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ÏÐÎ ÍÀÏIÂÃÐÓÏÓ ID∞

Îëåã ÃÓÒIÊ, Àíàòîëié ÑÀÂ×ÓÊ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Iâàíà Ôðàíêà,
âóë. Óíiâåðñèòåòñüêà, 1, 79000, Ëüâiâ

e-mails: o_gutik@lnu.edu.ua, ovgutik@yahoo.com,
asavchuk1@meta.ua

Äîñëiäæó¹ìî íàïiâãðóïó ID∞ âñiõ ÷àñòêîâèõ êîñêií÷åííèõ içîìåòðié
ìíîæèíè öiëèõ ÷èñåë Z. Äîâåäåíî, ùî ôàêòîð-íàïiâãðóïà ID∞/Cmg çà ìiíi-
ìàëüíîþ ãðóïîâîþ êîíãðóåíöi¹þ Cmg içîìîðôíà ãðóïi Iso(Z) óñiõ içîìåòðié
ìíîæèíè Z, ID∞ ¹ F -iíâåðñíîþ íàïiâãðóïîþ, à òàêîæ, ùî íàïiâãðóïà ID∞
içîìîðôíà íàïiâïðÿìîìó äîáóòêó Iso(Z) nh P∞(Z) âiëüíî¨ íàïiâ ðàòêè ç
îäèíèöåþ (P∞(Z),∪) ãðóïîþ Iso(Z). Çíàéäåíî äîñòàòíi óìîâè, çà âèêîíàí-
íÿ ÿêèõ, òðàíñëÿöiéíî íåïåðåâííà òîïîëîãiÿ íà ID∞ ¹ äèñêðåòíîþ, à òàêîæ
ïîáóäîâàíî íåäèñêðåòíó ãàóñäîðôîâó íàïiâãðóïîâó òîïîëîãiþ íà ID∞. Äî-
ñëiäæó¹ìî ïðîáëåìó içîìîðôíîãî çàíóðåííÿ äèñêðåòíî¨ íàïiâãðóïè ID∞ ó
ãàóñäîðôîâi òîïîëîãi÷íi íàïiâãðóïè áëèçüêi äî êîìïàêòíèõ.

Êëþ÷îâi ñëîâà: íàïiâãðóïà içîìåòðié, ÷àñòêîâà ái¹êöiÿ, íàïiâòîïîëî-
ãi÷íà íàïiâãðóïà, òîïîëîãi÷íà íàïiâãðóïà, êîìïàêòíèé, çëi÷åííî êîìïàêò-
íèé, ñëàáêî êîìïàêòíèé, äèñêðåòíèé ïðîñòið, âêëàäåííÿ.

1. Òåðìiíîëîãiÿ òà îçíà÷åííÿ.
Ìè êîðèñòóâàòèìåìîñÿ òåðìiíîëîãi¹þ ç [14, 16, 32, 35, 37].
Íàäàëi ó òåêñòi ïîòóæíiñòü ìíîæèíè A ïîçíà÷àòèìåìî ÷åðåç |A|, ïåðøèé íå-

ñêií÷åííèé êàðäèíàë ÷åðåç ω, i ìíîæèíó öiëèõ ÷èñåë � ÷åðåç Z. ×åðåç clX(A) i
intX(A) ïîçíà÷àòèìåìî çàìèêàííÿ òà âíóòðiøíiñòü ïiäìíîæèíè A â òîïîëîãi÷íîìó
ïðîñòîði X.

ßêùî âèçíà÷åíå ÷àñòêîâå âiäîáðàæåííÿ α : X ⇀ Y ç ìíîæèíè X ó ìíîæèíó Y ,
òî ÷åðåç domα i ranα áóäåìî ïîçíà÷àòè éîãî îáëàñòü âèçíà÷åííÿ é îáëàñòü çíà÷åíü,
âiäïîâiäíî, à ÷åðåç (x)α i (A)α � îáðàçè åëåìåíòà x ∈ domα òà ïiäìíîæèíè A ⊆
domα ïðè ÷àñòêîâîìó âiäîáðàæåííi α, âiäïîâiäíî. ×àñòêîâå âiäîáðàæåííÿ α : X ⇀
Y íàçèâà¹òüñÿ êî-ñêií÷åííèì, ÿêùî ìíîæèíè X \ domα òà Y \ ranα � ñêií÷åííi.

Ðåôëåêñèâíå, àíòèñèìåòðè÷íå òà òðàíçèòèâíå âiäíîøåííÿ íà ìíîæèíi X íàçè-
âà¹òüñÿ ÷àñòêîâèì ïîðÿäêîì íà X. Ìíîæèíà X iç çàäàíèì íà íié ÷àñòêîâèì ïîðÿä-
êîì 6 íàçèâà¹òüñÿ ÷àñòêîâî âïîðÿäêîâàíîþ ìíîæèíîþ i ïîçíà÷à¹òüñÿ (X,6).

2010 Mathematics Subject Classi�cation: 20M18, 20M20, 20M30, 22A15, 22A25, 54D30, 54D40, 54E52,

54H10

c© Ãóòiê O., Ñàâ÷óê A., 2017
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Åëåìåíò x ÷àñòêîâî âïîðÿäêîâàíî¨ ìíîæèíè (X,6) íàçèâà¹òüñÿ:

• ìàêñèìàëüíèì (ìiíiìàëüíèì) â (X,6), ÿêùî ç âiäíîøåííÿ x 6 y (y 6 x) â
(X,6) âèïëèâà¹ ðiâíiñòü x = y;

• íàéáiëüøèì (íàéìåíøèì) â (X,6), ÿêùî y 6 x (x 6 y) äëÿ âñiõ y ∈ X.

Ó âèïàäêó, ÿêùî (X,6) � ÷àñòêîâî âïîðÿäêîâàíà ìíîæèíà i x 6 y, äëÿ äåÿêèõ
x, y ∈ X, òî áóäåìî ãîâîðèòè, ùî åëåìåíòè x òà y � ïîðiâíÿëüíi â (X,6). ßêùî æ äëÿ
åëåìåíòiâ x 6 y íå âèêîíó¹òüñÿ æîäíå ç âiäíîøåíü x 6 y àáî y 6 x, òî ãîâîðèòèìåìî,
ùî åëåìåíòè x òà y � íåïîðiâíÿëüíi ó ÷àñòêîâî âïîðÿäêîâàíié ìíîæèíi (X,6).
×àñòêîâèé ïîðÿäîê 6 íà X íàçèâà¹òüñÿ ëiíiéíèì, ÿêùî äîâiëüíi äâà åëåìåíòè â
(X,6) � ïîðiâíÿëüíi.

Âiäîáðàæåííÿ h : X → Y ç ÷àñòêîâî âïîðÿäêîâàíî¨ ìíîæèíè (X,6) â ÷àñòêîâî
âïîðÿäêîâàíó ìíîæèíó (Y,6) íàçèâà¹òüñÿ ìîíîòîííèì, ÿêùî ç x 6 y âèïëèâà¹
(x)h 6 (y)h.

ßêùî S � íàïiâãðóïà, òî ¨¨ ïiäìíîæèíà iäåìïîòåíòiâ ïîçíà÷à¹òüñÿ ÷åðåç E(S).
Íàïiâãðóïà S íàçèâà¹òüñÿ iíâåðñíîþ, ÿêùî äëÿ äîâiëüíîãî ¨¨ åëåìåíòà x iñíó¹ ¹äèíèé
åëåìåíò x−1 ∈ S òàêèé, ùî xx−1x = x òà x−1xx−1 = x−1. Â iíâåðñíié íàïiâãðóïi S
âèùåîçíà÷åíèé åëåìåíò x−1 íàçèâà¹òüñÿ iíâåðñíèì äî x. Â'ÿçêà � öå íàïiâãðóïà
iäåìïîòåíòiâ, à íàïiâ ðàòêà � öå êîìóòàòèâíà â'ÿçêà. Íàäàëi ÷åðåç (P∞(R),∪) ïî-
çíà÷àòèìåìî âiëüíó íàïiâ ðàòêó ç îäèíèöåþ íàä ìíîæèíîþ äiéñíèõ ÷èñåë, òîáòî
ìíîæèíó óñiõ ñêií÷åííèõ (ðàçîì ç ïîðîæíüîþ) ïiäìíîæèí ìíîæèíè R ç îïåðàöi¹þ
îá'¹äíàííÿ.

Âiäíîøåííÿ åêâiâàëåíòíîñòi K íà íàïiâãðóïi S íàçèâà¹òüñÿ êîíãðóåíöi¹þ, ÿêùî
äëÿ åëåìåíòiâ a i b íàïiâãðóïè S ç òîãî, ùî âèêîíó¹òüñÿ óìîâà (a, b) ∈ K âèïëèâà¹, ùî
(ca, cb), (ad, bd) ∈ K, äëÿ âñiõ c, d ∈ S. Âiäíîøåííÿ (a, b) ∈ K ìè òàêîæ áóäåìî çàïèñó-
âàòè aKb, i â öüîìó âèïàäêó ãîâîðèòèìåìî, ùî åëåìåíòè a i b ¹ K-åêâiâàëåíòíèìè.

ßêùî S � íàïiâãðóïà, òî íà E(S) âèçíà÷åíî ÷àñòêîâèé ïîðÿäîê

e 6 f òîäi i ëèøå òîäi, êîëè ef = fe = e.

Òàê îçíà÷åíèé ÷àñòêîâèé ïîðÿäîê íà E(S) íàçèâà¹òüñÿ ïðèðîäíèì.
Îçíà÷èìî âiäíîøåííÿ 6 íà iíâåðñíié íàïiâãðóïi S òàê:

s 6 t òîäi i ëèøå òîäi, êîëè s = te,

äëÿ äåÿêîãî iäåìïîòåíòà e ∈ S. Òàê îçíà÷åíèé ÷àñòêîâèé ïîðÿäîê íàçèâà¹òüñÿ ïðè-
ðîäíèì ÷àñòêîâèì ïîðÿäêîì íà iíâåðñíié íàïiâãðóïi S [32]. Î÷åâèäíî, ùî çâóæåííÿ
ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó 6 íà iíâåðñíié íàïiâãðóïi S íà ¨¨ â'ÿçêó E(S) ¹ ïðè-
ðîäíèì ÷àñòêîâèì ïîðÿäêîì íà E(S). Iíâåðñíà íàïiâãðóïà S íàçèâà¹òüñÿ ôàêòîðè-
çîâíîþ, ÿêùî äëÿ êîæíîãî åëåìåíòà s ∈ S iñíó¹ åëåìåíò g ãðóïè îäèíèöü íàïiâãðóïè
S òàêèé, ùî s 6 g ñòîñîâíî ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó 6 íà S.

Âiäîìî, ùî ãðóïà Iso(Z) içîìåòðié ìíîæèíè öiëèõ ÷èñåë Z içîìîðôíà íàïiâ-
ïðÿìîìó äîáóòêó Z(+) o Z2 àäèòèâíî¨ ãðóïè öiëèõ ÷èñåë Z(+) öèêëi÷íîþ ãðóïîþ
äðóãîãî ïîðÿäêó Z2.

×åðåç ID∞ ïîçíà÷èìî íàïiâãðóïó âñiõ ÷àñòêîâèõ êîñêií÷åííèõ içîìåòðié ìíî-
æèíè öiëèõ ÷èñåë Z. Íàïiâãðóïà ID∞ îçíà÷åíà â ïðàöi Áåçóùàê [8], äå îïèñàíî ¨¨
òâiðíi òà äîâåäåíî, ùî âîíà ìà¹ åêñïîíåíöiàëüíèé ðiñò. Çàóâàæèìî, ùî íàïiâãðóïà
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ID∞ ¹ iíâåðñíîþ i, î÷åâèäíî, ¹ ïiäíàïiâãðóïîþ íàïiâãðóïè âñiõ ÷àñòêîâèõ êîñêií÷åí-
íèõ ái¹êöié ìíîæèíè öiëèõ ÷èñåë Z, à åëåìåíòè íàïiâãðóïè ID∞ � öå ñàìå çâóæåííÿ
içîìåòðié ìíîæèíè öiëèõ ÷èñåë Z íà êîñêií÷åííi ïiäìíîæèíè â ðîçóìiííi Ëîóñîíà
(äèâ. [32, ñ. 9]). Ó ïðàöi [9] îïèñàíi âiäíîøåííÿ �ðiíà òà ãîëîâíi iäåàëè íàïiâãðóïè
ID∞.

Ïiäìíîæèíà A òîïîëîãi÷íîãî ïðîñòîðó X íàçèâà¹òüñÿ:

• ùiëüíîþ â X, ÿêùî clX(A) = X;
• êîùiëüíîþ â X, ÿêùî X \A � ùiëüíà â X;
• íiäå íå ùiëüíîþ â X, ÿêùî clX(A) � êîùiëüíà â X;
• Fσ-ìíîæèíîþ, ÿêùî A ¹ çëi÷åííèì îá'¹äíàííÿì çàìêíåíèõ ìíîæèí.

Êîìïàêòèôiêàöi¹þ Ñòîóíà-×åõà òèõîíîâñüêîãî ïðîñòîðó X íàçèâà¹òüñÿ êîì-
ïàêòíèé ãàóñäîðôîâèé ïðîñòið βX, ÿêèé ìiñòèòüX ÿê ùiëüíèé ïiäïðîñòið òàêèé, ùî
äîâiëüíå íåïåðåðâíå âiäîáðàæåííÿ f : X → Y â êîìïàêòíèé ãàóñäîðôîâèé ïðîñòið
Y ïðîäîâæó¹òüñÿ äî íåïåðåðâíîãî âiäîáðàæåííÿ f : βX → Y [16].

Òîïîëîãi÷íèé ïðîñòið X íàçèâà¹òüñÿ:

• êâàçiðåãóëÿðíèì, ÿêùî äëÿ äîâiëüíî¨ íåïîðîæíüî¨ âiäêðèòî¨ ïiäìíîæèíè U
â X iñíó¹ âiäêðèòà íåïîðîæíÿ ïiäìíîæèíà V ⊆ U òàêà, ùî clX(V ) ⊆ U ;

• êîìïàêòíèì, ÿêùî äîâiëüíå âiäêðèòå ïîêðèòòÿ ïðîñòîðó X ìiñòèòü ñêií-
÷åííå ïiäïîêðèòòÿ;

• ñåêâåíöiàëüíî êîìïàêòíèì, ÿêùî äîâiëüíà ïîñëiäîâíiñòü âX ìiñòèòü çáiæíó
ïiäïîñëiäîâíiñòü;

• çëi÷åííî êîìïàêòíèì, ÿêùî äîâiëüíå çëi÷åííå âiäêðèòå ïîêðèòòÿ ïðîñòîðó
X ìiñòèòü ñêií÷åííå ïiäïîêðèòòÿ;

• ñëàáêî êîìïàêòíèì, ÿêùî äîâiëüíà ëîêàëüíî ñêií÷åííà ñiì'ÿ âiäêðèòèõ íå-
ïîðîæíiõ ïiäìíîæèí â X ¹ ñêií÷åííîþ [4];

• d-ñëàáêî êîìïàêòíèì àáî DFCC-ïðîñòîðîì, ÿêùî äîâiëüíà äèñêðåòíà ñiì'ÿ
âiäêðèòèõ íåïîðîæíiõ ïiäìíîæèí â X ¹ ñêií÷åííîþ (äèâ. [33]);

• ïñåâäîêîìïàêòíèì, ÿêùî X ¹ öiëêîì ðåãóëÿðíèì i êîæíà íåïåðåðâíà äié-
ñíîçíà÷íà ôóíêöiÿ íà X ¹ îáìåæåíîþ;

• ëîêàëüíî êîìïàêòíèì, ÿêùî äëÿ êîæíî¨ òî÷êè x ∈ X iñíó¹ âiäêðèòèé îêië
U(x) òî÷êè x â X ç êîìïàêòíèì çàìèêàííÿì clX(U(x));

• ïîâíèì çà ×åõîì, ÿêùî X ¹ öiëêîì ðåãóëÿðíèì i íàðiñò βX \ X ¹ Fσ-
ìíîæèíîþ â βX;

• áåðiâñüêèì, ÿêùî äëÿ êîæíî¨ ïîñëiäîâíîñòi A1, A2, . . . , An, . . . íiäå íåùiëüíèõ
ìíîæèí ç X îá'¹äíàííÿ

⋃∞
i=1Ai ¹ êîùiëüíîþ ïiäìíîæèíîþ â X;

• ñïàäêîâî áåðiâñüêèì, ÿêùî äîâiëüíà íåïîðîæíà çàìêíåíà ïiäìíîæèíà â X ¹
áåðiâñüêèì ïðîñòîðîì.

Çà òåîðåìîþ 3.10.22 ç [16], öiëêîì ðåãóëÿðíèé ïðîñòið X ¹ ñëàáêî êîìïàêòíèì òîäi i
ëèøå òîäi, êîëè X ¹ ïñåâäîêîìïàêòíèì. Êîæåí êîìïàêíèé òà êîæåí ñåêâåíöiàëüíî
êîìïàêòíèé ïðîñòið ¹ çëi÷åííî êîìïàêòíèì, êîæåí çëi÷åííî êîìïàêòíèé ïðîñòið ¹
ñëàáêî êîìïàêòíèì, à êîæåí ñëàáêî êîìïàêòíèé ïðîñòið ¹ d-ñëàáêî êîìïàêòíèì.
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Òîïîëîãi÷íèé ïðîñòið X iç çàäàíîþ íà íüîìó íàïiâãðóïîâîþ îïåðàöi¹þ íàçèâà-
¹òüñÿ íàïiâòîïîëîãi÷íîþ (òîïîëîãi÷íîþ) íàïiâãðóïîþ, ÿêùî öÿ íàïiâãðóïîâà îïå-
ðàöiÿ íà X ¹ íàðiçíî (ñóêóïíî) íåïåðåðâíîþ. Iíâåðñíà òîïîëîãi÷íà íàïiâãðóïà ç íå-
ïåðåðâíîþ iíâåðñi¹þ íàçèâà¹òüñÿ òîïîëîãi÷íîþ iíâåðñíîþ íàïiâãðóïîþ. Òîïîëîãiÿ
τ íà [iíâåðñíié] íàïiâãðóïi S íàçèâà¹òüñÿ [iíâåðñíîþ] íàïiâãðóïîâîþ, ÿêùî (S, τ) �
òîïîëîãi÷íà [iíâåðñíà] íàïiâãðóïà. Òàêîæ, òîïîëîãiÿ τ íà íàïiâãðóïi S íàçèâà¹òüñÿ
òðàíñëÿöiéíî íåïåðåðâíîþ, (S, τ) � íàïiâòîïîëîãi÷íà íàïiâãðóïà

Âèâ÷åííÿ íàïiâãðóïîâèõ íåäèñêðåòíèõ òîïîëîëîãiçàöié íàïiâãðóï ïî÷èíà¹òüñÿ
ç êëàñè÷íî¨ ïðàöi Åáåðãàðòà òà Ñåëäåíà [15], ó ÿêié äîâåäåíî, ùî êîæíà íàïiâãðóïî-
âà ãàóñäîðôîâà òîïîëîãiÿ íà áiöèêëi÷íîìó ìîíî¨äi C (p, q) ¹ äèñêðåòíîþ. Ó ïðàöi [7]
Áåðòìàí i Óåñò äîâåëè, ùî êîæíà ãàóñäîðôîâà òðàíñëÿöiéíî íåïåðåðâíà òîïîëîãiÿ
íà C (p, q) ¹ òàêîæ äèñêðåòíîþ. Ó ïðàöÿõ [17, 23] çãàäàíi ðåçóëüòàòè áóëè ïîøèðå-
íi íà ðîçøèðåíó áiöèêëi÷íó íàïiâãðóïó CZ òà íà iíòåðàñîöiàòèâíîñòi áiöèêëi÷íîãî
ìîíî¨äà. Òàêîæ Òàéìàíîâ ó [38] ïîáóäóâàâ ïðèêëàä íàïiâãðóïè, ÿêà äîïóñêà¹ ëè-
øå äèñêðåòíó íàïiâãðóïîâó ãàóñäîðôîâó òîïîëîãiþ òà â [39] âií âèçíà÷èâ äîñòàòíi
îçíàêè íåäèñêðåòíî¨ íàïiâãðóïîâî¨ òîïîëîãiçàöi¨ êîìóòàòèâíî¨ íàïiâãðóïè. Íàïiâ-
ãðóïà T íàçèâà¹òüñÿ Òàéìàíîâîþ, ÿêùî âîíà ìiñòèòü äâi ðiçíi òî÷êè 0T ,∞T òàêi,
ùî xy = ∞T äëÿ äîâiëüíèõ ðiçíèõ òî÷îê x, y ∈ T \ {0T ,∞T } i xy = ∞T ó âñiõ
iíøèõ âèïàäêàõ [20]. Ó ïðàöi [20] äîâåäåíî, ùî äîâiëüíà Òàéìàíîâà íàïiâãðóïà ìà¹
òàêi òîïîëîãi÷íi âëàñòèâîñòi: (i) êîæíà T1-òîïîëîãiÿ ç íåïåðåðâíèìè çñóâàìè íà T
¹ äèñêðåòíîþ; (ii) T çàìêíåíà â äîâiëüíié T1-òîïîëîãi÷íié íàïiâãðóïi, ùî ìiñòèòü
T ÿê ïiäíàïiâãðóïó; (iii) êîæåí íåiçîìîðôíèé ãîìîìîðôíèé îáðàç Z íàïiâãðóïè T
¹ íàïiâãðóïîþ ç íóëüîâèì ìíîæåííÿì i, îòæå, ¹ òîïîëîãi÷íîþ íàïiâãðóïîþ â äî-
âiëüíié òîïîëîãi¨ íà Z. Äèñêðåòíi òà íåäèñêðåòíi òîïîëîãiçàöi¨ íàïiâãðóï ïåðåòâî-
ðåíü çà ìîäóëåì áåðiâñüêîãî ÷è ëîêàëüíî êîìïàêòíîãî ïðîñòîðó âèâ÷àëè â ïðàöÿõ
[5, 6, 12, 13, 19, 22, 26, 28, 29].

Ïðîáëåìà içîìîðôíîãî çàíóðåííÿ íàïiâãðóï ó ãàóñäîðôîâi òîïîëîãi÷íi íàïiâ-
ãðóïè áëèçüêi äî êîìïàêòíèõ äîñëiäæóâàëè â [1, 2, 3, 6, 12, 13, 18, 21, 23, 24, 25, 27].

Ìè äîâîäèìî, ùî ôàêòîð-íàïiâãðóïà ID∞/Cmg çà ìiíiìàëüíîþ ãðóïîâîþ êîí-
ãðóåíöi¹þ Cmg içîìîðôíà ãðóïi Iso(Z) óñiõ içîìåòðié ìíîæèíè Z; íàïiâãðóïà ID∞
¹ F -iíâåðñíîþ íàïiâãðóïîþ, à òàêîæ, ùî íàïiâãðóïà ID∞ içîìîðôíà íàïiâïðÿìîìó
äîáóòêó Iso(Z)nh P∞(Z) âiëüíî¨ íàïiâ ðàòêè ç îäèíèöåþ (P∞(Z),∪) ãðóïîþ Iso(Z).
Âèçíà÷åíî äîñòàòíi óìîâè, çà âèêîíàííÿ ÿêèõ òðàíñëÿöiéíî íåïåðåðâíà òîïîëîãiÿ
íà ID∞ ¹ äèñêðåòíîþ, à òàêîæ ïîáóäîâàíî íåäèñêðåòíó ãàóñäîðôîâó íàïiâãðóïî-
âó òîïîëîãiþ íà ID∞. Äîñëiäæó¹òüñÿ ïðîáëåìà içîìîðôíîãî çàíóðåííÿ äèñêðåòíî¨
íàïiâãðóïè ID∞ ó ãàóñäîðôîâi òîïîëîãi÷íi íàïiâãðóïè áëèçüêi äî êîìïàêòíèõ.

2. Ñòðóêòóðíà òåîðåìà äëÿ íàïiâãðóïè ID∞.
Íàéìåíøà ãðóïîâà êîíãðóåíöiÿ Cmg íà iíâåðñíié íàïiâãðóïi S âèçíà÷à¹òüñÿ òàê

(äèâ. [35, III.5]):

sCmgt â S òîäi i ëèøå òîäi, êîëè iñíó¹ iäåìïîòåíò e ∈ S òàêèé, ùî es = et.

Ç îçíà÷åííÿ íàïiâãðóïè ID∞ âèïëèâà¹, ùî äëÿ äîâiëüíîãî åëåìåíòà α íàïiâ-
ãðóïè ID∞ iñíó¹ ¹äèíèé åëåìåíò γα ãðóïè îäèíèöü H(1) òàêèé, ùî α 6 γα, à îòæå,
îçíà÷åíî âiäîáðàæåííÿ

(1) G : ID∞ → H(1) : α 7→ γα.
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Ç îçíà÷åííÿ íàïiâãðóïè ID∞ âèïëèâà¹, ùî òàê îçíà÷åíå âiäîáðàæåííÿ G ¹ ñþð'¹ê-
òèâíèì ãîìîìîðôiçìîì, i òèì áiëüøå äëÿ α, β ∈ ID∞ ìà¹ìî, ùî

αCmgβ òîäi i ëèøå òîäi, êîëè (α)G = (β)G.

Îòîæ, ìè äîâåëè òàêó òåîðåìó

Òåîðåìà 1. Ôàêòîð-íàïiâãðóïà ID∞/Cmg içîìîðôíà ãðóïi Iso(Z) óñiõ içîìåòðié

ìíîæèíè Z, ïðè÷îìó ïðèðîäíèé ãîìîìîðôiçì C\mg : ID∞ → Iso(Z) âèçíà÷à¹òüñÿ çà
ôîðìóëîþ (1).

Íàãàäà¹ìî, ùî iíâåðñíà íàïiâãðóïà S íàçèâà¹òüñÿ F -iíâåðñíîþ, ÿêùî Cmg-êëàñ
sCmg êîæíîãî åëåìåíòà s ìà¹ íàéáiëüøèé åëåìåíò ñòîñîâíî ïðèðîäíîãî ÷àñòêîâîãî
ïîðÿäêó â S [34]. Î÷åâèäíî, ùî êîæíà F -iíâåðñíà íàïiâãðóïà ìiñòèòü îäèíèöþ.

Ç îçíà÷åííÿ íàïiâãðóïè ID∞ âèïëèâà¹, ùî äîâiëüíîãî åëåìåíòà α íàïiâãðóïè
ID∞ iñíó¹ ¹äèíèé åëåìåíò γα ãðóïè îäèíèöü H(1) òàêèé, ùî α 6 γα, à îòæå, âèêî-
íó¹òüñÿ

Íàñëiäîê 1. ID∞ ¹ F -iíâåðñíîþ íàïiâãðóïîþ.

Äëÿ äîâiëüíîãî åëåìåíòà s iíâåðñíî¨ íàïiâãðóïè S ïîçíà÷èìî

↓s = {x ∈ S : x 6 s},

äå 6 � ïðèðîäíèé ÷àñòêîâèé ïîðÿäîê íà S.
Íåõàé S � äîâiëüíà F -iíâåðñíà íàïiâãðóïà. Òîäi äëÿ äîâiëüíîãî åëåìåíòà s íà-

ïiâãðóïè S ÷åðåç es ïîçíà÷èìî iäåìïîòåíò ss−1 ∈ S, ÷åðåç ts � íàéáiëüøèé åëåìåíò
ñòîñîâíî ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó íà S â Cmg-êëàñi sCmg åëåìåíòà s, i íåõàé
TS = {ts : s ∈ S}. Òîäi íàïiâãðóïà S ¹ äèç'þíêòíèì îá'¹äíàííÿì ìíîæèí ↓t, äå t ∈ TS
[34].

Ñòðóêòóðà F -iíâåðñíèõ íàïiâãðóï âèêëàäåíà ó [34], íàäàëi ìè äàëi âèêîðèñòà-
¹ìî òàêi äâà òâåðäæåííÿ äëÿ îïèñàííÿ íàïiâãðóïè ID∞.

Ëåìà 1 ([34, ëåìà 3]). Íåõàé S � F -iíâåðñíà íàïiâãðóïà ç îäèíèöåþ 1S. Òîäi:

(i) 1S � îäèíèöÿ íàïiâ ðàòêè E(S);
(ii) ìíîæèíà TS ç áiíàðíîþ îïåðàöi¹þ

u ∗ v = tuv, u, v ∈ TS ,

¹ ãðóïîþ ç íåéòðàëüíèì åëåìåíòîì 1S, i t
−1 ¹ îáåðíåíèì äî åëåìåíòà t â

ãðóïi (TS , ∗);
(iii) äëÿ êîæíîãî åëåìåíòà t ∈ TS âiäîáðàæåííÿ Ft : E(S) → ↓et, îçíà÷åíå çà

ôîðìóëîþ

(f)Ft = tft−1, f ∈ E(S),

¹ ñþð'¹êòèâíèì ãîìîìîðôiçìîì, ïðè÷îìó F1S ¹ òîòîæíèì âiäîáðàæåííÿì
íà E(S);

(iv) (1S)Ft = et é (et)Ft−1 = et−1 , äëÿ äîâiëüíîãî åëåìåíòà t ∈ TS;
(v) äëÿ äîâiëüíèõ åëåìåíòiâ u, v ∈ S âèêîíó¹òüñÿ ðiâíiñòü

((1S)Fu)Fv · (f)Fu∗v = ((f)Fu)Fv, äëÿ äîâiëüíîãî iäåìïîòåíòà f ∈ S;
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(vi) ÿêùî u, v ∈ TS, òî
f · (g)Fu 6 eu∗v,

äëÿ âñiõ iäåìïîòåíòiâ f 6 eu òà g 6 ev íàïiâãðóïè S.

Òåîðåìà 2 ([34, òåîðåìà 3]). Íåõàé S � F -iíâåðñíà íàïiâãðóïà òà S=
⋃
t∈TS

(↓et×{t}).

Îçíà÷èìî íà S áiíàðíó îïåðàöiþ ◦ òàê: ÿêùî u, v ∈ TS, òî äëÿ iäåìïîòåíòiâ
f 6 eu òà g 6 ev ïðèéìåìî

(2) (f, u) ◦ (g, v) = (f · (g)Fu, u ∗ v) .
Òîäi ◦ � íàïiâãðóïîâà îïåðàöiÿ íà S i íàïiâãðóïà (S , ◦) içîìîðôíà íàïiâãðóïi S
ñòîñîâíî âiäîáðàæåííÿ H : S → S : s 7→

(
ss−1, ts

)
.

Íåõàé A òà B � íàïiâãðóïè, End(B) � íàïiâãðóïà åíäîìîðôiçìiâ íàïiâãðóïè B
i âèçíà÷åíî ãîìîìîðôiçì h : A → End(B) : b 7→ hb. Òîäi ìíîæèíà A × B ç áiíàðíîþ
îïåðàöi¹þ

(a1, b1) · (a2, b2) = (a1a2, (b1)ha2b2) , a1, a2 ∈ A, b1, b2 ∈ B
íàçèâà¹òüñÿ íàïiâïðÿìèì äîáóòêîì íàïiâãðóïè A íàïiâãðóïîþ B ñòîñîâíî ãîìîìîð-
ôiçìó h i ïîçíà÷à¹òüñÿ A nh B [32]. Ó öüîìó âèïàäêó êàæóòü, ùî âèçíà÷åíà ïðàâà
äiÿ íàïiâãðóïè A íà íàïiâãðóïi B åíäîìîðôiçìiâ (ãîìîìîðôiçìiâ). Çàóâàæèìî, ùî
íàïiâïðÿìèé äîáóòîê iíâåðñíèõ íàïiâãðóï íå çàâæäè ¹ iíâåðñíîþ íàïiâãðóïîþ (äèâ.
[32, ðîçäië 5.3]).

Ëåìà 2. Âiäîáðàæåííÿ h : H(1) → End (E(ID∞)) : γ 7→ hγ , äå (α)hγ = γ−1αγ �
àâòîìîðôiçì íàïiâ ðàòêè E(ID∞), ¹ ãîìîìîðôiçìîì, ïðè÷îìó h1 � òîòîæíèé
àâòîìîðôiçì íàïiâ ðàòêè E(ID∞).

Äîâåäåííÿ. Äëÿ äîâiëüíèõ γ ∈ H(1), ε, ι ∈ E(ID∞) îòðèìà¹ìî, ùî

(ει)hγ = γ−1ειγ = γ−1εγγ−1ιγ = (ε)hγ(ι)hγ ,

à îòæå, hγ � ãîìîìîðôiçì íàïiâ ðàòêè E(ID∞). Îñêiëüêè äëÿ äîâiëüíèõ γ ∈ H(1)
òà ε ∈ E(ID∞) åëåìåíò γεγ−1 ¹ iäåìïîòåíòîì íàïiâãðóïè ID∞ i

(γεγ−1)hγ = γ−1(γεγ−1)γ = ε,

òî ãîìîìîðôiçì hγ � ñþð'¹êòèâíå âiäîáðàæåííÿ. Î÷åâèäíî, ùî h1 � òîòîæíå âiä-
îáðàæåííÿ íàïiâ ðàòêè E(ID∞).

Ïðèïóñòèìî, ùî (ε)hγ = (ι)hγ , äëÿ äåÿêèõ γ ∈ H(1), ε, ι ∈ E(ID∞). Îñêiëüêè
H(1) � ãðóïà îäèíèöü íàïiâãðóïè ID∞, òî ç ðiâíîñòåé

γ−1εγ = (ε)hγ = (ι)hγ = γ−1ιγ

âèïëèâà¹, ùî
ε = 1ε1 = γγ−1εγγ−1 = γγ−1ιγγ−1 = 1ι1 = ι,

à îòæå, hγ � àâòîìîðôiçì íàïiâ ðàòêè E(ID∞).
Çàôiêñó¹ìî äîâiëüíi γ, δ ∈ H(1). Òîäi äëÿ äîâiëüíîãî iäåìïîòåíòà ε ∈ ID∞

ìà¹ìî, ùî

(ε)hγδ = (γδ)−1εγδ = δ−1γ−1εγδ = δ−1(ε)hγδ = ((ε)hγ) hδ = (ε) (hγ · hδ) ,
à îòæå, òàê îçíà÷åíå âiäîáðàæåííÿ h : H(1)→ End (E(ID∞)) ¹ ãîìîìîðôiçìîì. �
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Íàñòóïíà òåîðåìà îïèñó¹ ñòðóêòóðó íàïiâãðóïè ID∞.

Òåîðåìà 3. Íàïiâãðóïà ID∞ içîìîðôíà íàïiâïðÿìîìó äîáóòêó Iso(Z) nh P∞(Z)
âiëüíî¨ íàïiâ ðàòêè ç îäèíèöåþ (P∞(Z),∪) ãðóïîþ Iso(Z) óñiõ içîìåòðié ìíîæèíè
öiëèõ ÷èñåë Z.

Äîâåäåííÿ. Îñêiëüêè ãðóïà îäèíèöü H(1) íàïiâãðóïè ID∞ içîìîðôíà ãðóïi Iso(Z)
óñiõ içîìåòðié ìíîæèíè Z, òî íàì äîñòàòíüî äîâåñòè, ùî íàïiâãðóïà ID∞ içîìîðô-
íà íàïiâïðÿìîìó äîáóòêó H(1) nh E(ID∞) íàïiâ ðàòêè E(ID∞) ãðóïîþ îäèíèöü
H(1) íàïiâãðóïè ID∞ ñòîñîâíî ãîìîìîðôiçìó h : H(1) → End (E(ID∞)) : γ 7→ hγ ,
äå (α)hγ = γ−1αγ.

Îçíà÷èìî âiäîáðàæåííÿ T : ID∞ → H(1)nh E(ID∞) çà ôîðìóëîþ

(α)T =
(
γα, α

−1α
)
,

äå åëåìåíò γα ãðóïè îäèíèöü H(1) íàïiâãðóïè ID∞, âèçíà÷åíèé ôîðìóëîþ (1).
Îñêiëüêè äëÿ äîâiëüíîãî åëåìåíòà α íàïiâãðóïè ID∞ iñíó¹ ¹äèíèé åëåìåíò γα ãðó-
ïè îäèíèöü H(1) òàêèé, ùî α 6 γα, òî ç íàñëiäêó 1 âèïëèâà¹, ùî âiäîáðàæåííÿ
T : ID∞ → H(1) nh E(ID∞) îçíà÷åíå êîðåêòíî, i âîíî ¹ ñþð'¹êòèâíèì. Ïðèïóñ-
òèìî, ùî iñíóþòü åëåìåíòè α òà β íàïiâãðóïè ID∞ òàêi, ùî (α)T = (β)T. Òîäi(
γα, α

−1α
)
=
(
γβ , β

−1β
)
i, âèêîðèñòàâøè âëàñòèâiñòü, ùî äëÿ äîâiëüíîãî åëåìåíòà α

íàïiâãðóïè ID∞ iñíó¹ ¹äèíèé åëåìåíò γα ãðóïè îäèíèöü H(1) òàêèé, ùî α 6 γα, i
ëåìó 1.4.6 ç [32], îòðèìó¹ìî

α = γαα
−1α = γββ

−1β = β,

à îòæå, âiäîáðàæåííÿ T : ID∞ → H(1)nh E(ID∞) ¹ ñþð'¹êòèâíèì.
Íåõàé α òà β � äîâiëüíi åëåìåíòè íàïiâãðóïè ID∞. Òîäi ç ôîðìóëè (1) i òåî-

ðåìè 1 âèïëèâà¹, ùî αβCmgγαγβ , i îñêiëüêè γα, γβ ∈ H(1), òî îòðèìó¹ìî, ùî γαγβ =
γαβ . Çâiäñè âèïëèâà¹, ùî

(α)T(β)T =
(
γα, α

−1α
) (
γβ , β

−1β
)
=

=
(
γαγβ , γ

−1
β α−1αγββ

−1β
)
=

=
(
γαβ , γ

−1
β α−1αγββ

−1β
)
.

Çà ëåìîþ 2 âiäîáðàæåííÿ hγ : E(ID∞) → E(ID∞) : α 7→ γ−1αγ ¹ àâòîìîðôiçìîì
íàïiâ ðàòêè E(ID∞), à îòæå îòðèìó¹ìî, ùî åëåìåíò γ−1β α−1αγβ ¹ iäåìïîòåíòîì íà-
ïiâãðóïè ID∞. Îñêiëüêè ID∞ � iíâåðñíà íàïiâãðóïà, òî äëÿ äîâiëüíîãî åëåìåíòà α
íàïiâãðóïè ID∞ iñíó¹ ¹äèíèé åëåìåíò γα ãðóïè îäèíèöü H(1) òàêèé, ùî α 6 γα. Ç
ëåìè 1.4.6 ç [32] âèëèâà¹, ùî β = γββ

−1β, à îòæå,

γ−1β α−1αγββ
−1β =

(
γ−1β α−1αγβ

) (
β−1β

) (
β−1β

)
=

=
(
β−1βγ−1β

) (
α−1α

) (
γββ

−1β
)
=

=
(
γββ

−1β
)−1 (

α−1α
) (
γββ

−1β
)
=

= β−1
(
α−1α

)
β =

=
(
β−1α−1

)
(αβ) =

= (αβ)
−1

(αβ) .
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Îòîæ, îòðèìó¹ìî

(αβ)T =
(
γαβ , (αβ)

−1αβ
)
= (α)T(β)T,

à îòæå, âiäîáðàæåííÿ T : ID∞ → H(1) nh E(ID∞) ¹ ãîìîìîðôiçìîì, ùî i çàâåðøó¹
äîâåäåííÿ òåîðåìè. �

Ïîçàÿê ãðóïà Iso(Z) içîìîðôíà íàïiâïðÿìîìó äîáóòêó Z(+)oZ2, òî ç òåîðåìè 3
âèïëèâà¹ íàñëiäîê.

Íàñëiäîê 2. Íàïiâãðóïà ID∞ içîìîðôíà íàïiâïðÿìîìó äîáóòêó

(Z(+)o Z2)nh P∞(Z).

Íàäàëi íàì áóäå ïîòðiáíå òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 1. Äëÿ äîâiëüíîãî α ∈ ID∞ ìíîæèíà

↑α = {β ∈ ID∞ : α 6 β}

ñêií÷åííà.

Äîâåäåííÿ. Ç ëåìè 1.4.6 [32] âèïëèâà¹, ùî

↑α =
{
β ∈ ID∞ : α = αα−1β

}
,

i, âèêîðèñòàâøè òå, ùî ó íàïiâãðóïi ID∞ óñi iäåìïîòåíòè ¹ ÷àñòêîâèìè òîòîæíè-
ìè âiäîáðàæåííÿìè êîñêií÷åííèõ ó Z ïiäìíîæèí, îòðèìó¹ìî, ùî ïiäìíîæèíà ↑α ¹
ñêií÷åííîþ â ID∞. �

Òâåðäæåííÿ 2. Äëÿ äîâiëüíèõ α, β ∈ ID∞ ìíîæèíè

R(α|β) = {χ ∈ ID∞ : αχ = β} i L(α|β) = {χ ∈ ID∞ : χα = β}

ñêií÷åííi. Ïðè÷îìó, ÿêùî R(α|β) 6= ∅ (L(α|β) 6= ∅), òî |R(α|β) ∩H(1)| = 1
(|L(α|β) ∩H(1)| = 1).

Äîâåäåííÿ. Çàóâàæèìî, î÷åâèäíî, ùî R(α|β) ¹ ïiäìíîæèíîþ ìíîæèíè

R =
{
χ ∈ ID∞ : α−1αχ = α−1β

}
,

îñêiëüêè α−1α ¹ iäåìïîòåíòîì íàïiâãðóïè ID∞, òî îòðèìó¹ìî, ùî R ⊆ ↑α−1β. Òîäi
çà òâåðäæåííÿì 1 îòðèìó¹ìî, ùî R � ñêií÷åííà, à îòæå, R(α|β) � ñêií÷åííà ïiä-
ìíîæèíà â ID∞. Îñòàíí¹ òâåðäæåííÿ âèïëèâà¹ ç òîãî, ùî ID∞ ¹ F -íàïiâãðóïîþ.
Äîâåäåííÿ òâåðäæåííÿ ó âèïàäêó ìíîæèíè L(α|β) ¹ àíàëîãi÷íèì. �

3. Ïðî (íàïiâ)òîïîëîãi÷íó íàïiâãðóïó ID∞.

Òâåðäæåííÿ 3. Íåõàé τ � T1-òîïîëîãiÿ íà íàïiâãðóïi ID∞ ñòîñîâíî ÿêî¨ ëiâi
(ïðàâi) çñóâè â (ID∞, τ) ¹ íåïåðåðâíèìè âiäîáðàæåííÿìè òà òîïîëîãi÷íèé ïðîñòið
(ID∞, τ) ìiñòèòü içîëüîâàíó òî÷êó. Òîäi ãðóïà îäèíèöü H(1) ¹ äèñêðåòíèì ïiä-
ïðîñòîðîì â (ID∞, τ).
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Äîâåäåííÿ. Ïðèïóñòèìî, ùî ëiâi çñóâè â (ID∞, τ) ¹ íåïåðåðâíèìè âiäîáðàæåííÿìè.
Íåõàé α0 � içîëüîâàíà òî÷êà â (ID∞, τ). Òîäi ç íåïåðåðâíîñòi ëiâèõ çñóâiâ ó (ID∞, τ)
âèïëèâà¹, ùî ìíîæèíà ↑α0 � âiäêðèòî-çàìêíåíà, ÿê ïîâíèé ïðîîáðàç âiäêðèòî-
çàìêíåíî¨ ìíîæèíè ïðè íåïåðåðâíîìó ëiâîìó çñóâi íà iäåìïîòåíò α0α

−1
0 . Ïîçàÿê

τ � T1-òîïîëîãiÿ íà íàïiâãðóïi ID∞, òî çà òâåðäæåííÿì 2 ãðóïà îäèíèöü H(1) íà-
ïiâãðóïè ID∞ ìiñòèòü içîëüîâàíó òî÷êó â (ID∞, τ). Àëå â êîæíié ãðóïi ðiâíÿííÿ
ax = b ìà¹ ¹äèíèé ðîçâ'ÿçîê i ìíîæèíà ID∞ \H(1) ¹ äâîái÷íèì iäåàëîì â íàïiâãðóïi
ID∞, òî ç íåïåðåðâíîñòi ëiâèõ çñóâiâ ó (ID∞, τ) âèïëèâà¹, ùî êîæåí åëåìåíò ãðóïè
îäèíèöü H(1) ¹ içîëüîâàíîþ òî÷êîþ â ïðîñòîði (ID∞, τ).

Äëÿ ïðàâèõ çñóâiâ äîâåäåííÿ àíàëîãi÷íå. �

Òåîðåìà 4. Íåõàé τ � áåðiâñüêà T1-òîïîëîãiÿ íà íàïiâãðóïi ID∞, ñòîñîâíî ÿêî¨
ëiâi (ïðàâi) çñóâè â (ID∞, τ) ¹ íåïåðåðâíèìè âiäîáðàæåííÿìè. Òîäi ãðóïà îäèíèöü
H(1) ¹ äèñêðåòíèì ïiäïðîñòîðîì â (ID∞, τ).

Äîâåäåííÿ. Ïðèïóñòèìî, ùî ëiâi çñóâè â (ID∞, τ) ¹ íåïåðåðâíèìè âiäîáðàæåííÿìè.
Ïîçàÿê íàïiâãðóïà ID∞ çëi÷åííà, òî ç áåðîâîñòi T1-ïðîñòîðó (ID∞, τ) âèïëèâà¹, ùî
õî÷à á îäèí åëåìåíò ñiì'¨ {{α} : α ∈ ID∞} ìà¹ íåïîðîæíþ âíóòðiøíiñòü â (ID∞, τ),
à îòæå, ïðîñòið (ID∞, τ) ìiñòèòü içîëüîâàíó òî÷êó. Äàëi ñêîðèñòà¹ìîñÿ òâåðäæåí-
íÿì 3. �

Êàæóòü, ùî òîïîëîãiÿ τ íà íàïiâãðóïi S ¹ ëiâî (ïðàâî) E-áåðiâñüêîþ, ÿêùî äëÿ
äîâiëüíîãî iäåìïîòåíòà e ∈ S ïiäïðîñòið eS (Se) â S ¹ áåðiâñüêèì.

Òåîðåìà 5. Êîæíà ëiâî (ïðàâî) E-áåðiâñüêà T1-òîïîëîãiÿ τ íà íàïiâãðóïi ID∞,
ñòîñîâíî ÿêî¨ ïðàâi (ëiâi) çñóâè â (ID∞, τ) ¹ íåïåðåðâíèìè âiäîáðàæåííÿìè, äèñ-
êðåòíà.

Äîâåäåííÿ. Íåõàé τ � ëiâî E-áåðiâñüêà T1-òîïîëîãiÿ íà íàïiâãðóïi ID∞, ñòîñîâíî
ÿêî¨ ëiâi (ïðàâi) çñóâè â (ID∞, τ) ¹ íåïåðåðâíèìè âiäîáðàæåííÿìè. Îñêiëüêè ID∞ �
iíâåðñíà íàïiâãðóïà, òî αID∞ = αα−1ID∞ äëÿ äîâiëüíîãî åëåìåíòà α ∈ ID∞, à îòæå,
αID∞ � áåðiâñüêèé ïiäïðîñòið â (ID∞, τ). Òîäi ç áåðîâîñòi T1-ïðîñòîðó αID∞ âèïëè-
âà¹, ùî õî÷à á îäèí åëåìåíò ñiì'¨ {{β} : β ∈ αID∞} ìà¹ íåïîðîæíþ âíóòðiøíiñòü â
αID∞, à îòæå, ïðîñòið αID∞ ìiñòèòü içîëüîâàíó òî÷êó. Íåõàé α0 � içîëüîâàíà òî÷-
êà â αID∞ i αβ = α0 äëÿ äåÿêîãî β ∈ ID∞. Òîäi ç íåïåðåðâíîñòi ïðàâèõ çñóâiâ ó
(ID∞, τ) òà òâåðäæåííÿ 2 âèïëèâà¹, ùî ìíîæèíà

{χ ∈ ID∞ : χβ = α0}

¹ ñêií÷åííîþ òà âiäêðèòîþ â (ID∞, τ) ÿê ïîâíèé ïðîîáðàç âiäêðèòî¨ ìíîæèíè ïðè
íåïåðåðâíîìó ïðàâîìó çñóâi íà åëåìåíò β, i, êðiì òîãî, âîíà ìiñòèòü åëåìåíò α.
Çâiäêè âèïëèâà¹, ùî α � içîëüîâàíà òî÷êà â (ID∞, τ). Ç äîâiëüíîñòi âèáîðó åëåìåíòà
α ∈ ID∞ âèïëèâà¹, ùî óñi òî÷êè ïðîñòîðó (ID∞, τ) içîëüîâàíi. �

Ïîçàÿê â ãàóñäîðôîâié íàïiâòîïîëîãi÷íié íàïiâãðóïi S ìíîæèíè eS i Se � çàìê-
íåíi äëÿ äîâiëüíîãî iäåìïîòåíòà e ∈ S, òî ç òåîðåìè 5 âèïëèâà¹ òàêèé íàñëiäîê

Íàñëiäîê 3. Êîæíà ãàóñäîðôîâà òðàíñëÿöiéíî íåïåðåðâíà ñïàäêîâî áåðiâñüêà òî-
ïîëîãiÿ τ íà íàïiâãðóïi ID∞ ¹ äèñêðåòíîþ.
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Îñêiëüêè êîæåí ãàóñäîðôîâèé ëîêàëüíî êîìïàêòíèé òîïîëîãi÷íèé ïðîñòið ¹
ïîâíèì çà ×åõîì, à êîæåí ïîâíèé çà ×åõîì ¹ ñïàäêîâî áåðiâñüêèì (äèâ. [16]), òî ç
íàñëiäêó 3 âèïëèâà¹ íàñëiäîê 4.

Íàñëiäîê 4. Êîæíà ãàóñäîðôîâà òðàíñëÿöiéíî íåïåðåðâíà ïîâíà çà ×åõîì (à îò-
æå, i ëîêàëüíî êîìïàêòíà) òîïîëîãiÿ τ íà íàïiâãðóïi ID∞ ¹ äèñêðåòíîþ.

Ç íàñòóïíîãî ïðèêëàäó âèïëèâà¹, ùî íà íàïiâãðóïi ID∞ iñíó¹ íåäèñêðåòíà íåáå-
ðiâñüêà ãàóñäîðôîâà òîïîëîãiÿ τNB òàêà, ùî (ID∞, τNB) ¹ òîïîëîãi÷íîþ íàïiâãðóïîþ.

Ïðèêëàä 1. Âiäîìî, ùî ãðóïà içîìåòðié Iso(T1) îäèíè÷íîãî êîëà

T1 = {z ∈ C : |z| = 1}
íà êîìïëåêñíié ïëîùèíi içîìîðôíà íàïiâïðÿìîìó äîáóòêó T1 oZ2 òà âiäîáðàæåííÿ

θ : Z(+)o Z2 → T1 o Z2 : (z, a) 7→ (eiz, a)

¹ içîìîðôíèì (àëãåáðè÷íèì) çàíóðåííÿì ãðóïè Iso(Z) â ãðóïó Iso(T1). Íåõàé íà
îäèíè÷íîìó êîëi T1 çàäàíî êîìïàêòíó òîïîëîãiþ, iíäóêîâàíó ç C, äå íà C âèçíà÷åíà
çâè÷àéíà åâêëiäîâà òîïîëîãiÿ, à íà ãðóïi Z2 âèçíà÷åíà äèñêðåòíà òîïîëîãiÿ. Òîäi
T1oZ2 ç òîïîëîãi¹þ äîáóòêó ¹ êîìïàêòíîþ òîïîëîãi÷íîþ ãðóïîþ (äèâ. [36, ïðèêëàä
6.22]), ÿêà iíäóêó¹ íà ïiäãðóïi Iso(Z) íåäèñêðåòíó ãðóïîâó òîïîëîãiþ.

Íåõàé íà íàïiâ ðàòöi P∞(Z) çàäàíà äèñêðåòíà òîïîëîãiÿ. Òîäi çà òåîðåìîþ 2.10
ç [11, òîì 1, ñ. 67] íàïiâãðóïà (Z(+)o Z2)nh P∞(Z) ç òîïîëîãi¹þ äîáóòêó ¹ òîïîëî-
ãi÷íîþ íàïiâãðóïîþ, ÿêà, î÷åâèäíî, íå ¹ äèñêðåòíèì ïðîñòîðîì.

Ëåìà 3. ßêùî A � äèñêðåòíèé ùiëüíèé ïiäïðîñòið T1-òîïîëîãi÷íîãî ïðîñòîðó
X, òî A � âiäêðèòèé ïiäïðîñòið â X.

Äîâåäåííÿ. Ïðèïóñòèìî ïðîòèëåæíå: iñíó¹ òî÷êà x ∈ A òàêà, ùî êîæåí ¨¨ âiäêðèòèé
îêië U(x) ïåðåòèíà¹ ìíîæèíóX\A. Çàôiêñó¹ìî äîâiëüíèé âiäêðèòèé îêië U0(x) òî÷-
êè x â òîïîëîãi÷íîìó ïðîñòîði X òàêèé, ùî U0(x)∩A = {x}. Òîäi U0(x) ¹ âiäêðèòèì
îêîëîì äåÿêî¨ òî÷êè y ∈ U0(x) ∩ X \ A â òîïîëîãi÷íîìó ïðîñòîði X, à îòæå, U0(x)
ìiñòèòü íåñêií÷åííó êiëüêiñòü òî÷îê ìíîæèíè A, ùî ñóïåðå÷èòü âèáîðó îêîëó U0(x).
Ç îòðèìàíî¨ ñóïåðå÷íîñòi âèïëèâà¹ òâåðäæåííÿ ëåìè. �

Òåîðåìà 6. Íåõàé äèñêðåòíà íàïiâãðóïà ID∞ ¹ ùiëüíîþ ïiäíàïiâãðóïîþ T1-
íàïiâòîïîëîãi÷íî¨ íàïiâãðóïè S é I = S \ ID∞ 6= ∅. Òîäi I ¹ äâîái÷íèì iäåàëîì
â S.

Äîâåäåííÿ. Ç ëåìè 3 âèïëèâà¹, ùî ID∞ ¹ âiäêðèòèì ïiäïðîñòîðîì â S.
Çàôiêñó¹ìî äîâiëüíèé åëåìåíò y ∈ I, ÿêùî x · y = z /∈ I äëÿ äåÿêîãî åëåìåíòà

x ∈ ID∞, òî iñíó¹ âiäêðèòèé îêië U(y) òî÷êè y â òîïîëîãi÷íîìó ïðîñòîði S òàêèé,
ùî {x} · U(y) = {z} ⊂ ID∞. Îêië U(y) ìiñòèòü íåñêií÷åííó êiëüêiñòü åëåìåíòiâ
íàïiâãðóïè ID∞, ùî ñóïåðå÷èòü òâåðäæåííþ 2. Ç îòðèìàíîãî ïðîòèði÷÷ÿ âèïëèâà¹,
ùî x · y ∈ I äëÿ âñiõ x ∈ ID∞ and y ∈ I. Äîâåäåííÿ òâåðäæåííÿ, ùî y ·x ∈ I äëÿ âñiõ
x ∈ ID∞ òà y ∈ I ¹ àíàëîãi÷íèì.

Ïðèïóñòèìî ïðîòèëåæíå: x · y = w /∈ I, äëÿ äåÿêèõ x, y ∈ I. Òîäi w ∈ ID∞ i
ç íàðiçíî¨ íåïåðåðâíîñòi íàïiâãðóïîâî¨ îïåðàöi¨ â S âèïëèâà¹, ùî iñíóþòü âiäêðèòi
îêîëè U(x) òà U(y) òî÷îê x òà y â ïðîñòîði S, âiäïîâiäíî, òàêi, ùî {x} · U(y) = {w}
and U(x) · {y} = {w}. Îäíàê îáèäâà îêîëè U(x) i U(y) ìiñòÿòü íåñêií÷åííó êiëüêiñòü
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åëåìåíòiâ íàïiâãðóïè ID∞, à îòæå, îáèäâi ðiâíîñòi {x}·U(y) = {w} é U(x)·{y} = {w}
ñóïåðå÷àòü ïîïåðåäíié ÷àñòèíi äîâåäåííÿ òåîðåìè, îñêiëüêè {x} · (U(y) ∩ ID∞) ⊆ I.
Ç îòðèìàíîãî ïðîòèði÷÷ÿ âèïëèâà¹, ùî x · y ∈ I. �

Òâåðäæåííÿ 4. Íåõàé ãàóñäîðôîâà òîïîëîãi÷íà íàïiâãðóïà S ìiñòèòü äèñêðåòíó
íàïiâãðóïó ID∞ ÿê ùiëüíó ïiäíàïiâãðóïó. Òîäi äëÿ äîâiëüíîãî c ∈ ID∞ ìíîæèíà

Dc = {(x, y) ∈ ID∞ × ID∞ : xy = c}

âiêðèòî-çàìêíåíà â S × S.

Äîâåäåííÿ. Ç ëåìè 3 âèïëèâà¹, ùî ID∞ ¹ âiäêðèòèì ïiäïðîñòîðîì â S. Òîäi ç íå-
ïåðåðâíîñòi íàïiâãðóïîâî¨ îïåðàöi¨ â íàïiâãðóïi S îòðèìó¹ìî, ùî Dc � âiäêðèòà
ïiäìíîæèíà â ïðîñòîði S × S äëÿ äîâiëüíîãî åëåìåíòà c ∈ ID∞.

Ïðèïóñòèìî, ùî iñíó¹ òàêèé åëåìåíò c ∈ ID∞, ùî Dc ¹ íåçàìêíåíîþ ïiäìíîæè-
íîþ â S×S. Òîäi iñíó¹ òî÷êà íàêîïè÷åííÿ (a, b) ∈ S×S ìíîæèíè Dc. Ç íåïåðåðâíîñòi
íàïiâãðóïîâî¨ îïåðàöi¨ â S âèïëèâà¹, ùî a · b = c. Àëå ID∞ × ID∞ ¹ äèñêðåòíèì ïiä-
ïðîñòîðîì â S×S, à îòæå, çà òåîðåìîþ 6 òî÷êè a i b íàëåæàòü äî äâîái÷íîãî iäåàëó
I = S \ ID∞, à çâiäñè âèïëèâà¹, ùî äîáóòîê a · b ∈ S \ ID∞ íå ìîæå äîðiâíþâàòè
åëåìåíòîâi c. �

Òåîðåìà 7. ßêùî ãàóñäîðôîâà òîïîëîãi÷íà íàïiâãðóïà S ìiñòèòü íàïiâãðóïó ID∞
ÿê ùiëüíó äèñêðåòíó ïiäíàïiâãðóïó, òî êâàäðàò S × S íå ¹ ñëàáêî êîìïàêòíèì
ïðîñòîðîì.

Äîâåäåííÿ. Ç òâåðäæåííÿì 4 äëÿ äîâiëüíîãî åëåìåíòà c ∈ ID∞ êâàäðàò S × S ìi-
ñòèòü âiäêðèòî-çàìêíåíèé äèñêðåòíèé ïiäïðîñòið Dc. Ó âèïàäêó, êîëè c ¹ îäèíèöåþ
ãðóïè îäèíèöü íàïiâãðóïè ID∞, òî ìíîæèíà Dc ìiñòèòü íåñêií÷åííó ïiäìíîæèíó{(
x, x−1

)
: x ∈ H(1)

}
, à îòæå, ìíîæèíà Dc ¹ íåñêií÷åííîþ. Çâiäñè âèïëèâà¹, ùî ïðî-

ñòið S × S íå ¹ ñëàáêî êîìïàêòíèì. �

Ç iíøîãî áîêó, êîæåí çëi÷åííî êîìïàêòíèé ïðîñòið ¹ ñëàáêî êîìïàêòíèì i çà
òåîðåìîþ 3.10.4 ç [16] çàìêíåíèé ïiäïðîñòið çëi÷åííî êîìïàêòíîãî ïðîñòîðó ¹ çíîâó
çëi÷åííî êîìïàêòíèì, òî ç òåîðåìè 7 âèïëèâà¹ íàñëiäîê 5.

Íàñëiäîê 5. ßêùî ãàóñäîðôîâà òîïîëîãi÷íà íàïiâãðóïà S ìiñòèòü äèñêðåòíó íà-
ïiâãðóïó ID∞, òî ¨¨ êâàäðàò S × S íå ¹ çëi÷åííî êîìïàêòíèì ïðîñòîðîì.

Âiäîìî, ùî êîìïàêòíiñòü i ñåêâåíöiàëüíà êîìïàêòíiñòü çáåðiãà¹òüñÿ ñêií÷åííè-
ìè äîáóòêàìè (äèâ. [16, ðîçäië 3]), à îòæå, ç íàñëiäêó 5 âèïëèâàþòü òàêi äâà íàñëiäêè

Íàñëiäîê 6. Äèñêðåòíà íàïiâãðóïà ID∞ íå çàíóðþ¹òüñÿ òîïîëîãi÷íî içîìîðôíî â
æîäíó ãàóñäîðôîâó êîìïàêòíó òîïîëîãi÷íó íàïiâãðóïó.

Íàñëiäîê 7. Äèñêðåòíà íàïiâãðóïà ID∞ íå çàíóðþ¹òüñÿ òîïîëîãi÷íî içîìîðôíî â
æîäíó ãàóñäîðôîâó ñåêâåíöiàëüíî êîìïàêòíó òîïîëîãi÷íó íàïiâãðóïó.

Òåîðåìà 8. ßêùî ãàóñäîðôîâà òîïîëîãi÷íà íàïiâãðóïà S ìiñòèòü íàïiâãðóïó ID∞
ç içîëüîâàíîþ òî÷êîþ â ID∞, òî êâàäðàò S×S íå ¹ çëi÷åííî êîìïàêòíèì ïðîñòî-
ðîì.
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Äîâåäåííÿ. ßêùî íàïiâãðóïà ID∞ ìiñòèòü içîëüîâàíó òî÷êó, òî çà òâåðäæåííÿì 3
ãðóïà îäèíèöü H(1) ¹ äèñêðåòíèì ïiäïðîñòîðîì â ID∞. Òîäi çà òâåðäæåííÿì 2.3.3
ç [16] îòðèìà¹ìî, ùî clS×S(H(1) × H(1)) = clS(H(1)) × clS(H(1)), à òîäi ç òåîðå-
ìè 3.10.4 ç [16] âèïëèâà¹, ùî clS×S(H(1) × H(1)) � çëi÷åííî êîìïàêòíèé ïðîñòið.
Îäíàê clS×S(H(1)×H(1)) � çàìêíåíà ïiäíàïiâãðóïà â S×S (äèâ. [11, ò. 1, ñ. 9�10]),
òî ç àíàëîãi÷íèõ ìiðêóâàíü (ÿê i â äîâåäåííi òâåðäæåííÿ 4 i òåîðåìè 7) îòðèìó¹ìî,
ùî clS×S(H(1) × H(1)) íå ¹ ñëàáêî êîìïàêòíèì ïiäïðîñòîðîì â S × S, à îòæå, çà
òåîðåìîþ 3.10.4 ç [16] ïðîñòið S × S íå ¹ çëi÷åííî êîìïàêòíèì. �

Òåîðåìà 9. Ñëàáêî êîìïàêòíà êâàçi-ðåãóëÿðíà T1-òîïîëîãi÷íà iíâåðñíà íàïiâãðóïà
íå ìiñòèòü íàïiâãðóïó ID∞ ÿê ùiëüíó ïiäíàïiâãðóïó.

Äîâåäåííÿ. Ïðèïóñòèìî ïðîòèëåæíå: iñíó¹ ñëàáêî êîìïàêòíà êâàçi-ðåãóëÿðíà T1-
òîïîëîãi÷íà iíâåðñíà íàïiâãðóïà S, ÿêà ìiñòèòü íàïiâãðóïó ID∞ ÿê ùiëüíó ïiäíà-
ïiâãðóïó. Òîäi ç òåîðåìè 2.8 ìîíîãðàôi¨ [31] âèïëèâà¹, ùî ïðîñòið íàïiâãðóïè S ¹
áåðiâñüêèì, à îòæå, õî÷à á îäèí åëåìåíò ñiì'¨ U = {s : s ∈ ID∞} ∪ {S \ ID∞} ìà¹
íåïîðîæíþ âíóòðiøíiñòü. Ïîçàÿê óñi òî÷êè ìíîæèíè S \ ID∞ ¹ òî÷êàìè äîòèêó äî
ìíîæèíè ID∞ ó ïðîñòîði S, òî intS (S \ ID∞) = ∅, à îòæå, íàïiâãðóïà ID∞ ìiñòèòü
içîëüîâàíó òî÷êó â ïðîñòîði S. Òîäi çà òâåðäæåííÿì 3 ãðóïà îäèíèöü H(1) íàïiâ-
ãðóïè ID∞ ¹ äèñêðåòíèì ïiäïðîñòîðîì ó íàïiâãðóïi ID∞, à îòæå, i ó ïðîñòîði S.
Ïðèïóñòèìî, ùî ãðóïà îäèíèöü H(1) íàïiâãðóïè ID∞ íå ¹ çàìêíåíèì ïiäïðîñòîðîì
ó òîïîëîãi÷íié iíâåðñíié íàïiâãðóïi S. Çàôiêñó¹ìî äîâiëüíèé åëåìåíò s ∈ S òàêèé,
ùî s ∈ clS (H(1)) \ H(1). Äîâåäåìî, ùî ss−1 6= 1 6= s−1s. Íåõàé U(1) � äîâiëüíèé
âiäêðèòèé îêië îäèíèöi 1 íàïiâãðóïè ID∞ ó òîïîëîãi÷íié iíâåðñíié íàïiâãðóïi S òà-
êèé, ùî U(1)∩ID∞ = {1}. Îäíàê S � òîïîëîãi÷íà iíâåðñíà íàïiâãðóïà, à îòæå, iñíó¹
âiäêðèòèé îêië V (s) åëåìåíòà s ó ïðîñòîði S òàêèé, ùî

V (s) · (V (s))
−1 ∪ (V (s))

−1 · V (s) ⊆ U(1).

Àëå îêië V (s) åëåìåíòà s ìiñòèòü íåñêií÷åííó êiëüêiñòü åëåìåíòiâ ãðóïè îäèíèöü
H(1) íàïiâãðóïè ID∞, òî(

V (s) · (V (s))
−1 ∪ (V (s))

−1 · V (s)
)
∩ ID∞ 6= {1},

à öå ñóïåðå÷èòü âèáîðó îêîëó U(1). Ç îòðèìàíî¨ ñóïåðå÷íîñòi âèïëèâà¹, ùî ãðóïà
îäèíèöü H(1) íàïiâãðóïè ID∞ ¹ çàìêíåíèì ïiäïðîñòîðîì ó òîïîëîãi÷íié iíâåðñíié
íàïiâãðóïi S, i áiëüøå òîãî, ãðóïà îäèíèöü H(1) íàïiâãðóïè ID∞ ¹ ãðóïîþ îäèíèöü
íàïiâãðóïè S.

Äàëi çàóâàæèìî, ùî ãðóïà îäèíèöü H(1) íàïiâãðóïè ID∞ ¹ âiäêðèòèì ïiäïðîñ-
òîðîì â ïðîñòîði S. Ñïðàâäi, ç íàâåäåíèõ ìiðêóâàíü âèïëèâà¹, ùî íàïiâãðóïà S
ìiñòèòü içîëüîâàíó òî÷êó s0 ∈ ID∞ â ïðîñòîði S. Ïîçàÿê S � òîïîëîãi÷íà iíâåðñ-
íà íàïiâãðóïà, òî ïîâíèé ïðîîáðàç ({s0})ρ−1s0 ñòîñîâíî ïðàâîãî çñóâó ρs0 : S → S :
s 7→ s · s0 ¹ âiäêðèòîþ ïiäìíîæèíîþ â S. Ç îçíà÷åííÿ íàïiâãðóïè ID∞ âèïëèâà¹, ùî
({s0})ρ−1s0 ∩ H(1) = {1}. Äîâåäåìî, øî ìíîæèíà ({s0})ρ−1s0 ñêií÷åííà. Ïðèïóñòèìî
ïðîòèëåæíå. Íåõàé ({s0})ρ−1s0 � íåñêií÷åííà ìíîæèíà â S. Òîäi ç òâåðäæåííÿ 2 âè-
ïëèâà¹, ùî âiäêðèòà ïiäìíîæèíà ({s0})ρ−1s0 ìiñòèòü íåñêií÷åííó êiëüêiñòü åëåìåíòiâ
ç íàðîñòó S \ ID∞, à îòæå, âîíà ¹ âiäêðèòèì îêîëîì äåÿêî¨ òî÷êè x ∈ S \ ID∞. Àëå
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äîâiëüíèé âiäêðèòèé îêië òî÷êè x ∈ S \ ID∞ ìiñòèòü íåñêií÷åííó êiëüêiñòü åëåìåí-
òiâ íàïiâãðóïè ID∞, à öå ñóïåðå÷èòü òâåðäæåííþ 2, îñêiëüêè

(
({s0})ρ−1s0

)
ρs0 = {s0}.

Îòîæ, ìè îòðèìàëè, ùî ìíîæèíà ({s0})ρ−1s0 âiäêðèòà òà ñêií÷åííà, i, êðiì òîãî, âîíà
ìiñòèòü îäèíèöþ 1 ãðóïè îäèíèöü H(1). Îòæå, îäèíèöÿ 1 ãðóïè îäèíèöü H(1) íà-
ïiâãðóïè ID∞ ¹ içîëüîâàíîþ òî÷êîþ â ïðîñòîði S. Çàôiêñó¹ìî äîâiëüíèé åëåìåíò x0
ãðóïè îäèíèöü H(1). Ïîçàÿê S � òîïîëîãi÷íà iíâåðñíà íàïiâãðóïà, òî ïîâíèé ïðî-
îáðàç ({1})ρ−1

x−1
0

ñòîñîâíî ïðàâîãî çñóâó ρx−1
0

: S → S : s 7→ s ·x−10 ¹ âiäêðèòîþ ïiäìíî-

æèíîþ â S. Òîäi ç îçíà÷åííÿ íàïiâãðóïè ID∞ âèïëèâà¹, ùî ({1})ρ−1
x−1
0

∩ ID∞ = {x0}.
Âèêîðèñòîâóþ÷è òâåðäæåííÿ 2, îòðèìó¹ìî, ùî ({1})ρ−1

x−1
0

∩ S = {x0}. Îòîæ, ãðóïà
îäèíèöü H(1) íàïiâãðóïè ID∞ ¹ âiäêðèòî-çàìêíåíèì äèñêðåòíèì ïiäïðîñòîðîì ó òî-
ïîëîãi÷íié iíâåðñíié íàïiâãðóïi S, à öå ñóïåðå÷èòü ñëàáêié êîìïàêòíîñòi ïðîñòîðó S.
Ç îòðèìàíîãî ïðîòèði÷÷ÿ âèïëèâà¹ òâåðäæåííÿ òåîðåìè. �

Òåîðåìà 10. Íàïiâãðóïà ID∞ íå çàíóðþ¹òüñÿ â æîäíó çëi÷åííî êîìïàêòíó T3-
òîïîëîãi÷íó iíâåðñíó íàïiâãðóïó.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî iñíó¹ çëi÷åííî êîìïàêòíà T3-òîïîëîãi÷íà iíâåðñíà íà-
ïiâãðóïà S, ÿêà ìiñòèòü íàïiâãðóïó ID∞. Òîäi ç òåîðåì 2.1.6 i 3.10.4 ç [16] âèïëèâà¹,
ùî çàìèêàííÿ clS (ID∞) ¹ çëi÷åííî êîìïàêòíèì T3-ïðîñòîðîì, à ç òâåðäæåííÿ II.2 ç
[15], ùî clS (ID∞) � òîïîëîãi÷íà iíâåðñíà íàïiâãðóïà. Îòæå, T3-òîïîëîãi÷íà iíâåð-
ñíà íàïiâãðóïà clS (ID∞) ìiñòèòü ùiëüíó íàïiâãðóïó, à öå ñóïåðå÷èòü òåîðåìi 9. Ç
îòðèìàíîãî ïðîòèði÷÷ÿ âèïëèâà¹ òâåðäæåííÿ òåîðåìè. �
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We study the semigroup ID∞ of all partial isometries of the set of integers Z.
It is proved that the quotient semigroup ID∞/Cmg, where Cmg is the minimum
group congruence, is isomorphic to the group Iso(Z) of all isometries of Z, ID∞
is an F -inverse semigroup, and ID∞ is isomorphic to the semidirect product
Iso(Z) nh P∞(Z) of the free semilattice with unit (P∞(Z),∪) by the group
Iso(Z). We give the su�cient conditions on a shift-continuous topology τ on
ID∞ when τ is discrete. A non-discrete Hausdor� semigroup topology on ID∞
is constructed. Also, the problem of an embedding of the discrete semigroup
ID∞ into Hausdor� compact-like topological semigroups is studied.
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We prove that each monomorphic functor with �nite supports F : Comp →
Comp has a unique extension F̄ : TYCH → TYCH to the category TYCH
of Tychono� spaces and their arbitrary maps such that F̄ |Tych = Fβ where
Fβ : Tych → Tych is the extension of the functor F to the category Tych of
Tychono� spaces and their continuous maps, constructed by Chigogidze.

Key words: monomorphism, monomorphic functor, �nite support, extensi-
on of functor

In this article we describe a general construction of an extension of a monomorphic
functor F : Comp → Comp with �nite supports in the category Comp of compact
Hausdor� spaces and their continuous maps to a functor F̄ : TYCH → TYCH in the
category TYCH whose objects are Tychonov spaces and morphisms are arbitrary (not
necessarily continuous) maps between Tychono� spaces. More information on functors
in the category Comp can be found in the book [4].

We shall say that a functor F : Comp→ TYCH

• ismonomorphic if F preserves monomorphisms, which means that for any injecti-
ve continuous map f : X → Y between compact Hausdor� spaces the map
Ff : FX → FY is injective;

• has �nite supports if for each compact Hausdor� space X and each a ∈ FX there
is a �nite subset A ⊂ X such that a ∈ FiA,X(FA) where iA,X : A → X is the
identity inclusion.

More information on monomorphic functors with �nite supports can be found in
the paper [1].

Given a functor F : Comp→ TYCH we �rst extend F to a functor Fβ : Tych→
TYCH de�ned on the category Tych of Tychono� spaces and their continuous maps.
Given a Tychono� space X let βX be the Stone-�Cech compacti�cation of X and K(X)
be the family of all compact subsets of X. For each compact subset K ∈ K(X) let
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iK,βX : K → X ⊂ βX be the identity inclusion ofK into the Stone-�Cech compacti�cation
of X. Applying the functor F to the inclusion iK,βX : K → βX, we get a map FiK,βX :
FK → F (βX).

Now let

FβX :=
⋃

K∈K(X)

FiK,βX(FK).

For any continuous function f : X → Y between Tychono� spaces let βf : βX → βY
be the Stone-�Cech extension of f and Fβf : FβX → FβY be the restriction of the map
Fβf to FβX. In such way we de�ne the extension Fβ : Tych→ TYCH of the functor F
to the categoryTych. For functors F : Comp→ Comp the extension Fβ was introduced
and studied by Chigogidze in [2].

Now assuming that the functor F : Comp→ TYCH is monomorphic and has �nite
supports, we shall further extend the functor Fβ to a functor F̄ : TYCH → TYCH
de�ned on the category TYCH of Tychono� spaces and their arbitrary (not necessarily
continuous) maps. For a Tychono� space X let [X]<ω be the family of all �nite subspaces
of X.

Proposition 1. If a functor F : Comp→ TYCH has �nite supports, then

FβX =
⋃

A∈[X]<ω

FiA,βX(FA).

Proof. The inclusion
⋃
A∈[X]<ω FiA,βX(FA) ⊂ FβX follows from the inclusion [X]<ω ⊂

K(X). To prove the reverse inclusion, �x any element a ∈ FβX and �nd a compact subset
K ⊂ X such that a ∈ FiK,βX(FK). Find an element b ∈ FK such that a = FiK,βX(b).
Since F has �nite supports, there exists a �nite subset A ⊂ K such that b ∈ FiA,K(FA)
and hence b = FiA,K(c) for some c ∈ FA. Since iA,βX = iK,βX ◦ iA,K , we get

a = FiK,βX(b) =

= FiK,βX(FiA,K(c)) =

= F (iK,βX ◦ iA,K)(c) =

= FiA,βX(c) ∈ FiA,βX(FA).

�

Now we are able to prove the main result of this note.

Theorem 1. Each monomorphic functor F : Comp→ TYCH with �nite supports has

a unique extension F̄ : TYCH→ TYCH such that F̄ |Tych = Fβ.

Proof. For any Tychono� space X put F̄X = FβX. Given any function f : X → Y
between Tychono� spaces and any a ∈ F̄X = FβX, �nd a �nite subspace A1 ⊂ X
such that a ∈ FiA1,βX(FA1). Such subspace exists by Proposition 1. Find an element
a1 ∈ FA1 such that a = FiA1,βX(a1). Applying the functor Fβ to the continuous map
f1 = f |A1 : A1 → Y , we get a map Fβf1 : FA1 → FβY . Finally, put

F̄ f(a) := Fβf1(a1) ∈ FβY = F̄ Y.

Let us show that the value F̄ f(a) = Fβf1(a1) depends only on a (but not on A1 or a1).
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Let A2 ⊂ X be a �nite set such that a ∈ FiA2,βX(FA2) and a2 ∈ FA2 be an element
such that a = FiA2,βX(a2). Consider the �nite set A = A1 ∪ A2, and for i ∈ {1, 2} let
iAi,A : A : Ai → A denote the identity inclusion. Let ãi = FiAi,A(ai) ∈ FA and observe
that

a = FiAi,βX(ai) = FiA,βX ◦ FiAi,A(ai) = FiA,βX(ãi).

Since the functor F is monomorphic, the map FiA,βX is injective and hence ã1 = ã2.
Then

Fβf1(a1) = Fβ(f |A) ◦ FiA1,A(a1) = Fβ(f |A)(ã1) = Fβ(f |A)(ã2) = Fβ(f |A2)(a2),

so the map F̄ : F̄X → F̄ Y is well-de�ned.
Thus, we obtain an extension of the functor F : Comp → TYCH to the functor

F̄ : TYCH → TYCH such that F̄ |Tych = Fβ . To see that this extension is unique,
observe that for any function f : X → Y between Tychono� spaces and any a ∈ F̄X =
FβX, we can apply Proposition 1 and �nd a �nite set A ⊂ X with a ∈ FiA,βXFA and an
element a1 ∈ FA such that a = FiA,βX(a1). Let B = f(A) ⊂ Y . Applying the functor F̄
to the equality f |A = f ◦ iA,X we obtain the equality Fβ(f |A) = F̄ (f |A) = F̄ f ◦ F̄ iA,X =
F̄ f ◦ FβiA,X , which implies that the value F̄ f(a) = F̄ f ◦ FβiA,X(a1) = Fβ(f |A)(a1) is
uniquely determined. �

Theorem 1 allows us to aks the following problem which will be considered in
subsequent publications.

Problem 1. Detect monomorphic functors F : Comp → TYCH with �nite support

whose extension F̄ : TYCH→ TYCH preserves certain property P of functions between

Tychono� spaces.

In the role of the property P we can consider one of properties of generalized conti-
nuity, listed in the survey [3].
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Ñåðåä òðèíàäöÿòè îñiá, ÿêi â ïåðiîä 1920�1939 ðîêiâ îòðèìàëè ñòóïiíü äîêòîðà
ôiëîñîôi¨ ó ãàëóçi ìàòåìàòèêè ó Ëüâiâñüêîìó óíiâåðñèòåòi, áóëà îäíà æiíêà � Ñàëÿ
Âàéíëüîñ (Sala Weinl�os). Âîíà ñòàëà ïåðøîþ æiíêîþ äîêòîðîì ôiëîñîôi¨ ó ãàëóçi
ìàòåìàòèêè â iñòîði¨ Ëüâiâñüêîãî óíiâåðñèòåòó [1].

Ñàëÿ Âàéíëüîñ íàðîäèëàñÿ 6 ëþòîãî 1903 ð. â Ðîãàòèíi íà Ñòàíiñëàâùèíi. �¨ áà-
òüêîì áóâ Içðàåëü, ìàòè Ðåááåêà ç äîìó Äàì. Äî 1940 ð. áàòüêî ïðàöþâàâ ñëóæáîâ-
öåì ó ïðèâàòíèõ ïiäïðè¹ìñòâàõ. Âiâ òàêîæ iñòîðè÷íi òà áiáëiîãðàôi÷íi äîñëiäæåííÿ
ó ñôåði ¹âðåéñüêî¨ ëiòåðàòóðè. Ç ïðèõîäîì ðàäÿíñüêî¨ âëàäè ñòàâ ÷ëåíîì ñïiëêè ïè-
ñüìåííèêiâ Ëüâîâà. Ó 1940�1941 ðîêàõ ïðàöþâàâ áiáëiîãðàôîì ó Íàóêîâié áiáëiîòåöi
iìåíi Âàñèëÿ Ñòåôàíèêà [2]. Ç 1909 ð. Ñ. Âàéíëüîñ ïî÷àëà âiäâiäóâàòè íàðîäíó øêî-
ëó ó Ëüâîâi. Ó 1913-14 í.ð. âîíà íàâ÷àëàñü ó ïðèâàòíié æiíî÷ié ãiìíàçi¨ iì. Þëióøà
Ñëîâàöüêîãî, äå çàêií÷èëà ïåðøèé êëàñ. Äàëi ïðîäîâæóâàëà íàâ÷àííÿ â ãiìíàçi¨
ïàíi Êàìåðëiíã, ó ÿêié 1921 ð. îòðèìàëà àòåñòàò çðiëîñòi ç îöiíêîþ �âiäìiííî�.

Öÿ ïðèâàòíà ãiìíàçiÿ áóëà çàñíîâàíà ó 1899 ð. Þçåôîþ Ñ. Ãîëäáëàòò-Êàìåðëiíã
(Juzefa S. Goldblatt-Kamerling). Öå áóëà ïåðøà ïðèâàòíà æiíî÷à ãiìíàçiÿ íå ëèøå
ó Ëüâîâi, à é â Ãàëè÷èíi. Ãiìíàçiÿ ìiñòèëàñü ó áóäèíêó íà âóë. Ñàêðàìåíòåê 16,
òåïåð öå âóëèöÿ Òóãàí�Áàðàíîâñüêîãî. Ó ïîâî¹ííèé ÷àñ â öüîìó áóäèíêó áóëà ôàá-
ðèêà, à ç 2005 � íîâèé áóäèíîê. Ãiìíàçiÿ áóëà çìiøàíîãî òèïó � êëàñè÷íîãî òà
ìàòåìàòè÷íî-ïðèðîäíè÷îãî, ìàëà ïîâíi ïóáëi÷íi ïðàâà. Äî öi¹¨ ãiìíàçi¨ õîäèëè äiâ-
÷àòà ç çàìîæíèõ ¹âðåéñüêèõ ñiìåé, ÿêi ïðàãíóëè áiëüøî¨ àñèìiëÿöi¨. Ç 1905 ð. òóò
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áóëî ïîâíèõ 8 êëàñiâ ãiìíàçi¨. Âiä çàñíóâàííÿ äî 1939 ð. äèðåêòîðîì ãiìíàçi¨ áó-
ëà ¨¨ âëàñíèöÿ ïàíi Êàìåðëiíã, ÿêà íàâ÷àëàñÿ â óíiâåðñèòåòàõ Öþðiõà òà Âiäíÿ, i
îòðèìàëà äèïëîì iñòîðèêà.

Ç æîâòíÿ 1921 ð. Ñ. Âàéíëüîñ áóëà ñòóäåíòêîþ ôiëîñîôñüêîãî ôàêóëüòåòó
Ëüâiâñüêîãî óíiâåðñèòåòó ßíà Êàçèìèðà, à ç 1924 ìàòåìàòè÷íî-ïðèðîäíè÷îãî,
ÿêèé áóâ óòâîðåíèé ïiä ÷àñ ïîäiëó ôiëîñîôñüêîãî ôàêóëüòåòó. Ó ïåðøîìó ñåìåñòði
Ñ. Âàéíëüîñ âèáðàëà êóðñè Ê. Òâàðäîâñüêîãî �Âñòóï äî ïñèõîëîãi¨�, �Ñèëîãiñòèêà�,
Ì. Âàðòåíáåðãà �Âñòóï äî ôiëîñîôi¨�, �. Æèëiíñüêîãî �Àëãåáðà�, �Âñòóï äî ìàòå-
ìàòèêè�, Ñ. Ðóçåâi÷à �Ìàòåìàòèêà äëÿ ôiëîñîôiâ i ïðèðîäíè÷íèêiâ�, Ð. Íåãðóñà
�Åêñïåðèìåíòàëüíà ôiçèêà�, à òàêîæ êóðñ ñòåíîãðàôi¨. Êîëîêâióì ç �Ñèëîãiñòèêè�
ñêëàëà íà �äóæå äîáðå�, à ç ìàòåìàòèêè ó Ñ. Ðóçåâi÷à íà �âiäìiííî� [3]. Äàëi êî-
æíîãî ðîêó âîíà çàïèñóâàëàñü íà êóðñè Ê. Òâàðäîâñüêîãî ç ëîãiêè òà ôiëîñîôi¨,
íà ìàòåìàòè÷íi êóðñè Ñ. Áàíàõà, �. Æèëiíñüêîãî, Ñ. Ðóçåâi÷à òà Ã. Øòàéíãàó-
çà. Ó 1924 ð. Ã. Øòàéíãàóç ÷èòàâ êóðñ �Îñíîâè ãåîìåòði¨� òà âiâ ñåìiíàð ç öüîãî
êóðñó. Ñ. Âàéíëüîñ âiäâiäóâàëà öåé êóðñ i áðàëà ó÷àñòü ó ñåìiíàði Ã. Øòàéíãàóçà.
Ó öüîìó êóðñi âií ñôîðìóëþâàâ äåêiëüêà ïðîáëåì, ÿêi çàöiêàâèëè Ñ. Âàéíëüîñ.
Ãóðòîê ìàòåìàòè÷íî-ôiçè÷íèé ñòóäåíòiâ óíiâåðñèòåòó â 1925 ð. âèäàâ òåêñò ëåêöié
�Podstawy geometrji� [4]. Ó âñòóïi Ã. Øòàéíãàóç, çãàäóþ÷è ïðî âêëàä Ä. Ãiëüáåðòà,
íàïèñàâ �Ïiñëÿ Ãiëüáåðòà îñíîâè ãåîìåòði¨ âèêëàäàëè â Ãåòiíãåíi: Ëàíäàó i Áåðíàóñ.
Íîòàòêè ç òèõ ëåêöié, ÿêi âåëèñÿ ñòóäåíòîì Áàñêîâi÷åì îáäóìàííi íèì i âèêëàäà÷åì
áóëè âèêëàäåíi ó ìàíóñêðèïòi�.

