ISSN 2078-3744

BICHUK
JIbBIBCBKOI'O
YHIBEPCUTETY

Cepis MexaHIKO-MaTEeMaTHYHA

Bunyck 86

TTp#iBChKHii HaIllOHAJILHHUH yHIBEpCUTET iMeH1 IBana dpanHka

Q 2018




VISNYK
OF THE LVIV
UNIVERSITY

Series
Mechanics and Mathematics

Issue 86

Scientific journal

Published 1-2 issues per year

Published since 1965

Ivan Franko National
University of Lviv

2018

BICHUK
JIbBIBCBKOTI'O
YHIBEPCUTETY

Cepisg
MEXaHIKO-MAaTEeMAaTU4IHa,

Bunyck 86

30IpHUK HAYKOBUX IIPallb

BuxomuTts 1-2 pa3u Ha piK

Bunaernes 3 1965 poky

JIbBIBCHbKMIT HAIIOHAJILHUI
yHiBepcuteT iMeHi IBana Opanka



3acHoBHuK: JIbBIBChbKII HAIIIOHAJIbHII YHIBEPCUTET IMEHI IBAHA ®PAHKA

IlpykyeThcs 3a yxBajoio Buenoi Paamn | CBIJIOITBO Mpo AEpKaBHY PEECTPAIIIO
JIbBIBCHKOTO HAIIOHAJILHOIO YHIBEpCHUTETY | APYKOBAHOTO 3aco0y MacoBoi imdopmaril.
imeni Isana ®@panka | Cepia KB Ne 14606-3577P Bizg 29.10.2008 p.
ITporokosn Ne64/03 Bix 27.03.2019 p.
Bxioueno 1o mepesiiky HaykoBuX (axoBUX BHIAHb YKpPAiHM, B IKUX MOXKYTb IyO/IiKyBaTHChH
pesyabraTu aucepramiiaux pobit. 3arsepmkeno nakazom MOH Ykpainu Ne528 Bizg 12.05.2015p.

VY Bicuuky my0/miKyOThCs mparii 3 Teopii KpafloBux 3334 A7 AU epeHIiaIbHIX PIBHIHD,
anrebpu, TOmoJIoril, Teopii GpyHKIIH KOMIIZIEKCHOTO 3MIHHOTO, (DYHKITIOHAJIHHOTO aHAJII3Y, Teopil
MMOBIPHOCTI Ta CTATHCTUKH, IIPOOJIEM MAaTEeMATHYIHOIO MOJIETIOBAaHHA (PI3UKO-MEXaHIYHUX IIPO-
I1eCiB 1 MEeXaHiKH.

Visnyk contains articles on theory of boundary value problems for differential equations,
algebra, topology, complex analysis, functional analysis, probability theory and statistics,
problems of mathematical modelling of physical and mechanical processes and mechanics.

Penaxkxuiina kKomeris:
1-p diz.-mat. Hayk, mpod. M. 3apiunuti (rogosamit pemakTop); 1-p di3.-mat. Hayk, mpod. B. Ko-
numxo (3aCTYITHUK TOJIOBHOTO PENAKTOPA); Kau. ¢is.-mat. Hayk, gom. O. I'ymix (Bimmosimasan-
Huil cekperap); a-p Tex. HaykK, upod., wren-kop. HAH Ykpaimu O. Andpetixis; n-p dinocodil,
npod. JI. Andpycis; n-p biz.-mart. Hayk, npod. T. Banaz; n-p bis.-mat. Hayk, npod. M. Bo-
xan0; A-p diz.-mat. Hayk, npod. M. Bpamitiuwyk; kaua. diz.-mar. Hayk, gom. A. [amanesuwy;
a-p dis.-mat. Hayk, upod. f. €aetixo; n-p dis.-mar. Hayk, upod. b. 3abascorui; n-p diz.-mar.
HayK, mpod. M. 3abosoyvbrul; Kaum. di3.-mat. HAYK, JI. 3domcoruli; a-p Pi3.-maT. HAYK, TPOP.
M. Isanmos; kaum. di3.-mat. Hayk, gor. FO. Twyxk; n-p dis.-mar. Hayk, npod. B. Kupuaiuy; KaHm.
diz.-mar. Hayk, gon. I. Kysv; n-p diz.-mar. nayk, upod., akag. HAH Vkpaiau P. Kywnip; a-p
Giz.-mar. HayK, pod. O. Jlonywancvkut; Kauma. ¢is.-mar. HayK, mom. . Mukxumior; 1-p $is.-
Mart. Hayk, npod. B. Hexpawesuy; n-p diz.-mar. mayk, npod. B. Onanacosuy; n-p diz.-mar.
Hayk, B. Ilempuuxosuy; kauna. di3.-mar. Hayk, upod. . IIpumyasa; n-p dis.-mar. HAYK, 1pOd.
4. Casyasa; o-p dis.-mart. Hayk, mpod. O. Crackis; a-p Pi3.-mar. HayK, mpod. O. Cmopoorc; 1-p
diz.-mat. Hayk, npod. I Cyaum; n-p diz.-mar. mHayk, npod. M. Ilepemema.
Professor M. Zarichny — Editor-in-chief.

Bignosimanpuuii 3a Buntyck Muzatiaso 3apiunud

A nipeca pegkouterii: Editorial office address:
JIHY imeni Isana ®panka, Ivan Franko National University of Lviv
MEeXaHIKO-MaTeMaTHIHUA (haKyIbTET, Mechanics and Mathematics Faculty,
ByJI. YHIBEPCUTETCHKA, 1, Universytetska Str., 1,

79000 JIbBiB, YKpaina 79000 Lviv, Ukraine
ren. (+38 032) 239-46-07 e-mail: Inu.visn.mm@gmail.com

http://publications.lnu.edu.ua/bulletins/index.php /mmf

Pepaxrop H. IIJIMCA | Texniunwmii pegaxrop C. CEHUK

AJIPECA PEJAKIIIT, BUJABIISI I BATOTOBJIIOBAYA:

JIbBIBCHKUI HAIlOHAJIHHUN YHIBEPCUTET Dopwmar 70x100/16.
imeni Isana @panka. YmoBH. apyk. apk. 11,4
eya. Yuieepcumemceovka, 1, 79000, J/Iveis, Yrpaina Haxmazx 100 mpum. 3am.

CBIZIONTBO PO BHECEHHs Cy0 €KTa BUIABHUYOL
cupasu 10 JlepKaBHOIO PeEcTpPy BUIABIIB,
BUTOTIBHHKIB 1 PO3MOBCIOIXKYBAYiB BUTABHIYIOL (© JIbBiBCHKMIT HAIIOHAJIBHUN YHIBEPCUTET
npoaykiii. Cepia JIK Ne 3059 Big 13.12.2007 p. imeni IBana @panxka, 2018




3MICT

Muxaitio Muxaitiosuy 3apiunuii (10 60-piuus 3 JHS HAPOIKEHHS) . . . . . . )
Boaodumup Macamouenro, Iuauna-2Kanna Macarovwenko. IIpo Bumsu marema-
THKH Ha MHCTENTBO . . . . . . s 1Y)
Hpocaas Xoasera, Oavea Muavo. CyMlCHl Ha6JII/I}KeHH5{ 3HAYEHDb ETIMTUITHUX
dyukmiit Beiteprrrpacca ta Akob6i B mepiogax Ta amredpaiuuiit Toumi . . . 45
Tzop IIpomacos. BoproJoriasi, rpy0i Ta piBHOMIpHI CTpyKTypu HA rpymax . . . 5l
Tapac Bawaz, Izop TI'ypan, Oaexcandp Pascvrui. TIpo crmpen tomosoriaHux
IPyIL, MO MICTATH MiJAMHOXKUHU cTpijgku 3opreadpes . . . . . . . . ... . 63
Tapac Banaz, Osena ['punis. Bepisebki Biacrusocti Tonosioriynux rpyn . . . . 71
Mapxian Xuauncvruti. ITHTepacoIiaTUBHOCTI MOJIIUKIIYHONO MOHOTI, . . . . . (7
Ounee I'ymix, Kamepuna Meavruk. HamiBrpymna 3ipkoBuX 9aCcTKOBHX TOMEOMOD-
Gbi3MiB CKIHYEHHOBUMIPHOTO €BKJIJOBOTO TIPOCTOPY . .« . « . . . . o9
Oaena Kapaosa, Boaodumup Muzatiatox. TIpomoBxenus O6Me}KeHI/IX i He06—
Mezkenux GyHKIill nepmoro kiaacy bepa . . . . . . 103
Bozdan Boxano, Hadia Koaoc. InBapiaHTHICTDL 9mMCIA ﬂumem,od)a 3a JeIKUX
PO3pUBHUX BiJIOOpaXKeHb . . . . . O L0}
Tapac Banax, Bozdan Bokaso. Heski d)yHKmOHaanl y3araJbHEHHS DeryIsp-
HOCTL TOMOJIOTIYHUX MPOCTOPIB .+ . « « v v v v v v v v v v e v v o v o ... 116
Tapac Padya. @yHKuiOHam)He 306pa)KeHH${ MOHA/I €MHOCTEH Ha, OCHOBI MHO-
JKEHHST . . . . S 925
Tapac Bawnaz, fOpzu F 0406aMUT. AHpOKCI/IMaHIH TOYOK 6aHaXOBoro TIPOCTOPY
ToukKaMu 3 00pas3y omeparopa . . . . . . S s 7

Vpouucra Akajemis, npucBsdena 65-u piddi0 MeXaHIKO-MAaTEMATHIHOTO (ba—
KYIBTETY  « v v v e e v e e e e e e e e e e e e e e e e e e 140



CONTENT

Mykhailo Mykhailovych Zarichnyi (to his 60th Birthday) . .. ... ... ...
Volodymyr Maslyuchenko, Halyna-Zhanna Maslyuchenko. About the influence
of mathematicson art . . . . . . .. . ... oL
Yaroslav Kholyavka, Olga Mylyo. Simultaneous approximation of values of Wei-
erstrass and Jacobi elliptic functions in the periods and algebraic point . .
Igor Protasov. Bornological, coarse and uniform groups . . ... ... ... ..
Taras Banakh, Igor Guran, Oleksandr Ravsky. On the spread of topological
groups containing subsets of the Sorgenfrey line . . . . . ... ... .. ..
Taras Banakh, Olena Hryniv. Baire category properties of topological groups
Markiian Khylynskyi. Interassociates of a polycyclic monoid . . . . . . . .. ..
Oleg Gutik, Kateryna Melnyk. The semigroup of star partial homeomorphisms
of a finite deminsional Euclidean space . . . . . . ... ... ... .....
Olena Karlova, Volodymyr Mykhaylyuk. Extension of bounded Baire-one functi-
ons vs extension of unbounded Baire-one functions . . . ... ... .. ..
Bogdan Bokalo, Nadiya Kolos. The invariance of the Lindel6f number under
some discontinuous functions . . . . ... ..o
Taras Banakh, Bogdan Bokalo. On some functional generalizations of the regu-
larity of topological spaces . . . . . . . ... L o
Taras Radul. A functional representation of the capacity multiplication monad
Taras Banakh, Yuriy Golovaty. Approximating points of a Banach space by
points of an operator image . . . . . . .. .. ..o L.
Solemn Academy, devoted to the 65th anniversary of the department of mecha-
nics and mathematics . . . . .. .. ... o o Lo



Muxaiigo Muxaiimosma 3SAPIYHUN

(mo 60-piuus 3 JAHSI HAPOJAKEHHS )

o mebe 3i weudkicmio ceimaa
Llymra mos dosemumo

Tu nocmixnewca ceimao

B my mums ...

Muxaitmo 3apiummnit,
3i 30ipku “Bepbadtizamnis Bepbososy”

Muxaiisio Muxaitosuda 3apiunnit — 6ararorpatsa i Herepeciaaa ocoGUCTICT: MaTe-
MaTuk, upodecop, 10KTop bi3uKo-mMareMaTudHuX HAYK, oauH 3 ¢dyngaropis JIbBiBChKOI
Tonomoriunoi Ilkonn, 3HaKOBa MOCTATh y CydYacHi# JIBBIBCHKiNl MaTeMaTwniii, KpiM TOro

— T0eT, My3UKAHT, FPOMAJChKuil gisgd, wien Porapi-kiyoy “JIsBiB—Jleonosic”, moyecumii
ambacagop micta JIbBoBa.



JUTUHCTBO 1 IOHICTDb (1958-1974)

Hapomuses Muxaitio 3apiunuii 7 Gepesus 1958 poky B IBano-®paskiBebKy y ce-
JISHCBKIN cimM’T (GaTbko — Muxaitiio Muxaitnosuy lameniok, matu — Mapia AngpiiBua
Bapiuna, obuasoe 1935 poky Hapomkents). HeBaos3i mic/is HAPOIZKEHHs MATH Biagaja
masenbkoro Muxaiinuka Ha BuxoBanus 10 6abyci Mapii Isanisau Tamentok (1907 p.u.),
sika Mernkaia Ha 3apiudl y ceni Crapi Boropomuanu IBano-®pankisebkoi obmacti. Tam
BOHM IIPOXKUBAJIHA Y CTAPifl XaTi i1 COIOMOIO 3 TNIMHSAHOIO TOJIIBKOIO, a KOJu MuxaitimkoBi
MUHYJIO 9 POKiB, TIEPECETUINCS B HOBY TTPOCTOPITITY XaTy.

Muxaitio Sapiunuii B menTpi, 1959 pik



Muxaitino 3apiunuii i fioro 6adbycs Mapis IBanisna Fameniok

IMouarkoBy 1mkoy Muxaitmo 3apidnauii 3akiHdyBaB Ha 3apiddi, BOCBMUPIUKY — y
Crapux Boropomuanax, a ocranui apa kniacu (ueB’stuit 1 mecaruii) — B Boropoguanax
(paitonnomy nenrpi). YnobiaeHuM 3anaTTaM Majgoro Muxaitia Gyjo YuTaHHS KHHUZKOK,
SAKi y BEIUKAX KiJTbKOCTSIX 3HAXOMUB Y CiIbChbKii 6i0/ioTerti, IpudoMy 9uTaB yce Iiaps;
Bi baHTACTUKYU 10 JOBIIHUKIB 3 €IEKTPOTEXHIKU. ZKOCh, y3BIIN 3 CODOI YePTrOBY KH-
My KHHU2KOK, MIINOB y HIKIIbHY IMaJIBHIO, Jie XJIONIA 3ayBayKuB yuuresnsb bizuku. Ilicas
iMmpoBizoBaHoro icnury B Kabimeri ismka 3’dcyBasocs, IO 3HAHD, OTPUMAHUX CaMO-
ocBiTor0, BUCTadae, mod mepeBectu masioro Muxaitna 3 3-ro Bigpady B 5-if kKjac, ToMy
Muxaiisio 3apiuauii 3aKiHYUB NIKOJIY HA PIK MIBU/IIE BiJl CBOIX POBECHUKIB.

Tamantn Muxaitna 70 TOYHIX HAYK BUSBUJINCA 1€ Y INTUHCTBI, KON BiH, CLILCHKIIA
XJIOTTYUHA, TIOJUIIEHUI Ha CAMOBMUXOBAHHS, YCIINTHO BUCTYNaB Ha ojiMmiagax 3 dizukn
Ta MATeMAaTUKW. 30KPEMA, B 7-My KJjaci BiH BuOOpOB 1-e miciie Ha paitoHHIN omimmiami 3
MaremaTukn. Tomi »k Ha omiMmiagi 3 (i3uky MBUIKO HAMKCAB 3a7adi 3a CBiif Kiac i me
BCTUI PO3B’s3aTy 3a1a4i 3a 8-if kjlac, Tomy orpuMas 1-ie micie 3a 7-it K1ac Ta 2-re micie
3a 8-it kjmac. Y 8-my kjaci 3apigauit Bubopos 1-e micie Ha obsacHiii omimmiami 3 Ghi3ukm.
B 9-my kjaci 3apiunwmii 6paB y4acTh y pecmyOIiKaHCHKINM OIMITaml 3 MaTeMaTuKu, a B
10-my — y Bcecorozwiit. Coim ycmixam Muxaitio 3apivnuil 3aBAgay€e MEPIiii BUNTEIbIT
Ipuni Ianiui ['yunynsk, Banrenesi disuku Crenany IBanoBudy JI070TKOBI Ta iHIITHM.

Ak 3ragysas Muxaiisio MuxaiisioBud, Koiu Bin 6yB y 9-My Kutaci, 3aKpuTTs Peciry-
G/1iKaHCHKOI OJliMmia/iu 3 MaTeMaTUKU BiOyBasiocs B rOJ0BHOMY Kopiyci JIbBiBCbKOro
yHiBepcuTeTy imeni IBana ®@panka, dkuii HACTIIHKNA BPa3WB MOJIOJIOTO IOHAKA CBOEIO ap-
XITEeKTYPHOIO JIOCKOHAJIICTIO, 110 Muxaitsio 3po3ymMiB, 110 Oy/ae HaBdaTucs came Tam. Tox
came 3 JIbBIBCHKHM YHIBEPCHUTETOM IMOB’si3aHa ycsi mopasbina gois Muxaitna 3apigaoro.



Ilepma Bunrenvka Ipuna Isanisua I'ymynsak, 1966 pik

HABYAHHA B YHIBEPCUTETI (1974-1979)

Y 1974 poni Muxaitio 3apiunnii BCTYIUB HAa MeXaHiKO-MaTeMaTnyiHuil (axkyabrer
JIpBiBCBKOTO HepxkaBHOrO yHiBepcurery imeni Isana ®@panka. Cepenmio mkony M. 3a-
piunuii 3akingus 6e3 30510101 Mepasi (xoua MaB Jmiie aBi YerBipku — 3 (BI3KyJIbTYPH Ta
upani). Tomy 110 yHiBepcurery BCrynas Ha 3araibHux migcrasax. Tsip nanucas na “4”
MaTeMaTuKy TuChMOBO — “5” yeuy — “5”, disuxy — “5”, arecrar — “5” (pasom 24 Gasu, a
npoxizauii 6an — 19). Yersipky 3a tBip “O6pa3 Oxcanu y n’eci Kopuiituyka “3arutenn
Eckanpu” (nanucanwuii, 10 pedi, 6e3 opdorpadiuaux nomunok) M. 3apiunuii orpuman
3a JIAKOHIYHICTb BUKJIAJLY.

IIporsirom 1974-1979 pokis Muxaitio 3apiunuii HABYABCSA HA MEXaHIKO-MaTEeMaTH Y-
Homy dakyabTeTi JIbBIBCHKOTO /Iep:KaBHOTO yHiBepcuTeTy iMeni IBana @pawnka. lekanom
tomi Oye 3. O. Menwuuk, 3acrymnaukom gexana — . I Ilpurymra.

4. T. Ilpuryna Takok OyB HACTABHUKOM T'PYTH, e BunBcsa Muxaitino 3apianuii. ¥ Ti
POKH TIepIIa Ta APyra IPyNH Ha MEXaHIKO-MATEeMATHIHOMY (PaKyIbTET] CHeIlia i3y BaTuCs
o Kadeapi mudepeHIiiinnx piBHAHD, TPeTd Ta YeTBepTa — 0 Kadeapi Teopii pyHKITi
i ¢yukmionanbHOro aHasizy, a mara Ta mocra — no Kadeapi aarebpum Ta reoMerpii.
VY rperiit rpyni (ananizy) ommokypcuukamu Muxaitina 3apiunoro 6yiu O. B. Ckackis,
M. B. 3abomoupkuii, 4. B. Bacunbkis. Y derBepriit rpymi pasom 3 3apidyHuM BUHIUCS
JI. Bazumesuq, B. [’aua, O. Becenoschka.



- !

Ilepmmit Jdennr maremaTuka, 3iHimitoBannii y 1979 pormi 4. I'. IIpurynoro

IBan Mukouiaitosuu Ilecin

KypcoBy pobory Muxaitno 3apiunnit nucas B Isana Mukomnaitopuya Ilecina, yuamns
JI. 1. Bosnkosuchkoro. Ilecin maB HedopMasibHAN CTUIH CHIJIKYyBaHHS 31 CTyJIeHTaMH i
9aCcTO BIAIITOBYBAB CeMiHAPH Ta KOHCYILTAINI y cebe Ha KBapTHPI.
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Ha apyromy kypci 1. Tlecin gopyuus M. 3apigromy mpocryailoBaTu crarTio 3ir-
MyHTa fHimeBcbKOro 3 Teopii KOHTUHYYMIB, HAIIMCAHY MIOJIbLCHKOI0 MOBOIO. Y IIACYMKY
Muxaito 3apidnauii OCBOIB 1 MOJBCHKY MOBY, i T€Opit0 KOHTHHYYMiB. dummomuy pobory
3 Teopii OMyKINX MHOXKUH 3apiuawnii 3axuctuB y 1979 pori.

CiMm’s

HaykoBoto pobororo min kepisauirrsom 1. Ilecina Takoxx 3aiiMasacs OSHOTDYITHHIIS
Muxaitna 3apiunoro — Jligis Basunesud, ska B 1980 pomi crama apy:xunoro Muxaiiia
Muxaitmosuga. ¥ 1984 pormi y Hux Hapoauscs cus Irop, a B 2003 — moubka Codis.

g

)

Muxaitino Sapiunwuii i Jligia Basumesuq
(BecizbHe boTO)
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Muxaitiao 3apiunwuii i itoro mitu: Codis Ta Irop

Muxaitno 3apiunwnii i Jligis Basumesnq
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ACIIIPAHTYPA

Y apyriéi nosoBuni 70-x pokiB movasia Jigru yroga Mixk JIbBIBCbKUM JepKaBHUM
yHiBepcuTeToM iMeni IBana ®@panka Ta MOCKOBCHLKUM JIepKaBHUM YHIBEPCUTETOM iMeHi
M. B. JlomoHOCOBa PO MiATOTOBKY KA/IpiB, mianucana 3a cupusuis akagemika 9. C. ITix-
cTpuradga.

‘\»n‘ : ‘(
Sog il

-

0. I'. CaBuenko, B. B. ®enop

i B

gyk, M. M. Bapiunmii, I. I1. ['ypan, 1987 pix

Touxi y JIbBOBI TOIOJIOriF0 BUBYA/IU 3a MOJbLCHKMM BUJIAHH ‘“3arajibHa TOLOJIOris”
Pimapna Enrenbkinra 1977 poky (aky npusiz 4. T. Ilpuryna 3 moizaku 10 Bapmascskoro
yuisepcurery). Y Mocksi npo mo dbyngamentaabiy Mororpadio juiie qyiu (pocifichKuit
nepekJaz 3’asuBca y 1986 porii).

3a pekomenariero L. Tecina, Muxaiina 3apiqaHoro, sk 0JJHOrO 3 HAMKPAIIUX CTYI€H-
riB dakynbrery, y 1979 poni Takox Bignpasuiau y mijgboBy acmipaaTypy g0 Mocksu. 3a
nopasoio I. T1. T'ypama (sxuit 8a pOKHM Tepe/] THM BCTYIHB J0 acTipaHTypH Ha Kadeapy
saranabaol Tonosorii MI'Y o mpodecopa A. B. Apxamnrenbcokoro), M. M. 3apiunuii Bu-
OpaB KepiBHUKOM CBO€T HayKkoBOI pobotu Birtasis BitamiitioBuaa Penopuyka, yaus [lasia
CeprifioBuua AnekcanapoBa, OJHOTO 3 TBOPIUB TOMOJIOTII.

Y kinni 70-x — mogarky 80-x MockoBcbKa Tomosorivna mKosia Oyia Ha MKy CBOET
cBiToBOI HOoTyrM it 06’¢anyBada sk kiacukis (O. B. Apxanrenscokuii, B. I. Ilonomapbos,
FO. M. Cwipnos, B. B. ®enopuyk, €. B. Illenin) Tak i MOJOAIIUX MATEMATUKIB, AKi
srogom crasiu kiaacukamu (C. Arees, C. Auronsn, I. Typan, A. [panimuikos, B. Ilecros,
O. Cinauesa, M. Tkauenko, B. Tkauyxk, B. Ycnencokuii, A. Hiroriaze, M. Bapiunwuii).
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Ha xadempi 3aramproi Tomosorii M OCKOBCHKOrO yHIBEpPCHTETY BiAOyBasiocs TP
ceMiHapwu: 3arajgbHOKadeIpaIbHUN 1 [Ba CHEIia i30BaHIMNnX — 3 TOMOJOTiYHOl aarebpu
(miz kepiBaunTBOM A. B. ApXaHTe/IbCHKOT0) i TeOMETPUYHOT TOMOIOTIT (1Ii1 KepiBHUIITBOM
B. B. ®enopuyka). Konnenrpariis iHTeNeKTy MaJja CBOIM HAC/IIKOM CaMO3aPO/IKEHHSI
Hayku. AcrmipanTu 3a3Budail cami minykoByBasiu cobi 3a0a9i, MOPIarYruch y GaraTomNii
6i6moTeri MOCKOBCHKOTO MeX-MaTy 9 CJAyXalodW BHUCTYIH KJIACHKIB 1 CBOIX KOJer Ha
ceMiHapax.

M. M. Bapiunwuii BiBiAyBaB yCi TpU CeMiHAPH, IO CIPHUSIO POSIMTUPEHHIO HOTO Ma-
TEeMATUIHOTO KPYTO30py. 30KpeMa, BiH 3allikaBUBCSA BBeAeHOW 1e ['poorom y 1973 porri
KOHCTPYKIIIEIO CyTIEPPO3MIUPEHHS \, KA € CJ1a0KO HOpMaabHUM (YHKTOPOM y KaTeropii
kommakTie. [Jis ftoro miadyukropa A, 3apiuawuii 10BiB Teopemy mnpo 36epexkenns ANR-
KOMIIAKTIB 1 KoMnakTHuX Q-MHOroBuiB. TexHiky moBeneHHs 1i€l TeopeMu 3r0[I0M PO3BH-
HyB Bacmanos, sikuil 10BiB ¢BOIO 3HaMeHuTy Teopemy npo 36epexennss ANR-komakTis
i Q-MHOTOBUIIB (DYHKTOPAMYU CKIHUEHHOTO CTETEHS.

Cuiyxarouu JOMOBiJIi 3 TOMOJONYHOI ajaredpu Ha ceMinapi mpod. ApXaHTrebChbKOro,
SapiuHuii 3a1iKaBUBCA TOMOJIOTIYHOIO CTPYKTYPOIO BLIHHOI TOMOJOTiYHOI rpynu i H0BiB,
mo gt ANR-kommakTa fioro BijibHA TOMOJIOrIYHA IPya € MHOIOBHIOM, MOJIETHOBAHUM
npocropoM R, gkwmit € iHIYKTUBHOIO I'PAHUIEIO eBKJimoBux mpoctopis R™. et moBa-
TopCchKuUil 1 eeranTHuii (kKaHaachkuil Maremaruk B. Tlectos y omwmiit 31 cBoix my6ikaiiit
cxapakrepusyBas ioro sk charming theorem) pesysnbrar 3apiunoro 6yB omy6iKoBaHU
y Hoxkmamax AH CCCP y 1982 pori. Ilisuimme rexuika goBefeHHs 1€l TeopeMu Oyia
BHUKOpHUCTaHa simoHchkuM Maremarukom K. Cakal y ioro kiacuaniit xapakrepusarii R°-
MHOTOBHJIIB, sika 3’sBuiiacs y 1984 poui. Bapro 3ayBakuru, mo crarts 3apidaHoro murye-
ThCS aXK JOTENEP, HEe 3BAXKAIOYHN HA T€, IO MUHYJIO TTOHAT 35 POKIB Bix aus 11 mybsrikarrii.

JOCKOBCHI! TOCTIAPCTEEHFHA THVBEPCHIET M. M.B -JOMOHOCOBA
MEXAHVKO-MATEWATHIECKHA GAKVIBTET

Ha Tpapax pyKOMECE

YUK 5I3.83

SAPHIHHA MIXAWN MVXALIOBMT

KOBAPYAHTHHE QVHKTOPH
¥ CUETIIEHHNE CHCTEMH MHOKECTB

(I.(I.04 - reomeTpad ¥ TONOOTHS

TEPAT
HMe y4yeHok cremeHm

JLMCCEPTAINE KA COMC

17878 (HIEKC-MATEMATHVECKEX FAYK

Mocksa 1983

Asropedepar kanguaarcpkoi gucepranii M. M. 3apianoro
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Pesynpratu mpo cymeppo3miupeHHs Ta BiJbHI TOMOJOTIYHI IPyNH CKJIATH OCHOBY
kauuaarcbkoi aucepranii M. M. Bapiunoro, siky Bin 3axuctus 22 ksirasa 1983 poky B
MockoBChKOMY Jep:KaBHOMY yHiBepcuTeTi imeni JIomonocosa.

IIOBEPHEHHSA 00 JIBBOBA

Y 1982 poui micsis 3akindeHHs niiboBol acuipantypu Muxaiiio 3apiunuit noBephys-
cs1 10 JInBoBa. VIoro 3admcsiuin acuCcTeHTOM HAa HOBOCTBOPEHY KadeIpy MaTeMaTHIHOrO
MozeoBanHs. TakoK HaJa/Il YHIBEPCUTETChKE KUTJI0 B OTHOKIMHATHIN KBapTHPI ciMeit-
HOrO TYPTOXKUTKY 10 ByJi. Jlesirana. B kinmi 1982 poky 3apidHoro mepeseu Ha TOCATY
acucrenTa kadeapu anaredpu i Tonosorii. Jdpyxwuna JI. €. Basunesny BramroBaiach Ha
pobory B IncruryT npukiaanux npobsem mexaniku i maremaruku AH YPCP.

Ha xinens 80-X pokiB mpHIIaB MpoIec HAIIOHAJIHLHOTO BiAPOIKEHHS, SIKUI TTOYaBCS 3
rop0Oav0BCHKOI TTepedyaoBH i 3aBepiuBcs po3saiom Pagsucekoro Corosy y 1991 pormi. Y
pyCIi Aep:KaBOTBOPYMX IIPOIECIB BiaOyBaacd TaKOXK CAMOOPTraHi3allis MAaTEeMATHIHOTO
cepenopuing, B sxiii M. M. 3apiunuii OpaB akTuBHY y4acTb. Bin 6yB oaHUM i3 3aCHOBHU-
KiB JIbBIBCHKOrO MaTreMaTrndHOrO TOBAPHUCTBA TA MO0 APYKOBAHOIO OPraHy — KYPHAJLY
“Maremarudsi cTymnii’, meprruit Tom sikoro Buiimos y 1991 porti. Pa3om 3 ibBiBChKUM BU-
masueM B. JImurepkom 3apiununii mepeTBOpUB 30ipHUK HAYKOBUX MPAllh, IKAM CIIOYATKY
Ooynu “Maremarudni cTy/ail’, y MOBHOIIHHUN HAYKOBUI KYPHAJL.

MATEMATHYHI CTY IIi

[lpagi AbBiBCbKOrO MaTEMaTHYHOTO
TOBapHCTBA

[leprmmit Bumyck xypuamty “MaremMarwdsi cTymii’
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T. Banakh, T. Radul, M. Zarichnyi

Absorbing Sets

A.Teleiko, M. Zarichnyi

in Infinite-Dimensional Categorical Topology
i Manifolds of Compact Hausdorff Spaces

Mathematical Studies - Monograph Series
Volume 5

Mathematical Studies - Monograph Series
Volume 1

Ihor Protasov, Michael Zarichnyi

General Asymptology

Muxaiizio 3apiaunii

EJNEMEHTH TEOPII
COUIAJBLHOTO BHBOPY

MATHEMATICAL STUDIES « MoNOGRAPH SERIES
VOLUME XII

M. M. Bapiunuii 6yB 3aCHOBHUKOM i DAraToOMITHIM peIaKTOPOM MOHOTPaGhIIHOI ce-
pii “Maremarnuynnx crymiii’ sugapaunTa VNTL-Kinacuka. 1o cepiro, ska wagiuye 17
TOMiB, 3ano4yarkyBaja mouorpadis “Absorbing sets in infinite-dimensional manifolds”
T. Banaxa, T. Pagyna ta M. Bapiunoro, ska mobauwmna csit y 1997 pori. IT'atum To-
MoM Tii€l cepii crama monorpadis M. Sapiunoro Ta #toro yuns A. Tesneiika “Categorical
topology of compact Hausdorff spaces”, sika € ogaum i3 6a30BUX HiApyYHUKIB 3 KATErOPHOT
ToroJorii, a 12-m TomoMm — MoHorpadis “General asymptology”, siky nanucas 3apiannii y
CrmiBaBTOPCTBI 3 Bimomum kuiBcbkuM maremarukom 1. B. IIporacosum. g monorpadis,
mopsiz 3 Bimomoro kumrow Jxoma Poe “Lectures in coarse geometry”, 3akiana ocHOBU
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ACHMIITOTUYIHOI TOMOJIONIT i 3adikcyBasa mpiopuTeT yKpaiHCHKOI HAayKW y Iiiii HOBiit mi-
JISHIIL MaTEMATHUKH, 110 OypxJjauBO po3BuBaeThbcsd 3 Kinng 80-x pokiB XX crositrs.

M. M. Bapiunuii 3aB:xkau OyB i 3aJIHUMIAETHCA BiIKPUTUM 0 HOBUX i/Ieii Ta BisiHb. Y
JIbBiBChKOMY HaIlOHAIBHOMY yHiBepcuTeTi modaTok XXI cTosiTTst o3HaMeHyBaBcst Oyp-
XJIMBUM POCTOM TOTYTH MEXAHIKO-MATEMATHIHOTO (DaKyIbTETY, 30KPEMA BiIKPUTTSIM HO-
BUX CHeliasizaliiii: MaTeMaTUu9IHOl CTATUCTUKH, MATEMATUIHOI EKOHOMIKH i eKOHOMETPHU-
ku. ZK 3amporenunii JIEKTOp Ha JITHIX IIKOJAX 3 MATEMATHYIHOI eKOHOMikM, Mmuxaitio
BapiuHuii TiArOTYBaB MWKJI JIEKIIH 3 Teopii ComiaJbHOTO BHOOPY i BUIAAB BiAMOBITHUI
TMiIPYYIHUK, AKUH KOPUCTYETHCA 3aCIY>KEHOIO TMOMYIAPHICTIO ¥ CTY/IEHTIB Ta BUKJIAQIATiB
dakynbTeTy.

TOIIOJIOrTYHUIN CEMIHAP ¥ JIBBOBI

Ha sinminy Bin cBoix mockoBcbkux koger, ki B 90-x 3amummuaun CPCP it emirpy-
Basu Ha 3axizn, I. T'ypan i M. Bapiunuit nosepuynucsa 10 JIbBoBa 3 aMbGITHOIO METOI —
BigpoanTn Tomosorito y JIBOBI i CTBOPUTHN MOTYXKHY TOMOJIOTIYHY mIKOJy. [HCTpyMEHTOM
JOCATHEHHS T[i€] METU CTaB TOMOJIOTiYHUM ceMinap, 3acHoBaumii 1. I'yparnom y 1981 pori.
Y 1983 pori, micisa noBepHeHHS 3 MOCKOBCHKOI acHipaHTypH, A0 KEPIBHAIITBA CEMIHAPOM
nigkaroansces M. M. Bapianuit.

Tomnonoriuna nporynsaka. [Ipusan 6ins ropu [lapamka, 1995 pik

BaBaaku xapusmi ta HedOPMATHLHOCTI HOTO KEPIBHUKIB, TOMOJOTIYHAN ceMiHap MaB
MAaridHy IPUTATATbHY CHIY JJisi CTYIEHTIB Ta ACHiPAHTIB MATEMATHIHOTO (DAKYIbTETY.
Kpim 3Buuaiinux 3aciganp ceminapy B yuisepcureri (a wacom i B kap’sapui “Illkonpka”
qu “Poma”), BaskuBy (a MOXKe BUPINIAIBbHY) POJIb BiAIrpaBaJd KOJEKTUBHI BUXOIU HA
MPUPOY, TaK 3BaHI “TOMOJOTIYHI MPOTYJIAHKNW’, HA SKAX BiIOyBaBCs 3HAYHO TiCHIMIH
KOHTAKT MiXK CTYJ€HTAMU Ta BUKJIAJTATAMUA.
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3acimanns TOMOJOri9HOTO ceMiHapy

Cepes aKTUBHUX yYaCHHUKIB TOIOJIOTiYHOTO ceMinapy Oyso 6araro mikaBux ocobuc-
rocreii: T. Banax, T. Pagyn, O. Tyrik, O. Hukudopuun, €. Ilernak, A. Teneiixo, O. ITi-
xypko, O. Pascokuit, P. Koxkan, H. ITupu, I. Craciok, H. Masypenko, O. I'punis, O. Hep-
Bak, C. Bapauia ra 6araro inmnmx.

Crinpre 3aciganus JIbBiBcbKOTO Ta PUKCHKOr0 TOMOMOTIYHUX ceMiHapiB
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HBammsaTy pidauniio 3acHyBaHHs JIbBIBCHKOrO TOMOJIOIIYHOrO CEMiHADY BiA3HAYUIIN
cueniasbauM Buityckom kypaasy “Topology and its Applications” — naitaBropurerHimnio-
IO TOTMOJIOTIYHOTO *KypHAIy B cBiTi. IIpobGiaemam JIBBIBCHKOrO TOMOJIOTIYHOTO CEMiHADY
TaKOXK mpucBsgdenuii po3aia kauru “Open Problem in Topology II” Bunasuunrsa Elsevier,
fAKa Buiinuia y csit 2007 poxy.

