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Ìèõàéëî Ìèõàéëîâè÷ ÇÀÐI×ÍÈÉ

(äî 60-ði÷÷ÿ ç äíÿ íàðîäæåííÿ)

Äî òåáå çi øâèäêiñòþ ñâiòëà
Äóìêà ìîÿ äîëåòèòü
Òè ïîñìiõíåøñÿ ñâiòëî
Â òó ìèòü ...

Ìèõàéëî Çàði÷íèé,
çi çáiðêè �Âåðáàëiçàöiÿ Âåðáîëîçó�

Ìèõàéëî Ìèõàéëîâè÷ Çàði÷íèé � áàãàòîãðàííà i íåïåðåñi÷íà îñîáèñòiñòü: ìàòå-
ìàòèê, ïðîôåñîð, äîêòîð ôiçèêî-ìàòåìàòè÷íèõ íàóê, îäèí ç ôóíäàòîðiâ Ëüâiâñüêî¨
Òîïîëîãi÷íî¨ Øêîëè, çíàêîâà ïîñòàòü ó ñó÷àñíié ëüâiâñüêié ìàòåìàòèöi, êðiì òîãî
� ïîåò, ìóçèêàíò, ãðîìàäñüêèé äiÿ÷, ÷ëåí Ðîòàði-êëóáó �Ëüâiâ�Ëåîïîëiñ�, ïî÷åñíèé
àìáàñàäîð ìiñòà Ëüâîâà.
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Äèòèíñòâî i þíiñòü (1958-1974)

Íàðîäèâñÿ Ìèõàéëî Çàði÷íèé 7 áåðåçíÿ 1958 ðîêó â Iâàíî-Ôðàíêiâñüêó ó ñå-
ëÿíñüêié ñiì'¨ (áàòüêî � Ìèõàéëî Ìèõàéëîâè÷ Ãàøåíþê, ìàòè � Ìàðiÿ Àíäði¨âíà
Çàði÷íà, îáèäâî¹ 1935 ðîêó íàðîäæåííÿ). Íåâäîâçi ïiñëÿ íàðîäæåííÿ ìàòè âiääàëà
ìàëåíüêîãî Ìèõàéëèêà íà âèõîâàííÿ äî áàáóñi Ìàði¨ Iâàíiâíè Ãàøåíþê (1907 ð.í.),
ÿêà ìåøêàëà íà Çàði÷÷i ó ñåëi Ñòàði Áîãîðîä÷àíè Iâàíî-Ôðàíêiâñüêî¨ îáëàñòi. Òàì
âîíè ïðîæèâàëè ó ñòàðié õàòi ïiä ñîëîìîþ ç ãëèíÿíîþ äîëiâêîþ, à êîëè Ìèõàéëèêîâi
ìèíóëî 9 ðîêiâ, ïåðåñåëèëèñÿ â íîâó ïðîñòîðiøó õàòó.

Ìèõàéëî Çàði÷íèé â öåíòði, 1959 ðiê
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Ìèõàéëî Çàði÷íèé i éîãî áàáóñÿ Ìàðiÿ Iâàíiâíà Ãàøåíþê

Ïî÷àòêîâó øêîëó Ìèõàéëî Çàði÷íèé çàêií÷óâàâ íà Çàði÷÷i, âîñüìèði÷êó � ó
Ñòàðèõ Áîãîðîä÷àíàõ, à îñòàííi äâa êëàñè (äåâ'ÿòèé i äåñÿòèé) � â Áîãîðîä÷àíàõ
(ðàéîííîìó öåíòði). Óëþáëåíèì çàíÿòòÿì ìàëîãî Ìèõàéëà áóëî ÷èòàííÿ êíèæîê,
ÿêi ó âåëèêèõ êiëüêîñòÿõ çíàõîäèâ ó ñiëüñüêié áiáëiîòåöi, ïðè÷îìó ÷èòàâ óñå ïiäðÿä:
âiä ôàíòàñòèêè äî äîâiäíèêiâ ç åëåêòðîòåõíiêè. ßêîñü, óçÿâøè ç ñîáîþ ÷åðãîâó êè-
ïó êíèæîê, ïiøîâ ó øêiëüíó ¨äàëüíþ, äå õëîïöÿ çàóâàæèâ ó÷èòåëü ôiçèêè. Ïiñëÿ
iìïðîâiçîâàíîãî iñïèòó â êàáiíåòi ôiçèêà ç'ÿñóâàëîñÿ, ùî çíàíü, îòðèìàíèõ ñàìî-
îñâiòîþ, âèñòà÷à¹, ùîá ïåðåâåñòè ìàëîãî Ìèõàéëà ç 3-ãî âiäðàçó â 5-é êëàñ, òîìó
Ìèõàéëî Çàði÷íèé çàêií÷èâ øêîëó íà ðiê øâèäøå âiä ñâî¨õ ðîâåñíèêiâ.

Òàëàíòè Ìèõàéëà äî òî÷íèõ íàóê âèÿâèëèñÿ ùå ó äèòèíñòâi, êîëè âií, ñiëüñüêèé
õëîï÷èíà, ïîëèøåíèé íà ñàìîâèõîâàííÿ, óñïiøíî âèñòóïàâ íà îëiìïiàäàõ ç ôiçèêè
òà ìàòåìàòèêè. Çîêðåìà, â 7-ìó êëàñi âií âèáîðîâ 1-å ìiñöå íà ðàéîííié îëiìïiàäi ç
ìàòåìàòèêè. Òîäi æ íà îëiìïiàäi ç ôiçèêè øâèäêî íàïèñàâ çàäà÷i çà ñâié êëàñ i ùå
âñòèã ðîçâ'ÿçàòè çàäà÷i çà 8-é êëàñ, òîìó îòðèìàâ 1-øå ìiñöå çà 7-é êëàñ òà 2-ãå ìiñöå
çà 8-é êëàñ. Ó 8-ìó êëàñi Çàði÷íèé âèáîðîâ 1-å ìiñöå íà îáëàñíié îëiìïiàäi ç ôiçèêè.
Â 9-ìó êëàñi Çàði÷íèé áðàâ ó÷àñòü ó ðåñïóáëiêàíñüêié îëiìïiàäi ç ìàòåìàòèêè, à â
10-ìó � ó Âñåñîþçíié. Ñâî¨ì óñïiõàì Ìèõàéëî Çàði÷íèé çàâäÿ÷ó¹ ïåðøié â÷èòåëüöi
Iðèíi Iâàíiâíi Ãóöóëÿê, â÷èòåëåâi ôiçèêè Ñòåïàíó Iâàíîâè÷ó Äîëîòêîâi òà iíøèì.

ßê çãàäóâàâ Ìèõàéëî Ìèõàéëîâè÷, êîëè âií áóâ ó 9-ìó êëàñi, çàêðèòòÿ ðåñïó-
áëiêàíñüêî¨ îëiìïiàäè ç ìàòåìàòèêè âiäáóâàëîñÿ â ãîëîâíîìó êîðïóñi Ëüâiâñüêîãî
óíiâåðñèòåòó iìåíi Iâàíà Ôðàíêà, ÿêèé íàñòiëüêè âðàçèâ ìîëîäîãî þíàêà ñâî¹þ àð-
õiòåêòóðíîþ äîñêîíàëiñòþ, ùî Ìèõàéëî çðîçóìiâ, ùî áóäå íàâ÷àòèñÿ ñàìå òàì. Òîæ
ñàìå ç Ëüâiâñüêèì óíiâåðñèòåòîì ïîâ'ÿçàíà óñÿ ïîäàëüøà äîëÿ Ìèõàéëà Çàði÷íîãî.
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Ïåðøà â÷èòåëüêà Iðèíà Iâàíiâíà Ãóöóëÿê, 1966 ðiê

Íàâ÷àííÿ â óíiâåðñèòåòi (1974-1979)

Ó 1974 ðîöi Ìèõàéëî Çàði÷íèé âñòóïèâ íà ìåõàíiêî-ìàòåìàòè÷íèé ôàêóëüòåò
Ëüâiâñüêîãî äåðæàâíîãî óíiâåðñèòåòó iìåíi Iâàíà Ôðàíêà. Ñåðåäíþ øêîëó Ì. Çà-
ði÷íèé çàêií÷èâ áåç çîëîòî¨ ìåäàëi (õî÷à ìàâ ëèøå äâi ÷åòâiðêè � ç ôiçêóëüòóðè òà
ïðàöi). Òîìó äî óíiâåðñèòåòó âñòóïàâ íà çàãàëüíèõ ïiäñòàâàõ. Òâið íàïèñàâ íà �4�,
ìàòåìàòèêó ïèñüìîâî � �5�, óñíó � �5�, ôiçèêó � �5�, àòåñòàò � �5� (ðàçîì 24 áàëè, à
ïðîõiäíèé áàë � 19). ×åòâiðêó çà òâið �Îáðàç Îêñàíè ó ï'¹ñi Êîðíié÷óêà �Çàãèáåëü
Åñêàäðè� (íàïèñàíèé, äî ðå÷i, áåç îðôîãðàôi÷íèõ ïîìèëîê) Ì. Çàði÷íèé îòðèìàâ
çà ëàêîíi÷íiñòü âèêëàäó.

Ïðîòÿãîì 1974�1979 ðîêiâ Ìèõàéëî Çàði÷íèé íàâ÷àâñÿ íà ìåõàíiêî-ìàòåìàòè÷-
íîìó ôàêóëüòåòi Ëüâiâñüêîãî äåðæàâíîãî óíiâåðñèòåòó iìåíi Iâàíà Ôðàíêà. Äåêàíîì
òîäi áóâ Ç. Î. Ìåëüíèê, çàñòóïíèêîì äåêàíà � ß. Ã. Ïðèòóëà.

ß. Ã. Ïðèòóëà òàêîæ áóâ íàñòàâíèêîì ãðóïè, äå â÷èâñÿ Ìèõàéëî Çàði÷íèé. Ó òi
ðîêè ïåðøà òà äðóãà ãðóïè íà ìåõàíiêî-ìàòåìàòè÷íîìó ôàêóëüòåòi ñïåöiàëiçóâàëèñÿ
ïî êàôåäði äèôåðåíöiéíèõ ðiâíÿíü, òðåòÿ òà ÷åòâåðòà � ïî êàôåäði òåîði¨ ôóíêöié
i ôóíêöiîíàëüíîãî àíàëiçó, à ï'ÿòà òà øîñòà � ïî êàôåäði àëãåáðè òà ãåîìåòði¨.
Ó òðåòié ãðóïi (àíàëiçó) îäíîêóðñíèêàìè Ìèõàéëà Çàði÷íîãî áóëè Î. Á. Ñêàñêiâ,
Ì. Â. Çàáîëîöüêèé, ß. Â. Âàñèëüêiâ. Ó ÷åòâåðòié ãðóïi ðàçîì ç Çàði÷íèì â÷èëèñÿ
Ë. Áàçèëåâè÷, Â. Ï'ÿíà, Î. Âåñåëîâñüêà.
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Ïåðøèé Äåíü ìàòåìàòèêà, çiíiöiéîâàíèé ó 1979 ðîöi ß. Ã. Ïðèòóëîþ

Iâàí Ìèêîëàéîâè÷ Ïåñií

Êóðñîâó ðîáîòó Ìèõàéëî Çàði÷íèé ïèñàâ â Iâàíà Ìèêîëàéîâè÷à Ïåñiíà, ó÷íÿ
Ë. I. Âîëêîâèñüêîãî. Ïåñií ìàâ íåôîðìàëüíèé ñòèëü ñïiëêóâàííÿ çi ñòóäåíòàìè i
÷àñòî âëàøòîâóâàâ ñåìiíàðè òà êîíñóëüòàöi¨ ó ñåáå íà êâàðòèði.
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Íà äðóãîìó êóðñi I. Ïåñií äîðó÷èâ Ì. Çàði÷íîìó ïðîñòóäiþâàòè ñòàòòþ Çi -
ìóíòà ßíiøåâñüêîãî ç òåîði¨ êîíòèíóóìiâ, íàïèñàíó ïîëüñüêîþ ìîâîþ. Ó ïiäñóìêó
Ìèõàéëî Çàði÷íèé îñâî¨â i ïîëüñüêó ìîâó, i òåîðiþ êîíòèíóóìiâ. Äèïëîìíó ðîáîòó
ç òåîði¨ îïóêëèõ ìíîæèí Çàði÷íèé çàõèñòèâ ó 1979 ðîöi.

Ñiì'ÿ

Íàóêîâîþ ðîáîòîþ ïiä êåðiâíèöòâîì I. Ïåñiíà òàêîæ çàéìàëàñÿ îäíîãðóïíèöÿ
Ìèõàéëà Çàði÷íîãî � Ëiäiÿ Áàçèëåâè÷, ÿêà â 1980 ðîöi ñòàëà äðóæèíîþ Ìèõàéëà
Ìèõàéëîâè÷à. Ó 1984 ðîöi ó íèõ íàðîäèâñÿ ñèí Iãîð, à â 2003 � äîíüêà Ñîôiÿ.

Ìèõàéëî Çàði÷íèé i Ëiäiÿ Áàçèëåâè÷
(âåñiëüíå ôîòî)



11

Ìèõàéëî Çàði÷íèé i éîãî äiòè: Ñîôiÿ òà Iãîð

Ìèõàéëî Çàði÷íèé i Ëiäiÿ Áàçèëåâè÷
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Àñïiðàíòóðà

Ó äðóãié ïîëîâèíi 70-õ ðîêiâ ïî÷àëà äiÿòè óãîäà ìiæ Ëüâiâñüêèì äåðæàâíèì
óíiâåðñèòåòîì iìåíi Iâàíà Ôðàíêà òà Ìîñêîâñüêèì äåðæàâíèì óíiâåðñèòåòîì iìåíi
Ì. Â. Ëîìîíîñîâà ïðî ïiäãîòîâêó êàäðiâ, ïiäïèñàíà çà ñïðèÿííÿ àêàäåìiêà ß. Ñ. Ïiä-
ñòðèãà÷à.

Î. Ã. Ñàâ÷åíêî, Â. Â. Ôåäîð÷óê, Ì. Ì. Çàði÷íèé, I. É. Ãóðàí, 1987 ðiê

Òîäi ó Ëüâîâi òîïîëîãiþ âèâ÷àëè çà ïîëüñüêèì âèäàíí �Çàãàëüíà òîïîëîãiÿ�
Ðiøàðäà Åíãåëüêiíãà 1977 ðîêó (ÿêó ïðèâiç ß. Ã. Ïðèòóëà ç ïî¨çäêè äî Âàðøàâñüêîãî
óíiâåðñèòåòó). Ó Ìîñêâi ïðî öþ ôóíäàìåíòàëüíó ìîíîãðàôiþ ëèøå ÷óëè (ðîñiéñüêèé
ïåðåêëàä ç'ÿâèâñÿ ó 1986 ðîöi).

Çà ðåêîìåíäàöi¹þ I. Ïåñiíà, Ìèõàéëà Çàði÷íîãî, ÿê îäíîãî ç íàéêðàùèõ ñòóäåí-
òiâ ôàêóëüòåòó, ó 1979 ðîöi òàêîæ âiäïðàâèëè ó öiëüîâó àñïiðàíòóðó äî Ìîñêâè. Çà
ïîðàäîþ I. É. Ãóðàíà (ÿêèé äâà ðîêè ïåðåä òèì âñòóïèâ äî àñïiðàíòóðè íà êàôåäðó
çàãàëüíî¨ òîïîëîãi¨ ÌÃÓ äî ïðîôåñîðà À. Â. Àðõàíãåëüñüêîãî), Ì. Ì. Çàði÷íèé âè-
áðàâ êåðiâíèêîì ñâî¹¨ íàóêîâî¨ ðîáîòè Âiòàëiÿ Âiòàëiéîâè÷à Ôåäîð÷óêà, ó÷íÿ Ïàâëà
Ñåðãiéîâè÷à Àëåêñàíäðîâà, îäíîãî ç òâîðöiâ òîïîëîãi¨.

Ó êiíöi 70-õ � ïî÷àòêó 80-õ Ìîñêîâñüêà òîïîëîãi÷íà øêîëà áóëà íà ïiêó ñâî¹¨
ñâiòîâî¨ ïîòóãè é îá'¹äíóâàëà ÿê êëàñèêiâ (Î. Â. Àðõàíãåëüñüêèé, Â. I. Ïîíîìàðüîâ,
Þ. Ì. Ñìiðíîâ, Â. Â. Ôåäîð÷óê, �. Â. Ùåïií) òàê i ìîëîäøèõ ìàòåìàòèêiâ, ÿêi
çãîäîì ñòàëè êëàñèêàìè (Ñ. À ¹¹â, Ñ. Àíòîíÿí, I. Ãóðàí, À. Äðàíiøíiêîâ, Â. Ïåñòîâ,
Î. Ñiïà÷åâà, Ì. Òêà÷åíêî, Â. Òêà÷óê, Â. Óñïåíñüêèé, À. ×i îãiäçå, Ì. Çàði÷íèé).
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Íà êàôåäði çàãàëüíî¨ òîïîëîãi¨ Ì îñêîâñüêîãî óíiâåðñèòåòó âiäáóâàëîñÿ òðè
ñåìiíàðè: çàãàëüíîêàôåäðàëüíèé i äâà ñïåöiàëiçîâàíiøèõ � ç òîïîëîãi÷íî¨ àëãåáðè
(ïiä êåðiâíèöòâîì À. Â. Àðõàíãåëüñüêîãî) i ãåîìåòðè÷íî¨ òîïîëîãi¨ (ïiä êåðiâíèöòâîì
Â. Â. Ôåäîð÷óêà). Êîíöåíòðàöiÿ iíòåëåêòó ìàëà ñâî¨ì íàñëiäêîì ñàìîçàðîäæåííÿ
íàóêè. Àñïiðàíòè çàçâè÷àé ñàìi ïiäøóêîâóâàëè ñîái çàäà÷i, ïîðïàþ÷èñü ó áàãàòþùié
áiáëiîòåöi ìîñêîâñüêîãî ìåõ-ìàòó ÷è ñëóõàþ÷è âèñòóïè êëàñèêiâ i ñâî¨õ êîëåã íà
ñåìiíàðàõ.

Ì. Ì. Çàði÷íèé âiäâiäóâàâ óñi òðè ñåìiíàðè, ùî ñïðèÿëî ðîçøèðåííþ éîãî ìà-
òåìàòè÷íîãî êðóãîçîðó. Çîêðåìà, âií çàöiêàâèâñÿ ââåäåíîþ äå Ãðîîòîì ó 1973 ðîöi
êîíñòðóêöi¹þ ñóïåððîçøèðåííÿ λ, ÿêà ¹ ñëàáêî íîðìàëüíèì ôóíêòîðîì ó êàòåãîði¨
êîìïàêòiâ. Äëÿ éîãî ïiäôóíêòîðà λn Çàði÷íèé äîâiâ òåîðåìó ïðî çáåðåæåííÿ ANR-
êîìïàêòiâ i êîìïàêòíèõ Q-ìíîãîâèäiâ. Òåõíiêó äîâåäåííÿ öi¹¨ òåîðåìè çãîäîì ðîçâè-
íóâ Áàñìàíîâ, ÿêèé äîâiâ ñâîþ çíàìåíèòó òåîðåìó ïðî çáåðåæåííÿ ANR-êîìïàêòiâ
i Q-ìíîãîâèäiâ ôóíêòîðàìè ñêií÷åííîãî ñòåïåíÿ.

Ñëóõàþ÷è äîïîâiäi ç òîïîëîãi÷íî¨ àëãåáðè íà ñåìiíàði ïðîô. Àðõàíãåëüñüêîãî,
Çàði÷íèé çàöiêàâèâñÿ òîïîëîãi÷íîþ ñòðóêòóðîþ âiëüíî¨ òîïîëîãi÷íî¨ ãðóïè i äîâiâ,
ùî äëÿ ANR-êîìïàêòà éîãî âiëüíà òîïîëîãi÷íà ãðóïà ¹ ìíîãîâèäîì, ìîäåëüîâàíèì
ïðîñòîðîì R∞, ÿêèé ¹ iíäóêòèâíîþ ãðàíèöåþ åâêëiäîâèõ ïðîñòîðiâ Rn. Öåé íîâà-
òîðñüêèé i åëåãàíòíèé (êàíàäñüêèé ìàòåìàòèê Â. Ïåñòîâ ó îäíié çi ñâî¨õ ïóáëiêàöié
ñõàðàêòåðèçóâàâ éîãî ÿê charming theorem) ðåçóëüòàò Çàði÷íîãî áóâ îïóáëiêîâàíèé
ó Äîêëàäàõ ÀÍ ÑÑÑÐ ó 1982 ðîöi. Ïiçíiøå òåõíiêà äîâåäåííÿ öi¹¨ òåîðåìè áóëà
âèêîðèñòàíà ÿïîíñüêèì ìàòåìàòèêîì Ê. Ñàêà¨ ó éîãî êëàñè÷íié õàðàêòåðèçàöi¨ R∞-
ìíîãîâèäiâ, ÿêà ç'ÿâèëàñÿ ó 1984 ðîöi. Âàðòî çàóâàæèòè, ùî ñòàòòÿ Çàði÷íîãî öèòó¹-
òüñÿ àæ äîòåïåð, íå çâàæàþ÷è íà òå, ùî ìèíóëî ïîíàä 35 ðîêiâ âiä äíÿ ¨¨ ïóáëiêàöi¨.

Àâòîðåôåðàò êàíäèäàòñüêî¨ äèñåðòàöi¨ Ì. Ì. Çàði÷íîãî
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Ðåçóëüòàòè ïðî ñóïåððîçøèðåííÿ òà âiëüíi òîïîëîãi÷íi ãðóïè ñêëàëè îñíîâó
êàíäèäàòñüêî¨ äèñåðòàöi¨ Ì. Ì. Çàði÷íîãî, ÿêó âií çàõèñòèâ 22 êâiòíÿ 1983 ðîêó â
Ìîñêîâñüêîìó äåðæàâíîìó óíiâåðñèòåòi iìåíi Ëîìîíîñîâà.

Ïîâåðíåííÿ äî Ëüâîâà

Ó 1982 ðîöi ïiñëÿ çàêií÷åííÿ öiëüîâî¨ àñïiðàíòóðè Ìèõàéëî Çàði÷íèé ïîâåðíóâ-
ñÿ äî Ëüâîâà. Éîãî çà÷èñëèëè àñèñòåíòîì íà íîâîñòâîðåíó êàôåäðó ìàòåìàòè÷íîãî
ìîäåëþâàííÿ. Òàêîæ íàäàëè óíiâåðñèòåòñüêå æèòëî â îäíîêiìíàòíié êâàðòèði ñiìåé-
íîãî ãóðòîæèòêó ïî âóë. Ëåâiòàíà. Â êiíöi 1982 ðîêó Çàði÷íîãî ïåðåâåëè íà ïîñàäó
àñèñòåíòà êàôåäðè àëãåáðè i òîïîëîãi¨. Äðóæèíà Ë. �. Áàçèëåâè÷ âëàøòîâàëàñü íà
ðîáîòó â Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè ÀÍ ÓÐÑÐ.

Íà êiíåöü 80-õ ðîêiâ ïðèïàâ ïðîöåñ íàöiîíàëüíîãî âiäðîäæåííÿ, ÿêèé ïî÷àâñÿ ç
ãîðáà÷îâñüêî¨ ïåðåáóäîâè i çàâåðøèâñÿ ðîçâàëîì Ðàäÿíñüêîãî Ñîþçó ó 1991 ðîöi. Ó
ðóñëi äåðæàâîòâîð÷èõ ïðîöåñiâ âiäáóâàëàñÿ òàêîæ ñàìîîðãàíiçàöiÿ ìàòåìàòè÷íîãî
ñåðåäîâèùà, â ÿêié Ì. Ì. Çàði÷íèé áðàâ àêòèâíó ó÷àñòü. Âií áóâ îäíèì iç çàñíîâíè-
êiâ Ëüâiâñüêîãî ìàòåìàòè÷íîãî òîâàðèñòâà òà éîãî äðóêîâàíîãî îðãàíó � æóðíàëó
�Ìàòåìàòè÷íi ñòóäi¨�, ïåðøèé òîì ÿêîãî âèéøîâ ó 1991 ðîöi. Ðàçîì ç ëüâiâñüêèì âè-
äàâöåì Â. Äìèòåðêîì Çàði÷íèé ïåðåòâîðèâ çáiðíèê íàóêîâèõ ïðàöü, ÿêèì ñïî÷àòêó
áóëè �Ìàòåìàòè÷íi ñòóäi¨�, ó ïîâíîöiííèé íàóêîâèé æóðíàë.

Ïåðøèé âèïóñê æóðíàëó �Ìàòåìàòè÷íi ñòóäi¨�
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Ì. Ì. Çàði÷íèé áóâ çàñíîâíèêîì i áàãàòîëiòíiì ðåäàêòîðîì ìîíîãðàôi÷íî¨ ñå-
ði¨ �Ìàòåìàòè÷íèõ ñòóäié� âèäàâíèöòâà VNTL-Êëàñèêà. Öþ ñåðiþ, ÿêà íàëi÷ó¹ 17
òîìiâ, çàïî÷àòêóâàëà ìîíîãðàôiÿ �Absorbing sets in in�nite-dimensional manifolds�
Ò. Áàíàõà, Ò. Ðàäóëà òà Ì. Çàði÷íîãî, ÿêà ïîáà÷èëà ñâiò ó 1997 ðîöi. Ï'ÿòèì òî-
ìîì öi¹¨ ñåði¨ ñòàëà ìîíîãðàôiÿ Ì. Çàði÷íîãî òà éîãî ó÷íÿ À. Òåëåéêà �Categorical
topology of compact Hausdor� spaces�, ÿêà ¹ îäíèì iç áàçîâèõ ïiäðó÷íèêiâ ç êàòåãîðíî¨
òîïîëîãi¨, à 12-ì òîìîì � ìîíîãðàôiÿ �General asymptology�, ÿêó íàïèñàâ Çàði÷íèé ó
ñïiâàâòîðñòâi ç âiäîìèì êè¨âñüêèì ìàòåìàòèêîì I. Â. Ïðîòàñîâèì. Öÿ ìîíîãðàôiÿ,
ïîðÿä ç âiäîìîþ êíèãîþ Äæîíà Ðîå �Lectures in coarse geometry�, çàêëàëà îñíîâè
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àñèìïòîòè÷íî¨ òîïîëîãi¨ i çàôiêñóâàëà ïðiîðèòåò óêðà¨íñüêî¨ íàóêè ó öié íîâié äi-
ëÿíöi ìàòåìàòèêè, ùî áóðõëèâî ðîçâèâà¹òüñÿ ç êiíöÿ 80-õ ðîêiâ XX ñòîëiòòÿ.

Ì. Ì. Çàði÷íèé çàâæäè áóâ i çàëèøà¹òüñÿ âiäêðèòèì äî íîâèõ iäåé òà âiÿíü. Ó
Ëüâiâñüêîìó íàöiîíàëüíîìó óíiâåðñèòåòi ïî÷àòîê XXI ñòîëiòòÿ îçíàìåíóâàâñÿ áóð-
õëèâèì ðîñòîì ïîòóãè ìåõàíiêî-ìàòåìàòè÷íîãî ôàêóëüòåòó, çîêðåìà âiäêðèòòÿì íî-
âèõ ñïåöiàëiçàöié: ìàòåìàòè÷íî¨ ñòàòèñòèêè, ìàòåìàòè÷íî¨ åêîíîìiêè é åêîíîìåòðè-
êè. ßê çàïðîøåíèé ëåêòîð íà ëiòíiõ øêîëàõ ç ìàòåìàòè÷íî¨ åêîíîìiêè, Ìèõàéëî
Çàði÷íèé ïiäãîòóâàâ öèêë ëåêöié ç òåîði¨ ñîöiàëüíîãî âèáîðó i âèäàâ âiäïîâiäíèé
ïiäðó÷íèê, ÿêèé êîðèñòó¹òüñÿ çàñëóæåíîþ ïîïóëÿðíiñòþ ó ñòóäåíòiâ òà âèêëàäà÷iâ
ôàêóëüòåòó.

Òîïîëîãi÷íèé ñåìiíàð ó Ëüâîâi

Íà âiäìiíó âiä ñâî¨õ ìîñêîâñüêèõ êîëåã, ÿêi â 90-õ çàëèøèëè ÑÐÑÐ é åìiãðó-
âàëè íà Çàõiä, I. Ãóðàí i Ì. Çàði÷íèé ïîâåðíóëèñÿ äî Ëüâîâà ç àìáiòíîþ ìåòîþ �
âiäðîäèòè òîïîëîãiþ ó Ëüâîâi i ñòâîðèòè ïîòóæíó òîïîëîãi÷íó øêîëó. Iíñòðóìåíòîì
äîñÿãíåííÿ öi¹¨ ìåòè ñòàâ òîïîëîãi÷íèé ñåìiíàð, çàñíîâàíèé I. Ãóðàíîì ó 1981 ðîöi.
Ó 1983 ðîöi, ïiñëÿ ïîâåðíåííÿ ç Ìîñêîâñüêî¨ àñïiðàíòóðè, äî êåðiâíèöòâà ñåìiíàðîì
ïiäêëþ÷èâñÿ Ì. Ì. Çàði÷íèé.

Òîïîëîãi÷íà ïðîãóëÿíêà. Ïðèâàë áiëÿ ãîðè Ïàðàøêà, 1995 ðiê

Çàâäÿêè õàðèçìi òà íåôîðìàëüíîñòi éîãî êåðiâíèêiâ, òîïîëîãi÷íèé ñåìiíàð ìàâ
ìàãi÷íó ïðèòÿãàëüíó ñèëó äëÿ ñòóäåíòiâ òà àñïiðàíòiâ ìàòåìàòè÷íîãî ôàêóëüòåòó.
Êðiì çâè÷àéíèõ çàñiäàíü ñåìiíàðó â óíiâåðñèòåòi (à ÷àñîì i â êàâ'ÿðíi �Øêîöüêà�
÷è �Ðîìà�), âàæëèâó (à ìîæå âèðiøàëüíó) ðîëü âiäiãðàâàëè êîëåêòèâíi âèõîäè íà
ïðèðîäó, òàê çâàíi �òîïîëîãi÷íi ïðîãóëÿíêè�, íà ÿêèõ âiäáóâàâñÿ çíà÷íî òiñíiøèé
êîíòàêò ìiæ ñòóäåíòàìè òà âèêëàäà÷àìè.
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Çàñiäàííÿ òîïîëîãi÷íîãî ñåìiíàðó

Ñåðåä àêòèâíèõ ó÷àñíèêiâ òîïîëîãi÷íîãî ñåìiíàðó áóëî áàãàòî öiêàâèõ îñîáèñ-
òîñòåé: T. Áàíàõ, Ò. Ðàäóë, Î. Ãóòiê, Î. Íèêèôîð÷èí, �. Ïåíöàê, À. Òåëåéêî, Î. Ïi-
õóðêî, Î. Ðàâñüêèé, Ð. Êîæàí, Í. Ïèð÷, I. Ñòàñþê, Í. Ìàçóðåíêî, Î. Ãðèíiâ, Î. ×åð-
âàê, Ñ. Áàðäèëà òà áàãàòî iíøèõ.

Ñïiëüíå çàñiäàííÿ Ëüâiâñüêîãî òà Ðèæñüêîãî òîïîëîãi÷íèõ ñåìiíàðiâ
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Äâàäöÿòó ði÷íèöþ çàñíóâàííÿ Ëüâiâñüêîãî òîïîëîãi÷íîãî ñåìiíàðó âiäçíà÷èëè
ñïåöiàëüíèì âèïóñêîì æóðíàëó �Topology and its Applications� � íàéàâòîðèòåòíiøî-
ãî òîïîëîãi÷íîãî æóðíàëó â ñâiòi. Ïðîáëåìàì Ëüâiâñüêîãî òîïîëîãi÷íîãî ñåìiíàðó
òàêîæ ïðèñâÿ÷åíèé ðîçäië êíèãè �Open Problem in Topology II� âèäàâíèöòâà Elsevier,
ÿêà âèéøëà ó ñâiò 2007 ðîêó.

Àâòîðåôåðàò äîêòîðñüêî¨ äèñåðòàöi¨ Ì. Ì. Çàði÷íîãî

Êðiì òîïîëîãi÷íîãî ñåìiíàðó, Ì. Çàði÷íèé áóâ îäíèì çi ñïiâçàñíîâíèêiâ ñåìi-
íàðó ç òåîði¨ êàòåãîðié i òåîði¨ òîïîñiâ (ÿêèé âiäâiäóâàëè òàêîæ äåÿêi àëãåáðèñòè,
çîêðåìà Ì. ß. Êîìàðíèöüêèé òà Â. I. Àíäðié÷óê). Íàáóòi íà öüîìó ñåìiíàði çíàí-
íÿ Ì. Çàði÷íèé çàñòîñîâóâàâ äëÿ âèâ÷åííÿ ôóíêòîðiâ, ÿêi ïðèðîäíî âèíèêàþòü ó
òîïîëîãi¨. Çîêðåìà, âií çàéíÿâñÿ äîñëiäæåííÿì ìîíàäè÷íèõ ôóíêòîðiâ, òîáòî ôóí-
êòîðiâ, ÿêi äîïîâíþþòüñÿ äî ìîíàäè. Îòðèìàíi ó öüîìó íàïðÿìi ðåçóëüòàòè ñòàëè
îñíîâîþ äîêòîðñüêî¨ äèñåðòàöi¨ �Ôóíêòîðû, áëèçêèå ê íîðìàëüíûì, è òîïîëîãèÿ ìî-
íàä â êàòåãîðèè êîìïàêòîâ�, ÿêó Ì. Çàði÷íèé çàõèñòèâ 1992 ðîêó â Ìîñêîâñüêîìó
äåðæàâíîìó óíiâåðñèòåòi.
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Çàêîðäîííi ñòàæóâàííÿ

Ó 90-õ�2000-õ ðîêàõ Ì. Çàði÷íèé ìàâ äåêiëüêà òðèâàëèõ çàêîðäîííèõ ñòàæó-
âàíü. Çîêðåìà, ó 1996 ðîöi ïiâðîêó ïðîõîäèâ ñòàæóâàííÿ â Óíiâåðñèòåòi Ñàñêà÷åâàíó
â Êàíàäi, äå ñïiâïðàöþâàâ ç âiäîìèìè ìàòåìàòèêàìè ×è î iäçå òà Òèì÷àòèíîì. Ó
2000�2002 i ïiçíiøå â 2009 i 2012 ïåðåáóâàâ íà ïiâði÷íèõ ñòàæóâàííÿõ â Óíiâåð-
ñèòåòi Ôëîðèäè â Ñïîëó÷åíèõ Øòàòàõ Àìåðèêè, äå ñïiâïðàöþâàâ ç Àëåêñàíäðîì
Äðàíiøíiêîâèì (çà äåÿêèìè îöiíêàìè, íàéñèëüíiøèì òîïîëîãîì ñó÷àñíîñòi).

Ì. Çàði÷íèé, E. Tymchatyn, À. Chigogidze Ì. Çàði÷íèé, À. Dranishnikov

Iç êîæíîãî ñòàæóâàííÿ Çàði÷íèé ïðèâîçèâ íîâi iäå¨ òà íîâi íàïðÿìè äîñëiäæåíü,
ÿêi âäàëî ïðèæèâàëèñÿ òà ðîçâèâàëèñÿ íà ëüâiâñüêîìó  ðóíòi.

Àäìiíiñòðàòèâíà ðîáîòà

Ó 1992 ðîöi Ì. Çàði÷íèé, ÿê ìîëîäîãî äîêòîðà íàóê (ó âiöi 34 ðîêiâ) îáðàëè
çàâiäóâà÷åì êàôåäðè àëãåáðè i òîïîëîãi¨. Ïiä éîãî êåðiâíèöòâîì êàôåäðà çàçíàëà
ñòðiìêîãî ðîçâèòêó. Çîêðåìà, ñòàíîì íà 2002 ðiê íà êàôåäði âæå ïðàöþâàëî 5 äîêòî-
ðiâ íàóê: À. Àíäðié÷óê, Î. Àðòåìîâè÷, Ò. Áàíàõ, Ì. Çàði÷íèé, Ì. Êîìàðíèöüêèé.
Òîìó ó 2003 ðîöi êåðiâíèöòâî óíiâåðñèòåòó ïðèéíÿëî ðiøåííÿ ïðî ïîäië êàôåäðè íà
êàôåäðó àëãåáðè i ëîãiêè òà êàôåäðó ãåîìåòði¨ i òîïîëîãi¨, íåçìiííèì çàâiäóâà÷åì
ÿêî¨ (äî 2015 ðîêó) áóâ Ì. Ì. Çàði÷íèé.

Ó 2004 ðîöi Ì. Ì. Çàði÷íîãî îáèðàëè äåêàíîì ìåõàíiêî-ìàòåìàòè÷íîãî ôà-
êóëüòåòó. Ïiä éîãî êåðiâíèöòâîì ìåõàíiêî-ìàòåìàòè÷íèé ôàêóëüòåò ïåðåæèâ (áåç
çíà÷íèõ êàäðîâèõ âòðàò) äâi ðåâîëþöi¨ (Ïîìàðàí÷åâó 2004/2005 ð. òà Ðåâîëþöiþ
Ãiäíîñòi 2013/2014). Ó 2016 ðîöi Ìèõàéëî Çàði÷íèé ïåðåéøîâ íà ïîñàäó ïðîôåñîðà
êàôåäðè ãåîìåòði¨ i òîïîëîãi¨, à òàêîæ ïðîäîâæèâ ïðàöþâàòè ïðîôåñîðîì ìàòåìà-
òèêè ó Æåøóâñüêîìó óíiâåðñèòåòi (Ïîëüùà).
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Ì. Ì. Çàði÷íèé, äåêàí ìåõàíiêî-ìàòåìàòè÷íîãî ôàêóëüòåòó, 2015 ðiê

Ìàòåìàòè÷íi ðåçóëüòàòè Ì. Ì. Çàði÷íîãî

ßê âiäîìî, ìàòåìàòèêiâ óìîâíî ìîæíà ïîäiëèòè íà äâi êàòåãîði¨: îäíèì êðàùå
äà¹òüñÿ ðîçâ'ÿçàííÿ êîíêðåòíèõ çàäà÷, iíøèì � ñòâîðåííÿ òåîði¨ òà íîâèõ ïîíÿòü.
Ìèõàéëî Çàði÷íèé ïî¹äíó¹ â ñîái îáèäâà òèïè, õî÷à çàâäÿêè åðóäèöi¨ òà øèðîòi
ìèñëåííÿ òÿæi¹ äî ñòâîðåííÿ òåîðié, ðîáèòü öå ëåãêî òà ãðàöiîçíî � ëàêîíi÷íèìè
ìàçêàìè âèîêðåìëþ¹ êëþ÷îâi ïîíÿòòÿ i ðåçóëüòàòè, çàëèøàþ÷è øèðîêå ïîëå äiÿëü-
íîñòi ñâî¨ì ïîñëiäîâíèêàì. Éîìó íàëåæàòü ôóíäàìåíòàëüíi êîíöåïöi¨ òà ðåçóëüòà-
òè â íåñêií÷åííî-âèìiðíié òîïîëîãi¨, òîïîëîãi÷íié òåîði¨ ôóíêòîðiâ, àñèìïîòè÷íié
òîïîëîãi¨, òåîði¨ âèìiðiâ, òåîði¨ ïðîäîâæåííÿ ìåòðèê, íå÷iòêié òîïîëîãi¨, òðîïi÷íié
ìàòåìàòèöi.

Ùå â àñïiðàíòñüêi ðîêè ïiä âïëèâîì Â.Â. Ôåäîð÷óêà òà �.Â. Ùåïiíà Çàði÷íèé
çàöiêàâèâñÿ ôóíêòîðiàëüíèìè êîíñòðóêöiÿìè â òîïîëîãi÷íèõ êàòåãîðiÿõ. Êðiì çãà-
äàíèõ ðàíiøå ðåçóëüòàòiâ ïðî çáåðåæåííÿ ANR-êîìïàêòiâ, âií íåçàáàðîì äîâîäèòü,
ùî ñòåïåíåâèé ôóíêòîð ¹ ¹äèíèì ìóëüòèïëiêàòèâíèì íîðìàëüíèì ôóíêòîðîì, à
òàêîæ äîâîäèòü õàðàêòåðèçàöiþ ôóíêòîðiâ G-ñèìåòðè÷íîãî ñòåïåíÿ ÿê âiäêðèòèõ
(åêâiâàëåíòíî, áiêîìóòàòèâíèõ) ôóíêòîðiâ ñêií÷åííîãî ñòåïåíÿ [18, 36]. Ïiä âïëè-
âîì Ì. ß. Êîìàðíèöüêîãî Çàði÷íèé ðîçãëÿäà¹ íîðìàëüíi òà áëèçüêi äî íèõ ôóíêòî-
ðè ç òî÷êè çîðó ìîíàäîëîãi¨. Âií, çîêðåìà, õàðàêòåðèçó¹ ìîíàäó ñóïåððîçøèðåííÿ
òà ¨¨ àëãåáðè [17], äîñëiäæó¹ ãåîìåòðiþ âiäîáðàæåííÿ ìíîæåííÿ ðiçíèõ ìîíàä, ïî-
ðîäæåíèõ íîðìàëüíèìè òà áëèçüêèìè äî íèõ ôóíêòîðàìè [21, 23]. Óçàãàëüíþþ÷è
ðåçóëüòàòè Ìèõàéëà Çàði÷íîãî ïðî iòåðîâàíi ñóïåððîçøèðåííÿ, ¨õí¹ ïîïîâíåííÿ òà
êîìïàêòèôiêàöi¨ [12, 16], Â. Â. Ôåäîð÷óê çàïðîâàäèâ ïîíÿòòÿ öiëêîì ìåòðèçîâíîãî
òà äîñêîíàëî ìåòðèçîâíîãî ôóíêòîðà i äîñëiäèâ öi ïîíÿòòÿ ç òî÷êè çîðó íåñêií÷åí-
íîâèìiðíî¨ òîïîëîãi¨.