Ãóãî Øòàéíãàóç (1887-1972) ñâîþ óíiâåðñèòåòñüêó îñâiòó ïî÷àâ ó Ëüâiâñüêîìó
óíiâåðñèòåòi âîñåíè 1905 ð. Òóò ó ïåðøîìó ïiâði÷÷i âií âèáðàâ ëåêöi¨ ç ôiëîñîôi¨ òà
åòèêè Ê. Òâàðäîâñüêîãî òà Ì. Âàðòåíáåðãà, ç ìàòåìàòèêè Þ. Ïóçèíè, ç åêñïåðèìåí-
òàëüíî¨ ôiçèêè I. Çàêøåâñüêîãî òà ç ìåòîäîëîãi¨ ñóñïiëüíèõ íàóê Ñ. Ãðàáñüêîãî. ×å-
ðåç ðiê âií ïðîäîâæèâ íàâ÷àííÿ ó Ãåòiíãåíñüêîìó óíiâåðñèòåòi, äå ó 1911 ð. îòðèìàâ
ñòóïiíü äîêòîðà ôiëîñîôi¨ íà ïiäñòàâi ïðàöi �Neue Anwendungen des Dirichlet`schen
Prinzips�. Ïiñëÿ ãàáiëiòàöi¨ ó Ëüâiâñüêîìó óíiâåðñèòåòi 1917 ð. Ã. Øòàéíãàóç ÷èòàâ
ëåêöi¨ ÿê ïðèâàò-äîöåíò i ìàâ øòàòíó ïîñàäó àñèñòåíòà. Ó 1920 ð. âií îòðèìàâ ïî-
ñàäó íàäçâè÷àéíîãî, à ç 1923 � çâè÷àéíîãî ïðîôåñîðà i êåðiâíèêà II-î¨ êàôåäðè
ìàòåìàòèêè.

Ñ. Âàéíëüîñ çâåðíóëàñÿ ç çàÿâîþ äî Ðàäè ìàòåìàòè÷íî-ïðèðîäíè÷îãî ôàêóëü-
òåòó ïðî äîïóñê äî äîêòîðñüêèõ iñïèòiâ 3 áåðåçíÿ 1926 ð.: ìàòåìàòèêè, ÿê ãîëîâíî¨
äèñöèïëiíè i êðèñòàëîãðàôi¨, ÿê äðóãî¨ äèñöèïëiíè òà ôiëîñîôi¨. Ðàçîì ç çàÿâîþ
ïîäàëà äîêòîðñüêó ïðàöþ �O niezale
zno�sci I, II, IV grupy aksiomat�ow geometrji eukli-
desowej tr�ojwymiarowej�, ÿêà, çàçíà÷åíà â çàÿâi, áóëà âèêîíàíà íà ñåìiíàði Ã. Øòàéí-
ãàóçà [5]. Âèáið äðóãî¨ äèñöèïëiíè áóâ ïîâ'ÿçàíèé, ìàáóòü ç òèì, ùî ó 1925/26 íà-
â÷àëüíîìó ðîöi âîíà ñëóõàëà êóðñè �Çàãàëüíà ìiíåðîëîãiÿ� òà �Ãåîìåòðè÷íà êðèñòà-
ëîãðàôiÿ� ó Ç. Âåéáåðãà [6].

Ðåöåíçåíòàìè äîêòîðñüêî¨ ïðàöi ïðèçíà÷åíî Ã. Øòàéíãàóçà òà �. Æèëiíñüêîãî.
Ã. Øòàéíãàóç óæå 23 áåðåçíÿ íàïèñàâ ñâîþ îöiíêó ïðàöi, �. Æèëiíñüêèé, âçÿâøè
äîêòîðñüêó ïðàöþ, ñâîþ îöiíêó íàïèñàâ 20 ãðóäíÿ 1926 ð. Îáèäâà ðåöåíçåíòè ââàæà-
ëè, ùî íà ïiäñòàâi öi¹¨ ïðàöi Ñ. Âàéíëüîñ ìîæíà äîïóñòèòè äî äîêòîðñüêèõ iñïèòiâ.
Çàóâàæèìî, ùî ó âñiõ iíøèõ âèïàäêàõ íàïèñàííÿ îöiíîê äîêòîðñüêèõ ïðàöü ó öåé
(1920-39 pp.) ïåðiîä ðåöåíçåíòè ïèñàëè ñïiëüíó îöiíêó [7].
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Iñïèò ç ìàòåìàòèêè òà êðèñòàëîãðàôi¨ Ñ. Âàéíëüîñ ñêëàëà 13 ÷åðâíÿ 1927 ð. �¨
âiäïîâiäü Ç. Âàéáåðã îöiíèâ �âiäìiííî�, iíøi ÷ëåíè êîìiñi¨ �. Æèëiíñüêèé, Ã. Øòàéí-
ãàóç i äåêàí Ñ. Ëîðià �çàäîâiëüíî�. Êîìiñiÿ îäíîãîëîñíî ïðèéíÿëà îöiíêó �çàäîâiëü-
íî�. Âiäïîâiäü íà iñïèòi ç ôiëîñîôi¨ 13 æîâòíÿ 1927 ð. êîìiñiÿ, äî ÿêî¨ âõîäèëè
Ê. Òâàðäîâñüêèé i Ì. Âàðòåíáåðã, îöiíèëè íà �âiäìiííî�. Îôiöiéíà äîêòîðñüêà ïðî-
ìîöiÿ Ñ. Âàéíëüîñ âiäáóëàñü 17 æîâòíÿ 1927 ð. Ïðîìîòîðîì áóâ Ã. Øòàéíãàóç [7].

Óæå â 1926 ð. Ñ. Âàéíëüîñ áóëà ÷ëåíîì Ëüâiâñüêîãî âiääiëåííÿ Ïîëüñüêîãî
ìàòåìàòè÷íîãî òîâàðèñòâà. Ó 1927 ð. áóëà ó÷àñíèêîì Ïåðøîãî ïîëüñüêîãî ìàòå-
ìàòè÷íîãî ç'¨çäó ó Ëüâîâi. Ó æóðíàëi �Fundamenta Mathematica� îïóáëiêóâàëà äâi
ñòàòòi ([8, 9]).

Ç 1926 äî 1930 ð. Ñ. Âàéíëüîñ ïðàöþâàëà â÷èòåëüêîþ ìàòåìàòèêè ó ïðèâàòíèõ
øêîëàõ Ëüâîâà. Âîíà ïðîäîâæóâàëà íàóêîâî ñïiâïðàöþâàòè ç Ã. Øòàéíãàóçîì. Â
1932-1933 ðîêàõ çàéìàëàñü ïiäãîòîâêîþ äî äðóêó ëåêöié ç îñíîâ ãåîìåòði¨ Ã. Øòàéí-
ãàóçà. Ïiäãîòóâàëà i ïîäàëà äî æóðíàëó �Fundamenta Mathematica� ñòàòòþ �Beitrage
zur Axiomatik der Euklidischen dreidimensionelen Geometrie�, ÿêà ìàëà âèéòè ó 1940 ð.

Ç 1934 äî 1941 ð. Ñ. Âàéíëüîñ ïðàöþâàëà â ñåðåäíié øêîëi (�29 ó ðàäÿíñüêèé
ïåðiîä) ó Ëüâîâi. Ñåðåäíÿ øêîëà �29 áóëà ðîçòàøîâàíà â ìîíàñòèði, íà ïëîùi Þðà
1. Òåïåð òàì òðåòié íàâ÷àëüíèé êîðïóñ �Ëüâiâñüêî¨ ïîëiòåõíiêè�. Ó 1939-1940 ðð.
âèêëàäàëà ìàòåìàòèêó íà îáëàñíèõ ïåäàãîãi÷íèõ êóðñàõ äëÿ â÷èòåëiâ.

Ó 1940 ð. Ñ. Âàéíëüîñ ïîäàëà çàÿâó ïðî âñòóï äî àñïiðàíòóðè Ëüâiâñüêîãî
äåðæàâíîãî óíiâåðñèòåòó iìåíi Iâàíà Ôðàíêà [10]. Âñòóïíi iñïèòè ñêëàëà óñïiøíî:
ñïåöiàëüíiñòü � �äîáðå�, îñíîâè ìàðêñèçìó-ëåíiíiçìó � �äîáðå�, iíîçåìíà ìîâà �
�âiäìiííî�. Îäíàê, íå áóëà çàðàõîâàíà çà êîíêóðñîì.

Äîëÿ Ñàëi Âàéíëüîñ â ÷àñ âiéíè àâòîðàì íåâiäîìà.

Ìè çãàäóâàëè, ùî â 1925 ð. âèéøîâ ç äðóêó ìàíóñêðèïò ïðîôåñîðà Ã. Øòàéí-
ãàóçà �Podstawy geometrji�. Â íüîìó âèêëàäåíi îñíîâè ãåîìåòði¨ íà ïiäñòàâi ïåâíî¨
ñèñòåìè àêñiîì, ÿêà ïîêëèêàíà ñèñòåìàòèçóâàòè òiëüêè ëîãi÷íèì øëÿõîì ñòðóêòóðó
åâêëiäîâî¨ ãåîìåòði¨. Öþ ïðîãðàìó ðàíiøå ðåàëiçóâàâ Ä. Ãiëüáåðò ó éîãî êëàñè÷íié
ìîíîãðàôi¨ [11], ïåðøå âèäàííÿ ÿêî¨ ç'ÿâèëîñü 1899 ð.

Ãiëüáåðòîì çàïðîïîíîâàíî ðîçáèòòÿ ñèñòåìè àêñiîì ãåîìåòði¨ íà ï'ÿòü ãðóï:

(I) I1�I8 àêñiîìè ñïîëó÷åííÿ (íåçàëåæíîñòi);
(II) II1�II4 àêñiîìè ïîðÿäêó;
(III) III1-III5 àêñiîìè êîíãðóåíòíîñòi;
(IV) àêñiîìè ïàðàëåëüíîñòi;
(V) V1, V2 àêñiîìè íåïåðåðâíîñòi.

Ó ìàíóñêðèïòi Ã. Øòàéíãàóçà �Podstawy geometrji� [4] (äàëi PG) ïîäië íà ãðó-
ïè ñèñòåìè àêñiîì òàêèé ñàìèé ÿê ó Ä. Ãiëüáåðòà. Çóïèíèìîñü íà ïîðiâíÿííi öèõ
ñèñòåì àêñiîì, áåðó÷è çà áàçîâó ñèñòåìó Ãiëüáåðòà. Àêñiîìè Ãiëüáåðòà ìè ïîçíà÷à-
òèìåìî ëiòåðîþ H ç âiäïîâiäíîþ íóìåðàöi¹þ ãðóïè i ïîðÿäêîâèì íîìåðîì àêñiîìè,
íàïðèêëàä, HI1 � îçíà÷à¹ ïåðøó àêñiîìó ïåðøî¨ ãðóïè, HII2 � äðóãó àêñiîìó äðóãî¨
ãðóïè i ò.ä. Äëÿ ïîçíà÷åííÿ àêñiîì ñèñòåìè Øòàéíãàóçà, âèêëàäåíî¨ â PG, âæèâàòè-
ìåìî ëiòåðó S, íîìåð ãðóïè i íîìåð âiäïîâiäíî¨ àêñiîìè. Íàïðèêëàä, SI2 � öå äðóãà
àêñiîìà ïåðøî¨ ãðóïè àêñiîì ñïîëó÷åííÿ.

ßêi æ âiäìiííîñòi ìiæ àêñiîìàòèêîþ (H) Ãiëüáåðòà òà (S) � Øòàéíãàóçà. Çàïèñ
SI1≡HI1 îçíà÷à¹ iäåíòè÷íiñòü âiäïîâiäíèõ àêñiîì 1: �Äëÿ äîâiëüíèõ äâîõ òî÷îê A,
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B iñíó¹ ïðÿìà a, ùî íàëåæèòü äî öèõ äâîõ òî÷îê� â îáîõ ñèñòåìàõ (H) i (S). Çàïèñ
HI4⇒SI4 îçíà÷à¹, ùî ç àêñiîìè HI4 âèïëèâà¹ àêñiîìà SI4. À çàïèñ HI4≡SI4+SI32,
âiäïîâiäíî, îçíà÷à¹, ùî àêñiîìà HI4 åêâiâàëåíòíà êîí'þíêöi¨ àêñiîì SI4 i SI32.

Ïîðiâíÿííÿ ñèñòåìè àêñiîì ïåðøî¨ ãðóïè â ñèñòåìàõ (H) i (S).
Â ñèñòåìi (S) àêñiîìè SI1�SI8 ôîðìóëþþòüñÿ òàê:

SI1: ÷åðåç äâi ðiçíi òî÷êè çàâæäè ïðîõîäèòü ïðÿìà;
SI2: ÷åðåç äâi ðiçíi òî÷êè ïðîõîäèòü ùîíàéáiëüøå îäíà ïðÿìà;
SI31: íà ïðÿìié ëåæàòü ïðèíàéìíi äâi ðiçíi òî÷êè;
SI32: íà ïëîùèíi ëåæèòü ïðèíàéìíi îäíà òî÷êà;
SI4: ÷åðåç òðè ðiçíi òî÷êè çàâæäè ïðîõîäèòü ïëîùèíà;
SI5: ÷åðåç òðè ðiçíi òî÷êè, ÿêi íå ëåæàòü íà îäíié ïðÿìié, ïðîõîäèòü ùîíàé-

áiëüøå îäíà ïëîùèíà;
SI6: ÿêùî äâi ðiçíi òî÷êè ïðÿìî¨ ëåæàòü íà ïëîùèíi α, òî êîæíà òî÷êà öi¹¨

ïðÿìî¨ ëåæèòü íà ïëîùèíi α;
SI7: ÿêùî äâi ðiçíi ïëîùèíè ìàþòü ñïiëüíó òî÷êó, òî âîíè ìàþòü iíøó ñïiëüíó

òî÷êó;
SI8: iñíóþòü ïðèíàéìíi ÷îòèðè ðiçíi òî÷êè, ÿêi íå ëåæàòü íà îäíié ïëîùèíi.

Îñêiëüêè HI1≡SI1, HI2≡SI2, HI5�HI8≡SI5�SI8, òî ôîðìóëþâàòè âiäïîâiäíi
àêñiîìè Ãiëüáåðòà íå òðåáà. Ðîçãëÿíåìî àêñiîìè

HI4: Äëÿ áóäü-ÿêèõ òðüîõ òî÷îê A, B, C, ùî íå ëåæàòü íà òié ñàìié ïðÿìié,
iñíó¹ ïëîùèíà α, ùî íàëåæèòü êîæíié ç öèõ òðüîõ òî÷îê A, B, C. Äëÿ äî-
âiëüíî¨ ïëîùèíè çàâæäè iñíó¹ òî÷êà, ùî ¨é íàëåæèòü.

HI3: Íà ïðÿìié iñíóþòü ïðèíàéìíi äâi òî÷êè. Iñíóþòü ïðèíàéìíi òðè òî÷êè,
ÿêi íå ëåæàòü íà îäíié ïðÿìié.

Ùîäî àêñiîìè HI4, òî î÷åâèäíî

HI4 ≡ SI4+ SI32.

Â ëåìi 1 äîâîäèòüñÿ, ùî

HI3 ≡ SI31 + SI4+ SI6+ SI8.

Îòîæ, ñèñòåìè àêñiîì ñïîëó÷åííÿ HI òà SI åêâiâàëåíòíi.
Â ïîäàëüøîìó ðîçãëÿäi äîêòîðñüêî¨ ïðàöi Ñàëi Âàéíëüîñ àêñiîìà SI31 ìàòèìå

âèçíà÷àëüíå çíà÷åííÿ.
Ïðîñòà ïåðåâiðêà àêñiîì äðóãî¨, òðåòüî¨, ÷åòâåðòî¨ òà ï'ÿòî¨ ãðóïè àêñiîì â îáîõ

ñèñòåìàõ (H) i (S) ñâiä÷èòü ïðî ¨õíþ åêâiâàëåíòíiñòü. Îòæå, ñèñòåìè (H) i (S) åêâi-
âàëåíòíi òà ñòàíîâëÿòü àêñiîìàòè÷íó îñíîâó åâêëiäîâî¨ ãåîìåòði¨.

Ïåðåéäåìî äî âèêëàäó îñíîâíèõ ðåçóëüòàòiâ äîêòîðñüêî¨ ïðàöi �Ïðî íåçàëåæ-
íiñòü I, II i IV ãðóï àêñiîì òðèâèìiðíî¨ åâêëiäîâî¨ ãåîìåòði¨� Ñàëi Âàéíëüîñ.

Äîêòîðñüêà ïðàöÿ ñêëàäà¹òüñÿ çi âñòóïó, äâîõ ðîçäiëiâ i âèñíîâêiâ.
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�O niezale
zno�sci I, II i IV grupy aksjomat�ov geomrtrji euklidowej tr�ojwymiarowej�
Weinl�os�owna Sala



30
Iãîð ÃÓÐÀÍ, ßðîñëàâ ÏÐÈÒÓËÀ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2017. Âèïóñê 83

Ó âñòóïi àâòîð ñôîðìóëþâàâ ìåòó ïðàöi, à ñàìå, äîâåäåííÿ íåçàëåæíîñòi àêñiîì
ãðóï I, II, IV.

Â ïåðøîìó ðîçäiëi ïiñëÿ âèêëàäó ñèñòåìè àêñiîì Ã. Øòàéíãàóçà (S) àâòîð ðîç-
ãëÿäàâ òàêå:

Çàëåæíiñòü àêñiîì SI31 âiä àêñiîì SI1, SI2, SI4, SI6, SI8, II2, II33, IV.

Ëåìà 1. Iñíóþòü òðè ðiçíi òî÷êè, ÿêi íå ëåæàòü íà îäíié ïðÿìié.

Äîâåäåííÿ. Ç àêñiîìè I8 âèïëèâà¹ iñíóâàííÿ ÷îòèðüîõ ðiçíèõ òî÷îê A, B, C, D, ÿêi
íå ëåæàòü â îäíié ïëîùèíi. Ñòâåðäæó¹ìî, ùî äîâiëüíi òðè ç íèõ, íàïðèêëàä, A, B, C
íå ëåæàòü íà îäíié ïðÿìié. ßêùî á öi òî÷êè A, B, C ëåæàëè íà îäíié ÿêiñü ïðÿìié,
òî ïëîùèíà α, ùî ïðîõîäèòü ÷åðåç òî÷êè A, B, D (òàêà ïëîùèíà iñíó¹ çàâäÿêè
àêñiîìi I4), ïðîõîäèëà á òàêîæ (çà àêñiîìîþ I6) ÷åðåç òî÷êó C, ùî ñóïåðå÷èòü òîìó,
ùî òî÷êè A, B, C, D íå íàëåæàòü îäíié ïëîùèíi. �

Ëåìà 2. Äëÿ çàäàíî¨ òî÷êè iñíóþòü äâi ðiçíi òî÷êè, ÿêi íå ëåæàòü ç íåþ íà

îäíié ïðÿìié.

Äîâåäåííÿ. Âiçüìåìî òðè ðiçíi òî÷êè A, B, C, ÿêi íå ëåæàòü íà îäíié ïðÿìié (iñíó-
âàííÿ òàêèõ òî÷îê âèïëèâà¹ ç ëåìè 1). ßêùî äîâiëüíi äâi ç íèõ, íàïðèêëàä, A, B, íå
ëåæàòü ç òî÷êîþ X íà îäíié ïðÿìié, òî ëåìà äîâåäåíà. ßêùî æ ÷åðåç òî÷êè A, B,
X ïðîõîäèòü ïðÿìà l, òî âæå òî÷êà C íà öié ïðÿìié l íå ëåæèòü (áî òîäi á òî÷êè A,
B, C ëåæàëè íà îäíié ïðÿìié, ùî ñóïåðå÷èòü ïðèïóùåííþ), îäíàê ïðÿìà l ¹ ¹äèíîþ
ïðÿìîþ, ùî ïðîõîäèòü ÷åðåç A, X, òîìó òî÷êè A, C, X íå ëåæàòü íà æîäíié ïðÿìié.
Âiçüìåìî òåïåð äîâiëüíó ïðÿìó a. Äëÿ íå¨ ìîæëèâi òðè âèïàäêè:

1◦ Íà ïðÿìié a íåìà¹ æîäíî¨ òî÷êè.
2◦ Íà ïðÿìié a ëåæèòü òiëüêè îäíà òî÷êà .
3◦ Íà ïðÿìié a ëåæèòü ïðèíàéìíi äâi ðiçíi òî÷êè.

Ó âèïàäêó 3◦ íi÷îãî íå òðåáà äîâîäèòè.
Ó âèïàäêó 1◦ ïðîâåäåìî ÷åðåç òðè ðiçíi òî÷êè A, B, C, ÿêi íå ëåæàòü íà îäíié

ïðÿìié ïëîùèíó α (I4). Ïðÿìà a ëåæèòü â ïëîùèíi α, i ÿê òàêà, ùî íå ìiñòèòü æîäíî¨
òî÷êè, ëåæèòü â êîæíié ïëîùèíi. Ðîçãëÿíåìî ïðÿìi AB i BC (I1), ÿêi ëåæàòü (çà
àêñiîìîþ I6) â ïëîùèíi α. Âñóïåðå÷ òîìó, ùî âîíè ðiçíi i ïðîõîäÿòü îáèäâi ÷åðåç
òî÷êó B, ìàþòü, ïðèíàéìíi îäíà ç íèõ, ïåðåòèíàòè, � íà ïiäñòàâi àêñiîìè IV �
ïðÿìó a. Îòæå, ìà¹ìî íà ïðÿìié a ÿêóñü òî÷êó X. ßêùî íà íié iñíó¹ ùå îäíà òî÷êà
Y , âiäìiííà âiä X, òî òâåðäæåííÿ äîâåäåíî. Âèïàäîê, êîëè X ¹ ¹äèíîþ òî÷êîþ
ïðÿìî¨ a, àíàëîãi÷íèé äî âèïàäêó 2◦. Ó öüîìó âèïàäêó âiçüìåìî äî òî÷êè X äâi
ðiçíi âiä íå¨ òî÷êè A, B, ÿêi íå ëåæàòü ç íåþ íà îäíié ïðÿìié i ïðîâåäåìî ÷åðåç
òî÷êè A, B, X ïëîùèíó α (I4), ïðÿìà a, ÿêà ìiñòèòü ëèøå òî÷êó X, ëåæàòèìå
â ïëîùèíi α. Ðîçãëÿíåìî íà ïëîùèíi α ïðÿìi AB i AM , ïðè÷îìó M � öå òî÷êà
ïðÿìî¨ BX, ùî çàäîâîëüíÿ¹ âiäíîøåííÿ BXM . Òàêà òî÷êà M iñíó¹ çàâäÿêè àêñiîìi
II2. Ñòâåðäæó¹ìî, ùî ïðÿìi AB i AM � ðiçíi.

Ó ïðîòèëåæíîìó âèïàäêó òî÷êà M íàëåæàëà á ïðÿìié AB, ùî îçíà÷àëî á,
ùî ïðÿìi AB i BX ìàëè á äâi ðiçíi ñïiëüíi òî÷êè: B, M (B 6= M çà àêñiîìîþ II33 i
âiäíîøåííÿìBXM), òîìó âîíè á çáiãàëèñÿ, ùî îçíà÷àëî á, ùî òî÷êèA,B,X ëåæàëè
á íà îäíié ïðÿìié, âñóïåðå÷ ïðèïóùåííþ. Îäíàê äàëi, îáèäâi ïðÿìi AB, AM ëåæàòü
â ïëîùèíi α i ïðîõîäÿòü ÷åðåç òî÷êó A i íå ìîæóòü îáèäâi áóòè ïàðàëåëüíèìè äî
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ïðÿìî¨ a � (àêñiîìà IV), òîìó ïðèíàéìíi îäíà ç öèõ ïðÿìèõ ïåðåòèíà¹ ïðÿìó à â
òî÷öi Y .

M

X

Y

A B

a

Ñòâåðäæó¹ìî, ùî òî÷êà Y âiäìiííà âiä òî÷êè X. ßêùî á òî÷êè X i Y áóëè
iäåíòè÷íèìè, òî òî÷êà X ëåæàëà á àáî íà ïðÿìié AB, ùî ñóïåðå÷èòü ïðèïóùåííþ,
àáî ëåæàëà á íà AM , çâiäêè âèïëèâàëî á, ùî ïðÿìi AM i BM çáiãàþòüñÿ (áî ìàþòü
äâi ñïiëüíi ðiçíi òî÷êè: M i X) âñóïåðå÷ ïîïåðåäíüîìó òâåðäæåííþ.

Ìà¹ìî â êîæíîìó ç âèïàäêiâ, ùî íà ïðÿìié a iñíóþòü ðiçíi òî÷êè, ùî é òðåáà
áóëî äîâåñòè. �

Äàëi àâòîð ïðîïîíó¹ îðèãiíàëüíå äîâåäåííÿ íåçàëåæíîñòi àêñiîìè IV ïàðàëåëü-
íîñòi â àêñiîìàòèöi ñèñòåìè S ≡ S− I31.

Íåçàëåæíiñòü àêñiîìè IV â ñèñòåìi S.
Äîâiâøè çàëåæíiñòü àêñiîìè I31 â ñèñòåìi S, ìè ìîæåìî ¨¨ âèêëþ÷èòè ç ñèñòåìè

S i ñïðîñòèòè öþ ñèñòåìó àêñiîì äî S ≡ S − I31, ÿêà ðiâíîñèëüíà ç ñèñòåìîþ S. Ó
öié ñèñòåìi S íàáàãàòî ëåãøå äîâåñòè íåçàëåæíiñòü àêñiîìè IV, íiæ ó âñié ñèñòåìi S.
Ïîáóäó¹ìî ìîäåëü äëÿ äîâåäåííÿ íåçàëåæíîñòi àêñiîìè IV.

�òî÷êà�
def
= �òî÷êà åâêëiäîâî¨ ãåîìåòði¨�

�ïðÿìà�
def
= 1) �åâêëiäîâà ïðÿìà�

2) �äîâiëüíå ÷èñëî, íàïðèêëàä, 1/2�

�ïëîùèíà�
def
= �åâêëiäîâà ïëîùèíà�

�òî÷êà ëåæèòü íà ïðÿìié�
def
= 1) �ïðÿìà� ¹ åâêëiäîâà ïðÿìà i

2) �òî÷êà� �ëåæèòü� íà íié â ñåíñi åâêëiäîâîìó

Âiäíîøåííÿ �ïîðÿäêó� i �íàëåæíîñòi� çàëèøàþòüñÿ ÿê â åâêëiäîâié ãåîìåòði¨.
Iíøèìè ñëîâàìè, äî åâêëiäîâî¨ ãåîìåòði¨ ìè äîäàëè �ïðÿìó� � ÷èñëî 1/2, îòæå æîäíà
�òî÷êà� íà íié íå ëåæèòü. Öÿ ìîäåëü ãåîìåòði¨ çàäîâîëüíÿ¹ âñi àêñiîìè ñèñòåìè S,
çà âèíÿòêîì àêñiîìè IV.

Àêñiîìè I1, I2 âèêîíóþòüñÿ, áî ÷åðåç äâi ðiçíi �òî÷êè� ïðîõîäèòü îäíà i òiëüêè
îäíà �ïðÿìà�, ñàìå åâêëiäîâà.
Àêñiîìè I32, I4, I7, I8 âèêîíóþòüñÿ, îñêiëüêè â ¨õíiõ ôîðìóëþâàííÿõ âiäñóòí¹
ïîíÿòòÿ �ïðÿìà�.
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Àêñiîìà I5 âèêîíó¹òüñÿ, áî öÿ àêñiîìà âèêîíó¹òüñÿ â åâêëiäîâié ãåîìåòði¨.
Àêñiîìà I6 âèêîíó¹òüñÿ äëÿ åâêëiäîâèõ ïðÿìèõ, à äëÿ �ïðÿìî¨� ïðè¹äíàíî¨
�1/2� ïîñèëàííÿ ¹ õèáíèì, òîìó I6 äëÿ ïðÿìî¨ �1/2� � âèêîíó¹òüñÿ.

Âñi àêñiîìè ãðóïè II i III âèêîíóþòüñÿ äëÿ öi¹¨ ìîäåëi, îñêiëüêè âîíè âèêîíóþ-
òüñÿ äëÿ åâêëiäîâèõ �ïðÿìèõ�, à äëÿ äîäàíî¨ �1/2� ïðÿìî¨ ïîñèëàííÿ õèáíi.

V ãðóïà àêñiîì ïîâíîòè î÷åâèäíî âèêîíó¹òüñÿ ÿê äëÿ åâêëiäîâèõ �ïðÿìèõ�, òàê
i äëÿ äîäàíî¨ ïðÿìî¨ �1/2�.

Àêñiîìà IV íå âèêîíó¹òüñÿ: iñíó¹ íåñêií÷åííà ìíîæèíà ðiçíèõ �ïðÿìèõ� (åâêëi-
äîâèõ), ùî ïðîõîäÿòü ÷åðåç �òî÷êó� ïîçà ïðÿìîþ �1/2�, ÿêi ëåæàòü â ¹äèíié �ïëîùè-
íi�, êîæíà ç ÿêèõ íå ïåðåòèíà¹ �ïðÿìî¨ 1/2�.

Çàâäÿêè öié ìîäåëi ãåîìåòði¨ áà÷èìî, íàñêiëüêè iñòîòíèì ¹ çàñòîñóâàííÿ àêñiîìè
IV â äîâåäåííi çàëåæíîñòi àêñiîìè I31 â ñèñòåìi S. Ç iíøîãî áîêó, àêñiîìà I31 ¹
íåçàëåæíîþ â íååâêëiäîâié ãåîìåòði¨.

Äàëi àâòîð äîâîäèòü íåçàëåæíiñòü àêñiîì ïåðøî¨ òà äðóãî¨ ãðóïè ó ââåäåíié
íåþ ñèñòåìi S ≡ S − I31. Iäåÿ äîâåäåííÿ ïîëÿãà¹ â ïîáóäîâi ðiçíîìàíiòíèõ ìîäåëåé
äëÿ ñèñòåìè àêñiîì S. Íàïðèêëàä, íåçàëåæíiñòü àêñiîìè I1 â ñèñòåìi S:

Â åâêëiäîâié ãåîìåòði¨ áåðåìî äîâiëüíi ðiçíi òî÷êè A, B, C, D i âèçíà÷à¹ìî:

�òî÷êè�
def
= �êîæíà ç òî÷îê A, B, C, D�

�ïðÿìà�
def
= �åâêëiäîâà ïðÿìà, ùî íå ïðîõîäèòü ÷åðåç æîäíó ç �òî÷îê� â ñåíñi

åâêëiäîâî¨ ãåîìåòði¨�

�ïëîùèíà�
def
= �òðiéêà ðiçíèõ �òî÷îê� (íåâïîðÿäêîâàíèõ)�

�òî÷êà ëåæèòü íà ïðÿìié�
def
= � �òî÷êà� ëåæèòü â ñåíñi åâêëiäîâîìó íà åâêëi-

äîâié ïðÿìié�

�òî÷êà ëåæèòü íà ïëîùèíi�
def
= �¹ ñåðåä äàíî¨ òðiéêè �òî÷îê��

Æîäíà �òî÷êà� íå �ëåæèòü ìiæ� äâîìà iíøèìè
�Âiäêëàäåííÿ êóòiâ� íå âèçíà÷à¹ìî, áî êóòè â öié ãåîìåòði¨ íå iñíóþòü, íåìà
ñàìå äâîõ ðiçíèõ �ïðÿìèõ�, ùî ïåðåòèíàþòüñÿ â ÿêiñü òî÷öi.

Ó öié ìîäåëi íå âèêîíó¹òüñÿ àêñiîìà I1, áî ÷åðåç äâi �òî÷êè� íå �ïðîõîäèòü�, çà
îçíà÷åííÿì, æîäíà �ïðÿìà� � îäíàê âñi iíøi àêñiîìè � âèêîíóþòüñÿ. Â öüîìó ëåãêî
ïåðåêîíàòèñü.

Äëÿ äîâåäåííÿ íåçàëåæíîñòi àêñiîìè I4 ó ñèñòåìi S çàïðîïîíîâàíà òàêà ìîäåëü:
ôiêñó¹ìî äîâiëüíó åâêëiäîâó ïðÿìó a i îçíà÷ó¹ìî:

�òî÷êè�
def
= �êîæíà òî÷êà ïðÿìî¨ a�

�ïðÿìà�
def
= �ïðÿìà a�

�ïëîùèíà�
def
= �ôiêñîâàíå êîëî K ç öåíòðîì â òî÷öi A, ÿêå ëåæèòü íà ïðÿìié a�

�òî÷êà ëåæèòü íà ïðÿìié�
def
= �òî÷êà ëåæèòü â ñåíñi åâêëiäîâîìó íà ïðÿìié a�

�òî÷êà ëåæèòü íà ïëîùèíi�
def
= �òî÷êà ¹ öåíòðîì êîëà K�

Äîêòîðñüêà ïðàöÿ Ñ. Âàéíëüîñ ïðèâàáëþ¹ ïðîñòîòîþ äîâåäåíü íåçàëåæíîñòi
àêñiîì ïåðøî¨ òà äðóãî¨ ãðóïè, àêñiîìè ïàðàëåëüíîñòi îñîáëèâî. Áåçïåðå÷íî, ùî
ïðîñòîòà äîñÿãà¹òüñÿ ââåäåííÿì ñèñòåìè S, åêâiâàëåíòíî¨ ñèñòåìi (S) Ã. Øòàéíãàóçà,
ÿêà åêâiâàëåíòíà ñèñòåìi (H) Ä. Ãiëüáåðòà.
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Âèêëàäåíi ðåçóëüòàòè äîêòîðñüêî¨ ïðàöi Ñ. Âàéíëüîñ çàöiêàâëÿòü íå ëèøå
âèêëàäà÷iâ, ÿêi ÷èòàþòü óíiâåðñèòåòñüêèé êóðñ �Îñíîâè ãåîìåòði¨�, à é øèðîêå êîëî
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We will prove that the join Rn ∗ R+ is isomorphic to the half-space Rn+1
+

and extend this result onto the class of γ-weakly convex and δ-weakly concave
geodesic spaces. We will also show that the cone over divergent sequence is not
isomorphic to the join of this sequence and R+ in the asymptotic category A.

Key words: join, cone, asymptotic category.

1. Introduction.

Asymptotic topology is a part of mathematics dealing with large scale properties of
metric spaces and, more generally, coarse spaces. Backgrounds of the asymptotic topology
are described in [1]. In particular, this paper contains basic functorial constructions in
the coarse categories.

Some of these constructions are considered in the present note. We establish relations
between the cones and joins in the asymptotic categories.

2. Terminology and notation.

A metric space (X, d) is proper if every closed ball in X is compact.
A map f : X → Y is proper if the preimage of every compact subset is compact. A

map f : X → Y is coarsely proper, if the preimage of every bounded set id bounded.
A map f : (X, d) → (Y, ρ) is coarsely uniform, if there is a non-decreasing function

ϕ : [0,∞) → [0,∞) such that limt→∞ ϕ(t) = ∞ and ρ(f(x), f(y)) 6 ϕ(d(x, y)) for all
x, y ∈ X.

A map f is coarse, if f is coarse uniform and coarse proper.
A map f : (X, d)→ (Y, ρ) is asymptotically Lipschitz, if there are λ i s (λ > 0, s > 0)

such that
ρ(f(x), f(y)) 6 λd(x, y) + s, x, y ∈ X.

The objects of the asymptotic category A are proper metric spaces, the morphisms
of this category are proper asymptotically Lipschitz maps.

The objects of the asymptotic category A are proper metric spaces (actually, one
can consider all metric spaces), the morphisms of this category are coarsely proper,
asymptotically Lipschitz maps.

2010 Mathematics Subject Classi�cation: 54B17, 54E15
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An isomorphism in the category A is a homeomorphism f : X → Y such that f
and f−1 are asymptotically Lipschitz. A morphism f : X → Y â A is called a coarse

isomorphism, if there is a morphism g : Y → X such that f ◦g and g ◦f are equivalent to
the identity maps 1X and 1Y respectively. Metric spaces X and Y are coarse isomorphic

(quasi-isometric), if there exists a coarse isomorphism f : X → Y .
A map f : X → Y of metric spaces (X, d) and (Y, ρ) is called a quasi-isometry if

there exist C,D > 0, λ > 0 such that

1

λ
d(x, y)− C 6 ρ(f(x), f(y)) 6 λd(x, y) + C, x, y ∈ X

and the D-neighborhood of the set f(X) equals Y .
Let C > 0. A set in a metric space is called Ñ-connected if, for every x, y ∈ M ,

there exist x0 = x, x1, . . . , xn−1, xn = y ∈M such that d(xi, xi−1) 6 C, i = 1, . . . , n.

3. Main result.

Let X be a metric space. The cone CX of X is de�ned as follows: CX =
X×̃R2

+/i+(X), where i+ : X → X×̃R2
+ is the embedding de�ned by the formula

i+(x) = (x, ‖x‖, 0) (see [1]).

Lemma 1. The cone CR is not isomorphic to the half-space R2
+ in the asymptotic

category A.

Proof. Suppose that the cone CR is isomorphic (quasi-isometric) to the half-plane R2
+.

Thus, there exists f : CR→ R2
+ such that, for some C > 0 and λ > 0,

1

λ
d(x, y)− C 6 ρ(f(x), f(y)) 6 λd(x, y) + C, x, y ∈ CR.

Pick and in�nite sequence x1, x2, x3, . . . in CR and d(xi, xj) = 2λC + 1 for all i, j ∈ N.
This is easy to construct in CR, let, e.g.,

xk =

(
k(2λC + 1), (2λC + 1)

1− 8k2

8k
, (2λC + 1)

√
16k2 − 1

8k

)
.

The images x1, x2, x3, . . . belong to the neighborhood Of(x1)(2λ
2C + λ+ C) and

d(f(xi), f(xj)) >
1

λ
d(xi, xj)− C =

1

λ
(2λC + 1)− C = C +

1

λ
,

which provides a contradiction. �

Lemma 1 contradicts to the statement from [1] that for geodesic spaces X the cone
can be de�ned by the formula CX = X × R+.

3.1. Kantorovich-Rubinstein metric on the join X ∗ R+.

For any two pointed metric spaces X and Y one can de�ne the bouquet X ∨ Y . We
endow the bouquet with the natural quotient metric. The join X ∗R+ is the subspace of
P2(X ∨ R+) of probability measures with supports of cardinality ≤ 2. Let us de�ne the
Kantorovich-Rubinstein distance on the join X ∗ R+ between two probability measures
µ and ν,

µ = αδx + (1− α)δy
ν = βδx′ + (1− β)δy′

‖x‖ = y, ‖x′‖ = y′, {x, x′} ⊂ X, {y, y′} ⊂ R+,
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dKP (µ, ν) = inf {εd(y′, x) + (α− ε)d(x, x′) + (1− β − ε)d(y, y′)
+ (β − α+ ε)d(x′, y) | ε > 0, ε > α− β} =

inf {ε(d(y′, x)− d(x, x′) − d(y, y′) + d(x′, y)) + αd(x, x′) + (1− β)d(y, y′)
+(β − α)d(x′, y) |ε > 0, ε > α− β} =

=

{
(β − α)d(x′, y) + αd(x′, x) + (1− β)d(y, y′), β > α,

(α− β)d(x, y′) + βd(x, x′) + (1− α)d(y, y′), β 6 α,
=

|α− β|(y + y′) + min{α, β}d(x, x′) + (1−max{α, β})|y − y′|.

Lemma 2. The join Rn ∗ R+ is isomorphic to the half-space Rn+1
+ in the asymptotic

topology A.

Proof. Consider the map ϕ : Rn ∗ R+ → Rn+1
+ de�ned by the formula

ϕ(αδx + (1− α)δy) = (αx, (1− α)y)
x ∈ Rn, y ∈ R+.

The inverse map ϕ−1 : Rn+1
+ → Rn ∗ R+ is de�ned by the formula

ϕ−1(l, t) =
t

‖l‖+ t
δ ‖l‖+t

t l
+
‖l‖
‖l‖+ t

δ ‖l‖+t
‖l‖ t

.

Denoting x = ‖l‖+t
t l, α = t

‖l‖+t , y = ‖l‖+t
‖l‖ t, we obtain

ϕ−1(αx, (1− α)y) = (αδx + (1− α)δy).
Show that the map ϕ−1 is Lipschitz.

dKP (ϕ
−1(αx, (1− α)y);ϕ−1βx′, (1− β)y′) = dKP (αδx + (1− α)δy, βδx′ + (1− β)δy′).

Without loss of generality one may assume that y′ > y.
First, prove that ϕ−1 is Lipschitz for β > α.

dKP (αδx + (1− α)δy, βδx′ + (1− β)δy′) =
= (β − α)d(x′, y) + αd(x, x′) + (1− β)d(y, y′) 6

6 (β − α)d(x′, y) + d(αx, βx′) + (β − α)‖x′‖+ (1− β)d(y, y′) =
= d(αx, βx′) + 2(β − α)y′ + (β − α)y + (1− β)(y′ − y)

Taking into account that

(1− β)(y′ − y) 6 |(1− α)y − (1− β)y′|+ (β − α)y
for β > α and y′ > y, we obtain

6 d(αx, βx′) + 2(β − α)y′ + 2(β − α)y + |(1− α)y − (1− β)y′| 6
6 d(αx, βx′) + 4(β − α)y′ + |(1− α)y − (1− β)y′| 6

Since (β − α)y′ 6 βy′ − αy 6 d(αx, βx′), we obtain
6 5d(αx, βx′) + d((1− α)y, (1− β)y′) 6
6 5dRn+1

+
((αx, (1− α)y); (βx′, (1− β)y′)).

Let us check that ϕ−1 is Lipschitz for β 6 α.

dKP (αδx + (1− α)δy, βδx′ + (1− β)δy′) =
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= (α− β)d(x, y′) + βd(x, x′) + (1− α)d(y, y′) 6

6 (α− β)d(x, y′) + (α− β)‖x‖+ d(αx, βx′) + (1− α)d(y, y′) =

= d(αx, βx′) + (α− β + 1− α)y′ + (α− β + α− β − 1 + α)y =

= d(αx, βx′) + (1− β)y′ − (1− α)y + 2(α− β)y
Since 2(α− β)y 6 2d((1− β)y′, (1− α)y), we obtain

6 3d(αx, βx′) + 3d((1− α)y, (1− β)y′) =

= 3dRn+1
+

((αx, (1− α)y); (βx′, (1− β)y′)).

Show that ϕ is Lipschitz with constant 1. Suppose that y′ > y. Consider two cases:
1. β > α and 2. β 6 α.

1. dRn+1
+

(ϕ(αδx, (1− α)δy);ϕ(βδx′ , (1− β)δy′)) =

= dRn×R+
((αx, (1− α)y); (βx′, (1− β)y′)) =

= dRn(αx, βx′) + dR+((1− α)y, (1− β)y′) 6

6 αd(x, x′) + (β − α)‖x′‖+ (1− β)(y′ − y) + (β − α)y =

The latter inequality is a consequence of the following two inequalities:

d(αx, βx′) 6 αd(x, x′) + (β − α)‖x′‖

d((1− α)y, (1− β)y′) 6 (1− β)(y′ − y) + (β − α)y

= αd(x, x′) + (β − α)d(x′, y) + (1− β)d(y, y′) =

= dKP (αδx + (1− α)δy, βδx′ + (1− β)δy′).

2. dRn(αx, βx′) + dR+
((1− α)y, (1− β)y′) 6

Since d(αx, βx′) 6 βd(x, x′) + (α− β)‖x‖, we obtain

βd(x, x′) + (α− β)‖x‖+ (1− β)y′ − (1− α)y =

= βd(x, x′) + (α− β)‖x‖+ αy′ − βy′ − αy′ + y′ − (1− α)y =

= βd(x, x′) + (α− β)(‖x‖+ y′) + (1− α)(y′ − y) =

= dKP (αδx + (1− α)δy, βδx′ + (1− β)δy′).
�

Lemmas 1 and 2 imply the following

Corollary 1. The join R ∗ R+ is not isomorphic to the cone CR in the asymptotic

category A.

Lemma 3. Let X = {n2 | n ∈ N} ⊂ R. The join X ∗R+ is not isomorphic to the cone

CX in the asymptotic category A.
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Proof. Let f : CX → X ∗ R+ be a coarse map. The image of every segment [x, y] from
CX is contained in the ball Os(1)(f(x)).

Consider in CX a segment [x0, x], d(x0, x) = n. Construct a sequence

x0, x1, x2, . . . , xn = x, d(xi, xi+1) = 1.

Since the image of every segment [xi, xi+1] is contained in the ball Os(1)(f(xi)), the image
[x0, x] is a bounded set, since X ∗ R+ is not S(1)-connected for all S(1) > 0.

Thus, there is no coarse uniform map of the cone CX into the join X ∗ R+ with
unbounded image. �

Lemma 3 also holds in the asymptotic category A.
4. Weakly γ-convex and weakly δ-concave geodesic spaces.
A metric space (X, d) is called geodesic if, for any x, y ∈ X, there is an isometric

embedding c : [0, d(x, y)] → X such that c(0) = x and c(d(x, y)) = y. Any isometric
embedding cxy : [0, d(x, y)]→ X such that cxy(0) = x, cxy(d(x, y)) = y, will be called an
isometric segment connecting x ∈ X and y ∈ Y .

A geodesic space (X, d) is called γ-weakly convex (γ > 1), if every pair of geodesic
segments, cxy and cxz, satis�es the inequality

d(cxy(t · d(x, y)), cxz(t · d(x, z))) 6 γ · t · d(y, z).
A geodesic space (X, d) is called weakly δ-concave (0 < δ 6 1), if every pair of

geodesic segments, cxy and cxz, satis�es the inequality

d(cxy(t · d(x, y)), cxz(t · d(x, z))) > δ · t · d(y, z).

Lemma 4. Let X be a weakly γ-convex and weakly δ-concave geodesic space. The join

X ∗ R+ is isomorphic to the space X × R+ in the asymptotic category A.

Proof. The proof is similar to that of Lemma 2. Let x0 ∈ X be a �xed point. De�ne the
norm ‖x‖ of x ∈ X as dX(x, x0). For the sake of brevity, cx0x(α ·d(x0, x)) will be denoted
xα in the sequel.

Consider the map ϕ : X ∗ R+ → X × R+, de�ned by the formula

ϕ(αδx + (1− α)δy) = (xα, (1− α)y)

x ∈ X, y ∈ R+.

The inverse map ϕ−1 : X × R+ → X ∗ R+ is de�ned by the formula

ϕ−1(xα, (1− α)y) = (αδx + (1− α)δy).
Show that ϕ−1 is a Lipschitz map.

dKP (ϕ
−1(xα, (1− α)y);ϕ−1(x′β , (1− β)y′) = dKP (αδx + (1− α)δy, βδx′ + (1− β)δy′).

Without loss of generality we may assume that y′ > y.
We �rst prove that ϕ−1 is Lipschitz for β > α.

dKP (αδx + (1− α)δy, βδx′ + (1− β)δy′)

= (β − α)d(x′, y) + αd(x, x′) + (1− β)d(y, y′)

6 (β − α)d(x′, y) + 1

δ
d(xα, x

′
β) +

1

δ
(β − α)‖x′‖+ (1− β)d(y, y′)
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=
1

δ
d(xα, x

′
β) + (1 +

1

δ
)(β − α)y′ + (β − α)y + (1− β)(y′ − y)

Taking into account that (1 − β)(y′ − y) 6 |(1 − α)y − (1 − β)y′| + (β − α)y for
β > α i y′ > y, the inequality cam be continued:

6
1

δ
d(xα, x

′
β) + (1 +

1

δ
)(β − α)y′ + 2(β − α)y + |(1− α)y − (1− β)y′|

6
1

δ
d(xα, x

′
β) + (3 +

1

δ
)(β − α)y′ + |(1− α)y − (1− β)y′|

Since (β − α)y′ 6 βy′ − αy 6 d(xα, x′β), we obtain

6 (3 +
2

δ
)d(xα, x

′
β) + d((1− α)y, (1− β)y′)

6 (3 +
2

δ
)dX×R+

((xα, (1− α)y); (x′β , (1− β)y′)).

Let us check that ϕ−1 is Lipschitz for β 6 α.

dKP (αδx + (1− α)δy, βδx′ + (1− β)δy′)

= (α− β)d(x, y′) + βd(x, x′) + (1− α)d(y, y′)

6 (α− β)d(x, y′) + 1

δ
(α− β)‖x‖+ 1

δ
d(xα, x

′
β) + (1− α)d(y, y′)

=
1

δ
d(xα, x

′
β) + (α− β + 1− α)y′ + (α− β +

1

δ
(α− β)− 1 + α)y

=
1

δ
d(xα, x

′
β) + (1− β)y′ − (1− α)y + (1 +

1

δ
)(α− β)y

Taking into account that (α− β)y 6 d((1− β)y′, (1− α)y), we obtain

6
1

δ
d(xα, x

′
β) + (2 +

1

δ
)d((1− α)y, (1− β)y′)

6 (2 +
1

δ
)dX×R+((xα, (1− α)y); (x′β , (1− β)y′)).

Show that ϕ is a Lipschitz map with constant γ. Take y′ > y. Consider two cases:
1. β > α and 2. β 6 α.

1. dX×R+
(ϕ(αδx, (1− α)δy);ϕ(βδx′ , (1− β)δy′))

= dX×R+
((xα, (1− α)y); (x′β , (1− β)y′))

= dX(xα, x
′
β) + dR+

((1− α)y, (1− β)y′)
6 γαd(x, x′) + (β − α)‖x′‖+ (1− β)(y′ − y) + (β − α)y

The latter inequality is a consequence of the following two inequalities:

d(xα, x
′
β) 6 γαd(x, x

′) + (β − α)‖x′‖

d((1− α)y, (1− β)y′) 6 (1− β)(y′ − y) + (β − α)y
= γαd(x, x′) + (β − α)d(x′, y) + (1− β)d(y, y′)
6 γdKP (αδx + (1− α)δy, βδx′ + (1− β)δy′).

2. dX(xα, x
′
β) + dR+((1− α)y, (1− β)y′)
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Since dX(xα, x
′
β) 6 γβd(x, x

′) + (α− β)‖x‖, we obtain

6 γβd(x, x′) + (α− β)‖x‖+ (1− β)y′ − (1− α)y
= γβd(x, x′) + (α− β)‖x‖+ αy′ − βy′ − αy′ + y′ − (1− α)y

= γβd(x, x′) + (α− β)(‖x‖+ y′) + (1− α)(y′ − y)
6 γdKP (αδx + (1− α)δy, βδx′ + (1− β)δy′).

�

5. Remarks and open questions.

It was asked in [1] whether the cone CX and the join X ∗ R+ are isomorphic.
Corollary 1 provides a negative answer to this question; in particular, these spaces are
not isomorphic for X = R. Lemma 3 contains an example of a non-geodesic space X for
which these spaces are not isomorphic.

This leads to the following questions.

1. Is there a non-bounded metric space X for which the CX and the join X ∗ R+

are isomorphic in the asymptotic category A?
2. Are the join X ∗ R+ and X × R+ isomorphic for all geodesic spaces X?

For X = Rn+, the answer is given by Lemma 2.
3. Let H denote the hyperbolic space. Are the spaces H×R+ and H∗R+ isomorphic?
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Äîâåäåíî, ùî äæîéí Rn ∗ R+ içîìîðôíèé ïiâïðîñòîðîâi Rn+1
+ . Öåé ðå-

çóëüòàò ïîøèðåíî íà êëàñ γ-ñëàáêî îïóêëèõ i δ-ñëàáêî âãíóòèõ ãåîäåçiéíèõ
ïðîñòîðiâ. Äîâåäåíî òàêîæ, ùî êîíóñ íàä ðîçáiæíîþ ïîñëiäîâíiñòþ íå içî-
ìîðôíèé äæîéíîâi öi¹¨ ïîñëiäîâíîñòi i R+ â àñèìïòîòè÷íié êàòåãîði¨ A.

Êëþ÷îâi ñëîâà: äæîéí, êîíóñ, àñèìïòîòè÷íà êàòåãîðiÿ.
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ON FEEBLY COMPACT SEMITOPOLOGICAL SYMMETRIC

INVERSE SEMIGROUPS OF A BOUNDED FINITE RANK
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We study feebly compact shift-continuous T1-topologies on the symmetric
inverse semigroup I n

λ of �nite transformations of the rank6 n. For any positive
integer n > 2 and any in�nite cardinal λ a Hausdor� countably pracompact
non-compact shift-continuous topology on I n

λ is constructed. We show that
for an arbitrary positive integer n and an arbitrary in�nite cardinal λ for a
T1-topology τ on I n

λ the following conditions are equivalent: (i) τ is countably
pracompact; (ii) τ is feebly compact; (iii) τ is d-feebly compact; (iv) (I n

λ , τ)
is H-closed; (v) (I n

λ , τ) is Nd-compact for the discrete countable space Nd;
(vi) (I n

λ , τ) is R-compact; (vii) (I n
λ , τ) is infra H-closed. Also we prove that

for an arbitrary positive integer n and an arbitrary in�nite cardinal λ every
shift-continuous semiregular feebly compact T1-topology τ on I n

λ is compact.

Key words: semigroup, inverse semigroup, semitopological semigroup,
compact, countably compact, countably pracompact, feebly compact, H-
closed, infra H-closed, X-compact, semiregular space.

We follow the terminology of [6, 7, 8, 26, 27]. If X is a topological space and A ⊆ X,
then by clX(A) and intX(A) we denote the topological closure and interior of A in
X, respectively. By |A| we denote the cardinality of a set A, by A4B the symmetric
di�erence of sets A and B, by N the set of positive integers, and by ω the �rst in�nite
cardinal.

A semigroup S is called inverse if every a in S possesses an unique inverse a−1, i.e.
if there exists an unique element a−1 in S such that

aa−1a = a and a−1aa−1 = a−1.

A map which associates to any element of an inverse semigroup its inverse is called the
inversion.

A topological (inverse) semigroup is a topological space together with a continuous
semigroup operation (and an inversion, respectively). Obviously, the inversion de�ned
on a topological inverse semigroup is a homeomorphism. If S is a semigroup (an inverse

2010 Mathematics Subject Classi�cation: 22A15, 54D45, 54H10, 54A10, 54D30, 54D40.

c© Gutik O., 2017



ON FEEBLY COMPACT SEMITOPOLOGICAL ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2017. Âèïóñê 83 43

semigroup) and τ is a topology on S such that (S, τ) is a topological (inverse) semigroup,
then we shall call τ a semigroup (inverse) topology on S. A semitopological semigroup

is a topological space together with a separately continuous semigroup operation. If S
is a semigroup (an inverse semigroup) and τ is a topology on S such that (S, τ) is
a semitopological semigroup (with continuous inversion), then we shall call τ a shift-

continuous (inverse) topology on S.
If S is a semigroup, then by E(S) we denote the subset of all idempotents of S.

On the set of idempotents E(S) there exists a natural partial order: e 6 f if and only

if ef = fe = e. A semilattice is a commutative semigroup of idempotents. A topological

(semitopological) semilattice is a topological space together with a continuous (separately
continuous) semilattice operation. If S is a semilattice and τ is a topology on S such that
(S, τ) is a topological semilattice, then we shall call τ a semilattice topology on S.

Every inverse semigroup S admits a partial order:

a 4 b if and only if there exists e ∈ E(S) such that a = eb.

We shall say that 4 is the natural partial order on S.
Let λ be an arbitrary non-zero cardinal. A map α from a subset D of λ into λ is

called a partial transformation of λ. In this case the set D is called the domain of α and
is denoted by domα. The image of an element x ∈ domα under α is denoted by xα Also,
the set {x ∈ λ : yα = x for some y ∈ Y } is called the range of α and is denoted by ranα.
The cardinality of ranα is called the rank of α and is denoted by rankα. For convenience
we denote by ∅ the empty transformation, a partial mapping with dom∅ = ran∅ = ∅.

Let Iλ denote the set of all partial one-to-one transformations of λ together with
the following semigroup operation:

x(αβ) = (xα)β if x ∈ dom(αβ) = {y ∈ domα : yα ∈ domβ}, for α, β ∈ Iλ.

The semigroup Iλ is called the symmetric inverse semigroup over the cardinal λ (see
[7]). The symmetric inverse semigroup was introduced by V. V. Wagner [29] and it plays
a major role in the theory of semigroups.

Put I n
λ = {α ∈ Iλ : rankα 6 n}, for n = 1, 2, 3, . . .. Obviously, I n

λ (n = 1, 2, 3, . . .)
are inverse semigroups, I n

λ is an ideal of Iλ, for each n = 1, 2, 3, . . .. The semigroup I n
λ

is called the symmetric inverse semigroup of �nite transformations of the rank 6 n. By(
x1 x2 · · · xn
y1 y2 · · · yn

)
we denote a partial one-to-one transformation which maps x1 onto y1, x2 onto y2, . . .,
and xn onto yn. Obviously, in such case we have xi 6= xj and yi 6= yj for i 6= j (i, j =
1, 2, 3, . . . , n). The empty partial map ∅ : λ ⇀ λ is denoted by 0. It is obvious that 0 is
zero of the semigroup I n

λ .
Let λ be a non-zero cardinal. On the set Bλ = (λ × λ) ∪ {0}, where 0 /∈ λ × λ, we

de�ne the semigroup operation � · � as follows

(a, b) · (c, d) =
{

(a, d), if b = c;
0, if b 6= c,

and (a, b) · 0 = 0 · (a, b) = 0 · 0 = 0 for a, b, c, d ∈ λ. The semigroup Bλ is called
the semigroup of λ × λ-matrix units (see [7]). Obviously, for any cardinal λ > 0, the
semigroup of λ× λ-matrix units Bλ is isomorphic to I 1

λ .
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A subset A of a topological space X is called regular open if intX(clX(A)) = A.
We recall that a topological space X is said to be

• functionally Hausdor� if for every pair of distinct points x1, x2 ∈ X there exists
a continuous function f : X → [0, 1] such that f(x1) = 0 and f(x2) = 1;

• semiregular if X has a base consisting of regular open subsets;
• quasiregular if for any non-empty open set U ⊂ X there exists a non-empty open
set V ⊂ U such that clX(V ) ⊆ U ;

• compact if each open cover of X has a �nite subcover;
• sequentially compact if each sequence {xi}i∈N of X has a convergent subsequence
in X;

• countably compact if each open countable cover of X has a �nite subcover;
• H-closed if X is a closed subspace of every Hausdor� topological space in which
it is contained;

• infra H-closed provided that any continuous image of X into any �rst countable
Hausdor� space is closed (see [20]);

• countably compact at a subset A ⊆ X if every in�nite subset B ⊆ A has an
accumulation point x in X;

• countably pracompact if there exists a dense subset A in X such that X is
countably compact at A;

• feebly compact if each locally �nite open cover of X is �nite;
• d-feebly compact (or DFCC ) if every discrete family of open subsets in X is �nite
(see [24]);

• pseudocompact if X is Tychono� and each continuous real-valued function on X
is bounded;

• Y -compact for some topological space Y , if f(X) is compact, for any continuous
map f : X → Y .

According to Theorem 3.10.22 of [8], a Tychono� topological space X is feebly
compact if and only ifX is pseudocompact. Also, a Hausdor� topological spaceX is feebly
compact if and only if every locally �nite family of non-empty open subsets of X is �nite.
Every compact space and every sequentially compact space are countably compact, every
countably compact space is countably pracompact, every countably pracompact space is
feebly compact (see [3]), every H-closed space is feebly compact too (see [15]). Also, every
space feebly compact is infra H-closed by Proposition 2 and Theorem 3 of [20].

Topological properties of an in�nite (semi)topological semigroup λ×λ-matrix units
were studied in [12, 13, 14]. In [13] it was shown that on the in�nite semitopological semi-
group λ×λ-matrix units Bλ there exists a unique Hausdor� topology τc such that (Bλ, τc)
is a compact semitopological semigroup and it was also shown that every pseudocompact
Hausdor� shift-continuous topology τ on Bλ is compact. Also, in [13] it was proved that
every non-zero element of a Hausdor� semitopological semigroup λ× λ-matrix units Bλ
is an isolated point in the topological space Bλ. In [12] it was shown that the in�nite
semigroup λ×λ-matrix units Bλ cannot be embedded into a compact Hausdor� topologi-
cal semigroup, every Hausdor� topological inverse semigroup S that contains Bλ as a
subsemigroup, contains Bλ as a closed subsemigroup, i.e., Bλ is algebraically complete

in the class of Hausdor� topological inverse semigroups. This result in [11] was extended
onto so called inverse semigroups with tight ideal series and, as a corollary, onto the



ON FEEBLY COMPACT SEMITOPOLOGICAL ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2017. Âèïóñê 83 45

semigroup I n
λ . Also, in [16] it was proved that for every positive integer n the semigroup

I n
λ is algebraically h-complete in the class of Hausdor� topological inverse semigroups,

i.e., every homomorphic image of I n
λ is algebraically complete in the class of Hausdor�

topological inverse semigroups. In the paper [17] this result was extended onto the class
of Hausdor� semitopological inverse semigroups and it was shown therein that for an
in�nite cardinal λ the semigroup I n

λ admits a unique Hausdor� topology τc such that
(I n

λ , τc) is a compact semitopological semigroup. Also, it was proved in [17] that every
countably compact Hausdor� shift-continuous topology τ on Bλ is compact. In [14] it
was shown that a topological semigroup of �nite partial bijections I n

λ with a compact
subsemigroup of idempotents is absolutely H-closed (i.e., every homomorphic image of
I n
λ is algebraically complete in the class of Hausdor� topological semigroups) and any

countably compact topological semigroup does not contain I n
λ as a subsemigroup for

in�nite cardinal λ. In [14] there were given su�cient conditions onto a topological semi-
group I 1

λ to be non-H-closed. Also in [10] it was proved that an in�nite semitopological
semigroup of λ×λ-matrix units Bλ is H-closed in the class of semitopological semigroups
if and only if the space Bλ is compact.

For an arbitrary positive integer n and an arbitrary non-zero cardinal λ we put

expn λ = {A ⊆ λ : |A| 6 n} .

It is obvious that for any positive integer n and any non-zero cardinal λ the set
expn λ with the binary operation ∩ is a semilattice. Later in this paper by expn λ we
shall denote the semilattice (expn λ,∩). It is easy to see that expn λ is isomorphic to the
subsemigroup of idempotents (the band) of the semigroup I n

λ for any positive integer n.
We observe that for every positive integer n the band of the semigroup I n

λ is isomorphic
to the semilattice expn λ by the mapping E(I n

λ ) 3 ε 7→ dom ε.
In the paper [18] feebly compact shift-continuous topologies τ on the semilattice

expn λ were studied, and all compact semilattice topologies on expn λ were described. In
[18] it was whown that for an arbitrary positive integer n and an arbitrary in�nite cardi-
nal λ for a T1-topology τ on expn λ the following conditions are equivalent: (i) (expn λ, τ)
is a compact topological semilattice; (ii) (expn λ, τ) is a countably compact topological
semilattice; (iii) (expn λ, τ) is a feebly compact topological semilattice; (iv) (expn λ, τ)
is a compact semitopological semilattice; (v) (expn λ, τ) is a countably compact semi-
topological semilattice. Also, in [18] there was constructed a countably pracompact H-
closed quasiregular non-semiregular topology τ2

fc
such that

(
exp2 λ, τ

2
fc

)
is a semitopologi-

cal semilattice with the discontinuous semilattice operation and it was proved that for
an arbitrary positive integer n and an arbitrary in�nite cardinal λ a semiregular feebly
compact semitopological semilattice expn λ is a compact topological semilattice. In [19]
it was shown that for an arbitrary positive integer n and an arbitrary in�nite cardinal λ
for a T1-topology τ on expn λ the following conditions are equivalent: (i) τ is countably
pracompact; (ii) τ is feebly compact; (iii) τ is d-feebly compact; (iv) (expn λ, τ) is an
H-closed space.

This paper is a continuation of [11, 13, 16, 17]. We study feebly compact shift-
continuous T1-topologies on the semigroup I n

λ . For any positive integer n > 2 and
any in�nite cardinal λ a Hausdor� countably pracompact non-compact shift-continuous
topology on I n

λ is constructed. We show that for an arbitrary positive integer n and
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an arbitrary in�nite cardinal λ for a T1-topology τ on I n
λ the following conditions are

equivalent: (i) τ is countably pracompact; (ii) τ is feebly compact; (iii) τ is d-feebly
compact; (iv) (I n

λ , τ) is H-closed; (v) (I
n
λ , τ) is Nd-compact for the discrete countable

space Nd; (vi) (I n
λ , τ) is R-compact; (vii) (I n

λ , τ) is infra H-closed. Also we prove that for
an arbitrary positive integer n and an arbitrary in�nite cardinal λ every shift-continuous
semiregular feebly compact T1-topology τ on I n

λ is compact.

Later we shall assume that n is an arbitrary positive integer.
For every element α of the semigroup I n

λ we put

↑lα =
{
β ∈ I n

λ : αα−1β = α
}

and ↑rα =
{
β ∈ I n

λ : βα−1α = α
}
.

Then Proposition 5 of [17] implies that ↑lα = ↑rα and by Lemma 6 of [23, Section 1.4]
we have that α 4 β if and only if β ∈ ↑lα for α, β ∈ I n

λ . Hence we put ↑4α = ↑lα = ↑rα
for any α ∈ I n

λ .
The de�nition of the semigroup operation of I n

λ implies the following trivial lemma.

Lemma 1. Let n be an arbitrary positive integer and λ be any cardinal. Then for any

elements α and β of the semigroup I n
λ the sets αI n

λ β and

↓4α = {γ ∈ I n
λ : γ 4 α}

are �nite.

Proof. For any elements α and β of I n
λ we have that

αI n
λ β = αI n

λ ∩I n
λ β = {γ ∈ I n

λ : dom γ ⊆ domα and ran γ ⊆ ranβ} .

Since the sets domα and ranβ are �nite, αI n
λ β is �nite, as well.

For every γ ∈ ↓4α the de�nition of the natural partial order 4 on the semigroup
I n
λ (see [23, Chapter 1]) implies that the �nite partial map γ is a restriction of the �nite

partial map α onto the set A = domα ∩ dom ε, where ε is an idempotent of I n
λ such

that γ = εα. This implies that the set ↓4α is �nite. �

Lemma 2. Let n be an arbitrary positive integer, λ be any in�nite cardinal and τ be a

shift-continuous T1-topology on semigroup I n
λ . Then for every element α of the semigroup

I n
λ the set ↑4α is open-and-closed in (I n

λ , τ), the space (I
n
λ , τ) is functionally Hausdor�

and hence it is quasi-regular.

Proof. Fix an arbitrary α ∈ I n
λ . Then α ∈ αI n

λ α and

αI n
λ α = αI n

λ ∩I n
λ α = αα−1I n

λ ∩I n
λ α
−1α = αα−1I n

λ α
−1α,

because I n
λ is an inverse semigroup. Since the topology τ is T1, Lemma 1 implies that

the set (αI n
λ α) \ {α} is closed in (I n

λ , τ). By the separate continuity of the semigroup
operation in (I n

λ , τ) we have that there exists an open neighbourhood U(α) of the point
α in (I n

λ , τ) such that

αα−1 · U(α) · α−1α ⊆ I n
λ \ ((αI n

λ ∪I n
λ α) \ {α}) .

The last inclusion implies that U(α) ⊆ ↑α. Again, since the semigroup operation in
(I n

λ , τ) is separately continuous the set ↑4α is open in (I n
λ , τ) as a full preimage of

U(α) and the set ↑4α is closed in (I n
λ , τ) as a full preimage of the singleton set {α}.



ON FEEBLY COMPACT SEMITOPOLOGICAL ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2017. Âèïóñê 83 47

Fix arbitrary distinct elements α and β of the semigroup I n
λ . Then either α and β

are comparable or not with respect to the natural partial order on I n
λ . If α 4 β or α and

β are incomparable in (I n
λ ,4) then it is obvious that the map g : I n

λ → [0, 1] de�ned
by the formula

(γ)f =

{
1, if γ ∈ ↑4β;
0, if γ /∈ ↑4β

is continuous. We observe that quasi-regularity of (I n
λ , τ) follows from the fact that every

non-empty open subset U of (I n
λ , τ) contains a maximal element δ with respect to the

natural partial order 4 on I n
λ such that ↑4α is an open-and-closed subset of (I n

λ , τ)
and hence, since τ is a T1-topology, {α} ⊆ U is an open-and-closed subset of (I n

λ , τ). �

A topological space X is called

• totally disconnected if the connected components in X are singleton sets;
• scattered if X does not contain non-empty dense in itself subset, which is equi-
valent that every non-empty subset of X has an isolated point in itself.

Lemma 2 implies the following corollary:

Corollary 1. Let n be an arbitrary positive integer, λ be any in�nite cardinal and τ be a

shift-continuous T1-topology on the semigroup I n
λ . Then (I n

λ , τ) is a totally disconnected
scattered space.

A partial order 6 on a topological space X is called closed if the relation 6 is a
closed subset of X×X in the product topology. In this case (X,6) is called a pospace [9].

Lemma 2 and Proposition VI-1.4 from [9] imply the following corollary:

Corollary 2. Let n be an arbitrary positive integer, λ be any in�nite cardinal and τ be

a shift-continuous T1-topology on semigroup I n
λ . Then (I n

λ , τ,4) is a pospace

The following example shows that the statement of Lemma 2 does not hold in the
case when (I n

λ , τ) is a T0-space.

Example 1. For an arbitrary positive integer n and an arbitrary in�nite cardinal λ we
de�ne a topology τ0 on I n

λ in the following way:

(i) all non-zero elements of the semigroup I n
λ are isolated points in (I n

λ , τ0); and
(ii) I n

λ is the unique open neighbourhood of zero in (I n
λ , τ0).

Simple veri�cations show that the semigroup operation and inversion on (I n
λ , τ0) are

continuous.

We need the following example from [17].

Example 2 ([17]). Fix an arbitrary positive integer n. The following family

Bc =
{
Uα(α1, . . . , αk) = ↑4α \ (↑4α1 ∪ · · · ∪ ↑4αk) :
αi ∈ ↑4α \ {α}, α, αi ∈ I n

λ , i = 1, . . . , k
}

determines a base of the topology τc on I n
λ . By Proposition 10 from [17], (I n

λ , τc) is a
Hausdor� compact semitopological semigroup with continuous inversion.
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By Theorem 7 from [17], for an arbitrary in�nite cardinal λ and any positive integer
n every countably compact Hausdor� semitopological semigroup I n

λ is topologically
isomorphic to (I n

λ , τc). By Corollary 1 the topological space (I n
λ , τc) is scattered.

Since every countably compact scattered T3-space is sequentially compact (see [28,
Theorem 5.7]), (I n

λ , τc) is a sequentially compact space.
Next we summarise the above results in the following theorem.

Theorem 1. Let n be an arbitrary positive integer, λ be any in�nite cardinal and τ be

a T1-shift continuous topology on the semigroup I n
λ . Then the following conditions are

equivalent:

(i) τ is compact;

(ii) τ = τc;
(iii) τ is countably compact;

(iv) τ is sequentially compact.

Since every feebly compact Hausdor� topology on the semigroup I 1
λ is compact,

it is natural to ask: Does there exist a shift-continuous Hausdor� non-compact feebly

compact topology τ on the semigroup I n
λ for n > 2?

The following example shows that for any in�nite cardinal λ and any positive integer
n > 2 there exists a Hausdor� feebly compact topology τ on the semigroup I n

λ such
that (I n

λ , τ) is a non-compact semitopological semigroup.

Example 3. Let λ be any in�nite cardinal and τ2c = τc be the topology on the semigroup
I 2
λ which is de�ned in Example 2. We construct a stronger topology τ2

fc
on I 2

λ then τ2c
in the following way. By π : λ → I 2

λ : a 7→ εa we denote the map which assigns to any
element a ∈ λ the identity partial map εa : {a} → {a}. Fix an arbitrary in�nite subset A
of λ. For every non-zero element x ∈ I 2

λ we assume that the base B2
fc
(x) of the topology

τ2
fc
at the point x coincides with the base of the topology τ2c at x, and

B2
fc(0) =

{
UB(0) = U(0) \ ((B)π ∪ {α1, . . . , αs}) : U(0) ∈ B2

c (0), α1, . . . , αs ∈ I 2
λ \ {0}

and B ⊆ λ such that |A4B| <∞}

form a base of the topology τ2
fc
at zero 0 of the semigroup I 2

λ . Simple veri�cations show
that the family

{
B2

fc
(x) : x ∈ I 2

λ

}
satis�es conditions (BP1)�(BP4) of [8], and hence

τ2
fc
is a Hausdor� topology on I 2

λ .

Proposition 1. Let λ be an arbitrary in�nite cardinal. Then
(
I 2
λ , τ

2
fc

)
is a countably

pracompact semitopological semigroup with continuous inversion.

Proof. It is obvious that the inversion in
(
I 2
λ , τ

2
fc

)
is continuous and later we shall show

that all translations in
(
I 2
λ , τ

2
fc

)
are continuous maps. We consider the following possible

cases.
(1) 0 ·0 = 0. For every basic open neighbourhood UB(0) of zero in

(
I 2
λ , τ

2
fc

)
we

have that
UB(0) · 0 = 0 ·UB(0) = {0} ⊂ Uπ(0).

(2) α · 0 = 0. For all basic open neighbourhoods UB(0) and Uα(β1, . . . , βk) of zero
and an element α 6= 0 in

(
I 2
λ , τ

2
fc

)
, respectively, we have that

Uα(β1, . . . , βk) · 0 = {0} ⊂ UB(0).
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Let VB(0) = I 2
λ \ (↑4α1 ∪ · · · ∪ ↑4αk ∪ (B)π) be an arbitrary basic neighbourhood of

zero in
(
I 2
λ , τ

2
fc

)
. Without loss of generality we may assume that

rankα1 = . . . = rankαk = 1 6 rankα.

Put

Cl =
{
γ ∈ I 2

λ : rank γ = 1 such that αγ = αi for some i = 1, . . . , k

or αγ ∈ E(I 2
λ ) \ {0}

}
.

The de�nition of the semigroup I 2
λ implies that the set Cl is �nite. Then we have that

α ·WB(0) ⊆ VB(0) for WB(0) = I 2
λ \

⋃{
↑4γ : γ ∈ Cl

}
.

(3) 0 ·α = 0. For all basic open neighbourhoods UB(0) and Uα(β1, . . . , βk) of zero
and an element α 6= 0 in

(
I 2
λ , τ

2
fc

)
, respectively, we have that

0 ·Uα(β1, . . . , βk) = {0} ⊂ UB(0).

Let VB(0) = I 2
λ \ (↑4α1 ∪ · · · ∪ ↑4αk ∪ (B)π) be an arbitrary basic neighbourhood of

zero in
(
I 2
λ , τ

2
fc

)
. Without loss of generality we may assume that

rankα1 = . . . = rankαk = 1 6 rankα.

Put

Cr =
{
γ ∈ I 2

λ : rank γ = 1 such that γα = αi for some i = 1, . . . , k

or γα ∈ E(I 2
λ ) \ {0}

}
.

The de�nition of the semigroup I 2
λ implies that the set Cr is �nite. Then we have that

WB(0) · α ⊆ VB(0) for WB(0) = I 2
λ \

⋃{
↑4γ : γ ∈ Cr

}
.

(4) α · β = γ 6= 0 and rankα = rankβ = rank γ, i.e., ranα = domβ. Then for any
open neighbourhoods Uα(α1, . . . , αk), Uβ(β1, . . . , βn), Uγ(γ1, . . . , γm) of the points α, β
and γ in

(
I 2
λ , τ

2
fc

)
, respectively, we have that

Uα(α1, . . . , αk) · β = α · Uβ(β1, . . . , βn) = {γ} ⊆ Uγ(γ1, . . . , γm).

(5) α · β = γ 6= 0 and rankα = rank γ = 1 and rankβ = 2, i.e., ranα $ domβ.
Then for any open neighbourhoods Uβ(β1, . . . , βn) and Uγ(γ1, . . . , γm) of the points β
and γ in

(
I 2
λ , τ

2
fc

)
, respectively, we have that

α · Uβ(β1, . . . , βn) = {γ} ⊆ Uγ(γ1, . . . , γm).

Let Uγ(γ1, . . . , γk) be an arbitrary open neighbourhood of the point γ in
(
I 2
λ , τ

2
fc

)
for

some γ1, . . . , γk ∈ ↑4γ, i.e., rank γ1 = . . . = rank γk = 2. Put

Q =
{
δ ∈ ↑4α : δβ ∈ {γ1, . . . , γk}

}
.

The de�nition of the semigroup I 2
λ implies that the set Q is �nite. Then we have that

Uα(Q) · β ⊆ Uγ(γ1, . . . , γk)

for Uα(Q) = ↑4α \
{
δ ∈ ↑4α : δ ∈ Q

}
.

(6) α · β = γ 6= 0 and rankβ = rank γ = 1 and rankα = 2, i.e., domβ $ ranα. In
this case the proof of separate continuity of the semigroup operation on

(
I 2
λ , τ

2
fc

)
is dual

to case (5).
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(7) α · β = γ 6= 0, rank γ = 1 and rankα = rankβ = 2. Then α and β are isolated
points in

(
I 2
λ , τ

2
fc

)
and hence

α · β = γ ⊆ Uγ(γ1, . . . , γk),

for any basic open neighbourhood Uγ(γ1, . . . , γk) of γ in
(
I 2
λ , τ

2
fc

)
.

(8) α · β = 0. Then domβ ∩ ranα = ∅ and hence

Uα(α1, . . . , αk) · β = α · Uβ(β1, . . . , βn) = {0} ⊂ UB(0),

for any basic open neighbourhoods Uα(α1, . . . , αk), Uβ(β1, . . . , βn) and UB(0) of α, β
and zero 0 in

(
I 2
λ , τ

2
fc

)
, respectivelly.

Thus we have shown that the translations in
(
I 2
λ , τ

2
fc

)
are continuous maps.

Also, the de�nition of the topology τ2
fc
on I 2

λ implies that the set I 2
λ \I 1

λ is dense
in
(
I 2
λ , τ

2
fc

)
and every in�nite subset of I 2

λI 1
λ has an accumulation point in

(
I 2
λ , τ

2
fc

)
,

and hence the space
(
I 2
λ , τ

2
fc

)
is countably pracompact. �

Proposition 2. Let n be an arbitrary positive integer and λ be an arbitrary in�nite

cardinal. Then for every d-feebly compact shift-continuous T1-topology τ on I n
λ the subset

I n
λ \I n−1

λ is dense in (I n
λ , τ).

Proof. Since every quasi-regular d-feebly compact space is feebly compact (see [19,
Theorem 2]), by Lemma 2 the topology τ is feebly compact.

Suppose to the contrary that there exists a feebly compact shift-continuous T1-
topology τ on I n

λ such that I n
λ \I

n−1
λ is not dense in (I n

λ , τ). Then there exists a point

α ∈ I n−1
λ of the space (I n

λ , τ) such that α /∈ clIn
λ

(
I n
λ \I n−1

λ

)
. This implies that there

exists an open neighbourhood U(α) of α in (I n
λ , τ) such that U(α) ∩

(
I n
λ \I n−1

λ

)
=

∅. Lemma 2 implies that ↑4α is an open-and-closed subset of (I n
λ , τ) and hence by

Theorem 14 of [4], ↑4α is feebly compact. This implies that without loos of generality we

may assume that U(α) ⊆ ↑4x ∩I n−1
λ . By the de�nition of the semigroup I n

λ we have
that there exists a point β ∈ U(α) such that ↑4β ∩ U(α) = {β}. Again, by Lemma 2 we
have that ↑4β is an open-and-closed subset of (I n

λ , τ) and hence by Theorem 14 of [4],
↑4β is feebly compact. Moreover, our choice implies that β is an isolated point in the
subspace ↑4β of (I n

λ , τ).
Suppose that

β =

(
x1 · · · xk
y1 · · · yk

)
,

for some �nite subsets {x1, · · · , xk} and {y1, · · · , yk} of distinct points from λ. Then the
above arguments imply that k < n. Put p = n − k. Next we �x an arbitrary in�nite
sequence {ai}i∈N of distinct elements of the set λ \ ({x1, · · · , xk} ∪ {y1, · · · , yk}).

For arbitrary positive integer j we put

βj =

(
x1 · · · xk ap(j−1)+1 · · · apj
y1 · · · yk ap(j−1)+1 · · · apj

)
.

Then βj ∈ I n
λ for any positive integer j. Moreover, we have that βj ∈ I n

λ \I n−1
λ and

βj ∈ ↑4β for any positive integer j.
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We claim that the set ↑4γ ∩ {βj : j ∈ N} is �nite for any γ ∈ ↑4β \ {β}. Indeed, if
the set ↑4γ∩{βj : j ∈ N} is in�nite for some γ ∈ ↑4β \{β} then dom γ contains in�nitely
many points of the set {ai : i ∈ N}, which contradicts that γ ∈ I n

λ .
By Lemma 2 for every γ ∈ I n

λ the set ↑4γ is open in (I n
λ , τ). Then since β is

an isolated point in ↑4β, our claim implies that the in�nite family of isolated points
U = {{bj} : j ∈ N} is locally �nite in ↑4β, which contradicts that the subspace ↑4β
of (I n

λ , τ) is feebly compact. The obtained contradiction implies the statement of the
proposition. �

Remark 1. The following three examples of topological semigroups of matrix units
(Bλ, τmv), (Bλ, τmh) and (Bλ, τmi) from [12] imply that the converse to Proposition 2 is
not true for any in�nite cardinal λ.

Later by Nd and R we denote the sets of positive integers with the discrete topology
and the real numbers with the usual topology.

Theorem 2. Let n be an arbitrary positive integer and λ be an arbitrary in�nite cardi-

nal. Then for every shift-continuous T1-topology τ on the semigroup I n
λ the following

statements are equivalent:

(i) τ is countably pracompact;

(ii) τ is feebly compact;

(iii) τ is d-feebly compact;

(iv) (I n
λ , τ) is H-closed;

(v) (I n
λ , τ) is Nd-compact;

(vi) (I n
λ , τ) is R-compact;

(vii) (I n
λ , τ) is infra H-closed.

Proof. Implications (i)⇒ (ii) and (ii)⇒ (iii) are trivial.
(iii) ⇒ (ii) Suppose that a space (I n

λ , τ) is d-feebly compact. By Lemma 2 it is
quasi-regular. Then by Theorem 1 of [19] every quasiregular d-feebly compact space is
feebly compact and hence so is (I n

λ , τ).
(ii)⇒ (i) Suppose that a space (I n

λ , τ) is feebly compact. By Lemma 2 the topologi-
cal space (I n

λ , τ) is Hausdor�. Then by Lemma 1 of [19] every Hausdor� feebly compact
space with a dense discrete subspace is countably pracompact (also see Lemma 4.5 of [5]
or Proposition 1 from [2] for Tychono� spaces) and hence so is (I n

λ , τ).
Implication (iv)⇒ (ii) follows from Proposition 4 of [15].
(ii)⇒ (iv) We shall show by induction that if τ is a shift-continuous feebly compact

T1-topology on the semigroup I n
λ then the subspace ↑4α of (I n

λ , τ) is H-closed for any
α ∈ I n

λ .
It is obvious that for any α ∈ I n

λ with rankα = n the set ↑4α = {α} is singleton,
and since (I n

λ , τ) is a T1-space, ↑4α is H-closed.
Fix an arbitrary α ∈ I n

λ with rankα = n − 1. By Lemma 2, ↑4α is an open-
and-closed subset of (I n

λ , τ) and hence by Theorem 14 from [4] the space ↑4α is feebly
compact. Since by Lemma 2 every point β of ↑4α with rankα = n is isolated in (I n

λ , τ),
the feeble compactness of ↑4α implies that α is a non-isolated point of (I n

λ , τ) and the
space ↑4α is compact. This implies that ↑4α is H-closed.
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Next we shall prove the following statement: if for some positive integer k < n for

any α ∈ I n
λ with rankα 6 k the subspace ↑4α is H-closed then ↑4β is H-closed for any

β ∈ I n
λ with rankβ = k − 1.
Suppose to the contrary that there exists a shift-continuous feebly compact T1-

topology τ on the semigroup I n
λ such that for some positive integer k < n for any

α ∈ I n
λ with rankα = k the subspace ↑4α is H-closed and ↑4β is not an H-closed space

for some β ∈ I n
λ with rankβ = k−1. Then there exists a Hausdor� topological space X

which contains the space ↑4β as a dense proper subspace. We observe that by Lemma 2
and Theorem 14 of [4] the space ↑4β is feebly compact.

