 1. Each monomorphic functor F': Comp — TYCH with finite supports has
a unique extension F': TYCH — TYCH such that F|Tych = Fjp.

Proof. For any Tychonoff space X put FX = FzX. Given any function f : X — Y
between Tychonoff spaces and any a € FX = F3X, find a finite subspace 4; C X
such that a € Fia, gx(FA;1). Such subspace exists by Proposition 1. Find an element
a1 € FA; such that a = Fia, gx(a1). Applying the functor Fjz to the continuous map
fi=flA1: A1 =Y, we get amap Fgf; : FA; — FgY. Finally, put

F’f(a) = Fgfl(al) S FBY =FY.
Let us show that the value F'f(a) = Fsfi(a1) depends only on a (but not on A; or ay).
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Let Ay C X be afinite set such that a € F'ia, gx(F'A2) and as € F'As be an element
such that a = Fig, gx(az). Consider the finite set A = A; U Ao, and for i € {1,2} let
ia; 41 A:A; — A denote the identity inclusion. Let a; = Fia, a(a;) € FA and observe
that

a= FiAi,gx(ai) =Figgx o FiA“A(ai) = F’L'Aﬁx(&i).
Since the functor F' is monomorphic, the map Fij gx is injective and hence a; = as.
Then

Fgfi(ar) = Fp(f|A) 0 Fia, a(a1) = Fp(flA)(a1) = Fp(f|A)(az) = Fs(f[|A2)(az),

so the map F : FX — FY is well-defined.

Thus, we obtain an extension of the functor F' : Comp — TYCH to the functor
F : TYCH — TYCH such that F|Tych = Fg. To see that this extension is unique,
observe that for any function f : X — Y between Tychonoff spaces and any a € FX =
Fs X, we can apply Proposition 1 and find a finite set A C X with a € F'i4 gx F'A and an
element a; € FA such that a = Fia gx(a1). Let B = f(A) C Y. Applying the functor F
to the equality f|A = foia x we obtain the equality Fy(f|A) = F(f|A) = FfoFisx =
Ff o Fgia x, which implies that the value Ff(a) = Ff o Fgia x(a1) = Fs(f|A)(a1) is
uniquely determined. O

Theorem 1 allows us to aks the following problem which will be considered in
subsequent publications.

Problem 1. Detect monomorphic functors F : Comp — TYCH with finite support
whose extension F' : TYCH — TYCH preserves certain property P of functions between
Tychonoff spaces.

In the role of the property P we can consider one of properties of generalized conti-
nuity, listed in the survey [3].
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ITPOJOB2KEHHA MOHOMOP®HOI'O ®YHKTOPA 31
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Hosemerno, mo KoxkeH MOHOMOPdHMIA GYHKTOP 31 CKIHYEHHUMH HOCISIMHU
F: Comp — Comp mae upomosxenns F: TYCH — TYCH na kareropito
TYCH TuxOHIBCHKAX TIPOCTOPIB 1 AOBLIbHUX BimoOpakeHb (He 060B’sI3KOBO
menepeppunx). IIpmaomy F|Tych = Fj, ae Fs : Tych — Tych — mobymo-
Bane Uirorigze npomosxkenns ¢pyukropa F' Ha kareropiio Tych tuxoHiBChbKIX
MPOCTOPIB i HemmepepBHUX BiT00PAKEHb.

Karowoei caosa: mMorOMOpP(di3M, MOHOMOPDHUN DYHKTOD, CKIHIEHHMH HO-
ciit, mpomoBKeHHsT (PYyHKTODA.
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CAJIS BAVTHJIBOC TA i IPAIII 3 OCHOB 'EOMETPII
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Buxkmazeno 6iorpadiuny mosinky npo Caso Baitmasoc i 3micT 1T J0KTOPCH-
KOI TIparii, /ie 3aIIpOIOHOBAHO OPUTiHAJIbHE JOBEIEHHS iCHYBAHHS HEEeBKJILIOBOL
reoMeTpii.

Karowoet caosa: ocHoBu reomertpii, akciomarnka ['igsbepra, akciomarn-
ka [lraiinraysa, He3ameKHICTh aKCIOM, aKCiOMa MapasieIbHOCTI, HEeBKJIILIOBA
reoMerpis.

Cepe, rpunaansTu ocio, sxi B nepiog 1920-1939 pokiB oTpuManu CTymiHb JOKTOPA
dinocodil y ranysi maremaruku y JIbBiBcbkOMy yHiBepcuTeri, Oyia oaHa xinka — Cas
Baiinsisoc (Sala Weinlos). Bona crasa uepmoro xinkoio pokropom dinocodii y rasysi
MaTemaTHK¥ B icropii JIbBiBchKOTO yHiBepCHTETY [1].

Cansa Baitrisoc Hapomuacs 6 mororo 1903 p. B Poraruui na Cranicrasmumi. Ii 6a-
tbkOM OyB I3paesnn, maru Pebbeka 3 nomy Jdam. o 1940 p. 6arpKo mpaiioBas CiryK00B-
1eM y TPUBATHUX MiATpUEMcTBaX. BiB Takoxk icTopwyni Ta 6ibmiorpadivuni mocimKenHs
y cdepi €BpeiichKOI JiTepaTypu. 3 IPUXOIOM PAIAHCHKOL BJIAIM CTAB YJIEHOM CITLIKY MH-
coMmenHuKiB JIbBOBa. Y 1940-1941 pokax mpamosas 6ibmiorpadom y Haykosiit 6ibmiorerti
imeni Bacunga Credanuka [2]. 3 1909 p. C. Baiiniboc mouasna BiasigyBaru HapOJHY IIKO-
ay y JIbosi. ¥V 1913-14 H.p. BOHA HABYAJIACH y HPUBATHIN Kino4i riMmuazil im. FOuiyma
CuioBanbkoro, ne 3akimamia neprimii Kiaac. Jlani npofoBxkyBasia HaBYaHHS B riMasil
mani Kamepiiur, y akiit 1921 p. orpumasa arectar 3pijocTi 3 OIHKOW “BiaMiHHO.

s npuBarHa rimuazis Oyira 3acaoBana y 1899 p. FOzedoro C. Tonadmarr-Kamepatiar
(Juzefa S. Goldblatt-Kamerling). Ile 6yna nepuia npuBaTHa KiHoda riMHAa3is HE JMIIe
y JIbBoBi, a #i B Tamwuawuni. [imurasis mictunacs y Oyaubky na By, Cakpamenrtek 16,
terep 1e Bysmis Tyran—BapanoBcbkoro. Y MOBOEHHMIT 4acC B bOMy OyauuKy Oyiia ¢dhab-
puka, a 3 2005 — wHoBwWit OyauHOK. ['iMHA3is Oysaa 3MINIAHOTO THUMY — KJIACHIHOTO Ta
MaTeMaTUIHO-TPUPOJIHUYOr0, MaJIa, MOBHI mybsrivni mpasa. o miel rimuasil xomamim IiB-
JaTa 3 3aMOXKHUX E€BPEUCHKUX CiMel, fKi mparuyau Oiapmiol acumissrii. 3 1905 p. TyT
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6yno nmoBuux 8 kjaciB rimuasii. Bix 3acmyBamas mo 1939 p. mupekropom rimuasii Oy-
na 11 Bracuung mani Kameporinr, gka #maBdanacd B yHiBepcurerax Iliopixa ta Bimmas, i
OTpHUMAJIa JUTLJIOM iCTOpPUKA.

3 xoetHa 1921 p. C. Baitaasoc Oyna crymentkor dimocodcbkoro dakyabreTy
JIbBiBChKOTO yHiBepcuTery fna Kasmmupa, a 3 1924 mareMaTHWIHO-TIPUPOTHUYOTO,
sAKwuit OyB yTBOpeHuil mix dac moainy dimocodebkoro dbakyabrery. Y mEpIIOMy ceMecTpi
C. Baitnnsoc subpasa kypeu K. Tsapmoscskoro “Beryn g0 nenxomnorii”, “Cunoricruka’”,
M. Baprenbepra “Beryn mo dinocodii”, €. ZKumincskoro “Anredpa’; “Berym mo marte-
varukn’, C. Py3sepiua “Maremaruka mns dimocodis i mpupoguuunukis”’, P. Herpyca
“ExcriepumenTanbaa dizuka’, a Takoxk Kypc crenorpadii. Konoksiym 3 “Cumoricruku’
ckJana Ha “myxe n06pe”, a 3 maremaruku y C. Pysesiua na “sigminuno” [3]. Jani ko-
2KHOTO POKY BOHAa 3amucyBajach Ha Kypcu K. TBapmoBcbkoro 3 joriku ta dimocodii,
na maremarwani Kypcu C. Banmaxa, €. 2Kuniincokoro, C. Pyzesiua ta . Ilraitaray-
3a. ¥ 1924 p. I'. raitaray3 unras kypc “OcHOBU reomeTpii’ Ta BiB CeMiHap 3 IHOTO
kypcy. C. Baiiniboc BizmBimyBasa 1eit Kypc i Opana y4dacts y ceminapi I'. Illraiinraysa.
Y mpoMmy Kypci BiH cdopmysioBaB Jekimbka mpobiem, ski 3amikasuau C. Baitmmboc.
T'yprok maremarunyano-dizudnauit cryaenTis yuiBepcurery B 1925 p. BUIAB TEKCT JIEKITii
“Podstawy geometrji” [4]. ¥ sBeryni I'. Hlraitnrays, sraaytouu upo skiuas . Tbbepra,
unanucas “Ilicis Tinpbepra ocHoBu reomerpii Bukiagaau B Lerinreni: Jlanmay i Bepuayc.
Horarku 3 Tux jekriiit, siki Besimcs crymenTom BackoBiuem 00ayMaHH HUM i BUKJIAJAIEM
Oy/nu BUKJIAJEHI y MaHyCKpPUITI .

Pyro Ilraiinrays (1887-1972) cBoio yHiBepcuTeTchbKy OCBiTy modas y JIbBiBCbKOMY
yuiBepcureri Boceru 1905 p. Tyt y nepmromy niBpiyudi Bin Bubpas jekuil 3 (dimocodii Ta
eruku K. TBapaoscbkoro ra M. Bapren6bepra, 3 maremaruku FO. Ily3unu, 3 ekcuepumen-
taapHol (isuku 1. akmeschkoro Ta 3 meromosiorii cycmimbanx Hayk C. ['pabcbroro. He-
pe3 pik BiH IPOJOBIKUB HaBUaHHA y leTiHrenchbkoMy yHiBepcuTeTi, e y 1911 p. orpumasn
crymiab gokTopa dinocodii ma migcrasi npami “Neue Anwendungen des Dirichlet‘schen
Prinzips”. Ilicaa rabinitamii y JIsBiBchkomy yuiBepcureri 1917 p. I'. Ilraitarays uuras
JieKnii 9K NPUBAT-IIONEHT 1 MaB mTarHy mocaay acucrenra. ¥ 1920 p. Bin orpumas mo-
caJy Haa3BUYAHOrO, a 3 1923 — 3Buuaiinoro mpodecopa i kepiBamka I1-oi kadempu
MaTEMaTHUKH.

C. Baiianpoc 3Bepuyiacs 3 3as8010 10 Pagnm MareMarnaHo-mpupoaHndoro hpaxyib-
TeTy IPO IOIYCK J0 JOKTOPCHKUX icnmTiB 3 Oepe3us 1926 p.: maremarnkw, sik TOJIOBHOI
JucHuiLiiag i kpucramorpadil, sk apyrol auctmmiiau ta ¢ginocodii. Pazom 3 3aaBoro
mojiasia JokTopehKy mparo ‘O niezaleznosci I, 11, IV grupy aksiomatéw geometrji eukli-
desowej tréjwymiarowej”; ska, 3a3Ha4YeHa B 3as8Bi, Oysia Bukonana ua ceminapi [. Illtaiin-
ray3a [5]. Bubip apyroi mucnumuiian 6y moB’sa3anuii, MabyTh 3 TuM, o y 1925/26 Ha-
BYAJIBLHOMY POII BOHA CiiyXasa Kypcu “3aranbha mineposioris” ta “TeomerpuyHa KpucTa-
aorpadis” y 3. Beiibepra [6].

Penenszenramu gokropebkoi npani npusnadeno . Hlraitaraysa ta €. 2Kuiincskoro.
T". lraiiurays yxe 23 Oepe3Hsi HAMCAB CBOK OIHKY mparl, €. 2Kuincbkuit, B3sBITH
JIOKTOPCHKY IMPAITi0, CBOIO OmiHKy Hamucas 20 rpyaus 1926 p. OOuasa pereH3eHTr BBarXKar-
s, mo Ha migcrasi uiel npami C. BailHiboc MOXKHA JONYCTUTH 0 JOKTOPCHKHUX iCIIMTIB.
SayBaxKuMo, 10 y BCIX iHMIMX BUIMAIKAX HANUCAHHS OIIHOK JOKTOPCHKUX Tpallb y e
(1920-39 pp.) uepiox peueH3eHTy NUcadu ClulibHy OLIHKY [7].
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et 3 Maremaruku ta xpucramorpadii C. Baitnmsoc cknana 13 gepsns 1927 p. i
Biguosiap 3. Baiibepr ouinus “Biaminno”, inmi wienn komicii €. 2Kunincekuit, I, Ilraiin-
ray3 i nekan C. Jlopia ‘“3amoBinbpao”. KoMiciss 0MHOrOJIOCHO MPUITHSIA OIIHKY “33,10BiTb-
uo”. Binmosinb ma icmuti 3 dimocodii 13 xoBrHa 1927 p. xowmicis, 10 SKOI BXOIUIN
K. Tapmoscekuii i M. Baprerbepr, ominnan Ha “Biaminao”. Odiriitaa T0KTOpChKa IPO-
moris C. Baitriboc BinOysacek 17 xosrag 1927 p. IIpomoropom 6ys I. IlTaiinrays [7].

Yxke B 1926 p. C. Baiiniboc 6ymna wienom JIbBiBcbkoro Bijzinents [Tosbebkoro
MaTeMaTUIHOTO ToBapucTrBa. ¥ 1927 p. 6yma ywacumkom Ilepmroro momnschKOTO MaTe-
MaTugHOTO 3’131y v JIsBoBi. ¥V xkypuamii “Fundamenta Mathematica” omyOmikyBania mBi
crarti ([8, 9]).

3 1926 10 1930 p. C. Baiiniboc npamoBaia BANTETHKOI MATEMATHKY Y TPUBATHUX
mkosax JIbBoBa. Bona mpomosxkysana naykoso crmiBunpamoBaru 3 I'. Ilraitaraysom. B
1932-1933 pokax 3aiiMasach miIrOTOBKOIO /10 APYKY Jiekiiit 3 ocuoB reomerpii I'. I Taiin-
ray3a. [linrorysama i nogana mo xypuany “Fundamenta Mathematica” crarrio “Beitrage
zur Axiomatik der Euklidischen dreidimensionelen Geometrie”, sika masia Buiit y 1940 p.

3 1934 10 1941 p. C. Baitniboc npaioBasia B cepenniii mkoui (N29 y pansgHcbkuit
nepion) y JIbosi. Cepennsa mkosna Ne29 6ysa posraiioBada B MoHacTupi, Ha ol FOpa
1. Tenep Tam tperiit HaByasnbauit Kopuyc “JIbBiBcbkoi momitexuiku”. Y 1939-1940 pp.
BUKJIQAJIA MATEMATUKY Ha OOJIACHUX MEJATOTIYHUX KypCaxX JJIsi BUUTEJIIB.

Y 1940 p. C. Baituinoc mnogana 3asBy Npo BCTYH 10 acmipanTypu JIbBIBChbKOro
JieprkaBHOTO yHiBepcurery imeni IBama ®@panka [10]. Berynni icnmri ckmiasa ycrminmso:
crierianbHicTh — “mo0pe”’, OCHOBH MapKCHU3My-JeHiHI3My — “mobpe”, iHO3eMHA MOBA —
“inminno”. OnHak, He Oysia 3apaxOBaHa 38 KOHKYPCOM.

Hous Cani Baitniboc B yac BifiHu aBropam Hesizoma.

Mu 3ragysasu, o B 1925 p. Buitmos 3 apyky manyckpunt mpodecopa I Ilraiin-
ray3a “Podstawy geometrji”. B ubomy Bukmaeni ocaou reomerpii ma mizcrasi mesHOl
CHUCTEMU aKCIOM, SIKQ, MOKJIMKAHA CHCTEMATH3YBATH TUIHKHU JIOTIYHUM IILISAXOM CTPYKTYPY
eBKJTi10BOT reometpii. 110 mporpamy pamire peasizysas [l. T'imbbepT y ioro kaacuamiit
monorpadii [11], mepie BuganHS sKOI 3’siBHIIOCH 1899 D.

TinmpbepToM 3ampOIIOHOBAHO PO3OUTTS CUCTEMU aKCiOM reoMeTpii Ha I’aTh TPYIL:

(1) 11-18 akciomn cmosydenns (He3aJIEKHOCTI);
(1) H1-114 akciomu nopsiaxy;
(1) 111-1115 akciomu KOHIpYEHTHOCT;
(1V) akciomu napasnesbHOCTi;
(V) V1, V2 akciomn HerepepBHOCTI.

Y manyckpunti I. Hlraituraysa “Podstawy geometrji” [4] (mani PG) noxin na rpy-
nu cucremu akciom rakuit camuit sik y . Tijasbepra. 3ynuMHuMOCh HA HOPIBHSIHHI LUX
cucreMm akciom, 6epyun 3a 6a3oBy cucremy Linbbepra. Axkciomu Timnbepra Mu nosHada-
TuMeMmo JiiTepoio H 3 BiamoBigHOIO HyMepalieo rpymnu i mopsiIKOBUM HOMEPOM aKCIOMU,
nanpukian, HI1 — o3aauae nepiny akciomy nepmoi rpymu, HII2 — apyry akciomy apyroi
rpymu i T.a. g no3uadenns akciom cucremu Iltaitaraysa, sukaagenoi 8 PG, BxkuBaru-
MeMo Jjitepy S, HoMep rpymu i Homep BianosiaHol akciomu. Hanpukiaz, S12 — ue apyra
aKCcioMa TepIrnol rPymu aKCiOM CIIOJTy YeHHS.

SIki x BigminaOCTI Mixk akciomarukowo (H) Tinsbepra Ta (S) — HlIraiinraysa. 3amnuc
SI1=HI1 o3nauae imenTrunicTs Bigmosimumx akciom 1: “IIjis JOBIIBHHX JBOX TOYOK A,



Irop TVPAH, dpocaas IIPUTVJIA
28 ISSN 2078-3744. Bicuux JIpBiB. yu-Ty. Cepis mex.-mar. 2017. Bunyck 83

B icuye npsiMa a, 10 HAJIEXKHUTD JI0 IUX JBOX TOYOK” B 000x cucremax (H) i (S). Banuc
HI14=-S14 o3nauae, mo 3 akciomu HI4 pumnusae akcioma Sl4. A 3anuc HI4=S14+S13,,
BiAmoBigHO, o3nauae, mo akcioma HI4 exsiBasenTra kon’tonkmii akciom S14 i SI35.
IMopiBusung cucremu akciom nepinoi rpynu B cucremax (H) i (S).
B cucrenmi (S) akciomu SI1-SI8 dopmynioorsest Tak:

SI1: gepes ABi pi3Hi TOYKK 3aBXK/IM MIPOXOJUTDH MIPIMA;

SI12: gepes aBi pizHi TOYKE MPOXOAUTH MOHARDLIBINE OMHA TIPIMA;

SI3;: Ha upsawmiit rexxars npuHAMHL 1Bi Pi3HI TOYKH;

SI135: Ha mIOMMHI JIEKUTH IPUHARMHI OJIHA TOYKA;

SI4: uepe3 Tpu pi3HI TOYKY 3aBIKIN MPOXOAUTH TLIOIINHA;

SI5: yepes Tpu pi3Hi TOYKHU, AKi HE JIeXKATH Ha OJHIN HMpsMiil, IPOXOAUTH IIOHAM-
OisbIne O/HA TIJIOIIIMHA;

S16: saxmo aBi pi3HI TOYKHU IPSAMOI JieKaThb Ha ILIOMIMHI (v, TO KOXKHA TOYKA L€l
MIPSAMOI JIE2KUTh HA IJIONIMHI )

SI7: gxmo ABi pi3Hi MIOMMWHN MAOTh CMTFHY TOYKY, TO BOHU MAIOTh iHITY CHLIBHY
TOYKY;

SI8: icuyrorh mpuHAWMHI YOTHPHU Pi3HI TOYKH, SKi HE JIEYKATh Ha OJHIN TLIOMIMHI.

Ockinbku HI1=SI1, HI2=SI12, HI5-HI8=SI5-SI8, 0 dopmymosaru Bimmosimgui
akciomu l'inbbepra uHe Tpeba. Posrigremo akciomu

HI14: JIna Oyap-axux Tphox Touok A, B, C, mo He jekarh Ha Till camiili mpsamiii,
icHye mIoImMHA (v, MO HAJEXKUTHh KOXKHIM 3 1ux Tphox Touok A, B, C. g no-
BLJIBHOI IIJIOMIMHYU 3aBXK/IU ICHYE TOYKA, IO 1i HAJIEXKHUTh.

HI3: Ha upswmiit icayrors npunaiimui asi Touku. Icayiors npuHaiiMui Tpu TOYKH,
K1 He JIe’KaTh Ha, OJHIN TIPIMIii.

IMono akciomu HI4, To 0ueBHIHO

HI4 = Sl4 + SI13,.

B mewmi 1 moBoauThes, 1110

HI3 = SI3, + S14 + S16 + SI8.

Orox, cucremu akciom cromydernass HI Ta Sl eksiBasenTHi.

B nmonmanbimomy posrisi mokropehkol nparni Caji Badiaiboc akcioma SI13; marume
BU3HAYAJIbHE 3HAUEHHS.

IIpocra mepeBipka akciom apyroi, TpeTbol, 9eTBepTOl Ta I1’ITOl Py aKCioM B 000X
cucremax (H) i (S) ceigunts npo ixnio exsiBasenTHicTh. OTRe, cicremn (H) i (S) eksi-
BAJIEHTHI Ta CTAHOBJIATH AKCIOMATUYIHY OCHOBY eBKJIiZIOBOI TeOMeTpii.

ITepeiimemo 10 BUKJIAIy OCHOBHUX PE3YJIbTATIB JOKTOPCHKOI mpari “IIpo nesamex-
micts |, I 1 IV rpym akciom TpuBumipHOi eBkJ1i10BOT reomerpii” Cagi Baidirisoc.
JloKTOpChKa Mpalsd CKIAJAEThCS 31 BCTYITY, TBOX PO3/ILTIB i BUCHOBKIB.
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“O niezaleznodci I, Il i IV grupy aksjomatév geomrtrji euklidowej tréjwymiarowe;j”
Weinléséwna Sala
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Y Berymi aBTop copMyIIOBaB MeTy Mpalli, a came, JOBEIeHHs HE3AJIEKHOCT] aKcioM
rpym L, 1L, 1V,

B mepriomy posisi micas sukiaany cucremu akciom I. Irtaituraysa (S) asrop pos-
IJIS/1aB TaKe:

3aneoscruicms axciom S131 6id axciom SI1, SI12, S14, S16, SI8, 112, 1135, IV.
Jlema 1. Ichyromv mpu pidHi MoOuKU, AKI HE AEHCAMb HA 0OHIT NPAMIT.

Josedenns. 3 akciomu 18 BurnymmBae icuyBanus 4oTupbox pizuux Touok A, B, C, D, aki
He JiexKaTh B oxuiil mwnomuni. CTBep/Ky€emMo, 1o T0BLIbHI TpH 3 HEUX, Hanpukiam, A, B, C
He JIeXKaTh Ha OfHIHM npamiit. dkimo 6 ui Touku A, B, C' nexanu Ha OnHI dKiCh MpsaMiii,
TO LJIOLMHA v, L0 UPOXoauThb 4epe3 rtouku A, B, D (raka wiomuHa icHye 3aBisku
akciomi 14), mpoxomua 6 Takox (3a akciomoro 16) wepes rouky C, 0 CymepednTs TOMY,
mo Touku A, B, C, D ue Hanekarb OIHIH MIONIUHI. U

Jlema 2. Jlaa 3adanoi mouku ichyomo 060 DI3Hi MOYKU, AKI HE AEHCAMD 3 HEW HG
00T NPAMIT.

Zlosedenns. Bizbmemo tpu pisui Touku A, B, C, gaki He jiexkaTh HA OAHIN mpsamiil (icHy-
BaHHS TAKUX TOYOK BUILIMBAE 3 Jiemu 1). Ao nosinbui Bl 3 Hux, Hanpukiaan, A, B, ne
JiexkaTb 3 TOYKOK X Ha OAHiA mpsAMiil, TO Jiema jgoBeieHa. fAkio K dyepe3 Touku A, B,
X mpoxomuTh mpsiMa [, To Bxke Touka C' Ha Iiii mpawmiii | He Jexkuth (60 Tozmi 6 Toukn A,
B, C nexanu Ha oHiil IpaMiii, 0 CynepevdnTh MPUITYIIEHHIO), OMHAK MpaMa, | € €UHOIO
MPSIMOIO, 1110 MPOXoauTh depe3 A, X, tomy rouku A, C, X He jiexKaTh HA KOMHIM TPAMIii.
Bizbmemo Temep goBinbHy npamy a. s Hel MOXKIUBI TPy BUIAIKH:

1° Ha nmpsawiit ¢ Hemae JKOIHOT TOUKH.
2° Ha mpawmiii a JeKUTH TLIBKHA OTHA TOYKA .
3° Ha npswiii a mexuth npuHaiiMHui ABi Pi3Hi TOYKH.

VY Bumaaky 3° Hioro HEe Tpeba JOBOJIUTH.

Y Bumaaky 1° mpoeememo depe3 Tpu pisui Touku A, B, C, gxi He jexkarTh HA OTHIN
npsamiit momuny « (14). Tpsava a exkuTh B IIOMIKMHI @, 1 9K TaKa, M0 He MICTUTH JKOIHOL
TOYKH, JIEXKUTh B KOXKHi romuni. Posrnsmemo npsmi AB i BC (11), axi nexars (3a
akciomoro 16) B mowuni «. Beynepeu Tomy, mio Bonu pisui i npoxogsarb obuisi yepe3
TOYKYy B, MaloTh, MpUHAKMHI OIHA 3 HWUX, MEPETHHATH, — HA miacrasi akciomu IV —
npamy a. OTke, MaEMO Ha MpsAMiil a sikych Touky X . kim0 Ha Hiil icHye 1€ OHa TOYKA
Y, Biaminna Big X, To TBep/KeHHs HoBeneHO. Bumasok, koau X € €IMHOI TOYKOIO
IpsIMOl @, AHAJOTIYHUN [0 BUIAAKY 2°. Y IIbOMY BHUIAJIKY Bi3bMeMO 0 TOYKH X MBI
pisui Bix Hel Touku A, B, #Ki He JjiexkaTb 3 HEH Ha OfHiil npsiMiii i mposegeMo depes
roukn A, B, X mmommny « (14), npsima a, sika micturh jume TO4YKy X, JIEKATHME
B mwiomuHi «. Po3risgremo Ha myomuHi « nipsimi AB 1 AM, mpudomy M — 1e TOUKa
npsamoi BX, mo 3agoBonbase Bignomenus BX M. Taka Touka M icHye 3aBAgKM aKkcioMi
2. CrBepmxkyemo, mo npsami AB i AM — pi3si.

Y mpormwiexkHoMy Bunajky Todka M mamexasma 6 npawiii AB, mo o3Hadaio 0,
wo upsami AB 1 BX masnu 6 asi pisui cuinbui Touku: B, M (B # M 3a akciomoro 1133 i
Biguomenuam BX M), romy Bouu 6 36irasmcs, 1o o3uadaso 0, o touku A, B, X nexanu
0 Ha OofHil psAMiii, Bcyneped npunyinenaio. OaHak naji, oouasi npsami AB, AM nexarb
B ILIONIUHI ¢ 1 IPOXOadTh yepe3 TouKy A 1 He MoKyTh 00uABI OyTH HapaleIbHAMH [0
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upamol a — (akcioma V), Tomy npunaiiMHl OfHa 3 UUX OPAMUX [IEDPETUHAE NPAMY a B
Touni Y.

M

CrBepzkyeMo, 1m0 Todka Y Biaminaa sBig Touku X. fAxmo 6 Touku X i Y Oymau
imenTuuHMMu, TO TOYKa X Jexkasa 6 abo Ha upsamiii AB, 10 CylepeduTsb IPUILYIIEHHIO,
abo sexkaa 6 na AM, 3Bigku Burmsamo 6, mo mnpami AM i BM 36irajorbes (60 MaioTh
nBi cniibHl pisai Touku: M i X) BCyneped monepesHboMy TBEP/IZKEHHIO.

MaeMo B KOXKHOMY 3 BUIQJIKIB, IO HA MPAMiil a iCHYIOTH pi3Hi TOUYKHU, IO i Tpeda
OyJ10 TOBECTH. O

Jlaji aBTOp MPOMOHY€E OpUTiHAJIbHE TOBEJEHHS He3asexkKHocTi akciomu |V mapanens-
HOCTi B akciomaruri cucremu S = S — 134.

Hesaneorcricmo axciomu IV 6 cucmemi S.

HosiBuiu 3asexuicrs akciomu 131 B cucremi S, Mu MozkeMO 11 BUKJIIOYUTH 3 CUCTEMEU
S i cipocTuTn 1m0 cucremy axciom 10 S = S — 134, axa pisHocumbHA 3 cucTemon S. Y
niit cucremi S mabararo Jjiermme JoBecTH HezasexKHiCTh akciomu IV, Hix y BCiit cucremi S.
IloGymyemo Momensb ayis goBemeHHs He3ame:kHocTi akciomu V.

¢ » def : . )
TOYKa = TOYKa €BKJI1J0BOl reOMeTpI1l

def .
“npama’ = 1) “eBkJiimoBa npsva’
2) “noBuIbHe YuCIO, HAIPUKIaL, 1/2”
« » def : »
WIOHMHA” = “eBKJILJIOBA [JIONIUHA
L)

“TOYKA JIEXKUTH HA TPSIMii def 1) “mpama” € eBKJIiZOBA IpsAMa, 1
2) “rouka’” “iexuTh’ Ha HIll B CeHCI eBKIIIIOBOMY
Binnomenus “mopsaaky” i “Hame;kKHOCTI” 3a/nMIAIOTBCS K B €BKJIIOBiM reomerpii.

Tammyu croBamu, 10 €BKILIOBOI reoMeTpii Mu goganu “npamy” — aucio 1/2, orxke xomna
“rouka’ Ha Hiil He JeKuTh. LI MOmENb reoMeTpil 3a,10BOMIBHSE BCi akcioMu cucremu S,
3a BUHATKOM akciomu V.

Axkciomu 11, 12 Bukonytorbcs, 60 yepes aBi pizui “rouku’” HpoOXOAUTh OAHA 1 TiIbKK

omHa ‘“mpsaMa’, came eBKJIiTOBa.

Axciomu 135, 14, 17, 18 BUKOHYIOTHCST, OCKLIBKY B TXHIX (DOPMYJIIOBAHHSX BiICyTHE

TMOHATTS “TipsaMa’’.
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Axcioma 15 Bukonyerbesi, 60 1151 aKCiOMa BUKOHYETHCsSI B €BKJILIOBi# reomeTpii.
Axkcioma 16 BUKOHY€ETBCs [1J1sl €BKIIJIOBUX HPSIMUX, & Ui “IPAMOL’ IPUETHAHOT
“1/2” nocunanusa € xubuum, romy 16 gasa mpsmoi “1/2” — BUKOHYETHCS.

) y 10 I P y

Bci akciomu rpynu Il i Il BukonytoTbes mis miel Mozeni, OCKiTbKE BOHH BUKOHYTO-
ThCS Il eBKIITIOBUX “mpsiMux”, a Juist Aoaanoi “1/2” npsiMol mocuIaHHst XUOHI.

V rpymna akciom mOBHOTH OYEBUIHO BUKOHYETHCSA SK JIJIs €BKJIIOBUX “MPAMUX’, TaK
i pia nonamoil mpsimoi “1/2”.

Axcioma IV He BUKOHYETHCs: iCHY€E HECKIHUEHHA MHOXKUHA Pi3HUX “npaMux’ (eBKIIi-
JIOBUX), IO [IPOXOJAATH 4epe3 “TouKy”’ 1no3a npsamoro “1/2”) ski jexarb B €AuHiil “niomu-
Hi”) KO2KHA 3 SIKUX HE LeperuHae “upsamoi 1/2”.

BaBagku 1Miit MoIesTi TeoMeTpii 6a9nMO, HACKIIBKY ICTOTHIM € 3aCTOCYBaHHS aKCIOMU
IV B noBenenni 3ajexuocti akciomu 13; B cucremi S. 3 immoro 6oky, akcioma 137 €
HE3aJIE’KHOI0 B HEEBKJIIIOBi reoMeTpil.

Jlami aBTOp JOBOAUTH HE3AMEXKHICTH AKCIOM TEpINOl Ta APYyrol rpymnu y BBeAeHiit
nero cucremi S = S — 131, Lues noBesenus HOAraE B MOOyI0Bl PI3HOMAHITHHX MO/IeJIei
st cucremu akciom S. Hampukias, mesanexunicts akciomn 11 B cucremi S:

B eBkutimoBiit reomerpii 6epemo moBinbHi pizHi Toukn A, B, C, D i BU3HATAEMO:

def
“roukn” = “roxkHa 3 To9oK A, B, C, D”

def . .
“mpsama’ = “eBKJIiIOBA MpPSMA, 10 HE MPOXOINUTH 9e€pe3 XKOAHY 3 “TOU0K’ B CEHCI

€BKJTiT0BOI Teomerpil”

« » def .. : ¢ ) B
wonmHa’ = “rpiiika pisHuX “T090K” (HEBIOPSKOBAHUX )

.y def . . .
“Toduka JIEXKUTDH HA HpaMiil’ = ““Touka’ J€KUTH B CEHCI €BKJIiJOBOMY Ha €BKJIi-
JOBi#t mpsamiit”
« .y def . o « 3997
TOYKA JIEXKUTh Ha ILIONUHI = “€ cepes MaHOl TPIfik “TOYOK
2Konna “rouka’” He “nexkurb MixK” JBOMAa IHIIMMU
“Bigkiamennst KyTis”’ He BU3HA4YaEMO, 00 KyTH B IIiif reoMeTpil He iICHYIOTh, HEMa,

caMe IBOX Pi3HMX “IpaAMUX’, IO MePeTHHAIOTHCI B AKiCh TOYIL.

V wmiit Mmozesi He BUKOHY€EThCs akcioma 11, 60 wepes aBi “rouku” mHe “mpoxomnTs”, 3a
O3HAYEHHSAM, YKOJIHA “MpsiMa’ — OIHAK BCl iHIIN aKCIOMU — BUKOHYIOTHCS. B 1IbOMY JIerKO
TEPEKOHATHUCH.

Jlns noBejenns HesaneskHocTi akciomu 14 y cucremi S 3ampononosana Taka MOJIeIb:
dikcyeMo MOBITbHY €BKJIIIOBY IPAMY G i O3HATYEMO:

¢ » def - 99

TOYKN = "KOXKHa TOYKa IIPAMOl @
def

“npama’ = “mpama a”’

« » def . . : tu 9
mnommHa’ = “dikcoBane koo K 3 eHTpoM B Toumi A, SIKe JIeKUTh Ha IPAMIl @

+wyy def . . cu
“TOYKa JIEXKUTh HA MpsiMiii’ = “TOYKA JIEXKUTh B CEHCI €BKJIITOBOMY Ha TpsaMiit a”

« .5y def t
TOYKA, JIEYKUTH Ha TJIOMINHIT = “TOYKa € MEeHTPOM Koja K

Hokropcebka npang C. Baiiniboc npuBabiiioe npocToToio JOBEIEHD HE3AJIEKHOCTI
akcioM meprroi Ta JApyroi TpymH, akCiOMH mapaJjeabHocTi ocobmmBo. Besnepewro, 1o
IPOCTOTA, OCATAETHCSA BBEJCHHAM CHCTeMHt S, ekBiBasentHoi cucremi (S) I. IlTaitaraysa,
sika exksianenTaa cucremi (H) . Tins6epra.
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Buxkitaygeni pesysnbraru gokropebkoi mpari C. BaliHiaboc 3aliikaBidTb HeE JIHIIE

BHKJIQ/IAYiB, dKi 94MTAIOTh yHiBepcurerchKuii Kypce “OcHoBu reomerpii’; a if MIMPOKE KOJIO
CTY/IEHTIB i JIFOOUTEJIIB MATEMATHKH.
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CONE AND JOIN IN THE ASYMPTOTIC CATEGORIES

Mykhailo ROMANSKYI, Mykhailo ZARICHNYI

Ivan Franko National University of Luviv,
1, Unwversytetska Str., 79000, Lviv, Ukraine
e-mail: zarichnyi@yahoo.com

We will prove that the join R™ x R is isomorphic to the half-space RT’l
and extend this result onto the class of v-weakly convex and §-weakly concave
geodesic spaces. We will also show that the cone over divergent sequence is not
isomorphic to the join of this sequence and Ry in the asymptotic category A.

Key words: join, cone, asymptotic category.

1. Introduction.

Asymptotic topology is a part of mathematics dealing with large scale properties of
metric spaces and, more generally, coarse spaces. Backgrounds of the asymptotic topology
are described in [1]. In particular, this paper contains basic functorial constructions in
the coarse categories.

Some of these constructions are considered in the present note. We establish relations
between the cones and joins in the asymptotic categories.

2. Terminology and notation.

A metric space (X, d) is proper if every closed ball in X is compact.

A map f: X — Y is proper if the preimage of every compact subset is compact. A
map f: X — Y is coarsely proper, if the preimage of every bounded set id bounded.

A map f: (X,d) — (Y, p) is coarsely uniform, if there is a non-decreasing function
@: [0,00) — [0,00) such that lim; . p(t) = oo and p(f(x), f(y)) < p(d(z,y)) for all
z,y € X.

A map fis coarse, if f is coarse uniform and coarse proper.

Amap f: (X,d) — (Y, p) is asymptotically Lipschitz, if there are Ai s (A > 0, s > 0)
such that

p(f(z), f(y) < Ad(z,y) +s, z,y€X.

The objects of the asymptotic category A are proper metric spaces, the morphisms
of this category are proper asymptotically Lipschitz maps.

The objects of the asymptotic category A are proper metric spaces (actually, one
can consider all metric spaces), the morphisms of this category are coarsely proper,
asymptotically Lipschitz maps.

2010 Mathematics Subject Classification: 54B17, 54E15
© Romanskyi M., Zarichnyi M., 2017



CONE AND JOIN IN THE ASYMPTOTIC CATEGORIES
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mart. 2017. Bumyck 83 35

An isomorphism in the category A is a homeomorphism f: X — Y such that f
and f~! are asymptotically Lipschitz. A morphism f: X — Y B A is called a coarse
isomorphism, if there is a morphism ¢g: Y — X such that fog and go f are equivalent to
the identity maps 1x and 1y respectively. Metric spaces X and Y are coarse isomorphic
(quasi-isometric), if there exists a coarse isomorphism f: X — Y.

A map f: X — Y of metric spaces (X,d) and (Y, p) is called a quasi-isometry if
there exist C, D > 0, A > 0 such that
1
S(e,5) = € < (@), f)) S M(a,y) +C, € X
and the D-neighborhood of the set f(X) equals Y.

Let C' > 0. A set in a metric space is called C-connected if, for every x,y € M,
there exist g = z,21,...,Zn-1,2, =y € M such that d(x;,2;-1) < C,i=1,...,n.

3. Main result.

_ Let X be a metric space. The cone CX of X is defined as follows: CX =
XxR?2 /iy (X), where iy: X — XxR% is the embedding defined by the formula

iy () = (2, [[z]|,0) (see [1]).

Lemma 1. The cone CR is not isomorphic to the half-space Ri in the asymptotic
category A.

Proof. Suppose that the cone CR is isomorphic (quasi-isometric) to the half-plane Rﬁ_.
Thus, there exists f: CR — R%r such that, for some C' > 0 and A > 0,

1

1@ y) = C < p(f(2), f(y)) < Ad(z,y) + C, 2,y € OR.

Pick and infinite sequence x1,z2,z3,... in CR and d(z;,z;) = 2X\C + 1 for all 4,j € N.
This is easy to construct in CR, let, e.g.,

1 — 8k? V16k2 — 1
oy = (kz(2>\0+1),(2)\0+1) Ssk ,(2)\C+1)6§k>.

The images 21, 2, x3,... belong to the neighborhood Oy (,,)(2A*C 4+ A + C) and

d(f (). f(z;)) > %d(mi,xj) —C-= %mc +1)-C=C+ %

which provides a contradiction. O

Lemma 1 contradicts to the statement from [1] that for geodesic spaces X the cone
can be defined by the formula CX = X x Ry.

3.1. Kantorovich-Rubinstein metric on the join X * R, .

For any two pointed metric spaces X and Y one can define the bouquet X VY. We
endow the bouquet with the natural quotient metric. The join X R is the subspace of
P,(X VR,) of probability measures with supports of cardinality < 2. Let us define the
Kantorovich-Rubinstein distance on the join X * R, between two probability measures
wand v,

w=ad; + (1 —a)dy
v = [0y + (1 =)0y
Hx” =Y, ”I/” = ylv {:Z?,l‘/} C X, {y7yl} C Ry,
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dip(p,v) =inf{ed(y’,z) + (o —e)d(z,2') + (1 = B —€)d(y.y)
+(B-a+e)d@,y)|e>0e>a—p}=
inf {E(d(y/,l‘) - d(l’,;{,'/) - d(yu y/) + d(x/u y)) + Oéd({,l?71:/) + (1 - ﬁ)d(:%yl)
+(B—a)d(@',y) [e > 0,e > a— B} =
_ (B - Oé)d($/7y) + Oéd(ﬂj/727) + (1 - B)d(y7y/)7 /8 >,
(a = B)d(z,y) + Bd(z,2') + (1 —a)d(y,y'), B<a,
la — Bl(y + ') + min{a, B}d(z,2") + (1 — max{c, B})|y — v/'|.
Lemma 2. The join R™ x Ry is isomorphic to the half-space RQL_H in the asymptotic
topology A.
Proof. Consider the map ¢: R* * R, — R’}r“ defined by the formula
plads + (1 —a)dy) = (az, (1 —a)y)
zeR" yeRy.
The inverse map ¢~ *: Ri“ — R™ xR, is defined by the formula
t 121
l t 5 1 5 l 1
S = 2 e Ot
Denoting = = |”||t+tl, o= HllHt’ y= HHHZH t, we obtain
o Yaz, (1 - a)y) = (ad, + (1 - a)dy).
Show that the map ¢~ is Lipschitz.
drp(p™ (az, (1 - a)y)ip~ ' Ba’, (1 = B)y) = drp(ady + (1 — @)dy, B0 + (1 — B)dy).
Without loss of generality one may assume that ' > y.
First, prove that ¢! is Lipschitz for 3 > a.
drp(ady, + (1 —a)dy, B0 + (1 — )0y ) =
= (B —a)d(z',y) + ad(z,2") + (1 - B)d(y,y') <
< (B —a)d(@',y) + d(az, fz') + (B — a)[|2']| + (1 — B)d(y, y') =
= d(az, ") +2(B— )y’ + (B— )y + (1= B)(¥' —y)
Taking into account that
A= -y <|A-a)y—A=B)yI+(B-a)y
for 5 > « and y’ > y, we obtain
<d(az, ') +2(8 — )y’ +2(8 —a)y + (1 —a)y — (1 = B)y'| <
< d(aw, B2') +4(8 — )y + (1 —a)y — (1= B)y
Since (8 — o)y’ < By’ — ay < d(azx, Bz'), we obtain
< bd(az, fa') +d((1 — )y, (1 - B)y') <
< By (e, (1 = a)y); (B, (1~ B/)).
Let us check that ¢! is Lipschitz for < «
drp(ady + (1 —a)dy, B0 + (1 — B)dy) =
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= (a = B)d(z,y) + fd(z,2") + (1 — a)d(y,y') <
< (a=P)d(z,y) + (a = B)llzl| + d(ax, B2") + (1 — a)d(y,y") =
=d(ar,fr’) +(a-B+1-a)y+(a-B+a—-F-1+a)y=
= d(az,f2’) + (1= B)y' — (1 — )y +2(a = By
Since 2(a — 8)y < 2d((1 — B)y/, (1 — a)y), we obtain
< 3d(ax, ') + 3d((1 - a)y, (1= B)y') =
= B (. (1~ @)y): (B, (1~ B)).

Show that ¢ is Lipschitz with constant 1. Suppose that ¢y’ > y. Consider two cases:
1. 8>a and 2. 8 < a.

1. dR1+1(§D(C¥5I, (1 —a)dy); p(Boa, (1 — B)oy)) =

= drnxr, ((z, (1 — a)y); (B2', (1 = B)y"))
= dgn (az, Ba’) + dr, (1 — @)y, (1 = B)Y) <

<ad(@,2’) + (B—a)lla'|+ (1= B)y —y) + (B—a)y =
The latter inequality is a consequence of the following two inequalities:

d(az, Bz') < ad(z,2’) + (B — a)||l'||
d(1-a)y,(1-B)y) < (1 =By —y) +(B—a)y
= ad(z,2") + (B — a)d(@,y) + (1 - B)d(y,y') =
= dgp(ad, + (1 — a)dy, oy + (1 — B)dy).

2. dgn(ax, B2") + dr (1 — )y, (1 - B)y) <
Since d(azx, fz') < Bd(z,2') + (o — B)]|z||, we obtain
Bd(z,2") + (= )] + (1= By — (1 — )y =
= pd(z,2) + (a = B)llz| + oy’ = By —ay/ +¢' — (1 - a)y =
= pd(z,2') + (o = B)([lz] + ) + L =)y —y) =
= dxp(ady + (1 = @)dy, Bz + (1 = B)dy).

Lemmas 1 and 2 imply the following

Corollary 1. The join R * Ry is not isomorphic to the cone CR in the asymptotic
category A.

Lemma 3. Let X = {n? | n € N} CR. The join X xR, is not isomorphic to the cone
CX in the asymptotic category A.



Mykhailo ROMANSKYI, Mykhailo ZARICHNYI
38 ISSN 2078-3744. Bicuux JIpBiB. yu-Ty. Cepis mex.-mar. 2017. Bunyck 83

Proof. Let f: CX — X xRy be a coarse map. The image of every segment [z,y]| from
CX is contained in the ball O,1)(f(x)).
Consider in CX a segment [zo, 2], d(xo, ) = n. Construct a sequence
L0, X1, X2,y .y Ty = &, d(xi,Tip1) = 1.

Since the image of every segment [z, 2;11] is contained in the ball Oy1)(f(%;)), the image
[0, 2] is a bounded set, since X * Ry is not S(1)-connected for all S(1) > 0.

Thus, there is no coarse uniform map of the cone CX into the join X x Ry with
unbounded image. (]

Lemma 3 also holds in the asymptotic category A.

4. Weakly ~-convex and weakly d-concave geodesic spaces.

A metric space (X, d) is called geodesic if, for any z,y € X, there is an isometric
embedding c¢: [0,d(z,y)] — X such that ¢(0) = « and ¢(d(x,y)) = y. Any isometric
embedding ¢, : [0,d(z,y)] — X such that ¢, (0) = z, cgy(d(z,y)) =y, will be called an
isometric segment connecting x € X and y € Y.

A geodesic space (X, d) is called y-weakly convex (v > 1), if every pair of geodesic
segments, c,, and c,,, satisfies the inequality

d(Cay(t - d(2,y)), cox(t - d(z,2))) <7 -t d(y, 2).

A geodesic space (X,d) is called weakly é-concave (0 < § < 1), if every pair of
geodesic segments, c,, and c,., satisfies the inequality

d(cgy(t-d(z,y)), coo(t - d(z, 2))) =6 -t - d(y, 2).

Lemma 4. Let X be a weakly v-conver and weakly §-concave geodesic space. The join
X xRy is isomorphic to the space X x Ry in the asymptotic category A.

Proof. The proof is similar to that of Lemma 2. Let zg € X be a fixed point. Define the
norm ||z|| of z € X as dx (z,zo). For the sake of brevity, ¢y, (- d(zo, z)) will be denoted
T in the sequel.

Consider the map ¢: X * Ry — X x Ry, defined by the formula

p(ady + (1 — a)dy) = (za, (1 — a)y)
reX,yeR,.
The inverse map ¢~ ': X x R, — X xR, is defined by the formula
¢ (2, (1= a)y) = (ady + (1 — a)dy).
Show that ¢! is a Lipschitz map.
dip(e™ (o, (1 — @)y); o (@h, (1= B)y) = dip(ads + (1 — )8y, Boar + (1 — B)dy).

Without loss of generality we may assume that 3’ > v.
We first prove that ¢! is Lipschitz for 8 > a.

de(Oé(Sx + (1 — a)5y,,35x/ + (1 — 6)63/)
= (8 — a)d(2',y) + ad(z,2) + (1 - B)d(y,y")

< (B~ @)dla'y) + 5d(za,h) + 38— )|/ + (1 - B)d(y, ¥
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= Sd(ra, ) + (1 + 5B~ +(B—a)y+ (1= B — )

Taking into account that (1 — 8)(v' —y) < |(1 —a)y — (1 — B)Y'| + (B — a)y for
B> a iy’ >y, the inequality cam be continued:

< Sda,a) + (14 2)(8 — a)y +2(8 — )y +](L—a)y — (1= )y’

< 30, + B+ 58— a)y +(1—a)y ~ (1 - 5}y

Since (8 — )y’ < By’ — ay < d(z4, 7)), we obtain

g)d(%,x;}) +d((1—a)y, (1-B)y)

< @+ 2k (@, (1 — @)y)s (&, (1= W)
Let us check that (p_l is Lipschitz for 8 < «
drp(ady + (1 — )by, Bz + (1 — B)dy)
= (a— B)d(z,y') + pd(z,2") + (1 — a)d(y,y")

< (o= B)d(a,y) + 30— B)all + 5d(wa, ) + (1= @)y )

= Sdla, )+ (@ B+ 1—a)y +(a—f+ (o~ ) ~1+a)y

<B4+

1

= 5(@a,75) + (1= )y’ = (1 - )y +(

Taking into account that (o — 8)y < d((1 — B)y/, (1 — a)y), we obtain
1

< §(Easah) + 2+ D)1~ aly, (1 - 5)y)

< @+ $)dxce (@, (1~ a)y)s (&, (1= )

Show that ¢ is a Lipschitz map with constant ~. Take y
1.3>a and 2. B < a.

L dxxr, (p(ads, (1 — a)dy); (B0, (1 — B)dy))
= dxxr, ((Za, (1 — @)y); (x5, (1 = B)Y)
= dx (a,23) + dr, (1 - )y, (1 - B)y
<ved(z,a') + (B — o)l + (1= B)(y —y) + a)y
The latter inequality is a consequence of the following two inequalities:
d(za,7) < vad(z,2') + (B — a)l|l2’||
d((1—a)y,1=B)y) <1 =B) Y —y) +(B—a)y
= vyad(z,2') + (B — a)d(2’,y) + (1 = B)d(y,y')
<vdrp(ady + (1 —a)dy, B0 + (1= B)dy).

" > y. Consider two cases:

)
)
(5 -

2. dx(dia,I//B) +dr, (1 —a)y, (1—=8)y)
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Since dx (7q, ) < 78d(x, ") + (o — B)||z]|, we obtain
< yBd(x,a’) + (o= B)|lzll + (1 = B)y = (1 = a)y
=7Bd(z,2") + (o = B)||z| + ay’ = By —ay/ +y' — (1 —a)y
= yBd(z,2") + (a = B)(lzll +¥) + 1 — ) (¥ — )
< ydgp(ady + (1 — )by, Boz + (1 — )0y).
O

5. Remarks and open questions.

It was asked in [1] whether the cone CX and the join X x R, are isomorphic.
Corollary 1 provides a negative answer to this question; in particular, these spaces are
not isomorphic for X = R. Lemma 3 contains an example of a non-geodesic space X for
which these spaces are not isomorphic.

This leads to the following questions.

1. Is there a non-bounded metric space X for which the C'X and the join X xR,
are isomorphic in the asymptotic category A7

2. Are the join X * Ry and X x R, isomorphic for all geodesic spaces X7
For X = R", the answer is given by Lemma 2.

3. Let H denote the hyperbolic space. Are the spaces Hx R, and Hx*R isomorphic?
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. n : - - : n+1 .
Hoseneno, mo mxoitn R” x R, isomopduuit mismpocroposi R’y Ileit pe-
3yJIbTAT HOUIMPEHO Ha KJIAC Y-CJIabKO OIyKaux i 0-cs1abKo BrHY TUX reofe3iinux
npocTopiB. JloBe1eHo TaKOXK, [0 KOHYC HAJT PO30iKHOIO ITOC/IITOBHICTIO He i30-
MopdHI MKOKHOBI miel mocaigosaocTi i Ry B acumnrormaniit kareropii A.

Karwost crosa: OxKOMH, KOHYC, aCHMITOTHYHA KaTeropid.
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We study feebly compact shift-continuous 77-topologies on the symmetric
inverse semigroup .#y" of finite transformations of the rank < n. For any positive
integer n > 2 and any infinite cardinal A a Hausdorff countably pracompact
non-compact shift-continuous topology on .#y" is constructed. We show that
for an arbitrary positive integer n and an arbitrary infinite cardinal A for a
T1-topology 7 on .#" the following conditions are equivalent: (i) 7 is countably
pracompact; (i) 7 is feebly compact; (i) 7 is d-feebly compact; (iv) (F3', T)
is H-closed; (v) (£, 7) is Ny-compact for the discrete countable space Ny;
(vi) (A3, 7) is R-compact; (vii) (F3, 7) is infra H-closed. Also we prove that
for an arbitrary positive integer n and an arbitrary infinite cardinal X\ every
shift-continuous semiregular feebly compact Ti-topology 7 on £ is compact.

Key words: semigroup, inverse semigroup, semitopological semigroup,
compact, countably compact, countably pracompact, feebly compact, H-
closed, infra H-closed, X-compact, semiregular space.

We follow the terminology of [6, 7, 8, 26, 27]. If X is a topological space and A C X,
then by clx(A) and intx(A) we denote the topological closure and interior of A in
X, respectively. By |A| we denote the cardinality of a set A, by AAB the symmetric
difference of sets A and B, by N the set of positive integers, and by w the first infinite
cardinal.

A semigroup S is called inverse if every a in S possesses an unique inverse a ™!, i.e.
if there exists an unique element a~' in S such that

ac ta=a and ataa ™t =a N

A map which associates to any element of an inverse semigroup its inverse is called the
1NUErsion.

A topological (inverse) semigroup is a topological space together with a continuous
semigroup operation (and an inversion, respectively). Obviously, the inversion defined
on a topological inverse semigroup is a homeomorphism. If S is a semigroup (an inverse

2010 Mathematics Subject Classification: 22A15, 54D45, 54H10, 54A10, 54D30, 54D40.
© Gutik O., 2017
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semigroup) and 7 is a topology on S such that (.5, 7) is a topological (inverse) semigroup,
then we shall call 7 a semigroup (inverse) topology on S. A semitopological semigroup
is a topological space together with a separately continuous semigroup operation. If §
is a semigroup (an inverse semigroup) and 7 is a topology on S such that (S,7) is
a semitopological semigroup (with continuous inversion), then we shall call T a shift-
continuous (inverse) topology on S.

If S is a semigroup, then by E(S) we denote the subset of all idempotents of S.
On the set of idempotents F(S) there exists a natural partial order: e < f if and only
if ef = fe=-e. A semilattice is a commutative semigroup of idempotents. A topological
(semitopological) semilattice is a topological space together with a continuous (separately
continuous) semilattice operation. If S is a semilattice and 7 is a topology on S such that
(S, 7) is a topological semilattice, then we shall call T a semilattice topology on S.

Every inverse semigroup S admits a partial order:

axb if and only if there exists e € E(S) such that a = eb.

We shall say that < is the natural partial order on S.

Let A be an arbitrary non-zero cardinal. A map « from a subset D of X into \ is
called a partial transformation of A. In this case the set D is called the domain of o and
is denoted by dom «.. The image of an element x € dom & under « is denoted by xa Also,
the set {z € A\: ya = x for some y € Y} is called the range of o and is denoted by ran a.
The cardinality of ran « is called the rank of a and is denoted by rank a.. For convenience
we denote by @ the empty transformation, a partial mapping with dom @ =ran @ = @.

Let ., denote the set of all partial one-to-one transformations of A together with
the following semigroup operation:

z(af) = (za)f if x € dom(af) ={y € doma: ya € dom S}, for «,p € 4.

The semigroup %, is called the symmetric inverse semigroup over the cardinal \ (see
[7]). The symmetric inverse semigroup was introduced by V. V. Wagner [29] and it plays
a major role in the theory of semigroups.

Put &) = {a € #: ranka < n},forn=1,2,3,.... Obviously, & (n =1,2,3,...)

are inverse semigroups, .#y" is an ideal of .#y, for each n = 1,2,3,.... The semigroup .#}*
is called the symmetric inverse semigroup of finite transformations of the rank < n. By
1‘1 :L‘Z PRI :En
Yyi Y2 - Un

we denote a partial one-to-one transformation which maps z; onto y;, x2 onto yso, ...,
and z, onto y,. Obviously, in such case we have z; # z; and y; # y; for i # j (i,j =
1,2,3,...,n). The empty partial map @: A — X is denoted by 0. It is obvious that 0 is
zero of the semigroup #".

Let A be a non-zero cardinal. On the set By = (A x A\) U {0}, where 0 ¢ X x A\, we
define the semigroup operation “-” as follows

_J (a,d), if b=g
(avb) (C7 d) - { 07 lf b # c,
and (a,b) -0 = 0 (a,b) = 0-0 = 0 for a,b,c,d € A. The semigroup B, is called
the semigroup of A x A\-matriz units (see [7]). Obviously, for any cardinal A > 0, the
semigroup of A\ x A-matrix units B, is isomorphic to .Z}.
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A subset A of a topological space X is called regular open if intx (clx(A)) = A.
We recall that a topological space X is said to be

o functionally Hausdorff if for every pair of distinct points x1,z2 € X there exists
a continuous function f: X — [0,1] such that f(z1) =0 and f(z2) = 1;

o semiregular if X has a base consisting of regular open subsets;

o quasiregular if for any non-empty open set U C X there exists a non-empty open
set V' C U such that clx (V) C U,

e compact if each open cover of X has a finite subcover;

o sequentially compact if each sequence {z; };en of X has a convergent subsequence
in X;

e countably compact if each open countable cover of X has a finite subcover;

e H-closed if X is a closed subspace of every Hausdorff topological space in which
it is contained;

o infra H-closed provided that any continuous image of X into any first countable
Hausdorff space is closed (see [20]);

e countably compact at a subset A C X if every infinite subset B C A has an
accumulation point x in X;

e countably pracompact if there exists a dense subset A in X such that X is

countably compact at A;

feebly compact if each locally finite open cover of X is finite;

o d-feebly compact (or DFCC) if every discrete family of open subsets in X is finite
(sce [24]);

e pseudocompact if X is Tychonoff and each continuous real-valued function on X
is bounded,;

e Y-compact for some topological space Y, if f(X) is compact, for any continuous
map f: X —- Y.

