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SIMULTANEOUS APPROXIMATION OF VALUES OF JACOBI
ELLIPTIC FUNCTIONS IN THEIR REAL PERIODS

Yaroslav KHOLYAVKA, Olga MYLYO

Ivan Franko National University of Luviv,
Universytetska Str., 1, 79000, Lviv, Ukraine
e-mails: ya_ khol@franko.lviv.ua,
olga.mylyo@gmasil.com

Let sn; z be algebraically independent Jacobi elliptic functions, (4K;, 2iK})
be the main periods and s, s be algebraic moduli of sn; z (i = 1,2). We
estimate from below the simultaneous approximation of sn; 4K3, snp 4K;.

Key words: simultaneous approximation, Jacobi elliptic function.

1. INTRODUCTION

Jacobi’s elliptic function sn z satisfies the equation (sn’ z)2 = (1—sn? 2)(1 -2 sn? 2)
([1]). The number s is called the modul snz, 0 < s < 1, the number »’ = (1 — »?)'/2
is called its additional modulus. The pair of main periods of snz is (4K, 2iK’), where
K, K’ are the complete elliptic integrals of the first kind that correspond to s, s [1].

Denote by snj z, sngz two algebraically independent Jacobi elliptic functions
determined by algebraic s, s respectively, 0 < 367 < 1, 0 < 300 < 1; (4K4, 2iK7),
(4K5, 2iK}) are pairs of their main periods.

We denote by d(P), L(P) the degree and the length of the polynomial P with
integers coefficients, by d(«), L(«) the degree and length of the algebraic number « [2];
&, 1 = 1,2, algebraic numbers, n; = d(§;) and L; = L(;) their degrees and lengths
respectively, n = deg Q(&1, &2).

Theorem 1. Let
In Ll In L2

_|_
ni n2

(1) T=n +lnn|.

2010 Mathematics Subject Classification: 11J82
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If there exists C' > 0 such that for all ki, ks € Z, k? + k3 # 0, |k1|, |ka| < t, we have

(2) k1K1 + ko K| > exp(Ct?),

and at least one of the numbers sni 4Ky, sng 4K is transcendent, then for arbitrary
algebraic numbers &1, &o,

(3) max{|sn; 4Ky — &, |sng 4Ky — &} > exp (fAT2 lnT) ,

where A > 0 is a constant that depends only on 31, »s.

The approximation estimate formulated in Theorem 1 can be used, for example, to
study the properties of elliptic Jacobi curves. Similar estimates for other numbers can be
found in [3]-[5].

2. AUXILIARY STATEMENTS
We formulate the basic lemmas, which are necessary to prove Theorem 1. Let ¢;, for
all 7, be positive constants, dependent only on sz and .

Lemma 1. For each integer m > 1, there exist polynomials with the integer coefficients
P and Q1 such that

Py (snz,sn’ 2)

Q1.m(>%,snz)’

where L(P1 ), L(Q1.m) < exp(cim?), deg Py ,,, deg Q1. <m?, i =1, 2.

Lemma 2. Let m € N. Then there are polynomials Ps; € Z[x1, 2, x3] such that

snmz =

‘ ds
(sn 2)®) = W((sn 2)1) = P, (5%, sn 2,81 2),
w

deg,, Psy < s+1, deg,, Ps; < s+2l, deg, Ps; <1, L(Ps;) < exp(caslog(s +1)).
Proofs of Lemma 1 and Lemma, 2 are similar to the proof of properties of the function

p(z) [8].

Lemma 3 ([1]). If z, w, z +w are different from the poles sn z, then

snzsn’ w +snwsn’ z

sn(z +w) = 1 — 22sn22snw?

Lemma 4 ([6]). Let o, 3 be arbitrary algebraic numbers, v* = (1 —a?)(1 — a?p?). Then
InL(e) | InL(B) )) deg Q(a, 8)
L(v) < exp ( 6 deg Q(c, + +1)), dly)=>— .
() < e (Baenle.) (s + 50 72 in@da). 44(3)
Lemma 5 ([4]). Let B,P € N, Qpp € Z[z1,...,2,],0<b<B,0<p< P, L(Qpp) <
deg,. Qpp < Ni; ai,...,ay be algebraic numbers, m = degQ(ay,...,ay). If P > mB,
then the system of linear equations

P—-1
Zmep,b(al,u.,an):O, 0§b<B,
p=0

has integer rational solutions Aq, ..., Ap_1 such that

n

0 < max |4;] < 1+ (LP)7"n5 (Ha +N;) (L) (1 + d(ai)))dﬁb) o _

i=1
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Lemma 6 ([2]). Let a1,..., o, be algebraic numbers, P € Z[x1, ..., z,], deg, P <N,
m =degQ(aq,...,a,). If P(aq,...,a,) Z 0, then

n —N;m

|P(ay,...,a0)| = L(P) [ ] L(ay) @0 .

i=1
Denote by |f(2)[p = sup|.<p |f(2)]-
Lemma 7 ([5]). The functions o(z) and o(z—w) sn z are integer and for M > 1 estimates
oz = w)snzlar, o ()lar < CF

hold, w is the corresponding half-life of the Weierstrass function and o(z) be a o-function
of Weierstrass which corresponds to the function p(z) associated with sn(z).
If € is the distance from the nearest pole of snz to zp and |z9] < M, then |o(zp)| >

505M2, where C1,Cy are constants dependent only on .

Lemma 8 (the Hermite formula, [2]). Let f(¢) be a regular function in the circle T of
radius R, ay,...,am €T, a; # a; if i # j, s € Ng. Then for an arbitrary inner point
z €T, other than aq, ..., an, the equality

B 1 m 2 —ap s+1 f(C)dC
f(z)—%jg H(C—%) -z

L k=1
1 m s f(T)(aZ) m (Z—Gk>s+1 (C—ai)T
T omi d
2m ;7;1 7! fjc—aﬂ_m ]];[1 C — ag C —Z C

holds, where p; is enough small, {¢ : |¢ — a;| < p;} C T and not contain points z i
ag, k 75 7.

Lemma 9 ([1], [7]). Let P € Clz1,x2], P(z1,22) # 0, be a polynomial of degree at
most Dy by x1 and Dy by x4, D1, Dy > 1, sny z, sny z be algebraically Jacobi independent
elliptic functions. Then the number of zeros P(sn; z,sng z) given with their multiplicities
at |z| < K does not exceed C3K?(D1+Ds), where Cs is some constant that is independent
of the polynomial.

3. PROOF OF THEOREM 1

We will prove Theorem 1 using the second Gelfond method described in [2], [3].
Suppose that (1) does not hold, that is, for sufficiently large A € N,

(4) max{|sn; 4K, — &, [snp 4K — &} < exp (-A"T?InT).
Let
(5) S=L=MNAT, N=AVAT,
L L n
(6) F(z) = Z Z Chy 1, st 2 snk 2, Oy, = ZC’;DZ%T(}, Cihilor €Z,
1, =013=0 =1

where (. are the generic elements of Q(&1, ).
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Denote by ¢;1(2) = sn;(z+ &), ¢;2(w) = sn;(w+ 251), i = 1,2. Then (Lemma 3)

©i,1(2) i 2 (W) + i 2(w)p] 1( ) ~ Nia(z,w)
sn;(z +w) = = )
=2 901‘,1( )%‘,2( w) Aj2(2,w)
Let &
Gt (51:2) = = (A (2, w)AL o (2, 0)) o

The so defined polynomials satisfy deg G; s k1 < 4(k+1), M L(G; s 1) < sln(s(k +1) +
cs(s+k+1)) .

With (3) just like in [7], [8], we get
s s

FO(z) = T (A2 (7 w)Ay 5 (2,w))(F(z + w)AT (2, w)A5 5 (2, w)))|w=0 =
L /s\ a5t L L
=2 ) 7= (A2 (5 w)A5 3 (2, 0)) =0 Fia (2),
t=0
where
(7) Z Z Cll l2 Z < )Gl t—i,01,L—11 (%1, )GQ,i,lz,L—lg (%2, Z)
1,=01,=0 i=0

Applying Lemma 4 for a = &, 8 = s, v = &3, we get the estimate d(€3) and
L(&3) of the number &3, which approximates sn| 4K5, and in the case of o = &, 8 = s,
v = & we get the estimate d(£4) and L(&;) of the number &, which approximates
sn5 4K5. Denote by Fj ,, n, (&1, ..., &) and Fy ¢ 5, ny (&1, ..., &) the expressions derived
from F() (An1 K1 4 4ngK3) and F (401 TK; + 4nyK3) by replacing sny 4K, sngp 4K,
snj Ko, snb K by &1,. .., & respectively and apply Lemma 5 t0 Fs ¢ 5, n, (€1, --,&4) - We
will consider Fy ¢ pn, ny(€1,-.., &) for 1 <nj,mg < N,0<t<s<S as N2S linear forms
of nL? variables Cj, ;, r. Having used Lemmas 1 — 6 and (3)—(7), we choose not all equal
to zero Cj, 1, - such that for 1 <nq,ne < N,0<t <5 <8,

(8) Fs,t,nl,ng (517 cee 754) =0

(9) |C1y 17| < exp(cs A In AT? InT).
With (4), (3), (9) and Lemmas 1 — 5 we get for 1 <mnj,ng < N,0<s< S,

1
(10) PO UKy AnsKo) — Foy (61, 60)] < exp(— AT nT),
From (8), (10) at 1 <nj,ne < N, 0< s < S we get
1
(11) |F&) (4n1 Ky + 4ns Ky)| < eXp(—Z/\7T2 InT).

We show that (11) also holds for 1 < nj,ns < N, 0< s < \S.
Let p;(u) and o;(u) correspond to the functions sn; 2,7 = 1,2, u = z(ey ; —e3 ;)" /?,
[1],
G(2) = F(2)a1 (u+ w3 1)oy (u + ws ),
where w;; is the half-period of p;(u). Choose the least possible integer r such that

(12) r > 32(N + (K| + K| + K| + |K)).
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Denote by R = 48r. Then with Lemmas 1 — 5, Lemma 8 and (1), (3), (3), (9), (12),

(13) |G(2)|r < exp(=A°InAT?InT).
From (13) we get for 0 < s < AS
(14) |G (2)], < exp(—iA°InAT?InT).

For a sufficiently small ¢ in the e-neighborhood of the points 4n; K; the function
o2(z — we) and in the e-neighborhood of the points 4ny Ko the function o(z — wq) has
no zeros, so from (2) and Lemma 7 for ni,ns < 32N we obtain

(15) ‘O’i (Z - wi)‘ZGV(6,4H1K1+4TL2Kz) > eXp(—C5)\5 ln)\TQ)
From (13)—(15) for 1 < nj,ns < N, 0< s < \S we get
(16) |FO) (4n1 K + 4nsKo)| < exp(—2 InAT?InT).
Given (10), for 1 < mnj,ny < N and 0 < s < AS, from (16) we obtain
(17) | oy (€1, -+ €0)] < exp(=2 InAT?InT).
Considering Fs ¢ n,n,(&1,--.,€4) as a value of the corresponding polynomial in

algebraic points, from lemma 6, (1), (3) we get for 0 < ¢t < s < AS, 1 < ny,ngs < N,
Fstnims(&1,-.-,64) # 0, we obtain the estimate

(18) |Fs by s (&1 ooy E0)| > exp(=A° In AT InT).
From (3), (18) we get for 0 <s < AS,1<n;,na <N
(19) | Fsmymo €1y, €4)] > exp(=20° In AT? In T)).
Since (17) and (19) are conflicting, we get for 1 < nj,ng < N, 0 < s < AS,

(20) Fs,nl,ng (517 v 354) =0.

From (20) it follows that the polynomial F(z) has at least cgA” In A\T? zeros (with
multiplicities). From Lemma 9 we get that the number of zeros may not be more than
crA%In A T2, so for sufficiently large A assumption (4) leads to a contradiction, which
proves the theorem.
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Jveiecvruti HaytonarvHul ynisepcumem imens Isana Dparka,
eya. Yuisepcumemcoka, 1, 79000, JIveis
e-mails: ya_ khol@franko.lviv.ua,
olga.mylyo@gmail.com

Hexait sn; 2, sna z — anrebpuano zHesasexHi exinTudai dyukiii xobi. ITo-
3HAYMUMO 4depe3 1, 0 < s < 1, enTUuaHIl MOZYIh SN 2, & 9epe3 2, 0 < s <
1, — eslinTwaHMIT MOIYJIb SN2 2. BygeMo npuiryckaTu, mo s Ta v aaredputHi
umcsa. Takox mosnaummo gepes (4K, 2:K1) napy oCHOBHUX TepiofiiB snj 2, a
ugepe3 wepe3 (4K2, 2(K3) — mapy OCHOBHWX Tepiomis sns 2z, me K1, Ko, K| Ta
K/, € milicHIME <mCTaMIL.

Enintrana dysknisz xobi sn; z 3a70BOJIbHIE PIBHAHHS

2 2 2.2
(sn} 2)® = (1 —snf 2)(1 — 27 sn? 2),
a emintuuyHa GYHKINA K001 Sns 2 33I0BOIBHSIE PIBHSIHHST

(sny 2)? = (1 —sn3 2)(1 — 5 sn3 2).

Yncna 5 = (1—3)Y2 1a sh = (1—3)"/? masmparors n01aTKOBEMY eimTII-
: o . . /
HUMU MOIyIaMH eminTtraaux Gyskiiil fkobi sny z i sng z. HYucna Ky, Ko, K
Ta K% € TIOBHI eiNTHYHI iHTErpajm Mepuioro pozy, MO BiOBiJAIOTH THCIaM
/2
/ / _ 2 2 ,\—1/2 .
1, »a, 71 Ta 7y, llokmagemo I(v) = [ (1 —v”sin” t) dt. Toni
0
! / ! /
K1 =10n), Ko = I(30), Ky = I(54) ta Ky = I(55).

Yncsio a HA3UBAIOTD GA2E0PUNHUM HUCAOM, AKIIO icHy€e Takuii mHOrOUIeH P ()
3 mimvu koedimientamu, mo P(a) = 0. Muorounen P(x) € Z[x] Ha3BEMO
0CHOBHUM MHOZOUACHOM IJIS YNACTA G, AKIIO BiH 33/I0BOJIbHAE TaKi yMOBH:
P(a) = 0; crapmuii xoedinienr P(x) nonaraumii; xoedinjientu P(z) B3aeMHO
mpocti mini uncna; P(x) messigauii Hax Q. Josxunowo P(x) Ha3BeMO CyMy MO-
IyJiB #oro koedimienTis. Cmenenem 4ucaa ¢ HA3UBAIOTH CTEIHDb WOTO OCHOB-
moro muorounena P(z) i nosmauaors dega, do6sicunoro “ucat a HA3UBAIOTDH
JIOBXKUHY HOr0 OCHOBHOTrO MHOrodwieHa P(z) i mosuauaiors L(a).

Hexait &1, &2 — moBinbHi anreGpwani wmcna, ni = deg(&1), ne = deg(&2),
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Ly = L(&), L2 = L(&2) ra n = deg Q(&1,&2).
V cTaTTi OTpUMAaHO OIHKY CyMicHOTO HabwKeHHs uncest snj 4K ta sng 4K;.

Teopema 1. Hexat

In L1 In L2
+
n1 ng

T=n +1Inn

Axwo icnye maka nocmiting C > 0, wo daa sciz ki,ke € Z, k3 + k3 # 0,
|k1, |k2| < t, ecnpasdorcyemovea
“ﬁKl + k2K2| > exp(C’t?’),
ma coua 6 odne 3 wuces sny 4K, sng 4K1 e mpancuyendernmuum, mo dasn do-
BINDHUT an2e0pusHULT wucea £1,&2, CNPABIHCYEMBCA OUIHKG
max{|sni 4K> — &1 |, |sn2 4K1 — &} > exp (-AT?InT),

de A > 0 e Koncmarma, 3aAEHCHAG MINDKY 610 1, 2.

3ayBaXmMoO, 10 YNCIA, KpaTHi Ko, HE € MOJII0CaMu SN z, a YUC/Ia, KPaTHI
K1, He € mosrrocaMu sna z.
Ouinku HabJsmMKeHb, MOAI0HI 10 oTpuMaHol B TeopeMi 1, MOXKHA BUKOPUCTOBY-
BATH /I BUBYEHHS apu(pMETUIHUX BJIACTUBOCTEN eIIITUIHNX KPpUBUX SKOOI.
Hosemernnst TeopemMu 1 MPOBOAUTHCS 33 AOMIOMOTOIO Apyroro merony lembdon-
na. Ipunyckaemo, mo [uis 10cTaTHbo BesuKoro A € N) BUKOHY€TbCst

max{|sn; 4Ks — &1|, |sn2 4K1 — &2]} < exp (—)\7T2 InT)

1 IOKayKeMO, 10 TI€ MPUILYIeHHs] IPUBOIUTD 0 IIPOTUPIdYs.
IIpu noBesenni BUOMpPaeMo Takl 3HAYEHHs IIapaMeTpiB

S=L=XIAT, N=\VT,

Ta JOTOMIXKHY (YHKIHIO
L L

n
l l
F(z) = E E Cy 1y 80y 2 sny z, Ciy 1y = E Cly15,7Cry Ciy1y,r € Z,
T=1

11=015=0
ne (- € tBipummu enementamu Q(&1,&2).

Karouosi crosa: cymicui mabmmkenHs, eminTuara Gyukis Jkobi.
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BAPIAHTU HAIIIBI'PYIIN PICA MATPUYHOI'O TUITY

Ounekcanzpa JECATEPUK

Miocnapodnuti Hayrxoso Haswasvhutl ILenwmp Ingopmayitinux Texnonozit
ma Cucmem HAH i MOH Yxpainu,
npocn. Iaywxosa, 40, 03680, m. Kuis
e-mail: sasha.desyaterik@gmail.com

BcranoBieno HeoOXifgHI Ta TOCTATHI YMOBHU PETYJ/ISPHOCTI BapiaHTa Ta i30-
MopdHOCTI ABOX BapiaHTIB Ajad MaTpudHOl HamBrpynu Pica 3 cenasiu maTpu-
[ef0 HaJ TPYIOIO 3 HyJeM.

Karowosi caosa: Bapiant, cenaBid HamiBrpyma, Hamisrpymna Pica, izomop-

dizm.

1. BcTtyn

Hexaii (S, -) — nanisrpyna. s dikcoBaHoro esemenTa a € S BuzHaduMo Ha S HOBY
OIIepALiIo * 3a JOIIOMOIOI0 piBHOCTI Z*Yy = x-a-y. Ouepauniro * OyueMo Ha3uBaTU ceHdeiy-
MHoocerHAM. MHOXKWHA, S 3 CEHIBIU-OMEPAITEI0 * 3HOBY € HAMBIpyno. [lo3aaunmo 110
HaniBrpyny (5, *,) 1 HazuBaTUMEMO 11 CeHd6iu-Hani6epynot 9u 6apiaHMOM HAMIBIPYIU
(S,-).

OgHuM i3 meprimx 3ajady BUBYEHHS BapiaHTIB HAMIBIPYI MOCTABUB JIsamiH y MoO-
norpadil [I]. Xoua Bin dopmynoBas 10 3aja4dy /i HALIBIPYLIM LEPETBOPEHb, HAJla-
Jii TOCTIiIPKEeHHsI BApiaHTIB MOIMUPUIIOCA Ha PI3HI KJAcW HAMmBrpym (IUB., HAPUKJIAI,
[2, B[4 B 6 7 8] ra rmasy 13 i3 [9]). Joairka Ta Icr BuBYasn BapiaHTH CKiHYEHHHX
HaniBrpyn nepersopenb y [10] i BapianTn HamiBrpyn npsmMokyTHEX Marpunb y [II]. VY
GaraTbox npausx (aus., nanpukiaz, [12] ra [13]) Busuyanu inrepaconiaruBHOCTI MOHO-
imiB, sKi TicHO OB’ ga3aHi 3 BapianTamu. I3oMmopdi3mu inTepacoriaTuBHOCTE Ta BapiaHTiB
dikcoranux wamisrpyn susvammcs v [12), [13] [14].

Mera wmamoi mpari JocaiauTe BapianTu HamiBrpynu Pica marpuwdnoro tumy 3
CEH/IBIY-MATPHUIIEI0 HAJ TPYIIOI0 3 HYJIEM.

Hexait G° = G U {0} — rpyna G i3 mpuemnanum nyrtem 0, a I Ta J — noBimbHi
Henopoxkui Muoxkunu. I X .J-mampuuero Pica nad rpynoio G° nasusaernca I x J-marpuns

2010 Mathematics Subject Classification: 20M30, 20M17, 20M99
© Hecarepuk, O., 2019
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nag GO, ska MicTuTh He GilblIe OJHOrO HeHy/ILOBOrO eixeMenta. Marpumio Pica, B axiit
HEHYJIbOBHI eJIeMeHT ¢ cToiTh Ha Michi kl, mosnadarumemo Ag;(g) abo [g]x;. Posrmanemo
TakoXkK NOBinbHy (ane dikcosamy) J X I-marpumio P = (pji)icr, jes, 1€ Pji € GO. Y
muoxuH] Beix I X J-marpus Pica man GU suzmaumMo MHOXKeHHS o mpaBuioM Ao B =
A-P-B. Toxi no6yTok Ag;(g)o Ayy(h) € HyJIbOBOIO MATPUIIEIO, AKIIO P, = 0, 1 MaTpuUIEo
Pica Ayy(g - pru - h), axmo py, # 0.

Omneparis o € acomiarusnoro, Tomy muoxkuna MO(G;1,J; P) Beix I x J-marpuib
Pica mam rpymoio GU yTBOpIoe HamiBrpymy cTocoBHO Tiei omeparrii. Bona mazmBaeThes
nanisepynoro Pica mampuynozo muny i3 cenasia-marpumeto P ma rpymoro 3 HyteMm GU.
dxmo |I| = n ta |J| = m, to 3amicte M°(G; I, J; P) mumyts M°(G;n, m; P).

2. JIOIOMI>KHI PE3YJIBTATU

Hanisrpyna S HA3UBAETbCS pe2yaspHO10, SIKIIO JJIsd AOBLILHOrO @ € S icHye Takwuii
x € S, mo ara = a. Bygemo HasuBatu BapiaHT (S, *,) pezyaaprum, axkmo (S, *,) €
PEryJIsIpHOIO HAMIBIPYTIOO.

Jlema 1 ([15], nema 3.1). Hanieepyna Pica M°(G; 1, J; P) mampuunozo muny 3 cendeiu-
mampuyero P nad 2pynoro 3 nysem GO pezyaspna modi i miavku modi, Koau xoscHul
DACOK T KOHCEH CMOBNEUL MAMPUYl P micmamv Henyavoeul esemeHnm.

Jlema 2 ([15], nema 3.6). Jei naniszpynu Pica S = M°(G;I,J;P) ma S =
MO(G;1,J;P") 1ad odwiero i mieto oic 2pynoto 3 nyasem G° izomopdri, axwo icny-
10ms maxi eidobpasicenna L — u, muoocuny I y G ma A — vy muoorcunu J y G, wo
P\, = UaPA U, Oan 6ciz v € T ma X € J, de P = (px,) ma P’ = (p),).

Baysaxkumo, mo izomopdizmom Gyme Bimobpaxenus [glg — [urgvi]k 1 mo P/ =
VPU, ne V — aiaronanmbua J X J-marpunga, U — giaronanbHa [ X I-MaTpurd.

Hacainok 1 ([15], crop. 132). Jlas dosinvnuz ¢ € I ma j € J mnanisepyna Pica
MO(G; I, J; P) isomopdna nanieepyni Pica M°(G; 1, J; P') 3 maxoro cendsin-mampuyero
P’ 6 axiti 6 j-my padky ma i-my cMosNYT MPANAAIOMbCA AUWLE HYAD A 00UHUYA 2DYNU

G.

I x J-marpuug U naz rpynoo G° HasuBaeTbCH iH6EPMO6HO10, AKIIO KOKEH PsI0K
i xozken crosuens Marpuii U MicTUTh TOYHO OJMH HEeHyJILOBUI ejeMent Hamisrpyuu GU.
SIkmmio I x J-Marpuis iHBepTOBHA, TO, OUeBHIHO, 10 |I| = |J|. SKIimo w — romomopdizm
rpymu 3 myiaem GY y rpyny 3 nynem GY ta P = (py;) — nosinbna J X I-marpung najg G°,
10 depe3 w(P) moznaunmo J x I-marpuigo (w(pki)).

Jlema 3 ([15], nacninok 3.12). Jei peeyaspni nanieepynu Pica mampuunozo muny
MO(G; 1,7, P) ma MO(G'; 1, J'; P') isomopdmi modi i miavku modi, xoau ichye iso-
Mopdizm w, axutli eidobpasicac G na G', ma maxi ineepmoeni I x I'-mampuua U ma
J x J'-mampuya V, wo w(P) =V P'U.

Hasi BBazkaemo, o muoxkunau I ta J € CKiHYeHHUMHU HOTY2KHOCTEH n Ta M, Bimmo-
BIIHO.

Hawm 3namo6uThest Take TBepmKkenns nis (0, 1)-MaTpuib, TOOTO MATPHIIL, €JIEMEHTa-
Mmu gkuX € Tirbkn 0 Ta 1. Yepes Z,, x, TO3HAINMO MATPHITIO TTOPSAJIKY 1M X N, BC1 €JIEMEHTH
AKOI € OJIUHUIISIMH.
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TBepaxenns 1. Hexat P — (0,1)-mampuya nopadky m x n, E;; — mampuuna odu-
Huya 13 My xm(R). Ilepecmanosxamu padie © cmosnyie mampuyro P - E;j - P moorcna

seecmu do suzaady
Ly O
0 0/’

de r — KisvKicmo 00unuYb Y i-my cmosnuyi mampuyi P, a | — xiavkicms odunuyp y
j-my padky mampuyi P.

Josederns. Hexait P = (p,s)1 F = P-E;; - P. Toxi

prilijpjn - puligpie o0 Priligpin
F=1 pulijpjr - puliypjr - PrilijDin
Pmiliypi1  PmilijPjk * PmilijPin

Axmo py;lijpjr = 1, T0 pyy = 1 Ta pjr, = 1. Toni akmo py; = 1, To y t-My panky
maTtpuni F' ogpHAL] OyIyTh CTOATH TiTBKH Ha THX MICHAX tx, OId AKHUX pj, = 1 (robro
TaM, e CTOATh ONWHHN y j-My paaxy marpumi P). Amamoriuso 3 pismocti pjp = 1
BUTLJIMBAE, IO OJWHUIN ¥ k-My CTOBMIN MaTpuili F' cTodaTh Ha TUX Micngax yk marpuri F,
JUTsL SIKUX, 1€ Py; = 1 (TOOTO TaM, Je CTOATH ONMHUIN y i-My CTOBII{ Marpumi P).

Axmo py; = 0, T0 t-it panok marpuni F' e mynboBuM. Anasoriuno, akimo pjx = 0, To
k-i1 croBmenb marpumi F HyIbOBHIA.

Orox, Micig oqMHNIb Y MaTpuli F' BUSHAYAIOTHCA MICUAMM OJMHHUIIb Y (~TOMY CTOB-
Il MATPHUI Ta y j-My PAAKy Marpuii P, a 3arajibHa KiJbKiCTh ONMHHUIL y MaTpuii F
JTOPIBHIOE 7 - [. A SKINO Ha TKOMYCh MICITi B 4-My CTOBTIIl MAaTPHIIN Ta Y j-My PSIKY MaT-
putii P cTOiTh HYJIb, TO HYJBOBUM OyIe BeCh BiAMOBITHUI PsAIOK a00 CTOBIEIH MATPHUIL
F. Tomy mepecTaHOBKOIO PSIIKIB i CTOBIIIB MATPHUIIO F' 3BOAMMO 10 BUTTISIIY

Ir><l 0
0 0/

Tyt Z,x;  MaTpullsd, BCi eJleMeHTH sIKOI € OIUHHIEMU, '  KiJbKICTb OJUHUIL Y t-MYy
croBurii marputli P, | — KiTbKiCTb OMUHUINB ¥ j-My pPAAKy maTpuii P. O

3. BAPIAHTU HAMIBreynu Pica HA/I T'PYIIOIO 3 HYJ/IEM

Hexait A;; — dikcosannii exement nanisrpymu M°(G; n, m; P). Ouesnano, mo Bapi-
aur (M%(G;n,m; P),*,,,) Tex € manisrpynoio Pica, aie 3 censsiu-marpureio P- Ay - P.
3’s1cyemMo, SIKUil BUTJISIL MOXKE MATH ISl CEHJIBIY-MAaTPHIIS.

Teepmxkennsa 2. Adrxwo y mampuyi Q = P - A - P na micyi Ik cmoimo nyav, mo
HYALOBUM OYyde abo seco k-1 cmoseneynb, abo seco -1 padox, abo 0dHowacHO k-U cmosneyn
ma -1 padox.
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Josedenna. Hexait P = (p;;). Besnocepentno mepesipsersces, 1mo

P - P Pin P11 - Pk - Pin
Q= | pa - p;ci o Dkn | Ay | Pan p].’k P | =
Dot Doi e D Dot Dok Do
P1iQi5Pj1 -0 P1iQijPjk - P1iQijPjn
=1 Pulijpj1 - pliai‘jpjk “r PliQigPin
PmiGijpPi1 - pmia‘ijpjk c PmiQijPgn

Hexait pj;a:;p;1r = 0. e MoxkmmBo, akmo abo pjr = 0, abo p;; = 0, abo omHOTACHO
pjk = 0 1a p;; = 0. ko pjr = 0, To B Mmarpuni ) mynboBuM Oyze Bech k-ii croBIelb.
Axkmo p;; = 0, To B Mmarpuni () Hy/aboBuM Oyue Becb [-if psajok. ZIKINO 2K OZHOYACHO
pjr = 0 Ta p;; = 0, To B Marpui () HyILOBEME OyIyTh k-ii cTOBIENS Ta [-#f pagox. [

TBepmxenus 3. Sdxwo j-i padox abo i-i cmosneydb mampuyi P — nyavosi, mo eapi-
anm (M°(G;n,m; P), *[a],;) € MATE2ZPYNOI0 3 HYADOBUM MHONCEHHAM.

JHosedenns. Cupasui, 1y JOBLIbHUX ejeMeHTiB [ 1 [y]ne

[]ik *(a)s; Wlne = [ - pri - @ pjn - Ylen =0,

OCKIJIbKM NMpUHAMHL OIUH i3 MHOXKHUKIB Py; Ta Pjp € HYJIEM. O

Teopema 1. Bapianm (M°(G;n, m; P), *A,;) naniezpynu MO (G;n,m; P) e peayaaprum
modi 1 miavku modi, xKoau j-U padox ma i-i cmoeneydb mampuyi P He micmams wyaie.

Jlosedenns. 3 nemu BI/IHJII/IBae, mo sapiant (M°(G;n, m; P), *A,;) € peryjisapHum Toji
i Timpkw TOmi, Komm MaTpuna PA;; P He MiCTUTh HyJHOBUX PAIKIB UM CTOBIIIIIB.

I3 TBepmkenus [2] BuniiuBae Take: komu B Marpuini PA;; P € HyJIbOBUI eJIEMEHT, TO
sl MaTPHUIE MICTUTH HYJILOBUH PSAIOK abO Hy/IbOBHIl CTOBIENb. A 3 JOBENEHHS LBOIO
TBEP/?KEHHS BUILIUBAE, IO HYJIHOBHUI PATOK a00 HYyILOBUH CTOBIEIh OYAyTh TO/II i TLMbKH
TO/Ii, KOJIK MATpuild P MICTUTD HY/Ib y j-My PSIKy a00 ¢-My CTOBIIII.

Tomy ams peryasprocti Bapianta (MO(G;n,m; P), *4,;) HeobXimHo i mocTaTHbO,
o0 j-it PAIOK Ta i-ii CTOBIENbh MATpuIli P He MICTHIN HYJIiB. U

Jlema 4. Hezatt ¢ : S — S, ©(lg9]ij) = [Wigvjjli; — i3omopdism nanieepyn Pi-
ca (S,-) = M°(G;n,m; P) i (S',0) = M°(G;n,m; P'). Todi das dosiavrozo eaemenma
l9]ij € S eidobpasicenna p e marooc izomopdizmom eapiarma (MO(Gyn, m; P), x(q),,) Ha
sapianm (M°(G;n,m; P'), %, ((a].,))-
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JoBemenus meMu El BUILTUBAE 3 PiBHOCTE
o([z]se *[aiy [Wir) = @([z]st 0 [a]ij oyl) =
= o([z]se) - e(lali) - o([ylir) =
= o([x]st) *@,; e(Whir)-

Teopema 2. Vci peeyaapni eapianmu nanieepynu Pica MO(G;n,m;P) NONAPHO 130-
MOPHT

%)

Hosedenna. Hexait Sy = (M°(G;n,m; P),x),,) 1 Sz = (M°(G;n,m; P),*y,,) — aBa
JOBibHI perynapui BapianTu mamisrpymnu Pica M°(G;n,m; P). 3a .J'[eMOIO

ICHYIOTb
Taki exemenTn a,b € G Ta marpuni P’ j-if pamok i i-if cTOBHenb KOl MiCTSTh JIAIIE HyJI
it omuawni rpynu G, i P 3 anamoriaanmu I-m paakom i k-M cTOBIIEM, 1m0

(MO(G;n7m;P)7*[a] ) = (MO(G7n7ma P,)a*[a]ij)7

ij

(MO(Gsn,m; P), sy, ) = (MO(Gsmyms P), sy ).

I3 perynsaprocTi BapianTiB i Teopemu |l| BUTIIUBAE, ITIO IIi PSIJIKH i CTOBMI HACITPaB-
i micTaTh auine omuHunl rpynu G. 3Biacu BUILIMBAE, 1O CEHBIY-MATPHUIEIO BapiaHTa
(M°(G;n,m; P'), *[a],,) AaK Haniprpymm Pica 6yne marpuisa Q' = P'A;;(a)P’, Bei eneven-

TH AKOT TOPIBHIOIOTE 4. AHasoriuno cenpiu-maTputeio sapianta (M%(G;n, m; P"), *@Id)

gk nanisrpynu Pica 6yme matpung Q" = P” Ay (b)P”, Bci enemenTu sikoi JOPIBHIOIOTH b.

Jlns niaronansunx marpuup V = diag(a) ta U = diag(b~') Bukonyernes pisuicrs
Q' =VQ"U. Tomy 3a 1emoro [3| BapianTtn

0(c. . p! 0(ca. . p! ~
(MP(Gsn,m; PP, xg),,)  ra (MO(Ginams P) o+, )
izomopdui. 3Bijcu BUIMBAE, MO 130MOpdHUME TaKOXK € Bapiantu S1 Ta Ss. (]
4. I30OMOP®HICTh HAMIBIPYN PICA HAJ TPUBIAJIbHOIO TPYIIOIO 3 HYJIEM

Jami posriamaloThea HamiBrpymm Pica mam TpupiangbpHOIO Tpymoio 3 mydem GO =
{0, 1}. Ixnimu eslemeHTaMu € MATPUYHI OJMHULIL TA HYJIbOBA MATPHIs, & CEHIABIY-MaTPUILL
rakux Hamisrpyn € (0, 1)-marpungmu.

Teepaxenns 4. dxwo (0,1)-mampuys P ompumana 3 mampuyi P nepecmanosroro
deox padkie, mo nanieepynu Pica M°(G;n, m; P) ma M°(G;n, m; P') isomopgmi.

Hosedenns. Hexait marpung P’ orpumana 3 marpuni P mepecraHoBKOIO k-ro Ta [-T0
PAIKIB:

P11 P12 ... Pin P11 P12 --- Pin P/u p'12 e p/m
Pkl Pk2 .-+ DPkn P P2 - Pin D1 Phe -+ Pin
P=| ... ... ... ..., P=... .. .. .= . . ..
pin pi2 --- DPin Pkl Pk2 --- Dkn ph Pﬁz cee pfn

Pm1 Pm2 --- Pmn Pm1 Pm2 --- Pmn p;nl p;n2 p;nn
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Posrianemo Tabmuni Muoxkenns mamisrpyn MO(G%;n, m; P) i M°(G;n,m; P'):

P [ M [ [ [ [Wa [
[1}11 Co [Pu]uc co [pn]u Co [puhk T [pu]u
.[1}1k e ‘[pkl]lk e ‘[pkl]ll e ‘[pmhk e ‘[pki]ll

Mo [ [ fealwe [~ Dalu || ol || o

.[1}1‘1@ ‘[pkl]ik ‘[pkl]il ‘[pki]ik ‘[pm‘]iz

.[1}1'1 .[pll]ik .[pu]u .[pli}ik .[Pu]iz

J2% 1wk T Mu T Mk M
[1}11 co [pn]lk co [pn]u co [puhk co [pu]u
.[1}1k " '[Pu]uc " '[Pu]u o '[plihk T '[plihl
.[1}11 o ‘[pkl]lk e ‘[pkl]ll c ‘[plm’,]lk o ‘[pki]ll

W |~ [ fpalie [~ ale ||l || o

.[1}1‘1 ‘[pkl]ik ‘[pkl]il ‘[pki]ik ‘[pm‘]iz

Baunwmo, K110 y TabIuIl MHOKEHHS JJIs HATIBIPY TN MO(G; n, m; P) Ijisi KOXKHOTO
j€{1,2,...,n} mominaTy MiciaME paIKH, IO BiAnOBigaoTs emementaM (1], 1 [1]5;, TO
orpumaemo Tabmuiio muoxkenus aas MO(G;n, m; P').

Posrnaremo BimobparkeHHs

@ : M°(G;n,m; P) — M°(G;n,m; P'),
Bu3HAYeHe Tak: JJid posiabuux j € {1,2,--- n} 1a h # [, k upuiimemo

o) = M, @A) = Wk, e([1]jn) = [1];n-

Hosenemo, 1m0 ¢ € izomopdizmom. s nporo nepesipumo, 1o BUKOHYETHCS PiB-
Hicth (X -P-Y)=@(X) P - oY) naa noeiabHnx piciBchknx wmarpuns X,Y €
MO(G;n, m; P). Pisricts odesnana, sxkmo X = 0 abo Y = 0. Tomy MosKHa BBayKaTH,
mo X = [1];;, Y = [1],4. Jamni po3risaeMo MOXKIIHBI BUIAIKHA:
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1) akwmo j =g =k, 1o

o[- P-[rk) = @Iprrli) = [Pl = [Wa- P[0 = o([Lir) - P~ o([Lri);
2) akuwo j =k, g=1, 10

o[- P-[r) = o([parlit) = [Pllik = [Wa P’ [ = o([Hir) -P"- o([1m);
3) axwo j =k, g & {k,l}, T0

o([Uik-P-[]rg) = e([Prrliq) = [Pirlig = (Wi P [1rg = p([ik) - P o ([1]rg);
4) axwo j,q & {k,l}, To

o((Uij-P-[Urg) = @pjrlia) = Phrlig = [Wij- P+ [Urg = #([1]55) -P'+ @([1]rg)-

Bumagxn 1) j =q=1012)j=1,q=k3)j=1,q&{k1};3") q=Fk j&{kl};
3" q=1, j & {k,l} po3rasgamoThcs aHAJIOTIIHO.

IlomuBumochk, y Ky tabmuimio mepeiige TaOIUIA MHOXKEHHSA s HAIiBTPYIIH
MO(G;n,m; P), aKImo KOXKeH eeMeHT TabJuIi 3aMiHATH #Oro ob6pa3oM HpH BigoGpa-
xkenHi . Leit nepexin moxkna po3dbutu na asa eranu. Ha mepriomy erarmni /st KOXKHOIO
i TIepecTaBMMO MICISIMU DSIIKM, IO Biamoeigators enementam [1];; Ta [1];, a morim
CTOBIIII, AKi BiAMOBiZaI0TH UM ejgeMenTaM. OTpuMaeMo TabJIHITIO:

[1]11 [1]1k [1]” [1]Zk
[1]11 co [pn]ll co [pn]lk co [pu]u co [pu]lk
.[1]11 " '[Pu]u t '[pll]lk " '[plihl " '[pli]lk
.[1]1/% o ‘[pkl]ll c ‘[pkl]lk o ‘[pki]ll c ‘[pki]lk

.[1]2'1 '[pll]il '[pll]ik '[pli]il '[pli]ik

.[1]1'1@ ‘[pkl]il ‘[pkl]ik ‘[pm‘]u ‘[pki]ik

Ha apyromy erari /st KOKHOTO ejleMeHTa TaO IuIll ApyTruil iHgekce k 3amianmo Ha [ i
HaBIIAKM, HE 3MIHIOIOYH MEPITNX 1HAEKCIB Ta PelTn APYTuX inaexcis. be3nocepeaano me-
PeBipsIETHCsI, 10 OTPUMAaHa TAOIUIA 30IraeThCs 3 TAOIUIEI0 MHOXKEHHS /1151 HAIIIBIPYIIN
MO(G;n,m; P"). Tony nanisrpyma M°(G;n,m; P) ta M°(G;n,m; P') € izomopdunu-

MH. O

dkmo Big mamiprpymm Pica MO°(G;n,m; P) mepeiitn 10 AyadbHOI HamiBrpym#
MO(G;m,n; P'), T0 3 TBEpIIKEHHS El 0/Ipa3y BUILIUBAE JTyaJbHE

Teepaxenns 5. dxwo (0,1)-mampuusa P’ ompumana 3 mampuyi P nepecmarnosroro
deox cmosnuie, mo naniszpynu Pica M°(G;n,m; P) ma M°(G;n,m; P") izomopdmni.
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Hacainok 2. Sxwo mampuus P ompumana 3 mampuyi P 3a donomozoto nepecmanosor
padkie i cmosnuis, mo naniszpynu Pica M°(G;n, m; P) ma M°(G;n,m; P) izomopdi.

5. BAPIAHTU HANIBIrPynm PICA HAJ TPUBIAJIbBHOIO I'PYIIOIO 3 HVYJIEM

TBepaxenusi 6. Jxwo eapianm (MO(G;n,m;P),*A”) naniszpynu Pica nad mpuei-
AALHON 2PYNOI0 3 HYAEM € PERYAAPHUM, MO 61H 130MOPPHUT Haniezpyni

MGy n,m; Tosen)-

Josedenna. Bapiant (M°(G;n,m; P),x4,,) € nanisrpynoio Pica (M°(G;n, m; PA;; P).
Ockimpku Bapiant (MO(G;n,m; P), A,;;) DETyIApHMiA, TO 3a Teopemoo (1| Bei enemMenTH
j-I0 psiaKa Ta i-ro cToBulg Marpuii P e oguaungmu. Asie Tozi 3 TBep,D;}KEHHHmBI/IHJII/IBae,

1o PA”P:Ian O

Teopema 3. Bapianwmu S; = (M°(G;n,m; P),*4,,) ma So = (M°(G;n,m; P),%4,,)
isomopdni modi i miavku modi, xosu mampuyi Q = PA;;P ma F = PAjP nicas
BUKDECAEHHA HYADOBUT PAJKIG T CTNOBNYIE 3012a10MbCA.

Zosedenns. Bapiantu S7 1 Sy € mamisrpynamu Pica 3 marpumsavu ) ta F', BinmosiaHo.
3a reepakennsu [I] nepecranoskamu pszkis i crosnnis marpuni @ ta F' Moxkna 3BeCTH

A0 BUTLJIALY
/. Iu><'u 0 ;o Ik:xt O
o-( ) =)

Bigmosigno. lle o3nauag, 1m0 micss BUKpeceHHs 3 Marpuib () Ta F' Hy/JIp0BUX PAAKIB i
CTOBIIIB MU OJEPKUMO MATPHUI Ly », Ta Ly, Biamosigao. Kpim Toro, 3a macmiakom |2|
MaTUMEMO

MO(Gin,m; Q) =~ MO (Gyn,m; @), MO(Gyn,m; F) =~ M°(Gyn,m; F').

Tomy mocTaTHBO AoBecTH, mo Hamisrpym MO(G;n,m; Q') i MO (G;n, m; F') izo-
MopdHi ToAi 1 TIALKU TOML, KON Ly v = Lixt-

HocrarricTh yMoBH O4eBmaHa, 60 Tomi Q' = FV.

Jlns moBesieHHs HeoOXiaHOCTI 3ayBaxkumo, mo B Hamisrpyni MO(G;n,m; Q') moby-
10K [1],s-[1]zy = [¢hy]ry Oyzne HenymboBuM Tox i Tinbky TOAL, KO 1 < s <wuil <z < v.
Tomy Tabmuug MuOMenHs g Hamiprpyma MO(G;n, m; Q') mictuTuMe nu HeHYTHOBEX
PAIKIB, Y KOKHOMY 3 SIKUX OyJ€ ™vu ONWHWIG. AHAJOTIYHO TabIWIs MHOXKEHHS IJIs
nanisrpynun MO (G;n, m; F') 6yne mictutu nk HeHYIbOBUX DAJKIB, y KOXKHOMY 3 SKHX
6yae mt omunump. Tomy 3 isomopduocti mamisrpyn MO(G;n,m; Q') i M°(G;n,m; F')
BUILTHABAE, MO U = ki v =t. O

ITosradammo 4epe3 r; KiAbKiCTh OMWHHUIDL B i-My PAAKy Mmarpuni P, a depes s; —
KUTBKICTh OIMHUITH V j-MY CTOBIIII MaTpuIi P.

Hacainok 3. fTkwo das mampuui P mmoorcuna {r; : 0 < i < m}\{0} mae k eaemenmis,
a muooicuna {s;: 0 < j < n}p\ {0} — I exemenmis, mo nanieepyna Pica M°(G;n, m; P)
Mmae mouno k -1+ 1 nonaprno neisomopdrnur sapianmis.
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Hosedenna. dxmo r; # 01 s; # 0, ro 3 TBepmkenns [1| ra macaiaky [2 Bumiusae,
1o BapiaHT (MO(G;n,m;P),*mU) isomopdunit manisrpymni Pica M°(G;n,m; Q) i3
. Ts.xr. O . . .
ceniBiu-marpuneio @) = ( S’OX” 0/ 3a Teopewmoro 3| pizanm mapam (s;,7;) Bigmosima-
10Th HeizomopdHi BapianTu, mo ga€ Ham k - [ monapuo Heizomopduux BapianTis. 2Komen
i3 HMX He € HANiBrpymoo i3 HyJILOBHM MHOXKEHHAM. KpiM TOro, Maemo e BapiaHT
MO(G;n,m; P), xq), AKuil € HAIIBIPYIIOO i3 HYJILOBHM MHOZKEHHSIM. (]
y 10y 1Ty s *0)s Y Y:
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VARIANTS OF THE REES MATRIX SEMIGROUP

Oleksandra DESIATERYK

International Research and Training Center for Information Technologies
and Systems of NAS and MES of Ukraine,
Glushov Ave., 40, 03680, Kyiv, Ukraine
e-mail: sasha.desyaterik@gmasil.com

Let S be a semigroup, and let a € S. Then the variant of S with respect
to a is the semigroup with underlying set S and multiplication o defined by
T oy = zay.

Let S be an arbitrary semigroup, let I and A be (index) sets and let P = (px;)
be a (A x I)-matrix over S, i.e. a mapping from the Cartesian product A x [
into S. The following formula defines an operation on the set M =1 x S x A:

(7:7 5, )‘)(]7 t, M) = (i’ spajt, /L)'

Then M is a semigroup, called a Rees semigroup of matriz type over S and
denoted by M(S;1,A; P). The matrix P is called the sandwich matriz of
the semigroup M(S;I,A; P). If S is a semigroup with zero 0, then Z =
{(¢,0,A\): i € I, A € A} is an ideal in M(S; I, A; P) and the Rees quotient semi-
group M/Z is denoted by M°(S;I,A; P). In the case when S = G° is a group
G° with an adjoined zero, instead of M°(G°; I, A; P) one writes M°(G; I, A; P)
and calls it a Rees semi-group of matriz type over the group G° with an adjoi-
ned zero.

We obtained necessary and sufficiency conditions for regularity and isomorphi-
sm of two variants of the Rees matrix semigroup with a sandwich matrix
over a trivial group with zero. In particular we show that variants S; =
(M°(G;n,m; P),*4,;) and Sz = (M°(G;n,m; P),*4,,) are isomorphic if and
only if when the matrices Q = PA;; P and F' = PA;, P coincide after deleting
of zero-rows and zero-columns.

Key words: variant, sandwich semigroup, Rees semigroup, isomorphism.
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IIPO TOMOMOP®HI PETPAKTI MOHOIIA IN,

AnaroJgiiit CABYVYK

Jveiecvruti HaytonarvHul ynisepcumem imens Isana Dparka,
eys. Ynisepcumemcoka, 1, 79000, Jveis
e-mail: asavchukl@meta.ua

Hocimkeno romomopdHi perpakTu MOHOITA INo KOCKIHYEHHMX YaCTKOBUX
i3oMeTpiit MHOXKUHI HATYpaabHuX uncesa N. 3okpema, moOyI0BaHO KJIaC TOMO-
Mopduux perpaktiB Mouoima IN., esemeHTH SKOTO MiCTATH IAMOHOIN by,
nopozKenuii 3cyBamu Muoxkuuu N, Taki, mo %y € romomMopdHUM perpakTom
KOYKHOTO TAKOTO MOHOIIA.

Karowoei caosa: HamiBrpyma, i30MeTpist, 9acTKOBa Oi€Kirist, roMoMOpQhHIT
PETPaKT, KOHTPYeHITis, OIIUK/IiaHmil MOHOT.