MOCKOBCKMIA OPAEHA UEHMHA OPAEHA OKTABPECKOM PEBOINM|MA
OPJIEHA TPYJOBOTO KPACHOIO 3HAMEHU I'OCYZAAPCTBEHHHM
YHUBEPCUTET uwenn M.B.JOMOHOCOBA

MEXAHHKO-MATOMATHUECKHA JaKyabTeT
Ha npaBax pyxommcu
YIK 515.12
SAPHIHHS MAXAMA MAXARAOBUY
QYHKTOPH, EIM3HUE K HOPMAILHHM,

M TONONOTHA MOHAL B KATETOPMM KOMITAKTOB

01.01.04. - reomeTpus ¥ TOMOMOTH:

Aropegepar
3¢ Ha yueHOH
JOKTODA (HIHMKO-MATEMATHIOCKAX HAYK

Mockea 1992

Asropedepar mokTopceskol auceprarii M. M. 3apiunoro

Kpim Tomonorignoro cemirapy, M. Sapiunuii OyB ogHuM 3i CMiB3aCHOBHUKIB CEMi-
Hapy 3 Teopil Kareropiit i Teopil Tomocis (akuil BiABiAyBaIM TaKOXK JesKi ajreOpucTH,
sokpema M. 4. Komapuuupkuii ta B. I. Augpiiiuyk). HabGyTi na 1pomy ceminapi 3uax-
ua M. 3apiunwuii 3acTOCOBYBaB [jis BUBYEHHS (DYHKTOPIB, sIKi MPUPOTHO BUHUKAIOTH Y
rorosoril. 3okpemMa, BiH 3aifHABCS TOCJIPKEHHIM MOHAIUIHUX (PyHKTOPIB, TOOTO DyH-
KTOPIiB, fKi JOMOBHIOIOTHCH A0 MOHaju. OTpuMaHi y mpOMy HAIpPsMi pe3yJjibraTh CTaju
OCHOBOIO JJOKTOPCHKOI aucepTarii “@yHKTOpbI, OIn3KHe K HOPMAJTHHBIM, U TOTIOJIOTHST MO-
HaJ B Kareropuu KOMmakToB’, sky M. 3apiunuii 3axuctus 1992 poky B MocKoBChKOMY
JEPYKABHOMY YHIBEPCHUTETI.
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3AKOPJOHHI CTAXKYBAHHSI

Y 90-x—2000-x pokax M. Bapiunuii MaB JI€KiJIbKa TPUBAIUX 3aKOPJOHHUX CTAXKY-
BaHb. 30kpeMa, v 1996 pori miBpOKy MpOXOAuB cTaykKyBaHHs B YHiBepcuTeTi CackadueBany
B Kanagi, ge cmiBnparfoBaB 3 Bijomumu matematukamu Uurorinze ta TumuarwHoM. Y
2000—2002 i mizuimre B 2009 i 2012 mepebyBaB Ha MIBPiYHUX CTAXKYBAHHAX B Y HiBep-
cureri @uopuan B Crnonyuenux [lrarax Amepuku, me cruiBnparmoBaB 3 AJieKcanIpoM
JpanimnikoBum (3a nesKMMU OLIHKAMM, HAHCUIBHILIMM TOMOJIOIOM Cy4aCHOCT).

M. Bapiunwmii, E. Tymchatyn, A. Chigogidze M. 3apiunwmii, A. Dranishnikov

I3 kO>kHOTO cTaxKyBaHHS 3apivHUil TPUBO3UB HOBI 17161 Ta HOBI HANPSIMU TOCJIiI?KEHb,
SAKI B/IAJI0 MPMIKNBAJINCA TA PO3BUBAJINCA HA JIHBIBCBKOMY TDYHTI.

A,Z[MIHICTPATI/IBHA POBOTA

Y 1992 poui M. Bapiunwmii, gk Mosomoro gokropa Hayk (y Bimi 34 pokis) obpasu
3aBigyBadem kadeapu amaredbpu i Tomosorii. Ilig #oro kepiBHHIITBOM Kadeapa 3a3Haaa
cTpiMKOro po3BuTKy. 3okpema, cranom Ha 2002 pik Ha Kadeapi BKe IpaIfoBaio 5 JOKTO-
piB mayk: A. Auupiituyk, O. Apremosuyu, T. Banax, M. 3apiunaunii, M. Komapaunpkuii.
Tomy y 2003 porri KepiBHUIITBO yHIBEPCUTETY TPUNHSJIO PIllIeHHS PO MO Kadeapn Ha
xadenpy anrebpu i joriku Ta Kademapy reomMerpii i TOMOJIOTIT, HE3MIHHMM 3aBiLyBademM
skoi (mo 2015 poky) 6ys M. M. Bapiuuuii.

Y 2004 pori M. M. 3apiunoro obupaim AEKAHOM MeXaHIKO-MaTeMaTHIHOrO (da-
kynbrery. Ilin fioro kepiBHuITBOM MexaHiko-mMaremaruduHuil dbakysibrer nepexus (6e3
snadHux Kazaposux sBrpar) asi pesosouii (ITomapanuesy 2004/2005 p. ta Peposrouiio
Tigrocti 2013/2014). ¥V 2016 poni Muxaitio 3apiunmii mepeiinios Ha mocasy npodecopa
Kadeapu reoMerpii i TOMOJIOrIT, & TAKOXK MPOJIOBKUB MPAIIOBATH TPOPECOPOM MaTEeMa-
tuku y 2Kemyseokomy yuisepcureri (Ioabina).
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M. M. 3apiunnii, TeKaH MEXaHIKO-MaTeMaTHuIHOTO (hakyabrery, 2015 pik

MATEMATHUYHI PE3YJbBTATU M. M. 3APIYHOTO

Ik BimoMO, MaTeMaTHKiB yMOBHO MOKHA, TOIITATH HA IBi KATEropil: OMHIM Kparre
JTAa€THCA PO3B’A3aHHSA KOHKPETHUX 33/1a4, 1HINUM — CTBOPEHHS TEOPIii Ta HOBUX IOHSATH.
Muxaitmo 3apiuauii moeaHye B cobi OOMIBA TUIH, XOUYa 3ABAAKHW E€PYIUINI Ta ITUPOTI
MUCJIEHHsT TSXKIE 0 CTBOPEHHS TeOopiil, poOUTH Iie JIErKO Ta TPAIO3HO — JIAKOHITHUMHA
Ma3KaM¥1 BHOKPEMJIIOE KJIIOUOB1 TOHATTS 1 pe3y/IbTAaTH, 3AJUIIAI0YHA TITUPOKE TIOJIE JTislTb-
HocTi cBoiM mociizoBaukaM. oMy Hasmexarh GpyHIaMEHTaJbHI KOHIEMIHI Ta pesy/bTra-
TH B HECKIHYEHHO-BHMIpHIiil TOmosorii, Tomosoriunii Teopil pyHKTOPIB, aCHMIOTHUYIHIH
TONOJIOI, Teopil BUMipiB, TeOpii HPOJIOBXKEHHSA METPUK, HEYiTKiil ToroJioril, Tponivniit
MaTEeMaTHIII.

IIe B acmipanTceki poku mix oM B.B. ®@emopuyka ta €.B. lllenina 3apiunuii
3aIikaBUBCS (PYHKTOPIATBHIMH KOHCTPYKISIMH B TOMOJOTIYHUX Kareropisx. Kpim 3ra-
JlaHuX paimie pe3ynbrarti mpo 30epexkents ANR-koMmakTis, BiH He3a0apoM JOBOJIUTH,
0 crerneneBuil PyHKTOP € €IMHUM MYJIbTHILIKATUBHUM HOPMAJIbHUM (PYHKTOPOM, &
TaKOXK JTOBOINTH XapakTepusaliio (pyHKTOPiB G-CHMETPUYHOTO CTETEHST SIK BiIKPUTHX
(exBiBaszeHTHO, GiKOMyTaTHBHNUX) (YHKTODIB CKiHueHHOrO crenens [18, 36]. Ilix Brun-
Bom M. 4. Komapuunpskoro 3apiaauit po3riisgae HOpMaJIbHi Ta OM3bKi 10 HUX DYHKTO-
pu 3 TOYKHK 30py MOHamooril. Bin, 30KkpeMa, XapakKTepu3ye MOHAILY CyIeppO3ITHPEHHS
Ta 11 asnrebpu [17], pocaimkye reomerpito BioOpaKeHHs MHOXKEHHs PI3HUX MOHAJ, 110-
POIKEHUX HOpMAJIbHUMM Ta Osinm3bkuMu 10 Hux dynkropamu [21, 23]. Y3araibHiooun
pe3yabratu Mwuxaitiza 3apigHOro Mpo iTepOBaHi CyneppO3NUINPEHHs, IXHE TTOTTOBHEHHS Ta
kommakTudikami [12, 16], B. B. ®enopuyk 3anpoBajnuB HOHATTS I[LIKOM METPH30BHOTO
Ta JOCKOHAJIO METPU30BHOIO (DYHKTOPA 1 JTOCTIANB Il MTOHSITTI 3 TOYKHA 30PY HECKiHYeH-
HOBUMIiPHOI TOIOJIOTI.

Huzka pesynapraris M. 3apiunoro mnos’s3asa 3 T€OPI€I0 HOIJIMHAIOYUX MHOXKUH Y
HeCKiHYeHHOBMMIpHMX MHOTOBHIaX [43, 44, 49, 52, 53, 54, 56], siky possunynn M. Becr-
Bira Ta €. Morinbehkuii. Y 11bOMY HAIPsIMi iIHTEHCUBHO MPAIOIOTH JIbBIBCHKI MaTEMaTHKA
T. Banax, T. Pagymr, M. 3apiunuii, a rakoxk Bimomuii ¢hpanmy3sknii maremaruk P. Kori,
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AKUil HeoaHOpa3oBo OyeaB y JIpBoBi. Muxaiiio 3apiunuii mobyayBas yHiBepcajbHe Bi-
J00parkeHHs epeariibbepToBux npocropis [45], ske 1ano 3Mory po3s’a3aru Jeski upob-
JIeM¥ B TEOpil MOTJIMHAIOYUX MTPOCTOPIB, 30KPeMa, TOOYIyBaTH yHiBEPCAJIBHI MTPOCTOPY B
abcosrfoTHUX OOPETIBCHKUX 1 MPOEKTUBHUX KJacax. BiAmoBinHi pe3yabraTu BiH 01epKaB
TAKOXK 1 y CKiHYeHHOBHMIpHOMY BUIAJKY [49].

TTonbenkmit maTemaruk YecmaB Beccara miz gac cBoro BECTyIy Ha TOIOJOTiIHOMY
ceminapi copmysioBaB 3aa4dy IPO icCHyBaHHs JiHIHOIO onepaTopa upoIoBAeHHs (11ceB-
nmo)merpuk. [ToBumit po3B’si30K miel 3ama4i omeprkae T. Banax, a nesabapom M. Sapiummii
3arpoNOHyBaB KOPOTKe JOBeJIeHHs [48], sike 'PYHTYEThCs Ha OJHOMY pe3yibrari Beccarn
i Hemxauncekoro. Ilizuime 3apiunwit 1 E. Tumuarun [74] goBenn icHyBaHHS oneparopis
TIPOJOBIKEHHST JJIsI TICEBIOMETPHUK 3i 3MiHHOIO 00JIAaCTIO BU3HAYEHHs. Y Tiif TemMaruil 6a-
raro BaxKJimBHX pe3ynbrariB ogepxkas I. Craciok.

Koucrpykuito ynisepcanbaoro npocropy [53], siky M. 3apiunuii 3anpounonysas Jjist
KOTOMOJIOTIYHOTO BUMIPY, KaHAIChKO-aMepPUKAHChLKUH Maremaruk A. Ywurorinze pos3su-
HYB JJjIs BCIX TaK 3BaHUX €KCTEHCIOHAJbHUX BuMipiB. Hwurorizze i 3apiunuii orpumasin
Baxk/mBl pe3yibraru [57] y Teopil eKCTeHCIOHAJILHOrO BUMIDY, 30KpeMa JOBeId MeTPH-
30BHiCTD [L]-BUMIpHMX KOMIIAKTIB, 1110 € aOCOJIOTHUMU OKOJIOBUMH €KCTEH30DAMU y BH-
mipi L.

M. Bapiunuii moOyayBaB TAKOXK HEMETPU30BHWI AHAJIOT 3raJIaHOrO BUIIE YHIBEp-
canbHoro Bimobpaxkenus [28]. T. Banax i /1. Pemorm moGyaysasn miHiiiHy peastizariiio
HOro aHajora (BOHU Ha3Ba/M #ioro universal Zarichnyi map) Ta nmokasaju BiiCyTHICTD y
HBOI'O JIOKAJILHOI CaMOIIOAIOHOCTI.

VY kinmi 90-x pokiB 3apiunuii movYaB 3afiMaTUCS ACHMITOTAYHOIO TOMOJIOTIED, OCHO-
BU #AKOI 3aKJiaB BUJIATHUN aMepuKanHCbkuil maremaruk A. [panimnikos. ¥ cuiibHii
crarri [71] “Universal spaces for asymptotic dimension”, ony6nikosaniit 2004 B »KypHaui
“Topology and its Application”, mobymoBaHo yHiBepcaabHUI TPOCTIP B TEOPil acuMIITO-
traroro suMipy I pomosa. O 3 HACTIAKIB 11i€] KOHCTPYKIIT — PIBHICTH ACHMITOTHYIHIX
BuMipiB asdim = asind = asInd — amasor K1acuIHOrO pe3yabTaTy TEopii BUMIPY JJIs M-
MHOXKHUH eBKJiioBux mpocropiB. Pazom 3 . Kymabom M. 3apiunuii po3BuHyB TEOpito
ACHMITOTHYHOrO cTemenesoro Bumipy [117]. 3 imimiarusm I. IIporacoBa omy6miikoBaHO
monorpadiio ,General Asymptology”, e pO3TJISHYTO 3arajbHi acleKTH aCUMIITOTUIHOI
TOTIOJIOTI.

Y maremMaruvHiii eKOHOMIII, 30KPEMA, y TeOPil KOPUCHOCTI Ta TeOpil piBHOBArU, BaXK-
JIUBY POJIb BiirpaloTh KOHCTPYKIHT HeaauTtuBHux mip. M. Sapiununit ra O. Hukudopuun
[94] mocaimxyBamn dyHKTOP €MHOCTE! Y KaTeropii KOMMaKTiB i goBesn 71t HOro (hyHK-
TOpA aHAJIOTH BJIACTUBOCTEH, BimoMux pasimie ajis hyHKTOpA WMOBIpHICHUX Mip, 30Kpe-
Ma, JoBesn Bizgputicth dbyHKTOpa emuocreii [107]. Pasowm 3i coim yurem P. KoxkanowM,
npodecopom Bopikcbkoro Yuisepcurery, 3apiaauii po3ryisiHyB irpu 3i 3HAYEHHIMEA B €M-
HOCTSIX 1 JOBIB JjIsT HMX AHAJOTW TeopeM mpo piBHoBary Herma s irop 3i 3mimanumun
crparerismu [95]. o remaruky nisniue ycuimno upogosxus T. Pasyur.

Tuammit krac HeagUTUBHUX Mip, dKi po3riasaas M. 3apiduii, — iIeMIOTEeHTHI Mi-
pu abo mipu Macmosa. Cepen pe3yabTarTiB,dKi OJepKaHi y MbOMY HAIpsMi, — Teopema
upo Binkputi Binobpaxkenus ijmemnorentaux mip [102, 103], a rakox Teopema [136] npo
icHyBaHH# iHBapiaHTHUX 11E€MIIOTEHTHUX MIp /s iTepoBaHux cucreM (yHKIH (pa3om 3
H. Masypenko).
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IIOE3IsA TA MY3UKA

Muxaiisio 3apiunuii € HAOYHUM BTLIEHHSM KPUJIATOro BucjoBy Befiepiurpacca “ue-
MOXKJIUBO OyTH JOOPUM MATEMaTHKOM, He DYAYy<H TMOeTOM y Jymii’, a TmoeToM 3apidHwuii
€ He qmine y aymi. B #ioro moernunoMy nopobKy Tpu ApyKoBaHi noerutdHi 36ipku: “Bep-
6asizania Bep6ososzy” (2008), “Kparue Menmie” (2013), “IIpocro Cro Cropinok” (2017),
fAKi KBaBe 00roBOIOBAJIHN B JiTeparypHOMy cepemonuiii. PeHOMEHy MOETHIHOI TBOPYOCTI
Sapiunoro npucssaeHo posain Kauaumarchbkol aucepranii FOmaii [ounnok “Ykpaincbka
ekcrepuMeHTanbua moesis kinng XX — moyarky XXI cTomiTTd: TeKCT, KOHTEKCT, iHTep-
TeKCT’, siky BOHA 3axuctuia 2015 poky Ha kadeapi Teopii JiTeparypu Ta MOPiBHIILHOTO
JiTepaTypo3HaBcTBa y JIbBiBChbKOMY HaIiOHAJbHOMY yHiBepcuTeTi imeni IBana ®panka.
IIpo rBopuicTs 3apiunoro nucanu Mukosa Inbaunskuit, Auapiit Cogomopa, Isan JIyuyk,
Baunepiit Beapuk ra FOpiit [opbiisincbkuii.

Ocp Biaryk mpo TBopuicTs M. 3apidHOrO »KMBOTO KJIACHKA CYy9aCHOI YKPATHCHKOI
nireparypu FOpis Augpyxosuua: “36ipka moesiit Muxaitna 3apiunoro “IIpocro cTo cro-
piHOK”, 4H, K 11 BCTHI/IH JIIOOOBHO HApPEKTH IMIaHyBaabHuKHU, ‘Tpm mo cro”, crama mais
MeHe abCOIOTHUM BiIKPUTTSAM POKY. ABTOp, BUIATHWII ydeHuWii-maremarnk (i came B
iii imocracri BU3HAHMI Ta BUCOKO MOIHOBAHU{T MIXKHAPOIHOI HAYKOBOIO CILILHOTOIO),
3asBUB TPO cebe 1 K mMpo HAA3BUYANHO BUTOHYEHOIO, BUHAXIJIMBOTO Ta, MPOHUKJINBOIO
noera. HeoaBaHnrapaae KomaKyBaHHsT MOB, OTOJIEHHsI CJIiB 70 IXHBOI CyTi i BiTbHI TOIHOTH
B KOCMOCaX TOCTCY4YACHOCTI — BCE 1€ pOOUTh KHUXKKY 3apiaHOrO CyIiJIbHUM MOETHIHUM
e 1IeBpom”.

Muxaiino 3apiunuii akTHBHO PO3BUBAE YKAHD TaK 3BAHOI Bi3yasbHOI moesil (36ipku
“gI TIRO $17), yomy GyJI0 IIPUCBAYEHO JIEKLIbKA BUCTABOK y JIbBIBCbKOMY yHiBEpCHTETI
(sK KaxKyThb, Kpaie pa3 mobauutu, Hixk 100 pasis nouayTu).
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HeGynennuvu € ifforo mpososi TBopu: (K Ha3uBae HOro caM aBTOpP) IOJITHE-
KOpekTHuil poman-iariar “JIbos/Lwow” Ta 36ipka “YuiBepcurercbKux onosigok”, mo
Oyna omybiikoBana B JiTeparypHoMy kyprami “/I3sin” y 2017 porri.

s

A 3P

Muxaitino MuxaijioBud He ySBJIsI€ CBOTO KUATTsI 663 My3UKH Ta My3UKyBaHHs. | paru
Ha riTapi BiH MOYAB I y MIKOJI i 3 TOro 9acy He po3IydaeThes 3 Hero. Muxaiino 3apiunuii
TwTIIe TiCHi, Ki BUKOHYE Ha BJIaCHUX KOHIepTax. Ha moTruBm ommiel memomii Mwuxaitna
Bapiunoro Bimomwuit nbBiBCcHKUiIT KOMo3uTop Borgan Korok Hamucas cumdonivre poH-
1o “Ilosepratocs y JIbBiB”, sike BukonyBaB Kamepuwmii opkectp “Bipryosu JIssosa”. e
OJIHUM Pe3yJIbTaroM TBop4UOi cuiBnparni Muxaitia 3apianoro ta Bormana Koroka cram
nBi oprauui emitadiil: Isanosi @pankoBi 10 ciiB ioro moe3ii “Moiit He moiit” Ta I:xoHO-
Bi Jlennonosi B jyeri oprana 3 dueiiroro ITana (3amuc BiAMOBIAHOrNO AUCKY 3pOBIEHO Y
Bepechi 2016 poky y ByauHKy opranuoi Ta KaMEpHOI My3UKH).

I'POMAOCBHKA OISAJIBHICTD

Bix 2003 poky Muxaiisio 3apiunuit € wirenom Porapi-kiy0y “JIssiB—/Ieonosmic”, a B
2013/2014 pori 6yB iforo npesumenTom. Bapro 3a3HaunTn, mo wieHamu Porapi-kiy0Oy
cBoro yacy Oys Bumartuuit maremaruk Credan Banax. ¥ 2015 pori npodecopa 3apiaaoro
obpasnu novyecaum ambacazopom micra JIbBosa (2015-2017). Muxaitio 3apiunuii Takox €
akTuBanM wienoM maremarnanol komicii HTII, a csoro wyacy Bin i ogosoBas. ¥ Biitmos
JI0 HAIJISA0BOI Pa/jin Y KPATHCHKOI'O MATEMATUIHOIO TOBAPUCTBA 1 Hararo 3ycuib Bijiae
cripaBi BimHOBIEeHHS JIBBIBCHKOTO MAaTEMATUYHOTO TOBAPUCTBRA.
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Kozxoa

Tox nmobazkaemo Muxaitiry Muxaitiopudy g00poro 370poB’st Ta JIOBIUX POKIB 2KHT-

74!

10.
11.

12.

13.

14.

15.

16.

A gKImo JTaKOHIYHO, TO — IHYEMO, MOBAYKAEMO, JIFOOMMO 1 3aXOILITI0EMOCS!

Tapac Banaz, Bozdan Bokano, Bixmopis Bpudyn, Oasena ['punis, Teop Iypan,
Ounez I'ymix, Hamanisa Masypenkxo, Kamepuna Maxcumur, Osee Hurugpopuun,
Hpocaas Ipumyaa, Oaexcandp Pascoxut, Hpocras Xoasska
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. Konnepr “CJIOBOBPA3BYK?” (3 Osienoro Ta Iropom Marmesoxamu Ta Bosomu-

mupom Kyszemcbkum; 09.03.2016 — GyaiuHOK OpranHOl Ta KaMEPHOI MY3UKH).

. B ouikyBanui kauru Muxaiiia 3apianoro “IIpocro cro cropinok”, kourept “ITo-

e3ist Mmy3mku, my3uka moesii’ (3 Onenoro ta Iropem Marnemoxamu Ta Jlimianowo
Craguuk; 08.03.2017 — Gy MHOK OPTaHHOI Ta KAMEPHOI MY3UKH ).

ITpesenTamnis cbipku moesiii “IIpocro cro cropinok” (3 Amzapiem ComoMoporo;
25.04.2017 — JIbBiBchKuil erHOrpadiunmii My3eii).

Vpouucra akajgemis 3 Haronu 35-pidds HAYKOBOI AisiibHOCTI i 60-pivus 3 g
napokennst Muxaitia 3apiunoro (07.03.2018 — akrosa 3aua ynisepcurery).
TBopuwuii Bevip “net. minue” Muxaiina 3apiunoro (21.01.2019 — Mys3eii eTHorpa-
il Ta XyI0KHBOrO IPOMUCITY ).
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IMTPO BIIJINBU MATEMATUKUW HA MUCTEIITBO
Hpucsawyemovea 60-mu piudio npod. M. M. Bapiunozo

Boaomgumup MACJIFOYEHKO,
lammna-2Kanna MACJIFOYEHKO

Yepuiseuvkul Haytonasvhull yrnisepcumem imeni FOpia @edvrosuna,
eys. Kouyrbuncvrozo, 26, Yeprnieuyi, 58012
e-mail: v.maslyuchenko@gmail.com

JlocmimKeHO BIIMBY MaTeMAaTUKH HAa MaJIAPDCTBO, 30KpeMa, Ha CyIIpeMa-
THU3M, i (ppakTagiB Ha aOCTAKTHE MUCTEIITBO.

Karowoei caosa: cympematnim, pakTas, MATEMATHKA, MUCTEIITBO.

1. BcTyn

Maremaruky 3/1aBHa BUKOPUCTOBYIOTh Yy DI3HUX BUAAX MHUCTELTBA (My3HKa, TAHEllb,
MAaJIPCTBO, CKYJIbITYPA, apXiTeKrypa, jireparypa i rekcruib). BuBdenns 38’a3kiB Mixk
MaTEeMaTHKOI i MHUCTEIITBOM CTaJjIO MPEAMETOM HAYKOBUX MOCHTIMKeHb. [IhoMy mpucssi-
4eHa, Hanpukiaj, o6’emua mpans O. B. BosommHosa [1], siknii 3aXUCTHB HA IO TEMY
JIOKTOPChKY aucepraiiiio “Ourosioris kpacu i MmaremMarnyui nodarku mucrenTsa’ Ha ¢i-
snocodebkomy dakyabreri MY imeni M. B. Jlomonocosa y 1993 porui. Binnenasua miero
TEMOIO [0YaJIM LIKABUTUCH aBTOPU (MaTeMaTHK 1 MUCTENTBO3HABELb), B AKUX y MHHY-
JIOMY poul BHUEALLIO APYKOM Kijabka LyOuikauiii 1po maremaruky Tta mucrenrso [2-6].
Tax cranocs, o y meil camuil yac (He3aJe:KHO BiJ HAC) 3B’A3KM MiK MaTeMaTHKOIO 1
MHCTENTBO CTAJIU TIPEJAMETOM 3aIKABIEHHS BiJOMOrO yKPAIHCHKOTO MATEMATHUKA, MTOE-
ta i kommozutopa M. M. Bapiunoro, sskoMy y 1mboMy polii BUIOBHIOETHCs 60 pokis. Ila
cTaTTs, B fAKiil MPOIOBAKYEMO HAIM JOCIiPKEHHS, 3ATOPKHYBINH HOBY Temy “@paxrasn
B MucrenTsi’, npucssaayerbes Muxaitinosi 3apianomy.

2010 Mathematics Subject Classification: 00A66
© Macarouenko, B., Macmogenko, I'.-2K., 2018
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2. OCHOBHI HAIIPSIMU 3ACTOCYBAHHS MATEMATUKHN B MAJISIPCTBI

VY wiit crarri 31e0i1bM0ro HTUMETHCH PO MaTEMATUKY Ta Masgpcrso. Ham Bimowmi
TaKi HATPSMU 3aCTOCYBAHHS MATEMATUKHU Yy Tiil Taay3i MUCTEITBA:

a) BYEHHSs 1IPO LIEPCIEKTUBY;

6) 3os0THIl TIEpepis;

B) MareMaTW4Hi MOTHBM y TBOPUYOCTI HiMeNBbKOro xymoxuuka AsnbOpexta /liopepa,
30kpema B Kaptuni “Memarxomisa’ i TBopi “IlociOHUK /10 BUMIpIOBAHHS IUPKYJIEM
i minifikow” (1625 pik);

r) maremaruysi inei y rBopyocri nigepianiacbkoro xyaoxuuka Maypina Ewepa;

r) ecrermka MareMaTudHUX (HGOPMYJ Yy MUCTENBKOMY TPOeKTi “A — dhopmyna” Gyko-
BUHCHKOIO CKYJIbNTOpA i Xymoxkauka Cearociasa Bipcru;

1) “Yopuwuii kBaapar” Kasumupa MajieBuua i cynpemMarusm;

e) 3acrocyBanHs (Gppakrasis.

IIpo wampsivu a)-r) dimuocs B [6]. Tyt Mu jgeranbHilme po3riasHEMO JBa OCTaHHI
HaAIIPAMHU.

3. KAsuMuprP MAJIEBUY I CYIIPEMATHU3M

YKpalHCchbKuii XyJOXKHUK 110JIbCHKOro moxoxkenns Kasumup Manesuu (1879-1935)
BIJIOMUIT K BU3HAYHUM J[i9 yKPAITHCHKOIO aBaHIap/ly, 3aCHOBHUK CyIpEeMaTU3MY 1 OJIMH

i3 dpynmaropis Kkybodyrypusmy.

‘.r LA =
= . |

Puc. 1. Yopunit xpectr. Yopunii kBaapar. Hopuuii kpyr

CinioBo cympemarusMm, 1o Horo BBiB caM MHTeIlb, OTHOKOPEHEBE 3 BiIOMUM MaTeMa-
TUIHUM TEPMIHOM CyIIPEMYM, [0 O3HAYAE TOYHY BEPXHIO MEXKY MHOXKWHU, TOOTO HAMEH-
mry 3 11 BepxHix Mexk. BoHO Mae jTaTMHCHKUM KOPiHD, 10 O3HAYAE HAMBUIINN, TPAHUIHAIL,
nouarkosuii [7]. Ixonoto cynpemarusmy [7, 8] BBazkaiors kapruny K. Majesuda, 1aTosa-
uy 1913 pokom, mmpoko Bigomy min Hassoio “Yopuuit keagpar” (puc. 1). Ak Gaunmo, Ha
puc. 1 K. ManeBnd BUKOPHUCTOBYBAB 1 iHImmi reomerpudHi girypu: xpect i kpyr. Ha immmx
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KapTUHAX TPAIIAIOTHCA i TpuKyTHUKH. Pirypu 3adapboBaHi He TIMBLKKA 9OPHAM, a i dep-
BoHMM KOIbOpOM. CrocoBro kapruau “HopHuit KBaapar’ BHHUKAE NPUPOIHE MTHUTAHHS:
“Io e o3mavae?”. Cam K. Manesnv Trymaans cBoo KapTuHy Tak: “Ksaapar — BimgayTrs,
6iste moste — “Himo” mo3a muwm BigayTTsaim”. Take K mUTaHHS MOXKHA TTOCTABUTHU i CTOCOB-
uo immux kaprua K. Manesuga: “Hopumit xpect”, “Hopuuit kpyr’. Yum Binpi3HA€THCs
raymadents “UepBonoro keagapara” Bing “HopHoro xpajapara”’, HATIPUKIAL! 3BUYANHO,
BimdayTTd OyBaioTh pPi3HMMH, OT?KE, MOYKHA, JIyMAaTH, IO KOJBOPH PO i€ CBiIIaTh.

Y Ilerep6yp3i y 2001 poui Bmiimos Beswkwii Tom [9] miteparyprux TBopis K. Ma-
JIeBMYa, POCICHKOI0 MOBOIO i Ha3Boro “Uepnsbrit kBagpar’. o peui, K. Masesuu Hapo-
guBcs B Kuesi, BOJTOIB yKPATHCHKOIO MOBOIO 1 MO3UIIIOHYBAB ce0e YKPATHIIEM MOJIBCHKOTO
noxomzkenns. JJocurs nmouy Giorpadio K. Manesuya nanucas Auxeii Typoscbkuii [10].
O@parmentu 1i€l KHUrE B yKpaincbkomy nepeksiaai Onenn HoBukoBoi MoxkHa 3HAlTH B
Iarepneri.

Kaprun 3 reomerpuunnm antypazkem y K. Masesuda Oararo: 0ii i uepBoHi KBa-
JIpaTH, YOPHi i 9epBOHI MPIAMOKYTHUKH TA KPYTH, TPUKYTHUKHA 3 HAKJIAQIEHUMU KPYTaAMU.
Hikasy indopmanito npo K. Manesuua nonas Pocrucaas Hlmarano. Y monorpadii [11,
c. 359] B ab3aui npo rak 3BaHuil cynpeMarnduuil yaiinuk Bin 3a3uaqus: “B ocHoBy dop-
MOTBOPEHHS XY/IOKHHK IOKJIAB IPAMUl KyT, KyJo, Kyb, muninap. B ocaoBy opuamenty
— MaTeMAaTUYHWH, TOOTO “MAIMUHHUN 19X Or0 CTBOPEHHS .

IIpo 38’a3ku K. Majesuua 3 Ykpainow Hamucano bararo. Binmosizma siTeparypa
3ibpaHa, HAPUKJIAM, ¥ 3raJaHOMy Tepekaai po3aiay kuamkku A. Typoschkoro. 3rama-
emo 1e KumxkKy [12] i crarrio [13] Imurpa Topbadosa, skoro BBazKaoTh HalBigoMimum
B YKpaini, a To it y cBiri, 3uasem rBopyocti K. Masesuya.

Vuni K. Magnesuua Lig Hamnuk i Mukona Cyerid npogoBxKyBaJid TPAJAULII0 BYK-
TeJIsi, BAKOPUCTOBYIOYH Pi3Hi reomMeTputHi hirypu y CBOIX CyNPEMATHIHUX KOMIIO3HUITISTX.

Ilepeocmucaenns imeit K. Manesuda € 1 y TBOpax yKpaiHChKOTO XyIoKHUKA JIMuTpa
Tonanayka.

TeomeTpuani MOTHBY MiCHKHX Mei3a:KiB, iHTEp €piB Ta eKcTep ’€piB Oy IMHKIB MOXKHA
nobaunTy y TBOpax OyKoBUHCHKUX XynoxkHUKIB Aprypa Kosbaika, Jleona Konenbmana,
TMerpa I'punwka i Opecra Kpusopyuka (aus [14]).

4. ®PAKTAJIMI B MUCTEIITBI

Xoua nepur npukiaau Gpakraiis (KaHTOpPOBA MHOXKWHA, CHIXKMHKA Koxa, Kuju-
mu i rybka Cepmnincbkoro) 3’sasunuca B maremaruri B Kinni XIX um wa nmogarky XX
CTONiTH, caM TepMmiH “DpaxkTan’ BUHWK MMOPIBHAHO HEIABHO, #oro BBiB y 1975 pomi B.
Mangesas6por [15, c. 5]. Bin posrusuas ¢dpakraiu B mMpokoMy po3yMinHi, ski xapa-
KTEePHU3YIOThCs THUM, WO Ajst Hux Tonoaorivanii Bumip dim(E) we 36irascs 3 Bumipom
Taycmopda-Besukosnua ag(E) [15, c¢. 64], i y By3pKOMy po3yminni, sikmio ag(FE) He €
mimum gucnoM [15, c. 65]. IIpani B. Maugeas6pota [16, 17] € 0OCHOBOIOIOKHUMY ¥ Iiiit
rany3i maremaruku. Bikineais mae monsaTTsa dpakraia gk camonoiibHoi MHOKuHU [15,
c. 67].

Coorozai noudTTs ppakTasa MUPOKO BUKOPUCTOBYIOTH y HayIll, 30Kkpema y dizuti
ta Giosorii (Bimmorinui mocumanus € y [15]). Kpim Toro, dpakranim MaioTh ecTeTHYHY
npuBabIMBicTh, PO 1O #ijeThes B mpani [18] 3 Bimnmosigaumu imocrparnisvu. Tomy e
JUBHO, 10 (PPaKTAIA 3aCTOCOBYIOTH i B MHUCTEIITBI.
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Binopycekuii suenuit B. A. IIlnuk [19] mocanimkye dbpakraniu B aOCTPaAKTHOMY M-
crernTBi i gu3aiini. [lonarrs ¢pakrans BiH TPAKTyE€ MOCHTDH IMTHPOKO sK HE PErYIAPHY
reomerpuuny ¢irypy. ¥ crarti B. A. Ilanka mpocTeRyOThCsS 3B’s3kM (DpakTamIiB 3
TBOpaAMU TaKUX XyJOKHUKIB-aOcTakiionicTis: ®panrimexk Kynka (1871-1957), Bacuib
Kannuucokuii (1866-1944), Ilir Monapian (1872-1944) ra immi, maiicrpa rpadidnoro
nu3aiiny Himenpkoro xyaoxuuka Anrona Illtankosebkoro (1906-1998). Bukisas cynpo-
BO/KYEThCA BimmoBimuumu imoctparismu. [likaBo, mo ¢dpakrasm B TBOpPax 3raJaHHX
XYHOKHUKIB 3’aBunucs 3aa08ro 10 B. Mannennbpora, gaxuit BBaxkas, 1m0 “dpakraabhi
dopmu npuramanHi npuponi BHyTpimHbko, reneTnaHo” [19, c. 243], ToMy i He TUBHO, 1O
BOHU BiT0OpazkeHi y TBOpaX MUCTEIITBA.

o pedi, B. KananachKuii BIVTHHYB HA TBOPYICTh CYyIacHOTO OYKOBHHCHKOIO XYI0-
xuuka A. 2Kurapy, BucraBka TBOpiB skoro min Haspoto “/lo0pwuit genb KanmuHcbkuit”
HEeMmoAaBHO Bifgbynacd B XymoKHboMY My3el UepHiBisx.

Honarkoy indopmartio mpo dbpakrann B Mucrentsi MoxHa 3Haiitn B [20].

Puc. 2. Tobenen Onenun HopHorys
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®pakTajau iHIIIOro Poay BHKOPHUCTAHO B ToOeseHax OyKOBMHCHKOI MHUCTKHHI 3 Ba-

mikisiiB Ouiern Yopuorys. CBol 4ym0Bi TBOpH BOHA KOMIIOHYE 3 (DpPAIMEHTIB, SIKi HA3U-
Ba€ (bpaxTamamMu, K i BUHANHIEHY HEI0 TEXHIKY. 3a3HAYNMO, 1[0 KAPTUHY HA, 11 roOeIeHax
criopijiHeHi 3 hpakTaJaMu K CAMOMOMIOHNME (QirypaMu 3aBIsIKU MOBTOPAM JIESIKUX eJIe-

MEHTIB.
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The influence of mathematics on painting, in particular, on suprematism
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SIMULTANEOUS APPROXIMATION OF VALUES OF
WEIERSTRASS AND JACOBI ELLIPTIC FUNCTIONS IN THE
PERIODS AND ALGEBRAIC POINT

Dedicated to the 60th birthday of M. M. Zarichnyi
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e-mails: ya_ khol@franko.lviv.ua,
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Let ©(z), snz be algebraically independent Weierstrass and Jacobi
elliptic functions with algebraic invariants and algebraic elliptic module,
(2w, 2ws) and (4K, 2iK’) be the main periods of p(z) and snz
respectively, a be an algebraic number different from the poles of
©(z) and sn z. We estimate from below the simultaneous approximation
of sn(2w1),sn(a), p(4K), and p(«).

