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VK 51(092)

IO3E® IIY3UHA — IIPOBICHUK JIbBIBChKOI
MATEMATHNYHOI IIIKOJIN

Onena I'PUHIB, fpocnas IIPUTVYJIA

JIveiecvrull Haytonasvrul yrieepcumem iment leana Pparka,
eys. Ynisepcumemcovka, 1, 79000, JIveis
e-mail: ohryniv@gmail.com, ya.g.prytula@gmail.com

Hocmimxyemo Giorpadiio F03eda [Tysuam (1856 — 1919) — ommoro 3 3acHOB-
HUKIB JIbBIBCbKOI MaTemMaTuaHOI mKkoyau. [logaro BimoMocTi mpo iioro poawHy,
HABYAHHS, [IEJArOTiYHy Ta HAYKOBY [isybHICTH. Takoxk momamo indopwmariio
IIpo ioT0 yUHIB i CIIyXadiB ceMiHApY.

Karowosi caosa: HOzed Ilysuna, JIbBiBChbKa MaTeMaTHYHA IKOJIA, JIbBIB-
CbKUIl yHIBEPCUTET.

IIpodecopu maremaruku, ki Bukiaanaau y JIbBosi go cepenunu XIX cromitrs, Oyiu
roJIOBHO Buxiusimu 3 no3a Lajauuunu. Ocsity Bonu 3100yBau B [Ipasi ra Bigni. Ilep-
IMIUMU TAJIUIaHUMU KepiBHUKAMU Kadeap MATeMaTWKW B YHIBEPCHUTETI Ta MOJITEeXHII
6y Basxkunen (Jlaspenriit) 2Kmypko (Wawrzyniec Zmurko) ra FOzed Ilysuna (Jozef
Puzyna). OcobiuBo BasKIuBY pojib y (hOpMyBaHHI MOIBCHKOL I YKPATHCHKOI KON MaTe-
MaTuku y JIBBOBI Bimirpasa HaykoBa, memarorigna ¥ opramizariiina misspHicTs HO3eda
Ily3unu.

IMuimyyn npo mMaremMarwkiB, fKi BIUIMHYJIM HA PO3BUTOK MOJBCHKOI MaTEMaTHUKU B
kinui XIX — na nouarky XX croairrs, Kazumup Kyparoscokuii (Kazimierz Kuratowski)
3a3HaunB: “‘Be3cyMHIBHO, OMHUM i HAWOLIBIN 3aCIyKEHUM i TPOTPECUBHUM TIPEICTABHU-
KOM TeHepariii, mpo sKy #merbcs, oy FOzed I[lysuma, npodecop JIbBiBCHKOTO yHiIBEpCH-
TeTy.

Orxke, OyB 0 MEBHOI Mipy MPOBICHUKOM ifeil, siKi Maju PO3KBITHYJIU y TPAILIX
HACTYIHOI renepatil nosbeobkux maremarukis” [ c. 12].

IIpo B FO3eda Ilysunu na dopmyBanns HOro sik MATEMATHKA LUIIE Y CBOIX
criorasiax yKpainchkmii Maremarnk Bomogmvup Jlesmibkuii: “Vomy 3aBasdyio Te 3HaHHS

2010 Mathematics Subject Classification: 01A70
© T'puuis, O., Ilpuryrna, 4., 2018
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MaTEeMaTUKH, siKe Malo J0TeIep, 3aB/IAKU HOMY Ii3HAB f yCi MOJIepHi Teopil i MeTo1u, 3aB-
JgKU ffomy HabpaB g 3aMUIyBaHHS 10 Ipall Ta HAOpaB OXOTH /10 CAMOCTIHHUX [0CTi/TiB.”

2, c. 77].

103ed kua3p Ilysmua

IcToPig poay. 2KUTTEBUIN IIJISIX

F03ed kusa3p 3 Kozennchka Ilysmnmna mapommses 19 Gepesust 1856 poky y Hosowmy
Maprunosi Poraruncskoro nmosiry (auni ceno Hosuit Maprunis Fasunpkoro p-uy Isano-
D pankiBcbKoi 00s1.) y poauni Bonogumupa [ysunu ta @esninii 3 Pyaspkux. Barbko 6ys
BracuukoMm 3emessb HoBoro Maprunosa. IcTtopudni 70KyMeHTH 3aCBI A9y IOTH TOXOIKEHH ST
pomy Ily3unn axk Bij KHsKOI auHACTI PIOpuKoBUYiB, miATBEPKYIOTH XHI#l KHI31BCHKU
TUTYIL, 1O HOro UPeAKU orpumasiu, Bojoxinuu Kosenbcbkum yilnbauM Kussisecrsom [3)

B poay Ily3un 6yso 6araro Busnatduux ocobucrocreii. Tak [laBio, sikuii y Mosono-
CTi BOIOBaB MPOTH TATap, MOTIM CTaB MOHAXOM, B 1649 pomi 6yB y JIynbKy enuckomom
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rpenbkoro Bipocnosigannsi. Moro 6par Iu nepumii 3 Iy3un micas mmoby craB puMO-
KaToMKoM. Bin nporo nimos panbiuii pig [ysun o FOzeda Ily3zunu [3].

FO. Iy3una 3axinaus y 1875 pori rivuasiio imeni ®panra Mocuda y JIssosi. Y mpo-
My 2K pori mo4yaB HaBdanHs Ha (dinocodcerkomy dakymapreri JIbBIBCHKOrO yHiBEpCUTETY.
B ymuiBepcureri Bin BiaBimyBas ekl 3 ¢isuku, ximii, ¢imocodii, a romoBHO ekl 3
maremaruku rpodecopa maremaruku Jlaspenrtia 2Kmypka ta npodecopa maremaruaHol
disuku Ockapa @abdiana (Oskar Fabian).

JlaBpenTiit 2Kmypko maponusca 9 mumus 1824 poky B ABoposi. HaBwascsa y rim-
uasii y Ilepemumnuii, micas dimocodebkux crymiit y JIbBoBi moixas 10 Bigus, me Busdas
MaTeMaTuKy Ta MPUPOIHUYI HAyKW B yHiBepcureri Ta momitexuimi. ¥ Bimui 2Kmypko
CTaB HepluM rabliTOBaHUM JOUEHTOM y HOJITeXHIYHMX HAaBYAJbHUX 3aKJagax ABCTPO-
Yropuman. 3 1850/1851 Bin BUKIamaB y JIBBOBI, 3 HACTYMHOrO POKY y¥Ke 3BUYAfHWI
npodecop Texmiunoi akamemii. 3 1872 mo 1884 poky JI. 2Kmypko OyB mpodecopom orHo-
qacHO B yHiBepcuteTi Ta y llomitexmiuymiii mkomni y JIbBOBI, 3romom BiH 4UnWTaB JIEKIIil
Tigpku B yHiBepcuTeti. JI. 2KMypko BigzHauaBCs OpUTriHAIBHOIO TOOY/I0BOIO HABYATIBHUX
KypciB Maremaruky. oro Kypc onupascs Ha BIPOBA/KEHY HHM CHCTEMY IIPOCTOPOBHX
qucesn. [lig #oro KepiBHUIITBOM B YHIBEPCHTETI IICTH OCIO OTpUMAJM CTYMiHb JOKTOPA
dinocodii, B Tim wucmi i FO. Iy3una.

Y 1877-1878 masuaspHoMy pori ). Ilyswna mpoxoaus BilicbKOBY ciryzKOy, mics
AKOI OTPMMAB 3BAHHS MMOPYYHKa pe3epBy. IIpomoBKUB HaBUYAHHS B YHIBEPCHTETI 10
1879/1880 naBuasibHOro poky. LIpOro »k pOKy 3rosiocHBCs 10 CKAJAHHS BYUTEIbCHKOIO
icimTy Ha mpaBO BUKJIagaHHs (PI3UKK Ta MATEMATHKH B IiMHA3isgX 1 peajbHUX MIKOJIAX.
Hamucapmm mpari 3 memaroriku, MaTreMaTwku Ta (DI3UKW CKIAJAHHS BUYUTEIHCHKUX
icnmTiB 3akinumB 1 wepBHA 1882 poKy.

s orpumants crynens gokropa dimocodii FO. Ilysuna moxas npairio “O pozornie
dwuwartosciowych okreslonych catkach podwdjnych” (“Ilpo wibu asosnauni monsiiini
o3naveni inrerpain”). Penenzenramu 6ymnu JI. 2Kmypko ta O. @abdian. [licas cknaganus
Ha “BiMIHHO” HAyKOBUX icuTiB 3 Maremaruku Ta (izuku 2.12.1882 poky Ta dimocodii
2.07.1883 poky, FO. Ily3una 5 jqumus 1883 poky orpumas CTymiHb H0KTOpa (imocodil
[5]. B mpomy x pomui O. ITyswna orpmmar crumenzio y posmipi 1000 zlr mis npo-
JIOBYKEHHsI HaBYaHHs 3a KOpAoHOM. 3a mopagoo JI. ZKmypka Bin noixas g0 Bepnina.
Tam B yHiBepcureri nporsirom 1883/1884 HapuasbHOrO POKy CiyxaB Jieklii npodecopin
K. Beitepmirpacca, JI. Kponekkepa, I. ®@ykca, E. Kymmepa, E. Herro, P. Tonmne ra
nouentis M. Knobmayxa, K. Pynre.

Y 3uMOBOMY MiBPiYdi OCHOBHY yBary 3BepHYB Ha O3HailOMJIeHHA 3 Teopieio Beitep-
mTpacca mooymoBu Teopil PyHKINH, a y JITHHOMY CEeMEeCTpi — BUBYAB HOBI HAIPSMHU B
reomerpil. OAHOYACHO MPOTATOM IILIIOrO POKY OpaB y4acTh y MATEMATHYHOMY CeMiHapi,
KepiBHUKOM sKOro y mepmowmy miBpiuui 6ys npodecop JI. Kponekkep, a y apyromy —
npocdecopu K. Beitepmrpacc i JI. Kpouekkep. Ilicas mosepuenss 3 Bepaina FO. ITy3una
MIPOMITIOB TabiIiTAIlIO /1J1sT OTPUMAHHS MTpaBa YUTATH JeKIil y JIbBiBChbKOMY yHiBEpCHTETI.
Sk rabinitaniiini npari nogaB y:ke HaJAPYKOBaHY JOKTOPCHKY mparo [Al], a Takox py-
komuc “Przyczynek do teorii obliczenia symboléw nieoznaczonych” (“omarok 10 Teopii
obuucienb HepusHaveHux cuMmBodiis”’). TpaauuiiiHo B nOsaHHI HpPETeHJeHT MOBLIOMIIB,
SAKi KypCH BiH Ma€ HaMmip mpounTaru y Haidgmxkdi cemectpu. FO. Ily3mnra miarorysas
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raki Kypcu: HoBi meronu B anamituaniit reomerpii, Cunrernana reomerpis, 3acTocyBaH-
e indiHiTesmManbHOro YncaeHns B reomerpii. B meprmomy kypci Bin MmaB Hamip mogartu
3arajabHi METOIU Teopil ajreOpudHux KpuBux i mosepxonb (reopis FO. ITmokkepa). Ile
mao 6 3MOry 3acTOCYyBaTH 1X 70 BUBYEHHS JAEAKWX AJreOpUIHUX (DYHKILH, aKki micTs-
ThCA y Apyriit rabimitamifiniit npami. ¥ apyromy — Bukiactu Teopio 9. Illreiimepa. Y
TPETHOMY — JOTNOBHUATH BJIACTUBOCTI T€OMETPUYHUX TiJl 3 MOTJIsily KPUBU3HU HA OCHOBI
nudepentiaabHOro yucsenns. ladiniranifiauit kosoksiym BinOyscs 11 rpyausa 1884 poky,
ne muranus (Bicim) 3amasas JI, 2ZKmypko, a 15 rpyauas Ilyswna mpountap rabimitamiitny
sekuiro “O catkach Eulera” (“IIpo inrerpanu Eiinepa”) [6].

Y 1885 pomi FO. Ily3una uuras jekiil gk mpuBar-goneHT. [locagy Haa3BUIaiiHOrO
npodecopa Bin orpuman y 1889 porii, a 3 1892 poky FO. Ily3una 3suuaiiauii mpodecop,
KepiBHUK Kadeapn maremMarnku. Bin Takox 3aiiMas mocaau aekana imocopcebkroro ¢da-
kysnbrery (1894-1895) ra pexkropa (1904-1905) JIbsiscbkoro yuisepcurery. fk pexrop
oys mociom VIII kamenrii Ceiimy Famuannn.

Y 1900 pomi FO. Ilysuny obpaju djieHOM-KOpeCHoHAeHTOM Akagemii Hayk i Mu-
crenrB y Kpakogi. Y JIbBosi 1917 poky 6ysio 3acHoBane Maremarudse TOBAPUCTBO, HOT0O
nepiuM rooBoio cras FO. Ilysuna. AktuBny yuacrs y poboti ToapucTsa bpanu 3. AHi-
mescbkuit, B. Cepuincokuii, ['. raitarays ra in. Y 1918 poui FO. Ily3una na roBapuctsi
mas monosiap “O §ladach zerowych szeregu potengowego” (“IIpo HymboBi Micist crernemre-
Boro psany”) [7, c. 22-23].

1O. Ilysuna 6yB onnokypcuukoM IBana ®panka, a B pik ioro rabimiramii Ha dino-
codpcbkoMy dakymabTeri OyB TEKAHOM.

IIEOJATOTTYHA IMPAIIS

Ououstior0un poTsroM GaraTbox POKiB Kademapy MareMaTwku, TOJIOBHI 3yCHILISA
FO. Ily3una cnpsimoByBaB Ha m06ip i MATOTOBKY JIEKIHWHUX KypciB. YdUeHWi MpOUYM-
TaB TIOHAT TPUJIIATH PI3HUX OCHOBHWX i CHEIiaJbHUX KYPCiB, IKi HAJNEXKAJJIU JI0 PI3HUX
po3iniB MaTeMaTuKu. BiH He TITBbKU PO3MIMPUB TEMATHKY 3 KJIACHIHOI HA TOM 9ac MaTe-
MAaTUKH, & i TT0YaB YUTATH KYPCH, sIKi OXOILTIOBAJIM €JIEMEHTH TeOPil MHOXKWH, TOMOJIOT1
Ta IHIIAX HOBUX PO3LIiB MaTeMaTWKH. TeKCTH BCiX JIEKIIHHUX KypciB 36epirajuch y
6ibrioTeri MaTeMaTHIHOTO CeMiHapy.

Buknanaroun sx mpuBaT-7A01eHT Y 1885 porii, a 3rofoM K HaA3BUYAWHW i 3BUUAii-
uuit mpodecop 3 1889 i 1892 poky, Biamosinmo, FO. Ily3una npounTas Taki Kypcu:

e CcHHTeTWYHA reoMerpist (reomerpis mosmoxkenusi) (1885/1886, 1888/1889);
reopis ananmiTuunux (yukuiii (1886, 1887/1888);

Jesiki TBepKeHHst 3 Teopil dyukuiit (1887);

reopist abenesux dynxuiit (1888/1889, 1891/1892, 1912/1913);
inTerpysanus qudepeniiaabaux piBasub (1889, 1896, 1900, 1904, 1906,
1906/1907, 1910/1911, 1913/1914, 1915/1916);

anasnirugyna reomerpis (1880/1890, 1892, 1906,/1907, 1910/1911, 1913/1914,
1915/1916);

upo ozuadenuii inrerpas (1890);

Teopia enintuanux dyukiii (1891, 1897, 1898, 1908);

reopist ancen (1891, 1895/1896);

Teopis migcranoBok (1892);
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Butuit anasiz (1892/1893, 1905/1906, 1915/1916);

Baplaniiine uncnenns (1893);

nmudepenIiianbHe YMCIeHHsT Ta 3acTocyBanHst (1893/1894);

Bubpani po3ziiu teopii dbyukiii (1893);

aromopdui dbynkuil (1894, 1898, 1912/1913);

Buia anrebpa (1894/1895, 1897, 1916);

3acrocyBaHHs ejinruanux dyukiii (1895, 1905);

nmndepenriansie Ta inTerpaasae uncrents (1895/1896, 1899/1900, 1901/1902);
nudepeHIianbHi piBHAHHS B 9acTUHHAX noxiaanx (1897, 1901, 1907, 1917/1918);
Teopis asiiikosux dbopwm (1896);

BU3HAYHUKHM Ta ixHe 3acrocyBaHHs (1898);

ronostorigui cryaii (1899);

inrerpanu AGens (1899);

mpo rinepreomerpudni paau (1899);

HoBa reomerpist (1900, 1904/1905);

miuiitai audepentianbui pisaanus (1900, 1907/1908, 1917);
nudepennianbia reomerpia (1902, 1917/1918);

reopis ajurebpuunux Gynkuiii (1906);

dbyHKIii MHOTOrpaHHUKIB, MOLYNsIpHI Ta exintuyni dbyrkuil (1908/1909);
Teopisa inBapiantis (1909);

KoHdopMHi BiobpazkenHs (1909/1910);

3Buuaiini audepenianbui pisaanus (1909/1910, 1916);

inrerpasnbui piBusanusg (1911/1912);

HecKinvyeHHi 1ocainoBHOCTi Ta po3sunenus (1917);

HeeBKJIi1oBa reomerpisi (1918);

3 icropil maremaruku, audepeniianbui pisaanus JIi (aus. [§]).

Bpaxkae He TibKH BeJHMKA KiMbKICTh 1 TeMATUKA MPOYNTAHUX HUM JIEKINi, a i aky-
paTHICTH MATOTOBKYU nuX KypciB. Ile BUIHO 3 KOHCMEKTIB KypciB, ki mucas Bomogmmup
Jlesunpkuii (Wolodymyr Lewycki), i 36epexkeni B pykonucHomy Biiai 6i6miorexku imeni
B. Credanuka.

IIpo cBoto meronuky nHapuamus maremaruku 0. [lysuna manmcas y mpoxanmi mpo
Jonyck o rabimitamnii: “Bymay craparucs y BCiX CBOIX JEKIisIX TPUMATHCS METOMY, sTKHi
BiKpWBae i BKa3ye ciyxadaMm JOpOrY, MO sKifi BOHW MOTIu Ou #TH B HOCTIIKEHHAX B
KOYKHi# OKpewmiit ramysi”.

“d e Tol mymKwu, 110 B MATeMaTHUINl ... He JOCUTh JaBaTH IOBEJAEHHs a priori cop-
MYJIbOBAHUX TBEP/ZKEHDb, & PA30M 3 THM CTapaTucs OyTw HIOW B TOJIOKEHHI BHHAXIIHW-
Ka, IO JOXOIUTH JI0 TBEPKEHb K BUCHOBKIB. Ciyxad Oyae mpu IbOMY CIOCO0I CBijl-
KOM IILJIOrO TIPOIIECY JOCTiPKEeHb 1 3MO2kKe y2Ke B KOPOTKIM daci i cam crnpoOyBaTu CBOIX
cun ...” [6].

Yke B 1889 poui FO. [ly3una Buepiie B yniepcureri BBiB y PO3KJIa/Ii 3aHATH BIIPABH
3 MaTEMATUKHU. 3 9aCOM IIi 3aHATTS OpraHi3aliitno Oyan odopMIeHi B MATEMATHYHI Ce-
minapu. Haykosi ceminapn y JIbBiBchbKOMY yHiBepcuTeTi Oysn 3anpoBa/izkeni micias 1850
poky. Ilepmium 6yB dinooriano-icropuynuii ceminap, Kl OpraHi3yBaJjd Ha, IMiICTaBi
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craryty Bim 23 Bepecus 1852 poky. Maremarnunuii ceminap OyB CTBOpEHWIT PO3MOPSsi-
mxennam Minicrepersa Bipocnosizans i ocsitu 3 1 rpyausa 1893 poky. B nepmomy napa-
rpadi cTaTyTy MareMaTHIHOro ceMinapy oOymo 3amucano: “Maremarnyannit ceminap Mae
3aB/IaHHS 3a0XOTUTH 1 3aJyIATH YIHIB JO CAMOCTIHUX TIOMIYKiB y MaTEMATHII], K depe3
I'DYHTOBHE OMPAIIOBAHHS JIEKIIIHOTO MaTePialy B 3aCTOCYBAHHSAX 1 MPUKJIAIAX, 8 TAKOK
qepe3 BBEJIEHHs YJIEHIB CeMiHApy B Ti YaCTUHM MaTeMaTHKHU, SKi y 3BHYAHHUX aKale-
MIi9HUX JIEKIiAX TiTbKU MMOJAaHI KOPOTKO abo B3araJji BiACyTHi, Ja/i Ma€ IijJb BUBYEHHSA
YJIeHIB Ha JILIOBUX BUNTENIB TMiMHA3ii, peaJbHUX MK i BUIUX HABYATLHUX 3aKIAIiB”.

HayxoBwuit ceminap MaB aBa Biienusa: Bummii i auzkamii. KoxeHn 4jeH BUIOTO ce-
MiHapy OyB 3000B’s13aHU# y KOKHOMY IiBpivti 3poOUTH OJIMH BUCTYII 3Ti/THO 3 TPOrPAMOIO
ceminapy. Hapuanusa na ceminapi 6ysmo 6e3korrroBauM. K0oKHOTO miBpivds aKTUBHUX y<a-
CHUKIB BHUINOrO ceminapy Binsuadanu crunergismu. Kepisauk ceminapy FO. Ily3una Ha
KOXKHE IiBpivYYs 44 ULIMH PIK IPU3HAYAB OJHOI'O 3 AKTUBHUX YYACHUKIB XPOHIKEPOM Ce-
uminapy. 3 1894 mo 1910 poky xponikepamu Oysu: Bomogumup Jlesurbkumit, du 3anycbkuii
(Jan Zalucki), Muxaiino Pubadsek (Michat Rybachek), ®pannimex Caymkesuua (Franci-
szek Sluszkiewicz), Meuncnas Ampyresuu (Mieczistaw Jamrégewicz), T'ycras Kiommi-
upkuii (Gustaw Klodnicki), Ivurpo Baiinosuu (Dymitr Wajcowicz), Kaszimip Crpyrus-
cokuii (Kazimerz Strutyniski), Anroni Jlomuinekuit (Antoni Lomnicki), Bragucnas 2Koo-
6inbki (Wiadystaw Ztobicki), Hukudop Camoscnkuii (Nicefor Sadowski), FOzed Hacian-
cbki (Jézef Nasielski), FOzed Oproeceruii (Jozef Ortowski), Epasm Imkoscskuit (Erazm
Iszkowski), Anam IMarpun (Adam Patryn), Isunop O6eprapar (Izydor Oberhardt), Orro
Hikonum (Otto Nikodym), Kasimipa Kayuka (Kazimira Kaucka), Biragucaas Jlixrenbepr
(Wiadyslaw Lichtenberg), Craunicias Pysesuu (Stanistaw Ruziewicz).

VY mepmnii pik poOOTH MATEMATHYHUX CEMIHAPIB B 3MMOBOMY CEMECTPi y BHUIIIOMY
ceminapi 6pasio yuacts 10 crynenTis, y Huzkdomy — 18, y JITHBOMY CeMeCTpi, BiAmOBiIHO,
9113 [9 t. 2, C. 389]. TemaTuka mpaiib, BAKOHAHUX YIaCHUKAMH BUIIOTO CEMIHAPY, TOD-
Kasiacd pizHux posninis maremaruku: M. Pubagek “Teorya Galois’a” (“Teopia Tamya”),
C. Pykcep (S. Ruxer) “Zasady rachunku prawdopobieristwa” (“OcnoBu reopii iimosip-
nocreit”), FO. Poskom (J. Roskosz) “Rozwiania utamkowych funcyi wymiernych” (“Pos-
BUHEHHs Apo0oBUX parionanbuux (yukniit”), A. Jlomuinskuii “O kollineacyi systemow
plaskich” (“IIpo xonineanii mrockux cucrem”), /1. Baitnosuu “Zastosowanie funkcyi elli-
ptycznych krzywych 3%8° i 4'€8° stopnia” (“3acrocyBanus eninTuaHux yHKIIH 10 KPUBUX
3-ro i 4-ro crenens”), M. dAnin (Josyp Janiw) “O funkcyi ciaglej nie majacej pochodnej”
(“IIpo dbyukii, ski HenepepsHi i He MaroTh noxixaux”), B. 2Kmobinki “Szeregi Fourier’a”
(“Pamun ®@yp’e”), d. Jlykacesuu (Jan Lukasiewicz) “O Grassman “Nauce rozcigglosci”
(“IIpo reopiio postary I pacemana”), FO. Mageit (Madej) “O wyznacznikach funkcyinych”
(“ITpo dyukuionansui pusnaunuku’), K. Tnibosunpkuit (Klym Glibowycki) “Teorya liczb
algebraicznych” (“Teopia anrebpuunux uucen”) ra in. Texkcru nux npaup 36epersiucs 10
coorozui [10].

Oxkpewmi mpari, BUKOHAHI HA cemiHapi, TyOIiKyBaJWCh B HAYKOBHUX KYpHAJaX
i moBimomsenusx (Sprawozdaniach ...) rimuasiii. Ilepummvu 3 wux Oyau: E. Chonek
(E. Snopek) “O kongruencyi z" + Ajx,—1 + --- + A, = 0( mod p)”, B. JleBuupkuii
“O wyrazeniach symetrycznych z wartosci funkcyi mod m”, omybusikoBani y Kyprasi
“Prace matematyczno-fizyczne” (T. 4, 1893 1a T. 6, 1895). Ila x upaug “IIpo cumerpuuni
BUpakeHHs Baprocreit dbyukmii mod m” Oyma omybaikoBana y “3ammckax HaykoBoro
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ropapucrsa imeni Ilesuenka” (JIbsiB, 1894. T. IV). Bouna crasa mepuioro HayKOBOIO
CTATTEIO 3 MATEMATHKH OMyO/TIKOBAHOIO YKPATHCHKOIO MOBOIO.

Yacruna npaip, AKi BUKOHAJIN Ha CeMiHapaX, CTaJU JOKTOPCHKUMHU TPAISTME yUa-
cunkiB ceminapy. FO. Ilysuna 6yB mpomoropom 10 mokroparie. [lepimum iioro yuamaem
nokTopoMm (istocodii cras B. JleBunpkuii. K MOKTOPCHKY MPAITO BiH MOJAB BUIIE3ra1a-
uy npaiio i npyry npamio “Kilka uwag o wzorze interpolacyjnym Lagrange’a.” Hacrymmi
foro yuni, siki noxaiau Bianosinui naykosi upaui, ([5]):

e Anroni Jlomuinpkuit “O odwzorowaniach czateczkowych funkcji hipergeomet-
rycznych” (TIpo kondopmui BinoGparkenns);

e Poman Meuucnas dvpyresud “O powierzchniach najmniejszych” (Ipo minimasn-
Hi HOBEpXHi);

e Jlionsik Topuuncekuii (Ludwik Hordyriski) “O wyznacznikach czesciowo przet-
worzonych” (IIpo yacrkoBo neperBopeHi BUBHAYHUKN);

o Anmam Makcnmornu (Adam Maksymowicz) “Funkcje harmoniczne o dowolnej
ilosci zmiennych niezaleznych” (Tapmoniuni dyHKIIT 3 JOBUILHOIO KiIBKICTIO He-
3aJI€2KHUX 3MIHHUX);

e Anroni Binbk (Antoni Wilk) “Zarys teoryi calek Cauchy’ego” (Hapuc Teopii in-
rerpaiis Korui);

e A6param Torrdpin (Abraham Gottfried) “Dzialania na liczbach nadurojonych.
Dwie préby badania szeregéw potegowych argumentu nadurojonego” (/lii na na-
OysaBHUMY YucjaaMu. J[Bi cmpoOu AOCTIIKEHHS CTENEHEBUX PSJIiB 3 HAysIBHUM
apryMeHTOM);

e Credan Masypresuu (Stefan Mazurkiewicz) “Przyczynki do teorji mnogosci”
(Jonarku 10 Teopil MHOXKUH);

e Crauicaas Pysesuu “Przyczynek do rachunku rézniczkowego” (Jomarok a0 nu-
dbepenIiaabHOrO YNCICHHSN);

e Anawm ITarpun “Badania nad funkcjami rozwigzujacymi zwiazek identyczny pos-
taci (1 —2)"®(x) + 2™p(z) = 17 (Jocaimxkenust GyHKIH, Kl 3a0BOJIBHAIOTH
roroxkuicTb (1 — )" ®(z) + 2™ p(x) = 1).

BayBaxkumo, mo npari C. Masypkesuua ta C. PyzeBuua Oyiu BukoHani mij Kepis-
uunrBom B. Cepuincbkoro, sikuit Bxke B 1912 poni kepysas Butiium ceminapom. Opnax
B. Cepmincekuii He 6yB 3BUYaiiHUM, a TUIHKHU HAIA3BUYANHUM podecopoM, Tomy odirriii-
HO npomoTopoM wmir 6ytn Tinbku FO. Ilysuna.

Y4yH1 FO3E®A IIy3UHU

o yunis FO. Ily3unu cjix meprn 3a Bce BiIHECTH TOKTOPAHTIB, siKi MiATOTYBaJIN
JOKTOPCHKI TIpalli Ha ceMiHapi mij Horo KepiBHUIITBOM, & JAJi BCIX yIaCHUKIB BHUIIOTO
cemiHapy, XpPOHIKEPIB CeMiHApPY Ta BCiX, XTO CJIyXaB HOro jekiii. 3ynmuHuMOCh Ha, 0C00axX,
SKI OTPUMAJIU JOKTOPCHKI CTYIIE€Hi, a8 TAKOXK HA OKPEMHUX y4YaCHUKAX BUIIOTO CEMiHAPY

1O. Ily3unu.

Bouogumup JleBurpkmii (31.12.1872 — 14.07.1956) napoausca B Tepuonoani. Ha-
BUaBca B rimMuHazigx y Tepuomoi, 3osouesi ta JIbBoBi. BuBuas maremaruky, bi3uky,
ximiro Ta disocodiro Ha dimocodcrkomy daxyapreri JIbBiBChKOrO yHiBepCcuTery y 1890-
1894 pokax. 3 TpeThOro Kypcy BiB HAYKOBi JOCHTiMKEHHS i KepIBHUIITBOM mpodecopa
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FOzeda Ilysunu, 6yB nepummM XpOHIKEPOM BHUINOIO CEMIiHADY i MEPIIUM JTOKTOPOM HAyK
nigrorosanum (npomosanum) FO. ITysunoro.

Y 1895 porii ckJjlaB BYNTEILCHKI iCTUTH I OTpUMAaB MPABO BUK/IAJATH MAaTEMATH-
Ky, disuky, ximito B rimuaziax. IIpamioBas BunTeneM y Axkamemivniii rimuasil y JIbBOBI,
Tepromninbepkiit riMHazii Ta B V rimuasil y JIbBoBi.

Y 1914 poui B. JleBumnpkoro npusBasiu 10 BifichbKa, IOTPANUB y POCIHCHKAN TOJIOH.
Ilicns nosepuenns no JIbBoBa y 1918 pori nposoBKyBaB IPAIIOBATH B 3aKJIa/1aX OCBiTH
— IHCTIEKTOPOM, TIKIJTBHUM iHCTPYKTOPOM.

TostoBre moste itoro misiibrOCTi — Haykose ToBapucTso imeni [llesuenka. 3 1894 po-
Ky Bomognmup Jlesumnpkwuit uinen HTII, 3rogom odosoBaB MaTeMaTHIHO-IPUPOIOTTHUCHO-
JIKAPCHKY CEKI0 Ta pegaryBas “30ipHUK MaTeMaTUIHO-TPUPOTHUIONUCHO-TTIKAPCHKOT
cekuil HTIIT” six mepmoro (1897) mo ocramusoro 32-ro tomy (1939). Bararo 3ycuib
JIOKJIAB /IO CTBOPEHHS YKPAIHChKOI MATEMATUYHOI TEPMIHOJIONT, BUJAHHY [IJIPYYHUKIB 1
TIOMYJIAPU3AIlil HAYKN YKPAIHCHKOIO MOBOIO.

IIparmioBas y JIbBiBCcKOMY yHiBepcuTeti imeni IBama ®panka Ha mocaai mpodecopa
3 1940 no 1955 poky. Ilicia cmepri C. Banaxa 6yB kepiBHukowm ioro kadeapu (1945 —
1948).

Kuanm I'miGoBunbkuii (04.01.1875 — 24.04.1907) napoausca B ¢. Maxuisui Bepe-
2KAHCHKOI'O TIOBITY B POJMHI IPEKO-KATOUIBKOTO CBstennKa. Ilicyisa 3akingaenss rimaasii
B Bepexanax y 1892 — 1896 pokax HapuaBcs Ha digocodpchkoMy dakynbreTi JIbBIBCHKOTO
yHiBepcHUTeTYy.

Y 1896 — 1898 pokax mparoBaB y rimuazii y Tepuonosi. CkiaBim BYATENIbCHKI
iciuru B 1898 pormi 3 YepBHSA IHONO POKY BUKJIAJIAB MATEMATHKY Ta (Pi3uKy B yKpain-
cokiit rimuasii y Iepemuni. 3 quruacrsa K. [niboBunbkuii MaB cirabke 370poB’si, 4aCTO
XBOpiB 1 BUIKI7KAB HA JiKyBaHHst Ha Mope. Ilomas 1o paau dinocodchkoro daxyabTe-
ty npamio “Prawa ruchu wahadlowego” (“3akonu pyxy masTauka”), HOro JOmyCTHIH 10O
JIOKTOPCHKUX ICIIUTIB, ajI€ 10 HUX HE MPUCTYIIUB.

K. I'mibounpkuit ony0/IiKyBaB I’aTh cTaTei yKpPalHCHKOIO Ta MOJHCHKOI MOBAMH.
HMoro naykosi mpali TOPKAOTbCs PO3B’S3KiB aJrebGpUYHUX PIBHAHD Y PaJUKaIax 1 Teo-
pii audepenniampanx piBasab. B #oro npani Bukiaageno Teopiio lamya. o cropivus 3
st Hapomkennst H. I. AGenst mazpykysas rpynrosay npaio [II], me micturbest orus
OCHOBHUX Tpallb AGers.

TTomep K. IniboBunpkuiti y Kymukosi.

Awnroni Jlomuinpkmii (17.01.1881 — 03.07.1941) napoauscs y JIbBosi B cim’i Bizo-
MOT'0 300JI10Ta, AJIEOHTOJI0ra Ta reosiora Map’sina JIomuinpkoro, sikuit 6yB opranizaTopom
poskonok B Crapyi 6iist Kojiomul, e 8 1907 poui BUKOIAJIM MAMOHTA Ta HOCOPOIa.

A. Jlomuinbkuii arecrar 3pijgocti orpumas y 1899 pori y IV rimuasii JInsosa. Ha-
BuaBca y 1899-1903 pokax ua (dimocodcbrromy dbakynbreri JIbBiBChKOTO yHIBEpCHTETY. Y
sucromaai 1903 poky orpumas cTymiab gokTopa (dimocodil, a TaKOK CKIaB BUMTETHCHKI
icnuTH.

Y 1904-1906 pokax Oys Bumresiem rimuasii B Tapnosi, a B 1906-1907 pokax mpo-
JTOBXKyBaB HaBYaHHs B yHiBepcureri y Terrirreni. 3 1907 1o 1920 poky A. Jlomuinprmit
BukaagaB Maremaruky B VII rimuazii y JIpBoBi. ¥ cepnmi 1919 poky oTpmmaB mpaBo
BuKIanaHas (rabiniraniio) y JIesiBeskiit Ilomirexsivniii mkomi.



HOzed ITy3una
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mat. 2018. Bumyck 85 13

3 ceprasg 1920 poky A. Jlomuinekuii cras magzsudaitaum, a 3 1921 poky — 3Bu-
qajtaum npodecopom, kepisaukom II kadenpu maremaruku y JIbBiBCbKiit nosrirexwini.
Ilo mocamy Bim 3aiimaB o aunug 1941 poky. B 1920-1922 pokax acHUCTEHTOM Ha, HOTO
kadenpi o6ys Credan Banax.

A. Jlomuinpkuit Hanucas 23 KHUTH, 3 HUX 12 MAPYYIHUKIB i TiMHA3IH i goTupu
akagemiuni miapydnnkn. Moro 33 HaykoBi mpari TOPKAIOTCS MHTAHB AHAMI3Y, TeOpil
WMOBipHOCTEH, CTATUCTUKNA, MATEMATHIHOI KapTorpadii Ta IuIaKTUKH MATEMATHKH.

Poman MeunciaB Ampyresuda (19.07.1877 — ?7) napouusca y Cambopi. Ilicus
3aKiHYeHHs HaBYaHHA HA (isocodcbromy dhaxymapreTi JIbBiBChKOTO yHiBEpCHTETY B 1899
pori ckJiaB BUnTeIbChKI icmuru. Y 1899 — 1900 pokax BHKIaJaB MaTeMaTHKy Ta (bi3uKy
y Canoky, mizuime B Boxui. TyT y 1903 pori B “Sprawozdanie dyrekcyi C.K. gimnazyum
w Bochni” omy6usikysas crartio “O najmniejszych powierzchniach”, ska cramna #ioro mo-
KTOPCHbKOIO pobororo. Buknanas y rimuazisx Kpakosa ra JIbBoBa. ABrop nyOsikariii B
“Sprawozdaniach”, riMmHazifiHUX Ta MKIIHHUX MAPYIHUKIB. YdacHUK [eprroro moabcbKo-
ro MareMaTudHoro 3’i3ay y JIbBosi 1927 poky.

JIronsik Topaunacbkuii (08.04.1882 — 07.02.1920) napoauscs B Pamesi. [Toyarko-
By Ta cepennio mkosy 3akinums y JIbBoei. ¥ 1900 — 1904 pokax maBdascs Ha dimo-
codbcrkomy dakynpreri JIpBiBchbKOro yuisepcurery. Ilicas piunol npakTuku y rimuasii
y Tpasui 1905 poky ckiaB BuuTenbcbKi icimru. ¥ 1907 na mizcrasi Bxke omy0OsikoBaHOl
mpali Ta CKIAJEHUX JOKTOPCHKUX ICIHUTIB OTPUMAB CTYMmiHBb JoKTOpa (dimocodii. Ha-
BuanbHui pik 1908/1909 nposis Ha cryxaisx y IMapuxi. Ilicias moBepHeHHS MpPAIfOBaB B
peamnbHiit mkoui y JI6BOBI, B 1911 — 1912 Buknagas Mmaremaruky y llomiTexHivuniil mKomi.

B 1913/1914 naBuanbromy poui npomxosxkus cryiii 8 Konex ae ®panc ta B yHi-
Bepcureri B [Tapmxki. 3 [Mapuky nosepuyscsa n0 Kpakosa, ge duraB mOIysspHi JIEKIIil,
BUJABAB MDY YHUKH.

Bin nepeknap m’sruromuwmii miapyaauk reomerpii R. Suppantschitsche, Bumas miTo-
rpadivnuii kypc “Wyklady elementéw matematyki” (Lwéw, 1912) ta crarri B rimuasiii-
Hux “Sprawozdaniach”. V 1914 poui nosepuyscs 10 JIbBoBa, 3axBopiB rpunoM (iCHaHKOIO)
i momep.

A am MakcumoBud (19.11.1880 — 07.01.1970) napouuscs B Jlanbuyri. imuasio
zakinunB y 1898 pomi y Tapuosi. HaBuascs Bicim cemecTpiB y ArennonchkoMy yHiBepCH-
Teri Ta gBa cemectpu y JIbBiBchbKOMY yHiBepcuTeTi. 3 1902 poky BUKOHYBaB 000B’s3KU
acucrenta Kadenpu ¢izuku y Ilomirexuiuniit mKkosi. Bpas ygacTts y ceminapax, HAIncaB
ciM ceMiHAPCHKUX Tpalb. JaKiHYMB HaB4YaHHs B yHiBepcureri y 1904 pori, B 1905 pori
y Kpakosi ckjaB BunTe bChbKi icuTu 3 MmaremMaruku Ta ¢isuku. Bukiagas MareMaTuKy
ta disuky B III rimuazii y JIbBori. Yxe B 1908/1909 HaBUAIHLHOMY DOIl MaB J0OpydUe-
HHS 9UTATH KypC eJleMeHTiB BHUIOi MaremMaTuku y Ilomitexniuniit mkomi, 10 1922 poky
OyB Tam mrartHuM morenToM. Ilicas rabimitamii y 1923 porti mpoIoBKyBaB YUTATH KypC
MaTeMaTHKN JJTd XiMIKiB 1 creriaabHi Kypcn Ha 3arajabHoMy (akynbreri. Buknagas ma-
reMaTuky i y JIbBiBchbKOMY mositexHidHOMY iHCTUTYTI. €AMHUN TOTBCHKUN MATEMATHK,
sxuit He Buixas 3i JIbBoBa. [lomep y JIbBOBi, moxoBanwuii Ha JIndakiBChKOMY IBUHTAPI.

Awnroni Binek (19.12.1876 — 17.02.1940) naponuscst B Ilnasosinax (Huni cesno B
Mautonosbebkomy BoeBozcTsi). HaBuasces B 111 rivuasii B Kpakosi. ¥ 1899 — 1904 pokax
BHBYAB MaTEMATHKY, aCTPOHOMIiIO Ta (i3uky B Aremmoncbkomy yHiBepcureri. [IpamoBas
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BUKJIaa9eM y TiMHazigx. Y 1927-1939 pokax — 3acTymHUK a1 TOHKTA B aCTPOHOMIiYHIM
obcepBaTopii, BUKJIAIaB ACTPOHOMIIO B flrelyIoHChbKOMY yHIBEpCHUTET.