Mu kopucryBarumemoch tepminosioriero 3 [8, 16, 17].

Hanani y rekcri noryxuicrs Muokunu A nosnadarumemo uepes |A| i MHOxKuHY
HaTypaabHUX duces — depe3 N,

Akimo Bu3HavYeHe yacTKoBe BimobOpakenus a: X — Y 3 MHOKAHN X y MHOXKUHY
Y, To wepe3 dom« i ran o OymeMO MO3HAYATH WOTO 004GCTL 6USHAYEHHA TA 00AGCTNL
3Hauenb, BIINOBLIHO, a yepe3 (z)a i (A)a — obpasu enementa x € dom o Ta miMHOXKHU-
o A C dom « upu 9acTKOBOMY BimoOpazkeHHi «, Biamosiguno. Yacrkose BimobparkeHHs
a: X — Y nasuBaerbcs £o-ckinuennum, axmo maokuan X \ dom o ta Y \ ran a € ckin-
YEHHUMH.

SIkio S — waniBrpyma, T0 i HiIMHOXKUHA iIeMIOTEHTIB Mo3HAYaeThcsa depe3 F(.S).
Hamisrpymna S Ha3uBa€eThCs iH6EPCHOM0, SKITO JI8 TOBIIBHOTO 11 €JleMeHTa X iCHY€ € IuHui
enement x~ ' € S makmii, mo xz 'z = z ta 2~ 'xz~! = x~!. B iuBepcuiit nanisrpyni S
BUIIE O3HAYEHWIl €JIeMEHT T ' Ha3uBA€TLCH iHeepchum do x. B’aska — ue mamisrpyna
iIeMITOTEHTIB, a HaNIB/PAMKG — 1€ KOMYTATUBHA B’SI3KA.

Hexaii ., — MHOXKWHA BCiX YaCTKOBWX B3AEMHO OJHO3HAYHWUX MEPETBOPEHL HEHY-
JILOBOT'O KapAWHAJA A\ 3 BU3HAYEHOIO HA Hill HAIIBrPyMIOBOIO OITE€PAIIEI0

z(af) = (za)B axmo x € dom(af) = {y € doma: ya € dom S}, nns o, B € Fy.

2010 Mathematics Subject Classification: 20M18, 20M20, 20M30
© Casuyk, A., 2019
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Hanisrpyna %) Ha3MBa€THCS CUMEMPUYHUM THEEPCHUM MOHOIOOM (CUMEMPUNHON TH-
eepcroto naniezpynoro) nay kapaunaiaoMm A (uus. [8]). Cumerpuunuii inBepcHuUii MOHOIL
BBenennii Barunepom y npari [2] i BiH Bigirpae BaxauBy posib y Teopii HamiBrpy.

Bignomenus exBiBajeHTHOCTI R HA HAMBrPYT S HABMBAETHCA KOHZPYEHUIEN, STKITIO
JUIs eJIeMeHTIB a 1 b HaniBrpynu S 3 TOro, 10 BUKOHY€ETHCd yMOBa (a, b) € & BUILIUBAE, MO
(ca,cb), (ad,bd) € R, nusg Beix ¢, d € S. Bignowenns (a,b) € & Mu Takox GyaeMo 3anucy-
Baru aflb, i B ibOMy BUIIAIKY OyJI€MO TOBOPUTH, IO eAeMERMU a & b € R-exsi8asenmrumu.
Ha xokuiit HamiBrpymi S icCHYIOTh Taki KOHTpYeHINil: yHisepcaavha g = S X .S Ta oduru-
wha (diazonasv) Ag = {(s,s): s € S}. Taki KOHrpYeHIIT HAZUBAIOTHCS MPUBIAALHUMU.
Konrpyeniig & Ha HaniBrpyi S HA3UBAETHCs 2PYno6oto, KO (hakTop-Hamsrpyna S/8
€ rpynoio. Koxkuaa KoHrpyeHIis K Ha HATIBrPYIi S MOPOIKYE NpupodHutl 20MOMOPPHi3m
£ S — S/K, akuil cTaBUTL Y BiANOBIAHICTH KOXKHOMY esiemenToBi s € S ifioro kiac £-
ekBiBasenTHOCTI [$]g. Takoxk, KoxkeH HamiBrpynosuit romomopdism h: S — T mopomxKye
KOHTpyeHtio ker h na S

(s,t) € kerh roxi i auie roni, ko  (s)h = (t)h, s, te s,

i B mpoMy BHUNaJKy KOHrpyeHuisi ker h HasmBaeThcst adpom romomopdizmy h (aus. [8]).
IleperBopenns HamiBrpymnu S, gke € roMOMOP}IZMOM, HABUBAETHCA €HIOMOPPIZMOM.
ko S — nanisrpymua, To Ha E(S) Bu3HaYeHO 4aCTKOBUIl NOPSIIOK

e < f roxmiiume romi, komu ef = fe=e.

Tak o3nauenuii yacrkoBuii opsaa0K Ha E(S) HazuBaeTbcsa npupoorum.
Oznaunmo BisHOmeHHs < HA iHBEPCHi# HamiBrpymi S Tak

st TOJI 1 JIUITE TOMi, KON s = te,

Jutst jresdkoro inemnorenta e € S. Tak o3Ha4YeHUN 9aCTKOBUI HOPS/IOK HA3UBAETHCS NPU-
POOHUM wacmKO8UM NOpAdKom Ha iHBepcHiit Hamirrpymi S [16]. OueBnIHO, 110 3BYKEHHS
OPUPOIHOrO YaCTKOBOIO TOPSIKY =< iHBepcHOI Hamisrpynu S Ha ii B'a3ky F(S) € npu-
pozxtuM dacTtkoBuM nopsizkom Ha E(S). IuBepcua nanisrpyna S HazuBaeTbes gaxmopu-
306H010, SIKITIO JIJIs1 KOXKHOTO €JIeMeHTa § € S iCHY€E eJIeMeHT ¢ TPy OJUHUIb HAMIBIPY U
S Takuii, Mo $ < ¢ CTOCOBHO IPUPOIHOIO YaCTKOBOI'O MOPAAKY < Ha S.

Yacrkore meperpopentst «: (X,d) — (X,d) merpuanoro npocropy (X, d) Ha3usa-
ETHCS (30MempPuyHUM a00 wacmKosoto izomempiero, ko d(xa,ya) = d(x,y) nas go-
BibauxX z,y € doma C (X, d). OueBuHO, M0 KOMIOBUIs JBOX YaCTKOBUX i30MeTpiit
merpuanoro npocropy (X, d) 3HOBY € 4aCTKOBOIO 130MeTpI€I0, a TAKOXK, 1110 ObepHeHe Jac-
TKOBE BiIOOpaskeHHsi JJ0 9aCTKOBOI 130Merpii € 94acTKOBOIO i3oMerpiein. OTox, 4aCcTKOBI
izomerpii merpuanoro mpocropy (X, d) cTocoBHO onepamnil KOMMO3MIIT 9aCTKOBUX Tepe-
TBOPEHDb € IHBEPCHUM TiIMOHOIIOM CUMETPUYHOTO IHBEPCHOTO MOHOIIa HAJI, KapIWHAIOM
| X|.

Hamisrpymna ID,, ycix 9acTKOBHX KOCKIHYEHHUX i30MeTPifi MHOKWHY ILIAX THCET
Z o3naduena B npaui Besymak [5], ne onucano ii TBipHi Ta 10BeIEHO, 110 BOHA Ma€ €KC-
noHeHjiaapHuil picr. 3ayBaxkumo, mo wamisrpyna ID, inBepcha i €, oueBuHO, migHa-
MiBCPYTOIO HAMNBIPYTH BCIX YACTKOBUX KOCKIHYEHHUX OIEKIN#H MHOKUHW IINX YHCeN Z,
a enemenTn HamBrpynu ID,, — 11e came 3ByKeHHS i30MeTpiit MHOKWHY TJIUX IUCE 7,
Ha KOCKiHYeHHI miZMHOXKUHE B po3yminHi Jloycona (mus. [16, c. 9]. ¥ npari [1] onucano
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Bigmomtenns I pina ta rosopui izeamn mamisrpymu IDo. V [3] moBeneHo, o dakrop-
namiBrpyna ID . /€mg 38 MiHIMATBbHOI IPYHOBOIO KOHIPYeHIi€ Cme i3oMopdua rpymi
Iso(Z) ycix i3omerpiit MuHOkWHW Z, Hamisrpyna ID., € F-iHBepCHOI HAMIBrpymom, a
TakoK, Mo Hamirpymna ID, isomopdua nanisnpaMomy 1o6yTy Iso(Z) Xy P (Z) Binb-
HOI HamiBrpaTku 3 oquHuIE0 (Ps(Z),U) rpynoto Iso(Z). Takox y [3] mocmimkysanacs
ronosorizamis wHamirpynun ID., Ta 3amaga isoMopdHOro 3aHypeHHsT JUCKPETHOI HAIIiB-
rpymu ID, y raycmopdosi Tomosorituni HamiBrpynu 0u3bKi 10 KOMIAKTHHAX.

Hexait IN,, — MHOXWHA yCiX YaCTKOBUX KOCKiHUYEHHWX i30MeTpiif MHOKWHHU HATY-
paspHux unces N 3i 3Bnuaiinono merpukow d(n,m) = [n —m/|, n,m € N. Ockinbku MHO-
xkuHa IN,, 3aMKHEHa CTOCOBHO OIepallil KOMITO3HINI YACTKOBUX BiZOOparkeHb i B3STTS
0bepHEeHOro YacTKOBOTO BimoOpaxkenus, o IN,, — imBepcHuii miamMonHoin cuMmeTpudHO-
ro impepcHoro monoina -%,. Yepes I nosnadaruMeMo TOTOKHE BinoOparKeHHs MHOXKUHU
HarypaJjbaux duces N. OueBuano, mo [ — onunaung monoiga IN.

V¥ nparmi [4] pocaimkeno anrebpudni Baactnsocri Hamierpynu IN. 3okpema B [4],
OTMCAHO BiTHOTIIEHHS fpiHa ua Hamierpym IN, 1T B’a3ky Ta moBemeno, mo IN,, — mpo-
cra F-ynitapua F-imBepcHa HamiBrpyna. Takox omucaHa HaiiMeHITa IPYITOBa KOHTDYEH-
mist Cmg Ha Momoini IN., Ta mosemeno, mo dakrop-aanisrpyna IN /€y i30MopdHa
aauTHBHIM rpymi nimmx dncen. HaBegeno npukaam korrpyentil Ha moHoimi IN,,, sKa He
€ rpymnoBoio. Takoxk moBeneHo, 1o Kourpyentid Ha IN,, € rpymnoBoio Tozi i jsumre o,
KoJiwt 11 3By»KeHHs Ha NoBUIbHY miguamiBrpymy S B IN,,, sika i3omopdHa OirukaivHiil HA-
MiBTPYIIi, € IPYIOBOIO KOHTPYyeHIli€o ua S. Baacrusocri manisrpynu IN,, Ta mamisrpym,
BUX KOCKIHYEHHUX 130MeTPiil n-ro cTeneHs MHOXKUHKM HATYPAJIbHUX YHUCET 3 €BKJIiI0BOIO
MEeTPHKOIO JIoc/IiKyBatacd B [15].

Tomomopdroro pemparyicro HA3UBAETHCS BimoOpaykeHHs 3 HamiBrpynu S B S, sike
€ OIHOYACHO peTpakiieo Ta roMmomopdizmom [8]. O6pas wamisrpymnu S mpu i1 romoMop-
GbHiit peTpakIlil HA3UBAETHCA 20MOMOPPHUM pemparmom. TooTo TomomMopdHMIT peTpaKT
mamiBrpynu S — 1ie Taka migaamisrpyna 1’ B S, mo icaye romomopdism 3 S wHa T, mis
SIKOrO migHamsrpyna 7' € MHOXKHHOIO BCIX Horo HepyxoMux T0490K. Q4eBuIHO, 10 KOKHE
TOTOXKHE BijoOpazkeHHs HALIBrpyu S € 1T roMOMOP(HOI PeTpaxkiicio, a TaKOkK, KO
e — imemmoTeHnT B S, TO craje Bimobpaxkenus h: S — S, T +— e € TOMOMOPQHOIO pe-
tpakiielo manisrpynu S. Taki romomopdni perpakiiii mHamiBrpynu S OymemMo HAa3WBATH
MPUBLANLHUMU, 8 0OPA3Y HAMBIPYIH S CTOCOBHO HUX — MPUBIAALHUMY TOMOMOPGDHUMEI
perpakTamu.

Hobpe Binomo (uus. [8, §1.12]), wo Giuuknivuuit monoin % (p,q) i3omopduuit na-
MiBrPyIi ¥, TOPOIXKEHI! YaCTKOBUMU MEPETBOPEHHIMU (v Ta [ MHOXKWHU HATYPATBHUX
qncen N, gki BU3HAYAIOTHCA HACTYITHUM YHHOM:

doma =N, rana=N\{1l}, (n)Ja=n-+1

domp3 =N\{1}, ranf=N, (n)f=n-—1

Ouerngro, mo %y € migmonoimom B IN.. 3a nacaizkom 1.32 3 [8] yci romomopdizmu
Ginmktianol HamiBrpymu €'(p, ) €, abo i3omopdizmMamu, abo K IPYNOBUMH, i OUEBHIHO,
o KoxkeH aBToMopdi3M GinukaivHol HaniBrpymu € (p, ) € TOTOXKHUM BiIOOpazKeHHsIM.
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3Bigcu Burumsae, mo Bei romomopdui perpakuii 6inukaivnoro MmoHoina €'(p, q), a orxe
i MOHOIJA D € TpUBIAJIbHUMHU.

BayBaxknmo, IO MAMOHOI 6y € ToMmoMopdHNM perpakToM y Monoiai INy, ([4, Ha-
crinok 13]). ToMmy NpUPOAHO BUHWKAE 337a4a: ONUCATU 6Ci HEMPUBIAALHI 20MOMOPPHHI
pemparmu mornoida IN,,. lle nuramusa mocrasieno O. I'yrikom ma ceminapi “Teopis mo-
JIirouiB i cnekrpasnbhi mpoctopu”’ y JIbBiBCchKOMy yHiBepcuTeri B 2017 pomi. Takox Bin
YTOYHUB 1e UTAHHS: %U ICHYNOMb HEMPUBIAALbHE 20MOMOPPHE pemparmu monoida IN
6I0MinHi 810 G ?

Mu mocutimzyemo romoMopdHi perpaktu Mmouoia IN, . 30kpema, moOyI0BaHO KJIac
romomopduux perpakTis Monoina IN,,, eleMeHTH SKOro MiCTSTh TiIMOHOI, 6 TaKi, 110
%N € TOMOMOP(MHUM PETPAKTOM KOKHOTO TAKOTO MOHOIIA.

Hexaii 8 — noinbuuii esnement nanisrpynu IN,,. Ockisibku 3a semoro 1 3 [4] koxxen
esiemenT HamBrpynu IN, € 3ByKEHHAM 4aCTKOBOI'O 3CYBY MHOXKMHHU HATYPAJIbHUX YUCEJT
Ha KockinuenHy miaMHOKuHY B N i (N, <) — minkoM BnopsizkoBaHa MHOXKHHA, TO iCHY€
HaiMeHIIIe HATYPAJIbHE YUCTIO ng € dom 3 Take, mo n € dom 8 Ajd BCiX HATYPATBHUX

n > ng Ta iCHy€ HafiMeHIIe HATypalbHe IUCIO nj € ran 3 Take, mo n € ranf§ ans Beix
HATYPaIbHUX 7 2> 1.

TBepaxkenaa 1. Hexati S — nanisepyna ma $: IN, — S — uezpynosutl 2omomop-
Pizm. Txwo ()H = (B)9H das dearux a, 8 € INo,, mo nd = ng i ng, = ng.

Zosedenns. Criodarky pO3TISHEMO BUIAIOK, KOIU , 3 € imemmnorenTamu MOHOITa IN .

[IpumycTuMo npoTHaeskHe: icayioTh o, 8 € E(INy) Taki, mo nd # nf@i. He 3memntmyoqan
d

3arajibHOCTI MO2KEMO BBaxKaTu, Mo 7N,

< ng. IIpuiimemo ng = ng + 11 mexait ¢g —
ToTokHe Bimobpaskenns muokmHn {n € N: n > ng}. Toxi eg € IN,, i ockimpru nd
ng, TO OYEBUIIHO, MO € - @ < €0 - f, €0 - # €9 - B 1¢eo-a,e0-f € FE(6n). Toni
3a reopemoro 22 [4] romomopduuii o6pas (IN,,)$ e miarpynowo B S, a ue cynepedurhb
MPUIYIIEHH0. 3 OTPUMAHOrO MIPOTHPivYs BUILIUBAE PIBHICTDH ng = ng.

Hexait «r, 8 — nosinbHi pisui eementn monoina INy, Taki, mo (a)$ = (8)9. Ockinn-
ku monoin IN,, € inepcaum, To (™ 1)H = (B871)9H i (e ta)H = (3718)9. Takox,
ockinbkn domy = dom(yy~?1) i rany = dom(y~'y) ana mosimbroro v € IN., To 3

O3HAYEHb YHCE n,‘j 1 Y, BUILIUBAE, IO NS = ng., -1 ing, = n;i_ly. Jlami, BUKOpHCTaBIIH
d

TBEP/PKEHHs JIOBEJIeHe JIjisl 1/IEMIIOTEeHTIB, OTPUMYEMO piBHOCTI ng = ng ing =ng 0O
s nosinbHOTO enementa o € IN,, o3HaYNMO:

e O — 3BYyXKEHHs 9aCTKOBOro BimobOpaxkenus «: N — N Ha MHOKUHY
{n eN:n> ng};
d — roroxue Binobpakenns MuoKuHE dom & = {n eN:in> ng};

e /I — ToTOXKHEe BimoOparkeHHs MHOXWHN rana® = {n € N: n > nt }.
« «

e /|

Y upani [4] o3uaueno enpomopdizm N, : INo, — INy, @ — &, Ta noBexeno, mwo
nizmonoin 6y nauisrpyuu INg, € romomopdrum perpakroMm. TBepzKeHHs 2 OLKUCYE KOH-
TPYEHIII0, SIKa € sIAPOM IIHOTO eHIOMOpQi3My.

TBepmkennst 2. /Jlaa enemenmie o, 8 € INy, mari ymosu € exsisanrenmmuumu:

(i) ()9 = (B)9H%;
(id) 1o = 3B
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(iii) aug, = Bug;

Q

(iv) o = Bix;
r _ ,d
(v) aug, = 150.
Jlosederna. 3a o3HAuMEHHAMM YACTKOBUX Bigobpazkenb 19, (5 i emmomopdizmy

Nz, INy, — IN, Maemo, mo (@)Hg, = Lga = ouy, Id ToBinbHOTO entemenTa o € IN,

3BiJIKM BUTJIMBAIOTH €KBIBAJIEHTHOCTI TBEP/IZKEHD JIEMU. U

Osnauenns 1. Hexail ng — m0BiibHE HATYpAJBHE YKUCIIO T p — JOBIIbHE HATYPAJIHHE

9HCJIO CTpOro Oijbire 3a 1. Yepes L;;p ) HOBHAMMMO TOTOXKIHE BimoOparkeHHsT MHOXKIHI

A - {neN:n=np}, Ko ng — p ¢ N;
" {neNin=notU{ng—p}, saxmony—péeN.
Ha momoini INy, 03HaUMMO BiTHOMIEHHS ~(_,)y TaK:
an~ iy B TOZI i TIIBKK TOMI, KON Lil;ma = Lf;,m,@)
a B

Ouerunno, MO ~(_,) — pedIeKCuBHe, CHMETPUIHE Ta TPAH3UTUBHE BiHONICHHS Ha
Hamisrpymi IN.

Takox 3 Toro, mo koxken ememenT Mouoiga IN, 3a memoro 1 3 [4] € wacTROBUM
3CYBOM MHOXKWHHU HATYPAIbHUX duces N, TO BUKOHYETbCS TIE€PIlle€ BUILIOBJIECHHS jJeMu 1,
a ii jipyre Buc/jios/ienns 6e310Cepe/ b0 BUILIMBAE 3 O3HAYEHHS €KBIBATICHTHOCTL ~(_py.

Jlema 1. Hexatli p — dosiavhe namypaasvue wucao > 2. Todi

(1) L;;Z))Oé = owfip) das Koorcnozo o € INo ;

(2) awwo o ~_py B daa o, B € INy, mo nd = ng ing, =ng.
TBepmxkeHns 3. STrwo p — J06iAbHE HAMYPAADHE YUCLO = 2, RO ~(_py — KOHZPYEHUiA
na Hanie2pyni INy.

Hosedenna. Hexait a ~(_,,) B ana pesaknx «, 8 € INy, i v — jnoBinbuuil eneMenT Haris-
rpynu IN.

Ockinpku 3a nemoro 1 3 [4] xkoxen enement moHoina INo € wacrkoBum 3cyBoM
MHOXKHUHU N, TO iCHYIOTH HiJI 9HCTa 2o, 28 1 2y TaKi, IO

(Do =1+ zq4, ()B=7+z283 i (k)y=Fk+ 2,
(=p) ( p)g

1 oBinbAUX @ € doma, j € dom B i k € dom+y. Takox 3 piBHOCTI ¢, 4 @ = Ln;
a B

BUILTHBAE, 10 2, = 24, & 3a gemMoio 1(2) orpumyemo pisrocti nd

OueBuIHO, 1110 BUKOHYETHCH JIMIIE OJUH 3 TAKMX BHUIIAIKIB:

_,d: r _ 1
=nj ing =nj.

(a) ng, < n,‘j; (b) ni, = n,’j; (¢) ni, > ng.

3ayBaxkuMO Crovarky, ockibku MOHOIT IN,, € miaMOHOIIOM CHMETPUIHOIO iHBED-
CHOrO MOHOLIA N HaJ MHOKUHOK N, TO

dom(ay) = (dom~y Nrana)a™?, ran(ay) = (dom~ Nran a7,

dom(By) = (dom~ NranB)3 1, ran(fy) = (dom~y Nran B)y.
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[punyctumo, mo n¥, < nd. 3 Toro, mo koxen exement monoina IN,, € gacTkoBIM

5
scysom muoxkuan N ([4, mema 1)) i 3 pisrocTeit nd = ng i zo = 2 BUILIUBAE, 110

n27 =(n

d
v

— ngV = ndHp~! >nd.

PosrigareMo aBa MOXKIWBI BUTIAIKHA.

1. dxmo nd +1—nm,T0n p¢doma1nd —p ¢ dom 3, a orxke
ng, —p ¢ dom(Lf;df)afy) = dom(Lfogmﬁy) ={neN:n>ng}.
<« el
Toni, O9eBUIHO, IO (i)Lil;ma’y = (i)LiLd >67 = i+ 2o + 2y 418 BCiX § €
ay

dom(L<dp>oz'y)

2. HKmon +1<nm, ong,y

( p)

—p€e€domai ng,y — p € dom 3, a orxe,

d

—p €dom(e, 4 a’y) = dom(éé?ﬁy) ={neN:in> ngv} U {ngw —-p}.

OueBnaHo, 10
(D) oy = ()efa” By =i+ 20 + 2,

JLIs BCIX @ € dom(Lf;dp> ay).
ay

IIpunycrumo, mo nf, = nf}. Toni

= (ng)a! = nt = = (u5)0 " =,

OCKITIBKU 2o = 23, nd = ng 1 ng, = nj, a OrKe, MaTUMEMO, 110

nd

e oy =G ey = LfljgmB'Y =1 d”>5v

IIpumyctnmo, mo nf, > ng. 3 Toro, 110 KoxkeH ejeMenT Monoina IN,, € gacTkoBuM

scysom muokunn N ([4, mema 1]) i 3 piBmocreit nd = ng i zo = z3 BHIIHBaE, IO
d _,d_,d_d
NGy = NG =N = NG, a OTXKe, MAEMO, 1O

oy = o oy = 0 By = 0 By

OToxk, MU JOBEJH, IO 3 PIBHOCTI Lf;ma = Ln;p (8 BUILINBAE PiBHICTH Lf;ma’y =
« B ay

Li_dp >ﬁ'y JUTst TOBLIBHOTO esieMenTa y HamiBrpymu INg,
By

3 piBnoCTI L<d o = L B ta jemu 1(1) BunsMBae, 1o aL BL . Ockinbku

IN,, — iuBepcua HamBrpyna TO

(=p) -1 _ (=p) -1 _ m\ " _ 38 =m\ " ﬁ_ ,3—
bpa Q7 = lye a7 = (Al = (Plns =45 d
Toxi 3 nepiol YacTuHYU TOBEIEHHS BUILIUBAE, IO JIJIs JTJOBLIBHOIO €JIEMEHTA, Y HALIBIPY X
IN,, crmpaBmKyeThcd PiBHICTD

L(dp) a iyl = Lf;p) Byt
a—1ly—1 g—1y—1
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Haui, ckopucrapumics tum, o IN,, — inBepcua nanisrpyna ta jgemoro 1(1), orpumyemo

fldmw = yau:” =" = 7ﬁt< P = Bufi =P8,
a—l,y—l 1,,{— B
Orxe, ~(_,y — kourpyennia na IN. O
Teopema 1. Hexali p — dosisvhe namypaavre wucao = 2. Todi eidobpasrcerms

ﬁfg;m: IN, — INg, a — Li;ma, e endomoppizmom. Bisvwe mozo nidmonoio

a

‘Kéfm = {Lf;ma: o € INOC} € 2omomopdprum pemparmom Haniezpynu IN

Josedenns. Hexait o i f — nosinbai enementu Hamisrpynu IN.,. Cnouarky mosememo
piBHICTH

(1) dom (Lié?aﬁ) = dom ( (=P), dp>/8)

Posrisinemo 1Ba MOXK/IMBI BUNIAAKH.
1. Hexait nf, > ng. Ockinpku 3a semoro 1 3 [4] koxken enement Monoiza INy € gac-

TROBIM 3CyBOM MHOKHEH N, T0 1G5 = (n},)a”! = ng. BuoBy 3a memoio 1 [4] orpumaeno,
161 (0)
{nGN n = d}U{n p} akmo nd — p € dom
dom (Lf;dmozﬁ) = i (nd —p)a € dom B;
o {n eNin > d} B iHITIOMY BUITQJKY,
dom( (— p)a) {nEN n > d}U{n p}, axmo nd — p € dom q;
tng {neN:n>nd B iHITOMY BUIAJIKY,
i
) d .
dom <L<;p>ﬁ> _ neN:n> (ng)a U{(nd —p)a}, saxmo (ng —p)a € dom B;
ng neN:n > (ng)a}, B 1H1HOMy BUIIAJIKY.

OTxke, SKINO N}, = ng, TO BUKOHY€EThCS PiBHICTH (1).

2. Hexait nf, < nf. Ockinpku 3a emoro 1 3 [4] koxen enement monoina INy, € act-
KOBHM 3CyBOoM MHOXkHHH N, TO ngﬁ = (ng)ofl > nd. Buosy 3a aemoro 1 [4] orpumaewmo,
o

{n eN:n> (ng)ofl} U Ko (ng)ofl —p€&doma

dom (L<§i>a6) U {(ng)ofl — p} , i (ng)ofl — p € dom §3;

{n eN:in> (ng)ofl} , B IHIIOMY BHITQJKY,
{n eEN:in> (ng)ofl} U Ko (ng)oz_1 —p € domoy;

dom( G p>oz) = U{(ng)oﬁl —p},

{n eN:in> (ng)a’l} , B IHIIOMY BHIIKY,

U{ngfp}, AKIIO ng—pedomﬂ;

, B iHIIOMY BUIIQJIKY.
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OTxke, gKmo nf, < ng, TO BUKOHY€ETbCs piBHicTb (1).
Ockinpkn 3a nemoro 1 3 [4] koxen enement moHoima IN., € 9acTKOBUM 3CyBOM
mHOXKuHU N, TO icHYIOTH Il 4MCa 2o 1 23 TaKi, 110

(Da=1i+z4 i (B =7+ 23,
(;P)

s 1oBimbHEX ¢ € doma 1 j € dom 3, TO 3 O3HAYEHHS YACTKOBOTO BiTOOPAXKEHHST Ly,
BUILTHUBAE, IO

(n)LE?aﬁ =n)af=Mn+z24)8=n4+ 24 + 23

(n)Lf;dp)ozL

g = (n)aafjgp)ﬁ = (n—!—za)Lflép)ﬁ =(n+24)B=n+ 24+ 23,

<d
g

<;p> 045) = dom (L<;p>ab<;p>5). OTox, MU JTOBEJIH, IO BiTOOpasKeH-

IJ1s BCix n € dom (L
ngg n ng

HA ﬁfg;p) : IN, — IN,, € romomopdizmom.

Owdesnano, M0 %Iéfp ) mimmonoin momoima IN,, i (oz)s'jféfN P) — o s MOBLTBHOTO

ae%léf’”. O

3 o3nauenus enmoMopdizmis Hyg, ¢ INg — INg i ﬁ%m : IN,, — IN, BummuBae

Hacaigmok 1. Hexatl p1 i po — dosiavhi pisui Hamypasvhi wucaa = 2. Todi
g)((g;pl> oﬁfg;!p2> — ﬁfg;pQ) Oﬁ((g;?l> — ﬁ‘[gﬁ\”

a omoice, NiOMonoid BN € 20MOMOPPHHUM PEMPAKMOM MOHOIDa ‘Kl\g_p >, das 006iAbHO20
p =2

Baysaorcenns 1. Koxna rpynoa kourpyenmist Ha MouOII IN, sika BiaMminHa Bimg yHi-
BepCaJIbHOI, MOpomKye romoMopdizm mamirpynu IN.,, akuit He moxke 6yTu ii eHmoMop-
dizmom, ockinbkn Bei JZ-kiacn B IN,, € TpuBiansunvu (aus. [4, TBepmkenHs 1]).

Taxoxk, owesmano, mo mianpoctip Ny = N\ {1,...,p} B N izomerpuunmii ca-
Momy mpoctopy N g [OBULIBHOINO HATYyPAJbHOrO YHCIA P, CTOCOBHO Bim0OparKeHHs
hip): m = n+ p. Iz isomerpis nopomnzxkye in’ektusnuit engomopdism ) 1 INo — INo,
AKHI He Ma€ YKOIHOI HEPYXOMOI TOYKHM Ta BHU3HAYAETbCH Hp): o+ ], e dom v, =
{ne€N:n—pedoma}, ranap = {n € N:n —p €rana} i (i)ap = (i — p)a+ p, 1na
BCixX 7 € dom agp).

ITogsakA

ABTOp BUCIIOBTIOE TIOASAKY HAyKOBOMY KepiHUKOBI Ouery I'yTiky 3a KOpucHi mopaau
Ta 3ayBayKeHHS.
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ON HOMOMORPHIC RETRACTS OF THE MONOID IN,

Anatolii SAVCHUK

Ivan Franko National University of Luviv,
Universitetska Str., 1, 79000, Lviv, Ukraine
e-mail: asavchukl@meta.ua

A homomorphic retraction is a map from a semigroup S into S which is both
a retraction and a homomorphism. The image of the homomorphic retraction
is called a homomorphic retract.
A partial transformation «: (X,d) — (X, d) of a metric space (X,d) is called
isometric or a partial isometry, if d(xa,ya) = d(z,y) for all z,y € dom a. It is
obvious that the composition of two partial isometries of a metric space (X, d)
is a partial isometry, and the converse partial map to a partial isometry is a
partial isometry. Hence the set of partial isometries of a metric space (X, d)
with the operation of composition of partial isometries is an inverse submonoid
of the symmetric inverse monoid over the set X.
A partial transformation a: X — X of a set X is called co-finite if both sets
X \ dom o and X \ ran « are finite.
Let IN. be the set of all partial cofinite isometries of the set of positive integers
N with the usual metric d(n,m) = |n — m|, n,m € N. Then IN with the
operation of composition of partial isometries is an inverse submonoid of .7,.
We study homomorphic retracts of the monoid IN of co-finite partial isometri-
es of the set of positive integers N. In particular, we construct a class of
homomorphic retracts of IN.,, whose elements contain the submonoid %k,
where % is generated by shifts of the set N such that %y is a homomorphic
retract of any element from this class. This gives a positive answer on Gutik’s
question: Do there exist non-trivial homomorphic retracts distinct from En?
This question was posed on the seminar S-acts Theory and Spectral Spaces at
the Lviv University in 2017.

Key words: semigroup, isometry, partial bijection, homomorphic retract,
congruence, bicyclic monoid.
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THE MONOID OF MONOTONE INJECTIVE PARTIAL
SELFMAPS OF THE POSET (N3, <) WITH COFINITE DOMAINS
AND IMAGES

Oleg GUTIK, Olha KROKHMALNA

Ivan Franko National University of Luiv,
Universitetska Str., 1, 79000, Lviv, Ukraine
e-mails: oleg.gutik@Inu.edu.ua, Olia709@i.ua

Let n be a positive integer > 2 and NZ be the n-th power of positive
integers with the product order of the usual order on N. In the paper we
study the semigroup of injective partial monotone selfmaps of N¢ with cofinite
domains and images. We show that the group of units H(I) of the semigroup
P0s(NY) is isomorphic to the group .7, of permutations of an n-element
set, and describe the subsemigroup of idempotents of 0., (NZ). Also in the
case n = 3 we describe the property of elements of the semigroup P04 (Ni)
as partial bijections of the poset Ni and Green’s relations on the semigroup
P04 (N2). In particular we show that Z = 7 in P20, (N2).

Key words: semigroup of partial bijections, monotone partial map, idem-
potent, Green’s relations.

1. INTRODUCTION AND PRELIMINARIES

We shall follow the terminology of [19] and [44].

In this paper we shall denote the cardinality of the set A by |A|. We shall identify
all sets X with their cardinality | X|. For an arbitrary positive integer n by %, we denote
the group of permutations of an n-elements set. Also, for infinite subsets A and B of an
infinite set X we shall write AC* B if and only if there exists a finite subset Ay of A such

An algebraic semigroup S is called inverse if for any element x € S there exists a
unique 7! € S such that zz~ 'z = 2 and 2 'zz~! = 27!, The element 2! is called
the inverse of x € S.

If S is a semigroup, then we shall denote the subset of idempotents in S by E(S). If
S is an inverse semigroup then F(S5) is closed under multiplication and we shall refer to

2010 Mathematics Subject Classification: 20M20, 20M 30
© Gutik, O., Krokhmalna, O., 2019
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E(S) as a band (or the band of S). If the band E(S) is a non-empty subset of S then the
semigroup operation on S determines the following partial order < on E(S): e < f if and
only if ef = fe = e. This order is called the natural partial order on E(S). A semilattice
is a commutative semigroup of idempotents. A semilattice E is called linearly ordered or
a chain if its natural order is a linear order.

If S is a semigroup, then we shall denote Green’s relations on S by #, £, 7, 2
and S (see [22] or [19, Section 2.1]):

aZb if and only if aS' = bS?;
a.b if and only if Sta = S'b;
a_Zb if and only if StasSt = S'bS1;
D=L oR=H0YL;
H=LNX.

The %-class (resp., Z-, J€-, - or f-class) of the semigroup S which contains an
element a of S will be denoted by R, (resp., Lo, Hq, D, or J,).

If «: X =Y is a partial map, then by dom o and ran o we denote the domain and
the range of «, respectively.

Let .\ denote the set of all partial one-to-one transformations of an infinite set
X of cardinality A together with the following semigroup operation: z(af) = (za)f if
x € dom(af) = {y € doma: ya € dom B}, for a, 8 € #y. The semigroup .#, is called the
symmetric inverse semigroup over the set X (see [19, Section 1.9]). The symmetric inverse
semigroup was introduced by Wagner [48] and it plays a major role in the semigroup
theory. An element « € %), is called cofinite, if the sets A\ dom v and A\ ran « are finite.

If X is a non-empty set and < is a reflexive, antisymmetric, transitive binary relation
on X then < is called a partial order on X and (X, <) is said to be a partially ordered
set or shortly a poset.

Let (X, <) be a partially ordered set. A non-empty subset A of (X, <) is called:

e a chain if the induced partial order from (X, <) onto A is linear, i.e., any two
elements from A are comparable in (X, <);

e an w-chain if A is order isomorphic to the set of negative integers with the usual
order <;

e an anti-chain if any two distinct elements from A are incomparable in (X, <).

For an arbitrary € X and non-empty A C X we denote
tr={yeX:x<y}, le={yeX:y<a}, tA=|Jte and |A=[]lz
€A TEA

We shall say that a partial map a: X — X is monotone if z < y implies (z)a < (y)a for
x,y € dom a.
Let N be the set of positive integers with the usual linear order < and n > 2 be
an arbitrary positive integer. On the Cartesian power N® = N x --- x N we define the
—_——

n-times
product partial order, i.e.,

(B1y- e ytn) < (J1s- -5 7n) if and only if (ixg <jg) forall k=1,...,n.
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Later the set N with this partial order will be denoted by NZ.

For an arbitrary positive integer n > 2 by £0(NZ) we denote the semigroup of
injective partial monotone selfmaps of Ng with cofinite domains and images. Obviously,
PO (NY) is a submonoid of the semigroup %, and 0, (N ) is a countable semigroup.

Furthermore, we shall denote the identity of the semigroup #0(NZ) by I and the
group of units of #0,,(NZ) by H(I).

The bicyclic semigroup (or the bicyclic monoid) € (p,q) is the semigroup with the
identity 1 generated by two elements p and ¢, subject only to the condition pg = 1.
The bicyclic semigroup is bisimple and every one of its congruences is either trivial or a
group congruence. Moreover, every homomorphism h of the bicyclic semigroup is either
an isomorphism or the image of € (p, ¢) under h is a cyclic group (see [19, Corollary 1.32]).
The bicyclic semigroup plays an important role in algebraic theory of semigroups and
in the theory of topological semigroups. For example a well-known Andersen’s result [1]
states that a (0-)simple semigroup with an idempotent is completely (0-)simple if and
only if it does not contain an isomorphic copy of the bicyclic semigroup. Semigroup
topologizations and shift-continuous topologizations of generalizations of the bicyclic
monoid, they embedding into compact-like topological semigroups was studied in [5]-
[9], [11, 14, 18, 20, 21], [24]-[28], [34, 35, 43, 46] and [2, 3, 4, 10, 12, 33, 42], respectively.

The bicyclic monoid is isomorphic to the semigroup of all bijections between upper-
sets of the poset (N, <) (see: see Exercise IV.1.11(ii) in [47]). So, the semigroup of injecti-
ve isotone partial selfmaps with cofinite domains and images of positive integers is a
generalization of the bicyclic semigroup. Hence, it is a natural problem to describe semi-
groups of injective isotone partial selfmaps with cofinite domains and images of posets
with w-chain.

The semigroups .#4 (N) and .#Z (Z) of injective isotone partial selfmaps with cofinite
domains and images of positive integers and integers, respectively, are studied in [34] and
[35]. It was proved that the semigroups .#¢ (N) and .#{ (Z) have similar properties to the
bicyclic semigroup: they are bisimple and every non-trivial homomorphic image ﬂO/O (N)
and ¥4 (Z) is a group, and moreover the semigroup .#4 (N) has Z(+) as a maximal
group image and .#Z (Z) has Z(+) x Z(+), respectively.

In the paper [36] algebraic properties of the semigroup fff of cofinite partial bijecti-
ons of an infinite cardinal X\ are studied. It is shown that f)‘ff is a bisimple inverse semi-
group and that for every non-empty chain L in E(J)‘ff) there exists an inverse subsemi-
group S of ﬂ;\’f such that S is isomorphic to the bicyclic semigroup and L C E(S),
Green’s relations on fff are described and it is proved that every non-trivial congruence
on #{f is a group congruence. Also, the structure of the quotient semigroup ¢/,
where o is the least group congruence on #5t, is described.

In the paper [32] the semigroup #0, (Z},,) of monotone injective partial selfmaps
of the set of L, Xjex Z having cofinite domain and image, where L,, Xjex Z is the lexi-
cographic product of n-elements chain and the set of integers with the usual linear order
is studied. Green’s relations on J0,(Z},,) are described and it is shown that the semi-
group SO0 (Z}, ) is bisimple and its projective congruences are established. Also, in [32]
it is proved that S0, (7!, ) is finitely generated, every automorphism of £0,,(Z) is

lex
inner, and it is shown that in the case n > 2 the semigroup #0,(Z},) has non-inner
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automorphisms. In [32] we proved that for every positive integer n the quotient semi-
group S0 (Z3,.)/o, where o is a least group congruence on Y0 (Zf.), is isomorphic to
the direct power (Z(+))*". The structure of the sublattice of congruences on .#0s, (z3,)
which are contained in the least group congruence is described in [29].

In the paper [30] algebraic properties of the semigroup £20,, (Ni) are studied. The
properties of elements of the semigroup £0,, (Ni) as monotone partial bijection of Ni
are described and showed that the group of units of QZ@X,(N@ is isomorphic to the
cyclic group of order two. Also in [30] the subsemigroup of idempotents of 20, (N%)
and Green’s relations on Z0,, (Né) are described. In particular, it is proved that 2 = #
in P0,,(N%). In [31] the natural partial order < on the semigroup &0, (N%) is described
and it is shown that it coincides with the natural partial order the induced from symmetric
inverse monoid over the set N x N onto the semigroup @ﬁm(Ni). Also, it is proved that
the semigroup F0,,(NZ ) is isomorphic to the semidirect product P05 (NZ) x Zy of the
monoid Z0% (N2 ) of orientation-preserving monotone injective partial selfmaps of N2
with cofinite domains and images by the cyclic group Zs of order two. It is described the
congruence ¢ on the semigroup gzﬁoo(Ni), which is generated by the natural order < on
the semigroup 20, (N ): aof3 if and only if @ and 3 are comparable in (20, (N2), <). Tt
is proved that the quotient semigroup 20+ (Ni) /o is isomorphic to the free commutative
monoid AM,, over an infinite countable set and it is shown that the quotient semigroup
PO (NZ)/o is isomorphic to the semidirect product of the free commutative monoid
2AM,, by the group Z,.

In the paper [38] the semigroup IN,, of all partial co-finite isometries of positive
integers is studied. The semigroup IN, is some generalization of the bicyclic monoid and
it is a submonoid of .#{ (N). Green’s relations on the semigroup IN,, and its band are
described there and it is proved that IN,, is a simple E-unitary F-inverse semigroup.
Also there is described the least group congruence € on IN,, and it is proved that the
quotient semigroup INy, /€pg is isomorphic to the additive group of integers. An example
of a non-group congruence on the semigroup IN,, is presented. Also, it is proved that
a congruence on the semigroup IN is a group congruence if and only if its restriction
onto an isomorphic copy of the bicyclic semigroup in IN, is a group congruence.

In the paper [39] submonoids of the monoid .#7"(N) of almost monotone injective
co-finite partial selfmaps of positive integers N is established. Let %y be the subsemigroup
#7(N) which is generated by the partial shift n +— n + 1 and its inverse partial map. In
[39] it was shown that every automorphism of a full inverse subsemigroup of .#Z (N) which
contains the semigroup %y is the identity map. Also there is constructed a submonoid
INY of #7(N) with the following property: if S is an inverse submonoid of .#7"(N)
such that S contains INL% as a submonoid, then every non-identity congruence € on S is
a group congruence. Also, it is proved that if S is an inverse submonoid of /O';/ (N) such
that S contains %y as a submonoid then S is simple and the quotient semigroup S/€pmg,
where € is minimum group congruence on S, is isomorphic to the additive group of
integers.

We observe that the semigroups of all partial co-finite isometries of integers are
studied in [15, 16, 37].
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The monoid IN?. of cofinite partial isometries of the n-th power of the set of positive
integers N with the usual metric for a positive integer n > 2 is studied in [40]. The
semigroup IN7, is a submonoid of 20, (NZ) for any positive integer n > 2. In [40] it
is proved that for any integer n > 2 the semigroup IN7 is isomorphic to the semidirect
product .7, Xy (P (N™),U) of the free semilattice with the unit (F+(N"),U) by the
symmetric group .%,.

Later in this paper we shall assume that n is an arbitrary positive integer > 2.

In this paper we study the semigroup of injective partial monotone selfmaps of
the poset N with cofinite domains and images. We show that the group of units H(I)
of the monoid £0,, (NZ) is isomorphic to the group %, and describe the subgroup of
idempotents of Z0.,(NZ). Also in the case n = 3 we describe the property of elements
of the semigroup gzﬁoo(Nz) as partial bijections of the poset N2 and Green’s relations
on the semigroup P04 (Ni) In particular we show that ¥ = ¢ in 0 (N‘i)

2. PROPERTIES OF ELEMENTS OF THE SEMIGROUP ,@ﬁw(Ng) AS MONOTONE
PARTIAL PERMUTATIONS

In this short section we describe properties of elements of the semigroup &0, (NZ)
as monotone partial transformations of the poset Ng. h

It is obvious that the group of units H(I) of the semigroup 0 (NZ) consists of
exactly all order isomorphisms of the poset N2 and hence Theorem 2.8 of [28] implies
the following

Theorem 1. For any positive integer n the group of units H(I) of the semigroup
gzﬁoo(Nz) is isomorphic to the group .7, of permutations of an n-elements set.
Moreover, every element of H(I) permutates coordinates of elements of N, and only
these permutations are elements of H(I).

Since every a € P0,,(NZ) is a cofinite monotone partial transformation of the poset
NZ the following statement holds.

Lemma 1. If (1....,1) € doma for some a € PO (NZ) then (1....,a = (1....,1).

For an arbitrary i = 1,...,n define
;={1,...,om ,...,1) e N": m € N}
ith

and by pr;: N — N” denote the projection onto the i-th coordinate, i.e., for every
(my,...,myi,...,my) € N* put

(my,y.ooy mi,ooo,mp)pr; = (1,000, my ..., 1).
~— ~—
ith ith

Lemma 2. Let {T1,...,Tr} be a set of points in N\ {(1,...,1)}, k € N. Then the set
N\ (1Z1 U... U1Ty) is finite if and only if k > n and for every J#;, i =1,...,n, there
exists T; € {T1,...,Tr} such that T; € ;.

Proof. (<) Without loss of generality we may assume that z; € %} for every positive

integer j < n. Then simple verifications imply that the set N*\ (171 U ... U1Z,,) is finite,
and hence so is the set N*\ (17, U ... U1Zy).
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(=) Suppose to the contrary that there exist a subset {Z1,...,Zr} C N"\{(1,...,1)}
and an integer i € {1,...,n} such that N* \ (1Z; U...U1Z}) is finite and z; ¢ % for
any j € {1,...,k}.

The definition of J%; (i = 1,...,n) implies that % with the induced partial order
from NT is an w-chain such that |.#; = 7. Hence, for any z € N" we have that
either % \ 1Z is finite or % N1Z = @. Then by our assumption we get that the set
N™\ (1Z; U...U1Z,) is infinite, a contradiction. The inequality k& > n follows from the
above arguments. O

Later for an arbitrary non-empty subset A of N by € 4 we shall denote the identity
map of the set N* \ A. It is obvious that the following lemma holds.

Lemma 3. For an arbitrary non-empty subset A of N, € 4 is an element of the semigroup
f@ﬁoo(NZ), and hence so are e aa, aep, and € q4ae 4 for any o € @@,O(N’%).

Proposition 1. For an arbitrary element o of the semigroup «@ﬁoo(NZ) there exists a
unique permutation s: {1,...,n} — {1,...,n} such that (J; N doma)a C ;) for any
1=1,...,n.

Proof. Lemma 3 implies that without loss of generality we may assume that (1,...,1) ¢
doma and (1,...,1) ¢ rana.

Since for any ¢ = 1,...,n the set J with the induced order from the poset NZ
is an w-chain, the set JZ; N dom « contains the least element Z?. By Lemma 2 the set
N™\ (11 U---UAT,) is finite and hence so is dom o\ (177 U- - - U1, ). Since « is a cofinite
partial bijection of N", we have that

(U Ut )a = (1] )aU--- U (11,)a

and the set N™\ ((Trf)a U---u (TZZ)O&) is finite. Also, since « is a monotone partial

bijection of the poset NZ we obtain that (TZ?)OL - T(L )a for all i = 1,...,n. Then by

Lemma 2 there exists a permutation s: {1,...,n} — {1,...,n} such that (I;)o € Hiys
for any i = 1,...,n, because

N (HE U+ U (15)a) € NP\ (1) acU -+ U (115)a)

and the set N™ \ (1(I{)aU--- U (17, )a) is finite. This implies that (T)a € #{;, for all
T € #Ndoma and any i = 1,...,n.

The proof of uniqueness of the permutation s for o € @ﬁm(NE) is trivial. This
completes the proof of the proposition. O

Theorem 1 and Proposition 1 imply the following corollary.

Corollary 1. For every element o of the semigroup ,@ﬁm(NZ) there exists a unique
element o of the group of units H(I) of P00 (N¢) such that (J; Ndoma)ao C %; and
(A Ndoma)o ta C % foralli=1,...,n.

Lemma 4. There is no a finite family {L1,..., Ly} of chains in the poset Ni such that
N2 = L, U---U Ly. Moreover, every co-finite subset in Ni has this property.
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Proof. Suppose to the contrary that there exists a positive integer k such that N? =
LiU---ULy and L; is a chain for each i = 1,..., k. Then
{(1,k+1),(2,k),...,(k,2),(k+1,1)}

is an anti-chain in the poset Ni which contains exactly k + 1 elements. Without loss of
generality we may assume that L; N L; = @ for i # j. Since N> = L; U--- U Ly, by
the pigeonhole principle (or by the Dirichlet drawer principle, see [13, Section 7.3]) there
exists a chain L;, i = 1,...,k, which contains at least two distinct elements of the set
{(1,k+1),(2,k),...,(k,2),(k+1,1)}, a contradiction.

