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ÞÇÅÔ ÏÓÇÈÍÀ � ÏÐÎÂIÑÍÈÊ ËÜÂIÂÑÜÊÎ�
ÌÀÒÅÌÀÒÈ×ÍÎ� ØÊÎËÈ

Îëåíà ÃÐÈÍIÂ, ßðîñëàâ ÏÐÈÒÓËÀ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,
âóë. Óíiâåðñèòåòñüêà, 1, 79000, Ëüâiâ
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Äîñëiäæó¹ìî áiîãðàôiþÞçåôà Ïóçèíè (1856 � 1919) � îäíîãî ç çàñíîâ-
íèêiâ ëüâiâñüêî¨ ìàòåìàòè÷íî¨ øêîëè. Ïîäàíî âiäîìîñòi ïðî éîãî ðîäèíó,
íàâ÷àííÿ, ïåäàãîãi÷íó òà íàóêîâó äiÿëüíiñòü. Òàêîæ ïîäàíî iíôîðìàöiþ
ïðî éîãî ó÷íiâ i ñëóõà÷iâ ñåìiíàðó.

Êëþ÷îâi ñëîâà: Þçåô Ïóçèíà, Ëüâiâñüêà ìàòåìàòè÷íà øêîëà, Ëüâiâ-
ñüêèé óíiâåðñèòåò.

Ïðîôåñîðè ìàòåìàòèêè, ÿêi âèêëàäàëè ó Ëüâîâi äî ñåðåäèíè ÕIÕ ñòîëiòòÿ, áóëè
ãîëîâíî âèõiäöÿìè ç ïîçà Ãàëè÷èíè. Îñâiòó âîíè çäîáóâàëè â Ïðàçi òà Âiäíi. Ïåð-
øèìè ãàëè÷àíèìè êåðiâíèêàìè êàôåäð ìàòåìàòèêè â óíiâåðñèòåòi òà ïîëiòåõíiöi
áóëè Âàâæèí¹ö (Ëàâðåíòié) Æìóðêî (Wawrzyniec 
Zmurko) òà Þçåô Ïóçèíà (J�ozef
Puzyna). Îñîáëèâî âàæëèâó ðîëü ó ôîðìóâàííi ïîëüñüêî¨ i óêðà¨íñüêî¨ øêîëè ìàòå-
ìàòèêè ó Ëüâîâi âiäiãðàëà íàóêîâà, ïåäàãîãi÷íà é îðãàíiçàöiéíà äiÿëüíiñòü Þçåôà
Ïóçèíè.

Ïèøó÷è ïðî ìàòåìàòèêiâ, ÿêi âïëèíóëè íà ðîçâèòîê ïîëüñüêî¨ ìàòåìàòèêè â
êiíöi ÕIÕ � íà ïî÷àòêó ÕÕ ñòîëiòòÿ, Êàçèìèð Êóðàòîâñüêèé (Kazimierz Kuratowski)
çàçíà÷èâ: �Áåçñóìíiâíî, îäíèì i íàéáiëüø çàñëóæåíèì i ïðîãðåñèâíèì ïðåäñòàâíè-
êîì ãåíåðàöi¨, ïðî ÿêó éäåòüñÿ, áóâ Þçåô Ïóçèíà, ïðîôåñîð Ëüâiâñüêîãî óíiâåðñè-
òåòó.

Îòæå, áóâ äî ïåâíî¨ ìiðè ïðîâiñíèêîì iäåé, ÿêi ìàëè ðîçêâiòíóëè ó ïðàöÿõ
íàñòóïíî¨ ãåíåðàöi¨ ïîëüñüêèõ ìàòåìàòèêiâ� [1, ñ. 12].

Ïðî âïëèâ Þçåôà Ïóçèíè íà ôîðìóâàííÿ éîãî ÿê ìàòåìàòèêà ïèøå ó ñâî¨õ
ñïîãàäàõ óêðà¨íñüêèé ìàòåìàòèê Âîëîäèìèð Ëåâèöüêèé: �Éîìó çàâäÿ÷óþ òå çíàííÿ

2010 Mathematics Subject Classi�cation: 01A70

c© Ãðèíiâ, Î., Ïðèòóëà, ß., 2018
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ìàòåìàòèêè, ÿêå ìàþ äîòåïåð, çàâäÿêè éîìó ïiçíàâ ÿ óñi ìîäåðíi òåîði¨ i ìåòîäè, çàâ-
äÿêè éîìó íàáðàâ ÿ çàìèëóâàííÿ äî ïðàöi òà íàáðàâ îõîòè äî ñàìîñòiéíèõ äîñëiäiâ.�
[2, c. 77].

Þçåô êíÿçü Ïóçèíà

Iñòîðiÿ ðîäó. Æèòò¹âèé øëÿõ

Þçåô êíÿçü ç Êîçåëüñüêà Ïóçèíà íàðîäèâñÿ 19 áåðåçíÿ 1856 ðîêó ó Íîâîìó
Ìàðòèíîâi Ðîãàòèíñüêîãî ïîâiòó (íèíi ñåëî Íîâèé Ìàðòèíiâ Ãàëèöüêîãî ð-íó Iâàíî-
Ôðàíêiâñüêî¨ îáë.) ó ðîäèíi Âîëîäèìèðà Ïóçèíè òà Ôåëiöi¨ ç Ðóäçüêèõ. Áàòüêî áóâ
âëàñíèêîì çåìåëü Íîâîãî Ìàðòèíîâà. Iñòîðè÷íi äîêóìåíòè çàñâiä÷óþòü ïîõîäæåííÿ
ðîäó Ïóçèíè àæ âiä êíÿæî¨ äèíàñòi¨ Ðþðèêîâè÷iâ, ïiäòâåðäæóþòü ¨õíié êíÿçiâñüêèé
òèòóë, ùî éîãî ïðåäêè îòðèìàëè, âîëîäiþ÷è Êîçåëüñüêèì óäiëüíèì êíÿçiâñòâîì [3,
4].

Â ðîäó Ïóçèí áóëî áàãàòî âèçíà÷íèõ îñîáèñòîñòåé. Òàê Ïàâëî, ÿêèé ó ìîëîäî-
ñòi âîþâàâ ïðîòè òàòàð, ïîòiì ñòàâ ìîíàõîì, â 1649 ðîöi áóâ ó Ëóöüêó ¹ïèñêîïîì
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ãðåöüêîãî âiðîñïîâiäàííÿ. Éîãî áðàò ßí ïåðøèé ç Ïóçèí ïiñëÿ øëþáó ñòàâ ðèìî-
êàòîëèêîì. Âiä íüîãî ïiøîâ äàëüøèé ðiä Ïóçèí äî Þçåôà Ïóçèíè [3].

Þ. Ïóçèíà çàêií÷èâ ó 1875 ðîöi ãiìíàçiþ iìåíi Ôðàíöà Éîñèôà ó Ëüâîâi. Ó öüî-
ìó æ ðîöi ïî÷àâ íàâ÷àííÿ íà ôiëîñîôñüêîìó ôàêóëüòåòi Ëüâiâñüêîãî óíiâåðñèòåòó.
Â óíiâåðñèòåòi âií âiäâiäóâàâ ëåêöi¨ ç ôiçèêè, õiìi¨, ôiëîñîôi¨, à ãîëîâíî ëåêöi¨ ç
ìàòåìàòèêè ïðîôåñîðà ìàòåìàòèêè Ëàâðåíòiÿ Æìóðêà òà ïðîôåñîðà ìàòåìàòè÷íî¨
ôiçèêè Îñêàðà Ôàáiàíà (Oskar Fabian).

Ëàâðåíòié Æìóðêî íàðîäèâñÿ 9 ëèïíÿ 1824 ðîêó â ßâîðîâi. Íàâ÷àâñÿ ó ãiì-
íàçi¨ ó Ïåðåìèøëi, ïiñëÿ ôiëîñîôñüêèõ ñòóäié ó Ëüâîâi ïî¨õàâ äî Âiäíÿ, äå âèâ÷àâ
ìàòåìàòèêó òà ïðèðîäíè÷i íàóêè â óíiâåðñèòåòi òà ïîëiòåõíiöi. Ó Âiäíi Æìóðêî
ñòàâ ïåðøèì ãàáiëiòîâàíèì äîöåíòîì ó ïîëiòåõíi÷íèõ íàâ÷àëüíèõ çàêëàäàõ Àâñòðî-
Óãîðùèíè. Ç 1850/1851 âií âèêëàäàâ ó Ëüâîâi, ç íàñòóïíîãî ðîêó óæå çâè÷àéíèé
ïðîôåñîð Òåõíi÷íî¨ àêàäåìi¨. Ç 1872 äî 1884 ðîêó Ë. Æìóðêî áóâ ïðîôåñîðîì îäíî-
÷àñíî â óíiâåðñèòåòi òà ó Ïîëiòåõíi÷íié øêîëi ó Ëüâîâi, çãîäîì âií ÷èòàâ ëåêöi¨
òiëüêè â óíiâåðñèòåòi. Ë. Æìóðêî âiäçíà÷àâñÿ îðèãiíàëüíîþ ïîáóäîâîþ íàâ÷àëüíèõ
êóðñiâ ìàòåìàòèêè. Éîãî êóðñ îïèðàâñÿ íà âïðîâàäæåíó íèì ñèñòåìó ïðîñòîðîâèõ
÷èñåë. Ïiä éîãî êåðiâíèöòâîì â óíiâåðñèòåòi øiñòü îñiá îòðèìàëè ñòóïiíü äîêòîðà
ôiëîñîôi¨, â òiì ÷èñëi i Þ. Ïóçèíà.

Ó 1877�1878 íàâ÷àëüíîìó ðîöi Þ. Ïóçèíà ïðîõîäèâ âiéñüêîâó ñëóæáó, ïiñëÿ
ÿêî¨ îòðèìàâ çâàííÿ ïîðó÷èêà ðåçåðâó. Ïðîäîâæèâ íàâ÷àííÿ â óíiâåðñèòåòi äî
1879/1880 íàâ÷àëüíîãî ðîêó. Öüîãî æ ðîêó çãîëîñèâñÿ äî ñêàäàííÿ â÷èòåëüñüêîãî
iñïèòó íà ïðàâî âèêëàäàííÿ ôiçèêè òà ìàòåìàòèêè â ãiìíàçiÿõ i ðåàëüíèõ øêîëàõ.
Íàïèñàâøè ïðàöi ç ïåäàãîãiêè, ìàòåìàòèêè òà ôiçèêè ñêëàäàííÿ â÷èòåëüñüêèõ
iñïèòiâ çàêií÷èâ 1 ÷åðâíÿ 1882 ðîêó.

Äëÿ îòðèìàííÿ ñòóïåíÿ äîêòîðà ôiëîñîôi¨ Þ. Ïóçèíà ïîäàâ ïðàöþ �O pozornie
dwuwarto�sciowych okre�slonych ca lkach podw�ojnych� (�Ïðî íiáè äâîçíà÷íi ïîäâiéíi
îçíà÷åíi iíòåãðàëè�). Ðåöåíçåíòàìè áóëè Ë. Æìóðêî òà Î. Ôàáiàí. Ïiñëÿ ñêëàäàííÿ
íà �âiäìiííî� íàóêîâèõ iñïèòiâ ç ìàòåìàòèêè òà ôiçèêè 2.12.1882 ðîêó òà ôiëîñîôi¨
2.07.1883 ðîêó, Þ. Ïóçèíà 5 ëèïíÿ 1883 ðîêó îòðèìàâ ñòóïiíü äîêòîðà ôiëîñîôi¨
[5]. Â öüîìó æ ðîöi Þ. Ïóçèíà îòðèìàâ ñòèïåíäiþ ó ðîçìiði 1000 z lr äëÿ ïðî-
äîâæåííÿ íàâ÷àííÿ çà êîðäîíîì. Çà ïîðàäîþ Ë. Æìóðêà âií ïî¨õàâ äî Áåðëiíà.
Òàì â óíiâåðñèòåòi ïðîòÿãîì 1883/1884 íàâ÷àëüíîãî ðîêó ñëóõàâ ëåêöi¨ ïðîôåñîðiâ
Ê. Âåé¹ðøòðàññà, Ë. Êðîíåêêåðà, I. Ôóêñà, Å. Êóììåðà, Å. Íåòòî, Ð. Ãîïïå òà
äîöåíòiâ É. Êíîáëàóõà, Ê. Ðóíãå.

Ó çèìîâîìó ïiâði÷÷i îñíîâíó óâàãó çâåðíóâ íà îçíàéîìëåííÿ ç òåîði¹þ Âåé¹ð-
øòðàññà ïîáóäîâè òåîði¨ ôóíêöié, à ó ëiòíüîìó ñåìåñòði � âèâ÷àâ íîâi íàïðÿìè â
ãåîìåòði¨. Îäíî÷àñíî ïðîòÿãîì öiëîãî ðîêó áðàâ ó÷àñòü ó ìàòåìàòè÷íîìó ñåìiíàði,
êåðiâíèêîì ÿêîãî ó ïåðøîìó ïiâði÷÷i áóâ ïðîôåñîð Ë. Êðîíåêêåð, à ó äðóãîìó �
ïðîôåñîðè Ê. Âåé¹ðøòðàññ i Ë. Êðîíåêêåð. Ïiñëÿ ïîâåðíåííÿ ç Áåðëiíà Þ. Ïóçèíà
ïðîéøîâ ãàáiëiòàöiþ äëÿ îòðèìàííÿ ïðàâà ÷èòàòè ëåêöi¨ ó Ëüâiâñüêîìó óíiâåðñèòåòi.
ßê ãàáiëiòàöiéíi ïðàöi ïîäàâ óæå íàäðóêîâàíó äîêòîðñüêó ïðàöþ [A1], à òàêîæ ðó-
êîïèñ �Przyczynek do teorii obliczenia symbo l�ow nieoznaczonych� (�Äîäàòîê äî òåîði¨
îá÷èñëåíü íåâèçíà÷åíèõ ñèìâîëiâ�). Òðàäèöiéíî â ïîäàííi ïðåòåíäåíò ïîâiäîìëÿâ,
ÿêi êóðñè âií ìà¹ íàìið ïðî÷èòàòè ó íàéáëèæ÷i ñåìåñòðè. Þ. Ïóçèíà ïiäãîòóâàâ
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òàêi êóðñè: Íîâi ìåòîäè â àíàëiòè÷íié ãåîìåòði¨, Ñèíòåòè÷íà ãåîìåòðiÿ, Çàñòîñóâàí-
íÿ iíôiíiòåçèìàëüíîãî ÷èñëåííÿ â ãåîìåòði¨. Â ïåðøîìó êóðñi âií ìàâ íàìið ïîäàòè
çàãàëüíi ìåòîäè òåîði¨ àëãåáðè÷íèõ êðèâèõ i ïîâåðõîíü (òåîðiÿ Þ. Ïëþêêåðà). Öå
äàëî á çìîãó çàñòîñóâàòè ¨õ äî âèâ÷åííÿ äåÿêèõ àëãåáðè÷íèõ ôóíêöié, ÿêi ìiñòÿ-
òüñÿ ó äðóãié ãàáiëiòàöiéíié ïðàöi. Ó äðóãîìó � âèêëàñòè òåîðiþ ß. Øòåéíåðà. Ó
òðåòüîìó � äîïîâíèòè âëàñòèâîñòi ãåîìåòðè÷íèõ òië ç ïîãëÿäó êðèâèçíè íà îñíîâi
äèôåðåíöiàëüíîãî ÷èñëåííÿ. Ãàáiëiòàöiéíèé êîëîêâióì âiäáóâñÿ 11 ãðóäíÿ 1884 ðîêó,
äå ïèòàííÿ (âiñiì) çàäàâàâ Ë, Æìóðêî, à 15 ãðóäíÿ Ïóçèíà ïðî÷èòàâ ãàáiëiòàöiéíó
ëåêöiþ �O ca lkach Eulera� (�Ïðî iíòåãðàëè Åéëåðà�) [6].

Ó 1885 ðîöi Þ. Ïóçèíà ÷èòàâ ëåêöi¨ ÿê ïðèâàò-äîöåíò. Ïîñàäó íàäçâè÷àéíîãî
ïðîôåñîðà âií îòðèìàâ ó 1889 ðîöi, à ç 1892 ðîêó Þ. Ïóçèíà çâè÷àéíèé ïðîôåñîð,
êåðiâíèê êàôåäðè ìàòåìàòèêè. Âií òàêîæ çàéìàâ ïîñàäè äåêàíà ôiëîñîôñüêîãî ôà-
êóëüòåòó (1894�1895) òà ðåêòîðà (1904�1905) Ëüâiâñüêîãî óíiâåðñèòåòó. ßê ðåêòîð
áóâ ïîñëîì VIII êàäåíöi¨ Ñåéìó Ãàëè÷èíè.

Ó 1900 ðîöi Þ. Ïóçèíó îáðàëè ÷ëåíîì-êîðåñïîíäåíòîì Àêàäåìi¨ íàóê i ìè-
ñòåöòâ ó Êðàêîâi. Ó Ëüâîâi 1917 ðîêó áóëî çàñíîâàíå Ìàòåìàòè÷íå òîâàðèñòâî, éîãî
ïåðøèì ãîëîâîþ ñòàâ Þ. Ïóçèíà. Àêòèâíó ó÷àñòü ó ðîáîòi òîâàðèñòâà áðàëè Ç. ßíi-
øåâñüêèé, Â. Ñåðïiíñüêèé, Ã. Øòàéíãàóç òà ií. Ó 1918 ðîöi Þ. Ïóçèíà íà òîâàðèñòâi
ìàâ äîïîâiäü �O �sladach zerowych szeregu pot�engowego� (�Ïðî íóëüîâi ìiñöÿ ñòåïåíå-
âîãî ðÿäó�) [7, c. 22�23].

Þ. Ïóçèíà áóâ îäíîêóðñíèêîì Iâàíà Ôðàíêà, à â ðiê éîãî ãàáiëiòàöi¨ íà ôiëî-
ñîôñüêîìó ôàêóëüòåòi áóâ äåêàíîì.

Ïåäàãîãi÷íà ïðàöÿ

Î÷îëþþ÷è ïðîòÿãîì áàãàòüîõ ðîêiâ êàôåäðó ìàòåìàòèêè, ãîëîâíi çóñèëëÿ
Þ. Ïóçèíà ñïðÿìîâóâàâ íà äîáið i ïiäãîòîâêó ëåêöiéíèõ êóðñiâ. Ó÷åíèé ïðî÷è-
òàâ ïîíàä òðèäöÿòü ðiçíèõ îñíîâíèõ i ñïåöiàëüíèõ êóðñiâ, ÿêi íàëåæàëè äî ðiçíèõ
ðîçäiëiâ ìàòåìàòèêè. Âií íå òiëüêè ðîçøèðèâ òåìàòèêó ç êëàñè÷íî¨ íà òîé ÷àñ ìàòå-
ìàòèêè, à é ïî÷àâ ÷èòàòè êóðñè, ÿêi îõîïëþâàëè åëåìåíòè òåîði¨ ìíîæèí, òîïîëîãi¨
òà iíøèõ íîâèõ ðîçäiëiâ ìàòåìàòèêè. Òåêñòè âñiõ ëåêöiéíèõ êóðñiâ çáåðiãàëèñü ó
áiáëiîòåöi ìàòåìàòè÷íîãî ñåìiíàðó.

Âèêëàäàþ÷è ÿê ïðèâàò-äîöåíò ó 1885 ðîöi, à çãîäîì ÿê íàäçâè÷àéíèé i çâè÷àé-
íèé ïðîôåñîð ç 1889 i 1892 ðîêó, âiäïîâiäíî, Þ. Ïóçèíà ïðî÷èòàâ òàêi êóðñè:

• ñèíòåòè÷íà ãåîìåòðiÿ (ãåîìåòðiÿ ïîëîæåííÿ) (1885/1886, 1888/1889);
• òåîðiÿ àíàëiòè÷íèõ ôóíêöié (1886, 1887/1888);
• äåÿêi òâåðäæåííÿ ç òåîði¨ ôóíêöié (1887);
• òåîðiÿ àáåëåâèõ ôóíêöié (1888/1889, 1891/1892, 1912/1913);
• iíòåãðóâàííÿ äèôåðåíöiàëüíèõ ðiâíÿíü (1889, 1896, 1900, 1904, 1906,
1906/1907, 1910/1911, 1913/1914, 1915/1916);

• àíàëiòè÷íà ãåîìåòðiÿ (1880/1890, 1892, 1906/1907, 1910/1911, 1913/1914,
1915/1916);

• ïðî îçíà÷åíèé iíòåãðàë (1890);
• òåîðiÿ åëiïòè÷íèõ ôóíêöié (1891, 1897, 1898, 1908);
• òåîðiÿ ÷èñåë (1891, 1895/1896);
• òåîðiÿ ïiäñòàíîâîê (1892);
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• âèùèé àíàëiç (1892/1893, 1905/1906, 1915/1916);
• âàðiàöiéíå ÷èñëåííÿ (1893);
• äèôåðåíöiàëüíå ÷èñëåííÿ òà çàñòîñóâàííÿ (1893/1894);
• âèáðàíi ðîçäiëè òåîði¨ ôóíêöié (1893);
• àâòîìîðôíi ôóíêöi¨ (1894, 1898, 1912/1913);
• âèùà àëãåáðà (1894/1895, 1897, 1916);
• çàñòîñóâàííÿ åëiïòè÷íèõ ôóíêöié (1895, 1905);
• äèôåðåíöiàëüíå òà iíòåãðàëüíå ÷èñëåííÿ (1895/1896, 1899/1900, 1901/1902);
• äèôåðåíöiàëüíi ðiâíÿííÿ â ÷àñòèííèõ ïîõiäíèõ (1897, 1901, 1907, 1917/1918);
• òåîðiÿ äâiéêîâèõ ôîðì (1896);
• âèçíà÷íèêè òà ¨õí¹ çàñòîñóâàííÿ (1898);
• òîïîëîãi÷íi ñòóäi¨ (1899);
• iíòåãðàëè Àáåëÿ (1899);
• ïðî ãiïåðãåîìåòðè÷íi ðÿäè (1899);
• íîâà ãåîìåòðiÿ (1900, 1904/1905);
• ëiíiéíi äèôåðåíöiàëüíi ðiâíÿííÿ (1900, 1907/1908, 1917);
• äèôåðåíöiàëüíà ãåîìåòðiÿ (1902, 1917/1918);
• òåîðiÿ àëãåáðè÷íèõ ôóíêöié (1906);
• ôóíêöi¨ ìíîãîãðàííèêiâ, ìîäóëÿðíi òà åëiïòè÷íi ôóíêöi¨ (1908/1909);
• òåîðiÿ iíâàðiàíòiâ (1909);
• êîíôîðìíi âiäîáðàæåííÿ (1909/1910);
• çâè÷àéíi äèôåðåíöiàëüíi ðiâíÿííÿ (1909/1910, 1916);
• iíòåãðàëüíi ðiâíÿííÿ (1911/1912);
• íåñêií÷åííi ïîñëiäîâíîñòi òà ðîçâèíåííÿ (1917);
• íååâêëiäîâà ãåîìåòðiÿ (1918);

ç iñòîði¨ ìàòåìàòèêè, äèôåðåíöiàëüíi ðiâíÿííÿ Ëi (äèâ. [8]).

Âðàæà¹ íå òiëüêè âåëèêà êiëüêiñòü i òåìàòèêà ïðî÷èòàíèõ íèì ëåêöié, à é àêó-
ðàòíiñòü ïiäãîòîâêè öèõ êóðñiâ. Öå âèäíî ç êîíñïåêòiâ êóðñiâ, ÿêi ïèñàâ Âîëîäèìèð
Ëåâèöüêèé (Wolodymyr Lewycki), i çáåðåæåíi â ðóêîïèñíîìó âiääiëi áiáëiîòåêè iìåíi
Â. Ñòåôàíèêà.

Ïðî ñâîþ ìåòîäèêó íàâ÷àííÿ ìàòåìàòèêè Þ. Ïóçèíà íàïèñàâ ó ïðîõàííi ïðî
äîïóñê äî ãàáiëiòàöi¨: �Áóäó ñòàðàòèñÿ ó âñiõ ñâî¨õ ëåêöiÿõ òðèìàòèñÿ ìåòîäó, ÿêèé
âiäêðèâà¹ i âêàçó¹ ñëóõà÷àì äîðîãó, ïî ÿêié âîíè ìîãëè áè éòè â äîñëiäæåííÿõ â
êîæíié îêðåìié ãàëóçi�.

�ß ¹ òî¨ äóìêè, ùî â ìàòåìàòèöi ... íå äîñèòü äàâàòè äîâåäåííÿ a priori ñôîð-
ìóëüîâàíèõ òâåðäæåíü, à ðàçîì ç òèì ñòàðàòèñÿ áóòè íiáè â ïîëîæåííi âèíàõiäíè-
êà, ùî äîõîäèòü äî òâåðäæåíü ÿê âèñíîâêiâ. Ñëóõà÷ áóäå ïðè öüîìó ñïîñîái ñâiä-
êîì öiëîãî ïðîöåñó äîñëiäæåíü i çìîæå óæå â êîðîòêiì ÷àñi i ñàì ñïðîáóâàòè ñâî¨õ
ñèë ...� [6].

Óæå â 1889 ðîöi Þ. Ïóçèíà âïåðøå â óíiâåðñèòåòi ââiâ ó ðîçêëàäi çàíÿòü âïðàâè
ç ìàòåìàòèêè. Ç ÷àñîì öi çàíÿòòÿ îðãàíiçàöiéíî áóëè îôîðìëåíi â ìàòåìàòè÷íi ñå-
ìiíàðè. Íàóêîâi ñåìiíàðè ó Ëüâiâñüêîìó óíiâåðñèòåòi áóëè çàïðîâàäæåíi ïiñëÿ 1850
ðîêó. Ïåðøèì áóâ ôiëîëîãi÷íî-iñòîðè÷íèé ñåìiíàð, ÿêèé îðãàíiçóâàëè íà ïiäñòàâi
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ñòàòóòó âiä 23 âåðåñíÿ 1852 ðîêó. Ìàòåìàòè÷íèé ñåìiíàð áóâ ñòâîðåíèé ðîçïîðÿ-
äæåííÿì Ìiíiñòåðñòâà âiðîñïîâiäàíü i îñâiòè ç 1 ãðóäíÿ 1893 ðîêó. Â ïåðøîìó ïàðà-
ãðàôi ñòàòóòó ìàòåìàòè÷íîãî ñåìiíàðó áóëî çàïèñàíî: �Ìàòåìàòè÷íèé ñåìiíàð ìà¹
çàâäàííÿ çàîõîòèòè i çàëó÷èòè ó÷íiâ äî ñàìîñòiéíèõ ïîøóêiâ ó ìàòåìàòèöi, ÿê ÷åðåç
 ðóíòîâíå îïðàöþâàííÿ ëåêöiéíîãî ìàòåðiàëó â çàñòîñóâàííÿõ i ïðèêëàäàõ, à òàêîæ
÷åðåç ââåäåííÿ ÷ëåíiâ ñåìiíàðó â òi ÷àñòèíè ìàòåìàòèêè, ÿêi ó çâè÷àéíèõ àêàäå-
ìi÷íèõ ëåêöiÿõ òiëüêè ïîäàíi êîðîòêî àáî âçàãàëi âiäñóòíi, äàëi ìà¹ öiëü âèâ÷åííÿ
÷ëåíiâ íà äiëîâèõ â÷èòåëiâ ãiìíàçié, ðåàëüíèõ øêië i âèùèõ íàâ÷àëüíèõ çàêëàäiâ�.

Íàóêîâèé ñåìiíàð ìàâ äâà âiääiëåííÿ: âèùèé i íèæ÷èé. Êîæåí ÷ëåí âèùîãî ñå-
ìiíàðó áóâ çîáîâ'ÿçàíèé ó êîæíîìó ïiâði÷÷i çðîáèòè îäèí âèñòóï çãiäíî ç ïðîãðàìîþ
ñåìiíàðó. Íàâ÷àííÿ íà ñåìiíàði áóëî áåçêîøòîâíèì. Êîæíîãî ïiâði÷÷ÿ àêòèâíèõ ó÷à-
ñíèêiâ âèùîãî ñåìiíàðó âiäçíà÷àëè ñòèïåíäiÿìè. Êåðiâíèê ñåìiíàðó Þ. Ïóçèíà íà
êîæíå ïiâði÷÷ÿ ÷è öiëèé ðiê ïðèçíà÷àâ îäíîãî ç àêòèâíèõ ó÷àñíèêiâ õðîíiêåðîì ñå-
ìiíàðó. Ç 1894 äî 1910 ðîêó õðîíiêåðàìè áóëè: Âîëîäèìèð Ëåâèöüêèé, ßí Çàëóñüêèé
(Jan Zalucki), Ìèõàéëî Ðèáà÷åê (Micha l Rybachek), Ôðàíöiøåê Ñëóøêåâè÷ (Franci-
szek S luszkiewicz), Ìå÷èñëàâ ßìðó åâè÷ (Mieczis law Jamr�ogewicz), �óñòàâ Êëîäíi-
öüêèé (Gustaw K lodnicki), Äìèòðî Âàéöîâè÷ (Dymitr Wajcowicz), Êàçiìið Ñòðóòèí-
ñüêèé (Kazimerz Struty�nski), Àíòîíi Ëîìíiöüêèé (Antoni  Lomnicki), ÂëàäèñëàâÆëî-
áiöüêi (W ladys law 
Z lobicki), Íèêèôîð Ñàäîâñüêèé (Nicefor Sadowski), Þçåô Íàñiëü-
ñüêi (J�ozef Nasielski), Þçåô Îðëîâñüêèé (J�ozef Or lowski), Åðàçì Iøêîâñüêèé (Erazm
Iszkowski), Àäàì Ïàòðèí (Adam Patryn), Içèäîð Îáåðãàðäò (Izydor Oberhardt), Îòòî
Íiêîäèì (Otto Nikodym), Êàçiìiðà Êàóöêà (Kazimira Kaucka), Âëàäèñëàâ Ëiõòåíáåðã
(W ladyslaw Lichtenberg), Ñòàíiñëàâ Ðóçåâè÷ (Stanis law Ruziewicz).

Ó ïåðøèé ðiê ðîáîòè ìàòåìàòè÷íèõ ñåìiíàðiâ â çèìîâîìó ñåìåñòði ó âèùîìó
ñåìiíàði áðàëî ó÷àñòü 10 ñòóäåíòiâ, ó íèæ÷îìó � 18, ó ëiòíüîìó ñåìåñòði, âiäïîâiäíî,
9 i 13 [9, t. 2, C. 389]. Òåìàòèêà ïðàöü, âèêîíàíèõ ó÷àñíèêàìè âèùîãî ñåìiíàðó, òîð-
êàëàñÿ ðiçíèõ ðîçäiëiâ ìàòåìàòèêè: Ì. Ðèáà÷åê �Teorya Galois'a� (�Òåîðiÿ Ãàëóà�),
Ñ. Ðóêñåð (S. Ruxer) �Zasady rachunku prawdopobie�nstwa� (�Îñíîâè òåîði¨ éìîâið-
íîñòåé�), Þ. Ðîçêîø (J. Roskosz) �Rozwiania u lamkowych funcyi wymiernych� (�Ðîç-
âèíåííÿ äðîáîâèõ ðàöiîíàëüíèõ ôóíêöié�), À. Ëîìíiöüêèé �O kollineacyi system�ow
p laskich� (�Ïðî êîëiíåàöi¨ ïëîñêèõ ñèñòåì�), Ä. Âàéöîâè÷ �Zastosowanie funkcyi elli-
ptycznych krzywych 3ego i 4tego stopnia� (�Çàñòîñóâàííÿ åëiïòè÷íèõ ôóíêöié äî êðèâèõ
3-ãî i 4-ãî ñòåïåíÿ�), É. ßíiâ (Josyp Janiw) �O funkcyi ci�ag lej nie maj�acej pochodnej�
(�Ïðî ôóíêöi¨, ÿêi íåïåðåðâíi i íå ìàþòü ïîõiäíèõ�), Â. Æëîáiöêi �Szeregi Fourier'a�
(�Ðÿäè Ôóð'¹�), ß. Ëóêàñåâè÷ (Jan  Lukasiewicz) �O Grassman �Nauce rozci�ag losci�
(�Ïðî òåîðiþ ðîçòÿãó �ðàññìàíà�), Þ. Ìàäåé (Madej) �O wyznacznikach funkcyinych�
(�Ïðî ôóíêöiîíàëüíi âèçíà÷íèêè�), Ê. Ãëiáîâèöüêèé (Klym Glibowycki) �Teorya liczb
algebraicznych� (�Òåîðiÿ àëãåáðè÷íèõ ÷èñåë�) òà ií. Òåêñòè öèõ ïðàöü çáåðåãëèñÿ äî
ñüîãîäíi [10].

Îêðåìi ïðàöi, âèêîíàíi íà ñåìiíàði, ïóáëiêóâàëèñü â íàóêîâèõ æóðíàëàõ
i ïîâiäîìëåííÿõ (Sprawozdaniach ...) ãiìíàçié. Ïåðøèìè ç íèõ áóëè: Å. Ñíîïåê
(E. Snopek) �O kongruencyi xn + A1xn−1 + · · · + An = 0( mod p)�, Â. Ëåâèöüêèé
�O wyra
zeniach symetrycznych z wartosci funkcyi mod m�, îïóáëiêîâàíi ó æóðíàëi
�Prace matematyczno-�zyczne� (Ò. 4, 1893 òà Ò. 6, 1895). Öÿ æ ïðàöÿ �Ïðî ñèìåòðè÷íi
âèðàæåííÿ âàðòîñòåé ôóíêöi¨ mod m� áóëà îïóáëiêîâàíà ó �Çàïèñêàõ Íàóêîâîãî
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òîâàðèñòâà iìåíi Øåâ÷åíêà� (Ëüâiâ, 1894. Ò. IV). Âîíà ñòàëà ïåðøîþ íàóêîâîþ
ñòàòòåþ ç ìàòåìàòèêè îïóáëiêîâàíîþ óêðà¨íñüêîþ ìîâîþ.

×àñòèíà ïðàöü, ÿêi âèêîíàëè íà ñåìiíàðàõ, ñòàëè äîêòîðñüêèìè ïðàöÿìè ó÷à-
ñíèêiâ ñåìiíàðó. Þ. Ïóçèíà áóâ ïðîìîòîðîì 10 äîêòîðàòiâ. Ïåðøèì éîãî ó÷íåì
äîêòîðîì ôiëîñîôi¨ ñòàâ Â. Ëåâèöüêèé. ßê äîêòîðñüêó ïðàöþ âií ïîäàâ âèùåçãàäà-
íó ïðàöþ i äðóãó ïðàöþ �Kilka uwag o wzorze interpolacyjnym Lagrange'a.� Íàñòóïíi
éîãî ó÷íi, ÿêi ïîäàëè âiäïîâiäíi íàóêîâi ïðàöi, ([5]):

• Àíòîíi Ëîìíiöüêèé �O odwzorowaniach cz�ateczkowych funkcji hipergeomet-
rycznych� (Ïðî êîíôîðìíi âiäîáðàæåííÿ);

• Ðîìàí Ìå÷èñëàâ ßìðó åâè÷ �O powierzchniach najmniejszych� (Ïðî ìiíiìàëü-
íi ïîâåðõíi);

• Ëþäâiê Ãîðäèíñüêèé (Ludwik Hordy�nski) �O wyznacznikach cz�e�sciowo przet-
worzonych� (Ïðî ÷àñòêîâî ïåðåòâîðåíi âèçíà÷íèêè);

• Àäàì Ìàêñèìîâè÷ (Adam Maksymowicz) �Funkcje harmoniczne o dowolnej
i lo�sci zmiennych niezale
znych� (Ãàðìîíi÷íi ôóíêöi¨ ç äîâiëüíîþ êiëüêiñòþ íå-
çàëåæíèõ çìiííèõ);

• Àíòîíi Âiëüê (Antoni Wilk) �Zarys teoryi ca lek Cauchy'ego� (Íàðèñ òåîði¨ ií-
òåãðàëiâ Êîøi);

• Àáðàãàì �îòòôðiä (Abraham Gottfried) �Dzia lania na liczbach nadurojonych.
Dwie pr�oby badania szereg�ow pot�egowych argumentu nadurojonego� (Äi¨ íà íà-
äóÿâíèìè ÷èñëàìè. Äâi ñïðîáè äîñëiäæåííÿ ñòåïåíåâèõ ðÿäiâ ç íàäóÿâíèì
àðãóìåíòîì);

• Ñòåôàí Ìàçóðêåâè÷ (Stefan Mazurkiewicz) �Przyczynki do teorji mnogo�sci�
(Äîäàòêè äî òåîði¨ ìíîæèí);

• Ñòàíiñëàâ Ðóçåâè÷ �Przyczynek do rachunku r�o
zniczkowego� (Äîäàòîê äî äè-
ôåðåíöiàëüíîãî ÷èñëåííÿ);

• Àäàì Ïàòðèí �Badania nad funkcjami rozwi�azuj�acymi zwi�azek identyczny pos-
taci (1 − x)mΦ(x) + xmϕ(x) = 1� (Äîñëiäæåííÿ ôóíêöié, ÿêi çàäîâîëüíÿþòü
òîòîæíiñòü (1− x)mΦ(x) + xmϕ(x) = 1).

Çàóâàæèìî, ùî ïðàöi Ñ. Ìàçóðêåâè÷à òà Ñ. Ðóçåâè÷à áóëè âèêîíàíi ïiä êåðiâ-
íèöòâîì Â. Ñåðïiíñüêîãî, ÿêèé âæå â 1912 ðîöi êåðóâàâ âèùèì ñåìiíàðîì. Îäíàê
Â. Ñåðïiíñüêèé íå áóâ çâè÷àéíèì, à òiëüêè íàäçâè÷àéíèì ïðîôåñîðîì, òîìó îôiöié-
íî ïðîìîòîðîì ìiã áóòè òiëüêè Þ. Ïóçèíà.

Ó÷íi Þçåôà Ïóçèíè

Äî ó÷íiâ Þ. Ïóçèíè ñëiä ïåðø çà âñå âiäíåñòè äîêòîðàíòiâ, ÿêi ïiäãîòóâàëè
äîêòîðñüêi ïðàöi íà ñåìiíàði ïiä éîãî êåðiâíèöòâîì, à äàëi âñiõ ó÷àñíèêiâ âèùîãî
ñåìiíàðó, õðîíiêåðiâ ñåìiíàðó òà âñiõ, õòî ñëóõàâ éîãî ëåêöi¨. Çóïèíèìîñü íà îñîáàõ,
ÿêi îòðèìàëè äîêòîðñüêi ñòóïåíi, à òàêîæ íà îêðåìèõ ó÷àñíèêàõ âèùîãî ñåìiíàðó
Þ. Ïóçèíè.

Âîëîäèìèð Ëåâèöüêèé (31.12.1872 � 14.07.1956) íàðîäèâñÿ â Òåðíîïîëi. Íà-
â÷àâñÿ â ãiìíàçiÿõ ó Òåðíîïîëi, Çîëî÷åâi òà Ëüâîâi. Âèâ÷àâ ìàòåìàòèêó, ôiçèêó,
õiìiþ òà ôiëîñîôiþ íà ôiëîñîôñüêîìó ôàêóëüòåòi Ëüâiâñüêîãî óíiâåðñèòåòó ó 1890-
1894 ðîêàõ. Ç òðåòüîãî êóðñó âiâ íàóêîâi äîñëiäæåííÿ ïiä êåðiâíèöòâîì ïðîôåñîðà
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Þçåôà Ïóçèíè, áóâ ïåðøèì õðîíiêåðîì âèùîãî ñåìiíàðó i ïåðøèì äîêòîðîì íàóê
ïiäãîòîâàíèì (ïðîìîâàíèì) Þ. Ïóçèíîþ.

Ó 1895 ðîöi ñêëàâ â÷èòåëüñüêi iñïèòè é îòðèìàâ ïðàâî âèêëàäàòè ìàòåìàòè-
êó, ôiçèêó, õiìiþ â ãiìíàçiÿõ. Ïðàöþâàâ â÷èòåëåì ó Àêàäåìi÷íié ãiìíàçi¨ ó Ëüâîâi,
Òåðíîïiëüñüêié ãiìíàçi¨ òà â V ãiìíàçi¨ ó Ëüâîâi.

Ó 1914 ðîöi Â. Ëåâèöüêîãî ïðèçâàëè äî âiéñüêà, ïîòðàïèâ ó ðîñiéñüêèé ïîëîí.
Ïiñëÿ ïîâåðíåííÿ äî Ëüâîâà ó 1918 ðîöi ïðîäîâæóâàâ ïðàöþâàòè â çàêëàäàõ îñâiòè
� iíñïåêòîðîì, øêiëüíèì iíñòðóêòîðîì.

Ãîëîâíå ïîëå éîãî äiÿëüíîñòi � Íàóêîâå òîâàðèñòâî iìåíi Øåâ÷åíêà. Ç 1894 ðî-
êó Âîëîäèìèð Ëåâèöüêèé ÷ëåí ÍÒØ, çãîäîì î÷îëþâàâ ìàòåìàòè÷íî-ïðèðîäîïèñíî-
ëiêàðñüêó ñåêöiþ òà ðåäàãóâàâ �Çáiðíèê ìàòåìàòè÷íî-ïðèðîäíè÷îïèñíî-ëiêàðñüêî¨
ñåêöi¨ ÍÒØ� âiä ïåðøîãî (1897) äî îñòàííüîãî 32-ãî òîìó (1939). Áàãàòî çóñèëü
äîêëàâ äî ñòâîðåííÿ óêðà¨íñüêî¨ ìàòåìàòè÷íî¨ òåðìiíîëîãi¨, âèäàííÿ ïiäðó÷íèêiâ i
ïîïóëÿðèçàöi¨ íàóêè óêðà¨íñüêîþ ìîâîþ.

Ïðàöþâàâ ó Ëüâiâñêîìó óíiâåðñèòåòi iìåíi Iâàíà Ôðàíêà íà ïîñàäi ïðîôåñîðà
ç 1940 äî 1955 ðîêó. Ïiñëÿ ñìåðòi Ñ. Áàíàõà áóâ êåðiâíèêîì éîãî êàôåäðè (1945 �
1948).

Êëèì Ãëiáîâèöüêèé (04.01.1875 � 24.04.1907) íàðîäèâñÿ â ñ. Ìàõíiâöi Áåðå-
æàíñüêîãî ïîâiòó â ðîäèíi ãðåêî-êàòîëèöüêîãî ñâÿùåíèêà. Ïiñëÿ çàêií÷åííÿ ãiìíàçi¨
â Áåðåæàíàõ ó 1892 � 1896 ðîêàõ íàâ÷àâñÿ íà ôiëîñîôñüêîìó ôàêóëüòåòi Ëüâiâñüêîãî
óíiâåðñèòåòó.

Ó 1896 � 1898 ðîêàõ ïðàöþâàâ ó ãiìíàçi¨ ó Òåðíîïîëi. Ñêëàâøè â÷èòåëüñüêi
iñïèòè â 1898 ðîöi ç ÷åðâíÿ öüîãî ðîêó âèêëàäàâ ìàòåìàòèêó òà ôiçèêó â óêðà¨í-
ñüêié ãiìíàçi¨ ó Ïåðåìèøëi. Ç äèòèíñòâà Ê. Ãëiáîâèöüêèé ìàâ ñëàáêå çäîðîâ'ÿ, ÷àñòî
õâîðiâ i âè¨æäæàâ íà ëiêóâàííÿ íà ìîðå. Ïîäàâ äî ðàäè ôiëîñîôñüêîãî ôàêóëüòå-
òó ïðàöþ �Prawa ruchu wahad lowego� (�Çàêîíè ðóõó ìàÿòíèêà�), éîãî äîïóñòèëè äî
äîêòîðñüêèõ iñïèòiâ, àëå äî íèõ íå ïðèñòóïèâ.

Ê. Ãëiáîâèöüêèé îïóáëiêóâàâ ï'ÿòü ñòàòåé óêðà¨íñüêîþ òà ïîëüñüêîþ ìîâàìè.
Éîãî íàóêîâi ïðàöi òîðêàþòüñÿ ðîçâ'ÿçêiâ àëãåáðè÷íèõ ðiâíÿíü ó ðàäèêàëàõ i òåî-
ði¨ äèôåðåíöiàëüíèõ ðiâíÿíü. Â éîãî ïðàöi âèêëàäåíî òåîðiþ Ãàëóà. Äî ñòîði÷÷ÿ ç
äíÿ íàðîäæåííÿ Í. Ã. Àáåëÿ íàäðóêóâàâ  ðóíòîâíó ïðàöþ [11], äå ìiñòèòüñÿ îãëÿä
îñíîâíèõ ïðàöü Àáåëÿ.

Ïîìåð Ê. Ãëiáîâèöüêèé ó Êóëèêîâi.

Àíòîíi Ëîìíiöüêèé (17.01.1881 � 03.07.1941) íàðîäèâñÿ ó Ëüâîâi â ñiì'¨ âiäî-
ìîãî çîîëîãà, ïàëåîíòîëîãà òà ãåîëîãà Ìàð'ÿíà Ëîìíiöüêîãî, ÿêèé áóâ îðãàíiçàòîðîì
ðîçêîïîê â Ñòàðóíi áiëÿ Êîëîìè¨, äå â 1907 ðîöi âèêîïàëè ìàìîíòà òà íîñîðîãà.

À. Ëîìíiöüêèé àòåñòàò çðiëîñòi îòðèìàâ ó 1899 ðîöi ó IV ãiìíàçi¨ Ëüâîâà. Íà-
â÷àâñÿ ó 1899-1903 ðîêàõ íà ôiëîñîôñüêîìó ôàêóëüòåòi Ëüâiâñüêîãî óíiâåðñèòåòó. Ó
ëèñòîïàäi 1903 ðîêó îòðèìàâ ñòóïiíü äîêòîðà ôiëîñîôi¨, à òàêîæ ñêëàâ â÷èòåëüñüêi
iñïèòè.

Ó 1904�1906 ðîêàõ áóâ â÷èòåëåì ãiìíàçi¨ â Òàðíîâi, à â 1906�1907 ðîêàõ ïðî-
äîâæóâàâ íàâ÷àííÿ â óíiâåðñèòåòi ó Ãåòòiíãåíi. Ç 1907 äî 1920 ðîêó À. Ëîìíiöüêèé
âèêëàäàâ ìàòåìàòèêó â VII ãiìíàçi¨ ó Ëüâîâi. Ó ñåðïíi 1919 ðîêó îòðèìàâ ïðàâî
âèêëàäàííÿ (ãàáiëiòàöiþ) ó Ëüâiâñüêié Ïîëiòåõíi÷íié øêîëi.
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Ç ñåðïíÿ 1920 ðîêó À. Ëîìíiöüêèé ñòàâ íàäçâè÷àéíèì, à ç 1921 ðîêó � çâè-
÷àéíèì ïðîôåñîðîì, êåðiâíèêîì II êàôåäðè ìàòåìàòèêè ó Ëüâiâñüêié ïîëiòåõíiöi.
Öþ ïîñàäó âií çàéìàâ äî ëèïíÿ 1941 ðîêó. Â 1920�1922 ðîêàõ àñèñòåíòîì íà éîãî
êàôåäði áóâ Ñòåôàí Áàíàõ.

À. Ëîìíiöüêèé íàïèñàâ 23 êíèãè, ç íèõ 12 ïiäðó÷íèêiâ äëÿ ãiìíàçié i ÷îòèðè
àêàäåìi÷íi ïiäðó÷íèêè. Éîãî 33 íàóêîâi ïðàöi òîðêàþòüñÿ ïèòàíü àíàëiçó, òåîði¨
éìîâiðíîñòåé, ñòàòèñòèêè, ìàòåìàòè÷íî¨ êàðòîãðàôi¨ òà äèäàêòèêè ìàòåìàòèêè.

Ðîìàí Ìå÷èñëàâ ßìðóãåâè÷ (19.07.1877 � ?) íàðîäèâñÿ ó Ñàìáîði. Ïiñëÿ
çàêií÷åííÿ íàâ÷àííÿ íà ôiëîñîôñüêîìó ôàêóëüòåòi Ëüâiâñüêîãî óíiâåðñèòåòó â 1899
ðîöi ñêëàâ â÷èòåëüñüêi iñïèòè. Ó 1899 � 1900 ðîêàõ âèêëàäàâ ìàòåìàòèêó òà ôiçèêó
ó Ñàíîêó, ïiçíiøå â Áîõíi. Òóò ó 1903 ðîöi â �Sprawozdanie dyrekcyi C.K. gimnazyum
w Bochni� îïóáëiêóâàâ ñòàòòþ �O najmniejszych powierzchniach�, ÿêà ñòàëà éîãî äî-
êòîðñüêîþ ðîáîòîþ. Âèêëàäàâ ó ãiìíàçiÿõ Êðàêîâà òà Ëüâîâà. Àâòîð ïóáëiêàöié â
�Sprawozdaniach�, ãiìíàçiéíèõ òà øêiëüíèõ ïiäðó÷íèêiâ. Ó÷àñíèê Ïåðøîãî ïîëüñüêî-
ãî ìàòåìàòè÷íîãî ç'¨çäó ó Ëüâîâi 1927 ðîêó.

Ëþäâiê Ãîðäèíñüêèé (08.04.1882 � 07.02.1920) íàðîäèâñÿ â Ðÿøåâi. Ïî÷àòêî-
âó òà ñåðåäíþ øêîëó çàêií÷èâ ó Ëüâîâi. Ó 1900 � 1904 ðîêàõ íàâ÷àâñÿ íà ôiëî-
ñîôñüêîìó ôàêóëüòåòi Ëüâiâñüêîãî óíiâåðñèòåòó. Ïiñëÿ ði÷íî¨ ïðàêòèêè ó ãiìíàçi¨
ó òðàâíi 1905 ðîêó ñêëàâ â÷èòåëüñüêi iñïèòè. Ó 1907 íà ïiäñòàâi âæå îïóáëiêîâàíî¨
ïðàöi òà ñêëàäåíèõ äîêòîðñüêèõ iñïèòiâ îòðèìàâ ñòóïiíü äîêòîðà ôiëîñîôi¨. Íà-
â÷àëüíèé ðiê 1908/1909 ïðîâiâ íà ñòóäiÿõ ó Ïàðèæi. Ïiñëÿ ïîâåðíåííÿ ïðàöþâàâ â
ðåàëüíié øêîëi ó Ëüâîâi, â 1911 � 1912 âèêëàäàâ ìàòåìàòèêó ó Ïîëiòåõíi÷íié øêîëi.

Â 1913/1914 íàâ÷àëüíîìó ðîöi ïðîäîâæèâ ñòóäi¨ â Êîëåæ äå Ôðàíñ òà â óíi-
âåðñèòåòi â Ïàðèæi. Ç Ïàðèæó ïîâåðíóâñÿ äî Êðàêîâà, äå ÷èòàâ ïîïóëÿðíi ëåêöi¨,
âèäàâàâ ïiäðó÷íèêè.

Âií ïåðåêëàâ ï'ÿòèòîìíèé ïiäðó÷íèê ãåîìåòði¨ R. Suppantschitsche, âèäàâ ëiòî-
ãðàôi÷íèé êóðñ �Wyk lady element�ow matematyki� (Lw�ow, 1912) òà ñòàòòi â ãiìíàçié-
íèõ �Sprawozdaniach�. Ó 1914 ðîöi ïîâåðíóâñÿ äî Ëüâîâà, çàõâîðiâ ãðèïîì (iñïàíêîþ)
i ïîìåð.