A6paxam Torrdpin (07.03.1883 — ??) mapoauscs B Byuaui. Hasuascs ma dimo-
codcokomy dakympreri JIbBiBCchKOro ymiBepcurery. Bumresnbcpki icnutu ckias y 1908
pori. Buknamas y 11 gepxkasniit rimuazii y CraniciaBosi.

Credan MasypkeBuu (25.09.1888 — 19.06.1945). Credan Masypkesuu He 6ys
6esnocepeaniv yanem FO. Ilysunu. Coisbao 3 B. Cepnincbkum FO. Ilysuna Oys pe-
[IEH3EHTOM JOKTOPCHKOI MpAalli, eK3aMEHATOPOM 3 MATEMATUKHU Ta (Di3WKW, TPEICTABIISIB
C. MasypkeBuua Ha #0ro odiriiiHiil JOKTOPCHKi# MPOMOITii.

C. Masypkesuu naponuecs y Bapirasi, fne 3akinuus cepeauio mkosry. lemur Ha aTe-
crar 3pinocti cknas y Kpakosi 1906 poky Ta 3ammcaBcs Ha CTy/il 10 fresstoHCHKOro
yuiBepcurery. Jlani nponosxysas nasdanns y Mionxeni, l'errinreni ta y JIbosi. Hok-
TOPCHKY TpaIo BUKOHAB mifd KepiBuumTBoM B. Cepmincbkoro. 3 1915 poky BUKIIATAB ¥
Bapmascekomy yriBepcuTeri. ['0/I0BHI HAyKOBi 3aliKaBJIEHHS: TOMOJIOTisI, Teopis (yH-
KIIi#l, Teopis iMOBipHOCTE.

Cranicias Pysesuu (29.08.1889 — 12.07.1941) mapommses B Ilincrasx 6ims Ko-
sgomui. B rimuazii maBuascs y JIsBoBi Ta Konomui. Hasuanns wa dimocodcesromy da-
KysbreTi JIpBiBCbKOTO yHiBepcuTeTy nodas y 1908 porui. Bigsinysas mexiiii 3 maremaTuku
ta HaykoBi ceminapu FO. Ily3unu ta B. Cepnincbkoro. Temaruka #oro HayKOBUX IMpallb
chopmysasack Ha ceminapax B. Cepmincskoro. Moro npomoropom 6ys FO. Iysuna. Y
1918 poui rabinityBaecs y JIbBiBchbKOMY yHiBepcuTeri Ta movyap BuKIazaTi 3 1918/1919
HaBYAJIBHOTO POKy. 3 1921 poky kepysas kademaporo maremaruku III. Y 1933 pori itoro
kadeapy JikBigyBasu i B yHiBepcureri uuTaB Jiekiii sk npusar gouedt. 3 1934/1935
HaBYAJIBHOrO POKy mpamoBas y Bumiiit Illkomni 3akopgonuol Toprisii y JIbBoBi.

uiii TTosbiui). Arecrar 3pisocri orpumas B IV rimuasii y JIbsosi. ¥ 1905-1909 pokax na-
BuaBcd Ha (inocodbcebkomy dakyspreri JIbsiBcbkoro yuisepcurery. Binsinysas ceminapu
FO. Ily3uru, 6yB xpoHikepom Buinoro ceminapy. B 1910 porri oTpuMaB mocaay acUCTEHTa,
Ha Kadeapi chepranoi acrpornomii i reomesii B Iomitexmiuniit mkomi y JIseosi. B 1911
POITi CKJIAB iCIIUTH Ha MPABO BUKJIAIAHHSI MATEMATHKU Ta (PI3MKU B CEPEIHIX MKOJaX. 3
IIHOTO Yacy MPAIIOBAB BUUTEIEM y TIMHA3IAX 1 IMPEKTOPOM TIPUBATHOI »KiHOYOI riMHA3il B
Crpuio (Prywatne Gimnazjum Zeriskie Zgromadzenia Naj$wietszej Rodziny z Nazaretu).

Hukudop Caposcbkuii (1884 — 05(3a immumu manumu 11, 16).03.1935) mapo-
muBcst 8 Tepromoni. 3aximuns rivuazio iveni ®panra Mocuma y JIssosi 1902 poky. Ha-
BuaBcd y 1902-1906 pokax ma dinocodcrkomy daxynbreri JIbBiBCcbKOrO yHiBEpCHTETY.
Bys yuacuukom ceminapy FO. Ilysunn, onun pik BiB xponiky ceminapy. CkiaB icnuru Ha
MpPaBO BUKJIQJAHHS MATEMATHKN TA (PI3MKH YKPATHCHKOIO i TIOJBCHKOI0 MOBaMu. Bukia-
JlaB B yKpaiHcbkiii rimuaasii B Ilepemum (1907-1908) 3 1910 — y mosbebkiii rimuasii y
Tepuononi. 3 1922 poky aiiicamii awien HTIII.

Hayxkosi mpairi, mo crocyBanucs Teopii amamiTudanx (YHKINH Ta reoMerpii, apy-
KyBas y nosigomsiennsx rimuasiit y Ilepemumui ta Tepuonooni, y Bupanusx HTHI [11].
TlepebyBatoun B pociiicbkomy 1oioHi B OMChKY, HATUCAB 1 IEpeaB yKPaTHCHKiil rpoMa/Ti
“Kypc anrebpu 3 33 a9HIKOM’ .

ITomep H. Cagorcwkuit y Tepromooti.
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Muxaitsio Pubauek (11.11.1874 — 22.04.1926) napouscs B ceni Opixosenp (HuHI
Miasosnouucskoro paiiony Teproniibebkol 0bsacti) B poauui Bauress. Y 1892 poui 3akin-
quB Teprominbehky riMHazio. Hapuarounck wa dinocodecbromy daxynbreri JIbBIBCHKOTO
yHiBepcuTery, OyB xponikepoMm Ha Bumomy ceminapi FO. Ily3unu, 3pobus mekinbka m0mo-
Bigeii. IlpamoBas y rimuasii y Komomui B 1898-1907 pokax, 3rogom y imii JIsBiBCHKOI
akasieMigHol riMuaziil, y 1917-1919 pokax 6ys aupekropom. OmybiikyBas, 30Kpema, crat-
110 “JIporiuna OymoBa Mmaremarndnux noka3is” y 3siti II rimuazii y Komomui. 3amumuscs
HEBUJAHUM HOTO MiApydHuK 3 BUINOI MaTemaruku. Yiaen HTII 3 1909 p.

IToxosanmit M. Pubaduek na JInuakiBcbkoMmy npunaTapi y JIHBOBI.

Cayxanu jekiiii ta Oynu ydacuukamu ceminapis FO. Ilysunu psnm Bimomwx mossb-
CbKHUX Ta yKpPalHCLKUX MAaTEeMAaTHKIiB, JIOTIKiB Ta (Pi3uKiB, 30KpeMa, KpiM y»Ke 3raJaHmx
Orro Hikopum, Bragucias 2Kinobinpkuit, Adu Jlykacesuda, Mupon 3apunpkuii, Mukosa
YaitkoBChKMI Ta, iHTI.

HAYKOBA AOIAJIBHICTH

Hayxosuii mopobok HO. Ily3uru cranoButh 22 mpari, Oriisii fKuX 3po0JEeHO B
[12]. Haykosi 3aiikasienns Buexoro cgopmysaiuch mig suimsom K. Beiieprirpacca
rta JI. Kponekepa. OcobiuBO miiHUM Ha HOBI 3BEpINEHHs HA HUBI MareMaTuku OyB
nepion 10 1900 poky. 30Kpema, y CBOEMY TEpITOMY MTOCTiIKeHi, JOKTOPCHKii Tpar,
aBTOp 3’CyBaB 3aJIEXKHICTh 3HAYEHDb MOABIHHOrO iHTErpaJsa Bi MOPsSIKYy iHTErpyBaHHS.
3rofoM 1me caMe HHMTaHHS BiH JOCHLAKyBaB 1 Jyisi n-kparHux interpanis [Al, A10].
Huzky npanp FO. [Ty3una npucssatus Teopii anreOpudHux KpuBux i GyHKIIH, a TAKOK
3aCTOCYBAHHIO y3arajbHEHOTO IHTEPIOJAIifHOro BuUpa3dy JlarpaHzka 10 ITPOEKTUBHOI
reopii anrebpuunux kpusux [A2, A7, A18].

Yaobsmena rema HaykoBux ctyaiit FO. ITysnnn — Teopisa anamitnannx dynkimiit. Bin
JIOCTiIKYBaB cepeaHi apudMeTuvHi 3HAYEHHS, sTKi TPUIMAE CTENEHEBUI PT y BEPIIUHAX
MHOTOKYTHUKA # OTPUMY€ 3B’s130K IUX cepeauix 3 sumkavu Korri; po3risgas muTanHs
TTOBEIIHKY CTEIEHEeBUX PSAIiB Ha KOJIi 3012KHOCTI; IiKaBUBCs TBEp/KeHHaAME BeiepmTpac-
ca 1 Mirrar-JIeduiepa npo poskiaj ananirnunux GyHkuiit na upocri enementu [A9, Al4,
A15].

Hampukinti xutts npodecopa FO. Ily3uny mikaBuiia Teopist iHTerpajbHIX DiBHSIHD.
3okpema, B 1907 pori ma X 3’371 sikapis i npupogo3HaBIiB y JIbBOBI BueHHUi BUTOJIOCHB
nonosiab “O zwigzku miedzy grupami cigglemi Lie’go a réwnaniami catkowimi (Fredholm,
Hilbert)” (“IIpo 3B’s130K MixK HenepepBHumu rpynamu JIi ta iHrerpajbHUMU DiBHAHHS-
mu (@penrosnsm, Tinsbepr)”). Liei »x remaruku crocyernest crarrst [A22], B ocHOBY siKOT
MOKJIaIeHo JiekIiii, ski Burosiocus FO. [ly3una wa xkypcax miaBuinenHs: kBasidikarii Bun-
TeJliB cepeHix 1k JIbBoBa.

HaiibinpimmM gocsaraenssM BdeHoro Oyina asoromua mpans “Teorija funkcyj anali-
tycznych”, B sikiit aBTop 3i0pas HaiBaxkausimi gociimkenasa Beitepmrpacca, Korri, Pima-
Ha Ta IHIIUX BiIOMUX MATEMATHKIB, IKi CTOCYIOTbCs Teopil anamituanux yukiii. Mac-
mrTabHi BCTYIHI PO3MLIA MiCTATH TEOPiI0 MHOYKHUH 3 €JIEMEHTaMU TOMOJIOTIT, KOMIIJIEKCHI
9UCIIA, PAIN, TEOPIIO MiICTAHOBOK, Teopito rpym i inBapiantis. IlirmicTs miei momorpadii
Binobpaxena B 6ararbox Haykosux myOsikaniax [13, 14, [16] [15].
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Y 3a3naveniit mororpadil Teopig MHOKHH yrepiie Oya BUKJIAIEHA MOJIHCHKOIO MO-
Boro. ¥ miii mpamni FO. Ilysuna Brepime y nosibCbKili HayIll BXKUB JIEedKi MareMaTHdHi
TEPMIiHU Ta MOHSATTS TOJbCHKOI MOBOIO.

“IIpomaryBaJjia BOHa Cy9acHUi HAYKOBHUH miaxim 10 Teopil anamiTuaanx QyHKILH HA
OCHOBI Teopii MHOXKUH, a i1 obmupuuit po3aia 111, mix 3aromoBkom “3 Teopil MHOKWH,
MICTHB NOJAHHS OCHOBHUX TOHOJIOTTYHUX HOHATh, TAKKUX K “okrezenia” (okin), “mnogosé
zamknieta” (3amknena MHOXKUHA), “Mnogos¢ wszedzi gesta” (cKkpi3b WIlIbHA MHOXKUHA),
KOHTHHYYM 1 T.II. — B TEMEPiNTHbOMY iX po3yminui. ByB To omwn 3 meprux B cBiTi (mpwu-
naiivui neprmit micaa “Kypey” K. 2Kopgana) KHuKHUM BUK/IAJ, 3arajbHOI TOMOJOTIT
[18, c. 19].

Yactuny marepiany, sKa CTOCYETHCS TEOpil MHOXKWH, MOKHA HA3BATH, B SIKOMYCh
CEHCi, PEeBOJIOIIIHOI0, KO BPaXyBaTH, 10 MOHOTrpadis Oyaa omyOIiKOBaHA ITe MEPe,
BIZIKDUTTSM BiJOMHUX IAPATOKCIB T€OPil MHOXKUH. 3 BUKJIQJIEHOIO Marepialy BUIHO, 110
Ily3una npwuitmas Haiibigbm yHgaMeHTANBHI 16l Teopii MEHOKWH. BaxKKo mepeorinuTu
BaXKJIMBiCTh MOHOTpadii 17151 MOmAIbIIOro po3BuTKy Teopii MHOXKHH y ITosbimi [14].

Yacruna Il Tomy nmpucBsideHa piMaHOBUM MMOBEPXHSAM, TOIMOJOTIYHI BJIACTUBOCTI pi-
MaHOBHX ITOBEPXOHb BIMIrpalOTh BarKJIWUBY POJb y Teopil aHamiTHIHuX (PYHKINH OmHiel
3miaHoi. PiBeHb cTpOrocTi 10BE/IeHb TBEPKEHD HA IMOBEPXHAX TPOXW HUKIUN, HIXK Y
MOAHOMY TEOPETHKO-MHOKUHHOMY UM aarebpuanomy Marepiasi [16].

Y monorpadil BUKOPUCTOBYETHCS MiAXiT 10 MPEICTABIEHHS TOMOJIOTIYHAX TOHSTh,
AKWi He DA3YETHCA HA TEOPETUKO-MHOXKUHHIHN Tepminoiorii. Omucyodn TOmoIoriysi Bia-
cruBocti (piMaHoOBUX) moBepxOHb, Ily3uHa Hajae nepesBary IHTYITUBHMM 1 Bi3yajbHUM
aprymenTtam, B mayci Ilyankape. Ile moeananus CTUIIB J€IT0 €KIEKTUYIHE, ajle MOXKe OyTh
BULPABJIAHUM 3 JUJAKTUYHOL Touku 30py [14] [15].

Buxin y ceit neproro romy monorpadii He 3auIuBCsa HenmoMideHnM, y KBiTai 1899
POKy y 8 HOMepi OepiiHchkuit Oibmiorpadidnmii KypHaJj OmyOTiKyBaB BiAryK HA MEpITAit
TOM. ¥ IBOMY BIAT'YKY BHUCIOBJIEHO OOYyPEHHS, [0 IPYHTOBHA Ta TapHO O(OPMIIEHA MPa-
1151, BUKOHAHA ‘3 BEJIUKOIO CTAPAHHICTIO i 0CODJIMBOIO IPAMOTHICTIO,” HAKCAHA ‘“MOBOIO,
HE3PO3YMIJIOI0 JIJisi BCHOIO CBIiTY, 3a BHHATKOM Majioro okpyry”’. Ha meit 3akum Bimmo-
BiB Ilnamua [I3iBincebkuil y penensii, sky omnybOiaikysas y xkypuamii “Kosmos” (Kocmoc)
(Ne24, 1899 p.), BUCIOBUBII HA/IIO, IO ‘3 BUXOIOM JPYrOro TOMY, OOypPEHHs 3racHe, a
MOXKJIMBO 1 HIMIIl 3aX04yTh BUBYUTHU TOJHbCHKY MOBY, 100 MPOYUTATH TPAIIO TOIHCHKO-
ro mpodecopa, AKuil, MOKJIUBO, 3p03yMiB Teopito Beitepirrpaca meranbHimne, HizK BU€Hi,
gemsigku Bequkoro maiicrpa”. I II. /I3isincekmit i K. ZKopascokuit y Biaryky y ‘Prace
matematyczno-fizyczne” marosormntyBaan Ha CTApAHHOCTI, 3 SKOIO OMPAILOBAHUI i BUKIa-
JeHui MaTepiaa — 3p03yMiJi MOoICHEHHS HAMMEHINX JTeTaJeil, TOCUIaHHs Ha JiTepaTypy,
J100pe 00y MaHi MPUKITAIH, SKi 3a0X0UyI0Th TOYATKIBIIA 10 HAYKU 1 CAMOCTIHHUX CTY/Tiil.

Binryk na apyruit Tom onybaikysas B. Kemnincekuit B xkypuasui “Kosmos” (Koc-
moc) (Ne24, 1899 p.), xapakrepusytouu monorpadio Ily3unu sk HaiiBuuepuninly npaio
3 IBOI'O ILIPEIMETA.

Bimomi maremaruku Craniciaas Cakc i Auroniit 3irmyn g Tak 3a3HaYUIN PO HAYKO-
By minaicTh MOHOrpadil FO. Ily3unu: “Ils npars € cripaBKHBOIO EHIIMKJIONETIEI0 aHATI3Y,
KpiM BjacHe Teopil aHamTHIHHX (DYHKITNH, K& BHUKIAIEHA YACTKOBO Y IIPEKPACHOMY
crui BefiepmTpacca; BoHa MiCTHTH BiZIOMOCTI 3 rasry3i Teopii MHOXKWH i TOMOJIOTiI, Teo-
pii rpym, anrebpu, audepeHiiaTbHIX PiBHAHD, rapMoHidHUX GyHKIIH. AKOn BoHA Oya
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HAIPYKOBAHOIO OLIBIN PO3IMOBCIOIZKEHOI0 MOBOIO, TO JOYEKAIACh OM MOMANBINNX, OiIbII
JIOCKOHAJIMX BUJAHb, OCKLIbKU Ma€ BCl Jaui, o6 craru kiaacuuuum miapydunuxom” [17].
Ha mio nammcar 2K. Kaxane: “ITy3nna 6yB aBTOpOM 3HAMEHWTO! KHUTH PO aHATITHIHI
dyHxii — mrepesno narxuenus: Cakca i irmynzga” [19].

Bararo 3ycusnp noknas FO. Ilysuna ngst Binkpurra y JIbBiBchbKOMYy yHiBepcuTeri
apyroi kadenpu maremaruku. Y 1900-1906 poxax ii obifimas nHan3Buyaiiauit mpodecop
u Paescbkuii (Jan Rajewski). ¥ 1907 poui 3a gopyuennsm dinocodebroro dbakyibrery
OpaB yJacTh y poboTi Komicii mpodecopiB BCiX aBCTPifichKUX YHIBEPCUTETIB, KA MOJATA B
MiHICTEPCTBO TPOMO3UIIIT PO 36ibIeHHs KadeaIp MaTeMAaTHKN B yHIBepCUTETaxX ABCTPO-
Yropmuau. ¥ 1908 pori wa 3ampornentas FO. Ilysunu 1o JIpBoBa mpuixaB MareMaTuk
Baugnas Cepuincbkuii, sikuil cnieprry npaioas npusar-aonenrom (1908-1910), a sigrak
— HazzBuyaiinum npodecopom (1910-1918).

[Tepebysatouu B 1917 poui 8 Kpakosi, FO. Ilysuna zanpononysas I'toro Ilraiinray-
3y, sIKOrO 3HAB IIIe cTyaeHToM 3 1906 poky, 3pobuTu rabiIiTalio 18 OTPUMAHHS TTOCAIN
nonenta y JIbBiBcbkomy yrisepcuteri [20) c. 98]. Ha rabimitaniitny seknito I'. HIraiin-
ray3a npuOyB Toai Credan Banax. Braxkaemo, 1o 1e 3amporieHHs BUSHAYUIO OO0 HE
qurre camoro I'. Illrtaiinray3a gx MaibyTHHOTO BUIEHOTO, a i, MOXKJIMBO, BCi€l JTbBIBCHKOI
maremaruku 20-30-x pokis XX cr.

PoaunaA HO. IIy3uHUN

FOzed Ilyszuna ompyxusca 20 jgunus 1888 poky y Kpakosi 3 dAuinoro Xoenbkoi
(1870 — 1940). ¥ noapyxxks Oyno n’arepo girteit: cun Credan, nouku Adnina, Auna,
Mapis i Codis.

Cun Credan Ilysuna (1890-1948) 6ys ompyzxenuii 3 Mapieio CkapKUHCHKOIO
(Skarzyiiska) (1897 — 1919), a B 1930 poui ompyxusca 3 Mapruroo I puriadeBchkoio
(Grygtaszewska) (1905-1986).

duina (1890-1956) Oyna 3amywxkem 3a CramiciaBom Kocrkesuuem (Kostkewicz)
(1880-1951).

Anna (1891-1986) B 1910 poni Bmitnuta 3amixk 3a €xu Banpasina-Pamynbra
(Baldwin-Ramutt) (1893-1927), a B 1914 pori Buiinura 3amix 3a dua Ciobid-3anecbkoro
(Slubicz-Zaleski) (1893-1940).

Mapis (1892-1976) B 1919 Bwiiia 3amixk 3a €xu Banbasinom-Pamynsrom (1893—
1927), a mizmime 3a ®panmimka Cri6op-Puiseskoro (Scibor-Rylski) (1900-77).

Codisa (1895-1980) Oysa 3amyxxem 3a pocaasom Craxiciasom MuukoBcbKuUM
(Myczkowski) (1890-1967) ra FOzedom Mopascokum (Morawski) (1893-1969).

Cimetiine xxurrs FO. Ily3unu He Gysio gerkum. Pazom 3 npodecopebkumu 060B’ s3KaMu
amytnennit OyB onikysaTucst rocriogapersom y maerky y cesi Crankosi 6isist Crpusi. do-
TIOMOTH y Tiiii cmpasi Bij apy:kunau BiH He MaB. [Ipo 1me cBimdarh meprrni pedeHHs #Oro
zanoBity: “Uepes Te, 1m0 Mos apy:xkuna Anina 3 X0OEMPKAX PO3TPATHIIA JJId CBOTO BJIa-
CHOT'O 33I0BOJIEHHSI 1 TIOTPed 3 MOTO MAETKY OiIs % MiTbflOHA KPOH, TOMY BOHA& HE MAa€
paBa HABITH HA YTPUMAHHS, & MOYXKE MaTHU €IWHE IpeTeH3il 10 meHcil BIOBU 110 MeHi sk
uo upodecoposi yuisepcurery” [6].

duina i micas cmepri wostoBika cTBOproBaJa (biHaHcoBi mpobjemu aiTsiM, Oepydn B
Gopr ToBapH B Pi3HMX TOProBux 3akiazax [21].

Hikasoro € icropis apyroi apyxuuau Credana Ily3unmn.
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Mapruna I purinadescbka napomuiaca 21.07.1903 y m. Bopmosi (nuni Tepuomnisb-
cbka obsiacrb). Hapuasiaca na rymanitapHomy dakyssreri JIbsiBcbkoro ynisepcurery,
creniaizyBasacsa 3 erHosoril. Ilouasmm 3 TpeThoro poky Hasuanus (3 1 tpasasa 1926
poky 1o 30 Bepecus 1929 poky), npaiioBaia JeMOHCTPATOPOM Ha, Kadeapi eTHosoril. Y
1929 pomi 3axmcTHIa JOKTOPCHKY TPAI0 MPO aHTPOMOJOTivHI Tunu mBeinapiis. [Ipo-
moropom 6yB npodecop du Yekanoscbkuil, sikuii, 70 peui, y 1929/1930 napuaibHOMY
poIIi 4MTaB JjIsi MATEMATHKIB Kype “3acTOCyBAaHHS CTATHCTHKA .

IIpamfoioun acucrenTkoio y IlenTpanbHoMy iHCTUTYTI dbizmaHOTO BUXOBaHHS ¥ Bap-
IaB1, JOCIIKYBaIa 3AJIEKHICTh (DISUIHUX YMIiHb CTYIEHTOK BiJ IXHIX aHTDPOMOJIOTIIHUX
ocobsmBocteit. Y 1930 poui Buitiia 3amixk 3a Credana Ilysuny. [licas npuxoxy 10 JIbBo-
Ba y Bepecti 1939 poky pajsucekol Baaau Credan [lysuna suixas g0 Benukobpuranii, a
Mapruna 3agummiacs y JIbBoBi. B gacu mimernbkoi okynaiiii BoHa BUKOHYBaJjIa 3aBIAHHSA
Apwii Kpaitosoi i Oysia apernroBana recrano, onuauiacs B Ocsennimi. Tam Mapruna Gyia
3MyIIieHa OpaTh y9acTh y 3IOUMHHUX JOCJIIKEHHSX, AKUMU KePyBaB JOKTOp Menrene,
Hag B’a3usaMu tabopy. Komii, ski 3pobusia Maprtuna, 3 pykonucis mocmimxkensb Menre-
Jist Oynu mrepeiaHi micad BifiHU TOJOBHIM KOMICIT 1OC/TiI2KEHDb TiT/IepiBChbKUX 3709UHIB. Y
1946 pori Mapruna suixana 1o Aurnii 1o Credana Ily3unu, a 3rogoM BOHE mepeixain
no Ilisgenno Adpukancbkoi Peciybuiku, ge B 1948 pori nomep i1 gosioBik. Mapruna
moBepHyJacst 10 JIoHaoHa, /1e mpaIoBaia sk CympOBOAXKYI0UYa 0coba OnHieT OpUTaHChKOI
mamu. ITomepsa Mapruna 29 keitas 1986 poxy [21), ¢. 125], [22] 23] 24].

Bocenu 2018 poxy JIbsiB Bigsinana npasayuka FO3eda Ilysunu (onyka Mapii ITy3u-
uu Ta €xu Banbasina-Pamysnsra) — Monika Mionzianoseka i 3asnumumia 3anuc 8 Hosiit
[Mormanacskii kuusi “... Zadnego zadania z Ksiegi Szkockiej nie rozwiazatam, a jednak
dostatam ges! na talerzu!...” |28].

Cnoraam nipo FO. ITy3uHY

IIpodecop My3una 6yB mpexpacHmM JTeKTopoM. Moro jeIii 3aX0mIoBam CTyIeHTiB
JITOO0B’T0 JIEKTOPA 10 MAaTEMATHKH, JOCKOHAJIOW, MaiizKe TOSTHIHOI0, (POPMOI0 BHKIATY.
IIpo me 3ramysanu itoro crymeatu — Auroni Jlomuinbkuii i Cramicias Pyzesuu. “Xro
CJIyXaB T JIEKIIii, 9yJ0BO 3HAE, 0 Oy/IM BOHHW IPUTOTOBAHI HAM3BUYANHO CTAPAHHO, IO
Ily3una BmiB BuOpaTw 3 Gararoro marepiaay iCTOTHI i mikasi pedi, i 10 BUTOJIONTyBaB
CBOI JIeKIIil y BUITyKaHiil, Maiizke moetudHii ¢hopmi, 3aXOIIIOI0YN CAYyXAdiB CBOIM 3aMu-
syBaHHsM nipeaverom” [12].

Bosomuvup JleBunpkuit 3ragysas: “Ilpodecop me suiiie mpuroToBisiB KOXKIUN BH-
KJIaJ] Jy2Ke COBICHO, ajie 1033 BHKJIAJIAMHU Jy2Ke IUPO IHTEPecyBaBCsd KOXKIUM 3 HAC,
TOABAB JIITEPATYPY MPEAMETY, yCsKi TeMH i ay’Ke pajo TOCTHB KOXKJIOTO 3 HAC y cebe
JI0Ma, TaK IO MiK HUM i HaMu — 0Oail 3a MOIX 4YaciB — BHPOOJSAIOCS APYyKHE, J00pe
Biguomenus” [2, C. 77].

“B BigHomenHo 10 yKpainmis 6ys npod. Ily3una my:ke cnpasenmuBmii, a 1mo mo0pe
3HAB yKPAaiHCHbKY MOBY, TOXK 9YaCTO 3aJII00KH PO3MOBJSB IO YKPAIHCHKH; IMi3HIIIE i,
BILJIUBOM OOCTABHH, & MOXKe€ I JIegKHX CBOIX TOBAPHIIIB Bi/JICYHYBCS BiH BiJ yKpaiHmis,
OJTHAK HOTO TaM’siTh OCTaHe MeHe Ha BCe JIOpoTa SIK TOTO, IO CEPAEYHO iHTepecyBaBCs
MHOIO BECh 9aC yHIBEepPCUTETCHKUX CTYill, 8 HABITH i mi3Himnme, xo4a MOI MJISTHU 1 Hail HA
MaiibyTHE, 3BA3aHi 3 Horo 0co6o10, He 3xailicuusucs. Ta ce moxe i ve fioro Buna’ |2, c. 78].



HOzed ITy3una
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mat. 2018. Bumyck 85 19

“IIpuramyo cobi MOMEHT, 10 KOJIM 10 MOIM pUroposi [iciuri] 3 maremaruku i ¢izu-
Ku Beprasu mu 3 mpod. IlysuHoo 3 yHiBepcurery, i ceit mocsigauil, HE3BUIAKNHO rapHa
JIFO[IMHA, BUXBAJIOBAB MeHe mepesn mpod. ['pyImeBchkuM B YKpaiHChKI MOBi, MPUCYTHIi
tomi mpod. TBapmoBChbKwMii ... mouaB pobutnu 3akuau mpod. Ily3uHi, 110 TOBOPUTH 3 HAMU
no ykpaiuncern” [2), c. 103].

IIpo armocdepy, ska manysasna B yuiBepcureri B Kinmi kurts FO. Ily3unu, 3raaye
B cBoix croragax Kazumup Tsapnoscekumii: “B »kosrai 1918 poky Biaza HABYAIBLHOIO
3aKJIaay TTOCTAHOBWIIA M030aBuTH Kadeapu ayxKe 3aciyxkenoro npodecopa [ly3uny i Bu-
CJIaTH WOTO HA MEHCII0, TITBKY 33 TO, IO MPOJAB YACTUHY 3eMJIi CBOrO MAETKY “‘B €BPEHCHKI
pyku” 7 |26}, c. 59].

MozksinBO, 9acTKOBO y 3B’d3Ky 3 TuMHU nojismu 63-pigrumit mpodecop 3axBopiB i
ckopo nomep. IIporokonu 3acigamnb pagu npodecopiB yHIBEPCUTETY CBiAIATD, IO 3 JIH-
cromaza 1918 poky 0. Ilysuna He 6yB npucyTHiM Ha 3acigaHHSX.

IIpodecop FO. Ily3mra 3pa3skoBo BiB rocmomapcTBO y CBOEMY MaeTKy B ¢. Cran-
koBi. /lobpa mam’aTh PO HHOrO 30epiraeTbCs TYT i M0Ci, MO3asiK HA YECTb CKACYBAHHS
MAHIUHA 3YCHISIMA BUYEHOTO y TEHTPi cena Oyma Bcramosiena ¢irypa Boxxoi Marepi
3 HeMOBJIAM (HuHI BOHA CTOITH Ha Micueomy usunTapi). ¥ 1915 poui FO. Ilysuna mno-
xkepTByBaB rpomai CTaHKOBa BEJMKY CyMy rpoiieit Ha BiAOy10By CliIbCbKOI IEPKBU, KA
Oysa momkokena i gac [leprmoi ¢BiTOBOI BiliHM, 8 TAKOXK MOJAPYBAB IIiil MEPKBI iKO-
uy [Ipeuancroi /lisu Mapii. ¥ paggacekuii nepios ikony 3abpasu g0 my3ero “Osechbkuii
3aMoK”’, a mepkBy 3akpwiun. Hampukinmi 80-x pokis XX cr. mepkBy B ¢. CTaHKOBI 3HOBY
Binkpmnu, ikony Ilpeauncroi disn Mapii Ha BUMOTY cesisiH IOBEPHY/IH TIEPKOBHIM TPOMa,Ii

27, c. 34, 35, 265].

[paroroun B yuiBepcureri, FO. Ily3una nmpoxxueas y JIbBOBI 3a pizHuUMEI agpecamu.
3okpema,

1897-1903 poku: Bys. dnyroma 11A, (cyuacua Bysn. Kupuia i Medomis);
1904-1907 poku: Byu. Ilanceka 18, (cyuacna Bya. I. @panka);

1909-1911 poku: Bys. Kamniana 15, (cygacua Bys. Iauis);

1911-1912 poku: Byn. Obeprunchka 4, (cydacua Bys. 3apUIbKUX);
1915-1916 poku: Bysn. Cenaropcbka 7, (cydacua Bys. Crenbka);
1917-1918 poku: By;. Pomanosnua 18, (cyuacHa Byn. CakcaraHChbKoro).

[Micnsg emepti FO. Ily3unn cnaakoemuiieo MaeTky crania goaka Mapis. Tlicast cmepri
qosioBika y 1927 pori Bona Buitnura 3amizxk 3a @. Cuibop-Pusibcbkoro, skuil mogas pos-
npojaBaTu 3emyi Maerky. Ha michi mosibChKOro MaeTKy 3a/IUIIHIOCh 10 ChONOIHI KiTbKa
ny6iB.

ITomep npodecop HOzed xusa3p Ily3una 30 bepesns 1919 p. i cnepury 6yB moxoBaHuii
y c. Crankosi 6ins nepkeu. Bigrak pommna mobGyaysasa wa Mmicbkomy msuaTapi CTpus
(nuni paitonnuit nenTp JIbBiBCbKOI 00J1.) MOrHIBHUI CKJlell, Je HOro epenoxoBaJlu.

Baunositom FO. ITysuna nepexas csoro uinny 6ibuiorexy (rpu madu KHUKOK) Ma-
TeMaTuaHOMY ceminapy dinocodcepkoro dakyabrery. JacTuHa MUX KHUKOK i J0Ci 30e-
piraerbcst y 06iGJioTerli Cy4acHOrO MEXaHiKO-MaTeMaTHdHOTrO (baKyJabTeTy JIbBIBCHKOTO
yuisepcurery [29].
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1O. Ily3una nikaBuBcs icropieio ta dimocodiero. IIpore Haiibinbire fioro 3axormwio-
BaJIa My3WKa, 30Kpema Barmepa, 6araro TBOPIiB sIKOrO BHKOHYBaB Ha (popremaHo Ha-
mam’sathb. KpiM TOro, iHKOMM BYEHWI IIKOAYBaB, IO 3aHAATO Mi3HO BiAKPUB s cebe
My3HUKY “IKepesio pO3yMOBOI pO3KOTi”.

Y crynenrcoki poku FO. Ily3una omybuikysas B “Anpbomi 3 Harogu 50-miTTa Jtite-
parypuoi TBopuocti FOzeda Irnanis Kpamescbkoro” 6anaxy “Mcruse mxepeso”, B skiii
Hjerbesd PO 3J10r0 KOPOJis, akuil raodus Jirogeil. OHOro pasy KOpoJib LOIXaB 1LO1UBH-
THCh, K XKWBE HOr0 HApOI, B ropax mobadnB IKEPEJIO, siKe He JIaJI0 BOIH, 00 KOPOJIh
Mir HAMUTUCh. Myapuil cTapernb-BOPOKOUT MOSICHIOE KOPOJIIO:

“Ty w grodzie swym dosé¢ jadla masz,
I zlota dosé i napojow:
Ale czy wiesz? ale czy znasz?
Choé¢ czastke nedzy i znojéow?”

T'pobisenp I03eda kua3sa Ilysmam Ha uBuaTapi B m. Crpuii
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We describe all isomorphisms between the endomorphism semigroups of free
abelian dimonoids and prove that that all automorphisms of the endomorphism
semigroup of a free abelian dimonoid are inner.

Key words: dimonoid, free abelian dimonoid, endomorphism semigroup,
automorphism.

1. Introduction

The notion of a dimonoid was introduced by J.-L. Loday in [I]. Recall that a
nonempty set D with two binary associative operations 4 and F is called a dimonoid
if for all x,y, z € D the following conditions hold:

(D) (zy)Hz = z-(yt2),

(D2) (zhy)Hz = zk-(yz2),

(D3) (zy)bFz = zk(yk2).
It is not hard to see that a dimonoid becomes a semigroup if the operations of a di-
monoid coincide. Dimonoids play a prominent role in the theory of Leibniz algebras,
these structures and related systems have been studied by many authors (see, e.g., [2]-
).

The problem of studying automorphisms of the endomorphism semigroup for free
algebras in a certain variety was raised by B. I. Plotkin in his papers on universal
algebraic geometry (see, e.g., [6], [7]). Now there are quite a lot papers devoted to studyi-
ng automorphisms of endomorphism semigroups of free finitely generated algebras of
different varieties (see, e.g., [§]-[13]). In this paper, we investigate automorphisms of
endomorphism semigroups for free algebras in the variety of abelian dimonoids [14].

2010 Mathematics Subject Classification: 08B20, 17A30, 08A30
© Zhuchok, Yu., 2018
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The paper is organized as follows. In Section 2, we give necessary definitions and
auxiliary statements. In Section 3, we describe automorphisms of the endomorphism semi-
group of a free abelian dimonoid of rank 1. In Section 4, we establish that all automorphi-
sms of the endomorphism semigroup of a free abelian dimonoid are inner.

2. Auxiliary statements
A dimonoid (D, ,F) is called abelian [14] if for all z,y € D,
rHdy=ykFux.

Let X be an arbitrary nonempty set and N be the set of all positive integers. Denote
by FCm(X) the free commutative monoid on X with the identity . Words of FCm(X)

are written as w = wi'wy? ... wi", where wy, wy, ..., w, € X are pairwise distinct, and
ai, ag, ..., a, € NU{0}. Here w” = ¢ and w! = w for all w € X.
We put

FAd(X) = X x FCm(X)
and define two binary operations 4 and F on F'Ad(X) as follows:
(z,u) 4 (y,0) = (2, uyv),
(z,u) F (y,0) = (y, zuv).
Theorem 1 ([I4]). The algebra (FAd(X),,t) is the free abelian dimonoid of rank | X|.
Further, for the sake of convenientce, the free abelian dimonoid (FAd(X), -, ) will
be denoted also by §x.

Let (S, o) be an arbitrary semigroup and a € S. Define on S a new binary operation
o, as follows:

To,y=r0aoy
for all z,y € S.
Clearly, (S, 0,) is a semigroup, it is called a variant of (S, o).

Proposition 1 ([14]). The operations of the free abelian dimonoid §x of rank 1 coincide,
and the semigroup (FAd(X),),|X| = 1, is isomorphic to the variant (N°,+1) of the
additive semigroup of all nonnegative integers.

Let ©, = (Dy,71,F1) and ©, = (D2, 2,F2) be arbitrary dimonoids. A mapping
@ : Dy — Ds is called a homomorphism of ©, into ©, if for all z,y € Dy,
(z Hh y)p =20 A yp, (Th1y)p=apk2 yp.

A bijective homomorphism ¢ : D1 — D5 is called an isomorphism of ®; into D,.
The following lemma is obvious.

Lemma 1. Let §x and Ty be free abelian dimonoids on X and Y, respectively. Every
bijection ¢ : X — Y induces an isomorphism m, of §x into §y such that

(@, &)mp = (2p,8), (y,0)me = (Y, (w1p) " (w2p)** . (wnp)*")
for all (z,¢), (y,w) € FAd(X), where w = wiwg? ... wir # €.
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For an arbitrary dimonoid ® = (D, ,F), we denote the endomorphism semigroup
of © and the automorphism group of © by End(®D) and Aut(®), respectively.

Let (t,u) € FAA(X), u = ufu3? ... ul". An arbitrary endomorphism = € End(Fx)
has the form:

(t,wE = (t, )€ 4 ((u1,€))* ... 4 ((un,)§)*",

where £ : X x e — FAd(X) is any mapping.

In particular, an endomorphism ® of §x is an automorphism iff a restriction ® on
X X € belong to the symmetric group S(X X ). So, the automorphism group Aut(Fx)
is isomorphic to the group S(X).

Let F(X) be a free algebra in a variety V' with a generating set X and u € F(X).
An endomorphism 6, € End(F (X)) is called constant if 20, = u for all z € X.

Let ¥ : End(Fx) — End(Fy) be an arbitrary isomorphism. From Theorem 3 of [14]
it follows that for every z € X there exists y € Y such that 6, .)¥ = 0, ). Define a
bijection ¢ : X — Y putting z¢p = y if 0, ¥ = 0, .. In this case, we say that ¢ is
induced by the isomorphism W.

3. The automorphism group of End(Fx),|X]| =1

We denote by §, the free abelian dimonoid §x = (FAd(X),,F) on an arbitrary
finite n-element set X.

From Proposition 1 it follows that the dimonoid §; is isomorphic to the vari-
ant (N° +1,+1). Therefore, we identify the elements of FAd(X),|X| = 1, with the
corresponding elements of NV,

Lemma 2. The endomorphism monoid End(F1) of the free abelian dimonoid §1 is
isomorphic to the semigroup (N°, %), where x xy = x +y + xy for all x,y € N°.

Proof. Tt is obvious that End(NY +;,+;) = End(N° +;). Let ¢ be an arbitrary
endomorphism of (N° +1) and ¢(0) = k for some k € N°. Then for any a € N° we have

acp:(0+10+1+10)30:

a+1
=00 +10p+1...+10p =
a+1
=k+1k+1...+1 k=
a+1
=(a+1)k+a.

On the other hand, any transformation ¢y, k € N°, of N° defined by
apr = (a+ 1)k +a
for all @ € NV, is an endomorphism of (NY, +;). Thus,
End(N° +,) = {or | ke NO}.

Define a mapping © of End(NY +;) into (N° %) by ¢x© = k for all ¢, €
End(N°, +1). It is clear that © is a bijection, moreover,

a(pr o) = (apr)or = ((a+ 1)k +a)pr = (ak +k+a+ 1)l +ak +k+a = apriyri
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for all a € N°, where o is the usual composition of transformations. Thus,

(Pr 0 01)O = Pri1k+1O = Pru© =k x| = 1.0 * 0, ©
for all @i, ¢; € End(N°, +1). O

Lemma 3. The semigroup (N, ) is isomorphic to the multiplicative semigroup (N,-) of
all positive integers.