Key words: simultaneous approximation, Weierstrass elliptic function,
Jacobi elliptic function.

1. INTRODUCTION

Let p(z) and sn z be the elliptic Weierstrass function and the elliptic Jacobi function,
respectively. Then p(z) satisfies the equation (p'(2))? = 4p3(2)-g2p(2) — g3, the numbers
92, g3 are called invariants of p(2), 2w, 2ws is a fixed pair of the main periods p(z). The
function sn z satisfies the equation (sn’2)? = (1 —sn? 2)(1 — »?sn? z). The number  is
called the elliptic module of snz, 0 < » < 1, the number »' = (1 — »%2)'/2 is called its
additional elliptic module. A pair of main the periods sn z is (4K, 2iK’), where K, K’ are
complete elliptic integrals of the first kind corresponding to s¢, 3’ ([1]). In the present
article we will consider algebraically independent elliptic functions p(z) and snz with

2010 Mathematics Subject Classification: 11J82
© Kholyavka, Ya., Mylyo, O., 2018
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algebraic g2, g3 and 3. Let the periods 2w, 4K form a lattice, 2mw; and 4mK (m € Z)
are different from the poles of sn z and p(z).

For d(P), L(P) denote the degree and the length of a polynomial P with integer
coefficients, d(a), L(«) is the degree and the length of algebraic number « [2], « is
different from the poles of p(z) and snz. Let & be approximating algebraic numbers,
n; = d(&) and L; = L(§;) be their powers and lengths respectively (i = 1,...,4),
n= deg@(92a937 7, a?&la s 754)'

Theorem 1. For any algebraic numbers &, ..., &, the following inequality holds:
(1) lp(4K) = & + [sn(2wr) — & + [p(a) — & + [ sn(a) — & > exp (~An’T?),

where
(2) T = max (

A > 0 is a constant that depends only on gs, g3, > and «.

InL InL
- 1+...+n 4
ny g

+ 1,1nn> ,

Similar estimates for other numbers can be found in [2]-[6].

2. AUXILIARY STATEMENTS

In the following lemma ¢, . . . , ¢15 stand for positive constants that are independent
of n, n;, L; and .

Lemma 1 ([1I]). If z, w, z + w are admissible values, then

_L(PE =@\ (et
e +0) = (SE )~ o) - plu), sule+u)

4
Lemma 2. For each integer m > 1, there exist polynomials Py ;;, P2 s; with the integer
coefficients such that

snzsn’w +snwsn’ z

1 — s2snz2snw?

S S

d d
L (0)) = Priaa(92:9, 920, 9, 2 (2)) = Paoa (2 mz, 50’ 2),
deg P, 51 < ci(s+1), L(Ps;) <exp(caslog(s+1)), i=1,2.

Lemma 3. For each integer m > 1, there exist polynomials with the integer coefficients
Pl,ma P2,m> Ql,m; Q2,m such that

_ Pum(p(2), 92, 93) Py p(snz,sn’ 2)
p(mz) = , simz = S
Q1.m(p(2), 92, 93) Q2,m (52,80 2)

where L(P; ), L(Qim) < exp(czm?), deg P, ,, deg Qi < m?, i =1, 2.

The proof of Lemma [2| and Lemma [3| for the function p(z) is, for example, in [I],
[2], [8], and proof for sn z is similar to the proof for p(z).

Lemma 4 ([4]). Let B,P € N, Qp € Z[z1,...,2,],0<b< B,0<p< P, L(Qpp) < L,
deg, Qpp < Ni; ai,...,ay be algebraic numbers, m = degQ(az,...,ay). If P > mB,
then the system of linear equations

P-1
S 2,Qpo(ai,. . van) =0, 0<b< B,
p=0
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has integer rational solutions Ay, ..., Ap_1 such that

0 < max|4;| <14 (LP)PT*EB <ﬁ(1 + M) (L(e) (1 + d(ai)))dgii)> . )

i=1
We denote |f(z)|p = Sup|.|<p | f(2)].

Lemma 5 ([5]). Let 01(z) be the Weierstrass o-function which corresponds to p(z). The
functions o1 (z) and o1(2)p(z) is entire functions and for M > 1

lo1(2)p(2) |, [o1(2) [ < eq
If € is a distance from the nearest to zy pole of snz and |zg| < M, then |o(20)| > €cs —M?

Lemma 6. Let 02(z) be the Weierstrass o-function which corresponds to the function
9(2) associated with sn(z). The functions

o2((z+ K)/vVer —e3), oa((z+ K)/Ver — e3)sn(z)

are entire functions and for M > 1

|oa((2 + K) /Ver — es)sn(2)|jzjear < c6™, Joa((z+ K)/ver — es)jzj<ar < cr

If § is the distance from zy to the nearest pole of sn(z) and |zo| < My, then

loa((z +iK')/\/e1 — e3)| = deg™ Mg

The proof of Lemma[f]is similar to the proof of Lemma [5}

2

Lemma 7 ([]). Let Ri, Ry € R, 8 < 4Ry < R, f(2) be analytic in the circle |z| < Ra,
and FE is the set of D? points belonging to the circle |z| < Ry and the distance between
them for each pair of points is not less than €, 0 < ¢ < 1. Then

D2S D2s
AR L (33R
F@lercr <27l () + PR ( eDl> 0%

fO ()
Ry 2€E,0<5<5 ’

s!

Lemma 8 (|2]). Let ay,...,a, be algebraic numbers, P € Z[xy, ..., x,], deg, P <N,
m=degQ(ay,...,an). If P(ay,...,an) # 0, then

n —Nym

|P(ay,...,an)| = L(P) ™ [ ] L) 70

i=1
Lemma 9 ([1], [7]). Let P € Clz1,z2], P(z1,22) #Z 0, be the polynomial of degree not
greater than Dy in x1 and Ds in x5, D1, Dy > 1, p(z) and sn z are algebraic independent
elliptic functions. Then the number of zeros of P(p(z),snz), taking into account their
multiplicity, for |z| < K does not exceed cgK?(D; + Ds).

3. PROOF OF THEOREM [1I

The proof of Theorem [1f is based on the second Gelfond’s method [7, [§]. Suppose
that for a sufficiently large A € N we have

(3)  [p(4K) — &l +[sn(2w1) — &f + [p(a) — & + [sn(a) — & < exp (=A"n’T?).
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We denote
(4) N?=[NnT], S=L=[N?ln)].

Define a function

(5) Z Z Cl,0" (2)sn 2z, Ciyy, = Z Cu o, 7Crs Cly o r € Z,

ll 0l2 0 =1

where (, are generating elements of Q(gs, g3, ¢, @, &1, - . ., €4). As in [8], we denote ¢1(2) =
p(z +wi), p2,1(2) =sn(z + 5), g22(w) = sn(w + 2£). Then from the Lemma

(7) sn(z + w) = ©2,1(2) 5 o (w) + P22(W)py1(2)  Ag1(z,w)

1- %290371(2)@%,2(1”) B A2,2(Z7w)'

From (6), (7) and Lemma [2)it follows that there exist polynomials G; s k,(z) such
that
®) Grra(2) = o (A )AL 2110) L
degGi sk <4(k+1), nML(Gi s ) < sln(s(k+1) + cro(s + k+1)).

Applying the technique of [7], [§] one can deduce from (), (6), (7), () the equality

d&-‘

d w*

=3 (0) it e alm 3 3 S (i o)

t=0 11=015=0 i=0

S

FU(z) = (A5 (2, w) A5 (2, w) (F(2 +w)AT 5 (2, w) A 5(2,w)) w0 =

S s—t
O *Grunin@ =3 (}) frm ArE 0 G w)lomo P
t=0

Let & = 48} — go& — g3, & = (1 = &)(1 — #83), & = 48 — 9263 — g3,
€ = (1 - (1 — »%€2). Applying Lemma denote by Fjnyn,(&1,...,&) and
Fstnins(&1,-..,8) the expressions obtained from F&)(4n K + 2now; + a) and
Fsi(4n1 K + 2nowi + a) by the substitution p(4K), sn(2wi), p(a), sn(a), ¢'(4K),
sn'(2w1), @' (@), sn’(a) on &1, ..., &s. Consider Fs iy ny(§1,...,&s) for 1 < nq,ng < N,
0<t<s<S as N2S of linear forms of nL? variables Ci, 15+ Applying Lemma we
choose Cy, ;, » not all equal to zero such that for 1 <n;,ne < N,0<t<s< S

(10) Fot s no (gl, oy 88) =0, |Cpy iy < explennN° lnAn2T3).
From ([2)), @), @), (10) we obtain for 1 < ny,ny < N,0<s< S
(]‘1) |F (=) (4TL1K + 2nowy + O[) - Fs,m,nz (gla s a§8)| < exp(—§/\7n2T3).

From (10), () for 1 < ny,ne < N, 0 < s < S it follows

1
(12) |F) (4n1 K + 2npw + a)| < exp(—§/\7n2T3).
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We show that holds for 1 < ni,ns < N, 0 < s < A\S.
Let H(z) = F(2)of(2)0f((z + K)/\/e1 — e3). We will select the least r € N such
that 7 > 32N (| K|+ |wi| + 1), R =12r. From (@), @), ). and Lemma [f] it follows

(13) |H(2)||21<r < exp(—A°InAn®T?).
From and Lemmam we obtain for 0 < s < AS
1
(14) |H®) (2)])1<r < exp(fi)\ﬁ InAT2InT).

From Lemma@for a sufficiently small € in the e-neighborhood of points 4n, K + «
function o2((z 4+ K)/+/e1 — e3) and e-neighborhood of the points 2nsw; + « the function
01(z) has no zeros, thus for |n1|, |nz2| < 32N we see that

(15) |01 (Z) |z€V(6,4n1K+2n2w1+a) > eXP(—012/\5 In A n2T3)7

(16) |02((Z + K)/\/ €1 — 63)|z€V(s,4n1K+2n2w1+a) > eXP(—Cl3)\5 hl)\n?T?))‘
The conditions f imply that for 1 <ny,ne < N,0<s<AS

1
(17) |F®) (4ny K| 4 4ngo Ko + )| < exp (—3)\6 ln)\n2T3) .
From and for 1 < ny,ne < N and 0 < s < AS it follows
1
(18) |Fysmy ma (€1, -+, &8)| < exp (—4)\6 ln)\n2T3> .

Considering F ; nyny (§1,---,83)), 0 <t < s < AS, 1 < ny,ng < N, as the value
of the corresponding polynomial in the algebraic points, from Lemma [8] we obtain for
Fs,t,nl,nz (513 e 358)) 7é 0 the inequahty

(19) |Fstiny s €1y, &8))| > exp (A InAn®T?) .
From (9), we obtain for 1 < ny,na < N,0< s < AS
(20) |Famy s (&1, €8))] > exp(—22° In An2T?).

Since and are contradictory,
F37t7n17n2(£1, N 758)) = OfOI‘ 1 g ni,No g N, 0 g t < S g AS. Then for 1 < i, N2 <
N,0<s<A\S

(21) Fs,nl,nz(gla'-wgB) =0.

From it follows that the polynomial F(z) has at least ci4A”In An2T? zeros
(taking into account multiplicity), but according to Lemma [9] the number of zeros can
be at most c;5A8 In An?T2, therefore for sufficiently large A € N assumption leads to
the contradiction which proves the theorem.
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i (4K, 2iK") — napm ocHOBHWX TIepioiB p(2) Ta sn z, & — JOBLTHbHE amrebpraHe
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xenns sn(2w1),sn(a), p(4K) ta p(a).
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BORNOLOGICAL, COARSE AND UNIFORM GROUPS
To Taras Banakh and Michael Zarichnyi on their birthdays

Igor PROTASOV

Taras Shevchenko National University of Kyiv,
Academic Glushkov Pr. 4d, 03680 Kyiv, Ukraine
e-mail: i.v.protasov@gmail.com

We survey and analyze different ways in which bornologies, coarse structures
and uniformities on a group agree with the group operations.

Key words: bornology, coarse structure, uniformity, Stone-Cech compacti-
fication.

1. BORNOLOGICAL GROUPS

1.1. Bornological spaces. A family Z of subsets of a set X is called an ideal (in the
Boolean algebra Py of all subsets of X) if Z is closed under formation of finite unions
and subsets. If | JZ = X then Z is called a bornology, so a bornology is an ideal containing
the ideal [X]|<% of all finite subsets of X.
A bornological space is a pair (X, B) consisting of a set X and a bornology B on X.
Any set Y € B is called bounded. If X € B, then the bornological space (X, B) is bounded.
Any subset Y C X of a bornological space (X, B) carries the subbornology

BlY . ={BeB:BCY},
induced by B.

A bornology B on X is called

e tallif B]Y # [Y]<¥ for any infinite subset Y
e antitall if any subset Y ¢ B of X contains an infinite subset Z C Y such that
B Z = [Z]<“.

2010 Mathematics Subject Classification: 20F69, 22A05, 54E35, 54H35
© Protasov, I., 2018



Igor PROTASOV
52 ISSN 2078-3744. Bicuux JIpBiB. yu-Ty. Cepis mex.-mar. 2018. Bunyck 86

By [I5, Proposition 1], every bornology is the meet of some tall and antitall
bornologies.

A family B’ C B is called a base of a bornology B if each set B € B is contained in
some set B’ € B’. Every bornology with a countable base is antitall. In particular, the
bornology of all bounded subsets of a metric space is antitall. We note also that for every
bornology B on X with a countable base, there exists a metric d on X such that B is a
bornology of all bounded subsets of (X, d).

The product of a family of bornological spaces (X,,B,), @ € A, is the Cartesian
product [, 4 Xo of their supports endowed with the bornology generated by the base
{HaeA Bq : (Ba)aca € HaeA Ba}.

A mapping f : X — Y between two bornological spaces (X, Bx) and (Y, By) is
called bornologous if {f(B): B € Bx} C By.

A wariety is a class of bornological spaces closed under formation of subspaces,
products and bornologous images.

We denote by M ingie the variety of all singletons, 9Myouna the variety of all bounded
bornological spaces, 91, the variety of all k-bounded spaces. For an infinite cardinal x, a
bornological space (X, B) is called k-bounded if each subset B C X of cardinality |B| < k
is bounded.

Every variety of bornological spaces coincides with one of the varieties in the chain:

msingle C S):nbound c---C SUI/{ c---C mw,
see the proof of Theorem 2 in [I6].

1.2. Bornologies on groups. A bornology on a group G is called right (left) invariant
if Bg C B (resp. gB C B) for each every ¢ € G. Here Bg = {Bg : B € B} and
gB ={gB: B € B}. A group G endowed with a right (left) invariant bornology is called
a right (left) bornological group.

We say that a group G endowed with a bornology B is a bornological group if the
group multiplication and inversion are bornologous mapping. In this case, B is called a
group bornology. We note that B is a group bornology if and only if for any A, B € B we
have AB~! € B.

1.3. Duality. Now we endow every group G with the discrete topology and identify
the Stone-Cech compactification 3G of G with the set of all ultrafilters on G. Then the
family {A: AC G}, where A = {p € BG : A € p}, forms a base of the topology of
BG. Given a filter ¢ on G, we denote =N {Z NS 90}, 50 @ defines the closed subset
© of BG, and each closed subset K of SG can be obtained in this way: K = @, where
p={ACG:KCA4}.

We use the standard extension [8, Section 4.1] of the multiplication on G to the
semigroup multiplication on SG such that for every p € G the right shift G — SG,
x — xp, is continuous, and for every g € G the left shift 5G — G, x — gz, is continuous.
For ultrafilters p, ¢ € SG their product pg in SG is defined by the formula

bg = {UmGPxQCD 1P e b, {Qr}zeP - Q}~
Let G* := BG \ G be the set of all free ultrafilters on G. It follows directly from the

definition of the multiplication in SG that G* and G*G* are ideals in the semigroup G,
and G* is the unique maximal closed ideal in G. By Theorem 4.44 from [§], the closure
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K(BG) of the minimal ideal K(G) of SG is an ideal, so K(BG) is the smallest closed
ideal in SG. For the structure of K(8G) and some other ideals in G see [8, Sections 4,
6].

For an ideal Z on a group GG and a closed subset K of 8G, we put
I"={pepPG:VAeZ G\Aecp} and K ={G\A: A€y, p=K}.
We have the following duality statements:

T is left translation invariant if and only if Z” is a left ideal of the semigroup 8G;
7 is right translation invariant if and only if (Z")G C I/
(@) =T
T is a bornology if and only if Z C G*.

Thus, we have the duality between left invariant bornologies on G and closed left
ideals of 8G containing in G*. We say that a subset A of a group G is

e large if G = F A for some F € [G]<¥;

e smallif L\ A is large for every large subset L of Gj

e sparse if for every infinite subset X of G there exists a finite subset F' C X such
that (,cp gA is finite.

Theorem 1. For every infinite group G, the family Smg of all small subsets of G is a
left and right invariant bornology and Sm{, = K(BG).

This is Theorem 4.40 from [8] in the form given in [I7, Theorem 12.5].

Theorem 2. For every infinite group G, the family Spa of all sparse subsets of G is a
left and right invariant bornology and Spl, = G*G*.

This is Theorem 10 from [].

More applications of this duality can be found in [I§].

Let B be a group bornology on G. By [23], B” is an ideal in SG but the converse
statement does not hold: Sm¢, is an ideal but Sm¢ is not a group bornology.

1.4. Plenty of bornologies. We say that a left invariant bornology B of G is mazimal
if G ¢ B but G € B for every left invariant bornology B’ on G such that B C 5.

Theorem 3. For every infinite group G, of cardinality k, there are 22" distinct mazimal
left invariant bornologies on G.

Proof. By Theorem 6.30 from [8], there exists a family § consisting of |§| = 22" pairwise
disjoint closed left ideals in SG. Each I € § contains some minimal closed left ideal L;.
Then {L} : I € §} is the desired family of maximal left invariant bornologies on G. [

Theorem 4 ([I4]). Every countable group G admits exactly 2° group bornologies.

By Theorem 6.3.3 from [26], each Abelian group G admits exactly 92! group
bornologies. However this theorem does not extend to uncountable non-commutative
groups. The following (consistent) counterexample was suggested by Taras Banakh.

Example 1. Under CH there exists a group G of cardinality |G| = ¢ = w; admitting
exactly 2¢ < 22° group bornologies.
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Proof. In [29] Shelah constructed a CH-example of a group G of cardinality |G| = ¢ = w;
such that G = A%*! for any uncountable subset A C G. This implies that each group
bornology B on G either coincides with Pg or is contained in the bornology [G]=* of
countable subsets of G. Thus, the number of group bornologies of Shelah’s group G
is < ollG1=“I = 2¢ On the other hand, Theorem M| ensures that this number is > 2°.
Therefore, the number of group bornologies of Shelah’s group G is equal to 2¢, which is
strictly smaller than 22° by known Cantor’s Theorem. (]

Theorem [d]implies that under the assumption 2** = 2, each group G of cardinality
|G| = wy has exactly 2¢ = 92! group bornologies. This observation shows that the group
from Example [I] cannot be constructed in ZFC.

Theorem 5 ([18]). For every infinite group G, the following statements hold:

(i) if B is a left invariant bornology on G and B # [G]<¥, then there is a left
invariant bornology B' on G such that [G]<¥ C B’ C B;

(ii) if G is either countable or Abelian and B is a left and right invariant bornology
on G such that B # [G]<“ then there is a left and right invariant bornology B’
on G such that [G]<¥ C B' C B;

(i) #f G is the group S, of all permutations of an infinite cardinal k then there exists
a left and right invariant bornology B on G such that [G]<¥ C B and there are
no left and right invariant bornologies on G between [G]<* and B.

Theorem 6. Let G be an infinite group and let B be a group bornology of G such that
B # [G]<“. If G is either countable or Abelian then there is a group bornology B’ such
that |G~ C B’ C B.

This is Theorem 6.4.1. from [26]. We do not know (Question 6.4.1. in [26]) if Theorem
[6] remains true for every infinite group G, in particular, for G = S,.

By [I7, Theorem 12.9], every infinite group can be partitioned into countably many
small subsets.

Question 1. Given an infinite group G, do there exist a small subset S and a countable
subset A of G such that {aS : a € A} is a covering (partition) of G?

This is so if either G is amenable or G has a subgroup of countable index.

2. COARSE GROUPS

2.1. Balleans and coarse spaces. For a set X a subset ¢ C X x X containing the
diagonal Ax:= {(z,x) : x € X} is called an entourage on X. For two entourages €,&’ on
X the sets
coe ={(z,2): Iy e X (v,y) €e, (y,2) €€’} and e '={(y,2): (2,y) €e}.

also are entourages on X.

A family £ of entourages on X is called a ball structure if it satisfies two axioms:

(a) for any ¢,8 € & the entourage £ o 6~ ! is contained in some \ € &;

(b)y UE=X x X.
A ball structure £ on X is called a coarse structure if it satisfies one additional axiom:
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(c)ifec&and AxCd Ce, then s €.

It follows that each coarse structure is a ball structure and each ball structure £ on X is
a base of the unique coarse structure

E€={0:Fee€& AxCdCe}

A subfamily £ C £ is called a base of a coarse structure & if for every € € £ is contained
in some § € £'.

A ballean is a pair (X, E) consisting of a set X and a ball structure £ on X. If the
ball structure £ is a coarse structure, then the ballean (X, £) is called a coarse space. We
note that coarse spaces can be considered as asymptotic counterparts of uniform spaces
and balleans can be defined in terms of balls, see [I7], [26].

Let £ be a ball structure on a set X. For every z € X and ¢ € £ the set B(z,¢) :=
{y € X : (x,y) € €} is called the ball of radius ¢ centered at x.

A subset Y of X is called bounded if there exist x € X and ¢ € £ such that
Y C B(z,¢e). The coarse structure £ = {¢ € X x X : Ax C €} is the unique coarse
structure such that (X, &) bounded.

For a ballean (X, &), each subset Y C X carries the induced ball structure £]Y :=
{eN(Y xY):e€&}. The ballen (Y,E]Y) is called a subballean of (X,E).

A subset Y of a ballean X is called large (or coarsely dense) if there exists € € £
such that X = B(Y,e) where B(Y,¢) = U,y B(y, ).

Let (X, &), (X',&") be balleans. A mapping f : X — X' is called coarse if for every
e € & there exists ¢/ € & such that, for every z € X, we have f(B(z,¢)) C B(f(x),&’).
If f is surjective and coarse, then (X', &’) is called a coarse image of (X,&). If f is a
bijection such that f and f~! are coarse mappings, then f is called an asymorphism. Two
balleans (X, &), (X', &’) are called coarsely equivalent if there exist large subsets Y C X,
Y’ C X’ such that the balleans (Y,£1Y) and (Y’,£’]Y”’) are asymorphic.

To conclude the coarse vocabulary, we take a family {(X,,&,) : @ < k} of balleans
and define their product [ [, (X, &) as the Cartesian product [ ], ., X» endowed with
the ball structure consisting of the entourages

{((za), (4a)) : Vo € A (20, ya) € €a}

where (€a)aca € [[oca Ea-

For lattices of coarse structures and varieties of coarse spaces, see [19] and [16].

For every ballean (X, &), the family of all bounded subsets of X is a bornology. On
the other hand, for every bornology B on X, there is the smallest by inclusion coarse
structure £g on X such that B is the bornology of all bounded subsets of (X,Ez). A
coarse structure £ on X is of the form &p if and only if (X, &) is thin: for every ¢ € &,
there exists a bounded subset A of (X, £) such that B(x,e) = {«} for all z € X \ A. The
thin coarse structures are also called discrete.

2.2. Coarse structures on groups. We remind that a bornology Z on a group G is
a group bornology if and AB~! € T for all A,B € I. A group bornology T is called
invariant if UgeG g 1Ag € T for each A € T.

Let X be a G-space with an action G x X — X, (g,x) — gz, of a group G. We
assume that G acts on X transitively, take a group bornology Z on G and consider the
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coarse structure £(G,Z,X) on X generated by the base consisting of the entourages
ea:={(z,y) € X x X :y € {z} U Az}. In this case B(z,e4) = {z} U Az.

By [10, Theorem 1], for every coarse structure £ on X, there exist a group G of
permutations of X and a group ideal Z on G such that £ = £(G,Z, X).

Now let X = G and G acts on X by the left shifts. We denote &7 = £(G,Z, G).
Thus, every group bornology Z on G turns G into the coarse space (G, E7). We note that
a subset A of G is bounded in (G, &z) if and only if A € 7.

A group G endowed with a coarse structure £ is called left (right) coarse group if,
for every e € &, there exists ¢’ € & such that ¢B(z,e) C B(gx,e’) (resp. B(x,e)g C
B(xzg,e') ) for all z,g € G. Equivalently, (G,€) is a left (right) coarse group if £ has a
base consisting of left (right) invariant entourages. An entourage ¢ is left (right) invariant
if g¢ = € (resp. eg = g) for each g € G, where g¢ = {(9z,9y) : (z,y) € €)} and
eg = {(zg,yg) : (z,y) € €)}. For finitely generated groups, the right coarse groups
(G, &g)<w) in metric form play an important role in Geometric Group Theory, see [6,
Chapter 4].

A group G endowed with a coarse structure £ is called a coarse group if the group
multiplication (G, &) x (G,€&) — (G, &), (z,y) — zy, and the inversion (G, &) — (G, E),
2+ x~!, are coarse mappings. In this case, £ is called a group coarse structure.

The following two statements are taken from [22], see also |26, Chapter 6].

Proposition 1. A group G endowed with a coarse structure £ is a right coarse group if
and only if there exists a group bornology T on G such that € = E1.

Proposition 2. For a group G endowed with a coarse structure £, the following condi-
tions are equivalent:
(i) (G,€) is a coarse group;
(ii) (G,€) is a left and right coarse group;
(iii) there ezxists an invariant group bornology Z on G such that € = E7.

Applying Theorem 1.4, we get 22" distinct right coarse structures on any countable
group. For every infinite group G and any infinite cardinal k < |G/, the bornology [G]<"
defines an unbounded right coarse structure on G. But if G has only two conjugated
classes then there is only one, bounded, group coarse structure on G.

2.3. Asymorphisms. For an infinite cardinal x, we say that two groups G and H are x-
asymorphic (resp. k-coarsely equivalent) if the right coarse structures on G and H defined
by the bornologies [G]<" and [H]<* are asymorphic (resp. coarsely equivalent). In the
case k = Ny, G and H are called finitarily asymorphic and finitarily coarsely equivalent,
respectively.

Let us recall that a group G is locally finite if each finite subset of G is contained
in a finite subgroup of G. A classification of countable locally finite groups up to finitary
asymorphisms is obtained in [I2] (cf. [I7, p. 103]).

Theorem 7. Two countable locally finite groups G, and G2 are finitarily asymorphic if
and only if the following conditions hold:

(i) for every finite subgroup Fy C G4, there exists a finite subgroup Fy of Go such
that |Fy| is a divisor of |Fal;
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(ii) for every finite subgroup Fy of G, there exists a finite subgroup Fy of Gy such
that |EF»| is a divisor of |Fy|.

It follows that there are continuum many distinct types of countable locally finite
groups and each group is finitarily asymorphic to some direct sum of finite cyclic groups.
The following coarse classification of countable Abelian groups is obtained in [2].

Theorem 8. Two countable groups G and H are finitarily coarsely equivalent if and only
if the torsion-free ranks of G and H coincide and G, H are both either finitely generated
or infinitely generated.

In particular, any two countable torsion Abelian groups are finitarily coarsely equi-
valent.
For k-asymorphisms, we have the following two results.

Theorem 9 ([25]). For any uncountable cardinal k, any two groups G, H of cardinality
|G| = k = |H| are k-asymorphic.

Theorem 10 (|24]). Let s be a cardinal and G be an Abelian group of cardinality |G| > k.
The group G is k-asymorphic to a free Abelian group. If k < |G| or k = |G| is a singular
cardinal, then G is not not k-coarsely equivalent to a free group. In particular, G is not
K-asymorphic to a free group.

Theorem 11 ([20]). For every countable group G there are continuum many distinct
classes of finitarily coarsely equivalent subsets of G.

2.4. Free coarse groups. A class 9 of groups is a wariety if 9 is closed under
subgroups, products and homomorphic images. We assume that 97 is non-trivial (i.e.
there exists G € 9 such that |G| > 1) and recall that the a group Fon(X) in the variety
M is defined by the following conditions: Fin(X) € M, X C Fop(X), X generates Fop(X)
and every mapping X — G, G € 9 can be extended to homomorphism Fyy(X) — G.

For a coarse space (X, &), a free coarse group Fon(X, ) is defined as a coarse group
(Fop(X),&') such that (X,€) is a subballean of (Fin(X),&’) and every coarse mappi-
ng (X,&) — (G, &), G € M, (G,E") is a coarse group, can be extended to a coarse
homomorphism (Fop(X),E") — (G,£"). The definition implies that a free coarse group
is unique up to an asymorphism, which is the identity on X.

The following theorem is proved in [2I] with explicit description of the coarse
structure of Fyp(X,E).

Theorem 12. For every coarse space (X, E) and every non-trivial variety 9 of groups,
there exists a free coarse group Fop(X,E).

2.5. Maximality. A topological space X with no isolated points is called mazimal if X
has an isolated point in any stronger topology. A topological group G is called mazimal
if G is maximal as a topological space. Every maximal topological group has an open
countable Boolean subgroup, and can be constructed using the Martin Axiom. On the
other hand, the existence of a maximal topological group implies the existence of a P-
point in w*, see [I1].
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An unbounded coarse space (X, £) is called mazimal if X is bounded in every coarse
structure £’ such that & C £’. A coarse group G is called mazimal if G is maximal as
a coarse space. If a coarse group (G,Z) is maximal then {g? : ¢ € G} is bounded in
(G,Z), and a maximal coarse Boolean group is constructed in [27] under CH, (see also
[26, Chapter 10]), but the following question remains open.

Question 2. Does there exist a maximal coarse group in ZFC?

2.6. Normality. We say that subsets Y, Z of a coarse space (X, &) are asymptotically
disjoint if, for every € € £ the intersection B(Y,¢) N B(Z,¢) is bounded.

A subset U C X of a coarse space (X, &) is called an asymptotic neighborhood of a
set A C X if the sets A and X \ U are asymptotically disjoint.

A coarse space (X, £) is called normal if any asymptotically disjoint subsets Y, Z C
X have disjoint asymptotic neighborhoods Oy, Oz.

Theorem 13 ([13]). For a coarse space (X, &) the following conditions are equivalent:
(1) (X,€&) is normal;
(2) for any disjoint and asymptotically disjoint sets Y, Z C X there exists a slowly
oscillating function f : (X,€) — [0,1] such that f(Y) C {0} and f(Z) C {1}.
(3) for each subballean Y of X, every bounded slowly oscillating function f:Y — R
can be extended to a bounded slowly oscillating function on X.

We recall that a real-valued function f : X — R defined on a coarse space (X, &)
is slowly oscillating if for any € € £ and real number § > 0 there exists a bounded set
B C X such that diamf(B(z,¢)) < 4.

Every metrizable coarse space is normal. More generally, a coarse space is normal
if its coarse structure has a linearly ordered base, see [I3]. A partial conversion of this
result for products was recently proved in [3].

Theorem 14. If the product X x Y of two unbounded coarse spaces X,Y is normal,
then the coarse space X xY has bounded growth and its bornology has a linearly ordered
base.

A coarse space (X,€) is defined to have bounded growth if there exists a (multi-
valued) function ® : X — Px such that for every bounded set B C X the union
U.ep ®(z) is bounded and for every entourage € € £ there exists a bounded set D C X
such that B(x,¢) C ®(x) for all x € X \ D.

Theorem 15 ([3]). Let s be an infinite cardinal and G be a group of cardinality |G| > &,
endowed with the coarse structure Eg)<~, generated by the group ideal [G]<*. If the coarse
space (X, Ejgy~) is normal (and G is solvable), then |G| = k (and the cardinal k = |G| is
regular).

2.7. Coarse structures on topological groups. A subset A of a topological group G
(all topological groups are supposed to be Hausdorfl) is called totally bounded if, for every
neighborhood U of the identity, there exists a finite set F' C GG such that A C FUNUF.
The group bornology B: of all totally bounded subsets of (G, 7) defines two (antitall)
coarse structures & and &, generated by the ball structures

{{(z,y) € GXG: y € {g}UBz}: B € B;} and {{(z,y) € GxG: y € {zx}UBz: B € B},
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respectively.
The following questions are from [[].

Question 3. Given a group bornology B on a group G, how can one detect whether
there exists a group topology 7 on G such that B = B.7

Let (G, 7) be a topological group. We denote by 7# the strongest group topology
on G such that B,: = B;, and say that (G, ) is b-determined if ¢ = 7. Clearly, every
discrete group is b-determined. A totally bounded group G is b-determined if and only if
7 is the maximal totally bounded topology on G.

Question 4. Given a topological group G, how can one detect whether G is b-determi-
ned?

For the coarse structures &, &, and slowly oscillating functions on locally compact
groups, see [5].

3. UNIFORM GROUPS

We recall that a family i/ of subsets of X x X is a uniformity on a set X if

Ax C u for each u € U,

if u,v €U then uNv € U;
fueldand u Cv C X x X thenv € Y.

for every u € U, there exists v € U such that vov™! C w.

A family F C U is called a base of U if for every u € U there exists v € § such that
v Cu. A set X, endowed with a uniformity U, is called a uniform space.

We say that a uniformity &/ on a group G is left (right) invariant if U has a base
consisting of left (right) translation invariant entourages (cf. 2.2).

A filter ¢ on a group G is called a group filter if for every A € ¢ there exists B € ¢
such that BB~! € ¢. In this case every set A € ¢ contains the unit e of the group G. If
{e} € ¢, then the group filter ¢ is called principal.

Every group filter ¢ determines two uniformities £, and R, on G with the bases

{{z,y) eGxG:yecaxAl:Acyp} and {{(z,y) €eGxG:yecAz}: Acp}.

Proposition 3. A uniformity U on a group G is right invariant if and only if U = R,
for some group filter ¢ on G.

We recall that a topological group G is balanced (= SIN) if the left and right uni-
formities on G coincide (= G has a base of invariant neighborhoods of the identity).

Proposition 4. A uniformity U on a group G is left and right invariant if and only if G
endowed with the topology generated by the uniformity U is a balanced topological group.

Example 2. Let H be a topological group and let f be an arbitrary automorphism of
H. Then the semidirect product G = H X (f) is a right uniform group determined by
the filter of neighbourhoods of e in H. If f is discontinuous then G is not left uniform.
Now let H be the Cartesian product of infinitely many copies of Z,. It is easy to find a
discontinuous automorphism of order 2 of H. Hence, the right uniform group G contains
a compact topological group of index 2 but G is not a topological group.
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We say that a group G is uniformizable if there is a non-principal group filter ¢ on
G such that Ny = {e}.

We recall that a group G is topologizable if G admits a non-discrete (Hausdorff)
group topology. Clearly, every topologizable group is uniformizable, but the class of
uniformizable groups is much wider than the class of topologizable groups. By [30], every
group can be embedded into some non-topologizable group, and if a group G contains a
uniformizable subgroup then G is uniformizable.

Does there exists a non-uniformizable group? In [9], Alexander Olshansky used the
following example to construct a countable non-topologizable group.

Example 3. Let n > 2 be a natural number and m > 665 be an odd number. Let
A(n,m) be the Adian group, see [I]. This group is generated by n elements and has the
following properties:

(a) A(n,m) is torsion free;
(b) the center C of A(n,m) is an infinite cyclic group, C' = (¢);
(¢) A(n,m)/C is an infinite group of period m.

We put G = A(n,m)/{(c™), denote by f : A(n,m) — G the quotient map and observe
that if g € G\ {e} then g or g™ belongs to the set {f(c), f(c?),..., f(c™ 1)}. It follows
that if ¢ is a group filter on G and Ny = {e} then {e} € ¢, so G is non-uniformizable.

Question 5. Does every uniformizable group contain a topologizable subgroup?

Question 6. Can one find a criterion of uniformizability of countable groups in spirit of
Markov’s criterion of topologizability?
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We prove that any topological group G containing a subspace X of the
Sorgenfrey line has spread s(G) > s(X x X). Under OCA, each topologi-
cal group containing an uncountable subspace of the Sorgenfrey line has
uncountable spread. This implies that under OCA a cometrizable topological
group G is cosmic if and only if it has countable spread. On the other hand,
under CH there exists a cometrizable Abelian topological group that has
hereditarily Lindel6f countable power and contains an uncountable subspace
of the Sorgenfrey line. This cometrizable topological group has countable
spread but is not cosmic.

Key words: Sorgenfrey line, topological group, spread, OCA, CH.

1. INTRODUCTION

The main result of this paper is the following theorem answering the problem [2],
posed by the first author on MathOverflow.

Theorem 1. Fach topological group containing a topological copy of the Sorgenfrey line
contains a discrete subspace of cardinality continuum.
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We recall that the Sorgenfrey line is the real line endowed with the topology,
generated by the half-intervals [a,b) where a < b are arbitrary real numbers. The
Sorgenfrey line endowed with the (continuous) operation of addition of real numbers
is a classical example of a paratopological group, which is not a topological group, see
[1, 1.2.1]. The Sorgenfrey line has countable spread and shows that Theorem [I| cannot
be generalized to paratopological groups.