Íèçêà ðåçóëüòàòiâ Ì. Çàði÷íîãî ïîâ'ÿçàíà ç òåîði¹þ ïîãëèíàþ÷èõ ìíîæèí ó
íåñêií÷åííîâèìiðíèõ ìíîãîâèäàõ [43, 44, 49, 52, 53, 54, 56], ÿêó ðîçâèíóëè Ì. Áåñò-
âiíà òà �. Ìîãiëüñüêèé. Ó öüîìó íàïðÿìi iíòåíñèâíî ïðàöþþòü ëüâiâñüêi ìàòåìàòèêè
Ò. Áàíàõ, Ò. Ðàäóë, Ì. Çàði÷íèé, à òàêîæ âiäîìèé ôðàíöóçüêèé ìàòåìàòèê Ð. Êîòi,
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ÿêèé íåîäíîðàçîâî áóâàâ ó Ëüâîâi. Ìèõàéëî Çàði÷íèé ïîáóäóâàâ óíiâåðñàëüíå âi-
äîáðàæåííÿ ïåðåäãiëüáåðòîâèõ ïðîñòîðiâ [45], ÿêå äàëî çìîãó ðîçâ'ÿçàòè äåÿêi ïðîá-
ëåìè â òåîði¨ ïîãëèíàþ÷èõ ïðîñòîðiâ, çîêðåìà, ïîáóäóâàòè óíiâåðñàëüíi ïðîñòîðè â
àáñîëþòíèõ áîðåëiâñüêèõ i ïðîåêòèâíèõ êëàñàõ. Âiäïîâiäíi ðåçóëüòàòè âií îäåðæàâ
òàêîæ i ó ñêií÷åííîâèìiðíîìó âèïàäêó [49].

Ïîëüñüêèé ìàòåìàòèê ×åñëàâ Áåññà à ïiä ÷àñ ñâîãî âèñòóïó íà òîïîëîãi÷íîìó
ñåìiíàði ñôîðìóëþâàâ çàäà÷ó ïðî iñíóâàííÿ ëiíiéíîãî îïåðàòîðà ïðîäîâäåííÿ (ïñåâ-
äî)ìåòðèê. Ïîâíèé ðîçâ'ÿçîê öi¹¨ çàäà÷i îäåðæàâ Ò. Áàíàõ, à íåçàáàðîì Ì. Çàði÷íèé
çàïðîïîíóâàâ êîðîòêå äîâåäåííÿ [48], ÿêå  ðóíòó¹òüñÿ íà îäíîìó ðåçóëüòàòi Áåññà è
i Ïåë÷èíñüêîãî. Ïiçíiøå Çàði÷íèé i Å. Òèì÷àòèí [74] äîâåëè iñíóâàííÿ îïåðàòîðiâ
ïðîäîâæåííÿ äëÿ ïñåâäîìåòðèê çi çìiííîþ îáëàñòþ âèçíà÷åííÿ. Ó öié òåìàòèöi áà-
ãàòî âàæëèâèõ ðåçóëüòàòiâ îäåðæàâ I. Ñòàñþê.

Êîíñòðóêöiþ óíiâåðñàëüíîãî ïðîñòîðó [53], ÿêó Ì. Çàði÷íèé çàïðîïîíóâàâ äëÿ
êîãîìîëîãi÷íîãî âèìiðó, êàíàäñüêî-àìåðèêàíñüêèé ìàòåìàòèê À. ×è î iäçå ðîçâè-
íóâ äëÿ âñiõ òàê çâàíèõ åêñòåíñiîíàëüíèõ âèìiðiâ. ×è î iäçå i Çàði÷íèé îòðèìàëè
âàæëèâi ðåçóëüòàòè [57] ó òåîði¨ åêñòåíñiîíàëüíîãî âèìiðó, çîêðåìà äîâåëè ìåòðè-
çîâíiñòü [L]-âèìiðíèõ êîìïàêòiâ, ùî ¹ àáñîëþòíèìè îêîëîâèìè åêñòåíçîðàìè ó âè-
ìiði L].

Ì. Çàði÷íèé ïîáóäóâàâ òàêîæ íåìåòðèçîâíèé àíàëîã çãàäàíîãî âèùå óíiâåð-
ñàëüíîãî âiäîáðàæåííÿ [28]. Ò. Áàíàõ i Ä. Ðåïîâø ïîáóäóâàëè ëiíiéíó ðåàëiçàöiþ
öüîãî àíàëîãà (âîíè íàçâàëè éîãî universal Zarichnyi map) òà ïîêàçàëè âiäñóòíiñòü ó
íüîãî ëîêàëüíî¨ ñàìîïîäiáíîñòi.

Ó êiíöi 90-õ ðîêiâ Çàði÷íèé ïî÷àâ çàéìàòèñÿ àñèìïòîòè÷íîþ òîïîëîãi¹þ, îñíî-
âè ÿêî¨ çàêëàâ âèäàòíèé àìåðèêàíñüêèé ìàòåìàòèê À. Äðàíiøíiêîâ. Ó ñïiëüíié
ñòàòòi [71] �Universal spaces for asymptotic dimension�, îïóáëiêîâàíié 2004 â æóðíàëi
�Topology and its Application�, ïîáóäîâàíî óíiâåðñàëüíèé ïðîñòið â òåîði¨ àñèìïòî-
òè÷íîãî âèìiðó �ðîìîâà. Îäèí ç íàñëiäêiâ öi¹¨ êîíñòðóêöi¨ � ðiâíiñòü àñèìïòîòè÷íèõ
âèìiðiâ asdim = asind = asInd � àíàëîã êëàñè÷íîãî ðåçóëüòàòó òåîði¨ âèìiðó äëÿ ïiä-
ìíîæèí åâêëiäîâèõ ïðîñòîðiâ. Ðàçîì ç ß. Êóöàáîì Ì. Çàði÷íèé ðîçâèíóâ òåîðiþ
àñèìïòîòè÷íîãî ñòåïåíåâîãî âèìiðó [117]. Ç iíiöiàòèâè I. Ïðîòàñîâà îïóáëiêîâàíî
ìîíîãðàôiþ ½General Asymptology�, äå ðîçãëÿíóòî çàãàëüíi àñïåêòè àñèìïòîòè÷íî¨
òîïîëîãi¨.

Ó ìàòåìàòè÷íié åêîíîìiöi, çîêðåìà, ó òåîði¨ êîðèñíîñòi òà òåîði¨ ðiâíîâàãè, âàæ-
ëèâó ðîëü âiäiãðàþòü êîíñòðóêöi¨ íåàäèòèâíèõ ìið. Ì. Çàði÷íèé òà Î. Íèêèôîð÷èí
[94] äîñëiäæóâàëè ôóíêòîð ¹ìíîñòåé ó êàòåãîði¨ êîìïàêòiâ i äîâåëè äëÿ öüîãî ôóíê-
òîðà àíàëîãè âëàñòèâîñòåé, âiäîìèõ ðàíiøå äëÿ ôóíêòîðà éìîâiðíiñíèõ ìið, çîêðå-
ìà, äîâåëè âiäêðèòiñòü ôóíêòîðà ¹ìíîñòåé [107]. Ðàçîì çi ñâî¨ì ó÷íåì Ð. Êîæàíîì,
ïðîôåñîðîì Âîðiêñüêîãî Óíiâåðñèòåòó, Çàði÷íèé ðîçãëÿíóâ iãðè çi çíà÷åííÿìè â ¹ì-
íîñòÿõ i äîâiâ äëÿ íèõ àíàëîãè òåîðåì ïðî ðiâíîâàãó Íåøà äëÿ iãîð çi çìiøàíèìè
ñòðàòåãiÿìè [95]. Öþ òåìàòèêó ïiçíiøå óñïiøíî ïðîäîâæèâ Ò. Ðàäóë.

Iíøèé êëàñ íåàäèòèâíèõ ìið, ÿêi ðîçãëÿäàâ Ì. Çàði÷íèé, � iäåìïîòåíòíi ìi-
ðè àáî ìiðè Ìàñëîâà. Ñåðåä ðåçóëüòàòiâ,ÿêi îäåðæàíi ó öüîìó íàïðÿìi, � òåîðåìà
ïðî âiäêðèòi âiäîáðàæåííÿ iäåìïîòåíòíèõ ìið [102, 103], à òàêîæ òåîðåìà [136] ïðî
iñíóâàííÿ iíâàðiàíòíèõ iäåìïîòåíòíèõ ìið äëÿ iòåðîâàíèõ ñèñòåì ôóíêöié (ðàçîì ç
Í. Ìàçóðåíêî).
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Ïîåçiÿ òà ìóçèêà

Ìèõàéëî Çàði÷íèé ¹ íàî÷íèì âòiëåííÿì êðèëàòîãî âèñëîâó Âåé¹ðøòðàññà �íå-
ìîæëèâî áóòè äîáðèì ìàòåìàòèêîì, íå áóäó÷è ïîåòîì ó äóøi�, à ïîåòîì Çàði÷íèé
¹ íå ëèøå ó äóøi. Â éîãî ïîåòè÷íîìó äîðîáêó òðè äðóêîâàíi ïîåòè÷íi çáiðêè: �Âåð-
áàëiçàöiÿ Âåðáîëîçó� (2008), �Êðàùå Ìåíøå� (2013), �Ïðîñòî Ñòî Ñòîðiíîê� (2017),
ÿêi æâàâå îáãîâîþâàëè â ëiòåðàòóðíîìó ñåðåäîâèùi. Ôåíîìåíó ïîåòè÷íî¨ òâîð÷îñòi
Çàði÷íîãî ïðèñâÿ÷åíî ðîçäië êàíäèäàòñüêî¨ äèñåðòàöi¨ Þëi¨ Ïî÷èíîê �Óêðà¨íñüêà
åêñïåðèìåíòàëüíà ïîåçiÿ êiíöÿ ÕÕ � ïî÷àòêó ÕÕI ñòîëiòòÿ: òåêñò, êîíòåêñò, iíòåð-
òåêñò�, ÿêó âîíà çàõèñòèëà 2015 ðîêó íà êàôåäði òåîði¨ ëiòåðàòóðè òà ïîðiâíÿëüíîãî
ëiòåðàòóðîçíàâñòâà ó Ëüâiâñüêîìó íàöiîíàëüíîìó óíiâåðñèòåòi iìåíi Iâàíà Ôðàíêà.
Ïðî òâîð÷iñòü Çàði÷íîãî ïèñàëè Ìèêîëà Iëüíèöüêèé, Àíäðié Ñîäîìîðà, Iâàí Ëó÷óê,
Âàëåðié Áåäðèê òà Þðié Ãîðáëÿíñüêèé.

Îñü âiäãóê ïðî òâîð÷iñòü Ì. Çàði÷íîãî æèâîãî êëàñèêà ñó÷àñíî¨ óêðà¨íñüêî¨
ëiòåðàòóðè Þðiÿ Àíäðóõîâè÷à: �Çáiðêà ïîåçié Ìèõàéëà Çàði÷íîãî �Ïðîñòî ñòî ñòî-
ðiíîê�, ÷è, ÿê ¨¨ âñòèãëè ëþáîâíî íàðåêòè øàíóâàëüíèêè, �Òðè ïî ñòî�, ñòàëà äëÿ
ìåíå àáñîëþòíèì âiäêðèòòÿì ðîêó. Àâòîð, âèäàòíèé ó÷åíèé-ìàòåìàòèê (i ñàìå â
öié iïîñòàñòi âèçíàíèé òà âèñîêî ïîöiíîâàíèé ìiæíàðîäíîþ íàóêîâîþ ñïiëüíîòîþ),
çàÿâèâ ïðî ñåáå i ÿê ïðî íàäçâè÷àéíî âèòîí÷åíîãî, âèíàõiäëèâîãî òà ïðîíèêëèâîãî
ïîåòà. Íåîàâàí àðäíå êîëàæóâàííÿ ìîâ, îãîëåííÿ ñëiâ äî ¨õíüî¨ ñóòi i âiëüíi ïîëüîòè
â êîñìîñàõ ïîñòñó÷àñíîñòi � âñå öå ðîáèòü êíèæêó Çàði÷íîãî ñóöiëüíèì ïîåòè÷íèì
øåäåâðîì�.

Ìèõàéëî Çàði÷íèé àêòèâíî ðîçâèâà¹ æàíð òàê çâàíî¨ âiçóàëüíî¨ ïîåçi¨ (çáiðêè
�ß ÏRÎ ß�), ÷îìó áóëî ïðèñâÿ÷åíî äåêiëüêà âèñòàâîê ó Ëüâiâñüêîìó óíiâåðñèòåòi
(ÿê êàæóòü, êðàùå ðàç ïîáà÷èòè, íiæ 100 ðàçiâ ïî÷óòè).
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Íåáóäåííèìè ¹ éîãî ïðîçîâi òâîðè: (ÿê íàçèâà¹ éîãî ñàì àâòîð) ïîëiòíå-
êîðåêòíèé ðîìàí-ïëàãiàò �Ëüâîâ/Lwow� òà çáiðêà �Óíiâåðñèòåòñüêèõ îïîâiäîê�, ùî
áóëà îïóáëiêîâàíà â ëiòåðàòóðíîìó æóðíàëi �Äçâií� ó 2017 ðîöi.

Ìèõàéëî Ìèõàéëîâè÷ íå óÿâëÿ¹ ñâîãî æèòòÿ áåç ìóçèêè òà ìóçèêóâàííÿ. Ãðàòè
íà ãiòàði âií ïî÷àâ ùå ó øêîëi i ç òîãî ÷àñó íå ðîçëó÷à¹òüñÿ ç íåþ. Ìèõàéëî Çàði÷íèé
ïèøå ïiñíi, ÿêi âèêîíó¹ íà âëàñíèõ êîíöåðòàõ. Íà ìîòèâè îäíi¹¨ ìåëîäi¨ Ìèõàéëà
Çàði÷íîãî âiäîìèé ëüâiâñüêèé êîìïîçèòîð Áîãäàí Êîòþê íàïèñàâ ñèìôîíi÷íå ðîí-
äî �Ïîâåðòàþñü ó Ëüâiâ�, ÿêå âèêîíóâàâ êàìåðíèé îðêåñòð �Âiðòóîçè Ëüâîâà�. Ùå
îäíèì ðåçóëüòàòîì òâîð÷î¨ ñïiâïðàöi Ìèõàéëà Çàði÷íîãî òà Áîãäàíà Êîòþêà ñòàëè
äâi îðãàííi åïiòàôi¨: Iâàíîâi Ôðàíêîâi äî ñëiâ éîãî ïîåçi¨ �Ìî¨é íå ìî¨é� òà Äæîíî-
âi Ëåííîíîâi â äóåòi îðãàíà ç ôëåéòîþ Ïàíà (çàïèñ âiäïîâiäíîãî äèñêó çðîáëåíî ó
âåðåñíi 2016 ðîêó ó Áóäèíêó îðãàííî¨ òà êàìåðíî¨ ìóçèêè).

Ãðîìàäñüêà äiÿëüíiñòü

Âiä 2003 ðîêó Ìèõàéëî Çàði÷íèé ¹ ÷ëåíîì Ðîòàði-êëóáó �Ëüâiâ�Ëåîïîëiñ�, à â
2013/2014 ðîöi áóâ éîãî ïðåçèäåíòîì. Âàðòî çàçíà÷èòè, ùî ÷ëåíàìè Ðîòàði-êëóáó
ñâîãî ÷àñó áóâ âèäàòíèé ìàòåìàòèê Ñòåôàí Áàíàõ. Ó 2015 ðîöi ïðîôåñîðà Çàði÷íîãî
îáðàëè ïî÷åñíèì àìáàñàäîðîì ìiñòà Ëüâîâà (2015�2017). Ìèõàéëî Çàði÷íèé òàêîæ ¹
àêòèâíèì ÷ëåíîì ìàòåìàòè÷íî¨ êîìiñi¨ ÍÒØ, à ñâîãî ÷àñó âií ¨¨ î÷îëþâàâ. Óâiéøîâ
äî íàãëÿäîâî¨ ðàäè Óêðà¨íñüêîãî ìàòåìàòè÷íîãî òîâàðèñòâà i áàãàòî çóñèëü âiääà¹
ñïðàâi âiäíîâëåííÿ Ëüâiâñüêîãî ìàòåìàòè÷íîãî òîâàðèñòâà.
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Êîäà

Òîæ ïîáàæà¹ìî Ìèõàéëó Ìèõàéëîâè÷ó äîáðîãî çäîðîâ'ÿ òà äîâãèõ ðîêiâ æèò-
òÿ!

À ÿêùî ëàêîíi÷íî, òî � öiíó¹ìî, ïîâàæà¹ìî, ëþáèìî i çàõîïëþ¹ìîñÿ!

Òàðàñ Áàíàõ, Áîãäàí Áîêàëî, Âiêòîðiÿ Áðèäóí, Îëåíà Ãðèíiâ, Iãîð Ãóðàí,
Îëåã Ãóòiê, Íàòàëiÿ Ìàçóðåíêî, Êàòåðèíà Ìàêñèìèê, Îëåã Íèêèôîð÷èí,

ßðîñëàâ Ïðèòóëà, Îëåêñàíäð Ðàâñüêèé, ßðîñëàâ Õîëÿâêà

Êàíäèäàòñüêi äèñåðòàöi¨, çàõèùåíi ïiä êåðiâíèöòâîì
Ì. Ì. Çàði÷íîãî

1. Ë. Ï. Ïëàõòà, Ãîìîëîãèè ôóíêòîðîâ êîíå÷íîé ñòåïåíè, ñîõðàíåíèå ìíîãî-
îáðàçèé è ïðîñòîãî ãîìîòîïè÷åñêîãî òèïà, Ìîñêâà, 1990.
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êàòåãîðíi âëàñòèâîñòi, Ëüâiâ, 1996.

4. �. ß. Ïåíöàê, Çëi÷åííi ïðÿìi ãðàíèöi íå ëîêàëüíî êîìïàêòíèõ àáñîëþòíèõ
åêñòåíçîðiâ òà ñèëüíà óíiâåðñàëüíiñòü, Ëüâiâ, 1997.

5. Î. É. Òêà÷, Ôóíêöiîíàëüíi ïðîñòîðè, ãîìåîìîðôíi ìîäåëüíèì ïðîñòîðàì
íåñêií÷åííîâèìiðíî¨ òîïîëîãi¨, Ëüâiâ, 1998.

6. À. Á. Òåëåéêî, Òîïîëîãî-àëãåáðà¨÷íi ñòðóêòóðè â êàòåãîðíié òîïîëîãi¨ êîì-
ïàêòíèõ ïðîñòîðiâ, Ëüâiâ, 1998.

7. Â. Ñ. Ëåâèöüêà, Àëãåáðî-òîïîëîãi÷íi âëàñòèâîñòi ôóíêòîðiâ, ïîðîäæåíèõ
ôóíêöiîíàëüíèìè ïðîñòîðàìè, Êè¨â, 1999.

8. Í. I. Ìàçóðåíêî, Ïîãëèíàþ÷i ñèñòåìè â ãiïåðïðîñòîðàõ, ïîâ'ÿçàíi ç âèìiðîì
Õàóñäîðôà, Ëüâiâ, 2006.

9. Í. Ì. Ïèð÷, Åêâiâàëåíòíiñòü çà Ìàðêîâèì ïðîñòîðiâ i âiäîáðàæåíü, Ëüâiâ,
2007.

10. I. Ç. Ñòàñþê, Ïðîäîâæåííÿ ìåòðè÷íèõ ñòðóêòóð, Ëüâiâ, 2007.
11. Ð. Â. Êîæàí, Êàòåãîðíi âëàñòèâîñòi ïðîñòîðiâ éìîâiðíîñíèõ ìið òà ãiïåð-

ïðîñòîðiâ âêëþ÷åííÿ, Ëüâiâ, 2008.
12. Â. Ë. Áðèäóí, Àñèìïòîòè÷íi âëàñòèâîñòi àëãåáðà¨÷íèõ ñòðóêòóð, Ëüâiâ,

2009.
13. Î. Á. Øóêåëü, Ãåîìåòðè÷íi âëàñòèâîñòi ôóíêòîðiâ â àñèìïòîòè÷íié êà-

òåãîði¨, Êè¨â, 2010.
14. Î. Á. Ãóáàëü, Àäèòèâíi òà íåàäèòèâíi ìiðè íà óëüòðàìåòðè÷íèõ ïðîñòî-

ðàõ, Iâàíî-Ôðàíêiâñüê, 2011.
15. Ê. Ì. Êîïîðõ, Òîïîëîãi¨ Âi¹òîðiñà òà Âàéñìàíà íà ïðîñòîðàõ ôóíêöié, Êè¨â,

2013.
16. J. Kucab, Asymptotyczne w lasno�sci przestrzeni metrycznych generowane przez

pot�egowe funkcje kontroli, Krak�ow, 2018.
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Äîêòîðñüêi äèñåðòàöi¨, êîíñóëüòàíòîì ÿêèõ áóâ Ì. Ì. Çàði÷íèé
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1. Âñòóï

Ìàòåìàòèêó çäàâíà âèêîðèñòîâóþòü ó ðiçíèõ âèäàõ ìèñòåöòâà (ìóçèêà, òàíåöü,
ìàëÿðñòâî, ñêóëüïòóðà, àðõiòåêòóðà, ëiòåðàòóðà i òåêñòèëü). Âèâ÷åííÿ çâ'ÿçêiâ ìiæ
ìàòåìàòèêîþ i ìèñòåöòâîì ñòàëî ïðåäìåòîì íàóêîâèõ äîñëiäæåíü. Öüîìó ïðèñâÿ-
÷åíà, íàïðèêëàä, îá'¹ìíà ïðàöÿ Î. Â. Âîëîøèíîâà [1], ÿêèé çàõèñòèâ íà öþ òåìó
äîêòîðñüêó äèñåðòàöiþ �Îíòîëîãiÿ êðàñè i ìàòåìàòè÷íi ïî÷àòêè ìèñòåöòâà� íà ôi-
ëîñîôñüêîìó ôàêóëüòåòi ÌÄÓ iìåíi Ì. Â. Ëîìîíîñîâà ó 1993 ðîöi. Âiäíåäàâíà öi¹þ
òåìîþ ïî÷àëè öiêàâèòèñÿ àâòîðè (ìàòåìàòèê i ìèñòåöòâîçíàâåöü), â ÿêèõ ó ìèíó-
ëîìó ðîöi âèéøëî äðóêîì êiëüêà ïóáëiêàöié ïðî ìàòåìàòèêó òà ìèñòåöòâî [2-6].
Òàê ñòàëîñÿ, ùî ó öåé ñàìèé ÷àñ (íåçàëåæíî âiä íàñ) çâ'ÿçêè ìiæ ìàòåìàòèêîþ i
ìèñòåöòâî ñòàëè ïðåäìåòîì çàöiêàâëåííÿ âiäîìîãî óêðà¨íñüêîãî ìàòåìàòèêà, ïîå-
òà i êîìïîçèòîðà Ì. Ì. Çàði÷íîãî, ÿêîìó ó öüîìó ðîöi âèïîâíþ¹òüñÿ 60 ðîêiâ. Öÿ
ñòàòòÿ, â ÿêié ïðîäîâæó¹ìî íàøi äîñëiäæåííÿ, çàòîðêíóâøè íîâó òåìó �Ôðàêòàëè
â ìèñòåöòâi�, ïðèñâÿ÷ó¹òüñÿ Ìèõàéëîâi Çàði÷íîìó.

2010 Mathematics Subject Classi�cation: 00A66

c© Ìàñëþ÷åíêî, Â., Ìàñëþ÷åíêî, Ã.-Æ., 2018
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2. Îñíîâíi íàïðÿìè çàñòîñóâàííÿ ìàòåìàòèêè â ìàëÿðñòâi

Ó öié ñòàòòi çäåáiëüøîãî éòèìåòüñÿ ïðî ìàòåìàòèêó òà ìàëÿðñòâî. Íàì âiäîìi
òàêi íàïðÿìè çàñòîñóâàííÿ ìàòåìàòèêè ó öié ãàëóçi ìèñòåöòâà:

à) â÷åííÿ ïðî ïåðñïåêòèâó;
á) çîëîòèé ïåðåðiç;
â) ìàòåìàòè÷íi ìîòèâè ó òâîð÷îñòi íiìåöüêîãî õóäîæíèêà Àëüáðåõòà Äþðåðà,

çîêðåìà â êàðòèíi �Ìåëàíõîëiÿ� i òâîði �Ïîñiáíèê äî âèìiðþâàííÿ öèðêóëåì
i ëiíiéêîþ� (1625 ðiê);

ã) ìàòåìàòè÷íi iäå¨ ó òâîð÷îñòi íiäåðëàíäñüêîãî õóäîæíèêà Ìàóðiöà Åøåðà;
 ) åñòåòèêà ìàòåìàòè÷íèõ ôîðìóë ó ìèñòåöüêîìó ïðîåêòi �ß � ôîðìóëà� áóêî-

âèíñüêîãî ñêóëüïòîðà i õóäîæíèêà Ñâÿòîñëàâà Âiðñòè;
ä) �×îðíèé êâàäðàò� Êàçèìèðà Ìàëåâè÷à i ñóïðåìàòèçì;
å) çàñòîñóâàííÿ ôðàêòàëiâ.

Ïðî íàïðÿìè à)- ) éøëîñÿ â [6]. Òóò ìè äåòàëüíiøå ðîçãëÿíåìî äâà îñòàííi
íàïðÿìè.

3. Êàçèìèð Ìàëåâè÷ i ñóïðåìàòèçì

Óêðà¨íñüêèé õóäîæíèê ïîëüñüêîãî ïîõîäæåííÿ Êàçèìèð Ìàëåâè÷ (1879-1935)
âiäîìèé ÿê âèçíà÷íèé äiÿ÷ óêðà¨íñüêîãî àâàíãàðäó, çàñíîâíèê ñóïðåìàòèçìó i îäèí
iç ôóíäàòîðiâ êóáîôóòóðèçìó.

Ðèñ. 1. ×îðíèé õðåñò. ×îðíèé êâàäðàò. ×îðíèé êðóã

Ñëîâî ñóïðåìàòèçì, ùî éîãî ââiâ ñàì ìèòåöü, îäíîêîðåíåâå ç âiäîìèì ìàòåìà-
òè÷íèì òåðìiíîì ñóïðåìóì, ùî îçíà÷à¹ òî÷íó âåðõíþ ìåæó ìíîæèíè, òîáòî íàéìåí-
øó ç ¨¨ âåðõíiõ ìåæ. Âîíî ìà¹ ëàòèíñüêèé êîðiíü, ùî îçíà÷à¹ íàéâèùèé, ãðàíè÷íèé,
ïî÷àòêîâèé [7]. Iêîíîþ ñóïðåìàòèçìó [7, 8] ââàæàþòü êàðòèíó Ê. Ìàëåâè÷à, äàòîâà-
íó 1913 ðîêîì, øèðîêî âiäîìó ïiä íàçâîþ �×îðíèé êâàäðàò� (ðèñ. 1). ßê áà÷èìî, íà
ðèñ. 1 Ê. Ìàëåâè÷ âèêîðèñòîâóâàâ i iíøi ãåîìåòðè÷íi ôiãóðè: õðåñò i êðóã. Íà iíøèõ
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êàðòèíàõ òðàïëÿþòüñÿ i òðèêóòíèêè. Ôiãóðè çàôàðáîâàíi íå òiëüêè ÷îðíèì, à é ÷åð-
âîíèì êîëüîðîì. Ñòîñîâíî êàðòèíè �×îðíèé êâàäðàò� âèíèêà¹ ïðèðîäíå ïèòàííÿ:
�Ùî öå îçíà÷à¹?�. Ñàì Ê. Ìàëåâè÷ òëóìà÷èâ ñâîþ êàðòèíó òàê: �Êâàäðàò � âiä÷óòòÿ,
áiëå ïîëå � �Íiùî� ïîçà öèì âiä÷óòòÿì�. Òàêå æ ïèòàííÿ ìîæíà ïîñòàâèòè i ñòîñîâ-
íî iíøèõ êàðòèí Ê. Ìàëåâè÷à: �×îðíèé õðåñò�, �×îðíèé êðóã�. ×èì âiäðiçíÿ¹òüñÿ
òëóìà÷åííÿ �×åðâîíîãî êâàäðàòà� âiä �×îðíîãî êâàäðàòà�, íàïðèêëàä? Çâè÷àéíî,
âiä÷óòòÿ áóâàþòü ðiçíèìè, îòæå, ìîæíà äóìàòè, ùî êîëüîðè ïðî öå ñâiä÷àòü.

Ó Ïåòåðáóðçi ó 2001 ðîöi âèéøîâ âåëèêèé òîì [9] ëiòåðàòóðíèõ òâîðiâ Ê. Ìà-
ëåâè÷à ðîñiéñüêîþ ìîâîþ ïiä íàçâîþ �×åðíûé êâàäðàò�. Äî ðå÷i, Ê. Ìàëåâè÷ íàðî-
äèâñÿ â Êè¹âi, âîëîäiâ óêðà¨íñüêîþ ìîâîþ i ïîçèöiîíóâàâ ñåáå óêðà¨íöåì ïîëüñüêîãî
ïîõîäæåííÿ. Äîñèòü ïîâíó áiîãðàôiþ Ê. Ìàëåâè÷à íàïèñàâ Àíæåé Òóðîâñüêèé [10].
Ôðàãìåíòè öi¹¨ êíèãè â óêðà¨íñüêîìó ïåðåêëàäi Îëåíè Íîâèêîâî¨ ìîæíà çíàéòè â
Iíòåðíåòi.

Êàðòèí ç ãåîìåòðè÷íèì àíòóðàæåì ó Ê. Ìàëåâè÷à áàãàòî: áiëi i ÷åðâîíi êâà-
äðàòè, ÷îðíi i ÷åðâîíi ïðÿìîêóòíèêè òà êðóãè, òðèêóòíèêè ç íàêëàäåíèìè êðóãàìè.
Öiêàâó iíôîðìàöiþ ïðî Ê. Ìàëåâè÷à ïîäàâ Ðîñòèñëàâ Øìàãàëî. Ó ìîíîãðàôi¨ [11,
ñ. 359] â àáçàöi ïðî òàê çâàíèé ñóïðåìàòè÷íèé ÷àéíèê âií çàçíà÷èâ: �Â îñíîâó ôîð-
ìîòâîðåííÿ õóäîæíèê ïîêëàâ ïðÿìèé êóò, êóëþ, êóá, öèëiíäð. Â îñíîâó îðíàìåíòó
� ìàòåìàòè÷íèé, òîáòî �ìàøèííèé� øëÿõ éîãî ñòâîðåííÿ�.

Ïðî çâ'ÿçêè Ê. Ìàëåâè÷à ç Óêðà¨íîþ íàïèñàíî áàãàòî. Âiäïîâiäíà ëiòåðàòóðà
çiáðàíà, íàïðèêëàä, ó çãàäàíîìó ïåðåêëàäi ðîçäiëó êíèæêè À. Òóðîâñüêîãî. Çãàäà-
¹ìî ùå êíèæêó [12] i ñòàòòþ [13] Äìèòðà Ãîðáà÷îâà, ÿêîãî ââàæàþòü íàéâiäîìiøèì
â Óêðà¨íi, à òî é ó ñâiòi, çíàâöåì òâîð÷îñòi Ê. Ìàëåâè÷à.

Ó÷íi Ê. Ìàëåâè÷à Iëëÿ ×àøíèê i Ìèêîëà Ñó¹òií ïðîäîâæóâàëè òðàäèöiþ â÷è-
òåëÿ, âèêîðèñòîâóþ÷è ðiçíi ãåîìåòðè÷íi ôiãóðè ó ñâî¨õ ñóïðåìàòè÷íèõ êîìïîçèöiÿõ.

Ïåðåîñìèñëåííÿ iäåé Ê. Ìàëåâè÷à ¹ i ó òâîðàõ óêðà¨íñüêîãî õóäîæíèêà Äìèòðà
Ãîïàí÷óêà.

Ãåîìåòðè÷íi ìîòèâè ìiñüêèõ ïåéçàæiâ, iíòåð'¹ðiâ òà åêñòåð'¹ðiâ áóäèíêiâ ìîæíà
ïîáà÷èòè ó òâîðàõ áóêîâèíñüêèõ õóäîæíèêiâ Àðòóðà Êîëüíiêà, Ëåîíà Êîïåëüìàíà,
Ïåòðà Ãðèöèêà i Îðåñòà Êðèâîðó÷êà (äèâ [14]).

4. Ôðàêòàëè â ìèñòåöòâi

Õî÷à ïåðøi ïðèêëàäè ôðàêòàëiâ (êàíòîðîâà ìíîæèíà, ñíiæèíêà Êîõà, êèëè-
ìè i ãóáêà Ñåðïiíñüêîãî) ç'ÿâèëèñÿ â ìàòåìàòèöi â êiíöi ÕIÕ ÷è íà ïî÷àòêó ÕÕ
ñòîëiòü, ñàì òåðìií �ôðàêòàë� âèíèê ïîðiâíÿíî íåäàâíî, éîãî ââiâ ó 1975 ðîöi Á.
Ìàíäåëüáðîò [15, ñ. 5]. Âií ðîçãëÿäàâ ôðàêòàëè â øèðîêîìó ðîçóìiííi, ÿêi õàðà-
êòåðèçóþòüñÿ òèì, ùî äëÿ íèõ òîïîëîãi÷íèé âèìið dim(E) íå çáiãàâñÿ ç âèìiðîì
Ãàóñäîðôà-Áåçèêîâè÷à α0(E) [15, ñ. 64], i ó âóçüêîìó ðîçóìiííi, ÿêùî α0(E) íå ¹
öiëèì ÷èñëîì [15, c. 65]. Ïðàöi Á. Ìàíäåëüáðîòà [16, 17] ¹ îñíîâîïîëîæíèìè ó öié
ãàëóçi ìàòåìàòèêè. Âiêiïåäiÿ äà¹ ïîíÿòòÿ ôðàêòàëà ÿê ñàìîïîäiáíî¨ ìíîæèíè [15,
c. 67].

Ñüîãîäíi ïîíÿòòÿ ôðàêòàëà øèðîêî âèêîðèñòîâóþòü ó íàóöi, çîêðåìà ó ôiçèöi
òà áiîëîãi¨ (âiäïîâiäíi ïîñèëàííÿ ¹ ó [15]). Êðiì òîãî, ôðàêòàëè ìàþòü åñòåòè÷íó
ïðèâàáëèâiñòü, ïðî ùî éäåòüñÿ â ïðàöi [18] ç âiäïîâiäíèìè iëþñòðàöiÿìè. Òîìó íå
äèâíî, ùî ôðàêòàëè çàñòîñîâóþòü i â ìèñòåöòâi.
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Áiëîðóñüêèé â÷åíèé Â. À. Øëèê [19] äîñëiäæó¹ ôðàêòàëè â àáñòðàêòíîìó ìè-
ñòåöòâi i äèçàéíi. Ïîíÿòòÿ ôðàêòàë âií òðàêòó¹ äîñèòü øèðîêî ÿê íå ðåãóëÿðíó
ãåîìåòðè÷íó ôiãóðó. Ó ñòàòòi Â. À. Øëèêà ïðîñòåæóþòüñÿ çâ'ÿçêè ôðàêòàëiâ ç
òâîðàìè òàêèõ õóäîæíèêiâ-àáñòàêöiîíiñòiâ: Ôðàíòiøåê Êóïêà (1871�1957), Âàñèëü
Êàíäèíñüêèé (1866�1944), Ïiò Ìîíäðiàí (1872�1944) òà iíøi, ìàéñòðà ãðàôi÷íîãî
äèçàéíó íiìåöüêîãî õóäîæíèêà Àíòîíà Øòàíêîâñüêîãî (1906�1998). Âèêëàä ñóïðî-
âîäæó¹òüñÿ âiäïîâiäíèìè iëþñòðàöiÿìè. Öiêàâî, ùî ôðàêòàëè â òâîðàõ çãàäàíèõ
õóäîæíèêiâ ç'ÿâèëèñÿ çàäîâãî äî Á. Ìàíäåëüáðîòà, ÿêèé ââàæàâ, ùî �ôðàêòàëüíi
ôîðìè ïðèòàìàííi ïðèðîäi âíóòðiøíüî, ãåíåòè÷íî� [19, c. 243], òîìó é íå äèâíî, ùî
âîíè âiäîáðàæåíi ó òâîðàõ ìèñòåöòâà.

Äî ðå÷i, Â. Êàíäèíñüêèé âïëèíóâ íà òâîð÷iñòü ñó÷àñíîãî áóêîâèíñüêîãî õóäî-
æíèêà À. Æèòàðó, âèñòàâêà òâîðiâ ÿêîãî ïiä íàçâîþ �Äîáðèé äåíü Êàíäèíñüêèé�
íåùîäàâíî âiäáóëàñÿ â Õóäîæíüîìó ìóçå¨ ×åðíiâöÿõ.

Äîäàòêîâó iíôîðìàöiþ ïðî ôðàêòàëè â ìèñòåöòâi ìîæíà çíàéòè â [20].

Ðèñ. 2. Ãîáåëåí Îëåíè ×îðíîãóç
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Ôðàêòàëè iíøîãî ðîäó âèêîðèñòàíî â ãîáåëåíàõ áóêîâèíñüêî¨ ìèñòêèíi ç Âà-
øêiâöiâ Îëåíè ×îðíîãóç. Ñâî¨ ÷óäîâi òâîðè âîíà êîìïîíó¹ ç ôðàãìåíòiâ, ÿêi íàçè-
âà¹ ôðàêòàëàìè, ÿê i âèíàéäåíó íåþ òåõíiêó. Çàçíà÷èìî, ùî êàðòèíè íà ¨¨ ãîáåëåíàõ
ñïîðiäíåíi ç ôðàêòàëàìè ÿê ñàìîïîäiáíèìè ôiãóðàìè çàâäÿêè ïîâòîðàì äåÿêèõ åëå-
ìåíòiâ.
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Let ℘(z), sn z be algebraically independent Weierstrass and Jacobi
elliptic functions with algebraic invariants and algebraic elliptic module,
(2ω1, 2ω3) and (4K, 2iK ′) be the main periods of ℘(z) and sn z
respectively, α be an algebraic number di�erent from the poles of
℘(z) and sn z. We estimate from below the simultaneous approximation
of sn(2ω1), sn(α), ℘(4K), and ℘(α).

Key words: simultaneous approximation, Weierstrass elliptic function,
Jacobi elliptic function.

1. Introduction

Let ℘(z) and sn z be the elliptic Weierstrass function and the elliptic Jacobi function,
respectively. Then ℘(z) satis�es the equation (℘′(z))2 = 4℘3(z)-g2℘(z)−g3, the numbers
g2, g3 are called invariants of ℘(z), 2ω1, 2ω3 is a �xed pair of the main periods ℘(z). The
function sn z satis�es the equation (sn′ z)2 = (1− sn2 z)(1− κ2 sn2 z). The number κ is
called the elliptic module of sn z, 0 < κ < 1, the number κ′ = (1 − κ2)1/2 is called its
additional elliptic module. A pair of main the periods sn z is (4K, 2iK ′), whereK, K ′ are
complete elliptic integrals of the �rst kind corresponding to κ, κ′ ([1]). In the present
article we will consider algebraically independent elliptic functions ℘(z) and sn z with

2010 Mathematics Subject Classi�cation: 11J82
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algebraic g2, g3 and κ. Let the periods 2ω1, 4K form a lattice, 2mω1 and 4mK (m ∈ Z)
are di�erent from the poles of sn z and ℘(z).

For d(P ), L(P ) denote the degree and the length of a polynomial P with integer
coe�cients, d(α), L(α) is the degree and the length of algebraic number α [2], α is
di�erent from the poles of ℘(z) and sn z. Let ξi be approximating algebraic numbers,
ni = d(ξi) and Li = L(ξi) be their powers and lengths respectively (i = 1, . . . , 4),
n = degQ(g2, g3,κ, α, ξ1, . . . , ξ4).

Theorem 1. For any algebraic numbers ξ1, . . . , ξ4 the following inequality holds:

(1) |℘(4K)− ξ1|+ | sn(2ω1)− ξ2|+ |℘(α)− ξ3|+ | sn(α)− ξ4| > exp
(
−Λn3T 2

)
,

where

(2) T = max

(
lnL1

n1
+ · · ·+ lnL4

n4
+ 1, lnn

)
,

Λ > 0 is a constant that depends only on g2, g3,κ and α.

Similar estimates for other numbers can be found in [2]�[6].

2. Auxiliary statements

In the following lemma c10, . . . , c15 stand for positive constants that are independent
of n, ni, Li and λ.

Lemma 1 ([1]). If z, w, z + w are admissible values, then

℘(z + w) =
1

4

(
℘′(z)− ℘′(w)

℘(z)− ℘(w)

)2

− ℘(z)− ℘(w), sn(z + w) =
sn z sn′ w + snw sn′ z

1− κ2 sn z2 snw2
.

Lemma 2. For each integer m > 1, there exist polynomials P1,s,l, P2,s,l with the integer

coe�cients such that

ds

d zs
((℘(z)l) = P1,s,l(g2, g3, ℘(z), ℘′(z)),

ds

d zs
((sn z)l) = P2,s,l(κ2, sn z, sn′ z),

degPi,s,l 6 c1(s+ l), L(Pi,s,l) 6 exp(c2s log(s+ l)), i = 1, 2.

Lemma 3. For each integer m > 1, there exist polynomials with the integer coe�cients

P1,m, P2,m, Q1,m, Q2,m such that

℘(mz) =
P1,m(℘(z), g2, g3)

Q1,m(℘(z), g2, g3)
, snmz =

P2,m(sn z, sn′ z)

Q2,m(κ2, sn z)
,

where L(Pi,m), L(Qi,m) 6 exp(c3m
2), degPi,m, degQi,m 6 m2, i = 1, 2.

The proof of Lemma 2 and Lemma 3 for the function ℘(z) is, for example, in [1],
[2], [8], and proof for sn z is similar to the proof for ℘(z).

Lemma 4 ([4]). Let B,P ∈ N, Qp,b ∈ Z[x1, . . . , xn], 0 6 b < B, 0 6 p < P , L(Qp,b) 6 L,
degxi Qp,b 6 Ni; α1, . . . , αn be algebraic numbers, m = degQ(α1, . . . , αn). If P > mB,

then the system of linear equations

P−1∑
p=0

xpQp,b(α1, . . . , αn) = 0, 0 6 b < B,
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has integer rational solutions A0, . . . , AP−1 such that

0 < max |Ai| < 1 + (LP )
mB

P−mB

(
n∏
i=1

(1 +Ni) (L(αi)(1 + d(αi)))
Ni
d(αi)

) mB
P−mB

.

We denote |f(z)|D = sup|z|6D |f(z)|.

Lemma 5 ([5]). Let σ1(z) be the Weierstrass σ-function which corresponds to ℘(z). The
functions σ1(z) and σ1(z)℘(z) is entire functions and for M > 1

|σ1(z)℘(z)|M , |σ1(z)|M 6 c4
M2

.

If ε is a distance from the nearest to z0 pole of sn z and |z0| 6M , then |σ(z0)| > εc5
−M2

.

Lemma 6. Let σ2(z) be the Weierstrass σ-function which corresponds to the function

℘̃(z) associated with sn(z). The functions

σ2((z +K)/
√
e1 − e3), σ2((z +K)/

√
e1 − e3) sn(z)

are entire functions and for M > 1

|σ2((z +K)/
√
e1 − e3) sn(z)||z|6M 6 c6

M2

, |σ2((z +K)/
√
e1 − e3)||z|6M 6 c7

M2

.

If δ is the distance from z0 to the nearest pole of sn(z) and |z0| 6M0, then

|σ2((z + iK ′)/
√
e1 − e3)| > δc8

−M2
0 .