Proof. Define a mapping 6 of (N°, %) into (N,-) by nf = n + 1 for all n € N°, Clearly, 0
is a bijection. In addition,

(nxm)=n+m+nm)f=n+m+nm+1=m+1)-(m+1)=nb-mb
for all n,m € N°, O

By P we denote the set of all prime numbers.

Proposition 2. Let X be a singleton set, Y be an arbitrary nonempty set and End(Fx) =
End(Fy). Then |Y| = 1 and the isomorphisms of End(Fx) onto End(Fy) are in a natural
one-to-one correspondence with permutations of P.

Proof. The fact that |Y| = 1 follows from Theorem 3 of [14], where it was proved that free
abelian dimonoids are determined by their endomorphism semigroups. By Lemmas 2 and
3, End(§x),|X| = 1, is isomorphic to (N,-). The monoid (N, ") is the free commutati-
ve monoid with the countably infinite set of free generators that are prime numbers.
Thus, every isomorphism ¢ : End(Fx) — End(Fy) is uniquely determined by a bijecti-
on between the free generators of End(Fx) and End(Fy ). These bijections, and hence
isomorphisms, are in a natural one-to-one correspondence with permutations of the set P
of all prime numbers. In addition, the automorphisms of the monoid End(§x) correspond
to the permutations of free generators of P. O

Recall that the symmetric group on a set X is denoted by S(X). From Proposition 2
immediately follows

Corollary 1. The automorphism group Aut(End(F1)) of the endomorphism monoid
End(F1) is isomorphic to the symmetric group S(P) on a countably infinite set P.

4. THE AUTOMORPHISM GROUP OF END(§x), |X| > 2

Let F(X) be a free algebra in a variety V over a set X. An automorphism ¥ of the
endomorphism monoid End(F (X)) is called stable if ¥ induces the identity permutation
of X, that is, 0,V =6, for all z € X.

An endomorphism 6 of the free algebra F(X) is called linear if 26 € X for all x € X.

For every w € FCm(X) by l(w) and ¢(w) we denote the length and the content of w,
respectively. Recall that the content of a non-identity word w = z122 ... 2, € FCm(X)
is the set {x1,z2,...,2,}, and c(¢) = @ and I(¢) = 0. For all (z,u) € §Fx we put
|(z,u)] = l(u) + 1 and c(z,u) = c(u) U {z}.

Lemma 4. Let U be a stable automorphism of End(§x), g € End(§x) and x € X. The
following equalities hold:

(7’) C(tvu) = C(Sav) Zf a(t,u)\I} = g(s,v)a
(1) [(z,€)gl = |(z,€)(g¥)].
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Proof. (i) Let z € c(t,u) \ ¢(s,v), x € X,z # z and ¢, g € End(Fx) such that (z,e)e
(t,u),(z,€)g = (x,¢) and (y,e)g = (y,¢) for all y € X,y # 2. Then g is linear, (s,v)g
(s,v) and, in addition,

O(w,e)(gw) = O,e) (9¥) = 0(2,e)¥ ¥ = (0(0,0)9) ¥ = O(1,0)g ¥ = O(z,0)4-

From here, g¥ = g and then
a(t,u)qj = 0(5,1}) = a(s,v)g = e(s,v)g = 9(t7u)\11g\11 = (G(t,u)g)qj = (0(t,u)q)\ll
By injectivity of ¥, we have 0,y = 0(.)4. From here (t,u) = (t,u)g, which

contradicts to the definition of g, so ¢(t,u) \ ¢(s,v) = &. Similarly we can prove that
c(s,v) \ c(t,u) = @. It means that c(t,u) = c(s,v).

(#4) Let g1, 92 € End(Fx) such that |(z,e)g1| = |(z,€)g2] = m and
|z, ) (V) =k, |(z,€)(g29)] = L.

For all (y,v) € FAd(X) with |[v| =7 — 1 we obtain

(¥ 0)(0z,6)910(z.¢))

Thus, 0(4,6)910(z,¢)

= ((xvg)rgl)e(r,s) = (:Evg)rma(m,e) = (mvg)rm = (yvv)g(m,s)"h
= 0(4,eym - Analogously it is proved that
9(39,5)920(95,5) = 0(2’:,6)"‘)
O(2,e)(919)0(z,e) = Oz ey
9(1,6)(92\11)0(95,8) = 9(@,5)1'
Using that ¥ is stable, we have
e(z,e)m\l/ = (e(z,s)gla(m,e))‘l’ = e(z,s) (gl‘ll)e(l‘,E) = e(w,s)k7

e(z,a)mq/ = (G(I,S)QQG(JL’,E))\I’ = e(w,s) (92\1’)9(1,5) = H(m,s)“
from here k = [.
Assume that A is a nonempty finite subset of X, m € N and

Endy(z,¢) = {g € End(§x) : [(z,)g] = m, c((z,e)g) = A}
Let g € End} (z,¢), then 0, o), € End} (z,¢). It is not hard to check that 6, .),¥ =
O0(z,c)(qu)- By (3), c((z,€)g) = c((x,€)(gV)), that is, g¥ € End” (z,¢) for some natural k.

So, End’} (,e)¥ C End% (z,¢). Since ¥ is bijective, k = m. Hence |(z,¢)g| = |(z,€)(g¥)|
for all g € End(§x) and = € X. O

Corollary 2. Let ¥ be a stable automorphism of End(Fx) and a,b € X, a #b. Then
0(a,b)¥ € {0ab): Ob,a) }-

Proof. Since 0, og¥ = 04 c)(gu), then 0,V = 0y, for some (t,u) € FAd(X). By
Lemma 4(3), c¢(t,u) = {a,b}. In according to (i7) of Lemma 4, we have |(t,u)| = 2,
whence [(u) = 1. It is means that (¢,u) = (a,b) or (t,u) = (b,a).

By @ we denote the identity automorphism of End(Fx).

Lemma 5. Let U be a stable automorphism of End(Fx) and a,b € X are distinct. If
Oa,p)¥ = O(ap), then ¥ = dq.

The proof of this lemma is similar to Lemma 5 of [I3].
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Lemma 6. Let a,b € X be distinct. There is no stable automorphism VU of End(Fx)
such that 0, 1)V = 0(p.q)-

Proof. Assume that there exists a stable automorphism ¥ of the monoid End(§x) such
that 04V = 0(,q). According to condition (i) of Lemma 4, 0, o)V = 04 ).

Let g € End(§x) be such that (a,€)g = (a,¢), (b,e)g = (a,b) and (z,e)g = (z,¢)
for all z € X \ {a,b}. It is easy to check that ;)9 = 0, and then

0at)¥ = (06,0)9)¥ = 0,0) VgV = 014, 0) 9V = 01 ) gu-

Since 04,5V = 0(p,a), then O o) = 0(1,¢)gv and therefore we have
1) (b,a) = (b,2)gV.

Using equality 04 )9 = 0(4,c), We obtain

e(a,s)\I} = (6(a,e)g)\I} = e(a,s)g\l} = H(a,s)g\ll = 6‘((1,5)7

and therefore
(2) (a7 E)g\I/ = (aa 5)'

Further, for all z € X|

('/Ea g)e(a,b)g = (av b)g = ((a‘7 8) B (b,&))g = (a7€) _| (a7 b) = (a’vab) = ('Taé)e(a,ab)~

Then

Oa,a) ¥ = (Oap) VY = 0a,p) Y9V = 0(5,0)9¥ = O(p,a)g-
Using equalities (1)) and (2) we obtain
(b,a)g¥ = ((b,e) H (a,€))g¥ = (b,e)g¥  (a,e)g¥ = (b,a) + (a,¢) = (b,aa).

Thus,
(3) e(a,ab)\ll = a(b,aa)-

It is clear that 0 4)9 = 0(4,p4)- Then

0(a,ba)\I/ = (a(b,a)g)\p = a(a,b)g\p = o(a,b)g\lla

where (a,b)g¥ = (a,€)g¥ = (b,e)g¥ = (a,e) - (b,a) = (a,ba), that is,
(4) 9(a,ba)\ll = 9(a,ba)~

Since ab = ba in FCm(X), then 60, pq) = 0(4,ap) and according to (@), @), we have
(b,aa) = (a,ba) that contradicts the condition a # b. O

Theorem 2. Every isomorphism ® : End(Fx) — End(Fy) is induced by the isomorphi-
smmy of §x to Fy for a uniquely determined bijection f: X — Y.

Proof. Let | X| > 1 and @ : End(Fx) — End(§Fy) be an arbitrary isomorphism. Then ®
induces a uniquely determined bijection f : X — Y such that 0, . ® = 0, for every
x € X (see Section 2). By Lemma 1, f induces the isomorphism 7y : §x — Fy. It is
not hard to check that the mapping Ef : n — 7r;1n7rf is an isomorphism of End(Fx)
onto End(Fy ). From here, Q = @E;l is an automorphism of End(Fx ). Moreover, for all
re X,
Oiae)? = (02 ) @) B " = 0ase) By ' = Oagr.) = Oare),

therefore 2 is stable.
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By Corollary 2, Lemma 5 and Lemma 6, 2 is an identity automorphism ®q. From
<I>E;1 = &g we obtain & = Fy, i.e., ® is an isomorphism induced by 7. O

Let F(X) be a free algebra in a variety V over a set X. An automorphism &
of End(F(X)) is called inner if there exists an automorphism « of F(X) such that
B® = a~1Ba for all 3 € End(F(X)).

Now we characterize the automorphism group of the endomorphism monoid of a
free abelian dimonoid.

Theorem 3. All automorphisms of End(Fx) are inner. In addition, the automorphism
group Aut(End(Fx)) is isomorphic to the symmetric group S(X).

Proof. For the case X =Y, Theorem 2 will be the first part of the given theorem. By
Theorem 2, every automorphism ® of End(§x ) has the form ® = E, where n® = 7r;1777rf
for all » € End(Fx) and some bijection f : X — X. According to Lemma 1 (see
Section 2), 7y € Aut(Fx) for all f € S(X). Consequently, all automorphisms of End(Fx)
are inner.

It is clear that the groups Aut(End(§x)) and S(X) are isomorphic. O
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Busnaueno meobxigHi Ta JOCTATHI yMOBH PO3B’SI3HOCTI MATPUIHUX JIHIHHIX
piBasap AX +YB = C i AX + BY = C Hag KBagpaTUIHUM KLIbIEM Z[\/E]
Hagemeno crnoci6 po3s’si3yBaHHS IMX PIBHSIHD, 3BEIEHHSM IX 0 MATPUTHUX
JIHIAHUX PIBHSHDb HAJ|, KiJIbIEM ILIUX YUCENT Z.

Karowoet caosa: KBaapaTwdHe Kijblle, MaTpudHe piBHauHa CHiIbBecTpa,
MaTpudHe aioghaHTOBE PIBHAHHS, €KBIBaJIEHTHICTD MATPHIIb.

1. BcTyn

Marpwyani niHiliHl piBHAHHS
(1) AX+YB=C,
(Marpuune piBuanuga Tuny CujabBecTpa) Ta
(2) AX+BY =C
(Marpuune giodaHTOBE PIBHSIHHS), BAHUKAIOTDH 1 3aCTOCYThCs B UPUKJIAIHUX HANPAMAX
[T, c. 313], [2].

Po3p’s13yBaHHsS MATPUYIHUX DiBHSHB i 3 MATPUIAMU KOeDillieHTaMu Ha Mo-
JIeM 3BOJUTHLCS IO PO3B’SI3yBAHHS CHCTEM JIHIHWX aareOpWYHUX DPIBHAHB HAJT TIOJIEM,
[pH [[bOMY BHKODHCTOBYEThCS TpsAMEil (KpOHEKepiB) Jo0yToK Marpuis [3, c. 413].

Por [E] nosis, 1110 po3B’a3HiCTH MATPUUHOIO PIBHAHHS Ha mosieM [F, a TakoxK Ha,
kinbrem nominomis F[A] (Marpuanoro mosmiHOMianbHOTO PIBHSAHHS) PIBHOCHIIBHA €KBiBa-
JIEHTHOCTI OJIOYHUX MATPUILH

A C
(3) M= H

A0
onl 0 ov=lo sl

0 B
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Haranaemo, mo marpuni A i B Hax KinbueMm R HA3MBalOThCA €KBiBaJE€HTHUMU, SIKIIO
icayrors Taki oboporui Hag R marpuni U iV, mo UBV = A.

[eit pe3ynbTar TONIUPEHUN [JIsT MATPUIHOTO DPIiBHSHHS HaJ KOMYTATUBHUMU
Kinbrgmn [B] ra inmmmm insugmu [6].

Opuu i3 MeToiB PO3B’A3yBaHHS MATPUYHOTO MOJIHOMIAJIBPHOTO DIBHSAHHS IPyH-
TYETHCS HA 3BEJEHHI I[bOTO PiBHAHHS /10 PIBHOCUJIBHOIO MAaTPUYHOIO PiBHSAHHS TAaKOTO
TUIy 3 MATPHUIAMHU-KOedimieHTaMu Ha | IOJeM, IIPU IIbOMY 3aCTOCOBYIOTHCS CYIIPOBIIHI
marpuni Marpuanux noginomis [7], |8, c. 240], [9].

Il oKpeMux KJaciB MaTpUYHUX TOJIHOMIiaJIbHUX PiBHAHD i ommcani ix
PO3B’3KM, 30KpEMa BCTAHOBJIEHI yMOBHU EIWHOCTI DPO3B’SI3KiB 3 MEBHUMU BJIACTHUBOC-
ravu [I0], [II]. B [I2] 3anpomnonoBano MerTox po3B’s3yBaHHs DPIiBHAHb i HaJL
KOMYTaTUBHOIO obiactio Besy, To6To Ham KinbleMm, B SKOMY KOXKEH CKiHYEHHOIOPOZKe-
HU# igean € rogoBHEM. BCTaHOB/IEHO KPHUTEPiil OJHO3HAYHOCTI JACTKOBUX PO3B’I3KiB
TaKWUX PiBHAHb.

Mu po3TIsiIa€MO MATPUYHI PiBHAHHST i HaJT KBaJPATUIHUMU KiTHIAMA Z[\/E]

Teopema Pota [4] Ta ii y3aranbHeHHS MPO PO3B’SA3HICTH MATPUYIHOTO DIBHSHHS
€ KPUTEpieM /TS [[bOTO PIBHSHHS HAJ KiJbISIMH 3 YMOBOIO €KBiBaJEHTHOCTI MATPHILH
HaJ HUMH. TaKUMHU € KiJbIg TOJIOBHHUX imeasiB, aJeKBaTHI KijbIlld, i 3arajoM KiabIid
esleMenTapuux Aiasaukis [13], [14], [I5] c. 136], [I6] c. 54]. Marpuni nazs rakuMu Kiabugamu
eKBiBaJIeHTHI TO/I i TINLKYU TOM1, KO iXHI KaHoHiuHi fiaroasbhi hopmu (Gopmu Cuita)
36iraloThCst. AHAJOTIYHO JJIsT PIBHSHHS .

Cepe/; KBaApaTUYHUX KiJIelb € KiIbIld, SKi He € KIIbIEMU eJIeMeHTapHUX JiIbHUAKIB,
HaIPUKIaI, Kinblie Z[/—5|, B AKOMY He iCHye HOHATTA HafiGiIBIIOTO CHiTLHOTO AiTbHIKA
€JIEMEHTIB.

V 1iit crarTi 3aMpONOHOBAHO KPUTEPiil pO3B’SI3HOCTI MATPUIHUX DiBHSHHS i
Hayt Oynb-IKNM KBagpaTnaunM Kinbiem. B [I7] onucani misounciosi po3s’s3ku nux mMar-
PUYHUX PIBHSIHD HAJ, KBAAPATUIHUMU KiJIbIISIMU.

2. KBAJIPATUYHI KLJIbIIsI

Hexait Z — xinbie ninux wucen; k € Z, k # 11 k ve nimurbes HA KBAIPAT KOTHOTO
npocroro uncia. Ksagparmane xinsue K = Z[v/k| Busnauaerscs nacrynauy mmom [18)
c. 311].

ko

k=2 (mod4)abo k=3 (mod 4), TO Z[\/E]:{ery\/EH:,yGZ},
AKIIO
x Yy .
k=1 (mod 4), TO Z[\/E]:{§+§\/E|I,y€z,I*y,ZLlJII/ITbCHHa2}.

IIpu k£ > 0 — kBagparuvHe KiJblle HA3UBAETHCH JiiCHUM, a npu k < 0 — ysABHUM.

Bimomo, 110 icHye ckimdeHHa KiTbKICTh KBAAPATHIHUX €BKJIIOBUX KiTellb, a CaMme
17 aificuux i 5 yABHUX KBaIPATUIHAX Kijtemnb. KoxKHe eBKJIiI0BE KiIbIle € KiTbIIEM TOJTOB-
nux ineanis. OjHaK, OOEpHEHE TBEP/ZKEHHsI HE BUKOHY€EThCs. Tak, 30KpeMa KBaJIpaTudHi
Kinabig 3 merepminantamu k = —19, —43, —67, —167 € KiIbIsIMU TOJIOBHUX iJeaJIiB, aje
He € eBKJITOBUMU. ICHYIOTh KBaJIPATUIHI KUIBIIA, AKi HEe € KiTbIIIMU TOJOBHUX ieasis,
HaNpuKIa Kinble Z[y/—5).



Haranis JIAJ3OPUIIINH, Bacunas IIETPITYKOBUY
34 ISSN 2078-3744. Bicaux JIpBiB. yH-Ty. Cepis mex.-mar. 2018. Bumyck 85

3. MATPUYHE JIIHIMHE PIBHAHHSI AX +YB=C

Yepes M(m,n,K) i M(n,K) nosuaunmo muoxuam (m X n) - i (n X n) - Mmarpunp
HaJI KigbiieM K, BiamoBizHO.

Hexait A € M(m,n,K), B € M(n,l,K), C € M(m,l,K). IIi marpuiii MoxKHa 3amu-
caTu y BUTJISAIL

(4) A=A, + AWk, B=B+ Bk, C=C+CyVk,
akmo k= 2,3 (mod 4) i

() A=(A+AVE), B= (Bi+BVE), 0= (Ci+CVR),

ze ejqeMentu Marputib Ay — Ay, By — B, C1 — Oy pinarbes Ha 2, sk k = 1 (mod 4)
iA;, B, C;, i=1,2— marpuui Ha/ Z BiALOBIAHUX PO3MipiB.

Hanani wepes Row;(A) 6ymemo noznadaTu i-it pagok marpumi A, a AT — rpancno-
HOBAHA, MATPHUILA.

Teopema 1. Mampuune pisHaHHA Had keadpamuyrum xirvuyem K 3 mampuysmu
6U2A80Y abo mae poszs’aszox X € M(n,l[,K), Y € M(m,n,K) modi i miavxu
modi, KOAU € eK6I8ANEHMHUMY Ha0 Z MaKT MAMPUYL:

(AL + Ak, A ol L,®(BI+BIk) I,oBf ¢
(A1+4)eL Aol L,oB'+Bl) I,®Bl ¢

(A1 +Ak)®D, Avel, L, (BT +BIk) IL,oBf 0
(A1 + Ag) ®Il Aol I,®BT+BY) IL,®BI 0

axwo k=2,3 (mod 4) i

(Aj+ Ak 24,10 I, ®(BF +BIk) I, ®2Bf 2¢
(A1 +4)@L 24,1 I,®(Bf +BY) I,®2BI 2¢c

(A1+Ak)eD 24,91 I,®(Bf +BYk) I,®2B{ 0
(Al +A)®L 24,91 I,®(B{+BI) I,®2Bl o’

axwo k=1 (mod 4), de I} — odunuuna mampuys l-20 nopadxy, a
¢; = ||[Rowi (Ci) ... Rown (Cy) ||, i = 1,2.
Josedenns. Hexait k = 2,3 (mod 4). Toxi marpuni X, Y MoxKHa 3a0McaTv y BULJIIL
(6) X=X+ XoVk, Y=Y +YoVk,
ne X; € M(n,l,Z),Y; € M(m,n,Z), i =1,2. Y piBusHHg i ICTABUMO BUpA3U @ i
3aMiCTh BIIIIOBIJIHUX MATPHIb, OTPUMYEMO TAKE PiBHAHHS:
(A1 + AQ\/E) (Xl + XQ\/E) + (Yl + Y2\/E) (Bl + BQ\/E) =C1 + CQ\/E
3BijicH 3anuIIEMO CUCTEMY MATPUYHUX PIBHSIHDb HAJ Z
A1 X1+ A Xok + Y1 By + Yo Bok = C4
A2X1 + AlXQ + YlBQ + YgBl = C’Q.
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Pozmucasum noenementno nodyrku A; X; i Y;Bj, 4,5 = 1,2 i BpaxyBaBIuu O3HaYeHH:
KPOHEKEPOBOI'o JI00YyTKY MATPHUIIb, [I0 CUCTEMY HOZAEMO Y BUIVIS/I

AL Ak®I I, ® Bf Im®B2Tk
AL A1 ®I I, ®BY I, ®Bf

X2

e x; = ||[Rowy (X5) ... Row”(Xi)HT;Yi = [|[Row1 (V7). ..Rowm(Y;-)H
c; = HRowl(Ci) ) ..Rowm(C’i)HT, 1=1,2.

Omke, MAEMO MATpUYHE PiBHSHHS HAI Z

X1
(1) A®l Akel I,®BT I, BTkl ||x2|| e
Ay, A®L I,®BY L,oBF| |yl |2

Yo

MarpudaHi piBHIHHS i @ PiBHOCHIbHI, TOOTO PIBHSAHHSA maa K mae po3s’sa30k
TOMi i TIABKK TOMi, KOJU MA€ PO3B’SI30K DIBHSHHS HAJ KiTbIeM mimmx uucena Z i
KOYKHOMY PO3B’SI3KY DiBHSIHHS (]ZD Bi/IOBi/Ta€ PO3B 30K PIBHIHHS , i maBmaKm.

Bigmosinno mo [I9) c. 272] marpudne piBHAHHS @ Ma€ pO3B’sI30K HaI Z TOMi i
TiBKU TO/Ii, KOJIU MATPUIL

Al Akl IL,oBY I,9BI'k ¢
A2 ® Il Al (39 Il InL ® Bg I7n ® B? C2

Al Akl I,oBY I,®BIk 0
Ay, AL I,®BY I,®Bf o0

eKBiBaJIeHTHI HaJI Z.
3 1UX MATpPUIb OTPUMYEMO €KBIBAJEHTHI 0 HUX TaKi MATPHIIL:

(Ai+ k)], Al L,o (BT +Blk) I,®B{ c
(Ai+4)®L Aol I,®(Bf+BY) I,®Bl c

(A + k), Av®l L,®(Bf +BJk) I,®@B{ 0
(A1 + AL, Al IL,®(Bf+BI) I,oBI o]

Orxe, y Bunazaky, kouu k = 2,3 (mod 4) Teopemy J0BeJEHO.
Hexait k =1 (mod 4). Toxni marpuni X,Y MoyKHa 3amncaTv y BUTIISIL

(8) XZ%(X1+X2\/%), Y:%(Y1+Y2\/E)a

ne X; € M(n,l,Z), Y; € M(m,n,Z), i = 1,2. 3ayBaxKumo, 10 33 BU3HAYEHHIM eJie-
MEeHTIB KBaJpaTnaHoro Kinbig K, Bci erementn marpuiib X1 — Xo 1 Y] — Yy mindarbes
ma 2. Ormxke, Hexait marpuni X; i Y7 maors Burasaa X, = Xo + ZX', Y1 =Y, + 2}7, e
X € M(n,l,7), Y € M(m,n,7Z).

IlincraBuBim B BUpa3U 3 1 3alnMcaBIIM HEBLJIOMI MaTpUIl y BUIVIS/I

(9) X:%(X2+2)~(+X2\/E), Yz%(Y2+2}7+Y2\/E),
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MaTUMEMO
%(f‘h +A2\/E)%(X2+2X+X2\/E)+%(Y2+23~/+Y2\/E)%(Bl +ByVk) = %(Cl +CoVk).
JloMHOXKUBIIIKA OOM/IBI YACTUHU IIHOTO PiBHAHHS Ha 4, OTPUMYEMO
(A1 + AoVE) (X2 + 2X + XoVk) + (Yo + 2V + YaVE)(By + BoVE) = 2(Cy + CoVk).
3Biacu OepKYEMO CHCTEMY MATPUIHUX DIBHAHDb HAJ Z BULIISALY
(A1 + Ak) Xy 4 Ya(By 4 Bok) + 24, X +2Y By = 2C,
{ (A1 + A2) Xy + Yo (By + By) + 245X + 2Y By = 2C5.

Awnasoriubo, gk y Bunaiaky k = 2,3 (mod 4), BpaxyBaBiiu 03HAYEHHS KPOHEKEDPO-
BOro JOOYTKY MATPHITL J0 Ii€l CHCTEeMHU, OTPUMYEMO MATPUYIHE PIBHAHHA HAT Z

X1
(10) (AL +Ak)@; 241010 In,®(Bf +BJk) L,@2B]| [[x]| _ |2
(Aj+A) @ 24,01 I, (BT +BY) I,®2B%| |y, 2¢s ||
y

~ = =nT - ~ ~.nT
e X = ||R0w1(X) e Rown(X)H Y= HRowl(Y) e Rowm(Y)H .
MartpudHe piBHAHHS HaJI, KiJIbIIEM IJINX YUCEST 7 €KBiBAJIEHTHE JI0 MATPUIHOTO
PiBHSHHS HaJI KBaApaTHIHUM Kinbitem K.

Bigomo, mo piBHsHHS Mae po3B’s30Kk X = % (Xg +2X + Xg\/E) , Y =
% (Yg +2Y + YQ\/E) TOM1 1 TIIBKYM TOMi, KOJTU MATPHUIIL

(A1+Ak)®D, 24,910 I,®(Bf +BIk) I,®2B] 2c¢
(A1 +A4)® L 24, @1 I,® (B +BY) I, ®2Bl 2c,

(A1 +Ak)® D, 24,91 I,® (B +BIk) I,®2Bf 0
(Ai+A)®D 24,1, I,®(Bf+BY) I,22BI 0

ekBiBaseHTHI Ha Z. Teopemy moBesIeHO. O

4. MATPUYHE JIIHINHE PIBHSAHHSI AX + BY =C

Teopema 2. Mampuune pieHAHHA Hnad xeadpamuunum Kisvuem K 3 mampu-
yamu A, B € M(m,n,K), C € M(m,I,K) suzaady @ abo MAE PO36°A30%K
X, Y € M(n,l,K) modi i miavku modi, kKoau € exeisarenmuumy #ad Z maki Mampuyi:

A1+ Ak B+ Bsk Ay By (C A1+ Ak Bi+Bsk Ay By 0
A1 + AQ Bi+ By A2 By Oy A1 + A2 B+ By A2 By 0

axwo k=2,3 (mod 4) i
‘ A1+ Ask By + Bsk 24, 2By 20

)

A1 + Agk‘ Bl + ng} 2A1 231 0
A1 + A2 B1 + B2 2A2 2B2 0

)

A1 + Ag B1 + B2 2A2 232 202

i ‘

akwo k=1 (mod 4).



MATPWYHI JITHINHI OJHO- TA JBOBIYHI PIBHIHHA
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mat. 2018. Bumyck 85 37

Josedenns. Hexait k = 2,3 (mod 4), Toai marpuni X, Y MoxKHa 3anucaru y BUTIIA] @
IlincraBuBinu Bupas3u i @ y PiBHAHHSA , MaTUMEMO TAaKe PiIBHAHHS:
(A1 + AoVE) (X1 + XoVE) + (By + BaVk) (Y1 + YaVk) = C1 + CovVE.
3 bOTO PIBHAHHS JIEFKO OTPUMATH TaKy CUCTEMY MATPUYHWX PiBHSHD HAJ 7 :
A1 Xy + Ay Xok + B1Y1 + BoYok = C
{ Ay X1 4+ A1Xo + BoY1 + B1Ys = Cy

3 mi€l cucTeMu OEPKYyEMO MATPUYHE PIBHSAHHS HAI 7

X1
(11) HAl Ask By Bkl || X2 2H01
Ay Ay By B Y G|

Y

Marpuune pisasiaus (11) Mae po3s’s30K TOI 1 TITFKY TOJl, KON eKBIBaJIEHTHI HaJ,

Ay Ask By Bk OH

Ay Ak By Bk (4
AQ A1 BQ Bl 0

Ag Al BQ Bl 02
I3 mux MaTpUIh OJEPKYEMO €KBIBAJEHTHI 10 HUX TaKi MATPHIIi:
Al + Agk} B1 + BQk A1 Bl Cl A1 + AQk Bl + ng‘ A1 B1 0
A+ Ay B +By Ay By (9 )

Ai+As Bi+By Ay By 0
Teopema g Bunaaky k = 2,3 (mod 4) nosenena.
Hexaii k =1 (mod 4). 9k i B Teopemi 1 HeBioMi MATPHIL MOXKHA 3AIIUCATHU Y BULJLs-

i @D, e X,Xo, V.Y € M(n,l,7). lligcraBusuiu B BUpPAa3u 3 i @D, 0IEPKYEMO
1 1 ~ 1 1 ~ 1
5(141+A2\/%)§(X2+2X+X2\/%)+5(314‘32\/%)5(}/2+2Y+}/2\/E) = §(C1+CQ\/E)

7Z Taki MaTpwHIL:

JloMHOXKUBITTH 0OM/IBI 9aCTUHU IIHOTO PiBHAHHS HA 4, OTPUMYEMO

(Al —+ AQ\/%)(XQ + QX + XQ\/%) + (Bl + BQ\/%)(}/Q + 2}7 + Y’Q\/%) = 2(01 + CQ\/E)

3Bificn MaEMO TaKy CHCTEMY MAaTPUIHWX DIBHSHD HAI Z:
(A1 + Ask) Xy 4 (By + Bok)Ya 4+ 24, X 4 2B,Y =20,
(A1 4 Ap) Xy + (By + By)Ya + 245X + 2ByY = 20,.

3 1i€l cucTeMu OIEPKUMO MATPUUHE PIBHAHHS HAJ 7 BUIJISIILY

X5
A1+ Ak B+ Bk 24, 2B Y:Q N 2C,
A+ Ay By +By 245 2B, X |20,
Y

O

JloBeleHHs 3aBEPITIEHO.
Hacainok 1. Hezaii Z[i] — kiavue uisuk 20ycos8ux “wuces i pieHAHHA 3 KoediuicH-

MAMYU BUAAY
A=A+ Asi, B=Bj+ Byi, C=C+Cs,
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de A;,B; € M(m,n,Z), C; € M(m,l,Z), i = 1,2 mae poss’sszox X,Y € M(n,l,Z][i]) e
momy 1 MIALKU 6 oMY 6UNAOKY, KOAU MATPULI

Al _A2 Bl _BQ Cl
AQ Al BQ B1 C2

exsisasenmmi nad 7.

A2 A1 By B: 0

A1 —A2 Bl —BQ OH

Hacainok 2. Mampuune pienanns AX = B 3 mampuysmu A € M(m,n,K), B €
M(m,l,K) euzaady @ abo mae poss’asox X € M(n,l,K) modi i miarvku modi,
KOAU €K616aseHHE Had 7 MmaKi MAPUYL:

A1 + Agk‘ A1 Bl
A1 + A2 A2 BQ

)

Al +Ak A1 O
Ai+Ay, Ay O

axwo k=2,3 (mod 4) i

A1+ Ak 2A, 2B,
A1 +Ay 245 2B,

i

A+ Ak 247 0
A1 +A; 245 0

axkwo k=1 (mod 4).

3a nosejennsimu reopemu 1 i TeopeMu 2 0fepKyY€EMO Cocih pO3B’si3yBaHHS MATPUY-
HUX PiBHAHb i . Posp’s3yBanasg MarpudHuX JiHIHHEX PIBHIHD HaJ KBAIPATHIHUM
kisibiiem K 3BOAUTHCS 10 PO3B’SI3yBaHHS MATPUIHUX JIHIHHUX PIBHAHB HAJ KiJIBIEM IIi-
nmx qucen 7.

5. MATPUYHI JIIHINHI PIBHSIHHS 1 ([2), BUBHAYHUKY]
MATPUIb-KOE®IIIECHTIB AKUX B3AEMHO ITPOCTI

Hexait y piBusgnni (nxn) - marpuui A, B, C' naj KijiblieM roJI0BHUX ijeasiB i Bu3-
nauanku A i B B3aemuo mpocTi. I1ix KijibIieM roJIOBHUX i1ealTiB pO3yMi€eMO KOMYTATUBHE
KLJIBIIE 3 OMHUIEI0 0O€3 JiHHUKIB HYJIsl, B SKOMY KOxKeH imeas € romosunm [20] c. 1]. Toxi
3 [2I] sunamBae, mo marpuni M i N Burismy exBiBasienTHi. OTxke, piBusguns (1)
po3s’sa3ue. I MaTpPUIHOTO PiBHAHHS HaJ KBaIPATUIHUMHU KiTbISIMU TaKe TBEP/I-
»keHHst Henpasuibhe, Cepes KBaApaTudHUX KiJIelb € Kijiblisd, MATPUYHE PiBHSIHHS Ha
SIKUMU 33, YMOBH, IO BU3HauHuKKU marpulb A i B B3aeMHO npocri, Moxe OyTu HEPO3-
B’sI3HE.

IIpukaam 1. Hexait
3 0 0
A

BRA %
—1

5+2y/-5 4-— \/ H
— MaTpuYHe PiBHAHHA HaJ Kinblewm Z[v/—5]. BusHaunnku Marpunn

H 0 24+v-5
0

0 1

1 B3a€EMHO IIPOCTi, ajie e PiBHSIHHS HEPO3B’ sI3HE.

Binomo, mo MmarpudHe piBHIHHSA , ne A, B,C — (nxn) - maTpuni Ha 1 KiJgblem ro-
JIOBHUX i/1easiB po3B’si3He TOI 1 TLIBLKK TOJI, KOJIW JIBUI HAROIABIMNA CIILHTN TIIHHIK
marpunb (A, B) € aium giibaukom marpuni C. ko (detA, detB) = 1, 10 oueBumHO,
PIBHSIHHSA pO3B’sI3HeE.
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Ilpukaasn 2. PiBuaums

H6+3\/—5 1HX+H_1 —1+4\/—5uy_ 7+3v=5 10+2v-5

B HG +3v-=5 T+2V-5 H

3+3v-5 1 -1 -3+3V-5
o 6+3v-5 1.
uaz Z[v/—5] He mae po3e’a3kis. Busnaunuku mMarpuin 34375 1” i
-1 —-1+4V/-5 .
Hl _ 34 3/5| Peaemmo mpocri.
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MATRIX LINEAR UNILATERAL AND BILATERAL EQUATIONS

OVER QUADRATIC RINGS
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We give necessary and sufficient conditions for the existence of solutions of
matrix linear equations AX +Y B = C and AX + BY = C over the quadratic
ring Z[vk]. The method of solving which reduces these equations to matrix
linear equations over the ring of integers Z, is given.

Key words: quadratic ring, Sylvester matrix equation, matrix Diophantine
equation, equivalence of matrices.
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FUNCTORS AND MANIFOLDS MODELED ON SOME k,-SPACE
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There is a universal space K °° for the class of compact metric spaces of finite
f.-d. derivative. We consider the question of preservation of K°°-manifolds by
some functorial constructions. We also consider a universal map px: R* —
K*°° and discuss some of its properties, in particular, its preservation by some
functors.

Key words: universal space, infinite-dimensional manifold, functor.

INTRODUCTION

Recall that the k,-spaces are the countable direct limits of compact Hausdorff
spaces. By R* we denote the direct limit of the sequence

R—-R?2 R — ...
and by @Q°° the direct limit of the sequence

Q—-Q*—>Q*— ...,
where @ = [0,1]* is the Hilbert cube.
Let A be a topological space. The f.d.-derivative of A is the set
AWM = A\ {z € A| there is a neighborhood U of z such that dim U < oo}.

Clearly, A is a closed subset in A. By induction, we define A = (A=) for
n > 1.

Let K denote the class of compact metrizable spaces A such that A™ = ), for some
natural n. Let M (w) denote the class of finite-dimensional compact metrizable spaces.

2010 Mathematics Subject Classification: 57N20, 54B30
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T. Banakh [I] considered the following construction. Given n € N, let

K, =[-1, 1" x {(0,0,...)} C 2.

n’n

Let K = J;cy Ky C 2. Clearly, K is a compact metric space and KM =% = (0,0,...).

Let C be a class of topological spaces. A topological space X is said to be strongly
C-universal if, for every pair (A, B) of topological spaces, where A € C and B is a closed
subset of A, every embedding f: B — X, there is an embedding f: A — X that extends
f-

It is proved in [I] that the space K°° = lim K™ is strongly K-universal.

Recall that a space X is called a K*°-manifold if X is locally homeomorphic to K.
We assume that all K °°-manifolds under consideration are k-spaces.

The theory of K*°-manifolds is developed by T. Banakh [I]. It turned out that this
theory is parallel to the theories of R*°- and ()°°-manifolds.

We will consider the question of preservation of K°°-manifolds by some functori-
al constructions. Similar questions for another classes of infinite-dimensional manifolds
were considered in publications of different authors (see, e.g., [I0] and the bibliography
therein).

The functors are assumed to be close to being normal. The notion of normal functor
acting in the category of compact Hausdorff spaces is introduced by Shchepin [9]. In
the sequel, we will use the terminology of [9]. In particular, the notions of monomorphic
functor and functor that preserves intersections as well as of degree and support can be
found in [9] (see, e.g., [I0]).

By Fj(X) we denote the set of points of degree < k in F(X). Note that Fy is a
subfunctor of F.

If F is a normal functor, X is a k. -space, X = ligXi, then we define F'(X) =

lim F'(X;).
1. REsSuULTS

Lemma 1. Let F be a monomorphic functor that preserves intersections and the degree
of F equals n € N. If F(n) is a finite-dimensional space, then F(X) € K, for every
X ek.

Proof. We will prove by induction on the degree of the functor. If n = 1, then F(X) = X
and there is nothing to prove. Consider a € F(X) with deg(a) = n. Then there is a
neighborhood U of a in F(X) homeomorphic to V; X -+ x V,, x W, where V;, i = 1,...,n,
are open subsets of X and W is an open subset of F(n) (see [5]). Therefore, there exists
m € N such that F(X)™ C F,_1(X). Then we can apply induction. O

The following lemma is proved in [T].

Lemma 2. Let X be a K*®-manifold. If A C X be a compact subset, then there is an
embedding i: A x K — X such that i(a,*) = a for every a € A.

We will need the following its corollary.

Corollary 1. Let X be a K*°-manifold. If A C X be a compact subset, then for every
n € N there is an embedding i: Ax K™ — X such that i(a,*,...,*) = a for every a € A.
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Theorem 1. Let X be a K -manifold and let F' be a functor of finite degree that
preserves ANR-spaces and finite-dimensional spaces. Then F(X) is a K*°-manifold.

Proof. Represent X as @Xi, where X; are compact ANR-spaces. Clearly, X; € K.
Then F(X) = hgqF(Xl) By Lemmal|l} F'(X;) € K.

We are going to demonstrate the strong local C-universality of F'(X). Let (4, B) be
a pair of compact metrizable spaces with A € I and let 8: B — F(X) be an embedding.
Then there exists n € N such that 5(B) C F(X,). Since F(X,,) is an ANR-space, there
is an extension o/: U — F(X,,) of 8 onto a closed neighborhood U of B in A.

Let U/B denote the quotient space of U obtained when we identify all the points
of U to a single equivalence class leaving all the other points of B equivalent only to
themselves. Note that U/B € K. Let q: U — U/B denote the quotient map. There exists
an embedding v: U/B — K™, for some m € N, such that v(A) = (x,...,*) (see [I]]). Let
q: U — U/B denote the quotient map.

Using Corollary [1} one may assume that X, x K™ C X and z = (x,*,---*) €
X, x K™ for every x € X,,. For any y € K™, denote by ,: X,, = X,, x K™ the map
defined by the formula i, (z) = (z,y), v € X,,.

Given z € U, define a(x) = F(iy(g(2)))(/(2)).

Let us verify that « is an embedding that extends (. Indeed, the continuity of «
is a consequence of Propositions 2.2 and 2.4 from [7]. Next, if ¢ € B, y € U \ B, then
supp(a(z)) C X, and

supp(a(y)) C X, X (K™ \{(*,...,%)})
and we conclude that a(x) # a(y). If x,y € U \ B, « # y, then

supp(e(z)) € Xy x {yq(x)},  supp(a(y)) < Xn x {v4(y)},
and therefore a(x) # a(y). O

Recall that a free topological group of a Tychonov space X is a topological group
F(X) satisfying the following conditions:
(1) X is a subspace of F(X);
(2) for any continuous map f: X — G, where G is a topological group, there exists
a unique continuous homomorphism f: F(X) — G that extends f.

It is well-known (see, e.g., [6]) that a topological group exists and is unique up to
isomorphism.

One can similarly prove the following theorems. Note that its proof relies on the
fact that, for any compact Hausdorff space X, the free topological group F(X) is
homeomorphic to the countable direct limit hﬂFn(X ), where F,(X) stands for the
words of length < n in F(X). Actually, F), is a functor for which the assumptions of
Lemma [I] are satisfied (see [I1J).

Theorem 2. Let X € K be a compact metric space such that X contains a topological
copy of K. The free topological group of the space X is a K°°-manifold.

Theorem 3. The free topological group of the space K is a K°°-manifold.