Theorem I]follows from a more refined theorem evaluating the spread of a topological
group that contains a topological copy of an uncountable subspace of the Sorgenfrey line.

We recall that for a topological space X the cardinal

s(X) =sup{|D|: D C X is a discrete subspace of X}
is called the spread of X.

Theorem 2. Assume that a topological group G contains a subspace X, homeomorphic
to an uncountable subspace of the Sorgenfrey line. Then s(G) > s(X x X).

Theorems|[I] and 2] will be proved in Section 2} Theorem [2Jhas the following corollary
holding under OCA (the Open Coloring Axiom, see [11} §8]).

Corollary 1. Under OCA any topological group G containing an uncountable subspace
X of the Sorgenfrey line has uncountable spread.

Proof. Proposition 8.4(c) of [11] implies that X contains an uncountable subset Z admi-
tting a strictly decreasing function f : Z — X (with respect to the linear order inherited
from the real line). Then D = {(z, f(z)) : z € Z} is a discrete subspace of X x X and
hence
3(G) > s(X x X) > |D|=1Z| > w.
O

We shall apply Corollary [1] to detect cosmic topological groups among cometrizable
topological groups.
A topological space X
e is cosmic if it is a continuous image of a separable metrizable space;
e is cometrizable if X admits a weaker metrizable topology such that each point has
a (not necessarily open) neighborhood base consisting of sets which are closed in
the metric topology.

Cometrizable spaces were introduced by Gruenhage in [8]. The interplay between
cometrizable spaces and other generalized metric spaces was studied in [3] and [4]. It was
proved in [3] and [4] that the class of cometrizable spaces includes all stratifiable and
all sequential Np-spaces. On the other hand, there exists a countable (and hence cosmic)
space, which is not cometrizable.

In [8] Gruenhage proved that under PFA a regular cometrizable space X is cosmic
if and only if X has countable spread and contains no uncountable subspace of the
Sorgenfrey line. In [I1} 8.5] Todorcevié observed that this characterization remains true
under OCA (which is a weaker assumption than PFA). Unifying Theorem 8.5 [I1] of
Todorcevi¢ with Corollary [I} we obtain the following OCA-characterization of cosmic
topological groups.
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Corollary 2. Under OCA, a cometrizable topological group is cosmic if and only if it
has countable spread.

It is interesting that this OCA-characterization of cosmic cometrizable groups does
not hold under the Continuum Hypothesis (briefly, CH).

Theorem 3. Under CH there exists a cometrizable topological group G that contains an
uncountable subspace of the Sorgenfrey line (and hence is not cosmic) but has hereditarily
Lindeldf countable power G¥ (and hence G* has countable spread).

Theorem [3] will be proved in Section

Remark 1. By [10], there exists a hereditarily Lindelf topological group G whose square
is not normal. The topological group G has countable spread but is not cosmic. Corollary 2]
implies that the space G is not cometrizable under OCA.

Remark 2. Using the Continuum Hypothesis, Hajnal and Juhdsz [7] constructed a heredi-
tarily separable Boolean topological group G with uncountable pseudocharacter. This
topological group has countable spread (being hereditarily separable) but is not heredi-
tarily Lindel6f and not cosmic (because it has uncountable pseudocharacter).

2. PROOF OF THEOREM [2]
Theorems [I] and [] will be deduced from the following

Lemma 1. Let x be a cardinal of uncountable cofinality and X be a subspace of the
Sorgenfrey line whose square contains a discrete subspace I' C X X X of cardinality
IT| = k. If a topological group G contains a subspace homeomorphic to X, then G contains
a discrete subspace of cardinality k.

Proof. We shall identify the subspace X of the Sorgenfrey line with a subspace of the
topological group G. For every x € X and a rational number ¢ > x let

[z,¢9) ={ye Xz <y<q}
be the order half-interval in X. Let also
tr={yeX:z<y}.

By the definition of the Sorgenfrey topology, the countable family {[z,q) : x < ¢ € Q} is
a neighborhod base at z in the space X.

Since the subspace I' C X x X is discrete, each point (z,y) € T has a neighborhood
O(z,y) C X x X such that 'N O, ) = {(z,y)}. Find rational numbers u(, ), v(5,y) such
that

((E,y) € [xvu(rc,y)) X [yvv(m,y)) - O(T,y)
Since the cardinal |I'| = k has uncountable cofinality, for some rational numbers u, v the
set
I = {(2,y) €Tt Ugzy) = U, V(z,y) =0}
has cardinality [I'| = |I'|. Replacing the set I" by the set I, we can assume that u(, ) = u
and v(, ) = v for all (z,y) € T.
Let

Ii={reX:yeX (r,y) e} and INp={yeX:JxecX (z,y) €T}
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be the projections of the set I' C X x X onto the coordinate axes. We claim that T’
coincides with the graph of some strictly decreasing function f : I’y — I'5. First observe
that for any x € T'; there exists a unique y € T’ with (z,y) € I'. Otherwise we could find
two real numbers y; < y2 with (z,91), (z,y2) € T and conclude that

($7y2) € [x,u) X [y27’l)) - [ac,u) X [ylvv) c O(Ivyl)’

which contradicts the choice of the neighborhood O, ,,. This contradiction shows that
I" coincides with the graph of some function f : I'y — T'5. Let us show that this
function is strictly decreasing. Assuming that this is not true, we could find two poi-
nts (z1,y1), (22,y2) € T with 1 < 25 and y; < yo. Then

(72,Y2) € [T2,u) X [y2,v) C [T1,u) X [y1,0) C O(a, ),
which contradicts the choice of the neighborhood O, 4,)-
Therefore the function f: 'y — I's is strictly decreasing, which implies that
IL4] = [Ta] = 7] = .
For any point « € X choose a neighborhood V,, C G of the unit e of G such that
XNV, Wz uaV,V, Y C ta.

Next, for every point x € X, choose a rational point r, > x such that [z,7,) C 2V},
if z € Ty and [2,7,) C Vy-1(yyz if © € T'5. Since the cardinal |I';| = & has uncountable
cofinality, for some ¢, d € Q the set Z = {z elir,=c 1y = d} has cadinality .

We claim that the subspace D := {z - f(z) : z € Z} has cardinality x and is discrete
in G. For every z € Z consider the neighborhood z(V, NVy(.)) f(z) of the point z- f(2) in
G. We claim that x- f(x) ¢ 2(V.NVy(.)) f(2) for any x € Z\{z}. To derive a contradiction,
assume that = - f(x) € 2Vy(.) f(2) for some z # z in Z.

If 2 > z, then x € [z,7.) C 2V}(;) and

fl@)=a'af(z) € 2V f(2) C sz;)zflef(z)f(z) = szzl)Vf(z)f(z).
Then
f(x) eXn szzl)vj'(z)f(z) C Tf(z)

and f(x) > f(z), which is not possible as x > z and f is strictly decreasing.
If z > x, then f(z) > f(2) and

f(@) € [f(@),rp)) = [f(2),d) C[f(2),d) = [f(2),r5(x)) CVaf(2)
and then
v €2Vif(2)f(x) "t CAVLf(2)f(2) V=2V VT 1z

which contradicts z > . O

Proof of Theorem [l Assume that a topological group G contains a topological copy
of the Sorgenfrey line S. Observe that the square of S contains a discrete subset I' =
{(z,—z) : x € S} of cardinality continuum c. By [6 5.12], the continuum has uncountable
cofinality. Applying Lemma [I] we conclude that the topological group G contains a
discrete subspace of cardinality c. O
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Proof of Theorem[2. Let G be a topological group G containing a subspace X,
homeomorphic to an uncountable subspace of the Sorgenfrey line. Assuming that
s(G) < s(X x X), we conclude that s(X x X) > k™ for the cardinal k = s(G). Then
X x X contains a discrete subspace D of cardinality |D| = s, which has uncountable
cofinality. In this case we can apply Lemma 1| and conclude that G contains a discrete
subspace of cardinality x*, which implies that k = s(G) > s > k and this is a desired
contradiction. (]

3. PROOF OF THEOREM [3]

In this section we prove Theorem [3| But first we prove that the Sorgenfrey line S
embeds into a cometrizable topological group. In the proof of this embedding result, we
use the k-separability of S.

A subset D of a topological space X is called k-dense in X if each compact subset
K C X is contained in a compact set K C X such that the intersection D N K is dense
in K.

A topological space X is defined to be k-separable if it contains a countable k-dense
subset.

Lemma 2. The set Q of rational numbers is k-dense in the Sorgenfrey line S.

Proof. Given a compact set K C S, observe that K is metrizable and hence contains a
countable dense subset {z,, }ne, C K. For every n, k € w fix a rational numbers z,, 5, such
that @, < Tp ., < Tp + 5opr- We claim that the subset K = KU{Zp 1 }n.kew is compact.
Indeed, let U be a cover of K by open subsets of S. For every z € K find a set U, € U with
x € U, and a real number b,, such that [x,b,) C U,. By the compactness of K the open
cover {[x,b;) : x € K} of K has a finite subcover {[x,b,): z € F} (here F is a suitable
finite subset of K). For every = € F the set [z,b,,) is closed in S and hence the intersection
K N z,b,) is compact, which implies that the number ¢, := b, — max (K N [z, br)) is
strictly positive. Choose m € N such that - < mingep e,. Then

27YL
K\ U [£,b;) C{znk:n+k<m}
zeF
is finite and hence is contained in the union (JF of some finite subfamily F C /. Then
FU{U, :z € F} C U is a finite subcover of K, witnessing that the subset K of S is

compact. By the definition of K, the set K N Q D {Tnk}, peo 18 dense in K. O

Lemma 2] implies that the Sorgenfrey line is k-separable. Now we prove that for any
k-separable space X and a cometrizable space Y the function space C(X,Y) is cometri-
zable. Here for topological spaces X,Y by Ci(X,Y) we denote the space of continuous
functions from X to Y, endowed with the compact-open topology, which is generated by
the subbase consisting of the sets

[K,U]:={f € CWx(X,Y): f(K) CU}
where K is a compact subset of X and U is an open subset of Y.

Lemma 3. For any k-separable space X and any cometrizable space Y the function space
Cr(X,Y) is cometrizable.
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Proof. Let D be a countable k-dense set in X and 7 be a metrizable topology on Y,
witnessing that the space Y is cometrizable. By Y, we denote the metrizable topological
space (Y, 7).

The density of the set D in X ensures that the restriction operator

r:CW(X,Y) = YP, r:fe fID
is injective. Let o be the (metrizable) topology on Cj(X,Y) such that the map
r: (Ch(X,Y),0) = YP

is a topological embedding. We claim that the topology o witnesses that the space
Cr(X,Y) is cometrizable.

Fix any function f € Cx(X,Y) and an open neighborhood Oy C Cx(X,Y"). Without
loss of generality, Oy is of basic form Oy = (I_,[K;, U;] for some non-empty compact
sets K1,...,K, C X and some open sets Uj,...,U, C Y. For every ¢+ < n and point
r € Kj, find a neighborhood V() C Y of f(x) € U; whose 7-closure V;(x) is contained
in U;. Using the regularity of the cometrizable space Y, find two open neighborhoods
N2y, Wz of f(x) such that

Niw)y C Wiy C Wiy C Vi)

By the compactness of K;, the open cover {f (Nf(@)) 1w € Ki} of K; has a finite
subcover {f (Nf(@)) :x € F; } where F; C K is a finite subset of K;. By the k-density
of D in X, for every x € F; the compact set K; , := K; N f’l(Nf(x)) can be enlarged to
a compact set fQ ¢« C X such that K, is contained in the closure of the set f{i,z N D.
Replacing the set KZ « by KZ N f™ (Wf ), We can assume that f(f(”;) C Wf(w) C

Vi:-
Consider the open neighborhood

HD:

ﬂ [Kies Vi)
eF;

of f in the function space Cy(X,Y). We claim that its o-closure V; is contained in Oy.

Given any function g ¢ Oy, we should find a neighborhood Oy € o of g that does
not intersect V. Since g ¢ Oy, there exists ¢ < n and a point z € K; such that g(z) ¢ U;.
Find a point z € F; with z € K ;. Taking into account that V;(x) cU;, cY\{g(2)}, we
conclude that g(z) ¢ V;(m). Since the point z belongs to the closure of the set K; ,ND, the
continuity of the function g : Z — Y; yields a point d € K; ,, N D such that g(d) ¢ V;(I).

Then O, := [{d}, Y \V;(z)] € o is a required g-open neighborhood of g that is disjoint
with the neighborhood V7. O

Lemma 4. The Sorgenfrey line S admits a topological embedding into the cometrizable
locally convez linear vector space Ci(S).

Proof. By Lemma [2] the Sorgenfrey line S is k-separable, and by Lemma [3] the function
space Ci(S) is cometrizable. It remains to observe that the map x : S — Ci(S) assigning
to each point z € S the function x, : S — {0,1} defined by x;1(1) = [-z,00) is a
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topological embedding of S into the function space C(S), which has the structure of a
locally convex topological vector space. O

Proof of Theorem [3. By Lemma[d] the Sorgenfrey line S can be identified with a subspace
of some cometrizable Abelian topological group H. According to Michael [9], under CH
the Sorgenfrey line contains an uncounatble subspace X whose countable power X% is
hereditarily Lindelof. Observe that the topological sum X<“ = . X" of finite powers
of X admits a topological embedding into X, which implies that X< is hereditarily
Lindelof as well as its countable power (X <¢)v.

Observing that the group hull G of X in the group H O S D X is a continuous image
of X<%, we conclude that the space G is hereditarily Lindelof. Moreover, the countable
power G* is hereditarily Lindel6f, being a continuous image of the hereditarily Lindel6f
space (X <v)v. O
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ITPO CIIPE/I TOITIOJIOITYHHUX I'PVYII, 11O MICTATDH
IMIIMHOXKVNHI CTPIJIKN 30PT EH®PES

Tapac BAHAX!, Irop TYPAH!,
Onekcannp PABCHKIUN?

Y Tveiecorut nayionarvrut yrisepcumem imens Isana Ppanxa,
Ynisepcumemenvxa, 1, 79000, JIveis
2 Incmumym npukacOHus npobaem METGHIKY | MATNEMATNUKY
im. . C. Ilidempuzava HAH Yrpainu,
eys. Hayxosa, 36, 79060, /Iveis
e-mail: t.0.banakh@gmail.com, igor-guranQukr.net,
alezander.ravsky Quni-wuerzburg.de

Hoseneno, mwo ronosorivna rpyna G, ska micrurh migupocrip X crpijaku
Baprendpes, mae cupen s(G) > s(X x X). B npunymenni OCA, nosinpaa TO-
[OJIOri9Ha I'pyma, m0 MICTUTh He3/H4YeHHWM mianpocTip crpiiku 3apreadpes
Ma€ HesJsliveHHuil cupen. 3sigacu Butmsae, mwo npu OCA komerpuszoBHa TOLO-
JIOTiYHA I'PYyNa MA€ 3JIYeHHY CITKY TOZi 1 JIuIne TOZXi, KOJIM BOHA MAa€ 3JjIideH-
Huii crpes. 3 immoro 6oky, npu CH icaye komerpu3zoBHa abeseBa TOMOJJIOTiYHA
rpyma, oo Ma€ CHaIKOBO JliHaesedOBy 3/YeHHy CTEITh 1 MICTUTD [IedAKuil He-
3JIYHHWN mAnpocTip cTpinku. Ilg TomosoridHa rpymna Mae€ 3/i4eHHUi CIpen,
IpoTe He Ma€ 3JIYEeHHOI CITKU.

Karowosi caosa: crpinka 3oprendpes, Tonosoriuna rpyna, cupen, OCA,
CH.
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BAIRE CATEGORY PROPERTIES OF TOPOLOGICAL GROUPS
Dedicated to the 60th birthday of our teacher M. M. Zarichnyi
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Universytetska Str., 1, 79000, Lviv, Ukraine
e-mail: t.0.banakh@gmail.com, ohryniv@gmail.com

We present several known and new results on the Baire category properties
in topological groups. In particular, we prove that a Baire topological group
X is metrizable if and only if X is point-cosmic if and only if X is a o-space.
A topological group X is Choquet if and only if its Raikov completion X is
Choquet and X is Gs-dense in X. A topological group X is complete-metrizable
if and only if X is a point-cosmic Choquet space if and only if X is a Choquet
o-space. Finally, we pose several open problem, in particular, whether each
Choquet topological group is strong Choquet.

Key words: topological group, Baire space, Choquet space, strong Choquet
space, Choquet game.

In this paper we collect some results on Baire category properties of topological
groups and pose some open problems.
The best known among Baire category properties are the meagerness and Baireness
defined as follows.
A topological space X is defined to be
e meager if it can be written as the countable union of closed subsets with empty
interior in X;
e Buaire if for any sequence (Up,)necw of open dense subsets fo X the intersection
My Un is dense in X.
It is well-known that a topological space is Baire if and only if it contains no non-empty
open meager subspace. This fact and the topological homogeneity of topological groups
imply the following known characterization, see [5, 9.8].

Proposition 1. A topological group is Baire if and only if it is not meager.

2010 Mathematics Subject Classification: 22A05, 5452
© Banakh, T., Hryniv, O., 2018
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In framework of topological groups, the Baireness combined with a suitable network
property often implies the metrizability.
A family A of subsets of a topological space X is called

e a network at a point x € X if for any neighborhood O, C X of x the union
U{N e N : N C O,} is a neighborhood of x;
e a network if N is a network at each point.

A regular topological space X is called

e point-cosmic if X has a countable network N, at each point z € X;
e cosmic if X has a countable network;
e a o-space of X has a o-discrete network.

It is easy to see that each first-countable regular space is point-cosmic, and each cosmic
space is both point-cosmic and a o-space. The sequential fan S,,, with uncountably many
spikes is an example of a o-space, which is not point-cosmic. More information on cosmic
and o-spaces can be found in [3] §4].

Theorem 1. For a Baire topological group X the following conditions are equivalent:

(1) X is metrizable;
(2) X is point-cosmic;
(3) X is a o-space.

Proof. The implications (1) = (2,3) are trivial (or well-known).

(3) = (1) Assume that X is a o-space. By Theorems 5.4 and 7.1 in [I]], the Baire
o-space X contains a dense metrizable subspace M C X. The regularity of X implies
that X is first-countable at each point z € M. Being topologically homogeneous, the
topological group X is first-countable and by Birkhoff-Kakutani Theorem [5, 9.1], X is
metrizable.

(2) = (1) Assume that the topological group X is point-cosmic and hence X has a
countable network A at the unit e. For every N € N let (N~'N)° be the interior of the
set N"IN ={2"'y:z €N, y€ N} in X. Here N stands for the closure of the set N in
X.

We claim that the family

B:={(NTIN°:NeN, ec(N'N)°}

is a countable neighborhood base at the unit e of the group X. Given any neighborhood
U C X of e, find an open neighborhood V' C X of e such that V-'VV~! C U. By the
definition of a network at the point e, the union |JNy of the subfamily Ny := {N € N :
N C V} contains some open neighborhood O, of e in X. Since O, is Baire (as an open
subset of the Baire space X), some set N € Ny is not nowhere dense in V. Consequently,
its closure N contains a non-empty open subset W of X. Since W C N, the intersection
W N N contains some point w. Then w™!W is an open neighborhood of e such that

w!'WCNINcv'Vcvlvvtcu
Consequently, w™ W C (N"!N)° and (N"!N) € B.

Being first-countable, the topological group X is metrizable by the Birkhoff-
Kakutani Theorem [5], 9.1]. O
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Both Baire and meager spaces have nice game characterizations due to Oxtoby
[8]. To present these characterizations, we need to recall the definitions of two infinite
games Gen(X) and Gne(X) played by two players E and N (abbreviated from Empty and
Non-Empty) on a topological space X.

The game Ggyn(X) is started by the player E who selects a non-empty open set
Up C X. Then player N responds selecting a non-empty open set Uy C Uy. At the n-th
inning the player E selects a non-empty open set Us,, C Uz, 1 and the player N responds
selecting a non-empty open set Us,y1 C Us,. At the end of the game, the player E is
declared the winner if U, is empty. In the opposite case the player N wins the game
Gen (X).

The game Gng(X) differs from the game Ggn(X) by the order of the players. The
game Gng(X) is started by the player N who selects a non-empty open set Uy C X.
Then player E responds selecting a non-empty open set U; C Uy. At the n-th inning the
player N selects a non-empty open set Us,, C Us,_1 and the player E responds selecting
a non-empty open set Uz, 1 C Usy. At the end of the game, the player E is declared the
winner if ., Uy, is empty. In the opposite case the player N wins the game Gng(X).

The following classical characterization can be found in [8].

new

Theorem 2 (Oxtoby). A topological space X is

e meager if and only if the player E has a winning strategy in the game Gne(X);
e Baire if and only if the player E has no winning strategy in the game Gen(X).

A topological space X is defined to be Choquet if the player N has a winning strategy
in the Choquet game Ggn(X). Choquet spaces were introduced in 1975 by White [10]
who called them weakly a-favorable spaces.

Oxtoby’s Theorem [2| implies that

Choquet = Baire = non-meager.

Let us also recall the notion of a strong Choquet space, which is defined using a
modification Gen(X) of the Choquet game Ggy(X), called the strong Choquet game.

The game GEN(X ) is played by two players, E and N on a topological space X. The
player E starts the game selecting a open set Uy C X and a point xg € Uy. Then the
player N responds selecting an open neighborhood U; C Uy of xg. At the n-th inning the
player E selects an open set Us,, C Us,_1 and a point x,, € Uy, and player N responds
selecting a neighborhood Us, 41 C Us, of z,. At the end of the game the player E is
declared the winner if the intersection (), ., U, is empty. Otherwise the player N wins
the game Gen(X).

A topological space X is called strong Choquet if the player N has a winning strategy
in the game GEN(X ). More information on (strong) Choquet spaces can be found in [5l
8.CD]. Various topological games are analyzed in [4] and [9).

It is known (and easy to see) that the class of strong Choquet spaces includes all
spaces that are homeomorphic to complete metric spaces. Such spaces will be called
complete-metrizable.

So, for any topological space X we have the implications

complete-metrizable = strong Choquet = Choquet = Baire = non-meager.
By [2] and [8] (see also [5l 8.17]), a metrizable space is
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e strong Choquet if and only if it is complete-metrizable;
e Choquet if and only if it contains a dense complete-metrizable subspace.

In the following theorem we present a characterization of Choquet topological
groups. A subset A of a topological space X is called Gs-dense in X if A has non-empty
intersection with any non-empty Ggs-set G C X.

Theorem 3. A topological group X is Choquet if and only if its Raikov completion X is
Choquet and X is Gs-dense in X.

Proof. The “if” part easily follows from the definitions of the Choquet game and the
Gs-density of X in X.

To prove the “only if” part, assume that a topological group X is Choquet. Then its
Raikov completion X also is Choquet (since X contains a dense Choquet subspace). It
remains to prove that X is Gs-dense in X. Assuming that this is not true, we could find a
point Z € X and a sequence (O,,)new of neighborhoods of Z such that X N Mhew On = 2.
Choose a decreasing sequence (I',,),e., of open neighborhoods of the unit in X such that
r;'r, cT,_1, and zI',, C O, for every n € w. Then the intersection I' := () _ T, is a
subgroup in X such that the set

gl = ﬂ gl'y, C m O,
new new
is disjoint with the subgroup X. This implies X N XzZI' = @ and XI'N X7z = @.

Given a subset A C X consider the Banach-Mazur game BM(X, A) played by two
players, E and N according to the following rules. The player E starts the game selecting
a non-empty open set Uy C X and the player N responds selecting a non-empty open set
U, C Up. At the n-th inning the player E chooses a non-empty open set Us,, C Us,_1
and the player N responds selecting a non-empty open set Usp,q1 C Usp. At the end of
the game the player E is declared the winner if the intersection A N[ U,, is empty.
In the opposite case the player N wins the game.

It is easy to see that for any dense Choquet subspace A C X the player N has
a winning strategy in the Banach-Mazur game BM(X, A). Moreover, at nth inning the
player N can replace the set U, selected by the player E by a set Uj,, C Us, so small
that U3, C x,I'y for some z,, € X. Then the set Us,11 chosen by player N according to
his/her strategy will be contained in z,I',,.

In particular, the player N has a winning strategy in the game BM(X, X) having
this smalleness property. By the same reason, the player N has a winning strategy in
the Banach-Mazur game BM(X, X7). Now the players E and N can use these winning
strategies in the games BM(X, H) and BM(X, Hg) to construct a decreasing sequence
(Up)new of non-empty open sets in X such that the intersection MNnew Un meets both
sets X and XZ. Moreover, in the nth inning the player N can make his/sets Us,, so
small that U, C xz,I', for some z, € X. Choose two points x € H N ﬂnew U,, and
ye HgnN ﬂnEW U,. Then for every n € w we have x € Us,, C z,,I',, and hence z,, € 2",
and Uy, C z,I',, C 2';'T",, C aT',,_;. Consequently, y € Mnen U2n C Nypen2ln_1 = 2T
and hence y € Xz Nzl' C Xz N XT = &, which is a desired contradiction. (]

new

new

It is easy to see that each Gs-dense subspace of a strong Choquet space is strong
Choquet.
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Problem 1. Is the Raikov-completion of a strong Choquet topological group strong
Choquet?

Using Theorems [I] and 8] we can prove the following characterization of complete-
metrizable topological groups.

Theorem 4. For a topological group X the following conditions are equivalent:

(1) X is complete-metrizable;
(2) X is a point-cosmic Choquet space;
(3) X is Choquet o-space.

Proof. The implications (1) = (2,3) are trivial.

(2,3) = (1) Assuming that a Choquet topological group X is point-cosmic or a
o-space, we can apply Theorem [I| and conclude that the Choquet (and hence Baire)
topological group X is metrizable. Then its Raikov completion X is a complete-metrizable
topological group, see [5, 9.A]. By Theorem X is Gs-dense in X. Since each seingleton

in X is a Ggs-set, the Gs-density of X in X implies that X = X and hence X is a
complete-metrizable (and complete) topological group. O

Problem 2. Is each Choquet topological group strong Choquet?

Remark 1. By Theorem [ the answer to Problem 2]is affirmative for topological groups
which are point-cosmic or o-spaces.

It is known [B], 8.13] (and [5} 8.16]) that the product of two (strong) Choquet space
is (strong) Choquet. On the other hand, the product X x Y of two Baire spaces can be
meager, see [7]. Nonetheless, by a recent result of Li and Zsilinszky [6], the product of
two Baire spaces is Baire if one of the spaces has countable cellularity. We recall that a
topological space X has countable cellularity if X does not contain uncountably many
pairwise disjoint open sets.

Problem 3. Let H be a closed normal subgroup of a topological group G and G/H be the
quotient topological group.

(1) Assume that H and G/H are Baire and H or G/H has countable cellularity.
Is G Baire?
(2) Assume that H and G/H are (strong) Choquet. Is G (strong) Choquet?
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Ilomano koOpoTKuil oryisi/i BiJioMUX 1 HOBUX OEPIBCHKUX BJIACTHBOCTEH TO-
MOJIOTiYHUX TPyI. 30KpeMa, IO0BEeIeHO, IO OepiBChKa TOMOJOTivYHA TPyHa €
MEeTPHU30BHOIO TO/Ii 1 JIAIIE TOMAi, KOJIM BOHA ab0 TOYKOBO-KOCMidHA, abo € O-
nonoBHeHHs 33 PaiikoBuMm € mpocropom Illoke i X — Gs-minsaa B X. Tomo-
soriuaa rpyma X MeTpH30BHA ITOBHOIO METPUKOIO TOi 1 jumie Toji, ko X €
TOYKOBO-KOCMiTHIM TTpocTopoMm I1loke Toi i umre Tomi, Ko X € o-TipoCTOpOM
[IToke. Takok MOCTaBJIEHO NEKITbKA BiAKPUTHUX IIPOOJIEM, 30KpEMa M KOXKHA
Tonosoriuaa rpyna [lloke € cuipauM npoctopom [loke.

Karouosi caosa: Tomosmorigna rpyma, 6epiBchbKuil mpoctip, mpoctip [Tloxke,
cuipauil mpoctip Iloxke, rpa Iloke, rpa Barmaxa-Ma3zypa.
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JoctipKeHo BJIaCTUBOCTI IHTEPACOIIATUBHOCTEHN MTOJIIMK/IIIHOTO MOHOI 1A
P,. Omucano Bigmonrenust ['pina Ha iHTEPACONIATUBHOCTI MOMIMKITITHOTO MO-
.. k7 ko . . . . .
moima P, 7, a TaKoX I0BeIE€HO KPHUTePiit, KO f0T0 ABi iHTepacomiaTHBHOCTI
€ i3oMmopdpHUMIU.

Karowosi crosa: MOJIIUKIIYHAN MOHOL, IHTePACOIIaTUBHICTD, BIJHOIIEHHSA
I'pina, izomopdizm, anTuizoMmop@izm.

1. TEPMIHOJIOI'ISA TA O3HAYEHHHA

Hamisrpymna — 11e HEMOpOXKHS MHOXKWHA 3 BU3HAYEHOIO HA Hiil OiHAPHOIO acoIiaTuB-
HOIO OIepaIli€io.
Hamisrpyna S masuBaeTbcs:

® npocmoto, SIKIO S He MAE€ BJIACHUX IBODIYHHUX i/1ealIiB;

0-npocmoro, a0 S MICTUTH HyJIb i S He Ma€ BIACHUX ABOOIYHMX imeasiB Bif-
minaux Big {0};

6inpocmoto, Ko S MicTuTh €auHM P —Kilac;

0-6inpocmoro, sikiio S Mae Hysb 1 S micturh nBa P —xwiacn: {0} 1 S\ {0};
KOH2DYEHU-NPOCTNON0, SKIIO S Ma€ JIUIIe ONUHUYHY i YHIBEpPCAIbHY KOHIDYEHIIT;
1HBEPCHON0, SIKITO I NOBLIBHOTO efeMeHTa x € S icHye enunawmit esemeHt y € S
Takuid, 1o xyr = x i yry = y.

2010 Mathematics Subject Classification: 20M05, 20M10, 20M15
© Xwunuacokwuit, M., 2018
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dkio S — maniBrpyma, 1o Bigromenns I pina Z, ., F, 91 na S Buznadaiornes
rak (qus. [33] §2.1]):

aZb rox i maute Toxi, konu aSt = bS;

a.%b roxi i smme Toxi, komu Sta = Stb;
a_#b roxi i sume Toni, Ko Stast = stbst;
D=L oRXR=XR0%,

H =L NX.

s 6yap-sikoro a € S uepe3 Ry (S), La(S), Hy(S), Da(S) 1 J,(S) noswaunmo #—, £ —,
H—, P— 1 F —Knac, axuit MicTHTD esleMeHT a, Binnosiamo. Yepes R(a), L(a), J(a) mo-
3Ha4MMO npasuii (siBuii, 1BOGIUHMIT) rosoBHUil i1ean, nopoxkenuii enemenrom a. Hara-
naemo (uuB. [29, c. 82-83]), wo inBepcua HauiBrpyna S Ha3UBAETLCH KOMOTHAMOPHOIO,
sxio Bigmomennst I pina 7 Ha S € BiAHOMIEHHSM PIBHOCT.

Hexaii S manisrpyna. Yepes E(S) nosnaunmo MHOXKuUHY imemmorentis B S. Hamis-
rpyIoBa Onepalriis BU3HAYAE 4aCTKOBUi nopsanok < ua E(S) rak:

e < f roai i e Toxi, Konu ef = fe =e.

Ieii mOpsAI0K HABUBAETHCA NPUPOIHUM “HacmKosum nopadkom ua E(S). Haniespamxa —
Ile KOMYTAaTUBHA HAMIBTPYIIa 1IEMIIOTEHTIB.

Biyuxaiunuti monoid €(p,q) — ue HamiBrpyna 3 OAMHULEIO 1 IIOPOZKEHA JBOMA
ejleMeHTaMu P 1 ¢, 1O 3a10BOJIbHsAIOTL yMOBY pg = 1. Ha wmanisrpyni €'(p,q) ouepauis
BU3HAYAETHCSA TaK:

qkpl . qmpn _ qk+m7min{i,m}pl+n7min{l,m}.

Binomuit pesyabrar Augepcena [I] creepipkye, wo (0-)upocra namisrpyna 3 ixemio-
TeHTOM € ILIKOM (0—)IpoCcToro Tzl 1 urie Toi, KOJIM BOHA HE MICTUTH i30MOPGhHOI KOl
OiruKIigHOT HamiBrpynu. BirukIiyauit MOHOIT TOMTyCKaE JINIE TUCKPETHY HAIIBIPYIIOBY
raycuopdosy Tonosorito [I7].

Y1970 porui Hisa i Ileppo 3ampononysasin Take y3arajabHeHHs OiITUKIIITHOTO MOHOI 14
(1291, [32]). st Oyb-siKOrO HEHYJILOBOIO KapiauHasa A, A-nojiuukiiduuit Mmonoin Py €
HAMiBTPYTMOIO 3 HYJIEM BU3HAYEHOIO TAKUMMU CITiBBITHONTEHHSIMMT:

Py = ({pi}iex, {p; Yiex | pipy ' = 1,pip; =0 mns i £ j) .

OueBuaHo, MO y BUMAJAKY, Koau A = 1 manisrpyna P; i3omopdHaa GiruKIiaHOMY MOHO-
iny 3 nupueananum uyjem. Y [3] moseseno, 1o nosinukIiuHME MOHOL] € yHIBEPCAJIbLHUM
00’€KTOM y KJIaCi iIHBEPCHUX HAIMIBTPYI HAJ OpieHTOBaHUMHU Tpadamu. 30KpemMa, JT0BeIe-
HO, 110 KOXKHA iHBepcHa HamiBrpyna G(FE) Haz opienToBaHnM rpadom F BKIAIaeThCs B
nosinukiianuit Mmonoizn Py, ne A = |G(F)|. Hanirpynosi ta Tpascisaiiino HerepepsHi To-
noJsorizanil A-noainuKIiYHOro MOHOIIa, HOro MoBHOTA Ta 3aHypents Busdasu y [2], 4, [].

Bapianwmom namisrpynu S CTOCOBHO eJleMeHTa a € S HA3WBAEThCs HamiBrpymna S¢ =
(S, %) 3 cenapiu-onepauieo T *, y = ray. Bapiantu HaniBrpyu nepliuM 1104aB BUBYA-
i Xiki B npari [23]. Inmepacouiamuenicmio Hamisrpynm (S, -) Ha3MBAEThCs HAMIBIPYTIA
(S, %) raka, mo a-(bxc) = (a-b)*xciax(b-c) = (axb)-c ansa Oynp-skux a,b, ¢ € S. Inrepaco-
uiaTuBHOCTI HaniBrpyn Busdasiu Boiix, Tonba i Hesbcon [6] y 1996 poui. Bouu nosesnu,
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IO KOKHA, iHTEpaCOIiaTUBHICTh MOHOITa € BapianToMm. KpiM TOro, KoxkKHa iHTEpacoIri-
ATUBHICTD IIJIKOM IIPOCTOI HAINBIPYIHU € IMIJKOM IIPOCTOI0 HAMIBIPymHoo. TakoxK JIerko
JIOBECTH, 10 KOXKHA iHTepacomiaTuericTh rpymum isomopdua i rpymi. B [20] posris-
HYTO aJreOpuYHi BJIACTUBOCTI iHTEPACOIATHBHOCTEH OIIUK/IIYHOrO MOHOITA. 30Kpema,
JIOBEIEHO, 1110 Oyab-5Ki ABi HOro iHnTepacoriaTuBHOCTI He € i3oMopduuMu. Tpancisiiitno
HerepepBHi Tomosorizanii inrepacouiarusrocreii GinukiaivHOro MoHoina BuBuaiau B [21].
BapianTam po3mupeHoro 6inuKIiIHOro MOHOIIA Ta IXHIMK HAITIBIPYIOBUM TOIOJIOTI3AITi-
sim pucBstaena npans [22]. BapianTn mamisrpyn 6iHapHUX BiTHONIEHb BUBYAIN B MPAISIX
Xace [7, [8, 9]. Bapianram namisrpyn nepersopens npucssiaeni npar [14] [15] [16], 25] 30].
Bararo aBropiB po3pobuiin 3arajbHy TEOPil0 BapiaHTIB Pi3HUX KJIACIB HAMBIPYII, TUB.
sokpema [23] [24] 28]. TIpo cyyacuuii cran BapiaHTiB CKIHYEHHUX [MOBHUX HAIIBIPYII Ie-
PEeTrBOpPEeHDb [l MOAAJbIIMX [OCHIAHb Ta icTopudunux auckyciii aus. [14] i [19, posuin
13]. Bapianru nauisrparok susyasnu B [10, [I8]. Crarri [IT], 2] 13|, 14] 3anouarkysasiu
BUBYEHHS BApPIaHTIB HAMIBIPYN Yy JOBLILHUX (JIOKATBHO MAJIMX) KATETOPIiAX.