Àäàì Ìàêñèìîâè÷ (19.11.1880 � 07.01.1970) íàðîäèâñÿ â Ëàíüöóòi. Ãiìíàçiþ
çàêií÷èâ ó 1898 ðîöi ó Òàðíîâi. Íàâ÷àâñÿ âiñiì ñåìåñòðiâ ó ßãåëëîíñüêîìó óíiâåðñè-
òåòi òà äâà ñåìåñòðè ó Ëüâiâñüêîìó óíiâåðñèòåòi. Ç 1902 ðîêó âèêîíóâàâ îáîâ'ÿçêè
àñèñòåíòà êàôåäðè ôiçèêè ó Ïîëiòåõíi÷íié øêîëi. Áðàâ ó÷àñòü ó ñåìiíàðàõ, íàïèñàâ
ñiì ñåìiíàðñüêèõ ïðàöü. Çàêií÷èâ íàâ÷àííÿ â óíiâåðñèòåòi ó 1904 ðîöi, â 1905 ðîöi
ó Êðàêîâi ñêëàâ â÷èòåëüñüêi iñïèòè ç ìàòåìàòèêè òà ôiçèêè. Âèêëàäàâ ìàòåìàòèêó
òà ôiçèêó â III ãiìíàçi¨ ó Ëüâîâi. Óæå â 1908/1909 íàâ÷àëüíîìó ðîöi ìàâ äîðó÷å-
ííÿ ÷èòàòè êóðñ åëåìåíòiâ âèùî¨ ìàòåìàòèêè ó Ïîëiòåõíi÷íié øêîëi, äî 1922 ðîêó
áóâ òàì ïëàòíèì äîöåíòîì. Ïiñëÿ ãàáiëiòàöi¨ ó 1923 ðîöi ïðîäîâæóâàâ ÷èòàòè êóðñ
ìàòåìàòèêè äëÿ õiìiêiâ i ñïåöiàëüíi êóðñè íà çàãàëüíîìó ôàêóëüòåòi. Âèêëàäàâ ìà-
òåìàòèêó i ó Ëüâiâñüêîìó ïîëiòåõíi÷íîìó iíñòèòóòi. �äèíèé ïîëüñüêèé ìàòåìàòèê,
ÿêèé íå âè¨õàâ çi Ëüâîâà. Ïîìåð ó Ëüâîâi, ïîõîâàíèé íà Ëè÷àêiâñüêîìó öâèíòàði.

Àíòîíi Âiëüê (19.12.1876 � 17.02.1940) íàðîäèâñÿ â Ïëàâîâiöàõ (íèíi ñåëî â
Ìàëîïîëüñüêîìó âî¹âîäñòâi). Íàâ÷àâñÿ â III ãiìíàçi¨ â Êðàêîâi. Ó 1899 � 1904 ðîêàõ
âèâ÷àâ ìàòåìàòèêó, àñòðîíîìiþ òà ôiçèêó â ßãåëëîíñüêîìó óíiâåðñèòåòi. Ïðàöþâàâ
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âèêëàäà÷åì ó ãiìíàçiÿõ. Ó 1927�1939 ðîêàõ � çàñòóïíèê àä'þíêòà â àñòðîíîìi÷íié
îáñåðâàòîði¨, âèêëàäàâ àñòðîíîìiþ â ßãåëëîíñüêîìó óíiâåðñèòåòi.

Àáðàõàì �îòòôðiä (07.03.1883 � ??) íàðîäèâñÿ â Áó÷à÷i. Íàâ÷àâñÿ íà ôiëî-
ñîôñüêîìó ôàêóëüòåòi Ëüâiâñüêîãî óíiâåðñèòåòó. Â÷èòåëüñüêi iñïèòè ñêëàâ ó 1908
ðîöi. Âèêëàäàâ ó II äåðæàâíié ãiìíàçi¨ ó Ñòàíiñëàâîâi.

Ñòåôàí Ìàçóðêåâè÷ (25.09.1888 � 19.06.1945). Ñòåôàí Ìàçóðêåâè÷ íå áóâ
áåçïîñåðåäíiì ó÷íåì Þ. Ïóçèíè. Ñïiëüíî ç Â. Ñåðïiíñüêèì Þ. Ïóçèíà áóâ ðå-
öåíçåíòîì äîêòîðñüêî¨ ïðàöi, åêçàìåíàòîðîì ç ìàòåìàòèêè òà ôiçèêè, ïðåäñòàâëÿâ
Ñ. Ìàçóðêåâè÷à íà éîãî îôiöiéíié äîêòîðñüêié ïðîìîöi¨.

Ñ. Ìàçóðêåâè÷ íàðîäèâñÿ ó Âàðøàâi, äå çàêií÷èâ ñåðåäíþ øêîëó. Iñïèò íà àòå-
ñòàò çðiëîñòi ñêëàâ ó Êðàêîâi 1906 ðîêó òà çàïèñàâñÿ íà ñòóäi¨ äî ßãåëëîíñüêîãî
óíiâåðñèòåòó. Äàëi ïðîäîâæóâàâ íàâ÷àííÿ ó Ìþíõåíi, Ãåòòiíãåíi òà ó Ëüâîâi. Äîê-
òîðñüêó ïðàöþ âèêîíàâ ïiä êåðiâíèöòâîì Â. Ñåðïiíñüêîãî. Ç 1915 ðîêó âèêëàäàâ ó
Âàðøàâñüêîìó óíiâåðñèòåòi. Ãîëîâíi íàóêîâi çàöiêàâëåííÿ: òîïîëîãiÿ, òåîðiÿ ôóí-
êöié, òåîðiÿ éìîâiðíîñòåé.

Ñòàíiñëàâ Ðóçåâè÷ (29.08.1889 � 12.07.1941) íàðîäèâñÿ â Ïiäñòàÿõ áiëÿ Êî-
ëîìè¨. Â ãiìíàçi¨ íàâ÷àâñÿ ó Ëüâîâi òà Êîëîìè¨. Íàâ÷àííÿ íà ôiëîñîôñüêîìó ôà-
êóëüòåòi Ëüâiâñüêîãî óíiâåðñèòåòó ïî÷àâ ó 1908 ðîöi. Âiäâiäóâàâ ëåêöi¨ ç ìàòåìàòèêè
òà íàóêîâi ñåìiíàðè Þ. Ïóçèíè òà Â. Ñåðïiíñüêîãî. Òåìàòèêà éîãî íàóêîâèõ ïðàöü
ñôîðìóâàëàñü íà ñåìiíàðàõ Â. Ñåðïiíñüêîãî. Éîãî ïðîìîòîðîì áóâ Þ. Ïóçèíà. Ó
1918 ðîöi ãàáiëiòóâàâñÿ ó Ëüâiâñüêîìó óíiâåðñèòåòi òà ïî÷àâ âèêëàäàòè ç 1918/1919
íàâ÷àëüíîãî ðîêó. Ç 1921 ðîêó êåðóâàâ êàôåäðîþ ìàòåìàòèêè III. Ó 1933 ðîöi éîãî
êàôåäðó ëiêâiäóâàëè i â óíiâåðñèòåòi ÷èòàâ ëåêöi¨ ÿê ïðèâàò äîöåíò. Ç 1934/1935
íàâ÷àëüíîãî ðîêó ïðàöþâàâ ó Âèùié Øêîëi çàêîðäîííî¨ òîðãiâëi ó Ëüâîâi.

Àäàì Ïàòðèí (27.07.1887 � ??.??.1939) íàðîäèâñÿ â Ãîðëiöàõ (ìiñòî â ïiâäåí-
íié Ïîëüùi). Àòåñòàò çðiëîñòi îòðèìàâ â IV ãiìíàçi¨ ó Ëüâîâi. Ó 1905�1909 ðîêàõ íà-
â÷àâñÿ íà ôiëîñîôñüêîìó ôàêóëüòåòi Ëüâiâñüêîãî óíiâåðñèòåòó. Âiäâiäóâàâ ñåìiíàðè
Þ. Ïóçèíè, áóâ õðîíiêåðîì âèùîãî ñåìiíàðó. Â 1910 ðîöi îòðèìàâ ïîñàäó àñèñòåíòà
íà êàôåäði ñôåðè÷íî¨ àñòðîíîìi¨ i ãåîäåçi¨ â Ïîëiòåõíi÷íié øêîëi ó Ëüâîâi. Â 1911
ðîöi ñêëàâ iñïèòè íà ïðàâî âèêëàäàííÿ ìàòåìàòèêè òà ôiçèêè â ñåðåäíiõ øêîëàõ. Ç
öüîãî ÷àñó ïðàöþâàâ â÷èòåëåì ó ãiìíàçiÿõ i äèðåêòîðîì ïðèâàòíî¨ æiíî÷î¨ ãiìíàçi¨ â
Ñòðèþ (Prywatne Gimnazjum 
Ze�nskie Zgromadzenia Naj�swi�etszej Rodziny z Nazaretu).

Íèêèôîð Ñàäîâñüêèé (1884 � 05(çà iíøèìè äàíèìè 11, 16).03.1935) íàðî-
äèâñÿ â Òåðíîïîëi. Çàêií÷èâ ãiìíàçiþ iìåíi Ôðàíöà Éîñèïà ó Ëüâîâi 1902 ðîêó. Íà-
â÷àâñÿ ó 1902�1906 ðîêàõ íà ôiëîñîôñüêîìó ôàêóëüòåòi Ëüâiâñüêîãî óíiâåðñèòåòó.
Áóâ ó÷àñíèêîì ñåìiíàðó Þ. Ïóçèíè, îäèí ðiê âiâ õðîíiêó ñåìiíàðó. Ñêëàâ iñïèòè íà
ïðàâî âèêëàäàííÿ ìàòåìàòèêè òà ôiçèêè óêðà¨íñüêîþ i ïîëüñüêîþ ìîâàìè. Âèêëà-
äàâ â óêðà¨íñüêié ãiìíàçi¨ â Ïåðåìèøëi (1907�1908) ç 1910 � ó ïîëüñüêié ãiìíàçi¨ ó
Òåðíîïîëi. Ç 1922 ðîêó äiéñíèé ÷ëåí ÍÒØ.

Íàóêîâi ïðàöi, ùî ñòîñóâàëèñÿ òåîði¨ àíàëiòè÷íèõ ôóíêöié òà ãåîìåòði¨, äðó-
êóâàâ ó ïîâiäîìëåííÿõ ãiìíàçié ó Ïåðåìèøëi òà Òåðíîïîëi, ó âèäàííÿõ ÍÒØ [11].
Ïåðåáóâàþ÷è â ðîñiéñüêîìó ïîëîíi â Îìñüêó, íàïèñàâ i ïåðåäàâ óêðà¨íñüêié ãðîìàäi
�Êóðñ àëãåáðè ç çàäà÷íèêîì�.

Ïîìåð Í. Ñàäîâñüêèé ó Òåðíîïîëi.
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Ìèõàéëî Ðèáà÷åê (11.11.1874 � 22.04.1926) íàðîäèâñÿ â ñåëi Îðiõîâåöü (íèíi
Ïiäâîëî÷èñüêîãî ðàéîíó Òåðíîïiëüñüêî¨ îáëàñòi) â ðîäèíi â÷èòåëÿ. Ó 1892 ðîöi çàêií-
÷èâ Òåðíîïiëüñüêó ãiìíàçiþ. Íàâ÷àþ÷èñü íà ôiëîñîôñüêîìó ôàêóëüòåòi Ëüâiâñüêîãî
óíiâåðñèòåòó, áóâ õðîíiêåðîì íà âèùîìó ñåìiíàði Þ. Ïóçèíè, çðîáèâ äåêiëüêà äîïî-
âiäåé. Ïðàöþâàâ ó ãiìíàçi¨ ó Êîëîìè¨ â 1898�1907 ðîêàõ, çãîäîì ó ôiëi¨ Ëüâiâñüêî¨
àêàäåìi÷íî¨ ãiìíàçi¨, ó 1917�1919 ðîêàõ áóâ äèðåêòîðîì. Îïóáëiêóâàâ, çîêðåìà, ñòàò-
òþ �Ëüîãi÷íà áóäîâà ìàòåìàòè÷íèõ äîêàçiâ� ó çâiòi II ãiìíàçi¨ ó Êîëîìè¨. Çàëèøèâñÿ
íåâèäàíèì éîãî ïiäðó÷íèê ç âèùî¨ ìàòåìàòèêè. ×ëåí ÍÒØ ç 1909 ð.

Ïîõîâàíèé Ì. Ðèáà÷åê íà Ëè÷àêiâñüêîìó öâèíòàði ó Ëüâîâi.

Ñëóõàëè ëåêöi¨ òà áóëè ó÷àñíèêàìè ñåìiíàðiâ Þ. Ïóçèíè ðÿä âiäîìèõ ïîëü-
ñüêèõ òà óêðà¨íñüêèõ ìàòåìàòèêiâ, ëîãiêiâ òà ôiçèêiâ, çîêðåìà, êðiì óæå çãàäàíèõ
Îòòî Íiêîäèì, Âëàäèñëàâ Æëîáiöüêèé, ßí Ëóêàñåâè÷, Ìèðîí Çàðèöüêèé, Ìèêîëà
×àéêîâñüêèé òà iíøi.

Íàóêîâà äiÿëüíiñòü

Íàóêîâèé äîðîáîê Þ. Ïóçèíè ñòàíîâèòü 22 ïðàöi, îãëÿä ÿêèõ çðîáëåíî â
[12]. Íàóêîâi çàöiêàâëåííÿ â÷åíîãî ñôîðìóâàëèñü ïiä âïëèâîì Ê. Âåé¹ðøòðàññà
òà Ë. Êðîíåêåðà. Îñîáëèâî ïëiäíèì íà íîâi çâåðøåííÿ íà íèâi ìàòåìàòèêè áóâ
ïåðiîä äî 1900 ðîêó. Çîêðåìà, ó ñâî¹ìó ïåðøîìó äîñëiäæåíi, äîêòîðñüêié ïðàöi,
àâòîð ç'ÿñóâàâ çàëåæíiñòü çíà÷åíü ïîäâiéíîãî iíòåãðàëà âiä ïîðÿäêó iíòåãðóâàííÿ.
Çãîäîì öå ñàìå ïèòàííÿ âií äîñëiäæóâàâ i äëÿ n-êðàòíèõ iíòåãðàëiâ [A1, A10].
Íèçêó ïðàöü Þ. Ïóçèíà ïðèñâÿòèâ òåîði¨ àëãåáðè÷íèõ êðèâèõ i ôóíêöié, à òàêîæ
çàñòîñóâàííþ óçàãàëüíåíîãî iíòåðïîëÿöiéíîãî âèðàçó Ëàãðàíæà äî ïðîåêòèâíî¨
òåîði¨ àëãåáðè÷íèõ êðèâèõ [A2, A7, A18].

Óëþáëåíà òåìà íàóêîâèõ ñòóäié Þ. Ïóçèíè � òåîðiÿ àíàëiòè÷íèõ ôóíêöié. Âií
äîñëiäæóâàâ ñåðåäíi àðèôìåòè÷íi çíà÷åííÿ, ÿêi ïðèéìà¹ ñòåïåíåâèé ðÿä ó âåðøèíàõ
ìíîãîêóòíèêà é îòðèìó¹ çâ'ÿçîê öèõ ñåðåäíiõ ç ëèøêàìè Êîøi; ðîçãëÿäàâ ïèòàííÿ
ïîâåäiíêè ñòåïåíåâèõ ðÿäiâ íà êîëi çáiæíîñòi; öiêàâèâñÿ òâåðäæåííÿìè Âåé¹ðøòðàñ-
ñà i Ìiòòàã-Ëåôëåðà ïðî ðîçêëàä àíàëiòè÷íèõ ôóíêöié íà ïðîñòi åëåìåíòè [A9, A14,
A15].

Íàïðèêiíöi æèòòÿ ïðîôåñîðà Þ. Ïóçèíó öiêàâèëà òåîðiÿ iíòåãðàëüíèõ ðiâíÿíü.
Çîêðåìà, â 1907 ðîöi íà X ç'¨çäi ëiêàðiâ i ïðèðîäîçíàâöiâ ó Ëüâîâi â÷åíèé âèãîëîñèâ
äîïîâiäü �O zwi�azku mi�edzy grupami ci�aglemi Lie'go a r�ownaniami ca lkowimi (Fredholm,
Hilbert)� (�Ïðî çâ'ÿçîê ìiæ íåïåðåðâíèìè ãðóïàìè Ëi òà iíòåãðàëüíèìè ðiâíÿííÿ-
ìè (Ôðåäãîëüì, Ãiëüáåðò)�). Öi¹¨ æ òåìàòèêè ñòîñó¹òüñÿ ñòàòòÿ [A22], â îñíîâó ÿêî¨
ïîêëàäåíî ëåêöi¨, ÿêi âèãîëîñèâ Þ. Ïóçèíà íà êóðñàõ ïiäâèùåííÿ êâàëiôiêàöi¨ â÷è-
òåëiâ ñåðåäíiõ øêië Ëüâîâà.

Íàéáiëüøèì äîñÿãíåííÿì â÷åíîãî áóëà äâîòîìíà ïðàöÿ �Teorija funkcyj anali-
tycznych�, â ÿêié àâòîð çiáðàâ íàéâàæëèâiøi äîñëiäæåííÿ Âåé¹ðøòðàññà, Êîøi, Ðiìà-
íà òà iíøèõ âiäîìèõ ìàòåìàòèêiâ, ÿêi ñòîñóþòüñÿ òåîði¨ àíàëiòè÷íèõ ôóíêöié. Ìàñ-
øòàáíi âñòóïíi ðîçäiëè ìiñòÿòü òåîðiþ ìíîæèí ç åëåìåíòàìè òîïîëîãi¨, êîìïëåêñíi
÷èñëà, ðÿäè, òåîðiþ ïiäñòàíîâîê, òåîðiþ ãðóï é iíâàðiàíòiâ. Öiííiñòü öi¹¨ ìîíîãðàôi¨
âiäîáðàæåíà â áàãàòüîõ íàóêîâèõ ïóáëiêàöiÿõ [13, 14, 16, 15].



16
Îëåíà ÃÐÈÍIÂ, ßðîñëàâ ÏÐÈÒÓËÀ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2018. Âèïóñê 85

Ó çàçíà÷åíié ìîíîãðàôi¨ òåîðiÿ ìíîæèí óïåðøå áóëà âèêëàäåíà ïîëüñüêîþ ìî-
âîþ. Ó öié ïðàöi Þ. Ïóçèíà âïåðøå ó ïîëüñüêié íàóöi âæèâ äåÿêi ìàòåìàòè÷íi
òåðìiíè òà ïîíÿòòÿ ïîëüñüêîþ ìîâîþ.

�Ïðîïàãóâàëà âîíà ñó÷àñíèé íàóêîâèé ïiäõiä äî òåîði¨ àíàëiòè÷íèõ ôóíêöié íà
îñíîâi òåîði¨ ìíîæèí, à ¨¨ îáøèðíèé ðîçäië III, ïiä çàãîëîâêîì �Ç òåîði¨ ìíîæèí�,
ìiñòèâ ïîäàííÿ îñíîâíèõ òîïîëîãi÷íèõ ïîíÿòü, òàêèõ ÿê �okr�e
zenia� (îêië), �mnogo�s�c
zamkni�eta� (çàìêíåíà ìíîæèíà), �mnogo�s�c wsz�edzi g�esta� (ñêðiçü ùiëüíà ìíîæèíà),
êîíòèíóóì i ò.ï. � â òåïåðiøíüîìó ¨õ ðîçóìiííi. Áóâ òî îäèí ç ïåðøèõ â ñâiòi (ïðè-
íàéìíi ïåðøèé ïiñëÿ �Êóðñó� Ê. Æîðäàíà) êíèæíèé âèêëàä çàãàëüíî¨ òîïîëîãi¨�
[18, c. 19].

×àñòèíó ìàòåðiàëó, ÿêà ñòîñó¹òüñÿ òåîði¨ ìíîæèí, ìîæíà íàçâàòè, â ÿêîìóñü
ñåíñi, ðåâîëþöiéíîþ, ÿêùî âðàõóâàòè, ùî ìîíîãðàôiÿ áóëà îïóáëiêîâàíà ùå ïåðåä
âiäêðèòòÿì âiäîìèõ ïàðàäîêñiâ òåîði¨ ìíîæèí. Ç âèêëàäåíîãî ìàòåðiàëó âèäíî, ùî
Ïóçèíà ïðèéìàâ íàéáiëüø ôóíäàìåíòàëüíi iäå¨ òåîði¨ ìíîæèí. Âàæêî ïåðåîöiíèòè
âàæëèâiñòü ìîíîãðàôi¨ äëÿ ïîäàëüøîãî ðîçâèòêó òåîði¨ ìíîæèí ó Ïîëüùi [14].

×àñòèíà II òîìó ïðèñâÿ÷åíà ðiìàíîâèì ïîâåðõíÿì, òîïîëîãi÷íi âëàñòèâîñòi ði-
ìàíîâèõ ïîâåðõîíü âiäiãðàþòü âàæëèâó ðîëü ó òåîði¨ àíàëiòè÷íèõ ôóíêöié îäíi¹¨
çìiííî¨. Ðiâåíü ñòðîãîñòi äîâåäåíü òâåðäæåíü íà ïîâåðõíÿõ òðîõè íèæ÷èé, íiæ ó
ïîäàíîìó òåîðåòèêî-ìíîæèííîìó ÷è àëãåáðè÷íîìó ìàòåðiàëi [16].

Ó ìîíîãðàôi¨ âèêîðèñòîâó¹òüñÿ ïiäõiä äî ïðåäñòàâëåííÿ òîïîëîãi÷íèõ ïîíÿòü,
ÿêèé íå áàçó¹òüñÿ íà òåîðåòèêî-ìíîæèííié òåðìiíîëîãi¨. Îïèñóþ÷è òîïîëîãi÷íi âëà-
ñòèâîñòi (ðiìàíîâèõ) ïîâåðõîíü, Ïóçèíà íàäà¹ ïåðåâàãó iíòó¨òèâíèì i âiçóàëüíèì
àðãóìåíòàì, â äóñi Ïóàíêàðå. Öå ïî¹äíàííÿ ñòèëiâ äåùî åêëåêòè÷íå, àëå ìîæå áóòè
âèïðàâäàíèì ç äèäàêòè÷íî¨ òî÷êè çîðó [14, 15].

Âèõiä ó ñâiò ïåðøîãî òîìó ìîíîãðàôi¨ íå çàëèøèâñÿ íåïîìi÷åíèì, ó êâiòíi 1899
ðîêó ó 8 íîìåði áåðëiíñüêèé áiáëiîãðàôi÷íèé æóðíàë îïóáëiêóâàâ âiäãóê íà ïåðøèé
òîì. Ó öüîìó âiäãóêó âèñëîâëåíî îáóðåííÿ, ùî  ðóíòîâíà òà ãàðíî îôîðìëåíà ïðà-
öÿ, âèêîíàíà �ç âåëèêîþ ñòàðàííiñòþ i îñîáëèâîþ ãðàìîòíiñòþ,� íàïèñàíà �ìîâîþ,
íåçðîçóìiëîþ äëÿ âñüîãî ñâiòó, çà âèíÿòêîì ìàëîãî îêðóãó�. Íà öåé çàêèä âiäïî-
âiâ Ïëàöèä Äçiâiíñüêèé ó ðåöåíçi¨, ÿêó îïóáëiêóâàâ ó æóðíàëi �Kosmos� (Êîñìîñ)
(�24, 1899 p.), âèñëîâèâøi íàäiþ, ùî �ç âèõîäîì äðóãîãî òîìó, îáóðåííÿ çãàñíå, à
ìîæëèâî i íiìöi çàõî÷óòü âèâ÷èòè ïîëüñüêó ìîâó, ùîá ïðî÷èòàòè ïðàöþ ïîëüñüêî-
ãî ïðîôåñîðà, ÿêèé, ìîæëèâî, çðîçóìiâ òåîðiþ Âåé¹ðøòðàñà äåòàëüíiøå, íiæ â÷åíi,
çåìëÿêè âåëèêîãî ìàéñòðà�. I Ï. Äçiâiíñüêèé i Ê. Æîðàâñüêèé ó âiäãóêó ó �Prace
matematyczno-�zyczne� íàãîëîøóâàëè íà ñòàðàííîñòi, ç ÿêîþ îïðàöüîâàíèé i âèêëà-
äåíèé ìàòåðiàë � çðîçóìiëi ïîÿñíåííÿ íàéìåíøèõ äåòàëåé, ïîñèëàííÿ íà ëiòåðàòóðó,
äîáðå îáäóìàíi ïðèêëàäè, ÿêi çàîõî÷óþòü ïî÷àòêiâöÿ äî íàóêè i ñàìîñòiéíèõ ñòóäié.

Âiäãóê íà äðóãèé òîì îïóáëiêóâàâ Â. Êåìïiíñüêèé â æóðíàëi �Kosmos� (Êîñ-
ìîñ) (�24, 1899 p.), õàðàêòåðèçóþ÷è ìîíîãðàôiþ Ïóçèíè ÿê íàéâè÷åðïíiøó ïðàöþ
ç öüîãî ïðåäìåòà.

Âiäîìi ìàòåìàòèêè Ñòàíiñëàâ Ñàêñ i Àíòîíié Çiãìóíä òàê çàçíà÷èëè ïðî íàóêî-
âó öiííiñòü ìîíîãðàôi¨ Þ. Ïóçèíè: �Öÿ ïðàöÿ ¹ ñïðàâæíüîþ åíöèêëîïåäi¹þ àíàëiçó,
êðiì âëàñíå òåîði¨ àíàëiòè÷íèõ ôóíêöié, ÿêà âèêëàäåíà ÷àñòêîâî ó ïðåêðàñíîìó
ñòèëi Âåé¹ðøòðàññà; âîíà ìiñòèòü âiäîìîñòi ç ãàëóçi òåîði¨ ìíîæèí i òîïîëîãi¨, òåî-
ði¨ ãðóï, àëãåáðè, äèôåðåíöiàëüíèõ ðiâíÿíü, ãàðìîíi÷íèõ ôóíêöié. ßêáè âîíà áóëà
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íàäðóêîâàíîþ áiëüø ðîçïîâñþäæåíîþ ìîâîþ, òî äî÷åêàëàñü áè ïîäàëüøèõ, áiëüø
äîñêîíàëèõ âèäàíü, îñêiëüêè ìà¹ âñi äàíi, ùîá ñòàòè êëàñè÷íèì ïiäðó÷íèêîì� [17].
Íà ùî íàïèñàâ Æ. Êàõàíå: �Ïóçèíà áóâ àâòîðîì çíàìåíèòî¨ êíèãè ïðî àíàëiòè÷íi
ôóíêöi¨ � äæåðåëî íàòõíåííÿ Ñàêñà i Çiãìóíäà� [19].

Áàãàòî çóñèëü äîêëàâ Þ. Ïóçèíà äëÿ âiäêðèòòÿ ó Ëüâiâñüêîìó óíiâåðñèòåòi
äðóãî¨ êàôåäðè ìàòåìàòèêè. Ó 1900�1906 ðîêàõ ¨¨ îáiéìàâ íàäçâè÷àéíèé ïðîôåñîð
ßí Ðà¹âñüêèé (Jan Rajewski). Ó 1907 ðîöi çà äîðó÷åííÿì ôiëîñîôñüêîãî ôàêóëüòåòó
áðàâ ó÷àñòü ó ðîáîòi êîìiñi¨ ïðîôåñîðiâ âñiõ àâñòðiéñüêèõ óíiâåðñèòåòiâ, ÿêà ïîäàëà â
ìiíiñòåðñòâî ïðîïîçèöi¨ ïðî çáiëüøåííÿ êàôåäð ìàòåìàòèêè â óíiâåðñèòåòàõ Àâñòðî-
Óãîðùèíè. Ó 1908 ðîöi íà çàïðîøåííÿ Þ. Ïóçèíè äî Ëüâîâà ïðè¨õàâ ìàòåìàòèê
Âàöëàâ Ñåðïiíñüêèé, ÿêèé ñïåðøó ïðàöþâàâ ïðèâàò-äîöåíòîì (1908�1910), à âiäòàê
� íàäçâè÷àéíèì ïðîôåñîðîì (1910�1918).

Ïåðåáóâàþ÷è â 1917 ðîöi â Êðàêîâi, Þ. Ïóçèíà çàïðîïîíóâàâ Ãþãî Øòàéíãàó-
çó, ÿêîãî çíàâ ùå ñòóäåíòîì ç 1906 ðîêó, çðîáèòè ãàáiëiòàöiþ äëÿ îòðèìàííÿ ïîñàäè
äîöåíòà ó Ëüâiâñüêîìó óíiâåðñèòåòi [20, c. 98]. Íà ãàáiëiòàöiéíó ëåêöiþ Ã. Øòàéí-
ãàóçà ïðèáóâ òîäi Ñòåôàí Áàíàõ. Ââàæà¹ìî, ùî öå çàïðîøåííÿ âèçíà÷èëî äîëþ íå
ëèøå ñàìîãî Ã. Øòàéíãàóçà ÿê ìàéáóòíüîãî â÷åíîãî, à é, ìîæëèâî, âñi¹¨ ëüâiâñüêî¨
ìàòåìàòèêè 20�30-õ ðîêiâ ÕÕ ñò.

Ðîäèíà Þ. Ïóçèíè

Þçåô Ïóçèíà îäðóæèâñÿ 20 ëèïíÿ 1888 ðîêó ó Êðàêîâi ç ßíiíîþ Õî¹öüêîþ
(1870 � 1940). Ó ïîäðóææÿ áóëî ï'ÿòåðî äiòåé: ñèí Ñòåôàí, äî÷êè ßíiíà, Àííà,
Ìàðiÿ i Ñîôiÿ.

Ñèí Ñòåôàí Ïóçèíà (1890�1948) áóâ îäðóæåíèé ç Ìàði¹þ Ñêàðæèíñüêîþ
(Skarzy�nska) (1897 � 1919), à â 1930 ðîöi îäðóæèâñÿ ç Ìàðòèíîþ �ðè ëà÷åâñüêîþ
(Gryg laszewska) (1905�1986).

ßíiíà (1890�1956) áóëà çàìóæåì çà Ñòàíiñëàâîì Êîñòêåâè÷åì (Kostkewicz)
(1880�1951).

Àííà (1891�1986) â 1910 ðîöi âèéøëà çàìiæ çà �æè Áàëüäâiíà-Ðàìóëüòà
(Baldwin-Ramu lt) (1893�1927), à â 1914 ðîöi âèéøëà çàìiæ çà ßíà Ñëþái÷-Çàëåñüêîãî
(�Slubicz-Za l�eski) (1893�1940).

Ìàðiÿ (1892�1976) â 1919 âèéëà çàìiæ çà �æè Áàëüäâiíîì-Ðàìóëüòîì (1893�
1927), à ïiçíiøå çà Ôðàíöiøêà Ñöiáîð-Ðèëüñüêîãî (�Scibor-Rylski) (1900�??).

Ñîôiÿ (1895�1980) áóëà çàìóæåì çà ßðîñëàâîì Ñòàíiñëàâîì Ìè÷êîâñüêèì
(Myczkowski) (1890�1967) òà Þçåôîì Ìîðàâñüêèì (Morawski) (1893�1969).

Ñiìåéíå æèòòÿÞ. Ïóçèíè íå áóëî ëåãêèì. Ðàçîì ç ïðîôåñîðñüêèìè îáîâ'ÿçêàìè
çìóøåíèé áóâ îïiêóâàòèñÿ ãîñïîäàðñòâîì ó ìà¹òêó ó ñåëi Ñòàíêîâi áiëÿ Ñòðèÿ. Äî-
ïîìîãè ó öié ñïðàâi âiä äðóæèíè âií íå ìàâ. Ïðî öå ñâiä÷àòü ïåðøi ðå÷åííÿ éîãî
çàïîâiòó: �×åðåç òå, ùî ìîÿ äðóæèíà ßíiíà ç Õî¹öüêèõ ðîçòðàòèëà äëÿ ñâîãî âëà-
ñíîãî çàäîâîëåííÿ i ïîòðåá ç ìîãî ìà¹òêó áiëÿ 1

4 ìiëüéîíà êðîí, òîìó âîíà íå ìà¹
ïðàâà íàâiòü íà óòðèìàííÿ, à ìîæå ìàòè ¹äèíå ïðåòåíçi¨ äî ïåíñi¨ âäîâè ïî ìåíi ÿê
ïî ïðîôåñîðîâi óíiâåðñèòåòó� [6].

ßíiíà i ïiñëÿ ñìåðòi ÷îëîâiêà ñòâîðþâàëà ôiíàíñîâi ïðîáëåìè äiòÿì, áåðó÷è â
áîðã òîâàðè â ðiçíèõ òîðãîâèõ çàêëàäàõ [21].

Öiêàâîþ ¹ iñòîðiÿ äðóãî¨ äðóæèíè Ñòåôàíà Ïóçèíè.
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Ìàðòèíà �ðè ëà÷åâñüêà íàðîäèëàñÿ 21.07.1903 ó ì. Áîðùîâi (íèíi Òåðíîïiëü-
ñüêà îáëàñòü). Íàâ÷àëàñÿ íà ãóìàíiòàðíîìó ôàêóëüòåòi Ëüâiâñüêîãî óíiâåðñèòåòó,
ñïåöiàëiçóâàëàñÿ ç åòíîëîãi¨. Ïî÷àâøè ç òðåòüîãî ðîêó íàâ÷àííÿ (ç 1 òðàâíÿ 1926
ðîêó äî 30 âåðåñíÿ 1929 ðîêó), ïðàöþâàëà äåìîíñòðàòîðîì íà êàôåäði åòíîëîãi¨. Ó
1929 ðîöi çàõèñòèëà äîêòîðñüêó ïðàöþ ïðî àíòðîïîëîãi÷íi òèïè øâåéöàðöiâ. Ïðî-
ìîòîðîì áóâ ïðîôåñîð ßí ×åêàíîâñüêèé, ÿêèé, äî ðå÷i, ó 1929/1930 íàâ÷àëüíîìó
ðîöi ÷èòàâ äëÿ ìàòåìàòèêiâ êóðñ �Çàñòîñóâàííÿ ñòàòèñòèêè�.

Ïðàöþþ÷è àñèñòåíòêîþ ó Öåíòðàëüíîìó iíñòèòóòi ôiçè÷íîãî âèõîâàííÿ ó Âàð-
øàâi, äîñëiäæóâàëà çàëåæíiñòü ôiçè÷íèõ óìiíü ñòóäåíòîê âiä ¨õíiõ àíòðîïîëîãi÷íèõ
îñîáëèâîñòåé. Ó 1930 ðîöi âèéøëà çàìiæ çà Ñòåôàíà Ïóçèíó. Ïiñëÿ ïðèõîäó äî Ëüâî-
âà ó âåðåñíi 1939 ðîêó ðàäÿíñüêî¨ âëàäè Ñòåôàí Ïóçèíà âè¨õàâ äî Âåëèêîáðèòàíi¨, à
Ìàðòèíà çàëèøèëàñü ó Ëüâîâi. Â ÷àñè íiìåöüêî¨ îêóïàöi¨ âîíà âèêîíóâàëà çàâäàííÿ
Àðìi¨ Êðàéîâî¨ i áóëà àðåøòîâàíà ãåñòàïî, îïèíèëàñÿ â Îñâåíöiìi. ÒàìÌàðòèíà áóëà
çìóøåíà áðàòè ó÷àñòü ó çëî÷èííèõ äîñëiäæåííÿõ, ÿêèìè êåðóâàâ äîêòîð Ìåíãåëå,
íàä â'ÿçíÿìè òàáîðó. Êîïi¨, ÿêi çðîáèëà Ìàðòèíà, ç ðóêîïèñiâ äîñëiäæåíü Ìåíãå-
ëÿ áóëè ïåðåäàíi ïiñëÿ âiéíè ãîëîâíié êîìiñi¨ äîñëiäæåíü ãiòëåðiâñüêèõ çëî÷èíiâ. Ó
1946 ðîöi Ìàðòèíà âè¨õàëà äî Àíãëi¨ äî Ñòåôàíà Ïóçèíè, à çãîäîì âîíè ïåðå¨õàëè
äî Ïiâäåííî Àôðèêàíñüêî¨ Ðåñïóáëiêè, äå â 1948 ðîöi ïîìåð ¨¨ ÷îëîâiê. Ìàðòèíà
ïîâåðíóëàñÿ äî Ëîíäîíà, äå ïðàöþâàëà ÿê ñóïðîâîäæóþ÷à îñîáà îäíi¹¨ áðèòàíñüêî¨
äàìè. Ïîìåðëà Ìàðòèíà 29 êâiòíÿ 1986 ðîêó [21, c. 125], [22, 23, 24].

Âîñåíè 2018 ðîêó Ëüâiâ âiäâiäàëà ïðàâíó÷êà Þçåôà Ïóçèíè (îíóêà Ìàði¨ Ïóçè-
íè òà �æè Áàëüäâiíà-Ðàìóëüòà) � Ìîíiêà Ìëîäçiàíîâñêà i çàëèøèëà çàïèñ â Íîâié
Øîòëàíäñüêié êíèçi �... 
Zadnego zadania z Ksi�egi Szkockiej nie rozwi�aza lam, a jednak
dosta lam g�e�s! na talerzu!...� [28].

Ñïîãàäè ïðî Þ. Ïóçèíó

Ïðîôåñîð Ïóçèíà áóâ ïðåêðàñíèì ëåêòîðîì. Éîãî ëåêöi¨ çàõîïëþâàëè ñòóäåíòiâ
ëþáîâ'þ ëåêòîðà äî ìàòåìàòèêè, äîñêîíàëîþ, ìàéæå ïîåòè÷íîþ, ôîðìîþ âèêëàäó.
Ïðî öå çãàäóâàëè éîãî ñòóäåíòè � Àíòîíi Ëîìíiöüêèé i Ñòàíiñëàâ Ðóçåâè÷. �Õòî
ñëóõàâ öi ëåêöi¨, ÷óäîâî çíà¹, ùî áóëè âîíè ïðèãîòîâàíi íàäçâè÷àéíî ñòàðàííî, ùî
Ïóçèíà âìiâ âèáðàòè ç áàãàòîãî ìàòåðiàëó iñòîòíi i öiêàâi ðå÷i, i ùî âèãîëîøóâàâ
ñâî¨ ëåêöi¨ ó âèøóêàíié, ìàéæå ïîåòè÷íié ôîðìi, çàõîïëþþ÷è ñëóõà÷iâ ñâî¨ì çàìè-
ëóâàííÿì ïðåäìåòîì� [12].

Âîëîäèìèð Ëåâèöüêèé çãàäóâàâ: �Ïðîôåñîð íå ëèøå ïðèãîòîâëÿâ êîæäèé âè-
êëàä äóæå ñîâiñíî, àëå ïîçà âèêëàäàìè äóæå ùèðî iíòåðåñóâàâñÿ êîæäèì ç íàñ,
ïîäàâàâ ëiòåðàòóðó ïðåäìåòó, óñÿêi òåìè i äóæå ðàäî ãîñòèâ êîæäîãî ç íàñ ó ñåáå
äîìà, òàê ùî ìiæ íèì i íàìè � áîäàé çà ìî¨õ ÷àñiâ � âèðîáëÿëîñÿ äðóæíå, äîáðå
âiäíîøåííÿ� [2, C. 77].

�Â âiäíîøåííþ äî óêðà¨íöiâ áóâ ïðîô. Ïóçèíà äóæå ñïðàâåäëèâèé, à ùî äîáðå
çíàâ óêðà¨íñüêó ìîâó, òîæ ÷àñòî çàëþáêè ðîçìîâëÿâ ïî óêðà¨íñüêè; ïiçíiøå ïiä
âïëèâîì îáñòàâèí, à ìîæå é äåÿêèõ ñâî¨õ òîâàðèøiâ âiäñóíóâñÿ âií âiä óêðà¨íöiâ,
îäíàê éîãî ïàì'ÿòü îñòàíå ìåíå íà âñå äîðîãà ÿê òîãî, ùî ñåðäå÷íî iíòåðåñóâàâñÿ
ìíîþ âåñü ÷àñ óíiâåðñèòåòñüêèõ ñòóäié, à íàâiòü i ïiçíiøå, õî÷à ìî¨ ïëÿíè i íàäi¨ íà
ìàéáóòí¹, çâÿçàíi ç éîãî îñîáîþ, íå çäiéñíèëèñÿ. Òà ñå ìîæå i íå éîãî âèíà� [2, c. 78].
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�Ïðèãàäóþ ñîái ìîìåíò, ùî êîëè ïî ìî¨ì ðè îðîçi [iñïèòi] ç ìàòåìàòèêè i ôiçè-
êè âåðòàëè ìè ç ïðîô. Ïóçèíîþ ç óíiâåðñèòåòó, i ñåé ïîñëiäíèé, íåçâè÷àéíî ãàðíà
ëþäèíà, âèõâàëþâàâ ìåíå ïåðåä ïðîô. Ãðóøåâñüêèì â óêðà¨íñüêi ìîâi, ïðèñóòíié
òîäi ïðîô. Òâàðäîâñüêèé ... ïî÷àâ ðîáèòè çàêèäè ïðîô. Ïóçèíi, ùî ãîâîðèòü ç íàìè
ïî óêðà¨íñüêè� [2, c. 103].

Ïðî àòìîñôåðó, ÿêà ïàíóâàëà â óíiâåðñèòåòi â êiíöi æèòòÿ Þ. Ïóçèíè, çãàäó¹
â ñâî¨õ ñïîãàäàõ Êàçèìèð Òâàðäîâñüêèé: �Â æîâòíi 1918 ðîêó âëàäà íàâ÷àëüíîãî
çàêëàäó ïîñòàíîâèëà ïîçáàâèòè êàôåäðè äóæå çàñëóæåíîãî ïðîôåñîðà Ïóçèíó i âè-
ñëàòè éîãî íà ïåíñiþ, òiëüêè çà òî, ùî ïðîäàâ ÷àñòèíó çåìëi ñâîãî ìà¹òêó �â ¹âðåéñüêi
ðóêè� � [26, c. 59].

Ìîæëèâî, ÷àñòêîâî ó çâ'ÿçêó ç òèìè ïîäiÿìè 63-ði÷íèé ïðîôåñîð çàõâîðiâ i
ñêîðî ïîìåð. Ïðîòîêîëè çàñiäàíü ðàäè ïðîôåñîðiâ óíiâåðñèòåòó ñâiä÷àòü, ùî ç ëè-
ñòîïàäà 1918 ðîêó Þ. Ïóçèíà íå áóâ ïðèñóòíiì íà çàñiäàííÿõ.

Ïðîôåñîð Þ. Ïóçèíà çðàçêîâî âiâ ãîñïîäàðñòâî ó ñâî¹ìó ìà¹òêó â ñ. Ñòàí-
êîâi. Äîáðà ïàì'ÿòü ïðî íüîãî çáåðiãà¹òüñÿ òóò i äîñi, ïîçàÿê íà ÷åñòü ñêàñóâàííÿ
ïàíùèíè çóñèëëÿìè â÷åíîãî ó öåíòði ñåëà áóëà âñòàíîâëåíà ôiãóðà Áîæî¨ Ìàòåði
ç íåìîâëÿì (íèíi âîíà ñòî¨òü íà ìiñöåâîìó öâèíòàði). Ó 1915 ðîöi Þ. Ïóçèíà ïî-
æåðòâóâàâ ãðîìàäi Ñòàíêîâà âåëèêó ñóìó ãðîøåé íà âiäáóäîâó ñiëüñüêî¨ öåðêâè, ÿêà
áóëà ïîøêîäæåíà ïiä ÷àñ Ïåðøî¨ ñâiòîâî¨ âiéíè, à òàêîæ ïîäàðóâàâ öié öåðêâi iêî-
íó Ïðå÷èñòî¨ Äiâè Ìàði¨. Ó ðàäÿíñüêèé ïåðiîä iêîíó çàáðàëè äî ìóçåþ �Îëåñüêèé
çàìîê�, à öåðêâó çàêðèëè. Íàïðèêiíöi 80-õ ðîêiâ XX ñò. öåðêâó â ñ. Ñòàíêîâi çíîâó
âiäêðèëè, iêîíó Ïðå÷èñòî¨ Äiâè Ìàði¨ íà âèìîãó ñåëÿí ïîâåðíóëè öåðêîâíié ãðîìàäi
[27, ñ. 34, 35, 265].

Ïðàöþþ÷è â óíiâåðñèòåòi, Þ. Ïóçèíà ïðîæèâàâ ó Ëüâîâi çà ðiçíèìè àäðåñàìè.
Çîêðåìà,

1897�1903 ðîêè: âóë. Äëó îøà 11À, (ñó÷àñíà âóë. Êèðèëà i Ìåôîäiÿ);
1904�1907 ðîêè: âóë. Ïàíñüêà 18, (ñó÷àñíà âóë. I. Ôðàíêà);
1909�1911 ðîêè: âóë. Êàìïiàíà 15, (ñó÷àñíà âóë. Ïàëiÿ);
1911�1912 ðîêè: âóë. Îáåðòèíñüêà 4, (ñó÷àñíà âóë. Çàðèöüêèõ);
1915�1916 ðîêè: âóë. Ñåíàòîðñüêà 7, (ñó÷àñíà âóë. Ñòåöüêà);
1917�1918 ðîêè: âóë. Ðîìàíîâè÷à 18, (ñó÷àñíà âóë. Ñàêñàãàíñüêîãî).

Ïiñëÿ ñìåðòi Þ. Ïóçèíè ñïàäêî¹ìèöåþ ìà¹òêó ñòàëà äî÷êà Ìàðiÿ. Ïiñëÿ ñìåðòi
÷îëîâiêà ó 1927 ðîöi âîíà âèéøëà çàìiæ çà Ô. Ñöiáîð-Ðèëüñüêîãî, ÿêèé ïî÷àâ ðîç-
ïðîäàâàòè çåìëi ìà¹òêó. Íà ìiñöi ïîëüñüêîãî ìà¹òêó çàëèøèëîñü äî ñüîãîäíi êiëüêà
äóáiâ.

Ïîìåð ïðîôåñîð Þçåô êíÿçü Ïóçèíà 30 áåðåçíÿ 1919 ð. i ñïåðøó áóâ ïîõîâàíèé
ó ñ. Ñòàíêîâi áiëÿ öåðêâè. Âiäòàê ðîäèíà ïîáóäóâàëà íà ìiñüêîìó öâèíòàði Ñòðèÿ
(íèíi ðàéîííèé öåíòð Ëüâiâñüêî¨ îáë.) ìîãèëüíèé ñêëåï, äå éîãî ïåðåïîõîâàëè.

Çàïîâiòîì Þ. Ïóçèíà ïåðåäàâ ñâîþ öiííó áiáëiîòåêó (òðè øàôè êíèæîê) ìà-
òåìàòè÷íîìó ñåìiíàðó ôiëîñîôñüêîãî ôàêóëüòåòó. ×àñòèíà öèõ êíèæîê i äîñi çáå-
ðiãà¹òüñÿ ó áiáëiîòåöi ñó÷àñíîãî ìåõàíiêî-ìàòåìàòè÷íîãî ôàêóëüòåòó Ëüâiâñüêîãî
óíiâåðñèòåòó [29].
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Þ. Ïóçèíà öiêàâèâñÿ iñòîði¹þ òà ôiëîñîôi¹þ. Ïðîòå íàéáiëüøå éîãî çàõîïëþ-
âàëà ìóçèêà, çîêðåìà Âàãíåðà, áàãàòî òâîðiâ ÿêîãî âèêîíóâàâ íà ôîðòåïiàíî íà-
ïàì'ÿòü. Êðiì òîãî, iíêîëè â÷åíèé øêîäóâàâ, ùî çàíàäòî ïiçíî âiäêðèâ äëÿ ñåáå
ìóçèêó �äæåðåëî ðîçóìîâî¨ ðîçêîøi�.

Ó ñòóäåíòñüêi ðîêè Þ. Ïóçèíà îïóáëiêóâàâ â �Àëüáîìi ç íàãîäè 50-ëiòòÿ ëiòå-
ðàòóðíî¨ òâîð÷îñòi Þçåôà Iãíàöiÿ Êðàøåâñüêîãî� áàëàäó �Ìñòèâå äæåðåëî�, â ÿêié
éäåòüñÿ ïðî çëîãî êîðîëÿ, ÿêèé ãíîáèâ ëþäåé. Îäíîãî ðàçó êîðîëü ïî¨õàâ ïîäèâè-
òèñü, ÿê æèâå éîãî íàðîä, â ãîðàõ ïîáà÷èâ äæåðåëî, ÿêå íå äàëî âîäè, ùîá êîðîëü
ìiã íàïèòèñü. Ìóäðèé ñòàðåöü-âîðîæáèò ïîÿñíþ¹ êîðîëþ:

�Ty w grodzie swym do�s�c jad la masz,
I z lota do�s�c i napoj�ow:

Ale czy wiesz? ale czy znasz?
Cho�c cz�astk�e n�edzy i znoj�ow?�

Ãðîáiâåöü Þçåôà êíÿçÿ Ïóçèíè íà öâèíòàði â ì. Ñòðèé
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1. Introduction

The notion of a dimonoid was introduced by J.-L. Loday in [1]. Recall that a
nonempty set D with two binary associative operations a and ` is called a dimonoid

if for all x, y, z ∈ D the following conditions hold:

(D1) (xay)az = xa(y`z),
(D2) (x`y)az = x`(yaz),
(D3) (xay)`z = x`(y`z).

It is not hard to see that a dimonoid becomes a semigroup if the operations of a di-
monoid coincide. Dimonoids play a prominent role in the theory of Leibniz algebras,
these structures and related systems have been studied by many authors (see, e.g., [2]�
[5]).

The problem of studying automorphisms of the endomorphism semigroup for free
algebras in a certain variety was raised by B. I. Plotkin in his papers on universal
algebraic geometry (see, e.g., [6], [7]). Now there are quite a lot papers devoted to studyi-
ng automorphisms of endomorphism semigroups of free �nitely generated algebras of
di�erent varieties (see, e.g., [8]�[13]). In this paper, we investigate automorphisms of
endomorphism semigroups for free algebras in the variety of abelian dimonoids [14].

2010 Mathematics Subject Classi�cation: 08B20, 17A30, 08A30
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The paper is organized as follows. In Section 2, we give necessary de�nitions and
auxiliary statements. In Section 3, we describe automorphisms of the endomorphism semi-
group of a free abelian dimonoid of rank 1. In Section 4, we establish that all automorphi-
sms of the endomorphism semigroup of a free abelian dimonoid are inner.

2. Auxiliary statements

A dimonoid (D,a,`) is called abelian [14] if for all x, y ∈ D,

x a y = y ` x.

Let X be an arbitrary nonempty set and N be the set of all positive integers. Denote
by FCm(X) the free commutative monoid on X with the identity ε. Words of FCm(X)
are written as w = wα1

1 wα2
2 . . . wαn

n , where w1, w2, . . . , wn ∈ X are pairwise distinct, and
α1, α2, . . . , αn ∈ N ∪ {0}. Here w0 = ε and w1 = w for all w ∈ X.

We put

FAd(X) = X × FCm(X)

and de�ne two binary operations a and ` on FAd(X) as follows:

(x, u) a (y, v) = (x, uyv),

(x, u) ` (y, v) = (y, xuv).

Theorem 1 ([14]). The algebra (FAd(X),a,`) is the free abelian dimonoid of rank |X|.

Further, for the sake of convenientce, the free abelian dimonoid (FAd(X),a,`) will
be denoted also by FX .

Let (S, ◦) be an arbitrary semigroup and a ∈ S. De�ne on S a new binary operation
◦a as follows:

x ◦a y = x ◦ a ◦ y
for all x, y ∈ S.

Clearly, (S, ◦a) is a semigroup, it is called a variant of (S, ◦).

Proposition 1 ([14]). The operations of the free abelian dimonoid FX of rank 1 coincide,

and the semigroup (FAd(X),a), |X| = 1, is isomorphic to the variant (N0,+1) of the

additive semigroup of all nonnegative integers.