The previous results are counterparts of the results of the second number author on
free topological groups of ANR-spaces (see [I1]).
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By (M(w), K) we denote the class of continuous maps f: X — Y, where X € M(w),
Y ek.

Given two maps, f: X’ — X" and ¢g: Y/ — Y, we say that a pair ¢ = (¢/,i"),
wherei': X' = Y’,i": X" — Y are maps, is a morphism in the category of maps if the
diagram

X/#y/

"

XII — YI/
?

is commutative. In this case we say that ¢ is an embedding if both 4,4 are embeddings.
Also, f X" Cc X", Y" CY', g= fIX": X" = Y”, then we say that a pair of maps (f, g)
is given.

A map f: R*® — K is said to be (M(w), K)-universal if, for every pair (g, h) of
maps with g, h € (M(w),K) and every embedding i: h — f, there exists an embedding
j: g — f that extends 1.

Proposition 1. There is a (M(w), K)-universal map R® — K.

Proof. Let ¢: R® — Q> be a universal map described in [12]. We suppose that K> C
Q°° and let

b=l H(EK™): o7 (KX) = K.
Consider the composition

R® —=— o 1(K*®) —» K*

(that ¢~ *(K°°) is homeomorphic to R easily follows from the fact that K> is a k-
space which is an absolute retract as well as from the universality of the map ¢.)

Let us denote the obtained map by ¢ . We are going to prove that ¢k is (M(w), K)-
universal. Suppose that we have a pair (g,h) of maps g: X’ — X", h: Y/ — Y” with
g,h € (M(w),K) and an embedding i = (¢/,i"): h — ¢k.

By the characterization theorem for K> (see [I]), there exists an embedding
§" X" — K° C Q% which is an extension of the embedding i": Y — K> C Q.
By the universality property of ¢, there exists an embedding i': X’ — R* such that
J'1Y" = 3" and @j’ = j”. Then i'(X’) C ¢ !(K°°) and this finishes the proof. O

The following is a characterization theorem for the map g

Theorem 4. Let f: X =Y be a map of k,-spaces. Then the following are equivalent:

(1) X is a countable union of finite-dimensional compact metrizable spaces, Y is a
countable union of spaces from the class IC, and f is (M(w), K)-universal.
(2) f is homeomorphic to .

Proof. Follows the proof of the main result in [I2] concerning characterization of the
map ¢: R>® — @ by its universality condition. O

Let P, denote the functor of probability measures supported on the sets of cardinali-
ty < n. This functor acts in the category of compact Hausdorff spaces. Any pu € P, (X)
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n n
admits a representation of the form Zaiéml, where «; € [0,1], Zai =1, and 4, is
i=1 i=1
the Dirac measure concentrated at x; € X,i=1,...,n.
By P, we denote the functor of probability measures of finite support. Recall that
for any k,-space X = @Xi, we put Py (X) = hﬂPZ(XZ)

Proposition 2. The map P (pK) is homeomorphic to ¢k .

Proof. We modify the proof of Theorem 2 from [I3|, namely, we replace every copy Q,
of the Hilbert cube @ by K", n € N, and thus @ by K°°. The rest of the proof remains
unchanged. O

One can also prove a similar result for the functor of idempotent measures of finite
support (see [14]) for the definition of idempotent measures).

2. REMARKS AND OPEN QUESTIONS

Is there a map from K* into @ which is a counterpart of the universal map
R>® — Q°°7?

T. Banakh and O. Hryniv [2] characterized the spaces whose free topological semi-
groups in some classes are R°°-manifolds. Whether a counterpart of their result is valid
for the K°°-manifolds remains an open question. See also [3] for some related results
concerning free topological universal algebras.

The notion of f.d.-derivative can be extended over transfinite numbers. This allows
us to consider the theories of infinite-dimensional manifolds modeled over countable di-
rect limits of universal spaces for compacta whose f.d.-derivative of order < « is empty,
for given countable ordinal «. The case of finite a corresponds to the theory of mani-
folds modeled on the countable direct limits of (n — 1)-dimensional Menger compacta
(injectively-Menger manifolds; see [g]).

The following questions arise in connection with the results of [4].

Question 1. Is there a linear realization of the map ¢k, i.e., a linear map of linear
topological spaces which is homeomorphic to g ?

Question 2. Is the map ¢k locally self-similar? Recall that a map f: X — Y is called
locally self-similar if, for any € X and any neighborhoods U, V of z and f(z) respecti-
vely, there exists a neighborhood W of  such that W C U, f(V) C U, and the restriction
fIW: W — f(W) is homeomorphic to the map f.
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We introduce three new classes of countably pracompact spaces, consider
their basic properties and relations with another compact-like spaces.

Key words: compact, feebly compact, sequentially compact, w-bounded,
totally countably compact, countably compact, countably pracompact, pseudo-
compact, sequentially pseudocompact, sequentially pracompact, totally coun-
tably pracompact, w-bounded-pracompact.

1. DEFINITIONS AND RELATIONS

In general topology one often investigates different classes of compact-like spaces
and relations between them, see, for instance, basic [11] Chap. 3] and general works [9],
[19], [23], [22], [I7]. We consider the present paper as a next small step in this quest.

We shall follow the terminology of [I1]. By N we shall denote the set of all positive
integers.

A subset of a topological space X is called regular open if it equals the interior of its
closure. A space X is quasiregular if each nonempty open subset of X contains closure
of some nonempty open subset of X.
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1.1. Old classes. We recall that a topological space X is said to be

o semiregular if X has a base consisting of regular open subsets;

e compact if each open cover of X has a finite subcover;

o sequentially compact if each sequence {z,, },,en of X has a convergent subsequence
in X;

e w-bounded if each countable subset of X has compact closure;

o totally countably compact if each sequence of X contains a subsequence with
compact closure;

e countably compact if each open countable cover of X has a finite subcover;

e countably compact at a subset A C X if every infinite subset B C A has an
accumulation point x in X;

e countably pracompact if there exists a dense subset D in X such that X is
countably compact at D;

o feebly w-bounded if for each sequence {U, },en of non-empty open subsets of X
there is a compact subset K of X such that K NU,, # @ for each n;

o selectively sequentially feebly compact if for each sequence {U,, }nen of non-empty
open subsets of X we can choose a point z,, € U, for each n € N such that the
sequence {z,} has a convergent subsequence;

o selectively feebly compactll if for each sequence {U,},cn of non-empty open
subsets of X we can choose a point € X and a point z,, € U, for each n € N
such that the set {n € N: 2, € W} is infinite for every open neighborhood W
of .

o sequentially feebly compactgl [I0, Def. 1.4] if for each sequence {U,: n € N}
of non-empty open subsets of the space X there exist a point z € X and an
infinite set I C N such that for each neighborhood U of the point x the set
{nelI:U,NU = @} is finite;

o feebly compact if each locally finite family of nonempty open subsets of the space
X is finite.

o k-space if X is Hausdorff and a subset F' C X is closed in X if and only if F N K
is closed in K for every compact subspace K C X.

ISelectively sequentially feebly compact Tychonoff spaces were recently introduced and studied by
Dorantes-Aldama and Shakhmatov in [8]. Also they considered selectively feebly compact Tychonoff
spaces under the name selectively pseudocompact spaces. An equivalent property appeared a few years
earlier in papers by Garcia-Ferreira with Ortiz-Castillo [T2] and with Tomita [T3] under the title “strong
pseudocompactness”, but since the term “strongly pseudocompact” is used in [3}[7] to denote two different
properties, we stick to a name for this property which reflects its “selective” nature and also matches the
name of the previous “selective” property.

20ne of the authors introduced this notion a few years ago as a natural property intermediate between
feeble and sequential compactness, which may be useful in some applications in topological algebra.
Indeed, for instance, Proposition 1.10. by Artico et al. [4] combined with Theorem 1.1 by Lipparini [17]
states that that each Ty feebly compact topological group is sequentially feebly compact. But later we
found that it is a known property, even with the same name. The oldest reference which we know (see
19, p. 15]) is Reznichenko’s paper [2I]. A similar notion had been given by Artico et al. in [l Def.
1.8], where are used pairwise disjoint open sets instead. Lipparini proved in [I7] that these notions are
equivalent.
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According to Theorem 3.10.22 of [IT], a Tychonoff topological space X is feebly compact
if and only if it is pseudocompact, that is, each continuous real-valued function on X is
bounded. Also, a Hausdorff topological space X is feebly compact if and only if every
locally finite family of non-empty open subsets of X is finite.

Relations between different classes of compact-like spaces are well-studied. Some of
them are presented on Diagram 3 in [I9], p.17], on Diagram 1 in [8], p. 58] (for Tychonoff
spaces), and on Diagram 3.6 in [22] p. 611].

1.2. New classes. The notion of countable pracompactness has been studied by several
authors under several names. According to Matveev [19] it “appeared in the literature
under many different names”. Matveev mentions that Baboolal, Backhouse and Ori [5]
introduced an equivalent notion under the name e-countable compactness. In the recent
paper [18] the authors study the notion using the expression “densely countably compact”.
A few references and a further name are recalled there [2] According to Arkhangel’skii [I]
countable compactness at some subset and countable pracompactness “find important
applications in C),-theory”.

In order to refine the stratification of countable pracompact spaces even more, we
introduce the following definitions. In each of them we require that a space X contains
a dense subset D with a special property. Namely,

e if each sequence of points of the set D has a convergent subsequence (in X) then
X is sequentially pracompact;

e if each sequence of points of the set D has a subsequence with compact closure
(in X) then X is totally countably pracompact;

e if each countable subset of the set D has compact closure (in X) then X is
w-bounded-pracompact.

Our main motivation to introduce the above spaces is their possible applications in
topological algebra. In particular, we are going to use them in the paper [15].

Diagram 1 shows relations between different classes of compact-like spaces. All impli-
cations on the diagram are true and we suggest that they are either well-known or easy to
prove and all non-marked arrows are not reversible without imposing additional conditi-
ons on spaces. In particular, in Section [f] of the present paper we construct a sequentially
feebly compact space which is not selectively feebly compact (Example, a sequentially
pracompact space which is not countably compact (Example , and a totally countably
pracompact space which is nether w-bounded-pracompact nor totally countably compact

(Example [)).
2. BASIC PROPERTIES

2.1. Extensions. We recall that an eztension of a space X is a space Y containing
X as a dense subspace. It is easy to check that countable pracompactness, sequenti-
al pracompactness, feeble compactness, sequential feeble compactness, selective feeble
compactness, selective sequential feeble compactness, and feeble w-boundedness is
preserved by extensions.

2.2. Continuous images. It is easy to check that sequential compactness, feeble
compactness, sequential feeble compactness, countably pracompactness, and sequential
pracompactness is preserved by continuous images and total countable compactness,
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total countable pracompactness, w-boundedness, and w-bounded-pracompactness is
preserved by continuous Hausdorff images.

compact

w-bounded-
w-bounded |———
pracompact

T>-space
. totally
sequentially countably
compact
compact
sequential k-space
totall
countably orary
T3-space countably
compact
+scattered _ pracompact
T»-space

sequentially countably

pracompact pracompact
sequential T4—s/pace
selectively sequentially selectively feebly
feebly compact feebly compact w-bounded

Fréchet-Urysohn space

sequentially
feebly compact 4% feebly compact

Diagram 1

2.3. Products. The investigation of productivity of compact-like spaces is motivated
by the fundamental Tychonoff theorem, stating that a product of a family of compact
spaces is compact, On the other hand, there are two countably compact spaces whose
product is not feebly compact (see [II], the paragraph before Theorem 3.10.16). The
product of a countable family of sequentially compact spaces is sequentially compact 11}
Theorem 3.10.35]. But already the Cantor cube D¢ is not sequentially compact (see [I1],
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the paragraph after Example 3.10.38). On the other hand, some compact-like spaces
are also preserved by products, see [23], §3-4] (especially Theorem 3.3, Proposition 3,4,
Example 3.15, Theorem 4.7, and Example 4.15) and §7 for the history, and [22], §5].
Among more recent results we note that Dow et al. in Theorem 4.1 of [I0] proved that
a product of a family of sequentially feebly compact spaces is again sequentially feebly
compact, and in Theorem 4.3 that every product of feebly compact spaces, all but one
of which are sequentially feebly compact, is feebly compact.

In the next propositions we show that sequentially pracompact, 77 totally countably
compact, and w-bounded-pracompact spaces are preserved by products. The proofs are
easy and straightforward but we provide them because a theorem should have a proof.

Let X be a product of a family {X,: a € A} of spaces. For each subset B of the
set A by mp we denote the projection from X = [[{Xs: a € A} to [[{Xs: a € B} If
B = {a} then 75 we shall denote also by m,. A space Y C X is called a 3-product of
the family {X,} provided there exists a point y € X such that

Y ={x € X: 2, =y, for all but countably many o € A}.
In this case Y is also called the Corson X-subspace of X based at y.

Proposition 1. The (X-) product of a family of sequentially pracompact spaces is
sequentially pracompact.

Proof. Let X be the non-empty product of a family {X,: a € A} of sequentially
pracompact spaces and Y C X be the Corson X-subspace of X based at a point
¥y = (ya) € X. For each index o € A fix a dense subset D, 2 y, of the space X,
such that each sequence of points of the set D, has a convergent subsequence and fix a
point a,, € D,. Put D = YﬂHaeA D,. Then the set D is a dense subset of the space X.
Let C = {x,: n € N} be a sequence of points of the set D and B = {a,,: m € N} be an
enumeration of the countable set {« € A: Jo € C(z4 # yo)}- By induction we can build
a sequence {z,,, € Xq,, } of points and a sequence {S,,} of infinite subsets of N such
that Sy, D Sy for each m < m’ and for each neighborhood U,,,, C X, of the point x,,
the set {n € Spn: Tna,, € Ua,, } is finite. We can easily construct an infinite set S C N
such that the set S\ S,, is finite for each m € N. Choose a point z = (z,) € Y such
that z, is already defined for o € B and z, = y, for « € A\ B. Let U be an arbitrary
neighborhood of the point x. There exist a finite subset F' of the set A and a family

{Uy: a € F,U, C X, is an open neighborhood of z,}

such that © € U’ = 7' ([[{Ua: @ € F}) C U. The inductive construction implies that
the set T, = {n € S: xpo € Uy} is finite for each a € F. Then z,, € U’ C U for each
ne€ S\ U{Ta: @€ F}. O

Proposition 2. The (X-) product of a family of totally countably pracompact Ty spaces
is totally countably pracompact.

Proof. Let X be the non-empty product of a family {X,: o € A} of totally countably
pracompact spaces and Y C X be the Corson Y-subspace of X based at a point y =
(yo) € X. For each index a € A fix a dense subset D, 3 y, of the space X, such that
each sequence of points of the set D, has a subsequence with compact closure in X,. Put

D =YN]],ca Da- Then the set D is a dense subset of the space X. Let C = {x,: n € N}
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be a sequence of points of the set D and {a,,,: m € N} be an enumeration of the countable
set {a € A: 3z € C(z4 # yo)}. By induction we can build a sequence {S,,} of infinite
subsets of N such that S,, D S, for each m < m/ and the set {x,,,, : n € S, } has
compact closure in X, . We can easily construct an infinite set S C N such that the set
S\ S, is finite for each m € N. Then the set {z,: n € S} has compact closure in X,
which is contained in Y. O

Remark 1. The referee remarked that in the case of Cartesian product in Proposition
Ty condition can be weakened to that for each o € A a set {y,} has compact closure in
X . The proof remains almost the same, only the final words “which is contained in Y”’
should be dropped.

It motivates to define a class of spaces in which every singleton (that is, one-point
set) has compact closure. The referee suggested to investigate which classes of compact-
like spaces belong to the class. By definition, each 17 space belong to the class. Each
totally countably compact space X also belongs to the class because for any point x € X
the set {z} is the closure of any subsequence of the constant sequence {z,, }, where z,, =
for each n.

On the other hand, the referee proposed to endow w with the topology of left
intervals, whose open sets are the intervals [0,n), plus the whole of w. Here the closure
of 0 is the noncompact space w. We extend this construction as follows. Let X = w; +w
endowed with a topology with a subbase consisting of halfintervals [0, &), where o < wy+w
and (o,w; + w), where a < wy. Then the closure of w; is a noncompact set [wy,w; + w).
Now put D = w;. Then D is dense in X and each countable subset C' of D is contained
in a closed compact set [0,sup C] of D. Thus X is both sequentially and w-bounded-
pracompact.

A sequentially compact example of a space not belonging to the class is more
complicated, but, luckily, already known. Namely, in [20, Example 5] the second author
constructed a group G = @ Z, which is the direct sum of the groups Z and its subgroup

acwy

S={0}U{(za) € G: (35 € w1)((Va > B)(za = 0)&(xzz > 0))}.

Let Gs be the group G endowed with a topology with a base {z+S: € G}. Then Gg is
a paratopological group, that is the group operation + : G x G — G is continuous. In |20,
Example 5] it is shown that the group G is sequentially compact. On the other hand,
by [20, Lemma 17] the set S C Gy is compact. Since {0} = {x € G: z + S 3 0} = -8,
if the set —S is compact then G = S U (—S) is compact too, which contradicts [20]
Proposition 12].

Proposition 3. The product of a family of w-bounded-pracompact spaces is w-bounded-
pracompact. Moreover, if all spaces of the family are T, then a X-product of the family
is w-bounded-pracompact too.

Proof. Let X be the non-empty product of a family {X,: a € A} of w-bounded-
pracompact spaces and Y C X be the Corson X-subspace of X based at a point
y = (yo) € X. For each index a € A fix a dense subset D, 3 y, of the space X,, such that
each countable subset of the set D, has compact closure in X,. Put D =Y N[],c4 Da-
Then the set D is a dense subset of the space X. Let C' be a countable subset of the set
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D. Then C is a subset of a closed compact subset C" = [],c 4 ma(C) of the space X.
Now assume that all spaces X, are T1. Put B ={a € A: 3z € C(xy # Yo)}- The set B
is countable and so €' = [[,c5 Ta(C) X [[nea\p{vat C Y. O

Example 1. This example shows that T; condition is essential in the »-product case
of Propositions [2| and [3| Let X’ be a space consisting of two distinct points a and b
endowed with the topology {@,{a}, X'}. Let A be an uncountable subset, X be the
product of a family {X,: o € A}, Y C X be the Corson X-subspace of X based at a
point y = (a,) € X, where X, = X’ and a,, = a for each a € A. Since the space X’ is
compact, it is easy to check that the space Y is countably compact. On the other hand,
the space Y is not totally countably pracompact. For this purpose it suffices to show that
for any point = (zo) € Y a set {z} (everywhere in this example we by S we mean the
closure in Y of its subset S) is not compact, because {z} is the closure (in Y) of any
subsequence of a constant sequence {z, }, where z,, = x for each n. By [11, Proposition
2.3.3], {z} = {(za)} =Y N [Ioca {za} Remark that b € {4} for each a € A. Now for
each a« € Aput Y, = {y = (yg) € Y: yo = a}. Since for each point z = (z,) € Y, there
exists an index « such that z, = a, the family {Y,,: a € A} is an open cover of the set Y,
and hence of {2}. Let C be any finite subset of A. Let t = (t,) € Y be such that t, = b
if 2z, = bor a € C and t, = a, otherwise. Then t € {2} \ J{Ya: @ € C}. Thus the set
{z} is not compact.

Since the sequential feebly compactness is preserved by extensions, the following
proposition strengthens Theorem 4.1 of [I0] a bit.

Proposition 4. The X-product of a family of sequentially feebly compact spaces is
sequentially feebly compact.

Proof. Let X be a non-empty product of a family {X,: o € A} of sequentially feebly
compact spaces, Y C X be the Corson X-subspace of X based at a point y = (y,) € X,
and {V,,: n € N} be a sequence of non-empty open subsets of the space Y. For each index
n choose a finite subset B,, of the set A and a family

{Una: a € By, Up, is a non-empty open subset of X, }

such that U,NY C V,,, where U,, = wgi (II{Una: @ € B,}). Put B = B,. By Theorem
4.1 of [I0], the space X’ = {X,,: a € B} is sequentially feebly compact. Since {rp(U,)}
is a sequence of its non-empty open subsets, there exist a point 2’ € X’ and an infi-
nite set I C N such that for each neighborhood U’ of the point ' = (2], )ncp the set
{nel:np(U,)NU" = &} is finite. Define a point © = (£4)aca € Y by putting z, = z,
for each o € B and z, = y, for each « € A\ B. Let V be an arbitrary neighborhood
of the point z in the space Y. Pick a canonical neighborhood U of the point z in the
space X such that U N'Y C V. Then there exists a subset I’ of the set I such that a
set I\ I’ is finite and wp(U,) N7p(U) # & for each n € I'. Fix any such n and pick
a point 2’ = (2))aen € m5(U,) N7 (U). Define a point z = (24)aca € Y by putting
zo = 2z, for each o € B and z, = y, for each a € A\ B. It is easy to check that
zeU,NUNY CV,NnV. O
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3. BACKWARD IMPLICATIONS

In [6], Banakh and Zdomskyy defined a topological space X to be an a7-space if for
any family {S,,: n € N} of countable infinite subsets of the space X such that a set S, \U
is finite for any n and any neighborhood U of x there exist a countable infinite subset S
of the space X and a point y € X such that a set S\ V is finite for any neighborhood V'
of y and S, N S # @ for infinitely many n.

Proposition 5. Let X be a Fréchet-Urysohn feebly compact space. Then X is sequenti-
ally feebly compact. Moreover, if X is either quasireqular or a7 then X is selectively
sequentially feebly compact.

Proof. Let X be a Fréchet-Urysohn feebly compact space and {V;,: n € N} be a sequence
of non-empty open subsets of the space X. For each n choose a non-empty open set
U, C V,, such that U,, C V,, provided the space X is quasiregular. Since the space X is
feebly compact, there exists a point € X such that each neighborhood of the point z
intersects infinitely many sets of the sequence {U, }. Put Iy = {n eN:z e Un}.

Suppose that the set Iy is infinite. Then U N U,, # @ for each n € Iy and each
neighborhood U of the point x. If the space X is quasiregular then x € V,, for each
n € Iy, thus the constant sequence {z, = x: n € Iy} converges to x. Assume that X is
an ar-space. Since the space X is Fréchet-Urysohn, for each n € I there exists a sequence
S, = {z}: k € N} of points of U,, convergent to a point =. Considering its subsequence,
if necessarily, we can assume that the sequence S/, either consists of distinct points or it
is constant. In the latter case we have z}} = 2™ € U, for each k for some point 2" € U,
such that z € {z"}. Put I} = {n € Iy: S’ is constant}. If the set I} is infinite then a
sequence {z™: n € I} converges to the point x. So we suppose that the set I is finite.
Since X is an ay-space, there exist a countable infinite subset S of the space X and a
point y € X such that a set S\ V is finite for any neighborhood V of y and a set

Iy = {n € I\ Iy: there exists a natural k(n) such that z7,,) € S}

is infinite. For each n € I} put z,, = xg(n) € U,. If there exists a point z € X such that
the set Iy = {n € I} x,, = z} is infinite then the sequence {z,,: n € I;} converges to the
point z. Otherwise the sequence {x,: n € I/} converges to the point y. Indeed, let V be
an arbitrary neighborhood of the point y. Then the set S\ V is finite and z,, € V for
eachn € I\ {n: z, € S\ V}.

Suppose that the set I is finite. Since x € U{U,: n €N\ I} and X is a
Fréchet-Urysohn space, there exists a sequence {z,,: m € N} of points of the set
U{U,: n e N\ Iy} converging to the point x. For each index m € N choose an index
n(m) € N\ I such that z}, € Upy(m. Put It = {n(m): m € N}. Since = ¢ U, for
each n € N\ Iy, the set I; is infinite. For each r € Iy pick a point x, = x:n(T), where
n(m(r)) = r. Then z, € U, and the sequence {z,: r € I;} converges to the point x.
Indeed, let U be an arbitrary neighbourhood of the point z. Since the sequence {x,}
converges to the point z, there exists N € N such that a/, € U for each m > N. Then
x, € U for each r € I1 \ {n(m): 0 <m < N}. O

Proposition 6. Each sequential countably pracompact space is sequentially pracompact.
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Proof. Let X be a sequential countably pracompact space. There exists a dense subset D
of the space X such that each infinite subset of the set D has an accumulation point in X.
Let {z,: n € N} be a sequence of points of the set D. If there exists a point 2 € X such
that « € {z,} for infinitely many indices n € N then the {z,: z, = z} is a convergent
subsequence of the sequence {x,: n € N}. So we suppose that there is no such point z.
Then the set B = {x,,: n € N} is infinite. The set B has an accumulation point y in X.
Then y € B\ {y}. Therefore the set B\ {y} is not sequentially closed and there exists a
sequence {z,,: m € N} of points of the set B\ {y} converging to a point z ¢ B\{y}. Then
the sequence {z,,: m € N} contains infinitely many distinct points of the set B\ {y}. O

Proposition 7. Each countably pracompact k-space X is totally countably pracompact.

Proof. There exists a dense subset D of the space X such that each infinite subset of the
set D has an accumulation point in X. Let {x,: n € N} be a sequence of points of the
set D. Put B = {x,: n € N}. If the set B is finite then there exists a point z € X such
that x,, = x for infinitely many indices n € N. Then a subsequence {x,,: z,, = x} of the
sequence {z,: n € N} has compact closure {z} in X. Thus we suppose that the set B is
infinite. The set B has an accumulation point y in X. Then y € B\ {y}. Therefore the set
B\ {y} is not closed and there exists a compact subset K of the space X such that a set
BN K is not closed in K. Then the set BN K is infinite, the sequence {z,: x, € BN K}
is infinite too and {z,: z, € BN K} C K. O

Proposition 8. Fach sequentially feebly compact space containing a dense set D of
isolated points is sequentially pracompact.

Proof. Tt is easy to check that each sequence of points of the set D has a convergent
subsequence. O

4, EXAMPLES

Example 2. Let Xy be a non-empty 7} space. Determine a topology on the set X =
(Xo x w) U{yo}, where yo & Xo X w by the following base

B ={U x {n}: U is an open subset of the space Xg,n € w}U
u U {{yo} U U Xo x {m}\ Fin: n € w, Fy, is a finite subset of Xy

m>n
for each m € w such that m > n}

It is easy to check the following:

e the space X is Hausdorff provided the space Xy is Hausdorff;
e the space X is feebly compact provided the space X is a feebly compact space
without isolated points;
e the space X is sequentially feebly compact provided the space Xy is a sequentially
feebly compact space without isolated points.
Now we take the standard unit segment [0, 1] as Xy. Then X is a sequentially feebly
compact space containing a closed discrete infinite subspace {1} x w. Now for each n € w
put U, = Xo x {n}. Let {x,,} be a sequence of points of the space X such that z,, € U,.
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Then the set {z,,} has no accumulation points, thus the space X is not selectively feebly
compact.

We recall that the Stone-Cech compactification of a Tychonoff space X is a compact
Hausdorff space X containing X as a dense subspace so that each continuous map
f: X — Y to a compact Hausdorff space Y extends to a continuous map f: X — Y
(see [I1I).

Example 3 (|11, Exer. 3.6.1], |8, Ex. 2.6]). Let {Ny}aca, where ANN = &, be an infinite
family of infinite subsets of N such that the intersection N,NNp is finite for every pair o, 8
of distinct elements of A and that { N, }aeca is maximal with respect to the last property.
Generate a topology on the set X = NUS by the neighborhood system {5(z)}.cx, where
B(z) = {{n}},if x =n € Nand B(z) = {{a} U(N, \ {1,2,...,n})},_ ifz =a€ A

Since A is a closed discrete infinite subset of X, X is not countably compact. On
the other hand, the set D = N is dense in X. Let {z,: n € N} be an arbitrary sequence
of points of the set D. If the set S = {z,,: n € N} is finite then the sequence {z,,: n € N}
has a constant subsequence. If the set S is infinite then by maximality of A there exists
a € A such that N, NS is infinite. Note that the enumeration {x,, : k € N} of N, NS
in the increasing order is a subsequence of the sequence {z,: n € N} converging to the
point a. Thus the space X is sequentially pracompact.

Example 4. Endow the set N with the discrete topology. Let &7 (N) = NU{co} be a one-
point Alexandroff compactification of N with the remainder co. We define on «7(N) x N
the product topology 7, and extend the topology 7, onto X = &/ (N) x NU {a}, where
a ¢ o/(N) x N, to a topology 7* in the following way: bases of the topologies 7, and 7*
coincide at x for any = € &/(N) x N and the family

%*(Q) :{Ua(il,...,in)l il,...,in GN},

where
Ua(ity..yin) = X\ ({oo} x N)U (& (N) x {i1,...,in})),

determines a set of neighbourhood systems for 7* at the point a.

The definition of the topology 7* on X implies that N x N is the maximum discrete
subspace of (X, 7*) and N x N is dense in (X, 7*). Hence every dense subset D of (X, 7*)
contains N x N. However, N x N = X is not compact, and hence (X, 7*) is not an w-
bounded-pracompact space.

Now we shall show that (X, 7*) is totally countably pracompact. Especially we shall
prove that N x N is the requested dense subset of the space (X,7*). Fix an arbitrary
sequence {x,}, .y C NxN. If there exists a positive integer i such that the set {z,,}, .1
(o7 (N) x {i}) is infinite then the subsequence {z;, }jEN ={7n}, ey N (F(N) x {i}) with
the corresponding renumbering has compact closure in (X, 7*). In the other case the set
{Zn},en N (' (N) x {i}) is finite for any positive integer 4. Then the definition of (X, 7*)
implies that {z,}, .y = {a} U {2, },cy is a compact subset of (X, 7%).

We observe that by Proposition 19 of [14], (X,7*) is Hausdorff non-semiregular
countably pracompact non-countably compact space, and hence (X,7*) is not totally
countably compact.
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Blanchet has shown that a C? subharmonic function can be extended
throught a C' hypersurface provided the function satisfies certain C' type
continuity condtions on the exceptional hypersurface. Recently we improved
Blanchet’s result by measuring the exceptional set with the aid of Hausdorff
measure. Now we give a related extension result for separately subharmonic
functions.

Key words: subharmonic function, separately subharmonic function, Haus-
dorff measure, exceptional sets.

1. INTRODUCTION

1.1. We give an extension result for separately subharmonic C? functions, see Theorem
below. Our proof is based on our previous extension result for C? subharmonic functions,
see [8, Theorem 1, p. 154], and on a general result, see [3, Proposition 1, p. 33]. Moreover,
we need Federer’s important results from the geometric measure theory, see e.g. [2], [0].

1.2. For the used notation, see [0} [7, [§]. However, for convenience of the reader we recall
here the following: If z = (21,...,2,) € R", n > 2, and j € N, 1 < j < n, then we write
z = (z;,X;) = (Xj,z;), where X; = (21,...,%;-1,%41,...,%,). Moreover, if A C R",
1<j<n,and x? eR, X](-J € R" 1, we write

A(a:?) ={X;eR" iz = (x?,Xj) €A}, A(X]Q) ={z;eR:z= (xj,XJQ) €A},

2010 Mathematics Subject Classification: 31B05, 31B25, 32A10, 32D20
© Riihentaus, J., 2018
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2. AUXILIARY RESULTS

2.1. A result of Federer. The following important result of Federer from the geometric
measure theory will be used repeatedly.

Lemma 1 (|2, Theorem 2.10.25, p. 188], [9, Corollary 4, Lemma 2, p. 114]). Suppose
that E C R", n > 2. Let a > 0 and let 7, : R® — R* denote the projection onto the first
k coordinates.

(i) If HF(E) =0, then HY(E N7}, () = 0 for H*-almost all z € R¥,

(i1) If HFF(E) < +oo, then HY(E N, ' (x)) < +oo for HF-almost all x € RF.

2.2. Our previous extension result for subharmonic functions. As pointed out
above, we use our previous extension result [8, Theorem 1, p. 154], however, now in the
following, only seemingly more general form. For our previous related results, see [4]
Theorem 4, pp. 181-182], [6, Theorem, p. 568], and [7, Lemma 2, p. 51]. Let it be pointed
out also here that Blanchet’s results [I, Theorems 3.1, 3.2 and 3.3, pp. 312-313], have
been the starting point of our cited results.

Theorem 1. Suppose that Q is a domain in R™, n > 2. Let E C Q be closed in ()
and let H" Y(E) < +o0. Let u: Q\ E — R be subharmonic and such that the following
conditions are satisfied:

(Z) u € ‘Cloc( )

(ii) uw € C3(Q\ E).
(#3i) For each j, 1 < j < m, 6 2 € L].().

) For each j, 1 < j < n, and for H""t-almost all X; € R"™1 such that E(X;) is
finite, the following condition holds:
For each x} E E(X;) there exist sequences x(;’ll, 312 € (Q\E)(X,),l=12,...,
such thatx K /‘ac], m \x as | — +o0, and
(iv(a)) hmlHJroo u(z ?},Xj) = lim;_, oo u(z (J)l ,X;) €R,
0,1
g
Then u has a subharmonic extension to ).

(iv

ou

0,2
X;) < limsup;_, | aTj(;v

(tw(b)) —oo < liminf; 4 é‘?—xj(x i1 Xj) < oo

2.3. In this connection and related to the above Theorem [I} we take the opportunity to
state the following concise corollary. As a matter of fact, we have previously not stated
it explicitly, and we feel that it might be of interest in itself.

Corollary 1. Suppose that Q) is a domain in R™, n > 2. Let E C <) be closed in ) and let
H'YE)=0. Let u: Q\ E — R be subharmonic and such that the following conditions
hold:
(7’) u € ﬁloc(Q)
(ii) u € C3(Q\ E),
(i3i) for each j, 1 < j < n, 8 26 Ll .(Q).
Then u has a subharmonic emtenszon to €.

2.4. In addition to Federer’s above lemma and our above Theorem [l we need also the
following nice result. Observe here that the below used hypoharmonic functions are in
our terminology just subharmonic functions.
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Proposition 1 (|3 Proposition 1, p. 33]). Suppose that Q is a domain in RPT4 p q > 2.
Let w: Q — [—00,400) be nearly subharmonic. Let w*: Q — [—o0, +00) be the reqularized
function of w, which is then subharmonic. Then the following properties are equivalent.
(1) The distribution Ayw = Ayw*= (sum of the square second order derivatives of
w or w* with respect to the p coordinates of x) is positive.
(2) For ally € RY? the function Q(y) > z — w*(z,y) € [—00, +00) is hypoharmonic.
(3) For almost every y € R? the function Q(y) > = — w*(x,y) € [—oo,+0) is
subharmonic.
(4) For almost every y € RY the function Q(y) > © — w*(x,y) € [—00, +00) is nearly
subharmonic.

3. AN EXTENSION RESULT FOR SEPARATELY SUBHARMONIC FUNCTIONS
Our result is the following
Theorem 2. Suppose that Q is a domain in RPT4, p.q > 2. Let E C Q be closed in )
and let HPT971(E) < 4+o00. Let w: Q\ E — R be separately subharmonic, that is,
for all y € RY the function (Q\ E)(y) > z — w(x,y) € R is subharmonic,
and
for all x € R? the function (Q\ E)(x) 3 y — w(x,y) € R is subharmonic,

and such that the following conditions are satisfied:
(Z) w e ‘Cloc( )
(ii) w € C*(Q\ E).
(iii) For each j, 1< j <p, o 2 € L1 .(Q), and for each k, 1 <k < g, 8 2 € L (Q).
) For each j, 1 < j < p, and for HP=1 T4 almost all (X;,y) € RP~ 14 such that
E(Xj,y) is finite, the following condition holds:

(iv

For each x} € E(Xj,y) there emst sequences J;(;ll,ng (Q\ E)Xj,y), l =
1,2,...,suchthatx /‘J;J,x \m as | — +o00, and

(tv(a)) limj— 400 w(x?:l ,Xj,y) = limy_, oo w(zx ?’l . X5, y) €R,
(

w(b)) —oo < liminf;_ 4 37“2(332:[17Xj’y) < limsup;_, | %(x?:lz,)(j, y) < 4oc.
(v) For each k, 1 < k < q, and for HP 9 1-almost all (z,Yy) € RPTI™1 such that
E(z,Yy) is finite, the following condition holds:
For each y} € E(x Yk) there exist sequences ykl,ykl € Q\ E)(z,Yy), l =
1,2,..., such that ykl Ve yk, yk,l N y,C as | — +oo, and
(v(a)) im0 w(z, ykvl Vi) = limy 4 o0 w(z, y,??, Yi) € R,
(v(b)) —oo < liminf;, gT“;(x, ygzll,Yk) <limsup;_, %(%ygf, Yy) < 4o0.

Then w has a separately subharmonic extension to 2.

Proof. By [Bl Corollary 4.6, p. 412], w is subharmonic in Q2 \ E. Thus by Theorem
w: 2\ E — R has a subharmonic extension w*: @ — [—o0, +00). By Proposition [1]it is
therefore sufficient to show that
e for H7-almost all y € R? the subharmonic function (Q\ E)(y) > z — w(z,y) € R
has a subharmonic extension Q(y) 3 = — w*(z,y) € [—00, +0), and
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o for HP-almost all z € R the subharmonic function (Q\ E)(z) > y — w(z,y) € R
has a subharmonic extension Q(z) 3> y — w*(z,y) € [—00, +00).

We show that the first condition holds. The proof of the second is similar.
Fix j, 1 < j < p, arbitrarily for a while.
By our assumption HP~1*9(E) < +oco. From the above Lemma of Federer, it follows
that for HP~'*2-almost all (X, ) € RP~114 the set E(y)(X;) is finite. Write
A= {(X € R4 B(y)(X;) is finite} .
Thus

Hp—1+q<Ac) =0 <— mp,prq(AC) =0 << / X Ac (Xj,y)dmp,Hq(Xj,y) = 0,
Rp—1+q

where xac(+,-) is the characteristic function of the set A°, the complement taken in
RP—1+a,

Next use Fubini’s theorem:

0= / Xae (X5, y)dmp_144(X;,y) = / / Xae (X, y)dmp_1(X;) | dmg(y).
Rp—1+q Ra Rp—1
Since
/ xae(Xj, y)dmy_1(X;) = 0,
Rp—1
we see that in fact
/ Xae(Xj,y)dmy_1(X;) =0
Rp—1
for H?-almost all y € RY.
Write

Bl :={yeR: / Xae(X;,y)dm, 1(X;) =0 3,
Rp—1
= {y € R?: xac(X,,y) =0 for P~ almost all X; € Rp_l},

= {y e R?: xa(Xj;,y) =1 for HP~1 almost all X; € Rp_l} .

Write By := B{NB#N---NBY. Then for all y € B; we have (X;,y) € A for HP~! almost
all X; € RP~!, and this holds for all j =1,2,...,p.

Next write
By :={y € R": w(-y) € Lh ()}
Bs = {y e R?: w(-,y) € C*(( Q\E(y N}
Bi ::{yeRq:giw(,y 6Eloc }

By:=BiNBin---NBY,
andBZ:BlﬂBszgﬁB4.
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Then for all y € B the function (Q\ E)(y) 3 © — w(z,y) € R satisfies the assumpti-
ons of Theorem [Il Therefore these functions have subharmonic extensions

Qy) 2z — w*(z,y) € [0, +00).
But then our claim follows from Proposition O

Example 1. The function v : R* - R,

1+ 21, when 21 <0,

u(z1, 22) = u(z1 +iy1, T2 +iy2) = w1, Y1, T2, Y2) 1= { 1 — 2, when z; >0
) =

is continuous in R* and separately subharmonic, even separately harmonic in R*\ ({0} x
R3), but not separately subharmonic in R*. Observe that u satisfies the above conditions
(i), (i1), (i), (iv(a)) and (v(a)) in R*\ ({0} x R?). However, u|R*\ ({0} x R?) does not
satisfy the conditions (iv(b)) and (v(b)). Thus these conditions cannot be dropped in
Theorem 2

Corollary 2. Suppose that ) is a domain in RPYY p g > 2. Let E C § be closed in Q
and let HPY9=1(E) = 0. Let w: Q\ E — R be separately subharmonic, that is,

for all y € RY the function (2\ E)(y) 3 x — w(z,y) € R is subharmonic,
and
for all x € RP the function (2\ E)(z) 3 y — w(z,y) € R is subharmonic.

Suppose that the following conditions are satisfied:
(i) we L (),
(ii) w e C*(Q\ E),
2 2
(#it) for each j, 1 < j < p, g?u‘)E LL () and for each k, 1 <k < q, 27:}6 L ().
J

loc loc

Then w has a separately subharmonic extension to ).