Assume that A is a co-finite subset of N2 such that A = N?\ {zy,...,z,} for some
positive integer p. For every ¢ = 1,...,p we put Lii; = {x;}. Then for every finite
partition {Li,..., L} of A such that L; is a chain for each ¢ = 1,...,k the family
{L1,..., L, Ly+1 ..., Lg+p} is a finite partition of the poset Ni such that L; is a chain
for each ¢ = 1,...,k + p. This contradicts the above part of the proof, and hence the
second statement of the lemma holds. O

For any distinct ¢,5 € {1,...,n} we denote
Hii={(z1,...,zn) Nz, =1 forall ke{l,...,n}\{ij}}
and
Ky = Hig \ (AU A)

Lemma 5. Letn be a positive integer > 3. Let T; be an arbitrary element of J\{1,...,1}
fori=3,...,n andy, 5 be an arbitrary element of #,°%. Then there exists a finite family
{L1,..., Li} of chains in the poset N such that

LyU--- ULy =N"\ (17, , UTT3 U - U1T,) .
Proof. Let z; = (1,1,..., =; ,...,1) fori =3,...,n and §; 5 = (y1,¥2,1...,1). Then
ith
for any element @ = (aq,...,a,) of the set N\ (T@LQ UtzsU---U Tfn) the following
conditions hold:
(1) a; < z; for any ¢ = 3,...,n;

(#) if a1 > y; then as < ys;

(#i7) if as > yo then a1 < y;.
These conditions imply that

Nn\(Tyl,QUTf3U"'UT§n) :U{S(k37"'7k7t): k3 <-733a-~-7kn<37n}7

where
S(ks, .. kn) = J{Lilks, ... kn)si=1,...9n — 1} U
U J{Rj(ks, .. kn): i =1,...y2 =1},
with
Li(ks,....k,) ={(,p, ks,...,k,) e N*: p e N}
and

Rj(k37"'7kn):{(p7jak37"'7kn) EaneN}
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We observe that for arbitrary positive integers i,j, ks, ..., k, the sets L;(ks,...,k,) and
Rj(ks, ..., ky) are chains in the poset NZ. Since the set N™ \ (17, , U1Ts U --- U 1Z,,) is
the union of finitely many sets of the form S(ks, ..., k,) the above arguments imply the
required statement of the lemma. O

Proposition 2. Let a be an element of P05 (NL) such that (/; N doma)a C % for
alli=1,...,n. Then (4, ;, Ndoma)a C 4, 4, for all distinct i1,i2 =1,...,n

Proof. Suppose to the contrary that there exists T € %, ;, N doma such that (Z)a ¢
i, ip- By Theorem 1 without loss of generality we may assume that i1 = 1 and iy = 2,

ie,T e Ao and (T)a ¢ A 2. By Lemma 1, T # (1,...,1).

For every i = 3,...,n we let Z0 = (1,1,..., 2 ,...,1) € doma«a be the smallest
ith
element of .#; such that (Z9)a # (1,...,1). There exists xl = (z,2%,1,...,1) €

2
dom o N 7% such that T < 77 5. Since « E P05 (NY), (T)a < (TTo)a ¢ 2.
Now, the monotonicity of a implies that (Tml ) C T( o) and (1Z¢)a C

1 () a for any 7 = 3,...,n. By our assumption we have that
HpNrana C (N2 \ (127, UTZE U - U1T))) o

Since the partial transformation « preserves chains in the poset N%, Lemma 5 implies
that the set %] o Nran a is a union of finitely many chains, which contradicts Lemma 4.
The obtained contradiction implies the assertion of the proposition. O

Theorem 2. Let a be an element of the semigroup PO, (N%) such that (J£;Ndom a)or C
J; for all i =1,2,3. Then the following assertions hold:
(i) if ($1,$2,$3) € doma and (1,2, 2z3)a = (x5, 25, 23) then ¢ < 1, 2§ < x9
and z§ < x3 and hence (T)a < T for any T € dom «;
(ii) there exists a smallest positive integer n, such that (x1,xe,x3)a = (21, T2, 23)
for all (z1,22,23) € doma NN (Na, Na, Na)-
Proof. (i) We shall prove the inequality z§ < z;7 by induction. The proofs of the inequali-
ties z§ < x5 and z§ < x3 are similar.
By Proposition 2 we have that if 1 = 1 then z{ = 1, as well.
Next we shall show that the following statement holds:
if for some positive integer p > 1 the inequality x1 < p implies ¢ < x1 then the
equality x1 = p implies z§ < 1, too.
Suppose to the contrary that there exists (z1,z2,x3) € dom « such that
x1 =p= (21,22, z3)pty, (T1,22,23)a = (zf,25,25) and x1+ 1<z}
We define a partial map w: N3 — N3 with domw = N?\ ({1} x L(x2) x L(z2)) and
ranw = N3 by the formula
(i ioi ) i (il — 1,i2,i3), if i € L(mg) and i3 € L(l‘g);
LRI (i, 49, 43), otherwise,
where L(xg) = {1,...,22} and L(xs) = {1,...,x3}. It is obvious that w € P20, (N%),

and hence yw" € PO, (N2 ) for any positive integer k and any v € P20, (N2 ). This
observation implies that without loss of generality we may assume that 2§ = x;+1. Then



Oleg GUTIK, Olha KROKHMALNA
40 ISSN 2078-3744. Bicuux JIpBiB. yu-Ty. Cepis mex.-mar. 2019. Bunyck 88

the assumption of the theorem implies that there exists the smallest element (i, 1,1) of
J# such that 4% > ¢ +1, where (4%, 1,1) = (im, 1, 1)c. Since (1(im, 1, 1)) € 1(¢%, 1, 1),
(M(21, w2, m3)) C N, 25, x$) and the set N3 \ ran « is finite, our assumption implies
that the set

o1 (@) = {(21,p2,p3) € doma: pa,p3 € N}

is a union of finitely many subchains of the poset (N®,<). This contradicts Lemma 4
because the set .7, (o) with the induced partial order from NZ is order isomorphic
to a cofinite subset of the poset Ni. The obtained contradiction implies the requested
inequality = < 7 and hence we have that statement (7) holds.

The last assertion of (i) follows from the definition of the poset NZ.

(#4) Fix an arbitrary o € Z20,, (Ni) such that (JNdoma)a C %7 forall i = 1,2, 3.
Suppose to the contrary that for any positive integer n there exists

(z1, 22, 23) € domar N 1(n, n,n)
such that (21, z2,23)a # (21, 22, 3). We put Ngoma = ‘N:} \ doma’ 41 and
Mdoma = max{ {z1: (x1,22,23) ¢ doma},{zs: (x1,22,23) ¢ doma},
{z3: (z1,22,23) ¢ doma} } + 1.

The definition of the semigroup £0,, (Ni) implies that the positive integers Ngom o and
Mdom o are well defined. Put ng = max {Ngom o, Mdom « }- Then our assumption implies
that there exists (1,22, 23) € doma N 1T(ng, ng,np) such that

(.’E17£L'2,$3)Oé = (‘rtll7x37$§) 7é (£C171'2,$3).

By statement (i) we have that (x¢,2%,2$) < (x1,z2,23). We consider the case when
z¢ < x1. In the cases when z§ < x5y or z§ < 3 the proofs are similar. We assume
that 21 < x2 and x; < 3. By statement (i) the partial bijection « maps the set
S = {(x, y,2) EN3: oy, 2 <y — 1} into itself. Also, by the definition of the semigroup
PO, (N2 ) the partial bijection o maps the set

{(x1,1,1),..., (21,1, 21), (21,2, 1), ..., (21,2, 21), .. ., (21,21, 1), ..., (21,21, 21)}
into S, too. Then our construction implies that
1S\ doma| = |[N*\ dom | = Ngoma — 1
and
{(x1,1,1),...,(x1,1,21),(21,2,1), ... ,(x1,2,21), ... ,(z1,21,1), ... ,(z1,21,21) }| = Ndom as

a contradiction. In the case when o < 1 and x2 < z3 or z3 < z1 and z3 < 22 we get
contradictions in similar ways. This completes the proof of existence of such a positive
integer n, for any o € ﬂﬁ’oo(Ni). The existence of such minimal positive integer n,
follows from the fact that the set of all positive integers with the usual order < is well-
ordered. O

Theorem 2(iii) and Proposition 1 imply the following corollary.
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Corollary 2. For an arbitrary element o of the semigroup @ﬁm(Ni) there exist
elements 01,09 of the group of units H(I) of @ﬁm(N‘i) and a smallest positive integer
ne such that

(z1, 72, x3)0100 = (21, T2, ¥3) 02 = (1,72, 73)

for each (x1,z2,x3) € doma N (ng, Na, Na) -
Corollary 2 implies

Corollary 3. ’N?’ \ rana| < ‘N?’ \ dom | for an arbitrary o € POy (NL).

3. ALGEBRAIC PROPERTIES OF THE SEMIGROUP 0, (N%)

Proposition 3. Let X be a non-empty set and let PPB(X) be a semigroup of partial
bijections of X with the usual composition of partial self-maps. Then an element o of
PB(X) is an idempotent if and only if « is an identity partial self-map of X.

Proof. The implication (<) is trivial.

(=) Let an element « be an idempotent of the semigroup 2% (X). Then for every
r € doma we have that (r)aa = (z)a and hence we get that doma? = dom« and
rana? = rana. Also since « is a partial bijective self-map of X we conclude that the
previous equalities imply that dom o = ran o. Fix an arbitrary € dom « and suppose
that (z)a = y. Then (z)a = (r)aa = (y)a = y. Since « is a partial bijective self-map of
the set X, we have that the equality (y)o = y implies that the full preimage of y under
the partial map « is equal to y. Similarly the equality (v)a = y implies that the full
preimage of y under the partial map « is equal to x. Thus we get that © = y and our

implication holds. O

Proposition 3 implies the following corollary.

Corollary 4. An element o of ?ﬁw(NZ) is an idempotent if and only if a is an identity
partial self-map of NZ with the cofinite domain.

Corollary 4 implies the following proposition.

Proposition 4. Letn be a positive integer > 2. The subset of idempotents E( P05 (NY))
of the semigroup PO (NY) is a commutative submonoid of Y0 (NL) and moreover
E(P0(NY)) is isomorphic to the free semilattice with unit (2*(N"),U) over the set
N™ under the map (¢)h = N\ dome.

Later we shall need the following technical lemma.

Lemma 6. Let X be a non-empty set, PB(X) be the semigroup of partial bejections of
X with the usual composition of partial self-maps and o« € PAB(X). Then the following
assertions hold:
(i) a =~a for some v € PB(X) if and only if the restriction v|doma: doma — X
is an identity partial map;
(13) o = ary for some v € PB(X) if and only if the restriction ¥|jana: rana — X
is an identity partial map.
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Proof. (i) The implication (<) is trivial.

(=) Suppose that a = ya for some v € Z%(X). Then dom o C dom~y and dom « C
ran+y. Since v: X — X is a partial bijection, the above arguments imply that (z)y = «
for each = € dom . Indeed, if (x)y = y # « for some y € dom « then since a: X — X is
a partial bijection we have that either

(¥)a = (2)ya = (y)a # (2)a, if yedoma,

or (y)a is undefined. This completes the proof of the implication.
The proof of (i%) is similar to that of (¢). O

Lemma 6 implies the following corollary.

Corollary 5. Let n be a positive integer > 2 and o be an element of the semigroup
PO (N ). Then the following assertions hold:

(1) a=ya for some v € PO (NL) if and only if the restriction v|doma: doma —
N™ is an identity partial map;

(1) o= ay for somey € PO (NL) if and only if the restriction |rano: rana — N"
is an identity partial map.

The following theorem describes Green’s relations %, Z, 7¢ and & on the semigroup
P05 (N2).

Theorem 3. Let « and B be elements of the semigroup @ﬁm(Ni). Then the following
assertions hold:
(1) aZB if and only if « = pB for some p € H(I);
(i) aZpB if and only if « = v for some v € H(I);
(ii7) adB if and only if o = uP = Pv for some u,v € H(I);
(iv) a2p if and only if o« = pPv for some p,v € H(L).

Proof. (i) The implication (<) is trivial.
(=) Suppose that a.Zf in the semigroup gzﬁoo(Ni). Then there exist v,0 €
gzﬁoo(N?é) such that & = v and 8 = da. The last equalities imply that ran o = ran .
Next, we consider the following cases:
(11) (G Ndoma)a € % and (; Ndom )3 C J; for all i, j = 1,2, 3;
(i2) (A Ndoma)a C J for all ¢« = 1,2,3 and (% NdomB)3 ¢ ¥; for some

J=123;
(i3) (4 Ndoma)a ¢ J# for some i = 1,2,3 and (¢ NdompB)3 C %; for all
J=123;

(ia) (A Ndoma)a € 4 and (; Ndom B)3 € %; for some i,j =1,2,3.
Suppose that case (i) holds. Then Proposition 1 and the equalities a = v and
8 = da imply that
(1) (A ndom~y)y C % and (A#;Ndomd)d C 75, forall i,57=1,2,3,
and moreover we have that a = vda and 5 = 5. Hence by Lemma 6 we have that the
restrictions (76)|doma: doma — N? and (§7)|doms: dom 3 — N? are identity partial

maps. Then by condition (1) we obtain that the restrictions v|qoma: doma — N® and
Slaoms: dom 3 — N3 are identity partial maps, as well. Indeed, otherwise there exists
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7 € dom « such that either (Z)y £ T or (Z)d £ 7, which contradicts Theorem 2(ii). Thus,
the above arguments imply that in case (i1) we have the equality oo = .

Suppose that case (i3) holds. By Corollary 1 there exists an element p of the group of
units H (I) of the semigroup Y04 (Ni) such that (J;Ndom B)up C J; forall j =1,2,3,
and, since a.Z 3, we have that

a=78=918=~(u""n)B = (vu"")(1p)

and pf = (ud)a. Hence we get that a.Z(ufB), (#Ndom a)aw C ¢ and (Z;Ndom B)uf C
; for all 4,5 = 1,2, 3. Then we apply case (i1) for the elements o and p5 and obtain the
equality o = puf3, where p is the above determined element of the group of units H (I).

In case (i3) the proof of the equality o = pf is similar to case (i2).

Suppose that case (i4) holds. By Corollary 1 there exist elements 1, and pg of the
group of units H(I) of the semigroup PO, (N%) such that (J¢; N dom a)ua € #; and
(o Ndom B)ugp C #; for all 4,5 = 1,2,3, and, since a.Z3, we have that

a=78=18=~(uz'np)B = (vpz") (1s)
and

B =da=bla=b(u;" ) = (5p5") (pac).
Hence we get that

oo = (pavpg ) (upB)  and  pgB = (upduy")(Hac).

The last two equalities imply that (1g5)-Z () and by above part of the proof we have
that (J; Ndoma)pea € %5 and (; N dom B)ugf C J; for all i,j = 1,2,3. Then we
apply case (i1) for the elements uqa and pgf and obtain the equality poo = pgf. Hence
a = pg o = pytpugB. Since g, po € H(L), p= pytus € H(IL) as well.

The proof of assertion (i7) is dual to that of (7).

Assertion (i4i) follows from (i) and (i%).

(iv) Suppose that a2 in 20, (N2). Then there exists v € P20, (N2) such that
o~ and 7% (. By statements (i) and (z\z) there exist u,v € H(I) such that o = wy and

~v = Br and hence o = pufv. Converse, suppose that « = pfv for some p, v € H(I). Then
by (), (i7), we have that o.(fv) and (Sv)Zf3, and hence aZf in @ﬁm(Ni). O

Theorem 3 implies Corollary 6 which gives the inner characterization of Green’s
relations ., %, and . on the semigroup @ﬁw(Ni) as partial permutations of the
poset NZ.

Corollary 6. (1) Every £-class of Bzﬁoo(Ni) contains exactly 6 distinct elements.
(i3) Every %Z-class of @ﬁw(Ni) contains ezactly 6 distinct elements.
(i11) BEvery #-class of P0s(N%) contains at most 6 distinct elements.

Proof. Statements (¢), (i¢) and (i4i) are trivial and they follow from the corresponding
statements of Theorem 3. d

Lemma 7. Let o, 3 and v be elements of the semigroup (@ﬁoo(N‘i) such that o = Bary.
Then the following statements hold:
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(1) if (ZiNdom B)B C J; for any i = 1,2,3, then the restrictions Blaoma: doma —
N? and Y|rano: rana — N3 are identity partial maps;
(i) if (HiNdom~)y C % for anyi = 1,2,3, then the restrictions S|doma: doma —
N3 and Y|rana: rana — N? are identity partial maps;
(#11) there ewist elements o3 and o, of the group of units H(T) of PO, (N ) such that
= 0pQ0.

Proof. (i) Assume that the inclusion (% Ndom 5)5 C % holds for any ¢ = 1,2, 3. Then
one of the following cases holds:

(1) (#Nndoma)o C % for any i = 1,2, 3;

(2) there exists ¢ € {1,2,3} such that (2% Ndoma)a € J.

If case (1) holds then the equality @ = Say and Proposition 1 imply that (£ N
dom~)y C %; for any i = 1,2, 3. Suppose that ()8 < T for some T € dom . Then by
Theorem 2(i) we have that

(@)= (T)fay < (T)ay < (T)a,

which contradicts the equality o = Bary. The obtained contradiction implies that the
restriction B|goma: doma — N3 is an identity partial map. This and the equality o =
Bary imply that the restriction ¥|;ano: rana — N3 is an identity partial map too.

Suppose that case (2) holds. Then by Corollary 1 there exists an element o of the
group of units H (I) of the semigroup P05 (Ni) such that (7 Ndom a)aoc C % for any
i =1,2,3. Now, the equality a = Bary implies that

Qo = 50(’}/0' = 50411’)/0' = 605(0'0'_1)")/0' = B(O&O’)(U_l’yo')_

By case (1) we have that the restrictions 3|qom«: dom a — N3 is an identity partial map,
which implies that Sa = a. Then we have that & = Bay = ary and hence by Corollary 5
the restriction 7|;an: rana — N? is an identity partial map, which completes the proof
of statement (7).

(7i) The proof of this statement is dual to (7). Indeed, assume that the inclusion

(€ Ndomy)y C J# holds for any i = 1,2, 3. Then one of the following cases holds:
(1) (V4 Nndoma)a C % for any i = 1,2, 3;
(2) there exists ¢ € {1,2,3} such that (2% Ndoma)a € J.

If case (1) holds then the equality @ = Say and Proposition 1 imply that (£ N
dom 8)5 C #; for any i = 1,2, 3. Similarly as in the proof of statement (i) Theorem 2(7)
implies that the restrictions $|qoma: doma — N* and 7|rana: rana — N3 are identity
partial maps.

Suppose that case (2) holds. Then by Corollary 1 there exists an element o of the
group of units H (T) of the semigroup 20, (N2 ) such that (£ Ndom a)oa C % for any
i=1,2,3. Now, the equality a = Bary implies that

oo = oBay = oflay = oB(c o)y = (6B ) (oa)y.
By case (1) we have that the restriction 7y|;ana: rana — N3 is an identity partial map,
which implies that @ = a-y. Then we have that « = fay = Ba and hence by Corollary 5
the restriction B|goma: doma — N2 is an identity partial map as well, which completes
the proof of statement (7).
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(731) Assume that o = Say. By the Lagrange Theorem (see: [41, Section 1.5]) for
every element o of the group of permutations .#,, the order of ¢ divides the order of .7,.
This, Proposition 1 and the equality o = Sa-y imply that

(2) (A Ndom B%)3° C .7 and (A Ndom~®)y® C 7, for any i=1,2,3.
Also, the equality o = SBary implies that

a = fay = B(Bay)y = fPar® = ... = By’
Then statements (i), (74) and conditions (2) imply that the restrictions 3%|qom «: dom o —
N? and 7%|;an o Tana — N? are identity partial maps. By Corollary 1 there exist unique
elements 03,0, € H(I) such that (o4 N domﬂ)ﬁaﬁ_l C %, (Jndom B)ogh C i,
(AiNndoma)yo; ! € #; and (#; Ndomy)o,y C % for all i = 1,2,3. Then we have that

5% = (BIA)(B1B)(BIA)
(3) = (Bog'opB)(Boy opB)(Bog asp)

= (Bo5")(058)(Bog ") (058)(Boz ") (058)

7% = (YI) (4Iy) (1)
(4) = (yo3'oy7)(v05 oy ) (ot o)
= (yo; (o) (vo ) (o4) (vo ) (047)-

We claim that (E)(ﬁagl) = T for any T € dom a. Assume that (T)(ﬁagl) # T for
some T € dom . Then the choice of the element og € H(I), Theorem 2(i) and (3) imply
that

(T)B° = (T)(Bog ) (osB) (Bog ) opB) (Boz ) (0sh)
< (®)(0pB)(Bog ) (opB)(Boz ") (0ph)
< (@) (Bog 1)(0ﬂﬁ)(ﬁ051)(0 B)
< (x)(0pB)(Bog ") (opB)
< () (Bog ) (o)
< (@)(0sB)
<7

which contradicts the fact that the restriction 3%|goma: doma — N3 is an identity
partial map. Hence we have that (Z )(606 ) = T for any T € dom «, which implies that
the equality ()8 = (Z)og holds for any T € dom .
Using (4) as in the above we prove the equality (Z)y = (Z)o, holds for any T € ran a.
The obtained equalities and the definition of the composition of partial maps imply
statement (7i7). O

Lemma 8. Let a and B be elements of the semigroup :@ﬁoo(N‘i) and A be a cofinite
subset of N3. If the restriction (af)|a: A — N3 is an identity partial map then there
exists an element o of the group of units H(I) of 20 (N%) such that (T)a = (T)o and
@B = @)o~" forallT € A and j € (A)a.
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Proof. We observe that one of the following cases holds:
(1) (A NAa C % for any i = 1,2,3,;
(2) there exists ¢ € {1,2,3} such that (J N A)a € .

If case (1) holds then the assumption of the lemma and Proposition 1 imply that
(AN (A)a)B C % for any i = 1,2, 3. Suppose that (T)a < T for some T € A. Then by
Theorem 2(i) we have that

(T)aB < (@)B <7,
which contradicts the assumption of the lemma. Similarly we show that the case ()5 <7
for some § € (A)a does not hold. The obtained contradiction implies that (Z)a = T and
(Z)p =7 for all T € A.

Suppose that case (2) holds. Then by Corollary 1 there exists an element o of the
group of units H (I) of the semigroup ﬁﬁw(Ni) such that (7 Ndom a)aoc C J for any
i =1,2,3. Now, the assumption of the lemma implies that

(T)aB = (T)alB = (T)aco ' =T,
and hence by the above part of the proof we get that (Z)aoc =7 and (7)o 13 = T for all

7 € (A)a. The obtained equalities and the definition of the composition of partial maps
imply the statement of the lemma. O

Lemma 9. Let «, 3, v and § be elements of the semigroup POy, (N‘i) such that o = 4.
Then there exist v*,0* € @ﬁm(Ni) such that oo = v*6*, dom~y* = doma, rany* =
dom 3, dom §* = ran 8 and ran§* = ran a.

Proof. For a cofinite subset A of N3 by 14 we denote the identity map of A. It is obvious
that 14 € P0(NL) for any cofinite subset A of N?. This implies that o = tqom a®rana
and B = tdom gBtran 8, and hence we have that

& = ldom a®lran o = ldom aVﬁéLran a = ldom aYldom ,Bﬁbran BéLran -

We put v* = tdomaYldomps and 0" = lran30lranq. Lhe above two equalities and the
definition of the semigroup operation of ﬂﬁm(Ni) imply that dom~v* C dom ¢, ran~* C
dom 3, dom §* C ran 8 and ran §* C ran «. Similar arguments and the equality a = y*36*
imply the converse inclusions which implies the statement of the lemma. O

Theorem 4. 7 = ¢ in 0, (NL).

Proof. The inclusion 2 C _# is trivial.

Fix any o,p € gzﬁoo(Ni) such that «_# 3. Then there exist 7va,0a,v8,08 €
ﬂﬁm(Ni) such that a = 7,80, and 8 = ygadg (see [22] or [23, Section II.1]). By
Lemma 9 without loss of generality we may assume that

dom vy, = dom «, rany, = dom 3, dom d, = ran j3, rand, = ran o
and

dom~yg = dom f3, ranys = doma, domdg = rana, randg = ran /3.
Hence we have that o = v,v8a630 and 8 = v37486405. Then only one of the following
cases holds:

(1) (V4 Ndom(Yays))Yavs € A for any i = 1,2, 3;
(2) there exists ¢ € {1,2,3} such that (2% N dom(vav8))Vavs € -
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If case (1) holds then Lemma 7(i) implies that (y,7s): doma — N? and
(8504): rana — N3 are identity partial maps. Now by Lemma 8 there exist elements o,
and o of the group of units H () of the semigroup P04 (N2 ) such that (Z)ye = (T)oa,

@W)vs = (Mo, (W)ds = (W)ops and (T)d, = (E)Ugl, for all Z € doma, 7 € (dom )y, =

rany, = domp, & € rana and v € (rana)dg = randg = ranf. Then the above
arguments imply that o = aaﬁagl and hence by Theorem 3(iv) we get that a2 in
@ﬁw(Ni).
If case (2) holds then we have that
a = Yavpadpda = (Ya78)?a(0500)* = ... = (va75)°(950a)°
and
B =87B8ads = (187a)?B(8adp)” = ... = (757a)°B(6a5)°.
We put

75 =18(ys)®  and 65 = 0p(0ads)’.
Lemma 7(i) implies that (v,7§): doma — N* and (050a): rana — N° are identity
partial maps. Now by Lemma 8 there exist elements o, and o of the group of units H(I)
of the semigroup Qﬁm(Ni) such that (Z)ya = (T)oa, @)75 = @)oo, ", (@5 = (W)os
and (0)d, = (6)051, for all T € doma, ¥ € (dom )7y, = ran~y, = dom 3, @ € ran o and
T € (ran ) 5 = randg = ran 8. Then the above arguments imply that o = aoﬁagl and
hence by Theorem 3(iv) we get that a % in gzﬁoo(Ni). O
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MOHOII MOHOTOHHUX IH’€EKTUBHUX YACTKOBUX
IMEPETBOPEHBb YACTKOBO BIIOPAJIKOBAHOI MHOXKIHNA
(N3, <) 3 KOCKIHYEHHUMMW OBJIACTAMU BU3HAYEHHS TA

3HAYEHD

Ouer I'VTIK, Oabra KPOXMAJIbBHA

Jveiecvrut HaytonarvHul yHisepcumem imens Isana Dparka,
sys. Ynisepcumemcoka, 1, 79000, JIveis
e-mails: oleg.gqutik@Inu.edu.ua, Olia709Qi.ua

Hexaii n — marypaspae uucio > 2 i Ng — n-uil cTenins MHOXKWHY HATYPa/ib-
aux gucen N 3 9aCTKOBAM HOPSAIKOM HOOYTKY 3BHYAMHOIO JIHIHHOIO HOPAIKY
Ha N.

YHactkoBe mreperBopenHs o : X< — X< 9aCTKOBO BIOPSIKOBAHOI MHOXKHUHA X
HA3UBAETHCH MOHOMOHHUM, SKIIO 3 T < Y BUILJIMBAE HEPIBHICTD Ta < Yo, JJist
z,y € X<.

Hocrimxeno crpykTypHi BaacTuBocTi MonoOIma FP0s (NE ) qacTkoBEX MOHOTOH-
HMX lIePeTBOPeHb 4aCIKOBO BLOP#AAKOBaHOI MuOxuHM NZ 3 KOCKiHYeHHHMH
00/TaCTAMYU BU3HAYEHHS Ta 3HAYEHb. [loBemeno, mo rpyma oguauns H (1) marmis-
rpymu Y0 (N¢) isomopdma rpym 7, HiACTAHOBOK N-eeMeHTHO! MHOXKWIHI
Ta OIMCAHO IIHAMIBIPyIy iZemmoTrentis Hamisrpynu F0s (Ng). Taxkox, y Bu-
HNaJKy 1 = 3 OIUCAHO BJIACTHBOCTI €JIeMEeHTIB HAIiBIpyIH Wﬁm(Ni) AK JacT-
KOBHX OI€KIIIiI YACTKOBO BIIOPSIKOBAHOI MHOXKWHI N‘i, i Bimmomenus I pima ma
HamBrpym Y0 (Ni) 3okpema mOBeIeHO, Mo BimHomenHs [ pina 2 i J mHa
MoHOi P00 (N2) 36iratorses.

Kar040861 cro6a: HAmBrpyra 4acTKOBUX OI€KIIii, MOHOTOHHE 9aCTKOBE BijI-
o6 paxkeHHs, ineMoTenT, Biagpomenus I pina.
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ITPO JIOKAJIBHO KOMITAKTHI I'PVIIN 3 HYJIEM

Karepuna MAKCVMUK

Jveiecvruti HaytonarvHul ynisepcumem imens Isana Pparka,
VYnieepcumemcevka, 1, 79000, JIveis
e-mail: kate.maksymyk15@gmail.com

Hocaimxyemo anredpuani ymosu Ha rpyny (G, Ipu BUKOHAHHI SKUX JIOKAJIb-
HO KOMIIAKTHA TPAHC/ILAIINHO HellepepBHa TOOJIOTis Ha mucKpeTHiil rpyni G 3
NPUETHAHNM HyJIeM € a60 KOMITAKTHO0, a00 IUCKPETHOIO.

BBeneHo esleKTOpaIbHO THYUKI Ta €JI€KTOPAJIBHO CTifiKi IPYIH Ta BEBYAIOTHCH
TXHI BJIACTUBOCTI. 30KpeEMa, J0BEJIEHO, IO KOXKHA IrPyla, gKa MICTUTb HECKIH-
YeHHY [UKJIYHY HOiATPYNy HECKIHYEeHHOrO IHAEKCY Ta KOXKHA He3JlideHHa KO-
MYTaTUBHA I'DYIA € €JeKTOPAJIHHO THYIKHMH, & TAKOXK, IO KOXKHA 3JHYeHHA
JIOKQJIBHO CKIHYEHHA IPYIIa € €JIeKTOPAJIHHO CTIfKOIO.

OCHOBHIM pe3yILTATOM TIPAIl € TaKe TBEPIKeHHs: K10 (G — IUCKPETHA eJIeK-
TOPAJTbHO THYYKA HECKIHYEHHA T'PyIMa, TO KOXKHA TraycaopdoBa TPAHCISIINHO
HellepepBHA JIOKAIbHO KOMIIAKTHA Tomooris Ha GO € abo auckperHoio, abo
koMmakTHOIO. Ha M0BiIbHIN HeCKiHUeHHi# BipTyaabHO MuKJ9HINA rpymi (a oT-
JKe, Ha eJeKTOPaIbHO CTilKil rpymi) 3 mpmeamammv myaem GO mobymoBamo
HEIUCKPETHY HEKOMIIAKTHY JIOKA/JIbHO KOMIIAKTHY TPAHC/IAIINHO HelepepBHY
TOTIOJIOTIO, KA IHAYKYE Ha (G TUCKPETHY TOIOJIOTIIO.

Karouo6i caosa: Tpyma, HyAb, JOKAJIHBHO KOMIIAKTHHN, IUCKPETHWIA,
KOMIIAKTHUY, HAIBTONOJIOTIYHA HAIIBIPyIa, TOIOJIOrIYHA HAIIBIPyIa, eje-
KTOPAJIbHO THYYKUi, eJeKTOPAJIbHO CTIMKMU, KiHeIb.

Mu kopucrysBarumemocs repminodioriero 3 [3, 10, 24]. Yci upocropu BBaXKalOThCsH
raycaopdOBUMI, SIKIO HE 3a3HAYEHO 1HIIIE.

Hazasi ans rpymu G uepes GO nosnadaersbess rpyna G 3 mpueqnanum myaem [10].
Y komyrtaruBHiit rpymni G 10OyTOK ABOX eneMeHTiB a i b mo3zHavarumemo depe3 a + b, a
obepHenwuit eslemeHT 710 a € (G MO3HAYATHMEMO Yepe3 —a.

Hamnisrpyna S Ha3uBa€ThCs iH8EPCHOI0, SIKIO JJIs TOBUIBHOIO ejleMenTa & € S icHye
€MHWI eJIeMeHT y € S Takuil, mo xyr = x i yry = y. Y [bOMY BUMAJKY KaXKyTh, IO Y €
1HBEPCHUM €JIEMEHTOM 110 T B S, a BimoOpaxkenHus 3 .S y .S, 1110 CTABUTH KOKHOMY €JIEMEHTY

2010 Mathematics Subject Classification: 20E34, 20F69, 22M15, 5445
© Maxkcumuk, K., 2019
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fioro inBepcuuil, HaszuBaerbes ineepcieto [10]. OueBuaHO, O IPyNa 3 IPUEIHAHUM HYJIEM
€ IHBEPCHOIO HAIIBI'PYIIOIO.

Hanisrpyna S i3 331aHO010 Ha Hiil TOMOJOTIEI0 T HABUBAETHCS ( HANIG ) MOTOAORI%HO10,
SKIO HAMIBrpyoBa onepaiisa B (S, 7) € (Hapi3HO) HENEPEPBHOIO, i B IIbOMY BUNAJKY Ka-
JKYTh, IO T € HANi82pYno6oto (Mpancaayitino nenepeperoro) tomosorieio va S [9]. Iusep-
cHa TomoJioriuna HamiBrpyna (S,7) 3 HelepepBHOIO IHBEPCIEI0 HABUBAETHCSA MONOA02IY-
HOM0 1HBEPCHON HANLE2PYNOI0, & TOIOJIOTiA T B IIbOMY BUIIAJIKY HA3UBAETHCS IHBEPCHOM0
HAMI62PYN060M TOTOJIOTIE Ha, S.

Binowmo, sikimo S — HaniBronosoriuna Hamisrpymna 3 Hysiaem 0 Taka, mo S\ {0} — kom-
HaxkTHHI OpocTip, 1n GO — rpymna 3 IpueIHAHEM HYJIeM, IO € TOIOJIOTIIHOIO iHBEepCHOIO
HAMiBrpymomw, To Hyab 0 € i301p0BAHOI0 TOYKOIO. B 3arajgpbHOMY BUMTAAKY HABITH I JIO-
KaJIbHO KOMIIAKTHUX Py 3 IPUETHAHUM HYJIEM, SIKi € TOMOJIOIYHUMU HAMIBIPYIIAMU, 1€
He 1ak [9, 18]. Ounak Hy/ib B KOMUAKTHIA TOnOJIOr YN O-1ipoctiii HaniBrpyui € i3051b0-
BaHo© To4KOMO [21]. IIpoTe 1 pe3ynbTaT Ha MOYKHA TOMNPUTH HA JIOKAJIBHO KOMIAKTHI
koM O-mpocti Tonostoriuni HamiBrpynu [20] i Ha KomMmakTHI mikoM O-mpocTi HamiB-
rononoriyni 3ivenni namisrpynu [15]. Kapa Todwmann y npani [17] onucas crpyKrypy
JIOKAJIbHO KOMITAKTHOI TOIOJIOTIYHOI TPYIU 3 MPUEIHAHUM HYJIEM y BHIIAJKY JIOKAJIHHO
KOMIIAKTHHUX TOMOJIOTi9HUX Hamisrpyu. llpuennanus nysis 10 6M3bKUX /10 KOMIIAKTHUX
(HAMIB) TOMOMONYHUX TPYI Ta TOMOJOTiA B HYJL JJis JEIKUX KJACiB JIOKAJIbHO KOMTIa-
KTHUX HaMiBrpyI BUBYAJIOCH B Tpansx [2, 5, 6, 13, 14, 16, 19, 20, 23, 25, 26].

Mera Hamoi npaii — JOCTiIATH aJreOpuYHi yMOBH HA IPYIH, TPW BUKOHAHHI SIKHAX
JIOKAJIbHO KOMIIAKTHA TPAHCJISAIIHHO HellepepBHa TOIOJIOrisT HA JTUCKPETHI#l TpyIi 3 npu-
€THAHUM HYyJeM € ab0 JUCKPETHOI0, 400 KOMIIAKTHOIO.

Hocnijpkenns uiel upaui morusosani upobiuemoro 7 3 [7]: “axa zopowa cmpyxmypa
3AMUKAGHHA 2DYNU 6 HANI6MON0A02IwHIT Hanieepyni?” Ta HACTYITHUM TPOCTUM TBEPIYKEH-
HSIM.

TBepmxenus 1. Hxuo T1-naniemonoaozivnua wanieepyna S Micmums 6AGCHY UWIABHY
duckpemmny nidepyny G, mo I = S\ G — deobiwnui ideanr 6 S.

Josedenns. 3a nemoro 3 3 [1], G — Biakpuruit nignpocrip B S.

Badikcyemo mosinbuuii enement y € I. dxmo xy = z ¢ I nua meskoro = € G, To
icuye Bigkpurnit oxin U(y) Touku y y mpocropi S raxwuit, mo {z}-U(y) = {z} C G. Oxin
U(y) MicTUTh HECKIHYEHHY KIIbKICTb ejieMeHTiB rpymnu (G, a Iie CylepeduTh TOMY, 110 B
rpymi 3cyBu € OIEKTUBHUME BiTOOpaskKeHHAMHU. 3 OTPUMAHOTO MPOTUPIYUs BUIJIUBAE, IO
xzy € I ma Beix x € G it y € I. loBenenns toro, mo yxr € I ma scix x € Giy el e
aHAJIOrIYHKUM. 3 BUIIE HABEIEHUX MipKYyBaHb BUILIUBAE, 0 | — nBobiunwmii inean 8 .S. O

Bynemo roBopuTu, 110 Heckindenna rpymna G €:

® EACKMOPAALHO 2HYYUKOM, AKINO I J0BLabHOro pos3durrs G = AU B rpyuu G
Ha, 7Bl HECKIHYEHHI MHOXKWHU, iICHYIOTh HecKinuenHna MuokuHa I C A Ta erlemeHT
r € G raki, mo [ - x C B;

® CACKMOPAALHO cMitiKo10, AKIO (G HE € eJeKTOPATHHO THYIKOIO.

EnextopansHO THYUYKi Ta e1eKTOpabHO CTiliki rpynu BBemeni mpod. T. O. Bana-

xoM, i Oynn anoHcoBani Ha ceminapi “Tomosorist Ta i1 3actocyBanust” y JIbBiBChKOMY
yHiBepcuTeTi B 2019 porri.
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[Migmuoxkuua A rpynu G HABUBAETHCS MPAHCAAYITHO Matidtce cmitiKor, SKIO s
posiabaoro ¢ € G cumerpuuna pizuung AA(A - ) ckinvenna. OQ4eBuJHO, 1O KOKHA
CKiHYEeHHA MiIMHOKWHA B JOBIIBHIN TPy, 8 TAKOXK KOCKIHIEHHI TiIMHOKWHY B HECKiH-
YEeHHWX TPYMaxX TPAHCAANINHO Maiixke cTifiki. Takoxk, B aAuTWBHIN TPymi Iianx duces
MHOXKWHA, HATYPAJHHUX 9HUCEJT € TPAHCAIINHO Maiizke CTiitkoio. Buaukae mpupoHe mu-
TaHHS: Y AKUL HECKIHYEHHUL 2DYNar X MPAHCAAUITHO Mmatiorce cmiliki NiOMHONCUHY
BUEPNYIOMBCA CKIHYEHHUMY Ma KOCKIHYeHHuMUu nidmmnoocunamu? 1le muranns Takox
MOTHBOBAHE HACTYITHOI IUXOTOMIEK) JIOKAJIHHO KOMIIAKTHUX HAIMIBTOMOJOTIYHUX TPYI 3
MPUETHAHUM HYJIEM.

Jlema 1. Hexati G — duckpemua 2pyna maxa, wo KOHCHAE HECKIHUEHHA MPAHCAAUTTHO
Mmatigice cmitika nidmmostcuna 6 G e xockinuennoro. Todi xooicna 2aycdopdosa mpanc-
AAYITHO HEMEPEPEHA AOKAALHO Komnaxmua monoaozia na G° e abo duckpemmoro, abo
KOMNAKMHOI.

Jlosederna. OdeBUIHO, 1O AUCKpeTHA Tomosoria Ha GO € TpaHCIALiiiHO HemepepBHOIO
Ta, JIOKAJbLHO KOMIIAKTHOIO.

Hexaii 7 — menuckperna raycaopdoBa TPAHCJIALIRHO HElEepepBHA JIOKAJIbHO KOM-
naxTHa Tomosoria Ha GC i Uy — Heckimdennmit BimKpuTmit KoMmakTHRi OKim Hyns 0 B
npocropi (G, 7). Ockinbku Koxen siBuit uu npasuii 3cys y (G, 7) na enrement rpym G
€ romeomopdizmom, To cumerpudna pisuung UgA(Up - ) € CKIHYeHHOIO i JOBLIBHOIO
x € G. 3 mpumnymenHs Teopemu BunauBae, mo Uy \ {0} — KockindeHHa N IMHOXKHHA B

G. O

Teepmxkenas 2. Heckinuenna epyna G € eAeKmopasvHo 2HyKkow modi i suwe modi,
KOAU KONHCHG HECKIHYEHHA MPAHCAAUITHO Matioce cmitikxa nidmuooicuna 6 G € KOCKIH-
YEHHOI0.

JHosedenns. Ilpumycrumo, o icHye eJeKTOpaJIbHO IHYYKa HecKindenHa rpyma G, 1o
MICTHTH HECKIHYEHHY TPAHCISANINHO Maiike CTifiKy miamuOXKNHY A B G 3 HECKIHIYEHHUM
monosrenusm B = G\ A. Toxi icuyiors neckinuenna muoxuua I C A it enement © € G
taki, mo [ - x C B, a 1e cynepeduTh TPAHCIAIiiHINA Maiizke cTilfkocTi migMHOKuHU A B
G.

[Mpunycrumo, mo B rpyni G KOKHA HECKIHYEHHA, TPAHCJAIIAHO Maiike criifika -
MHOXXWHA, € KOCKIHUYEHHOI0, ajie Tpyna (G He € eJIEKTOPAJIbHO THY4YKOW. Tomi icHye po3-
ourts G = AU B rpynu G Ha JIBi HeCKIiHYEHHI MHOKUHHU TaKe, IO JJIsI TOBLJIHHUX
neckinuennol muoxkuuu I C A ta esementa r € G Taki, mo MHOKuHA [ - © N B cKiHYeH-
Ha. Orke, A-2NB=A-zN(G\ A) — ckinueHHA MHOXKUHA, & e CyIEPEYUTb HALIOMY
MIPUILY IEHHIO. O

3 semu 1 i TBEpKEHHS 2 BUILJINBAE TAKA TEOPEMA.

Teopema 1. Hezxati G — duckpemna eaexmopasvho enywka Heckinwenna 2pyna. Todi
K09iCHA 203c00PPHO6a MPAHCAAUITINO HENEPEPEHA AOKANHO KOMTAKMHA Monorozia wa G°
€ abo duckpemmoro, 460 KOMNAKMHOW.

Hacuainok 1. Hexalt G — duckpemma esekmopansvro enyuka epyna. Todi xoorcna 2ayc-
dopdosa naniezpynosa A0KAALHO KoMNAxMHA monoaozia na GO e duckpemmnoro.
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TBepmxkeHHd 3. Hexati G — eaekmopasvHo eHywKka HECKIHYEeHHA 3Aiuenna 2pyna. Todi
K001CHG 201YCO0PPHO8a MPAHCAAYITHO HENEPEPEHA AOKAADHO KOMNAKMHG MONoAozia Ha GO
€ abo duckpemmoio, abo KOMNAKMHO.

Zosedenns. Hexait 7 — raycmopdoBa TpaHCIANIRHO HETIEPEPBHA JIOKAIbHO KOMITAKTHA,
tonosoris Ha G°. Ockinbkn wynb Hanisrpym GO e 3amxmenoo mimvHOKIHOW B (GO, 7),
T0 3a Hacjiakom 3.3.10 3 [11], G — sokanbHO KoMuakTHUii npocrip. Ockiibku rpyna G
— suiivenna, To 3a TeopeMoio Bepa 1po kareropii (zus. reopema 3.9.3 3 [11]) upocrip G
MicTuTh i30Mb0Bany B G, a orxe, i B (GY, 7), Touky. 3 Toro, mo Bci 3cypu B (G, 7) Ha
emementu rpynu G € romeoMopdizMamMu BUILIMBAE, IO BCi TOUYKH B (G € 130/IbOBAHUMU.
Haiti ckopucTaemocs: TeopemMoio 1. O

Hacuainok 2. Hexat G — eaexkmopasvho enyuka 3aivenna 2pyna. Todi kootcna 2aycdop-
doea nanieepynosa AokabHo KoMnarkmua mononozia na G° e duckpemmoro.

Hacrynui nBa TBep/keHHS Ja0Th JOCTATHI YMOBU, IPU BHKOHAHHI AKUX I'DYIa €
€JIEKTOPAJIBHO T'HYYKOIO.

Harazmaewmo [3], mo indexcom nidepynu H y rpyni G Ha3WBAETHCH MOTYXKHICTH MHO-
JKMHU KJIACIB CyMixKHOCTI B KOKHOMY (mpaBomy abo jiBomy) 3 poskiaziB rpynu G 3a
miero marpymon H.

Tsepaxenus 4. dxwo xomymamueha 2pyna G MIiCmMums HeCKIHYEHHY UUKATYHY Ni0-
epyny Z C G neckinuennozo indexcy, mo G € esekmopasvHo eHy“Kon.

Zosedenns. Hexait z — mopomxkyiounii enement rpynu Z. Posrnagaemo pozburtas G =
AU B rpynu G Ha 1Bl HecKindeHHI MHOXKUHU. PO3ryIsiHeMO MHOXKUHA

Jy={a€cA:a+z€ B} i J_={a€A:a—z€ B}.

SIKI1I0 O/fHA 3 X MHOYKIH HECKIHYEHHA, TO IOBEJIeHH: 3aBepiieHo. ToMy Mu mpuiycTnmo
o muoxkwuua J = J; U J_ — ckinueHHa.

Axmio muoxkuun A\ (J+ Z) i B\ (J + Z) Henopoxui, To Mu MOKeMO 3adikcyBaTn
rourn ¢ € A\ (J+ Z)ibe B\ (J+ Z), i 3ayBaxknMo, IO JJIs HECKIHYEHHOT MHOKIUHI
I=a+ 2 C Airouku z = ba~! marumemo

zr+I=b—a+a+2Z2=b+27CB.

Orxke, MOkeMO TpuIyckarH, 1o oxHa 3 MHOXHH A\ (J + Z) a6o B\ (J + Z) €
nopoxkuboto. Akmo muoxuua A\ (J + Z) nopoxusa, to A C J + Z i 3a npuHimnom
Hipixae (qus. [8, migposain 3.1]) ans gesxoro exementa a € A muoxkuna [ = AN(a+ Z)
¢ meckinuennowo. Toxi nus nosiabaoro eementa b € G\ (J+Z) C B maemo, mo b—a+1 C
b+ Z C B.

dximo muoxkuuna B\ (J + Z) nopoxusi, To B C J+ Z i ansa geakoro ejnementa b € B
muOKknHa BN (b+ Z) neckindenna. Tomi mis nosinbHOro enemenrta a € G\ (J+2Z) C A
MATHMEMO, IO MHOKHUHA

I=a-b+(BN(b+2Z)Ca+ACA
Heckinuenna ta b—a + 1 C B. O

Harazaemo [22], mo rpyna G Ha3MBAETHCS A0KAALHO CKIHYEHHOMW, SKINO KOXKHA 11
CKIHYEHHA TIiIMHOXKWHA MICTUTHCs B CKiHYeHHii miarpymni B G.



TPO JIOKAJIBHO KOMITAKTHI I'PYIIN 3 HYJIEM
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mat. 2019. Bumyck 88 55

TBepmxenus 5. Koowcna nessivenna xomymamuena 2pyna G € eAeKMOPANLHO 2HYY-
KO010.

Zosedenns. Hexait G = AUB — po3outts rpynu G Ha Bl HECKiHYEHHI MHOXKWHA. AKIIO
muOxkuHA A 3yidenna, To Bubepemo moBuIbHUI enement x € G\ A — A i crBepKy€emo,
wo (x+ A)NA=g, aorxke, z+ A C B. dkio Mmuo)uHA B € 3i4€HHOI0, TO MOXKEMO
Bubparu ejgement x € G rakuii, mo [ = (x + B) C A, a orxke, —x + I C B.

Hani npumyckarumemo, 1o obuasi muoxunu A i B € nesnidennumu. 3adikcyemo
JIOBUIbHY HECKIHUYEHHY 3JlideHHy miarpymny Z C G. Ko mjisi 1edKOoro ejeMenTa z € Z
muOXkUHA (A+2)NB € HeCKIHUEHHOI0, TO JoBeeHHs 3aBepiiere. OTke, MPUITYCKATAMEMO,
IO JIjIsi KOXKHOrO enemenTta z € Z muoxkuna F, = (A4 z) N B e ckinvennow. Toxi
MHOXKHUHA,

S=A+Z)nB+2)= |J A+2)n(B+7)
z,2'€Z
€ HEIOPOXKHBOI 1 IOHaH0LIbIe 3ai4enHo. [loszask muoKubu A i B Hesjivedui, To
icuyrorp enementu a € A\ Sib € B\ S. Toai ana neckinuennol muoxkunu I =a+2Z C A
Ta eleMenTa r = b — a orpumyemo, mo x + [ = b+ Z C B, 3BiaKku BUILINBAE, IO TPYTIA
G ejleKTOPAJIbHO THYYKA. O

TBepaxkeHHd 6. Koowcha 3414eHHa A0KAADHO cKinvenHa epyna G € eaexmopasbho cmit-
KO010.