According to Theorem 3.10.22 of [8], a Tychonoff topological space X is feebly
compact if and only if X is pseudocompact. Also, a Hausdorff topological space X is feebly
compact if and only if every locally finite family of non-empty open subsets of X is finite.
Every compact space and every sequentially compact space are countably compact, every
countably compact space is countably pracompact, every countably pracompact space is
feebly compact (see [3]), every H-closed space is feebly compact too (see [15]). Also, every
space feebly compact is infra H-closed by Proposition 2 and Theorem 3 of [20].

Topological properties of an infinite (semi)topological semigroup A X A-matrix units
were studied in [12, 13, 14]. In [13] it was shown that on the infinite semitopological semi-
group A X A-matrix units B) there exists a unique Hausdorff topology 7. such that (B, 7.)
is a compact semitopological semigroup and it was also shown that every pseudocompact
Hausdorff shift-continuous topology 7 on B is compact. Also, in [13] it was proved that
every non-zero element of a Hausdorff semitopological semigroup A x A-matrix units Bj
is an isolated point in the topological space By. In [12] it was shown that the infinite
semigroup A X A-matrix units By cannot be embedded into a compact Hausdorff topologi-
cal semigroup, every Hausdorff topological inverse semigroup S that contains B) as a
subsemigroup, contains B) as a closed subsemigroup, i.e., B) is algebraically complete
in the class of Hausdorff topological inverse semigroups. This result in [11] was extended
onto so called inverse semigroups with tight ideal series and, as a corollary, onto the
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semigroup #7". Also, in [16] it was proved that for every positive integer n the semigroup

\ is algebraically h-complete in the class of Hausdorff topological inverse semigroups,
i.e., every homomorphic image of .#\" is algebraically complete in the class of Hausdorff
topological inverse semigroups. In the paper [17] this result was extended onto the class
of Hausdorff semitopological inverse semigroups and it was shown therein that for an
infinite cardinal A the semigroup .#7* admits a unique Hausdorff topology 7. such that
(7, 7e) is a compact semitopological semigroup. Also, it was proved in [17] that every
countably compact Hausdorff shift-continuous topology 7 on B, is compact. In [14] it
was shown that a topological semigroup of finite partial bijections .#y" with a compact
subsemigroup of idempotents is absolutely H-closed (i.e., every homomorphic image of
# is algebraically complete in the class of Hausdorff topological semigroups) and any
countably compact topological semigroup does not contain .#* as a subsemigroup for
infinite cardinal A. In [14] there were given sufficient conditions onto a topological semi-
group .y to be non-H-closed. Also in [10] it was proved that an infinite semitopological
semigroup of \ x A-matrix units B) is H-closed in the class of semitopological semigroups
if and only if the space B) is compact.

For an arbitrary positive integer n and an arbitrary non-zero cardinal A we put

exp, A ={A C X: |A] <n}.

It is obvious that for any positive integer n and any non-zero cardinal A the set
exp,, A with the binary operation N is a semilattice. Later in this paper by exp, A we
shall denote the semilattice (exp,, A,N). It is easy to see that exp,, A is isomorphic to the
subsemigroup of idempotents (the band) of the semigroup #}* for any positive integer n.
We observe that for every positive integer n the band of the semigroup .#;* is isomorphic
to the semilattice exp,, A by the mapping E(.#]") 5 ¢ — dome.

In the paper [18] feebly compact shift-continuous topologies 7 on the semilattice
exp,, A were studied, and all compact semilattice topologies on exp,, A were described. In
[18] it was whown that for an arbitrary positive integer n and an arbitrary infinite cardi-
nal A for a Ti-topology 7 on exp,, A the following conditions are equivalent: (i) (exp,, A, 7)
is a compact topological semilattice; (i) (exp,, A, 7) is a countably compact topological
semilattice; (¢i7) (exp,, A, 7) is a feebly compact topological semilattice; (iv) (exp,, A, T)
is a compact semitopological semilattice; (v) (exp,, A\,7) is a countably compact semi-
topological semilattice. Also, in [18] there was constructed a countably pracompact H-
closed quasiregular non-semiregular topology 72 such that (exp2 A, szc) is a semitopologi-
cal semilattice with the discontinuous semilattice operation and it was proved that for
an arbitrary positive integer n and an arbitrary infinite cardinal A a semiregular feebly
compact semitopological semilattice exp,, A is a compact topological semilattice. In [19]
it was shown that for an arbitrary positive integer n and an arbitrary infinite cardinal A
for a Ty-topology 7 on exp,, A the following conditions are equivalent: (i) 7 is countably
pracompact; (i) 7 is feebly compact; (ii7) 7 is d-feebly compact; (iv) (exp,, A, 7) is an
H-closed space.

This paper is a continuation of [11, 13, 16, 17]. We study feebly compact shift-
continuous T7-topologies on the semigroup .#)'. For any positive integer n > 2 and
any infinite cardinal A a Hausdorff countably pracompact non-compact shift-continuous
topology on # is constructed. We show that for an arbitrary positive integer n and
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an arbitrary infinite cardinal A for a Tj-topology 7 on )" the following conditions are
equivalent: () 7 is countably pracompact; (i¢) 7 is feebly compact; (iii) 7 is d-feebly
compact; (iv) (3, 1) is H-closed; (v) (&), 7) is Ny-compact for the discrete countable
space Ny; (vi) (Z}, 7) is R-compact; (vii) (&3, 7) is infra H-closed. Also we prove that for
an arbitrary positive integer n and an arbitrary infinite cardinal A every shift-continuous

semiregular feebly compact T%-topology 7 on .#{* is compact.

Later we shall assume that n is an arbitrary positive integer.
For every element a of the semigroup .#y" we put

Tla:{BEﬂf:aoflﬂ:a} and Troz:{ﬂe]/\”:ﬁofla:a}.

Then Proposition 5 of [17] implies that T;a = 1,.a and by Lemma 6 of [23, Section 1.4]
we have that o < § if and only if 3 € 1,a for a, 8 € Z}'. Hence we put T a = 1) = 1.«
for any o € ).

The definition of the semigroup operation of .#;* implies the following trivial lemma.

Lemma 1. Let n be an arbitrary positive integer and A be any cardinal. Then for any
elements o and 8 of the semigroup 95" the sets a?'(3 and

lqa={ye S y<a}
are finite.

Proof. For any elements « and 5 of #* we have that
af'f=ady NI ={ye I: domy Cdoma and rany Cranf}.

Since the sets dom a and ran 3 are finite, a.#)' 8 is finite, as well.

For every v € |« the definition of the natural partial order < on the semigroup
F (see [23, Chapter 1]) implies that the finite partial map + is a restriction of the finite
partial map « onto the set A = doma N dome, where € is an idempotent of #* such
that v = ea. This implies that the set | o is finite. O

Lemma 2. Let n be an arbitrary positive integer, A be any infinite cardinal and T be a
shift-continuous Ty -topology on semigroup #3'. Then for every element o of the semigroup
I the set T is open-and-closed in (I3, T), the space (I3, ) is functionally Hausdorff
and hence it is quasi-reqular.

Proof. Fix an arbitrary o € .#'. Then a € a.#{'a and
afla=adPNIa=aa I NIaa=aa A0 a,

because " is an inverse semigroup. Since the topology 7 is 77, Lemma 1 implies that
the set (a#y'a) \ {a} is closed in (£, 7). By the separate continuity of the semigroup
operation in (£}, 7) we have that there exists an open neighbourhood U(«) of the point
a in (&, 7) such that

act-U(a)-a ta C I8\ (s U 2a)\ {a}).

The last inclusion implies that U(a) C fa. Again, since the semigroup operation in
(#3,7) is separately continuous the set T« is open in (#3",7) as a full preimage of

U(a) and the set T a is closed in (£, 7) as a full preimage of the singleton set {a}.
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Fix arbitrary distinct elements « and § of the semigroup .#;*. Then either o and 3
are comparable or not with respect to the natural partial order on .#}. If o < 8 or « and
§ are incomparable in (£, <) then it is obvious that the map g: .#* — [0,1] defined
by the formula

_ )L iy e
(”)f‘{ 0 ify ¢ 18

is continuous. We observe that quasi-regularity of (.#), 7) follows from the fact that every
non-empty open subset U of (£, 7) contains a maximal element § with respect to the
natural partial order < on .#y' such that T« is an open-and-closed subset of (I, 7)
and hence, since 7 is a T}-topology, {a} C U is an open-and-closed subset of (7", 7). O

A topological space X is called

o totally disconnected if the connected components in X are singleton sets;
o scattered if X does not contain non-empty dense in itself subset, which is equi-
valent that every non-empty subset of X has an isolated point in itself.

Lemma 2 implies the following corollary:
Corollary 1. Let n be an arbitrary positive integer, A be any infinite cardinal and T be a

shift-continuous Ty -topology on the semigroup Z3*. Then (S, T) is a totally disconnected
scattered space.

A partial order < on a topological space X is called closed if the relation < is a
closed subset of X x X in the product topology. In this case (X, <) is called a pospace [9].
Lemma 2 and Proposition VI-1.4 from [9] imply the following corollary:

Corollary 2. Let n be an arbitrary positive integer, A be any infinite cardinal and T be
a shift-continuous Ty -topology on semigroup I'. Then (I3, T,<) is a pospace

The following example shows that the statement of Lemma 2 does not hold in the
case when (7, 7) is a Ty-space.

Example 1. For an arbitrary positive integer n and an arbitrary infinite cardinal A we
define a topology 79 on .#)" in the following way:

(7) all non-zero elements of the semigroup .#;" are isolated points in (&', 79); and
(#4) &3 is the unique open neighbourhood of zero in (&7, 7).

Simple verifications show that the semigroup operation and inversion on (£, 7y) are
continuous.

We need the following example from [17].
Example 2 ([17]). Fix an arbitrary positive integer n. The following family

%C = {Ua(a17~";ak) :T<OZ\(T#041UUT<O£]€)
a; € tga\{a}, 0,0 € 30 = 1,...,k}

determines a base of the topology 7 on .#)'. By Proposition 10 from [17], (&, 7c) is a
Hausdorff compact semitopological semigroup with continuous inversion.
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By Theorem 7 from [17], for an arbitrary infinite cardinal A and any positive integer
n every countably compact Hausdorff semitopological semigroup #3* is topologically
isomorphic to (', 7). By Corollary 1 the topological space (£}, 7.) is scattered.
Since every countably compact scattered Tj-space is sequentially compact (see [28,
Theorem 5.7]), (#, 7c) is a sequentially compact space.

Next we summarise the above results in the following theorem.

Theorem 1. Let n be an arbitrary positive integer, A be any infinite cardinal and T be
a T -shift continuous topology on the semigroup #'. Then the following conditions are
equivalent:
(i) T is compact;
(i1) T =71¢;
(#it) T is countably compact;
(iv) T is sequentially compact.

Since every feebly compact Hausdorff topology on the semigroup . is compact,
it is natural to ask: Does there exist a shift-continuous Hausdorff non-compact feebly
compact topology T on the semigroup I\ for n > 2¢

The following example shows that for any infinite cardinal A and any positive integer
n > 2 there exists a Hausdorff feebly compact topology 7 on the semigroup #y" such
that (£, 7) is a non-compact semitopological semigroup.

Example 3. Let \ be any infinite cardinal and 72 = 7 be the topology on the semigroup
# which is defined in Example 2. We construct a stronger topology 72 on .#¢ then 72
in the following way. By m: A\ — .#2: a — &, we denote the map which assigns to any
element a € A the identity partial map e,: {a} — {a}. Fix an arbitrary infinite subset A
of . For every non-zero element z € .#3 we assume that the base %2 () of the topology
Tf2c at the point x coincides with the base of the topology 72 at z, and

B (0) = {Ugp(0) =U(0)\ (B)rU{e,...,as}): U(0) € BZ(0),01,...,as € I5\ {0}
and B C A such that |AAB| < oo}

form a base of the topology 72 at zero 0 of the semigroup .#¢. Simple verifications show
that the family { %% (z): € #2} satisfies conditions (BP1)—(BP4) of [8], and hence
72 is a Hausdorff topology on .#2.

Proposition 1. Let \ be an arbitrary infinite cardinal. Then (])?7’7'3:) is a countably
pracompact semitopological semigroup with continuous inversion.

Proof. 1t is obvious that the inversion in (/f7 szc) is continuous and later we shall show
that all translations in (,ﬂ)\27 TEC) are continuous maps. We consider the following possible
cases.

(1) 0-0 = 0. For every basic open neighbourhood Ug(0) of zero in (&2, 72) we
have that

Ug(0)-0=0-Ug(0) ={0} C U,(0).

(2) -0 = 0. For all basic open neighbourhoods Ug(0) and U, (1, ..., Bk) of zero

and an element o # 0 in (ff, szc), respectively, we have that

Ua(B1,--.,Bk) -0 ={0} C Ug(0).
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Let Vp(0) = #2\ (tgo1 U+ Utga, U (B)7) be an arbitrary basic neighbourhood of
zero in (ﬂf, Tf%:) Without loss of generality we may assume that

ranka; = ... =ranka, = 1 <ranko.

Put
¢ = {weff : ranky = 1 such that ay = «; for some i =1,...,k

or ay € B(53)\ {0}}.

The definition of the semigroup .#7 implies that the set C; is finite. Then we have that
o WB(O) - VB(O) for WB(O) = j)? \ U {T<’71 v e Cl}.
(3) 0-a = 0. For all basic open neighbourhoods Ug(0) and U, (B4, ..., Bx) of zero
and an element « # 0 in (ﬂf, Tf%), respectively, we have that
0-Uy(B1,...,0k) ={0} C Ug(0).
Let Vp(0) = #\ (Tgo1 U -+ Utga, U (B)7) be an arbitrary basic neighbourhood of
zero in (//\2, Tf%:) Without loss of generality we may assume that
ranka; = ... =rankag = 1 <ranko.

Put
Cr={v¢€ F2: rank~y = 1 such that ya = a; for some i = 1,...,k
or ya € E(3)\ {0}}.
The definition of the semigroup .#Z implies that the set C, is finite. Then we have that
Wg(0) - o € Vp(0) for Wp(0) = £Z\ U {txv: v €Cr}.

(4) a- B =~ # 0 and rank @ = rank § = rank~, i.e., rana = dom . Then for any
open neighbourhoods Uq (v, ..., ar), Ug(B1,...,Bn), Uy(71,...,7m) of the points «, 8
and v in (&2, 72), respectively, we have that

Uoc(a17"'7ak‘) /8 =a- Uﬁ(ﬁl?;ﬁn) = {’Y} g U’y(’yla" 7’Ym)

(5) a- 8 =7 # 0 and ranka = ranky = 1 and rank 8 = 2, i.e., rana & dom f3.
Then for any open neighbourhoods Ug(f1, ..., 3,) and Uy(71,...,7vm) of the points 3
and v in (£, 72), respectively, we have that

a-Ug(Br,-- - Bn) = {7} S Uy (01, m)-

Let Uy(y1,...,7) be an arbitrary open neighbourhood of the point + in (f/\z,Tf?c) for
some V1,...,V € 157, L.e, ranky; = ... =rank~y, = 2. Put

Q= {5€T$a: 556{71,...,%}}.

The definition of the semigroup .#¢ implies that the set Q is finite. Then we have that
Ua(Q) : ﬁ g U’y(’}/h cee v’yk)
for Un(Q) =t5a\ {6 € t4a: 6 € Q).
(6) a- B =~ # 0 and rank § = ranky = 1 and rank o = 2, i.e., dom § G rana. In

this case the proof of separate continuity of the semigroup operation on (ﬂf, szc) is dual
to case (5).
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(7) - =~ # 0, ranky = 1 and rank @ = rank § = 2. Then « and § are isolated
points in (ffmfzc) and hence

OZ‘B:’}/QUV('Yl,...,’)/k),

for any basic open neighbourhood Uy (y1,...,v%) of v in (/f, szc).
(8) - =0. Then dom S Nrana = & and hence

Ua(ag,...,oan) - =a-Ug(B1,...,5,) = {0} C Ug(0),

for any basic open neighbourhoods U, (a1, ..., o), Ug(B1,...,Bs) and Ug(0) of «, B
and zero 0 in (F2,72), respectivelly.

Thus we have shown that the translations in (.#,72) are continuous maps.

Also, the definition of the topology 72 on .#¢ implies that the set .2\ .#! is dense
in (#2,72) and every infinite subset of .#2.#} has an accumulation point in (#Z,72),
and hence the space (ﬂf , szc) is countably pracompact. O

Proposition 2. Let n be an arbitrary positive integer and A be an arbitrary infinite
cardinal. Then for every d-feebly compact shift-continuous Th-topology T on F3* the subset
IPN\ I is dense in (I, 7).

Proof. Since every quasi-regular d-feebly compact space is feebly compact (see [19,
Theorem 2]), by Lemma 2 the topology 7 is feebly compact.

Suppose to the contrary that there exists a feebly compact shift-continuous 7;-
topology 7 on .#}* such that ﬂf\ff‘l is not dense in (#3", 7). Then there exists a point
a € 7" of the space (£, 7) such that o & clgp (£ \ £~ "). This implies that there
exists an open neighbourhood U(a) of a in (%, 7) such that U(a) N (£ \ #77") =
@. Lemma 2 implies that T5a is an open-and-closed subset of (#)',7) and hence by
Theorem 14 of [4], T4« is feebly compact. This implies that without loos of generality we
may assume that U(a) C Tz N #1. By the definition of the semigroup .#7* we have
that there exists a point 3 € U(a) such that 158N U(a) = {8}. Again, by Lemma 2 we
have that 1/ is an open-and-closed subset of (.}, 7) and hence by Theorem 14 of [4],
T4 is feebly compact. Moreover, our choice implies that 3 is an isolated point in the
subspace 143 of (7', 7).

Suppose that

r1 e Tk
B_(yl Yk )’

for some finite subsets {x1,--- ,2;} and {y1,--- ,yx} of distinct points from A. Then the
above arguments imply that & < n. Put p = n — k. Next we fix an arbitrary infinite
sequence {a;}; .y of distinct elements of the set A\ ({z1, -+, 21} U{y1, - ,un}).

For arbitrary positive integer j we put

o xr1 e Tk ap(j71)+1 “e . apj
B = :

Yo Yk GGt Gpy

Then §; € .# for any positive integer j. Moreover, we have that 3; € £ \ ff‘l and
Bj € 148 for any positive integer j.
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We claim that the set Ty N {3;: j € N} is finite for any v € 1,8\ {8}. Indeed, if
the set T5yN{B;: j € N} is infinite for some v € 158\ {5} then dom ~y contains infinitely
many points of the set {a;: ¢ € N}, which contradicts that v € .

By Lemma 2 for every v € %) the set 147 is open in (£, 7). Then since 3 is
an isolated point in T_f3, our claim implies that the infinite family of isolated points
% = {{b;}: j € N} is locally finite in 1/, which contradicts that the subspace 13
of (#, 1) is feebly compact. The obtained contradiction implies the statement of the
proposition. O

Remark 1. The following three examples of topological semigroups of matrix units
(Bxs Tmw)s (Bxs Tmn) and (B, T ) from [12] imply that the converse to Proposition 2 is
not true for any infinite cardinal .

Later by Np and R we denote the sets of positive integers with the discrete topology
and the real numbers with the usual topology.

Theorem 2. Let n be an arbitrary positive integer and A be an arbitrary infinite cardi-
nal. Then for every shift-continuous Th-topology T on the semigroup &\ the following
statements are equivalent:

(z) T is countably pracompact;
1) T is feebly compact;
( u) T is d-feebly compact;
(tv) (A3, 7) is H-closed;
v) (f)’f,T) is Ny-compact;
(vi) (F7,7) is R-compact;
(vig) (F3,7) is infra H-closed.

Proof. Implications (i) = (#¢) and (it) = (i4i) are trivial.

(#4i) = (i9) Suppose that a space (S, 7) is d-feebly compact. By Lemma 2 it is
quasi-regular. Then by Theorem 1 of [19] every quasiregular d-feebly compact space is
feebly compact and hence so is (Z, 7).

(#4) = (i) Suppose that a space (&, 7) is feebly compact. By Lemma 2 the topologi-
cal space (£, 7) is Hausdorff. Then by Lemma 1 of [19] every Hausdorff feebly compact
space with a dense discrete subspace is countably pracompact (also see Lemma 4.5 of [5]
or Proposition 1 from |2 for Tychonoff spaces) and hence so is (Z}", 7).

Implication (iv) = (i) follows from Proposition 4 of [15].

(#4) = (iv) We shall show by induction that if 7 is a shift-continuous feebly compact
T1-topology on the semigroup .#3" then the subspace T4a of (£}, 7) is H-closed for any
ac I

It is obvious that for any o € .73 with ranka = n the set T = {a} is singleton,
and since (£, 7) is a T-space, tais H-closed.

Fix an arbitrary a € )" with ranka = n — 1. By Lemma 2, T« is an open-
and-closed subset of (.#}",7) and hence by Theorem 14 from [4] the space 14« is feebly
compact. Since by Lemma 2 every point 8 of T4 with rank o = n is isolated in (&), 7),
the feeble compactness of 1« implies that « is a non-isolated point of (.3, 7) and the
space Tga is compact. This implies that T4« is H-closed.
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Next we shall prove the following statement: if for some positive integer k < n for
any o € I3 with rank o < k the subspace T« is H-closed then 14/ is H-closed for any
B € IV withrank f =k — 1.

Suppose to the contrary that there exists a shift-continuous feebly compact T;-
topology 7 on the semigroup #* such that for some positive integer £k < n for any
a € ' with rank a = k the subspace T4« is H-closed and 14/ is not an H-closed space
for some 8 € £ with rank 8 = k — 1. Then there exists a Hausdorff topological space X
which contains the space T4/ as a dense proper subspace. We observe that by Lemma 2
and Theorem 14 of [4] the space 14/ is feebly compact.

Fix an arbitrary x € X \ 148. The Hausdorffness of X implies that there exist
open neighbourhoods Ux () and Ux () of the points x and /8 in X, respectively, such
that Ux () NUx(B) = @. Then the assumption of induction implies that without loss of
generality we may assume that there do not exist finitely many a1, ..., a, € 148 with
rank oy = ... = rank «,,, = k such that

Ux(z) N8 Ctgar U - Utgam.

Fix an arbitrary oy € 14/ such that rank a; = k and 1504 N Ux (x) # @. Proposi-
tion 1.3.1 of [8], Lemma 2 and Proposition 2 imply that there exists v, € " \ f;‘fl
such that v; € T4 NUx (x). Next, by induction using Proposition 1.3.1 of [8], Lemma 2
and Proposition 2 we construct sequences {c;},.y and {v;};cy of distinct points of the
set T3 such that the following conditions hold:

(a) rank a1 =k and Tga41 \ (T<a1 U---u T<o¢i) NUx(z) # @; and
(b) vit1 € I\ A7 and yiq € Tiigr \ (Tgaa U= UT<O¢1—) NUx(z),

for all positive integers i > 1.

Then Lemma 1 implies that the infinite family of non-empty open subsets % =
{{7i} : i € N} is locally finite, which contradicts the feeble compactness of t43. The
obtained contradiction implies the statement of induction which completes the proof of
the statement that the space (£, 7) is H-closed.

(tv) = (v) By Katétov’s Theorem every continuous image of an H-closed topological
space into a Hausdorff space is H-closed (see [8, 3.15.5 (b)] or [22]). Hence the image
f(#3) is H-closed for every continuous map f: (&, 7) — Ny, which implies that f(.#}")
is compact (see [8, 3.15.5 (a)]).

(v) = (i9) Suppose to the contrary that there exists a Hausdorff shift-continuous
Np-compact topology 7 on " which is not feebly compact. Then there exists an infinite
locally finite family % = {U;} of open non-empty subsets of ()", 7). Without loss of
generality we may assume that the family % = {U,} is countable., i.e., = {U;: i € N}.
Then the definition of the semigroup .#* and Lemma 2 imply that for every U; € %
there exists a; € U; such that T4a; NU; = {a;} and hence %* = {{a;}: 7 € N} is a
family of isolated points of (£, 7). Since the family % is locally finite, without loss of
generality we may assume that «; # o for distinct 4, j € N. We claim that the family
%™ is locally finite. Indeed, if we assume the contrary then there exists o € %" such
that every open neighbourhood of « contains infinitely many elements of the family % *.
This implies that the family % is not locally finite, a contradiction. Since (£}, 7) is a
T)-space and the family % * is locally finite, we have that | J%* is a closed subset in
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(#7, 1) and hence the map f: (£, 7) = Ny defined by the formula

£(8) = 1, ifpgesg\NU%";
1+ 1, if 8= q; for some i € N,

is continuous. This contradicts that the space (.#3", 7) is Ny-compact.

The proofs of implications (iv) = (vi) and (vi) = (i7) are same as the proofs of
(iv) = (v) and (v) = (i), respectively.

Implication (i) = (vii) follows from Proposition 2 and Theorem 3 of [20].

(vii) = (i4) Suppose to the contrary that there exists a Hausdorff shift-continuous
infra H-closed topology 7 on .#y" which is not feebly compact. Then similarly as in the
proof of implication (v) = (i7) we choice a locally finite family %* = {{a;}: i € N} of
isolated points of (£, 7). Then the map f: (&, 7) — R defined by the formula

1, ifpgesP\Uzs
f(B) = ;7 if B = o; for some i € N,
t+1

is continuous. This contradicts that the space (£, ) is infra H-closed. ]

Remark 2. By Theorem 5 from [20] conditions (i7) and (vii) of Theorem 2 are equivalent
for any Tychonoff space X.

It is not, however, the case that feebly compact and infra H-closed are equivalent
in general. In [21] Herrlich, beginning with a Tj-space Y, constructs a regular space X
such that the only continuous functions from X into Y are constant. His construction
involves the cardinality of Y, but only as the cardinality of collections of open sets whose
intersections are singletons. Thus only the most trivial modifications are needed in his
argument to produce a regular Hausdorff infra H-closed space. It is also easily shown
that the space constructed in this manner is not feebly compact.

Any regular lightly compact space must be a Baire space [25, Lemma 3], and thus it
is of interest to note that the space constructed in [21] can be shown to be the countable
union of nowhere dense subsets using essentially the same argument as can be used to
show it is not feebly compact.

Later we need the following technical lemma.

Lemma 3. Let n be an arbitrary positive integer and X\ be an arbitrary infinite cardinal.
Let T be a feebly compact shift-continuous T1-topology on the semigroup #\'. Then for
every a € 7 and any open neighbourhood U () of v in (I, T) there exist finitely many
a0 € Tga\ {a} such that

TN I Ntga CU(@) Ut U---Utga.

Proof. Suppose to the contrary that there exists a feebly compact shift-continuous 77-
topology on the semigroup .#}* which satisfies the following property: some element « of
the semigroup .#3" has an open neighbourhood U () of o in (&7, 7) such that

TN I N ga U () Utgar U+ Utgay,

for any finitely many ay,...,ax € T4a '\ {a}. We observe that Lemma 2 implies that
without loss of generality we may assume that U(a) C T4a.
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Fix such an element o of .# and its open neighbourhood U(«) with the above
determined property. Then our assumption implies that there exists a1 € T \ U(a)
such that the set

IR\ NTga1\ Ula)
is infinite and fix an arbitrary v, € #7\ £ N t<a1 \ U(a). Next, by induction using
our assumption we construct sequences {c;};cy and {7;},cy of the distinct points of the
set T a such that the following conditions hold:

(a) aiy1 € tga\ (U(a)Utgon U - Utsa;) and the set

I\ I N toantgar \ (U(@) Utgag U+ Utgoy)
is infinite;

() vit1 € 2P\ A Ntiantan\ (U(@) Utgag U Utgay),
for all positive integers .

By Lemma 2 and Theorem 14 of [4] the space T« is feebly compact. Then Lemma 1
implies that the infinite family of non-empty open subsets = {{7;} : ¢ € N} is locally fi-
nite, which contradicts the feeble compactness of T4 a. The obtained contradiction implies
the statement of the lemma. (]

Theorem 3. Letn be an arbitrary positive integer and A be an arbitrary infinite cardinal.
Then every shift-continuous semiregular feebly compact Ti-topology T on F3* is compact.

Proof. We shall prove the statement of the theorem by induction. First we observe that
for every element o of a semiregular feebly compact T;-semitopological semigroup (.#3", 7)
with ranka = n — 1,n the set T a is compact. Indeed, by Lemma 2 for every 3 € .7y
the set 143 is open-and-closed in (3", 7), and hence we have that "\ f;“l is an open
discrete subspace of (#',7) and using Theorem 14 of [4] we obtain that T« is feebly
compact, which implies that the space T4« is compact.

Next we shall prove a more stronger step of induction: if for every element o of a
semiregular feebly compact T -semitopological semigroup (F3, T) with ranka > [ < n the
set T is compact, then 143 is compact for every € S with ranka = [.

Suppose to the contrary that there exists a semiregular feebly compact Ti-
semitopological semigroup (.#3",7) such that for some positive integer [ < n the
set T4 is compact for every a € )" with ranka > [, but there exists 8 € )" with
rank 3 = [ such that the set 743 is not compact.

First we observe that our assumption that the set T a is compact and Corolla-
ry 3.1.14 of [8] imply that the following family

Be(a) = {Ualon,...,ar) =Tga\ (Tgon U---Utgap): os € tga\{a},i=1,...,k}
is a base of topology at the point « of (), 7) for every a € £ with ranka > [.

Then the Alexander Subbase Theorem (see [1, Theorem 1] or [8, p. 221, 3.12.2(a)])
and Lemma 2 imply that there exists a base # of the topology 7 on .#}* with the following
properties:

(1) B=U{AB(v): v € F} and for every v € F the family H(v) is a base at the

point ~;
(1) U(y) € 157 for any U(y) € #(7);
(130) B(vy) = B.(v) for every v € F with ranky > [;
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(iv) there exists a cover % of the set 1 by members of the base % which has not
a finite subcover.

We claim that the subspace 1.8 of (#)',7) contains an infinite closed discrete
subspace X. Indeed, let % be a subfamily of % such that

{Bru BN\ 7 <%

Since the set 153 is not compact and 147 is compact for any v € 148\ {8}, without
loss of generality we may assume that there exists k > rank 8 such that the following
conditions hold:
(a) there exist infinitely many elements ¢ € 143 with rank ¢ = k such that ¢ ¢ (J %;
(b) s € U for all ¢ € 143 with rank¢ < k.
It is obvious that the set

X =128\ (U%O\U{T<§: rank ¢ > k})

is requested.
Fix an arbitrary regular open neighbourhood U(f3) of the point 8 in (£, 7) such
that U(8) N X = @. By Lemma 3 there exist finitely many 31,...,3s € 15/ such that

TINIXTINIBCUB)UTALU - UTLBs
It is obvious that the set X\ (1581 U---UT,f;) is infinite. For every 6 € X the set 10 is
compact and open, and moreover by Lemma 1 the set 746\ (T<ﬁ1 U---u T<ﬂs) contains
infinitely many points of the neighbourhood U (). This implies that int g5 (clop (U(5)))N
X # &, which contradicts the assumption that U(0)NX = &. The obtained contradiction
implies that the subspace 143 of (.#]",7) is compact, which completes the proof of the
theorem. 0
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ITPO CJIABKO KOMITAKTHI HAIIIBTOITIOJIOT'TYHI
CUMETPUYHI IHBEPCHI HAIIIBI'PYIIN OBME2KEHOI'O
CKIHYEHHOI'O PAHT'Y

Ouer I'VTIK

Jveiecvrut Hayionarvrul ynisepcumem imens leana Pparka
eys. Ynisepcumemcoka, 1, 79000, Jveis
e-mails: o_ gutik@Inu.edu.ua, ovgutik@yahoo.com

Mu BuB4Ya€MO C/IaOKO KOMHOAKTHI 71-TOIMOJIOrNT HA CUMETPUYHIN 1HBEPCHIN
HamiBrpyii £y CKIHYEHHUX LEPETBOPEHb PAHIYy < M, dKi 11€peTBOPIOIOTH 11 B
HAIiBTOIOJIOTIYHY HAMmIBIpymy. g HOBLIBPHOTO HATYpPAJBHOTO UHCAA N > 2 1
71t KOYKHOTO HECKIHYeHHOTO KapAuHaIa A mo0y10BaHa raycaopdoBa 3/i9eHHO
[IPAKOMIIAKHA HEKOMIIAKTHA TOLOJIONis HA HAIBrpyui £y’ sika nepeTBopIoE 11
B HaIIiBTOIIOJIOTiYHY HamiBrpymy. /loBemeHo, Mo 11 JOBIIBHOTO HATYPAJIHHOTO
YUCaa N i A7 JOBLIBHOTO HECKIHYEHHOrO KapauHasa A ajis 11-TomoJiorii 7 Ha
mauisrpyni £ taki ymoBu € expiBasieHTHUMY: (1) T — 3/I9E€HHO IPAKOMIIAKT-
ma; (1) T — cmabko kKommakTHa; (7i1) T — d-cabko KOMIAKTHA; (iv) TPOCTIP
(£, 7) € H-3amkuenuwm; (v) upoctip (I, 7) € No-KOMIAKTHUM It AUCKPET-
moro 3mivennoro npocropy Np; (vi) mpocrip (43, 7) € R-xomnakrauwm; (vii)
npocrip (#3', 7) € indpa H-3amkaernm. Takox I0BEIEHO, MO [/IA JOBLILHOTO
HATYPAJIbHOTO YMCJIA N 1 /IS JTOBIIBHOTO HECKIHYEHHOTO KAPAWMHAJIA A KOXKHA
HauiBperyJispHa cJabko KoMiakTHa 17-rouosoris Ha £y, gKa 1eperBopioe 11
B HAIIBTOIIOJIOTIYHY HAIBIPYILY, € KOMIAKTHOIO.

Karowost caosa: HamiBrpymna, iHBepCHa HAIBIPyIa, HAIIBTOIOJIOTiYHA
HAIBrpymna, KOMIIAKTHH, 3/II9eHHO KOMIIAKTHUH, 3/TI9€HHO MTPAKOMITAKTHUIA,
cinabko kommnakTHuil, H-3amkwenwii, indpa H-zamxwenwmii, X-komirakTHuUii,
HAIiBPeryagpHuil IpoCTip.
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IIJIOCKO PO3SMIIMIEHI MHO2KNMHHN TOY0K
Y METPUYHOMY IIPOCTOPI

Bagnepiit KY3bMNY

Xepconcvkutl depotcasnuti ynisepcumem
eya. Yuieepcumemcora, 27, 73000, Xepcon
e-mails: kuzmich@ksu.ks.ua, kuzmich121251Qukr.net

Po3riisinyT0 mOHATTS KyTa y MOBLIBHOMY METPHUYHOMY IIPOCTOPI AK yIO-
PAIKOBAHOI TPIKM €JIEMEHTIB I[hOr0 IIPOCTOpPY. 9IK WNCI0BY XapaKTepPUCTUKY
KyTa BUOpaJm 3HAYEeHHS MOTO KocmHyca y reomerpil EBkiina, sk mme mpomomy-
BaB O. 1. Anexkcannpos. Takwuii minxiz j1a€ 3MOry BBECTU HOHATTS ILJIOCKOIO
PO3MINIEHHS [IsT TOUYOK METPHYHOTO MPOCTOPY, HE 3aCTOCOBYIOUM JJIsl IIHOTO
MoHATTS Horo noBHoTHu. [Ipamnsg npomgosxkye mocaimxkenns B. @. Karana, swmit
BHYEPIIHO BUBYUB IIOHATTH LPAMOJIHIAHOIO PO3MIIIEHHS TOYOK METPUIHOIO
npocropy. HaBeneno mpuksiagy 3aCTOCYBaHHS IUX IMOHSTH Y KOHKDETHUX Me-
TPUYHHUX IPOCTOPAX.

Karw06i cro6a: METPUTHHUI IPOCTIp, IpsiMa JIiHis, IPAMOJHIAHIN 00pa3,
[LTONIVHA, apaJsIe/bHICTh, IepPIeHINKYISPHICT, TeTPaeIp.

Beryn. Y g0BUIbHOMY MeTpudHOMY mpocTopi (X, p) €auHOI0 HOro 4rc/IoBOI0 Xapak-
TEPUCTHKOIO € BlacTranb p(a,b) Mix JoBlIbHUME ejeMeHTaMu (TOYKaMu) a i b mpocropy.
Ilum gacTKOBO MOKHA MOSCHUTH 3HAYHI MpoOJIeMu y crpobax MmpoBecTH HOro ‘reomer-
pu3arin”’, To6TO BBECTH AHAJOTH OCHOBHUX M€OMETPUYHHUX TIOHSATH reomeTpii EBkitiza —
mpsaMOl JTiHiT, KyTa, JiHil, MJIOMWHN, MTOBEPXHi. BBEeIEHHS X MOHATH MOTPEOYE BIACTH-
BOCTI MOBHOTH pocTOpPy. EBKiIin y cBOix “Havamax” o3Hauus JiHi0 sK “10BXKUHY 6€3 mim-
puHU”, & IpsAMY JiHIIO gK “Ty, [0 PIBHO PO3MIIEHA CTOCOBHO /10 TOYOK Ha Hii” [1, c. 11].
Anasioriuni o3Ha4eHHs, fKi I'PYHTYIOTbCS Ha IHTYITHBHOMY CHPUAHATTI 1ux 00’€KTiB,
Esxiin mas mwromuni, Kyty. Po3ywmitoun memockonamicts mux o3uadenb, . I'inpbepr B
“OcHoBax reomeTpii’ OmMMCaB BIACTHBOCTI OCHOBHUX N€OMETPUYHUX MOHATH Yepe3 CITiB-
BIZIHOIIEHHST MIXK HUMW, sKi MOJAHO y BUIIsAAl rpym akciom [2, c¢. 3-4]. IloHsaTTs Kyrta
. Tiuis6epr BBOAUTH dK CHCTEMY ABOX IpoMenis [2, c. 10]. ¥ merpuuHOMy OpocTOpi KyT
MizK IBOMA T€O[Ee3MIHUME O3HAYAIOTDH K T'PAHUITIO HEIIEPEPBHOTO BiTOOPaXKEHHS MEBHOL
MHOXKHHU IUIOCKUX KyTiB [3, c. 35].

2010 Mathematics Subject Classification: 301.05
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Ha wam norssi, y JOBLIBHOMY METPUYHOMY MPOCTOPI, B OKPEMHX BUIaAKaX (HE
HAMAralo4uCh CTBOPUTH LOBHUI aHasor reomerpil EBkiijia), MOXKHA BBECTU HOHATTS Ky-
Ta, MapajeJbHOCTI Ta TEPNeHIUKYIAPHOCTI 6€3 BUMOTH TIOBHOTH IHOTO TIPOCTOPY. AHa-
gorigro B. ®@. Karan po3risimaB mOHATTS “OpAMOJIHIHHOTO 00pa3y”’ MHOXKHUHU TOYUOK
METPHYHOTO MPOCTOPY K aHAJIOr HpsMOl JiHil [4, ¢. 527]. 3a 03HAKy IUX BIACTHBOCTE
MOKHA B3dTH OJHY 3 YUCJOBUX XapPaKTEPUCTHK ILIOCKOro Kyra y reomerpil Eskmiina [3,
c. 36]. ¥V upoMy BUIIQJIKy MOXKHA BBECTH IIOHSTTs “ILUIOCKOrO 06pasy”’ MHOXKUHU TOYOK
JIOBLTHLHOTO METPUYHOTO TMPOCTOPY SIK aHAJIOT TIONMMHN y reoMeTpii Epkmina. dx o3na-
KU HAJIE’KHOCTI TOYOK 110 “IJIOCKOT0 00pa3y”’ MO:KHA BUKOPHUCTATH YMOBY PIBHOCTI HYJIIO
06’eMy TeTpaesipa, yci BePIINHA AKOrO HaJeXKaTh OfHiil miommHi [5].

1. ITocranoBka 3amaui. Hajasi OysemMo posrisggary METPUYHHN HPOCTIP, AKHIA
MIiCTUTH HE MEHIe YOTUPbOX TOYOK (ycl Touku 1pocropy OynemMo BBazKaTw Pi3HMMU).
Mu He po3rIgIaTUMEMO TUTAHHS ICHYBAHHS TOYOK TTPOCTOPY, SIKi 33/ I0BOTLHAIOTH TEBHI
YMOBH, YCi CHiBBiJIHOITIEHHST OyJeMO BU3HAYATH JIUINE MiXK 33JaHUMHU TOYKamu. Takwmii
miaxia gemo 3ByKy€e 001aCTh 3aCTOCYBAHHS PE3yJIbTATIB, OMHAK JACTh 3MOT'Y YHUKHYTH
HeOoOXiTHOCTI OOr'PYHTYBAHHS iICHYBAHHS TAKHX TOYOK.

Cuodarky JaMo O3HAYEHHsS KyTa /Ui TPbOX TOYOK METPUIHOTO [POCTOPY.

Osnauvenns 1. Hexait a, b i ¢ — noBinbHi Toukn mMerpudanoro mpocropy (X, p). Yrmo-
psiiKOBaHy TDIfiky (a,b, ¢) IUX TOYOK OyIeMO HA3WBATH KYMOM 3 6EPWUHON Y MO4Yi b,
i nosuagaru: Z(a,b, c). Illapu Touok (a,bd) i (b, c) OyaeMo HABUBATH CMOPOHAMU KYMA.

Mu 6y 1eM0 KOPUCTYBATUCh KOMYTATUBHUM (CUMETPUYHKMM ) O3HAYEHHSAM KyTa, TOOTO
kyru Z(a,b,c) i £(c,b,a) BBazKATUMEMO OIHUM KyTOM.

II1o6 mopiBHATH KyTH MiK CODOIO, BBEAEMO IXHIO YHCJIOBY XapaKTEPUCTHUKY, BHKO-
PHUCTABIIY 3HAYEHHS KOCWHYCA KyTa TPUKYTHUKA Yepe3 JIOBXKWHHU TPHOX HOro CTOpiH y
reomerpii EBkiiza [3, c. 36].

Osuauenns 2. Hexaii a, b i ¢ — nosinbui Touku merpuunoro npocropy (X, p). Xapaxme-
pucmukoro kyma Z(a,b,c), abo Kymosor rapaxmepucmukoro, Oy1eMO HA3UBATU JllicHE
aucio p(a,b, c), se 06uucaerbes 3a HOpMyIIon

P2 (av b) + p2 (ba C) — p2 (a’ C)
2p(a,b)p(b, c)
Merpuunuii npocrip (X, p), B AKOMY BBEIEHO NOHATTA KyTa 3a O3HadeHHAM 1 i fioro

xXapakTepucruky 3a ¢opmyiioo (1), HAa3UBATUMEMO MEMPUUHUM NPOCTNOPOM 3 KYMOB0I0
Tapaxmepucmuroro i nosuadaru I1.

¢(a,b,c) = (1)

3 pisnocri (1) jerko orpuMaTh yMOBY “IPAMOJIHIHHOrO PO3MIIIEHHA” TPHOX TOYOK
npocropy II. Cupasai, mpu ¢(a,b,c) = 1 orpumyemo piBHicTh: p(a,b) = p(b,¢) + p(a, c),
abo p(b,c) = p(a,b) + p(a,c). Y npomy Bunaiaxy Kyt Z(a,b,c) Tpeba BBazKaTH HYJIHOBUM,
OCKIJIbKK #Oro BepiimHa, To4ka b, “iexuth nosza roukamu”’ a i ¢. Ipu ¢(a,b,c) = —1
orpumyemo pisuicrs: p(a,c) = p(a,b) + p(b, ¢), i kyr Z(a,b, c) Tpeba BBaxKATU PO3rOPHY-
THM, OCKIJIbKY HOT0 BEPIINHA, TOYKA b, “JTEKUTH MiK TOUKaMu’ @ i C.

Temep MoOKHA, JaTH O3HAUCHHS “TIPAMOJIHIAHOrO po3miIeHHsa” TPhOX TOYOK ITPOCTO-
PY 3 BUKOPHCTAHHAM KyTOBOI XapaKTEPUCTHKH.
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OsnauyeHHg 3. Byaemo kKazaru, 1110 TOUKH a, b, ¢ mpocTopy II npAMOsiHITHO PO3MIULEHT,
akmo p(a, b, c) = £1.

I3 HaBegEHOrO BUILINBAE, IO 3 TPHOX MPSIMOJIHIHHO PO3MIIIEHUX TOYOK OIHA “‘JIe-
JKUTh MiXK IBOMa, iHIMAMK’, KOKHA, 3 AKUX “JIEIKATDH [M03a JABOMA, iHIITAMK .

OsnauenHa 4. Byaemo kasaru, 1m0 MHOXKKHHA A TOYOK mpoctopy [l nNpsaMoJiHIHHO po3-
MileHa, gkio OyJb-aKi TPU TOYKM Li€l MHOXKHMHU NPAMOJiHIHO po3mimeni (aus. [4,

c. 527]).

Ilpuknax 1. Hna imoctpanii o3HadeHHS 4 pO3rIAHeMO IpocTip RY, eleMeHTaMu gKOTOo

€ BIIODPAIKOBaHI I'PyNu 3 1 JificHuX ducen & = (X1, ..., T, ). AKIIO BiacTanb MixK TOYKaMu
z i y npocropy osHaduTh 32 dopmynoo p(z,y) = >.r_, |tk — yk|, TO neit mpocrip crae
merpuunuM [6, c. 42]. Hexail jiist 6y 1b-sKuX TPbOX TOYOK T = (L1, ..oy, Tn)y Y = (Y1, ey Yn)

iz=(z1,..,2,) MHOKXWUHN P BUKOHYIOThCSI HEPIBHOCTI 2 < Y < 2 [UIST YCIX 3HAYEHB
k = 1,2,...,n. JoBememo, mo MHOxKHHA P mpamosiniiino po3mimena y mpocropi RY.
Cnpaszi, mpaBuibHI piBHOCTI
n n n
plx,z) = E lzg — 2] = E (26 — 1) = E (21— yx) + (yr — 1)) =
k=1 k=1 k=1
n n n n
=D (=) + D (e —xe) =Yl —ykl + D lyn — 2| =
=1 k=1 k=1 k=1
= p(y, 2) + p(z,y),
a e i o3Havae, MO TOYKKU X, Y 1 2z po3mimeni upsiMmosiniiino. 3 goBijibHOCTI BUOOPY 1HX
TOYOK, 32 O3HAUEHHAM 4 BUIJINBAE MPAMOJIiHINTHA PO3MiMEHICTs MHOKIHN R .

3 mpukiany 1 moxkHA 3pOOUTH BHCHOBOK, IO MPSMOJIiHINHA PO3MIMIEHICTh TOYOK
MIPOCTOPY XapaKTePU3y€E MEeBHY ‘MOHOTOHHICTH MHOMKHHH IIHX TOYOK CTOCOBHO METPHUKH
IPOCTOPY.

Mu me OymeMo AeTaibHIINIE PO3TISIATH BJIACTHUBICTD MPAMOJIHIHHOI po3MirmeHocTi
TOYOK METPUYHOIO IPOCTOPY, OCKLIBKY JIOCUTh BUYEPIIHO JIJI TOYOK IIPSAMOI JIiHil y reo-
merpii Erkaina 1e 3pobaeno y mpamni B. ®@. Karana [7, posain XIX].

Mu BBazKa€eMoO, IO JOCATHb HAOYHUM € HACTYIHHI MPUKJIA] BiAMIHHOCTI MiXK aKci-
OMATHYHUM METOJIOM TeOMEeTPHU3allii METPUIHOTO MPOCTOPY Ta 3AMPOMOHOBAHUM Y ITii
pobori.

IMpukaan 2. Posrnanemo npoctip Clg 1) Gynkmiil, Henepepsrux Ha Binpisky [0, 1]. fdxmo
Bifgcranb Mixk enementamu f(x) Ta g(r) IPOCTOPY BU3HAYUTHU 33 [IPABUIOM

p(f,9) = max |f(z) = 9()],

z€[0,1
1O BiH crae merpudHuM [6, c. 43]. V uboMy HpoCTOpi Bi3bMEMO HOTUPH €JIeMEHTU
y=x+1, ye==2 Yys=—2, Ys=—2.
3naiigemMo Biacrani Mizk nuMu eeMeHTaMu

p(y1,y2) =1, py1,y3) = 3, p(y1,ya) = 3, p(Y2,y3) = 2, p(y2,y4) = 2, p(y3, ya) = 2.
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3a dopmyowo (1) 3naiizemMo KyToBi XapaKTepUCTUKY

oy1,y2,¥3) = =1,  ©W1,¥2,94) = =1, ©(y3,y2,y4) = 0,5.

3 mepmiol piBHOCTI, 33 O3HAYEHHSM 3, BUILIMBAE, IO TOYKHU Y1, Yo2,Yy3 PO3MIIIEH]
TIPSIMOJIIHIITHO, & APyTa PiBHICTH CBIAYUTH MPO Te, IO TOYKH Y1, Y2, Y4 TEIK MPIMOJIIHIITHO
po3mimieni. Y eBKIIOBifl reoMerpii 1e o3HAYA€, MO yCi 9OTUPU TOYKH MPSIMOJIIHIIHO
po3wmimeni, a TOYKU Y3 1 Y4 36iraorbea [7, c¢. 260]. Oaquak rpers piBHICTH CylepeduThb
bOMY.

[Tpukian 2 BKa3ye Ha HETOCTATHICTD OHIET JIUIIT METPUKH 7Sl OTHO3HATHOCTI “mpsi-
Moginifinoro obpas3y”. Ile#t dbakT MOXKHA TOACHUTH TUM, IO y reomeTpil EBKutima Biamo-
BiJHa BacTUBICTD 3aKpimiena akciomamu [2, c. 3]. HeeBki1iioBy iHTepIperario npukia-
Ay 2 moxkHa mobadntu Ha puc. 1. Ha HpoMy 3a BifcTanb MiXK TOYKAMH IIPOCTOPY B3ATO
SIK JIOBXKWHY TIEBHOT JyTH, IO 3 €IHYE Ili TOYKU.

Puc. 1. HeomaoznagaicTh TPAMOMIHIRHOT pO3MINIEHOCTI TOYOK.

Buxkopucrosytoun pisaicts (1) MoxkHa, 3a anasorieio 3 reomerpicio Eskiiza, maru
TaKe O3HAYEHHS “‘NepneHouKyAAPH020 PO3SMIUWEHHA TOUOK MIPOCTOPY.

Osuauenns 5. [lapu touok (a,b) i (b,c¢) npocropy II Gynemo HaszuBaTu nepnenoury-
AAPHO POSMIULEHUMU, HKILO BUKOHY€ETbCA piBHicrb p(a,b,c) = 0. Kyr Z(a,b, ¢) nasusa-
TUMEMO NPAMUM.

IIpukagom mepneH uKYISAPHOTO PO3MIIIEHHS MMap TOYOK Y METPUIHOMY ITPOCTOPL
MOXKYTh CJAYI'YBATU OPTOMOHAJBbHI BEKTOPH €BKJILIOBOrO mpocropy (niniitHoro mpocropy
3 BBEJEHUM Yy HbOMY CKAJSPHUM JOOYTKOM). 30KPeMa, SKIIO JI0 OPTOrOHAIBLHOIO HOPMO-
BaHOTO Gas3ucy mpocropy ly (MHOKHMHA PizHUX nocaimosrOCTEH {X,, } AlficHUX "mcen, nys
SKAX BUKOHYETHCS YMOBA Y o r? < 00, a BiACTaHb MiXkK JBOMA TOYKAMH T i Y IBOTO

MPOCTOPY BU3HAYAETHCS 32 dbopmyiow p(z,y) = \/ Yopoy (zg — yk)z), MPUEIHATH TOUKY
{0}, TO oTpEMaEMO TaKy MHOKHHY TOYOK IHOrO TPOCTOPY:
€0(0,0,0,...), e1(1,0,0,...), e2(0,1,0,...), e3(0,0,1,...), ... .

Bynb-skuit kyr Z(e;, e, €x) i€l MHOXKMHU € OPAMUM, OCKUIbKE p(eq, €;) = pleg,er) = 1
i p(es, ex) = V2. 3a dopmymoro (1) orpumaemo ¢(e;, e, ex) = 0, 17T GyIb-IKIX 3HATCHD
1#k#£0.

2. OcHoBHi pe3yabraTu. s BBEIEHHS MOHATTS TUIOCKOTO PO3MIIIEHHS TOYOK
METPHYHOTrO TPOCTOPY BUKOPHUCTAEMO YMOBY JOCTATHIO JJIs1 TOTO, 06 YOTUPH pi3HI TOY-
KU Hajiexkaiau ofHiil miomumui y reomerpii Epkiina. Taka ymosa icuye [8, c. 83]. s
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JOTHPHOX PI3HUX TOUOK, IO HAMEXKATH OFHIN IIOMKHI, IMCTh BifcTane# a,b,c,d, e, f
MiK HUMHU 33/I0BOJIbHAIOTH PIBHICTH

AW+ e+ P —ad? A+ VPP (a0 —d)+
el (a4 2+ b2+ d?— e — f2) = a?b2e? + B2R SR 4 AdPe? + a2d2f2.
QaKTUIHO, I PIBHICTH O3HAYAE PIBHICTH HYIIO 00’€MY TeTpaempa, s SAKOTO I TOTH-
pu Ttoukwm € Bepimaamu. Lle Bumusae 3 Bimomol dopmysun FOuriyca 06’emy Terpaepa

4epe3 MOBKWHM Horo pedep [9, c. 99-100]. Hapeneny Buiie piBHICTH MOYKHA 3aIMCaTH 32
nomomoror BusHauHuka Kesi-Menrepa

0 a e d 1
a 0 b f 1
e b 0 ¢ 1|=0
d f ¢ 0 1
1 1 1 1 0

OO6wuBi piBHOCTI 3aHAATO CKJIAIHI ¥ BUKOPUCTAHHI. ¥ pa3i BUKOPUCTAHHS KYTOBUX
XapaKTEePUCTHUK I[i YMOBHM MOYKHA, CIpOCTUTH. ¥ [5] Mu orpumann axasor dbopmysan FOu-
riyca 3 BUKOPUCTAHHSAM ILIOCKMX KYTiB IPHU OJHIN BepinuHi Terpaempa. ¥ Miil ke mpairi
OIHCAHO KAJbKYJISITOP, 33 JOMOMOIOI0 SIKOTO MOXKHA OOYIUCIUTH 00’ €M TeTpaeapa 3a JT0B-
JKUHAMU yCix fioro pebep. KanbKyasaTop BpaxoBye yci MOXKIWBI KOMOiHAINT mx pebep i
pOOUTH BUCHOBOK TIPO iCHYBAHHS T€Tpaeapa s KOKHOT 3 Kombinariii. Cam KaJabKyIsaTop
PO3MIIIIEHO 3a aJIPECcOoIo:

http://ksuonline.ksu.ks.ua/mod/resource/view.php?id=2645.

IloBepryBImMCH A0 MPUKJIAMY 2 Ii€l mpalli, 3a JOMOMOTOI0 KAJIbKYIATOPA JIETKO JI0-
Becry, mo y npocropi Clg 1) HE iCHye TeTpae/pa 3 BEPIIMHAMH y TOYKAX Y1, Y2, Y3, Y.
Tobto, y reomerpii EBKiza HEMOXKIMBO MOOYAyBATH TETPAEApP 3 TAKUMH IOBXKHUHAMHA
pebep, npu 3aganiit opienranii foro epmmi. et pakT TexK 1OSCHIOE HEOAHO3HAYHICTD,
AKa BUHUMK/JIA 3 TPAMOJIHIAHOI0 PO3MIIIEHICTIO IuX TOYOK y mpoctopi Clg -

ko depes ai,as, a3 MO3HAYUTH TOBXKUHU TPHOX pebep Terpaenpa, M0 BUXOISITh
3 onHi€l BepIIUHU, & IEPE3 Y12, V13, Y23 BIAMOBIAHI IJIOCKI KyTH MiK HEUMHU, TO (POPMYIA
06’emy TeTpaesipa Habye Burasay [5, c. 61]

a1a20a3
V= T\/l + 2€08712€058713C087Y23 — C082712 — C08%y13 — C0S27a3.
Tenep ymoBy piBHOCTI HyJI0 00’€Ma TeTpae/pa MOKHA 3alMcaTH HAdaraTo IpOCTilie
1 + 2€05712€08713C087Y23 — COS>Y12 — COS> Y13 — COS>Yag = 0.

BukopucToByoun BU3HAYHUK TPETHOTO TOPSAIKY, ITI0 PiBHICTh MOYKHA 3aMUCATH TaK:

1 COS7Y12 COSY13
co57Y12 1 cosya3 | = 0.
COSY13 COS7Y23 1

Otrpumany piBHICTH Temep MOKHA BUKOPUCTATH JJIs O3HAUEHHS IJIOCKOTO PO3MIITEHHS
TOYOK METPUYHOTO IIPOCTODPY.
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OsnauyeHHsa 6. Bynemo kasarm, 1Mo TOYKH a, b, c,d mpoctopy Il maocko poamiueni,
SKIIO BUKOHYETbHCsI PIBHICTH

1 pla,b,¢) p(a,b,d)
cp(a, b, C) 1 90(67 b, d) = 0. (2>
@(a7 b7 d) Sp(c’ b? d) 1

Ile o3naveHHs Ma€ BIACTUBICTH CUMETPUYHOCTi, TOOTO, Yy pa3i BUKOHAHHS PIiBHOCTI
(2) Bona 6yze BUKOHYBATHUCH 1 /IS BUIAJKIB, KOJM 33 BEPIIUHY KyTiB BUOMPATH TOYKU
a,c,d (06’em mipaminu Bce OIHO JOPIBHIOBATUME HYJIIO).

Oznadents 6 MOXKHA PO3IJISIATH K y3arajbHeHHs: o3Hadenns: 3. Cnpasi, piBHICTD
p(a,b,c) = £1, wo 3a O3HAYEHHIAM 3 € O3HAKOIO NPAMOJIHITHONO PO3MILIEHHS TPHOX
TOYOK 1pocropy II, MOoxKHA 3amucary 3a JAOMOMOIOI0 BU3HAYHUKA JIPYIOrO HOPAIKY

1 ()0(0‘7 ba C) =0
QD(CL, ba C) 1 -

s MHOXKMHE TOYOK [IPOCTOPY IPUPOIHO HABECTH TaKe O3HAYEHHS.

Osunauenns 7. Byzgemo kazaru, o MHOKUHA A TOUOK mpocTopy I MI0CKO PO3MilIeHa,
SAKIIO OyIb-AKi YOTUPH 11 TOYKHU ILTOCKO PO3MIIIeHi.

IloBepuyBIIMCH 3HOBY 0 HPUKJIaAY 2 Li€l mpaili, I1epPelo3HaIuMO TOYKU IIPOCTOPY:

Yy Yy y ) y
Y1 =a,y2 = b,ys = ¢,y4 = d, i migcraBumo y piBuicts (2) BiANOBIAHI 3HAYEHHS KYTOBUX
XapaKTEePUCTUK

1
pla,b,c) = =1, ¢(a,b,d)=-1, ¢(c,b,d)= 5

OrpumaeMo piBHICTD

1 -1 -1 B

1
o1 1T
2
OcCKibKY BU3HAYHUK HE JOPIBHIOE HYJIIO, TO 33 O3HAYEHHAM 6 TOYKHU a, b, c,d HE €

TJIOCKO po3mirmernmu. [eit pakT 10HaTKOBO TOSICHIOE HEOIHO3HATHICTH MTPSMOIHIHHOTO
PO3MIIEeHHA TOYOK Y1, Y2, Y3, Y-

Ilpukaan 3. Hapegemo npukiia mI0CKOrO pO3MIIIEeHHsS TOYOK IpocTopy. JLiist mporo y
npoctopi Clg 1) Bi3bMEMO 9OTUPU TOUKH

2V/3

y1 =, y2:07 y3:$—1> y4:T($_0a5)

3naiizeMo BiACTaHl MizK UMK TOYKAMHA

ply1,y2) =1, ply,ys) =1, ply1,ya) =

V3
?,
V3

V3
p(y2,u3) =1, p(y2,ya) = ——, p(ys,ya) = 3

3 )
3a ¢opmysomwo (1) 3HaiinemMo KyToBi XapaKTepUCTUKH

@(y15y47y2) = _0757 @(y1’y47y3) = _0757 W(y2ay4793) = _075
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JI71st 3py9IHOCTI OOUNCTEHD MEPEO3HATNMO TOIKI
yi=a, ya=b y2=c¢, yz=d
Migcrasumo 1l 3uadenns y dopmyny (2). Marumemo:
1 -0,5 —0,5
-0,5 1 -0,5 | =0.
-0,5 —0,5 1
3a o3HaueHHAM 6 TOYKH Y1, Y2, Y3, Y4 TIOCKO PO3MIIIEHI.