Fix an arbitrary x ∈ X \ ↑4β. The Hausdor�ness of X implies that there exist
open neighbourhoods UX(x) and UX(β) of the points x and β in X, respectively, such
that UX(x)∩UX(β) = ∅. Then the assumption of induction implies that without loss of
generality we may assume that there do not exist �nitely many α1, . . . , αm ∈ ↑4β with
rankα1 = . . . = rankαm = k such that

UX(x) ∩ ↑4β ⊆ ↑4α1 ∪ · · · ∪ ↑4αm.

Fix an arbitrary α1 ∈ ↑4β such that rankα1 = k and ↑4α1 ∩ UX(x) 6= ∅. Proposi-
tion 1.3.1 of [8], Lemma 2 and Proposition 2 imply that there exists γ1 ∈ I n

λ \ I n−1
λ

such that γ1 ∈ ↑4α1∩UX(x). Next, by induction using Proposition 1.3.1 of [8], Lemma 2
and Proposition 2 we construct sequences {αi}i∈N and {γi}i∈N of distinct points of the
set ↑4β such that the following conditions hold:

(a) rankαi+1 = k and ↑4αi+1 \
(
↑4α1 ∪ · · · ∪ ↑4αi

)
∩ UX(x) 6= ∅; and

(b) γi+1 ∈ I n
λ \I n−1

λ and γi+1 ∈ ↑4αi+1 \
(
↑4α1 ∪ · · · ∪ ↑4αi

)
∩ UX(x),

for all positive integers i > 1.
Then Lemma 1 implies that the in�nite family of non-empty open subsets U =

{{γi} : i ∈ N} is locally �nite, which contradicts the feeble compactness of ↑4β. The
obtained contradiction implies the statement of induction which completes the proof of
the statement that the space (I n

λ , τ) is H-closed.
(iv)⇒ (v) By Kat�etov's Theorem every continuous image of an H-closed topological

space into a Hausdor� space is H-closed (see [8, 3.15.5 (b)] or [22]). Hence the image
f(I n

λ ) is H-closed for every continuous map f : (I n
λ , τ)→ Nd, which implies that f(I n

λ )
is compact (see [8, 3.15.5 (a)]).

(v) ⇒ (ii) Suppose to the contrary that there exists a Hausdor� shift-continuous
Nd-compact topology τ on I n

λ which is not feebly compact. Then there exists an in�nite
locally �nite family U = {Ui} of open non-empty subsets of (I n

λ , τ). Without loss of
generality we may assume that the family U = {Ui} is countable., i.e., U = {Ui : i ∈ N}.
Then the de�nition of the semigroup I n

λ and Lemma 2 imply that for every Ui ∈ U
there exists αi ∈ Ui such that ↑4αi ∩ Ui = {αi} and hence U ∗ = {{αi} : i ∈ N} is a
family of isolated points of (I n

λ , τ). Since the family U is locally �nite, without loss of
generality we may assume that αi 6= αj for distinct i, j ∈ N. We claim that the family
U ∗ is locally �nite. Indeed, if we assume the contrary then there exists α ∈ I n

λ such
that every open neighbourhood of α contains in�nitely many elements of the family U ∗.
This implies that the family U is not locally �nite, a contradiction. Since (I n

λ , τ) is a
T1-space and the family U ∗ is locally �nite, we have that

⋃
U ∗ is a closed subset in
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(I n
λ , τ) and hence the map f : (I n

λ , τ)→ Nd de�ned by the formula

f(β) =

{
1, if β ∈ I n

λ \
⋃

U ∗;
i+ 1, if β = αi for some i ∈ N,

is continuous. This contradicts that the space (I n
λ , τ) is Nd-compact.

The proofs of implications (iv) ⇒ (vi) and (vi) ⇒ (ii) are same as the proofs of
(iv)⇒ (v) and (v)⇒ (ii), respectively.

Implication (ii)⇒ (vii) follows from Proposition 2 and Theorem 3 of [20].
(vii) ⇒ (ii) Suppose to the contrary that there exists a Hausdor� shift-continuous

infra H-closed topology τ on I n
λ which is not feebly compact. Then similarly as in the

proof of implication (v) ⇒ (ii) we choice a locally �nite family U ∗ = {{αi} : i ∈ N} of
isolated points of (I n

λ , τ). Then the map f : (I n
λ , τ)→ R de�ned by the formula

f(β) =

{
1, if β ∈ I n

λ \
⋃

U ∗;
1

i+ 1
, if β = αi for some i ∈ N,

is continuous. This contradicts that the space (I n
λ , τ) is infra H-closed. �

Remark 2. By Theorem 5 from [20] conditions (ii) and (vii) of Theorem 2 are equivalent
for any Tychono� space X.

It is not, however, the case that feebly compact and infra H-closed are equivalent
in general. In [21] Herrlich, beginning with a T1-space Y , constructs a regular space X
such that the only continuous functions from X into Y are constant. His construction
involves the cardinality of Y , but only as the cardinality of collections of open sets whose
intersections are singletons. Thus only the most trivial modi�cations are needed in his
argument to produce a regular Hausdor� infra H-closed space. It is also easily shown
that the space constructed in this manner is not feebly compact.

Any regular lightly compact space must be a Baire space [25, Lemma 3], and thus it
is of interest to note that the space constructed in [21] can be shown to be the countable
union of nowhere dense subsets using essentially the same argument as can be used to
show it is not feebly compact.

Later we need the following technical lemma.

Lemma 3. Let n be an arbitrary positive integer and λ be an arbitrary in�nite cardinal.

Let τ be a feebly compact shift-continuous T1-topology on the semigroup I n
λ . Then for

every α ∈ I n
λ and any open neighbourhood U(α) of α in (I n

λ , τ) there exist �nitely many

α1, . . . , αk ∈ ↑4α \ {α} such that

I n
λ \I n−1

λ ∩ ↑4α ⊆ U(α) ∪ ↑4α1 ∪ · · · ∪ ↑4αk.

Proof. Suppose to the contrary that there exists a feebly compact shift-continuous T1-
topology on the semigroup I n

λ which satis�es the following property: some element α of
the semigroup I n

λ has an open neighbourhood U(α) of α in (I n
λ , τ) such that

I n
λ \I n−1

λ ∩ ↑4α * U(α) ∪ ↑4α1 ∪ · · · ∪ ↑4αk,

for any �nitely many α1, . . . , αk ∈ ↑4α \ {α}. We observe that Lemma 2 implies that
without loss of generality we may assume that U(α) ⊆ ↑4α.
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Fix such an element α of I n
λ and its open neighbourhood U(α) with the above

determined property. Then our assumption implies that there exists α1 ∈ ↑4α \ U(α)
such that the set

I n
λ \I n−1

λ ∩ ↑4α1 \ U(α)

is in�nite and �x an arbitrary γ1 ∈ I n
λ \I n−1

λ ∩ ↑4α1 \U(α). Next, by induction using
our assumption we construct sequences {αi}i∈N and {γi}i∈N of the distinct points of the
set ↑4α such that the following conditions hold:

(a) αi+1 ∈ ↑4α \
(
U(α) ∪ ↑4α1 ∪ · · · ∪ ↑4αi

)
and the set

I n
λ \I n−1

λ ∩ ↑4α ∩ ↑4α1+1 \
(
U(α) ∪ ↑4α1 ∪ · · · ∪ ↑4αi

)
is in�nite;

(b) γi+1 ∈ I n
λ \I n−1

λ ∩ ↑4α ∩ ↑4α1 \
(
U(α) ∪ ↑4α1 ∪ · · · ∪ ↑4αi

)
,

for all positive integers i.
By Lemma 2 and Theorem 14 of [4] the space ↑4α is feebly compact. Then Lemma 1

implies that the in�nite family of non-empty open subsets U = {{γi} : i ∈ N} is locally �-
nite, which contradicts the feeble compactness of ↑4α. The obtained contradiction implies
the statement of the lemma. �

Theorem 3. Let n be an arbitrary positive integer and λ be an arbitrary in�nite cardinal.

Then every shift-continuous semiregular feebly compact T1-topology τ on I n
λ is compact.

Proof. We shall prove the statement of the theorem by induction. First we observe that
for every element α of a semiregular feebly compact T1-semitopological semigroup (I n

λ , τ)
with rankα = n − 1, n the set ↑4α is compact. Indeed, by Lemma 2 for every β ∈ I n

λ

the set ↑4β is open-and-closed in (I n
λ , τ), and hence we have that I n

λ \I
n−1
λ is an open

discrete subspace of (I n
λ , τ) and using Theorem 14 of [4] we obtain that ↑4α is feebly

compact, which implies that the space ↑4α is compact.
Next we shall prove a more stronger step of induction: if for every element α of a

semiregular feebly compact T1-semitopological semigroup (I n
λ , τ) with rankα > l 6 n the

set ↑4α is compact, then ↑4β is compact for every β ∈ I n
λ with rankα = l.

Suppose to the contrary that there exists a semiregular feebly compact T1-
semitopological semigroup (I n

λ , τ) such that for some positive integer l 6 n the
set ↑4α is compact for every α ∈ I n

λ with rankα > l, but there exists β ∈ I n
λ with

rankβ = l such that the set ↑4β is not compact.
First we observe that our assumption that the set ↑4α is compact and Corolla-

ry 3.1.14 of [8] imply that the following family

Bc(α) =
{
Uα(α1, . . . , αk) = ↑4α \ (↑4α1 ∪ · · · ∪ ↑4αk) : αi ∈ ↑4α \ {α}, i = 1, . . . , k

}
is a base of topology at the point α of (I n

λ , τ) for every α ∈ I n
λ with rankα > l.

Then the Alexander Subbase Theorem (see [1, Theorem 1] or [8, p. 221, 3.12.2(a)])
and Lemma 2 imply that there exists a base B of the topology τ on I n

λ with the following
properties:

(i) B =
⋃
{B(γ) : γ ∈ I n

λ } and for every γ ∈ I n
λ the family B(γ) is a base at the

point γ;
(ii) U(γ) ⊆ ↑4γ for any U(γ) ∈ B(γ);
(iii) B(γ) = Bc(γ) for every γ ∈ I n

λ with rank γ > l;
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(iv) there exists a cover U of the set ↑4β by members of the base B which has not
a �nite subcover.

We claim that the subspace ↑4β of (I n
λ , τ) contains an in�nite closed discrete

subspace X. Indeed, let U0 be a subfamily of U such that

{β} ∪
(
↑4β ∩I n

λ \I n−1
λ

)
⊆
⋃

U0.

Since the set ↑4β is not compact and ↑4γ is compact for any γ ∈ ↑4β \ {β}, without
loss of generality we may assume that there exists k > rankβ such that the following
conditions hold:

(a) there exist in�nitely many elements ζ ∈ ↑4β with rank ζ = k such that ζ /∈
⋃

U0;
(b) ς ∈

⋃
U0 for all ς ∈ ↑4β with rank ς < k.

It is obvious that the set

X = ↑4β \
(⋃

U0 \
⋃{
↑4ς : rank ς > k

})
is requested.

Fix an arbitrary regular open neighbourhood U(β) of the point β in (I n
λ , τ) such

that U(β) ∩X = ∅. By Lemma 3 there exist �nitely many β1, . . . , βs ∈ ↑4β such that

I n
λ \I n−1

λ ∩ ↑4β ⊆ U(β) ∪ ↑4β1 ∪ · · · ∪ ↑4βs.
It is obvious that the set X \(↑4β1∪· · ·∪↑4βs) is in�nite. For every δ ∈ X the set ↑4δ is
compact and open, and moreover by Lemma 1 the set ↑4δ \

(
↑4β1 ∪ · · · ∪ ↑4βs

)
contains

in�nitely many points of the neighbourhood U(β). This implies that intIn
λ

(
clIn

λ
(U(β))

)
∩

X 6= ∅, which contradicts the assumption that U(0)∩X = ∅. The obtained contradiction
implies that the subspace ↑4β of (I n

λ , τ) is compact, which completes the proof of the
theorem. �
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ÑÈÌÅÒÐÈ×ÍI IÍÂÅÐÑÍI ÍÀÏIÂÃÐÓÏÈ ÎÁÌÅÆÅÍÎÃÎ

ÑÊIÍ×ÅÍÍÎÃÎ ÐÀÍÃÓ

Îëåã ÃÓÒIÊ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà
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Ìè âèâ÷à¹ìî ñëàáêî êîìïàêòíi T1-òîïîëîãi¨ íà ñèìåòðè÷íié iíâåðñíié
íàïiâãðóïi I n

λ ñêií÷åííèõ ïåðåòâîðåíü ðàíãó 6 n, ÿêi ïåðåòâîðþþòü ¨¨ â
íàïiâòîïîëîãi÷íó íàïiâãðóïó. Äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n > 2 i
äëÿ êîæíîãî íåñêií÷åííîãî êàðäèíàëà λ ïîáóäîâàíà ãàóñäîðôîâà çëi÷åííî
ïðàêîìïàêíà íåêîìïàêòíà òîïîëîãiÿ íà íàïiâãðóïi I n

λ , ÿêà ïåðåòâîðþ¹ ¨¨
â íàïiâòîïîëîãi÷íó íàïiâãðóïó. Äîâåäåíî, ùî äëÿ äîâiëüíîãî íàòóðàëüíîãî
÷èñëà n i äëÿ äîâiëüíîãî íåñêií÷åííîãî êàðäèíàëà λ äëÿ T1-òîïîëîãi¨ τ íà
íàïiâãðóïi I n

λ òàêi óìîâè ¹ åêâiâàëåíòíèìè: (i) τ � çëi÷åííî ïðàêîìïàêò-
íà; (ii) τ � ñëàáêî êîìïàêòíà; (iii) τ � d-ñëàáêî êîìïàêòíà; (iv) ïðîñòið
(I n

λ , τ) ¹ H-çàìêíåíèì; (v) ïðîñòið (I n
λ , τ) ¹ Nd-êîìïàêòíèì äëÿ äèñêðåò-

íîãî çëi÷åííîãî ïðîñòîðó Nd; (vi) ïðîñòið (I n
λ , τ) ¹ R-êîìïàêòíèì; (vii)

ïðîñòið (I n
λ , τ) ¹ iíôðà H-çàìêíåíèì. Òàêîæ äîâåäåíî, ùî äëÿ äîâiëüíîãî

íàòóðàëüíîãî ÷èñëà n i äëÿ äîâiëüíîãî íåñêií÷åííîãî êàðäèíàëà λ êîæíà
íàïiâðåãóëÿðíà ñëàáêî êîìïàêòíà T1-òîïîëîãiÿ íà I n

λ , ÿêà ïåðåòâîðþ¹ ¨¨
â íàïiâòîïîëîãi÷íó íàïiâãðóïó, ¹ êîìïàêòíîþ.

Êëþ÷îâi ñëîâà: íàïiâãðóïà, iíâåðñíà íàïiâãðóïà, íàïiâòîïîëîãi÷íà
íàïiâãðóïà, êîìïàêòíèé, çëi÷åííî êîìïàêòíèé, çëi÷åííî ïðàêîìïàêòíèé,
ñëàáêî êîìïàêòíèé, H-çàìêíåíèé, iíôðà H-çàìêíåíèé, X-êîìïàêòíèé,
íàïiâðåãóëÿðíèé ïðîñòið.
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ÏËÎÑÊÎ ÐÎÇÌIÙÅÍI ÌÍÎÆÈÍÈ ÒÎ×ÎÊ

Ó ÌÅÒÐÈ×ÍÎÌÓ ÏÐÎÑÒÎÐI

Âàëåðié ÊÓÇÜÌÈ×

Õåðñîíñüêèé äåðæàâíèé óíiâåðñèòåò

âóë. Óíiâåðñèòåòñüêà, 27, 73000, Õåðñîí

e-mails: kuzmich@ksu.ks.ua, kuzmich121251@ukr.net

Ðîçãëÿíóòî ïîíÿòòÿ êóòà ó äîâiëüíîìó ìåòðè÷íîìó ïðîñòîði ÿê óïî-
ðÿäêîâàíî¨ òðiéêè åëåìåíòiâ öüîãî ïðîñòîðó. ßê ÷èñëîâó õàðàêòåðèñòèêó
êóòà âèáðàëè çíà÷åííÿ éîãî êîñèíóñà ó ãåîìåòði¨ Åâêëiäà, ÿê öå ïðîïîíó-
âàâ Î. Ä. Àëåêñàíäðîâ. Òàêèé ïiäõiä äà¹ çìîãó ââåñòè ïîíÿòòÿ ïëîñêîãî
ðîçìiùåííÿ äëÿ òî÷îê ìåòðè÷íîãî ïðîñòîðó, íå çàñòîñîâóþ÷è äëÿ öüîãî
ïîíÿòòÿ éîãî ïîâíîòè. Ïðàöÿ ïðîäîâæó¹ äîñëiäæåííÿ Â. Ô. Êàãàíà, ÿêèé
âè÷åðïíî âèâ÷èâ ïîíÿòòÿ ïðÿìîëiíiéíîãî ðîçìiùåííÿ òî÷îê ìåòðè÷íîãî
ïðîñòîðó. Íàâåäåíî ïðèêëàäè çàñòîñóâàííÿ öèõ ïîíÿòü ó êîíêðåòíèõ ìå-
òðè÷íèõ ïðîñòîðàõ.

Êëþ÷îâi ñëîâà: ìåòðè÷íèé ïðîñòið, ïðÿìà ëiíiÿ, ïðÿìîëiíiéíèé îáðàç,
ïëîùèíà, ïàðàëåëüíiñòü, ïåðïåíäèêóëÿðíiñòü, òåòðàåäð.

Âñòóï. Ó äîâiëüíîìó ìåòðè÷íîìó ïðîñòîði (X, ρ) ¹äèíîþ éîãî ÷èñëîâîþ õàðàê-
òåðèñòèêîþ ¹ âiäñòàíü ρ(a, b) ìiæ äîâiëüíèìè åëåìåíòàìè (òî÷êàìè) a i b ïðîñòîðó.
Öèì ÷àñòêîâî ìîæíà ïîÿñíèòè çíà÷íi ïðîáëåìè ó ñïðîáàõ ïðîâåñòè éîãî �ãåîìåò-
ðèçàöiþ�, òîáòî ââåñòè àíàëîãè îñíîâíèõ ãåîìåòðè÷íèõ ïîíÿòü ãåîìåòði¨ Åâêëiäà �
ïðÿìî¨ ëiíi¨, êóòà, ëiíi¨, ïëîùèíè, ïîâåðõíi. Ââåäåííÿ öèõ ïîíÿòü ïîòðåáó¹ âëàñòè-
âîñòi ïîâíîòè ïðîñòîðó. Åâêëiä ó ñâî¨õ �Íà÷àëàõ� îçíà÷èâ ëiíiþ ÿê �äîâæèíó áåç øè-
ðèíè�, à ïðÿìó ëiíiþ ÿê �òó, ùî ðiâíî ðîçìiùåíà ñòîñîâíî äî òî÷îê íà íié� [1, ñ. 11].
Àíàëîãi÷íi îçíà÷åííÿ, ÿêi  ðóíòóþòüñÿ íà iíòó¨òèâíîìó ñïðèéíÿòòi öèõ îá'¹êòiâ,
Åâêëiä äàâ ïëîùèíi, êóòó. Ðîçóìiþ÷è íåäîñêîíàëiñòü öèõ îçíà÷åíü, Ä. Ãiëüáåðò â
�Îñíîâàõ ãåîìåòði¨� îïèñàâ âëàñòèâîñòi îñíîâíèõ ãåîìåòðè÷íèõ ïîíÿòü ÷åðåç ñïiâ-
âiäíîøåííÿ ìiæ íèìè, ÿêi ïîäàíî ó âèãëÿäi ãðóï àêñiîì [2, ñ. 3�4]. Ïîíÿòòÿ êóòà
Ä. Ãiëüáåðò ââîäèòü ÿê ñèñòåìó äâîõ ïðîìåíiâ [2, ñ. 10]. Ó ìåòðè÷íîìó ïðîñòîði êóò
ìiæ äâîìà ãåîäåçè÷íèìè îçíà÷àþòü ÿê ãðàíèöþ íåïåðåðâíîãî âiäîáðàæåííÿ ïåâíî¨
ìíîæèíè ïëîñêèõ êóòiâ [3, ñ. 35].

2010 Mathematics Subject Classi�cation: 30L05

c© Êóçüìè÷ Â., 2017
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Íà íàø ïîãëÿä, ó äîâiëüíîìó ìåòðè÷íîìó ïðîñòîði, â îêðåìèõ âèïàäêàõ (íå
íàìàãàþ÷èñü ñòâîðèòè ïîâíèé àíàëîã ãåîìåòði¨ Åâêëiäà), ìîæíà ââåñòè ïîíÿòòÿ êó-
òà, ïàðàëåëüíîñòi òà ïåðïåíäèêóëÿðíîñòi áåç âèìîãè ïîâíîòè öüîãî ïðîñòîðó. Àíà-
ëîãi÷íî Â. Ô. Êàãàí ðîçãëÿäàâ ïîíÿòòÿ �ïðÿìîëiíiéíîãî îáðàçó� ìíîæèíè òî÷îê
ìåòðè÷íîãî ïðîñòîðó ÿê àíàëîã ïðÿìî¨ ëiíi¨ [4, ñ. 527]. Çà îçíàêó öèõ âëàñòèâîñòåé
ìîæíà âçÿòè îäíó ç ÷èñëîâèõ õàðàêòåðèñòèê ïëîñêîãî êóòà ó ãåîìåòði¨ Åâêëiäà [3,
ñ. 36]. Ó öüîìó âèïàäêó ìîæíà ââåñòè ïîíÿòòÿ �ïëîñêîãî îáðàçó� ìíîæèíè òî÷îê
äîâiëüíîãî ìåòðè÷íîãî ïðîñòîðó ÿê àíàëîã ïëîùèíè ó ãåîìåòði¨ Åâêëiäà. ßê îçíà-
êè íàëåæíîñòi òî÷îê äî �ïëîñêîãî îáðàçó� ìîæíà âèêîðèñòàòè óìîâó ðiâíîñòi íóëþ
îá'¹ìó òåòðàåäðà, óñi âåðøèíè ÿêîãî íàëåæàòü îäíié ïëîùèíi [5].

1. Ïîñòàíîâêà çàäà÷i. Íàäàëi áóäåìî ðîçãëÿäàòè ìåòðè÷íèé ïðîñòið, ÿêèé
ìiñòèòü íå ìåíøå ÷îòèðüîõ òî÷îê (óñi òî÷êè ïðîñòîðó áóäåìî ââàæàòè ðiçíèìè).
Ìè íå ðîçãëÿäàòèìåìî ïèòàííÿ iñíóâàííÿ òî÷îê ïðîñòîðó, ÿêi çàäîâîëüíÿþòü ïåâíi
óìîâè, óñi ñïiââiäíîøåííÿ áóäåìî âèçíà÷àòè ëèøå ìiæ çàäàíèìè òî÷êàìè. Òàêèé
ïiäõiä äåùî çâóæó¹ îáëàñòü çàñòîñóâàííÿ ðåçóëüòàòiâ, îäíàê äàñòü çìîãó óíèêíóòè
íåîáõiäíîñòi îá ðóíòóâàííÿ iñíóâàííÿ òàêèõ òî÷îê.

Ñïî÷àòêó äàìî îçíà÷åííÿ êóòà äëÿ òðüîõ òî÷îê ìåòðè÷íîãî ïðîñòîðó.

Îçíà÷åííÿ 1. Íåõàé a, b i c � äîâiëüíi òî÷êè ìåòðè÷íîãî ïðîñòîðó (X, ρ). Óïî-
ðÿäêîâàíó òðiéêó (a, b, c) öèõ òî÷îê áóäåìî íàçèâàòè êóòîì ç âåðøèíîþ ó òî÷öi b,
i ïîçíà÷àòè: ∠(a, b, c). Ïàðè òî÷îê (a, b) i (b, c) áóäåìî íàçèâàòè ñòîðîíàìè êóòà.

Ìè áóäåìî êîðèñòóâàòèñü êîìóòàòèâíèì (ñèìåòðè÷íèì) îçíà÷åííÿì êóòà, òîáòî
êóòè ∠(a, b, c) i ∠(c, b, a) ââàæàòèìåìî îäíèì êóòîì.

Ùîá ïîðiâíÿòè êóòè ìiæ ñîáîþ, ââåäåìî ¨õíþ ÷èñëîâó õàðàêòåðèñòèêó, âèêî-
ðèñòàâøè çíà÷åííÿ êîñèíóñà êóòà òðèêóòíèêà ÷åðåç äîâæèíè òðüîõ éîãî ñòîðií ó
ãåîìåòði¨ Åâêëiäà [3, ñ. 36].

Îçíà÷åííÿ 2. Íåõàé a, b i c � äîâiëüíi òî÷êè ìåòðè÷íîãî ïðîñòîðó (X, ρ). Õàðàêòå-
ðèñòèêîþ êóòà ∠(a, b, c), àáî êóòîâîþ õàðàêòåðèñòèêîþ, áóäåìî íàçèâàòè äiéñíå
÷èñëî ϕ(a, b, c), ÿå îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

ϕ(a, b, c) =
ρ2(a, b) + ρ2(b, c)− ρ2(a, c)

2ρ(a, b)ρ(b, c)
. (1)

Ìåòðè÷íèé ïðîñòið (X, ρ), â ÿêîìó ââåäåíî ïîíÿòòÿ êóòà çà îçíà÷åííÿì 1 i éîãî
õàðàêòåðèñòèêó çà ôîðìóëîþ (1), íàçèâàòèìåìî ìåòðè÷íèì ïðîñòîðîì ç êóòîâîþ

õàðàêòåðèñòèêîþ i ïîçíà÷àòè Π.

Ç ðiâíîñòi (1) ëåãêî îòðèìàòè óìîâó �ïðÿìîëiíiéíîãî ðîçìiùåííÿ� òðüîõ òî÷îê
ïðîñòîðó Π. Ñïðàâäi, ïðè ϕ(a, b, c) = 1 îòðèìó¹ìî ðiâíiñòü: ρ(a, b) = ρ(b, c) + ρ(a, c),
àáî ρ(b, c) = ρ(a, b)+ ρ(a, c). Ó öüîìó âèïàäêó êóò ∠(a, b, c) òðåáà ââàæàòè íóëüîâèì,
îñêiëüêè éîãî âåðøèíà, òî÷êà b, �ëåæèòü ïîçà òî÷êàìè� a i c. Ïðè ϕ(a, b, c) = −1
îòðèìó¹ìî ðiâíiñòü: ρ(a, c) = ρ(a, b) + ρ(b, c), i êóò ∠(a, b, c) òðåáà ââàæàòè ðîçãîðíó-
òèì, îñêiëüêè éîãî âåðøèíà, òî÷êà b, �ëåæèòü ìiæ òî÷êàìè� a i c.

Òåïåð ìîæíà äàòè îçíà÷åííÿ �ïðÿìîëiíiéíîãî ðîçìiùåííÿ� òðüîõ òî÷îê ïðîñòî-
ðó ç âèêîðèñòàííÿì êóòîâî¨ õàðàêòåðèñòèêè.
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Îçíà÷åííÿ 3. Áóäåìî êàçàòè, ùî òî÷êè a, b, c ïðîñòîðó Π ïðÿìîëiíiéíî ðîçìiùåíi,
ÿêùî ϕ(a, b, c) = ±1.

Iç íàâåäåíîãî âèïëèâà¹, ùî ç òðüîõ ïðÿìîëiíiéíî ðîçìiùåíèõ òî÷îê îäíà �ëå-
æèòü ìiæ äâîìà iíøèìè�, êîæíà ç ÿêèõ �ëåæèòü ïîçà äâîìà iíøèìè�.

Îçíà÷åííÿ 4. Áóäåìî êàçàòè, ùî ìíîæèíà A òî÷îê ïðîñòîðó Π ïðÿìîëiíiéíî ðîç-
ìiùåíà, ÿêùî áóäü-ÿêi òðè òî÷êè öi¹¨ ìíîæèíè ïðÿìîëiíiéíî ðîçìiùåíi (äèâ. [4,
ñ. 527]).

Ïðèêëàä 1. Äëÿ iëþñòðàöi¨ îçíà÷åííÿ 4 ðîçãëÿíåìî ïðîñòið Rn
1 , åëåìåíòàìè ÿêîãî

¹ âïîðÿäêîâàíi ãðóïè ç n äiéñíèõ ÷èñåë x = (x1, ..., xn). ßêùî âiäñòàíü ìiæ òî÷êàìè
x i y ïðîñòîðó îçíà÷èòè çà ôîðìóëîþ ρ(x, y) =

∑n
k=1 |xk − yk|, òî öåé ïðîñòið ñòà¹

ìåòðè÷íèì [6, ñ. 42]. Íåõàé äëÿ áóäü-ÿêèõ òðüîõ òî÷îê x = (x1, ..., xn), y = (y1, ..., yn)
i z = (z1, ..., zn) ìíîæèíè P âèêîíóþòüñÿ íåðiâíîñòi xk 6 yk 6 zk äëÿ óñiõ çíà÷åíü
k = 1, 2, ..., n. Äîâåäåìî, ùî ìíîæèíà P ïðÿìîëiíiéíî ðîçìiùåíà ó ïðîñòîði Rn

1 .
Ñïðàâäi, ïðàâèëüíi ðiâíîñòi

ρ(x, z) =

n∑
k=1

|xk − zk| =
n∑

k=1

(zk − xk) =
n∑

k=1

((zk − yk) + (yk − xk)) =

=

n∑
k=1

(zk − yk) +
n∑

k=1

(yk − xk) =
n∑

k=1

|zk − yk|+
n∑

k=1

|yk − xk| =

= ρ(y, z) + ρ(x, y),

à öå é îçíà÷à¹, ùî òî÷êè x, y i z ðîçìiùåíi ïðÿìîëiíiéíî. Ç äîâiëüíîñòi âèáîðó öèõ
òî÷îê, çà îçíà÷åííÿì 4 âèïëèâà¹ ïðÿìîëiíiéíà ðîçìiùåíiñòü ìíîæèíè Rn

1 .

Ç ïðèêëàäó 1 ìîæíà çðîáèòè âèñíîâîê, ùî ïðÿìîëiíiéíà ðîçìiùåíiñòü òî÷îê
ïðîñòîðó õàðàêòåðèçó¹ ïåâíó �ìîíîòîííiñòü� ìíîæèíè öèõ òî÷îê ñòîñîâíî ìåòðèêè
ïðîñòîðó.

Ìè íå áóäåìî äåòàëüíiøå ðîçãëÿäàòè âëàñòèâiñòü ïðÿìîëiíiéíî¨ ðîçìiùåíîñòi
òî÷îê ìåòðè÷íîãî ïðîñòîðó, îñêiëüêè äîñèòü âè÷åðïíî äëÿ òî÷îê ïðÿìî¨ ëiíi¨ ó ãåî-
ìåòði¨ Åâêëiäà öå çðîáëåíî ó ïðàöi Â. Ô. Êàãàíà [7, ðîçäië XIX].

Ìè ââàæà¹ìî, ùî äîñèòü íàî÷íèì ¹ íàñòóïíèé ïðèêëàä âiäìiííîñòi ìiæ àêñi-
îìàòè÷íèì ìåòîäîì ãåîìåòðèçàöi¨ ìåòðè÷íîãî ïðîñòîðó òà çàïðîïîíîâàíèì ó öié
ðîáîòi.

Ïðèêëàä 2. Ðîçãëÿíåìî ïðîñòið C[0,1] ôóíêöié, íåïåðåðâíèõ íà âiäðiçêó [0, 1]. ßêùî
âiäñòàíü ìiæ åëåìåíòàìè f(x) òà g(x) ïðîñòîðó âèçíà÷èòè çà ïðàâèëîì

ρ(f, g) = max
x∈[0,1]

|f(x)− g(x)|,

òî âií ñòà¹ ìåòðè÷íèì [6, ñ. 43]. Ó öüîìó ïðîñòîði âiçüìåìî ÷îòèðè åëåìåíòè

y1 = x+ 1, y2 = x, y3 = x− 2, y4 = −x.

Çíàéäåìî âiäñòàíi ìiæ öèìè åëåìåíòàìè

ρ(y1, y2) = 1, ρ(y1, y3) = 3, ρ(y1, y4) = 3, ρ(y2, y3) = 2, ρ(y2, y4) = 2, ρ(y3, y4) = 2.
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Çà ôîðìóëîþ (1) çíàéäåìî êóòîâi õàðàêòåðèñòèêè

ϕ(y1, y2, y3) = −1, ϕ(y1, y2, y4) = −1, ϕ(y3, y2, y4) = 0, 5.

Ç ïåðøî¨ ðiâíîñòi, çà îçíà÷åííÿì 3, âèïëèâà¹, ùî òî÷êè y1, y2, y3 ðîçìiùåíi
ïðÿìîëiíiéíî, à äðóãà ðiâíiñòü ñâiä÷èòü ïðî òå, ùî òî÷êè y1, y2, y4 òåæ ïðÿìîëiíiéíî
ðîçìiùåíi. Ó åâêëiäîâié ãåîìåòði¨ öå îçíà÷à¹, ùî óñi ÷îòèðè òî÷êè ïðÿìîëiíiéíî
ðîçìiùåíi, à òî÷êè y3 i y4 çáiãàþòüñÿ [7, ñ. 260]. Îäíàê òðåòÿ ðiâíiñòü ñóïåðå÷èòü
öüîìó.

Ïðèêëàä 2 âêàçó¹ íà íåäîñòàòíiñòü îäíi¹¨ ëèø ìåòðèêè äëÿ îäíîçíà÷íîñòi �ïðÿ-
ìîëiíiéíîãî îáðàçó�. Öåé ôàêò ìîæíà ïîÿñíèòè òèì, ùî ó ãåîìåòði¨ Åâêëiäà âiäïî-
âiäíà âëàñòèâiñòü çàêðiïëåíà àêñiîìàìè [2, ñ. 3]. Íååâêëiäîâó iíòåðïðåòàöiþ ïðèêëà-
äó 2 ìîæíà ïîáà÷èòè íà ðèñ. 1. Íà íüîìó çà âiäñòàíü ìiæ òî÷êàìè ïðîñòîðó âçÿòî
ÿê äîâæèíó ïåâíî¨ äóãè, ùî ç'¹äíó¹ öi òî÷êè.

Ðèñ. 1. Íåîäíîçíà÷íiñòü ïðÿìîëiíiéíî¨ ðîçìiùåíîñòi òî÷îê.

Âèêîðèñòîâóþ÷è ðiâíiñòü (1) ìîæíà, çà àíàëîãi¹þ ç ãåîìåòði¹þ Åâêëiäà, äàòè
òàêå îçíà÷åííÿ �ïåðïåíäèêóëÿðíîãî ðîçìiùåííÿ� òî÷îê ïðîñòîðó.

Îçíà÷åííÿ 5. Ïàðè òî÷îê (a, b) i (b, c) ïðîñòîðó Π áóäåìî íàçèâàòè ïåðïåíäèêó-

ëÿðíî ðîçìiùåíèìè, ÿêùî âèêîíó¹òüñÿ ðiâíiñòü ϕ(a, b, c) = 0. Êóò ∠(a, b, c) íàçèâà-
òèìåìî ïðÿìèì.

Ïðèêëàäîì ïåðïåíäèêóëÿðíîãî ðîçìiùåííÿ ïàð òî÷îê ó ìåòðè÷íîìó ïðîñòîði
ìîæóòü ñëóãóâàòè îðòîãîíàëüíi âåêòîðè åâêëiäîâîãî ïðîñòîðó (ëiíiéíîãî ïðîñòîðó
ç ââåäåíèì ó íüîìó ñêàëÿðíèì äîáóòêîì). Çîêðåìà, ÿêùî äî îðòîãîíàëüíîãî íîðìî-
âàíîãî áàçèñó ïðîñòîðó l2 (ìíîæèíà ðiçíèõ ïîñëiäîâíîñòåé {xn} äiéñíèõ ÷èñåë, äëÿ
ÿêèõ âèêîíó¹òüñÿ óìîâà

∑∞
k=1 x

2
k < ∞, à âiäñòàíü ìiæ äâîìà òî÷êàìè x i y öüîãî

ïðîñòîðó âèçíà÷à¹òüñÿ çà ôîðìóëîþ ρ(x, y) =
√∑∞

k=1 (xk − yk)
2
), ïðè¹äíàòè òî÷êó

{0}, òî îòðèìà¹ìî òàêó ìíîæèíó òî÷îê öüîãî ïðîñòîðó:

e0(0, 0, 0, . . .), e1(1, 0, 0, . . .), e2(0, 1, 0, . . .), e3(0, 0, 1, . . .), . . . .

Áóäü-ÿêèé êóò ∠(ei, e0, ek) öi¹¨ ìíîæèíè ¹ ïðÿìèì, îñêiëüêè ρ(e0, ei) = ρ(e0, ek) = 1

i ρ(ei, ek) =
√
2. Çà ôîðìóëîþ (1) îòðèìà¹ìî ϕ(ei, e0, ek) = 0, äëÿ áóäü-ÿêèõ çíà÷åíü

i 6= k 6= 0.

2. Îñíîâíi ðåçóëüòàòè. Äëÿ ââåäåííÿ ïîíÿòòÿ ïëîñêîãî ðîçìiùåííÿ òî÷îê
ìåòðè÷íîãî ïðîñòîðó âèêîðèñòà¹ìî óìîâó äîñòàòíþ äëÿ òîãî, ùîá ÷îòèðè ðiçíi òî÷-
êè íàëåæàëè îäíié ïëîùèíi ó ãåîìåòði¨ Åâêëiäà. Òàêà óìîâà iñíó¹ [8, ñ. 83]. Äëÿ
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÷îòèðüîõ ðiçíèõ òî÷îê, ùî íàëåæàòü îäíié ïëîùèíi, øiñòü âiäñòàíåé a, b, c, d, e, f
ìiæ íèìè çàäîâîëüíÿþòü ðiâíiñòü

a2c2(b2 + d2 + e2 + f2 − a2 − c2) + b2d2(a2 + c2 + e2 + f2 − b2 − d2)+

+e2f2(a2 + c2 + b2 + d2 − e2 − f2) = a2b2e2 + b2c2f2 + c2d2e2 + a2d2f2.

Ôàêòè÷íî, öÿ ðiâíiñòü îçíà÷à¹ ðiâíiñòü íóëþ îá'¹ìó òåòðàåäðà, äëÿ ÿêîãî öi ÷îòè-
ðè òî÷êè ¹ âåðøèíàìè. Öå âèïëèâà¹ ç âiäîìî¨ ôîðìóëè Þíãióñà îá'¹ìó òåòðàåäðà
÷åðåç äîâæèíè éîãî ðåáåð [9, ñ. 99�100]. Íàâåäåíó âèùå ðiâíiñòü ìîæíà çàïèñàòè çà
äîïîìîãîþ âèçíà÷íèêà Êåëi-Ìåíãåðà∣∣∣∣∣∣∣∣∣∣

0 a e d 1
a 0 b f 1
e b 0 c 1
d f c 0 1
1 1 1 1 0

∣∣∣∣∣∣∣∣∣∣
= 0.

Îáèäâi ðiâíîñòi çàíàäòî ñêëàäíi ó âèêîðèñòàííi. Ó ðàçi âèêîðèñòàííÿ êóòîâèõ
õàðàêòåðèñòèê öi óìîâè ìîæíà ñïðîñòèòè. Ó [5] ìè îòðèìàíè àíàëîã ôîðìóëè Þí-
ãióñà ç âèêîðèñòàííÿì ïëîñêèõ êóòiâ ïðè îäíié âåðøèíi òåòðàåäðà. Ó öié æå ïðàöi
îïèñàíî êàëüêóëÿòîð, çà äîïîìîãîþ ÿêîãî ìîæíà îá÷èñëèòè îá'¹ì òåòðàåäðà çà äîâ-
æèíàìè óñiõ éîãî ðåáåð. Êàëüêóëÿòîð âðàõîâó¹ óñi ìîæëèâi êîìáiíàöi¨ öèõ ðåáåð i
ðîáèòü âèñíîâîê ïðî iñíóâàííÿ òåòðàåäðà äëÿ êîæíî¨ ç êîìáiíàöié. Ñàì êàëüêóëÿòîð
ðîçìiùåíî çà àäðåñîþ:

http://ksuonline.ksu.ks.ua/mod/resource/view.php?id=2645.

Ïîâåðíóâøèñü äî ïðèêëàäó 2 öi¹¨ ïðàöi, çà äîïîìîãîþ êàëüêóëÿòîðà ëåãêî äî-
âåñòè, ùî ó ïðîñòîði C[0,1] íå iñíó¹ òåòðàåäðà ç âåðøèíàìè ó òî÷êàõ y1, y2, y3, y4.
Òîáòî, ó ãåîìåòði¨ Åâêëiäà íåìîæëèâî ïîáóäóâàòè òåòðàåäð ç òàêèìè äîâæèíàìè
ðåáåð, ïðè çàäàíié îði¹íòàöi¨ éîãî âåðøèí. Öåé ôàêò òåæ ïîÿñíþ¹ íåîäíîçíà÷íiñòü,
ÿêà âèíèêëà ç ïðÿìîëiíiéíîþ ðîçìiùåíiñòþ öèõ òî÷îê ó ïðîñòîði C[0,1].

ßêùî ÷åðåç a1, a2, a3 ïîçíà÷èòè äîâæèíè òðüîõ ðåáåð òåòðàåäðà, ùî âèõîäÿòü
ç îäíi¹¨ âåðøèíè, à ÷åðåç γ12, γ13, γ23 âiäïîâiäíi ïëîñêi êóòè ìiæ íèìè, òî ôîðìóëà
îá'¹ìó òåòðàåäðà íàáóäå âèãëÿäó [5, ñ. 61]

V =
a1a2a3

6

√
1 + 2cosγ12cosγ13cosγ23 − cos2γ12 − cos2γ13 − cos2γ23.

Òåïåð óìîâó ðiâíîñòi íóëþ îá'¹ìà òåòðàåäðà ìîæíà çàïèñàòè íàáàãàòî ïðîñòiøå

1 + 2cosγ12cosγ13cosγ23 − cos2γ12 − cos2γ13 − cos2γ23 = 0.

Âèêîðèñòîâóþ÷è âèçíà÷íèê òðåòüîãî ïîðÿäêó, öþ ðiâíiñòü ìîæíà çàïèñàòè òàê:∣∣∣∣∣∣
1 cosγ12 cosγ13

cosγ12 1 cosγ23
cosγ13 cosγ23 1

∣∣∣∣∣∣ = 0.

Îòðèìàíó ðiâíiñòü òåïåð ìîæíà âèêîðèñòàòè äëÿ îçíà÷åííÿ ïëîñêîãî ðîçìiùåííÿ
òî÷îê ìåòðè÷íîãî ïðîñòîðó.
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Îçíà÷åííÿ 6. Áóäåìî êàçàòè, ùî òî÷êè a, b, c, d ïðîñòîðó Π ïëîñêî ðîçìiùåíi,
ÿêùî âèêîíó¹òüñÿ ðiâíiñòü∣∣∣∣∣∣

1 ϕ(a, b, c) ϕ(a, b, d)
ϕ(a, b, c) 1 ϕ(c, b, d)
ϕ(a, b, d) ϕ(c, b, d) 1

∣∣∣∣∣∣ = 0. (2)

Öå îçíà÷åííÿ ìà¹ âëàñòèâiñòü ñèìåòðè÷íîñòi, òîáòî, ó ðàçi âèêîíàííÿ ðiâíîñòi
(2) âîíà áóäå âèêîíóâàòèñü i äëÿ âèïàäêiâ, êîëè çà âåðøèíó êóòiâ âèáèðàòè òî÷êè
a, c, d (îá'¹ì ïiðàìiäè âñå îäíî äîðiâíþâàòèìå íóëþ).

Îçíà÷åííÿ 6 ìîæíà ðîçãëÿäàòè ÿê óçàãàëüíåííÿ îçíà÷åííÿ 3. Ñïðàâäi, ðiâíiñòü
ϕ(a, b, c) = ±1, ùî çà îçíà÷åííÿì 3 ¹ îçíàêîþ ïðÿìîëiíiéíîãî ðîçìiùåííÿ òðüîõ
òî÷îê ïðîñòîðó Π, ìîæíà çàïèñàòè çà äîïîìîãîþ âèçíà÷íèêà äðóãîãî ïîðÿäêó∣∣∣∣ 1 ϕ(a, b, c)

ϕ(a, b, c) 1

∣∣∣∣ = 0.

Äëÿ ìíîæèíè òî÷îê ïðîñòîðó ïðèðîäíî íàâåñòè òàêå îçíà÷åííÿ.

Îçíà÷åííÿ 7. Áóäåìî êàçàòè, ùî ìíîæèíà A òî÷îê ïðîñòîðó Π ïëîñêî ðîçìiùåíà,
ÿêùî áóäü-ÿêi ÷îòèðè ¨¨ òî÷êè ïëîñêî ðîçìiùåíi.

Ïîâåðíóâøèñü çíîâó äî ïðèêëàäó 2 öi¹¨ ïðàöi, ïåðåïîçíà÷èìî òî÷êè ïðîñòîðó:
y1 = a, y2 = b, y3 = c, y4 = d, i ïiäñòàâèìî ó ðiâíiñòü (2) âiäïîâiäíi çíà÷åííÿ êóòîâèõ
õàðàêòåðèñòèê

ϕ(a, b, c) = −1, ϕ(a, b, d) = −1, ϕ(c, b, d) =
1

2
.

Îòðèìà¹ìî ðiâíiñòü ∣∣∣∣∣∣
1 −1 −1
−1 1 1

2
−1 1

2 1

∣∣∣∣∣∣ = −12 6= 0.

Îñêiëüêè âèçíà÷íèê íå äîðiâíþ¹ íóëþ, òî çà îçíà÷åííÿì 6 òî÷êè a, b, c, d íå ¹
ïëîñêî ðîçìiùåíèìè. Öåé ôàêò äîäàòêîâî ïîÿñíþ¹ íåîäíîçíà÷íiñòü ïðÿìîëiíiéíîãî
ðîçìiùåííÿ òî÷îê y1, y2, y3, y4.

Ïðèêëàä 3. Íàâåäåìî ïðèêëàä ïëîñêîãî ðîçìiùåííÿ òî÷îê ïðîñòîðó. Äëÿ öüîãî ó
ïðîñòîði C[0,1] âiçüìåìî ÷îòèðè òî÷êè

y1 = x, y2 = 0, y3 = x− 1, y4 =
2
√
3

3
(x− 0, 5).

Çíàéäåìî âiäñòàíi ìiæ öèìè òî÷êàìè

ρ(y1, y2) = 1, ρ(y1, y3) = 1, ρ(y1, y4) =

√
3

3
,

ρ(y2, y3) = 1, ρ(y2, y4) =

√
3

3
, ρ(y3, y4) =

√
3

3
.

Çà ôîðìóëîþ (1) çíàéäåìî êóòîâi õàðàêòåðèñòèêè

ϕ(y1, y4, y2) = −0,5, ϕ(y1, y4, y3) = −0,5, ϕ(y2, y4, y3) = −0,5.
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Äëÿ çðó÷íîñòi îá÷èñëåíü ïåðåïîçíà÷èìî òî÷êè

y1 = a, y4 = b, y2 = c, y3 = d.

Ïiäñòàâèìî öi çíà÷åííÿ ó ôîðìóëó (2). Ìàòèìåìî:∣∣∣∣∣∣
1 −0,5 −0,5
−0,5 1 −0,5
−0,5 −0,5 1

∣∣∣∣∣∣ = 0.

Çà îçíà÷åííÿì 6 òî÷êè y1, y2, y3, y4 ïëîñêî ðîçìiùåíi.

Ç iíøîãî áîêó, ëåãêî ïîìiòèòè, ùî íiÿêi òðè ç öèõ òî÷îê íå ðîçìiùåíi ïðÿìîëi-
íiéíî (íåìà¹ âiäñòàíi, ùî äîðiâíþ¹ ñóìi äâîõ iíøèõ). Ó ãåîìåòði¨ Åâêëiäà òî÷êà y4
¹ öåíòðîì ðiâíîñòîðîííüîãî òðèêóòíèêà ç âåðøèíàìè ó òî÷êàõ y1, y2, y3.

Âëàñòèâiñòü ïðÿìîëiíiéíîñòi ðîçìiùåííÿ òî÷îê çíà÷íîþ ìiðîþ çàëåæèòü âiä
ìåòðèêè ïðîñòîðó. Ïðî öå ñâiä÷èòü òàêèé ïðèêëàä.

Ïðèêëàä 4. Ðîçãëÿíåìî ïðîñòið CL ôóíêöié, íåïåðåðâíèõ íà âiäðiçêó [0;1], â ÿêîìó
âiäñòàíü ìiæ òî÷êàìè f(x) òà g(x) îá÷èñëþ¹òüñÿ çà ïðàâèëîì

ρ(f, g) =

∫ 1

0

|f(x)− g(x)|dx.

Òàêèé ïðîñòið ¹ ìåòðè÷íèì [10, ñ. 105]. Ôóíêöi¨

y1 = x+ 1, y2 = x, y3 = x− 2, y4 = −x,

ðîçãëÿíóòi ó ïðèêëàäi 2, òàêîæ ¹ òî÷êàìè ïðîñòîðó CL. Çíàéäåìî âiäñòàíi ìiæ íèìè
ó öüîìó ïðîñòîði

ρ(y1, y2) = 1, ρ(y1, y3) = 3, ρ(y1, y4) = 2,

ρ(y2, y3) = 2, ρ(y2, y4) = 1, ρ(y3, y4) = 1.

Çà ôîðìóëîþ (1) çíàéäåìî êóòîâi õàðàêòåðèñòèêè

ϕ(y1, y2, y3) = −1, ϕ(y1, y2, y4) = −1, ϕ(y3, y2, y4) = 1.

Ç öèõ ðiâíîñòåé, çà îçíà÷åííÿì 3, âèïëèâà¹, ùî óñi ÷îòèðè òî÷êè ðîçìiùåíi ïðÿìî-
ëiíiéíî ó òàêîìó ïîðÿäêó: y1, y2, y4, y3.

Ëåìà 1. ßêùî òî÷êè a, b, c, d ïðîñòîðó Π ïðÿìîëiíiéíî ðîçìiùåíi, òî âîíè ïëîñêî

ðîçìiùåíi.

Äîâåäåííÿ. Áåç âòðàò äëÿ çàãàëüíîñòi ââàæàòèìåìî, ùî òî÷êè ðîçìiùåíi ó òîìó
ñàìîìó ïîðÿäêó ùî i çàïèñàíi, òîáòî, òî÷êà b ðîçòàøîâàíà ìiæ òî÷êàìè a i c, à òî÷êà
c ðîçòàøîâàíà ìiæ òî÷êàìè b i d. Ó öüîìó âèïàäêó êóòîâi õàðàêòåðèñòèêè áóäóòü:
ϕ(a, b, c) = −1, ϕ(a, b, d) = −1, ϕ(c, b, d) = 1. Ïiäñòàâèâøè öi çíà÷åííÿ ó ðiâíiñòü (2),
îòðèìà¹ìî ðiâíiñòü ∣∣∣∣∣∣

1 −1 −1
−1 1 1
−1 1 1

∣∣∣∣∣∣ = 0.

Îòæå, çà îçíà÷åííÿì 6 òî÷êè a, b, c, d ïëîñêî ðîçìiùåíi. �
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Ç ëåìè 1 âèïëèâà¹, ùî òî÷êè y1, y2, y3, y4, ÿêi ðîçãëÿäàëè ó ïðèêëàäi 4, ïëîñêî
ðîçìiùåíi ó ïðîñòîði CL.

Íàäàëi íàì ïîòðiáíå áóäå ïîíÿòòÿ ñóìiæíîãî êóòà ó ìåòðè÷íîìó ïðîñòîði. Ó
ãåîìåòði¨ Åâêëiäà öå êóò, ÿêèé äîïîâíþ¹ çàäàíèé êóò äî ðîçãîðíóòîãî. Âèùå ìè
äîâåëè, ùî ÷îòèðè òî÷êè ðîçãëÿíóòi ó ïðèêëàäi 2 íå ¹ ïëîñêî ðîçìiùåíèìè, õî÷à
ñåðåä íèõ ¹ äâi òðiéêè òî÷îê, ÿêi ðîçìiùåíi ïðÿìîëiíiéíî. Îòæå, äëÿ ââåäåííÿ ïî-
íÿòòÿ ñóìiæíîãî êóòà ó äîâiëüíîìó ìåòðè÷íîìó ïðîñòîði ïîòðiáíi áóäóòü äîäàòêîâi
âèìîãè äî òî÷îê, ùî óòâîðþþòü öi êóòè.

Ñïî÷àòêó âèçíà÷èìî êðèòåðié ïëîñêî¨ ðîçìiùåíîñòi ÷îòèðüîõ òî÷îê ïðîñòîðó
Π ó âèïàäêó, êîëè òðè ç íèõ ïðÿìîëiíiéíî ðîçìiùåíi.

Ëåìà 2. Íåõàé òî÷êè a, b, c ïðîñòîðó Π ïðÿìîëiíiéíî ðîçìiùåíi, à êóò ∠(a, b, c)
ðîçãîðíóòèé. Äëÿ òîãî, ùîá òî÷êè a, b, c, d öüîãî ïðîñòîðó áóëè ïëîñêî ðîçìiùåíi,

íåîáõiäíî i äîñòàòíüî, ùîá âèêîíóâàëàñü ðiâíiñòü ϕ(a, b, d) = −ϕ(c, b, d).

Äîâåäåííÿ. Ïðèïóñòèìî, ùî òî÷êè a, b, c, d ïëîñêî ðîçìiùåíi. Îñêiëüêè, çà óìîâîþ,
êóò ∠(a, b, c) ðîçãîðíóòèé, òî âèêîíó¹òüñÿ ðiâíiñòü ϕ(a, b, c) = −1. Iç óìîâè (2) ïëî-
ñêî¨ ðîçìiùåíîñòi òî÷îê a, b, c, d îòðèìó¹ìî ðiâíiñòü∣∣∣∣∣∣

1 −1 ϕ(c, b, d)
−1 1 ϕ(a, b, d)

ϕ(c, b, d) ϕ(a, b, d) 1

∣∣∣∣∣∣ = 0,

àáî
1− 2ϕ(a, b, d)ϕ(c, b, d)− ϕ2(a, b, d)− ϕ2(c, b, d)− 1 = 0.

Ç öi¹¨ ðiâíîñòi îòðèìó¹ìî (ϕ(a, b, d) + ϕ(c, b, d))2 = 0, àáî ϕ(a, b, d) = −ϕ(c, b, d).
Íåõàé òåïåð, íàâïàêè, âèêîíó¹òüñÿ ðiâíiñòü ϕ(a, b, d) = −ϕ(c, b, d). Ïiäñòàâè-

ìî çíà÷åííÿ êóòîâèõ õàðàêòåðèñòèê âiäïîâiäíèõ êóòiâ ó ëiâó ÷àñòèíó ôîðìóëè (2).
Ìàòèìåìî ∣∣∣∣∣∣

1 −1 −ϕ(c, b, d)
−1 1 ϕ(c, b, d)

−ϕ(c, b, d) ϕ(c, b, d) 1

∣∣∣∣∣∣ =
= 1 + ϕ2(c, b, d) + ϕ2(c, b, d)− ϕ2(c, b, d)− ϕ2(c, b, d)− 1 = 0.

Çà îçíà÷åííÿì 6 òî÷êè a, b, c, d ïëîñêî ðîçìiùåíi. �

Çàóâàæèìî, ùî ëåìà 2 ñïðàâäæó¹òüñÿ òàêîæ ó âèïàäêó, êîëè óñi ÷îòèðè òî÷-
êè ðîçìiùåíi ïðÿìîëiíiéíî, îñêiëüêè ó öüîìó âèïàäêó òåæ âèêîíó¹òüñÿ ðiâíiñòü,
íàâåäåíà ó ôîðìóëþâàííi ëåìè. Òîáòî, ëåìà 2 óçàãàëüíþ¹ ðåçóëüòàò ëåìè 1.

Iç ëåìè 2 âèïëèâà¹, ùî ðiâíiñòü ϕ(a, b, d) = −ϕ(c, b, d) ëîãi÷íî âçÿòè çà îñíîâó
îçíà÷åííÿ ñóìiæíîãî êóòà.

Îçíà÷åííÿ 8. Íåõàé òî÷êè a, b, c ïðîñòîðó Π ïðÿìîëiíiéíî ðîçìiùåíi, êóò ∠(a, b, c)
¹ ðîçãîðíóòèì, à òî÷êà d öüîãî ïðîñòîðó òàêà, ùî âèêîíó¹òüñÿ ðiâíiñòü ϕ(a, b, d) =
−ϕ(c, b, d). Òîäi êóòè ∠(a, b, d) i ∠(c, b, d) áóäåìî íàçèâàòè ñóìiæíèìè.

Iç îçíà÷åííÿ 8 i ëåìè 2 âèïëèâà¹, ùî òî÷êè, ÿêi óòâîðþþòü ñóìiæíi êóòè, ïëîñêî
ðîçìiùåíi. Êðiì òîãî, ðîçãîðíóòèé i íóëüîâèé êóòè � ñóìiæíi, à ç ðiâíîñòi 0 = −0
âèïëèâà¹, ùî êóò ñóìiæíèé ç ïðÿìèì êóòîì òåæ ¹ ïðÿìèì. Çîêðåìà, ó ïðèêëàäi 4
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êóòè ∠(y1, y2, y4) i ∠(y3, y2, y4) ¹ ñóìiæíèìè ó ïðîñòîði CL, îñêiëüêè âèêîíóþòüñÿ
ðiâíîñòi ϕ(y1, y2, y4) = −1 i ϕ(y3, y2, y4) = 1, à óñi ÷îòèðè òî÷êè ðîçìiùåíi ïðÿìî-
ëiíiéíî.

Ç iíøîãî áîêó, ÷îòèðè òî÷êè ç ïðèêëàäó 2 íå óòâîðþþòü ñóìiæíi êóòè ó ïðîñòîði
C[0,1], iíàêøå, çà ëåìîþ 2, âîíè ìàëè áóòè ïëîñêî ðîçìiùåíèìè.

Ó ãåîìåòði¨ Åâêëiäà ñóìiæíèé êóò ðîçóìiþòü ÿê êóò, ÿêèé äîïîâíþ¹ çàäàíèé
äî ðîçãîðíóòîãî (äèâ. [1, ñ. 11] i [2, ñ. 12]). Ó ïðîñòîði Π òàêîãî îçíà÷åííÿ ñóìiæíîãî
êóòà äàòè íå ìîæíà, îñêiëüêè ó öüîìó ïðîñòîði íàâiòü äëÿ ïðÿìîãî êóòà, êóò ÿêèé
äîïîâíþ¹ éîãî äî ðîçãîðíóòîãî, íå îáîâ'ÿçêîâî ¹ ïðÿìèì.

Ïðèêëàä 5. Ðîçãëÿíåìî òî÷êè

y1 = x+ 1, y2 = x, y3 = x− 2, y4 = −x
ïðîñòîðó C[0,1], ÿêi ðîçãëÿäàëè ó ïðèêëàäi 2. Âiçüìåìî òî÷êó y5 = (1−

√
2)x+1, ùî

òàêîæ íàëåæèòü ïðîñòîðó C[0,1]. Çíàéäåìî âiäñòàíi

ρ(y1, y5) =
√
2, ρ(y2, y5) = 1, ρ(y3, y5) = 3, ρ(y4, y5) = 3−

√
2.

Êðiì òîãî, ρ(y1, y2) = 1.
Îòîæ, êóò ∠(y1, y2, y5) ¹ ïðÿìèì, îñêiëüêè çà ôîðìóëîþ (1) îòðèìà¹ìî

ϕ(y1, y2, y5) = 0. Ó ïðèêëàäi 2 äîâåäåíî, ùî òî÷êè y1, y2, y3 ïðÿìîëiíiéíî ðîçìi-
ùåíi, i òî÷êè y1, y2, y4 òåæ ïðÿìîëiíiéíî ðîçìiùåíi. Òîìó âàðòî î÷iêóâàòè, ùî
êóòè ∠(y3, y2, y5) i ∠(y4, y2, y5), ÿêi äîïîâíþþòü êóò ∠(y1, y2, y5) äî ðîçãîðíóòîãî,
òåæ ìàþòü áóòè ïðÿìèìè. Îäíàê çà ôîðìóëîþ (2) îòðèìó¹ìî: ϕ(y3, y2, y5) = −1 i

ϕ(y4, y2, y5) =
3
√
2− 3

2
.

Îòæå, ïðèêëàä 5, íà íàø ïîãëÿä, çàñâiä÷ó¹ äîðå÷íiñòü îçíà÷åííÿ 8 äëÿ ââåäåííÿ
ïîíÿòòÿ ñóìiæíîãî êóòà ó ïðîñòîði Π.

Òåîðåìà 1, ÿê i ëåìà 2, äà¹ êðèòåðié ïëîñêî¨ ðîçìiùåíîñòi ÷îòèðüîõ òî÷îê ïðîñ-
òîðó Π ó âèïàäêó, êîëè òðè ç íèõ óòâîðþþòü ïðÿìèé êóò.

Òåîðåìà 1. Íåõàé ó ìåòðè÷íîìó ïðîñòîði Π êóò ∠(a, b, c) ¹ ïðÿìèì. Äëÿ òîãî,

ùîá òî÷êè a, b, c, d áóëè ïëîñêî ðîçìiùåíi ó öüîìó ïðîñòîði, íåîáõiäíî i äîñòàòíüî,

ùîá âèêîíóâàëàñü ðiâíiñòü

ϕ2(a, b, d) + ϕ2(c, b, d) = 1. (3)

Äîâåäåííÿ. Ç îçíà÷åííÿ 5 âèïëèâà¹ ðiâíiñòü: ϕ(a, b, c) = 0. Ïiäñòàâèìî öå çíà÷åííÿ
ó ðiâíiñòü (2) i ðîçêðè¹ìî âèçíà÷íèê∣∣∣∣∣∣

1 0 ϕ(a, b, d)
0 1 ϕ(c, b, d)

ϕ(a, b, d) ϕ(c, b, d) 1

∣∣∣∣∣∣ = 1− ϕ2(a, b, d)− ϕ2(c, b, d).

Iç öi¹¨ ðiâíîñòi òà îçíà÷åííÿ 6 âèïëèâà¹, ùî ðiâíiñòü (3) íåîáõiäíà i äîñòàòíÿ
äëÿ òîãî, ùîá çà óìîâè òåîðåìè òî÷êè a, b, c, d áóëè ïëîñêî ðîçìiùåíi. �

Öÿ òåîðåìà ìà¹ ñàìîñòiéíå çíà÷åííÿ, îñêiëüêè çà ¨¨ äîïîìîãîþ ó äîâiëüíîìó
ìåòðè÷íîìó ïðîñòîði ìîæíà âèçíà÷èòè ïðÿìîêóòíó ñèñòåìó êîîðäèíàò ñòîñîâíî
òðüîõ ôiêñîâàíèõ òî÷îê öüîãî ïðîñòîðó.
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Òåîðåìà 2 äà¹ çìîãó âèçíà÷èòè âñòàíîâëþâàòè ðiâíiñòü ÷èñëîâèõ õàðàêòåðèñòèê
êóòiâ, ÿêi ìàþòü ïðÿìîëiíiéíî ðîçìiùåíi âiäïîâiäíi ñòîðîíè.

Òåîðåìà 2. Íåõàé a, b, c, d òî÷êè ïðîñòîðó Π, à êóò ∠(a, b, c) ¹ ðîçãîðíóòèì. Äëÿ
òîãî, ùîá âèêîíóâàëàñü ðiâíiñòü ϕ(b, a, d) = ϕ(c, a, d), íåîáõiäíî i äîñòàòíüî, ùîá

êóòè ∠(a, b, d) i ∠(c, b, d) áóëè ñóìiæíèìè.

Äîâåäåííÿ. Çà óìîâîþ òåîðåìè êóò ∠(a, b, c) ¹ ðîçãîðíóòèì, i îòæå, òî÷êè a, b, c
ïðÿìîëiíiéíî ðîçìiùåíi. Çâiäñè îòðèìó¹ìî ðiâíiñòü ρ(a, c) = ρ(a, b) + ρ(b, c).

Ïðèïóñòèìî, ùî êóòè ∠(a, b, d) i ∠(c, b, d) ñóìiæíi. Òîäi âèêîíó¹òüñÿ ðiâíiñòü
ϕ(a, b, d) = −ϕ(c, b, d). Ïiäñòàâèìî ó öþ ðiâíiñòü âiäïîâiäíi çíà÷åííÿ êóòîâèõ õàðà-
êòåðèñòèê. Ìàòèìåìî

ρ2(a, b) + ρ2(b, d)− ρ2(a, d)
2ρ(a, b)ρ(b, d)

= −ρ
2

(b, c) + ρ2(b, d)− ρ2(c, d)
2ρ(b, c)ρ(b, d)

;

ρ(b, c)(ρ2(a, b) + ρ2(b, d)− ρ2(a, d)) = −ρ(a, b)(ρ2(b, c) + ρ2(b, d)− ρ2(c, d));
ρ(b, c)ρ2(a, b) + ρ(b, c)ρ2(b, d)− ρ(b, c)ρ2(a, d)) =

= −ρ(a, b)ρ2(b, c)− ρ(a, b)ρ2(b, d) + ρ(a, b)ρ2(c, d);

ρ(b, c)ρ2(a, d)− ρ(b, c)ρ2(b, d)− ρ(a, b)ρ2(b, d) =
= ρ(b, c)ρ2(a, b) + ρ(a, b)ρ2(b, c)− ρ(a, b)ρ2(c, d).

Äîäàìî äî îáîõ ÷àñòèí ðiâíîñòi âèðàç

ρ3(a, b) + ρ2(a, b)ρ(b, c) + ρ(a, b)ρ2(a, d).

Îäåðæó¹ìî

ρ3(a, b) + ρ2(a, b)ρ(b, c) + ρ(a, b)ρ2(a, d) + ρ(b, c)ρ2(a, d)− ρ(b, c)ρ2(b, d)−
− ρ(a, b)ρ2(b, d) = ρ3(a, b) + ρ2(a, b)ρ(b, c) + ρ(a, b)ρ2(a, d)+

+ ρ(b, c)ρ2(a, b) + ρ(a, b)ρ2(b, c)− ρ(a, b)ρ2(c, d).
Çãðóïó¹ìî ó ëiâié ÷àñòèíi ðiâíîñòi ïåðøèé, òðåòié i øîñòèé äîäàíêè, âèíåñåìî

ç íèõ çà äóæêè ìíîæíèê ρ(a, b), à çãðóïóâàâøè äðóãèé, ÷åòâåðòèé i ï'ÿòèé äîäàíêè,
âèíåñåìî ç íèõ çà äóæêè ìíîæíèê ρ(b, c). Ó ïðàâié ÷àñòèíi ðiâíîñòi âèíåñåìî ç óñiõ
äîäàíêiâ çà äóæêè ìíîæíèê ρ(a, b). Ó ïiäñóìêó îòðèìà¹ìî ðiâíiñòü

ρ(a, b)(ρ2(a, b) + ρ2(a, d)− ρ2(b, d)) + ρ(b, c)(ρ2(a, b) + ρ2(a, d)− ρ2(b, d)) =
= ρ(a, b)((ρ2(a, b) + 2ρ(a, b)ρ(b, c) + ρ2(b, c)) + ρ2(a, d)− ρ2(c, d));

(ρ(a, b) + ρ(b, c))(ρ2(a, b) + ρ2(a, d)− ρ2(b, d)) =
= ρ(a, b)((ρ(a, b) + ρ(b, c))2 + ρ2(a, d)− ρ2(c, d)),

àáî

ρ(a, c)(ρ2(a, b) + ρ2(a, d)− ρ2(b, d)) = ρ(a, b)(ρ2(a, c) + ρ2(a, d)− ρ2(c, d)).
Ïîäiëèìî îáèäâi ÷àñòèíè ðiâíîñòi íà âèðàç 2ρ(a, b)ρ(a, c)ρ(a, d). Îòðèìà¹ìî ðiâ-

íiñòü
ρ2(a, b) + ρ2(a, d)− ρ2(b, d)

2ρ(a, b)ρ(a, d)
=
ρ2(a, c) + ρ2(a, d)− ρ2(c, d)

2ρ(a, c)ρ(a, d)
,



68
Âàëåðié ÊÓÇÜÌÈ×

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2017. Âèïóñê 83

àáî ϕ(b, a, d) = ϕ(c, a, d).
Îñêiëüêè ìè ïðîâåëè òîòîæíi ïåðåòâîðåííÿ (íi îäíà ç âiäñòàíåé íå äîðiâíþ¹

íóëþ), òî, ïðîâiâøè öi ïåðåòâîðåííÿ ó çâîðîòíîìó ïîðÿäêó, îòðèìà¹ìî ïî÷àòêîâó
ðiâíiñòü, ùî i äîâîäèòü òåîðåìó. �

Òåîðåìà 2 äà¹ óìîâó ðiâíîñòi êóòîâèõ õàðàêòåðèñòèê êóòiâ, ó ÿêèõ ñïiëüíà âåð-
øèíà, à ñòîðîíè ïðÿìîëiíiéíî ðîçìiùåíi. Öþ óìîâó ìîæíà âèêîðèñòàòè ÿê îçíà÷åí-
íÿ ðiâíîñòi ñàìèõ êóòiâ.

Ïîðiâíÿâøè ëåìó 2 i òåîðåìó 2, ìîæíà çðîáèòè âèñíîâîê ïðî òå, ùî ó âèïàäêó,
êîëè ó ïðîñòîði Π ¹ òðè ïðÿìîëiíiéíî ðîçìiùåíi òî÷êè a, b, c, à êóò ∠(a, b, c) ðîç-
ãîðíóòèé, òî ìíîæèíó óñiõ òî÷îê d öüîãî ïðîñòîðó, ïëîñêî ðîçìiùåíèõ iç çàäàíèìè,
ìîæíà îïèñàòè ÿê òî÷êè, äëÿ ÿêèõ êóòè ∠(a, b, d) i ∠(c, b, d) � ñóìiæíi, àáî äëÿ ÿêèõ
êóòè ∠(b, a, d) i ∠(c, a, d) ìàþòü ðiâíi õàðàêòåðèñòèêè.

ßê i ó âèïàäêó ïðÿìîëiíiéíîãî ðîçìiùåííÿ òî÷îê ïðîñòîðó Π, òðåáà î÷iêóâàòè
íåîäíîçíà÷íîñòi ïðè ïëîñêîìó ðîçìiùåííi òî÷îê öüîãî ïðîñòîðó. Ñïðàâäi, ïðî öå
ñâiä÷èòü òàêèé ïðèêëàä.

Ïðèêëàä 6. Ðîçãëÿíåìî òî÷êè

y1 = x+ 1, y2 = x, y5 = (1−
√
2)x+ 1

ïðîñòîðó C[0,1], ÿêi ìè ðîçãëÿäàëè ó ïðèêëàäàõ 2 i 5. Êðiì òîãî, ðîçãëÿíåìî òî÷êè

y6 = (
√
2 − 1)(x − 1) i y7 = (2 −

√
2)x +

√
2

2
, ùî òàêîæ íàëåæàòü ïðîñòîðó C[0,1].

Çíàéäåìî âiäñòàíi

ρ(y1, y2) = 1, ρ(y1, y5) =
√
2, ρ(y1, y6) = 2, ρ(y1, y7) =

√
2

2
, ρ(y2, y5) = 1,

ρ(y2, y6) = 1, ρ(y2, y7) =

√
2

2
, ρ(y5, y6) =

√
2, ρ(y5, y7) =

√
2

2
, ρ(y6, y7) = 2−

√
2

2
.

Iç îòðèìàíèõ ðiâíîñòåé âèïëèâà¹, ùî òî÷êè y1, y2, y6 ïðÿìîëiíiéíî ðîçìiùåíi,
îñêiëüêè âèêîíó¹òüñÿ ðiâíiñòü

ρ(y1, y6) = ρ(y1, y2) + ρ(y2, y6).

Äîâåäåìî, ùî êóò ∠(y5, y2, y6) ¹ ïðÿìèì. Ñïðàâäi, çà ôîðìóëîþ (1) ìà¹ìî
ϕ(y5, y2, y6) = 0. Êðiì òîãî, ó ïðèêëàäi 5 äîâåëè, ùî êóò ∠(y1, y2, y5) òåæ ¹ ïðÿìèì.
Îòîæ, öi êóòè ¹ ñóìiæíèìè, i çà òåîðåìîþ 2 òî÷êè y1, y2, y5, y6 � ïëîñêî ðîçìiùåíi.

Òåïåð äîâåäåìî, ùî òî÷êè y1, y2, y5, y7 òåæ ïëîñêî ðîçìiùåíi. Äëÿ öüîãî çà ôîð-
ìóëîþ (1) îá÷èñëèìî êóòîâi õàðàêòåðèñòèêè

ϕ(y1, y2, y7) =

√
2

2
i ϕ(y5, y2, y7) =

√
2

2
.

Îòæå, âèêîíó¹òüñÿ ðiâíiñòü

ϕ2(y1, y2, y7) + ϕ2(y5, y2, y7) = 1.

Îñêiëüêè êóò ∠(y1, y2, y5) ¹ ïðÿìèì, òî ç îòðèìàíî¨ ðiâíîñòi i òåîðåìè 1 âèïëèâà¹,
ùî òî÷êè y1, y2, y5, y7 � ïëîñêî ðîçìiùåíi.
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Äëÿ äâîõ ðîçãëÿíóòèõ ìíîæèí òî÷îê òðè òî÷êè y1, y2, y5 � ñïiëüíi. Ó ãåîìåòði¨
Åâêëiäà öüîãî äîñòàòíüî äëÿ òîãî, ùîá óñi ï'ÿòü òî÷îê y1, y2, y5, y6, y7 íàëåæàëè
îäíié ïëîùèíi. Îäíàê ó ïðîñòîði Π öå íå çàâæäè âèêîíó¹òüñÿ. Äîâåäåìî, ùî òî÷êè
y2, y5, y6, y7 íå ¹ ïëîñêî ðîçìiùåíèìè. Äëÿ öüîãî îá÷èñëèìî êóòîâó õàðàêòåðèñòèêó

ϕ(y6, y2, y7) = −
√
2

4
.

Îòîæ, âèêîíó¹òüñÿ ðiâíiñòü

ϕ2(y5, y2, y7) + ϕ2(y6, y2, y7) =
5

8
.

Îñêiëüêè êóò ∠(y5, y2, y6) ¹ ïðÿìèì, òî çà òåîðåìîþ 1 òî÷êè y2, y5, y6, i y7 íå ¹ ïëîñêî
ðîçìiùåíèìè.

Áiëüøå òîãî, òî÷êè y1, y2, y6, y7 òåæ íå ¹ ïëîñêî ðîçìiùåíèìè. Ùîá óïåâíèòèñü
ó öüîìó, çà òåîðåìîþ 2 äîñòàòíüî ïîðiâíÿòè õàðàêòåðèñòèêè êóòiâ ∠(y1, y2, y7) i
∠(y6, y2, y7), îñêiëüêè òî÷êè y1, y2, y6 ïðÿìîëiíiéíî ðîçìiùåíi.

Êðiì òîãî, ìîæíà äîâåñòè, ùî òî÷êè y1, y5, y6, y7 òåæ íå ¹ ïëîñêî ðîçìiùåíèìè.
Ñïðàâäi, òî÷êè y1, y5, y7 ïðÿìîëiíiéíî ðîçìiùåíi, îñêiëüêè âèêîíó¹òüñÿ ðiâíiñòü

ρ(y1, y5) = ρ(y1, y7) + ρ(y5, y7).

Êðiì òîãî, êóò ∠(y1, y7, y5) ¹ ðîçãîðíóòèì. Òåïåð âiäïîâiäíî äî ëåìè 2 äîñòàòíüî
äîâåñòè, ùî âèêîíó¹òüñÿ ñïiââiäíîøåííÿ ϕ(y1, y7, y6) 6= −ϕ(y5, y7, y6). Äëÿ öüîãî îá-
÷èñëèìî êóòîâi õàðàêòåðèñòèêè

ϕ(y1, y7, y6) = −
3

4
, ϕ(y5, y7, y6) =

1

4
.

Îòæå, òî÷êè y1, y5, y6, y7 íå ¹ ïëîñêî ðîçìiùåíèìè.

Iç ðiâíîñòi (2) ìîæíà îòðèìàòè êðèòåðié ïëîñêîãî ðîçìiùåííÿ ÷îòèðüîõ òî÷îê
ìåòðè÷íîãî ïðîñòîðó äåùî â iíøîìó âèãëÿäi, íiæ ó îçíà÷åííi 6.

Òåîðåìà 3. Äëÿ òîãî, ùîá òî÷êè a, b, c, d ïðîñòîðó Π áóëè ïëîñêî ðîçìiùåíi,

íåîáõiäíî i äîñòàòíüî, ùîá âèêîíóâàëàñü ðiâíiñòü

ϕ(a, b, c) = ϕ(a, b, d)ϕ(c, b, d)±
√
(1− ϕ2(a, b, d))(1− ϕ2(c, b, d)). (4)

Äîâåäåííÿ. Ïåðåâiðèìî âèêîíàííÿ ðiâíîñòi (2) ó ðàçi âèêîíàííÿ óìîâè òåîðåìè. Äëÿ
öüîãî ðîçêðè¹ìî âèçíà÷íèê ó ëiâié ÷àñòèíi ðiâíîñòi i ïiäñòàâèìî â îòðèìàíèé âèðàç
ðiâíiñòü (4). Ìàòèìåìî ∣∣∣∣∣∣

1 ϕ(a, b, c) ϕ(a, b, d)
ϕ(a, b, c) 1 ϕ(c, b, d)
ϕ(a, b, d) ϕ(c, b, d) 1

∣∣∣∣∣∣ =
= 1 + 2ϕ(a, b, c)ϕ(a, b, d)ϕ(c, b, d)− ϕ2(a, b, c)− ϕ2(a, b, d)− ϕ2(c, b, d) =

=1 + 2ϕ(a, b, d)ϕ(c, b, d)(ϕ(a, b, d)ϕ(c, b, d)±
√
(1− ϕ2(a, b, d))(1− ϕ2(c, b, d)))−

− (ϕ(a, b, d)ϕ(c, b, d)±
√

(1− ϕ2(a, b, d))(1− ϕ2(c, b, d)))2 − ϕ2(a, b, d)− ϕ2(c, b, d) =

= 1+ϕ2(a, b, d)ϕ2(c, b, d)− (1− ϕ2(a, b, d))(1− ϕ2(c, b, d))− ϕ2(a, b, d)− ϕ2(c, b, d) = 0.
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Îñêiëüêè ðiâíiñòü (2) âèêîíó¹òüñÿ, òî òî÷êè a, b, c, d ïëîñêî ðîçìiùåíi.

Òåïåð ïðèïóñòèìî, ùî òî÷êè a, b, c, d ïëîñêî ðîçìiùåíi ó ïðîñòîði Π. Òîäi (íà-
ïðèêëàä, äëÿ òî÷êè b) ìà¹ âèêîíóâàòèñü ðiâíiñòü (2). Ðîçêðèâøè âèçíà÷íèê ó ëiâié
÷àñòèíi, îòðèìó¹ìî ðiâíiñòü

1 + 2ϕ(a, b, c)ϕ(a, b, d)ϕ(c, b, d)− ϕ2(a, b, c)− ϕ2(a, b, d)− ϕ2(c, b, d) = 0,

àáî

ϕ2(a, b, c)− 2ϕ(a, b, d)ϕ(c, b, d)ϕ(a, b, c) + ϕ2(a, b, d) + ϕ2(c, b, d)− 1 = 0.

Ðîçâ'ÿçàâøè öå êâàäðàòíå ðiâíÿííÿ ñòîñîâíî ϕ(a, b, c), îòðèìó¹ìî ðiâíiñòü (4). �

Ëåìà 2 ¹ ÷àñòèííèì âèïàäêîì òåîðåìè 3. Ñïðàâäi, çà óìîâàìè ëåìè 2 îòðèìà¹ìî

ϕ(a, b, c) = −1, ϕ(a, b, d) = −ϕ(c, b, d),
i ðiâíiñòü (4) ïåðåòâîðþ¹òüñÿ ó òîòîæíiñòü.

Ó ãåîìåòði¨ Åâêëiäà ðiâíiñòü (4) ìà¹ ïðîñòå ãåîìåòðè÷íå òëóìà÷åííÿ: îäíà ç
âåðøèí òåòðàåäðà ðîçòàøîâàíà ó ïëîùèíi îñíîâè, ùî óòâîðåíà òðüîìà iíøèìè éî-
ãî âåðøèíàìè. Ó öüîìó ëåãêî âïåâíèòèñü, ïîìiòèâøè, ùî ðiâíiñòü (4) ¹ àíàëîãîì
ôîðìóë êîñèíóñà ñóìè àáî ðiçíèöi äâóõ êóòiâ.

3. Âèñíîâêè. Ç íàâåäåíîãî âèùå âèïëèâà¹, ùî ó ìåòðè÷íîìó ïðîñòîði ìîæíà
ðîçãëÿäàòè îñíîâíi ïîíÿòòÿ åâêëiäîâî¨ ãåîìåòði¨ áåç âèìîãè ïîâíîòè ñàìîãî ïðîñ-
òîðó. Îäíàê çíà÷íî çðîñòà¹ ñêëàäíiñòü âèçíà÷åííÿì ñïiââiäíîøåíü ìiæ îêðåìèìè
ìíîæèíàìè òî÷îê ïðîñòîðó, îñêiëüêè íå âèêîíóþòüñÿ êëàñè÷íi àêñiîìè ãåîìåòði¨. Öi
àêñiîìè íåîáõiäíî çàìiíþâàòè ïåâíèìè àíàëiòè÷íèìè ñïiââiäíîøåííÿìè ìiæ òî÷-
êàìè öèõ ìíîæèí, i âiä ñàìèõ ñïiââiäíîøåíü çàëåæàòèìå âíóòðiøíÿ ãåîìåòðè÷íà
êîíñòðóêöiÿ ìåòðè÷íîãî ïðîñòîðó.

Íàäàëi òðåáà ïðàöþâàòè ó íàïðÿìêó âèçíà÷åííÿ óìîâ ïàðàëåëüíîñòi ìíîæèí
òî÷îê ìåòðè÷íîãî ïðîñòîðó òà âèçíà÷åííÿ ñïiââiäíîøåíü ìiæ ïîíÿòòÿìè ïàðàëåëü-
íîñòi òà ïåðïåíäèêóëÿðíîñòi ìíîæèí òî÷îê ìåòðè÷íîãî ïðîñòîðó, ÿêi àíàëîãi÷íi äî
âiäîìèõ êëàñè÷íèõ ñïiââiäíîøåíü.

Àâòîð âäÿ÷íèé Þ. Â. Êóçüìè÷ó çà ãðàôi÷íó ïiäòðèìêó òåêñòó ðîáîòè.
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FLAT PLACEMENT SET OF POINTS IN A METRIC SPACE
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We consider the concept of angle in any metric space, a landscaped three
elements of this space. As the numerical of this angle we choose the cosine in
the Euclidean geometry, as is proposed by A. D. Aleksandrov. This approach
allows us to introduce the concept of a �at placement for points of a metric
space without applying this concept to its completeness. The paper, in some
way, continues the investigations of V. F. Kagan, who exhaustively studied the
concept of straight placing points in metric space. Examples of application of
these concepts in speci�c metric spaces are given.
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Äîñëiäæó¹ìî êëàñè çáiæíîñòi êðàòíèõ ðÿäiâ Äiðiõëå.

Êëþ÷îâi ñëîâà: öiëi ôóíêöi¨, êðàòíi ðÿäè Äiðiõëå, ìàêñèìàëüíèé ÷ëåí,
êëàñ çáiæíîñòi.

1. Âñòóï. Íåõàé Rp i Cp � äiéñíèé i êîìïëåêñíèé âåêòîðíi ïðîñòîðè, âiäïîâiäíî;
Z+ = N ∪ {0}, R+ = (0,+∞), p ∈ N. Äëÿ a = (a1, . . . , ap) ∈ Rp, b = (b1, . . . , bp) ∈ Rp
ïèñàòèìåìî a < b, âiäïîâiäíî a 6 b, ÿêùî (∀j, 1 6 j 6 p) : aj < bj , âiäïîâiäíî
(∀j, 1 6 j 6 p) : aj 6 bj . Äëÿ z = (z1, . . . , zp) ∈ Cp, w = (w1, . . . , wp) ∈ Cp ïîçíà÷èìî
〈z, w〉 = z1w1 + . . . + zpwp, ‖z‖ = z1 + . . . + zp, Re z = (Re z1, . . . ,Re zp), à äëÿ
R = (r1, . . . , rp) ∈ Rp ïîçíà÷èìî ΠR = {z ∈ Cp : Re z < R}.

i) Îáëàñòü G ⊂ Cp ñëiäîì çà [1, c.294] íàçèâàòèìåìî ïîëiëiíiéíîþ îáëàñòþ,
ÿêùî z = (z1, . . . , zp) ∈ G ⇐⇒ z + iy = (z1 + iy1, . . . , zp + iyp) ∈ G äëÿ
êîæíîãî y = (y1, . . . , yp) ∈ Rp.

ii) Ïîëiëiíiéíà îáëàñòü G íàëåæèòü äî êëàñó σ (äèâ. [1, c.299]), ÿêùî iñíóþòü
R∗, R

∗ ∈ Rp òàêi, ùî R∗ < R∗ i ΠR∗ ⊂ G ⊂ ΠR∗ .
iii) Íàðåøòi, äëÿ A = (A1, . . . , An) ∈ Rp, Aj > 0 (1 ≤ j ≤ p), A-ïîäiáíîþ

ñèñòåìîþ îáëàñòåé ([1, c.301]) íàçèâà¹ìî ñèñòåìó îáëàñòåé {G+(r,A)}r>0,
äå G+(r,A) = G + rA (òîáòî, ïàðàëåëüíå ïåðåíåñåííÿ G íà âåêòîð rA), à
G � ïîëiëiíiéíà îáëàñòü.