, . .
osedenna. 3o06pasnumo rpyny G sk o6’exnanns J, ., G CTPOro 3pocTaro[oi moctios-
HOCTi cKiHueHHUX rpy. st qoBlIbHOrO 1 € w 3adikcyemo miaMuoxkuny A, C Gpi1\Ga,
AKa Mae OJHOTOYKOBHI neperun A, N (z - G,) 3 KoKHAM cyMixHUM KnacoM & - Gy, Je

xr € Gn+1 \ G,,.
IIpuiimemo
A=GoU U (A2n - Ga2n) i B = U (A2pt1 - Gang1).
necw necw
Toni nyis nosinbHOro enementa x € G muokuna (A - ) N B € cKiHYeHHOIO. O

Haragaemo [12, 27], wo rpyua GG HA3UBAETLCH GIPMYAALHO YUKAINHOI0, AKIO G
MICTHTB IUKJIYHY MATPYIY CKIHYEHHOTO iHJIEKCY.
3 tBepmKeHb 4, 5 i 6 BUIINBAIOTH TaKi ABa HACIIKH.

Hacuainok 3. Hempusgiasvha xomymamuena 2pyna 6e3 kpyuens G eaexmopasbro cmii-
xa modi i auwe modi, koau G i3omopdra adumuenii 2pyni yisux wuces 7.

Hacaigok 4. Komymamusha 2pyna G € eaexmopasvho cmitixoro modi i auuie modi,
x0AU G € 400 3MIHEHHON A NOKGALHO CKIHYEHHO0M, b0 € BIPMYANLHO YUKATHHO.

Haranaemo [12, 27], wio rpyna G mae Giavwe Hiote 00un Kineydp, SAKIIO ICHYE HECKiH-
genHa migMuoxkuHa S C G 3 HeckindennuM y (G JOMOBHEHHSM Taka, 10 CHMETPUYHA
pisaung SA(S - z) € ckingennow s nosineHOrO * € G. Bymemo Takox rosopuru, mo
rpyna G Ma€e oduh KiHeydb, SKIINO iCHY€E Taka €InHA HEeCKiHYeHHA minMHOXKWHA S C G i3
CKIHYEHHUM JOMOBHEHHSM, sIKa, 3a0BOJIbHSE BUIle3ragani ymou. O4eBuIHO, 0 HECKiH-
YeHHI eJIeKTOPaIbHO THYYKi IPyHu — 1€ caMe TPYITH 3 OJHUM KiHIIEM.

VY kJracuuHiit KOMOIHATOPHIH Teopii rpyn J00pe BioMa HACTYIHA TEOPEMA, sTKA, OIIH-
Cy€ HECKiHYEHHI TPYIU 3 JIBOMA KiHIISMU.



Karepnuna MAKCVMUK
56 ISSN 2078-3744. Bicuux JIpBiB. yu-Ty. Cepis mex.-mar. 2019. Bunyck 88

Teopema 2 ([12, 27]). Jasn epynu G maxi ymosu € eK6i6aACHMHUMU:
(1) G — epyna 3 dsoma Kinyamu;
(1) G — meckinuenna GIPMYAILHO YUKAIWHE 2PYNG.

Baysaocenna 1. 1. 3 Teopemu 2 BUILIMBAE, IO AJUTHUBHA I'PYNa IUAUX YUCENT Z,
a Taxkoxk i1 mpsiMuii JOOYTOK 3 IOBLIBHOIO CKIHYEHHOIO I'PYTOI0, MAE [BA KiHII.
Takok HA aJUTHUBHIN Tpyni minumx umcen 3 npueananuM myneM Z° icmye piBHO
q90THPHU TaycaopdOBi JTOKATbHO KOMIIAKTHI TPAHCSIIHHO HelmepepBHi TOMOJIOril
(mme. TBepmKenHs 4.5 3 [14]), mpuYOMy TpPH 3 HMUX € HAMIBIPYMOBUMH.
2. 3 TBepmKEHHS 5 BUILINBAE, [0 HACTYITHI IPYNH € €JIEKTOPAJIBHO THYIKUMHU:
(a) n-a npama crTeniHb aUTUBHOL TPYNHU IIMX ducen Z" ajus n > 2;
(6) n-a npsama creniHb A UTUBHOL IPyIU palioHaabHuX duces Q" musg n > 1;
(B) n-a npsama creninb aauTUBHOI Ipynu Jificaux yucea R™ mus n > 1;
(r) n-a mpsMa CTeniHb MyJbTHIUIKATUBHOI rpynu aificaux uwncen (C*)" s
n > 1 Ta ii miarpyna n-suMipauit Top T, 9K n-a TpsgMa CTEMiHb OTUHUIHOTO
koma S' = {z € C: |z| = 1}.
3. 3 TBepakenHs 4 BUILIUBAE, 1O BinbHa (abenesa) rpyna Fx Haz muOxuHOW X
MOTYKHOCTI > 2 € eJIeKTOPAJIbHO T'HYYKOIO.

3 HACTYITHOTrO PUKJIAJLYy BUILTUBAE, 110 HA HECKIHYCHHI BIPTYaIbHO UKJIIYHIN TpY-
ni 3 npuegpanuM nyiaem GO icHylOTbH HeIMCKpeTHI HEKOMIAKTHI JIOKAJILHO KOMIIAKTHI
TPAHCISIIHO HeTepepBHi TOMOIOriT, AKi iHAYKYIOTh HA G IUCKPETHY TOMOJIOTIIO.

Ilpukiama 1. Hexait G — neckinyenHa BipryasibHO HuK/aidHa rpyna ta Kp i Ko — kinui
B rpym G. s i = 1,2 o3uaunmo za GO TOMOMOTi0 7; HACTYITHEM YHHOM:
(1) yci enemenTn rpymu G € isompoaruvu Toukamu B (GO, 7;);
(2) cim’sa %,;(0) = {g1 K92 U {0}: g1, 92 € G} € 6azo10 Tonoorii 7; B HyJi HaniBrpymu
GO
Ockinmbru K; — kinenps B G, TO T; — TPAHCAIINHO HEEpPepBHA raycaopdOBa, JIOKAIbHO
KOMIAKTHA TOHOJIOrid Ha Hamirpym G, axa He € Hi JMCKPETHOI0, Hi KOMIAKTHOIO.

BayBaxKuMo, 10 TOMOJOTT 71 i T y BUNAJAKY AJUTUBHOI IPyNH IIIUX YUCEsT 7, €
HaniBrpynosumu [14].
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ON LOCALLY COMPACT GROUPS WITH ZERO
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This paper is motivated by Hofmann’s results (1963) on the structure of a
locally compact topological group with adjoined zero and Berlund’s problem
(1980): What is the fine structure of the closure of a group?

We study algebraic properties on a group G such that if the discrete group G
has these properties then every locally compact shift continuous topology on
G with adjoined zero is either compact or discrete. We introduce electorally
flexible and electorally stable groups and establish their properties. In parti-
cular, we prove that every group with an infinite cyclic subgroup of infinite
index and every uncountable commutative group are electorally flexible, and
show that every countable locally finite group is electorally stable.

The main result of the paper is the following: if G is a discrete electorally flexi-
ble group then every Hausdorff locally compact shift-continuous topology on
G with adjoined zero is either compact or discrete. Also, we construct a non-
discrete non-compact Hausdorff locally compact shift-continuous topology on
any discrete virtually cyclic group (and hence on an electorally stable group)
G with adjoined zero.

Key words: group, zero, locally compact, discrete, compact, semitopological
semigroup, topological semigroup, electorally flexible, electorally stable, end.
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EKBIBAJIEHTHICTD 3A MAPKOBYM HABOPIB
TUNXOHOBCBHKUX IITPOCTOPIB 2: CITEIIIAJILHI
IBOMOP®IZMU

Hazap ITUPY

Vipaincorxa Axademia Jpykapcmea,
eya. ITidzonocko, 19, 79020, m. Jveis
e-mail: pnazarQukr.net

Busgaemo ymoBu icHyBaHHS CreniajbHOrO i3oMopdi3mMy MiXK BLIBHAME TO-
MOJIOTIYHUMY IPyTaMu, mio 30epirae IHBapiaHTHICTH MArPYT, & TAKOXK TOCJIi/I-
KYIOTbCs CIIIBBITHOIIEHHS MiZK €KBIBaJIEHTHICTIO HAOOPIB /7Tst pi3HUX (DYHKTO-
PiB TOIOJIOrivHOI aaredbpu.

Karwo86i cao6a: BLIbHA TOMOJIOTiYHA TPYIIA, BLTbHA abeI€Ba TOIOJIOTIYHA
rpyIa, cremaabHui i30Mopdi3M BIIbHUX TPYIL, CiM’s TOMOJIOTIIHUX IPOCTOPIB,
BlJIbHE TOIIOJIOriYHE KijIblle, BlJbHE abesieBe TOIOJIOrivHe KijbIle.

1. BcTyn

Mu mpomoBKYEMO BHBYATH EKBIBAJEHTHUX 33 MapKOBHM HAOOPYW TUXOHOBCHKUX
upocropis, po3mnoyari B [4]. YV apyromy miapo3ziii My BUBYAEMO YMOBHU iCHYBaHHS CII€Ili-
aapHOrO i30MOpP(diZMy MiK BLIPHUMHU TOIMOJOTiYHUMEU TPyHaMu. Y TPETHOMY MiApO3/isi
JOCTTIIZKYEMO eKBiBAJICHTHICTD HAOOPIB /1 pi3sHUX (PYHKTOPIB TOMOJIOTiYHOI aareopu.

Tepwminosioris i mo3nadenus B3sto 3 [4]. Tyt Mu smime Haragaemo, o depes F(X)
TIO3HAYAEMO BIJIBHY TOMOJIOTIYHY TPyIy THXOHOBCHKOTO mpoctopy X y cenci Mapkosa,
gyepe3 A(X) — Blibhy abesieBy Tomosioriuny rpymy npocropy X y cedci Mapkosa, yepe3
L(X) — Blabuuil sokanbuo-omykuii npocrip waa X. Jug niaxmpocropy Y npocropy
X nosuauumo vepe3 G(Y, X) (abo ckopoueno G(Y)) rpynoBy o6osioHKYy MHOXKMHU Y y
F(X).

Osuauvenns 1. Hexaii {X;: ¢ € I} — ciM’g nianpocropiB TomoJorivHOro mpocropy
X, {Y:: i € I} — cim’s migmpocropis Tonomoriunoro nmpocropy Y. Ckazxemo, mo cim’s
(X, {X;: i € I}) ¢ M-exsiBanenrnoo cim’T (Y,{Y;: i € I}), saxmo icuye romosorianmit

2010 Mathematics Subject Classification: 22A05
© Tupy, H., 2019
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isomopdizm h: F(X) — F(Y) takuii, mo h(4;) € G(B;) i h~Y(B;) C G(A;) nas seix

i € 1. IlosHagyarumemo me Tak
(X AX;:ie )R (Y {Y:iel}).

Miusiioun B 1[bOMY O3HAYEHHI (PYHKTOP BLIHHOI TOMOJIOTIYHOI Tpynu HA (DYHKTOPU
BiTbHOI abes1eBoi TOMOIOTIIHOrO Ta BiTHHOTO JIOKAJIBLHO OIIYKJIOTO IPOCTOPY, OTPHUMAEMO
nousaTTss A-ekBiBasienTHUX 1 L-eKBiBajieHTHUX HAOOPIB.

2. EKBIBAJIEHTHICTb HABOPIB I CIHEIIAJIBHI I30MOP®I3MU

Ckaxemo, 1o izomopdism i: F(X) — F(Y) € cneyigavhum, SKUIO KOMIIO3UILis
€3} 01 € moctriitnum Bigobpaxkenuam, ge e3-: F(Y) — Z — romomopdism, sKuii 1poJIoBKyeE
dyHKIO ey : Y — Z, aka TOTOXKHO piBHa 1 Ha Y. AHAIOTIYHO 03HAYYETHCS MTOHSITTS CIIe-
miaJgpHOro i3oMopdizMy MiK BinbHUME abejieBUMHU TOMOJIOriYHIME TpynaMu. Y [2] Gyiio
BCTAHOBJIEHO, IO JJIS JOBLIHHUX ABOX M -eKBiBaJE€HTHUX MPOCTOPIB iCHYE CHeIiaJbHUM
i3omMopdisM Mixk IxHiMuU BlibHuMU TOnONOriYHUME rpynamu. ¥ [3] 1 [11] ueii pesysbrar
OyJ10 y3araJbHEHO Ha BUMAJI0K M -eKBiBAJEHTHHUX BifmoOpazkeHb i M -eKBiBaIeHTHUX MMap.

Bynemo roeopurwu, 1mo mignpocrip A Tomosiorigroro mpoctopy X € *-36’a3Hum B
X, AKIIO I JTOBLIBHUX JIBOX HEMEPETUHHUX BiIKPUTO-3aMKHEeHUX TinmMuoxua U ta V
rakux, mo U UV = X maemo, mo gz A C U ta AC V.

VYaaranbuown Teopemy 3.9 3 [2] moBeneMo Take TBEPIZKEHHSI.

TBepmxenns 1. dxwo (X, {X,: s € S}) o (Y, {Ys: s € S}), i npocmip A = U X €

ses
*-36"a3num 8 X, MO 36YcHCEHHHA KOHCHO20 MONOA02INH020 i30mopdismy i: F(X) — F(Y)
na nidepyny G(A) e cneyiaavrum i30mopghizmom.

Josederns. Hexaii ey: Y — Z — byukuis, axa roroxuo pisua 1 na Y, e} : F(Y) —
Z — romomopdisM, saKumil mpomoBkye GyHKHio ey. JoBegemo, mo i o e}-|4 = const.
Ipunycrumo mpormmeskue. Hexait 21,20 € 10e}(A) 1 21 < zo. Toni Fy = (—00, 2]
ra Fy = (21,4+00) — Au3’TOHKTHI BiAKPUTO-3aMKHEH], B3a€MOIONOBHIOBAHI [IIMHOXKUHI
8 Z. Toni Binkpuro-zamkueni muomunn U = (ioe}) Y (F) ta V = (ioe}) 1(Fy)
3a/I0BOJIbHAIOTH TAKi yMOBH:

vuV=X UnV=g, UnNA##o, VNA+#WQ,
IO CylepednuTh *-3B’sa3H0cTi MHOKuHU A B X. (]

Teopema 1 Ta il noBelenus € nHesznadnow moaudikauiero reopemu 3.1 3 [2] Ta il
JIOBEICHHS.

Teopema 1. fdrwpo (X,{Xs: s € S}) i (Y, {Ys: s € S}), i npocmip A = ﬂ X, € ne-

ses
TNOPOAHCHIM, MO TCHYE cneyiasvrut monoaoziunud isomopdism i: F(X) — F(Y) maxud,
wo i(G(Xs)) = G(Ys) daa eciz s € S.

ITTo6 moBecTu 1€ TBEPIKEHHS, HAM MTOTPIOHO JEKiTbKa JieM.

Yepes 7 Oynemo MO3HAYATH AJUTHBHY TPYNY IIJIUX YHCET HAJLIEHY JTUCKPETHOIO
TOMOJIOTIETO.
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Hexait A C X, p: F(X) — Z uenepepsauit romomopdism takuii, mo ¢(G(A)) = Z.
Iloznagumo gepes

ordap =min{| k |: k € p(A)\{0}}.

JIema 1. fxwo ordap > 1, mo ichye monosoziunud isomoppism j: F(X) — F(X)
marutd, wo j(G(Xs)) = G(Yy) das ecixz s €S i orda(poj) < ordagp.

[osedenns. Hexait orda¢ = ¢ > 1. Toni icuye enement ag € A Takwmit, mo ¢(ag) = s,
|Is|| = ¢. Ocxinbku p(A) nopomxye Z, o icuye p € ¢(A), mo He ainurbes Ha g. Iogimmmo
P Ha ¢ 3 OCTAYEI0

p=ms+r, O<r<gqg=]|s|-
IMoznaummo ais KoskHoro k € Z vepes Xy, = XNy~ (k). Toxi X, — BimkpuTo-3amMkneHmit
nignpocrip B X. O3naunmo BigoGpaxkenus jo: X — F(X) rak:

. _ T, AKIO T ¢ Xp;
jol@) = { ag "z, skmo x € X,.

Hexaii j: F(X) — F(X) — romomopdism, skuil mponosKye Bimobpazkenus jo(x). Bimob-
paxkeHHs jo(x) HEIEepepBHE 3 OrJIs/ly HA HENEePEPBHICTDb Olepallii MHOXKEHHs B TOIOJION 4-
uiii rpyni F(X) i Biakpuro-zamkuenocti muokut X, k € Z. O3nauumo BinoOpazkeHHs
Jj&: X — F(X) 3a dopmynoo

2 (z) = z, gxmo z ¢ Xp;

Jo al'z, Axmo x € X,,.

Hexait j*: F(X) — F(X) — romomopdism, sikuit npoosxKye Bigobpazkents jj(z). Jler-
KO Gaduru, 1m0 j* — HemnepepsHuii romomopdism, obepuenwuii 10 j. OrTxke, j — TOMONO-
riuamit i3omopdizm. Hexait a; € X, N A. Toxi

pojlar) = plag™r1) = —mep(ag) + (1) = —ms+p=r <gq.
Ouesnano, mo j(G(X;)) = G(Y;) nns Beix s € S. O

ITouuxkytouu 3a gomomoroo jiemu 1 OPsI0K i30Mopdi3my ¢, MU 38 CKIHYEHHY Kijlb-
KiCTh pa3iB OTPUMAEMO TAKY JIEMY.

JIema 2. Ienye monoaozivnut i3omopdisam j: F(X) — F(X) maxut, wo j(G(X,)) =
G(Ys) 0as scixz s € S i orda(poj) =1.

Orxe, icrye Tonosorignnii izomopdism j: F(X) — F(X) Takwmii, mo Jjst Jeskoro
esieMeHTa ag € A BUKOHYy€eTbCs ofiHa 3 yMOB 9o j(ag) = 1 abo poj(ag) = —11 j(G(4)) =
G(A). Y apyromy BUIIAJKY PO3IJIAHEMO KOMIO3UILiO i3oMopdizmy j 3 i3omopdizmom
Q 3aaHUM s ejieMenTiB upocropy X 3a upasuiioM «(x) = x, akio @ o j(x) # 11
a(z) = 271, axmo ¢ o j(x) = —1. O4eBuaHO v — ToOMOMIOTIUHMI i30MOpdi3M, TPUTOMY
(poaoj)ag) =11 (poaoj)(G(Xs)) =G(X, nas Bcix s € S.

Mu noBesin Take TBEPIKEHHSI.
JIema 3. Jlaa xoowcnozo menepepenozo zomomopdismy ¢: F(X) — Z maxozo, wo

p(G(A)) = Z, icnyroms monoaozivnut isomopdism j: F(X) — F(X) i enemenm ag € A
maxi, wo j(G(X;)) = G(Xs) 0an eciz s €S i (poj)lag) = 1.
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JIema 4. Jlasn xoorcnozo nenepepenozo zomomoppizmy ¢: F(X) — 7Z maxozo, wo
©(G(A)) = Z icnye mononozivnut isomoppism w: F(X) — F(X) maxui, wo
uw(G(X,)) = G(Ys) dan sciz s € S i (pou)(X) =1.

Josedenns. Bubepemo izomopdism j: F(X) — F(X) i enement ag € A raki sk y Jjemi 3
Hosnaunmo F, = X N (¢ o j)~Y(k) nas xoxworo k € Z. Toni muoxunn Fy, k € Z €
BinkpuTo-3amkHeni B X, npudomy ag € Fj. Busnaaumo sinobpaxenns lp: X — F(X)
sa upasutom lo(x) = ag " la, axmo x € Fj,k € Z i nexait I: F(X) — F(X) — ro-
MoMopdism, 10 TpooBKye Bimobpaxkenns lg. OueBuino, BijoOpaxKenus [y HenepepBHe,
a oTxKe, HerepepBHNM € Tomomopdism [. Bimobpaskenns [f: X — F(X) o3HaueHe sK
I5(z) = alg_l:ﬂ, KO & € Fi, k € 7 € HemepepBHUM, a OTXKe, HEEPEPBHUM € MOMOMOP-
dizm I*: F(X) — F(X), wo iforo upounosxkye. Jlerko 6auuru, mwo * — romomopdism,
obepHennit 110 [, Tomy [ € Tomosioriurnm apromopdizmom rpymm F(X).

Ipniimemo u = jol, roxi u: F(X) — F(X) — romosoriunmii isomopdism. Toegemo,
mo u — norpibuuit apromopdism rpynu F(X). dxmo z € X, 10 © € Fy, npu gegakomy
k € Z. Toni

p(u(z))

e(il(x))) =

= o(j(ag*a)) =

= ¢(jlao) x (=k+1) + ¢(j(z)) =
= —k+1+k=1.

Ockinbku j(G(X,)) = G(Y;) ans seix s € S 1 l1(G(X;s)) = G(Ys) s Beix s € S, 1o
u(G(Xs)) = G(Ys) nia Beix s € S. O

Josedenns meopemu 1. Hexaii i: F(X) — F(Y) — ronosoriunumii isomopdisM Taxwuii,
mo i(G(Xs)) = G(Ys) nns Beix s € S. Hexait trakox e} : F(X) — Z — romomopdism,
o IPOAOBXKYE BYHKIHO ey, sika TOTOKHO piBHa 1 Ha mpocropi Y. Ouesngno, mo e o
i(G(Xy)) = e} (Ys) = Z. 3acrocosyiouu siemy 4 10 romomopdismy ¢ = e} 04, orpumMaemo
crerianbumit isomopdizm i* = ijou: F(X) — F(Y) rakuit, mo i*(G(X;)) = G(Y;). O

ITomi6HO MOXKEMO TOBECTH TBEPIXKEHHA aHAJIOTIYHEe J0 TeopeMu 1 maa A-exBiBajieHT-
Hux HabOopiB. Moaudikaris aHAJIOTIYHOrO TBEPIKEHHs i L-eKBiBAJIEHTHUX HAOODiB
OPOBOIUTHCsI AHAJIOTIYHO JI0 BiANOBiAHOI Teopemu 3 [2].

TBepmxenns 2. Hezali (X, {X,:s € S}) i (Y, {Y; : s € S}), npocmopu A = ﬂ X
ses
i B = n Y, menopoorcni, a € A, b € B — dosiavni mowku. Todi icnye cneyiaavnud

ses
monoaozivnut izomopdism h: A(X) — A(Y) marud, wo h(G(X;)) = G(Ys) dan eciz
s€Sih(a)=0.

Hosedenns. Hexait (X, A) 2 (Y, B). 3a reopemoro 1 icuye cuenjasibuuii Tonosoriunmit
izomopdism j: A(X) = A(Y) raknuit, mo j(G(A)) = G(B). Hexaii

W = /\1a1 + A2a2 + ...+ )\nan = jil(b)a
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n

e a; € A. Ockinbku j cnenjaiabauil i3oMmopdi3m, To Z)‘i = 1. Posrnsaemo BimobGpa-
i=1

skenns f,g: X — A(X) o3nadeni 3a dopmymamm

fl@y=z+W —a i gx)=x—-W +a.
Hexait f*,¢g*: A(X) — A(X) — ixui romomopdui nmpoxosxkenns. Toxi
ffog*(@)=f"(a —W+a)=
=(@+W-—a)—[Mx1+W—a)+ X(z2+W—0a)+...+
+ M@+ W —a)]+(a+W —a) =

:a’:—i—W—a—[/\11‘1+)\2$2+...+)\HI”]— (Z)\Z> x(W—a)+W:
1=1

=x4+W—-a-W-1xW=-0a)+W ==z
Orxe, f*og" = g*o f* = lax). Orox, f* cmenianbunit aBToMopdism Taxmii, mo
f*la) =Wif*(G(Xs)) = G(Xs). Toni h = jo f* cnenjanbhuii Tonosoriunmii isomopdizm
TaKUi, 110

. s Iy .
ih(a)=jo f*(a)=3W)=0. O
Anajioriybe TBepIKEHHS IPABUIbHE TAKOXK JIJIsl BiIHOIIEHHs L-eKBiBaJe€HTHOCTI TO-

[OJIOTIYHUX TIPOCTOPIB.

Hexait {X,: s € S} — cim’st 3aMKHeHUX an3’TOHKTHUX Tignpocropis B X. Ilo3na-
qnmo depe3 p: X — X/{X,: s € S} — npoexiio, sika CTATYe KOKeH MmianpocTip X
y Touky. Ao na npocropi X/{Xs: s € S} o3uaunru HalicusbHilly 1IIKOM peryssp-
HY TOIIOJIOTifO, IO POOUTH BimoOparkeHHsS p HEImepepBHUM, TOMI BimoOparkeHHs p Oyme
R-dakropanm.

Hacaimok 1. Hexati
(X {X.:s€ SN (V,{Yar s €5}

i npocmip A = ﬂ X, samrHenutls ma nenopoocHit. Todi
seS

(X/A,{X,/A: s € SH X (Y/B,{Y,/B: s € S}),

de B = ﬂ Ys (mym na X /A i Yi/B eusnaueno monoaozii indyxosani 6idnosiono 3
ses
X/A maY/B).

s TomosoriyHOro mpocTopy X, Ta BigMiueHol TOUKM a € X TO3HAYNMO Uepe3
AG(X,a) BlibHy abesieBy TONOJONIYHY TPYIY HpocTOpy X 3 OIMHUIEIO G.

TBepaxkennsa 3. Hexai

(X, {X,:s€ S} 2 (V,{Y,:s€8)}),
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npocmopu A = ﬂ X,, B = ﬂ Y, menopootcrim, a € A, b € B — 008iavHi mouku.
ses ses

Todi icnye monoaozivnul isomopdism h: AG(X,a) — AG(Y,b) maxui, wo h(G(Xy)) =

G(Ys) dan eciz s € S.

Josederna. 3a TBepKenHaM 2 icuye cnenjanbuuit Tonosorivauii i: A(X) — A(Y) ra-
Kuit, mo i(a) = b. Ta i(G(X) = G(Y;) Torokue Bimobparkenus X — X MPOIOBKYEThCS
110 HeriepepBHOro roMomopdismy fr: A(X) — AG(X,a) y BinbHy abesieBy rpaeBcbKy
TOMOJIOTIYHY TPYMy MPOCTOPY X 3 OAWHUIEIO B TOYI G. AHAJIOriYHO TOTOXKHE BimoOpa-
JKeHHs1 Y — Y mpomoBiKyeThes 10 HemepepsHOro romoMmopdismy f,: A(Y) — AG(Y,b)
y BimbHY a0eneBy I'PA€BCHbKY TOMOJIOTIUHY T'PYIy MPOCTOPY Y 3 OAMHHUIEI0 B TOHUIN b.
Heunepepsue sinobpaxenns mg: X — AG(Y,b), o3nauene sk m(x) = f, o i|x, mae 1y
BJIIACTHUBICTB, M0 M, (a) = b, & OT¥Ke, PONOBKYETHCS IO HEMEPEpBHOTr0 ToMOMOpdizmy
Jz: AG(X,a) - AG(Y,b). Anasnoriuno memepepsHe BigoOpazkenus m,: Y — AG(X,a),
osHavene Ak m(y) = fy oi 'y, Ma€ Ty BAACTHBiCTB, MO My (b) = a, OTXKe, MPOTOBKY-
€TLCs 10 HemepepBHOro romMoMopdismy j,: AG(Y, b) - AG(X, a). Orpumaemo, o

Jy ©Je(2) = froioi ™ (z) =a

nada Beix ¢ € X. Anrasoriano

. . o 1 . o
Ju 0 dy(y) = fyoi™ cily) =y
st Beix y € Y. Orke, j, — Tonosoridauit i3oMmopdi3m BiTbHUX abeleBruX IPAEBCHKUX

rpyn AG(X,a) 1 AG(Y,b). O

VYzaranbHow9n Teopemy 3.9 3 [2], norenennst 3anummaerhes anagoriaanmM. Chopmy-
JIIOEMO TaKe TBEPJKECHHA.

Teepaxennsa 4. Hexat X, Y — muzonoscori npocmopu, {Xs: s € S} — cim’a
ous ronkmuuzx nidnpocmopis 6 X, {Ys: s € S} — cim’s dus ronkmuuz nionpocmopie 8 Y,
npuyvomy R-paxmopni npocmopu X/{Xs: s € S} ma Y/{Y;: s € S} e 2aycdopposumu.
STkwo icnye monoaozivnud isomopdism i: F(X) — F(Y) marut, wo i(G(X;)) = G(Y5)
das scix s € S, a tiozo 36yoscenns na nidepyny G(A), de A = U X, € cneyiaab-

seS
HuM 130mopdizmom, mo R-daxmopni npocmopu X/{Xs: s € S} ma Y/{Ys: s € S} €
M -exeisanenmuumu.

Hacaimok 2. Hexat X, Y — muxonoscoki npocmopu, {Xs: s € S} — cim’a
dus ronkmuux nionpocmopie 6 X, {Yy: s € S} — cim’a dusonxmuuz nidnpocmopis 8 Y,
npuvomy R-daxmopni npocmopu X/{Xs: s € S} ma Y/{Ys: s € S} € 2aycdopposumu.
Srwo (X, {Xs: s € S}) X (Y, {Y;: s € S}), a mnoorcuna A = U X; 36’asna 6 X, mo
ses

R-gaxmopni npocmopu X/{Xs: s € S} ma Y/{Ys: s € S} e M-exsiearenmunumu.

Jlosedenns. 3 teopemu 1 BummBag, o icHye Tonosiorivnuii isomopdism i: F(X) —
F(Y) rakuit, mo i(G(A)) = G(B). 3 teopemu 3.9. poboru Oxyresa [9] BumamBae, 1o
icuye ronosoriunuit isomopdism j: F(X/A) — F(X/B) rakuit, mo j o ¢y = g} o 1,
e ¢ F(X) —» F(X/A), ¢5: F(Y) — F(Y/B) — romomopi3mu, o MpoaoBKYIOTH

. . . . M
BimoOpazkeHHS ¢4 1 qp, BIAMOBIAHO, TOOTO ¢4 ~ ¢B. O
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3. EKBIBAJIEHTHICTh HABOPIB I BIJIBHI TOIIOJIOTIYHI AJITEBPU

PossuBaemo izei, ski nos’a3ani 3 idomopdHoIo Kinacudikalieo BiIbHIX TOMOJIOri Y-
HUX HAIIBrPYTI, IPYT Ta Kitenb 3 poboTn [1], a Takox izmei mos’s3ani 3 izomopdHO0 KIacw-
dikaniero BibHNIX TOMosoriuHNX HamiBrpy [7]. Hac nikaBurumyTs i3oMopdizmn BibHIAX
TOMOJIOTIIHUX aJITedP, IO 3AJUIIAI0TD iHBapiaHTHUME ciM'1 mizaarebp. Takoxk moCTi Ky-
€MO YMOBH TOIIOJIOrO-aJITeOPUIHOI eKBIBAJTEHTHOCTI TOMOMOPQI3MiB, AKi MPOIOBKYIOTD
HerepepBHi BimoOparkeHHsT THXOHOBCHKHUX IPOCTOPiB. s TOmooriaHoro mpocropy mo-
3HaunMo vepe3 S(X) BiibHY ToMosOriUHY HamiBrpymy Hag mpocTopoMm X, uepe3 S, (X)
BisuTbHY abeJieBy TOMOJIOTIYHY HAMIBrpyIy Haz mpocropoM X, depe3 R(X) — BinbHe To-
noJioriune Kijbue Hazg npocropom X, uepe3 R4 (X ) — BiibHe abesieBe TOMOIOrIYHE KiJIbIle
naz npocropom X . st BinbHoi Tonosnoriunol anrebpu F'(X) nan npocropom X ra miz-
upocropy Y C X nosnauumo uepes (Y) nigaurebpy B F(X), HOPOIKEHY MHOXKHHOIO
TBipHUX Y.

Teepmxkenns 5. Hexali { X : s € S} — cim’a nidnpocmopie monoaoziunozo npocmopy
X, {Y;: s € S} — cim’a nidnpocmopie monosoziunozo npocmopy Y. Todi maxi ymosu
€KBI8ANEHTIVHI:

(1) icnye eomeomopgiam h: X —'Y maxui, wo h(Xs) =Y, dan eciz s € S;
(2) icnye monosozivnul i30mopdizm 6iabHUT MonosozivHuT Haniezpyn i: S(X) —
S(Y) maxut, wo i((Xs)) C (Ys) daa scix s € S;

(3) icnye monosozinnul i30MOPPHISM BIALHUL AOEAEBUT MONOAOINHUT HANIGZPYN
J:Sa(X) = Sa(Y) mawut, wo j((Xs)) C(Ys) dan eciz s € S.

Zosedenns. (1) = (2) Hexait i: S(X) — S(Y) — romomopdue npojosxkents Bigobpa-
xernrst h: X — Y 10 romomopdizmy BIIBHEX TOMOIOrIYHUX HAIMBrPYI. 3a HOOY/LYBOIO

i(Xs) =Y, mobro i((X,)) C (Ys) ana Beix s € S.

Immmikanis (2) = (3) KOBOIUTLCS aHATIOTIIHO 0 TBEpAKeHHs 2.10 3 [4].
(3) = (1) Hexait j: Sa(X) — S4(Y) raxwmit, mo j((Xs)) C (Yy) ans Beix s € S.

Haramaemo, 1110 aToMOM HA3WBAETHCA €TEMEHT TOMOJOTITHOI HAIIIBIPYIH, SKAil HE MOXKHA,
MIOJATH Y BUIIAI JOOYTKY JBOX €/IEMHTIB, KOXKeH 3 sIKUX BiAMIHHWI Bi HEATPATHHOTO.
QueBuHO, 110 1pH i30MOpdi3Mi TOMONOrIYHUX HAIIBIPYII 00PA30M MHOXKUHU aTOMIB HEp-
01 HAMIBIPYNX € MHOXKWHA, aTOMIB APYrol HAMBIPYNH. 3AJIUIIAETHCSI 3ayBaYKUTH, IO
MHOXKMHOI0 aromis HamiBrpynu S4(X) € X. Tomy 3By:kenHst i3oMopdizmy j: Sa(X) —

Sa(Y) ma nignpocrip X € romeomopdizmom h: X — Y rakum, mo h(X;) = Y. O

Hwskue My posrisigaemo (abesieBi) TOMOMOTIYHI KiJIbIlst; O3HAUEHHST MOYKHA 3HANHTH
B MoHorpadbil [6].

TBepmxkenns 6. Hexat {X,: s € S} — cim’a nidnpocmopie muronoscvkozo npocmopy
X, {Y;: s € S} — cim’a nidnpocmopie muzronoscorozo npocmopy Y. Todi maxi ymosu
eKBI8ANEHNHI:

(1) icnye monoaozivnull i30MOPPHI3M  BIALHUT —aOEACEUT MONOAOZINHUT 2PYN
h: A(X) = A(Y) makutd, wo h(X;) C (Ys) daa scix s € S;

(2) icnye monoaozivnull i30MOPPIsM GIALHUTL MONOAORINHUT Kiaeyb i: R(X) —
R(Y) maxui, wo i(Xs) C (Ys) das ecix s € S;
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(3) icnye monoaozivnul i30mOpPHizM  GIABHUL aOEACEUT MONOAOIYHUL KiAeUdb
Jj: Ra(X) = Ra(Y) marud, wo j(Xs) C (Ys) dan eciz s € S.

Josedenna. Immnikamii (1) = (2) Ta (2) = (3) J0BOAATHCSH aHATIOIIYHO [0 TBEPIKEHHS
2.10 [4].

(3) = (1) Hexait j: Ra(X) — Ra(Y) — i3omopdism BinbHEX abeseBnx TOMOJIO-
riunux Kigenp takwii, mo j(Xs) C (Y;) muaa Bcix s € S. Ockinbku koxkua abesieBa
TOMOJIONYHA IPyIIa HiC/aA BBEJEHHA Ha Hifl HyJIbOBONO MHOXKEHHS IEPETBOPIOETHCHA Ha
abesieBe Kinblie, TO TOTOXKHI BimoOpaskenus idy : X — X Ta idy: Y — Y mpomoBxKyro-
THCS 710 HemepepBHUX roMoMopdismis px: Ra(X) — A(X) ra py: Ra(Y) — A(Y). dk
6yno BcranosieHo y [1] icuye romosmoriunnii isomopdiszm h: A(X) — A(Y) rakuwmit, 1o
py ©j = i0px. 3a mobymoBo0 h(Xs) - G(Ys)a hil(yrs) - G(Xs) u

Teepmxkenas 7. Hexati f1: X1 — Y7, fo: Xo — Yo — nenepepeni 6idobpasicenus
Monoso2ivHux npocmopis. Todi maxi ymosu exei8aseHMHI:

(1) icnyromo 2omeomopgismu hy: X1 — Xo ma hy: Y1 — Yo maxi, wo ha o fi =
faohy;

(2) icnyromv  monoaoeivni  I30MOPPISMU  GIAGHUL — TONOAOZIVHUL — HATEG2PYT
i1: S(X1) = S(X2) ma iz: S(Y1) — S(Ya) maxi, wo iz o ff = fy o4y, Ode
fiS(X1) = SN, f3: S(X2) — S(Yz) eomomopdismu, wo npodosstcyroms
eidobpasicenns f1 ma fo;

(3) ichyrome monoaoziuni i30MOpPHizMu SIALHUL ADEALEUT MONOAOZIYHUL HANIG2PYN
Ji1: Sa(X1) = Sa(X2) ma ja: Sa(Y1) — Sa(Ya) maxi, wo jo o ff = f5 041, de
fi:8a(X1) = Sa(Y1), f5: Sa(X2) = Sa(Ya) comomopdismu, wo npodosorcy-
tomo eidobpasicenns f1 ma fo.

Josedenna. (1) = (2) Hexait hy: X1 — Xp ta hy: Y7 — Yo — romeomopdizmu Taxi,
wo hg o f1 = fo o hy. Ilponosxkenns i1: S(X1) — S(X2) ta iz: S(Y7) — S(Y2) romeo-
mopdizmiB hy Ta he 10 HemepepBHUX TOMOMOPGI3MiB € TomoorivHnMu i3oMopdizmamu.
Ockinbru

i20 filx, =h2o fi = faohi = f5oiilx,,
TO i3 0 f{ = f5 o1i.

Immikamis (2) = (3) 10BOAUTHCS aHAJIOTIYHO 10 TBepaKenHs 2.2 3 [11].

(3) = (1) Hexait j1: Sa(X1) = Sa(X2) ra ja: Sa(Y1) — Sa(Yz) — ronmonorivni
isomopdismu taxi, wo jp 0 i = f3 0 g1, ae f Sa(X1) = Sa(), f5: Sa(Xa) -
S4(Y2) romomopdizmu, 110 TPOIOBKYIOTH BiIoOpaskeHHsT f1 Ta fa. SIK yrke 3a3HAYATIOCH,
y nosenerHi TBepKenas 5 j1(X1) = Xa, j2(Y1) = Ya. Tomy Binobpaskenus hy = j1|x,,
ha = jaly, € romeomopdizmamu rakumu, o he o f1 = fo 0 hy. O

TBepaxenus 8. Hexatu f1: X1 — Y1, fo: Xo — Yo — mnenepepeni 6idobpasicenns
MUTOHOBCLRUT npocmopis. Todi maki ymosu ekei8aseHMHI:
(1) icnyromv monoaoziuni i30MOPPHIBMU  GIALHUT AOEAECGUT TONOAOZINHUT 2PYN
hi: A(X7) = A(X2) ma he: A(Y1) — A(Y2) maxi, wo iz 0 Afy = AfS oy, de
Afy A(Xy) = A(W), Afs: A(Xs) — A(Ya) zomomopdismu, wo npodosoicy-
tomo eidobpascenna fi ma fo



EKBIBAJIEHTHICTH 3A MAPKOBIUIM HABOPIB ...
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mat. 2019. Bumyck 88 67

(2) icnyromos monoaoziuni i30MOPHIBMU GiALHUT MONOA0RINHUT Kiseyd i1: R(X) —
R(X3) ma iz: R(Y1) — R(Y2) maxi, wo iz o Rff = Rf5 oiy, de Rfy: R(X1) —
R(Y1), Rf5: R(X2) — R(Y2) 2omomopdizmu, wo npodosscyroms 6i006pasricerhs
fi ma fa;

(3) icnyromov monosoeiuni i30MOPPHISMU GIALHUL GOEACGUT TMONOAOZINHUTL KiAeUb
J1: Ra(X1) — Ra(X2) ma jo: Ra(Y1) — Ra(Y2) mawi, wo jz o ff = f3 041, de
fit Ra(X1) = Ra(Y1), f3: Ra(X2) = Ra(Y2) comomopgismu, wo npodossicy-
tomo eidobpasicenns f1 ma fo.

Josederna. Ivmuikamii (1) = (2) Ta (2) = (3) JOBOAATHCS aHAJOTIYHO 10 TBEP/ZKEHHS
2.2 [11].

(3) = (1) Hexait p1: RA(Xl) — A(Xl), P2 RA(XQ) — A(Xg), q1: RA(Y:[) —
A(Y1), q2: Ra(Ys) — A(Y2) — npupoani romomopdismu, onucani y TBepaxkenni 6. s
isomopdismy ji: Ra(X1) = Ra(Xs) icuye Tonosoriunmii isomopdism BinbHuX abesieBux
rononoriyaux rpyu hy: A(X7) — A(Xs) rakwii, wo hy o p1 = pg o j1. Anasoriuno Jist
isomopdismy jo: Ra(Y1) — Ra(Ys2) icuye Tonosoriunuii i3omopdism BlibHux abeseBux
ronostoriuanx tpyn ho: A(Y1) — A(Ya) Takwmit, mo he 0 g1 = ga © j2. 3a mMOGYIOBOIO
Afiopr=qio fi i Afsops =g o f5. Hexait x € X1, Toni p1(z) = z. Orox,

hioAfa(z) = j10q20 Afa(x) =
=j10f3oq(x) =
= fioj2oq(r)=
= floqohy(z) =
= Afi o ho(z).

d

TeepmxkenHsa 9. Hexat f1: X1 — Y1, fo: Xo — Yy — A-exsisanenmmui 6idobpasicen-
Ha. 1007 das dosiavhux x1 € X1 ma ro € Xo icHyOmMbd MON0A02IUHI i30MOPPIZMU
6iALHUL abeaesux monoaozivnur 6 cenci I'paesa s1: AG(X1,11) — AG(X2,z2) ma
so: AG(Y1, f(21)) = AG(Ya, f(22)) mari, wo s20 fi™ = f3*os1, de fi™: AG(Xy,21) —
AG(Y1, f(x1)) @ f3*: AG(Xa,x0) — AG(Ya, f(x2) comomopdismu, wo npodosoicyromo
sidobpasicenns fi ma fo.

Zlosedenns. 3 roro, mo Bigmobpaxkenns f1: X1 — Y7, fo: Xo — Y5 € A-exkBiBajienTHHMH,
3a Teopemoro 3 |3] BumumBae, mo icHyroTh Tonomorivni izomopdizmu hy: A(X;) = A(Xs)
ta he: A(Y1) = A(Ys) maxi, mo 0 ff = f3 oiy, me fi: A(Xy) = A1), fo: AG(X2) —
AG(Y2) romomopddizmu, 110 IpoJoBKYIOTH Bimobpaxkenus fi ta fo. Hexaii p;: A(X;) —
AG(X;,x;), g2 A(Y;) — AG(Y:, f(z;)) — romomopdizmu, 10 NPOAOBKYIOTH TOTOXKHI
Bkaagenns X; — X; ra Y; — Y. dk 6yno Bcranosseno y [10], skwmio s izomop-
dismy hy: A(X;) — A(X2) Bukomyerbea ymosa hi(z1) = 22, TO icHye TOmosoriaHmit
izomopdism s1: AG(X1,21) — AG(X2,x2) Takmii, mo s; o py = g1 o hy. Anajoriuno
JIOBOIUTHCS, IO icHye Tomosoridnuii i3omopdism so: AG(Yr, f(z1)) — AG(Ya, f(x2))
TaKWi, IO Sg 0 P2 = g2 0 hy. 3a MOOYN0BOIO fi* op; =qio0 fi 1 f5* ops =g o f5. Hexaii
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x € X1, roni p1(z) = z. Orox,

s10fy"(x) =hi1ogao f3"(x) =
=hiof30q(r) =
= flohaog(z) =
=floqos(z)=

= fi" o s2(x).

AHajIoriyHO JOBOAUTHCS TAaKe TBEPI2KEHHS

Teepmxkenas 10. Hexat f1: X1 — Y1, fo: Xo — Yy — L-exsisasenmni 6i0obpasicen-

HA.

Todi daa dosinvrur x1 € X1 ma ro € Xo iCHYOMb MONOAOZIYHT 130MOPPIZMU GiAb-

HUT AOKGABHO ONYKAUT npocmopie 6 cenci I'pacsa i1: LG(X1,x1) — LG(Xa2,x2) ma
io: LG(Y1, f(z1)) — LG(Y2, f(z2)) maxi, wo iz o f{ = f3 ody, de f{: LG(Xy1,21) —
LGV, f(z1)) i f5: LG(Xa,22) = LG(Ya, f(x2) 2omomopdismu, wo npodosscyrome 6i-
dobpaoicenns f1 ma fo.
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ON MARKOV EQUIVALENCE OF THE BUNDLES OF
TYCHONOFF SPACES 2: SPECIAL ISOMORPHISMS

Nazar Pyrch

Ukrainian Academy of Printing,
Pidgolosko Str., 19, 79020 Lviv, Ukraine
e-mail: pnazarQukr.net

Let X be a Tychonov space. By F(X) we denote the free topological group
of X in the sense of Markov. For any subspace Y of X we denote by G(Y, X)
(or simply G(Y)) the group hull of Y in F(X).
Given families {X;: ¢ € I'}, {Yi: i € I} of subspaces of topological spaces X and
Y respectively, we say that (X, {X;: ¢ € I}) is M -equivalent to (Y,{Yi: i € I}),
if there exists a topological isomorphism h: F(X) — F(Y') such that h(A4;) C
G(B;) and h™Y(B;) C G(A;) for all i € I.
An isomorphism i: F(X) — F(Y) is called special if the composition e3j- o ¢
is a constant map, where ey : F(Y) — Z is the homomorphism extending the
map ey : Y — Z which is identically 1 on Y. Okunev proved that, for any two
M-equivalent space, there exists a special homomorphism between their free
topological groups. In his previous papers, the author extended this result over
the case of M-equivalent maps and M-equivalent pairs of topological spaces.
Generalizing these results we consider the conditions for existence of special
isomorphisms between free topological groups preserving subgroups. Also we
consider relations between F-equivalence of bundles of subspaces of topological
spaces for some functors of topological algebra (e.g, the functors of free (Abeli-
an) topological group, free (Abelian) topological ring, and free locally convex
space.

Key words: free topological group, free Abelian topological group, special
isomorphism of the free groups, bundle of topological spaces, free topological
ring, free Abelian topological ring.
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VIIK 515.1

DETECTING ¢Z,-SETS IN TOPOLOGICAL GROUPS AND
LINEAR METRIC SPACES

Taras BANAKH

Ivan Franko National University of Luiv,
Universytetska Str., 1, 79000, Lviv, Ukraine
e-mail: t.o0.banakh@gmail.com

We prove that if an analytic subset A of a linear metric space X is not
contained in a 0 Z,-subset of X then for every Polish convex set K with dense
affine hull in X the sum A+ K is non-meager in X and the sets A+ A+ K and
A — A+ K have non-empty interior in the completion X of X. This implies
two results:

e an analytic subgroup A of a linear metric space X is a 0Z,-space if A is

not Polish and A contains a Polish convex set K with dense affine hull in

X

e a dense convex analytic subset A of a linear metric space X is a o Z,,-space

if A contains no open Polish subspace and A contains a Polish convex set
K with dense affine hull in X.

Key words: Z-set, oZ-space, analytic set, topological group, convex set,
linear metric space.

A topological space X is analytic if it is a metrizable continuous image of a Polish
space. A Polish space is a separable topological space homeomorphic to a complete metric
space. It is well-known [11, 14.2] that each Borel subset of a Polish space is analytic. By
Lusin-Sierpinski Theorem [11, 21.6], each analytic subset A of a Polish space X has the
Buaire property, i.e., (A\U) U (U \ A) is meager in X for some open set U C X.

By the classical result of S. Banach [1], each non-complete analytic topological group
is meager, i.e., can be represented as the countable union of nowhere dense subsets. This
result can be easily derived from the following known fact attributed to Piccard [14] and
Pettis [15] (see [11, 9.9]).

Theorem 1 (Piccard-Pettis). If two analytic subsets A, B of a Polish group X are non-
meager in X, then the set AB has non-empty interior and AA™' is a neighborhood of
unit in G.