3 inrmoro GOKy, JIErKO HOMITATH, 1110 HifKi TPU 3 IUX TOYOK HE PO3MIIIEH] MpsaMOJIi-
Hifino (memae BigcTami, O JOPIBHIOE CyMi aBOX iHmuX). ¥ reoMerpii EBkiiga Touka iy
€ TIEHTPOM PIBHOCTOPOHHBLOTO TPUKYTHUKA 3 BEPITHHAMH Y TOUKAX Y1, Y2, Y3-

BiactuBicTh mpsaMOJIiHIHHOCTI pO3MIIlIEHHS TOYOK 3HAYHOIO MIipOIO 3aJIEXKUTH BiJ
MeTpukH mpocropy. IIpo 1e cBimunTh Takuit MPUKIAI.

Ipukiazn 4. Posrusuemo npocrip C, dyHkuiil, Henepepsrux na Biapisky [0;1], B ssikomy
BimcTamb Mixk Toukamu f(z) Ta g(2) OGIMCTIOETHCS 33 TPABUIOM

1
p(f,9) = /0 |f(x) — g(z)|d.

Takuit npocrip € merpuanum [10, c. 105]. Pyukuii

m=z+1l, Y= ys=xr-2, ys=-x,
PO3TJIAHYTI y TPUKJIAIL 2, TAKOXK € Toukamu npoctopy Cr. 3HaigeMo BifcTani Mik HUMHT
y IIbOMY TTPOCTOPI

p(y1,y2) =1, ply1,ys) =3, plyr,y4) =2,

P(Y2,93) =2, p(y2,y4) =1, p(ys,ya) = 1.
3a ¢opmysomno (1) 3HaiinemMo KyToBi XapaKTepUCTUKY

oy, y2,y3) = =1, ©W1,y2,94) = =1, ©(y3,Y2,94) = 1.

3 nmx piBHOCTEl, 3 O3HAYEHHSM 3, BUILIMBAE, IO YCi YOTUPU TOYKHU PO3MIIIEH] MTPIMO-
JIHIAHO ¥y TaKOMY HOPAIKY: Y1, Y2, Y4, Y3-

Jlema 1. Mdxwo mouku a,b, c,d npocmopy Il npamosinitine po3miuieti, mo 60HU NAOCKO
POSMIULEH.

Jlosedenns. Bes Brpar myjid 3arajbHOCTI BBAXKATHMEMO, IO TOYKM PO3MILIEHI y TOMY
CaMOMY TIOPSIKY IO i 3amnucani, TOOTO, TOYKA b PO3TAINOBAHA MiXK TOYKAMH ¢ i ¢, & TOUKA
¢ po3TamoBaHa Mixk ToukaMu b i d. Y 1npoMy BHIAJIKY KYTOBI XapaKTepUCTUKHU OyJIyTh:
p(a,b,¢) = —1,¢(a,b,d) = —1,¢(c,b,d) = 1. IlincraBusiuu ui 3Hadenns y pisicTb (2),
OTPUMAEMO PiBHICTH

1 -1 -1

-1 1 1 |=0.

-1 1 1

Orxke, 3a o3HAYEHHAM 6 TOUKM a, b, ¢, d TIJIOCKO PO3MIIIEH]. O



IIJIOCKO PO3MIIIEHT ...
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mart. 2017. Bumyck 83 65

3 nemu 1 BUILIUBAE, IO TOYKH Y1, Y2, Y3, Y4, AKI POITILAIATN Y TPUKIAIL 4, TLITOCKO
po3wimieni y mpocropi Cp,.

Hanani wam morpibre Oyae mMOHATTS CyMiXKHOTO KyTa y METPUIHOMY TIPOCTOPi. Y
reomerpii EBkiiza 1e KyT, gKuii JONOBHIOE 3aJaHUil KyT M0 pO3ropHyToro. Buime mun
JIOBEJIM, 110 YOTHUPU TOYKU POIIVIAHYTI y HPUKJIAIL 2 HE € IJIOCKO PO3MIIEHUMU, XOYa
cepell HWX € IBI TPifKW TOYOK, siKi po3Mimieni mpamominiitno. OTike, I BBEIEHHS TMO-
HSTTS CyMiXKHOTO KyTa Y JOBIIBHOMY METPUYHOMY MPOCTOPi MOTPiOHI OyAyTh J07aTKOBI
BUMOTH 10 TOYOK, IO YTBOPIOIOTH Ii KyTH.

CrouaTky BU3HAUMMO KPUTEPiil MIOCKOI PO3MIIIEHOCTI YOTHPHOX TOUOK MPOCTOPY
1 y Bumaky, KO TPU 3 HAX TMPAMOJIIHIWHO PO3MIITIEH.
Jlema 2. Hezai mouxu a,b,c npocmopy II npamorinitino poamiweni, a kym Z(a,b,c)
poszoprymuti. s mozo, wob mouku a,b, c,d 4020 npocmopy bYAU NAOCKO PO3ZMIULEHT,
1eobxidno i docmammuvo, wob sukonysaaacs pishicms v(a,b,d) = —p(c, b, d).

Zosedenns. Ilpumyctumo, 1o T09Ku a, b, ¢, d miocko po3mirreni. OCKIBKY, 38 YMOBOIO,

KyT Z(a,b,c) po3ropuyTuii, T0O BUKOHY€ETbCA piBHICTL ¢(a,b,c¢) = —1. I3 ymoBu (2) mwio-
CKOI PO3MIIIEHOCTI TOYOK a, b, ¢, d OTPEMy€EMO PiBHICTH
1 -1 (e, b,d)
-1 1 o(a,b,d) | =0,
p(e,b,d)  p(a,b,d) 1
abo

1= 2¢(a, b, d)p(c, b, d) — ¢*(a,b,d) = ©*(c,b,d) = 1 =0.
3 niei pisnocti orpumyemo (¢(a, b, d) + p(c,b,d))? = 0, abo ¢(a,b,d) = —p(c, b, d).
Hexaii Temep, HaBIaku, BUKOHYEThCs piBHiCTb ¢(a,b,d) = —¢(c,b,d). [iacrasu-
MO 3HAYEHHS KyTOBUX XapaKTEPUCTUK BIAIOBIAHUX KyTiB y JiBy uactuny dopmymu (2).
Marumemo
1 -1 —p(e,b,d)
-1 1 o(e,b,d) | =
—()O(C, ba d) @(Ca ba d) 1

=1+ @2(67 b’ d) =+ %02(67 b’ d) - @2(Ca b’ d) - @2(C, ba d) —-1=0.
3a ozuauenHsAM 6 TOUYKHU a, b, ¢, d TIOCKO POIMIIIIEH. O

SayBaxKuMoO, 110 JieMa 2 CHPABJKYETbCS TAKOXK Y BHIIAJKY, KOJU yCi 90THPU TOY-
KW PO3MIITEH] MPSIMOJiHINHO, OCKIIBKKA Yy ITbOMY BHUTQJKY TEXK BUKOHYETHLCS PIBHICTB,
HaBeseHa y (opmysioBanai jgemu. TobTo, tema 2 y3arajbHIOE pe3ynbTar jgeMn 1.

I3 siemu 2 Bunsusae, wo pisuicrs 9(a,b,d) = —p(c, b, d) noriuno B3saTU 33 OCHOBY
O3HAUEHHS CYMi’KHOTO KyTa.

Osnauenns 8. Hexaiil Touku a, b, ¢ npocropy I1 npsmoiniiino po3mimeni, kyr Z(a, b, ¢
€ PO3rOPHYTHUM, & TOYKa d 1BOIO IIPOCTOPY TaKa, 10 BUKOHYEThCs piBHicTb w(a,b,d) =
—p(c,b,d). Topi xkyru Z(a,b,d) i Z(c,b,d) OyieMO HABUBATH CYMIHCHUMU.

I3 o3nauennda 8 i 1emMu 2 BUTIINBAE, IO TOUKHU, SIKi YTBOPIOIOTH CYMiKHI KYTH, TIJIOCKO
poswmimeni. Kpim Toro, po3ropuyTnii i HyJIbOBHUI KyTH — CyMixKHi, a 3 piBHOCTI 0 = —0
BUILIUBAE, 0 KyT CYMIXKHUN 3 TPAMUM KYyTOM TE€XK € MpAMUM. 30KpeMa, y mpukiai 4
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Kytu Z(y1,Y2,94) 1 £(y3,y2,y4) € cymizkuumu y npocropi Cf,, OCKIIbKU BUKOHYIOTHCs
piBaocti ©(y1,Y2,¥4) = —1 1 ©(ys,y2,y4) = 1, a yci yorupu TOYKM PO3MileHi LPAMO-
JiHiiHO.

3 inatmoro 60Ky, YOTHPH TOYKH 3 TPUKIATY 2 He YTBOPIOIOTH CYMiXKHI KyTH y TPOCTOPI
Clo,1], iHaKITIE, 32 JIEMOIO 2, BOHM MaJjii OyTH TJIOCKO PO3MIICHUMH.

Y reomerpii EBkiina cymizkauit KyT pO3yMilOTh AK KYT, KU JOMOBHIOE 33 aHU
1o posropuyroro (aus. [1, c. 11]1 (2, c. 12]). ¥ upocropi IT Takoro o3HaveHHs CyMiKHOIO
KyTa /IaTh He MOXKHA, OCKLIbKH y I[bOMY IIPOCTOPI HABITH /I MPAMOrO KyTa, KyT sIKA
JIOIIOBHIOE HOT0 JI0 PO3rOPHYTOr0, HE 0OOB’SIBKOBO € IPSIMUM.

Ilpukaasn 5. Posragmemo Touku
y1:x+l, Y2 = T, y3:$72, Ys = —T

npoctopy Clo,1], AKi pos3rigaanu y npukiai 2. BisbmeMo Touky ys = (1- \/ﬁ)x + 1, mo
TakoXK HasexuTb npocropy Clg 1). 3Haiigemo sigcrani

p(y1,y5) = V2, p(y2,y5) =1, p(ys,ys) =3, pya,ys) =3 — V2.

Kpim Toro, p(y1,y2) = 1.

Orox, xyr Z(y1,Y2,ys) € upsamum, Ockinbku 3a ¢opmyaoro (1) orpumaemo
o(y1,y2,y5) = 0. Y mpukiam 2 IOBeJEHO, IO TOYKU Y1, Y2, Y3 NPAMOIIHINHO PO3Mi-
meHi, 1 TOYKA Yi1,Y2,Ys TEXK TPAMOIIHINHO posMimeni. Tomy BapTo odiKyBaTH, IO
kytu Z(ys,y2,Ys) 1 £(Ya,y2,ys5), 9ki ponoBHO0OT KyT Z(Y1,Y2,Y5) JO PO3TOPHYTOrO,
rexx MaTh Oyru npsmumu. Ounuak 3a dopmyioio (2) orpumyemo: ¢(ys,y2,ys) = —11

3V2-3
P(ya,y2,95) = ———

OTxe, MpuKJIam 5, HA HAI MOTJIA, 3aCBIIUYE JOPEUHICTH O3HAMEHHS 8 171 BBEICHHS

TMOHATTA CYMIXKHOTO KyTa y mpocTopi 1.

Teopema 1, gK i tema 2, ma€ KpUTePiil MIOCKOI PO3MIIIEHOCTI YOTUPHOX TOYOK TTPOC-
topy Il y BUIAIKY, KOJIU TPU 3 HUX YTBOPIOIOTH NPSMUIL KYT.

Teopema 1. Hexat y mempuywnomy npocmopi II xym Z(a,b,c) e npamum. as moeo,
wob Moukuy a, b, ¢, d 6YAU NAOCKO POSMIWLEHT Y UbOMY NPOCTNOPI, HEODTIOHO 1 docnammbo,
W00 BUKOHYBAAGCH PLBHICTDL

902 (aa b, d) + 902 (C, b, d) =1 (3)

Jlosedenns. 3 o3uadeHHs 5 BUIIUBAE piBHICTH: p(a, b, ¢) = 0. IligcraBumo ne 3HaYeHHS
y piBHicTh (2) i pO3KPUEMO BUBHAYHUK

1 0 w(a,b,d)
0 1 @(Ca b7 d) =1- 902(aabad) - 902(03 b, d)
¢(a,b,d) ¢(c,b,d) 1

I3 wuiei piBaocti Ta o3naveHus 6 BuliMBae, wo piBuicrs (3) neobxinua i mocrarHs
JUIST TOTO, 1100 33 YMOBU TEOPEMU TOYKHU a, b, ¢, d OyIu TI0CKO PO3MIIIEH. O

IIa Teopema Mae caMoCTiifHe 3HAYEHHS, OCKITBKY 33 i1 JOMOMOTOI0 Y JOBITHHOMY
METPUIHOMY HpOCTOpi MOZKHa BU3HAQYUTHU MPAMOKYTHY CUCTEMY KOOPAWHAT CTOCOBHO
TPHOX (PIKCOBAHUX TOYOK IHOTO MPOCTOPY.
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Teopema 2 1a€ 3MOry BUSHAYNTH BCTAHOBJIIOBATH PiBHICTD 9MCIOBUX XaPAKTEPUCTHK
KYTiB, Ki MAIOTh HPAMOJIHIHHO po3MillleHi BiJIIIOBIIHI CTOPOHH.

Teopema 2. Hezxat a,b, c,d mouxu npocmopy II, a xym Z(a,b,c) e poseopnymum. JJia
mozo, wob eukonysasacy pienicmo (b, a,d) = ¢(c,a,d), neobriono i docmammvo, w06
xymu Z(a,b,d) i Z(c,b,d) 6yau cymiscnumu.
Josedenns. 3a ymosoto teopemu Kyt Z(a,b,c) € posropHyTuMm, i oTKe, TOUYKH a,b,c
npsMOTiHIAHO po3wmimeni. 3BigcH orpumyemo piBHicTh p(a, c) = p(a,b) + p(b, ¢).
IMpunycrumo, mo kyru Z(a,b,d) i Z(c,b,d) cymixui. Tonl Bukonyerbcs piBHICTH
o(a,b,d) = —p(c,b,d). IligcraBumo y mio piBHICTH BiANOBiHI 3HAYEHHS KyTOBUX Xapa-
KTepucTuk. Marnmemo

p*(a,b) + p*(b,d) — p*(a,d) _ p (b,¢) + p*(b,d) = p*(c,d).
2p(a,b)p(b, d) 2p(b, c)p(b, d) ’
p(b,c)(p*(a,b) + p*(b,d) — p*(a,d)) = —p(a,b)(p* (b, ) + p*(b,d) — p*(c,d));
p(b,€)p*(a,b) + p(b, ¢)p*(b,d) — p(b, c)p*(a,d)) =
= —p(a,b)p?(b, ¢) — p(a,b)p? (b, d) + p(a, b)p*(c, d);
p(b,c)p*(a,d) — p(b,c)p*(b,d) — p(a,b)p*(b,d) =
= p(b,¢)p*(a,b) + pl(a,b)p? (b, c) — p(a, b)p*(c, d).
Jomamo 10 000X JacTHH PiBHOCTI BUpa3
p°(a,b) + p*(a,b)p(b, ) + p(a, b)p*(a, d).

O iepxyeMo
p3(aa b) + p2(a7 b)p(ba C) + p(aa b)pz(a7 d) + ,D(b, C)pZ(av d) - ,D(b, C)pz(b7 d)i
= pla,b)p? (b, d) = p*(a,b) + p*(a,b)p(b, ¢) + pla,b)p*(a, d)+
+ p(b7 C)p2 (CL, b) + p(a, b)p2 (b7 C) - p(av b)p2 (Ca d)
3rpyiyemo y JiBiit yacruni piBHOCTI mepiuii, Tperiit 1 mocTuil JomaHKH, BUHECEMO
3 HUX 34 JIy’KKH MHOXKHUK p(a, b), & 3rpyIyBaBIiu ApyTuii, 4eTBepTHil i m’atuil 101aHKH,

BUHECEMO 3 HUX 3a JyKKu MHOXKHUK p(b, ¢). Y npasiii yacTuni piBHOCTI BUHECEMO 3 YCiX
JIOZIAHKIB 38 IyKKU MHOXKHUK p(a,b). Y miACyMKy OTpUMAEMO PiBHICTH

p(a,b)(p*(a,b) + p*(a,d) — p*(b,d)) + p(b, ) (p*(a, b) + p*(a,d) — p* (b, d)
= pla,b)((p*(a,b) + 2p(a,b)p(b, c) + p* (b, ¢)) + p*(a,d) —

(p(a,b) + p(b,¢))(p*(a,b) + p*(a,d) — p*(b,d)) =
= p(a,b)((p(a,b) + p(b,¢))? + p*(a,d) — p*(c,d)),

)
p*(c,d));

abo

p(a7 C) (p2 (CL, b) + ,02 (a7 d) - pz(bv d)) = p(a, b) (p2 (a7 C) + p2 <a7 d) - pZ(C’ d))
TMoxinnmo obuzpi wacturm pisHOCTI Ha BUpas 2p(a, b)p(a, ¢)p(a, d). Orpumaemo pis-

miery 2 2 2 2 2 2
p(a,b)+p(a,d)—p(b,d) p(a,c)+p(a,d)—p(c,d)

2p(a,b)p(a, d) 2p(a, c)p(a,d) ’
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abo ¢(b,a,d) = p(c,a,d).

OckinibKu MM 1IPOBesd TOTOXKHI neperBopeHHs (Hi oxHa 3 BijcraHell He NOPIBHIOE
HYJIIO), TO, TIPOBIBIIHK IIi TIEPETBOPEHHS y 3BOPOTHOMY TOPSIKY, OTPUMAEMO MOYATKOBY
PIBHICTB, IO i TOBOJAUTH TEOPEMY. U

Teopema 2 gae yMOBY PiBHOCTI KyTOBHX XapaKTEPUCTUK KYTiB, y IKUX CIIbHA BEp-
IIIAHA, 8 CTOPOHH MPAMOJIIHIIHO po3mimiedi. 10 yMOBYy MOXKHA BUKOPUCTATH K O3HATEH-
H$ PIBHOCTI caMHUX KYTiB.

[opiBasiBmm jemy 2 i Teopemy 2, MOXKHA 3pOOUTH BUCHOBOK TIPO T€, IO Y BUIAIKY,
Kosiu y mpoctopi II € Tpu npaMouiHiiHO posmimeni Touku a,b, ¢, a Kyt Z(a,b, c) pos-
TOPHYTHIH, TO MHOXKHHY yCiX TOYOK d IIHOTO IPOCTOPY, IIOCKO PO3MIIIEHHX i3 33 JaHIMH,
MOKHA OIIUCATH K TOYKH, Jisd akux Kyru Z(a,b,d) i Z(e,b,d) — cymixui, abo miist sKux
kytn Z(b,a,d) i Z(c,a,d) MaloTh piBHI XapaKTEPUCTHKH.

9k iy BUmaaKy mpsaMOJTiHIIHOTO PO3MIIEHHS TOYOK mpocTopy I1, Tpeba odikyBaTu
HEOJHO3HAYHOCTI MPHU TLIOCKOMY PO3MIIIEHHI TOYOK Ihoro mpocropy. Cropasi, mpo 1e
CBIIYMTDH TAKWil IPUKJIIAJ,.

Ilpuksaazn 6. Posrngnemo Touku
n=xz+1, y=u, y5:(1—\/§)$+1

npoctopy Clo 1], AKi MU POBLJIsIanu y npukaagax 2 i 5. Kpim Toro, posrisnemMo ToYxku

2
v = (V2 —D(x—1)iyr = (2—V2)zx + g, o Takox Hasmexars mpoctopy Clo -

3naiinemo Bincrani
V2
p(y1,y2) =1, plyr,y5) = V2, p(y1,¥6) =2, p(yl,y7)=77 p(y2,ys) = 1,

2 V2 V2

77 p(y57y6):\/§7 P(y57y7): 77 P(967y7):2_7

I3 orpumanux piBHOCTEH BHILIUBAE, IO TOYKH Y1, Y2, Ye¢ UPAMOIIHINHO pO3MilIeHi,
OCKLJIbKM BUKOHY€ETBCS PiBHICTH

p(y2,y6) =1,  py2,y7) =

p(y1,y6) = p(y1,y2) + p(y2,Ys)-

Hosenemo, mo KyT Z(ys,y2,ys) € mpsvum. Cnpamai, 3a dopmymoro (1) maemo
©(ys, Y2, ys) = 0. Kpim Toro, y npuksiazai 5 qosenu, mo KyT Z(y1, Yo, Ys) TEK € TPIMUM.
OToXK, Il KyTH € CyMIXKHUMH, 1 32 TEOPEMOIO 2 TOYKHU Y1, Y2, Y5, Yg — IIIOCKO POIMIIIIEH].

Temnep moBememo, MO TOYKH Y1, Yo, Y5, Y7 TEXK IIOCKO po3mirieni. s mporo 3a ¢gop-
Mys010 (1) 069rCAMMO KYTOBI XapaKTEPUCTUKN

V2 V2
w(y17925y7) = 7 1 @(ﬁ%ay%y?) = 7

Or:xe, BUKOHYETbCSI PiBHICTD

©*(y1,y2,y7) + ©° (Y5, Y2, y7) = L.

Ockinbku KyT Z(Y1,Y2,Y5) € IPAMUM, TO 3 OTPUMAHOI PIBHOCTI i Teopemu 1 BUILIUBAE,
IO TOYKH Y1, Y2, Y5, Y7 — MJIOCKO PO3MIITIEH].
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st TBOX POBTJISIHYTAX MHOXKWH TOYOK TPHU TOYKH Y1, Y2, Y5 — CILIbHI. Y Teomerpil
EBkmiga 1poro gocrarHbo i TOro, Imod yci m’aThb TOYOK Y1, Y2, Ys, Ys, Y7 HATEIKAIA
onuiit omuai. OgHaK y mpoctopi I 1e He 3aB¥XKIu BUKOHYEThCA. J[oBEIeMO, M0 TOYKU
Y2, Y5, Y6, Y7 HE € TLIOCKO po3mimniennmu. s 1boro 009ncjinMO KyTOBY XapaKTEPUCTUKY
V2
¢y, y2,y7) = —

OTOXK, BUKOHYETHCSI PiBHICTD

¢ (ys, y2,y7) + 0% (Y6, Y2, y7) = g-
Ockinbku KyT Z(Y5, Y2, Ys) € UPIMUM, TO 33 TEOPEMOIO 1 TOUKY Y2, Us, Ys, 1 Y7 HE € IIOCKO
PO3MillleHUMH.

Binwime Toro, Touku y1, Yo, Ys, Y7 TEK HE € MIOCKO po3mimmennmu. 11106 ymeBauTHCH
y IBOMY, 3a TEOPEMOI0 2 JOCTATHHO TOPIBHATH XapaKTePUCTHKH KyTiB Z(y1,y2,y7) 1
Z(ys, Y2, Yr7), OCKLIBKE TOUKH Y1, Y2, Yg NPAMOJIHIHHO pO3MIIIEHi.

Kpim Toro, moxk#a moBeCTH, IO TOYKH Y1, Y5, Y6, Y7 TEK HE € IJIOCKO POIMIIIEHUMHU.
CupaBai, TOYKY Y1, Y5, Y7 TPAMOJIHIAHO PO3MIIIEH], OCKITBKU BUKOHYETHCsI PIBHICTH

py1,ys) = p(y1,y7) + p(Ys, y7)-
Kpim Toro, kyr Z(y1,y7,Yys) € posropuyTum. Temep BiAMOBIAHO 10 JjieMu 2 JOCTATHHO
JIOBECTH, 1110 BUKOHYETHCA CIiBBimHomenus ¢ (y1, y7,ve) # —e(Ys, Y7, Ys). it 1poro 06-
YHCIUMO KYTOBI XapaKT€PUCTUKI
3
e yrys) = =73 Y5, y7,96) =

Orxe, TOYKY Y1, Y5, Y6, Y7 HE € TIOCKO POIMIIIIEHUMHU.

I3 piBHocTi (2) MOXKHA OTPUMATH KPUTEPIH MJIOCKOrO PO3MIIIEHHS YOTHPHOX TOYOK
METPUYHOTO MPOCTOPY JEII0 B IHIIOMY BHIVIS/L, HI2K Y O3Ha4YeHHI 6.

Teopema 3. J[aa mozo0, wob mouwku a,b,c,d npocmopy II 6ysu naocko posamiwemi,
HeobTioH0 i docmamubo, wWob 6UKOHYEAAGCH PIGHICTID

pla,b,¢) = pla,b, d)ple,b,d) £1/(1 - o*(a,b,d) (1 - ¢ (c,b, d)). (4)

Zlosedenns. Tlepesipumo BukoHatHs piBHOCTI (2) y pa3i BuUKoHaHHs yMoBU Teopemu. s
IIHOTO PO3KPUEMO BU3HAYHUK Y JIiBil 4aCTUHI PIBHOCTI 1 MiJICTABUMO B OTPUMAHUM BUPA3
piBaictb (4). Marumemo

1 w(a,b,c) p(a,b,d)

(p(av b, C) 1 90(67 b, d) =
(p(a7 b7 d) SD(C7 b’ d) 1
=1+ 2¢(a,b,c)p(a,b,d)p(c,b,d) — ©*(a,b, c) —¢*(a,b,d) — p*(c,b,d) =
=1+ 2¢p(a,b,d)p(c,b,d)(p(a,b,d)p d) + \/ 1—¢*(a,b,d))(1 —¢’(c,b,d)))—

— (¢(a,b,d)p(c, b, d :I:\/ 1—¢?%(a,b, d))( - (c, b,d))? — ©*(a,b,d) — p*(c,b,d) =
= 1+¢?(a,b,d)¢*(c,b,d) — (1 — ¢ (a, b,d))(1 — ¢*(c,b,d)) — ¢*(a,b,d) — p*(c,b,d) = 0.
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Ockinbku piBHiCTb (2) BUKOHYETHCs, TO TOYKHU @, b, ¢, d MI0CKO po3MiliieHi.

Tenep npuiycrumo, wo rouku a, b, ¢, d miocko posmimeni y upocropi I7. Toui (na-
OPUKJIAJ, JJIS TOUYKHU b) Mae BUKOHYBATHUCH PIBHICTD (2). PO3KpUBIIM BUBHAYHUK Y JTiBiit
YaCTHUHI, OTPUMYEMO PIBHICTH

14 2p(a, b, ¢)p(a, b, d)p(c,b,d) — ©*(a,b, c) — ¢*(a,b,d) — p?(c,b,d) =0,
abo

©*(a,b,c) — 2p(a, b, d)p(c,b,d)p(a, b, c) + ¢*(a,b,d) + p*(c,b,d) — 1 = 0.
Po3p’a3aBmu 11e kBaapaTHe piBHAHHS CTOCOBHO ¢(a, b, ¢), orpumyemo pisaicts (4). O

Jlema 2 € yactuaHuM BunaakoMm teopemu 3. Crpas/ii, 3a yMOBaMu JieM# 2 OTPUMAEMO

(P(CL, bv C) = _]-7 (,O(CL b7 d) = _50(07 b7 d)v

i piBaicTb (4) NEPETBOPIOETHCS Y TOTOXKHICTD.

Y reomerpii EBkiiga piBuicts (4) Mae mpocTe TeOMETPUYHE TIIyMAUYEHHSA: ONHA 3
BEPIUH TeTpaeapa pO3TalllOBaHa y TJIOMIWHI OCHOBH, IO YyTBOPEHA TPHOMA iHIMMAMU KO-
ro BepiuHamu. Y ObOMY JIEFKO BIEBHUTHCH, IIOMITUBIIM, 110 pPiBHiCTL (4) € aHasorom
dopmysT KocuHyca cymu abo pi3HUIN ABYX KYTiB.

3. BucHoBKHU. 3 HABEJEHOTO BUIIE BUILIUBAE, 110 Y METPUIHOMY MPOCTOPI MOXKHA
POBIJISAATH OCHOBHI ITOHSITTS €BKJIi/IOBOI reoMerpil 6€3 BUMOrW IMOBHOTH CaMOI'O IIPOC-
topy. OfHAK 3HAYHO 3POCTAE CKJIAJHICTH BU3HAYEHHSM CITiBBiIHOIIEHb MiXK OKPEMUMU
MHOKHHAMH TOYOK IMPOCTOPY, OCKITbKYU HE BUKOHYIOTHCA KJIacHdHi akciomu reomeTpii. Lli
akcioMu HeOOX1HO 3aMIiHIOBATH IEBHUMU AHAJITHYHUMH CHIBBiIHOIIEHHAMHU MIXK TOY-
KaM# 1IUX MHOXKHH, i BiJl caMHX CHiBBIJIHOIIIEHb 3aJI€XKATUME BHYTPIIIHA N€OMETPUYHA
KOHCTDPYKIIif METPUYHOI'O IIPOCTOPY.

Hagmasi Tpeba mpalffoBaTi y HANPSMKY BU3HAYEHHSI YMOB MAPAJIETHbHOCTI MHOKUH
TOYOK METPUIHOTO TPOCTOPY Ta BU3HAYEHHS CITIBBITHONIEHD MiK TTOHATTAMU TapaJIeIb-
HOCTI Ta MEePHEHIUKYAIPHOCTI MHOKUH TOYOK METPUIHOTO MPOCTOPY, IKi aHAJIOTigHI 70
BITJOMUX KJIACHYHUX CIIiBBiIHOIIEHD.

Asrop Bagunuii FO. B. Ky3pmuay 3a rpadivny miarpumMky Tekery poboTu.
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FLAT PLACEMENT SET OF POINTS IN A METRIC SPACE
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We consider the concept of angle in any metric space, a landscaped three
elements of this space. As the numerical of this angle we choose the cosine in
the Euclidean geometry, as is proposed by A. D. Aleksandrov. This approach
allows us to introduce the concept of a flat placement for points of a metric
space without applying this concept to its completeness. The paper, in some
way, continues the investigations of V. F. Kagan, who exhaustively studied the
concept of straight placing points in metric space. Examples of application of
these concepts in specific metric spaces are given.

Key words: metric space, a straight line, straight image, plane, parallelism,
perpendicularity, tetrahedron.
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Hocaimxkyemo kmacu 36iKHOCTI KpaTHuX pamiB ipixie.

Karwwoet caosa: mim dyukil, kparHi paan [ipixie, MAaKCHMAJIbHUI TIeH,
KJ1ac 36ikHOCTI.

1. Beryn. Hexait RP i CP — gificuuii i KOMIIJIEKCHHIT BEKTOPHI IIPOCTOPH, BiIMOBIIHO;
Zy+ =NU{0}, Ry = (0,+00), p € N. [Inst a = (a1,...,a,) € RP, b= (by,...,b,) € RP
nucaruMeMo ¢ < b, Bimmosimmo a < b, axmo (Vj,1 < j < p): a; < bj;, Bigmosizuo
(Vj,1 <j<p)a; <bj. Hmaz=(z1,...,2p) € CP, w= (wn,...,wpy) € CP mozHaummo
(z,w) = z1w1 + ... + zpwp, ||2|| = 21+ ...+ 2, Rez = (Re z1,...,Re z,), a qua
R=(r1,...,7p) € RP nosuaunmo IIp = {z € C”: Re z < R}.

i) O6macrs G C CP caigom 3a [1, ¢.294] HA3UBATHMEMO NOAIATHITHOI0 06AGCTIO,
AKIO 2 = (21,...,%2p) € G <= z+1iy = (z1 +iy1,...,2p +iyp) € G ana
KOXKHOIO ¥ = (Y1,...,Yp) € RP.

ii) Homininiitna obmacth G HameXUTH J0 Kiacy o (auB. [1, ¢.299]), skuio icHyOTH
R.,R* € RP taki, mo R, < R*illp, C G CIlg-.

iii) Hapemri, qna A = (41,...,4,) € R?, 4; > 0 (1 < j < p), A-moxibuoro
cucremoro obmacreit ([1, ¢.301]) masuBaemo cucremy obmacreit {G(r, A)}r>o,
ne Go(r,A) = G + rA (106ro, napasenbue nepenecentuss G ua Bekrop TA), a
G — nonininiiina o61acTh.

Yumosa “(Vj) : A; > 07 y naBenenomy ImoifHO o3nadenHi 3 [1] 3abe3medye piBHICTH
C? =,>0G+(r, A), Tobr0, mo cucrema obnacreit {G (1, A)} € BuuepnanuaM mpocropy

CP rakum, mo G4 (rM), A) € G (r?, A) ana seix rH) < r@),

2010 Mathematics Subject Classification: 30D10, 32A15, 11F68
© Cauo T., Crackis O., Tapuosernnska O., 2017
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Yepes X nosmagarumemo kinac sudepnanb Gy = {G(r, A)} npocropy CP, siki
MAaloTh BJIaCTUBOCTI 1)-iii). [IpukjasaMu Budepnanb 3 Kaacy Eﬁ_ € Taki cucremu 00J1acTeil

G ={G(r,A)}, G(r,A)={ze€CP: Re z <rA},
G2 ={G(r,A)}, G(r,A)={2€CP: (Rez—rA)< B}, BeRP,
Gs ={G(r,A)}, G(r,A)={ze€CP: |Rez| <r|All}, A=(A1,...,4,) eRE.
Hexait HP kaac niux B CP, obOMexkeHux y AOBLIbHIN mosiHiiHIN obiacri
I ={2€CP: Rez <Ri,...,Re z, < R},
R=(Ry,...,Ry) € R, dyukuiit. Tns dyukuii F € H? i x € RP ouenzmo, mo
M(x,F) =sup{|F(z +1iy)|: y € RP} < +o0.
Hnsa dbysknii F' € HP i r > 0 no3aadiumo
Sp(r,A) =sup{|F(2)|: z € G(r,A)}.
Hexaii AP = (\,), A\n = (/\%11),...,/\%;)), n=(n,...,np)10= /\(()j) < )\,(cj) T +o0

(1 <k?T+400),1<j<p Yepes HP(AP) noznaunmo kjac nimx (abCoMOTHO 301KHUX
ckpisb B CP) paais dipixse Burismy

“+oo
F(z) = Z ane<z’)‘">, z € CP
lIn]=0
rakux, wo (Vj): #{n;: Alny,ingyny) 7 0} = +oo.
Ouesunno, wo HP(AP) C HP.
Ona z € RE mexait p(z, F) = max{|a,|e®*):n € Zh} — vakcnvanbanit aien
pany Hipixae F € HP(AP).
Hexait G1(r, A) — o6pa3 G(r, A) B RP upu sinobpaxenuni w = Re z: C? — RP,
pr(r, A) = max{dp, (G)|am|exp(r(4, \p)): m € Z },

dm(G) = exp(sup {(0, Am): 0 € Gl(O,A)}).

Cuitoom 3a [2] (muB. Takox [5]) ckaxkemo, mo uinmii psn [ipixie F € H(A)
naaesicumy 00 xaacy 36i0CHOCM, AKIO BUKOHYETHCA yMOBA

+oo
(1) / e "Pln M(r, F)dr < 400,
0

1e 0 < p < +oo. 3a Hepienicrio Komt p(r, F) < M(r, F) (r > 0) 3 ymosn (1) Burmsae,
1o

“+o0
(2) / e "Pln p(r, F)dr < 4o0.
0
V [4] 3a3maueno raxe: axmo g minoro paxy Jipixae F € HY(A!)

(3) Inn=0(\,) (n— +c0),

TO 3 yMOBH (2) BHIUIMBAE, 1[0 BUKOHYeThest ymoBa (1). ¥V npargsx [3, 4] 3HaxoqmMo taky
TEOpeMy.
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Teopema A (O. M. Myassa |3, 4]). Hezati noxasnuru A' sadosoavnaroms ymosy (3),
a p € (0,400). Todi das moeo, wob suronysasracy ymosa (1), neobzriono, a y eunadky,

def Inlan_1]|—In|ay|

Koau nocaidosnicmsy (3, (F)) necnadua, s, (F) , @ docmamnvo, w06

)\n_)\n—l
“+oo
(4) > Ok = Apm1)lal/ M < oo,
k=1

Ha JIbBiBcbKOMY perionasibHOMy ceminapi 3 maremaruuxoro ananizy (1999) upod.
M. M. IIlepemera chOpMyIIOBAB TAKy MTPOOIEMY: 3HAUMU HEOOTIIHY | AOCTNAMHIO YMO8Y
na nokasnuku A, sa axoi ymosu (1) i (2) bysu 6u exsicareHmMHUMU OAA KOHCHOZO
pady ipizae F € HY(AY). VY [5] nosemeno Taky Teopemy, sika J1a€ NOBHHUI PO3B’A30K
cOpMyTBOBAHOI TPODTIEMH.

Teopema B (II. B. ®inepny, C. I. ®eaunsik [5]). Hezat p € (0;+00). Jasa mozo, wob
dna wooicnozo pady dipizae F € HY(AY) 3 ymosu (2) sunausanra ymosa (1) neobziono i
docmammvo, wob dasa nocaidoenocmi A suxonyeanacy ymosa (3).

2. OcuoBHi pesyuabraTu. Y BUIAJKY LiuxX Kparaux psaaiB Jlipixie 3 kiacy
HP(AP), p > 2, mpupOIHO PO3IISIHYTH Taki Kiacw 36i’KHOCTI:

+oo
(5) / e "PIn Sp(r, A)dr < 400, peRy,
0

(6) / e~ @ n M (x, F)dz < +0o, p=(p1,...,pp) € RY,

RE
Ta

+o0o
(7) / e "Pln pp(r, A)dr < 400,
0
(8) /]R e~ (e, F)dz < +00, p=(p1,...py) € R
+

HeckiamHO JOBOJUTHCS TaKe TBEPIKEHHs (I1UB. TakoX [6]).

Teepmxkenns 1. Hexat F € HP(AP). Hxwo das nocaidosrocmi AP suronyemves ymo-
6a

— Ink dey

(9) (Vj, 1<j<p): = Tj < +00,

1m ——=
k——+o00 )\gj)
mo icuye cmana C = C(g,AP) > 0 maka, wo dasn xoscrozo € € R i daa eciz x € RP
BUKOHYEMDCA HEPLBHICTIID
(10) M@, F)XCulz+1+¢,F), 7=(m,...,7) € R

Cupasi,

+o0 too
M(z,F) < Z e~ (THedn) g, |e@FTHeA) < Op(a +7 46, F), C= Z e~ (THeAn)
lInll=0 In]|=0



IMTPO KJIACHU 3BI2KHOCTTI JJ/14 KPATHUX PAIIB JAIPIXJIE
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mart. 2017. Bumyck 83 75

Ane 3 ymoBu (9) A1 KOKHOTO j BHILUIABAE, IO )\,(Cj) > Ink/(m5 +¢;/2) (k = ko), ne
e=(e1+...,ep). 3BiaKHM

=3 0 R AT IPNPU g () def

J 3T J
E e_(Tj+€j))‘k < E e Titei/? n + E e—(‘rj""ej))\k é Cj < 400.
k=0 k=ko k=0

Tomy C < Cy + ...+ Cp < +o0.
3 TBepmkenns 11 nepisrocri Komi p(z, F) < M(x, F) (z € R) HeraiiHo oTpnMyeMo
TaKe TBEP/PKEHHS.

Teepaxeuas 2. Sdxwo das nocaidosnocmi noxasnukie AP euxonyemwves ymosa (9),
mo das Koocnozo pady ipizae F € HP(AP) ymosa (6) suronyemves modi i miavku
modi, KOAU BUKOHYEMBCA YMmo6a (8).

Hecknaamo 10BOAUTHCS TAKOXK TAaKe TBEP/IZKEHHS, 3 SKOIO BUILJIABAE aHAJIOT TEope-
mu B.

TBepaxeunsd 3. /las 6ydv-axoi nocaidosnocmi noxasnukie AP maxoi, wo ymosa (9)
He BUKOHYEMbCA, i 0as Kooicnozo p € RY icnye pad Jipizae F € HP(AP), daa akozo
ymosa (8) suronyemwves 3 p, a ymosa (6) ne uKOHYEMBCA 3 p.

JZosedenns. He 3meniyodn 3arajbHOCTI MipKYBaHb IIPUITYCTUMO, 110 yMOBa (9) He BuU-
KOHyeThes ipu j = 1. 3a Teopemoto B icaye mimmit pan Hipixae f1 € HY(AY), Al = ()\;1))
TaKui, 110

+oo
(11) fi(r) = Zag)emgn’ az(cl) >0 (k> 0),
k=0
—+o0 —+oo
/ e "Pln M(r, f1)dr = +o0, e "Pln p(r, f1)dr < +o0.
0 0

BuGepemo renep nini psaau Hipixae f; € HY(AY), AV = (A,gj)), 2 < j < p raxi,
mo Inlnp(r, f;) < rp;/2, mM(r, f;) > 1, (r > 0) i posrasmemo F(z) = [] f;(z;),
1

p

z = (z1,...,2p). Tomi, ockimexku M (x,F) = [[ M(z;, f;) (x = (1,...,1)), a p(z, F) =
j=1

p

[T w(zj, f), 7o mns &’ = (za,...,2p) € Rﬁ_l, o= (p2,-..,pp) € Ri_l Ma€EMO
j=1

J

p
+

+o0 p
e\ In M (x, F)dx > / / e~ (@p) (ln Mz, f1)+1n H M (z;, fj))dx >
0 Y =2
“+o0

> / e_<m/’p/>(/ e TP ]n M(xl,fl)dm)dx’ = +o00,
RP! 0

+
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+oo
/ <w”>lnum F)d / / p) lnu x1, f1) +lnH,u zj, i) )dxf
RP RP 1
+oo

= / e In p(zy, fl)dxl/ e—(a:/,p'>d$/+
p—1

0 R?™
Foo ro P
+/ e‘“’”dm/ (€_<I ’p>1HHM($j,fj)>d$’ <
0 Ry j=2

1 +oo 1 T
< —. / e~ In (e, f1)dey + — - / e~ (@) Zewjp.f/?dx/ < 400.
P2 Pp Jo pr Jret =

ITepexonaemocs, mo Bubip takumx dymkmit f; (2 < j < p) moximsmit. Cropas-
ai, mexait fj(z;) = e+ Z;:Cxi a(J Y (2 < j < p), 1obro, a((Jj) = e, a lna(]) =
min{—k)\,(f),b,(g)}, bg) = min{exp(tp;/2) — t)\gcj): t > 0} (k > 1). Toxi 3a mepisricTio
Komuti In M (x5, f;) = In f;(z;) > lna(]) =1(z; 20),a

Inp(t, f;) = lnmax{lna 9) —|—t)\(j) kE>1} < lnmax{bl(cj) —i—t)\éj): kE>1} < etPil?,
O

IMoxi6uo 10 TBepaKeHHs 1 TOBOIUTHCS TAKE TBEDP/IYKEHHS.

Jlema 1. Hexzati F' € HP(AP). drxwo dan nocaidosnocmi AP suxonyemves ymosa

7 Infnf| ac
12 lim = 7 < 400,
(12) Inll=-+o0 (A, An)
mo icnye cmaaa C = C(e,AP) > 0 maxa, wo dasn xoocnozo € € (0,+00) i das 6cix
x € RP surxonyemovea nepisHicmo

(13) M(z,F) < Cu(z + A((p+ 1) +¢), F).

Zosedenns. Crupasmi,
+o0

M(z,F) < Z e~ (PHDTH)AA) g bt (ADTHIAN) < Oz + ((p+ 1)T + €)A, F),
lInl=0

C = Zﬁ’ﬁ;o e~ ((pHD)T+e){AAn) 3 ymoru (12) Bumumsae, mo (A, \,) > In||n||/(T+¢/(2p)
(IIn|| = ko). 3Biaxm,

“+o0 “+o0 (b 1)4e k071
C = Z e (PHDT+)(A M) Z (k+1)Pe — TS Ink n Z e~ (TrD+E) (AN) ¢

[In]=0 k=ko lIn[|=0

©= T(p+1)+e ko1

<2y e (55 —p) b Y et def
k=ko l[n]|=0
Ajte,
Tt +e S TH2/3

T +¢/(3p) T r+¢/3
Tomy C' < C* < +o00. O
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Jlema 2 (mepiBuicts Komi). Hezat F € HP(AP). Todi daa xoocnozo v > 0 i das eciz
m e Z4

(1, A) Y 1o d(@)amexp (r(A4, M) s m > 0} <
< sup {,u(a, F): o€ dGi(r, A)} < Sp(r, A).
Jlosedenna. Baysazumo, mo ([1, ¢.353])
(14) sup {exp((a, Am)) : o € DG (r, A)} = dpn (G)exp{r(A, Am) .

Tomy 3a mepisnicrio Komi pu(z, F) < M(z, F) (¢ € RP) ana dbikcopanoro m € Z%
MaTHMEMO

dun(G)|amlexp{r (A, A} < sup { (0, F) : o € 9G(r, )} <
< sup {M(a, F): o€ dG(r, A)} -
— sup { sup {|F(a+iy) Ly Rp} L oc Gl(r,A)} -
- sup{|F(z)| L ze G(r,A)} = Sp(r, A).
O

Jlema 3. Hezxad F € HP(AP). Hdrwo suxonyemscea ymosa (12), mo das xootcnozo v > 0
i dosiavrozo € > 0

(15)  Sp(r,A) = sup {|F(z)| .z € G(r, A)} = sup {M(a, F): o€ dGy(r, A)},
Sp(r,A) < Cup(r+ (p+ 1)1 +¢€,4),
de cmanaa C > 0 3 semu 1

Josedenns. Pipnicrs (15) Bcranosieno y goseiensi jgemu 2. Jdns koxuoro r > 0, cro-
YaTKY [OCJLJ0OBHO CKOPUCTAEMOCH HepiBuicTio (13)

Sp(r,A) :sup{|F(z)| : z € G(T‘,A)} = sup{M(mF) : o€ BGl(r,A)} <

< Csup {u(o—l— (p+1)T+e)AF): o€ 8G1(T,A)} = CSy(r),

Jaji O3HaYeHHSIM BUYEPIaHHs HOoJLIiHIAHuMY A-n0ai6HMu obacTaMu

Sl('r) = sup { maX{‘anle(a+((f’+1)T+E)A,>m> n = O}Z o e 8G1(r, A)} =

= sup { sup {|an\e<o+((p+1)T+E)A”\">: o € 0G4 (r, A)}: n > 0} =

= sup {|an|e(r+(7"+1)7+5)<A’)‘"> sup {e<U’A"> : o€ 8G1(0,A)}: n >z 0} def Sa(r),

a norim pisuicrio (14)
Sy(r) = max{dy, (G)|a,|e"PFVTHNAND - > 0 = pp(r + (p+ D)7 + ¢, A).

Temnep ocTaTOuYHO OTPUMYEMO
SF(T, A) < OSl(T’) = CSQ(’I") = CMF(T’ + (p + 1)7’ +e, A)
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O
3a gornoMororo Jjiem 2 i 3 HECKJIAIHO Telep OTPUMATH TAKE TBEP/2KEHHS.

Teopema 1. Sxwo das nocaidosrocmi nokasnukie AP euxonyemves ymosa (12), mo
oas Kooternozo pady ipixae F € HP(AP) ymosa (5) eukonyemves modi i miavky modi,
KOAU 6uKOHYyeMbeA ymosa (7).

Bayeavicenns 1. Ymosa (12) BUKOHY€ETHCS TOI 1 JIAIIIE TOJII, KOJIM BUKOHYETHCS yMOBa, (9).
JloBemeMo Takmit aHaaor MUTOBaHOI Teopemu b.

Teopema 2. /lasa 6ydv-axoi nocaidosnocmi noxasnukie AP maxoi, wo ymosa (12) we
BUKOHYEMBCA, § 0AA Kootcnozo p > 0 ichye pad Jipizae F € HP(AP), das axozo ymosa (7)
BUKORYEMBCA 3 p, a ymosa (5) ne suronyemuvca 3 p das Sp(r,A) i up(r, A) osnauenux
3a suuepnamwnam Gy = {G1(r, A)}, Gi(r,A) ={z € CP: Re z <rTA}.

Josedenns. 3 HeBeINKUMU 3MiHAMHU TTIOBTOPIOEMO JOBEJIEHHS TBepAXKeHHs 3. Y Biamo-
BigHOCTI 31 3ayBaskenusM 1, mpumynients, mo ymoBa (9) He BUKOHYETbCA 1pu j = 1, He
3MeHIIy€ 3araabHoCTi MipKyBanb. Toni mexait f; € H' (A7) nini psaam [lipixise 3 noseznen-

Hs TBEpIZKeHHs 3 Taki, mo p; < 2p (2 < j < p). Bubepemo tenep F(z1,22,...,2p) =
[Lj=ipfi(z/A5), A= (4;,..., Ap).
Toni

P P
InSp(r,A) = Zlnsup{\fj(zj/Ajﬂ: Re z; <rAj} =InM(r, f1) + ZlmM(r7 fi) =
j=1 j=2
2 1DM(T7f1) +p_ 1a
= ; )
Inpp(r,A) = Zlnsup{max{afj)eRe %A k> 0}: Re z € dG(r, A)}.
j=1

3BiicH OCTATOYHO OTPUMYEMO

—+o0 —+o0
/ e "’ InSp(r, A) 2/ e_r'”<1nM(r,f1)—l—p—l)dr:—l—oo,
0 0

p .
Inpp(r, A)dr = Zln sup{max{a,(f)elzte A /A : k>=0}: Reze€dGy(r,A)} <

Jj=1

P P
<Y Inp(r, f) <np(r, i)+ €2 (r>0) =
j=1 j=2
+o0 +o0 P
/ e "Plnpp(r,A)dr < / efrp(lnu(r, fi)+ e”’j/z)dr < 4o00.
0 0 =
O

2.1. Ymosu nanescnocmi 0o Kaaci6 30idCHOCTE, AKI BUHAYAIOMbCA Ymosamu (5)
ma (7). 3ayBasKuMO CIOYATKY, MO y BUmaIKy, komu A € R’ mocmigosmicts Hesin’emuux
qucen {(A, \,)} Jomyckae BHODSIKYBaHHS 3a HECTAJaHHSM, TOOTO i1 MOXKHA MOJATH Y

: . Py _ . P
surnani {(A,\,):n € Z5} = {og: k € Z }, npu npomy Ui KoxKHOTO ng € ZY icaye
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k = k(no) € Z4 make, mo ap = (A, \p,), & TAKOK I KOKHOTO k = 01 app1 = ag;
axmo x #{n: (4, \,) = (4, \,,)} = p, TO BBazKAEMo, MmO
Op—1 < O = Q] = ... = Ogpp—1 < Oftp-
Hexait nas xkoxxuaoro k > 0

b = du(G)anle™ AT = d,y (G)|anl,

ne k = k(n) raxke sk i Bue.
Temep My MOzkeMO CHOPMYITIOBATH TAKy TEODEMY.

Teopema 3. Hezati F € HP(A?), a sexmop A € RE makud, wo nocaidoswicmo we-
610 emnuz wucea {{A, A\,)} donycrae enopadrysanna {ay} 3a spocmannam. Jas mozo,
w00 suronysasact ymosa (7), neobridno, a y eunadry, Kosu

1, def (Inby_1 —Inby)/(ar — ar—1) / +oo0, 1<kt +o0)

1 docmamnobo, wob
“+o0
Z(ak - ak_l)bz/a’“ < +4o00.
k=1

J7151 moBeieHHs TeopeMHy 3 TOCTATHBO 3 EBHUMHE BHI03MIHAME OBTOPUTH JOBEIEH-
Hs Teopemu 2 3 [4].

2.2. Ymosu nanescrocmi do kaacie 36incHoCmi, AKI UHAUAIOMbCA YMmosamu (6)
i (8). Posrnsmemo TyT ymoBu Hamexknocti panis [lipixae 3 kmacy H(A') mo kmacy
36izkHOCTI iHTErpasa (8), TobTo

—+oo
(16) / e "Plnp(r, F)dr < +o00, p € (0,400).
0

Crnouarky ans F € H'(A') i r > 0 mosnaumvo pf = —Inaj, Inbf = A\, t = —1/r, ne
a; — KoedimienTn maykopanTn Heulorona Fiy pany ipixie F'. 3a mobymoBoro MaykKOpaHTH
HyroTona

1) af > la] (k>0); 2) re @ (Inal_, —al)/ Ok — Ae—1) / +oo(1 < k 7+ +00);
3) p(r, F) = max{aje™" : k >0} = ale™ (Vr € [r,,rpq1], Yo > 1).

BayBaxkumo, 1m0 i icHyBanHsa (opmasbhol Mazkopantu HeioTona (6e3 rapadTii 36ix-
Hocri Bianosigaoro ¢gpopmasbhoro psay ipixie) € ymosa
In |ak|
Ak

SIKa BUTLIMBAE 3 TOTO, IO BiamoBimuuit psx ipixje € 30i2kHUM y BCiif KOMILIEKCHIH m10-
muHl (a HeoOxigHa i mocrarHs ymosa (Vr € R): u(r, F') < +00). Toxi

=400 (k= 400),

1 1
Inu(r, F) = max{lnaj + rAg: k >0} = I max{Inb; + tu;: k >0} = I In u(t, ),
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ne pu(t, ) — makcumasibauil wien (opmanbioro pany dipixiue (t) = ﬁif) b,";e”‘z. 3a-
CTOCOBYIOUM 3aMiHy 3MiHHOI inTerpyBanus r = —1/t, maemo

Heo 0 In p(t
(17) / e "Pln pu(r, F)dr = / e~ P/l Wdt.

1 -1

Hani nam norpiGuuit omux BapianT Teopemu 13 [4], sskuit Mu cHOpMYITIOEMO ¥ TAKOMY
BUTJIAI.

TBepaxxeuns 4. Poszasnemo dopmasvnuii pad ipizae g(t) = ::5 brettx oe
e < pry1 — +oo (0 < K — 400), b = 0 (k > 0). IIpunycmumo, wo p(t,g) =
max{bge*: k > 0} < 400 daa eciz t < 0 i icnye maxa nocaidosnicmo > /0

(k1 400), wo bre'™ = pu(t, g) daa woocnozo t € (s, 41 i Koscnozo k > 1.
Todi dasa mozo, wob
0
In u(t, g)
——2dt < 40,
/_1 B(t)
He0OTIOH0 1 0CTNAMHBO, W00
+o00 0
1 1 t—x
18 Lk — fhl— B(—ln—) < +o0, B(zx)= dt.
(18) ;( 1) pi b (=) « B)

BiaminnicTs TBepKenHs 4 Bix Teopemu 1 3 [4] monsrae y ToMy, 10 MU, 3 OJHOTO 60~
Ky, 3amicTb 30ikHOCTI psay /lipixjie mpumycKaeMo Juiie CKiHIeHHICTh HOTO MaKCUMAJIb-
HOTO 9JIeHa, a 3 IHIIOr0 — BiApasy MPHUIIyCKAEMO, IO X0Ya s i € GOPMATbHAM PAIOM
HipixJe, ane mae crpykrypy mazxopantu Heiorona. Inimoro y nosenenni Teopemu 1 3 [4]
HE BUKOPUCTOBYETHCS, TOMY MU TYT HE HABOJMMO JIOBEJIEHHS HAIIOIO TBEp/zKeHH: 4 i
Bimcumaemo umrada 10 [4].

Hexait Temep py, = pf, by, = bj. 3ayBakumo, mo pig41 > pg (k > ko). He 3menmmyioun
3araJibHOCTI, BBazKaeMo, 1mo ko = 0. Tozi s, = —1/r, 70 (1 < k1 +00). Aze u(t,g) =
(u(r, )7, bette = (afe™ )Y ana t = —1/r. Towy bre™ = p(t,g) ams xKoxmoro
t € sk, 341] 1 KOXKHOTO k > 1.

Bacrocyemo TseppKents 4 10 npasoi gactunu B (17) 3 dynxiero B(t) = |t[3e?/1* i
dopmamsrumM psiom dipixie g(t) = ¢(t). Hecknaganmm o69UnCIeHHSIMI TTEPEKOHYEMOCS,
mo B(x) = |z|p~2e~?/1°l. Toxi ymosy (18) nepenumenmo y surmsi

= 1.1 1 1!
(19) (up — pi_ )‘—*hl—* exp{—p—*ln—* }<—|—oo.
kz::l g A [T me o by

3 orngay Ha BBeJEHI HA MOYATKY IHOrO MiApPO3ALTYy To3HaueHHs, ymoBy (19) samumemo

y BUIUIAI
+oo *
—Inaj
expq —
of -0

(20) Z(lnaz_l —Inay)

k=1

< +o00.
—Inaj }

Orke, OTPUMYEMO TaKe TBEPZKEHHSI.

Teepaxenns 5. Hexati F € H'(AY). Jlaa mozo, wob euxonyeanracy ymosa (16) neob-
ZidHo i docmamnvo, wob suronysaract ymosa (20), de af — koediyienmu mastcoparmy
Huvromona gynxuyii F'.
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BJIACTUBOCTI PO3B’A3KIB PIBHAHHS JIE2ZKAHJIPA

TOpiit TPYXAH

Jvsiscorull Haylonarbrult yrisepcumem im. Isana Ppanka
eya. Yuisepcumemcora, 1, 79000, JIveis
e-mail: yurkotrukhan@gmasil.com
Jloc/Tiq7KeHO BIACTHBOCTI po3B’si3kiB pimsmus Jlexanapa (1 — z2)w” —
—2zw’ 4+ dw =0 mpu A # n(n+ 1), n € Z ta bynxmiit mos’a3aHwx i3 HUMHT, a
came 00MeXKeHiCTh [-IHaeKCy, 6JIM3bKICTh 10 OIyKJIOCTI T MOYKJINBE 3DOCTAHHSI.

Karowoet caosa: aHamitnaHa (QYHKINS, 0OMEXKEHICTH [-IHIEKCYy, PIiBHSIH-
s Jlexamapa, dyukris Jlexanapa mepuroro poay, 6M3bKICTh 10 OMYKJIOCTI,
3POCTAHHSI.

1. Beryn. Ananmituuna oxnonucra B kpy3i D = {z: |z| < 1} dyukmia

+oo
(1) F2) =Y et
k=0

Ha3UBAEThCs OMyKJI010, Ko f(ID) — omykia obnacts. HeobXimHOO 1 JOCTATHBOIO yMOBOIO
[1, ¢.203] mas onykaocri f e ymoBa Re{l + zf"(2)/f'(2)} > 0(z € D). ®yukuis f
HaszuBaeThes [1, ¢.583] 6ausbkoio 10 onykiol B D, axmio icaye onykia B D dyukuia @
raka, wo Re (f'(z)/®'(z)) > 0(z € D). Bausbka 10 onyknoi dbynkuia f xapaxrepu-
3y€ThCs THM, 1110 30BHIMHICTH G obnacti f(D) 3amOBHIOETHCS TPOMEHSIMHT, STKa BUXOZSATH
3 0G i minkom jexarh B (. Koxkua Oau3bKa 10 OMyKJOl (DYHKINS € OaHONMUCTON B D),
Tomy aj # 0.