Óìîâà �(∀j) : Aj > 0� ó íàâåäåíîìó ùîéíî îçíà÷åííi ç [1] çàáåçïå÷ó¹ ðiâíiñòü
Cp =

⋃
r≥0G+(r,A), òîáòî, ùî ñèñòåìà îáëàñòåé {G+(r,A)} ¹ âè÷åðïàííÿì ïðîñòîðó

Cp òàêèì, ùî G+(r(1), A) ⊂ G+(r(2), A) äëÿ âñiõ r(1) < r(2).

2010 Mathematics Subject Classi�cation: 30D10, 32A15, 11F68

c© Ñàëî Ò., Ñêàñêiâ Î., Òàðíîâåöüêà Î., 2017
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×åðåç Σp+ ïîçíà÷àòèìåìî êëàñ âè÷åðïàíü G+ = {G+(r,A)} ïðîñòîðó Cp, ÿêi
ìàþòü âëàñòèâîñòi i)-iii). Ïðèêëàäàìè âè÷åðïàíü ç êëàñó Σp+ ¹ òàêi ñèñòåìè îáëàñòåé

G1 = {G(r,A)}, G(r,A) = {z ∈ Cp : Re z < rA},
G2 = {G(r,A)}, G(r,A) = {z ∈ Cp : (Re z − rA) < B}, B ∈ Rp,

G3 = {G(r,A)}, G(r,A) = {z ∈ Cp : ‖Re z‖ < r‖A‖}, A = (A1, . . . , Ap) ∈ Rp+.

Íåõàé Hp êëàñ öiëèõ â Cp, îáìåæåíèõ ó äîâiëüíié ïîëiíiéíié îáëàñòi

ΠR = {z ∈ Cp : Re z1 < R1, . . . ,Re zp < Rp},

R = (R1, . . . , Rp) ∈ Rp+, ôóíêöié. Äëÿ ôóíêöi¨ F ∈ Hp i x ∈ Rp î÷åâèäíî, ùî

M(x, F ) ≡ sup{|F (x+ iy)| : y ∈ Rp} < +∞.

Äëÿ ôóíêöi¨ F ∈ Hp i r > 0 ïîçíà÷èìî

SF (r,A) = sup{|F (z)| : z ∈ G(r,A)}.

Íåõàé Λp = (λn), λn = (λ
(1)
n1 , . . . , λ

(p)
np ), n = (n1, . . . , np) i 0 = λ

(j)
0 < λ

(j)
k ↑ +∞

(1 6 k ↑ +∞), 1 6 j 6 p. ×åðåç Hp(Λp) ïîçíà÷èìî êëàñ öiëèõ (àáñîëþòíî çáiæíèõ
ñêðiçü â Cp) ðÿäiâ Äiðiõëå âèãëÿäó

F (z) =

+∞∑
‖n‖=0

ane
〈z,λn〉, z ∈ Cp

òàêèõ, ùî (∀j) : #{nj : a(n1,...,nj ,...,np) 6= 0} = +∞.
Î÷åâèäíî, ùî Hp(Λp) ⊂ Hp.
Äëÿ x ∈ Rp+ íåõàé µ(x, F ) = max{|an|e〈x,λn〉 : n ∈ Zp+} � ìàêñèìàëüíèé ÷ëåí

ðÿäó Äiðiõëå F ∈ Hp(Λp).
Íåõàé G1(r,A) � îáðàç G(r,A) â Rp ïðè âiäîáðàæåííi w = Re z : Cp → Rp,

µF (r,A)
def
= max{dm(G)|am|exp

(
r〈A, λm〉

)
: m ∈ Zp+},

dm(G)
def
= exp

(
sup

{
〈σ, λm〉 : σ ∈ G1(0, A)

})
.

Ñëiþîì çà [2] (äèâ. òàêîæ [5]) ñêàæåìî, ùî öiëèé ðÿä Äiðiõëå F ∈ H1(Λ1)
íàëåæèòü äî êëàñó çáiæíîñòi, ÿêùî âèêîíó¹òüñÿ óìîâà

(1)

∫ +∞

0

e−rρlnM(r, F )dr < +∞,

äå 0 < ρ < +∞. Çà íåðiâíiñòþ Êîøi µ(r, F ) ≤M(r, F ) (r > 0) ç óìîâè (1) âèïëèâà¹,
ùî

(2)

∫ +∞

0

e−rρlnµ(r, F )dr < +∞.

Ó [4] çàçíà÷åíî òàêå: ÿêùî äëÿ öiëîãî ðÿäó Äiðiõëå F ∈ H1(Λ1)

(3) lnn = O(λn) (n→ +∞),

òî ç óìîâè (2) âèïëèâà¹, ùî âèêîíó¹òüñÿ óìîâà (1). Ó ïðàöÿõ [3, 4] çíàõîäèìî òàêó
òåîðåìó.
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Òåîðåìà À (Î. Ì. Ìóëÿâà [3, 4]). Íåõàé ïîêàçíèêè Λ1 çàäîâîëüíÿþòü óìîâó (3),
à ρ ∈ (0,+∞). Òîäi äëÿ òîãî, ùîá âèêîíóâàëàñü óìîâà (1), íåîáõiäíî, à ó âèïàäêó,

êîëè ïîñëiäîâíiñòü (κn(F )) íåñïàäíà, κn(F )
def
= ln |an−1|−ln |an|

λn−λn−1
, i äîñòàòíüî, ùîá

(4)

+∞∑
k=1

(λk − λk−1)|ak|ρ/λk < +∞.

Íà Ëüâiâñüêîìó ðåãiîíàëüíîìó ñåìiíàði ç ìàòåìàòè÷íîãî àíàëiçó (1999) ïðîô.
Ì. Ì. Øåðåìåòà ñôîðìóëþâàâ òàêó ïðîáëåìó: çíàéòè íåîáõiäíó i äîñòàòíþ óìîâó

íà ïîêàçíèêè Λ1, çà ÿêî¨ óìîâè (1) i (2) áóëè áè åêâiâàëåíòíèìè äëÿ êîæíîãî

ðÿäó Äiðiõëå F ∈ H1(Λ1). Ó [5] äîâåäåíî òàêó òåîðåìó, ÿêà äà¹ ïîâíèé ðîçâ'ÿçîê
ñôîðìóëüîâàíî¨ ïðîáëåìè.

Òåîðåìà Á (Ï. Â. Ôiëåâè÷, Ñ. I. Ôåäèíÿê [5]). Íåõàé ρ ∈ (0; +∞). Äëÿ òîãî, ùîá

äëÿ êîæíîãî ðÿäó Äiðiõëå F ∈ H1(Λ1) ç óìîâè (2) âèïëèâàëà óìîâà (1) íåîáõiäíî i
äîñòàòíüî, ùîá äëÿ ïîñëiäîâíîñòi Λ1 âèêîíóâàëàñü óìîâà (3).

2. Îñíîâíi ðåçóëüòàòè. Ó âèïàäêó öiëèõ êðàòíèõ ðÿäiâ Äiðiõëå ç êëàñó
Hp(Λp), p > 2, ïðèðîäíî ðîçãëÿíóòè òàêi êëàñè çáiæíîñòi:

(5)

∫ +∞

0

e−rρlnSF (r,A)dr < +∞, ρ ∈ R+,

(6)

∫
Rp+
e−〈x,ρ〉lnM(x, F )dx < +∞, ρ = (ρ1, . . . , ρp) ∈ Rp+,

òà

(7)

∫ +∞

0

e−rρlnµF (r,A)dr < +∞,

(8)

∫
Rp+
e−〈x,ρ〉lnµ(x, F )dx < +∞, ρ = (ρ1, . . . , ρp) ∈ Rp+.

Íåñêëàäíî äîâîäèòüñÿ òàêå òâåðäæåííÿ (äèâ. òàêîæ [6]).

Òâåðäæåííÿ 1. Íåõàé F ∈ Hp(Λp). ßêùî äëÿ ïîñëiäîâíîñòi Λp âèêîíó¹òüñÿ óìî-

âà

(9) (∀j, 1 6 j 6 p) : lim
k→+∞

ln k

λ
(j)
k

def
= τj < +∞,

òî iñíó¹ ñòàëà C = C(ε,Λp) > 0 òàêà, ùî äëÿ êîæíîãî ε ∈ Rp+ i äëÿ âñiõ x ∈ Rp
âèêîíó¹òüñÿ íåðiâíiñòü

(10) M(x, F ) 6 Cµ(x+ τ + ε, F ), τ = (τ1, . . . , τp) ∈ Rp.

Ñïðàâäi,

M(x, F ) 6
+∞∑
‖n‖=0

e−(τ+ε,λn)|an|e(x+τ+ε,λn) 6 Cµ(x+ τ + ε, F ), C =

+∞∑
‖n‖=0

e−(τ+ε,λn).
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Àëå ç óìîâè (9) äëÿ êîæíîãî j âèïëèâà¹, ùî λ
(j)
k > ln k/(τj + εj/2) (k > k0), äå

ε = (ε1 + . . . , εp). Çâiäêè

+∞∑
k=0

e−(τj+εj)λ
(j)
k 6

+∞∑
k=k0

e
−

τj+εj
τj+εj/2

ln k
+

k0−1∑
k=0

e−(τj+εj)λ
(j)
k

def
= Cj < +∞.

Òîìó C 6 C1 + . . .+ Cp < +∞.
Ç òâåðäæåííÿ 1 i íåðiâíîñòi Êîøi µ(x, F ) 6M(x, F ) (x ∈ R) íåãàéíî îòðèìó¹ìî

òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 2. ßêùî äëÿ ïîñëiäîâíîñòi ïîêàçíèêiâ Λp âèêîíó¹òüñÿ óìîâà (9),
òî äëÿ êîæíîãî ðÿäó Äiðiõëå F ∈ Hp(Λp) óìîâà (6) âèêîíó¹òüñÿ òîäi i òiëüêè

òîäi, êîëè âèêîíó¹òüñÿ óìîâà (8).

Íåñêëàäíî äîâîäèòüñÿ òàêîæ òàêå òâåðäæåííÿ, ç ÿêîãî âèïëèâà¹ àíàëîã òåîðå-
ìè Á.

Òâåðäæåííÿ 3. Äëÿ áóäü-ÿêî¨ ïîñëiäîâíîñòi ïîêàçíèêiâ Λp òàêî¨, ùî óìîâà (9)
íå âèêîíó¹òüñÿ, i äëÿ êîæíîãî ρ ∈ Rp+ iñíó¹ ðÿä Äiðiõëå F ∈ Hp(Λp), äëÿ ÿêîãî

óìîâà (8) âèêîíó¹òüñÿ ç ρ, à óìîâà (6) íå âèêîíó¹òüñÿ ç ρ.

Äîâåäåííÿ. Íå çìåíøóþ÷è çàãàëüíîñòi ìiðêóâàíü ïðèïóñòèìî, ùî óìîâà (9) íå âè-

êîíó¹òüñÿ ïðè j = 1. Çà òåîðåìîþ Á iñíó¹ öiëèé ðÿä Äiðiõëå f1 ∈ H1(Λ1), Λ1 = (λ
(1)
k )

òàêèé, ùî

f1(r) =

+∞∑
k=0

a
(1)
k erλ

(1)
k , a

(1)
k > 0 > (k > 0),(11)

∫ +∞

0

e−rρ lnM(r, f1)dr = +∞,
∫ +∞

0

e−rρ lnµ(r, f1)dr < +∞.

Âèáåðåìî òåïåð öiëi ðÿäè Äiðiõëå fj ∈ H1(Λj), Λj = (λ
(j)
k ), 2 6 j 6 p òàêi,

ùî ln lnµ(r, fj) 6 rρj/2, lnM(r, fj) > 1, (r > 0) i ðîçãëÿíåìî F (x) =
p∏
j=1

fj(xj),

x = (x1, . . . , xp). Òîäi, îñêiëüêè M(x, F ) =
p∏
j=1

M(xj , fj) (x > (1, . . . , 1)), à µ(x, F ) =

p∏
j=1

µ(xj , fj), òî äëÿ x
′ = (x2, . . . , xp) ∈ Rp−1+ , ρ′ = (ρ2, . . . , ρp) ∈ Rp−1+ ìà¹ìî

∫
Rp+
e−〈x,ρ〉 lnM(x, F )dx >

∫ +∞

0

∫
Rp−1

+

e−〈x,ρ〉
(

lnM(x1, f1) + ln

p∏
j=2

M(xj , fj)
)
dx >

>
∫
Rp−1

+

e−〈x
′,ρ′〉
(∫ +∞

0

e−x1ρ1 lnM(x1, f1)dx1

)
dx′ = +∞,
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Rp+
e−〈x,ρ〉 lnµ(x, F )dx 6

∫ +∞

0

∫
Rp−1

+

e−〈x,ρ〉
(

lnµ(x1, f1) + ln

p∏
j=2

µ(xj , fj)
)
dx =

=

∫ +∞

0

e−x1ρ1 lnµ(x1, f1)dx1

∫
Rp−1

+

e−〈x
′,ρ′〉dx′+

+

∫ +∞

0

e−x1ρ1dx1

∫
Rp−1

+

(
e−〈x

′,ρ′〉 ln

p∏
j=2

µ(xj , fj)
)
dx′ 6

6
1

ρ2 · · · ρp
·
∫ +∞

0

e−x1ρ1 lnµ(x1, f1)dx1 +
1

ρ1
·
∫
Rp−1

+

e−〈x
′,ρ′〉

p∑
j=2

exjρj/2dx′ < +∞.

Ïåðåêîíà¹ìîñü, ùî âèáið òàêèõ ôóíêöié fj (2 6 j 6 p) ìîæëèâèé. Ñïðàâ-

äi, íåõàé fj(xj) = e +
∑+∞
k=1 a

(j)
k exjλ

(j)
k (2 6 j 6 p), òîáòî, a

(j)
0 = e, à ln a

(j)
k =

min{−kλ(j)k , b
(j)
k }, b

(j)
k = min{exp(tρj/2) − tλ(j)k : t > 0} (k > 1). Òîäi çà íåðiâíiñòþ

Êîøi lnM(xj , fj) = ln fj(xj) > ln a
(j)
0 = 1 (xj > 0), à

lnµ(t, fj) = ln max{ln a(j)k + tλ
(j)
k : k > 1} 6 ln max{b(j)k + tλ

(j)
k : k > 1} 6 etρj/2.

�

Ïîäiáíî äî òâåðäæåííÿ 1 äîâîäèòüñÿ òàêå òâåðäæåííÿ.

Ëåìà 1. Íåõàé F ∈ Hp(Λp). ßêùî äëÿ ïîñëiäîâíîñòi Λp âèêîíó¹òüñÿ óìîâà

(12) lim
‖n‖→+∞

ln ‖n‖
〈A, λn〉

def
= τ < +∞,

òî iñíó¹ ñòàëà C = C(ε,Λp) > 0 òàêà, ùî äëÿ êîæíîãî ε ∈ (0,+∞) i äëÿ âñiõ

x ∈ Rp âèêîíó¹òüñÿ íåðiâíiñòü

(13) M(x, F ) 6 Cµ(x+A((p+ 1)τ + ε), F ).

Äîâåäåííÿ. Ñïðàâäi,

M(x, F ) 6
+∞∑
‖n‖=0

e−((p+1)τ+ε)〈A,λn〉|an|e〈x+((p+1)τ+ε)A,λn〉 6 Cµ(x+ ((p+ 1)τ + ε)A,F ),

C =
∑+∞
‖n‖=0 e

−((p+1)τ+ε)〈A,λn〉. Ç óìîâè (12) âèïëèâà¹, ùî 〈A, λn〉 > ln ‖n‖/(τ+ε/(2p)

(‖n‖ > k0). Çâiäêè,

C =

+∞∑
‖n‖=0

e−((p+1)τ+ε)〈A,λn〉 6
+∞∑
k=k0

(k + 1)pe−
τ(p+1)+ε
τ+ε/(3p)

ln k +

k0−1∑
‖n‖=0

e−(τ(p+1)+ε)〈A,λn〉 6

6 2p
+∞∑
k=k0

e−
(
τ(p+1)+ε
τ+ε/(3p)

−p
)
ln k +

k0−1∑
‖n‖=0

e−(τ(p+1)+ε)λn def
= C∗.

Àëå,
τ(p+ 1) + ε

τ + ε/(3p)
− p > τ + 2ε/3

τ + ε/3
> 1.

Òîìó C 6 C∗ < +∞. �
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Ëåìà 2 (íåðiâíiñòü Êîøi). Íåõàé F ∈ Hp(Λp). Òîäi äëÿ êîæíîãî r > 0 i äëÿ âñiõ

m ∈ Zp+
µF (r,A)

def
= max{dm(G)|am|exp

(
r〈A, λm〉

)
: m > 0} ≤

≤ sup
{
µ(σ, F ) : σ ∈ ∂G1(r,A)

}
≤ SF (r,A).

Äîâåäåííÿ. Çàóâàæèìî, ùî ([1, ñ.353])

(14) sup
{
exp(〈σ, λm〉) : σ ∈ ∂G1(r,A)

}
= dm(G)exp{r〈A, λm〉}.

Òîìó çà íåðiâíiñòþ Êîøi µ(x, F ) ≤ M(x, F ) (x ∈ Rp) äëÿ ôiêñîâàíîãî m ∈ Zp+
ìàòèìåìî

dm(G)|am|exp{r〈A, λm〉} ≤ sup
{
µ(σ, F ) : σ ∈ ∂G1(r,A)

}
≤

≤ sup
{
M(σ, F ) : σ ∈ ∂G1(r,A)

}
=

= sup

{
sup

{
|F (σ + iy) : y ∈ Rp

}
: σ ∈ G1(r,A)

}
=

= sup
{
|F (z)| : z ∈ G(r,A)

}
= SF (r,A).

�

Ëåìà 3. Íåõàé F ∈ Hp(Λp). ßêùî âèêîíó¹òüñÿ óìîâà (12), òî äëÿ êîæíîãî r > 0
i äîâiëüíîãî ε > 0

SF (r,A) = sup
{
|F (z)| : z ∈ G(r,A)

}
= sup

{
M(σ, F ) : σ ∈ ∂G1(r,A)

}
,(15)

SF (r,A) 6 CµF (r + (p+ 1)τ + ε,A),

äå ñòàëà C > 0 ç ëåìè 1

Äîâåäåííÿ. Ðiâíiñòü (15) âñòàíîâëåíî ó äîâåäåííi ëåìè 2. Äëÿ êîæíîãî r > 0, ñïî-
÷àòêó ïîñëiäîâíî ñêîðèñòà¹ìîñü íåðiâíiñòþ (13)

SF (r,A) = sup
{
|F (z)| : z ∈ G(r,A)

}
= sup

{
M(σ, F ) : σ ∈ ∂G1(r,A)

}
6

6 C sup
{
µ(σ + ((p+ 1)τ + ε)A,F ) : σ ∈ ∂G1(r,A)

}
def
= CS1(r),

äàëi îçíà÷åííÿì âè÷åðïàííÿ ïîëiëiíiéíèìè À-ïîäiáíèìè îáëàñòÿìè

S1(r) = sup
{

max
{
|an|e〈σ+((p+1)τ+ε)A,λn〉 : n > 0

}
: σ ∈ ∂G1(r,A)

}
=

= sup
{

sup
{
|an|e〈σ+((p+1)τ+ε)A,λn〉 : σ ∈ ∂G1(r,A)

}
: n > 0

}
=

= sup
{
|an|e(r+(p+1)τ+ε)〈A,λn〉 sup

{
e〈σ,λn〉 : σ ∈ ∂G1(0, A)

}
: n > 0

}
def
= S2(r),

à ïîòiì ðiâíiñòþ (14)

S2(r) = max{dn(G)|an|e(r+(p+1)τ+ε)〈A,λn〉 : n > 0} = µF (r + (p+ 1)τ + ε,A).

Òåïåð îñòàòî÷íî îòðèìó¹ìî

SF (r,A) 6 CS1(r) = CS2(r) = CµF (r + (p+ 1)τ + ε,A).
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�

Çà äîïîìîãîþ ëåì 2 i 3 íåñêëàäíî òåïåð îòðèìàòè òàêå òâåðäæåííÿ.

Òåîðåìà 1. ßêùî äëÿ ïîñëiäîâíîñòi ïîêàçíèêiâ Λp âèêîíó¹òüñÿ óìîâà (12), òî
äëÿ êîæíîãî ðÿäó Äiðiõëå F ∈ Hp(Λp) óìîâà (5) âèêîíó¹òüñÿ òîäi i òiëüêè òîäi,

êîëè âèêîíó¹òüñÿ óìîâà (7).

Çàóâàæåííÿ 1. Óìîâà (12) âèêîíó¹òüñÿ òîäi i ëèøå òîäi, êîëè âèêîíó¹òüñÿ óìîâà (9).

Äîâåäåìî òàêèé àíàëîã öèòîâàíî¨ òåîðåìè Á.

Òåîðåìà 2. Äëÿ áóäü-ÿêî¨ ïîñëiäîâíîñòi ïîêàçíèêiâ Λp òàêî¨, ùî óìîâà (12) íå
âèêîíó¹òüñÿ, i äëÿ êîæíîãî ρ > 0 iñíó¹ ðÿä Äiðiõëå F ∈ Hp(Λp), äëÿ ÿêîãî óìîâà (7)
âèêîíó¹òüñÿ ç ρ, à óìîâà (5) íå âèêîíó¹òüñÿ ç ρ äëÿ SF (r,A) i µF (r,A) îçíà÷åíèõ
çà âè÷åðïàííÿì G1 = {G1(r,A)}, G1(r,A) = {z ∈ Cp : Re z < rA}.

Äîâåäåííÿ. Ç íåâåëèêèìè çìiíàìè ïîâòîðþ¹ìî äîâåäåííÿ òâåðäæåííÿ 3. Ó âiäïî-
âiäíîñòi çi çàóâàæåííÿì 1, ïðèïóùåííÿ, ùî óìîâà (9) íå âèêîíó¹òüñÿ ïðè j = 1, íå
çìåíøó¹ çàãàëüíîñòi ìiðêóâàíü. Òîäi íåõàé fj ∈ H1(Λj) öiëi ðÿäè Äiðiõëå ç äîâåäåí-
íÿ òâåðäæåííÿ 3 òàêi, ùî ρj < 2ρ (2 6 j 6 p). Âèáåðåìî òåïåð F (z1, z2, . . . , zp) =∏
j=1 pfj(zj/Aj), A = (Aj , . . . , Ap).

Òîäi

lnSF (r,A) =

p∑
j=1

ln sup{|fj(zj/Aj)| : Re zj < rAj} = lnM(r, f1) +

p∑
j=2

lnM(r, fj) >

> lnM(r, f1) + p− 1,

lnµF (r,A) =

+∞∑
j=1

ln sup{max{a(j)k eRe zjλ
(j)
k : k > 0} : Re z ∈ ∂G1(r,A)}.

Çâiäñè îñòàòî÷íî îòðèìó¹ìî∫ +∞

0

e−rρ lnSF (r,A) >
∫ +∞

0

e−rρ
(

lnM(r, f1) + p− 1
)
dr = +∞,

lnµF (r,A)dr =

p∑
j=1

ln sup{max{a(j)k eRe zjλ
(j)
k /Aj : k > 0} : Re z ∈ ∂G1(r,A)} 6

6
p∑
j=1

lnµ(r, fj) 6 lnµ(r, f1) +

p∑
j=2

erρj/2 (r > 0) =⇒

∫ +∞

0

e−rρ lnµF (r,A)dr 6
∫ +∞

0

e−rρ
(

lnµ(r, f1) +

p∑
j=2

erρj/2
)
dr < +∞.

�

2.1. Óìîâè íàëåæíîñòi äî êëàñiâ çáiæíîñòi, ÿêi âèçíà÷àþòüñÿ óìîâàìè (5)
òà (7). Çàóâàæèìî ñïî÷àòêó, ùî ó âèïàäêó, êîëè A ∈ Rp+ ïîñëiäîâíiñòü íåâiä'¹ìíèõ
÷èñåë {〈A, λn〉} äîïóñêà¹ âïîðÿäêóâàííÿ çà íåñïàäàííÿì, òîáòî ¨¨ ìîæíà ïîäàòè ó
âèãëÿäi {〈A, λn〉 : n ∈ Zp+} = {αk : k ∈ Z+}, ïðè öüîìó äëÿ êîæíîãî n0 ∈ Zp+ iñíó¹
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k = k(n0) ∈ Z+ òàêå, ùî αk = 〈A, λn0〉, à òàêîæ äëÿ êîæíîãî k > 0: αk+1 > αk;
ÿêùî æ #{n : 〈A, λn〉 = 〈A, λn0〉} = p, òî ââàæà¹ìî, ùî

αk−1 < αk = αk+1 = . . . = αk+p−1 < αk+p.

Íåõàé äëÿ êîæíîãî k > 0

bk = dn(G)|an|er〈A,λn〉−rαk = dn(G)|an|,

äå k = k(n) òàêå ÿê i âèùå.
Òåïåð ìè ìîæåìî ñôîðìóëþâàòè òàêó òåîðåìó.

Òåîðåìà 3. Íåõàé F ∈ Hp(Λp), à âåêòîð A ∈ Rp+ òàêèé, ùî ïîñëiäîâíiñòü íå-

âiä'¹ìíèõ ÷èñåë {〈A, λn〉} äîïóñêà¹ âïîðÿäêóâàííÿ {αk} çà çðîñòàííÿì. Äëÿ òîãî,

ùîá âèêîíóâàëàñü óìîâà (7), íåîáõiäíî, à ó âèïàäêó, êîëè

κk
def
= (ln bk−1 − ln bk)/(αk − αk−1)↗ +∞, (1 6 k ↑ +∞)

i äîñòàòíüî, ùîá

+∞∑
k=1

(αk − αk−1)b
ρ/αk
k < +∞.

Äëÿ äîâåäåííÿ òåîðåìè 3 äîñòàòíüî ç ïåâíèìè âèäîçìiíàìè ïîâòîðèòè äîâåäåí-
íÿ òåîðåìè 2 ç [4].

2.2. Óìîâè íàëåæíîñòi äî êëàñiâ çáiæíîñòi, ÿêi âèçíà÷àþòüñÿ óìîâàìè (6)
i (8). Ðîçãëÿíåìî òóò óìîâè íàëåæíîñòi ðÿäiâ Äiðiõëå ç êëàñó H1(Λ1) äî êëàñó
çáiæíîñòi iíòåãðàëà (8), òîáòî

(16)

∫ +∞

0

e−rρlnµ(r, F )dr < +∞, ρ ∈ (0,+∞).

Cïî÷àòêó äëÿ F ∈ H1(Λ1) i r > 0 ïîçíà÷èìî µ∗k = − ln a∗k, ln b∗k = λk, t = −1/r, äå
a∗k � êîåôiöi¹íòè ìàæîðàíòè Íüþòîíà FN ðÿäó Äiðiõëå F . Çà ïîáóäîâîþ ìàæîðàíòè
Íüþòîíà

1) a∗k > |ak| (k > 0); 2) rk
def
= (ln a∗k−1 − ln a∗k)/(λk − λk−1)↗ +∞(1 6 k ↑ +∞);

3) µ(r, F ) = max{a∗kerλk : k > 0} = a∗νe
rλν (∀r ∈ [rν , rν+1], ∀ν > 1).

Çàóâàæèìî, ùî äëÿ iñíóâàííÿ ôîðìàëüíî¨ ìàæîðàíòè Íüþòîíà (áåç ãàðàíòi¨ çáiæ-
íîñòi âiäïîâiäíîãî ôîðìàëüíîãî ðÿäó Äiðiõëå) ¹ óìîâà

− ln |ak|
λk

→ +∞ (k → +∞),

ÿêà âèïëèâà¹ ç òîãî, ùî âiäïîâiäíèé ðÿä Äiðiõëå ¹ çáiæíèì ó âñié êîìïëåêñíié ïëî-
ùèíi (à íåîáõiäíà i äîñòàòíÿ óìîâà (∀r ∈ R) : µ(r, F ) < +∞). Òîäi

lnµ(r, F ) = max{ln a∗k + rλk : k > 0} =
1

|t|
max{ln b∗k + tµ∗k : k > 0} =

1

|t|
lnµ(t, ψ),
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äå µ(t, ψ) � ìàêñèìàëüíèé ÷ëåí ôîðìàëüíîãî ðÿäó Äiðiõëå ψ(t) =
∑+∞
k=0 b

∗
ke
tµ∗k . Çà-

ñòîñîâóþ÷è çàìiíó çìiííî¨ iíòåãðóâàííÿ r = −1/t, ìà¹ìî∫ +∞

1

e−rρlnµ(r, F )dr =

∫ 0

−1
e−ρ/|t|

lnµ(t, ψ)

|t|3
dt.(17)

Äàëi íàì ïîòðiáíèé îäèí âàðiàíò òåîðåìè 1 ç [4], ÿêèé ìè ñôîðìóëþ¹ìî ó òàêîìó
âèãëÿäi.

Òâåðäæåííÿ 4. Ðîçãëÿíåìî ôîðìàëüíèé ðÿä Äiðiõëå g(t) =
∑+∞
k=0 bke

tµk , äå

µk 6 µk+1 → +∞ (0 6 k → +∞), bk > 0 (k > 0). Ïðèïóñòèìî, ùî µ(t, g) =
max{bketµk : k > 0} < +∞ äëÿ âñiõ t < 0 i iñíó¹ òàêà ïîñëiäîâíiñòü κk ↗ 0
(k ↑ +∞), ùî bke

tµk = µ(t, g) äëÿ êîæíîãî t ∈ [κk,κk+1] i êîæíîãî k > 1.
Òîäi äëÿ òîãî, ùîá ∫ 0

−1

lnµ(t, g)

β(t)
dt < +∞,

íåîáõiäíî i äîñòàòíüî, ùîá

+∞∑
k=1

(µk − µk−1)B
( 1

µk
ln

1

bk

)
< +∞, B(x) =

∫ 0

x

t− x
β(t)

dt.(18)

Âiäìiííiñòü òâåðäæåííÿ 4 âiä òåîðåìè 1 ç [4] ïîëÿãà¹ ó òîìó, ùî ìè, ç îäíîãî áî-
êó, çàìiñòü çáiæíîñòi ðÿäó Äiðiõëå ïðèïóñêà¹ìî ëèøå ñêií÷åííiñòü éîãî ìàêñèìàëü-
íîãî ÷ëåíà, à ç iíøîãî � âiäðàçó ïðèïóñêà¹ìî, ùî õî÷à ðÿä i ¹ ôîðìàëüíèì ðÿäîì
Äiðiõëå, àëå ìà¹ ñòðóêòóðó ìàæîðàíòè Íüþòîíà. Iíøîãî ó äîâåäåííi òåîðåìè 1 ç [4]
íå âèêîðèñòîâó¹òüñÿ, òîìó ìè òóò íå íàâîäèìî äîâåäåííÿ íàøîãî òâåðäæåííÿ 4 i
âiäñèëà¹ìî ÷èòà÷à äî [4].

Íåõàé òåïåð µk = µ∗k, bk = b∗k. Çàóâàæèìî, ùî µk+1 > µk (k > k0). Íå çìåíøóþ÷è
çàãàëüíîñòi, ââàæà¹ìî, ùî k0 = 0. Òîäi κk = −1/rk ↗ 0 (1 6 k ↑ +∞). Àëå µ(t, g) =
(µ(r, F ))1/r, bke

tµk = (a∗ke
rλk)1/r äëÿ t = −1/r. Òîìó bke

tµk = µ(t, g) äëÿ êîæíîãî
t ∈ [κk,κk+1] i êîæíîãî k > 1.

Çàñòîñó¹ìî òâåðäæåííÿ 4 äî ïðàâî¨ ÷àñòèíè â (17) ç ôóíêöi¹þ β(t) = |t|3eρ/|t| i
ôîðìàëüíèì ðÿäîì Äiðiõëå g(t) = ψ(t). Íåñêëàäíèìè îá÷èñëåííÿìè ïåðåêîíó¹ìîñÿ,
ùî B(x) = |x|ρ−2e−ρ/|x|. Òîäi óìîâó (18) ïåðåïèøåìî ó âèãëÿäi

+∞∑
k=1

(µ∗k − µ∗k−1)
∣∣∣ 1

µ∗k
ln

1

b∗k

∣∣∣ exp
{
− ρ
∣∣∣ 1

µ∗k
ln

1

b∗k

∣∣∣−1} < +∞.(19)

Ç îãëÿäó íà ââåäåíi íà ïî÷àòêó öüîãî ïiäðîçäiëó ïîçíà÷åííÿ, óìîâó (19) çàïèøåìî
ó âèãëÿäi

+∞∑
k=1

(ln a∗k−1 − ln a∗k)

∣∣∣∣ λk
− ln a∗k

∣∣∣∣ exp

{
− ρ
∣∣∣∣− ln a∗k

λk

∣∣∣∣} < +∞.(20)

Îòæå, îòðèìó¹ìî òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 5. Íåõàé F ∈ H1(Λ1). Äëÿ òîãî, ùîá âèêîíóâàëàñü óìîâà (16) íåîá-
õiäíî i äîñòàòíüî, ùîá âèêîíóâàëàñü óìîâà (20), äå a∗k � êîåôiöi¹íòè ìàæîðàíòè

Íüþòîíà ôóíêöi¨ F .
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ÂËÀÑÒÈÂÎÑÒI ÐÎÇÂ'ßÇÊIÂ ÐIÂÍßÍÍß ËÅÆÀÍÄÐÀ

Þðié ÒÐÓÕÀÍ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Iâàíà Ôðàíêà

âóë. Óíiâåðñèòåòñüêà, 1, 79000, Ëüâiâ

e-mail: yurkotrukhan@gmail.com

Äîñëiäæåíî âëàñòèâîñòi ðîçâ'ÿçêiâ ðiâíÿííÿ Ëåæàíäðà (1 − z2)w′′ −
−2zw′ + λw = 0 ïðè λ 6= n(n+ 1), n ∈ Z òà ôóíêöié ïîâ'ÿçàíèõ iç íèìè, à
ñàìå îáìåæåíiñòü l-iíäåêñó, áëèçüêiñòü äî îïóêëîñòi òà ìîæëèâå çðîñòàííÿ.

Êëþ÷îâi ñëîâà: àíàëiòè÷íà ôóíêöiÿ, îáìåæåíiñòü l-iíäåêñó, ðiâíÿí-
íÿ Ëåæàíäðà, ôóíêöiÿ Ëåæàíäðà ïåðøîãî ðîäó, áëèçüêiñòü äî îïóêëîñòi,
çðîñòàííÿ.

1. Âñòóï. Àíàëiòè÷íà îäíîëèñòà â êðóçi D = {z : |z| < 1} ôóíêöiÿ

(1) f(z) =

+∞∑
k=0

akz
k

íàçèâà¹òüñÿ îïóêëîþ, ÿêùî f(D) � îïóêëà îáëàñòü. Íåîáõiäíîþ i äîñòàòíüîþ óìîâîþ
[1, ñ.203] äëÿ îïóêëîñòi f ¹ óìîâà Re {1 + zf ′′(z)/f ′(z)} > 0 (z ∈ D). Ôóíêöiÿ f
íàçèâà¹òüñÿ [1, ñ.583] áëèçüêîþ äî îïóêëî¨ â D, ÿêùî iñíó¹ îïóêëà â D ôóíêöiÿ Φ
òàêà, ùî Re (f ′(z)/Φ′(z)) > 0 (z ∈ D). Áëèçüêà äî îïóêëî¨ ôóíêöiÿ f õàðàêòåðè-
çó¹òüñÿ òèì, ùî çîâíiøíiñòü G îáëàñòi f(D) çàïîâíþ¹òüñÿ ïðîìåíÿìè, ÿêà âèõîäÿòü
ç ∂G i öiëêîì ëåæàòü â G. Êîæíà áëèçüêà äî îïóêëî¨ ôóíêöiÿ ¹ îäíîëèñòîþ â D,
òîìó a1 6= 0.

Íåõàé D � äîâiëüíà êîìïëåêñíà îáëàñòü, à ôóíêöiÿ l(z) � äîäàòíà òà íåïå-
ðåðâíà â D òàêà, ùî äëÿ âñiõ z ∈ D

(2) l(z) > β/dist{z, ∂D}, β = const > 1.

Àíàëiòè÷íà â D ôóíêöiÿ f íàçèâà¹òüñÿ ôóíêöi¹þ îáìåæåíîãî l-iíäåêñó â D [2, ñ. 7],
ÿêùî iñíó¹ N ∈ Z+ òàêå, ùî äëÿ âñiõ n ∈ Z+ i z ∈ D

|f (n)(z)|
n!ln(z)

≤ max

{
|f (k)(z)|
k!lk(z)

: 0 6 k 6 N

}
.

Íàéìåíøå ç òàêèõ ÷èñåë N íàçèâà¹òüñÿ l-iíäåêñîì i ïîçíà÷à¹òüñÿ N(f, l; D).

2010 Mathematics Subject Classi�cation: 30D15, 34M05

c© Òðóõàí Þ., 2017
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Ðiâíÿííÿì Ëåæàíäðà íàçèâà¹òüñÿ [3, ñ. 214] äèôåðåíöiàëüíå ðiâíÿííÿ

(3) (1− z2)w′′ − 2zw′ + λw = 0, λ ∈ C.
Ïðè λ = n(n + 1), n ∈ Z, ðîçâ'ÿçêîì öüîãî ðiâíÿííÿ ¹ ïîëiíîì, òîìó íàäàëi îáìå-
æèìîñÿ ðîçãëÿäîì âèïàäêó λ 6= n(n + 1), n ∈ Z, êîëè óñi íåòðèâiàëüíi àíàëiòè÷íi â
îêîëi íóëÿ ðîçâ'ÿçêè ¹ òðàíñöåíäåíòíèìè ôóíêöiÿìè.

Çíàéäåìî ðîçâ'ÿçîê ðiâíÿííÿ (3) ó âèãëÿäi (1). Îñêiëüêè

(1− z2)

∞∑
n=2

ann(n− 1)zn−2 − 2z

∞∑
n=1

annz
n−1 + λ

∞∑
n=0

anz
n = 0,

òî
∞∑
n=0

an+2(n+ 2)(n+ 1)zn −
∞∑
n=2

ann(n− 1)zn − 2

∞∑
n=1

annz
n + λ

∞∑
n=0

anz
n = 0.

Çâiäêè 2a2 + λa0 = 0, 6a3 + (λ− 2)a1 = 0 i (n+ 2)(n+ 1)an+2 − n(n+ 1)an + λan = 0.
Òîáòî,

(4) an+2 =
n(n+ 1)− λ

(n+ 2)(n+ 1)
an, n ∈ Z+.

Áà÷èìî, ùî êîåôiöi¹íòè ç ïàðíèìè íîìåðàìè íå çàëåæàòü âiä êîåôiöi¹íòiâ iç íåïàð-
íèìè íîìåðàìè. Òîìó ðîçâ'ÿçîê ðiâíÿííÿ (3) ìîæíà çàïèñàòè ó âèãëÿäi

w(z) = C1U(z2) + C2zV (z2).

Çíàéäåìî ðåêóðåíòíi ôîðìóëè äëÿ çíàõîäæåííÿ êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçâèíåí-

íÿ ôóíêöi¨ U(z) =
∞∑
n=0

unz
n. ßêùî ó (4) ïiäñòàâèìî n = 2k − 2, òî îòðèìà¹ìî a2k =

= a2(k−1)((2k − 2)(2k − 1)− λ)/(2k(2k − 1)), à îòæå,

(5) uk =
(2k − 2)(2k − 1)− λ

2k(2k − 1)
uk−1, k ∈ N.

Çàóâàæèìî, ÿêùî u0 = 0, òî U(z) ≡ 0. Ïîäiáíî, äëÿ êîåôiöi¹íòiâ ôóíêöi¨ V (z) =

=
∞∑
n=0

vnz
n, ïiäñòàâëÿþ÷è â (4) n = 2k − 1, ìàòèìåìî

(6) vk =
2k(2k − 1)− λ

2k(2k + 1)
vk−1, k ∈ N.

Çðîçóìiëî, ÿêùî v0 = 0, òî V (z) ≡ 0.
Ëåãêî áà÷èòè, ùî ôóíêöi¨ U(z) i V (z) � àíàëiòè÷íi â D.
2. Ãåîìåòðè÷íi âëàñòèâîñòi. Äëÿ äîñëiäæåííÿ áëèçüêîñòi äî îïóêëîñòi ôóíê-

öié U(z) òà V (z) ñêîðèñòà¹ìîñÿ òàêîþ ëåìîþ [4] (êðèòåðié Àëåêñàíäåðà).

Ëåìà 1. ßêùî a1 > 2a2 > . . . > (n − 1)an−1 > nan > · · · > 0, òî ôóíêöiÿ (1) ¹
áëèçüêîþ äî îïóêëî¨ â D.

ßêùî ïðèéìåìî u0 = −2/λ, òî ç (5) îòðèìà¹ìî, ùî u1 = 1 > 0. Îñêiëüêè äëÿ

n ≥ 2 ìà¹ìî
nun

(n− 1)un−1
= 1 − λ

(2n− 1)(2n− 2)
, òî (n − 1)un−1 > nun > 0 äëÿ âñiõ

n ≥ 2 çà óìîâè 0 6 λ < 6.
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Ïîäiáíî, ïðèéìàþ÷è v0 = 6/(2− λ) iç (6) îòðèìà¹ìî, ùî v1 = 1 > 0 i äëÿ n ≥ 2

âèêîíó¹òüñÿ
nvn

(n− 1)vn−1
= 1 − λ− 2

(2n+ 1)(2n− 2)
. Òîìó (n − 1)vn−1 > nvn > 0 çà

óìîâè, ùî 0 6
λ− 2

(2n+ 1)(2n− 2)
< 1 äëÿ âñiõ n ≥ 2. Òîáòî, 2 6 λ < 12.

Îòæå, ïðàâèëüíèì ¹ òàêå çàóâàæåííÿ.

Çàóâàæåííÿ 1. ßêùî 0 < λ < 6, òî U(z) � áëèçüêà äî îïóêëî¨ â D, à ÿêùî 2 < λ < 12,
òî V (z) � áëèçüêà äî îïóêëî¨ â D.

3. Çðîñòàííÿ. Îñêiëüêè ç (5) âèïëèâà¹, ùî un = u0
n∏
k=1

(2k − 2)(2k − 1)− λ
2k(2k − 1)

, à

(2k − 2)(2k − 1)− λ
2k(2k − 1)

= 1− 1

k
− λ

2k(2k − 1)
, òî

ln |un| =
n∑
k=1

ln

∣∣∣∣1− 1

k
− λ

2k(2k − 1)

∣∣∣∣+ ln |u0| = ln
1

n
+O(1), n→∞.

Òîìó iñíóþòü ñòàëi 0 < h 6 H < +∞ òàêi, ùî
h

n
6 |un| 6

H

n
, n ≥ 1. Òîìó

MU (r) � ln
1

1− r
, r ↑ 1, äå MU (r) = max{|U(z)| : |z| = r}. Âèêîðèñòîâóþ÷è (6) i

ðiâíiñòü
2k(2k − 1)− λ

2k(2k + 1)
= 1− 1

k
− λ− 2

2k(2k − 1)
, îòðèìó¹ìî MV (r) � ln

1

1− r
, r ↑ 1. À

îòæå, ïðàâèëüíèì ¹ òàêå çàóâàæåííÿ.

Çàóâàæåííÿ 2. MU (r) � ln
1

1− r
òà MV (r) � ln

1

1− r
ïðè r ↑ 1.

4. Îáìåæåíiñòü l-iíäåêñó. Äîñëiäèìî îáìåæåíiñòü l-iíäåêñó â D äîâiëüíîãî
ðîçâ'ÿçêó w = L(z) = C1U(z2) + C2zV (z2) ðiâíÿííÿ (3).

Çàóâàæåííÿ 3. ßêùî N(f, l∗) ≤ N i l∗(r) ≤ l∗(r), òî íåâàæêî äîâåñòè [2, ñ.23], ùî
N(f, l∗) ≤ N .

Òîìó, âðàõîâóþ÷è (2), ôóíêöiþ l(|z|) øóêàòèìåìî ó âèãëÿäi l(r) = β/(1− r), äå
β > 1 � ÿêîìîãà ìåíøå ÷èñëî.

Ïðîäèôåðåíöiþ¹ìî ðiâíÿííÿ (3) n > 0 ðàç. Îòðèìà¹ìî

(7) (1− z2)w(n+2) − 2z(n+ 1)w(n+1) + (λ− n(n+ 1))w(n) = 0.

Çâiäêè w(n+2) =
2z

1− z2
(n+ 1)w(n+1)− λ− n(n+ 1)

1− z2
w(n). Òîìó ïðè l(|z|) = β/(1−|z|)

i äëÿ âñiõ n > 0

|w(n+2)(z)|
(n+ 2)!ln+2(|z|)

≤

≤ 2|z|
|1− z2|l(|z|)

n+ 1

n+ 2

|w(n+1)(z)|
(n+ 1)!ln+1(|z|)

+
|λ|+ n(n+ 1)

|1− z2|
1

(n+ 2)(n+ 1)l2(|z|)
|w(n)(z)|
n!ln(|z|)

≤
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≤ 1

(1− |z|)l(|z|)
n+ 1

n+ 2

|w(n+1)(z)|
(n+ 1)!ln+1(|z|)

+
|λ|+ n(n+ 1)

(1− |z|)(1 + |z|)
1

(n+ 2)(n+ 1)l2(|z|)
|w(n)(z)|
n!ln(|z|)

≤ n+ 1

β(n+ 2)

|w(n+1)(z)|
(n+ 1)!ln+1(|z|)

+
(|λ|+ n(n+ 1))(1− |z|)/(1 + |z|)

β2(n+ 2)(n+ 1)

|w(n)(z)|
n!ln(|z|)

≤

≤ n+ 1

β(n+ 2)

|w(n+1)(z)|
(n+ 1)!ln+1(|z|)

+
|λ|+ n(n+ 1)

β2(n+ 2)(n+ 1)

|w(n)(z)|
n!ln(|z|)

≤

≤ max

{
|w(n+1)(z)|

(n+ 1)!ln+1(|z|)
,
|w(n)(z)|
n!ln(|z|)

}
,(8)

ÿêùî äëÿ âñiõ n > 0

(9)
n+ 1

β(n+ 2)
+

n/β

β(n+ 2)
+

|λ|
β2(n+ 2)(n+ 1)

6 1.

Iç (8) âèïëèâà¹, ùî äëÿ âñiõ n > 0 âèêîíó¹òüñÿ
|w(n)(z)|
n!ln(|z|)

≤ max

{
|w′(z)|
1!l(|z|)

, |w(z)|
}
, à

îòæå, N(L, l) 6 1.

Çíàéäåìî, äëÿ ÿêèõ β âèêîíó¹òüñÿ íåðiâíiñòü (9). Ïðè n→∞ ìà¹ìî
1

β
+

1

β2
6 1,

òîáòî β >
1 +
√

5

2
. Äàëi øóêàòèìåìî β ó âèãëÿäi β = max

{
1 +
√

5

2
,

√
|λ|
x

}
, äå

x > 0. Òîäi (9) âèêîíó¹òüñÿ, ÿêùî äëÿ âñiõ n > 0 âèêîíó¹òüñÿ
n+ 1

β(n+ 2)
+

n/β

β(n+ 2)
+

+
βx/(n+ 1)

β(n+ 2)
6 1. Îñòàííÿ íåðiâíiñòü åêâiâàëåíòíà íåðiâíîñòi

(10)
βx

n+ 1
6 (β − 1− 1

β
)n+ 2β − 1.

Îñêiëüêè ïðè β >
1 +
√

5

2
ïðàâà ÷àñòèíà íåðiâíîñòi (10) çðîñòà¹ çà çìiííîþ n, à ëiâà

ñïàäà¹, òî (10) âèêîíó¹òüñÿ äëÿ âñiõ n > 0, ÿêùî âîíà âèêîíó¹òüñÿ ïðè n = 0, òîáòî

ïðè x 6 2 − 1

β
. Îñêiëüêè 2 − 1

β
> 2 − 2

1 +
√

5
=

2
√

5

1 +
√

5
, òî ïîêëàäåìî x =

2
√

5

1 +
√

5
.

Îòðèìó¹ìî òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 1. Äëÿ äîâiëüíîãî ðîçâ'ÿçêó w = L(z) ðiâíÿííÿ (3) âèêîíó¹òüñÿ

N(L, l;D) 6 1 ç l(r) =
β

1− r
, äå β = max

{
1 +
√

5

2
,

√
|λ|5 +

√
5

10

}
.

Äîñëiäèìî òåïåð îáìåæåíiñòü l-iíäåêñó â D ïîõiäíèõ äîâiëüíîãî ïîðÿäêó
ðîçâ'ÿçêó w = L(z) ðiâíÿííÿ (3). Iç (7) âèïëèâà¹, ùî äëÿ äîâiëüíîãî k ∈ N i äëÿ âñiõ
n > 0

(1− z2)w(k+n+2) − 2z(k + n+ 1)w(k+n+1) + (λ− (k + n)(k + n+ 1))w(k+n) = 0.

Òîáòî, G(z) = L(k)(z) çàäîâîëüíÿ¹ ðiâíÿííÿ

(1− z2)G(n+2) − 2z(k + n+ 1)G(n+1) + (λ− (k + n)(k + n+ 1))G(n) = 0.
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Òîìó ïðè l(|z|) = β/(1− |z|), k ∈ N i äëÿ âñiõ n > 0

|G(n+2)(z)|
(n+ 2)!ln+2(|z|)

≤ k + n+ 1

β(n+ 2)

|G(n+1)(z)|
(n+ 1)!ln+1(|z|)

+
|λ|+ (k + n)(k + n+ 1)

β2(n+ 2)(n+ 1)

|G(n)(z)|
n!ln(|z|)

≤

≤ max

{
|G(n+1)(z)|

(n+ 1)!ln+1(|z|)
,
|G(n)(z)|
n!ln(|z|)

}
,(11)

ÿêùî äëÿ âñiõ n > 0

(12)
k + n+ 1

β(n+ 2)
+

(k + n)(k + n+ 1)

β2(n+ 2)(n+ 1)
+

|λ|
β2(n+ 2)(n+ 1)

6 1.

Íåõàé β = max
{

(k + 1)(1 +
√

5)/2,
√
|λ|
}
. Òîäi

(13)
|λ|

β2(n+ 2)(n+ 1)
6

1

2

äëÿ âñiõ n > 0. Ç íåðiâíîñòåé 2(k + n+ 1) 6 (k + 1)(n+ 2) òà k + n 6 (k + 1)(n+ 1)
ïðàâèëüíèõ ïðè óñiõ k ∈ N òà n > 0 âèïëèâà¹, ùî

(14)
k + n+ 1

β(n+ 2)
6
k + 1

2β
6

1

1 +
√

5
òà

(15)
(k + n)(k + n+ 1)

β2(n+ 2)(n+ 1)
6

(k + 1)2

2β2
6

2

(1 +
√

5)2
.

Îñêiëüêè ñóìà ïðàâèõ ÷àñòèí íåðiâíîñòåé (13), (14) òà (15) äîðiâíþ¹ 1, òî ç íèõ
âèïëèâà¹ íåðiâíiñòü (12), à îòæå, i (11). Òîìó ïðàâèëüíèì ¹ òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 2. Äëÿ äîâiëüíîãî ðîçâ'ÿçêó w = L(z) ðiâíÿííÿ (3) i äëÿ âñiõ k ∈ N

âèêîíó¹òüñÿ N(L(k), l;D) 6 1 ç l(r) =
βk

1− r
, äå βk = max

{
(k + 1)(1 +

√
5)/2,

√
|λ|
}
.

5. Çàãàëüíà òåîðåìà. Iç òâåðäæåíü 1�2 òà çàóâàæåíü âèïëèâà¹ òàêà òåîðåìà.

Òåîðåìà 1. ßêùî λ 6= n(n + 1), n ∈ Z, òî äîâiëüíèé àíàëiòè÷íèé â D ðîçâ'ÿçîê

ðiâíÿííÿ (3) ìîæíà çàïèñàòè ó âèãëÿäi L(z) = C1U(z2) +C2zV (z2) i N(L, l;D) 6 1

ç l(r) =
β

1− r
, äå β = max

{
1 +
√

5

2
,

√
|λ|5 +

√
5

10

}
. Òàêîæ äëÿ âñiõ k ∈ N âèêîíó¹-

òüñÿ N(L(k), l;D) 6 1 ç l(r) =
βk

1− r
, äå βk = max

{
(k + 1)(1 +

√
5)/2,

√
|λ|
}
. ßêùî

0 < λ < 6, òî U(z) � áëèçüêà äî îïóêëî¨ â D, à ÿêùî 2 < λ < 12, òî V (z) � áëèçüêà

äî îïóêëî¨ â D. Äëÿ ôóíêöié U(z) òà V (z) âèêîíóþòüñÿ àñèìïòîòè÷íi ðiâíîñòi

MU (r) � ln
1

1− r
òà MV (r) � ln

1

1− r
ïðè r ↑ 1, äå Mf (r) = max{|f(z)| : |z| = r}.

6. Îáìåæåíiñòü l-iíäåêñó ôóíêöi¨ Ëåæàíäðà ïåðøîãî ðîäó. Íåõàé òåïåð
λ = ν(ν + 1), ν ∈ C. Íàéøèðøå çàñòîñóâàííÿ ìà¹ ÷àñòêîâèé ðîçâ'ÿçîê ðiâíÿííÿ
Ëåæàíäðà, ùî ïîçíà÷à¹òüñÿ Pν(z) i íàçèâà¹òüñÿ ôóíêöi¹þ Ëåæàíäðà ïåðøîãî ðîäó.
Âiäîìî [3, ñ.220], ùî Pν(z) = F (ν + 1,−ν, 1; 1−z

2 ), äå F (α, β, γ; z) � ãiïåðãåîìåòðè÷íà
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ôóíêöiÿ, àíàëiòè÷íà â D. À îòæå, Pν(z) çàäà¹ àíàëiòè÷íó â D = {z : |z − 1| < 2}
ôóíêöiþ. Äîñëiäèìî îáìåæåíiñòü l-iíäåêñó öi¹¨ ôóíêöi¨ â D.

Çàóâàæåííÿ 4. ßêùî N(f, l; G) = N , à f1(z) = f( z−z0a ), òî N(f1, l1; G1) = N , äå

l1(z) = 1
|a| l(

z−z0
a ), G1 = z0 + aG = {z0 + az : z ∈ G}.

Çâàæàþ÷è íà çàóâàæåííÿ, äîñëiäèìî ñïåðøó îáìåæåíiñòü l-iíäåêñó ôóíêöi¨
F (z) = F (ν+1,−ν, 1; z) â D. Íàâåäåìî ìiðêóâàííÿ áëèçüêi äî ìiðêóâàíü iç [5], äå äî-
ñëiäæåíî îáìåæåíiñòü l-iíäåêñó ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨ ïðè äîäàòíèõ çíà÷åííÿõ
ïàðàìåòðiâ α, β, γ.

Äëÿ äîñëiäæåííÿ l-iíäåêñó â îêîëi íóëÿ íàì ïîòðiáíà òàêà ëåìà, ùî ¹ áåçïîñå-
ðåäíiì íàñëiäêîì ëåìè ç [6].

Ëåìà 2. ßêùî ôóíêöiÿ (1) àíàëiòè÷íà â DR = {z : |z| ≤ R}, a0 = 1 i

(16)

∞∑
n=1

|an|Rn ≤ a(R) < 1,

òî N(f, l; DR) = 0 ç l(|z|) =
1 + a(R)

(1− a(R))(R− |z|)
.

ßêùî z ∈ DξR, 0 < ξ < 1, òî R − |z| ≥ (1 − ξ)R i ç ëåìè 2 òà çàóâàæåííÿ 3

âèïëèâà¹, ùî N(f, l; DξR) = 0 ç l(|z|) ≡ 1 + a(R)

(1− ξ)R(1− a(R))
. Òîìó ïðàâèëüíà òàêà

ëåìà.

Ëåìà 3. ßêùî ôóíêöiÿ (1) àíàëiòè÷íà â D i a0 = 1, òî äëÿ âñiõ ξ ∈ (0, 1) i R ∈ (0, 1)

çà óìîâè (16) ïðàâèëüíà ðiâíiñòü N(f, l; DξR) = 0 ç l(|z|) ≡ 1 + a(R)

(1− ξ)R(1− a(R))
.

Iç ñòåïåíåâîãî ðîçâèíåííÿ ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨ [3, ñ. 48] îòðèìó¹ìî

F (z) = 1 +

∞∑
k=1

Akz
k = 1 +

∞∑
k=1

k−1∏
j=0

(j − ν)(j + ν + 1)

(j + 1)2

 zk.

Îñêiëüêè ïðè |λ| ≤ 1 ìà¹ìî
∣∣∣ (k−ν)(k+ν+1)

(k+1)2

∣∣∣ =
∣∣∣k2+k−λ(k+1)2

∣∣∣ ≤ 1, òî |Ak| ≤ 1 äëÿ âñiõ k ∈ N.

Òîìó, ïðè R = 1/4 îäåðæó¹ìî
∞∑
n=1
|An|Rn ≤ 1

3 = a(R). Ïðèéíÿâøè ξ = 2/5 â ëåìi 3

îòðèìà¹ìî N(F, 40/3;D1/10) = 0. Ïðè |λ| > 1 ìàòèìåìî
∣∣∣ (k−ν)(k+ν+1)

(k+1)2

∣∣∣ ≤ |λ|, à òîìó

|Ak| ≤ |λ|k äëÿ âñiõ k ∈ N. Ïðè R = 1/4|λ| îäåðæó¹ìî
∞∑
n=1
|An|Rn ≤ 1

3 = a(R). À

îòæå, ïðè ξ = 2/5 ç ëåìè 3 îäåðæó¹ìî N(F, 40|λ|/3;D1/10|λ|) = 0. Òîáòî, ïðàâèëüíèì
¹ òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 3. ßêùî |λ| ≤ 1, òî N(F, 40/3;D1/10) = 0, à ÿêùî |λ| > 1, òî

N(F, 40|λ|/3;D1/10|λ|) = 0.

Äëÿ äîñëiäæåííÿ îáìåæåíîñòi l-iíäåêñó íà ðåøòi îäèíè÷íîãî êðóãó âèêîðèñòà-
¹ìî òàêèé ôàêò, ùî ãiïåðãåîìåòðè÷íà ôóíêöiÿ F (z) çàäîâîëüíÿ¹ ãiïåðãåîìåòðè÷íå
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ðiâíÿííÿ Ãàóñà [3, ñ. 45]

z(z − 1)w′′ + (2z − 1)w′ − λw = 0.

Ïðîäèôåðåíöiþ¹ìî éîãî n ≥ 0 ðàçiâ i îòðèìà¹ìî

(17) z(z − 1)w(n+2) + (2z − 1)(n+ 1)w(n+1) + (n(n+ 1)− λ)w(n) = 0.

Çâiäñè, äëÿ |λ| ≤ 1 ïðè 1
10 ≤ |z| < 1 i l(z) = 40/3

1−|z| ìàòèìåìî äëÿ âñiõ n > 0

|F (n+2)(z)|
(n+ 2)!ln+2(z)

≤

≤ 2|z|+ 1

|z||z − 1|
3(1− |z|)

40

n+ 1

n+ 2

|F (n+1)(z)|
(n+ 1)!ln+1(z)

+
9(1− |z|)2

1600|z||z − 1|
n(n+ 1) + |λ|
(n+ 2)(n+ 1)

|F (n)(z)|
n!ln(z)

≤

≤ 2|z|+ 1

|z|
3

40

|F (n+1)(z)|
(n+ 1)!ln+1(z)

+
1− |z|
|z|

9

1600

|F (n)(z)|
n!ln(z)

≤

≤ 9

10

|F (n+1)(z)|
(n+ 1)!ln+1(z)

+
81

1600

|F (n)(z)|
n!ln(z)

≤ max

{
|F (n+1)(z)|

(n+ 1)!ln+1(z)
,
|F (n)(z)|
n!ln(z)

}
.

Çâiäñè ëåãêî âèïëèâà¹, ùî äëÿ âñiõ n > 0 âèêîíó¹òüñÿ

|F (n)(z)|
n!ln(z)

≤ max

{
|F ′(z)|
1!l(z)

, |F (z)|
}
,

à îòæå, N(F, l;D \ D1/10) 6 1. Òîìó ïðàâèëüíå òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 4. ßêùî |λ| ≤ 1, òî N(F, 40/3
1−|z| ;D \ D1/10) ≤ 1.

Äëÿ |λ| > 1 ïðè 1
10|λ| ≤ |z| < 1 i l(z) = 40|λ|/3

1−|z| ç (17) îäåðæó¹ìî

|F (n+2)(z)|
(n+ 2)!ln+2(z)

≤
(

2 +
1

|z|

)
3

40|λ|
n+ 1

n+ 2

|F (n+1)(z)|
(n+ 1)!ln+1(z)

+

+

(
1

|z|
− 1

)
9

1600|λ|

(
n

|λ|(n+ 2)
+

1

(n+ 2)(n+ 1)

)
|F (n)(z)|
n!ln(z)

≤

≤
(

15|λ|+ 3

20|λ|
+

9

160

(
1

|λ|
+

1

2

))
max

{
|F (n+1)(z)|

(n+ 1)!ln+1(z)
,
|F (n)(z)|
n!ln(z)

}
≤

≤ max

{
|F (n+1)(z)|

(n+ 1)!ln+1(z)
,
|F (n)(z)|
n!ln(z)

}
äëÿ âñiõ n > 0. Òîìó ïðàâèëüíå òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 5. ßêùî |λ| > 1, òî N(F, 40λ/31−|z| ;D \ D1/10|λ|) ≤ 1.

Iç òâåðäæåíü 3-5 òà çàóâàæåííÿ 3 ëåãêî îòðèìó¹ìî òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 6. Äëÿ F (z) = F (ν + 1,−ν, 1; z) âèêîíó¹òüñÿ N(F, l;D) ≤ 1 ç

l(z) = β
1−|z| , äå β = 40

3 max{1, |ν(ν + 1)|}.

Âðàõîâóþ÷è çàóâàæåííÿ 4 iç òâåðäæåííÿ 6 îòðèìó¹ìî òàêó òåîðåìó.
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Òåîðåìà 2. Ôóíêöiÿ Ëåæàíäðà ïåðøîãî ðîäó Pν(z) ¹ îáìåæåíîãî l-iíäåêñó â D =

= {z : |z − 1| < 2} ç l(z) =
β

2− |z − 1|
, äå β = 40

3 max{1, |ν(ν + 1)|}, à âåëè÷èíà

l-iíäåêñó íå ïåðåâèùó¹ 1.

Çàóâàæèìî, ùî óìîâà (2) äëÿ êðóãà ç òåîðåìè íàáóâà¹ âèãëÿäó

l(z) >
β

2− |z − 1|
, β > 1.
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We investigate growth, closeness to convexity and boundedness of l-index
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λ 6= n(n + 1), n ∈ Z, and of some functions related to these solutions are
investigated.
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We describe asymptotic behavior of nonpositive M-subharmonic functions
in the unit ball in terms of smoothness properties of the measure which is
determined by the Riesz measure and boundary values on the unit sphere.
We generalize recent results of the second author using more general growth
(decrease) scale.

Key words: M-subharmonic function, Green potential, unit ball, Riesz
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Let us introduce de�nitions and notations which will be used in this paper. Let
Cn, n ∈ N denote the n-dimensional complex space with the inner product 〈z, w〉 =∑n
j=1 zjwj , and the corresponding norm |z| =

√
〈z, z〉, z, w ∈ Cn. We denote by B the

unit ball {z ∈ Cn : |z| < 1} with the boundary S = {z ∈ Cn : |z| = 1}.
Let u be a measurable function locally integrable on B. For 0 < p <∞ we de�ne

mp(r, u) =

(∫
S

|u(rξ)|p dσ(ξ)

) 1
p

, 0 < r < 1,

where dσ is the Lebesgue measure on the unit sphere S normalized so that σ(S) = 1.
We are interested in description of asymptotic behavior of mp(r, u), where u belongs

to a class of subharmonic functions in B. Such problems were considered in [4], [5], [8],
[1], [2], [10]. The aim of this paper is to generalize results [10] in two directions. We start
with de�nition ofM-subharmonic functions which are the main object of our research.

For z, w ∈ B, de�ne the involutive automorphism ϕw of the unit ball B given by

ϕw(z) =
w − Pwz − (1− |w|2)1/2Qwz

1− 〈z, w〉

where P0z = 0, Pwz = 〈z,w〉
|w|2 w, w 6= 0, is the orthogonal projection of Cn onto the

subspace generated by w and Qw = I − Pw ([6, 7]).

2010 Mathematics Subject Classi�cation: 31B25; 31C05

c© Chyzhykov I., Voitovych M., 2017
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The invariant Laplacian ∆̃ on B is de�ned by

∆̃f(a) = ∆(f ◦ ϕa)(0),

where f ∈ C2(B), ∆ is the ordinary Laplacian. We note that u ∈ C2 is an M-subhar-

monic function if and only if (∆̃u)(a) > 0 for all a ∈ B.
The Green function for the invariant Laplacian ([3], [9], [7, Chap. 6.2]) is de�ned by

G(z, w) = g(ϕw(z)), where g(z) = n+1
2n

∫ 1

|z|(1− t
2)n−1t−2n+1dt.

If µ is a nonnegative Borel measure on B, the function Gµ de�ned by

Gµ(z) =

∫
B

G(z, w)dµ(w)

is called the (invariant) Green potential of µ, provided Gµ 6≡ +∞. It is known that ([7,
Chap. 6.4]) the last condition is equivalent to

(1)

∫
B

(1− |w|2)ndµ(w) <∞.

An upper semicontinuous function u : B → [−∞,∞), with u 6≡ −∞, is M-
subharmonic on B if

(2) u(a) 6
∫
S

u(ϕa(rξ))dσ(ξ)

for all a ∈ B and all r su�ciently small. A continuous function u for which the equality
holds in (2) is said to beM-harmonic on B.

Let C2
0 (B) denote the class of twice continuously di�erentiable functions with

compact support in B. For theM-subharmonic functions the following theorem holds.

Theorem A ([7]). If u is M-subharmonic on B, then there exists a unique Borel
measure µu on B such that

(3)

∫
B

ψdµu =

∫
B

u∆̃ψdτ

for all ψ ∈ C2
0 (B), where dτ(z) = dA(z)

(1−|z|2)n+1 is the invariant volume measure on B, A

is the volume measure, i.e. dµu = ∆̃udτ in the sense of distributions.

If u is M-subharmonic on B, the unique Borel measure µu satisfying (3) is called
the Riesz measure of u.

For z ∈ B, ξ ∈ S

(4) P(z, ξ) =

{
1− |z|2

|1− 〈z, ξ〉|2

}n
, P[µ](z) =

∫
S

P(z, ξ)dµ(ξ)

are called the Poisson kernel of B and the Poisson integral, respectively, where µ is a
complex Borel measure on S.

An M-subharmonic function u on B has an M-harmonic majorant on B if there
exists anM-harmonic function h on B such that u(z) 6 h(z) for all z ∈ B. Furthermore,
if there exists an M-harmonic function H satisfying u(z) 6 H(z), for all z ∈ B, and
H(z) 6 h(z) for anyM-harmonic majorant h of u, thenH is called the leastM-harmonic
majorant of u, and will be denoted by Hu.
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Theorem B (Riesz Decomposition Theorem, [9, Th.2.16]). Suppose that u 6≡ −∞
isM-subharmonic on B and has anM-harmonic majorant on B. Then

(5) u(z) = Hu(z)−
∫
B

G(z, w)dµu(w),

where µu is the Riesz measure of u and Hu is the leastM-harmonic majorant u.

Note that, if u 6 0, u 6≡ −∞, is M-subharmonic on B, then v ≡ 0 is an M-
harmonic majorant. Therefore, for Hu in representation (5), we have Hu(z) 6 0, z ∈ B.
Since, every (nonnegative)M-harmonic function on B can be represented by the Poisson
integral ([7, Prop. 5.10]), there exists a nonnegative Borel measure ν on S such that

(6) Hu(z) = −P[ν](z), z ∈ B.

De�ne for a, b ∈ B̄ the nonisotropic metric on S by d(a, b) = |1 − 〈a, b〉|1/2 ([6,
Chap. 5.1]). For ξ ∈ S and δ > 0 we set C(ξ, δ) = {z ∈ B : d(z, ξ) < δ1/2}.

Given anM-subharmonic function u, let us de�ne

(7) dλ(w) =
4n2

n+ 1
dν(w) + (1− |w|2)ndµu(w)

for w ∈ B̄, where ν is the nonnegative Borel measure on S de�ned by (6), µu is its Riesz
measure.

In [10] the second author described the growth of pth means, 1 < p < 2n−1
2(n−1) , of

nonpositive M-subharmonic functions in the unit ball in Cn in terms of smoothness
properties of the measure λ.

Theorem C. Let u be a nonpositive M-subharmonic function in B, u 6≡ −∞, 1 < p <
2n−1

2(n−1) , 0 6 γ < 2n, n ∈ N. Then

(8) mp (r, u) = O
(
(1− r)γ−n

)
, r ↑ 1

holds if and only if

(9)

(∫
S

λp (C(ξ, δ)) dσ(ξ)

) 1
p

= O (δγ) , 0 < δ < 1.

As a corollary we have got criteria of the growth of pth means, 1 < p < 2n−1
2(n−1) , of

the invariant Green potential in the unit ball in Cn in terms of smoothness properties of
the Riesz measure ([2]) that generalize a result of M. Stoll [8].

Note that in Theorem C the growth of M-subharmonic functions is described by
using power functions, and the case γ = 2n is not covered. An example from [1] shows
that (9) does not imply (8) in the case n = 1 and γ = 2 . More precisely, it is proved

that for the measure dµ(w) = dA(w)
1−|w| one has

(10) mp(r, u) = (1 + o(1))2π(1− r) log
1

1− r
, r ↑ 1,

while

(∫ 2π

0
λp(C(ϕ, δ)) dϕ

) 1
p

� δ2, δ → 0+.
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The purpose of this paper is to describe the asymptotic behavior of the pth means
ofM-subharmonic functions by using a wider class than that of power functions and to
investigate the case γ = 2n.

The following theorem is a generalization of Theorem C and the main result of this
paper.

Theorem 1. Let u be a nonpositive M-subharmonic function in B, n ∈ N, u 6≡ −∞,
1 6 p < 2n−1

2(n−1) . Let Φ: [0, 2]→ [0,∞) be a function such that for all t > 1 and 0 < tδ < 2

we have

(11) Φ(tδ) = O

(
t2n

ψ(log(e+ t))
Φ(δ)

)
for some positive increasing function ψ satisfying

∫∞
1

dt
ψ(t) <∞ and ψ(ct) � ψ(t), c > 1.

Then

(12) mp (r, u) = O

(
Φ(1− r)
(1− r)n

)
, r ↑ 1

holds if and only if

(13)

(∫
S

λp (C(ξ, δ)) dσ(ξ)

) 1
p

= O (Φ(δ)) , 0 < δ < 1.

Specifying ψ in Theorem 1 we can get the following corollary.

Corollary 1. Let u be a nonpositive M-subharmonic function in B, u 6≡ −∞, 1 ≤ p <
2n−1

2(n−1) . Let ε > 0, Φ: [0, 2]→ [0,∞) be an increasing function such that for all t > 1 and

0 < tδ 6 2 we have Φ(tδ) = O
(

t2n

log1+ε(e+t)
Φ(δ)

)
. Then

mp (r, u) = O

(
Φ(1− r)
(1− r)n

)
, r ↑ 1

holds if and only if (∫
S

λp (C(ξ, δ)) dσ(ξ)

) 1
p

= O (Φ(δ)) , 0 < δ < 1.

Example 1. The function Φ(t) = tα

logβ e
t

, t ∈ [0, 2], where α ∈ (0, 2n), β ∈ R satis�es

the assumptions of Theorem 1.

In fact, let �rstly, β 6 0, 0 < α < 2n. Since (log e
δ )β < (log e

tδ )β , t > 1 we get

Φ(tδ) =
tαδα

logβ e
tδ

6
c0t

2n

logk(e+ t)

δα

logβ e
δ

=
c0t

2n

logk(e+ t)
Φ(δ),

where k > 1, c0 = maxt>1
logk(1+t)
t2n−α .

Now, let β > 0, 0 < α < 2n. Since

(log e
δ )β

(log e
tδ )β

=
(

1 +
log t

log e
tδ

)β
≤
(

1 +
log t

log e
2

)β
, 0 < tδ 6 2
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we deduce

Φ(tδ) =
tαδα

logβ e
tδ

6
c̃0t

2n

logk(e+ t)
Φ(δ),

where k > 1, c̃0 = max
t>1

(1 + log t
log e

2
)β logk(e+ t)

t2n−α
. Thus, the function Φ(t) satis�es inequali-

ty (11) with ψ(x) = xk, k > 1.

One can check that the function Φ(t) = t2n

logβ e
t

, t ∈ (0, 2], Φ(0) = 0 does not satisfy

(11) for any β ∈ R. In this limit case we have the following statement.

Theorem 2. Let u be a nonpositive M-subharmonic function in B, n ∈ N, u 6≡ −∞,
1 ≤ p < 2n−1

2(n−1) . Let β > 1 and κ > 1. If

(14)

(∫
S

λp (C(ξ, δ)) dσ(ξ)

) 1
p

= O
(
δ2n logβ

e

δ

)
, 0 < δ < 2,

then

(15) mp (r, u) = O

(
(1− r)n logβ+κ e

1− r

)
, r ↑ 1.

Proof of Theorem 1. Su�ciency. Let us de�ne the kernel

K(z, w) =


G(z, w)

(1− |w|2)n
, if w ∈ B, z ∈ B;

n+ 1

4n2
P(z, ξ), if w ∈ S, z ∈ B.

The following properties of K(z, w) are described in [10] and will be used later.

Proposition A. For z, w = ρξ ∈ B̄ the following hold:

a) For w ∈ {w : |ϕw(z)| > 1
4} the inequality

(16) 0 6 K(z, w) 6 c
(1− |z|2)n

|1− 〈z, w〉|2n

holds for some c > 0.

b) lim
ρ→1−

G(z,ρξ)
(1−ρ2)n = n+1

4n2 P(z, ξ) uniformly in ξ ∈ S.
c)

(17) |K(z, w)| > n+ 1

4n2

(1− |z|2)n

|1− 〈z, w〉|2n
, z ∈ B, w ∈ B̄.

Denote

B∗
(
z,

1

4

)
=
{
w ∈ B : |ϕw(z)| < 1

4

}
.

Since representation forM-subharmonic functions (5) can be rewritten as

u(z) = −
∫
B̄

K(z, w)dλ(w),



ON DECREASE OF NONPOSITIVE M-SUBHARMONIC FUNCTIONS
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2017. Âèïóñê 83 95

let us estimate the absolute values of

u1(z) :=

∫
B∗(z, 14 )

K(z, w)dλ(w) and u2(z) :=

∫
B\B∗(z, 14 )

K(z, w)dλ(w).

We start with u1. In this case

dλ(w) = (1− |w|2)ndµu(w) and u1(z) =

∫
B∗(z, 14 )

G(z, w)dµu(w).

Thus we can use the same method of proof as that in the proof of Theorem 1.5 ([2]).
By de�nition

0 6 u1(z) =

∫
B∗(z, 14 )

G(z, w)dµ(w) =

∫
B∗(z, 14 )

g(ϕw(z))dµ(w).

Now we need the following lemma.

Lemma A ([7]). Let 0 < δ < 1
2 be �xed. Then g satis�es the following two inequalities:

g(z) >
n+ 1

4n2
(1− |z|2)n, z ∈ B,

(18) g(z) 6 c(δ)(1− |z|2)n, z ∈ B, |z| > δ,

where c(δ) is a positive constant. Furthermore, if n > 1 then

(19) g(z) � |z|−2n+2, |z| 6 δ.

By (19) we have g(z) 6 c|z|−2n+2 for |z| 6 1
4 and some positive constant c. Thus,

|u1(z)| 6 c
∫
B∗(z, 14 )

|ϕw(z)|−2n+2
dµ(w).

Denote z = rξ, where r = |z|, 1
2 < r < 1 and w = |w|η, ξ, η ∈ S. Let

K(z, σ1, σ2) = {w ∈ B : |r − |w|| 6 σ1, d(ξ, η) 6 σ2} .

The following inclusion is proved in [2]

(20) B∗
(
z,

1

4

)
⊂ K

(
z,

2

3
(1− r), 4

√
2(1− r) 1

2

)
.

We denote

K(z) := K

(
z,

2

3
(1− r), 4

√
2(1− r) 1

2

)
,

K̃(z) := K

(
z,

2

3
(1− r), 8

√
2(1− r) 1

2

)
.

In [2] it is proved that
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I1 :=

∫
S

|u1(rξ)|pdσ(ξ)

6 c1(1− r)n
∫

||w|−r|< 2
3 (1−r)

µp−1
(
K̃ (rη)

)
dµ(|w|η).

To obtain the �nal estimate of I1, for a �xed r ∈ ( 1
2 , 1), we de�ne the measure ν1

on the balls {D(η, t) : η ∈ S, t > 0} by

ν1(D(η, t)) = λ
({
ρζ ∈ B : |ρ− r| < 2

3
(1− r), d(ζ, η) < t

})
.

It can be expanded to the family of all Borel sets on B in the standard way. It is clear
that

ν1(D(η, t)) � (1− r)nµ
({
ρζ ∈ B : |ρ− r| < 2

3
(1− r), d(ζ, η) < t

})
.

Lemma B ([2]). Let ν be a �nite positive Borel measure on S, 0 < δ < 1
2 , and p ≥ 1.

Then ∫
S

νp−1(D(ξ, δ))dν(ξ) 6
Np

δ2n

∫
S

νp(D(ξ, δ)) dσ(ξ),

where N is a positive constant independent of p and δ.

By using Lemma B we get

I1 ≤
c2

(1− r)n(p−1)

∫
||w|−r|< 2

3 (1−r)

λp−1
(
K̃ (rη)

)
dλ(|w|η)

=
c2

(1− r)n(p−1)

∫
S

νp−1
1

(
D(η, 8

√
2(1− r) 1

2 )
)
dν1(η)

6
c2N

p

(128)n(1− r)np

∫
S

νp1

(
D(η, 8

√
2(1− r) 1

2 )
)
dσ(η)

=
c3(n, p)

(1− r)np

∫
S

λp
(
K̃(rη)

)
dσ(η).

Note that if ρζ ∈ K̃(rη) then

(21) |1− 〈ρζ, η〉| 6 |1− 〈ζ, η〉|+ (1− ρ) |〈ζ, η〉| 6 (4c24 + c5 + 1)(1− r).

Hence, by the assumption of the theorem

I1 6 c3(1− r)−np
∫
S

λp
(
C(η, (4c22 + c1 + 1)(1− r))

)
dσ(η)

6 c6(1− r)−npΦp((4c22 + c1 + 1)(1− r)).(22)

Since for all t > 1 and 0 < tδ < 2 the inequality Φ(tδ) ≤ t2n

ψ(log(e+t))Φ(δ) holds we get

I1 6 c6(1− r)−np (4c22 + c1 + 1)2np

ψp(log(4c22 + c1 + 2))
Φp(1− r) = c̃6

Φp(1− r)
(1− r)np
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where ψ is a positive increasing function satisfying
∫∞

1
dt
ψ(t) <∞.

(23)

∫
S

|u1(rξ)|pdσ(ξ) 6 c̃6

(
Φ(1− r)
(1− r)n

)p
.

Let us estimate

u2(z) = −
∫
B

K(z, w)dλ̃(w)

where dλ̃(w) = 4n2

n+1dν(w)+(1−|w|)nχB\B∗(z, 14 )(w)dµ(w), χE is the characteristic functi-

on of a set E. We may assume that |z| ≥ 1
2 .

We denote

Ek = Ek(z) =

{
w ∈ B :

∣∣∣∣1−〈 z

|z|
, w

〉∣∣∣∣ < 2k+1(1− |z|)
}
, k ∈ Z+.

One has that for w ∈ Ek+1 \ Ek, |1− 〈z, w〉| > 2k−1(1− |z|).
By (16) we get that

|u2(z)| 6 c
∫
B

(1− |z|2)n

|1− 〈z, w〉|2n
dλ̃(w) 6 c

∫
B

(1 + |w|)n(1− |z|2)n

|1− 〈z, w〉|2n
dλ̃(w).

Arguments from [2] give

|u2(z)| 6 4nc7
(1− |z|)n

[log2
1

1−r ]∑
k=1

λ̃ (Ek)

22n(k−2)
.

By H�older's inequality ( 1
p + 1

q = 1)

([log2
1

1−r ]∑
k=1

λ̃ (Ek)

22nk

)p
=

([log2
1

1−r ]∑
k=1

λ̃ (Ek) (ψ(k))
1
q

22nk(ψ(k))
1
q

)p

6

[log2
1

1−r ]∑
k=1

λ̃p (Ek) (ψ(k))
p
q

22npk

( ∞∑
k=1

1

ψ(k)

)p/q
≤ C

[log2
1

1−r ]∑
k=1

λ̃p (Ek) (ψ(k))p−1

22npk
.(24)

Therefore∫
S

|u2(rξ)|pdσ(ξ) 6
c8

(1− r)np

[log2
1

1−r ]∑
k=1

∫
S

λ̃p (Ek(rξ)) (ψ(k))p−1

22npk
dσ(ξ)

=
c8

(1− r)np

[log2
1

1−r ]∑
k=1

(ψ(k))p−1

22npk

∫
S

λ̃p
(
C
(
ξ, 2k+1(1− r)

))
dσ(ξ)

≤ c8
(1− r)np

[log2
1

1−r ]∑
k=1

(ψ(k))p−1

22npk
Φp(2k+1(1− r))

≤c8Φp(1− r)
(1− r)np

[log2
1

1−r ]∑
k=1

(
2(k+1)2n

ψ(log(e+ 2k+1))

)p
(ψ(k))p−1

22npk
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≤c8Φp(1− r)
(1− r)np

∞∑
k=1

ψp−1(k)

ψp(k log 2)
≤ c9Φp(1− r)

(1− r)np
∞∑
k=1

1

ψ(k)

≤c10Φp(1− r)
(1− r)np

.

Thus ∫
S

|u2(rξ)|pdσ(ξ) 6
c̃10(n, p, γ)Φp(1− r)

(1− r)np
.

The latter inequality together with (23) completes the proof of the su�ciency.
Necessity. By (17)

|u(z)| >
∫
B

K(z, w)dλ(w) >
n+ 1

4n2

∫
B

(1− |z|2)n

|1− 〈z, w〉|2n
dλ(w)

>
n+ 1

4n2

∫
C(ξ,1−r)

(1− |z|2)n

|1− 〈z, w〉|2n
dλ(w).

Further we argue as in the proof of Theorem 1.5 ([2]). Since, for w ∈ C(ξ, 1 − r),
|1− 〈z, w〉| 6 2(1− |z|), we have

|u(z)| > n+ 1

4n+1n2

λ(C(ξ, 1− r))
(1− r)n

.

From the assumption of the theorem it follows that(
n+ 1

22(n+1)n2

)p ∫
S

λp(C(ξ, 1− r))
(1− r)np

dσ(ξ) 6
∫
S

|u(rξ)|pdσ(ξ) 6 cp11

Φp(1− r)
(1− r)np

.

Thus ∫
S

λp(C(ξ, 1− r))dσ(ξ) 6 cp11Φp(1− r), 0 < r < 1.

�

Proof of Theorem 2. We choose ψ(x) = xκ . Repeating arguments from the proof of the

su�ciency of Theorem 1 with Φ(δ) = δ2n logβ e
δ we arrive to the estimate∫

S

|u2(rξ)|pdσ(ξ) 6
c8

(1− r)np

[log2
1

1−r ]∑
k=1

k(p−1)κ

22npk
(2k+1(1− r))2np logβp

e

2k+1(1− r)

= c84np(1− r)np logp(β+κ) e

1− r

[log2
1

1−r ]∑
k=1

k(p−1)κ
logβp e

2k+1(1−r)

(log e
2k+1(1−r) + log 2k+1)p(β+κ)

≤ c84np(1− r)np logp(β+κ) e

1− r

[log2
1

1−r ]∑
k=1

k(p−1)κ 1

(log e
2 + log 2k+1)pκ

≤ c12(1− r)np logp(β+κ) e

1− r

∞∑
k=1

1

kκ

≤ c13(1− r)np logp(β+κ) e

1− r
.