Let D1 = (D1,a1,`1) and D2 = (D2,a2,`2) be arbitrary dimonoids. A mapping
ϕ : D1 → D2 is called a homomorphism of D1 into D2 if for all x, y ∈ D1,

(x a1 y)ϕ = xϕ a2 yϕ, (x `1 y)ϕ = xϕ `2 yϕ.

A bijective homomorphism ϕ : D1 → D2 is called an isomorphism of D1 into D2.
The following lemma is obvious.

Lemma 1. Let FX and FY be free abelian dimonoids on X and Y , respectively. Every
bijection ϕ : X → Y induces an isomorphism πϕ of FX into FY such that

(x, ε)πϕ = (xϕ, ε), (y, ω)πϕ = (yϕ, (w1ϕ)α1(w2ϕ)α2 . . . (wnϕ)αn)

for all (x, ε), (y, ω) ∈ FAd(X), where w = wα1
1 wα2

2 . . . wαn
n 6= ε.
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For an arbitrary dimonoid D = (D,a,`), we denote the endomorphism semigroup
of D and the automorphism group of D by End(D) and Aut(D), respectively.

Let (t, u) ∈ FAd(X), u = uα1
1 uα2

2 . . . uαn
n . An arbitrary endomorphism Ξ ∈ End(FX)

has the form:

(t, u)Ξ = (t, ε)ξ a ((u1, ε)ξ)
α1 a . . . a ((un, ε)ξ)

αn ,

where ξ : X × ε→ FAd(X) is any mapping.
In particular, an endomorphism Φ of FX is an automorphism i� a restriction Φ on

X × ε belong to the symmetric group S(X × ε). So, the automorphism group Aut(FX)
is isomorphic to the group S(X).

Let F (X) be a free algebra in a variety V with a generating set X and u ∈ F (X).
An endomorphism θu ∈ End(F (X)) is called constant if xθu = u for all x ∈ X.

Let Ψ : End(FX)→ End(FY ) be an arbitrary isomorphism. From Theorem 3 of [14]
it follows that for every x ∈ X there exists y ∈ Y such that θ(x,ε)Ψ = θ(y,ε). De�ne a
bijection ψ : X → Y putting xψ = y if θ(x,ε)Ψ = θ(y,ε). In this case, we say that ψ is
induced by the isomorphism Ψ.

3. The automorphism group of End(FX), |X| = 1

We denote by Fn the free abelian dimonoid FX = (FAd(X),a,`) on an arbitrary
�nite n-element set X.

From Proposition 1 it follows that the dimonoid F1 is isomorphic to the vari-
ant (N0,+1,+1). Therefore, we identify the elements of FAd(X), |X| = 1, with the
corresponding elements of N0.

Lemma 2. The endomorphism monoid End(F1) of the free abelian dimonoid F1 is

isomorphic to the semigroup (N0, ∗), where x ∗ y = x+ y + xy for all x, y ∈ N0.

Proof. It is obvious that End(N0,+1,+1) = End(N0,+1). Let ϕ be an arbitrary
endomorphism of (N0,+1) and ϕ(0) = k for some k ∈ N0. Then for any a ∈ N0 we have

aϕ = (0 +1 0 +1 . . .+1 0︸ ︷︷ ︸
a+1

)ϕ =

= 0ϕ+1 0ϕ+1 . . .+1 0ϕ︸ ︷︷ ︸
a+1

=

= k +1 k +1 . . .+1 k︸ ︷︷ ︸
a+1

=

= (a+ 1)k + a.

On the other hand, any transformation ϕk, k ∈ N0, of N0 de�ned by

aϕk = (a+ 1)k + a

for all a ∈ N0, is an endomorphism of (N0,+1). Thus,

End(N0,+1) =
{
ϕk | k ∈ N0

}
.

De�ne a mapping Θ of End(N0,+1) into (N0, ∗) by ϕkΘ = k for all ϕk ∈
End(N0,+1). It is clear that Θ is a bijection, moreover,

a(ϕk ◦ ϕl) = (aϕk)ϕl = ((a+ 1)k + a)ϕl = (ak + k + a+ 1)l + ak + k + a = aϕkl+k+l
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for all a ∈ N0, where ◦ is the usual composition of transformations. Thus,

(ϕk ◦ ϕl)Θ = ϕkl+k+lΘ = ϕk∗lΘ = k ∗ l = ϕkΘ ∗ ϕlΘ
for all ϕk, ϕl ∈ End(N0,+1). �

Lemma 3. The semigroup (N0, ∗) is isomorphic to the multiplicative semigroup (N, ·) of
all positive integers.

Proof. De�ne a mapping θ of (N0, ∗) into (N, ·) by nθ = n+ 1 for all n ∈ N0. Clearly, θ
is a bijection. In addition,

(n ∗m)θ = (n+m+ nm)θ = n+m+ nm+ 1 = (n+ 1) · (m+ 1) = nθ ·mθ
for all n,m ∈ N0. �

By P we denote the set of all prime numbers.

Proposition 2. Let X be a singleton set, Y be an arbitrary nonempty set and End(FX) ∼=
End(FY ). Then |Y | = 1 and the isomorphisms of End(FX) onto End(FY ) are in a natural

one-to-one correspondence with permutations of P.

Proof. The fact that |Y | = 1 follows from Theorem 3 of [14], where it was proved that free
abelian dimonoids are determined by their endomorphism semigroups. By Lemmas 2 and
3, End(FX), |X| = 1, is isomorphic to (N, ·). The monoid (N, ·) is the free commutati-
ve monoid with the countably in�nite set of free generators that are prime numbers.
Thus, every isomorphism ϕ : End(FX) → End(FY ) is uniquely determined by a bijecti-
on between the free generators of End(FX) and End(FY ). These bijections, and hence
isomorphisms, are in a natural one-to-one correspondence with permutations of the set P
of all prime numbers. In addition, the automorphisms of the monoid End(FX) correspond
to the permutations of free generators of P. �

Recall that the symmetric group on a set X is denoted by S(X). From Proposition 2
immediately follows

Corollary 1. The automorphism group Aut(End(F1)) of the endomorphism monoid

End(F1) is isomorphic to the symmetric group S(P) on a countably in�nite set P.

4. The automorphism group of End(FX), |X| > 2

Let F (X) be a free algebra in a variety V over a set X. An automorphism Ψ of the
endomorphism monoid End(F (X)) is called stable if Ψ induces the identity permutation
of X, that is, θxΨ = θx for all x ∈ X.

An endomorphism θ of the free algebra F (X) is called linear if xθ ∈ X for all x ∈ X.
For every ω ∈ FCm(X) by l(ω) and c(ω) we denote the length and the content of ω,

respectively. Recall that the content of a non-identity word ω = x1x2 . . . xn ∈ FCm(X)
is the set {x1, x2, . . . , xn}, and c(ε) = ∅ and l(ε) = 0. For all (x, u) ∈ FX we put
|(x, u)| = l(u) + 1 and c(x, u) = c(u) ∪ {x}.

Lemma 4. Let Ψ be a stable automorphism of End(FX), g ∈ End(FX) and x ∈ X. The

following equalities hold:

(i) c(t, u) = c(s, v) if θ(t,u)Ψ = θ(s,v),
(ii) |(x, ε)g| = |(x, ε)(gΨ)|.
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Proof. (i) Let z ∈ c(t, u) \ c(s, v), x ∈ X,x 6= z and ϕ, g ∈ End(FX) such that (x, ε)ϕ =
(t, u), (z, ε)g = (x, ε) and (y, ε)g = (y, ε) for all y ∈ X, y 6= z. Then g is linear, (s, v)g =
(s, v) and, in addition,

θ(x,ε)(gΨ) = θ(x,ε) (gΨ) = θ(x,ε)Ψ gΨ = (θ(x,ε)g)Ψ = θ(x,ε)gΨ = θ(x,ε)g.

From here, gΨ = g and then

θ(t,u)Ψ = θ(s,v) = θ(s,v)g = θ(s,v)g = θ(t,u)ΨgΨ = (θ(t,u)g)Ψ = (θ(t,u)g)Ψ.

By injectivity of Ψ, we have θ(t,u) = θ(t,u)g. From here (t, u) = (t, u)g, which
contradicts to the de�nition of g, so c(t, u) \ c(s, v) = ∅. Similarly we can prove that
c(s, v) \ c(t, u) = ∅. It means that c(t, u) = c(s, v).

(ii) Let g1, g2 ∈ End(FX) such that |(x, ε)g1| = |(x, ε)g2| = m and

|(x, ε)(g1Ψ)| = k, |(x, ε)(g2Ψ)| = l.

For all (y, v) ∈ FAd(X) with |v| = r − 1 we obtain

(y, v)(θ(x,ε)g1θ(x,ε)) = ((x, ε)rg1)θ(x,ε) = (x, ε)rmθ(x,ε) = (x, ε)rm = (y, v)θ(x,ε)m .

Thus, θ(x,ε)g1θ(x,ε) = θ(x,ε)m . Analogously it is proved that

θ(x,ε)g2θ(x,ε) = θ(x,ε)m ,

θ(x,ε)(g1Ψ)θ(x,ε) = θ(x,ε)k ,

θ(x,ε)(g2Ψ)θ(x,ε) = θ(x,ε)l .

Using that Ψ is stable, we have

θ(x,ε)mΨ = (θ(x,ε)g1θ(x,ε))Ψ = θ(x,ε)(g1Ψ)θ(x,ε) = θ(x,ε)k ,

θ(x,ε)mΨ = (θ(x,ε)g2θ(x,ε))Ψ = θ(x,ε)(g2Ψ)θ(x,ε) = θ(x,ε)l ,

from here k = l.
Assume that A is a nonempty �nite subset of X, m ∈ N and

EndmA (x, ε) = {g ∈ End(FX) : |(x, ε)g| = m, c((x, ε)g) = A} .
Let g ∈ EndmA (x, ε), then θ(x,ε)g ∈ EndmA (x, ε). It is not hard to check that θ(x,ε)gΨ =

θ(x,ε)(gΨ). By (i), c((x, ε)g) = c((x, ε)(gΨ)), that is, gΨ ∈ EndkA(x, ε) for some natural k.

So, EndmA (x, ε)Ψ ⊆ EndkA(x, ε). Since Ψ is bijective, k = m. Hence |(x, ε)g| = |(x, ε)(gΨ)|
for all g ∈ End(FX) and x ∈ X. �

Corollary 2. Let Ψ be a stable automorphism of End(FX) and a, b ∈ X, a 6= b. Then

θ(a,b)Ψ ∈ {θ(a,b), θ(b,a)}.

Proof. Since θ(x,ε)gΨ = θ(x,ε)(gΨ), then θ(a,b)Ψ = θ(t,u) for some (t, u) ∈ FAd(X). By
Lemma 4(i), c(t, u) = {a, b}. In according to (ii) of Lemma 4, we have |(t, u)| = 2,
whence l(u) = 1. It is means that (t, u) = (a, b) or (t, u) = (b, a). �

By Φ0 we denote the identity automorphism of End(FX).

Lemma 5. Let Ψ be a stable automorphism of End(FX) and a, b ∈ X are distinct. If

θ(a,b)Ψ = θ(a,b), then Ψ = Φ0.

The proof of this lemma is similar to Lemma 5 of [13].
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Lemma 6. Let a, b ∈ X be distinct. There is no stable automorphism Ψ of End(FX)
such that θ(a,b)Ψ = θ(b,a).

Proof. Assume that there exists a stable automorphism Ψ of the monoid End(FX) such
that θ(a,b)Ψ = θ(b,a). According to condition (i) of Lemma 4, θ(b,a)Ψ = θ(a,b).

Let g ∈ End(FX) be such that (a, ε)g = (a, ε), (b, ε)g = (a, b) and (x, ε)g = (x, ε)
for all x ∈ X \ {a, b}. It is easy to check that θ(b,ε)g = θ(a,b) and then

θ(a,b)Ψ = (θ(b,ε)g)Ψ = θ(b,ε)ΨgΨ = θ(b,ε)gΨ = θ(b,ε)gΨ.

Since θ(a,b)Ψ = θ(b,a), then θ(b,a) = θ(b,ε)gΨ and therefore we have

(1) (b, a) = (b, ε)gΨ.

Using equality θ(a,ε)g = θ(a,ε), we obtain

θ(a,ε)Ψ = (θ(a,ε)g)Ψ = θ(a,ε)gΨ = θ(a,ε)gΨ = θ(a,ε),

and therefore

(2) (a, ε)gΨ = (a, ε).

Further, for all x ∈ X,
(x, ε)θ(a,b)g = (a, b)g = ((a, ε) a (b, ε))g = (a, ε) a (a, b) = (a, ab) = (x, ε)θ(a,ab).

Then
θ(a,ab)Ψ = (θ(a,b)g)Ψ = θ(a,b)ΨgΨ = θ(b,a)gΨ = θ(b,a)gΨ.

Using equalities (1) and (2) we obtain

(b, a)gΨ = ((b, ε) a (a, ε))gΨ = (b, ε)gΨ a (a, ε)gΨ = (b, a) a (a, ε) = (b, aa).

Thus,

(3) θ(a,ab)Ψ = θ(b,aa).

It is clear that θ(b,a)g = θ(a,ba). Then

θ(a,ba)Ψ = (θ(b,a)g)Ψ = θ(a,b)gΨ = θ(a,b)gΨ,

where (a, b)gΨ = (a, ε)gΨ a (b, ε)gΨ = (a, ε) a (b, a) = (a, ba), that is,

(4) θ(a,ba)Ψ = θ(a,ba).

Since ab = ba in FCm(X), then θ(a,ba) = θ(a,ab) and according to (3), (4), we have
(b, aa) = (a, ba) that contradicts the condition a 6= b. �

Theorem 2. Every isomorphism Φ : End(FX)→ End(FY ) is induced by the isomorphi-

sm πf of FX to FY for a uniquely determined bijection f : X → Y .

Proof. Let |X| > 1 and Φ : End(FX)→ End(FY ) be an arbitrary isomorphism. Then Φ
induces a uniquely determined bijection f : X → Y such that θ(x,ε)Φ = θ(xf,ε) for every
x ∈ X (see Section 2). By Lemma 1, f induces the isomorphism πf : FX → FY . It is

not hard to check that the mapping Ef : η 7→ π−1
f ηπf is an isomorphism of End(FX)

onto End(FY ). From here, Ω = ΦE−1
f is an automorphism of End(FX). Moreover, for all

x ∈ X,
θ(x,ε)Ω = (θ(x,ε)Φ)E−1

f = θ(xf,ε)E
−1
f = θ(xff−1,ε) = θ(x,ε),

therefore Ω is stable.
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By Corollary 2, Lemma 5 and Lemma 6, Ω is an identity automorphism Φ0. From
ΦE−1

f = Φ0 we obtain Φ = Ef , i.e., Φ is an isomorphism induced by πf . �

Let F (X) be a free algebra in a variety V over a set X. An automorphism Φ
of End(F (X)) is called inner if there exists an automorphism α of F (X) such that
βΦ = α−1βα for all β ∈ End(F (X)).

Now we characterize the automorphism group of the endomorphism monoid of a
free abelian dimonoid.

Theorem 3. All automorphisms of End(FX) are inner. In addition, the automorphism

group Aut(End(FX)) is isomorphic to the symmetric group S(X).

Proof. For the case X = Y , Theorem 2 will be the �rst part of the given theorem. By
Theorem 2, every automorphism Φ of End(FX) has the form Φ = Ef , where ηΦ = π−1

f ηπf
for all η ∈ End(FX) and some bijection f : X → X. According to Lemma 1 (see
Section 2), πf ∈ Aut(FX) for all f ∈ S(X). Consequently, all automorphisms of End(FX)
are inner.

It is clear that the groups Aut(End(FX)) and S(X) are isomorphic. �
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Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè
iì. ß. Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè,

âóë. Íàóêîâà, 3á, 79060, Ëüâiâ
e-mail: natalja.ladzoryshyn@gmail.com, vas_petrych@yahoo.com

Âèçíà÷åíî íåîáõiäíi òà äîñòàòíi óìîâè ðîçâ'ÿçíîñòi ìàòðè÷íèõ ëiíiéíèõ
ðiâíÿíü AX + Y B = C i AX + BY = C íàä êâàäðàòè÷íèì êiëüöåì Z[

√
k].

Íàâåäåíî ñïîñiá ðîçâ'ÿçóâàííÿ öèõ ðiâíÿíü, çâåäåííÿì ¨õ äî ìàòðè÷íèõ
ëiíiéíèõ ðiâíÿíü íàä êiëüöåì öiëèõ ÷èñåë Z.

Êëþ÷îâi ñëîâà: êâàäðàòè÷íå êiëüöå, ìàòðè÷íå ðiâíÿííÿ Ñèëüâåñòðà,
ìàòðè÷íå äiîôàíòîâå ðiâíÿííÿ, åêâiâàëåíòíiñòü ìàòðèöü.

1. Âñòóï

Ìàòðè÷íi ëiíiéíi ðiâíÿííÿ

(1) AX + Y B = C,

(ìàòðè÷íå ðiâíÿííÿ òèïó Ñèëüâåñòðà) òà

(2) AX +BY = C

(ìàòðè÷íå äiîôàíòîâå ðiâíÿííÿ), âèíèêàþòü i çàñòîñóòüñÿ â ïðèêëàäíèõ íàïðÿìàõ
[1, ñ. 313], [2].

Ðîçâ'ÿçóâàííÿ ìàòðè÷íèõ ðiâíÿíü (1) i (2) ç ìàòðèöÿìè êîåôiöi¹íòàìè íàä ïî-
ëåì çâîäèòüñÿ äî ðîçâ'ÿçóâàííÿ ñèñòåì ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü íàä ïîëåì,
ïðè öüîìó âèêîðèñòîâó¹òüñÿ ïðÿìèé (êðîíåêåðiâ) äîáóòîê ìàòðèöü [3, ñ. 413].

Ðîò [4] äîâiâ, ùî ðîçâ'ÿçíiñòü ìàòðè÷íîãî ðiâíÿííÿ (1) íàä ïîëåì F, à òàêîæ íàä
êiëüöåì ïîëiíîìiâ F[λ] (ìàòðè÷íîãî ïîëiíîìiàëüíîãî ðiâíÿííÿ) ðiâíîñèëüíà åêâiâà-
ëåíòíîñòi áëî÷íèõ ìàòðèöü

(3) M =

∥∥∥∥A C
0 B

∥∥∥∥ i N =

∥∥∥∥A 0
0 B

∥∥∥∥ .
2010 Mathematics Subject Classi�cation: 15A24, 11R04

c© Ëàäçîðèøèí, Í., Ïåòðè÷êîâè÷, Â., 2018
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Íàãàäà¹ìî, ùî ìàòðèöi A i B íàä êiëüöåì R íàçèâàþòüñÿ åêâiâàëåíòíèìè, ÿêùî
iñíóþòü òàêi îáîðîòíi íàä R ìàòðèöi U i V , ùî UBV = A.

Öåé ðåçóëüòàò ïîøèðåíèé äëÿ ìàòðè÷íîãî ðiâíÿííÿ (1) íàä êîìóòàòèâíèìè
êiëüöÿìè [5] òà iíøèìè êiëüöÿìè [6].

Îäèí iç ìåòîäiâ ðîçâ'ÿçóâàííÿ ìàòðè÷íîãî ïîëiíîìiàëüíîãî ðiâíÿííÿ (1)  ðóí-
òó¹òüñÿ íà çâåäåííi öüîãî ðiâíÿííÿ äî ðiâíîñèëüíîãî ìàòðè÷íîãî ðiâíÿííÿ òàêîãî
òèïó ç ìàòðèöÿìè-êîåôiöi¹íòàìè íàä ïîëåì, ïðè öüîìó çàñòîñîâóþòüñÿ ñóïðîâiäíi
ìàòðèöi ìàòðè÷íèõ ïîëiíîìiâ [7], [8, ñ. 240], [9].

Äëÿ îêðåìèõ êëàñiâ ìàòðè÷íèõ ïîëiíîìiàëüíèõ ðiâíÿíü (1) i (2) îïèñàíi ¨õ
ðîçâ'ÿçêè, çîêðåìà âñòàíîâëåíi óìîâè ¹äèíîñòi ðîçâ'ÿçêiâ ç ïåâíèìè âëàñòèâîñ-
òÿìè [10], [11]. B [12] çàïðîïîíîâàíî ìåòîä ðîçâ'ÿçóâàííÿ ðiâíÿíü (1) i (2) íàä
êîìóòàòèâíîþ îáëàñòþ Áåçó, òîáòî íàä êiëüöåì, â ÿêîìó êîæåí ñêií÷åííîïîðîäæå-
íèé iäåàë ¹ ãîëîâíèì. Âñòàíîâëåíî êðèòåðié îäíîçíà÷íîñòi ÷àñòêîâèõ ðîçâ'ÿçêiâ
òàêèõ ðiâíÿíü.

Ìè ðîçãëÿäà¹ìî ìàòðè÷íi ðiâíÿííÿ (1) i (2) íàä êâàäðàòè÷íèìè êiëüöÿìè Z[
√
k].

Òåîðåìà Ðîòà [4] òà ¨¨ óçàãàëüíåííÿ ïðî ðîçâ'ÿçíiñòü ìàòðè÷íîãî ðiâíÿííÿ (1)
¹ êðèòåði¹ì äëÿ öüîãî ðiâíÿííÿ íàä êiëüöÿìè ç óìîâîþ åêâiâàëåíòíîñòi ìàòðèöü
íàä íèìè. Òàêèìè ¹ êiëüöÿ ãîëîâíèõ iäåàëiâ, àäåêâàòíi êiëüöÿ, i çàãàëîì êiëüöÿ
åëåìåíòàðíèõ äiëüíèêiâ [13], [14], [15, ñ. 136], [16, ñ. 54]. Ìàòðèöi íàä òàêèìè êiëüöÿìè
åêâiâàëåíòíi òîäi i òiëüêè òîäi, êîëè ¨õíi êàíîíi÷íi äiàãîíàëüíi ôîðìè (ôîðìè Ñìiòà)
çáiãàþòüñÿ. Àíàëîãi÷íî äëÿ ðiâíÿííÿ (2).

Ñåðåä êâàäðàòè÷íèõ êiëåöü ¹ êiëüöÿ, ÿêi íå ¹ êiëüöÿìè åëåìåíòàðíèõ äiëüíèêiâ,
íàïðèêëàä, êiëüöå Z[

√
−5], â ÿêîìó íå iñíó¹ ïîíÿòòÿ íàéáiëüøîãî ñïiëüíîãî äiëüíèêà

åëåìåíòiâ.
Ó öié ñòàòòi çàïðîïîíîâàíî êðèòåðié ðîçâ'ÿçíîñòi ìàòðè÷íèõ ðiâíÿííÿ (1) i (2)

íàä áóäü-ÿêèì êâàäðàòè÷íèì êiëüöåì. Â [17] îïèñàíi öiëî÷èñëîâi ðîçâ'ÿçêè öèõ ìàò-
ðè÷íèõ ðiâíÿíü íàä êâàäðàòè÷íèìè êiëüöÿìè.

2. Êâàäðàòè÷íi êiëüöÿ

Íåõàé Z � êiëüöå öiëèõ ÷èñåë; k ∈ Z, k 6= 1 i k íå äiëèòüñÿ íà êâàäðàò æîäíîãî
ïðîñòîãî ÷èñëà. Êâàäðàòè÷íå êiëüöå K = Z[

√
k] âèçíà÷à¹òüñÿ íàñòóïíèì ÷èíîì [18,

ñ. 311].
ßêùî

k ≡ 2 (mod 4) àáî k ≡ 3 (mod 4), òî Z
[√
k
]
=
{
x+ y

√
k | x, y ∈ Z

}
,

ÿêùî

k ≡ 1 (mod 4), òî Z
[√
k
]
=
{x
2
+
y

2

√
k | x, y ∈ Z, x− y äiëèòüñÿ íà 2

}
.

Ïðè k > 0 � êâàäðàòè÷íå êiëüöå íàçèâà¹òüñÿ äiéñíèì, à ïðè k < 0 � óÿâíèì.
Âiäîìî, ùî iñíó¹ ñêií÷åííà êiëüêiñòü êâàäðàòè÷íèõ åâêëiäîâèõ êiëåöü, à ñàìå

17 äiéñíèõ i 5 óÿâíèõ êâàäðàòè÷íèõ êiëåöü. Êîæíå åâêëiäîâå êiëüöå ¹ êiëüöåì ãîëîâ-
íèõ iäåàëiâ. Îäíàê, îáåðíåíå òâåðäæåííÿ íå âèêîíó¹òüñÿ. Òàê, çîêðåìà êâàäðàòè÷íi
êiëüöÿ ç äåòåðìiíàíòàìè k = −19,−43,−67,−167 ¹ êiëüöÿìè ãîëîâíèõ iäåàëiâ, àëå
íå ¹ åâêëiäîâèìè. Iñíóþòü êâàäðàòè÷íi êiëüöÿ, ÿêi íå ¹ êiëüöÿìè ãîëîâíèõ iäåàëiâ,
íàïðèêëàä êiëüöå Z[

√
−5].
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3. Ìàòðè÷íå ëiíiéíå ðiâíÿííÿ AX + Y B = C

×åðåç M(m,n,K) i M(n,K) ïîçíà÷èìî ìíîæèíè (m × n) - i (n × n) - ìàòðèöü
íàä êiëüöåì K, âiäïîâiäíî.

Íåõàé A ∈M(m,n,K), B ∈M(n, l,K), C ∈M(m, l,K). Öi ìàòðèöi ìîæíà çàïè-
ñàòè ó âèãëÿäi

(4) A = A1 +A2

√
k, B = B1 +B2

√
k, C = C1 + C2

√
k,

ÿêùî k ≡ 2, 3 (mod 4) i

(5) A =
1

2

(
A1 +A2

√
k
)
, B =

1

2

(
B1 +B2

√
k
)
, C =

1

2

(
C1 + C2

√
k
)
,

äå åëåìåíòè ìàòðèöü A1 −A2, B1 −B2, C1 −C2 äiëÿòüñÿ íà 2, ÿêùî k ≡ 1 (mod 4)
i Ai, Bi, Ci, i = 1, 2 � ìàòðèöi íàä Z âiäïîâiäíèõ ðîçìiðiâ.

Íàäàëi ÷åðåç Rowi(A) áóäåìî ïîçíà÷àòè i-é ðÿäîê ìàòðèöi A, à AT � òðàíñïî-
íîâàíà ìàòðèöÿ.

Òåîðåìà 1. Ìàòðè÷íå ðiâíÿííÿ (1) íàä êâàäðàòè÷íèì êiëüöåì K ç ìàòðèöÿìè

âèãëÿäó (4) àáî (5) ìà¹ ðîçâ'ÿçîê X ∈ M(n, l,K), Y ∈ M(m,n,K) òîäi i òiëüêè

òîäi, êîëè ¹ åêâiâàëåíòíèìè íàä Z òàêi ìàòðèöi:∥∥∥∥(A1 +A2k)⊗ Il A1 ⊗ Il Im ⊗ (BT
1 +BT

2 k) Im ⊗BT
1 c1

(A1 +A2)⊗ Il A2 ⊗ Il Im ⊗ (BT
1 +BT

2 ) Im ⊗BT
2 c2

∥∥∥∥
i ∥∥∥∥(A1 +A2k)⊗ Il A1 ⊗ Il Im ⊗ (BT

1 +BT
2 k) Im ⊗BT

1 0
(A1 +A2)⊗ Il A2 ⊗ Il Im ⊗ (BT

1 +BT
2 ) Im ⊗BT

2 0

∥∥∥∥ ,
ÿêùî k ≡ 2, 3 (mod 4) i∥∥∥∥(A1 +A2k)⊗ Il 2A1 ⊗ Il Im ⊗ (BT

1 +BT
2 k) Im ⊗ 2BT

1 2c1
(A1 +A2)⊗ Il 2A2 ⊗ Il Im ⊗ (BT

1 +BT
2 ) Im ⊗ 2BT

2 2c2

∥∥∥∥
i ∥∥∥∥(A1 +A2k)⊗ Il 2A1 ⊗ Il Im ⊗ (BT

1 +BT
2 k) Im ⊗ 2BT

1 0
(A1 +A2)⊗ Il 2A2 ⊗ Il Im ⊗ (BT

1 +BT
2 ) Im ⊗ 2BT

2 0

∥∥∥∥ ,
ÿêùî k ≡ 1 (mod 4), äå Il � îäèíè÷íà ìàòðèöÿ l-ãî ïîðÿäêó, à

ci =
∥∥Row1(Ci) . . . Rowm(Ci)

∥∥T , i = 1, 2.

Äîâåäåííÿ. Íåõàé k ≡ 2, 3 (mod 4). Òîäi ìàòðèöi X,Y ìîæíà çàïèñàòè ó âèãëÿäi

(6) X = X1 +X2

√
k, Y = Y1 + Y2

√
k,

äå Xi ∈ M(n, l,Z), Yi ∈ M(m,n,Z), i = 1, 2. Ó ðiâíÿííÿ (1) ïiäñòàâèìî âèðàçè (4) i
(6) çàìiñòü âiäïîâiäíèõ ìàòðèöü, îòðèìó¹ìî òàêå ðiâíÿííÿ:(

A1 +A2

√
k
)(
X1 +X2

√
k
)
+
(
Y1 + Y2

√
k
)(
B1 +B2

√
k
)
= C1 + C2

√
k.

Çâiäñè çàïèøåìî ñèñòåìó ìàòðè÷íèõ ðiâíÿíü íàä Z{
A1X1 +A2X2k + Y1B1 + Y2B2k = C1

A2X1 +A1X2 + Y1B2 + Y2B1 = C2.
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Ðîçïèñàâøè ïîåëåìåíòíî äîáóòêè AiXj i YiBj , i, j = 1, 2 i âðàõóâàâøè îçíà÷åííÿ
êðîíåêåðîâîãî äîáóòêó ìàòðèöü, öþ ñèñòåìó ïîäà¹ìî ó âèãëÿäi∥∥∥∥A1 ⊗ Il A2k ⊗ Il

A2 ⊗ Il A1 ⊗ Il

∥∥∥∥∥∥∥∥x1

x2

∥∥∥∥+ ∥∥∥∥Im ⊗BT
1 Im ⊗BT

2 k
Im ⊗BT

2 Im ⊗BT
1

∥∥∥∥ ∥∥∥∥y1

y2

∥∥∥∥ =

∥∥∥∥c1c2
∥∥∥∥ ,

äå xi =
∥∥Row1(Xi) . . . Rown(Xi)

∥∥T ;yi =
∥∥Row1(Yi) . . . Rowm(Yi)

∥∥T ;

ci =
∥∥Row1(Ci) . . . Rowm(Ci)

∥∥T , i = 1, 2.
Îòæå, ìà¹ìî ìàòðè÷íå ðiâíÿííÿ íàä Z

(7)

∥∥∥∥A1 ⊗ Il A2k ⊗ Il Im ⊗BT
1 Im ⊗BT

2 k
A2 ⊗ Il A1 ⊗ Il Im ⊗BT

2 Im ⊗BT
1

∥∥∥∥
∥∥∥∥∥∥∥∥
x1

x2

y1

y2

∥∥∥∥∥∥∥∥ =

∥∥∥∥c1c2
∥∥∥∥ .

Ìàòðè÷íi ðiâíÿííÿ (1) i (7) ðiâíîñèëüíi, òîáòî ðiâíÿííÿ (1) íàä K ìà¹ ðîçâ'ÿçîê
òîäi i òiëüêè òîäi, êîëè ìà¹ ðîçâ'ÿçîê ðiâíÿííÿ (7) íàä êiëüöåì öiëèõ ÷èñåë Z i
êîæíîìó ðîçâ'ÿçêó ðiâíÿííÿ (7) âiäïîâiäà¹ ðîçâ'ÿçîê ðiâíÿííÿ (1), i íàâïàêè.

Âiäïîâiäíî äî [19, ñ. 272] ìàòðè÷íå ðiâíÿííÿ (7) ìà¹ ðîçâ'ÿçîê íàä Z òîäi i
òiëüêè òîäi, êîëè ìàòðèöi∥∥∥∥A1 ⊗ Il A2k ⊗ Il Im ⊗BT

1 Im ⊗BT
2 k c1

A2 ⊗ Il A1 ⊗ Il Im ⊗BT
2 Im ⊗BT

1 c2

∥∥∥∥
i ∥∥∥∥A1 ⊗ Il A2k ⊗ Il Im ⊗BT

1 Im ⊗BT
2 k 0

A2 ⊗ Il A1 ⊗ Il Im ⊗BT
2 Im ⊗BT

1 0

∥∥∥∥
åêâiâàëåíòíi íàä Z.

Ç öèõ ìàòðèöü îòðèìó¹ìî åêâiâàëåíòíi äî íèõ òàêi ìàòðèöi:∥∥∥∥(A1 +A2k)⊗ Il A1 ⊗ Il Im ⊗ (BT
1 +BT

2 k) Im ⊗BT
1 c1

(A1 +A2)⊗ Il A2 ⊗ Il Im ⊗ (BT
1 +BT

2 ) Im ⊗BT
2 c2

∥∥∥∥
i ∥∥∥∥(A1 +A2k)⊗ Il A1 ⊗ Il Im ⊗ (BT

1 +BT
2 k) Im ⊗BT

1 0
(A1 +A2)⊗ Il A2 ⊗ Il Im ⊗ (BT

1 +BT
2 ) Im ⊗BT

2 0

∥∥∥∥ .
Îòæå, ó âèïàäêó, êîëè k ≡ 2, 3 (mod 4) òåîðåìó äîâåäåíî.

Íåõàé k ≡ 1 (mod 4). Òîäi ìàòðèöi X,Y ìîæíà çàïèñàòè ó âèãëÿäi

(8) X =
1

2

(
X1 +X2

√
k
)
, Y =

1

2

(
Y1 + Y2

√
k
)
,

äå Xi ∈ M(n, l,Z), Yi ∈ M(m,n,Z), i = 1, 2. Çàóâàæèìî, ùî çà âèçíà÷åííÿì åëå-
ìåíòiâ êâàäðàòè÷íîãî êiëüöÿ K, âñi åëåìåíòè ìàòðèöü X1 −X2 i Y1 − Y2 äiëÿòüñÿ
íà 2. Îòæå, íåõàé ìàòðèöi X1 i Y1 ìàþòü âèãëÿä X1 = X2 + 2X̃, Y1 = Y2 + 2Ỹ , äå
X̃ ∈M(n, l,Z), Ỹ ∈M(m,n,Z).

Ïiäñòàâèâøè â (1) âèðàçè ç (8) i çàïèñàâøè íåâiäîìi ìàòðèöi ó âèãëÿäi

(9) X =
1

2

(
X2 + 2X̃ +X2

√
k
)
, Y =

1

2

(
Y2 + 2Ỹ + Y2

√
k
)
,
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ìàòèìåìî

1

2
(A1+A2

√
k)

1

2
(X2+2X̃+X2

√
k)+

1

2
(Y2+2Ỹ +Y2

√
k)

1

2
(B1+B2

√
k) =

1

2
(C1+C2

√
k).

Äîìíîæèâøè îáèäâi ÷àñòèíè öüîãî ðiâíÿííÿ íà 4, îòðèìó¹ìî

(A1 +A2

√
k)(X2 + 2X̃ +X2

√
k) + (Y2 + 2Ỹ + Y2

√
k)(B1 +B2

√
k) = 2(C1 + C2

√
k).

Çâiäñè îäåðæó¹ìî ñèñòåìó ìàòðè÷íèõ ðiâíÿíü íàä Z âèãëÿäó{
(A1 +A2k)X2 + Y2(B1 +B2k) + 2A1X̃ + 2Ỹ B1 = 2C1

(A1 +A2)X2 + Y2(B1 +B2) + 2A2X̃ + 2Ỹ B2 = 2C2.

Àíàëîãi÷íî, ÿê ó âèïàäêó k ≡ 2, 3 (mod 4), âðàõóâàâøè îçíà÷åííÿ êðîíåêåðî-
âîãî äîáóòêó ìàòðèöü äî öi¹¨ ñèñòåìè, îòðèìó¹ìî ìàòðè÷íå ðiâíÿííÿ íàä Z

(10)

∥∥∥∥(A1 +A2k)⊗ Il 2A1 ⊗ Il Im ⊗ (BT
1 +BT

2 k) Im ⊗ 2BT
1

(A1 +A2)⊗ Il 2A2 ⊗ Il Im ⊗ (BT
1 +BT

2 ) Im ⊗ 2BT
2

∥∥∥∥
∥∥∥∥∥∥∥∥
x1

x̃

y1

ỹ

∥∥∥∥∥∥∥∥ =

∥∥∥∥2c12c2

∥∥∥∥ ,
äå x̃ =

∥∥Row1(X̃) . . . Rown(X̃)
∥∥T ; ỹ =

∥∥Row1(Ỹ ) . . . Rowm(Ỹ )
∥∥T .

Ìàòðè÷íå ðiâíÿííÿ (10) íàä êiëüöåì öiëèõ ÷èñåë Z åêâiâàëåíòíå äî ìàòðè÷íîãî
ðiâíÿííÿ (1) íàä êâàäðàòè÷íèì êiëüöåì K.

Âiäîìî, ùî ðiâíÿííÿ (10) ìà¹ ðîçâ'ÿçîê X = 1
2

(
X2 + 2X̃ +X2

√
k
)
, Y =

1
2

(
Y2 + 2Ỹ + Y2

√
k
)
òîäi i òiëüêè òîäi, êîëè ìàòðèöi∥∥∥∥(A1 +A2k)⊗ Il 2A1 ⊗ Il Im ⊗ (BT

1 +BT
2 k) Im ⊗ 2BT

1 2c1
(A1 +A2)⊗ Il 2A2 ⊗ Il Im ⊗ (BT

1 +BT
2 ) Im ⊗ 2BT

2 2c2

∥∥∥∥
i ∥∥∥∥(A1 +A2k)⊗ Il 2A1 ⊗ Il Im ⊗ (BT

1 +BT
2 k) Im ⊗ 2BT

1 0

(A1 +A2)⊗ Il 2A2 ⊗ Il Im ⊗ (BT
1 +BT

2 ) Im ⊗ 2BT
2 0

∥∥∥∥
åêâiâàëåíòíi íàä Z. Òåîðåìó äîâåäåíî. �

4. Ìàòðè÷íå ëiíiéíå ðiâíÿííÿ AX +BY = C

Òåîðåìà 2. Ìàòðè÷íå ðiâíÿííÿ (2) íàä êâàäðàòè÷íèì êiëüöåì K ç ìàòðè-

öÿìè A,B ∈ M(m,n,K), C ∈ M(m, l,K) âèãëÿäó (4) àáî (5) ìà¹ ðîçâ'ÿçîê

X,Y ∈M(n, l,K) òîäi i òiëüêè òîäi, êîëè ¹ åêâiâàëåíòíèìè íàä Z òàêi ìàòðèöi:∥∥∥∥A1 +A2k B1 +B2k A1 B1 C1

A1 +A2 B1 +B2 A2 B2 C2

∥∥∥∥ i

∥∥∥∥A1 +A2k B1 +B2k A1 B1 0
A1 +A2 B1 +B2 A2 B2 0

∥∥∥∥ ,
ÿêùî k ≡ 2, 3 (mod 4) i∥∥∥∥A1 +A2k B1 +B2k 2A1 2B1 2C1

A1 +A2 B1 +B2 2A2 2B2 2C2

∥∥∥∥ i

∥∥∥∥A1 +A2k B1 +B2k 2A1 2B1 0
A1 +A2 B1 +B2 2A2 2B2 0

∥∥∥∥ ,
ÿêùî k ≡ 1 (mod 4).
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Äîâåäåííÿ. Íåõàé k ≡ 2, 3 (mod 4), òîäi ìàòðèöi X,Y ìîæíà çàïèñàòè ó âèãëÿäi (6).
Ïiäñòàâèâøè âèðàçè (4) i (6) ó ðiâíÿííÿ (2), ìàòèìåìî òàêå ðiâíÿííÿ:

(A1 +A2

√
k)(X1 +X2

√
k) + (B1 +B2

√
k)(Y1 + Y2

√
k) = C1 + C2

√
k.

Ç öüîãî ðiâíÿííÿ ëåãêî îòðèìàòè òàêó ñèñòåìó ìàòðè÷íèõ ðiâíÿíü íàä Z :{
A1X1 +A2X2k +B1Y1 +B2Y2k = C1

A2X1 +A1X2 +B2Y1 +B1Y2 = C2
.

Ç öi¹¨ ñèñòåìè îäåðæó¹ìî ìàòðè÷íå ðiâíÿííÿ íàä Z

(11)

∥∥∥∥A1 A2k B1 B2k
A2 A1 B2 B1

∥∥∥∥
∥∥∥∥∥∥∥∥
X1

X2

Y1
Y2

∥∥∥∥∥∥∥∥ =

∥∥∥∥C1

C2

∥∥∥∥ .
Ìàòðè÷íå ðiâíÿííÿ (11) ìà¹ ðîçâ'ÿçîê òîäi i òiëüêè òîäi, êîëè åêâiâàëåíòíi íàä

Z òàêi ìàòðèöi:∥∥∥∥A1 A2k B1 B2k C1

A2 A1 B2 B1 C2

∥∥∥∥ i

∥∥∥∥A1 A2k B1 B2k 0
A2 A1 B2 B1 0

∥∥∥∥ .
Iç öèõ ìàòðèöü îäåðæó¹ìî åêâiâàëåíòíi äî íèõ òàêi ìàòðèöi:∥∥∥∥A1 +A2k B1 +B2k A1 B1 C1

A1 +A2 B1 +B2 A2 B2 C2

∥∥∥∥ i

∥∥∥∥A1 +A2k B1 +B2k A1 B1 0
A1 +A2 B1 +B2 A2 B2 0

∥∥∥∥ .
Òåîðåìà äëÿ âèïàäêó k ≡ 2, 3 (mod 4) äîâåäåíà.
Íåõàé k ≡ 1 (mod 4). ßê i â òåîðåìi 1 íåâiäîìi ìàòðèöi ìîæíà çàïèñàòè ó âèãëÿ-

äi (9), äå X̃,X2, Ỹ , Y2 ∈M(n, l,Z). Ïiäñòàâèâøè â (2) âèðàçè ç (5) i (9), îäåðæó¹ìî

1

2
(A1+A2

√
k)

1

2
(X2+2X̃+X2

√
k)+

1

2
(B1+B2

√
k)

1

2
(Y2+2Ỹ +Y2

√
k) =

1

2
(C1+C2

√
k).

Äîìíîæèâøè îáèäâi ÷àñòèíè öüîãî ðiâíÿííÿ íà 4, îòðèìó¹ìî

(A1 +A2

√
k)(X2 + 2X̃ +X2

√
k) + (B1 +B2

√
k)(Y2 + 2Ỹ + Y2

√
k) = 2(C1 + C2

√
k).

Çâiäñè ìà¹ìî òàêó ñèñòåìó ìàòðè÷íèõ ðiâíÿíü íàä Z:{
(A1 +A2k)X2 + (B1 +B2k)Y2 + 2A1X̃ + 2B1Ỹ = 2C1

(A1 +A2)X2 + (B1 +B2)Y2 + 2A2X̃ + 2B2Ỹ = 2C2.

Ç öi¹¨ ñèñòåìè îäåðæèìî ìàòðè÷íå ðiâíÿííÿ íàä Z âèãëÿäó

∥∥∥∥A1 +A2k B1 +B2k 2A1 2B1

A1 +A2 B1 +B2 2A2 2B2

∥∥∥∥
∥∥∥∥∥∥∥∥
X2

Y2
X̃

Ỹ

∥∥∥∥∥∥∥∥ =

∥∥∥∥2C1

2C2

∥∥∥∥ .
Äîâåäåííÿ çàâåðøåíî. �

Íàñëiäîê 1. Íåõàé Z[i] � êiëüöå öiëèõ ãàóñîâèõ ÷èñåë i ðiâíÿííÿ (2) ç êîåôiöi¹í-

òàìè âèãëÿäó

A = A1 +A2i, B = B1 +B2i, C = C1 + C2i,
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äå Ai, Bi ∈ M(m,n,Z), Ci ∈ M(m, l,Z), i = 1, 2 ìà¹ ðîçâ'ÿçîê X,Y ∈ M(n, l,Z[i]) â
òîìó i òiëüêè â òîìó âèïàäêó, êîëè ìàòðèöi∥∥∥∥A1 −A2 B1 −B2 C1

A2 A1 B2 B1 C2

∥∥∥∥ i

∥∥∥∥A1 −A2 B1 −B2 0
A2 A1 B2 B1 0

∥∥∥∥
åêâiâàëåíòíi íàä Z.

Íàñëiäîê 2. Ìàòðè÷íå ðiâíÿííÿ AX = B ç ìàòðèöÿìè A ∈ M(m,n,K), B ∈
M(m, l,K) âèãëÿäó (4) àáî (5) ìà¹ ðîçâ'ÿçîê X ∈ M(n, l,K) òîäi i òiëüêè òîäi,

êîëè åêâiâàëåíòíi íàä Z òàêi ìàòðèöi:∥∥∥∥A1 +A2k A1 B1

A1 +A2 A2 B2

∥∥∥∥ i

∥∥∥∥A1 +A2k A1 0
A1 +A2 A2 0

∥∥∥∥ ,
ÿêùî k ≡ 2, 3 (mod 4) i∥∥∥∥A1 +A2k 2A1 2B1

A1 +A2 2A2 2B2

∥∥∥∥ i

∥∥∥∥A1 +A2k 2A1 0
A1 +A2 2A2 0

∥∥∥∥ ,
ÿêùî k ≡ 1 (mod 4).

Çà äîâåäåííÿìè òåîðåìè 1 i òåîðåìè 2 îäåðæó¹ìî ñïîñiá ðîçâ'ÿçóâàííÿ ìàòðè÷-
íèõ ðiâíÿíü (1) i (2). Ðîçâ'ÿçóâàííÿ ìàòðè÷íèõ ëiíiéíèõ ðiâíÿíü íàä êâàäðàòè÷íèì
êiëüöåì K çâîäèòüñÿ äî ðîçâ'ÿçóâàííÿ ìàòðè÷íèõ ëiíiéíèõ ðiâíÿíü íàä êiëüöåì öi-
ëèõ ÷èñåë Z.

5. Ìàòðè÷íi ëiíiéíi ðiâíÿííÿ (1) i (2), âèçíà÷íèêè
ìàòðèöü-êîåôiöi¹íòiâ ÿêèõ âçà¹ìíî ïðîñòi

Íåõàé ó ðiâíÿííi (1) (n×n) - ìàòðèöi A,B,C íàä êiëüöåì ãîëîâíèõ iäåàëiâ i âèç-
íà÷íèêè A i B âçà¹ìíî ïðîñòi. Ïiä êiëüöåì ãîëîâíèõ iäåàëiâ ðîçóìi¹ìî êîìóòàòèâíå
êiëüöå ç îäèíèöåþ áåç äiëüíèêiâ íóëÿ, â ÿêîìó êîæåí iäåàë ¹ ãîëîâíèì [20, ñ. 1]. Òîäi
ç [21] âèïëèâà¹, ùî ìàòðèöi M i N âèãëÿäó (3) åêâiâàëåíòíi. Îòæå, ðiâíÿííÿ (1)
ðîçâ'ÿçíå. Äëÿ ìàòðè÷íîãî ðiâíÿííÿ (1) íàä êâàäðàòè÷íèìè êiëüöÿìè òàêå òâåðä-
æåííÿ íåïðàâèëüíå. Ñåðåä êâàäðàòè÷íèõ êiëåöü ¹ êiëüöÿ, ìàòðè÷íå ðiâíÿííÿ (1) íàä
ÿêèìè çà óìîâè, ùî âèçíà÷íèêè ìàòðèöü A i B âçà¹ìíî ïðîñòi, ìîæå áóòè íåðîç-
â'ÿçíå.

Ïðèêëàä 1. Íåõàé∥∥∥∥3 0
0 1

∥∥∥∥X + Y

∥∥∥∥ 0 2 +
√
−5

−1 0

∥∥∥∥ =

∥∥∥∥ 1 1
5 + 2

√
−5 4−

√
−5

∥∥∥∥
� ìàòðè÷íå ðiâíÿííÿ íàä êiëüöåì Z[

√
−5]. Âèçíà÷íèêè ìàòðèöü

∥∥∥∥3 0
0 1

∥∥∥∥ i∥∥∥∥ 0 2 +
√
−5

−1 0

∥∥∥∥ âçà¹ìíî ïðîñòi, àëå öå ðiâíÿííÿ íåðîçâ'ÿçíå.

Âiäîìî, ùî ìàòðè÷íå ðiâíÿííÿ (2), äå A,B,C � (n×n) - ìàòðèöi íàä êiëüöåì ãî-
ëîâíèõ iäåàëiâ ðîçâ'ÿçíå òîäi i òiëüêè òîäi, êîëè ëiâèé íàéáiëüøèé ñïiëüíèé äiëüíèê
ìàòðèöü (A,B) ¹ ëiâèì äiëüíèêîì ìàòðèöi C. ßêùî (detA, detB) = 1, òî î÷åâèäíî,
ðiâíÿííÿ (2) ðîçâ'ÿçíå.
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Ïðèêëàä 2. Ðiâíÿííÿ∥∥∥∥6 + 3
√
−5 1

3 + 3
√
−5 1

∥∥∥∥X +

∥∥∥∥−1 −1 + 4
√
−5

−1 −3 + 3
√
−5

∥∥∥∥Y =

∥∥∥∥7 + 3
√
−5 10 + 2

√
−5

6 + 3
√
−5 7 + 2

√
−5

∥∥∥∥
íàä Z[

√
−5] íå ìà¹ ðîçâ'ÿçêiâ. Âèçíà÷íèêè ìàòðèöü

∥∥∥∥6 + 3
√
−5 1

3 + 3
√
−5 1

∥∥∥∥ i∥∥∥∥−1 −1 + 4
√
−5

−1 −3 + 3
√
−5

∥∥∥∥ âçà¹ìíî ïðîñòi.
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We give necessary and su�cient conditions for the existence of solutions of
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k]. The method of solving which reduces these equations to matrix

linear equations over the ring of integers Z, is given.

Key words: quadratic ring, Sylvester matrix equation, matrix Diophantine
equation, equivalence of matrices.



ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2018. Âèïóñê 85. Ñ. 41�47

Visnyk of the Lviv Univ. Series Mech. Math. 2018. Issue 85. P. 41�47

http://publications.lnu.edu.ua/bulletins/index.php/mmf

doi: http://dx.doi.org/10.30970/vmm.2018.85.041-047

ÓÄÊ 515.12

FUNCTORS AND MANIFOLDS MODELED ON SOME kω-SPACE

Oryslava SHABAT1, Mykhailo ZARICHNYI2

1Ukrainian Academy of Printing,

Pidgolosko Str., 19, 79020, Lviv, Ukraine
2Ivan Franko Lviv National University,

Universitetska Str., 1, 79000, Lviv, Ukraine

e-mail: shabor@ukr.net, zarichnyi@yahoo.com

There is a universal spaceK∞ for the class of compact metric spaces of �nite
f.-d. derivative. We consider the question of preservation of K∞-manifolds by
some functorial constructions. We also consider a universal map ϕK : R∞ →
K∞ and discuss some of its properties, in particular, its preservation by some
functors.

Key words: universal space, in�nite-dimensional manifold, functor.

Introduction

Recall that the kω-spaces are the countable direct limits of compact Hausdor�
spaces. By R∞ we denote the direct limit of the sequence

R→ R2 → R3 → . . .

and by Q∞ the direct limit of the sequence

Q→ Q2 → Q3 → . . . ,

where Q = [0, 1]ω is the Hilbert cube.
Let A be a topological space. The f.d.-derivative of A is the set

A(1) = A \ {x ∈ A | there is a neighborhood U of x such that dimU <∞}.

Clearly, A(1) is a closed subset in A. By induction, we de�ne A(n) = (A(n−1))(1), for
n > 1.