Hexaii D — nosinbaa koMmiuiekcHa obnactb, a ¢ynkuis [(z) — momarHa Ta Heme-
pepsua B D taka, mo mid Beix z € D

(2) I(z) > B/dist{z,0D}, j = const> 1.

Awnanitnuna B D byskuis f HasuBaerbes dyHkiieo obmexenoro l-ingekcy B D [2, c. 7],
Ak icaye N € Z, Take, Mo Aad Bcix n € Z4 1z € D

f™ ()] [fP )]

Haiimenuie 3 Takux uucen N nasusaerbes [-inpekcom i nosnauaerncs N(f,1; D).

2010 Mathematics Subject Classification: 30D15, 34M05
© Tpyxau 1O., 2017
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Pisnannam Jeocandpa nazupaerncs [3, c. 214] nudepennianbhe piBHHHS
(3) (1—25)w” =220+ w =0, XeC.

Ipu A = n(n + 1), n € Z, po3s’a3KOM IBOrO PIBHAHHS € HNOJIHOM, TOMY HajaJi obme-
JKUMOCS PO3IVIAIOM Bunagky A # n(n + 1), n € Z, konu yci HerpuBiajibHi aHaiTu4HI B
OKOJIi HyJIst PO3B’S3KM € TPAHCIEHIEHTHUMU (DYHKIIAMHU.

Buaiizemo po3r’si30k pirHsaHHS (3) y Burasam (1). Ockimbkn

(1—2%) Zannn—l —22’Zannz" 1+>\Zan =0,

TO

Zan+2 n+2)(n+1)z Zan (n—1)z —QZannz +)\Zan =

n=0

3Binku 2az + Aag = 0, 6az + (A — 2)a1 =0i(n+2)(n+ 1)an+2 - n(n + l)an + Aa, =0.
Tobro,

nn+1)—A
n+2)m+1)™
Bauamnmo, 1o KoedirieHTn 3 mapHIMI HOMEPAMH He 3a71€KaTh Bij KoeillieHTiB i3 Hemap-
HuMu HoMepamu. Tomy po3B’s30K piBHsHHS (3) MOXKHA 3AMCATH Y BULJIIL

w(z) = CLU(22) 4+ Co2V (2?).

3uaiiieMo pekypeHTHi hOpMyIH [1JTs 3HAXOIPKEeHHsT KOe(DIIi€HTIB CTEMEHEBOr0 POZBUHEH-
oo

(4) Ap4+2 = nec Z+.

Hs byskuii U(z) = Y unz". drmo y (4) nigcrasumo n = 2k — 2, T0 OTPUMAEMO dg), =
— o) (2k — 2)(3F — 1) — )/ (2k(2k — 1)), a ot
(2k—2)(2k—=1) = A
2% (2k — 1)
Baysaxkumo, akuo ug = 0, o U(z) = 0. Houibuo, mia koedimienris dyukuil V(z) =
o

(5) up = up—1, keN.

= > v,2", mincrasnsroun B (4) n = 2k — 1, marumemo
2k(2k —1) — X
2k(2k +1)

3posymino, axmo vy = 0, To V(z) = 0.
Jlerko 6auntu, mo dbysxuii U(z) i V(z) — anamitrgni B D.

(6) v = vk—1, k€EN.

2. F'eomerpuuHni BaactuBocTi. st mocikenns 6JIM3bKOCTI 10 OMyKJIOCTI (hyHK-
nit U(z) ta V(z) ckopucraemocs Takoio jgemomo [4] (xpurepiit Anekcannepa).

JIema 1. Hxwo a1 > 2a2 > ... 2 (n— V)a,—1 = na, = -+ > 0, mo dynxuyia (1) €
bau3vK010 00 onykaoi 6 D.

ko npuiimemo uy = —2/\; 1o 3 (5) orpumaemo, o u; = 1 > 0. Ockinbru mis
> 2 MaeMo [n 1 o(n—1) > >0 ci
n MaeMo ————— = 1 — o (n — Duy_1 = nu JIg BCIiX
= (n— Dun_1 2n—1)(2n - 2)’ ol Z e = 0 A

n > 23a ymobu 0 < \ < 6.
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IMoni6uo, npuitMaioun vy = 6/(2 — A) i3 (6) orpumaemo, mo v1 =1 > 01 gas n > 2
A —

BUKOHYETHCSA # =1- GriEn =2 Tomy (n — 1)ve—1 > nv, > 0 3a

(2n+1)(2n — 2)

O1Ke, HIPABUJIBHUM € TAKE 3ayBAayKEHHS.

ymoBH, 1m0 0 < < 1 ana ecix n > 2. Tobro, 2 < A < 12.

3aysasicenns 1. Aximo 0 < A < 6, ro U(z) — 6imsbka 10 onykioi B D, a axmo 2 < A < 12,
to V(2) — 6im3pka 1o onyksoi B D.

no (2% —2)(2k — 1) — A

3. 3pocranns. Ockinbku 3 (5) BUIIUBAE, 1O Uy, = Ug kl;[l 2h(2k—1) , a
(k-2)@k-1)-A_ 1 ) o
2k(2k — 1) B ko 2k(2k —1)’
- 1 A 1
I fug) =Y I f1— - — | 41 —In=+0(1), .
n |uy| k:1n : 2k(2k—1)+n|u0| nn—i— (1), n—=oo
. . . h H
Tomy icuyiors crami 0 < h < H < 400 Taki, 1mo - < un| < o n > 1. Tomy
1
My(r) < In T " 11, ne My(r) = max{|U(z)| : |z| = r}. Bukopucrosyioun (6) i
—r
o 2k(2k—1) — A 1 A—2 1
i _— =1 - - - ——— M =1 1. A
piBHICTD 22k 1) E T okE—1) orpumyemo My (r) < In T T

OT2Ke, IPABUJIbHUM € TaKe 3ayBarKeHHH.

1
ta My (r) <1n T mpu r T 1.

3aysaorcenna 2. My (r) < In
—r —r

4. O6mexeHictp [-iHgekcy. Jocmignmo obmexenicts [-inmekcy B D moBimbHOTO
posp’s3ky w = L(z) = C1U(2?) + Co2V (2?) piusaunns (3).
3aysaocenna 3. dxmo N(f,1,) < N il.(r) <1*(r), To HeBaxKo moBectn [2, ¢.23], 1o
N(f,I") <N.

Towmy, BpaxoBytoun (2), dyHkiiwo [(|z|) mykarnvmemo y surns I[(r) = /(1 —r), ne
B > 1 — gaKOMOTa MEHIIe YUCTO.
IMponudepennioemo pisuganus (3) n > 0 pa3. Orpumaemo

(7) (1 —2H)w™? — 22(n 4+ Dw™ + (A —n(n+1)w™ =0.
2 — 1
Sninsan w4 = 12+ o) - 22D 00 Touy mpu 1(2) = /(1.- )
igmaseixn =0
w2 ()]
(n+2)Un+2(|z]) —
2|z n+1 |Jwmtd(z A +nn+1 1 w(™ (2
|2 |

S n+ 2+ DIi(e) |~ B=2] (et D+ DE(D) nlr(e))
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< 1 n+1  |Jw®tb(z) Al +n(n+1) 1 lw(™ (2)]
(A= =zDUz) n+ 2 (4 DUPT([]) (1= 2D+ |2]) (n+2)(n + 1)I(|2]) nlin(]2])
ntl ()| (A 40+ 1)) —[2)/(Q +|2]) [w™(2)] _
Bn+2) (n+ DnTL(|z]) B2(n+2)(n+1) nln(|z]) —
n+1 |w™ D) (2)| N 4+nn+1) [w™(z) <
~ B(n+2) (n+ DUnt(z]) T B2(n+2)(n+1) nlin(|z]) —

W (2)]  w™(2)]
®) = max{(m DU ([])” nlin(l2]) }

<

SKIIO A7 Beix n > 0

(9) n+1 n/pB [Al <1

Bn+2)  Bn+2)  B2n+2)n+1)

(n) /
Iz (8) BunmmnumBae, mo g Beix n > 0 BUKOHY€ETbCs n'l"((;))| < max { |11'Ul((2)|, |w(z)|}, a
orxke, N(L,l) < 1.

1 1
Buaiinemo, s axux [ BUKOHY€eTbCs HepiBHicTb (9). [Ipu n — 0o Maemo B—i-@ <1,
1 5 1 5 A
TobTO B > +2\[. Hami mykarnMmemo [y Burisaai f = max {_‘_2\[, u }, ze
x
n+1 n/B

z > 0. Toxni (9) BuKOHy€eTbCS, AKIIO JAJid BCIX 1 2> 0 BUKOHYETHCs

Bn+2)  Bn+2) T

1
M < 1. Ocranns HepiBHICTH €KBiBaJIEHTHA HEPIBHOCTI
B(n+ 2)
Bz 1
10 <(B-1--= 28 —1.
. 1++5 . : : :
Ockinbku 1pu 5 > 5 upasa yactuna Hepisaocri (10) 3pocrae 3a 3MiHHOO N, & JiBa

crazae, To (10) BUKOHYEThCsS 1j1sT BCiX n > 0, KO BOHA BUKOHYETHCS Tipn n = 0, TOOTO

1 2 2 2
npu x < 2 — —. Ockisbru 2 — — > 2 — = \/5 , TO TIOKJIAJIEMO T = V5 .
B B 1+v5  1+45 14++5
OTpuMyeMO Take TBEep/XKEHHs.
Teepmxkenunsa 1. Jlaa dosiavrozo pose’asky w = L(z) pienanna (3) suxonyemwvcea
1
N(L D) <1 31(r) = - L ﬁ:max{ +2\/57 |A|5+10\/5}.
—-r

Hocmaimumo Temep obmexkeHicTh [-iHgexkcy B D mOXimHUX JOBITBHOTO TOPSAKY
po3B’a3ky w = L(z) pisaguus (3). I3 (7) sumwusae, 1mo ajia qosiabaoro k € N i s Beix
n>=0

(1 — 22wk 2 22k 4+ n + Dw* ) 1 (X — (K +n)(k +n + 1)w*™ = 0.
To6ro, G(z) = L™ (2) 3amoBosbhse piBusnns

(1-22)G+D — 22k +n+ )G £ (A= (k+n)(k+n+1)G™ =0.
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Tomy npm I(|z]) = B8/(1 — |z|), k € N1i gna Bcix n >0

G +2) ()] _ k+n+1 |GHD(z) I\l + (k+n)(k+n+1) |GM(2)]
(n+ 20 2(2]) = Bn+2) (n+ D)) T B2+l nln(E])
<Gl O | < )]

(1) : {<n+ DUF(JE])” nlin(]2]) }

SKIO JJ1s1 BCiX n = 0
k+n+1+(k+n)(k+n+l) [A|
B(n+2) B2(n+2)(n+1) B2(n+2)(n+1)

Hexait § = max{(k +1)(1+V5)/2, \/W} . Toni
A 1
B2(n+2)(n+1) 2

mng Beix n > 0. 3 wepisnocreit 2(k+n+1) < (k+1)(n+2)rak+n< (k+1)(n+1)
npaBuiabauX 1pu ycix k € N ta n > 0 BumiuBag, 1o

E+n+1 k+1 1

(12) <1

(13)

() B+ S 28 STivB
Ta
(15) (k+n)(k+n+1) _ (k+1)2 - 2

Bn+2)(n+1) 262 T (1++5)2

OckimpKu cyma mpaBux dacTu HepiBHocred (13), (14) Ta (15) gopisHioe 1, To 3 HEUX
BuriuBaE HepiuicTs (12), a orxke, i (11). Tomy npaBUIbHUM € TaKe TBEDIZKEHHS.

TBepmxkenas 2. /Jasa dosiavhozo poss’asky w = L(z) pienanns (3) i dan ecix k € N

suxonyemnvea N(LW) ;D) <1 3l(r) = lﬁ—kr’ de By, = max{(k +1)(1+5)/2, m}

5. 3araapHa Teopema. [3 TBepIKeHb 1-2 TA 3ayBaXKEHb BUILINBAE TAKA TEOPEMA.

Teopema 1. Tkwo A # n(n+ 1), n € Z, mo dosiavrut anasimuunuid 6 D posze’asox
pienanna (3) mooicna sanucamu y eueasdi L(z) = CrU(2%) + CozV (22) i N(L,[;D) < 1

sl = 2 066=max{1+2\/5, 5+v5

, [A| . Takootc dasa sciz k € N sukonye-
1—r 10

movea N(L® ;D) <1 3l(r) = 16%, de B, = max{(k—i— 1)(14+/5)/2, \/W} Sxuwo

0 <X <6, moU(z) - 6ausvka do onyxaoi 6 D, a axwo 2 < A < 12, mo V(z) — 6ausvka
do onykaoi 6 D. Jaa Pynruit U(z) ma V(z) eukonyomocsa acumnmomuywhi pieHocmi

My(r) <In n ! ma My (r) < In 1 npur 11, de My(r) = max{|f(z)|: |z| =r}.

- -

6. O6mexkeHicTh [-iHgekcy dyHKIIl Jlexxanapa mepmroro poay. Hexaii renep
A = v(v+ 1), v € C. Haiitmuprrie 3acToCyBaHHSI Ma€ YaCTKOBUIl PO3B’A30K DIBHSAHHS
Jlexkanpa, 1o nosuadaerbesa P, (z) 1 nasuBaerbea dyukiieo Jlexkanapa nepiioro posiy.

Bigowmo [3, ¢.220], mo P,(z) = F(v+1, -, 1; lgz), ne F(a, B8,7v; z) — rinepreomMerpuyna
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dyukuis, ananiruysa B D. A orke, P,(2) 3amae ananituany 8 D = {z : |z — 1] < 2}
dyukmio. Jocaigumo obmexenicTs [-inmekcy miel ¢pyrkii 8 D.

3aysascenna 4. dxmo N(f,I; G) = N, a fi(z) = f(52), ro N(f1,l1; G1) = N, ze
l1(z) = ‘i‘l(z 20), Gy =20+ aG = {20 +az: z € G}

3Baxkaroum Ha 3ayBaxKeHHs, TOCTIIUMO CIEpIry OOMeKeHicTb [-iHmekcy ¢yHKIil
F(z)=F(v+1,—v,1;2z) B D. HaBenemo mipkyBanus 61u3bKi 10 MipKyBaHb 13 [5], 1e 1o-
CJTI/T?KEHO OOMEZKEHICTD [-iHIeKCy rimepreoMeTpuaHOl PYHKII IPHU JOJATHUX 3HATEHHIX
mapamMerpiB «, 3, 7.

s mocnimkeHHs [-iHAEKCY B OKOJII HYyJisT HaM MOTPiOHA Taka Jiema, 1o € 6e3moce-
peamiM HacmigxroM jemu 3 [6].

Jlema 2. Sxwo dynxyia (1) anarimuuna 6 D = {2 : |z2| < R}, ag =1 i
(16) > lan|R" < a(R) < 1
n=1

1+ a(R)
(1 —a(R)(R - |z])’

Axmio z € Dep, 0 < € <1, 0 R— |2| > (1 —&)R i 3 memu 2 Ta 3ayBaKeHHS 3
1+ a(R)

(1 =R —a(R))

mo N(f,l; Dr) =0 31(|z]) =

surumBae, mwo N(f,l; Deg) = 0 3 I([2]) =

Tomy mpaBmiIbHA TaKa

Jiema.

JIema 3. dxwo dynxuisa (1) anarimuuna 6D iag =1, mo das eciz £ € (0,1) i R € (0,1)
1+a(R)

(1 -8RI - a(R))

I3 creneneBoro po3suHeHHs rinepreoMerpuyHoi dbyHKIIT [3, . 48] orpuMyemo

3a ymosu (16) npasuavna pienicmo N(f,1; Der) =0 3 1(]2]) =

= — 1
_1+ZAI€Z _ +Z .7 V(]+V+ ) Sk
=\ (j+1)?
Ockinpkw ipw |A| < 1 maemo (k‘?gfj);“) k(zikﬁg)‘ <1, 7o |Ag| <1 mua seix k € N.

Tomy, mpn R = 1/4 onepxyemo Y. [A,|R" < & = a(R). Npwitaasmm £ = 2/5 B nemi 3
n=1

(k—v)(k+v+1)

)7 < |A|, a Tomy

orpumaemo N (F,40/3;D; /1) = 0. IIpm [A| > 1 marumemo ‘

|Ak| < |A¥ ana seix k € N. Ilpu R = 1/4|\| onepxyemo Z |An|R" < & =a(R). A
orxe, ipu £ = 2/5 3 temu 3 onepxkyemo N (F, 40|\|/3; D1/10|)\|) = 0. TobTo, mpaBUILHUM
€ TaKe TBEP/KEeHHS.

Teepaxenna 3. Sxwo [\ < 1, mo N(F,40/3;D/10) = 0, a aswo [N > 1, mo
N(F’ 40|/\|/3§D1/10\>\|) =0.

st nocutijizkeHHsT 0OMeKEHOCTI [-iHIeKCy Ha PEeITi OIMHUYIHOIO KPYTy BHKOPUCTA-
eMo Takuii axr, o rinepreovmerpuyna dbyHkiis F(z) 3a00BOIbHIE rilepreoMerpuaHe
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piBusnug Fayca [3, c. 45]
2(z—Dw” + 2z — Dw' — dw =0.

IIpomndepenmiroemo #oro n > 0 pasiB i orpuMaemMo

(17) 2(z = D™ + (22 = 1)(n + Dw™ Y + (n(n+1) — Nw™ = 0.
Bsincu, st [N < 1npu 15 < |2] < 1il(z) = 149‘/3‘ MaTUMeMO i Beix n > 0
[F ()]
(n+2)lint2(z) —
22| +1 3(1—[z))n+1 |[FOHD(2)] 91 —[2))? n(n+1)+[A [F™(2)|

T lzlle—=1 40 n+2(nm4+DUrT(z)  1600|z||z — 1] (n+2)(n+ 1) nlin(z) ~
20 +13 [FUD()| 1-]ef 9 [FM(2)]

|z 40 (n+ Dln+1i(z) |z| 1600 nli™(z)
9 |F"U() 81 |FM)| o [F"()]  [FM ()]
~ 10 (n+ 1)U (z) 1600 nlin(z) (n+ DUnt(z)” nlin(z) |-
3BicHu JIerKO BUILIMBAE, IO MU BCIX 1 > (0 BUKOHYETHCSH
[F(2)] [F"(2)]
— < F
(s =M ) F@I)
a orxe, N(F,1;D\ Dy/19) < 1. Tomy npasuibie Take TBepIXKEHHS.
Teepaxennsd 4. Sdxwo [N <1, mo N(F, 140|3|,]D)\]D)1/10) 1.
Hns |[A| > 1 upn ﬁ <zl <1lil(z) = 40‘/\“/‘3 (17) onepkyemo
[FO2 () L1y 3 ntl [F D ()] n
(n+2)Un+2(z) — |z] ) 40[A| n+ 2 (n + 1)Hnt1(2)
1 9 n 1 |[F™)(2)|
+(=-1 + <
2| 1600|A] \ [A|[(n+2)  (n+2)(n+1)) nl"(z)
BAN+3 9 /1 1 |[FHD ()| |[F™(2)]
<|——+ — <
= ( 20 ' 160 <|)\| * )) max{(m DU1(z)" alin(z) J =

IF+D () [F0) ()
SmaX{(n 1)!ln+1(z)’ nlin(z) }

qis Beix n > 0. Tomy npaBusibHe Take TBepI>KEHHS.

Teepaxkenns 5. Sxwo [N > 1, mo N(F, AiOA‘/?,D\DUlow)

I3 TBepKens 3-5 Ta 3ayBakeHHS 3 JIEIKO OTPUMYEMO TAKE TBEPIKEHHA.

TBep,szeHHﬂ 6. ﬂ/m F(z) = F(v+1,-v,1;2) suxonyemvca N(F, ;D) < 1 3
I(z) = |, de f = max{1, [v(v + 1)[}.

BpaxoBytoun 3ayBaxkeHHs 4 13 TBepIKEHHS 6 OTPUMYEMO TAKy TEOPEMY.
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Teopema 2. Dymnxuis Jeocandpa nepwozo pody P,(z) e obmescenozo l-indexcy 6 D =

={z:]z-1 <2} 3l(z) = , de B = YL max{l, [v(v + 1)}, a seaununa

2—|z-1]
l-indexcy me nepesuwye 1.

BayBazkumo, mo ymosa (2) [y Kpyra 3 TeopeMu HabyBa€ BUIJISIILY
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We describe asymptotic behavior of nonpositive M-subharmonic functions
in the unit ball in terms of smoothness properties of the measure which is
determined by the Riesz measure and boundary values on the unit sphere.
We generalize recent results of the second author using more general growth
(decrease) scale.
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Let us introduce definitions and notations which will be used in this paper. Let
C™, n € N denote the n-dimensional complex space with the inner product (z,w) =
2?21 zjw;, and the corresponding norm |z| = /(z, z), z,w € C". We denote by B the
unit ball {z € C": |z| < 1} with the boundary S = {z € C" : |z| = 1}.

Let u be a measurable function locally integrable on B. For 0 < p < oo we define

1

my(r, 1) = (/S |u(r§)|pdo(§)> Co<r<l,

where do is the Lebesgue measure on the unit sphere S normalized so that o(S) = 1.
We are interested in description of asymptotic behavior of m,(r, w), where u belongs
to a class of subharmonic functions in B. Such problems were considered in [4], [5], [8],
[1], [2], [10]. The aim of this paper is to generalize results [10] in two directions. We start
with definition of M-subharmonic functions which are the main object of our research.
For z,w € B, define the involutive automorphism ,, of the unit ball B given by

w— Puz — (1 — |w|?)2Qy2

pulz) = ()
where Ppz = 0, P,z = %w, w # 0, is the orthogonal projection of C™ onto the

subspace generated by w and Q,, = I — P, ([6, 7]).

2010 Mathematics Subject Classification: 31B25; 31C05
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The invariant Laplacian A on B is defined by

Af(a) = A(f o 9a)(0),
where f € C?(B), A is the ordinary Laplacian. We note that u € C? is an M-subhar-

monic function if and only if (Au)(a) > 0 for all a € B.
The Green function for the invariant Laplacian ([3], [9], [7, Chap. 6.2]) is defined by

G(z,w) = g(¢w(2)), where g(z) = %L [ (1 —#2)n~1¢=2n g,
If 11 is a nonnegative Borel measure on B, the function G, defined by

@w:LGwmww

is called the (invariant) Green potential of u, provided G, # +oo. It is known that (|7,
Chap. 6.4]) the last condition is equivalent to

1) [ 0= oy duu) < .

An upper semicontinuous function v : B — [—00,00), with u # —o0, is M-
subharmonic on B if

(2) M@<Lu@&ﬂmd0

for all @ € B and all r sufficiently small. A continuous function u for which the equality
holds in (2) is said to be M-harmonic on B.

Let C2(B) denote the class of twice continuously differentiable functions with
compact support in B. For the M-subharmonic functions the following theorem holds.

Theorem A ([7]). If u is M-subharmonic on B, then there exists a unique Borel
measure [, on B such that

(3) /B Yy = /B uAipdr

for all ¢ € C3(B), where dr(z) = % is the invariant volume measure on B, A

is the volume measure, i.e. du, = Audr in the sense of distributions.

If u is M-subharmonic on B, the unique Borel measure p, satisfying (3) is called
the Riesz measure of u.

Forze B, £ €S
() Puoz{ﬁijgﬁ, PU(:) = [ PG au(e

are called the Poisson kernel of B and the Poisson integral, respectively, where p is a
complex Borel measure on S.

An M-subharmonic function w on B has an M-harmonic majorant on B if there
exists an M-harmonic function h on B such that u(z) < h(z) for all z € B. Furthermore,
if there exists an M-harmonic function H satisfying u(z) < H(z), for all z € B, and
H(z) < h(z) for any M-harmonic majorant h of u, then H is called the least M-harmonic
magorant of u, and will be denoted by H,,.
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Theorem B (Riesz Decomposition Theorem, [9, Th.2.16]). Suppose that u #Z —o0
is M-subharmonic on B and has an M-harmonic majorant on B. Then

(5) u(z) = () = [ Glewiduaw).
where (., s the Riesz measure of u and H, is the least M-harmonic majorant u.

Note that, if v < 0, u Z —o0, is M-subharmonic on B, then v = 0 is an M-
harmonic majorant. Therefore, for H,, in representation (5), we have H,(z) <0, z € B.
Since, every (nonnegative) M-harmonic function on B can be represented by the Poisson
integral ([7, Prop. 5.10]), there exists a nonnegative Borel measure v on S such that

(6) H,(z) = =P[V|(2), z € B.

Define for a,b € B the nonisotropic metric on S by d(a,b) = |1 — (a,b)|'/? (|6,
Chap. 5.1]). For £ € S and § > 0 we set C(&,8) = {z € B : d(2,£) < 6Y/?}.
Given an M-subharmonic function u, let us define

4n?

(7) dA(w) =

dv(w) + (1 — |w]*)" dpr, (w)

for w € B, where v is the nonnegative Borel measure on S defined by (6), u,, is its Riesz
measure.

In [10] the second author described the growth of pth means, 1 < p < 22(2:%), of
nonpositive M-subharmonic functions in the unit ball in C™ in terms of smoothness
properties of the measure A.

Theorem C. Let u be a nonpositive M-subharmonic function in B, u % —oo0, 1 < p <
22(2:}), 0<~v<2n,neN. Then
(8) my (r,u) = O ((1 - r)'y_") ,rtl

holds if and only if

1

) (/S M (C(E,0)) da(g)> T 0@, 0<b<1.

As a corollary we have got criteria of the growth of pth means, 1 < p < 22(2:}), of

the invariant Green potential in the unit ball in C™ in terms of smoothness properties of
the Riesz measure ([2]) that generalize a result of M. Stoll [8].

Note that in Theorem C the growth of M-subharmonic functions is described by
using power functions, and the case v = 2n is not covered. An example from [1] shows
that (9) does not imply (8) in the case n = 1 and v = 2 . More precisely, it is proved

that for the measure du(w) = (if(lzj? one has
1
(10) my(r,u) = (1+ 0(1))27(1 — r) log T 7 11,

p

while (foh /\p(C(go,6))d<p> =62, 0 — 0+.
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The purpose of this paper is to describe the asymptotic behavior of the pth means
of M-subharmonic functions by using a wider class than that of power functions and to
investigate the case v = 2n.

The following theorem is a generalization of Theorem C and the main result of this
paper.

Theorem 1. Let u be a nonpositive M-subharmonic function in B, n € N, u # —oo,
1<p< 22(2:%). Let ®: [0,2] — [0,00) be a function such that for allt > 1 and 0 < t6 < 2
we have

2n
(11) B(15) = O (M@(a))

for some positive increasing function ¥ satisfying floo % < oo and P(ct) < (t), ¢> 1.
Then

(12) mp(T7U)=O<M), P11

holds if and only if

(13) ([ ceomae) —o@a. o<s<t
s
Specifying ¢ in Theorem 1 we can get the following corollary.

Corollary 1. Let u be a nonpositive M-subharmonic function in B, u # —oo, 1 < p <

22(2:%). Lete > 0, ®: [0,2] — [0,00) be an increasing function such that for allt > 1 and

0 < td <2 we have ®(t5) = O (logliﬁ@(a)>' Then
®(1—-r
mp(r,u):O<(1(T)n)), rtl

holds if and only if

(/s o (0(5’5)”0(&“)); —0(®(5), 0<5<1.

Example 1. The function ®(t) = b;T t € [0,2], where o € (0,2n), B € R satisfies
the assumptions of Theorem 1.

In fact, let firstly, 8 <0, 0 < a < 2n. Since (log £)? < (log 5)?, t > 1 we get
et C()t2n 5« COth

log” 5 T logke+1) logﬂg  log®(e +1t)

B(t8) = o(9),

log” (1+t
where k > 1, ¢g = max;; O‘f%(j ).

Now, let 5 >0, 0 < a < 2n. Since

)8 8
(log 5)° (1 logt> < (1+ logt

(log 5)° log < log

B
) , 0<td <2
7

e
2
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we deduce

e C~Ot2n
log” 5 “ logF(e +t)
(1+ 12£)7 log* (e + 1)

log §

B(t5) =

where k > 1, ¢y = max . Thus, the function ®(¢) satisfies inequali-
>
ty (11) with ¢(z) = 2%, k > 1.
t2'n.

One can check that the function ®(¢) = 5+, t € (0,2], ®(0) = 0 does not satisfy

log# €7

th—a

(11) for any S € R. In this limit case we have the following statement.

Theorem 2. Let u be a nonpositive M-subharmonic function in B, n € N, u £ —oo,
1<p< 2=l Let B>1 and »> 1. If

2(n=1)"
(14) (/S NP (C(€,0)) do(5)> "0 (52” log” g) ,0<d6<2,
then
(15) my (r,u) = O ((1 — )" log?t” 1:“> , rtl.
Proof of Theorem 1. Sufficiency. Let us define the kernel
K(w) = m, ifwe B, z € B;
) "+

WP(Z,g), lf’U)GS, z € B.

The following properties of K (z,w) are described in [10] and will be used later.
Proposition A. For z,w = p¢ € B the following hold:

a) Forw € {w: |pu(z)| > 1} the inequality
(1 —=*)"
16 0< K(2,w) S e =57
1o B S O

holds for some ¢ > 0.

b) plir{lﬁ g(_zpéﬁl = 2P (2,€) uniformly in { € S.
c)

(17) K (z,w)| >

ntl (1—]¢)"

, 2€ B, we B.
a2 1— (zw) ° v

Denote

B*(z&) - {w €B: |pu(z)| < %}

Since representation for M-subharmonic functions (5) can be rewritten as

u(z) = f/BK(z,w)d)\(w),
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let us estimate the absolute values of
ui(z) == / K(z,w)d\(w) and wus(z) := / K(z,w)d\(w).
B*(=.1) B\B*(2.})
We start with uq. In this case
dA\(w) = (1 — |w|?)"dpy (w) and wuy(2) = / G(z,w)dp, (w).
B* (=)

Thus we can use the same method of proof as that in the proof of Theorem 1.5 ([2]).
By definition

0 < un(z) = /B g Sl = /B oy Sl 0)

Now we need the following lemma.

Lemma A ([7]). Let 0 < § < & be fixed. Then g satisfies the following two inequalities:

n+1 o
g(z) = e (1-1z19)", z € B,
(18) 9(z) <c(6)(1 = 2", z € B, |2 >,

where ¢(0) is a positive constant. Furthermore, if n > 1 then

(19) g(2) = 2|72, |2 <6

By (19) we have g(z) < c|z|72"*2 for |z| < § and some positive constant c. Thus,

@l <e [ @ dut)

4

Denote z = r¢, where r = |z[,  <r <1 and w = |w|n, £&,n € S. Let
K(Za01702) = {w €B: |T - |’LUH < 017d(£v77) < 02}'
The following inclusion is proved in [2]
1 2
(20) B* (z 4) cK<z,3(1—r)74ﬁ(1—T)%>.
We denote

K(z):

K (Z 2(1 —r),4v2(1 - r)5> ,
K(z) = K (z §(1 )8Vl - r)%> .

In [2] it is proved that
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I = /S s (rE) [P (€)

<a-n [ (R en) dulul.

llw]—r|<3(1-r)

To obtain the final estimate of I, for a fixed r € (%, 1), we define the measure v
on the balls {D(n,t) : n € S,t > 0} by

(D0 0) = A({pc € B lp—r < S0 = r)d(¢m) < t}).

It can be expanded to the family of all Borel sets on B in the standard way. It is clear
that

2
v (D(n, 1) = (1=r)"u({pC € B:lp—r| < Z(1=r).d(¢.m) < t}).
Lemma B ([2]). Let v be a finite positive Borel measure on S, 0 <6 < 1, and p > 1.
Then
p—1 NP p
Y (D(€,0))dv(€) < 53 Y (D(§,0)) do(8),
where N is a positive constant independent of p and §.

By using Lemma B we get

S T w1 (& () dAol)
[lw|—r|<3(1—r)
:(17:)% /s v (D(n,8\/§(1 - r)%)) dn ()

<t =g [, (Plnsvan —nh) asta

_cs(mp) /S X (R (rm)) dor(n).

C(L—r)mp
Note that if p¢ € K (rn) then
(21) 1= {pCm| < [L=(¢,ml+ (1= p) (¢, )] < (4c] + 5 + 1)(1 — 7).

Hence, by the assumption of the theorem

I < sl — r)’"p/sx\p (Cn, (4 + 1 +1)(1 — 1)) do(n)

(22) <eo(l— 1) "POP((4c3 +c1 + 1)(1 —7)).
Since for all ¢ > 1 and 0 < td < 2 the inequality ®(td) < mq)(é) holds we get
_ (4¢3 +c1 + 1)%mP _OP(1—r)
L <cg(l—r)"P (1 — 1) = Gg—
1< c(l—r) YP(log(4c3 + ¢1 + 2)) (1=r) =2 (1—r)r
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where 1) is a positive increasing function satisfying fl d—t) < 00.

(23) [lutorine <a (P

—/BK(z,w)dS\ w

Let us estimate

where d\(w) = dn dv(w )+(1—|w|)”XB\B*(Z&)( w)dp(w), xg is the characteristic functi-

n+1
on of a set E. We may assume that [z| > 1.
We denote
Ey = Ex(2) = {w €B: ‘1 - <|Z|w> < 2kHi(1 - |z|)} , k€Zy.
z
One has that for w € Epyq \ Eg, |1 — (z,w)| > 28711 — |2]).

By (16) we get that
(e o[ Qe )
wa@l <e [ f i) < /B dA(w).

B 11— (zw)>" 1= (zw)*

Arguments from [2] give

[lng Tlr] ~
4"cy A (Ex)
By Holder’s inequality (% + % =1)
(“"&Z“] 2BV <[ Sy D)ty
= 2 m 22 (k)
[log, ﬁ] N P ') p/q [log, Tlr] ~
AP (Ey) (W(k))a 1 N (Ey) (w(k))P—t
k=1 k=1 k=1
Therefore
[logsy 1 7‘ p 1
(Ex( P
[lmatopine <= > /S LD
k=1
[log, 1 71 p 1 ~
S X g [V (CEFT )
k=1
[logy 7= 7‘]
k)Pt
< (1 _Cin)np (QZ};szk P (2k+1(1 - T))

[log, 1—T]

Cg@p(]_ — 7’) 9(k+1)2n P (w(k))p71
SW z <z/1(10g(e+2k+1))) 92npk

k=1
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_es®r(l—7) Yr(k) _ e®P(1—r) g~ 1
> 1_T7zp pr l<:10g2 1_7«7%!7 ;w(k
<P —7)

- (1—r)w

Thus 1o VB (1 )
C10\1, P, Y - T
Pd g
[ atre)raate) < 2R
The latter inequality together with (23) completes the proof of the sufficiency.
Necessity. By (17)

n+1 — 22"
K(z,w)d\(w) > d\
/ (z,w) 4n? |1 — (z,w)|?" (w)

n+1 / (1- |z|
> — ——————d\(w).
4n? C(&,1-r) ‘1 <Z,’U}>|2 ( )

Further we argue as in the proof of Theorem 1.5 ([2]). Since, for w € C(§,1 — r),
|1 — (z,w)| < 2(1 —|z]), we have

n+1 AMC(E,1—7r
|u( )| = 4An+1p2 ((1(_r)n ))

From the assumption of the theorem it follows that

n+1 \’ [ AP(C(1 - )P (1 —1)
(i) [ G < [ oo < G
Thus
NP (C(&1—=r))do(§) < PP(1—7), 0<r<l.
s
O
Proof of Theorem 2. We choose ¢(x) = Repeating arguments from the proof of the

sufficiency of Theorem 1 with ®(§) = 62" log we arrive to the estimate

[log, 2]

Cs KD 2np 1. Bp e
[ atorar©) < g > S (=) g™ g
s k=1
[logy 1= 7] Bp e
log™? szrA—=
— ced™P(1 — )P ] /3+%) E k(p 1) 2 (I-7)
= cs4™ (1= 7)™ log? (log 2k‘+1((il—r) + log 2k+1)p(B+>)
[10g2 1iT} 1
< od™ (1 — )P 1P (B> € E' L (p—1)s
< 4™ (1 =)™ log 1—r P (log § + log 2k+1)p>

n +52) = 1
< e1a(1— 1) log” kz:: T
e
1—7
This yields (15). Theorem 2 is proved. O

<ci(l—r)" logp(6+%)
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BOUNDED L-INDEX IN JOINT VARIABLES AND ANALYTIC
SOLUTIONS OF SOME SYSTEMS OF PDE’s IN BIDISC

Nataliia PETRECHKO

Ivan Franko National University of Lviv
1, Universitetska Str., 79000, Lviv, Ukraine
e-mail: petrechko.n@gmail.com

The linear higher-order systems of PDE’s with analytic coefficients in bidisc
are considered. We study boundedness of the L-index in joint variables of their
analytic solutions, where L(z1,22) = (l1(21, 22), l2(21, 22)), I;: D* — Ry is
continuous function, j € {1,2}, D?* = {(z1,22) € C?: |z1| < 1, |22| < 1}.
The main tool of investigations is known Hayman’s theorem. Some analytic
solutions in bidisc for these system of PDE’s are given.

Key words: analytic function, bidisc, bivariate function, bounded L-index
in joint variables, linear higher-order systems of PDE, analytic theory of PDE,
analytic solution, linear higher-order differential equation.

1. Introduction. Let L(z1,22) = (l1(21,22), l2(21,22)) be a positive continuous
vector function in the unit bidisc D? = {(21,22) € C?: |z1] < 1, |22| < 1}. Recently, we
published few papers [7, 8, 9] which are devoted to the theory of analytic functions in D?.
For these functions there was introduced a concept of bounded L-index in joint variables
(see definition below). Also we deduced counterparts of known criteria of boundedness of
L-index in joint variables. In this paper, we present an application of obtained theorems
to system of PDE’s.

The class of functions of bounded index have been used in the theory value distri-
bution and differential equations (see full bibliography in [4]). In particular, every entire
function is a function of bounded value distribution if and only if its derivative is a
function of bounded index [15]. Similar result for entire bivariate function are deduced
by F. Nuray and R. F. Patterson [21]. It is known that every entire solution of the di-

n—1
fferential equation f(™(t)+ 3 a;fU)(t) = 0 (t € C) is a function of bounded index [24].
§=0

More general results for entire solutions of PDE’s are obtained by A. I. Bandura and
O. B. Skaskiv [1, 2, 4, 10]. But there are only two researches [13, 23] where authors study
bounded index of entire solutions for systems of PDE’s. In particular, M. T. Bordulyak

2010 Mathematics Subject Classification: 32W50, 32A10, 35G35, 34M03, 30J99
© Petrechko N., 2017
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[13] considered the next system
OO OEDY

where for all j € {1,...,m} [K?|| =s, {f(K?)(z)};ll is the set of all possible s-order
partial derivatives of the function f, the entire functions a;, gk ;, h; are functions with
separable variables of the form g(z) = [[j_, g;(2;). She obtained sufficient conditions
for boundedness of the L-index in joint variables for every entire solution of system (1),
where L(2) = (l1(|21]), ..., ln(]2x|)) and each function [;: Ry —Ry is continuous. Earlier
M. Salmassi [23] established that every entire solution of the system

@ [0l MOE M TOE) 4 an f(2) = 9(2), a0 0,
bo fOm2)(2) 4 by fOm2=(2) 4 .. 4 by, f(2) = h(2), by # 0,

i eot IS ) = hi(2), G € {1, m)

z = (21,22),

is a function of bounded index in joint variables, where a; € C, b; € C, h(z) and g(z) are
arbitrary entire functions in C? of bounded index in joint variables. Unlike M. T. Bor-
dulyak, he did not suppose that h(z) and g(z) are functions with separable variables.

In the present paper, we consider homogeneous systems of form (1) in two variables
with analytic coefficients in the unit bidisc. As M. Salmassi, we do not assume that the
coefficients are functions with separable variables. At first, three systems of PDE’s with
specified coeflicients are studied. For each system we find a function L = (I3, l2) such that
every its analytic solution has bounded L-index in joint variables. Finally, the developed
methods helps us to deduce sufficient conditions providing boundedness of L-index of
analytic solutions for a more general homogeneous system.

Note that the same problem is considered in [12] for analytic functions in the unit
ball.

2. Main definitions and notations. We consider two-dimensional complex space
C?. This helps to distinguish main methods of investigation.

We need some standard notations. Denote Ry = [0,+00), 0 = (0,0) € R%, 1 =
(1,1) e R%, R = (r1,72) € R2, 2 = (21,22) € C% For A = (a1,a2) € R?, B = (by,bs) €
R? we will use formal notations without violation of the existence of these expressions

AB = (albl,agbg), A/B ES (al/bl,ag/bg), b1 }é O, bg ;é 0, AB = a?lagz, be Z2,

and the notation A < B means that a; < b;, j € {1,2}; the relation A < B is defined
similarly. For K = (k1, k2) € Z2 denote || K| = k1 + ko, K! = k1ks!.

The bidisc {z € C* : [z; — 27| < rj, j = 1,2} is denoted by D*(2°, R) and the
closed bidisc {z € C%: |z; — z;)| <rj, j =1,2} is denoted by D?[2%, R], D? = D?(0, 1),

8”+‘1F(z1,22

D={z€C: |zl <1}. For p, ¢ € Z; and the partial derivative 9041 ) of analytic

function F(z) in D? we will use the notation

8p+qF(2:1, 22)

FPa) () = pPa) —
) (Br22) = "5 700

Let L(z) = (l1(2),12(z)), where [;(z) : D* — Ry is a continuous function such that

(Ve € D?): Ii(2) > B/(1 = |z), j € {1,2},
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where § > 1 is a some constant. S. N. Strochyk, M. M. Sheremeta, V. O. Kushnir [17],
[27] imposed a similar condition for a function I: G — Ry, where G is arbitrary domain
in C. A. I. Bandura and O. B. Skaskiv [11, 12] used the similar condition to consider
analytic functions in the unit ball of bounded L-index in joint variables.

An analytic function F: D? — C [7, 8, 9] is called a function of bounded L-index
(in joint variables), if there exists ng € Zy such that for all z = (21, 22) € D? and for all

(p1,p2) € Z2+

3)

1P 1Rk ()
1ma | JP1 D2 < 151 7K k
pilp2! I (2)157 (2) kilkal 17 (2)152 (2)

:O§k1+k2§n0}.

The least such integer ny is called the L-indez in joint variables of the function F(z) and
is denoted by N(F,L,D?) = ng. This is an analog of the definition of entire function of
bounded L-index or bounded index (L = 1) in joint variables in C? (see [5], [20, 21, 22])
and the definition of analytic in a domain function of bounded index [16]. Note that a
primary definition of entire in C function of bounded index was supposed by B. Lepson
[19]. Other approach (so-called L-index in a direction) is considered in [4, 1, 6].

By Q(D?) we denote the class of functions L, which satisfy the condition

(4) (Vry €10,8], 7 €{1,2}): 0 <A ;(R) < A 5(R) < o0,

where

A (R) = inf inf{ L(2) e pe [zO,R/L(zo)]},

20eD? lj(ZO)
A2 (R) = 316152 sup { lljj((;))) 1z € D? [2% R/L(2")] } )

It is easy to prove that the function L;(z1,22) = (8'/(1 — |z1]), 8'/(1 — |22])) belongs to
Q(D?), where 3’ > 3. We need the following theorem from [8].

Teopema 1 (|8]). Let L € Q(D?). An analytic function F in D? has bounded L-index
in joint variables if and only if there exist p € Z4 and ¢ € Ry such that for each
2 = (21, 22) € D? the next inequality

. {|F(j1,j2)(z)| | (k2 ()]
JHETT

———— ki +ka<p
I (2)15* (=) }

, - 1+ Jjo=p+1; <c-max
B TR } {

holds.

This proposition and its generalizations [26, 18, 5, 8] are analogs of known Hayman’s
Theorem [15] in theory of functions of bounded index. M.T. Bordulyak [14] apllied the
theorem to investigate l-index boundedness of entire solutions of linear high-order di-
fferential equations. Later, A. I. Bandura and O. B. Skaskiv [2] used the same method to
study bounded L-index in direction of entire solutions of PDE’s. We will apply Theorem 1
to systems of PDE’s.
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3. General result. Let us consider the following system of PDE’s
aeo(2)FEO(2)+ 3 ang m(2) PO (2) = 0,
0<j1+j2<k—1

az-11(2)FEID(2) + 3 an, g (2) FURI(2) = 0
(5) 01 +j2<h—1

k41,0, (2) FOP (2) + S Gkt (2)FU)(2) = 0.
0<j14da<h—1

Theorem 1. Let L € Q(D?), a;;, j,(2) be analytic functions in D?, which satisfy the
following conditions for all z € D? :

(6)  ai () (2)1 (2) < CHT @) (D) aikir—ii1(2)]s igpa—iio1(2) #0,
where 0 < j1 +jo < k—1,7€ {1,...,k+ 1} and C > 0 is some constant. If analytic
function F(z1,22) in D? is a solution of (5) then F(21,22) is of bounded L-index in joint

variables.

Proof. From the first equation we have:
> an () FUNR)(2)
0<j1+j2<k—1

<
a1 k,0(2)] h

FEO ()] <

< ¥ mallpeseic S ot @R @FC )
o< tgach—1 1BLk0( 0< 1472 <h—1

whence

|FU132) (2)]

max —_——
01+ <k=1 111 (2)152(2)

F k,0) . . L
|lk lo(Z)| <Y CHMELPEIFTR() <G
1) o0g e

Similarly, for i-th equation of system (5) it can be proved that
F(kiivi) z F(jhjZ) z
M <G max %
57 (2)l5(2) 0<i+i2<k=1 11 (2)152 (2)
Finally, we obtain
k) FOie)
ax M tk1+ky=kp;< max C;- max w
I (2)l5% (2) 1<i<k+1 " 0<iita<k—1 [ (2)132(2)
By Theorem 1 this means that F'(z1, z2) is of bounded L-index in joint variables. O

To formulate one-dimensional corollary, we consider the following linear higher-order
differential equation:

k—1
(7) ap(O) M0+ a; ()P () =0
j=0

Corollary 1. Let | € Q(D) and analytic functions a;(t) in D satisfy the conditions:
®)  (VteD) (Vje{0,1,....k=1}) laj()F (1) < Cl*(B)|ar(t)], ar(t) #0,
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where C' > 0 is a some constant. If an analytic function f in D satisfies equation (7)
then f has bounded [-index.

M. Sheremeta [25] considered equation (7) with coefficients which are analytic functi-
ons of bounded I-index. As M. Bordulyak in [14] for entire functions, we replaced the
restriction by inequality (8). Thus, Corollary 1 is a new proposition for analytic functions
in the unit disc.

4. Examples of linear higher-order systems of PDE.

Corollary 2. Every analytic function F(z1,22) in D?, satisfying the following system of
partial differential equations

2F(2’0)(21, 29) + 7(,213—1) : F(l’o)(Zh Z2) + % : 4(21_1)%(22_,_1) “F(21,22) =0,
9) (2P0 (e, 2) + Gy - FOV (0 2) + 3 - e - Pl 2) = 0,
2F(1’1) (Zl, 22) + (225'_1) . F(l’o)(zl, 2’2) + % . m . F(Zl, 22) = 0,

is a function of bounded L-index in joint variables, where

1 1
(10) L(2) = (l(2),l2(2)) = < T RV e |22|)> .

Proof. Using (4) it is easy to show that the function L belongs to Q(D?) (see similar
propositions in [3]). Now we check validity of (6) for system (9):

= 3 < <2MI3(z),
lz1i=1] o = /T =211+ 2[(1 = |z1]) — (VL= 21[]1 + 22[(1 = |z1]))?
3la(z) 3 6 < oM (),

- <
2+ 1]z + 1/ =21+ 22[(1 = |22]) © (VI = 2f[1+ 22](1 = [22]))?
1

li(2) 2

— < <
lz2+ 1] |z + 1\/|1 —21|[1 + 22|(1 — |z1]) ~ 11— 21[1 + 22|/(1 — [za[)(1 — [22]) —
§2Ml1(z)l2(z),

1
< < 2MI2(2),
2‘21—1‘3|22—|—1| - 2|1—21||1+22|(1—|21|)2 - 1( )
1 1
< < 2MIi2(2),
2‘21—1”2’24—”3 - 2|1—Zl||1+22|(1—|22|)2 - 2( )
1 1/2

<
2[z0 = 1Pz + 12 7 [1 = 2|1+ 22[(1 = [22[)(1 = [22])

Hence, by Theorem 1 the function F' has bounded L-index in joint variables. O

Example 1. The function

= cos ! = 3 —
F(z1,22) = EENICED) Z @2n)!((z1 — D22 + 1))’

n=0
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is a solution of system (9). Indeed, formally find all first and second order partial deri-
vatives

F(l’o)(zl,ZQ) =sin ! . L ,
(2’1 — 1)(22 + 1) 2(2’1 — 1) (Z1 — 1)(2’2 + 1)
1 1

FOY (2, 2) = sin

Ve - Dz 1) 2/ - Dzt Dz + 1)

(2.0) (2, 29) = —co ! ' : B
F'5% (21, 22) s (z1 = D)(22+1) 4(z1 —1)3(22 + 1)
. 1 3
CVE D@D A6 - ) D))
(0,2) 21,29) = — COS ! ’ : B
F (21, 22) (21— D)(22 + 1) 4(z1 — 1)(22 +1)3
— sin ! ’ >
Vi =Dz +1) 4y — (22 + 1) (22 + 1)’
(LD (2, 2) = — cos ! : 1 B
FU5 (21, 22) (z1— D(za+1) 4(z1 —1)% (22 +1)2
. 1 1

(21— D22+ 1) 4(/(z1 = D(z2 +1)*
We choose a branch of square root such that v/1 = 1 and take into account that ﬁ sin ——

N
can be extended to an entire function. Substituting these derivatives in system (9), it is

easy to check that the function F'(z1, z2) is its solution. Then by Corollary 2 the function
F has bounded L-index in joint variables with L given in (10).

Corollary 3. Every analytic function F(z1,22) in D?, satisfying the following system of
partial differential equations
FCO (21, 29) + oy - FO0 (21, 22)
1
(A1) FO (a1, 20) + gy - £V (@ 2) — e
FOU (21, 20) + m CFO) (5 20) — m F(z1,2) =0,

2
BN CESIEIC T
2

is a function of bounded L-index in joint variables, where

1 1
(12) L(z>:(l1‘z>’l2<z”z(|1+z1|1—z2|<1—zl|>’|1+zl|1—22<1—|ZQ|>>'

To prove Corollary 3 it is sufficient to check assumptions of Theorem 1.

Example 2. Analytic function in the unit bidisc
F(e1,2) 1
z1,22) =exp | ————~ |,
AN CE )

satisfies system of partial differential equations (11). Hence, by Corollary 3 the function
F is of bounded L-index in joint variables, where L is given in (12).
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Corollary 4. An analytic function F(z1,z0) in D?, satisfying the following system of
partial differential equations

F(2’0)(21,22) + (21%1) . F(l’o)(2’1,22) _ (z2+1)2 . F(Zl,ZQ) =
(13) F(0,2)(21722) + % . F(O’l)(zl722) - (2;22-"_%1)2 . F(Zl,ZQ) = 0

F(l’l)(21,22) + (21{‘1-1) . F(O’l)(zl,Zg) + (222%1)3 . F(Zl722) =0,

has bounded L-index in joint variables, where

1 [21]
1+‘22_1|.1+| 1

zo—1|

(14) L(z) = (Li(2),l2(2)) =

1—|Z1| ' 1—|2’2|

In view of Theorem 1 it is necessary to check validity of (6) (see a scheme in
Corollary 2).

Example 3. Analytic function in the unit bidisc

zZ9 — 1 z1

21+1eXp22—1’

is a solution of system of partial differential equations (13). By Corollary 4 the function
F has bounded L-index in joint variables, where L is given in (14).

F(Zl,Z2) =
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OBMEXKEHICTD L-IHIAEKCY 3A CYKVIIHICTIO
SMIHHUX TA AHAJIITUYHI ¥ BIKPY3I PO3B’A3KN
AEAKNX CUCTEM PYII

Haranis IIETPEYKO

Jveicokutll naytonasvrul yrieepcumem im. Ieana Ppanka
eys. Ynisepcumemcoka, 1, 79000, Jveis
e-mail: petrechko.n@gmail.com

PosrisinyTo cuctemu iHIMHWX PIBHAHD 3 YaCTHUHHUMU TOXiTHUMU BUIIAX
HOpAAKIB 3 aHajiTwaamMu y Oikpy3i koedimienramu. locaimkeno obmexe-
Hicth L-iHgexcy 3a CyKymHICTIO 3MIHHUX IXHIX aHAJITHYHAX PO3B A3KIB, 1€
L(z1,2) = (li(z1,22), l2(21,22)), I; : D* — R, — memepeppma byHKIis,
j € {1,2}, D* = {(z1,22) € C*: |z1] < 1, |z2| < 1}. Ocuosrmm 3aco-
6oM mocrimkenHs: € Teopema Xeiimana. HaBemeno mesiki amasituani y 6ikpy3si
PO3B’d3KM TAKHX CHCTEM PIBHSHb 3 YaCTUHHUMU ITOX1THAMU.

Karouosi crosa: anamitnaHa (yHKINs, OIKPYyT, MYHKIS TBOX 3MIHHUX,
obmexennit L-iagekc 3a cykymmicTio 3Mminaumx, cucrema Jjixitiamx PYII su-
X TMOpsiaKiB, aHajgiThaHA Teopis mudepenmiansanx PUIL amamiTiasmit
PO3B’ 430K, JiHiliHe audepeHIia bHe PIBHAHHS BUIUX TOPAIKIB.
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3AJTAYA oYP’E€ AJId IHTET'PO- AN EPEHIITAJIbHNX
EJIIIITNYHO-ITAPABOJITYHNX CUCTEM 31 SMIHHNIMMUA
IMMOKA3HUKAMM HEJIIHINHOCTI

Mwukosa BOKAJIO, Ipuna CKIPA

JIveiscvrutl HayionasvbHut yricepcumem im. leana Ppanka,
eyn. Yuieepcumemcora, 1, 79000, Jlveis
e-mails: mm.bokalo @Qgmail.com, irusichka.skira@gmail.com

Hosemerno kopekTHicTh 3amaqdi Pyp’e a1 aHI30TPOMHUX ETIITTHIHO-
napabosiyHuX iHTErpo-audepeHIiaj bHuX CUCTEM 31 3MIHHUMHU [MOKA3HUKAMU
HestiHIfHOCTI 6€3 00MeXKeHb Ha 3POCTAHHS PO3B’A3KIB i BUXITHUX MAHUX DU
MPSIMYBAHHI 9aCOBOI 3MIHHOI 0 —00.

Karouosi crosa: 3amaga Pyp’e, 3agadua 6€3 MOIATKOBUX YMOB, CHCTEMA
enTUIHO-T1apaboTiYHUX PIBHAHD, (DYHKIIOHAIHLHO-AM(EpeHIliaJbHe PIBHSIH-

HdAd.
1. Berym.
Hexaii n, N — marypambhi uncia, R™ (sigmosizno, RY) — pimiitamit mpoctip, ckmaie-
HUii 3 BIOPZKOBAHUX HAOOpIB * = (x1,...,T,) (Blanosigwo, y = col(yi,...,yn)) Aiii-
cuux umces i wagitenmit mopmoto |z = (|z1]? + ... + |2,|?)Y/? (signosizmo, |y| =

(Jy1]? + ...+ lyn *)/?). Hoznagaemo aepes My y (n41)(R) — niniftnnit npoctip, cknanemnmuit
3 marpuub ( = (Cu) = (Ceisk = 1,N,1 = 0,n) poamiprocti N X (n + 1) 3 mificaumn
N n

enemenTamu i Hagitennit mHopmomwo [¢| = (30 3 [¢;13)Y/2.
i=17=0

Bpaxaemo, mo 2 — obmexkena obsacts B R™, a 9Q (i1 mexka) — KyCKOBO-TJIajKa
nosepx#si, npudomy 02 = I'g U 'y, me T'g — 3amukannsg Bigkpuroi MuHOKHUHU Ha OS2
(3okpema, 'y MOXKe GYTH MOPOKHBOI MHOXKHHOIO abo 36iratncs 3 0N), I'y := 90 \ To;
v = (V1,..,Vn) — ONUHUYHHUH BEKTODP 30BHINTHKOI 70 J§) HOpMAJI.

IMosragaemo S = (—00,0), Q == Q@ x S, Ly :=Tg x5, ¥ :=T1 %8, Q4, 1=
Q X (t1,ta) ans poBinbHuX t1,ty € R (61 < ta).

2010 Mathematics Subject Classification: 35D30, 35K20, 35K55.
© Boxkaso M., Ckipa 1., 2017
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Posriamaemo sadawy: 3HafiTH BeKTOpHY MyHKII0 © = col(u; ... uyx) : Q@ — RV, aka
3a/10BOJIbHsI€ (B IIEBHOMY CEHCi) cucreMy pPiBHsIHb

n d
(bl(m)ul)t - Z %alj (Jf, t7 6”) + aio(xa t) (SU) + /Ci(ﬂf, Y, ta U(y, t))dy =
j=1 "

Q
(1) :_iifZ(xat)+flO(w7t>7 ($>t)EQ7 7,.:1,N7
=1 813j J

Ta KpaffoBi ymoBm

87.1,1'
2 il =0, =0, i=1,N,
(2) v Yo 15,795 !
e b1 0 — ]R, (Z = 1,N), aij : Q X MNX(7L+1)(R) — R (’L = 1,N,j = 0,771), [
OxQAxSxRY R (i=1,N), fm Q—R (i=1,N,j=0,n)—3amaui gificnoznauamni
dyHkii, mpudomy b;(x) > 0 (i = 1, N) ans maiixke Beix (M. B.) x € (.

Tyrinam Vu = (ug,,... ,an) MaTPHIIS, CKIAIeHa 3 TOXITHUX U; o, (i = 1, N, j =

I,n), o6u:= (u,Vu), Ou;(z,t)/0v, == > a;j(x,t,0u)v;(z), (z,t) € X1, — noxizua no

j=1
“koHOopMaJTi”.

IMpukaagom cucrem Burssiy (1), skl BUB4AIOTHCH, € CUCTEMA

n

Uit — Z(aw (7, )|

(3) + Q/

ne a;j (i =1,N,j = 0,n) — Bumipni, o6mezkeni, nonarui Ta Binaineni ix wyns GyHkuil,
Cix (i,k = 1,N) — Bumipni #i oomexeni dynkmii, f; (i = 1, N) — inTerpoBHi 3 geakum
crenenem Gyskuil, p;; > 1 (i = 1,N, j = 0,n) — Bumipui Ta obmezxeni dyHkil, aki
HA3UBAIOTh NOKA3HUKAMUYU HEAIHITUHOCTV.