Proof. Follows directly from Theorem 2 and from the above Lemma of Federer. O
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Buianme nosiB, mo cyGrapmoniuny dyHkmio raagkocri C2 MOxKHA 1po-
nosxuTH gepe3 Cl-rimepruromumy, KMo BYyHKIs 3310BOILHSIE TIEBHY YMOBY
riaakocTi tury C ! Ha BUHSATKOBIN rineprutoniuai. Hemonasuo Mu oK pauuim
pesynbraTr Braanme, po3ragaysmu mipy [aycaopda sursrkosoi muoxunam. Te-
Tep MM HABOAVMMO TIOAIOHE y3araJbHEeHHs s Hapi3HO CyOrapMOHIIHUX (DYHK-
I,

Karowoet caosa: cybrapMmoHituHa GyHKINsS, HApi3HO cyOrapMoHivyHa (QyHK-
mist, mipa [aycmopda, BUHATKOBI MHOKWHM.
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ITPO 3POCTAHHA BUITAJIKOBIX HIJINX PAAIB AIPIXJIE
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- +oo “+oo . . .
Hexait A = (/\k)kfo Ta f = (fk(w))kfo — TOCJII0BHOCTI HeBix €eMHHX
YUCesI 1 KOMIIJIEKCHO3HAYHUX BUTIAIKOBUX BEJIWYMH Ha HMOBIPHICHOMY TpOC-
Topi (2, A, P), sBigmosimmo. Hocmimkyemo Benmmawman R-mopankis pr(w) i

R-tunis Tr(w) 3pocranns sunaakosux pamis ipixme surnany F(z)
+oo

F(z,w) = ka.(w)e“" (z € C, w € Q). 3okpema, y BUIAAKY, KOJHI
k=0

B(A) = kinfoo% = 0 nosezeno rtaxe TeppKenHs: skmo (| fr(w)|) —
IIOCJIIOBHICTD [ONAPHO HE3a/I€XKHUX BUIIAKOBUX BeJIMYUH 3 DYHKIIAME PO3-
nopiny Fi(z) = P{w: |fi(w)] < z}, 2 € R, k € Z4, 10 ans Toro, mob
pr(w) = p € (0,+00) M.H., HEoOxinHO i gocrarubo, wob (Ve € (0, p)):

+o00 +oo
Z(liFk(e—ﬁAklnAk)) < 400 A Z(l,pk(e—ﬁxklnxk)) — 1oo.
k=0 k=0

Karouosi caosa: 1imi dyukmii, Bunaakosi psau lipixae, R-mopsmgok 3poc-
TAHHS.

1. BcTtyn

+oo

k=0
£ _ +o00 . . <

ra f(w) = (fe(w)),_, — MOCIIOBHOCT] HEBI’EMHIX Ta KOMILIEKCHOZHAYHIX BHIIAKOBHX

Hexait (2, A, P) — iimosipricrmii mpoctip. Kpim mporo, mexait A(w) = (Agx(w))

esmaun Ha (), A, P), Bianosigno, epes A = ()‘k)Z:()) MO3HAYATHMEMO MOCTiIOBHICTD
HOIAPHO Pi3HUX HEBij'eMHUX uucen, a yepe3 Ay = (Ag) — YMCIIOBY HOCIIIOBHICTD TaKYy,
wo 0 < Ag < A < A1 T 400 (1 < k7T +00). Kpim nporo BBazkarumemo, 1o Ag(w) #
Am (w) mans Beix n # k M.H. (Maiixke HAIEBHO).
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Yepes D(A) no3Ha4uMO KJAC LLIMX BULAAKOBUX (M.H. abCOJIOTHO 30i:KHUX Y BCiit
KOMILIEKCHI# 1wiomuni) paais Jdipixie Buruisigy

+oo
(1) F(z) = Fulz) = F(z,0) = ¥ fl@)e™ @ (zeC, weq),
k=0
wo st BikcoBaHOro w = wy € 3Budaiinum (gerepminoBanum) psajgom Jipixise Burisyy
(2) F(z) =) ape™™,
k=0

e ar = fr(wo), Ag = Ag(wo). A ocHOBHUM O6’€KTOM DO3IJIALY Y ILOMY MOBIJOMJIEHH] €
Bunaakosi miii paam ipixme Burmsamy

+o00
(3) F,(z) = Z fe(w)e™ (2 €C, weN).
k=0

Hexait D = J, D(A), a D(A4) — miakiac psais 3 knacy D 3 bikcoBaHO0 MOC/IIL0BHICTIO
noka3uukis A. Yepes D 1O3HAMUMO KJ1aC dopmaspaux pagis lipixie surismy Ta-
kux, mo o, (F,w) = sup{z € R: fr(w)e®©) — 0 (k — 400)} > —oo M.i. 3posywmiio,
mo D C D.

3a3HaYNMO, 10 9K y BUNAJIKY PS/IiB BUTIISIIY , Tak i BumaakoBuX pani ipixie
BULJIALY (abo ii 3araJbHOrO BUTJIALY ) MUTAHHS 301KHOCTI TAKUX PS/IiB JTOCTiIKe-
He y 6araThoX Mmpalsgx 3 IPAKTUIHO BUYEPIIHOIO MOBHOTOIO (auB., Hanpukian, [I-[11]).
Y [12]-[18] posruspanu nuranus npo abcuucu 36ikuocTi BunaakoBux psais Jipixie 3
kmacy D(AL) y sumaaky 7(A) := limy_, oo Ink/N\p < 400; 3 Koedimientavm BurAATY
fr(w) = arpZi(w) B [I3, M4, 15]. Y unazky, ko 7(Ay) = 0, a Koedirienrn psay Hipixme
(fx(w)) momapuo nHesanexHi B [16, I7] TBepmKenHs mpo abenucy abcoarOTHOT 301KHOCTI

orpumani B repminax ymoB Ha (yHkuil posnopiny Fi(z) := P{w:|fr(w)| <z}, z €
R, k£ > 0. ¥ [19, 20, 2], 3okpema, orpumano ouinku abcuuc 361KHOCTI y BHUIAIKY,
kosn Koedinientn paxy dipixme mators suriasan fp(w) = apZi(w), Ink = o(ln|ak|)

(k = 400), a nocainoBHicTb (A (w)) € MOCIITOBHICTIO MOMAPHO HE3AJIEIKHUX BHUIAIKOBUX
BEJIMYUH, IIPHU I[OMY TeopeMu (OPMYIIOIThHCS B TepMiHax oOMe:keHb Ha (YHKINI PO3-
nominy Fi(x) = P{w: A\;(w) < 2}, z € R, k > 0 (moxibro, /115 BUIAIKOBAX KPATHUX
paais Hipixue B [22]). V [16},17] i B [20] 21, 22] ymoBa nonaproi nezasexHocri 3abe3mnedye
MOYKJIMBICTE 3aCTOCYBAHHSI YTOUHEHOT Apyroi yactuan jemu bopens-Kanreni (ans. [29],
[32, c. 84]). ¥V 3B’s13ky 3 mociigKeHHsi obmacreii 3613KHOCTI BUNAIKOBUX KPATHUX DSI/IB
Hipixisie BKaxkemo Takox Ha mparg [24] 23].

JocmimKeHHsT 3POCTAHHS BUIAIKOBUX psaaiB Jlipixie MaoTh y MiIoMy JT0BOJI par-
MmenrTapuuit Burssya (aus., nanpukiaz, [13, 14, 18, 26] 27]). Y upomy nosizomieHui mMmu
3aIOBHIOEMO JESIKi MPOTAJIMHHU JIjIs BHIAAKOBHUX Iimx pamis Jlipixmie, axk Burisamy ,
TaK i 3arajlbHOTO BUTJISITY , SKi CTOCYIOThCsT (hOPMYJT [1Jist 004YnCIeHHs R-opsakis i
R-tuniB Takux paais. leski 3 oTpuMaHUX TBEPIKEHb € HOBUMH HABITH B iHTepIpeTartii
Jis tiux psiais dipixie 3 nokazaukamu A i koedinienramu surnany fi(w) = apZk(w).
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2. OCHOBHI MMOHSTTS, AOIMMOMIXKHI TBEPI>KEHHS I[MPO R-TIOPSIAKU TA
R-Tunm

Orxe, skimo F € D, 1o 33 yM0BOI0 abcuuca abcomroTHOT 30i2kHOCTI psaay lipixite
0q(F,w) = 400 m.u. Toxi, 3a TBepmKennam 13 [19] 0, (F,w) = o(F,w) = o, (F,w) = +00
M.H., g€ o(F,w) — abcuuca 36iKkHOCTI psiy . A gKmo 10JaTKOBO HPUIYCTHTH, IO
lim, _, o Ax(w) := A(w) > 0 Mm.1., TO 3a TBepKennam 2 3 [T9)]

—In[fx(w)|

O'M(F,(U):(XO(F,OJ) :kh% Ta}) M.H.
— 400

3 immoro 6oky, akmo 7(A,w) = kgirfoo;:—(ﬁ) = 0 abo h(w) := kgrfoo% =01

F, € D mae Burms , 10 3a TBepmKerHsaM 10 3 [19]
0o(Fyw) =0(F,w) = 0,(F,w) = ap(F,w).

Hacryune rBepuzkenns n106pe inome y Bunajaky paais Jipixise surnsay (2)) 3i 3poc-
rarounmu nokasaukamu A = (Ag).

+oo

TBepmxenus 1. Hxwo npu dixcosanur r€R, wel), pad Hipixae ka(w)e(:”“y)/\’“(“)
k=0

pisHomipro 36iocnut no y € R do F,,(z + iy), mo das xoocnozo m = 0

T
1 A
TAm (W) : ; —iAm (w)y
(4 Fmw)e i o [ Futa e dy.
-

Hosedenns. Hna dikcoBannux n = m > 0 po3risHeMO EKCIOHEHIIHHUN [MOJIHOM
n

Qn(z) = Z fr(w)e* @) Toni cximaermy mocmimosmcers (A (w))i_, mpr bikcosamomy
k=0

W MOXKHA BIIOPSJIKYBATHU 33 3POCTAHHAM 1, ToMy (1uB., Hanpukiaz, [9, c.13])

(5) frn(w)em @) = Tim 1

T
- . —iAm (W)Y
Torto0 2T /Q"(sz)e dy.

-T

3ayBaxkKuMO CIOYATKY, IO pu dikcoBanomy x € R

T T
1 . . —id (W 1 . .
ﬁ‘ / (Fu(x +iy) — Qu(x + iy))e ! )ydy‘ < 57 / |Fo(a +iy) — Qulz +iy)|dy <
T -T

<sup {|F( +iy) - Qu(z +iy)|: y € R}.
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Ane F,(z+iy) = Qn(z+iy)+ (F,(z+iy) — Qn(z+iy)), ToMy 1OCIIIOBHO 33 JOIOMOTOIO
piBHOCTI , CKOPHCTABIIUCH PIBHOMIPHOIO 36i2KHICTIO, OTPUMYEMO

T

1 ,

: - . —iYAm (w) o a:)\m(w)‘ <

i | / Fu(z +iy)e dy — f(w)e™ @) <
~r

T

1 ; iA

< 1 —iAm (W)Y g, fw‘m(“’)‘

< TEIJIrloo ‘TT / Qn(l‘ + ly)e dy fm(w)e +
=T

+sup{|Fw(:r+iy) —Qu(z+iy)|:y e R} =
= sup {|Fw(x +iy) — Qn(z + zy)| y € R} =0 (n— +o00).
O
3aysaorcenns 1. Heckiragpo niomituru, 10 y MOMEpeIHBOMY TBEPIZKEHHI YMOBY DPIBHO-
MipHOT 36ikHOCTI ipu dikcoBaHoMy x € R MOXKHA 3aMiHUTH HA iCTOTHO CIadIIy B 3a-

raJbHOMY YMOBY, 30KpE€Ma, HAMPWKJIAT, MOXKHA BBAaXKaTH, 0 TpHU (ikcoBanomy € R
BUKOHYETHCS

T
— 1
lim Tim ﬁ/yFw(afwy)—Qn(a:Hy)\dy:o.
“r

n——+oo I'—+o0
Hexaii L — knac nenepepsuux ¢yukuiii «: [0, +00) — (0,400) i rakux, mo a(z) 1
+oo (0 < z 1 400). Oua byskuii o € L 11 R-nopadkom i R-munom naszusaemo, Biaio-
BIJIHO, BEJIMYUHU
— Ina(z) — Tm a(z)
z—+oo a—+o0 exp{plajz}’

Hnsg z € R i minoro paxy Hipixse F Burssmy qepes

M(z,F) =sup{|F(z +iy)| : y € R} i p(z, F) = max{|a,|e** :n >0}
HO3HAYMMO, BIANOBLAHO, MAaKCUMyM MOIyJd 1 MakCUMaJbHuil wieH psauny; v(z,F) =
max{n : |a,|e** = p(x, F)} — uenrpanbuuii ingexc pauy (2).

Besmwunnamu R-niopsinky i R-tumy 1imoro psgy dipixae F € D(Ay) surasimy
HA3WBAIOTh, Bi/ITIOBITHO, YHUCIA,

pr = p[ln M (-, F)], Tp:=T[nM(-, F)].
Hexait p,, = p[ln ), T;, = T'[In ], signosiano, R-nopsaaok i R-TuIl MaKCHMATIBLHOTO Y/I€HA
w(z, F) paay Hipixiae. dasg x € R i winoro pauny dipixsue F,, Burismy npu (pikcoBa-
HOMY w € € y BIANOBIIHUX MO3HAYEHHSIX MUIIIEMO
M(l‘,Fw) :M(J},F,W), /J/(J},Fw) :/j/(.’E,F,(A}), pF(w)a TF(w)7 pN(W), TM(W)
3 piBuOCTI @ HeraifHO OTPUMY€EMO Takuil cranzaprHuii ananor episHocri Ko (y

BUILIAJIKY MOHOTOHHOI CHCTEMU LIOKA3HUKIB JuB., Halpukias, reopema 1.5 [9])

U(vaw) < M(xaFw)
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ans Beix x € R. Tomy gna R-topsakis i R-tumiB MmaTmmemMo

pu(w) < prw),  Tu(w) < Tp(w).
SayBaxKuMO, SKIIO
sup{A;: k > 0} := v < o0,
to In M(z, F,,) = O(x), Inu(x, F,) = O(x) (x = +00). Tomy ckpi3b Hazami BBaXKaTHMe-
MO, IO ¥ = +00.

Hecknammo nmepekoHaTHCD. IO PABAJIBHE TAKEe TBEPIKEHHS. Y BUIAJAKY IIAX Ps-
ais Hipixae F' € D(AL) Burssny ue reopema 1 3 [28, ¢.265].

TBepmxkenras 2. /Jaa koorcnozo pady ipizae F' € D suezaady

m )\k (w) In >\k (w)

pu(w) = kp(w) := ko400 —In|fi(w)]

Teepmxkenns 3 (|28, Theorem 3, p. 265]). STxwo F € D(A) mae suzand i 6UKO-
In

Hyemoes ymosa S(AL) := kEToo WY =0, mo pr = py, ¢ omoice, pr = kr = p,.

3aysaoicenns 2. Trepmxenns |3 3a ymosu S(A) = 0 € 3acTocoBHUM TipH (biKCOBAHOMY

w € Q no xoxuoro pamy Hipixae F,, € D suraany (3), npu mpomy pp(w) = pu(w) =
k ( ) 1— /\k In /\k
w)= lim —————— m.H.
F k—+oo — In | fi(w)

TBepmxenus 4. Jas kootcnozo pady lipizae F € D ueandy M. H.

_ . T ( ) p/ Ak (w _
Ty(w) = Kp(w) := kLTOO ep | fro(w)[ P/, p=pu(w).

— Ink
STkwo ofc sukonyemves ymosa T(A,w) := lim i

k—+o00 )\k(w)
Trp(w) =Ty(w) = Kp(w) M.h.

=0, mo pr(w) = pu(w) = kp(w),

Cupasai, nepia dacruna, sk i rBepazenns [2), noBoaurses 3a nonomororo crangap-
THUX MipkyBawb. Jami, npn dbikcopanomy w Takomy, 1o 7(A,w) = 0, a5 BCiX m0CHTH
BesuKUX k > ko = ko(w) maemo \g(w) > Ink/e, ne e > 0 — mosimbre. Tomy

“+oo “+o0
Z exp{—2eA,(w Z exp{—2Ink} < +o0,
k?:k}() k= k()

spimkn C(e) == 3120 exp{—2e\,(w)} < 400, i oTxe,
Z (@)@ 2NN < Cle)u(a + 26, F),

Bsincn orpumyemo, mo Tr(w) < Ty (w) - €277(@). Crpamosyioun ¢ — +0, ocTaTodmHo
onepxyemo, mo Tr(w) = Ty (w).
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Ink
Tsepaxennsa 5. Hexati F,, € D mae suzasd ih=h(w):= lim __nr < 1.

k—+oo —In | fr(w)]
Todi das Kootcnoeo € € (0,1 —h) i eciz x > 0

Me, F) < CE) (i) O0) = Clew) < 4ov.
3oxpema, pr(w) < pu(w)/(1 — h(w)) m.n., a makoorc pp(w) = p,(w) M1 36 ymosu
h(w) =0 m.n.

Crnpagzi, skmo F,, € D mae suraag (1), to —In|fx(w)| = 400 (k = +o00) mm. 3
yMmoBH h = h(w) < 1 BunzmBae, 1mo st KoxHoro 2¢ € (0,1 — h) BUKOHYEThCS HEPIBHICTH
—In|fi(w)] > Ink/(h+ ¢) ans Beix nocurs Besmkux k > ko. Toxi

+oo
Cle) = Cle,w) = Z | fi(w)|" 2 =

ko—1
Z|fk |h+2s+Z|fk |h+2s<
k=ko
k‘o 1
h+ 2¢
h+2
Z|f )| s+Zexp{ h+€lnk}<
k=ko
< +00.

Towmy s Beix x > 0

Z|fk |1 h—2¢ z)\k(w |f ( )‘h+25 <
k=0

I —2e

Z (|fk} |ezkk(w)/ 1 h— 25)) —h—2 |fk(w)|h+28 g
k=0

< (g ) Cte),

3Bincn, prp(w) < pu(w)/(1—h —2e). Ba.HI/IIHaGTbCH cupsimyBaru € — 0.

3. SPOCTAHHS BUIIAAKOBUX PSAIB 3 JZETEPMIHOBAHUMU IMOKA3HUKAMU

Hacninyiouu @, Taun (F. Tian) ([13]), cuepuy posrisinemo nuranus upo dhopmy-
JW )i BU3HAYEHHS BeuunH R-mopsamis i R-tumniB Bunaakosux psagis lipixme F,, € D
BUTJISATY 3 Koedimienramu fi(w) = ay - Zi(w). loBegeMo Take TBEpIZKEHHS.

Teepaxenns 6. Hexati F' € D(A) i mae suzand , a F, € D mae 6uzand , de
fro(Ww) = apZy(w). dxwo p, = pllnp(-, F)] < +o0,

oy —nZkw)
(6) kgrfoo /\k In /\k

i suxonyemuvea odua 3 deox ymos B(A) =0 abo Ink = o(ln |ag|) (kK — +00), mo F, € D
i pr(w) k lim Ak InAp H
= = = M. H.
PE P £ k—+oo — In |ak|

=0 MM
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Jlosedenns. 3ayBarKuMo CLOYATKY, 110 33 TBEpIzKeHHAM | o, = kp, TOMY
1
pte

3BijKH, 3a ymoBoo B(A) = 0 orpumyemo, mo Ink = o(ln |ax|) (k — +00).
Mu Bxxe 3raaysasu, 1o 3a repuzkenusam 10 3 [19], 3acrocosanum a0 psay F,

(Ve)(Bko) (Vk = ko):  |Inag]| > A In A,

-1 Z
0o(Fw) =0, (F,w) = ap(F,w) = lim M.
koo Ak
Ate,
— |In|Zg(w)]| | In | Zk (w)]]
0:= i |7 < lim ——— =0.
k—+oo |1n|ak|| (erE) kﬁlrfoo Ak In Ay

Tomy oTpumMyemo, MO M.H.

Ua(Fvw) = lim

k—+o0 Ak

—m%y0+%&ﬁn
n|ag

) =0, (F) = 400,
10010, F, € D. OCKinbKHY, K BUIIE BiI3HATATIOCS
In|Z
(7) im 2L
k—+oo In |ak|

o Ink = o(In|arZk(w)|) (k — 400). Tomy 151 OGUUCTIEHHS BETUYNHA MOPAAKY pr(w)
3a TBEDJKEHHSM [5] MaTHMeMO

_— Ak In A, — Meln In | Ze () \ 7"
pr(@) = I I Ze @) A Thjae] A M T 4

IIpu npoMy Mu 3HOBY CKOPHCTAJIMCS CITiBBiIHOIIEHHSIM @ O
3a3HaYMMO TAKOXK TAKY HECKJIAIHY MOAMDIKAIIIO0 HOMEPEIHBOrO TBEP/KEHHSI.

Teepmxenns 7. Hezati F € D(A) i mae suzasd ([2), a F, € D(A) i mae suzand ()]
de fu(w) = axZi(w). Axwo py = p[lnu(-, F)] € (0, +00),

. —In|Z(w)|
By ={w: 1 — = =4(w) =0y,
1 {w e Aplng () }

B o —In[Zp(w)]

By ={w: Tm —TEE = Aw) <0},
. —In|Z(w)
B3 = 1 - =
3 {w k—lr—fr—loo Ak In Ay 0}’

o0l e T [IIZe)
B= {0 = T S <

i suKonyemvea oona 3 dsox ymos S(A) =0 abo Ink = o(Inlag|) (k — +o0), mo (IB €
A, P(B) =0):

1) we€ B\ B, §w)+ /%F >0 = 0,(F,w) = +o0;

i) we Bi\ B = =4 > (W) + ;s
iii) w € Bo\ B A 04(F,w) = 400 = —— < A(w) + =

pr(w)
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1,— /\kln)\k .

; B;\ B —> =pu=kr = TTaladl
iv) we Bs\ pE(W) = pu = kr k_&loo—ln|ak|’

PF
v) w € By BzaaF,w):—i—oo/\‘ —1’<9.
) \ ( pr(w)

Josedenna. Ockinbku F(0) # oo, ro —In|fi(w)| = 400 (k — +00) m.u. Crnogarky
3a3HAYMMO, IO T. V) TOBOANTHCS AHAJIOTIYHO, SIK TBEPIYKEHHS @
VY Bunagky w € By, ockinbku —In |ag| > A\ In A, /(pp +€) i

—In|Z;(w)] > (6(w) —e)Ap In Ay

Itst BCiX k = ko(w), TO

1
_mUﬂwN><MM—f+pF+€)MmAb

3Bincu, Bubupatoun £ > 0 Tak, mobd BHKOHYBaJoCh d(w) — € + > 0, 3 yMOBH

pr t+e¢
B(A) = 0 HeCKIAIHO OTPEMYEMO, IO 0, (w) = +00.
CroCOBHO JIOBEJEHHS ILIIL. 1), 441), 3ayBasKHUMO Take: OCKLIbKE lim(a — b) > lima —
lim b, To

1
— = lim

—Injax| _ mﬂ<—mmwn_—m%mm>>

PF kotoo M INAL k5100 | Awlng Ak In A
L m i@ —In|Z(w)| 1
> 1 —— 1 = — Aw).
i Melndg  kodse Aelnhe  ke(w) ()
Toai6uo, ockinbku lim(a—b) < lima—lim b, To piF < ﬁ(w)—é(w). Asne kp(w) = pu(w) <
pr(w).
dAxio w € By, TO
| Z — .
L LAC A DY P i L AC]
ko oo Ink kostoo INE ktoo | Inlag|
-1
C(1—6(w) Lm el o

k——+o0 Ink

Towmy, 3a rBepkentsam 10 3 [19], 3acrocoBanum no psiuy F,

1 Z
Ua(Fuw):UH(F7W):O(0(F7w): lim M>
k—4o00 )\k

. —In|ay] — |In|Z(w)]
> lim ———[1— lm |————=—| | =0,(F)(1 —-0(w)) = +oo.
Jm Jim | W(F)(1 - ()
Jami, 3a TBEpPIKEHHAM
1 —1 —Inl|Z — —1 In|Z
o Bl IZ@) a0 izl
Ppr(w) kS ieo AxIn Ny k—oo A\pIn A k—oo k—oo In|ag]

— k(1 - 6(w)).
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Iloxi6Ho oTpEMy€EMO

1 — —Infax| — In|Z(w)]
< lm ————— - lim (1— lim ————— ) =kp(1+6 .
pF(W) k:Loo >‘k ln)\k kioo < k:Loo 1n|ak| F( + (w))

Ane kg = pp. O

OrpumMaemo Tenep y BUIISAAL MPOCTOrO HACHLAKY Takwii aHasor Teopemu 2 3 [13].
TBepmxkenns 8. Hexatl (Z;(w)) — nocaidoenicms 6unadkosur 6eaudur maxa, uo
(8) (a > 0): sup{M|Z|*, M| Z;|~“: k =2 0} < 400,

a pad Tipizae F € D(A) i mae suzand , a F, € D mae 6uzand , de fr(w) =
arZi(w). Axwo euxonyemovea ymosa B(A) = 0 abo Ink = o(ln|ax|) (K — +00), mo
F,eDi

pr(w) = pu(w) = pr =kp M.H

JHosedenns. 3 ymosu BUILIUBAE, IO

In|Zy(w)] =O0Ink) (r— +o00) M=
Cnpaedi, 3a uepiBuicTio MapkoBa P{w: [¢(w)| > a} < MT, a >0, Tomy mast n > 0
+00 o
D P{w: [Ze(w)|* 2 <O M| Zk(w)]*) /R < o0,
k=1 k=1

3siacu, 3a mepmoro wacrunoo nemu Bopens-Kanreni cepen mogift ({w: [Zgx(w)|* >
kH"}) 3 IMOBIPHICTIO, IO JOPIBHIOE OJIMHUIN, BUKOHYETHCS CKiHYEHHA TXHSA KiJTbKiCTbh,
OT¥Ke, M.H. JIJI BCIX JOCTATHRO BETUKWX k BUKOHYEThCA HepiBHicTh | Z)(w)| < k(1Tm/e,
TMoni6ro 3 ominkoro 3uHU3y. OTike, 3a ymoBow B(A) = 0 orpumyemo, 1o In|Z;(w)| =
o(ArIn ;) (B — +00) M.H., TOOTO BUKOHYIOTHCS YMOBHU TBED/KEHHS

3aysaorcenna 3. Y crarri [I3] 3amicts ymosu S(A) = 0 BUMAra€TbCsi BAKOHAHHS YMOBH
7(A) = limg— 400 % < 400. 3pozymino, mwo ymosa S(A) = 0 BuIMBAE 3 OCTAHHBOL
yMoBH i B 3arainbaHoMmy, ymosa $(A) = 0 € ciabmoo 3a ymoBy 7(A) < +oo.

Bigsnaanmo Takox Taxmii HACAIZOK 3 TBepazKens [21 B

Teepmxenns 9. Hexaii F,, € D(A) i mae purnsaa (). Sxkmo B(AL) = 0, a (fr(w))
— HOCJILZIOBHICTh HE3aJIEXKHHX BHIIAJIKOBHX BesndnH, 10 pr(w) = p € [0, +00| M.H., npu

LBOMY
—_— )\k In )\k:
pr(w) =kpw)= lim ————— =p
( ) ( ) k~>oo—hl|fk(CU)|

Cupaszi, 3a 3akoHoM HyJis it onuauni Konvoroposa, Bunaakosa senununna kp(w) €
MaiizKe HalleBHe CTaso0, T00To icuye p € [0, +00] Take, mo kp(w) = p M.H. Banumaerbes
3acrocysaru rBepzkenns [21[3]

Hacrymna TeopeMa MiCTHTH YMOBH, SIKi MAIOTh 33/I0BOJIbHSITH BUIMAIKOBI BETUIUHI
frx(w) mnsa moro, mob Jys moBinbHOrO Hamepen 3amaHoro p € [0,+00] BHKOHYBaiach
piBaicTb pp(w) = p M.H. JloBegeMo Taky Teopemy.
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+oo
Teopema 1. Hezxai F,, € D(A), mae suzasnd F,(z) = Z frw)e™, a (| fr(w)]) — nocai-
k=0

do6HICb NONAPHO HE3ANEHCHUL BUNAOKOBUT SeAuUH 3 PynKkyiamu podnodiay Fi(z) :=
P{w: |fu(w)| <z}, 2 €R, k€ Zy. Axwo B(A) =0, mo:

a) dasa mozo, wob pr(w) = p € (0,+00) M.H., HeobTiIOHO i documb, w00

+oo +oo
(Ve € (0,p): Z (1 — Fk(efﬁ)‘““)‘k)) <400 A Z (1 - Fk(efp%s)“"ln)"“)) = +o0.
k=0 k=0

b) daa mozo, wob pp(w) =0 M.H., HeobxidHO i documb, w06
+oo
(Ve >0): Z (1 — F(e MM 4 0)) < +00.
k=0
c) dasn mozo, wob pp(w) = 400 M.H., HeobTiIOHO i docums, w0
“+o0

(Ve > 0): Z (1 — Fy (e ln>"€)> = +o00.
k=0
Hosedenns. a) Heobxionicms. 3a ymosow (3B € A, P(B) = 1)(Vw € B):
pr(w) = kp(w) = Tm R

k—+oo — In |fk (w)|

Ockimbku pan ipixae npu w € B B rouni z = 0 36ixkunii, To — In|fi(w)] — +00
(k — 400) i 3a o3HauenHsM lim MaTHMeMo

(VOJ S B)(VE > O)(Hk*(u)) - N)(Vk > k*(w)) |fk(w)| < exp {_)\k h’l)\k } .

p+e
Pozrngremo nomito

A6 = {os 1) > o {202 AL

Baysaxunmo, mo, B C C(g) := Un_o Nren Ax(€), i Tomy P(C(g)) = 1. Ockinbku C(g) —
nozist ¢ cepes enementis nocaigosuocti (Ag(€)) BinOyBaeThed Juiie CKiHYeHHA KITbKICTh
noxiii”, a nonapua HesajexkHicrb nouiit Ay (e) BuiIMBa€E 3 LONAPHOI HE3AJIEKHOCTI BU-
[aIKOBHUX BeauanH | fi(w)|, TO 3a yTOUHEHOIO Apyroio wacTuHoo gemu Bopens-Kanreni
(mus. [29], |32] p. 84]) orpumyemo, 110

“+ o0
(9) Zkzo P(Ar(e)) < +o0.
3aIuIIaeThCs CKOPUCTATUCH PIBHICTIO

P(A(E) = 1 - P(A(e) = 1 - Fy (cxp{—”;fj’“ }) |

Hami, 3a o3HaveHHAM lim Maemo, IO JJIs KOXKHOTO w € B icHye mocaigoBHICTH
m; — 400 TaKa, mo npu k =my, j > 1

fulw)] > exp{—m}.

p—¢
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Bsincu B C Ny—o Upen AL(e) :== C1(e), ne

)\k In )\k
A6 = (o )] > exp { - 222
p—e¢
Toni P(C'(e)) = 1. Baysazxkumo, mo C'(g) — mogia “cepes eleMeHTIB MOC/TiTOBHOCTI

(A})(e) BinbyBaerbesa neckinuenna Kinbkictb nofif”. Ockinbku

P(AL(e) = 1 F <exp {““}) ,

p—¢
TO 3AJIMIIAETHCA JOBECTH, IO
+oo
(10) Z P(A}(g)) = +oo.
k=0
—+oo
Mipkyo4u BiJi CynpOTHBHOrO, TPHUILYCTUMO, IO ZP(A}C(s)) < +o00. Ane Tozai 3a mep-
k=0
moto wactnmowo remu BopensKanteri P(C (¢)) = 1, 3Bimkn P(@1 (¢)) = 0. Cynepeu-
—+o0
HicTh. Tomy, Z P(A}(g)) = +oo.

,Hocmamkni%mb. 36epiraeMo TIO3HAYEHHs 3 JIOBeJIeHHs HEeOOXigHOCTI. 3 yMOBH BH-
IIJTMBAE, IO BUKOHYETHCA yMOBA, @D Tomy 3a mepimoro gactunaoto gemu bopens-Kamresni
orpumyemo, mo imosipaicts noail C(g) — nmoxis “cepen enementis noctigosaocTi (Ayg(€))
BiZIOyBa€ThHCs JIHINE CKiHYeHHA KiabKicTh nmomiii” nopisuioe omuumii, P(C(e)) = 1. Bay-
BaXKMMO, 10 [ KOoxKHOro w € C(g) i ama Bcix k > ko(w) BUKOHYETbCS HEPIBHICTH

Az In A\
)] < exp{k’“

n } BBigcu gs koxuoro w € C(e) 1 ans Beix k > ki (w)
p+e

—_— )\k In )\k

SRR < pte
hotoo —In|fa(@)] SPTE

pr(w) = kp(w) =

. . . AxIn A
Jauni, 101i6H0 ojepxkyemo take: ockinbku P(A}(g)) =1 — Fy, (exp {—M}>,
p—¢
o BukouyeThest ([L0)). 3Bimcw 3a yrouneHo0 apyror gactuHom jemu Bopens-Kanremi
orpumyemo, mo fimosipricTs moxii C'(e) — “cepen enementis nmocminosrocti (A})(e) Bia-
OyBa€TbCs HeCKiHIeHHa KimbKicTh nomifi” mopisntoe omuaumi, P(C(g)) = 1. Orxe, ana
KOXKHOI'O W € C(l)(zs) icHye TOCTiIOBHICTL M) — +00 Taka, IO W € A,lnk, 3BiIKHT

A, I A,
o ()] > exp{—k“k

} . Tomy mysa xoxmHoro w € CM(¢)
p—¢

— pln
pr(w) = kp(w) = m —E12k

LE P > p—e.
oo —In|fe(@)] = ¢

—+o0
Hozmammvio Tenep C?(e) = C(e) (N CM(g). Tomi P < N 0(2)(1/m)) =1, i oTke, ocra-
TOYHO OTPUMYEMO m=t

—_— )\k In )\k too
= = 1 —_— (2) 1 .H.
pr(w) = kp(w) Jm = TA®] p ST KOKHOTO W € m:ll C#)(1/m), Tobro, Mm.H
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b) Heobxidnicms. 3a ymosowo (3B € A, P(B) = 1)(Vw € B):

pr(w) =kp(w) = lim —In[fy(w)]

OckinbKu, 33 O3HAYEHHAM BEPXHBOI IPAHUL] Ui KOKHOrO w € B icuye ko(w) Take, mio
1t BCix k= ko(w)

1
| fr(w)] < exp {)\k ln)\k} st BCix k> ko(w),
€1

TO, MIpKyIOYM MOMOHO, SIK B JOBEIEHHI HEOOXiTHOCTI B M. a), BBEIEMO CIOYATKY [0
POBTJISAY TOMLT

auter) = {o: o > e {222 o) = Q N o)

€1

a morim 3HOBY 3ayBaxumo, mo B C C(e1), tomy P(C(g1)) = 1. Ockimbru C(e1) — 10-
nig “cepen, esementis mocsinoBHocTi (Ag (1)) BiabyBaeThes Jmine CKiHYEHHA KIIBKICTH
noziii”, a monapua HesasexKHicTb nofiii Ag(e1) BUILIMBAE 3 MONAPHOI HE3AJIEKHOCT] BU-
nagkoBux Besuuut |fi(w)|, To 3a yrounenoro apyrowo vacrunowo jemu Bopens-Kanresi

+oo
3HOBY E P(Ag(e1)) < +o0.

k=0

BanumaeTbed 3HOBY CKOPHUCTATHCH PIBHICTIO

— /\k In )\k
P(Ag(e1)) =1 - P (Ax(er)) =1~ Fy <€XP {5
1
i Bubparu €1 = 1/e.
—+o0
Hocmamuicms. OCKinbKE 33 yMOBOIO ZP(Ak(sl)) < 400, TO s €1 = 1/e 3a
k=0
nepIo YactuHow Jjemu Bopena-Kanrenl marumemo, mo imosipaicrs moaii Cley) —
“cepen eslemenTin nocainosaocTi (Ayg (1)) BinOyBaeThes Juile CKiHYeHHA KLILKICTD MO1H”
nopisutoe opuuuii, P(C(e1)) = 1. 3Biacu ana koxxuoro w € C(e1) i qa Beix k > ko(w)
)\k In )\k

BUKOHY€ETBCH HepisHicTb |f)(w)| < expq —
5

}. Tomy minst koxkuaoro w € Cl(eq) i
JUTst BCIX k 2 K (w)

—_— )\k ln)\k

priw) =hp(w) = Tm Lt <e

Js sasepmenns gosemenms posrmsemo C) = (I C(m). Maemo P(C?) = 1,

Tomy st Beix w € C(?)
- /\k In /\k

pr(w) =kp(w) = lim T[S (@] <1/m,

3BiJKN pr(w) = kp(w) = 0.



Ouner CKACKIB, Haniss CTACIB
78 ISSN 2078-3744. Bicaux JIpBiB. yH-Ty. Cepis mex.-mar. 2018. Bumyck 85

c) Heobzionicms. 3a ymosoio, (3B € A, P(B) = 1)(VYw € B):

- _ o Akl
pr(w) = kr(w) = kl{‘fw —In|fi(w)| e

3Bigcu 3a o3navennsam Bepxubol rpaunuti (Ve > 0)(Vw € B)(I(mg), mi — +00):

Amy, In A,

—————=— > 1/e = |fm, (W)| > =X, In A, ,
seigkn B C (y_oUken AL(e) :== Cl(e), ne Aj(e) = {w: |fu(w)| > exp {—elp In Ay }}.
Toni P(C'(¢)) = 1. Ockinbku 3noBy C'(g) — mogis “cepes ejeMeHTIB MOC/iIOBHOCTI

(A})(e) BinbyBaerbes neckinuenna Kinbkicrb nosiii”, a
P(Ai(¢)) =1 — Fy (exp {—eX\p In \g} +0),

TO TMOMIOHO 10 TOrO, SIK 1€ POOWJIM PAaHII, MIPKYIOY# BiJ CyIpPOTHBHOTO, 33 MEPIIOI0

“+o0
gacTuHOIO Jemu Bopesns-Kanreni qosoanmo, mo Z P(Ai(g)) = 4o0.
k=0
+oo
JHocmamuicms. 3a ymMOBOIO st KOKHOrO € > 0 MaTuMeMmo ZP(A}C(E)) = +o0.

3a yTOdYHEHOIO Apyrow dacTuHoo Jiemu Bopens-Kanrem 3sincu ?)T[O)I/IMyGMO, o #Mo-
sipuicts nozii C'(e) — “cepen enementis nocminosrocti (A})(e) BinOyBaeThes HECKiH-
4eHHa KiMbKicTh momifi” mopismioe ommmmmi, P(Cl(g)) = 1. Orxe, 3HOBY 17is KOXKHOTO
w € CW(e) icaye mocmigosmicTs My — 400 TaKa, MO W € Aink, 3BiaKY | fim, (W) >

exp{ — A, In Ay, } Tomy mns koxmoro w € CM(g)

1,— )\k In /\k - )‘mk In /\mk

> > 1/e.
koo — 10 | f5(@)] = k—too — 11| fomy ()] /e

pr(w) = kp(w) =

—+oo
3aysaxkumo, mo P < N Cl(l/m)) =1, i oTKe, OCTATOYHO OTPUMYEMO
m=1

- /\k In /\k

pF(UJ) F(w) k—il—&r-loo —1In |fk (w)\ oo
—+o00
nust kKoxuoro w € (] C(1/m), Tobro m.h. O
m=1

Cdopmymioemo remep Taky Teopemy. Cxema 11 JOBEIEHHS IJIKOM MOIIOHA 10 CXeMU
JIOBEJIEHHSI IIOIIEPETHBOI TEOPEMU 3 TI€I0 BiJMIHHICTIO, IO 3aMiCTh TBEJI2KEHHS |§| Tpebda
BUKOPUCTATU TBEP/2KEHHS @ 3 owisy Ha 10 HO0AI0HICTL HABOAMMO Teopemy 0e3 JoBe-
JeHHS.

—+o0
Teopema 2. Hezai F,, € D(A), mae suensnd F,(z) = Z fe()e?  a (1fx(w)]) = nocai-
k=0

JOBHICD NONAPHO HE3ANEHCHUT BUNAIKOBUT BeAudUN 3 PyHKyiamu posnodiay Fi(x) :=
Plw: |fr(w)| <z}, x €R, k€ Zy. Axwo 7(A) =0, mo:
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a) das mozo, wob Tp(w) = T € (0,400) M.H., Heobzidno i documsv, wob (Ve €
(0,7):

= k/p = — &)ep\ Ae/p
kg_;o(mk((”j:)w)* ")) <450 kg_%(le((W)A ")) = +.

b) das mozo, wob Tr(w) =0 m.H., HeobTIOHO i documb, w6

= gep\ Ak/p
(Ve > 0): Z(l_Fk<(T:) )) < 400.

c) dasn mozo, wob Tr(w) = +00 M.H., HeobxidHo i docums, Wb

(Ve > 0): f (1 - Fk((%>Ak/p>> = +-00.
k=0
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ON THE GROWTH OF RANDOM ENTIRE DIRICHLET SERIES

Oleh SKASKIV, Nadia STASIV

Ivan Franko National University of Luviv,
Universytetska Str., 1, 79000, Lviv, Ukraine
e-mails: olskask@gmail.com, n-stas@ukr.net

Let A = ()\k))::] and f = (fx (w))z:) be, respectively, a sequence of non-
negative numbers and a sequence of complex-valued random variables on a
probability space (€2, A, P). In the paper we study the values of the R-orders
pr(w) and the R-types Tr(w) of the growth of random Dirichlet series of the

“+oo
form F(z) = F(z,w) = ka(w)eZA’“ (z € C, w € Q). In particular, in the
k=0

In k

case, when B(A) = kglfw Ny 0, the following assertions are proved:

If (|fx(w)]) is a sequence of pairwise independent random variables with the
distribution functions Fy(z) := P{w: |fi(w)| < z}, * € R, k € Z4, then
in order that pr(w) = p € (0,400) a.s., it is necessary and sufficient that

(Ve € (0,p)):
:Zi (1 — F <€7p}rskk1nxk)) < 400 A :Xj(l — F (67ﬁkkln%)) = e

Key words: entire functions, random Dirichlet series, R-order of the growth.
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ON THE BELONGING OF ANALYTIC IN UNIT DISK
CHARACTERISTIC FUNCTIONS OF PROBABILITY LAWS
TO GENERALIZED CONVERGENCE CLASS

Oksana Mulyava', Myroslav Sheremeta?