This yields (15). Theorem 2 is proved. �
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Îïèñàíî àñèìïòîòè÷íó ïîâåäiíêó íåäîäàòíèõ M-ñóáãàðìîíi÷íèõ ôóíê-
öié â îäèíè÷íié êóëi â òåðìiíàõ ãëàäêîñòi ìiðè, ÿêà âèçíà÷à¹òüñÿ ¨¨ ìiðîþ
Ðiññà òà ìåæîâèìè çíà÷åííÿìè íà îäèíè÷íié ñôåði. Óçàãàëüíåíî íåäàâíi
ðåçóëüòàòè äðóãîãî àâòîðà, âèêîðèñòîâóþ÷è çàãàëüíiøó øêàëó çðîñòàííÿ
(ñïàäàííÿ).
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BOUNDED L-INDEX IN JOINT VARIABLES AND ANALYTIC

SOLUTIONS OF SOME SYSTEMS OF PDE's IN BIDISC

Nataliia PETRECHKO

Ivan Franko National University of Lviv

1, Universitetska Str., 79000, Lviv, Ukraine

e-mail: petrechko.n@gmail.com

The linear higher-order systems of PDE's with analytic coe�cients in bidisc
are considered. We study boundedness of the L-index in joint variables of their
analytic solutions, where L(z1, z2) = (l1(z1, z2), l2(z1, z2)), lj : D2 → R+ is
continuous function, j ∈ {1, 2}, D2 = {(z1, z2) ∈ C2 : |z1| < 1, |z2| < 1}.
The main tool of investigations is known Hayman's theorem. Some analytic
solutions in bidisc for these system of PDE's are given.

Key words: analytic function, bidisc, bivariate function, bounded L-index
in joint variables, linear higher-order systems of PDE, analytic theory of PDE,
analytic solution, linear higher-order di�erential equation.

1. Introduction. Let L(z1, z2) = (l1(z1, z2), l2(z1, z2)) be a positive continuous
vector function in the unit bidisc D2 = {(z1, z2) ∈ C2 : |z1| < 1, |z2| < 1}. Recently, we
published few papers [7, 8, 9] which are devoted to the theory of analytic functions in D2.
For these functions there was introduced a concept of bounded L-index in joint variables
(see de�nition below). Also we deduced counterparts of known criteria of boundedness of
L-index in joint variables. In this paper, we present an application of obtained theorems
to system of PDE's.

The class of functions of bounded index have been used in the theory value distri-
bution and di�erential equations (see full bibliography in [4]). In particular, every entire
function is a function of bounded value distribution if and only if its derivative is a
function of bounded index [15]. Similar result for entire bivariate function are deduced
by F. Nuray and R. F. Patterson [21]. It is known that every entire solution of the di-

�erential equation f (n)(t)+
n−1∑
j=0

ajf
(j)(t) = 0 (t ∈ C) is a function of bounded index [24].

More general results for entire solutions of PDE's are obtained by A. I. Bandura and
O. B. Skaskiv [1, 2, 4, 10]. But there are only two researches [13, 23] where authors study
bounded index of entire solutions for systems of PDE's. In particular, M. T. Bordulyak

2010 Mathematics Subject Classi�cation: 32W50, 32A10, 35G35, 34M03, 30J99

c© Petrechko N., 2017
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[13] considered the next system

(1) aj(z)f
(K0

j )(z) +
∑
‖K‖≤s−1

gK,j(z)f
(K)(z) = hj(z), j ∈ {1, . . . ,m}

where for all j ∈ {1, . . . ,m} ‖K0
j ‖ = s,

{
f (K

0
j )(z)

}m
j=1

is the set of all possible s-order

partial derivatives of the function f , the entire functions aj , gK,j , hj are functions with
separable variables of the form g(z) =

∏n
j=1 gj(zj). She obtained su�cient conditions

for boundedness of the L-index in joint variables for every entire solution of system (1),
where L(z) = (l1(|z1|), . . . , ln(|zn|)) and each function lj : R+→R+ is continuous. Earlier
M. Salmassi [23] established that every entire solution of the system

(2)

{
a0f

(n1,0)(z) + a1f
(n1−1,0)(z) + . . .+ an1

f(z) = g(z), a0 6= 0,

b0f
(0,n2)(z) + b2f

(0,n2−1)(z) + . . .+ bn2
f(z) = h(z), b0 6= 0,

z = (z1, z2),

is a function of bounded index in joint variables, where aj ∈ C, bi ∈ C, h(z) and g(z) are
arbitrary entire functions in C2 of bounded index in joint variables. Unlike M. T. Bor-
dulyak, he did not suppose that h(z) and g(z) are functions with separable variables.

In the present paper, we consider homogeneous systems of form (1) in two variables
with analytic coe�cients in the unit bidisc. As M. Salmassi, we do not assume that the
coe�cients are functions with separable variables. At �rst, three systems of PDE's with
speci�ed coe�cients are studied. For each system we �nd a function L = (l1, l2) such that
every its analytic solution has bounded L-index in joint variables. Finally, the developed
methods helps us to deduce su�cient conditions providing boundedness of L-index of
analytic solutions for a more general homogeneous system.

Note that the same problem is considered in [12] for analytic functions in the unit
ball.

2. Main de�nitions and notations. We consider two-dimensional complex space
C2. This helps to distinguish main methods of investigation.

We need some standard notations. Denote R+ = [0,+∞), 0 = (0, 0) ∈ R2
+, 1 =

(1, 1) ∈ R2
+, R = (r1, r2) ∈ R2

+, z = (z1, z2) ∈ C2. For A = (a1, a2) ∈ R2, B = (b1, b2) ∈
R2 we will use formal notations without violation of the existence of these expressions

AB = (a1b1, a2b2), A/B = (a1/b1, a2/b2), b1 6= 0, b2 6= 0, AB = ab11 a
b2
2 , b ∈ Z2

+,

and the notation A < B means that aj < bj , j ∈ {1, 2}; the relation A 6 B is de�ned
similarly. For K = (k1, k2) ∈ Z2

+ denote ‖K‖ = k1 + k2, K! = k1!k2!.
The bidisc {z ∈ C2 : |zj − z0j | < rj , j = 1, 2} is denoted by D2(z0, R) and the

closed bidisc {z ∈ C2 : |zj − z0j | 6 rj , j = 1, 2} is denoted by D2[z0, R], D2 = D2(0,1),

D = {z ∈ C : |z| < 1}. For p, q ∈ Z+ and the partial derivative ∂p+qF (z1,z2)
∂zp

1∂z
q
2

of analytic

function F (z) in D2 we will use the notation

F (p,q)(z) = F (p,q)(z1, z2) :=
∂p+qF (z1, z2)

∂zp1∂z
q
2

.

Let L(z) = (l1(z), l2(z)), where lj(z) : D2 → R+ is a continuous function such that

(∀z ∈ D2) : lj(z) > β/(1− |zj |), j ∈ {1, 2},
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where β > 1 is a some constant. S. N. Strochyk, M. M. Sheremeta, V. O. Kushnir [17],
[27] imposed a similar condition for a function l : G→ R+, where G is arbitrary domain
in C. A. I. Bandura and O. B. Skaskiv [11, 12] used the similar condition to consider
analytic functions in the unit ball of bounded L-index in joint variables.

An analytic function F : D2 → C [7, 8, 9] is called a function of bounded L-index
(in joint variables), if there exists n0 ∈ Z+ such that for all z = (z1, z2) ∈ D2 and for all
(p1, p2) ∈ Z2

+

1

p1!p2!

|F (p1,p2)(z)|
lp1

1 (z)lp2

2 (z)
6 max

{
1

k1!k2!

|F (k1,k2)(z)|
lk1
1 (z)lk2

2 (z)
: 0 6 k1 + k2 6 n0

}
.(3)

The least such integer n0 is called the L-index in joint variables of the function F (z) and
is denoted by N(F,L,D2) = n0. This is an analog of the de�nition of entire function of
bounded L-index or bounded index (L ≡ 1) in joint variables in C2 (see [5], [20, 21, 22])
and the de�nition of analytic in a domain function of bounded index [16]. Note that a
primary de�nition of entire in C function of bounded index was supposed by B. Lepson
[19]. Other approach (so-called L-index in a direction) is considered in [4, 1, 6].

By Q(D2) we denote the class of functions L, which satisfy the condition

(4) (∀rj ∈ [0, β], j ∈ {1, 2}) : 0 < λ1,j(R) 6 λ2,j(R) <∞,

where

λ1,j(R) = inf
z0∈D2

inf

{
lj(z)

lj(z0)
: z ∈ D2

[
z0, R/L(z0)

]}
,

λ2,j(R) = sup
z0∈D2

sup

{
lj(z)

lj(z0)
: z ∈ D2

[
z0, R/L(z0)

]}
,

It is easy to prove that the function L1(z1, z2) = (β′/(1− |z1|), β′/(1− |z2|)) belongs to
Q(D2), where β′ > β. We need the following theorem from [8].

Òåîðåìà 1 ([8]). Let L ∈ Q(D2). An analytic function F in D2 has bounded L-index
in joint variables if and only if there exist p ∈ Z+ and c ∈ R+ such that for each
z = (z1, z2) ∈ D2 the next inequality

max

{
|F (j1,j2)(z)|
lj11 (z)lj22 (z)

: j1 + j2 = p+ 1

}
6 c ·max

{
|F (k1,k2)(z)|
lk1
1 (z)lk2

2 (z)
: k1 + k2 6 p

}

holds.

This proposition and its generalizations [26, 18, 5, 8] are analogs of known Hayman's
Theorem [15] in theory of functions of bounded index. M.T. Bordulyak [14] apllied the
theorem to investigate l-index boundedness of entire solutions of linear high-order di-
�erential equations. Later, A. I. Bandura and O. B. Skaskiv [2] used the same method to
study bounded L-index in direction of entire solutions of PDE's. We will apply Theorem 1
to systems of PDE's.
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3. General result. Let us consider the following system of PDE's

(5)



a1,k,0(z)F
(k,0)(z) +

∑
06j1+j26k−1

a1,j1,j2(z)F
(j1,j2)(z) = 0,

a2,k−1,1(z)F
(k−1,1)(z) +

∑
06j1+j26k−1

a2,j1,j2(z)F
(j1,j2)(z) = 0

. . .

ak+1,0,k(z)F
(0,k)(z) +

∑
06j1+j26k−1

ak+1,j1,j2(z)F
(j1,j2)(z) = 0.

Theorem 1. Let L ∈ Q(D2), ai,j1,j2(z) be analytic functions in D2, which satisfy the
following conditions for all z ∈ D2 :

(6) |ai,j1,j2(z)|l
j1
1 (z)lj22 (z) 6 Clk+1−i

1 (z)li−12 (z)|ai,k+1−i,i−1(z)|, ai,k+1−i,i−1(z) 6= 0,

where 0 ≤ j1 + j2 ≤ k − 1, i ∈ {1, . . . , k + 1} and C > 0 is some constant. If analytic
function F (z1, z2) in D2 is a solution of (5) then F (z1, z2) is of bounded L-index in joint
variables.

Proof. From the �rst equation we have:

|F (k,0)(z)| 6

∣∣∣ ∑
06j1+j26k−1

a1,j1,j2(z)F
(j1,j2)(z)

∣∣∣
|a1,k,0(z)|

6

6
∑

06j1+j26k−1

|a1,j1,j2(z)|
|a1,k,0(z)|

|F (j1,j2)(z)| 6
∑

06j1+j26k−1

Clk−j11 (z)l−j22 (z)|F (j1,j2)(z)|,

whence

|F (k,0)(z)|
lk1(z)l

0
2(z)

6
∑

06j1+j26k−1

Cl−j11 (z)l−j22 (z)|F (j1,j2)(z)| 6 C1 max
06j1+j26k−1

|F (j1,j2)(z)|
lj11 (z)lj22 (z)

Similarly, for i-th equation of system (5) it can be proved that

|F (k−i,i)(z)|
lk−i1 (z)li2(z)

6 Ci max
06j1+j26k−1

|F (j1,j2)(z)|
lj11 (z)lj22 (z)

Finally, we obtain

max

{
|F (k1,k2)(z)|
lk1
1 (z)lk2

2 (z)
: k1 + k2 = k

}
6 max

1≤i≤k+1
Ci · max

06j1+j26k−1

|F (j1,j2)(z)|
lj11 (z)lj22 (z)

.

By Theorem 1 this means that F (z1, z2) is of bounded L-index in joint variables. �

To formulate one-dimensional corollary, we consider the following linear higher-order
di�erential equation:

(7) ak(t)f
(k)(t) +

k−1∑
j=0

aj(t)f
(j)(t) = 0.

Corollary 1. Let l ∈ Q(D) and analytic functions aj(t) in D satisfy the conditions:

(8) (∀t ∈ D) (∀j ∈ {0, 1, . . . , k − 1}) |aj(t)|lj(t) 6 Clk(t)|ak(t)|, ak(t) 6= 0,
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where C > 0 is a some constant. If an analytic function f in D satis�es equation (7)
then f has bounded l-index.

M. Sheremeta [25] considered equation (7) with coe�cients which are analytic functi-
ons of bounded l-index. As M. Bordulyak in [14] for entire functions, we replaced the
restriction by inequality (8). Thus, Corollary 1 is a new proposition for analytic functions
in the unit disc.

4. Examples of linear higher-order systems of PDE.

Corollary 2. Every analytic function F (z1, z2) in D2, satisfying the following system of
partial di�erential equations

(9)


2F (2,0)(z1, z2) +

3
(z1−1) · F

(1,0)(z1, z2) +
1
2 ·

1
(z1−1)3(z2+1) · F (z1, z2) = 0,

2F (0,2)(z1, z2) +
3

(z2+1) · F
(0,1)(z1, z2) +

1
2 ·

1
(z1−1)(z2+1)3 · F (z1, z2) = 0,

2F (1,1)(z1, z2) +
1

(z2+1) · F
(1,0)(z1, z2) +

1
2 ·

1
(z1−1)2(z2+1)2 · F (z1, z2) = 0,

is a function of bounded L-index in joint variables, where

(10) L(z) = (l1(z), l2(z)) =

(
1√

|1− z1||1 + z2|(1− |z1|)
,

1√
|1− z1||1 + z2|(1− |z2|)

)
.

Proof. Using (4) it is easy to show that the function L belongs to Q(D2) (see similar
propositions in [3]). Now we check validity of (6) for system (9):

3l1(z)

|z1− 1|
=

3

|z1 − 1|
√
|1−z1||1 + z2|(1− |z1|)

≤ 6

(
√
|1− z1||1 + z2|(1− |z1|))2

≤ 2Ml21(z),

3l2(z)

|z2+ 1|
=

3

|z2 + 1|
√
|1−z1||1 + z2|(1− |z2|)

≤ 6

(
√
|1− z1||1 + z2|(1− |z2|))2

≤ 2Ml22(z),

l1(z)

|z2+ 1|
=

1

|z2 + 1|
√
|1−z1||1 + z2|(1− |z1|)

≤ 2

|1− z1||1 + z2|(1− |z1|)(1− |z2|)
≤

≤ 2Ml1(z)l2(z),

1

2|z1 − 1|3|z2 + 1|
≤ 1

2|1− z1||1 + z2|(1− |z1|)2
≤ 2Ml21(z),

1

2|z1 − 1||z2 + 1|3
≤ 1

2|1− z1||1 + z2|(1− |z2|)2
≤ 2Ml22(z),

1

2|z1 − 1|2|z2 + 1|2
≤ 1/2

|1− z1||1 + z2|(1− |z1|)(1− |z2|)
≤ 2Ml1(z)l2(z).

Hence, by Theorem 1 the function F has bounded L-index in joint variables. �

Example 1. The function

F (z1, z2) = cos
1√

(z1 − 1)(z2 + 1)
=

∞∑
n=0

(−1)n

(2n)!((z1 − 1)(z2 + 1))n
,
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is a solution of system (9). Indeed, formally �nd all �rst and second order partial deri-
vatives

F (1,0)(z1, z2) = sin
1√

(z1 − 1)(z2 + 1)
· 1

2(z1 − 1)
√
(z1 − 1)(z2 + 1)

,

F (0,1)(z1, z2) = sin
1√

(z1 − 1)(z2 + 1)
· 1

2
√
(z1 − 1)(z2 + 1)(z2 + 1)

,

F (2,0)(z1, z2) = − cos
1√

(z1 − 1)(z2 + 1)
· 1

4(z1 − 1)3(z2 + 1)
−

− sin
1√

(z1 − 1)(z2 + 1)
· 3

4(z1 − 1)2
√
(z1 − 1)(z2 + 1)

,

F (0,2)(z1, z2) = − cos
1√

(z1 − 1)(z2 + 1)
· 1

4(z1 − 1)(z2 + 1)3
−

− sin
1√

(z1 − 1)(z2 + 1)
· 3

4
√

(z1 − 1)(z2 + 1)(z2 + 1)2
,

F (1,1)(z1, z2) = − cos
1√

(z1 − 1)(z2 + 1)
· 1

4(z1 − 1)2(z2 + 1)2
−

− sin
1√

(z1 − 1)(z2 + 1)
· 1

4(
√
(z1 − 1)(z2 + 1))3

.

We choose a branch of square root such that
√
1 = 1 and take into account that 1√

w
sin 1√

w

can be extended to an entire function. Substituting these derivatives in system (9), it is
easy to check that the function F (z1, z2) is its solution. Then by Corollary 2 the function
F has bounded L-index in joint variables with L given in (10).

Corollary 3. Every analytic function F (z1, z2) in D2, satisfying the following system of
partial di�erential equations

(11)


F (2,0)(z1, z2) +

1
(z1+1)2(z2−1) · F

(1,0)(z1, z2)− 2
(z1+1)3(z2−1) · F (z1, z2) = 0

F (0,2)(z1, z2) +
1

(z1+1)(z2−1)2 · F
(0,1)(z1, z2)− 2

(z1+1)(z2−1)3 · F (z1, z2) = 0

F (1,1)(z1, z2) +
1

(z1+1)(z2−1)2 · F
(1,0)(z1, z2)− 1

(z1+1)2(z2−1)2 · F (z1, z2) = 0,

is a function of bounded L-index in joint variables, where

(12) L(z) = (l1(z), l2(z)) =

(
1

|1 + z1||1− z2|(1− |z1|)
,

1

|1 + z1||1− z2|(1− |z2|)

)
.

To prove Corollary 3 it is su�cient to check assumptions of Theorem 1.

Example 2. Analytic function in the unit bidisc

F (z1, z2) = exp

(
1

(z1 + 1)(z2 − 1)

)
,

satis�es system of partial di�erential equations (11). Hence, by Corollary 3 the function
F is of bounded L-index in joint variables, where L is given in (12).
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Corollary 4. An analytic function F (z1, z2) in D2, satisfying the following system of
partial di�erential equations

(13)


F (2,0)(z1, z2) +

2
(z1+1) · F

(1,0)(z1, z2)− 1
(z2−1)2 · F (z1, z2) = 0

F (0,2)(z1, z2) +
2+z1
z2−1 · F

(0,1)(z1, z2)− 2+z1
(z2−1)2 · F (z1, z2) = 0

F (1,1)(z1, z2) +
1

(z1+1) · F
(0,1)(z1, z2) +

z1
(z2−1)3 · F (z1, z2) = 0,

has bounded L-index in joint variables, where

(14) L(z) = (l1(z), l2(z)) =

1 + 1
|z2−1|

1− |z1|
;
1 + |z1|

|z2−1|

1− |z2|

 .

In view of Theorem 1 it is necessary to check validity of (6) (see a scheme in
Corollary 2).

Example 3. Analytic function in the unit bidisc

F (z1, z2) =
z2 − 1

z1 + 1
exp

z1
z2 − 1

,

is a solution of system of partial di�erential equations (13). By Corollary 4 the function
F has bounded L-index in joint variables, where L is given in (14).
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ÎÁÌÅÆÅÍIÑÒÜ L-IÍÄÅÊÑÓ ÇÀ ÑÓÊÓÏÍIÑÒÞ

ÇÌIÍÍÈÕ ÒÀ ÀÍÀËIÒÈ×ÍI Ó ÁIÊÐÓÇI ÐÎÇÂ'ßÇÊÈ

ÄÅßÊÈÕ ÑÈÑÒÅÌ Ð×Ï

Íàòàëiÿ ÏÅÒÐÅ×ÊÎ

Ëüâiñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Iâàíà Ôðàíêà

âóë. Óíiâåðñèòåòñüêà, 1, 79000, Ëüâiâ

e-mail: petrechko.n@gmail.com

Ðîçãëÿíóòî ñèñòåìè ëiíiéíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè âèùèõ
ïîðÿäêiâ ç àíàëiòè÷íèìè ó áiêðóçi êîåôiöi¹íòàìè. Äîñëiäæåíî îáìåæå-
íiñòü L-iíäåêñó çà ñóêóïíiñòþ çìiííèõ ¨õíiõ àíàëiòè÷íèõ ðîçâ'ÿçêiâ, äå
L(z1, z2) = (l1(z1, z2), l2(z1, z2)), lj : D2 → R+ � íåïåðåðâíà ôóíêöiÿ,
j ∈ {1, 2}, D2 = {(z1, z2) ∈ C2 : |z1| < 1, |z2| < 1}. Îñíîâíèì çàñî-
áîì äîñëiäæåííÿ ¹ òåîðåìà Õåéìàíà. Íàâåäåíî äåÿêi àíàëiòè÷íi ó áiêðóçi
ðîçâ'ÿçêè òàêèõ ñèñòåì ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè.

Êëþ÷îâi ñëîâà: àíàëiòè÷íà ôóíêöiÿ, áiêðóã, ôóíêöiÿ äâîõ çìiííèõ,
îáìåæåíèé L-iíäåêñ çà ñóêóïíiñòþ çìiííèõ, ñèñòåìà ëiíiéíèõ Ð×Ï âè-
ùèõ ïîðÿäêiâ, àíàëiòè÷íà òåîðiÿ äèôåðåíöiàëüíèõ Ð×Ï, àíàëiòè÷íèé
ðîçâ'ÿçîê, ëiíiéíå äèôåðåíöiàëüíå ðiâíÿííÿ âèùèõ ïîðÿäêiâ.
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Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, 79000, Ëüâiâ

e-mails: mm.bokalo@gmail.com, irusichka.skira@gmail.com

Äîâåäåíî êîðåêòíiñòü çàäà÷i Ôóð'¹ äëÿ àíiçîòðîïíèõ åëiïòè÷íî-
ïàðàáîëi÷íèõ iíòåãðî-äèôåðåíöiàëüíèõ ñèñòåì çi çìiííèìè ïîêàçíèêàìè
íåëiíiéíîñòi áåç îáìåæåíü íà çðîñòàííÿ ðîçâ'ÿçêiâ i âèõiäíèõ äàíèõ ïðè
ïðÿìóâàííi ÷àñîâî¨ çìiííî¨ äî −∞.

Êëþ÷îâi ñëîâà: çàäà÷à Ôóð'¹, çàäà÷à áåç ïî÷àòêîâèõ óìîâ, ñèñòåìà
åëiïòè÷íî-ïàðàáîëi÷íèõ ðiâíÿíü, ôóíêöiîíàëüíî-äèôåðåíöiàëüíå ðiâíÿí-
íÿ.

1. Âñòóï.

Íåõàé n,N � íàòóðàëüíi ÷èñëà, Rn (âiäïîâiäíî, RN ) � ëiíiéíèé ïðîñòið, ñêëàäå-
íèé ç âïîðÿäêîâàíèõ íàáîðiâ x = (x1, ..., xn) (âiäïîâiäíî, y = col(y1, ..., yN )) äié-
ñíèõ ÷èñåë i íàäiëåíèé íîðìîþ |x| := (|x1|2 + ... + |xn|2)1/2 (âiäïîâiäíî, |y| :=
(|y1|2 + ...+ |yN |2)1/2). Ïîçíà÷à¹ìî ÷åðåçMN×(n+1)(R) � ëiíiéíèé ïðîñòið, ñêëàäåíèé

ç ìàòðèöü ζ = (ζkl) = (ζkl; k = 1, N, l = 0, n) ðîçìiðíîñòi N × (n + 1) ç äiéñíèìè

åëåìåíòàìè i íàäiëåíèé íîðìîþ |ζ| = (
N∑
i=1

n∑
j=0

|ζij |2)1/2.

Ââàæà¹ìî, ùî Ω � îáìåæåíà îáëàñòü â Rn, à ∂Ω (¨¨ ìåæà) � êóñêîâî-ãëàäêà
ïîâåðõíÿ, ïðè÷îìó ∂Ω = Γ0 ∪ Γ1, äå Γ0 � çàìèêàííÿ âiäêðèòî¨ ìíîæèíè íà ∂Ω
(çîêðåìà, Γ0 ìîæå áóòè ïîðîæíüîþ ìíîæèíîþ àáî çáiãàòèñÿ ç ∂Ω), Γ1 := ∂Ω \ Γ0;
ν = (ν1, ..., νn) � îäèíè÷íèé âåêòîð çîâíiøíüî¨ äî ∂Ω íîðìàëi.

Ïîçíà÷à¹ìî S := (−∞, 0), Q := Ω × S, Σ0 := Γ0 × S, Σ1 := Γ1 × S, Qt1,t2 :=
Ω× (t1, t2) äëÿ äîâiëüíèõ t1, t2 ∈ R (t1 < t2).

2010 Mathematics Subject Classi�cation: 35D30, 35K20, 35K55.

c© Áîêàëî Ì., Ñêiðà I., 2017
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Ðîçãëÿäà¹ìî çàäà÷ó : çíàéòè âåêòîðíó ôóíêöiþ u = col(u1 . . . uN ) : Q→ RN , ÿêà
çàäîâîëüíÿ¹ (â ïåâíîìó ñåíñi) ñèñòåìó ðiâíÿíü

(bi(x)ui)t −
n∑
j=1

d

dxj
aij(x, t, δu) + ai0(x, t, δu) +

∫
Ω

ci(x, y, t, u(y, t))dy =

(1) = −
n∑
j=1

∂

∂xj
fij(x, t) + fi0(x, t), (x, t) ∈ Q , i = 1, N ,

òà êðàéîâi óìîâè

(2) ui

∣∣∣
Σ0

= 0,
∂ui
∂νa

∣∣∣
Σ1

= 0, i = 1, N ,

äå bi : Ω → R, (i = 1, N), aij : Q × MN×(n+1)(R) → R (i = 1, N, j = 0, n), ci :

Ω×Ω×S×RN → R (i = 1, N), fij : Q→ R (i = 1, N, j = 0, n) � çàäàíi äiéñíîçíà÷íi

ôóíêöi¨, ïðè÷îìó bi(x) > 0 (i = 1, N) äëÿ ìàéæå âñiõ (ì. â.) x ∈ Ω.
Òóò i äàëi∇u := (ux1 , . . . , uxn) � ìàòðèöÿ, ñêëàäåíà ç ïîõiäíèõ ui,xj (i = 1, N, j =

1, n), δu := (u,∇u), ∂ui(x, t)/∂νa :=
n∑
j=1

aij(x, t, δu) νj(x), (x, t) ∈ Σ1, � ïîõiäíà ïî

�êîíîðìàëi�.

Ïðèêëàäîì ñèñòåì âèãëÿäó (1), ÿêi âèâ÷àþòüñÿ, ¹ ñèñòåìà

ui,t −
n∑
j=1

(
âij(x, t)|ui,xj

|pij(x)−2ui,xj

)
xj

+ âi0(x, t)|ui|pi0(x)−2ui+

(3) +

∫
Ω

N∑
k=1

ĉik(x, y, t)uk(y, t)dy = fi(x, t), (x, t) ∈ Q, i = 1, N,

äå âij (i = 1, N, j = 0, n) � âèìiðíi, îáìåæåíi, äîäàòíi òà âiääiëåíi âiä íóëÿ ôóíêöi¨,

ĉik (i, k = 1, N) � âèìiðíi é îáìåæåíi ôóíêöi¨, fi (i = 1, N) � iíòåãðîâíi ç äåÿêèì
ñòåïåíåì ôóíêöi¨, pij > 1 (i = 1, N, j = 0, n) � âèìiðíi òà îáìåæåíi ôóíêöi¨, ÿêi
íàçèâàþòü ïîêàçíèêàìè íåëiíiéíîñòi.

Â îñòàííi äåñÿòèëiòòÿ äóæå àêòèâíî âèâ÷àþòüñÿ íåëiíiéíi äèôåðåíöiàëüíi ðiâ-
íÿííÿ òà ¨õíi ñèñòåìè çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi, ïðèêëàäàìè ÿêèõ ¹ (3)
(äèâ., íàïðèêëàä, [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11]). Öå ïîâ'ÿçàíî ç òèì, ùî òàêi ðiâíÿííÿ
i ¨õíi ñèñòåìè âèíèêàþòü ó ìàòåìàòè÷íîìó ìîäåëþâàííi ðiçíèõ òèïiâ ôiçè÷íèõ ïðî-
öåñiâ, çîêðåìà, îïèñóþòü ïîòîêè åëåêòðîðåîëîãi÷íèõ ðå÷îâèí, ïðîöåñè âiäíîâëåííÿ
çîáðàæåíü, åëåêòðè÷íèé ñòðóì ó êîíäóêòîði ïiä âïëèâîì çìiííîãî òåìïåðàòóðíîãî
ïîëÿ [11].

ßê äîáðå âiäîìî, êðàéîâi çàäà÷i äëÿ ëiíiéíèõ òà áàãàòüîõ íåëiíiéíèõ ïàðàáîëi÷-
íèõ ðiâíÿíü, çàäàíèõ â íåîáìåæåíèõ çíèçó çà ÷àñîâîþ çìiííîþ îáëàñòÿõ (çàäà÷i
Ôóð'¹), ¹ êîðåêòíèìè, ÿêùî íà ¨õíi ðîçâ'ÿçêè òà âèõiäíi äàíi, êðiì êðàéîâèõ óìîâ,
íàêëàäåíi ïåâíi îáìåæåííÿ íà ¨õí¹ çðîñòàííÿ, êîëè ÷àñîâà çìiííà ïðÿìó¹ äî −∞
([12], [16], [17]). Ïðîòå ¹ íåëiíiéíi ïàðàáîëi÷íi ðiâíÿííÿ, çàäà÷i Ôóð'¹ äëÿ ÿêèõ îäíî-
çíà÷íî ðîçâ'ÿçíi áåç áóäü-ÿêèõ óìîâ íà íåñêií÷åííîñòi [1, 4, 5, 13, 15, 18, 19]. Òóò
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ðîçãëÿäàòèìåìî iíòåãðî-äèôåðåíöiàëüíi åëiïòè÷íî-ïàðàáîëi÷íi ñèñòåìè, ÿêi ìàþòü
òàêó ñàìó âëàñòèâiñòü. Ðàíiøå äëÿ òàêèõ ñèñòåì çàäà÷ó Ôóð'¹ íå ðîçãëÿäàëè. Çà-
óâàæèìî, ùî iíòåãðî-äèôåðåíöiàëüíi åëiïòè÷íî-ïàðàáîëi÷íi ðiâíÿííÿ òà ¨õíi ñèñòåìè
øèðîêî âèêîðèñòîâóþòü ó ìàòåìàòè÷íîìó ìîäåëþâàííi ñêëàäíèõ ÿâèù â ñó÷àñíîìó
ïðèðîäîçíàâñòâi, åêîíîìiöi òà òåõíiöi (íàïðèêëàä, ó òåîði¨ ÿäåðíèõ ðåàêöié ïiä ÷àñ
âèâ÷åííÿ ïðîöåñó óïîâiëüíåííÿ íåéòðîíiâ ó äèôóçi¨ çàðÿäæåíèõ ÷àñòèíîê ó ïëàçìi
òà â iíøèõ ðiçíîìàíiòíèõ çàäà÷àõ). Çîêðåìà òàêi ðiâíÿííÿ äîñëiäæóâàëè â [7, 8].

Çðîáèâøè äîäàòêîâi ïðèïóùåííÿ íà âèõiäíi äàíi, äîâåäåíî îäíîçíà÷íó ðîç-
â'ÿçíiñòü çàäà÷ Ôóð'¹ äëÿ îäíîãî êëàñó ñèñòåì àíiçîòðîïíèõ âèðîäæóâàíèõ ïàðà-
áîëi÷íèõ ðiâíÿíü ç iíòåãðàëüíèìè ÷ëåíàìè çà âiäñóòíîñòi îáìåæåíü íà ïîâåäiíêó
ðîçâ'ÿçêó òà çðîñòàííÿ âèõiäíèõ äàíèõ ïðè ïðÿìóâàííÿ ÷àñîâî¨ çìiííî¨ äî −∞.
Îòðèìàíi ðåçóëüòàòè ¹ óçàãàëüíåííÿì i äîïîâíåííÿì ðåçóëüòàòiâ, ÿêi îòðèìàëè äëÿ
ïàðàáîëi÷íèõ ðiâíÿíü çi ñòàëèìè ïîêàçíèêàìè íåëiíiéíîñòi [14].

2. Îñíîâíi ïîçíà÷åííÿ òà ôàêòè.

Íåõàé r ∈ L∞(Ω), ïðè÷îìó r(x) > 1 äëÿ ìàéæå âñiõ x ∈ Ω. Ïðèïóñòèìî,
ùî àáî G = Ω, àáî G = Ω × I, äå I � iíòåðâàë ÷èñëîâî¨ îñi R. Ïîçíà÷èìî ÷å-
ðåç Lr(·)(G) óçàãàëüíåíèé ïðîñòið Ëåáåãà, ÿêèé ñêëàäà¹òüñÿ ç ôóíêöié v ∈ L1(G)

òàêèõ, ùî ρG,r(v) < ∞, äå ρG,r(v) :=

∫
Ω

|v(x)|r(x) dx, ÿêùî G = Ω, òà ρG,r(v) :=∫
Ω×I

|v(x, t)|r(x) dxdt, ÿêùî G = Ω×I. Íà öüîìó ïðîñòîði ââåäåìî íîðìó ‖v‖Lr(·)(G) :=

inf{λ > 0 | ρG,r(v/λ) 6 1}, ç ÿêîþ âií ¹ áàíàõîâèì [12]. ßêùî ess inf
x∈Ω

r(x) > 1, òî ñïðÿ-

æåíèé ïðîñòið [Lr(·)(G)]′ ìîæå áóòè îòîòîæíåíèì ç Lr′(·)(G), äå r′ ¹ ôóíêöiÿ, ÿêà

âèçíà÷åíà ðiâíiñòþ 1
r(x) + 1

r′(x) = 1 äëÿ ìàéæå âñiõ x ∈ Ω.

Ïîçíà÷èìî ÷åðåç Lr(·),loc(Q) ëiíiéíèé ïðîñòið âèìiðíèõ ôóíêöié g : Q → R
òàêèõ, ùî ¨õí¹ çâóæåííÿ g|Qt1,t2

íà Qt1,t2 íàëåæèòü äî Lr(·)(Qt1,t2) äëÿ áóäü-
ÿêèõ t1, t2 ∈ S. Öåé ïðîñòið ¹ ïîâíèì ëîêàëüíî îïóêëèì iç ñèñòåìîþ ïiâíîðì{
‖ · ‖Lr(·)(Qt1,t2 )

∣∣ t1, t2 ∈ S, t1 < t2
}
. Ïîñëiäîâíiñòü {gm} � ñèëüíî çáiæíà (âiä-

ïîâiäíî, ñëàáêî çáiæíà) â Lr(·),loc(Q), ÿêùî ïîñëiäîâíiñòü {gm|Qt1,t2
} � ñèëüíî

çáiæíà (âiäïîâiäíî, ñëàáêî çáiæíà) â Lr(·)(Qt1,t2) äëÿ áóäü-ÿêèõ t1, t2 ∈ S (t1 < t2).

Àíàëîãi÷íî âèçíà÷à¹ìî ïðîñòið L∞,loc(Q).

Íåõàé p = (pij ; i = 1, N, j = 0, n) ≡ (pij) � ìàòðè÷íà ôóíêöiÿ, ÿêà çàäîâîëüíÿ¹
óìîâó

(P) 26p−ij := ess inf
x∈Ω

pij(x) 6 ess sup
x∈Ω

pij(x) =: p+
ij < +∞, ïðè÷îìó p−i0 > 2 (i = 1, N ,

j = 0, n).

×åðåç p′ = (p′ij ; i = 1, N, j = 0, n) ≡ (p′ij) ïîçíà÷àòèìåìî ìàòðè÷íó ôóíêöiþ

òàêó, ùî 1/pij(x) + 1/p′ij(x) = 1 äëÿ ì. â. x ∈ Ω (i = 1, N, j = 0, n).

Íåõàé W 1
p(·)(Ω;RN ) := {v = col(v1, . . . , vN ) : Ω → RN − âèìiðíà | ∂jvi ∈

Lpij(·)(Ω) (i = 1, N, j = 0, n)} ç íîðìîþ ‖v‖W 1
p(·)(Ω;RN ) :=

N∑
i=1

n∑
j=0

‖ ∂jvi‖Lpij(·)(Ω), äå
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òóò i äàëi ∂0w := w, ∂jw := wxj (j = 1, n) äëÿ w : Ω→ R. Öåé ïðîñòið ¹ áàíàõîâèì i
éîãî íàçèâàþòü óçàãàëüíåíèì ïðîñòîðîì Ñîáîë¹âà.

Ïîçíà÷èìî ÷åðåç W̃ 1
p(·)(Ω;RN ) çàìèêàííÿ ïðîñòîðó

C̃1(Ω;RN ) :=
{
v ∈ C1(Ω;RN )

∣∣ supp v − îáìåæåíà ìíîæèíà, v
∣∣
Γ0

= 0
}

â W 1
p(·)(Ω;RN ). Äëÿ çðó÷íîñòi âèêëàäåííÿ ìàòåðiàëó ïîçíà÷èìî Vp(Ω;RN ) :=

W̃ 1
p(·)(Ω;RN ).

Äëÿ äîâiëüíèõ t1, t2 ∈ R (t1 < t2) ââåäåìî ïðîñòið

W 1,0
p(·)(Qt1,t2 ;RN ) :=

{
w : Qt1,t2→RN | ∂jwi ∈ Lpij(·)(Qt1,t2) (i = 1, N, j = 0, n)

}
ç íîðìîþ ‖w‖W 1,0

p(·)(Qt1,t2
;RN ) :=

N∑
i=1

n∑
j=0

‖∂jwi‖Lpij(·)(Qt1,t2
;RN ).

×åðåç W̃ 1,0
p(·)(Qt1,t2 ;RN ) ïîçíà÷èìî ïiäïðîñòið ïðîñòîðó W 1,0

p(·),(Qt1,t2 ;RN ), ñêëà-

äåíèé ç ôóíêöié w òàêèõ, ùî w(·, t) ∈ Vp(Ω;RN ) äëÿ ìàéæå âñiõ t ∈ [t1, t2].

Ââåäåìî ëiíiéíèé ïðîñòið W̃ 1,0
p(·),loc(Q;RN ), ñêëàäåíèé ç âèçíà÷åíèõ íà Q âè-

ìiðíèõ ôóíêöié, çâóæåííÿ ÿêèõ íà Qt1,t2 íàëåæèòü äî W̃ 1,0
p(·)(Qt1,t2 ;RN ) äëÿ áóäü-

ÿêèõ t1, t2 ∈ S (t1 < t2). Öåé ïðîñòið ¹ ïîâíèì ëîêàëüíî îïóêëèì iç ñiì'¹þ ïiâíîðì{
‖h‖W 1,0

p(·)(Qt1,t2
) :=

∑N
i=1

∑n
j=0 ‖|∂jhi‖Lpij(·)(Qt1,t2 )

∣∣ t1, t2 ∈ S (t1 < t2)
}
.

Äàëi ïðîòÿãîì óñi¹¨ ðîáîòè áóäåìî ââàæàòè, ùî

(B) äëÿ êîæíîãî i ∈ {1, . . . , N} ôóíêöiÿ bi : Ω→ R � âèìiðíà i 0 6 bi(x) 6 1 äëÿ
ì. â. x ∈ Ω.

Íåõàé Ω0,i := {x ∈ Ω
∣∣ bi(x) > 0} i b̃i(x) := bi(x), ÿêùî x ∈ Ω0,i, òà b̃i(x) := 1,

ÿêùî x ∈ Ω \ Ω0,i, äëÿ êîæíîãî i ∈ {1, . . . , N}. Ïîçíà÷èìî b := col(b1, . . . , bN ) i íå-

õàé Hb(Ω;RN ) ëiíiéíèé ïðîñòið ôóíêöié âèãëÿäó w = col(w1 = b̃
−1/2
1 v1, . . . , wN =

b̃
−1/2
N vN ), äå vi ∈ L2(Ω) äëÿ êîæíîãî i ∈ {1, . . . , N}. Ââåäåìî íà Hb(Ω;RN ) ïiâíîðìó

‖wi‖Hb(Ω;RN ) =
( ∫

Ω

N∑
i=1

bi(x)|wi(x)|2dx
)1/2

. Ëåãêî ïåðåâiðèòè, ùî Hb(Ω;RN ) � ïîïîâ-

íåííÿ ëiíiéíîãî ïðîñòîðó Vp(Ω;RN ) çà ïiâíîðìîþ ‖ · ‖Hb(Ω;RN ) ([12]).
Ïîçíà÷èìî ÷åðåç C(S;B), äå B � ëiíiéíèé ïðîñòið ç íîðìîþ ÷è ïiâíîðìîþ ‖ · ‖B ,

ïðîñòið ôóíêöié v : S → B òàêèõ, ùî ¨õí¹ çâóæåííÿ íà áóäü-ÿêèé iíòåðâàë [t1, t2] ⊂ S
íàëåæèòü äî C([t1, t2];B). Ïðîñòið C(S;B) ¹ ïîâíèì ëîêàëüíî îïóêëèì ç ñiì'¹þ ïiâ-
íîðì

{
‖v‖C([t1,t2];B) := maxt∈[t1,t2] ‖v(t)‖B

∣∣ t1, t2 ∈ S (t1 < t2)
}
. Ó öüîìó ïðîñòîði ïî-

ñëiäîâíiñòü {gm} ¹ çáiæíîþ, ÿêùî ïîñëiäîâíiñòü {gm|[t1,t2]} ¹ çáiæíîþ â C([t1, t2];B)
äëÿ áóäü-ÿêèõ t1, t2 ∈ S (t1 < t2).

Âèçíà÷èìî ïðîñòið

Ubp,loc(Q;RN ) := W̃ 1,0
p(·),loc(Q;RN ) ∩ C(S;Hb(Ω;RN )),

ÿêèé ¹ ïîâíèì ëiíiéíèì ëîêàëüíî îïóêëèì ç ñiì'¹þ ïiâíîðì{ N∑
i=1

n∑
j=0

‖∂jhi‖Lpij(·)(Qt1,t2
) + ‖h‖C([t1,t2];Hb(Ω;RN ))

∣∣ t1, t2 ∈ S, t1 < t2

}
.
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3. Ïîñòàíîâêà çàäà÷i òà ôîðìóëþâàííÿ îñíîâíèõ ðåçóëüòàòiâ.

Ïåðåäóñiì äàìî îçíà÷åííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (1)�(2), à äëÿ öüî-
ãî ââåäåìî âiäïîâiäíi îáìåæåííÿ íà âèõiäíi äàíi, òîáòî âèçíà÷èìî êëàñè âèõiäíèõ
äàíèõ.

Ïiä Ap ðîçóìiòèìåìî ìíîæèíó ìàòðè÷íèõ ôóíêöié (aij ; i = 1, N, j = 0, n) ≡
(aij), ÿêi çàäîâîëüíÿþòü óìîâè:

(A1) äëÿ êîæíèõ i ∈ {1, . . . , N} òà j ∈ {0, . . . , n} ôóíêöiÿ aij(x, t, ξ), (x, t) ∈ Q,
ξ = (ξkl) ∈MN×(n+1)(R), ¹ êàðàòåîäîðiâñüêîþ, òîáòî äëÿ ìàéæå âñiõ (x, t) ∈
Q ôóíêöiÿ aij(x, t, ·) : MN×(n+1)(R)→ R � íåïåðåðâíà, à äëÿ áóäü-ÿêîãî ξ ∈
MN×(n+1)(R) ôóíêöiÿ aij(·, ·, ξ) : Q→ R � âèìiðíà; êðiì òîãî, aij(x, t, 0) = 0

äëÿ ìàéæå âñiõ (x, t) ∈ Q (i = 1, N, j = 0, n);
(A2) äëÿ êîæíèõ i ∈ {1, . . . , N} òà j ∈ {0, . . . , n}, ìàéæå âñiõ (x, t) ∈ Q i áóäü-ÿêèõ

ξ ∈MN×(n+1)(R) âèêîíó¹òüñÿ íåðiâíiñòü

|aij(x, t, ξ)| 6 hij(x, t)
( N∑
k=1

n∑
l=0

|ξkl|pkl(x)/p′ij(x)
)

+ gij(x, t),

äå hij ∈ L∞,loc(Q), gij ∈ Lp ′ij(·), loc(Q).

(A3) äëÿ ìàéæå âñiõ (x, t) ∈ Q òà äîâiëüíèõ ξ1, ξ2 ∈ MN×(n+1)(R) âèêîíó¹òüñÿ
íåðiâíiñòü

N∑
i=1

n∑
j=0

(aij(x, t, ξ
1)− aij(x, t, ξ2))(ξ1

ij − ξ2
ij) >

> K1

N∑
k=1

|ξ1
k0 − ξ2

k0|2 +K2

N∑
k=1

n∑
l=0

|ξ1
kl − ξ2

kl|pkl(x),

äå K1 > 0, K2 > 0 � ñòàëi.

Íåõàé C �� ìíîæèíà âåêòîðíèõ ôóíêöié col(c1 . . . cN ), ÿêi çàäîâîëüíÿþòü òàêi
óìîâè:

(C1) äëÿ êîæíîãî i ∈ {1, . . . , N} ôóíêöiÿ ci(x, y, t, η), (x, y, t, η) ∈ Ω×Ω× S ×RN ,
¹ êàðàòåîäîðiâñüêîþ, òîáòî äëÿ ìàéæå âñiõ (x, y, t) ∈ Ω × Ω × S ôóíêöiÿ
ci(x, y, t, ·) : RN → R � íåïåðåðâíà, à äëÿ âñiõ s ∈ R ôóíêöiÿ ci(·, ·, ·, η) :
Ω×Ω× S → R âèìiðíà çà Ëåáåãîì; ci(x, y, t, 0) = 0 äëÿ ìàéæå âñiõ (x, y, t) ∈
Ω× Ω× S.

(C2) äëÿ êîæíîãî i ∈ {1, . . . , N}, äîâiëüíèõ η1, η2 ∈ RN òà ìàéæå âñiõ (x, y, t) ∈
Ω× Ω× S âèêîíó¹òüñÿ íåðiâíiñòü

|ci(x, y, t, η1)− ci(x, y, t, η2)| ≤ L|η1 − η2|,
äå L > 0 � ñòàëà.

×åðåç Fp′,loc ïîçíà÷àòèìåìî ìíîæèíó ìàòðè÷íèõ ôóíêöié (fij ; i = 1, N, j =

0, n) ≡ (fij) òàêèõ, ùî fij ∈ Lp′ij(·),loc(Q) (i = 1, N, j = 0, n) i äëÿ êîæíèõ i ∈
{1, . . . , N}, j ∈ {1, . . . , n} ôóíêöiÿ fij çàíóëÿ¹òüñÿ â îêîëi Σ1.

Îçíà÷åííÿ 1. Íåõàé b = col(b1, . . . , bN ) i p = (pij) çàäîâîëüíÿþòü óìîâè, âiäïîâiä-
íî, (B) òà (P), (aij) ∈ Ap, col(c1, . . . , cN ) ∈ C, (fij) ∈ Fp′,loc. Óçàãàëüíåíèì ðîçâ'ÿçêîì
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çàäà÷i (1)�(2) íàçâåìî âåêòîðíó ôóíêöiþ u ∈ Ubp,loc(Q;RN ), ÿêà çàäîâîëüíÿ¹ iíòå-
ãðàëüíó òîòîæíiñòü ∫∫

Q

N∑
i=1

{ n∑
j=0

aij(x, t, δu)∂jviϕi+

(4) +viϕi

∫
Ω

ci(x, y, t, u(y, t)) dy − bi(x)uiviϕi
′
}
dxdt =

∫∫
Q

N∑
i=1

n∑
j=0

fij∂jviϕi dxdt

∀v = col(v1, . . . , vN ) ∈ Vp(Ω;RN ), ∀ϕ = col(ϕ1, . . . , ϕN ) ∈ C1
c ((−∞, 0);RN ).

Òóò i äàëi ïiä C1
c (I;RN ), äå I � iíòåðâàë ÷èñëîâî¨ îñi, ðîçóìi¹ìî ëiíiéíèé ïðîñ-

òið âåêòîðíèõ ôóíêöié ϕ = col(ϕ1, . . . , ϕN ), êîìïîíåíòè ÿêèõ ¹ ôiíiòíèìè íåïåðåðâ-
íî äèôåðåíöiéîâíèìè ôóíêöiÿìè.

Òåîðåìà 1. Íåõàé b = col(b1, . . . , bN ) i p = (pij) çàäîâîëüíÿþòü, âiäïîâiäíî, óìîâè

(B) òà (P), (aij) ∈ Ap, col(c1, . . . , cN ) ∈ C, (fij) ∈ Fp′,loc i, êðiì òîãî, âèêîíó¹òüñÿ

íåðiâíiñòü

(5) K1 > LmesnΩ.

Òîäi iñíó¹ ¹äèíèé óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (1)�(2), ïðè÷îìó äëÿ áóäü-ÿêèõ

R,R0, t0 òàêèõ, ùî R0 > 0, R > max{1, 2R0}, t0 < 0, ïðàâèëüíà îöiíêà

max
t∈[t0−R0,t0]

∫
Ω

N∑
i=1

bi(x)|ui(x, t)|2 dx+

t0∫
t0−R0

∫
Ω

N∑
i=1

[ n∑
j=1

|∂jui(x, t)|pij(x)+|ui(x, t)|2
]
dxdt 6

(6) 6 C1

{ N∑
i=1

R−2/(p+i0−2) +

t0∫
t0−R

∫
Ω

N∑
i=1

n∑
j=0

|fij |p
′
ij(x) dxdt

}
,

äå C1 > 0 � ñòàëà, ÿêà çàëåæèòü ëèøå âiä K1,K2, L,mesnΩ i p−ij (i = 1, N, j = 0, n).

4. Äîïîìiæíi òâåðäæåííÿ. Ñôîðìóëþ¹ìî òà äîâåäåìî òâåðäæåííÿ, ÿêi âè-
êîðèñòà¹ìî äëÿ äîâåäåííÿ òåîðåìè 1.

Ëåìà 1. Íåõàé b = col(b1, . . . , bN ) i p = (pij) çàäîâîëüíÿþòü óìîâè, âiäïîâiäíî, (B)
òà (P), à t1, t2 ∈ R � äîâiëüíi ÷èñëà, ïðè÷îìó t1 < t2. Ïðèïóñòèìî, ùî ôóíêöiÿ

w ∈ W̃m,0
p(·) (Qt1,t2) çàäîâîëüíÿ¹ iíòåãðàëüíó òîòîæíiñòü

t2∫
t1

∫
Ω

{ N∑
i=1

n∑
j=0

gij∂jviϕi−biwiviϕ′i
}
dxdt=0 ∀v ∈ Vp(Ω;RN ), ∀ϕ ∈ C1

c ((t1, t2);RN )(7)

äëÿ äåÿêèõ gij ∈ Lp′ij(·), loc(Q) (i = 1, N, j = 0, n). Òîäi w ∈ C
(
[t1, t2];Hb(Ω;RN )

)
i

äëÿ áóäü-ÿêèõ θ ∈ C1([t1, t2]), v ∈ Vp(Ω;RN ) i τ1, τ2 ∈ [t1, t2] (τ1 < τ2) âèêîíóþòüñÿ
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ðiâíîñòi

θ(τ2)

∫
Ω

N∑
i=1

bi(x)wi(x, τ2)vi(x) dx− θ(τ1)

∫
Ω

N∑
i=1

bi(x)wi(x, τ1)vi(x) dx+

+

τ2∫
τ1

∫
Ω

N∑
i=1

{( n∑
j=0

gijvi,xj

)
θ − biwiviθ′

}
dxdt = 0,(8)

1

2
θ(t2)‖w(·, t2)‖2Hb(Ω;RN ) −

1

2
θ(t1)‖w(·, t1)‖2Hb(Ω;RN ) −

− 1

2

t2∫
t1

N∑
i=1

‖w(·, t)‖2Hb(Ω;RN )θ
′(t) dt+

t2∫
t1

∫
Ω

( N∑
i=1

n∑
j=0

gij∂jwi

)
θ dxdt = 0.(9)

Öå òâåðäæåííÿ äîâîäèòüñÿ àíàëîãi÷íî ÿê ëåìà 2 [6].

Ëåìà 2. Íåõàé b = col(b1, . . . , bN ) i p = (pij) çàäîâîëüíÿþòü óìîâè, âiäïîâiäíî,

(B) òà (P), (aij) ∈ Ap, col(c1, . . . , cN ) ∈ C i äëÿ êîæíîãî l ∈ {1, 2} ôóíêöi¨ ul ∈
Ubp,loc(Q;RN ), (f lij) ∈ Fp′,loc òàêi, ùî ïðàâèëüíà òîòîæíiñòü∫∫

Q

N∑
i=1

{ n∑
j=0

aij(x, t, δu
l)∂jviϕi + viϕi

∫
Ω

ci(x, y, t, u
l(y, t)) dy − bi(x)uliviϕ

′
i

}
dxdt =

(10) =

∫∫
Q

N∑
i=1

n∑
j=0

f lij∂jviϕidxdt ∀v ∈ Vp(Ω;RN ), ∀ϕ ∈ C1
c ((−∞, 0);RN ).

Òîäi äëÿ äîâiëüíèõ ÷èñåë R, R0, t0 òàêèõ, ùî R0 > 0, R > max{1, 2R0}, t0 6 0,
âèêîíó¹òüñÿ íåðiâíiñòü

max
t∈[t0−R0,t0]

∫
Ω

N∑
i=1

bi(x)|u1
i (x, t)− u2

i (x, t)|2 dx+

+

t0∫
t0−R0

∫
Ω

N∑
i=1

[ n∑
j=0

|∂ju1
i − ∂ju2

i |pij(x) + |u1
i − u2

i |2
]
dxdt 6 C1

{ N∑
i=1

R−2/(p+i0−2)+

(11) +

t0∫
t0−R

∫
Ω

N∑
i=1

n∑
j=0

|f1
ij − f2

ij |p
′
ij(x)dxdt

}
,

äå C1 > 0 � ñòàëà, ÿêà çàëåæèòü òiëüêè âiä K1,K2, L,mesnΩ i p−ij(i = 1, N, j = 0, n).

Äîâåäåííÿ. Íåõàé R,R0, t0 òàêi, ÿê ó ôîðìóëþâàííi ëåìè, i η(t) := t− t0 +R, t ∈ R.
Äëÿ çàäàíèõ v ∈ Vp(Ω;RN ) i ϕ ∈ C1

c ((−∞, 0);RN ) ðîçãëÿíåìî òîòîæíiñòü (10) ïðè
l = 1 òà öþ ñàìó òîòîæíiñòü ïðè l = 2 i âiäíiìåìî öi òîòîæíîñòi. Ïðèéíÿâøè äëÿ
ìàéæå âñiõ (x, t) ∈ Q
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u12
i (x, t) := u1

i (x, t)− u2
i (x, t) (i = 1, N),

a12
ij (x, t) := aij(x, t, δu

1(x, t))− aij(x, t, δu2(x, t)) (i = 1, N, j = 0, n),

c12
i (x, y, t) := ci(x, y, t, u

1(y, t))− ci(x, y, t, u2(y, t)) (i = 1, N),
f12
ij (x, t) := f1

ij(x, t)− f2
ij(x, t) (i = 1, N, j = 0, n),

ó ïiäñóìêó îòðèìà¹ìî ðiâíiñòü∫∫
Q

N∑
i=1

{ n∑
j=0

a12
ij ∂jviϕi + viϕi

∫
Ω

c12
i dy − biu

12
i viϕ

′
i

}
dxdt =

(12) =

∫∫
Q

N∑
i=1

n∑
j=0

f12
ij (x, t)∂jviϕi dxdt,

äî ÿêî¨ çàñòîñó¹ìî ëåìó 1 ç τ1 = t0−R, τ2 = τ ∈ (t0−R, t0], wi = u12
i , gij = a12

ij − f12
ij

(i = 1, N, j = 0, N), θ = ηs, s := max
i={1,...,N}

p−i0/(p
−
i0−2). Ó ïiäñóìêó çäîáóäåìî ðiâíiñòü

ηs(τ)

∫
Ω

N∑
i=1

bi(x)|u12
i (x, τ)|2dx+ 2

τ∫
t0−R

∫
Ω

N∑
i=1

( n∑
j=0

a12
ij ∂ju

12
i + u12

i

∫
Ω

c12
i dy

)
ηs dxdt =

(13) = s

τ∫
t0−R

∫
Ω

N∑
i=1

bi|u12
i |2ηs−1 dxdt+ 2

τ∫
t0−R

∫
Ω

N∑
i=1

n∑
j=0

f12
ij ∂ju

12 ηs dxdt.

Çðîáèìî âiäïîâiäíi îöiíêè ÷ëåíiâ ðiâíîñòi (13). Çãiäíî ç óìîâîþ (A3) ìà¹ìî

τ∫
t0−R

∫
Ω

N∑
i=1

n∑
j=0

a12
ij ∂ju

12
i η

s dxdt >

(14) > K1

τ∫
t0−R

∫
Ω

N∑
i=1

|u12
i |2ηs dxdt+K2

τ∫
t0−R

∫
Ω

N∑
i=1

n∑
j=0

|∂ju12
i |pij(x)ηs dxdt.

Âèêîðèñòîâóþ÷è óìîâó (C2) i íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî, îòðèìó¹ìî îöiíêó∣∣∣∣∣∣
τ∫

t0−R

∫
Ω

N∑
i=1

u12
i (x, t)

(∫
Ω

c12
i (x, y, t) dy

)
ηs(t) dxdt

∣∣∣∣∣∣ 6
6

N∑
i=1

τ∫
t0−R

∫
Ω

∣∣u12
i (x, t)

∣∣ ( ∫
Ω

∣∣c12
i (x, y, t)

∣∣ dy)ηs(t) dxdt 6
6 L

N∑
i=1

τ∫
t0−R

∫
Ω

∣∣u12
i (x, t)

∣∣ ( ∫
Ω

∣∣u12
i (y, t)

∣∣ dy)ηs(t) dxdt =
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= L

N∑
i=1

τ∫
t0−R

(∫
Ω

∣∣u12
i (x, t)

∣∣ dx)2

ηs(t) dt 6

6 LmesnΩ

τ∫
t0−R

∫
Ω

∣∣u12(x, t)
∣∣2 η(t)s dxdt.

Çâiäñè ìàòèìåìî

(15)

τ∫
t0−R

∫
Ω

N∑
i=1

u12
i

(∫
Ω

c12
i dy

)
ηs dxdt > −LmesnΩ

τ∫
t0−R

∫
Ω

|u12|2ηs dxdt.

Äàëi âèêîðèñòîâóâàòèìåìî íåðiâíiñòü

(16) ad 6 ε|a|r(x) + ε−1/(r(x)−1) |d| r
′(x)

äëÿ ì. â. x ∈ Ω i áóäü-ÿêèõ a, d ∈ R, ε > 0, äå r ∈ L∞(Ω), r(x) > 1, 1/r(x)+1/r′(x) = 1

äëÿ ì. â. x ∈ Ω, ÿêà ¹ íàñëiäêîì ñòàíäàðòíî¨ íåðiâíîñòi Þíãà: a d 6 |a|q/q+ |d|q′/q′,
a, d ∈ R, q > 1, 1/q + 1/q′ = 1.

Âèáèðàþ÷è (äëÿ ìàéæå êîæíîãî x ∈ Ω) r(x) = pi0(x)/2, r′(x) = pi0(x)/(pi0(x)−
2), a = bi(x)|u12|2ηs/r(x), d = ηs/r

′(x)−1, ε = ε1 ∈ (0, 1), íà ïiäñòàâi (16) îòðèìà¹ìî

τ∫
t0−R

∫
Ω

N∑
i=1

bi|u12
i |2ηs−1dxdt 6 ε1

τ∫
t0−R

∫
Ω

N∑
i=1

|u12
i |pi0(x)ηs dxdt+

(17) +

τ∫
t0−R

∫
Ω

N∑
i=1

ε
−2/(p−i0−2)
1 ηs−pi0(x)/(pi0(x)−2) dxdt,

äå ε1 ∈ (0, 1) � äîâiëüíå ÷èñëî. Òóò ìè âèêîðèñòàëè óìîâó: 0 6 b(x) 6 1 äëÿ ì. â.
x ∈ Ω.

Çíîâó âèêîðèñòàâøè íåðiâíiñòü (16), îäåðæó¹ìî

(18)

τ∫
t0−R

∫
Ω

N∑
i=1

n∑
j=0

f12
ij ∂ju

12
i η

s dxdt 6 ε2

τ∫
t0−R

∫
Ω

N∑
i=1

n∑
j=0

|∂ju12
i |pij(x)ηs dxdt+

+

τ∫
t0−R

∫
Ω

N∑
i=1

n∑
j=0

ε
−1/(p−ij−1)

2 |f12
ij |p

′
ij(x)ηs dxdt,

äå ε2 ∈ (0, 1) � äîâiëüíå ÷èñëî.
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Ç (13) íà ïiäñòàâi (14), (15), (17) i (18) çà äîñòàòíüî ìàëèõ çíà÷åííÿõ ε1 i ε2

îòðèìà¹ìî

(19) ηs(τ)

∫
ΩR

N∑
i=1

bi(x)|u12
i (x, τ)|2 dx+

τ∫
t0−R

∫
Ω

N∑
i=1

[ n∑
j=1

|∂ju12
i |pij(x) + |u12|2

]
ηs dxdt 6

6 C2

{ τ∫
t0−R

∫
Ω

N∑
i=1

ηs−pi0(x)/(pi0(x)−2) dxdt+

+

τ∫
t0−R

∫
Ω

N∑
i=1

n∑
j=0

|f12
ij |p

′
ij(x)ηs dxdt

}
,

äå C2 � ñòàëà, ÿêà çàëåæèòü òiëüêè âiä K1,K2, L,mesnΩ i p−ij (i = 1, N, j = 1, n), à

τ ∈ (t0 −R, t0] � äîâiëüíå ÷èñëî.
Îñêiëüêè 0 6 η(t) 6 R , êîëè t ∈ [t0−R, t0], i η(t) > R−R0, êîëè t ∈ [t0−R0, t0],

òî ç íåðiâíîñòi (19) îòðèìà¹ìî íåðiâíiñòü

(20) (R−R0)s
∫
Ω

N∑
i=1

bi(x)|u12
i (x, τ)|2 dx+

+ (R−R0)s
τ∫

t0−R0

∫
Ω

N∑
i=1

[ n∑
j=0

|∂ju12
i |pij(x) + |u12

i |2
]
dxdt 6

6 C2

{ τ∫
t0−R

∫
Ω

N∑
i=1

Rs−pi0(x)/(pi0(x)−2)dxdt+

+Rs
τ∫

t0−R

∫
Ω

N∑
i=1

n∑
j=0

|f12
ij |p

′
ij(x) dxdt

}
.

Ïîäiëèìî îòðèìàíó íåðiâíiñòü íà (R − R0)s. Çàóâàæèìî òàêå: îñêiëüêè R >
max{1; 2R0}, òî ìà¹ìî R/(R−R0) = 1+R0/(R−R0) 6 2. Âðàõóâàâøè öå òà íåðiâíiñòü

R−pi0(x)/(pi0(x)−2) 6 R−p
+
i0/(p

+
i0−2) (ïðàâèëüíó ÷åðåç òå, ùî R > 1 i −pi0(x)/(pi0(x) −

2) 6 −p+
i0/(p

+
i0 − 2) äëÿ ì. â. x ∈ Ω), îòðèìà¹ìî

∫
ΩR

N∑
i=1

bi(x)|u12
i (x, τ)|2 dx+

τ∫
t0−R0

∫
Ω

N∑
i=1

[ n∑
j=0

|∂ju12
i |pij(x) + |u12

i |2
]
dxdt 6

(21) 6 C3

{ N∑
i=1

R−p
+
i0/(p

+
i0−2)

τ∫
t0−R

∫
Ω

dxdt+

τ∫
t0−R

∫
Ω

N∑
i=1

n∑
j=0

|f12
ij |p

′
ij(x) dxdt

}
,
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äå C3 > 0 � ñòàëà, ÿêà çàëåæèòü âiä K1,K2, L,mesnΩ i p−ij (i = 1, N, j = 1, n), à

τ ∈ (t0 − R, t0] � äîâiëüíå ÷èñëî. Çâiäñè, âðàõóâàâøè, ùî

t0∫
t0−R

∫
Ω

dxdt = R ·mesnΩ,

îòðèìà¹ìî (11). �

5. Îá ðóíòóâàííÿ îñíîâíîãî ðåçóëüòàòó.

Äîâåäåìî òåîðåìó 1. Äëÿ öüîãî ñïî÷àòêó ïåðåêîíà¹ìîñÿ, ùî çàäà÷à (1)�(2) ìà¹
íå áiëüøå îäíîãî óçàãàëüíåíîãî ðîçâ'ÿçêó. Ïðèïóñòèìî ïðîòèëåæíå. Íåõàé u1 =
col(u1

1, . . . , u
1
N ), u2 = col(u2

1, . . . , u
2
N ) � (ðiçíi) óçàãàëüíåíi ðîçâ'ÿçêè öi¹¨ çàäà÷i. Òîäi

íà ïiäñòàâi ëåìè 2 ìàòèìåìî

(22)

t0∫
t0−R0

∫
Ω

N∑
i=1

|u1
i (x, t)− u2

i (x, t)|2 dxdt 6 C1

N∑
i=1

R−2/(p+i0
−2),

äå R, R0, t0 � äîâiëüíi ÷èñëà òàêi, ùî R0 > 0, R > max{1, 2R0}, t0 ∈ R.
Çàôiêñó¹ìî ÷èñëà R0 > 0 i t0 ∈ R òà ïåðåéäåìî â (22) äî ãðàíèöi ïðè R→ +∞.

Ó ïiäñóìêó îòðèìà¹ìî, ùî u1 = u2 ìàéæå ñêðiçü íà Qt0−R0,t0 . Îñêiëüêè R0, t0 �
äîâiëüíi ÷èñëà, òî çâiäñè îäåðæó¹ìî, ùî u1 = u2 ìàéæå âñþäè íà Q. Îòðèìàíå
ïðîòèði÷÷ÿ äîâîäèòü íàøå òâåðäæåííÿ.

Òåïåð ïåðåéäåìî äî äîâåäåííÿ iñíóâàííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (1)�
(2). Äëÿ öüîãî äëÿ êîæíîãî m ∈ N ðîçãëÿíåìî ìiøàíó çàäà÷ó äëÿ ñèñòåìè (1)
â îáëàñòi Qm = Ω × (−m, 0) ç îäíîðiäíîþ ïî÷àòêîâîþ óìîâîþ i êðàéîâèìè óìî-

âàìè òèïó (2), à òî÷íiøå, çàäà÷ó íà çíàõîäæåííÿ ôóíêöi¨ um ∈ W̃ 1,0
p(·)(Qm;RN ) ∩

C([−m, 0];Hb(Ω;RN )), ÿêà çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó

umi |t=−m = 0, i = 1, N,

òà iíòåãðàëüíó òîòîæíiñòü∫∫
Qm

N∑
i=1

{ n∑
j=0

aij(x, t, δu
m)∂jviϕi + viϕi

∫
Ω

ci(x, y, t, u
m(y, t)) dy − umi viϕ′i

}
dxdt =

(23) =

∫∫
Qm

N∑
i=1

n∑
j=0

fmij ∂jviϕi dxdt ∀v ∈ Vp(Ω;RN ), ∀ϕ ∈ C1
c ((−m, 0);RN ),

äå fmij (x, t) := fij(x, t), ÿêùî (x, t) ∈ Qm, i fmij (x, t) := 0, ÿêùî (x, t) ∈ Q \ Qm, äëÿ
êîæíèõ i ∈ {1, . . . , N}, j ∈ {0, 1, . . . , n}.

Iñíóâàííÿ òà ¹äèíiñòü ôóíêöi¨ um ìîæíà äîâåñòè àíàëîãi÷íî, ÿê öå çðîáëåíî â
[6] ó âèïàäêó ðiâíÿíü äðóãîãî ïîðÿäêó. Äëÿ êîæíîãî m ∈ N ïðîäîâæèìî um íóëåì
íà Q i çà öèì ïðîäîâæåííÿì çáåðåæåìî ïîçíà÷åííÿ um. Äîâåäåìî, ùî ïîñëiäîâíiñòü
{um} çáiãà¹òüñÿ â Up,loc(Q;RN ) äî óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (1)�(2). Äëÿ öüîãî
ñïî÷àòêó çàóâàæèìî, ùî äëÿ êîæíîãî m ∈ N ôóíêöiÿ um ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì
çàäà÷i, ÿêà âiäðiçíÿ¹òüñÿ âiä çàäà÷i (1)�(2) òiëüêè òèì, ùî çàìiñòü fij ñòîÿòü fmij
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(i = 1, N, j = 0, n). Îòîæ, íà ïiäñòàâi ëåìè 2 äëÿ áóäü-ÿêèõ íàòóðàëüíèõ ÷èñåë m i
k ìàòèìåìî

max
t∈[t0−R0,t0]

∫
Ω

N∑
i=1

bi(x)|umi (x, t)− uki (x, t)|2 dx+

+

t0∫
t0−R0

∫
Ω

N∑
i=1

[ n∑
j=0

|∂j(umi − uki )|pij(x) + |umi − uki |2
]
dxdt 6 C1

{ N∑
i=1

R−2/(p+i0−2)+

(24) +

t0∫
t0−R

∫
Ω

N∑
i=1

n∑
j=0

|fmij (x, t)− fkij(x, t)|pij
′(x) dxdt

}
,

äå R,R0, t0 � äîâiëüíi ÷èñëà òàêi, ùî t0 6 0, R0 > 0, R > max{1; 2R0}.
Ïîêàæåìî, ùî ïðè ôiêñîâàíèõ t0 i R0 ëiâà ÷àñòèíà íåðiâíîñòi (24) ïðÿìó¹ äî

íóëÿ ïðè m → +∞, k → +∞. Ñïðàâäi, íåõàé ε > 0 � äîâiëüíå ÿê çàâãîäíî ìàëå
÷èñëî. Âèáåðåìî R > max{1, 2R0} íàñòiëüêè âåëèêèì, ùîá âèêîíóâàëàñü íåðiâíiñòü

(25) C1

N∑
i=1

R−2/(p+i0−2) < ε.

Öå ìîæíà çðîáèòè, îñêiëüêè p+
i0− 2 > 0 ∀i ∈ {1, . . . , N}. Òîäi äëÿ áóäü-ÿêèõ m, k ∈ N

òàêèõ, ùî max{−m,−k} 6 t0 − R, ìà¹ìî fmij = fkij (i = 1, N , j = 0, n) ìàé-
æå âñþäè íà Ω × (t0 − R, t0), à îòæå, ïðàâà ÷àñòèíà íåðiâíîñòi (24) íà ïiäñòàâi
(25) ¹ ìåíøîþ çà ε. Çâiäñè âèïëèâà¹, ùî çâóæåííÿ ÷ëåíiâ ïîñëiäîâíîñòi {um} íà
Qt0−R0,t0 óòâîðþ¹ ôóíäàìåíòàëüíó ïîñëiäîâíiñòü ó ïðîñòîði W̃ m,0

p(·) (Qt0−R0,t0 ;RN ) ∩
C([t0 − R0, t0];Hb(Ω;RN )). Îòæå, íà ïiäñòàâi äîâiëüíîñòi t0 i R0 iñíó¹ ôóíêöiÿ u ∈
Up,loc(Q;RN ) òàêà, ùî um → u â Up,loc(Q;RN ). Çàóâàæèìî, ùî â òîòîæíîñòi (23)
ìîæíà çàìiíèòè iíòåãðóâàííÿ ïî Qm íà iíòåãðóâàííÿ ïî Q. Çðîáèâøè öå, ïåðåéäå-
ìî â îòðèìàíié ðiâíîñòi äî ãðàíèöi ïðè m → ∞. Ó ïiäñóìêó îòðèìà¹ìî (4) äëÿ
äîâiëüíèõ v ∈ Vp(Ω;RN ) i ϕ ∈ C1

c ((−∞; 0);RN ). Öå îçíà÷à¹, ùî ôóíêöiÿ u ¹ óçàãàëü-
íåíèì ðîçâ'ÿçêîì çàäà÷i (1)�(2). Îöiíêà (6) áåçïîñåðåäíüî âèïëèâà¹ ç ëåìè 2 äëÿ
u1 = u, u2 = 0, f1

ij = fij , f
2
ij = 0 (i = 1, N, j = 0, n).
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THE FOURIER PROBLEM FOR INTEGRO-DIFFERENTIAL
ELLIPTIC-PARABOLIC SYSTEMS WITH VARIABLE

EXPONENTS OF NONLINEARITY
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The existence and uniqueness of a weak solution of the Fourier problem
for nonlinear integro-di�erential elliptic-parabolic systems are investigated wi-
thout any assumptions on the solution behavior and growth of the initial data
as time variable tends to −∞.
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1. Âñòóï. Îäíà ç öåíòðàëüíèõ ïðîáëåì ñó÷àñíîãî òåîðåòèêî-ãðóïîâîãî àíàëiçó
äèôåðåíöiàëüíèõ ðiâíÿíü � ðîçðîáëåííÿ åôåêòèâíèõ àëãîðèòìiâ ïîáóäîâè øèðîêèõ
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ïîáóäîâè êëàñiâ òî÷íèõ ðîçâ'ÿçêiâ íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ìàòåìàòè÷-
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íàïðèêëàä, [8]�[10]). Ó öèõ ïðàöÿõ äëÿ ðîçøèðåííÿ êëàñiâ ñèìåòðié ðiâíÿíü ìàòåìà-
òè÷íî¨ ôiçèêè çàñòîñîâàíî íåëîêàëüíi ïåðåòâîðåííÿ. Ðàíiøå, â 1979 ð., öi íåëîêàëü-
íi ïåðåòâîðåííÿ çàñòîñóâàâ Ã. Ðîçåí äî ëiíåàðèçàöi¨ íåëiíiéíîãî ðiâíÿííÿ äèôóçi¨
ut = ∂x(u−2ux) äî ëiíiéíîãî z0 = z11 (äèâ. [14]).

Ó ïðàöi [11] Äæ. Áëóìàí, Ã. Ðiä i Ñ. Êóìåé âïåðøå ðîçãëÿíóëè íåëîêàëüíi
ïåðåòâîðåííÿ åêâiâàëåíòíîñòi ó êëàñi ðiâíÿíü

(1) ut = ∂x[f(u)ux],

äå u = u(t, x), ut = ∂u
∂t , ux = ∂u

∂x , ∂x = ∂
∂x , f(u) � äîâiëüíà ãëàäêà ôóíêöiÿ.

Ó 1990 ð. Äæ. Êiíã â [13] íåëîêàëüíi ïåðåòâîðåííÿ óçàãàëüíèâ i ïîêàçàâ, ùî çà
äîïîìîãîþ öèõ ïåðåòâîðåíü íåëiíiéíå ðiâíÿííÿ äèôóçi¨ çâîäèòüñÿ äî ðiâíÿííÿ òîãî
ñàìîãî êëàñó. Ó [12] íåëîêàëüíi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi âèêîðèñòàíi äëÿ ïîáó-
äîâè íåëîêàëüíèõ àíçàöiâ, ÿêi ðåäóêóþòü ðiâíÿííÿ (1) äî çâè÷àéíèõ äèôåðåíöiàëü-
íèõ ðiâíÿíü, ëiíåàðèçàöi¨ ðiâíÿííÿ (1), ïîáóäîâè íåëîêàëüíèõ ôîðìóë ðîçìíîæåííÿ
éîãî ðîçâ'ÿçêiâ.

Ó ïðàöÿõ [6, 7] ïîñòàâëåíà òà ðîçâ'ÿçàíà çàäà÷à óçàãàëüíåííÿ ðåçóëüòàòiâ ïðàöü
[12, 13] íà âèïàäîê ñèñòåìè íåëiíiéíèõ ðiâíÿíü äèôóçi¨

(2) Ut = ∂x[f(U)Ux],

äå U =

(
u1

u2

)
, f(U) =

(
f11 f12

f21 f22

)
, ua = ua(t, x), fab = fab(U) � äîâiëüíi ãëàäêi

ôóíêöi¨, a, b = 1, 2.
Ó íåùîäàâíiõ ïðàöÿõ [16, 17] íåëîêàëüíi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi çàñòîñî-

âàíi äëÿ ðîçøèðåííÿ êëàñiâ ðîçâ'ÿçêiâ íåëiíiéíèõ ðiâíÿíü êîíâåêöi¨-äèôóçi¨ âèãëÿäó

(3) ut = ∂x[f(u)ux + g(u)],

äå g(u) � äîâiëüíà ãëàäêà ôóíêöiÿ.
Ìè ñóêóïíiñòü íåëîêàëüíèõ ïåðåòâîðåíü âèêîðèñòà¹ìî äëÿ: ëiíåàðèçàöi¨, ïîáó-

äîâè íåëîêàëüíèõ àíçàöiâ, ïîáóäîâè íåëîêàëüíèõ ôîðìóë ðîçìíîæåííÿ ðîçâ'ÿçêiâ
äëÿ ñèñòåìè ðiâíÿíü êîíâåêöi¨-äèôóçi¨

(4) Ut = ∂x [F (U)Ux +G(U)] ,

äå U =

(
u1

u2

)
, F (U) =

(
f11

f21
f12

f22

)
, G(U) =

(
g1

g2

)
, ua = ua (t, x), t � ÷àñîâà

çìiííà, x � ïðîñòîðîâà çìiííà, fab = fab (U), ga = ga (U) � êîåôiöi¹íòè äèôóçi¨ òà
êîíâåêöi¨, âiäïîâiäíî, a, b = 1, 2.

2. Íåëîêàëüíi ïåðåòâîðåííÿ ñèñòåìè êîíâåêöi¨-äèôóçi¨. Ðîçãëÿíåìî ñó-
êóïíiñòü òðüîõ ïåðåòâîðåíü (äèâ. [7])

(5) t = t, x = x, ua = vax,

äå va = va(t, x) � íîâi íåâiäîìi ôóíêöi¨,

(6) t = x0, x = w1, v1 = x1, v
2 = w2,

äå x0, x1 � íîâi íåçàëåæíi çìiííi, w
a = wa (x0, x1) � íîâi çàëåæíi çìiííi,

(7) x0 = x0, x1 = x1, w
a
1 = za,

za = za (x0, x1) � íîâi çàëåæíi çìiííi.
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Òåîðåìà 1. Ïåðåòâîðåííÿ (5)�(7) ¹ ïåðåòâîðåííÿìè åêâiâàëåíòíîñòi ñèñòå-

ìè (4).

Äîâåäåííÿ. Çàñòîñó¹ìî äî ñèñòåìè (4) íåëîêàëüíó çàìiíó âèãëÿäó (5) (äèâ., íàïðèê-
ëàä, [13]). Ïiäñòàâèìî (5) â (4) i ïðîiíòåãðó¹ìî îäåðæàíó ñèñòåìó çà çìiííîþ x,
îòðèìà¹ìî

(8) Ut = F (Vx)Vxx +G(Vx),

äå V =

(
v1

v2

)
.

ßêùî äî ñèñòåìè (8) çàñòîñóâàòè ïåðåòâîðåííÿ ãîäîãðàôà (6), òî öÿ ñèñòåìà
çâåäåòüñÿ äî âèãëÿäó

(9)

w1
0 =

1

(w1
1)2

[(f11 + w2
1f

12)w1
11 − w1

1f
12w2

11]− w2
1g

1,

w2
0 =

1

(w1
1)3

[(f11 + w2
1f

12)w2
1 − (f12 + w2

1f
22]w1

11+

+
1

(w1
1)2

(f22 + w2
1f

12)w2
11 − w2

1g
1 + g2,

äå waµ = ∂wa

∂xµ
, wa11 = ∂2wa

∂x2
1
, µ = 0, 1, ïðè÷îìó ó ôîðìóëàõ (9) fab = fab

(
1
w1

1
,
w2

1

w1
1

)
,

ga = ga
(

1
w1

1
,
w2

1

w1
1

)
, a, b = 1, 2.

Ïðîäèôåðåíöi¹ìî ñèñòåìó (9) çà çìiííîþ x1 òà ïîäi¹ìî ïåðåòâîðåííÿìè (7),
îäåðæèìî òàêó ñèñòåìó

(10) Z0 = ∂1[Φ(Z)Z1 + Ψ(Z)],

äå Z =

(
z1

z2

)
, Zµ = ∂Z

∂xµ
, ∂1 = ∂

∂x1
, Φ(Z) =

(
ϕ11

ϕ21
ϕ12

ϕ22

)
, ϕab = ϕab(Z), Ψ(Z) =(

ψ1

ψ2

)
, ψa = ψa(Z), µ = 0, 1, ïðè÷îìó ôóíêöi¨ ϕab, ψa ïîâ'ÿçàíi ç ôóíêöiÿìè fab,

ga òàêèìè ñïiââiäíîøåííÿìè:

(11)

ϕ11 = (z1)−2(f11 + z2f12),
ϕ12 = −(z1)−1f12,
ϕ12 = (z1)−3[(f11 + z2f12)z2 − (f21 + z2f22)],
ϕ22 = (z1)−2(f22 + z2f12),
ψ1 = −z1g1,
ψ2 = −z2g1 + g2,

äå fab = fab
(

1
z1 ,

z2

z1

)
, ga = ga

(
1
z1 ,

z2

z1

)
.

Îòîæ, ìè äîâåëè, ùî ëàíöþæîê çàìií (5)�(7) çâîäèòü ñèñòåìó (4) äî ñèñòåìè
ðiâíÿíü òîãî ñàìîãî êëàñó âèãëÿäó (10). Íå âàæêî ïåðåêîíàòèñÿ, ùî ñèñòåìà (10) çà
äîïîìîãîþ çàçíà÷åíèõ çàìií çâîäèòüñÿ äî ñèñòåìè (4). Òåîðåìà 1 äîâåäåíà. �
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3. Ëiíåàðiçàöiÿ ñèñòåìè (4). ßêùî ïðèïóñòèòè, ùî ñèñòåìà (4) ëiíiéíà, òîáòî
F (U) = Λ, G(U) = Γ(U), äå Λ = (λab), Γ = (γac) � ñòàëà ìàòðèöÿ, òî, âèêîðèñòàâøè
ôîðìóëè (11), îäåðæèìî ñèñòåìó

(12)

z10 = ∂1

[
λ11 + λ12z

2

(z1)2
z11 −

λ12
z1

z21 − γ12z2
]
,

z20 = ∂1

[
z2(λ11 + λ12z

2)− (λ21 + λ22z
2)

(z1)3
z11+

+
λ22 − λ12z2

(z1)2
z21 +

1

z1
(γ21 + (γ22 − γ11)z2 − γ12(z2)2)

]
,

ÿêà çà äîïîìîãîþ ïåðåòâîðåíü (5)-(7) çâîäèòüñÿ äî ëiíiéíî¨ ñèñòåìè âèãëÿäó

(13) Ut = ΛUxx + ΓUx,

i íàâïàêè.

4. Ñèìåòðiéíi âëàñòèâîñòi ñèñòåìè (13) òà ¨¨ îáðàçó.

Ëåìà 1. Ïåðåòâîðåííÿ âèãëÿäó

(14) U = AW +B,

äå A =

(
α11 α12

α21 α22

)
, B =

(
β1
β2

)
, αab, βa ∈ R, ¹ ïåðåòâîðåííÿìè åêâiâàëåíòíîñòi

ñèñòåìè (4).

Çàóâàæåííÿ 1. Íàñòóïíi òâåðäæåííÿ ïðî ñèìåòðiéíi âëàñòèâîñòi ñèñòåì ðiâíÿíü
êîíâåêöi¨-äèôóçi¨ (12), (13) ôîðìóëþâàòèìåìî ç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâà-
ëåíòíîñòi (14).