B ocranui mecaTumiTTs Ay2Ke aKTHBHO BUBYAIOTHCS HeJiHIMHI nudepeniiaabai piB-
HSHHS Ta IXHI cucTeMu 31 3MIHHUMU MOKA3HUKAMK HEJIHIAHOCT, IpuKJajaMu akux € (3)
(muB., nanpukian, [1, 2, 3,4, 5, 6,7, 8,9, 10, 11]). Le nos’a3ano 3 Tum, 110 Taki piBHAHHSI
i ixHi cucTeMu BUHHKAIOTH Y MATEMATHIHOMY MOJIETIOBAHHI PI3HUX THUIMIB (Pi3WIHEX TIPO-
IIECIB, 30KpEMa, OMUCYIOTh TOTOKU €JIEKTPOPEOJIOTIIHIX PEYOBHH, MPOIECH BiJHOBJIEHHS
300pakeHb, eJIEKTPUIHAN CTPYM y KOHIAYKTOPI i BIJIMBOM 3MIHHOTO TEMIIEPATYPHOTO
nous [11].

gk mobpe BimoMo, KpaioBi 3amadi A71st JIHIFHAX Ta OaraTbox HEMHIHHIX mapado/Tid-

Pio(ﬂ?)*Qui_F

pij(x)— Ui,xj> +Zii0(a:7t)|u1
z

Jj=1
N
Zak z,y,t uk(ya )dy* fl(x t) (it t) € Qa 1=1, N
k=1

HUX DIBHSIHb, 33JaHUX B HEOOMEXKEHUX 3HU3Y 34 YaCOBOI 3MIHHOK obsiacTsax (3amadi
Dyp’e), € KOPEKTHUMHU, SKIIO HA IXHI PO3B’#3KM Ta BUXijHi Jaui, KpIM KpailoBUX yMOB,
HAKJIAJEHI TeBHI OOMEXKeHHS Ha IXHE 3POCTaHHS, KOJM YaCOBA 3MIHHA, MPAMYE TO —OO
([12], [16], [17]). IIpore € Heminiiini mapabomnivni piBHsAHHS, 33124l Pyp’e st AKAX OTHO-
3HAYHO PO3B’sa3Hi 6e3 Oyab-fKUX YMOB Ha Heckinwenuocrti [1, 4, 5, 13, 15, 18, 19]. Tyt
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PO3IISAAATUMEMO 1HTErpO-AudepeHIianbHi eMITHIHO-TIapadOMIHI cuCTeMH, IKi MAaOTh
Taky camy BiacrtuBicTb. Pamime juis takux cucrem 3agady @yp’e He posrisganu. 3a-
YBaXKUMO, 10 IHTErpO-IuepeHIiaabHi eTiNTHIHO-TaPaAOOIIYHI PIBHAHHS TA TXHI CUCTEMU
IMTAPOKO BUKOPUCTOBYIOTH ¥ MATEMATHIHOMY MOJIETIOBAHHI CKJIQTHUX SIBUII B CyIACHOMY
OPUPOIO3HABCTBI, €KOHOMIIL Ta TexHini (Hanpuk/az, y Teopil aaepHux peakiiii mij dac
BUBYEHHS IIPOIECY YIOBLIbHEHHsT HEATPOHIB ¥ aAudy3il 3apsIKeHnX YaCTUHOK Y IIIa3Mi
Ta B IHIIMX Pi3HOMAaHITHUX 3aja4ax). 30KpeMa Taki piBHsHHs HociiRKyBau B |7, 8.

3pobuBIM TOMATKOBI MPUMYINEHHS HA BUXITHI MaHi, JOBEIEHO OIHO3HAUHY PO3-
B'sa3uicTh 33724 Pyp’e A1 OMHOTO KJIACy CHCTEM aHI30TPOMHUX BUPOIKYBAHUX TTAPaA-
OOJiYHUX DPIBHSHB 3 IHTErpAJbHUMHU YJEHAMH 33 BiJICYTHOCTI OOMEKEHb Ha TOBEIIHKY
PO3B’SI3Ky Ta 3POCTAaHHS BUXIAHUX MJAHUX HPH TPAMYBAHHSA YACOBOI 3MIiHHOI 10 —OO.
OrpumMani pe3ybTaTy € y3araabHEeHHSIM i JONOBHEHHSIM PE3yJIbTATIB, siKi OTPUMAJIH J1Jist
napabosiyHux piBHsHD 31 CTajIMMU LOKa3HUKaMu Hesiuifinocri [14].

2. OcHoBHIi no3HaYeHHs Ta (paKTH.

Hexait r € Ly (), mpuuomy r(x) > 1 ams maitxke Bcix z € . Ilpumycrumo,
mo abo G = Q, abo G = Q x I, me I — imrepsBaa umcaosoi oci R. Ilo3maummo de-
pe3 L,(y(G) ysaranbHenmit npOCTip JleGera, sikuii ckuagaerbesa 3 byukuii v € Lq(G)

TaKUX, WO pg,r (V) < 00, me pa,r(v /\v T(””) dz, skmo G = Q, 1a pg,(v) =

[v(z, t)["® dadt, axmo G = Q x I. Ha upoMy npocropi BBeeMo HOpMy vllz, @) :

QxI

inf{\ > 0| pg.»(v/A) < 1}, 3 gKor0 Bin € Ganaxosum [12]. Akio eszseisrzlfr(x) > 1, To cups-
skenuit npoctip [L, (G)]’ MO}Ke 6yru ororoxuenum 3 L) (G), ne 7' e dynxuis, axa
BU3HAYEHA plBHlCTIO T(z) + - (z) =1 aya maiike Bcix x € Q.

IMosmaunmo gepes LT(‘)JOC(@) JmiHifHEWA mpoctip BuMipEEX dyEKOIE ¢g: Q@ — R
TAKWX, WO IXHE 3BYXKeHHdA ¢, ,, Ha Q ¢, Hamexuth 10 Lp()(Qt,1,) 218 Oyan-
akux ty1,to € S. leit mpocrip € MOBHUM JIOKAJBHO OIMYKJIUM i3 CHCTEMOIO MiBHOPM
{I - N2y (@eyen) ‘tl,tg € S, t1 < ty}. Hocainosuicrs {gn} — cuavho 3biscna (sin-
HOBIIHO, C€AGOKO 36ioicna) B Ly (. 10c(Q), sxwo mocaizosuicrs {gmlq,, ,,} — cumibuo
36ixkua (Binnosinmo, cnabko 36ikua) B Ly()(Qy, ¢,) s Oyap-axux ti,to € S (t1 < t).
Anasioriuno BusHa4aeMO POCTIP Log 1oc(Q)-

Hexait p = (p;;;¢ = 1,N,j = 0,n) = (p;;) — MarpudHa HYHKILA, AKa 33T0BOIbHSIE
YMOBY

(P) 2<p;; = eiseifrllfpij(:b) < esssupp;j(z) =: p;rj < 400, npuaoMy p;y > 2 (i =1, N,

€N
j=0,n).
Hepes p' = (pj;;i = 1,N, = 0,n) = (p};) nosmazarumemo Matpudry yHKIio
raxy, wo 1/pij(z) +1/pj;j(z) =1 pnam. .z € Q (i =1,N,j = 0,n).
Hexait Wp()(Q;RN) = {v = col(vy,...,on) : @ — RN — pumipna|9v; €

Lpz;()(Q) (Z = 17ij = ()’7)} 3 HOpMOIO HUHW;(‘)(Q;]RN) Z Z ||8 UlHL ()(Q
i=15=0
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TyT i gani Qw 1= w, Ojw 1= wy; (j = 1,n) ana w: Q — R. [eit npocrip € 6anaxosum i
fioro HasuBaOTH ysarasibhenum npocropom Cobosesa.
IMosnaunmo gepes W (Q RY) 3amukanms mpocTOpy

C'Y(Q;RY) = {ve C’l(Q;RN ) | supp v — oGmexena MuoKmmA, ’U‘FO =0}
B W! (- )(Q; RN). Hns 3pyumocti BukIaJeHHs MaTepiagy mo3Hadnmo V() RN) =
WI}(,)(Q,RN).
Hust noBuibHux t1,t2 € R (t1 < t2) BBegemo npocrip
W0 (Qur a3 BRY) i= {w: Quy o = RY |0jw; € Ly (1(Quy ) (i = TN, j = 0,m)}
N

3 mopsiono [l g, vy = 2 3 100l (@08
i=1j

Yepes W (Qt1 +»; RY) mosmaumvo migmpoctip mpoctopy W (Qtl,tQ, Ny, cxna-
neHuit 3 (byHKLm/I w Takux, mo w(-,t) € V,(Q;RY) nna maiike BCIX t € [t1,ta].

Beenemo mimifiamit mpocTip Wpl(’&loc(@; RYN), cknanenmit 3 BU3HAYEHUX Ha () BH-
MipHUX GYHKIN, 3BYKeHHA AKUX Ha (t, t, HATEIKWUTH JIO Wpl(’.())(chtz;RN ) aist Oyzb-

akux t1,te € S (t1 < t2). Leil npocrip € NOBHUM JIOKAJILHO OMYKJIUM i3 CiM €10 MiBHOPM
N
10020 @ ) = Tt S N0l @1y | 1.2 € 8 (11 < 1)},

Pij
Jlasi mporsirom yciel poboTu OyaemMo BBaXKaTH, IO
(B) nna koxuoro ¢ € {1,..., N} dbynknia b; : Q@ — R — pumipna i 0 < b;(x) < 1 gna

M. B. € ().
Hexait Qo; = {z € Q|bi(z) > 0} i b;(x) := b;(x), saxmo © € Qo , Ta bi(x) =1,
akmo & € )\ Qg i, mns koxuoro ¢ € {1,..., N}. ITosnauumo b := col(by,...,by) i He-
xait Hy(Q;RY) miniitamit npoctip dbynkmiit suraany w = col(w; = 5;1/2U1, oL WN =

b 1/2 UN), JIe v; € LQ(Q) nns koxuoro i € {1,..., N}. Beememo na Hy,(Q; RY) nisnopmy

il 0y = (Jo z bi() w; ()|2d)'*. Terxo nepesipurn, mo Hy (9 RY) — nonos-

HeHHs JHHIHHOTO HpOCTOpy Vo (€ RY) 32 nisropmoio || - || g, (e~ ([12])-

[Moszuauumo uepes C(S; B), ne B — niniituuii npocrip 3 HOpMOIO 9u niBHOPMOIO || - || 5,
upocrip GyHkuiii v: S — B rakux, 0o IXHe 3By2KeHHs Ha Oyub-sgkuii inrepsadt [tq, ta] C S
nasezxuts 10 C([t1,t2]; B). IIpocrip C(S; B) € noBHAM JIOKAJIBHO OIyKJIUM 3 CiM €10 miB-
HOPM {[[v]|c((t1,82):8) 1= MaXpeft, 12) [V(E) |5 | t1,t2 €S (t1 < t2)}. Y mpomy mpocTopi mo-
CTiIOBHICT { gy, } € 3613KHOI0, AKIIO MOCTIIOBHICTD {gim| [t 1,1} € 301%m0I0 B C([t1,12]; B)
1t Oyab-akux t1,te € S (t < ta).

Buznaummo mpoctip

ploc(Q’RN) W )10C(Q7RN) N C(S Hb(Q RN))

AKUN € HOBHI/IM JIHITHUM JIOKAJILHO OMYKJIUM 3 ciMm’ero HlBHOpM

{ 21 Z 10h; HLm ((@e1 ) T IRl (it 2] H (2R |t17t2 €N, 1< tz}
i=1j=
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3. ITocranoBKa 3a7a4i Ta GOPMYJIIOBAaHHA OCHOBHHUX Pe3yJIbTATiB.
IMepenyciM maMo o3HaueHHs y3arajJbHEHOro po3B’a3ky 3azadi (1)—(2), a misg upo-
IO BBEIEMO BiIMOBiIHI OOMEXKEHHST Ha BUXIIHI JaHi, TOOTO BH3HAYMMO KJIACH BUXIIHWX
JTaHUX.
Ilig A, posymiTmmemo MHOXKHHY MarpudHumx yEKOif (a;;¢ = 1,N,j = 0,n) =
(@i;), AKi 33I0BOIBLHSAIOTH yMOBH:
(A1) mnst koxmmx @ € {1,...,N} ta j € {0,...,n} dbynxuis a;;(z,t,€), (z,t) € Q,
§ = (&m) € My (nt1)(R), € KapaTeomopiBchKor0, TOOTO It Maiixe Beix (x,t) €
Q dbynxuis a;;(z,t,-) : My ns1)(R) = R — menepepsna, a ama 6yap-aKkoro § €
My (n+1)(R) dbymxmis a;(-,-,€) : @ — R — sumipna; kpim Toro, ag;(xz,t,0) =0
ana Maitke Beix (z,t) € Q (i=1,N,j = 0,n);
(Az) ms koxumx ¢ € {1,...,N} ra j € {0,...,n}, maitke Bcix (z,t) € Q i Oyap-aKuX
§ € My (n+1)(R) Bukonyerscsa mepismicrn

N n
|aij (2,1, 8)| < hij(z,t) (ZZ |§kz|p’“’(w)/””($)) + 9ij (2, 1),

k=1 1=0
e hij € Locjoc(Q), gij € Lpi’j(-),loc(@)'
(As3) mns maitke Beix (x,t) € Q ta mosimbanx &1,€2 € MN*(D(R) pukonyerncs
HEPiBHICTD
n

N
Z (aij(x,t,fl) — aij($>t7§2))(£i1j - §z'2j) >
i=1j

=0

N N n
> K1) l6ko — Gol* + K2 ) D lé — Gal ),
k=1 k=1 1=0
ae K1 >0, Ky >0 — crai.
Hexaii C — muoxkuna BekTOpHUX (DYHKIG#H col(cy ... cn), gaKi 33/0BOJIBHAIOTH Taki
yMOBHU:

(C1) ans xoxworo i € {1,..., N} bynkmia ¢;(z,y,t, 1), (z,y,t,17) € A x Q. x § x RN,
€ KapareoJopiBChKOIO, TOOTO mjis Maiike BCIiX (z,y,t) € Q X Q x S byskuis
ci(z,y,t,-) : RY — R — nemepepsna, a a1 Bcix s € R dbynxmia ¢;(-,-,-,7) :
Q x Q x S — R pumipna 3a Jleberom; ¢;(x,y,t,0) = 0 mus maiixke Beix (z,y,t) €
QxOxS.

(Co) mmst xoxmoro i € {1,..., N}, nopimermx nt,n? € RN ta maiixe Bcix (z,y,t) €
Q x 2 X S BUKOHY€TbCSI HEPIBHICTH

lei(@y.t.0") —ci(@y. t.0%)| < Lin' =0,
ne L > 0 — crana.
Yepes Fp joc TO3HATATHMEMO MHOXKMHY MaTpuanmx dyHkuift (fi;; 6 = 1,N,j =
0,n) = (fij) rakux, mo f;; € Lpgj(-),loc(Q) (i = 1,N,j = 0,n) i aqns KoKHUX | €
{1,...,N},je{l,...,n} dyuknuia f;; 3amynserscs B OKOMi 1.

Osnavenns 1. Hexait b = col(by,...,bn) 1 p = (p;j) 3300BOBHAIOTL YMOBH, BifmOBII-
Ho, (B) ta (P), (a;j) € Ap, col(c1,...,en) € C, (fij) € Fpr 10c. Y3azanvnenum poss’asxom
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sazayi (1)—(2) massemo BekropHy dyHKIi0 U € TUb lOC(Q, N), ska 3a10BOMTBHSAE iHTe-
rpaJjibHy TOTOXKHICTb

N n
//Z{Z aij(x,t,éu)ajvi<pi+
o) i=1 35=0

(4) —H}igoi/ (2, y, tu(y, t) dy — bi(z)uvi0; }dxdt //ZZf”a vip; dxdt

Q i=1 j=0
Vo = col(v1,...,un) € V(O RY), Vo = col(pr,...,on) € CH((—00,0); RY).

Tyt i mani mix C}(I; RY), ne I — inTepBaa umcIoBoi oci, po3ymieMo miifirmii mpoc-
Tip BekTOpHUX DyHKIIH ¢ = col(py, ..., PN ), KOMIOHEHTH AKuX € (hiHiTHUMU Herepeps-
HO MudepeHIitoBHIMA (PYHKITISIMHA.

Teopema 1. Hezad b = col(by,...,bx) i p = (p;ij) 3adososvraioms, 6idnoeidno, ymosu
(B) ma (P), (aij) € Ay, col(cr,...,en) € C, (fij) € Fpr 100 4, Kpim mozo, suxonyemvca
HEPIBHICMD

(5) Ky > Lmes, .

Todi icnye edunuti ysazasvrenud pose’sasor szadawi (1)—(2), npuvomy das 6ydo-arux
R, Ry, to maxux, wo Ry > 0, R > max{1,2Ry}, to < 0, npasusvha ouinka

bi(z)|ui(z, 1) d i(z,t
mz%)io/Z x)|ui(z, t)] x+//z |0;u;(x, t)

Pis () 4y, (z, 1) ] dwdt <

=1 j=1
N n
(6) \C{ZR 2/l 4 / /ZZV P daat},
i=1 RO = 1 j=0

de C1 > 0 — cmana, axa sanesrcumo avwe 6id Ky, Ko, L, mes,$ i p;; (i=1,N,5=0,n).

4. Tomomixkui TBepmKkeHHsi. CHOPMYTIOEMO Ta JOBEIEMO TBEDIKEHHS, sIKi BU-
KOPUCTAEMO JJIst TOBEJIEHHS Teopemu 1.

Jlema 1. Hezat b= col(by,...,bn) i p = (pij) 3adosoavraroms ymosu, sidnosiono, (B)
ma (P), aty,tas € R — dosinvni wucaa, npuwomy t1 < to. Ilpunycmumo, wo Pynkyia
w € W (Qtl,tz) 3a0080AbHAE IHMEZDANDHY MOMOHCHICM

ta N n
{Z Zgijajvi%—biwwi@;} dedt=0 Vv € V(G RY), Vp € Ci((t1,t2); RY)
i =1i=0

LN, j=0,n). Todi we C(ftr,ta]; Hy(%RY)) i

ona deaxux gij € Ly (), 10c(Q) (i =
v € V(4 RN) i 11,79 € [t,t2] (11 < T2) 6ukonyromvea

0asa 6ydv-axuz 0 € Ol([tl,tg])
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PLHOCT

9(7’2)/ibz(x)wl(azﬁg)vz(x) dl‘ — 9(7’1)/ibl($)wz($,T1)Uz($) d:l? +
q =1 Q i=1
T2 N n
®) +ﬁ/ Q/ ; { (JX_:O gijvi,xj)o ~ bwivif } drdt =0,

1 1
59(t2)llw(»tz)\lib(g-m) = 0w t) 7, @ms) =

N n

_,/an 1, (mm 0 (¢ dt+// > 0i0 wz>0dxdt—0

1=1 5=0
ITe TBepIKEHHS TOBOJUTHLCS AHAJIOTIIHO SK jema 2 [6].

Jlema 2. Hezati b = col(by,...,by) i p = (pij) 3ado6oavraroms ymosu, 6idnosiono,
(B) ma (73), (aij) € Ap, col(cr,...,cn) € C i daa xoocnoeo | € {1,2} dynwuii u' €
U, b oe(@Q; RN ( -14) € Fp/ 1oc MaKi, Wo NPABUALHA TOMONCHICTVD

//Z Zaw x, t, oul )0jvip; Jrvl%/ i (x ,y,t,ul(y,t)) dy — bi(x)uévicp;}dxdt =

=1 5=0 Q

(10) //Zqua vipidrdt Yo € V,(Q;RY), Yy € CL((—o0,0); RY).

1=1 5=0

Todi das dosiavrux wucea R, Ry, to maxuz, wo Ry > 0, R > max{1,2Ry}, to <0,
BUKOHYEMDCA HEPIBHICTND

max /Zb i (z,t) — uZ(z, ) > dot

—Ro,to]

to n

i[zmu — Ou?

N
Pii (@) 4ot — 2| }da:dt 1{ZR*2/<P%*2>+

ZRo Q =1 7=0 =1
w S - s
to—R Q i=1 j=0
de Cy > 0 — cmaana, axa sasedrcums miavku 610 K1, Ko, L, mes, ) sz_J(z =1,N,j = 0,n).

Josedenns. Hexait R, Ry, to raki, sk y dopmyosanui gemu, i n(t) :=t—to+ R, t € R.
s sagannx v € V(4 RY) i ¢ € CL((—00,0); RY) posrasuemo Toroxuicts (10) mpu
Il =1 ra mo camy ToTOXKHICTH TIpu | = 2 i BigHiMeMo 1i ToTroxkuOCTI. [IpuitHasmm as
maiizke Beix (z,t) € Q
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u; ( ) =g (2,t) —ui(z,t) (i=1,N

ag; (:E t) := a;j(z, t, 6ut(z, t)) —a;j(z,t,6u*(z,t ) (i=1,N,j=0,n),
i (xay, t) = ({E Y, t,u (yat)) ci(w,y,t u
12(.17,t) = ij(xat) - f%(l‘,t) (Z - 17 aj = Oan)a

ij
y HiJICYMKY OTPUMA€EMO PiBHICTH

//Z Za djvip; + vzgoz/cl12 dy — biu?vigo;} dxdt =

=1 5=0 Q

~—

(12) //ZZ (2, t)djviep; dadt,

i=1 j=0
110 sKoi 3acTocyemo qemy 13 7 =tg— R, 70 = 7 € (tg — R, to], w; = u}?, g;j = allf lez
(i=1,N,j=0,N),0 =7n° s:= {maXN}pi_O/(pi_O —2). ¥V nigcymky 3100y7€M0 PiBHICTD
i={1,...,

/Zb (z)ui?(z, 7)Pdx + 2 / /Z Za128 um—&-uu/c}zdy)nsdxdt:
Q = 1

to—R Q =1 =0 Q

(13) =s / /z:b|u12|27]S L dxdt + 2 / /ZZ 128ju12nsdxdt.

to—R Q =1 tomR @ =13=0

3pobumo Binnosigui onjaku wieHis pisHocti (13). 3rigao 3 ymosoio (Asz) Maemo

/ Z Z a128 umns dxdt >

0o—R Q i=1 j=0

Pii (@) s drdt.

(14) //i 12|2nsda:dt+K2//ZZ|8u12

“rq =1 to—R Q =17=0

BI/IKOpI/ICTOByIO‘{I/I ymoBy (C2) i nepiBaictb Komi-ByHsaKoBCbKOro, 0TpuMy€eMO OLIHKY

/ /i“ﬂx’t)(/C%Q(xvy’f)dy)ns(t)dxdt <
Q

gZN: / /|“112(I’t)} (/|032(~"E7y,t)| dy)ns(t) drdt <
Q
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—Li / (/|u32(x,t)|dx)2n5(t) dt <
=L "R Q

< Lmes, () / /!ulz(x,t)fn(t)s dzdt.
to—R Q

3Bigcn MarumMeMo

(15) / /z:u12 /c 2cly n® dxdt > — Lmes, ) / /|ulz|2nS dxdt.
to—R Q

R Q = 1
Jlami BUKOPUCTOBYBATUMEMO HEPIBHICTH
(16) ad < ela)"@ 4 e~/ @=1) g7 (@)

st M. B. ¢ € Qi6ynb-saxux a,d € R,e > 0,187 € Loo(Q), r(z) > 1, 1/r(z)+1/r'(z) =1
Jist M. B. x € §, fiKa € HacHiAKOM crangapTHOi Hepisrocti FOura: ad < |a|?/q + |d|Y /¢,
a,deR, ¢g>1, 1/qg+1/¢ =1.

Bubupatoun (ans maiizxke koxuoro © € Q) 7(x) = pio(2)/2, r'(z) = pio(z)/(pio(z) —
2), a = by(x)|u'22n*/"®) d = n/" @1 e = ¢ € (0,1), ma mizcrani (16) orpumaemo

/ /Zb |ur? [P0 tdedt < / /Z|u12|p“’(” n° drdt+

tQRQ’Ll t(]RQZl

o / / Z [0y (o0 =2) gy,
to—R Q i=1

ne €1 € (0,1) — nosinbhe uucao. Tyr mu Bukopucranu ymosy: 0 < b(z) < 1 musg M. B.
r € Q.
3HoBy BUKOpHUCTaBIIH HEPiBHICTH (16), 01epKyEMO

2

Pii @) s dadi+

(18) //ZZ 12 . 0l2y® dudt < 52//2 0012

tORQzle =

/ /Z 1/(3”u 1) fiEZ‘P;j(ﬂ?)ns dxdt,

=z

ne eo € (0,1) — noinbHE wHCTO.
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3 (13) ma mixcrasi (14), (15), (17) i (18) 3a JocTaTHHO MAIUX 3HAYEHHAX £1 1 €2
OTPUMAEMO

N n
/Zb V2 (x, 7)) do + / /Z |ajuzl2|p”(w) + |u12|2}775 dadt <

/ / Z”s po(®)/ (io(®)=2) g+
to—R Q =1

T

N n
/ >N IFR POy dadt },

to—R Q i=1 7=0

ne Co — crana, AKa 3anexkuth Timbku Big K1, Kz, L,mes,Q i p;; (i = 1,N,j=1,n), a
T € (to — R, tp] — moBinbHe wmncO.

Ockimprn 0 < n(t) < R, kouu t € [tg — R, to],1n(t) = R— Ro, komu t € [tg — Ro, to),
10 3 HepiHocri (19) orpumaemo HepiBHiCTD

N
0 (R~ Ro)* [ Y b@)ul (w0 dot
o =1

sw-ry [ [T

to—Ro Q i=1 j=0

=

pis (@) 4 |u112|2} dzdt <

N

02 / /ZRS pio(®)/(Pio(#)=2) gt 1

tQRQ’Ll

o | [ S

) daat).
to—R Q 1=1 5=0

IMogimumo orpumany HepiBaicts Ha (R — Rp)®. 3ayBaxKumo Take: OcKiibku R >
max{1; 2Ry}, To maemo R/(R—Ry) = 1+Ry/(R—Ry) < 2. Bpaxysasuu 1ie Ta HepiBHiCTDH
RPio(@)/(Pio(2)=2) ¢ R=Plo/(Pl;=2) (mpaBusbhy wepes Te, mo R > 11 —pjo(x)/(pio(z) —
2) < —piy/(pih — 2) ana M. B. x € Q), oTpuMaemo

n

/ibi(ﬂf)IU}Q(x,T)|2dx+ ] /i {ZW ul2
Qr = ‘

0o—Ro Q =1 =

pis(@) 4 ‘u12|2] dedt <

N A N n
21) < cg{ZR*PTo/@Z»*” / / dzdt + / / SN @ d:cdt},
=1 to— to— ] j

"R Q i=1 j=0
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ne C3 > 0 — crana, axa sanexutb Bin Ki, Ka, L,mes,Q ip; (i = 1,N,j =1,n), a

to
T € (tg — R, o] — moBimbHe umcsto. 3Bimcu, BpaxyBaBIIH, IO / / dxdt = R - mes, 2,

to—R Q
orpumaemo (11). O

5. O6GrpyHTyBaHHsS OCHOBHOTO Pe3YJILTATY.

Hosenemo Teopemy 1. s nporo cnovarky nepekoHaemocs, 1o 3aaada (1)—(2) mae
He Gi/bIe OJHOrO y3araabHEHOro po3B’a3Ky. Ilpumycrumo mporunexxue. Hexait u!
col(ui,...,uk), u?> = col(u?, ..., u3) — (pisni) yzarampueni poss’sasku uiei sazaui. Toxi
Ha IJACTaBl JieMH 2 MAaTHMEMO

to

N N
(22) / /Z lul (2, t) — u2(2, 1) dedt < Cy ZR—Q/@%—?),
q =1 i=1

to—Ro

ne R, Ry, to — noBiinbui uncaa rtaki, mo Ry > 0, R > max{1,2Ry}, tp € R.
Badikcyemo uucaa Rg > 01 tg € R ta nepeitnemo B (22) no rpanuui upu R — +oo.

V mizcymky orpumaemo, mo ul = u? mafixe ckpisb Ha Qi R, .1, OcKimbkU Ro,to —

JOBIIBHI wmCsIa, TO 3Bimcu omepxKyemo, mo u' = u? maibke Bcromu Ha Q. OTpuMmane
MPOTUPIYYs TOBOJUTE HAIIE TBEP/IZKEHHSI.

Tenep nepeiigemMo 10 10BeeHHs ICHYBaHHS y3arajlbHEHOro po3B’a3Ky 3azadi (1)—
(2). Onsa wporo s xKoxuOro m € N posmisHeMo Mimany 3agady Ansg cucremu (1)
B obuacti @, = Q X (—=m,0) 3 ONHOPIAHOI 1I0YATKOBOIO yMOBOIO i KpaiioBUMU yMO-
Bamu tuny (2), a Tounimie, 3axady Ha 3HaxXOKeHHs QyHKuil u™ € ’Wv;(’_o)(Qm;RN) N

C([—m, 0]; Hy(;RY)), axa 3a10B0/MbHSAE TOYATKOBY yMOBY
u;ﬂ|ti—m:07 i:13N7

Ta iHTerpajgbHy TOTOXKHICTD

N n
// Z{Z ai;j(z,t, 0u™)d;vip; + vieps / ci(z,y,t,u™(y,t)) dy — U;nvisﬁg} drdt =
Q. =1 j=0

Q

N n
(23) = //szgyajvm dedt Vo € V) (QRY), Yo € CL((—m, 0): RV,
)

i=1 j=0

ne f77(x,t) = fij(x,1), akmo (2,1) € Qm, i fi7(2,1) := 0, axmo (2,t) € Q\ Qp, A7
Koxkuux i € {1,..., N}, j€{0,1,...,n}.

IcayBanus ta equHicTh QyHKIIT ¢ MOXKHA JOBECTH AHAJOTIYHO, SIK 1€ 3POOJIEHO B
[6] v Bunaaky piBusiHb apyroro nopsaky. s koxkuoro m € N uponosxumo u™ mysem
Ha @ 1 3a 1uM LPOAOBKEHHAM 30epexkeMo no3Hadends u'™. JJopegemo, o HOC/Ii0BHICTb
{u™} s6iraetbest B Up 1oc (Q; RY) 10 yzarambrenoro poss’sasky sazaui (1)—(2). Jdas nporo
CIIOYATKY 3ayBaXKUMO, IO 71 KOKHOro m € N dyukiis v € y3araJbHEeHUM PO3B’I3KOM

3agadi, ska Bigpisuserscsa Bix 3amadi (1)—(2) Tiabkm TM, MO 3aMiCTh f;; CTOATDH i
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(i=1,N,j =0,n). Orox, Ha nijgcrasi jgemu 2 mjis OyJb-IKUX HATYPAJIbHUX YHUCET M 1
k marumemo

t€[to—Ro,to]

N
o R / D bi@) | (@, 1) — uf (@, ) dat
i=1

to

< R [gper -

to—Ro O =1

N
Pis (@) 4 |y — ufF] dedt < Cl{z R/ ®h=2) 4

i=1

t

(24) / / ZZ| — fh(a, )P’ @ dwdt}

to—R Q =17=0

ne R, Ry, to — moBinbai umcita Taki, mo tg < 0, Rg > 0, R > max{1;2Ry}.

IMokazkemo, 1mo npu dikcosanux to i Ry jaiBa yacTuna HepiBHOCTI (24) mpsamye 10
Hysas npu m — 400, k — +oo. Cuopaszi, Hexait € > 0 — A0BiIbHE SK 3aBTOTHO MAaJie
qucso. Bubepemo R > max{1l,2Ry} HacTiibku BesiuKuM, 11100 BUKOHYBAJIACH HEPIBHICTH

N
(25) O Y R <

i=1
e MoskHA 3p0GHUTH, OCKiNbKH pjy —2 > 0 Vi € {1,..., N}. Toai ans 6yab-sxkux m, k € N
Takux, mo max{—m,—k} < to — R, maemo fJ7 = Z-’;- (t = 1,N, j = 0,n) maii-

ke Beoan Ha Q X (tg — R,tg), a orke, mpaBa wyactuHa HepiBHocTi (24) wa mimcrapi
(25) € MeHIIOK0 3a €. 3BiICH BUIIMBAE, IO 3BYYKEHHS YJIEHIB HOC.}Ii,[LOBHOCTi {u™} ma
Qto—Ro,t, YTBOPIOE (BYHIAMEHTATIBHY MOCIiTOBHICTE Yy TTPOCTOPI W (Qto, Ro.to; RY) N
C([to — Ro,to); Hpy(;RY)). OTixe, na mincrasi mosimbHOCTi g i Ro 1CHye dyuknis u €
Up’loc(Q;RN) raka, mo u" — u B UP’IOC(Q;RN). BayBaxkumo, 10 B TOTOXKHOCTL (23)
MOXKHA 3aMiHUTHU iHTErpyBants 110 ), Ha iHTErpyBanus 1o (. 3pobusiuu 1e, nepeie-
MO B OTpUMAaHill PIBHOCTI JI0 IpaHuIi mpu m — oo0. ¥ MACyMKy orpuMaemo (4) s
nosimbanx v € V,(Q;RY) i ¢ € CH((—00;0); RY). Lle o3nauae, mo byHKIA u € y3araib-
HEeHIM posB’S{SKOM samadi (1)—(2). Ouinka (6) Ge3nmocepeHBO BUIIMBAE 3 JIEMH 2 Jist
ulzuv u? = = fij, fz]: (i=1,N,j=0,n).
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THE FOURIER PROBLEM FOR INTEGRO-DIFFERENTIAL
ELLIPTIC-PARABOLIC SYSTEMS WITH VARIABLE
EXPONENTS OF NONLINEARITY

Mykola BOKALO, Iryna SKIRA

Ivan Franko National University of Lviv
1, Universytetska Str., 79000, Lviv, Ukraine
e-mail: mm.bokalo@gmail.com, irusichka.skira@gmail.com

The existence and uniqueness of a weak solution of the Fourier problem
for nonlinear integro-differential elliptic-parabolic systems are investigated wi-
thout any assumptions on the solution behavior and growth of the initial data
as time variable tends to —oo.

Key words: Fourier problem, problem without initial condition, elliptic-
parabolic systems, functional differential equation.
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3ACTOCYBAHHSAI HEJIOKAJIbBHUX ITEPETBOPEHB
EKBIBAJIEHTHOCTI CUCTEMU PIBHSIHDb
KOHBEKIIII-IN®VY3Ii 10 3HAXOJAKEHHS IT TOUYHUX
PO3B’SI3KIB

Mukosa CEPOB, Mapia CEPOBA,
Ouekcangp OMEJIAH, FOuaia IPUCTABKA

Hoamascvkuli Hayionaavrul mexHivnut ynisepcumem im. FOpisa Kondpamioka
Iepwompasnesut npocnexm, 24, 36011, Ioamasa
e-mail: yuliaprystavka@Qrambler.ru

ITo6ynoBano HeTOKAIBHI MEPETBOPEHHST €KBIBAJIEHTHOCTI CUCTEMU PIBHSIHD
KouBekIiii-mudys3ii. Ili mepeTBopeHHsi BUKOPHUCTAHO /It TTOOYIOBYU HEJIOKAJIb-
HUX aH3aliB, IPOBEJEHHS PEIYKIll Ta 3HAXOIKEHH: TOYHUX PO3B’A3KiB Iiel
CHCTEM.

Karuosi caosa: cucTeMa piBHSHB KOHBEKIHI-Tudy3il, HETOKAJIbHI Tepe-
TBOPEHHH €KBiBaJIEHTHOCTI, cuMeTpid, MeToZ JIi, iHBapiaHTHICTH, MaKCHMAJIbHA
asredbpa iHBapiaHTHOCTI, JiHEapHU3allisd, HeJIOKAaJIbHA 3aMiHa, CUCTEMa PIBHAHD
Bam-nep-Baasbca, imBapianTHMIT aH3aIl, peIyKIlist, TOYTHI PO3B’SI3KMU.

1. Beryn. OgHa 3 neHTpaabHuX mpobeM cyd4acHOro TeOPeTUKO-TPYIIOBOTO aHATI3ZY
nudepeHIiaTbHuX PiBHIHD — pO3po0IeHHSA e(DEKTUBHUX AJTOPUTMIB ITOOYIOBHU IITHPOKUX
KJIACIB TOUYHWX PO3B’A3KIB HEIIHIHHUX TU(EpeHIiaJIbHuX PiBHAHD i3 YaCTUHHUMM MTOX1/I-
HuMHU Ta IxHiX cucreM. OIMH i3 METOMIB 3HAXOMKEHHS TOYHUX PO3B’SI3KIB HETiHIHHIX
mudepentianbanx piBasab — meron Codyca JIi, Ha T 3aCTOCYBaHHAM Ta, PO3BUTKOM SIKOTO
MPAIIOBATIO 0Araro CyIaCHHX MAaTEMATHKIB, 30KpEMa, MPEICTABHUKIB KHIBCHKOI ITKOJIH
CPYIIOBOrO aHaJi3y, siky odomoBas B. I. @ymud.

I3 yacom crasia oueBuHa OOMeEzKeHiCTh MOXKJIMBOCTElH Kiacudnoro merony C. JIi pis
moOyIOBY KJIACIB TOYHMUX PO3B’S3KiB HEJHINHUX NudepeHIiaJbHuX PIBHIHD MATEMATHY-
HOI pizuku. AKe KUIbKICTh PO3B’A3KiB Mu(ePEHIHaILHOrO PIBHAHHS 3 YACTHHHUMHE 110~
XiTHUMHA, sIKi BIAETHCA MODYAyBaTH 34 IOMOMOIOI0 KIACHIHOTO anroputrmy JIi, oomexena
KIJIbKICTIO OnepaTopiB JiiBCHKOI CUMEeTPii.

OpuH 3 HaIPAMIB HOMO/IaHHs Liel oOMexkenocTi kKiacuunoro meromy C. JIi — nomyk
MOYKJIMBOCTI 3HAXO/ZKEHHS HOBUX (HEJIIBCHKUX) CUMETPIi, sKi JAl0Th 3MOry OyIyBaTh
IIUPIT KJIACH PO3B’sI3KiB PIBHAHB, IO JOCIIKYIOThCSA. Pe3y/braroM MmomiyKy B IBOMY
HanpsaMi CTaju npali yKpalHChKUX MaTeMaTukiB mig kepisaunrsom B. I. @ymuua (nus.,

2010 Mathematics Subject Classification: 35B06, 35K57
© Cepos M., Ceposa M., Omessin O., [Ipucraska 0., 2017
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nanpukaa, [8]-[10]). YV nux npargx [ po3iupeHHs KJIaciB cuMeTpiil piBHAHb MaTeMa-
Tu9HOl (Bi3UKHM 3aCTOCOBAHO HEJIOKAJIbHI nepersopents. Paunime, B 1979 p., ui nesokasb-
Hi TepeTBOpenHHs 3acrocyBas . Po3en g0 mimeapwusamnii wesiniiinoro piBusHHS audys3ii
up = 0, (u"2u,) mo mimifinoro zg = 211 (aus. [14]).

Y mpami [11] Jx. Bayman, I. Pix i C. Kymeii Brepiie po3rjsiHy/In HeJIOKaJIbHI
IepeTBOPEHHS €KBiBAJIEHTHOCTI y KJacl PiBHSAHBb

(1) Ut = ax[f(“)ux]»

e u = u(t,x), up = %, Uy = g—g, Oy = a%a f(u) — noBinbHa rnagKa GyHKIL.

Y 1990 p. Ix. Kinr B [13] HeJOKaNbHI TEPETBOPEHHS y3araJbHUB i TIOKA3aB, IO 3a
JIONIOMOTOIO IIUX MTEPETBOPEHD HeJIiHiliHe piBHaHHSA Audy3il 3BOAUTHCS A0 PIBHSIHHS TOTO
camoro kJacy. ¥ [12] HesiokasibHi 1epeTBOpEHHS €KBIBAJIEHTHOCTI BUKOPUCTaH] /1J1st OBy~
JIOBU HEJIOKQJIbHUX aH3alliB, gKi peiyKyoTh piBuganus (1) 10 3Buuaiinux audepenniaib-
HUX DiBH#AHb, JiHeapu3auil piBusuus (1), 106ya0Bu Hes0KAIbHUX (POPMYJI PO3MHOKEHH
#Oro po3B’sI3KiB.

VY npargx [6, 7] mocraBieHa Ta po3B’si3aHa 3a/1ava y3araJbHEHHs Pe3yIbTaTiB Ipalpb
[12, 13] na Bunagok cucremu HesinifiHUX piBHAHBL HUY3il

(2) U = 0:[f(U)Us],

u fll f12 a a ab ab : : H
st = (%) s0)= (T ) = e, g = p0) — somiaen e

dyskii, a,b =1, 2.
Y newmoznasuix npaugsx [16, 17] HesoKa/ibHi I€pETBOPEHHS €KBIBAJIEHTHOCTI 3aCTOCO-
BaHi /i1 PO3IINPEHHSA KJIACIB PO3B’A3KiB HeMHITHUX PiBHAHD KOHBEKIHi-1udy3il Burisamy

(3) up = 0 [f (wus + g(u)],
ne g(u) — moBlibHa riaaKa HyHKI.

Mu cyKymnHiCTh HEJOKAIbHUX ITEPETBOPEHDb BUKOPHUCTAEMO [IJIs: JTiHeapu3ariii, moby-
JIOBH HEJIOKAJbHUX aH3aLiB, HODOYJ0BH HEJOKAJIbHUX (POPMYJI PO3MHOXKEHHS PO3B’A3KiB
JIISE CUCTEMU PiBHSIHB KOHBEKIIi-1udy3ii

(4) Uy = 83c [F(U)Uac + G(U)}

wv= ()= (420

3miEAa, T — MpocTopoBa 3vinma, f% = fib (U), g*
KOHBEKIIi1, BigmoBiguo, a,b =1,2.

), u® = u®(t, =), t — yacosa

9% (U) — xoedimientn mndysii Ta

2. HeslokaJibHI TepeTBOPEHHS cuUCTeMu KOHBeKIIii-audysii. Posrisnemo cy-
KYIHICTh TPHOX TIEpeTBOPEHDb (IuB. [7])

(5) t=t =z, u" =vg,
ze v = v%(t, x) — nosi neBimomi byHKUiT,
(6) t:l'o, x:wlv vllev v2:w2,

Jle To, T1 — HOBL He3asiexKHi 3minui, w® = w® (xg, x1) — HOBL 3aJexkHi 3MiHHi,
— — a __ a
(7 xo = g, T1 = 1, W = 2%,

2% = 2% (9, 1) — HOBI 3aj1€XKH] 3MiHHI.
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Teopema 1. Ilepemeopenns (5)—(7) € nepemseopeHHamu eK6i8AACHIMHOCTE CuCMe-
mu (4).

Jlosedenns. 3acrocyemo no cucremu (4) HEJIOKaMbHY 3aminy Bursay (5) (IuB., HATPUK-
aaz, [13]). Higcrasumo (5) B (4) i mpoiHTerpyeMo ofep:KaHy chHcTeMy 3a 3MIHHOIO I,
OTPEMAEMO

(8) U = F(Vy)Vae + G(Vy),
1
v
neV = ( 2 )
ko no cucremu (8) 3acrocyBaru neperBopents romorpada (6), To ng cucrema
3BEJIEThCS JI0 BULJISILY

wp = wh)? [(F +wi f)wiy —wi fPwf] — wigh,
1
1
(9) wh = e [(F +w? fP)w] = (f'2 + wi f2|wi; +
1
1
+(w%)2 (f22 + w%f12)w%l - w%gl + 927
a 2, a —_ 2
ne wy = Fe wiy = %Gt p o= 0,1, mpwsomy y opuymax (9) f = f(gr, i),

1wl 5
ga = ga(wii7 wii)a (I,b = 172
ITponudepenniemo cucremy (9) 3a 3minHO0 7 Ta noAieMo neperBopeHsaMu (7),
OJIEP?KMMO TAKY CHCTEMY

(10) Zy = [®(2)Z1 + ¥ (2)],

21 YA Bl 1 3012 ab ab
peZ=\ 2 ) Zu=1g5, 0 =5 ¥ = Do 2 ) 9T =9"(2), ¥(2) =

1
( 52 >, Y =p*(Z), p = 0,1, mpuaomy bynxmii ¢, 1) nop’azani 3 bynkmiavm £,
g% TaKNMHU CHiBBLIHOIIEHHAMMU:

Pl = (21)2(F11 4 22 412),
12— _(p1)-1412,
O12 = (21)B[(f1 4 22£12)22 — (F21 4 22£22)),
022 = (21)2(F22 4 2 112),
W= —2lg!
W2 = —22g1 + g2,
2 2

e [0 = (3, %), 9° = 9" (51, 1)

Orozk, MU OBesH, 10 JIAHII0KOK 3aMin (5)—(7) 3BoauTh cucremy (4) no cucremn

piBHsHB TOrO camoro kjiacy surssay (10). He Baxkko nmepekonarucs, mo cucrema (10) 3a
JIOLOMOIOI0 3a3HAYEHUX 3aMiH 3BoauThes 10 cucremu (4). Teopema 1 noBesena. O

AS)
|

(11)
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3. Jlineapisanis cucremu (4). Ao npunycruru, 1o cucrema (4) siniiina, To6To
FU)=A GU)=TU), ne A = (Aap), I' = (Vac) — crasa marpuus, 10, BAKOPUCTABILY
dopmynn (11), onepKuMO cucTemy

2
Jd_p A1+ Aoz 1 A12 22— yyp2?
=01 | —F 75 A~ 74 M2
0 (251)2 1 21 1 )

22(A11 4 A122%) — (A1 + A2?)
(21)?

AQQ - A1222 2 1

e T

AKa 33 JOIOMOIOIO eperBopenb (5)-(7) 3Boaurbes 10 JiHIHOI cucTeMu BULIALY

(12) 28 =0 2+

+ (721 + (22 — 111)2% — %2(22)2)] ;

21

1 HaBIIAKN.

4. Cumerpiitui BnacruBocti cucremu (13) Ta i o6pa3sy.

Jlema 1. Ilepemsopenns suzandy

(14) U= AW + B,

Q21 22 B2
cucmemu (4).

o1 o ) )
de A= ( 1 e ), B = ( b >, Qab, Ba € R, € nepemeopernamu exeisaienmmnocms

3aysaorcenns 1. Hacrynui rBep/pKeHHs IPO cuMerpiiiHi BjacTHBOCTI cuUCTeM DIBHSHD
kouBekmil-mudysii (12), (13) dbopmymoBaTEMEMO 3 TOYHICTIO 0 MEPETBOPEHL €KBiBa-
seHTHOCTI (14).

Teopema 2. Y zasesrcnocmi 6id euzasdy mampuuyv A ma I' maxcumanvra anzebpa -
sapianmmuocmi cucmemu (13) sadaemves marxumu onepamopamu:

1) npu A, T — dosiavruz ocroenoto aszebporo cumempii € anzebpa,
Ao = (04,05, Q = u' 0y + U202, X' = B10,1, X? = B%0,2);
2) npu
o )\1 0 . Y1 0
(15) A_(O A2>,r_(0 72),

de A1 # A2, 71 # V2,

1
Ay = (0, 05,G =10, + (x + 11t)Q1 + (x + 12t)Q2, Q1 = —Kulauh
1
1
Q2 = —Ru%)u%D = 2t0y + 20z + (M + 71(z + 11))Q1 + (A2 + 12(x + 121))Qo,

1 1
I = 20, + txd, + {Alt + 5(a: + 7175)2} Q1 + [AQt + 5(x +71)? | Qa,

X' =310, X% = 520,2);
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_(r 0 _(m O
3) HPUA_<0 )\)71—‘_(0 Y2 >:36717é72,
1 1
Az = (04,05, G =10, + (. + mt)Q1 + (T + 121)Q2, Q1 = _ﬁu18u17Q2 = —ﬁUQQu%
D =2t0; + 20, + (A + (2 +71))Q1 + (A + 72 (2 + 721))Q2,

7%—7%t+v2—’v1m 2 Wf—W%tJr'n—'vzz 1
ax X Ty au17Q4 — e ix X Ty 5u2,

Qz=ce
1 1
I = 20, + txd, + [\ + 5(:10 +711)2]Q1 + [M + i(ac + 721)%]Q2,
Xl = 5lau17X2 = B28u2>;
A0 Mmoo0
) <0 A)’ (mw %)’
Az = <8t,aw,G =10, + (1‘ + ’Y1t)Q1 + my1tQ2,
_ 1y 2 _ 1y
Q1= 2)\(u Ou1 +u”0y2),Q2 = oy Dy,
D = 2t0; + 205 + (A + 71 (x + 71t))Q1 + my12Q2,
Qs = u'Oy1 + my1 (7 + 111)Q2, Qs = my1(z + 71t)[Q3 — uDy2] + U2,
1
I = t20; + txd, + [M + i(x +711)2)Q1 + my1tzQa,
Xl = ﬁlaulaXz = 628u2>;
(A0 [ a =p
9a=(o3)r=(5 )
Ay = (01,05, G =10, + (x4 at)Q1 + FtQo2,

_ oy 2 I A P
Q1= 2/\(11, Oyt +u 8u2)7Q2 = 2/\(’11, Oyt — U 8u2),
D = 2t0; + 20, + (A + azx + (o — B2))Q1 + Bz + 20t)Qo,

3 = COS g(x +at)(u'd, — u?d,2) — sin g(x + at) (U0, + uldy),

Q4 = sin g(x + at)(ur 0y — u?d,2) + cos g(x + at) (U0, + uldy,e),
1
I = 20, + tad, + [%(a2 — Bt + atx + §x2 + AtQ1 + Bt(z + at)Q2,
Xt =310, X% = 520,2);
A0 Y11 0
A = F =
6) npu ( EX ) ); ( Y2 o2 >7

11 =722

As = (Ap, Qe = e = (21+(711+’y22)t)u16u2>

_ A0 [ m O
7) npuA—(k)\ A)’F_<0 72),

1 2k
Ag = (A5, D = 2t0, — —
6 = (4s, t0 — oy (@ + 1)@ + p—

)

U18u2>;
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_( A 0 _(m O
) npuA—(k)\ A)’F_('yg N ),

1 1
A7 = <A0, G= t@m - 5(50 + ’Ylt)Q + ﬁ(k(l‘ + 'Ylt) - ’ygt)QQ, QQ = ulauz,

1 k
D = 210, + 20, — [;—;\(x + i)+ 51Q + (%(m Fot) — ;—;(az +2911))Qs,

1 1
I = 20, + tzd, — ﬁ[(x + 71t)2 +2Xt)Q + ﬁ[k(x + ’ylt)g — 2vot(z + 711)]Q2);

_( « B _(m M
9) npuA—(_B a),r_<_w " );

1
As=(40,G = 10, —

ra (B(z +71t) + ayat)Qa,

(a(z+mt) — B12t)Q@ — m

QQ = u28u1 - ’ulauz,

D =210, + 0, + 5 ! ((By2 — av)z + (a3 —71) + 2Bm7e)t — (o + B%)Q—

(a® +5?)
1

—W((aw + Bz — (B3 — 1) — 207172)t) Qa,

I1 =20, + tzd, + 1 (2(B72 — am)tz + (a3 — 77) + 2B7172)t°

(a2 + B2)

—aaa® 20+ 89)Q ~ Jrr g (e 1)ta— (83 —7) ~20m70) 2+ Aa%) Q. ),
Bl

npuomy 0as B¢ suxonyromuca pishocmi LB =0, 8= | 8% |, L =0,—A0ys—

ro,.

O6pasom cucremun

_ 1 0 7m0

BHACIiIOK meperBopenb (5)—(7) € cucrema HeniHIAHWX DiBHSAHb KOHBEKINi-nndysil Bu-
DIy

1
Zé = 81 [)\1 (ZZ%)Q],

= o[l + et + (1 - ) ).

z

(17)

M)

s Toro, mo6 nopiBugaTH JiiBChbKi cumerpil cucremu (16)—(17), mocaiaumo mMakcu-
MasbHy anrebpy insapianthocti cucremu (17). BuKoHy€eThCs HACTYIIHE TBEDZKEHHS.

Teopema 3. Makcumarvhoro anrzebporo ineapianmmocmi cucmemu (17) € maxa aszebpa

(].8) (807 81, D:xlal—zlazl, 21822, z2822>.
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Teopemy 3 moBoaumo cranpapraum Meroxom JIi (aus., nanpukiaz, [1, 3]).

3 Teopemu 2 BUILIMBAE, 0 MAKCUMaJIbHa ajirebpa insapianrHocri cucremu (17) mic-
TUTh MEHIY KiJbKIiCTh JIIBCHKUX OMEPATOPIB, Hi’K MAKCUMAJIbHA aJredpa iHBapiaHTHOCTI
cucremu (16). Bukopucraemo neit GhakT [y 3HAXOMKEHHS JO0JATKOBUX (HEITIBCHKUX )
am3zaris cucremu (17).

5. JliiBcbki anzanm cucremu (13) Ta (17). Bukopucraemo JiiBChKY CHMETpito
cucremu (16) myia nobymoBu il iHBaplaHTHUX aH3AIIIB.
Po3p’s30k cucremu (16) myKaTuMemo y BUIISAL

(19) U= At z)p(w),

1
ne A(t,r) = (a®), ¢ = ( 22 ), a® = a%(t,r), w = w(t,r) - geaxi rmaaxi byuHkui,
SAKI 3HAXOAUMO MICJIs PO3B’A3yBaHHs CHCTEMU 3BUYANHUX MudepeHIiaJbHuX PiBHIHD

dt dr dut  du?
(20) a-a =g T i
¢*(w) — HOBI HeBiOMI DYHKILI.
Makcumasbroto anre6poro inBapianraocri cucremu (13), (17) e anrebpa A;. Koop-
JuHATH iHIHITE3NMATBLHOTO OmepaTopa i€l anredpu BU3HAYAIOTHCS (POpMyIaMu

50 = CltZ + QCQt + Cy,
£ = cyta + st + cox + o5,

1 rc
nt = o [51((96 + 1t)24+2XM1t) + e (1 (@ +t) + A1) + es(@ +t) + 06} u'+p(t, z),
1
1 re
n? = o {51(( +72t)242Xat) + ca(y2(z + 72t) + A2) + cs(x + Yat) + 07} w?+4%(t, x),
2
ze ¢, ...,y — rpynosi napamerpu. Cucrema (20) mae BULJIs,

i = Clt2 + 202t + Cyq,
T = citx + cst + cox + cs,

. 1 re
(21) = bl((x Fy1t)? 4 208) + ca(m (@ + 71t) + A1) + es(z +mt) + cﬁ} ul,
1
. 1 1e
U2 = W {51((33 +72t)2 + 2X0t) + co(Yo (T + Yot) + Xo) + c3(x + Yot) + 67} u?,
2
ZIe C1, - - ., C7 — OBLIbHI unciiosi napamerpu. IlpoiaTerpyemo cucremy (21) MeTomom, sskuit

BUKJIQJICHU}T, HAIPUKJIAL, ¥ [4, 7|, HABeJIeMO BUIJIs/l HEEKBIBAJIGHTHUX AH3ALIiB, AKi O/ep-
KYIOTbCS Y MJACYMKY.

ul = Bl (w),

(22) u? = ek p?(w),
w = kst + x;
2
ul = e%t(m—f—%ktz—&-?tﬁ-kl)@l(w),
2
(23) u? = e SR R (),

w = %ktz + x;
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ul = tk167%(1+%t)@1(w)7
(24) u? = tkze_;Tzz(z"ﬂth)ch(w);
w = t_%a:,
ul = efﬁ[71(2z+’ylt)+t;1;2(t2+1)—1]7k1arctgt(tg + 1>_%(‘01(w)’
(25) u = efﬁ[72(21+’th)+t;1;2(t2+1)—1]7k2arctgt(tz + 1>_%(‘02(w)
w=az(t2+1)"2,
ne k, ki, ko, k3, ks — TOBIIBHI cTasi, 9Ki BUpPaXKalOThCs Yepe3 CTaji cq, ..., 7.

Buxkopucraemo siiBebKy cumerpiio cucremu (17) mjisa mo0yaoBu iHBapiaHTHUX aH3a-
IiB IIi€l cucTeMn.

MakcumaspHOIO anrebpoio iHBapianTaocTi cucremu (17) € anrebpa (18). Koopauna-
1 iHdiHiTe3nMAaNTBHOTO omepaTopa miel aarebpu 3a7a10TbCsa HPOPMYIAMI

" =c1,8 = czz1 + e,

1_ 1
n= —Cc3z,
772 = 0421 + 0522,
ze €1, ..., c5 — rpyuosi napamerpu. Cucrema (20) mae Burisii:
To = ¢,
&1 = c3x1 + 2,
(26) 1 1
2t = —c32t,

22 = cqzt 4 c522.

He Baarouuce y serasi inrerpysanns cucremu (26), HaBeJAeMO BULJIsl HEEKBIBAJEHTHUX
aH3aIliB, SKi O/IEPIKYIOTHCA B PE3YJIBTATI.
Zl — eklxo(pl(w)’
(27) 22 = ka7l (w) + *(w),
w = xek1%o;

= ehrogl),
(28) 22 = meklxo¢l(w) + €0 0 (w),
w = xeF1%o;

2l = pl(w),
(29) 22 = byt (@) + 9*(w),
w = w1 + k120;
2= (W),
(30) 22 = e (w),
w =z + k120,
e ki, ko, m — mOBLIBHI cTasi, IKi BUPaXKAIOTHCA 9epe3 CTadi C1,...,Cs5.
6. HenokanbHui anzanm cucremu (17). Pawnimie gosenu, mo Jiniiina cucrema (16),

imBapianTHa BigHOCHO anrebpu AGs(1;1), mix ai€i0 KOMIO3UINT HEJIOKAIHHUX TI€PETBO-
penb (5)-(7) nepexomuth y cucremy (17), ska HelnBapianTHa BisHOCHO oneparopis G, IL.
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HeinBapianruicrs cucremu (17) Binnocuo anrebpu AGo(1;1) 3ByKye MHOXKUHY iHBapi-
AHTHUX aH3auiB uiel cucreMu HOpiBHAHO i3 cucremoro (16), 3a JH0NOMOIOIO AKUX MOXKHA
Oyn0 6 3Bectu (17) mo cucremu 3BuYaiinux AudEpeHIiaIbHAX PIBHIHD I B MOZAIBITOMY
mo0Oy/IyBaTH TOYHI PO3B’SI3KM Ii€T CUCTEMH.

g BianykaHHs I0AaTKOBUX HEJHIBChbKUX aH3auis cucremu (17) momieMo KoMIo-
3WIIEI0 HEJIOKAIBHUX TepeTBoperb (5)-(7) Ha yrke 3Haiineni ansamu cucremu (16). ITpo-
LIIOCTPYEMO TIPOIEC OJIEpP2KAHHSA HEJIIBCbKUX aH3alliB Ha IMPUKJIA/l [epPEeTBOPEHHS aH-
zamy (25), gxkuit OTpUMaIN 3 YMOBM IHBapiaHTHOCTI Ii€l CHCTEMU BiTHOCHO OTEpaToOpa
X =]]+0:.

IMogigsmu crouarky Ha dhopmysu (25) neperBoperusM (5), OIEPKYEMO:

o' (w),
©*(w),

e

2
4)1 (2z+7y1t)— 74)\;‘(“:2_*_1) —kiarctgt (t2 4 1)7

1
Vs 2
- .
02 =e 15 (2z4728)— 4)\2t(‘f2+1) 7k2amtgt(
CL‘

W=

t24+1)"
w=az(t2+1)"2.

ITix niero nepersopens rogorpada (6) anzan HabyBae BUTIILALY

2
V1 (2 3 ] 1 2
1 _ (z5+1)2 w4+ zo+ zow+kizo/ 2 1,1 1
wy = e R (25 + D)7 (0 (W)™,

2 2
(31) w? = (P — ) @3+ ) T+ (B — 7 w0+ (gh — 75 w00 Fm—k2)a0 (1)) =102 (),
w= (22 + 1)7§w1
Micaa #ii mepersopenns (7) Ha 1eil aH3all, OCTATOYHO OJEPKYEMO
2
P e%($§+1)%w+%$o+ﬁwow2+k1wo(xo + 1)%(4101(&}))—1,
(32) 22 = (7_7)(x0+1)2w+(2k1 2)\2 )x0+(4kl ﬁ)$0w2+(k1_k2)xo (wl(w))71<p2(w)7

w= (a2 +1)"2T,

ne 7= [z'dx.