The proof of Lemma 6 is similar to the proof of Lemma 5.

Lemma 7 ([4]). Let R1, R2 ∈ R, 8 < 4R1 < R2, f(z) be analytic in the circle |z| 6 R2,

and E is the set of D2 points belonging to the circle |z| 6 R1 and the distance between

them for each pair of points is not less than ε, 0 < ε < 1. Then

|f(z)||z|6R1
6 2|f(z)||z|6R2

(
4R1

R2

)D2S

+ 2DR−11

(
33R1

εD

)D2S

max
x∈E,06s6S

∣∣∣∣f (s)(x)

s!

∣∣∣∣ .
Lemma 8 ([2]). Let α1, . . . , αn be algebraic numbers, P ∈ Z[x1, . . . , xn], degxi P 6 Ni,
m = degQ(α1, . . . , αn). If P (α1, . . . , αn) 6≡ 0, then

|P (α1, . . . , αn)| > L(P )1−m
n∏
i=1

L(αi)
−Nim
d(αi) .

Lemma 9 ([1], [7]). Let P ∈ C[x1, x2], P (x1, x2) 6≡ 0, be the polynomial of degree not

greater than D1 in x1 and D2 in x2, D1, D2 > 1, ℘(z) and sn z are algebraic independent

elliptic functions. Then the number of zeros of P (℘(z), sn z), taking into account their

multiplicity, for |z| < K does not exceed c9K
2(D1 +D2).

3. Proof of Theorem 1

The proof of Theorem 1 is based on the second Gelfond's method [7, 8]. Suppose
that for a su�ciently large λ ∈ N we have

(3) |℘(4K)− ξ1|+ | sn(2ω1)− ξ2|+ |℘(α)− ξ3|+ | sn(α)− ξ4| < exp
(
−λ7 n3T 2

)
.
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We denote

(4) N2 = [λ3 nT ], S = L = [N2 lnλ].

De�ne a function

(5) F (z) =

L∑
l1=0

L∑
l2=0

Cl1,l2℘
l1(z) snl2 z, Cl1,l2 =

n∑
τ=1

Cl1,l2,τζτ , Cl1,l2,τ ∈ Z,

where ζτ are generating elements of Q(g2, g3,κ, α, ξ1, . . . , ξ4). As in [8], we denote ϕ1(z) =
℘(z + ω1), ϕ2,1(z) = sn(z + K

2 ), ϕ2,2(w) = sn(w + 3K
2 ). Then from the Lemma 1

(6) ℘(z + w) =
1

4

(
ϕ′1(z)− ϕ′1(w)

ϕ1(z)− ϕ1(w)

)2

− ϕ1(z)− ϕ1(w) =
Λ1,1(z, w)

Λ1,2(z, w)
,

(7) sn(z + w) =
ϕ2,1(z)ϕ′2,2(w) + ϕ2,2(w)ϕ′2,1(z)

1− κ2ϕ2
2,1(z)ϕ2

2,2(w)
=

Λ2,1(z, w)

Λ2,2(z, w)
.

From (6), (7) and Lemma 2 it follows that there exist polynomials Gi,s,k,l(z) such
that

(8) Gi,s,k,l(z) =
ds

d ws
(
(Λki,1(z, w)Λli,2(z, w)

)
|w=0,

degGi,s,k,l 6 4(k + l), lnL(Gi,s,k,l) 6 s ln(s(k + l) + c10(s+ k + l)).
Applying the technique of [7], [8] one can deduce from (5), (6), (7), (8) the equality

F (s)(z) =
ds

d ws
(Λ−L1,2 (z, w)Λ−L2,2 (z, w)

(
F (z + w)ΛL1,2(z, w)ΛL2,2(z, w)

)
)|w=0 =

=

s∑
t=0

(
s

t

)
ds−t

d ws−t
(Λ−L1,2 (z, w)Λ−L2,2 (z, w))|w=0

L∑
l1=0

L∑
l2=0

Cl1,l2

t∑
i=0

(
t

i

)
G1,t−i,l1,L−l1(z)×

(9) ×G2,i,l2,L−l2(z) =

s∑
t=0

(
s

t

)
ds−t

d ws−t
(Λ−L1,2 (z, w)Λ−L2,2 (z, w))|w=0Fs,t(z).

Let ξ25 = 4ξ31 − g2ξ1 − g3, ξ26 = (1 − ξ22)(1 − κ2ξ22), ξ27 = 4ξ33 − g2ξ3 − g3,
ξ28 = (1 − ξ24)(1 − κ2ξ24). Applying Lemma 3, denote by Fs,n1,n2

(ξ1, . . . , ξ8) and

Fs,t,n1,n2
(ξ1, . . . , ξ8) the expressions obtained from F (s)(4n1K + 2n2ω1 + α) and

Fs,t(4n1K + 2n2ω1 + α) by the substitution ℘(4K), sn(2ω1), ℘(α), sn(α), ℘′(4K),
sn′(2ω1), ℘′(α), sn′(α) on ξ1, . . . , ξ8. Consider Fs,t,n1,n2(ξ1, . . . , ξ8) for 1 6 n1, n2 6 N ,
0 6 t 6 s 6 S as N2S of linear forms of nL2 variables Cl1,l2,τ . Applying Lemma 4, we
choose Cl1,l2,τ not all equal to zero such that for 1 6 n1, n2 6 N , 0 6 t 6 s 6 S

(10) Fs,t,n1,n2(ξ1, . . . , ξ8) = 0, |Cl1,l2,τ | < exp(c11λ
6 lnλn2T 3).

From (2), (3), (4), (10) we obtain for 1 6 n1, n2 6 N , 0 6 s 6 S

(11) |F (s)(4n1K + 2n2ω1 + α)− Fs,n1,n2(ξ1, . . . , ξ8)| < exp(−1

2
λ7n2T 3).

From (10), (11) for 1 6 n1, n2 6 N , 0 6 s 6 S it follows

(12) |F (s)(4n1K + 2n2ω1 + α)| < exp(−1

2
λ7n2T 3).
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We show that (12) holds for 1 6 n1, n2 6 N , 0 6 s 6 λS.
Let H(z) = F (z)σL1 (z)σL2 ((z + K)/

√
e1 − e3). We will select the least r ∈ N such

that r > 32N(|K|+ |ω1|+ 1), R = 12r. From (2), (4), (5), (10) and Lemma 5 it follows

(13) |H(z)||z|6R < exp(−λ6 lnλn2T 3).

From (13) and Lemma 7 we obtain for 0 6 s 6 λS

(14) |H(s)(z)||z|6r < exp(−1

2
λ6 lnλT 2 lnT ).

From Lemma 6 for a su�ciently small ε in the ε-neighborhood of points 4n1K + α
function σ2((z+K)/

√
e1 − e3) and ε-neighborhood of the points 2n2ω1 +α the function

σ1(z) has no zeros, thus for |n1|, |n2| 6 32N we see that

(15) |σ1(z)|z∈V (ε,4n1K+2n2ω1+α) > exp(−c12λ5 lnλn2T 3),

(16) |σ2((z +K)/
√
e1 − e3)|z∈V (ε,4n1K+2n2ω1+α) > exp(−c13λ5 lnλn2T 3).

The conditions (13)�(16) imply that for 1 6 n1, n2 6 N , 0 6 s 6 λS

(17) |F (s)(4n1K1 + 4n2K2 + α)| < exp

(
−1

3
λ6 lnλn2T 3

)
.

From (11) and (17) for 1 6 n1, n2 6 N and 0 6 s 6 λS it follows

(18) |Fs,n1,n2
(ξ1, . . . , ξ8)| < exp

(
−1

4
λ6 lnλn2T 3

)
.

Considering Fs,t,n1,n2
(ξ1, . . . , ξ8)), 0 6 t 6 s 6 λS, 1 6 n1, n2 6 N, as the value

of the corresponding polynomial in the algebraic points, from Lemma 8 we obtain for
Fs,t,n1,n2(ξ1, . . . , ξ8)) 6= 0 the inequality

(19) |Fs,t,n1,n2
(ξ1, . . . , ξ8))| > exp

(
−λ5 lnλn2T 3

)
.

From (9), (19) we obtain for 1 6 n1, n2 6 N , 0 6 s 6 λS

(20) |Fs,n1,n2(ξ1, . . . , ξ8))| > exp(−2λ5 lnλn2T 3).

Since (18) and (20) are contradictory,
Fs,t,n1,n2

(ξ1, . . . , ξ8)) = 0 for 1 6 n1, n2 6 N , 0 6 t 6 s 6 λS. Then for 1 6 n1, n2 6
N , 0 6 s 6 λS

(21) Fs,n1,n2
(ξ1, . . . , ξ8) = 0.

From (21) it follows that the polynomial F (z) has at least c14λ
7 lnλn2T 2 zeros

(taking into account multiplicity), but according to Lemma 9 the number of zeros can
be at most c15λ

6 lnλn2T 2, therefore for su�ciently large λ ∈ N assumption (3) leads to
the contradiction which proves the theorem.
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We survey and analyze di�erent ways in which bornologies, coarse structures
and uniformities on a group agree with the group operations.

Key words: bornology, coarse structure, uniformity, Stone-�Cech compacti-
�cation.

1. Bornological groups

1.1. Bornological spaces. A family I of subsets of a set X is called an ideal (in the
Boolean algebra PX of all subsets of X) if I is closed under formation of �nite unions
and subsets. If

⋃
I = X then I is called a bornology, so a bornology is an ideal containing

the ideal [X]<ω of all �nite subsets of X.
A bornological space is a pair (X,B) consisting of a set X and a bornology B on X.

Any set Y ∈ B is called bounded. If X ∈ B, then the bornological space (X,B) is bounded.
Any subset Y ⊂ X of a bornological space (X,B) carries the subbornology

B�Y := {B ∈ B : B ⊂ Y },

induced by B.
A bornology B on X is called

• tall if B�Y 6= [Y ]<ω for any in�nite subset Y ;
• antitall if any subset Y /∈ B of X contains an in�nite subset Z ⊆ Y such that
B�Z = [Z]<ω.

2010 Mathematics Subject Classi�cation: 20F69, 22A05, 54E35, 54H35
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By [15, Proposition 1], every bornology is the meet of some tall and antitall
bornologies.

A family B′ ⊆ B is called a base of a bornology B if each set B ∈ B is contained in
some set B′ ∈ B′. Every bornology with a countable base is antitall. In particular, the
bornology of all bounded subsets of a metric space is antitall. We note also that for every
bornology B on X with a countable base, there exists a metric d on X such that B is a
bornology of all bounded subsets of (X, d).

The product of a family of bornological spaces (Xα,Bα), α ∈ A, is the Cartesian
product

∏
α∈AXα of their supports endowed with the bornology generated by the base

{
∏
α∈ABα : (Bα)α∈A ∈

∏
α∈A Bα}.

A mapping f : X → Y between two bornological spaces (X,BX) and (Y,BY ) is
called bornologous if {f(B) : B ∈ BX} ⊂ BY .

A variety is a class of bornological spaces closed under formation of subspaces,
products and bornologous images.

We denote byMsingle the variety of all singletons,Mbound the variety of all bounded
bornological spaces, Mκ the variety of all κ-bounded spaces. For an in�nite cardinal κ, a
bornological space (X,B) is called κ-bounded if each subset B ⊂ X of cardinality |B| < κ
is bounded.

Every variety of bornological spaces coincides with one of the varieties in the chain:

Msingle ⊂Mbound ⊂ · · · ⊂Mκ ⊂ · · · ⊂Mω,

see the proof of Theorem 2 in [16].

1.2. Bornologies on groups. A bornology on a group G is called right (left) invariant
if Bg ⊆ B (resp. gB ⊆ B) for each every g ∈ G. Here Bg = {Bg : B ∈ B} and
gB = {gB : B ∈ B}. A group G endowed with a right (left) invariant bornology is called
a right (left) bornological group.

We say that a group G endowed with a bornology B is a bornological group if the
group multiplication and inversion are bornologous mapping. In this case, B is called a
group bornology. We note that B is a group bornology if and only if for any A,B ∈ B we
have AB−1 ∈ B.

1.3. Duality. Now we endow every group G with the discrete topology and identify
the Stone-�Cech compacti�cation βG of G with the set of all ultra�lters on G. Then the
family

{
A : A ⊆ G

}
, where A = {p ∈ βG : A ∈ p}, forms a base of the topology of

βG. Given a �lter ϕ on G, we denote ϕ = ∩
{
A : A ∈ ϕ

}
, so ϕ de�nes the closed subset

ϕ of βG, and each closed subset K of βG can be obtained in this way: K = ϕ, where
ϕ =

{
A ⊆ G : K ⊆ A

}
.

We use the standard extension [8, Section 4.1] of the multiplication on G to the
semigroup multiplication on βG such that for every p ∈ βG the right shift βG → βG,
x 7→ xp, is continuous, and for every g ∈ G the left shift βG→ βG, x 7→ gx, is continuous.
For ultra�lters p, q ∈ βG their product pq in βG is de�ned by the formula

pq =
{⋃

x∈P xQx : P ∈ p, {Qx}x∈P ⊂ q
}
.

Let G∗ := βG \G be the set of all free ultra�lters on G. It follows directly from the
de�nition of the multiplication in βG that G∗ and G∗G∗ are ideals in the semigroup βG,
and G∗ is the unique maximal closed ideal in G. By Theorem 4.44 from [8], the closure
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K(βG) of the minimal ideal K(G) of βG is an ideal, so K(βG) is the smallest closed

ideal in βG. For the structure of K(βG) and some other ideals in βG see [8, Sections 4,
6].

For an ideal I on a group G and a closed subset K of βG, we put

I∧ = {p ∈ βG : ∀A ∈ I G \A ∈ p} and K∨ = {G \A : A ∈ ϕ, ϕ = K} .

We have the following duality statements:

• I is left translation invariant if and only if I∧ is a left ideal of the semigroup βG;
• I is right translation invariant if and only if (I∧)G ⊆ I∧;
• (I∧)∨ = I;
• I is a bornology if and only if I∧ ⊆ G∗.
Thus, we have the duality between left invariant bornologies on G and closed left

ideals of βG containing in G∗. We say that a subset A of a group G is

• large if G = FA for some F ∈ [G]<ω;
• small if L \A is large for every large subset L of G;
• sparse if for every in�nite subset X of G there exists a �nite subset F ⊂ X such
that

⋂
g∈F gA is �nite.

Theorem 1. For every in�nite group G, the family SmG of all small subsets of G is a

left and right invariant bornology and Sm∧G = K(βG).

This is Theorem 4.40 from [8] in the form given in [17, Theorem 12.5].

Theorem 2. For every in�nite group G, the family SpG of all sparse subsets of G is a
left and right invariant bornology and Sp∧G = G∗G∗.

This is Theorem 10 from [4].
More applications of this duality can be found in [18].
Let B be a group bornology on G. By [23], B∧ is an ideal in βG but the converse

statement does not hold: Sm∧G is an ideal but SmG is not a group bornology.

1.4. Plenty of bornologies. We say that a left invariant bornology B of G is maximal
if G /∈ B but G ∈ B′ for every left invariant bornology B′ on G such that B ( B′.

Theorem 3. For every in�nite group G, of cardinality κ, there are 22
κ

distinct maximal
left invariant bornologies on G.

Proof. By Theorem 6.30 from [8], there exists a family F consisting of |F| = 22
κ

pairwise
disjoint closed left ideals in βG. Each I ∈ F contains some minimal closed left ideal LI .
Then {L∨I : I ∈ F} is the desired family of maximal left invariant bornologies on G. �

Theorem 4 ([14]). Every countable group G admits exactly 2c group bornologies.

By Theorem 6.3.3 from [26], each Abelian group G admits exactly 22
|G|

group
bornologies. However this theorem does not extend to uncountable non-commutative
groups. The following (consistent) counterexample was suggested by Taras Banakh.

Example 1. Under CH there exists a group G of cardinality |G| = c = ω1 admitting

exactly 2c < 22
c

group bornologies.
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Proof. In [29] Shelah constructed a CH-example of a group G of cardinality |G| = c = ω1

such that G = A6641 for any uncountable subset A ⊂ G. This implies that each group
bornology B on G either coincides with PG or is contained in the bornology [G]≤ω of
countable subsets of G. Thus, the number of group bornologies of Shelah's group G

is ≤ 2|[G]≤ω| = 2c. On the other hand, Theorem 4 ensures that this number is ≥ 2c.
Therefore, the number of group bornologies of Shelah's group G is equal to 2c, which is
strictly smaller than 22

c

by known Cantor's Theorem. �

Theorem 4 implies that under the assumption 2ω1 = 2ω, each group G of cardinality

|G| = ω1 has exactly 2c = 22
|G|

group bornologies. This observation shows that the group
from Example 1 cannot be constructed in ZFC.

Theorem 5 ([18]). For every in�nite group G, the following statements hold:

(i) if B is a left invariant bornology on G and B 6= [G]<ω, then there is a left
invariant bornology B′ on G such that [G]<ω ( B′ ( B;

(ii) if G is either countable or Abelian and B is a left and right invariant bornology
on G such that B 6= [G]<ω then there is a left and right invariant bornology B′
on G such that [G]<ω ( B′ ( B;

(iii) if G is the group Sκ of all permutations of an in�nite cardinal κ then there exists
a left and right invariant bornology B on G such that [G]<ω ( B and there are
no left and right invariant bornologies on G between [G]<ω and B.

Theorem 6. Let G be an in�nite group and let B be a group bornology of G such that
B 6= [G]<ω. If G is either countable or Abelian then there is a group bornology B′ such
that [G]<ω ( B′ ( B.

This is Theorem 6.4.1. from [26]. We do not know (Question 6.4.1. in [26]) if Theorem
6 remains true for every in�nite group G, in particular, for G = Sκ.

By [17, Theorem 12.9], every in�nite group can be partitioned into countably many
small subsets.

Question 1. Given an in�nite group G, do there exist a small subset S and a countable
subset A of G such that {aS : a ∈ A} is a covering (partition) of G?

This is so if either G is amenable or G has a subgroup of countable index.

2. Coarse groups

2.1. Balleans and coarse spaces. For a set X a subset ε ⊂ X × X containing the
diagonal MX := {(x, x) : x ∈ X} is called an entourage on X. For two entourages ε, ε′ on
X the sets

ε ◦ ε′ = {(x, z) : ∃y ∈ X (x, y) ∈ ε, (y, z) ∈ ε′} and ε−1 = {(y, x) : (x, y) ∈ ε}.

also are entourages on X.
A family E of entourages on X is called a ball structure if it satis�es two axioms:

(a) for any ε, δ ∈ E the entourage ε ◦ δ−1 is contained in some λ ∈ E ;
(b)

⋃
E = X ×X.

A ball structure E on X is called a coarse structure if it satis�es one additional axiom:
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(c) if ε ∈ E and MX⊆ δ ⊆ ε, then δ ∈ E .
It follows that each coarse structure is a ball structure and each ball structure E on X is
a base of the unique coarse structure

↓E = {δ : ∃ε ∈ E MX⊆ δ ⊆ ε}.

A subfamily E ′ ⊆ E is called a base of a coarse structure E if for every ε ∈ E is contained
in some δ ∈ E ′.

A ballean is a pair (X, E) consisting of a set X and a ball structure E on X. If the
ball structure E is a coarse structure, then the ballean (X, E) is called a coarse space. We
note that coarse spaces can be considered as asymptotic counterparts of uniform spaces
and balleans can be de�ned in terms of balls, see [17], [26].

Let E be a ball structure on a set X. For every x ∈ X and ε ∈ E the set B(x, ε) :=
{y ∈ X : (x, y) ∈ ε} is called the ball of radius ε centered at x.

A subset Y of X is called bounded if there exist x ∈ X and ε ∈ E such that
Y ⊆ B(x, ε). The coarse structure E = {ε ∈ X × X : 4X ⊆ ε} is the unique coarse
structure such that (X, E) bounded.

For a ballean (X, E), each subset Y ⊆ X carries the induced ball structure E�Y :=
{ε ∩ (Y × Y ) : ε ∈ E}. The ballen (Y, E�Y ) is called a subballean of (X, E).

A subset Y of a ballean X is called large (or coarsely dense) if there exists ε ∈ E
such that X = B(Y, ε) where B(Y, ε) =

⋃
y∈Y B(y, ε).

Let (X, E), (X ′, E ′) be balleans. A mapping f : X → X ′ is called coarse if for every
ε ∈ E there exists ε′ ∈ E ′ such that, for every x ∈ X, we have f(B(x, ε)) ⊆ B(f(x), ε′).
If f is surjective and coarse, then (X ′, E ′) is called a coarse image of (X, E). If f is a
bijection such that f and f−1 are coarse mappings, then f is called an asymorphism. Two
balleans (X, E), (X ′, E ′) are called coarsely equivalent if there exist large subsets Y ⊆ X,
Y ′ ⊆ X ′ such that the balleans (Y, E�Y ) and (Y ′, E ′�Y ′) are asymorphic.

To conclude the coarse vocabulary, we take a family {(Xα, Eα) : α < κ} of balleans
and de�ne their product

∏
α<κ(Xα, Eα) as the Cartesian product

∏
α<κXα endowed with

the ball structure consisting of the entourages

{((xα), (yα)) : ∀α ∈ A (xα, yα) ∈ εα}

where (εα)α∈A ∈
∏
α∈A Eα.

For lattices of coarse structures and varieties of coarse spaces, see [19] and [16].
For every ballean (X, E), the family of all bounded subsets of X is a bornology. On

the other hand, for every bornology B on X, there is the smallest by inclusion coarse
structure EB on X such that B is the bornology of all bounded subsets of (X, EB). A
coarse structure E on X is of the form EB if and only if (X, E) is thin: for every ε ∈ E ,
there exists a bounded subset A of (X, E) such that B(x, ε) = {x} for all x ∈ X \A. The
thin coarse structures are also called discrete.

2.2. Coarse structures on groups. We remind that a bornology I on a group G is
a group bornology if and AB−1 ∈ I for all A,B ∈ I. A group bornology I is called
invariant if

⋃
g∈G g

−1Ag ∈ I for each A ∈ I.

Let X be a G-space with an action G × X → X, (g, x) 7→ gx, of a group G. We
assume that G acts on X transitively, take a group bornology I on G and consider the
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coarse structure E(G, I, X) on X generated by the base consisting of the entourages
εA := {(x, y) ∈ X ×X : y ∈ {x} ∪Ax}. In this case B(x, εA) = {x} ∪Ax.

By [10, Theorem 1], for every coarse structure E on X, there exist a group G of
permutations of X and a group ideal I on G such that E = E(G, I, X).

Now let X = G and G acts on X by the left shifts. We denote EI = E(G, I, G).
Thus, every group bornology I on G turns G into the coarse space (G, EI). We note that
a subset A of G is bounded in (G, EI) if and only if A ∈ I.

A group G endowed with a coarse structure E is called left (right) coarse group if,
for every ε ∈ E , there exists ε′ ∈ E such that gB(x, ε) ⊆ B(gx, ε′) (resp. B(x, ε)g ⊆
B(xg, ε′) ) for all x, g ∈ G. Equivalently, (G, E) is a left (right) coarse group if E has a
base consisting of left (right) invariant entourages. An entourage ε is left (right) invariant
if gε = ε (resp. εg = g) for each g ∈ G, where gε = {(gx, gy) : (x, y) ∈ ε)} and
εg = {(xg, yg) : (x, y) ∈ ε)}. For �nitely generated groups, the right coarse groups
(G, E[G]<ω) in metric form play an important role in Geometric Group Theory, see [6,
Chapter 4].

A group G endowed with a coarse structure E is called a coarse group if the group
multiplication (G, E)× (G, E)→ (G, E), (x, y) 7→ xy, and the inversion (G, E)→ (G, E),
x 7→ x−1, are coarse mappings. In this case, E is called a group coarse structure.

The following two statements are taken from [22], see also [26, Chapter 6].

Proposition 1. A group G endowed with a coarse structure E is a right coarse group if
and only if there exists a group bornology I on G such that E = EI .

Proposition 2. For a group G endowed with a coarse structure E, the following condi-
tions are equivalent:

(i) (G, E) is a coarse group;
(ii) (G, E) is a left and right coarse group;
(iii) there exists an invariant group bornology I on G such that E = EI .

Applying Theorem 1.4, we get 22
ℵ0

distinct right coarse structures on any countable
group. For every in�nite group G and any in�nite cardinal κ 6 |G|, the bornology [G]<κ

de�nes an unbounded right coarse structure on G. But if G has only two conjugated
classes then there is only one, bounded, group coarse structure on G.

2.3. Asymorphisms. For an in�nite cardinal κ, we say that two groups G and H are κ-
asymorphic (resp. κ-coarsely equivalent) if the right coarse structures on G and H de�ned
by the bornologies [G]<κ and [H]<κ are asymorphic (resp. coarsely equivalent). In the
case κ = ℵ0, G and H are called �nitarily asymorphic and �nitarily coarsely equivalent,
respectively.

Let us recall that a group G is locally �nite if each �nite subset of G is contained
in a �nite subgroup of G. A classi�cation of countable locally �nite groups up to �nitary
asymorphisms is obtained in [12] (cf. [17, p. 103]).

Theorem 7. Two countable locally �nite groups G1 and G2 are �nitarily asymorphic if
and only if the following conditions hold:

(i) for every �nite subgroup F1 ⊂ G1, there exists a �nite subgroup F2 of G2 such
that |F1| is a divisor of |F2|;
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(ii) for every �nite subgroup F2 of G2, there exists a �nite subgroup F1 of G1 such
that |F2| is a divisor of |F1|.

It follows that there are continuum many distinct types of countable locally �nite
groups and each group is �nitarily asymorphic to some direct sum of �nite cyclic groups.

The following coarse classi�cation of countable Abelian groups is obtained in [2].

Theorem 8. Two countable groups G and H are �nitarily coarsely equivalent if and only
if the torsion-free ranks of G and H coincide and G,H are both either �nitely generated
or in�nitely generated.

In particular, any two countable torsion Abelian groups are �nitarily coarsely equi-
valent.

For κ-asymorphisms, we have the following two results.

Theorem 9 ([25]). For any uncountable cardinal κ, any two groups G,H of cardinality
|G| = κ = |H| are κ-asymorphic.

Theorem 10 ([24]). Let κ be a cardinal and G be an Abelian group of cardinality |G| ≥ κ.
The group G is κ-asymorphic to a free Abelian group. If κ < |G| or κ = |G| is a singular
cardinal, then G is not not κ-coarsely equivalent to a free group. In particular, G is not
κ-asymorphic to a free group.

Theorem 11 ([20]). For every countable group G there are continuum many distinct
classes of �nitarily coarsely equivalent subsets of G.

2.4. Free coarse groups. A class M of groups is a variety if M is closed under
subgroups, products and homomorphic images. We assume that M is non-trivial (i.e.
there exists G ∈M such that |G| > 1) and recall that the a group FM(X) in the variety
M is de�ned by the following conditions: FM(X) ∈M, X ⊂ FM(X), X generates FM(X)
and every mapping X → G, G ∈M can be extended to homomorphism FM(X)→ G.

For a coarse space (X, E), a free coarse group FM(X, E) is de�ned as a coarse group
(FM(X), E ′) such that (X, E) is a subballean of (FM(X), E ′) and every coarse mappi-
ng (X, E) → (G, E ′′), G ∈ M, (G, E ′′) is a coarse group, can be extended to a coarse
homomorphism (FM(X), E ′) → (G, E ′′). The de�nition implies that a free coarse group
is unique up to an asymorphism, which is the identity on X.

The following theorem is proved in [21] with explicit description of the coarse
structure of FM(X, E).

Theorem 12. For every coarse space (X, E) and every non-trivial variety M of groups,
there exists a free coarse group FM(X, E).

2.5. Maximality. A topological space X with no isolated points is called maximal if X
has an isolated point in any stronger topology. A topological group G is called maximal
if G is maximal as a topological space. Every maximal topological group has an open
countable Boolean subgroup, and can be constructed using the Martin Axiom. On the
other hand, the existence of a maximal topological group implies the existence of a P -
point in ω∗, see [11].
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An unbounded coarse space (X, E) is called maximal if X is bounded in every coarse
structure E ′ such that E ⊂ E ′. A coarse group G is called maximal if G is maximal as
a coarse space. If a coarse group (G, I) is maximal then {g2 : g ∈ G} is bounded in
(G, I), and a maximal coarse Boolean group is constructed in [27] under CH, (see also
[26, Chapter 10]), but the following question remains open.

Question 2. Does there exist a maximal coarse group in ZFC?

2.6. Normality. We say that subsets Y, Z of a coarse space (X, E) are asymptotically
disjoint if, for every ε ∈ E the intersection B(Y, ε) ∩B(Z, ε) is bounded.

A subset U ⊂ X of a coarse space (X, E) is called an asymptotic neighborhood of a
set A ⊂ X if the sets A and X \ U are asymptotically disjoint.

A coarse space (X, E) is called normal if any asymptotically disjoint subsets Y,Z ⊂
X have disjoint asymptotic neighborhoods OY , OZ .

Theorem 13 ([13]). For a coarse space (X, E) the following conditions are equivalent:

(1) (X, E) is normal;
(2) for any disjoint and asymptotically disjoint sets Y,Z ⊂ X there exists a slowly

oscillating function f : (X, E)→ [0, 1] such that f(Y ) ⊂ {0} and f(Z) ⊂ {1}.
(3) for each subballean Y of X, every bounded slowly oscillating function f : Y → R

can be extended to a bounded slowly oscillating function on X.

We recall that a real-valued function f : X → R de�ned on a coarse space (X, E)
is slowly oscillating if for any ε ∈ E and real number δ > 0 there exists a bounded set
B ⊂ X such that diamf(B(x, ε)) < δ.

Every metrizable coarse space is normal. More generally, a coarse space is normal
if its coarse structure has a linearly ordered base, see [13]. A partial conversion of this
result for products was recently proved in [3].

Theorem 14. If the product X × Y of two unbounded coarse spaces X,Y is normal,
then the coarse space X × Y has bounded growth and its bornology has a linearly ordered
base.

A coarse space (X, E) is de�ned to have bounded growth if there exists a (multi-
valued) function Φ : X → PX such that for every bounded set B ⊂ X the union⋃
x∈B Φ(x) is bounded and for every entourage ε ∈ E there exists a bounded set D ⊂ X

such that B(x, ε) ⊂ Φ(x) for all x ∈ X \D.

Theorem 15 ([3]). Let κ be an in�nite cardinal and G be a group of cardinality |G| ≥ κ,
endowed with the coarse structure E[G]<κ , generated by the group ideal [G]<κ. If the coarse
space (X, E[G]κ) is normal (and G is solvable), then |G| = κ (and the cardinal κ = |G| is
regular).

2.7. Coarse structures on topological groups. A subset A of a topological group G
(all topological groups are supposed to be Hausdor�) is called totally bounded if, for every
neighborhood U of the identity, there exists a �nite set F ⊂ G such that A ⊆ FU ∩UF .
The group bornology Bτ of all totally bounded subsets of (G, τ) de�nes two (antitall)
coarse structures El and Er generated by the ball structures{
{(x, y) ∈ G×G : y ∈ {x}∪Bx} : B ∈ Bτ

}
and {{(x, y) ∈ G×G : y ∈ {x}∪Bx : B ∈ Bτ

}
,
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respectively.
The following questions are from [7].

Question 3. Given a group bornology B on a group G, how can one detect whether
there exists a group topology τ on G such that B = Bτ?

Let (G, τ) be a topological group. We denote by τ ] the strongest group topology
on G such that Bτ] = Bτ , and say that (G, τ) is b-determined if τ ] = τ . Clearly, every
discrete group is b-determined. A totally bounded group G is b-determined if and only if
τ is the maximal totally bounded topology on G.

Question 4. Given a topological group G, how can one detect whether G is b-determi-
ned?

For the coarse structures El, Er and slowly oscillating functions on locally compact
groups, see [5].

3. Uniform groups

We recall that a family U of subsets of X ×X is a uniformity on a set X if

• MX⊆ u for each u ∈ U ;
• if u, v ∈ U then u ∩ v ∈ U ;
• if u ∈ U and u ⊆ v ⊂ X ×X then v ∈ U .
• for every u ∈ U , there exists v ∈ U such that v ◦ v−1 ⊆ u.
A family F ⊆ U is called a base of U if for every u ∈ U there exists v ∈ F such that

v ⊆ u. A set X, endowed with a uniformity U , is called a uniform space.
We say that a uniformity U on a group G is left (right) invariant if U has a base

consisting of left (right) translation invariant entourages (cf. 2.2).
A �lter ϕ on a group G is called a group �lter if for every A ∈ ϕ there exists B ∈ ϕ

such that BB−1 ∈ ϕ. In this case every set A ∈ ϕ contains the unit e of the group G. If
{ε} ∈ ϕ, then the group �lter ϕ is called principal.

Every group �lter ϕ determines two uniformities Lϕ and Rϕ on G with the bases{
{(x, y) ∈ G×G : y ∈ xA} : A ∈ ϕ

}
and

{
{(x, y) ∈ G×G : y ∈ Ax} : A ∈ ϕ

}
.

Proposition 3. A uniformity U on a group G is right invariant if and only if U = Rϕ
for some group �lter ϕ on G.

We recall that a topological group G is balanced (= SIN) if the left and right uni-
formities on G coincide (= G has a base of invariant neighborhoods of the identity).

Proposition 4. A uniformity U on a group G is left and right invariant if and only if G
endowed with the topology generated by the uniformity U is a balanced topological group.

Example 2. Let H be a topological group and let f be an arbitrary automorphism of
H. Then the semidirect product G = H h 〈f〉 is a right uniform group determined by
the �lter of neighbourhoods of e in H. If f is discontinuous then G is not left uniform.
Now let H be the Cartesian product of in�nitely many copies of Zp. It is easy to �nd a
discontinuous automorphism of order 2 of H. Hence, the right uniform group G contains
a compact topological group of index 2 but G is not a topological group.
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We say that a group G is uniformizable if there is a non-principal group �lter ϕ on
G such that ∩ϕ = {e}.

We recall that a group G is topologizable if G admits a non-discrete (Hausdor�)
group topology. Clearly, every topologizable group is uniformizable, but the class of
uniformizable groups is much wider than the class of topologizable groups. By [30], every
group can be embedded into some non-topologizable group, and if a group G contains a
uniformizable subgroup then G is uniformizable.

Does there exists a non-uniformizable group? In [9], Alexander Olshansky used the
following example to construct a countable non-topologizable group.

Example 3. Let n ≥ 2 be a natural number and m ≥ 665 be an odd number. Let
A(n,m) be the Adian group, see [1]. This group is generated by n elements and has the
following properties:

(a) A(n,m) is torsion free;
(b) the center C of A(n,m) is an in�nite cyclic group, C = 〈c〉;
(c) A(n,m)/C is an in�nite group of period m.

We put G = A(n,m)/〈cm〉, denote by f : A(n,m) → G the quotient map and observe
that if g ∈ G \ {e} then g or gm belongs to the set {f(c), f(c2), . . . , f(cm−1)}. It follows
that if ϕ is a group �lter on G and ∩ϕ = {e} then {e} ∈ ϕ, so G is non-uniformizable.

Question 5. Does every uniformizable group contain a topologizable subgroup?

Question 6. Can one �nd a criterion of uniformizability of countable groups in spirit of
Markov's criterion of topologizability?
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ON THE SPREAD OF TOPOLOGICAL GROUPS CONTAINING
SUBSETS OF THE SORGENFREY LINE
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We prove that any topological group G containing a subspace X of the
Sorgenfrey line has spread s(G) ≥ s(X × X). Under OCA, each topologi-
cal group containing an uncountable subspace of the Sorgenfrey line has
uncountable spread. This implies that under OCA a cometrizable topological
group G is cosmic if and only if it has countable spread. On the other hand,
under CH there exists a cometrizable Abelian topological group that has
hereditarily Lindel�of countable power and contains an uncountable subspace
of the Sorgenfrey line. This cometrizable topological group has countable
spread but is not cosmic.

Key words: Sorgenfrey line, topological group, spread, OCA, CH.

1. Introduction

The main result of this paper is the following theorem answering the problem [2],
posed by the �rst author on MathOver�ow.

Theorem 1. Each topological group containing a topological copy of the Sorgenfrey line
contains a discrete subspace of cardinality continuum.
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We recall that the Sorgenfrey line is the real line endowed with the topology,
generated by the half-intervals [a, b) where a < b are arbitrary real numbers. The
Sorgenfrey line endowed with the (continuous) operation of addition of real numbers
is a classical example of a paratopological group, which is not a topological group, see
[1, 1.2.1]. The Sorgenfrey line has countable spread and shows that Theorem 1 cannot
be generalized to paratopological groups.

Theorem 1 follows from a more re�ned theorem evaluating the spread of a topological
group that contains a topological copy of an uncountable subspace of the Sorgenfrey line.

We recall that for a topological space X the cardinal

s(X) = sup{|D| : D ⊂ X is a discrete subspace of X}

is called the spread of X.

Theorem 2. Assume that a topological group G contains a subspace X, homeomorphic
to an uncountable subspace of the Sorgenfrey line. Then s(G) ≥ s(X ×X).

Theorems 1 and 2 will be proved in Section 2. Theorem 2 has the following corollary
holding under OCA (the Open Coloring Axiom, see [11, �8]).

Corollary 1. Under OCA any topological group G containing an uncountable subspace
X of the Sorgenfrey line has uncountable spread.

Proof. Proposition 8.4(c) of [11] implies that X contains an uncountable subset Z admi-
tting a strictly decreasing function f : Z → X (with respect to the linear order inherited
from the real line). Then D = {(x, f(x)) : z ∈ Z} is a discrete subspace of X ×X and
hence

s(G) ≥ s(X ×X) ≥ |D| = |Z| > ω.

�

We shall apply Corollary 1 to detect cosmic topological groups among cometrizable
topological groups.

A topological space X

• is cosmic if it is a continuous image of a separable metrizable space;
• is cometrizable if X admits a weaker metrizable topology such that each point has
a (not necessarily open) neighborhood base consisting of sets which are closed in
the metric topology.

Cometrizable spaces were introduced by Gruenhage in [8]. The interplay between
cometrizable spaces and other generalized metric spaces was studied in [3] and [4]. It was
proved in [3] and [4] that the class of cometrizable spaces includes all strati�able and
all sequential ℵ0-spaces. On the other hand, there exists a countable (and hence cosmic)
space, which is not cometrizable.

In [8] Gruenhage proved that under PFA a regular cometrizable space X is cosmic
if and only if X has countable spread and contains no uncountable subspace of the
Sorgenfrey line. In [11, 8.5] Todor�cevi�c observed that this characterization remains true
under OCA (which is a weaker assumption than PFA). Unifying Theorem 8.5 [11] of
Todor�cevi�c with Corollary 1, we obtain the following OCA-characterization of cosmic
topological groups.
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Corollary 2. Under OCA, a cometrizable topological group is cosmic if and only if it
has countable spread.

It is interesting that this OCA-characterization of cosmic cometrizable groups does
not hold under the Continuum Hypothesis (brie�y, CH).

Theorem 3. Under CH there exists a cometrizable topological group G that contains an
uncountable subspace of the Sorgenfrey line (and hence is not cosmic) but has hereditarily
Lindel�of countable power Gω (and hence Gω has countable spread).

Theorem 3 will be proved in Section 3.

Remark 1. By [10], there exists a hereditarily Lindel�of topological group G whose square
is not normal. The topological groupG has countable spread but is not cosmic. Corollary 2
implies that the space G is not cometrizable under OCA.

Remark 2. Using the Continuum Hypothesis, Hajnal and Juh�asz [7] constructed a heredi-
tarily separable Boolean topological group G with uncountable pseudocharacter. This
topological group has countable spread (being hereditarily separable) but is not heredi-
tarily Lindel�of and not cosmic (because it has uncountable pseudocharacter).

2. Proof of Theorem 2

Theorems 1 and 2 will be deduced from the following

Lemma 1. Let κ be a cardinal of uncountable co�nality and X be a subspace of the
Sorgenfrey line whose square contains a discrete subspace Γ ⊂ X × X of cardinality
|Γ| = κ. If a topological group G contains a subspace homeomorphic to X, then G contains
a discrete subspace of cardinality κ.

Proof. We shall identify the subspace X of the Sorgenfrey line with a subspace of the
topological group G. For every x ∈ X and a rational number q > x let

[x, q) = {y ∈ X : x ≤ y < q}
be the order half-interval in X. Let also

↑x = {y ∈ X : x ≤ y} .
By the de�nition of the Sorgenfrey topology, the countable family {[x, q) : x < q ∈ Q} is
a neighborhod base at x in the space X.

Since the subspace Γ ⊂ X ×X is discrete, each point (x, y) ∈ Γ has a neighborhood
O(x,y) ⊂ X ×X such that Γ∩O(x,y) = {(x, y)}. Find rational numbers u(x,y), v(x,y) such
that

(x, y) ∈ [x, u(x,y))× [y, v(x,y)) ⊂ O(x,y).

Since the cardinal |Γ| = κ has uncountable co�nality, for some rational numbers u, v the
set

Γ′ =
{

(x, y) ∈ Γ : u(x,y) = u, v(x,y) = v
}

has cardinality |Γ′| = |Γ|. Replacing the set Γ by the set Γ′, we can assume that u(x,y) = u
and v(x,y) = v for all (x, y) ∈ Γ.

Let

Γ1 := {x ∈ X : ∃y ∈ X (x, y) ∈ Γ} and Γ2 = {y ∈ X : ∃x ∈ X (x, y) ∈ Γ}



66
Taras BANAKH, Igor GURAN, Oleksandr RAVSKY

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2018. Âèïóñê 86

be the projections of the set Γ ⊂ X × X onto the coordinate axes. We claim that Γ
coincides with the graph of some strictly decreasing function f : Γ1 → Γ2. First observe
that for any x ∈ Γ1 there exists a unique y ∈ Γ with (x, y) ∈ Γ. Otherwise we could �nd
two real numbers y1 < y2 with (x, y1), (x, y2) ∈ Γ and conclude that

(x, y2) ∈ [x, u)× [y2, v) ⊂ [x, u)× [y1, v) ⊂ O(x,y1),

which contradicts the choice of the neighborhood O(x,y1). This contradiction shows that
Γ coincides with the graph of some function f : Γ1 → Γ2. Let us show that this
function is strictly decreasing. Assuming that this is not true, we could �nd two poi-
nts (x1, y1), (x2, y2) ∈ Γ with x1 < x2 and y1 ≤ y2. Then

(x2, y2) ∈ [x2, u)× [y2, v) ⊂ [x1, u)× [y1, v) ⊂ O(x1,y1),

which contradicts the choice of the neighborhood O(x1,y1).
Therefore the function f : Γ1 → Γ2 is strictly decreasing, which implies that

|Γ1| = |Γ2| = |Γ| = κ.

For any point x ∈ X choose a neighborhood Vx ⊂ G of the unit e of G such that

X ∩ (V −1x Vxx ∪ xVxV −1x ) ⊂ ↑x.