Òåîðåìà 2. Ó çàëåæíîñòi âiä âèãëÿäó ìàòðèöü Λ òà Γ ìàêñèìàëüíà àëãåáðà ií-

âàðiàíòíîñòi ñèñòåìè (13) çàäà¹òüñÿ òàêèìè îïåðàòîðàìè:

1) ïðè Λ,Γ � äîâiëüíèõ îñíîâíîþ àëãåáðîþ ñèìåòði¨ ¹ àëãåáðà,

A0 = 〈∂t, ∂x, Q = u1∂u1 + u2∂u2 , X1 = β1∂u1 , X2 = β2∂u2〉;

2) ïðè

(15) Λ =

(
λ1 0
0 λ2

)
, Γ =

(
γ1 0
0 γ2

)
,

äå λ1 6= λ2, γ1 6= γ2,

A1 = 〈∂t, ∂x, G = t∂x + (x+ γ1t)Q1 + (x+ γ2t)Q2, Q1 = − 1

2λ1
u1∂u1 ,

Q2 = − 1

2λ2
u2∂u2 , D = 2t∂t + x∂x + (λ1 + γ1(x+ γ1t))Q1 + (λ2 + γ2(x+ γ2t))Q2,

Π = t2∂t + tx∂x +
[
λ1t+

1

2
(x+ γ1t)

2
]
Q1 +

[
λ2t+

1

2
(x+ γ2t)

2
]
Q2,

X1 = β1∂u1 , X2 = β2∂u2〉;
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3) ïðè Λ =

(
λ 0
0 λ

)
, Γ =

(
γ1 0
0 γ2

)
, äå γ1 6= γ2,

A2 = 〈∂t, ∂x, G = t∂x + (x+ γ1t)Q1 + (x+ γ2t)Q2, Q1 = − 1

2λ
u1∂u1 , Q2 = − 1

2λ
u2∂u2 ,

D = 2t∂t + x∂x + (λ+ γ1(x+ γ1t))Q1 + (λ+ γ2(x+ γ2t))Q2,

Q3 = e
γ22−γ21

4λ t+
γ2−γ1

2λ xu2∂u1 , Q4 = e
γ21−γ22

4λ t+
γ1−γ2

2λ xu1∂u2 ,

Π = t2∂t + tx∂x + [λt+
1

2
(x+ γ1t)

2]Q1 + [λt+
1

2
(x+ γ2t)

2]Q2,

X1 = β1∂u1 , X2 = β2∂u2〉;

4) Λ =

(
λ 0
0 λ

)
, Γ =

(
γ1 0
mγ1 γ1

)
,

A3 = 〈∂t, ∂x, G = t∂x + (x+ γ1t)Q1 +mγ1tQ2,

Q1 = − 1

2λ
(u1∂u1 + u2∂u2), Q2 = − 1

2λ
u1∂u2 ,

D = 2t∂t + x∂x + (λ+ γ1(x+ γ1t))Q1 +mγ1xQ2,

Q3 = u1∂u1 +mγ1(x+ γ1t)Q2, Q4 = mγ1(x+ γ1t)[Q3 − u2∂u2 ] + u2∂u1 ,

Π = t2∂t + tx∂x + [λt+
1

2
(x+ γ1t)

2]Q1 +mγ1txQ2,

X1 = β1∂u1 , X2 = β2∂u2〉;

5) Λ =

(
λ 0
0 λ

)
, Γ =

(
α −β
β α

)
,

A4 = 〈∂t, ∂x, G = t∂x + (x+ αt)Q1 + βtQ2,

Q1 = − 1

2λ
(u1∂u1 + u2∂u2), Q2 =

1

2λ
(u2∂u1 − u1∂u2),

D = 2t∂t + x∂x + (λ+ αx+ (α2 − β2)t)Q1 + β(x+ 2αt)Q2,

Q3 = cos
β

λ
(x+ αt)(u1∂u1 − u2∂u2)− sin

β

λ
(x+ αt)(u2∂u1 + u1∂u2),

Q4 = sin
β

λ
(x+ αt)(u1∂u1 − u2∂u2) + cos

β

λ
(x+ αt)(u2∂u1 + u1∂u2),

Π = t2∂t + tx∂x + [
1

2
(α2 − β2)t2 + αtx+

1

2
x2 + λt]Q1 + βt(x+ αt)Q2,

X1 = β1∂u1 , X2 = β2∂u2〉;

6) ïðè Λ =

(
λ 0
kλ λ

)
, Γ =

(
γ11 0
γ12 γ22

)
,

A5 = 〈A0, Q2 = e
γ11−γ22

4λ (2x+(γ11+γ22)t)u1∂u2〉;

7) ïðè Λ =

(
λ 0
kλ λ

)
, Γ =

(
γ1 0
0 γ2

)
,

A6 = 〈A5, D = 2t∂t −
1

2λ
(x+ γ1t)Q+

2kλ

γ2 − γ1
u1∂u2〉;
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8) ïðè Λ =

(
λ 0
kλ λ

)
, Γ =

(
γ1 0
γ2 γ1

)
,

A7 = 〈A0, G = t∂x −
1

2λ
(x+ γ1t)Q+

1

2λ
(k(x+ γ1t)− γ2t)Q2, Q2 = u1∂u2 ,

D = 2t∂t + x∂x − [
γ1
2λ

(x+ γ1t) +
1

2
]Q+ (

kγ1
2λ

(x+ γ1t)−
γ2
2λ

(x+ 2γ1t))Q2,

Π = t2∂t + tx∂x −
1

4λ
[(x+ γ1t)

2 + 2λt]Q+
1

4λ
[k(x+ γ1t)

2 − 2γ2t(x+ γ1t)]Q2〉;

9) ïðè Λ =

(
α β
−β α

)
, Γ =

(
γ1 γ2
−γ2 γ1

)
,

A8=〈A0, G = t∂x−
1

2(α2 + β2)
(α(x+ γ1t)−βγ2t)Q−

1

2(α2 + β2)
(β(x+ γ1t) +αγ2t)Q2,

Q2 = u2∂u1 − u1∂u2 ,

D = 2t∂t + x∂x +
1

2(α2 + β2)
((βγ2 − αγ1)x+ (α(γ22 − γ21) + 2βγ1γ2)t− (α2 + β2))Q−

− 1

2(α2 + β2)
((αγ2 + βγ1)x− (β(γ22 − γ21)− 2αγ1γ2)t)Q2,

Π = t2∂t + tx∂x +
1

4(α2 + β2)
(2(βγ2 − αγ1)tx+ (α(γ22 − γ21) + 2βγ1γ2)t2

−αx2−2(α2+β2)t)Q− 1

4(α2 + β2)
(2(αγ2+βγ1)tx−(β(γ22−γ21)−2αγ1γ2)t2+βx2)Q2, 〉,

ïðè÷îìó äëÿ βa âèêîíóþòüñÿ ðiâíîñòi Lβ = 0, β =

 β1

β2

, L = ∂t−Λ∂xx−

Γ∂x.

Îáðàçîì ñèñòåìè

(16) Ut =

(
λ1 0
0 λ1

)
Uxx +

(
γ1 0
0 γ1

)
Ux,

âíàñëiäîê ïåðåòâîðåíü (5)�(7) ¹ ñèñòåìà íåëiíiéíèõ ðiâíÿíü êîíâåêöi¨-äèôóçi¨ âè-
ãëÿäó

(17)
z10 = ∂1[λ1

z11
(z1)2 ],

z20 = ∂1[ (λ1−λ2)
(z1)3 z2z11 + λ2

(z1)2 z
2
1 + (γ2 − γ1) z

2

z1 ].

Äëÿ òîãî, ùîá ïîðiâíÿòè ëi¨âñüêi ñèìåòði¨ ñèñòåìè (16)�(17), äîñëiäèìî ìàêñè-
ìàëüíó àëãåáðó iíâàðiàíòíîñòi ñèñòåìè (17). Âèêîíó¹òüñÿ íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 3. Ìàêñèìàëüíîþ àëãåáðîþ iíâàðiàíòíîñòi ñèñòåìè (17) ¹ òàêà àëãåáðà

(18) 〈∂0, ∂1, D = x1∂1 − z1∂z1 , z1∂z2 , z2∂z2〉.
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Òåîðåìó 3 äîâîäèìî ñòàíäàðòíèì ìåòîäîì Ëi (äèâ., íàïðèêëàä, [1, 3]).
Ç òåîðåìè 2 âèïëèâà¹, ùî ìàêñèìàëüíà àëãåáðà iíâàðiàíòíîñòi ñèñòåìè (17) ìiñ-

òèòü ìåíøó êiëüêiñòü ëi¨âñüêèõ îïåðàòîðiâ, íiæ ìàêñèìàëüíà àëãåáðà iíâàðiàíòíîñòi
ñèñòåìè (16). Âèêîðèñòà¹ìî öåé ôàêò äëÿ çíàõîäæåííÿ äîäàòêîâèõ (íåëi¨iâñüêèõ)
àíçàöiâ ñèñòåìè (17).

5. Ëi¨âñüêi àíçàöè ñèñòåìè (13) òà (17). Âèêîðèñòà¹ìî ëi¨âñüêó ñèìåòðiþ
ñèñòåìè (16) äëÿ ïîáóäîâè ¨¨ iíâàðiàíòíèõ àíçàöiâ.

Ðîçâ'ÿçîê ñèñòåìè (16) øóêàòèìåìî ó âèãëÿäi

(19) U = A(t, x)ϕ(ω),

äå A(t, x) = (αab), ϕ =

(
ϕ1

ϕ2

)
, αab = αab(t, x), ω = ω(t, x) � äåÿêi ãëàäêi ôóíêöi¨,

ÿêi çíàõîäèìî ïiñëÿ ðîçâ'ÿçóâàííÿ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

(20)
dt

ξ0
=
dx

ξ1
=
du1

η1
=
du2

η2
= dτ,

ϕa(ω) � íîâi íåâiäîìi ôóíêöi¨.
Ìàêñèìàëüíîþ àëãåáðîþ iíâàðiàíòíîñòi ñèñòåìè (13), (17) ¹ àëãåáðà A1. Êîîð-

äèíàòè iíôiíiòåçèìàëüíîãî îïåðàòîðà öi¹¨ àëãåáðè âèçíà÷àþòüñÿ ôîðìóëàìè

ξ0 = c1t
2 + 2c2t+ c4,

ξ1 = c1tx+ c3t+ c2x+ c5,

η1 = − 1

2λ1

[c1
2

((x+ γ1t)
2+2λ1t) + c2(γ1(x+ γ1t) + λ1) + c3(x+ γ1t) + c6

]
u1+β1(t, x),

η2 = − 1

2λ2

[c1
2

((x+ γ2t)
2+2λ2t) + c2(γ2(x+ γ2t) + λ2) + c3(x+ γ2t) + c7

]
u2+β2(t, x),

äå c1, . . . , c7 � ãðóïîâi ïàðàìåòðè. Ñèñòåìà (20) ìà¹ âèãëÿä

(21)

ṫ = c1t
2 + 2c2t+ c4,

ẋ = c1tx+ c3t+ c2x+ c5,

u̇1 = − 1

2λ1

[c1
2

((x+ γ1t)
2 + 2λ1t) + c2(γ1(x+ γ1t) + λ1) + c3(x+ γ1t) + c6

]
u1,

u̇2 = − 1

2λ2

[c1
2

((x+ γ2t)
2 + 2λ2t) + c2(γ2(x+ γ2t) + λ2) + c3(x+ γ2t) + c7

]
u2,

äå c1, . . . , c7 � äîâiëüíi ÷èñëîâi ïàðàìåòðè. Ïðîiíòåãðó¹ìî ñèñòåìó (21) ìåòîäîì, ÿêèé
âèêëàäåíèé, íàïðèêëàä, ó [4, 7], íàâåäåìî âèãëÿä íååêâiâàëåíòíèõ àíçàöiâ, ÿêi îäåð-
æóþòüñÿ ó ïiäñóìêó.

(22)
u1 = ek1tϕ1(ω),
u2 = ek2tϕ2(ω),
ω = k3t+ x;

(23)
u1 = e

k
2λ1

t(x+ 1
3kt

2+
γ1
2 t+k1)ϕ1(ω),

u2 = e
k

2λ2
t(x+ 1

3kt
2+

γ2
2 t+k2)ϕ2(ω),

ω = 1
2kt

2 + x;
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(24)

u1 = tk1e−
γ1
2λ1

(x+
γ1
2 t)ϕ1(ω),

u2 = tk2e−
γ2
2λ2

(x+
γ2
2 t)ϕ2(ω);

ω = t−
1
2x,

(25)

u1 = e−
1

4λ1
[γ1(2x+γ1t)+tx

2(t2+1)−1]−k1arctgt(t2 + 1)−
1
4ϕ1(ω),

u2 = e−
1

4λ2
[γ2(2x+γ2t)+tx

2(t2+1)−1]−k2arctgt(t2 + 1)−
1
4ϕ2(ω),

ω = x(t2 + 1)−
1
2 ,

äå k, k1, k2, k3, k4 � äîâiëüíi ñòàëi, ÿêi âèðàæàþòüñÿ ÷åðåç ñòàëi c1, . . . , c7.
Âèêîðèñòà¹ìî ëi¨âñüêó ñèìåòðiþ ñèñòåìè (17) äëÿ ïîáóäîâè iíâàðiàíòíèõ àíçà-

öiâ öi¹¨ ñèñòåìè.
Ìàêñèìàëüíîþ àëãåáðîþ iíâàðiàíòíîñòi ñèñòåìè (17) ¹ àëãåáðà (18). Êîîðäèíà-

òè iíôiíiòåçèìàëüíîãî îïåðàòîðà öi¹¨ àëãåáðè çàäàþòüñÿ ôîðìóëàìè

ξ0 = c1, ξ
1 = c3x1 + c2,

η1 = −c3z1,
η2 = c4z

1 + c5z
2,

äå c1, . . . , c5 � ãðóïîâi ïàðàìåòðè. Ñèñòåìà (20) ìà¹ âèãëÿä:

(26)

ẋ0 = c1,
ẋ1 = c3x1 + c2,
ż1 = −c3z1,
ż2 = c4z

1 + c5z
2.

Íå âäàþ÷èñü ó äåòàëi iíòåãðóâàííÿ ñèñòåìè (26), íàâåäåìî âèãëÿä íååêâiâàëåíòíèõ
àíçàöiâ, ÿêi îäåðæóþòüñÿ â ðåçóëüòàòi.

(27)
z1 = ek1x0ϕ1(ω),
z2 = k2e

k1x0ϕ1(ω) + ϕ2(ω),
ω = x1e

k1x0 ;

(28)

z1 = ek1x0ϕ1(ω),

z2 =
k1

k1 −m
ek1x0ϕ1(ω) + emx0ϕ2(ω),

ω = x1e
k1x0 ;

(29)
z1 = ϕ1(ω),
z2 = k2x0ϕ

1(ω) + ϕ2(ω),
ω = x1 + k1x0;

(30)
z1 = ϕ1(ω),
z2 = ek2x0ϕ2(ω),
ω = x1 + k1x0,

äå k1, k2,m � äîâiëüíi ñòàëi, ÿêi âèðàæàþòüñÿ ÷åðåç ñòàëi c1, . . . , c5.

6. Íåëîêàëüíi àíçàöè ñèñòåìè (17). Ðàíiøå äîâåëè, ùî ëiíiéíà ñèñòåìà (16),
iíâàðiàíòíà âiäíîñíî àëãåáðè AG2(1; 1), ïiä äi¹þ êîìïîçèöi¨ íåëîêàëüíèõ ïåðåòâî-
ðåíü (5)-(7) ïåðåõîäèòü ó ñèñòåìó (17), ÿêà íåiíâàðiàíòíà âiäíîñíî îïåðàòîðiâ G,Π.
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Íåiíâàðiàíòíiñòü ñèñòåìè (17) âiäíîñíî àëãåáðè AG2(1; 1) çâóæó¹ ìíîæèíó iíâàði-
àíòíèõ àíçàöiâ öi¹¨ ñèñòåìè ïîðiâíÿíî iç ñèñòåìîþ (16), çà äîïîìîãîþ ÿêèõ ìîæíà
áóëî á çâåñòè (17) äî ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü i â ïîäàëüøîìó
ïîáóäóâàòè òî÷íi ðîçâ'ÿçêè öi¹¨ ñèñòåìè.

Äëÿ âiäøóêàííÿ äîäàòêîâèõ íåëi¨âñüêèõ àíçàöiâ ñèñòåìè (17) ïîäi¹ìî êîìïî-
çèöi¹þ íåëîêàëüíèõ ïåðåòâîðåíü (5)-(7) íà óæå çíàéäåíi àíçàöè ñèñòåìè (16). Ïðî-
iëþñòðó¹ìî ïðîöåñ îäåðæàííÿ íåëi¨âñüêèõ àíçàöiâ íà ïðèêëàäi ïåðåòâîðåííÿ àí-
çàöó (25), ÿêèé îòðèìàëè ç óìîâè iíâàðiàíòíîñòi öi¹¨ ñèñòåìè âiäíîñíî îïåðàòîðà
X =

∏
+∂t.

Ïîäiÿâøè ñïî÷àòêó íà ôîðìóëè (25) ïåðåòâîðåííÿì (5), îäåðæó¹ìî:

v1x = e
− γ1

4λ1
(2x+γ1t)− tx2

4λ1(t2+1)
−k1arctgt

(t2 + 1)−
1
4ϕ1(ω),

v2x = e
− γ2

4λ2
(2x+γ2t)− tx2

4λ2(t2+1)
−k2arctgt

(t2 + 1)−
1
4ϕ2(ω),

ω = x(t2 + 1)−
1
2 .

Ïiä äi¹þ ïåðåòâîðåíü ãîäîãðàôà (6) àíçàö íàáóâà¹ âèãëÿäó

(31)

w1
1 = e

γ1
2λ1

(x2
0+1)

1
2 ω+

γ21
4λ1

x0+
1

4λ1
x0ω

2+k1x0(x20 + 1)
1
4 (ϕ1(ω))−1,

w2
1 = e(

γ1
2λ1

− γ2
2λ2

)(x2
0+1)

1
2 ω+(

γ21
4λ1

− γ22
4λ2

)x0+( 1
4λ1

− 1
4λ2

)x0ω
2+(k1−k2)x0(ϕ1(ω))−1ϕ2(ω),

ω = (x20 + 1)−
1
2w1.

Ïiñëÿ äi¨ ïåðåòâîðåííÿ (7) íà öåé àíçàö, îñòàòî÷íî îäåðæó¹ìî

(32)

z1 = e
γ1
λ1

(x2
0+1)

1
2 ω+

γ21
2λ1

x0+
1

4λ1
x0ω

2+k1x0(x20 + 1)
1
4 (ϕ1(ω))−1,

z2 = e(
γ1
λ1

− γ2
λ2

)(x2
0+1)

1
2 ω+(

γ21
2λ1

− γ22
2λ2

)x0+( 1
4λ1

− 1
4λ2

)x0ω
2+(k1−k2)x0(ϕ1(ω))−1ϕ2(ω),

ω = (x20 + 1)−
1
2 τ,

äå τ =
∫
z1dx1.

Àíàëîãi÷íî îäåðæó¹ìî îáðàçè ëi¨âñüêèõ àíçàöiâ (22)�(24) ñèñòåìè (16). Íå âäà-
þ÷èñü ó äåòàëi ¨õíüîãî çíàõîäæåííÿ, íàâåäåìî îñòàòî÷íi ðåçóëüòàòè.

Íåëîêàëüíi àíçàöè äëÿ ñèñòåìè (17)

(33)

z1 = e−
k

2λ1
x0(τ+

1
3kx

2
0+

γ1
2 x0+k1)(ϕ1(ω))−1,

z2 = e(
1

2λ2
− 1

2λ1
)kx0(τ+

1
3kx

2
0)+

k
2 x0[(

γ2
2λ2

− γ1
2λ1

)x0+
k2
λ2

− k1
λ1

](ϕ1(ω))−1ϕ2(ω),
ω = ( 1

2kx
2
0 + τ);

(34)

z1 = x−k10 e
γ1
2λ1

(τ+
γ1
2 x0)(ϕ1(ω))−1,

z2 = xk2−k10 e(
γ1
2λ1

− γ2
2λ2

)τ+(
γ21
4λ1

− γ22
4λ2

)x0)(ϕ1(ω))−1ϕ2(ω),

ω = x
− 1

2
0 τ ;

(35)

z1 = e
γ1
2λ1

(x2
0+1)

1
2 ω+

γ21
4λ1

x0+
1

4λ1
x0ω

2+k1x0(x20 + 1)
1
4 (ϕ1(ω))−1,

z2 = e(
γ1
2λ1

− γ2
2λ2

)(x2
0+1)

1
2 ω+(

γ21
4λ1

− γ22
4λ2

)x0+( 1
4λ1

− 1
4λ2

)x0ω
2+(k1−k2)x0(ϕ1(ω))−1ϕ2(ω),

ω = (x20 + 1)−
1
2 τ,

äå τ =
∫
z1dx1.



132
Ì. Ñ�ÐÎÂ, Ì. Ñ�ÐÎÂÀ, Î. ÎÌÅËßÍ, Þ. ÏÐÈÑÒÀÂÊÀ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2017. Âèïóñê 83

7. Íåëîêàëüíà ðåäóêöiÿ ñèñòåìè (17).
Äëÿ çíàõîäæåííÿ íåâiäîìèõ ôóíêöié ϕ1, ϕ2, íåîáõiäíî îäåðæàíi âèùå íåëî-

êàëüíi àíçàöè ïiäñòàâèòè ó ñèñòåìó (17). Ó ïiäñóìêó îòðèìà¹ìî, âiäïîâiäíî, òàêi
ðåäóêîâàíi ñèñòåìè ðiâíÿíü:

(36)
λ1ϕ̈

1 + γ1ϕ̇
1 +

k

2λ1
(ω + k1)ϕ1 = 0,

λ2ϕ̈
2 + γ2ϕ̇

2 +
k

2λ2
(ω + k2)ϕ2 = 0;

(37)
λ1ϕ̈

1 + 1
2ωϕ̇

1 − k1ϕ1 = 0,
λ2ϕ̈

2 + 1
2ωϕ̇

2 − k2ϕ2 = 0;

(38)
λ1ϕ̈

1 +
( ω2

4λ21
+
k1
λ1

)
ϕ1 = 0,

λ2ϕ̈
2 +

( ω2

4λ22
+
k2
λ2

)
ϕ2 = 0.

Íåëîêàëüíi àíçàöè (33)�(35) äëÿ ñèñòåìè (17) íå ìîæëèâî îäåðæàòè â ðàìêàõ
òåîði¨ Ñ. Ëi. Àíçàöè (33)�(35) ðåäóêóþòü ñèñòåìó (17) äî ñèñòåì çâè÷àéíèõ äèôå-
ðåíöiàëüíèõ ðiâíÿíü (36)�(38), âiäïîâiäíî.

8. Ïîáóäîâà íåëîêàëüíèõ ôîðìóë ðîçìíîæåííÿ ðîçâ'ÿçêiâ äëÿ íåëi-

íiéíî¨ ñèñòåìè (17).
Ñèñòåìà (16), íà âiäìiíó âiä ñèñòåìè (17), iíâàðiàíòíà âiäíîñíî îïåðàòîðà

G = t∂x + (x+ γ1t)Q1 + (x+ γ2t)Q2,

äå Q1 = − 1
2λ1

u1∂u1 , Q2 = − 1
2λ2

u2∂u2 .

Íåâàæêî ïåðåêîíàòèñÿ (äèâ., íàïðèêëàä, [1]), ùî îïåðàòîð

G = t∂x + (x+ γ1t)Q1 + (x+ γ2t)Q2

ïîðîäæó¹ ïåðåòâîðåííÿ

(39)

1
t =

2
t,

1
x =

2
x+θ

2
t,

1

u1(
1
t;

1
x) =

2

u1(
2
t;

2
x)e−

θ
2λ1

(( θ2+γ1)
2
t+

2
x),

1

u2(
1
t;

1
x) =

2

u2(
2
t;

2
x)e−

θ
2λ2

(( θ2+γ2)
2
t+

2
x).

Íåõàé,
2

u1 = u1(
2
t;

2
x);

2

u2 = u2(
2
t;

2
x) � äåÿêèé ãëàäêèé ðîçâ'ÿçîê ñèñòåìè

(40)
2

U 2
t
= Λ

2

U 2
x

2
x

+Γ
2

U 2
x
,

äå Λ,Γ çàäàíi ó âèãëÿäi (15). Íåõàé äiÿ îïåðàòîðà G ïåðåòâîðþ¹ öåé ðîçâ'ÿçîê ñèñ-

òåìè (40) â òàêèé ðîçâ'ÿçîê
1

u1 = u1(
1
t;

1
x);

1

u2 = u2(
1
t;

1
x) ñèñòåìè

1

U 1
t
= Λ

1

U 1
x

1
x

+Γ
1

U 1
x
.
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Ïîçíà÷èìî
1
t =

2
t = t,

2
x = x, θ = a. Òîäi çàïèøåìî ëi¨âñüêi ôîðìóëè ðîçìíîæåííÿ

ðîçâ'ÿçêiâ

(41)

2

u1(t;x) =
1

u1(t; at+ x)e
a

2λ1
(( a2+γ1)t+x),

2

u2(t;x) =
1

u2(t; at+ x)e
a

2λ2
(( a2+γ2)t+x),

2
x =

1
x−at.

Äëÿ ïîáóäîâè íåëîêàëüíèõ ôîðìóë ðîçìíîæåííÿ ðîçâ'ÿçêiâ ñèñòåìè (17) ïîäi¹-
ìî íà ëi¨âñüêi ôîðìóëè ðîçìíîæåííÿ ðîçâ'ÿçêiâ íåëîêàëüíèìè ïåðåòâîðåííÿìè (6),
(7). (Âèêîðèñòîâó¹ìî òîé ôàêò, ùî äëÿ ëiíåàðèçàöi¨ ñèñòåìè (17) äîñòàòíüî ëèøå
ïåðåòâîðåíü (6), (7)).

Äëÿ äi¨ íà ôîðìóëè (41) ïåðåòâîðåííÿ (6) çàïèøåìî ó âèãëÿäi

(42)
t = t,

1
x =

1

v1(t, τ),
1

u1(t,
1
x) = τ,

1

u2(t,
1
x) =

1

v2(t, τ),

t = t,
2
x =

2

v1(t, y),
2

u1(t,
2
x) = y,

2

u2(t,
2
x) =

2

v2(t, y),

Ïîäiÿâøè ïåðåòâîðåííÿìè (42) íà ôîðìóëè (41) òà ïðîäèôåðåíöiþâàâøè îäåð-
æàíèé ðåçóëüòàò çà çìiííîþ y, îòðèìó¹ìî

(43)

2

v1
y

(t; y) = τy
1

v1
τ

(t; τ),

2

v2
y

(t; y) = ( yτ )
λ1
λ2 e

γ2−γ1
2λ2

atτy

[
1

v2
τ

(t; τ) + a
2λ2

1

v2(t; τ)
1

v1
τ

(t; τ)

]
,

τy =
1

y(τ−1 + a
2λ1

1

v1
τ

(t; τ))

.

Ùîá ïîäiÿòè íà ôîðìóëè (43) ïåðåòâîðåííÿ (7) çàïèøåìî ó âèãëÿäi

(44)
t = t, τ = τ(t; y),

1

v1
τ

(t, τ) =
1

z1(t; τ),
1

v2
τ

(t, τ) =
1

z2(t, τ),

t = t, y = y,
2

v1
y

(t, y) =
2

z1(t; y),
2

v2
y

(t, y) =
2

z2(t, y).

Ïîäiÿâøè ïåðåòâîðåííÿìè (44) íà ôîðìóëè (43), îäåðæó¹ìî

(45)

2

z1(t; y) =

1

z1(t; τ)

y(τ−1 + a
2λ1

1

z1(t; τ))

,

2

z2(t; y) = ( yτ )
λ1
λ2

−1e
γ2−γ1
2λ2

at
τ

1

z2(t; τ)− λ1

λ2

∫ 1

z2(t; τ)dτ

τ2[τ−1 + a
2λ1

1

z1(t; τ)]

+
λ1
λ2
τ−1

∫ 1

z2(t; τ)dτ,

τy =
1

y(τ−1 + a
2λ1

1

z1(t; τ))

, τt = λ1(
1

z1)−2τ−2
y τyy +

a
1

z1
.
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Çàóâàæèìî, ùî îñòàíí¹ ðiâíÿííÿ ó ôîðìóëàõ (45) îäåðæó¹ìî âíàñëiäîê ïiäñòà-
íîâêè ïåðøèõ 3-õ ðiâíÿíü (45) ó ñèñòåìó ðiâíÿíü (16) ïðè Λ,Γ âèãëÿäó (15).

9. Ñèìåòðiéíi âëàñòèâîñòi îáðàçó ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà.

Ðîçãëÿíåìî ñèñòåìó ðiâíÿíü Âàí-äåð-Âààëüñà

(46)
u1t = λ1u

1
xx − u1u1x + µu2u2x,

u2t = λ2u
2
xx − u1u2x − u2u1x,

äå x = (x0, x1), ua = ua (x), λ1 � êîåôiöi¹íò êiíåìàòè÷íî¨ â'ÿçêîñòi, λ2 � êîåôi-
öi¹íò äèôóçi¨, µ � êîåôiöi¹íò êîíâåêöi¨, a ∈ {1, 2}; ÿêó øèðîêî âèêîðèñòîâóþòü ó
ìîëåêóëÿðíî-êiíåòè÷íié òåîði¨ ãàçiâ i ðiäèí. Öÿ ñèñòåìà âõîäèòü äî êëàñó ñèñòåì
ðiâíÿíü êîíâåêöi¨-äèôóçi¨.

Ó [5] äîâåäåíî, ùî ñèñòåìà (46) iíâàðiàíòíà âiäíîñíî óçàãàëüíåíî¨ àëãåáðè Ãà-
ëiëåÿ

AG(1, 1) =
〈
∂t, ∂x, G = t∂x + ∂u1 , D = 2t∂t + x∂x − I,Π = t2∂t + tx∂x + tI + x∂u1

〉
,

äå ∂t = ∂
∂t , ∂x = ∂

∂x , ∂u1
= ∂

∂u1
, ∂u2

= ∂
∂u2

, I = u1∂u1 + u2∂u2 .
ßêùî æ ïðîâåñòè ïîâíèé àíàëiç ¨¨ ñèìåòðè÷íèõ âëàñòèâîñòåé, òî îäåðæèìî òàêå

òâåðäæåííÿ.

Òåîðåìà 4. Ìàêñèìàëüíîþ àëãåáðîþ iíâàðiàíòíîñòi ñèñòåìè (46) çàëåæíî âiä

ñïiââiäíîøåíü ìiæ ñòàëèìè ¹ òàêi àëãåáðè

1) AG(1, 1), ÿêùî λ1 6= λ2, µ 6= 0;
2)
〈
AG(1, 1), u2∂u2

〉
, ÿêùî λ1 6= λ2, µ = 0;

3)
〈
AG(1, 1), u1∂u1

〉
, ÿêùî λ1 = λ2 = 1, µ = 0;

4)
〈
AG(1, 1), u2∂u1 , u2∂u2

〉
, ÿêùî λ1 = λ2 = 1, µ = 0.

ßêùî äî ñèñòåìè (46) çàñòîñóâàòè ïåðåòâîðåííÿ (5)�(7), òî îäåðæèìî òàêó
ñèñòåìó:

(47) Z0 = ∂1

 1

(z1)
3

(
λ1z

1

(λ1 − λ2) z2
0
λ2z

1

)
Z1 −

1

2 (z1)
2

 (
µ
(
z1
)2 − 1

)
z1(

µ
(
z2
)2

+ 1
)
z2

 ,
ÿêó íàçâåìî îáðàçîì ñèñòåìè (46).

Äëÿ òîãî, ùîá ïîðiâíÿòè ëi¨âñüêi ñèìåòði¨ ñèñòåì (46) òà (47), äîñëiäèìî ìàêñè-
ìàëüíó àëãåáðó iíâàðiàíòíîñòi ñèñòåìè (47). Âèêîíó¹òüñÿ íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 5. Ìàêñèìàëüíîþ àëãåáðîþ iíâàðiàíòíîñòi ñèñòåìè (47) ¹ àëãåáðà

1) Abas =
〈
∂0, ∂1, D = 2x0∂0 + z1∂z1

〉
, ÿêùî µ 6= 0, λ1 6= λ2;

2) A =
〈
Abas, z2∂z2

〉
, ÿêùî µ = 0, λ1 6= λ2;

3) A =
〈
Abas, z2∂z2 , e

x1

2 ∂z2
〉
, ÿêùî µ = 0, λ1 = λ2 = 1, äå ∂0 = ∂

∂x0
, ∂1 = ∂

∂x1
,

∂z1 = ∂
∂z1

, ∂z2 = ∂
∂z2

.

Òåîðåìà äîâîäèòüñÿ ñòàíäàðòíèì ìåòîäîì Ëi (äèâ. íàïðèêëàä [2, 3]).
Çàóâàæèìî, ùî ñèñòåìà Âàí-äåð-Âààëüñà ìà¹ çíà÷íî øèðøi ëi¨¨âñüêi ñèìåòði¨,

íiæ ñèñòåìà (47). Âèêîðèñòà¹ìî öåé ôàêò äëÿ çíàõîäæåííÿ íåëîêàëüíèõ àíçàöiâ i
ïîáóäîâè ðîçâ'ÿçêiâ ñèñòåìè (47).
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10. Ëi¨âñüêi àíçàöè ñèñòåìè Âàí-äåð-Âààëüñà òà ¨¨ îáðàçó. Âèêîðèñòà¹ìî
ëi¨âñüêó ñèìåòðiþ ñèñòåìè (47) äëÿ ïîáóäîâè iíâàðiàíòíèõ àíçàöiâ òà ðåäóêöi¨ öi¹¨
ñèñòåìè(äèâ. [8]). Ðîçâ'ÿçîê ñèñòåìè (47) áóäåìî øóêàòè ó âèãëÿäi (19).

Ó âèïàäêó µ 6= 0, λ1 6= λ2 ñèñòåìà (20) ìà¹ âèãëÿä

(48)

ṫ = c5t
2 + 2c4t+ c1,

ẋ = c5tx+ c4x+ c3t+ c2,
u̇1 = −(c5t+ c4)u1 + c5x+ c3,
u̇2 = −(c5t+ c4)u2.

Ïðîàíàëiçóâàâøè òà ðîçâ'ÿçàâøè ñèñòåìó (48), îäåðæèìî íååêiâàëåíòíi ëi¨âñüêi
àíçàöè äëÿ ñèñòåìè (46)

(49)
u1 = ϕ1(ω),
u2 = ϕ2(ω),
ω = kt+mx;

(50)

u1 = ϕ1(ω)− kt,
u2 = ϕ2(ω),

ω = kt2

2 + x;

(51)

u1 = t−
1
2ϕ1(ω),

u2 = t−
1
2ϕ2(ω),

ω = t−
1
2x;

(52)

u1 = (t2 + 1)−
1
2ϕ1(ω) + t(t2 + 1)−

1
2x,

u2 = (t2 + 1)−
1
2ϕ2(ω),

ω = (t2 + 1)−
1
2x.

Àíàëîãi÷íî îòðèìó¹ìî àíçàöè äëÿ ñèñòåìè (47)

(53)
z1 = ϕ1(ω),
z2 = ϕ2(ω),
ω = kx0 +mx1;

(54)
z1 = x

− 1
2

0 ϕ1(ω),
z2 = ϕ2(ω),
ω = x1 + k lnx0.

11. Íåëîêàëüíi àíçàöè îáðàçó ñèñòåìè Âàí-äåð-Âààëüñà. Äëÿ âiäøóêàí-
íÿ íåëi¨âñüêèõ àíçàöiâ ñèñòåìè (47) ïîäi¹ìî êîìïîçèöi¹þ íåëîêàëüíèõ ïåðåòâîðåíü
(5)�(7) íà âæå çíàéäåíi àíçàöè ñèñòåìè (46). Ó ïiäñóìêó îòðèìà¹ìî, ùî ëi¨âñüêi àí-
çàöè (49), (51) íàáóäóòü âèãëÿäó (53), (54), à àíçàöè (50), (52) ïåðåéäóòü ó íåëîêàëüíi
àíçàöè äëÿ ñèñòåìè (47)

(55)
(z1)−1 = ϕ1(ω)− kx0,
z2 = z1ϕ2(ω),
ω = τ + 1

2kx0, τ1 = z1;
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(56)

z1 =
(x20 + 1)ϕ1(ω)√
x20 + 1 + τx0ϕ1(ω)

,

z1 =
(x20 + 1)ϕ2(ω)√
x20 + 1 + τx0ϕ1(ω)

,

ω = −1

2

τ2x0
x20 + 1

; τ1 = z1.

12. Ðåäóêöiÿ òà ðîçâ'ÿçêè îáðàçó ñèñòåìè Âàí-äåð-Âààëüñà. Ïiäñòàâèâ-
øè àíçàöè (55), (56) ó ñèñòåìó (47), îäåðæèìî òàêi ðåäóêîâàíi ñèñòåìè ðiâíÿíü:

(57)
λ1ϕ̈

1 − ϕ1ϕ̇1 + µϕ2ϕ̇2 + k = 0,
λ2ϕ̈

2 − ϕ2ϕ̇1 − ϕ1ϕ̇2 = 0;

(58)
λ1ϕ̈

1 − ϕ1ϕ̇1 + µϕ2ϕ̇2 − ω = 0,
λ2ϕ̈

2 − ϕ2ϕ̇1 − ϕ1ϕ̇2 = 0.

Îäíèì iç ðîçâ'ÿçêiâ ðåäóêîâàíî¨ ñèñòåìè (58) ïðè µ > 0 (äèâ. [2, 3, 15]) ¹

(59)
ϕ1(ω) = −λ2

ω
,

ϕ2(ω) =
1
√
µ

(
ω +

√
λ2(λ2−λ1)

ω

)
.

Âèêîðèñòàâøè àíçàö (56), çíàéäåìî ðîçâ'ÿçîê ñèñòåìè (47), çàïèñàíèé ó ïàðà-
ìåòðè÷íîìó âèãëÿäi

x1 =
1

2

x0τ
2

x20 + 1
− λ2 ln τ,

z1 =
1

2

(x20 + 1)τ

x0τ2 − λ2(x20 + 1)
,

z2 =
1
√
µ

τ2 +
√
λ2(λ2 − λ1)(x20 + 1)

x0τ2 − λ2(x20 + 1)
.

13. Âèñíîâêè. Îòæå, çíàéäåíî íåëîêàëüíi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi ñèñ-
òåìè ðiâíÿíü êîíâåêöi¨-äèôóçi¨ (4), ÿêi ïîâ'ÿçóþòü ìiæ ñîáîþ ðiçíi ñèñòåìè öüîãî
êëàñó. Öi ïåðåòâîðåííÿ ìîæóòü áóòè âèêîðèñòàíi äëÿ ïîáóäîâè íåëîêàëüíèõ àíçàöiâ,
ïðîâåäåííÿ ðåäóêöi¨ òà çíàõîäæåííÿ òî÷íèõ ðîçâ'ÿçêiâ öi¹¨ ñèñòåìè. Ìè ïðîiëþñòðó-
âàëè íà ïðèêëàäi îáðàçó ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà. Ïîáóäóâàâøè ëi¨âñüêi
àíçàöè äëÿ ñèñòåìè (46) òà ïîäiÿâøè íà íèõ ïåðåòâîðåííÿìè (5)�(7), çíàõîäèìî
íåëîêàëüíi àíçàöè äëÿ ñèñòåìè (47). Îäèí iç òàêèõ àíçàöiâ áóëî âèêîðèñòàíî äëÿ
ðåäóêöi¨ ñèñòåìè (47) äî ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü. Ðîçâ'ÿçàâøè
ðåäóêîâàíó ñèñòåìó òà âèêîðèñòàâøè öåé àíçàö, çíàéøëè ðîçâ'ÿçîê ñèñòåìè (47).
Âîäíî÷àñ ïåðåòâîðåííÿ (5)�(7) çâîäÿòü íåëiíiéíó ñèñòåìó (12) äî ëiíiéíî¨ ñèñòåìè
âèãëÿäó (13). Äëÿ ñèñòåìè (12) ó êîíêðåòíîìó çíà÷åííi ïàðàìåòðiâ λab, γac, áóëè ïî-
áóäîâàíi íåëîêàëüíi àíçàöè, ÿêi íå ìîæëèâî îäåðæàòè â ðàìêàõ êëàñè÷íîãî ìåòîäó
Ëi. Öi àíçàöè çàñòîñîâàíî äëÿ ðåäóêöi¨ ñèñòåìè (12) äî ñèñòåì çâè÷àéíèõ äèôåðåí-
öiàëüíèõ ðiâíÿíü. Ðîçâ'ÿçàâøè ðåäóêîâàíó ñèñòåìó òà âèêîðèñòàâøè âiäïîâiäíèé
àíçàö, ìîæíà çíàéòè òî÷íi ðîçâ'ÿçêè ñèñòåìè (12).



ÇÀÑÒÎÑÓÂÀÍÍß ÍÅËÎÊÀËÜÍÈÕ ÏÅÐÅÒÂÎÐÅÍÜ ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2017. Âèïóñê 83 137

Ñïèñîê âèêîðèñòàíî¨ ëiòåðàòóðè

1. Ë. Â. Îâñÿííèêîâ, Ãðóïïîâîé àíàëèç äèôôåðåíöèàëüíûõ óðàâíåíèé, Íàóêà, 1978, 400c.
2. Ë. Â. Îâñÿííèêîâ, Ãðóïïîâûå ñâîéñòâà óðàâíåíèé íåëèíåéíîé òåïëîïðîâîäíîñòè,

ÄÀÍ ÑÑÑÐ 125 (1959), 492�495.
3. Ï. Îëâåð,Ïðèëîæåíèå ãðóïï Ëè ê äèôôåðåíöèàëüíûì óðàâíåíèÿì, Ìèð, Ìîñêâà, 1989,

581ñ.
4. O. M. Îìåëÿí, Ðåäóêöiÿ òà ðîçâ'ÿçêè ñèñòåì íåëiíiéíèõ ðiâíÿíü äèôóçi¨, iíâàðiàíò-

íèõ âiäíîñíî àëãåáðè Ãàëiëåÿ, Âiñí. Êè¨â. íàö. óí-òó iì. Òàðàñà Øåâ÷åíêà. Ñåð. Ìàò.
Ìåõ. (2004), no. 11�12, 95�100.

5. Ì. Ì. Ñ¹ðîâà, Î. Ì. Îìåëÿí, Ñèìåòðiéíi âëàñòèâîñòi òà òî÷íi ðîçâ'ÿçêè ñèñòåìè

ðiâíÿíü ðiäèíè Âàí-äåð-Âààëüñà, Ïðàöi Ií-òó ìàòåìàòèêè ÍÀÍ Óêðà¨íè 36 (2001), 254�
261.

6. Ì. I. Ñ¹ðîâ, O. M. Îìåëÿí, Ð. Ì. ×åðíiãà, Ëiíåàðèçàöiÿ ñèñòåì íåëiíiéíèõ ðiâíÿíü

äèôóçi¨ çà äîïîìîãîþ íåëîêàëüíèõ ïåðåòâîðåíü, Äîï. ÍÀÍ Óêðà¨íè. (2004), no. 10,
39�45.

7. Ì. I. Ñ¹ðîâ, Î. Ì. Îìåëÿí, Ñèìåòðiéíi âëàñòèâîñòi ñèñòåìè íåëiíiéíèõ ðiâíÿíü õå-

ìîòàêñèñó, Âèä-âî ÏîëòÍÒÓ, Ïîëòàâà, 2011, 236 ñ.
8. Â. È. Ôóùè÷, Í. È. Ñ¹ðîâ, Ò. Ê. Àìåðîâ Î íåëîêàëüíèõ àíçàöàõ äëÿ îäíîãî íåëèíåéíîãî

îäíîìåðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè, Íàóêîâà äóìêà, Êèiâ, 1989, 339 ñ.
9. Â.È. Ôóùè÷, Â.Ì. Øòåëåíü, Ì.È. Ñ¹ðîâ, Ñèììåòðèéíûé àíàëèç è òî÷íûå ðåøåíèÿ

óðàâíåíèé íåëèíåéíîé ìàòåìàòè÷åñêîé ôèçèêè, Äîêë. ÀÍ ÓÑÑÐ (1990), no. 11, 15�18.
10. Â. I. Ôóùè÷, Â. À. Òè÷èíií, Òî÷íi ðîçâ'ÿçêè òà ïðèíöèï ñóïåðïîçèöi¨ äëÿ íåëiíiéíîãî

õâèëüîâîãî ðiâíÿííÿ, Äîï. ÀÍ ÓÐÑÐ. Ñåð. À, Ôiç.-ìàò. òåõí. í. (1990), no. 5, 32�35.
11. G. W. Bluman, G. J. Reid, and S. Kumei, New classes of symmetries for partial di�erential

equations, J. Math. Phys. 29 (1988), no. 4, 806�811.
12. W. I. Fuschich, M. I. Serov, V. A. Tychynin, and T. K. Amerov, On non-local symmetry of

nonlinear heart equation, Proc. Acad. Sci. Ukraine 27 (1992), no. 11, 26�32.
13. J. R. King, Some non-local transformations between nonlinear di�usion equation, J. Math.

Phys. 23 (1990), 5441�5464.
14. G. Rosen, Nolinear heat conduction in solid, Phys. Rev. B. 19 (1979), 2398�2399.
15. M. I Serov, T. O. Karpaliuk, O. G. Pliukhin, and I. V. Rassokha, System of reaction-

convection-di�usion equation invariant under Galilean algebras, J. Math. Anal. Appl. 422
(2015), no, 1, 185�211.

16. V. A. Tychynin and O. V. Petrova, Nonlocal symmetries and formulae for generation of

solutions for a class of di�usion-convection equations, J. Math. Anal. Appl. 382 (2011),
no. 1, 20�33.

17. V. Tychynin, O. Petrova, and O. Tertyshnyk, Nonlocal symmetries and generation of soluti-

ons for partial di�erential equations, SIGMA, Symmetry Integrability Geom. Methods Appl.
3 (2007), Art. ID 019, pp. 14.

Ñòàòòÿ: íàäiéøëà äî ðåäêîëåãi¨ 23.09.2015

äîîïðàöüîâàíà 21.04.2017

ïðèéíÿòà äî äðóêó 13.11.2017



138
Ì. Ñ�ÐÎÂ, Ì. Ñ�ÐÎÂÀ, Î. ÎÌÅËßÍ, Þ. ÏÐÈÑÒÀÂÊÀ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2017. Âèïóñê 83

APPLICATION OF NON-LOCAL CONVERSIONS
OF EQUIVALENCE OF THE SYSTEM

OF CONVECTION-DIFFUSION EQUATIONS TO THE FINDING
OF EXACT SOLUTIONS

Mykola SEROV, Mariya SEROVA,
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24, Pershotravneva Avenue, 36011, Poltava, Ukraine
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Non-local transformations of equivalence for a system convection-di�usion
equations is constructed. These transformations are used to construct an invari-
ant Ansatz, reduction and �nding exact solutions of the system.

Key words: system of convection-di�usion equations, non-local transformati-
ons of equivalence, symmetry, the method of Lie, invariance, maximal
invariance algebra, linearization, local change, the Van der Waals system
of equations, invariant anzatz, reduction, exact solutions.
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ÌIØÀÍI ÇÀÄÀ×I ÄËß ÍÅËIÍIÉÍÈÕ ÏÀÐÀÁÎËI×ÍÈÕ
ÐIÂÍßÍÜ ÄÐÓÃÎÃÎ ÏÎÐßÄÊÓ ÇI ÇÌIÍÍÈÌÈ

ÏÎÊÀÇÍÈÊÀÌÈ ÍÅËIÍIÉÍÎÑÒI Â ÍÅÎÁÌÅÆÅÍÈÕ
ÎÁËÀÑÒßÕ ÁÅÇ ÓÌÎÂ ÍÀ ÍÅÑÊIÍ×ÅÍÍÎÑÒI

Ìèêîëà ÁÎÊÀËÎ, Íiêîë¹òòà ÃÐßÄIËÜ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Iâàíà Ôðàíêà

âóë. Óíiâåðñèòåöüêà, 1, 79000, Ëüâiâ

e-mails: mm.bokalo@gmail.com, nikolyetta@gmail.com

Äîñëiäæåíî ìiøàíi çàäà÷i äëÿ íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü çi
çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi â íåîáìåæåíèõ îáëàñòÿõ áåç óìîâ íà
íåñêií÷åííîñòi. Äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü óçàãàëüíåíèõ ðîçâ'ÿçêiâ
òàêèõ çàäà÷ ó âiäïîâiäíèõ óçàãàëüíåíèõ ïðîñòîðàõ Ëåáåãà òà Ñîáîë¹âà.
Îòðèìàíî àïðiîðíi îöiíêè óçàãàëüíåíèõ ðîçâ'ÿçêiâ äîñëiäæóâàíèõ çàäà÷.

Êëþ÷îâi ñëîâà: ïàðàáîëi÷íå ðiâíÿííÿ, çìiííèé ïîêàçíèê íåëiíiéíîñòi,
íåîáìåæåíà îáëàñòü, ìåòîä ìîíîòîííîñòi.

1. Âñòóï. Íåõàé Ω � íåîáìåæåíà îáëàñòü â Rn (n ∈ N), äå Rn � ëiíiéíèé ïðîñòið,
ñêëàäåíèé ç âïîðÿäêîâàíèõ íàáîðiâ x = (x1, ..., xn) äiéñíèõ ÷èñåë i íàäiëåíèé íîðìîþ
|x| := (|x1|2 + ...+ |xn|2)1/2. Ïðèïóñêà¹ìî, ùî ∂Ω (ìåæà îáëàñòi Ω) � êóñêîâî-ãëàäêà
ïîâåðõíÿ i ∂Ω = Γ0 ∪ Γ1, äå Γ0 � çàìèêàííÿ âiäêðèòî¨ ìíîæèíè íà ∂Ω (çîêðåìà,
Γ0 ìîæå áóòè ïîðîæíüîþ ìíîæèíîþ àáî çáiãàòèñÿ ç ∂Ω), Γ1 := ∂Ω \ Γ0. Íåõàé
ν = (ν1, ..., νn) � îäèíè÷íèé âåêòîð çîâíiøíüî¨ äî ∂Ω íîðìàëi; Q := Ω× (0, T ), Σ0 :=
Γ0 × (0, T ), Σ1 := Γ1 × (0, T ), äå T > 0 � äîâiëüíî çàäàíå ÷èñëî.

Ðîçãëÿäà¹ìî çàäà÷ó: çíàéòè ôóíêöiþ u : Q → R, ÿêà çàäîâîëüíÿ¹ (â ïåâíîìó

ñåíñi) ðiâíÿííÿ

(1) ut −
n∑
i=1

d

dxi
ai(x, t, u,∇u) + a0(x, t, u,∇u) = f(x, t), (x, t) ∈ Q ,

êðàéîâi óìîâè

(2) u
∣∣∣
Σ0

= 0,
∂u

∂νa

∣∣∣
Σ1

= 0

òà ïî÷àòêîâó óìîâó

(3) u(x, 0) = u0(x) , x ∈ Ω,

2010 Mathematics Subject Classi�cation: 35D30, 35K20, 35K55.
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äå aj : Q×R×Rn → R (j = 0, n), f : Q→ R, u0 : Ω→ R � çàäàíi äiéñíîçíà÷íi ôóíêöi¨,

∂u(x, t)/∂νa :=
n∑
i=1

ai(x, t, u,∇u) νi(x), (x, t) ∈ Σ1, � ïîõiäíà ïî �êîíîðìàëi�.

Ìè ââàæà¹ìî, ùî ïðîñòîðîâà ÷àñòèíà äèôåðåíöiàëüíîãî âèðàçó â ëiâié ÷àñòèíi
ðiâíÿííÿ (1) ¹ åëiïòè÷íîþ, òîáòî ðiâíÿííÿ (1) � ïàðàáîëi÷íå.

Ïðèêëàäîì ðiâíÿíü òèïó (1), ÿêi òóò âèâ÷àþòüñÿ, ¹ ðiâíÿííÿ

(4) ut −
n∑
i=1

(
âi(x, t)|uxi |pi(x)−2uxi

)
xi

+ â0(x, t)|u|p0(x)−2u = f(x, t),

äå âi (i = 0, n) � äåÿêi âèìiðíi, äîäàòíi òà âiääiëåíi âiä íóëÿ ôóíêöi¨, pi > 1 (i = 0, n) �
âèìiðíi é îáìåæåíi ôóíêöi¨, ÿêi íàçèâàþòü ïîêàçíèêàìè íåëiíiéíîñòi.

Ðiâíÿííÿ âèãëÿäó (4) çi ñòàëèìè ïîêàçíèêàìè íåëiíiéíîñòi ðîçãëÿäàëèñÿ ó áà-
ãàòüîõ ïðàöÿõ, çîêðåìà, â [1, 2, 3, 4, 5, 6, 7, 8]. Â îñòàííi äåñÿòèëiòòÿ äóæå àêòèâíî
âèâ÷àþòü íåëiíiéíi äèôåðåíöiàëüíi ðiâíÿííÿ çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi,
ïðèêëàäîì ÿêèõ ¹ ðiâíÿííÿ (4), [9, 10, 11, 13, 12, 14, 15]. Öå ïîâ'ÿçàíî ç òèì, ùî òàêi
ðiâíÿííÿ âèíèêàþòü ó ìàòåìàòè÷íîìó ìîäåëþâàííi ðiçíèõ òèïiâ ôiçè÷íèõ ïðîöå-
ñiâ i, çîêðåìà, îïèñóþòü ïîòîêè åëåêòðîðåîëîãi÷íèõ ðå÷îâèí, ïðîöåñè âiäíîâëåííÿ
çîáðàæåíü, åëåêòðè÷íèé ñòðóì ó êîíäóêòîði ïiä âïëèâîì çìiííîãî òåìïåðàòóðíîãî
ïîëÿ [11].

ßê äîáðå âiäîìî, êðàéîâi çàäà÷i äëÿ ëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü ó íåîáìå-
æåíèõ îáëàñòÿõ ¹ êîðåêòíèìè, ÿêùî íà ¨õíi ðîçâ'ÿçêè òà âèõiäíi äàíi äîäàòêîâî äî
êðàéîâèõ óìîâ íàêëàäåíî ïåâíi îáìåæåííÿ íà ¨õ çðîñòàííÿ íà íåñêií÷åííîñòi. Òàêà
ñàìà ñèòóàöiÿ ç êðàéîâèìè çàäà÷àìè â íåîáìåæåíèõ îáëàñòÿõ i äëÿ íåëiíiéíèõ ïà-
ðàáîëi÷íèõ ðiâíÿíü ç ïåâíèõ êëàñiâ [3, 4]. Ïðîòå ¹ ðiâíÿííÿ, êðàéîâi çàäà÷i äëÿ ÿêèõ
îäíîçíà÷íî ðîçâ'ÿçíi áåç áóäü-ÿêèõ óìîâ íà íåñêií÷åííîñòi [1, 2, 5, 6, 7, 8, 12, 14].
Âïåðøå òàêèé ðåçóëüòàò äëÿ ðiâíÿííÿ (4) ïðè p0 = const > 2 i p1 = . . . = pn = 2
îòðèìàíî â ïðàöi [1].

Çðîáèâøè äîäàòêîâi ïðèïóùåííÿ íà âèõiäíi äàíi, äîâåäåíî îäíîçíà÷íó ðîçâ'ÿç-
íiñòü ìiøàíèõ çàäà÷ áåç îáìåæåíü íà íåñêií÷åííîñòi äëÿ îäíîãî êëàñó íåëiíiéíèõ
àíiçîòðîïíèõ ïàðàáîëi÷íèõ ðiâíÿíü çi çìiííèìè ïîêàçèêàìè íåëiíiéíîñòi. Îòðèìàíi
òóò ðåçóëüòàòè ¹ óçàãàëüíåííÿì i äîïîâíåííÿì ðåçóëüòàòiâ [12] ñòîñîâíî ðiâíÿíü çi
ñòàëèìè ïîêàçíèêàìè íåëiíiéíîñòi.

Ïðàöÿ ñêëàäà¹òüñÿ ç øåñòè ðîçäiëiâ. Ó äðóãîìó ðîçäiëi ââåäåíî îñíîâíi ïîçíà-
÷åííÿ òà äîïîìiæíi ôàêòè. Ôîðìóëþâàííÿ çàäà÷i é îñíîâíîãî ðåçóëüòàòó ìiñòèòü
òðåòié ðîçäië. Ó ÷åòâåðòîìó ðîçäiëi íàâåäåíî äîïîìiæíi òâåðäæåííÿ. Ó ï'ÿòîìó ðîç-
äiëi îá ðóíòîâàíî îñíîâíèé ðåçóëüòàò. Øîñòèé ðîçäië ìiñòèòü âèñíîâêè.

2. Îñíîâíi ïîçíà÷åííÿ òà ôàêòè. Ñïî÷àòêó ââåäåìî ôóíêöiéíi ïðîñòîðè,
ÿêi áóäóòü ïîòðiáíi äëÿ îçíà÷åííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (1)�(3).

Ïiä Lr(·)(Ω
′), äå Ω′ � äîâiëüíà îáìåæåíà îáëàñòü â ïðîñòîði Rn, à r : Ω′ → R �

âèìiðíà òà îáìåæåíà ôóíêöiÿ òàêà, ùî r(x) > 1 äëÿ ìàéæå âñiõ (ì.â.) x ∈ Ω′,
ðîçóìi¹ìî ëiíiéíèé ïðîñòið (êëàñiâ) âèìiðíèõ ôóíêöié v : Ω′ → R, äëÿ ÿêèõ ôóíê-

öiîíàë ρΩ′,r(v) :=

∫
Ω′

|v(x)|r(x) dx ïðèéìà¹ ñêií÷åíi çíà÷åííÿ, ç íîðìîþ ‖v‖Lr(·)(Ω′) :=

inf{λ > 0 | ρΩ′,r(v/λ) 6 1}. Öåé ïðîñòið ¹ áàíàõîâèì i éîãî íàçèâàþòü óçàãàëüíåíèì
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ïðîñòîðîì Ëåáåãà (äèâ., íàïðèêëàä, [9]). Çàóâàæèìî òàêå: êîëè r(x) = r0 = const > 1
äëÿ ìàéæå âñiõ x ∈ Ω′, òî ‖ · ‖Lr(·)(Ω′) = ‖ · ‖Lr0 (Ω′). Âiäîìî òàêå: ÿêùî ess inf

x∈Ω′
r(x) > 1,

òî ñïðÿæåíèé äî Lr(·)(Ω
′) ìîæíà îòîòîæíèòè ç Lr′ (·)(Ω

′), äå r′(x), x ∈ Ω′, � ôóíêöiÿ,

ÿêà âèçíà÷åíà ðiâíiñòþ 1
r(x) + 1

r′(x) = 1 äëÿ ìàéæå âñiõ x ∈ Ω′. Àíàëîãi÷íî ÿê Lr(·)(Ω
′)

âèçíà÷à¹ìî ïðîñòið Lr(·)(Q
′), äå Q′ = Ω′ × (0, T ), Ω′ � äîâiëüíà îáìåæåíà îáëàñòü

â ïðîñòîði Rn, âèêîðèñòîâóþ÷è ôóíêöiîíàë ρQ′,r(w) :=

∫∫
Q′

|w(x, t)|r(x) dxdt çàìiñòü

ôóíêöiîíàëà ρΩ′,r(v).
Äàëi âñþäè ïiä Bd(Ω) ðîçóìiòèìåìî ìíîæèíó âñåìîæëèâèõ îáìåæåíèõ ïiä-

îáëàñòåé îáëàñòi Ω. Íåõàé r : Ω → R � âèìiðíà ôóíêöiÿ òàêà, ùî r(x) > 1 äëÿ
ìàéæå âñiõ x ∈ Ω. ×åðåç Lr(·), loc(Ω) ïîçíà÷àòèìåìî ëiíiéíèé ïðîñòið (êëàñiâ) âè-
ìiðíèõ ôóíêöié v : Ω → R, çâóæåííÿ ÿêèõ v|Ω′ íà äîâiëüíó îáëàñòü Ω′ ∈ Bd(Ω)
íàëåæàòü äî Lr(·)(Ω

′), iç ñèñòåìîþ ïiâíîðì {‖ · ‖Lr(·)(Ω′) |Ω′ ∈ Bd(Ω′)}. Öåé ïðîñ-

òið ¹ ïîâíèì ëîêàëüíî îïóêëèì ïðîñòîðîì. Çàóâàæèìî, ùî ïîñëiäîâíiñòü {vl}∞l=1

ñèëüíî (âiäïîâiäíî, ñëàáêî) çáiãà¹òüñÿ äî v â Lr(·), loc(Ω), ÿêùî äëÿ áóäü-ÿêî¨ îáëà-
ñòi Ω′ ∈ Bd(Ω) ïîñëiäîâíiñòü {vl|Ω′}∞l=1 ñèëüíî (âiäïîâiäíî, ñëàáêî) çáiãà¹òüñÿ äî

v|Ω′ â Lr(·)(Ω′). Òàê ñàìî ÿê Lr(·), loc(Ω) ââîäèìî ïîâíèé ëîêàëüíî îïóêëèé ïðîñòið

Lr(·), loc(Q) iç ñèñòåìîþ ïiâíîðì {‖ · ‖Lr(·)(Ω′×(0,T )) |Ω′ ∈ Bd(Ω)}.
Íåõàé p = (p0, p1, . . . , pn) : Ω→ R1+n � âåêòîð-ôóíêöiÿ, ÿêà çàäîâîëüíÿ¹ óìîâó:

(P) äëÿ êîæíîãî i ∈ {0, 1, . . . , n} ôóíêöiÿ pi : Ω→ R � âèìiðíà i ess inf
x∈Ω′

pi(x) > 1,

ess sup
x∈Ω′

pi(x) <∞ äëÿ áóäü-ÿêî¨ Ω′ ∈ Bd(Ω).

×åðåç p′ = (p′0, p
′
1, . . . , p

′
n) ïîçíà÷èìî âåêòîð-ôóíêöiþ, êîìïîíåíòè ÿêî¨ âèçíà-

÷àþòüñÿ ç ðiâíîñòåé 1
pi(x) + 1

p′i(x) = 1 äëÿ ì.â. x ∈ Ω (i = 0, n). Î÷åâèäíî, ùî ôóíêöiÿ

p′ çàäîâîëüíÿ¹ óìîâó (P) iç çàìiíîþ pi íà p
′
i (i = 0, n).

Äëÿ äîâiëüíî¨ îáëàñòi Ω′ ∈ Bd(Ω) âèçíà÷èìî ïðîñòið

W 1
p(·)(Ω

′) := {v : Ω′ → R − âèìiðíà | v ∈ Lp0(·)(Ω
′), vxi ∈ Lpi(·)(Ω

′) (i = 1, n)}

ç íîðìîþ

‖v‖W 1
p(·)(Ω

′) := ‖v‖Lp0(·)(Ω′) +

n∑
i=1

‖vxi‖Lpi(·)(Ω′).

Öåé ïðîñòið ¹ áàíàõîâèì i éîãî íàçèâàþòü óçàãàëüíåíèì ïðîñòîðîì Ñîáîë¹âà. Ïiä
W 1
p(·), loc(Ω) ðoçóìiòèìåìî ïîâíèé ëîêàëüíî îïóêëèé ïðîñòið, ñêëàäåíèé ç ôóíêöié

v ∈ Lp0(·), loc(Ω) òàêèõ, ùî vxi ∈ Lpi(·), loc(Ω) äëÿ êîæíîãî i ∈ {1, . . . , n}, iç ñèñòå-

ìîþ ïiâíîðì
{
‖v‖W 1

p(·)(Ω
′)) | Ω′ ∈ Bd(Ω)

}
. Ïîçíà÷èìî ÷åðåç W̃ 1

p(·), loc(Ω) çàìèêàííÿ
ïðîñòîðó

C̃1(Ω) :=
{
v ∈ C1(Ω)

∣∣ supp v − îáìåæåíà ìíîæèíà, v
∣∣
Γ0

= 0
}

âW 1
p(·), loc(Ω). Íåõàé W̃ 1

p(·), c(Ω) � ïiäïðîñòið ïðîñòîðó W̃ 1
p(·), loc(Ω), ñêëàäåíèé ç ôóíê-

öié ç îáìåæåíèìè íîñiÿìè.
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Äëÿ îáëàñòi Q′ = Ω′ × (0, T ), äå Ω′ ∈ Bd(Ω), ðîçãëÿíåìî áàíàõiâ ïðîñòið

W 1,0
p(·)(Q

′) := {w : Q′ → R − âèìiðíà |w ∈ Lp0(·)(Q
′), wxi ∈ Lpi(·)(Q

′) (i = 1, n)}
ç íîðìîþ

‖w‖W 1,0
p(·)(Q

′) := ‖w‖Lp0(·)(Q′) +

n∑
i=1

‖wxi‖Lpi(·)(Q′).

Ïiä W 1,0
p(·), loc(Q) ðoçóìi¹ìî ïîâíèé ëîêàëüíî îïóêëèé ïðîñòið, ñêëàäåíèé ç ôóíê-

öié w ∈ Lp0(·), loc(Q) òàêèõ, ùî wxi ∈ Lpi(·), loc(Q) (i = 1, n) iç ñèñòåìîþ ïiâíîðì{
‖w‖W 1,0

p(·)(Ω
′×(0,T )) | Ω′ ∈ Bd(Ω)

}
. Ïîçíà÷èìî ÷åðåç W̃ 1,0

p(·), loc(Q)) ïiäïðîñòið ïðîñòîðó

W 1,0
p(·), loc(Q), ñêëàäåíèé ç ôóíêöié w ∈ W 1,0

p(·), loc(Q) òàêèõ, ùî äëÿ ìàéæå âñiõ t ∈
(0, T ) ôóíêöiÿ w(·, t) íàëåæèòü äî W̃ 1

p(·), loc(Ω)).

Òàêîæ âèçíà÷èìî ïîâíèé ëîêàëüíî îïóêëèé ïðîñòið

C([0, T ];L2,loc(Ω)) := {w : [0, T ]→ L2,loc(Ω) |w ∈ C([0, T ];L2(Ω′)) ∀Ω′ ∈ Bd(Ω)}
iç ñèñòåìîþ ïiâíîðì

{‖w‖C([0,T ];L2(Ω′)) := max
t∈[0,T ]

‖w(·, t)‖L2(Ω′) | Ω′ ∈ Bd(Ω) }.

Ââåäåìî ïîâíèé ëîêàëüíî îïóêëèé ïðîñòið

Up,loc := W̃ 1,0
p(·), loc(Q) ∩ C([0, T ];L2, loc(Ω))

ç òîïîëîãi¹þ, ÿêà ïîðîäæåíà ñèñòåìîþ ïiâíîðì{
‖w‖W 1,0

p(·)(Ω
′×(0,T )) + ‖w‖C([0,T ];L2(Ω′)) | Ω′ ∈ Bd(Ω)

}
.

Íåõàé
Hloc := L2, loc(Ω), Fp′, loc := Lp0′(·), loc(Q).

Ïîçíà÷èìî ÷åðåç C1
c (0, T ) ïðîñòið íåïåðåðâíî äèôåðåíöiéîâèõ ôóíêöié íà (0, T )

ç êîìïàêòíèì íîñi¹ì.

3. Ôîðìóëþâàííÿ çàäà÷i òà îñíîâíîãî ðåçóëüòàòó. Ðîçãëÿäàòèìåìî óçà-
ãàëüíåíi ðîçâ'ÿçêè çàäà÷i (1)�(3). Äëÿ ¨õ îçíà÷åííÿ ñïî÷àòêó ââåäåìî âiäïîâiäíi
êëàñè âèõiäíèõ äàíèõ.

Íåõàé p = (p0, p1, . . . , pn) � âåêòîð-ôóíêöiÿ, ÿêà çàäîâîëüíÿ¹ óìîâó (P).
Ïiä Ap ðîçóìiòèìåìî ìíîæèíó âïîðÿäêîâàíèõ íàáîðiâ äiéñíîçíà÷íèõ ôóíêöié
(a0, a1, . . . , an), ÿêi âèçíà÷åíi íà Q× R1+n i çàäîâîëüíÿþòü óìîâè:

(A1) äëÿ êîæíîãî i ∈ {0, 1, . . . , n} ôóíêöiÿ ai(x, t, ρ, ξ), (x, t, ρ, ξ) ∈ Q× R1+n, ¹ êà-
ðàòåîäîðiâñüêîþ, òîáòî äëÿ ìàéæå âñiõ (x, t) ∈ Qôóíêöiÿ ai(x, t, ·, ·) : R1+n →
R � íåïåðåðâíà, à äëÿ áóäü-ÿêèõ (ρ, ξ) ∈ R1+n ôóíêöiÿ ai(·, ·, ρ, ξ) : Q → R �
âèìiðíà; êðiì òîãî, ai(x, t, 0, 0) = 0 (i = 0, n) äëÿ ìàéæå âñiõ (x, t) ∈ Q;

(A2) äëÿ êîæíîãî i ∈ {0, 1, . . . , n}, ìàéæå âñiõ (x, t) ∈ Q i áóäü-ÿêèõ (ρ, ξ) ∈ R1+n

âèêîíó¹òüñÿ íåðiâíiñòü

|ai(x, t, ρ, ξ)| 6 h1,i(x, t)
(
|ρ|p0(x)/p′i(x) +

n∑
j=1

|ξj |pj(x)/p′i(x)
)

+ h2,i(x, t),

äå h1,i ∈ L∞, loc(Q), h2,i ∈ Lp ′i(·), loc(Q).
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Òåïåð ïîäàìî îçíà÷åííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (1)�(3).

Îçíà÷åííÿ 1. Íåõàé p çàäîâîëüíÿ¹ óìîâó (P), (a0, a1, . . . , an)∈Ap, f ∈Fp′, loc, u0 ∈
Hloc. Óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (1)�(3) íàçèâà¹ìî ôóíêöiþ u ∈ Up,loc, ÿêà
çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó

(5) u(·, 0) = u0(·) â L2,loc(Ω)

òà iíòåãðàëüíó ðiâíiñòü

(6)

∫∫
Q

{ n∑
i=1

ai(x, t, u,∇u)ψxiϕ+ a0(x, t, u,∇u)ψϕ− uψϕ′
}
dxdt =

∫∫
Q

fψϕdxdt

äëÿ áóäü-ÿêèõ ψ ∈ W̃ 1
p(·), c(Ω), ϕ ∈ C1

c (0, T ).

Ìåòà íàøî¨ ïðàöi � çà äîäàòêîâèõ óìîâ íà âèõiäíi äàíi äîâåñòè îäíîçíà÷íó
ðîçâ'ÿçíiñòü çàäà÷i (1)�(3).

Äàëi âñþäè, áåç âòðàòè çàãàëüíîñòi, ââàæà¹ìî, ùî 0 ∈ Ω. Íåõàé k ∈ {1, . . . , n} �
íàéìåíøå ÷èñëî òàêå, ùî ìíîæèíà Ω̃R := Ω ∩ {x ∈ Rn

∣∣ |x1|2 + . . . + |xk|2 < R2} ¹
îáìåæåíîþ äëÿ áóäü-ÿêîãî R > 0. Íàïðèêëàä, êîëè Ω = Ω1×Ω2, äå Ω1 � íåîáìåæåíà
îáëàñòü â Rk, à Ω2 � îáìåæåíà îáëàñòü â Rn−k, òî k � ñàìå òå, ïðî ÿêå ãîâîðèëîñÿ.

Äëÿ áóäü-ÿêîãî R > 0 ïîçíà÷èìî ÷åðåç ΩR çâ'ÿçíó êîìïîíåíòó ìíîæèíè Ω̃R, ùî
ìiñòèòü 0. Î÷åâèäíî, ùî Ω =

⋃
R>0

ΩR.

Íåõàé α > 0 � íàéìåíøå ç ÷èñåë, äëÿ ÿêîãî âèêîíó¹òüñÿ íåðiâíiñòü

(7) mesn ΩR 6 c1R
α ∀R > 1,

äå c1 > 0 � ñòàëà. Òóò i äàëi ÷åðåç mesnG ïîçíà÷åíî ìiðó Ëåáåãà ìíîæèíè G â Rn.
Ïðèéìåìî QR := ΩR × (0, T ) äëÿ êîæíîãî R > 0. Çðîçóìiëî, ùî Q =

⋃
R>0

QR.

Äàëi âñþäè ââàæà¹ìî, ùî âèêîíó¹òüñÿ óìîâà:

(P∗) âåêòîð-ôóíêöiÿ p = (p0, p1, . . . , pn) çàäîâîëüíÿ¹ óìîâó (P) i, êðiì òîãî,
p0(x) > 2, max

i∈{1,...,k}
pi(x) 6 2 äëÿ ìàéæå âñiõ x ∈ Ω,

min
i∈{1,...,k}

ess inf
x∈Ω

[
p0(x)− pi(x)

]
> 0.

Ïîçíà÷èìî ÷åðåç A∗p ïiäìíîæèíó Ap, åëåìåíòè ÿêî¨ çàäîâîëüíÿþòü ùå òàêi óìî-
âè:

(A3) äëÿ ìàéæå âñiõ (x, t) ∈ Q òà äîâiëüíèõ (ρ1, ξ
1), (ρ2, ξ

2) ∈ R1+n âèêîíó¹òüñÿ
íåðiâíiñòü

n∑
i=1

(ai(x, t, ρ1, ξ
1)− ai(x, t, ρ2, ξ

2))(ξ1
i − ξ2

i )+

+ (a0(x, t, ρ1, ξ
1)− a0(x, t, ρ2, ξ

2))(ρ1 − ρ2) > K1|ρ1 − ρ2|q(x),

äå K1 > 0 � ñòàëà, q : Ω → R � âèìiðíà ôóíêöiÿ òàêà, ùî 2 6 q(x) 6 p0(x)
äëÿ ìàéæå âñiõ x ∈ Ω òà, êðiì òîãî, äëÿ êîæíîãî i ∈ {1, . . . , k} r−i :=
ess inf
x∈Ω

ri(x) > α, r+
i := ess sup

x∈Ω
ri(x) < +∞, äå α � ñòàëà ç íåðiâíîñòi (7), à

ri(x) := q(x)p i(x)/
(
q(x)− p i(x)

)
, x ∈ Ω;
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(A4) äëÿ ìàéæå âñiõ (x, t) ∈ Q òà áóäü-ÿêèõ (ρ, ξ) ∈ R1+n âèêîíó¹òüñÿ íåðiâíiñòü
n∑
i=1

ai(x, t, ρ, ξ) ξi + a0(x, t, ρ, ξ) ρ > K2

[ n∑
i=1

|ξi|pi(x) + |ρ|p0(x)
]
− h3(x, t),

äå K2 > 0 � ñòàëà, h3 ∈ L1,loc(Q), h3 > 0;
(A5) äëÿ ìàéæå âñiõ (x, t) ∈ Q òà áóäü-ÿêèõ (ρ1, ξ

1), (ρ2, ξ
2) ∈ R1+n âèêîíó¹òüñÿ

íåðiâíiñòü

k∑
i=1

|ai(x, t, ρ1, ξ
1)− ai(x, t, ρ2, ξ

2)|p
′
i(x) 6

6 K3

[ n∑
i=1

(ai(x, t, ρ1, ξ
1)− ai(x, t, ρ2, ξ

2))(ξ1
i − ξ2

i )+

+ (a0(x, t, ρ1, ξ
1)− a0(x, t, ρ2, ξ

2))(ρ1 − ρ2)
]
,

äå K3 > 0 � ñòàëà.

Çàóâàæåííÿ 1. Îïèðàþ÷èñü íà ðåçóëüòàòè [14], íåâàæêî ïåðåêîíàòèñÿ, ùî ïiäìíî-
æèíîþ A∗p ¹ ìíîæèíà A1

p òèõ åëåìåíòiâ (a0, a1, . . . , an) ç Ap, ÿêi çàäîâîëüíÿþòü óìî-
âè:

(A′3) ai(x, t, ρ, ξ) ≡ ai(x, t, ξi), (x, t, ρ, ξ) ∈ Q × R1+n, i äëÿ ìàéæå âñiõ (x, t) ∈ Q
iñíó¹ ïîõiäíà ∂ai(x, t, ξi)/∂ξi, ξi 6= 0, ÿêùî i ∈ {1, . . . , n}, òà, êðiì òîãî, âèêî-
íóþòüñÿ íåðiâíîñòi

Ai|ξi|pi(x)−2 6 ∂ai(x, t, ξi)/∂ξi 6 Ãi|ξi|pi(x)−2, ξi 6= 0,

ÿêùî i ∈ {1, . . . , k}, à ÿêùî i ∈ {k + 1, . . . , n}, òî

∂ai(x, ξi)/∂ξi > Ai|ξi|pi(x)−2, ξi 6= 0,

|ai(x, ξi)| 6 Ãi|ξi|p i(x)−1 + h4,i(x, t), ξi ∈ R,
äå Ai, Ãi � äîäàòíi ñòàëi, h4,i ∈ Lp′i(·),loc(Q);

(A′4) a0(x, t, ρ, ξ) ≡ a0(x, t, ρ), (x, t, ρ, ξ) ∈ Q × R1+n, i äëÿ ìàéæå âñiõ (x, t) ∈ Q
iñíó¹ ïîõiäíà ∂a0(x, t, ρ)/∂ρ, ρ 6= 0, òà âèêîíóþòüñÿ íåðiâíîñòi

∂a0(x, t, ρ)/∂ρ > A0|ρ|p0(x)−2 +A′0, ρ 6= 0,

|a0(x, t, ρ)| 6 Ã0|ρ|p 0(x)−1 + h4,0(x, t), ρ ∈ R,
äå h4,0 ∈ Lp′0(·),loc(Ω), A0, Ã0 � äîäàòíi ñòàëi, A

′
0 � íåâiä'¹ìíà ñòàëà, ïðè÷îìó

A′0 = 0 òiëüêè â òîìó âèïàäêó, êîëè

min
i∈{1,...,k}

ess inf
x∈Ω

p0(x)p i(x)/
(
p0(x)− p i(x)

)
> α,

äå α � ñòàëà ç íåðiâíîñòi (7).

Ïðèêëàäîì åëåìåíòà ç êëàñó A1
p ¹ íàáið ôóíêöié(

â0(x, t) |ρ|p 0(x)−2 ρ, â1(x, t) |ξ1|p 1(x)−2 ξ1, . . . , ân(x, t) |ξn|pn(x)−2 ξn
)
,

äå âi ∈ L∞(Q) � äîäàòíi òà âiääiëåíi âiä íóëÿ ôóíêöi¨. Ïðè òàêîìó âèáîði êîåôiöi-
¹íòiâ ðiâíÿííÿ (1) íàáóäå âèãëÿäó (4).
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Çàóâàæåííÿ 2. Çàóâàæèìî òàêå: êîëè p1(x) = . . . = pk(x) = 2 äëÿ ìàéæå âñiõ x ∈ Ω,
òî iíøîþ ïiäìíîæèíîþ A∗p ¹ ìíîæèíà A2

p òèõ åëåìåíòiâ (a0, a1, . . . , an) ç Ap, ÿêi
çàäîâîëüíÿþòü óìîâó (A4) òà óìîâè:

(A′′3) äëÿ ìàéæå âñiõ (x, t) ∈ Q i áóäü-ÿêèõ (ρ1, ξ
1), (ρ2, ξ

2) ∈ R1+n âèêîíó¹òüñÿ
íåðiâíiñòü

k∑
i=1

|ai(x, t, ρ1, ξ1)− ai(x, t, ρ2, ξ2)| ≤ D1

k∑
i=1

|ξ1
i − ξ2

i | + D2 |ρ1 − ρ2|,

äå D1, D2 � íåâiä'¹ìíi ñòàëi;
(A′′4) äëÿ ìàéæå âñiõ (x, t) ∈ Q i áóäü-ÿêèõ (ρ1, ξ

1), (ρ2, ξ
2) ∈ R1+n âèêîíó¹òüñÿ

íåðiâíiñòü
n∑
j=1

(ai(x, t, ρ1, ξ
1)− ai(x, t, ρ2, ξ

2))(ξ1
i − ξ2

i )+

+ (a0(x, t, ρ1, ξ
1)− a0(x, t, ρ2, ξ

2))(ρ1 − ρ2) ≥

≥ K4

k∑
i=1

|ξ1
i − ξ2

i |2 +K5 |ρ1 − ρ2|2 +K6 |ρ1 − ρ2|p0(x),

äå K4 > 0,K5 > 0,K6 > 0 � ñòàëi, ïðè÷îìó K5 = 0 òiëüêè â òîìó âèïàäêó,
êîëè D2 = 0, òà min

i∈{1,...,k}
ess inf
x∈Ω

p0(x)/
(
p0(x)−2

)
> α/2, äå α � ñòàëà ç íåðiâ-

íîñòi (7).

Ïðèêëàäîì ðiâíÿíü âèãëÿäó (1), äëÿ ÿêîãî êîåôiöi¹íòè (a0, a1, . . . , an) íàëåæàòü
äî êëàñó A2

p, ¹ ðiâíÿííÿ

ut −
k∑

i,j=1

(
âij(x, t)uxj

)
xi

+

n∑
i=k+1

(
âi(x, t)|uxi |pi(x)−2uxi

)
xi

+

(8) +â0,1(x, t)u+ â0,2(x, t)|u|p0(x)−2u = f(x, t),

äå âi (i = k + 1, n), â0,1, â0,2 � âèìiðíi, äîäàòíi i âiääiëåíi âiä íóëÿ ôóíêöi¨, à

âij (i, j = 1, k) � îáìåæåíi ôóíêöi¨, ÿêi çàäîâîëüíÿþòü óìîâó: iñíó¹ λ > 0 òàêå, ùî
k∑

i,j=1

âij(x, t)ξiξj > λ
∑k
i=1 |ξi|2 äëÿ ìàéæå âñiõ (x, t) ∈ Q i áóäü-ÿêèõ ξ1, . . . , ξk ∈ R.

Îñíîâíèé ðåçóëüòàò íàøî¨ ïðàöi � òàêå òâåðäæåííÿ.

Òåîðåìà 1. Íåõàé (a0, a1, . . . , an) ∈ A∗p, f ∈ Fp′,loc, u0 ∈ Hloc. Òîäi iñíó¹ ¹äèíèé óçà-

ãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (1)�(3), ïðè÷îìó äëÿ áóäü-ÿêèõ R,R0 òàêèõ, ùî R0 > 0,
R > max{1, 2R0}, ïðàâèëüíà îöiíêà

max
t∈[0,T ]

∫
ΩR0

|u(x, t)|2 dx+

∫∫
QR0

[ n∑
i=1

|uxi(x, t)|pi(x) + |u(x, t)|p 0(x)
]
dxdt 6

(9) 6 C1

{
Rα−ω +

∫
ΩR

|u0(x)|2 dx+

∫∫
QR

|f(x, t)|p0
′(x) dxdt+

∫∫
QR

h3(x, t) dxdt
}
,



146
Ìèêîëà ÁÎÊÀËÎ, Íiêîë¹òòà ÃÐßÄIËÜ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2017. Âèïóñê 83

äå ω := min
16i6k

r−i , C1 � ñòàëà, ÿêà çàëåæèòü òiëüêè âiä Ki (i = 1, 2, 3), c1, r
+
i (i =

1, k).

4. Äîïîìiæíi òâåðäæåííÿ. Íàâåäåìî êiëüêà òåõíi÷íèõ òâåðäæåíü, ÿêi áó-
äóòü ïîòðiáíi äëÿ äîâåäåííÿ òåîðåìè 1. Äëÿ öüîãî âèêîðèñòîâó¹ìî òàêi ïîçíà÷åííÿ:

aj(v)(x, t) := aj(x, t, v(x, t),∇v(x, t)) (j = 0, n), (x, t) ∈ Q;

∂0v := v, ∂iv := vxi (i = 1, n).

Òâåðäæåííÿ 1. Äëÿ äîâiëüíèõ a, b ∈ R, ε > 0, µ > 1 ïðàâèëüíà íåðiâíiñòü

(10) a b 6 ε|a|µ + ε1−µ′ |b|µ
′
,

äå µ′ = µ
µ−1 .

Äîâåäåííÿ. Öå òâåðäæåííÿ ëåãêî âèïëèâà¹ ç íåðiâíîñòi Þíãà (äèâ., íàïðèêëàä,

[16]): a b 6 |a|
µ

µ + |b|µ
′

µ′ . �

Òâåðäæåííÿ 2. Äëÿ áóäü-ÿêèõ a, b, c, ε > 0, µ1 > 1, µ2 > 1, µ3 > 1, 1
µ1

+ 1
µ2

+ 1
µ3

= 1,
ïðàâèëüíà íåðiâíiñòü

(11) a b c 6 ε|a|µ1 + ε|b|µ2 + ε1−µ3 |c|µ3 .

Äîâåäåííÿ. Öå òâåðäæåííÿ ëåãêî îòðèìàòè ç íåðiâíîñòi Þíãà (äèâ., íàïðèêëàä,

[16]): a b c 6 |a|
µ1

µ1
+ |b|µ2

µ2
+ |c|µ3

µ3
. �

Ëåìà 1. Íåõàé R > 0 � äîâiëüíå ôiêñîâàíå ÷èñëî. Ïðèïóñòèìî, ùî ôóíêöiÿ v ∈
W̃ 1,0
p(·), loc(Q) òàêà, ùî ïðàâèëüíà iíòåãðàëüíà òîòîæíiñòü

(12)

T∫
0

∫
ΩR

{ n∑
i=0

gi∂iψϕ−vψϕ′
}
dxdt = 0, ϕ ∈ C1

c (0, T ), ψ ∈ W̃ 1
p(·), c(Ω), suppψ ⊂ ΩR,

äëÿ äåÿêèõ ôóíêöié gj ∈ Lp′j(·), loc(Q) (j = 0, n).

Òîäi v ∈ C([0, T ];L2(ΩR ′)) äëÿ êîæíîãî R′ ∈ (0, R). Êðiì òîãî, äëÿ äîâiëüíèõ

ôóíêöié θ ∈ C1([0, T ]), w ∈ C1(Ω), suppw ⊂ ΩR, w > 0, i áóäü-ÿêèõ ÷èñåë t1, t2
òàêèõ, ùî 0 ≤ t1 < t2 ≤ T , âèêîíó¹òüñÿ ðiâíiñòü

(13) θ(t)

∫
ΩR

|v(x, t)|2w(x)dx
∣∣∣t=t2
t=t1
−

t2∫
t1

∫
ΩR

|v|2wθ′ dxdt+2

t2∫
t1

∫
ΩR

{ n∑
i=0

gi∂i(vw)
}
θ dxdt = 0.