Anasoriuno onepkyemo ob6pasu JiiiBcbkux ansanis (22)—(24) cucremu (16). He Bua-
IOUNCh y JieTadli IXHBOTO 3HAXOYKEHHSI, HABEJIEMO OCTATOYHI Pe3yJIbTaTH.

Hesnokanpri anzamm qias cucremu (17)

21— o~y eo(rHFhattFaotk) (1(,))-1,
(33) 2 = (B Bksorbhed)+ bl = B r R 1 ()12 (w),
= (3kad +7);
R a2 wo>(<p1(w))—1,
(34) 22 = g1 ()T~ B0 (1 ()12 (),
W=z, T;
S f<+>+ff< + 15 (e @) 7
(35) 2 _ (st~ )@ et (G~ 2 w0+ (o — oy Jwow? FlR=k)zo (o1 (W) 1P (w),

W = (xo + 1)7% T,
ne T = led:rl.
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7. HenokanbHa peaykiiisi cucremu (17).

Jlnst 3HAXOKEHHS HeBimoMux (GyHKITIi g01,<p2, HEOOXiTHO Ofep2KaHi BHUIE HEJO-
KayibHl am3anu mizcrasutu y cucremy (17). ¥V miacymMKy oTpuMmaeMo, BiANOBimHO, Taki
PEIyKOBaHI CUCTEMW PiBHSAHD:

k
ME' + 1t + = (w+ k) =0,

(36) 2
Ao@? 4+ v2p? + K(“ + ko)p? = 0;
2
M@+ Lupt — kel =0,
(37) )\2(,52 + %wapQ — k2@2 = 0,
. w? ok
wt (G y)et=o
(38) !

; w= |k
s (4 By
SRR VTCRIP WAL
Henokanbui anszanu (33)—(35) s cucremu (17) He MOKJIUBO 0JEPXKATH B PAMKAX
reopii C. JIi. Auzamm (33)—(35) peaykyiors cucremy (17) 1o cucrem 3BudaiiHux aude-
peHnianbHEX piBHAHB (36)—(38), BignoBigHO.

8. IlobynoBa HesOKaJIBbHUX (DOPMYJI PO3MHOXKEHHS PO3B’4I3KIB s HeJi-
HiiiHOT cucremu (17).
Cucrema (16), na Binminy Big cucremu (17), iHBapianTHa BiJIHOCHO OmEpaTropa
G =10, + (v +1t)Q1 + (T + 721) Q2,
Je Ql = _ﬁulaula QQ = _iuzauz
Hepaxkko nepekonarvcs (aus., Hampukiaaz, [1]), mo omeparop

TIOPO/IKY€ TIEPETBOPEHHST

1 2
t=1t,
1 2 2
(39) =2+,
1 2
u1<zlf;%) = ul(i;%)e*%((%+vl)§+§)’
1 2
uQ(zlf; z) = u2(§; %)67%«%%)@%).
21 1 22 22 2 2 2
Hexait, u' = u'(t;2); u* = u®(¢; T) — meskuil rIaAKUil PO3B’A30K CHCTEMH
2 2 9
(40) U2:AU22 +F U2,
t Tx T

ne A, T samani y urssazi (15). Hexaii gia oneparopa G mepeTBopIOE Il pO3B 30K CHC-
N ; Ll 2 _ 2.1 1
remu (40) B Takuii po3B’a30k u' = u'(t;x); u® = u®(t;T) cucremu

1 1 1
U1:AU11 +FU1
t Tx T



3ACTOCYBAHH{ HEJIOKAJIBHUX ITEPETBOPEHD ...
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mart. 2017. Bumyck 83 133

1 2 2 . .
[Mosnauumo t =t = t,x = z,0 = a. Toxi 3anuniemo JAiBCbKi GOPMYyIH POZMHOKEHHS
pPO3B’S3KiB

1
=u!(t;at + z)em((y"%)t"'x)
1

M:M

)

(41)

Ht; )
2(t; ) = ud(t; at + x)ea (32D

SESISS
Q
Py

1
=z —at.
g nobynou HesiokaibHUX (GOPMyYJT pO3MHOXKEHHs Po3B’s3KiB cucremu (17) momie-
MO Ha JiiTBCbKi POPMYIIM PO3MHOXKEHHs PO3B’sA3KiB HeJIOKaJbHUMK neperBoperntsamu (6),
(7). (Buxopucrosyemo 1oit dakr, mo mis Jjineapusanii cucremu (17) mocrarHpo sumie
nepersopens (6), (7)).
Hana nii va dhopmynu (41) neperBopents (6) 3amuIIemMo y BUTIIAIL

1 1 1 1 1 1 1
t=t, x=uv(t,7), ul(tz)=71 W (t,x)=1%(t"1),

(42) 2 2 2 2 2 2 2
t=t, r=0v'(ty), ul(t,r)=y, u(t,z)=12*y),

IMouisBiuu nepersopennsimu (42) na dopmysu (41) ra upoaudepenuiosasiiu oxep-
JKAHWI PE3YJIBTAT 34 3MIHHOKO Y, OTPAMYEMO

1

. .
y(r=t + 55, v (7))

106 moxisTu Ha dopmynn (43) nepersopenHs (7) 3aMUIIEMO Y BUIVIAIL

1 1 1 1

t=t, T=1(ty), v'(t,7)=2z(t:7), VXt 7)=22(tT),
(44) 2 T 2 2 T 2
t=t, y=y, v'(ty =z"(y), vty =2ty
Yy Yy

Monissmu nepersopennsvu (44) wa dopmymu (43), omepxkyemMo

1
2 (i)
2Hty) = : :
y(r= 1+ 55 2 E 7))
1 1
T22(t;7) — A—l/zz(t;T)dT

9 _ by
(45) 2(ty) = (%)%_le%*gl o -

R )
1 1
Ty = - , o= M(2h) 2y, +
y(r=1 + 5521t 7)) z1
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BayBazkKuMo, 1110 OCTAHHE PiBHsHH:A y opmysnax (45) onepKyeMO BHACIIIOK I1icTa-
HOBKM 1epux 3-X piBusaub (45) y cucremy piBusub (16) upu A, T' Burasagy (15).

9. Cumertpiiini BjacTuBocTi 06pa3y cucremu piBH#HL Ban-mep-Baasabca.
Posrnsgremo cucremy piBusgab Ban-mep-Baanbca
1_ 1 1,1 2.2
Uy = AUy, — U Uy + pU-us,
1

2\ 2 1,2 _ .2
Uy = daUg, — U U — uUU,,

(46)

ne © = (xo, x1), u® = u®(x), A\; — koediujenr KiHemarudnoi B’a3KOCTL, Ay — Koedi-
nienr mudysii, 1 — xkoedinient kompeknii, a € {1,2}; AKy MUPOKO BUKOPUCTOBYIOTH Y
MOJIEKYIAPHO-KIHEeTHYHi# Teopil raziB i pigwn. g cucrema BXOIWTH 10 KJIACy CHCTEM
piBHSHBb KOHBEKITI-Try3ii.

Y [5] noBeneHo, mo cucrema (46) inBapianTHa BigHOCHO y3arambHeHoi anreGpu a-
Jiiest

AG(1,1) = (04,04, G =ty + Oy1, D = 2t0; + 20, — I,11 = £20; + tx0y + tI + 29,1,

_ 9 _d _ 9 _ 9 _ 1 2
ae 8t = 30 81; = 327 aul = Buy’ (%Q = Buz’ I=u 8u1 +u 6u2.
SIKI10 2K mpoBecTH MOBHUM aHAI3 11 CHMETPUIHUX BJIACTUBOCTEH, TO OJIEPIKUMO TAKe

TBEPIZKECHHA.

Teopema 4. Maxcumarvhoro anszebporo insapianmuocmi cucmemu (46) sasesicno 6id
CNI6BIOHOWEHD MIJIC CTNAAUMYU € MAKT AA2e0PU

1) AG(1,1), axwo A\ # Ao, u#0;

2) <AG(1, 1),u28u2>, AKULO A1 F# Ag, p=0;

3) <AG(1, 1),u18u1>, AKwWo \y = Xo =1, u=0;

4) <AG(1, 1),u28u1,u28uz>, akwo Ay = Ao =1, p=0.

Axmo no cucremu (46) 3acrocysaru nepersopenss (5)—(7), TO OJEPKHEMO Taky
cucTemy:

2
1 ) —1) 2t
D) 20—, 13()\1,2 2 01)21— L n( )2 |
(1) (M — o)z A2z 2(21) p(z2)?+1) 22

Ky Ha3BeMO ofpazom cucmemu (46).

g roro, mo6 nopiBasTH JiTBCbKI cumerpil cucrem (46) Ta (47), mociiguMo Makcu-
MasbHy anarebpy inBapiantHocti cucremu (47). BUKOHY€EThCs HACTYIIHE TBEPZKEHHS.
Teopema 5. Makcumanrvroro arzebporo insapianmuocmi cucmemu (47) € anzebpa

1) Abas = <60,81,D = 2100y + 218Z1>, akuwo p 70, Ay # Xo;

2) A= <Abas,228zz>, akuwo p=0, A\y # Ao

21
3) A= <Aba5,22622,67322>, w0 =0, A =Xe =1, de dp = 52, & = 52,
_ 9 _ 0
821 — 9z1’ 8?:2 — 9z

Teopema noBogurbes crangaprauM merogom JIi (aus. naupukian [2, 3]).

Hixk cucrema (47). Bukopucraemo 1eii akT jjig 3HAXOMKEHHS HEJIOKAJIBHUX AH3AIIB 1
no0yI0BH pO3B’s3KiB cucremn (47).
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10. JIiiBchKi aH3arnu cucteMu BaH-aep-Baasibca Ta i1 o6pasy. Bukopucraemo
JiiBebky cumerpito cucremu (47) aist 1o0y0BU 1HBapiaHTHUX aH3auiB Ta peayKuii uiel
cucremn(auB. [8]). Po3p’s30k cucremnu (47) 6ynemo mrykarn y surasm (19).

Y Bunagky p # 0, A1 # Ay cucrema (20) Mae BUDIIsI

t= C5t2 + 2¢4t + cq,

T = cstax 4 cqx + c3t + co,

! = —(est + cq)ut + es + c3,
02 = —(cst + ca)u?.

(48)

ITpoanasnizysasiiu Ta po3s’s3asuiu cucremy (48), omep:KUMO HeeKiBaJIeHTH] JITBCbKI
aH3anyu Juid cucremn (46)

ut = 901(‘*])’
(49) u? = p*(w),
w = kt + muz;
ul = pl(w) — kt,
(50) u? = p*(w),
w = L +
2 b)
ul = _%4p1(w)’
(51) u? =t 3p?(w),
w = t_%x;
ul = (12 4+1) 2 w) + (2 + 1) 2z,
(52) wt = (2 1) 2R (w),
w=(t>+1)"2z.

AmnasnoriaHo orpumyeMo aH3anm st cucreMu (47)

2t = ol(w),
(53) 2? = p*(w),

w = kxg + mxy;

(54) 2 = ¢*(w),

11. HesnokanbHi aH3anm o6pa3y cucremu Bau-gep-Baanbca. g Bigmykan-
Hs HeJiiBCbKUX an3aniB cucremu (47) MOIIEMO KOMIIO3UIIEID HEJOKAJIbHUX [IEPETBOPEHD
(5)—(7) ua Bxe 3HalAeH] an3any cucremu (46). ¥ niacymMKy orpuMaeMo, 1o ilBCbKi aH-
samnu (49), (51) nabyayTs surasny (53), (54), a auzanu (50), (52) nepeiiayTsb y HeJOKaIbHI
amzanu Jia cucremu (47)

271 = p(w) — ko,
(55) 2* = 21 (w),
w:T—i—%kxmﬁ =z
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N R

\/xo 14 Tl‘()(p

1

(56) RN C ) € >

\/550 1+ Tzopt(

1 T £L'() 1
w = T = 2.

2 3+ 2241

12. Peaykiis Ta po3B’sa3ku o6pa3y cucremu Ban-gep-Baasibca. [ligcraBus-
mm ansanu (55), (56) y cucremy (47), 0epKUMO Taki PeAyKOBaHI CHCTEMHU PiBHSHb:

M@t — ot + pp?e? + k=0,

57 . . .
(57) Ao — 201 — plp? = 0;

- MG =P+ g~ =0
sz—so?so — 2 =0.

Oxnum i3 po3s’a3kiB peaykosanoi cucremu (58) npu p > 0 (aus. [2, 3, 15]) €

plw) = e
(59) 1w 7 VA2(Aa—A1)
@Q(w) = ﬁ((ﬂ‘l’ T)

Buxkopucrasuu ansau, (56), 3uaiigemMo po3s’s3ok cucremu (47), 3auucanuii y napa-
METPAYHOMY BUTJIAL

1 I0T2
e |
Y > I
1 1
o (z§ + D)7

2 1’0’7'2 )\g(xo =+ 1)7
LT2+ )\2()\2—)\1)({,6%-1-1)
\/ﬁ .’E()’I'2 — )\2(1’% + ].)

13. BucaoBku. OrxKe, 3HANHEHO HEJIOKAJIbHI IEPETBOPEHHS €KBIBAJIEHTHOCTI CHC-
TeMU piBHAHBL KOHBEKIIl-mudys3il (4), gaKki MoB’a3yi0Th MiK c060I0 pi3Hi CHCTEMU IIHOrO
kutacy. Lli mepeTBoOpeHHs MOXKYTH OyTH BUKOPUCTAHI g MOOYI0BY HEJIOKAJIHHUX aAH3AIlB,
MIPOBEIEHHS PEIYKINI Ta 3HAXOIKEHHST TOYHUX PO3B’a3KiB 1€l cucremu. Mu mpoimocTpy-
BaJIM HA TpHKAami obpasdy cucremu piBHsHb Bam-mep-Baambca. ITobymysasiu miiBehKi
aHsany s cucreMu (46) ra mogisBum Ha HuX meperBopeHHaAME (5)—(7), 3HAXOLMMO
HEJIOKAIbHI am3ary st cucremu (47). OamH i3 Takux aH3aIiB 6yJI0 BUKOPUCTAHO JIJIst
penykiii cucremu (47) 10 cucremu 3BuUaiiHuX nudepeniiajibHuX piBHAHb. PO3B a3aBIn
PEJlyKOBAHY CHCTEMY Ta BUKODUCTABIIM el aH3al, 3Hafuum po3s’a30K cucremu (47).
Boanowac nepersopenus (5)—(7) 3Boaars Heniuiitny cucremy (12) mo miniiiHOl cncremn
surisny (13). dns cucremu (12) y KOHKpeTHOMY 3HAYEHH] IAPDAMETPIB Agp, Yac, Oy 110-
OyZ0BaHI HEJIOKAJIbHI AH3AIM, sIKi HE MOXKJIMBO OJEP2KATU B PAMKAX KJIACHYIHOI'O METOJLY
JIi. ITi am3anu 3acTocoBaHo Ijis peayKiil cucremu (12) 10 cucrem 3Budaituux audepen-
miaJIbHUX PiBHSAHD. PO3B’SA3aBINN PEIyKOBAHY CHCTEMY Ta BUKOPUCTABIIH BiImOBiTHUI
aH3all, MOXKHA 3HafiTu TOuHl po3B’a3ku cucremu (12).

zZ9 =
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N =
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APPLICATION OF NON-LOCAL CONVERSIONS
OF EQUIVALENCE OF THE SYSTEM
OF CONVECTION-DIFFUSION EQUATIONS TO THE FINDING
OF EXACT SOLUTIONS

Mykola SEROV, Mariya SEROVA,
Oleksandr OMELYAN, Yuliyva PRYSTAVKA

Poltava National Technical Yuriy Kondratyuk University
24, Pershotravneva Avenue, 36011, Poltava, Ukraine
e-mail: yuliaprystavka@rambler.ru

Non-local transformations of equivalence for a system convection-diffusion
equations is constructed. These transformations are used to construct an invari-
ant Ansatz, reduction and finding exact solutions of the system.

Key words: system of convection-diffusion equations, non-local transformati-
ons of equivalence, symmetry, the method of Lie, invariance, maximal
invariance algebra, linearization, local change, the Van der Waals system
of equations, invariant anzatz, reduction, exact solutions.
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MIIITAHI 3AJTAYI JJ14 HEJITHINHUX ITAPABOJITYHUX
PIBHAHDBb APYTOTI'O ITIOPAJAKY 31 SMIHHUMU
IMOKA3HUKAMMU HEJITHIMHOCTI B HEOBMEXKEHIX
OBJIACTAX BE3 YMOB HA HECKIHYEHHOCTI

Mukosia BOKAJIO, Hikosierra I'PA/I1JIb

Jvsiscorull Haylonarvrul yrisepcumem im. Isana Pparka
eya. Yuieepcumeyvka, 1, 79000, JIveis
e-mails: mm.bokalo@gmail.com, nikolyetta@gmail.com

Hocaimpkeno mimani 3amadi s HeJHIMHEX HapabosivHUX pIBHAHD 3i
3MIHHUMU TOKa3HUKAMU HEJIIHINHOCTI B HeoOMexkeHMX obsiacTsax 6e3 yMmMOB HA
HecKiH4YeHHOCTi. /IoBeeHo iCHyBaHHS Ta €IUHICTH y3arajJbHEHUX DO3B’SI3KiB
TaKWUX 3a/a9 y BIAMOBIAHWX y3arajbHeHWX mpocTtopax Jlebera ta CobosieBa.
OTrpumaHo anpiopHi OLIHKK y3araJbHEHUX PO3B’dA3KIB IOC/IRKYBAHUX 3a/1a4.

Karowoei caosa: mapabosiivHe piBHSHHS, 3MIHHMI TOKA3HUK HEJIHIHHOCTI,
HeoOMexKeHa 00J1aCcTh, METO MOHOTOHHOCTI.

1. Beryn. Hexaii Q2 — neobmexxena obnacts B R™ (n € N), ne R™ — niuniituuit npocrip,
CKJIQJICHUI 3 BLOP:AKOBaHUX HAOOPIB & = (21, ..., Tp) AliCHUX vnces 1 HaJlieHuil HOPMOIO
lz| := (|21 |2 4 ... + |2n|?) /2. Tpunyckaemo, mo 9Q (Mexka obmacti Q) — KycKOBO-T/IaIKa
nosepxus 1 09 = Ty UTy, ne Iy — 3amukannsa Biakpurol muoxunu na 0f) (3okpema,
Iy Moxke GyTH HOPOKHBOI MHOXKHHOI abo 36iraruca 3 0), T’y := 00 \ T'y. Hexait
v = (V1,...,Vn) — OMMHAYHWI BEKTOD 30BHIMHKOI 10 OS2 HopMadt; @ := Q x (0,T), X :=
Ty x (0,T), X1 :=T1 x (0,T), ne T > 0 — noBinbHO 3a/1aHe YUCTIO.

Posrasmaemo 3amauy: suatimu @gynxyito u @ Q — R, axa 3adosoavrac (6 nesromy
CEHCE) PIBHANHA

n
d

(1) Ut — %ai(x,t,u,VU)+a0(x,t,u,Vu) :f(.lf,t), (Z‘,t) € Q7

i=1
KPatiosl Ymoeu

ou

2 =0 =0
(2) v o ’ Ovg Is,
ma NOYaAMK08Y YMosy
(3) U’(:L‘a 0) = UO(JT), S Qy
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© Boxkamo M., I'pagins H., 2017
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deaj: QxRxR" - R (j =0,n), f: Q@ = R, up: @ — R — 3adani diticnosnawni Gymryii,
ou(x,t)/0ve == " ai(z, t,u, Vu) vi(z), (x,t) € Iy, — noxidua no “conopmani”.

i=1
Mu BBazKaeMO, 110 IPOCTOPOBA FACTHHA Au(EPEHITIaTbHOrO BUPa3y B JiBiil dacTuri

pieusnHs (1) € eminruaHo0, TOOTO piBHAHHS (1) — napaborivne.
IMpukmiagom piBHsHb Tuny (1), SKi TYT BUBYAIOTHCH, € PIBHIHHS

n

o CETT

i=1

pi(:c)—QuIi) o, ) |u[P0 @2y = f(z, 1),
T

ne a; (1 = 0,n) — nedki BuMipHi, jjonaTHi ta Bijiaeni sy wyns Gyukuii, p; > 1 (i = 0,n) —
BUMipHI # obMmexkeni yHKIIT, sIKi HA3UBAIOTH NOKASHUKAMU HEAIHITHOCTN.

Pipusiaus purasay (4) 3i craammm moKasHWKaM¥ HeTIHIWHOCTI posrasmanmcs y 6a-
rarhox Mpalsx, 30kpeMa, B [1, 2, 3, 4, 5, 6, 7, 8]. B ocranHi gecarniirTTs my:ke aKTHBHO
BUBYAIOTH HeTiHIHI TudepeHitiaabHi pIBHIHHS 31 3MIHHUMY MOKA3HUKAMU HEJTIHITHOCTI,
UpUKJII0M gKuX € piBHganus (4), [9, 10, 11, 13, 12, 14, 15]. Ile nos’s3an0 3 TuM, M0 TaKi
PIBHSHHSA BHHUKAIOTH ¥ MATEMATHIHOMY MOJIETIOBAHHI Pi3HUX THIMIB (PI3HIHHUX IIPOILE-
ciB 1, 30KpeMa, OLUCYIOTh IOTOKU €JIEKTPOPEOJIOITYHUX PEYOBUH, HIPOLECU BiJIHOBJIEHHS
300pakeHb, €JIEKTPUIHAN CTPYM y KOHAYKTOPI i BIJIMBOM 3MIiHHOTO TEMIIEPATYPHOTO
noss [11].

gk mobpe Bimomo, Kpaiosi 3amadi a1 JMiHIAHEX mapaboIiIHuX PiBHAHL y HEOOMe-
JKEHUX ODJIACTIX € KOPEKTHUMH, SIKIO Ha IXHI PO3B’sI3KM Ta BUXIAHI JAaHI JOJATKOBO 10
KpailoBUX yMOB HAKJIAJIEHO IIEBHI OOMEKEeHHS Ha IX 3pOCTaHHs Ha HecKimdeHnHocTti. Taka
caMa CUTyallist 3 KpaOBUMHU 33Ja9aMi B HEOOMEXKEHUX OOJIACTSX i /I HEJIHIWHUX ma-
pabosivHuX piBHSAHB 3 MeBHUX Kiacis [3, 4]. [Ipore € piBHSAHHS, KpailoBi 3a1a4i I IKAX
OJIHO3HAYHO DO3B’si3HI 6e3 Oynb-AKUX yMOB Ha HeckiHwenHocrti [1, 2, 5, 6, 7, 8, 12, 14].
Buepiie Takuit pesyabrar mis pisasuus (4) npu pg = const > 2ip; = ... = p, = 2
orpumano B upaui [1].

3pobuBIM NOJATKOBI MIPUIYINEHHST Ha, BUXiIHI JaHi, TOBEIEHO OJHO3ZHAYHY PO3B’s13-
HICTh MINTaHUX 337249 0e3 00MEeKEeHb Ha, HECKIHYEHHOCTI JJIs OJHOTO KJIACY HETiHIHHWX
aHI30TPOMHUX MAapabOTIIHIX PIBHAHD 31 3MIHHUMU MOKAa3WKaMu HeJtiHiiHOoCTI. OTpuMani
TYT Pe3yJIbTaTU € y3arajdbHEeHHsM 1 JIONOBHEHHsAM pe3yiabraris [12] crocoBHO piBHAHB 31
CTAJIMMU TTOKA3HUKAMU HEJTiHIHOCTI.

IIpang ckiragaerses 3 mecru po3AiiiB. Y Apyromy po3/ijii BBEIEHO OCHOBHI 1I03HA-
qeHHst Ta gonomixkui daktn. PopmyroBaHHS 33724l I OCHOBHOTO pe3yJIbTaTy MIiCTHUTDH
TPeTiii po3/aia. ¥ YeTBepTOMY PO3/Iijli HABEAEHO JOMOMIXKHI TBEPIZKEHHS. ¥ TI'ITOMY PO3-
Jimi o6rpyHTOBaHO OCHOBHHIM pedynbrar. IllocTnit po3aim MicTUTH BUCHOBKH.

2. OcuoBHi no3HaueHHs Ta dakTu. Criouarky BBeIeMO (QYHKIIHHI MTPOCTOPH,
sKi OyayTh TOTPIOHI IJIg O3HAUEHHS y3araJbHEHOro po3B’a3Ky 3amadi (1)—(3).

Hig L,y (), ne Q' — nopinbra obmerkena obmacth B mpocropi R, a r: Q' — R —
BuMipHa Ta obmexkeHa byHKuis Taka, mo r(x) > 1 qus Maiixke Beix (M.B.) x € V),
po3ymiemo Jiiniiiauii npocrip (kiaciB) Bumipaux byskiii v : Q' — R, mag axkux QyHK-

mioHaaI poy (V) 1= / lv(2)|"™®) da npuiimae ckindeni 3uaueHHs, 3 HOPMOIO ||U||LT(_)(Q,) =

Q/
inf{\ > 0 | po »(v/A) < 1}. Leit mpoctip € 6aHaXOBUM 1 #0r0 HA3UBAIOTH Y3A2AALHEHUM
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npocmopom Jlebeza (uB., Hanpukiaz, [9]). SayBaxumo rake: Koau r(x) = ro = const > 1

ana maitke seix @ € O, 1o |- ||z, @) = |-z, () Binomo rake: aximo ess ianr(x) > 1,
z€eQ

TO CTIPSAXKEHHH 10 L. )(Q’) MOKHA 0TOTOKHATA 3 L,v () (), ne r'(z), x € ', — dyuxkuis,

sIKa BU3HAYEHA PIBHICTIO (I) ,a) = 1 ana maiixe Beix ¢ € Q. Anaoriuno gk L.y ()

Bu3HATaEMO mpocTip L,y (Q'), ne Q" = Q' x (0,T), Q' — nosiabHa obMerkena 061acTh

B npocropi R™, Bukopucrosyioun dyHkuionan pg: ,(w) == // |w(xat)|r(z) dxdt samicrb

dyuaxunionana po (v).

Haui scropu nin Bd(§)) po3yMiTUMEMO MHOXKHMHY BCEMOXKJIMBUX OOMEXKEHWX IIif-
obuiacreit obsacri . Hexait r : @ — R — Bumipna dynkuis taka, mwo 7(z) > 1 ausa
Maiizke BCix x € (). Hepes LT(_))loc(ﬁ) no3HaYaTHMEMO JliHifiHuii npocrip (kiacis) Bu-
mipHEX dyHKOii v @ @ — R, 3By:KeHHST SKHUX U] Ha JOBIIBHY obmacth ) € Bd(2)
Hazexath 10 L) (), i3 cucremoro misropm {|| - [z, ) [ € Bd(R)}. Leit mpoc-
Tip € TOBHUM JIOKAJLHO OMYKJNM TPOCTOPOM. 3ayBasKMMO, IO TOCTiAoBHICTh {v;}7°,
cuavho (BIONOBINHO, caabko) 30ira€Thesd 10 v B Lr(,)JOC(ﬁ), SAKINO I Oyab-gKOI 00J1a-
cri ¥ € Bd(Q) mocaigosmicts {v;]or}5°, cuavno (Bigmosinuo, caabko) 36iraeTnes mo
vl B Ly (). Tak camo K Ly(.y,10¢(£2) BBOAMMO HOBHEIT JIOKATBHO OyK/IHil IIPOCTIp
Ly(),10¢(Q) i3 cucremoro nisropm {|| - ||z, @/ x(0,1)) 2" € Bd(Q)}.

Hexait p = (po, 1, - --,Pn) : 2 = RIT™ — BekTop-dbyHKIIid, AKa 38 J0BOIHHAE YMOBY:

(P) mna xoxuoro i € {0,1,...,n} bynaknia p; : Q@ — R — sumipna i ess iﬂnfpi(x) > 1,
e

esssup p;(x) < oo auist Oynb-sikoi ' € Bd(Q).
eV

Yepes p' = (py, ph,-- -, D)) MO3HAYMMO BEKTOD-(DYHKIIIO, KOMIIOHEHTH SIKOT BU3HA-
Jal0ThCd 3 PIBHOCTEMH + ﬁ =1 ns MmB. z € Q (i = 0,n). OgeBugHO, MO QYHKISA

1

pi(z) N

p’ 3anoBosbHsie yMOBY (P) i3 3amiHoro p; Ha P, (i = 0,n).
st nosinbHOT obnacri ' € Bd(§)) BusHaunMo mpocTip

W,y () == {v: @ =R —umipua|v € Lp,(y (), ve, € Ly, () (i = T,n)}

3 HOPMOIO

n
||7JHW1 (@) = vz, @) + Z vz, . @)
i=1

Ileit mpocTip € baHaxoBUM i HOro Ha3WBAIOTH y3arajbHeHwM mpocropom Cobosesa. Ilin
1

VVP(,)’10C (Q) PO3YMITHMEMO TMOBHWIA JIOKAJBHO OMYKJIWHA MPOCTIp, CKIAAEHUH 3 PyHKITIH

v € Lpy(),10¢(Q) Takux, mo vy, € Ly, (), 10¢(Q) ans koxuoro i € {1,...,n}, i3 cucre-

MOIO IHiBHOPM {||UHW1 (Q,))| Q' € Bd(Q)}. Ilosnaammo |epes wl o0, 1Oc(ﬁ) 3aMUKAHHS
IpPOCTOPY

% Q) := {v eC'(Q )| Supp v — oOMeKeHa MHOXKHUHA, v’ro = 0}

B Wl( ). 10c (). Hexait Wl (), (§2) — miampocrip mpocropy Wl (), 1oc (), CrTanenit 3 Gymk-
miff 3 0OMEKeHUMHU HOCIAMHU.
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Hnst obnacri Q' = Q' x (0,T), ne Q' € Bd()), posrnstremMo GanaxiB mpocTip
W (@) = {w: Q =R —smvipua|w € Ly, (Q), we, € Lyp,(1(Q) (i = T,n)}

3 HOPMOIO

n
||w||W;(=9)(Q/) = Hw”Lm(.)(Q') + Z ||w:ci||L,,i<->(Q’)-
i=1

. 1.0 2 . - - . .
Ilin Wp(’_) 1oc(@) PO3ymMieMO TOBHMIT JIOKAIBLHO OMYKJHiT MPOCTIp, CKlajgenuil 3 dyHK-

uiit w € Lpy(),10c(Q) Takux, mo wy, € Lyp,()10¢(Q) (i = 1,n) i3 cucremoro nisnopm
-1 2% . .
{Hw”W;(P)(Q/x(o,T)) | ' € Bd(Q)}. Iosnaammo 1epes Wp(.()),loc(Q)) i ImpocTip mpocTopy

Wpl(’,o)’loc(@), ckaamenuit 3 GyHKIH w € Wpl(’,o)’loc(@) TaKMX, MO JJIs Maiixke BCiX t €

(0,T) dyuruis w(-,t) HATEKUTH 10 W[}(_)_loc(ﬁ)).
Takox BU3HAYNMO TMOBHUIT JIOKATHHO OIYKJIUI IPOCTIp

C([07T], Lg’loc(ﬁ)) = {w : [O,T] — Lg’loc(ﬁ) |w (S C([07T], LQ(Q/)) vQ e Bd(Q)}
i3 cmcTEMOI0 TMBHOPM

{llwlleqorinay) = ax, lw(-,t)||L, | @ € Bd(Q) }.

Bsenemo moBHMIT TOKATBHO OMYKJIHH IPOCTIP
71,0 o) . a
Up,loc = Wp(~),loc (Q) N C([07 T], Lg,loc(ﬂ))
3 TOIIOJIOTIEI0, KA IMOPOJIZKEHA CUCTEMOIO ITiBHOPM

{”wHW;(’%(Q’x(O,T)) +llwlle oL@y | ' € Bd(Q) }.

Hexait

Hige := L2,IOC(Q)7 IFp/,loc = Lpo’(~),loc(Q)~

[Moznaunmo wepes CL(0,T') mpocrip menepepsno audepentiiiosnx dbynxmii na (0,77
3 KOMIIAKTHUM HOCIEM.

3. @opmMysroBaHHS 3a/a49i Ta OCHOBHOTO Pe3yJbTaTy. PO3rIsmaTnMemMo y3a-
rajbHeni po3s’s3ku 3amadi (1)—(3). g iX o3HAuEHHs CHOYATKY BBEIEMO BiIMOBimHI
KJIACH BUXITHUX JAQHUX.

Hexait p = (po,p1,---,Pn) — BEKTOP-QYHKINA, sKA 3am0BOIBHsIE yMOBY (P).
Ilix A, posymiTnMeMO MHOXKHHY BIOPAJKOBAHUX HaOODIB milicHOZHAYHMX QYHKIIi
(ag, a1, ..., an,), aki susnadeni na @ x R i 3an0oBombHaA0TH yMOBH:

(A1) ans koxnoro i € {0,1,...,n} bynkuis a;(x,t, p,€), (v,t,p,&) € Q x R e xa-
paTeoopiBChKOI0, TOOTO 71 Mafike Beix (1,t) € Q dynkmia a;(z, t,-,-): R —
R menepepsHa, a aa 6yab-akux (p,€) € R bynxnia a;(-,-,p,&): Q — R
BuMipHa; Kpim toro, a;(x,t,0,0) =0 (¢ = 0,n) aua maiixe Beix (z,t) € Q;

(A2) ama koxmoro i € {0,1,...,n}, maitke Beix (z,t) € Q i Gyap-axux (p, &) € R
BUKOHYETHCS HEPIBHICTH

n
Jai(2,t, p, )] < i, ) (|plPo /P 13 7|5 PO 4y (e, 8),

j=1

e h i € Loo 1oc(@Q), hayi € Lp;(‘),loc(@)'
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Tenep nogaMo o3HAYEHHS y3araJbHEHOrO po3B’a3Ky 3aga4i (1)—(3).

Osnavenns 1. Hexait p 3amoBonbusie ymoBy (P), (ag, a1, ...,0n) €EAp, fEF 1oc, U €
Hioe. Y3azaavhernum pose’askom 3amadi (1)—(3) masmBaemo dyukmiio u € U, o, AKA
3a/I0BOJTbHSAE TOYATKOBY YMOBY

(5) u(+,0) =up(-) ® L27100(§)

Ta iHTerpajgbHy PIBHICTH

(6) //{z": a;(z,t,u, Vu)bg, o + ap(z, t,u, Vu)bp — uz/;cp’} dadt = // fodadt
o =l ;

JUTst Oyb-SKUX 1) € Wpl(%c(Q), v e CLO,T).

Mera mamoi mpari — 3a JOJATKOBUX YMOB Ha BUXiJHI JIaHI JOBECTU OJHO3HATHY
posB’a3uicTs 3a0a4i (1)—(3).

Hauii Bcropu, 6e3 Brparu 3araibHocTi, BBaxkaemo, mo 0 € Q. Hexait k € {1,...,n} —
HAfIMEHIIe YUCI0 TaKe, Mo MHOKHHA p = QN {z € R" [lz1|? + ...+ |ze* < R?} e
obmezkeHoro s Oyab-sskoro R > 0. Hanpukiiaz, ko = Q1 X Qo, e 1 — HeobMezkeHa,
obnacth B R¥, a 2y — obmerxena obmacts B R" ™%, 10 k — came Te, mpo sike rOBOPHIIOCS.
s Oyap-sskoro R > 0 mo3uauumo uepe3 (lp 3B’s3HY KOMIOHEHTY MHOXKUHHU {1p, IO
micrureb 0. Ouesuano, mo Q = |J Qg.

R>0
Hexait o > 0 — naitmente 3 quces, 11 SKOr0 BUKOHYETHCS HEPIBHICTH
(7 mes, Qg < cR* VR >1,

gae ¢; > 0 — crama. Tyt i gami gepe3 mes,, G no3uaueno mipy Jlebera muoxkuuu G B R™.
Ipuiimemo Qg := Qg x (0,T) ms kokroro R > 0. 3posymiso, mo @ = |J @r-
R>0
Jlasi BCIoaM BBAzKAEMO, IO BUKOHYETHCA YMOBA:
(P*) Bexrop-dynkmia p = (pg,P1,-.-,Pn) 3amoBoabasie ymoBy (P) i, kpim ToroO,

po(x) = 2, fnax pi(z) < 2 pna maiizke Beix x € Q,
i€{l,..k

yeeny

i {1y sy Lpole) = )] > 0

[Tosnaunmo wepes Aj miIMHOKUHY A, €IEMEHTH AKOI 33I0BOIBHSIOTH Ie TaKi yMO-
BH:
(A3) s maibke Beix (z,t) € Q Ta mopimbuux (p1, L), (p2,£2) € R pukomyernes
HEPiBHICTD
n
Z(a/i(ajy t7 P1, 51) - G;i(l’, ta P2, 52))(511 - 57,2)+
i=1
+ (ao(xv L, p1, 51) - ao(xv L, p2, 52))(P1 - ,02) > Kl‘pl - p2|q(:r)’

ne Ky > 0 — crana, ¢ : Q — R — Bumipna dynkuis raka, wo 2 < ¢(z) < po(z)

I1s Madike Beix ¢ € () Ta, Kpim Toro, mas koxkuoro ¢ € {1,...,k} r; =

ess i{rzlfri(ac) > a, r = esssupr;(z) < +oo, e a — crana 3 HepiHocTi (7), a
z€ z€Q

ri(x) = q(@)pi(z)/(q(z) — pi(w)), v € O



Mukona BOKAJIO, Hikoxerra I'PAIIJIb
144 ISSN 2078-3744. Bicuux JIpBiB. yu-Ty. Cepis mex.-mar. 2017. Bunyck 83

(A4) s maiixe Beix (z,t) € Q Ta 6yab-axux (p, ) € R puxonyerbes nepisHicTh
n

Zai(xatapag) 61 + a0($7t7pa £)p 2 K2 [Z |€l|p7(m) + ‘p‘]?o(x):| - h3($?t)7
i=1 i=1

je Ky >0 — crana, hy € L1 10¢(Q), hs > 0;
(As) s maiike Beix (z,t) € Q ta Gymb-axux (p1,£L), (p2, £2) € R puxonyernca
HEpiBHICTH

k
Z |a’i(xvtapla£1) — ai($,t,p27§2)|pi($) <
=1

n

< Ks [Z(ai(%t?Pl»gl) —ai(z,t,p2, ))& — &)+

i=1
+ (Clo(ﬂ?, t, 1, 51) - ao(l‘, t, P25 52))(/)1 - p2) s
ne K3 > 0 — craja.
3aysasicenns 1. Onmparounch Ha pe3ynbTarTn [14], HEBAXKKO MEPEKOHATUCS, IO TIMHO-

JKUHOIO A7 € MHOKHHA All, THX eJIEMEHTIB (Gg, @1, - ., Gn) 3 A, Kl 38T0BONLHIIOTE YMO-
BU:

(AL) ai(z,t,p,€) = ai(x, t, &), (z,t,p,€) € Q x R i nna maiixe Beix (7,t) € Q
icuye noxingna da;(x,t,&)/0&, & # 0, akwo @ € {1,...,n}, Ta, KpiM TOro, BUKO-
HYIOTbCSl HEPiBHOCTI

A&7 D72 < Day(x, 1,6) /06 < A& @72, & #0,
akmo i € {1,...,k},aaxkmo i € {k+1,...,n}, T0
Oa;i(x,8)/08 = Ail&[P" 72, & #0,
jai @, )| S AlGP O + ha(et), & ER,
ne A;, A; — nonari crai, ha; € Lp£(~),loc(@);

( ﬁl) aO(xat,pag) = ao(x,t,p),(:ﬂ,t,p,f) € Q X RlJrna 1 ps madizke BCIX (mat) € Q

icuye noxigna dag(z,t, p)/0p, p # 0, Ta BUKOHYIOTHCH HepiBHOCTI
8a0(x7t7p)/ap > A0|P|p0($)_2 + A67 P # 07
‘CLO(Iat:p” ggo‘p‘p()(m)il_‘_h&o(xvt% ,OER,

1€ hao € Ly () 1oc (), Ao, Ay — monarwi crami, Aj — HeBin'emMHa cTaNa, TPUIOMY
A}y = 0 TLIBKH B TOMY BUTIQKY, KOJIH

L essinf po(2)p(2)/ (po(2) = pi()) > a,

zie « — crasa 3 Hepisaocti (7).
IIpukmamom eremenTa 3 Kiacy All) € Habip GyHKIIiH

(@, t) [pl?° =2 p, @i (a, ) [E2]P D72 &0, o @l 1) [EalP P72 ),

ne a; € Loo(Q) — momarwi Ta Bigzineni sig wyna ¢ynkuii. IIpu rakomy BuGopi koedirri-
enriB piBuganug (1) wabyzne Burnsry (4).
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3aysasicenns 2. 3ayBazkumMo take: Koau p1(x) = ... = pg(x) = 2 qua maiizke Beix z € ),
TO IHINOW MiAMHOKHHOWO A} € MHOKHHA Ai THX eJeMeHTiB (ag,a1,...,0,) 3 Ap, Aki
3a/10BOJIbHAIOTH yMOBY (A4) Ta ymoBu:
(AY) nna maitke Beix (z,t) € Q i 6yab-akux (p1,&l), (p2,£%) € R pukonyernes
HEPiBHICTD

k k
Z|ai(x7tapl7£1) _ai(z7t7p27€2)| < Dl Z |€zl _512' + D2 |p1 _p2|7
=1 =1

ae Dq, Dy — meBix’emHi cradii;
(AY)) nna maitke Beix (z,t) € Q i 6yab-akux (p1,£&L), (p2,£2) € R pukonyernes
HEPiBHICTH
n

Z (ai(l’»ta/)hfl) - ai(xat7p2a§2))(€i1 - 612)—’—

j=1
+ (ao(%t»l)lvfl) - aO(x7t7p2a£2))(p1 - p2) 2

k
2 Ky Z &} — 12 + Ks |p1 — p2|® + Ko |p1 — p2|Po™),
i—1

ae Ky > 0,K5 > 0, K¢ > 0 — craui, upuyomy K5 = 0 TiJibKM B TOMY BHIIQ/JIKY,

komu Dy = 0, Ta min  ess infpo(x)/(po(m)—Q) > /2, ne a — craja 3 HepiB-
ie€{l, } zeQ

Hocri (7).
IMTpukagom piBugans Burisy (1), muga akoro koedinientu (ag, a1, - - . , Gy, ) HAJIEKATH
70 Knacy A2, € piBHsAHH

k n

U — Z (ﬁij(x,t)uxj)m + Z <?i¢(:c,t)|uzi

i,j=1 i=k+1

pi(z)izuzi) +

i

(8) +a071({,137 t)u + ao’g({,& t)|u|p0(z)_2u = f((E, t),

me a; (i = k+1,n), @p1,00,2 — BuMmipHi, gogarui i Bigmimeni Bixm myns dymkumii, a

a;; (1,5 = 1,k) — obmexeni dynkiii, aKi 3a0BOTLHAIOTH yMOBY: icHye A > 0 Take, 110
k

> iz, )€ = /\Zle |&;|? nna maiixe Beix (z,t) € Q i Gyapb-axux &, ..., & € R.
ig=1

OcHoBHU#l pe3ysbTaT HAIIOI MPAIll — TAKE TBEPKEHHSI.

Teopema 1. Hezai (ag,ay,...,a,) € AL, [ €Fyioc, uo € Hipe. Todi icnye edunud ysa-
2anvrenutdi poss’asox sadaui (1) —(3), npuyvomy das 6ydv-axux R, Ry maxuzx, wo R > 0,
R > max{1,2Ry}, npasusvra oyinka

2 d o (2,
s, [ 0P [[[3 e
QRD =

QRg

P fu(a, P | dedt <

(9) <Cl{Ra_“+/|u0(x)|2dx+//|f(x,t)|”0/('r) dxdt—&-//h;;(x,t) ot}
Qr Qr Qr
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de w = 1r<m£1kr , C1 — cmaaa, axa 3arexcums misvku 6id K; (i = 1,2,3), ¢, ri (i =
X

1,k).

4. JomomixkHi1 TBepakKeHHsd. HapeneMo KijbKa TEXHIYHUX TBEPIXKEHbL, SKi Oy-
JyTb TOTPiOHI a5 moBemenHsa Teopemu 1. s TbOro BUKOPUCTOBYEMO TaKi MO3HAYEHHS:

a;(0)(@,8) = ay(a,t,o(a ), Vola,t) (G =0m) (2,8) € Q;
dov :=v, Ow:=uv,, (i=1,n).

TBepmxenus 1. Jas dosisvrux a,b € R, € > 0, u > 1 npasusvha nepisuicms
(10) ab<elalt + 7 |p|*,
de ' = ﬁ
Zlosedennsa. 1le TBEP/UKEHHSA JIETKO BHILIABAE 3 nepisaocti FOura (aus., Hanpukian,
[16]): ab < 1=+ PL- O
Teepmxxkenus 2. Jlas 6ydo-axur a, b, c,e >0, uy > 1, po > 1, ug > 1, E—i_ +—
NPABUADLHA HEPIBHICTND
(11) abe < ela™ + elb|t2 4 gl 7H3 |c|re.
JZosedenns. e TBepmzxkenns jerko orpumaru 3 Hepisuocti FOura (mus., Hanmpukiaji,
[16]):abc<|'ﬂ%+%+%. O
Jlema 1. Hexati R > 0 — dosiavre gikcosane wucao. [punycmumo, wo Pynryia v €

71,0 = . .
Wp(’.) lOC(Q) maKa, wWo NPaABUNbHA IHMEZPANHA MOMOHCHICTIS

(12) // Zgl Oiho— m/}gp}dxdtf() 0 eCH0,T),¢ €W, ()C(Q), supp C Qr,

dna deawuxr Gynkyil g; € Lp;(.))loc(Q) (=0,n).

Todi v € C([0,T]; L2(Qr-)) dan xoorcnozo R’ € (0, R). Kpim mozo, das d06iavbHuzT
dynxuit 0 € CL([0,T)), w € CHQ), suppw C Qr, w > 0, i 6ydv-axux wucen ty,ts
maxux, wo 0 <ty <te < T, eunonyem'bm pieHiCTD

/|’U (z,t)] - //\v|2w9'dxdt—|—2// Zgz vw }dedt—O

t1 Qr

Josedenns. e TBep/KeHHs 10BOAUTHCS AHAJIOIIYHO, K jema 3 [12]. O

Jlema 2. Hewai (ag,a1,...,an) € A%, f € Fprjoc, uo € Hioe, u1,u2 € Upjoe i R 21 ~
aKe-nebydv dircosane wucno. Ilpunycmumo, wo dan Kosxcnozo | € {1,2}

(14) uy(z,0) = up(xz) das m.6. x€Qp

1 BUKOHYEMbCA DISHICTIIL

(15) ISt —wve'y i = [ ropazar
Qr =0 Qr
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dns 6ydv-swuz o € CH0,T) i) € /V\[//I}(,)’C(Q), suppvy C Q.
Todi dana dosiavrozo wucaa Ry € (0, R/2] npasuavha nepisnicms

(16) max] / |ui(z,t) — ua(z, t)|* dz+

tel0,T
QRO
+ // |:Z (ai(ul) — ai(u2)) (&ul — (’9Zuz) + |U1 — u2|q(a:) dxdt < CQRaiw,
Qny =0

de a,w — mari cami ax 6 meopemi 1, a Coy > 0 — cmaaa, akxa 3aiexACUMb MIALKY 610
+ . —
Ky, K3,c1, 1; (Z = 17k)7 q .

3

Zosedenns. Bregemo Taky 3pizaiody dyHKIIO:

R —|2'?)/R, |2'| <R
(o) | B=lPIR | <R,
0, l2'| > R,
aex = (2',2"),2" = (21,...,2), 2" = (Tht1, ..., Tn), 2] = (Jo1 |2 4 ...+ |ox]?)2.
g @ € CH0,T), v € WL | (Q) Takoi, mo supp ¢ C Qg, posrigHeMo piBHiCTH
® c QR
(15) upu w = wq ¥ w0 cBMy piBHICTH UPU U = ug 1 BiaHiMemo ui piBHOCTI. ¥ HiACYMKY,
OPUWHABIIN
ura(z,t) == uy(x,t) — ug(x,t),
a;12(x,t) == a;(u1)(z,t) — a;(u2)(z,t), (z,t) €Q, i =0,n,

oTpuMaeMo piBHICTD, 70 fKol 3acTocyemo smemy 13 ¢; = a;12 (1 = 0,n), w = ¢°, 6 =

1, ne s := rgagck ’I";r, t1 =0, to = 7 € (0,7] — nosinbre wmcno. Bracaimok mpocTux
1<i<
TepeTBOPEHb OTPUMAEMO PIBHICTH
n
/ |U12(.’13,T)|QCS($) dx + 2// { Zai7128iulg}<5 dxdt =
Qr Q% =0

k
(17) =25 // (Zamaig) w2 ¢t dadt,
on =1
ae Qf == Qr x (0,7] upu 7 € (0,7], R > 0.
3pobumo Bigmosiani oninku inTerpasis pisuocri (17). 3 ymosu (A3z) marumemo

(18) // { Zai,lg&-uu}gsdmdt 2 Kl // |u12|q(az) Csdxdt
Qp Qr

Ha nincrasi mepisnocri (11), spaxysasmu oniaky |0;¢(z)] < 2 (1 = 1,n) npu x € R™
Ta BubpaBmn a = |a;12/¢*/", b = |uia|C¥/F2, ¢ = (/17N g = pl(x), pe = q(x), ps =
r;(z) (mas xkoxkuoro ¢ = 1,n i Maitxke Bcix x € (), OTPUMAEMO OIHKY

k k
//Z |ai12]10;¢] Jura| ¢~ dardt < 26, // [Z |ai,12pli(z)] ¢* dxdt+
Q‘]r% =1 =1

Qp Li=
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k
(19) +251k//|u12|qm§5 dxdt+2//zg} P dgdt,
Qp Qp =t

ne g1 € (0,1) — nosiibue yucIo.
Brixno 3 ymosow (As) marumemo

k n
(20) // [Z |ai,12 p/i(x)] CS d:vdt < Kg // [Z ai,u 8ﬂl,12?| CS dl’dt
Qn =t @ =0
3 (17) na migcrasi (18)—(20) 3a 1OCTATHHO MAIOrO 3HAYEHHS £ OTPUMAEMO

/ ‘U12($77)|2Cs(1‘)dw + // { Zai,lzaﬂug + |u12|qu)}<s dxdt <
G on =0

k
(21) <Cs //ZCS_”(I) dxdt,
i=1

Qr

ne Cs — jofaTHa cTaja, fKa 3a1exuTh Timbku Bin Ki, K3, (i = 1,k), a 7 € (0,T] -
JIOBLJIbHE YHCJIO.

Baysaxumo, mo 0 < ((z) < R, xomu x € R¥, ((2') > R — Ry mpu |7'| < Ry,
ne Ry € (0, R/2] — ake-uebynp uucso. Bpaxosywouu ue, mepisuicrs R/(R — Rg) = 1 +
Ry/(R — Ry) < 2, a takox Hepibuicts (7) i 1e, mo R > 1, 3 (21) orpumaemo norpibue
TBEPIKEHHS. O

Jlema 3. Hexat (ag,a1,...,an) € Ay i dynxyii u € Up e, f € Fprioe, uo € Hipe
maKi, wo 0aa deaxozo wucaa R > 1 suxonyemves pishicms (6) 3 u = U daa 6ydo-axux
¢ € CHO,T), ¢ € WI}(~),C(Q)’ suppy C Qr. Todi daa 6ydv-axozo wucaa Ry € (0, R/2)]
npasuavra Hepienicms (9) 3 u = 1.

Jlosedenns. JToBeneHHs HOTO TBEP/IKEHHS TIOBTOPIOE TOBEICHHS JIEMU 2, AKIIO TPUTHSI-
T™H Uy = U, ug := 0. AJyie B poMy BunajKy Tpeba Bukopucraru ymoBy (A4) Ta HepiBHICTH

‘/ fﬂCdedt’ < €9 //|’ﬁ|1’0($)<sdmdt+Ez—l/(PJ—l) //|f|p6(w)csd{tdt,
QR QR QR

ne eo € (0,1) — nosinbHE wHCTO. O
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5. OGrpyHTYBaHHI OCHOBHOTO P€3yJbTATYy.

Zosedenns meopemu 1. Iepwut eman (dosedenna edunocmi poss’asky). Jlosenemo, 1mo
samada (1)—(3) mae He OLIbINE OJHOrO y3arajibHEHOro po3s’sa3ky. Ilpunycrumo nporu-
nexxne. Hexail uy, ug — (pisni) y3arampraeni pos3s’ssku 3aga4i (1)—(3). 3 nemu 2 ogep-
KYEMO

(22) / luy (z,t) — ug(z, )| dadt < CoRY™Y,
QR

ne Ry >0, R > 1 — nosiibai uncia raki, mo Ry < R/2.

Badikcyemo Ry i nepeiinemo B (22) mo rpanuni npu R — +oo. ¥V niacymky orpu-
MaEMO, 10 U1 = U Ha QQR,. Ockinbku Ry — m0BlIbHE 4nCII0, TO 3BiACH OREPIKYEMO, IO
U1 = Uy Maiike BCIOAW HA ().

pyzuti eman (nobydosa nabausicens pose’sasry). Hexaii R > 0 — nosijbHe 4uco.
IMosuauumo 'y g := ONr \T'1, I'1,g := Qg \ To.g. Iin W;(i)(QR) pPO3yMITHMEMO 3aMu-
xanna C1(Qp) := {v € C'(Qr) | vlr, , = 0} B1pocropi W, (Qr). Hexait a W5 (Qr) -
i ITpOCTip TIPOCTOPY W;(’% (QRr), ckiazenuii 3 Gynkuiit w rakux, mo w(-,t) € Wpl(_)(ﬂ R)
Juist Maiike Beix ¢ € (0,7).

Bsenemo Ttakox mpoctip

Uy i = W5(Qr) N C(0, T); Lo(2r))
3 HOPMOIO

Il 2= [0l + s (108 o

Haia koxknoro | € N posrignemo 3agady: snaittu Gyuxuio v, € Uy, gKa 3810B0JIb-
HSIE TIOYATKOBY YMOBY

(23) Ul<~70) :’U,()() B LQ(Q[),

Ta iHTerpajJbHy PIBHICTH

(24) //{z": ai(u)0ipp — ul¢§0/} dxdt = // e dzdt
Q =0 Q

JUTST OYAb-KNX 1) € WZ}(_)(QZ), 0 € CLO,T).
IcayBanns ysarambHeHoro poss’asky w; € Uy miel 3amadi moBomumo meromom la-
apopkina (auB., Hanpuknaan, [13, 10, 17]). €aunicrs u; Buniusae 3 ymosu (As).

Tpemiti eman (dosedenns 36iocHocmi nocaidognocmi nabauscenv po3e’ssxy). His
kOKHOrO | € N (pyHKIi10 %) HpOIOBKUMO HyJIeM HA (), 3AJUIIUBIIN 34 UM [IPOJIOBXKEH-
uaM mosHadveHHs u;. OueBugno, mo u; € Upjoc. JoBememo, mo mocmigosricts {u;}2,
MICTHTH TiAMOCTIIOBHICTD, TKa 30ira€ThCs B MMEBHOMY CEHCI 0 y3araJbHEHOTO PO3B’A3KY
zazadai (1)—(3).
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Hexaii [ i m — noBinbai HaTypanabhi ducaa, npuaomy 1 <l <m, Ry > 0,R > 1 —
Oyab-ski aifichi yucoa raki, mo 0 < Ry < R/2 < R <1 — 1. Toui 3 silemu 2 orpumMaemo

(25) max [ |w(x,t) — up(z,t)|? dz + / [y (2, 1) — tp (2, 8)|9®) dadt < CoRY™.

te[0,T]
Qry QR

Hexaii € >0 — ske-uebyap umncio. 3adikcyeMo I0BLIBHO BuOpane 3HadeHHs Ry > 0
i Bubepemo R > max{1;2Ry} HACTLIbKY BeJUKUM, 106U IpaBa YaCTUHA HepiBHOCTI (25)
Oyna Mentomo 3a €. lle moxkna 3pobuTH, OCKiTbKY MOKA3HUK cTeneHs R y mpasiit qacTumi
nepisuocri (25) Bix’emunii. Toni st 6yab-sikux | > R+ 11m > [ niBa yacruna HepiBHo-
cri (25) menwa 3a e. Ile o3nauae, 1o 00CALAOBHICTD {ul’QRO }21 € PyHIAMEHTAIBHOIO,

BiAmOBiHO, B Lg()(QR,) 1 C([0,T]; L2(QR,)). Ockimbkn Ry — m0BimbHE 9HCI0, TO 3BigCH

sunuBae icaysanng Gyakuil u € Ly 10c(Q) raxol, mo u € C([0,T7; Lo 10c()) i

(26) w7 u CHIBHO B Lg(),10¢(Q),
(27) w——u B C([0,T); La21oc(2))-

Tosesiemo obmexenicTs nocaigosuocreii {du},—, (i = 0,n), {a;(w)},_, (j = 0,n),

BIANOBLAHO, B Ly, () 10¢(Q) (i = 0,7), Ly (), 10¢ (Q) (j = 0,n). Cupasai, nexait Ry — 6y1b-
fAKe mificHe uncio, a R := 2Ry. Ha migcrasi 1emMu 3 714 JTOBIIHHOTO HATYPAJILHOTO TUCIIA,
l > R+ 1 orpumaemo

(28) / / i Oz, 1)

QRO =0

i@ drdt < C4(Ro),

e Cy(Ry) > 0 — craza, sixa Bif [ He 3aI€KNUTh, ajle MOXKe 3ayexarn Big Ry.
Brigno 3 ymosowo (Asz) it orinkoro (28) st koxHoro ¢ € {0,1,...,n} orpumaemo

/ |a; (w)|Pi ™) dadt < Cs / / > 05wz, )P ") dwdt+
=0

QR Qry 7

Pi(®) dodt < C7(Ro),

(29) +C / \hoi (2, 1)
QR
ne (5, Cg, C7 — momaTHi craji, sKi Bifg [ He 3a/1eKaTh.
3 (26), (28), (29), Buxopucrosyioun pediekcusnicrs npocTopis Ly, ) (Qr,) i
Ly () (Qry,) (i = 0,n) nas posinbroro Ry > 0, orpumMaeMo icHyBaHH#A HiMOCTITOBHOCTI

. . oo . . .
[HOCJI JOBHOCTI {ul} —1 (32 SKOIO 3aJIMILIMMO T€ caMe LO3HAYEHHs, 110 1 HOCJII0BHOCT])

ta byukiii X; € Ly, (.),10¢(Q) (i = 0,n) Takux, mo

(30) aiuzljo ai'l.l, c1abKO B Lpi(~),loc(a)7 7= O,TL

(31) ai(ul)ljoxi c1abko B Ly, (),10c(Q), i =0,

s
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Buxopucrosyoun (30) i (31), 3 (24) orpumaemo
(32) JI{ vt~ woe'}dude = [[ o dsar
g =0 o

s OyIb-aKHuX 1) € WI}(%C(Q), v € CHO,T).
3ayBakKuMO TakKe: KOJIU

(33) /{i Xi(z, 1) (x }d:r = /{Z a;(u (a:)} dx
o i=0

st Maiike Beix ¢t € (0,7) i Oyap-sikux ¢ € WZ}(-),C(Q)7 10 3Bimcu i (32) orpumaemo
inTerpasbuy TOTOXKHICTD (6) Ms dyukuil u. 3Bigcu, 30kpema, Ha migcrasi gemu 1 orpu-
maemo, mo u € C([0,T7]; La10c(Q)). Otxe, dynxuist u namesxurs 10 npoctopy Uy joc. 3
(23) i (27) BUIUINBAE, 10 U 33/I0BOJIbHSIE TIOYATKOBY yMOBY (3). OTOXK, MU J10BEIEMO, 10
dyHKIS v € y3aranbHeHIM PO3B’s3KoM 3ajadi (1)—(3), sSKIo BCTAaHOBHMO HPABUIIBHICTH
pierocri (33).