Hexait A — nosinpuuit kapaunaa. Yepes \* OymeMo mo3HaYaTw BiIbHUNE MOHOII HAT
andasitom A, depe3 € — mycre ciaoBo B A*. Jlng kokHOTO citoBa @ € \* BBemeMo Taki
[TO3HAYEHHS:

pref(a) = {b € \* | 3c € \* bec = a} — mHOxKUHA Beix npedikcis cioBa a;

pref°(a) = {b € A* | 3¢ € A*\{e} bc = a} — mHOXKuHA Bcix BiacHux npedikcis ciosa a;

suff(a) ={be X" | Ic € \* ¢b=a} — muoxuna scix cydixcis cnosa q;

suff°(a) = {b € \* | 3c € A" \ {e} ¢b = a} — mHOXKMHA Bcix BaacHux cydikcis cioBa a.
3a memoro 2.4 3 [] (aus. Takox [27, 3ayBaxenus 2.6], [27, c. 453], [26] §2.1] i [29]

rBepKenHs 9.3.1] y BUNaKy CKiHU€HHOrO KapAMHasa,) JJis JOBLIBHOIO KapJuHaia A > 2

KOXKE€H HEHYJIbOBUI €eMEHT & MOIIUKIITHOrO MOHOIMa Py Mae 300parKeHHs y BULJISIL

u~ M, ne v iv — enemenTu BlbHOrO MOHOIA A*, 1 HamiBrpyHOBa Onepalis Ha Py y mpoMmy

300parkeHHi BU3HAYAECTHCA TaK:

(cra)~td, skmo c=c1b NI IeTKOTO ¢ € \¥;
a b ld= a lbid, saxmo b=bic s 1eqaKoro by € \*;
0, B IHIITOMY BHTTQIKY

ia™'h-0=0-a'6=0-0=0.
Hapani A — kappunan > 21k Yo — nesikuii HEHY/JIbOBUH €JIeMeHT HamiBrpymnu Pj.
Ockinbku Py, — MOHOII, TO H1Or0o iHTEpaCOIiaTUBHOCTI € BapiaHTaMu.

2. /IesiKi BJacTUBOCTI IHTE€pPaCOMiaTUBHOCTEM IMOJIIINKJIIYHOIO MOHOIda

Hapnaui ayra nosinbHOro Kapiunasa A 2 2 i JoBiibHOro eseMenta ki ks mosinuk-

. .. BTk . . . ..
nignoro monoima Py 4epes Py’ ? Gy/leMO [103HAYATH BAPiaHT HOJINMKIIYHOIO MOHOLIA
3 HAMMBIPYMOBOIO CEHIBIY-OMEPAITIEIO

atbxyry, cTld=a"0 kyky T, aT'beTid € P

ka

. _ [ . L
TBepaxenns 1. Henyavosul esemenm o 1a2 € P € i0emnomenmom modi i miav-

KU Modi, KoAu ichye croeo b € X* make, wo al_lag = (bkg)~tbky.
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L -1 . . ki Mo .
Josedenns. (=) Hexait a] ~ap — HenymboBuii iemnorent B Py . Pozriissnemo mozx/usi
BUIIA/IKH.
1. Icaytors cioBa u,v € A\* Taki, mo k1 = uas i a1 = vks. Toxi

1

—1 -1 _ - ~1 -1 _
ay g ¥p-1p Gy Tag = ag az - ki "ky-ay ax =

=ajtay-aytu ey ky o ag =

= al_luflvflag.

Ly~! = ¢. 3Bincu BuIIIMBAE, IO

. -1 . | _
3 immoro 6oKy, a; as Fprlg, 01 02 = @y a3, & TOMY U
u=civ=c¢c,a0rKe, ay = kg, a0 =k 1b=c¢c.
2. Icaytorn cmoBa u, v € \* Taki, mo as = uky i a3 = vke. Toni
-1 -1 1 -1 -1
ay g ¥ -1y Gy Ay =Gy ag - ki ka-aj az =
= ay uky - k] ke kg tuTlay =

lu-v_lag.

a;
PosrngareMo MOXIWBL IBa TiIBUMTAIKHA.

(a) Icuye cmoso w € A\* Take, mo u = wv. Toxi aflu v lay = a;lwag. Ockinbkn
al_lag ok al_lag = al_lag, o w = ¢&. Oroxk, u = v = b, a orKe, ay = bky i
a1 = bk‘Q

(b) Icuye caoBo w € A\* take, mo v = wu. Toxi al_lu v rag = al_lwflag. Ockinbkn
aflag Ty aflag = a;lag, o w = &. Oroxk, u = v = b, a orke, ay = bky i
a; = bkg

3. Icaytornb cioBa u, v € A* Taki, mo k1 = uag i ko = vay. Toxi

1

1

—1 -1 = -1 -1 —
ay " ag ¥, Gy a2 = a4 az - ki ky-ay ax =

-1 -1 -1 -1
=aj G2 Gy U Va1 - Q] Gy =

-1 —
a; u Lvas.

Ly = e. 3Bimcn BUNIMBAE, IO

3 immmoro 60Ky, aj ‘ap Tk aytay = aytay, a Tomy u”
u=civ=c¢c,a0rKe, ay = kg, a0 = k1 1b=-c¢c.
4. Icuyrorhb ciaoBa u,v € A\* Taki, mo as = uky i ko = va;. Toxi

1 1

a2~k‘flkj2~af ag =

—1 —1 —
a; az *kflkz ay a2 aq

= ay tuky - kT Mvay - aytag =
= afluvag.
3 inmoro 60Ky, aflag oy aflaz = a;lag, a TOMy uv = €. 3BiJCH BUILINBAE, IO U = €
iv=c¢,ao0rmke, a1 = ks, a0 =k ib=c¢.
(<) Hexaii aflag = (bko)~1bk, nna meaxoro ciosa b € \*. Toxi

ay tay iy aytag = (bko) tbky - kT Mhy - (ko) bk = (bka) " k1 = aj tas.

— . . ki 'k
Otxe, a; Lay — izemmorenT HamiBrpynH Pt O
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—1
Hacaizok 1. Hezaii (ake) taky, (bko)~tbky — idemnomenmu naniezpynu Pfl = Sxwo

1ICHYE cA080 ¢ € \* make, wo a = cb, mo

(akg)flakl >|<k;1k2 (bkg)ilbkl = (bk‘g)ilblﬁ *kfle (ak‘g)flakl = (akg)flakl.

Jlema 1. Hezaii aj ‘az, by by — dosinvi eremenmu naniszpynu Py. STrkwo ay by by =

cf102 #0, mo ay € suff(cy) i by € suff(cy).

Zlosederna. Ockimbku al_lag . bl_lbg 2 (0, TO MOXKJIUBI /1B BUIMAJIKH.
1. Icaye cmoBo u € A\* Take, 1m0 as = uby. Toxi

1

0;102 =a; a ~bf1b2 = aflubl . bflbg = aflubg.

2. Icuye cmoBo u € A* Take, 1mo by = uay. Toxi

1

1 - -1 -1 —1 -1 -1, —1
¢ ca=aj az-b] ba=aj az-ay; u by=aj u b

Orxe, ay € suff(cq) i by € suff(cs).

O

. .o - . . . ki 'k
Hacainok 2. Hezxau a) 1ag,b1 Yy — dosinvui esemenmu wmaniszpynu Pt L xwo

a,l_lag ey bl_lbg = 01_102 #£0, mo ay € suff(cy) i be € suff(cg).

. ki 'k . . _
Jlema 2. fxwpo naniszpyna P\* "% micmumo odunuunul eremenm, mo ky Ly = lp,.

L . . k'K .
Hoeedenns. Hexaii e] Loy — onuHMUHMI eeMenT Hanmiprpynu P, ?. Tomi:

1) 1p, = 61_162 Tk, lp, = 61_162 . kl_lkg, TOMY 3a JieMoIo || MmaTumemo, 1m0 ko €

suff (¢), a orxe, ko = ¢;

2) 1p, =1p, ey el ley = kT 'ky-eg tea, ToMy 32 JIeMOIOMaeMo, mo k; € suff(e),

a orTke, k1 = €.
OToxK, OTPUMYEMO, IO kl_lkg =1p,.

O

Busuauumo Bimobpaxkenus h : Py — P, Tax: h(al_lag) = a;lal i h(0) = 0 pua

JOBLJIBHOI'O aflag € Py.
Jlema 3. /lasa dosiavHuz al_lag, bl_lbg € P\ suxonyemvca pisHicmo
h(aitas - bythe) = by by - a5 tay.
Jlosederna. Po3riasHeMo MOXKJIMBI BUIAIKH.
1. a7 'ag = 0 abo by 'by = 0, a6o ay ‘ay - by *by = 0. Toxi
h(aytag - bytbe) = h(0) =0 = by 'by - a; ta;.

2. Icaye cmoBo u € A* Take, 1m0 as = uby. Toxi

h(ajtas - by thy) = h(ay tuby - b7 'bo) = h(a] tubs) = by 'u"tay = by by - by tu ey =

= b;lbl . az_lal.
3. Icaye cnoBo u € A\* Take, mo by = uas. Tomi
h(aitas - bythy) = hiay tag - ay 'u™tby) = hay 'u=tbs) = by tuay =

-1 -1 — —
= by 'uay - ay tay = by by - ay tay.
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. . . . ki 'k
TBepakenns 2. BidoGpasicenna h euznauae anmuizomop@izmom 3 naniezpynu P,*

1y Haniezpyny Pfglkl.
Jlosedenna. OueBmamo, mo BimobpazkeHusM h € 6iekTuBHUM. [TokaskeMo, 10 BOHO € aH-
THroMoMOp(i3zMOM. 3a JIeMOIO

h(ai ay =k bytby) = hiay tag - ki tky - by thy) =
(ky 1k‘2 by 'b2)h(a; tas) =
(b7 '02)h(ky Ea)(a az) =
(
(by

bytbe) - ky ki - h(aytag) =
by 1b2) k Yoy h(aflag),

a 0TZKEe, BUKOHYETHCA TBEPAZKCHHSA JIEMU. U

h
h
h
h

Hexait kj 'ko,t7'ta € Py. Hosmaunmo uepes Py (t] 'ta, ki 'ky) mizmamisrpymy
1,

{(a1t1)agts | ay tag € P\} manisrpynu Pfl

TBepaxenna 3. Hexat kflkg,tfltg € Py. Axwpo icnyroms caosa u,v € \* maxi, wo

. . o, . . . _
k1 = tiu @ ko = tav, mo nanisepyna P,' ® izomopdra nidnanieepyni P,\(v_lu,k‘1 1k2)
. ki ko
nanieepynu P, .
. t7t _ _
Jlosedenna. Buznaunmvo simobpaskerns f: Py' 7 — Py(v"'u, ki 'ko) Tak: f(aytas) =
(a1v)"tagu i f(0) = 0. Ouesnmno, mo me BigobaxKkenHns GiekrusHe. Ilokazkemo, mo f —

. . — _ ki 'k
romomopdizM. J1a noBiIbHUX @] Lag, by 1py € Pt ™ maemo

f(aflag) 5y f(bflbg) = v_laflagu . kflkg . v_lbflbgu =

=v e tagu - Hgw - v b thou =

=vta ay -t e - by Thou =
=1 -1
= f(al a2 %=1y, D1 ba).
Orxke, Bimobpaxkenusi f € i3omMopdizMom. O

Y punagxy ¢ 'ty = 1p, OTpEMYEMO TaKMil HACTIIOK.

Hacuigok 3. A\-nosivuksivnuii monoid Py izomopdmut nidnaniezpyni Py (ky 'k1, ki ko)

. ki ko
nanisepynu Py .
.. . ki ko . . .
3 Toro, mo Bci igemnorenTd Hamisrpynm Py HAJIEXKATH i IHAMBrPyII
Py (ks Yk, kT 1k2) BUILINBAE TaKuil HACTIIOK.
. . . . ki Mk
Hacainok 4. Bydv-axi dea idemnomenmu 3 nanieepynu Py KOMYMYIOmMb.

_ kTt
TBep,szeHHﬂ 4. Eaemenm aj Lag € Pyt

aytag € Py(ky "k, kT k).

k . . L )
? mae ineepcruti modi i misbku modi, KoAu
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Hosederna. ko al_lag = (b1ko) thoky € P)\(kglkl,kl_lk'g) \ {0}, ro imBepcHuM 10
Hporo Oyze enement (boks) ™ 1byk;. Hexaii aflag ¢ PA(kglkhkflkg). Toxi C;1C2 =y

_ _ _ kT ke _ .
a; 1a2 *p—1p, C1 102 = 0 g1 6yab-AKOro ¢ 102 e pr! ?. Tomy a; 1a2 HE Ma€ iHBEpPCHUX
1
€JIEMEHTIB. O

. . . _ _ . kT o .
Hacuainok 5. Iidnanisepyna Py (ks lkzl, kq 1k32> nanisepynu Py ’ e natibiavwor iso-
MOPPHHOI0 KONIEW A-TLONUUKATUHO20 MOH0TOG.

. . . .
3. Biguomennus I'pina Ha mamisrpymi Py

Teepmxkenas 5. Hexati A — dosiavhuti kapounan = 2. Todi das 006ia6H020 HEHYALO-
-1

_ . kT 'k . .
6020 EAEMEHMA ] Lag maniezpynu Py* ™ ukonyiomsea maki pienocmi:

1 _1pkitk .
aj L 1P>\1 2. akwo icnye cao6o u € N\ maxe, wo k= uasg
-1
a”lag x, 1, PFR2— 71Pk;1k2 . \¢ ok
1 G2t ) a; P, , AKULO ICHYE CA080 U € maxe, wo as = vk
{0}, 6 THWOMY BUNAIKY
i
kTt ko . s
Py U2, AKWO ICHYE CA080 U € N\* mare, wo ko = uaq
Pk‘flk'z % a*la _ kl_lkz . *
A ke M1 G2 = § Py g,  AKWO ICHYE CA080 U € X' make, wo a1 = vky
{0}, 6 THUWOMY BUNGIKY.

Jlosedenns. Hexait by "by € Py. 3 Teopemu 1.17 |33] surusae, mo
Rp, (b7 'b2) = by *boPy = by ' Py, Lp, (b7 'ba) = Paby by = Pybo

i bytby, by thy — enumi imemmorentu, axi nopomkyors ineamn R(b] 'by) i L(by ' b), Bin-
noBiHO. BpaxoByiouwn 1e i Te, 1110

—1 —1
—1 ki k2 —1 —1 ki k2
ay ayxp-1p, P, = (ay "az - ki k)P,
i
k7 M ko 1. pkilka,,—1 1
P)\ >)<]€1—1k2 a; ags = P)\ (kl kQ s aq ag),
OTPUMYEMO BIJIIIOBI/IHI PIBHOCTI. O

Hexaii S — nauisrpyna. s goBiabHOro s € S BBeeMo Taki 103HAYEHHSs:
Ki={teS|ts#t}, Ki={tecS|stZt}, K5={teS|sts Ft}, K*=K;NK;.
Mu Bukopucraemo Take TBepizkenns 3i crarri [14] st onucanus BigHOIIEHD ['pina

-1

. . kT
Ha Hamisrpym P!

TBepmkenns 6 ([14] reepmkenns 3.2]). Hxwo s € S, mo
R,(S)NK{, € K¢
1) Ry(se) = { (B AT, o s € Ki
{s}, 6 THWOMY BUNAOKY;
Ly(S)NKS, axwo s € K§

{s}, 8 THWOMY BUNAIKY;

2) Ls(5%) = {
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H,(S), K*
3) H.(S%) = (S) mcwo s €
{s}, 8 THWOMY BUNAIKY;
D,(S)NK® axwo se€ K
s a , Ka Ka
4) D.(S9) = R(Sa) AKWO S € Z\ i
Ls(S%), axwo s € K¢\ K
{s}, 8 THWOMY BUNAIKY;
5) J.(S9) = Js(S) N K3, ﬂwwosEKg
Dy (5%, 8 THWOMY BUNAIKY.

Hacrynma ema nosemena B [4].

Jlema 4. Hexati A — dosiavhutl xapdumasr > 2. Hdrxuio aflag,bflbg € Py, mo:
1) aflagﬂbflbg modi i misvku modi, Koau a; = by;
2 aflaggbflbg modi i miavku modi, KoAu as = ba;

)
3) P\ — xombinamopna naniezpyna;
4) P\ — 0-6inpocma naniezpyna;
5) Py — 0-npocma naniezpyna.
. . . .k ko
Hacrymma TeopeMa OMICY€ CTPYKTYpy Bimaomens I pina Ha HamiBrpymi Py .
-1
Teopema 1. Hezati A\ — doginvrutl kapdunan > 2 i aflag € Pfl 2 Togi
-1
(1) {aflbkl € Pfl F2 |be )\*} , akwo ki € sufl (aq);
—1 =
e {a;lag} , 6 IHWOMY BUNAOKY;
{(cka)"taz | c€ XN},  arwo ko € suff(ay);
(2) Laflaz = —1 . .
{a1 a2} , 6 IHWOMY BUNAOKY;

(3) Hyor, = {a7 02}

Py (ky Yy, ko) \ {0}, amwo ko € suff(ay) i ki € suff(ag);
Ry, akwo ki € suff(ag) i
(4) D B (ky kg - aytag = 0 abo a; € suffo(ky));
aytas = o laz> akwo ko € suff(ay)
(al_lag . k:l_lkjg =0 abo ay € suff®(ky));
{a7 az}, 6 IHWOMY SUNAOKY;
—1
{a;1a2 € PE R | ki - ay ag - by e # 0} :
(5) Ja;1a2 = AKWL0 k:flkg . aflag . kflkzg #0;
Dal—la27 6 THUWOMY BUNGIKY.

Josedenms. Jlist 10Be/leHHs BAKOPUCTAEMO TBep ke [6]
(1) 3 emu 1) BUTLINBAE, O a] 'as-ky Yk X aj *ay Toxi i rizekn Toxi, Komw icaye
CJIOBO U € A* Take, 1m0 ay = uky, T06TO k1 € suff(as). Tomy

—1
K& = (a7 ay € Py | by € suff(az)}
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k

-1
Ryt (PO)NKS P = {07 e Py [by=ar i Ky €suff(by)} =

= {arbh e P b e,

Hosenennst TBepzkenHs (2) ananoriune no Teepaxents (1).

(3) Ockinbkn 3a aemoro [ y mominukiaroMy MOROIA] yci J£-KIacy € OIHOTOIKOBH-
MU, TO 3 TBEP/KEHHS |6 BUIIUBAE TBEpKeHHs (3).

4. 3 (1) i (2) BumuBae, 1o

kY k

kT ko ko kT ko -1 :
K" =K, NK, :{al ag € Py | k1 € suff(az) i k‘2€suff(a1)}.

Ockisibku Py — 0-6iupocra HaiiBrpyua, To Da;1a2 (Py) N Kk tke = Kk e Akwo ki ¢
suff(az), To abo al_lag . kfle =0, abo as € suff®(ky). Tomy

Kgf kz\Kf; k2 {a7'as € Py | (a7 as - ki "ko=0 abo as € suff®(k1)) i ks € suff(a1)} .

AmnajioriyHo oTpUMy€EMO

1k2

_1 _
Kfl kQ\K;Cl = {al_lag € Py | (k’l_lk'g aytay=0 abo a; € suff®(kz)) iky € suff(az)}.

5. Ilozagk mominukaiaanit MoHOIT Py € 0-mpocTo0 HAMmiBTPYMOIO, TO
-1 -1 —1 -1
kil “ko-ay ax-ky ko 7 alas
TOMI 1 TIMBKK TOMI, KON kflkg 'aflag . kflkg # 0. Tomy

ki ko
3

K ={aj'as € Py | ki 'ko-aytas - ki ko # 0}

1k,

", 10 J,-1(P)) N Ky

ko

1 -1
Ocximxn J,—1(Py) = P\ {0} 0 ¢ Ky’ = Kit

4. Isomopdizmu iHTEpacoliaTUBHOCTEN MOJIMUKJIIIIHOrO MOHOILIA

Jlema 5. Hexati A — dogiavhutl kapdunar > 2, kflkg,tfltg — J08iAbHI HEHYABLOBI ene-

ko

. -1 . . : kit -1
menmu naniezpynu Py, al'as — dosinvrud eremenm nanisepynu Pyt 7, by the — ene-

MEHM, HANIE2PYNU P;l 2 maxut, wo f(ay  ag) = by by i f: Pfl LN P;l 2 i30MOp-
Pizm. Todi suroryromoves maxi ymosu:
1) axwo ayay - ki ko =0, mo by by - t7 ity = 0;
2) aKxwo kflkz -al_la2 =0, moi tl_th . bl_lbg =0;
3) akwo ichye croeo u € X*\ {e} maxre, wo k2 = uay, mo icnye caoso v € \*\ {e}
maxe, w0 to = vby;
4) axwo ichye caoeo u € X*\ {e} maxe, wo ki = uaz, mo ichye croso v € X\* \ {e}
maxe, wo t1 = vbs;
5) aKwo icnye cro60 u € X\* mare, wo a1 = uks, mo icnye cao6o v € \* marke, wo
b1 = ’Utg,‘
6) arxwo ichye croeo u € X*\ {e} maxre, wo ke = uay, mo icnye caoso v € \*\ {e}
make, w0 to = vby.

Josedenna. 3 tBeprxenns |1 reopemu [I] BunnmBators Taki exsiBaneHTHOCTI:
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-1 -1 . ce . . -1 . - -
1) ay "ag - k1 ko2 = 0 Toxi i rineku Toai, komu R(aj az) — ckindeHHU i Ra;1a2 _
CKIHYEHHMUIT;
1 _1 o e . 1 . - -
2) ki “ka-aj az = 0 Tomi i rimbku Tomi, kKomu L(ay ag) — CKiHYeHHWI i [/a;la2 -
CKiHYeHHMIT;
3) icnye cioso u € A\*\ {e} Taxe, mo ky = ua; Toxi i Timekn Tomi, komu L(aj taz) -
HEeCKiH4YeHHUT 1 La—1a2 — CKIHYEHHUIT;
1
4) icnye coso u € \*\ {e} make, mo k; = uay Toxi i Timpku Toxi, ko R(a] as) —
HeCKiHueHHn# 1 R -1, — CKiHYeHHUIL;
1
5) icuye caoBo u € A* Take, w0 a; = uke, TOAl 1 TLIbKM TOAI, KOJIM L(al_lag) -
HEeCKiH4YeHHUT 1 La_la2 — HECKiHYeHHUI;
1
6) icuye ci0BO u € A\* Take, mio as = wky TOAL 1 TiMBKM TOMI, KOJIM R(aflag) -
HECKiHYeHHU i Ra—laz — HECKiHYeHHUH.
1

Ile i 3aBepirye mOBEEHHS JIEMH. O

. . . 1 -1 . . .
Jlema 6. Hexal A\ — dosinvrul kapdunanr > 2, ki ko, t] ta — dosinvHi Henyabosl ene-

. _ . . 5 . kT lks .
Mmenmu nanieepynu Py, aj 1a2 — 008IADHUT HEHYABOBUT EAEMEHM HANIB2PYNU Pt 2

k'K tt . . . .
[Pt 7 = P 7 — isomopdizm. Todi 6uKOny0OMBCA MAKE YMOBU:

(1) fky k1) = t3 05
(2) icnye asmomopdism noaiyuKAiwH020 MOHOIda i: Py — Py makud, wo

f(k;la;1a2k1> = t;l . i(aflag) . tl,

das dosinvrozo ky tay tagk, € Dyrys

(3) axwo f(aflag) = bflbg, f(aflkl) = cflcg 1 f(k;lag) = C;lcz, mo ¢ € suff(by)
i co € suff(by);

(4) arxwo f(aflag) = bflbg, f(aflkl) = cf102 if(k;lag) = dfldg, mo by = ¢y ¢
by = dy;

- . kMo .
Josedenns. (1) 3 Toro, mo Bci igemnorenTn HamiBrpynu P, HaJIeXKarh i1 migHa-
minrpymi Py (ky 'k, k7 *ko) i ky 'k1 € obpasom 1p, mpu Bimmosizromy isomopdizmi Bu-
IJIUBAE, MO ko 'k1 € HaMGinbIIUM 11€MIOTEHTOM CTOCOBHO IPUPOSHOrO HOPSLAKY. Tomy
flkytky) =ttt
2 1 2 U1
- . k;lkg . t;ltg . . . —1

(2) Hexait gy : P\ — P, , g2t Py — Py — i3omopdizmu Taki, mo g1 (a “az) =
k;laflagkl i gg(tglaflagtl) = aflag. Toxni gs o f o g1 — aBTOMOP}I3M O IUKIITHOTO
Monoina. IIpunycrumo mporunexue. s O6yap-skoro aBromMopdismy i: Py — Py mouti-
MUK IHOTO MOHOIIA, iICHYE al_lag € Py, Taxuii, mo f(k;;lal_lagkl) * t;li(aflaz)tl. Tomi
a7st Oynb-aKoro aBroMmopdizmy ¢ MoHoina Py icmye al_laz € P, Taxwuit, mo

(920 f o g1)(ay az) = by by # i(ay az),

a e CymepeduTh TOMY, IO g2 © f 0 g1 — aBTOMOpdi3M MOTIIUKIIYHOTO MOHOIIA.
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(3) Posruisnemo piBHicTb al_lag = al_lkl oy k;lag. 3 semu |5 BUILIUBAE, 11O
-1 -1 : - -1 -1
flay k1) =c¢f “catr 1 f(ks3 Yag) = ty dy “do. Tomy
flaytag) = e leaty oy, 1y My Mo =
=cileoty -t My -ty My My =
== C;lcg . d;ldg.
3 siemu [1] ButuBag, wo c¢; € suff(by) i do € suff(by).

(4) Hexait f(ay'k1) = c;'caty. 3 nynkry (2) summmsae, mo f~1(t5'caty) =
k5 Yi(co)ky, me i — mesixmit apromopdizm mominmkmitHOr0 Monoina. Toxi 3 mymkTy (3) Bu-
nmBae, o i(cz)ky € suff (k). Tomy i(c2) = €, i omxe, ¢ = . Orox, f(a] k1) = ¢ M.
Amayiorivuao DOBOIUTHCH, IO f(k;l(lg) = t;ldg.

Pozragnemo piBHicTh aflag = aflkl kg k;laQ. Tomi

(a7 az) = flay ka) %0y, f(Ry Maz) =
=c'h o e, ty dy =
=c Myt My by Ny =
= cfldg,

IO 1 3aBEPIILYE JIOBEJIEHHS JIEMU. O

Teopema 2. Hexaii A — dosisvnui kapunar > 2 i ki ko, t7 'ty — dosisvmi nenyavosi

Lo

. kT tt . .
eaemenmu nanieepynu Py. dxwo f: P! — P! ? — izomopdism, Mo nepemeopenta

kT to . . .. . .
f: Px=P 7 = P\=P,' 7 nosiyukainrnozo monoida Py € tiozo aemomopdhizmom.

Jlosedennsa. Posrismenmo pismicrs ap tag = kit Kp=1p, ky'ay'ag. 3 nemu @4) BUILTUBAE,
1

mo f(ki1) = y; 't i fkytay az) = ty' -i(ay?) - yo, me i — mesxwit aBToMopdizm -
MOJIHIUKIiYHOro MoHoina. Tomy

flaytaz) = (ki) *ir ey fk3tar ag) =
= yl_ltl ey tz_li(al_l)QZ =
=Yyttt i(ag )y =

=y Vi(ay )y

—1 —1

OckinbKu Y1 HE 3AJIEKUTH BiJl BHOOPY eJleMeHTa, aflag, TO f(Pf1 k2) = yl’lPi1 f2, 3Bin-
CU BUILIMBAE, 1O Y1 = €. Tomy f(al_lag) = i(al_l) - Y. AHaJIOri9HO JOBOAUTHCH, IO
flartas) = 27" -iag). Orxe, flaytaz) =i(ay?t) -i(az) = i(ay ‘az). O

Tsepaxkenns 7. Hexati A — dosiavnutl kapdunan = 2. Hdxwo k'l_lkg,tl_ltg € P\, mo

. kilks . . ooty S . )
nanisepyna Py isomopgdina nanieepyni Py modi i miavku modi, KOAU ICHYE a6-
momopdizm i: P\ — Py nosiyuraivnozo monoida maxudi, wo i(k’flkg) = tl_ltg.

Zosedenna. Immiikanisa (=) BUILIMBAE 3 TEOpEMU
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(«<=) Ipumycrumo, mo icuye apromopdism i : Py — Py axuit, mo i(ky 'ka) = t] 'ta.

. _ _ KTk
Jis josiibhux aj ‘ag, by 'hy € Pyt ™ maemo

. . . . . . kylks .
Tomy Bimobpaxkenna i: Py — P, pusnadae izomopdism mizk Hamisrpymamm Py* 2

tott . . k'k t7 s . . .. .
P! % OCKIJIbKH eJIeMEeHTH HAiBIPyII Pt 2, P! * i Py € piBruMu TOA] i srumTe TOMI,

KOJIM BOHH MAIOTh OJHAKOBI 300parkeHHs SIK eJIeMEHTH MOJIMUKIIYHoro MoHoima Py. [

ITogsikA

ABTOp BHCIIOBIIOE MOAAKY CBOEMY HaykoBoMmy kepiBauky Omery [yriky 3a momno-
MOry, IHHI HOPAaX Ta CIPUAHHS IIiJ YaC HAIUCAHHS POOOTH, a TAKOXK PEIEH3ETOBI 3a
KOPHUCHI TIOPAJIN Ta 3ayBaKEHHS.
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We study properties of interassociativities of a polycyclic monoid Pj.

. . e kD 'k . .

Green’s relations on an interassociativity P,' % of a polycyclic monoid P
are described. Also we proved a criterium when two interassociativities of Py

are isomorphic.
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HAIIIBI'PVIIA 3IPKOBNX YACTKOBUX 'OMEOMOP®I3MIB
CKIHYEHHOBHMUMIPHOI'O EBKJILJIOBOTI'O ITPOCTOPY

Hpucsawyemovea 60-mu pivwio npod. M. M. 3apiwnozo
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BBemeno moHaTTH 31PKOBOTO YaCTKOBOIO romMeoMOopdi3My CKiHYEHHOBU-
MipHOTO eBKJILTOBOTO mpocTopy R™ i MOCHIIKYETHCS CTPYKTypa HAMIBrPYIIH
PStHg~ 3ipkoBux yactkoBux romeomopdismis npocropy R". Onucano crpyk-
rypy igemuorentis mauiprpyns PStHge i sigpomenns I'pina na PStHgn.
Bokpema moseneno, mo PStHr» — Gimpocra inBepcHa HammiBrpyma, a TaKOX,
10 KOXKHA HeomamHndHa KoHrpyeHiis Ha PStHgr» € rpymosoio.

Karono6i cao6a: HamBrpyma mepeTBOPEHb, iHBEPCHA HAMIBrPYIa, YaCTKO-
Buii romeomopdism, 3ipka, Bispomenns I pina, KoHrpyenujs.

Mpu kopucTyBaTnMemocst Tepminosoriero 3 [26, 27, [33, [39].

Hagauti 6ynemo BBazkaTu, M0 HA 1-BUMIPpHOMY €BKJIiIOBOMY TpocTopi R™ Bu3HadeHna
3BHUYaiiHa (€BKJi0BA) TOIOJIOTIs.

fIKImo BHU3HAUEHe JacTKOBe BimoOpaxkeHHa «: X — Y 3 MHOXHHE X y MHOKHUHY
Y, To 4epe3 dom« i ran a OymeMo mMO3HAYMATH HOTO 004GCMb BU3HAYEHHA TA 00AACTMD
3Hawens, BIALOBIIHO, a depe3 (x)a 1 (A)a — obpasu esiementa x € dom o Ta i MHOKUHY
A C dom o ipu 9aCTKOBOMY BiOOparkeHHi (v, BiAMOBITHO.

YacrkoBe Binobpaxkenns (mepersopents) «: X — X TONOJOYHOrO MPOCTO-
py X Ha3WBAETHCSA HACMKOBUM 20MeOMOPPHIZmom TIpocTopy R, gKImo #oro 3ByKEHHS
@|dom o doma — ran @ € romeoMophizmMom.

ko S — wanisrpyua, ro i niaMHOKuUHA i1eMiIoTenTiB no3HaYaeTbes yepe3 E(S).
Hamisrpymna S Ha3UBAETHCS (HBEPCHOM0, SKITO I TOBIIBHOTO 11 €JIeMEHTA X ICHY€E € IuHmi

eqement x~ ' € S maxmit, mo xx 'z = x Ta x 'zz~! = z~!. B imBepcriit mamisrpymi S

2010 Mathematics Subject Classification: 20M15, 20M50, 18B40
© Tyrix, O., Meapnuk, K. , 2018
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BHIIE O3HAYCHHIl €JIEMEHT T ' Ha3uBA€TLCH iHeepchum do x. B’aska — ue mamisrpyna

imeMnoTeHTiB, a HaNi8sSPaMKa — e KOMyTaTUBHA B SI3Ka.

Biguomenus ekBiBajgeHTHOCTI R HA HAMBrPYT S HABMBAETHCA KOHZPYEHUIEN, STKITIO
JUtst eeMeHTiB ¢ 1 b wamiBrpynm S 3 TOro, 10 BHKOHYEThCs yMOBa (a,b) € K BUIIN-
Bae, mo (ca,cd),(ad,bd) € K, mna Beix ¢,d € S. Bignomennsa (a,b) € & Mu Takok
Oymemo 3amucyBatu afb, i B npbOMy BUNAAKY OyI€MO TOBOPUTH, IO €AEMEHMU 4 i D €
R-exsisarenmuumu. Ha koxniit mamisrpyni S icHyIOTH Taki KOHIDYEHIT: yHi6epcasbHa
g = 8 x S ta odunuuna (diazonarv) Ag = {(s,s): s € S}. Taki Kourpyenii Ha3u-
BAIOThCA mpusiaavhumu. Koxken nBobiunwmii imeas I wamiBrpynu S TOPOMKYE HA Hil
kourpyentio Pica: 87 = (I x I) U Ag. Konrpyennis & na namnisrpyni S Ha3uBaeThCs
2pynosoto, akio axrop-Hamisrpyna S/8 € rpynoro.

ko S — nanisrpyua, o Ha E(S) Bu3HaYeHO 4aCTKOBUIl HOPSIOK

e < f roxmii mumme Toni, komu ef = fe =e.

Tak o3HaueHuit yacTKOBUil MOpAA0K Ha E(S) HA3UBAETHCH NPUPOIHUM.
OzraunMo BifHOmMeHHs < HA IHBEPCHi# HamiBrpymi S Tak:

s<t TO/IL 1 JIUITe TOMAL, KON s = te,

JUIA IeKOro imemmorenta e € S. Tak o3HaueHUil 9acTKOBUI MOPSIOK HA3UBAECTHCA NPU-
POOHUM wacmEOSUM NOpaAdKom Ha iaBepcHiil nanisrpyni S [33]. OueBuaHo, 10 3BYKeHHT
IPUPOIHOIO YaCTKOBOIO HOPsi/IKy < Ha iHBepcHiii HaniBrpyni S Ha 11 B’a3ky E(S) € npu-
POJIHAM 4aCTKOBUM nopsiakoM Ha E(S).

Haraznaemo (muB., nHanpukaan [26, §1.12]), mio Giyukaivnoro naniezpynoro (abo biyux-
AuHUM MOHOT0OM) € (p,q) HABMBAETHCS HAIMIBrPYyIa 3 OJUHUIIEIO, TOPOIYKEHA JIBOETIC-
MEHTHOIO MHOXKHUHOIO {p, ¢} 1 BU3HAUEHA OJJHUM BU3HAYAILHUM CIIBBiAHOIIEHHIM pg = 1.
Binukniuna HamiBrpyna Biairpae BaKauBy posib y Teopil HamiBrpyn. 30KpeMa, KJIacudHa
reopema Ounada Annepcena [22] crsepukye, mo (0-)upocra HauiBrpyua 3 iJeMioTeH-
ToM € koM (0-)TTpOCTOI0 TOI 1 Jwie TOJi, KOJM BOHA HE MICTHTH 130MOpQHY KO0
OGINUKJIIIIHOT HAMBTPYIH.

Yepes £ MO3HAYNMO MHOKHUHY BCiX YACTKOBUX B3a€MHOOTHO3HATHNX TIEPETBOPEHD
KapJAmHAIA A PA30M 3 TAKOIO HAMNIBIPYIIOBOIO OIIEPAITiE0

z(af) = (za)B sxkmo z € dom(af) = {y € doma: ya € dom 5}, st «, 8 € Py

Hamirpymna ¥, HA3UBAETHCA CUMEMPUHHONW IHEEPCHON HATEEZPYNON aADO CUMEMPUULHUM
insepcrum monoidom Has KapauHaioM A (mus. [26]). Cumerpuuna inBepcHa HamiBrpy-
na seBegena B. B. Barmepom y npausx [3, 4] i Bona Bizirpae Baxk/iuBy poJib y Teopil
HAIBIPYII.

Axmo A — nigmuoxkuua eskJiizoBoro npocropy R™, ro uyepes int A no3nauarume-
MO BHyTpimHicTh MHOXKUHU A B mpoctropi R™. Mu noznagarumemo onuaudHy cdepy Ta
3aMKHeHy Kymmo padiyca r > 0 B R” uepes S~ ! i B,., Bigmosizmo.

g noBinbaux gBox To49oK 2,y € R™ yepes [z,y| nosnadarumemo Biapizok B R,
KUl 3’€iHy€e TOUKM T, Y, T0OTO [2,y] = {2 € R™: Z=a-7),0<a< 1}.

KomnaxkTaa onykia miavuaokuaa B R™ 3 HEITOPOXKHBOIO BHYTPIITHICTIO HA3UBAETHCSI
onykaum minsom. llinvuoxknna L C R™ maswBaeThbca 3ipkoro B movyarky 0, sSKIIO Ajs
JoBlIbHOI ToukE = € L Bigpizok [0, z] micturbes B L. Axmo L € KOMIAKTHOIO IiAMHO-
KWHOIO, fKa € 3ipkoio B movyarky 0, To 11 pagianbaa byHKISA pf, BUIHAYAETHCS IS BCIX



HATIIBI'PVITA 3IPKOBUX YACTKOBUX I'OMEOMOP®IZMIB
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mat. 2018. Bumyck 86 93

u € S"! tak, mo npoMinb BizKnagenuit y nouarky 0 mapasenpHO A0 U HepeTHHae L, 3a
dopmytoio
(u)pp =max{c>0: cx € L}.