2010 Mathematics Subject Classification: 57N17, 03E15, 54H05
© Banakh, T., 2019
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Meager subsets of a topological space X form a o-ideal M(X) = 0Zy(X) which is
the largest ideal among o-ideals 0 Z,,(X) generated by Z,-sets in X. A subset A C X
of a topological space X is called a Z,,-set in X if A is closed in X and the complement
X\ Aisn-dense in X. A subset B C X is called n-dense in X if the set C'(I", B) of maps
I™ — B is dense in the space C'(I", X) of all continuous functions f : I" — X defined on
the n-dimensional cube I" = [0, 1]™. The function space C(I", X) is endowed with the
compact-open topology. Observe that a subset D C X is dense if and only if D is 0-dense
in X. It is clear that each n-dense set D C X is k-dense in X for every k < n.

The following properties of Z,,-sets follow immediately from the definitions:

e asubset A C X is a Zy-set if and only if A is closed and nowhere dense in X;

e for any numbers 0 < n < m < w every Z,,-set in X is a Z,-set in X

e asubset A C X isa Z,-set in X if and only if A is a Z,,-set in X for every n € N.
By 0 Z,(X) we shall denote the o-ideal generated by Z,,-sets in X. It consists of subsets
that can be covered by countably many Z,-sets in X. A topological space X is called a
0Zy-space if X € 0Z,(X). It follows that 0 Z,,(X) C 6Z,(X) for any numbers 0 <n <
m < w. So, the o-ideal 0 Z,,(X) is the smallest ideal among the o-ideals 0 Z,,(X).

Z,-Sets and oZ,-spaces play an important role in Infinite-Dimensional Topology,
see [6], [7], [8], [12], [13]. In [9, 4.4] Dobrowolski and Mogilski asked the following problem
related to the mentioned classical result of Banach [1].

Problem 1 (Dobrowolski, Mogilski, 1990). Is each non-complete analytic linear metric
space a 0Z,,-space?

This problem was answered in negative by Banakh [3] (see also [6, 5.5.19]) who
proved that the linear hull lin(E) of the Erdés set E = £, N Q“ in the separable Hilbert
space {5 fails to be a oZ,,-space.

Yet, the following weaker version of Problem 1 still remains open (see [2], [4, 2.2]).

Problem 2 (Banakh, 1997). Is each non-complete analytic linear metric space a oZ,-
space for every n € N?

In this paper we shall give some partial positive answers to Problems 1 and 2,
detecting analytic subsets in metrizable topological groups G that belong to the o-ideals
0Z,(G) for all n < w. In fact, we shall work with the smaller o-ideals 0Zp(G) and
072, (@) defined as follows.

By a metrizable group we shall understand a metrizable topological group. It is
known that for any metrizable group G there exists a completely-metrizable group G
containing G as a dense subgroup. The group G is unique up to isomorphism and is
called the Raikov completion of G. The Raikov completion of a separable metrizable
group is a Polish group. For two subsets A, B of a group G by A- B or just AB we denote
their product {ab:a € A, b€ B} in G.

Let G be a topological group and G be its Raikov completion. Let D be a family of
subsets of G. A closed subset A C G is called a Zp-set in X if there exists a set D € D
such that the set D - A has empty interior in G, where A denotes the closure of A in G.
By 0Zp(G) we denote the o-ideal generated by Zp-sets in G.

Proposition 1. Let D be a family of n-dense subsets of a topological group G. Then
each Zp-set A in G is a Zy-set in G and hence 0Zp(G) C 0Z,(G).
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Proof. Assume that A is a Zp-set in X. Given a continuous map f : I" — G and a
neighborhood Uy C G of the unit 1¢, we need to find a continuous map f': 1" — G\ A
such that f'(z) € f(z)-Up for all z € I". Let G be the Raikov completion of the topological
group G and A be the closure of A in G.

Find an open neighborhood Uy C G of the unit 1¢ such that Uy N G = Uy and
choose a neighborhood U1 C X of 1¢ such that U1U1U1 - Uo Since A is a ZD set in G,
there exists a set D € D such that the set D - A has empty interior in G. The n-density
of the set D in G implies the n—density of its inverse D=1 = {x’l x € D}. Then there
exists a continuous map f; : I" — D~ such that f,(z) € f(z)- Uy for all z € I".

Since the set D - A has empty interior in G, there is a point u € Uy \ D - A. For this
point we get (D~ -u) N A = @. Consider the map fy : I" — G, fo : z — fi1(2)u, and
observe that fo(I") ﬂfl C (D7 t-u)N A, = @. Since the set f2(I") is compact, there is a
neighborhood Us C U of the unit 1¢ such that (f2(I™) - ﬁg) N A = @. Using the density
of G in G, choose a point w € G N (Uy - u). Then the map f3 : I" — G defined by

f3(2) = fa(2) -u'w = fi(2) - uuTrw = f1(2) -w € G
for z € I" has the properties: f3(I") C G\ A= G\ A and for every z € I"

f3(2) = fi(z)uu" w € f1(2) 0,0, C f(2)U0,0,U, C f(2)U,,

which implies f(z)~'fs(z) € GNUy = Uy and finally f3(z) € f(2)Up. The map fs : " —
G\ A witnesses that A is a Z,-set in G. O

For a topological group G by D,,(G) we shall denote the family of all n-dense subsets
in G. To simplify notation, ZD .(c)-sets will be called Z,-sets in G. Also we shall denote
the c-ideal UZDH(G)(G) by 0Z,(G). This o-ideal is generated by all Z,-sets in G. Tt

consists of subsets that can be covered by countably many Z,-sets in G. Proposition 1
implies that

0Z,(G) C 0Z,(G)

for any topological group G. Zn-Sets in separable metrizable groups admit the following
convenient characterization.

Proposition 2. A closed subset A of a separable metrizable group G is a Zy,-set in G
for some n < w if and only if there exists a o-compact n-dense subset D C G such that
for every compact set K C D the set K - D is nowhere dense in G.

Proof. Since G is separable and metrizable, the Raikov completion G of G is a Polish
group. To prove the “if” part, assume that there exists a o-compact n-dense subset D C G
such that for every compact set K C D the set K - A is nowhere dense in G. Then the
set K- A C K- A is nowhere dense in G and the set D - A is meager in G. Since G is
Polish, the set D - A has empty interior in G and hence A is a Z,-set in G.

To prove the “only if” part, assume that A is a Z,-set and find an n-dense subset
D' C G such that the set D’- A has empty interior in G. The the function space C (1", D’)
is dense in C(I", G). Since the function space C'(I", D’) is metrizable and separable, we
can find a countable dense subset {fi}re, in C(I",D’). Then D = |J,, fe(I") is a
o-compact n-dense subset in G. It remains to show that for each compact set K C D
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the set K - A is nowhere dense in G. Consider the multiplication map p : K x A— G,
w: (z,y) — xy, and observe that for any compact subset C' C G the preimage

p O ={(z,y) e KxA:ayecC}C K x (K'0)

is compact. By [10, 3.7.18], the map  is closed, which implies that the set KA = (K xA)
is closed in G. Since the set D x A has empty interior in G, the closed subset KA C DA
is nowhere dense in G. Then its subset K A is nowhere dense in G. O

Let D be a family of subsets of a topological group G. A subset T' C G is called
D-thick if for every non-empty open set U C T there exist a set D € D and a countable
set C' C G such that D C C-U. A set T C G is called n-thick in G if it is D,,(G)-thick.
The latter means that for every non-empty open set U C T there is a countable set
C C G such that the set CU in n-dense in G.

Theorem 2. Let D be a family of subsets in a separable metrizable group G. If an analytic
subset A of G does not belong to the o-ideal JZD(X), then for any D-thick subset T C G
and any dense Polish subspace P C T the set PA is not meager in G, the set PAPA
has non-empty interior in the Raikov completion G of G, and the set PAA™'P~! is a
neighborhood of unit in G.

Proof. Assume that A ¢ 0Zp(G) and T is an D-thick set in G. On the Polish group G
consider the o-ideal Z generated by the family {A : A € 6Zp(G)} of closed subsets of
the Polish group G. It follows from A ¢ o0Zp(G) that A ¢ Z. By the Solecki dichotomy
[16], the analytic set A ¢ Z contains a Polish subspace B ¢ Z. Replacing B by a smaller
closed subset of B, we can assume that each non-empty open subspace U C B does not
belong to the ideal Z.

Given a dense Polish subspace P C T', we shall show that the set PB is not meager
in G. To derive a contradiction, assume that PB is meager in G and find closed nowhere
dense subsets N, C G, k € w, such that PB C Urew Ne- By the continuity of the
multiplication in G, for every k € w the set

My ={(z,y) € Px B:zy € Ny}

is closed in the Polish space P x B. Since P x B C {J;,¢,, My, we can apply the Baire
Theorem and find two non-empty open sets V C P and U C B such that V x U C My
for some k € w. It follows that the set V x U C Ny, is nowhere dense in G. Here V is the
closure of V in G and U is the closures of U in G.

Since the set T is D-thick in G, and the set V' N T has non-empty interior in 7', for
some countable set S C G the set S -V contains a set D € D.

By the choice of P, the non-empty open set U C P does not belong to the ideal
7 and hence U N G is not a Zp-set in G. Then for the set D € D the set DU has
non-empty interior in G and hence is not meager in G. On the other hand, the set
DU C SVU C S - Ni is meager in G being the union of countably many translations of
the nowhere dense set Ng. This contradiction shows that the set PB is not meager in G
and consequently the analytic set PA D PB is not meager in the Polish group G. By
the Piccard-Pettis Theorem 1, the set PAPA has non-empty interior in G and the set
PA(PA)~! is a neighborhood of the unit in G. O
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A topological space X is called densely-Polish if A contains a dense Polish subspace.
It is known that an analytic space A is densely-Polish if and only if A is Baire.

Corollary 1. Let D be a family of subsets of a separable metrizable group G. If analytic
subsets A, B of G do not belong to the ideal UZD(G), then for any densely-Polish D-
thick sets E,F in X the sets EA, FB are not meager in G and the sets EAFB and
EAB~'F~! have non-empty interior in the Raikov completion G of G.

Proof. Let E, C F and F, C F be dense Polish subspaces of the densely-Polish spaces
E and F, respectively. By Theorem 2, the analytic sets E,A and F, B are not meager in
the Polish space G. By the Piccard-Pettis Theorem 1, the sets E,AF,B ¢ EAFB and
E.,AB7'F ! ¢ EAB~'F~! have non-empty interior in the Polish group G. (]

Corollary 1 implies the next three corollaries.

Corollary 2. Let D be a family of subsets in a separable metrizable group G and A be
an analytic subgroup in G. If A ¢ 0Zp(X), then for any densely-Polish D-thick subsets
E,F C G the set EAF~! have non-empty interior in the completion G of G.

Corollary 3. Let D be a family of subsets of a separable metrizable group G. If G is not
Polish and G contains a densely-Polish D-thick subset P, then each analytic subset A of
X belongs to the o-ideal o Zp(X).

Proof. By Corollary 1, for every analytic set A ¢ 0Zp(G) of G the set PAPA C G has
non-empty interior in the Raikov completion G of G. Then G also has non-empty interior
in G and hence coincides with the Polish group G, which is a desired contradiction. O

A subset A of an abelian group G is called additive if A+ A C A. In particular, each
subgroup of G is an additive set. Corollary 1 implies:

Corollary 4. Let D be a family of subsets in an abelian separable metrizable group G
and A be an additive set in G. If A ¢ 0Zp(X), then for any densely-Polish D-thick
subsets F, F C X the set A+ E+ F has non-empty interior in the Raikov completion G
of G.

A similar result holds for convex subsets in linear metric spaces.

Corollary 5. Let D be a family of subsets of a separable linear metric space X, and let
A be a convex subset of X. If A ¢ 0Zp(X), then for any densely-Polish D-thick subsets
E,F C X the set A+ E + F has non-empty interior in the completion X of X.

Proof. 1t follows that the homothetic copy 4 = {1a:a € A} of A does not belong to

the ideal 0Zp(X). By Corollary 1, the set A+ 1A+ F + F has non-empty interior in
X. The convexity of A guarantees that %A + %A C A and hence the set
1 1
A+E+FD §A+§A+E+F

has non-empty interior in X, too. O
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Applying the above results to the family D,,(G) of n-dense subsets in a topological
group G, we get the following corollaries. In these corollaries we use the obvious fact that a
topological group G containing an n-thick separable subset is separable. By Proposition 1,

0Z2,(G) = 0Zp,()(G) C 02,(G).

By Proposition 2, a closed subset A of a separable metrizable group G is a Zp-set in X
if and only if there exists a o-compact n-dense set D C G such that for every compact
set K C D the set K - A is nowhere dense in G.

We recall that a subset T' of a topological group G is n-thick if and only if for any
non-empty open set U C T there is a countable subset A C G such that the set A-U
is n-dense in G. Observe that each non-empty subset of a separable metrizable group
is O-thick. Because of that the following corollary of Theorem 2 can be considered as a
generalization of the Piccard-Pettis Theorem 1.

Corollary 6. If for some n < w an analytic subset A of a metrizable group G does not
belong to the o-ideal UZn(X), then for any n-thick subset T C G and any dense Polish
subspace P C T the set PA is not meager in G, the set PAPA has non-empty interior
in G, and the set PAA~' P~ is a neighborhood of unit in G.

Corollary 7. If for some n < w analytic subsets A, B of a metrizable group G do not
belong to the ideal aZn(G), then for any densely-Polish n-thick sets E, F in X the sets
EA, FB are not meager in G and the sets EAFB and EAB™'F~! have non-empty
interior in the Raikov completion G of G.

Corollary 8. Let A be an analytic subgroup of a separable metrizable group G. If A ¢
0Z,(X) for some n € w, then for any densely-Polish n-thick subsets E,I' C G the set
EAF~" has non-empty interior in the completion G of G.

Corollary 9. If for some n < w a non-complete metrizable topological group G contains
a densely-Polish n-thick subset, then each analytic subset of X belongs to the o-ideal
0Z,(X) CoZy(X).

Corollary 10. Let A be an additive subset of an abelian metrizable topological group G.
If A¢ 0Z,(X) for some n < w, then for any densely-Polish n-thick subsets E,F C X
the set A+ E + F' has non-empty interior in the completion G of G.

Corollary 11. Let A be an convex analytic subset of a linear metric space X. If A ¢
07, (X) for some n < w, then for any densely-Polish n-thick subsets E, F' C X the set
A+ E + F has non-empty interior in the completion X of X.

In light of the above results, it is important to recognize n-thick sets in topological
groups and linear metric spaces. A characterization of n-thick convex sets is quite simple.

Proposition 3. For a conver subset C in a separable linear metric space X the following
conditions are equivalent:

(1) C is n-thick in X for every n < w;

(2) C is n-thick in X for some n > 1;

(3) the linear space R - (C — C) is dense in X;

(4) the affine hull of C is dense in X;
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(5) C is {L}-thick in X for some dense linear subspace L of X.

Proof. We shall prove the implications (1) = (2) = (3) = (4) = (5). The first impli-
cations (1) = (2) is trivial.

(2) = (3) Assuming that the convex set C' is n-thick in X for some n > 1, we shall
prove that the linear space L =R - (C — C) is dense in X. Since C is n-thick in X, there
is a countable set S C X such that the set S + C is n-dense in X. Then the set S + L
also is n-dense in X. Consider the quotient space X/L and the quotient linear operator
q: X — X/L. Since the set q(S + L) = ¢(S) is countable, for each connected subspace
A of S+ L the image q(A) is a singleton, which means that contained in a single coset
x + L. Now the density of the C(I", S + L) in C(I", L) implies that L = X.

(3) = (4) Assume that the linear space L = R - (C' — C) is dense in X. Since for
any point ¢ € C the shift ¢ + L coincides with the affine hull aff{(C) of C, the set aff(C)
is dense in X, too.

(4) = (5) Assume that the affine hull aff(C) of C is dense in X. Replacing C by
a suitable shift, we can assume that zero belongs to C' and hence the affine hull of C
coincides with the linear hull of C. We shall prove that the convex set C' is {L}-thick
for any dense linear subspace L C R - (C — C) of countable algebraic dimension. In this
case we can find a countable subset {zj }rc. in C such that zo = 0 and the linear hull of
the set {x, }new contains the linear space L. For every n € w by A,, and L,, denote the
convex and liner hulls of the finite set F,, = {xo,...,2,} C C. It is clear L C {J,,¢,, Ln
and L, = S, + A, C S, + C for some countable set S,, C L,. Given a non-empty open
subset U C C, we should find a countable set S C X such that L C S+ U. Fix any point
u € U and find a neighborhood U C X of zero such that (u + U) N C C U. For every
n € N find a neighborhood V C X of zero such that for any points vy,...,v, € V and
real numbers ty,...,¢, € [0,1] we get > . tiz; € U. Next, find ¢, € (0, 1] such that
e, - (F, —u) C V. The choice of V guarantees that e, (A, —u) C U and hence

L, = (1 - En)u +éep-Ly= (1 - 5n)u + En(Sn + An) =5, + (1 - sn)u +enl, =
=, +u+en(Ay —u) CenSn+ (CN(u+T))CenS, +U.
Then the countable set .S = Uf;l €nSy has the required property:

Lc|JL,cS+U.
n=1
(5) = (1) Assume that C is {L}-thick for some dense linear subspace L C X. By
Lemma 1, L is w-dense in X, so C' is w-thick and hence n-thick for every n < w. O

Lemma 1. Let A C B be convez sets in a linear metric space X. If A is dense in B,
then A is w-dense in B.

Proof. It suffices to check that A is n-dense in B for every n € N (see [7, V.2.1]). Given
a continuous map f : I — B and a neighborhood Uy C X of zero, we need to find
a continuous map g : I — A such that g(z) € f(z) + Up for all z € I". Choose an
open neighborhood W C X of zero such that for any points wy,...,w, € W+ W — W
and numbers Ag,..., A, € T = [0,1] we get Y. j X\jw; € Up. Consider the open cover
W= {f"Yax+W):2 € X} of I". Since I" is an n-dimensional (para)compact space,
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there exists an finite open cover V of I" such that for every z € I" the family V, = {V €
V:z € V} contains at most n+ 1 sets and its union |JV, is contained in some set of the
cover W. By the paracompactness of I", there is a partition of unity {A\y : I" — [0, 1]}y ey
subordinated to the cover V. The latter means that A;;'((0,1]) C V for all V € V, and
> vevAv = L. For every set V' € V fix a point 2y € V' and by the density of A in B
find a point yy € AN (f(zv)+ W). Consider the map g : I" — L defined by the formula
9(2) = D yep Av(2)yy for z € I". It is clear that g(I,,) is contained in the convex hull
A of the finite set {yy }vey C A. We claim that g(z) — f(z) € Uy for all z € Z. By the
choice of the cover V, the set |JV, is contained in some set f~1(W + z), z € X. Then
for every V € V, we get f(zv) — f(2) € W — W and hence

yy — f(2) eW+ flzy) = f(z) CW4+W —W.
Then
9(2) = f(2) = > W(2)(yv — f(2)) € Uy

VeV,
by the choice of the neighborhood W. The map g witnesses that A is n-dense in B. [

A convex subset C' of a linear topological space X is called aff-dense in X if the
affine hull of C is dense in X. By Proposition 3, a convex subset of a separable linear
metric space is afFdense if and only if it is w-thick in X.

Theorem 3. If a non-complete linear metric space X contains a densely-Polish aff-dense
convex set C, then every analytic subset of X belongs to the o-ideal Z;1,(X) for some
dense linear subspace L of X.

Proof. Being densely-Polish, the convex set C is separable and so is its affine hull aff(C).
Since aff(C) is dense in X, the space X is separable and its completion X is a Polish
linear metric space. By Proposition 3, the Polish convex set C C X is {L}-thick for
some dense linear subspace L C X. To finish the proof apply Corollary 3 to the family
D ={L}. O

For a separable linear metric space X by L..(X) we denote the family of dense
linear subspaces in X. To simplify notation, denote the union ULGLOO(X) oZry(X) by

0Z.,(X). Observe that a set A C X belongs to the family ¢ Z.,(X) if and only if there
exists a dense linear subspace L C X (of countable algebraic dimension) in X and a
sequence (A, )ne. of closed subsets of X such that A C |, .,, An and for every compact
subset K C L the sets K + A,,, n € w, are nowhere dense in X.

It follows that

02:0(X) C0Z,(X) CoZ,(X)

for every separable linear metric space X.

Theorem 4. For any analytic subsets A, B ¢ O'ZOO(X) of a linear metric space X and
any densely-Polish aff-dense convex set C' in X the sumset A+ B + C' has non-empty
interior in the completion X of X. Moreover, if A is additive or convex, then the sum
A+ C has non-empty interior in X.
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Proof. By Proposition 3, the affFdense convex sets C is {L}-thick for some dense linear
subspace L of X. Then its homothetic copy %C also is {L}-thick. The convexity of C
implies that 2C + 1C C C. Applying Corollary 1 to the family D = {L} and observi-
ng that the o-ideal JZ{L}(G) C 0Z4(G) does not contain the analytic sets A, B, we
conclude that the sets A + %C’ + B+ %C C A+ B + C have non-empty interior in the
completion X of X. By the same reason, the sets

1 1
A+A+§C+§CCA+A+C'

and A + A+ C + C have non-empty interior in X.
If Ais additive, then A+ A C A and hence the set A+C D A+ A+C has non-empty
interior in X. If A is convex in X, then 1(A+ A) C A and hence the set

1
A+C>D §(A+A+C+C)
has non-empty interior in X. O

The following two theorems detect analytic groups and analytic convex sets which
are oZ,,-spaces, thus giving partial positive answers to Problems 1 and 2.

Theorem 5. An analytic subgroup A of a linear metric space X is a oZ,,-space provided
that A is not Polish and A contains a densely-Polish aff-dense convex subset C of X.

Proof. Since A is a group, the set N- (C'— C) is contained in the group A. The convexity
of C implies that L = N-(C —C) =R-(C — () is a linear subspace in X. The aff-density
of C implies that the linear space L C A is dense in X. By Lemma 1, the dense linear
subspace L is w-dense in X and so is the subgroup A D L. Since the sum A+ C = A has
empty interior in X, the set A belongs to the o-ideal 024, (X) C 02,(X) by Theorem 4.
Since A is w-dense in X, the inclusion A € 0Z,(X) implies A € 0Z,,(A), which means
that A is a 0 Z,,-space. O

A similar result holds for convex sets.

Theorem 6. A dense convex subset A of a linear metric space X is a 0Z,,-space provided
that A is analytic, A contains an aff-dense densely-Polish convex subset C' of X and A
has empty interior in the completion X of X.

Proof. Since the sets %(A +C) C A has empty interior in X, we can apply Corollary 11

and conclude that A € 0Z,,(X) C 02,(X). By Lemma 1, the dense convex subset A of
X is w-dense in X, which implies that A € 0Z,,(A). O

Finally, we study properties of analytic linear metric spaces containing aff-dense
Polish convex sets.

A linear subspace L of a linear metric space X is called an operator image if L =
T'(B) for some linear continuous operator T': B — X defined on a Banach space B. The
topology of operator images was studied in [5]. We shall prove that each affdense Polish
convex set in a linear metric space is {L}-thick for some dense operator image L C X.
For this we need the following known folklore fact.
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Proposition 4. Each Polish convexr set A in a linear metric space contains a shift of
a compact convex subset K = —K such that the linear space L = R - K is dense in the
linear hull of A — A.

Proof. Replacing the convex set A by a suitable shift of A, we can assume that A contains
7€10.

Fix an invariant metric d generating the topology of the linear metric space X and
let X be the completion of the linear metric space (X, d). For a point z € X and a real
number € > 0 by B(z,e) = {y € X : d(x,y) < e} and B(x,e) = {y € X : d(y,z) < e} we
denote the open and closed e-balls centered at x, respectively. The space A, being Polish,
is a Gs-set in X. So, we can write it as A = Mheco Un for a descreasing family (U, )new
of open sets in X. Fix a countable dense set {a, }ne., in A.

Construct inductively two sequences of positive real numbers (€, )nee, and (An)new
such that for every n € w the following conditions are satisfied:

(1) max{An,en} < Qn%;
(2) for every point z in the compact set

A, = {ZtkAkak tto,...,tn €10,2]}} C A
k=0
we get B(x,e,) C U, and x + [0,2)\,]a, C B(x,&,).
The conditions (1), (2) imply that for every sequence (tp)necw € [0,2] the series
Znew tpAnay, converges in X to some point of the convex set A = ﬂnew U,,. Put
€= ,cw Antn and observe that for every sequence (t,)new € [—1,1]¢ the series

c+ Z th Ay = Z(l + tn)Anan

new new

converges to a point of A. It follows that the set

K= {Ztn)‘nan : (tn)new € [171]w}

is compact, convex, symmetric, and ¢+ K C A. It is clear that R- K D {ay, }ne. is dense
in the linear hull R - (4 — A) of the set A — A. O

Lemma 2. If a linear metric space X contains an aff-dense Polish convex set P, then
X contains an aff-dense compact conver set K = —K, which is {L}-thick for some dense
operator image L C X.

Proof. By Proposition 4, there is a compact convex set S = —S in X such that p+S5 C P
for some p € P and the linear space R - S is dense in R - (P — P) and hence is dense
in X. Choose a countable dense set {x, }ne, in S and find a sequence of real numbers
(M )new € (0,1]“ such that the linear operator

oo
T:ly =X, T:(tn)new Y tndnTn,
n=1
is well-defined and continuous. Here ¢; is the Banach space of real sequences t = (t,)new
with the norm ||t|| =3 . |tn] < 00. It is clear that the operator image T'(¢1) is dense in

ncw
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X. Denote by B = {t € ¢; : ||t|| < 1} the closed unit ball of the Banach space ¢; and let
K be the closure of the set T'(B) in S. It is clear that K is a compact convex symmetric
subset of S and the affine hull R - K D T'(¢1) is dense in X. We claim that the convex
set K is {T'({1)}-thick. Given a non-empty open set U C K we need to find a countable
set A C X such that T'(¢;) C A+ U. Since the set T'(B) is dense in K, the intersection
U NT(B) is not empty and hence the preimage V = T~1(U) contains some non-empty
open subset of the ball B. The separability of the Banach space ¢; yields a countable set
Ay C £y such that ¢; = Ay + V. Then the countable set A = T'(A4;) has the required
property: T(¢1) =T(A1)+T(V)C A+ U. O

For a linear metric space X denote by Loo (X) the family of dense operator images
in X. To simplify notations, denote the family ULEEOO(X) 021 (X) by 0Z+(X). Since

Loo(X) C Loo(X), we get the inclusions
0Z2:(X) C0Z:0(X) C0Z,(X) C0oZy(X).

Proposition 5. A subset A of a separable metric linear space X belongs to the family
O'ZOO(X) if and only if there exists a o-compact dense operator image L in X and a
sequence (An)new of closed subsets of X such that A C |J,,c,, An for every n € w and
compact subset K C L the set K - A,, is nowhere dense in X.

Proof. The “if” part of this proposition can be proved by analogy with Proposition 2. To
prove the “only” if part, assume that A € afw(X). Then A € UZ{L}(X) for some dense
operator image L in X. Write L = T'(B) for some linear continuous operator T : B — X
defined on a Banach space B. Since the space L is separable, we can find a separable
Banach subspace B’ C B such that the operator image L' = T'(B’) is dense in T'(B).
Choose a bounded sequence (z,,)ne, in B’ whose linear hull is dense in B’. Tt is standard
to show that the operator

/. / /. tn
T :ly = B, T :(t)new HZ; o T
is well-defined, compact, and has dense image T’(¢3) in B’. Then the operator 7" o T :
¢, — X is compact and has dense image L' = T" o T'(¢2) in X. It follows from L' C L
that A € 0Z1(X) C 0Z1,(X). So, we lose no generality assuming that B = /5 and the
operator T is compact. By the compactness of the operator 7" and the reflexivity of /o,
the image T'(Bj) of the closed unit ball in By of the Hilbert space ¢5 is compact. This
implies that the operator image L = T'({3) is o-compact. Since A € UZ{L}(X), there is
a sequence (A,)ne, of closed subsets A,, of X such that L + A, has empty interior in
X. Then for every compact subset K C L the closed set K + A,, has empty interior and
hence is nowhere dense in X. Then the set K + A,, is nowhere dense in X. O

Applying Corollary 1 and Lemma 2 to the family Lo (X), we can prove the following
corollary (by analogy with Theorem 4).

Theorem 7. For any analytic subsets A, B ¢ ogoo(X) of a linear metric space X and
any aff-dense convex Polish set C' in X, the sumset A+ B 4+ C has non-empty interior
in the completion X of X. Moreover, if A is additive or convex, then the sumset A+ C
has non-empty interior in X.
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This theorem has

Corollary 12. If a non-complete linear metric space X contains a Polish aff-dense
convez set C, then every analytic subset of X belongs to the o-ideal Z;1,(X) for some
dense operator image L in X.

10.
11.
12.
13.
14.
15.

16.
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ITPO ¢Z,-MHO2KVHN B TOIIOJIOTTYHUX I'PYIIAX I
JIIHIMHNX METPUYHUX IIPOCTOPAX
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JIveiecvrull naytonasvrul yrieepcumenm iment leana Pparka,
sys. Ynisepcumemcovka, 1, 79000, JIveis
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Tomororiunmii mpoctip X HA3UBAETHCSA GHANIMUYHUM, AKILO BIH € METPH-
30BHUM HENEPEPBHUM 06Pa30M IOJIBCHKOro (TO6TO IOBHO-METPU30BHOIO CEIa-
pabenpaOr0) MpocTopy. lo6pe BimOMO, MO KOKHA GOPENTiBChKA TIMHOKIHA
MOJILCHKOTO MPOCTOPY € AHAJITUIHUM ITPOCTOPOM. 3TiTHO 3 KIACUIHOIO Teope-
moio Credana Banaxa Big 1931 poky, KOKHA HEIIOBHA aHAJITUYHA TOLIOJIOTI-
9HA TPYIHa € XyH0I0, TOOTO € 00’€IHAHHAM 3JIiYeHHO] KiJbKOCTI Hife He Hiab-
HUX TIIMHOXKUH. XY/l MIMHOXXUHN TOMIOJIOTIYHOTO MPOCTOPy X YTBOPIOIOTH
o-imean 0Zy(X), mo € Haiiblibmmm cepen o-ineanis 02, (X), mo nopomKy-
IOThCA Zyp-MHOXKUHAMA B X. 3aMKHeHa miaMHOXWHA A C X TOIMOJIOriYHOrO
npocropy X HasuBaerbcst Zn-muoocunoro B X, muoxuna C([0,1]", X \ A)
Bino6paxens [0,1]" — B Bciogu miabHa y npocropi nenepepsHux (GyHKUii
C([0,1]", X), naximenoMy KOMIAKTHO-BIAKpUTOI Tomosoriero. Tomosorianmit
npoctip X Ha3WBAETLCA 0 Zn-npocmopom, akmo X € 0Z,(X). Jlerko 6aum-
i, o 02, (X) C 0Z,(X) miug poslbaux uucen 0 < n < m < w, 38Big-
KU BUILIMBAE, 10 o-inean oZ,(X) e Hafimenmum cepen o-ineanmis oZ,(X).
Bignosimaoun ua 3amuranna T.Jo6posonbebkoro Ta €. Morinsebkoro (1990),
aBrop wi€l crarri nosis y 1999 poui, mwo siniiina o6onouka lin(E) npocropy
Epmema E = /2 N Q¥ B cemapabesibHOMY Tian0epTOBOMY HpOCTOpi f2 HE €
0 Z,,-ipoctopoM. TuMm He MeHIIe, H0CI HEBIZIOMO UM KOXKEH HENOBHUI aHaJIi-
TUYHUN JIHIAHUI MeTPUYHUN [IPOCTIP € 0 Z,-IIPOCTOPOM i KOKHOIro n € N,
V wiit crarTi MOMAHO YACTKOBUI pO3B'A30K M€l mpobyiemu. A came, T0BEIEHO,
o AKNI0 aHagTUYIHA migMaoxkuaa A ninifiHoro merpuynoro mpocropy X He
MICTUTBCH Y 0 Z,,-IiAMHOKUHI 11pOcTOPY X, TOAl A/ KOXKHOI IOJIBCHKOI OILy-
k101 miamuao)uaEn K C X 3 BCIOAM MIiJIBHOIO adiHHOK 000J0HKOI B X, cyma
A+ K nmexyna B X i muoxuau A+ A+ K ta A — A+ K MaoTh HEIIOPOKHIO
BHyTpimuicTs B monosHenHi X mpocropy X. 3Bimcw Bummmsae, 1o
e anajitmyHa miarpyna A JiHifiHOrO MeTpmIHOro mpocTopy X € 0Z,-
POCTOPOM, dKIO A He € HOIbChKOI i A MICTUTH MHOJILCHKY OILyKILYy
migMaOKMHY K 3 BCIOAM mijibHOIO adinHO0 000/10HKOIO B X

® BCIOJM INIJIbHA ONYKJIA aHAJITHYHA MiIMHOXKWHA A y JiHIHOMY MeTpu-
qnomy tpocropi X € oZ,-npoctopoMm, akmo A He MICTUTH BIAKPHUTOro
MOJIHCHKOTO THAITPOCTOPY i A MICTHTH MOIBCHKY OMYKJLYy TIMHOXKUHY K
3 BCIOJIM TILIBHOIO a(iHHOIO 000T0HKOI B X .

K006t crosa: Z-MHOXKUHA, 0Z-TTPOCTIP, AHAJTITHYIHA MHOXKHUHA, TOIOJIO-
ridHa rpyma, OmyKJia MHOXKHWHA, JTIHIHHUN MeTPUIHUN TPOCTIp.
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For an entire Dirichlet series F/(s) = > frexp{sAx} and a Dirichlet seri-
k=0
e}
es G(s) = > grexp{sAx} with finite abscissa of the absolute convergence the
k=0

Dirichlet series (FxG)(s) = Z frgr exp{sAx} is called the Hadamard composi-

tion. In terms of generahzed orders the growth of this composition and their
derivatives is investigated. A relation between the behavior of the maximal
terms of the Hadamard composition of the derivatives and of the derivative of
the Hadamard composition is established.

Key words: Dirichlet series, Hadamard composition, generalized order,
maximal term.

1. INTRODUCTION

For power series f(z Z fez" and g(z Z grz* with the convergence radii
k=0 k=0
R[f] and R]g] the series (f * g)( Z frgrz" is called the Hadamard composition. It
k=0

is well known [1, 2] that R[f x g] > R[f]R|[g]. Properties of this composition obtained by

2010 Mathematics Subject Classification: 30B50, 30D15
© Mulyava, O., Sheremeta, M., 2019
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J. Hadamard find applications [2, 3] in the theory of analytic continuation of the functi-
ons represented by power series. We remark also that singular points of the Hadamard
composition are investigated in the article [4].

For 0 < r < R[f] let pg(r) = max {|fg|r*: k> 0} be the maximal term of the
power expansion of f. Studying [5, 6] a connection between the growth of maximal terms
of a derivative of the Hadamard’s composition of two entire functions f and ¢ and the
Hadamard composition of their derivatives M. Sen [6], in particular proved, that if the
function (f * g) has order p and lower order A then for every ¢ > 0 and all r > ry(e)

n w1y (T
Fn+2)A—1-¢ < H (1) g +1) (1) < F(n+2)e—14e
H(fxg)m (r)
Since Dirichlet series with positive increasing to +oco exponents are direct generali-
zations of power series, a problem becomes natural on similar results for a Hadamard
composition of such series.

So, let A = (A\r) be an increasing to 400 sequence of nonnegative numbers
(Ao =0), and S(A, A) be a class of Dirichlet series

(1) F(s) = Z frexp{siz}, s=o+it
k=0

with the exponents A and the abscissa of absolute convergence o [F] = A . If F' € (A, 44)

and G(s) = ng exp{sAi} € (A, A) the Dirichlet series
k=0

2) (F+G)(s) = gk exp{she}
k=0
is called [7] the Hadamard composition of F and G.

For a Dirichlet series (1) with o4[F] = A[F] = A > —oco0 and ¢ < A we put
M(o,F) = sup{|F (o +it)| : t € R}, and let u(o, F) = max {|fx|exp{cAr}: k> 0} be
the maximal term, v (o, F) = max {k: |fi| exp{oAr} = u(o, F)} be the central index and
Ao, F) = Ay(s,F)- The following result is proved in [7].

Proposition 1. Let n € Zy, m € N and m > n. If 04[F] = 04|G] = +00 and In k =
=o(AxIn Ag) as k — oo then

— 1. u(o,(F+G)™)
e M (o, (Fr G )
and. (if onlf * G] < +o0)

= (m —n)orlf * G

) 1. p(o, (FxG)m)
lim —In MOy
U—l%oog n (o, (F = G)™) (m —n)Ag[f * G,
where or[f] and Ag[f] are respectively the R-order and the lower R-order of entire Diri-
chiet series (1). If 04[F] = 04|G] =0 and In k = o(A\/In A\;) as k — oo then

o, (F x G)'™)

(o (Feymy = (M= el «C]

lim |o|In
10
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and
i wlo, (F* G)m™) 0)
limlo|ln ————"4—2 = (m —n)\ x (),
T e )

where o) [f] and NO[f] are respectively the order and the lower order of Dirichlet series
(1) with o,[F] = 0.

Here we will consider the case, when 0,[F] = +00 and 0,[G] € (—o0 + 00).

2. CONVERGENCE AND GROWTH

We put
1 1 — — 1 1
AFl= lim —1In —, A[F]= Tm —1In —.
[] kovtoo M 1] Fl= e | f|
It is known ([8],[9]) that o,[F] < A[F] and if In k = o()\;) as k — oo then o,[F] = A[F].
It is easy to see that if A[F] > —oo and A[G] > —oo then A[F x G| > A[F] + A[G].
Therefore, if 0,[F] = 400 and A[G] > —oo then A[F x G] = +o0.
We remark also |7] that if 0,[F] = +00 and 04[G] > —oco then

0ol F * G| > 04[F] + 04|G] = +o0.

Further, we will also assume that o,[G] = A[G].
In [7] it is proved that

0a|F % G] = 0,[(F % Q)W) = 0o [F™ « G
for every n € N, whence we get the following statement.
Proposition 2. If 0,[F] = 400 and 0,[G] > —oco then
0a[F % G) = 0,[(F x Q)] = 0, [F™ « G™] = ¢, [F] = +o0
for every n € N.

By L we denote the class of non-negative continuous on (—oo, +00) functions «
such that a(x) = a(xg) > 0 for < x¢ and a(z) T +o0o as xg <  — +0o. We say that
a€ LY if o € Land a((1+o(1))z) = (1 + o(1))a(z) as z — +oo. Finally, a € Ly, if
a € L and acr) = (1 + o(1))a(z) as ¢ — +oo for each ¢ € (0, +00), i.e. a is a slowly
increasing function. Clearly, Ly; C L°.

IfaelL,feland F e (A +00) then the quantities

= fm oMo F) g 0 M F))
(3) taplF]i= T ——Zrei==, daplFl= lm ——3ry

are called the generalized (v, )-order and the generalized lower («,f)-order of F. If
in (3) we substitute In (o, F) instead of In M (o, F) then we obtain quantities, which
we denote by 04 g[ln g, F] and Ay g[ln u, F| respectively. Substituting A(o, F') instead of
In M(o, F) by analogy we define g, g[A, F] and A, g[A, F]. The following lemma is true
[9, 10].
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-1
Lemma 1. Let o« € Ly;, B3 € L° and W
nax
c € (0,400) and F € (A, +00). If for each c € (0,+00)

= 0(1) as * — +oo for each

(4) In kj:0(/\kl871(Coé(/\k)))7 ]4}—>OO7
then
(5) 0 5lF] = 0aslln u, F] = Tm a(Ar)

k—oc0 1 1 )
’ (xﬁ“ fl)

1 -1
If, moreover, a(Ap41) ~ () and ki[F] := n | fr| —In | frya]

400 as kg < k — o0

Akl — Ak
then
A
6) 0uplF] = Gasslin 1, F] = lim — 2
koo g (1 In 1)
Ae o Skl

We need also the following lemmas.

Lemma 2. If F € (A, +00), a(e®) € L, B € L° and a(z) = o(B(z)) as x — +oo then
Oa g0 p1, F| = 00N, F] and Ay g[ln w, F] = Ao g[A, FJ.
Proof. We use the equality (see [8], [9])
(7 In p(o, F) —In pu(0,F) = /A(Jc)dz, 0 <0 < +o0.
0

From (7) it follows that for every ¢ > 0 and all ¢ > 0

(8) 1€+"€A (1 LF) < In p(o, F) —In u(0, F) < oA(o, F).
Hence In u(o, F) > A <Ja’ F) for all o > 0 large enough and, thus,
o aM@F) _ o alp((1+90,F) — B((1+2)o)
st F1= B =y S M TR ee) e o)
_ o oMo F) o a(u((T+e)o F)) o B((L+e)o)
s IR TR S AR T A Tae) e o)
Therefore, 0 g[A, F] < pq,g[ln p, F]B(e) and )\aﬁ[ﬁ/\(,(lf] S)/\()%ﬁ[ln w, F|B(g), where in
+¢e)o

. .o . O _ I
view of condition 8 € L° we get [11] B(e) = 021}_100 300)
008N, F) < 0a.8(ln p1, F] and Ay g[A, F] < Ao glln p, FJ.

On the other hand, if on the contrary o, g[A, F] < ga,p[ln i, F] then for every
0 € (0a,8[A, Fl, 0a,pln p1, F]) and all ¢ > o¢(0) we have Ao, F) < a~'(pB(c)) and,

— 1 as ¢ — 0, and thus,
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thus, In p(o, F) < (14 0(1))oat(0B8(c)) as 0 — +oo, i.e.

a(ln p(o, F)) < aloa™ (eB(0))) =
(exp{In o +1n 0™ (05(0))}) <
alexp{2max{In o, In o *(0B(0))}}) =
a(exp{max{ln o, In o (pB(c)}}) =
max{a(c), 0f(0)}) <

D)eb(a)), o= o0,

whence g, g[ln u, F] < p, which is impossible. Thus, g4 g[In u, F| = g4 s[A, F]. The proof
of the equality A glln p, F] = A g[A, F) is similar. O

Lemma 3. If a € L° and 8 € L° then 0o g[F] = 0a.5[F'] and Ao g[F] = A s[F’].
Proof. Since [7] for o < 400 and 0 < §(0) < 400

< M0 +6(0), F)
) Mo 1) < O

and for og < o
(10) M(o,F) < (0 — 09)M (0, F') + M(00, F),
using 0(0) =1 and o¢ = 0 we have
(1+o0(1))In M(0,F) <In M(0,F') <In M(c +1,F), o — 400,

because for every entire Dirichlet series In o = o(In M (o, F)) as o — +o0. Since a € L°
and 8 € LY, we get pq p[ln p] = 0a,5[A] and A, g[ln p] = Ao 5[A]. O

Using Lemma 1 we prove the following statement.

Proposition 3. Let the functions o, § and the sequence (\) satisfy the conditions of
Lemma 1, A[F] = 400 and —oo < A[G] < A[G] < +00. Then gu g[F * G| = 0a 5[F] and
if, moreover, a(Ap11) ~ (M), kKp[F] 7 +00 and kiG] / A[G] as kg < k — oo then
Aa,B[F * G] = )\a,B[F}

Proof. Clearly, if A[F] = 400 then — ln m — 400 as k — o0. On the other hand,
k
1

_ 1
since —oco < A[G] < A[G] < +00, we have ﬁ
9k

5(1 Rl glk|> 5<1 |f1k|+0”>
1+ o(1 1
ﬂ< Jr)\1~c()lm|fk|)

— (1+0(1))8 <1ln |f1k|> k — oo,

= 0O(1) as k — oo. Therefore,
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and by Lemma 1

— (A — (A
ool 61 = T S = B Ol 4G
—1n —1In —
'B()\k |fkgk> B<)\k |fk>
and similarly A\, g[F * G] = A\, g[F]. O

Lemma 3 implies the following statement.
Proposition 4. If o € L° and B3 € L° then
0a,8F * G] = 0a 5[(F % G)™] = 04,5[F™ + G]
and
AaslF % G] = Ao g[(F % G)™] = Ay g[F™ x G™)]
for each n > 1.
Indeed, by Lemma 3 we have that
CaplF Gl = 0apl(F+G)]  and Ao g[F *G] = Aap[(F +G)],
that is
00 plF ¥ G = 0ap[(F+G)™]  and Ao g[F % G] = Ao p[(F + G)™)]
for each n > 1, and since F(™ x G™ = (F x G)®™, we have that
0a p|F % G] = 00 s[F™ x G™)] and AaglF % G = A g[F™ + G™].

3. Behavior of the maximal terms of Hadamard compositions

The following is the main result in the section.

d —1
Theorem 1. Let a(e®) € Ly;, 8 € L°, %a(m)) = 0(1) as © — 400 and (4) holds
nzx

for each ¢ € (0,+00). If A[F] = 400 and —oo < A[G] < A[G] < +oco then for n € Z.,
meN and m>n
— 1 (ao(FxG)M)Y
(11) UEToo ﬁ(a)a <,u(o, (F*G)™M) ) = aplF].
If, moreover, a(Ag+1) ~ a(Ax), kx[F] 7 400 and kiG] 7 A[G] as ko < k — oo then
1 (o (FxG) ™M)\
12 Jim e (G reamy ) = el

Proof. The following inequalities proved in [7] play an important role in the proof of
Theorem 1

o, (F = G)™)
p(o, (F+G)™)
for 0 < 04[F * G]. Since a(e®) € Ly;, we have
(A" (o, (F % G)™)) = alexp{(m — n)In A(o, (F xG)™)}) =
= (1+ o(1))a(exp{ln Ao, (F + G)™)}) =
= (1+o(1)a(Alo, (F+G)™)), o = +oo,

(13) A™ (o, (F + G)™) < < Ao, (F % G)™)
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and, therefore, (13) implies

w(o, (F * G)m)

Oz(A(U, (F % G)(n))) < (1 + 0(1))a <,u(o,(F*G)(”))

) < a(A(o, (F = G)™))
as o0 — 400, whence

Lo < T L, (e (FxG)™)
(14) 0as[A, (F *G) ]SUL-‘,-ooﬂ(o') (u(m(F*G)<n>))§

< 0aslA, (F xG)™)

and

(15) )\aﬁ[Aa (F G) ] < al)iJroo B(U) <u(g’ (F * G)(n)) > <

< AaslA, (F + G) ™),

-1

Mrclo;(m)) = O(1) as * — +oo for each c € (0,+00)
implies the condition a(x) = o(B(x)) as * — +oo. Therefore, applying Lemma 2,
Lemma 1, Proposition 4 and Proposition 3 consequently, we obtain g,s[A, (F * G)(™] =
= 0aplln i1, (F x G)W] = 045[(F * G)™] = 045[F * G] = 0uap[F] and similarly
Aag[A, (F * G)™M] = A\os[F]. Therefore, from (14) and (15) we get (11) and (12). O

We remark that the condition

Choosing m = 2n we obtain the following corollary.

Corollary 1. Let the functions o, B and the sequence (k) satisfy the conditions of
Theorem 1, A[F] = +00 and —oco < A[G] < A[G] < +oo then for n € N

= 1 pi(o, F™ s« GM)\
A B0 < wo. Gy ) ~ eesll)
If, moreover, a(Ag+1) ~ a(A), kx[F] 7 +oo and kiG] N A[G] as ko < k — oo then

o (o, F) x G("))) B
e (g ) = el

4. HADAMARD COMPOSITIONS OF THE FINITE R-ORDER

If we choose a(xz) = In 2 and S(z) = z for & > 3 then from (3) we obtain the
definition of the R-order
m Inln M(o, F)

Fl .=
orlF]:= lim ——
and the lower R-order I Mo F
AnlF] = lim M@ F)
oc—+o00 g

introduced by J. Ritt [12] for a function F' € S(A, +00).

The functions a(x) = In = and S(z) = z satisfy the conditions of Lemmas 1 and
3 and do not satisfy the condition a(e*) € Ly of Lemma 2. But it follows from (8)
that or[A, F] = ogr[ln u, F] and Ag[A, F] = Ag[ln g, F]. Therefore, as in the proof of
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Theorem 1, we have og[A, (F * G)(™] = gr[F] and Ag[A, (F * G)™)] = Ag[F]. On the
other hand, from (13) we get

FxG)m)
m—n)ln Ao, (F xG)™) <In M <
a9~ TORAE TS LG Feam) =
< (m—n)ln A™ (o, (F + G)™)
and, thus, the following theorem is true.
Theorem 2. If A[F] = 400, —0 < A[G] < A[G] < +00), and In k = o(A\In \;) as
k — oco. Then form € Zy, m e N and m >n

1 ule (FrQ))
UEIEOO o I plo, (FxG)m) (m = n)er[F]
If, moreover, In Apy1 ~ In A, ki[F] 7 +00 and ki|G] / A[G] as ko < k — oo then

(m)
b L 1 (PG
S o o, FrG)m)
If we choose m = 2n + 2 then from Theorem 2 we obtain the following analogue of
the above-mentioned result of M.K. Sen.
Corollary 2. A[F] = +oo, —0 < A[G] < A[G] < +o0, and In k = o(A\xIn \g) as
k — oco. Then forn € Z
_ (n+1) (n+1)
lim lln plo, F G )
e T o (e G))
If, moreover, In Apy1 ~ In A, ki[F] 7 +00, and ki|G] / A[G] as kg < k — oo then
1. p(o, F(tD 4 Gntl))
lim —In —
o100 O w(o, (F*G)™)

= (m — n)Ag[F].