Yemeepmuti eman (0oeedenta NPasuULLHOCTIG pienocmeﬂ (33)). Bukopucraemo me-
rox, MonorouHocT ([17], po3ain 2). Hexaii v € Wp() lOC(@) — aka-HeOyab (QyHKIiA, a
w(z'), 2 = (x1,...,2x) € R¥, — 1oBiabHa HeBixeMHa HemepepBHO aMdepeHIiioBHa
bynxia 3 obmexenum nociem, § € CH(0,7),0 > 0.

Ha nisncrasi ymosu (.Ag) st 6yap-axoro | € N orpumaemo

(34) // (a;(uy) — a;(v))(Ozuy — aiv)}we dzdt > 0.

=0

HepirnicTs (34) MOXKHA, TTIEPEMCATH Y TAKOMY BUTJISII:

(35) // Zal (u) Oy dexdt—//[ al (u) v+ a;(v )(&»ul—aiv)) wl dxdt > 0

a4 seix [ € N.
3a o3navennsM QyHKIHT 1; MATAMEMO

(36) / 15t — o — wine] dode = o
=0

JUTsl JIOBLIbHUX 1) € Wl (), (), suppy C Q, p € CL(0,T). Hexait m rake, mo suppw C
{2/ |]2'] < m}. Ha uincrasi nemu 1 3 Toroxuocri (36) upu [ > m orpumaemo

// Zal (u1)0; ul w9 dxdt = // lug |Pw8’ dedt—

(37) —// [zk: a;(uy)wOyw — fulw}edxdt.
g =l
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3 (35) i (37) omepkumo

k
1
5//|ul|2w9/dxdt— // {Zai(ul)ul&-w— fulw}b‘da:dt—
Q Q =t

(38) // 2": (ai(w)ow + a;(v) (O — av))}wﬁdxdt
i=0

[epeitaevo B (38) mo rpanuii mpu | — oo. Ha mizcrasi (26), (30), (31) i Toro, mo
Lqy(G) C La(G) C Ly, (G) mnsa Oymp-sikux i € {1,...,k} Ta moBimbHoi o6merxeHol
obmacti G B R™!, orpumaemo

k
1
3 // lu| 2wl dxdt — // [Z Xiudw — fuw} dxdt—
Q Q !

(39) // Z Xi0iv + a;(v (8u—8v))}w9dmdt
=0
Tenep B (36) mepeitnemo 1o rpanuni npu | — co. Ha miacrasi (30), (31) orpumaemo
(40) / / [Z Xi0ihp — fibp — uz/w’} dzdt =0
g =0

JUISL TOBUIBHEX 1) € ’V\[//'I}(.),C (), ¢ € CH0,T). 3sincu na nigcrasi semu 1 ogepikyemMo

n k
(41) // [Z Xi(r“)iu] wl dxdt = %// |u| w8’ dadt — // [Z Xiud;w — fuw}ﬁdxdt.
g =0 o g =1
3 (39) Ta (41) orpumaemo
// {Z Xi aiu} wl dxdt — // [Z (Xﬁiv + a;(v)(Ou — 811)))} wl dxdt > 0,
g =0 g i=0

TOOTO

(42) // Zn: au—av)] wh dzdt > 0

1=

Bizsmemo B (42) v = u — M), ne A > 0 — goBinbHe 4ucyio, 1 € Wz}(-) (), ¢ €
Cl (() T) — 6ynb-gaki dysxuil. Ilicaa girenns wa A 1 BpaxyBaHHs JOBLIbHOCTI DyHKI
e Wl (). v € CL(0,T) onepixyemo

(43) // Zn: —a;i(u— )\g))aﬂb} pdxdt = 0.
G =0
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B wiit piBrOCTI cupsimyemo A 10 0, BukopucToByiouu Teopemy Jlebera mpo rpaHudHUit
nepexiz nizx 3HakoM inrerpasna. Y miicyMKy OI€pKUMO

(44) // [Z (ai(u) — xi)aiw} pdxdt =0,
i=0
Q
3BiJIKM BUILIHBaE piBHicTh (33). O

6. BucaHoBku. Mu gocyingnim Mimani 3a7a4di 6e3 00MeKeHb Ha, HECKIHYeHHOCTI 11
OJITHOTO KJIACY HEJIIHIHHUX aHI30TPOMHUX Mapa0O/IiIHAX PIBHIHD 31 3MIHHUME MOKA3UKAMU
HesqiHifiHOCTI. BBeN TOHATTSA y3araabHEHOTO PO3B’sI3KY MIMIAHOI 3334l /1T PO3TIISILY-
BaHUX DIBHSHb, BUKOPHUCTABINM y3araibheni npocropu Jlebera i CobosneBa. Buznauwmmm
YMOBH iCHYBAHHSI Ta €IMHOCTI y3arajbHEHUX PO3B’S3KiB MOCHiIKyBaHuX 3aa4d. [lix gac
JIOBEJIEHHS iICHYBAHHS PO3B’I3KYy BUKOPUCTAHO METOJ BUUEPILyBaHHS HEOOMEeKeHOI 0bJIa-
CTi Ta MeTOJ, MOHOTOHHOCTI.
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INITIAL-BOUNDARY VALUE PROBLEMS FOR NONLINEAR
SECOND ORDER PARABOLIC EQUATIONS WITH THE
VARIABLE EXPONENTS OF NONLINEARITY IN UNBOUNDED
DOMAINS WITHOUT CONDITIONS AT INFINITY

Mykola BOKALO, Nikolyetta HRYADIL

Ivan Franko National University of Lviv
1, Universytetska Str., 79000, Lviv, Ukraine
e-mails: mm.bokalo@gmail.com, nikolyetta@gmail.com

This paper is devoted to the results of investigation of initial-boundary
value problems for nonlinear parabolic equations with the variable exponents of
nonlinearity in unbounded domains. We consider weak solutions which belong
to the generalized Sobolev and Lebesgue spaces. Under certain conditions on
data-in the uniqueness and existence of the solutions are proved. Also estimates
of the solutions are obtained.

Key words: parabolic equation, variable exponent of nonlinearity,
unbounded domain, monotone method.
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RESTORATION OF A SOLUTION’S INITIAL DATA
AND A SOURCE OF THE FRACTIONAL DIFFUSION EQUATION
IN THE SPACE OF PERIODIC DISTRIBUTIONS

Halyna LOPUSHANSKA!, Olga MYAUS?

! Tvan Franko National University of Lviv
1, Unwversitetska Str., 79000, Lviv, Ukraine
e-mail: lhp Qukr.net,

2 National University “Lviv Polytechnic”
12, Bandera Str., 79001, Lviv, Ukraine
e-mail: myausolya@mail.Tu

‘We prove the correctness of an inverse problem for a time fractional sub-
diffusion equation. This problem is to find a solution of direct problem, which
is classical in time with values in the space of periodic spatial distributions, its
initial data and a source term of the equation. We show that the same kind
time integral over-determination conditions may be used.

Key words: fractional derivative, inverse problem, periodic distribution,
time integral over-determination condition.

Inverse Cauchy and boundary-value problems for a time fractional diffusion equati-
ons with different unknown quantities and under different over-determination conditions
are actively studied in connection with their applications (see, for instance, [1]-[9]).

We study the inverse problem for a time fractional diffusion equation. This problem
is to find a solution for direct problem, classical in time with values in the space of
periodic spatial distributions, its initial data and a source term of the equation. We use
the time integral over-determination conditions. Such kind of conditions generalise the
multi-point conditions. Space integral over-determination conditions have been used, for
instance, in [4, 10, 11] for study the inverse problems.

Note that the sufficient conditions of classical solvability of fractional Cauchy and
boundary-value problems were obtained, for example, in [12]-[17], the existence and uni-
queness theorems to the boundary-value problems for partial differential equations in
Sobolev spaces were obtained by Yu. Berezansky, V. I. Gorbachuk and M. L. Gorbachuk,
Ya. Roitberg, J.-L. Lions, E. Magenes, V. A. Mikhailets, A. A. Murach and others (see
[18] and references therein), and in [19] the existence and uniqueness theorems to the
space fractional Cauchy problem in Schwartz spaces were proved. The solvability of

2010 Mathematics Subject Classification: 35515
© Lopushanska H., Myaus O., 2017
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some nonclassical direct problems for partial differential equations with integral initi-
al conditions, in particular, in the space of periodic spatial variable functions, have been
established, for example, in [20, 21], the multi-point non-local problem for parabolic
pseudo-differential equations with non-smooth symbols has been investigated in [22].
The inverse problem on determination only the initial data of the solution (classical in
time with values in the space of periodic spatial distributions) of a time fractional di-
ffusion equation, or only a source term of a such type equation, were studied in [8] and
[9], respectively.

1. Auxiliary definitions. Assume that N is a set of natural numbers, Z, = NU{0},
D(R) is the space of infinitely differentiable functions with compact supports, S(R) is
the space of rapidly decreasing infinitely differentiable functions [23, p. 90], while D’(R)
and §’(R) are the spaces of linear continuous functionals (distributions) over D(R) and
S(R), respectively, and the symbol (f, ) stands for the value of the distribution f on
the test function ¢. Note that S’(R) is the space of slowly increasing distributions.

Recall that the Caputo derivative (or the Caputo-Djrbashian derivative) of order
a € (0,1) is defined by

¢
1 0 v(x,T) v(z,0)
‘Div(z,t) = ——— | = dr — .
P = g [3t/(t—7’)a A }
0
Let Xj.(z) = sinkz, k € N. Similarly to [23, p. 120], we denote by Dj_(R) the space

of periodic distributions, i.e., the space of v € D’'(R) such that

v(x 4 27) = v(z) = —v(—x) Vo € R.

The formal series
(1) S 0 Xi(@), zeR
k=1

is the Fourier series of the distribution v € D}_(R), and numbers
2

™

2
Vg (v, Xi)on = ;(thk)

are its Fourier coefficients. Here h(z) is an even function from D(R) possessing the
properties:
]-7 € (— ) b
o) = TECTEET=E) <.
0, zeR\(—m,m)
Note that

T

vp =2 [ v(@)Xp(x)de for ve Dy (R)N L (R),

and then the series (1) is the classical Fourier series of v by the system Xy, k € N.
As it is known (see |23, p. 123]|) D5 (R) C S'(R), the series (1) of v € D) (R)
converges in §’'(R) to v, and for the Fourier coefficients the estimates hold

(I+k)"™wv| < C(v,m) VkeN

with some m € Z, where C(v,m) is the positive constant, the same for all k£ € N.
We use the following: for v € R
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H(R) = {v € Dy (B) ¢ ol sy = sup sl (14 K)7 < oo}

(note that H7¢(R) c H?(R) for all € > 0, v € R),

C([0,T]; H(R)) is the space of continuous in ¢ € [0, T functions v(z, t) with values

v(-,t) € H(R) endowed with the norm ||11HC([0 T ®) = tre%a)%] lv(, ) mr (m) »

Cy((0,T]; HY(R)) is the space of continuous in ¢ € (0, T functions v(z, ¢) with values

v(-,t) € H?(R) endowed with the norm ”chb( sup [v(-, )|l v (w),

(0,7);H~ (R)) - te(0,T)

C2,0([0,T]; HY(R)) = {v € C([0,T]; H*T(R)) :* D*v € Cb((O,T];HV(R))} is its
subspace endowed with the norm

[1°D% ||

Wl . (0750 ) = ™2 {”“”c([o,T];HW(R)) & ((0.71:H7(R)) }

2. The inverse problem. We study the inverse problem

(2) ‘Difu — ugy = Fo(x), (z,t) € Qr =R x (0,7,

(3) u(z,0) = Fi(z), z€R,

(4) u(z, t)dt = ®o(z), [ u(z,t)dt = ®1(z), = €R, to,t1 € (0,T]
/ /

where a € (0,1), &g, P, are given functions, T is a given positive number, u, Fy, F; are
unknown functions.
Let the following assumption holds:

(A) v E R, @07q)1 c H’Y+4(R), to,t1 € (O,T}, to 75 t1.

Expand the functions Fj(x), ®;(x), j € {0,1}, in the formal Fourier series by the
system Xp(x), k € N:

(5) Fi(x) =Y FjXp(z), z€R,
k=1
(6) Oj(x) =Y PuXi(z), TER, j=0,1.
k=1

Definition 1. The vector-function
(u, Fo, F1) € Moy = Co,o ([0.T): H(B)) x H (R) x HT(R)

given by the series
(7) u(z,t) = Zuk(t)Xk(x), (x,t) € Qr
k=1

and (5), satisfying the equation (2) in §’(R) for every ¢t € (0,7] and the conditions (3),
(4), is called a solution of the problem (2)—(4).
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Substituting the function (7) in the equation (2) and the conditions (3), (4), we
obtain the problems

(8) Diuy, + k*uy, = For, t € (0,T], up(0) = Fig,
to t1

(9) /Uk(t)dt = Py, /uk(t)dt =&, keN,
0 0

for the unknown wuy(t), t € [0,7T] and Fji, j =0,1, k € N.
So, the vector-functions (uy(t), Fog, F1x) (k € N) of the Fourier coefficients of the
solution satisfy the inverse problems (8), (9).

We use the Mittag-Leffler function E, ,(z) = Z;O:O 1“(#:-“)'

The function E, ,(—x) (z > 0) is infinitely differentiable for a € (0,1], > 0 and
compactly monotonic. We have 0 < E, ,(—k*t*) < 1forallt >0, p > a,

E,u(—z) < FT’#’ x>0, where ry, is a positive constant,
x
and the asymptotic behavior [12]
1
Eopu(—x) = O(f>, T — +00.

x
Theorem 1. Assume that v € R, Fy € HY(R), F; € H" 2(R). Then there emists a
unique solution u € Co4([0,T]; HY(R)) to the direct problem (2), (3). It is given by (7)
where

(10)  wg(t) = Fopk ™ 2[1 = Ea 1 (—k*t*)] + FipEBa(—k°t*), t€[0,T], keN.

The solution depends continuously on the data (Fy, Fi), and the following inequality
holds:

(11) < aol|Follgv®) + a1||F1l| a2 ®),s

lelle, . (o210 @)
where aj, j € {0,1} are positive constants independent of data.

Proof. 1t follows from the theorem 1 in [8] that there exists the unique solution u €
C2,4([0,T]; HY(R)) to the problem (2), (3) under the theorem’s conditions, that it is
given by (7) where

t
ur(t) = Fo /To‘_lEma(—kQTo‘)dT + FixEqq(—K*%), t€0,T], keN.
0
By the link
t
)\/Ta_lEa,a(—ATa)dT =1—E,1(—\t%),
0
we obtain the formulas (10) and, using [8, th.1], we obtain (11). This inequality implies
that a solution of the problem is unique and depends continuously on the data. O
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Theorem 2. Assume that (A) holds. Then there exists a unique solution (u, Fy, Fy) €
Mo~ of the inverse problem (2)—(4). It is given by the Fourier series (7) and (6) where
ug(t) are defined by (10),

P ® _
(12) Fo = [ 52 Eaa(—K#) = 2 B o(—%15) |2 G,
d P
P =[5 (= Baa (k) = 52 (1= Eaa(-k)] G

Gk = Ea,2(_k2t?) - Ea,?(_thoa)a ke N.
The solution depends continuously on the data ®o, 1 and the following inequality holds:

HUHCM([O’T];HV(R)) + [ Follmr @) + [[F1ll vz )

(13) < bol[®ol|mr+a(r) + 01l @1l mo+aw),
where bj, j € {0,1} are positive constants independent of data.

Proof. Using (10), we write the conditions (9) as follows

to to

Fokk*Q/ {1 fEa,l(fk%a)}dt+F1k/Ea,1(fk2to‘)dt — ®yy,
0 0
t1 t1

FOkk*/ {1 - Ea,l(—k%a)}dt n Flk/Ea,l(—tha)dt — By,
0 0

k € N. Note that [§]
tj
/Ea,l(—k%a)dt =t;FEao(—K*t;*), j=0,1, keN.
0

From here, according to the assumption (A), we find the expressions (12) for the
unknown Fourier coefficients Fj;, k € N, j = 0,1. The numbers Gy, # 0 for all k£ € N by
the mentioned monotonic property of the Mittag—Leffler function.

Let us show that the founded solution belongs to M, .

Taking the behavior of the Mittag—Leffler function for large k and the formulas (12)
into account, one obtains

(L4 k)7 o] < co[|or|(1+ k)7+2 + [@14](1 + )72,

(L F) 772 Fiil < co |[@0kl(1+ k)7 4+ [@1](1+ K)H], ke,

where ¢g is a positive constant, and therefore,

1Bl sy < co[lI@ollarrvagey + 1@l s2e

[ F1]| e )y < co [||¢0||Hv+4(R) + ||(I)1HH“/+4(R)]~
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So, under the theorem’s assumptions, Fy € H(R), F; € HYT2(R). Then, using
(11), we obtain the inequality (13). The inequality (13) implies that a solution of the
problem is unique and depends continuously on the problem’s data. O

3. Remarks. 1. The obtained result can be transferred to the case of the boundary
value problem for a time fractional diffusion equation
‘Diu — A(z, D)u = Fy(x),
where A(x, D) is an elliptic differential expression of the second order with infinitely di-
fferentiable coefficients and when the corresponding Sturm-Liouville problem has positive

eigenvalues.
2. In the case a € (1,2)
¢
1 Vrr(x,T) 1 8 vr(z ~ u(z,0)
°Dfv(x, t) = dr = 2 ]
vu(@?) F(z—a)/(t—r)a—l TTre-aw) at —ral o1
0

and we may study the inverse problem

(14) ‘Difu — ugy = Fo(x), (z,t) € Qr =R x (0,7,

(15) u(z,0) = Fi(z), w(x,0) = Fy(x), xR,

(16) u(z, t)dt = ®o(x), [ u(z,t)dt = P1(z), z €R,
/ /

where ®g, ®1, F> are the given functions, T is a given positive number, u, Fy, F; are
unknown functions, to,t1 € (0,77, to # t1.

By [8, th.1], assuming v € R, 6 € (0,1), Fy € HY"20(R), F; € H'"2(R), j = 1,2, we
obtain the existence of the unique solution u € Cs ([0, 7]; H”(R)) to the direct problem
(14), (15). It is given by (7) where
(17)
up(t) = Fopk ™2 [1=Ea1(—k*t*)] + FiiEa 1 (—k*t*) + FoytEq o(—k*t*), t € [0,T7], k € N.

The solution depends continuously on the data (Fy, Fy, F3), and the following inequality
holds:

2
(18) Ilull (0.1 (®) < aol|Follreooy + Y a5 || Fjll e m),
: =

where a;, j € {0,1,2} are positive constants independent of data.
Using (17), we write the conditions (16) as follows

0 to to
FOk/ﬁ/ [1 - Eml(—k?ta)}dt T Flk/Ea,l(—k%a)dt + Fy /tEa,z(—thQ)dt — By,
0 0
t1 t1

FOkk_Q/ [1—Ea1( th")}dt—kFlk/Eal th‘X)dt—kng/tEag( K2V dt = By,
0 0
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tj k2t
« 1 2_ «
k € N. Note that /tEM(—k% Ydt = —T7 / Eqpn(—2)ze'dz = t7Eq s(—kt;),

0
k € N and we have

Fork ™2t [1 - Ea,g(—thS‘)} + FiptoEao(—k28)dt = Bop, — Fopt2Ba 5(—k%t3),
Forh™2t1 [1 = Bop(—K*9)] + Fupt Bap(—FH8) = 1 — FaptEo s (K17,
k € N. From here if
Gy i= Epo(—k*Y) — Eqo(—k*5) #0Vk €N
we may find the expressions
o
For, = [(%.k - FthoEaﬁ(*k%g))Eag(*kzt‘f)*
)
(71’“ — Popt1 Ea, (—k%g))Ea,Q(—k%g)}k? Gt
t1
(19) -
P = [ = Puti Baa(-k%45) ) (1~ Baa(-k*45)) -

o
(%’“ — FartoBas(— k2t8‘)) (1- Ea,g(—th?))} e

which imply the inequalities

1
[ Foll oy < ch||q>j||H“f+2+29(R) + col[ || gv20 (my
j=0

1
IEu |2y < sll®g [y + ol [Fal e,
j=0
and, by using (18),
1
||U| ‘CQ,@ ([O,T];HV(R)) < Z Cj||(I)j||H7+4(R) + CQ||F2HH“/+2(R)a
j=0

where ¢;, j € {0,1,2} are positive constants independent of problem’s data.

In the case a € (1,2), the function E, 2(—%) does not monotonic. But it has a finite
number of real positive zeroes. So, assuming ®¢, ®; € H'4(R), F, € H"*2(R), under
severe constraints of existing tg,t; € (0,T] such that tg # ¢; and Gy, # 0 for all £k € N we
obtain that there exists the unique solution

(U,FO,F1) S ./\/la,%g = C’Q’a([O,T];HW(R)) X Hv+29(R) % erg(R)
of the inverse problem (14)—(16) for all § € (0,1), that it is given by the Fourier series

(7) and (5) with wuy defined by (17), Fog, F1x defined by (19) and depends continuously
on the data ®q, ®q, F5.

4. Conclusion. For a time fractional sub-diffusion equation we prove the correctness
of the inverse problem which is to find a classical in time with values in the space of
periodic spatial distributions solution for the direct problem, its initial data and a source
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term of the equation under the same kind time integral over-determination conditions.
More complicated situation is for a time fractional super-diffusion equation. The numbers
t1,t2 can not be arbitrarily taken from (0,77 in such type over-determination conditions.
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JloBoamMo KOpeKTHICTH 00epHeHOI 3a/1a4i A piBHAHHS CyO-mudys3ii 3 pe-
TyJIIPU30BAHOIO TIOXITHOIO IPOBOBOrO MOPSIIKY 33 WaCOM, IO MOJSTa€ y 3Ha-
XO/I?KEHHI PO3B’A3KYy HPsMOI 33/1a9i, KJIACHIHOTO 33 YaCOM 31 3HAYEHHSIMU B
IPOCTOPi mepioandnnx y3arajbHeHuX (GYHKINN, H0ro HEBIIOMHUX MOYATKOBHX
JAHUX 1 TpaBOl YACTUHU PIBHAHHSA. 3’ SICOBYEMO, IO MOYKHA BUKOPUCTOBYBATH
OTHAKOBOTO BUTJISY IHTErpaJibHi 33 9aCOM YMOBU TE€PEBU3HATEHHSI.

Karwosi caosa: moxigHA IpoOOBOTO MOPSIKY, OOepHEHA 3aa4a, Tepioamd-
Ha y3arajabHeHa (DyHKIIs, iIHTerpaabHa 33 9aCOM YMOBA MePEBU3HAUECHHSI.
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OBEPHEHA 3AJAYA BU3HAYEHHA MOJIOJAIIIOIO
KOE®INIEHTA CJIABKO HEJIIHIMHOT'O
YJIBTPAITAPABOJITYHOI'O PIBHAHHA

Harania ITPOIIAX

Hauytonanrvrut aicomexnivnuld ynisepcumem Yrpainu
eya. Ienepanra Yynpunwu, 103, 79057, /Iveis
e-mail: protsakh@Qukr.net

PosrisinyTo obepreny 3amady Bu3HadUeHHs KoedilieHTa, 3aI€KHOTO Bif
qacoBoi 3MIiHHOI, 6ist HeBimoMOi (GYHKINI, sIKa € pO3B’sI3KOM MiMraHoi 3a1axi
JJIsT CTTA0KO HEJIHIHOrO yabTpanapabositiHOro piBHAHHS. 3HAMIEHO JOCTATHI
YMOBH iCHyBaHHs Ta €AMHOCTI po3B’a3ky 3 npocropiB CobosieBa i€l 3amadqi.

Karwosi caosa: yabTpamapabosiuHe piBHSHHS, OOepHEHA 33/ad9a, iHTer-
pajbHA yMOBA TI€PEBU3HAYEHHS, PO3B’ 30K MaiizKe BCIOJIH.

1. Beryn. [Iaa momenioBanHs 6arathox sBUlll (hi3uku, MexaHiku, 6i0J10rii, eKOHO-
MiKE (YUCENBHOCTI TOMyJIAIii, Teopii GiHAPHUX eJIEKTPOJIITIB, Teopil a3iarchKux, aMepu-
KAHCHKUX Ta €BPONEHCHKUX ONIIOHIB, mpoueciB audysii 3 iHepIieo TOmo) BUKOPUCTO-
BYIOTb 3aj1a4l /i yabrpanapabosnivbux piBagdb (xus. [12, 14, 15] i naBeneny Tam 6i6-
aiorpadiro). Obepueni 3a1a4i 110B’s13aHl 3 NOIIYKOM [HPUYMH SBULI 33 IXHIMU BIIOMUMU
HACHIKAMHU. 3 MATEMATHYHOI TOUKM 30PY II€ O3HAYAE BU3HAUEHHS HEBIIOMUX KOeMiIli-
€HTIB 9M MPABUX YACTUH PIBHSHB 33 JOJATKOBAX YMOB HA PO3B’S3KU ITUX DiBHSIHD.

O06epHeHi 3312491 BUBHAYEHHS TPABUX YaCTUH YIHTPANAPAOOJIIHAX PIBHIHD, SKi Mic-
TATH OJHY 4YM JeKiibka HeBimomux dbyHKIH, gociimKkeno y npangx [3, 8, 9, 20]. Ymosu
OHO3HAYHOI PO3B’A3HOCTI OOEpHEHNX 3a1a4 BiAmyKanHsd KoedilieHTiB iHifinux mapabo-
Jivynux i rinepbosivunux piBHsHb 3Haiieni, 30kpeMa, y upaugx [1, 2, 7, 11, 13], [17]-[19],
[21]-[23]. [dnst ixHBOrO BU3HAYEHHST BUKOPUCTAHO: METOM TEOPIii OMTHMAIBHOIO KOHTPO-
JI0 [23], IPOIOBIKEHHS 38 TapaMeTpPOM, HepYXOMOI TOUKH, 3pi3KH Ta peryispusarii [2, 11],
namisrpyn [19], @ncemsni meromu [21], Bmacrusocti dymxmii I'pina [13, 17, 18], Teopito
oriepaTropHux piBHsHb [1, 7].

VY niit mpani po3riisHyTO ObepHEHY 3a7a9y 3 IHTErPAIbHOIO YMOBOIO IEPEBU3HAYEH-
Hf 3HAXO/KEHHsT KoedilieHTa, 3ajeKHOrO Bij wacy, Oira HeBimomol ¢yHKIII, sgka €
PO3B’SI3KOM MIIMAHOT 33a4i [Jisi CJIA0KO HETIHIHOrO yIhTpamapaboidaHOrO PiBHSHHSA.
3a 0TOMOTOI0 METOMY TOCJiOBHUX HADJIWKEHb BU3HAYEHO TOCTATHI YMOBU iCHYBaHHS

2010 Mathematics Subject Classification: 35K70, 35R30
© IIponax H., 2017
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Ta €IMHOCTI PO3B’I3Ky 3ajadi, akuil Hajexurh 10 npocropis Cobosesa. Ilpami mima-
Hi 3ajadi Jjisd HEeJIHIMHUX yabTparrapaboTidyHuX PiBHAHL OyJI0 JOCTIIKEHO y IIpaIgX
[4, 5, 10, 16].

2. OcHoBHI mo3HaYeHHd Ta (pyHKIioHaJbHI npocropu. Hexait @ C R™ i
D C R! — obmexeni obmacri 3 mexxamu 92 € C2i 9D € CL, T € (0,00), © €
ye D, te (0T),G=QQxD, Q =QxDx(0,71), 7€ (0,T], 2 =
D x (0,T), St = Q@ x 90D x (0,T), n,l € N, G¢ = {(z,9,t) : (v,y) € G, t
£el0,7T].

BukopucroByBarumemo Taki mpocropu:

L>(Qr) := {w : w— Bumipna ra icuye raka crasa C, mo |w(z,y,t)| < C maiixe
Beooam Ha Qr}, ||w; L®(Qr)|| = inf{C : |w(z,y,t)| < C wmaiixe Bcromn Ha Qr};

L*(G@) := { w: w — pumipHa, /(w(x,y))2 dxdy < oo

G
lw; L2(G)]| = (/(W(%y))dedy) ;
G
L2(Qr) == {w : w— BUMIpHA, /(w(glc,y,t))2 dz dydt < oo},
Qr )
lw; L2(Qr) |l = ( /(w(ﬂcvy,t))?: dwdydt) ;

Qr
Wh2(.) — MHOXUHA BCiX PO3MOLIE w, AKi PA30M 31 CBOIMU MOXiTHUMHU MEpIITOro

NOpAJIKY 3a BCiMa 3MiHHMME HajexaTh 10 mpoctopy L2(+),
1

T 3
lw; WH2(0,T)|| = </((W(t))2 + (W' (1))?) dt) ;

Nl

n

!
(w(z,y))? —1—2(me z,y))? +Z wy, (z,y)) )dm dy) ;

i=1

Q
lw; WE2(Qr )| = ( ((w(af,yﬂt))2  (wilw, g, 8)* + ) (wa, (2,9, 8))°+
Q

1

l 2

3wy, (9,1 dxdydt> :
j=1

C*(O) — npoctip k—pa3 memepepsro mudepenmifioprux dbynxmii #a O;
c([o,T]; L2( )) — mpocrip menepepsunx dynxmiit ([0,T] — L2(G));
CY(D; C*(Q)) — mpocrip menepepsrO-mudepentiiiosanx bynkmii (D — C1(Q)).
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3. ®opmyaoBaHHs 3aga4i. B obsacti (@ posrisiHeMO 3a1a4y s PiBHSHHS
l n
(1) uet Y N,y huy,— Y (aij (2,5, tu, )a, +(e()+b(z, y))utg(z, y,t, u)=f (z,y,1)
i=1 i,j=1
3 MOYATKOBOIO YMOBOIO

(2) U(l’,y,O) :’U/()(.’E,y), (xvy) € G7

KpalOBIMU yMOBaMNA

(3) U"ZT =0, U|S%ﬂ =0

Ta yMOBOIO llepeBU3HAYCHHH

() [ Ko dedy = E) teo,7],
G

l

ne u(z,y,t), c(t) — mesigomi dyuxmii, Sk = {(I,y,t) €St : Y Az, y,t) cos(v, y;) <O},
i=1

Vv — OIWHUYHUN BEKTOP 30BHIMTHLOI HOPMAJI 10 TOBEPXHi S7.

!
[ozraunmo S := {(m,y,t) €St : > Nz, y,t) cos(v, y;) > 0}. [punycrrmo, 1o
i=1

(S) ichye Taxa momepxwHs 3 omaTHO0 Mipoto JleGera Iy € D C RI7 mo Sk =

QxTy x(0,T).
Hexait BUKOHYIOTBCSA TaKi yMOBH:
(A) a;; € C0, T LA(G)), 4,5 =1,...,n, Y aij(z,y,8)&E > aol€]? ans maiixke Beix
i=1

(z,y,t) € Qr ra qus Beix £ € R, ag — gonaTHa cragia;

(B) b e L>*(G), b(z,y) > by mus maiike Beix (z,y) € G, by — crana;

(B) £ € W'(0.1), B(O) = [ Kw.g)uola,y) dudy:

G

(F) feC(0,T]; L*(G));

(G) g(z,y,t,€) Bumipna 3a sminuumu (7,y,t) B obaacri Q7 ans seix € € R i neme-
pepBHA 3a § 1mys Maiike BCixX (z,y,t) € Qr, TPUYOMY Taka, IO iCHye JTomaTHA

crana ¢°, mo |g(z,y,t, ) — g(z,y,t,n)| < ¢°[§ —n| s maiixe veix (z,y,t) € Qr
Ta BCix &, n € RY;

(K) K € CH(D;CY (), K| 0. p = 0, Klaxr, =0, ne Ty = D \ T'y;

(L) )‘1 S C(@T)a AZy¢ € LOO(QT)J 1= ]-7 .. ‘7l;

(U) uOyuo,yjyu(),zi S L2(G)7 1= 17 s, N, J = 1u .. '717 uOl(‘)QXD = 0; UO‘QXFl =0.

4. IcHyBaHHS Ta €UHICTH PO3B’sA3Ky npsiMoi 3axad4i. [IpunycrimMo crovyarky,
o B piBasuHi (1) ¢(t) = ¢*(t), ne ¢* € C([0,T]), — Binoma dyHKIIis; pO3MIAHEMO MiIAHY
3ajady A piBusaHg (1) 3 mo9arkoBoo yMoBoIO (2) Ta KpaifoBumu ymoBamu (3).
BanpoBa Mo Taki mpocTopu:

Vi (Qr) := {w cw, we, € L2(Q1),i=1,...,n, w‘ET = 0};
Va(G) := {w Fw e WH(G), wl g, p = O’W‘erl - O} ;
Va(Qr) = {w: we W(Qr), w|s, = 0,w|ZT =0}
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V4(QT) = {w LW e Vg(QT)jwa‘ifL‘j S LQ(QT), i =1,... ,TL} .
Teopema 1. Hezati cnpasdorcyromves ymosu (A), (B), (G), (L), (F), (U), (S) ma:

1) Qija; s Aijt € LOO(QT) Yr S LOO(QT)7 fyk € L2(QT)7 c* € C([OaT])v 17] =
1,...,n, k=1,...,1;
2) icnye maka cmaaa gb, wo daa matioce eciz (z,y,t) € Qr ma eciz £ € R suko-
nyromucea nepierocmi |gy, (z,y,t,8)| < g', i =1,...,1; g(w,y,t,0)|5; =0;
3) flsi =0.
Todi icnye eduna dynryia u* € V3(Qr) N C([0,T); L*(G)), axa sadosorvuse ymosy (2)
ma PiéHICMb

l n
/ (ufv + Z Ai(@, y, t)uy, v + Z aij (T, y, t)uy, Ve, +
Or i=1 ij=1
(5) +(c"(t) + bz, y))u*v + g(z, y, t, u*)v) dx dy dt = / flz,y, t)vdedydt
Qr

ona eciz Pynxyit v € Vi(Qr). Kpim mozo, u* € Vi(Qr) N C([0,T); L*(G)) ma u* e
po3e’askom matoice scrodu 3adawi (1)—(3).

JloBe/ieHHsT TeopeMu IPOBOAMMO 33 CXeMaMH JOoBeJeHHst TeopeM 1, 2 i jemn 1 i3 [4]
Ta Teopemu 3 i memu 1 i3 [§].

Baysaorcenns 1. s noxigaux QyHKIGET ©* BUKOHYIOTHCS OIIHKH

l
/ > (up,)? dwdydt < M, /(u;‘)2 dz dydt < M,
i=1
Qr

ne craga M 3anexurs Bij GyHKuil ug Ta koedinienTis i npaBol yacrunu piBHsanug (1).

5. IcHyBaHHs Ta €aUHICTH PO3B’ 3Ky 00epHeEHOT 3aj1adi.

Osnauvenns 1. Tlapy dysxuiit (u(x,y,t),c(t)) Ha3BeMO pose’askom 3sadawi (1)—(4),
axmo u € Vy(Qr) N C([0,T]; L*(G)), ¢ € ([0,T]), mpudomy i dbynkmii aisa maiixe Beix
(z,y,t) € Qr 33a10B0NbHAIOTE piBHAHHS (1) 1, KpiM Toro, dyuKis u(x, y, t) 3a10BOJbHIE
ymosu (2) Ta (4).

ITosnaaumo

A(t) = —E'(t /Ka: v (., 1) da dy,

l
:E y’ = Z I‘ y’ + Z Zj I‘ Y a”(.’ﬂ y’t)) K(x’y)b(xay)

i=1 i,j=1

I3 (1) ra (4) BumauBae, Mo po3s’a30k 3aga4i (1) —(4) 3a10BOJIbHSAE TAKY PIBHICTD:

(6) E(t)c(t) = A(t) +/B(x,y7t)u dx dy — /K(x,y)g(x,y,t, u)dzdy, t € [0,T).
Gy Gy
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Jlema 1. Hezat suxonyromves ymosu meopemu 1 ma ymosu (K), (E). Jas mozo, wob
napa pynxyit (u(z,y,t),c(t)), de u € Vi(Qr) N C([0,T); LA(G)), ¢ € C([0,T)), 6yaa
po3e’asxom 3adawi (1)—(4) neobxiono i docmammvo, wob us napa 3600604bHANG DIGHAHHI
(1) das matioce eciz (x,y,t) € Qr, a maxosc (2) i (6).

Josedenns. Heobriowicms. Hexait (u*(xz,y,t),c*(t)) € po3s’s3kom 3azaui (1)—(4). IIpo-
nudepentioemMo ymoBy (4) oqun pas o t

(7) /K(x,y)u;(x,y,t) dody = E'(1), te0,T].
G

Ha nigcrasi (1) i (7) orpumyemo
1

/K(x,y) (f(x,y,t) - ZAZ(Ly,t)u; + Z (aij(xayvt)u::i)mj_
Gy

i=1 ij=1
(8) —b(z,y)u* — c*(t)u* — g(z, y,t,u*)) drdy = E'(t), te€[0,T].
ITpoinTerpyemo wacrnuamu B (8), Bpaxysasimu ymony (K)

B0+ [ (K@i
Gy
(9) +B(z,y, t)u* — K(z,y)g(x, y,t,u*)) drdy = E'(t), te][0,T].
3 (9) Burumsag, mo (u*(z,y,t), c*(t)) 3amoBosnbuse pipnicTs (6). KpiM Toro, u* 3amoBob-
1

Hsi€ YMOBY (2), a Takox piBHsiHHS (1) mpu ¢(t) = ¢*(¢) ana maitxke Beix (z,y,t) € Q.

Jocmamuicms. Hexait ¢* € C([0,T]), u* € Vy(Qr) N C([0,T]; L*(G)) i nna uux
BUKOHYIOTHCS (2), (6) Ta (1) most maiixke BCix (z,y,t) € Qr. Toxni u* € po3B’sa3KoM Maiizke
Beroau 3aa4i (1) —(3) 3 dbyukieio ¢* 3amicts ¢ B piBHsaumi (1).

Ipuiimemo E*(t) = /K(Jc,y)u* (x,y,t)dxdy, t € [0,T]. Tak camo, IK y IOBeJEHH]

Gt
HEOOXiTHOCTI, 3HAXOAUMO, IO

B 00 =~ 0) + [ (K@) 9.0 + Blay. o'~
Gy
(10) —K(x,y)g(x,y,t,u*)) dxdy, tel0,T].
3 inmoro 60ky, ¢*(t) ta u*(z,y,t) 3a10BOJLHAIOTH PIBHICTDH
B (0) = ~(B@) + [ (K .0+ Byt
Gy
(11) —K(x,y)g(x,y,t,u*)) dxdy, tel0,T].
I3 (10), (11) BunsiuBae
(12) (E"(t) = E(t))c"(t) = —(E"(t) — E(t)), t € [0,T].
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Ipoiurerpyemo (12) i Bpaxysasmu, mo E*(0) = E(0) = /K(:c,y)uo(:r,y) dx dy, orpu-
G

maemo E*(t) = E(t), t € [0,T)], a orxe, aus u*(x,y,t) BUKOHYETbCA YMOBA [EPEBU3HA-
qennd (4). Jlemy noseneno. O

Hosraanmo A! = max esssup |Aiy, (7, y,1)[;
i T
Yo = Y0(§2) — KoedinienT i3 HepisHOCTI Ppimpixca

(13) [ <o [ o) a
Q o =1
KA, BUKOHYEThCS 17151 (DYHKIH v € VVO1 2(Q);
Cy = 3 max ( (A(t))? + 2/(g(x y,t,0))? do dy +
' %%(E(t)ﬁ [0:7] o

(02 !(Kw,y)g%%dy) G/ o) P oy )

G
o 3 2 02
[0;T] G G
<[ (U t)? + (g(a..0)?) dedyat,
QT
Al
Cs = Cl—@-l-f—bo-l-go-
Yo 2

Ipunycrumo, 1110 BUKOHYETLCA yMOBa
. Cy
(14) icaye take 67 > 0, mo C3 + 5 +d; <0.
1

Baysaxumo, mo ymosa (14) Bukonyerncs, 30kpema, xkomu Cz < 0, 4Cy < C3.
Iloznaummo:

0 > 0 — naiibinbie 3 gucen 41, Jjis AKUX BUKOHYETbCs (14);

M= 5 [ (w0 + (ol t,0)?) dedyde + [ (unle,y)? dody
Qr G
C
My, = Ci+ 72 = %ﬁj{}(zw 1?(()1%)]( ((A(t))2 + 2/(g(x,y7t,0))2 dx dy +
; G

+

(!(B(x,y,t))dedy+2!(K(x,y)go)2dz dy)Ml>;
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My o= /(B(x y,t))? da dy dt + (g°)2T/(K(x y))? dz dy;
57 min(E(t))? 7 ’ :
[0,T] Qr G
. 1 My
M4 (=  min {T _20326,2_5}6,
Ms = M3My;
2
Mg = %sup/ B(z,y,t 2al:rdy—l—go/ K(z,y))?dx dy;
6 Hlln(E(t))2 0.7] ( ( )) ( ( ))
[0,7] G G
Mg M-
M %.

Teopema 2. Hezali E(t) # 0 daa sciz t € [0,T], 6U%0Hymmbc,ﬂ ymosu (A), (B), (L),

(U), (G) (E), (K), (F), (S), (14) @ ayjz, € L>(Q1), by, € L°°(QT) fu € L*(Qr),
h,j=1,...,n, k=1,...,1, f|31 =0 ma M5 < 1. Todi icuye pose’asox sadawi (1)—(4).

Zosedenns. Bukopucraemo mero, 1HocjigoBHux Habsimkedb. ITobyayemo HabJivzKeHHsi
(u™(z,y,t),c™(t)) posw’s3ky 3amaqi (1)—(4), me dyHkiii ¢™(t), m € N, BusHavarTHCS
TaK, 10 BOHHU 33/I0BOJILHSIOTH PiBHOCTI

c(t) =0,
1
()= g (A0 + [ (Bl - Kgte.ntan ) dody)
Gy
(15) te[0;T], m > 2,
a u™ 3aJI0BOJIbHSE PiBHICTD
l n
/ (u;"v + Z Ai(Z, Y, ugrv + Z aij (2, y, )ul v, + (€™ (1) + bz, y))u™ v+
o i=1 i,j=1

(16) +g(x,y,t,um)v) dr dy dt = /f(x,y,t)v dzdydt, m>1, 7€ (0;7T],
Q-
(17) um(x7ya0) = UO(xvy)a (l‘,y) € Ga

npudomy (16) BuKoHyeThCs 1uist Beix v € Vi(Qr).
Ha mincrasi Teopemu 1 guist koxxuoro m € N icuye enuna dynkuis v™ € V3(Qr) N
C([0,T); L*(G)), nna sixoi Bukonyiorses (16), (17).
Hosenemo, mo ¢ (t) > —M; nna seix m € N, t € [0;T]. Hexait ¢™(t) > com 11
|2

Bcix t € [0,7], ne com € R. Buaitnemo ouinky Jis /|um(x,y,7) dx dy. Bubepemo B

G
(16) v = u™

/(ut u™ —&—ZA T,y tuu™ + Z aij(z,y, thug ug: + (™ (t) + bz, y))(u™)*+

Q- L=l
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(18) +g(x,y,t,um)um) dr dy dt = /f(x,y,t)um dedydt, 7 € (0;T], m > 1.
QT
Bpaxysasmmu ymosu (A), (B), (L), (U), (G), (F), 3 (18) orpumyemo HepiBHICTH

/( ™(x,y, T dxdy—l—/Z)\ (z,y,t)(u™)* cos(v, y;) da—|—2a0/z - )2 da dy dt+

G 52 =1
1
+ /(—Alz + 2¢om + 2bg — 2¢° — 26)(u™)? dx dy dt < 5 / ((f(w,y,t))2+
Q- Q-
(19 Hole 0 ) dodydt+ [ (o) dody, 7€ 1), m>1
G

BacrocyBasiuu 10 Tperboro noganky 3 (19) mepisuicrs (13), orpumyemo

/( ™z, y, T dxdy—&-/Z)\ z,y,t)(u™)% cos(v, y;) do+

Vel 52 i=1
+/<2a0 AN 4 2¢0m + 209 — 2¢° —26)( )dedydt§%/<(f(m,y,t))2+
Yo
Qr Q-
(20 +(gwp,t,0)?) dedydt + [(unleg)? dody. 7€ O], m =1,
G

2
3a ymoBH, 110 290\ + 2¢om + 2bg — 2¢9° — 26 > 0, 3 (20) ozmepKyeMO OIiHKY
Yo

(21) /(um(x,y,T))2 dx dy < My, 7 € (0;7T], m > 1.
G

Mignicum o6uasi yacrunu pisrocti (15) 10 KBaIpaTa T4 BAKOPUCTABIIN HEPIBHICTE Leib-
Jepa, OTPUMYEMO OIIHKY

m 2 3 2 T 2 T T 0\2 T
(€0 < e (407 + ( G/ (B(x,y.0) drdy +2 G/ (K ()" dody )

(22) x [ (W™ Y2dedy +2 [ (g(x,y,t,0))? dedy ), te[0;T], m>2.
[t s fsassorans)

Q

3 (21) i (22) Bumnmsae, mwo |c™(t)] < My, t € [0;T], m € N. BayBaxumo, 1o SIKIIO
3aMicTh cgy, BUOpaTn —Ma, TO BpaxyBaBHm ymoBy (14), orpumyemo

2aq 2
—f/\ l+260m+2b072g —20 = -\ 172M2+260729 -2 = 72037%—6 > 0.
Y0 70

Orxe, a1 Bcix m € N
Cm(t) Z _M27

i MOXKHA 00paTH Cqp := — Mo st Bcix m € N.
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Hoseznemo, o nocaigosuicrs {(u™(z,y,t), ¢™(t))}5°_, 36iraerbcs 10 PO3B’A3KY 3a-

nadi (1)—(4). Moznauumo

2™ = Zm(m7y7t) = Um(ﬂﬁ,y,t) - umil('rayzt)a

r(t) =M (t) = ¢,  m>2.

3 (15) BumwmBaOTH PiBHOCTI
1 m—1 m—1 m—2
B(a,y, 1)z = K(x,y) ((9(z, y, t,u™ ™) — g(z,y,t,u™?)) | dx dy,
(23) te0,T), m> 2.
Ilinmicmin oOuaBl 9acTuHE 1UX PIBHOCTEH /10 KBaJpaTa, MPOIHTErPYyBaBIIN 3a 3MIHHOIO ¢

Ta, BpaxyBaBIlH, M0 Ha TiacTasi ymosu (Q)

/(g(:my,t,um)—g(m,ymum‘l))zm dmdydtﬁgo/(zm)dedydu 7€ (0;1], m > 2,

Qr Q.
OTPUMAEMO
T
(24) /(rm(t))2dt < My /(z’"*l)?dz dydt,  m>2.
0 Qr

Ockinpku 3 (17) Bumamsae, mwo 2™ (x,y,0) = 0, (z,y) € G, m > 2, o 3 (16),
3HAXOANMMO, 0 AJs Beix dbyHKuif v € Vi (Qr) cnpaBmKyoThes: piBHOCTI

l n
1
& _Ni=l ij=1

+b(z,y)(2™)% + (g2, y, t,u™) — gz, y, t,u™ 1)) 2™+

(25) +(c™(t)u™ — cml(t)uml)zm> dx dydt = 0, 7€ (0;T], m> 2.

3ayBaxKumo, 110
(™ ()u™ — ™ E)u™ 2™ = () (™) A e (Hu™ T ™,

a ToMy

/(cm(t)um e ()Y a™ dy dy di > (—M - g) /(zm)dedydt—

Q-
! T(rm(t))Q (C/(uml)zdxdy dt > (—Mg—‘;> /(zm)dedydt—

T

26
0 .
M T
L e)2dt,  Te(0,T), m>2.

0



OBEPHEHA 3ATAYA /14 VIBTPATTAPABOJITYHOI'O PIBHAHHA
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mart. 2017. Bumyck 83 173

Toxi, Bpaxosyioun ymosu (A), (B), (L), (U), (G), (F) ra (26), 3 (25) orpumyemo

HEPiBHICTb

/( ™z, y, T dxdy—ﬁ—/Z)\ (z,y,t)(z™)? cos(v, y;) do+

el 52 i=1
+2a0/ Z ) dxdydt+/(2b0—All—2gO—2Mg—5)(zm)2dmdydt§
i,j=1

M,
2 < —
@) <M

T

/(rm(t))th, re(0;T], m> 2.

0

3acrocyBasiiu 0 TPEThOro aoJaHka 3 (27) uepibuicrs (13), orpuMaemo OLiHKY

/( ™z, y,T dxdy—l—/Z/\ z,y,t )2 cos(v, y;) do + / (2bo SN 2604

a 211

T

T
(28) —i—2ﬂ —2My —6)(z™)? du dy dt < %/(T"‘(t))2 dt, 7€ (0;T], m > 2.
Y0

OckisbKu BUKOHY€EThC yMOBa (14), T 3 (28) 3HAXOAMMO OLIHKH

(29) /(zm(as,y,T))2 dz dy < My / m™( 7€ (0;T], m>2
G 0
Ta
(30) (z™?2dxdydt < My | (r™(t))? dt, m > 2.
/ /

3 (24) Ta (30) BunmuBae, MO
T

T T
(31) /(rm(t))th < M5/(rm_1(t))2dt < (M5)m‘2/(r2(t))2dt, m> 2.
0 0 0

I3 (23) sierko orpuMaTH OIiHKY

(32) (r™(t))* < Mg /(zm_l(ac,y,t))2 dzx dy, te[0,T], m>2.

Bpaxysasin (29), 3 (32) 3Haiigemo

T 2
(33) ()] < Mo /(rm_l(t))2dt L e[0T, m>2.
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Bukopucrasmu (31), (33) ta ymoBy Mj < 1, orpumaemo, mo mis Beix k,m € N, m > 3,
CIIPAB/IKYETHCS OLIIHKA

m+k ) m+k T )
TR =) < Y ()] < My / (Fh)?de | <
1=m-+1 i=m-+1 0
m+k T % (M)m_2(1 (M)E) T 2
i=3 F2(0)2 d 5) 2 - : 5)2 P22 d
< 3w 0/( @far] <R O/( 02 a| <
m—2 T %
(34) (Ms)

< 771—(M5

I3 (34) BunsmBae, mo Ays JosiabHOrO € > 0 icmye Take mg, mo ajs Beix k, m € N,
m > mg, BAKOHYIOThCA HepisHOCTI ||c™ (1) —c™(t); O ([0, T))|| < e. OTxe, mocTiTOBHICTE
{c™}>_, e dynnamenransuowo B C([0,T1]).

Toni 3 (30) Ta (27) Bumnusae, mo {u™}_; € dynnamenramsuoo B L?(Qr) N
C([0,T); L*(G)) i {ul"}35_, € dynmamentansuoo B L?(Qr), a ToMy 1pu m — 00

u™ — u cumsro B L2(Qr) N C([0,T); L*(G)),
Uy, — Uy, CHUJIBHO B L*(Qr), i=1,...,n,
(35) ¢™ — ¢ cunpno B C([0,T7).

I3 3ayBakenusi 1 BumiuBae, 10

1
(36) / Z(uz?)Q dxdydt < M, /(ul”)2 dxdydt < M,
Qr =t Qr

a ockinbku || < My mig Beix m € N, ro crana M ue 3anexurhb Big m 1 ouinku (36)
Bukonytorbes s Beix m € N. Tomy 3 (36) BuiuuBarors Taki 36iKHOCTI Hpu m — 00:

Uy — Uy, CTAOKO B L*(Qr), i=1,...,1,
(37) u — uy cnabko B L2 (Qr).

Bpaxysasmu (35), (37), 3 (16) ta (15) orpumaemo, 1mo napa (u(x,y,t),c(t)) 3amo-
BOJIbHsI€ piBHiCTDH (6) Ta

l n
/ (v + D" My Do + Y iy (@5, Dt v, + (elt) + bl y)yuv

S, i=1 ij=1
(38) —l—g(a;,y,t,u)v) dz dy dt = /f(x,y,t)vdx dydt, 7€ (0;7T],
Qr

g Beix v € Vi(Qr). 13 (38) Bummsae, 1o

l n
/ (utw + Z iz, y, t)uy,w + Z i (7, Y, Dz, we; + (c(t) + b(w, y))uw+
F i=1 ij=1
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(39) Jrg(:c,y,t,u)w) dx = /f(x,y, t)w dx

nna maiize seix (y,t) € D x (0;7T) Ta ana seix w € Wy2(€2). 3 (39) orpumyenmo, mo
u nas mafike Beix (y,t) € D x (0;7T) e y3arambHeHnM po3r’si3kom 3amaqi Jipixse st
eJIIMMITUYHOTO PIBHIHHS

(40) Z aij(,y, us,),, = Fz,y,1), €9,
(41) ulogn =0,
ae F(z,y,t) = f(z,y,t) - E i,y Dy, — (e(t) +b(2,y))u—g(x, y, ¢, u). Ocximbin

BUKOHY€ThCs ymoBa (3) Ta F( y,t) € L?(Q) ana maitke Beix (y,t) € D x (0;T), o
3riguo 3 reopemoio 7.3 [6, c. 130], icuye eauuuil ysaranbuenuil po3s’s3ok u 3azuaqi (40) —
(41), npudomy ug,q, (-, y,t) € L*(), Tomy u(-,y,t) € WZ2(Q) pns maitxe seix (y,t) €
D x (0;T). Orxe, u € V4(Qr) N C([0,T); L*(G)), napa (u(z,y,t),c(t)) 3amosoabuse
piBasinng (1) mug maiizke Beix (z,y,t) € Qr, romy Ha migcrasi gemu 1 (u(z,y,t),c(t)) €
po3s’a3kom 3aza4i (1) —(4) B obaacri Q. Teopemy noseneno. O

Teopema 3. Hexatl sukonyromves ymosu meopemu 2. Todi 3adawa (1)—(4) ne moorce
Mamu Oiavute 00H020 PO36 A3KY.

Josedenmna. Tpumnycrumo, mo (uV)(z,y,t), M (t)), (u (w y,t),c?(t)) - nBa poss’asku
sazayi (1) —(4). Toni napa dyuskuiit (4 (x y, 1), E(t)), n

W(z,y,t) = M (z,y,t) —uP(2,y,1), &) = V(1) - D),
3a/10BoJIbHsi€ ymMOBY U(x,y,0) = 0, piBuicTb

l n
/ (ﬂtv + Z Ai(,y, 1)y, v + Z aij(z, yvt)ﬂfbivﬁj + b(z, y)uv + (C(l)(t)u(l)_

i=1 i,j=1

QT

s Beix v € Vi(Qr) Ta

/ <B(z,y,t)ﬁ + K(x,y)(g(x,y,t,u(l)) — g(z, y,t,u(l)))>, te[0,T].

t

(#3) &) = 5

Bubpasmmm B (42) v = @, MaTHMEMO

l n
/ (ata + Z i@, y, t) iy, 0+ Z aij (2, Y, )y, Uy, + (D) uY — @ (B)u®)a+

o i=1 ij=1
.

+b(z,y) (@) + (9(x,y,t,uV) - g(a, y,1, M”))a) drdydt =0, T € (0;T].
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3Bijcu, aHAIOr YHUME [IEPETBOPEHHAMH, 5K 3 (25) Oysi0 orpumano (30), 3HAX0MMO OLiH-
Ky
T

(44) / (@)% dx dy dt < M, / (é(t))? dt.
Qr 0
3 (43) serko oTpumMaTH HEPIBHICTH
T
/(é(t))2 dt < M /(a)2 da dy dt,
0 Qr

a BpaxyBaBIlM OIHKY (44), 3Haiimemo

(1—Ms) [ (é(t)*dt <o0.
/

Ockinbkn Mz < 1, 10 &t) = 0, a tomy ¢V (t) = @) (t). Toni 3 (44) Bumnusae:
/(ﬂ)2 dzdydt <0, a tomy u?) = u(® B Qp. Teopemy n0BezIEHO. O
Qr
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INVERSE PROBLEM OF DETERMINING OF MINOR
COEFFICIENT FOR SEMILINEAR ULTRAPARABOLIC
EQUATION

Nataliya PROTSAKH
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We consider the inverse problem of determining of the time depended coeffi-
cient near the unknown function that is a solution for the initial-boundary value
problem for semilinear ultraparabolic equation. Conditions of the existence and
the uniqueness of solution from Sobolev spaces for the problem are obtained.

Key words: ultraparabolic equation, inverse problem, integral overdetermi-
nation condition, solution almost everywhere.
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SPECTRAL ANALYSIS OF BOUNDARY VALUE PROBLEMS
WITH RETARDED ARGUMENT
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59030, Tekirdag, Turkey
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2 Azerbaijan State Pedagogical University,
1000, Baku, Azerbaijan
e-mail: azadbay@gmail.com

In this work we find asymptotic formulas for eigenvalues and eigenfunctions
of a Sturm-Liouville type problem with retarded argument which contains a
spectral parameter in the boundary conditions and with discontinuous weight
function and also we obtain bounds for the distance between eigenvalues. We
extend and generalize some approaches and results of the [S. B. Norkin, Di-
fferential equations of the second order with retarded argument, Translations
of Mathematical Monographs, Vol. 31, AMS, Providence, RI (1972)].

Key words: differential equation with retarded argument, eigenparameter,
transmission conditions, asymptotics of eigenvalues, bounds for the distance
between eigenvalues.

1. Introduction.

Some discontinuous boundary value problems with retarded argument and some
classic boundary value problems have been investigated in [1-18]. Norkin in [2] considered
the equation

" (t) + Axe(t) + M(t)z(t — A(t)) =0
with boundary conditions
z(0) =z () =0,

obtained asymptotic formulas for eigenvalues and eigenfunctions and found bounds for
the distance between eigenvalues of this problem. In this paper we investigate the ei-
genvalues and eigenfunctions of a discontinuous boundary value problem with retarded
argument with discontinuous weight function. Namely, we consider the boundary value
problem for the differential equation

(1) u"(2) + q(a)u(z — Al)) + Ar (2) u(z) = 0

2010 Mathematics Subject Classification: 341.20, 35R10
© 9en E., Bayramov A., 2017
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on [O, 7) U (7, ﬂ with spectral and physical parameter dependent boundary conditions

(2) Vr u(0) 4+ ' (0) = 0,

(3) mAu(m) +u' () =0,

and with transmission conditions

(4) You(g —0) — 5 u(F +0) =0,
(5) YU (5 —0)—6"u(5+0)=0

i) 2

+0)= lim q(z),

2

where the real-valued function ¢(z) is continuous in [0 ”) U (1 7r] and has finite limits
™
2 z—5£0

q(

the real valued function A(z) > 0 is continuous in [0, %) U (3, 7] and has finite limits
A(5+0)= lim A(z),

z— 510
x—A(x) 20if z € [0,%); r—A(z) = §,ifz € (%,7‘(‘]; r(z) =riifz e [O,g) and
r(z) =r? if x € (5, 7]; A is a real positive spectral parameter; m is a positive physical
parameter; r,7_,d, 67,87, 4", v~ # 0 are arbitrary real numbers.