Let K denote the class of compact metrizable spaces A such that A(n) = ∅, for some
natural n. LetM(ω) denote the class of �nite-dimensional compact metrizable spaces.

2010 Mathematics Subject Classi�cation: 57N20, 54B30
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T. Banakh [1] considered the following construction. Given n ∈ N, let

Kn =
[
− 1
n ,

1
n

]n × {(0, 0, . . . )} ⊂ `2.
Let K =

⋃
i∈NKn ⊂ `2. Clearly, K is a compact metric space and K(1) = ∗ = (0, 0, . . . ).

Let C be a class of topological spaces. A topological space X is said to be strongly

C-universal if, for every pair (A,B) of topological spaces, where A ∈ C and B is a closed
subset of A, every embedding f : B → X, there is an embedding f̄ : A→ X that extends
f .

It is proved in [1] that the space K∞ = lim−→Kn is strongly K-universal.
Recall that a space X is called a K∞-manifold if X is locally homeomorphic to K∞.

We assume that all K∞-manifolds under consideration are kω-spaces.
The theory of K∞-manifolds is developed by T. Banakh [1]. It turned out that this

theory is parallel to the theories of R∞- and Q∞-manifolds.
We will consider the question of preservation of K∞-manifolds by some functori-

al constructions. Similar questions for another classes of in�nite-dimensional manifolds
were considered in publications of di�erent authors (see, e.g., [10] and the bibliography
therein).

The functors are assumed to be close to being normal. The notion of normal functor
acting in the category of compact Hausdor� spaces is introduced by Shchepin [9]. In
the sequel, we will use the terminology of [9]. In particular, the notions of monomorphic
functor and functor that preserves intersections as well as of degree and support can be
found in [9] (see, e.g., [10]).

By Fk(X) we denote the set of points of degree ≤ k in F (X). Note that Fk is a
subfunctor of F .

If F is a normal functor, X is a kω-space, X = lim−→Xi, then we de�ne F (X) =

lim−→F (Xi).

1. Results

Lemma 1. Let F be a monomorphic functor that preserves intersections and the degree

of F equals n ∈ N. If F (n) is a �nite-dimensional space, then F (X) ∈ K, for every

X ∈ K.

Proof. We will prove by induction on the degree of the functor. If n = 1, then F (X) = X
and there is nothing to prove. Consider a ∈ F (X) with deg(a) = n. Then there is a
neighborhood U of a in F (X) homeomorphic to V1×· · ·×Vn×W , where Vi, i = 1, . . . , n,
are open subsets of X and W is an open subset of F (n) (see [5]). Therefore, there exists
m ∈ N such that F (X)(m) ⊂ Fn−1(X). Then we can apply induction. �

The following lemma is proved in [1].

Lemma 2. Let X be a K∞-manifold. If A ⊂ X be a compact subset, then there is an

embedding i : A×K → X such that i(a, ∗) = a for every a ∈ A.

We will need the following its corollary.

Corollary 1. Let X be a K∞-manifold. If A ⊂ X be a compact subset, then for every

n ∈ N there is an embedding i : A×Kn → X such that i(a, ∗, . . . , ∗) = a for every a ∈ A.
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Theorem 1. Let X be a K∞-manifold and let F be a functor of �nite degree that

preserves ANR-spaces and �nite-dimensional spaces. Then F (X) is a K∞-manifold.

Proof. Represent X as lim−→Xi, where Xi are compact ANR-spaces. Clearly, Xi ∈ K.
Then F (X) = lim−→F (Xi). By Lemma 1, F (Xi) ∈ K.

We are going to demonstrate the strong local K-universality of F (X). Let (A,B) be
a pair of compact metrizable spaces with A ∈ K and let β : B → F (X) be an embedding.
Then there exists n ∈ N such that β(B) ⊂ F (Xn). Since F (Xn) is an ANR-space, there
is an extension α′ : U → F (Xn) of β onto a closed neighborhood U of B in A.

Let U/B denote the quotient space of U obtained when we identify all the points
of U to a single equivalence class leaving all the other points of B equivalent only to
themselves. Note that U/B ∈ K. Let q : U → U/B denote the quotient map. There exists
an embedding γ : U/B → Km, for some m ∈ N, such that γ(A) = (∗, . . . , ∗) (see [1]). Let
q : U → U/B denote the quotient map.

Using Corollary 1, one may assume that Xn × Km ⊂ X and x = (x, ∗, · · · ∗) ∈
Xn ×Km for every x ∈ Xn. For any y ∈ Km, denote by iy : Xn → Xn ×Km the map
de�ned by the formula iy(x) = (x, y), x ∈ Xn.

Given x ∈ U , de�ne α(x) = F (iγ(q(x)))(α
′(x)).

Let us verify that α is an embedding that extends β. Indeed, the continuity of α
is a consequence of Propositions 2.2 and 2.4 from [7]. Next, if x ∈ B, y ∈ U \ B, then
supp(α(x)) ⊂ Xn and

supp(α(y)) ⊂ Xn × (Km \ {(∗, . . . , ∗)})
and we conclude that α(x) 6= α(y). If x, y ∈ U \B, x 6= y, then

supp(α(x)) ⊂ Xn × {γq(x)}, supp(α(y)) ⊂ Xn × {γq(y)},
and therefore α(x) 6= α(y). �

Recall that a free topological group of a Tychonov space X is a topological group
F (X) satisfying the following conditions:

(1) X is a subspace of F (X);
(2) for any continuous map f : X → G, where G is a topological group, there exists

a unique continuous homomorphism f̄ : F (X)→ G that extends f .

It is well-known (see, e.g., [6]) that a topological group exists and is unique up to
isomorphism.

One can similarly prove the following theorems. Note that its proof relies on the
fact that, for any compact Hausdor� space X, the free topological group F (X) is
homeomorphic to the countable direct limit lim−→Fn(X), where Fn(X) stands for the

words of length ≤ n in F (X). Actually, Fn is a functor for which the assumptions of
Lemma 1 are satis�ed (see [11]).

Theorem 2. Let X ∈ K be a compact metric space such that X contains a topological

copy of K. The free topological group of the space X is a K∞-manifold.

Theorem 3. The free topological group of the space K is a K∞-manifold.

The previous results are counterparts of the results of the second number author on
free topological groups of ANR-spaces (see [11]).
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By (M(ω),K) we denote the class of continuous maps f : X → Y , where X ∈M(ω),
Y ∈ K.

Given two maps, f : X ′ → X ′′ and g : Y ′ → Y ′′, we say that a pair i = (i′, i′′),
where i′ : X ′ → Y ′, i′′ : X ′′ → Y ′′ are maps, is a morphism in the category of maps if the
diagram

X ′
i′ //

f

��

Y ′

g

��
X ′′

i′′
// Y ′′

is commutative. In this case we say that i is an embedding if both i′, i′′ are embeddings.
Also, if X ′′ ⊂ X ′, Y ′′ ⊂ Y ′, g = f |X ′′ : X ′′ → Y ′′, then we say that a pair of maps (f, g)
is given.

A map f : R∞ → K∞ is said to be (M(ω),K)-universal if, for every pair (g, h) of
maps with g, h ∈ (M(ω),K) and every embedding i : h → f , there exists an embedding
j : g → f that extends i.

Proposition 1. There is a (M(ω),K)-universal map R∞ → K∞.

Proof. Let ϕ : R∞ → Q∞ be a universal map described in [12]. We suppose that K∞ ⊂
Q∞ and let

ψ = ϕ|ϕ−1(K∞) : ϕ−1(K∞)→ K∞.

Consider the composition

R∞ ' // ϕ−1(K∞)→ K∞

(that ϕ−1(K∞) is homeomorphic to R∞ easily follows from the fact that K∞ is a kω-
space which is an absolute retract as well as from the universality of the map ϕ.)

Let us denote the obtained map by ϕK . We are going to prove that ϕK is (M(ω),K)-
universal. Suppose that we have a pair (g, h) of maps g : X ′ → X ′′, h : Y ′ → Y ′′ with
g, h ∈ (M(ω),K) and an embedding i = (i′, i′′) : h→ ϕK .

By the characterization theorem for K∞ (see [1]), there exists an embedding
j′′ : X ′′ → K∞ ⊂ Q∞ which is an extension of the embedding i′′ : Y ′′ → K∞ ⊂ Q∞.
By the universality property of ϕ, there exists an embedding i′ : X ′ → R∞ such that
j′|Y ′ = j′′ and ϕj′ = j′′. Then i′(X ′) ⊂ ϕ−1(K∞) and this �nishes the proof. �

The following is a characterization theorem for the map ϕK .

Theorem 4. Let f : X → Y be a map of kω-spaces. Then the following are equivalent:

(1) X is a countable union of �nite-dimensional compact metrizable spaces, Y is a

countable union of spaces from the class K, and f is (M(ω),K)-universal.
(2) f is homeomorphic to ϕK .

Proof. Follows the proof of the main result in [12] concerning characterization of the
map ϕ : R∞ → Q∞ by its universality condition. �

Let Pn denote the functor of probability measures supported on the sets of cardinali-
ty ≤ n. This functor acts in the category of compact Hausdor� spaces. Any µ ∈ Pn(X)
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admits a representation of the form

n∑
i=1

αiδxi
, where αi ∈ [0, 1],

n∑
i=1

αi = 1, and δxi
is

the Dirac measure concentrated at xi ∈ X, i = 1, . . . , n.
By P∞ we denote the functor of probability measures of �nite support. Recall that

for any kω-space X = lim−→Xi, we put P∞(X) = lim−→Pi(Xi).

Proposition 2. The map P∞(ϕK) is homeomorphic to ϕK .

Proof. We modify the proof of Theorem 2 from [13], namely, we replace every copy Qn
of the Hilbert cube Q by Kn, n ∈ N, and thus Q∞ by K∞. The rest of the proof remains
unchanged. �

One can also prove a similar result for the functor of idempotent measures of �nite
support (see [14]) for the de�nition of idempotent measures).

2. Remarks and open questions

Is there a map from K∞ into Q∞ which is a counterpart of the universal map
R∞ → Q∞?

T. Banakh and O. Hryniv [2] characterized the spaces whose free topological semi-
groups in some classes are R∞-manifolds. Whether a counterpart of their result is valid
for the K∞-manifolds remains an open question. See also [3] for some related results
concerning free topological universal algebras.

The notion of f.d.-derivative can be extended over trans�nite numbers. This allows
us to consider the theories of in�nite-dimensional manifolds modeled over countable di-
rect limits of universal spaces for compacta whose f.d.-derivative of order < α is empty,
for given countable ordinal α. The case of �nite α corresponds to the theory of mani-
folds modeled on the countable direct limits of (n − 1)-dimensional Menger compacta
(injectively-Menger manifolds; see [8]).

The following questions arise in connection with the results of [4].

Question 1. Is there a linear realization of the map ϕK , i.e., a linear map of linear
topological spaces which is homeomorphic to ϕK?

Question 2. Is the map ϕK locally self-similar? Recall that a map f : X → Y is called
locally self-similar if, for any x ∈ X and any neighborhoods U , V of x and f(x) respecti-
vely, there exists a neighborhoodW of x such thatW ⊂ U , f(V ) ⊂ U , and the restriction
f |W : W → f(W ) is homeomorphic to the map f .
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Iñíó¹ óíiâåðñàëüíèé ïðîñòið K∞ äëÿ êëàñó êîìïàêòíèõ ìåòðè÷íèõ
ïðîñòîðiâ ñêií÷åííî¨ ñêií÷åííîâèìiðíî¨ (f.-d.) ïîõiäíî¨. Ìè ðîçãëÿäà¹ìî
ïèòàííÿ çáåðåæåííÿ K∞-ìíîãîâèäiâ äåÿêèìè ôóíêòîðiàëüíèìè êîíñòðóê-
öiÿìè. Ìè ðîçãëÿäà¹ìî òàêîæ óíiâåðñàëüíå âiäîáðàæåííÿ ϕK : R∞ → K∞

i îáãîâîðþ¹ìî äåÿêi éîãî âëàñòèâîñòi, çîêðåìà, éîãî çáåðåæåííÿ äåÿêèìè
ôóíêòîðàìè.

Êëþ÷îâi ñëîâà: óíiâåðñàëüíèé ïðîñòið, íåñêií÷åííîâèìiðíèé ìíîãîâèä,
ôóíêòîð.
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1. Definitions and relations

In general topology one often investigates di�erent classes of compact-like spaces
and relations between them, see, for instance, basic [11, Chap. 3] and general works [9],
[19], [23], [22], [17]. We consider the present paper as a next small step in this quest.

We shall follow the terminology of [11]. By N we shall denote the set of all positive
integers.

A subset of a topological space X is called regular open if it equals the interior of its
closure. A space X is quasiregular if each nonempty open subset of X contains closure
of some nonempty open subset of X.
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1.1. Old classes. We recall that a topological space X is said to be

• semiregular if X has a base consisting of regular open subsets;
• compact if each open cover of X has a �nite subcover;
• sequentially compact if each sequence {xn}n∈N ofX has a convergent subsequence
in X;

• ω-bounded if each countable subset of X has compact closure;
• totally countably compact if each sequence of X contains a subsequence with
compact closure;

• countably compact if each open countable cover of X has a �nite subcover;
• countably compact at a subset A ⊆ X if every in�nite subset B ⊆ A has an
accumulation point x in X;

• countably pracompact if there exists a dense subset D in X such that X is
countably compact at D;

• feebly ω-bounded if for each sequence {Un}n∈N of non-empty open subsets of X
there is a compact subset K of X such that K ∩ Un 6= ∅ for each n;

• selectively sequentially feebly compact if for each sequence {Un}n∈N of non-empty
open subsets of X we can choose a point xn ∈ Un for each n ∈ N such that the
sequence {xn} has a convergent subsequence;

• selectively feebly compact1, if for each sequence {Un}n∈N of non-empty open
subsets of X we can choose a point x ∈ X and a point xn ∈ Un for each n ∈ N
such that the set {n ∈ N : xn ∈ W} is in�nite for every open neighborhood W
of x.

• sequentially feebly compact2 [10, Def. 1.4] if for each sequence {Un : n ∈ N}
of non-empty open subsets of the space X there exist a point x ∈ X and an
in�nite set I ⊂ N such that for each neighborhood U of the point x the set
{n ∈ I : Un ∩ U = ∅} is �nite;

• feebly compact if each locally �nite family of nonempty open subsets of the space
X is �nite.

• k-space if X is Hausdor� and a subset F ⊂ X is closed in X if and only if F ∩K
is closed in K for every compact subspace K ⊂ X.

1Selectively sequentially feebly compact Tychono� spaces were recently introduced and studied by
Dorantes-Aldama and Shakhmatov in [8]. Also they considered selectively feebly compact Tychono�
spaces under the name selectively pseudocompact spaces. An equivalent property appeared a few years
earlier in papers by Garc�a-Ferreira with Ortiz-Castillo [12] and with Tomita [13] under the title �strong
pseudocompactness�, but since the term �strongly pseudocompact� is used in [3, 7] to denote two di�erent
properties, we stick to a name for this property which re�ects its �selective� nature and also matches the
name of the previous �selective� property.

2One of the authors introduced this notion a few years ago as a natural property intermediate between
feeble and sequential compactness, which may be useful in some applications in topological algebra.
Indeed, for instance, Proposition 1.10. by Artico et al. [4] combined with Theorem 1.1 by Lipparini [17]
states that that each T0 feebly compact topological group is sequentially feebly compact. But later we
found that it is a known property, even with the same name. The oldest reference which we know (see
[19, p. 15]) is Reznichenko's paper [21]. A similar notion had been given by Artico et al. in [4, Def.
1.8], where are used pairwise disjoint open sets instead. Lipparini proved in [17] that these notions are
equivalent.
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According to Theorem 3.10.22 of [11], a Tychono� topological space X is feebly compact
if and only if it is pseudocompact, that is, each continuous real-valued function on X is
bounded. Also, a Hausdor� topological space X is feebly compact if and only if every
locally �nite family of non-empty open subsets of X is �nite.

Relations between di�erent classes of compact-like spaces are well-studied. Some of
them are presented on Diagram 3 in [19, p.17], on Diagram 1 in [8, p. 58] (for Tychono�
spaces), and on Diagram 3.6 in [22, p. 611].

1.2. New classes. The notion of countable pracompactness has been studied by several
authors under several names. According to Matveev [19] it �appeared in the literature
under many di�erent names�. Matveev mentions that Baboolal, Backhouse and Ori [5]
introduced an equivalent notion under the name e-countable compactness. In the recent
paper [18] the authors study the notion using the expression �densely countably compact�.
A few references and a further name are recalled there [2] According to Arkhangel'skii [1]
countable compactness at some subset and countable pracompactness ��nd important
applications in Cp-theory�.

In order to re�ne the strati�cation of countable pracompact spaces even more, we
introduce the following de�nitions. In each of them we require that a space X contains
a dense subset D with a special property. Namely,

• if each sequence of points of the set D has a convergent subsequence (in X) then
X is sequentially pracompact ;

• if each sequence of points of the set D has a subsequence with compact closure
(in X) then X is totally countably pracompact ;

• if each countable subset of the set D has compact closure (in X) then X is
ω-bounded-pracompact.

Our main motivation to introduce the above spaces is their possible applications in
topological algebra. In particular, we are going to use them in the paper [15].

Diagram 1 shows relations between di�erent classes of compact-like spaces. All impli-
cations on the diagram are true and we suggest that they are either well-known or easy to
prove and all non-marked arrows are not reversible without imposing additional conditi-
ons on spaces. In particular, in Section 4 of the present paper we construct a sequentially
feebly compact space which is not selectively feebly compact (Example 2), a sequentially
pracompact space which is not countably compact (Example 3), and a totally countably
pracompact space which is nether ω-bounded-pracompact nor totally countably compact
(Example 4).

2. Basic properties

2.1. Extensions. We recall that an extension of a space X is a space Y containing
X as a dense subspace. It is easy to check that countable pracompactness, sequenti-
al pracompactness, feeble compactness, sequential feeble compactness, selective feeble
compactness, selective sequential feeble compactness, and feeble ω-boundedness is
preserved by extensions.

2.2. Continuous images. It is easy to check that sequential compactness, feeble
compactness, sequential feeble compactness, countably pracompactness, and sequential
pracompactness is preserved by continuous images and total countable compactness,
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total countable pracompactness, ω-boundedness, and ω-bounded-pracompactness is
preserved by continuous Hausdor� images.
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2.3. Products. The investigation of productivity of compact-like spaces is motivated
by the fundamental Tychono� theorem, stating that a product of a family of compact
spaces is compact, On the other hand, there are two countably compact spaces whose
product is not feebly compact (see [11], the paragraph before Theorem 3.10.16). The
product of a countable family of sequentially compact spaces is sequentially compact [11,
Theorem 3.10.35]. But already the Cantor cube Dc is not sequentially compact (see [11],
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the paragraph after Example 3.10.38). On the other hand, some compact-like spaces
are also preserved by products, see [23, §3-4] (especially Theorem 3.3, Proposition 3,4,
Example 3.15, Theorem 4.7, and Example 4.15) and §7 for the history, and [22, §5].
Among more recent results we note that Dow et al. in Theorem 4.1 of [10] proved that
a product of a family of sequentially feebly compact spaces is again sequentially feebly
compact, and in Theorem 4.3 that every product of feebly compact spaces, all but one
of which are sequentially feebly compact, is feebly compact.

In the next propositions we show that sequentially pracompact, T1 totally countably
compact, and ω-bounded-pracompact spaces are preserved by products. The proofs are
easy and straightforward but we provide them because a theorem should have a proof.

Let X be a product of a family {Xα : α ∈ A} of spaces. For each subset B of the
set A by πB we denote the projection from X =

∏
{Xα : α ∈ A} to

∏
{Xα : α ∈ B}. If

B = {α} then πB we shall denote also by πα. A space Y ⊂ X is called a Σ-product of
the family {Xα} provided there exists a point y ∈ X such that

Y = {x ∈ X : xα = yα for all but countably many α ∈ A} .
In this case Y is also called the Corson Σ-subspace of X based at y.

Proposition 1. The (Σ-) product of a family of sequentially pracompact spaces is

sequentially pracompact.

Proof. Let X be the non-empty product of a family {Xα : α ∈ A} of sequentially
pracompact spaces and Y ⊂ X be the Corson Σ-subspace of X based at a point
y = (yα) ∈ X. For each index α ∈ A �x a dense subset Dα 3 yα of the space Xα

such that each sequence of points of the set Dα has a convergent subsequence and �x a
point aα ∈ Dα. Put D = Y ∩

∏
α∈ADα. Then the set D is a dense subset of the space X.

Let C = {xn : n ∈ N} be a sequence of points of the set D and B = {αm : m ∈ N} be an
enumeration of the countable set {α ∈ A : ∃x ∈ C(xα 6= yα)}. By induction we can build
a sequence {xαm ∈ Xαm} of points and a sequence {Sm} of in�nite subsets of N such
that Sm ⊃ Sm′ for each m ≤ m′ and for each neighborhood Uαm

⊂ Xαm
of the point xαm

the set {n ∈ Sm : xnαm
6∈ Uαm

} is �nite. We can easily construct an in�nite set S ⊂ N
such that the set S \ Sm is �nite for each m ∈ N. Choose a point x = (xα) ∈ Y such
that xα is already de�ned for α ∈ B and xα = yα for α ∈ A \ B. Let U be an arbitrary
neighborhood of the point x. There exist a �nite subset F of the set A and a family

{Uα : α ∈ F,Uα ⊂ Xα is an open neighborhood of xα}
such that x ∈ U ′ = π−1F (

∏
{Uα : α ∈ F}) ⊂ U . The inductive construction implies that

the set Tα = {n ∈ S : xnα 6∈ Uα} is �nite for each α ∈ F . Then xn ∈ U ′ ⊂ U for each
n ∈ S \

⋃
{Tα : α ∈ F}. �

Proposition 2. The (Σ-) product of a family of totally countably pracompact T1 spaces

is totally countably pracompact.

Proof. Let X be the non-empty product of a family {Xα : α ∈ A} of totally countably
pracompact spaces and Y ⊂ X be the Corson Σ-subspace of X based at a point y =
(yα) ∈ X. For each index α ∈ A �x a dense subset Dα 3 yα of the space Xα such that
each sequence of points of the set Dα has a subsequence with compact closure in Xα. Put
D = Y ∩

∏
α∈ADα. Then the setD is a dense subset of the spaceX. Let C = {xn : n ∈ N}
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be a sequence of points of the setD and {αm : m ∈ N} be an enumeration of the countable
set {α ∈ A : ∃x ∈ C(xα 6= yα)}. By induction we can build a sequence {Sm} of in�nite
subsets of N such that Sm ⊃ Sm′ for each m ≤ m′ and the set {xnαm

: n ∈ Sm} has
compact closure in Xαm

. We can easily construct an in�nite set S ⊂ N such that the set
S \ Sm is �nite for each m ∈ N. Then the set {xn : n ∈ S} has compact closure in X,
which is contained in Y . �

Remark 1. The referee remarked that in the case of Cartesian product in Proposition 2
T1 condition can be weakened to that for each α ∈ A a set {yα} has compact closure in
Xα. The proof remains almost the same, only the �nal words �which is contained in Y �
should be dropped.

It motivates to de�ne a class of spaces in which every singleton (that is, one-point
set) has compact closure. The referee suggested to investigate which classes of compact-
like spaces belong to the class. By de�nition, each T1 space belong to the class. Each
totally countably compact space X also belongs to the class because for any point x ∈ X
the set {x} is the closure of any subsequence of the constant sequence {xn}, where xn = x
for each n.

On the other hand, the referee proposed to endow ω with the topology of left
intervals, whose open sets are the intervals [0, n), plus the whole of ω. Here the closure
of 0 is the noncompact space ω. We extend this construction as follows. Let X = ω1 + ω
endowed with a topology with a subbase consisting of hal�ntervals [0, α), where α < ω1+ω
and (α, ω1 + ω), where α < ω1. Then the closure of ω1 is a noncompact set [ω1, ω1 + ω).
Now put D = ω1. Then D is dense in X and each countable subset C of D is contained
in a closed compact set [0, supC] of D. Thus X is both sequentially and ω-bounded-
pracompact.

A sequentially compact example of a space not belonging to the class is more
complicated, but, luckily, already known. Namely, in [20, Example 5] the second author
constructed a group G =

⊕
α∈ω1

Z, which is the direct sum of the groups Z and its subgroup

S = {0} ∪ {(xα) ∈ G : (∃β ∈ ω1)((∀α > β)(xα = 0)&(xβ > 0))} .

Let GS be the group G endowed with a topology with a base {x+S : x ∈ G}. Then GS is
a paratopological group, that is the group operation + : G×G→ G is continuous. In [20,
Example 5] it is shown that the group GS is sequentially compact. On the other hand,

by [20, Lemma 17] the set S ⊂ GS is compact. Since {0} = {x ∈ G : x + S 3 0} = −S,
if the set −S is compact then G = S ∪ (−S) is compact too, which contradicts [20,
Proposition 12].

Proposition 3. The product of a family of ω-bounded-pracompact spaces is ω-bounded-
pracompact. Moreover, if all spaces of the family are T1 then a Σ-product of the family

is ω-bounded-pracompact too.

Proof. Let X be the non-empty product of a family {Xα : α ∈ A} of ω-bounded-
pracompact spaces and Y ⊂ X be the Corson Σ-subspace of X based at a point
y = (yα) ∈ X. For each index α ∈ A �x a dense subset Dα 3 yα of the space Xα such that
each countable subset of the set Dα has compact closure in Xα. Put D = Y ∩

∏
α∈ADα.

Then the set D is a dense subset of the space X. Let C be a countable subset of the set
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D. Then C is a subset of a closed compact subset C ′ =
∏
α∈A πα(C) of the space X.

Now assume that all spaces Xα are T1. Put B = {α ∈ A : ∃x ∈ C(xα 6= yα)}. The set B
is countable and so C ′ =

∏
α∈B πα(C)×

∏
α∈A\B{yα} ⊂ Y . �

Example 1. This example shows that T1 condition is essential in the Σ-product case
of Propositions 2 and 3. Let X ′ be a space consisting of two distinct points a and b
endowed with the topology {∅, {a}, X ′}. Let A be an uncountable subset, X be the
product of a family {Xα : α ∈ A}, Y ⊂ X be the Corson Σ-subspace of X based at a
point y = (aα) ∈ X, where Xα = X ′ and aα = a for each α ∈ A. Since the space X ′ is
compact, it is easy to check that the space Y is countably compact. On the other hand,
the space Y is not totally countably pracompact. For this purpose it su�ces to show that
for any point x = (xα) ∈ Y a set {x} (everywhere in this example we by S we mean the

closure in Y of its subset S) is not compact, because {x} is the closure (in Y ) of any
subsequence of a constant sequence {xn}, where xn = x for each n. By [11, Proposition

2.3.3], {x} = {(xα)} = Y ∩
∏
α∈A {xα}. Remark that b ∈ {xα} for each α ∈ A. Now for

each α ∈ A put Yα = {y = (yβ) ∈ Y : yα = a}. Since for each point z = (zα) ∈ Y , there
exists an index α such that zα = a, the family {Yα : α ∈ A} is an open cover of the set Y ,

and hence of {x}. Let C be any �nite subset of A. Let t = (tα) ∈ Y be such that tα = b

if xα = b or α ∈ C and tα = a, otherwise. Then t ∈ {x} \
⋃
{Yα : α ∈ C}. Thus the set

{x} is not compact.

Since the sequential feebly compactness is preserved by extensions, the following
proposition strengthens Theorem 4.1 of [10] a bit.

Proposition 4. The Σ-product of a family of sequentially feebly compact spaces is

sequentially feebly compact.

Proof. Let X be a non-empty product of a family {Xα : α ∈ A} of sequentially feebly
compact spaces, Y ⊂ X be the Corson Σ-subspace of X based at a point y = (yα) ∈ X,
and {Vn : n ∈ N} be a sequence of non-empty open subsets of the space Y . For each index
n choose a �nite subset Bn of the set A and a family

{Unα : α ∈ Bn, Unα is a non-empty open subset of Xα}

such that Un∩Y ⊂ Vn, where Un = π−1Bn
(
∏
{Unα : α ∈ Bn}). Put B =

⋃
Bn. By Theorem

4.1 of [10], the space X ′ = {Xα : α ∈ B} is sequentially feebly compact. Since {πB(Un)}
is a sequence of its non-empty open subsets, there exist a point x′ ∈ X ′ and an in�-
nite set I ⊂ N such that for each neighborhood U ′ of the point x′ = (x′α)α∈B the set
{n ∈ I : πB(Un) ∩ U ′ = ∅} is �nite. De�ne a point x = (xα)α∈A ∈ Y by putting xα = x′α
for each α ∈ B and xα = yα for each α ∈ A \ B. Let V be an arbitrary neighborhood
of the point x in the space Y . Pick a canonical neighborhood U of the point x in the
space X such that U ∩ Y ⊂ V . Then there exists a subset I ′ of the set I such that a
set I \ I ′ is �nite and πB(Un) ∩ πB(U) 6= ∅ for each n ∈ I ′. Fix any such n and pick
a point z′ = (z′α)α∈B ∈ πB(Un) ∩ πB(U). De�ne a point z = (zα)α∈A ∈ Y by putting
zα = z′α for each α ∈ B and zα = yα for each α ∈ A \ B. It is easy to check that
z ∈ Un ∩ U ∩ Y ⊂ Vn ∩ V . �
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3. Backward implications

In [6], Banakh and Zdomskyy de�ned a topological space X to be an α7-space if for
any family {Sn : n ∈ N} of countable in�nite subsets of the space X such that a set Sn\U
is �nite for any n and any neighborhood U of x there exist a countable in�nite subset S
of the space X and a point y ∈ X such that a set S \ V is �nite for any neighborhood V
of y and Sn ∩ S 6= ∅ for in�nitely many n.

Proposition 5. Let X be a Fr�echet-Urysohn feebly compact space. Then X is sequenti-

ally feebly compact. Moreover, if X is either quasiregular or α7 then X is selectively

sequentially feebly compact.

Proof. Let X be a Fr�echet-Urysohn feebly compact space and {Vn : n ∈ N} be a sequence
of non-empty open subsets of the space X. For each n choose a non-empty open set
Un ⊂ Vn such that Un ⊂ Vn provided the space X is quasiregular. Since the space X is
feebly compact, there exists a point x ∈ X such that each neighborhood of the point x
intersects in�nitely many sets of the sequence {Un}. Put I0 =

{
n ∈ N : x ∈ Un

}
.

Suppose that the set I0 is in�nite. Then U ∩ Un 6= ∅ for each n ∈ I0 and each
neighborhood U of the point x. If the space X is quasiregular then x ∈ Vn for each
n ∈ I0, thus the constant sequence {xn = x : n ∈ I0} converges to x. Assume that X is
an α7-space. Since the spaceX is Fr�echet-Urysohn, for each n ∈ I0 there exists a sequence
S′n = {xnk : k ∈ N} of points of Un convergent to a point x. Considering its subsequence,
if necessarily, we can assume that the sequence S′n either consists of distinct points or it
is constant. In the latter case we have xnk = xn ∈ Un for each k for some point xn ∈ Un
such that x ∈ {xn}. Put I ′0 = {n ∈ I0 : S′n is constant}. If the set I ′0 is in�nite then a
sequence {xn : n ∈ I ′0} converges to the point x. So we suppose that the set I ′0 is �nite.
Since X is an α7-space, there exist a countable in�nite subset S of the space X and a
point y ∈ X such that a set S \ V is �nite for any neighborhood V of y and a set

I ′′0 =
{
n ∈ I0 \ I ′0 : there exists a natural k(n) such that xnk(n) ∈ S

}
is in�nite. For each n ∈ I ′′0 put xn = xnk(n) ∈ Un. If there exists a point z ∈ X such that

the set I1 = {n ∈ I ′′0 : xn = z} is in�nite then the sequence {xn : n ∈ I1} converges to the
point z. Otherwise the sequence {xn : n ∈ I ′′0 } converges to the point y. Indeed, let V be
an arbitrary neighborhood of the point y. Then the set S \ V is �nite and xn ∈ V for
each n ∈ I ′′0 \ {n : xn ∈ S \ V }.

Suppose that the set I0 is �nite. Since x ∈
⋃
{Un : n ∈ N \ I0} and X is a

Fr�echet-Urysohn space, there exists a sequence {x′m : m ∈ N} of points of the set⋃
{Un : n ∈ N \ I0} converging to the point x. For each index m ∈ N choose an index

n(m) ∈ N \ I0 such that x′m ∈ Un(m). Put I1 = {n(m) : m ∈ N}. Since x 6∈ Un for
each n ∈ N \ I0, the set I1 is in�nite. For each r ∈ I1 pick a point xr = x′m(r), where

n(m(r)) = r. Then xr ∈ Ur and the sequence {xr : r ∈ I1} converges to the point x.
Indeed, let U be an arbitrary neighbourhood of the point x. Since the sequence {x′m}
converges to the point x, there exists N ∈ N such that x′m ∈ U for each m > N . Then
xr ∈ U for each r ∈ I1 \ {n(m) : 0 ≤ m ≤ N}. �

Proposition 6. Each sequential countably pracompact space is sequentially pracompact.
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Proof. Let X be a sequential countably pracompact space. There exists a dense subset D
of the space X such that each in�nite subset of the set D has an accumulation point in X.
Let {xn : n ∈ N} be a sequence of points of the set D. If there exists a point x ∈ X such

that x ∈ {xn} for in�nitely many indices n ∈ N then the {xn : xn = x} is a convergent
subsequence of the sequence {xn : n ∈ N}. So we suppose that there is no such point x.
Then the set B = {xn : n ∈ N} is in�nite. The set B has an accumulation point y in X.

Then y ∈ B \ {y}. Therefore the set B \ {y} is not sequentially closed and there exists a
sequence {zm : m ∈ N} of points of the set B\{y} converging to a point z 6∈ B\{y}. Then
the sequence {zm : m ∈ N} contains in�nitely many distinct points of the set B \{y}. �

Proposition 7. Each countably pracompact k-space X is totally countably pracompact.

Proof. There exists a dense subset D of the space X such that each in�nite subset of the
set D has an accumulation point in X. Let {xn : n ∈ N} be a sequence of points of the
set D. Put B = {xn : n ∈ N}. If the set B is �nite then there exists a point x ∈ X such
that xn = x for in�nitely many indices n ∈ N. Then a subsequence {xn : xn = x} of the
sequence {xn : n ∈ N} has compact closure {x} in X. Thus we suppose that the set B is

in�nite. The set B has an accumulation point y in X. Then y ∈ B \ {y}. Therefore the set
B \ {y} is not closed and there exists a compact subset K of the space X such that a set
B∩K is not closed in K. Then the set B∩K is in�nite, the sequence {xn : xn ∈ B ∩K}
is in�nite too and {xn : xn ∈ B ∩K} ⊂ K. �

Proposition 8. Each sequentially feebly compact space containing a dense set D of

isolated points is sequentially pracompact.

Proof. It is easy to check that each sequence of points of the set D has a convergent
subsequence. �

4. Examples

Example 2. Let X0 be a non-empty T1 space. Determine a topology on the set X =
(X0 × ω) ∪ {y0}, where y0 6∈ X0 × ω by the following base

B = {U × {n} : U is an open subset of the space X0, n ∈ ω}∪

∪
⋃{
{y0} ∪

⋃
m≥n

X0 × {m} \ Fm : n ∈ ω, Fm is a �nite subset of X0

for each m ∈ ω such that m ≥ n
}
.

It is easy to check the following:

• the space X is Hausdor� provided the space X0 is Hausdor�;
• the space X is feebly compact provided the space X0 is a feebly compact space
without isolated points;

• the spaceX is sequentially feebly compact provided the spaceX0 is a sequentially
feebly compact space without isolated points.

Now we take the standard unit segment [0, 1] as X0. Then X is a sequentially feebly
compact space containing a closed discrete in�nite subspace {1}×ω. Now for each n ∈ ω
put Un = X0×{n}. Let {xn} be a sequence of points of the space X such that xn ∈ Un.
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Then the set {xn} has no accumulation points, thus the space X is not selectively feebly
compact.

We recall that the Stone-�Cech compacti�cation of a Tychono� space X is a compact
Hausdor� space βX containing X as a dense subspace so that each continuous map
f : X → Y to a compact Hausdor� space Y extends to a continuous map f : βX → Y
(see [11]).

Example 3 ([11, Exer. 3.6.I], [8, Ex. 2.6]). Let {Nα}α∈A, where A∩N = ∅, be an in�nite
family of in�nite subsets of N such that the intersectionNα∩Nβ is �nite for every pair α, β
of distinct elements of A and that {Nα}α∈A is maximal with respect to the last property.
Generate a topology on the set X = N∪S by the neighborhood system {B(x)}x∈X , where
B(x) = {{n}}, if x = n ∈ N and B(x) = {{α} ∪ (Nα \ {1, 2, . . . , n})}∞n=1 if x = α ∈ A.

Since A is a closed discrete in�nite subset of X, X is not countably compact. On
the other hand, the set D = N is dense in X. Let {xn : n ∈ N} be an arbitrary sequence
of points of the set D. If the set S = {xn : n ∈ N} is �nite then the sequence {xn : n ∈ N}
has a constant subsequence. If the set S is in�nite then by maximality of A there exists
α ∈ A such that Nα ∩ S is in�nite. Note that the enumeration {xnk

: k ∈ N} of Nα ∩ S
in the increasing order is a subsequence of the sequence {xn : n ∈ N} converging to the
point α. Thus the space X is sequentially pracompact.

Example 4. Endow the set N with the discrete topology. Let A (N) = N∪{∞} be a one-
point Alexandro� compacti�cation of N with the remainder ∞. We de�ne on A (N)×N
the product topology τp and extend the topology τp onto X = A (N) × N ∪ {a}, where
a /∈ A (N)× N, to a topology τ∗ in the following way: bases of the topologies τp and τ∗

coincide at x for any x ∈ A (N)× N and the family

B∗(a) = {Ua(i1, . . . , in) : i1, . . . , in ∈ N} ,

where

Ua(i1, . . . , in) = X \ (({∞} × N) ∪ (A (N)× {i1, . . . , in})) ,

determines a set of neighbourhood systems for τ∗ at the point a.
The de�nition of the topology τ∗ on X implies that N×N is the maximum discrete

subspace of (X, τ∗) and N×N is dense in (X, τ∗). Hence every dense subset D of (X, τ∗)
contains N × N. However, N× N = X is not compact, and hence (X, τ∗) is not an ω-
bounded-pracompact space.

Now we shall show that (X, τ∗) is totally countably pracompact. Especially we shall
prove that N × N is the requested dense subset of the space (X, τ∗). Fix an arbitrary
sequence {xn}n∈N ⊂ N×N. If there exists a positive integer i such that the set {xn}n∈N∩
(A (N)× {i}) is in�nite then the subsequence

{
xij
}
j∈N = {xn}n∈N ∩ (A (N)× {i}) with

the corresponding renumbering has compact closure in (X, τ∗). In the other case the set
{xn}n∈N ∩ (A (N)× {i}) is �nite for any positive integer i. Then the de�nition of (X, τ∗)

implies that {xn}n∈N = {a} ∪ {xn}n∈N is a compact subset of (X, τ∗).
We observe that by Proposition 19 of [14], (X, τ∗) is Hausdor� non-semiregular

countably pracompact non-countably compact space, and hence (X, τ∗) is not totally
countably compact.
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Blanchet has shown that a C2 subharmonic function can be extended
throught a C1 hypersurface provided the function satis�es certain C1 type
continuity condtions on the exceptional hypersurface. Recently we improved
Blanchet's result by measuring the exceptional set with the aid of Hausdor�
measure. Now we give a related extension result for separately subharmonic
functions.

Key words: subharmonic function, separately subharmonic function, Haus-
dor� measure, exceptional sets.

1. Introduction

1.1. We give an extension result for separately subharmonic C2 functions, see Theorem 2
below. Our proof is based on our previous extension result for C2 subharmonic functions,
see [8, Theorem 1, p. 154], and on a general result, see [3, Proposition 1, p. 33]. Moreover,
we need Federer's important results from the geometric measure theory, see e.g. [2, 9].

1.2. For the used notation, see [6, 7, 8]. However, for convenience of the reader we recall
here the following: If x = (x1, . . . , xn) ∈ Rn, n > 2, and j ∈ N, 1 6 j 6 n, then we write
x = (xj , Xj) = (Xj , xj), where Xj = (x1, . . . , xj−1, xj+1, . . . , xn). Moreover, if A ⊂ Rn,
1 6 j 6 n, and x0j ∈ R, X0

j ∈ Rn−1, we write

A(x0j ) =
{
Xj ∈ Rn−1 : x = (x0j , Xj) ∈ A

}
, A(X0

j ) =
{
xj ∈ R : x = (xj , X

0
j ) ∈ A

}
.

2010 Mathematics Subject Classi�cation: 31B05, 31B25, 32A10, 32D20
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2. Auxiliary results

2.1. A result of Federer. The following important result of Federer from the geometric
measure theory will be used repeatedly.

Lemma 1 ([2, Theorem 2.10.25, p. 188], [9, Corollary 4, Lemma 2, p. 114]). Suppose
that E ⊂ Rn, n > 2. Let α > 0 and let πk : Rn → Rk denote the projection onto the �rst
k coordinates.

(i) If Hk+α(E) = 0, then Hα(E ∩ π−1k (x)) = 0 for Hk-almost all x ∈ Rk.
(ii) If Hk+α(E) < +∞, then Hα(E ∩ π−1k (x)) < +∞ for Hk-almost all x ∈ Rk.

2.2. Our previous extension result for subharmonic functions. As pointed out
above, we use our previous extension result [8, Theorem 1, p. 154], however, now in the
following, only seemingly more general form. For our previous related results, see [4,
Theorem 4, pp. 181-182], [6, Theorem, p. 568], and [7, Lemma 2, p. 51]. Let it be pointed
out also here that Blanchet's results [1, Theorems 3.1, 3.2 and 3.3, pp. 312-313], have
been the starting point of our cited results.

Theorem 1. Suppose that Ω is a domain in Rn, n > 2. Let E ⊂ Ω be closed in Ω
and let Hn−1(E) < +∞. Let u : Ω \ E → R be subharmonic and such that the following
conditions are satis�ed:

(i) u ∈ L1
loc(Ω).

(ii) u ∈ C2(Ω \ E).

(iii) For each j, 1 6 j 6 n, ∂
2u
∂x2

j
∈ L1

loc(Ω).

(iv) For each j, 1 6 j 6 n, and for Hn−1-almost all Xj ∈ Rn−1 such that E(Xj) is
�nite, the following condition holds:
For each x0j ∈ E(Xj) there exist sequences x0,1j,l , x

0,2
j,l ∈ (Ω \ E)(Xj), l = 1, 2, . . . ,

such that x0,1j,l ↗ x0j , x
0,2
j,l ↘ x0j as l→ +∞, and

(iv(a)) liml→+∞ u(x0,1j,l , Xj) = liml→+∞ u(x0,2j,l , Xj) ∈ R,
(iv(b)) −∞ < lim inf l→+∞

∂u
∂xj

(x0,1j,l , Xj) 6 lim supl→+∞
∂u
∂xj

(x0,2j,l , Xj) < +∞.
Then u has a subharmonic extension to Ω.

2.3. In this connection and related to the above Theorem 1, we take the opportunity to
state the following concise corollary. As a matter of fact, we have previously not stated
it explicitly, and we feel that it might be of interest in itself.

Corollary 1. Suppose that Ω is a domain in Rn, n > 2. Let E ⊂ Ω be closed in Ω and let
Hn−1(E) = 0. Let u : Ω \ E → R be subharmonic and such that the following conditions
hold:

(i) u ∈ L1
loc(Ω),

(ii) u ∈ C2(Ω \ E),

(iii) for each j, 1 6 j 6 n, ∂2u
∂x2

j
∈ L1

loc(Ω).

Then u has a subharmonic extension to Ω.

2.4. In addition to Federer's above lemma and our above Theorem 1, we need also the
following nice result. Observe here that the below used hypoharmonic functions are in
our terminology just subharmonic functions.
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Proposition 1 ([3, Proposition 1, p. 33]). Suppose that Ω is a domain in Rp+q, p, q > 2.
Let w : Ω→ [−∞,+∞) be nearly subharmonic. Let w∗ : Ω→ [−∞,+∞) be the regularized
function of w, which is then subharmonic. Then the following properties are equivalent.

(1) The distribution ∆xw = ∆xw
∗= (sum of the square second order derivatives of

w or w∗ with respect to the p coordinates of x) is positive.
(2) For all y ∈ Rq the function Ω(y) 3 x 7→ w∗(x, y) ∈ [−∞,+∞) is hypoharmonic.
(3) For almost every y ∈ Rq the function Ω(y) 3 x 7→ w∗(x, y) ∈ [−∞,+∞) is

subharmonic.
(4) For almost every y ∈ Rq the function Ω(y) 3 x 7→ w∗(x, y) ∈ [−∞,+∞) is nearly

subharmonic.

3. An extension result for separately subharmonic functions

Our result is the following

Theorem 2. Suppose that Ω is a domain in Rp+q, p, q > 2. Let E ⊂ Ω be closed in Ω
and let Hp+q−1(E) < +∞. Let w : Ω \ E → R be separately subharmonic, that is,

for all y ∈ Rq the function (Ω \ E)(y) 3 x 7→ w(x, y) ∈ R is subharmonic,

and

for all x ∈ Rp the function (Ω \ E)(x) 3 y 7→ w(x, y) ∈ R is subharmonic,

and such that the following conditions are satis�ed:

(i) w ∈ L1
loc(Ω).

(ii) w ∈ C2(Ω \ E).

(iii) For each j, 1 6 j 6 p, ∂
2w
∂x2

j
∈ L1

loc(Ω), and for each k, 1 6 k 6 q, ∂
2w
∂y2k
∈ L1

loc(Ω).

(iv) For each j, 1 6 j 6 p, and for Hp−1+q-almost all (Xj , y) ∈ Rp−1+q such that
E(Xj , y) is �nite, the following condition holds:

For each x0j ∈ E(Xj , y) there exist sequences x0,1j,l , x
0,2
j,l ∈ (Ω \ E)(Xj , y), l =

1, 2, . . . , such that x0,1j,l ↗ x0j , x
0,2
j,l ↘ x0j as l→ +∞, and

(iv(a)) liml→+∞ w(x0,1j,l , Xj , y) = liml→+∞ w(x0,2j,l , Xj , y) ∈ R,
(iv(b)) −∞ < lim inf l→+∞

∂w
∂xj

(x0,1j,l , Xj , y) 6 lim supl→+∞
∂w
∂xj

(x0,2j,l , Xj , y) < +∞.
(v) For each k, 1 6 k 6 q, and for Hp+q−1-almost all (x, Yk) ∈ Rp+q−1 such that

E(x, Yk) is �nite, the following condition holds:

For each y0k ∈ E(x, Yk) there exist sequences y0,1k,l , y
0,2
k,l ∈ (Ω \ E)(x, Yk), l =

1, 2, . . . , such that y0,1k,l ↗ y0k, y
0,2
k,l ↘ y0k as l→ +∞, and

(v(a)) liml→+∞ w(x, y0,1k,l , Yk) = liml→+∞ w(x, y0,2k,l , Yk) ∈ R,
(v(b)) −∞ < lim inf l→+∞

∂w
∂yk

(x, y0,1k,l , Yk) 6 lim supl→+∞
∂w
∂yk

(x, y0,2k,l , Yk) < +∞.
Then w has a separately subharmonic extension to Ω.

Proof. By [5, Corollary 4.6, p. 412], w is subharmonic in Ω \ E. Thus by Theorem 1
w : Ω \ E → R has a subharmonic extension w∗ : Ω→ [−∞,+∞). By Proposition 1 it is
therefore su�cient to show that

• for Hq-almost all y ∈ Rq the subharmonic function (Ω\E)(y) 3 x 7→ w(x, y) ∈ R
has a subharmonic extension Ω(y) 3 x 7→ w∗(x, y) ∈ [−∞,+∞), and
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• for Hp-almost all x ∈ Rp the subharmonic function (Ω\E)(x) 3 y 7→ w(x, y) ∈ R
has a subharmonic extension Ω(x) 3 y 7→ w∗(x, y) ∈ [−∞,+∞).

We show that the �rst condition holds. The proof of the second is similar.
Fix j, 1 6 j 6 p, arbitrarily for a while.
By our assumption Hp−1+q(E) < +∞. From the above Lemma of Federer, it follows

that for Hp−1+q-almost all (Xj , y) ∈ Rp−1+q the set E(y)(Xj) is �nite. Write

A :=
{

(Xj , y) ∈ Rp−1+q : E(y)(Xj) is �nite
}
.

Thus

Hp−1+q(Ac) = 0 ⇐⇒ mp−1+q(A
c) = 0 ⇐⇒

∫
Rp−1+q

χAc(Xj , y)dmp−1+q(Xj , y) = 0,

where χAc(·, ·) is the characteristic function of the set Ac, the complement taken in
Rp−1+q.

Next use Fubini's theorem:

0 =

∫
Rp−1+q

χAc(Xj , y)dmp−1+q(Xj , y) =

∫
Rq

 ∫
Rp−1

χAc(Xj , y)dmp−1(Xj)

 dmq(y).

Since ∫
Rp−1

χAc(Xj , y)dmp−1(Xj) > 0,

we see that in fact ∫
Rp−1

χAc(Xj , y)dmp−1(Xj) = 0

for Hq-almost all y ∈ Rq.
Write

Bj1 : =

y ∈ Rq :

∫
Rp−1

χAc(Xj , y)dmp−1(Xj) = 0

 ,

=
{
y ∈ Rq : χAc(Xj , y) = 0 for Hp−1 almost all Xj ∈ Rp−1

}
,

=
{
y ∈ Rq : χA(Xj , y) = 1 for Hp−1 almost all Xj ∈ Rp−1

}
.

Write B1 := B1
1 ∩B2

1 ∩· · ·∩B
p
1 . Then for all y ∈ B1 we have (Xj , y) ∈ A for Hp−1 almost

all Xj ∈ Rp−1, and this holds for all j = 1, 2, . . . , p.
Next write

B2 :=
{
y ∈ Rq : w(·, y) ∈ L1

loc
(Ω(y))

}
,

B3 :=
{
y ∈ Rq : w(·, y) ∈ C2((Ω \ E)(y))

}
,

Bj4 :=
{
y ∈ Rq : ∂2

∂x2
j
w(·, y) ∈ L1

loc
(Ω(y))

}
,

B4 := B1
4 ∩B2

4 ∩ · · · ∩B
p
4 ,

and B := B1 ∩B2 ∩B3 ∩B4.
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Then for all y ∈ B the function (Ω\E)(y) 3 x 7→ w(x, y) ∈ R satis�es the assumpti-
ons of Theorem 1. Therefore these functions have subharmonic extensions

Ω(y) 3 x 7→ w∗(x, y) ∈ [−∞,+∞).

But then our claim follows from Proposition 1. �

Example 1. The function u : R4 → R,

u(z1, z2) = u(x1 + iy1, x2 + iy2) = u(x1, y1, x2, y2) :=

{
1 + x1, when x1 < 0,
1− x1, when x1 > 0

is continuous in R4 and separately subharmonic, even separately harmonic in R4 \ ({0}×
R3), but not separately subharmonic in R4. Observe that u satis�es the above conditions
(i), (ii), (iii), (iv(a)) and (v(a)) in R4 \ ({0}×R3). However, u|R4 \ ({0}×R3) does not
satisfy the conditions (iv(b)) and (v(b)). Thus these conditions cannot be dropped in
Theorem 2.

Corollary 2. Suppose that Ω is a domain in Rp+q, p, q > 2. Let E ⊂ Ω be closed in Ω
and let Hp+q−1(E) = 0. Let w : Ω \ E → R be separately subharmonic, that is,

for all y ∈ Rq the function (Ω \ E)(y) 3 x 7→ w(x, y) ∈ R is subharmonic,

and

for all x ∈ Rp the function (Ω \ E)(x) 3 y 7→ w(x, y) ∈ R is subharmonic.