BayBaxkumo, 1o B [28], y sKiii BBeseHO BCi BUIlE 0O3HAYEHH] TOHATTS, HE MPUITYCKAEThCS,
mo modarok 0 mamexuthb 3ipri L. Hagami, me kpim Toro, mu Oymemo BBaxkatw, mo 0 €
int L nuig posinbuoi 3ipku L C R™, o ekBiBanenTHo ymoBi pr, (u) # 0 miis Beix u € sn—1
a TaKOK LPUILYCKATUMEMO, 110 pajiaibua dyuknia pr: S*~1 — L € nenepepsHoio.
Hexait Ly i Ly — 3ipku B mouarky 0. Toxi romeomopdiszm a: L1 — Lo Ha3WBAETHCS
siprosum, skmo (0)a = 01 ([0,z])a = [0, (x)a] anst mosinbHOrO Bidpiska [0,z] C L.
Hanauni BBaxkarumemo, 1mo Bei 3ipku L C R”™ € B mogatky 0 i mix wacmrosumu 3ipkosumu
2omeomoppizmamu npocropy R™ Oymemo posymiru romeomopdismu MixK 3ipkamu B R™.
3 o3navenHs 3ipKOBOro romeoMopdizMy BHILIUBAE TBEP/KEHHS

Teepmxkenas 1. Komnosuuyia 060xr 4acmro6uL 3ipKOSUL 20MeEOMOPPHIZMIE NPOCTIOPY
R™ i obepuene wacmrose 6i000pasdcerts 00 HACMKOB020 3IPKOB020 20MeOMOPPI3ZMY €
YACMKOBUMU 3IPKOSUMU 20Me0MOpPizmamu npocmopy R™,

Teepmxxkenras 2. /J[osiavhi 061 3ipku 6 R" € 3ipkoso 2omeomopprumu.

Zosedenns. dosenemo, o noBlibHa 3ipKa L 3ipkoBO romeomopHa oaunu4Hii Kyiai B, B
R™. O3nauumo Bimobpazkenus ay: L — By macrynmum unnom. Hexait pr: S*! — L —
pamianbHa dyskuis 3ipku L. Jdas goeiasHoro z € Bj moknamemo (z)r — Touka Ha
omuununiit cdepi S" ! Taka, mo x € [0, (z)r]. Toxi 3 nenepepsHOCTI pajiaabHOT bDYHKIL
pr: S*! — L sunnmpae, mo Bigobpaxkenns By : By — L, ozHaderne 3a GopMyI00

(I)B _ 07 AKIIO T = O’
R ((x)r)pr, B IHIIOMY BHNAJIKY,

€ OleKTMBHUM 1 HelmepepBHHUM, 1 ocKinibkKu Bi — xoMmmakrTuwmii migupocrip B R™, To B, €
3ipkoBum romeomopdizmom. IToknagemo oy : L — By — obepuene Binobpaxkenus 10 Or,.
OueBnaHO, IO BiAOOPAXKEHHS (v, € 3IPKOBUM TOMEOMOPQI3ZMOM. O

3 rBep/xenns 14.1.7 [36] 1 3 mipkyBaub Bukiaenux B |27, §1.4, c. 29-30] Buiiusae
TBepKeHH [3]

Teepaxxkenus 3. Ilepemun deox 3ipok € 3ipkoro 6 R™.

Yepes PStHi~ mo3HAYNMO MHOXKWHY BCIX YaCTKOBHX 3ipKOBHX roMeomopdi3min
npocTopy R" 3 omeparti€io KOMIO3HUINEID BiI0OpaKeHb.
3 reepazxens [2 i ] Bunmusae TBeprKeHHs

Teepmxkenas 4. PStHrn — ineepcra nidnaniezpyna cumMempuwHozo iH8EPCHOZ0 MO-
noida Z,.

Hocmimkerus aBToMopgdiszmis i rpynm aBToMopdi3MiB MHOTOBH/IIB MAJIOl PO3MipHOC-
11 HPOPMYIOTH MHUPOKY 00JIACTH Cy4aCHOI MATEMATHKH, sIKA Jy2K€e IIBUJIKO PO3BUBAETHCH
Ta PO3TAINIOBAHA HA CTUKY TOMOJIOTIT, ajredbpu it Teopil nunamiunux cucrem. Is obmacts
OXOILJTIOE BUBYEHHSI TPy rOMeOMOpP(i3MiB mpsMOi Ta KOJIa, Teopito aBToOMOpP(di3MiB mo-
BEPXOHbB 1 TEOPito TPy KJAACIB BiIOOpaKEHbD.
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Apromopdismam i rpynam aBromop@i3miB MHOrOBUAIB po3mipHocTi 11 2 npucestde-
HO pyHmamenTasubHi npaui Kneitna, ®@puke, [Iyaukape, ['ypeina, dena, Janxkya, Asek-
caumepa, Himbcena, Aprina, Kepex’sspro, A. A. Mapkosa. CyvacHi HOCTiIKeHHST TPyTI
romeoMopdi3MiB mpsiMol BUKIAIeHO B orisgax Bekmapsina [Il 2] Ta i1 3acTocyBanus B
Teopil AuHaMivHUX cucreM y MoHorpadil [32].

OcHoBHI pe3yabTaTy Teopil HAMBrPy MepeTBOPeHs oTpuMaHi B nepion 50-70-x pokis
MUHYJIOrO CTOsTTsd, Bukaaaeni B orisigax Merrina [34] ra [nyckina, laitna, [uenep-
mana ta fpoxepa [29]. ¥V mpomy mampsimi mpamioBanu Taki Bimomi maremarmkm: Tayi,
Tenndana, Imyckiu, ['pin, Earenskinr, Kaidbdopa, JIamnin, Merrin, [Ipecron, Cabbax,
Cepmiucekuit, Cymkesud, Yaam, [aita, [luenepman, [lyros, Apokep. Ha agymky Mer-
rina (nus. [34]) Teopis HaniBrpyn HenepepBHUX IEPETBOPEHb TOIOJOIIYHUX MTPOCTOPIB
Gepe cBiil nouarok 3 npaip Lnyckina [Bl, 6] [7, 8, @), [10]. B ocaosromy ui npaui [inycki-
Ha MPHUCBAYEH] ONMCAHHIO CTPYKTypu HaniBrpynu S(I) HemepepBHUX MEPETBOPEHb OJH-
HWYHOTO Bifpi3ka I, a TaKOXK OMHMCAHHIO MigHAMBrpyn HamiBrpynu S(X) HemepepBHAX
HepeTBopeHs Tonooriunoro npocropy X . Hamisrpymny S(I) HemepepBHUX NEpeTBOPEHb
OJIMHUYHOrO Bizpiska Takoxk gociaimkysas Illyros y npangx |20} 2], ne Bin onucas max-
CHMaJIbHY BJIaCHY KOHrpyenuito Ha S(I).

Haunisrpyuy S(I) rakox nocuimpkysanu s [12] 14 [15, [16] 17, 19, 24] 3], B3], 40, [41],
3okpeMma B [Bl [12] onucano kourpyenn-npocri miguamisrpynu B S(I). Hlnenepman [18] Ta
Yapuznod [42] nosenn, mo onnHUYHWI BiAPI30K BU3HAYAETHCS HAMIBIPYTIOK HEMIEPEPBHUX
nepeTBOPeHb. [HIT KIach TOMOJIOTIYHUX MPOCTOPIB, IO BU3HAYAIOTHCA CBOIMU HAIBIPY-
namu HermepepBHUX HeperBopenb, onucas Yapuaod y [42] i Pociukuit y [40, 41]. 3okpema
TAKAMH €: JIOKAJIHHO 3B’A3HI cemapabesbHi MeTPUYHI KOHTHHYYMH, JOKAJIbHO €BKJIiTOBI
raycaopdoBi Hpocropu, HyJibBUuMipHi merpudti upocropu, CW-komiuiekcu Ta in. Takoxk
O’Peitni B npamni [38] nosesa, mo koxeH raycaopdosmii mpocTip X BU3HAYAETHCS HAIB-
IPYTOIO yCiX KOMIAKTHUX BITHOIIEHD Ha X .

BayBaxkumo, 10 rpymna romeoMopdi3miB AilicHol mpsiMoi i3oMopdHA rpymTi romMeo-
MopdismiB oauHuYHOrO Biapizka (inrepsasy). Takum 4MHOM BUHUKAE 3aa4a: ONUCAMU
CMPYKMYPY HANIB2PYNYU YACTMKOBUL 20MEOMOPPIZMIE MON0A02IwH020 npocmopy X, a B
YaCTKOBOMY BUIMAJKY OJWHUYHOTO Bi/Ipi3ka, um miticHol mpsimoi. OaHi€0 3 OCTaHHIX PoOiT
3 miei remarnku € mpansg Uyumana [25], B sKkiit onucaHo CTPYKTYpy HAMIBIPYNH 3aMKHe-
HUX 3B’S3HUX YACTKOBUX TOMEOMOP(}I3MiB OJUHUYIHOTO BiIpi3Ka 3 OIHIEI0 HEPYXOMOIO
roukoro. Takox y [II] onucana crpykrypa HamiBrpyiu ﬂ%’é}"(l&) yCiX MOHOTOHHHX KO-
CKiHYeHHUX 4YacTKOoBUX romeoMopdismis 3Buuaiinoi ajitcuol upsimoi R. 3okpema, B [11]
JIOBe/IeHO, 10 (haKTOp-HABrpya (@%”C}F(R) /€mg 3a HANMEHIIOI I'PYIIOBOI0 KOHIPYEeH-
nielo €y i3omopdua rpyni #1(R) ycix romeomopdiszmis, mo 36epiraors opienTarniio
upocropy R, a Takox, mo HamiBrpymna %%”J(R) isomopdua HamiBupsiMomy 100yTKY
HH(R) Xy Poo(R) BlabHOT HaniBrpaTkn 3 omuauneo (P (R),U) 3 rpymoo 7 (R).

Haramaemo [25], mo gacrkoBe meperBopeHHst : X — X TOMOJOTIYHOTO MPOCTOPY
X HA3MBAETHCS 3AMKHEHUM 36 AZHUM “ACTKOBUM 20MEOMOPPHI3MOM, STKIIO HOTO 3BY-
KeuHsag «: doma — rana € romeomopdizmom i doma Ta rana — 3aMKHEHI 3B’sA3HI
nigmuokuar B X . QO4UeBuIHO, 0 KOXKEH 3aMKHEHUH 3B 430Ul 4acTKOBUM roMmeoMopdizm
OIMHWYHOTO BiJIPi3Ka, UM MPSIMOI, 3 OTHIEI0 HEPYXOMOIO TOYKOI MOXKHA, PO3TJISAIATH SIK
3ipKOBHiT YaCTKOBUiI TOMEOMOPdi3M IIBOr0 MpocTopy. ToMy MpUpOTHO BHHUKAE 33139a
PO MOKJIMBICTH MOIIMPEHHST Pe3yIbTariB, oTpuManux y npari [25] #a Bumi BumMipn.
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VY it nmparmi gocmimKyeThes crpykrypa HamiBrpynmu PStHg~ 3ipKoBHX 4acTKOBHX
romMeoMopdi3MiB CKIHYEHHOBUMIPHOIO €BKJIiI0BOro mpocropy R™. OmnucaHa crpykrypa
inemmorentis mamisrpymn PStHpg» i Bimmomenns I'pina wa PStHp.. 3okpema moBe-
neno, mo PStHg» — Gimpocra iHBepcHA HAMIBrpyma, a TakKOXK, IO KOXKHA, HEOIUHUIHA
kourpyenris Ha PStHg» € rpymosoio.

Hapaui B crarri yepe3 Sto(R™) nosnagaTnMeMo MHOXKHHY yCiX 3ipok B modaTky 0.
3 o3navenns nanirpynun PStHg. i teepmxenns [d] Bunimsae TBepazkenHs

TBepakeHHd 5. (1) Eaemenm o e idemnomenmom wanisepynuy PStHrr modi i
auwe modi, kKoau a: S — S — momootcue 6idobpasicenns 0an desxoi 3ipxu S €
Sty (R™).

(i) B’asxa E(PStHgn) isomopdna naniespamui (Sto(R™),N).
(#i1) e < v 6 E(PStHgr) modi i auwe modi, xoau dome C dom ¢.
(iv) a < B 6 PStHg» modi i auwe modi, k04t Bldom o = Q-

BayBaxkumo, mo myHKTH (i) i (i7) TBepazKeHHS 5| BUMIMBAIOTH 3 TOrO BaKTy, II0
B CUMETPHYHOMY iHBEPCHOMY MOHOILJl iJIEMIIOTEHTAMU € JIUIIIE TOTOXKHI YaCTKOBI mepe-
ropents (uuB. [33, rBepukenns 1.1.2]), a nynkru (i4i) i (iv) BUILIMBAIOTH 3 O3HAYEHHS
npupoAHOro 9acrkoBoro nopsanky #a FE(PStHge) i PStHg., Binnosinno, Ta 3 nemu 3

dkmo S — manisrpyna, To BixHomenus I pina %, ., F, P15 na S Bu3HaTaAIOTLCA
tax (mus. [30] abo [26], §2.1]):

aZb tozi i mamre toxi, Komu aSt = bS;

a.%b roxi i smme Toxi, komn Sta = Stb;
a_#b roxi i numie Toxni, Kou StaSt = S'hS1;
D=L oR=Xo%,

H=LNX.

Hamnisrpyna S nasuBaeTbcst npocmoto, aximo S He MA€ BJIACHOTO JABOOGIYHOIO ieaty, To6To
S mae enunnit ¢ -xiac, i 6inpocmoro, skino S mae enunuil J-xjac.

[ozasik 3a TBepmxennusam @] PStHg. — iHBepcHa nigHANIBrpyIa CHMETPHYHOrO iH-
BEPCHOI'O MOHOIIa Z;, TO 3 BU3HAYEHDb BiJHOIIEHD fpiHa Ha .7, 1 TBepKenHs 3.2.11 [33]
BUILTHBAE TBepPIzKeHH [0]

TeepaxkeHHa 6. Hexat o, 8 — earemenmu nanisepynu PStHgn. Todi:

(1) aZB 6 PStHrn modi i avwe modi, kosu ran o = ran f3;
(17) aZB ¢ PStHg» modi i auwe modi, xoau dom o = dom f3;
(#i7) B 6 PStHrr modi i avwe modi, xoau rana = ran 8 i dom o = dom 3.

TBepaxenusa 7. PStHg. — 6inpocma naniszpyna.

JHosedenns. Hexait € i ¢ — nosinbHi imemnorentu HamiBrpynu PStHg.. Toxi 3a TBep-
JIZKEHHSAM z) icuytorpb 3ipku E,I € Sto(R™) raki, mo €: dome = E — rane = E i
t: dome =T — rant = I — ToroxHi Bisobpakents. 3a TBepKEeHHAM [2] icHye 3ipkoBuii
romeomopdizm a: E — I. OueBnmgno, mo aa™ ! = ¢ i a 'a = «. Ilozagk mamisrpyna
PStHg~ € inBepcroro, To 3 teMn Manna (mus. [37, sema 1.1]) Bunsimsae, mo PStHg- €

OITPOCTOIO HAMIBIPYIIOO. O
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Ockinbku KOXKeH Z-Kiac eleMeHTa ¢ HaniBrpynu S MicTuThes B foro # -kiaci (aus.
[26], §2.1]), ro 3 TBepaKeHHS Iﬂ BUILIABAE HACIILOK

Hacaigmok 1. PStHg-» — npocma naniezpyna.
3 TBepmpkenns [7] i Teopemn 2.20 [26] sunmBae macminiok

Hacaimok 2. /losiavhi d6i marxcumanvhi nidzpynu 6 PStHygr € isomopdrumu. Birvwe
mo20 Koocha marcumarvoha nidepyna 6 PStHpn isomopdra 2pyni eciz 3iprkosuxr 2omeo-
Mmopiamie odunuunoi kyai B, e R™.

Jlema 1. Hezal € — xouepyenyisa na nanieepyni PStHyn, 11, ro — dosiabni pisni diticni
dodammi wucaa ma ey, : By, = By, iep,: By, = B, — momooicni sidobpasicenns. Hxuso
er, Cery, mo 8ci idemnomenmu nanieepynu PStHr. e C-exsisanenmuumu.

Zosedenns. Crodarky J0BeaeMO, IO JJisd JAOBLIBHOIO JIHCHOIO JOJATHBOIO YHCJA T
izemnorent e,, ne &,.: B, — B, — ToToxkue Bimobparkenus, ¢ C-eKBiBAJEHTHUM iIeM-
HOTEHTaM Ep, 1 &y, .
He 3mentmyroun 3araJbHOCTI, MOKEMO BBaXKaTH, IO 11 < ro. PO3TyIgsHEMO MOXKIINBL
BUIAIKHI:
a) <71 b) ri <1 < ry; i c) rg <.
IMpunycrumo, mo BUKOHYEThCA BUOAZOK b) 11 < r < ro. Toxi 3 TBepiuKeHHS
BUILTUBAE, IO &, = &, ., 6p = €y, & OTKe, &, Ce, 1 €,Cc,,.
IIpunycrumo, mo BUKOHY€ETbCH BULAAOK a) 7 < 71. O3HAYUMO 4YacTKoBe Binobpa-
xeHHd o: R" — R" HacTymHUM YIHOM:
. 1
doma =B,,, rana = B, i (x)a::vT—.
2

1

Toxi gacTkoBe BifmoOpaxkKeHHS ¢ Ta OOEPHEHE 0 HHOIO (¢~ € eJIeMEeHTAMHU HAIBIPYIIH

Ny
" . ™
PStHg~ it icHye HaTypaabHe IUCIO N, TaKe, IO () <r
T2
Hexait S = (a,0™!) — nigmanisrpyna 8 PStHg», mopozpkena exemenramn i o™ L.
Toxi nerko 6aawmTu, 0

1

Ery X = QEpy = Q Erp ~ = at

1 -1

Epy = QU 7, at=¢., i at

= 57‘1 # 8’1‘27

a orxe, 3a memoro 1.31 3 [26] manierpyna S = (o, a™!) isomopdna GimmkmidHOMY MO-
HOLIOBL € (p, q), IpUYOMyY BCi €JIeMEHTH HAIiBIpynu S €IUHUM YUHOM 3000DParKaIOTHCS
y BUDJISIIL (a’l)l ad, ne i Ta j — HeBimemui mini 4mcia, a isomopdizm J: S — F(p, q)
Busnaaerses 3a hopuynoo ((a™!) al)J = ¢'p/. 3a macniaxom 1.32 3 [26] xoxna me-
OJIMHUYHA KOHI'DYeHIlis Ha GiiuKiuHOMY MOHOLAL €' (p,q) € IPYLOBOIO, a OTXKE 3 HALIKUX
LPUILYIEHb BUILIMBAE, 110 yci iemuorentu HamiBrpynu S € €-ekpiBanenraumu. Toi jis
)" . .

ro = (m) Ma€Mo, IO iNeMIOTEHT &y, J€ &y, : By, — B,, — ToTOXKHE BigoOpazken-
He, € C-eKBIBAJIEHTHUM 11eMIOTEHTAM £, 1 &,,. AJle 3a mOOYIOBOWO, £,y < € < &, B
E(PStHg- ), a oTXe, 3 BUNaKy b) BUTLINBAE, IO €,C&,, .

ITpumnycrumo, 110 BUKOHYETHCsI BUMAIOK ¢) 7o < 7. Toji icHye HaTypaJjbHE YUCIIO 7.

Uz

T2 .

Take, IO 72 - () > r. O3naunmo JacTKOBe Bimobpaxkenus 3: R™ — R" macrymHuMm
1
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YMHOM:
domﬂ:BrQ(rJ)nr, ranﬁ:Bm(m)nril i (x)ﬁ:xr—l

T1 T?

T1

Toxi gacTKOBe Bimobpaskemns 3 Ta obepHeHe 10 HLOTO 3! € eleMeHTaMM HAMiBIpyIH
PStHp~. Hexait €1: B /ro\nr =& B /rp\nr 162: B /pp\ne-1t = B /7 \np—1 — TO-
() r2 () r(5) r2(31)

T r1 ry ISy
TOXKHI BigoOpaskenns. Tomi oueBUIHO, IO €1 1 €2 € PI3HUMU 1IEMTIOTEHTAMHU HATIBTPYITH
PStHgn, npuuomy &5 < €. Takoxk jerko 6auuTu, 110 BUKOHYIOTHCS TaKi PiBHOCTI

€1 = Ber = B, e t=p"1eg =571, BB =e i BB =gy #e,

a orxe, 3a jgemoo 1.31 3 [26] nipgnanisrpyna T = <B,ﬁ’1> B PStHg~, nopomxena
enementavu 3 i 371, isomopdna Ginmukmiuromy moHoinOBI € (p,q), TpUUOMY BCi ere-
MEHTH HAMmBrpynu 1 €IWHUM THHOM 3000PazKaioThCs y BHUIJISII (5*1)15]' , e 1 Ta j
— HeBix’emul wisi uwmcna, a izomopdizm J: T — €(p,q) BusHadaerbes 3a GHOPMYJIO0
((B71)"B7)3 = ¢'p’. Ouesmmmo, mo inemmorentn (571)"" pnr i (6‘1)7“‘—Irl B! mamis-
rpynu PStHpn, 9k 4acTKOBi BioOpaykeHH:, € TOTO:KHUMHE BiToOparKeHHAMY Kyab B, i
B,,, BinmosizgHo, a orxe, (ﬂ_l)n" B =€y, i (5_1)WJrl Bt =g, . Orox, apa pisui
inemmorentn Hanierpynu T’ € €-ekBiBasenTHuMu. 3a Hacaiakom 1.32 3 [26] koxkua He-
TOTOXKHs KOHTDYEHIid Ha OluK/IiaHOMYy MOHOIM % (P, q) € IPYIOBOIO, & OTKE, 3 HAIIUX
MPUIYIIEHb BUILIUBAE, IO yci izemmnorenTn Hamisrpynu S € C-ekBiBasenTHuMu. Aje 3a
nobyn0BoM0, €., < & < €1 B E(PStHgn), a orke, 3 Bunazaky b) suiuiusag, mo €,C,.,. O

Jlema 2. Hezxali € — xouzpyenyis na naniezpyni PStHg» maxa, wo dea pizni idemno-
menmu wanisepynu PStHg~ € C-exsisarenmuumu. Todi 6ci idemnomenmu Haniezpynu
PStHRg~» e C-exsisarenmmuumu.

JHosedenns. Ipumycrumo, mo € i ¢ — pisui C-ekBiBajeHTHI iI€EMIOTEHTH HAMIBIPYIH
PStHg~. Toxi 3 €€t Bumusae, mo €€t = (, a OTKe, He 3MEHLIYIOYH 3arajibHOCTI,
MoxkeMo BBaxKaTH, mo € < ¢ B E(PStHgn ), a Tozi 3a TBEpIXKEHHSIM m), dome C dom ¢.

Hexait «,: dom: — B; — dgacrkoBwmit 3ipkoBuii romeomopdizm 3ipku dom: Ha
omuuuuny kymo Bi B mouarky 0. 3a TBepxkenusM [l| 3Byxkeuus «,|dome: dome —
(dome)a, € wacrkoBum 3ipkoBum romeomopdizmom 3ipku dome na 3ipky (dome)a,.
Toui ab_laL: B; — B1 — Toroxue Bimobpaxkenns oguau4IHOI Kyi1i By B mouarky 0. Ilo-
329K a;lab = a:lLaLQIab_lsab i ab_lab =+ a:lsa“ TO iIEeMTIOTEeHT €1, £1: B — By —
TOTOXKHE BimoOpakeHHs oguHuvHOI Kyl B B mouarky 0, € €-eKBiBaJeHTHUM IESIKOMY
imeMmoTeHTOBI £, Takomy, mo dom e, — BiacHa minMukwHA B By. Toxi icaye enement
ug € S raxwmit, mo (ug)pdome, < 1. [ozask pagianbua GYHKIIA pgome,: ST 1 — R
€ HemepepBHOIO, To icHye Biskpuruii okin U(ug) Toukn ug Ha chepi S*~! rakuii, mo
(W)pdome, < 1 ans Beix u € Ulug).

Jlns nosinbaoi Touku z € S\ U(ug) uepes a,,: B; — Bj no3nadnMo opToronanh-
He IepeTBOpeHHs ofuHIIHOI Kyl By, axe Bimobpaxkae Touxy ug € S 1 82 € S*~1. Oue-
BHUIHO, 10 & € PStHgn, ockinbku Bimobpaxkenus oy, : B; — B1 € romeomopdizmom, gk
eseMenT oproronasnbuoi rpymu Marpurps O(n, R) (mus. [13]). Hosasx miampocrip ST\
Ulup) B S"~! € xomuakruum, 1o siskpure noxpurrs {(U(ug))ag: z € ™71\ U(ug)}
npocropy S"1\ U(ug) mictuth ckinvenne mignokpurts {(U(ug))y,, ..., (U(ug))ag, }-
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Hosask e1€e, i oy 'e1a,, = €1 ana Beix @ = 1,...,k, 10 e1€a e g0y, Ams KOKHOIO
i=1,...,k, a orxke,

—1 —1
e1€ay, EsQy, + Oy, EsQy, -
QueBuIHO, 110 €JIEMEHT a;ilasami € imemmnorenTom HamiBrpynu PStHg. s KoxkmHOTO
i=1,...,k aomxe, ¢ = .0, ey, -0 es0,, € Takox inemnorentom B PStHps,
ockinbku PStHg» — inBepcHa HamBrpyma, a iIeMIOTeHTH B IHBEPCHIH HAMBIPYIIi KOMY-
TyioTb (nuB. [26, Teopema 1.17]). 3a nobynoBoi0, (Z)pdom ¢ < 1 Ans HOBiBHOTO T € St
a OCKIIbKH paJiaibHa QYHKIIA Pdom ¢ S*~! 5 R € HemepepBHOIO, TO 3 KOMIAKTHOCTI
omuunanoi cdepn S"! BunMBag, MO BiTOOPAKEHHS pdom ¢ Ha S~ ! HaGyBae cBOro Haii-
. o _ . n—11 ; .

6inbioro suayenns. Hexait Ry = max {(x)pdom¢. r €S } icg,: By = By — TOTOK-
ne pijobpazkenna Ky pajiyca Ry B nouarky 0. Jlerko 6auunru, mo er, € E(PStHgx),
ER,® = ¢ 1 €R,e1 = €R,. Tomi 3 ymosm £1&€¢ BunMBaE, MO €R, = €R,c1CeR, ¢ = @, &
orxe €1C€ep, . Jlami cCKOpUCTAEMOCS JIEMOIO O

Teopema 1. Kooicha neodunuuna xouepyenyis wa nanisepyni PStHg. € epynosoro.

Jlosedenns. Hexait € — meoqmamvHa KOHrpyeHIlisa Ha HamiBrpym PStHg~. Toxi icayors
nBa pizui C-ekBiBasienTHi elementn « i § HamiBrpynu PStHyn.

Pozrisinemo MOXK/IUBI BUTIAIKU:

(1) enemenTtn «r i B He HAIEKATH OTHOMY 7 -KJIaCy;

(2) astp.

IMpunycrumo, mo Bukonyerbcs sunagok (1). 3a rTeepmxkennsm 2.3.4 3 [33],
aa 1eBB™1 i ata€B 1B, 3 reepixkenns [6] Bumiusae, mo rana # ran 3 abo dom o #
dom 3, a oTke, 3a TBEPIKEHHSIM z) icHyoTh nBa pi3Hi €-eKkBiBaJEHTHI ieMMTOTEHTH
nanisrpynu PStHg.. [Jani ckopucraemocs memoro [2]1 nemoro 1.7.10 3 [39].

Ipunycrumo, mo a7 8. 3a Teopemoro 2.20 3 [26] i nacaiakom [2 He 3meHNTyIOUHN
3araJIbHOCTI, MOXKEMO BBazKaTH, IO & 1 § — 3ipKoBi romeomopdizMu oguauyHol Ky By
B nouarky 0. ITozasx aa~'€af~!, To 3 BUIE CKA3aHOIO BUILIMBAE, IO iCHYE 3ipKOBuUil
romeomopdizm v € PStHg» oguununoi kymai By, skuit € €-ekBiBameHTHUM 11 TOTOXKHOMY
BiZoOparkeHHIO £1 Takwil, mo v # €1. Toxi (x)y # x mus mesikoro x € By.

Tozi BuKOHY€eThCs X04a O O1HA 3 YMOB:

(a) icuye enement x € S"~! rakuit, mo ([0,z])y = [0,z] Ta icuye y € [0, ] Taxui,
mo (y)y #

(b) icuye enement x € S"1 raxuit, mo ([0, x])y # [0, z].

Hpunycrumo, mo Bukonyerbes ymosa (a). Hpumycrumo, mo [0,y] S [0, (y)v]. Y
sunazxy [0,y] 2 [0, (y)y] mipkysamnsa amasioriamni.

Hexait B, — makcumanbHa Kyld B modarky 0, mo MicTUTL TOUKY ¥y i €,: B, —
B, — roroxue Binobpaxenns kxyia B,. Toxmi (y)y ¢ B,. Iozask 1€y, To gye1Ce,y.
Bukopucrasiu TepzkenHs 2.3.4 3 [33], orpumyemo, 1o

_ __—1_—1 —1_.-1 _ -1
ey =eye1 =¢€1 £, 18y e T Eeyy =77 gy

Ouesusno, mo v~ e,y — inemunorent nanisrpynu PStHgn, npuiomy (y)v€ dom(y~te,7),
ane (y)y ¢ dome,, a orKe, 33 TBEpIZKEHHAM (z) icaytorb aBa pisHi C-exkBiBaseHTHI
inemmorentn manisrpynmu PStHg.. Jlani ckopucraemocs memoro [2]i memoro 1.7.10 3 [39).

IMpunycrumo, mo BukoHyeTbes ymoBa (b). Tlozasgk v — wacTkoBuil 3ipKOBHIi rOMeo-

mopdism, to (z)y # . Icnye Binkpura §-kyns Us((z)y) Touku (xz)v B npocropi R™, mo
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He MicTHTL TOUKy 2. 3 MeTpu3oBHOCTI mpocropy S" ™! BumInBaE, MO BiH € IHIIKOM pery-
JAPHUM, a OTzKe, iCHye HermepepsHe Bimobpaykenns f: S*~! — [0,1] Take, mo ((z)7)f = 1
i (2)f =0 mns Beix 2z € SP1\ Us((x)y).

Buznaummo 3ipky L., B mogarky 0 macTymHrM drHOM. Pagiansroio dyHKIieo 3ipkn
L., € BinoGpaxenns py, S*—! 5 R”, axe BU3HAIAETHCA 32 HOPMYIOIO

(2)pL, = z- (14 (2)f).

YeBUTH TaK O3HAYEHE Bi JKeHHst py,_: ST Hen BHUM T
Oue 0, IO TaK O3HA4YEHE BimoOparke 7S”lﬁRne erepe , & OTKe,
Bimobpazkenna 3r : By — L., osnadene 3a Gbopmyiomno

(2)B. = 0, gk z = 0;
S R ((2)r)pL.,, B immomy BumajKy,

ne (z)r — rouxa ma omumuunifi cdepi S"! Taxa, mo z € [0,(2)r], € Giekrupuum i
HemepepBHUM, a OCKiJbku Bi — KommakTHuii mianpoctrip B R™, To BL7 € 3ipKOBUM
romMeoMopdizmMoM.

Hozasx £,&y, To €18, €yPL. . 3a TBepmKenHam 2.3.4 3 [33] maemo, mo

(e1Bc,)” H(e1BL.)€(vBL,) H(VBL,);
a oTKe,
52715L7 = 5;1515% =

= 5;151_1515% =

= (e181,) " (e18L,)€(vBL,) " (vBL,) =

=67 B,
QueBuIHO, IO eJIEMEHTH 6;16% i 5;17’175 L, € inemnorentamu namiprpynu PStHgs.
Baypaxknmo, mo (z)pr, =z - (14 (2)f) =z-(1+0) =z i

(@)er, = @)y -1+ ((@)1)f) = (@)y- (1+1) = (2)7-2,

—1 -1 _ -1 o\ e . .
a OTKe, MAEMO, IO 5L7 BL., # ﬂLw Y~ vBL, - 3a TBepIKeHHAM z) icaytoTs nBa pizui €-
exsiBanenTHi inemnorentn nanisrpynu PStHg.. Jani ckopucraemocs nemormo 2] nemoro

1.7.10 3 [39). O
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In the paper the notion of a star partial homeomorphism of a finite di-
mensional Euclidean space R™ is introduced. We describe the structure of
the semigroup PStHg~ of star partial homeomorphisms of the space R™. The
structure of the band of PStHg» and Green’s relations on PStHgn are descri-
bed. We show that PStHpg~ is a bisimple inverse semigroup and every non-unit
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We compare possibilities of extension of bounded and unbounded Baire-one
functions from subspaces of topological spaces.
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set,.

1. INTRODUCTION

Let X be a topological space. A function f: X — R belongs to the first Baire class,
if it is a pointwise limit of a sequence of real-valued continuous functions on X. We
will denote by By (X) and B (X) the collections of all Baire-one and bounded Baire-one
functions on X, respectively.

A subset E of X is By-embedded (Bf-embedded) in X, if every (bounded) function
f € B1(E) can be extended to a function g € B;(X). We will say that a space X has the
property (B = By) if every Bi-embedded subset of X is Bi-embedded in X.

Characterizations of B1- and Bj-embedded subsets of topological spaces were obtai-
ned in [3] and [4].

This short note is devoted to the following interesting problem: to find topological
spaces with the property (B} = By).

In the second section of this note we extend results from [4, Section 6] and show that
every hereditarily Lindel6ff hereditarily Baire space X which hereditarily has a o-discrete
m-base has the property (Bf = B;). In Section [3] we show that any countable completely
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regular hereditarily irresolvable space X without isolated points is Bj-embedded and is
not Bi-embedded in SX.

2. SPACES WITH THE PROPERTY (Bj =B,)

Recall that a set A in a topological space X is functionally Gs (functionally F,),
if A is an intersection (a union) of a sequence of functionally open (functionally closed)
subsets of X. We say that a subset A of a topological space X is functionally ambiguous
if A is functionally F,, and functionally Gs simultaneously.

Lemma 1. Let X be a completely regular topological space of the first category with a
o-discrete w-base. Then there exist disjoint functionally ambiguous sets A and B such
that

X=AUB=A=B.

Proof. We fix a m-base ¥ = (¥, : n € w) of X, where each family ¥;, is discrete and
consists of functionally open sets in X. Denote V,, = | J{V : V € ¥,,} for all n € w.

Let us observe that every open set G C X contains a functionally open subset U
such that U C G C U. Indeed, for every n € w we put U, = WV € 7,: V C G}
and U = J,,c,, Un- Then each U, is functionally open as a union of a discrete family of
functionally open sets. Hence, U is functionally open. It is easy to see that U is dense in
G.

Keeping in mind the previous fact, we may assume that there exists a covering
(F,: n € w) of the space X by nowhere dense functionally closed sets F,, C X. Let
Xo = Fy and X,, = F;, \ U, i for all n > 1. Then (X,,: n € w) is a partition of X by
nowhere dense functionally ambiguous sets X,,.

Fix n € wand V € ¥,. Since X is regular, we can choose two open sets H; and Hs
in V such that H; N Hy = @ and H; C V for i = 1, 2. Let G; and O; be functionally open
sets such that G; C H; C G; and O; C X\ H; C O;,i=1,2. Weput Ay, = X\ (G1UO;)
and By, = X \ (G2 UO3) and obtain disjoint nowhere dense functionally closed subsets
of V.

We put mp = 0 and choose numbers n; > 0 and m; > n; such that X,,, NV} # @
and X,,, NV} # @. Notice that A} =L, X, and B} = J! X,, are nowhere dense

n=ni+1
functionally ambiguous sets in X. Now we consider the set

W ={Vernn:vn(AiuB)) =o}

and observe that the sets A] = U{Ay1:V € #1} and BY = U{By1:V € #,} are
functionally closed and nowhere dense in X. Let A; = A] U Af and By = B] U BY.
Notice that A; and Bj are functionally ambiguous nowhere dense disjoint subsets of X.

Since X \ (41 U By) = X, there exists a number ny > my such that (X, \ (41 U
B1)) NV, # @. We put A, = )2 (X, \ (A1 U By)). Moreover, there exists mg > ns

n=mi+1
such that (X, \ (A1 U B1)) NV # @. Let By = U2, .1(Xn \ (A1 U B1)). We put
W = {V € ¥: VN (AU BS) = &} and observe that the sets A = {Ayq: V € #5}
and BY = {by2: V € #3} are functionally closed and nowhere dense in X. We denote
Ay = A5 U AY and By = B, U BY. Then A, and Bs are functionally ambiguous nowhere

dense disjoint subsets of X.
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Proceeding this process inductively we obtain sequences (Ag)7>, and (Bg)5>, of
functionally ambiguous sets such that Ay NV A @ # B,NV, AyN By = forall k e N
and V € ;. It remains to put A = (J;-; Ak, B = Uz, Bi and observe that AUB = X.

In addition, note that Borel resolvability of topological spaces was also studied
in [ 2].