! Kyiv National University of Food Technologies,
Volodymyrska Str., 68, 01004, Kyiv, Ukraine
e-mail: info@nuft.edu.ua
2Ivan Franko Lviv National University,
Universitetska Str., 1, 79000, Lviv, Ukraine
e-mail: m.m.sheremeta@qgmail.com

For continuous on [zo, +00) functions « and § increasing to +oo we say that
an analytic in D = {z : |z| < 1} characteristic function ¢ of a probability law F’
1
In M
belongs to the generalized convergence a-class if / M
(1 —=r)?B(:=)

T0
where M (r,p) = max{|¢(z) : |z| = r}. Conditions on «, 8 and F are found
under which the function ¢ belongs to the generalized convergence af3-class if
x

and only if 700/(30)61 <W

1) x

Wr(z) =1— F(z) + F(—z).

dr < 400,

) dr < 400, where fi(z) = % and

Key words: analytic function, probability law, characteristic function,
generalized convergence class.

1. INTRODUCTION

A continuous on the left on (—oo, +00) non-decreasing function F is said [I p. 10]
to be a probability law if liIJIrl F(z) =1and lim F(x) =0, and the function ¢(z) =
T—+00 r—r—00

o

/ e**dF(x) defined for real z is called [I, p. 12] a characteristic function of this law. If

¢ has an analytic continuation on the disk D = {z : |z| < 1} then we call ¢ an analytic in

2010 Mathematics Subject Classification: 30B50, 60E10
© Mulyava, O., Sheremeta, M., 2018
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D characteristic function of the law F'. Further we always assume that D is the maximal
disk of the analicity of ¢. It is known [} p. 37-38] that ¢ is an analytic in D characteristic
function of the law F' if and only if for every r € [0, 1)

(1) Wg(x)=:1—F(z)+ F(—z) =0(™"), x— +o0.
Hence it follows that
(2) lim 1 In 1 1.

sotoo & Wg(x)

For 0 <r <1 we put M(r,¢) = max{|p(z)| : |2| =r}, and if ¢ has the order

—InIn M(r,
Qeri?ll ln(l(;j) >0
a convergence class is defined [2] by the condition
1
(3) /(1 — 1) In M(r, p)dr < +o0.

To

For ¢ = 2 this condition is sufficient [3, p. 50] in order that ¢ belong to the class of
Mac-Lane.

For an analytic in D characteristic function ¢ of the order ¢ > 0 in [4] it is proved
that in order that ¢ belong to convergence class it is necessary and in the case when the

function v(z) = In Wr@) is continuously differentiable and v’ increases it is sufficient
F\Z

that
o+1

(4) 7{(1+iln WF(x))+} dz < +o0.

0

Generalizing this result in [5] the concept of the convergence ®-class is introduced
as follows.

Let Q(1) be the class of positive unbounded on (0,1) functions ® such that the
derivative @' is positive continuously differentiable and increasing to +oo on (0, 1).

As in [5], we say that ¢ belongs to a convergence ®-class if

dr < +o0,

/1 &' (r)In M(r,p)

©) ()

To

and by V(1) we denote the class of positive continuously differentiable on (0, +00) functi-
ons v such that v'(x) 1 1 as © — +oc.

The following theorem was proved in [5].
@'(r) 1

() be a function, nondecreasing on [rg, 1), ®'(r) > T

1 D" (r)®(r)
P’ < H{d' —— < H. 1 H, = 3
<7‘ + @’(r)) < H19'(r) and @ = o for allr € [rg, 1), where H; = const >

Theorem 1. Let ® € (1),
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®'(r)In @’
0, and /Wdr < +4o0. Suppose that ¢ is an analytic in D characteristic
r

To

function on a probability law F such that @ Wg(z)e® = 4o0.
Tr—r+00

Then in order that ¢ belong to a convergence ®-class it is necessary and, in the case

1
when In =wv(x) € V(1), it is sufficient that
TG = V) € VI, it is suf
r d
(6) / L < oo

L)

Corollary 1. Let 0 < ¢ < +00 and ¢ be an analytic in D characteristic function of a
probability law F such that lirf Wg(x)e* = 4o00. Then in order that holds it s
T—r+00

1
necessary and, in the case when In =wv(z) € V(1), it is sufficient that
W (z)
7 1 z\\ ¢+1
/ (nWVFx(w)@)) dz < oo,

Zo

Let L be a class of continuous increasing functions « such that a(z) > 0 for « > x,
a(x) = a(zg) for z < xy and on [zg, +00) the function « increases to +oo. We say that
a€ L%if a € L and a(z(1+0(1))) = (1 + o(1))a(x) as & — +oo.

Let a € L and g € L. We say that an analytic in D function ¢ belongs to the
generalized convergence af3-class, if

; a(ln M(r,¢))
(7) /(1—7‘)26(1ir)dr < +00.

To

If a(z) = 2 and B = 22" for 7y < 2 < +oo then (7)) implies (3). Here we examine a
problem of the belonging of the analytic characteristic function of probability law to the
generalized convergence «/3-class.

2. AUXILIARY RESULTS
Let I(r,p) = /Wp(x)e”dx and p(r, ) = sup{Wr(z)e™ : = > 0} be the maxi-

0
mum of integrand. Suppose that M (r, ) 1 +oo as r 1 1. Then [5]

In p(r,) < (14o0(1))In M(r,o) < (1+o0(1)In I(r,¢), r11.

Hence it follows that if o € L° then
1 1

1
() /( (lnurgo dr /ozlnMr,ap1 dr < /aln[rgp) dr.

1—7) 1-7)28(:=) 1—7r )

70
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On the other hand

I(r, ) /Wp(x)e”dx/Wp(x)exp{r—;lx}exp{1;Tx}dx§
0 0

() Su(r—i—l’(p) 2

2 1—17

In [6] it is proved that if a € L° then « is RO-varying and, thus [7, p. 86],
1 < a(lz)/a(r) < M(l) < 400 for each [ € [1, +00) and all © > z¢(l). Therefore,
from @D we obtain

alln I(r,¢)) < o <2maX{lnu (;1@) I 1:}) <
< s (e (C20.0) o 2 ) -

oo (1) o )
oo (1) o).

whence for 3 € L° using the cite of result from [6] we obtain

[ aln 167 0) fatnn(ste, Foolnd)
| =gy < M) (/ 0 - r2A(:t )d’”+7[<1—r>2m 1 )dr) }

"o 1—r
1 1 2
1 a(ln =
_ a2 / o (ln (5 0)) dr+1+M(2)/ (21 2 i <
41—r+1/2) BGr=) | 2 (1= r2B()

(In
(10) K/ 1_tl;511)dt+K/ o

From @D and the following statement follows.

Tal
Proposition 1. Let o € LY, 8 € L° and / aézl ;U) dr < +oo. Then holds if and
x

only if

[ aln u(r,g)

a(ln p(r, e

11 /—dr < +00.
- (- P8(%)

To
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The function In u(r, ) may be bounded. It is easy to show that u(r,¢) < K < 400
for all r € [0, 1) if and only if Wr(z)e® < K < +oo0 for all # > 0. Thus, u(r, ) T +00 as
r 1 1if and only if EI_P Wr(z)e® = 4o00. In [B] was proved that the function In pu(r, )

x (o)
is convex on [0, 1) and there exists a nondecreasing on [0, R) function v(r, ¢) such that
(In p(r, @) = v(r,¢) for all r € (0, R) with the exception of an at most countable set,
ie.
(12) In p(r,p) =1n p(ro, ) + /V(x,(p)dx, 0<ro<r<l.
To

Hence it follows that if u(r, ) 1 +o00 as r T 1 then v(r,p) * +o0 as r 1 1.

If n —— =wv(x) € V(1) then for every r € (0, 1) the function In Wr(z) + ra =
WF (Z‘)

= —v(z) + rz has a unique point of the maximum = = v(r, @), which is a continuous on
(0, 1) function increasing to +oo, and
In p(r, @) = max{ln Wg(x) +rz: >0} =In Wr(v(r,¢)) + rv(r, @),

whence

In =
V(T7 ) 4,0) WF(V(T7 90)) V(Tv 4,0)
From it follows that
In p(r, ) = In p(ro, ) +v(r,@)(r —ro) <1In u(ro,¢) + (1 —ro)v(r, ¢),

and if € LY then a(In u(r,¢)) < Kia(v(r,p) for all r € [rg, 1).
On the other hand for r > rg

1 1 1
(13) P onne)

(1+7)/2
1+7r
In (2, <p> > In p(rop) + / v(z,p)dz > In p(ro, @) + v(r, )

r

1—1r
2 )

and if a(e®) € L° then as above we obtain

a(v(r, ¢)) Soé(exp{ln 1ir+ln lnu<1;r7@>}) <

ool (152 )
< K (a (mu(lgr,w)) +a(ln 127~>)'

1
ofln p(re)) o v(rg)
T[um?ml;)d SKlr[urm(li o=

1 1

aln u((r +1)/2.9)) a(ln (2/(1 — 1))
<Kk (1-r)2B(-L) ey 2B

70 To

Thus,

—
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whence as above we obtain the following statement.

oo
1 1
Proposition 2. Let a(e®) € LY, B € LY, /a(nx)dm < 400 and In =

PR Wr(z)
=wv(x) € V(R). Then holds if and only if
[ a9)
(14) /(1—r)2 (lir)dr<+oo.

Thus, the problem of belonging of ¢ to the generalized convergence af-class is
reduced to the problem of the fulfilment of (T4).

3. MAIN RESULT

Using Propositions 1 and 2 we may prove the following main theorem.

!
Theorem 2. Let a(e®) € L°, g € LY, / Bn z) dz < 400 and 55((1):) > 2+ h for all
T

x > xg. Suppose that ¢ is an analytic m D characteristic function on probability law F
such that Wgr(0) =1, In W =v(z) € V(1) and hrf Wr(z)e® = +o0.
r—r 400

Then in order that ¢ belongs to a generalized convergence af-class it is necessary
and sufficient that

(15) 7&(3:)[31 (W) de < 400, Bu(x) = OO‘Z).

Proof. Clearly, : )
= s ()-

16 =—abteon (1 )]+ / o) (1 ) vl o)

T0

At first we suppose that holds. Then, from and (13), in view of the nonincreasing
of 31, we have

[ alw(ny) 1 =
[ Gy s N S —
o To v(r,o)  Wr(v(r,¢))

IN
=
_|_
—

Q\
=
3
=

oo

) v(r, o)
=K —|—/a (v(r,v))51 (ln Wr(o(r, ;;@ey(nw))) dv(r,p) < 400,

zo

because the function v(r, ¢) is continuous. The sufficiency of (15]) is proved.
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Now we prove its necessity. From for each € > 0 and all r € [ro(g),1) we have
1 1

owlrg) e (L
E>T/(1T)2B(1ir)d > af (agp))/(lr)zﬂ(lir) ( (7@))ﬂ1 (1_T>a

that is from (14) and (16) we obtain
1

/0/(1/(7', )5 <1> du(r, p) < +o0.

1—1r

s

To

Since In = v(z) € V(1) and « = v(r,¢) is a solution of the equation

1
WF(JZ)

—v'(z) +r =0, we have r = v/(v(r, ¢)) and hence it follows that

[t (1) i) < .

i.e.

(17) 70a'(x)51 (1—111(90)) de < +oc.

Zo

From a theorem proved in [§] it follows that if a(x) and p(x) are continuous functions
on (0, +00), —00 < A < a(z) < B < 400, p(x) \y 4t > 0 as x — 400, and for a positive
function f on (A, B) the function f!/? with p > 1 is convex on (A, B), then

1

(18) /y,u(:r:)f ;/a(t)dt dr < (pp1>p/yu(x)f(a(x))dx7 y < +oo.
0 0 0

1
We choose p(z) = o' (), a(z) =v'(z), f(z) = p1 (1 ) and show that the function
-z

fY/P is convex for some p > 1.

-1

It is easy to see that f/? is convex for p > 1 if f(x)f"(z) — pT(f’(x))2 > 0 that

is if
2
1N [ 1 1N,/ 1 p—1/,( 1
= _ >

() () 2o (72) 4 (75) 2 55 (3 (7))
and thus, if

BB (0) + £ BOAL(0) = T (5 (0)*

[ d
Since (1 (t) = / Wi)’ the last inequality holds if
t

ey
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Since f'(t) — %(t) > %(t) > 0, we have
e 2t
sy 28 dx ey 28() dx oy 28Nt
(o= [ 2 (0= [ 2 (0 -5 g 2

—1
Therefore, choosing p > 1 such that A — P—- > 0, we get inequality (19), i. e. the
p

1
function S,/" (1) is convex and in view of (18)
—x

o faen T ooz (525) [ (i) o

1
Since /v’(t)dt =In m, from (17) and (20) we obtain ([15). Theorem 2 is proved.
LT
zo

O
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ITPO HAJIE2KHICTD AHAJIITUYHNX B OAVMHNYHOMY
KPVY3I XAPAKTEPUCTNYHUX ®YHKIIIV UMOBIPHICHUX
3AKOHIB /10 ¥Y3ATAJIbHEHOTI' O KJIACY 3BI2KHOCTI

Oxcana MVJISIBA', Mupocnas IIIEPEMETA?

L Kuiscoruti nayionasviull ynieepeumem Tapuoeus meruonozit
Boaodumupiscvka 68, Kuis, 01004
e-mail: info@nuft.edu.ua
2 Ivsiscoruts nayionarvnud yuisepcumem im. I. Opanxa,
Vnieepcumemenvka 1, 79000, /Iveis
e-mail: m.m.sheremeta@gmail.com

s HenmepepBHUX 3pOCTAYHX 10 +00 Ha [To, +00) dyHKHil o i 3 Gymemo
rosopurh, mwo anagituana B D = {z : |z| < 1} xapakrepucrtuuna GyHxuis ¢
HMMOBIpHICHOrO 3aKOHY F' HAJEXWUTH O y3arajabHEHOro «of-Kjaacy 301xKHOCTI,

In M

SIKIIIO0 /wdr < +o00. 3Haiineno ymoBu Ha «, [ i F, 3a saxux
(1=7)28(=)

o

GYHKIIA ¢ HATEXKWUTH 10 y3arajbHEHOTO af-Kiacy 301KHOCTI TOmi i1 Tinmb-
oo
x

: : _ [
KU TOxi, KO la (z) B <W> dx < +o0, ne fi(z) = J B3
Wr(z) =1— F(x) + F(—x).

Karouost crosa: ananpituaaa GyHKIisS, IMOBIPHICHUN 3aKOH, XapPaKTEPUC-
TugHa (DYHKIS, y3araJbHeHnH Kaac 3061KHOCTI.
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KOPEKTHICTD 3AJIAYI ©oyP’€ IJId CJIABKO
HEJITHINHUX EJIIITUYHO-IIAPABOJITYHUX
IHTEI'PO-JU®EPEHIIAJIHNX PIBHAHDb BUITINX
IHOPAJKIB

Mwukosna BOKAJIO, Ipuna CKIPA

JIveiecvrutl Haytonasvrul yrieepcumem iment leana Pparnka,
Vnisepcumemenvra, 1, 79000, JIveie
e-mail: mm.bokalo@gmail.com, irusichka.skira@gmail.com

JloBemero iCHyBaHHS Ta €IMHICTH y3araJbHEHOTO PO3B’a3Ky 3amadi Pyp’e
715 CTabKO HEJIIHIHHOTO eI THIHO-TapaboIiTHOTO IHTErpo-1ndepeHIiaaTbHOTO
PIBHSIHHS BHIIOIO HOPSAKY. TakKoXK OTPHUMAHO OLIHKY IHOTO PO3B’S3KY.

Karowosi caosa: 3amaga Dyp’e, mapabosidme PIBHAHHSA 3 BUPOIZKEH-
HM, eJNTUYHO-TIapabosIiuHe piBHSHHS, iHTerpo-maudepenniajgbHe pPiBHIHHS,
dyukIionansHO- qUdepeniaabHe PIBHIAHHS.

1. BcTtyn

Hexait n, m — marypaabui uncia; R™ — minifiauit mpocTip, cKIageHuit 3 BMOPSIKO-
Banux HabOpiB n fAifichux wucen ¥ = (71,...,,) i Hagizenuit Hopmoio |x| = (|z1|* +
oo |z HY? M- nigmuoxuna muoxunn {0,1,..., m} taka, wo {0,m} C M; N
— KinbKicTh MymbTHiHZEKCIB po3MipHOCTI N (BrOpsimKoBaHUX HAbODPIB o = (a1, ..., Q)
3 NiTEX HEBiJ'€MHUX dmces, TOOTO ejleMeHTiB MHOXKuHE 7)), NOBXKUHM aKuX (|of =
a1 + ... + «p) € enementamu MHOKuHU M 0 := (0,...,0) — MysabTHiHIEKC, CKJIa-
mernit 3 myais; RY — simifiauit mpocrip BmopsimkoBanux mabopis 3 N aiffcHux duces
£ = (&, -+ &as---) = (&a @ |af € M), xoMmonenTn AKUX HPOHYMEPOBAaHI My/IbTHiH-
JIEKCAMY PO3MIPHOCTI 7, 0 MAIOTh HOoBXKuHM 3 M i Bopankosamni sekcukorpadivuo (e
o3HauaE, mo « = (g, ..., q,) mepenye B = (S1,...,Bn), KOl.HI;I abo |a| < ||, abo |a| = ||

iap > B, ae k=min{j: o; # B;}); [¢] := ( Z |§a|2> juis jgosinbaoro & € RY,

laleM

2010 Mathematics Subject Classification: 35D30, 35K25, 35J30
© Bokamo, M., Ckipa, I., 2018
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Hexaii Q) — obmexkena obsacrs B mpocropi R™. Beazkaemo, 1o mexka I := 02 obracri
Q) € KyCKOBO-IVIQJIKOIO 1 II03HAYAEMO 4€pe3 ¥V OJUHUYHUN BEKTOP 30BHILIHBOI HOPpMaJI /10
I. Iix S posymiemo mpomins (—oo;0]. Ipmitmaemo @ := Q2 x S, T :=T X S1Qy, 4, 1=
O X (t1,t2) aus noBimbHUX ¢ 1ty (TyT i mani BBazkaemo, mo t1 < ta).

IIpunyckaemo, 1110

(B) b:Q — R - sumipna dyukuig taka, mo 0 < b(x) < 1 ana maiixe Beix x € Q.

IMoznagaemo Qg := {z € Q| b(x) > 0}, by := ess ig)lf b(x).
fS

Posrunsimaemo 3anady: 3uaiitu Gyskuio v :  — R, gka 3am0BosibHsIE (B IIEBHOMY
ceHcl) piBHsIHHS

(b@)u)e + Y (=1 D% (at, 5U)+/C(:v,y,t,U(y,t))dy:

laleM Q

(1) = Y (-)lIDfu(zt), (v,t)€Q

|ale{0,m}

Ta KpaiioBi ymoBu

& L
(2) wzfoa ‘7*07m713
mean QxRN SR c:QxQxSxR =R, fo: Q=R (Ja] € M) - 3amani Gyskmil,

aa1+--'+05n

SK1 33JJ0BOJIbHAIOTH 11eBHI (HaBedeHl auxk4e) ymosu. Tyr 1 mani D@ := m,
a=(ai,...,ap) €ZY, i du — BnopaakoBanuii Habip moxiguux D®u byHKIi u nopaaKiB

|a| € M (mpaBumo BIOpSAIKYBaHHS Take came, K /s KOMIOHEHTiB BekTopis & € RY).

Braxkaemo, mo mpocropoBa wactuHa audepeHIiaJbHOTO BUpAa3y B JiBiil dacTuHi
PIBHSIHHSA — ejinTuYHA, TOOTO DIBHAHHS — mapabosiuae Ha MHOXKHUHI g X S i
eninruyne Ha MEOXKUHL (2 Q) X S, & TOMY #Or0 HA3UBAIOTH EAINMUYHO-NAPAGOSTHHUM.
Taxi piBusinug nocuipKyBasu, 3okpema, 8 [1 2 B 4 [5].

B miit poboTi Mu BUBYAEMO TTUTAHHS iICHYBAHHS Ta €IUHOCTI po3B 3Ky 3ama4di Pyp’e
(3amaui 6e3 MOYATKOBUX YMOB) Jjis PiBHSHHS 3 KpaliOBUMM yMOBaMHU . Samaua
Oyp’e BUHUKAE TTPU MOJIEIIOBAHHI PI3HUX AUHAMIYHHUX MPOIECIB y MPUPO/IL Ta €KOHOMITT,
KOJIA TOYaTOK MPOIEeCYy HACTIIbKY BiJJIAIEHUI Bijl aKTyaJbHOIO MOMEHTY, 110 MTOYaTKOBI
JlaHl IPAKTUYHO HE BIJIMBAIOTH HA CUTYyaLilo B 1eil MoMentT (nuB., nanpukJiagi, [6]). Taka
3aada 719 eBOJIOIIHHUX PIBHAHL 3 PI3HUX KJACIB PO3TIALATACT B MpaIsgx 0araThox
MaTeMmaTuKiB, 30kpema, B [4, Bl 6] [, [8 [, 10, [TT]. Tocnts mosHwmit orsisx nux pes3yabraTis
moxkHa 3Hafita B [10].

BayBazkuMo, 110 B 33,/1a4i , MOXKJINBE BXOKEHHs HeBimoMol (DYHKIIT K B 11-
depeHriaabHy 9aCTUHY PIBHSHHS, TaK i B iHTerpanbHy. IaTerpo-andepentiaabai pis-
HAHHS BAHUKAIOTb [IPA MOJIEJIOBAHHI CKJIAJHHUX ABUIL Yy CyYaCHOMY MPHUPOIO3HABCTBI,
E€KOHOMIII Ta TEXHIIll, HATPUKJIA, [IJIs OMHUCY OipKOBUX KOJMBAHB BAPTOCTI OMINOHIB,
B TeOpil siIepHUX PEaKI[il Tpu BUBYEHHI MPOIECY yNOBIIbHEHHS HEHTpOHIB B audy3ii
3apsi/IKEHUX YACTUHOK y Iia3Mi ta B iHmuX pisHomanitHux 3amadax (mus. [12] 13] [14]).
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IIpukragamu piBHSHD THITY , SAKI TYT JOCTiIKYIOTHCS, € PIBHAHHS:

(b(z)u)s + Z A () (—A)*u + /E(aay,t)u(y,t) dy =

keM &

(3) = f(d?,t), (Ivt) € Q,

e A — oueparop Jlawnaca, a, € L*(0,T) (k€ M), c € L>®(22x Q x S) — nesxi Gyukuii,
npudomy Gyukmil ay (k € M) momarwi i Biggimeni Bing myns, a dyukmis f : Q — R —
BnMipHa i Taka, 1o ii 3By>KeHHA Ha ()t t, HAJIEKUTDH TTPOCTOPY LQ(QtI,tZ) s Oymb-
AKHX tq,t3 € S.

Banaga @yp’e s piBHSAHD TUITY Yy BUIIQJIKY CHUJIBHOI HEJIHIHHOCTI TOCTiIzKeHa
y [B] Ta onnozuauno po3s’s3ua 6e3 Oy/ib-KuX yMOB HA HECKIHYEHHOCTI. Y BUIIAJKY C/1ab-
KOI HEJIHIHOCTI, PO3TJISTHYTOMY B IIiii poboTi, 3ama4a Pyp’e KOPEKTHA, JIUIITE 39, JETKUX
0oOMesKeHb Ha TIOBEIIHKY PO3B’sA3KiB mpu t — —00, sKi OyayTh BKa3aHi mi3Hime.

2. OCHOBHI ®YHKIIIITHI IPOCTOPU TA OOIIOMI>KHI ®AKTU

Bsenemo moTpibui HaMm (yHKIiiHI TpocTOpPH.

ITinx Lﬁfc(@) po3yMieMo JiiHiliHKIE pocTip BUMipHUX Ha () PYHKIIH Takux, M0 IX
3BYKEHHS HA MAMHOKWUHY (Q, ¢, HAIEKUTH TPOCTOPY L (Q4, +,) A1 OyAb-AKUX t1, o €
S.

Hexaii X — noBinbauii ris6epTiB npocTip 31 CKaagpHuM 100y TKOM (-, +) x Ta HOPMOIO
| - lx. Mosuauaemo wepes LE (S;X) mimiitamii mpoctip dbyHKuifl, ski usnaveni za S,
HabyBaloTh 3HadeHHs B X 1 IXHE 3By2KeHHs HA Oylb-aKuil BIAPI3OK [t1,1e] C S Hasexkarh
npocropy L?(t1,te; X).

ITim CC1 (I), me I — iHTepBas YMCIOBOI OCi, po3yMieMo JiHiiHHI TPOCTIp HemepepBHO
nudepenuiiiopuux na I Gyskuiii 3 KomuakrHuM Hociem (sakwo I = (ﬂfz), TO HUCATU-
memo C (i1, 13) samicrs CL((f1,13))).

Hexait H™(Q) = {v € L*(Q)| D € L*(Q) Va € Z%,|a| < m} — upocrip
Cobonena, axmii € TiTpOEPTOBMM TPOCTOPOM 3i CKATAPHAM TOOYTKOM (v, w)gm () =

1/2

Z D D%w dx Ta nopmoo ||| gm () = < Z | D|? d;p) Iin IO{m(Q) Oy-
Q lalsm Q lal<m
Jemo posymitu 3amukanus 8 H™ () mpocropy C2°(Q) (C°(2) — ninifinmit mpoctip, 1o
CKJIQJIAEThCA 3 HECKiHYeHHO audepeHniioBuux HA 2 QyHKIH, gki MalOTh KOMIAKTHUH
HOCH).

Hexait b(z) := b(z), sxmo € Qo, i b(z) := 1, axmo x € O\ Q. Hoznaummo uepes
H,() nimifinnii npocrip, enementamn axoro € gynkuii w = b~/2v, ne v € L(). Ha

1/2
upocropi Hj, Bomumo nisropmy ||wl| g, o) = (/b(x)|w(x)|2dx> , 3 KOIO BiH € LIOB-
Q

HUM TIIBHOPMOBAHUM TPOCTOPOM. JIerko mepekoHaTucs, mo IO{ () WiNBHO BKIAJAETHCS
B Hy (nus. [15] 1.3.3]).

Bsoaumo upocrip C(S; Hy(£2)) sik ainiiinuii upocrip dyukuiit b : S — Hp(2) rakux,
mo b'/2h € O(S; L*(Q)).
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Yepes K, (|a| < m) no3navaemo nomarhi crani, jjis gKUX NPABUIIbHI HEPiBHOCTI

(4) Vo, |o| <m: /\D%|2dx>Ka/|v|2da: Vv eH™(Q).
Q Q

IenyBanna Takux crasux npu |af # 0 jgerko summsae 3 nepisnocti ®@pijgpixca, a Ky = 1.

3. ®OPMVYJIFOBAHHS 3AJAYI TA OCHOBHUX PE3VJ/IBTATIB

Mu posraszarumeMo y3araabheni poss’ssku 3anadi (1), (), a ans nporo 3poGumo
BIJIMTOBIIHI TIPUATTYIIIEHHS.

Hexait Buxinni mami piBHSIHHs 3aJI0BOJIbHAIOTH TaKi YMOBH:

(A1) nna xoxmoro « (|a| € M) bysknis as(z,t,£), (x,t,€) € Q x RY, — kapareo-
JopiBCchKa, TOOTO maa Maike Beix (x,t) € Q dbynkmia aq(z,t, -) : RY — R —
HerepepBHa, a A Koxkuoro ¢ € RN dymkmisa as(-,-,€) : Q — R — BumipHa 3a
Jleberom, a rakoxk aq(z,t,0) = 0 qua maiixke Beix (x,t) € @Q;

(A2) ana xoxuoro a (o € M), maitxe seix (x,t) € Q Ta Gyap-akux & € RY maemo

|laa(z,t,8)| < ha(z, )] + ga(z, 1),
ze hy € Lf’ooc(é), ga € L2 (S; L2(2));

loc
(A3) mma maitxe Beix (7,t) € Q ta nopinbaux &, 7 € RY Buxkonyerbca nepismicTh

Z (aa(x7t7€) - aa(%t»n))(fa - na) 2 Z 7a(t)|€a - 77a|27
laleM acA
Je muoxuna A C 7% raka, mo {«a||a] = m} C A C {a]|a] € M}, Ta dynkmnji
Yo € C(S), a € A raki, mo v, (t) >0 Vt € S, Va € A4
(C1) dyukuis c(z,y,t, p), (z,y,t,p) € Q2 x QxS xR, — kapareopopiscbKa, TO6TO st
maitzke BCix (z,y,t) € Q x Q x S dyukuia c(z,y,t,-) : R - R — nenepepsua, a
st Beix p € R dynxmis ¢, -+ p) : © x @ x S — R — Bumipna 3a Jleberom, a
rakox ¢(x,y,t,0) = 0 aua maitxke Beix (z,y,t) € Q x Q x (0,7);
(Co) icuye crama L > 0 Taka, mio s Maiixke BCix (x,y,t) € Q x Q x S ta 10BiabHEX
p1, p2 € R BuKOHy€eThCsT HEPiBHICTH

|c($7yat7p1) - C($7y,t,/~72)‘ < LPY(t)|p1 - p2|a
ne
(5) 7<t) = Z Ka'Yoz(t) vt €5;
acA
(F) fa € LY (S;L3(Q) Va, |af € {0,m}.

loc

OsnavenHa 1. Y3azasvnenum pose’sazxom 3amadi , Ha3uBaeMO (yHKIIO u €
[e]
LE (S; H™(Q)) N C(S; Hy(R)), siKa 3a/10B0/bHAE IHTErPAIbHY TOTOKHICTH

é/{—buvgo/ +

Z aa(x?ta(su)DaU@+’U<P/c(xayat7u<yat))dy} dxdt =

lajeM Q
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(6) _ // S fuDvpdrdt Vo €HT(Q), Vg € CL(—o00,0).
Q ‘ale{ovm}

SayBaxKuMo, 110 331394 , MOzKe MaTu Oararo y3arajibHeHux po3s’s3kis. Crupas-
JTi, PO3TIITHEMO PiBHAHHS

() UrH—AWu—/Or+Mﬂm@deM%ﬂ@:0,
Q

ge A1 ta vy : Q — R, BiauoBigHo, nepiie BjaacHe 3HAYEHHs Ta BiAoBigHa HoMy BjacHA
dbynxmis, Hopma saxoi B L?(Q) nopiBHIioe oMHUTI, 3a/1a4i Ha BJIacHi 3HAYEHHS
—Av(z) = M(z), z€Q, v|  =0.
a0

Ouesuno, wo Buxiani sani pisusnns (7) sagosonbusiors ymosn (Ai), (Az), (As), (B),
(C1), (Ca), (F) i nna nosinbuoi cranoi C € R bynknis uc(z,t) = Ce*lvy (x), (x,t) € Q,
€ PO3B’I3KOM 3a/adi @, .

3Bijcu BUILIMBAE, 110 [1Jid 3a0e3leYeHHs €IMHOCTI y3araJbHEHOr0 PO3B’A3KYy 3a/1a4i
, HeOOXiTHO HAKJIAIATH OOMEXKEHHs Ha, Oro MOBeNiHKY Tpu { — —00.

Mu OymemoO poO3TIgarTv 33aJady BiANTyKaHHS y3araJbHEHOTO PO3B’SA3KYy 3aaatdi
,, SAKW 3aI0BOJIbHIE TAKWUil “aHAIOr MOYATKOBOI yMOBHU

t
w s)ds

® i e )y =0
ne w € R, a v — dyHkiig, ska BU3HAYEHA B .

ITro 3agady KOPOTKO HA3WBATHMEMO 33A9EI0 ,, , a (yHKIi0 u — y3araib-
HEHHM PO3B’SI3KOM 3a/adi ,,.

Hani vam Gyze morpibuwii me Takuit dbynkuifinumit mpocrip. Hexait w € R, 8 € C(S),
B(t) > 0 nns Beix ¢ € S. PosrusHemo rins6epriB mpocTip

2w ft v(s)d
0

L2, (5: (@) = { £ € LS 22@) | [ 80" 1A Ol dt < o0
S

31 CKaJIIpHUM 100y TKOM

QUJj'y(s) ds
0 f(?t)ag(at))Lz(Q) dt

(fag)Liﬂ(S;L%Q)) = /ﬁ(t)e
5
Ta HOPMOIO
1/2

v(s)ds
1t Z2 ) dt ;

ij'
Ifllzz (siz2c0)) = /5(15)6 0
5

Je 7Y BUSHAYEHO B .

Yepes mes, G, 1e G — BumipHa muoxknHa B R", mo3nagarumemo mipy Jlebera mmuO-
xuan G.
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Teopema 1. Hezati sukonyromvca ymosu (Ai), (Asz), (As), (B),(C1), (C2), (F) i, xpim
moeo, y eunadky by = 0 mamumemo

(9) Lmes,Q < 1.

Hpunycmumo, wo w < 1 — Lmes,(, koau SukoHyemwvcs ymosa @D, iw < (1-—
Lmes,Q) /by 6 inwomy eunadky, i MAEMO 6KAOUEHHA

(10) fa € L2 1/, (S;L2(Q) Valol=m, f5elL? 1/,Y(S;L2(Q)).

To0i icnye © miavku 00UH Y342aAbHEHUT PO36°A30K 3a0a4i , ,, NPULOMY OAA
HBO20 NPAGUNDHA OUIHKA

wf’y(s) ds
e O

[ Ty 0) + llullzz  (sr20) + Z [1D%ullrz . (s,;02(0) <
acA
(11) <G ”fa”Li,lM(ST;L?(Q)) + Z Hfa”Li’lMa(ST;LQ(Q)) , TES,

la|=m
de S; := (—00, 7| VT € (—00,0] (So = S5), C1 > 0 — cmana, wo 3arescams auwe 6id L,
mes, 2, by ma w.
4. OBIPYHTYBAHHSA OCHOBHUX PE3VJIBTATIB
IIpu moBenmenni Teopemn 1 BaKJIWBY POJIb BilirpaBaTHMe TBEPIKEHHS, SKe € Bi/lO-

mMuM (quB., Hanpukaa, [3]), ajme Mu chopmymoemo ioro y 3pydHiit Jyist Hac Gopmi.

JIema 1. Hezati ¢ynxuyii w € L2(O,T;Ioj'm(Q)) i go € L2(Q x (0,7)) (la] € M), de
T > 0 maxi, Wo NpasusbHG MOMOHCHICTD

(12) // —bwvy’ Jr( Z ga D™ v)g@ dedt =0 Yo GIO{W(Q)7 Y € CH0,T).

|laleM

Todi w € C([0,T]; Hy(2)) i daa b6ydo-axux 11,72 € [0,T] (11 < T2) ma dosiavhoi § €
C1([0,T]) mamumemo

Lol ~ St~ & [l

T1

(13) + ]/ < > gaDaw>9 dzdt = 0.

71 Q laleM

Takox HaMm Oyme moTpiOHe Take JOTOMIiKHE TBEPI?KEHHSI.

Jlema 2. Hezati suronyromvea ymosu (A1), (Az2), (As), (B), (C1), (C2) iy sunadky by = 0
~ ymosa (9). Hpunycmumo, wo w < 1 — Lmes, ), Koau 6uKoHyemvca ymosa @D, i
w < (1—Lmes, Q) /by 6 tnwomy eunadrky. Todi, axwo uy ma us — ysazansoreni po3s’aswu,
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610n0610H0, 3a0a4, AKi 6i0Pi3HAIOMBCA 610 3a0ayi , , MIALKU MUM, WO 68 NePULT
3 HUZ fo = fa1, @ 6 Opyeiti — fo = fao (Ja] € {0,m}), de

(14) for€L2 1/, (S L2(Q) (k € {1,2}), fak € LY 1/, (S L7(Q)) (k€{1,2}; |a| = m),
Mo NPAEUNLHG OUIHKG

wfv(s)ds
e (7)) = w2, Tl ay ) + lua — wellrz (s, ir20)+

+ Z ||Da'u,1 - DaWHLi,M(ST%LQ(Q)) <
acA

(15) <Cu|llfsn = fopollzz |, (s.:p2c) + Z | fa1 = fazllee , (s.iz2)|s T €S,

,1/w( w,1/ve

|al=m
de C1 > 0 - cmana, axa 3arescums miavku 6id L, mes, 2, by i w.
Josedenna. Beonnmo s koxxanx o (|a] € M), z € Q, y € Q, t € S no3nadenHs

ur2(z,t) == ur(z,t) —ua(z,t), an12(z,t) = aq(x,t,0us(z,t) — an(z,t, dus(x,t)),

C12(=’E,y7t) = C(xay7tvul(y7t)) - C(xvyat7u2(y’t))a fcx,l?(xat) = fa,l(xat) - fa,Q(xat)'

3 @ OTPUMAEMO TAKY IHTErpajIbHY TOTOXKHICTH:

//{ —burzve’ + ) aa 12Dy + </012($7yat) dy) WP} dedt =
Q

laleM Q

(16) :// S faneDvpdrdt Vo €H™(Q), Vi € CL(—00,0),
G lole{om)

Ha unincrasi semu [1)3 BUILJIUBAE, 110

T2 T2
t=72 ]_
rt —2//b|’u12|29/d{£dt—|—//{ Z Qe,12 D%uqa+

71 2 71 Q lojeM

%H(t) / b(x)|uiz2(x, t)|2 dx
Q

(17) +</612(l‘,y,t) dy>U12}0d$dt: // Z f%lgDaulged.ﬁdt,
Q

rnQ lelefo,m}

e e CHS), 0(t) >0Vte S, 1ar,m €S (11 <Te) — AOBiIbHI.
Bukopwucrosyioun nepisuicts Korri:

1
(18) ac < Ca? +—c% Va,ceR, Ve >0,
€
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oliHuMO npaBy dactuny pisuocti (17) rak:

T2

(].9) // Z fa,lgDaum@dxdté %// Z ’}/a|DQU12|20d$dt+

b lal=m b lal=m

17 1 )
— = | fan2|20 dadt,
+2€1 // Z %|f 120 de

71 Q |a|=m

T2 T2 T2
1 1
(20) //fa 1o U120 dadt < 6—2//’y|u12|20dmdt—|— —//—\fa 1|20 dzdt,
’ 2 2¢e9 v
71 Q 71 Q 71 Q

Ie €1, €9 — JOBLIBHI JOMATHI YMCA.
3 ymosu (Asz) orpumMyemo

21 Ao 12(2,t) D120 dxdt > o | D%uys|%0 dzdt.
(21) > aaa(zt) gl

rnQ leleM nQ a€4

Buxkopucrosytouu ymosy (Cq) i mepisuicrs Kowi-Bynsakoscbkoro, orpumyemo

// (/clg(m,y,t)dy>u129dxdt <
71 Q Q

// (/|c(x,y,t,u1(y,t)) —C({L‘7y,f,UQ(y,t))‘ dy) |’U,12(.7J,t)|0(t) drdt <

T1 Q Q
<I / / () ( / sy, ) dy> fuya (. £)] (t) dcdt =
T1 Q Q

= L/’Y@)(/le(%mdm) </|u12(y,t)|dy> 0(t)dt =
Q )

T1

T2 2 T2
(22) _L/'y(t)</|u12(x,t)| dz) 6(t) dt < Lmean//ﬂulg\zﬁda:dt.
1 Q T1 Q

3 , Ha TiacTaBi - , OTPUMYEMO HEPIBHICTH
1 1
59(7’2) /b(l’)‘ulg(x,Tg)Fdl‘ — 50(7’1)/b($)|U12(I‘,T1)‘2d£E7

Q Q

N

1 T2 T2 T2
—5//b|u12|20’ da:dt+//Z’ya|Dau12|20dmdt—Lmean//ﬂulg\Qﬁdxdt§
€A T1 Q

71 Q RV
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99

€1 i «@ 2 1 i 1 2
< 5// > Yol Duss| 9dxdt+£// > 7—&|fa712| 0 dxdt+

1 lal=m 1 lal=m
7 1 fr1
€2 2 2
+5 //’y|u12\ 9dxdt+g//;|f57l2| 0 dxzdt,
71 Q 71 Q

Je €1, €2 — JOBLIbHI J0/IATHI YHUCIA.