Suppose that the following conditions are satis�ed:

(i) w ∈ L1
loc(Ω),

(ii) w ∈ C2(Ω \ E),

(iii) for each j, 1 6 j 6 p, ∂2w
∂x2

j
∈ L1

loc(Ω) and for each k, 1 6 k 6 q, ∂2w
∂y2k
∈ L1

loc(Ω).

Then w has a separately subharmonic extension to Ω.

Proof. Follows directly from Theorem 2 and from the above Lemma of Federer. �
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Íåõàé Λ =
(
λk
)+∞
k=0

òà f =
(
fk(ω)

)+∞
k=0

� ïîñëiäîâíîñòi íåâiä'¹ìíèõ
÷èñåë i êîìïëåêñíîçíà÷íèõ âèïàäêîâèõ âåëè÷èí íà éìîâiðíiñíîìó ïðîñ-
òîði (Ω,A, P ), âiäïîâiäíî. Äîñëiäæó¹ìî âåëè÷èíè R-ïîðÿäêiâ ρF (ω) i
R-òèïiâ TF (ω) çðîñòàííÿ âèïàäêîâèõ ðÿäiâ Äiðiõëå âèãëÿäó F (z) =

F (z, ω) =

+∞∑
k=0

fk(ω)ezλk (z ∈ C, ω ∈ Ω). Çîêðåìà, ó âèïàäêó, êîëè

β(Λ) = lim
k→+∞

ln k
λk lnλk

= 0 äîâåäåíî òàêå òâåðäæåííÿ: ÿêùî
(
|fk(ω)|

)
�

ïîñëiäîâíiñòü ïîïàðíî íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí ç ôóíêöiÿìè ðîç-
ïîäiëó Fk(x) := P{ω : |fk(ω)| < x}, x ∈ R, k ∈ Z+, òî äëÿ òîãî, ùîá
ρF (ω) = ρ ∈ (0,+∞) ì.í., íåîáõiäíî i äîñòàòíüî, ùîá (∀ε ∈ (0, ρ)) :

+∞∑
k=0

(
1− Fk

(
e
− 1
ρ+ε

λk lnλk
))

< +∞ ∧
+∞∑
k=0

(
1− Fk

(
e
− 1
ρ−ελk lnλk

))
= +∞.

Êëþ÷îâi ñëîâà: öiëi ôóíêöi¨, âèïàäêîâi ðÿäè Äiðiõëå, R-ïîðÿäîê çðîñ-
òàííÿ.

1. Âñòóï

Íåõàé (Ω,A, P ) � éìîâiðíiñíèé ïðîñòið. Êðiì öüîãî, íåõàé Λ(ω) =
(
λk(ω)

)+∞
k=0

òà f(ω) =
(
fk(ω)

)+∞
k=0

� ïîñëiäîâíîñòi íåâiä'¹ìíèõ òà êîìïëåêñíîçíà÷íèõ âèïàäêîâèõ

âåëè÷èí íà (Ω,A, P ), âiäïîâiäíî, ÷åðåç Λ =
(
λk
)+∞
k=0

ïîçíà÷àòèìåìî ïîñëiäîâíiñòü

ïîïàðíî ðiçíèõ íåâiä'¹ìíèõ ÷èñåë, à ÷åðåç Λ+ = (λk) � ÷èñëîâó ïîñëiäîâíiñòü òàêó,
ùî 0 6 λ0 < λk < λk+1 ↑ +∞ (1 6 k ↑ +∞). Êðiì öüîãî ââàæàòèìåìî, ùî λk(ω) 6=
λm(ω) äëÿ âñiõ n 6= k ì.í. (ìàéæå íàïåâíî).

2010 Mathematics Subject Classi�cation: 30B50, 11F66

c© Ñêàñêiâ, Î., Ñòàñiâ, Í., 2018
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×åðåç D(Λ) ïîçíà÷èìî êëàñ öiëèõ âèïàäêîâèõ (ì.í. àáñîëþòíî çáiæíèõ ó âñié
êîìïëåêñíié ïëîùèíi) ðÿäiâ Äiðiõëå âèãëÿäó

(1) F (z) = Fω(z) = F (z, ω) =

+∞∑
k=0

fk(ω)ezλk(ω) (z ∈ C, ω ∈ Ω),

ùî äëÿ ôiêñîâàíîãî ω = ω0 ¹ çâè÷àéíèì (äåòåðìiíîâàíèì) ðÿäîì Äiðiõëå âèãëÿäó

(2) F (z) =

∞∑
k=0

ake
zλk ,

äå ak = fk(ω0), λk = λk(ω0). À îñíîâíèì îá'¹êòîì ðîçãëÿäó ó öüîìó ïîâiäîìëåííi ¹
âèïàäêîâi öiëi ðÿäè Äiðiõëå âèãëÿäó

(3) Fω(z) =

+∞∑
k=0

fk(ω)ezλk (z ∈ C, ω ∈ Ω).

Íåõàé D =
⋃

ΛD(Λ), à D(Λ+) � ïiäêëàñ ðÿäiâ ç êëàñó D ç ôiêñîâàíîþ ïîñëiäîâíiñòþ

ïîêàçíèêiâ Λ+. ×åðåç D̃ ïîçíà÷èìî êëàñ ôîðìàëüíèõ ðÿäiâ Äiðiõëå âèãëÿäó (1) òà-
êèõ, ùî σµ(F, ω) := sup{x ∈ R : fk(ω)exλk(ω) → 0 (k → +∞)} > −∞ ì.í. Çðîçóìiëî,

ùî D ⊂ D̃.
Çàçíà÷èìî, ùî ÿê ó âèïàäêó ðÿäiâ âèãëÿäó (2), òàê i âèïàäêîâèõ ðÿäiâ Äiðiõëå

âèãëÿäó (3) (àáî é çàãàëüíîãî âèãëÿäó (1)) ïèòàííÿ çáiæíîñòi òàêèõ ðÿäiâ äîñëiäæå-
íå ó áàãàòüîõ ïðàöÿõ ç ïðàêòè÷íî âè÷åðïíîþ ïîâíîòîþ (äèâ., íàïðèêëàä, [1]�[11]).
Ó [12]�[18] ðîçãëÿäàëè ïèòàííÿ ïðî àáñöèñè çáiæíîñòi âèïàäêîâèõ ðÿäiâ Äiðiõëå ç
êëàñó D(Λ+) ó âèïàäêó τ(Λ) := limk→+∞ ln k/λk < +∞; ç êîåôiöi¹íòàìè âèãëÿäó
fk(ω) = akZk(ω) â [13, 14, 15]. Ó âèïàäêó, êîëè τ(Λ+) = 0, à êîåôiöi¹íòè ðÿäó Äiðiõëå
(fk(ω)) ïîïàðíî íåçàëåæíi â [16, 17] òâåðäæåííÿ ïðî àáñöèñó àáñîëþòíî¨ çáiæíîñòi
îòðèìàíi â òåðìiíàõ óìîâ íà ôóíêöi¨ ðîçïîäiëó Fk(x) := P { ω : |fk(ω)| < x} , x ∈
R, k > 0. Ó [19, 20, 21], çîêðåìà, îòðèìàíî îöiíêè àáñöèñ çáiæíîñòi ó âèïàäêó,
êîëè êîåôiöi¹íòè ðÿäó Äiðiõëå ìàþòü âèãëÿä fk(ω) = akZk(ω), ln k = o(ln |ak|)
(k → +∞), à ïîñëiäîâíiñòü (λk(ω)) ¹ ïîñëiäîâíiñòþ ïîïàðíî íåçàëåæíèõ âèïàäêîâèõ
âåëè÷èí, ïðè öüîìó òåîðåìè ôîðìóëþþòüñÿ â òåðìiíàõ îáìåæåíü íà ôóíêöi¨ ðîç-
ïîäiëó Fk(x) := P{ ω : λk(ω) < x}, x ∈ R, k > 0 (ïîäiáíî, äëÿ âèïàäêîâèõ êðàòíèõ
ðÿäiâ Äiðiõëå â [22]). Ó [16, 17] i â [20, 21, 22] óìîâà ïîïàðíî¨ íåçàëåæíîñòi çàáåçïå÷ó¹
ìîæëèâiñòü çàñòîñóâàííÿ óòî÷íåíî¨ äðóãî¨ ÷àñòèíè ëåìè Áîðåëÿ-Êàíòåëi (äèâ. [29],
[32, ñ. 84]). Ó çâ'ÿçêó ç äîñëiäæåííÿ îáëàñòåé çáiæíîñòi âèïàäêîâèõ êðàòíèõ ðÿäiâ
Äiðiõëå âêàæåìî òàêîæ íà ïðàöi [24, 25].

Äîñëiäæåííÿ çðîñòàííÿ âèïàäêîâèõ ðÿäiâ Äiðiõëå ìàþòü ó öiëîìó äîâîëi ôðàã-
ìåíòàðíèé âèãëÿä (äèâ., íàïðèêëàä, [13, 14, 18, 26, 27]). Ó öüîìó ïîâiäîìëåííi ìè
çàïîâíþ¹ìî äåÿêi ïðîãàëèíè äëÿ âèïàäêîâèõ öiëèõ ðÿäiâ Äiðiõëå, ÿê âèãëÿäó (3),
òàê i çàãàëüíîãî âèãëÿäó (1), ÿêi ñòîñóþòüñÿ ôîðìóë äëÿ îá÷èñëåííÿ R-ïîðÿäêiâ i
R-òèïiâ òàêèõ ðÿäiâ. Äåÿêi ç îòðèìàíèõ òâåðäæåíü ¹ íîâèìè íàâiòü â iíòåðïðåòàöi¨
äëÿ öiëèõ ðÿäiâ Äiðiõëå ç ïîêàçíèêàìè Λ+ i êîåôiöi¹íòàìè âèãëÿäó fk(ω) = akZk(ω).
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2. Îñíîâíi ïîíÿòòÿ, äîïîìiæíi òâåðäæåííÿ ïðî R-ïîðÿäêè òà

R-òèïè

Îòæå, ÿêùî F ∈ D, òî çà óìîâîþ àáñöèñà àáñîëþòíî¨ çáiæíîñòi ðÿäó Äiðiõëå (1)
σa(F, ω) = +∞ ì.í. Òîäi, çà òâåðäæåííÿì 1 ç [19] σa(F, ω) = σ(F, ω) = σµ(F, ω) = +∞
ì.í., äå σ(F, ω) � àáñöèñà çáiæíîñòi ðÿäó (1). À ÿêùî äîäàòêîâî ïðèïóñòèòè, ùî
limk→+∞ λk(ω) := λ(ω) > 0 ì.í., òî çà òâåðäæåííÿì 2 ç [19]

σµ(F, ω) = α0(F, ω) := lim
k→+∞

− ln |fk(ω)|
λk(ω)

ì.í.

Ç iíøîãî áîêó, ÿêùî τ(Λ, ω) := lim
k→+∞

ln k
λk(ω) = 0 àáî h(ω) := lim

k→+∞
ln k

− ln |fk(ω)| = 0, i

Fω ∈ D̃ ìà¹ âèãëÿä (1), òî çà òâåðäæåííÿì 10 ç [19]

σa(F, ω) = σ(F, ω) = σµ(F, ω) = α0(F, ω).

Íàñòóïíå òâåðäæåííÿ äîáðå âiäîìå ó âèïàäêó ðÿäiâ Äiðiõëå âèãëÿäó (2) çi çðîñ-
òàþ÷èìè ïîêàçíèêàìè Λ+ = (λk).

Òâåðäæåííÿ 1. ßêùî ïðè ôiêñîâàíèõ x∈R, ω∈Ω, ðÿä Äiðiõëå

+∞∑
k=0

fk(ω)e(x+iy)λk(ω)

ðiâíîìiðíî çáiæíèé ïî y ∈ R äî Fω(x+ iy), òî äëÿ êîæíîãî m > 0

fm(ω)exλm(ω) = lim
T→+∞

1

2T

T∫
−T

Fω(x+ iy)e−iλm(ω)ydy.(4)

Äîâåäåííÿ. Äëÿ ôiêñîâàííèõ n > m > 0 ðîçãëÿíåìî åêñïîíåíöiéíèé ïîëiíîì

Qn(z) =

n∑
k=0

fk(ω)ezλk(ω). Òîäi ñêií÷åííó ïîñëiäîâíiñòü (λk(ω))nk=0 ïðè ôiêñîâàíîìó

ω ìîæíà âïîðÿäêóâàòè çà çðîñòàííÿì i, òîìó (äèâ., íàïðèêëàä, [9, c.13])

(5) fm(ω)exλm(ω) = lim
T→+∞

1

2T

T∫
−T

Qn(x+ iy)e−iλm(ω)ydy.

Çàóâàæèìî ñïî÷àòêó, ùî ïðè ôiêñîâàíîìó x ∈ R

1

2T

∣∣∣ T∫
−T

(
Fω(x+ iy)−Qn(x+ iy)

)
e−iλm(ω)ydy

∣∣∣ 6 1

2T

T∫
−T

∣∣Fω(x+ iy)−Qn(x+ iy)
∣∣dy 6

6 sup
{∣∣Fω(x+ iy)−Qn(x+ iy)

∣∣ : y ∈ R
}
.
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Àëå Fω(x+iy) = Qn(x+iy)+
(
Fω(x+iy)−Qn(x+iy)

)
, òîìó ïîñëiäîâíî çà äîïîìîãîþ

ðiâíîñòi (5), ñêîðèñòàâøèñü ðiâíîìiðíîþ çáiæíiñòþ, îòðèìó¹ìî

lim
T→+∞

∣∣∣ 1

2T

T∫
−T

Fω(x+ iy)e−iyλm(ω)dy − fm(ω)exλm(ω)
∣∣∣ 6

6 lim
T→+∞

∣∣∣ 1

2T

T∫
−T

Qn(x+ iy)e−iλm(ω)ydy − fm(ω)exλm(ω)
∣∣∣+

+ sup
{∣∣Fω(x+ iy)−Qn(x+ iy)

∣∣ : y ∈ R
}

=

= sup
{∣∣Fω(x+ iy)−Qn(x+ iy)

∣∣ : y ∈ R
}
→ 0 (n→ +∞).

�

Çàóâàæåííÿ 1. Íåñêëàäíî ïîìiòèòè, ùî ó ïîïåðåäíüîìó òâåðäæåííi óìîâó ðiâíî-
ìiðíî¨ çáiæíîñòi ïðè ôiêñîâàíîìó x ∈ R ìîæíà çàìiíèòè íà iñòîòíî ñëàáøó â çà-
ãàëüíîìó óìîâó, çîêðåìà, íàïðèêëàä, ìîæíà ââàæàòè, ùî ïðè ôiêñîâàíîìó x ∈ R
âèêîíó¹òüñÿ

lim
n→+∞

lim
T→+∞

1

2T

T∫
−T

∣∣Fω(x+ iy)−Qn(x+ iy)
∣∣dy = 0.

Íåõàé L � êëàñ íåïåðåðâíèõ ôóíêöié α : [0,+∞) → (0,+∞) i òàêèõ, ùî α(x) ↑
+∞ (0 < x ↑ +∞). Äëÿ ôóíêöi¨ α ∈ L ¨¨ R-ïîðÿäêîì i R-òèïîì íàçèâà¹ìî, âiäïî-
âiäíî, âåëè÷èíè

ρ[α] := lim
x→+∞

lnα(x)

x
, T [α] := lim

x→+∞

α(x)

exp{ρ[α]x}
.

Äëÿ x ∈ R i öiëîãî ðÿäó Äiðiõëå F âèãëÿäó (2) ÷åðåç

M(x, F ) = sup{|F (x+ iy)| : y ∈ R} i µ(x, F ) = max{|an|exλn : n > 0}
ïîçíà÷èìî, âiäïîâiäíî, ìàêñèìóì ìîäóëÿ i ìàêñèìàëüíèé ÷ëåí ðÿäó; ν(x, F ) =
max{n : |an|exλn = µ(x, F )} � öåíòðàëüíèé iíäåêñ ðÿäó (2).

Âåëè÷èíàìè R-ïîðÿäêó i R-òèïó öiëîãî ðÿäó Äiðiõëå F ∈ D(Λ+) âèãëÿäó (2)
íàçèâàþòü, âiäïîâiäíî, ÷èñëà

ρF := ρ[lnM(·, F )], TF := T [lnM(·, F )].

Íåõàé ρµ = ρ[lnµ], Tµ = T [lnµ], âiäïîâiäíî, R-ïîðÿäîê i R-òèï ìàêñèìàëüíîãî ÷ëåíà
µ(x, F ) ðÿäó Äiðiõëå. Äëÿ x ∈ R i öiëîãî ðÿäó Äiðiõëå Fω âèãëÿäó (1) ïðè ôiêñîâà-
íîìó ω ∈ Ω ó âiäïîâiäíèõ ïîçíà÷åííÿõ ïèøåìî

M(x, Fω) = M(x, F, ω), µ(x, Fω) = µ(x, F, ω), ρF (ω), TF (ω), ρµ(ω), Tµ(ω).

Ç ðiâíîñòi (4) íåãàéíî îòðèìó¹ìî òàêèé ñòàíäàðòíèé àíàëîã íåðiâíîñòi Êîøi (ó
âèïàäêó ìîíîòîííî¨ ñèñòåìè ïîêàçíèêiâ äèâ., íàïðèêëàä, òåîðåìà 1.5 [9])

µ(x, Fω) 6M(x, Fω)
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äëÿ âñiõ x ∈ R. Òîìó äëÿ R-ïîðÿäêiâ i R-òèïiâ ìàòèìåìî

ρµ(ω) 6 ρF (ω), Tµ(ω) 6 TF (ω).

Çàóâàæèìî, ÿêùî

sup{λk : k > 0} := γ < +∞,

òî lnM(x, Fω) = O(x), lnµ(x, Fω) = O(x) (x→ +∞). Òîìó ñêðiçü íàäàëi ââàæàòèìå-
ìî, ùî γ = +∞.

Íåñêëàäíî ïåðåêîíàòèñü. ùî ïðàâèëüíå òàêå òâåðäæåííÿ. Ó âèïàäêó öiëèõ ðÿ-
äiâ Äiðiõëå F ∈ D(Λ+) âèãëÿäó (2) öå òåîðåìà 1 ç [28, ñ.265].

Òâåðäæåííÿ 2. Äëÿ êîæíîãî ðÿäó Äiðiõëå F ∈ D âèãëÿäó (1)

ρµ(ω) = kF (ω) := lim
k→+∞

λk(ω) lnλk(ω)

− ln |fk(ω)|
.

Òâåðäæåííÿ 3 ([28, Theorem 3, p. 265]). ßêùî F ∈ D(Λ+) ìà¹ âèãëÿä (2) i âèêî-

íó¹òüñÿ óìîâà β(Λ+) := lim
k→+∞

ln k

λk lnλk
= 0, òî ρF = ρµ, i îòæå, ρF = kF = ρµ.

Çàóâàæåííÿ 2. Òâåðäæåííÿ 3 çà óìîâè β(Λ) = 0 ¹ çàñòîñîâíèì ïðè ôiêñîâàíîìó
ω ∈ Ω äî êîæíîãî ðÿäó Äiðiõëå Fω ∈ D âèãëÿäó (3), ïðè öüîìó ρF (ω) = ρµ(ω) =

kF (ω) = lim
k→+∞

λk lnλk
− ln |fk(ω)|

ì.í.

Òâåðäæåííÿ 4. Äëÿ êîæíîãî ðÿäó Äiðiõëå F ∈ D âèãëÿäó (1) ì.í.

Tµ(ω) = KF (ω) := lim
k→+∞

λk(ω)

eρ
|fk(ω)|ρ/λk(ω), ρ = ρµ(ω).

ßêùî æ âèêîíó¹òüñÿ óìîâà τ(Λ, ω) := lim
k→+∞

ln k

λk(ω)
= 0, òî ρF (ω) = ρµ(ω) = kF (ω),

TF (ω) = Tµ(ω) = KF (ω) ì.í.

Ñïðàâäi, ïåðøà ÷àñòèíà, ÿê i òâåðäæåííÿ 2, äîâîäèòüñÿ çà äîïîìîãîþ ñòàíäàð-
òíèõ ìiðêóâàíü. Äàëi, ïðè ôiêñîâàíîìó ω òàêîìó, ùî τ(Λ, ω) = 0, äëÿ âñiõ äîñèòü
âåëèêèõ k > k0 = k0(ω) ìà¹ìî λk(ω) > ln k/ε, äå ε > 0 � äîâiëüíå. Òîìó

+∞∑
k=k0

exp{−2ελk(ω)} 6
+∞∑
k=k0

exp{−2 ln k} < +∞,

çâiäêè C(ε) :=
∑+∞
k=0 exp{−2ελk(ω)} < +∞, i îòæå,

M(x, Fω) 6
+∞∑
k=0

|fk(ω)|e(x+2ε)λk(ω)e−2ελk(ω) 6 C(ε)µ(x+ 2ε, Fω).

Çâiäñè îòðèìó¹ìî, ùî TF (ω) 6 Tµ(ω) · e2ερF (ω). Ñïðÿìîâóþ÷è ε → +0, îñòàòî÷íî
îäåðæó¹ìî, ùî TF (ω) = Tµ(ω).
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Òâåðäæåííÿ 5. Íåõàé Fω ∈ D ìà¹ âèãëÿä (1) i h = h(ω) := lim
k→+∞

ln k

− ln |fk(ω)|
< 1.

Òîäi äëÿ êîæíîãî ε ∈ (0, 1− h) i âñiõ x > 0

M(x, Fω) 6 C(ε)
(
µ
( x

1− h− ε
, Fω

))1−h−ε
, C(ε) = C(ε, ω) < +∞.

Çîêðåìà, ρF (ω) 6 ρµ(ω)/(1 − h(ω)) ì.í., à òàêîæ ρF (ω) = ρµ(ω) ì.í. çà óìîâè

h(ω) = 0 ì.í.

Ñïðàâäi, ÿêùî Fω ∈ D ìà¹ âèãëÿä (1), òî − ln |fk(ω)| → +∞ (k → +∞) ì.í. Ç
óìîâè h = h(ω) < 1 âèïëèâà¹, ùî äëÿ êîæíîãî 2ε ∈ (0, 1−h) âèêîíó¹òüñÿ íåðiâíiñòü
− ln |fk(ω)| > ln k/(h+ ε) äëÿ âñiõ äîñèòü âåëèêèõ k > k0. Òîäi

C(ε) = C(ε, ω) :=

+∞∑
k=0

|fk(ω)|h+2ε =

=

k0−1∑
k=0

|fk(ω)|h+2ε +

+∞∑
k=k0

|fk(ω)|h+2ε 6

6
k0−1∑
k=0

|fk(ω)|h+2ε +
+∞∑
k=k0

exp

{
−h+ 2ε

h+ ε
ln k

}
<

< +∞.
Òîìó äëÿ âñiõ x > 0

M(x, Fω) 6
+∞∑
k=0

|fk(ω)|1−h−2εexλk(ω)|fk(ω)|h+2ε 6

6
+∞∑
k=0

(
|fk(ω)|exλk(ω)/(1−h−2ε)

)1−h−2ε

|fk(ω)|h+2ε 6

6
(
µ
( x

1− h− 2ε
, Fω

))1−h−2ε

C(ε).

Çâiäñè, ρF (ω) 6 ρµ(ω)/(1− h− 2ε). Çàëèøà¹òüñÿ ñïðÿìóâàòè ε→ +0.

3. Çðîñòàííÿ âèïàäêîâèõ ðÿäiâ ç äåòåðìiíîâàíèìè ïîêàçíèêàìè

Íàñëiäóþ÷è Ô. Òÿí (F. Tian) ([13]), ñïåðøó ðîçãëÿíåìî ïèòàííÿ ïðî ôîðìó-
ëè äëÿ âèçíà÷åííÿ âåëè÷èí R-ïîðÿäiâ i R-òèïiâ âèïàäêîâèõ ðÿäiâ Äiðiõëå Fω ∈ D
âèãëÿäó (3) ç êîåôiöi¹íòàìè fk(ω) = ak · Zk(ω). Äîâåäåìî òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 6. Íåõàé F ∈ D(Λ) i ìà¹ âèãëÿä (2), à Fω ∈ D̃ ìà¹ âèãëÿä (3), äå
fk(ω) = akZk(ω). ßêùî ρµ = ρ[lnµ(·, F )] < +∞,

(6) lim
k→+∞

− ln |Zk(ω)|
λk lnλk

= 0 ì.í.

i âèêîíó¹òüñÿ îäíà ç äâîõ óìîâ β(Λ) = 0 àáî ln k = o(ln |ak|) (k → +∞), òî Fω ∈ D

i ρF (ω) = ρµ = kF := lim
k→+∞

λk lnλk
− ln |ak|

ì.í.
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Äîâåäåííÿ. Çàóâàæèìî ñïî÷àòêó, ùî çà òâåðäæåííÿì 5 ρµ = kF , òîìó

(∀ε)(∃k0)(∀k > k0) : | ln |ak|| >
1

ρ+ ε
λk lnλk,

çâiäêè, çà óìîâîþ β(Λ) = 0 îòðèìó¹ìî, ùî ln k = o(ln |ak|) (k → +∞).
Ìè âæå çãàäóâàëè, ùî çà òâåðäæåííÿì 10 ç [19], çàñòîñîâàíèì äî ðÿäó Fω

σa(F, ω) = σµ(F, ω) = α0(F, ω) = lim
k→+∞

− ln |akZk(ω)|
λk

.

Àëå,

δ := lim
k→+∞

∣∣ ln |Zk(ω)|
∣∣∣∣ ln |ak|∣∣ 6 (ρ+ ε) lim

k→+∞

∣∣ ln |Zk(ω)|
∣∣

λk lnλk
= 0.

Òîìó îòðèìó¹ìî, ùî ì.í.

σa(F, ω) = lim
k→+∞

− ln |ak|
λk

·

(
1 +

ln |Zk(ω)|
ln |ak|

)
= σµ(F ) = +∞,

òîáòî, Fω ∈ D. Îñêiëüêè, ÿê âèùå âiäçíà÷àëîñÿ

(7) lim
k→+∞

ln |Zk(ω)|
ln |ak|

= 0,

òî ln k = o(ln |akZk(ω)|) (k → +∞). Òîìó äëÿ îá÷èñëåííÿ âåëè÷èíè ïîðÿäêó ρF (ω)
çà òâåðäæåííÿì 5 ìàòèìåìî

ρF (ω) = lim
k→+∞

λk lnλk
− ln |ak| − ln |Zk(ω)|

= lim
k→∞

λk lnλk
− ln |ak|

· lim
k→∞

(
1 +

ln |Zk(ω)|
ln |ak|

)−1

= kF .

Ïðè öüîìó ìè çíîâó ñêîðèñòàëèñÿ ñïiââiäíîøåííÿì (7). �

Çàçíà÷èìî òàêîæ òàêó íåñêëàäíó ìîäèôiêàöiþ ïîïåðåäíüîãî òâåðäæåííÿ.

Òâåðäæåííÿ 7. Íåõàé F ∈ D(Λ) i ìà¹ âèãëÿä (2), à Fω ∈ D̃(Λ) i ìà¹ âèãëÿä (3),
äå fk(ω) = akZk(ω). ßêùî ρµ = ρ[lnµ(·, F )] ∈ (0,+∞),

B1 =
{
ω : lim

k→+∞

− ln |Zk(ω)|
λk lnλk

= δ(ω) > 0
}
,

B2 =
{
ω : lim

k→+∞

− ln |Zk(ω)|
λk lnλk

= ∆(ω) < 0
}
,

B3 =
{
ω : lim

k→+∞

− ln |Zk(ω)|
λk lnλk

= 0
}
,

B4 =
{
ω : θ(ω) := lim

k→+∞

∣∣∣ ln |Zk(ω)|
ln |ak|

∣∣∣ < 1
}

i âèêîíó¹òüñÿ îäíà ç äâîõ óìîâ β(Λ) = 0 àáî ln k = o(ln |ak|) (k → +∞), òî (∃B ∈
A, P (B) = 0):

i) ω ∈ B1 \B, δ(ω) + 1
ρF

> 0 =⇒ σa(F, ω) = +∞;

ii) ω ∈ B1 \B =⇒ 1
ρµ(ω) > δ(ω) + 1

ρF
;

iii) ω ∈ B2 \B ∧ σa(F, ω) = +∞ =⇒ 1
ρF (ω) 6 ∆(ω) + 1

ρF
;
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iv) ω ∈ B3 \B =⇒ ρF (ω) = ρµ = kF := lim
k→+∞

λk lnλk
− ln |ak|

;

v) ω ∈ B4 \B =⇒ σa(F, ω) = +∞ ∧
∣∣∣∣ ρF
ρF (ω)

− 1

∣∣∣∣ 6 θ.
Äîâåäåííÿ. Îñêiëüêè F (0) 6= ∞, òî − ln |fk(ω)| → +∞ (k → +∞) ì.í. Ñïî÷àòêó
çàçíà÷èìî, ùî ï. iv) äîâîäèòüñÿ àíàëîãi÷íî, ÿê òâåðäæåííÿ 6.

Ó âèïàäêó ω ∈ B1, îñêiëüêè − ln |ak| > λk lnλk/(ρF + ε) i

− ln |Zk(ω)| > (δ(ω)− ε)λk lnλk

äëÿ âñiõ k > k0(ω), òî

− ln |fk(ω)| >
(
δ(ω)− ε+

1

ρF + ε

)
λk lnλk.

Çâiäñè, âèáèðàþ÷è ε > 0 òàê, ùîá âèêîíóâàëîñü δ(ω) − ε +
1

ρF + ε
> 0, ç óìîâè

β(Λ) = 0 íåñêëàäíî îòðèìó¹ìî, ùî σµ(ω) = +∞.
Ñòîñîâíî äîâåäåííÿ ï.ï. ii), iii), çàóâàæèìî òàêå: îñêiëüêè lim(a− b) > lim a−

lim b, òî

1

ρF
= lim
k→+∞

− ln |ak|
λk lnλk

= lim
k→+∞

(
− ln |fk(ω)|
λk lnλk

− − ln |Zk(ω)|
λk lnλk

)
>

> lim
k→+∞

− ln |fk(ω)|
λk lnλk

− lim
k→+∞

− ln |Zk(ω)|
λk lnλk

=
1

kF (ω)
−∆(ω).

Ïîäiáíî, îñêiëüêè lim(a−b) 6 lim a−lim b, òî 1
ρF
6 1

kF (ω)−δ(ω). Àëå kF (ω) = ρµ(ω) 6
ρF (ω).

ßêùî ω ∈ B4, òî

lim
k→+∞

∣∣ ln |ak||Zk(ω)|
∣∣

ln k
> lim
k→+∞

− ln |ak|
ln k

·

(
1− lim

k→+∞

∣∣∣∣∣ ln |Zk(ω)|
ln |ak|

∣∣∣∣∣
)

=

= (1− θ(ω)) lim
k→+∞

− ln |ak|
ln k

= +∞.

Òîìó, çà òâåðäæåííÿì 10 ç [19], çàñòîñîâàíèì äî ðÿäó Fω

σa(F, ω) = σµ(F, ω) = α0(F, ω) = lim
k→+∞

∣∣ ln |ak||Zk(ω)|
∣∣

λk
>

> lim
k→+∞

− ln |ak|
λk

·

(
1− lim

k→+∞

∣∣∣∣∣ ln |Zk(ω)|
ln |ak|

∣∣∣∣∣
)

= σµ(F )(1− θ(ω)) = +∞.

Äàëi, çà òâåðäæåííÿì 5

1

ρF (ω)
= lim
k→+∞

− ln |ak| − ln |Zk(ω)|
λk lnλk

> lim
k→∞

− ln |ak|
λk lnλk

· lim
k→∞

(
1− lim

k→∞

ln |Zk(ω)|
ln |ak|

)
=

= kF (1− θ(ω)).
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Ïîäiáíî îòðèìó¹ìî

1

ρF (ω)
6 lim
k→∞

− ln |ak|
λk lnλk

· lim
k→∞

(
1− lim

k→∞

ln |Zk(ω)|
ln |ak|

)
= kF (1 + θ(ω)).

Àëå kF = ρF . �

Îòðèìà¹ìî òåïåð ó âèãëÿäi ïðîñòîãî íàñëiäêó òàêèé àíàëîã òåîðåìè 2 ç [13].

Òâåðäæåííÿ 8. Íåõàé (Zk(ω)) � ïîñëiäîâíiñòü âèïàäêîâèõ âåëè÷èí òàêà, ùî

(∃α > 0) : sup{M|Zk|α,M|Zk|−α : k > 0} < +∞,(8)

à ðÿä Äiðiõëå F ∈ D(Λ) i ìà¹ âèãëÿä (2), à Fω ∈ D̃ ìà¹ âèãëÿä (3), äå fk(ω) =
akZk(ω). ßêùî âèêîíó¹òüñÿ óìîâà β(Λ) = 0 àáî ln k = o(ln |ak|) (k → +∞), òî
Fω ∈ D i

ρF (ω) = ρµ(ω) = ρF = kF ì.í.

Äîâåäåííÿ. Ç óìîâè (8) âèïëèâà¹, ùî

ln |Zk(ω)| = O(ln k) (r → +∞) ì.í.

Ñïðàâäi, çà íåðiâíiñòþ Ìàðêîâà P{ω : |ξ(ω)| > a} 6 Mξ
a , a > 0, òîìó äëÿ η > 0

+∞∑
k=1

P{ω : |Zk(ω)|α > k1+η} 6
+∞∑
k=1

M(|Zk(ω)|α)/k1+η < +∞.

Çâiäñè, çà ïåðøîþ ÷àñòèíîþ ëåìè Áîðåëÿ-Êàíòåëi ñåðåä ïîäié
(
{ω : |Zk(ω)|α >

k1+η}
)
ç éìîâiðíiñòþ, ùî äîðiâíþ¹ îäèíèöi, âèêîíó¹òüñÿ ñêií÷åííà ¨õíÿ êiëüêiñòü,

îòæå, ì.í. äëÿ âñiõ äîñòàòíüî âåëèêèõ k âèêîíó¹òüñÿ íåðiâíiñòü |Zk(ω)| < k(1+η)/α.
Ïîäiáíî ç îöiíêîþ çíèçó. Îòæå, çà óìîâîþ β(Λ) = 0 îòðèìó¹ìî, ùî ln |Zk(ω)| =
o(λk lnλk) (k → +∞) ì.í., òîáòî âèêîíóþòüñÿ óìîâè òâåðäæåííÿ 6. �

Çàóâàæåííÿ 3. Ó ñòàòòi [13] çàìiñòü óìîâè β(Λ) = 0 âèìàãà¹òüñÿ âèêîíàííÿ óìîâè
τ(Λ) = limk→+∞

ln k
λk

< +∞. Çðîçóìiëî, ùî óìîâà β(Λ) = 0 âèïëèâà¹ ç îñòàííüî¨

óìîâè i â çàãàëüíîìó, óìîâà β(Λ) = 0 ¹ ñëàáøîþ çà óìîâó τ(Λ) < +∞.

Âiäçíà÷èìî òàêîæ òàêèé íàñëiäîê ç òâåðäæåíü 2 i 3.

Òâåðäæåííÿ 9. Íåõàé Fω ∈ D(Λ) i ìà¹ âèãëÿä (3). ßêùî β(Λ+) = 0, à (fk(ω))
� ïîñëiäîâíiñòü íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí, òî ρF (ω) ≡ ρ ∈ [0,+∞] ì.í., ïðè
öüîìó

ρF (ω) = kF (ω) = lim
k→∞

λk lnλk
− ln |fk(ω)|

= ρ.

Ñïðàâäi, çà çàêîíîì íóëÿ é îäèíèöi Êîëìîãîðîâà, âèïàäêîâà âåëè÷èíà kF (ω) ¹
ìàéæå íàïåâíå ñòàëîþ, òîáòî iñíó¹ ρ ∈ [0,+∞] òàêå, ùî kF (ω) ≡ ρ ì.í. Çàëèøà¹òüñÿ
çàñòîñóâàòè òâåðäæåííÿ 2 i 3.

Íàñòóïíà òåîðåìà ìiñòèòü óìîâè, ÿêi ìàþòü çàäîâîëüíÿòè âèïàäêîâi âåëè÷èíè
fk(ω) äëÿ òîãî, ùîá äëÿ äîâiëüíîãî íàïåðåä çàäàíîãî ρ ∈ [0,+∞] âèêîíóâàëàñü
ðiâíiñòü ρF (ω) = ρ ì.í. Äîâåäåìî òàêó òåîðåìó.
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Òåîðåìà 1. Íåõàé Fω ∈ D(Λ), ìà¹ âèãëÿä Fω(z) =

+∞∑
k=0

fk(ω)ezλk , à
(
|fk(ω)|

)
� ïîñëi-

äîâíiñòü ïîïàðíî íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí ç ôóíêöiÿìè ðîçïîäiëó Fk(x) :=
P{ω : |fk(ω)| < x}, x ∈ R, k ∈ Z+. ßêùî β(Λ) = 0, òî:

a) äëÿ òîãî, ùîá ρF (ω) = ρ ∈ (0,+∞) ì.í., íåîáõiäíî i äîñèòü, ùîá

(∀ε ∈ (0, ρ) :

+∞∑
k=0

(
1− Fk

(
e−

1
ρ+ελk lnλk

))
< +∞ ∧

+∞∑
k=0

(
1− Fk

(
e−

1
ρ−ελk lnλk

))
= +∞.

b) äëÿ òîãî, ùîá ρF (ω) = 0 ì.í., íåîáõiäíî i äîñèòü, ùîá

(∀ε > 0) :

+∞∑
k=0

(
1− Fk

(
e−ελk lnλk + 0

))
< +∞.

c) äëÿ òîãî, ùîá ρF (ω) = +∞ ì.í., íåîáõiäíî i äîñèòü, ùîá

(∀ε > 0) :

+∞∑
k=0

(
1− Fk

(
e−ελk lnλk

))
= +∞.

Äîâåäåííÿ. a) Íåîáõiäíiñòü. Çà óìîâîþ (∃B ∈ A, P (B) = 1)(∀ω ∈ B) :

ρF (ω) = kF (ω) = lim
k→+∞

λk lnλk
− ln |fk(ω)|

= ρ.

Îñêiëüêè ðÿä Äiðiõëå ïðè ω ∈ B â òî÷öi z = 0 çáiæíèé, òî − ln |fk(ω)| → +∞
(k → +∞) i çà îçíà÷åííÿì lim ìàòèìåìî

(∀ω ∈ B)(∀ε > 0)(∃k∗(ω) ∈ N)(∀k > k∗(ω)) : |fk(ω)| < exp

{
−λk lnλk

ρ+ ε

}
.

Ðîçãëÿíåìî ïîäiþ

Ak(ε) :=

{
ω : |fk(ω)| > exp

{
−λk lnλk

ρ+ ε

}}
.

Çàóâàæèìî, ùî, B ⊂ C(ε) :=
⋃∞
N=0

⋂∞
k=N Ak(ε), i òîìó P (C(ε)) = 1. Îñêiëüêè C(ε) �

ïîäiÿ � ñåðåä åëåìåíòiâ ïîñëiäîâíîñòi (Ak(ε)) âiäáóâà¹òüñÿ ëèøå ñêií÷åííà êiëüêiñòü
ïîäié�, à ïîïàðíà íåçàëåæíiñòü ïîäié Ak(ε) âèïëèâà¹ ç ïîïàðíî¨ íåçàëåæíîñòi âè-
ïàäêîâèõ âåëè÷èí |fk(ω)|, òî çà óòî÷íåíîþ äðóãîþ ÷àñòèíîþ ëåìè Áîðåëÿ-Êàíòåëi
(äèâ. [29], [32, p. 84]) îòðèìó¹ìî, ùî

(9)
∑+∞

k=0
P (Ak(ε)) < +∞.

Çàëèøà¹òüñÿ ñêîðèñòàòèñü ðiâíiñòþ

P (Ak(ε)) = 1− P (Ak(ε)) = 1− Fk
(

exp

{
−λk lnλk

ρ+ ε

})
.

Äàëi, çà îçíà÷åííÿì lim ìà¹ìî, ùî äëÿ êîæíîãî ω ∈ B iñíó¹ ïîñëiäîâíiñòü
mj → +∞ òàêà, ùî ïðè k = mj , j > 1

|fk(ω)| > exp

{
−λk lnλk

ρ− ε

}
.
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Çâiäñè B ⊂
⋂∞
N=0

⋃
k=N A

1
k(ε) := C1(ε), äå

A1
k(ε) = {ω : |fk(ω)| > exp

{
−λk lnλk

ρ− ε

}
.

Òîäi P (C1(ε)) = 1. Çàóâàæèìî, ùî C1(ε) � ïîäiÿ �ñåðåä åëåìåíòiâ ïîñëiäîâíîñòi
(A1

k)(ε) âiäáóâà¹òüñÿ íåñêií÷åííà êiëüêiñòü ïîäié�. Îñêiëüêè

P (A1
k(ε)) = 1− Fk

(
exp

{
−λk lnλk

ρ− ε

})
,

òî çàëèøà¹òüñÿ äîâåñòè, ùî

(10)

+∞∑
k=0

P (A1
k(ε)) = +∞.

Ìiðêóþ÷è âiä ñóïðîòèâíîãî, ïðèïóñòèìî, ùî

+∞∑
k=0

P (A1
k(ε)) < +∞. Àëå òîäi çà ïåð-

øîþ ÷àñòèíîþ ëåìè Áîðåëÿ-Êàíòåëi P (C
1
(ε)) = 1, çâiäêè P (C

1
(ε)) = 0. Ñóïåðå÷-

íiñòü. Òîìó,

+∞∑
k=0

P (A1
k(ε)) = +∞.

Äîñòàòíiñòü. Çáåðiãà¹ìî ïîçíà÷åííÿ ç äîâåäåííÿ íåîáõiäíîñòi. Ç óìîâè âè-
ïëèâà¹, ùî âèêîíó¹òüñÿ óìîâà (9). Òîìó çà ïåðøîþ ÷àñòèíîþ ëåìè Áîðåëÿ-Êàíòåëi
îòðèìó¹ìî, ùî éìîâiðíiñòü ïîäi¨ C(ε) � ïîäiÿ �ñåðåä åëåìåíòiâ ïîñëiäîâíîñòi (Ak(ε))
âiäáóâà¹òüñÿ ëèøå ñêií÷åííà êiëüêiñòü ïîäié� äîðiâíþ¹ îäèíèöi, P (C(ε)) = 1. Çàó-
âàæèìî, ùî äëÿ êîæíîãî ω ∈ C(ε) i äëÿ âñiõ k > k0(ω) âèêîíó¹òüñÿ íåðiâíiñòü

|fk(ω)| < exp

{
−λk lnλk

ρ+ ε

}
. Çâiäñè äëÿ êîæíîãî ω ∈ C(ε) i äëÿ âñiõ k > k1(ω)

ρF (ω) = kF (ω) = lim
k→+∞

λk lnλk
− ln |fk(ω)|

6 ρ+ ε.

Äàëi, ïîäiáíî îäåðæó¹ìî òàêå: îñêiëüêè P (A1
k(ε)) = 1− Fk

(
exp

{
−λk lnλk

ρ− ε

})
,

òî âèêîíó¹òüñÿ (10). Çâiäñè çà óòî÷íåíîþ äðóãîþ ÷àñòèíîþ ëåìè Áîðåëÿ-Êàíòåëi
îòðèìó¹ìî, ùî éìîâiðíiñòü ïîäi¨ C1(ε) � �ñåðåä åëåìåíòiâ ïîñëiäîâíîñòi (A1

k)(ε) âiä-
áóâà¹òüñÿ íåñêií÷åííà êiëüêiñòü ïîäié� äîðiâíþ¹ îäèíèöi, P (C1(ε)) = 1. Îòæå, äëÿ
êîæíîãî ω ∈ C(1)(ε) iñíó¹ ïîñëiäîâíiñòü mk → +∞ òàêà, ùî ω ∈ A1

mk
, çâiäêè

|fmk(ω)| > exp

{
−λmk lnλmk

ρ− ε

}
. Òîìó äëÿ êîæíîãî ω ∈ C(1)(ε)

ρF (ω) = kF (ω) = lim
k→+∞

λk lnλk
− ln |fk(ω)|

> ρ− ε.

Ïîçíà÷èìî òåïåð C2(ε) = C(ε)
⋂
C(1)(ε). Òîäi P

(
+∞⋂
m=1

C(2)(1/m)

)
= 1, i îòæå, îñòà-

òî÷íî îòðèìó¹ìî

ρF (ω) = kF (ω) = lim
k→+∞

λk lnλk
− ln |fk(ω)|

= ρ äëÿ êîæíîãî ω ∈
+∞⋂
m=1

C(2)(1/m), òîáòî, ì.í.
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b) Íåîáõiäíiñòü. Çà óìîâîþ (∃B ∈ A, P (B) = 1)(∀ω ∈ B) :

ρF (ω) = kF (ω) = lim
k→+∞

λk lnλk
− ln |fk(ω)|

= 0.

Îñêiëüêè, çà îçíà÷åííÿì âåðõíüî¨ ãðàíèöi äëÿ êîæíîãî ω ∈ B iñíó¹ k0(ω) òàêå, ùî
äëÿ âñiõ k > k0(ω)

|fk(ω)| < exp

{
− 1

ε1
λk lnλk

}
äëÿ âñiõ k > k0(ω),

òî, ìiðêóþ÷è ïîäiáíî, ÿê â äîâåäåííi íåîáõiäíîñòi â ï. a), ââåäåìî ñïî÷àòêó äî
ðîçãëÿäó ïîäi¨

Ak(ε1) :=

{
ω : |fk(ω)| > exp

{
−λk lnλk

ε1

}}
, C(ε1) :=

∞⋃
N=0

∞⋂
k=N

Ak(ε1),

à ïîòiì çíîâó çàóâàæèìî, ùî B ⊂ C(ε1), òîìó P (C(ε1)) = 1. Îñêiëüêè C(ε1) � ïî-
äiÿ �ñåðåä åëåìåíòiâ ïîñëiäîâíîñòi (Ak(ε1)) âiäáóâà¹òüñÿ ëèøå ñêií÷åííà êiëüêiñòü
ïîäié�, à ïîïàðíà íåçàëåæíiñòü ïîäié Ak(ε1) âèïëèâà¹ ç ïîïàðíî¨ íåçàëåæíîñòi âè-
ïàäêîâèõ âåëè÷èí |fk(ω)|, òî çà óòî÷íåíîþ äðóãîþ ÷àñòèíîþ ëåìè Áîðåëÿ-Êàíòåëi

çíîâó

+∞∑
k=0

P (Ak(ε1)) < +∞.

Çàëèøà¹òüñÿ çíîâó ñêîðèñòàòèñü ðiâíiñòþ

P (Ak(ε1)) = 1− P
(
Ak(ε1)

)
= 1− Fk

(
exp

{
−λk lnλk

ε1

})
i âèáðàòè ε1 = 1/ε.

Äîñòàòíiñòü. Îñêiëüêè çà óìîâîþ

+∞∑
k=0

P (Ak(ε1)) < +∞, òî äëÿ ε1 = 1/ε çà

ïåðøîþ ÷àñòèíîþ ëåìè Áîðåëÿ-Êàíòåëi ìàòèìåìî, ùî éìîâiðíiñòü ïîäi¨ C(ε1) �
�ñåðåä åëåìåíòiâ ïîñëiäîâíîñòi (Ak(ε1)) âiäáóâà¹òüñÿ ëèøå ñêií÷åííà êiëüêiñòü ïîäié�
äîðiâíþ¹ îäèíèöi, P (C(ε1)) = 1. Çâiäñè äëÿ êîæíîãî ω ∈ C(ε1) i äëÿ âñiõ k > k0(ω)

âèêîíó¹òüñÿ íåðiâíiñòü |fk(ω)| < exp

{
−λk lnλk

ε

}
. Òîìó äëÿ êîæíîãî ω ∈ C(ε1) i

äëÿ âñiõ k > k1(ω)

ρF (ω) = kF (ω) = lim
k→+∞

λk lnλk
− ln |fk(ω)|

6 ε.

Äëÿ çàâåðøåííÿ äîâåäåííÿ ðîçãëÿíåìî C(2) :=
⋂+∞
m=1 C(m). Ìà¹ìî P (C(2)) = 1,

òîìó äëÿ âñiõ ω ∈ C(2)

ρF (ω) = kF (ω) = lim
k→+∞

λk lnλk
− ln |fk(ω)|

6 1/m,

çâiäêè ρF (ω) = kF (ω) = 0.
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c) Íåîáõiäíiñòü. Çà óìîâîþ, (∃B ∈ A, P (B) = 1)(∀ω ∈ B) :

ρF (ω) = kF (ω) = lim
k→+∞

λk lnλk
− ln |fk(ω)|

= +∞.

Çâiäñè çà îçíà÷åííÿì âåðõíüî¨ ãðàíèöi (∀ε > 0)(∀ω ∈ B)(∃(mk),mk → +∞) :

λmk lnλmk
− ln |fmk(ω)|

> 1/ε =⇒ |fmk(ω)| > −ελmk lnλmk ,

çâiäêè B ⊂
⋂∞
N=0

⋃
k=N A

1
k(ε) := C1(ε), äå A1

k(ε) = {ω : |fk(ω)| > exp {−ελk lnλk}}.
Òîäi P (C1(ε)) = 1. Îñêiëüêè çíîâó C1(ε) � ïîäiÿ �ñåðåä åëåìåíòiâ ïîñëiäîâíîñòi
(A1

k)(ε) âiäáóâà¹òüñÿ íåñêií÷åííà êiëüêiñòü ïîäié�, à

P (A1
k(ε)) = 1− Fk (exp {−ελk lnλk}+ 0) ,

òî ïîäiáíî äî òîãî, ÿê öå ðîáèëè ðàíiø, ìiðêóþ÷è âiä ñóïðîòèâíîãî, çà ïåðøîþ

÷àñòèíîþ ëåìè Áîðåëÿ-Êàíòåëi äîâîäèìî, ùî

+∞∑
k=0

P (A1
k(ε)) = +∞.

Äîñòàòíiñòü. Çà óìîâîþ äëÿ êîæíîãî ε > 0 ìàòèìåìî

+∞∑
k=0

P (A1
k(ε)) = +∞.

Çà óòî÷íåíîþ äðóãîþ ÷àñòèíîþ ëåìè Áîðåëÿ-Êàíòåëi çâiäñè îòðèìó¹ìî, ùî éìî-
âiðíiñòü ïîäi¨ C1(ε) � �ñåðåä åëåìåíòiâ ïîñëiäîâíîñòi (A1

k)(ε) âiäáóâà¹òüñÿ íåñêií-
÷åííà êiëüêiñòü ïîäié� äîðiâíþ¹ îäèíèöi, P (C1(ε)) = 1. Îòæå, çíîâó äëÿ êîæíîãî
ω ∈ C(1)(ε) iñíó¹ ïîñëiäîâíiñòü mk → +∞ òàêà, ùî ω ∈ A1

mk
, çâiäêè |fmk(ω)| >

exp
{
− ελmk lnλmk

}
. Òîìó äëÿ êîæíîãî ω ∈ C(1)(ε)

ρF (ω) = kF (ω) = lim
k→+∞

λk lnλk
− ln |fk(ω)|

> lim
k→+∞

λmk lnλmk
− ln |fmk(ω)|

> 1/ε.