We say that a topological space X hereditarily has a o-discrete m-base if every its
closed subspace has a o-discrete w-base. It is easy to see that if a space X hereditarily
has a o-discrete w-base, then each subspace of X has a o-discrete m-base.

Recall that a subspace F of a topological space X is z-embedded in X, if any functi-
onally closed subset F' of E can be extended to a functionally closed subset of X.

Lemma 2. Let X be a normal space such that X hereditarily has a o-discrete w-base. If
X is a By-embedded subset of a hereditarily Baire space Y, then X is hereditarily Baire.

Proof. Assume that X is not hereditarily Baire and find a closed subset F' C X of the
first category. According to Lemmal[] there exist disjoint functionally ambiguous subsets
A and B in F such that F = AUB = A = B. Since F is a closed subset of a normal
space, F'is z-embedded in X. Therefore, there are two functionally ambiguous disjoint
sets A and B in X such that ANF = A and BN F = B (see [4, Proposition 4.3]). Let
us observe that the characteristic function x : X — [0, 1] of the set A belongs to the first
Baire class. Then there exists an extension f € B1(Y) of x. The sets f~1(0) and f~1(1)
are disjoint Gs-sets which are dense in X. We obtain a contradiction, because X is a
Baire space as a closed subset of a hereditarily Baire space. O

Remark 1. There exist a metrizable separable Baire space X and its Bj-embedded
subspace E which is not a Baire space. Let X = (Q x {0})U(R x (0,1]) and E = Q x {0}.
Then F is closed in X. Therefore, any F,- and Gs-subset C of E is also F,- and G- in
X. Hence, F is Bj-embedded in X.

Theorem 1. Let Y be a hereditarily Baire completely reqular space and X CY be a
Lindelof space which hereditarily has a o-discrete w-base. The following are equivalent:

(1) X is Bi-embedded in Y;
(2) X is By-embedded in Y.

Proof. We need only to show 1) = 2). By Lemma X is hereditarily Baire. Then X is
B;i-embedded in Y by [3, Theorem 13]. O

Corollary 1. Every hereditarily Lindeldff hereditarily Baire space X which hereditarily
has a o-discrete m-base has the property (Bf = By).
3. SPACES WITHOUT THE PROPERTY (B} = B;)

A subset A of a topological space X is called (functionally) resolvable in the sense
of Hausdorff or (functionally) H-set if

AZ(F1\Fg)U(Fg\F4)U-~-U(F§\F£+1)U...,

where (F¢)e<q is a decreasing chain of (functionally) closed sets in X.
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It is well-known [5l, §12.I] that a set A is an H-set if and only if for any closed
nonempty set F' C X there is a nonempty relatively open set U C F such that U C A or
UCX\A.

A topological space without isolated points is called crowded.

A topological space X is irresolvable if it is not a union of two disjoint dense subsets.
A space X is hereditarily irresolvable if every subspace of X is irresolvable.

Lemma 3. Every subset of a hereditarily irresolvable space is an H-set.

Proof. Assume that there is a closed nonempty set F' in a hereditarily irresolvable space
X and a set A C X such that FNANF\ A= F. Then

FNA=F\A=F=(FNA)U(F\A),
which contradicts to irresolvability of F. O

A function f: X — Y from a topological space X to a metric space (Y,d) is called
fragmented if for every € > 0 and for every closed nonempty set F' C X there exists a
relatively open nonempty set U C F' such that diamf(U) < e.

Proposition 1. Every bounded function f : X — R on a hereditarily irresolvable space
X is fragmented.

Proof. To obtain a contradiction we assume that there exists a bounded function f: X —
R which is not fragmented. Then there is € > 0 and a closed nonempty set ' C X such
that for every relatively open set U C F we have diamf(U) > e.

Since f(X) is a compact set, we take a finite partition {Bj,...,B,} of f(X) by
sets of diameter < e. Let Hy = f~1(By) N F for every k € {1,...,n}. Then each Hy
has empty interior in F, because f is not fragmented. By Lemma [3] each Hj, is an H-set
and, therefore, is nowhere dense in F. Hence, {Hy, ..., H,} is a finite partition of F' by
nowhere dense sets, which is impossible. O

Lemma 4. Let E be a z-embedded countable subspace of a topological space X and A C FE
be a functionally H-set in E. Then there exists a functionally H-set B C X such that B
is Fy and BNE = A.

Proof. We take a decreasing transfinite sequence (A¢ : £ < a) of functionally closed
subsets of E such that A = [J;_,(A¢ \ A¢t1) (every ordinal ¢ is odd). Since [A] < N,
we may assume that [(Ag : € < )| < Ng. The subspace E is z-embedded in X and we
choose a decreasing sequence (B¢ : { < «) of functionally closed sets in X such that
A¢ = B¢ N E for all £ < a. We put

B=|J (Be\Bep).
£<a, € is odd
Then B is functionally F,-set in X and BN E = A. (]

Lemma 5. Let X be a compact space and B C X be functionally Borel measurable H-set.
Then B is functionally ambiguous in X.
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Proof. Since B is functionally Borel measurable, there exists a sequence (f,,)new of conti-
nuous functions f, : X — [0,1] such that B belongs to the o-algebra generated by the
system of sets {f,1(0) : n € w}. We consider a continuous map f : X — [0,1]*,
f(z) = (fn(2))new for all z € X, and a compact metrizable space Y = f(X) C [0,1]“.
We show that the set B’ = f(B) is an H-set in Y. Suppose to the contrary that there
is a closed nonempty set Y/ in Y such that Y N B’ =Y’ \ B’ =Y’. Weput X' = f~1(Y”)
and g = f|x/. Since X’ is a compact space and f(X') = Y’, we apply Zorn’s Lemma
and find a closed nonempty set Z C X’ such that the restriction g|z : Z — Y’ of the
continuous map ¢g : X’ — Y’ is irreducible. Keeping in mind that the preimage of any
everywhere dense set remains everywhere dense under an irreducible map, we obtain that

g Y NB)Y=g 'Y \B)=Z=ZNB=2Z\B,

which contradicts to resolvability of B.

By [5l §30, X, Theorem 5] the set f(B) is F, and G5 in a compact metrizable space
Y. Since B = f~!(f(B)) and f is continuous, we have that B is functionally ambiguous
subset of X. O

Proposition 2. Let X be a countable hereditarily irresolvable completely reqular space.
Then X is B}-embedded in fX.

Proof. Since X is countable and completely regular, it is perfectly normal. Therefore,
every subsets of X is functionally ambiguous.

Fix an arbitrary A C X. By Lemma [3] the set A is an H-set. We apply Lemma [4]
and find a functionally H-set B C X such that B is F, and BN X = A. Notice that
B is functionally ambiguous by Lemma Hence, B is a Bj-embedded subspace of §X
according to [4, Proposition 5.1]. O

Let us observe that examples of countable hereditarily irresolvable completely
regular spaces can be found, for instance, in [6, p. 536].

Proposition 3. Let X be a countable completely reqular space without isolated points.
Then X is not Byi-embedded in BX.

Proof. Observe that X is a functionally F,-subset of SX. Now assume that X is B;-
embedded in fX. According to [3, Proposition 8(iii)] there should be a function f €
B1(BX) such that X C f71(0) and X \ X C f~!(1). Then the set X is Gs in BX.
Therefore, X is a Baire space, which implies a contradiction, since X is of the first
category in itself. O

Propositions 2] and [3] imply the following fact.

Theorem 2. Let X be a countable hereditarily irresolvable completely reqular space wi-
thout isolated points. Then X is B} -embedded in X and is not Bi-embedded in BX.
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A function f: X — Y between topological spaces is called scatteredly conti-
nuous (barely continuous) if for each non-empty (closed) subspace A C X
the restriction f|a has a point of continuity. We show that if f: X — Y
is a scatteredly continuous (barely continuous) surjective function between
topological spaces, then for each natural number n we have hl(Y"™) < hl(X™)
(L(Y) < hl(X), respectively).

Key words: scatteredly continuous function, weakly discontinuous function,
barely continuous function, Lindel6f number.

1. INTRODUCTION

By definition, a function f: X — Y between topological spaces is scatteredly conti-
nuous if for each non-empty subspace A C X the restriction f|A has a point of continuity.

We recall that a function f: X — Y is called barely continuous if for each non-empty
closed subspace A C X the restriction f|A has a point of continuity.

Following [19] we define a function f: X — Y to be weakly discontinuous if for each
subspace A C X the set D(f|4) of discontinuity points of the restriction f|4 is nowhere
dense in A.

Obviously, every weakly discontinuous function is scatteredly continuous and each
scatteredly continuous function is barely continuous.

As an example of scatteredly continuous, not a weakly discontinuous function one
can take an identity function f: R — Rg from the real line equipped with the standard
topology 7 to the real line endowed with the topology generated by the subbase 7U{Q}.

2010 Mathematics Subject Classification: 54C08
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In [2] it is proved, in particular, that any scatteredly continuous function f: X — Y into
a regular space Y is weakly discontinuous.
Recall that the Riemann function is a function R: [0,1] — [0, 1] defined as follows

if z = 7 is a rational number;

R(z) = { 6, if x is irrational.
Obviously, the Riemann function is an example of a barely continuous, but not scatteredly
continuous function.

These discontinuous functions arose naturally and were studied in various fields of
mathematics under different names (see also [12} 4, 9], 10}, 111 51 6, 8, I3, I3 B 17]).

Some topological properties preserved by weakly discontinuous functions were
detected in [7]. In particular, it was shown that if f: X — Y is a weakly discontinuous
surjective map between topological spaces, then

(1) nw(Y) < nw(X);

(2) M(Y) < hl(X);

(3) hd(Y) < max{hd(X),hl(X)}.

In this paper we analyze the behavior of the Lindel6f number under scatteredly
continuous and barely continuous functions. We show that if f: X — Y is a scatteredly
continuous (barely continuous) surjective function between topological spaces, then for
each natural number n we have hl(Y"™) < hl(X") (I(Y) < hi(X), respectively).

1.1. Terminology and notations. Our terminology and notation are standard and
follow [I] and [I4]. A “space” always means a “topological space”. Maps between topologi-
cal spaces can be discontinuous.

For a subset A of a topological space X by clx(A) or A we denote the closure of A
in X while Int(A) stands for the interior of A in X. For a function f: X — Y between
topological spaces by C(f) and D(f) = X \ C(f) we denote the sets of continuity and
discontinuity points of f, respectively.

Suppose that we are given a family {X,: s € S} of topological spaces. We consider

the Cartesian product X = H X, of the sets {X;: s € S} with Tychonoff topology.

seS
Suppose that we are giveen two families { X, }ocs and {Y, }aes of topological spaces
and a family of maps {fs}aecs, where fo: X, — Y,. The map assigning to the point
= {Za}acs € H X the point {fo(2a)}acs € H Y, is called the Cartesian product
a€ES a€esS
of the maps {fo}acs and is denoted by H faor fix fox-ox frit S={1,2,...,k}.

a€esS
By R and Q we denote the spaces of real and rational numbers, respectively; w

stands for the space of finite ordinals (= non-negative integers) endowed with the discrete
topology. We shall identify cardinals with the smallest ordinals of the given cardinality.

All spaces encountered in this paper (unless stated otherwise) are assumed to be
Hausdorft.
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2. SOME USEFUL PROPERTIES

In this section we recall some definitions and statements which will be used in the
following sections.

Theorem 1 ([10]). Let F = {fa}tacs be a family of functions f., of a topological space X,

into a topological space Y, respectively. The Cartesian product H fa: H Xo — H Y.
a€eS a€esS a€eS
s a scatteredly continuous function if and only if the following conditions hold:
(i) all the functions f, are scatteredly continuous;
(#3) all the functions f., except maybe one, are weakly discontinuous;
(#i%) all the functions fo, except maybe finite number, are continuous.

Recall that the Lindeldf number 1(X) of a space X is the smallest infinite cardinal &
for which every open cover has a subcover of cardinality at most x. The hereditary Lindeldf
number hl(X) of X is the supremum of the cardinals /(YY) ranging over subspaces Y of
X.

Also we need some other important result known as a theorem of Juhdsz. Firstly,
recall that a space X is called right separated (respectively left separated) if there is a well
ordering < of X such that {y € X: y < x} is open (respectively closed) for any = € X.

Theorem 2 ([I6]). For any topological space X we have
hd(X) =sup{|Y|: Y is a left separated subspace of X}

and
RI(X) =sup{|Y]|:Y is a right separated subspace of X} .

Recall that a topological space X is called scattered if each non-empty subspace H
of X contains at least one point which is isolated in H.

Proposition 1. A space X is right separated if and only if X is scattered.

Lemma 1. Let f: X — Y be a scatteredly continuous function. Then for each non-empty
subspace A C X the set C(f|a) is dense in A.

Proof. Without loss of generality we can assume that A = X.If f: X — Y is scatteredly
continuous, then for each non-empty open set U C X the restriction f|y has a continuity
point € U which remains a continuity point of f. Therefore, C(f) is dense in X. O

Proposition 2. Let f be an injective scatteredly continuous function from a topological
space X onto a scattered topological space Y. Then X is also scattered.

Proof. Let us prove that the space X contains an isolated point. Denote by C(f) the set
of continuity points of the function f. Since the space f(C(f)) C Y is scattered, there
is some yo € f(C(f)) which is an isolated point in f(C(f)). And since the restriction
flery: C(f) = Y is continuous, the point o = f~1(yo) is an isolated point in C(f).
Since f: X — Y is scatteredly continuous, due to Lemma the set C(f) is dense in X,
and hence the point z( is an isolated point in X.

Similarly, one can prove that each non-empty subspace A C X contains an isolated
point. O
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3. THE MAIN RESULTS

From Theorem [1)it follows that the Cartesian product of two scatteredly continuous
functions is not necessarily scatteredly continuous. It is also known that the hereditary
Lindeldf number Al is not saved by finite products. That is, the Cartesian product of
two hereditary Lindel6f spaces is not necessarily a Lindel6f space. However, the following
statement is true

Theorem 3. Let f be a scatteredly continuous surjective function from a topological space
X onto a topological space Y. Then for each natural number n we have hl(Y™) < hl(X™).

Proof. Suppose that f is a scatteredly continuous surjective function from a topological
space X onto a topological space Y. And let idx: X — X and idy: Y — Y be the
identity functions. We put X" x X9 = X" and Y" x Y =YY",

For each i € {1,...,n} we consider the function

Ay x fxidy s X X x YL o XY

Since the functions idx and idy are continuous and the function f is scatteredly
continuous, due to Theorem |1} the function id?{i X fx id%;1 is scatteredly continuous.

Let us prove that hl(X"~% x Y?¥) < hl(X"~*! x Yi=1) for each i € {1,...,n}.
Suppose that there is & € {1,...,n} such that hI(X"~% x Y*) > hl(X"F+1 x YF-1),
Applying Theorem [2{ and Proposition 1| find a scattered subspace Z ¢ X" * x Y* such
that |Z| = hl(X"~* x Y*). For an arbitrary z € Z let us fix some point z, € (idy " x
fxids 1) =1(2). Put A = {z.: z € Z}. The restriction map id% * x f xid¥|4: 4 —» Z
is bijective and scatteredly continuous. Using Proposition [2] we get that subspace A is
scattered and |A| = |Z| = hl(X"F x YF) > hl(X"~F*+1 x Y*~1) which is a contradiction
to Theorem [2 Therefore hl(X"~% x V) < hI(X"~"*1 x Y1) for each i € {1,...,n}.

Consequently,

hl(Y™) <hl(X x Y™ 1) <hl(X? x Y™ 2) < ... < hl(X™).
O

Recall that spaces X and Y are scatteredly homeomorphic if there is a bijective map
f: X — Y such that both f and f~! are scatteredly continuous.

Proposition 3. Fach topological space is scatteredly homeomorphic to a left separated
space.

Proof. Let (X,7) be a topological space with the topology 7. Fix some well ordering
< of the set X. Choose the family 7 U {{a <z:2 € X} :a € X} to be a subbase of
a new topology 7 on X. Obviously, the space (X,7’) is left separated. Consider the
identity function i: (X,7) — (X, 7’). Note that for an arbitrary non-empty subset A of
X, the smallest element of the set A in the well ordering < is a point of continuity of
the restriction i| 4. Hence the identity function i is scatteredly continuous. Obviously, the
function i~1: (X, 7') — (X, 7) is continuous. O

Example 1. Consider the real line R equipped with the standard topology. Proposition 3]
implies that there is a bijective scatteredly continuous function from R onto some left
separated space Y. The real line R equipped with the standard topology is a separable
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metrizable space. However, since space Y is left separated, according to Theorem [2] we
have the following

hd(Y) = Y] = |R| > Ro.

Theorem 4. Let f: X — Y be a barely continuous surjective function between topological
spaces. Then [(Y) < hi(X).

Proof. Let f: X — Y be a barely continuous surjective function and hl(X) < 7. Suppose
that [(Y) > 7. Without loss of generality, we can assume that the function f is bijecti-
ve. Since I(Y) > 7, there is a 7-centered family F of closed subsets of Y such that
NF =({F: F € F} = &. We can assume that the family F contains the intersecti-
ons of its T-element subfamilies. Let A = ({clx(f~*(F)): F € F}. Since the family
{clx(f~(F)): F € F} is 7-centered and hl(X) < 7, the set A is not empty. The 7-
centeredness means that (€ # @ for any subfamily £ C F having cardinality |£] < 7.
Let us show that there is a set Fy € F such that f~!(Fy) C A. Assume that for all F' € F
we have f~!(F)\ A # @. Then {clx\a(f'(F)\ A): F € F} is a 7-centered family of
sets closed in X'\ A and

ﬂ{clx\A(ffl(F)\A); FeF} cﬂ{clx(ffl(F)); FeFinX\A=
=ANX\A=2.

This contradicts with the fact that [(X\A) < 7. Since f is barely continuous and A is
a non empty closed subset of X, there is a continuity point x € A of the restriction
fla: A =Y. Since (| F = @, there is F* € F such that f(z*) ¢ F*. Let F** = F* N Fy.
Since 2* € A, we have that 2* € clx (f~1(F**)). And from the continuity of the restriction
fla at the point z* we have f(z*) € cly (f(f~1(F**))) = F**. The resulting contradiction
proves that [(Y) < 7. O

The following example shows that the fact that Y is a barely continuous image of
the space X does not imply that hl(Y) < hl(X).

Example 2. Let space X be the closed interval [0,1] with the usual topology and let
M be a Bernstein subset of X, that is, a subspace of space X of cardinality continuum
that contains no uncountable compact subsets.

It is easy to check that the family of all sets of the form U U K, where U is an
open set in X and K C M, forms a topology base on the set X. We denote by Y the
set X with this topology. Let us show that the identity function id: X — Y is barely
continuous.

Let F be a closed subset of X. If F'N (X \ M) # @, then each point of FN (X \ M) is
a continuity point of the restriction idp: F — Y. If FN(X\ M) = @, then F C M. Since
F is a closed subset of the segment [0, 1] with the usual topology, F' is compact. Since F
is a subset of the space M, F' is countable, and hence has isolated points. These points
will be continuity points of the restriction idp: F' — Y. Consequently, the function id
is barely continuous. Since X has a countable base, hi(X) < Rg. By the construction,
|M| = 2% and M is a discrete subspace of the space Y. Then hi(Y) = 2% > R,.

Corollary 1. For the metrizable spaces, separability is invariant with respect to the barely
continuous functions.
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Proof. Let X be a metrizable separable space. Then hl(X) < Ny. According to the
Theorem El I(Y) < Rg. And since Y is metrizable, it is also separable. (]

Corollary 2. The Cartesian product of two barely continuous maps need not be a barely
continuous map.

Proof. Consider the space X = [0;1). Let 75 be the Sorgenfrey topology on X and 7 be
the usual topology on X, respectively. Consider also the identity function i: (X, 7) —
(X, 75). The function 7 is barely continuous. However since the product (X,7) x (X, 1)
is metrizable separable and I((X,7s) X (X,7s)) > Rg, the Cartesian product ¢ x ¢ is not
barely continuous. O
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We introduce and study some generalizations of regular spaces which were
motivated by studying continuity properties of functions between (regular)
topological spaces. In particular, we prove that a first-countable Hausdorff
topological space is regular if and only if it does not contain a topological copy
of the Gutik hedgehog.

Key words: regular space, quasi-regular space, sw-regular space, wf-regular
space, O-weakly regular space, weakly regular space, locally regular space, the
Gutik hedgehog.

In this paper we introduce and study some generalizations of regular spaces which
were motivated by continuity properties of functions between (regular) topological spaces.
First we introduce the necessary definitions.

A subset U of a topological space X is called 6-open if each point z € U has a
neighborhood O, C X such that O, C U. It is clear that each #-open set is open.
Moreover, a topological space is regular if and only if each open subset of X is 6-open.

Lemma 1. Let U be a 6-open subset of a topological space X and V be a 0-open subset
of U. Then V is 0-open in X.

Proof. For each point z € V, the #-openness of U in X yields an open neighborhood
U, C X such that clx (U,) C U. The f-openness of V in U yields an open neughborhood
V.. C U such that cly(V,) C U. Now consider the open neighborhood O, =V, N U, and
observe that clx(0;) C clx(V;) Nelx (Uz) Celx(Vy) NU =cly(Vy) C V. O
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For a function f: X — Y between topological spaces by C(f) we denote the set of
continuity points of f.

Definition 1. A function f: X — Y beween topological spaces is called

e scatteredly continuous if for any non-empty subset A C X the set C(f]A) is not
empty;

o weakly discontinuous if if for any non-empty subset A C X the set C(f|A) has
non-empty interior in A;

o f-weakly discontinuous if if for any non-empty subset A C X the set C(f|A)
contains a non-empty 6-open subset of A.

So, we have the implications:
f-weakly discontinuous = weakly discontinuous = scatteredly continuous.

The first and last implications can be reversed for functions with regular domain
and range, respectively.

Theorem 1 (trivial). A function f : X — Y from a regular topological space X to a
topological space Y is weakly discontinuous if and only if it is 0-weakly discontinuous.

Theorem 2 (Bokalo). A function f : X — Y from a topological space X to a regular
space Y is scatteredly continuous if and only if it is weakly discontinuous.

A proof the Theorem [2| can be found in [I], [8]. More information on various sorts
of generalized continuity can be found in [2]-{12].
Motivated by Theorems [I] and [2] let us introduce the following definition.

Definition 2. A topological space X is called

e sw-regular if any scatteredly continuous function f : Z — X defined on a
topological space Z is weakly discontinuous;

o wh-regular if any weakly discontinuous function f : X — Y to any topological
space Y is f-weakly discontinuous.

Theorems [If and [2| imply that each regular space is sw-regular and w6-regular.
The following theorem characterizes wé-regular spaces.

Theorem 3. A topological space X is wO-regular if and only if for each subspace A C X,
each non-empty open subset U C A contains a non-empty 0-open subset of A.

Proof. To prove the “if” part, assume that for each subspace A C X, every non-empty
open subset U C A contains a non-empty 6-open subset of A. To show that the space X
is wh-regular, fix any weakly discontinuous map f : X — Y. To show that f is §-weakly
discontinuous, take any non-empty subset A C X. Since f is weakly discontinuous, there
exists a non-empty open subset U C A such that f|U is continuous. By our assumption,
U contains a 6-open subspace V of A. Since f|V is continuous, the function f is 6-weakly
discontinuous.

Now we prove the “only if” part. Assume that the space X is w6-regular. Given
any subset A C X and a non-empty open subset U C A, consider the closures A and
A\ U of the sets A and A\ U in X. Observe that U := A\ A\ U is an open set in
A with UN A = U and U C U. Consider the topological sum ¥ = U @ (X \ U) and
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observe that the identity map f : X — Y is weakly discontinuous. The wé-regularity
of the space X ensures that f is §-weakly discontinuous. Consequently, the closure U of
U in A contains a non-empty 6- open subset V' C U such that f|V is continuous. The
continuity of f|V" ensures that V' C U. We claim that V is 6-open in A. Since V is 6-open
in U, for any = € V there exists a neighborhood O, of x such that O, is open in U and
0, c 0, CcV cU.So, O, is open in U and hence is open in A.

Taking into account that V is a non-empty #-open subset of A, we conclude that
VNACUNA=U is a non-empty f-open subset of A, contained in the set U. O

Problem 1. Characterize topological spaces which are sw-regular.

We shall prove that sw-regular and w6-regular spaces are preserved by 6-weak
homeomorphisms.

Definition 3. A bijective function f : X — Y between topological spaces is called a
(6-)weak homeomorphism if both functions f and f~! are (6-)weakly discontinuous.

We shall need the following proposition describing the continuity properties of
compositions of scatteredly continuous, weakly discontinuous and #-weakly discontinuous
functions.

Proposition 1. Let f: X =Y and g : Y — Z be two functions between topological
spaces.

(1) If f,g are weakly discontinuous, then g o f is weakly discontinuous.

(2) If f,g are 0-weakly discontinuous, then go f is -weakly discontinuous.

(3) If [ is weakly discontinuous and g is scatteredly continuous, then g o f is
scatteredly continuous.

(4) If f is scatteredly continuous and g is O-weakly discontinuous, then g o f is
scatteredly continuous.

Proof. 1. Assume that f,g are weakly discontinuous. To prove that g o f is weakly
discontinuous, we need to show that for any non-empty subset A C X the set C(go f|A)
has non-empty interior in A. By the weak discontinuity of f, the set C(f|A) contains a
non-empty open subset U C A. By the weak discontinuity of g, the set C(g|f(U)) contains
a non-empty open set V C f(U). By the continuity of f|U, the set W = (f|U)~1(V) is
open in U and hence open in A. Since f(W) C V, the continuity of the restrictions f|W
and g|V implies the continuity of the restriction g o f|W. So, W C C(g o f|A).

2. Assume that f,g are f-weakly discontinuous. To prove that g o f is O-weakly
discontinuous, we need to show that for any non-empty subset A C X the set C(go f|A)
contains a non-empty #-open subset W C A. By the #-weak discontinuity of f, the set
C(f]A) contains a non-empty #-open subset U C A. By the #-weak discontinuity of g,
the set C(g|f(U)) contains a non-empty 6-open set V C f(U). By the continuity of f|U,
the set W = (f|U)~(V) is f-open in U and hence f-open in A, by Lemma [l Since
f(W) C V, the continuity of the restrictions f|W and g|V implies the continuity of the
restriction g o f|TW. Now we see that the set C(g o f|A) contains the non-empty 6-open
subset W of A, witnessing that g o f is #-weakly discontinuous.

3. Assume that f is weakly discontinuous and ¢ is scatteredly continuous. To prove
that g o f is scatteredly continuous, we need to show that for any non-empty subset
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A C X the function g o f|A has a continuity point. By the weak discontinuity of f, the
set C'(f|A) contains a non-empty open subset U C A. By the scattered continuity of
g, the function g|f(U) has a continuity point y. Then any point z € U N f~1(y) is a
continuity point of the restriction g o f|A.

4. Assume that f is scatteredly continuous and ¢ is #-weakly discontinuous. Given
a non-empty subset A C X, we need to show that the restriction go f|A has a continuity
point. Let Ag := A and A, := (3., As \ C(f|Ap) for any non-zero ordinal a. In
particular, Ay+1 = Ay \ C(f|A,) for any ordinal a.

Let & be the smallest ordinal such that As is not dense in A and let W = A\ A;. It
follows that W = (J,.s W N C(f|As) and each set W N C(f|Ay) is dense in W (by the
scattered continuity of f).

Since the function g is #-weakly discontinuous, the set C(g|f(W)) contains a non-
empty 6-open subset V' C f(W). Since W = |J,.s W N C(f|As), we can choose the
smallest ordinal v < § such that W N C(f|A,) N f~1(V) # 0. Choose a point = €
WNC(f|A,)NF~1(V). Since the set V is -open in f(W), the point f(z) € V has a closed
neighborhood Of(z) C f(W) such that Of(z) C V. By the continuity of the map f|A, at
x, there exists an open neighborhood O, C W of « such that f(O, N A,) C Of(m) cV.

We claim that v = 0. To derive a contradiction, assume that v > 0. In this case
WNC(flA))N f~1(V) =0 and hence = ¢ C(f|A¢) = C(f|A). By the density of C(f|A)
in A, there exists a point z € O, N C(f|A). It follows that f(z) € W\ V C W \ O(a).
By the continuity of f|W at z, there exists an open neighborhood O, C O, such that
f(Oz) C f(W)\ Oy (s). Then

fO.NA) = f(0.N0,NA)) C F(O)NF(O:NAY) C(fFW)\ Op(z)) NOp(zy =0

and hence O, N A, = (), which contradicts the density of A, in A. This contradiction
shows that v = 0 and hence € C(f|4,) = C(f|A) is a continuity point of f|A with
f(O,) C V. The continuity of the restriction g|V implies that go f|A is continuous at x.
So, g o f|A has a continuity point. O

Theorem 4. A topological space X is sw-reqular if there exists a 0-weakly disconti-
nuous bijective function h : X — Y to an sw-regular space Y such that h™' is weakly
discontinuous.

Proof. To show that X is sw-regular, we need to show that each scatteredly continuous
function f : Z — X is weakly discontinuous. By Proposition 4), the composition
hof: Z — Y is scatteredly continuous. Since Y is sw-regular, the function h o f is
weakly discontinuous. By Proposition 1), the composition h™' o ho f = f is weakly
discontinuous. O

Theorem 5. A topological space X is wO-reqular if there exists a 0-weakly disconti-
nuous bijective function h : X — Y to a wh-reqular space Y such that h™' is weakly
discontinuous.

Proof. To see that X is wf-regular, we need to show that each weakly discontinuous
function f : X — Z is 6-weakly discontinuous. By Proposition 1), the composition
foh™l:Y — Z is weakly discontinuous. Since Y is wf-regular, the function f o h=! is
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f-weakly discontinuous. By Proposition 2), the composition foh™loh = f is f-weakly
discontinuous. (]

Corollary 1. The classes of sw-reqular and w6-reqular spaces are preserved by 0-weak
homeomorphisms.

Definition 4. A topological space X is called (6-)weakly regular if it is (0-)weakly
homeomorphic to a regular topological space.

Example 1. Consider the real line R endowed with the second-countable topology T
generated by the subbase

{Q} U {(~00,0a), (a,+0) : a € R}.

It can be shown that the topological space X = (R, 7) is weakly regular. The identity
map R — X is scatteredly continuous but not weakly discontinuous, which implies that
the space X is not sw-regular. On the other hand, the function x : X — {0,1} C R

defined by
() 1 ifze@
€Tr) =
X 0 ifzeR\Q;

is weakly discontinuous but not §-weakly discontinuous, witnessing that the space X is
not wh-regular. Theorem [6] implies that the space X is not f-weakly regular.

Theorem [T} 2] and Corollary [I] imply:
Theorem 6. Fach 0-weakly regular space is sw-reqular and wl-regular.

Theorem 7. A topological space X is O-weakly reqular if and only if each non-empty
(closed) subspace A C X contains a non-empty 0-open regular subspace.

Proof. First assume that X is f-weakly regular and fix any #-weak homeomorphism
h: X — Y to aregular topological space Y.

Given any subspace A C X, we need to find a non-empty 6-open regular subspace
W C A. Since the map h is #-weakly discontinuous, there exists a non-empty #-open
subset U C A such that h|U is continuous. Since h~! is -weakly discontinuous, the non-
empty subspace h(U) of Y contains a non-empty f-open subspace V such that h=1[V
is continuous. The continuity of the map h|U implies that the set W := (h|U)~1(V) is
f-open in U and hence 6-open in A (by Lemma [I). The continuity of maps h|W and
h=L|h(W) implies that h|W : W — h(W) is a homeomorphism. The regularity of the
topological space Y implies the regularity of its subspace h(W) and the regularity of
the topological copy W of h(W). Therefore, W is a required non-empty 6-open regular
subspace of A.

Now assume that each non-empty closed subspace A C X contains a non-empty 6-
open regular subspace. Let A? be the union of all #-open regular subspaces of A. It is clear
that the subspace A? is f-open in A and regular. Let X, := X and X, = ﬂ5<a X\ Xg
for each ordinal a. It follows that for any ordinal o with X,, # ) the set X411 = X, \ X?
is closed in X, and has non-empty complement X1\ X, = X?. Consequently, X, =0

for some v and hence X = Ua<,y Xg.
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Let Y := ®a<v X? be the topological sum of the regular spaces X? for a < 7. It is
clear that the space Y is regular and the identity map ¢ : Y — X is continuous. We claim
that the identity map i~' : X — Y is f-weakly discontinuous. Given any non-empty
subset A C X, find the smallest ordinal 3 < v such that A ¢ Xg. Then A C X, for
all a < B, which implies that [ is a successor ordinal. Write 8 = a + 1 for some « and
observe that U = AN X% = AN (X, \ Xoyt1) is a non-empty f-open subspace of A such
that ~!|U is continuous. This means that i~! is §-weakly discontinuous and i : X — Y
is a 8-weak homeomorphism of X onto the regular space Y. O

By analogy we can prove a characterization of weakly regular spaces.

Theorem 8. A topological space X is weakly reqular if and only if each (closed) subspace
A C X contains a non-empty open reqular subspace.

A topological space X is called

e quasi-regular if each non-empty open subset of X contains the closure of some
non-empty open set in X;
o hereditarily quesi-regular if each subspace of X is quesi-regular.
Theorem [3] implies

Corollary 2. Fach w@-regular space is hereditarily quasi-regular.

Theorems [7] and [6] imply:
Corollary 3. Each scattered Ty -space is 0-weakly reqular and hence is sw-reqular and
wh-reqular.

The Ti-requirement in Corollary [3]is essential as shown by the following example.

Example 2. Consider the connected doubleton D = {0,1} endowed with the topology
{@,{0},{0,1}}. It is clear that D is a scattered space. The function f: R — D defined

by
1 ifr ey
f(x)_{o itz ¢Q

is scatteredly continuous but not weakly discontinuous as C(f) = Q has empty interior
in R. Consequently, D is not sw-regular and hence not 6-weakly regular.

The identity map ¢ : D — {0,1} to the discrete doubleton is weakly discontinuous
but not f-weakly discontinuous. This means that D is not wf-regular.

Definition 5. A topological space X is locally regular if X admits an open cover by
regular subspaces.

Theorem [§ implies that each locally regular space is weakly regular.
Theorem 9. Fach locally reqular topological space Y is sw-regular.

Proof. Given a scatteredly continuous map f: X — Y and a non-empty subset A C X,
we should show that the set C(f|A) has non-empty interior in A.

By the scattered continuity of f, the map f|A has a continuity point a € A. By
our assumption, the point f(a) is contained in an open regular subspace U C Y. By
the continuity of f at a, there exists an open neighborhood O, C A of a such that
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f(O,) C U. Since U is regular, the set C(f|O,) has non-empty interior in O, and then
the set C(f) D C(f]O,) has non-empty interior in A. O

Example 3. On the real line R consider the Euclidean topology 7 and the topology 7
generated by the subbase

T U{W, :n € w} where Wn:R\{ﬁ:me, kzn}.
It can be shown that the space X = (R, 7) is 8-weakly regular but not locally regular.

A topological space X is called regular at a point x € X if any neighborhoodof z
in X contains a closed neighborhood of 2 in X. A topological space X is called nowhere
regular if X is not regular at each point z € X.

Example 4. Let 75 be the Euclidean topology of the real line and 7 be the topology
generated by the subbase

{(UNQ)U{z}:2 €U €15}

The space (R, 7) is locally regular and hence sw-regular. On the other hand, it is nowhere
regular, not quasi-regular and not wé-regular.

Now, we describe the smallest non-regular first-countable Hausdorff space, which is
called the Gutik hedgehog. The Gutik hedgehog is the space N2 = NC UN! UN? endowed
with the topology generated by the base

{{z} 12 e N*} U{U, :n € N} U{Upm : n,m € N}
where
U, ={0}U{(i,j) e N*:i>n} and Unm = {(n)} U{(n,j) : j > m} C N' UN?

for n,m € w. Here () is the unique element of the set N°. For the first time, the Gutik
hedgehog has appeared in the paper [9] of Gutik and Pavlyk.
The following properties of the Gutik hedgehog can be derived from its definition.

Lemma 2. The Gutik hedgehog is first-countable, scattered and locally reqular, but not
regqular.

Moreover, the following theorem shows that the Gutik hedgehog is the smallest
space among non-regular first-countable spaces.

Theorem 10. A first-countable Hausdorff space X is not reqular if and only if X contai-
ns a topological copy of the Gutik hedgehog.

Proof. The “if” part follows from the non-regularity of the Gutik hedgehog.

To prove the “only if” part, assume that a first-countable Hausdorff space X is not
regular at some point x. Then we can find a neighborhood Uy C X of x that does not
contain the closure of any neighborhood V' of x. Fix a neighborhood base {U, }nen at
x such that U, C U,_; for all n € N. Let k; = 0, choose any point z; € Ukl \ Up, and
using the Hausdorff property of X, find a neighborhood V; of x; such that Vi N Uy, =0
for some number ks > k.

Proceeding by induction, we can choose an increasing number sequence (k;,)ne. and
a sequence (z,)nen of points in X such that for every n € N, the point z,, belongs to
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Uk, \ Up and has an open neighborhood V,,, disjoint with the neighborhood Uk, .. of z.
Observe that for every i < n, we have

xn €Uy, CU, C X\ V; C X\ {a;},

which implies that z,, ¢ {z;};<n. Replacing V;, by a smaller neighborhood of z,,, we can
assume that its closure V,, does not contain the points z1,..., Zn_1.