= (n+2)or[F].

= (n+2)Ag[F).

Let now 0 < gg[F] < 4o00. If we choose a(z) = = and S(z) = exp{ogr[Flx} for
2 > 0 then from (3) we obtain the definition of the R-type,
— In M(o,F)
Tr|F| = —_—
r[F] o500 exp{ogr[F|o}’
and the lover R-type,
In M(o, F
tplF] = lim w'
o +o0 exp{or[Flo}
It is clear that the functions a(x) = z and f(x) = exp{or[F]z} do not satisfy the
conditions of Lemma 1, but the following lemma is true (see for example [10], [12], [13]).

Lemma 4. If F € (A,400) and In k = o(\;) as k — oo then

Tr[F] = Tr[ln p, F] = Tim Ak

or[F]/ Ak
k—o0 egR[F]|fk‘ '

If, moreover, A\p11 ~ A\, and kix[F] /* +00 as kg < k — oo then

Ak
tr[F] = tglln p, F] = lim er[F]/ 2
rIF] = tr[ln p, F] k:CeQR[F]Ika
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The following lemma indicates the connection between the growth of In (o, F) and
A(o, F) in terms of R-types.

Lemma 5. Let F € (A, +00) and In k = o(A\;) as k — oo. Then

Tr[A, F) Tr[A, F)
(17) ‘QQT[F] <Tg[ln p, F] < QTW
and
(18) tR[A,F] < tR[ln ,u7F] < TR[A,F] In GQR[F}TRUH M,F]

eor|F] = orl[F] Tr[A, F
Proof. From (7) for o > 1/0og|[F] we have

A(o —1/er[F])

o) =l p0.F) > [ Aayde > 2

o—1/or[F]

ie.,

—  A(o—1/0g[F)) — A(o —1/0r[F])
Trlln p, F1 > lim or|F]exp{or[Flo} A on [Flexp{or[F](c — 1/or[F])}’

Tr[A, F] tr[A, F]
whence Tr[ln u, F| > ————
R[ M ] eQR[F] eQR[F]

on the left side in (17) and (18) are proved.
On the other hand, if Tg[A, F|] < +oo then A(o) < Texp{or[F|o} for every
T > Tg[A.F] and all 0 > 0¢(T"). Therefore,

g

In p(o, F) —In p(oo(T),F) <T / exp{og[Flz}dz =
oo(T)

T
= onim ePterlFlo} = expier(Floo(T)}),

. Similarly, tg[ln p, F] > . Thus, the inequalities

whence Tg[In u, F| < T/og[F], i.e. in view of the arbitrariness of T' we get Tg[ln p, F] <
TrIA, F)/ ox[F)

Finally, suppose that tg[ln u, F] > 0 and Tgr[A,F] > 0. Then for every
t € (0, tg[ln u, F]) and T € (0, Tr[A, F]) there exists an unbounded set E C [0, +00)
such that In u(o, F) > texp{o[F]o} and A(c) > T exp{or[F]o}. Therefore, for o* € E
and o > o*

In u(o, F) =1n p(c*, F) + /A(a:,F)dx

>In ,u(a*,F)—FA(cr*,F)/dzz

> texp{ogr[F]o*} + (6 — c*)T exp{or[F|o"}.
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Therefore,
In p(o, F) S t+ (o —o")T
exp{or[Flo} ~ exp{or[F](c —0*)}

t+ T
Since the maximum of the function ¢(z) = _trtr is reached at the point
- eXp{@R[l?]J]f}
T — tor|F _ T {QRFt} . .
r = ————— we obtain Tg|Iln > ex and in view of the arbi-
TonlF] e B

trariness of ¢ and T we get

TR[ln ,LL,F] >

Tr[A, F {QR[FﬁR[ln MF]}
eor|F] Tgr[A, F) ’

whence the right side of (18) follows. The proof of Lemma 5 is complete. g
Lemma 6. For every entire Dirichlet series (1) Tr[F] = Tr[F’] and tr[F] = tg[F’].
Proof. Choosing §(c) =1/(c + 1) for o > 0 from (9) we obtain

In M(c, F') < In M(c+1/(c+1),F')+1In(c+1)

exp{oor[F]} ~— exp{oor[F]}
_ In M(c +1/(c +1),F") {QR[F]} In(oc+1)
exp{(c +1/(c + 1))or[F]} o+1 exp{oor[F]}’

whence Tgr[F'] < Tg[F] and tg[F'] < tg[F]. On the other hand, in view of (10)
In M(o,F) < (14 0o(1))ln M(0,F) as ¢ — +oo, whence Tr[F] < Tg[F’'] and
tr[F] < tg[F']. O

Using Lemma 4 we prove the following statement.

Proposition 5. Let A[F] = +oo, —00 < A[G] < A[G] < +o00 and In k = o()\) as
k — oco. Then

(19) Tr[F]exp{~A[Glor[F]} < Tr[F * G] < Tr[F]exp{—A[G]or[FI}
and if, moreover, A1 ~ A, ki[F] / +oo and k;[G] /7 A[G] as ko < k — oo then
(20) tr[F] exp{—A[G]or[F]} < tr[F * G] < tg[F]exp{—A[G]lor|[F]}.

Proof. By Proposition 3 gg[F * G] = gr[F]. Therefore, by Lemma 4

TrlF+ Gl = klggo eorlF G

im ——— | fi |2 F/An ex {—g Fln},
s 00 6@R[F]|fk| p R[ ]>\k ‘gk|

]|fkgk|QR[F*G]/)\l« —

whence

A - 11
TplF 5 G < T orlF)/ M T —on[F]—1ln — b =
R[ *G] = kLH;o GQR[F] ‘fk| kl)ngoexp QR[ ]>\k n ‘gk|

1 1
= Tg[F] eXp{_QR[F] lim —In } =
k—o0 >\k |gk‘

= Tr|F| exp{—A[Gor[F]}.
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and

1 1
Tg[F «G] > lim erlFl/ Ak Jim ex {—g F]l—In } =
al ] k=00 GQR[F]U ¢ e P l ]Ak |9k

= Tr[F]exp {—QR[F] klggo )\ik |glk} -
= Tr[F] exp{—A[Gor[F]},

i.e. we get (19). The proof of (20) is similar. O

Finally, Lemma 6 implies the following statement.
Proposition 6. The equalities
Tr|F % G] = Tr[(F + G)™] = Tr[F™ « G™)]
and
trIF % G) = tg[(F + Q)™] = tg[F™ « G
are true for each n > 1.

Therefore, the following theorem is true.

Theorem 3. Let A[F] = +00, —00 < A[G] < A[G] < +00 and In k = o(\;,) as k — oo.
Then forn € Z,, m € N and m > n

- 1 o 1o, (F % G)(™)
< b lenlFlo) ¢ w(o, (FxG)m) =

or[F|TR[F = G]
(21) exp{A[ Jor[F]}

eor[F|TR[F * G
~ exp{A[G]or[F]}

Proof. From (13) it follows that

Tr[A, (F+G)™] < Tim 1[ Flo} m7\1/

o——+oo eXp{QR

pu(o, (F + G)m)
(o, (F = C))

(22) )<

Using Proposition 6, Lemmas 5 and 4 from (22) we get (21). O

Remark 1. Similarly, we can prove that if the conditions of Theorem 3 are satisfied and,
MOreover, Ap+1 ~ Ag, ki[F] 7 +oo and ki [G] 7 A[G] as ko < k — oo then

lim L m7\1/ (0, (F+G)™) _ eor[Fltr[F * G
oor+oo €xXpl{or[Flo} p(o, (F +G)™) ~ exp{A[G]or[F]}

We were not able to obtain a lower estimate for this lim, because there is no such an
estimate for tg(A).
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5. HADAMARD COMPOSITIONS OF THE FINITE LOGARITHMIC ORDER

In the theory of entire Dirichlet series, the logarithmic order

 +— Inln M(o,F)
alF] == Tm ——r =
and lower order
InIn M(o, F
NF] = i M0 F)
o—+00 In o

are also used. We remark that A\;[F] > 1 for each entire Dirichlet series.
The function a(x) = B(z) = In = not hold the condition of Lemma 1, but the
following statement is true [13].

Lemma 7. If F € (A, +0) and

m Inln k

im <1
k—oo In Ak

(23)
— In A

then g[F] = klim %
— 00

In (A—k In W) .

1

as kg < k — oo then \[F] = lim e
k—oo In (iln ﬁ)

As in the proof of Proposition 3 using Lemma 7 we get the following statement.

+ 1. If, moreover, In A1 ~ In A\, and ki[F] / +o0

+ 1

Proposition 7. Let A[F] = 400, —0o < A[G] < A[G] < +o0 and (23) holds. Then
o[F * G] = o[F). If, moreover, In A1 ~ In A, xi[F] 7 400 and k;x[G] / A|G] as
ko < k — oo then \[F x G] = A\[F).

From (9) with §(c) = 1 and (10) we obtain g;[F'] = ¢;[F] and N\[F’'] = \[F]. From
(8) with ¢ = 1 we obtain

%A (%,F) <In p(o, F) —In (0, F) < oA(o),

whence gi[ln p, F] — 1 = g[A, F] and N\[In p, F] — 1 = N[A, F]. Finally, (16) implies the
inequalities

(o, (F + G)m)

— 1
— (n) < - L _
(m—n)o(A, (F+G)'"™) < (,Erfoo no In o (Fr Q) =
< (m—n)a(A, (F+G)™)
and
T (m)
(m—n)N(A, (F+G)™) < Tim 1, o (FxG)™) -

otoolno p(o, (FxG)™)
< (m—n)A(A, (F +G)™).

Therefore, as usual, we arrive at the following theorem.
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Theorem 4. Let A[F] = +00, —0 < A[G] < A[G] < +o0o and (23) holds. Then for
ne€Zy, meNandm>n

. (m)
o—=+ooln o w(o, (F*G)™M)

= (m —n)(alF] = 1).

If, moreover, In Apy1 ~ In A, kg[F] 7 400 and kiG] /7 A[G] as ko < k — oo then

©

11.

12.

13.

. )
1 “(((FG)) = (m —n)(\[F] - 1).

lim —In (F+ G)(”))

o—400 Ino Hlo
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118

Hna creneneBux panis f(z) =

OO0
frz® i g(z) = 3 gr2” i3 pamiycamu
0 k=0

k
s6ixmocti R[f] i Rlg] pax (f * g)(2) = 3. frgxz" masusaetncss adamaposoro
k=0

xommnosuyiero. Tnst 0 < r < R[f] mexait puf(r) = max{|fr|r*: k > 0} — makcu-
MaJIbHUN YJIeH CTEeneHeBOTO po3BuHeHHsT (yHKIil f. Buwaiounm 38’5130k Mik
3pPOCTAHHAM MAKCUMAJIbHUX YJIEHIB MOXITHUX a/1aMapOBOi KOMITO3UINI TBOX ITi-
smx Gyukiit f ra g i agamapoBoio kommo3urieo ix noxigaux M. Cen 30kpema
[0BiB, mo AKmo GyHKIiA (f * g) Ma€ TOPSIOK © i HUKHIN MOPATOK A, TO IJIst
KOXKHOTO € > 01 BCix 1 > 10(€)

- M p(n41) e g(nt1) (T) _
T(n+2)>\ l1—¢ S f *g < T(n+2)g 1+s.
K fxg)(m (r)
Ockinbku psgu [lipixisie 3 gogaTHUMU 3POCTAIOYUMEU JI0 00 MOKA3HUKAMU €
IIPSIMHUM y3araIbHEHHSM CTEIEHEBUX PSIiB, TO IIPUPOJHO IIOCTAE IUTAHHS IIPO
momi0HI pe3y/IbTaTh JJIsi aJaMapOoBOl KOMITO3WINI Takwx psiaiB. OTke, Hexait
A = (Ax) — 3pocraroga 1o +oo nociigosricTs Hesix emuux uuces (Ao = 0), i

S(A, A) — xnac paais Hipixne F(s) = > frexp{sAx}, (s = o +it), 3 noxas-
k=0

mukamu A i abermeoro abeosroTHOl 361kHOCTI 06[F] = A. dxmo F € (A, A1) i

G(s) = > grexp{sic} € (A, A2), To pan Hipixue
k=0

(FxG)(s) = frgrexpisin)
k=0

HA3UBAETHCA 40aMaP06010 Komnozuyiero dbyukuiit F' ta G.

Hns pany Hdipixne F(s) 3 0q[F] = A[F] = A > —o00 mns 0 < A MaKCHMAIbHUM
wreHoM HasuBaTuMeMO fi(o, F) = max{|fx|exp{oAx} : k& > 0}. Bimomo, mo
g n € Zy, m € Nim > n, akmo 04[F] = 04[G] = 400 i1n k = o(AxIn Ag)
upu k — 00, 10O

o, (F+G)™)

— 1
Jm S e Feam) — (M menlf+ G

i (axmo or[f * G] < +00)

L p(o (Fr @)™
B o (g 0T AR = C
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nme or[f] i Ar[f] BimnoBimpo R-mOpamOK Ta HEKHIN R-TOPAIOK HiIOr0 pamy
Hipixie. SIkmo 04[F] = 04[G] =01iln k = o(A;/In ) mpu k — oo, TO
plo, (F +G)™)

(o, (e gyony — M=l =0l

lim |o|In
o10

o, (F +G)™)

lim |o|1 — (m— n)A©

i G ey~ m Al
ae 0O[f] 1 AO[f] Bignosiano nopsaox ra mumiii nopamok pay Mipixie 3
Oa [F] =0.
VY mpani oTpuMano aHAIOTIMHI PE3Y/IbTATH I BUIAIKY 0o[F] = 4001 04[G] €
(=00 + 00).

Karowoei caosa: psan dipixie, komuo3uiis Ajamapa, y3araJbHEHUN OPsi-
IIOK, MAKCUMAJIbHUHI YJjI€H.
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BJIN3LKICTH JO OIIYKJIOCTI PO3B’A3KIB OJHOI'O
HEOJIHOPIIHOI'O JUP®EPEHIIAJHHOI'O PIBHSIHHS
JIPYTOT'O ITOPSIJIKY

IOpiit TPYXAH, Mupocias IIEPEMETA

Jveiecvruti HaytonarvHul yrisepcumem imens Isana Pparka,
eya. Yuieepcumemcora 1, 79000, m. JIveis
e-mail: yurkotrukhan@gmail.com, m.m.sheremeta@gmail.com

Posrasiyro mHeommopigue mudepentianbue piBagaasg [1laxa

2w’ + +(B02” + Pr2)w’ + (102” + Mz +2)w = A(2),

oo}
me A(z) = Z an2", a paziyc 36i:KHOCTI OCTAaHHBOTO CTereHeBoro pamy R[A] >
n=0

1. Bu3snaueHo yMOBH HA KOe(DIIi€HTH @, CTEIEHEBOro po3BrUHeHHsT GyHKIHT A(2)
Ta Ha mapamerpu So, B1, Yo, Y1, Y2, 32 AKUX HeomHOpimHe piBHsHHa [llaxa
Mae 6/IM3bKi 10 OLYK/IUX B ONMHUYHOMY KDPy3i po3s’a3ku. OKPeMo PO3IJISTHYTO
BUMAAKN y2 = 0 Ta v2 > 0, KOXKEH i3 AKUX TeX PO3MATAETHCT HA TiIBUTIAIKH.

Karouosi crosa: HeomHopigue audepeHIiaibHe PiBHAHHSA, OJU3bKICTD 10
OILyKJIOCTI.

1. Beryn i gomomixkHi jiemu

Onnonucra ananituana 8 D = {z : |z] < 1} dbyukuis
(1) f2)=) fa2"
n=0

Ha3WBAEThCs OMyKJI0M0, ko f(ID) — onykia obnacts. JTobpe Bimomo [1, ¢. 203], mo ymosa
Re{l+zf"(2)/f(2)} > 0(z € D) € nHeoOxigHOMW i HOCTATHROIO 151 OMYKJIOCTI f. DyHK-
nist f HasmBaerwes [2], [1, ¢. 583] Gamsbkoo 0 omykiol B D, skmo icuye omykia B D
dysknis ¢ taka, mo Re (f'(2)/®'(z)) > 0(z € D). Bauspka mo omykiol dyukmia f
XapaKTepU3yeThCst TUM, 1110 30BHiHicTL G 06sacti f(ID) MOKHA 3AIIOBHUTH IIPOMEHSIMU,
ki Buxoisarb 3 0G i noshicrio Jiexkarb B G. Koxkna 6Gin3bKa /10 onykJ/ol (pyHKIisd €

2010 Mathematics Subject Classification: 34M05, 30B10, 30C45.
© Tpyxan, 0., IlTepemera, M., 2019
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opmosmcroo B D, i tomy f/(0) # 0. 3Bincu BummmBae, mo f € GAU3BKOIO 0 OMYKJIOl TOI
i TiIBbK® TO/I, KOTH TAKOIO € (PYHKITisT

(2) g(z) =2+ > guen,
n=2

A€ gn = fn/fl
C. Olax [3] BkazaB ymoBu Ha aiiichi koediuientu By, 51, Yo, 11, Y2 Audepenniasib-
HOI'O PiBHAHHS

2w’ + (Boz® + Br2)w’ + (07” + Mz 4+ 72)w =0,

3a IKUX ICHy€ LiIuil TpaHCUEHIEeHTHHI po3B’sa30K [ Takuii, mo abo Bci Horo moxismi,
abo mapui nmoxizani, abo mHenapHi moxiaHi € 6u3bKuMu 10 onyKaux B D ¢pyukmiamu. Jdoc-
mimkennst C. Ilaxa npomossxkero y [4,5]. Mu posrasinemo HeomHODpifHe andepeHitianbHe
piBugung [Ilaxa

(3) 2w + (Bo2® + Brz)w’ + (302° + 1z +p)w = Z anz"

n=0

o0
3 KOMIUIEKCHUMU IapaMerpamu, je pajiyc 30izkuocti pagy A(z) = Z anz" HmOpIBHIOE
n=0
R[A] € (0, +o0].
Haituepe 3aysaxkumo, 1o [6] anajiTuuHa B J€4KOMY OKOJIL II0YATKy KOODIUHAT
dyukuis (1) e po3s’s3kom qudepeHIiaabLHOro piBHAHHA (3) TOAL 1 TINBKU TOMIL, KOIHU

(4) Yo fo =ao, (B1+72)fi +7fo=a
igman > 2
(5) (n(n+ 61— 1)+ %) fn+ (Bo(n —1) +71) fu-1 + 70 n—2 = an.

B [6] noBeneno Taky nemy.

JIema 1. fxwo ¢ynruia (1) € poss’askom pisnanna (3) i n(n+ 1 — 1) +v2 # 0 daa
scix n > 2, mo R[f] = R[A].

Hobpe Binoma [7], [8, c. 9] Taka sema Asekcaniepa.
JIema 2. Srxwo woedivienmu anarimuunot ¢ D dynxyii (2) 3ado60abna10mMb6 YMOBY
(6) 1>2g5>3g3> - >ngn > (n41gns1 > >0
mo 80Ha bAU3LKG 00 ONYKAOI.

Ockinbku msa KoedimienTiB po3s’sa3Ky piBHsaHHA (3) IpaBuabHA PEKypeHTHA (HOp-
mysa (5), To Oy1e KOPUCHOIO TaKa JIeMa.

Jlema 3. Hezaligo=0,g1 =11
(7) gnt+1 = fngn + Nngn—1 + bn; n Z 13

de &En, M, by, - dodammi wucaa. Ipunycmumo, wo:

1) 2(&+b1) < 1;
2) (n+ 1)b, < nby_1 daa eciz n > 2;
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3
3) 552 + 3mp < 2655

n+1 n .
4) gng gnfl ?
n n—1

Todi npasusvhi nepishocmi (6).

n+1 < n

Nn < Nn_1 0A% 6CIT N > 3.
n—1 n—2

Josedenns. Ockinbku go = & + b1, 10 3 ymosu 1) Buiusae nepisuicrs 1 > 2go. s
n = 2 maemo g3 = €2gs + N2 + ba, 1 oTKe, 3 OrALy HA yMOBY 3) i yMOBY 2) 3 n = 2
OTPUMYEMO

3
393 = 38292 + 3m2 + 3b2 < 552 +3n2 + 3b2 < 281 + 201 = 2¢s.
Mpunycrumo, mo n > 311> 29y > 393 > -+ > ng,. Toxi 3 ornsany Ha ymosu 2) i 4)

(n+1Dgnt1 —ngn = (n+ 1)&ngn + (n 4+ D)npgn_1 + (n+ 1)b,—

- ngnflgnfl — NNpn—-19n—2 — nbnfl -

n+1 n n+1
=, Engn — mfn—l(” —Dgn-1+ mnn(n —D)gn-1—
n
R 2777171(77/ —2)gn—2+ (n+ )b, —nby_1 <
n n
= $n—1(ngn — (n = 1)gn_1) + ——=Nn-1((n — 1)gn—1 — (n — 2)gn—2) <0
n—1 n—2
Jlemy 3 moBemeHo. O

Bpaxarouu, mo n(n + f1 — 1) + 72 # 0 aua Beix n > 2, pekypentny dopmyay (5)
MOXKEMO [EPENUCATH y BUIJISIL
Bo(n —1) +m ot — Y0 oot an
nn+ 6 =) +%""" an+p -1+ nn+ B —1)
st Toro, mob Bukopucraru jemy 3 Oyaemo BBaxkatu, mio Sy < 0, v9 < 0,1 <0, v2 > 0,
B1>—1ia, >0 (n>2). Toui
[Bol(n — 1) + || 170 an
8 = 1+ —o+ .
3 nepiol piBHocTi (4) BUTLIUBAE, M0 BUOIP fo 3aJ€KUTH BiJI TOrO, AKUM € ApaMeTP
vY2. JoCaimyKeHHsa MOYHEeMO 3 IPOCTIMIOro BUMAJIKY.

fn:_

2. Bunajzok v, =0
3 (4) Bumwusag, 1o ag = 0, 10610 fo Moxke 6yTu Oyap-skum; pubepemo fo = 0. Toxi
B1f1 = a1. Tomy moxkiinBi aBa Taki BapiaHTH:
2a) B =a; =0;
26) 517&01(11#0
3a ymou 2a) f1 moxke 6yru Oyib-sikum; Bubepemo f1 = 1. Tomy po3s’si30K piBHsHHS
(3) mykaTuMemo y BUTIISII

(9) @) =2+ fa2",
n=2
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ne koediuienru f,, gk BuaHO 3 (8), BUBHAYAIOTHCH PEKYPEHTHOI (HOPMYJIO0

|Boln + |7 70l nt1
10 = _ _.
(10) Jnt+1 n(n+ 1) f7L+n(n+1)fn 1+n(n+1)
Dopwmyina (10) 36iraerbes 3 dbopmysown (7), Ko f, = gp 1
_ 1Boln + m| |l _ Gny1
En - bl n — bl n — .
n(n+1) n(n+1) n(n+1)

Jlerko nepesipuru, o ymosu 1) - 4) nemu 3 36iratorbes, BiANOBIIHO, 3 yMOBaAMU:

1%) |aﬁo| + |71|C'LF az < 1;
2a) n+1 < n

n _
3%) [l < [Bol + 3l71/2;
49) 1Boln + |1 < 1Bol(n — 1) + |m| ; |l < 70l
n? (n—1)2 n n—
Ockinbku HepiBHOCTI B yMOBI 4%) € OU€BMIHUMH, TO 3a JeMaMu 1—3 OTPUMYEMO
TaKy Teopemy.

JJ BCiX n > 2;

IJIg BCiX n > 3.

TeopeMa 1. Hezadi Y2 = ao = 51 =a; =0, BO <0, Yo < 0, 7 < 0, |60‘ + |’)/1| +a2 <1
. . an
i [yl < 1Bol +3nl/2, a R[A] > 10 < =2 < —

n
pose’asox (9) dudepenuiarvrozo pienanna (3) 3 R[f] = R[A], axud 6ausvrud do onykaoi
6 D pynruiero.

a . ..
< 2 Oaa sciz n > 2. Todi icuye

Ba ymoBu 26) po3s’sa30k audepeniiajibHOro pisHsHHs (3) HAOyBa€ BUIJISLY

o0
a
(11) f(z) = Flz + > fad",
1 n=2
Je KoeditienTn f, BH3HAYAIOTHCS PEKYPEHTHOIO (POPMYIOI0
n(n+pB1 —1)fu+ (Bo(n —1) +71) fu-1 + Y0 fr—2 = an,
3 kol 3a yMOB B9 <0, 79 < 0,71 <0in+ p1 —17# 0 aus Bcix n > 2 BUIIIUBAE, 110
1Bon + |1 0l An+1
12 S L R 1] B _ Ont1
D[R A CE e LR CE SV e
Ipunycrumo, mwo a1 /51 € (0, +00). Ockinbku 1ist KoedinienTis BianopigHoi GyHKIHT (2)
BUKOHYETHCS gy, = P1 fn/a1, T0 3 (12) BumumBae pekypenTHa GopMya

fnfl +

1
gn+1 = 7fn+1 -
ay

__|Boln+ || f @+ 170l B B an1 _
m+1)n+8)"ar  n+Dn+p)"""" a1 a (n+1)(n+ B
1Boln + |1 o + 70 B an+1

" (n+D)(n+ By) (n+1)(n+ﬂ1)gn_1+ a1 (n+1)(n+ B1)’
sika, 30iraerbest 3 Gopmyaior (7), Ko

Boln + || 170l b — B An+1

&n = (n+1)(n+pB1)’ I = n+1)(n+p51) " a(n+)(n+p)

Jlerko niepesipuru, 1o ymoBu 1)—4) nemu 3 36iraloThes Temep BiANOBIAHO 3 yMOBaMu:
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1%) [Bo| + [m| + az 2t < (1+ By);

S

b Bo 3+ B1)|nl .

3”fflﬁ&+ﬁﬂ+mY|| ol ol

p Bl + Bol(n —1) + |yl . Y0 Y0

D) T B) SN -1+8) - Dmt B = (D145 ™
BCix n > 3.

Ockinbkn HepiBHOCTI B yMOBi 4°) odeBmmmi, TO 3a JemMaMu 1—3 OTPHMYEMO TaKy
TeopeMmy.

Teopema 2. Hezaii v = ap =0, f1 > —1, a1/p1 € (0,4+00), By < 0, 70 < 0, 71 <0,
150l n (3 + B1) ]

61 . . An+41
+ +as— < (1+ 7 < ,aR[A|>1i0< ——— <
ol j 71 20 <1+ B1) i |l < T+ " 20+ B (4] nt By
1715 oas eciz n > 2. Todi ichye pose’asor (11) dudepenuianvrozo pisnanna (3)
n— 1

3 R[f] = R[A], axuid e 6ausvror do onykaol 6 D dynruyiero.

3. Bunamok v, > 0

3 (4) sunmsae, mo fo = ao/v2 i (b1 +72)f1 = a1 — 71fo. Ocxinpku fi # 0, 10 3
oruisity Ha (4) MoxuiuBl JBa Taki Bapianru:
3a) B1+72 =a1 —yfo=0;
36) fi+7v2#0iar—fo#0.

SIKINO BUKOHYETHCA YMOBa 3a), TO MOXKHA BUOpatu f1 = 1, 1 po3s’sa30k audepemti-
aJbHOrO PiBHSAHHS (3) MaTHMe BUIJISAL

(13 =24ty

n=2
e KoeditienTn f, BU3HAYAIOTHCS PEKYPEHTHOIO (POPMYIOI0
(n—1)(n+ 1) fn+ (Bo(n —1) +71) fam1 + Y0 fr—2 = an,
3 sKoi 32 yMOB [y < 0,79 < 0,91 <0, 81 > —21 ap41 > 0 ang Beix n > 1 BunmBag, 1o

|Boln + || [0l On41

(n+1+p1) n(n+1+ 51) nn+1+p5)
Mpuitnsasuu g(z) = f(z) — ag/v2, orpumaemo byukuio (2) 3 g, = fn,. Tomy dbopmyna
(14) 36iraerses 3 dopmyoro (7), Ko

(14) fn+1 = n fn"' fn—l"‘

¢, = |Boln + || _ 170l _ an+1
" nn+ 1461 " onn+1+5) " nn+ 1461
Jlerko nepesipuru, 1m0 ymoBu 1) - 4) jemu 3 36iraioThcs Tenep, BiAMNOBIAHO, 3 yMOBaMU:
2+ 6
1) |Bol + Im| + a2 < 5
1
2°) (n+ ann < 1n I BCIX 1 > 2;

nn+14+p61) ~ (n—1(n+p)
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6+ 54 18 + 5081
+ ;
gy OOl alAle -+ ) @b
Rn+1+8) S (-DMn+B) | n(a— D+ 1+

< n[yo
T (n=2)(n—-1)(n+p)
Ockinbku HepiBuocri B ymoBi 4¢) oueBuuHi, TO 3a jemamu 1—3 OTpuMyeEMO Taky
TEopeMY.

JIJIsT BCIX n > 3.

Teopema 3. Hezati vo > 0, f1 > —2, f1 + ’yz = v2a1 —m1a0 = 0, Bo <0, 70 <0,

<0, Bl + Il < (2 B)/2 ol € g sl g o LA 1
(n+ Dap+1 na,

das ecix n > 2. Todi icnye poss’asox (13) dude-
w1+ 60 = (=Dt A . ver (13) ug

penyiaavrozo pienanna (3) 3 R[f] = R[A], axui e 6ausvkoro do onyxaoi 6 D dynruyiero.

Hexaii, napewri, Bukonyerbcs ymosa 36). Toui 3 (4) orpumyemo fo = ag/7a,

= ai —7fo _ 7201 — Mo
B+ 72 Y2(B1 +72)’
i omKe, PO3B’sA30K HAOYBAE BUTJISILY

_ G0 | 7201 — 710 71610

ae 3a ymoB By < 0,70 < 0,71 <0, 81 > —11iaps1 > 0 gna n > 1 xoedinientu f,
BU3HAYAIOTHCS PEKYPEHTHOIO (POPMYJIOI0

B |Bo|n 4 |71 70| i1
1) = Dt ) T A D B T Dt B T
Y2a1 — Y1Q0

IIpunycrumo, 1o

_ Y2(B1 + 72)

Y201 — 7140
peHTHY GOpMYILy

|Bo|n + |71] g + [0 o + qan+1
(n+1)(n+p61)+7%""  (+1)n+p6)+7""""  (+1)(n+p)+7’

sika 36iraerbest 3 Gpopmysioo (7), sSKio

i = _%
m € (0, +00). lpuitusasuu g(z) = (f(z) 72) q, ne

, orpuMaemMo GyHKUio (2) 3 g, = ¢fn, n > 1. 3 (16) ouepkyeMo peky-

In+1 =

Boln + || I = 170l by = g Ant1
(n+Dn+p)+7" 7 (+D+p)+r " T+ D+ b))+
Jlerko nepesipuru, 1m0 ymoBu 1) - 4) jemu 3 36iraioThcs Tenep, BiANOBIAHO, 3 yMOBaMU:

1) |Bol + [mi] + gaz < (1+ B1) +72/2;
d (n+1)ap+1 nan,
(n+1)(n+pB1)+v ~ nn+pfi—1)+7
d (12 — 2792)[Bo| + (18 + 681 + 7v2)|m| .
3 ) |P)/0| < )
12(1 4 B1) + 672

gn:

JUld BCiX n > 2;
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44 ntl  |Boln+|nl < Polln =1) +[m]
n (n+l)n+6)+v n—1nn+p5—1)+7
n+1 ol _ o ol

n—1n+1)n+p)+72 " n—2nn+p5 —1)+7
U1 BCiX n > 3.
Jpyra HepisricTs B ymosi 4¢) ouesnmna. Ockinbku (n+1)/n < n/(n—1), To nepma
HEPiBHICTb B yMOBi 4d) [IPABUJIbHA, AKIIO
|Boln + |7 | < 1Bol(n = 1) +m]
(n+1)(n+p1)+r ~ nn+p—1)+7
a7s Bcix n > 3. Ila HepiBHICTH piBHOCHIHLHA HEPIBHOCTI
(n? —n — B —72)|Bo| + |11|(2n + B1) >0
ns Beix n > 3. Hozaak bynkmia (v2 — ) € 3pocTaiodoro Ha [3, +00), TO OCTAHHS HepiB-
HicTb npaBusbHa, Ko (6 — B1 — v2)|Bol + [71](6 + 1) > 0.
Orxke, TPAaBUJILHA TAKa, TEOPEMA.

Y201 — 771G

Teopema 4. Hezati v2 > 0, 51 > —1, € (0,+00), Bo <0, 7 <0, v <0,
Y2(B1 + 72)
Y2(B1 + 72)

v (12 — 272)|Bo| + (18 + 681 + 2)|m1| .
4 + <1+4+6+—= <
Bol + Il +ae = =20 < 1+ By + 3 ol 121+ f1) + 67 %
(6 — B1 —¥2)|Bo| + [[(6+ 1) >0, a R[A] > 14

(n + Dant1 nay
(n+Dn+pB1)+7 ~ nn+pi—1)+7

das eciz n > 2. Todi ichye pose’asox (15) dudepenuianvrozo pisnanns (3) 3 R[f] =
R[A], axuii e 6ausvrkorw do onykaoi 8 D dynruiero.

0<

4. 3ayBakeHHSH

L. ¥Ymosa (6 — B1 —72)|Bo| + [11](6 + B1) > 0 Bukonyerbes, saximo i +y2 < 6.
2. dkmo 0 < (n+ Dapt1 < nay, 706T0 dyHKIiA A(z) 3a10BOIBHSIE YMOBY JEMH
Anekcanzepa, TO yMOBH Ha a, y TeopeMax 1—4 BUKOHYIOThCS.

o0
3. Hpumyctnmo, mo y2 = ap = B1 = a1 = By =11 =7 =0, a A(z) = Zanz”
n=2
o0
i R[A] > 1. Toxni pisusuus (3) marume Burasy w” = Z 2" "2, a PO3B’SI3KOM IIHOTO
n=2
piBHsHHA Oyae QyHKITisS

(17) f(2) zz—&-Zﬁz".

a a
dxmo 0 < —+H <
n

7 A BCiX 1 > 2, TOOTO BUKOHYETHCsI yMOBa, 2%), TO 3a JIEMOIO
n —

Anexcannepa dyHxkiis (17) 6ausbKa 10 OMyKIOL. YMOBY 2%) 3aI0BOJILHSIE MOCIIIOBHICTH
an, = 1/nl. Toni A(z) = € — 1 — 2z — uina dbysknia i dyuaknia (17) Takox € 1iI0I0
dynukuiero. YMoBy 2%) 3a0BOJIbHAIOTh TAKOXK Koediientu anamitudnoi B D yHKIGT
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22 > > 2" 1

Aliz) = —= = n —1)2". Y 1mpoMy BHIAIK z) =z+ — =1In €

(2) TESE ;( ) IHOMY axy f(z) T;n 1%

TaKOXK aHATITUIHOIO B D (DyHKITIE.
3po3ymiso, mo koedimieHTH He BCiX Oau3bKux 10 onykaux B ) yHKIH 3a10B0TH-
HAIOTH yMoBu Jiemu Ajekcamzgepa. Hampukian, 3ipkoBa, i orke, Oau3bKa 10 OILyKJIOl

dynkuis f(z) =

€ PO3B’SI3KOM DiBHSIHHS
z

1—
2, 1 2 / 2z
Zw +(Z +Z)w+w:(1_z)3 (51250:72:1770:71:0)7
. . 2z 4
asie koedinientu Gyukuii A(z) = ﬁ He 33/I0BOJILHAIOTH yMOBY 2¢).
-z
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CLOSENESS-TO-CONVEXITY OF SOLUTIONS OF A SECOND
ORDER NONHOMOGENEOUS DIFFERENTIAL EQUATION

Yuriy TRUKHAN, Myroslav SHEREMETA

Ivan Franko National University of Luviv,
Universytetska Str., 1, 79000, Lviv, Ukraine
e-mail: yurkotrukhan@gmail.com, m.m.sheremeta@gmail.com

An analytic univalent in D = {z : |2| < 1} function f(z) = > fn2" is said
n=0

to be convex in D if f(D) is a convex domain. According to W. Kaplan the
function f is said to be close-to-convex in D if there exists a convex in I function
® such that Re (f'(z)/®'(z)) > 0(z € D). We consider a nonhomogeneous Shah
differential equation

2w’ + (Bo2® + Br2)w’ + (102® + iz + 12)w = A(2),
o0
where A(z) = > anz”, and radius of convergence of the last power series is
=0

R[A] > 1. Conditions on coefficients a, of power expansion of the function
A(z) and on parameters Bo, 81, Yo, 71, v2 under which a Shah equation has
close-to-convex in the unit disc solutions are investigated. We consider two
cases: 72 = 0 and 2 > 0. In the case 72 = 0 two subcases are possible:

2a) b1 =a1 =0and 20) f1 #0and a1 #0. lf v =ap =F1 =a1 =0, o <0,
Y < 0,7 <0, [Bo| + [11] + a2 < L and [yo| < |Bo| + 3nl/2, R[A] = 1 and
0< % < % for all n > 2 it is proved that there exists a solution f(z) of
the nonhomogeneous Shah differential equation with R[f] = R[A], which is a
close-to-convex in D function. In the case 2b) it is proved that if v2 = a9 =0,

B1 > —1,a1/p1 € (0,400), Bo < 0,7 < 0,71 <0, |ﬁo|+|’71|+a2% < (1+p51)

1Bl . (3+B1)In] ant1 an
6 T e+ py  RA = 1ad 0 < OE < O A
for all n > 2 then there exists a solution f(z) of the nonhomogeneous Shah
differential equation with R[f] = R[A], which is close-to-convex in D function.
In the case v2 > 0 possible subcases are 3a) 81 + 72 = a1 — y1fo = 0 and
3b) 81 + 72 # 0 and a1 — y1fo # 0. In both of this subcases the sufficient
conditions on coefficients a,, and on parameters S, 81, Yo, 71, 72 under which
a nonhomogeneous Shah equation has close-to-convex in the unit disc solutions
are found.

and |yo| < 1

Key words: nonhomogeneous differential equation, close-to-convex functi-
on.
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O®YHIAMEHTAJIBHUMN PO3B’SI30K 3AJAYI KOIIII J1JISI
VJIIBTPAITAPABOJITYHUX PIBHAHBb TUITY KOJIMOTOPOBA
3 TPBOMA I'PYIIAMUJ ITPOCTOPOBUX 3MIHHUX 1
BUPOIXKEHHSIM HA IIOYATKOBIN FIIEPIIJIOIINHI

Onbra BO3HSAK', Crenan IBACUIIIEH?,
Irop MEJIMHCBHKNIT?

! Teproniavevrud HAYLOHANLHUT eKOHOMINHULT YHIeepcumem,
eya. Jveiecora 11, 46000, m. Teproniav
2 Hayionarvnutd mexniunud ynisepcumem Yrpainu
“Kuiecvorutl noaimexnivnud incmumym imens lzopa Cikopcvrozo”,
np-m Ilepemoeu 37, 03056, m. Kuie
3 Hayionanvnut ynisepcumem “/Tveiscora nosimeznira”,
eya. Cmenana Bandepu 12, 79013, m. JIveis
e-mails: 0.g.voznyak@gmail.com, ivashyshen.sd@gmail.com,
1.p.medynsky@gmail.com

715 BUPOIKEHOTO YIhTPANapabosivHoro piBHAHHS THIy KosmMoroposa 3
JBOMAa TPYIAMM IIPOCTOPOBUX 3MIHHUX BHUPOKEHHS | BUPOIKEHHSM Ha IIO-
YaTKOBIN TimepIuIomuHi 3a IOIOMOro Meroxy Jlesi mobymoBano dymmamen-
TagpHUN po3B’s30k 3amaui Komri. Ogmepskano TouHi OMIHKK TO6YIOBAHOTO
PO3B’s3Ky Ta HOT0 MOXiTHUX.

Karowoet caosa: mapabouiani pIBHAHHS 3 BHPOIKEHHIM, (DyHIAMEHTAIb-
HU po3B’a30K 3aaa49i Ko, BUpOIKeHHs Ha IT0YATKOBIH i€ pILIOmHI, MeTOT,
Jlesi, ysiprpanapabosniuni piBaanas tuny Kosmmoroposa.

1. BcTtyn

s ynprpamnapabonivnnx piBasgHb Ty KomMoroposa, KoedimieHTn SKUX HE 3aJ1e-
JKaTh BiJ 3MIHHUX BUPOIXKEHHS i MAIOTh IIe BUPOIKEHHS Ha TMOYATKOBIH TiMeprIonInHi
B npar [1] nobynosano GyHmamenTanbuii po3s’s30k 3ana4i Komi (PP3K), a B mparsax
[2, 3] 171t TakMX PIBHAHB 3 OZHIEIO TPYIIO0 IPOCTOPOBUX 3MIHHUX BUPOJKEHHS, TOOY10Ba~
no ®P3K Z, 3uaitneno oniaku Z i NOXiHUX BiJl Z, a TaKOXK OIIHKU MTPUPOCTIB CTAPIITIX
HOXiHKUX BiJl Z 3a MPOCTOPOBUMHU 3MIHHUMH. 3a3HAYMMO, IO AHAJOLIYHI PE3yJbTarw

2010 Mathematics Subject Classification: 35A09, 35K10, 35K65, 35K70
© Bo3zus#xk, O., Isacumen, C., Meauncokuit, 1., 2019



0. BO3HSIK, C. IBACUIIIEH, I. MEIMHCbKUMN
108 ISSN 2078-3744. Bicuux JIpBiB. yu-Ty. Cepis mex.-mar. 2019. Bunyck 88

s yabrpanapabonidaux piBasap Tuny Kosamoroposa. siki HE MAaOTh BUPOKEHHS HA
no4aTkoBiil rinepiionmni ogepxkano B [4, 5, 6]. Li pesynbraru orpumanu 3 BUKOpUC-
TAHHSIM TOETAITHOTO MeTo Iy JleBi, siKuit 3amponoHoBano B mparsx [7, 8] i possuHyTOrO B
[5, 6] nnist BUnaAKyY PiBHSHB 63 BUPOIKEHHS HA MOYATKOBIH TiNepnJIoNnyHi, Ta B IpAIax
[2, 3] anst BunanKy yabrpanapabonivHuX piBHAHB THIY KOJIMOropoBa 3 BHPOIKEHHIM
Ha MOYATKOBiit rimepmiomuai. Mu mpogoB:KyeMO po3movaTi paHimre JTOCTiIKEeHHS 3 pe-
asizanii moeransoro meroxy Jlesi mobynosu ®P3K g yibrpamapaboiaHux piBHIHD 3
JTBOMA, TPYTIaM¥ 3MiHHWX BUPOKEHHS, sTKi MAIOTh 1€ BUPOIKEHHS Ha TTOYATKOBi# Tinmep-
TLJIOTITHHi.

Hexait n, ni, ne i n3 — 3a4aHi HaTypaabHI YUCJA TaKi, MO N1 >Ny 2Nz = 1in =
ni+ne+ns; Ny :={1,...,7}, Z; :=N;U{0},j € N,m; = j—1/2, j € N3. Bynemo BBazka-
TH, IO IPOCTOPOBa 3MinHa € R™ cKIIANaEeTbCs 3 TPHOX I'PYIl 3MiHHUX T := (T1, T2, T3),
Jle KOMIOHEHTH &; = (&1, ...,xjn].) € R", 5 € N3. BianmosizHo 10 1bOr0 MyJIbTHIHIEKC
k € 77 sanmcysarmvemo y suraami k = (ki k. ks), ne kj == (kj1,...,kjn,) € Z17,
j € N3. Bukopucrosysarumenmo Taki nosnadenns: k' := (0, ko, k3) € Z, aixmo k; € Z'}7,
J € 42,3} M := mini +maong+mang; My, := mq|ki|+mal|ke|+ms|ks|, axmio k € Z7}, ne
|kj| i=kj1 + ... 4 Ky, Oy = {(t, )|t € Hyx € R"}, axmo H C R; a i § — nenepepsni
Ha Binpisky [0, T] byskuii, mus sxux a(t) >0, B(t) > 0npu t € (0,T], «(0)3(0) =01 8

t
0
— MOHOTOHHO Hecnazna; B(t, 1) := / %d@, O<7<tgT.
(6%

2

Yepes Z;_1, j € Ny, moznagarmmemo OP3K. Innexc j Binmosimae etamy mobymosn
OP3K. KimpkicTs eramiB 3a/ie:KuTh Bi KIIBKOCTI Tpyn mpocTopoBux 3minaumx. [lapa-
MeTPUKC Ha j-My eTami Mo3HAaYaTHMeMO cHMBOioM (j, MOPOMKYyBaHUH HUM 00 eMHMIt
norennjan — cumposiom Wj, a fioro rycruny — cumsosioM ;. Orzke, HA novwamroeomy
(nyavosomy) emani 6ynyemo ®P3K Zy s pisusinHs, koedilieHTH SKOro 3a1€Karh Bi
3MiHHOI ¢ i mapamerpa y € R™, T0OTO PO3IJIsSAIAEMO PiBHSIHHS

(1) Lou(t,z) := (S — A(t,y, 05,))u(t,z) = 0, (t,z) € Uo7y,
ze
S = a(t)d, — B(t) Z 210y, — B(t) Z 2250z,
j=1 j=1

ni

A(t7 Y, 6961) = ﬂ(t) Z a’jl(tv y)aﬂhj aﬂﬂu + B(t) Z a; (t7 y)awlj + aO(t7 y)

J1=1 j=1
Ha nepwomy emani ®P3K mist piBHIHHS
(2) Liu(t,z) := (S — A(t, (z1,), 0z, ))u(t,z) =0, (t,x) € 0,19,
ITyKA€EMO y BUTJIATL
(3) Zl (t, XT;T, g? y/) = Gl (ta T;T, fa yl) + Wl (t, XT;T, gv y/)7
z1e

¢
df
(4) Wit,z;7,&y") :—/a(e)/Gl(t,x;@,)\;y/)Ql(H,)\;T,é;y')d)\,
]Rn

T
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G1 — napamerpukc, a Q1 — Hesigoma yukuis, y' := (y2,y3) € R"21"3, 3a napamerpukc
BUOMPAEMO (DYHKIIITO

(5) Gl(tvx;Tag;y/) = Zo(t,l';T7£; (fhyl))v 0<r<t < T7 {Qf,f} - Rn7 y/ S Rn2+n3.

Ha dpyzomy emani piBusiHHs HabyBa€ BULJILLY

(6) Lou(t,x) == (S — A(t, (x1,22,Y3), 0z, ) )u(t,x) = 0, (t,z) € g 77.
3riguo 3 merogom Jlesi ®P3K miykaemo y Burisai
(7) Zo(t, 257, & y3) = Ga(t, 237, & y3) + Walt, 57, § ys).
Tyt
t
®) Walt, i, €)= | a‘g) [ Gatt.a:0,351)Qa(6. 37 gs30)aN
™ Rn

G — mapameTpukce, a Q2 — HeBioMa (yHKIIid. 3a MapaMeTpuKe BUOHPAEMO (DyHKIII0
(9) G2(t733;7'a§§y3) = Zl(tax;7—7€; (627:(/3))7 0<r <t < T? {xﬂg} - R’ﬂ, Y3 € R™.

s BUMAAKY JIBOX T'PYT MPOCTOPOBUX 3MIHHUX BUPOKEHHS mpemili eman 3aBep-
mye mobynoBy @P3K mist piBHsgHHS, KOeDIli€eHTH KOO 3ajieKaTh Bifl ycix 3MiHHUX.
Orxke, HA T[BOMY €Talll PO3IJISIAEMO DIBHIHHS BULJISLY

(10) Lau(t,z) := (S — A(t, 2,0, ))u(t,z) = 0, (t,x) € Il 7).
Awnasoriuno no nonepenuboro, ®P3K g pisusinug (10) mykaemo y Buriisi
(11) Z3(t,x;7,8) = Gs(t,x;7,8) + Ws(t, z; 7, €).
Tyr
t
(12) Walt,i9)i= [ G [ Galt.ai6. Qa6 3,
™ R

(3 — mapameTpukc, a (J3 — HeBigoMa dyHKIig. 3a TapaMeTpukc BHOUPAEMO (DYHKIIIIO
(13) Gs(t,z;1,8) = Za(t,z;71,&:€3), 0 <7 <t < T, {z,£} CR"™.

PesynmpraToM KOXKHOTO j -TO eTaly € TBEPJKEHHS PO iCHYBAHHS BiIMOBITHOTO
®P3K Z;, j € N3, BcTaHOBJIeHHA TOYHHUX OIiHOK moximumx Big ®P3K, inTerpasis Bif
noxigaux ®P3K i ixuix npupocris (ouinku ABox ocranuix, kpim Z3). [IpoBenenus mux
NOCJII2KEHb 1CTOTHO 3aJ1€2KUTh Bl BCEOIYHOIrO BUBYEHHH BJIACTUBOCTEH 00’€MHUX IIOTEH-
uiasis (4), (8) 1 (12). Adupom norenuiany € Binuosinnuii napamerpuxc (5), (9) uu (13), a
IyCTHHOIO — Bifmosinna QyHKIia (), AKa € PO3B’A3KOM iHTErpaJbHOrO PiBHAHHA

Qj(t, ;7,6 p5(y") = Ki(t,z;7,&pi(y')+

(14) 4 / afz) / K (20,9, (5)Q, (0. 37 & py (),

T R™

ne j €Ng, pi(v) =9, p2(¥') = ys i ps(y’) =0, Tobro P3(y’) He 3anexkuTH Big y'.
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Hns rycrun (); BCTAHOBIIIOIOTLCA IIE€BHI BJACTUBOCTI i OLiHKH, #AKi rapaHTyOTbh
icHyBaHHS ITOXiTHUX Bi/T 00’€MHMX ITOTEHIIAIB, IXHIX TOYHUX OIIHOK Ta OIHOK IIPUPOCTIB
TaKWUX TIOXiTHUX 3a MPOCTOPOBUMU 3MiHHUMH.