Çàóâàæèìî, ùî P

(
+∞⋂
m=1

C1(1/m)

)
= 1, i îòæå, îñòàòî÷íî îòðèìó¹ìî

ρF (ω) = kF (ω) = lim
k→+∞

λk lnλk
− ln |fk(ω)|

= +∞

äëÿ êîæíîãî ω ∈
+∞⋂
m=1

C1(1/m), òîáòî ì.í. �

Ñôîðìóëþ¹ìî òåïåð òàêó òåîðåìó. Ñõåìà ¨¨ äîâåäåííÿ öiëêîì ïîäiáíà äî ñõåìè
äîâåäåííÿ ïîïåðåäíüî¨ òåîðåìè ç òi¹þ âiäìiííiñòþ, ùî çàìiñòü òâåäæåííÿ 6 òðåáà
âèêîðèñòàòè òâåðäæåííÿ 4. Ç îãëÿäó íà öþ ïîäiáíiñòü íàâîäèìî òåîðåìó áåç äîâå-
äåííÿ.

Òåîðåìà 2. Íåõàé Fω ∈ D(Λ), ìà¹ âèãëÿä Fω(z) =

+∞∑
k=0

fk(ω)ezλk , à
(
|fk(ω)|

)
� ïîñëi-

äîâíiñòü ïîïàðíî íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí ç ôóíêöiÿìè ðîçïîäiëó Fk(x) :=
P{ω : |fk(ω)| < x}, x ∈ R, k ∈ Z+. ßêùî τ(Λ) = 0, òî:
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a) äëÿ òîãî, ùîá TF (ω) = T ∈ (0,+∞) ì.í., íåîáõiäíî i äîñèòü, ùîá (∀ε ∈
(0, T ) :

+∞∑
k=0

(
1− Fk

(( (T + ε)eρ

λk

)λk/ρ))
< +∞ ∧

+∞∑
k=0

(
1− Fk

(( (T − ε)eρ
λk

)λk/ρ))
= +∞.

b) äëÿ òîãî, ùîá TF (ω) = 0 ì.í., íåîáõiäíî i äîñèòü, ùîá

(∀ε > 0) :

+∞∑
k=0

(
1− Fk

((εeρ
λk

)λk/ρ))
< +∞.

c) äëÿ òîãî, ùîá TF (ω) = +∞ ì.í., íåîáõiäíî i äîñèòü, ùîá

(∀ε > 0) :

+∞∑
k=0

(
1− Fk

(( eρ
ελk

)λk/ρ))
= +∞.
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Let Λ =
(
λk)
)+∞
k=0

and f =
(
fk(ω)

)+∞
k=0

be, respectively, a sequence of non-
negative numbers and a sequence of complex-valued random variables on a
probability space (Ω,A, P ). In the paper we study the values of the R-orders
ρF (ω) and the R-types TF (ω) of the growth of random Dirichlet series of the

form F (z) = F (z, ω) =

+∞∑
k=0

fk(ω)ezλk (z ∈ C, ω ∈ Ω). In particular, in the

case, when β(Λ) = lim
k→+∞

ln k

λk lnλk
= 0, the following assertions are proved:

If
(
|fk(ω)|

)
is a sequence of pairwise independent random variables with the

distribution functions Fk(x) := P{ω : |fk(ω)| < x}, x ∈ R, k ∈ Z+, then
in order that ρF (ω) = ρ ∈ (0,+∞) a.s., it is necessary and su�cient that
(∀ε ∈ (0, ρ)) :

+∞∑
k=0

(
1− Fk

(
e
− 1
ρ+ε

λk lnλk
))

< +∞ ∧
+∞∑
k=0

(
1− Fk

(
e
− 1
ρ−ελk lnλk

))
= +∞.

Key words: entire functions, random Dirichlet series, R-order of the growth.
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For continuous on [x0,+∞) functions α and β increasing to +∞ we say that
an analytic in D = {z : |z| < 1} characteristic function ϕ of a probability law F

belongs to the generalized convergence αβ-class if

1∫
r0

α(ln M(r, ϕ))

(1− r)2β( 1
1−r

)
dr < +∞,

where M(r, ϕ) = max{|ϕ(z) : |z| = r}. Conditions on α, β and F are found
under which the function ϕ belongs to the generalized convergence αβ-class if

and only if

∞∫
x0

α′(x)β1

(
x

ln (WF (x)ex)

)
dx < +∞, where β1(x) =

∞∫
x

dt

β(t)
and

WF (x) = 1− F (x) + F (−x).
Key words: analytic function, probability law, characteristic function,

generalized convergence class.

1. Introduction

A continuous on the left on (−∞, +∞) non-decreasing function F is said [1, p. 10]
to be a probability law if lim

x→+∞
F (x) = 1 and lim

x→−∞
F (x) = 0, and the function ϕ(z) =

∞∫
−∞

eizxdF (x) de�ned for real z is called [1, p. 12] a characteristic function of this law. If

ϕ has an analytic continuation on the disk D = {z : |z| < 1} then we call ϕ an analytic in

2010 Mathematics Subject Classi�cation: 30B50, 60E10

c© Mulyava, O., Sheremeta, M., 2018
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D characteristic function of the law F . Further we always assume that D is the maximal
disk of the analicity of ϕ. It is known [1, p. 37�38] that ϕ is an analytic in D characteristic
function of the law F if and only if for every r ∈ [0, 1)

(1) WF (x) =: 1− F (x) + F (−x) = O(e−rx), x→ +∞.

Hence it follows that

(2) lim
x→+∞

1

x
ln

1

WF (x)
= 1.

For 0 ≤ r < 1 we put M(r, ϕ) = max{|ϕ(z)| : |z| = r}, and if ϕ has the order

% = lim
r↑1

ln ln M(r, ϕ)

− ln (1− r)
> 0

a convergence class is de�ned [2] by the condition

(3)

1∫
r0

(1− r)%−1 ln M(r, ϕ)dr < +∞.

For % = 2 this condition is su�cient [3, p. 50] in order that ϕ belong to the class of
Mac-Lane.

For an analytic in D characteristic function ϕ of the order % > 0 in [4] it is proved
that in order that ϕ belong to convergence class it is necessary and in the case when the

function v(x) = ln
1

WF (x)
is continuously di�erentiable and v′ increases it is su�cient

that

(4)

∞∫
x0

{(
1 +

1

x
ln WF (x)

)+
}%+1

dx < +∞.

Generalizing this result in [5] the concept of the convergence Φ-class is introduced
as follows.

Let Ω(1) be the class of positive unbounded on (0, 1) functions Φ such that the
derivative Φ′ is positive continuously di�erentiable and increasing to +∞ on (0, 1).

As in [5], we say that ϕ belongs to a convergence Φ-class if

(5)

1∫
r0

Φ′(r) ln M(r, ϕ)

Φ2(r)
dr < +∞,

and by V (1) we denote the class of positive continuously di�erentiable on (0,+∞) functi-
ons v such that v′(x) ↑ 1 as x→ +∞.

The following theorem was proved in [5].

Theorem 1. Let Φ ∈ Ω(1),
Φ′(r)

Φ(r)
be a function, nondecreasing on [r0, 1), Φ′(r) >

1

1− r

Φ′
(
r +

1

Φ′(r)

)
≤ H1Φ′(r) and

Φ′′(r)Φ(r)

(Φ′(r))2
≤ H2 for all r ∈ [r0, 1), where Hj = const >
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0, and

1∫
r0

Φ′(r) ln Φ′(r)

Φ2(r)
dr < +∞. Suppose that ϕ is an analytic in D characteristic

function on a probability law F such that lim
x→+∞

WF (x)ex = +∞.

Then in order that ϕ belong to a convergence Φ-class it is necessary and, in the case

when ln
1

WF (x)
= v(x) ∈ V (1), it is su�cient that

(6)

∞∫
x0

dx

Φ′
(

1

x
ln

1

WF (x)

) < +∞.

Corollary 1. Let 0 < % < +∞ and ϕ be an analytic in D characteristic function of a

probability law F such that lim
x→+∞

WF (x)ex = +∞. Then in order that (3) holds it is

necessary and, in the case when ln
1

WF (x)
= v(x) ∈ V (1), it is su�cient that

∞∫
x0

(
ln (WF (x)ex)

x

)%+1

dx < +∞.

Let L be a class of continuous increasing functions α such that α(x) ≥ 0 for x ≥ x0,
α(x) = α(x0) for x ≤ x0 and on [x0,+∞) the function α increases to +∞. We say that
α ∈ L0 if α ∈ L and α(x(1 + o(1))) = (1 + o(1))α(x) as x→ +∞.

Let α ∈ L and β ∈ L. We say that an analytic in D function ϕ belongs to the
generalized convergence αβ-class, if

(7)

1∫
r0

α(ln M(r, ϕ))

(1− r)2β( 1
1−r )

dr < +∞.

If α(x) ≡ x and β ≡ x%+1 for x0 ≤ x < +∞ then (7) implies (3). Here we examine a
problem of the belonging of the analytic characteristic function of probability law to the
generalized convergence αβ-class.

2. Auxiliary results

Let I(r, ϕ) =

∞∫
0

WF (x)exrdx and µ(r, ϕ) = sup{WF (x)exr : x ≥ 0} be the maxi-

mum of integrand. Suppose that M(r, ϕ) ↑ +∞ as r ↑ 1. Then [5]

ln µ(r, ϕ) ≤ (1 + o(1)) ln M(r, ϕ) ≤ (1 + o(1)) ln I(r, ϕ), r ↑ 1.

Hence it follows that if α ∈ L0 then

(8)

1∫
r0

α(ln µ(r, ϕ))

(1− r)2β( 1
1−r )

dr ≤
1∫

r0

α(ln M(r, ϕ))

(1− r)2β( 1
1−r )

dr ≤
1∫

r0

α(ln I(r, ϕ))

(1− r)2β( 1
1−r )

dr.
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On the other hand

I(r, ϕ) =

∞∫
0

WF (x)exrdx =

∞∫
0

WF (x) exp

{
r + 1

2
x

}
exp

{
−1− r

2
x

}
dx ≤

(9) ≤ µ
(
r + 1

2
, ϕ

)
2

1− r
.

In [6] it is proved that if α ∈ L0 then α is RO-varying and, thus [7, p. 86],
1 ≤ α(lx)/α(x) ≤ M(l) < +∞ for each l ∈ [1, +∞) and all x ≥ x0(l). Therefore,
from (9) we obtain

α(ln I(r, ϕ)) ≤ α
(

2 max

{
ln µ

(
r + 1

2
, ϕ

)
, ln

2

1− r

})
≤

≤M(2)α

(
max

{
ln µ

(
r + 1

2
, ϕ

)
, ln

2

1− r

})
=

= M(2)

(
max

{
α

(
ln µ

(
r + 1

2
, ϕ

))
, α

(
ln

2

1− r

}))
≤

≤M(2)

(
α

(
ln µ

(
r + 1

2
, ϕ

))
+ α

(
ln

2

1− r

))
,

whence for β ∈ L0 using the cite of result from [6] we obtain

1∫
r0

α(ln I(r, ϕ))

(1− r)2β( 1
1−r )

dr ≤M(2)

 1∫
r0

α
(
ln µ

(
r+1
2 ϕ

))
(1− r)2β( 1

1−r )
dr +

1∫
r0

α
(

ln 2
1−r

)
(1− r)2β( 1

1−r )
dr

 =

= 2M(2)

1∫
r0

α
(
ln µ

(
r+1
2 , ϕ

))
4(1− (r + 1)/2)2β( 1

2(1−(r+1)/2) )
d
r + 1

2
+M(2)

1∫
r0

α
(

ln 2
1−r

)
(1− r)2β( 1

1−r )
dr ≤

(10) ≤ K1

1∫
t0

α(ln µ(t, ϕ))

(1− t)2β( 1
1−t )

dt+K2

∞∫
x0

α(ln x)

β(x)
dx.

From (9) and (10) the following statement follows.

Proposition 1. Let α ∈ L0, β ∈ L0 and

∞∫
x0

α(ln x)

β(x)
dx < +∞. Then (7) holds if and

only if

(11)

1∫
r0

α(ln µ(r, ϕ))

(1− r)2β( 1
1−r )

dr < +∞.
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The function ln µ(r, ϕ) may be bounded. It is easy to show that µ(r, ϕ) ≤ K < +∞
for all r ∈ [0, 1) if and only if WF (x)ex ≤ K < +∞ for all x ≥ 0. Thus, µ(r, ϕ) ↑ +∞ as
r ↑ 1 if and only if lim

x→+∞
WF (x)ex = +∞. In [5] was proved that the function ln µ(r, ϕ)

is convex on [0, 1) and there exists a nondecreasing on [0, R) function ν(r, ϕ) such that
(ln µ(r, ϕ))′ = ν(r, ϕ) for all r ∈ (0, R) with the exception of an at most countable set,
i.e.

(12) ln µ(r, ϕ) = ln µ(r0, ϕ) +

r∫
r0

ν(x, ϕ)dx, 0 ≤ r0 ≤ r < 1.

Hence it follows that if µ(r, ϕ) ↑ +∞ as r ↑ 1 then ν(r, ϕ)↗ +∞ as r ↑ 1.

If ln
1

WF (x)
= v(x) ∈ V (1) then for every r ∈ (0, 1) the function ln WF (x) + rx =

= −v(x) + rx has a unique point of the maximum x = ν(r, ϕ), which is a continuous on
(0, 1) function increasing to +∞, and

ln µ(r, ϕ) = max{ln WF (x) + rx : x ≥ 0} = ln WF (ν(r, ϕ)) + rν(r, ϕ),

whence

(13)
1

ν(r, , ϕ)
ln

1

WF (ν(r, ϕ))
= r − ln µ(r, ϕ)

ν(r, ϕ)
≤ r.

From (12) it follows that

ln µ(r, ϕ) = ln µ(r0, ϕ) + ν(r, ϕ)(r − r0) ≤ ln µ(r0, ϕ) + (1− r0)ν(r, ϕ),

and if α ∈ L0 then α(ln µ(r, ϕ)) ≤ K1α(ν(r, ϕ) for all r ∈ [r0, 1).
On the other hand for r ≥ r0

ln µ

(
1 + r

2
, ϕ

)
≥ ln µ(r0ϕ) +

(1+r)/2∫
r

ν(x, ϕ)dx ≥ ln µ(r0, ϕ) + ν(r, ϕ)
1− r

2
,

and if α(ex) ∈ L0 then as above we obtain

α(ν(r, ϕ)) ≤ α
(

exp

{
ln

2

1− r
+ ln ln µ

(
1 + r

2
, ϕ

)})
≤

≤ α
(

exp

{
2 max

{
ln

2

1− r
, ln ln µ

(
1 + r

2
, ϕ

)}})
≤

≤ K2

(
α

(
ln µ

(
1 + r

2
, ϕ

))
+ α

(
ln

2

1− r

))
.

Thus,
1∫

r0

α(ln µ(r, ϕ))

(1− r)2β( 1
1−r )

dr ≤ K1

1∫
r0

α(ln ν(r, ϕ))

(1− r)2β( 1
1−r )

dr ≤

≤ K1K2

1∫
r0

α(ln µ((r + 1)/2, ϕ))

(1− r)2β( 1
1−r )

dr +K1K2

1∫
r0

α(ln (2/(1− r)))
(1− r)2β( 1

1−r )
dr,
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whence as above we obtain the following statement.

Proposition 2. Let α(ex) ∈ L0, β ∈ L0,

∞∫
x0

α(ln x)

β(x)
dx < +∞ and ln

1

WF (x)
=

= v(x) ∈ V (R). Then (11) holds if and only if

(14)

1∫
r0

α(ν(r, ϕ))

(1− r)2β( 1
1−r )

dr < +∞.

Thus, the problem of belonging of ϕ to the generalized convergence αβ-class is
reduced to the problem of the ful�lment of (14).

3. Main result

Using Propositions 1 and 2 we may prove the following main theorem.

Theorem 2. Let α(ex) ∈ L0, β ∈ L0,

∞∫
x0

α(ln x)

β(x)
dx < +∞ and

xβ′(x)

β(x)
≥ 2 + h for all

x ≥ x0. Suppose that ϕ is an analytic in D characteristic function on probability law F
such that WF (0) = 1, ln 1

WF (x) = v(x) ∈ V (1) and lim
x→+∞

WF (x)ex = +∞.

Then in order that ϕ belongs to a generalized convergence αβ-class it is necessary

and su�cient that

(15)

∞∫
x0

α(x)β1

(
x

ln (WF (x)ex)

)
dx < +∞, β1(x) =

∞∫
x

dt

β(t)
.

Proof. Clearly,

1∫
r0

α(ν(r, ϕ))

(1− r)2β( 1
1−r )

dr = −
1∫

r0

α(ν(r, ϕ))dβ1

(
1

1− r

)
=

(16) = −α(ν(r, ϕ))β1

(
1

1− r

) ∣∣∣1
r0

+

1∫
r0

α′(ν(r, ϕ))β1

(
1

1− r

)
dν(r, ϕ).

At �rst we suppose that (15) holds. Then, from (16) and (13), in view of the nonincreasing
of β1, we have

1∫
r0

α(ν(r, ϕ))

(1− r)2β( 1
1−r )

dr ≤ K +

1∫
r0

α′(ν(r, ϕ))β1

 1

1− 1

ν(r, ϕ)
ln

1

WF (ν(r, ϕ))

 dν(r, ϕ) =

= K +

∞∫
x0

α′(ν(r, ϕ))β1

(
ν(r, ϕ)

ln (WF (ν(r, ϕ)x)eν(r,ϕ))

)
dν(r, ϕ) < +∞,

because the function ν(r, ϕ) is continuous. The su�ciency of (15) is proved.
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Now we prove its necessity. From (14) for each ε > 0 and all r ∈ [r0(ε), 1) we have

ε >

1∫
r

α(ν(r, ϕ))

(1− r)2β( 1
1−r )

dr ≥ α(ν(r, ϕ))

1∫
r

dr

(1− r)2β( 1
1−r )

= α(ν(r, ϕ))β1

(
1

1− r

)
,

that is from (14) and (16) we obtain

1∫
r0

α′(ν(r, ϕ))β1

(
1

1− r

)
dν(r, ϕ) < +∞.

Since ln
1

WF (x)
= v(x) ∈ V (1) and x = ν(r, ϕ) is a solution of the equation

−v′(x) + r = 0, we have r = v′(ν(r, ϕ)) and hence it follows that
∞∫
r0

α′(ν(r, ϕ))β1

(
1

1− v′(ν(r, ϕ))

)
dν(r, ϕ) < +∞,

i.e.

(17)

∞∫
x0

α′(x)β1

(
1

1− v′(x)

)
dx < +∞.

From a theorem proved in [8] it follows that if a(x) and µ(x) are continuous functions
on (0, +∞), −∞ ≤ A < a(x) < B ≤ +∞, µ(x)↘ µ ≥ 0 as x→ +∞, and for a positive
function f on (A, B) the function f1/p with p > 1 is convex on (A, B), then

(18)

y∫
0

µ(x)f

 1

x

x∫
0

a(t)dt

 dx ≤
(

p

p− 1

)p y∫
0

µ(x)f(a(x))dx, y ≤ +∞.

We choose µ(x) = α′(x), a(x) = v′(x), f(x) = β1

(
1

1− x

)
and show that the function

f1/p is convex for some p > 1.

It is easy to see that f1/p is convex for p > 1 if f(x)f ′′(x)− p− 1

p
(f ′(x))2 ≥ 0 that

is if

β1

(
1

1− x

)
β′′1

(
1

1− x

)
+ 2(1− x)β1

(
1

1− x

)
β′1

(
1

1− x

)
≥ p− 1

p

(
β′1

(
1

1− x

))2

,

and thus, if

β1(t)β′′1 (t) +
2

t
β1(t)β′1(t) ≥ p− 1

p
(β′1(t))2.

Since β1(t) =

∞∫
t

dx

β(x)
, the last inequality holds if

(19)

(
β′(t)− 2β(t)

t

) ∞∫
t

dx

β(x)
≥ p− 1

p
.
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Since β′(t)− 2β(t)

t
≥ hβ(t)

t
> 0, we have

(
β′(t)− 2β(t)

t

) ∞∫
t

dx

β(x)
≥
(
β′(t)− 2β(t)

t

) 2t∫
t

dx

β(x)
≥
(
β′(t)− 2β(t)

t

)
t

β(t)
≥ h.

Therefore, choosing p > 1 such that h− p− 1

p
≥ 0, we get inequality (19), i. e. the

function β
1/p
1

(
1

1− x

)
is convex and in view of (18)

(20)

∞∫
0

α′(x)β1

 1

1− 1

x

x∫
0

v′(t)dt

 dx ≤
(

p

p− 1

)p ∞∫
0

α′(x)β1

(
1

1− v′(x)

)
dx.

Since

x∫
x0

v′(t)dt = ln
1

WF (x))
, from (17) and (20) we obtain (15). Theorem 2 is proved.

�
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ÊÐÓÇI ÕÀÐÀÊÒÅÐÈÑÒÈ×ÍÈÕ ÔÓÍÊÖIÉ ÉÌÎÂIÐÍIÑÍÈÕ

ÇÀÊÎÍIÂ ÄÎ ÓÇÀÃÀËÜÍÅÍÎÃÎ ÊËÀÑÓ ÇÁIÆÍÎÑÒI

Îêñàíà ÌÓËßÂÀ1, Ìèðîñëàâ ØÅÐÅÌÅÒÀ2

1Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò õàð÷îâèõ òåõíîëîãié

Âîëîäèìèðiâñüêà 68, Êè¨â, 01004
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2Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. I. Ôðàíêà,

Óíiâåðñèòåòñüêà 1, 79000, Ëüâiâ

e-mail: m.m.sheremeta@gmail.com

Äëÿ íåïåðåðâíèõ çðîñòàþ÷èõ äî +∞ íà [x0,+∞) ôóíêöié α i β áóäåìî
ãîâîðèòè, ùî àíàëiòè÷íà â D = {z : |z| < 1} õàðàêòåðèñòè÷íà ôóíêöiÿ ϕ
éìîâiðíiñíîãî çàêîíó F íàëåæèòü äî óçàãàëüíåíîãî αβ-êëàñó çáiæíîñòi,

ÿêùî

1∫
r0

α(ln M(r, ϕ))

(1− r)2β( 1
1−r

)
dr < +∞. Çíàéäåíî óìîâè íà α, β i F , çà ÿêèõ

ôóíêöiÿ ϕ íàëåæèòü äî óçàãàëüíåíîãî αβ-êëàñó çáiæíîñòi òîäi i òiëü-

êè òîäi, êîëè

∞∫
x0

α′(x)β1

(
x

ln (WF (x)ex)

)
dx < +∞, äå β1(x) =

∞∫
x

dt

β(t)
i

WF (x) = 1− F (x) + F (−x).
Êëþ÷îâi ñëîâà: àíàëiòè÷íà ôóíêöiÿ, éìîâiðíiñíèé çàêîí, õàðàêòåðèñ-

òè÷íà ôóíêöiÿ, óçàãàëüíåíèé êëàñ çáiæíîñòi.
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ÊÎÐÅÊÒÍIÑÒÜ ÇÀÄÀ×I ÔÓÐ'� ÄËß ÑËÀÁÊÎ
ÍÅËIÍIÉÍÈÕ ÅËIÏÒÈ×ÍÎ-ÏÀÐÀÁÎËI×ÍÈÕ

IÍÒÅÃÐÎ-ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ ÂÈÙÈÕ
ÏÎÐßÄÊIÂ

Ìèêîëà ÁÎÊÀËÎ, Iðèíà ÑÊIÐÀ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

Óíiâåðñèòåòñüêà, 1, 79000, Ëüâiâ

e-mail: mm.bokalo@gmail.com, irusichka.skira@gmail.com

Äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i Ôóð'¹
äëÿ ñëàáêî íåëiíiéíîãî åëiïòè÷íî-ïàðàáîëi÷íîãî iíòåãðî-äèôåðåíöiàëüíîãî
ðiâíÿííÿ âèùîãî ïîðÿäêó. Òàêîæ îòðèìàíî îöiíêó öüîãî ðîçâ'ÿçêó.

Êëþ÷îâi ñëîâà: çàäà÷à Ôóð'¹, ïàðàáîëi÷íå ðiâíÿííÿ ç âèðîäæåí-
íÿì, åëiïòè÷íî-ïàðàáîëi÷íå ðiâíÿííÿ, iíòåãðî-äèôåðåíöiàëüíå ðiâíÿííÿ,
ôóíêöiîíàëüíî-äèôåðåíöiàëüíå ðiâíÿííÿ.

1. Âñòóï

Íåõàé n,m � íàòóðàëüíi ÷èñëà; Rn � ëiíiéíèé ïðîñòið, ñêëàäåíèé ç âïîðÿäêî-
âàíèõ íàáîðiâ n äiéñíèõ ÷èñåë x = (x1, . . . , xn) i íàäiëåíèé íîðìîþ |x| = (|x1|2 +
. . . + |xn|2)1/2; M � ïiäìíîæèíà ìíîæèíè {0, 1, . . . , m} òàêà, ùî {0,m} ⊂ M ; N
� êiëüêiñòü ìóëüòèiíäåêñiâ ðîçìiðíîñòi n (âïîðÿäêîâàíèõ íàáîðiâ α = (α1, . . . , αn)
ç öiëèõ íåâiä'¹ìíèõ ÷èñåë, òîáòî åëåìåíòiâ ìíîæèíè Zn+), äîâæèíè ÿêèõ (|α| =

α1 + . . . + αn) ¹ åëåìåíòàìè ìíîæèíè M ; 0̂ := (0, . . . , 0) � ìóëüòèiíäåêñ, ñêëà-
äåíèé ç íóëiâ; RN � ëiíiéíèé ïðîñòið âïîðÿäêîâàíèõ íàáîðiâ ç N äiéñíèõ ÷èñåë
ξ = (ξ0̂ , . . . , ξα, . . .) ≡ (ξα : |α| ∈ M), êîìïîíåíòè ÿêèõ ïðîíóìåðîâàíi ìóëüòèií-
äåêñàìè ðîçìiðíîñòi n, ùî ìàþòü äîâæèíè ç M i âïîðÿäêîâàíi ëåêñèêîãðàôi÷íî (öå
îçíà÷à¹, ùî α = (α1, . . . , αn) ïåðåäó¹ β = (β1, . . . , βn), êîëè àáî |α| < |β|, àáî |α| = |β|

i αk > βk, äå k = min
{
j : αj 6= βj

}
); |ξ| :=

( ∑
|α|∈M

|ξα|2
)1/2

äëÿ äîâiëüíîãî ξ ∈ RN .

2010 Mathematics Subject Classi�cation: 35D30, 35K25, 35J30

c© Áîêàëî, Ì., Ñêiðà, I., 2018
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Íåõàé Ω � îáìåæåíà îáëàñòü â ïðîñòîði Rn. Ââàæà¹ìî, ùî ìåæà Γ := ∂Ω îáëàñòi
Ω ¹ êóñêîâî-ãëàäêîþ i ïîçíà÷à¹ìî ÷åðåç ν îäèíè÷íèé âåêòîð çîâíiøíüî¨ íîðìàëi äî
Γ. Ïiä S ðîçóìi¹ìî ïðîìiíü (−∞; 0]. Ïðèéìà¹ìî Q := Ω × S, Σ := Γ × S i Qt1,t2 :=
Ω× (t1, t2) äëÿ äîâiëüíèõ t1 i t2 (òóò i äàëi ââàæà¹ìî, ùî t1 < t2).

Ïðèïóñêà¹ìî, ùî

(B) b : Ω→ R � âèìiðíà ôóíêöiÿ òàêà, ùî 0 6 b(x) 6 1 äëÿ ìàéæå âñiõ x ∈ Ω.

Ïîçíà÷à¹ìî Ω0 := {x ∈ Ω | b(x) > 0}, b0 := ess inf
x∈Ω

b(x).

Ðîçãëÿäà¹ìî çàäà÷ó: çíàéòè ôóíêöiþ u : Q → R, ÿêà çàäîâîëüíÿ¹ (â ïåâíîìó
ñåíñi) ðiâíÿííÿ

(b(x)u)t +
∑
|α|∈M

(−1)|α|Dαaα(x, t, δu) +

∫
Ω

c(x, y, t, u(y, t)) dy =

(1) =
∑

|α|∈{0,m}

(−1)|α|Dαfα(x, t), (x, t) ∈ Q

òà êðàéîâi óìîâè

(2)
∂ju

∂νj

∣∣∣
Σ

= 0 , j = 0,m− 1,

äå aα : Q× RN → R, c : Ω× Ω× S × R→ R, fα : Q→ R (|α| ∈M) � çàäàíi ôóíêöi¨,

ÿêi çàäîâîëüíÿþòü ïåâíi (íàâåäåíi íèæ÷å) óìîâè. Òóò i äàëi Dα :=
∂α1+...+αn

∂xα1
1 · · · ∂x

αn
n
,

α = (α1, . . . , αn) ∈ Zn+, i δu � âïîðÿäêîâàíèé íàáið ïîõiäíèõ Dαu ôóíêöi¨ u ïîðÿäêiâ

|α| ∈M (ïðàâèëî âïîðÿäêóâàííÿ òàêå ñàìå, ÿê äëÿ êîìïîíåíòiâ âåêòîðiâ ξ ∈ RN ).

Ââàæà¹ìî, ùî ïðîñòîðîâà ÷àñòèíà äèôåðåíöiàëüíîãî âèðàçó â ëiâié ÷àñòèíi
ðiâíÿííÿ (1) � åëiïòè÷íà, òîáòî ðiâíÿííÿ (1) � ïàðàáîëi÷íå íà ìíîæèíi Ω0 × S i
åëiïòè÷íå íà ìíîæèíi (Ω \Ω0)×S, à òîìó éîãî íàçèâàþòü åëiïòè÷íî-ïàðàáîëi÷íèì.
Òàêi ðiâíÿííÿ äîñëiäæóâàëè, çîêðåìà, â [1, 2, 3, 4, 5].

Â öié ðîáîòi ìè âèâ÷à¹ìî ïèòàííÿ iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i Ôóð'¹
(çàäà÷i áåç ïî÷àòêîâèõ óìîâ) äëÿ ðiâíÿííÿ (1) ç êðàéîâèìè óìîâàìè (2). Çàäà÷à
Ôóð'¹ âèíèêà¹ ïðè ìîäåëþâàííi ðiçíèõ äèíàìi÷íèõ ïðîöåñiâ ó ïðèðîäi òà åêîíîìiöi,
êîëè ïî÷àòîê ïðîöåñó íàñòiëüêè âiääàëåíèé âiä àêòóàëüíîãî ìîìåíòó, ùî ïî÷àòêîâi
äàíi ïðàêòè÷íî íå âïëèâàþòü íà ñèòóàöiþ â öåé ìîìåíò (äèâ., íàïðèêëàä, [6]). Òàêà
çàäà÷à äëÿ åâîëþöiéíèõ ðiâíÿíü ç ðiçíèõ êëàñiâ ðîçãëÿäàëàñÿ â ïðàöÿõ áàãàòüîõ
ìàòåìàòèêiâ, çîêðåìà, â [4, 5, 6, 7, 8, 9, 10, 11]. Äîñèòü ïîâíèé îãëÿä öèõ ðåçóëüòàòiâ
ìîæíà çíàéòè â [10].

Çàóâàæèìî, ùî â çàäà÷i (1),(2) ìîæëèâå âõîäæåííÿ íåâiäîìî¨ ôóíêöi¨ ÿê â äè-
ôåðåíöiàëüíó ÷àñòèíó ðiâíÿííÿ, òàê i â iíòåãðàëüíó. Iíòåãðî-äèôåðåíöiàëüíi ðiâ-
íÿííÿ âèíèêàþòü ïðè ìîäåëþâàííi ñêëàäíèõ ÿâèù ó ñó÷àñíîìó ïðèðîäîçíàâñòâi,
åêîíîìiöi òà òåõíiöi, íàïðèêëàä, äëÿ îïèñó áiðæîâèõ êîëèâàíü âàðòîñòi îïöiîíiâ,
â òåîði¨ ÿäåðíèõ ðåàêöié ïðè âèâ÷åííi ïðîöåñó óïîâiëüíåííÿ íåéòðîíiâ â äèôóçi¨
çàðÿäæåíèõ ÷àñòèíîê ó ïëàçìi òà â iíøèõ ðiçíîìàíiòíèõ çàäà÷àõ (äèâ. [12, 13, 14]).
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Ïðèêëàäàìè ðiâíÿíü òèïó (1), ÿêi òóò äîñëiäæóþòüñÿ, ¹ ðiâíÿííÿ:

(b(x)u)t +
∑
k∈M

âk(t)(−∆)ku+

∫
Ω

ĉ(x, y, t)u(y, t) dy =

(3) = f(x, t), (x, t) ∈ Q,

äå ∆ � îïåðàòîð Ëàïëàñà, âk ∈ L∞(0, T ) (k ∈M), ĉ ∈ L∞(Ω×Ω×S) � äåÿêi ôóíêöi¨,
ïðè÷îìó ôóíêöi¨ âk (k ∈ M) äîäàòíi i âiääiëåíi âiä íóëÿ, à ôóíêöiÿ f : Q → R �
âèìiðíà i òàêà, ùî ¨¨ çâóæåííÿ íà Qt1,t2 íàëåæèòü ïðîñòîðó L2(Qt1,t2) äëÿ áóäü-
ÿêèõ t1, t2 ∈ S.

Çàäà÷à Ôóð'¹ äëÿ ðiâíÿíü òèïó (1) ó âèïàäêó ñèëüíî¨ íåëiíiéíîñòi äîñëiäæåíà
ó [5] òà îäíîçíà÷íî ðîçâ'ÿçíà áåç áóäü-ÿêèõ óìîâ íà íåñêií÷åííîñòi. Ó âèïàäêó ñëàá-
êî¨ íåëiíiéíîñòi, ðîçãëÿíóòîìó â öié ðîáîòi, çàäà÷à Ôóð'¹ êîðåêòíà ëèøå çà äåÿêèõ
îáìåæåíü íà ïîâåäiíêó ðîçâ'ÿçêiâ ïðè t→ −∞, ÿêi áóäóòü âêàçàíi ïiçíiøå.

2. Îñíîâíi ôóíêöiéíi ïðîñòîðè òà äîïîìiæíi ôàêòè

Ââåäåìî ïîòðiáíi íàì ôóíêöiéíi ïðîñòîðè.
Ïiä L∞

loc
(Q) ðîçóìi¹ìî ëiíiéíèé ïðîñòið âèìiðíèõ íà Q ôóíêöié òàêèõ, ùî ¨õ

çâóæåííÿ íà ïiäìíîæèíó Qt1,t2 íàëåæèòü ïðîñòîðó L∞(Qt1,t2) äëÿ áóäü-ÿêèõ t1, t2 ∈
S.

ÍåõàéX � äîâiëüíèé ãiëüáåðòiâ ïðîñòið çi ñêàëÿðíèì äîáóòêîì (·, ·)X òà íîðìîþ
‖ · ‖X . Ïîçíà÷à¹ìî ÷åðåç L2

loc
(S;X) ëiíiéíèé ïðîñòið ôóíêöié, ÿêi âèçíà÷åíi íà S,

íàáóâàþòü çíà÷åííÿ â X i ¨õí¹ çâóæåííÿ íà áóäü-ÿêèé âiäðiçîê [t1, t2] ⊂ S íàëåæàòü
ïðîñòîðó L2(t1, t2;X).

Ïiä C1
c (I), äå I � iíòåðâàë ÷èñëîâî¨ îñi, ðîçóìi¹ìî ëiíiéíèé ïðîñòið íåïåðåðâíî

äèôåðåíöiéîâíèõ íà I ôóíêöié ç êîìïàêòíèì íîñi¹ì (ÿêùî I = (t̂1, t̂2), òî ïèñàòè-

ìåìî C1
c (t̂1, t̂2) çàìiñòü C1

c ((t̂1, t̂2))).
Íåõàé Hm(Ω) := {v ∈ L2(Ω)

∣∣Dαv ∈ L2(Ω) ∀α ∈ Zn+, |α| 6 m} � ïðîñòið
Ñîáîë¹âà, ÿêèé ¹ ãiëüáåðòîâèì ïðîñòîðîì çi ñêàëÿðíèì äîáóòêîì (v, w)Hm(Ω) :=∫
Ω

∑
|α|6m

DαvDαw dx òà íîðìîþ ‖v‖Hm(Ω) :=

(∫
Ω

∑
|α|6m

|Dαv|2 dx

)1/2

. Ïiä
◦
Hm(Ω) áó-

äåìî ðîçóìiòè çàìèêàííÿ â Hm(Ω) ïðîñòîðó C∞c (Ω) (C∞c (Ω) � ëiíiéíèé ïðîñòið, ùî
ñêëàäà¹òüñÿ ç íåñêií÷åííî äèôåðåíöiéîâíèõ íà Ω ôóíêöié, ÿêi ìàþòü êîìïàêòíèé
íîñié).

Íåõàé b̃(x) := b(x), ÿêùî x ∈ Ω0, i b̃(x) := 1, ÿêùî x ∈ Ω \ Ω0. Ïîçíà÷èìî ÷åðåç

Hb(Ω) ëiíiéíèé ïðîñòið, åëåìåíòàìè ÿêîãî ¹ ôóíêöi¨ w = b̃−1/2v, äå v ∈ L2(Ω). Íà

ïðîñòîði Hb ââîäèìî ïiâíîðìó ‖w‖Hb(Ω) :=

(∫
Ω

b(x)|w(x)|2dx

)1/2

, ç ÿêîþ âií ¹ ïîâ-

íèì ïiâíîðìîâàíèì ïðîñòîðîì. Ëåãêî ïåðåêîíàòèñÿ, ùî
◦
Hm(Ω) ùiëüíî âêëàäà¹òüñÿ

â Hb (äèâ. [15, I.3.3]).
Ââîäèìî ïðîñòið C(S;Hb(Ω)) ÿê ëiíiéíèé ïðîñòið ôóíêöié h : S → Hb(Ω) òàêèõ,

ùî b1/2h ∈ C(S;L2(Ω)).
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×åðåç Kα (|α| 6 m) ïîçíà÷à¹ìî äîäàòíi ñòàëi, äëÿ ÿêèõ ïðàâèëüíi íåðiâíîñòi

(4) ∀α, |α| 6 m :

∫
Ω

|Dαv|2 dx > Kα

∫
Ω

|v|2 dx ∀ v ∈
◦
H
m(Ω).

Iñíóâàííÿ òàêèõ ñòàëèõ ïðè |α| 6= 0 ëåãêî âèïëèâà¹ ç íåðiâíîñòi Ôðiäðiõñà, à K0̂ = 1.

3. Ôîðìóëþâàííÿ çàäà÷i òà îñíîâíèõ ðåçóëüòàòiâ

Ìè ðîçãëÿäàòèìåìî óçàãàëüíåíi ðîçâ'ÿçêè çàäà÷i (1), (2), à äëÿ öüîãî çðîáèìî
âiäïîâiäíi ïðèïóùåííÿ.

Íåõàé âèõiäíi äàíi ðiâíÿííÿ (1) çàäîâîëüíÿþòü òàêi óìîâè:

(A1) äëÿ êîæíîãî α (|α| ∈ M) ôóíêöiÿ aα(x, t, ξ), (x, t, ξ) ∈ Q× RN , � êàðàòåî-
äîðiâñüêà, òîáòî äëÿ ìàéæå âñiõ (x, t) ∈ Q ôóíêöiÿ aα(x, t, · ) : RN → R �
íåïåðåðâíà, à äëÿ êîæíîãî ξ ∈ RN ôóíêöiÿ aα(·, · , ξ) : Q → R � âèìiðíà çà
Ëåáåãîì, à òàêîæ aα(x, t, 0) = 0 äëÿ ìàéæå âñiõ (x, t) ∈ Q;

(A2) äëÿ êîæíîãî α (|α| ∈M), ìàéæå âñiõ (x, t) ∈ Q òà áóäü-ÿêèõ ξ ∈ RN ìà¹ìî

|aα(x, t, ξ)| 6 hα(x, t)|ξ|+ gα(x, t),

äå hα ∈ L∞loc(Q), gα ∈ L2
loc

(S;L2(Ω));
(A3) äëÿ ìàéæå âñiõ (x, t) ∈ Q òà äîâiëüíèõ ξ, η ∈ RN âèêîíó¹òüñÿ íåðiâíiñòü∑

|α|∈M

(aα(x, t, ξ)− aα(x, t, η))(ξα − ηα) >
∑
α∈A

γα(t)|ξα − ηα|2,

äå ìíîæèíà A ⊂ Zn+ òàêà, ùî {α | |α| = m} ⊂ A ⊂ {α | |α| ∈ M}, òà ôóíêöi¨
γα ∈ C(S), α ∈ A òàêi, ùî γα(t) > 0 ∀t ∈ S, ∀α ∈ A;

(C1) ôóíêöiÿ c(x, y, t, ρ), (x, y, t, ρ) ∈ Ω×Ω×S ×R, � êàðàòåîäîðiâñüêà, òîáòî äëÿ
ìàéæå âñiõ (x, y, t) ∈ Ω × Ω × S ôóíêöiÿ c(x, y, t, ·) : R → R � íåïåðåðâíà, à
äëÿ âñiõ ρ ∈ R ôóíêöiÿ c(·, ·, ·, ρ) : Ω × Ω × S → R � âèìiðíà çà Ëåáåãîì, à
òàêîæ c(x, y, t, 0) = 0 äëÿ ìàéæå âñiõ (x, y, t) ∈ Ω× Ω× (0, T );

(C2) iñíó¹ ñòàëà L > 0 òàêà, ùî äëÿ ìàéæå âñiõ (x, y, t) ∈ Ω× Ω× S òà äîâiëüíèõ
ρ1, ρ2 ∈ R âèêîíó¹òüñÿ íåðiâíiñòü

|c(x, y, t, ρ1)− c(x, y, t, ρ2)| 6 Lγ(t)|ρ1 − ρ2|,

äå

(5) γ(t) :=
∑
α∈A

Kαγα(t) ∀t ∈ S;

(F) fα ∈ L2
loc

(S;L2(Ω)) ∀α, |α| ∈ {0,m}.

Îçíà÷åííÿ 1. Óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (1), (2) íàçèâà¹ìî ôóíêöiþ u ∈
L2

loc(S;
◦
Hm(Ω)) ∩ C(S;Hb(Ω)), ÿêà çàäîâîëüíÿ¹ iíòåãðàëüíó òîòîæíiñòü∫∫
Q

{
−buvϕ′ +

∑
|α|∈M

aα(x, t, δu)Dαvϕ+ vϕ

∫
Ω

c(x, y, t, u(y, t)) dy
}
dxdt =
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(6) =

∫∫
Q

∑
|α|∈{0,m}

fαD
αvϕ dxdt ∀v ∈

◦
H
m(Ω), ∀ϕ ∈ C1

c (−∞, 0).

Çàóâàæèìî, ùî çàäà÷à (1),(2) ìîæå ìàòè áàãàòî óçàãàëüíåíèõ ðîçâ'ÿçêiâ. Ñïðàâ-
äi, ðîçãëÿíåìî ðiâíÿííÿ

(7) ut + (−∆)mu−
∫
Ω

(λ1 + λm1 )v1(x)v1(y)u(y, t) dy = 0,

äå λ1 òà v1 : Ω → R, âiäïîâiäíî, ïåðøå âëàñíå çíà÷åííÿ òà âiäïîâiäíà éîìó âëàñíà
ôóíêöiÿ, íîðìà ÿêî¨ â L2(Ω) äîðiâíþ¹ îäèíèöi, çàäà÷i íà âëàñíi çíà÷åííÿ

−∆v(x) = λv(x), x ∈ Ω, v
∣∣∣
∂Ω

= 0.

Î÷åâèäíî, ùî âèõiäíi äàíi ðiâíÿííÿ (7) çàäîâîëüíÿþòü óìîâè (A1), (A2), (A3), (B),
(C1), (C2), (F) i äëÿ äîâiëüíî¨ ñòàëî¨ C ∈ R ôóíêöiÿ uC(x, t) = Ceλ1tv1(x), (x, t) ∈ Q,
¹ ðîçâ'ÿçêîì çàäà÷i (7), (2).

Çâiäñè âèïëèâà¹, ùî äëÿ çàáåçïå÷åííÿ ¹äèíîñòi óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i
(1),(2) íåîáõiäíî íàêëàäàòè îáìåæåííÿ íà éîãî ïîâåäiíêó ïðè t→ −∞.

Ìè áóäåìî ðîçãëÿäàòè çàäà÷ó âiäøóêàííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i
(1),(2), ÿêèé çàäîâîëüíÿ¹ òàêèé �àíàëîã� ïî÷àòêîâî¨ óìîâè

(8) lim
t→−∞

e
ω
t∫
0

γ(s)ds
‖u(·, t)‖Hb(Ω) = 0,

äå ω ∈ R, à γ � ôóíêöiÿ, ÿêà âèçíà÷åíà â (5).
Öþ çàäà÷ó êîðîòêî íàçèâàòèìåìî çàäà÷åþ (1),(2), (8), à ôóíêöiþ u � óçàãàëü-

íåíèì ðîçâ'ÿçêîì çàäà÷i (1),(2),(8).
Äàëi íàì áóäå ïîòðiáíèé ùå òàêèé ôóíêöiéíèé ïðîñòið. Íåõàé ω ∈ R, β ∈ C(S),

β(t) > 0 äëÿ âñiõ t ∈ S. Ðîçãëÿíåìî ãiëüáåðòiâ ïðîñòið

L2
ω,β(S;L2(Ω)) :=

f ∈ L2
loc

(S;L2(Ω))
∣∣∣ ∫
S

β(t)e
2ω

t∫
0

γ(s)ds
‖f(·, t)‖2L2(Ω) dt <∞


çi ñêàëÿðíèì äîáóòêîì

(f, g)L2
ω,β(S;L2(Ω)) =

∫
S

β(t) e
2ω

t∫
0

γ(s) ds
(f(·, t), g(·, t))L2(Ω) dt

òà íîðìîþ

‖f‖L2
ω,β(S;L2(Ω)) :=

∫
S

β(t) e
2ω

t∫
0

γ(s) ds
‖f(·, t)‖2L2(Ω) dt

1/2

,

äå γ âèçíà÷åíî â (5).

×åðåç mesnG, äå G � âèìiðíà ìíîæèíà â Rn, ïîçíà÷àòèìåìî ìiðó Ëåáåãà ìíî-
æèíè G.
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Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (A1), (A2), (A3), (B), (C1), (C2), (F) i, êðiì
òîãî, ó âèïàäêó b0 = 0 ìàòèìåìî

(9) LmesnΩ < 1.

Ïðèïóñòèìî, ùî ω < 1 − LmesnΩ, êîëè âèêîíó¹òüñÿ óìîâà (9), i ω < (1 −
LmesnΩ)/b0 â iíøîìó âèïàäêó, i ìà¹ìî âêëþ÷åííÿ

(10) fα ∈ L2
ω,1/γα

(S;L2(Ω)) ∀α |α| = m, f0̂ ∈ L
2
ω,1/γ(S;L2(Ω)).

Òîäi iñíó¹ i òiëüêè îäèí óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (1), (2),(8), ïðè÷îìó äëÿ
íüîãî ïðàâèëüíà îöiíêà

e
ω
τ∫
0

γ(s) ds
‖u(·, τ)‖Hb(Ω) + ‖u‖L2

ω,γ(Sτ ;L2(Ω)) +
∑
α∈A
‖Dαu‖L2

ω,γα
(Sτ ;L2(Ω)) 6

6 C1

‖f0̂‖L2
ω,1/γ

(Sτ ;L2(Ω)) +
∑
|α|=m

‖fα‖L2
ω,1/γα

(Sτ ;L2(Ω))

 , τ ∈ S,(11)

äå Sτ := (−∞, τ ] ∀τ ∈ (−∞, 0] (S0 = S), C1 > 0 � ñòàëà, ùî çàëåæàòü ëèøå âiä L,
mesnΩ, b0 òà ω.

4. Îáãðóíòóâàííÿ îñíîâíèõ ðåçóëüòàòiâ

Ïðè äîâåäåííi òåîðåìè 1 âàæëèâó ðîëü âiäiãðàâàòèìå òâåðäæåííÿ, ÿêå ¹ âiäî-
ìèì (äèâ., íàïðèêëàä, [3]), àëå ìè ñôîðìóëþ¹ìî éîãî ó çðó÷íié äëÿ íàñ ôîðìi.

Ëåìà 1. Íåõàé ôóíêöi¨ w ∈ L2(0, T ;
◦
H m(Ω)) i gα ∈ L2(Ω × (0, T )) (|α| ∈ M), äå

T > 0 òàêi, ùî ïðàâèëüíà òîòîæíiñòü

(12)

T∫
0

∫
Ω

−bwvϕ′ +
( ∑
|α|∈M

gαD
αv

)
ϕ

 dxdt = 0 ∀v ∈
◦
H

m(Ω), ∀ϕ ∈ C1
c (0, T ).

Òîäi w ∈ C([0, T ];Hb(Ω)) i äëÿ áóäü-ÿêèõ τ1, τ2 ∈ [0, T ] (τ1 < τ2) òà äîâiëüíî¨ θ ∈
C1([0, T ]) ìàòèìåìî

1

2
θ(τ2)‖w(·, τ2)‖2Hb(Ω) −

1

2
θ(τ1)‖w(·, τ1)‖2Hb(Ω) −

1

2

τ2∫
τ1

‖w(·, t)‖2Hb(Ω)θ
′(t) dt+

(13) +

τ2∫
τ1

∫
Ω

( ∑
|α|∈M

gαD
αw

)
θ dxdt = 0.

Òàêîæ íàì áóäå ïîòðiáíå òàêå äîïîìiæíå òâåðäæåííÿ.

Ëåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè (A1), (A2), (A3), (B), (C1), (C2) i ó âèïàäêó b0 = 0
� óìîâà (9). Ïðèïóñòèìî, ùî ω < 1 − LmesnΩ, êîëè âèêîíó¹òüñÿ óìîâà (9), i
ω < (1−LmesnΩ)/b0 â iíøîìó âèïàäêó. Òîäi, ÿêùî u1 òà u2 � óçàãàëüíåíi ðîçâ'ÿçêè,



ÊÎÐÅÊÒÍIÑÒÜ ÇÀÄÀ×I ÔÓÐ'�
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2018. Âèïóñê 85 97

âiäïîâiäíî, çàäà÷, ÿêi âiäðiçíÿþòüñÿ âiä çàäà÷i (1), (2), (8) òiëüêè òèì, ùî â ïåðøié
ç íèõ fα = fα,1, à â äðóãié � fα = fα,2 (|α| ∈ {0,m}), äå

(14) f0̂,k∈L
2
ω,1/γ(S;L2(Ω)) (k ∈ {1, 2}), fα,k ∈ L2

ω,1/γα
(S;L2(Ω)) (k∈{1, 2}; |α| = m),

òî ïðàâèëüíà îöiíêà

e
ω
τ∫
0

γ(s) ds
‖u1(·, τ)− u2(·, τ)‖Hb(Ω) + ‖u1 − u2‖L2

ω,γ(Sτ ;L2(Ω))+

+
∑
α∈A
‖Dαu1 −Dαu2‖L2

ω,γα
(Sτ ;L2(Ω)) 6

6 C1

[
‖f0̂,1 − f0̂,2‖L2

ω,1/γ
(Sτ ;L2(Ω)) +

∑
|α|=m

‖fα,1 − fα,2‖L2
ω,1/γα

(Sτ ;L2(Ω))

]
, τ ∈ S,(15)

äå C1 > 0 � ñòàëà, ÿêà çàëåæèòü òiëüêè âiä L, mesnΩ, b0 i ω.

Äîâåäåííÿ. Ââîäèìî äëÿ êîæíèõ α (|α| ∈M), x ∈ Ω, y ∈ Ω, t ∈ S ïîçíà÷åííÿ

u12(x, t) := u1(x, t)− u2(x, t), aα,12(x, t) := aα(x, t, δu1(x, t))− aα(x, t, δu2(x, t)),

c12(x, y, t) := c(x, y, t, u1(y, t))− c(x, y, t, u2(y, t)), fα,12(x, t) := fα,1(x, t)− fα,2(x, t).