Next, for every point x ∈ X, choose a rational point rx > x such that [x, rx) ⊂ xVf(x)
if x ∈ Γ1 and [x, rx) ⊂ Vf−1(x)x if x ∈ Γ2. Since the cardinal |Γ1| = κ has uncountable

co�nality, for some c, d ∈ Q the set Z =
{
z ∈ Γ1 : rz = c, rf(z) = d

}
has cadinality κ.

We claim that the subspace D := {z · f(z) : z ∈ Z} has cardinality κ and is discrete
in G. For every z ∈ Z consider the neighborhood z(Vz ∩Vf(z))f(z) of the point z ·f(z) in
G. We claim that x·f(x) /∈ z(Vz∩Vf(z))f(z) for any x ∈ Z\{z}. To derive a contradiction,
assume that x · f(x) ∈ zVf(z)f(z) for some x 6= z in Z.

If x > z, then x ∈ [z, rz) ⊂ zVf(z) and

f(x) = x−1xf(x) ∈ x−1zVf(z)f(z) ⊂ V −1f(z)z
−1zVf(z)f(z) = V −1f(z)Vf(z)f(z).

Then

f(x) ∈ X ∩ V −1f(z)Vf(z)f(z) ⊂ ↑f(z)

and f(x) ≥ f(z), which is not possible as x > z and f is strictly decreasing.
If z > x, then f(x) > f(z) and

f(x) ∈ [f(x), rf(x)) = [f(x), d) ⊂ [f(z), d) = [f(z), rf(z)) ⊂ Vzf(z)

and then

x ∈ zVzf(z)f(x)−1 ⊂ zVzf(z)f(z)−1V −1z = zVzV
−1
z ⊂ ↑z

which contradicts z > x. �

Proof of Theorem 1. Assume that a topological group G contains a topological copy
of the Sorgenfrey line S. Observe that the square of S contains a discrete subset Γ =
{(x,−x) : x ∈ S} of cardinality continuum c. By [6, 5.12], the continuum has uncountable
co�nality. Applying Lemma 1, we conclude that the topological group G contains a
discrete subspace of cardinality c. �
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Proof of Theorem 2. Let G be a topological group G containing a subspace X,
homeomorphic to an uncountable subspace of the Sorgenfrey line. Assuming that
s(G) < s(X × X), we conclude that s(X × X) ≥ κ+ for the cardinal κ = s(G). Then
X ×X contains a discrete subspace D of cardinality |D| = κ+, which has uncountable
co�nality. In this case we can apply Lemma 1 and conclude that G contains a discrete
subspace of cardinality κ+, which implies that κ = s(G) ≥ κ+ > κ and this is a desired
contradiction. �

3. Proof of Theorem 3

In this section we prove Theorem 3. But �rst we prove that the Sorgenfrey line S
embeds into a cometrizable topological group. In the proof of this embedding result, we
use the k-separability of S.

A subset D of a topological space X is called k-dense in X if each compact subset
K ⊂ X is contained in a compact set K̃ ⊂ X such that the intersection D ∩ K̃ is dense
in K̃.

A topological space X is de�ned to be k-separable if it contains a countable k-dense
subset.

Lemma 2. The set Q of rational numbers is k-dense in the Sorgenfrey line S.

Proof. Given a compact set K ⊂ S, observe that K is metrizable and hence contains a
countable dense subset {xn}n∈ω ⊂ K. For every n, k ∈ ω �x a rational numbers xn,k such

that xn < xn,k < xn + 1
2n+k . We claim that the subset K̃ = K ∪ {xn,k}n,k∈ω is compact.

Indeed, let U be a cover of K̃ by open subsets of S. For every x ∈ K �nd a set Ux ∈ U with
x ∈ Ux and a real number bx such that [x, bx) ⊂ Ux. By the compactness of K the open
cover {[x, bx) : x ∈ K} of K has a �nite subcover {[x, bx) : x ∈ F} (here F is a suitable
�nite subset ofK). For every x ∈ F the set [x, bx) is closed in S and hence the intersection
K ∩ [x, bx) is compact, which implies that the number εx := bx − max

(
K ∩ [x, bx)

)
is

strictly positive. Choose m ∈ N such that 1
2m < minx∈F εx. Then

K̃ \
⋃
x∈F

[x, bx) ⊂ {xn,k : n+ k ≤ m}

is �nite and hence is contained in the union
⋃
F of some �nite subfamily F ⊂ U . Then

F ∪ {Ux : x ∈ F} ⊂ U is a �nite subcover of K̃, witnessing that the subset K̃ of S is

compact. By the de�nition of K̃, the set K̃ ∩Q ⊃ {xn,k}n,k∈ω is dense in K̃. �

Lemma 2 implies that the Sorgenfrey line is k-separable. Now we prove that for any
k-separable space X and a cometrizable space Y the function space Ck(X,Y ) is cometri-
zable. Here for topological spaces X,Y by Ck(X,Y ) we denote the space of continuous
functions from X to Y , endowed with the compact-open topology, which is generated by
the subbase consisting of the sets

[K,U ] := {f ∈ Ck(X,Y ) : f(K) ⊂ U}
where K is a compact subset of X and U is an open subset of Y .

Lemma 3. For any k-separable space X and any cometrizable space Y the function space
Ck(X,Y ) is cometrizable.
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Proof. Let D be a countable k-dense set in X and τ be a metrizable topology on Y ,
witnessing that the space Y is cometrizable. By Yτ we denote the metrizable topological
space (Y, τ).

The density of the set D in X ensures that the restriction operator

r : Ck(X,Y )→ Y Dτ , r : f 7→ f�D,

is injective. Let σ be the (metrizable) topology on Ck(X,Y ) such that the map

r : (Ck(X,Y ), σ)→ Y Dτ

is a topological embedding. We claim that the topology σ witnesses that the space
Ck(X,Y ) is cometrizable.

Fix any function f ∈ Ck(X,Y ) and an open neighborhood Of ⊂ Ck(X,Y ). Without
loss of generality, Of is of basic form Of =

⋂n
i=1[Ki, Ui] for some non-empty compact

sets K1, . . . ,Kn ⊂ X and some open sets U1, . . . , Un ⊂ Y . For every i ≤ n and point
x ∈ Ki, �nd a neighborhood Vf(x) ⊂ Y of f(x) ∈ Ui whose τ -closure V

τ

f(x) is contained
in Ui. Using the regularity of the cometrizable space Y , �nd two open neighborhoods
Nf(x),Wf(x) of f(x) such that

Nf(x) ⊂Wf(x) ⊂W f(x) ⊂ Vf(x).

By the compactness of Ki, the open cover
{
f−1(Nf(x)) : x ∈ Ki

}
of Ki has a �nite

subcover
{
f−1(Nf(x)) : x ∈ Fi

}
where Fi ⊂ Ki is a �nite subset of Ki. By the k-density

of D in X, for every x ∈ Fi the compact set Ki,x := Ki ∩ f−1(N̄f(x)) can be enlarged to

a compact set K̃i,x ⊂ X such that Ki,x is contained in the closure of the set K̃i,x ∩D.

Replacing the set K̃i,x by K̃i,x ∩ f−1(W f(x)), we can assume that f(K̃i,x) ⊂ W f(x) ⊂
Vf(x).

Consider the open neighborhood

Vf =

n⋂
i=1

⋂
x∈Fi

[K̃i,x, Vf(x)]

of f in the function space Ck(X,Y ). We claim that its σ-closure V
σ

f is contained in Of .
Given any function g /∈ Of , we should �nd a neighborhood Og ∈ σ of g that does

not intersect Vf . Since g /∈ Of , there exists i ≤ n and a point z ∈ Ki such that g(z) /∈ Ui.
Find a point x ∈ Fi with z ∈ Ki,x. Taking into account that V

τ

f(x) ⊂ Ui ⊂ Y \{g(z)}, we
conclude that g(z) /∈ V τf(x). Since the point z belongs to the closure of the set K̃i,n∩D, the

continuity of the function g : Z → Yτ yields a point d ∈ K̃i,n ∩D such that g(d) /∈ V τf(x).
Then Og :=

[
{d}, Y \ V τf(x)

]
∈ σ is a required σ-open neighborhood of g that is disjoint

with the neighborhood Vf . �

Lemma 4. The Sorgenfrey line S admits a topological embedding into the cometrizable
locally convex linear vector space Ck(S).

Proof. By Lemma 2, the Sorgenfrey line S is k-separable, and by Lemma 3, the function
space Ck(S) is cometrizable. It remains to observe that the map χ : S→ Ck(S) assigning
to each point x ∈ S the function χx : S → {0, 1} de�ned by χ−1x (1) = [−x,∞) is a
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topological embedding of S into the function space Ck(S), which has the structure of a
locally convex topological vector space. �

Proof of Theorem 3. By Lemma 4, the Sorgenfrey line S can be identi�ed with a subspace
of some cometrizable Abelian topological group H. According to Michael [9], under CH
the Sorgenfrey line contains an uncounatble subspace X whose countable power Xω is
hereditarily Lindel�of. Observe that the topological sum X<ω =

⊕
n∈ωX

n of �nite powers
of X admits a topological embedding into Xω, which implies that X<ω is hereditarily
Lindel�of as well as its countable power (X<ω)ω.

Observing that the group hull G of X in the group H ⊃ S ⊃ X is a continuous image
of X<ω, we conclude that the space G is hereditarily Lindel�of. Moreover, the countable
power Gω is hereditarily Lindel�of, being a continuous image of the hereditarily Lindel�of
space (X<ω)ω. �
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Òàðàñ ÁÀÍÀÕ1, Iãîð ÃÓÐÀÍ1,
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âóë. Íàóêîâà, 3á, 79060, Ëüâiâ
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Äîâåäåíî, ùî òîïîëîãi÷íà ãðóïà G, ÿêà ìiñòèòü ïiäïðîñòið X ñòðiëêè
Çàð åíôðåÿ, ìà¹ ñïðåä s(G) ≥ s(X ×X). Â ïðèïóùåííi OCA, äîâiëüíà òî-
ïîëîãi÷íà ãðóïà, ùî ìiñòèòü íåçëi÷åííèé ïiäïðîñòið ñòðiëêè Çàð åíôðåÿ
ìà¹ íåçëi÷åííèé ñïðåä. Çâiäñè âèïëèâà¹, ùî ïðè OCA êîìåòðèçîâíà òîïî-
ëîãi÷íà ãðóïà ìà¹ çëi÷åííó ñiòêó òîäi i ëèøå òîäi, êîëè âîíà ìà¹ çëi÷åí-
íèé ñïðåä. Ç iíøîãî áîêó, ïðè CH iñíó¹ êîìåòðèçîâíà àáåëåâà òîïîëîãi÷íà
ãðóïà, ùî ìà¹ ñïàäêîâî ëiíäåëåôîâó çëi÷åííó ñòåïiòü i ìiñòèòü äåÿêèé íå-
çëi÷ííèé ïiäïðîñòið ñòðiëêè. Öÿ òîïîëîãi÷íà ãðóïà ìà¹ çëi÷åííèé ñïðåä,
ïðîòå íå ìà¹ çëi÷åííî¨ ñiòêè.

Êëþ÷îâi ñëîâà: ñòðiëêà Çîð åíôðåÿ, òîïîëîãi÷íà ãðóïà, ñïðåä, ÎÑÀ,
CH.
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BAIRE CATEGORY PROPERTIES OF TOPOLOGICAL GROUPS

Dedicated to the 60th birthday of our teacher M. M. Zarichnyi
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Ivan Franko National University of Lviv,

Universytetska Str., 1, 79000, Lviv, Ukraine

e-mail: t.o.banakh@gmail.com, ohryniv@gmail.com

We present several known and new results on the Baire category properties
in topological groups. In particular, we prove that a Baire topological group
X is metrizable if and only if X is point-cosmic if and only if X is a σ-space.
A topological group X is Choquet if and only if its Raikov completion X̄ is
Choquet andX isGδ-dense in X̄. A topological groupX is complete-metrizable
if and only if X is a point-cosmic Choquet space if and only if X is a Choquet
σ-space. Finally, we pose several open problem, in particular, whether each
Choquet topological group is strong Choquet.

Key words: topological group, Baire space, Choquet space, strong Choquet
space, Choquet game.

In this paper we collect some results on Baire category properties of topological
groups and pose some open problems.

The best known among Baire category properties are the meagerness and Baireness
de�ned as follows.

A topological space X is de�ned to be

• meager if it can be written as the countable union of closed subsets with empty
interior in X;

• Baire if for any sequence (Un)n∈ω of open dense subsets fo X the intersection⋂
n∈ω Un is dense in X.

It is well-known that a topological space is Baire if and only if it contains no non-empty
open meager subspace. This fact and the topological homogeneity of topological groups
imply the following known characterization, see [5, 9.8].

Proposition 1. A topological group is Baire if and only if it is not meager.

2010 Mathematics Subject Classi�cation: 22A05, 54E52

c© Banakh, T., Hryniv, O., 2018
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In framework of topological groups, the Baireness combined with a suitable network
property often implies the metrizability.

A family N of subsets of a topological space X is called

• a network at a point x ∈ X if for any neighborhood Ox ⊂ X of x the union⋃
{N ∈ N : N ⊂ Ox} is a neighborhood of x;

• a network if N is a network at each point.

A regular topological space X is called

• point-cosmic if X has a countable network Nx at each point x ∈ X;
• cosmic if X has a countable network;
• a σ-space of X has a σ-discrete network.

It is easy to see that each �rst-countable regular space is point-cosmic, and each cosmic
space is both point-cosmic and a σ-space. The sequential fan Sω1

with uncountably many
spikes is an example of a σ-space, which is not point-cosmic. More information on cosmic
and σ-spaces can be found in [3, �4].

Theorem 1. For a Baire topological group X the following conditions are equivalent:

(1) X is metrizable;
(2) X is point-cosmic;
(3) X is a σ-space.

Proof. The implications (1)⇒ (2, 3) are trivial (or well-known).

(3) ⇒ (1) Assume that X is a σ-space. By Theorems 5.4 and 7.1 in [1], the Baire
σ-space X contains a dense metrizable subspace M ⊂ X. The regularity of X implies
that X is �rst-countable at each point x ∈ M . Being topologically homogeneous, the
topological group X is �rst-countable and by Birkho�-Kakutani Theorem [5, 9.1], X is
metrizable.

(2)⇒ (1) Assume that the topological group X is point-cosmic and hence X has a
countable network N at the unit e. For every N ∈ N let (N−1N̄)◦ be the interior of the
set N−1N̄ =

{
x−1y : x ∈ N, y ∈ N̄

}
in X. Here N̄ stands for the closure of the set N in

X.
We claim that the family

B :=
{

(N−1N̄)◦ : N ∈ N , e ∈ (N−1N̄)◦
}

is a countable neighborhood base at the unit e of the group X. Given any neighborhood
U ⊂ X of e, �nd an open neighborhood V ⊂ X of e such that V −1V V −1 ⊂ U . By the
de�nition of a network at the point e, the union

⋃
NV of the subfamily NV := {N ∈ N :

N ⊂ V } contains some open neighborhood Oe of e in X. Since Oe is Baire (as an open
subset of the Baire space X), some set N ∈ NV is not nowhere dense in V . Consequently,
its closure N̄ contains a non-empty open subset W of X. Since W ⊂ N̄ , the intersection
W ∩N contains some point w. Then w−1W is an open neighborhood of e such that

w−1W ⊂ N−1N̄ ⊂ V −1V̄ ⊂ V −1V V −1 ⊂ U.

Consequently, w−1W ⊂ (N−1N̄)◦ and (N−1N̄) ∈ B.
Being �rst-countable, the topological group X is metrizable by the Birkho�-

Kakutani Theorem [5, 9.1]. �
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Both Baire and meager spaces have nice game characterizations due to Oxtoby
[8]. To present these characterizations, we need to recall the de�nitions of two in�nite
games GEN(X) and GNE(X) played by two players E and N (abbreviated from Empty and
Non-Empty) on a topological space X.

The game GEN(X) is started by the player E who selects a non-empty open set
U0 ⊂ X. Then player N responds selecting a non-empty open set U1 ⊂ U0. At the n-th
inning the player E selects a non-empty open set U2n ⊂ U2n−1 and the player N responds
selecting a non-empty open set U2n+1 ⊂ U2n. At the end of the game, the player E is
declared the winner if

⋂
n∈ω Un is empty. In the opposite case the player N wins the game

GEN(X).
The game GNE(X) di�ers from the game GEN(X) by the order of the players. The

game GNE(X) is started by the player N who selects a non-empty open set U0 ⊂ X.
Then player E responds selecting a non-empty open set U1 ⊂ U0. At the n-th inning the
player N selects a non-empty open set U2n ⊂ U2n−1 and the player E responds selecting
a non-empty open set U2n+1 ⊂ U2n. At the end of the game, the player E is declared the
winner if

⋂
n∈ω Un is empty. In the opposite case the player N wins the game GNE(X).

The following classical characterization can be found in [8].

Theorem 2 (Oxtoby). A topological space X is

• meager if and only if the player E has a winning strategy in the game GNE(X);
• Baire if and only if the player E has no winning strategy in the game GEN(X).

A topological space X is de�ned to be Choquet if the player N has a winning strategy
in the Choquet game GEN(X). Choquet spaces were introduced in 1975 by White [10]
who called them weakly α-favorable spaces.

Oxtoby's Theorem 2 implies that

Choquet⇒ Baire⇒ non-meager.

Let us also recall the notion of a strong Choquet space, which is de�ned using a
modi�cation ĠEN(X) of the Choquet game GEN(X), called the strong Choquet game.

The game ĠEN(X) is played by two players, E and N on a topological space X. The
player E starts the game selecting a open set U0 ⊂ X and a point x0 ∈ U0. Then the
player N responds selecting an open neighborhood U1 ⊂ U0 of x0. At the n-th inning the
player E selects an open set U2n ⊂ U2n−1 and a point xn ∈ U2n and player N responds
selecting a neighborhood U2n+1 ⊂ U2n of xn. At the end of the game the player E is
declared the winner if the intersection

⋂
n∈ω Un is empty. Otherwise the player N wins

the game ĠEN(X).
A topological space X is called strong Choquet if the player N has a winning strategy

in the game ĠEN(X). More information on (strong) Choquet spaces can be found in [5,
8.CD]. Various topological games are analyzed in [4] and [9].

It is known (and easy to see) that the class of strong Choquet spaces includes all
spaces that are homeomorphic to complete metric spaces. Such spaces will be called
complete-metrizable.

So, for any topological space X we have the implications

complete-metrizable ⇒ strong Choquet ⇒ Choquet ⇒ Baire ⇒ non-meager.

By [2] and [8] (see also [5, 8.17]), a metrizable space is
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• strong Choquet if and only if it is complete-metrizable;
• Choquet if and only if it contains a dense complete-metrizable subspace.

In the following theorem we present a characterization of Choquet topological
groups. A subset A of a topological space X is called Gδ-dense in X if A has non-empty
intersection with any non-empty Gδ-set G ⊂ X.

Theorem 3. A topological group X is Choquet if and only if its Raikov completion X̄ is
Choquet and X is Gδ-dense in X̄.

Proof. The �if� part easily follows from the de�nitions of the Choquet game and the
Gδ-density of X in X̄.

To prove the �only if� part, assume that a topological group X is Choquet. Then its
Raikov completion X̄ also is Choquet (since X̄ contains a dense Choquet subspace). It
remains to prove that X is Gδ-dense in X̄. Assuming that this is not true, we could �nd a
point x̄ ∈ X̄ and a sequence (On)n∈ω of neighborhoods of x̄ such that X ∩

⋂
n∈ω On = ∅.

Choose a decreasing sequence (Γn)n∈ω of open neighborhoods of the unit in X̄ such that
Γ−1n Γn ⊂ Γn−1, and x̄Γn ⊂ On for every n ∈ ω. Then the intersection Γ :=

⋂
n∈ω Γn is a

subgroup in X̄ such that the set

gΓ =
⋂
n∈ω

gΓn ⊂
⋂
n∈ω

On

is disjoint with the subgroup X. This implies X ∩Xx̄Γ = ∅ and XΓ ∩Xx̄ = ∅.
Given a subset A ⊂ X̄ consider the Banach-Mazur game BM(X̄, A) played by two

players, E and N according to the following rules. The player E starts the game selecting
a non-empty open set U0 ⊂ X̄ and the player N responds selecting a non-empty open set
U1 ⊂ U0. At the n-th inning the player E chooses a non-empty open set U2n ⊂ U2n−1
and the player N responds selecting a non-empty open set U2n+1 ⊂ U2n. At the end of
the game the player E is declared the winner if the intersection A ∩

⋂
n∈ω Un is empty.

In the opposite case the player N wins the game.
It is easy to see that for any dense Choquet subspace A ⊂ X̄ the player N has

a winning strategy in the Banach-Mazur game BM(X̄, A). Moreover, at nth inning the
player N can replace the set U2n selected by the player E by a set U ′2n ⊂ U2n so small
that U ′2n ⊂ xnΓn for some xn ∈ X. Then the set U2n+1 chosen by player N according to
his/her strategy will be contained in xnΓn.

In particular, the player N has a winning strategy in the game BM(X̄,X) having
this smalleness property. By the same reason, the player N has a winning strategy in
the Banach-Mazur game BM(X̄,Xx̄). Now the players E and N can use these winning
strategies in the games BM(X,H) and BM(X,Hg) to construct a decreasing sequence
(Un)n∈ω of non-empty open sets in X̄ such that the intersection

⋂
n∈ω Un meets both

sets X and Xx̄. Moreover, in the nth inning the player N can make his/sets U2n so
small that U2n ⊂ xnΓn for some xn ∈ X. Choose two points x ∈ H ∩

⋂
n∈ω Un and

y ∈ Hg ∩
⋂
n∈ω Un. Then for every n ∈ ω we have x ∈ U2n ⊂ xnΓn and hence xn ∈ xΓ−1n

and U2n ⊂ xnΓn ⊂ xΓ−1n Γn ⊂ xΓn−1. Consequently, y ∈
⋂
n∈N U2n ⊂

⋂
n∈N xΓn−1 = xΓ

and hence y ∈ Xx̄ ∩ xΓ ⊂ Xx̄ ∩XΓ = ∅, which is a desired contradiction. �

It is easy to see that each Gδ-dense subspace of a strong Choquet space is strong
Choquet.
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Problem 1. Is the Raikov-completion of a strong Choquet topological group strong
Choquet?

Using Theorems 1 and 3 we can prove the following characterization of complete-
metrizable topological groups.

Theorem 4. For a topological group X the following conditions are equivalent:

(1) X is complete-metrizable;
(2) X is a point-cosmic Choquet space;
(3) X is Choquet σ-space.

Proof. The implications (1)⇒ (2, 3) are trivial.
(2, 3) ⇒ (1) Assuming that a Choquet topological group X is point-cosmic or a

σ-space, we can apply Theorem 1 and conclude that the Choquet (and hence Baire)
topological groupX is metrizable. Then its Raikov completion X̄ is a complete-metrizable
topological group, see [5, 9.A]. By Theorem 3, X is Gδ-dense in X̄. Since each seingleton
in X̄ is a Gδ-set, the Gδ-density of X in X̄ implies that X = X̄ and hence X is a
complete-metrizable (and complete) topological group. �

Problem 2. Is each Choquet topological group strong Choquet?

Remark 1. By Theorem 4, the answer to Problem 2 is a�rmative for topological groups
which are point-cosmic or σ-spaces.

It is known [5, 8.13] (and [5, 8.16]) that the product of two (strong) Choquet space
is (strong) Choquet. On the other hand, the product X × Y of two Baire spaces can be
meager, see [7]. Nonetheless, by a recent result of Li and Zsilinszky [6], the product of
two Baire spaces is Baire if one of the spaces has countable cellularity. We recall that a
topological space X has countable cellularity if X does not contain uncountably many
pairwise disjoint open sets.

Problem 3. Let H be a closed normal subgroup of a topological group G and G/H be the
quotient topological group.

(1) Assume that H and G/H are Baire and H or G/H has countable cellularity.
Is G Baire?

(2) Assume that H and G/H are (strong) Choquet. Is G (strong) Choquet?
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Ïîäàíî êîðîòêèé îãëÿä âiäîìèõ i íîâèõ áåðiâñüêèõ âëàñòèâîñòåé òî-
ïîëîãi÷íèõ ãðóï. Çîêðåìà, äîâåäåíî, ùî áåðiâñüêà òîïîëîãi÷íà ãðóïà ¹
ìåòðèçîâíîþ òîäi i ëèøå òîäi, êîëè âîíà àáî òî÷êîâî-êîñìi÷íà, àáî ¹ σ-
ïðîñòîðîì. Òîïîëîãi÷íà ãðóïà X ¹ ïðîñòîðîì Øîêå òîäi i ëèøå òîäi ¨¨
ïîïîâíåííÿ çà Ðàéêîâèì ¹ ïðîñòîðîì Øîêå i X � Gδ-ùiëüíà â X̄. Òîïî-
ëîãi÷íà ãðóïà X ìåòðèçîâíà ïîâíîþ ìåòðèêîþ òîäi i ëèøå òîäi, êîëè X ¹
òî÷êîâî-êîñìi÷íèì ïðîñòîðîìØîêå òîäi i ëèøå òîäi, êîëèX ¹ σ-ïðîñòîðîì
Øîêå. Òàêîæ ïîñòàâëåíî äåêiëüêà âiäêðèòèõ ïðîáëåì, çîêðåìà ÷è êîæíà
òîïîëîãi÷íà ãðóïà Øîêå ¹ ñèëüíèì ïðîñòîðîì Øîêå.

Êëþ÷îâi ñëîâà: òîïîëîãi÷íà ãðóïà, áåðiâñüêèé ïðîñòið, ïðîñòið Øîêå,
ñèëüíèé ïðîñòið Øîêå, ãðà Øîêå, ãðà Áàíàõà-Ìàçóðà.
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Äîñëiäæåíî âëàñòèâîñòi iíòåðàñîöiàòèâíîñòåé ïîëiöèêëi÷íîãî ìîíî¨äà
Pλ. Îïèñàíî âiäíîøåííÿ Ãðiíà íà iíòåðàñîöiàòèâíîñòi ïîëiöèêëi÷íîãî ìî-

íî¨äà P
k−1
1 k2

λ , à òàêîæ äîâåäåíî êðèòåðié, êîëè éîãî äâi iíòåðàñîöiàòèâíîñòi
¹ içîìîðôíèìè.

Êëþ÷îâi ñëîâà: ïîëiöèêëi÷íèé ìîíî¨ä, iíòåðàñîöiàòèâíiñòü, âiäíîøåííÿ
Ãðiíà, içîìîðôiçì, àíòèiçîìîðôiçì.

1. Òåðìiíîëîãiÿ òà îçíà÷åííÿ

Íàïiâãðóïà � öå íåïîðîæíÿ ìíîæèíà ç âèçíà÷åíîþ íà íié áiíàðíîþ àñîöiàòèâ-
íîþ îïåðàöi¹þ.

Íàïiâãðóïà S íàçèâà¹òüñÿ:

• ïðîñòîþ, ÿêùî S íå ìà¹ âëàñíèõ äâîái÷íèõ iäåàëiâ;
• 0-ïðîñòîþ, ÿêùî S ìiñòèòü íóëü i S íå ìà¹ âëàñíèõ äâîái÷íèõ iäåàëiâ âiä-
ìiííèõ âiä {0};

• áiïðîñòîþ, ÿêùî S ìiñòèòü ¹äèíèé D−êëàñ;
• 0-áiïðîñòîþ, ÿêùî S ìà¹ íóëü i S ìiñòèòü äâà D−êëàñè: {0} i S \ {0};
• êîíãðóåíö-ïðîñòîþ, ÿêùî S ìà¹ ëèøå îäèíè÷íó é óíiâåðñàëüíó êîíãðóåíöi¨;
• iíâåðñíîþ, ÿêùî äëÿ äîâiëüíîãî åëåìåíòà x ∈ S iñíó¹ ¹äèíèé åëåìåíò y ∈ S
òàêèé, ùî xyx = x i yxy = y.

2010 Mathematics Subject Classi�cation: 20M05, 20M10, 20M15

c© Õèëèíñüêèé, Ì., 2018
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ßêùî S � íàïiâãðóïà, òî âiäíîøåííÿ �ðiíà R, L , J , D i H íà S âèçíà÷àþòüñÿ
òàê (äèâ. [33, �2.1]):

aRb òîäi i ëèøå òîäi, êîëè aS1 = bS1;

aL b òîäi i ëèøå òîäi, êîëè S1a = S1b;

aJ b òîäi i ëèøå òîäi, êîëè S1aS1 = S1bS1;

D = L ◦R = R ◦L ;

H = L ∩R.

Äëÿ áóäü-ÿêîãî a ∈ S ÷åðåç Ra(S), La(S), Ha(S), Da(S) i Ja(S) ïîçíà÷èìî R−, L−,
H −, D− i J−êëàñ, ÿêèé ìiñòèòü åëåìåíò a, âiäïîâiäíî. ×åðåç R(a), L(a), J(a) ïî-
çíà÷èìî ïðàâèé (ëiâèé, äâîái÷íèé) ãîëîâíèé iäåàë, ïîðîäæåíèé åëåìåíòîì a. Íàãà-
äà¹ìî (äèâ. [29, c. 82�83]), ùî iíâåðñíà íàïiâãðóïà S íàçèâà¹òüñÿ êîìáiíàòîðíîþ,
ÿêùî âiäíîøåííÿ �ðiíà H íà S ¹ âiäíîøåííÿì ðiâíîñòi.

Íåõàé S íàïiâãðóïà. ×åðåç E(S) ïîçíà÷èìî ìíîæèíó iäåìïîòåíòiâ â S. Íàïiâ-
ãðóïîâà îïåðàöiÿ âèçíà÷à¹ ÷àñòêîâèé ïîðÿäîê 6 íà E(S) òàê:

e 6 f òîäi i ëèøå òîäi, êîëè ef = fe = e.

Öåé ïîðÿäîê íàçèâà¹òüñÿ ïðèðîäíèì ÷àñòêîâèì ïîðÿäêîì íà E(S). Íàïiâ ðàòêà �
öå êîìóòàòèâíà íàïiâãðóïà iäåìïîòåíòiâ.

Áiöèêëi÷íèé ìîíî¨ä C (p, q) � öå íàïiâãðóïà ç îäèíèöåþ 1 ïîðîäæåíà äâîìà
åëåìåíòàìè p i q, ùî çàäîâîëüíÿþòü óìîâó pq = 1. Íà íàïiâãðóïi C (p, q) îïåðàöiÿ
âèçíà÷à¹òüñÿ òàê:

qkpl · qmpn = qk+m−min{i,m}pl+n−min{l,m}.

Âiäîìèé ðåçóëüòàò Àíäåðñåíà [1] ñòâåðäæó¹, ùî (0�)ïðîñòà íàïiâãðóïà ç iäåìïî-
òåíòîì ¹ öiëêîì (0�)ïðîñòîþ òîäi i ëèøå òîäi, êîëè âîíà íå ìiñòèòü içîìîðôíî¨ êîïi¨
áiöèêëi÷íî¨ íàïiâãðóïè. Áiöèêëi÷íèé ìîíî¨ä äîïóñêà¹ ëèøå äèñêðåòíó íàïiâãðóïîâó
ãàóñäîðôîâó òîïîëîãiþ [17].

Ó1970 ðîöi Íiâà i Ïåððî çàïðîïîíóâàëè òàêå óçàãàëüíåííÿ áiöèêëi÷íîãî ìîíî¨äà
([29], [32]). Äëÿ áóäü-ÿêîãî íåíóëüîâîãî êàðäèíàëà λ, λ-ïîëiöèêëi÷íèé ìîíî¨ä Pλ ¹
íàïiâãðóïîþ ç íóëåì âèçíà÷åíîþ òàêèìè ñïiââiäíîøåííÿìè:

Pλ =
〈
{pi}i∈λ, {p−1i }i∈λ | pip

−1
i = 1, pip

−1
j = 0 äëÿ i 6= j

〉
.

Î÷åâèäíî, ùî ó âèïàäêó, êîëè λ = 1 íàïiâãðóïà P1 içîìîðôíà áiöèêëi÷íîìó ìîíî-
¨äó ç ïðè¹äíàíèì íóëåì. Ó [3] äîâåäåíî, ùî ïîëiöèêëi÷íèé ìîíî¨ä ¹ óíiâåðñàëüíèì
îá'¹êòîì ó êëàñi iíâåðñíèõ íàïiâãðóï íàä îði¹íòîâàíèìè ãðàôàìè. Çîêðåìà, äîâåäå-
íî, ùî êîæíà iíâåðñíà íàïiâãðóïà G(E) íàä îði¹íòîâàíèì ãðàôîì E âêëàäà¹òüñÿ â
ïîëiöèêëi÷íèé ìîíî¨ä Pλ, äå λ = |G(E)|. Íàïiãðóïîâi òà òðàíñëÿöiéíî íåïåðåðâíi òî-
ïîëîãiçàöi¨ λ-ïîëiöèêëi÷íîãî ìîíî¨äà, éîãî ïîâíîòà òà çàíóðåííÿ âèâ÷àëè ó [2, 4, 5].

Âàðiàíòîì íàïiâãðóïè S ñòîñîâíî åëåìåíòà a ∈ S íàçèâà¹òüñÿ íàïiâãðóïà Sa =
(S, ∗a) ç ñåíäâi÷-îïåðàöi¹þ x ∗a y = xay. Âàðiàíòè íàïiâãðóï ïåðøèì ïî÷àâ âèâ÷à-
òè Õiêi â ïðàöi [23]. Iíòåðàñîöiàòèâíiñòþ íàïiâãðóïè (S, ·) íàçèâà¹òüñÿ íàïiâãðóïà
(S, ∗) òàêà, ùî a·(b∗c) = (a·b)∗c i a∗(b·c) = (a∗b)·c äëÿ áóäü-ÿêèõ a, b, c ∈ S. Iíòåðàñî-
öiàòèâíîñòi íàïiâãðóï âèâ÷àëè Áîéä, Ãîëüä i Íåëüñîí [6] ó 1996 ðîöi. Âîíè äîâåëè,
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ùî êîæíà iíòåðàñîöiàòèâíiñòü ìîíî¨äà ¹ âàðiàíòîì. Êðiì òîãî, êîæíà iíòåðàñîöi-
àòèâíiñòü öiëêîì ïðîñòî¨ íàïiâãðóïè ¹ öiëêîì ïðîñòîþ íàïiâãðóïîþ. Òàêîæ ëåãêî
äîâåñòè, ùî êîæíà iíòåðàñîöiàòèâíiñòü ãðóïè içîìîðôíà öié ãðóïi. Â [20] ðîçãëÿ-
íóòî àëãåáðè÷íi âëàñòèâîñòi iíòåðàñîöiàòèâíîñòåé áiöèêëi÷íîãî ìîíî¨äà. Çîêðåìà,
äîâåäåíî, ùî áóäü-ÿêi äâi éîãî iíòåðàñîöiàòèâíîñòi íå ¹ içîìîðôíèìè. Òðàíñëÿöiéíî
íåïåðåðâíi òîïîëîãiçàöi¨ iíòåðàñîöiàòèâíîñòåé áiöèêëi÷íîãî ìîíî¨äà âèâ÷àëè â [21].
Âàðiàíòàì ðîçøèðåíîãî áiöèêëi÷íîãî ìîíî¨äà òà ¨õíiìè íàïiâãðóïîâèì òîïîëîãiçàöi-
ÿì ïðèñâÿ÷åíà ïðàöÿ [22]. Âàðiàíòè íàïiâãðóï áiíàðíèõ âiäíîøåíü âèâ÷àëè â ïðàöÿõ
Õàñå [7, 8, 9]. Âàðiàíòàì íàïiâãðóï ïåðåòâîðåíü ïðèñâÿ÷åíi ïðàöi [14, 15, 16, 25, 30].
Áàãàòî àâòîðiâ ðîçðîáèëè çàãàëüíó òåîðiþ âàðiàíòiâ ðiçíèõ êëàñiâ íàïiâãðóï, äèâ.
çîêðåìà [23, 24, 28]. Ïðî ñó÷àñíèé ñòàí âàðiàíòiâ ñêií÷åííèõ ïîâíèõ íàïiâãðóï ïå-
ðåòâîðåíü äëÿ ïîäàëüøèõ ïîñèëàíü òà iñòîðè÷íèõ äèñêóñié äèâ. [14] i [19, ðîçäië
13]. Âàðiàíòè íàïiâ ðàòîê âèâ÷àëè â [10, 18]. Ñòàòòi [11, 12, 13, 14] çàïî÷àòêóâàëè
âèâ÷åííÿ âàðiàíòiâ íàïiâãðóï ó äîâiëüíèõ (ëîêàëüíî ìàëèõ) êàòåãîðiÿõ.

Íåõàé λ � äîâiëüíèé êàðäèíàë. ×åðåç λ∗ áóäåìî ïîçíà÷àòè âiëüíèé ìîíî¨ä íàä
àëôàâiòîì λ, ÷åðåç ε � ïóñòå ñëîâî â λ∗. Äëÿ êîæíîãî ñëîâà a ∈ λ∗ ââåäåìî òàêi
ïîçíà÷åííÿ:

pref(a) = {b ∈ λ∗ | ∃c ∈ λ∗ bc = a} � ìíîæèíà âñiõ ïðåôiêñiâ ñëîâà a;

prefo(a) = {b ∈ λ∗ | ∃c ∈ λ∗\{ε} bc = a} � ìíîæèíà âñiõ âëàñíèõ ïðåôiêñiâ ñëîâà a;

suff(a) = {b ∈ λ∗ | ∃c ∈ λ∗ cb = a} � ìíîæèíà âñiõ ñóôiêñiâ ñëîâà a;

suffo(a) = {b ∈ λ∗ | ∃c ∈ λ∗ \ {ε} cb = a} � ìíîæèíà âñiõ âëàñíèõ ñóôiêñiâ ñëîâà a.

Çà ëåìîþ 2.4 ç [4] (äèâ. òàêîæ [27, çàóâàæåííÿ 2.6], [27, ñ. 453], [26, �2.1] i [29,
òâåðäæåííÿ 9.3.1] ó âèïàäêó ñêií÷åííîãî êàðäèíàëà) äëÿ äîâiëüíîãî êàðäèíàëà λ > 2
êîæåí íåíóëüîâèé åëåìåíò x ïîëiöèêëi÷íîãî ìîíî¨äà Pλ ìà¹ çîáðàæåííÿ ó âèãëÿäi
u−1v, äå u i v � åëåìåíòè âiëüíîãî ìîíî¨äà λ∗, i íàïiâãðóïîâà îïåðàöiÿ íà Pλ ó öüîìó
çîáðàæåííi âèçíà÷à¹òüñÿ òàê:

a−1b · c−1d =

 (c1a)−1d, ÿêùî c = c1b äëÿ äåÿêîãî c1 ∈ λ∗;
a−1b1d, ÿêùî b = b1c äëÿ äåÿêîãî b1 ∈ λ∗;

0, â iíøîìó âèïàäêó

i a−1b · 0 = 0 · a−1b = 0 · 0 = 0.
Íàäàëi λ � êàðäèíàë > 2 i k−11 k2 � äåÿêèé íåíóëüîâèé åëåìåíò íàïiâãðóïè Pλ.

Îñêiëüêè Pλ � ìîíî¨ä, òî éîãî iíòåðàñîöiàòèâíîñòi ¹ âàðiàíòàìè.

2. Äåÿêi âëàñòèâîñòi iíòåðàñîöiàòèâíîñòåé ïîëiöèêëi÷íîãî ìîíî¨äà

Íàäàëi äëÿ äîâiëüíîãî êàðäèíàëà λ > 2 i äîâiëüíîãî åëåìåíòà k−11 k2 ïîëiöèê-

ëi÷íîãî ìîíî¨äà Pλ ÷åðåç P k
−1
1 k2

λ áóäåìî ïîçíà÷àòè âàðiàíò ïîëiöèêëi÷íîãî ìîíî¨äà
ç íàïiâãðóïîâîþ ñåíäâi÷-îïåðàöi¹þ

a−1b ∗k−1
1 k2

c−1d = a−1b · k−11 k2 · c−1d, a−1b, c−1d ∈ Pλ.

Òâåðäæåííÿ 1. Íåíóëüîâèé åëåìåíò a−11 a2 ∈ P
k−1
1 k2

λ ¹ iäåìïîòåíòîì òîäi i òiëü-

êè òîäi, êîëè iñíó¹ ñëîâî b ∈ λ∗ òàêå, ùî a−11 a2 = (bk2)−1bk1.
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Äîâåäåííÿ. (⇒) Íåõàé a−11 a2 � íåíóëüîâèé iäåìïîòåíò â P
k−1
1 k2

λ . Ðîçãëÿíåìî ìîæëèâi
âèïàäêè.

1. Iñíóþòü ñëîâà u, v ∈ λ∗ òàêi, ùî k1 = ua2 i a1 = vk2. Òîäi

a−11 a2 ∗k−1
1 k2

a−11 a2 = a−11 a2 · k−11 k2 · a−11 a2 =

= a−11 a2 · a−12 u−1k2 · k−12 v−1a2 =

= a−11 u−1v−1a2.

Ç iíøîãî áîêó, a−11 a2 ∗k−1
1 k2

a−11 a2 = a−11 a2, à òîìó u−1v−1 = ε. Çâiäñè âèïëèâà¹, ùî
u = ε i v = ε, à îòæå, a1 = k2, a2 = k1 i b = ε.

2. Iñíóþòü ñëîâà u, v ∈ λ∗ òàêi, ùî a2 = uk1 i a1 = vk2. Òîäi

a−11 a2 ∗k−1
1 k2

a−11 a2 = a−11 a2 · k−11 k2 · a−11 a2 =

= a−11 uk1 · k−11 k2 · k−12 v−1a2 =

= a−11 u · v−1a2.

Ðîçãëÿíåìî ìîæëèâi äâà ïiäâèïàäêè.

(a) Iñíó¹ ñëîâî w ∈ λ∗ òàêå, ùî u = wv. Òîäi a−11 u · v−1a2 = a−11 wa2. Îñêiëüêè
a−11 a2 ∗k−1

1 k2
a−11 a2 = a−11 a2, òî w = ε. Îòîæ, u = v = b, a îòæå, a2 = bk1 i

a1 = bk2.
(b) Iñíó¹ ñëîâî w ∈ λ∗ òàêå, ùî v = wu. Òîäi a−11 u · v−1a2 = a−11 w−1a2. Îñêiëüêè

a−11 a2 ∗k−1
1 k2

a−11 a2 = a−11 a2, òî w = ε. Îòîæ, u = v = b, a îòæå, a2 = bk1 i
a1 = bk2.

3. Iñíóþòü ñëîâà u, v ∈ λ∗ òàêi, ùî k1 = ua2 i k2 = va1. Òîäi

a−11 a2 ∗k−1
1 k2

a−11 a2 = a−11 a2 · k−11 k2 · a−11 a2 =

= a−11 a2 · a−12 u−1va1 · a−11 a2 =

= a−11 u−1va2.