¥ nonepeuix npansx [9, 10] meraabHO pO3TIISTHYTO eTanu MO0y I0BY Ta JOCIiXKEeHHST
OP3K nna yaprpanapaboniuanx pisHgHb Ty K0OJIMOropoBa 3 deéoma 2pynamu mpoCTo-
POBUX 3MIHHUX BUPOKEHHs. TOMy IPUPOTHUM € DaXKaHHs OEPKATH AHAJIOTIYHI Pe3yITb-
TaTU JIJIS TAKUX PiBHAHDB, sIKi MAIOTh II€ BUPOJ?KEHHS HA IMOYATKOBIM TMIepILIONIMHi.

Crarrs ckjajaerbed 3 cemu IyHKTIB. ¥ Berymi (m. 1) HaBeJeHO 3arajibHy cXemy
moeranHoro meroxay Jlesi. ¥ m. 2 masexeno npunyinenHs Ha koedinienTu piBHAHHHA 1
JIOTIOMiKHI TBep/zKeHHs. B TperhoMy myHKTI cOpMyILOBaHO OCHOBHI pe3ynbraTu. Bu-
BUeHHs BiacTuBocreil yukiii G i aapa K inrerpanbioro piBasanug (14) npu j =1 —
an. 4, 5. B mocromy myHKTI HaBegeHO BiaacTuBOCTI ryctuau (G 00’€MHOTO TOTEHIHATY
W1, a takox BaacruBocTi morenmiaay Wi. ¥V 1. 7 3aBepiiyeMo I0BEIEHHS OCHOBHUX
pe3yJbTaTiB.

2. IIPUTIYILUEHHSI TA JOMOMIXKHI TBEPI>KEHHSsI

Bynemo kopuctyBaTucs TaKUMU TO3HAIECHHSIMU:
()
A;f(',l’, ) = f('ax7 ) - f('wza ')’ A;Zf(vxv ) = A; f(‘,l'v ')7 s € N37
20 =g 2M = (21, 20, 23), 2@ = (21, 22, 23), 2 = (21, 22, 23),
x(l) = (.131, 22, 23)7 $(2) = (.131, Z2, Z3)a X(ta T) = (Xl(t7 T)7 XQ(tv T)7 X3(t7 T)))
XW(t,7) = (M, Xo(t, 1), X3(t, 7)), XD (t,7) := (M1, Ao, X3(t, 7)),
X1 (t,7) := 21, Xo(t,7) := xo + B(t, )21, X3(t,7) := x3 + B(t, 7)xh + 271 (B(t, 1))},
Ty = (T11,0 s Tiny ), 1 2= (T11, -+ o5 Ting )y Th = (T21, .-, T2ny),
ZO0t, 1) = X(t,7), ZO(t,7) == X(t,7)|w,==., 5 € N.
Amnasoriuno 6yayiorbes mapamerpudni roukn Y (¢, 7) 1 A(t, 7) 3a BignoBigHuMHT TOY-
KamMu ¥ i A.
Y upaui yacro oxnakoBumu jgirepamu (3ae6iabimoro gitepamu C, ¢ i d), axio ixui
BEJIMYMHU HAC HE LIKABJIATDH, 1IO3HAYATUMEMO Pi3HI CTaI.

Bynemo mpumyckaru, mo xoedimienTn aj;, a; i ap KoMmrexcHo3HauHI YHKII Ha
{0,717, AKi 33J0BONBHAIOTD TAKi yMOBH:

(1) aji, aj, ap € OOMerkeHUME I HeIepepBHUMHE 32 ¢ Ta icHye Taka crajga ¢ > 0, 1o
ans fosinbanx (t,x) € g 7y i 01 == (011,...,01n,) € R™ chpaBmxyeThes HepiBHICTH

ni
Re Z a;i(t, x)o101 = Sloi)?;
7,1=1
(ii) aji, Gj, Gy € PEIbJEPOBUMH 38 IPOCTOPOBUMH 3MIiHHUMU B TAKOMY CEHCi:
3H; >0 3y € (0,1) V{(t, 2), (t,2M)} C oy :
(15) |AZ a(t, x)| < Hilry — 21|,
3H, >0 3, € (1/3,2/3] Y{(t, z), (t, 2P} C Lo 1y, VI € [1,T] :
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(16) |AZa(t, z)| < Ha((B(h, 7)™ + |Xa(h, 7) — 22|7%),
3H; > 033 € (3/5,2/3] Y{(t,2), (t, 2®)} C Lo 1y, VR € [7,T] :
(17) |AZalt,z)| < H3((B(h, 7)™ + |X3(h, T) — 23]7),
(i)  IHs>0V{(t,2), (W), (t,2P)} C g py, YVh € [1,T] :
|AZ AL ai(t, x)| < Halze — 2 ((B(h, 7)™ + | Xs(h, 7) — 25]7°),
(18) LeNy, l<s,s€ {23},

ne a — Oyap-axuit 3 koedinieHTiB aj;, a; 1 ag. B ymosi (iii) crami 1, 72 1 v3 Taxi, gx B
ymosi (ii).

3 ymos (6), (17) upu h = 7 BuuMBaioTh 38udaiini ymosu Lesibinepa 3a 3mMiHHUMY o
i z3. Jocrarus ymosa Bukonanus (16) nopana B [2]. HaBegemo anasoriuny ymoBy Jyist
BUKOHAHHS TBepKeHHs (17), gKka JTOBOAUTHCA TaK CaMo, sK i yMOBa, OMUCaHa B jemi 1

3 [10].

Jlema 1. Hezaii a — wnenepepena i obmedscena dynxyis na g 1, axa sadosorvhse
YMOBY
I3Hs >0 3y € (9/10,1] V{(t,2), (t,2®)} € Uy 1y :

(19) |AZalt, )| < Hs((B(T,7))™ + 27 B(T, 7)) | + |23)) ey — 2|7
Todi cnpasdorcyemves nepishicms (17) 3 v3 = y/ma.

BukopucroByBarumeMo Taki OmiHO04 dyHKIII:

(20) Egj)(t,T, zj) = eXp{—C(B(t,T))1_2j|2j|2}, t>71, z; € RY, j €N,
Ec(t,’r,l',f) = Eél) (taTa Xl(t77—) - gl)E£2)(t’T, XZ(taT) - 52)E§3) (tha X3(t,7—) - 53)7
(21) t>r, {z,§} CR",

Fo(t,7,2,€) == exp{—c[(4B(t, 7)) |z1—& [*+3(B(t, 7)) ~*|22+27 B(t, 7)(d1+&1) — &+
+180(B(t, 7)) |lzs + 27 B(t, 7)(¢h + &) + (12) "' (B(t, 7))* (2} — &) — &)%)},
(22) t>r1, {z,& CR",

/ do
E(t,7,x,6) = Eu(t,7,2,&)E%t, 1), E4(t,7) := exp{dA(t,T)}, A(t,T) := T/ m,

t>7, {z,} CR", d R,

(23)  Igx.€) == (B(t,0)B(0, 7)™ / Bo(t, 0,2, ) E.(6,7, A (1, 6), £)d),

(24) I (x1;€) == (B(t,0)) ™™ /Eg)(t,e,xl —M)E:(0,7,A°"(t,0),€)d\1,

R71

I3 (1, 223 €) = (B(t,0)) ™™ —mane / EW(t,0,21 — \)x

R™1 +ng
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(25) xEP (1,0, X(t,0) — Ao)Ec(0, 7, A*" (£, 0), £)dN\ da,
ze

AO(t 1) = ZO(t,7), AN(tT) = (N, 280t 7), 280 (8, 7)),
ASQ(tJ) = (A1, Mg, Z?()S)(t,T)), AS3(t7T) =),
l€Zy, se€lZs, re{2,3}), 0<7<O<t<T, {x,2¢ CR".

IlorpibHi BracTuBOCTI X (PYHKIIIH OMUCYIOTHCSA B HACTYIHIN JieMi, siKa JIOBOIUTHCS
amasiorivso 1o jgemu 2 3 [9].

Jlema 2. Ilpasuavhi maxi meeposcenms:

(26) E.(t,7,2,8) < Fo,(t,7,2,8) < Eg,(t,7,2,§), t>7,{x EFCR", 0<e<ea <g,

EW(t,0,21 — M)ED @0, 7, 0 — &) < EV(t, 7,21 — &),
(27) O0<7<O0<t<T {z1,M1,5} CR™,
EP (1,0, X5 (t,0)—X) ED (0,7, A (0, 7)—&2) < BU) (8,0, 01— €1) B (1,7, Xa(t, 7) —&2),
(28) 0<7<O<t<T, {xs,\s,&} CR™, s €Ny,
| Xo(t,7) = & ES (8,7, Xo(t,7) — &) < C(B(t, 7)™ ES) (t, 7, Xo(t,7) — &),
(29) t>71,{xs,&} CR™, s € Ng,
| Xs(t,7) = & Be(t, 7, Xs(t,7) — &) < C(B(t, 7)™ Eeo (t, 7, Xs(t,7) — &s),
(30) t>71,{xs,& CR™, s € Ng,
(31) (B(t,f))*M/Ec(t,T,x,g)dg =C,t>T1, 2R,
o
(B(t, 7))~ / Eu(t, 7, €)déades < C(B(t,7) ™™ ED (1,21 — &),
Rn2+n3
(32) t>7, z€R", {z1,&} CR™,

(B(t,7)™M / E,(t,7,2,8)dés < C(B(t,7))"mm—m2mz B (¢ 7oz — €))%

(33) XEP@ (t, 7, Xo(t,7) — &), t > 7, x € R", {2,,6} CR™, s € Ny,

(34) (B(t, 7))~ mems / E®(t, 7, Xo(t,7) — &)dés = C, t > 7, x5 € R™, s € Na,

Rns

(35) E.(t, 7y, &) <CE(t,7,2,8),0< 7 <0 <t < T, {z,} CR,
E.(0,7,2(t,0),¢) < CE,3(0,7, X (t,0),6),

(36) 0<7<t; <O<t<T, {x,2,6} CR" | €N,

(37) Ee(0,7,X(t,0),8) < Ee(t,7,2,§), 0 <7 <0 <t,{z,{} CR",
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E.(0,7, (M, Z59(t,0), 2 (t,0)),€) < Euja(0,7, (M1, Xa(t,0), X5(t,0)), €),
(38) O<t<t; <0<t {x,2, CR", A\ e R", ] €Nj,
EC(077-7 (AlaXQ(t70)7X3(t70))7£) < E(_lg)c/4(t797x1 - Al)l?c/Q(t - T7x7§)7

(39) 0<7<t; <0<t {x,&} CR", A\ € R™,
EC(97 T, (Alv >\2a Zigl)(t?e))ag) < CEC/2(97T7 (Ah )‘QaX3(t7 9))a§)7
(40) O<r<ti <O<t,{z,2,{} CR", \j e R", j € Ny, l € Zs,

Ec(0,7, (A1, A2, X5(£,0)), &) < CE (0, 7,01 — £)EP (0,7, A2(0,7) — &) %
xBY) (£,0,21 — M)E®) (.0, Xo(t,0) — \)ES) (t,7, Xs(t.7) — &),

/4 c/2
(41) O<7<t;<O<t {z,{} CR" A\, R, jeNy,
Y2 €) < C(B(t, 7)) ™ ME, (t,7,2,6),0 <7<t <O <t<T,
(42) {x,g,z(s)} C R", {s,l,r} C Zs, npuvomy 0 € (1,t) daal =3,
I'(215€) < CLN15€) S CEq(t,m,2,6), 0< 7 < 1 <O <1,
(43) {r1,21} CR™, £ € R, 1 € Zy, {s,7} C Z3,
I3%(21, 22;€) < CI3% (1, 22; €) < CI3? (w1, w9;€) < CEey(t, 7,2, €),
(44) O0<7T<ti <0<t {xp2} CR", reNy {2, CR", s€Zs,

de C, ¢ i cy — dodammi cmani, npuwomy co < ¢, y dopmyai (35) ¥ — mouxa na eidpiswy
npamoi, wo cnosyuae mowku x i 23, s € N3, y dopmyraz (35)—(42) |z — z|"/™ <
B(t,7)/4, s € N3, i t1 maxe, wo B(t,t1) = B(t1,7).

Y nemi 3 momaemo Bractusocti PP3K Zy nis piBasiaHA (1), AKi BCTAHOBIIIOIOTHCS
noxuibHo 110 pesysbraris 3 [1, Teopema 3.1, Baacrusicrs 3.2].

Jlema 3. Hexat woedivicnmu pishanns (1), ax Pynryii 6id t 1y, 3a006046HAI0Mb YMOGU
(1), (ii), 6 axuzr x samineno na y. Todi icnye OP3K Zy, dasn aKx020 cnpasosrcyomvcs
OUIHKY

(45) |05 Zo(t, z; 7, & 9)| < C(B(t, 7)) "M M Ed(t, 7,2, ),
|AZZ@§Z0(t,3:;T,§;y)| < C’sk(B(t,T))foM’“Eg(t,T,x,{)x
(46) % ly1 — 21|, aKwo s = 1,
(Blh, 7)™ 4+ [Yy(h,7) — 2%, amuwgo s € {2,3},
G MaKoHC PLBHOCMNI
(47) 0 [ Zolt,zi s =0, 0 [ Zoft,zim gs)ds =0,k 20,
R™ R
(48) ¥ / Zo(t, x; 7,65 y)déadEs = 0, k' # 0,

Rn2+n3
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(19) o [ Zolt.imgi)dea =0, ka 20,

R"3
(50) 6’;Z0(t,l’77',§,y) = (7a§)kZO(t7x7T7§7y)7

de0<7<t<T, {z,§y} CR", 2z € R", se N3, {k,k'} CZ%, Ck, Crs — dodamni
cmani, h i vs — wucaa 3 ymos (15)—(17).

3. POPMVYJ/IFOBAHHA OCHOBHUX PE3VJIbTATIB

Pe3ynpraT mepiioro, Ipyroro Ta 3aBepIIaIbHOIO TPETHLOTO €TAMiB moOymoBH i J10-
cnimkenns ®P3K muis pisusuus (10) MicTATHCS B TAKMX TEOPEMax.

Teopema 1. Hezaii das xoefpivienmie pishanns (2) sukonyromosca ymosu (1)—(iii), 6
AKUL T 3amineno wa (x1,y'). Todi dra pienanna (2) ichye PP3K Zy i npasuavhi maxi
MEEPIHCEHHA:

(51) |05 21 (8, ;7. &5 9)| < C(B(t, )~ MM EL (L, 7,2, €),
| <

‘Azs akzl(t T, T, g y) Clxs — Zs Vs (B(t’,r))*Mkafms'ygx

(52) x(Ed(t,7,2,8) + EX(t, 7,29 ,€)), s € Ny,
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AT 05 Z0(t, 257, & y)| < C(B(t, 7)) ™M M EL (8, 7,2, €)

(53) X((B(h, 7)™ + [Ys(h,7) = 25]™), 5 € {2,3},
(54) | / OLZi(t, w7 &y )€ |[< C(B(t,m) ™M™ M B (1, 7), k # 0,
(55)

TB(t, 7)) M B (1), k£ 0,

|2 [ ot ziemm &g [< Cla. - =

‘ / 3§/Z1(t,17;7',§; (ﬁg,yg))d§2d£3 ‘§ C(B(LT))fmlmek/erzvzx

R™2 +ng

(56) xEﬁ;)(t,T,xl —&)EYt, 1), K #0,

| / O 21 (1,037, € (62, €9)) S |[< C(B(t, 7))~ mamasmalbol b

(57) XEgi)(taTﬂfl &)E! (f T, X(t,7) — &)EY(t,T), ks #0,
(58) o / Zu(tyas 7 € )déades = 0, K £ 0,
Rn2+tn3
(59) ks / Zu(t s, €y )dEs = 0, ks 0,
R™3
(60) X Zy(t, ;7,6 y) = (—0)¥ Zi(t, ;7,6 y)),

de0<7<t<T, {z,6} CR", ¢y € R™2* 3 » c R, s Nz~ e (0,v], {13,79} C
(0,1], {k,k'} CZ%, mylk1| < 1, wucaa h i vs maki, ax suwe.

Teopema 2. Hezaii das xoedivienmie pishanns (6) sukonyromovca ymosu (1)—(iii), e
AKUT T 3amineno Ha (T1,x2,ys3). Todi das pienanns (6) icnye PP3K Zo i cnpasdocy-
0MBCA OUITHKEU:

(61) 108 Zs (¢, 237, & y3)| < C(B(t, 7)) MMk E(t, 7, 2, €),
Az 0F Zs(t, 257, & ys)| < Clas — 2o (B(t, 7)) ™M~ Memmanl

(62) x(Ed(t,7,2,8) + EX(t, 7,29 ,€)), s € Ng,
|AR L Zo(t 37, & y3)| < C(B(t, 7))~ M M Bl (t, 7,2, €)%
(63) X((B(h,7))™*7 + [Ys(h, 7) — 23]),

(64) ’ /a’;zg(t,x;f,g;yg)dg < C(B(t, 7)) Mt gd(t, 1), k # 0,
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0
‘ AL /8522(t7$;7'755y3)d€ ’é Clzs — 2] x
RTL
(65) ><(B(t,7_))—1\/Ik+lk—ms'ygEvd(ﬁ,7_)7 s €Ns, k 7& 0,

| [ O mataindtads [ OB(e )M

Rn2+n3

(66) xEW(t, 7,31 — &)EYt, 1), k' #0,

‘ A / OF Zy(t, 37, € y3) d€adts ‘é Clas — 257 x

Rm2+n3
(67) X (B(t, )" Mo tmanz=mal g (¢ r gy — € Bt T), K # 0,
G MaKoHC PLBHOCMNI
(68) 81;2 / Zg(t,$;7,§; y3)d§3 = 07 k3 7& 07
R"3

(69) a];§Z2(tu T, T, 57 yd) = (_8§S)k322(t7 xT;T, ga y3)7 k3 7é 07

6 axur 0 <7 <t<T,{z,6} CR", yz3 € R™, z, € R™, s € N3, 9 € (0,71], 79 € (0, 2],
7§ € (0,1], {k,k'} C Z%, malki|+ |ko| < 1, wucaa h i vs maxi, ax suwe, Iy == miy1 npu
kl 75 0, k’ = 0, lg = Mmo7y2 Npu kl = 0, k/ 7é 0.

Teopema 3. Hezaid das xoepivienmis pienanna (10) sukonyromvea ymosu (i)—(iii).
Todi das piensanns (10) icnye PP3K Zs, das 4%020 cnpasidcylomvbes ouinKy

(70) 0k Zy(t, 7, €)| < C(B(t, 7)) MM BX(t,7,2,€),

(71) 15Z3(t, 237, €)| < C(B(t, 7))~ M 1 EL(t, 7,2, €),
de0<1T<t< T, {if,f} C Rn, k= (kl,kg,kg) S err’ m1|k1| + |k2| + |]€3| < 1.

®P3K Z;, j € Nj, Busnagarorbcs HaBegeHuMu y Berym dopmymamu (3), (7) i
(11), B axux G; — napamerpukc, a W, — Bianosinuuit 06’eMHuuil moTeHnian 3 HEBIIOMOIO
rycrunoio ;. Tomy josenennsn reopem 1-3 3BOAUTHCA /10 BUBHAMEHHS Ta JOC/II/KEHHA
BracruBocreit dbynkuiit G;, Q; i W;. Busdenna dbynknii G ta sapa K pisusauma (14)
3 j =1 Ta dynkuniit G, Gz, Q; i Wj, j € N3, npoBezieMo B HACTyTTHUX IMTyHKTaX.

Bayeasicenns 1. Ha migcrasi oninok (26) y mepisuocrax (51)—(53), (56), (57), (61)—(63),
(66), (67), a Taxox (70) i (71), aix i B (45), (46), 3amicTs ominrorouoi bymkmii EY Moxna
oparu dynxio F9.
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4. TIAPAMETPUKC G4
Baacrusocri dyukuii G onmiieMo B Takiii Jjiemi.

Jlema 4. 3a ymos aemu 3 dasa pynruii G1 cnpasdicyromuvea maki OUTHKY
(72) 05G1(t, 257, & y)| < C(B(t, 7)) MM BU(t, 7,2, €),
|AZ 08 G (t, ;7,6 1)| < Clag — 25| (B(t, 7)) ™M~ Me—manl

(73) x(Ed(t,7,2,8) + E(t,7,29,€)), s € N3,

|AZ NGy (t s, &y)| < C(B(t, 7)) MM EX(t, 7,2, €)%
(74) X ((B(h, )™ + |Yy(h,T) — 2z5]7), s € {2, 3},
(75) | / OLGH (L7, &y )dg |< C(B(L 7)) ™ B 1,7, | £ 0,

R (B(t, 7)) Metmamemel gt 1) k£ 0,

(16) [as2 [ 046 i 5/ | < o,

[ 0¥ Gt wim s € m))dtades | < CQB(E, 7y

Rn2+n3

(77) xED(t, 7,21 — &)EYt, 1), k' #0,

Az / O G (8,7, & (€2, 1s))d6ad€s | < Clug—2, PP (B(t, 7)) i~ M —mtmane
R"2+n3

(78) x(BEP (7m0 — &) + ED (4, 7,20 — &))E4t,7), k' #0,

(B(t, 7_))—m1n1—mznz—7TL‘°,(U€3|—"Y3) %

/8’“”01 t,z; 7, & (Y2, &3))dEs |<

(79) XEgé)(t,T,fﬂl §1)E(2 (t, 7, Xo(t,7) — &)E(t, 7), ks # 0,

‘Aii/a';iGl(t,wmﬁ; (yz,és))d€3‘< Clas—zs| 1% (B(t, 7))~ —manz=mallksl—ys)—ms7s o
R”3

(80) xED (t, 7,01 — &)EP (t,7, Xa(t,7) — &)EY(t,7), ks # 0,

@ MaAKOHC PIBHOCTNI

(81) OF Gyt 257, &y) = (—00)F Gu(t, o7, &), K #0,

(s2) o [ Gy isde =0 K £o

Rn2+n3

(83) 8k3/G1tch£y)d§3fO ks # 0,
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y axur 0 < T < t < T, {x,6} C R, ¢y = (y2,y3) € RT3 2. € R% s € Nj,
{k,k'} CZ7%, 42 € (0,1], s € N3, h i s — wucaa 3 ymos (15)—(17).

Hosemenns jemMu 4 MPOBOAUTHCS BiAMOBIIHOIO MOMUMIKAINEID TOBEIEHD 3 IIPAIlb
[1, 2], a mast pirHsHB, y skux BiacyTHi byHkmii o i 5 — 3 [4, 5, 8].

5 dapo K,

dnpo K; iurerpambroro piBusauug (14) 3 j = 1 susHauaeThest hopMyion0

Ki(t,z;7,&y) ( Z A Laji(t, (z1,y ))83;1J5‘x1l + B(t ZA xl,y'))aleJr
7, 1=1 Jj=1
+A§}1ao(t (x1,y ))) Gi(t,r;7,6y),0< 7 <t < T, {z,} CR", ¢ € R™1"s,

3 niei dopmymn ga k' € Z\{0} Bummsaors Taki piBHOCTI:

K (t, 7, &) ( ZAmaﬂ (€1,9))Dss, Or, +B(1) ZA (€1,)) 0, +
7, 1=1
(84) +AG ao(t, (v1,1) ) 5 Ga(t, a7, &),
AT (037,659 )= (B3 ASt an(t, (21,5)0r, D, +8() DAL a5t (21,9)0a,, +
Ji1=1 j=1
(85) +AG aolt, (21,9) ) A 0K Gi(t,aim &), s € {2,3),

Aok Kt s &y) =( Bl Z A8 Az au(t, (21,9))Dey, Dy +

7,1=1

ZA% (€1,9)) 00y, + A2 ao(t, (z1,'))—

ZA (1, (€1,9))0r, — Afz a0t (61,1)) ) 0 Galt, a7, &9/)+

ni

+ (8 (1) S AL a(ts (21,)er 0oy + BO) S A ay(t (21,40 +

7,1=1 j=1
(86) +AS ag(t, (21,9)) )

3a gonomororo inrerpysanns (86) i dpopmya (82), (83) orpumaemo wie raki piBaocTi:

Az OF Gyt ;7,6 y), s € {2,3).

Ys=2s

ni

[ a0 K&y dadea =( 50) Y Afan(t (02,))0s,, 0+

Rn2+n3 .77 =1

X
Ys=2s

ZAf a5t (01,50, + A ao(t, (21.9)) )
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% / Az OF Gyt ;7 &5y )dEadss, s € {2,3},

Rn2+n3

/ Azsaks[(l t,x; T, &y )dEs —( Z A;pl%l (x1,y ))&Cljaw”—i—

j,1=1

(1) D A a4t (1,500, + AS a0t (21,9) )| x
j=1 Ys=Zs
(s7) < [ AjekGit &y e, ks £ 0, s € (23)
RW,S

Buxopucrosyioun pisrocti (84)—(87), oninkn (72)—(74), ymosu (15)—(18), repiBrocti
(29), (30) i (32), a rakox piBHicTb (31), OTPUMY€EMO OLiHKH

(88) 08 K (t 257, & 9/)] < CB)(B(t, 7)) M~ Mv T B (1, 7,2, ),
A3 OF K (8,237,659 )| < CB(E)|ars — 2o F (Bt 7)) MMl

(89) x(Bd(t,7,2,6) + EL(t, 7,2, €)),

|A§j@§/K1(t,x;7,§;y')| < CBA)((B(h, 7)™ + |Yy(h, T) — 27 ) x

(90) x(B(t, ) M- Me=ttmn pd(t 7 2, €),
/ A;zf)‘};/Kl(t, 27, &y )déades ‘é CBRE)((B(h, 7)™ + |Ys(h,T) — 2z4]7°) %
Rnr2+n3
(91) x(B(t, 7))~ M=t B (¢ 7 gy — &) B4, 7),

'Ys)x

| [ Aot Kt gy e [ < CBO(EBB D)™ + Vel - =

(92) x(B(t, 7)) mm=mene=My=ttmin g (¢ 7 0y ) E@)(t, 7, Xa(t, 7) &) B4 (L, 7),

‘ /AZZaI;/Kl(taxsTan?Jl)df ’< CB)Y(B(h, 7)™ + |Ys(h, T) — 257 ) x

(93) x(B(t, 7)) Me B 7).
B ominkax (88)-(93) 0 < 7 <t < T, h € (0,7], {z,&§} C R", z, € R™, s € N,
y € R™*ms |/ € 71 (B ouinkax (91)—(93) k' # 0), a uncna 7Y i 7, Taki, sx Bume.

Tenep orminnmo mpupicT A;i@f[(l. JocTaTHhO PO3TJISHYTH BHUNAIOK, KO |T1 —
212 < B(t,7)/4. 3 piBnocri (84) pumimsag, 1mo

Aiﬁa’;'}'{l(t 7, &9) ( Z Al aj(t, (x1,y ))azljazﬁ

J,1=1
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ni

+ﬂ(t) Z Ailla’j (t? (xla y/))azu + A;i aO(ta (xla y/)) ) af/Gl (t7 Z3iT, §)+

Jj=1

+B(1) Y ALaji(t, (v1,y) AL Or,, 00, OF G (t, 257, €)+
7, 1=1

+6(t) Z A%G;j(t (xlv y/>)Ai11 8w1jazlz€lGl(t7 ZT, £)+
j=1

FAS a(t, (1,y') A Dy, 0F Gy (t, 257, €).

3a momomororo ymosu (15), ouinok (72), (73) ta HepiBHOCTI (29) oTprMyeMO

|AZLOF K (57, &9/)| < CB(E)(B(t, 7)) M~Me =1

(94)  x (for =21 (Bt 7)™ + |or = 21 (B(t,7) OV ) Bt 7, ,0),

ne 7Y — nopinbre wncio 3 mpomixky (0,1], a y; — umcso 3 ymosu (15). SIKimo 101aTKOBO
ckopucrarncs HepipricTio (75) 1 pirricTio (31), To OTPUMAEMO OIIHKY

a5 [0 Kittaime | < CoOB() M B )%
RTL

(95)  x (fon =2 (BEED)™ + for = 2 (Bt 7)™ 08 ), 48 € (0,1],
3 HepiBrOCTI (94) BHILTHBAIOTH OIHKH

|AZ1 ak,Kl(t7x;T7£; y/)l < Cﬁ(t)Ecd(t - T7x7€)x

xr] T

(96) » {lwl — 2 (Bt )M M tomOi-, 0 <

|$1 - Zl|ﬁy1 (B(t77—))_]w_Mk/_1a 710 =71

6. BJIACTUBOCTI ®YHKIII (); TA OB’€EMHOI'O MMOTEHIIAJY W)

Ockinbku, 3rigHo 3 pesynbratamu H. 4 i TBepmkenuam (26) gemu 2, saapo K
inrerpanbhoro piBusuns (14) 3 j = 1 3amoBosbuse ymosu 3 [1, memu 1.10, c. 44], To
dbyHKIisg ()1 BU3HAYAETHCS PAIOM

(97) Qult,z;7,&y) =Y Kij(ta;m, 6y,

j=1

B AKOMY

t
do .
Ky (s &y) = / 5 / Kot 20,39 Ky (0, X7, &9/ )dN, § > 1,
T R"

Kip:= K17 0<7T<t< T, {I,g} C Rn, y/ S R72t7s,
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JIema 5. 3a ymos (i)—(iii) dan dynruii Q1 cnpasdocyromovca oyinku

98) 1K Qi & y)] < CHE (B ) MM B 7 6),
A3 Qult, 257, €53/ < CB(Ole, — 2l (Blt, 1)~ M M~ —manl
(99) X(B(t,m,2,8) + EL(t,7, 21, €)), s € Ns,
(100)
18508 Qu(t, 717, &9/)] < OB (b, 7)(B(1, 7)™~ B(1 7 0,), s € {2,3),
0y [0 [ Qi) < COOBG )M B 7).
R’Vl

(02 | Az /Ql(tyx;f,s;y’)df | CB®) I — 21 (B(t, 7)Mo o)),
Rn

‘ 65/ / Ql(t,.’l?;7'7f; (£Q7y3))d£2d§3 ‘< Cﬁ(t)(B(t7T))_mlnl_]\/jk/-i_mz’mX

Rn2+n3

(103) ngl)(t, T —&)EYt,T), K #0,

‘ 852 / Q1(t,1‘; & (52,53))d§3 ‘< Cﬁ(t)(B(t’T))—ml(fh—’71)—m2n2—m3(|k3\—’73)—1X
R™3
(104) XEgl)(t,T,wl - gl)Eéz)(tv’n Xg(t, T) - gQ)Ed(th)7 k3 7£ Oa

de0<7<t<T,{r,} CR", 3y e R, 2, € R", s € Ng, k' := (0,ko, k3) € Z7,
7 € (0,1], {78,798} € (0,1], Hy(h,7) = (B(h, 7)™ + [Y(h,T) — 2", s € {2,3},
h e [r,T), v1, 2, 73 — wucaa 3 ymos (15)—(17).

Jlema 6 crocyerbcsi BiacTHBOCTEH 00’€MHOTO TOTeHIfany (4) 3 mepiuioro eramy mo-
oynosu ®P3K.

Jlema 6. Hexai xoepivienmu pienanmus (2) 3adososvnsaromv ymosu (i)—(iit). Todi
NPABUNLHI MAKT MEEPIHCEHHA:

1) dynwuia (4) mae nenepepeni noxiowi eueaady OXWy, de mysvmuinderc k =
(k1, ko, k3) € Z maxud, wo

R[] = [Ra| + 2([k2| + [ks]) < 2.

Hoxidni eusHnauarOMbCA HOPMYAGMU

t
df
(105) Oyt Wi(t ;7 &y) = / N / O G (t, 730, 9) Q1 (0, \; 7,69/ )dA, [ka| = 1,
T R™
k1 / i do k1 / /
axlwl(tax;’r,g;y) = 04(0) azlGl(tvmagvAay)Q1(07>\a7—7£,y)d)‘+

T R™
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+/ @ / ARGyt 20, X)) A% Q10 7,6y YA+

a()
t1 R™
t
k1 T oo de
(106)  + / (/ G t230.09/)0N ) Qu(0. X (10)i7.39') 5. Vil =

t1
’ de !’
Wi (t, a5, &y) =/w/3'§ Gr(t,z;0, X\ 9")Q1(0, M7, &y ) dA+
T Rn
: do
(107) +/@/G1(t7$;9,>\;y')af/%(@,)\;ﬂé;y')d)\, K| # 0;
t1 R™

2) cnpasdocyromovesa oyiHKEY
(108) |05 Wit @7, &y < C(B(t, 7))~ MMt Bt 7,2, €), [[k]] < 2

|AZ QW (t, 237, € )| < Clag — 25|72 (B(t, 7))~ MM tmam—man

(109) X (Ed(t, 7, x,&) + E(t, 7,29 €)), ||k]| = 2, s € N3,
|AZ 0 Wi(t, @7, &y )| < CHy(h,7)(B(t, 7))~ Mmtmimx
(110) xEd(t,T,x,€), {s,1} € {2,3},
(111) ] /8’“W1 (t,x;7,&y')dE ]< C(B(t, 7)) MetmmEd(t 1), 0 < ||k|| <2
]Rn
’ A% /5§Wl(t,x;ﬂ§;y’)d§ ‘S Ols — 27" %
(112) x(B(t, 7)) Ms—mavtmimpd s 1) 0 < ||k|| < 2, s € N3,

[ ot gy)dsadss [< OB )

Rnr2tn3
(113) xEWD(t, 7,210 — &) BN, T), ||k < 2
\ A / OSWA(t, 57,y )dEadEs ’é Clars — 2|7 (B(t, 7))~ mm = Memmarstmin
Rr2+73
(114) (B (t, 7,21 — &) + EP (87,20 — &) B4, 7), ||k|| =2, s € N3,
‘ / OFW1(t, 257, &y )ds ’é C(B(t, 7))~ mm—mana=Mitmim
R™3

(115) XEQ)(t,ma1 = ED)EQ) (1,7, Xo(t,7) — &) E(t,7), ||k < 2
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72 (B(t, T))fmlm7m2nszk7mwQ+mwl «

’ A% / MW (t, 257, &y )dEs |< Clas — 2
B

3

(116) xED(t, 7,21 — &) EP (t,7, Xo(t,7) — &) EX(t, 7), ||k|| < 2, 5 € N,

(117) KWyt z;m,6y) = (—0) Wilt,z; 7,6 9/), K #0,

YV gopmyaazr (105)—(117) 0 < 7 <t < T, {x,£} C R, oy € R™t"s . € R, s € N3,
K= (0,ka,ks) € ZY, 7] € (0,1], {13,783} C (0,1], s € {2,3}, h € [1,T], Hy(h,7) i
YUCAA Y1, V2, V3 MAKL, AK Y AeMmi D,

Hosenenust gem 5 1 6 mpoBoanThes BiamosiaHo0 Moaudikanieo noBeeHs 3 [4, 6, 9]
i[1, 2] nst BunaAKy PiBHSAHB 6€3 BHPOJIXKEHHS 1 3 BUPO/KEHHSM Ha [TOYATKOBIH Timep-
ILJIOTIUHI, BiJIITOBIIHO.

Jlema 4, a Takox Jiemu 5 i 6 Ha nigcrasi dopmyian (3) 06rpyHTOBYIOTH TBEDIZKEHHS
reopemu 1 mpo ®P3K Z; i 3aBepimyors neprimii eran #oro nodyoBu.

7. JIPYTUH 1 TPETIN ETANU NOBYA0BU ®P3K

Hocrimxenns srnacrusocteil Gyukniit G;, K;, Q; 1 W, j € {2,3}, y apyromy ta
TPETHOMY €TalaX MPOBOIUTHCS 33 METOIUKOIO, BUKOPUCTAHOWIO B mepimomy etami. 1li mo-
CJII/PKEHHSI B IPHUHIMIN IIOBTOPIOIOTH 3 IPUPOIHUME OCOOJMBOCTAMU BiAmOBiAHI m0CTI-
JIK€HHsI B miepuromy erami. KOpoTKOo 3ynmuHUMOCS Ha IUX 0COOJIUBOCTSIX.

Baacrupocri napamerpukcy Go € Takumu, K i cpopmysiboBaHi B reopemi 1 juist
Zy 3 Tielo Biaminnictio, mo v9 € (0,72] ana Zo i 49 € (0,1] ana Ga, T06TO0 Z9 Mae,
B3araJji KaykKydu, HUKYIAU MOKA3HUK T[VIAJIKOCTI 33 3MIHHOIO T, HiXK Ga. Lle 3ymoBieHo
THM, IO CaMe TaKy TIAIKICTh Mae ob’emumit morenmian Ws. IlpuamHa Mb0ro KPUETHCA
y BJIACTHBOCTSAX I'YCTHHU (Qo, sIKa, 3arajioM, HEe MAa€ IOXiAHOI 3a 3MIHHOKI Zo, & € JIMILE
HEMEepPEePBHOIO 33 Ii€0 3MiHHOIO 3a [enbaepoM 3 MOKA3HHUKOM . TOMY s ITOXiZHOL
OF2Ws, |ka| = 1 Tpeba uxopucrarn dbopmyiy

ty

do
O Ws(t, z;7,& y3) :/7/3§§G2(t71’;G,A;ys)Qz(9,/\;T,€;y3)dA+

a(f)
/ do
" / a(f)
do

T R™
/( / 85;G2(t,x;0,)\;y’)d)\2d)\3)><
t
<Ay Qa0 A 0 )k + [ S [ 9k2Gatt. 0. i)

R Rnotng
t1 R”™

X (Aﬁoggngz(@,AOQ(t,9);T,§;y3) + A% 050, X7, € ys) ) A+

02(

t
W) [ ([ ohGalt b N ) Quo. X (0.0 E50)
t1 R”
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OuinuBiy 3Bu4aiinuM crioco6oM, noaibHo 10 nonepeanboro, inrerpasu 3 (118), orpuma-
€MO OIIHKY
052 Walt, a3 7,6 ys)| < C(B(t, 7)) MU= B (¢,7,2,€),
O<7<t<T, {z,&} CR" ys € R™, |ko| = 1.
TyT BuKOpPHCTAHO Te, IO
—ma(l—92)=-14+Br-1)/2 1 3n-1>0,

60 3rinuo 3 ymosomwo (16) maemo y2 € (1/3,2/3].

Amnasyoriuna curyallis BUHWKaE Ha Tperbomy erami. Ha mbomy erami Gg, Q3 i W3

BiZ mapameTrpa y BXKe He 3a7exkKaTh. DopMynn Aj1d moXigHux 8;;; Ws, |ks| = 1 nabysarors

BUTJIALY
t1

6§;W3(t,1‘,7',€) = /

T

do
a(e)R/ak Gs(t,z;0,\)Q3(0, \; 7, €)d\+

+/sz) / ( / ks Gy (t, 230 )\)d)\zd)\d) ANy Q3 (0, AV (£, 0); 7, €)dAs +

R™1 Rn2+n3

/ a6 / / OG0, AN ) Ahor(r ) Qa(6, A% (£,0); 7, §)dA +

]R"l +n2 R™3

t
/ d0 /akng, (.20, VALY ED 050, X 7, €)dA+

]Rn

/ /a’%ag (t,z:0 )\)d)\) Qg(Q,X(t,a);T,g)(sz).

OuinroBanHs iHTeraJ'IlB i3 miei popMynmm IPUBOIATH 10 TAKOTO PE3YIBTATY:
|2 W (t, ;7,6 < C(B(t, 7)) Mo UEL (1,7, 2,€),
0<7<t<T, {z,&} CR", k3| =1,

me —ms(1l —v3) = =14 (5v3 — 3)/2 1 5y3 — 3 > 0, ockinmbkn 3a ymorow (17) Maemo, 1o
Y3 € (3/57 2/3]

3 Bracrusocteit byukmiit G; i W;, j € {2,3} BUIIHBAIOTH TBEpIKEHHS TEOPEMHE 2,
a Takoxk TBepizkeHHsa Teopemu 3 npo icuyBanua ®P3K Z := Z3 Ta iioro ouinku (70).
Oujnka (71) Bunnmsae 3 oninok (70) i roro, mo Z € po3s’s3koM piBaanus (10).

OrKe, OCHOBHUM PE3YJIHTATOM JOCIIiIZKEHHS B IIiif CTATTI € TaKa TEOPEMA.

Teopema 4. Hezail dasn xoepivienmis pisnanna (10) sukonyromvea ymosu (i)—(iii).
Todi das pienanns (10) icnye @P3K Z, 0as AKx020 cnpasoiicyomvbes OuinKy

(119) 05 Z(t,257,€)| < C(B(t, 7)) MM EL(t, 7)(t, 7,2, ),

(120) |SZ(t, z;1,8)| < C(B(t,r))fM*lEg(t,T,:c,ﬁ)
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yakur 0 <7 <t<T, {:c,f} - Rn’ k= (kl,kg,kg) € Zi, m1|k1| + ‘k2| + ‘k3| <1, Cic
— dodamni cmaani, d € R.

3aysaoicenna 2. Y Buna Ky cnabkoro Bupokenns pisusauasg (10) B oninkax (119) i (120)
moxkua Oparu 7 =01d = 0.
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FUNDAMENTAL SOLUTION OF THE CAUCHY PROBLEM FOR
ULTRAPARABOLIC KOLMOGOROV-TYPE EQUATIONS WITH
THREE GROUPS OF SPATIAL VARIABLES AND with
DEGENERATION ON THE INITIAL HYPERPLANE
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The aim of this paper is to construct the classical fundamental soluti-
on of the Cauchy problem (FSCP) for degenerate ultraparabolic equation of
Kolmogorov type with three groups of spatial variables and with degenerati-
on on the initial hyperplane. In this paper we consider equations with two
groups of degeneration. So that in this case the spatial x € R™ consist of three
groups of variables = := (z1,22,x3), x; := (zj1,...,%n;) € R, j € {1,2,3},
n1 = n2 2 n3 = 1, n = ni + n2 + n3. We shall say that ¢ and x;, are basic
variables and x2, 3 are variables of degeneration. Similarly to the case of
non-degenerate parabolic equations it is possible to obtain a complete analytic
description of the FSCP, which leads to a very precise results for solutions of the
Kolmogorov type equations with constant coefficients or coefficients depending
only on time variable. If coeflicients of a Kolmogorov type equation depend on
all variables, then it is much more complicated to study its FSCP. In additi-
onal usual difficulties of the Levi Method, new serious difficulties are caused
by degeneracy of the equations. The number of the parameters is equal to the
number of the groups of degeneration in the equation. At the next stage of
constructing FSCP we choose the above FSCP as the parametrix. The number
of stages of the constructing FSCP depend on the quantity of the groups of
spatial variables in the equation.

The analysis shows that a solution of the problem of constructing the classical
FSCP consists not only in choice of suitable conditions on the coefficients but
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also in successful choice of a parametrix for the Levi method. Our approach
is based on step-by-step use of the Levi method. On the first stage an FSCP
for the equation with coefficients depending on the basic variables and the
parameters is constructed. Such an approach is realized in this paper. Its basic
results are the following. The classical FSCP for degenerate ultraparabolic
equation of Kolmogorov type with three groups of spatial variables and with
degeneration on the initial hyperplane is constructed. Exact estimations of this
solution and its derivatives are obtained.

Key words: parabolic equations with degenerations, fundamental solution
of the Cauchy problem, degeneration on the initial hyperplane, Levi method,
ultraparabolic equations of the Kolmogorov type.
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3HaliIeH0 aCUMIITOTHYHUN POo310ia BubipKOBOI OniHku kKoedimienTa, 1o
OIINICY€ CTABJIEHHS iHBECTODPA 10 PU3UKY, MOPTGEII0 3 MAKCUMAJILHAM BiIHO-
mennagm [Tlapra 3a ymMoBu 6araTOBUMIPHOTO €JIIITHYHOTO PO3IOMIIY BEKTOPA
noxinuocreil ftoro akrusis. Ha oro miacrasi 3amrporioHoOBaHO MeTO/1 TECTYBaH-
Hsl CTATUCTUYHOI €KBiBAJIEHTHOCTI OPTdEIiB 3 MAKCUMAIHHIM BiIHONIIEHHSIM
[Tapma Ta 3 MAKCUMAIHHOIO OYIKYBAHOIO KOPUCHICTIO.

Ka104061 cao6a: OGaraTOBUMIPHUN €IITUYIHUNA PO3MOILI, aCUMITOTHYHIN
posuozis, BubipkoBa ominka, Bimnomenus lllapma, xoedimient, skuil onmcye
CTaBJIEHHST IHBECTOPA, O PU3UKY.

1. BcTtvyn

Teopist moptdesns 3acnoBana Mapkosinem [1] Bimirpae BaxkImBy poiib y (binaHcosiit
MaTeMaTuIll. 3aBasiKd CBOIM MPOCTOTI Ta PE3yJIbTAaTaM, SKi JIEFKO IHTEPIPEeTyBaTH, BO-
Ha HAJI3BUYIANHO MOMyIIpHA HA TPAKTHIN. BaxkmuBuMu B Teopil mopTdens € epeKTHuBHI
noprdeni, TobTo moprdeni AT aKUX HEMOKJINBO 30LIBIMATH OYiKyBaHY JTOXiTHICTH HE
30Li1blIyIouM pU3KK, Ta ix 06’¢qnanns — edexrusna Muoxkuua [2]. Moxuna nasecru je-
KiJIbKa MeTOMiB MoOymoBr e(PeKTUBHOI MHOXKWHY. 3ampornoHOBaHuil MapKoBimeMm meTon
MOJIATAE Y PO3B’sI3yBaHHI 33139l MaKCUMIi3aIlil OYiKyBaHOI JTOXiTHOCTI 3a 33IaHOTO PiBHS
pu3uKy. 3MIHIOIOYN PiBEHb PU3WKY Bij HAWMEHIIIOTO 10 400 OTPUMAEMO ehEKTUBHY MHO-
xkuny. Jpyruit crocib mosisirae y MakCcuMi3ariil 09iKyBaHOI KOPUCHOCTI TPH 3MiHi 3HATEHHS
koedilienTa, SKuii OlKCYE CTaBIEHHs IHBECTOPA A0 pu3uKy (Hajas, KoediuieHr pusuKy)
Big 0 m0 4+o00. Axkum 6u mMeTomom He OymyBasacs epeKTUBHA MHOKWHA, BArW Ta Xapa-
KTepucTuku e(PeKTUBHUX MOPTdETIB, 3aIeKaTh Bl mapaMeTpiB poO3MOauIy A0XiTHOCTEH
akTuBiB. OCKIIbKY HA TPAKTHII Il TApAMETPHU HEeBiIOMi, TO yCi pe3y/IbTaTh I'PYyHTYIOTHCS

2010 Mathematics Subject Classification: 91G10, 62F03, 62F12
© 3Babosoubkuit, M., 3abononskuii, T., 2019
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Ha IXHIX OIHKaX, AKi € BUIagkoBuMu BeanauHaMu. OTxke, BUIIaAKOBAMY BEIUIMHAMH € 1
Baru Ta Xxapakrepuctuku edekruBaux mnoprdenis. Crarucrudni Ta iMoBipHicHI BiacTu-
BOCTI XapaKTEPUCTHK PI3HUX TOPTdEIB JOCTiIKYIOTh y 6araThox mparsx. 3oKkpema B [3]
i [4], BigmoBinHO, 3HAINIEHO PO3MOILIN Bar Ta XapaKTEPUCTHK MOPTQEIIB 3 MAKCHMAb-
HOIO OYiKyBaHOIO KOPHUCHICTIO, TAHTE€HCIATBHOTO Ta 3 HAWMEHIIIOI0 JUCIIEPCIEI0 3a MPUITY-
LIEHHS] HOPMAJIBHOI PO3IO/LIEHOCT] JOXiIHOCTEll aKTUBIB. 3a HBOro K UPUIYIIEHHS B [5]
3HalieHo To4Hi, a B [6] 3a cirabmux npuilyienb Ha JoxiaHocTi akrusi noprdess acum-
TMTOTWYHI PO3MOILIN XapakTepucTuk moptdesnis 3 Haiimenmmm pisuem VaR ta CVaR.
Oxpemo cepen epeKTUBHUX MOPTQEIiB BapTO BiI3HAYNTH MOPTQEIHh 3 MaKCHMAJILHIM
Bigmomenusam [Mapma. Ockinbku Bignomenus [[lapma oguH 3 HANTOJOBHIMIMX MOKA3HI-
KiB edeKTUBHOCTI ympaBiiHHsa mOpTdeneM, TO Takuii mopTdeab CTAHOBATDL iHTEpPeC sK
eTasioH epeKTUBHOCTI yIpaBiinaa. BiracTuBocTi BUOIPKOBUX OIIHOK BAr IbOro mOpTde-
Jist rocaiizkeno B [3] ra [7] 1 qoBeneno, wo agis BubipkoBuX OUiHOK Bar noprdess He icHye
MaTEeMaTUYIHOTO CHOIIBAHHS Ta HEMOXKJINBO [JIsi HUX MOOY/IyBaTH HE3MIIIEHY OIHKY. 3
IITX PE3YJIbTATIB BUTIJIUBAE BiICYTHICTH MATEMATUIHOTO CIOIBAHHS 1 JIJTS OIIHOK OYiKYy-
BAHOI TOXiHOCTI Ta Aucmepcii moprdens, a ToMy HeKOPEKTHO TMOPiBHIOBATH TOPTQETi Ha
MiICTaBl MUX XapakKTepUCTUK. TakoK JOBOJI BayKKO B IbOMY BHUITAJKY IHTEPIPETyBATH
OTPUMAaHI pe3yJibTaTH.