Ç (6) îòðèìà¹ìî òàêó iíòåãðàëüíó òîòîæíiñòü:∫∫
Q

{
− bu12vϕ

′ +
∑
|α|∈M

aα,12D
αvϕ+

(∫
Ω

c12(x, y, t) dy

)
vϕ

}
dxdt =

(16) =

∫∫
Q

∑
|α|∈{0,m}

fα,12D
αvϕ dxdt ∀v ∈

◦
H
m(Ω), ∀ϕ ∈ C1

c (−∞, 0).

Íà ïiäñòàâi ëåìè 1 ç (16) âèïëèâà¹, ùî

1

2
θ(t)

∫
Ω

b(x)|u12(x, t)|2 dx
∣∣∣t=τ2
t=τ1
− 1

2

τ2∫
τ1

∫
Ω

b|u12|2θ′ dxdt+

τ2∫
τ1

∫
Ω

{ ∑
|α|∈M

aα,12D
αu12+

+

(∫
Ω

c12(x, y, t) dy

)
u12

}
θ dxdt =

τ2∫
τ1

∫
Ω

∑
|α|∈{0,m}

fα,12D
αu12θ dxdt,(17)

äå θ ∈ C1(S), θ(t) > 0 ∀t ∈ S, òà τ1, τ2 ∈ S (τ1 < τ2) � äîâiëüíi.
Âèêîðèñòîâóþ÷è íåðiâíiñòü Êîøi:

(18) ac 6
ε

2
a2 +

1

2ε
c2 ∀a, c ∈ R, ∀ε > 0,
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îöiíèìî ïðàâó ÷àñòèíó ðiâíîñòi (17) òàê:

τ2∫
τ1

∫
Ω

∑
|α|=m

fα,12D
αu12θ dxdt6

ε1

2

τ2∫
τ1

∫
Ω

∑
|α|=m

γα|Dαu12|2θ dxdt+(19)

+
1

2ε1

τ2∫
τ1

∫
Ω

∑
|α|=m

1

γ α
|fα,12|2θ dxdt,

τ2∫
τ1

∫
Ω

f0̂,12 u12θ dxdt6
ε2

2

τ2∫
τ1

∫
Ω

γ|u12|2θ dxdt+
1

2ε2

τ2∫
τ1

∫
Ω

1

γ
|f0̂,12|

2θ dxdt,(20)

äå ε1, ε2 � äîâiëüíi äîäàòíi ÷èñëà.
Ç óìîâè (A3) îòðèìó¹ìî

τ2∫
τ1

∫
Ω

∑
|α|∈M

aα,12(x, t)Dαu12θ dxdt >

τ2∫
τ1

∫
Ω

∑
α∈A

γα|Dαu12|2θ dxdt.(21)

Âèêîðèñòîâóþ÷è óìîâó (C2) i íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî, îòðèìó¹ìî∣∣∣∣∣∣
τ2∫
τ1

∫
Ω

(∫
Ω

c12(x, y, t) dy

)
u12θ dxdt

∣∣∣∣∣∣ 6
6

τ2∫
τ1

∫
Ω

(∫
Ω

|c(x, y, t, u1(y, t))− c(x, y, t, u2(y, t))| dy

)
|u12(x, t)| θ(t) dxdt 6

6 L

τ2∫
τ1

∫
Ω

γ(t)

(∫
Ω

|u12(y, t)| dy

)
|u12(x, t)| θ(t) dxdt =

= L

τ2∫
τ1

γ(t)

(∫
Ω

|u12(x, t)| dx

)(∫
Ω

|u12(y, t)| dy

)
θ(t) dt =

= L

τ2∫
τ1

γ(t)

(∫
Ω

|u12(x, t)| dx

)2

θ(t) dt 6 LmesnΩ

τ2∫
τ1

∫
Ω

γ |u12|2 θ dxdt.(22)

Ç (17), íà ïiäñòàâi (19) � (22), îòðèìó¹ìî íåðiâíiñòü

1

2
θ(τ2)

∫
Ω

b(x)|u12(x, τ2)|2 dx− 1

2
θ(τ1)

∫
Ω

b(x)|u12(x, τ1)|2 dx−

−1

2

τ2∫
τ1

∫
Ω

b|u12|2θ′ dxdt+

τ2∫
τ1

∫
Ω

∑
α∈A

γα|Dαu12|2θ dxdt− LmesnΩ

τ2∫
τ1

∫
Ω

γ |u12|2 θdxdt 6
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6
ε1

2

τ2∫
τ1

∫
Ω

∑
|α|=m

γα|Dαu12|2θ dxdt+
1

2ε1

τ2∫
τ1

∫
Ω

∑
|α|=m

1

γα
|fα,12|2θ dxdt+

+
ε2

2

τ2∫
τ1

∫
Ω

γ|u12|2θ dxdt+
1

2ε2

τ2∫
τ1

∫
Ω

1

γ
|f0̂,12|

2θ dxdt,

äå ε1, ε2 � äîâiëüíi äîäàòíi ÷èñëà.

Âçÿâøè â öié íåðiâíîñòi θ(t) := 2e
2ω

t∫
0

γ(s) ds
, t ∈ S, ìàòèìåìî

e
2ω

τ2∫
0

γ(s) ds
∫
Ω

b(x)|u12(x, τ2)|2dx− e
2ω

τ1∫
0

γ(s) ds
∫
Ω

b(x)|u12(x, τ1)|2dx−

−2ω

τ2∫
τ1

∫
Ω

bγe
2ω

t∫
0

γ(s) ds
|u12|2dxdt+

+2(δ + (1− δ))
τ2∫
τ1

∫
Ω

∑
|α|∈M

γαe
2ω

t∫
0

γ(s) ds
|Dαu12|2 dxdt−

−2LmesnΩ

τ2∫
τ1

∫
Ω

γe
2ω

t∫
0

γ(s) ds
|u12|2 dxdt 6

6 ε1

τ2∫
τ1

∫
Ω

∑
|α|=m

γαe
2ω

t∫
0

γ(s) ds
|Dαu12|2 dxdt+

1

ε1

τ2∫
τ1

∫
Ω

∑
|α|=m

1

γα
e

2ω
t∫
0

γ(s) ds
|fα,12|2 dxdt+

+ε2

τ2∫
τ1

∫
Ω

γe
2ω

t∫
0

γ(s) ds
|u12|2 dxdt+

1

ε2

τ2∫
τ1

∫
Ω

1

γ
e

2ω
t∫
0

γ(s) ds
|f0̂,12|

2 dxdt,(23)

äå δ ∈ (0, 1) � äîâiëüíå ÷èñëî.
Çâiäñè òà ç (4) âèïëèâà¹ íåðiâíiñòü

e
2ω

τ2∫
0

γ(s) ds
∫
Ω

b(x)|u12(x, τ2)|2 dx− e
2ω

τ1∫
0

γ(s) ds
∫
Ω

b(x)|u12(x, τ1)|2 dx−

−2 ess sup
x∈Ω

{ωb(x)}
τ2∫
τ1

∫
Ω

γe
2ω

t∫
0

γ(s) ds
|u12|2 dxdt+

+2(1− δ)
τ2∫
τ1

∫
Ω

∑
α∈A

γαe
2ω

t∫
0

γ(s) ds
|Dαu12|2 dxdt+
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+2δ

τ2∫
τ1

∫
Ω

∑
α∈A

Kαγαe
2ω

t∫
0

γ(s) ds
|u12|2 dxdt− 2LmesnΩ

τ2∫
τ1

∫
Ω

γe
2ω

τ2∫
0

γ(s) ds
|u12|2 dxdt 6

6 ε1

τ2∫
τ1

∫
Ω

∑
|α|=m

γαe
2ω

t∫
0

γ(s) ds
|Dαu12|2 dxdt+

1

ε1

τ2∫
τ1

∫
Ω

∑
|α|=m

1

γα
e

2ω
t∫
0

γ(s) ds
|fα,12|2 dxdt+

+ε2

τ2∫
τ1

∫
Ω

γe
2ω

t∫
0

γ(s) ds
|u12|2 dxdt+

1

ε2

τ2∫
τ1

∫
Ω

1

γ
e

2ω
t∫
0

γ(s) ds
|f0̂,12|

2 dxdt.(24)

Ç (24), âèêîðèñòàâøè ïîçíà÷åíÿ (5), îòðèìà¹ìî

e
2ω

τ2∫
0

γ(s) ds
∫
Ω

b(x)|u12(x, τ2)|2dx− e
2ω

τ1∫
0

γ(s) ds
∫
Ω

b(x)|u12(x, τ1)|2dx+

+
[
2(1− δ)− ε1

] τ2∫
τ1

∫
Ω

∑
|α|∈M

γαe
2ω

t∫
0

γ(s) ds
|Dαu12|2 dxdt+

+(2(δ − LmesnΩ− ess sup
x∈Ω

{ωb(x)})− ε2)

τ2∫
τ1

∫
Ω

γe
2ω

t∫
0

γ(s) ds
|u12|2 dxdt 6

6
1

ε1

τ2∫
τ1

∫
Ω

∑
|α|=m

1

γα
e

2ω
t∫
0

γ(s) ds
|fα,12|2 dxdt+

1

ε2

τ2∫
τ1

∫
Ω

e
2ω

t∫
0

γ(s) ds 1

γ
|f0̂,12|

2 dxdt.(25)

Çàóâàæèìî, ùî

(26) 1− LmesnΩ− ess sup
x∈Ω

{ωb(x)} > 0.

Ñïðàâäi, íåõàé 1−LmesnΩ > 0. Òîäi ω < 1−LmesnΩ. Ðîçãëÿíåìî äâà âèïàäêè: 1)
ω 6 0, 2) 0 < ω < 1−LmesnΩ. Â ïåðøîìó âèïàäêó (ω 6 0) ìà¹ìî ess sup

x∈Ω
{ωb(x)} 6 0,

à îòæå, íåðiâíiñòü (26) ïðàâèëüíà. Â äðóãîìó âèïàäêó ìà¹ìî

ess sup
x∈Ω

{ωb(x)} = ω ess sup
x∈Ω

b(x) 6 ω < 1− LmesnΩ,

çâiäêè âèïëèâà¹ íåðiâíiñòü (26). Òåïåð íåõàé 1 − LmesnΩ 6 0. Òîäi b0 > 0 i ωb0 <
1− LmesnΩ. Îñêiëüêè

ess sup
x∈Ω

{ωb(x)} = ω ess inf
x∈Ω

b(x) = ωb0,

òî i â öié ñèòóàöi¨ íåðiâíiñòü (26) ïðàâèëüíà.

Âèáåðåìî ó (25) δ ∈ (0, 1) òàêå, ùîá âèêîíóâàëàñü íåðiâíiñòü

δ − LmesnΩ− ess sup
x∈Ω

{ωb(x)} > 0,
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i âiçüìåìî ε1 = 1− δ, ε2 = δ − LmesnΩ− ess sup
x∈Ω

{ωb(x)}. Ó ïiäñóìêó îäåðæèìî

e
2ω

τ2∫
0

γ(s) ds
∫
Ω

b(x)|u12(x, τ2)|2 dx− e
2ω

τ1∫
0

γ(s) ds
∫
Ω

b(x)|u12(x, τ1)|2 dx+

+C3

[ τ2∫
τ1

∫
Ω

∑
|α|∈M

γα(t)e
2ω

t∫
0

γ(s) ds
|Dαu12|2 dxdt+

τ2∫
τ1

∫
Ω

γe
2ω

t∫
0

γ(s) ds
|u12|2 dxdt

]
6

6 C4

[ τ2∫
τ1

∫
Ω

∑
|α|=m

1

γα
e

2ω
t∫
0

γ(s) ds
|fα,12|2 dxdt+

1

ε2

τ2∫
τ1

∫
Ω

1

γ
e

2ω
t∫
0

γ(s) ds
|f0̂,12|

2 dxdt

]
,(27)

äå C3, C4 � äîäàòíi ñòàëi, ùî çàëåæàòü ëèøå âiä L, mesnΩ, b0 òà ω.
Ç (8) âèïëèâà¹ óìîâà

(28) e
2ω

t∫
0

γ(s)ds
∫
Ω

b(x)|u12(x, t)|2 dx→ 0 ïðè t→ −∞.

Ôiêñóþ÷è äîâiëüíî âèáðàíå τ2 = τ ∈ S, ñïðÿìó¹ìî τ1 äî −∞ â (27), âðàõîâóþ÷è (14)
òà (28). Ó ïiäñóìêó îòðèìà¹ìî

e
2ω

τ∫
0

γ(s) ds
∫
Ω

b(x)|u12(x, τ)|2 dx+

+C3

 τ∫
−∞

∫
Ω

∑
|α|∈M

γαe
2ω

t∫
0

γ(s) ds
|Dαu12|2 dxdt+

τ∫
−∞

∫
Ω

γe
2ω

t∫
0

γ(s) ds
|u12|2 dxdt

 6(29)

6 C4

 τ∫
−∞

∫
Ω

∑
|α|=m

1

γα
e

2ω
t∫
0

γ(s) ds
|fα,12|2 dxdt+

τ∫
−∞

∫
Ω

1

γ
e

2ω
t∫
0

γ(s) ds
|f0̂,12|

2 dxdt

 .(30)

Çâiäñè ëåãêî îäåðæó¹ìî îöiíêó (15). �

Äîâåäåííÿ òåîðåìè 1. Äîâåäåìî ¹äèíiñòü óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (1), (2),
(8). Ïðèïóñòèìî ïðîòèëåæíå. Íåõàé u1, u2 � äâà óçàãàëüíåíi ðîçâ'ÿçêè çàäà÷i (1),
(2), (8). Çãiäíî ç ëåìîþ 2 (äèâ. (15)) ìàòèìåìî

(31)

∫∫
Q

γ(t)e
2ω

t∫
0

γ(s) ds
|u1(x, t)− u2(x, t)|2 dxdt 6 0.

Çâiäêè âèïëèâà¹, ùî u1(x, t)− u2(x, t) = 0 äëÿ ì.â. (x, t) ∈ Q. Îòðèìàíå ïðîòèði÷÷ÿ
äîâîäèòü íàøå òâåðäæåííÿ.

Äîâåäåìî �iñíóâàííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (1), (2),(8) òà éîãî îöiíêó.
Ïî÷íåìî ç àïðiîðíî¨ îöiíêè óçàãàëüíåíîãî ðîçâ'ÿçêó. Ïðèïóñòèìî, ùî u � óçàãàëüíå-
íèé ðîçâ'ÿçîê çàäà÷i (1), (2),(8). Ëåãêî áà÷èòè, âèêîðèñòîâóþ÷è óìîâè (A1) òà (C1),
ùî u = 0 ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (1), (2), (8) ïðè fα = 0 (|α| ∈ {0,m}), à



102
Ìèêîëà ÁÎÊÀËÎ, Iðèíà ÑÊIÐÀ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2018. Âèïóñê 85

òîìó íà ïiäñòàâi ëåìè 2 (äèâ. îöiíêó (15)) ïðè u1 = u, fα,1 = fα òà u2 = 0, fα,2 = 0
(|α| ∈ {0,m}) ìà¹ìî îöiíêó (11).

Òåïåð äëÿ êîæíîãî m ∈ N i α, |α| ∈ {0,m} âèçíà÷èìî fα,m(·, t) := fα(·, t), ÿêùî
−m < t 6 0, i fα,m(·, t) := 0, ÿêùî t 6 −m, òà ðîçãëÿíåìî çàäà÷ó íà çíàõîäæåí-

íÿ ôóíêöi¨ um ∈ L2(−m, 0;
◦
H m(Ω))∩ C([−m, 0];Hb(Ω)), ùî çàäîâîëüíÿ¹ ïî÷àòêîâó

óìîâó

(32) um(x,−m) = 0, x ∈ Ω,

(ÿê åëåìåíò ïðîñòîðó C([−m, 0];Hb(Ω))) òà ðiâíÿííÿ (1) â Qm â ñåíñi iíòåãðàëüíî¨
òîòîæíîñòi∫∫
Qm

−bumvϕ′ + ∑
|α|∈M

aα(x, t, δum)Dαvϕ+

∫
Ω

c(x, y, t, um(y, t)) dy

 vϕ

 dxdt =

=

∫∫
Qm

∑
|α|∈{0,m}

fα,mD
αvϕ dxdt ∀v ∈

◦
H
m(Ω), ∀ϕ ∈ C1

c (−m, 0).(33)

Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó öi¹¨ çàäà÷i ëåãêî âèïëèâà¹ ç âiäîìèõ ðåçóëüòàòiâ
(äèâ., íàïðèêëàä, [16]). Äëÿ êîæíîãîm ∈ N ïðîäîâæèìî íóëåì um íà âåñü öèëiíäð Q
i çàëèøèìî ïîçíà÷åííÿ um äëÿ öüîãî ïðîäîâæåííÿ. Çàóâàæèìî, ùî äëÿ êîæíîãîm ∈
N ôóíêöiÿ um íàëåæèòü äî ïðîñòîðó L2

loc(S;
◦
Hm(Ω)) ∩ C(S;Hb(Ω)) òà çàäîâîëüíÿ¹

iíòåãðàëüíó òîòîæíiñòü (6) ç fα,m çàìiñòü fα (|α| ∈ {0,m}), òîáòî∫∫
Q

−bumvϕ′ + ∑
|α|∈M

aα(x, t, δum)Dαvϕ+

∫
Ω

c(x, y, t, um(y, t)) dy

 vϕ

 dxdt =

=

∫∫
Q

∑
|α|∈{0,m}

fα,mD
αvϕ dxdt ∀v ∈

◦
H

m(Ω), ∀ϕ ∈ C1
c (−∞, 0).(34)

Öå îçíà÷à¹, ùî um ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (1), (2), (8) ç fα,m çàìiñòü fα
(|α| ∈ {0,m}). Çâiäñè òà äîâåäåíîãî âèùå, çîêðåìà, âèïëèâàþòü (äèâ. (11)) îöiíêè

e
2ω

τ∫
0

γ(s) ds
‖um(·, τ)‖2Hb(Ω) 6

6 C5

[ τ∫
−∞

∑
|α|=m

1

γα
e

2ω
t∫
0

γ(s) ds
‖fα(·, t)‖2L2(Ω) dt+(35)

+

τ∫
−∞

1

γ
e

2ω
t∫
0

γ(s) ds
‖f0̂(·, t)‖2L2(Ω) dt

]
, τ ∈ S,

∑
|α|∈M

Dα‖um‖L2
ω,γα

(S;L2(Ω)) + ‖um‖L2
ω,γ(S;L2(Ω)) 6

6 C1

[ ∑
|α|=m

‖fα‖L2
ω,1/γα

(S;L2(Ω)) + ‖f0̂‖L2
ω,1/γ

(S;L2(Ω))

]
,(36)
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äå C5 > 0 � ñòàëà, ÿêà çàëåæèòü òiëüêè âiä L,mesnΩ, b0 i ω.
Íåõàé k, l � äîâiëüíi íàòóðàëüíi ÷èñëà, l > k. Çàñòîñó¹ìî òâåðäæåííÿ ëåìè 2 äî

ôóíêöié uk i ul. Ó ïiäñóìêó îòðèìà¹ìî îöiíêó, ÿêà àíàëîãi÷íà äî (15), à ñàìå,

sup
τ∈S

e
2ω

τ∫
0

γ(s) ds
‖uk(·, τ)− ul(·, τ)‖2Hb(Ω)+

+
∑
|α|∈M

‖Dαuk −Dαul‖2L2
ω,γα

(S;L2(Ω)) + ‖uk − ul‖2L2
ω,γ(S;L2(Ω)) 6

6 C6

[ −k∫
−l

∑
|α|=m

1

γα
e

2ω
t∫
0

γ(s) ds
‖fα,k(·, t)− fα,l(·, t)‖2L2(Ω) dt+

+

−k∫
−l

1

γ
e

2ω
t∫
0

γ(s) ds
‖f0̂,k(·, t)− f0̂,l(·, t)‖

2
L2(Ω) dt

]
,(37)

äå C6 > 0 � ñòàëà, ÿêà çàëåæèòü òiëüêè âiä L,mesnΩ, b0 i ω. Ç óìîâè (10) âèïëèâà¹,
ùî ïðàâà ÷àñòèíà íåðiâíîñòi (37) ïðÿìó¹ äî íóëÿ, êîëè k òà l ïðÿìóþòü äî +∞. Öå
îçíà÷à¹, ùî ïîñëiäîâíîñòü {um}∞m=1 ¹ ôóíäàìåíòàëüíîþ â ïðîñòîðàõ L2

ω,γ(S;L2(Ω))

òà C(S;Hb(Ω)), à ïîñëiäîâíiñòü {Dαum}∞m=1 (α ∈ A) � â L2
ω,γα(S;L2(Ω)) (α ∈ A).

Îñêiëüêè öi ïðîñòîðè ¹ ïîâíèìè, òî çâiäñè âèïëèâà¹ iñíóâàííÿ ôóíêöi¨

u ∈ L2
loc(S;

◦
H
m(Ω)) ∩ L2

ω,γ(S;L2(Ω)) ∩ C(S;Hb(Ω))

òàêî¨, ùî Dαu ∈ L2
ω,γα(S;L2(Ω)) (α ∈ A) i

um −→
m→∞

u ñèëüíî â C(S;Hb(Ω)), L2
ω,γ(S;L2(Ω)) òà L2

loc(S;
◦
H

m(Ω)),(38)

Dαum −→
m→∞

Dαu ñèëüíî â L2
ω,γα(S;L2(Ω)), α ∈ A.(39)

Âèêîðèñòîâóþ÷è óìîâó (A2) òà íåðiâíîñòi (4) i (36), äëÿ áóäü-ÿêèõ t1, t2 ∈ S
îòðèìà¹ìî

(40)

t2∫
t1

∫
Ω

|aα(x, t, δum)|2 dxdt 6 C7

t2∫
t1

∫
Ω

(
|hα|2

∑
|α̃|∈M

∣∣Dα̃um
∣∣2 + |gα|2

)
dxdt 6 C8,

äå C7,C8 � äîäàòíi ñòàëi, ÿêi íå çàëåæàòü âiä m, àëå ìîæóòü çàëåæàòè âiä t1, t2.
Ç (40) îòðèìó¹ìî, ùî äëÿ êîæíîãî α, |α| ∈ M , ïîñëiäîâíiñòü {aα(um)} ¹ îáìå-

æåíîþ â L2
loc

(S;L2(Ω)). Çâiäñè òà ç (38) âèïëèâà¹ iñíóâàííÿ ïiäïîñëiäîâíîñòi ïî-
ñëiäîâíîñòi {um}∞m=1 (ÿêó òàêîæ ïîçíà÷àòèìåìî ÷åðåç {um}∞m=1) i ôóíêöié χα ∈
L2

loc
(S;L2(Ω)) (|α| ∈M) òàêèõ, ùî

(41) Dαum −→
m→∞

Dαu ìàéæå âñþäè íà Q, |α| ∈M,

(42) aα(um) −→
m→∞

χα ñëàáêî â L2
loc

(S;L2(Ω)), |α| ∈M.

Ç óìîâè (A1) òà (41) âèïëèâà¹, ùî

(43) aα(um) −→
m→∞

aα(u) ìàéæå âñþäè íà Q, |α| ∈M.
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Íà ïiäñòàâi [17, ëåìà 1.3], ç (42) i (43) îòðèìó¹ìî, ùî χα = aα(u) (|α| ∈M), òîáòî

(44) aα(um) −→
m→∞

aα(u) ñëàáêî â L2
loc

(S;L2(Ω)), |α| ∈M.

Âèêîðèñòîâóþ÷è óìîâó (C2), äëÿ äîâiëüíèõ t1, t2 ∈ S (t1 < t2) âñòàíîâëþ¹ìî

t2∫
t1

∫
Ω

∣∣∣∣∣
∫
Ω

c(x, y, t, um(y, t)) dy −
∫
Ω

c(x, y, t, u(y, t)) dy

∣∣∣∣∣
2

dxdt 6

6

t2∫
t1

∫
Ω

∣∣∣∣∣
∫
Ω

[c(x, y, t, um(y, t))− c(x, y, t, u(y, t))] dy

∣∣∣∣∣
2

dxdt 6

6 L2mesnΩ

t2∫
t1

γ2(t)

(∫
Ω

|um(y, t)− u(y, t)| dy

)2

dt 6

6 L2(mesnΩ)2 max
t∈[t1,t2]

γ2(t)

t2∫
t1

∫
Ω

|um − u|2 dxdt.(45)

Ç (38) ìàòèìåìî

(46)

t2∫
t1

∫
Ω

|um − u|2 dxdt −→
m→∞

0.

Íà ïiäñòàâi (45) i (46) îòðèìó¹ìî

(47)

∫
Ω

c(◦, y, ·, um(y, ·)) dy −→
m→∞

∫
Ω

c(◦, y, ·, u(y, ·)) dy ñèëüíî â L2
loc

(S;L2(Ω)).

Òåïåð äîâåäåìî, ùî ôóíêöiÿ u ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (1),(2),(8).
Äëÿ öüîãî ñïðÿìó¹ìî m äî +∞ â òîòîæíîñòi (34), âðàõîâóþ÷è (38), (44), (47) òà
îçíà÷åííÿ ôóíêöié fα,m (|α| ∈ {0,m}). Ó ïiäñóìêó îòðèìà¹ìî òîòîæíiñòü (6). Òåïåð,
âðàõóâàâøè (38), ñïðÿìó¹ìî m äî +∞ â (35). Ç îòðèìàíî¨ íåðiâíîñòi òà óìîâè (10)
îäåðæó¹ìî âèêîíàííÿ óìîâè (8). Îòîæ, ìè äîâåëè, ùî u ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì
çàäà÷i (1), (2),(8). �

Ñïèñîê âèêîðèñòàíî¨ ëiòåðàòóðè

1. R. E. Showalter, Singular nonlinear evolution equations, Rocky Mt. J. Math. 10 (1980),
no. 3, 499�507. DOI: 10.1216/RMJ-1980-10-3-499

2. R. E. Showalter, Monotone operators in Banach space and nonlinear partial di�erential

equations. Amer. Math. Soc., 49, Providence, 1997.
3. M. M. Bokalo, O. M. Buhrii, and R. A. Mashiyev, Unique solvability of initial boundary value

problems for anisotropic elliptic-parabolic equations with variable exponents of nonlinearity,
J. Nonlinear Evol. Equ. Appl. 2013 (2014), no. 6, 67�87.

4. M. M. Bokalo, Almost periodic solutions of anisotropic elliptic-parabolic equations with vari-
able exponents of nonlinearity, Electron. J. Di�. Equ. 2014 (2014), no. 169, 1�13.



ÊÎÐÅÊÒÍIÑÒÜ ÇÀÄÀ×I ÔÓÐ'�
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2018. Âèïóñê 85 105

5. M. M. Bokalo and I. V. Skira, Almost periodic solutions for nonlinear integro-di�erential

elliptic-parabolic equations with variable exponents of nonlinearty, Int. J. Evol. Equ. 10
(2017), no. 3-4, 297�314.

6. A. Tychono�, Th�eor�emes d'unicit�e pour l'�equation de la chaleur, Ìàòåì. ñá. 42 (1935),
no. 2, 199�216.

7. Î. À. Îëåéíèê, Ã. À. Èîñèôüÿí, Àíàëîã ïðèíöèïà Ñåí-Âåíàíà è åäèíñòâåííîñòü ðå-

øåíèé êðàåâûõ çàäà÷ â íåîãðàíè÷åííûõ îáëàñòÿõ äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé, ÓÌÍ
31 (1976), no. 6(192), 142�166; English version: O. A. Ole��nik and G. A. Iosif'yan, An
analogue of Saint-Venant's principle and the uniqueness of solutions of boundary value

problems for parabolic equations in unbounded domains Russ. Math. Surv. 31 (1976), no. 6,
153�178. DOI: 10.1070/RM1976v031n06ABEH001583

8. Ï. ß. Ïóêà÷, Î çàäà÷å áåç íà÷àëüíûõ óñëîâèé äëÿ îäíîé íåëèíåéíîé âûðîæäàþùåéñÿ

ïàðàáîëè÷åñêîé ñèñòåìû, Óêð. ìàò. æóðí. 46 (1994), no. 4, 454�456; English versi-

on: P. Ya. Pukach, On the problem without initial conditions for a nonlinear degenerating

parabolic system, Ukr. Math. J. 46 (1994), no. 4, 484�487. DOI: 10.1007/BF01060422
9. Ñ. Ï. Ëàâðåíþê, Ì. Á. Ïòàøíèê, Çàäà÷à áåç íà÷àëüíûõ óñëîâèé äëÿ íåëèíåéíîé

ïñåâäîïàðàáîëè÷åñêîè ñèñòåìû, Äèôôåðåíö. óðàâíåíèÿ 36 (2000), no. 5, 667�673;
English version: S. P. Lavrenyuk and M. B. Ptashnik, Problem without initial condi-

tions for a nonlinear pseudoparabolic system, Di�er. Equ. 36 (2000), no. 5, 739�748.
DOI: 10.1007/BF02754233

10. M. Bokalo and A. Lorenzi, Linear evolution �rst-order problems without initial conditions.
Milan J. Math. 77 (2009), 437�494. DOI: 10.1007/s00032-009-0107-6

11. Í. Ï. Ïðîöàõ, Çàäà÷à áåç ïî÷àòêîâèõ óìîâ äëÿ íåëiíiéíîãî óëüòðàïàðàáîëi÷íî-

ãî ðiâíÿííÿ ç âèðîäæåííÿì, Ìàò. ìåòîäè ôiç.-ìåõ. ïîëÿ 52 (2009), no. 1, 7�19;
English version: N. P. Protsakh, A problem without initial conditions for a nonli-

near ultraparabolic equation with degeneration, J. Math. Sci. 168 (2010), no. 4, 505�522.
DOI: 10.1007/s10958-010-0003-1

12. O. Buhrii and N. Buhrii, On initial-boundary value problem for nonlinear integro-di�erential

equations with variable exponents of nonlinearity, New Trends in Mathematical Sciences 5
(2017), no. 3, 128�153. DOI: 10.20852/ntmsci.2017.191

13. O. Buhrii and N. Buhrii, Integro-di�erential systems with variable exponents of nonlinearity,
Open Math. 15 (2017), 859-�883. DOI: 10.1515/math-2017-0069

14. M. Loayza, Asymptotic behavior of solutions to parabolic problems with nonlinear nonlocal

terms, Electron. J. Di�. Equ. 2013 (2013), no. 228, 1�12.
15. R. E. Showalter, Hilbert space methods for partial di�erential equations, Monographs and

Studies in Mathematics (Monographs in di�erential equations), Vol. 1, Pitman, London-San
Francisco, Calif.-Melbourne, 1977.

16. Õ. Ãàåâñêèé, Ê. Ãðåãåð, Ê. Çàõàðèàñ, Íåëèíåéíûå îïåðàòîðíûå óðàâíåíèÿ è îïåðàòîð-

íûå äèôôåðåíöèàëüíûå óðàâíåíèÿ, ïåð. ñ íåì., Ìèð, Ìîñêâà, 1978.
17. J.-L. Lions, Quelques m�ethodes de r�esolution des probl�emes aux limites non lin�eaires. Dunod

Gauthier-Villars, Paris, 1969.

Ñòàòòÿ: íàäiéøëà äî ðåäêîëåãi¨ 23.11.2018
äîîïðàöüîâàíà 04.12.2018
ïðèéíÿòà äî äðóêó 26.12.2018



106
Ìèêîëà ÁÎÊÀËÎ, Iðèíà ÑÊIÐÀ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2018. Âèïóñê 85

WELL-POSEDNESS OF THE FOURIER PROBLEM FOR
HIGHER-ORDER WEAKLY NONLINEAR

INTEGRO-DIFFERENTIAL ELLIPTIC-PARABOLIC EQUATIONS
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The existence and uniqueness of a weak solution of the Fourier problem
for nonlinear integro-di�erential elliptic-parabolic systems are investigated. In
addition, some properties of the weak solutions of the Fourier problem are
considered.

Key words: Fourier problem, problem without initial condition, degenarated
parabolic equation, elliptic-parabolic equation, integro-di�erential equation,
functional-di�erential equation.
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ON INITIAL-BOUNDARY VALUE PROBLEM FOR NONLINEAR
INTEGRO-DIFFERENTIAL STOKES SYSTEM
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Some nonlinear integro-di�erential Stokes system is considered. The initial-
boundary value problem for this system is investigated and the existence and
uniqueness of the weak solution for the problem is proved.

Key words: evolution Stokes system, integro-di�erential equation, initial-
boundary value problem, weak solution.

1. Introduction

Let n ∈ N and T > 0 be �xed numbers, n ≥ 2, Ω ⊂ Rn be a bounded domain with
the smooth boundary ∂Ω, Q0,T := Ω× (0, T ), Σ0,T := ∂Ω× (0, T ), Ωτ := {(x, t) | x ∈ Ω,
t = τ}, τ ∈ [0, T ]. We seek a weak solution {u, π} of the problem

ut −
n∑

i,j=1

(
Aij(x, t)uxi

)
xj

+G(x, t)|u|q−2u+

∫
Ω

Z(x, t, y)u(y, t) dy +

+∇π(x, t) = F (x, t), (x, t) ∈ Q0,T , (1)

divu = 0, (x, t) ∈ Q0,T , (2)∫
Ω

π(x, t) dx = 0, t ∈ (0, T ), (3)

u|Σ0,T
= 0, (4)

u|t=0 = u0(x), x ∈ Ω. (5)

2010 Mathematics Subject Classi�cation: 35K55, 35D30, 76D07, 47G20

c© Buhrii, O., Khoma, M., 2018
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Here u = (u1, . . . , un) : Q0,T → Rn is the velocity �eld, |u| = (|u1|2 + . . . + |un|2)1/2,

divu =
∂u1

∂x1
+ . . . +

∂un
∂xn

, π : Q0,T → R is the pressure, ∇π =

(
∂π

∂x1
, . . . ,

∂π

∂xn

)
, and

q > 1 is some number which is called an exponent of the nonlinearity of system (1).
The linearized version of the Navier-Stokes system is called the Stokes system. It

is well known that these equations describe the time evolution of the solutions to the
mathematical models of the viscous incompressible �uids. For more details about the
physical meaning of the Navier-Stokes and Stokes systems see [1], [2], etc. The initial-
boundary value problem for the Stokes system is considered in [3], [4], [5], [6], [7], [8], [9]
(see also the references given there).

To take into account of some elasticity aspect of the non-Newtonian viscous �uids,
the well-known classical Navier-Stokes equations are perturbed by an integral term which
means the past history of the �uid (see [10]). The problems for the Navier-Stokes system
with the integral memory term of the type

ut +

n∑
k=1

vkvxk − α∆u−
t∫

0

K1(t, τ)∆u dτ −
∫
Ω

K2(t, y)∆u dy +∇π = F,

where ∆u is a Laplacian, is considered in [11] if either K2 ≡ 0, or α = 0 and K1 ≡ 0.
We perturb the classical Stokes equations by the monotonous nonlinear term and

the linear integral term. We seek a weak solution to the initial-boundary value problem
(1)-(5). As we know this problem is not studied yet. The paper is organized as follows.
In Section 2, we formulate the considered problem and main results. The auxiliary
statements are given in Section 3. Finally, in Section 4 we prove the main results.

2. Statement of problem and formulation of main results

Let (·, ·)Rn be a scalar product in the space Rn,

(u, v)Ω :=

∫
Ω

(u(x), v(x))Rn dx, u = (u1, . . . , un), v = (v1, . . . , vn) : Ω→ Rn. (6)

Take s ∈ N. Let us consider the Sobolev space [Hs(Ω)]n with the scalar product

((u, v))s :=

n∑
i=1

(ui, vi)Hs(Ω), u, v ∈ [Hs(Ω)]n. (7)

Let Cdiv := {u ∈ [C∞0 (Ω)]n | divu = 0},

H is the closure of Cdiv in [L2(Ω)]n, (8)

Zs is the closure of Cdiv in [Hs(Ω)]n, (9)

where ||h;H|| := ||h; [L2(Ω)]n|| =
n∑
l=1

||hl;L2(Ω)||, h = (h1, . . . , hn) ∈ H, and

||z;Zs|| :=
√

((z, z))s, z = (z1, . . . , zn) ∈ Zs.
By de�nition, put

V := Z1 ∩ [Lq(Ω)]n, U(Q0,T ) := L2(0, T ;Z1) ∩ [Lq(Q0,T )]n.
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Assume that the following conditions are ful�lled.
(A): Aij is an n-order square matrix with the elements from L∞(Q0,T ); Aij = Aji

(i, j = 1, n); for a.e. (x, t) ∈ Q0,T and for every ξ1, . . . , ξn ∈ Rn, we get

a0

n∑
i=1

|ξi|2 ≤
n∑

i,j=1

(
Aij(x, t)ξ

i, ξj
)
Rn
≤ a0

n∑
i=1

|ξi|2 (0 < a0 ≤ a0 < +∞);

(G): G is an n-order square matrix, G = diag(g1, . . . , gn), gl ∈ L∞(Q0,T ), and
0 < g0 ≤ gl(x, t) ≤ g0 < +∞ for a.e. (x, t) ∈ Q0,T , where l = 1, n;

(E): Z is an n-order square matrix with the elements from L∞(Q0,T × Ω);
(F): F ∈ L2(0, T ;H);
(U): u0 ∈ H.

We de�ne the operators A(t) : V → V ∗, A : U(Q0,T )→ [U(Q0,T )]∗,
E(t) : [L2(Ω)]n → [L2(Ω)]n, and E : [L2(Q0,T )]n → [L2(Q0,T )]n by the rules:

〈A(t)z, w〉V :=

∫
Ω

[
n∑

i,j=1

(
Aij(x, t)zxi(x), wxj (x)

)
Rn

+

+
(
G(x, t)|z(x)|q−2z(x), w(x)

)
Rn

]
dx, z, w ∈ V, t ∈ (0, T ), (10)

〈Au, v〉U(Q0,T ) :=

T∫
0

〈A(t)u(t), v(t)〉V dt, u, v ∈ U(Q0,T ), (11)

(E(t)z)(x) :=

∫
Ω

Z(x, t, y)z(y) dy, x ∈ Ω, z ∈ [L2(Ω)]n, t ∈ (0, T ), (12)

(Eu)(x, t) :=
(
E(t)u(t)

)
(x)=

∫
Ω

Z(x, t, y)u(y, t) dy, (x, t) ∈ Q0,T , u ∈ [L2(Q0,T )]n. (13)

Let

q > 1, s ∈ N, s ≥ max

{
2,

n

2
, n

(
1

2
− 1

q

)}
, h = min

{
2,

q

q − 1

}
. (14)

Note that (14) implies that Zs 	 (Z1 ∩ [Lq(Ω)]n) 	 V .

De�nition 1. A pair of the functions {u, π} is called a weak solution of problem (1)�(5),
if u ∈ U(Q0,T ) ∩ C([0, T ];Z∗s ), ut ∈ [U(Q0,T )]∗, π ∈ Lh(Q0,T ), u satis�es (5) in Z∗s , for
v ∈ V and t ∈ (0, T ) we have

〈ut(t), v〉V + 〈A(t)u(t), v〉V + (E(t)u(t), v)Ω = (F (t), v)Ω, (15)

π satis�es (1) in D∗(Q0,T ), and π satis�es (3) in D∗(0, T ).

Theorem 1 (existence). Let conditions (A)�(U) hold. Then problem (1)�(5) has a weak
solution {u, π}. Moreover, u ∈ L∞(0, T ;H) and ∇π ∈ Lh(0, T ; [W−1,s(Ω)]n).

Theorem 2 (uniqueness). Let conditions (A)�(E) hold. Then, problem (1)�(5) cannot
have more than one weak solution.
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3. Auxiliary statements

For Banach spaces X and Y the notation X 	 Y means the continuous embedding;

the notation X
_

	 Y means a continuous and dense embedding; the notation X
K

⊂ Y
means a compact embedding.

3.1. Projection operator. Let H be a Hilbert space with a scalar product (·, ·)H, V be

a re�exive separable Banach space, V
_

	 H ∼= H∗
_

	 V∗, {wj}j∈N be an orthonormal basis
for the space H, m ∈ N be a �xed number, and M be the set of all linear combinations
of the elements from {w1, . . . , wm}. De�ne a unique orthogonal projection Pm : H →M
by the rule (see [12, p. 527])

Pmh :=

m∑
j=1

(h,wj)H w
j , h ∈ H. (16)

This is a linear self-adjoint continuous operator (see Theorem 7.3.6 [12, p. 515]). If

{wj}j∈N ⊂ V, then let us de�ne an operator P̂m : V → V (not necessarily self-adjoint)
by the rule

P̂mv := Pmv for every v ∈ V. (17)

For a conjugate operator P̂ ∗m : V∗ → V∗ we have P̂ ∗m(V∗) ⊂ V (see [13, p. 865]).

Proposition 1 (Lemma 3.9 [13, p. 865-866]). Assume that {wj}j∈N is an orthonormal
basis for the space H such that {wj}j∈N ⊂ V, ψm1 , . . . , ψmm ∈ R are some numbers, and

F ∈ V∗. Then zm :=

m∑
s=1

ψms w
s ∈ V satis�es


〈zm, w1〉V = 〈F,w1〉V ,
...
〈zm, wm〉V = 〈F,wm〉V ,

(18)

if the following equality holds

zm = P̂ ∗mF in V∗. (19)

Suppose that H and Zs are determined from (8) and (9) respectively, where s ∈ N.
From [14, Ch. 1, �6.1], we obtain the embeddings

Zs 	 Z1 	 H ∼= H∗ 	 Z∗1 	 Z∗s .

Moreover, Zs ⊂ [Hs
0(Ω)]n. Let {wµ}µ∈N be a set of all eigenfunctions of the problem

((w, v))s = λ (w, v)H ∀ v ∈ Zs, (20)

{λµ}µ∈N ⊂ R>0 := {λ ∈ R | λ > 0} be a set of the corresponding eigenvalues. For the
sake of convenience we have assumed that {wµ}µ∈N is an orthonormal set in H.

Proposition 2 (see [14, Ch. 1, �6.3]). If s ∈ N and s ≥ n
2 , then the set {wµ}µ∈N of all

eigenfunction of problem (20) is a basis for the space Zs.

The following Lemma is needed for the sequel.
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Lemma 1. Suppose that Pm and P̂m are determined from (16) and (17) respectively,
where H = H, V = Zs, s ∈ N, and {wµ}µ∈N is an orthonormal basis for the space H
that consists of all eigenfunctions of problem (20). Then, for every w ∈ Lr(0, T ;Z∗s ) and
r > 1, we have the inequality

||P̂ ∗mw;Lr(0, T ;Z∗s )|| ≤ ||w;Lr(0, T ;Z∗s )||. (21)

Proof. From [14, Ch. 1, �6.4.3], we get that

||P̂mz||Zs ≤ ||z||Zs , z ∈ Zs. (22)

Since ||D∗||L(B∗,A∗) = ||D||L(A,B) for every D ∈ L(A,B) (see [15, p. 231]), using (22),
we have

||P̂ ∗mv||Z∗s ≤ ||v||Z∗s , v ∈ Z∗s . (23)

Hence,
∫ T

0
||P̂ ∗mw(t)||rZ∗s dt ≤

∫ T
0
||w(t)||rZ∗s dt and so inequality (21) holds. �

0.1. Cauchy's problem for system of ordinary di�erential equations. Take ` ∈ N and
Q = (0, T )× R`. In this section we seek a weak solution ϕ : [0, T ]→ R` of the problem

ϕ′(t) + L(t, ϕ(t)) = M(t), t ∈ [0, T ], ϕ(0) = ϕ0, (24)

where M : [0, T ] → R` and L : Q → R` are some functions (for the sake of convenience
we have assumed that L(t, 0) = 0 for every t ∈ [0, T ]), and ϕ0 = (ϕ0

1, . . . , ϕ
0
`) ∈ R`.

Proposition 3 (the Carath�eodory-LaSalle Theorem, see Theorem 3.24 [13, p. 872]).
Suppose that p ≥ 2, the function L : Q → R` satis�es Lp-Carath�eodory condition, M ∈
Lp(0, T ;R`), and ϕ0 ∈ R`. If there exist nonnegative functions α, β ∈ L1(0, T ) such that
for every ξ ∈ R` and for a.e. t ∈ [0, T ] the inequality

(L(t, ξ), ξ)R` ≥ −α(t)|ξ|2 − β(t) (25)

holds, then problem (24) has a global weak solution ϕ ∈W 1,p(0, T ;R`).

3.2. Additional statements. Let Z≥−1 := {s ∈ Z | s ≥ −1}. The following Proposi-
tions are needed for the sequel.

Proposition 4 (the generalized De Rham Theorem, see Theorem 4.1 [16], Remark 4.3
[16], and Lemma 2 [17]). Suppose that Ω be an open bounded connected and Lipschitz
subset of Rn, T > 0, s1, s2 ∈ Z≥−1, h1, h2 ∈ [1,∞], and F ∈W s1,h1(0, T ; [W s2,h2(Ω)]n).
Then, if

〈F(·), v〉[D(Ω)]n = 0 in D∗(0, T ) (26)

for all v ∈ V = {v ∈ [C∞0 (Ω)]n | div v = 0}, then there exists a unique

π ∈W s1,h1(0, T ;W s2+1,h2(Ω)) (27)

such that

∇π = F in [D∗(Q0,T )]n, (28)∫
Ω

π(·) dx = 0 in D∗(0, T ). (29)

Moreover, there exists a positive number C1 (independent of F , π) such that

||π;W s1,h1(0, T ;W s2+1,h2(Ω))|| ≤ C1||F ;W s1,h1(0, T ; [W s2,h2(Ω)]n)||. (30)
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Proposition 5 (the Aubin theorem, see [18] and [19, p. 393]). If s, h ∈ (1,∞) are �xed

numbers, W,L,B are Banach spaces, and W
K

⊂ L 	 B, then

{u ∈ Ls(0, T ;W) | ut ∈ Lh(0, T ;B)}
K

⊂ [Ls(0, T ;L) ∩ C([0, T ];B)].

Proposition 6 (Lemma 1.18 [20, p. 39]). If um −→
m→∞

u in Lp(Q0,T ) (1 ≤ p ≤ ∞), then

there exists a subsequence (we call it {um}m∈N again) such that um −→
m→∞

u a.e. in Q0,T .

It is clear that if u = (u1, . . . , un) ∈ [L2(O)]n, where O = Ω or O = Q0,T , then

|| |u|;L2(O)||2 =

∫
O

|u|2 dy =

n∑
l=1

||ul;L2(O)||2 ≤ n||u; [L2(O)]n||2,

and so
|| |u|;L2(O)|| ≤

√
n||u; [L2(O)]n||. (31)

Lemma 2. If condition (E) holds, then the operators E : [L2(Q0,T )]n → [L2(Q0,T )]n

and E(t) : [L2(Ω)]n → [L2(Ω)]n, where t ∈ (0, T ), are linear bounded and continuous.
Moreover, there exists a constant E0 > 0 such that for every z ∈ [L2(Ω)]n, t ∈ (0, T ),
u ∈ [L2(Q0,T )]n, and τ ∈ (0, T ], the following estimates are true:

|| |E(t)z|;L2(Ω)|| ≤ E0|| |z|;L2(Ω)|| ≤
√
nE0||z; [L2(Ω)]n||; (32)

|| |Eu|;L2(Q0,τ )|| ≤ E0|| |u|;L2(Q0,τ )|| ≤
√
nE0||u; [L2(Q0,τ )]n||. (33)

Proof. It follows from the Cauchy-Bunyakowski-Schwarz inequality and (E) that

|| |E(t)z|;L2(Ω)||2 =

∫
Ω

|(E(t)z)(x)|2 dx =

∫
Ω

∣∣∣∣∣
∫
Ω

Z(x, t, y)z(y) dy

∣∣∣∣∣
2

dx ≤

≤
∫
Ω

∣∣∣∣∣
∫
Ω

||Z(x, t, y)||n · |z(y)| dy

∣∣∣∣∣
2

dx ≤
∫
Ω

(∫
Ω

||Z(x, t, y)||2n dy

)(∫
Ω

|z(y)|2 dy

)
dx ≤

≤ |E0|2
∫
Ω

|z(y)|2 dy = |E0|2|| |z|;L2(Ω)||2,

where E0 = ess sup
t∈(0,T )

(∫
Ω

dx

∫
Ω

||Z(x, t, y)||2n dy

)1/2

and || · ||n means a norm of the

square matrix. Thus, using (31), we get (32). Estimate (33) is proved in a similar way. �

Lemma 3. Let conditions (A)�(E) hold, {wj}j∈N ⊂ V , m ∈ N, L = (L1, L2, . . . , Lm),

Lµ(t, ξ) = 〈A(t)zm, wµ〉V + (E(t)zm, wµ)Ω, µ = 1,m, t ∈ (0, T ), ξ ∈ Rm,

and zm(x) =
m∑
µ=1

ξµw
µ(x) for x ∈ Ω. Then

(
L(t, ξ), ξ

)
Rm
≥
∫
Ω

[
a0

n∑
i=1

|zmxi |
2 + g0|zm|q − E0|zm|2

]
dx, t ∈ (0, T ), ξ ∈ Rm. (34)
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Proof. It is clear that

(L(t, ξ), ξ)Rm = 〈A(t)zm, zm〉V + (E(t)zm, zm)Ω. (35)

If we use conditions (À) and (G), then we get

〈A(t)zm, zm〉V =

∫
Ω

[
n∑

i,j=1

(
Aij(x, t)z

m
xi(x), zmxj (x)

)
Rn

+

+
(
G(x, t)|zm(x)|q−2zm(x), zm(x)

)
Rn

]
dx ≥

∫
Ω

[
a0

n∑
i=1

|zmxi |
2 + g0|zm|q

]
dx. (36)

Using (31) and (32), we obtain∣∣∣(E(t)zm, zm)Ω

∣∣∣ =

∣∣∣∣∣
∫
Ω

(E(t)zm, zm)Rn dx

∣∣∣∣∣ ≤
∫
Ω

|E(t)zm| · |zm| dx ≤

≤ || |Ezm|;L2(Ω)|| · || |zm|;L2(Ω)|| ≤ E0|| |zm|;L2(Ω)||2 = E0

∫
Ω

|zm|2 dx. (37)

Thus, (35)-(37) imply that (34) holds. �

4. Proofs of main results

Proof of Theorem 1. The solution will be constructed via Faedo-Galerkin's method.
Step 1 (construction of approximation). Let {wµ}µ∈N and Zs be taken from Pro-

position 2, s ∈ N satis�es (14). By de�nition, put

um(x, t) :=

m∑
µ=1

ϕmµ (t)wµ(x), (x, t) ∈ Q0,T , m ∈ N,

where the unknown function ϕ := (ϕm1 , . . . , ϕ
m
m) satis�es

(umt (t), wµ)Ω+〈A(t)um(t), wµ〉V+(E(t)u(t), wµ)Ω =(F (t), wµ)Ω, t∈(0, T ), µ=1,m, (38)

ϕm1 (0) = αm1 , . . . , ϕmm(0) = αmm. (39)

Here the numbers αm1 , . . . , α
m
m ∈ R are chosen so that, um0 −→

m→∞
u0 strongly in H, where

um0 (x) :=
m∑
j=1

αmj w
j(x), x ∈ Ω. It is clear that the condition

um(0) = um0 (40)

holds. Let us show that the mentioned function ϕ exists. Let L be a vector-valued function
from Lemma 3. Then Cauchy problem (38)-(39) takes form (24) if M(t) = ( (F (t), w1)Ω,
. . . , (F (t), wm)Ω), t ∈ (0, T ). It follows from condition (F) that M ∈ L2(0, T ;Rm).
Conditions (A)-(E) yield that the function L satis�es L∞-Carath�eodory condition.