2w j v(s)ds
0

Baspuu B niii mepisuocri 6(t) := 2e , t € S, marumemo

T2 T1
2w [ y(s)ds 2w (s) ds
e g k /b(x)|u12(x,72)|2dx—e Uf’y /b($)|U12($771)\2dx_

Q Q
Tl 2w [a)d
72w//b’ye o 1N |uio|2dadt+
T1 Q
7 2 [ 7(s) d
+2(6 + (1 - 6)) // Z Ya€ ° ! |DQU12|2 dxdt—
1 Q |Ot|€M
T2 t
2w (s)ds
72Lmean//fye Ofﬂ{ |U12|2 dxdt <
T1 Q

T2 t

T2 t
2w [ v(s)ds 1 1 2w [~(s)ds
se // D e 0 D% daedt + = // ) e | fo12/? dadt+

10 |a]=m nQ |a]=m
Tr 2wl 1 Fr1 20 (s)d
w [v(s)ds w [v(s)ds
@) e [ [ P dsar s = [ [ L0 g e v
71 Q 2T1Q ry

ge d € (0,1) — nosinbHe guco.
3eigcu Ta 3 @ BUTIJTUBAE HEPIBHICTH

1
2w [ y(s)ds

fot a7 et ) ot

Q Q

T2
2w [ v(s)d
e 0

2

T t
2w [ y(s)ds
—2esssup{wb(z)} /ve 0" |uio|? dedt+
e
T1Q

T2 t
2w [ y(s)ds
+2(1 - 9) // > ae 1 | Do |? dadt+

71 Q acA
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T2 t T2 T2
+26 // Z Ka%e%JW(S) - |u12\2 dzdt — 2Lmes,, ) //ve% Of v |u12|2 dzdt <
7O €A nQ

To t T2 t
2w [y(s)ds 1 1 2w [~(s)ds
<al// S e b |DaU12|2dmdt+g// > e ool drdt

L lal=m L lal=m
T2 t T2 t
2w [ y(s)ds 1 1 2w [~(s)ds
(24) +eo //’}/6 0 |u12\2dmdt+—// —e 0 | f5 107 dadt.
€ )
71 Q 2T1Q 7

3 (24)), Bukopucrapuu no3uaueHs , OTPUMAEMO

T2 1
2w (s)ds 2w (s)ds
€ Ofv /b(x)|u12(x,72)|2dx—e bfv /b(»’ﬂ)|ulz($aTl)\Qdff+
Q Q
T2 t
2w [ y(s)ds
+[2(1 = 6) — & // Z Vo€ O | D%uyo|? dadt+
HnQ laleM

7 2wft'y(s) ds 9
+(2(6 — Lmes,, Q — esssup{wb(x)}) — e2) ye 0 |u12]® dzdt <

e
71 Q
T2 t T2 t
1 1 2w [~(s)ds 1 2w [y(s)ds 1
25) < — —e 0 2 dxdt + — 0 ~|f5 14| dzdt.
(25) &1 // Z_: Ve fos2l” dodt + = //e ol dr
1 Q la|=m T1 Q2
3ayBaxkuMo, 110
(26) 1 — Lmes,) — esssup{wb(z)} > 0.

zEQ

Cupasui, nexaii 1—Lmes,, Q2 > 0. Toui w < 1—Lmes,, ). Posrusinemo apa Bunaaku: 1)
w<0,2)0<w< 11— Lmes, . B nepmowmy Bunagxy (w < 0) maemo esssup{wb(z)} <0,
z€Q

a orke, Hepipuicrs (26) npasuibha. B apyromy Bunmajaky mMaemo

esssup{wb(z)} = wesssupb(x) < w < 1 — Lmes, 2,
z€Q zEQ

3BizIKM BuIHBaE HepiBHiCTL ([26). Temep mexait 1 — Lmes,Q < 0. Toxi by > 01 why <
1 — Lmes, Q2. Ockinbpku

esssup{wb(z)} = wessinf b(z) = wby,
e z€eQ

10 1 B wiit curyauil Hepisuicrs (26]) npasusibua.
Bu6epemo y (25) ¢ € (0,1) rake, njo6 BUKOHYBaJIaCh HEPIBHICTH

§ — Lmes, Q2 — esssup{wb(z)} > 0,
e
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i BizbmMemo €1 =1 — §, e2 = § — Lmes,, 2 — esssup{wb(x)}. ¥V niacymxy oaepxumo
e
2% [ y(s)d 2 [ y(s)d
w | y(s)as w [ y(s)ds
e 0 /b(x)|u12(x,72)|2d:c—e 0 /b(x)\uu(x,nﬂzdx—l—
Q
2wf’y(s)ds wf’y()d
+C // Z Yot |D u12| dxdt + // ~ye 0 |u12| dxdt] <
1 Q |a|EM T1 Q
2wf'y(5 ds 1 2wf'y(s ds
(27) <C // Z 76 0 | fo12]? d:vdt—i——// |f67122dajdt‘|,
71 Q o= 71 Q

ne Cs, Cy — momarHi craJi, o 3ajexkarh jume Big L, mes, ), by Ta w.
3 BUILIIBAE YMOBA

2w [ y(s)ds
(28) e 0 /b(m)|u12(ﬂc,t)|2 de —0 mpm t— —oo.
Q
®Qikcyroun IOBUIBHO BHOpaHe 7o = 7 € .S, CIPAMYEMO 77 IO —0OO B , BPAXOBYIOUH
Ta . VY miacyMKy OoTpmMaeMo

Zw‘r‘ (s)ds
Sl /b(x)|u12(x,7)|2dac+
Q
wa (s)d f (s)d
(29) +Cs // S qee 07D u12|2dxdt+//vew0” “Jura|? dedt | <
— o) |aleM —oo)
1 2wfv(9)ds 1 2wf’v(8)d
(30 // P [ fatal? dadt + // Fs 1o ddt

3Bizcu J1erko ofepyemo ormiaky (15)).

Hosedenns meopemu[ll Toseaemo edumnicmsv y3araibHEHOro PO3B’sA3Ky 3ajadi , ,
(8). Mpunycrumo mporunexxue. Hexait uy,us — ABa y3araabHeHi po3B’s3ku 3amadi (|

2D, (8)- Briamo 3 memoro 2] (;LHB. (15)) marmmemo
o.) ~v(s) ds
(31) // luy (2, ) — ug (2, t)|? dedt < 0.

3Bigku Bunsmsae, mo uq(x,t) — ug(x,t) = 0 mua m.B. (z,t) € Q. Orpumane npoTupidus
JIOBOIUTD Halle TBepIZKCHHL.

Iosememo i?ZHyBaHHﬂ y3araJbHEHOrO PO3B 3Ky 3a/1adi , , Ta HOro OIHKY.
TTouremo 3 anpiopHOT OIMIHKY y3araJbHEHOTO PO3B’a3Ky. [IpumycTumo, 1o v — y3arajibHe-
Hmit po3s’asok 3azadi (1), (2),(8). /lerko 6auntu, Bukopucrosyroun ymosn (A;) ta (C1),
mo u = 0 € ysarambrennM poss’aszkom sagadi (1), (2), upu fo =0 (Ja| € {0,m}), a
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TOMY Ha HifCTaBi J'IeMI/I (zuB. ouinky ) opu uy; = U, fo1 = fa Ta U =0, fo2 =0
(Ja| € {0,m}) maemo oninky (TI).

Tenep must xkoxxuoro m € N i a, |a| € {0, m} Busnaaumo fo, (-, t) := fol-, ), axmo
—m <t < 0,1 fam(,t) =0, gxmo ¢t < —m, Ta PO3IIAHEMO 33Jady HA 3HAXOIKEH-
usa byskuii u, € L?(—m,0; ﬁ]m(Q))ﬂ C([—m,0]; Hp(2)), 1mo 3a10BOIbHSAE IOYATKOBY
YMOBY
(32) Um(z,—m) =0, z€Q,
(ax emement npocropy C([—m,0]; Hy(2))) Ta piBusHHS B (Qm B ceHci iHTerpampHOL
TOTOXKHOCT1

// —bupve’ + Z ao (2, t, 0um) D vp + /c(x,y,t,um(y,t))dy v p drdt =
Qm |aleM Q

[e]
(33) = // > famDvpdrdt Yo eH™(Q), Vo€ Cl(—m,0).
Qm, lal€{0,m}
IcuyBanns Ta €UHICTD PO3B’A3KY Ifi€l 3a/1a4i JIETKO BUILJIUBAE 3 BiJOMUX PE3Y/IHTATIB
(muB., manpukiag, [16]). Jus koxuoro m € N IpogoBKUMO HYJIEM U, HA BECH IUIIHID ()
i 3a/IMIITUMO TIO3HAYEHHST Uy, JIJTs1 [IBOTO MIPOJOBXKEHHS. 3ayBAsKUMO, TI10 JJIs KOKHOTO M, €

N dynxuis u,, nazexuts 10 npocropy L2 (S; Io{m(Q)) N C(S; Hy(2)) Ta 3a10BONBHSE
inrerpampny rotoxuicrs () 3 fa,m 3amicrs fo (|a| € {0,m}), To6To

// —bumve’ + Z ao(x,t, 0uy) Dy + /c(m,y,t,um(y,t))dy v » drdt =
Q

|aleM Q
(34) = // Z famDYvpdzdt Vv EIO{m(Q), Y € Ot (—00,0).
G lolefo.m}

Ile o3nagae, moO U, € y3araJdbHEHHM PO3B’SI3KOM 3a1atdi , , 3 fa,m 3amicTb f,
(Ja| € {0,m}). 3Bincu ra noBesenoro suie, 30kpema, sunmsaorb (1us. (II) ouinku

P

2w [v(s)ds

e © [ (s Ty () <
7 1 2w‘]t"y(s) ds
(35) < Cs[ / > e [ fa (s ) 172 () dt+
0o laj=m «

T t
1 2w [~(s)ds
+ [ e ||fa(-,t)||%2(g>dt]7 res

—o0
Y DMumllez, (siz2y + llumlliz (5020 <
laleM

(36) <O

Z ”fa”LiylMa(S;L?(Q)) + |f6||Livl/w(S;L2(Q))‘| )

lee|=m



KOPEKTHICTBH 3ATAYI OVP’E
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mat. 2018. Bumyck 85 103

e Cs > 0 — crasia, gKa 3aJeKuTh TiabKy Big L, mes,Q, by i w.
Hexait k, [ — nosiabui narypaabui uncia, [ > k. 3acrocyemo tBepukenns emu [2] 1o
GbyHRIEH ug 1w Y mMACyMKy OTPpUMAEMO OIHKY, sika anagoriana g0 (15)), a cawve,

Zw]w(s)ds
supe lJw (- 7) = w (7)1, 0y +
+ Z ”Dauk7Daul||%§dﬂa(S;L2(Q))+||uk7ulH%iﬁ(S;L2(Q)) <
laleM
i 1 20 [y(s)d
2w | v(s)ds
<cﬁl [ X e ) Faa Ol et
2 lal=m '@
y 1 2w}’y(s)d5
(37) [T ) = i Dl |

-1
ne Cg > 0 — crana, gKa 3aj1exkuTh Tiabku Big L, mes,Q, by i w. 3 ymosu (10) sBummsae,
1o npasa dacruna zepisuocti (37) npsmye no nyns, konu k ta | npamyiors qo 4oo. e
03HAYAE, WO HOCILIOBHOCTD { Uy, }oo—; € dyHramentanbuoio B npocropax L, (S; L (2))
ma C(S; Hy(Q)), a mocmigopuicts {D%uyy,}oo_; (a € A) — B L2, (S;L*(Q)) (o € A).
OCKiJIbKY Tl TPOCTOPH € TTIOBHUMU, TO 3Bi/ICH BUILJINBAE iICHYBaHHS (DYHKIIT

we Liyo(S: H™ (@) N LZ, (S: L7()) N O(S; Hy(2))
rakoi, mo Du € L2, (S;L*(2)) (€ A) i
(38)  Um — w cumsro B C(S; Hp(Q)), Li,y(S;LQ(Q)) Ta LIQOC(S;IO—Im(Q))7

m—r oo

(39) D%u,, — D% CWJIbHO B Liﬂa(S;LQ(Q)), a€ A

m—r oo

Buxkopucrosytouu ymoBy (Agz) Ta mepiBHOCTI @ i , st Oyap-akux ti,ty € S
OTPUMAEMO

tz t2
(40) //|aa(x,t,6um)|2dxdt < Cr // <|hoé|2 Z }Daum|2 + |ga|2> dxdt < Cg,

t1 Q th Q |ale M

ne C7,Cs — nonarhi craJi, ski He 3ajexKaTb Big m, ajle MOXKYTh 3ajexKaTu Bix t1, to.

3 OTPUMYEMO, IO JJIst KOXKHOIO «, || € M, nocninosuicrs {aq (um)} € obme-
xenowo B LE (S;L2(R)). 3eigen Ta 3 BUIINBAE ICHYBAHHS MiAMOCTIIOBHOCTI TO-
cnimoBHOCTL {Uy, }00_; (AKy TaKOXK TO3HAYATHMEMO 4epe3 {Up,}5°_;) 1 DyHKIiH X, €
L2,,(85 L(©) (| '€ M) raxux, mo

(41) D%y, el D% waiixke Bcromn Ha  Q, |l € M,
(42) aa(um)m:;xa cnabko B L2 .(S;L*(Q)), |a| € M.

3 ymosu (A7) Ta BUIIJIMBAE, 1110

(43) Qo (Um) — aq(u) maixe Bcrogu na @, |af € M.



Muxkona BOKAJIO, Ipuaa CKIPA
104 ISSN 2078-3744. Bicaux JIpBiB. yH-Ty. Cepis mex.-mar. 2018. Bumyck 85

Ha nigcrasi [I7, nema 1.3], 3 i OTPHUMYEMO, IO Xo = Gq(u) (Ja| € M), To6TO
(44) ao(Um) — aq(u) cnabko s LE.(S;L%()), |a| € M.

m—r oo

Buxopucrosywun ymoBy (Ca), I7st JOBUIBHUX t1,t2 € S (t1 < t3) BCTAHOBIIOEMO

to 2
/ / / (@9t (9, 1)) dy — / c(x,y,t,uly, £)) dy| dadt <
t1 Q Q Q
to 2
< / / / @,y b um (s 1)) — cle, gty uly, )] dy| dedt <
t1 Q

Q

to 2
< L2mesn9/72(t)</lum(y,t) U(y,t)ldy> dt <
Q

ty

to
(45) < L?(mes,Q)? max yz(t)//|um7u|2dxdt.
tefty,ta]
t1 Q
3 MaTHMEMO
to
(46) //|um —u*dxdt — 0.
m—r o0
t1 Q

Ha mincrasi i OTPUMYEMO

(47) / (0,4, um (9, ) dy — / (0, uly, ) dy cmmmo L2 (S: L3(9)).

m—o0
Q Q
Temep moememMo, mo (QYHKINA U € y3araJdbHEHHM PO3B’SI3KOM 3aIadi 1)1}
s mporo CopaMmyeMo m 10 +00 B TOTOXKHOCTI , spaxosyouu (38), (44), (47) ra
o3nadennsd GyHKUH fo.m (Jof € {0,m}). ¥V uincymxy orpumaemo roroxuicts (6. Tenep,
Bpaxysasmu ([38), copsimyemo m 10 +00 B . 3 orpumanol HepiBHOCTI Ta, yMoBH ([10)
OJIEPKYEMO BUKOHAHHST YMOBU . OTox, MU J0BeJH, IO U € y3araJbHEHUM PO3B’sA3KOM

sazaqi (1), @),(). O

CIIMCOK BUKOPUCTAHOI JIITEPATYPU

1. R. E. Showalter, Singular nonlinear evolution equations, Rocky Mt. J. Math. 10 (1980),
no. 3, 499-507. DOI: 10.1216/RMJ-1980-10-3-499

2. R. E. Showalter, Monotone operators in Banach space and nonlinear partial differential
equations. Amer. Math. Soc., 49, Providence, 1997.

3. M. M. Bokalo, O. M. Buhrii, and R. A. Mashiyev, Unique solvability of initial boundary value
problems for anisotropic elliptic-parabolic equations with variable exponents of nonlinearity,
J. Nonlinear Evol. Equ. Appl. 2013 (2014), no. 6, 67-87.

4. M. M. Bokalo, Almost periodic solutions of anisotropic elliptic-parabolic equations with vari-
able exponents of nonlinearity, Electron. J. Diff. Equ. 2014 (2014), no. 169, 1-13.



KOPEKTHICTBH 3ATAYI OVP’E
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mat. 2018. Bumyck 85 105

5.

10.

11.

12.

13.

14.

15.

16.

17.

M. M. Bokalo and I. V. Skira, Almost periodic solutions for nonlinear integro-differential
elliptic-parabolic equations with variable exponents of nonlinearty, Int. J. Evol. Equ. 10
(2017), no. 3-4, 297-314.

A. Tychonoff, Théorémes d’unicité pour [’équation de la chaleur, Marem. c6. 42 (1935),
no. 2, 199-216.

O. A. Ouneitnuk, I'. A. Nocudban, Anasoe npunyuna Cen-Benana u eduncmeennocms pe-
weHul KPaesus 36004 6 HE02PAHUMEHHBLT 00AaCMAT 044 Napabosuveckus ypasrenud, ¥ MH
31 (1976), no. 6(192), 142-166; English version: O. A. Oleinik and G. A. Iosif’yan, An
analogue of Saint-Venant’s principle and the uniqueness of solutions of boundary value
problems for parabolic equations in unbounded domains Russ. Math. Surv. 31 (1976), no. 6,
153-178. DOI: 10.1070/RM1976v031n06 ABEH001583

II. 4. Ilyka4a, O 3adaue 6e3 HAUAAOHUL YCA0BUL OAA 00HOT HeAUHEUHOU 6bPOHCIAOULETCA
napabosuyveckol cucmemovl, YKp. mar. xypH. 46 (1994), no. 4, 454-456; English versi-
on: P. Ya. Pukach, On the problem without initial conditions for a nonlinear degenerating
parabolic system, Ukr. Math. J. 46 (1994), no. 4, 484-487. DOI: 10.1007/BF01060422

C. II. JlaBpeniok, M. B. IIramuuk, 3adavwa 6e3 HauaAbHOLET YCA06Ul 04 HEAUHETHOU
ncesdonapaboaruneckou cucmemv,, Inddepenn. ypasmenma 36 (2000), no. 5, 667-673;
English version: S. P. Lavrenyuk and M. B. Ptashnik, Problem without initial condi-
tions for a nonlinear pseudoparabolic system, Differ. Equ. 36 (2000), no. 5, 739-748.
DOI: 10.1007/BF02754233

M. Bokalo and A. Lorenzi, Linear evolution first-order problems without initial conditions.
Milan J. Math. 77 (2009), 437-494. DOI: 10.1007/s00032-009-0107-6

H. II. TIpomax, 3adaua 6e3 nowamkosuUT YMmo6 OAA HEAIHITHO20 YALMPANAPGOONIHHO-
20 pisnanna 3 eupodoicennam, Mar. meromm dis.-mex. momsa 52 (2009), no. 1, 7-19;
English version: N. P. Protsakh, A problem without initial conditions for a mnonli-
near ultraparabolic equation with degeneration, J. Math. Sci. 168 (2010), no. 4, 505-522.
DOI: 10.1007/s10958-010-0003-1

O. Buhrii and N. Buhrii, On initial-boundary value problem for nonlinear integro-differential
equations with variable exponents of nonlinearity, New Trends in Mathematical Sciences 5
(2017), no. 3, 128-153. DOI: 10.20852/ntmsci.2017.191

O. Buhrii and N. Buhrii, Integro-differential systems with variable exponents of nonlinearity,
Open Math. 15 (2017), 859-—883. DOI: 10.1515/math-2017-0069

M. Loayza, Asymptotic behavior of solutions to parabolic problems with nonlinear nonlocal
terms, Electron. J. Diff. Equ. 2013 (2013), no. 228, 1-12.

R. E. Showalter, Hilbert space methods for partial differential equations, Monographs and
Studies in Mathematics (Monographs in differential equations), Vol. 1, Pitman, London-San
Francisco, Calif.-Melbourne, 1977.

X. laeeckuit, K. I'perep, K. Baxapuac, Heaunelinoie onepamoprbie YpasHEHUA U ONEPATNOD-
Hue oupdepenyuarvhoe ypasuenus, nep. ¢ mem., Mup, Mocksa, 1978.

J.-L. Lions, Quelques méthodes de résolution des problémes auz limites non linéaires. Dunod
Gauthier-Villars, Paris, 1969.

Cmammas: naditiwna do pedkonezii 23.11.2018
doonpayvosana 04.12.2018
nputinama do dpyxy 26.12.2018



Muxkona BOKAJIO, Ipuaa CKIPA
106 ISSN 2078-3744. Bicaux JIpBiB. yH-Ty. Cepis mex.-mar. 2018. Bumyck 85

WELL-POSEDNESS OF THE FOURIER PROBLEM FOR
HIGHER-ORDER WEAKLY NONLINEAR
INTEGRO-DIFFERENTIAL ELLIPTIC-PARABOLIC EQUATIONS

Mykola BOKALO, Iryna SKIRA

Ivan Franko Lviv National University,
Universitetska Str., 1, 79000, Lviv, Ukraine
e-mail: mm.bokalo@gmail.com, irusichka.skira@gmail.com

The existence and uniqueness of a weak solution of the Fourier problem
for nonlinear integro-differential elliptic-parabolic systems are investigated. In
addition, some properties of the weak solutions of the Fourier problem are
considered.

Key words: Fourier problem, problem without initial condition, degenarated
parabolic equation, elliptic-parabolic equation, integro-differential equation,
functional-differential equation.
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ON INITIAL-BOUNDARY VALUE PROBLEM FOR NONLINEAR
INTEGRO-DIFFERENTIAL STOKES SYSTEM

Oleh BUHRII, Mariana KHOMA

Ivan Franko National University of Luiv,
Universytetska Str., 1, Lviv, 79000
e-mail: oleh.buhrii@lnu.edu.ua, marianna.khoma88@gmail.com

Some nonlinear integro-differential Stokes system is considered. The initial-
boundary value problem for this system is investigated and the existence and
uniqueness of the weak solution for the problem is proved.

Key words: evolution Stokes system, integro-differential equation, initial-
boundary value problem, weak solution.

1. INTRODUCTION

Let n € N and T > 0 be fixed numbers, n > 2, 2 C R” be a bounded domain with
the smooth boundary 092, Qo1 := Q x (0,T), Xo,p := 900 x (0,T), Q; :={(z,t) | z € Q,
t=7}, 7 €[0,T]. We seek a weak solution {u, 7} of the problem

w = 3 (Ayletun,) o+ Gl Ol 2us [ 3 tguly.t) dy -+
! Q

ij=1
+ Vr(z,t) = F(x,t), (z,t) € Qo,r, (1)
divu =0, (x,t) € Qo,r, (2)
/W(a:,t) de =0, te(0,T), (3)
Q
U|EO,T =0, (4)
uly=0 = up(z), =z €N (5)

2010 Mathematics Subject Classification: 35K55, 35D30, 76D07, 47G20
© Buhrii, O., Khoma, M., 2018
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Here u = (u1,...,u,) : Qoo — R™ is the velocity field, |u| = (jui|> + ... + |ua|?)/?,
divu = % 4+ ...+ %, 7 : Qor — R is the pressure, Vi = a—ﬁ,...,a—ﬂ

0x1 0xy, ’ 0x1 ox,
g > 1 is some number which is called an exponent of the nonlinearity of system ().

The linearized version of the Navier-Stokes system is called the Stokes system. It
is well known that these equations describe the time evolution of the solutions to the
mathematical models of the viscous incompressible fluids. For more details about the
physical meaning of the Navier-Stokes and Stokes systems see [I], [2], etc. The initial-
boundary value problem for the Stokes system is considered in [3], [, [5], [6], [7], [8], [9]
(see also the references given there).

To take into account of some elasticity aspect of the non-Newtonian viscous fluids,
the well-known classical Navier-Stokes equations are perturbed by an integral term which
means the past history of the fluid (see [10]). The problems for the Navier-Stokes system
with the integral memory term of the type

, and

" t
utJerkvmk 7&AU*/K1(LT>AU d’rf/Kg(t,y)Au dy+ Vm =F,
k=1 0 Q

where Aw is a Laplacian, is considered in [11] if either K5 =0, or & = 0 and K; = 0.
We perturb the classical Stokes equations by the monotonous nonlinear term and
the linear integral term. We seek a weak solution to the initial-boundary value problem
(1)-(@)- As we know this problem is not studied yet. The paper is organized as follows.
In Section [2} we formulate the considered problem and main results. The auxiliary
statements are given in Section [§] Finally, in Section ] we prove the main results.

2. STATEMENT OF PROBLEM AND FORMULATION OF MAIN RESULTS
Let (-,-)rn be a scalar product in the space R™,
(u,v)q = /(u(m), v(x))re dzy, u=(Ur, ... up), V= (v1,...,05): Q= R".  (6)

Q
Take s € N. Let us consider the Sobolev space [H*(2)]™ with the scalar product

n

(,0)s =Y (ui, 03)gre(y, w0 € [H(Q)]". (7)
i=1
Let Cyiy := {u € [CSO(Q)]TL | divu = O},
H is the closure of Cyg, in [L*(Q)]", (8)
Zs is the closure of Cgy in [H?*(Q)]", (9)

where ||h; H|| := ||h; [L2(Q)]"]| = Z I|hi; L2(Q)]|, h = (h1,...,h,) € H, and
=1

llz; Zs|| :i= V/((2,2))s, 2= 1(21,...,2n) € Zs.

By definition, put

V= ZiN[LYQ)]", U(Qor) == L*(0,T; Z1) N[LY(Qo,r)]"
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Assume that the following conditions are fulfilled.
(A): A;; is an n-order square matrix with the elements from L*°(Qo r); Aij = Aji
(i,j = 1,n); for a.e. (z,t) € Qo and for every £1,... & € R™, we get
n

a’OZ |£l|2 Z ( zy(x7t)£ia§j>Rn§ GOZ |€l|2 (O < ap S Clo < +OO),

1,7=1 =1

(G): G is an n-order square matrix, G = diag(g1,-.-,9n), g1 € L>(Qo,r), and
0<go <giz,t) <g" < +oo for ae. (z,t) € Qo.r, where | =1,n;
(E): 3 is an n-order square matrix with the elements from L>(Qo r % Q);
(F): F € L*0,T; H);
(U): up € H.
We define the operators A(t) : V — V*, A: U(Qor) — [U(Qo,1)]*,
E(t) : [LA(Q)]™ — [L2(Q)]™, and E : [L*(Qo.1)]" — [L*(Qo,r)]™ by the rules:

A=)y = [

Zn: (Aij(x,t)zmi(x),wzj(x)) n

R
Q
+(G(x7t)|z(x)|q_2z(x)7w(m))Rnl de, zweV, te(0,T), (10)
(Au, V) (Qo.r) ywdt, uw,veU(Qor), (11)
-fue

/3 r,ty)z(y) dy, x€Q, ze[L*(Q)]", te(0,T), (12)

Let

1 1
q>1, seN, sZmax{?, g, n<2q>}, h—min{Q,q_ql}. (14)

Note that (14) implies that Z, O (Z1 N [LYQ)]") T V.
Definition 1. A pair of the functions {u, 7} is called a weak solution of problem (1)-(B),
if u€ U(Qor)NC(0,T); Z%), us € [U(Qo,r))*, m € L"(Qo.r), u satisfies in Z*¥, for
veVandte (0,T) we have

(u(t), v)v + (A@)u(t), v)v + (E@)u(t), v)o = (F(t),v)a, (15)
7 satisfies (1)) in D*(Qor), and 7 satisfies (3)) in D*(0,T).
Theorem 1 (existence). Let conditions (A)—(U) hold. Then problem (1)) has a weak
solution {u,m}. Moreover, u € L=(0,T; H) and V7 € L"(0,T;[W~15(Q)]").

Theorem 2 (uniqueness). Let conditions (A)—(E) hold. Then, problem (1)) cannot
have more than one weak solution.
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3. AUXILIARY STATEMENTS

For Banach spaces X and Y the notation X O Y means the continuous embedding;

the notation X © Y means a continuous and dense embedding; the notation X cy
means a compact embedding.

3.1. Projection operator. Let / be a Hilbert space with a scalar product (-, )%, V be

a reflexive separable Banach space, V O H = H* O V*, {w’ };en be an orthonormal basis
for the space H, m € N be a fixed number, and 9t be the set of all linear combinations
of the elements from {w?, ..., w™}. Define a unique orthogonal projection P, : H — 9
by the rule (see [12] p. 527])

Pyh = Z(h,wj)H w!, heH. (16)
j=1

This is a linear self-adjoint continuous operator (see Theorem 7.3.6 [12, p. 515]). If

w}ieny C V, then let us define an operator ]3,,, 1V — V (not necessarily self-adjoint
J
by the rule
P,v:=P,v for every v e V. (17)
(V*) C V (see [13] p. 865]).

For a conjugate operator P}, : V* — V* we have P,

Proposition 1 (Lemma 3.9 [I3, p. 865-866]). Assume that {w'};en is an orthonormal
basis for the space H such that {wj}jeN CV, Y7, ...,¢ € R are some numbers, and

F e V*. Then z™ := Z%”ws €V satisfies

s=1
(zm wh),, = (F,wl),,
: (18)
(2™ w™)y = (F,w™)y,
if the following equality holds
2" =PF in V' (19)

Suppose that H and Z, are determined from (§) and (9) respectively, where s € N.
From [14, Ch. 1, §6.1], we obtain the embeddings

Zs O Zy O HEH O Z{ O Z:.
Moreover, Z, C [H§(Q)]". Let {w*},en be a set of all eigenfunctions of the problem
((w,v))s =A (w7v)H Ve Zs, (20)

{A}pen € Rsg :={A € R| A > 0} be a set of the corresponding eigenvalues. For the
sake of convenience we have assumed that {w"},cy is an orthonormal set in H.

Proposition 2 (see [14, Ch. 1, §6.3]). If s € N and s > %, then the set {w"},cn of all
eigenfunction of problem is a basis for the space Zs.

The following Lemma is needed for the sequel.
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Lemma 1. Suppose that P,, and }A)m are determined from and respectively,
where H = H, V = Z;, s € N, and {w"},cn is an orthonormal basis for the space H
that consists of all eigenfunctions of problem . Then, for every w € L™(0,T; Z¥) and
r > 1, we have the inequality

|| Prw; L7 (0, T Z2)|| < [Jw; L7(0,T; Z2)] - (21)
Proof. From [14, Ch. 1, §6.4.3], we get that
|1Pzllz, < lzllz., 2 € Zs. (22)

Since ||D*||z(B+,4-) = ||Dl|z(a,) for every D € L(A, B) (see [15, p. 231]), using (22),
we have R
1Pollz: < lvllze, veZ (23)
Hence, fOT [P w(t)||y. dt < fOT [lw(t)||. dt and so inequality holds. O
0.1. Cauchy’s problem for system of ordinary differential equations. Take ¢ € N and
Q = (0,7) x R’. In this section we seek a weak solution ¢ : [0, T] — R’ of the problem
¢+ Lt o)) = M(t), te[0,T], »(0)=¢", (24)

where M : [0,7] — R’ and L : Q — R’ are some functions (for the sake of convenience
we have assumed that L(t,0) = 0 for every ¢ € [0,7]), and ¢° = (¢?,...,¢0) € R".

Proposition 3 (the Carathéodory-LaSalle Theorem, see Theorem 3.24 [13, p. 872]).
Suppose that p > 2, the function L : Q — R’ satisfies LP-Carathéodory condition, M €
LP(0,T;RY), and ¢° € RY. If there exist nonnegative functions o, 3 € L*(0,T) such that
for every ¢ € RY and for a.e. t € [0,T] the inequality

(L(t,€), re > —a(t)|€]* = B(1) (25)
holds, then problem has a global weak solution ¢ € WP(0, T;RRY).

3.2. Additional statements. Let Z>_; := {s € Z | s > —1}. The following Proposi-
tions are needed for the sequel.

Proposition 4 (the generalized De Rham Theorem, see Theorem 4.1 [I6], Remark 4.3
[16], and Lemma 2 [I7]). Suppose that Q2 be an open bounded connected and Lipschitz
subset of R™, T >0, s1,82 € Z>_1, h1,ha € [1,00], and F € Ws:h1(0, T; [W52:h2 (Q)]™).
Then, if

(FC) )o@ =0 in D*(0,T) (26)
for allveV ={ve[CP)]™ | dive =0}, then there ezists a unique
m € WM (0, Ty We2th2(Q)) (27)
such that
Vr=F in [D*(Qor)", (28)
/w(-) de =0 in D*(0,T). (29)
Q

Moreover, there exists a positive number (g (independent of F, ) such that

[l W2 (0, T3 W2 H 2 (@) < G| F; Werh (0, 15 o= (Q)] ). (30)



Oleh BUHRII, Mariana KHOMA
112 ISSN 2078-3744. Bicaux JIpBiB. yH-Ty. Cepis mex.-mar. 2018. Bumyck 85

Proposition 5 (the Aubin theorem, see [I8] and [19, p. 393]). If s,h € (1,00) are fized
numbers, W, L, B are Banach spaces, and W cr O B, then

{ue L*(0,T;W) | us € L"(0,T;B)} c [L*(0,T; £) N C([0,T); B)].
Proposition 6 (Lemma 1.18 |20} p. 39]). If ™ — w in LP(Qo,r) (1 < p < o0), then
m— o0

there exists a subsequence (we call it {u™}men again) such that u™ — w a.e. in Qo r.
m—00

It is clear that if u = (u1,...,u,) € [L*(O)]", where O = Q or O = Qo 1, then
s B2 = [ af? dy =3l 2O < mllas [22(O)"
o =1

and so

I[ul; L2(O)]| < v/nllu; [L*(O)]"]- (31)
Lemma 2. If condition (E) holds, then the operators E : [L*(Qo.7)]" — [L*(Qo.r)]"
and E(t) : [L*>(Q)]" — [L?(Q)]", where t € (0,T), are linear bounded and continuous.

Moreover, there exists a constant E® > 0 such that for every z € [L2(Q)]", t € (0,T),
u € [L*(Qo.r)]", and T € (0,T), the following estimates are true:

HE@®)2]; LAQ)]| < B[] L2 < VRE®[|2; [L2(Q)]"]]; (32)
| [Eul; L*(Qo,-)I| < E°|| [ul; L*(Qo,r)I| < VnE°||u; [L*(Qo,r)]"|- (33)
Proof. Tt follows from the Cauchy-Bunyakowski-Schwarz inequality and (E) that
2
1E()] L@ = /| o o= | /3xty ) dy| da <

g

Q

/mxuymw<n@

da < ( 13z, t, 9|17 dy) ( |2(y)|? dy) dx <
J / /

<W“/v 2 dy = |E°P|| |2]; L Q)] 2,

1/2
where E° = ess sup /dx/||3 z,t,y)||2 dy and || - ||, means a norm of the
te(0,T)

square matrix. Thus, usmg , we get (32)). Estimate is proved in a similar way. (1
Lemma 3. Let conditions (A)—(E) hold, {wj}jeN cV,meN, L=(L1,Ls,...,Ly),
L,(t, &) = (A@t)z", w")v + (E(t)z", w')q, p=1,m, te(0,T), &eR™,

and 2" (x) = Y §uwt(x) for x € Q. Then
p=1

(L(t,g) )Rm>/[a02|z +gozm|qE0|zm|2] dz, te(0,T), £€R™. (34)
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Proof. It is clear that
(L(t,8), Orm = (A(t)z", 2" )v + (E(t)z", 2™ )a. (35)
If we use conditions (A) and (G), then we get

<A(t)zm,zm)vz/ [ zn: (Aij(x,t)z;j(x),z;i;(x))Rn+

Q 1,j=1

+<G(x,t)|zm(x)\q72zm(x), zm(x))Rn] dx > / |fL0 Z |Z;Zj|2 + gozm|q] dx. (36)
Q =1

Using and , we obtain
/(E(t)zm,zm)Rn dx

Q
<1 B[ 2@ - I " L2 (@)l < B°| | L@ = EO/IZ’”I2 da.  (37)
Q

‘(E(t)zm7zm)g‘ -

< [1B@®=) 127 do <
Q

Thus, — imply that holds. J

4. PROOFS OF MAIN RESULTS

Proof of Theorem [1 The solution will be constructed via Faedo-Galerkin’s method.
Step 1 (construction of approximation). Let {w*},en and Zs be taken from Pro-
position [2| s € N satisfies . By definition, put

u (@, t) =Y er(tw'(z), (x,t) € Qor, mEeEN,
p=1

where the unknown function ¢ := (1", . .., @) satisfies

(uf*(t), w*) o+ (A()u™(t), Wy y+ (E(t)u(t), w")o=(F(t),w")q, t€(0,T), pu=1,m, (38)
1" (0) =of", ..., ¢n(0)=apn. (39)

Here the numbers af?, ..., a]r € R are chosen so that, uj* — wg strongly in H, where

m—r o0

m .
udt(z) = '21 af'w!(z), = €€ It is clear that the condition
J:

u™(0) = ug' (40)

holds. Let us show that the mentioned function ¢ exists. Let L be a vector-valued function
from Lemma Then Cauchy problem — takes form if M(t) = ((F(t),w)q,
L (F(),w™)q), t € (0,T). It follows from condition (F) that M € L?(0,T;R™).
Conditions (A)-(E) yield that the function L satisfies L>°-Carathéodory condition.
Using estimate , conditions ag > 0 and gy > 0, and the orthogonality of the
basis {w"},en in H, we receive:

(L(f,wm)awm>RmZ *EO/IU"’F dr = *EO/Z o P lwH[* do > —Calp™|?,
(o o, =1
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where (g > 0 is independent of ¢, ™. Then estimate with «(t) = (g and 5(t) =
is performed, and from the Carathéodory-LaSalle theorem (see Proposition [3)) we have
that ¢ € H*(0,T;R™) is a solution of problem and therefore problem —.

Step 2 (getting of estimates). Multipling the p-th equation of by ¢}(t) and
summing p = 1, m, we get:

S (g 1)), + i D e Oy + 3 (BOum (0. urep ) -

p=1 1 p=1
Z( ), whoit( ))Q, te(0,7).

After integrating for ¢ € (0, ) (0,T) and some transformation, we receive:

/ [(ut ,u™ e + Z Uz Uy JRe + + (Glu™| T 2u™ ™ )gn + (Eum,um)w] dxdt =
Qo,r =1
= / (F, Um)Rn dl’dt, T E (07T} (41)
Qo,r
Clearly, using (40)), we obtain:

ulr u"™ ) pn dzdt = 1 0 u™ %) dedt = dem—f u™|? dx. (42
(t? )R 2(915 0

Qo,r Qo,r

Using condition (A), we get the following estimate:

n

n
> (Aguzu) =a0 ) (43)
=1

ij=1
It follows from condition (G) that

(G2, um) Zgzzt\umw 2P 2 g0 3 a7 ul P = golu 1. (44
=1

Using the Cauchy-Bunyakowski-Schwarz inequality and (B3], we obtain:

/ (Bu™ u™)g drdt| < / Eu™ ™| dadt < || [Ea™|; L*(Qo)| 1] [u™ s L2(Qor)l| <

Qo,r Qo,r
< EY%|[u™]; L*(Qo..)||* = E° / |u™|? dadt. (45)
Qo,r
Clearly,
F u™|?
(B | < |- ] < EE W (46)

2 2
Using —, from equality , we obtain the following estimate:

1
§/|um(x,7')\2 dx + /
Q Qo,r

n
ag Z |u’£|2 + go|umq] dzdt <
1=1
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1 m|2 1 2 1 0 m|2
< 3 lug'|? dx + 3 |F|* dzdt + 3 + E° ) |[u™|? dxdt. (47)
Q Qo,r Qo,r
Take y(t) := [, [u™(z,t)|* dz, ¢ € [0,T]. Then, from @), we get an estimate:
1 1N\
iy(T)SC;),—f— §—|—E y(t) dt, T€10,7T].
0
Therefore, the Gronwall lemma implies that y(r) < Cy, and so
/|um(x,7')\2 de < (g, 7€ (0,7). (48)
Q
It follows from and that
/ SO P+ Jul? + Jult | dadt < Cs, 7€ (0,7), (49)
Qo -1
This estimate yields that
q/
/ =2 dadt < Co / W™ dadt < C. (50)
Qo,r Qo,r
From , , and it follows the estimates
[[u™; L0, T, H)|| + [[u™; U(Qo,r)|| < Cs, (51)
[Eu™; L*(0, T; H)|| < Co,  [[Eu™; [L*(Qor))"|| < Cigi (52)

Here the constants (fg, . . . , (g are independent of m.

By (50)-(52) we have existence of the subsequence {u™*},en C {u™}en such that

u™ — u x—weakly in L°(0,T;H) and weakly in U(Qo,r),

k— o0
Glu™|""?u™ — x1 weakly in [L7 (Qo.r)]",
k—o0
Eu™ X weakly in  [L*(Qo,r)]".
—00
Step 3 (additional estimates). Estimate implies the inequality
4™ [U(Qo2)]*]| < Cho-

Since s satisfies , from the construction of the space U(Qo r), we obtain:
U(Qo.r) O L*(0,T; H) O [U(Qo.r)]",

Lmax{2,q}(0’T; Zs) S max{2,q} (O,T; V) O U(QO,T) ®) min{2,q} (O,T; V).
Therefore,

max{2, ¢}

V(@) O L0V O L0 T3 20, r=rms "y

Using and (51)), we obtain:
[Ju™; ™29} (0,75 V)| < Cua||u; U(Qo,1)|| < Cho.
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Using Propositioand notation —, , and , in same way as in [14] Ch. 1,
(38

§5.3], we rewrite (38) as

u* = P*(F — Au™ — Eu™). (58)
Thus, from (58), estimate (21, embeddings and (54), and estimates (52)-(53), we
get:
s L7(0,T; Z5)|| = || P (F — Au™ — Eu™); L7(0, T3 Z3)|| <

< ||F — Au™ —Eum;LT(O,T; Z;)H < C’13||F—Aum — Eu™; [U(QO,T)]*H <

< Cua(IF5 L0, T3 1) | + |l Aw™; [U(Qor)]*|| + IEw™; L0, T: H)||) < Cus. (59)

Here the constants (g, - . ., (g > 0 are independent of m.

Since V. C H O Z%, from , , the Aubin theorem (see Proposition , and
Proposition [6, we obtain:

u™ — oy in L2990, T H) N C([0,T); Z7),

k—o0

mE

u™ — u almost everywhere in Qo 7.

k—o0

Therefore, holds and y; = G|u|9"2u. Since E is a linear operator, we get Y2 = Eu.

Step 4 (passing to the limit). Take ¢ € C1([0,77]) such that ¢(T) = 0. When we
multiply equality by v (t), integrate for ¢t € (0,T), and integrate the first term by
parts, we obtain the following:

n
m m m|g—2, m
/[—(u 7wH)Rnwt+,]Z:1(Aijuwi’w5j)R"w+<Glu 92y ,wl‘>Rnw—|—
Qo,T b=

Jr(Eum,w“)R"w] dedt = / (u(’)”,w“)Rnw(O) dz + / (F wﬂ)w@p dudt.