We want to note that differential equations with retarded argument are of im-
portance in the theory of automatic control and in the theory of self-oscillatory systems.
For instance, in automatic control systems retardation is the time interval which the
system requires to react to an input impulse ([2]).

Let wi(z, A) be a solution of Eq. (1) on [0, %] satisfying the initial conditions

(6) wy (0,A) =r7"  and  w) (0,)) = —V\.

Conditions (6) determine a unique solution of Eq. (1) on [0, Z] ([2], p. 12).
After determining the above solution, we shall determine the solution ys(z, \) of
Eq. (1) on [5, 7] by means of the solution y;(x, A) using the initial conditions
+ -
(7) Wa (%,/\) = Zwi(5, ) and wh (%,/\) = wi (5, N).
The conditions (7) define a unique solution of Eq. (1) on [Z, 7] .
Consequently, the function w (z, \) defined on [0, g) U (%7 7r] by the equality

w(z, \) = { wi(x,N), z€ [0, g) ,

WQ($7A), xe(%aﬂ-]a
is a solution of the Eq. (1) on [0, g) U (%, 7r] which satisfies one of the boundary conditions
and transmission conditions.
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2. Eigenvalues and Eigenfunctions of the Problem (1)—(5).

Lemma 1. Let w(x,\) be a solution of Eq. (1). Then the following integral equations
hold:

T+

(8) wi(x,\) = Y2 cos(rVAz + T) — %/q(T) sinr, VA (z — 1) wy (1 — A (1), \) dr,
0

— (T
’w2($,)\)=%U)ﬂ%a)\)COST,\/X(ﬂU—g)-‘ri’Y w3, )sinr,\f)\(x—g)—
VAr_6-

x

- r—\/_X q(7)sinr_ VX (z — ) wy (1 — A (1), ) dr.

(9)

Proof. To prove this lemma, it is enough to substitute —A\2w;(7,\) — w{(7,\) and
—~A2wa(7,A) — wh (7, A) instead of —q(T)wi(7 — A(7),\) and —q(7)wa (T — A(7), \) in
the integrals in (9), (10) respectively and integrate by parts twice. O
Theorem 1. Problem (1)—(5) can have only simple eigenvalues.

Proof. The proof is similar to the proof of Theorem 1 in [8]. O

The function w(x, A) defined in Section 1 is a nontrivial solution of Eq. (1) satisfying
conditions (2) and (4)-(5). Putting w(x, A) into (3), we get the characteristic equation

(10) Z(A\) =w' (7, A) + mAw(w, \) = 0.

By Theorem 1 the set of eigenvalues of boundary-value problem (1)-(5) coincides
with the set of real roots of Eq. (10). Let

Q=74 [ lg(n)|dr, Qe =r_ [ |q(7)|dr.
/ /

Lemma 2. Let A > max{2Q1,2Q2}. Then for the solutions wy (x,\) and ws (z, X)of
Eq. (8) and Eq. (9) the following inequalities hold:

(11) lwy (z,A\)| < const., z€[0,%],

(12) lwa (2, A)] < const., z € [F,7].

Proof. The proof is similar to the proof of Theorem 1 in [7]. O
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From (8)-(10)

w/2
_# [;/f cos(ﬁ%ﬁ\+g)_%/q(7) Sin(“rﬁ(g—T))wl(T—A(T),)\)dT] sin r,gﬁ
0
/2

+1- q(7) cos (T+\/X(§—T))w1(T—A(7—)7 )\)dTl cos r_gﬁ

VB (£554)
0

-i-m)\{glr l;/f COS(7T+T;\&+%)—% /q(T) sin(hr\f)\(g—r))wl(T—A(T), )\)drl cos T’Zﬁ
0
/2
e l V2Xsin(T B4 1) g2 / g(7) cos (uﬁ(gT))wl(TA(T),A)dT]
0
(13)

T

2 oy

< sin TV e q(7) sin (7‘, \/X(’]T — ’7'))’(1)2(7’ — A7), )\)dT} =0.
/2

Let A be sufficiently large and vT6~r_ = r, 6Ty ~. With the helps of (8), (9), (11) and
(12), we have

VAcos (@ [ry +r-]+Z)+0(1) =0.
So we have the following formula for the eigenvalues:

in —3 1
@:72[““1_] +0 (L),

Using the same techniques in [2] we find the next asymptotic formulas for the eigenfuncti-
ons of problem (1)—(5):

urn =5 {eos (Ur25m) —sin (222 ) )y 0 (1), we [0.5)

and

7“71’}’+ [4”—3]7’—7’23? [An—=3][rL+r_]m
Uzn = +57+ {COS ( 2[74—',—7:1r + 16[T+j&r-7",] )

. 4n—3 r,r2w n—3][r r_|mw s
—sin (Spt 4 glldrld) L 0 (1), we (3,7].

Now let us assume that the following conditions hold: The derivatives

q

A"(x) exist and are bounded in [0, 5)(J(5,n] and have finite limits ¢'(§ £0) =

lirnjEO ¢'(x) and A"(5+0) = limiO A" (x), respectively; A'(z) <1 in [0, 5)U(F, 7],
T

=
z—%

A(0)=0 and lim A(z)=0.
z—5+0
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Under these additional conditions we have
7+r 4V (T—A(T
(14) wl(T—A(T),A)zrﬁ?cos(w)+O(%>7

(15)  walr - A(). ) = L2 cos (Tl )i WACAIDY L g (1)

Let

R (e 0 8() = [ 45 sin (R/3800x ) gy
0

Ra(z, A, A(T)) = / %cos (%) dr,
0

sin (7“ 4‘5?“) T ) dr,

/2
Ry (z, )\, A(T)) = / % cos (%) dr.
w/2

The following formulas

/(7 (r+4f @r—A(r) H) dr

O

/(7 S(r+4f(2r AT))+7r)dT

(16) % =0(%)
a(r) r_4v/X( 27’ A(1))

/3 V2 “( )

/ a(r) rAVACGT=A()+r ) 4

Tr/z fCOS( 1 ) T

can be proved by the similar method as in Lemma 3.3.3 in [2]. Putting formulas (14) and
(15) in (13) and using (16) we obtain following equality:

(ﬁﬂ'(r;Jrr_) n %)

COS

sin <7ﬁﬂ(%'+r_) Jr%)

- 7

(5+77+m5w+ [T+Rg(a(c§,+,\ﬁ(f))+r_R4(m,A,A(T))]) L0 (%> _
_ 4n-3

S 20y +r]
4[5y~ +md—~t] [r+32(2 S A (1) 4Ry, 2t A m)}

_ 1
On = (4n — 3) mo+é— 05

Now replacing v\ by + d,, we get
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Thus, we now may obtain a sharper asymptotic formula for the eigenfunctions.
Putting (14) in (8) and replacing v/A by /A, for z € [0, Z) we have

o r2 (8n—6)z+m(ry+r_) (8”_6)"‘2\/57’1(7”4—"‘7”—)1%1( W A("'))
uln(ﬂ?) = COs ( 4(ry+r_) ) [ r1v2(4n—3) .

(8n—6)xz+m(ry+r_)
_4\[sm< 0 tr) )

X( by 6y R2(272[+M7A(T))+7nr’y+6R4(W7W,A(T))> +O(L)

(4n—3)mwryd+o6— n2/"

Putting (15) in (9) and replacing v'A by v/A,, for = € (%, 7] we have
UQn((E) _ At { |:(_1)n+1 Sin( _((4n—3)z) + cos (‘n'[(m_—r_)(4n—3)+(r++r_)}+(8n—6)r_m)}

25+ 2(r4+r_) 4(ry+r_)
(8n—6)+2v2r (i +r- )R (5, 42[rf+f ]’A(T)> 1) cos [ T=(4n=3)
X r+\f(4n 3) + |:(_ ) Cos ( 2(ry+r_) )

_sin w[(re—r—)(4n—=3)+(r4+r_)]+Bn—6)r_= « 2T‘+(T++7,7)R2( [ +r ]’A(T)>
A(ro+r_) (4n—3)

V2y~ n+1 (4n—3)r’r n (4n—-3)r’r x
— o 5 {( 1 Sm( 2(r++r,)+ ) + (4nf3)ﬂ' [(_1) cos (W) +

w[(r+—r_)(4n—3)+(r++r_)]+(8n—6)r_rc>}
4(ry+r_)

xsin(

[76++7+577z[T+R2<2,m A )+rRa(mopist, (T))ﬂ]
6t~

X

w[(ry—r_)(4n—3)+(r4y+r_)]|+(8n—6)r_=

YT (e n r_(4n—3)x
+ o §<Zn 3) RQ(Q’% A(T)) {(_1) cos (W)

_sin (w[(r+—r,)(4n—3)+(r++r,)]+(8n—6)r,m) }

A(rp+r_)

-3 4n—3
2y T+(T++T7)R1<%7W7A(T)>

+ 5 (an=3)

x{ (0" sin (TR ) 4 cos (g bl inntias ) |
2y tr_(ry4r_) {Sil’l (7T[(7‘+7r_)(4n73)+(r++7‘_)]+(8n76)r_a:)

(4n—3)r4 o6+ A(rp+r_)

< R (. 22 A ) = By (2, iy A(r)

m[(ry—r_)4n—3)4+(r4y+r_)]+(8n—6)r_x
xcos( Iy —r-) 4274(;;.7) [+{8n-6) )}4—0(”%)
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3. Bounds for the Distance Between Eigenvalues.
Let us define

min {33Q7, 7% Q37> }

X0 = x
12Q2, ifx|q<:c>\>/ g()dt, 0 < <.
0

where [y is the unique real root of the equation 5 = (\/2 +v2 + \/i) el/B; 4y is the

unique real root of the equation v = % (\/ 9+ 42+ 3) e Q= / lg(z)| dz and
0

Qo = maxy - |¢(x)|. Assume that A 2 xo and let An, An41,..., AN4p,... be the ei-
genvalues of problem (4)—(5) listed in the increasing order, N is the number of zeros on
the set (0,7/2) U (w/2,7) of the eigenfunctions corresponding to the eigenvalue Ay. In
what follows the eigenvalues with odd index will be called odd, and those with even index
will be called even.

Now, we will state the following theorem which can be proven easily using the same
method as in [2].

Theorem 2 (Asymptotic Oscillation Theorem). The eigenvalues of problem (1)—(5)
form an unbounded increasing sequence AN, AN41,. .., AN4p;- .., in the region X\ 2 xo.
Moreover, the eigenfunction corresponding to the eigenvalue Ay, has ezactly N + p
zeros on the set (0,7/2) U (7/2,7), where N is the number of zeros of the eigenfunction
corresponding to the first eigenvalue Ay of the sequence.

Lemma 3. Suppose that A\ = xo in (1) and that X' is an eigenvalue of problem (1)—(5).
dn' — 3 1

Th N =y =———+405y, wh " it d |0y € ———.

en VN = p 2[r++r,]+ n, where n' is an integer, and |6,/ < et

Moreover, if X is an odd eigenvalue, then n' is even; for an even eigenvalue, n’ is odd.

Proof. Suppose that A’ is an odd eigenvalue of the problem (1)—(5) and that

— 4n’ — 3
17 )\/ - ! = —F———3 + 5,”/
(17) =3 [ry +r_]
where n’ is an integer, and
1
18 S| < —
(18) o <

Differentiating (9) with respect to = and evaluating its value at © = 7 we obtain

(19) ‘sin (7“'”“;*“] + %)‘ > V2
However, if A’ = xo, from (6) and Lemma 2.3.6 in [2] it follows that
1] , / -
(20) " q(7)cos(pr_ (m—7))wy (1 — A7), N)dr| < 5
w/2

and it follows from the (19) and (20) that the sign of the derivative coincides with the
sign of sin (W%M + %) From Theorem 3.1 and Lemma 2.3.3 in [2] we obtain that
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wl, (m, A') > 0. Therefore we get

. 'mlry+r_] T
(21) sin (”+ + Z) > 0.
From (17) it now follows that
sin (£l 5) = o (e o) Sl )
— sin " ;3)7r cos (5”'W[T;+T’] + %) :
If the equality holds in (18), then cos (% + Z) = 0 and therefore

sin (% + %) = 0, which contradicts (21), the integer n’ is defined uniquely and
(4n'73)7r
1

% + %‘ < 5. Then cos (% + %) > 0 and, from (21), sin > 0.

Thus the proof is completed. O

Theorem 3. Let N = p2, N = pu3, N = pu3 (N > N > X = xo) be three successive
eigenvalues of problem (1)—(5). Then

(22) u%<ﬂ3*u1<w
(23) u3*u2<u%, u27u1<ﬁ.
Proof. By Lemma 3.2, us = %—1—5% and 1 = %—&—&m with n3—n; = 2
and [0, | < et |00, ] < ﬁ Therefore
o= 2 2 5 15 >

The inequalities in (23) and the second inequality in (22) may be proved using the same
method in the proof of Theorem 3.6.1 in [2]. O
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METPNYHA POSMIPHICTDH VHIIIMKJITYHNUX I'PA®IB,
AKI MICTATH HE BUIBIIIE OJHIEI OCHOBHOI BEPIIINHI

Maprapura 1YJIEHKO

Hauionanrvrut ynisepcumem “Kueeo-Mozunancora axademia”
6ya. I'puzopisa Crosopodu, 2, 04655, Kuis
e-mail: rita.dudenko@gmail.com

Minimasbaa migvuoxkuna M C V Ttaka, mo st Oyap-sIKOl mapu BepIIUH
z, y rpada G icHye Taka BepmuHa t 3 miaMHOKUHU M| 110 BUKOHYETHCA yMO-
Ba dg(t,z) # dg(t,y), HasuBaeTbCs mempuunum Gaducom. IloTyxKHICTH i€l
maMHOXKUHN M HA3UBAETHCS MEMPUUHON PO3MIpHICTIO. 1K BimOMO, TOBHE
JOCHiIzKeHHs MeTpudHOl po3mipaocTi rpadis € NP-noBuoto mpobiaemoro. Mu
BBOJUMO KOHCTPYKINIO YACTKOBOTO OOTJIETEHHS YHINWKIIYHUX Tpadis, 3a mI0-
IIOMOr0I0 $IKOI OXapaKTePU30BAHO YHINWKJI4UHI rpadu Merpuanol po3MipHOCTI
2, gKi MaloThb He OijbIne OJIHIE] OCHOBHOI BEPIIUHH.

Karowosi caosa: merpudHmii 6a3uc, MEeTpUYHA PO3MIPHICTD, YHIIMKJTIYIHI
rpadu.

1. Beryn. [Mousirrst merpuanoi po3miprocri BBesn nHezanexkuo B 1975 p. Caarep
B upaui [1] ra 1976 p. Xapapi ra Menrepom y [2]. Merpuuna posmipuicrs Ta merpuuni
reHepaTopy HabyJIN YNCIEHHNX 3aCTOCYBaHb, cepen sknx dapmanedrnana ximis [3], po-
Gororexnika [4], momyk y Mepeskax [5]. BiacruBocti MeTpudHOi po3MipHOCTI BUBYAJINCH
TaKOXK 7151 rpadiB 3 BHCOKNM cremeneM cuMerpil (mus. [6, 7]). Y 1979 p. B mpami [§]
Tepi Ta JIKOHCOH D0BEH, IO MOBHE JOCTiIKEHHsT MeTpudHOl po3mipHocTi € NP-moBHOTO
IpOOIeMOTO.

IIporsirom ocTaHHiX AECATHIITEH JOCTIIKEHHIO METPUIHOI pO3MipHOCTI rpadin mpu-
cBsaueno Gararo crareit (qus. [9, 10, 11]).

Opvu 3 HaIPSAMKIB ITOCHIMKEeHb — XapakTepu3aris rpadis, gki MamTh dikcoBaHy
merpudHy po3mipuicrs. VY [3] 2000 p. noseneno, mo rpad G Mae METPUYHY PO3MIPHICTH
1 Toxi i TiIbKU TOJi, KOJIK BiH € JIAHIIOIOM, METPUYHA PO3MIPHICTDH JOPiBHIOE 1w — 1 Jiuiire
Juig 1oBHOro rpada ta n — 2 rouai i Tiibky Toal, Kouu rpad — nosuuit ABogoabHul K ;.

VY uiit mpari My MpOJOBKMMO IOCHIIZKEHHsI, siKi pos3movasn panimie B [12] i [13],
a came, CXapakTepw3yeMO TeBHI poauHu rpadis, MO MATh METPUYHY PO3MIPHICTH 2.
3okpema, y npami [13] Mu posrnsgganu yuinmkiaivei rpadpu MeTpudHOi po3mipHocTi 2,
sIKi MaloTh JiBl ocHOBHI Bepiuau. CxapakTepu3yeMO POAMHHU YHIMUKI9HUX Tpadis, dKi

2010 Mathematics Subject Classification: 05C12
© Hynenxo M., 2017
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MAaOTh METPUYHY PO3MIPHICTH 2 Ta HE MICTATh BEPIIMHH CTEMeHs CTPOro OLIBINOro, HixK
3, 6e3 ocHoBHUX BepinuH abO0 JHiNe 3 OJHIEI0 OCHOBHOIO BePIIWHOIO. Po3rismarmmemo
MPOCTi, HEOPIEHTOBHI yHIIMKITIUHI TPadu.

2. HeobxiaHi TeopeTndHi BiIOMOCTI.

Hexait G = (V, E') — npocrnii, ckindenumit, HeopieHTOBHMI rpad 3 MHOKHMHOIO Bep-
mun V), |V| < oo i MHOXKWHOWO pebep E. 3a rpadom G 0fHO3HAYHO BU3HAYAETHCSH MeET-
puunwuii ipoctip (V,dg), Busnadenuii Ha MHOXKUHI BepmuH V; MeTpuka dg MiXK JIBOMA
JOBLIBHUMHK BEPIIMHAMHU ¥1 1 U2 JOPiBHIOE 0, SIKIIO v; = Vo i JOBXKUHI HANKOPOTIIIOTO
MIIAXY, [0 3’€HYE BEPIIMHU V1 1 Vg, AKINO V1 # Us.

Osuauennsd 1. [ns Tpiiiku Bepiun x, ¢,y 3 G TOBOPUTUMEMO, IO BepIuHa t po3diasie
BEPINUHA X 1 Yy, AKI0 © = y ab0 BUKOHYETHCSA TAaKa HEPIBHICTH:

dG(ta IL’) 7é dG(ta y)

B OGinpmocTi BuUmaAKiB mia dac JOCTIIKEHHST METPUIHOI PO3MIPHOCTI TPHILYC-
KaTUMEMO, IO T % Y.

Osnavenna 2. lligmuoxuna M C V HasuBaeTbcs MmempuwHum 2enepamopom rpada
G, dkimo s Oyab-aKol mapu Bepiuiud 3 V' icHye npunaiiMui ogHa Bepumna t € M, mo
ix po3ainsie. Merpuunuii remeparop rpada G 3 MiHIMAJIBHOI MOTYKHICTIO HA3UBAETHCS
mempuuHum basucom. KinbKicTh BEpIUH y METPUIHOMY OA3UCI HA3UBAETHCT MEMPU-
HoW posmipricmio rpada G 1 nosuagaerbea dim(G).

Haranaemo, mo crenenem Bepiiuau dege(v) Ha3UBAETbCHA KiIBKICTH pedep, 1o iit
innunenTtHi. JJucmoxk — BepiuHa rpada, ska Mae creminb 1. BuympiwHimu Ha3UBAIOTHC
BEPIIWMHMU, SdKi MalOTh CTemiHb He MeHiuil, Hik 3. BHyTpimHs Bepummna v 64udbka do
aucmka I, IKIO HEMAE IHIMUX BHYTPINIHIX BEPIUH, OJMKYIAX 10 IIHOTO JUCTKA, TOOTO
HEMA€ IHITUX BHYTPIITHIX BEPIIHH Y HARKOPOTIIIOMY TLIAXY, IO 3’€aHye v i [. BHyTpimnHio
Bepminay rpada G HA3UBATHMEMO 2-AUCMKO601, AKINO BOHA € OJM3BKOIO PIBHO 10 2
JUCTKIB Ta 1-AuUcmK06010, SKIO 331aHa BEPIITUHA € OJIM3BKOIO JIUIIE 0 OJHOTO JINCTKA.

OsnaveHHa 3. Ilpocrmit rpad HABHMBAETHCA YHIUUKAINHUM, STKITO BiH MICTHTH JIAIIE
OJIUH UK.

Hexait G = (V, E) — yninukaiaumii rpad ta G = (V, E) itoro miarpad, 1mo € mpoctnm
[IUKJIOM.

Osnauvennsi 4. Tosoputnmemo, mo Bepmuaa u € V \ V rpaba G npoexmyemvcsa B
BepiuHy w € V, aKIo /1 TOBLIBLHOI BEPITUHN ¢ € V' BUKOHYETHCS HEPIBHICTH

de(u,w) < dg(u,q).

Bepuminnu crenens 3 mukiy, B sKi IPOEKTYIOTbCH BEPIIMHU CTEIEHS 3, IO JIEKATH
033 MUKJIOM, HA3WBATUMEMO OCHOBHUMU.

Teopema 1 ([12]). Hezati G = (V, E) — ynivurasiunud epad i dim(G) = 2. Todi icnye
He Giavue 060T OCHOBHUL BEPUUH, Y KOHCHY 3 AKUL MONHCE NPOEKMYSATNUCH AUWE 00HG
2-AUCNK08G BEPUIUHA.

Osnauvennst 5 ([13]). Vuinmkiiuawii rpad G Ha3uBaeThCA napHuM, SKINO iCHYe Take
Harypanbhe k, qys skoro |V| = 2k, 1 nenapnum, axmo |V| = 2k + 1.



METPUYHA PO3MIPHICTH YHIIIUKJITYHNX 'PA®IB
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mart. 2017. Bumyck 83 191

OsuauenHs 6. [oBopuTumemo, 10 BepuiuHu u, v 3 UKLy rpada G € matorce cumem-
PUMHUMU, FKIO BUKOHYETHCS OJHA 3 PIBHOCTEIL:

(1) dg(u,v) =k — 1, axkmo G — mapHuit;

(2) dg(u,v) =k, axkuo G — HenapHuii.

Hexait Gh = (V1, E1) 1 G = (Va, F3) — aBa upocri rpadu. 3abikcyeMo BepiiuHu
v1 1 vg rpadiB G i Go, Bignosiamo. Ha muoxkwuni seprun Vi U Vo BBEIEMO BiTHOITEHHS
€KBIBAJIEHTHOCTI: U ~ W TOMI i TIILKU TO/], SIKIIO 4 = ¥1 1 W = v aD0 HABIMAKH, U = Vs 1
w=wvy. [pad G =V, UVy/ ~ | Ey U Fy HasuBatumemo ckaetosannam rpadis G 1 Gy
1o BepumMHax vy i vy (aus. puc. 1).

Puc. 1. CkieoBanHst IPOCTOrO MUKJTY Ta JepeBa

3. OcHoOBHI pe3yJbTaTH.
V¥ [13] BBemero KOHCTPYKIIiO ObMIIeTeHHsT 6a3nucHOro rpada, Mo MiCTHTH 1Bl OCHOBHI
BepmmHu. Haramaemo 1i.

Osnavenns 7 ([13]). Hexait G; — 6asucuuii rpad. Iloznaunmo depe3 u i v OCHOBHI
Bepmiuau rpada G1. Yuinukiaiaawnii rpad G HazuBaeTbes obnaemennam rpada G gan-
utoramu L1, ..., L., skmo G yrBopenuii 3 (G1 CKJICIOBAHHAM BEPLIUH CTEIeHd 2 LUKy 3
KiHIAMHT JaHmorie Ly, ..., L, Tak, 10 KOXKHa BEPITUHA, CTETeHs 2 CKJICIOETHCS 3 KiHIeM
JIAIIE OHOTO JIAHITIOTA, & TAKOXK JIsg OyIb-sgKOI 1-JTMCTKOBOI BEPIITUHU W Ta CyMiKHOI 3
HEI0 BEPITUHU ¢ BUKOHYETHCS YMOBA

de(u,v) + dg(v,w) + 1 # dg(u, a).

Ile o3naveHHs MOXKHA y3araJbHUTH [JI MPOCTIITUX KOHCTPYKIiil, 30KpeMa o01ie-
TEHHS [UKJy Ta YHIOUKJI9HOrO rpada, mo MiCTUTD JIUIle O/IHy OCHOBHY BEPIIUHY.

OsuauvenHnsd 8. Yuinukiaiuawii rpad G HA3UBAETHCH 4aACMKOBUM 0bnAementam rpada
G1, mo € yuinukaigaum rpadom (abo TpoCTUM IUKIOM), JaHioramMu Ly, . . ., L., akuio G
yTBOpeH™uit 3 G CKIICIOBAHHSIM BEPIITUH CTETEHS 2 UKJIY 3 KIHIAMY JIAHIIOTIB L1, . .., Ly,
MPUYOMY KOXKHA BEPIIUHA CTEeHs 2 CKJICIOEThCS 3 KIiHIIEM JIUIIEe OJTHOTO JIAHITIOTA.
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Jlema 1. Hexalt G — yniyuksivnut 2pagd, wo € 4acmrosum oONAeMeHHAM NPOCMO20
yukay Cy, aanyrozamu Ly, ..., L.. Todi dim(G) = 2.

JHosedenns. ko yuirukiiiaauii rpad G yrBOpeHnii 4aCTKOBUM ODILIETEHHSM IPOCTOIO
IUKJTYy JasmoramMu Ly, ..., L., To B G icHyBaTnMe MpuHAKMHI OqHA 1-JIMCTKOBA BEPIIN-
Ha u. /1o 6asucy Bi3bMEMO JINCTOK p, IO MPOEKTYETHCA B U. JIMCTOK p Ta 1-THCTKOBA
BepminHa % 3’€IHAHI JIAHIIONOM, TOMY BCi BEPINIWHU, sKi PO3MAUIAE P, OyAyThb DPO3MILIs-
TUCHb TAKOXK BEPUIMHOK u. Merpuyna po3MmipHicTh MPOCTOro HUKJY JNOPIBHIOE 2 (auB.
[4]), Tomy B mukii 060B’43K0BO icHyBaTHMe X04a 6 OJHA I1apA BEPIIUH, KA HE PO3/Lisi-
€TbCs U, & BIANOBLHO, 1 p. Buznauumo merpuunuit 6a3uc rpada G K MHOKHUHY BEPIIUH
{u,v}, ne v — BepmUHA, 10 € Maii’ke CHUMETPUYHOIO B IUKJI 3 u. Beprnun, ski He po3-
JUIATUMYTbCSI BEPITUHOIO U, OyIyTh pO3AIaTHCh v. OCKIIBKE 3 CAaMOro moYaTKy Oa3ucy
HAJIE’KAB JIUCTOK P, IO MPOEKTYEThCA B U, TO MarumeMmo 6azuc {p,v}. ko Bepruuna
v € 1-TUCTKOBOIO, TO iCHyBaTHMe IpPHUHANMHI OHA Mapa BEPIINH t,w, gKa He Oyae po3-
gingruck v ta p. Toxi B 6a3uci 1-TUCTKOBY BEepIIHHY ¥ 3aMiHIOEMO JIUCTKOM [, IO B HEl

npoekTyeThest (auB. puc. 2). Orxe, dim(G) = 2. O
l
w
p
Puc. 2. Hacrkose obmierents mukiy JaHmoramMa Ly, ..., L,

Haramaemo, mo w.asxom B rpadi G HA3MBAETHCS TOCIOBHICTH BEPITHH i pedep
V1,€1,02,€2,...,Un

TaKa, 0 KOXKHe pedpo e; iHnmuaenTHe BepmmHaM v; Ta v; + 1, 1 <i<n — 1.

s NOBiNBHMUX JBOX BEpIIMH u,v 3 Hukjay rpadpa G icHye IBa HUIAXK B IUKJI,
wo 3’exnyorb i Bepriunu. [loznadumo ix Py i Py, a ixui jgosxubu — dg(Pr)(u,v) i
de(P2)(u,v), Bignosigmo.

Teopema 2. Hexati Gy — yHiyuksivHul 2pad, axuli mae auue 00HY OCHOBHY 6EPULU-
HY, @ PEWMA EPWUH YUKAY MAOMb cmeniny 2. [Ipunycmumo, wo yrwiyuksivnul 2pagd
G € wacmrosum obnaemeHHaM Yriyuraiwnozo zpaga G1 aanuyrwzamu L, ..., L.. Todi
dim(G) = 2.
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JHosedenns. 3 reopemu 1 BuriuBae, 1o MerpudHa po3mipaicts Gy jopisaioe 2. Jloe-
JIeMo, o MerpudHa po3MiphicTs rpada G rex gopisaioe 2. Ockinbku G MicTUTH OJHY
OCHOBHY BEPINUHY ¥, TO JJIsT TOTO, MO0 PO3MIIUTH JIUCTKYA 2-IUCTKOBOI BEPITUHU W, IO
OPOEKTYIOTHCA B v, 10 0a3uCy Bi3bMEMO OJWH JIUCTOK (s Bu3HAdeHOCTI [). Bepumuu
[ i v 3’¢aHani MPOCTUM JTAHIFOIOM, TOMY BCi BEPIIWHMU, 10 PO3ILILE [, OyayTh pO3miis-
tuch v. Merpuana po3mipaicts G; 10piBHIOE 2, TOMy B yHinukgigaomy rpadi G icmy-
BaruMme UpUHAiMHI OgHA napa BepiuH p,q Taka, wo dg(l,p) = dg(l,q). Bizbmemo B
[UKJII BEPIIMHY U, sIKA € Maii’Ke CHMeTPWYHOK 3 v, i momamo i1 g0 Ga3ucy. 3a o3HA-
JeHHAM Maiirke cuMerpuuHEX BepinuH MarumeMo dg(Pi)(u,v) = dg(Ps)(u,v) — 1 abo
de(P1)(u,v) = dg(P2)(u,v)—2, mpudoMy 3a O3HAYEHHSIM METPUKH BUKOPHCTOBYEMO Haii-
KOPOTIITY BicTaHb Mik BeprmmHaMu rpada. Ie o3nauae, 1o Bepinam, SKi He PO3ILISIE v,
a Bignosiguo i I, 6yae posaiiaru u. Ockinbku G € 4aCTKOBUM OOIJIETEHHSIM YHIIMKJIi4-
Horo rpada Gy ganuoramu Li, ..., L., 10 BepuwmHa u Moxe Oyru 1-jmucrkoBO0O (1uB.
puc. 3). Y TakoMy BUNAJIKY iCHyBaTHME XO4a O OIHA mapa BepiiuH (CyMiKHUX 3 u), 0
HE PO3JLIA€ThCS BUOPpAHNM DA3MCOM, TOMY 3aMiCTh BEpIITHHM % B 6a31C Bi3bMEMO JINCTOK
k, o B el npoekryerbes. Orxe, dim(G) = 2. O

Puc. 3. Yacrkose obmierenns yuinukiaigaoro rpada (G aanmoravmu Ly, ..., L,

Osuavenna 9. Yuinukniuauit rpad G, gkuii MICTATH JUIIEe OHY OCHOBHY BEPIIUHY, a
peITa BEPIINH UKy MAIOTh CTEMiHb 2, HA3UBATUMEMO MIHOPHUM TPadOM.

Teopema 3. Hezxati G — yniyuksivHul epad, Akut micmumsd we Oisvute 00HiED 0CHOG-
ot eepwunu. I'pagp G mae mempuwny posmipHicmv 2 modi i miavku modi, KoAU 6iH €
wacmrosum obnaemenmnam npocmozo yuxay Cp, ab0 4acmrosum 0ONACMEHHAM MIHOP-
Hno20 epaga G1 aanyrozamu Ly, ... L.

Zosedenns. Hexait magmo yuinmukmivauit rpad G, Akuii € 9aCTKOBUM OOTJIETEHHSIM Mi-
mopuoro rpada G abo mukay C, manmworamu L, ..., L,.. 3a Teopemoro 2 ta jemom0 1
dim(G) = 2.
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Hosenemo B inmmii 6ik. Hexait G — yrinukaigawii rpad, skuii MicTuTh HE OLIbIIE
oauiel ocuoBHol Bepumuu 1 dim(G) = 2. dkwo pus Beix Bepuun v rpada G, wo Je-
KaTh 1M03a MUKJIOM degu < 3, To G € ab0 IMUKJIOM ab0 YACTKOBUM OOILIETEHHSIM IHKJIY
JIQHITIOTAMH.

SIK1I10 11038 ITUKJIOM iICHYIOTH BEPITUHHA W1, . - . , Wy, AJd AKUX deg w, = 3, TO 3 yMOBHU
icuyBamus B rpadi G €1MHOI OCHOBHOI BEPIWHU BUILIMBAE, IO BCI BEPIIUHU W1, . . . , Wy
LIPOEKTYIOTHCA B €1UHY OCHOBHY Bepiuuny v rpada G (aus. puc. 3). Orxe, yHinukiivauit
rpad G € YaCTKOBUM OOIJIETEHHSIM MiHOPHOTO Tpada. O
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METRIC DIMENSION OF UNICYCLIC GRAPHS
WITH AT MOST ONE MAIN VERTEX

Marharyta DUDENKO

National University of Kyiv-Mohyla Academy
2, Scovoroda Str., 04655, Kyiv, Ukraine
e-mail: rita.dudenko@gmail.com

A minimum subset M C V is called metric basis if and only if for any
pair of different vertices x, y from G there exists vertex ¢ € M such that
da(t,z) # da(t,y). A cardinality of M is called metric dimension of graph G.
It is well known that the problem of finding the metric dimension of a graph
is NP-Hard. In the paper we present the construction of a partial knitting
unicyclic graph. Using this construction all unicyclic graphs with no more than
one main vertex and metric dimension 2 are characterized.

Key words: metric basis, metric dimension, unicyclic graph.
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ANOEPEHIIIAJIBHE PIBHAHHA OJISI MATEMATUYHOI'O
CIIOAIBAHHA I'JIJIACTOI'O IIPOLECY 3 MII'PAIIIEIO
TA HEITEPEPBHUM YACOM

Ipuna BABUJIEBNY, Xpucruna AKNIMUITINH

JIveiecvrutl Haytonasvrult yrieepcumem im. leana Pparnka
6y.a. Yuisepcumeyvxa, 1, 79000, JIveie
e-mails: I _Bazylevych@yahoo.com, Yakymyshyn HrystynaQukr.net

JocaimKyemo TiuiscTuil mporec 3 MIrpali€io Ta HelepepBHUM 9acoM. SHabi-
JeHo nudepeHIiiaabae PIBHAHHS IS MAaTEMaTUIHOTO CIIOAIBAHHS IHOTO TTPO-
ecy.

Ka104061 ca06a: TLLILACTHI TIPOIEC, HEIEPEPBHUM Yac, Mirpallis, MaTeMa-
TUYHE CHO/IBAaHHS.

1. Onuc rijutsicTOoro mporecy 3 MIrpalfi€elo Ta HellepepBHUM YacoM.
Posrasimaemo risuiscruit nporec p(t) 3 OZHUM THIIOM YaCTHHOK, 3 Mirpari€io ta He-
nepepBHUM 4acoM; (t) — KiJIbKICTh YACTMHOK y MOMEHT Yacy t. BBaxkaemo, 1o

(1) 1(0) =1.

ITpouec p(t) MOXKHA TOJATH K MOEAHAHHS [BOX IPOIECIB — KJIACHYIHOIO IJLISICTOrO
uporuecy 3 HenepepauM dacom £(t) [1] 1 npouec mirpaunii (¢). dkmo B MomenT uacy ¢ B
cucreMi iCHY€ BULIAJAKOBA KiIbKIiCTb f4(t) YACTHHOK, TO BOHU PO3MHOXKYIOTHCs HE3aJI€2KHO
OZTHA BiJl OHOI Ta HE3aJeKHO Bifl CBOTO MOXOMXKEHHS 32 THM CAMHUM 3aKOHOM. 3aKOH
PO3MHOKEHHSI YaCTHHOK y cepenuHi i€l cucreMu Bu3HadaeTbesi mporecoM E(t). Kpim
TOr'0, B CUCTEMY IIle MOKYTh iIMMIrpyBaTn 4acTHHKHU Ta BifOyBarucs emirpamnis. Immirpa-
uig it emirpanis Busnadaiorbea npouecom ((t), e ((t) — nmo3Hauae KigbKiCTh 4aCTHHOK
y MOMEHT 4acy t, siKi eMIrpyioTh i3 cucTeMu ado iMMIrpyioTh B Hel.

Bumankosi nponecu £(t) i ((t) BBazKaEMO OTHOPITHUMHU MAPKIBCHKMMH IPOIECAMHU.
¢(t) - y3aranbuennii IlyacconiBchKuii mporec

Nt
(2) ((t) = ch-

Hexaii y moment uacy t B cucremi icuye pu(t) yacrunok. IToznauumo uepes &; (At) (i =
,+ oy p(t)) KinbKicTh HaMAMKIB 4-1 9acTWHKY 3a 9ac At, TOOTO B MOMeHT 4acy ¢ + At i,

2010 Mathematics Subject Classification: 60J80
© bBazunesuu I., Axumumun X., 2017
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BPAXOBYI04YM OAHOPiAHICTD £(t), NpUILyCKAEMO, IO

p1<0,pp>20((k=023,..), Y p=0
k=0

Ipouec &£(t+ At) BUu3HAYA€ETHCS K CYKYITHICTD HAIIAIKIB KOKHOI YaCTUHKY pomecy fi(t),
a came

n(t)
(4) (t+ At) = Za(m).

Busnauumo upouec ((t). 3azuagumo, mo ¢(0) = 0. Acumunroruky npouecy npu At — 0
BU3HAYMMO TaK:

(5) P{¢o(At) = K|¢(0) = 0} = 0o + qrAt + o(AtL), k=-m,...,—1,0,1,...,
PUIOMY
0<0, =0 (k=-m,...,—1,1,2,...), > a=0.
k=—m

KinbkicTh 1acTUHOK y MOMEHT Yacy t + At mopiBHioe

p(t)
(6) lt + At) = max { S 6 (A + G (A o},
i=1
ze (¢t (At) — KlibKicTb 4aCTHHOK, sKi eMirpyBasiu 3 cucremu abo iMMirpysasiu B cucremy
nporsarom dacy (t,t + At].
Beenemo TBipHi dyHKIII.
Tsipuy dbyukmio npomecy p(t) mosmarumo F,(t, s), mpomecy &(t) — Fe(t,s) i

(1) Flts) =Y Pl =}, Felt.s) = 3 PLE@) = n)s",
n=0 n=0

Is] <1, seC.
TeipHy dyHKIio0 migpHOCTEH Mepexiganx fiMoBipHOCTEd st TIporecy &(t) mo3Ha-
9uMO 4depe3 fe(s), AKa BU3HATAETHCS TaK:

oo
(8) fe(s) = Zpksk, seC,ls| < 1.
k=0
BamicTb kjacuunol TBipHOI dyHKIIT 15t iponecy ¢(t) Oyaemo posrisigaru QyHKIIO
R o0
9) E(t.s)= Y P =n}s", 0<[s|<,
n=-—m

AKY MI Ha3BEMO y3araJbHeHOIO TBIpHOO (yHKIEH. TakosK BBEIEMO y3araidbHeRy TBIpHY
dyuxiio migsHOCTE MEepexinHuX fiMoBipHOCTElH M1 TIpotiecy ((t)

(10) Fes)= > s, o<ls| <1

l=—m
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Jlami BBeIeMO MO3HAYEHHS

(11) A(t) = Mu(t) = 3 kP{u(t) = k},
k=0
1) A e B =

A rtakox BBeIEMO OHepario s MocaiIoBHOCTI {by, 102 _

0 )
(13) (B(s))g= D b+ > bis®, seC |s|<b" >0
1

k=—m

2. IndepenmianabHi piBHAHHSA AJd TBIpHOI (PYHKII MJLIsSICTOrO IIPOIECy
3 Mirpaifi€lo Ta HellepepBHUM YacOM.

Tsipua dyukuis upouecy p(t) 3a40BosbHAE Taki piBHsiHHsA: 3BuUYaiine aude-
peHIiaibHe PIBHAHHA Ta JIiHilfiHe PIBHAHHSA YaCTUHHUX TTOXiTHUX.

Teopema 1 ([2]). Tsipna gynryis npoyecy u(t) 3adosoavhse 36unaiine dudepenyiasvre

PIBHAHHA
oF,(t, ~
Bullsd) _ fe(Bu(t,9) + (Bt 9 (9))

3 nowamxoeoto ymosoro (1(0) = 1.

Teopema 2 ([3]). Tsipra dynruyia npouecy u(t) 3adosorvrsne dupepenyianvhe pieHaHHA

6 WACTNUHHUT NOTIOHUL
OF,(t,s)
Hulle)  fets)

3 nouwamxosor ymosor p(0) = 1.

L) ¢ (Rult, ey

3. IndepeHniajabii piBHIHHS AJs MATeMATAYHOI'O CIIOJIBaHHS T'iJIJIsSICTO-
ro mporlecy 3 Mirpaili€io Ta HellepepBHAM YacOM.

Teopema 3. Sxwo py ne dopisrioe wyato, mo 6 ymosaxr (1)—(13) A(t) = Mu(t) sado-
680AbHAE JuPeEPeryionvbHe PIGHAHHIA

OA(t
(14) A@Q:A@%+%+wﬂ@my
de p(x) sanrescums 6id pj, qi, k= —-m,...,—1, A(0) = 1.
A F,(t,0) susnauwaemoca 3 dudepenyianvrozo pieHanms
OF,(t,0
(15) O 0) _ g (B (1,0)) + 6 (Fu(1,0)).

de Y(x) sanescumo 6id p;, qi, F,(0,0) = 0.

Josedenns. Binomo [2, 3], wo Juis Hamwol Mojesi ruuiscToro upouecy 3 Mirpauieo ra
HEMEPEPBHUM YACOM BUKOHYIOTHCSI HACTYIHI AU epeHItiagbHl piBHIHHS:

OFult,s) fe(Fu(t,s)) + <J?C(5)Fu(tv 5)>0’ Fu(0,5) = s,

(16) ot
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OF,(t,s OF,(t,s ~
(17) 00 g ) Ry B0 =

Pisuanus (16) npomudepeniiroeMo mo s, 3MiHUMO NOPSAIOK IuDEPEHIIIOBAHHS B
JiBi#t wactuni Ta migcraBumo s = 1. Y miiCyMKy OTPUMYEMO

%Et) = A(t)ag + <i<8ﬁ(s)ﬂt(t’ 5)>0>

Posrnsamemo apyruit 1o7aHOK TPaBOl YaCTUHA
Fe($)Fu(tys) = (qms ™™+ ... 4 qo + ... ) (P{u(t) = 0} + P{u(t) = 1}s +...) =
=5 g mP{u(t) = 0} + s " (g P{u(t) = 1} + qomy1 P{p(t) = 0})+
572 (qem P{p(t) = 2} + qompr P{u(t) = 1} + gomyaP{u(t) = 0}) + ...+
+5 M (qemP{p(t) = m = 1} + qemar P{u(t) =m — 2} + ...+ q_1 P{u(t) = 0})+
+8°(q-m P{p(t) = m} + g P{u(t) = m =1} + ... + qoP{u(t) = 0})+
+5' (gemP{pt) = m+ 1} + e P{u(t) = m} + ... + . P{u(t) = 0}) + ...
OueBuaHO, 1110
(Fe(8)Fu(t, )y = a-mP{u(t) = 0} + (¢-m P{u(t) = 1} + q_my1 P{n(t) = 0})+
H(g-mP{u(t) = 2} + g1 P{p(t) = 1} + gomso P{u(t) = 0}) + ... +
F(q—m P{u(t) =m — 1} + g P{u(t) =m — 2} + ... + g1 P{p(t) = 0
+5(q-m P{p(t) = m} + qomir P{u(t) = m — 1} + ... + qoP{p(t) = 0})+
+5" (q-m P{u(t) = m + 1} + g1 P{u(t) = m} + ... + @ P{p(t) = 0
Hauii 6epemo noxiany 1o s Biz J/“\C(S)Fu(t, s) Ta <]?<(5)Fu(t, s)>0.
(Fe(&)Fult,9))" = =ms™™ g P{u(t) = 0} + (=m)s ™™ (¢-m P{u(t) = 1}+
Fq-m1 P{p(t) = 0}) + (=m +2)s7"* (qm P{u(t) = 2} + qomyr P{u(t) = 13+
Fqomp2 P{u(t) = 0}) + .o+ (=1)8” (q-m P{u(t) = m — 1}+
Fqom P{u(t) =m — 2} + ...+ g1 P{u(t) = 0})+
+0(qomP{u(t) = m+ 1} + g1 P{u(t) = m} + ...+ @ P{p(t) = 0}) + ...

[s=1

((Fe()Fu(t,9))) = aemP{u(t) = m+ 1} + (qomr P{p(t) = m} + ...+
+a1P{p(t) = 0}) + ' (g-mP{u(t) = m + 2} + qmpr P{n(t) = m + 1}+
+. 4+ @eP{ult)=0}) +...

Bupasumo (<f<(s)Fu(t,s)>0)/ 1epes (fz-(s)FM(t,s))'. Y mincymky orpumaemo

((Fe(8)Fult,8))y) _, = (Fe(s)Fu(t,))._, — P{u(t) = 0} _Z kqy—

k=—m

—P{u(t) =1} ((—m+1)gm + ...+ (—1)g_2) — ... = (=P{p(t) = m — 1}q_n).
Jlerko 6a4nTu, 1Mo

(Fe($)Fult,s))._, = ((Fe(8)Fult,s)) + (Fe(s)) Fult,s)) ,_, = ac.
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IToBepraemocs fo piBusHb (16), (17). ITo3ask miBi yacruan piBHi it oxHAKOBI HOYa-
TKOBI YMOBHU, TO MOXKEMO IPUPIBHATH IIPABI 4YaCTUHU

Fe(Fult, )+ (Fe )ty = 169 28D 4 (F(s) By 1,)),,

3BiCcH BUILINBAE, IO

(18) Fe(Fult, ) = el 2TE2)

IligcraBumo s = 0. ¥V niacymMKy orpumyemMo, mo

1
P{u(t) =1} = %fE(P{#(t) = 0}).
ITle pa3 pudepenuioemo 1o s pisuicrs (18)

(19) 3f§(1;»8(t78)) 3F;:9(:$) _ 3%28) 3F,é(§,8) +fels )3 83(2 s)

i macrasnasgemo s = 0. OTpumyemo

P{u(t) =2} = ﬁP{u(t) — 1} (p — FL(P{u(t) = 0})).

Orox, Mu moxkeMo Bupasuru P{u(t) = 2} wepe3 P{u(t) = 0}.

Amagoriuno, moxkemo supasutu P{u(t) = 2} uepes P{u(t) = 0}. Ilepme pisasanns
TBEP/IZKEHHST TEOPEMH BUBEJIEHO.

ITepexonumo no BuBenenus: npyroro nudepentianbHoro pisasuHs. OdueBraHO, 1m0
(16) MoXXHA TIOIATH Y BUTJISIL.

OF,(t,s)

o = Fe(Fu(t.)) + Fe(9)Fult.s) = X(1,9),

e
X(t5) = qomP{u(t) = 0} + (a-m PL(t) = 1} + st P{u(t) = 0})+

F(g-mP{p(t) = 2} + gom1 P{u(t) = 1} + g2 P{u(t) = 0}) +... +
H(g-mP{p(t) =m =1} + ...+ g1 P{u(t) = 0}) — (s "q-m P{u(t) = 0}+
+5 " (qem P{p(t) = 1} + g P{u(t) = 0}) + s " (- P{p(t) = 2}+
Fqomp 1 P{u(t) = 1} 4+ qompaP{u(t) = 0}) + ...+ 57 (q-m P{u(t) = m — 1}+

+ ...+ g1 P{u(t) = 0})).

Ak mu yxke mokazanu, mo P{u(t) = 2} moxna Bupasuru gepes P{u(t) = 0}. Tomy
MOZKEMO BBAzKATHU, 110

X(ts) = 0 (P{u(t) = 0}).

IMigcrasasitoun y (16) s = 0, orpumyemo piBHsaHHS s F(t,0).
Teopema moBemeHa. O
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HEJITHIMHE HOPMYBAHHS 'EHEPATOPIB MAPKOBCBKUX
IMMPOIIECIB ¥V ITPOCTOPI R?

Oxkcauna APOBA

Jvsiecorull Haylonarbrut yrisepcumem im. Isana Ppanka
sys. Ynisepcumemcoka, 1, 79000, JIveis
e-mail: oksanayarova93@Qgmail.com

ocimKkeHo reaepaTopu MapKOBCHKUX IPOIIECIB B ammrpokcuMairiii Ilyaccona
ta Jlesi. IIponecu HOPMYIOTHCH HEMIHIMHUMYA MHOXKHUKAMU. SHAMIEHO aCUMII-
TOTHYHE 306paskeHHs FeHePATOPIB MAPKOBCHKUX IIPOIECIB y mpocTopi RY.

Karowosi crosa: MapKOBChKUU mporiec, anpokcumariis Ilyaccona, anpokcu-
marrisa JleBi, iporiec 3 He3aJ€KHUMU IPUPOCTAMU, TEHEPATOP.

1. Beryn. JocmimKeHHIM MapKOBCHKHX BHITAIKOBHX €BOJIONINH Ta IXHIX alpOKCH-
Maliii IpUCBAYEHO 6araTo HAyKOBUX MPallb, cepejl sKux Moxkua Buiiuru [1]-[7]. 3okpe-
Ma, B [3] 10C/II/2KEHO HPOLECU 3 HE3JIEZKHIMU LIPUPOCTAMU B CXEMAX 1LyaCCOHOBOI allPOK-
cumarii Ta anpokcumarii Jlesi. B Takux mpomecax BiacyTus audy3siiina ckiragoBa, a Mixk
cTpubOKaMu MPOTiKAaE€ MAPKOBChKUit mporec. B anpokcumarnisx [lyaccona ta Jlesi remepa-
TOP MPOIECY HOPMYEThCS JIHHIHHUM MHOXKHUKOM é [1]. Ipore B JesKuX BUIAAKAX TAKE
HOPMYBAHHS HE ﬂouinb?e. Tomy BuaEKa€E moTpeda pPO3TJIsiIaTH HOPMYIOUNNA MHOXKHHUK, SIK
9(€)
reHepaTopa BUTAIKOBOTO TPOTIECY 3 HE3AJTEKHUMU MPUPOCTAMU Y BUTAIKY d-BUMiDHOTO
eBKJIi 1oBOTO TpocTopy RY.

HesTiHifiHy (YyHKITI0 . Mera mamrol mpari — 3HaiTH Taki mapaMerpu B 300parkeHHi

2. Anpokcumariizg ITyaccona. Posrisaemo ciM’io MapKOBCHKUX IIPOIECIB 3 HE3a-
JIeZKHIMHU pupoctamu 75 (+) Ta TpaekTopiaMu B obiacti BusHauenus npocropy R4[0; 00),
sKI HOPMYIOTBCA MHOXKHUKOM ¢1(2) — 0, g1(¢) > 0 mpm € — 0

ni(t) =n(55) t=0,

nie 7)(t) — mporiec 3 He3aJIEeKHUMH TPUPOCTAMH, sIKi BU3HAYAIOTHCST Te€HEPATOPAMU

Iep(u) = (g1(e)) ! / (p(u+v) — p(w))T=(do),

R4

2010 Mathematics Subject Classification: 60J25
© 4posa O., 2017
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ne o(u) — aificHosHauna, nopisHioe 0 Ha HECKIHYEHHOCTI Ta 3 SUP-HOPMOW, ¢(u) Ha-
nexxurb kinacy C°(RY), u = (uy,ug, ..., u,). dapo inrencusnocri I'* najmexurh Kiacy
C3(R%). Taxe smpo 3am080mbHsI€ yMoBy 1'(0) = 0.

Hexait BUKOHYIOTHCS YMOBH ITyaCCOHOBOI allPOKCHMAIII:

(P1) Aupokcumanis cepejnix

b5:/vF€(dv =gi(e (Zbk+9b)

Rd

ce = /vaFs(dv =gi(e ( Z ckcr—i-@c),

Rd k,r=1

e v = (v1,v2,...,0), b < 00,c< o0, 0] = 0,05 =0, gi(e) = 0,e—0.
(P2) fnpo inrencuBHOCTEl Ma€ Take ACUMITOTUYHE 300DaKEHHS:

Ty = / g()I*(dv) = g1(e)(Ty + b5)-
Rd

7T BCiX g, AKi Hamexkars kaacy C3(RY), 05| — 0. SAnpo inrencusrocri I'°(dv),
3a7aH0 Ha Kiaaci dynkniit, mo pusHavae I'y TakuM CHiBBiAHOmMEHHAM:

ry,= /g(v)FO(dv).
Rd
(P3) VY rpanmasoMy reHepaTopi BigcyTHs audysiiiHa CKiagoBa, TOOTO BHKOHYETHCS
TaKa yMOBAa:

c= /vaI‘O(dv) =0.
Rd

(P4) CrpaBmKyeThest CITiBBIIHOITEHHST

lim v T(dv) = 0,
c— 00
[v|>c

sdKe BU3HAYA€ PIBHOMIPHY KBaJpATUIHY IHTETPOBAHICTD.
Teopema 1. [enepamop npouecy 3 HE3GAEAHCHUMUY NPUPOCTAMU
M) = (1) [ [p(u+ v) - oI (do)

R4

Y CTEME NYACCOHO0B0T ANPOKCUMAULE MAE MAKE GCUMNMOMUHE 300DAAHCEHHA

d
:Zbkagéz) +/[<p(u+v ka
k=1

Ra

FO (dv) 4+ 6°p,

de |6°|—0, g1(e)—0 npu e—0.
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Zlosedenns. PosriasHemo remeparop mporecy

Fp(u) = (02(6) " [ [l +) = I (do) = @) [ [olu+ o) = o)~

Rd e
d
u 1 824,0( ) € 6@ €
_ka a2 > v S }r (dv) + (g1(e /Z F dv)+
k=1 Ra k=1
d
1 . Po(u)
+5ENT [ 3 vevng T (dv)
Rd k,r=1
Oyuxiis
d d
B Op(u) 1 > p(u)
"/’u(v) - Sp(u + U) SO(U) kZ:lvk aUk 5 k;l Ukvrm

nazexuth Kracy C2(R?).
3 ymos (P1), (P2) marumemo

d 9 w
Fot) = [ [otuto) - ptu) = 3 022 —% 3 v, 2 NP0 gy

Rd

+Zb a‘p

3acTOCOBYIOYH yMOBY (P3), OTPUMAEMO TAKE ACHMITOTHYIHE 300DaAXKEHH ST

d d
)= b a;;fj) + / [w(u +v) —p(u) =Y oy 82;5 )]Fo(dv) + 6.
k=1 k=1

R4

+9€+95+0w

77—

Teopemy moBeneno. O

3. Anpokcumariis Jlesi. PosrisHemo ciM’10 MapKOBCbKUX IIPOLECIB 3 HE3aJ1€2KHU-
MU IPUPOCTaMH, SIKi HOPMYIOTHCS MHOKHUKOM g2 (€), A€ g2(g) = o(g1(¢))

n5(t) =n(5m) t=0,

ze n(t) — npoliec 3 He3aJMeKHUME IIPUPOCTAMHE, K1 BU3HAYAIOTHCS M€HEPATOPAME

Fp() = (20 | (et o) = ()l (o)

ne ¢(u) — nificnosHauna, nopisHioe 0 Ha HECKIHYEHHOCTI Ta 3 SUP-HOPMOW, Y(u) Ha-
nexxurb knacy C°(RY), u = (uy,us, ..., u,). dapo inrencusmocri I'* manexurh Kiacy
C3(R%). Take syipo 3a0B0ibHse ymosy 1'(0) = 0.
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Hexaii BukonyoThCsi yMOBH ampokcumarii JIesi.
(L1) Ampoxcumanis cepezmix

d

bE:/vI‘8 (dv) = g1(e Zbk+92 (Zbk—l-eb)

Rd
Ta
Ce = /vaFs(dv = ga(e ( Z CkCr—FHc),
Rd k,r=1
e v = (v1,v2,...,0), by < 00,¢ < 00, |05 = 0, |65] = 0, g2(¢) = 0,91(¢) — 0,
e — 0.

(L2) dapo inreHcuBHOCTE! MaE Take aCUMIITOTHYHE 300DAKEHHS:
5 = [ go)r=(@) = ga(c)(T, +65)
Rd

Jis Beix g, ki nasexars kiacy C3(RY). dupo intencusnocri I'Y(dv), 3amano na
Kiaci byHkmiit, mo Bu3Havae Iy TaKIM CHiBBigHOMIEHHAM:

n:/mmﬂmy

R4

(L3) Bukonyerbcs cuiBsigHOmIEHH

lim vo! T (dv) = 0,
cC— 00
[v]>c
sKe BU3HAYAE PIBHOMIpPHY KBaJPATHIHY iIHTETPOBAHICT.

Teopema 2. I'enepamop npouecy 3 HE3AAEHCHUMU NPUPOCTAMU
w¢m»=wxar{/ww+wm—ﬂwW%w>
Rd

Yy cremi anpoxcumayti Jleei mae maxe acumMnmomuyHe 300paHceHHA:

- 0 0p(u) 1 & 0, 02 (u)
r 90( Zbk auk + ; (bk - bk:) auk + 5 kgl (Ck? - Ck)aukaur+

Rd

de by = /UF(O)(dv), co = /vaF(O)(dv), |0°]—0, g1(£)—0, ga(e)—0 npu e—0.

R4 R4
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Zlosedenns. PosriasHemo remeparop mporecy

Dep(u) = (g2(c)) ™" / [p(u +v) = ()T (dv) =

Rd
d d
_ dp(u) 1 0*p(u)
1 _ _ _ = 3
(2N [ [ otu+o) ot = 3 20 - 25 g, T (i
Rd k=1 k,r=
[, O0lw) 1 R )
@) [ S 02 o) + 5@ [ Y g B )
Rd k=1 R k,r=1
OyuKIIiA
d d
B B B dp(u) 1 & p(u)
Yulv) = plu+v) = ¢(v) kZ:1 vk Our, 2 k21 Ukt AuyOu,
nanexxuth Kiaacy C3(RY).
3 ymos (L1), (L2) marumemo
d d
c ) — Op(u) 1 0%p(u) |10
Folw) = / plutv) =) - ka Jup 2 Z Ukt OurOu, Fdo)t
Rd k=1 k,r=1
aso Op(u) 0%¢(u)
1 €
Zb 6uk + Z Ck:c'ra 8 +9b+9 +9w

7T_
3aCTOCOBYIOUN YMOBY (L3) Ta 3BiBIHM BiAMOBIIHI TOJAHKHU, OTPUMAEMO ACUMIITOTHUIHE
300parkeHHst

- dou) | 1 < 0y 9o (u)
F€ — — —
plu) = Zbk auk + — (b —B2) Ouy, + 2 kgl (ck ck)aukauﬁ
. 9p(u)
+/ o(u+v) —p(u) — Z Vg 1 O (dv) + 65
8uk
B k=1
Teopemy moBeaeHo. O

Omxke, Take HOPDMYBAHHS JA€ 3MOrY OIIHUTHU CTPUOKK B AIPOKCUMAIIIT MPOIECiB 3
He3aJIe2KHIMHI IPHPOCTAME B IpocTopi R¢ Ta 3maiiTé TXHI aCHMOTOTHYHE 300pasKeHHSI.
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