Since X is first-countable, for every n € N we can choose a sequence {x,, ;};en of
pairwise distinct points in V,, N Uy, that converges to z,. Observe that for any n < m
the sets Uy, ,, D Uk,, D {@m,i}ien and V,, D {z,;}ien are disjoint, which implies that
the points x,,;, n,7 € N, are pairwise disjoint. Consider the subspace H:= {z} U{z, :
n € N} U {2, : n,i € N} and observe that the map h : H — H, defined by h(0)) = z,
h(n) = x, and h(n,m) = x, , for n,m € N, is a homeomorphism. O

Finally let us draw a diagram of all provable implications between various regularity
properties.

regular

sw-regular <—= #-weakly regular =———=> wf-regular

W H ﬂ

locally regular =———=> weakly regular q}:le;;(_iizg]lgr

Examples [T} B] and [4] show that none of the implications
weakly regular = sw-regular,
f-weakly regular = locally regular,

locally regular = wf-regular

holds in general.
Problem 2. Is each sw-regular space weakly reqular? quasi-reqular?

Problem 3. Which properties in the diagram are preserved by products?
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Functional representations of the capacity monad based on the max and min
operations were considered in [I0] and [7]. Nykyforchyn considered in [§] some
alternative monad structure for the possibility capacity functor based on the
max and usual multiplication operations. We show that such a capacity monad
(which we call the capacity multiplication monad) has a functional representati-
on, i.e. the space of capacities on a compactum X can be naturally embedded
(with preservation of the monad structure) in some space of functionals on
C(X,I). We also describe this space of functionals in terms of properties of
functionals.

Key words: Banach space, locally convex space, approximation, Schrédinger
operator

1. INTRODUCTION

Functional representations of monads (i.e. natural embeddings into RC(¥>%) which
preserves a monad structure where S is a subset of R) were considered in [I1I] and [12].
Some functional representations of hyperspace monad were constructed in [I3] and [14].

Capacities (non-additive measures, fuzzy measures) were introduced by Choquet
in [I] as a natural generalization of additive measures. They found numerous appli-
cations (see for example [2],[4],[16]). Categorical and topological properties of spaces of
upper-semicontinuous capacities on compact Hausdorff spaces were investigated in [9].
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In particular, the capacity functor was constructed. This functor is a functorial part of
a capacity monad M based on the max and min operations.

The space of capacities MX can be naturally embedded in REX) by means
of the Choquet integral. In other words, the Choquet integral provides some functi-
onal representation of the functor M. However, this representation does not preserve
the monad structure. Nykyforchyn using the Sugeno integral provided a functional
representation of capacities as functionals on the space C(X,I) which preserves the
monad structure [7]. Some modification of the Sugeno integral yields a functional
representation of capacities as functionals on the space C(X) [10].

Let us remark that the min operation is a triangular norm on the unit interval
I. Another important triangular norm is the multiplication operation. Nykyforchyn
constructed a capacity monad based on the max and multiplication operations [8]. (Let
us remark that recently Zarichnyi proposed to use triangular norms to construct monads
[20]). The main aim of this paper is to find a representation of the monad from [§]. We
use a fuzzy integral based on the max and multiplication operations for this purpose.

2. CAPACITIES AND MONADS

By Comp we denote the category of compact Hausdorff spaces (compacta) and
continuous maps. For each compactum X we denote by C(X) the Banach space of all
continuous functions ¢ : X — R with the usual sup-norm: ||¢| = sup{|¢(x)| | z € X}.
We also consider on C'(X) the natural partial order.

In what follows, all spaces and maps are assumed to be in Comp except for R, the
spaces C(X) and functionals defined on C(X) with X compact Hausdorff.

We recall some categorical notions (see [I5] and [I7] for more details). We define
them only for the category Comp. The central notion is the notion of monad (or triple)
in the sense of S.Eilenberg and J.Moore.

A monad [3] T = (T,n,u) in the category Comp consists of an endofunctor 7' :
Comp — Comp and natural transformations 7 : Idcomp — 7' (unity), p : 7% — T
(multiplication) satisfying the relations poTn = ponT =17 and po puT = poTu. (By
Idcomp we denote the identity functor on the category Comp and T? is the superposition
ToTofT.)

Let T = (T,n, ) be a monad in the category Comp. The pair (X, ) where £ : TX —
X is amap is called a T-algebra if EonX = idy and EouX = EoTE. Let (X&), (Y, &) be
two T-algebras. A map f: X — Y is called a morphism of T-algebras if £’ o T'f = f o &.

A natural transformation ¢ : T — T’ is called a morphism from a monad T =
(T,n, ) into a monad T = (T", 0/, /) if Ypon =1n" and Y o pu = p' onT" o Te. If all of
the components of ¥ are monomorphisms then the monad T is called a submonad of T’
and v is called a monad embedding.

Let A be a subset of X. By F(X) we denote the family of all closed subsets of X.
Put I =[0,1].

We follow a terminology from [9]. A function v : F(X) — I is called an upper-
semicontinuous capacity on X if the following three properties hold for each closed subsets
F and G of X:

(1) v(X)=1,v(0) =0,

(2) if F C G, then v(F) < v(Q),
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(3) if ¥(F') < a, then there exists an open set O D F' such that v(B) < a for each
compactum B C O.

A capacity v is extended in [9] to all open subsets U C X by the formula
v(U) = sup{v(K) | K is a closed subset of X such that K C U}.

It was proved in [9] that the space M X of all upper-semicontinuous capacities on a
compactum X is a compactum as well, if a topology on M X is defined by a subbase that
consists of all sets of the form O_(F,a) = {¢c € MX | ¢(F) < a}, where F is a closed
subset of X, a € [0,1], and O4(U,a) = {c € MX | ¢(U) > a}, where U is an open subset
of X, a € [0,1]. Since all capacities under consideration here are upper-semicontinuous,
in the following we call the elements of M X simply capacities.

A capacity v € M X for a compactum X is called a necessity (possibility) capacity
if for each family {A¢}se7 of closed subsets of X (such that (J,., A is a closed subset of
X) we have v((,cp At) = infier v(Ar) (V(Uer At) = supyer v(Ar)). (See [19] for more
details.) We denote by MnX (MyX) the subspace of M X consisting of all necessity
(possibility) capacities. Since X is compact and v is upper-semicontinuous, v € My X if
and only if v satisfies the simpler requirement that v(A N B) = min{r(A),v(B)}.

If v is a capacity on a compactum X, then the function X (v) defined on the
family F(X) by the formula X (v)(F) =1 —v(X \ F), is a capacity as well. It is called
the dual capacity (or conjugate capacity ) to v. The mapping kX : MX — MX is a
homeomorphism and an involution [9]. Moreover, v is a necessity capacity if and only if
kX (v) is a possibility capacity. This implies in particular that v € My X if and only if v
satisfies the simpler requirement that v(A U B) = max{v(A),v(B)}. It is easy to check
that M~X and M_X are closed subsets of M X.

The assignment M extends to the capacity functor M in the category of compacta,
if themap M f: MX — MY for a continuous map of compacta f : X — Y is defined by
the formula M f(c)(F) = ¢(f~!(F)) where c € M X and F is a closed subset of X. This
functor was completed to the monad M = (M,n, 1) [9], where the components of the
natural transformations are defined as follows: nX (z)(F) = 1ifx € F and nX (z)(F) =0
ifx ¢ F;

pX(C)(F) =sup{t € [0,1] [C({c € MX | c(F) = t}) = t},
where x € X, F is a closed subset of X and C € M?(X) (see [9] for more details).

It was shown in [5] that M, and Mn are subfunctors of M and if we take the
corresponding restrictions of the functions pX, we obtain submonads M, and M, of the
monad M.

The semicontinuity of capacities yields that we can change sup for max in the
definition of the map pX. More precisely, existing of max follows from Lemma 3.7 [9].
For a closed set ' C X and for t € I put Fy = {c € MX | ¢(F) > t}. We can rewrite the
definition of the map pX as follows

uX(C)(F) = max{C(F;) At |t e (0,1]}.

Let us remark that the operation A is a triangular norm. It seems natural to consider
another triangular norm instead of A. Define the map p*X : M2X — M X by the formula

p* X (C)(F) =max{C(F;) -t |t e (0,1]}.

(Existence of max also follows from Lemma 3.7 [9].)
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Proposition 1. The natural transformation p® does not satisfy the property p®ou® M =
M. o Ml,l/..

Proof. Consider X = {a, b}, where {a, b} is a two-point discrete space. Define A; € M2X
as follows A; (o) = 1 if and only if a D {a}, and A;(a) = 0 otherwise for o € F(MX).
Define Ay € M?X as follows As(a) = 1 if and only if o = MX, A>(a) = 1 if and only

if @« D {a}; and A;(a) = 0 otherwise for a € F(MX). Now, define J € M3(X) by the

formula
3(A) = SMX(A(A) + SnMX (As)(A)

for A € F(M?X).

We have

ptX o M(p*X)(3)({a}) = max{I((*X) " ({a}e)) -t | t € (0, 1]}.

It is easy to see that p* X (A1)({a}) = p* X (A2)({a}) = 3. Then I((u*X)~'({a}1)) 3 =
1-1 =1 Hence we obtain p*X o p*MX(J)({a}) > 1.

On the other hand

X 0 pt MX ()({a}) = mas{us MX(3)({a})) - ¢ | ¢ € (0,1]} =
= max{max{I(({a}:)s) - s|s € (0,1]} -t | ¢t € (0,1]}.

The function d(s,t) = I(({a}:)s) is nonincreasing on both variables. We have d(s,¢) =0
for each (s,t) such that s > 1 and ¢ > %. Moreover 6(1,3) = 6(3,1) = 1. Hence

WX o p* MX()({a)) = maxfmax(I(({a})s) s | s € 0.1} 1€ 0,1} = 1.
O

Remark 1. Since the triple M* = (M,n, u*) does not form a monad, the problem of
uniqueness of the monad M stated in [9] is still open.

But things may turn out differently if we restrict the map p®X to the set
My(MyX) ¢ M(MX). It is easy to see that for such restriction we can consider
the sets A; in the definition of the map p®X as subsets of My X. It was deduced from
some general facts that the triple M, = (My,n, x*) is a monad [8]. For the sake of
completeness we give here a direct proof.

Lemma 1. We have p* X (My(MyX)) C MyuX for each compactum X.

Proof. Consider any A € M(MyX) and B, C € F(X). Since B; and C; are subsets of
MyX, we have (CU B); = Cy U B;. Then
p*X(A)(BUC) =max{A((CUB);) -t|te(0,1]} =
=max{A(C, UBy)-t|te (0,1} =
= max{max{A(Cy) -t | t € (0,1]}, max{A(B;) -t |t € (0,1]} =
= max{u* X (A)(B), u* X (A)(C)}.

We will use the notation p*X also for the restriction ,u'X|M5X.
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Theorem 1. The triple M?, = (My,n, u®) is a monad.

Proof. Tt is easy to check that n and p® are well-defined natural transformations of the
corresponding functors. Let us check two monad properties.
Take any compactum X, v € M X and A € F(X). Then we have

p*X onMyX (v)(A) = max{nMyX (v)(Ay) -t |t € (0,1]} =
=v(A) and p*X o My(nX)(v)(4) =
= max{Mu(nX)(W)(A) 1| £ € (0,1]} =
= max{v((nX) ™ (A)) -t t € (0,1]} =
=max{v(A) -t |t € (0,1} = v(A).

We obtain the equality p® o Myn = p® onMy =1y,
Now, consider any J € M3(X) and A € F(X). Put

a=p*X o My(p®X)(3)(A) = max{I((u*X) 7 (Ar)) -t [ ¢ € (0,1]}
and

b= *X o u* MyX (3)({a}) =
= max{p* MuX(3)(Ar)) -t |t e (0,1]} =
= max{max{J((A;)s) -s|s € (0,1]} -t | t € (0,1]}.

There exists ¢y € (0,1] such that a = I((u*X)"1(Ay,)) - to- We have
(1 X) " (Aiy) = {A € ME(X) | 4" X(A) > o} =
={A € MZ(X) | there exists c € (0,1] such that A(A.)-c>ty} =

t
= {.A € M3(X) | there exists ¢ € (0,1] such that A(A.) > CO} .

Since J is a possibility capacity, there exists Ay € M3(X) and ¢y € (0,1] such that
Ao(Acy) > 2 and I((p*X) ™" (As,)) = I({Ao}). But then we have
@ <I(Ae) ) to = (Acg) ) - 2o < b,
) o Co
On the other hand choose pg, zp € (0, 1] such that b = 3((A4,,)z,) - Po - 20. Since 7T is
a possibility capacity, there exists By € (Ap, )., such that I((4,,)z,) = I({Bo}). We have
Bo(Ap,) > 20, hence p® X (By)(A) > 2o - po. Then we obtain

b=1({Bo}) - po- 20 < I((1*X) ™ (Apg.2)) - P0 - 20 < a.

3. FUNCTIONAL REPRESENTATION OF THE MONAD M

A monad F = (F,n, ) is called an IL-monad if there exists a map & : FI — I such
that the pair (I,£) is an F-algebra and for each X € Comp there exists a point-separating
family of F-algebras morphisms {f, : (FX,uX) — (I,¢) |« € A} [12].

There was defined a monad V; in [I2], which is universal in the class of IL-monads.
By V;X we denote the power 1D For a map ¢ € C(X,I) we denote by Ty or T(P)
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the corresponding projection 7y : V;.X — I. For each map f : X — Y we define the map
Vif : ViX — V1Y by the formula 7y o Vi f = mgoy for ¢ € C(Y,I). For a compactum
X, we define components hX and mX of natural transformations by 74 o hX = ¢ and
7wy omX = m(my) for all ¢ € C(X,I)). The triple V; = (V, h,m) forms a monad in the
category Comp and for each monad F there exists a monad embedding [ : 7 — V7 if and
only if F is IL-monad [I2]. Moreover, for a compactum X the map [X : FX — V; X is
defined by the conditions 74 o [X = £ o F'¢ for each ¢ € C(X,I).

Theorem 2. The monad M, is an IL-monad.

Proof. Define the map & : Myl — I by the formula ¢(v) = max{v([t,1] -t | t € (0, 1]}.
We can check that the pair (I,€) is an M -algebra by the same but simpler arguments
as in the proof of Theorem

Consider any compactum X and two distinct capacities v, f € MyX. Then there
exists A € F(X) such that v(A) # B(A). We can suppose that v(A) < S(A). Since
v and ( are possibility capacities, there exist a, b € A such that v({a}) = v(A) and
B({b}) = B(A). Choose a point ¢ € (v(A), (A4)). Put B={x € X |v({z}) > t}. Since v
is a possibility capacity and v(X) = 1, B is not empty. Since v is upper semicontinuous,
B is closed. Evidently, BN A = (). Choose a function ¢ € C(X,I) such that ¢(B) C {0}
and p(A) C {1}. Then

Ty 0lX(v) = {0 Myup(v) =
= max{Mup(v)([s,1] - s | s € (0,1]} =
s, 1]) - s | s €(0,1]} <
St<BA) <BleT 1Y) 1<
<m,olX(B)

= max{v(p

It is easy to check that
mpolX =EoMygp: MuX — 1

is a morphism of M -algebras . U

Hence we obtain a monad embedding [ : M, — V such that
Ty 0lX (v) = max{v(p '[s,1]) - s | s € (0,1]}

for each compactum X, v € MyX and ¢ € C(X, I).

Let X be any compactum. For any ¢ € I we will denote by cx the constant function
on X taking the value c. Following the notations of idempotent mathematics (see e.g.,
[6]) we use the notation @ in I and C(X,I) as an alternative for max. We will use the
notation v(y¢) = m, o X (v) for v € Vi X and ¢ € C(X,I).

Consider the subset SX C V;X consisting of all functionals v satisfying the following
conditions

(1) v(lx) =1

(2) v(A @) =X v(p) for each A € I and ¢ € C(X,I);

(3) v(¥ ® ) =v(¥) ®v(p) for each v, p € C(X, ).

Let us remark that properties 1 and 2 yield that v(cx) = ¢ for each v € SX and
cel.
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Theorem 3. [X(MyX) =S5X.
Proof. Consider any v € My X. Put v =X (v). Then we have
v(lx) = max{r((1x) *[s,1]) - s | s € (0,1]} = max{v(X)-s|s € (0,1]} = 1.
Take any ¢ € I and ¢ € C(X,I). For ¢ = 0, Property 2 is trivial. For ¢ > 0 we have

v(ep) = max {y((cga)_l[s, 1]) - s| s € (0, 1]} =
= max{l/(go_l [£,1])-2|s€(0,1]}-c=
=c-v(p).
Consider any ¢ and ¢ € C(X,I). We have

v ® 9) = max {v(6® ) s, 1) -5 | 5 € (0, 1]} =
=max {v(¢y '[s,1] Uy '[s,1]) - s | s € (0,1]} =
= max {(v(¢ s, 1) @ v(p~'[s,1])) - s | s € (0,1]} =
= v(¥) © v(p).

We obtained I X (MyX) C SX.
Take any v € SX. For A € F(X) put

Ts={pecCX,I)|pa) =1 for each a € A}.

Define v : F(X) — I as follows v(A) = inf{v(p) | ¢ € Ta} if A# 0 and v(0) = 0. It is
easy to see that v satisfies Conditions 1 and 2 from the definition of capacity.

Let v(A) < n for some n € I and A € F(X). Then there exists ¢ € T 4 such that
v(p) = x < n. Choose € > 0 such that (1+¢)x <n. Put 6 = ﬁ and 1 = min{dx, p}.
Then v(¢)) < v(p) = x and v((1+¢€)y) < (1+¢)x < n. Put U = p=1(§,1]. Evidently, U
is an open set and U D A. But for each compact K C U we have (1 + )y € T g. Hence
v(K) <n.

Finally take any A, B € F(X). Evidently, v(A U B) > v(A) @ v(B). Suppose
that v(AU B) > v(A) @ v(B). Then there exists ¢ € T4 and ¢ € YTp such that
v(AUB) > v(p)@v(¢) = v(p®1). However, o@1y) € T 4up and we obtain a contradiction.
Hence v € M X.

Let us show that (X (v) = v. Take any ¢ € C(X,I). Denote ¢; = ¢ *[t,1]. Then

X (1)) = max (int{o(y) | x € T} |1 € (0,1]) =
= max {inf{v(tx) | x € Ty, } |t € (0,1]}.

For each ¢ € (0,1] put x¢ = min{}p,1x} € T,,. We have tx < ¢, hence v(tx) < v(¢p).
Then we have inf{v(tx) | x € Ty, } < v(p) for each t € (0,1], hence IX (v)(¢) < v(p).
Suppose that I X (v)(¢) < v(p). Choose any a € (IX(v)(¢),v(®)). Then for each t €
(0,1] there exists x; € T, such that v(tx:) < a. Choose ¢ > 0 such that (1+¢)a < v(p).
Put § = r1=. Choose n € N such that 6" < v(p). Put ¢, 11 = 0% and ¢); = 6" x4 for

1€ {1,...,n}. We have v(¢;) < v(p) foreachi € {1,...,n+1}. Put ¢ = @?:11 ;- Then
v(Y) = @?;11 v(1;) < v(p). On the other hand ¢ < 1) and we obtain a contradiction. O
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Hence we obtain, in fact, that the monad M, is isomorphic to a submonad of V;
with functorial part acting on compactum X as SX. Let us remark that this monad
is one of monads generated by t-norms considered by Zarichnyi [20]. Thus the following
question seems to be natural: can we generalize the results of this paper to any continuous
t-norms?
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®YHKIIIOHAJIBHE 30BPAKEHHS MOHAJU €MHOCTEN
HA OCHOBI MHOKEHH?#
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DyuknioHaIbHe 300paXKeHHsI MOHaAU €MHOCTell posrusaasnocs B [10] i [7].
Hukudopunn posrianays B [§] amprepHaTnBHY CTPYKTYPY MOHAIM [IJIsl TIE€B-
HOro TiApyHKTOpa PYHKTOPA EMHOCTEH, 6A30BaHy HA OMEPAIlTX MAKCUMYMY
Ta 3BUKJIOTO MHOXKeHHs. Mu mokasyemo, mo s MOHAJa Mae (PyHKI[iOHAIbHE
300parkeHHst, TOOTO TIPOCTIp €eMHOCTEN Ha KOMIAKTI X MOKe OyTH MIPUPOIHO
BKJIaZIEHNM (31 36€pEKEHHAM CTPYKTYPH MOHAIN) B JAESTKHil IPOCTIP DYHKIIO-
masis za C (X, I). Mu Takox onmcyemo 1ieii mpocTip byHKIIOHAIIB B TEPMIHAX
BJACTUBOCTEN (DYHKITIOHATIB.
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APPROXIMATING POINTS OF A BANACH SPACE
BY POINTS OF AN OPERATOR IMAGE
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Answering one problem that has its origins in quantum mechanics, we prove
that for any sequence (A )nen of convex nowhere dense sets in a Banach space
X and any sequence (ep)n=; of positive real numbers with lim,—, . €, = 0, the
set A={z € X:VYne€N3a€ A, ||z —a| <en}is nowhere dense in X.

Key words: Banach space, locally convex space, approximation, Schrédinger
operator

The question that is considered in the article arose in a problem of quantum mechani-
cs. In the last two decades the Hamiltonians with singular potentials supported on
submanifolds of the configuration space R? of a lower dimension, also known as pseudo-
Hamiltonians, have attracted considerable attention both in the physical and mathemati-
cal literature. The potentials that are distributions with supports on curves, surfaces, and
more complicated sets composed of them, often used in simulation of quantum systems,
because the corresponding Schrédinger equations are generally easier to solve. These so-
called exactly solvable models allow us to calculate explicitly numerical characteristics
of systems such as eigenvalues, eigenfunctions or scattering data, the original differential
equation being reduced to the analysis of an algebraic or functional problem. Very often
the pseudo-Hamiltonians reveal an unquestioned effectiveness whenever the exact solvabi-
lity together with non trivial qualitative description of the actual quantum dynamics is
required. In spite of all advantages of the exactly solvable models they give rise to many
mathematical difficulties. One of the main difficulties deals with the multiplication of di-
stributions. To get round the problem of multiplication of distributions, we can regularize

2010 Mathematics Subject Classification: 46B28, 46B70, 47N50, 81Q10
© Banakh, T., Golovaty, Y., 2018



APPROXIMATING POINTS OF A BANACH SPACE
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mat. 2018. Bumyck 86 135

pseudo-potential V € D’(R?) by a sequence of smooth enough potentials V¢ such that
Ve — V as € — 0 in the sense of distributions, and then investigate the convergence of
Hamiltonians H. = —A + V¢ in a suitable operator topology [1]-[3]. The main goal is
to find the limit self-adjoint operator Hy and thereby to assign for the quantum system
a mathematically correct solvable model that describes the real quantum evolution with
adequate accuracy.

Let M be a smooth compact manifold embedded in R?. Assume that Vy; € D'(R?)
and supp Viy € M. We choose a sequence {V¢}.5o of smooth functions with compact
supports shrinking to the manifold M as ¢ — 0. Also, this sequence converges to the
distribution Vs in D’(R?). Let us introduce the sesquilinear form

ac(u,v) = /Rd (VuVo + Ve (z)ud) do

in the Sobolev space W, (R?). We can realize the Hamiltonian as the operator A. associ-
ated with form a, i.e., a-(u,v) = (Acu,v)p,®a). Two cases arise depending on the order
of the distribution Vj;. For example, if V), is a dj;-measure with density u, that is to
say

Vie(6) = /M wodM, ¢ e CF(RY),

then the forms a. are bounded from below uniformly with respect to ¢ and there exists
the limit form

ap(u,v) = /]Rd VuVodr + /M puv dM.

with the same domain W3 (R?). From the convergence of the forms we readily deduce
the convergence A, — Ag in the strong resolvent topology, where Ay is an operator
associated with ag. In the case when the distribution Vj; is more singular, the forms a.
are not uniformly bounded from below and the presupposed “limit form” ag has generally
the domain which does not coincide with the domain of a.. For instance, when trying to
prove the operator convergence in the problem with V3, = 0,85, where 0, is a normal
derivative on M, we were confronted with

Question 1. Is it true that for any positive real number s there exist positive real numbers
C,a, 5 such that for any function v € Wy *(M) there exists a sequence {v,}52, C
W3 (M) such that

llv — vnHWES(M) <C-n*  and  |vallwpon) <O nf

for all n € N?

It turns out that the answer to this question is negative. This negative answer will
be derived (in Corollary [2) from the following theorems.

Theorem 1. For any sequence (A, )nen of convex nowhere dense sets in a normed space
X and any sequence (ep)nen of positive real numbers with lim,, o, €, = 0 the set

A={zeX:VYneN Jac A, |z—a| <e,}

is convex and nowhere dense in X.
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Proof. Let B = {z € X : ||z|| < 1} be the open unit ball in the normed space X and
observe that
A= ﬂ (A, +enB),
neN

which implies that the set A is convex (as the intersection of convex sets A,, + €, B).

It remains to prove that the set A is nowhere dense. In the opposite case its closure
A contains an e-ball ¢ + €B for some small € > 0. Since lim,,_,o0 €, = 0, there exists
n € N such that ¢, < %s. It follows that

c+eBCc AC A, +e,BC A, +2,B.

Then B C (A, — ¢) + 2¢,B. Since the convex set A,, — ¢ is nowhere dense in X, there
exists a point b € %63 \ A,, — ¢. By the Hahn-Banach Separation Theorem, there exists
an R-linear functional z* : X — R of norm ||z*|| = 1 such that

supa*(A, —¢) < z*(b) < |lz*|| - |b]| < Le.
By the definition of the norm ||z*|| of the functional =*, there exists a point € B such

that z*(z) > 3. Since ex € eB C (A, — ¢) + 2¢,,B, there exist points a € A, and z € B
such that ex = a — ¢+ 2¢,,z. Then

le<e-a*(z) =x*(ex) = 2" (a — ¢+ 2e,2) = 2" (a — ¢) + 2¢,, - z*(2) <
<supa”(An — ) + 25 - 27| - [I2]] < 27(b) + 20 < ge+ 16 = 35,
which is a contradiction that completes the proof of the theorem. O

It is interesting that Theorem [I| does not generalize to locally convex linear metric
spaces. Moreover, the property described in Theorem [I| can be used to characterize
normable spaces among metrizable locally convex spaces.

By a locally convex space we understand a locally convex linear topological space over
the field of real numbers. A locally convex space is normable if its topology is generated
by a norm. By Proposition 4.12 in [4], a locally convex space is normable if and only if
it contains a bounded neighborhood of zero.

A subset B of a linear topological space X is bounded if for any neighborhood U of
zero in X there exists a positive real number r such that B C r-U.

Theorem 2. Let X be a locally convex space and (U, )nen be a base of neighborhoods of
zero in X. Then the following conditions are equivalent:

(1) X is normable;

(2) for any sequence (A,)nen of nowhere dense convex sets in X, the intersection
Mpen(An 4 Uy) is nowhere dense in X ;

(3) for any sequence (Ly,)nen of nowhere dense linear subspaces in X the intersection
Npen(Ln + Uy) is not equal to X.

Josedenns. (1) = (2) Assume that the locally convex space X is normable and let || - ||
be a norm generating the topology of X. Since (U, )nen is a base of neighborhoods of
zero, for every k € N there exists nj, € N such that U,, C {z € X : |z|| < £}

Let (A, )nen be a sequence of nowhere dense convex sets in X. Applying Theorem
to the normed space (X, | - ||), we conclude that the set

A={zeX:VkeNIyecA4,, |z—y| <t}
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is nowhere dense in X. Observing that

() (An+Un) € () (An, +Un,) C A
neN keN
we conclude that the set [, .y(An + Uy) is nowhere dense, too.

The implication (2) = (3) is trivial.

(3) = (1) Assume that the space X is not normable. By Proposition 4.12 [4], the
space contains no bounded neighborhoods of zero. Then for every n € N the neighborhood
V., = U, N (=U,) of zero is unbounded. By Theorem 3.18 in [5], the set V;, is not weakly
bounded, which allows us to find a linear continuous functional f, : X — R such that
the image f, (V) is unbounded in the real line. Taking into account that V;, is convex

and V,, = —=V,,, we conclude that f,, (V') = R. Then for the nowhere dense linear subspace
L, = f;1(0) of X weget X = L,+V,, C L, +U,, which implies Mpen(Ln+Up) = X. O

In spite of Theorem [2] Theorem [I] does admit a partial generalization to locally
convex linear metric spaces.

Theorem 3. Let X be a locally convexr space and d be an invariant metric generating
the topology of X. For any sequence (Bp)nen of nowhere dense bounded convex sets in
X and any sequence (ep)nen of positive real numbers with lim, o €, = 0 the set

B={zxeX:VneN JyeB, dz,y) <e,}
is nowhere dense in X.

JHosedenns. The space X being locally convex and metrizable, has a neighborhood base
{Uy }ren at zero consisting of open convex neighborhoods of zero such that U; = X and
Uky41 C U = —Uy, for all k € N. For every n € N let k,, € N be the largest number such
that {z € X : d(x,0) < g,} C Uy, . It follows from lim,_, £, = 0 that lim, o k, = c0.

Observe that B C (,cn(Bn + Uy,). So, it suffices to prove that the set C' =
Mnen(Bn+Ug, ) is nowhere dense. It is clear that the set C'is convex (being the intersecti-
on of the convex sets B,, + Uy, ). Next, we show that the set C is bounded in X. Given
any neighborhood U C X of zero, find n € N such that U, C U. Such number k,, exists
as lim; o0 k; = 00 and {Uy }ren is a decreasing neighborhood base at zero. Since the set
B,, is bounded, there exists a real number r such that B,, C r-Uy, . The convexity of Uy,
ensures that for any z,y € Uy, we have

re+y=(r+1) (Tilx—l—ﬁy) e(r+1) Uy,
and hence
CCB,+U, Cr-Ug, +Uy, =(r+1)-Ug, C(r+1)-U,

which means that the set C' is bounded.

Assuming that C' is not nowhere dense, we conclude that its closure C' has non-
empty interior and then C' — C := {z —y: 2,y € C} is a bounded convex symmetric
neighborhood of zero in X. By Proposition 4.12 in [4], the locally convex space X is
normable. By the implication (1) = (2) in Theorem the intersection (), cn(Bn+Un,,) D
B is nowhere dense in X. (]

Now we shall use Theorem [3] to give a negative answer to Question
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Corollary 1. Let T : X — Y be a non-open bounded operator from a Banach space
(X, - llx) to a locally convex linear metric space (Y,| - — - |ly). For any sequences
(rn)S2 and (£,)22, of positive real numbers with lim,,_, . &, = 0, the set

A={yeY:VneN Jze X (|zlx <rn and |ly—Tzlly <en)}
is convex and nowhere dense in Y .

Proof. For every n € N consider the e,-neighborhood U,, = {y €Y : |ly — O|ly < e}
of zero in Y. Since the operator T is not open, the image T(Bx) of the unit ball
Bx = {x € X : ||z||x <1} has empty interior in Y. We claim that T'(Bx) is nowhere
dense in Y. If the locally convex space Y is not normable, then Y contains no bounded
neighborhoods of zero, which implies that the bounded set T(Bx) is nowhere dense in
Y. If Y is normable, then the set T'(Bx) is nowhere dense in Y by Banach’s Lemma 2.23
in [4].

Then for every n € N the bounded convex set A,, := T'(r,,Bx) is nowhere dense in
Y. Applying Theorem 3| we conclude that the set A = [, cy(An + Uy) is convex and
nowhere dense in Y. O

Corollary 2. Let T : X — Y be a non-open bounded operator from a Banach space
(X, - lIx) to a locally convex linear metric space (Y,|| - — - ||y)- For any positive real
constants C, a, 8 the set

Acap={yeY :VneN JzeX (|ly—Tz|y <Cn™® and [z||x <Cn”)}

is convezx and nowhere dense in Y. Consequently, the set

A= | Acos=J A1

C,a,3>0 keN

is meager in Y .

Proof. To show that the set Ac o g is convex and nowhere dense, apply Corollary [l to
the sequences (r,,)nen and (£, )nen, defined by r, = Cn® and €, = Cn~ for n € N.
To see that Uc 4 g50 Acia,8 = Uken Ak, 1 k- take any positive real numbers C, o, §

and choose any number k& > max{C, é, B}. The choice of k guarantees that Cn~* < Kn~F
and Cn” < kn* for every n € N, which implies the inclusion Ac 4 5 C Ap 1 - O
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MEXAHIKO-MATEMATUYHOIO
PAKVIIBTETY

YPOUUCTA AKATEMIGA

YPOUNCTA AKAJTEMIA, ITPUCBSAYEHA 65-TU PIYY10
MEXAHIKO-MATEMATUYHOTO ®AKVYJIBTETY

3 rpyaug 2018 poky o 15 roamni B 216 ayauTopii roaoBHOTO KOopmycy JIbBiBCHKOTO
HaIlOHAJILHOrO yHiBepcuTeTy iMeHi IBana ®pamka BijOysaacs Ypouucra Akaaemis, mpu-
cBsdena 65-tu piudio Mexaniko-maremarudHoro gakyiabrery JIbBiBCbKOTO yHiBEpCHUTETY.

IIporpama
1. Bcrynne ciioBo.
Tzop TI'ypam, IOUEHT, B. 0. JEKAHA MEXAHIKO-MATEMATHIHOrO (haKYIHTETY.
2. “IcTopis BUKJIaJaHHA Ta HAYKOBUX JOCJHIIXKEHb MaTeMaTuku y JIbBiBCh-
KoMy yHiBepcHuUTeTi’
HApocaae IIpumyaa, nonent Kadeapun MATEMATHIHONO Ta (PYHKITIOHATHHOTO
aHaJi3y.
3. “Mexanika y JIbBiBcbKOMY yHiBepcureri”’
T'eopaziti Cyaum, 3aBinyBad kadeapn MEXaHIKH.
4. “IIpo Maremaruka 21-ro croJirrs’’
Muzxatino 3apiunuii, npodecop kadeapu reomerpil i TOMOMOTIT,

Ounez lymix
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ITPABMJIA [OJI51 ABTOPIB

1. CrarTst MOBUHHA MICTUTHU PE3y/IbTaTH HOBUX JIOCJII?KEHDb aBTOPA 3 TIOBHUM TOBE-
gerHaM. He T0minbHO poOMTH BEMHUKI OIVISIAN BKe OMyOMiKOBAHUX Pe3yabTariB. Poburu
MTOCUTIaHHs Ha HeomyO/iKoBaHi mparli He MOXKHA.

2. Tekcr crarTi HAOMPAIOTH HA KOMIT IOTEPi YKPATHCHKOIO YU AHTIHCHKOI MOBAMU.
Jo pemakiitHoi KoJserii moTpibHo mozaBaTH:

JIBA IPUMIPHUKM CTATTI 3 MiAnucoM aBTopa (CriBaBTOPIB) Ha OCTaHHIH CTOpiHI;

Ha3By cTaTTi, pesome (pe3ioMe M€ epeaBaT 3MICT OCHOBHUX Pe3YJIbTaTiB CTarTi,
a He Jiuile HoBTopIoBaTy 11 Ha3BY ), KJIIOYOBL €j10Ba, iM’s, Hpi3Bulle aBropa, micue poboru,
aJpecy YKpaiHCHKOIO Ta aHMJIiHCHKOI0O MOBAMH, €JIEKTPOHHY aJIPECY;

eJIEKTPOHHUIT BapiaHT CTATTI Ta pe3ioMe MOJAECTHCA Ha BEO-CTOPIHII

http:/ /publications.lnu.edu.ua/bulletins /index.php /mmf

Ta BapTO HAJICJIATHU 33 aApecoro [nu.visn.mm@gmail.com);

JoBiKa 11po aBropa (cuiBaBropis), y skiit Tpeba 3asuaduru im’s, 10 6aTHKOBI Ta
TIPi3BHUINE aBTOPA, Micle pobOTH, TTOCATY, aAPecy YKPAIHCHKOIO Ta aHTIICHKOI0 MOBAMM,
TesneOH, eJIeKTPOHHY aIPECy.

Onrumanbauit 06car crarti 10 20 cropinok. Po3mip mpudtis 10pt, Bucora cTopiaku
— 190 mm, mupura — 135 mm.

3. Bumoru g0 nabopy.

Texkcr crarti crBoptoBaru y Bepcil WTEX 3 KoAyBaHHAM KUPWIAYHUX IMPUQTIB
,» Kupminng (Windows)“ (komoBa cropinka 1251).

Ha mepmiit cropinni crarTi norpiduo 3a3uadntu HOMep YK ta MSC 2010.

Howmepu dopmysn craButu 3 mpaBoro 60Ky i HymMepyBaTu e (hopMysin, Ha SKi €
MTOCUJTAHHS.

Y mocunaHHAX HA Teopemy 3 MoHOrpadii 3a3HAYNTH CTOPIHKY, HA SKiil BOHA OMU-
CaHa.

Pucynku go crarri nogasatu y rpadiunomy dopmari BMP uu PCX. Hassa pu-
CYyHKa, YU HOro HOMEpP He BXOOSATH y 300pakeHHs, iX Tpeba CTBOPIOBATH 3acO0aMU
BTEX’y. Bubuparoun po3mip rpadidyHoro 300parkeHHsi, HAJEKUTh BPaxXyBaTH, IO
BOHO Oy/ie HAAPYKOBaHE HA MPWHTEP] 3 Po3/aiabHOI0 3aaTHicTIO 600 dpi.
Jlireparypy mojaBaTu 3arajbHUM CIHCKOM y TOPSAKY HOCHJIAHB HA JIZKepena B
TEKCTi CTaTTi.

3pa3ku 6ibmiorpadidHOro onucy KHUTH, CTATTi, MPENPUHTY, AUCEPTAIIil, JeMOHOBAa-

HOIO PYKOIIUCY, Te3 Jonosigeit kondepenuiii (3’348 Ta in.):
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