Ç iíøîãî áîêó, a−11 a2 ∗k−1
1 k2

a−11 a2 = a−11 a2, à òîìó u−1v = ε. Çâiäñè âèïëèâà¹, ùî
u = ε i v = ε, à îòæå, a1 = k2, a2 = k1 i b = ε.

4. Iñíóþòü ñëîâà u, v ∈ λ∗ òàêi, ùî a2 = uk1 i k2 = va1. Òîäi

a−11 a2 ∗k−1
1 k2

a−11 a2 = a−11 a2 · k−11 k2 · a−11 a2 =

= a−11 uk1 · k−11 va1 · a−11 a2 =

= a−11 uva2.

Ç iíøîãî áîêó, a−11 a2 ∗k−1
1 k2

a−11 a2 = a−11 a2, à òîìó uv = ε. Çâiäñè âèïëèâà¹, ùî u = ε

i v = ε, à îòæå, a1 = k2, a2 = k1 i b = ε.
(⇐) Íåõàé a−11 a2 = (bk2)−1bk1, äëÿ äåÿêîãî ñëîâà b ∈ λ∗. Òîäi

a−11 a2 ∗k−1
1 k2

a−11 a2 = (bk2)−1bk1 · k−11 k2 · (bk2)−1bk1 = (bk2)−1bk1 = a−11 a2.

Îòæå, a−11 a2 � iäåìïîòåíò íàïiâãðóïè P
k−1
1 k2

λ . �
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Íàñëiäîê 1. Íåõàé (ak2)−1ak1, (bk2)−1bk1 � iäåìïîòåíòè íàïiâãðóïè P
k−1
1 k2

λ . ßêùî

iñíó¹ ñëîâî c ∈ λ∗ òàêå, ùî a = cb, òî

(ak2)−1ak1 ∗k−1
1 k2

(bk2)−1bk1 = (bk2)−1bk1 ∗k−1
1 k2

(ak2)−1ak1 = (ak2)−1ak1.

Ëåìà 1. Íåõàé a−11 a2, b
−1
1 b2 � äîâiëüíi åëåìåíòè íàïiâãðóïè Pλ. ßêùî a

−1
1 ·b

−1
1 b2 =

c−11 c2 6= 0, òî a1 ∈ suff(c1) i b2 ∈ suff(c2).

Äîâåäåííÿ. Îñêiëüêè a−11 a2 · b−11 b2 6= 0, òî ìîæëèâi äâà âèïàäêè.
1. Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî a2 = ub1. Òîäi

c−11 c2 = a−11 a2 · b−11 b2 = a−11 ub1 · b−11 b2 = a−11 ub2.

2. Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî b1 = ua2. Òîäi

c−11 c2 = a−11 a2 · b−11 b2 = a−11 a2 · a−12 u−1b2 = a−11 u−1b2.

Îòæå, a1 ∈ suff(c1) i b2 ∈ suff(c2). �

Íàñëiäîê 2. Íåõàé a−11 a2, b
−1
1 b2 � äîâiëüíi åëåìåíòè íàïiâãðóïè P

k−1
1 k2

λ . ßêùî

a−11 a2 ∗k−1
1 k2

b−11 b2 = c−11 c2 6= 0, òî a1 ∈ suff(c1) i b2 ∈ suff(c2).

Ëåìà 2. ßêùî íàïiâãðóïà P
k−1
1 k2

λ ìiñòèòü îäèíè÷íèé åëåìåíò, òî k−11 k2 = 1Pλ
.

Äîâåäåííÿ. Íåõàé e−11 e2 � îäèíè÷íèé åëåìåíò íàïiâãðóïè P k
−1
1 k2

λ . Òîäi:

1) 1Pλ
= e−11 e2 ∗k−1

1 k2
1Pλ

= e−11 e2 · k−11 k2, òîìó çà ëåìîþ 1 ìàòèìåìî, ùî k2 ∈
suff(ε), à îòæå, k2 = ε;

2) 1Pλ
= 1Pλ

∗k−1
1 k2

e−11 e2 = k−11 k2 ·e−11 e2, òîìó çà ëåìîþ 1 ìà¹ìî, ùî k1 ∈ suff(ε),
à îòæå, k1 = ε.

Îòîæ, îòðèìó¹ìî, ùî k−11 k2 = 1Pλ
. �

Âèçíà÷èìî âiäîáðàæåííÿ h : Pλ → Pλ òàê: h(a−11 a2) = a−12 a1 i h(0) = 0 äëÿ
äîâiëüíîãî a−11 a2 ∈ Pλ.

Ëåìà 3. Äëÿ äîâiëüíèõ a−11 a2, b
−1
1 b2 ∈ Pλ âèêîíó¹òüñÿ ðiâíiñòü

h(a−11 a2 · b−11 b2) = b−12 b1 · a−12 a1.

Äîâåäåííÿ. Ðîçãëÿíåìî ìîæëèâi âèïàäêè.
1. a−11 a2 = 0 àáî b−11 b2 = 0, àáî a−11 a2 · b−11 b2 = 0. Òîäi

h(a−11 a2 · b−11 b2) = h(0) = 0 = b−12 b1 · a−12 a1.

2. Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî a2 = ub1. Òîäi

h(a−11 a2 · b−11 b2) = h(a−11 ub1 · b−11 b2) = h(a−11 ub2) = b−12 u−1a1 = b−12 b1 · b−11 u−1a1 =

= b−12 b1 · a−12 a1.

3. Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî b1 = ua2. Òîäi

h(a−11 a2 · b−11 b2) = h(a−11 a2 · a−12 u−1b2) = h(a−11 u−1b2) = b−12 ua1 =

= b−12 ua2 · a−12 a1 = b−12 b1 · a−12 a1.

�
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Òâåðäæåííÿ 2. Âiäîáðàæåííÿ h âèçíà÷à¹ àíòèiçîìîðôiçìîì ç íàïiâãðóïè P
k−1
1 k2

λ

ó íàïiâãðóïó P
k−1
2 k1

λ .

Äîâåäåííÿ. Î÷åâèäíî, ùî âiäîáðàæåííÿì h ¹ ái¹êòèâíèì. Ïîêàæåìî, ùî âîíî ¹ àí-
òèãîìîìîðôiçìîì. Çà ëåìîþ 3,

h(a−11 a2 ∗k−1
1 k2

b−11 b2) = h(a−11 a2 · k−11 k2 · b−11 b2) =

= h(k−11 k2 · b−11 b2)h(a−11 a2) =

= h(b−11 b2)h(k−11 k2)h(a−11 a2) =

= h(b−11 b2) · k−12 k1 · h(a−11 a2) =

= h(b−11 b2) ∗k−1
2 k1

h(a−11 a2),

à îòæå, âèêîíó¹òüñÿ òâåðäæåííÿ ëåìè. �

Íåõàé k−11 k2, t
−1
1 t2 ∈ Pλ. Ïîçíà÷èìî ÷åðåç Pλ(t−11 t2, k

−1
1 k2) ïiäíàïiâãðóïó

{(a1t1)−1a2t2 | a−11 a2 ∈ Pλ} íàïiâãðóïè P
k−1
1 k2

λ .

Òâåðäæåííÿ 3. Íåõàé k−11 k2, t
−1
1 t2 ∈ Pλ. ßêùî iñíóþòü ñëîâà u, v ∈ λ∗ òàêi, ùî

k1 = t1u i k2 = t2v, òî íàïiâãðóïà P
t−1
1 t2
λ içîìîðôíà ïiäíàïiâãðóïi Pλ(v−1u, k−11 k2)

íàïiâãðóïè P
k−1
1 k2

λ .

Äîâåäåííÿ. Âèçíà÷èìî âiäîáðàæåííÿ f : P
t−1
1 t2
λ → Pλ(v−1u, k−11 k2) òàê: f(a−11 a2) =

(a1v)−1a2u i f(0) = 0. Î÷åâèäíî, ùî öå âiäîáàæåííÿ ái¹êòèâíå. Ïîêàæåìî, ùî f �

ãîìîìîðôiçì. Äëÿ äîâiëüíèõ a−11 a2, b
−1
1 b2 ∈ P

k−1
1 k2

λ ìà¹ìî

f(a−11 a2) ∗k−1
1 k2

f(b−11 b2) = v−1a−11 a2u · k−11 k2 · v−1b−11 b2u =

= v−1a−11 a2u · u−1t−11 t2v · v−1b−11 b2u =

= v−1a−11 a2 · t−11 t2 · b−11 b2u =

= f(a−11 a2 ∗t−1
1 t2

b−11 b2).

Îòæå, âiäîáðàæåííÿ f ¹ içîìîðôiçìîì. �

Ó âèïàäêó t−11 t2 = 1Pλ
îòðèìó¹ìî òàêèé íàñëiäîê.

Íàñëiäîê 3. λ-ïîëiöèêëi÷íèé ìîíî¨ä Pλ içîìîðôíèé ïiäíàïiâãðóïi Pλ(k−12 k1, k
−1
1 k2)

íàïiâãðóïè P
k−1
1 k2

λ .

Ç òîãî, ùî âñi iäåìïîòåíòè íàïiâãðóïè P
k−1
1 k2

λ íàëåæàòü ïiäíàïiâãðóïi
Pλ(k−12 k1, k

−1
1 k2) âèïëèâà¹ òàêèé íàñëiäîê.

Íàñëiäîê 4. Áóäü-ÿêi äâà iäåìïîòåíòè ç íàïiâãðóïè P
k−1
1 k2

λ êîìóòóþòü.

Òâåðäæåííÿ 4. Åëåìåíò a−11 a2 ∈ P
k−1
1 k2

λ ìà¹ iíâåðñíèé òîäi i òiëüêè òîäi, êîëè

a−11 a2 ∈ Pλ(k−12 k1, k
−1
1 k2).
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Äîâåäåííÿ. ßêùî a−11 a2 = (b1k2)−1b2k1 ∈ Pλ(k−12 k1, k
−1
1 k2) \ {0}, òî iíâåðñíèì äî

íüîãî áóäå åëåìåíò (b2k2)−1b1k1. Íåõàé a
−1
1 a2 /∈ Pλ(k−12 k1, k

−1
1 k2). Òîäi c−11 c2 ∗k−1

1 k2

a−11 a2 ∗k−1
1 k2

c−11 c2 = 0 äëÿ áóäü-ÿêîãî c−11 c2 ∈ P
k−1
1 k2

λ . Òîìó a−11 a2 íå ìà¹ iíâåðñíèõ
åëåìåíòiâ. �

Íàñëiäîê 5. Ïiäíàïiâãðóïà Pλ(k−12 k1, k
−1
1 k2) íàïiâãðóïè P

k−1
1 k2

λ ¹ íàéáiëüøîþ içî-

ìîðôíîþ êîïi¹þ λ-ïîëiöèêëi÷íîãî ìîíî¨äà.

3. Âiäíîøåííÿ �ðiíà íà íàïiâãðóïi P
k−1
1 k2

λ

Òâåðäæåííÿ 5. Íåõàé λ � äîâiëüíèé êàðäèíàë > 2. Òîäi äëÿ äîâiëüíîãî íåíóëüî-

âîãî åëåìåíòà a−11 a2 íàïiâãðóïè P
k−1
1 k2

λ âèêîíóþòüñÿ òàêi ðiâíîñòi:

a−11 a2 ∗k−1
1 k2

P
k−1
1 k2

λ =


a−11 u−1P

k−1
1 k2

λ , ÿêùî iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî k1 = ua2

a−11 P
k−1
1 k2

λ , ÿêùî iñíó¹ ñëîâî v ∈ λ∗ òàêå, ùî a2 = vk1

{0}, â iíøîìó âèïàäêó

i

P
k−1
1 k2

λ ∗k−1
1 k2

a−11 a2 =


P
k−1
1 k2

λ ua2, ÿêùî iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî k2 = ua1

P
k−1
1 k2

λ a2, ÿêùî iñíó¹ ñëîâî v ∈ λ∗ òàêå, ùî a1 = vk2

{0}, â iíøîìó âèïàäêó.

Äîâåäåííÿ. Íåõàé b−11 b2 ∈ Pλ. Ç òåîðåìè 1.17 [33] âèïëèâà¹, ùî

RPλ
(b−11 b2) = b−11 b2Pλ = b−11 Pλ, LPλ

(b−11 b2) = Pλb
−1
1 b2 = Pλb2

i b−11 b1, b
−1
2 b2 � ¹äèíi iäåìïîòåíòè, ÿêi ïîðîäæóþòü iäåàëè R(b−11 b2) i L(b−11 b2), âiä-

ïîâiäíî. Âðàõîâóþ÷è öå i òå, ùî

a−11 a2 ∗k−1
1 k2

P
k−1
1 k2

λ = (a−11 a2 · k−11 k2)P
k−1
1 k2

λ

i
P
k−1
1 k2

λ ∗k−1
1 k2

a−11 a2 = P
k−1
1 k2

λ (k−11 k2 · a−11 a2),

îòðèìó¹ìî âiäïîâiäíi ðiâíîñòi. �

Íåõàé S � íàïiâãðóïà. Äëÿ äîâiëüíîãî s ∈ S ââåäåìî òàêi ïîçíà÷åííÿ:

Ks
1 = {t ∈ S | tsRt}, Ks

2 = {t ∈ S | stL t}, Ks
3 = {t ∈ S | stsJ t}, Ks = Ks

1 ∩Ks
2 .

Ìè âèêîðèñòà¹ìî òàêå òâåðäæåííÿ çi ñòàòòi [14] äëÿ îïèñàííÿ âiäíîøåíü �ðiíà

íà íàïiâãðóïi P k
−1
1 k2

λ .

Òâåðäæåííÿ 6 ([14, òâåðäæåííÿ 3.2]). ßêùî s ∈ S, òî

1) Rs(Sa) =

{
Rs(S) ∩Ka

1 , ÿêùî s ∈ Ka
1

{s}, â iíøîìó âèïàäêó;

2) Ls(Sa) =

{
Ls(S) ∩Ks

2 , ÿêùî s ∈ Ka
2

{s}, â iíøîìó âèïàäêó;
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3) Hs(S
a) =

{
Hs(S), ÿêùî s ∈ Ka

{s}, â iíøîìó âèïàäêó;

4) Ds(S
a) =


Ds(S) ∩Ka, ÿêùî s ∈ Ka

Rs(S
a), ÿêùî s ∈ Ka

1 \Ka
2

Ls(S
a), ÿêùî s ∈ Ka

2 \Ka
1

{s}, â iíøîìó âèïàäêó;

5) Js(Sa) =

{
Js(S) ∩K2

3 , ÿêùî s ∈ Ka
3

Ds(S
a), â iíøîìó âèïàäêó.

Íàñòóïíà ëåìà äîâåäåíà â [4].

Ëåìà 4. Íåõàé λ � äîâiëüíèé êàðäèíàë > 2. ßêùî a−11 a2, b
−1
1 b2 ∈ Pλ, òî:

1) a−11 a2Rb−11 b2 òîäi i òiëüêè òîäi, êîëè a1 = b1;
2) a−11 a2L b−11 b2 òîäi i òiëüêè òîäi, êîëè a2 = b2;
3) Pλ � êîìáiíàòîðíà íàïiâãðóïà;

4) Pλ � 0-áiïðîñòà íàïiâãðóïà;

5) Pλ � 0-ïðîñòà íàïiâãðóïà.

Íàñòóïíà òåîðåìà îïèñó¹ ñòðóêòóðó âiäíîøåíü �ðiíà íà íàïiâãðóïi P k
−1
1 k2

λ .

Òåîðåìà 1. Íåõàé λ � äîâiëüíèé êàðäèíàë > 2 i a−11 a2 ∈ P
k−1
1 k2

λ . Òîäi

(1) Ra−1
1 a2

=

{{
a−11 bk1 ∈ P

k−1
1 k2

λ | b ∈ λ∗
}
, ÿêùî k1 ∈ suff(a2);{

a−11 a2
}
, â iíøîìó âèïàäêó;

(2) La−1
1 a2

=

{{
(ck2)−1a2 | c ∈ λ∗

}
, ÿêùî k2 ∈ suff(a1);{

a−11 a2
}
, â iíøîìó âèïàäêó;

(3) Ha−1
1 a2

=
{
a−11 a2

}
;

(4) Da−1
1 a2

=



Pλ(k−12 k1, k
−1
1 k2) \ {0}, ÿêùî k2 ∈ suff(a1) i k1 ∈ suff(a2);

Ra−1
1 a2

, ÿêùî k1 ∈ suff(a2) i

(k−11 k2 · a−11 a2 = 0 àáî a1 ∈ suffo(k2));

La−1
1 a2

, ÿêùî k2 ∈ suff(a1) i

(a−11 a2 · k−11 k2 = 0 àáî a2 ∈ suffo(k1));

{a−11 a2}, â iíøîìó âèïàäêó;

(5) Ja−1
1 a2

=


{
a−11 a2 ∈ P

k−1
1 k2

λ | k−11 k2 · a−11 a2 · k−11 k2 6= 0
}
,

ÿêùî k−11 k2 · a−11 a2 · k−11 k2 6= 0;

Da−1
1 a2

, â iíøîìó âèïàäêó.

Äîâåäåííÿ. Äëÿ äîâåäåííÿ âèêîðèñòà¹ìî òâåðäæåííÿ 6.
(1) Ç ëåìè 4(1) âèïëèâà¹, ùî a−11 a2 ·k−11 k2 R a−11 a2 òîäi i òiëüêè òîäi, êîëè iñíó¹

ñëîâî u ∈ λ∗ òàêå, ùî a2 = uk1, òîáòî k1 ∈ suff(a2). Òîìó

K
k−1
1 k2

1 = {a−11 a2 ∈ Pλ | k1 ∈ suff(a2)}
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i

Ra−1
1 a2

(Pλ) ∩Kk−1
1 k2

1 =
{
b−11 b2 ∈ Pλ | b1 = a1 i k1 ∈ suff(b2)

}
=

=
{
a−11 bk1 ∈ P

k−1
1 k2

λ | b ∈ λ∗
}
.

Äîâåäåííÿ òâåðäæåííÿ (2) àíàëîãi÷íå äî òâåðäæåííÿ (1).
(3) Îñêiëüêè çà ëåìîþ 4 ó ïîëiöèêëi÷íîìó ìîíî¨äi óñi H -êëàñè ¹ îäíîòî÷êîâè-

ìè, òî ç òâåðäæåííÿ 6 âèïëèâà¹ òâåðäæåííÿ (3).
4. Ç (1) i (2) âèïëèâà¹, ùî

Kk−1
1 k2 = K

k−1
1 k2

1 ∩Kk−1
1 k2

2 =
{
a−11 a2 ∈ Pλ | k1 ∈ suff(a2) i k2 ∈ suff(a1)

}
.

Îñêiëüêè Pλ � 0-áiïðîñòà íàïiâãðóïà, òî Da−1
1 a2

(Pλ) ∩Kk−1
1 k2 = Kk−1

1 k2 . ßêùî k1 /∈
suff(a2), òî àáî a−11 a2 · k−11 k2 = 0, àáî a2 ∈ suffo(k1). Òîìó

K
k−1
1 k2

2 \Kk−1
1 k2

1 =
{
a−11 a2 ∈ Pλ |

(
a−11 a2 · k−11 k2=0 àáî a2 ∈ suffo(k1)

)
i k2 ∈ suff(a1)

}
.

Àíàëîãi÷íî îòðèìó¹ìî

K
k−1
1 k2

1 \Kk−1
1 k2

2 =
{
a−11 a2 ∈ Pλ |

(
k−11 k2 · a−11 a2=0 àáî a1 ∈ suffo(k2)

)
i k1 ∈ suff(a2)

}
.

5. Ïîçàÿê ïîëiöèêëi÷íèé ìîíî¨ä Pλ ¹ 0-ïðîñòîþ íàïiâãðóïîþ, òî

k−11 k2 · a−11 a2 · k−11 k2 J a−11 a2

òîäi i òiëüêè òîäi, êîëè k−11 k2 · a−11 a2 · k−11 k2 6= 0. Òîìó

K
k−1
1 k2

3 =
{
a−11 a2 ∈ Pλ | k−11 k2 · a−11 a2 · k−11 k2 6= 0

}
.

Îñêiëüêè Ja−1
1

(Pλ) = Pλ \ {0} i 0 /∈ Kk−1
1 k2

3 , òî Ja−1
1

(Pλ) ∩Kk−1
1 k2

3 = K
k−1
1 k2

3 . �

4. Içîìîðôiçìè iíòåðàñîöiàòèâíîñòåé ïîëiöèêëi÷íîãî ìîíî¨äà

Ëåìà 5. Íåõàé λ � äîâiëüíèé êàðäèíàë > 2, k−11 k2, t
−1
1 t2 � äîâiëüíi íåíóëüîâi åëå-

ìåíòè íàïiâãðóïè Pλ, a
−1
1 a2 � äîâiëüíèé åëåìåíò íàïiâãðóïè P

k−1
1 k2

λ , b−11 b2 � åëå-

ìåíò íàïiâãðóïè P
t−1
1 t2
λ òàêèé, ùî f(a−11 a2) = b−11 b2 i f : P

k−1
1 k2

λ → P
t−1
1 t2
λ � içîìîð-

ôiçì. Òîäi âèêîíóþòüñÿ òàêi óìîâè:

1) ÿêùî a−11 a2 · k−11 k2 = 0, òî b−11 b2 · t−11 t2 = 0;
2) ÿêùî k−11 k2 · a−11 a2 = 0, òî i t−11 t2 · b−11 b2 = 0;
3) ÿêùî iñíó¹ ñëîâî u ∈ λ∗ \ {ε} òàêå, ùî k2 = ua1, òî iñíó¹ ñëîâî v ∈ λ∗ \ {ε}

òàêå, ùî t2 = vb1;
4) ÿêùî iñíó¹ ñëîâî u ∈ λ∗ \ {ε} òàêå, ùî k1 = ua2, òî iñíó¹ ñëîâî v ∈ λ∗ \ {ε}

òàêå, ùî t1 = vb2;
5) ÿêùî iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî a1 = uk2, òî iñíó¹ ñëîâî v ∈ λ∗ òàêå, ùî

b1 = vt2;
6) ÿêùî iñíó¹ ñëîâî u ∈ λ∗ \ {ε} òàêå, ùî k2 = ua1, òî iñíó¹ ñëîâî v ∈ λ∗ \ {ε}

òàêå, ùî t2 = vb1.

Äîâåäåííÿ. Ç òâåðäæåííÿ 5 i òåîðåìè 1 âèïëèâàþòü òàêi åêâiâàëåíòíîñòi:
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1) a−11 a2 · k−11 k2 = 0 òîäi i òiëüêè òîäi, êîëè R(a−11 a2) � ñêií÷åííèé i Ra−1
1 a2

�
ñêií÷åííèé;

2) k−11 k2 · a−11 a2 = 0 òîäi i òiëüêè òîäi, êîëè L(a−11 a2) � ñêií÷åííèé i La−1
1 a2

�
ñêií÷åííèé;

3) iñíó¹ ñëîâî u ∈ λ∗ \ {ε} òàêå, ùî k2 = ua1 òîäi i òiëüêè òîäi, êîëè L(a−11 a2) �
íåñêií÷åííèé i La−1

1 a2
� ñêií÷åííèé;

4) iñíó¹ ñëîâî u ∈ λ∗ \ {ε} òàêå, ùî k1 = ua2 òîäi i òiëüêè òîäi, êîëè R(a−11 a2) �
íåñêií÷åííèé i Ra−1

1 a2
� ñêií÷åííèé;

5) iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî a1 = uk2, òîäi i òiëüêè òîäi, êîëè L(a−11 a2) �
íåñêií÷åííèé i La−1

1 a2
� íåñêií÷åííèé;

6) iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî a2 = uk2 òîäi i òiëüêè òîäi, êîëè R(a−11 a2) �
íåñêií÷åííèé i Ra−1

1 a2
� íåñêií÷åííèé.

Öå i çàâåðøó¹ äîâåäåííÿ ëåìè. �

Ëåìà 6. Íåõàé λ � äîâiëüíèé êàðäèíàë > 2, k−11 k2, t
−1
1 t2 � äîâiëüíi íåíóëüîâi åëå-

ìåíòè íàïiâãðóïè Pλ, a
−1
1 a2 � äîâiëüíèé íåíóëüîâèé åëåìåíò íàïiâãðóïè P

k−1
1 k2

λ i

f : P
k−1
1 k2

λ → P
t−1
1 t2
λ � içîìîðôiçì. Òîäi âèêîíóþòüñÿ òàêi óìîâè:

(1) f(k−12 k1) = t−12 t1;
(2) iñíó¹ àâòîìîðôiçì ïîëiöèêëi÷íîãî ìîíî¨äà i : Pλ → Pλ òàêèé, ùî

f(k−12 a−11 a2k1) = t−12 · i(a
−1
1 a2) · t1,

äëÿ äîâiëüíîãî k−12 a−11 a2k1 ∈ Dk−1
2 k1

;

(3) ÿêùî f(a−11 a2) = b−11 b2, f(a−11 k1) = c−11 c2 i f(k−12 a2) = c−11 c2, òî c1 ∈ suff(b1)
i c2 ∈ suff(b2);

(4) ÿêùî f(a−11 a2) = b−11 b2, f(a−11 k1) = c−11 c2 i f(k−12 a2) = d−11 d2, òî b1 = c1 i

b2 = d2;

Äîâåäåííÿ. (1) Ç òîãî, ùî âñi iäåìïîòåíòè íàïiâãðóïè P
k−1
1 k2

λ íàëåæàòü ¨¨ ïiäíà-
ïiâãðóïi Pλ(k−12 k1, k

−1
1 k2) i k−12 k1 ¹ îáðàçîì 1Pλ

ïðè âiäïîâiäíîìó içîìîðôiçìi âè-
ïëèâà¹, ùî k−12 k1 ¹ íàéáiëüøèì iäåìïîòåíòîì ñòîñîâíî ïðèðîäíîãî ïîðÿäêó. Òîìó
f(k−12 k1) = t−12 t1.

(2) Íåõàé g1 : Pλ → P
k−1
1 k2

λ , g2 : P
t−1
1 t2
λ → Pλ � içîìîðôiçìè òàêi, ùî g1(a−11 a2) =

k−12 a−11 a2k1 i g2(t−12 a−11 a2t1) = a−11 a2. Òîäi g2 ◦ f ◦ g1 � àâòîìîðôiçì ïîëiöèêëi÷íîãî
ìîíî¨äà. Ïðèïóñòèìî ïðîòèëåæíå. Äëÿ áóäü-ÿêîãî àâòîìîðôiçìó i : Pλ → Pλ ïîëi-
öèêëi÷íîãî ìîíî¨äà iñíó¹ a−11 a2 ∈ Pλ òàêèé, ùî f(k−12 a−11 a2k1) 6= t−12 i(a−11 a2)t1. Òîäi
äëÿ áóäü-ÿêîãî àâòîìîðôiçìó i ìîíî¨äà Pλ iñíó¹ a−11 a2 ∈ Pλ òàêèé, ùî

(g2 ◦ f ◦ g1)(a−11 a2) = b−11 b2 6= i(a−11 a2),

à öå ñóïåðå÷èòü òîìó, ùî g2 ◦ f ◦ g1 � àâòîìîðôiçì ïîëiöèêëi÷íîãî ìîíî¨äà.
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(3) Ðîçãëÿíåìî ðiâíiñòü a−11 a2 = a−11 k1 ∗k−1
1 k2

k−12 a2. Ç ëåìè 5 âèïëèâà¹, ùî

f(a−11 k1) = c−11 c2t1 i f(k−12 a2) = t−12 d−11 d2. Òîìó

f(a−11 a2) = c−11 c2t1 ∗t−1
1 t2

t−12 d−11 d2 =

= c−11 c2t1 · t−11 t2 · t−12 d−11 d2 =

= c−11 c2 · d−11 d2.

Ç ëåìè 1 âèïëèâà¹, ùî c1 ∈ suff(b1) i d2 ∈ suff(b2).
(4) Íåõàé f(a−11 k1) = c−11 c2t1. Ç ïóíêòó (2) âèïëèâà¹, ùî f−1(t−12 c2t1) =

k−12 i(c2)k1, äå i � äåÿêèé àâòîìîðôiçì ïîëiöèêëi÷íîãî ìîíî¨äà. Òîäi ç ïóíêòó (3) âè-
ïëèâà¹, ùî i(c2)k1 ∈ suff(k1). Òîìó i(c2) = ε, i îòæå, c2 = ε. Îòîæ, f(a−11 k1) = c−11 t1.
Àíàëîãi÷íî äîâîäèòüñÿ, ùî f(k−12 a2) = t−12 d2.

Ðîçãëÿíåìî ðiâíiñòü a−11 a2 = a−11 k1 ∗k−1
1 k2

k−12 a2. Òîäi

f(a−11 a2) = f(a−11 k1) ∗t−1
1 t2

f(k−12 a2) =

= c−11 t1 ∗t−1
1 t2

t−12 d2 =

= c−11 t1 · t−11 t2 · t−12 d2 =

= c−11 d2,

ùî i çàâåðøó¹ äîâåäåííÿ ëåìè. �

Òåîðåìà 2. Íåõàé λ � äîâiëüíèé êàðäèíàë > 2 i k−11 k2, t
−1
1 t2 � äîâiëüíi íåíóëüîâi

åëåìåíòè íàïiâãðóïè Pλ. ßêùî f : P
k−1
1 k2

λ → P
t−1
1 t2
λ � içîìîðôiçì, òî ïåðåòâîðåííÿ

f : Pλ = P
k−1
1 k2

λ → Pλ = P
t−1
1 t2
λ ïîëiöèêëi÷íîãî ìîíî¨äà Pλ ¹ éîãî àâòîìîðôiçìîì.

Äîâåäåííÿ. Ðîçãëÿíåìî ðiâíiñòü a−11 a2 = k−11 ∗k−1
1 k2

k−12 a−11 a2. Ç ëåìè 6(4) âèïëèâà¹,

ùî f(k1) = y−11 t1 i f(k−12 a−11 a2) = t−12 · i(a−11 ) · y2, äå i � äåÿêèé àâòîìîðôiçì λ-
ïîëiöèêëi÷íîãî ìîíî¨äà. Òîìó

f(a−11 a2) = f(k−11 ) ∗t−1
1 t2

f(k−12 a−11 a2) =

= y−11 t1 ∗t−1
1 t2

t−12 i(a−11 )y2 =

= y−11 t1 · t−11 t2 · t−12 i(a−11 )y2 =

= y−11 i(a−11 )y2.

Îñêiëüêè y1 íå çàëåæèòü âiä âèáîðó åëåìåíòà a−11 a2, òî f(P
k−1
1 k2

λ ) = y−11 P
t−1
1 t2
λ . Çâiä-

ñè âèïëèâà¹, ùî y1 = ε. Òîìó f(a−11 a2) = i(a−11 ) · y2. Àíàëîãi÷íî äîâîäèòüñÿ, ùî
f(a−11 a2) = z−11 · i(a2). Îòæå, f(a−11 a2) = i(a−11 ) · i(a2) = i(a−11 a2). �

Òâåðäæåííÿ 7. Íåõàé λ � äîâiëüíèé êàðäèíàë > 2. ßêùî k−11 k2, t
−1
1 t2 ∈ Pλ, òî

íàïiâãðóïà P
k−1
1 k2

λ içîìîðôíà íàïiâãðóïi P
t−1
1 t2
λ òîäi i òiëüêè òîäi, êîëè iñíó¹ àâ-

òîìîðôiçì i : Pλ → Pλ ïîëiöèêëi÷íîãî ìîíî¨äà òàêèé, ùî i(k−11 k2) = t−11 t2.

Äîâåäåííÿ. Iìïëiêàöiÿ (⇒) âèïëèâà¹ ç òåîðåìè 2.
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(⇐) Ïðèïóñòèìî, ùî iñíó¹ àâòîìîðôiçì i : Pλ → Pλ òàêèé, ùî i(k
−1
1 k2) = t−11 t2.

Äëÿ äîâiëüíèõ a−11 a2, b
−1
1 b2 ∈ P

k−1
1 k2

λ ìà¹ìî

i(a−11 a2 ∗k−1
1 k2

b−11 b2) = i(a−11 a2 · k−11 k2 · b−11 b2) =

= i(a−11 a2)i(k−11 k2)i(b−11 b2) =

= i(a−11 a2) · t−11 t2 · i(b−11 b2) =

= i(a−11 a2) ∗t−1
1 t2

f(b−11 b2).

Òîìó âiäîáðàæåííÿ i : Pλ → Pλ âèçíà÷à¹ içîìîðôiçì ìiæ íàïiâãðóïàìè P
k−1
1 k2

λ i

P
t−1
1 t2
λ , îñêiëüêè åëåìåíòè íàïiâãðóï P k

−1
1 k2

λ , P t
−1
1 t2
λ i Pλ ¹ ðiâíèìè òîäi i ëèøå òîäi,

êîëè âîíè ìàþòü îäíàêîâi çîáðàæåííÿ ÿê åëåìåíòè ïîëiöèêëi÷íîãî ìîíî¨äà Pλ. �
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Ââåäåíî ïîíÿòòÿ çiðêîâîãî ÷àñòêîâîãî ãîìåîìîðôiçìó ñêií÷åííîâè-
ìiðíîãî åâêëiäîâîãî ïðîñòîðó Rn i äîñëiäæó¹òüñÿ ñòðóêòóðà íàïiâãðóïè
PStHRn çiðêîâèõ ÷àñòêîâèõ ãîìåîìîðôiçìiâ ïðîñòîðó Rn. Îïèñàíî ñòðóê-
òóðó iäåìïîòåíòiâ íàïiâãðóïè PStHRn i âiäíîøåííÿ �ðiíà íà PStHRn .
Çîêðåìà äîâåäåíî, ùî PStHRn � áiïðîñòà iíâåðñíà íàïiâãðóïà, à òàêîæ,
ùî êîæíà íåîäèíè÷íà êîíãðóåíöiÿ íà PStHRn ¹ ãðóïîâîþ.

Êëþ÷îâi ñëîâà: íàïiâãðóïà ïåðåòâîðåíü, iíâåðñíà íàïiâãðóïà, ÷àñòêî-
âèé ãîìåîìîðôiçì, çiðêà, âiäíîøåííÿ �ðiíà, êîíãðóåíöiÿ.

Ìè êîðèñòóâàòèìåìîñÿ òåðìiíîëîãi¹þ ç [26, 27, 33, 39].
Íàäàëi áóäåìî ââàæàòè, ùî íà n-âèìiðíîìó åâêëiäîâîìó ïðîñòîði Rn âèçíà÷åíà

çâè÷àéíà (åâêëiäîâà) òîïîëîãiÿ.
ßêùî âèçíà÷åíå ÷àñòêîâå âiäîáðàæåííÿ α : X ⇀ Y ç ìíîæèíè X ó ìíîæèíó

Y , òî ÷åðåç domα i ranα áóäåìî ïîçíà÷àòè éîãî îáëàñòü âèçíà÷åííÿ òà îáëàñòü

çíà÷åíü, âiäïîâiäíî, à ÷åðåç (x)α i (A)α � îáðàçè åëåìåíòà x ∈ domα òà ïiäìíîæèíè
A ⊆ domα ïðè ÷àñòêîâîìó âiäîáðàæåííi α, âiäïîâiäíî.

×àñòêîâå âiäîáðàæåííÿ (ïåðåòâîðåííÿ) α : X ⇀ X òîïîëîãi÷íîãî ïðîñòî-
ðó X íàçèâà¹òüñÿ ÷àñòêîâèì ãîìåîìîðôiçìîì ïðîñòîðó R, ÿêùî éîãî çâóæåííÿ
α|domα : domα→ ranα ¹ ãîìåîìîðôiçìîì.

ßêùî S � íàïiâãðóïà, òî ¨¨ ïiäìíîæèíà iäåìïîòåíòiâ ïîçíà÷à¹òüñÿ ÷åðåç E(S).
Íàïiâãðóïà S íàçèâà¹òüñÿ iíâåðñíîþ, ÿêùî äëÿ äîâiëüíîãî ¨¨ åëåìåíòà x iñíó¹ ¹äèíèé
åëåìåíò x−1 ∈ S òàêèé, ùî xx−1x = x òà x−1xx−1 = x−1. Â iíâåðñíié íàïiâãðóïi S

2010 Mathematics Subject Classi�cation: 20M15, 20M50, 18B40

c© Ãóòiê, Î., Ìåëüíèê, Ê. , 2018
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âèùå îçíà÷åíèé åëåìåíò x−1 íàçèâà¹òüñÿ iíâåðñíèì äî x. Â'ÿçêà � öå íàïiâãðóïà
iäåìïîòåíòiâ, à íàïiâ ðàòêà � öå êîìóòàòèâíà â'ÿçêà.

Âiäíîøåííÿ åêâiâàëåíòíîñòi K íà íàïiâãðóïi S íàçèâà¹òüñÿ êîíãðóåíöi¹þ, ÿêùî
äëÿ åëåìåíòiâ a i b íàïiâãðóïè S ç òîãî, ùî âèêîíó¹òüñÿ óìîâà (a, b) ∈ K âèïëè-
âà¹, ùî (ca, cb), (ad, bd) ∈ K, äëÿ âñiõ c, d ∈ S. Âiäíîøåííÿ (a, b) ∈ K ìè òàêîæ
áóäåìî çàïèñóâàòè aKb, i â öüîìó âèïàäêó áóäåìî ãîâîðèòè, ùî åëåìåíòè a i b ¹

K-åêâiâàëåíòíèìè. Íà êîæíié íàïiâãðóïi S iñíóþòü òàêi êîíãðóåíöi¨: óíiâåðñàëüíà
US = S × S òà îäèíè÷íà (äiàãîíàëü) ∆S = {(s, s) : s ∈ S}. Òàêi êîíãðóåíöi¨ íàçè-
âàþòüñÿ òðèâiàëüíèìè. Êîæåí äâîái÷íèé iäåàë I íàïiâãðóïè S ïîðîäæó¹ íà íié
êîíãðóåíöiþ Ðiñà: KI = (I × I) ∪ ∆S . Êîíãðóåíöiÿ K íà íàïiâãðóïi S íàçèâà¹òüñÿ
ãðóïîâîþ, ÿêùî ôàêòîð-íàïiâãðóïà S/K ¹ ãðóïîþ.

ßêùî S � íàïiâãðóïà, òî íà E(S) âèçíà÷åíî ÷àñòêîâèé ïîðÿäîê

e 6 f òîäi i ëèøå òîäi, êîëè ef = fe = e.

Òàê îçíà÷åíèé ÷àñòêîâèé ïîðÿäîê íà E(S) íàçèâà¹òüñÿ ïðèðîäíèì.
Îçíà÷èìî âiäíîøåííÿ 6 íà iíâåðñíié íàïiâãðóïi S òàê:

s 6 t òîäi i ëèøå òîäi, êîëè s = te,

äëÿ äåÿêîãî iäåìïîòåíòà e ∈ S. Òàê îçíà÷åíèé ÷àñòêîâèé ïîðÿäîê íàçèâà¹òüñÿ ïðè-

ðîäíèì ÷àñòêîâèì ïîðÿäêîì íà iíâåðñíié íàïiâãðóïi S [33]. Î÷åâèäíî, ùî çâóæåííÿ
ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó 6 íà iíâåðñíié íàïiâãðóïi S íà ¨¨ â'ÿçêó E(S) ¹ ïðè-
ðîäíèì ÷àñòêîâèì ïîðÿäêîì íà E(S).

Íàãàäà¹ìî (äèâ., íàïðèêëàä [26, �1.12]), ùî áiöèêëi÷íîþ íàïiâãðóïîþ (àáî áiöèê-
ëi÷íèì ìîíî¨äîì) C (p, q) íàçèâà¹òüñÿ íàïiâãðóïà ç îäèíèöåþ, ïîðîäæåíà äâîåëå-
ìåíòíîþ ìíîæèíîþ {p, q} i âèçíà÷åíà îäíèì âèçíà÷àëüíèì ñïiââiäíîøåííÿì pq = 1.
Áiöèêëi÷íà íàïiâãðóïà âiäiãðà¹ âàæëèâó ðîëü ó òåîði¨ íàïiâãðóï. Çîêðåìà, êëàñè÷íà
òåîðåìà Îëàôà Àíäåðñåíà [22] ñòâåðäæó¹, ùî (0-)ïðîñòà íàïiâãðóïà ç iäåìïîòåí-
òîì ¹ öiëêîì (0-)ïðîñòîþ òîäi i ëèøå òîäi, êîëè âîíà íå ìiñòèòü içîìîðôíó êîïiþ
áiöèêëi÷íî¨ íàïiâãðóïè.

×åðåç Iλ ïîçíà÷èìî ìíîæèíó âñiõ ÷àñòêîâèõ âçà¹ìíîîäíîçíà÷íèõ ïåðåòâîðåíü
êàðäèíàëà λ ðàçîì ç òàêîþ íàïiâãðóïîâîþ îïåðàöi¹þ

x(αβ) = (xα)β ÿêùî x ∈ dom(αβ) = {y ∈ domα : yα ∈ domβ}, äëÿ α, β ∈ Iλ.

Íàïiâãðóïà Iλ íàçèâà¹òüñÿ ñèìåòðè÷íîþ iíâåðñíîþ íàïiâãðóïîþ àáî ñèìåòðè÷íèì
iíâåðñíèì ìîíî¨äîì íàä êàðäèíàëîì λ (äèâ. [26]). Ñèìåòðè÷íà iíâåðñíà íàïiâãðó-
ïà ââåäåíà Â. Â. Âàãíåðîì ó ïðàöÿõ [3, 4] i âîíà âiäiãðà¹ âàæëèâó ðîëü ó òåîði¨
íàïiâãðóï.

ßêùî A � ïiäìíîæèíà åâêëiäîâîãî ïðîñòîðó Rn, òî ÷åðåç intA ïîçíà÷àòèìå-
ìî âíóòðiøíiñòü ìíîæèíè A â ïðîñòîði Rn. Ìè ïîçíà÷àòèìåìî îäèíè÷íó ñôåðó òà
çàìêíåíó êóëþ ðàäióñà r > 0 â Rn ÷åðåç Sn−1 i Br, âiäïîâiäíî.

Äëÿ äîâiëüíèõ äâîõ òî÷îê x, y ∈ Rn ÷åðåç [x, y] ïîçíà÷àòèìåìî âiäðiçîê â Rn,
ÿêèé ç'¹äíó¹ òî÷êè x, y, òîáòî [x, y] = {z ∈ Rn : −→xz = α · −→xy, 0 6 α 6 1}.