Q Qo, 1
Taking m = my, and letting k — oo, due to arbitrariness of ¥, we get and
(F, Z>U(Q0,T) =0 Vze U(QO,T)7 (60)

where F := F —u; — Au—Eu. Hence, u; € [U(Qo,r)]*. Taking z(x,t) = w(z)e(t), x € Q,
t € (0,T), from (60), we obtain:

T

[EFO W) o 0 @t =0, we D@, ¢eDOT),

0
and so holds. Clearly,

Fe L0,T; [H N Q)]") + [LTT (Qor)]" € WOk (0, T; W= ()],

where h is taken from ([I4). Then, the generalized De Rham theorem (see Proposition [)
yields that there exists = € Wo"(0,7; W%"(Q)) = L"(Qo,r) such that (28)-(29) hold.
Thus, 7 satisfies in [D*(Qo,7)]™ and (3) in D*(0,T). Theoremis proved. O
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Proof of Theorem [ Let {uy, 7} and {us, 72} be weak solutions of problem (T))-(5). Set
u = u; — ug. Take for uy:

(ur(t), v)v + (A@)ur(t), v)v + (E@)wi (1), v)o = (F(t),v)0. (61)
Take for wus:
(uz¢(t), v)v + (At)uz(t), v)v + (E()u2(t),v)a = (F(t),v)q. (62)

Subtracting from (61)), setting v = u(t), and integrating for t € (0,7) C (0,T), we
obtain:

T

/ [0, uO)v + (A (6) = AWy (8), 11 (8) = walt))v + (B(O)u(t), u(t))o] dt =

0
.

= /(F(t),v)g dt, T€(0,T].
0
After the simple transformations, in the same way as @, from this equality, we get:

1 n
3 [kt | [aoZ .
ol Q =t

0,7

2 -+ (G|u1|q72u1 — G|U2|q72UQ,U1 — u2)R7L‘| dlL’dt S

< O / lu|? dzdt, T € (0,T). (63)
Qo,r

Let y(7) := [, |ul* dz, 7 € (0,T]. Then, from it follows that y(7) < Cm [y y(t) dt,
7 € (0,T]. Using the Gronwall lemma, we see that y(7) < 0 for 7 € [0, 7], and so u; = ua.
Since {uy,m } and {ug, mo} satisfy in D*(Qo,7), we obtain:

(U1 — UQ)t + Au; — Aug + Eug — Eug +V(7T1 — 7T2) =0.

Then the equality u; = usy yields that V(m; — mo) = 0. Therefore, for ¢ € (0,T) we have
that 71 (¢t) — ma(t) = C(¢). It follows from condition with 7 and m that C(t) = 0.
Thus, m; = 72 and Theorem [2] is proved. O
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€INHICTDb PO3B’A3KY OBEPHEHOI 3AIAYI JJId
ABOBUMIPHOTIO PIBHSAHHS TEIIJIOIPOBIIHOCTI
3 CUJIbHUM BUPOIXKEHHSIM

Muxkoaa IBAHYOB, Birasqiit BJIACOB

Jveiscvkuti Hayionaavrul yrisepcumem im. I. DOparnxa,
Vnieepcumemcenvka 1, 79000, JIveis
e-mail: mykola.ivanchov@Ilnu.edu.ua, siphiuel@gmail.com

BcTaHOB/IEHO €IUHICTD KJIACUYHOTO PO3B’ 3Ky 0OEpHEHOT 33,1a4i /1151 JIBOBU-
MIPHOTO PiBHSIHHSI TEIIOIIPOBIAHOCTI 3 ABOMA HEBIIOMUMHY cTapiinMu Koedimi-
€HTaMU, AKi 3a71€KaTh Bi/l 9aCOBOI 3MIHHOI, Y BUIA/IKY CHIBHOTO BUPOIKEHHS
PiBHSAHHS.

Karwwosi crosa: obepHEHa 3amada, JBOBHMIpDHE DIBHSHHSI TEILIONPOBIJI-
HOCTI, CHJIbHE BUPOJKEHHS, €INHICTb PO3B’A3KY.

1. BcTyn

O6epHeni 3a/1a4i 3HAXOIATH CBOE 3aCTOCYBAHHS y PISHOMAHITHUX rajy3sx — Bij
BUIO00YTKY KOPHUCHUX KOMAJHWH, METAIYPril, KOCMiYHUX TOCTiIKeHDb 10 (BhiHAHCIB, Meu-
uuHu, ekoJiorii roo. Ocobiiupe micue cepes KoediuieHTHHX 00epHeHUX 3a/1a4 IIOCIAA0Th
3aJadi 1719 PiBHAHb 3 BUPOXKEHHAM, sTKi BUMAraloTh CBOTO amapary Jocaiakens. [leprri
JIOCIIJIPKEHHsT TakuX 3a7a4d Oyam mposeseni y mpangx [I]—[3], B skux BupomKenHs He
Oys0 moB’si3ame 3 HeBigoMmmmu mapamerpamu. CucremMarwdHe MOCIIMKEHHST 00epHEHUX
3302 711 OTHOBHMIPHUX MapabOTiIHUX PiBHAHD 3i CTAOKUM Ta CHILHUM BUPOIKEHHIM
6yn0 3aiiicuene B [4]—[12], ne vesinomum OyB 3asexHuuii Big yacy crapumii koedinienr,
SAKHN 1 CHPUYMHSB BUPO/KEHH PIBHAHHSA. B OCHOBHOMY BUBYABCs BHUIIQIOK CTEIIEHEBOIO
BUPOKEHHSI, X049, Oy/IN JTOCTiIKEH] 1 33a4i 11 PIBHAHHS 3 BUPOIXKEHHSM TOBLTIHHOTO
THUy. 3roI0M YaCTUHA WX Pe3yJIbTaTiB OyJsia mepeHecena Ha 33Jati 3 BIIbHUME MEKaMU
[13], [14]. ITepexix 10 ABOBUMIPHOrO BUNAAKY CTBOPHB HOBY CUTYAIIO, KOJIM B DiBHAHHI
HeBimoMuMu € maBa crapimi koedirientn. Bunamgok crabKoro BUPOMKeHHs OyI0 BUBYIEHO
B [15], [16], a cusbHOro 3 onHuM HeBimomum koediuienrom — B [17].

2010 Mathematics Subject Classification: 35R30, 35K65
© Isanuos, M., Bracos, B., 2018
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Mu gocmiizKyeMo THTAHHS €IMHOCTI PO3B’ 3Ky 00epHeHOI 3a/1adi AT TBOBUMIPHOTO
PIBHSHHS TEILJIOIPOBIAHOCTI 3 JIBOMA 3aJI€KHUMHU BiJ| 4acy HEBIJIOMUMM CTAPIIMMU KO-
dimienTamu 3 pi3HOW MOBEIIHKOW TPH ¢ — 0, KOJU BUPOAKEHHS DIBHSIHHS € CUJILHUM.

2. POPMVYJIFOBAHHSA 3AJAYI TA OCHOBHMUI PE3VJIBTAT

B obmacti Qr = {(z,y,t) : 0 <z < h,0 <y <,0 <t < T} posrsimeMO 3amaqy
BHAXOMKEHHs Tpifikn byHKuin (a1 (t), az(t), u(z,y,t)),a;(t) > 0,t € [0,T],4 € {1,2}, axi
3aJJ0BOJIbHAIOTH PIBHAHHS TENJIOTPOBLTHOCTI

(1) U = a1 (t)tﬂlumw + a2(t)t62uyy + f(,T, Y, t)> (LL’, Y, t) € QTa

Bi > 1,i € {1,2}, nouarkoBy ymoBYy

(2) u(ﬂc,y,O) :Sp(x’ya0)7 (Qf,y) Eﬁ:: [0’ h] X [07l]a
Kpa#oBi ymMOBHU
(3) U(O, Y, t) = Mll(.% t)v u(h7 Y, t) = ﬂlQ(yv t)? (y7 t) € [0’ l] X [O’ T]a
(4) uy(xa(),t) :N21(x7t)7 uy(xal,t) :ﬂZQ(z’t)v (xat) € [O’h] X [O’T}
Ta YMOBH TI€PEBU3HAMCHHS
(5) //u(w,y,t)dx dy = ps1(t),

D
(6) // zu(z,y, t)de dy = us2(t), te€ (0,T].

D

YMOBH €11HOCTI KJIACUYHOI'O PO3B 43Ky 3a/1a4i —@ HABEJIEHO y TaKiil TeopeMi.
Teopema. IIpunycmumo, wo SUKOHYWMHCA YMOBU:

(A1) ¢ € C1OD), i € C*1([0,1] x (0, T1), 2 € CHO([0, k] x (0,T]), f € CHO0(Qy),
134 € Cl([O7T})7Z € {172}7
h h

!
(A2) / (h — @) (na(, 1) — o (a0 ) / (az, (0, 7) — £ (o, 7))d — / (il ) —
0

0 0

l
oy () / (uan, (1, 7) — £(0,m,7))dn > 0,
0

B1+1

(1) - / / Fsy, e dy = (075,
D

(1) — / / o f (g, )da dy = seo(E5, de sa(t) > 0,¢ € [0,T),i € {1,2);
D

(A83) ymosu yszo0rcents HYab06020 NOPAIKY MA YMOBU

[ ez y = pmo). [[ 2oz dy = paalo)
D D



Muxkona IBAHYOB, Biramniit BJIACOB

122 ISSN 2078-3744. Bicaux JIpBiB. yH-Ty. Cepis mex.-mar. 2018. Bumyck 85
Ao P = %, 10 po3B’a30K (aq(t),as(t), u(z,y,t)) 3amaui —@ 3 KJa-

cy (C’([O,T}))2 x C221(Qr) n CYYO(D x (0,7]) N 0010( Qr), [18], i raxwmii, mo
a;(t) > 0,t € [0,T],i € {1,2}, ennnmii.
3. BBEAEHHS 3AJAYI ([I)-(6) KO0 CUCTEMU PIBHSIHB CTOCOBHO a(t), as(t)
[Iepenosuauumo f1 := {1 nosamMo piBHAHHSI y BULJIs
148
(7 uy = a1 ()P ugy + ag(t)t Uyy + f(z,9,t), (z,9,t) € Qr.

Hudepenmitoroan ymosn (), (6) 3a sminrorwo ¢ Ta sukopucrosyoun pisnsmus (7)), orpn-
Ma€eMO CHCTEMY DPIBHSIHB CTOCOBHO aq(t),as(t) :

l

ar(t)t / (hta (s, £) + s (9, 2) — sy, ) dy+
0

h
+as(t)tS /x(,ugz(a:,t) = oz, 1)) dz =
0

(8) = phyt) - / ef(z,y, t)dady, € [0,T),
D
l h
)t / oy, 8) — a (0,9, ) dy + an(t)6 5 / (22 (@, £) — piza (2, 1)) d =
0 0
(9) = N’31 / f £C y, d.’ﬂ dy7 t € [OaT}

Ymosu reopemu jaors 3mory poss’ssaru cucremy (§), (O) crocosno ai(t), as(t)

art) = 18 ((uéz(t) - [[ #5wv s dy) /h (s (1) — puos (2, £))

- (uglm - [[ vt dy) /h #(juzalir, 1) um(a:,t))dx)A—l(t),t e[0T,
D 0

alt) =% (a0~ [[ stevvnteay ) / (s (.64 (o £)— a1, 1))y
D 0

l

- (M32 //xf ,y,t dwdy) / g (h,y, t uw(Oyy,t))dy)A_l(t)J €[0,77],

0
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e

l h
Alt) = / o (o, D)y / (h — ) (a2 (2, 1) — iz (. £)) i+
0 0

h
+ um(oayat)dy/m(:u/22($>t) - MZl(xat))dx+
0

l
Ol h
(12) + / (10 (9.£) — a2y, £)dy / (22, £) — pon (2, 1))
0 0

Hanamo cucremi , TaKOT'O BUTTIAMY:

h
) = ((0) [ maort) = s (.0}~
0

h
(13) — o (t /x oo (x,t) ,ugl(x,t))da:>t12BA_l(t),
’ l l
as(t) = ((h»a(t) ) [[walhoy, Oy + 0) [ a0, 1)
l
1) ) [ - e, t))dy> A, te (0,7
0

3a monmoMororo axuil I'pina 3uaiigeMo po3s’s30k 3aaadi ((1))-(4))
y p p

l h
w(a,y,t / / Gal,y, 1, €, 0)p(E, n)dedi+
0 0

+

G125 (.13, Y, t7 Oa , T)TBG'I (T)/’Lll (77) T)dUdT—

G125 (JI, Y, t7 hu m, T)TBal (T)/'LIQ(?% T)dndT_

G12($7 Y, t, 57 Oa T)T#QQ (T)N’21 (f, T)d€d7—+

1+8

Gra(w,y,t, &1, 7)7 72 aa(7)pe2(§, 7)dédT+

+

S O O O
s T Tt — L T
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t
(15) 4 / / Cra,y,t, €0, 7) (6 m ) dedndr,  (2,.) € Q.
0 D

Oyukniga ['pina BU3HAYAETHCA 3 PIBHOCTI

—_

Gij(z,y,t,§,m,7) = 4\ /(01(t) — 01(7))(02(t) — Oa(7 ))X

<Y (eo(- <x—ff§’;h
( o HZED))»*

)
+(_1)iexp< (z + € + 2nh)’ ))(
)

4(01(t) — O1(7
).

i,j €{1,2}, 01(t) := /aﬁal(a)da, 02(t) := /U%ag(a)da,
0

0

+

(y+n+2ml

j )
L e (‘4(02@) ~0,())

e 3HavdeHHd i, j = 1 Bigmosimarorh ymoBam lipixsie 3a 3minaumM# z,y, a 4,j = 2 —
ymosam Heiimama. Jlerko 6auntn, mo Gij(x,y,t,&,n,7) = Gi(,t,&,7)G;(y, t,n,7), G;
— dyukuii ['pina g1d onHOBUMIpHEX PiBHSAHB TEIJIONPOBIIHOCTI 3a BiANOBiTHUMEI 3MiH-

aumu. 3 ([15) obuucaumo

l h
(w,y,t) //Gza(m,y,t,&n,o)wg(f,n)dfdn—
0 0

t

- //Gzz (z,y,t,0,m,7)(p11, (0, 7) — az(T)p11,, (0, 7) — £(0,m,7))dndr+
0 0
l

+ / / Goa(,yt, o, ) (a, (0,7) — an(P)paas,, (1.7) — £ (o, 7))dndr—

1483

Gaa(w,y,t,€,0,7)772 az(7)p21, (&, 7)dEdT+

+
o, O, oY~ °

1+8

G22 (LU, Y, ta 57 l7 T)TTG/Q (T)/’[/225 (57 T)dng—i_

Tt~ °—=°

/ G,y t, €, 1, 7) fe (€., 7)dEdn dr.

o)
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125

Bpaxosytoun piBHicTb

h

/Gg(x,t7§,7)dm =1,

0

SAKY JIETKO MEePeBipUTH, 3HAXOIUMO

h l

l
ug (0,y,t)dy = | G2(0,t,&,0)dE | pe(E,m)dn—
o= fosuecone |

0 0
t

— / G2(0,t,0,7)dr

0
t

+ / Go(0,t, h,T)dr

0
t

+/Gg(o,ao,T)T#aQ(T)(m(o,T) — 121 (0,7))dr—

0
t

- / Go(0,t,h, 7)7 2 as(7) (aa(hy 7) — pior (h, 7))dr

(Mll.,- (777 T) - f(oa m, T))dﬁ+

(pa2, (n,7) — f(h,n,7))dn+

O\N O\N

S, o~ _ °
Tt T

l
(17) + [ [ Gaa,t,6,7)dedr / Je(€m.7)dn,
0
[ h l
/@Mwﬁwz/Gwm@m%/%®mm—

0 0

0
t
- / Ga(h,t,0,7)dr [ (uar, (9,7) — £(0,m,7))dn+
0
t

(2, (n,7) — f(h,m, T))dn+

o\(\ O\N

—|—/G2(h,t,h, T)dT

0

t
148

+ / G (o, 0, 7)1 5 s (7) (1920, 7) — pion (0, 7))dr—
0

G, t,6,7)7 5 an(r) (pao, (€,7) — pone (€,7))dédr+
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1+8

Gao(h,t,h, )72 as(7)(p22(h, 7) — p21(h, 7))dr—

13

GQ(h t 57 ) (7-)(”225 (577—) — H21, (f,T)dde—l—

(18) +

_"_
S O O~
T T

G2(h7ta£77—)d£d7/f5(57n77)dn
0
[TigcraBumo y piBHOCTI , i momamo A(t) y surmsiai
dr
At):Ao(t)/—+Rt
) V/O1(t) = 0u(7)
ze

(/’612T (777 T) - f(h7 n, T))dn_

o _

h
Ao(t) = % [ /(h — @) (p22(, 1) — po1 (@, t))d

h 1
/$ (p22(z,t) — po1(x,t) dl“/ (a1, ( f(O,n, 7 ))d7717
0 0
a o R(t) exomsare Bci inmi momankm 3 A(t). Ilogamo piBHsHHS y BUTJIAI
(19) ai(t) = ( ) , te0,T],
155t A(t)
e

h h
F(t) = so(t) / (22, £) — s (1, 1))z — 5 (1) / (i, £) — o ()
0 0

Posrnsgremo gynKIio

(20) H(t) = Pt . teo,T].

.
0

~—

V1-— O"B'H
Ha nincrasi (19) Ta BpaxoByo4Yu NPUITYIIEHHS TEOPEMU, OTPUMYEMO

F(t) < F<t) ai max(t)

ar(t) < = H(t)\/a1max(t),

VP

B—1 p dr
i | it T |

t 10,7,
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2Ie a1 max(t) := m[ax] a1(T). 3BlAcu BCTAHOBJIIOEMO OLIHKY
T€[0,t
(21) ai(t) < Hpo(t), t€[0,T],
e Hpyax(t) := max H(T).
T€[0,t]

s oninku aq(t) 3HM3Y 3ayBaskKUMO, IO %in%t% Aq(t) = 0. le onauae, 1o s
—

nosinsHOrO ¢ € (0, 1) icHye Take to € (0,]T, M0 BUKOHYBATHMMEThCS HEPIBHICTH

(22) R(t) < qA(](t) c [O,to].

dr
O/ VOL(t) = 0:(7)’

Toni ananoriuno no (19)) 3Haxomumo

HE i (1)
23 ay(t) > —min\Y) g g1
( ) 1( ) = (1 +q)2 [ 0]
Tyt BKUTO TO3HAYEHHA Hpin (1) 1= m[in] H(T).
T€[0,t

4. JIOBEOEHHSI TEOPEMU

Hpumycrumo, mo cucrema pisusns ([12)), Mae 1Ba po3B’a3ku (a14(t), az;(t)),i €
{1,2}. Hosuauumo u(z,y,t) = ui(z,y,t) — ua(x,y,t),b;(t) = a;1(t) — apa(t),01; =
t

[ rPay(r)dr,i € {1,2}, A(t) := Aq(t) — Aa(t), R(t) := Ry(t) — Ro(t). 3 piusmnus

0
OTPUMYEMO

_ F(t)(AQ(t) - Al(t)) - all(t)alg(t)t% : 1 B
bi(t) = Aq(t)Az(t) B F(t) (Ao(t) 0/ ( NOETRC)

1
Hll(t) — 911(7’)

3 MipKyBaHb, HABEIEHUX IIPU BUBEICHH] ominKY (22), MOKHA BBazKaTH, IO AJId THX CAMHUX
) ) b)
3Ha4YEHb ¢ Ta 1y CIPAB/KYETbCs HEPIBHICTH

)d’?’ + Rz(t) - Rl(t)> .

t

1Ba(f) = Ra0)] < 0ot /(\/912 1—912() V01 (t 1911 ))dT’ te 0ol

Toni

(1+ q)ars (ara(t)t 7 /
FD) Ao(t)/

1 1

dr.
\/912(t) _912( ) \/911 —911 )

(24) [b1(2)] <

TleperBopuMmo Bupas
t

/

1 1
V/012(t) — 012(7) \/911 —011(7)

dr <
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/ 01(t) — 01(7)|d
V(011 () = 011(7)) (012(8) — 012(7)) (/011 (t) — 011 (7) + \/Ora(t) — O1a(7))

Bacrocosytoun oniukn ([21)), (23)), smaxommmo
t

/ 1 1
0
t

dr <

\/912(t) - 912( ) \/911 - 911 )

| 616 — 63 ()l <
70 \/(911(15)*911(7))(912(1f — 612(7)) \/911 — 011(7) + /012(t) — O12(7)) —

1
(1+q) Vﬁ'i’ blmax /
21‘,821 J \/1—0’5""1

mln

IlincTaBUMO ITI0 OIIHKY B :

(1+ @) ans (DaroOVIF imax(t) « . [ do
O S i g0 200) [ e <
0
(1+q)* Hypax ()
(25) < Wbl max(t)’ (&S [O’tO]'
Ockinbku

lim H i (t) = lim Hpppax (E
50 mm( ) 150 max( )7
10 icHye Take 3Hadennd t; € (0,¢p], 10 BUKOHYBaTHMETHCS HEPIBHICTH

(14 ¢)* Hipax ()
2HE. (t)

min

< q <1, te[oatl}

Toni 3 JIOXOJTMMO BHCHOBKY, 110 b1 (t) =0, ¢ € [0,t1].
3 piBHAHHS OTPUMYEMO
1

(26)  by(t) = <(h%1 ) — st /luxhy, t)dy + st /uIOy, )dy>(A1()> -
0

0

C (IR

O\N

l
ug, (h,y, t)dy + st /U% (0,y,t)dy+
0
l Alt)
t
+ 321 ( , )Y |
( 1 0/,uu y,t M12(y )) y) Al(t)Ag(t)

Bpaxoyioun e, mo a11(t) = a12(t), t € [0,#1], 3 (17), 3HAXOIIMO

€ [0,T7.

148

l t
/ s (0, y, )y — / 5y (7) <G2(O,t,0,r)(u22(0,7) o (0,7)) — G0, £, h, 7)
0 0
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h
X (M22(h7 T) - :u21<h7 T)) + /GQ ('75’ t, f, T) (:u’22§ (67 T) — M21¢ (f, T))d§> dr
0

l t

/um h,y,t)dy = /T#bQ(T) <Gz(h,t,o,7)(mg(o,ﬂ — 121(0,7)) — Ga(h, t, h, T)
0 0
(29

h
X (Mzg(h,T)—Mgl(h,T))—F/GQ(h,f,f,T)(,Ung (g,T)—Mgls(f,T)df) dT, te [O,tl].
0

t
Tyt y bynkuil I'pina npuiivenmo 61 (t) = /au(T)dT. Amnagoriuno 3 (|12]) orpumyemo
0

l h
Aft) = / ooy, )y / (h — @)1z £) — o (2, 1))+
0 0

l

h
(30) / (0,1, £)dy / (o2, 8) — pion (1) )da
0

0
Bpaxosyioun , , 3BeIEMO DIBHSAHHSA J0 BUTJIATY

(31) ba(t) = /K(t,T)bQ(T)dT, t €[0,t4].
0

3BaXkal4yu Ha OIIHKY
t

t
/ — 91 / VBT — pBFT Tﬂ+1
0

pPOBUMO BUCHOBOK IIPO Te, 110 sapo K (t,7) e mae ocobiauBocreii, i TOMy DiBHAHHS
JIOIYCKAE TLIbKK TPUBIAIBHUI PO3B 30K ba(t ) =0,t € [0,¢].

Hosenennsi TOro, mo po3B’s30K 3aadi @ €1MHUil HA BCLOMY 4aCOBOMY IIPO-
MixkKy [0, 7], npoBoauThes anasoriauo 10 [6].
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UNIQUENESS OF SOLUTION OF AN INVERSE PROBLEM FOR
THE TWO-DIMENSIONAL STRONGLY DEGENERATE HEAT
EQUATION

Mykola IVANCHOV, Vitaliy VLASOV

Ivan Franko Lviv National University,
Universitetska Str., 1, 79000, Lviv, Ukraine
e-mail: mykola.ivanchov@Ilnu.edu.ua, siphiuel@gmail.com

The uniqueness of a classical solution of an inverse problem for the two-
dimensional heat equation with two unknown leading coefficients dependent
on the time variable is established in the case of the strong degeneration.

Key words: inverse problem, two-dimensional heat equation, strong
degeneration, uniqueness of solution.
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HEJITHIMHE HOPMYBAHHA IMITYJIBCHOI'O
PEKYPEHTHOTI'O ITPOLHECY B CXEMI AITPOKCUMAIIII JIEBI

Oxkcana fposa

JIveiecvrutl Haytonasvrul yrwieepcumem iment learna Pparnka,
ey.a. Yuisepcumemcoka, 1, m. Jveis, 79000
e-mail: oksanayarova93Q@gmail.com

PosrisinyTo iMImyabcHI peKypeHTHI MPOIeCH 3 MapPKOBCHKHUM TePeMHUKaH-
HaM y cxemi anpokcumaril Jlesi. Hama mera — 3malitu mesinilini napamerpu
HOPMYBAHHS JJId IMITyJIbCHIX IIPOIIECIB.

Karowosi crosa: iMmysnbcHUl mporiec, ampokcuMariis J1esi, Heminiiiae HOP-
MyBaHHs, MADKOBCbKE [I€PEMUKAHHSI.

1. BcTyn

ImmynbeHi pekyperTHI mporecy posrisgaaiors y npansx [I]-[7]. IIpore, nepemuxaro-
quii MApPKOBCHKUII TIPOIEC JOCIIKYEeThC B MacimTabi gacy g Mera namoi nparii: 3Ha-

WTH HeJiHIHI HOPMYIOYi MHOXKHHUKHU, TOMY TIPOIECH PO3IJISIAI0THCS B HOPMYBAHHI dacy
t
——, Jae g2(e)—0 upu € — 0.
92(¢)
Immynbeni mporecn &(t) B eBKatimoBoMy mpoctopi R 3 MapKOBCBKEM ab0 HamiBMap-
KOBCHKUM IIEDEMUKAHHSIM BU3HAYAIOTHCS 3a JOMOMOIOI0 CyMH BUITAKOBUAX BEJIMYHH HA

BKJIQJEHOMY JIaHIi031 MapkoBa

v(t)
§t) =&+ Y ak(wr-1),t =20,
k=1

ne z(t) — nepeMuKkaOYMil MAPKOBCbKUII LIPOLEC, AKOMY BiIIIOBIIAE BKJAJAEHUN MapKOB-
cbKmii nponec BinHoBnenus (zy, 71 ),k > 0, ne xp = x(7;) Ta paxywunii npomnec crpubKiB
v(t) =max{k > 0: 7,<t}, ag(rr_1) — ciM’s] BUIATKOBUX BEJIMINH.

2010 Mathematics Subject Classification: 60J25
© 4posa, O., 2018
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2. ATPOKCUMAIIIsA JIEBI

Posrisgnemo imnyibcauii pekypenTHuil npoiec B ymosax anpokcumaiiil Jlesi 3 mesi-
HIHUM HOPMYBAHHAM

£() =& + ap(ei1), =0,

ne xz¢(t) = x(%) — MepeMUKAI0YNil MAPKOBCHKUM ITPOIIEC, SKOMY BiJNOBIJA€ BKJIAIe-

HU# MApKOBCHKUIT TIPOIIEC BiTHOBIEHHS
(x%, ),k = 0.
Tyt x = x(7%), 1 paxyrounii nporec cTpubKis
VE(t) =v (g%(a)) .
Orozk, 7 — MoMenTu CTPUOKIB LBLOIO LPOLECY, &
xy, = x(7;),
v (t) = max{k > 0 : 7 <t}.

Posrnsmemo ymoBu ampokcumartii Jlesi.

(L1) Anpoxcumarnist cepezix

be(u; ) = /vfa(u, dv;x) = g1()b1 (u; ) + g2(2) (b(u; ) + 05 (u; )
Rd
Ta

ce(uy ) = /vaFE(u, dv; x) = go(e)(c(u; ) + 05 (u; x)),
fd
ne vl - TpancronoBanuit BEKTOP 10 BEKTOpA V,
92(€) = 0(91(€)), 91(£) =0, g2(£) =0, e—0.
3HEXTYBANbHI TONAHKH
| 05 (u; ) | =0, ] 62 (u; ) | =0

mpu €—0.
(L2) dupo inreHcuBHOCTEl Mae BULIIsi]L

FZ(U;[L’) = /q(v)FE(u, dv;z) = g2(e)(Tg(w; ) + HZ(u;x))
Rd
TS BCIX
qeC3*(R),ucR
TaK, 1o
| Tq(u;z) | <K < o0.
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Anpo T'y(u; ) BusHATAETHCS CIIBBIAHOMIEHHAM

Ty(u;z) = /q(v)F(u,dv;x).
Rd
(L3) VYwmona Ganancy [4]
[ plaomu) = o
E

ne p(dr) 3amoBONBHSIE YMOBY eprOAWYHOCTI 3i CTAIOHAPHWM DO3MOIIIOM
m(A), A€E,

m(dz)q(z) = qp(dz),

a=1/mm= [ pldrym(o)

p(B) = / pldx)P(z, B), p(E) = 1.

(L4) YmoBu Ha TOYATKOBI 3HAYEHHS

sup B|g| < C < oo,
e>0

1661 = @(i0), g2(£)—0, e0.

(L5) Pisnomipha kBaapaTuyHa iHTErpOBHICTD

lim sup / vl T(u, dv;z) = 0.
cC— 00 z€E
v>c

L6) Ymosa 3pocranns. Icaye nomarHa koncranra L Taka, 1o
p y )
|b(u; ) |<L(L + ul, |e(u; 2)[<L(L + |uf?)
. Toni nya Beix aificHoznaunux Hepin’emuux Gyukuiit f(v),v € R, Takux, mo
/(1 + F@) v < oo,
Rd
|A(u, v, 2)[<Lf(v)(1 + |ul).

Tyt |A(u, v, z)| — noxinua Panona-Hikonuma siapa I'(u, B; ) crocosro mipu Jle-
6era dv B R, TobTO

I(u,dv;x) = Au, v; z)dv.
(L7) Hus nosinbhoro r > 0 icHye KoHCraHTa [, Taka, mo
[b(w) = b(w)] +0*(w) = o*(u)| + [D(u, v) = T, 0)|<lpu — o],

akmmo | u [< v |< .
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Osnauenns. Hexail peanizauii Bunagkosux npouecis &,(t) 1 () nanexarb JeskoMmy
merpuunomy npocropy. Toxi Bunagkosuii npouec &, (t) caabo 3b6izacmves 1o £(t), Ao
BUKOHYETHCS yMOBA,

n—oo

lim | f()n(dz) = / f(@)ulde),

ZIe [iy, Ta @ — Mipu BUnagkoBux upouecis &, (t) ra £(t), Bianosinuo, a f(z) — dyukiuionad,
JUISL IKOTO BUKOHYETLCH yMOBa,

Bf(¢(t) = [ fa)ntda),
f(&(t)) — posmogin Bunazgkosoro npouecy &(t).

Teopema. 3a ymos (L1)-(L6) cnpasdocyemvesa caabra 36iocHicmo
EW=¢" g2(e) =0, € > 0.

I'panuynuti npouec £0 € npouecom Jlesi ma 3a ymosu (LT) eusnanaemvca 2enepamopom

Lip(u) = (b(u) —bo(w) + b (w)) ' (u) + %Uz (we" (u) + A(u) / (p(u+v) — (w)T°(u, dv),
R
de

bi(u,z) = q(w)/P(%dy)bl(u;y),F(u,dv) = q/p(dw)l“(uw;dv),
E E

o?(u) = 2q/p(dx)(l;1(u;x)Rob’{ (u; ) + %(c(u,x) —co(u;x))), o?(u) > 0,
B
I(u; dv)

Mu) = ¢l (u, R), T (u; dv) = Tur)

Zlosedenns. B OCHOBY HOBeIEHHS IOKJIAJAEHO ceMiMapTHHIaJIbHe 300paskKeHHsI [IPOIIECy.
[TepenbadyBanbHi XapaKTEPUCTUKH CEMIMAPTUHTALY MAIOTh TAKUN BULJISI:

v(7@)
B(t) = Z be (€13 Thn) =
k=1
(7o) (7m)
=g1(e) Z b1(§k—1; Th—1) + 92(¢) Z b1 (§e—13:Th—1) + 65,
k=1

k=1

C(t) =

(=) (=)
Yo clGonaic) = el Y d&Ginsaio) T
k=1

k=1
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*(7@)
M= Y [a@r € dvag ) -

k=1 %
v ( yzfii) )
—pe) Y [ a1 duioi )+ 6
k=1 %
e
sup [0°] =0, g1(e), g2() =0, €—0.
el
IMosuauumo yepe3 A°(t) ocHoBHY yacTuHy OyIb-sKOI 3 epeadadyBajlbHUX XapaKTe-
PHUCTHK.

Posrusinemo rpukomiionenTHuii MapkoBebKuit npouec A°(t), £ (t), x°(t). Leii upouec
XapaKTepU3yEThCS MAPTUHTATIOM

pE(t) = p(&°(1), A% (1), (1)) —/LE@(EE(S%AE(S%xs(S))d&
0

Je remeparop L mae BUIJIAT,
Lep(u,v;2) = (92() T Qe (s 5 ) + QoA (u; 2)p(-, v; ) + Qol* () (u, - ).
Tyt Q — mOpoIKy0Ye siapo,

Qopl-52) = (a) / Pz, dy)o(- ),
E

I (2)p(u, ) = (gz(E))_l/Fe(u,x;dv)(tﬂ(wrv) = #(u)),
R

A% (u;2) (-, v3) = (g2(€)) " (@ v + ga(e)alus 2); ) — (-, v50)).
Jlasti moTpibHO 3HAWTH 300parKEHHST TPAHUYHOTO OTIEPaTOPA.
ITomiemo rerepaTopom Ha TecT-QyHKITT

¢ (us ) = p(u) + g1(e)p1(u; ) + g2(€)pa(u; ).
Orpumaemo
Logf (u;2) = ((92(€)) ' Q + Qol* () (¢(u) + g1(e)p1 (u; ) + ga(e)pa(u; ).
SanunemMo acCuMITOTUYHE 300PAKEHHS T'E€HEPATOPA,
I (z)p(u) = (((91(e)) -1 Br(us z) + T'(w;2))p(u) + 6° =
= (91(€)) 7 b1 (s 2)¢" (w) + (b(us ) — bo(u; )" (u)+

(c(u; 2) — co(u; )" (u)+

DN | =

_|_

+ [ (p(u+v) = o(u))l(u, dv;z) + 67,

?d\
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e

bo(u; x) = /vF(u,dv;x), co(u;x) = /UUTF(u,dv;x).
R R
OTpuMyeMo 3a7a4y CHHTYIAPHOTO 30yPEeHHs

Qe(u) =0,
Qp1(v;x) + Qobi(us )¢ (u) = 0, )
Q2 (v; ) + Qobi (u; 7)) (u; ) + QoL (w; x)p(u) = Lip(u).
Bacrocysasmn ymosn (L3) ta (L7) ocTarouHo OTpUMAEMO TPAHUYHHIT T€HEPATOD
. . . . 1
Lip(u) = (b(u) —bo(u) +b1 ()¢’ (u) + 502 (u)¢" (u) + A(w) / (o(u+v) = p(u)T°(u, dv).
R
Teopemy moBeneHO. O

Oroxk, 3HANIEHO TPAHUYHUN TEHEPATOP IMITYJIbCHOTO PEKYPEHTHOTO MPOIMecy 3 He-
JIHIHUM HOPMYBAHHSIM.
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NONLINEAR APPROXIMATIONTION FOR IMPULSE
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In this paper, impulsive recurrence processes with Markov switching in the
Levy approximation scheme are considered. The purpose of the work is to find
non-linear parameters of normalization for impulse processes.
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VPOUYMNCTA AKAJEMIS, IPUCBAYEHA 150-I1 PTYHUIII B
THSA HAPO/2KEHHA I'EOPTISI BOPOHOT'O

3 Tpasusa 2018 poky o 15 roamHi B rosioBHOMY KOPIycCi JIbBIBCHKOrO HaIiOHAIHHO-
ro yuiBepcurery imeni IBana @paunka BinOynacs ¥Ypouucra Akajgemis, npucssdena 150-i
PIYHUII BiJT THS HAPOJKEHHS BUIATHOTO YKPAIHCHKONO MATEMATWKA Ta TeIarora, mpo-
decopa TI'eoprist Bopomoro.
ITporpama

1. Berynue ciioBo
Tzop I'ypan, 1OUEHT, B. 0. J€KAHA MEXAHIKO-MATEMATHIHOrO PaAKYIBTETY.

2. "2KurTa Ta HayKoBa crnasaimuHa I'eoprigs BoponHoro”

Muxona IIpauvosumut, npodecop, neKaH (Pi3HKO-MATEMATHIHOTO (DaKYTb-
tery Harmionanbraoro negaroriunoro yaisepcurery imeni M. II. /Iparomanosa, B.
0. 3aBigyBava BiIIiTy IUHAMIYHUX CHCTEM Ta (DPAKTAIBLHOTO aHasidy [HcTturyty
varemaruku HAH Vkpainu.

3. “Cropiuku 3 xkurTts Ta TBop4uocTi l'eoprisst Bopornoro Ta fioro y4nis”
Tapac Banax, npodecop, 3aBiaysad Kademapu reoMmerpii i Tomosorii,
Muzatino 3apiunut, npodecop kadeapu reomerpil i Tomosorii,

Spocaas IIpumyaa, nonent kadeapu MaTEMaTHIHOTO Ta (DYHKIIOHATIHEHOTO
aHaJizy.

4. “IIpo YkpailHCbKe MaTeMaTH4YHE TOBAPUCTBO Ta MOro perioHasJibHI Bij-
IOijieHHda”’

Tapac Banax, sine-npe3ugent ¥ MT.

Ounee Lymix
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ITPABMJIA [OJI51 ABTOPIB

1. CrarTst MOBUHHA MICTUTHU PE3y/IbTaTH HOBUX JIOCJII?KEHDb aBTOPA 3 TIOBHUM TOBE-
gerHaM. He T0minbHO poOMTH BEMHUKI OIVISIAN BKe OMyOMiKOBAHUX Pe3yabTariB. Poburu
MTOCUTIaHHs Ha HeomyO/iKoBaHi mparli He MOXKHA.

2. Tekcr crarTi HAOMPAIOTH HA KOMIT IOTEPi YKPATHCHKOIO YU AHTIHCHKOI MOBAMU.
Jo pemakiitHoi KoJserii moTpibHo mozaBaTH:

JIBA IPUMIPHUKM CTATTI 3 MiAnucoM aBTopa (CriBaBTOPIB) Ha OCTaHHIH CTOpiHI;

Ha3By cTaTTi, pesome (pe3ioMe M€ epeaBaT 3MICT OCHOBHUX Pe3YJIbTaTiB CTarTi,
a He Jiuile HoBTopIoBaTy 11 Ha3BY ), KJIIOYOBL €j10Ba, iM’s, Hpi3Bulle aBropa, micue poboru,
aJpecy YKpaiHCHKOIO Ta aHMJIiHCHKOI0O MOBAMH, €JIEKTPOHHY aJIPECY;

eJIEKTPOHHUIT BapiaHT CTATTI Ta pe3ioMe MOJAECTHCA Ha BEO-CTOPIHII

http:/ /publications.lnu.edu.ua/bulletins /index.php /mmf

Ta BapTO HAJICJIATHU 33 aApecoro [nu.visn.mm@gmail.com);

JoBiKa 11po aBropa (cuiBaBropis), y skiit Tpeba 3asuaduru im’s, 10 6aTHKOBI Ta
TIPi3BHUINE aBTOPA, Micle pobOTH, TTOCATY, aAPecy YKPAIHCHKOIO Ta aHTIICHKOI0 MOBAMM,
TesneOH, eJIeKTPOHHY aIPECy.

Onrumanbauit 06car crarti 10 20 cropinok. Po3mip mpudtis 10pt, Bucora cTopiaku
— 190 mm, mupura — 135 mm.

3. Bumoru g0 nabopy.

Texkcr crarti crBoptoBaru y Bepcil WTEX 3 KoAyBaHHAM KUPWIAYHUX IMPUQTIB
,» Kupminng (Windows)“ (komoBa cropinka 1251).

Ha mepmiit cropinni crarTi norpiduo 3a3uadntu HOMep YK ta MSC 2010.

Howmepu dopmysn craButu 3 mpaBoro 60Ky i HymMepyBaTu e (hopMysin, Ha SKi €
MTOCUJTAHHS.

Y mocunaHHAX HA Teopemy 3 MoHOrpadii 3a3HAYNTH CTOPIHKY, HA SKiil BOHA OMU-
CaHa.

Pucynku go crarri nogasatu y rpadiunomy dopmari BMP uu PCX. Hassa pu-
CYyHKa, YU HOro HOMEpP He BXOOSATH y 300pakeHHs, iX Tpeba CTBOPIOBATH 3acO0aMU
BTEX’y. Bubuparoun po3mip rpadidyHoro 300parkeHHsi, HAJEKUTh BPaxXyBaTH, IO
BOHO Oy/ie HAAPYKOBaHE HA MPWHTEP] 3 Po3/aiabHOI0 3aaTHicTIO 600 dpi.
Jlireparypy mojaBaTu 3arajbHUM CIHCKOM y TOPSAKY HOCHJIAHB HA JIZKepena B
TEKCTi CTaTTi.

3pa3ku 6ibmiorpadidHOro onucy KHUTH, CTATTi, MPENPUHTY, AUCEPTAIIil, JeMOHOBAa-
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