Äîâåäåííÿ. Öå òâåðäæåííÿ äîâîäèòüñÿ àíàëîãi÷íî, ÿê ëåìà 3 [12]. �

Ëåìà 2. Íåõàé (a0, a1, . . . , an) ∈ A∗p, f ∈ Fp′,loc, u0 ∈ Hloc, u1, u2 ∈ Up,loc i R > 1 �

ÿêå-íåáóäü ôiêñîâàíå ÷èñëî. Ïðèïóñòèìî, ùî äëÿ êîæíîãî l ∈ {1, 2}
(14) ul(x, 0) = u0(x) äëÿ ì.â. x ∈ ΩR

i âèêîíó¹òüñÿ ðiâíiñòü

(15)

∫∫
QR

{ n∑
i=0

ai(ul)∂iψϕ− ulψϕ′
}
dxdt =

∫∫
QR

fψϕdxdt
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äëÿ áóäü-ÿêèõ ϕ ∈ C1
c (0, T ) i ψ ∈ W̃ 1

p(·),c(Ω), suppψ ⊂ ΩR.

Òîäi äëÿ äîâiëüíîãî ÷èñëà R0 ∈ (0, R/2] ïðàâèëüíà íåðiâíiñòü

(16) max
t∈[0,T ]

∫
ΩR0

|u1(x, t)− u2(x, t)|2 dx+

+

∫∫
QR0

[ n∑
i=0

(
ai(u1)− ai(u2)

)(
∂iu1 − ∂iu2

)
+ |u1 − u2|q(x)

]
dxdt 6 C2R

α−ω,

äå α, ω � òàêi ñàìi ÿê â òåîðåìi 1, a C2 > 0 � ñòàëa, ÿêa çàëåæèòü òiëüêè âiä

K1,K3, c1, r
+
i (i = 1, k), q−.

Äîâåäåííÿ. Ââåäåìî òàêó çðiçàþ÷ó ôóíêöiþ:

ζ(x) =

{
(R2 − |x′|2)/R, |x′| < R,

0, |x′| > R,

äå x = (x′, x′′), x′ = (x1, . . . , xk), x′′ = (xk+1, . . . , xn), |x′| = (|x1|2 + . . .+ |xk|2)1/2.

Äëÿ ϕ ∈ C1
c (0, T ), ψ ∈ W̃ 1

p(·),c(Ω) òàêî¨, ùî supp ψ ⊂ ΩR, ðîçãëÿíåìî ðiâíiñòü

(15) ïðè u = u1 é öþ ñâìó ðiâíiñòü ïðè u = u2 i âiäíiìåìî öi ðiâíîñòi. Ó ïiäñóìêó,
ïðèéíÿâøè

u12(x, t) := u1(x, t)− u2(x, t),

ai,12(x, t) := ai(u1)(x, t)− ai(u2)(x, t), (x, t) ∈ Q, i = 0, n,

îòðèìà¹ìî ðiâíiñòü, äî ÿêî¨ çàñòîñó¹ìî ëåìó 1 ç gi = ai,12 (i = 0, n), w = ζs, θ =
1, äå s := max

16i6k
r+
i , t1 = 0, t2 = τ ∈ (0, T ] � äîâiëüíå ÷èñëî. Âíàñëiäîê ïðîñòèõ

ïåðåòâîðåíü îòðèìà¹ìî ðiâíiñòü∫
ΩR

|u12(x, τ)|2ζs(x) dx+ 2

∫∫
QτR

{ n∑
i=0

ai,12∂iu12

}
ζs dxdt =

(17) = −2s

∫∫
QτR

( k∑
i=1

ai,12 ∂iζ
)
u12 ζ

s−1 dxdt,

äå QτR := ΩR × (0, τ ] ïðè τ ∈ (0, T ], R > 0.
Çðîáèìî âiäïîâiäíi îöiíêè iíòåãðàëiâ ðiâíîñòi (17). Ç óìîâè (A3) ìàòèìåìî

(18)

∫∫
QτR

{ n∑
i=0

ai,12∂iu12

}
ζsdxdt > K1

∫∫
QτR

|u12|q(x) ζsdxdt.

Íà ïiäñòàâi íåðiâíîñòi (11), âðàõóâàâøè îöiíêó |∂iζ(x)| 6 2 (i = 1, n) ïðè x ∈ Rn
òà âèáðàâøè a = |ai,12|ζs/µ1 , b = |u12|ζs/µ2 , c = ζs/µ3−1, µ1 = p′i(x), µ2 = q(x), µ3 =
ri(x) (äëÿ êîæíîãî i = 1, n i ìàéæå âñiõ x ∈ Ω), îòðèìà¹ìî îöiíêó∫∫

QτR

k∑
i=1

|ai,12| |∂jζ| |u12| ζs−1 dxdt 6 2ε1

∫∫
QτR

[
k∑
i=1

|ai,12|p
′
i(x)

]
ζs dxdt+
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(19) +2ε1k

∫∫
QτR

|u12|q(x)ζs dxdt+ 2

∫∫
QτR

k∑
i=1

ε
1−r+i
1 ζ s−ri(x) dxdt,

äå ε1 ∈ (0, 1) � äîâiëüíå ÷èñëî.
Çãiäíî ç óìîâîþ (A5) ìàòèìåìî

(20)

∫∫
QτR

[ k∑
i=1

|ai,12|p
′
i(x)
]
ζs dxdt 6 K3

∫∫
QτR

[ n∑
i=0

ai,12 ∂iu12

]
ζs dxdt.

Ç (17) íà ïiäñòàâi (18)�(20) çà äîñòàòíüî ìàëîãî çíà÷åííÿ ε îòðèìà¹ìî∫
ΩR

|u12(x, τ)|2ζs(x)dx+

∫∫
QτR

{ n∑
i=0

ai,12∂iu12 + |u12|q(x)
}
ζs dxdt 6

(21) 6 C3

∫∫
QτR

k∑
i=1

ζ s−ri(x) dxdt,

äå C3 � äîäàòíà ñòàëà, ÿêà çàëåæèòü òiëüêè âiä K1,K3, r
+
i (i = 1, k), à τ ∈ (0, T ] �

äîâiëüíå ÷èñëî.
Çàóâàæèìî, ùî 0 6 ζ(x) 6 R, êîëè x ∈ Rk, ζ(x′) > R − R0 ïðè |x′| 6 R0,

äå R0 ∈ (0, R/2] � ÿêå-íåáóäü ÷èñëî. Âðàõîâóþ÷è öå, íåðiâíiñòü R/(R − R0) = 1 +
R0/(R − R0) 6 2, à òàêîæ íåðiâíiñòü (7) i òå, ùî R > 1, ç (21) îòðèìà¹ìî ïîòðiáíå
òâåðäæåííÿ. �

Ëåìà 3. Íåõàé (a0, a1, . . . , an) ∈ A∗p i ôóíêöi¨ ũ ∈ Up,loc, f ∈ Fp′,loc, u0 ∈ Hloc

òàêi, ùî äëÿ äåÿêîãî ÷èñëà R > 1 âèêîíó¹òüñÿ ðiâíiñòü (6) ç u = ũ äëÿ áóäü-ÿêèõ

ϕ ∈ C1
c (0, T ), ψ̃ ∈ W 1

p(·),c(Ω), suppψ ⊂ ΩR. Òîäi äëÿ áóäü-ÿêîãî ÷èñëà R0 ∈ (0, R/2]

ïðàâèëüíà íåðiâíiñòü (9) ç u = ũ.

Äîâåäåííÿ. Äîâåäåííÿ öüîãî òâåðäæåííÿ ïîâòîðþ¹ äîâåäåííÿ ëåìè 2, ÿêùî ïðèéíÿ-
òè u1 := ũ, u2 := 0. Àëå â öüîìó âèïàäêó òðåáà âèêîðèñòàòè óìîâó (A4) òà íåðiâíiñòü∣∣∣ ∫∫

QτR

fũζsdxdt
∣∣∣ 6 ε2

∫∫
QτR

|ũ|p0(x)ζsdxdt+ ε
−1/(p−0 −1)
2

∫∫
QτR

|f |p
′
0(x)ζsdxdt,

äå ε2 ∈ (0, 1) � äîâiëüíå ÷èñëî. �
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5. Îá ðóíòóâàííÿ îñíîâíîãî ðåçóëüòàòó.

Äîâåäåííÿ òåîðåìè 1. Ïåðøèé åòàï (äîâåäåííÿ ¹äèíîñòi ðîçâ'ÿçêó). Äîâåäåìî, ùî
çàäà÷à (1)�(3) ìà¹ íå áiëüøå îäíîãî óçàãàëüíåíîãî ðîçâ'ÿçêó. Ïðèïóñòèìî ïðîòè-
ëåæíå. Íåõàé u1, u2 � (ðiçíi) óçàãàëüíåíi ðîçâ'ÿçêè çàäà÷i (1)�(3). Ç ëåìè 2 îäåð-
æó¹ìî

(22)

∫∫
QR0

|u1(x, t)− u2(x, t)|q(x) dxdt 6 C2R
α−ω,

äå R0 > 0, R > 1 � äîâiëüíi ÷èñëà òàêi, ùî R0 6 R/2.
Çàôiêñó¹ìî R0 i ïåðåéäåìî â (22) äî ãðàíèöi ïðè R → +∞. Ó ïiäñóìêó îòðè-

ìà¹ìî, ùî u1 = u2 íà QR0 . Îñêiëüêè R0 � äîâiëüíå ÷èñëî, òî çâiäñè îäåðæó¹ìî, ùî
u1 = u2 ìàéæå âñþäè íà Q.

Äðóãèé åòàï (ïîáóäîâà íàáëèæåíü ðîçâ'ÿçêó). Íåõàé R > 0 � äîâiëüíå ÷èñëî.

Ïîçíà÷èìî Γ0,R := ∂ΩR \ Γ1, Γ1,R := ∂ΩR \ Γ0,R. Ïiä W̃
1
p(·)(ΩR) ðîçóìiòèìåìî çàìè-

êàííÿ C̃1(ΩR) := {v ∈ C1(ΩR) | v|Γ0,R
= 0} â ïðîñòîðiW 1

p(·)(ΩR). Íåõàé à W̃ 1,0
p(·)(QR) �

ïiäïðîñòið ïðîñòîðó W 1,0
p(·)(QR), ñêëàäåíèé ç ôóíêöié w òàêèõ, ùî w(·, t) ∈ W̃ 1

p(·)(ΩR)

äëÿ ìàéæå âñiõ t ∈ (0, T ).
Ââåäåìî òàêîæ ïðîñòið

Up,R := W̃ 1,0
p(·)(QR) ∩ C([0, T ];L2(ΩR))

ç íîðìîþ

‖w‖Up,R := ‖w‖W 1,0
p(·)(QR) + max

t∈[0,T ]
‖w(·, t)‖L2(ΩR).

Äëÿ êîæíîãî l ∈ N ðîçãëÿíåìî çàäà÷ó: çíàéòè ôóíêöiþ ul ∈ Up,l, ÿêà çàäîâîëü-
íÿ¹ ïî÷àòêîâó óìîâó

(23) ul(·, 0) = u0(·) â L2(Ωl),

òà iíòåãðàëüíó ðiâíiñòü

(24)

∫∫
Ql

{ n∑
i=0

ai(ul)∂iψϕ− ulψϕ′
}
dxdt =

∫∫
Ql

fψϕdxdt

äëÿ áóäü-ÿêèõ ψ ∈ W̃ 1
p(·)(Ωl), ϕ ∈ C

1
c (0, T ).

Iñíóâàííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó ul ∈ Up,l öi¹¨ çàäà÷i äîâîäèìî ìåòîäîì Ãà-
ëüîðêiíà (äèâ., íàïðèêëàä, [13, 10, 17]). �äèíiñòü ul âèïëèâà¹ ç óìîâè (A3).

Òðåòié åòàï (äîâåäåííÿ çáiæíîñòi ïîñëiäîâíîñòi íàáëèæåíü ðîçâ'ÿçêó). Äëÿ
êîæíîãî l ∈ N ôóíêöiþ ul ïðîäîâæèìî íóëåì íà Q, çàëèøèâøè çà öèì ïðîäîâæåí-
íÿì ïîçíà÷åííÿ ul. Î÷åâèäíî, ùî ul ∈ Up,loc. Äîâåäåìî, ùî ïîñëiäîâíiñòü {ul}∞l=1

ìiñòèòü ïiäïîñëiäîâíiñòü, ÿêà çáiãà¹òüñÿ â ïåâíîìó ñåíñi äî óçàãàëüíåíîãî ðîçâ'ÿçêó
çàäà÷i (1)�(3).
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Íåõàé l i m � äîâiëüíi íàòóðàëüíi ÷èñëà, ïðè÷îìó 1 < l < m, R0 > 0, R > 1 �
áóäü-ÿêi äiéñíi ÷èñëà òàêi, ùî 0 < R0 6 R/2 < R 6 l − 1. Òîäi ç ëåìè 2 îòðèìà¹ìî

(25) max
t∈[0,T ]

∫
ΩR0

|ul(x, t)− um(x, t)|2 dx+

∫∫
QR0

|ul(x, t)− um(x, t)|q(x) dxdt 6 C2R
α−ω.

Íåõàé ε>0 � ÿêå-íåáóäü ÷èñëî. Çàôiêñó¹ìî äîâiëüíî âèáðàíå çíà÷åííÿ R0 > 0
i âèáåðåìî R > max{1; 2R0} íàñòiëüêè âåëèêèì, ùîáè ïðàâà ÷àñòèíà íåðiâíîñòi (25)
áóëà ìåíøîþ çà ε. Öå ìîæíà çðîáèòè, îñêiëüêè ïîêàçíèê ñòåïåíÿ R ó ïðàâié ÷àñòèíi
íåðiâíîñòi (25) âiä'¹ìíèé. Òîäi äëÿ áóäü-ÿêèõ l > R+ 1 i m > l ëiâà ÷àñòèíà íåðiâíî-

ñòi (25) ìåíøà çà ε. Öå îçíà÷à¹, ùî ïîñëiäîâíiñòü
{
ul
∣∣
QR0

}∞
l=1

¹ ôóíäàìåíòàëüíîþ,

âiäïîâiäíî, â Lq(·)(QR0) i C([0, T ];L2(ΩR0)). Îñêiëüêè R0 � äîâiëüíå ÷èñëî, òî çâiäñè

âèïëèâà¹ iñíóâàííÿ ôóíêöi¨ u ∈ Lq(·), loc(Q) òàêî¨, ùî u ∈ C([0, T ];L2,loc(Ω)) i

(26) ul −→
l→∞

u ñèëüíî â Lq(·), loc(Q),

(27) ul −→
l→∞

u â C([0, T ];L2,loc(Ω)).

Äîâåäåìî îáìåæåíiñòü ïîñëiäîâíîñòåé
{
∂iul

}∞
l=1

(i = 0, n),
{
aj(ul)

}∞
l=1

(j = 0, n),

âiäïîâiäíî, â Lpi(·), loc(Q) (i = 0, n), Lp′j(·), loc(Q) (j = 0, n). Ñïðàâäi, íåõàé R0 � áóäü-

ÿêå äiéñíå ÷èñëî, à R := 2R0. Íà ïiäñòàâi ëåìè 3 äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà
l > R+ 1 îòðèìà¹ìî

(28)

∫∫
QR0

n∑
i=0

|∂iul(x, t)|pi(x)dxdt 6 C4(R0),

äå C4(R0) > 0 � ñòàëà, ÿêà âiä l íå çàëåæèòü, àëå ìîæå çàëåæàòè âiä R0.
Çãiäíî ç óìîâîþ (A2) é îöiíêîþ (28) äëÿ êîæíîãî i ∈ {0, 1, . . . , n} îòðèìà¹ìî∫∫

QR0

|ai(ul)|p
′
i(x) dxdt 6 C5

∫∫
QR0

n∑
j=0

|∂jul(x, t)|pj(x) dxdt+

(29) +C6

∫∫
QR0

|h2,i(x, t)|p
′
i(x) dxdt < C7(R0),

äå C5, C6, C7 � äîäàòíi ñòàëi, ÿêi âiä l íå çàëåæàòü.
Ç (26), (28), (29), âèêîðèñòîâóþ÷è ðåôëåêñèâíiñòü ïðîñòîðiâ Lpi(·)(QR0

) i

Lp′i(·)(QR0
) (i = 0, n) äëÿ äîâiëüíîãî R0 > 0, îòðèìà¹ìî iñíóâàííÿ ïiäïîñëiäîâíîñòi

ïîñëiäîâíîñòi
{
ul
}∞
l=1

(çà ÿêîþ çàëèøèìî òå ñàìå ïîçíà÷åííÿ, ùî i ïîñëiäîâíîñòi)

òà ôóíêöié χi ∈ Lp i(·), loc(Q) (i = 0, n) òàêèõ, ùî

(30) ∂iul−→
l→∞

∂iu ñëàáêî â Lpi(·), loc(Q), i = 0, n,

(31) ai(ul)−→
l→∞

χi ñëàáêî â Lpi(·), loc(Q), i = 0, n.
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Âèêîðèñòîâóþ÷è (30) i (31), ç (24) îòðèìà¹ìî

(32)

∫∫
Q

{ n∑
i=0

χi∂iψϕ− uψϕ′
}
dxdt =

∫∫
Q

fψϕdxdt

äëÿ áóäü-ÿêèõ ψ ∈ W̃ 1
p(·),c(Ω), ϕ ∈ C1

c (0, T ).

Çàóâàæèìî òàêå: êîëè

(33)

∫
Ω

{ n∑
i=0

χi(x, t)∂iψ(x)
}
dx =

∫
Ω

{ n∑
i=0

aj(u)(x, t)∂iψ(x)
}
dx

äëÿ ìàéæå âñiõ t ∈ (0, T ) i áóäü-ÿêèõ ψ ∈ W̃ 1
p(·),c(Ω), òî çâiäñè i (32) îòðèìà¹ìî

iíòåãðàëüíó òîòîæíiñòü (6) äëÿ ôóíêöi¨ u. Çâiäñè, çîêðåìà, íà ïiäñòàâi ëåìè 1 îòðè-
ìà¹ìî, ùî u ∈ C([0, T ];L2,loc(Ω)). Îòæå, ôóíêöiÿ u íàëåæèòü äî ïðîñòîðó Up,loc. Ç
(23) i (27) âèïëèâà¹, ùî u çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó (3). Îòîæ, ìè äîâåäåìî, ùî
ôóíêöiÿ u ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (1)�(3), ÿêùî âñòàíîâèìî ïðàâèëüíiñòü
ðiâíîñòi (33).

×åòâåðòèé åòàï (äîâåäåííÿ ïðàâèëüíîñòi ðiâíîñòåé (33)). Âèêîðèñòà¹ìî ìå-

òîä ìîíîòîííîñòi ([17], ðîçäië 2). Íåõàé v ∈ W 1,0
p(·), loc(Q) � ÿêà-íåáóäü ôóíêöiÿ, à

w(x′), x′ = (x1, . . . , xk) ∈ Rk, � äîâiëüíà íåâiä'¹ìía íåïåðåðâíî äèôåðåíöiéîâía
ôóíêöiÿ ç îáìåæåíèì íîñi¹ì, θ ∈ C1

c (0, T ), θ > 0.
Íà ïiäñòàâi óìîâè (A3) äëÿ áóäü-ÿêîãî l ∈ N îòðèìà¹ìî

(34)

∫∫
Q

[ n∑
i=0

(ai(ul)− ai(v))(∂iul − ∂iv)
]
wθ dxdt > 0.

Íåðiâíiñòü (34) ìîæíà ïåðåïèñàòè ó òàêîìó âèãëÿäi:

(35)

∫∫
Q

[ n∑
i=0

ai(ul)∂iul

]
wθ dxdt−

∫∫
Q

[ n∑
i=0

(
ai(ul)∂iv+ ai(v)(∂iul− ∂iv)

)]
wθ dxdt > 0

äëÿ âñiõ l ∈ N.
Çà îçíà÷åííÿì ôóíêöi¨ ul ìàòèìåìî

(36)

∫∫
Q

[ n∑
i=0

ai(ul)∂iψϕ− fψϕ− ulψϕ′
]
dxdt = 0

äëÿ äîâiëüíèõ ψ ∈ W̃ 1
p(·),c(Ω), suppψ ⊂ Ωl, ϕ ∈ C1

c (0, T ). Íåõàé m òàêå, ùî suppw ⊂
{x′ | |x′| 6 m}. Íà ïiäñòàâi ëåìè 1 ç òîòîæíîñòi (36) ïðè l > m îòðèìà¹ìî∫∫

Q

[ n∑
i=0

ai(ul)∂iul

]
wθ dxdt =

1

2

∫∫
Q

|ul|2wθ′ dxdt−

(37) −
∫∫
Q

[ k∑
i=1

ai(ul)ul∂iw − fulw
]
θ dxdt.
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Ç (35) i (37) îäåðæèìî

1

2

∫∫
Q

|ul|2wθ′ dxdt−
∫∫
Q

[ k∑
i=1

ai(ul)ul∂iw − fulw
]
θ dxdt−

(38) −
∫∫
Q

[ n∑
i=0

(
ai(ul)∂iv + ai(v)(∂iul − ∂iv)

)]
wθ dxdt > 0.

Ïåðåéäåìî â (38) äî ãðàíèöi ïðè l → ∞. Íà ïiäñòàâi (26), (30), (31) i òîãî, ùî
Lq(·)(G) ⊂ L2(G) ⊂ Lpi(·)(G) äëÿ áóäü-ÿêèõ i ∈ {1, . . . , k} òà äîâiëüíî¨ îáìåæåíî¨

îáëàñòi G â Rn+1, îòðèìà¹ìî

1

2

∫∫
Q

|u|2wθ′ dxdt−
∫∫
Q

[ k∑
i=1

χiu∂iw − fuw
]
dxdt−

(39) −
∫∫
Q

[ n∑
i=0

(
χi∂iv + ai(v)(∂iu− ∂iv)

)]
wθ dxdt > 0.

Òåïåð â (36) ïåðåéäåìî äî ãðàíèöi ïðè l→∞. Íà ïiäñòàâi (30), (31) îòðèìà¹ìî

(40)

∫∫
Q

[ n∑
i=0

χi∂iψϕ− fψϕ− uψϕ′
]
dxdt = 0

äëÿ äîâiëüíèõ ψ ∈ W̃ 1
p(·),c(Ω), ϕ ∈ C1

c (0, T ). Çâiäñè íà ïiäñòàâi ëåìè 1 îäåðæó¹ìî

(41)

∫∫
Q

[ n∑
i=0

χi∂iu
]
wθ dxdt =

1

2

∫∫
Q

|u|2wθ′ dxdt−
∫∫
Q

[ k∑
i=1

χiu∂iw − fuw
]
θ dxdt.

Ç (39) òà (41) îòðèìà¹ìî∫∫
Q

[ n∑
i=0

χi ∂iu
]
wθ dxdt−

∫∫
Q

[ n∑
i=0

(
χi∂iv + ai(v)(∂iu− ∂iv)

)]
wθ dxdt > 0,

òîáòî

(42)

∫∫
Q

[ n∑
i=0

(
χi − ai(v)

)(
∂iu− ∂iv

)]
wθ dxdt > 0.

Âiçüìåìî â (42) v = u − λψϕ, äå λ > 0 � äîâiëüíå ÷èñëî, ψ ∈ W̃ 1
p(·),c(Ω), ϕ ∈

C1
c (0, T ) � áóäü-ÿêi ôóíêöi¨. Ïiñëÿ äiëåííÿ íà λ i âðàõóâàííÿ äîâiëüíîñòi ôóíêöié

ψ ∈ W̃ 1
p(·),c(Ω), ϕ ∈ C1

c (0, T ) îäåðæó¹ìî

(43)

∫∫
Q

[ n∑
i=0

(
χi − ai(u− λg)

)
∂iψ
]
ϕdxdt = 0.
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Â öié ðiâíîñòi ñïðÿìó¹ìî λ äî 0, âèêîðèñòîâóþ÷è òåîðåìó Ëåáåãà ïðî ãðàíè÷íèé
ïåðåõiä ïiä çíàêîì iíòåãðàëà. Ó ïiäñóìêó îäåðæèìî

(44)

∫∫
Q

[ n∑
i=0

(
ai(u)− χi

)
∂iψ
]
ϕdxdt = 0,

çâiäêè âèïëèâà¹ ðiâíiñòü (33). �

6. Âèñíîâêè. Ìè äîñëiäèëè ìiøàíi çàäà÷i áåç îáìåæåíü íà íåñêií÷åííîñòi äëÿ
îäíîãî êëàñó íåëiíiéíèõ àíiçîòðîïíèõ ïàðàáîëi÷íèõ ðiâíÿíü çi çìiííèìè ïîêàçèêàìè
íåëiíiéíîñòi. Ââåëè ïîíÿòòÿ óçàãàëüíåíîãî ðîçâ'ÿçêó ìiøàíî¨ çàäà÷i äëÿ ðîçãëÿäó-
âàíèõ ðiâíÿíü, âèêîðèñòàâøè óçàãàëüíåíi ïðîñòîðè Ëåáåãà i Ñîáîë¹âà. Âèçíà÷èëè
óìîâè iñíóâàííÿ òà ¹äèíîñòi óçàãàëüíåíèõ ðîçâ'ÿçêiâ äîñëiäæóâàíèõ çàäà÷. Ïiä ÷àñ
äîâåäåííÿ iñíóâàííÿ ðîçâ'ÿçêó âèêîðèñòàíî ìåòîä âè÷åðïóâàííÿ íåîáìåæåíî¨ îáëà-
ñòi òà ìåòîä ìîíîòîííîñòi.
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INITIAL-BOUNDARY VALUE PROBLEMS FOR NONLINEAR
SECOND ORDER PARABOLIC EQUATIONS WITH THE

VARIABLE EXPONENTS OF NONLINEARITY IN UNBOUNDED
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This paper is devoted to the results of investigation of initial-boundary
value problems for nonlinear parabolic equations with the variable exponents of
nonlinearity in unbounded domains. We consider weak solutions which belong
to the generalized Sobolev and Lebesgue spaces. Under certain conditions on
data-in the uniqueness and existence of the solutions are proved. Also estimates
of the solutions are obtained.
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We prove the correctness of an inverse problem for a time fractional sub-
di�usion equation. This problem is to �nd a solution of direct problem, which
is classical in time with values in the space of periodic spatial distributions, its
initial data and a source term of the equation. We show that the same kind
time integral over-determination conditions may be used.

Key words: fractional derivative, inverse problem, periodic distribution,
time integral over-determination condition.

Inverse Cauchy and boundary-value problems for a time fractional di�usion equati-
ons with di�erent unknown quantities and under di�erent over-determination conditions
are actively studied in connection with their applications (see, for instance, [1]�[9]).

We study the inverse problem for a time fractional di�usion equation. This problem
is to �nd a solution for direct problem, classical in time with values in the space of
periodic spatial distributions, its initial data and a source term of the equation. We use
the time integral over-determination conditions. Such kind of conditions generalise the
multi-point conditions. Space integral over-determination conditions have been used, for
instance, in [4, 10, 11] for study the inverse problems.

Note that the su�cient conditions of classical solvability of fractional Cauchy and
boundary-value problems were obtained, for example, in [12]�[17], the existence and uni-
queness theorems to the boundary-value problems for partial di�erential equations in
Sobolev spaces were obtained by Yu. Berezansky, V. I. Gorbachuk and M. L. Gorbachuk,
Ya. Roitberg, J.-L. Lions, E. Magenes, V. A. Mikhailets, A. A. Murach and others (see
[18] and references therein), and in [19] the existence and uniqueness theorems to the
space fractional Cauchy problem in Schwartz spaces were proved. The solvability of
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some nonclassical direct problems for partial di�erential equations with integral initi-
al conditions, in particular, in the space of periodic spatial variable functions, have been
established, for example, in [20, 21], the multi-point non-local problem for parabolic
pseudo-di�erential equations with non-smooth symbols has been investigated in [22].
The inverse problem on determination only the initial data of the solution (classical in
time with values in the space of periodic spatial distributions) of a time fractional di-
�usion equation, or only a source term of a such type equation, were studied in [8] and
[9], respectively.

1. Auxiliary de�nitions. Assume that N is a set of natural numbers, Z+ = N∪{0},
D(R) is the space of in�nitely di�erentiable functions with compact supports, S(R) is
the space of rapidly decreasing in�nitely di�erentiable functions [23, p. 90], while D′(R)
and S ′(R) are the spaces of linear continuous functionals (distributions) over D(R) and
S(R), respectively, and the symbol (f, ϕ) stands for the value of the distribution f on
the test function ϕ. Note that S ′(R) is the space of slowly increasing distributions.

Recall that the Caputo derivative (or the Caputo-Djrbashian derivative) of order
α ∈ (0, 1) is de�ned by

cDα
t v(x, t) =

1

Γ(1− α)

[ ∂
∂t

t∫
0

v(x, τ)

(t− τ)α
dτ − v(x, 0)

tα

]
.

Let Xk(x) = sin kx, k ∈ N. Similarly to [23, p. 120], we denote by D′2π(R) the space
of periodic distributions, i.e., the space of v ∈ D′(R) such that

v(x+ 2π) = v(x) = −v(−x) ∀x ∈ R.

The formal series

(1)

∞∑
k=1

vkXk(x), x ∈ R

is the Fourier series of the distribution v ∈ D′2π(R), and numbers

vk =
2

π
(v,Xk)2π =

2

π
(v, hXk)

are its Fourier coe�cients. Here h(x) is an even function from D(R) possessing the
properties:

h(x) =

{
1, x ∈ (−π + ε, π − ε)
0, x ∈ R \ (−π, π)

, 0 ≤ h(x) ≤ 1.

Note that

vk = 2
π

∫ π
0
v(x)Xk(x)dx for v ∈ D′2π(R) ∩ L1

loc(R),

and then the series (1) is the classical Fourier series of v by the system Xk, k ∈ N.
As it is known (see [23, p. 123]) D′2π(R) ⊂ S ′(R), the series (1) of v ∈ D′2π(R)

converges in S ′(R) to v, and for the Fourier coe�cients the estimates hold

(1 + k)−m|vk| ≤ C(v,m) ∀k ∈ N

with some m ∈ Z+ where C(v,m) is the positive constant, the same for all k ∈ N.
We use the following: for γ ∈ R
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Hγ(R) =
{
v ∈ D′2π(R) : ‖v‖Hγ(R) = sup

k∈N
|vk|(1 + k)γ < +∞

}
(note that Hγ+ε(R) ⊂ Hγ(R) for all ε > 0, γ ∈ R),

C
(
[0, T ];Hγ(R)

)
is the space of continuous in t ∈ [0, T ] functions v(x, t) with values

v(·, t) ∈ Hγ(R) endowed with the norm ‖v‖
C
(

[0,T ];Hγ(R)
) = max

t∈[0,T ]
‖v(·, t)‖Hγ(R),

Cb
(
(0, T ];Hγ(R)

)
is the space of continuous in t ∈ (0, T ] functions v(x, t) with values

v(·, t) ∈ Hγ(R) endowed with the norm ‖v‖
Cb

(
(0,T ];Hγ(R)

) = sup
t∈(0,T ]

‖v(·, t)‖Hγ(R),

C2,α

(
[0, T ];Hγ(R)

)
=
{
v ∈ C

(
[0, T ];H2+γ(R)

)
:c Dαv ∈ Cb

(
(0, T ];Hγ(R)

)}
is its

subspace endowed with the norm

‖v‖
C2,α

(
[0,T ];Hγ(R)

) = max
{
‖v‖

C
(

[0,T ];H2+γ(R)
), ‖cDαv‖

Cb

(
(0,T ];Hγ(R)

)}.
2. The inverse problem. We study the inverse problem

(2) cDα
t u− uxx = F0(x), (x, t) ∈ QT := R× (0, T ],

(3) u(x, 0) = F1(x), x ∈ R,

(4)

t0∫
0

u(x, t)dt = Φ0(x),

t1∫
0

u(x, t)dt = Φ1(x), x ∈ R, t0, t1 ∈ (0, T ]

where α ∈ (0, 1), Φ0,Φ1 are given functions, T is a given positive number, u, F0, F1 are
unknown functions.

Let the following assumption holds:

(A) γ ∈ R, Φ0,Φ1 ∈ Hγ+4(R), t0, t1 ∈ (0, T ], t0 6= t1.

Expand the functions Fj(x), Φj(x), j ∈ {0, 1}, in the formal Fourier series by the
system Xk(x), k ∈ N:

(5) Fj(x) =

∞∑
k=1

FjkXk(x), x ∈ R,

(6) Φj(x) =

∞∑
k=1

ΦjkXk(x), x ∈ R, j = 0, 1.

De�nition 1. The vector-function

(u, F0, F1) ∈Mα,γ := C2,α

(
[0, T ];Hγ(R)

)
×Hγ(R)×Hγ+2(R)

given by the series

(7) u(x, t) =

∞∑
k=1

uk(t)Xk(x), (x, t) ∈ QT

and (5), satisfying the equation (2) in S ′(R) for every t ∈ (0, T ] and the conditions (3),
(4), is called a solution of the problem (2)�(4).
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Substituting the function (7) in the equation (2) and the conditions (3), (4), we
obtain the problems

(8) cDα
t uk + k2uk = F0k, t ∈ (0, T ], uk(0) = F1k,

(9)

t0∫
0

uk(t)dt = Φ0k,

t1∫
0

uk(t)dt = Φ1k, k ∈ N,

for the unknown uk(t), t ∈ [0, T ] and Fjk, j = 0, 1, k ∈ N.
So, the vector-functions (uk(t), F0k, F1k) (k ∈ N) of the Fourier coe�cients of the

solution satisfy the inverse problems (8), (9).

We use the Mittag�Le�er function Eα,µ(x) =
∑∞
p=0

xp

Γ(pα+µ) .

The function Eα,µ(−x) (x > 0) is in�nitely di�erentiable for α ∈ (0, 1], µ > 0 and
compactly monotonic. We have 0 < Eα,µ(−k2tα) < 1 for all t > 0, µ ≥ α,

Eα,µ(−x) ≤ rα,µ
1 + x

, x > 0, where rα,µ is a positive constant,

and the asymptotic behavior [12]

Eα,µ(−x) = O
( 1

x

)
, x→ +∞.

Theorem 1. Assume that γ ∈ R, F0 ∈ Hγ(R), F1 ∈ Hγ+2(R). Then there exists a
unique solution u ∈ C2,α

(
[0, T ];Hγ(R)

)
to the direct problem (2), (3). It is given by (7)

where

(10) uk(t) = F0kk
−2
[
1− Eα,1(−k2tα)

]
+ F1kEα,1(−k2tα), t ∈ [0, T ], k ∈ N.

The solution depends continuously on the data (F0, F1), and the following inequality
holds:

(11) ||u||
C2,α

(
[0,T ];Hγ(R)

) ≤ a0||F0||Hγ(R) + a1||F1||Hγ+2(R),

where aj, j ∈ {0, 1} are positive constants independent of data.

Proof. It follows from the theorem 1 in [8] that there exists the unique solution u ∈
C2,α

(
[0, T ];Hγ(R)

)
to the problem (2), (3) under the theorem's conditions, that it is

given by (7) where

uk(t) = F0k

t∫
0

τα−1Eα,α(−k2τα)dτ + F1kEα,1(−k2tα), t ∈ [0, T ], k ∈ N.

By the link

λ

t∫
0

τα−1Eα,α(−λτα)dτ = 1− Eα,1(−λtα),

we obtain the formulas (10) and, using [8, th.1], we obtain (11). This inequality implies
that a solution of the problem is unique and depends continuously on the data. �
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Theorem 2. Assume that (A) holds. Then there exists a unique solution (u, F0, F1) ∈
Mα,γ of the inverse problem (2)�(4). It is given by the Fourier series (7) and (6) where
uk(t) are de�ned by (10),

(12) F0k =
[Φ0k

t0
Eα,2(−k2tα1 )− Φ1k

t1
Eα,2(−k2tα0 )

]
k2 G−1

k ,

F1k =
[Φ1k

t1

(
1− Eα,2(−k2tα0 )

)
− Φ0k

t0

(
1− Eα,2(−k2tα1 )

)]
G−1
k ,

Gk = Eα,2(−k2tα1 )− Eα,2(−k2tα0 ), k ∈ N.
The solution depends continuously on the data Φ0, Φ1 and the following inequality holds:

||u||
C2,α

(
[0,T ];Hγ(R)

) + ||F0||Hγ(R) + ||F1||Hγ+2(R)

(13) ≤ b0||Φ0||Hγ+4(R) + b1||Φ1||Hγ+4(R),

where bj, j ∈ {0, 1} are positive constants independent of data.

Proof. Using (10), we write the conditions (9) as follows

F0kk
−2

t0∫
0

[
1− Eα,1(−k2tα)

]
dt+ F1k

t0∫
0

Eα,1(−k2tα)dt = Φ0k,

F0kk
−2

t1∫
0

[
1− Eα,1(−k2tα)

]
dt+ F1k

t1∫
0

Eα,1(−k2tα)dt = Φ1k,

k ∈ N. Note that [8]
tj∫

0

Eα,1(−k2tα)dt = tjEα,2(−k2tj
α), j = 0, 1, k ∈ N.

From here, according to the assumption (A), we �nd the expressions (12) for the
unknown Fourier coe�cients Fjk, k ∈ N, j = 0, 1. The numbers Gk 6= 0 for all k ∈ N by
the mentioned monotonic property of the Mittag�Le�er function.

Let us show that the founded solution belongs toMα,γ .
Taking the behavior of the Mittag�Le�er function for large k and the formulas (12)

into account, one obtains

(1 + k)γ |F0k| ≤ c0
[
|Φ0k|(1 + k)γ+2 + |Φ1k|(1 + k)γ+2

]
,

(1 + k)γ+2|F1k| ≤ c0
[
|Φ0k|(1 + k)γ+4 + |Φ1k|(1 + k)γ+4

]
, k ∈ N,

where c0 is a positive constant, and therefore,

||F0||Hγ(R) ≤ c0
[
||Φ0||Hγ+2(R) + ||Φ1||Hγ+2(R)

]
,

||F1||Hγ+2(R) ≤ c0
[
||Φ0||Hγ+4(R) + ||Φ1||Hγ+4(R)

]
.
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So, under the theorem's assumptions, F0 ∈ Hγ(R), F1 ∈ Hγ+2(R). Then, using
(11), we obtain the inequality (13). The inequality (13) implies that a solution of the
problem is unique and depends continuously on the problem's data. �

3. Remarks. 1. The obtained result can be transferred to the case of the boundary
value problem for a time fractional di�usion equation

cDα
t u−A(x,D)u = F0(x),

where A(x,D) is an elliptic di�erential expression of the second order with in�nitely di-
�erentiable coe�cients and when the corresponding Sturm�Liouville problem has positive
eigenvalues.

2. In the case α ∈ (1, 2)

cDα
t v(x, t) =

1

Γ(2− α)

t∫
0

vττ (x, τ)

(t− τ)α−1
dτ =

1

Γ(2− α)

[ ∂
∂t

t∫
0

vτ (x, τ)

(t− τ)α−1
dτ − vt(x, 0)

tα−1

]
and we may study the inverse problem

(14) cDα
t u− uxx = F0(x), (x, t) ∈ QT := R× (0, T ],

(15) u(x, 0) = F1(x), ut(x, 0) = F2(x), x ∈ R,

(16)

t0∫
0

u(x, t)dt = Φ0(x),

t1∫
0

u(x, t)dt = Φ1(x), x ∈ R,

where Φ0,Φ1, F2 are the given functions, T is a given positive number, u, F0, F1 are
unknown functions, t0, t1 ∈ (0, T ], t0 6= t1.

By [8, th.1], assuming γ ∈ R, θ ∈ (0, 1), F0 ∈ Hγ+2θ(R), Fj ∈ Hγ+2(R), j = 1, 2, we
obtain the existence of the unique solution u ∈ C2,α

(
[0, T ];Hγ(R)

)
to the direct problem

(14), (15). It is given by (7) where
(17)
uk(t) = F0kk

−2
[
1−Eα,1(−k2tα)

]
+F1kEα,1(−k2tα)+F2ktEα,2(−k2tα), t ∈ [0, T ], k ∈ N.

The solution depends continuously on the data (F0, F1, F2), and the following inequality
holds:

(18) ||u||
C2,α

(
[0,T ];Hγ(R)

) ≤ a0||F0||Hγ+2θ(R) +

2∑
j=1

aj ||Fj ||Hγ+2(R),

where aj , j ∈ {0, 1, 2} are positive constants independent of data.
Using (17), we write the conditions (16) as follows

F0kk
−2

t0∫
0

[
1− Eα,1(−k2tα)

]
dt+ F1k

t0∫
0

Eα,1(−k2tα)dt+ F2k

t0∫
0

tEα,2(−k2tα)dt = Φ0k,

F0kk
−2

t1∫
0

[
1− Eα,1(−k2tα)

]
dt+ F1k

t1∫
0

Eα,1(−k2tα)dt+ F2k

t1∫
0

tEα,2(−k2tα)dt = Φ1k,
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k ∈ N. Note that

tj∫
0

tEα,2(−k2tα)dt =
1

αk4/α

k2tj
α∫

0

Eα,2(−z)z 2
α−1dz = t2jEα,3(−k2tj

α),

k ∈ N and we have

F0kk
−2t0

[
1− Eα,2(−k2tα0 )

]
+ F1kt0Eα,2(−k2tα0 )dt = Φ0k − F2kt

2
0Eα,3(−k2tα0 ),

F0kk
−2t1

[
1− Eα,2(−k2tα1 )

]
+ F1kt1Eα,2(−k2tα1 ) = Φ1k − F2kt

2
1Eα,3(−k2tα1 ),

k ∈ N. From here if

Gk := Eα,2(−k2tα1 )− Eα,2(−k2tα0 ) 6= 0 ∀k ∈ N
we may �nd the expressions

(19)

F0k =
[(Φ0k

t0
− F2kt0Eα,3(−k2tα0 )

)
Eα,2(−k2tα1 )−

−
(Φ1k

t1
− F2kt1Eα,3(−k2tα1 )

)
Eα,2(−k2tα0 )

]
k2 G−1

k ,

F1k =
[(Φ1k

t1
− F2kt1Eα,3(−k2tα1 )

)(
1− Eα,2(−k2tα0 )

)
−

−
(Φ0k

t0
− F2kt0Eα,3(−k2tα0 )

)(
1− Eα,2(−k2tα1 )

)]
G−1
k

which imply the inequalities

||F0||Hγ+2θ(R) ≤
1∑
j=0

cj ||Φj ||Hγ+2+2θ(R) + c2||F2||Hγ+2θ(R),

||F1||Hγ+2(R) ≤
1∑
j=0

cj ||Φj ||Hγ+4(R) + c2||F2||Hγ+2(R),

and, by using (18),

||u||
C2,α

(
[0,T ];Hγ(R)

) ≤ 1∑
j=0

cj ||Φj ||Hγ+4(R) + c2||F2||Hγ+2(R),

where cj , j ∈ {0, 1, 2} are positive constants independent of problem's data.
In the case α ∈ (1, 2), the function Eα,2(−z) does not monotonic. But it has a �nite

number of real positive zeroes. So, assuming Φ0,Φ1 ∈ Hγ+4(R), F2 ∈ Hγ+2(R), under
severe constraints of existing t0, t1 ∈ (0, T ] such that t0 6= t1 and Gk 6= 0 for all k ∈ N we
obtain that there exists the unique solution

(u, F0, F1) ∈Mα,γ,θ := C2,α

(
[0, T ];Hγ(R)

)
×Hγ+2θ(R)×Hγ+2(R)

of the inverse problem (14)�(16) for all θ ∈ (0, 1), that it is given by the Fourier series
(7) and (5) with uk de�ned by (17), F0k, F1k de�ned by (19) and depends continuously
on the data Φ0,Φ1, F2.

4. Conclusion. For a time fractional sub-di�usion equation we prove the correctness
of the inverse problem which is to �nd a classical in time with values in the space of
periodic spatial distributions solution for the direct problem, its initial data and a source
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term of the equation under the same kind time integral over-determination conditions.
More complicated situation is for a time fractional super-di�usion equation. The numbers
t1, t2 can not be arbitrarily taken from (0, T ] in such type over-determination conditions.
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õîäæåííi ðîçâ'ÿçêó ïðÿìî¨ çàäà÷i, êëàñè÷íîãî çà ÷àñîì çi çíà÷åííÿìè â
ïðîñòîði ïåðiîäè÷íèõ óçàãàëüíåíèõ ôóíêöié, éîãî íåâiäîìèõ ïî÷àòêîâèõ
äàíèõ i ïðàâî¨ ÷àñòèíè ðiâíÿííÿ. Ç'ÿñîâó¹ìî, ùî ìîæíà âèêîðèñòîâóâàòè
îäíàêîâîãî âèãëÿäó iíòåãðàëüíi çà ÷àñîì óìîâè ïåðåâèçíà÷åííÿ.

Êëþ÷îâi ñëîâà: ïîõiäíà äðîáîâîãî ïîðÿäêó, îáåðíåíà çàäà÷à, ïåðiîäè÷-
íà óçàãàëüíåíà ôóíêöiÿ, iíòåãðàëüíà çà ÷àñîì óìîâà ïåðåâèçíà÷åííÿ.
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Ðîçãëÿíóòî îáåðíåíó çàäà÷ó âèçíà÷åííÿ êîåôiöi¹íòà, çàëåæíîãî âiä
÷àñîâî¨ çìiííî¨, áiëÿ íåâiäîìî¨ ôóíêöi¨, ÿêà ¹ ðîçâ'ÿçêîì ìiøàíî¨ çàäà÷i
äëÿ ñëàáêî íåëiíiéíîãî óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ. Çíàéäåíî äîñòàòíi
óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó ç ïðîñòîðiâ Ñîáîë¹âà öi¹¨ çàäà÷i.

Êëþ÷îâi ñëîâà: óëüòðàïàðàáîëi÷íå ðiâíÿííÿ, îáåðíåíà çàäà÷à, iíòåã-
ðàëüíà óìîâà ïåðåâèçíà÷åííÿ, ðîçâ'ÿçîê ìàéæå âñþäè.

1. Âñòóï. Äëÿ ìîäåëþâàííÿ áàãàòüîõ ÿâèù ôiçèêè, ìåõàíiêè, áiîëîãi¨, åêîíî-
ìiêè (÷èñåëüíîñòi ïîïóëÿöié, òåîði¨ áiíàðíèõ åëåêòðîëiòiâ, òåîði¨ àçiàòñüêèõ, àìåðè-
êàíñüêèõ òà ¹âðîïåéñüêèõ îïöiîíiâ, ïðîöåñiâ äèôóçi¨ ç iíåðöi¹þ òîùî) âèêîðèñòî-
âóþòü çàäà÷i äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü (äèâ. [12, 14, 15] i íàâåäåíó òàì áiá-
ëiîãðàôiþ). Îáåðíåíi çàäà÷i ïîâ'ÿçàíi ç ïîøóêîì ïðè÷èí ÿâèù çà ¨õíiìè âiäîìèìè
íàñëiäêàìè. Ç ìàòåìàòè÷íî¨ òî÷êè çîðó öå îçíà÷à¹ âèçíà÷åííÿ íåâiäîìèõ êîåôiöi-
¹íòiâ ÷è ïðàâèõ ÷àñòèí ðiâíÿíü çà äîäàòêîâèõ óìîâ íà ðîçâ'ÿçêè öèõ ðiâíÿíü.

Îáåðíåíi çàäà÷i âèçíà÷åííÿ ïðàâèõ ÷àñòèí óëüòðàïàðàáîëi÷íèõ ðiâíÿíü, ÿêi ìiñ-
òÿòü îäíó ÷è äåêiëüêà íåâiäîìèõ ôóíêöié, äîñëiäæåíî ó ïðàöÿõ [3, 8, 9, 20]. Óìîâè
îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi îáåðíåíèõ çàäà÷ âiäøóêàííÿ êîåôiöi¹íòiâ ëiíiéíèõ ïàðàáî-
ëi÷íèõ i ãiïåðáîëi÷íèõ ðiâíÿíü çíàéäåíi, çîêðåìà, ó ïðàöÿõ [1, 2, 7, 11, 13], [17]�[19],
[21]�[23]. Äëÿ ¨õíüîãî âèçíà÷åííÿ âèêîðèñòàíî: ìåòîäè òåîði¨ îïòèìàëüíîãî êîíòðî-
ëþ [23], ïðîäîâæåííÿ çà ïàðàìåòðîì, íåðóõîìî¨ òî÷êè, çðiçêè òà ðåãóëÿðèçàöi¨ [2, 11],
íàïiâãðóï [19], ÷èñåëüíi ìåòîäè [21], âëàñòèâîñòi ôóíêöi¨ �ðiíà [13, 17, 18], òåîðiþ
îïåðàòîðíèõ ðiâíÿíü [1, 7].

Ó öié ïðàöi ðîçãëÿíóòî îáåðíåíó çàäà÷ó ç iíòåãðàëüíîþ óìîâîþ ïåðåâèçíà÷åí-
íÿ çíàõîäæåííÿ êîåôiöi¹íòà, çàëåæíîãî âiä ÷àñó, áiëÿ íåâiäîìî¨ ôóíêöi¨, ÿêà ¹
ðîçâ'ÿçêîì ìiøàíî¨ çàäà÷i äëÿ ñëàáêî íåëiíiéíîãî óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ.
Çà äîïîìîãîþ ìåòîäó ïîñëiäîâíèõ íàáëèæåíü âèçíà÷åíî äîñòàòíi óìîâè iñíóâàííÿ
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òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i, ÿêèé íàëåæèòü äî ïðîñòîðiâ Ñîáîë¹âà. Ïðÿìi ìiøà-
íi çàäà÷i äëÿ íåëiíiéíèõ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü áóëî äîñëiäæåíî ó ïðàöÿõ
[4, 5, 10, 16].

2. Îñíîâíi ïîçíà÷åííÿ òà ôóíêöiîíàëüíi ïðîñòîðè. Íåõàé Ω ⊂ Rn i
D ⊂ Rl � îáìåæåíi îáëàñòi ç ìåæàìè ∂Ω ∈ C2 i ∂D ∈ C1; T ∈ (0,∞), x ∈ Ω,
y ∈ D, t ∈ (0, T ), G = Ω × D, Qτ = Ω × D × (0, τ), τ ∈ (0, T ], ΣT = ∂Ω ×
D × (0, T ), ST = Ω × ∂D × (0, T ), n, l ∈ N, Gξ = {(x, y, t) : (x, y) ∈ G, t = ξ},
ξ ∈ [0, T ].

Âèêîðèñòîâóâàòèìåìî òàêi ïðîñòîðè:

L∞(QT ) := {w : w � âèìiðíà òà iñíó¹ òàêà ñòàëà C, ùî |w(x, y, t)| ≤ C ìàéæå
âñþäè íà QT }, ‖w;L∞(QT )‖ = inf{C : |w(x, y, t)| ≤ C ìàéæå âñþäè íà QT };

L2(G) :=

{
w : w � âèìiðíà,

∫
G

(w(x, y))2 dx dy <∞

}
,

‖w;L2(G)‖ =

(∫
G

(w(x, y))2 dx dy

) 1
2

;

L2(QT ) :=

{
w : w� âèìiðíà,

∫
QT

(w(x, y, t))2 dx dy dt <∞

}
,

‖w;L2(QT )‖ =

( ∫
QT

(w(x, y, t))2 dx dy dt

) 1
2

;

W 1,2(·) � ìíîæèíà âñiõ ðîçïîäiëiâ w, ÿêi ðàçîì çi ñâî¨ìè ïîõiäíèìè ïåðøîãî
ïîðÿäêó çà âñiìà çìiííèìè íàëåæàòü äî ïðîñòîðó L2(·),

‖w;W 1,2(0, T )‖ =

( T∫
0

(
(w(t))2 + (w′(t))2

)
dt

) 1
2

;

‖w;W 1,2(G)‖ =

(∫
G

(
(w(x, y))2 +

n∑
i=1

(wxi(x, y))2 +

l∑
j=1

(wyj (x, y))2
)
dx dy

) 1
2

;

‖w;W 1,2(Ω)‖ =

(∫
Ω

(
(w(x))2 +

n∑
i=1

(wxi(x))2
)
dx

) 1
2

;

‖w;W 1,2(QT )‖ =

( ∫
QT

(
(w(x, y, t))2 + (wt(x, y, t))

2 +

n∑
i=1

(wxi(x, y, t))
2+

+

l∑
j=1

(wyj (x, y, t))
2
)
dx dy dt

) 1
2

;

Ck(O) � ïðîñòið k�ðàç íåïåðåðâíî äèôåðåíöiéîâíèõ ôóíêöié íà O;
C([0, T ];L2(G)) � ïðîñòið íåïåðåðâíèõ ôóíêöié ([0, T ]→ L2(G));
C1(D;C1(Ω)) � ïðîñòið íåïåðåðâíî-äèôåðåíöiéîâíèõ ôóíêöié (D → C1(Ω)).



166
Íàòàëiÿ ÏÐÎÖÀÕ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2017. Âèïóñê 83

3. Ôîðìóëþâàííÿ çàäà÷i. Â îáëàñòi QT ðîçãëÿíåìî çàäà÷ó äëÿ ðiâíÿííÿ

ut+

l∑
i=1

λi(x, y, t)uyi−
n∑

i,j=1

(aij(x, y, t)uxi)xj+(c(t)+b(x, y))u+g(x, y, t, u)=f(x, y, t)(1)

ç ïî÷àòêîâîþ óìîâîþ

(2) u(x, y, 0) = u0(x, y), (x, y) ∈ G,
êðàéîâèìè óìîâàìè

(3) u|ΣT = 0, u|S1
T

= 0

òà óìîâîþ ïåðåâèçíà÷åííÿ

(4)
∫
G

K(x, y)u(x, y, t) dx dy = E(t), t ∈ [0, T ],

äå u(x, y, t), c(t) � íåâiäîìi ôóíêöi¨, S1
T :=

{
(x, y, t)∈ST :

l∑
i=1

λi(x, y, t) cos(ν, yi)<0
}
,

ν � îäèíè÷íèé âåêòîð çîâíiøíüî¨ íîðìàëi äî ïîâåðõíi ST .

Ïîçíà÷èìî S2
T :=

{
(x, y, t)∈ST :

l∑
i=1

λi(x, y, t) cos(ν, yi) ≥ 0
}
. Ïðèïóñòèìî, ùî

(S) iñíó¹ òàêà ïîâåðõíÿ ç äîäàòíîþ ìiðîþ Ëåáåãà Γ1 ⊂ ∂D ⊂ Rl−1, ùî S1
T =

Ω× Γ1 × (0, T ).

Íåõàé âèêîíóþòüñÿ òàêi óìîâè:

(A) aij ∈ C([0, T ];L2(G)), i, j = 1, . . . , n,
n∑
i=1

aij(x, y, t)ξiξj ≥ a0|ξ|2 äëÿ ìàéæå âñiõ

(x, y, t) ∈ QT òà äëÿ âñiõ ξ ∈ Rn, a0 � äîäàòíà ñòàëà;
(B) b ∈ L∞(G), b(x, y) ≥ b0 äëÿ ìàéæå âñiõ (x, y) ∈ G, b0 � ñòàëà;

(E) E ∈W 1,2(0, T ), E(0) =

∫
G

K(x, y)u0(x, y) dx dy;

(F) f ∈ C([0, T ];L2(G));
(G) g(x, y, t, ξ) âèìiðíà çà çìiííèìè (x, y, t) â îáëàñòi QT äëÿ âñiõ ξ ∈ R1 i íåïå-

ðåðâíà çà ξ äëÿ ìàéæå âñiõ (x, y, t) ∈ QT , ïðè÷îìó òàêà, ùî iñíó¹ äîäàòíà
ñòàëà g0, ùî |g(x, y, t, ξ)−g(x, y, t, η)| ≤ g0|ξ−η| äëÿ ìàéæå âñiõ (x, y, t) ∈ QT
òà âñiõ ξ, η ∈ R1;

(K) K ∈ C1(D;C1(Ω)), K
∣∣
∂Ω×D = 0, K|Ω×Γ2

= 0, äå Γ2 = ∂D \ Γ1;

(L) λi ∈ C(QT ), λiyi ∈ L∞(QT ), i = 1, . . . , l;
(U) u0, u0,yj , u0,xi ∈ L2(G), i = 1, . . . , n, j = 1, . . . , l, u0|∂Ω×D = 0, u0|Ω×Γ1

= 0.

4. Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó ïðÿìî¨ çàäà÷i. Ïðèïóñòèìî ñïî÷àòêó,
ùî â ðiâíÿííi (1) c(t) = c∗(t), äå c∗ ∈ C([0, T ]), � âiäîìà ôóíêöiÿ; ðîçãëÿíåìî ìiøàíó
çàäà÷ó äëÿ ðiâíÿííÿ (1) ç ïî÷àòêîâîþ óìîâîþ (2) òà êðàéîâèìè óìîâàìè (3).

Çàïðîâàäèìî òàêi ïðîñòîðè:

V1(QT ) :=
{
w : w, wxi ∈ L2(QT ), i = 1, . . . , n, w

∣∣
ΣT

= 0
}

;

V2(G) :=
{
w : w ∈W 1,2(G), w

∣∣
∂Ω×D = 0, w

∣∣
Ω×Γ1

= 0
}

;

V3(QT ) := {w : w ∈W 1,2(QT ), w|S1
T

= 0, w
∣∣
ΣT

= 0};
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V4(QT ) :=
{
w : w ∈ V3(QT ), wxixj ∈ L2(QT ), i, j = 1, . . . , n

}
.

Òåîðåìà 1. Íåõàé ñïðàâäæóþòüñÿ óìîâè (A), (B), (G), (L), (F), (U), (S) òà:

1) aijxi , aijt ∈ L∞(QT ), byk ∈ L∞(QT ), fyk ∈ L2(QT ), c∗ ∈ C([0, T ]), i, j =
1, . . . , n, k = 1, . . . , l;

2) iñíó¹ òàêà ñòàëà g1, ùî äëÿ ìàéæå âñiõ (x, y, t) ∈ QT òà âñiõ ξ ∈ R1 âèêî-

íóþòüñÿ íåðiâíîñòi |gyi(x, y, t, ξ)| ≤ g1, i = 1, . . . , l; g(x, y, t, 0)|S1
T

= 0;

3) f |S1
T

= 0.

Òîäi iñíó¹ ¹äèíà ôóíêöiÿ u∗ ∈ V3(QT ) ∩ C([0, T ];L2(G)), ÿêà çàäîâîëüíÿ¹ óìîâó (2)
òà ðiâíiñòü ∫

QT

(
u∗t v +

l∑
i=1

λi(x, y, t)u
∗
yiv +

n∑
i,j=1

aij(x, y, t)u
∗
xivxi+

+(c∗(t) + b(x, y))u∗v + g(x, y, t, u∗)v

)
dx dy dt =

∫
QT

f(x, y, t)v dx dy dt(5)

äëÿ âñiõ ôóíêöié v ∈ V1(QT ). Êðiì òîãî, u∗ ∈ V4(QT ) ∩ C([0, T ];L2(G)) òà u∗ ¹

ðîçâ'ÿçêîì ìàéæå âñþäè çàäà÷i (1)�(3).

Äîâåäåííÿ òåîðåìè ïðîâîäèìî çà ñõåìàìè äîâåäåííÿ òåîðåì 1, 2 i ëåìè 1 iç [4]
òà òåîðåìè 3 i ëåìè 1 iç [8].

Çàóâàæåííÿ 1. Äëÿ ïîõiäíèõ ôóíêöi¨ u∗ âèêîíóþòüñÿ îöiíêè∫
QT

l∑
i=1

(u∗yi)
2 dx dy dt ≤M,

∫
QT

(u∗t )
2 dx dy dt ≤M,

äå ñòàëà M çàëåæèòü âiä ôóíêöi¨ u0 òà êîåôiöi¹íòiâ i ïðàâî¨ ÷àñòèíè ðiâíÿííÿ (1).

5. Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó îáåðíåíî¨ çàäà÷i.

Îçíà÷åííÿ 1. Ïàðó ôóíêöié (u(x, y, t), c(t)) íàçâåìî ðîçâ'ÿçêîì çàäà÷i (1)�(4),
ÿêùî u ∈ V4(QT ) ∩ C([0, T ];L2(G)), c ∈ ([0, T ]), ïðè÷îìó öi ôóíêöi¨ äëÿ ìàéæå âñiõ
(x, y, t) ∈ QT çàäîâîëüíÿþòü ðiâíÿííÿ (1) i, êðiì òîãî, ôóíêöiÿ u(x, y, t) çàäîâîëüíÿ¹
óìîâè (2) òà (4).

Ïîçíà÷èìî

A(t) := −E′(t) +

∫
G

K(x, y)f(x, y, t) dx dy,

B(x, y, t) :=

l∑
i=1

(λi(x, y, t)K(x, y))yi +

l∑
i,j=1

(Kxj (x, y)aij(x, y, t))xi −K(x, y)b(x, y).

Iç (1) òà (4) âèïëèâà¹, ùî ðîçâ'ÿçîê çàäà÷i (1) � (4) çàäîâîëüíÿ¹ òàêó ðiâíiñòü:

E(t)c(t) = A(t) +

∫
Gt

B(x, y, t)u dx dy −
∫
Gt

K(x, y)g(x, y, t, u) dx dy, t ∈ [0, T ].(6)
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Ëåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 1 òà óìîâè (K), (E). Äëÿ òîãî, ùîá

ïàðà ôóíêöié (u(x, y, t), c(t)), äå u ∈ V4(QT ) ∩ C([0, T ];L2(G)), c ∈ C([0, T ]), áóëà
ðîçâ'ÿçêîì çàäà÷i (1)�(4) íåîáõiäíî i äîñòàòíüî, ùîá öÿ ïàðà çàäîâîëüíÿëà ðiâíÿííÿ
(1) äëÿ ìàéæå âñiõ (x, y, t) ∈ QT , à òàêîæ (2) i (6).

Äîâåäåííÿ. Íåîáõiäíiñòü. Íåõàé (u∗(x, y, t), c∗(t)) ¹ ðîçâ'ÿçêîì çàäà÷i (1)�(4). Ïðî-
äèôåðåíöiþ¹ìî óìîâó (4) îäèí ðàç ïî t

(7)
∫
G

K(x, y)u∗t (x, y, t) dx dy = E′(t), t ∈ [0, T ].

Íà ïiäñòàâi (1) i (7) îòðèìó¹ìî∫
Gt

K(x, y)
(
f(x, y, t)−

l∑
i=1

λi(x, y, t)u
∗
yi +

n∑
i,j=1

(aij(x, y, t)u
∗
xi)xj−

−b(x, y)u∗ − c∗(t)u∗ − g(x, y, t, u∗)
)
dx dy = E′(t), t ∈ [0, T ].(8)

Ïðîiíòåãðó¹ìî ÷àñòèíàìè â (8), âðàõóâàâøè óìîâó (K)

−E(t)c∗(t) +

∫
Gt

(
K(x, y)f(x, y, t)+

+B(x, y, t)u∗ −K(x, y)g(x, y, t, u∗)
)
dx dy = E′(t), t ∈ [0, T ].(9)

Ç (9) âèïëèâà¹, ùî (u∗(x, y, t), c∗(t)) çàäîâîëüíÿ¹ ðiâíiñòü (6). Êðiì òîãî, u∗ çàäîâîëü-
íÿ¹ óìîâó (2), à òàêîæ ðiâíÿííÿ (1) ïðè c(t) = c∗(t) äëÿ ìàéæå âñiõ (x, y, t) ∈ QT .

Äîñòàòíiñòü. Íåõàé c∗ ∈ C([0, T ]), u∗ ∈ V4(QT ) ∩ C([0, T ];L2(G)) i äëÿ íèõ
âèêîíóþòüñÿ (2), (6) òà (1) äëÿ ìàéæå âñiõ (x, y, t) ∈ QT . Òîäi u∗ ¹ ðîçâ'ÿçêîì ìàéæå
âñþäè çàäà÷i (1) � (3) ç ôóíêöi¹þ c∗ çàìiñòü c â ðiâíÿííi (1).

Ïðèéìåìî E∗(t) =

∫
Gt

K(x, y)u∗(x, y, t) dx dy, t ∈ [0, T ]. Òàê ñàìî, ÿê ó äîâåäåííi

íåîáõiäíîñòi, çíàõîäèìî, ùî

E∗(t)c∗(t) = −(E∗(t))′ +

∫
Gt

(
K(x, y)f(x, y, t) +B(x, y, t)u∗−

−K(x, y)g(x, y, t, u∗)
)
dx dy, t ∈ [0, T ].(10)

Ç iíøîãî áîêó, c∗(t) òà u∗(x, y, t) çàäîâîëüíÿþòü ðiâíiñòü

E(t)c∗(t) = −(E(t))′ +

∫
Gt

(
K(x, y)f(x, y, t) +B(x, y, t)u∗−

−K(x, y)g(x, y, t, u∗)
)
dx dy, t ∈ [0, T ].(11)

Iç (10), (11) âèïëèâà¹

(E∗(t)− E(t))c∗(t) = −(E∗(t)− E(t))′, t ∈ [0, T ].(12)



ÎÁÅÐÍÅÍÀ ÇÀÄÀ×À ÄËß ÓËÜÒÐÀÏÀÐÀÁÎËI×ÍÎÃÎ ÐIÂÍßÍÍß
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2017. Âèïóñê 83 169

Ïðîiíòåãðó¹ìî (12) i âðàõóâàâøè, ùî E∗(0) = E(0) =

∫
G

K(x, y)u0(x, y) dx dy, îòðè-

ìà¹ìî E∗(t) = E(t), t ∈ [0, T ], à îòæå, äëÿ u∗(x, y, t) âèêîíó¹òüñÿ óìîâà ïåðåâèçíà-
÷åííÿ (4). Ëåìó äîâåäåíî. �

Ïîçíà÷èìî λ1 = max
i

esssup
QT

|λiyi(x, y, t)|;

γ0 = γ0(Ω) � êîåôiöi¹íò iç íåðiâíîñòi Ôðiäðiõñà∫
Ω

|v(x)|2 dx ≤ γ0

∫
Ω

n∑
i=1

|vxi(x)|2 dx,(13)

ÿêà âèêîíó¹òüñÿ äëÿ ôóíêöié v ∈W 1,2
0 (Ω);

C1 :=
3

min
[0;T ]

(E(t))2
max
[0;T ]

(
(A(t))2 + 2

∫
G

(g(x, y, t, 0))2 dx dy +

+

(∫
G

(B(x, y, t))2 dx dy + 2

∫
G

(K(x, y)g0)2 dx dy

)∫
G

|u0(x, y)|2 dx dy
)

;

C2 :=
3

min
[0;T ]

(E(t))2
max
[0;T ]

(∫
G

(B(x, y, t))2 dx dy + 2

∫
G

(K(x, y)g0)2 dx dy

)
×

×
∫
QT

(
(f(x, y, t))2 + (g(x, y, t, 0))2

)
dx dy dt,

C3 := C1 −
a0

γ0
+
λ1l

2
− b0 + g0.

Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ óìîâà

iñíó¹ òàêå δ1 > 0, ùî C3 +
C2

δ1
+ δ1 ≤ 0.(14)

Çàóâàæèìî, ùî óìîâà (14) âèêîíó¹òüñÿ, çîêðåìà, êîëè C3 < 0, 4C2 < C2
3 .

Ïîçíà÷èìî:

δ > 0 � íàéáiëüøå ç ÷èñåë δ1, äëÿ ÿêèõ âèêîíó¹òüñÿ (14);

M1 :=
1

δ

∫
QT

(
(f(x, y, t))2 + (g(x, y, t, 0))2

)
dx dy dt+

∫
G

(u0(x, y))2 dx dy;

M2 := C1 +
C2

δ
=

3

min
[0;T ]

(E(t))2
max
[0;T ]

(
(A(t))2 + 2

∫
G

(g(x, y, t, 0))2 dx dy +

+

(∫
G

(B(x, y, t))2 dx dy + 2

∫
G

(K(x, y)g0)2 dx dy

)
M1

)
;
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M3 :=
2

min
[0,T ]

(E(t))2

∫
QT

(B(x, y, t))2 dx dy dt+ (g0)2T

∫
G

(K(x, y))2 dx dy;

M4 := min

{
T ;

1

−2C3 − 2C2

δ − δ

}
M1

δ
;

M5 := M3M4;

M6 :=
2

min
[0,T ]

(E(t))2
sup
[0,T ]

∫
G

(B(x, y, t))2 dx dy + g0

∫
G

(K(x, y))2 dx dy;

M7 :=

√
M6M1

δ
.

Òåîðåìà 2. Íåõàé E(t) 6= 0 äëÿ âñiõ t ∈ [0, T ], âèêîíóþòüñÿ óìîâè (A), (B), (L),
(U), (G), (E), (K), (F), (S), (14) i aijxi ∈ L∞(QT ), byk ∈ L∞(QT ), fyk ∈ L2(QT ),
i, j = 1, . . . , n, k = 1, . . . , l, f |S1

T
= 0 òà M5 < 1. Òîäi iñíó¹ ðîçâ'ÿçîê çàäà÷i (1)�(4).

Äîâåäåííÿ. Âèêîðèñòà¹ìî ìåòîä ïîñëiäîâíèõ íàáëèæåíü. Ïîáóäó¹ìî íàáëèæåííÿ
(um(x, y, t), cm(t)) ðîçâ'ÿçêó çàäà÷i (1)�(4), äå ôóíêöi¨ cm(t), m ∈ N, âèçíà÷àþòüñÿ
òàê, ùî âîíè çàäîâîëüíÿþòü ðiâíîñòi

c1(t) := 0,

cm(t) =
1

E(t)

(
A(t) +

∫
Gt

(
B(x, y, t)um−1 −K(x, y)g(x, y, t, um−1)

)
dx dy

)
,

t ∈ [0;T ], m ≥ 2,(15)

à um çàäîâîëüíÿ¹ ðiâíiñòü∫
Qτ

(
umt v +

l∑
i=1

λi(x, y, t)u
m
yiv +

n∑
i,j=1

aij(x, y, t)u
m
xivxj + (cm(t) + b(x, y))umv+

+g(x, y, t, um)v
)
dx dy dt =

∫
Qτ

f(x, y, t)v dx dy dt, m ≥ 1, τ ∈ (0;T ],(16)

um(x, y, 0) = u0(x, y), (x, y) ∈ G,(17)

ïðè÷îìó (16) âèêîíó¹òüñÿ äëÿ âñiõ v ∈ V1(QT ).
Íà ïiäñòàâi òåîðåìè 1 äëÿ êîæíîãî m ∈ N iñíó¹ ¹äèíà ôóíêöiÿ um ∈ V3(QT ) ∩

C([0, T ];L2(G)), äëÿ ÿêî¨ âèêîíóþòüñÿ (16), (17).
Äîâåäåìî, ùî cm(t) ≥ −M2 äëÿ âñiõ m ∈ N, t ∈ [0;T ]. Íåõàé cm(t) ≥ c0m äëÿ

âñiõ t ∈ [0, T ], äå c0m ∈ R. Çíàéäåìî îöiíêó äëÿ
∫
G

|um(x, y, τ)|2 dx dy. Âèáåðåìî â

(16) v = um∫
Qτ

(
umt u

m +

l∑
i=1

λi(x, y, t)u
m
yiu

m +

n∑
i,j=1

aij(x, y, t)u
m
xiu

m
xj + (cm(t) + b(x, y))(um)2+
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+g(x, y, t, um)um
)
dx dy dt =

∫
Qτ

f(x, y, t)um dx dy dt, τ ∈ (0;T ], m ≥ 1.(18)

Âðàõóâàâøè óìîâè (A), (B), (L), (U), (G), (F), ç (18) îòðèìó¹ìî íåðiâíiñòü∫
G

(um(x, y, τ))2 dx dy+

∫
S2
τ

l∑
i=1

λi(x, y, t)(u
m)2 cos(ν, yi) dσ+2a0

∫
Qτ

n∑
i=1

(umxi)
2 dx dy dt+

+

∫
Qτ

(−λ1l + 2c0m + 2b0 − 2g0 − 2δ)(um)2 dx dy dt ≤ 1

δ

∫
Qτ

(
(f(x, y, t))2+

+(g(x, y, t, 0))2
)
dx dy dt+

∫
G

(u0(x, y))2 dx dy, τ ∈ (0;T ], m ≥ 1.(19)

Çàñòîñóâàâøè äî òðåòüîãî äîäàíêó ç (19) íåðiâíiñòü (13), îòðèìó¹ìî∫
G

(um(x, y, τ))2 dx dy +

∫
S2
τ

l∑
i=1

λi(x, y, t)(u
m)2 cos(ν, yi) dσ+

+

∫
Qτ

(
2a0

γ0
− λ1l + 2c0m + 2b0 − 2g0 − 2δ

)
(um)2 dx dy dt ≤ 1

δ

∫
Qτ

(
(f(x, y, t))2+

+(g(x, y, t, 0))2
)
dx dy dt+

∫
G

(u0(x, y))2 dx dy, τ ∈ (0;T ], m ≥ 1.(20)

Çà óìîâè, ùî
2a0

γ0
− λ1l + 2c0m + 2b0 − 2g0 − 2δ ≥ 0, ç (20) îäåðæó¹ìî îöiíêó∫
G

(um(x, y, τ))2 dx dy ≤M1, τ ∈ (0;T ], m ≥ 1.(21)

Ïiäíiñøè îáèäâi ÷àñòèíè ðiâíîñòi (15) äî êâàäðàòà òà âèêîðèñòàâøè íåðiâíiñòü Ãåëü-
äåðà, îòðèìó¹ìî îöiíêó

(cm(t))2 ≤ 3

(E(t))2

(
(A(t))2 +

(∫
G

(B(x, y, t))2 dx dy + 2

∫
G

(K(x, y)g0)2 dx dy

)
×

×
∫
G

(um−1)2 dx dy + 2

∫
G

(g(x, y, t, 0))2 dx dy

)
, t ∈ [0;T ], m ≥ 2.(22)

Ç (21) i (22) âèïëèâà¹, ùî |cm(t)| ≤ M2, t ∈ [0;T ], m ∈ N. Çàóâàæèìî, ùî ÿêùî
çàìiñòü c0m âèáðàòè −M2, òî âðàõóâàâøè óìîâó (14), îòðèìó¹ìî

2a0

γ0
−λ1l+2c0m+2b0−2g0−2δ =

2a0

γ0
−λ1l−2M2+2b0−2g0−2δ = −2C3−

2C2

δ
−δ ≥ 0.

Îòæå, äëÿ âñiõ m ∈ N
cm(t) ≥ −M2,

i ìîæíà îáðàòè c0m := −M2 äëÿ âñiõ m ∈ N.
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Äîâåäåìî, ùî ïîñëiäîâíiñòü {(um(x, y, t), cm(t))}∞m=1 çáiãà¹òüñÿ äî ðîçâ'ÿçêó çà-
äà÷i (1)�(4). Ïîçíà÷èìî

zm := zm(x, y, t) = um(x, y, t)− um−1(x, y, t),

rm(t) := cm(t)− cm−1(t), m ≥ 2.

Ç (15) âèïëèâàþòü ðiâíîñòi

rm(t) =
1

E(t)

∫
G

(
B(x, y, t)zm−1 −K(x, y)

(
(g(x, y, t, um−1)− g(x, y, t, um−2)

))
dx dy,

t ∈ [0, T ], m ≥ 2.(23)

Ïiäíiñøè îáèäâi ÷àñòèíè öèõ ðiâíîñòåé äî êâàäðàòà, ïðîiíòåãðóâàâøè çà çìiííîþ t
òà âðàõóâàâøè, ùî íà ïiäñòàâi óìîâè (G)∫
Qτ

(
g(x, y, t, um)−g(x, y, t, um−1)

)
zm dx dy dt≤g0

∫
Qτ

(zm)2 dx dy dt, τ ∈ (0;T ], m ≥ 2,

îòðèìà¹ìî

T∫
0

(rm(t))2 dt ≤M3

∫
QT

(zm−1)2 dx dy dt, m ≥ 2.(24)

Îñêiëüêè ç (17) âèïëèâà¹, ùî zm(x, y, 0) = 0, (x, y) ∈ G, m ≥ 2, òî ç (16),
çíàõîäèìî, ùî äëÿ âñiõ ôóíêöié v ∈ V1(QT ) ñïðàâäæóþòüñÿ ðiâíîñòi

1

2

∫
G

(zm(x, y, τ))2 dx dy +

∫
Qτ

( l∑
i=1

λi(x, y, t)z
m
yiz

m +

n∑
i,j=1

aij(x, y, t)z
m
xiz

m
xj+

+b(x, y)(zm)2 + (g(x, y, t, um)− g(x, y, t, um−1))zm+

+(cm(t)um − cm−1(t)um−1)zm
)
dx dy dt = 0, τ ∈ (0;T ], m ≥ 2.(25)

Çàóâàæèìî, ùî

(cm(t)um − cm−1(t)um−1)zm = cm(t)(zm)2 + rm(t)um−1zm,

à òîìó∫
Qτ

(cm(t)um − cm−1(t)um−1)zm dx dy dt ≥
(
−M2 −

δ

2

) ∫
Qτ

(zm)2 dx dy dt−

− 1

2δ

τ∫
0

(rm(t))2

∫
Gt

(um−1)2 dx dy

 dt ≥
(
−M2 −

δ

2

) ∫
Qτ

(zm)2 dx dy dt−

−M1

2δ

τ∫
0

(rm(t))2 dt, τ ∈ (0, T ], m ≥ 2.(26)
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Òîäi, âðàõîâóþ÷è óìîâè (A), (B), (L), (U), (G), (F) òà (26), ç (25) îòðèìó¹ìî
íåðiâíiñòü ∫

G

(zm(x, y, τ))2 dx dy +

∫
S2
τ

l∑
i=1

λi(x, y, t)(z
m)2 cos(ν, yi) dσ+

+2a0

∫
Qτ

n∑
i,j=1

(zmxi)
2 dx dy dt+

∫
Qτ

(
2b0 − λ1l − 2g0 − 2M2 − δ

)
(zm)2 dx dy dt ≤

≤ M1

δ

T∫
0

(rm(t))2 dt, τ ∈ (0;T ], m ≥ 2.(27)

Çàñòîñóâàâøè äî òðåòüîãî äîäàíêà ç (27) íåðiâíiñòü (13), îòðèìà¹ìî îöiíêó∫
G

(zm(x, y, τ))2 dx dy +

∫
S2
τ

l∑
i=1

λi(x, y, t)(z
m)2 cos(ν, yi) dσ +

∫
Qτ

(
2b0 − lλ1 − 2g0+

+
2a0

γ0
− 2M2 − δ

)
(zm)2 dx dy dt ≤ M1

δ

T∫
0

(rm(t))2 dt, τ ∈ (0;T ], m ≥ 2.(28)

Îñêiëüêè âèêîíó¹òüñÿ óìîâà (14), òî ç (28) çíàõîäèìî îöiíêè∫
G

(zm(x, y, τ))2 dx dy ≤ M1

δ

T∫
0

(rm(t))2 dt, τ ∈ (0;T ], m ≥ 2(29)

òà ∫
QT

(zm)2 dx dy dt ≤M4

T∫
0

(rm(t))2 dt, m ≥ 2.(30)

Ç (24) òà (30) âèïëèâà¹, ùî

T∫
0

(rm(t))2 dt ≤M5

T∫
0

(rm−1(t))2 dt ≤ (M5)m−2

T∫
0

(r2(t))2 dt, m ≥ 2.(31)

Iç (23) ëåãêî îòðèìàòè îöiíêó

(rm(t))2 ≤M6

∫
G

(zm−1(x, y, t))2 dx dy, t ∈ [0, T ], m ≥ 2.(32)

Âðàõóâàâøè (29), ç (32) çíàéäåìî

|rm(t)| ≤M7

 T∫
0

(rm−1(t))2 dt


1
2

, t ∈ [0, T ], m ≥ 2.(33)
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Âèêîðèñòàâøè (31), (33) òà óìîâó M5 < 1, îòðèìà¹ìî, øî äëÿ âñiõ k,m ∈ N, m ≥ 3,
ñïðàâäæó¹òüñÿ îöiíêà

|cm+k(t)− cm(t)| ≤
m+k∑
i=m+1

|ri(t)| ≤M7

m+k∑
i=m+1

 T∫
0

(ri−1(t))2 dt


1
2

≤

≤
m+k∑
i=m+1

M7(M5)
i−3
2

 T∫
0

(r2(t))2 dt


1
2

≤M7
(M5)

m−2
2 (1− (M5)

k
2 )

1− (M5)
1
2

 T∫
0

(r2(t))2 dt


1
2

≤

≤M7
(M5)

m−2
2

1− (M5)
1
2

 T∫
0

(r2(t))2 dt


1
2

, m ≥ 3.(34)

Iç (34) âèïëèâà¹, ùî äëÿ äîâiëüíîãî ε > 0 iñíó¹ òàêå m0, ùî äëÿ âñiõ k, m ∈ N,
m > m0, âèêîíóþòüñÿ íåðiâíîñòi ‖cm+k(t)−cm(t);C([0, T ])‖ ≤ ε. Îòæå, ïîñëiäîâíiñòü
{cm}∞m=1 ¹ ôóíäàìåíòàëüíîþ â C([0, T ]).

Òîäi ç (30) òà (27) âèïëèâà¹, ùî {um}∞m=1 ¹ ôóíäàìåíòàëüíîþ â L2(QT ) ∩
C([0, T ];L2(G)) i {umxi}

∞
m=1 ¹ ôóíäàìåíòàëüíîþ â L2(QT ), à òîìó ïðè m→∞

um → u ñèëüíî â L2(QT ) ∩ C([0, T ];L2(G)),

umxi → uxi ñèëüíî â L
2(QT ), i = 1, . . . , n,

cm → c ñèëüíî â C([0, T ]).(35)

Iç çàóâàæåííÿ 1 âèïëèâà¹, ùî∫
QT

l∑
i=1

(umyi)
2 dx dy dt ≤M,

∫
QT

(umt )2 dx dy dt ≤M,(36)

à îñêiëüêè |cm| ≤ M2 äëÿ âñiõ m ∈ N, òî ñòàëà M íå çàëåæèòü âiä m i îöiíêè (36)
âèêîíóþòüñÿ äëÿ âñiõ m ∈ N. Òîìó ç (36) âèïëèâàþòü òàêi çáiæíîñòi ïðè m→∞:

umyi → uyi ñëàáêî â L
2(QT ), i = 1, . . . , l,

umt → ut ñëàáêî â L2(QT ).(37)

Âðàõóâàâøè (35), (37), ç (16) òà (15) îòðèìà¹ìî, ùî ïàðà (u(x, y, t), c(t)) çàäî-
âîëüíÿ¹ ðiâíiñòü (6) òà∫

Qτ

(
utv +

l∑
i=1

λi(x, y, t)uyiv +

n∑
i,j=1

aij(x, y, t)uxivxj + (c(t) + b(x, y))uv+

+g(x, y, t, u)v
)
dx dy dt =

∫
Qτ

f(x, y, t)v dx dy dt, τ ∈ (0;T ],(38)

äëÿ âñiõ v ∈ V1(QT ). Iç (38) âèïëèâà¹, ùî∫
Ω

(
utw +

l∑
i=1

λi(x, y, t)uyiw +

n∑
i,j=1

aij(x, y, t)uxiwxj + (c(t) + b(x, y))uw+
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+g(x, y, t, u)w
)
dx =

∫
Ω

f(x, y, t)w dx(39)

äëÿ ìàéæå âñiõ (y, t) ∈ D × (0;T ) òà äëÿ âñiõ w ∈ W 1,2
0 (Ω). Ç (39) îòðèìó¹ìî, ùî

u äëÿ ìàéæå âñiõ (y, t) ∈ D × (0;T ) ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i Äiðiõëå äëÿ
åëiïòè÷íîãî ðiâíÿííÿ

n∑
i,j=1

(aij(x, y, t)uxi)xj = F (x, y, t), x ∈ Ω,(40)

u|∂Ω = 0,(41)

äå F (x, y, t) = f(x, y, t)−ut−
l∑
i=1

λi(x, y, t)uyi − (c(t)+ b(x, y))u−g(x, y, t, u). Îñêiëüêè

âèêîíó¹òüñÿ óìîâà (3) òà F (·, y, t) ∈ L2(Ω) äëÿ ìàéæå âñiõ (y, t) ∈ D × (0;T ), òî,
çãiäíî ç òåîðåìîþ 7.3 [6, c. 130], iñíó¹ ¹äèíèé óçàãàëüíåíèé ðîçâ'ÿçîê u çàäà÷i (40) �
(41), ïðè÷îìó uxixj (·, y, t) ∈ L2(Ω), òîìó u(·, y, t) ∈ W 2,2

0 (Ω) äëÿ ìàéæå âñiõ (y, t) ∈
D × (0;T ). Îòæå, u ∈ V4(QT ) ∩ C([0, T ];L2(G)), ïàðà (u(x, y, t), c(t)) çàäîâîëüíÿ¹
ðiâíÿííÿ (1) äëÿ ìàéæå âñiõ (x, y, t) ∈ QT , òîìó íà ïiäñòàâi ëåìè 1 (u(x, y, t), c(t)) ¹
ðîçâ'ÿçêîì çàäà÷i (1) � (4) â îáëàñòi QT . Òåîðåìó äîâåäåíî. �

Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 2. Òîäi çàäà÷à (1)�(4) íå ìîæå

ìàòè áiëüøå îäíîãî ðîçâ'ÿçêó.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî
(
u(1)(x, y, t), c(1)(t)

)
,
(
u(2)(x, y, t), c(2)(t)

)
� äâà ðîçâ'ÿçêè

çàäà÷i (1) � (4). Òîäi ïàðà ôóíêöié (ũ(x, y, t), c̃(t)), äå

ũ(x, y, t) = u(1)(x, y, t)− u(2)(x, y, t), c̃(t) = c(1)(t)− c(2)(t),

çàäîâîëüíÿ¹ óìîâó ũ(x, y, 0) ≡ 0, ðiâíiñòü∫
Qτ

(
ũtv +

l∑
i=1

λi(x, y, t)ũyiv +

n∑
i,j=1

aij(x, y, t)ũxivxj + b(x, y)ũv + (c(1)(t)u(1)−

−c(2)(t)u(2))v + (g(x, y, t, u(1))− g(x, y, t, u(2)))v

)
dx dy dt = 0, τ ∈ [0, T ],(42)

äëÿ âñiõ v ∈ V1(QT ) òà

c̃(t) =
1

E(t)

∫
Gt

(
B(x, y, t)ũ+K(x, y)(g(x, y, t, u(1))− g(x, y, t, u(1)))

)
, t ∈ [0, T ].(43)

Âèáðàâøè â (42) v = ũ, ìàòèìåìî∫
Qτ

(
ũtũ+

l∑
i=1

λi(x, y, t)ũyi ũ+

n∑
i,j=1

aij(x, y, t)ũxi ũxj + (c(1)(t)u(1) − c(2)(t)u(2))ũ+

+b(x, y)(ũ)2 + (g(x, y, t, u(1))− g(x, y, t, u(2)))ũ

)
dx dy dt = 0, τ ∈ (0;T ].
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Çâiäñè, àíàëîãi÷íèìè ïåðåòâîðåííÿìè, ÿê ç (25) áóëî îòðèìàíî (30), çíàõîäèìî îöií-
êó ∫

QT

(ũ)2 dx dy dt ≤M4

T∫
0

(c̃(t))2 dt.(44)

Ç (43) ëåãêî îòðèìàòè íåðiâíiñòü
T∫

0

(c̃(t))2 dt ≤M3

∫
QT

(ũ)2 dx dy dt,

à âðàõóâàâøè îöiíêó (44), çíàéäåìî

(1−M5)

T∫
0

(c̃(t))2 dt ≤ 0.