Êîìïàêòíà îïóêëà ïiäìíîæèíà â Rn ç íåïîðîæíüîþ âíóòðiøíiñòþ íàçèâà¹òüñÿ
îïóêëèì òiëîì. Ïiäìíîæèíà L ⊆ Rn íàçèâà¹òüñÿ çiðêîþ â ïî÷àòêó 0, ÿêùî äëÿ
äîâiëüíî¨ òî÷êè x ∈ L âiäðiçîê [0, x] ìiñòèòüñÿ â L. ßêùî L ¹ êîìïàêòíîþ ïiäìíî-
æèíîþ, ÿêà ¹ çiðêîþ â ïî÷àòêó 0, òî ¨¨ ðàäiàëüíà ôóíêöiÿ ρL âèçíà÷à¹òüñÿ äëÿ âñiõ
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u ∈ Sn−1 òàê, ùî ïðîìiíü âiäêëàäåíèé ó ïî÷àòêó 0 ïàðàëåëüíî äî u ïåðåòèíà¹ L, çà
ôîðìóëîþ

(u)ρL = max {c > 0: cx ∈ L} .
Çàóâàæèìî, ùî â [28], ó ÿêié ââåäåíî âñi âèùå îçíà÷åííi ïîíÿòòÿ, íå ïðèïóñêà¹òüñÿ,
ùî ïî÷àòîê 0 íàëåæèòü çiðöi L. Íàäàëi, ùå êðiì òîãî, ìè áóäåìî ââàæàòè, ùî 0 ∈
intL äëÿ äîâiëüíî¨ çiðêè L ⊆ Rn, ùî åêâiâàëåíòíî óìîâi ρL(u) 6= 0 äëÿ âñiõ u ∈ Sn−1,
à òàêîæ ïðèïóñêàòèìåìî, ùî ðàäiàëüíà ôóíêöiÿ ρL : Sn−1 → L ¹ íåïåðåðâíîþ.

Íåõàé L1 i L2 � çiðêè â ïî÷àòêó 0. Òîäi ãîìåîìîðôiçì α : L1 → L2 íàçèâà¹òüñÿ
çiðêîâèì, ÿêùî (0)α = 0 i ([0, x])α = [0, (x)α] äëÿ äîâiëüíîãî âiäðiçêà [0, x] ⊆ L1.
Íàäàëi ââàæàòèìåìî, ùî âñi çiðêè L ⊆ Rn ¹ â ïî÷àòêó 0 i ïiä ÷àñòêîâèìè çiðêîâèìè

ãîìåîìîðôiçìàìè ïðîñòîðó Rn áóäåìî ðîçóìiòè ãîìåîìîðôiçìè ìiæ çiðêàìè â Rn.
Ç îçíà÷åííÿ çiðêîâîãî ãîìåîìîðôiçìó âèïëèâà¹ òâåðäæåííÿ 1.

Òâåðäæåííÿ 1. Êîìïîçèöiÿ äâîõ ÷àñòêîâèõ çiðêîâèõ ãîìåîìîðôiçìiâ ïðîñòîðó

Rn i îáåðíåíå ÷àñòêîâå âiäîáðàæåííÿ äî ÷àñòêîâîãî çiðêîâîãî ãîìåîìîðôiçìó ¹

÷àñòêîâèìè çiðêîâèìè ãîìåîìîðôiçìàìè ïðîñòîðó Rn.

Òâåðäæåííÿ 2. Äîâiëüíi äâi çiðêè â Rn ¹ çiðêîâî ãîìåîìîðôíèìè.

Äîâåäåííÿ. Äîâåäåìî, ùî äîâiëüíà çiðêà L çiðêîâî ãîìåîìîðôíà îäèíè÷íié êóëiB1 â
Rn. Îçíà÷èìî âiäîáðàæåííÿ αL : L→ B1 íàñòóïíèì ÷èíîì. Íåõàé ρL : Sn−1 → L �
ðàäiàëüíà ôóíêöiÿ çiðêè L. Äëÿ äîâiëüíîãî x ∈ B1 ïîêëàäåìî (x)r � òî÷êà íà
îäèíè÷íié ñôåði Sn−1 òàêà, ùî x ∈ [0, (x)r]. Òîäi ç íåïåðåðâíîñòi ðàäiàëüíî¨ ôóíêöi¨
ρL : Sn−1 → L âèïëèâà¹, ùî âiäîáðàæåííÿ βL : B1 → L, îçíà÷åíå çà ôîðìóëîþ

(x)βL =

{
0, ÿêùî x = 0;
x · ((x)r)ρL, â iíøîìó âèïàäêó,

¹ ái¹êòèâíèì i íåïåðåðâíèì, i îñêiëüêè B1 � êîìïàêòíèé ïiäïðîñòið â Rn, òî βL ¹
çiðêîâèì ãîìåîìîðôiçìîì. Ïîêëàäåìî αL : L→ B1 � îáåðíåíå âiäîáðàæåííÿ äî βL.
Î÷åâèäíî, ùî âiäîáðàæåííÿ αL ¹ çiðêîâèì ãîìåîìîðôiçìîì. �

Ç òâåðäæåííÿ 14.1.7 [36] i ç ìiðêóâàíü âèêëàäåíèõ â [27, �1.4, ñ. 29�30] âèïëèâà¹
òâåðäæåííÿ 3.

Òâåðäæåííÿ 3. Ïåðåòèí äâîõ çiðîê ¹ çiðêîþ â Rn.

×åðåç PStHRn ïîçíà÷èìî ìíîæèíó âñiõ ÷àñòêîâèõ çiðêîâèõ ãîìåîìîðôiçìiâ
ïðîñòîðó Rn ç îïåðàöi¹þ êîìïîçèöi¹þ âiäîáðàæåíü.

Ç òâåðäæåíü 2 i 3 âèïëèâà¹ òâåðäæåííÿ 4.

Òâåðäæåííÿ 4. PStHRn � iíâåðñíà ïiäíàïiâãðóïà ñèìåòðè÷íîãî iíâåðñíîãî ìî-

íî¨äà Ic.

Äîñëiäæåííÿ àâòîìîðôiçìiâ i ãðóï àâòîìîðôiçìiâ ìíîãîâèäiâ ìàëî¨ ðîçìiðíîñ-
òi ôîðìóþòü øèðîêó îáëàñòü ñó÷àñíî¨ ìàòåìàòèêè, ÿêà äóæå øâèäêî ðîçâèâà¹òüñÿ
òà ðîçòàøîâàíà íà ñòèêó òîïîëîãi¨, àëãåáðè é òåîði¨ äèíàìi÷íèõ ñèñòåì. Öÿ îáëàñòü
îõîïëþ¹ âèâ÷åííÿ ãðóï ãîìåîìîðôiçìiâ ïðÿìî¨ òà êîëà, òåîðiþ àâòîìîðôiçìiâ ïî-
âåðõîíü i òåîðiþ ãðóï êëàñiâ âiäîáðàæåíü.
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Àâòîìîðôiçìàì i ãðóïàì àâòîìîðôiçìiâ ìíîãîâèäiâ ðîçìiðíîñòi 1 i 2 ïðèñâÿ÷å-
íî ôóíäàìåíòàëüíi ïðàöi Êëåéíà, Ôðèêå, Ïóàíêàðå, Ãóðâiöà, Äåíà, Äàíæóà, Àëåê-
ñàíäåðà, Íiëüñåíà, Àðòiíà, Êåðåê'ÿðòî, À. À. Ìàðêîâà. Ñó÷àñíi äîñëiäæåííÿ ãðóï
ãîìåîìîðôiçìiâ ïðÿìî¨ âèêëàäåíî â îãëÿäàõ Áåêëàðÿíà [1, 2] òà ¨¨ çàñòîñóâàííÿ â
òåîði¨ äèíàìi÷íèõ ñèñòåì ó ìîíîãðàôi¨ [32].

Îñíîâíi ðåçóëüòàòè òåîði¨ íàïiâãðóï ïåðåòâîðåíü îòðèìàíi â ïåðiîä 50-70-õ ðîêiâ
ìèíóëîãî ñòîëiòòÿ, âèêëàäåíi â îãëÿäàõ Ìåããiëà [34] òà Ãëóñêiíà, Øàéíà, Øíåïåð-
ìàíà òà ßðîêåðà [29]. Ó öüîìó íàïðÿìi ïðàöþâàëè òàêi âiäîìi ìàòåìàòèêè: Ãàói,
Ãåëüôàíä, Ãëóñêií, Ãðií, Åíãåëüêiíã, Êëiôôîðä, Ëÿïií, Ìåããië, Ïðåñòîí, Ñàááàõ,
Ñåðïiíñüêèé, Ñóøêåâè÷, Óëàì, Øàéí, Øíåïåðìàí, Øóòîâ, ßðîêåð. Íà äóìêó Ìåã-
ãiëà (äèâ. [34]) Òåîðiÿ íàïiâãðóï íåïåðåðâíèõ ïåðåòâîðåíü òîïîëîãi÷íèõ ïðîñòîðiâ
áåðå ñâié ïî÷àòîê ç ïðàöü Ãëóñêiíà [5, 6, 7, 8, 9, 10]. Â îñíîâíîìó öi ïðàöi Ãëóñêi-
íà ïðèñâÿ÷åíi îïèñàííþ ñòðóêòóðè íàïiâãðóïè S(I) íåïåðåðâíèõ ïåðåòâîðåíü îäè-
íè÷íîãî âiäðiçêà I, à òàêîæ îïèñàííþ ïiäíàïiâãðóï íàïiâãðóïè S(X) íåïåðåðâíèõ
ïåðåòâîðåíü òîïîëîãi÷íîãî ïðîñòîðó X. Íàïiâãðóïó S(I) íåïåðåðâíèõ ïåðåòâîðåíü
îäèíè÷íîãî âiäðiçêà òàêîæ äîñëiäæóâàâ Øóòîâ ó ïðàöÿõ [20, 21], äå âií îïèñàâ ìàê-
ñèìàëüíó âëàñíó êîíãðóåíöiþ íà S(I).

Íàïiâãðóïó S(I) òàêîæ äîñëiäæóâàëè â [12, 14, 15, 16, 17, 19, 24, 31, 35, 40, 41],
çîêðåìà â [5, 12] îïèñàíî êîíãðóåíö-ïðîñòi ïiäíàïiâãðóïè â S(I). Øíåïåðìàí [18] òà
Óàðíäîô [42] äîâåëè, ùî îäèíè÷íèé âiäðiçîê âèçíà÷à¹òüñÿ íàïiâãðóïîþ íåïåðåðâíèõ
ïåðåòâîðåíü. Iíøi êëàñè òîïîëîãi÷íèõ ïðîñòîðiâ, ùî âèçíà÷àþòüñÿ ñâî¨ìè íàïiâãðó-
ïàìè íåïåðåðâíèõ ïåðåòâîðåíü, îïèñàâ Óàðíäîô ó [42] i Ðîñiöêèé ó [40, 41]. Çîêðåìà
òàêèìè ¹: ëîêàëüíî çâ'ÿçíi ñåïàðàáåëüíi ìåòðè÷íi êîíòèíóóìè, ëîêàëüíî åâêëiäîâi
ãàóñäîðôîâi ïðîñòîðè, íóëüâèìiðíi ìåòðè÷íi ïðîñòîðè, CW -êîìïëåêñè òà ií. Òàêîæ
Î'Ðåéëi â ïðàöi [38] äîâåëà, ùî êîæåí ãàóñäîðôîâèé ïðîñòið X âèçíà÷à¹òüñÿ íàïiâ-
ãðóïîþ óñiõ êîìïàêòíèõ âiäíîøåíü íà X.

Çàóâàæèìî, ùî ãðóïà ãîìåîìîðôiçìiâ äiéñíî¨ ïðÿìî¨ içîìîðôíà ãðóïi ãîìåî-
ìîðôiçìiâ îäèíè÷íîãî âiäðiçêà (iíòåðâàëó). Òàêèì ÷èíîì âèíèêà¹ çàäà÷à: îïèñàòè
ñòðóêòóðó íàïiâãðóïè ÷àñòêîâèõ ãîìåîìîðôiçìiâ òîïîëîãi÷íîãî ïðîñòîðó X, à â
÷àñòêîâîìó âèïàäêó îäèíè÷íîãî âiäðiçêà, ÷è äiéñíî¨ ïðÿìî¨. Îäíi¹þ ç îñòàííiõ ðîáiò
ç öi¹¨ òåìàòèêè ¹ ïðàöÿ ×ó÷ìàíà [25], â ÿêié îïèñàíî ñòðóêòóðó íàïiâãðóïè çàìêíå-
íèõ çâ'ÿçíèõ ÷àñòêîâèõ ãîìåîìîðôiçìiâ îäèíè÷íîãî âiäðiçêà ç îäíi¹þ íåðóõîìîþ
òî÷êîþ. Òàêîæ ó [11] îïèñàíà ñòðóêòóðà íàïiâãðóïè PH +

cf (R) óñiõ ìîíîòîííèõ êî-
ñêií÷åííèõ ÷àñòêîâèõ ãîìåîìîðôiçìiâ çâè÷àéíî¨ äiéñíî¨ ïðÿìî¨ R. Çîêðåìà, â [11]
äîâåäåíî, ùî ôàêòîð-íàïiâãðóïà PH +

cf (R)/Cmg çà íàéìåíøîþ ãðóïîâîþ êîíãðóåí-
öi¹þ Cmg içîìîðôíà ãðóïi H +(R) óñiõ ãîìåîìîðôiçìiâ, ùî çáåðiãàþòü îði¹íòàöiþ
ïðîñòîðó R, à òàêîæ, ùî íàïiâãðóïà PH +

cf (R) içîìîðôíà íàïiâïðÿìîìó äîáóòêó
H +(R) nh P∞(R) âiëüíî¨ íàïiâ ðàòêè ç îäèíèöåþ (P∞(R),∪) ç ãðóïîþ H +(R).

Íàãàäà¹ìî [25], ùî ÷àñòêîâå ïåðåòâîðåííÿ α : X ⇀ X òîïîëîãi÷íîãî ïðîñòîðó
X íàçèâà¹òüñÿ çàìêíåíèì çâ'ÿçíèì ÷àñòêîâèì ãîìåîìîðôiçìîì, ÿêùî éîãî çâó-
æåííÿ α : domα → ranα ¹ ãîìåîìîðôiçìîì i domα òà ranα � çàìêíåíi çâ'ÿçíi
ïiäìíîæèíè â X. Î÷åâèäíî, ùî êîæåí çàìêíåíèé çâ'ÿçíèé ÷àñòêîâèé ãîìåîìîðôiçì
îäèíè÷íîãî âiäðiçêà, ÷è ïðÿìî¨, ç îäíi¹þ íåðóõîìîþ òî÷êîþ ìîæíà ðîçãëÿäàòè ÿê
çiðêîâèé ÷àñòêîâèé ãîìåîìîðôiçì öüîãî ïðîñòîðó. Òîìó ïðèðîäíî âèíèêà¹ çàäà÷à
ïðî ìîæëèâiñòü ïîøèðåííÿ ðåçóëüòàòiâ, îòðèìàíèõ ó ïðàöi [25] íà âèùi âèìiðè.
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Ó öié ïðàöi äîñëiäæó¹òüñÿ ñòðóêòóðà íàïiâãðóïè PStHRn çiðêîâèõ ÷àñòêîâèõ
ãîìåîìîðôiçìiâ ñêií÷åííîâèìiðíîãî åâêëiäîâîãî ïðîñòîðó Rn. Îïèñàíà ñòðóêòóðà
iäåìïîòåíòiâ íàïiâãðóïè PStHRn i âiäíîøåííÿ �ðiíà íà PStHRn . Çîêðåìà äîâå-
äåíî, ùî PStHRn � áiïðîñòà iíâåðñíà íàïiâãðóïà, à òàêîæ, ùî êîæíà íåîäèíè÷íà
êîíãðóåíöiÿ íà PStHRn ¹ ãðóïîâîþ.

Íàäàëi â ñòàòòi ÷åðåç St0(Rn) ïîçíà÷àòèìåìî ìíîæèíó óñiõ çiðîê â ïî÷àòêó 0.
Ç îçíà÷åííÿ íàïiâãðóïè PStHRn i òâåðäæåííÿ 4 âèïëèâà¹ òâåðäæåííÿ 5.

Òâåðäæåííÿ 5. (i) Åëåìåíò α ¹ iäåìïîòåíòîì íàïiâãðóïè PStHRn òîäi i

ëèøå òîäi, êîëè α : S → S � òîòîæíå âiäîáðàæåííÿ äëÿ äåÿêî¨ çiðêè S ∈
St0(Rn).

(ii) Â'ÿçêà E(PStHRn) içîìîðôíà íàïiâ ðàòöi (St0(Rn),∩).
(iii) ε 6 ι â E(PStHRn) òîäi i ëèøå òîäi, êîëè dom ε ⊆ dom ι.
(iv) α 6 β â PStHRn òîäi i ëèøå òîäi, êîëè β|domα = α.

Çàóâàæèìî, ùî ïóíêòè (i) i (ii) òâåðäæåííÿ 5 âèïëèâàþòü ç òîãî ôàêòó, ùî
â ñèìåòðè÷íîìó iíâåðñíîìó ìîíî¨äi iäåìïîòåíòàìè ¹ ëèøå òîòîæíi ÷àñòêîâi ïåðå-
òâîðåííÿ (äèâ. [33, òâåðäæåííÿ 1.1.2]), à ïóíêòè (iii) i (iv) âèïëèâàþòü ç îçíà÷åííÿ
ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó íà E(PStHRn) i PStHRn , âiäïîâiäíî, òà ç ëåìè 3
[33].

ßêùî S � íàïiâãðóïà, òî âiäíîøåííÿ �ðiíà R, L , J , D i H íà S âèçíà÷àþòüñÿ
òàê (äèâ. [30] àáî [26, �2.1]):

aRb òîäi i ëèøå òîäi, êîëè aS1 = bS1;

aL b òîäi i ëèøå òîäi, êîëè S1a = S1b;

aJ b òîäi i ëèøå òîäi, êîëè S1aS1 = S1bS1;

D = L ◦R = R ◦L ;

H = L ∩R.

Íàïiâãðóïà S íàçèâà¹òüñÿ ïðîñòîþ, ÿêùî S íå ìà¹ âëàñíîãî äâîái÷íîãî iäåàëó, òîáòî
S ìà¹ ¹äèíèé J -êëàñ, i áiïðîñòîþ, ÿêùî S ìà¹ ¹äèíèé D-êëàñ.

Ïîçàÿê çà òâåðäæåííÿì 4, PStHRn � iíâåðñíà ïiäíàïiâãðóïà ñèìåòðè÷íîãî ií-
âåðñíîãî ìîíî¨äà Ic, òî ç âèçíà÷åíü âiäíîøåíü �ðiíà íà Ic i òâåðäæåííÿ 3.2.11 [33]
âèïëèâà¹ òâåðäæåííÿ 6.

Òâåðäæåííÿ 6. Íåõàé α, β � åëåìåíòè íàïiâãðóïè PStHRn . Òîäi:

(i) αRβ â PStHRn òîäi i ëèøå òîäi, êîëè ranα = ranβ;
(ii) αL β â PStHRn òîäi i ëèøå òîäi, êîëè domα = domβ;

(iii) αH β â PStHRn òîäi i ëèøå òîäi, êîëè ranα = ranβ i domα = domβ.

Òâåðäæåííÿ 7. PStHRn � áiïðîñòà íàïiâãðóïà.

Äîâåäåííÿ. Íåõàé ε i ι � äîâiëüíi iäåìïîòåíòè íàïiâãðóïè PStHRn . Òîäi çà òâåð-
äæåííÿì 5(i) iñíóþòü çiðêè E, I ∈ St0(Rn) òàêi, ùî ε : dom ε = E → ran ε = E i
ι : dom ι = I → ran ι = I � òîòîæíi âiäîáðàæåííÿ. Çà òâåðäæåííÿì 2 iñíó¹ çiðêîâèé
ãîìåîìîðôiçì α : E → I. Î÷åâèäíî, ùî αα−1 = ε i α−1α = ι. Ïîçàÿê íàïiâãðóïà
PStHRn ¹ iíâåðñíîþ, òî ç ëåìè Ìàííà (äèâ. [37, ëåìà 1.1]) âèïëèâà¹, ùî PStHRn ¹
áiïðîñòîþ íàïiâãðóïîþ. �
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Îñêiëüêè êîæåí D-êëàñ åëåìåíòà a íàïiâãðóïè S ìiñòèòüñÿ â éîãî J -êëàñi (äèâ.
[26, �2.1]), òî ç òâåðäæåííÿ 7 âèïëèâà¹ íàñëiäîê 1.

Íàñëiäîê 1. PStHRn � ïðîñòà íàïiâãðóïà.

Ç òâåðäæåííÿ 7 i òåîðåìè 2.20 [26] âèïëèâà¹ íàñëiäîê 2.

Íàñëiäîê 2. Äîâiëüíi äâi ìàêñèìàëüíi ïiäãðóïè â PStHRn ¹ içîìîðôíèìè. Áiëüøå

òîãî êîæíà ìàêñèìàëüíà ïiäãðóïà â PStHRn içîìîðôíà ãðóïi âñiõ çiðêîâèõ ãîìåî-

ìîðôiçìiâ îäèíè÷íî¨ êóëi B1 â Rn.

Ëåìà 1. Íåõàé C � êîíãðóåíöiÿ íà íàïiâãðóïi PStHRn , r1, r2 � äîâiëüíi ðiçíi äiéñíi

äîäàòíi ÷èñëà òà εr1 : Br1 → Br1 i εr2 : Br2 → Br2 � òîòîæíi âiäîáðàæåííÿ. ßêùî

εr1Cεr2 , òî âñi iäåìïîòåíòè íàïiâãðóïè PStHRn ¹ C-åêâiâàëåíòíèìè.

Äîâåäåííÿ. Ñïî÷àòêó äîâåäåìî, ùî äëÿ äîâiëüíîãî äiéñíîãî äîäàòíüîãî ÷èñëà r
iäåìïîòåíò εr, äå εr : Br → Br � òîòîæíå âiäîáðàæåííÿ, ¹ C-åêâiâàëåíòíèì iäåì-
ïîòåíòàì εr1 i εr2 .

Íå çìåíøóþ÷è çàãàëüíîñòi, ìîæåìî ââàæàòè, ùî r1 < r2. Ðîçãëÿíåìî ìîæëèâi
âèïàäêè:

a) r < r1; b) r1 < r < r2; i c) r2 < r.

Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ âèïàäîê b) r1 < r < r2. Òîäi ç òâåðäæåííÿ 5
âèïëèâà¹, ùî εr1 = εr1εrCεr2εr = εr, à îòæå, εr1Cεr i εrCεr2 .

Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ âèïàäîê a) r < r1. Îçíà÷èìî ÷àñòêîâå âiäîáðà-
æåííÿ α : Rn ⇀ Rn íàñòóïíèì ÷èíîì:

domα = Br2 , ranα = Br1 i (x)α = x · r1
r2
.

Òîäi ÷àñòêîâå âiäîáðàæåííÿ α òà îáåðíåíå äî íüîãî α−1 ¹ åëåìåíòàìè íàïiâãðóïè

PStHRn é iñíó¹ íàòóðàëüíå ÷èñëî nr òàêå, ùî
(
r1
r2

)nr
< r.

Íåõàé S =
〈
α, α−1

〉
� ïiäíàïiâãðóïà â PStHRn , ïîðîäæåíà åëåìåíòàìè α i α−1.

Òîäi ëåãêî áà÷èòè, ùî

εr2α = αεr2 = α, εr2α
−1 = α−1εr2 = α−1, αα−1 = εr2 i α−1α = εr1 6= εr2 ,

à îòæå, çà ëåìîþ 1.31 ç [26] íàïiâãðóïà S =
〈
α, α−1

〉
içîìîðôíà áiöèêëi÷íîìó ìî-

íî¨äîâi C (p, q), ïðè÷îìó âñi åëåìåíòè íàïiâãðóïè S ¹äèíèì ÷èíîì çîîáðàæàþòüñÿ

ó âèãëÿäi
(
α−1

)i
αj , äå i òà j � íåâiä'¹ìíi öiëi ÷èñëà, à içîìîðôiçì I : S → C (p, q)

âèçíà÷à¹òüñÿ çà ôîðìóëîþ
( (
α−1

)i
αj

)
I = qipj . Çà íàñëiäêîì 1.32 ç [26] êîæíà íå-

îäèíè÷íà êîíãðóåíöiÿ íà áiöèêëi÷íîìó ìîíî¨äi C (p, q) ¹ ãðóïîâîþ, à îòæå ç íàøèõ
ïðèïóùåíü âèïëèâà¹, ùî óñi iäåìïîòåíòè íàïiâãðóïè S ¹ C-åêâiâàëåíòíèìè. Òîäi äëÿ

r0 =

(
r1
r2

)nr
ìà¹ìî, ùî iäåìïîòåíò εr0 , äå εr0 : Br0 → Br0 � òîòîæíå âiäîáðàæåí-

íÿ, ¹ C-åêâiâàëåíòíèì iäåìïîòåíòàì εr1 i εr2 . Àëå çà ïîáóäîâîþ, εr0 6 εr 6 εr1 â
E(PStHRn), à îòæå, ç âèïàäêó b) âèïëèâà¹, ùî εrCεr2 .

Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ âèïàäîê c) r2 < r. Òîäi iñíó¹ íàòóðàëüíå ÷èñëî nr

òàêå, ùî r2 ·
(
r2
r1

)nr
> r. Îçíà÷èìî ÷àñòêîâå âiäîáðàæåííÿ β : Rn ⇀ Rn íàñòóïíèì
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÷èíîì:

domβ = B
r2

(
r2
r1

)nr , ranβ = B
r2

(
r2
r1

)nr−1 i (x)β = x · r1
r2
.

Òîäi ÷àñòêîâå âiäîáðàæåííÿ β òà îáåðíåíå äî íüîãî β−1 ¹ åëåìåíòàìè íàïiâãðóïè
PStHRn . Íåõàé ε1 : B

r2
(
r2
r1

)nr → B
r2

(
r2
r1

)nr i ε2 : B
r2

(
r2
r1

)nr−1 → B
r2

(
r2
r1

)nr−1 � òî-

òîæíi âiäîáðàæåííÿ. Òîäi î÷åâèäíî, ùî ε1 i ε2 ¹ ðiçíèìè iäåìïîòåíòàìè íàïiâãðóïè
PStHRn , ïðè÷îìó ε2 6 ε1. Òàêîæ ëåãêî áà÷èòè, ùî âèêîíóþòüñÿ òàêi ðiâíîñòi

ε1β = βε1 = β, ε1β
−1 = β−1ε1 = β−1, ββ−1 = ε1 i β−1β = ε2 6= ε1,

à îòæå, çà ëåìîþ 1.31 ç [26] ïiäíàïiâãðóïà T =
〈
β, β−1

〉
â PStHRn , ïîðîäæåíà

åëåìåíòàìè β i β−1, içîìîðôíà áiöèêëi÷íîìó ìîíî¨äîâi C (p, q), ïðè÷îìó âñi åëå-

ìåíòè íàïiâãðóïè T ¹äèíèì ÷èíîì çîîáðàæàþòüñÿ ó âèãëÿäi
(
β−1

)i
βj , äå i òà j

� íåâiä'¹ìíi öiëi ÷èñëà, à içîìîðôiçì I : T → C (p, q) âèçíà÷à¹òüñÿ çà ôîðìóëîþ( (
β−1

)i
βj

)
I = qipj . Î÷åâèäíî, ùî iäåìïîòåíòè

(
β−1

)nr
βnr i

(
β−1

)nr+1
βnr+1 íàïiâ-

ãðóïè PStHRn , ÿê ÷àñòêîâi âiäîáðàæåííÿ, ¹ òîòîæíèìè âiäîáðàæåííÿìè êóëü Br2 i
Br1 , âiäïîâiäíî, à îòæå,

(
β−1

)nr
βnr = εr2 i

(
β−1

)nr+1
βnr+1 = εr1 . Îòîæ, äâà ðiçíi

iäåìïîòåíòè íàïiâãðóïè T ¹ C-åêâiâàëåíòíèìè. Çà íàñëiäêîì 1.32 ç [26] êîæíà íå-
òîòîæíÿ êîíãðóåíöiÿ íà áiöèêëi÷íîìó ìîíî¨äi C (p, q) ¹ ãðóïîâîþ, à îòæå, ç íàøèõ
ïðèïóùåíü âèïëèâà¹, ùî óñi iäåìïîòåíòè íàïiâãðóïè S ¹ C-åêâiâàëåíòíèìè. Àëå çà
ïîáóäîâîþ, εr2 6 εr 6 ε1 â E(PStHRn), à îòæå, ç âèïàäêó b) âèïëèâà¹, ùî εrCεr2 . �

Ëåìà 2. Íåõàé C � êîíãðóåíöiÿ íà íàïiâãðóïi PStHRn òàêà, ùî äâà ðiçíi iäåìïî-

òåíòè íàïiâãðóïè PStHRn ¹ C-åêâiâàëåíòíèìè. Òîäi âñi iäåìïîòåíòè íàïiâãðóïè

PStHRn ¹ C-åêâiâàëåíòíèìè.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî ε i ι � ðiçíi C-åêâiâàëåíòíi iäåìïîòåíòè íàïiâãðóïè
PStHRn . Òîäi ç εCι âèïëèâà¹, ùî ειCιι = ι, à îòæå, íå çìåíøóþ÷è çàãàëüíîñòi,
ìîæåìî ââàæàòè, ùî ε 6 ι â E(PStHRn), à òîäi çà òâåðäæåííÿì 5(iii), dom ε ⊆ dom ι.

Íåõàé αι : dom ι → B1 � ÷àñòêîâèé çiðêîâèé ãîìåîìîðôiçì çiðêè dom ι íà
îäèíè÷íó êóëþ B1 â ïî÷àòêó 0. Çà òâåðäæåííÿì 1 çâóæåííÿ αι|dom ε : dom ε →
(dom ε)αι ¹ ÷àñòêîâèì çiðêîâèì ãîìåîìîðôiçìîì çiðêè dom ε íà çiðêó (dom ε)αι.
Òîäi α−1ι αι : B1 → B1 � òîòîæíå âiäîáðàæåííÿ îäèíè÷íî¨ êóëi B1 â ïî÷àòêó 0. Ïî-
çàÿê α−1ι αι = α−1ι ιαιCα

−1
ι εαι i α−1ι αι 6= α−1ι εαι, òî iäåìïîòåíò ε1, ε1 : B1 → B1 �

òîòîæíå âiäîáðàæåííÿ îäèíè÷íî¨ êóëi B1 â ïî÷àòêó 0, ¹ C-åêâiâàëåíòíèì äåÿêîìó
iäåìïîòåíòîâi εs òàêîìó, ùî dom εs � âëàñíà ïiäìíîæèíà â B1. Òîäi iñíó¹ åëåìåíò
u0 ∈ Sn−1 òàêèé, ùî (u0)ρdom εs < 1. Ïîçàÿê ðàäiàëüíà ôóíêöiÿ ρdom εs : Sn−1 → R
¹ íåïåðåðâíîþ, òî iñíó¹ âiäêðèòèé îêië U(u0) òî÷êè u0 íà ñôåði Sn−1 òàêèé, ùî
(u)ρdom εs < 1 äëÿ âñiõ u ∈ U(u0).

Äëÿ äîâiëüíî¨ òî÷êè x ∈ Sn−1\U(u0) ÷åðåç αx : B1 → B1 ïîçíà÷èìî îðòîãîíàëü-
íå ïåðåòâîðåííÿ îäèíè÷íî¨ êóëi B1, ÿêå âiäîáðàæà¹ òî÷êó u0 ∈ Sn−1 â x ∈ Sn−1. Î÷å-
âèäíî, ùî αx ∈ PStHRn , îñêiëüêè âiäîáðàæåííÿ αx : B1 → B1 ¹ ãîìåîìîðôiçìîì, ÿê
åëåìåíò îðòîãîíàëüíî¨ ãðóïè ìàòðèöü O(n,R) (äèâ. [13]). Ïîçàÿê ïiäïðîñòið Sn−1 \
U(u0) â Sn−1 ¹ êîìïàêòíèì, òî âiäêðèòå ïîêðèòòÿ

{
(U(u0))αx : x ∈ Sn−1 \ U(u0)

}
ïðîñòîðó Sn−1 \ U(u0) ìiñòèòü ñêií÷åííå ïiäïîêðèòòÿ {(U(u0))αx1

, . . . , (U(u0))αxk}.
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Ïîçàÿê ε1Cεs i α−1xi ε1αxi = ε1 äëÿ âñiõ i = 1, . . . , k, òî ε1Cα−1xi εsαxi äëÿ êîæíîãî
i = 1, . . . , k, à îòæå,

ε1Cα
−1
x1
εsαx1

· · ·α−1xk εsαxk .
Î÷åâèäíî, ùî åëåìåíò α−1xi εsαxi ¹ iäåìïîòåíòîì íàïiâãðóïè PStHRn äëÿ êîæíîãî
i = 1, . . . , k, à îòæå, φ = εsα

−1
x1
εsαx1

· · ·α−1xk εsαxk ¹ òàêîæ iäåìïîòåíòîì â PStHRn ,
îñêiëüêè PStHRn � iíâåðñíà íàïiâãðóïà, à iäåìïîòåíòè â iíâåðñíié íàïiâãðóïi êîìó-
òóþòü (äèâ. [26, òåîðåìà 1.17]). Çà ïîáóäîâîþ, (x)ρdomφ < 1 äëÿ äîâiëüíîãî x ∈ Sn−1,
à îñêiëüêè ðàäiàëüíà ôóíêöiÿ ρdomφ : Sn−1 → R ¹ íåïåðåðâíîþ, òî ç êîìïàêòíîñòi
îäèíè÷íî¨ ñôåðè Sn−1 âèïëèâà¹, ùî âiäîáðàæåííÿ ρdomφ íà Sn−1 íàáóâà¹ ñâîãî íàé-
áiëüøîãî çíà÷åííÿ. Íåõàé Rφ = max

{
(x)ρdomφ : x ∈ Sn−1

}
i εRφ : Bφ → Bφ � òîòîæ-

íå âiäîáðàæåííÿ êóëi ðàäióñà Rφ â ïî÷àòêó 0. Ëåãêî áà÷èòè, ùî εRφ ∈ E(PStHRn),
εRφφ = φ i εRφε1 = εRφ . Òîäi ç óìîâè ε1Cφ âèïëèâà¹, ùî εRφ = εRφε1CεRφφ = φ, à
îòæå ε1CεRφ . Äàëi ñêîðèñòà¹ìîñÿ ëåìîþ 1. �

Òåîðåìà 1. Êîæíà íåîäèíè÷íà êîíãðóåíöiÿ íà íàïiâãðóïi PStHRn ¹ ãðóïîâîþ.

Äîâåäåííÿ. Íåõàé C � íåîäèíè÷íà êîíãðóåíöiÿ íà íàïiâãðóïi PStHRn . Òîäi iñíóþòü
äâà ðiçíi C-åêâiâàëåíòíi åëåìåíòè α i β íàïiâãðóïè PStHRn .

Ðîçãëÿíåìî ìîæëèâi âèïàäêè:
(1) åëåìåíòè α i β íå íàëåæàòü îäíîìó H -êëàñó;
(2) αH β.
Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ âèïàäîê (1). Çà òâåðäæåííÿì 2.3.4 ç [33],

αα−1Cββ−1 i α−1αCβ−1β. Ç òâåðäæåííÿ 6 âèïëèâà¹, ùî ranα 6= ranβ àáî domα 6=
domβ, à îòæå, çà òâåðäæåííÿì 5(i) iñíóþòü äâà ðiçíi C-åêâiâàëåíòíi iäåìïîòåíòè
íàïiâãðóïè PStHRn . Äàëi ñêîðèñòà¹ìîñÿ ëåìîþ 2 i ëåìîþ I.7.10 ç [39].

Ïðèïóñòèìî, ùî αH β. Çà òåîðåìîþ 2.20 ç [26] i íàñëiäêîì 2, íå çìåíøóþ÷è
çàãàëüíîñòi, ìîæåìî ââàæàòè, ùî α i β � çiðêîâi ãîìåîìîðôiçìè îäèíè÷íî¨ êóëi B1

â ïî÷àòêó 0. Ïîçàÿê αα−1Cαβ−1, òî ç âèùå ñêàçàíîãî âèïëèâà¹, ùî iñíó¹ çiðêîâèé
ãîìåîìîðôiçì γ ∈ PStHRn îäèíè÷íî¨ êóëi B1, ÿêèé ¹ C-åêâiâàëåíòíèì ¨¨ òîòîæíîìó
âiäîáðàæåííþ ε1 òàêèé, ùî γ 6= ε1. Òîäi (x)γ 6= x äëÿ äåÿêîãî x ∈ B1.

Òîäi âèêîíó¹òüñÿ õî÷à á îäíà ç óìîâ:
(a) iñíó¹ åëåìåíò x ∈ Sn−1 òàêèé, ùî ([0, x])γ = [0, x] òà iñíó¹ y ∈ [0, x] òàêèé,

ùî (y)γ 6= y;
(b) iñíó¹ åëåìåíò x ∈ Sn−1 òàêèé, ùî ([0, x])γ 6= [0, x].
Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ óìîâà (a). Ïðèïóñòèìî, ùî [0, y] $ [0, (y)γ]. Ó

âèïàäêó [0, y] % [0, (y)γ] ìiðêóâàííÿ àíàëîãi÷íi.
Íåõàé By � ìàêñèìàëüíà êóëÿ â ïî÷àòêó 0, ùî ìiñòèòü òî÷êó y i εy : By →

By � òîòîæíå âiäîáðàæåííÿ êóëi By. Òîäi (y)γ /∈ By. Ïîçàÿê ε1Cγ, òî εyε1Cεyγ.
Âèêîðèñòàâøè òâåðäæåííÿ 2.3.4 ç [33], îòðèìó¹ìî, ùî

εy = εyε1 = ε−11 ε−1y εyε1Cγ
−1ε−1y εyγ = γ−1εyγ.

Î÷åâèäíî, ùî γ−1εyγ � iäåìïîòåíò íàïiâãðóïèPStHRn , ïðè÷îìó (y)γ∈ dom(γ−1εyγ),
àëå (y)γ /∈ dom εy, à îòæå, çà òâåðäæåííÿì 5(i) iñíóþòü äâà ðiçíi C-åêâiâàëåíòíi
iäåìïîòåíòè íàïiâãðóïè PStHRn . Äàëi ñêîðèñòà¹ìîñÿ ëåìîþ 2 i ëåìîþ I.7.10 ç [39].

Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ óìîâà (b). Ïîçàÿê γ � ÷àñòêîâèé çiðêîâèé ãîìåî-
ìîðôiçì, òî (x)γ 6= x. Iñíó¹ âiäêðèòà δ-êóëÿ Uδ((x)γ) òî÷êè (x)γ â ïðîñòîði Rn, ùî
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íå ìiñòèòü òî÷êó x. Ç ìåòðèçîâíîñòi ïðîñòîðó Sn−1 âèïëèâà¹, ùî âií ¹ öiëêîì ðåãó-
ëÿðíèì, à îòæå, iñíó¹ íåïåðåðâíå âiäîáðàæåííÿ f : Sn−1 → [0, 1] òàêå, ùî ((x)γ)f = 1
i (z)f = 0 äëÿ âñiõ z ∈ Sn−1 \ Uδ((x)γ).

Âèçíà÷èìî çiðêó Lγ â ïî÷àòêó 0 íàñòóïíèì ÷èíîì. Ðàäiàëüíîþ ôóíêöi¹þ çiðêè
Lγ ¹ âiäîáðàæåííÿ ρLγ : Sn−1 → Rn, ÿêå âèçíà÷à¹òüñÿ çà ôîðìóëîþ

(z)ρLγ = z · (1 + (z)f).

Î÷åâèäíî, ùî òàê îçíà÷åíå âiäîáðàæåííÿ ρLγ : Sn−1 → Rn ¹ íåïåðåðâíèì, à îòæå,
âiäîáðàæåííÿ βLγ : B1 → Lγ , îçíà÷åíå çà ôîðìóëîþ

(z)βLγ =

{
0, ÿêùî z = 0;
z · ((z)r)ρLγ , â iíøîìó âèïàäêó,

äå (z)r � òî÷êà íà îäèíè÷íié ñôåði Sn−1 òàêà, ùî z ∈ [0, (z)r], ¹ ái¹êòèâíèì i
íåïåðåðâíèì, à îñêiëüêè B1 � êîìïàêòíèé ïiäïðîñòið â Rn, òî βLγ ¹ çiðêîâèì
ãîìåîìîðôiçìîì.

Ïîçàÿê ε1Cγ, òî ε1βLγCγβLγ . Çà òâåðäæåííÿì 2.3.4 ç [33] ìà¹ìî, ùî

(ε1βLγ )−1(ε1βLγ )C(γβLγ )−1(γβLγ ),

à îòæå,

β−1Lγ βLγ = β−1Lγ ε1βLγ =

= β−1Lγ ε
−1
1 ε1βLγ =

= (ε1βLγ )−1(ε1βLγ )C(γβLγ )−1(γβLγ ) =

= β−1Lγ γ
−1γβLγ .

Î÷åâèäíî, ùî åëåìåíòè β−1Lγ βLγ i β
−1
Lγ
γ−1γβLγ ¹ iäåìïîòåíòàìè íàïiâãðóïè PStHRn .

Çàóâàæèìî, ùî (x)ρLγ = x · (1 + (x)f) = x · (1 + 0) = x i

((x)γ)ρLγ = (x)γ · (1 + ((x)γ)f) = (x)γ · (1 + 1) = (x)γ · 2,

à îòæå, ìà¹ìî, ùî β−1Lγ βLγ 6= β−1Lγ γ
−1γβLγ . Çà òâåðäæåííÿì 5(i) iñíóþòü äâà ðiçíi C-

åêâiâàëåíòíi iäåìïîòåíòè íàïiâãðóïè PStHRn . Äàëi ñêîðèñòà¹ìîñÿ ëåìîþ 2 i ëåìîþ
I.7.10 ç [39]. �

Àâòîðè âèñëîâëþþòü ïîäÿêó ðåöåíçåíòîâi çà ñóòò¹âi çàóâàæåííÿ òà ïîðàäè.
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1. Introduction

Let X be a topological space. A function f : X → R belongs to the �rst Baire class,
if it is a pointwise limit of a sequence of real-valued continuous functions on X. We
will denote by B1(X) and B∗1(X) the collections of all Baire-one and bounded Baire-one
functions on X, respectively.

A subset E of X is B1-embedded (B∗1-embedded) in X, if every (bounded) function
f ∈ B1(E) can be extended to a function g ∈ B1(X). We will say that a space X has the
property (B∗1 = B1) if every B∗1-embedded subset of X is B1-embedded in X.

Characterizations of B1- and B∗1-embedded subsets of topological spaces were obtai-
ned in [3] and [4].

This short note is devoted to the following interesting problem: to �nd topological
spaces with the property (B∗1 = B1).