Using estimate (34), conditions a0 > 0 and g0 > 0, and the orthogonality of the
basis {wµ}µ∈N in H, we receive:(

L(t, ϕm), ϕm
)
Rm
≥ −E0

∫
Ωt

|um|2 dx = −E0

∫
Ωt

m∑
µ=1

|ϕmµ |2|wµ|2 dx ≥ −C2|ϕm|2,
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where C2 > 0 is independent of t, ϕm. Then estimate (25) with α(t) ≡ C2 and β(t) ≡ 0
is performed, and from the Carath�eodory-LaSalle theorem (see Proposition 3) we have
that ϕ ∈ H1(0, T ;Rm) is a solution of problem (24) and therefore problem (38)-(39).

Step 2 (getting of estimates). Multipling the µ-th equation of (38) by ϕmµ (t) and

summing µ = 1,m, we get:
m∑
µ=1

(
umt (t), wµϕmµ (t)

)
Ω

+

m∑
µ=1

〈A(t)um(t), wµϕmµ (t)〉V +

m∑
µ=1

(
E(t)um(t), wµϕmµ (t)

)
Ω

=

=

m∑
µ=1

(
F (t), wµϕmµ (t)

)
Ω
, t ∈ (0, T ).

After integrating for t ∈ (0, τ) ⊂ (0, T ) and some transformation, we receive:∫
Q0,τ

[
(umt , u

m)Rn +

n∑
i,j=1

(Aiju
m
xi , u

m
xj )Rn + (G|um|q−2um, um)Rn + (Eum, um)Rn

]
dxdt =

=

∫
Q0,τ

(F, um)Rn dxdt, τ ∈ (0, T ]. (41)

Clearly, using (40), we obtain:∫
Q0,τ

(umt , u
m)Rn dxdt =

∫
Q0,τ

1

2

∂

∂t
(|um|2) dxdt =

1

2

∫
Ωτ

|um|2 dx− 1

2

∫
Ω

|um0 |2 dx. (42)

Using condition (A), we get the following estimate:

n∑
i,j=1

(
Aiju

m
xi , u

m
xj

)
Rn
≥ a0

n∑
i=1

|umxi |
2. (43)

It follows from condition (G) that(
G|um|q−2um, um

)
Rn

=

n∑
l=1

gl(x, t)|um|q−2|uml |2 ≥ g0

n∑
l=1

|um|q−2|uml |2 = g0|um|q. (44)

Using the Cauchy-Bunyakowski-Schwarz inequality and (33), we obtain:∣∣∣∣∣
∫

Q0,τ

(Eum, um)Rn dxdt

∣∣∣∣∣ ≤
∫

Q0,τ

|Eum|·|um| dxdt ≤ || |Eum|;L2(Q0,τ )||·|| |um|;L2(Q0,τ )|| ≤

≤ E0|| |um|;L2(Q0,τ )||2 = E0

∫
Q0,τ

|um|2 dxdt. (45)

Clearly,

|(F, um)Rn | ≤ |F | · |um| ≤
|F |2

2
+
|um|2

2
. (46)

Using (42)-(46), from equality (41), we obtain the following estimate:

1

2

∫
Ω

|um(x, τ)|2 dx+

∫
Q0,τ

[
a0

n∑
l=1

|umxl |
2 + g0|um|q

]
dxdt ≤
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≤ 1

2

∫
Ω

|um0 |2 dx+
1

2

∫
Q0,τ

|F |2 dxdt+

∫
Q0,τ

(
1

2
+ E0

)
|um|2 dxdt. (47)

Take y(t) :=
∫

Ω
|um(x, t)|2 dx, t ∈ [0, T ]. Then, from (47), we get an estimate:

1

2
y(τ) ≤ C3 +

(
1

2
+ E0

) τ∫
0

y(t) dt, τ ∈ [0, T ].

Therefore, the Gronwall lemma implies that y(τ) ≤ C4, and so∫
Ω

|um(x, τ)|2 dx ≤ C4, τ ∈ (0, T ]. (48)

It follows from (47) and (48) that∫
Q0,τ

[
n∑
i=1

|umxi |
2 + |u|2 + |u|q

]
dxdt ≤ C5, τ ∈ (0, T ], (49)

This estimate yields that∫
Q0,τ

∣∣∣G|um|q−2um
∣∣∣q′ dxdt ≤ C6

∫
Q0,τ

|um|q dxdt ≤ C7. (50)

From (33), (48), and (49) it follows the estimates

||um;L∞(0, T,H)||+ ||um;U(Q0,T )|| ≤ C8, (51)

||Eum;L2(0, T ;H)|| ≤ C9, ||Eum; [L2(Q0,T )]n|| ≤ C8, (52)

Here the constants C3, . . . , C8 are independent of m.
By (50)-(52) we have existence of the subsequence {umk}k∈N ⊂ {um}m∈N such that

umk −→
k→∞

u ∗ −weakly in L∞(0, T ;H) and weakly in U(Q0,T ),

G|um|q−2um −→
k→∞

χ1 weakly in [Lq
′
(Q0,T )]n,

Eum −→
k→∞

χ2 weakly in [L2(Q0,T )]n.

Step 3 (additional estimates). Estimate (49) implies the inequality

||Aum; [U(Q0,T )]∗|| ≤ C10. (53)

Since s satis�es (14), from the construction of the space U(Q0,T ), we obtain:

U(Q0,T )
_

	 L2(0, T ;H)
_

	 [U(Q0,T )]∗, (54)

Lmax{2,q}(0, T ;Zs)
_

	 Lmax{2,q}(0, T ;V )
_

	 U(Q0,T )
_

	 Lmin{2,q}(0, T ;V ). (55)

Therefore,

[U(Q0,T )]∗
_

	 Lr(0, T ;V ∗)
_

	 Lr(0, T ;Z∗s ), r =
max{2, q}

max{2, q} − 1
. (56)

Using (55) and (51), we obtain:

||um;Lmin{2,q}(0, T ;V )|| ≤ C11||u;U(Q0,T )|| ≤ C12. (57)
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Using Proposition 1 and notation (10)-(13), (16), and (17), in same way as in [14, Ch. 1,
�5.3], we rewrite (38) as

umt = P̂ ∗m(F −Aum − Eum). (58)

Thus, from (58), estimate (21), embeddings (56) and (54), and estimates (52)-(53), we
get:

||umt ;Lr(0, T ;Z∗s )|| = ||P̂ ∗m(F −Aum − Eum);Lr(0, T ;Z∗s )|| ≤

≤ ||F −Aum − Eum;Lr(0, T ;Z∗s )|| ≤ C13||F −Aum − Eum; [U(Q0,T )]∗|| ≤

≤ C14

(
||F ;L2(0, T ;H)||+ ||Aum; [U(Q0,T )]∗||+ ||Eum;L2(0, T ;H)||

)
≤ C15. (59)

Here the constants C10, . . . , C15 > 0 are independent of m.

Since V
K

⊂ H 	 Z∗s , from (57), (59), the Aubin theorem (see Proposition 5), and
Proposition 6, we obtain:

umk −→
k→∞

u in Lmin{2,q}(0, T ;H) ∩ C([0, T ];Z∗s ),

umk −→
k→∞

u almost everywhere in Q0,T .

Therefore, (5) holds and χ1 = G|u|q−2u. Since E is a linear operator, we get χ2 = Eu.
Step 4 (passing to the limit). Take ψ ∈ C1([0, T ]) such that ψ(T ) = 0. When we

multiply equality (38) by ψ(t), integrate for t ∈ (0, T ), and integrate the �rst term by
parts, we obtain the following:∫

Q0,T

[
−
(
um, wµ

)
Rn
ψt +

n∑
i,j=1

(
Aiju

m
xi , w

µ
xj

)
Rn
ψ+
(
G|um|q−2um, wµ

)
Rn
ψ +

+
(
Eum, wµ

)
Rn
ψ

]
dxdt =

∫
Ω

(
um0 , w

µ
)
Rn
ψ(0) dx+

∫
Q0,T

(
F,wµ

)
Rn
ψ dxdt.

Taking m = mk and letting k →∞, due to arbitrariness of ψ, we get (15) and

〈F , z〉U(Q0,T ) = 0 ∀ z ∈ U(Q0,T ), (60)

where F := F −ut−Au−Eu. Hence, ut ∈ [U(Q0,T )]∗. Taking z(x, t) = w(x)ϕ(t), x ∈ Ω,
t ∈ (0, T ), from (60), we obtain:

T∫
0

〈F(t), w〉[D(Ω)]n ϕ(t) dt = 0, w ∈ [D(Ω)]n, ϕ ∈ D(0, T ),

and so (26) holds. Clearly,

F ∈ L2(0, T ; [H−1(Ω)]n) + [L
q
q−1 (Q0,T )]n ⊂W 0,h(0, T ; [W−1,h(Ω)]n),

where h is taken from (14). Then, the generalized De Rham theorem (see Proposition 4)
yields that there exists π ∈ W 0,h(0, T ;W 0,h(Ω)) = Lh(Q0,T ) such that (28)-(29) hold.
Thus, π satis�es (1) in [D∗(Q0,T )]n and (3) in D∗(0, T ). Theorem 1 is proved. �
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Proof of Theorem 2. Let {u1, π1} and {u2, π2} be weak solutions of problem (1)-(5). Set
u := u1 − u2. Take (15) for u1:

〈u1 t(t), v〉V + 〈A(t)u1(t), v〉V + (E(t)u1(t), v)Ω = (F (t), v)Ω. (61)

Take (15) for u2:

〈u2 t(t), v〉V + 〈A(t)u2(t), v〉V + (E(t)u2(t), v)Ω = (F (t), v)Ω. (62)

Subtracting (62) from (61), setting v = u(t), and integrating for t ∈ (0, τ) ⊂ (0, T ), we
obtain:

τ∫
0

[
〈ut(t), u(t)〉V + 〈A(t)u1(t)−A(t)u2(t), u1(t)− u2(t)〉V + (E(t)u(t), u(t))Ω

]
dt =

=

τ∫
0

(F (t), v)Ω dt, τ ∈ (0, T ].

After the simple transformations, in the same way as (47), from this equality, we get:

1

2

∫
Ωτ

|u|2 dx+

∫
Q0,τ

[
a0

n∑
i=1

|uxi |2 + (G|u1|q−2u1 −G|u2|q−2u2, u1 − u2)Rn

]
dxdt ≤

≤ C16

∫
Q0,τ

|u|2 dxdt, τ ∈ (0, T ]. (63)

Let y(τ) :=
∫

Ωτ
|u|2 dx, τ ∈ (0, T ]. Then, from (63) it follows that 1

2y(τ) ≤ C16

∫ τ
0
y(t) dt,

τ ∈ (0, T ]. Using the Gronwall lemma, we see that y(τ) ≤ 0 for τ ∈ [0, T ], and so u1 = u2.
Since {u1, π1} and {u2, π2} satisfy (1) in D∗(Q0,T ), we obtain:

(u1 − u2)t +Au1 −Au2 + Eu1 − Eu2 +∇(π1 − π2) = 0.

Then the equality u1 = u2 yields that ∇(π1 − π2) = 0. Therefore, for t ∈ (0, T ) we have
that π1(t) − π2(t) = C(t). It follows from condition (3) with π1 and π2 that C(t) = 0.
Thus, π1 = π2 and Theorem 2 is proved. �
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Âñòàíîâëåíî ¹äèíiñòü êëàñè÷íîãî ðîçâ'ÿçêó îáåðíåíî¨ çàäà÷i äëÿ äâîâè-
ìiðíîãî ðiâíÿííÿ òåïëîïðîâiäíîñòi ç äâîìà íåâiäîìèìè ñòàðøèìè êîåôiöi-
¹íòàìè, ÿêi çàëåæàòü âiä ÷àñîâî¨ çìiííî¨, ó âèïàäêó ñèëüíîãî âèðîäæåííÿ
ðiâíÿííÿ.

Êëþ÷îâi ñëîâà: îáåðíåíà çàäà÷à, äâîâèìiðíå ðiâíÿííÿ òåïëîïðîâiä-
íîñòi, ñèëüíå âèðîäæåííÿ, ¹äèíiñòü ðîçâ'ÿçêó.

1. Âñòóï

Îáåðíåíi çàäà÷i çíàõîäÿòü ñâî¹ çàñòîñóâàííÿ ó ðiçíîìàíiòíèõ ãàëóçÿõ � âiä
âèäîáóòêó êîðèñíèõ êîïàëèí, ìåòàëóðãi¨, êîñìi÷íèõ äîñëiäæåíü äî ôiíàíñiâ, ìåäè-
öèíè, åêîëîãi¨ òîùî. Îñîáëèâå ìiñöå ñåðåä êîåôiöi¹íòíèõ îáåðíåíèõ çàäà÷ ïîñiäàþòü
çàäà÷i äëÿ ðiâíÿíü ç âèðîäæåííÿì, ÿêi âèìàãàþòü ñâîãî àïàðàòó äîñëiäæåíü. Ïåðøi
äîñëiäæåííÿ òàêèõ çàäà÷ áóëè ïðîâåäåíi ó ïðàöÿõ [1]�[3], â ÿêèõ âèðîäæåííÿ íå
áóëî ïîâ'ÿçàíå ç íåâiäîìèìè ïàðàìåòðàìè. Ñèñòåìàòè÷íå äîñëiäæåííÿ îáåðíåíèõ
çàäà÷ äëÿ îäíîâèìiðíèõ ïàðàáîëi÷íèõ ðiâíÿíü çi ñëàáêèì òà ñèëüíèì âèðîäæåííÿì
áóëî çäiéñíåíå â [4]�[12], äå íåâiäîìèì áóâ çàëåæíèé âiä ÷àñó ñòàðøèé êîåôiöi¹íò,
ÿêèé i ñïðè÷èíÿâ âèðîäæåííÿ ðiâíÿííÿ. Â îñíîâíîìó âèâ÷àâñÿ âèïàäîê ñòåïåíåâîãî
âèðîäæåííÿ, õî÷à áóëè äîñëiäæåíi i çàäà÷i äëÿ ðiâíÿííÿ ç âèðîäæåííÿì äîâiëüíîãî
òèïó. Çãîäîì ÷àñòèíà öèõ ðåçóëüòàòiâ áóëà ïåðåíåñåíà íà çàäà÷i ç âiëüíèìè ìåæàìè
[13], [14]. Ïåðåõiä äî äâîâèìiðíîãî âèïàäêó ñòâîðèâ íîâó ñèòóàöiþ, êîëè â ðiâíÿííi
íåâiäîìèìè ¹ äâà ñòàðøi êîåôiöi¹íòè. Âèïàäîê ñëàáêîãî âèðîäæåííÿ áóëî âèâ÷åíî
â [15], [16], à ñèëüíîãî ç îäíèì íåâiäîìèì êîåôiöi¹íòîì � â [17].

2010 Mathematics Subject Classi�cation: 35R30, 35K65
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Ìè äîñëiäæó¹ìî ïèòàííÿ ¹äèíîñòi ðîçâ'ÿçêó îáåðíåíî¨ çàäà÷i äëÿ äâîâèìiðíîãî
ðiâíÿííÿ òåïëîïðîâiäíîñòi ç äâîìà çàëåæíèìè âiä ÷àñó íåâiäîìèìè ñòàðøèìè êîå-
ôiöi¹íòàìè ç ðiçíîþ ïîâåäiíêîþ ïðè t→ 0, êîëè âèðîäæåííÿ ðiâíÿííÿ ¹ ñèëüíèì.

2. Ôîðìóëþâàííÿ çàäà÷i òà îñíîâíèé ðåçóëüòàò

Â îáëàñòi QT := {(x, y, t) : 0 < x < h, 0 < y < l, 0 < t < T} ðîçãëÿíåìî çàäà÷ó
çíàõîäæåííÿ òðiéêè ôóíêöié (a1(t), a2(t), u(x, y, t)), ai(t) > 0, t ∈ [0, T ], i ∈ {1, 2}, ÿêi
çàäîâîëüíÿþòü ðiâíÿííÿ òåïëîïðîâiäíîñòi

(1) ut = a1(t)tβ1uxx + a2(t)tβ2uyy + f(x, y, t), (x, y, t) ∈ QT ,

βi ≥ 1, i ∈ {1, 2}, ïî÷àòêîâó óìîâó

(2) u(x, y, 0) = ϕ(x, y, 0), (x, y) ∈ D := [0, h]× [0, l],

êðàéîâi óìîâè

u(0, y, t) = µ11(y, t), u(h, y, t) = µ12(y, t), (y, t) ∈ [0, l]× [0, T ],(3)

uy(x, 0, t) = µ21(x, t), uy(x, l, t) = µ22(x, t), (x, t) ∈ [0, h]× [0, T ](4)

òà óìîâè ïåðåâèçíà÷åííÿ∫∫
D

u(x, y, t)dx dy = µ31(t),(5)

∫∫
D

xu(x, y, t)dx dy = µ32(t), t ∈ (0, T ].(6)

Óìîâè ¹äèíîñòi êëàñè÷íîãî ðîçâ'ÿçêó çàäà÷i (1)-(6) íàâåäåíî ó òàêié òåîðåìi.

Òåîðåìà. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè:

(A1) ϕ ∈ C1,0(D), µ1i ∈ C2,1([0, l]× (0, T ]), µ2i ∈ C1,0([0, h]× (0, T ]), f ∈ C1,0,0(QT ),
µ3i ∈ C1([0, T ]), i ∈ {1, 2};

(A2)

h∫
0

(h − x)(µ22(x, t) − µ21(x, t))dx

l∫
0

(µ12τ (η, τ) − f(h, η, τ))dη −
h∫

0

x(µ22(x, t) −

µ21(x, t))dx

l∫
0

(µ11τ (η, τ)− f(0, η, τ))dη > 0,

µ′31(t)−
∫∫
D

f(x, y, t)dx dy ≡ κ1(t)t
β1+1

2 ,

µ′32(t)−
∫∫
D

xf(x, y, t)dx dy ≡ κ2(t)t
β1+1

2 , äå κi(t) > 0, t ∈ [0, T ], i ∈ {1, 2};

(A3) óìîâè óçãîäæåííÿ íóëüîâîãî ïîðÿäêó òà óìîâè∫∫
D

ϕ(x, y)dx dy = µ31(0),

∫∫
D

xϕ(x, y)dx dy = µ32(0).
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ßêùî β2 = β1+1
2 , òî ðîçâ'ÿçîê (a1(t), a2(t), u(x, y, t)) çàäà÷i (1)-(6) ç êëà-

ñó
(
C([0, T ])

)2 × C2,2,1(QT ) ∩ C1,1,0(D × (0, T ]) ∩ C0,1,0(QT ), [18], i òàêèé, ùî
ai(t) > 0, t ∈ [0, T ], i ∈ {1, 2}, ¹äèíèé.

3. Çâåäåííÿ çàäà÷i (1)-(6) äî ñèñòåìè ðiâíÿíü ñòîñîâíî a1(t), a2(t)

Ïåðåïîçíà÷èìî β1 := β i ïîäàìî ðiâíÿííÿ (1) ó âèãëÿäi

(7) ut = a1(t)tβuxx + a2(t)t
1+β
2 uyy + f(x, y, t), (x, y, t) ∈ QT .

Äèôåðåíöiþþ÷è óìîâè (5), (6) çà çìiííîþ t òà âèêîðèñòîâóþ÷è ðiâíÿííÿ (7), îòðè-
ìà¹ìî ñèñòåìó ðiâíÿíü ñòîñîâíî a1(t), a2(t) :

a1(t)tβ
l∫

0

(hux(h, y, t) + µ11(y, t)− µ12(y, t))dy+

+ a2(t)t
1+β
2

h∫
0

x(µ22(x, t)− µ21(x, t))dx =

= µ′32(t)−
∫∫
D

xf(x, y, t)dx dy, t ∈ [0, T ],(8)

a1(t)tβ
l∫

0

(ux(h, y, t)− ux(0, y, t))dy + a2(t)t
1+β
2

h∫
0

(µ22(x, t)− µ21(x, t))dx =

= µ′31(t)−
∫∫
D

f(x, y, t)dx dy, t ∈ [0, T ].(9)

Óìîâè òåîðåìè äàþòü çìîãó ðîçâ'ÿçàòè ñèñòåìó (8), (9) ñòîñîâíî a1(t), a2(t)

a1(t) = t−β
((

µ′32(t)−
∫∫
D

xf(x, y, t)dx dy

) h∫
0

(µ22(x, t)− µ21(x, t))dx−

−
(
µ′31(t)−

∫∫
D

f(x, y, t)dx dy

) h∫
0

x(µ22(x, t)− µ21(x, t))dx

)
∆−1(t), t ∈ [0, T ],

(10)

a2(t) = t−
1+β
2

((
µ′31(t)−

∫∫
D

f(x, y, t)dx dy

) l∫
0

(hux(h, y, t)+µ11(y, t)−µ12(y, t))dy−

−
(
µ′32(t)−

∫∫
D

xf(x, y, t)dx dy

) l∫
0

(ux(h, y, t)−ux(0, y, t))dy

)
∆−1(t), t ∈ [0, T ],

(11)
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äå

∆(t) =

l∫
0

ux(h, y, t)dy

h∫
0

(h− x)(µ22(x, t)− µ21(x, t))dx+

+

l∫
0

ux(0, y, t)dy

h∫
0

x(µ22(x, t)− µ21(x, t))dx+

+

l∫
0

(µ11(y, t)− µ12(y, t))dy

h∫
0

(µ22(x, t)− µ21(x, t))dx.(12)

Íàäàìî ñèñòåìi (10), (11) òàêîãî âèãëÿäó:

a1(t) =

(
κ2(t)

h∫
0

(µ22(x, t)− µ21(x, t))dx−

− κ1(t)

h∫
0

x(µ22(x, t)− µ21(x, t))dx

)
t
1−β
2 ∆−1(t),(13)

a2(t) =

(
(hκ1(t)− κ2(t))

l∫
0

ux(h, y, t)dy + κ2(t)

l∫
0

ux(0, y, t)dy+

+ κ1(t)

l∫
0

(µ11(y, t)− µ12(y, t))dy

)
∆−1(t), t ∈ (0, T ].(14)

Çà äîïîìîãîþ ôóíêöi¨ Ãðiíà çíàéäåìî ðîçâ'ÿçîê çàäà÷i (1)-(4)

u(x, y, t) =

l∫
0

h∫
0

G12(x, y, t, ξ, η, 0)ϕ(ξ, η)dξdη+

+

t∫
0

l∫
0

G12ξ(x, y, t, 0, η, τ)τβa1(τ)µ11(η, τ)dηdτ−

−
t∫

0

l∫
0

G12ξ(x, y, t, h, η, τ)τβa1(τ)µ12(η, τ)dηdτ−

−
t∫

0

h∫
0

G12(x, y, t, ξ, 0, τ)τ
1+β
2 a2(τ)µ21(ξ, τ)dξdτ+

+

t∫
0

h∫
0

G12(x, y, t, ξ, l, τ)τ
1+β
2 a2(τ)µ22(ξ, τ)dξdτ+
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+

t∫
0

∫∫
D

G12(x, y, t, ξ, η, τ)f(ξ, η, τ)dξdηdτ, (x, y, t) ∈ QT .(15)

Ôóíêöiÿ Ãðiíà âèçíà÷à¹òüñÿ ç ðiâíîñòi

Gij(x, y, t, ξ, η, τ) =
1

4π
√

(θ1(t)− θ1(τ))(θ2(t)− θ2(τ))
×

×
∞∑

m,n=−∞

(
exp

(
− (x− ξ + 2nh)2

4(θ1(t)− θ1(τ))

)
+

+(−1)i exp

(
− (x+ ξ + 2nh)2

4(θ1(t)− θ1(τ))

))(
exp

(
− (y − η + 2ml)2

4(θ2(t)− θ2(τ))

))
+

+(−1)j exp

(
− (y + η + 2ml)2

4(θ2(t)− θ2(τ))

))
,

i, j ∈ {1, 2}, θ1(t) :=

t∫
0

σβa1(σ)dσ, θ2(t) :=

t∫
0

σ
1+β
2 a2(σ)dσ,

äå çíà÷åííÿ i, j = 1 âiäïîâiäàþòü óìîâàì Äiðiõëå çà çìiííèìè x, y, à i, j = 2 �
óìîâàì Íåéìàíà. Ëåãêî áà÷èòè, ùî Gij(x, y, t, ξ, η, τ) = Gi(x, t, ξ, τ)Gj(y, t, η, τ), Gi
� ôóíêöi¨ Ãðiíà äëÿ îäíîâèìiðíèõ ðiâíÿíü òåïëîïðîâiäíîñòi çà âiäïîâiäíèìè çìií-
íèìè. Ç (15) îá÷èñëèìî

ux(x, y, t) =

l∫
0

h∫
0

G22(x, y, t, ξ, η, 0)ϕξ(ξ, η)dξdη−

−
t∫

0

l∫
0

G22(x, y, t, 0, η, τ)(µ11τ (η, τ)− a2(τ)µ11ηη (η, τ)− f(0, η, τ))dηdτ+

+

t∫
0

l∫
0

G22(x, y, t, h, η, τ)(µ12τ (η, τ)− a2(τ)µ12ηη (η, τ)− f(h, η, τ))dηdτ−

−
t∫

0

h∫
0

G22(x, y, t, ξ, 0, τ)τ
1+β
2 a2(τ)µ21ξ(ξ, τ)dξdτ+

+

t∫
0

h∫
0

G22(x, y, t, ξ, l, τ)τ
1+β
2 a2(τ)µ22ξ(ξ, τ)dξdτ+

+

t∫
0

∫∫
D

G22(x, y, t, ξ, η, τ)fξ(ξ, η, τ)dξdηdτ.(16)
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Âðàõîâóþ÷è ðiâíiñòü

h∫
0

G2(x, t, ξ, τ)dx = 1,

ÿêó ëåãêî ïåðåâiðèòè, çíàõîäèìî

l∫
0

ux(0, y, t)dy =

h∫
0

G2(0, t, ξ, 0)dξ

l∫
0

ϕξ(ξ, η)dη−

−
t∫

0

G2(0, t, 0, τ)dτ

l∫
0

(µ11τ (η, τ)− f(0, η, τ))dη+

+

t∫
0

G2(0, t, h, τ)dτ

l∫
0

(µ12τ (η, τ)− f(h, η, τ))dη+

+

t∫
0

G2(0, t, 0, τ)τ
1+β
2 a2(τ)(µ22(0, τ)− µ21(0, τ))dτ−

−
t∫

0

G2(0, t, h, τ)τ
1+β
2 a2(τ)(µ22(h, τ)− µ21(h, τ))dτ

+

t∫
0

h∫
0

G2(x, t, ξ, τ)τ
1+β
2 a2(τ)(µ22ξ(ξ, τ)− µ21ξ(ξ, τ))dξdτ+

+

t∫
0

h∫
0

G2(x, t, ξ, τ)dξdτ

l∫
0

fξ(ξ, η, τ)dη,(17)

l∫
0

ux(h, y, t)dy =

h∫
0

G2(h, t, ξ, 0)dξ

l∫
0

ϕξ(ξ, η)dη−

−
t∫

0

G2(h, t, 0, τ)dτ

l∫
0

(µ11τ (η, τ)− f(0, η, τ))dη+

+

t∫
0

G2(h, t, h, τ)dτ

l∫
0

(µ12τ (η, τ)− f(h, η, τ))dη+

+

t∫
0

G2(h, t, 0, τ)τ
1+β
2 a2(τ)(µ22(0, τ)− µ21(0, τ))dτ−
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−
t∫

0

G2(h, t, h, τ)τ
1+β
2 a2(τ)(µ22(h, τ)− µ21(h, τ))dτ−

+

t∫
0

h∫
0

G2(h, t, ξ, τ)τ
1+β
2 a2(τ)(µ22ξ(ξ, τ)− µ21ξ(ξ, τ)dξdτ+

+

t∫
0

h∫
0

G2(h, t, ξ, τ)dξdτ

l∫
0

fξ(ξ, η, τ)dη.(18)

Ïiäñòàâèìî ó (16) ðiâíîñòi (19), (20) i ïîäàìî ∆(t) ó âèãëÿäi

∆(t) = ∆0(t)

t∫
0

dτ√
θ1(t)− θ1(τ)

+R(t),

äå

∆0(t) :=
1√
π

[ h∫
0

(h− x)(µ22(x, t)− µ21(x, t))dx

l∫
0

(µ12τ (η, τ)− f(h, η, τ))dη−

−
h∫

0

x(µ22(x, t)− µ21(x, t))dx

l∫
0

(µ11τ (η, τ)− f(0, η, τ))dη

]
,

à äî R(t) âõîäÿòü âñi iíøi äîäàíêè ç ∆(t). Ïîäàìî ðiâíÿííÿ (14) ó âèãëÿäi

(19) a1(t) =
F (t)

t
β−1
2 ∆(t)

, t ∈ [0, T ],

äå

F (t) := κ2(t)

h∫
0

(µ22(x, t)− µ21(x, t))dx− κ1(t)

h∫
0

x(µ22(x, t)− µ21(x, t))dx.

Ðîçãëÿíåìî ôóíêöiþ

(20) H(t) :=
F (t)

√
β + 1∆0(t)

1∫
0

dσ√
1− σβ+1

, t ∈ [0, T ].

Íà ïiäñòàâi (19) òà âðàõîâóþ÷è ïðèïóùåííÿ òåîðåìè, îòðèìó¹ìî

a1(t) ≤ F (t)

t
β−1
2 ∆0(t)

t∫
0

dτ√
θ1(t)− θ1(τ)

≤
F (t)

√
a1max(t)

√
β + 1∆0(t)

1∫
0

dσ√
1− σβ+1

= H(t)
√
a1max(t),

t ∈ [0, T ],
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äå a1max(t) := max
τ∈[0,t]

a1(τ). Çâiäñè âñòàíîâëþ¹ìî îöiíêó

(21) a1(t) ≤ H2
max(t), t ∈ [0, T ],

äå Hmax(t) := max
τ∈[0,t]

H(τ).

Äëÿ îöiíêè a1(t) çíèçó çàóâàæèìî, ùî lim
t→0

t
β−1
2 ∆1(t) = 0. Öå îíà÷à¹, ùî äëÿ

äîâiëüíîãî q ∈ (0, 1) iñíó¹ òàêå t0 ∈ (0, ]T, ùî âèêîíóâàòèìåòüñÿ íåðiâíiñòü

(22) R(t) ≤ q∆0(t)

t∫
0

dτ√
θ1(t)− θ1(τ)

, t ∈ [0, t0].

Òîäi àíàëîãi÷íî äî (19) çíàõîäèìî

(23) a1(t) ≥ H2
min(t)

(1 + q)2
, t ∈ [0, t0].

Òóò âæèòî ïîçíà÷åííÿ Hmin(t) := min
τ∈[0,t]

H(τ).

4. Äîâåäåííÿ òåîðåìè

Ïðèïóñòèìî, ùî ñèñòåìà ðiâíÿíü (12), (13) ìà¹ äâà ðîçâ'ÿçêè (a1i(t), a2i(t)), i ∈
{1, 2}. Ïîçíà÷èìî u(x, y, t) := u1(x, y, t) − u2(x, y, t), bi(t) := ai1(t) − ai2(t), θ1i =
t∫
0

τβa1i(τ)dτ, i ∈ {1, 2},∆(t) := ∆1(t) − ∆2(t), R(t) := R1(t) − R2(t). Ç ðiâíÿííÿ (10)

îòðèìó¹ìî

b1(t) =
F (t)(∆2(t)−∆1(t))

∆1(t)∆2(t)
=
a11(t)a12(t)t

β−1
2

F (t)

(
∆0(t)

t∫
0

(
1√

θ12(t)− θ12(τ)
−

− 1√
θ11(t)− θ11(τ)

)
dτ +R2(t)−R1(t)

)
.

Ç ìiðêóâàíü, íàâåäåíèõ ïðè âèâåäåííi îöiíêè (22), ìîæíà ââàæàòè, ùî äëÿ òèõ ñàìèõ
çíà÷åíü q òà t0 ñïðàâäæó¹òüñÿ íåðiâíiñòü

|R2(t)−R1(t)| ≤ q∆0(t)

t∫
0

(
1√

θ12(t)− θ12(τ)
− 1√

θ11(t)− θ11(τ)

)
dτ, t ∈ [0, t0].

Òîäi

(24) |b1(t)| ≤ (1 + q)a11(t)a12(t)t
β−1
2

F (t)
∆0(t)

t∫
0

∣∣∣∣∣ 1√
θ12(t)− θ12(τ)

− 1√
θ11(t)− θ11(τ)

∣∣∣∣∣dτ.
Ïåðåòâîðèìî âèðàç

t∫
0

∣∣∣∣∣ 1√
θ12(t)− θ12(τ)

− 1√
θ11(t)− θ11(τ)

∣∣∣∣∣dτ ≤
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≤
t∫

0

|θ1(t)− θ1(τ)|dτ√
(θ11(t)− θ11(τ))(θ12(t)− θ12(τ))(

√
θ11(t)− θ11(τ) +

√
θ12(t)− θ12(τ))

.

Çàñòîñîâóþ÷è îöiíêè (21), (23), çíàõîäèìî

t∫
0

∣∣∣∣∣ 1√
θ12(t)− θ12(τ)

− 1√
θ11(t)− θ11(τ)

∣∣∣∣∣ dτ ≤
≤

t∫
0

|θ1(t)− θ1(τ)|dτ√
(θ11(t)− θ11(τ))(θ12(t)− θ12(τ))(

√
θ11(t)− θ11(τ) +

√
θ12(t)− θ12(τ))

≤

≤ (1 + q)3
√
β + 1b1max(t)

2t
β−1
2 H3

min(t)

1∫
0

dσ√
1− σβ+1

.

Ïiäñòàâèìî öþ îöiíêó â (22):

|b1(t)| ≤ (1 + q)4a11(t)a12(t)
√
β + 1b1max(t)

2F (t)H3
min(t)

∆0(t)

1∫
0

dσ√
1− σβ+1

≤

≤ (1 + q)4H4
max(t)

2H4
min(t)

b1max(t), t ∈ [0, t0].(25)

Îñêiëüêè
lim
t→0

Hmin(t) = lim
t→0

Hmax(t),

òî iñíó¹ òàêå çíà÷åííÿ t1 ∈ (0, t0], ùî âèêîíóâàòèìåòüñÿ íåðiâíiñòü

(1 + q)4H4
max(t)

2H4
min(t)

≤ q0 < 1, t ∈ [0, t1].

Òîäi ç (23) äîõîäèìî âèñíîâêó, ùî b1(t) ≡ 0, t ∈ [0, t1].
Ç ðiâíÿííÿ (14) îòðèìó¹ìî

b2(t) =

(
(hκ1(t)− κ2(t))

l∫
0

ux(h, y, t)dy + κ2(t)

l∫
0

ux(0, y, t)dy

)
(∆1(t))−1−(26)

−
(

(hκ1(t)− κ2(t))

l∫
0

u2x(h, y, t)dy + κ2(t)

l∫
0

u2x(0, y, t)dy+(27)

+ κ1(t)

l∫
0

(µ11(y, t)− µ12(y, t))dy

)
∆(t)

∆1(t)∆2(t)
, t ∈ [0, T ].(28)

Âðàõîâóþ÷è òå, ùî a11(t) = a12(t), t ∈ [0, t1], ç (17), (18) çíàõîäèìî

l∫
0

ux(0, y, t)dy =

t∫
0

τ
1+β
2 b2(τ)

(
G2(0, t, 0, τ)(µ22(0, τ)− µ21(0, τ))−G2(0, t, h, τ)×
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× (µ22(h, τ)− µ21(h, τ)) +

h∫
0

G2(x, t, ξ, τ)(µ22ξ(ξ, τ)− µ21ξ(ξ, τ))dξ

)
dτ,

l∫
0

ux(h, y, t)dy =

t∫
0

τ
1+β
2 b2(τ)

(
G2(h, t, 0, τ)(µ22(0, τ)− µ21(0, τ))−G2(h, t, h, τ)×

× (µ22(h, τ)−µ21(h, τ))+

h∫
0

G2(h, t, ξ, τ)(µ22ξ(ξ, τ)−µ21ξ(ξ, τ)dξ

)
dτ, t ∈ [0, t1].

(29)

Òóò ó ôóíêöi¨ Ãðiíà ïðèéìåìî θ1(t) =

t∫
0

a11(τ)dτ. Àíàëîãi÷íî ç (12) îòðèìó¹ìî

∆(t) =

l∫
0

ux(h, y, t)dy

h∫
0

(h− x)(µ22(x, t)− µ21(x, t))dx+

l∫
0

ux(0, y, t)dy

h∫
0

x(µ22(x, t)− µ21(x, t))dx.(30)

Âðàõîâóþ÷è (29), (30), çâåäåìî ðiâíÿííÿ (26) äî âèãëÿäó

(31) b2(t) =

t∫
0

K(t, τ)b2(τ)dτ, t ∈ [0, t1].

Çâàæàþ÷è íà îöiíêó

t∫
0

τ
1+β
2 dτ√

θ1(t)− θ1(τ)
≤ C1

t∫
0

τ
1+β
2 dτ√

tβ+1 − τβ+1
2

,

ðîáèìî âèñíîâîê ïðî òå, ùî ÿäðî K(t, τ) íå ìà¹ îñîáëèâîñòåé, i òîìó ðiâíÿííÿ (31)
äîïóñêà¹ òiëüêè òðèâiàëüíèé ðîçâ'ÿçîê b2(t) ≡ 0, t ∈ [0, t1].

Äîâåäåííÿ òîãî, ùî ðîçâ'ÿçîê çàäà÷i (1)�(6) ¹äèíèé íà âñüîìó ÷àñîâîìó ïðî-
ìiæêó [0, T ], ïðîâîäèòüñÿ àíàëîãi÷íî äî [6].
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Ðîçãëÿíóòî iìïóëüñíi ðåêóðåíòíi ïðîöåñè ç ìàðêîâñüêèì ïåðåìèêàí-
íÿì ó ñõåìi àïðîêñèìàöi¨ Ëåâi. Íàøà ìåòà � çíàéòè íåëiíiéíi ïàðàìåòðè
íîðìóâàííÿ äëÿ iìïóëüñíèõ ïðîöåñiâ.

Êëþ÷îâi ñëîâà: iìïóëüñíèé ïðîöåñ, àïðîêñèìàöiÿ Ëåâi, íåëiíiéíå íîð-
ìóâàííÿ, ìàðêîâñüêå ïåðåìèêàííÿ.

1. Âñòóï

Iìïóëüñíi ðåêóðåíòíi ïðîöåñè ðîçãëÿäàþòü ó ïðàöÿõ [1]�[7]. Ïðîòå, ïåðåìèêàþ-
÷èé ìàðêîâñüêèé ïðîöåñ äîñëiäæó¹òüñÿ â ìàñøòàái ÷àñó t

ε . Ìåòà íàøî¨ ïðàöi: çíà-
éòè íåëiíiéíi íîðìóþ÷i ìíîæíèêè, òîìó ïðîöåñè ðîçãëÿäàþòüñÿ â íîðìóâàííi ÷àñó
t

g2(ε)
, äå g2(ε)→0 ïðè ε→ 0.

Iìïóëüñíi ïðîöåñè ξ(t) â åâêëiäîâîìó ïðîñòîði Rd ç ìàðêîâñüêèì àáî íàïiâìàð-
êîâñüêèì ïåðåìèêàííÿì âèçíà÷àþòüñÿ çà äîïîìîãîþ ñóìè âèïàäêîâèõ âåëè÷èí íà
âêëàäåíîìó ëàíöþçi Ìàðêîâà

ξ(t) = ξ0 +

ν(t)∑
k=1

αk(xk−1), t > 0,

äå x(t) � ïåðåìèêàþ÷èé ìàðêîâñüêèé ïðîöåñ, ÿêîìó âiäïîâiäà¹ âêëàäåíèé ìàðêîâ-
ñüêèé ïðîöåñ âiäíîâëåííÿ (xk, τk), k > 0, äå xk = x(τk) òà ðàõóþ÷èé ïðîöåñ ñòðèáêiâ
ν(t) = max {k > 0 : τk6t}, αk(xk−1) � ñiì'ÿ âèïàäêîâèõ âåëè÷èí.

2010 Mathematics Subject Classi�cation: 60J25

c© ßðîâà, Î., 2018
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2. Àïðîêñèìàöiÿ Ëåâi

Ðîçãëÿíåìî iìïóëüñíèé ðåêóðåíòíèé ïðîöåñ â óìîâàõ àïðîêñèìàöi¨ Ëåâi ç íåëi-
íiéíèì íîðìóâàííÿì

ξε(t) = ξε0 +

ν
(

t
g2(ε)

)∑
k=1

αεk(xεk−1), t > 0,

äå xε(t) = x
(

t
g2(ε)

)
� ïåðåìèêàþ÷èé ìàðêîâñüêèé ïðîöåñ, ÿêîìó âiäïîâiäà¹ âêëàäå-

íèé ìàðêîâñüêèé ïðîöåñ âiäíîâëåííÿ

(xεk, τ
ε
k), k > 0.

Òóò xk = x(τk), i ðàõóþ÷èé ïðîöåñ ñòðèáêiâ

νε(t) = ν
(

t
g2(ε)

)
.

Îòîæ, τεk � ìîìåíòè ñòðèáêiâ öüîãî ïðîöåñó, à

xεk = x(τεk),

νε(t) = max{k > 0 : τεk6t}.
Ðîçãëÿíåìî óìîâè àïðîêñèìàöi¨ Ëåâi.

(L1) Àïðîêñèìàöiÿ ñåðåäíiõ

bε(u;x) =

∫
Rd

vΓε(u, dv;x) = g1(ε)b1(u;x) + g2(ε)(b(u;x) + θεb(u;x))

òà

cε(u;x) =

∫
Rd

vvTΓε(u, dv;x) = g2(ε)(c(u;x) + θεc(u;x)),

äå vT - òðàíñïîíîâàíèé âåêòîð äî âåêòîðà v,

g2(ε) = o(g1(ε)), g1(ε)→0, g2(ε)→0, ε→0.

Çíåõòóâàëüíi äîäàíêè

| θεb(u;x) | →0, | θεc(u;x) | →0

ïðè ε→0.
(L2) ßäðî iíòåíñèâíîñòåé ìà¹ âèãëÿä

Γεq(u;x) =

∫
Rd

q(v)Γε(u, dv;x) = g2(ε)(Γq(u;x) + θεq(u;x))

äëÿ âñiõ

q∈C3(R), u∈R
òàê, ùî

| Γq(u;x) | 6K <∞.
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ßäðî Γq(u;x) âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

Γq(u;x) =

∫
Rd

q(v)Γ(u, dv;x).

(L3) Óìîâà áàëàíñó [4] ∫
E

ρ(dx)b1(u;x) = 0,

äå ρ(dx) çàäîâîëüíÿ¹ óìîâó åðãîäè÷íîñòi çi ñòàöiîíàðíèì ðîçïîäiëîì
π(A), A∈E,

π(dx)q(x) = qρ(dx),

q = 1/m,m =

∫
E

ρ(dx)m(x),

ρ(B) =

∫
E

ρ(dx)P (x,B), ρ(E) = 1.

(L4) Óìîâè íà ïî÷àòêîâi çíà÷åííÿ

sup
ε>0

E|ξε0| 6 C <∞,

|ξε0| → x(i0), g2(ε)→0, ε→0.

(L5) Ðiâíîìiðíà êâàäðàòè÷íà iíòåãðîâíiñòü

lim
c→∞

sup
x∈E

∫
v>c

vvTΓ(u, dv;x) = 0.

(L6) Óìîâà çðîñòàííÿ. Iñíó¹ äîäàòíà êîíñòàíòà L òàêà, ùî

|b(u;x)|6L(1 + |u|, |c(u;x)|6L(1 + |u|2)

. Òîäi äëÿ âñiõ äiéñíîçíà÷íèõ íåâiä'¹ìíèõ ôóíêöié f(v), v ∈ R, òàêèõ, ùî∫
Rd

(1 + f(v))|v|2dv <∞,

|Λ(u, v, x)|6Lf(v)(1 + |u|).
Òóò |Λ(u, v, x)| � ïîõiäíà Ðàäîíà-Íiêîäèìà ÿäðà Γ(u,B;x) ñòîñîâíî ìiðè Ëå-
áåãà dv â R, òîáòî

Γ(u, dv;x) = Λ(u, v;x)dv.

(L7) Äëÿ äîâiëüíîãî r > 0 iñíó¹ êîíñòàíòà lr òàêà, ùî

|b̂(u)− b̂(u′)|+ |σ2(u)− σ2(u′)|+ |Γ̂(u, v)− Γ̂(u′, v)|6lr|u− u′|,

ÿêùî | u |6 r, | v |6 r.
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Îçíà÷åííÿ. Íåõàé ðåàëiçàöi¨ âèïàäêîâèõ ïðîöåñiâ ξn(t) i ξ(t) íàëåæàòü äåÿêîìó
ìåòðè÷íîìó ïðîñòîðó. Òîäi âèïàäêîâèé ïðîöåñ ξn(t) ñëàáî çáiãà¹òüñÿ äî ξ(t), ÿêùî
âèêîíó¹òüñÿ óìîâà

lim
n→∞

∫
f(x)µn(dx) =

∫
f(x)µ(dx),

äå µn òà µ � ìiðè âèïàäêîâèõ ïðîöåñiâ ξn(t) òà ξ(t), âiäïîâiäíî, à f(x) � ôóíêöiîíàë,
äëÿ ÿêîãî âèêîíó¹òüñÿ óìîâà

Ef(ξ(t)) =

∫
f(x)µ(dx),

f(ξ(t)) � ðîçïîäië âèïàäêîâîãî ïðîöåñó ξ(t).

Òåîðåìà. Çà óìîâ (L1)-(L6) ñïðàâäæó¹òüñÿ ñëàáêà çáiæíiñòü

ξε(t)⇒ξ0, g2(ε)→ 0, ε→ 0.

Ãðàíè÷íèé ïðîöåñ ξ0 ¹ ïðîöåñîì Ëåâi òà çà óìîâè (L7) âèçíà÷à¹òüñÿ ãåíåðàòîðîì

L̂ϕ(u) = (b̂(u)− b̂0(u) + b̂1(u))ϕ′(u) +
1

2
σ2(u)ϕ′′(u) +λ(u)

∫
R

(ϕ(u+ v)− ϕ(u))Γ0(u, dv),

äå

b̂1(u, x) = q(x)

∫
E

P (x, dy)b1(u; y),Γ(u, dv) = q

∫
E

ρ(dx)Γ(u, x; dv),

σ2(u) = 2q

∫
E

ρ(dx)(b̂1(u;x)R0

ˆ
b∗1(u;x) +

1

2
(c(u;x)− c0(u;x))), σ2(u) > 0,

λ(u) = qΓ(u,R),Γ0(u; dv) =
Γ(u; dv)

Γ(u; r)
.

Äîâåäåííÿ. Â îñíîâó äîâåäåííÿ ïîêëàäåíî ñåìiìàðòèíãàëüíå çîáðàæåííÿ ïðîöåñó.
Ïåðåäáà÷óâàëüíi õàðàêòåðèñòèêè ñåìiìàðòèíãàëó ìàþòü òàêèé âèãëÿä:

Bε(t) =

v
(

t
g2(ε)

)∑
k=1

bε(ξ
ε
k−1;xεk−1) =

= g1(ε)

v
(

t
g2(ε)

)∑
k=1

b1(ξεk−1;xεk−1) + g2(ε)

v
(

t
g2(ε)

)∑
k=1

b1(ξεk−1;xεk−1) + θεb ,

Cε(t) =

v
(

t
g2(ε)

)∑
k=1

cε(ξ
ε
k−1;xεk−1) = g2(ε)

v
(

t
g2(ε)

)∑
k=1

c(ξεk−1;xεk−1) + θεc ,
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Γε(t) =

v
(

t
g2(ε)

)∑
k=1

∫
R

q(v)Γε(ξεk−1, dv;xεk−1) =

= g2(ε)

v
(

t
g2(ε)

)∑
k=1

∫
R

q(v)Γ(ξεk−1, dv;xεk−1) + θεq ,

äå

sup
x∈E
|θε| → 0, g1(ε), g2(ε)→ 0, ε→ 0.

Ïîçíà÷èìî ÷åðåç Aε(t) îñíîâíó ÷àñòèíó áóäü-ÿêî¨ ç ïåðåäáà÷óâàëüíèõ õàðàêòå-
ðèñòèê.

Ðîçãëÿíåìî òðèêîìïîíåíòíèé ìàðêîâñüêèé ïðîöåñ Aε(t), ξε(t), xε(t). Öåé ïðîöåñ
õàðàêòåðèçó¹òüñÿ ìàðòèíãàëîì

µε(t) = ϕ(ξε(t), Aε(t), xε(t))−
t∫

0

Lεϕ(ξε(s), Aε(s), xε(s))ds,

äå ãåíåðàòîð Lε ìà¹ âèãëÿä

Lεϕ(u, v;x) = (g2(ε))−1Qϕ(·, ·;x) +Q0A
ε(u;x)ϕ(·, v;x) +Q0Γε(x)ϕ(u, ·;x).

Òóò Q � ïîðîäæóþ÷å ÿäðî,

Q0ϕ(·, ·;x) = q(x)

∫
E

P (x, dy)ϕ(·, ·; y),

Γε(x)ϕ(u, ·; ·) = (g2(ε))−1
∫
R

Γε(u, x; dv)(ϕ(u+ v)− ϕ(u)),

Aε(u;x)ϕ(·, v; ·) = (g2(ε))−1(ϕ(·, v + g2(ε)a(u;x); ·)− ϕ(·, v; ·)).
Äàëi ïîòðiáíî çíàéòè çîáðàæåííÿ ãðàíè÷íîãî îïåðàòîðà.
Ïîäi¹ìî ãåíåðàòîðîì íà òåñò-ôóíêöi¨

ϕε(u;x) = ϕ(u) + g1(ε)ϕ1(u;x) + g2(ε)ϕ2(u;x).

Îòðèìà¹ìî

Lεϕε(u;x) = ((g2(ε))−1Q+Q0Γε(x))(ϕ(u) + g1(ε)ϕ1(u;x) + g2(ε)ϕ2(u;x)).

Çàïèøåìî àñèìïòîòè÷íå çîáðàæåííÿ ãåíåðàòîðà

Γε(x)ϕ(u) = (((g1(ε))−1B1(u;x) + Γ(u;x))ϕ(u) + θε =

= (g1(ε))−1b1(u;x)ϕ′(u) + (b(u;x)− b0(u;x))ϕ′(u)+

+
1

2
(c(u;x)− c0(u;x))ϕ′′(u)+

+

∫
R

(ϕ(u+ v)− ϕ(u))Γ(u, dv;x) + θε,
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äå

b0(u;x) =

∫
R

vΓ(u, dv;x), c0(u;x) =

∫
R

vvTΓ(u, dv;x).

Îòðèìó¹ìî çàäà÷ó ñèíãóëÿðíîãî çáóðåííÿ

Qϕ(u) = 0,

Qϕ1(v;x) +Q0b1(u;x)ϕ′(u) = 0,

Qϕ2(v;x) +Q0b1(u;x)ϕ′1(u;x) +Q0Γ(u;x)ϕ(u) = L̂ϕ(u).

Çàñòîñóâàâøè óìîâè (L3) òà (L7) îñòàòî÷íî îòðèìà¹ìî ãðàíè÷íèé ãåíåðàòîð

L̂ϕ(u) = (b̂(u)− b̂0(u) + b̂1(u))ϕ′(u) +
1

2
σ2(u)ϕ′′(u) +λ(u)

∫
R

(ϕ(u+ v)− ϕ(u))Γ0(u, dv).

Òåîðåìó äîâåäåíî. �

Îòîæ, çíàéäåíî ãðàíè÷íèé ãåíåðàòîð iìïóëüñíîãî ðåêóðåíòíîãî ïðîöåñó ç íå-
ëiíiéíèì íîðìóâàííÿì.
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