Îñêiëüêè M5 < 1, òî c̃(t) ≡ 0, à òîìó c(1)(t) ≡ c(2)(t). Òîäi ç (44) âèïëèâà¹:∫
QT

(ũ)2 dx dy dt ≤ 0, à òîìó u(1) = u(2) â QT . Òåîðåìó äîâåäåíî. �
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We consider the inverse problem of determining of the time depended coe�-
cient near the unknown function that is a solution for the initial-boundary value
problem for semilinear ultraparabolic equation. Conditions of the existence and
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In this work we �nd asymptotic formulas for eigenvalues and eigenfunctions
of a Sturm-Liouville type problem with retarded argument which contains a
spectral parameter in the boundary conditions and with discontinuous weight
function and also we obtain bounds for the distance between eigenvalues. We
extend and generalize some approaches and results of the [S. B. Norkin, Di-
�erential equations of the second order with retarded argument, Translations
of Mathematical Monographs, Vol. 31, AMS, Providence, RI (1972)].

Key words: di�erential equation with retarded argument, eigenparameter,
transmission conditions, asymptotics of eigenvalues, bounds for the distance
between eigenvalues.

1. Introduction.

Some discontinuous boundary value problems with retarded argument and some
classic boundary value problems have been investigated in [1-18]. Norkin in [2] considered
the equation

x′′ (t) + λx(t) +M(t)x(t−∆(t)) = 0

with boundary conditions

x (0) = x (π) = 0,

obtained asymptotic formulas for eigenvalues and eigenfunctions and found bounds for
the distance between eigenvalues of this problem. In this paper we investigate the ei-
genvalues and eigenfunctions of a discontinuous boundary value problem with retarded
argument with discontinuous weight function. Namely, we consider the boundary value
problem for the di�erential equation

(1) u′′(x) + q(x)u(x−∆(x)) + λr (x)u(x) = 0

2010 Mathematics Subject Classi�cation: 34L20, 35R10

c© �Sen E., Bayramov A., 2017
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on
[
0, π2

)
∪
(
π
2 , π

]
with spectral and physical parameter dependent boundary conditions

(2)
√
λr+u(0) + u′(0) = 0,

(3) mλu(π) + u′ (π) = 0,

and with transmission conditions

(4) γ+u(π2 − 0)− δ+u(π2 + 0) = 0,

(5) γ−u′(π2 − 0)− δ−u′(π2 + 0) = 0

where the real-valued function q(x) is continuous in
[
0, π2

)
∪
(
π
2 , π

]
and has �nite limits

q(π2 ± 0) = lim
x→π

2±0
q(x),

the real valued function ∆(x) > 0 is continuous in
[
0, π2

)
∪
(
π
2 , π

]
and has �nite limits

∆(π2 ± 0) = lim
x→π

2±0
∆(x),

x − ∆(x) > 0 if x ∈
[
0, π2

)
; x − ∆(x) > π

2 , if x ∈
(
π
2 , π

]
; r(x) = r2

+ if x ∈
[
0, π2

)
and

r(x) = r2
− if x ∈

(
π
2 , π

]
; λ is a real positive spectral parameter; m is a positive physical

parameter; r+, r−, d, δ
+, δ−, γ+, γ− 6= 0 are arbitrary real numbers.

We want to note that di�erential equations with retarded argument are of im-
portance in the theory of automatic control and in the theory of self-oscillatory systems.
For instance, in automatic control systems retardation is the time interval which the
system requires to react to an input impulse ([2]).

Let w1(x, λ) be a solution of Eq. (1) on
[
0, π2

]
satisfying the initial conditions

(6) w1 (0, λ) = r−1
+ and w′1 (0, λ) = −

√
λ.

Conditions (6) determine a unique solution of Eq. (1) on
[
0, π2

]
([2], p. 12).

After determining the above solution, we shall determine the solution y2(x, λ) of
Eq. (1) on

[
π
2 , π

]
by means of the solution y1(x, λ) using the initial conditions

(7) w2

(
π
2 , λ

)
= γ+

δ+w1(π2 , λ) and w′2
(
π
2 , λ

)
= γ−

δ−w
′
1(π2 , λ).

The conditions (7) de�ne a unique solution of Eq. (1) on
[
π
2 , π

]
.

Consequently, the function w (x, λ) de�ned on
[
0, π2

)
∪
(
π
2 , π

]
by the equality

w(x, λ) =

{
w1(x, λ), x ∈

[
0, π2

)
,

w2 (x, λ) , x ∈
(
π
2 , π

]
,

is a solution of the Eq. (1) on
[
0, π2

)
∪
(
π
2 , π

]
which satis�es one of the boundary conditions

and transmission conditions.



SPECTRAL ANALYSIS OF BOUNDARY VALUE PROBLEMS ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2017. Âèïóñê 83 181

2. Eigenvalues and Eigenfunctions of the Problem (1)�(5).

Lemma 1. Let w (x, λ) be a solution of Eq. (1). Then the following integral equations
hold:

w1(x, λ) =
√

2
r+

cos(r+

√
λx+ π

4 )− r+√
λ

x∫
0

q (τ) sin r+

√
λ (x− τ)w1 (τ −∆ (τ) , λ) dτ ,(8)

w2(x, λ) = γ+

δ+w1(π2 , λ) cos r−
√
λ
(
x− π

2

)
+
γ−w′1(π2 , λ)
√
λr−δ−

sin r−
√
λ
(
x− π

2

)
−

− r−√
λ

x∫
π
2

q (τ) sin r−
√
λ (x− τ)w2 (τ −∆ (τ) , λ) dτ .(9)

Proof. To prove this lemma, it is enough to substitute −λ2w1(τ, λ) − w′′1 (τ, λ) and
−λ2w2(τ, λ) − w′′2 (τ, λ) instead of −q(τ)w1(τ − ∆(τ), λ) and −q(τ)w2(τ − ∆(τ), λ) in
the integrals in (9), (10) respectively and integrate by parts twice. �

Theorem 1. Problem (1)�(5) can have only simple eigenvalues.

Proof. The proof is similar to the proof of Theorem 1 in [8]. �

The function w(x, λ) de�ned in Section 1 is a nontrivial solution of Eq. (1) satisfying
conditions (2) and (4)-(5). Putting w(x, λ) into (3), we get the characteristic equation

(10) Z(λ) ≡ w′(π, λ) +mλw(π, λ) = 0.

By Theorem 1 the set of eigenvalues of boundary-value problem (1)-(5) coincides
with the set of real roots of Eq. (10). Let

Q1 = r+

π
2∫

0

|q(τ)|dτ, Q2 = r−

π∫
π
2

|q(τ)| dτ .

Lemma 2. Let λ > max {2Q1, 2Q2}. Then for the solutions w1 (x, λ) and w2 (x, λ)of
Eq. (8) and Eq. (9) the following inequalities hold:

(11) |w1 (x, λ)| 6 const ., x ∈
[
0, π2

]
,

(12) |w2 (x, λ)| 6 const ., x ∈
[
π
2 , π

]
.

Proof. The proof is similar to the proof of Theorem 1 in [7]. �
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From (8)-(10)

−γ
+r−
√
λ

δ+

[
√

2
r+

cos
(
r+π
√
λ

2 +π
4

)
− r+√

λ

π/2∫
0

q(τ) sin
(
r+

√
λ
(
π
2−τ

))
w1(τ−∆(τ),λ)dτ

]
sin r−π

√
λ

2

+γ−

δ−

[
−
√

2λ sin
(
r+π
√
λ

2 +π
4

)
−r2

+

π/2∫
0

q(τ) cos
(
r+

√
λ(π2−τ)

)
w1(τ−∆(τ), λ)dτ

]
cos r−π

√
λ

2

− r2
−

π∫
π/2

q(τ) cos
(
r−
√
λ(π − τ)

)
w2(τ −∆(τ), λ)dτ−

+mλ

{
γ+

δ+

[
√

2
r+

cos
(
r+π
√
λ

2 +π
4

)
− r+√

λ

π/2∫
0

q(τ) sin
(
r+

√
λ
(
π
2−τ

))
w1(τ−∆(τ), λ)dτ

]
cos r−π

√
λ

2

+ γ−

δ−
√
λr−

[
−
√

2λ sin
(
r+π
√
λ

2 +π
4

)
− r2

+

π/2∫
0

q(τ) cos
(
r+

√
λ(π2−τ)

)
w1(τ−∆(τ), λ)dτ

]

× sin r−π
√
λ

2 − r−√
λ

π∫
π/2

q(τ) sin
(
r−
√
λ(π − τ)

)
w2(τ −∆(τ), λ)dτ

}
= 0.

(13)

Let λ be su�ciently large and γ+δ−r− = r+δ
+γ−. With the helps of (8), (9), (11) and

(12), we have √
λ cos

(√
λπ
2 [r+ + r−] + π

4

)
+O(1) = 0.

So we have the following formula for the eigenvalues:√
λn =

4n− 3

2 [r+ + r−]
+O

(
1
n

)
.

Using the same techniques in [2] we �nd the next asymptotic formulas for the eigenfuncti-
ons of problem (1)�(5):

u1n = r−1
+

{
cos
(

[4n−3]r2−r+x

2[r++r−]

)
− sin

(
[4n−3]r2−r+x

2[r++r−]

)}
+O

(
1
n

)
, x ∈

[
0, π2

)
and

u2n =
r−1
+ γ+

δ+

{
cos
(

[4n−3]r−r
2
+x

2[r++r−] + [4n−3][r++r−]π
16[r++r−]

)
− sin

(
[4n−3]r−r

2
+x

2[r++r−] + [4n−3][r++r−]π
16[r++r−]

)}
+O

(
1
n

)
, x ∈

(
π
2 , π

]
.

Now let us assume that the following conditions hold: The derivatives q′(x) and
∆′′(x) exist and are bounded in [0, π2 )

⋃
(π2 , π] and have �nite limits q′(π2 ± 0) =

lim
x→π

2±0
q′(x) and ∆′′(π2 ± 0) = lim

x→π
2±0

∆′′(x), respectively; ∆′(x) 6 1 in [0, π2 )
⋃

(π2 , π],

∆(0) = 0 and lim
x→π

2 +0
∆(x) = 0.
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Under these additional conditions we have

(14) w1 (τ −∆ (τ) , λ) =
√

2
r+

cos
(
π+r+4

√
λ(τ−∆(τ))
4

)
+O

(
1√
λ

)
,

(15) w2 (τ −∆ (τ) , λ) =
√

2γ+

r+δ+
cos
(
π+
√
λ2π(r+−r−)+r−4

√
λ(τ−∆(τ))

4

)
+O

(
1√
λ

)
.

Let

R1 (x, λ,∆(τ)) =

x∫
0

q(τ)√
2

sin
(
r+4
√
λ∆(τ)−π

4

)
dτ,

R2(x, λ,∆(τ)) =

x∫
0

q(τ)√
2

cos
(
r+4
√
λ∆(τ)−π

4

)
dτ,

R3 (x, λ,∆(τ)) =

x∫
π/2

q(τ)√
2

sin
(
r−4
√
λ∆(τ)−π

4

)
dτ,

R4 (x, λ,∆(τ)) =

x∫
π/2

q(τ)√
2

cos
(
r−4
√
λ∆(τ)−π

4

)
dτ.

The following formulas

(16)



x∫
0

q(τ)√
2

sin
(
r+4
√
λ(2τ−∆(τ))+π

4

)
dτ

x∫
0

q(τ)√
2

cos
(
r+4
√
λ(2τ−∆(τ))+π

4

)
dτ

x∫
π/2

q(τ)√
2

sin
(
r−4
√
λ(2τ−∆(τ))+π

4

)
dτ

x∫
π/2

q(τ)√
2

cos
(
r−4
√
λ(2τ−∆(τ))+π

4

)
dτ

= O
(

1√
λ

)

can be proved by the similar method as in Lemma 3.3.3 in [2]. Putting formulas (14) and
(15) in (13) and using (16) we obtain following equality:

cos
(√

λπ(r++r−)
2 +

π

4

)
=

sin

(√
λπ(r++r−)

2 +π
4

)
√
λ

(
δ+γ−+mδ−γ+[r+R2(x,λ,∆(τ))+r−R4(x,λ,∆(τ))]

δ+δ−

)
+O

(
1
λ

)
.

Now replacing
√
λ by

√
λn =

4n− 3

2 [r+ + r−]
+ δn we get

δn =
4 [δ+γ−+mδ−γ+]

[
r+R2

(
π
2 ,

4n−3
2[r++r−] ,∆ (τ)

)
+r−R4

(
π, 4n−3

2[r++r−] ,∆ (τ)
)]

(4n− 3)πδ+δ−
+O

(
1
n2

)
.
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Thus, we now may obtain a sharper asymptotic formula for the eigenfunctions.
Putting (14) in (8) and replacing

√
λ by

√
λn for x ∈

[
0, π2

)
we have

u1n(x) = cos
(
r2−(8n−6)x+π(r++r−)

4(r++r−)

)[ (8n−6)+2
√

2r2+(r++r−)R1

(
x, 4n−3

2[r++r−]
,∆(τ)

)
r+
√

2(4n−3)

]

−4
√

2 sin
(
r2−(8n−6)x+π(r++r−)

4(r++r−)

)
×

(
δ+γ−+r+δ

−mγ+R2

(
π
2 ,

4n−3
2[r++r−]

,∆(τ)
)

+mr−γ
+δ−R4

(
π, 4n−3

2[r++r−]
,∆(τ)

)
(4n−3)πr+δ+δ−

)
+O

(
1
n2

)
.

Putting (15) in (9) and replacing
√
λ by

√
λn for x ∈ (π2 , π] we have

u2n(x) = γ+

2δ+

{[
(−1)n+1 sin

(
r−(4n−3)x
2(r++r−)

)
+ cos

(
π[(r+−r−)(4n−3)+(r++r−)]+(8n−6)r−x

4(r++r−)

)]
×

[
(8n−6)+2

√
2r2+(r++r−)R1

(
π
2 ,

4n−3
2[r++r−] ,∆(τ)

)
r+
√

2(4n−3)

]
+
[
(−1)n cos

(
r−(4n−3)x
2(r++r−)

)

− sin
(
π[(r+−r−)(4n−3)+(r++r−)]+(8n−6)r−x

4(r++r−)

)]
×

[
2r+(r++r−)R2

(
π
2 ,

4n−3

2[r++r−]
,∆(τ)

)
(4n−3)

]
−
√

2γ−

2r−δ−

{
(−1)n+1 sin

(
(4n−3)r2−r+x

2(r++r−)

)
+ 4

(4n−3)π

[
(−1)n cos

(
(4n−3)r2−r+x

2(r++r−)

)
+

× sin
(
π[(r+−r−)(4n−3)+(r++r−)]+(8n−6)r−x

4(r++r−)

)]
×

[
γ−δ++γ+δ−m

[
r+R2

(
π
2 ,

4n−3

2[r++r−]
,∆(τ))

)
+r−R4

(
π, 4n−3

2[r++r−]
,∆(τ))

)]
δ+δ−

]
+ cos

(
π[(r+−r−)(4n−3)+(r++r−)]+(8n−6)r−x

4(r++r−)

)}
+

γ−r2+(r++r−)

r−δ−(4n−3) R2

(
π
2 ,

4n−3
2[r++r−] ,∆(τ)

){
(−1)n cos

(
r−(4n−3)x
2(r++r−)

)
− sin

(
π[(r+−r−)(4n−3)+(r++r−)]+(8n−6)r−x

4(r++r−)

)}
+

2γ−r3+(r++r−)R1

(
π
2 ,

4n−3

2[r++r−]
,∆(τ)

)
δ−(4n−3)

×
{

(−1)n sin
(
r−(4n−3)x
2(r++r−)

)
+ cos

(
π[(r+−r−)(4n−3)+(r++r−)]+(8n−6)r−x

4(r++r−)

)}
−

2γ+r−(r++r−)
(4n−3)r+δ+

{
sin
(
π[(r+−r−)(4n−3)+(r++r−)]+(8n−6)r−x

4(r++r−)

)
×R4

(
x, 4n−3

2[r++r−] ,∆(τ)
)
−R3

(
x, 4n−3

2[r++r−] ,∆(τ)
)

× cos
(
π[(r+−r−)(4n−3)+(r++r−)]+(8n−6)r−x

4(r++r−)

)}
+O

(
1
n2

)
.
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3. Bounds for the Distance Between Eigenvalues.

Let us de�ne

χ0 =


min
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π, γ
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2
0π

2
}
,
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π, if x |q (x)| >

∫ x

0

q(t)dt, 0 6 x 6 π.

where β0 is the unique real root of the equation β =
(√

2 +
√

2 +
√

2
)
e1/β ; γ0 is the

unique real root of the equation γ =
√

2
4

(√
9 + 4

√
2 + 3

)
e1/γ ; Qπ =

∫ π

0

|q(x)| dx and

Q0 = max[0,π] |q (x)| . Assume that λ = χ0 and let λN , λN+1, . . . , λN+p, . . . be the ei-
genvalues of problem (4)�(5) listed in the increasing order, N is the number of zeros on
the set (0, π/2) ∪ (π/2, π) of the eigenfunctions corresponding to the eigenvalue λN . In
what follows the eigenvalues with odd index will be called odd, and those with even index
will be called even.

Now, we will state the following theorem which can be proven easily using the same
method as in [2].

Theorem 2 (Asymptotic Oscillation Theorem). The eigenvalues of problem (1)�(5)
form an unbounded increasing sequence λN , λN+1, . . . , λN+p, . . . , in the region λ = χ0.
Moreover, the eigenfunction corresponding to the eigenvalue λN+p has exactly N + p
zeros on the set (0, π/2) ∪ (π/2, π) , where N is the number of zeros of the eigenfunction
corresponding to the �rst eigenvalue λN of the sequence.

Lemma 3. Suppose that λ = χ0 in (1) and that λ′ is an eigenvalue of problem (1)�(5).

Then
√
λ′ = µ′ =

4n′ − 3

2 [r+ + r−]
+ δn′ , where n

′ is an integer, and |δn′ | 6
1

2 [r+ + r−]
.

Moreover, if λ′ is an odd eigenvalue, then n′ is even; for an even eigenvalue, n′ is odd.

Proof. Suppose that λ′ is an odd eigenvalue of the problem (1)�(5) and that

(17)
√
λ′ = µ′ =

4n′ − 3

2 [r+ + r−]
+ δn′

where n′ is an integer, and

(18) |δn′ | 6
1

2 [r+ + r−]
.

Di�erentiating (9) with respect to x and evaluating its value at x = π we obtain

(19)
∣∣∣sin(µ′π[r++r−]

2 +
π

4

)∣∣∣ > √
2

2 .

However, if λ′ = χ0, from (6) and Lemma 2.3.6 in [2] it follows that

(20)
1

µ′

∣∣∣∣∣
∫ π

π/2

q (τ) cos (µ′r− (π − τ))w2 (τ −∆(τ), λ′) dτ

∣∣∣∣∣ < √
2

2

and it follows from the (19) and (20) that the sign of the derivative coincides with the

sign of sin
(
µ′π[r++r−]

2 + π
4

)
. From Theorem 3.1 and Lemma 2.3.3 in [2] we obtain that
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w′x (π, λ′) > 0. Therefore we get

(21) sin
(
µ′π[r++r−]

2 +
π

4

)
> 0.

From (17) it now follows that

sin
(
µ′π[r++r−]

2 + π
4

)
= sin

((
4n′−3
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)
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4

)
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(
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4

)
.

If the equality holds in (18), then cos
(
δn′π[r++r−]

2 + π
4

)
= 0 and therefore

sin
(
µ′π[r++r−]

2 + π
4

)
= 0, which contradicts (21), the integer n′ is de�ned uniquely and∣∣∣ δn′π[r++r−]

2 + π
4

∣∣∣ < π
2 . Then cos

(
δn′π[r++r−]

2 + π
4

)
> 0 and, from (21), sin

(4n′−3)π
4 > 0.

Thus the proof is completed. �

Theorem 3. Let λ′ = µ2
1, λ

′′ = µ2
2, λ

′′′ = µ2
3 (λ′′′ > λ′′ > λ′ = χ0) be three successive

eigenvalues of problem (1)�(5). Then

(22)
3

r+ + r−
< µ3 − µ1 <

6

r+ + r−

(23) µ3 − µ2 <
4

r+ + r−
, µ2 − µ1 <

4

r+ + r−
.

Proof. By Lemma 3.2, µ3 =
4n3 − 3

2 [r+ + r−]
+δn3 and µ1 =

4n1 − 3

2 [r+ + r−]
+δn1 , with n3−n1 = 2

and |δn1 | <
1

2 [r+ + r−]
, |δn3 | <

1

2 [r+ + r−]
. Therefore

µ3 − µ1 =
2 (n3 − n1)

r+ + r−
− (|δn3

|+ |δn1
|) > 3

r+ + r−
.

The inequalities in (23) and the second inequality in (22) may be proved using the same
method in the proof of Theorem 3.6.1 in [2]. �
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Çíàéäåíî àñèìïòîòè÷íi ôîðìóëè äëÿ âëàñíèõ ôóíêöié çàäà÷i òèïó
Øòóðìà-Ëióâiëëÿ ç âiäõèëåííÿìè àðãóìåíòó. Ó öié çàäà÷i ñïåêòðàëüíèé
ïàðàìåòð ìiñòèòüñÿ òàêîæ ó êðàéîâèõ óìîâàõ, à âàãîâà ôóíêöiÿ ¹ ðîçðèâ-
íîþ. Îòðèìàíî îöiíêè íà âiäñòàíü ìiæ âëàñíèìè çíà÷åííÿìè. Ìè ðîçøè-
ðèëè é óçàãàëüíèëè äåÿêi ïiäõîäè òà ðåçóëüòàòè ñòàòòi [S. B. Norkin, Di-
�erential equations of the second order with retarded argument, Translations
of Mathematical Monographs, Vol. 31, AMS, Providence, RI (1972)]

Êëþ÷îâi ñëîâà: äèôåðåíöiàëüíå ðiâíÿííÿ ç âiäõèëåííÿì àðãóìåíòó,
ñïåêòðàëüíèé ïàðàìåòð, óìîâè ñïðÿæåííÿ, àñèìïòîòèêà âëàñíèõ çíà÷åíü,
îöiíêà âiäñòàíi ìiæ âëàñíèìè çíà÷åííÿìè.
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ÌÅÒÐÈ×ÍÀ ÐÎÇÌIÐÍIÑÒÜ ÓÍIÖÈÊËI×ÍÈÕ ÃÐÀÔIÂ,
ßÊI ÌIÑÒßÒÜ ÍÅ ÁIËÜØÅ ÎÄÍI�� ÎÑÍÎÂÍÎ� ÂÅÐØÈÍÈ

Ìàðãàðèòà ÄÓÄÅÍÊÎ

Íàöiîíàëüíèé óíiâåðñèòåò �Êè¹âî-Ìîãèëÿíñüêà àêàäåìiÿ�

âóë. Ãðèãîðiÿ Ñêîâîðîäè, 2, 04655, Êè¨â

e-mail: rita.dudenko@gmail.com

Ìiíiìàëüíà ïiäìíîæèíà M ⊂ V òàêà, ùî äëÿ áóäü-ÿêî¨ ïàðè âåðøèí
x, y ãðàôà G iñíó¹ òàêà âåðøèíà t ç ïiäìíîæèíè M , ùî âèêîíó¹òüñÿ óìî-
âà dG(t, x) 6= dG(t, y), íàçèâà¹òüñÿ ìåòðè÷íèì áàçèñîì. Ïîòóæíiñòü öi¹¨
ïiäìíîæèíè M íàçèâà¹òüñÿ ìåòðè÷íîþ ðîçìiðíiñòþ. ßê âiäîìî, ïîâíå
äîñëiäæåííÿ ìåòðè÷íî¨ ðîçìiðíîñòi ãðàôiâ ¹ NP-ïîâíîþ ïðîáëåìîþ. Ìè
ââîäèìî êîíñòðóêöiþ ÷àñòêîâîãî îáïëåòåííÿ óíiöèêëi÷íèõ ãðàôiâ, çà äî-
ïîìîãîþ ÿêî¨ îõàðàêòåðèçîâàíî óíiöèêëi÷íi ãðàôè ìåòðè÷íî¨ ðîçìiðíîñòi
2, ÿêi ìàþòü íå áiëüøå îäíi¹¨ îñíîâíî¨ âåðøèíè.

Êëþ÷îâi ñëîâà: ìåòðè÷íèé áàçèñ, ìåòðè÷íà ðîçìiðíiñòü, óíiöèêëi÷íi
ãðàôè.

1. Âñòóï. Ïîíÿòòÿ ìåòðè÷íî¨ ðîçìiðíîñòi ââåëè íåçàëåæíî â 1975 ð. Ñëàòåð
â ïðàöi [1] òà 1976 ð. Õàðàði òà Ìåëòåðîì ó [2]. Ìåòðè÷íà ðîçìiðíiñòü òà ìåòðè÷íi
ãåíåðàòîðè íàáóëè ÷èñëåííèõ çàñòîñóâàíü, ñåðåä ÿêèõ ôàðìàöåôòè÷íà õiìiÿ [3], ðî-
áîòîòåõíiêà [4], ïîøóê ó ìåðåæàõ [5]. Âëàñòèâîñòi ìåòðè÷íî¨ ðîçìiðíîñòi âèâ÷àëèñü
òàêîæ äëÿ ãðàôiâ ç âèñîêèì ñòåïåíåì ñèìåòði¨ (äèâ. [6, 7]). Ó 1979 ð. â ïðàöi [8]
Ãåði òà Äæîíñîí äîâåëè, ùî ïîâíå äîñëiäæåííÿ ìåòðè÷íî¨ ðîçìiðíîñòi ¹ NP-ïîâíîþ
ïðîáëåìîþ.

Ïðîòÿãîì îñòàííiõ äåñÿòèëiòü äîñëiäæåííþ ìåòðè÷íî¨ ðîçìiðíîñòi ãðàôiâ ïðè-
ñâÿ÷åíî áàãàòî ñòàòåé (äèâ. [9, 10, 11]).

Îäèí ç íàïðÿìêiâ äîñëiäæåíü � õàðàêòåðèçàöiÿ ãðàôiâ, ÿêi ìàþòü ôiêñîâàíó
ìåòðè÷íó ðîçìiðíiñòü. Ó [3] 2000 ð. äîâåäåíî, ùî ãðàô G ìà¹ ìåòðè÷íó ðîçìiðíiñòü
1 òîäi i òiëüêè òîäi, êîëè âií ¹ ëàíöþãîì, ìåòðè÷íà ðîçìiðíiñòü äîðiâíþ¹ n−1 ëèøå
äëÿ ïîâíîãî ãðàôà òà n− 2 òîäi i òiëüêè òîäi, êîëè ãðàô � ïîâíèé äâîäîëüíèé Ks,t.

Ó öié ïðàöi ìè ïðîäîâæèìî äîñëiäæåííÿ, ÿêi ðîçïî÷àëè ðàíiøå â [12] i [13],
à ñàìå, ñõàðàêòåðèçó¹ìî ïåâíi ðîäèíè ãðàôiâ, ùî ìàþòü ìåòðè÷íó ðîçìiðíiñòü 2.
Çîêðåìà, ó ïðàöi [13] ìè ðîçãëÿäàëè óíiöèêëi÷íi ãðàôè ìåòðè÷íî¨ ðîçìiðíîñòi 2,
ÿêi ìàþòü äâi îñíîâíi âåðøèíè. Ñõàðàêòåðèçó¹ìî ðîäèíè óíiöèêëi÷íèõ ãðàôiâ, ÿêi

2010 Mathematics Subject Classi�cation: 05C12

c© Äóäåíêî Ì., 2017



190
Ìàðãàðèòà ÄÓÄÅÍÊÎ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2017. Âèïóñê 83

ìàþòü ìåòðè÷íó ðîçìiðíiñòü 2 òà íå ìiñòÿòü âåðøèí ñòåïåíÿ ñòðîãî áiëüøîãî, íiæ
3, áåç îñíîâíèõ âåðøèí àáî ëèøå ç îäíi¹þ îñíîâíîþ âåðøèíîþ. Ðîçãëÿäàòèìåìî
ïðîñòi, íåîði¹íòîâíi óíiöèêëi÷íi ãðàôè.

2. Íåîáõiäíi òåîðåòè÷íi âiäîìîñòi.

Íåõàé G = (V,E) � ïðîñòèé, ñêií÷åííèé, íåîði¹íòîâíèé ãðàô ç ìíîæèíîþ âåð-
øèí V , |V | < ∞ i ìíîæèíîþ ðåáåð E. Çà ãðàôîì G îäíîçíà÷íî âèçíà÷à¹òüñÿ ìåò-
ðè÷íèé ïðîñòið (V, dG), âèçíà÷åíèé íà ìíîæèíi âåðøèí V ; ìåòðèêà dG ìiæ äâîìà
äîâiëüíèìè âåðøèíàìè v1 i v2 äîðiâíþ¹ 0, ÿêùî v1 = v2 i äîâæèíi íàéêîðîòøîãî
øëÿõó, ùî ç'¹äíó¹ âåðøèíè v1 i v2, ÿêùî v1 6= v2.

Îçíà÷åííÿ 1. Äëÿ òðiéêè âåðøèí x, t, y ç G ãîâîðèòèìåìî, ùî âåðøèíà t ðîçäiëÿ¹
âåðøèíè x i y, ÿêùî x = y àáî âèêîíó¹òüñÿ òàêà íåðiâíiñòü:

dG(t, x) 6= dG(t, y).

Â áiëüøîñòi âèïàäêiâ ïiä ÷àñ äîñëiäæåííÿ ìåòðè÷íî¨ ðîçìiðíîñòi ïðèïóñ-
êàòèìåìî, ùî x 6= y.

Îçíà÷åííÿ 2. Ïiäìíîæèíà M ⊂ V íàçèâà¹òüñÿ ìåòðè÷íèì ãåíåðàòîðîì ãðàôà
G, ÿêùî äëÿ áóäü-ÿêî¨ ïàðè âåðøèí ç V iñíó¹ ïðèíàéìíi îäíà âåðøèíà t ∈ M , ùî
¨õ ðîçäiëÿ¹. Ìåòðè÷íèé ãåíåðàòîð ãðàôà G ç ìiíiìàëüíîþ ïîòóæíiñòþ íàçèâà¹òüñÿ
ìåòðè÷íèì áàçèñîì. Êiëüêiñòü âåðøèí ó ìåòðè÷íîìó áàçèñi íàçèâà¹òüñÿ ìåòðè÷-

íîþ ðîçìiðíiñòþ ãðàôà G i ïîçíà÷à¹òüñÿ dim(G).

Íàãàäà¹ìî, ùî ñòåïåíåì âåðøèíè degG(v) íàçèâà¹òüñÿ êiëüêiñòü ðåáåð, ùî ¨é
iíöèäåíòíi. Ëèñòîê � âåðøèíà ãðàôà, ÿêà ìà¹ ñòåïiíü 1. Âíóòðiøíiìè íàçèâàþòüñÿ
âåðøèíè, ÿêi ìàþòü ñòåïiíü íå ìåíøèé, íiæ 3. Âíóòðiøíÿ âåðøèíà v áëèçüêà äî

ëèñòêà l, ÿêùî íåìà¹ iíøèõ âíóòðiøíiõ âåðøèí, áëèæ÷èõ äî öüîãî ëèñòêà, òîáòî
íåìà¹ iíøèõ âíóòðiøíiõ âåðøèí ó íàéêîðîòøîìó øëÿõó, ùî ç'¹äíó¹ v i l. Âíóòðiøíþ
âåðøèíó ãðàôà G íàçèâàòèìåìî 2-ëèñòêîâîþ, ÿêùî âîíà ¹ áëèçüêîþ ðiâíî äî 2
ëèñòêiâ òà 1-ëèñòêîâîþ, ÿêùî çàäàíà âåðøèíà ¹ áëèçüêîþ ëèøå äî îäíîãî ëèñòêà.

Îçíà÷åííÿ 3. Ïðîñòèé ãðàô íàçèâà¹òüñÿ óíiöèêëi÷íèì, ÿêùî âií ìiñòèòü ëèøå
îäèí öèêë.

ÍåõàéG = (V,E) � óíiöèêëi÷íèé ãðàô òà Ĝ = (V̂ , Ê) éîãî ïiäãðàô, ùî ¹ ïðîñòèì
öèêëîì.

Îçíà÷åííÿ 4. Ãîâîðèòèìåìî, ùî âåðøèíà u ∈ V \ V̂ ãðàôà G ïðîåêòó¹òüñÿ â

âåðøèíó w ∈ V̂ , ÿêùî äëÿ äîâiëüíî¨ âåðøèíè q ∈ V̂ âèêîíó¹òüñÿ íåðiâíiñòü

dG(u,w) < dG(u, q).

Âåðøèíè ñòåïåíÿ 3 öèêëó, â ÿêi ïðîåêòóþòüñÿ âåðøèíè ñòåïåíÿ 3, ùî ëåæàòü
ïîçà öèêëîì, íàçèâàòèìåìî îñíîâíèìè.

Òåîðåìà 1 ([12]). Íåõàé G = (V,E) � óíiöèêëi÷íèé ãðàô i dim(G) = 2. Òîäi iñíó¹
íå áiëüøå äâîõ îñíîâíèõ âåðøèí, ó êîæíó ç ÿêèõ ìîæå ïðîåêòóâàòèñü ëèøå îäíà

2-ëèñòêîâà âåðøèíà.

Îçíà÷åííÿ 5 ([13]). Óíiöèêëi÷íèé ãðàô G íàçèâà¹òüñÿ ïàðíèì, ÿêùî iñíó¹ òàêå

íàòóðàëüíå k, äëÿ ÿêîãî |V̂ | = 2k, i íåïàðíèì, ÿêùî |V̂ | = 2k + 1.
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Îçíà÷åííÿ 6. Ãîâîðèòèìåìî, ùî âåðøèíè u, v ç öèêëó ãðàôà G ¹ ìàéæå ñèìåò-

ðè÷íèìè, ÿêùî âèêîíó¹òüñÿ îäíà ç ðiâíîñòåé:

(1) dG(u, v) = k − 1, ÿêùî G � ïàðíèé;
(2) dG(u, v) = k, ÿêùî G � íåïàðíèé.

Íåõàé G1 = (V1, E1) i G2 = (V2, E2) � äâà ïðîñòi ãðàôè. Çàôiêñó¹ìî âåðøèíè
v1 i v2 ãðàôiâ G1 i G2, âiäïîâiäíî. Íà ìíîæèíi âåðøèí V1 ∪ V2 ââåäåìî âiäíîøåííÿ
åêâiâàëåíòíîñòi: u ∼ w òîäi i òiëüêè òîäi, ÿêùî u = v1 i w = v2 àáî íàâïàêè, u = v2 i
w = v1. Ãðàô G = V1 ∪ V2/ ∼ , E1 ∪ E2 íàçèâàòèìåìî ñêëåþâàííÿì ãðàôiâ G1 i G2

ïî âåðøèíàõ v1 i v2 (äèâ. ðèñ. 1).
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Ðèñ. 1. Ñêëåþâàííÿ ïðîñòîãî öèêëó òà äåðåâà

3. Îñíîâíi ðåçóëüòàòè.

Ó [13] ââåäåíî êîíñòðóêöiþ îáïëåòåííÿ áàçèñíîãî ãðàôà, ùî ìiñòèòü äâi îñíîâíi
âåðøèíè. Íàãàäà¹ìî ¨¨.

Îçíà÷åííÿ 7 ([13]). Íåõàé G1 � áàçèñíèé ãðàô. Ïîçíà÷èìî ÷åðåç u i v îñíîâíi
âåðøèíè ãðàôà G1. Óíiöèêëi÷íèé ãðàô G íàçèâà¹òüñÿ îáïëåòåííÿì ãðàôà G1 ëàí-
öþãàìè L1, . . . , Lr, ÿêùî G óòâîðåíèé ç G1 ñêëåþâàííÿì âåðøèí ñòåïåíÿ 2 öèêëó ç
êiíöÿìè ëàíöþãiâ L1, . . . , Lr òàê, ùî êîæíà âåðøèíà ñòåïåíÿ 2 ñêëåþ¹òüñÿ ç êiíöåì
ëèøå îäíîãî ëàíöþãà, à òàêîæ äëÿ áóäü-ÿêî¨ 1-ëèñòêîâî¨ âåðøèíè w òà ñóìiæíî¨ ç
íåþ âåðøèíè a âèêîíó¹òüñÿ óìîâà

dG(u, v) + dG(v, w) + 1 6= dG(u, a).

Öå îçíà÷åííÿ ìîæíà óçàãàëüíèòè äëÿ ïðîñòiøèõ êîíñòðóêöié, çîêðåìà îáïëå-
òåííÿ öèêëó òà óíiöèêëi÷íîãî ãðàôà, ùî ìiñòèòü ëèøå îäíó îñíîâíó âåðøèíó.

Îçíà÷åííÿ 8. Óíiöèêëi÷íèé ãðàô G íàçèâà¹òüñÿ ÷àñòêîâèì îáïëåòåííÿì ãðàôà
G1, ùî ¹ óíiöèêëi÷íèì ãðàôîì (àáî ïðîñòèì öèêëîì), ëàíöþãàìè L1, . . . , Lr, ÿêùî G
óòâîðåíèé ç G1 ñêëåþâàííÿì âåðøèí ñòåïåíÿ 2 öèêëó ç êiíöÿìè ëàíöþãiâ L1, . . . , Lr,
ïðè÷îìó êîæíà âåðøèíà ñòåïåíÿ 2 ñêëåþ¹òüñÿ ç êiíöåì ëèøå îäíîãî ëàíöþãà.
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Ëåìà 1. Íåõàé G � óíiöèêëi÷íèé ãðàô, ùî ¹ ÷àñòêîâèì îáïëåòåííÿì ïðîñòîãî

öèêëó Cn ëàíöþãàìè L1, . . . , Lr. Òîäi dim(G) = 2.

Äîâåäåííÿ. ßêùî óíiöèêëi÷íèé ãðàô G óòâîðåíèé ÷àñòêîâèì îáïëåòåííÿì ïðîñòîãî
öèêëó ëàíöþãàìè L1, . . . , Lr, òî â G iñíóâàòèìå ïðèíàéìíi îäíà 1-ëèñòêîâà âåðøè-
íà u. Äî áàçèñó âiçüìåìî ëèñòîê p, ùî ïðîåêòó¹òüñÿ â u. Ëèñòîê p òà 1-ëèñòêîâà
âåðøèíà u ç'¹äíàíi ëàíöþãîì, òîìó âñi âåðøèíè, ÿêi ðîçäiëÿ¹ p, áóäóòü ðîçäiëÿ-
òèñü òàêîæ âåðøèíîþ u. Ìåòðè÷íà ðîçìiðíiñòü ïðîñòîãî öèêëó äîðiâíþ¹ 2 (äèâ.
[4]), òîìó â öèêëi îáîâ'ÿçêîâî iñíóâàòèìå õî÷à á îäíà ïàðà âåðøèí, ÿêà íå ðîçäiëÿ-
¹òüñÿ u, à âiäïîâiäíî, i p. Âèçíà÷èìî ìåòðè÷íèé áàçèñ ãðàôà G ÿê ìíîæèíó âåðøèí
{u, v}, äå v � âåðøèíà, ùî ¹ ìàéæå ñèìåòðè÷íîþ â öèêëi ç u. Âåðøèíè, ÿêi íå ðîç-
äiëÿòèìóòüñÿ âåðøèíîþ u, áóäóòü ðîçäiëÿòèñü v. Îñêiëüêè ç ñàìîãî ïî÷àòêó áàçèñó
íàëåæàâ ëèñòîê p, ùî ïðîåêòó¹òüñÿ â u, òî ìàòèìåìî áàçèñ {p, v}. ßêùî âåðøèíà
v ¹ 1-ëèñòêîâîþ, òî iñíóâàòèìå ïðèíàéìíi îäíà ïàðà âåðøèí t, w, ÿêà íå áóäå ðîç-
äiëÿòèñü v òà p. Òîäi â áàçèñi 1-ëèñòêîâó âåðøèíó v çàìiíþ¹ìî ëèñòêîì l, ùî â íå¨
ïðîåêòó¹òüñÿ (äèâ. ðèñ. 2). Îòæå, dim(G) = 2. �
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Ðèñ. 2. ×àñòêîâå îáïëåòåííÿ öèêëó ëàíöþãàìè L1, . . . , Lr

Íàãàäà¹ìî, ùî øëÿõîì â ãðàôi G íàçèâà¹òüñÿ ïîñëiäîâíiñòü âåðøèí i ðåáåð

v1, e1, v2, e2, . . . , vn

òàêà, ùî êîæíå ðåáðî ei iíöèäåíòíå âåðøèíàì vi òà vi + 1, 1 ≤ i ≤ n− 1.
Äëÿ äîâiëüíèõ äâîõ âåðøèí u, v ç öèêëó ãðàôà G iñíó¹ äâà øëÿõè â öèêëi,

ùî ç'¹äíóþòü öi âåðøèíè. Ïîçíà÷èìî ¨õ P1 i P2, à ¨õíi äîâæèíè � dG(P1)(u, v) i
dG(P2)(u, v), âiäïîâiäíî.

Òåîðåìà 2. Íåõàé G1 � óíiöèêëi÷íèé ãðàô, ÿêèé ìà¹ ëèøå îäíó îñíîâíó âåðøè-

íó, à ðåøòà âåðøèí öèêëó ìàþòü ñòåïiíü 2. Ïðèïóñòèìî, ùî óíiöèêëi÷íèé ãðàô

G ¹ ÷àñòêîâèì îáïëåòåííÿì óíiöèêëi÷íîãî ãðàôà G1 ëàíöþãàìè L1, . . . , Lr. Òîäi

dim(G) = 2.
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Äîâåäåííÿ. Ç òåîðåìè 1 âèïëèâà¹, ùî ìåòðè÷íà ðîçìiðíiñòü G1 äîðiâíþ¹ 2. Äîâå-
äåìî, ùî ìåòðè÷íà ðîçìiðíiñòü ãðàôà G òåæ äîðiâíþ¹ 2. Îñêiëüêè G ìiñòèòü îäíó
îñíîâíó âåðøèíó v, òî äëÿ òîãî, ùîá ðîçäiëèòè ëèñòêè 2-ëèñòêîâî¨ âåðøèíè w, ùî
ïðîåêòóþòüñÿ â v, äî áàçèñó âiçüìåìî îäèí ëèñòîê (äëÿ âèçíà÷åíîñòi l). Âåðøèíè
l i v ç'¹äíàíi ïðîñòèì ëàíöþãîì, òîìó âñi âåðøèíè, ùî ðîçäiëÿ¹ l, áóäóòü ðîçäiëÿ-
òèñü v. Ìåòðè÷íà ðîçìiðíiñòü G1 äîðiâíþ¹ 2, òîìó â óíiöèêëi÷íîìó ãðàôi G iñíó-
âàòèìå ïðèíàéìíi îäíà ïàðà âåðøèí p, q òàêà, ùî dG(l, p) = dG(l, q). Âiçüìåìî â
öèêëi âåðøèíó u, ÿêà ¹ ìàéæå ñèìåòðè÷íîþ ç v, i äîäàìî ¨¨ äî áàçèñó. Çà îçíà-
÷åííÿì ìàéæå ñèìåòðè÷íèõ âåðøèí ìàòèìåìî dG(P1)(u, v) = dG(P2)(u, v) − 1 àáî
dG(P1)(u, v) = dG(P2)(u, v)−2, ïðè÷îìó çà îçíà÷åííÿì ìåòðèêè âèêîðèñòîâó¹ìî íàé-
êîðîòøó âiäñòàíü ìiæ âåðøèíàìè ãðàôà. Öå îçíà÷à¹, ùî âåðøèíè, ÿêi íå ðîçäiëÿ¹ v,
à âiäïîâiäíî i l, áóäå ðîçäiëÿòè u. Îñêiëüêè G ¹ ÷àñòêîâèì îáïëåòåííÿì óíiöèêëi÷-
íîãî ãðàôà G1 ëàíöþãàìè L1, . . . , Lr, òî âåðøèíà u ìîæå áóòè 1-ëèñòêîâîþ (äèâ.
ðèñ. 3). Ó òàêîìó âèïàäêó iñíóâàòèìå õî÷à á îäíà ïàðà âåðøèí (ñóìiæíèõ ç u), ùî
íå ðîçäiëÿ¹òüñÿ âèáðàíèì áàçèñîì, òîìó çàìiñòü âåðøèíè u â áàçèñ âiçüìåìî ëèñòîê
k, ùî â íå¨ ïðîåêòó¹òüñÿ. Îòæå, dim(G) = 2. �
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Ðèñ. 3. ×àñòêîâå îáïëåòåííÿ óíiöèêëi÷íîãî ãðàôà G1 ëàíöþãàìè L1, . . . , Lr

Îçíà÷åííÿ 9. Óíiöèêëi÷íèé ãðàô G, ÿêèé ìiñòèòü ëèøå îäíó îñíîâíó âåðøèíó, à
ðåøòà âåðøèí öèêëó ìàþòü ñòåïiíü 2, íàçèâàòèìåìî ìiíîðíèì ãðàôîì.

Òåîðåìà 3. Íåõàé G � óíiöèêëi÷íèé ãðàô, ÿêèé ìiñòèòü íå áiëüøå îäíi¹¨ îñíîâ-

íî¨ âåðøèíè. Ãðàô G ìà¹ ìåòðè÷íó ðîçìiðíiñòü 2 òîäi i òiëüêè òîäi, êîëè âií ¹

÷àñòêîâèì îáïëåòåííÿì ïðîñòîãî öèêëó Cn àáî ÷àñòêîâèì îáïëåòåííÿì ìiíîð-

íîãî ãðàôà G1 ëàíöþãàìè L1, . . . , Lr.

Äîâåäåííÿ. Íåõàé ìà¹ìî óíiöèêëi÷íèé ãðàô G, ÿêèé ¹ ÷àñòêîâèì îáïëåòåííÿì ìi-
íîðíîãî ãðàôà G1 àáî öèêëó Cn ëàíöþãàìè L1, . . . , Lr. Çà òåîðåìîþ 2 òà ëåìîþ 1
dim(G) = 2.
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Äîâåäåìî â iíøèé áiê. Íåõàé G � óíiöèêëi÷íèé ãðàô, ÿêèé ìiñòèòü íå áiëüøå
îäíi¹¨ îñíîâíî¨ âåðøèíè i dim(G) = 2. ßêùî äëÿ âñiõ âåðøèí v ãðàôà G, ùî ëå-
æàòü ïîçà öèêëîì degv < 3, òî G ¹ àáî öèêëîì àáî ÷àñòêîâèì îáïëåòåííÿì öèêëó
ëàíöþãàìè.

ßêùî ïîçà öèêëîì iñíóþòü âåðøèíè w1, . . . , wr, äëÿ ÿêèõ degwr = 3, òî ç óìîâè
iñíóâàííÿ â ãðàôi G ¹äèíî¨ îñíîâíî¨ âåðøèíè âèïëèâà¹, ùî âñi âåðøèíè w1, . . . , wr

ïðîåêòóþòüñÿ â ¹äèíó îñíîâíó âåðøèíó v ãðàôà G (äèâ. ðèñ. 3). Îòæå, óíiöèêëi÷íèé
ãðàô G ¹ ÷àñòêîâèì îáïëåòåííÿì ìiíîðíîãî ãðàôà. �
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METRIC DIMENSION OF UNICYCLIC GRAPHS
WITH AT MOST ONE MAIN VERTEX

Marharyta DUDENKO

National University of Kyiv-Mohyla Academy

2, Scovoroda Str., 04655, Kyiv, Ukraine

e-mail: rita.dudenko@gmail.com

A minimum subset M ⊂ V is called metric basis if and only if for any
pair of di�erent vertices x, y from G there exists vertex t ∈ M such that
dG(t, x) 6= dG(t, y). A cardinality of M is called metric dimension of graph G.
It is well known that the problem of �nding the metric dimension of a graph
is NP-Hard. In the paper we present the construction of a partial knitting
unicyclic graph. Using this construction all unicyclic graphs with no more than
one main vertex and metric dimension 2 are characterized.

Key words: metric basis, metric dimension, unicyclic graph.
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Äîñëiäæó¹ìî ãiëëÿñòèé ïðîöåñ ç ìiãðàöi¹þ òà íåïåðåðâíèì ÷àñîì. Çíàé-
äåíî äèôåðåíöiàëüíå ðiâíÿííÿ äëÿ ìàòåìàòè÷íîãî ñïîäiâàííÿ öüîãî ïðî-
öåñó.

Êëþ÷îâi ñëîâà: ãiëëÿñòèé ïðîöåñ, íåïåðåðâíèé ÷àñ, ìiãðàöiÿ, ìàòåìà-
òè÷íå ñïîäiâàííÿ.

1. Îïèñ ãiëëÿñòîãî ïðîöåñó ç ìiãðàöi¹þ òà íåïåðåðâíèì ÷àñîì.

Ðîçãëÿäà¹ìî ãiëëÿñòèé ïðîöåñ µ(t) ç îäíèì òèïîì ÷àñòèíîê, ç ìiãðàöi¹þ òà íå-
ïåðåðâíèì ÷àñîì; µ(t) − êiëüêiñòü ÷àñòèíîê ó ìîìåíò ÷àñó t. Ââàæà¹ìî, ùî

(1) µ(0) = 1.

Ïðîöåñ µ(t) ìîæíà ïîäàòè ÿê ïî¹äíàííÿ äâîõ ïðîöåñiâ − êëàñè÷íîãî ãiëëÿñòîãî
ïðîöåñó ç íåïåðåðâíèì ÷àñîì ξ(t) [1] i ïðîöåñ ìiãðàöi¨ ζ(t). ßêùî â ìîìåíò ÷àñó t â
ñèñòåìi iñíó¹ âèïàäêîâà êiëüêiñòü µ(t) ÷àñòèíîê, òî âîíè ðîçìíîæóþòüñÿ íåçàëåæíî
îäíà âiä îäíî¨ òà íåçàëåæíî âiä ñâîãî ïîõîäæåííÿ çà òèì ñàìèì çàêîíîì. Çàêîí
ðîçìíîæåííÿ ÷àñòèíîê ó ñåðåäèíi öi¹¨ ñèñòåìè âèçíà÷à¹òüñÿ ïðîöåñîì ξ(t). Êðiì
òîãî, â ñèñòåìó ùå ìîæóòü iììiãðóâàòè ÷àñòèíêè òà âiäáóâàòèñÿ åìiãðàöiÿ. Iììiãðà-
öiÿ é åìiãðàöiÿ âèçíà÷àþòüñÿ ïðîöåñîì ζ(t), äå ζ(t) − ïîçíà÷à¹ êiëüêiñòü ÷àñòèíîê
ó ìîìåíò ÷àñó t, ÿêi åìiãðóþòü iç ñèñòåìè àáî iììiãðóþòü â íå¨.

Âèïàäêîâi ïðîöåñè ξ(t) i ζ(t) ââàæà¹ìî îäíîðiäíèìè ìàðêiâñüêèìè ïðîöåñàìè.
ζ(t) - óçàãàëüíåíèé Ïóàññîíiâñüêèé ïðîöåñ

(2) ζ(t) =

Nt∑
j=1

ζj .

Íåõàé ó ìîìåíò ÷àñó t â ñèñòåìi iñíó¹ µ(t) ÷àñòèíîê. Ïîçíà÷èìî ÷åðåç ξi(∆t) (i =
1, . . . , µ(t)) êiëüêiñòü íàùàäêiâ i-¨ ÷àñòèíêè çà ÷àñ ∆t, òîáòî â ìîìåíò ÷àñó t+ ∆t i,

2010 Mathematics Subject Classi�cation: 60J80

c© Áàçèëåâè÷ I., ßêèìèøèí Õ., 2017
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âðàõîâóþ÷è îäíîðiäíiñòü ξ(t), ïðèïóñêà¹ìî, ùî

(3) P{ξi(∆t) = k|ξi(0) = 1} = δ1k + pk∆t+ o(∆t), k = 0, 1, . . . ,

p1 < 0, pk > 0 (k = 0, 2, 3, . . .),

∞∑
k=0

pk = 0.

Ïðîöåñ ξ(t+∆t) âèçíà÷à¹òüñÿ ÿê ñóêóïíiñòü íàùàäêiâ êîæíî¨ ÷àñòèíêè ïðîöåñó µ(t),
à ñàìå

(4) ξ(t+ ∆t) =

µ(t)∑
i=1

ξi(∆t).

Âèçíà÷èìî ïðîöåñ ζ(t). Çàçíà÷èìî, ùî ζ(0) = 0. Àñèìïòîòèêó ïðîöåñó ïðè ∆t → 0
âèçíà÷èìî òàê:

(5) P{ζ0(∆t) = k|ζ(0) = 0} = δ0k + qk∆t+ o(∆t), k = −m, . . . ,−1, 0, 1, . . . ,

ïðè÷îìó

q0 6 0, qk > 0 (k = −m, . . . ,−1, 1, 2, . . .),

∞∑
k=−m

qk = 0.

Êiëüêiñòü ÷àñòèíîê ó ìîìåíò ÷àñó t+ ∆t äîðiâíþ¹

(6) µ(t+ ∆t) = max

{ µ(t)∑
i=1

ξi(∆t) + ζt(∆t); 0

}
,

äå ζt(∆t) − êiëüêiñòü ÷àñòèíîê, ÿêi åìiãðóâàëè ç ñèñòåìè àáî iììiãðóâàëè â ñèñòåìó
ïðîòÿãîì ÷àñó (t, t+ ∆t].

Ââåäåìî òâiðíi ôóíêöi¨.
Òâiðíó ôóíêöiþ ïðîöåñó µ(t) ïîçíà÷èìî Fµ(t, s), ïðîöåñó ξ(t) − Fξ(t, s) i

(7) Fµ(t, s) =

∞∑
n=0

P{µ(t) = n}sn, Fξ(t, s) =

∞∑
n=0

P{ξ(t) = n}sn,

|s| 6 1, s ∈ C.
Òâiðíó ôóíêöiþ ùiëüíîñòåé ïåðåõiäíèõ éìîâiðíîñòåé äëÿ ïðîöåñó ξ(t) ïîçíà-

÷èìî ÷åðåç fξ(s), ÿêà âèçíà÷à¹òüñÿ òàê:

(8) fξ(s) =

∞∑
k=0

pks
k, s ∈ C, |s| 6 1.

Çàìiñòü êëàñè÷íî¨ òâiðíî¨ ôóíêöi¨ äëÿ ïðîöåñó ζ(t) áóäåìî ðîçãëÿäàòè ôóíêöiþ

(9) F̂ζ(t, s) =

∞∑
n=−m

P{ζ(t) = n}sn, 0 < |s| 6 1,

ÿêó ìè íàçâåìî óçàãàëüíåíîþ òâiðíîþ ôóíêöi¹þ. Òàêîæ ââåäåìî óçàãàëüíåíó òâiðíó
ôóíêöiþ ùiëüíîñòåé ïåðåõiäíèõ éìîâiðíîñòåé äëÿ ïðîöåñó ζ(t)

(10) f̂ζ(s) =

∞∑
l=−m

qls
l, 0 < |s| 6 1.



198
Iðèíà ÁÀÇÈËÅÂÈ×, Õðèñòèíà ßÊÈÌÈØÈÍ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2017. Âèïóñê 83

Äàëi ââåäåìî ïîçíà÷åííÿ

(11) A(t) = Mµ(t) =

∞∑
k=0

kP{µ(t) = k},

(12)
∂fξ(s)

∂s s=1
= aξ,

∂f̂ζ(s)

∂s s=1
= aζ .

À òàêîæ ââåäåìî îïåðàöiþ äëÿ ïîñëiäîâíîñòi {bn}∞n=−m

(13)
〈
B(s)

〉
0

=

0∑
k=−m

bk +

∞∑
1

bks
k, s ∈ C, |s| 6 b∗ > 0.

2. Äèôåðåíöiàëüíi ðiâíÿííÿ äëÿ òâiðíî¨ ôóíêöi¨ ãiëëÿñòîãî ïðîöåñó

ç ìiãðàöi¹þ òà íåïåðåðâíèì ÷àñîì.

Òâiðíà ôóíêöiÿ ïðîöåñó µ(t) çàäîâîëüíÿ¹ òàêi ðiâíÿííÿ: çâè÷àéíå äèôå-
ðåíöiàëüíå ðiâíÿííÿ òà ëiíiéíå ðiâíÿííÿ ÷àñòèííèõ ïîõiäíèõ.

Òåîðåìà 1 ([2]). Òâiðíà ôóíêöiÿ ïðîöåñó µ(t) çàäîâîëüíÿ¹ çâè÷àéíå äèôåðåíöiàëüíå
ðiâíÿííÿ

∂Fµ(t, s)

∂t
= fξ

(
Fµ(t, s)

)
+
〈
Fµ(t, s)f̂ζ(s)

〉
0
,

ç ïî÷àòêîâîþ óìîâîþ µ(0) = 1.

Òåîðåìà 2 ([3]). Òâiðíà ôóíêöiÿ ïðîöåñó µ(t) çàäîâîëüíÿ¹ äèôåðåíöiàëüíå ðiâíÿííÿ
â ÷àñòèííèõ ïîõiäíèõ

∂Fµ(t, s)

∂t
= fξ(s)

∂Fµ(t, s)

∂s
+
〈
Fµ(t, s)f̂ζ(s)

〉
0
,

ç ïî÷àòêîâîþ óìîâîþ µ(0) = 1.

3. Äèôåðåíöiàëüíi ðiâíÿííÿ äëÿ ìàòåìàòè÷íîãî ñïîäiâàííÿ ãiëëÿñòî-

ãî ïðîöåñó ç ìiãðàöi¹þ òà íåïåðåðâíèì ÷àñîì.

Òåîðåìà 3. ßêùî p0 íå äîðiâíþ¹ íóëþ, òî â óìîâàõ (1)�(13) A(t) = Mµ(t) çàäî-

âîëüíÿ¹ äèôåðåíöiàëüíå ðiâíÿííÿ

(14)
∂A(t)

∂t
= A(t)aξ + aζ + ϕ

(
Fµ(t, 0)

)
,

äå ϕ(x) çàëåæèòü âiä pj, qk, k = −m, . . . ,−1, A(0) = 1.
À Fµ(t, 0) âèçíà÷à¹òüñÿ ç äèôåðåíöiàëüíîãî ðiâíÿííÿ

(15)
∂Fµ(t, 0)

∂t
= fξ

(
Fµ(t, 0)

)
+ ψ

(
Fµ(t, 0)

)
,

äå ψ(x) çàëåæèòü âiä pj, qk, Fµ(0, 0) = 0.

Äîâåäåííÿ. Âiäîìî [2, 3], ùî äëÿ íàøî¨ ìîäåëi ãiëëÿñòîãî ïðîöåñó ç ìiãðàöi¹þ òà
íåïåðåðâíèì ÷àñîì âèêîíóþòüñÿ íàñòóïíi äèôåðåíöiàëüíi ðiâíÿííÿ:

(16)
∂Fµ(t, s)

∂t
= fξ

(
Fµ(t, s)

)
+
〈
f̂ζ(s)Fµ(t, s)

〉
0
, Fµ(0, s) = s,



ÄÈÔÅÐÅÍÖIÀËÜÍÅ ÐIÂÍßÍÍß ÄËß ÌÀÒÅÌÀÒÈ×ÍÎÃÎ ÑÏÎÄIÂÀÍÍß
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2017. Âèïóñê 83 199

(17)
∂Fµ(t, s)

∂t
= fξ(s)

∂Fµ(t, s)

∂s
+
〈
f̂ζ(s)Fµ(t, s)

〉
0
, Fµ(0, s) = s.

Ðiâíÿííÿ (16) ïðîäèôåðåíöiþ¹ìî ïî s, çìiíèìî ïîðÿäîê äèôåðåíöiþâàííÿ â
ëiâié ÷àñòèíi òà ïiäñòàâèìî s = 1. Ó ïiäñóìêó îòðèìó¹ìî

∂A(t)

∂t
= A(t)aξ +

(
∂

∂s

〈
∂f̂ζ(s)Fµ(t, s)

〉
0

)
|s=1

.

Ðîçãëÿíåìî äðóãèé äîäàíîê ïðàâî¨ ÷àñòèíè

f̂ζ(s)Fµ(t, s) =
(
q−ms

−m + . . .+ q0 + . . .
)(
P{µ(t) = 0}+ P{µ(t) = 1}s+ . . .

)
=

= s−mq−mP{µ(t) = 0}+ s−m+1
(
q−mP{µ(t) = 1}+ q−m+1P{µ(t) = 0}

)
+

+s−m+2
(
q−mP{µ(t) = 2}+ q−m+1P{µ(t) = 1}+ q−m+2P{µ(t) = 0}

)
+ . . .+

+s−1
(
q−mP{µ(t) = m− 1}+ q−m+1P{µ(t) = m− 2}+ . . .+ q−1P{µ(t) = 0}

)
+

+s0
(
q−mP{µ(t) = m}+ q−m+1P{µ(t) = m− 1}+ . . .+ q0P{µ(t) = 0}

)
+

+s1
(
q−mP{µ(t) = m+ 1}+ q−m+1P{µ(t) = m}+ . . .+ q1P{µ(t) = 0}

)
+ . . .

Î÷åâèäíî, ùî〈
f̂ζ(s)Fµ(t, s)

〉
0

= q−mP{µ(t) = 0}+
(
q−mP{µ(t) = 1}+ q−m+1P{µ(t) = 0}

)
+

+
(
q−mP{µ(t) = 2}+ q−m+1P{µ(t) = 1}+ q−m+2P{µ(t) = 0}

)
+ . . .+

+(q−mP{µ(t) = m− 1}+ q−m+1P{µ(t) = m− 2}+ . . .+ q−1P{µ(t) = 0})+
+s0

(
q−mP{µ(t) = m}+ q−m+1P{µ(t) = m− 1}+ . . .+ q0P{µ(t) = 0}

)
+

+s1
(
q−mP{µ(t) = m+ 1}+ q−m+1P{µ(t) = m}+ . . .+ q1P{µ(t) = 0}

)
+ . . .

Äàëi áåðåìî ïîõiäíó ïî s âiä f̂ζ(s)Fµ(t, s) òà
〈
f̂ζ(s)Fµ(t, s)

〉
0
.(

f̂ζ(s)Fµ(t, s)
)′

= −ms−m−1q−mP{µ(t) = 0}+ (−m)s−m
(
q−mP{µ(t) = 1}+

+q−m+1P{µ(t) = 0}
)

+ (−m+ 2)s−m+1
(
q−mP{µ(t) = 2}+ q−m+1P{µ(t) = 1}+

+q−m+2P{µ(t) = 0}
)

+ . . .+ (−1)s0
(
q−mP{µ(t) = m− 1}+

+q−m+1P{µ(t) = m− 2}+ . . .+ q−1P{µ(t) = 0}
)
+

+0
(
q−mP{µ(t) = m+ 1}+ q−m+1P{µ(t) = m}+ . . .+ q1P{µ(t) = 0}

)
+ . . .

(〈
f̂ζ(s)Fµ(t, s)

〉
0

)′
= q−mP{µ(t) = m+ 1}+

(
q−m+1P{µ(t) = m}+ . . .+

+q1P{µ(t) = 0}
)

+ s1
(
q−mP{µ(t) = m+ 2}+ q−m+1P{µ(t) = m+ 1}+

+ . . .+ q2P{µ(t) = 0}
)

+ . . .

Âèðàçèìî
(〈
f̂ζ(s)Fµ(t, s)

〉
0

)′
÷åðåç

(
f̂ζ(s)Fµ(t, s)

)′
. Ó ïiäñóìêó îòðèìà¹ìî

(〈
f̂ζ(s)Fµ(t, s)

〉
0

)′
s=1

=
(
f̂ζ(s)Fµ(t, s)

)′
s=1
− P{µ(t) = 0}

−1∑
k=−m

kqk−

−P{µ(t) = 1}
(
(−m+ 1)q−m + . . .+ (−1)q−2

)
− . . .− (−P{µ(t) = m− 1}q−m).

Ëåãêî áà÷èòè, ùî(
f̂ζ(s)Fµ(t, s)

)′
s=1

=
((
f̂ζ(s)Fµ(t, s)

)′
+
(
f̂ζ(s)

)′
Fµ(t, s)

)
s=1

= aζ .
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Ïîâåðòà¹ìîñü äî ðiâíÿíü (16), (17). Ïîçàÿê ëiâi ÷àñòèíè ðiâíi é îäíàêîâi ïî÷à-
òêîâi óìîâè, òî ìîæåìî ïðèðiâíÿòè ïðàâi ÷àñòèíè

fξ
(
Fµ(t, s)

)
+
〈
f̂ζ(s)Fµ(t, s)

〉
0

= fξ(s)
∂Fµ(t, s)

∂s
+
〈
f̂ζ(s)Fµ(t, s)

〉
0
.

Çâiäñè âèïëèâà¹, ùî

(18) fξ
(
Fµ(t, s)

)
= fξ(s)

∂Fµ(t, s)

∂s
.

Ïiäñòàâèìî s = 0. Ó ïiäñóìêó îòðèìó¹ìî, ùî

P{µ(t) = 1} =
1

h0
fξ
(
P{µ(t) = 0}

)
.

Ùå ðàç äèôåðåíöiþ¹ìî ïî s ðiâíiñòü (18)

(19)
∂fξ
(
Fµ(t, s)

)
∂s

∂Fµ(t, s)

∂s
=
∂fξ(s)

∂s

∂Fµ(t, s)

∂s
+ fξ(s)

∂2Fµ(t, s)

∂s2

i ïiäñòàâëÿ¹ìî s = 0. Îòðèìó¹ìî

P{µ(t) = 2} =
1

2p0
P{µ(t) = 1}

(
p1 − f ′µ(P{µ(t) = 0})

)
.

Îòîæ, ìè ìîæåìî âèðàçèòè P{µ(t) = 2} ÷åðåç P{µ(t) = 0}.
Àíàëîãi÷íî, ìîæåìî âèðàçèòè P{µ(t) = 2} ÷åðåç P{µ(t) = 0}. Ïåðøå ðiâíÿííÿ

òâåðäæåííÿ òåîðåìè âèâåäåíî.

Ïåðåõîäèìî äî âèâåäåííÿ äðóãîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ. Î÷åâèäíî, ùî
(16) ìîæíà ïîäàòè ó âèãëÿäi.

∂Fµ(t, s)

∂t
= fξ

(
Fµ(t, s)

)
+ f̂ζ(s)Fµ(t, s)−X(t, s),

äå

X(t, s) = q−mP{µ(t) = 0}+
(
q−mP{µ(t) = 1}+ q−m+1P{µ(t) = 0}

)
+

+
(
q−mP{µ(t) = 2}+ q−m+1P{µ(t) = 1}+ q−m+2P{µ(t) = 0}

)
+ . . .+

+
(
q−mP{µ(t) = m− 1}+ . . .+ q−1P{µ(t) = 0}

)
−
(
s−mq−mP{µ(t) = 0}+

+s−m+1
(
q−mP{µ(t) = 1}+ q−m+1P{µ(t) = 0}

)
+ s−m+2

(
q−mP{µ(t) = 2}+

+q−m+1P{µ(t) = 1}+ q−m+2P{µ(t) = 0}
)

+ . . .+ s−1
(
q−mP{µ(t) = m− 1}+

+ . . .+ q−1P{µ(t) = 0}
))
.

ßê ìè óæå ïîêàçàëè, ùî P{µ(t) = 2} ìîæíà âèðàçèòè ÷åðåç P{µ(t) = 0}. Òîìó
ìîæåìî ââàæàòè, ùî

X(t, s) = ψ
(
P{µ(t) = 0}

)
.

Ïiäñòàâëÿþ÷è ó (16) s = 0, îòðèìó¹ìî ðiâíÿííÿ äëÿ F (t, 0).
Òåîðåìà äîâåäåíà. �
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Äîñëiäæåíî ãåíåðàòîðè ìàðêîâñüêèõ ïðîöåñiâ â àïðîêñèìàöi¨ Ïóàññîíà
òà Ëåâi. Ïðîöåñè íîðìóþòüñÿ íåëiíiéíèìè ìíîæíèêàìè. Çíàéäåíî àñèìï-
òîòè÷íå çîáðàæåííÿ ãåíåðàòîðiâ ìàðêîâñüêèõ ïðîöåñiâ ó ïðîñòîði Rd.

Êëþ÷îâi ñëîâà: ìàðêîâñüêèé ïðîöåñ, àïðîêñèìàöiÿ Ïóàññîíà, àïðîêñè-
ìàöiÿ Ëåâi, ïðîöåñ ç íåçàëåæíèìè ïðèðîñòàìè, ãåíåðàòîð.

1. Âñòóï. Äîñëiäæåííÿì ìàðêîâñüêèõ âèïàäêîâèõ åâîëþöié òà ¨õíiõ àïðîêñè-
ìàöié ïðèñâÿ÷åíî áàãàòî íàóêîâèõ ïðàöü, ñåðåä ÿêèõ ìîæíà âèäiëèòè [1]�[7]. Çîêðå-
ìà, â [3] äîñëiäæåíî ïðîöåñè ç íåçàëåæíèìè ïðèðîñòàìè â ñõåìàõ ïóàññîíîâî¨ àïðîê-
ñèìàöi¨ òà àïðîêñèìàöi¨ Ëåâi. Â òàêèõ ïðîöåñàõ âiäñóòíÿ äèôóçiéíà ñêëàäîâà, à ìiæ
ñòðèáêàìè ïðîòiêà¹ ìàðêîâñüêèé ïðîöåñ. Â àïðîêñèìàöiÿõ Ïóàññîíà òà Ëåâi ãåíåðà-
òîð ïðîöåñó íîðìó¹òüñÿ ëiíiéíèì ìíîæíèêîì t

ε [1]. Ïðîòå â äåÿêèõ âèïàäêàõ òàêå
íîðìóâàííÿ íå äîöiëüíå. Òîìó âèíèêà¹ ïîòðåáà ðîçãëÿäàòè íîðìóþ÷èé ìíîæíèê, ÿê

íåëiíiéíó ôóíêöiþ
t

g(ε)
. Ìåòà íàøî¨ ïðàöi � çíàéòè òàêi ïàðàìåòðè â çîáðàæåííi

ãåíåðàòîðà âèïàäêîâîãî ïðîöåñó ç íåçàëåæíèìè ïðèðîñòàìè ó âèïàäêó d-âèìiðíîãî
åâêëiäîâîãî ïðîñòîðó Rd.

2. Àïðîêñèìàöiÿ Ïóàññîíà. Ðîçãëÿíåìî ñiì'þ ìàðêîâñüêèõ ïðîöåñiâ ç íåçà-
ëåæíèìè ïðèðîñòàìè ηε1(·) òà òðà¹êòîðiÿìè â îáëàñòi âèçíà÷åííÿ ïðîñòîðó Rd[0;∞),
ÿêi íîðìóþòüñÿ ìíîæíèêîì g1(ε)→ 0, g1(ε) > 0 ïðè ε→ 0

ηε1(t) = η
(

t
g1(ε)

)
, t > 0,

äå η(t) � ïðîöåñ ç íåçàëåæíèìè ïðèðîñòàìè, ÿêi âèçíà÷àþòüñÿ ãåíåðàòîðàìè

Γεϕ(u) = (g1(ε))−1
∫
Rd

(ϕ(u+ v)− ϕ(u))Γε(dv),
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äå ϕ(u) � äiéñíîçíà÷íà, äîðiâíþ¹ 0 íà íåñêií÷åííîñòi òà ç sup-íîðìîþ, ϕ(u) íà-
ëåæèòü êëàñó C5(Rd), u = (u1, u2, . . . , ur). ßäðî iíòåíñèâíîñòi Γε íàëåæèòü êëàñó
C3(Rd). Òàêå ÿäðî çàäîâîëüíÿ¹ óìîâó Γε(0) = 0.

Íåõàé âèêîíóþòüñÿ óìîâè ïóàññîíîâî¨ àïðîêñèìàöi¨:

(P1) Àïðîêñèìàöiÿ ñåðåäíiõ

bε =

∫
Rd

vΓε(dv) = g1(ε)
( d∑
k=1

bk + θεb

)
i

cε =

∫
Rd

vvTΓε(dv) = g1(ε)
( d∑
k,r=1

ckcr + θεc

)
,

äå v = (v1, v2, . . . , vr), b <∞, c <∞, |θεb | → 0, |θεc | → 0, g1(ε)→ 0, ε→ 0.
(P2) ßäðî iíòåíñèâíîñòåé ìà¹ òàêå àñèìïòîòè÷íå çîáðàæåííÿ:

Γεg =

∫
Rd

g(v)Γε(dv) = g1(ε)(Γg + θεg).

äëÿ âñiõ g, ÿêi íàëåæàòü êëàñó C3(Rd), |θεg| → 0. ßäðî iíòåíñèâíîñòi Γ0(dv),
çàäàíî íà êëàñi ôóíêöié, ùî âèçíà÷à¹ Γg òàêèì ñïiââiäíîøåííÿì:

Γg =

∫
Rd

g(v)Γ0(dv).

(P3) Ó ãðàíè÷íîìó ãåíåðàòîði âiäñóòíÿ äèôóçiéíà ñêëàäîâà, òîáòî âèêîíó¹òüñÿ
òàêà óìîâà:

c =

∫
Rd

vvTΓ0(dv) = 0.

(P4) Ñïðàâäæó¹òüñÿ ñïiââiäíîøåííÿ

lim
c→∞

∫
|v|>c

vvTΓ0(dv) = 0,

ÿêå âèçíà÷à¹ ðiâíîìiðíó êâàäðàòè÷íó iíòåãðîâàíiñòü.

Òåîðåìà 1. Ãåíåðàòîð ïðîöåñó ç íåçàëåæíèìè ïðèðîñòàìè

Γεϕ(u) = (g1(ε))−1
∫
Rd

[ϕ(u+ v)− ϕ(u)]Γε(dv)

ó ñõåìi ïóàññîíîâî¨ àïðîêñèìàöi¨ ìà¹ òàêå àñèìïòîòè÷íå çîáðàæåííÿ

Γεϕ(u) =

d∑
k=1

bk
∂ϕ(u)

∂uk
+

∫
Rd

[ϕ(u+ v)− ϕ(u)−
d∑
k=1

vk
∂ϕ(u)

∂uk
]Γ0(dv) + θεϕ,

äå |θε|→0, g1(ε)→0 ïðè ε→0.
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Γεϕ(u) = (g1(ε))−1
∫
Rd

[ϕ(u+ v)− ϕ(u)]Γε(dv) = (g1(ε))−1
∫
Rd

[
ϕ(u+ v)− ϕ(u)−

−
d∑
k=1

vk
∂ϕ(u)

∂uk
− 1

2

d∑
k,r=1

vkvr
∂2ϕ(u)

∂uk∂ur

]
Γε(dv) + (g1(ε))−1

∫
Rd

d∑
k=1

vk
∂ϕ(u)

∂uk
Γε(dv)+

+
1

2
(g1(ε))−1

∫
Rd

d∑
k,r=1

vkvr
∂2ϕ(u)

∂uk∂ur
Γε(dv).

Ôóíêöiÿ

ψu(v) = ϕ(u+ v)− ϕ(u)−
d∑
k=1

vk
∂ϕ(u)

∂uk
− 1

2

d∑
k,r=1

vkvr
∂2ϕ(u)

∂uk∂ur

íàëåæèòü êëàñó C3(Rd).
Ç óìîâ (Ð1), (Ð2) ìàòèìåìî

Γεϕ(u) =

∫
Rd

[
ϕ(u+ v)− ϕ(u)−

d∑
k=1

vk
∂ϕ(u)

∂uk
− 1

2

d∑
k,r=1

vkvr
∂2ϕ(u)

∂uk∂ur

]
Γ0(dv)+

+

d∑
k=1

bk
∂ϕ(u)

∂uk
+

1

2

d∑
k,r=1

ckcr
∂2ϕ(u)

∂uk∂ur
+ θεb + θεc + θεψ.

Çàñòîñîâóþ÷è óìîâó (Ð3), îòðèìà¹ìî òàêå àñèìïòîòè÷íå çîáðàæåííÿ

Γεϕ(u) =

d∑
k=1

bk
∂ϕ(u)

∂uk
+

∫
Rd

[
ϕ(u+ v)− ϕ(u)−

d∑
k=1

vk
∂ϕ(u)

∂uk

]
Γ0(dv) + θεϕ.

Òåîðåìó äîâåäåíî. �

3. Àïðîêñèìàöiÿ Ëåâi. Ðîçãëÿíåìî ñiì'þ ìàðêîâñüêèõ ïðîöåñiâ ç íåçàëåæíè-
ìè ïðèðîñòàìè, ÿêi íîðìóþòüñÿ ìíîæíèêîì g2(ε), äå g2(ε) = o(g1(ε))

ηε2(t) = η
(

t
g2(ε)

)
, t > 0,

äå η(t) � ïðîöåñ ç íåçàëåæíèìè ïðèðîñòàìè, ÿêi âèçíà÷àþòüñÿ ãåíåðàòîðàìè

Γεϕ(u) = (g2(ε))−1
∫
Rd

(ϕ(u+ v)− ϕ(u))Γε(dv),

äå ϕ(u) � äiéñíîçíà÷íà, äîðiâíþ¹ 0 íà íåñêií÷åííîñòi òà ç sup-íîðìîþ, ϕ(u) íà-
ëåæèòü êëàñó C5(Rd), u = (u1, u2, . . . , ur). ßäðî iíòåíñèâíîñòi Γε íàëåæèòü êëàñó
C3(Rd). Òàêå ÿäðî çàäîâîëüíÿ¹ óìîâó Γε(0) = 0.
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Íåõàé âèêîíóþòüñÿ óìîâè àïðîêñèìàöi¨ Ëåâi.

(L1) Àïðîêñèìàöiÿ ñåðåäíiõ

bε =

∫
Rd

vΓε(dv) = g1(ε)

d∑
k=1

b1k + g2(ε)
( d∑
k=1

bk + θεb

)
òà

cε =

∫
Rd

vvTΓε(dv) = g2(ε)
( d∑
k,r=1

ckcr + θεc

)
,

äå v = (v1, v2, . . . , vr), bk <∞, ck <∞, |θεb | → 0, |θεc | → 0, g2(ε)→ 0, g1(ε)→ 0,
ε→ 0.

(L2) ßäðî iíòåíñèâíîñòåé ìà¹ òàêå àñèìïòîòè÷íå çîáðàæåííÿ:

Γεg =

∫
Rd

g(v)Γε(dv) = g2(ε)(Γg + θεg)

äëÿ âñiõ g, ÿêi íàëåæàòü êëàñó C3(Rd). ßäðî iíòåíñèâíîñòi Γ0(dv), çàäàíî íà
êëàñi ôóíêöié, ùî âèçíà÷à¹ Γg òàêèì ñïiââiäíîøåííÿì:

Γg =

∫
Rd

g(v)Γ0(dv).

(L3) Âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

lim
c→∞

∫
|v|>c

vvTΓ0(dv) = 0,

ÿêå âèçíà÷à¹ ðiâíîìiðíó êâàäðàòè÷íó iíòåãðîâàíiñòü.

Òåîðåìà 2. Ãåíåðàòîð ïðîöåñó ç íåçàëåæíèìè ïðèðîñòàìè

Γεϕ(u) = (g2(ε))−1
∫
Rd

[ϕ(u+ v)− ϕ(u)]Γε(dv)

ó ñõåìi àïðîêñèìàöi¨ Ëåâi ìà¹ òàêå àñèìïòîòè÷íå çîáðàæåííÿ:

Γεϕ(u) = (g1(ε))−1
d∑
k=1

b1k
∂ϕ(u)

∂uk
+

d∑
k=1

(bk − b0k)
∂ϕ(u)

∂uk
+

1

2

d∑
k,r=1

(ck − c0k)
∂2ϕ(u)

∂uk∂ur
+

+

∫
Rd

[
ϕ(u+ v)− ϕ(u)−

d∑
k=1

vk
∂ϕ(u)

∂uk

]
Γ(0)(dv) + θεϕ,

äå b0 =

∫
Rd

vΓ(0)(dv), c0 =

∫
Rd

vvTΓ(0)(dv), |θε|→0, g1(ε)→0, g2(ε)→0 ïðè ε→0.
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Γεϕ(u) = (g2(ε))−1
∫
Rd

[ϕ(u+ v)− ϕ(u)]Γε(dv) =

(g2(ε))−1
∫
Rd

[
ϕ(u+ v)− ϕ(u)−

d∑
k=1

vk
∂ϕ(u)

∂uk
− 1

2

d∑
k,r=1

vkvr
∂2ϕ(u)

∂uk∂ur

]
Γε(dv)+

(g2(ε))−1
∫
Rd

d∑
k=1

vk
∂ϕ(u)

∂uk
Γε(dv) +

1

2
(g2(ε))−1

∫
Rd

d∑
k,r=1

vkvr
∂2ϕ(u)

∂uk∂ur
Γε(dv).

Ôóíêöiÿ

ψu(v) = ϕ(u+ v)− ϕ(u)−
d∑
k=1

vk
∂ϕ(u)

∂uk
− 1

2

d∑
k,r=1

vkvr
∂2ϕ(u)

∂uk∂ur

íàëåæèòü êëàñó C3(Rd).
Ç óìîâ (L1), (L2) ìàòèìåìî

Γεϕ(u) =

∫
Rd

[
ϕ(u+ v)− ϕ(u)−

d∑
k=1

vk
∂ϕ(u)

∂uk
− 1

2

d∑
k,r=1

vkvr
∂2ϕ(u)

∂uk∂ur

]
Γ0(dv)+

+(g1(ε))−1
d∑
k=1

b1k
∂ϕ(u)

∂uk
+

d∑
k=1

bk
∂ϕ(u)

∂uk
+

1

2

d∑
k,r=1

ckcr
∂2ϕ(u)

∂uk∂ur
+ θεb + θεc + θεψ.

Çàñòîñîâóþ÷è óìîâó (L3) òà çâiâøè âiäïîâiäíi äîäàíêè, îòðèìà¹ìî àñèìïòîòè÷íå
çîáðàæåííÿ

Γεϕ(u) = (g1(ε))−1
d∑
k=1

b1k
∂ϕ(u)

∂uk
+

d∑
k=1

(bk − b0k)
∂ϕ(u)

∂uk
+

1

2

d∑
k,r=1

(ck − c0k)
∂2ϕ(u)

∂uk∂ur
+

+

∫
Rd

[
ϕ(u+ v)− ϕ(u)−

d∑
k=1

vk
∂ϕ(u)

∂uk

]
Γ(0)(dv) + θεϕ.

Òåîðåìó äîâåäåíî. �

Îòæå, òàêå íîðìóâàííÿ äà¹ çìîãó îöiíèòè ñòðèáêè â àïðîêñèìàöi¨ ïðîöåñiâ ç
íåçàëåæíèìè ïðèðîñòàìè â ïðîñòîði Rd òà çíàéòè ¨õíi àñèìïòîòè÷íå çîáðàæåííÿ.
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