In the second section of this note we extend results from [4, Section 6] and show that
every hereditarily Lindel�o� hereditarily Baire space X which hereditarily has a σ-discrete
π-base has the property (B∗1 = B1). In Section 3 we show that any countable completely

2010 Mathematics Subject Classi�cation: Primary 54C20, 26A21; Secondary 54C30, 54C50

c© Karlova, O., Mykhaylyuk, V., 2018



104
Olena KARLOVA, Volodymyr MYKHAYLYUK

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2018. Âèïóñê 86

regular hereditarily irresolvable space X without isolated points is B∗1-embedded and is
not B1-embedded in βX.

2. Spaces with the property (B∗1 = B1)

Recall that a set A in a topological space X is functionally Gδ (functionally Fσ),
if A is an intersection (a union) of a sequence of functionally open (functionally closed)
subsets of X. We say that a subset A of a topological space X is functionally ambiguous
if A is functionally Fσ and functionally Gδ simultaneously.

Lemma 1. Let X be a completely regular topological space of the �rst category with a
σ-discrete π-base. Then there exist disjoint functionally ambiguous sets A and B such
that

X = A ∪B = A = B.

Proof. We �x a π-base V = (Vn : n ∈ ω) of X, where each family Vn is discrete and
consists of functionally open sets in X. Denote Vn =

⋃
{V : V ∈ Vn} for all n ∈ ω.

Let us observe that every open set G ⊆ X contains a functionally open subset U
such that U ⊆ G ⊆ U . Indeed, for every n ∈ ω we put Un = ∪{V ∈ Vn : V ⊆ G}
and U =

⋃
n∈ω Un. Then each Un is functionally open as a union of a discrete family of

functionally open sets. Hence, U is functionally open. It is easy to see that U is dense in
G.

Keeping in mind the previous fact, we may assume that there exists a covering
(Fn : n ∈ ω) of the space X by nowhere dense functionally closed sets Fn ⊆ X. Let
X0 = F0 and Xn = Fn \

⋃
k<n Fk for all n ≥ 1. Then (Xn : n ∈ ω) is a partition of X by

nowhere dense functionally ambiguous sets Xn.
Fix n ∈ ω and V ∈ Vn. Since X is regular, we can choose two open sets H1 and H2

in V such that H1∩H2 = ∅ and Hi ⊆ V for i = 1, 2. Let Gi and Oi be functionally open
sets such that Gi ⊆ Hi ⊆ Gi and Oi ⊆ X\Hi ⊆ Oi, i = 1, 2. We put AV,n = X\(G1∪O1)
and BV,n = X \ (G2 ∪O2) and obtain disjoint nowhere dense functionally closed subsets
of V .

We put m0 = 0 and choose numbers n1 ≥ 0 and m1 > n1 such that Xn1
∩ V1 6= ∅

and Xm1 ∩V1 6= ∅. Notice that A′1 =
⋃n1

n=0Xn and B′1 =
⋃m1

n=n1+1Xn are nowhere dense
functionally ambiguous sets in X. Now we consider the set

W1 = {V ∈ V1 : V ∩ (A′1 ∪B′1) = ∅}

and observe that the sets A′′1 = ∪{AV,1 : V ∈ W1} and B′′1 = ∪{BV,1 : V ∈ W1} are
functionally closed and nowhere dense in X. Let A1 = A′1 ∪ A′′1 and B1 = B′1 ∪ B′′1 .
Notice that A1 and B1 are functionally ambiguous nowhere dense disjoint subsets of X.

Since X \ (A1 ∪B1) = X, there exists a number n2 > m1 such that (Xn2
\ (A1 ∪

B1))∩ V2 6= ∅. We put A′2 =
⋃n2

n=m1+1(Xn \ (A1 ∪B1)). Moreover, there exists m2 > n2
such that (Xm2

\ (A1 ∪ B1)) ∩ V2 6= ∅. Let B′2 =
⋃m2

n=n2+1(Xn \ (A1 ∪ B1)). We put

W2 = {V ∈ V2 : V ∩ (A′2 ∪B′2) = ∅} and observe that the sets A′′2 = {AV,2 : V ∈ W2}
and B′′2 = {bV,2 : V ∈ W2} are functionally closed and nowhere dense in X. We denote
A2 = A′2 ∪A′′2 and B2 = B′2 ∪B′′2 . Then A2 and B2 are functionally ambiguous nowhere
dense disjoint subsets of X.
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Proceeding this process inductively we obtain sequences (Ak)
∞
k=1 and (Bk)

∞
k=1 of

functionally ambiguous sets such that Ak ∩ V 6= ∅ 6= Bk ∩ V , Ak ∩Bk = ∅ for all k ∈ N
and V ∈ Vk. It remains to put A =

⋃∞
k=1Ak, B =

⋃∞
k=1Bk and observe that A∪B = X.

In addition, note that Borel resolvability of topological spaces was also studied
in [1, 2].

We say that a topological space X hereditarily has a σ-discrete π-base if every its
closed subspace has a σ-discrete π-base. It is easy to see that if a space X hereditarily
has a σ-discrete π-base, then each subspace of X has a σ-discrete π-base.

Recall that a subspace E of a topological space X is z-embedded in X, if any functi-
onally closed subset F of E can be extended to a functionally closed subset of X.

Lemma 2. Let X be a normal space such that X hereditarily has a σ-discrete π-base. If
X is a B∗1-embedded subset of a hereditarily Baire space Y , then X is hereditarily Baire.

Proof. Assume that X is not hereditarily Baire and �nd a closed subset F ⊆ X of the
�rst category. According to Lemma 1, there exist disjoint functionally ambiguous subsets
A and B in F such that F = A ∪ B = A = B. Since F is a closed subset of a normal
space, F is z-embedded in X. Therefore, there are two functionally ambiguous disjoint

sets Ã and B̃ in X such that Ã ∩ F = A and B̃ ∩ F = B (see [4, Proposition 4.3]). Let

us observe that the characteristic function χ : X → [0, 1] of the set Ã belongs to the �rst
Baire class. Then there exists an extension f ∈ B1(Y ) of χ. The sets f−1(0) and f−1(1)
are disjoint Gδ-sets which are dense in X. We obtain a contradiction, because X is a
Baire space as a closed subset of a hereditarily Baire space. �

Remark 1. There exist a metrizable separable Baire space X and its B∗1-embedded
subspace E which is not a Baire space. Let X = (Q×{0})∪ (R× (0, 1]) and E = Q×{0}.
Then E is closed in X. Therefore, any Fσ- and Gδ-subset C of E is also Fσ- and Gδ- in
X. Hence, E is B∗1-embedded in X.

Theorem 1. Let Y be a hereditarily Baire completely regular space and X ⊆ Y be a
Lindel�of space which hereditarily has a σ-discrete π-base. The following are equivalent:

(1) X is B∗1-embedded in Y ;
(2) X is B1-embedded in Y .

Proof. We need only to show 1) ⇒ 2). By Lemma 2, X is hereditarily Baire. Then X is
B1-embedded in Y by [3, Theorem 13]. �

Corollary 1. Every hereditarily Lindel�o� hereditarily Baire space X which hereditarily
has a σ-discrete π-base has the property (B∗1 = B1).

3. Spaces without the property (B∗1 = B1)

A subset A of a topological space X is called (functionally) resolvable in the sense
of Hausdor� or (functionally) H-set if

A = (F1 \ F2) ∪ (F3 \ F4) ∪ · · · ∪ (Fξ \ Fξ+1) ∪ . . . ,

where (Fξ)ξ<α is a decreasing chain of (functionally) closed sets in X.
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It is well-known [5, �12.I] that a set A is an H-set if and only if for any closed
nonempty set F ⊆ X there is a nonempty relatively open set U ⊆ F such that U ⊆ A or
U ⊆ X \A.

A topological space without isolated points is called crowded.
A topological space X is irresolvable if it is not a union of two disjoint dense subsets.

A space X is hereditarily irresolvable if every subspace of X is irresolvable.

Lemma 3. Every subset of a hereditarily irresolvable space is an H-set.

Proof. Assume that there is a closed nonempty set F in a hereditarily irresolvable space
X and a set A ⊆ X such that F ∩A ∩ F \A = F . Then

F ∩A = F \A = F = (F ∩A) ∪ (F \A),

which contradicts to irresolvability of F . �

A function f : X → Y from a topological space X to a metric space (Y, d) is called
fragmented if for every ε > 0 and for every closed nonempty set F ⊆ X there exists a
relatively open nonempty set U ⊆ F such that diamf(U) < ε.

Proposition 1. Every bounded function f : X → R on a hereditarily irresolvable space
X is fragmented.

Proof. To obtain a contradiction we assume that there exists a bounded function f : X →
R which is not fragmented. Then there is ε > 0 and a closed nonempty set F ⊆ X such
that for every relatively open set U ⊆ F we have diamf(U) ≥ ε.

Since f(X) is a compact set, we take a �nite partition {B1, . . . , Bn} of f(X) by
sets of diameter < ε. Let Hk = f−1(Bk) ∩ F for every k ∈ {1, . . . , n}. Then each Hk

has empty interior in F , because f is not fragmented. By Lemma 3, each Hk is an H-set
and, therefore, is nowhere dense in F . Hence, {H1, . . . ,Hn} is a �nite partition of F by
nowhere dense sets, which is impossible. �

Lemma 4. Let E be a z-embedded countable subspace of a topological space X and A ⊆ E
be a functionally H-set in E. Then there exists a functionally H-set B ⊆ X such that B
is Fσ and B ∩ E = A.

Proof. We take a decreasing trans�nite sequence (Aξ : ξ < α) of functionally closed
subsets of E such that A =

⋃
ξ<α(Aξ \ Aξ+1) (every ordinal ξ is odd). Since |A| ≤ ℵ0,

we may assume that |(Aξ : ξ < α)| ≤ ℵ0. The subspace E is z-embedded in X and we
choose a decreasing sequence (Bξ : ξ < α) of functionally closed sets in X such that
Aξ = Bξ ∩ E for all ξ < α. We put

B =
⋃

ξ<α, ξ is odd

(Bξ \Bξ+1).

Then B is functionally Fσ-set in X and B ∩ E = A. �

Lemma 5. Let X be a compact space and B ⊆ X be functionally Borel measurable H-set.
Then B is functionally ambiguous in X.
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Proof. Since B is functionally Borel measurable, there exists a sequence (fn)n∈ω of conti-
nuous functions fn : X → [0, 1] such that B belongs to the σ-algebra generated by the
system of sets {f−1n (0) : n ∈ ω}. We consider a continuous map f : X → [0, 1]ω,
f(x) = (fn(x))n∈ω for all x ∈ X, and a compact metrizable space Y = f(X) ⊆ [0, 1]ω.

We show that the set B′ = f(B) is an H-set in Y . Suppose to the contrary that there

is a closed nonempty set Y ′ in Y such that Y ′ ∩B′ = Y ′ \B′ = Y ′. We putX ′ = f−1(Y ′)
and g = f |X′ . Since X ′ is a compact space and f(X ′) = Y ′, we apply Zorn's Lemma
and �nd a closed nonempty set Z ⊆ X ′ such that the restriction g|Z : Z → Y ′ of the
continuous map g : X ′ → Y ′ is irreducible. Keeping in mind that the preimage of any
everywhere dense set remains everywhere dense under an irreducible map, we obtain that

g−1(Y ′ ∩B′) = g−1(Y ′ \B′) = Z = Z ∩B = Z \B,
which contradicts to resolvability of B.

By [5, �30, X, Theorem 5] the set f(B) is Fσ and Gδ in a compact metrizable space
Y . Since B = f−1(f(B)) and f is continuous, we have that B is functionally ambiguous
subset of X. �

Proposition 2. Let X be a countable hereditarily irresolvable completely regular space.
Then X is B∗1-embedded in βX.

Proof. Since X is countable and completely regular, it is perfectly normal. Therefore,
every subsets of X is functionally ambiguous.

Fix an arbitrary A ⊆ X. By Lemma 3 the set A is an H-set. We apply Lemma 4
and �nd a functionally H-set B ⊆ βX such that B is Fσ and B ∩X = A. Notice that
B is functionally ambiguous by Lemma 5. Hence, B is a B∗1-embedded subspace of βX
according to [4, Proposition 5.1]. �

Let us observe that examples of countable hereditarily irresolvable completely
regular spaces can be found, for instance, in [6, p. 536].

Proposition 3. Let X be a countable completely regular space without isolated points.
Then X is not B1-embedded in βX.

Proof. Observe that X is a functionally Fσ-subset of βX. Now assume that X is B1-
embedded in βX. According to [3, Proposition 8(iii)] there should be a function f ∈
B1(βX) such that X ⊆ f−1(0) and βX \ X ⊆ f−1(1). Then the set X is Gδ in βX.
Therefore, X is a Baire space, which implies a contradiction, since X is of the �rst
category in itself. �

Propositions 2 and 3 imply the following fact.

Theorem 2. Let X be a countable hereditarily irresolvable completely regular space wi-
thout isolated points. Then X is B∗1-embedded in βX and is not B1-embedded in βX.
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A function f : X → Y between topological spaces is called scatteredly conti-
nuous (barely continuous) if for each non-empty (closed) subspace A ⊂ X
the restriction f |A has a point of continuity. We show that if f : X → Y
is a scatteredly continuous (barely continuous) surjective function between
topological spaces, then for each natural number n we have hl(Y n) 6 hl(Xn)
(l(Y ) 6 hl(X), respectively).

Key words: scatteredly continuous function, weakly discontinuous function,
barely continuous function, Lindel�of number.

1. Introduction

By de�nition, a function f : X → Y between topological spaces is scatteredly conti-

nuous if for each non-empty subspace A ⊂ X the restriction f |A has a point of continuity.
We recall that a function f : X → Y is called barely continuous if for each non-empty

closed subspace A ⊂ X the restriction f |A has a point of continuity.
Following [19] we de�ne a function f : X → Y to be weakly discontinuous if for each

subspace A ⊂ X the set D(f |A) of discontinuity points of the restriction f |A is nowhere
dense in A.

Obviously, every weakly discontinuous function is scatteredly continuous and each
scatteredly continuous function is barely continuous.

As an example of scatteredly continuous, not a weakly discontinuous function one
can take an identity function f : R→ RQ from the real line equipped with the standard
topology τ to the real line endowed with the topology generated by the subbase τ ∪{Q}.

2010 Mathematics Subject Classi�cation: 54C08
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In [2] it is proved, in particular, that any scatteredly continuous function f : X → Y into
a regular space Y is weakly discontinuous.

Recall that the Riemann function is a function R : [0, 1]→ [0, 1] de�ned as follows

R(x) =

{
1
n , if x = m

n is a rational number;
0, if x is irrational.

Obviously, the Riemann function is an example of a barely continuous, but not scatteredly
continuous function.

These discontinuous functions arose naturally and were studied in various �elds of
mathematics under di�erent names (see also [12, 4, 9, 10, 11, 5, 6, 8, 13, 15, 3, 17]).

Some topological properties preserved by weakly discontinuous functions were
detected in [7]. In particular, it was shown that if f : X → Y is a weakly discontinuous
surjective map between topological spaces, then

(1) nw(Y ) 6 nw(X);
(2) hl(Y ) ≤ hl(X);
(3) hd(Y ) ≤ max{hd(X), hl(X)}.
In this paper we analyze the behavior of the Lindel�of number under scatteredly

continuous and barely continuous functions. We show that if f : X → Y is a scatteredly
continuous (barely continuous) surjective function between topological spaces, then for
each natural number n we have hl(Y n) 6 hl(Xn) (l(Y ) 6 hl(X), respectively).

1.1. Terminology and notations. Our terminology and notation are standard and
follow [1] and [14]. A �space� always means a �topological space�. Maps between topologi-
cal spaces can be discontinuous.

For a subset A of a topological space X by clX(A) or A we denote the closure of A
in X while Int(A) stands for the interior of A in X. For a function f : X → Y between
topological spaces by C(f) and D(f) = X \ C(f) we denote the sets of continuity and
discontinuity points of f , respectively.

Suppose that we are given a family {Xs : s ∈ S} of topological spaces. We consider

the Cartesian product X =
∏
s∈S

Xs of the sets {Xs : s ∈ S} with Tychono� topology.

Suppose that we are given two families {Xα}α∈S and {Yα}α∈S of topological spaces
and a family of maps {fα}α∈S , where fα : Xα → Yα. The map assigning to the point

x = {xα}α∈S ∈
∏
α∈S

Xα the point {fα(xα)}α∈S ∈
∏
α∈S

Yα is called the Cartesian product

of the maps {fα}α∈S and is denoted by
∏
α∈S

fα or f1 × f2 × · · · × fk if S = {1, 2, . . . , k}.

By R and Q we denote the spaces of real and rational numbers, respectively; ω
stands for the space of �nite ordinals (= non-negative integers) endowed with the discrete
topology. We shall identify cardinals with the smallest ordinals of the given cardinality.

All spaces encountered in this paper (unless stated otherwise) are assumed to be
Hausdor�.
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2. Some useful properties

In this section we recall some de�nitions and statements which will be used in the
following sections.

Theorem 1 ([10]). Let F = {fα}α∈S be a family of functions fα of a topological space Xα

into a topological space Yα respectively. The Cartesian product
∏
α∈S

fα :
∏
α∈S

Xα →
∏
α∈S

Yα

is a scatteredly continuous function if and only if the following conditions hold:

(i) all the functions fα are scatteredly continuous;

(ii) all the functions fα, except maybe one, are weakly discontinuous;

(iii) all the functions fα, except maybe �nite number, are continuous.

Recall that the Lindel�of number l(X) of a space X is the smallest in�nite cardinal κ
for which every open cover has a subcover of cardinality at most κ. The hereditary Lindel�of
number hl(X) of X is the supremum of the cardinals l(Y ) ranging over subspaces Y of
X.

Also we need some other important result known as a theorem of Juh�asz. Firstly,
recall that a space X is called right separated (respectively left separated) if there is a well
ordering < of X such that {y ∈ X : y < x} is open (respectively closed) for any x ∈ X.

Theorem 2 ([16]). For any topological space X we have

hd(X) = sup {|Y | : Y is a left separated subspace of X}

and

hl(X) = sup {|Y | : Y is a right separated subspace of X} .

Recall that a topological space X is called scattered if each non-empty subspace H
of X contains at least one point which is isolated in H.

Proposition 1. A space X is right separated if and only if X is scattered.

Lemma 1. Let f : X → Y be a scatteredly continuous function. Then for each non-empty

subspace A ⊂ X the set C(f |A) is dense in A.

Proof. Without loss of generality we can assume that A = X. If f : X → Y is scatteredly
continuous, then for each non-empty open set U ⊂ X the restriction f |U has a continuity
point x ∈ U which remains a continuity point of f . Therefore, C(f) is dense in X. �

Proposition 2. Let f be an injective scatteredly continuous function from a topological

space X onto a scattered topological space Y . Then X is also scattered.

Proof. Let us prove that the space X contains an isolated point. Denote by C(f) the set
of continuity points of the function f . Since the space f(C(f)) ⊂ Y is scattered, there
is some y0 ∈ f(C(f)) which is an isolated point in f(C(f)). And since the restriction
f |C(f) : C(f) → Y is continuous, the point x0 = f−1(y0) is an isolated point in C(f).
Since f : X → Y is scatteredly continuous, due to Lemma 1 the set C(f) is dense in X,
and hence the point x0 is an isolated point in X.

Similarly, one can prove that each non-empty subspace A ⊂ X contains an isolated
point. �



112
Bogdan BOKALO, Nadiya KOLOS

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2018. Âèïóñê 86

3. The main results

From Theorem 1 it follows that the Cartesian product of two scatteredly continuous
functions is not necessarily scatteredly continuous. It is also known that the hereditary
Lindel�of number hl is not saved by �nite products. That is, the Cartesian product of
two hereditary Lindel�of spaces is not necessarily a Lindel�of space. However, the following
statement is true

Theorem 3. Let f be a scatteredly continuous surjective function from a topological space

X onto a topological space Y . Then for each natural number n we have hl(Y n) 6 hl(Xn).

Proof. Suppose that f is a scatteredly continuous surjective function from a topological
space X onto a topological space Y . And let idX : X → X and idY : Y → Y be the
identity functions. We put Xn ×X0 = Xn and Y n × Y 0 = Y n.

For each i ∈ {1, . . . , n} we consider the function

idn−iX × f × idi−1Y : Xn−i ×X × Y i−1 → Xn−i × Y i.
Since the functions idX and idY are continuous and the function f is scatteredly

continuous, due to Theorem 1, the function idn−iX × f × idi−1Y is scatteredly continuous.
Let us prove that hl(Xn−i × Y i) 6 hl(Xn−i+1 × Y i−1) for each i ∈ {1, . . . , n}.

Suppose that there is k ∈ {1, . . . , n} such that hl(Xn−k × Y k) > hl(Xn−k+1 × Y k−1).
Applying Theorem 2 and Proposition 1 �nd a scattered subspace Z ⊂ Xn−k × Y k such
that |Z| = hl(Xn−k × Y k). For an arbitrary z ∈ Z let us �x some point xz ∈ (idn−kX ×
f × idk−1Y )−1(z). Put A = {xz : z ∈ Z}. The restriction map idn−kX × f × idk−1Y |A : A→ Z
is bijective and scatteredly continuous. Using Proposition 2 we get that subspace A is
scattered and |A| = |Z| = hl(Xn−k×Y k) > hl(Xn−k+1×Y k−1) which is a contradiction
to Theorem 2. Therefore hl(Xn−i × Y i) 6 hl(Xn−i+1 × Y i−1) for each i ∈ {1, . . . , n}.

Consequently,

hl(Y n) 6 hl(X × Y n−1) 6 hl(X2 × Y n−2) 6 . . . 6 hl(Xn).

�

Recall that spaces X and Y are scatteredly homeomorphic if there is a bijective map
f : X → Y such that both f and f−1 are scatteredly continuous.

Proposition 3. Each topological space is scatteredly homeomorphic to a left separated

space.

Proof. Let (X, τ) be a topological space with the topology τ . Fix some well ordering
< of the set X. Choose the family τ ∪ {{a 6 x : x ∈ X} : a ∈ X} to be a subbase of
a new topology τ ′ on X. Obviously, the space (X, τ ′) is left separated. Consider the
identity function i : (X, τ) → (X, τ ′). Note that for an arbitrary non-empty subset A of
X, the smallest element of the set A in the well ordering < is a point of continuity of
the restriction i|A. Hence the identity function i is scatteredly continuous. Obviously, the
function i−1 : (X, τ ′)→ (X, τ) is continuous. �

Example 1. Consider the real line R equipped with the standard topology. Proposition 3
implies that there is a bijective scatteredly continuous function from R onto some left
separated space Y . The real line R equipped with the standard topology is a separable
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metrizable space. However, since space Y is left separated, according to Theorem 2, we
have the following

hd(Y ) = |Y | = |R| > ℵ0.

Theorem 4. Let f : X → Y be a barely continuous surjective function between topological

spaces. Then l(Y ) 6 hl(X).

Proof. Let f : X → Y be a barely continuous surjective function and hl(X) 6 τ . Suppose
that l(Y ) > τ . Without loss of generality, we can assume that the function f is bijecti-
ve. Since l(Y ) > τ , there is a τ -centered family F of closed subsets of Y such that⋂
F =

⋂
{F : F ∈ F} = ∅. We can assume that the family F contains the intersecti-

ons of its τ -element subfamilies. Let A =
⋂{

clX(f−1(F )) : F ∈ F
}
. Since the family{

clX(f−1(F )) : F ∈ F
}
is τ -centered and hl(X) 6 τ , the set A is not empty. The τ -

centeredness means that
⋂
E 6= ∅ for any subfamily E ⊂ F having cardinality |E| ≤ τ .

Let us show that there is a set F0 ∈ F such that f−1(F0) ⊂ A. Assume that for all F ∈ F
we have f−1(F ) \ A 6= ∅. Then

{
clX\A(f

−1(F ) \A) : F ∈ F
}
is a τ -centered family of

sets closed in X\A and⋂{
clX\A(f

−1(F ) \A) : F ∈ F
}
⊂
⋂{

clX(f−1(F )) : F ∈ F
}
∩X \A =

= A ∩X \A = ∅.

This contradicts with the fact that l(X\A) 6 τ . Since f is barely continuous and A is
a non empty closed subset of X, there is a continuity point x ∈ A of the restriction
f |A : A→ Y . Since

⋂
F = ∅, there is F ∗ ∈ F such that f(x∗) /∈ F ∗. Let F ∗∗ = F ∗ ∩F0.

Since x∗ ∈ A, we have that x∗ ∈ clX(f−1(F ∗∗)). And from the continuity of the restriction
f |A at the point x∗ we have f(x∗) ∈ clY (f(f

−1(F ∗∗))) = F ∗∗. The resulting contradiction
proves that l(Y ) 6 τ . �

The following example shows that the fact that Y is a barely continuous image of
the space X does not imply that hl(Y ) 6 hl(X).

Example 2. Let space X be the closed interval [0, 1] with the usual topology and let
M be a Bernstein subset of X, that is, a subspace of space X of cardinality continuum
that contains no uncountable compact subsets.

It is easy to check that the family of all sets of the form U ∪ K, where U is an
open set in X and K ⊂ M , forms a topology base on the set X. We denote by Y the
set X with this topology. Let us show that the identity function id : X → Y is barely
continuous.

Let F be a closed subset of X. If F ∩(X \M) 6= ∅, then each point of F ∩(X \M) is
a continuity point of the restriction idF : F → Y . If F ∩(X \M) = ∅, then F ⊂M . Since
F is a closed subset of the segment [0, 1] with the usual topology, F is compact. Since F
is a subset of the space M , F is countable, and hence has isolated points. These points
will be continuity points of the restriction idF : F → Y . Consequently, the function id
is barely continuous. Since X has a countable base, hl(X) 6 ℵ0. By the construction,
|M | = 2ℵ0 and M is a discrete subspace of the space Y . Then hl(Y ) = 2ℵ0 > ℵ0.

Corollary 1. For the metrizable spaces, separability is invariant with respect to the barely

continuous functions.
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Proof. Let X be a metrizable separable space. Then hl(X) 6 ℵ0. According to the
Theorem 4 l(Y ) 6 ℵ0. And since Y is metrizable, it is also separable. �

Corollary 2. The Cartesian product of two barely continuous maps need not be a barely

continuous map.

Proof. Consider the space X = [0; 1). Let τS be the Sorgenfrey topology on X and τ be
the usual topology on X, respectively. Consider also the identity function i : (X, τ) →
(X, τS). The function i is barely continuous. However since the product (X, τ) × (X, τ)
is metrizable separable and l((X, τS)× (X, τS)) > ℵ0, the Cartesian product i× i is not
barely continuous. �
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Âiäîáðàæåííÿ f : X → Y ìiæ òîïîëîãi÷íèìè ïðîñòîðàìè íàçèâàþòü
ðîçðiäæåíî íåïåðåðâíèì (íàñè÷åíî íåïåðåðâíèì), ÿêùî äëÿ êîæíîãî íå-
ïîðîæíüîãî (çàìêíåíîãî) ïiäïðîñòîðó A ⊂ X çâóæåííÿ f |A ìà¹ òî÷êó íå-
ïåðåðâíîñòi. Äîâåäåíî òàêå: ÿêùî âiäîáðàæåííÿ f : X → Y ¹ ñþð'¹êòèâíèì
ðîçðiäæåíî íåïåðåðâíèì (íàñè÷åíî íåïåðåðâíèì), òî äëÿ äîâiëüíîãî íàòó-
ðàëüíîãî ÷èñëà n ìà¹ìî hl(Y n) 6 hl(Xn) (l(Y ) 6 hl(X), âiäïîâiäíî).

Êëþ÷îâi ñëîâà: ðîçðiäæåíî íåïåðåðâíå âiäîáðàæåííÿ, ñëàáêî ðîçðèâíå
âiäîáðàæåííÿ, íàñè÷åíî íåïåðåðâíå âiäîáðàæåííÿ, ÷èñëî Ëiíäåëüîôà.
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We introduce and study some generalizations of regular spaces which were
motivated by studying continuity properties of functions between (regular)
topological spaces. In particular, we prove that a �rst-countable Hausdor�
topological space is regular if and only if it does not contain a topological copy
of the Gutik hedgehog.

Key words: regular space, quasi-regular space, sw-regular space, wθ-regular
space, θ-weakly regular space, weakly regular space, locally regular space, the
Gutik hedgehog.

In this paper we introduce and study some generalizations of regular spaces which
were motivated by continuity properties of functions between (regular) topological spaces.
First we introduce the necessary de�nitions.

A subset U of a topological space X is called θ-open if each point x ∈ U has a
neighborhood Ox ⊂ X such that Ōx ⊂ U . It is clear that each θ-open set is open.
Moreover, a topological space is regular if and only if each open subset of X is θ-open.

Lemma 1. Let U be a θ-open subset of a topological space X and V be a θ-open subset
of U . Then V is θ-open in X.

Proof. For each point x ∈ V , the θ-openness of U in X yields an open neighborhood
Ux ⊂ X such that clX(Ux) ⊂ U . The θ-openness of V in U yields an open neughborhood
Vx ⊂ U such that clU (Vx) ⊂ U . Now consider the open neighborhood Ox = Vx ∩ Ux and
observe that clX(Ox) ⊂ clX(Vx) ∩ clX(Ux) ⊂ clX(Vx) ∩ U = clU (Vx) ⊂ V . �
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c© Banakh, T., Bokalo, B., 2018



ON GENERALIZATIONS OF REGULARITY
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2018. Âèïóñê 86 117

For a function f : X → Y between topological spaces by C(f) we denote the set of
continuity points of f .

De�nition 1. A function f : X → Y beween topological spaces is called

• scatteredly continuous if for any non-empty subset A ⊂ X the set C(f |A) is not
empty;

• weakly discontinuous if if for any non-empty subset A ⊂ X the set C(f |A) has
non-empty interior in A;

• θ-weakly discontinuous if if for any non-empty subset A ⊂ X the set C(f |A)
contains a non-empty θ-open subset of A.

So, we have the implications:

θ-weakly discontinuous ⇒ weakly discontinuous ⇒ scatteredly continuous.

The �rst and last implications can be reversed for functions with regular domain
and range, respectively.

Theorem 1 (trivial). A function f : X → Y from a regular topological space X to a
topological space Y is weakly discontinuous if and only if it is θ-weakly discontinuous.

Theorem 2 (Bokalo). A function f : X → Y from a topological space X to a regular
space Y is scatteredly continuous if and only if it is weakly discontinuous.

A proof the Theorem 2 can be found in [1], [8]. More information on various sorts
of generalized continuity can be found in [2]�[12].

Motivated by Theorems 1 and 2, let us introduce the following de�nition.

De�nition 2. A topological space X is called

• sw-regular if any scatteredly continuous function f : Z → X de�ned on a
topological space Z is weakly discontinuous;

• wθ-regular if any weakly discontinuous function f : X → Y to any topological
space Y is θ-weakly discontinuous.

Theorems 1 and 2 imply that each regular space is sw-regular and wθ-regular.
The following theorem characterizes wθ-regular spaces.

Theorem 3. A topological space X is wθ-regular if and only if for each subspace A ⊂ X,
each non-empty open subset U ⊂ A contains a non-empty θ-open subset of A.

Proof. To prove the �if� part, assume that for each subspace A ⊂ X, every non-empty
open subset U ⊂ A contains a non-empty θ-open subset of A. To show that the space X
is wθ-regular, �x any weakly discontinuous map f : X → Y . To show that f is θ-weakly
discontinuous, take any non-empty subset A ⊂ X. Since f is weakly discontinuous, there
exists a non-empty open subset U ⊂ A such that f |U is continuous. By our assumption,
U contains a θ-open subspace V of A. Since f |V is continuous, the function f is θ-weakly
discontinuous.

Now we prove the �only if� part. Assume that the space X is wθ-regular. Given
any subset A ⊂ X and a non-empty open subset U ⊂ A, consider the closures Ā and
A \ U of the sets A and A \ U in X. Observe that Ũ := Ā \ A \ U is an open set in

Ā with Ũ ∩ A = U and Ũ ⊂ U . Consider the topological sum Y = Ũ ⊕ (X \ Ũ) and
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observe that the identity map f : X → Y is weakly discontinuous. The wθ-regularity
of the space X ensures that f is θ-weakly discontinuous. Consequently, the closure Ū of
U in Ā contains a non-empty θ-open subset V ⊂ Ū such that f |V is continuous. The

continuity of f |V ensures that V ⊂ Ũ . We claim that V is θ-open in Ā. Since V is θ-open
in Ū , for any x ∈ V there exists a neighborhood Ox of x such that Ox is open in Ū and
Ox ⊂ Ox ⊂ V ⊂ Ũ . So, Ox is open in Ũ and hence is open in Ā.

Taking into account that V is a non-empty θ-open subset of Ā, we conclude that
V ∩A ⊂ Ũ ∩A = U is a non-empty θ-open subset of A, contained in the set U . �

Problem 1. Characterize topological spaces which are sw-regular.

We shall prove that sw-regular and wθ-regular spaces are preserved by θ-weak
homeomorphisms.

De�nition 3. A bijective function f : X → Y between topological spaces is called a
(θ-)weak homeomorphism if both functions f and f−1 are (θ-)weakly discontinuous.

We shall need the following proposition describing the continuity properties of
compositions of scatteredly continuous, weakly discontinuous and θ-weakly discontinuous
functions.

Proposition 1. Let f : X → Y and g : Y → Z be two functions between topological
spaces.

(1) If f, g are weakly discontinuous, then g ◦ f is weakly discontinuous.
(2) If f, g are θ-weakly discontinuous, then g ◦ f is θ-weakly discontinuous.
(3) If f is weakly discontinuous and g is scatteredly continuous, then g ◦ f is

scatteredly continuous.
(4) If f is scatteredly continuous and g is θ-weakly discontinuous, then g ◦ f is

scatteredly continuous.

Proof. 1. Assume that f, g are weakly discontinuous. To prove that g ◦ f is weakly
discontinuous, we need to show that for any non-empty subset A ⊂ X the set C(g ◦ f |A)
has non-empty interior in A. By the weak discontinuity of f , the set C(f |A) contains a
non-empty open subset U ⊂ A. By the weak discontinuity of g, the set C(g|f(U)) contains
a non-empty open set V ⊂ f(U). By the continuity of f |U , the set W = (f |U)−1(V ) is
open in U and hence open in A. Since f(W ) ⊂ V , the continuity of the restrictions f |W
and g|V implies the continuity of the restriction g ◦ f |W . So, W ⊂ C(g ◦ f |A).

2. Assume that f, g are θ-weakly discontinuous. To prove that g ◦ f is θ-weakly
discontinuous, we need to show that for any non-empty subset A ⊂ X the set C(g ◦ f |A)
contains a non-empty θ-open subset W ⊂ A. By the θ-weak discontinuity of f , the set
C(f |A) contains a non-empty θ-open subset U ⊂ A. By the θ-weak discontinuity of g,
the set C(g|f(U)) contains a non-empty θ-open set V ⊂ f(U). By the continuity of f |U ,
the set W = (f |U)−1(V ) is θ-open in U and hence θ-open in A, by Lemma 1. Since
f(W ) ⊂ V , the continuity of the restrictions f |W and g|V implies the continuity of the
restriction g ◦ f |W . Now we see that the set C(g ◦ f |A) contains the non-empty θ-open
subset W of A, witnessing that g ◦ f is θ-weakly discontinuous.

3. Assume that f is weakly discontinuous and g is scatteredly continuous. To prove
that g ◦ f is scatteredly continuous, we need to show that for any non-empty subset
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A ⊂ X the function g ◦ f |A has a continuity point. By the weak discontinuity of f , the
set C(f |A) contains a non-empty open subset U ⊂ A. By the scattered continuity of
g, the function g|f(U) has a continuity point y. Then any point x ∈ U ∩ f−1(y) is a
continuity point of the restriction g ◦ f |A.

4. Assume that f is scatteredly continuous and g is θ-weakly discontinuous. Given
a non-empty subset A ⊂ X, we need to show that the restriction g ◦f |A has a continuity
point. Let A0 := A and Aα :=

⋂
β<αAβ \ C(f |Aβ) for any non-zero ordinal α. In

particular, Aα+1 = Aα \ C(f |Aα) for any ordinal α.
Let δ be the smallest ordinal such that Aδ is not dense in A and let W = A \Aδ. It

follows that W =
⋃
α<δW ∩ C(f |Aα) and each set W ∩ C(f |Aα) is dense in W (by the

scattered continuity of f).
Since the function g is θ-weakly discontinuous, the set C(g|f(W )) contains a non-

empty θ-open subset V ⊂ f(W ). Since W =
⋃
α<δW ∩ C(f |Aα), we can choose the

smallest ordinal γ < δ such that W ∩ C(f |Aγ) ∩ f−1(V ) 6= ∅. Choose a point x ∈
W∩C(f |Aγ)∩f−1(V ). Since the set V is θ-open in f(W ), the point f(x) ∈ V has a closed
neighborhood Ōf(x) ⊂ f(W ) such that Ōf(x) ⊂ V . By the continuity of the map f |Aγ at

x, there exists an open neighborhood Ox ⊂W of x such that f(Ox ∩Aγ) ⊂ Ōf(x) ⊂ V .
We claim that γ = 0. To derive a contradiction, assume that γ > 0. In this case

W ∩C(f |A0)∩ f−1(V ) = ∅ and hence x /∈ C(f |A0) = C(f |A). By the density of C(f |A)
in A, there exists a point z ∈ Ox ∩ C(f |A). It follows that f(z) ∈ W \ V ⊂ W \ Ōf(x).
By the continuity of f |W at z, there exists an open neighborhood Oz ⊂ Ox such that
f(Oz) ⊂ f(W ) \ Ōf(x). Then

f(Oz ∩Aγ) = f(Oz ∩Ox ∩Aγ) ⊂ f(Oz) ∩ f(Ox ∩Aγ) ⊂ (f(W ) \ Ōf(x)) ∩ Ōf(x) = ∅

and hence Oz ∩ Aγ = ∅, which contradicts the density of Aγ in A. This contradiction
shows that γ = 0 and hence x ∈ C(f |Aγ) = C(f |A) is a continuity point of f |A with
f(Ox) ⊂ V . The continuity of the restriction g|V implies that g ◦ f |A is continuous at x.
So, g ◦ f |A has a continuity point. �

Theorem 4. A topological space X is sw-regular if there exists a θ-weakly disconti-
nuous bijective function h : X → Y to an sw-regular space Y such that h−1 is weakly
discontinuous.

Proof. To show that X is sw-regular, we need to show that each scatteredly continuous
function f : Z → X is weakly discontinuous. By Proposition 1(4), the composition
h ◦ f : Z → Y is scatteredly continuous. Since Y is sw-regular, the function h ◦ f is
weakly discontinuous. By Proposition 1(1), the composition h−1 ◦ h ◦ f = f is weakly
discontinuous. �

Theorem 5. A topological space X is wθ-regular if there exists a θ-weakly disconti-
nuous bijective function h : X → Y to a wθ-regular space Y such that h−1 is weakly
discontinuous.

Proof. To see that X is wθ-regular, we need to show that each weakly discontinuous
function f : X → Z is θ-weakly discontinuous. By Proposition 1(1), the composition
f ◦ h−1 : Y → Z is weakly discontinuous. Since Y is wθ-regular, the function f ◦ h−1 is



120
Taras BANAKH, Bogdan BOKALO

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2018. Âèïóñê 86

θ-weakly discontinuous. By Proposition 1(2), the composition f ◦h−1 ◦h = f is θ-weakly
discontinuous. �

Corollary 1. The classes of sw-regular and wθ-regular spaces are preserved by θ-weak
homeomorphisms.

De�nition 4. A topological space X is called (θ-)weakly regular if it is (θ-)weakly
homeomorphic to a regular topological space.

Example 1. Consider the real line R endowed with the second-countable topology τ
generated by the subbase

{Q} ∪ {(−∞, a), (a,+∞) : a ∈ R}.

It can be shown that the topological space X = (R, τ) is weakly regular. The identity
map R→ X is scatteredly continuous but not weakly discontinuous, which implies that
the space X is not sw-regular. On the other hand, the function χ : X → {0, 1} ⊂ R
de�ned by

χ(x) =

{
1 if x ∈ Q;

0 if x ∈ R \Q;
is weakly discontinuous but not θ-weakly discontinuous, witnessing that the space X is
not wθ-regular. Theorem 6 implies that the space X is not θ-weakly regular.

Theorem 1, 2 and Corollary 1 imply:

Theorem 6. Each θ-weakly regular space is sw-regular and wθ-regular.

Theorem 7. A topological space X is θ-weakly regular if and only if each non-empty
(closed) subspace A ⊂ X contains a non-empty θ-open regular subspace.

Proof. First assume that X is θ-weakly regular and �x any θ-weak homeomorphism
h : X → Y to a regular topological space Y .

Given any subspace A ⊂ X, we need to �nd a non-empty θ-open regular subspace
W ⊂ A. Since the map h is θ-weakly discontinuous, there exists a non-empty θ-open
subset U ⊂ A such that h|U is continuous. Since h−1 is θ-weakly discontinuous, the non-
empty subspace h(U) of Y contains a non-empty θ-open subspace V such that h−1|V
is continuous. The continuity of the map h|U implies that the set W := (h|U)−1(V ) is
θ-open in U and hence θ-open in A (by Lemma 1). The continuity of maps h|W and
h−1|h(W ) implies that h|W : W → h(W ) is a homeomorphism. The regularity of the
topological space Y implies the regularity of its subspace h(W ) and the regularity of
the topological copy W of h(W ). Therefore, W is a required non-empty θ-open regular
subspace of A.

Now assume that each non-empty closed subspace A ⊂ X contains a non-empty θ-
open regular subspace. Let Aθ be the union of all θ-open regular subspaces of A. It is clear
that the subspace Aθ is θ-open in A and regular. Let X0 := X and Xα =

⋂
β<αXβ \Xθ

β

for each ordinal α. It follows that for any ordinal α with Xα 6= ∅ the set Xα+1 = Xα \Xθ
α

is closed in Xα and has non-empty complement Xα+1 \Xα = Xθ
α. Consequently, Xγ = ∅

for some γ and hence X =
⋃
α<γ X

θ
γ .
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Let Y :=
⊕

α<γ X
θ
α be the topological sum of the regular spaces Xθ

α for α < γ. It is
clear that the space Y is regular and the identity map i : Y → X is continuous. We claim
that the identity map i−1 : X → Y is θ-weakly discontinuous. Given any non-empty
subset A ⊂ X, �nd the smallest ordinal β ≤ γ such that A 6⊂ Xβ . Then A ⊂ Xα for
all α < β, which implies that β is a successor ordinal. Write β = α + 1 for some α and
observe that U = A ∩Xθ

α = A ∩ (Xα \Xα+1) is a non-empty θ-open subspace of A such
that i−1|U is continuous. This means that i−1 is θ-weakly discontinuous and i : X → Y
is a θ-weak homeomorphism of X onto the regular space Y . �

By analogy we can prove a characterization of weakly regular spaces.

Theorem 8. A topological space X is weakly regular if and only if each (closed) subspace
A ⊂ X contains a non-empty open regular subspace.

A topological space X is called

• quasi-regular if each non-empty open subset of X contains the closure of some
non-empty open set in X;

• hereditarily quesi-regular if each subspace of X is quesi-regular.

Theorem 3 implies

Corollary 2. Each wθ-regular space is hereditarily quasi-regular.

Theorems 7 and 6 imply:

Corollary 3. Each scattered T1-space is θ-weakly regular and hence is sw-regular and
wθ-regular.

The T1-requirement in Corollary 3 is essential as shown by the following example.

Example 2. Consider the connected doubleton D = {0, 1} endowed with the topology{
∅, {0}, {0, 1}

}
. It is clear that D is a scattered space. The function f : R → D de�ned

by

f(x) =

{
1 if x ∈ Q;

0 if x /∈ Q
is scatteredly continuous but not weakly discontinuous as C(f) = Q has empty interior
in R. Consequently, D is not sw-regular and hence not θ-weakly regular.

The identity map i : D → {0, 1} to the discrete doubleton is weakly discontinuous
but not θ-weakly discontinuous. This means that D is not wθ-regular.

De�nition 5. A topological space X is locally regular if X admits an open cover by
regular subspaces.

Theorem 8 implies that each locally regular space is weakly regular.

Theorem 9. Each locally regular topological space Y is sw-regular.

Proof. Given a scatteredly continuous map f : X → Y and a non-empty subset A ⊂ X,
we should show that the set C(f |A) has non-empty interior in A.

By the scattered continuity of f , the map f |A has a continuity point a ∈ A. By
our assumption, the point f(a) is contained in an open regular subspace U ⊂ Y . By
the continuity of f at a, there exists an open neighborhood Oa ⊂ A of a such that
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f(Oa) ⊂ U . Since U is regular, the set C(f |Oa) has non-empty interior in Oa and then
the set C(f) ⊃ C(f |Oa) has non-empty interior in A. �

Example 3. On the real line R consider the Euclidean topology τE and the topology τ
generated by the subbase

τE ∪ {Wn : n ∈ ω} where Wn = R \
{

1
2k3m

: m ∈ ω, k ≥ n
}
.

It can be shown that the space X = (R, τ) is θ-weakly regular but not locally regular.

A topological space X is called regular at a point x ∈ X if any neighborhoodof x
in X contains a closed neighborhood of x in X. A topological space X is called nowhere
regular if X is not regular at each point x ∈ X.

Example 4. Let τE be the Euclidean topology of the real line and τ be the topology
generated by the subbase

{(U ∩Q) ∪ {x} : x ∈ U ∈ τE}.
The space (R, τ) is locally regular and hence sw-regular. On the other hand, it is nowhere
regular, not quasi-regular and not wθ-regular.

Now, we describe the smallest non-regular �rst-countable Hausdor� space, which is
called the Gutik hedgehog. The Gutik hedgehog is the space N≤2 = N0∪N1∪N2 endowed
with the topology generated by the base{

{x} : x ∈ N2
}
∪ {Un : n ∈ N} ∪ {Un,m : n,m ∈ N}

where

Un = {∅} ∪
{

(i, j) ∈ N2 : i ≥ n
}

and Un,m = {(n)} ∪ {(n, j) : j ≥ m} ⊂ N1 ∪ N2

for n,m ∈ ω. Here ∅ is the unique element of the set N0. For the �rst time, the Gutik
hedgehog has appeared in the paper [9] of Gutik and Pavlyk.

The following properties of the Gutik hedgehog can be derived from its de�nition.

Lemma 2. The Gutik hedgehog is �rst-countable, scattered and locally regular, but not
regular.

Moreover, the following theorem shows that the Gutik hedgehog is the smallest
space among non-regular �rst-countable spaces.

Theorem 10. A �rst-countable Hausdor� space X is not regular if and only if X contai-
ns a topological copy of the Gutik hedgehog.

Proof. The �if� part follows from the non-regularity of the Gutik hedgehog.

To prove the �only if� part, assume that a �rst-countable Hausdor� space X is not
regular at some point x. Then we can �nd a neighborhood U0 ⊂ X of x that does not
contain the closure of any neighborhood V of x. Fix a neighborhood base {Un}n∈N at
x such that Un ⊂ Un−1 for all n ∈ N. Let k1 = 0, choose any point x1 ∈ Uk1 \ U0, and
using the Hausdor� property of X, �nd a neighborhood V1 of x1 such that V1 ∩ Uk2 = ∅
for some number k2 > k1.

Proceeding by induction, we can choose an increasing number sequence (kn)n∈ω and
a sequence (xn)n∈N of points in X such that for every n ∈ N, the point xn belongs to
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Ukn \ U0 and has an open neighborhood Vn, disjoint with the neighborhood Ukn+1 of x.
Observe that for every i < n, we have

xn ∈ Ukn ⊂ Uki ⊂ X \ Vi ⊂ X \ {xi},

which implies that xn /∈ {xi}i<n. Replacing Vn by a smaller neighborhood of xn, we can
assume that its closure V n does not contain the points x1, . . . , xn−1.

Since X is �rst-countable, for every n ∈ N we can choose a sequence {xn,i}i∈N of
pairwise distinct points in Vn ∩ Ukn that converges to xn. Observe that for any n < m
the sets Ukn+1

⊃ Ukm ⊃ {xm,i}i∈N and Vn ⊃ {xn,i}i∈N are disjoint, which implies that

the points xn,i, n, i ∈ N, are pairwise disjoint. Consider the subspace H̃ := {x} ∪ {xn :

n ∈ N} ∪ {xn,i : n, i ∈ N} and observe that the map h : H → H̃, de�ned by h(∅) = x,
h(n) = xn and h(n,m) = xn,m for n,m ∈ N, is a homeomorphism. �

Finally let us draw a diagram of all provable implications between various regularity
properties.

regular

��
sw-regular θ-weakly regularks

��

+3 wθ-regular

��

locally regular +3

KS

weakly regular
hereditarily
quasi-regular

Examples 1, 3 and 4 show that none of the implications

weakly regular ⇒ sw-regular,

θ-weakly regular ⇒ locally regular,

locally regular ⇒ wθ-regular

holds in general.

Problem 2. Is each sw-regular space weakly regular? quasi-regular?

Problem 3. Which properties in the diagram are preserved by products?
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Functional representations of the capacity monad based on the max and min
operations were considered in [10] and [7]. Nykyforchyn considered in [8] some
alternative monad structure for the possibility capacity functor based on the
max and usual multiplication operations. We show that such a capacity monad
(which we call the capacity multiplication monad) has a functional representati-
on, i.e. the space of capacities on a compactum X can be naturally embedded
(with preservation of the monad structure) in some space of functionals on
C(X, I). We also describe this space of functionals in terms of properties of
functionals.

Key words: Banach space, locally convex space, approximation, Schr�odinger
operator

1. Introduction

Functional representations of monads (i.e. natural embeddings into RC(X,S) which
preserves a monad structure where S is a subset of R) were considered in [11] and [12].
Some functional representations of hyperspace monad were constructed in [13] and [14].

Capacities (non-additive measures, fuzzy measures) were introduced by Choquet
in [1] as a natural generalization of additive measures. They found numerous appli-
cations (see for example [2],[4],[16]). Categorical and topological properties of spaces of
upper-semicontinuous capacities on compact Hausdor� spaces were investigated in [9].
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In particular, the capacity functor was constructed. This functor is a functorial part of
a capacity monad M based on the max and min operations.

The space of capacities MX can be naturally embedded in RC(X) by means
of the Choquet integral. In other words, the Choquet integral provides some functi-
onal representation of the functor M . However, this representation does not preserve
the monad structure. Nykyforchyn using the Sugeno integral provided a functional
representation of capacities as functionals on the space C(X, I) which preserves the
monad structure [7]. Some modi�cation of the Sugeno integral yields a functional
representation of capacities as functionals on the space C(X) [10].

Let us remark that the min operation is a triangular norm on the unit interval
I. Another important triangular norm is the multiplication operation. Nykyforchyn
constructed a capacity monad based on the max and multiplication operations [8]. (Let
us remark that recently Zarichnyi proposed to use triangular norms to construct monads
[20]). The main aim of this paper is to �nd a representation of the monad from [8]. We
use a fuzzy integral based on the max and multiplication operations for this purpose.

2. Capacities and monads

By Comp we denote the category of compact Hausdor� spaces (compacta) and
continuous maps. For each compactum X we denote by C(X) the Banach space of all
continuous functions φ : X → R with the usual sup-norm: ‖φ‖ = sup{|φ(x)| | x ∈ X}.
We also consider on C(X) the natural partial order.

In what follows, all spaces and maps are assumed to be in Comp except for R, the
spaces C(X) and functionals de�ned on C(X) with X compact Hausdor�.

We recall some categorical notions (see [15] and [17] for more details). We de�ne
them only for the category Comp. The central notion is the notion of monad (or triple)
in the sense of S.Eilenberg and J.Moore.

A monad [3] T = (T, η, µ) in the category Comp consists of an endofunctor T :
Comp → Comp and natural transformations η : IdComp → T (unity), µ : T 2 → T
(multiplication) satisfying the relations µ ◦ Tη = µ ◦ ηT =1T and µ ◦ µT = µ ◦ Tµ. (By
IdComp we denote the identity functor on the category Comp and T 2 is the superposition
T ◦ T of T .)

Let T = (T, η, µ) be a monad in the category Comp. The pair (X, ξ) where ξ : TX →
X is a map is called a T-algebra if ξ ◦ηX = idX and ξ ◦µX = ξ ◦Tξ. Let (X, ξ), (Y, ξ′) be
two T-algebras. A map f : X → Y is called a morphism of T-algebras if ξ′ ◦ Tf = f ◦ ξ.

A natural transformation ψ : T → T ′ is called a morphism from a monad T =
(T, η, µ) into a monad T′ = (T ′, η′, µ′) if ψ ◦ η = η′ and ψ ◦ µ = µ′ ◦ ηT ′ ◦ Tψ. If all of
the components of ψ are monomorphisms then the monad T is called a submonad of T′
and ψ is called a monad embedding.

Let A be a subset of X. By F(X) we denote the family of all closed subsets of X.
Put I = [0, 1].

We follow a terminology from [9]. A function ν : F(X) → I is called an upper-

semicontinuous capacity onX if the following three properties hold for each closed subsets
F and G of X:

(1) ν(X) = 1, ν(∅) = 0,
(2) if F ⊂ G, then ν(F ) ≤ ν(G),
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(3) if ν(F ) < a, then there exists an open set O ⊃ F such that ν(B) < a for each
compactum B ⊂ O.

A capacity ν is extended in [9] to all open subsets U ⊂ X by the formula

ν(U) = sup{ν(K) | K is a closed subset of X such that K ⊂ U}.
It was proved in [9] that the space MX of all upper-semicontinuous capacities on a

compactum X is a compactum as well, if a topology onMX is de�ned by a subbase that
consists of all sets of the form O−(F, a) = {c ∈ MX | c(F ) < a}, where F is a closed
subset of X, a ∈ [0, 1], and O+(U, a) = {c ∈MX | c(U) > a}, where U is an open subset
of X, a ∈ [0, 1]. Since all capacities under consideration here are upper-semicontinuous,
in the following we call the elements of MX simply capacities.

A capacity ν ∈ MX for a compactum X is called a necessity (possibility) capacity
if for each family {At}t∈T of closed subsets of X (such that

⋃
t∈T At is a closed subset of

X) we have ν(
⋂
t∈T At) = inft∈T ν(At) (ν(

⋃
t∈T At) = supt∈T ν(At)). (See [19] for more

details.) We denote by M∩X (M∪X) the subspace of MX consisting of all necessity
(possibility) capacities. Since X is compact and ν is upper-semicontinuous, ν ∈M∩X if
and only if ν satis�es the simpler requirement that ν(A ∩B) = min{ν(A), ν(B)}.

If ν is a capacity on a compactum X, then the function κX(ν) de�ned on the
family F(X) by the formula κX(ν)(F ) = 1− ν(X \ F ), is a capacity as well. It is called
the dual capacity (or conjugate capacity ) to ν. The mapping κX : MX → MX is a
homeomorphism and an involution [9]. Moreover, ν is a necessity capacity if and only if
κX(ν) is a possibility capacity. This implies in particular that ν ∈M∪X if and only if ν
satis�es the simpler requirement that ν(A ∪ B) = max{ν(A), ν(B)}. It is easy to check
that M∩X and M∪X are closed subsets of MX.

The assignment M extends to the capacity functor M in the category of compacta,
if the map Mf : MX →MY for a continuous map of compacta f : X → Y is de�ned by
the formula Mf(c)(F ) = c(f−1(F )) where c ∈MX and F is a closed subset of X. This
functor was completed to the monad M = (M,η, µ) [9], where the components of the
natural transformations are de�ned as follows: ηX(x)(F ) = 1 if x ∈ F and ηX(x)(F ) = 0
if x /∈ F ;

µX(C)(F ) = sup{t ∈ [0, 1] | C({c ∈MX | c(F ) ≥ t}) ≥ t},
where x ∈ X, F is a closed subset of X and C ∈M2(X) (see [9] for more details).

It was shown in [5] that M∪ and M∩ are subfunctors of M and if we take the
corresponding restrictions of the functions µX, we obtain submonads M∪ and M∩ of the
monad M.

The semicontinuity of capacities yields that we can change sup for max in the
de�nition of the map µX. More precisely, existing of max follows from Lemma 3.7 [9].
For a closed set F ⊂ X and for t ∈ I put Ft = {c ∈MX | c(F ) ≥ t}. We can rewrite the
de�nition of the map µX as follows

µX(C)(F ) = max{C(Ft) ∧ t | t ∈ (0, 1]}.
Let us remark that the operation ∧ is a triangular norm. It seems natural to consider

another triangular norm instead of ∧. De�ne the map µ•X : M2X →MX by the formula

µ•X(C)(F ) = max{C(Ft) · t | t ∈ (0, 1]}.
(Existence of max also follows from Lemma 3.7 [9].)
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Proposition 1. The natural transformation µ• does not satisfy the property µ• ◦µ•M =
µ• ◦Mµ•.

Proof. Consider X = {a, b}, where {a, b} is a two-point discrete space. De�ne A1 ∈M2X
as follows A1(α) = 1 if and only if α ⊃ {a} 1

2
and A1(α) = 0 otherwise for α ∈ F(MX).

De�ne A2 ∈ M2X as follows A2(α) = 1 if and only if α = MX, A2(α) = 1
2 if and only

if α ⊃ {a}1 and A1(α) = 0 otherwise for α ∈ F(MX). Now, de�ne ג ∈ M3(X) by the
formula

(Λ)ג =
1

2
ηM2X(A1)(Λ) +

1

2
ηM2X(A2)(Λ)

for Λ ∈ F(M2X).
We have

µ•X ◦M(µ•X)(ג)({a}) = max{ג((µ•X)−1({a}t)) · t | t ∈ (0, 1]}.

It is easy to see that µ•X(A1)({a}) = µ•X(A2)({a}) = 1
2 . Then 1({a}−(µ•X))ג 1

2
)) · 12 =

1 · 12 = 1
2 . Hence we obtain µ

•X ◦ µ•MX(ג)({a}) ≥ 1
2 .

On the other hand

µ•X ◦ µ•MX(ג)({a}) = max{µ•MX(ג)({a}t)) · t | t ∈ (0, 1]} =

= max{max{ג(({a}t)s) · s | s ∈ (0, 1]} · t | t ∈ (0, 1]}.

The function δ(s, t) = (s(t{a}))ג is nonincreasing on both variables. We have δ(s, t) = 0
for each (s, t) such that s > 1

2 and t > 1
2 . Moreover δ(1, 12 ) = δ( 1

2 , 1) = 1
2 . Hence

µ•X ◦ µ•MX(ג)({a}) = max{max{ג(({a}t)s) · s | s ∈ (0, 1]} · t | t ∈ (0, 1]} =
1

4
.

�

Remark 1. Since the triple M• = (M,η, µ•) does not form a monad, the problem of
uniqueness of the monad M stated in [9] is still open.

But things may turn out di�erently if we restrict the map µ•X to the set
M∪(M∪X) ⊂ M(MX). It is easy to see that for such restriction we can consider
the sets At in the de�nition of the map µ•X as subsets of M∪X. It was deduced from
some general facts that the triple M•∪ = (M∪, η, µ

•) is a monad [8]. For the sake of
completeness we give here a direct proof.

Lemma 1. We have µ•X(M∪(M∪X)) ⊂M∪X for each compactum X.

Proof. Consider any A ∈ M∪(M∪X) and B, C ∈ F(X). Since Bt and Ct are subsets of
M∪X, we have (C ∪B)t = Ct ∪Bt. Then

µ•X(A)(B ∪ C) = max{A((C ∪B)t) · t | t ∈ (0, 1]} =

= max{A(Ct ∪Bt) · t | t ∈ (0, 1]} =

= max{max{A(Ct) · t | t ∈ (0, 1]},max{A(Bt) · t | t ∈ (0, 1]} =

= max{µ•X(A)(B), µ•X(A)(C)}.
�

We will use the notation µ•X also for the restriction µ•X|M2
∪X

.
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Theorem 1. The triple M•∪ = (M∪, η, µ
•) is a monad.

Proof. It is easy to check that η and µ• are well-de�ned natural transformations of the
corresponding functors. Let us check two monad properties.

Take any compactum X, ν ∈M∪X and A ∈ F(X). Then we have

µ•X ◦ ηM∪X(ν)(A) = max{ηM∪X(ν)(At) · t | t ∈ (0, 1]} =

= ν(A) and µ•X ◦M∪(ηX)(ν)(A) =

= max{M∪(ηX)(ν)(At) · t | t ∈ (0, 1]} =

= max{ν((ηX)−1(At)) · t | t ∈ (0, 1]} =

= max{ν(A) · t | t ∈ (0, 1]} = ν(A).

We obtain the equality µ• ◦M∪η = µ• ◦ ηM∪ =1M∪ .
Now, consider any ג ∈M3

∪(X) and A ∈ F(X). Put

a = µ•X ◦M∪(µ•X)(ג)(A) = max{ג((µ•X)−1(At)) · t | t ∈ (0, 1]}

and

b = µ•X ◦ µ•M∪X(ג)({a}) =

= max{µ•M∪X(ג)(At)) · t | t ∈ (0, 1]} =

= max{max{ג((At)s) · s | s ∈ (0, 1]} · t | t ∈ (0, 1]}.

There exists t0 ∈ (0, 1] such that a = (1(At0)−(µ•X))ג · t0. We have

(µ•X)−1(At0) =
{
A ∈M2

∪(X) | µ•X(A) ≥ t0
}

=

=
{
A ∈M2

∪(X) | there exists c ∈ (0, 1] such that A(Ac) · c ≥ t0
}

=

=

{
A ∈M2

∪(X) | there exists c ∈ (0, 1] such that A(Ac) ≥
t0
c

}
.

Since ג is a possibility capacity, there exists A0 ∈ M2
∪(X) and c0 ∈ (0, 1] such that

A0(Ac0) ≥ t0
c0

and (1(At0)−(µ•X))ג = .({A0})ג But then we have

a ≤ (Ac0))ג t0
c0

) · t0 = (Ac0))ג t0
c0

) · t0
c0
· c0 ≤ b.

On the other hand choose p0, z0 ∈ (0, 1] such that b = (z0(Ap0))ג · p0 · z0. Since ג is
a possibility capacity, there exists B0 ∈ (Ap0)z0 such that (z0(Ap0))ג = .({B0})ג We have
B0(Ap0) ≥ z0, hence µ•X(B0)(A) ≥ z0 · p0. Then we obtain

b = ({B0})ג · p0 · z0 ≤ (1(Ap0·z0)−(µ•X))ג · p0 · z0 ≤ a.
�

3. Functional representation of the monad M•∪
A monad F = (F, η, µ) is called an IL-monad if there exists a map ξ : FI → I such

that the pair (I, ξ) is an F-algebra and for each X ∈ Comp there exists a point-separating
family of F -algebras morphisms {fα : (FX,µX)→ (I, ξ) | α ∈ A} [12].

There was de�ned a monad VI in [12], which is universal in the class of IL-monads.
By VIX we denote the power IC(X,I). For a map φ ∈ C(X, I) we denote by πφ or π(φ)
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the corresponding projection πφ : VIX → I. For each map f : X → Y we de�ne the map
VIf : VIX → VIY by the formula πφ ◦ VIf = πφ◦f for φ ∈ C(Y, I). For a compactum
X, we de�ne components hX and mX of natural transformations by πφ ◦ hX = φ and
πφ ◦mX = π(πφ) for all φ ∈ C(X, I)). The triple VI = (VI , h,m) forms a monad in the
category Comp and for each monad F there exists a monad embedding l : F → VI if and
only if F is IL-monad [12]. Moreover, for a compactum X the map lX : FX → VIX is
de�ned by the conditions πφ ◦ lX = ξ ◦ Fφ for each ψ ∈ C(X, I).

Theorem 2. The monad M•∪ is an IL-monad.

Proof. De�ne the map ξ : M∪I → I by the formula ξ(ν) = max{ν([t, 1] · t | t ∈ (0, 1]}.
We can check that the pair (I, ξ) is an M•∪-algebra by the same but simpler arguments
as in the proof of Theorem 1.

Consider any compactum X and two distinct capacities ν, β ∈ M∪X. Then there
exists A ∈ F(X) such that ν(A) 6= β(A). We can suppose that ν(A) < β(A). Since
ν and β are possibility capacities, there exist a, b ∈ A such that ν({a}) = ν(A) and
β({b}) = β(A). Choose a point t ∈ (ν(A), β(A)). Put B = {x ∈ X | ν({x}) ≥ t}. Since ν
is a possibility capacity and ν(X) = 1, B is not empty. Since ν is upper semicontinuous,
B is closed. Evidently, B ∩A = ∅. Choose a function ϕ ∈ C(X, I) such that ϕ(B) ⊂ {0}
and ϕ(A) ⊂ {1}. Then

πϕ ◦ lX(ν) = ξ ◦M∪ϕ(ν) =

= max{M∪ϕ(ν)([s, 1] · s | s ∈ (0, 1]} =

= max{ν(ϕ−1[s, 1]) · s | s ∈ (0, 1]} ≤
≤ t < β(A) ≤ β(ϕ−1{1}) · 1 ≤
≤ πϕ ◦ lX(β)

It is easy to check that

πφ ◦ lX = ξ ◦M∪φ : M∪X → I

is a morphism of M•∪-algebras . �

Hence we obtain a monad embedding l : M•∪ → VI such that

πϕ ◦ lX(ν) = max{ν(ϕ−1[s, 1]) · s | s ∈ (0, 1]}

for each compactum X, ν ∈M∪X and ϕ ∈ C(X, I).
Let X be any compactum. For any c ∈ I we will denote by cX the constant function

on X taking the value c. Following the notations of idempotent mathematics (see e.g.,
[6]) we use the notation ⊕ in I and C(X, I) as an alternative for max. We will use the
notation ν(ϕ) = πϕ ◦ lX(ν) for ν ∈ VIX and ϕ ∈ C(X, I).

Consider the subset SX ⊂ VIX consisting of all functionals ν satisfying the following
conditions

(1) ν(1X) = 1;
(2) ν(λ · ϕ) = λ · ν(ϕ) for each λ ∈ I and ϕ ∈ C(X, I);
(3) ν(ψ ⊕ ϕ) = ν(ψ)⊕ ν(ϕ) for each ψ, ϕ ∈ C(X, I).

Let us remark that properties 1 and 2 yield that ν(cX) = c for each ν ∈ SX and
c ∈ I.



A FUNCTIONAL REPRESENTATION OF THE CAPACITY ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2018. Âèïóñê 86 131

Theorem 3. lX(M∪X) = SX.

Proof. Consider any ν ∈M∪X. Put υ = lX(ν). Then we have

υ(1X) = max{ν((1X)−1[s, 1]) · s | s ∈ (0, 1]} = max{ν(X) · s | s ∈ (0, 1]} = 1.

Take any c ∈ I and ϕ ∈ C(X, I). For c = 0, Property 2 is trivial. For c > 0 we have

υ(cϕ) = max
{
ν((cϕ)−1[s, 1]) · s | s ∈ (0, 1]

}
=

= max
{
ν(ϕ−1

[
s
c , 1
]
) · sc | s ∈ (0, 1]

}
· c =

= c · υ(ϕ).

Consider any ψ and ϕ ∈ C(X, I). We have

υ(ψ ⊕ ϕ) = max
{
ν((ψ ⊕ ϕ)−1[s, 1]) · s | s ∈ (0, 1]

}
=

= max
{
ν(ψ−1[s, 1] ∪ ϕ−1[s, 1]) · s | s ∈ (0, 1]

}
=

= max
{

(ν(ψ−1[s, 1])⊕ ν(ϕ−1[s, 1])) · s | s ∈ (0, 1]
}

=

= υ(ψ)⊕ υ(ϕ).

We obtained lX(M∪X) ⊂ SX.
Take any υ ∈ SX. For A ∈ F(X) put

ΥA = {ϕ ∈ C(X, I) | ϕ(a) = 1 for each a ∈ A}.

De�ne ν : F(X) → I as follows ν(A) = inf{υ(ϕ) | ϕ ∈ ΥA} if A 6= ∅ and ν(∅) = 0. It is
easy to see that ν satis�es Conditions 1 and 2 from the de�nition of capacity.

Let ν(A) < η for some η ∈ I and A ∈ F(X). Then there exists ϕ ∈ ΥA such that
υ(ϕ) = χ < η. Choose ε > 0 such that (1 + ε)χ < η. Put δ = 1

1+ε and ψ = min{δX , ϕ}.
Then υ(ψ) ≤ υ(ϕ) = χ and υ((1 + ε)ψ) ≤ (1 + ε)χ < η. Put U = ϕ−1(δ, 1]. Evidently, U
is an open set and U ⊃ A. But for each compact K ⊂ U we have (1 + ε)ψ ∈ ΥK . Hence
ν(K) < η.

Finally take any A, B ∈ F(X). Evidently, ν(A ∪ B) ≥ ν(A) ⊕ ν(B). Suppose
that ν(A ∪ B) > ν(A) ⊕ ν(B). Then there exists ϕ ∈ ΥA and ψ ∈ ΥB such that
ν(A∪B) > υ(ϕ)⊕υ(ψ) = υ(ϕ⊕ψ). However, ϕ⊕ψ ∈ ΥA∪B and we obtain a contradiction.
Hence ν ∈M∪X.

Let us show that lX(ν) = υ. Take any ϕ ∈ C(X, I). Denote ϕt = ϕ−1[t, 1]. Then

lX(ν)(ϕ) = max {inf{υ(χ) | χ ∈ Υϕt} · t | t ∈ (0, 1]} =

= max {inf{υ(tχ) | χ ∈ Υϕt
} | t ∈ (0, 1]} .

For each t ∈ (0, 1] put χt = min{ 1tϕ, 1X} ∈ Υϕt
. We have tχ ≤ ϕ, hence υ(tχ) ≤ υ(ϕ).

Then we have inf{υ(tχ) | χ ∈ Υϕt
} ≤ υ(ϕ) for each t ∈ (0, 1], hence lX(ν)(ϕ) ≤ υ(ϕ).

Suppose that lX(ν)(ϕ) < υ(ϕ). Choose any a ∈ (lX(ν)(ϕ), υ(ϕ)). Then for each t ∈
(0, 1] there exists χt ∈ Υϕt

such that υ(tχt) < a. Choose ε > 0 such that (1+ε)a < υ(ϕ).
Put δ = 1

1+ε . Choose n ∈ N such that δn < υ(ϕ). Put ψn+1 = δnX and ψi = δi−1χδi for

i ∈ {1, . . . , n}. We have υ(ψi) < υ(ϕ) for each i ∈ {1, . . . , n+1}. Put ψ =
⊕n+1

i=1 ψi. Then

υ(ψ) =
⊕n+1

i=1 υ(ψi) < υ(ϕ). On the other hand ϕ ≤ ψ and we obtain a contradiction. �
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Hence we obtain, in fact, that the monad M•∪ is isomorphic to a submonad of VI
with functorial part acting on compactum X as SX. Let us remark that this monad
is one of monads generated by t-norms considered by Zarichnyi [20]. Thus the following
question seems to be natural: can we generalize the results of this paper to any continuous
t-norms?
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and Casimirus the Great University of Bydgoszcz, Poland
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Ôóíêöiîíàëüíå çîáðàæåííÿ ìîíàäè ¹ìíîñòåé ðîçãëÿäàëîñü â [10] i [7].
Íèêèôîð÷èí ðîçãëÿíóâ â [8] àëüòåðíàòèâíó ñòðóêòóðó ìîíàäè äëÿ ïåâ-
íîãî ïiäôóíêòîðà ôóíêòîðà ¹ìíîñòåé, áàçîâàíó íà îïåðàöiÿõ ìàêñèìóìó
òà çâèêëîãî ìíîæåííÿ. Ìè ïîêàçó¹ìî, ùî öÿ ìîíàäà ìà¹ ôóíêöiîíàëüíå
çîáðàæåííÿ, òîáòî ïðîñòið ¹ìíîñòåé íà êîìïàêòi X ìîæå áóòè ïðèðîäíî
âêëàäåíèì (çi çáåðåæåííÿì ñòðóêòóðè ìîíàäè) â äåÿêèé ïðîñòið ôóíêöiî-
íàëiâ íà C(X, I). Ìè òàêîæ îïèñó¹ìî öåé ïðîñòið ôóíêöiîíàëiâ â òåðìiíàõ
âëàñòèâîñòåé ôóíêöiîíàëiâ.

Êëþ÷îâi ñëîâà: ìîíàäà, ¹ìíiñòü, íå÷iòêèé iíòåãðàë, òðèêóòíà íîðìà.
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Answering one problem that has its origins in quantum mechanics, we prove
that for any sequence (An)n∈N of convex nowhere dense sets in a Banach space
X and any sequence (εn)

∞
n=1 of positive real numbers with limn→∞ εn = 0, the

set A = {x ∈ X : ∀n ∈ N ∃a ∈ An ‖x− a‖ < εn} is nowhere dense in X.

Key words: Banach space, locally convex space, approximation, Schr�odinger
operator

The question that is considered in the article arose in a problem of quantum mechani-
cs. In the last two decades the Hamiltonians with singular potentials supported on
submanifolds of the con�guration space Rd of a lower dimension, also known as pseudo-
Hamiltonians, have attracted considerable attention both in the physical and mathemati-
cal literature. The potentials that are distributions with supports on curves, surfaces, and
more complicated sets composed of them, often used in simulation of quantum systems,
because the corresponding Schr�odinger equations are generally easier to solve. These so-
called exactly solvable models allow us to calculate explicitly numerical characteristics
of systems such as eigenvalues, eigenfunctions or scattering data, the original di�erential
equation being reduced to the analysis of an algebraic or functional problem. Very often
the pseudo-Hamiltonians reveal an unquestioned e�ectiveness whenever the exact solvabi-
lity together with non trivial qualitative description of the actual quantum dynamics is
required. In spite of all advantages of the exactly solvable models they give rise to many
mathematical di�culties. One of the main di�culties deals with the multiplication of di-
stributions. To get round the problem of multiplication of distributions, we can regularize

2010 Mathematics Subject Classi�cation: 46B28, 46B70, 47N50, 81Q10
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pseudo-potential V ∈ D′(Rd) by a sequence of smooth enough potentials V ε such that
V ε → V as ε → 0 in the sense of distributions, and then investigate the convergence of
Hamiltonians Hε = −∆ + V ε in a suitable operator topology [1]�[3]. The main goal is
to �nd the limit self-adjoint operator H0 and thereby to assign for the quantum system
a mathematically correct solvable model that describes the real quantum evolution with
adequate accuracy.

Let M be a smooth compact manifold embedded in Rd. Assume that VM ∈ D′(Rd)
and suppVM ⊂ M . We choose a sequence {V ε}ε>0 of smooth functions with compact
supports shrinking to the manifold M as ε → 0. Also, this sequence converges to the
distribution VM in D′(Rd). Let us introduce the sesquilinear form

aε(u, v) =

∫
Rd

(
∇u∇v̄ + V ε(x)uv̄

)
dx

in the Sobolev space W 1
2 (Rd). We can realize the Hamiltonian as the operator Aε associ-

ated with form aε, i.e., aε(u, v) = (Aεu, v)L2(Rd). Two cases arise depending on the order
of the distribution VM . For example, if VM is a δM -measure with density µ, that is to
say

VM (φ) =

∫
M

µφdM, φ ∈ C∞0 (Rd),

then the forms aε are bounded from below uniformly with respect to ε and there exists
the limit form

a0(u, v) =

∫
Rd

∇u∇v̄ dx+

∫
M

µuv̄ dM.

with the same domain W 1
2 (Rd). From the convergence of the forms we readily deduce

the convergence Aε → A0 in the strong resolvent topology, where A0 is an operator
associated with a0. In the case when the distribution VM is more singular, the forms aε
are not uniformly bounded from below and the presupposed �limit form� a0 has generally
the domain which does not coincide with the domain of aε. For instance, when trying to
prove the operator convergence in the problem with VM = ∂νδM , where ∂ν is a normal
derivative on M , we were confronted with

Question 1. Is it true that for any positive real number s there exist positive real numbers

C,α, β such that for any function v ∈ W−s2 (M) there exists a sequence {vn}∞n=1 ⊂
W s

2 (M) such that

‖v − vn‖W−s
2 (M) 6 C · n

−α and ‖vn‖W s
2 (M) 6 C · nβ

for all n ∈ N?

It turns out that the answer to this question is negative. This negative answer will
be derived (in Corollary 2) from the following theorems.

Theorem 1. For any sequence (An)n∈N of convex nowhere dense sets in a normed space

X and any sequence (εn)n∈N of positive real numbers with limn→∞ εn = 0 the set

A = {x ∈ X : ∀n ∈ N ∃a ∈ An ‖x− a‖ < εn}

is convex and nowhere dense in X.
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Proof. Let B = {x ∈ X : ‖x‖ < 1} be the open unit ball in the normed space X and
observe that

A =
⋂
n∈N

(An + εnB),

which implies that the set A is convex (as the intersection of convex sets An + εnB).
It remains to prove that the set A is nowhere dense. In the opposite case its closure

Ā contains an ε-ball c + εB for some small ε > 0. Since limn→∞ εn = 0, there exists
n ∈ N such that εn <

1
8ε. It follows that

c+ εB ⊂ Ā ⊂ An + εnB ⊂ An + 2εnB.

Then εB ⊂ (An − c) + 2εnB. Since the convex set An − c is nowhere dense in X, there
exists a point b ∈ 1

4εB \ An − c. By the Hahn-Banach Separation Theorem, there exists
an R-linear functional x∗ : X → R of norm ‖x∗‖ = 1 such that

supx∗(An − c) < x∗(b) ≤ ‖x∗‖ · ‖b‖ < 1
4ε.

By the de�nition of the norm ‖x∗‖ of the functional x∗, there exists a point x ∈ B such
that x∗(x) > 1

2 . Since εx ∈ εB ⊂ (An − c) + 2εnB, there exist points a ∈ An and z ∈ B
such that εx = a− c+ 2εnz. Then

1
2ε < ε · x∗(x) = x∗(εx) = x∗(a− c+ 2εnx) = x∗(a− c) + 2εn · x∗(z) ≤

≤ supx∗(An − c) + 2εn · ‖x∗‖ · ‖z‖ ≤ x∗(b) + 2εn <
1
4ε+ 1

4ε = 1
2ε,

which is a contradiction that completes the proof of the theorem. �

It is interesting that Theorem 1 does not generalize to locally convex linear metric
spaces. Moreover, the property described in Theorem 1 can be used to characterize
normable spaces among metrizable locally convex spaces.

By a locally convex space we understand a locally convex linear topological space over
the �eld of real numbers. A locally convex space is normable if its topology is generated
by a norm. By Proposition 4.12 in [4], a locally convex space is normable if and only if
it contains a bounded neighborhood of zero.

A subset B of a linear topological space X is bounded if for any neighborhood U of
zero in X there exists a positive real number r such that B ⊂ r·U .
Theorem 2. Let X be a locally convex space and (Un)n∈N be a base of neighborhoods of

zero in X. Then the following conditions are equivalent:

(1) X is normable;

(2) for any sequence (An)n∈N of nowhere dense convex sets in X, the intersection⋂
n∈N(An + Un) is nowhere dense in X;

(3) for any sequence (Ln)n∈N of nowhere dense linear subspaces in X the intersection⋂
n∈N(Ln + Un) is not equal to X.

Äîâåäåííÿ. (1)⇒ (2) Assume that the locally convex space X is normable and let ‖ · ‖
be a norm generating the topology of X. Since (Un)n∈N is a base of neighborhoods of
zero, for every k ∈ N there exists nk ∈ N such that Unk

⊂
{
x ∈ X : ‖x‖ < 1

k

}
.

Let (An)n∈N be a sequence of nowhere dense convex sets in X. Applying Theorem 1
to the normed space (X, ‖ · ‖), we conclude that the set

A =
{
x ∈ X : ∀k ∈ N ∃y ∈ Ank

‖x− y‖ < 1
k

}
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is nowhere dense in X. Observing that⋂
n∈N

(An + Un) ⊂
⋂
k∈N

(Ank
+ Unk

) ⊂ A

we conclude that the set
⋂
n∈N(An + Un) is nowhere dense, too.

The implication (2)⇒ (3) is trivial.

(3) ⇒ (1) Assume that the space X is not normable. By Proposition 4.12 [4], the
space contains no bounded neighborhoods of zero. Then for every n ∈ N the neighborhood
Vn = Un ∩ (−Un) of zero is unbounded. By Theorem 3.18 in [5], the set Vn is not weakly
bounded, which allows us to �nd a linear continuous functional fn : X → R such that
the image fn(Vn) is unbounded in the real line. Taking into account that Vn is convex
and Vn = −Vn, we conclude that fn(V ) = R. Then for the nowhere dense linear subspace
Ln = f−1n (0) ofX we getX = Ln+Vn ⊂ Ln+Un, which implies

⋂
n∈N(Ln+Un) = X. �

In spite of Theorem 2, Theorem 1 does admit a partial generalization to locally
convex linear metric spaces.

Theorem 3. Let X be a locally convex space and d be an invariant metric generating

the topology of X. For any sequence (Bn)n∈N of nowhere dense bounded convex sets in

X and any sequence (εn)n∈N of positive real numbers with limn→∞ εn = 0 the set

B = {x ∈ X : ∀n ∈ N ∃y ∈ Bn d(x, y) < εn}
is nowhere dense in X.

Äîâåäåííÿ. The space X being locally convex and metrizable, has a neighborhood base
{Uk}k∈N at zero consisting of open convex neighborhoods of zero such that U1 = X and
Uk+1 ⊂ Uk = −Uk for all k ∈ N. For every n ∈ N let kn ∈ N be the largest number such
that {x ∈ X : d(x, 0) < εn} ⊂ Ukn . It follows from limn→∞ εn = 0 that limn→∞ kn =∞.

Observe that B ⊂
⋂
n∈N(Bn + Ukn). So, it su�ces to prove that the set C =⋂

n∈N(Bn+Ukn) is nowhere dense. It is clear that the set C is convex (being the intersecti-
on of the convex sets Bn + Ukn). Next, we show that the set C is bounded in X. Given
any neighborhood U ⊂ X of zero, �nd n ∈ N such that Ukn ⊂ U . Such number kn exists
as limi→∞ ki =∞ and {Uk}k∈N is a decreasing neighborhood base at zero. Since the set
Bn is bounded, there exists a real number r such that Bn ⊂ r·Ukn . The convexity of Ukn
ensures that for any x, y ∈ Ukn we have

rx+ y = (r + 1)
(

r
r+1x+ 1

r+1y
)
∈ (r + 1) · Ukn

and hence

C ⊂ Bn + Ukn ⊂ r · Ukn + Ukn = (r + 1) · Ukn ⊂ (r + 1) · U,
which means that the set C is bounded.

Assuming that C is not nowhere dense, we conclude that its closure C̄ has non-
empty interior and then C̄ − C̄ :=

{
x− y : x, y ∈ C̄

}
is a bounded convex symmetric

neighborhood of zero in X. By Proposition 4.12 in [4], the locally convex space X is
normable. By the implication (1)⇒ (2) in Theorem 2, the intersection

⋂
n∈N(Bn+Unk

) ⊃
B is nowhere dense in X. �

Now we shall use Theorem 3 to give a negative answer to Question 1.
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Corollary 1. Let T : X → Y be a non-open bounded operator from a Banach space

(X, ‖ · ‖X) to a locally convex linear metric space (Y, ‖ · − · ‖Y ). For any sequences

(rn)∞n=1 and (εn)∞n=1 of positive real numbers with limn→∞ εn = 0, the set

A =
{
y ∈ Y : ∀n ∈ N ∃x ∈ X

(
‖x‖X < rn and ‖y − Tx‖Y < εn

)}
is convex and nowhere dense in Y .

Proof. For every n ∈ N consider the εn-neighborhood Un = {y ∈ Y : ‖y − 0‖Y < εn}
of zero in Y . Since the operator T is not open, the image T (BX) of the unit ball
BX = {x ∈ X : ‖x‖X < 1} has empty interior in Y . We claim that T (BX) is nowhere
dense in Y . If the locally convex space Y is not normable, then Y contains no bounded
neighborhoods of zero, which implies that the bounded set T (BX) is nowhere dense in
Y . If Y is normable, then the set T (BX) is nowhere dense in Y by Banach's Lemma 2.23
in [4].

Then for every n ∈ N the bounded convex set An := T (rnBX) is nowhere dense in
Y . Applying Theorem 3, we conclude that the set A =

⋂
n∈N(An + Un) is convex and

nowhere dense in Y . �

Corollary 2. Let T : X → Y be a non-open bounded operator from a Banach space

(X, ‖ · ‖X) to a locally convex linear metric space (Y, ‖ · − · ‖Y ). For any positive real

constants C,α, β the set

AC,α,β =
{
y ∈ Y : ∀n ∈ N ∃x ∈ X

(
‖y − Tx‖Y < Cn−α and ‖x‖X < Cnβ

)}
is convex and nowhere dense in Y . Consequently, the set

A =
⋃

C,α,β>0

AC,α,β =
⋃
k∈N

Ak, 1k ,k

is meager in Y .

Proof. To show that the set AC,α,β is convex and nowhere dense, apply Corollary 1 to
the sequences (rn)n∈N and (εn)n∈N, de�ned by rn = Cnβ and εn = Cn−α for n ∈ N.

To see that
⋃
C,α,β>0AC,α,β =

⋃
k∈NAk, 1k ,k, take any positive real numbers C,α, β

and choose any number k ≥ max{C, 1
α , β}. The choice of k guarantees that Cn

−α ≤ κn− 1
k

and Cnβ ≤ knk for every n ∈ N, which implies the inclusion AC,α,β ⊂ Ak, 1k ,k. �
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