BuaiiieHo aHagiTuaHuil BUpa3 g ob4uuciaeHHs KoedinieHTa pu3uky mnoprdess 3
MakcuMaabHUM BigHOMeHuaM [Ilapma, 70CTi KeHO aCHMTITOTHYHI BJIACTUBOCTI HOTO BU-
GipKOBOI OIIHKHK Ta, TOOYIOBAHO iHTEpBaJ M0Bipu. Ha OCHOBI mux pe3yabTaTiB 3amporo-
HOBAHO METOJ, TECTYBAHHS CTATUCTUIHOI €KBIBAJIEHTHOCTI MOPTQETIB 3 MAKCUMAIHHUM
Bigmomenusam [Mlapma Ta 3 MaKCHMAIBHOIO OYiKYBAHOI KOPHUCHICTIO.

2. OBHAYEHHHA TA ®OPMVYJIIOBAHHS PE3VYJIBTATIB

Hexait P, ninma aktuBy, X; = 100InP;/P;_; iioro moximmicrb B MOMEHT dYacy
t, Xy = (X1, X2, ..., X))’ BexTOp moximuocreit k akrusiB noprdens, M(X;) = p
i D(X;) = X. lo3nauumo w; 9acrky i-ro akTuBy B noprdeni, a BEKTOP 4YacTOK

w = (wq, wa, ..., W) Ha3BEMO BeKTOpPOM Bar 1oprdess abo upocro noprdesnem. [puy-
crumo, mo Xy ~ E(u, X/72,1), 10610 X; Mae GararopuMipHuil einTHIHUE PO3IOILT,
XapaKTEePUCTUYHA, (PYHKITiS TKOTO HALYBA€E BUTJISIIY

M(exp(ix'X;)) = exp(ip/x)(x'Dx), x €RF, D =3X/92 ~*=-2¢'(0).

OyHKIHO 1) HA3WBAIOTH XAPAKTEPUCTHIHAM TEHEPATOPOM ETIIITHIHOrO posmomairy. o
KIacy 6araTOBUMIDHHMX EIMNTHYHUX PO3IOJLIIB HAMEXKATH PO3IMOILIN, SIKi TacTO BUKO-
pUcToBYIOTH y (DiHAHCOBIH Maremaruli, 30kpema, bararosumiphui posnogiau CreoaeHra,
Jlammaca ta mopMasbuuii. Jleranbuinry indopMalliio CTOCOBHO OAaraTOBUMIDHUAX €JIiTH-
YHUX PO3HOALMB MoxkHa 3HafiTu y [§8]. drmo Xw, = w'X, moxizmicrs moprdens B
MOMEHT dYacy t, TO odikyBaHa HOXimHICTh Ry, Ta gucnepcis Vi, moprdens obumciio-
forbea 3a dopmynamun Ry = M(Xw:) = p'w 1a Vo = D(Xw:) = w'Xw. Biguo-
menns [Mlapuna SRy, noprdess 3 BaraMu W 3a BiicyTHOCTI 6€3PU3UKOBOTO PO3Milie-
HHSI KOIITIB BU3HAYAETHCS K BiTHOIMEHHS OYiKYBAHOI JOXiTHOCTI 0 AuCTepcii, To6TO
SRy = Rw/Viw = p/'w/w'Ew. Barn noprdens 3 makcnmaabuuM Bigaomennsy lap-
Ia Wgr OTPEMYIOTH 3 OnTHMIi3amiiHol 3ama4i SRy — max, 3a ymoBd, mo w'l = 1 Ta
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JIOPIiBHIOIOTH [3]

_ T

- ryT! w

ne 1 — k-uMipHHUii BEKTOp, €IeMeHTAMHU SKOIO € OAWHWIN. Byab-skwuit moprdens ede-

KTHUBHOI MHOXKWHHU MOKHA OTPHUMATH SK PO3B’A30K 3334l MAaKCHMi3arlii O4iKyBaHOI KO-
pucHocTi moprdests

(1) WSR

B
2
3a MeBHOro 3HavYeHHs Koedimienta pusuky (. Ockigbku noprdens 3 MaKCUMAJIbHIM BiJl-
vomenusaM [Mlaprna #HamexxuTh eeKTUBHIM MHOXKHKHI, TO iCHy€ Take 3HAYeHHsS KOediri-
enra pusuky [ = fBggr, 3a dkoro noprdesi 3 MakcuMmanabauM BigHomennsm [[lapma Ta
MaKCHMAJIbHOIO O9iKyBAaHOIO KOPHUCHICTIO MATEMAaTUIHO eKBiBaJsieHTHI. Po3B’s30K 3amadi
(2) nabysae Burnsany [3]

(2) Uw = Ry — =V > max, w1l=1,

11

“rmog R

(3) WEU

1., -1
eR=%X""— % Mepenuremo (1) HACTYOHUM YUHOM

>u > 11 > 11 > 11

Wsp = E + = +
S sy s vzt ovsh
1 slprs 1 -2 =1 1
(4) -1 ( - -1 N) = 1, t+ ——Rup.
Y 'u 1y 11 'y 11y
Ipupisussmm (3) i (4), orpumaemo
(5) Bsr = 1/2_1u.

Ockiyibku 3HavdeHHst Koedilienra Sgr 3a/1€KUTh BiJ HEBIJOMHMX IIapaMerpiB pPO3LOILILY
BEKTOpA JIOXITHOCTEN aKTUBIB (4 Ta 3, TO BUKOPUCTATH OTPUMAHUIN PE3yIbTAT HA TPaK-
TUIl HEMOXKJIUBO. [IjIs OIiHKW IMX MapaMeTpiB BUKOPUCTOBYEMO BHOIDKY MOMEPEIHIX

3HaYeHb BEKTOPIB JOXigHOCTEH akTHBiB X1, Xo, ..., X,. MaeMo BUOIpKOBI OIIHKHK
1 & R
P . - _ o A Y
(6) = jgl X;, XY= —] ]-E,I(XJ 0 (X —f),

napamerpis p Ta X. [ligcrasusmm ouinku (6) y (5), orpumaemMo BubGIPKOBY OIIHKY ITapa-
Merpa Bsg, AKY MO3HATIMO BSR. Bubipkosi orinku fi Ta Se BUIIQIKOBUMY BEJIUUMHAMU,
a ToMy B3R TEXK € BUMAIKOBOIO BEIHIMHOL. J1/Isl NPHilHATTS yIPAB/IiHCHKHX PillleHb He-
00XimHO JocaiauT HMOBIPHICHI BIaCTHBOCTI BS R-

Teopema 1. Hexati X1, Xo, ..., X,, He3aAeHCHI 00HAKOB0 PO3N0dineHi 6unadkosi k-
sumipri eexmopu ma Xy ~ E(p, 2/72,). Todi

\/E(BSR - BSR) i N(O7U§’R)a n — +OO,
de
(7) o2p = (A+MRp)II 1 4+20(1'S w)?,
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d S .
A ="(0)/(x'(0))? ma — nosnauae 36idicricmy 3a po3nodiaom.
-1

w1 S
o ] ) Yy 1Y )
Hy moxiauicTh i aucmepciio moprdernss 3 HaWMEHIO0 Aucepcieio abo, iHIMMY CII0Ba-
M#, MiHIMAJIbHI 3HAYEHHS O9iKyBAHOI MOXiTHOCTI Ta, pu3uKy mis mopTdesis edekTuBHOI
MHOXKHHH, s = 'Ry 1a 4epes Ranrv, Vouv, 8 ixui subipkosi oninku. 1Ii Tpu BBEIe-
Hi HapamMerpy LHOBHICTIO BusHavaiorh edpekrusny muoxuny [4]. Hexait 03 — 3-Bumipuuit
HYJIb-BEKTOD i

Zlosedenna. Tlosmaunmo Rayy = Ta Vapuy = BIIMOBITHO OYiKyBa-

Vamrv (1 4+ As) 0 0
8) Q= 0 NI 0
0 0 4s + 2)s?
Ockisnpku [9]
éGMv Ramv J
s s

Ta,
-1
Bsr =1'Y""p= Romv/Vomv,
TO 3acTOCOBYIOUU Jesbra-merosn [10, c. 211], orpumaemo

Vi(Bsr — Bsr) > N(0,g'Qg), n— +o0,

_ (_9Bsr  _9Bsr  9Bsr\/ . .
de 8 = (gral, gyo, “gett). Bpaxysaswu(8) ra pisnocri

IBsr 1 0B8sr _ Romv OBsr 0
- ’ - T 5,2 ) — Y%
ORagmv  Vemv OVamv Vémy  0Os
3 OCTAHHBOTO CITIBBITHONIEHHS OTPUMAEMO TBEPKEHHS Teopemu 1. U

BayBazKuMO, 110 aCUMITOTHYHA JWUCHepcisa oy (aus. (7)) BUIAJIKOBOI BeluvuHu

\/H(BSR — BsRr) 3a1€XKUTh BiJl HEBLIOMUX mapaMmerpis g ta X posnoziry X;. 3 Teopemu
1 ra reopemu 1.14 [11, c. 8] BuIIUBAE TBEPIZKEHHS.

Hacaigok 1. Bubipkosa oyinka &%R KOHCUCTEHMHG, TNOOMO
~2 a.s, 9
Ogr — Ogp, N — 1090,
a.s, . . .
de —= nosnawae 3014CHICMb MATiHCce HATEGHO.

Taxkoxk 3 Teopemu 1 Burumsae, mo (1 — v)-mosipuwnit inrepean mis Sgp HabyBae
BUTIATY
1 1 &SR

1. & 1
(9) 1/2 n— %21_7/2, 1/2 n+ %21_7/2

TyT 2y — -KBaHTUIb CTAHAAPTHOTO HOPMATBHOTO PO3MOILTY.
Hacaigok 2. Yci nopmgeni 3 MaKcumasbHOW0 04IKYBAHONW KOPUCHICTNW, OAA AKUL 3HG-

wennA Koediuienma pusury mnasedrcumo inmepeany (9), CMAMUCINUYHO €K6I6ANEHTIIE
nopmgenro 3 maxcumasvrum sidnouennam Illapna.
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3. BUCHOBKU

SHaliIEHO ACUMITOTHYHUN PO31O/LI BUbIPKOBOI OniHKY KOeilieHTa PU3KUKY IOPT-
dens 3 makcumasbauM BigHOmenusaM Illapma Ta moOyaoBaHO AOBipuwmii iHTEpBAJI IJist
IHOTO KOEMIIi€HTa 338 yMOBH 0AraTOBUMIPHOTO €JIIMITUYHOTO PO3IOILIY BEKTOPA TOXiTHO-
creil #ioro aktusiB. OTpuMaHUii PE3yNbTAT 3HAYHO CIPOIILYE IHTEPOPETAI0 Pe3yabTa-
TiB OTPUMAHUX JJIs XaPAKTEPUCTHUK mOpTdesisa 3 MakcuMaibauM Binnomennsam [Ilapna,
OCKIJIbKH [IA€ MOXKJIMBICTH 3aMIHHUTH HOTO HA CTATUCTHYIHO €KBiBaJeHTHHI moprdens 3
MaKCUMAJIBHOIO OYiKyBAaHOIO KOPMCHICTIO.
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TESTING OF EQUIVALENCY OF PORTFOLIOS WITH THE
MAXIMUM SHARPE RATIO AND THE MAXIMUM EXPECTED
UTILITY

Mykola ZABOLOTSKYY, Taras ZABOLOTSKYY

Ivan Franko National University of Luiv,
Universitetska Str., 1, Lviv, 79000, Ukraine
e-mail: mykola.zabolotskyy@lnu.edu.ua, zjabka@yahoo.com

In the paper statistical properties of the sample estimator of the risk aversi-
on coefficient of the portfolio with the maximum Sharpe ratio are considered.
Because the Sharpe ratio is very popular measure of portfolio management
efficiency considered portfolio is often used as a benchmark of management
efficiency. From other point of view practical usefulness of this portfolio is
questionable. This is due to the fact that mathematical expectations of the
sample estimators of its weights, expected return and variance do not exi-
st. Therefore the results obtained based on comparison of characteristics of
investor’s portfolio with the characteristics of considered portfolio are not reli-
able. To eliminate this drawback in the paper an analytic expression for the
risk aversion coefficient of the portfolio with the maximum Sharpe ratio is
presented. Asymptotic distribution of the sample estimator of the investor’s
risk aversion coefficient of the considered portfolio is found under assumpti-
ons that the vector of asset returns follows multivariate elliptical distribution.
Based on it a method for testing the statistical equivalence of portfolios with
the maximum Sharpe ratio and the maximum expected utility is presented. As
a result investor has a possibility to replace portfolio with the maximum Sharpe
ratio with a statistically equivalent portfolio with the maximum expected utili-
ty for which statistical properties of the sample estimators of weights, expected
return and variance are more attractive.

Key words: multivariate elliptical distribution, asymptotic distribution,
sample estimator, Sharpe ratio, risk aversion coefficient.
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BU3HAYEHHA PECYPCY ®IGPOBETOHHUX EJIEMEHTIB
3 KYJIbOBUMM! ITOPO2KHNUHAMMUM 3A JOBI'OTPUBAJIOI'O
PO3TATY

Opect PAVITEP

Disuro-mexanivnul memumym im. I'B. Kapnenxa HAHY,
eya. Hayxosa, 79000, 5, m. JIveis
e-mail: orest.raiter@gmail.com

Po3pobneno meronuky BusnatueHHs pecypcy GidOpoOeTOHHIX e/IeMeHTIB KOH-
CTDPYKIL# 3 KyJbOBHMU IIOPOKHUHAMH 33 IXHBOTO JOBrOTPHUBAJIOrO po3Tary. B
OCHOBY IHOI'0 TOKJIAJIEHA PO3p0o0JeHa paHille aBTOPOM PO3PaxyHKOBa MOIE/b
JJIsT BUBHAUEHHST PeCypcy OyIiBeJIbHUX eJIEMEHTIB TaKOTO THILY, e € JOKAJIbHA
noB3y4icTh Gibpoderony. Ha mimcrasi 1ip0ro, a Takox BigoMmux y JjiTeparypi
Pe3y/IbTATIB €KCIIEPUMEHTAIbHUX JOC/IIIZKEHb MOOY/IOBU IiarpaM IOB3yd9OCTi
Gi6po6eTOHIB TTPOBEIEHO PO3PAXYHOK (hiGPOGETOHHOTO €/IEMEHTa BEJIUKOTO TIe-
pepi3y 3 KyJIbOBHM IMOIIKOIKEHHSIM 33 JOBIOTPUBAJIONO BCEOITHOr0 pO3TAry.

Karowost caosa: pecypc, po3paxyHKOBa MeTOauKa, HibpobeToHHMII esleMeHT
KOHCTPYKIII i3 cepoigasbHOI0 TOPOKHUHOIO, AiarpaMa moB3ydocTi ¢ibpobe-
TOHY 3a PO3TATY.

1. BcTtyn

Excrmyararnisi BianoBigaabHuX e1eMeHTiB OyAiBeIbHUX KOHCTPYKIIi i3 ¢dhibpodero-
HiB TOTpe0y€ CTBOPEHHS HAIMHUX METO/IB OIIHKU CTAHy Ta PO3PAXYHKY IXHBOI MilHOCTI
i MOBroOBIYHOCTI [I/11 YHUKHEHHS HemepeadadeHoro pynHyBaHHs i 3amobiranas MOXKIUBOL
karacrpodu [1, 2]. Pazom 3 TuM He NPUIMHSAIOTHCH CHPOOU CTBOPUTU TEODIi 3aI0BLIIb-
HEHOro pyitnyBanns (piOpobeToHIB 3a TOBrOTPUBAIOTO CTATHIHOTO HABAHTAZKEHHS, KOJIN
MOYNHAE JIATH MEXaHi3M TMOB3YYOCTi i CHMOBLIBHEHO Oy/Ie PO3BUBATHCS TOITKOIKEHHS
GbibpobeTony, sike AOCATHE KPUTHIHOTO 3HAYEHHS i €JIEMEHT KOHCTPYKIII 3pyHHY€EThCH.
Ha nixcrasi panime po3pobiieHol aBTopoM po3paxyHKOBol Mojedi [3] copmystoBano 3a-
Jadi Mpo BU3HAYEHHS pecypcy (pibpoOETOHHUX €/TeMEHTIB KOHCTPYKIIiH BEJMKUX CideHb
3 KyJbOBUMH JedeKTaMu 33 IXHBOro po3Tary. Po3s’s30k 1€l 3amadi Takmii.

2010 Mathematics Subject Classification: 74515, 65R20, 74K10, 74R10
© Paiirep, O., 2019
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2. ®OPMYJIIOBAHHS 3AJIAYI TA METO[ ii PO3B’SI3KY

Posrnaremo ¢GibpobeToHHNE e7eMeHT KOH-
o T T T T o CTPYKIIil BEJTMKOT'O IePEPi3y 3 KOHIIEHTPATOPOM Ha-
0 0 [IPY2KEHb Y BUIJIsAJIl KYJbOBOI IOPOXKHUHU PaJiiy-
ca po 3a Jil JOBrOTPUBAJIOrO BCEOITHOTO CTATHIHO-
IO PO3TATY PiBHOMIPHO PO3MOAITEHUMY 3yCHIIIAMA
IHTEHCUBHOCTI p, NPUKJIAJICHUMH JIAJIEKO CTOCOBHO
KOHIIEHTPaTopa Haupyxkenb (puc. 1). 3anaga noss-
ra€ y Bu3Ha4deHHi dacy t = t,, KOJIu 33 HaBaHTaXKe-
HHsT p OiJisT KyJIhOBOI MOPOKHUHU YTBOPHUIOCS TMO-
9aTKOBE IMOIIKOIXKEHHS 00'€MOM ¢, AK€ B PE3Y/Ib-
TaTi MOB3YYOCTi MiAPOCTE 10 KPUTHUIHOTO PO3Mi-
Py g« i bibpoberomnunit eemMenT 3pyiHy€eTHCA. TyT
MpUiiMaEMo, 10 ¢ — 1e 00’eM MaTepiasy 01 KOH-
IMEeHTPATOPa HATNpy»KeHb 3 MiABHUINEHOI0 TPIMIHHY-
Oo J, l l l Oo BaricTio mponedopmoBanmit mim gac dpyzoi cmadii
nedopmarii posrsry [3] B pe3ysnbrari HANpYKEHHS
o > op (muB. pani). us po3s’s3ky Takoi 3a1adi
HacaMIiiepes 3podrMOo ajanTalio nodyjo0BaHol B [3]
MaTEeMATUIHOI MO, TOOTO MaTeMaTHYIHi piBHS-
HHS, FKi1 OMUCYIOTH TIeit mporec. Y bOMY BUTIQJIKY
OyIeMO BBAYKATH, IO TIOITKOIKEHHS ¢ POCTE HETTEPEPBHO BiJ[ MOYATKOBOTO PO3MIPY ¢ = qo
JIO KIHIIEBOTO ¢ = @, . lle mpumyieHHs KOpeKTHe, OCKLIHbKH PEATTbHO MOITKOIXKEHHS POC-
Te MamuMu cTpubkamu 06’emy po3mipy Ag. 3a J10cuTHh BeauKi npomikku dacy At.. Y
3B’93Ky 3 UMM Ha nijcrasi pesynbraris [3] po3s’sa30k 3a1aui 3BeieTbCd A0 TAKOIO DiB-
HSIHHSI 3 TTIOYATKOBUMH T3 KiHIEBUMHU yMOBAMU

dg oW a4
x| o + n . (Yec — ) t=o0,

t=0, q0) =qo; t="1ts, q(ts) = qx.

Tyr A — pobora 30BHIIIHIX CHT; WIEQ)(t) — yacruHa poboru HenpyKHuX gedopmariit y
30HI MOTIKOZKEHHS ¢, sIKQ BUILISIETHCS 38 TIOCTIHHOTO #1010 00’ €My i gac iHKyOaIiitHoro
mepioay miAroTOBKH CTPUOKA HOTO pocTy Ha Ag., 3aJ€KUTh TLIBKHU BiJ dacy t i reHepy-
€ThCS CAMUM TiJIOM; Yo — MUTOMA IO €JIEMEHTAPHOMY 00’€My eHepris pyiHyBaHHS MPU
pocti momkomKennasa y (ibpoberoHi; 4 — MOYATKOBA MUTOMA eHepris aedopMmyBaHHs
B IOIMKOMKEeHOMY 00’eMi (pibpobeToHy 3a HABAHTAKEHHS P, & BEIUINHA ¢y KPUTUIHOTO
006’eMy OIIKOMKEHHsT (PiOPOOETOHY BU3HAYAETHCA 3 YMOBHU JOCITHEHHS B TaKOMY 00’ eMi
HOPMAJILHOIO JIe(bOpPMaIli€lo KPUTHIHOI BeIMIHHA € fp., TOOTO

|

|

Puc. 1. Cxema HaBaHTaKeHHH TijIa 3
TOIIKOKEHHIM

(1)

(2) max(e) = € fpe.

Tyt (1) — kineruune piBusiHHs pocry 06’eMy HOLKOMKeHHs B (BiOpoOeTOHHOMY €j1eMenTi
KOHCTPYKIIiT 33 JIOBITOTPUBAJIONO CTATHIHOIO HABAHTAXKEHHSI, 8 TAKOXK MOYATKOBI Ta KiH-
[IE€BI yMOBH POCTY HOTO 00’€MY ¢ BiJl TIOYATKOBOTO o 1 10 KPUTUYHOTO (¢, 3HAUEHHS, KOJIU
eeMeHT KOHCTPYKIII 3Py HHYEThCs.
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Orox, gKI0 Oyy Th 3HANIEH] dyHKIHT WISQ), A, ycc, Vi, TO BU3HAYEHHS 3aJIMIIKOBO-
ro pecypcy t = t, GhiOpOOETOHHOTrO eIeMEeHTa KOHCTPYKIIT 33Ia€ThCs CITiBBiIHOMEHHIMU
(1), (2). Orke, 3ama4a 3Besacs J0 BU3HAYEHHS] EHEPIETHYHNX CKJIAJIOBUX TIPOIECY Je-
dbopmyBanHg i pyiinyBanas ¢hiOpoOeTOHy, 1[0 TPUBOAUTH IO BU3HAYEHHS PEOJIOTIIHHUX
Moesieit Ioro CKJaaJ0oBUX.

3. BUBHAYEHHS PECYPCY ®IBPOBETOHHOI'O EJIEMEHTA BEJIMUKOTO
ITEPEPI3Y 3 KVYJIbOBUM IIOIIKOJ2KEHHSM 3A BCEBIYHOTI'O PO3TATY

Posriaremo $ibpobeTOHHMI eIeMeHT KOH-

Gq CTPYKIII BEJMKOTO Mepepisy 3 KyJIbOBOIO MOPO-
4 KHUHOIO. BBakaerbcd, mo giamerp D Benuko-

CSfbc ro mepepizy esemMeHTa KOHCTPYKIl Oyme BTpmdi

Gb GlpnuM JiaMerpa po KyJIbOBOI IIOPOKHUHU, TOD-
C

10 D > 3dy. Y 3B’S3Ky 3 UM MEXaHiIHOI MO-
Jesnio (GibpobeTOHHOrO eJIeMEHTa BEJINKOTO Tepe-
pi3y 3 KyJIbOBOIO MTOPOKHUHOIO MOYKHA HAO/IMAKe-
HO BBaXKaTW HECKiHYEHHUU MHPOCTIp 3 aHAJIOriY-
HHUM TIOIIKO/ZKEHHAM 33 BCEOITHOrO pO3TAry PiB-
HOMIPHO PO3MOIIIEHUMH 3YCUJLISIMHU IHTEHCUBHOC-
Ti p. i po3B’s3Ky Takol 3a7ati, aHAJOTIYHO 110
pesyabraris mparni [3], 3acrocyemo cdopmynboBa-
0 > Hy BHIle po3paxyHkoBy mozenb (1), (2). Hagani

AN gfbc Sq JI7Is CIIPOITIEHHST PO3B 3Ky 3a0adi Ta JIiTKIMIol me-
MOHCTpAIii 3aCTOCYBAHHS 3AIPOIIOHOBAHOI MO
MPUWMAIOTHCS TaKi JOMYIIEHHS .

Puc. 2. Cxemaruune 300paxeHHs
imeamizoBamoi miarpamm postary maa 1. Marepiamu marpuni ta $ibp — aiHiftHO-NpyXKHi,
®ibpoberony onHopiani i izorponni. Tpinmuu B Geroni (mo-
Ha/JI MOYATKOBUX HASIBHUX MiKPOTPIIINH, IO € He-
BiZ’€MHMM KOMITOHEHTOM Marepiasy) BHHHKAIOTH
TC/IA JIOCATHEHHS HANPYXKEHHAMU BEJIUIUHU Tp.

2. Hiarpama po3rary (ibpobeToHy mpuiMaeThCsi KyCKOBO JiHiiiHOIO, 9K Ha puc. 2. TyT
Ope — 3HAYEHHS HANPYXKeHb y (HiOpoOETOHY, KOJU TMOYNHAETHCS PYHHYBAHHS MATPHII;
€y — 3HaYeHHA JedopMaliil y mmeifl MOMEHT; O fpc, €fpe — HATPYKeHHHA i Jedopmarii y
GbibpobeToni, KOau MOYMHAETHCS TedinHs (ibp Hamepemomni fioro pyiiHyBaHHS, TOOTO
MOKHA CKAa3aTH, IO UM BHYEPIYETHCSI PoOOTO3maTHICTD (ibpodberony. Ins mpocroTn
obYuCIeHD MiISHKY, KA BiAmOBigae apyriit crazil medopmyBamHHs, HAOIHKEHO 300pazka-
€MO npaAMOiHiiHuM Biapiskom (pmc. 2) Mixk TOUKAME (Tpe,ep) 1 (T foe,€fpe) 3 MOIyIEM
npyxuocti Egp [3].

3. ®ibpu (0HAKOBOrO KPYIVIOrO IIEPETUHY i OJHAKOBOI JOBXKHMHU) B PO3LJISHYTOMY eJie-
MEHTI PiBHO PO3IOIiJIEH] MO BCIX HANMPAMAX i 3a 00CATOM IPAIIOIOTh TiMTbKH HA PO3TIT.

4. Mix ¢ibpamu ta 6€TOHOM iCHY€E MOBHE 34enjieHHss, Tomy medopmaris dhibpu mopiBHIOE
nedopmariii KOMIO3UTY.
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5. BBakaerncs, 1110 HaBaHTaxkKeHHs PiOPOOETOHHOTO ejieMeHTa 3a0e31edye YMOBY €g > €
i Byue peanizyBarucs HOBHA AiarpaMa HOB3y4OocCTi 10 fioro pyiinysaunns (puc. 3). Ty no-
JaHa Jiarpama moB3ydocTi ais (idpoberony. [Top3ydicTs enemenTiB dhibpoOETOHY TTPOXO-
JIWTH TIOPI3HO, & CyMapHO IIie OLIBIN HemepeI0aayBaHO Ta CHIBHO 3AJI€KUTH Bill MOYATKO-
BOrO HABAHTAXKEHHS, 30KPEMa Bij MOIaTKOBOI Aedopmariii €g, i CKIaIHOCTI HAPYKEHO
nedbopvoBanoro crany. s mesknx Maaux 3HAYEHDb £ NOB3ydicTh (hibpobeTony moxke
HaBITH 1 HE MOYMHATHUCH, & JJIs IHIIUX MOXKE IOYATHUCH 1 3YIUHUTHUCH HE JOXOJSYU JI0
pyitayBanus [3]. Tomy iT ekciepruMeHTATHHO MOTPIOGHO BH3HAUATH JJIsT KOXKHOTO CKIIAIY
GbibpobeTony i 3a1aHOT0 HATPYZKEHOTO CTaHy. AKicHO MOBHA aiarpama moB3ydocTi ¢hibpo-
GeToHy B IeBHil Mipi Haraaye miarpamy g Oerony (auB. puc 3), 3 TPhOMA JLIAHKAMU:
HEyCTaJeHa TOB3YUiCTh £) ~ €1, YCTAJIEHA MOB3YYICTb €1 ~ Eg, JOJIOM €9 ~ £3. Haii-
GisbIie yacy 3aiiMae ycrajeHa MOB3YYiCTb, KA 3a3BUYail IOYNHAETHCHA 33 BEJIUIUHU Je-
dopwmarniii, gki BianosigaoTs apyrii cramii medpopmysanas Gidbpoderorny. Tomy dacoBum
MPOMIXKKOM 4acy t = to — t; HADJMKEHO i BU3HAYAIOTH JOBTOBIUHICTH (hiGPOOETOHHOTO
€JIEMEHTA 33 JOBrOTPUBAJIOTO CTATUIHOTO HABAHTAXKEHHS. 9K CBiIIATH PE3y/IbTATH €KC-
HepUMEeHTAIbHUX JOC/IIKEeHb aBTopa npall [2] y axicHoMy BiaHOIEHH] BiaMiHHOCT] MiK
KPUBHUMH MOB3y4O0CTi 6eTOHY Ta (hibpoOeToHy BiACYTHI, SKIO HE BPAXOBYBATH HEBEJTUKO-
IO MPUCKOPEHHS 3aracaHHs MIPOIECy MOB3ydocTi y pasi ¢pibpoberony.

TTo3astk 30BHIIIHI HABAHTAYKEHHST P TIPUKJIA-

JIEHI JIOCTATHBO JIAJIEKO BiJI KYJIbOBOI IOPOXKHU-
HU, TO 1XHsI pobOTa B Tporieci mos3ydocTi dhibpo-
Gerony Oins Hel Oy e 3MiHIOBATHCS HE3HAYMHO, TO-

Ep

& My MOKH& BBasKATH, IO
0A 0A
— =0, — = 0.
VY 3B’a3ky 3 num cuissiguomenus (1), (2) B upo-
g0 My BHITQJKY HaOyIyTh TAKOTO BULJIALY:
dq [ow? _
— = | x(vee—1)"H (3)
dt ot
t 1) b t=At.

Puc. 3. Cxemarmvna giarpama moB3y90- t=0, ¢(0) = qo; t =L, q(tx) = gu.

cri s GibpobeTony Tyr qo — Buxigawit po3Mip TOMIKOIZKEHOTO
00’eMy B pe3y/IbTaTi MOYATKOBOTO HABAHTAKEH-
Hsl 33 HALPYXKEHHS Onq(p) > Ope; ¢« — KPUTHY-
HE# PO3MIpP MOIIKOIKEHOT0 00’eMy, Kou aedop-
MAIIS €qq (P0, t+) TOCATHE KDUTHIHOTO 3HAUEHHST
€ fbe- TyT Opa — meHTpPOCHMETpHUIHA, cheprIHa
cucrema koopausnar (puc. 1). Toxi na nizcrasi

cuiBBigHOmeHb (3) /Ui BU3HAYEHHS 3aJIUIIKOBOrO pecypey t = t, HECKIHYEHHOro Tija

OTPUMAEMO TaKy (POPMYJIy:

qx P

(@) t. = [ (oo =20/1OW [ot)h-sr.dait. = ar [ (e =)/OW [t)-si.rdp.

] Pb
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2 . .
Eneprernuna ckiamosa ng ) B 3rajaniii Bumie cucremi koopauuar Opa Oyne BU3HAYA-
TUCS TaK:

(5) WS (p,t) = dn / E{00p(E)2pp(6:t) + Taa(§)ean(é 1) }dE.

7151 BUBHAMEHHSI BEIUYUUH O ), Caa, € pps Eaa, AKI BXOAATD y cOiBBiaHOmeHHS (5) pobmMO
rak. Ha nizcrasi pesynbraris npaui [4] 3Haitnemo, 1o

(6) Top(p) = (L= p3p™%),  Gaalp) =p(1+0,50507") (0> py).

Tyr mpu p > pp HANPYKEHHS Oaq(p) < Ope. 3 BPAXYBAHHSM IIBOIO DAIIyC p = pp
3HA/IEMO 3a TaKo (POPMYJIOI0:

(7) Po = %~
Vopp~t—1
Orox, TOMKOMKEHA 30Ha OyIe KiIbIeM py < p < pp, B SKOMY HAIMpyXKeHo-1edop-
MOBaHWU CTAH BIAMOBiaTHME PEOJIOTIUHIM MOmesi Ha puc. 2 Jjid 30HA 3Miau aedopmarrii
B MeXKax €p < € < € fpe-
Buxkopucrosytouu cuissiguonienns (6), (10) i pesysnbraru npaui [5], a1 BusHadeHHs
BEJINYHH € pp, Eaq Y NPYKHIl 30HI IPH p > pp OTPUMAEMO TaKi dopmynn:

epp(p) = PE 1 — = pgp~°(140,5p)],
caa(p) = PET 1 = p+pop~>(0,5+ ).

Tyt p, E —, Binnosingno, koedimient [lyaccona i moaysias FOnra Getomny.
s obmacti p < pp, 1€ bibpoberon medopMOBaHMiT 38 TPAHUIEIO CYILIHHOL TIPY K-
HOCTi 0, opmyiy (8), mms €,,(p) MOKHa BBasKaTH HAOIMKEHO IPABUIBHOI. BoxHouac

(8)

BEJIMYMHA €40 (p) B Uil 0buacri Giibiua 3a &, Ta i1 3riguo 3 puc. 2 i [5] Busznavarumemo
TaK:

(9) aal(p) = &b + Ef_bl [0aa(p) = 0v] = nE~'p(1 = pip~?),

Jle MOZyJTb TIPY2KHOCTI F fp, MOMKomKeHoi 30a1 (hibpodbeToHy HabMMAKeHO 300pasuMo ¢op-
MYJIOIO

(10) Epy = (0ppe — 0b)(Epe — )"

Y dbopmyay (9) BxomuTh HeBigoma bYHKIS PO3MOIIITY HANPYIKEHD Oqq(p) ¥ TOMIKOMIKE-
Hiit 3oHi pg < p < pp. Hua BusHavenus 1iel ynknii HeoOXigHO OyI0 6 PO3B’s3yBATH
BiINOBIIHY NPY?KHO-ILIACTHYHY 3344y, O MOXKJIABO TLIBKH 9UCI0BO. IIpoTe B HAITOMY
BUIAJKY MOTPibHA aHamiTwdHA (HOpMy/Ia, Ky BH3HATATHMEMO HAOIMKEHO Tak. Po3risd-
HEMO OKPEMO IOMIKO/PKEHY KijbleBy 00iactb py < p < pp, gKa 3riHO 31 CriBBimHOIIEH-
uavu (6), (7) HaBaHTaykeHa HANPYKEHHSMA 0,,(py) = 2p — 0p 1O KOy p = pp. SAKOu
ne Kizpne gedopmyBanocs dncro npy:kueo (minsiaka O7ep Ha puc. 2), TO 3rizHO 3 [5]
HAIPYXKEHHS 0o (p) BU3HAUAIOCH 6 TaK:

(11) Taalp) = p(1+0,5p507%)  (po < p < po)-
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IIpote mpyra minanka €, ~ € s Ha PHUC. 2 TAKOXK JiHifHA, ame 3 MEHIINM 3HAUEeHHAM MO-
Iyist npyzHOCTi Efpy, TOMY A1 HaOMUZKEHOrO BU3HAYEHHS €qq(p) CKOPHCTAEMOCH OD-
myaoio (9), e mogaMo ou6(p) dopmymown (11)

(12) caalp) e+ Ep) [p(140,505p7") —au] — nE~'p(1 = pgp~) (pp < p < proc)-

Sk BumMBae 3i cuiBBigHOmensb (9), Ha HeBeJIMKINA BiACTaHl BiJ KOHTYPY OTBOPY B ILIUTI

(2
HAIIPYKeHH: 0, OyLyTh MaJUMH, TOMY Opu Bu3HadeHHI W)™ BemuuauHaMu 0,,(&)ep,(§)
i 0,,(€)epp(€,t) Oymemo uextysaru. Ha mincrasi nporo orpumaemo

P
Wi (p,t) %47 [ £000(O0al€, 1
(13) b
YCC = O fbcE fbe,
Yt = Oaa(p)eaa(p,0).
Benuauny €4 (p, t) BU3HAUAEMO HAOIMIKEHO HA TMiCTAB €KCIEPUMEHTAIBHUX JTAHUX

[2] mst BigmoBimHOTO KAy GiGpoGETOHY TaKMM CHiBBiIHONIIEHHSM:

(14)  caalpst) = caalp) +107°Ba03 (p)t™° (B =1 (MPa)~ " (days)~"?).

[e7e%
Bapro 3ayBaxkuru, 110 3 JOIOMOIOIO 3raJaHUX eKCIEePUMEHTAIbHUX JaHuX [2] 3uaiijgeni
HaOJIMKEHO i iHI BeJIMYNHY, STKi BUKOPUCTOBYIOTH JJIs O0YUC/I€HHS ¢ = ¢, 3aJUIITKOBOTO
pecypcy IIuTH, 30KpeMa

E ~10'MPa (0 < 23,5M Pa); Ep, ~ 631M Pa (23,5 < o < 25,2M Pa),
(15) 1~ 0,2,¢ppe ~ 0,00501, £, = 0,00230, 0, = 23,5M Pa,
0 fpe = 25,2M Pa, 15,67 < p < 16,8.

Kinmesa mera 1mporo J0C/IIXKEHHS — 1€ BU3HAYEHHS ¢t = t, pecypcy po3risayTol dhibpo-
OETOHHOTO eJIEMEHTA 3 KYJIbOBOIO TTOPOKHIHOIO, IO 1 peasizyeMo 3a JOmoMOro0 (GOpMy/TH
(4), me dbyukmio ngz) o6uncoemMo Ha TifcTasi crisBigHomens (13)—(15). V dopwmyry
(4) BxomuThb HeBimoma Benuuuua At,., AKy BU3HAYAEMO TaK. BBayKa€ThCs, 110 Ha KPAIO
MTOTITKO/I?KEHOI 30HH, 10 PYyXAEThCA CTPUOKOIMOIIOHO B PE3Y/IbTATI MOB3YYIOCTi, BEITUINHA
nedbopmalii €44 (p,t) 6yze ogaakoBa HaBiTh Hicjs oxHoro crpubka. Ha nigcrasi cuissin-
nomens (12), (14), (15) i At. = ApV ! nna semukux 3Hadens At, 0 yMOBY MOXKHA

3alluCaTU TaK:
E p(1+0,5p3p7%) — 00] + 107° Bog ™ (1 + 0, 5a%p %) 084405 =
= E;, ([p(1+0,5p3(p + Ap)~*] = 0 B
+107°Bog 1+ 0,5a%(p + Ap) ™3) 084 (¢t + At,)0;
At. = ApV L,

(16)

Posp’a3yroun pisaguns (16) Bignocuo At, i HEXTYIOUN MaJIUMK BEJIMIMHAME, OTPUMAEMO
(17) At~ 0.8V o5 py (140,505, ).

Iopsiz 3 mum, y dopmyny (8) BXOAUTH HEBIIOMA BEJUYUHA Py, AKY OyIEMO BU3HA-
darn Tak. KpuTtnuna BenmwmdmHa pajiycy MOITKOIKEHOI 30HU p = P, JOCATAETHCS TOI,
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KoJIu Benum4uHa, nedopManii Ha HOBEPXHI KOJIOBOrO OTBOPY JOCATHE KPUTHYIHOIO 3HAYECH-
HA Eqa(px,tx) = €fpe. Ha mincrasi mporo i Bukopucrosyroun croissinuomenus (16), aus
BU3HAUEHHS P, OTPUMAEMO HADIMKEHY (HDOPMYIIY

5 Eye(erbe — €b) + 0p
3oy — Q[Efc(€fbc — 51,) + Jb]

(18) s 2 po

Mincrasnsioun (11), (15), (18),(19) B cnisBigHOmEeHHS (17),
OTPUMAEMO 3HAYEHHS I/Vp2 , sike BpaxoByeMo B (opmyui (8)
s Bu3HadeHHd t = t,. Pa3oMm 3 TuM TyT TakKoK HEOOXiITHO
nigcrasuru Gopmyau (18), (19). Ha mincrasi mporo dhopmy-
12:10* Jia (8) mabyzme TaKOro BULJISILY:

t. &~ 1,4281-1010. p=368(1 —0,0283p? +0,4152p)? mmis. (19)

1y, AHi

1610*

810* . c e .
Ha mizgcragi miel dopmynu Ha puc. 4 moOym0BaHA 3aTEKHICTD
108 t. ~ p moBrosiuHOCTi (hiOPOOETOHHOI MIMTH Big mapameTpa
HaBaHTaXKeHHsI p. fIK BHIHO 3 PHUCYHKAa, HEBEIUKEe 30i/Tb-
ob— — = [ITEeHHsI HABAHTAXKEHH S PI3KO 3MEHIITy€ ,D;OBF.OBi‘.{HiCTb ILJTUTH.
- . Ma Ile Tpeba BpaxoByBaTu Ipu IPOrHO3yBaHHI (HiOpoOEeTOHHIX
€JIEMEeHTIB KOHCTPYKIIiii.
Puc. 4. 3ajnexHiCTh JOBro- 4. BUCHOBKM
BiunOCTI ¢, (iOpobeToHHOrO
eJleMeHTa BiJ| lapamerpa Ha- Po3pobsena po3paxyHkoBa MOeNb [IJisi BU3HAYEHHS
BaHTAXKEHHA P JI0oBroBiuHOCTI (hiOPOOETOHHWX €JIEMEHTIB KOHCTPYKIIiH 3 Ky-

JIbOBUMUY MTOPOXKHUHAMU 33 IXHBOTO JIOBIOTPUBAJIOTO PO3TSi-

ry. B ocHOBY 115010 mOKJ1a/1€HO COPMYIBOBAHIIT paHiIIe aB-

TOPOM €HepTreTUYHUM MiIXis 1 ieanizoBana JiarpaMa po3Tsi-
ry ¢ibpoberony. 3acrocyBaHHs i€l MO/ MPOJEMOHCTPOBAHO HA 33/1a4i 3 KOHKPETHUMHU
eKCILTyaTaliiaumMu napaMmerpamu (iopoberony Ta miarpamMoro iioro mos3yd4ocri. Joseme-
HO, IO HEBEJINKE 301/IbITEHHsT HABAHTAYKEHHS PI3KO 3MEHIIIY€E JOBTOBiUHICTE (hiGpoOeToH-
HOTO €JIEMEHTA.
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DETERMINATION OF THE RESOURCE OF FIBER CONCRETE
ELEMENTS WITH BALL LONG TERM TENSION CAVES

Orest RAITER

Karpenko Physico-Mechanical Institute of NAS of Ukraine,
Naukova Str., 5, 79000, Lviv, Ukraine
e-mail: orest.raiter@gmail.com

In this paper we investigate the developed method of determining the li-
fe of fibro-concrete elements of structures with spherical cavities under their
long-term tension. This is based on the calculation model developed earlier
by the author to determine the life of building elements of this type, where
there is a local creep of fiber concrete using the previously calculated by the
author energy approach and idealized tensile diagram of fiber concrete. Based
on this, as well as the results of experimental studies of the construction of
creep diagrams of fibro-concretes known in the literature, the calculation of
a fibro-concrete element of large cross section with spherical damage during
long-term comprehensive stretching was performed. The application of this
model is demonstrated on problems with specific operational parameters of
fiber concrete and its creep diagram. It is shown that a small increase in load
dramatically reduces the durability of the fiber concrete element. The tensi-
le behavior after cracking of fiberglass in places of fiber is modeled using the
above model, which takes into account the fiberglass fracture properties, the
interaction of the fiber in the cracks of concrete and the behavior of the fiber.
The model is tested by comparing the calculated total key and local values
known in the literature of the results of experimental studies of the constructi-
on of creep diagrams of fiber concrete. A wide comparison of numerical and
experimental results revealed that the reliable and computational efficiency of
the model well captures key aspects of the reaction, such as softening of fibrous
concrete tension, tension-curvature effect and favorable effect of fibers in the
residual reaction. The results of this study reveal a favorable effect of fiber on
the behavior of long-term tensile strength, crack resistance in the area of the
ball cavity, and residual stress after cracking for the previously calculated by
the author energy approach and idealized tensile diagram of fiber concrete.

Key words: resource, computational technique, fibro-concrete structural
element with spheroidal cavity, diagram of creep of fiber-reinforced concrete
by tensile.
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HAYKOBA TA IIEJAATOI'ITYHA TBOPYICTD 3. O. MEJIbHUKA
(mo 85-piuus Bijg AHSA HAPOIXKEHHSH )

3imosiiit Ocranosny MejabHUK
(1935-1983)

Y motomy 2020 poky mMuHA€E 85 POKIB 3 JHSA HAPOJKEHHS BiIOMOTO BYEHOTO, TY-
JIOBOTO TIe/IArora i BeJMKOro opraxizaropa mayku 3inoBis OcranmoBuda MesbHUKA, AKWi
MaiiyKe TPUAIATh POKiB MPAIIOBAB HA MEXaHIKO-MareMaTudHoMy (axynbreri JIbBiBCHKO-
ro mep2kaBHOTO yHiBepcurery im. I. @panka. ¥ 1miit craTTi X04eMo 3rajaTu OCHOBHI BiXu
KUTTS T HAYKOBO-IIEJATOTIYHOl MistIbHOCTI 1mi€l xapm3maTudHol ocobucrocti, JIoanam
Ta Bunrens.

3. O. Menbuuk mapomuecs 10 mrororo 1935 poky B c. Pamenuui Moctuchkoro pa-
tiory JIbBiBCHKOI OOsacti B cim’i censH. Jlo 7-ro kiacy maBdascs B c. Pagenwdi, a y 8
— 10-ux knacax — B Mocrucekiit cepemniit mkomi. Y 1951 pomi Berynus 10 JIbBiBCHKO-
ro jepxasHoro yuisepcurere imeni IBana @panka (masi — YHiBepcurer) Ha MexaHiko-
MareMaruydnuii akynprer, skuil 3 Bia3nakoo 3akinuus y 1956 poui. Ilporo x poky 1
JIMCTOMAIA CTaB acmipaHToM Kadenpn audepeHiaJbHuX PiBHAHD. Horo HayKOBUM Ke-
piBaHEKOM OyB Bumaruuii Buenuii npod. A.-FO. B. Jlonaruucekuiil, skuii Toai 3aBiaTyBan
kadeaporo audepenianbuux piBasgab. Hapuaiouucs B acuipantypi (1956-1959), 3inosiit
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OcramoBud MOYeproBo MPAIIOBAB HA MIBCTABKY aCHCTEHTOM Kadeap BUIIOI MATEMATHUKH,
nudepeHIiaTbHuX PiBHAHD, TEOpil (PYHKIIiH, CTAPIIINM HAYKOBUM CIIBPOOITHUKOM KadeI-
PU MeXaHiKu Y HiBEpCUTETY.

3 Bepecus 1959 poky ocuoBHuM MmicteMm mpari 3. O. Megpauka Oyna xademapa au-
depeHmiaIbHUX PIBHAHB, HA AKiifl BiH MPAIiOBAB CIOYATKY ACHCTEHTOM, MOTIM — CTap-
IIUM BUKJIAJAY€M, & Mi3HINE — JOIMEHTOM, OJHOYACHO MPAIOI0YN CTAPIIAM HAYKOBUM
CIiBpODITHUKOM 3 I'OCIIIOrOBIPHOI TEMATUKHU B OOYMCIIIOBAJILHOMY IEHTPi YHiBEpcuTery.
3inosiit OcTanoBuy ynTaB HOPMATHUBHI Ta, crenianabhi Kypcu: “/IudepeHnianabHi piBHSIH-
ust”’, “PiBusgnns maremarndHoi dizuku”’, “lurerpasnbui piBagnns’, “Omnepariiine 4uciIeH-
s, “3amada Korrni mis rinepOosiivaux piBHSHB, & TAKOXK KYPC BUIIOI MATEMATUKH [IJIsT
CTyneHTiB Ppi3uaHOoro PaKyabTery.

3. O. MenbHuK akTUBHO 3aiiMaBcs HAyKOBOIO poboror. Haitnepiie iioro mikasuim
mimani 3aga4i ggs rinepOosiiyaux piBasiHb i cucrem. OaHuM i3 meprmx HOro Hayko-
BUX pPE3yJIbTATIB OyJI0 OOTPYHTYBAHHST MOXKJIMBOCTI 3aCTOCYBAHHS METOMY BiToOpaskKeHb
JUTS TOCTIIPKeHHS 3arajbHUX TinepOoivHuX PiBHAHB APYTroro nopsaaky. Bukopucrosyro-
9M METOJI, IHTerpaJIiB eHeprii, Bifl JOBIB iCHYBaHHs PO3B’sI3KiB MIIlIAHUX 3a0aT I JEAKIX
rinepboMiYHUX PiBHAHB 1 cucTeM BUIUX NOPsAaKiB. CBOI HAYKOBI pe3yabraru ITOTMOBiIAB
Ha HAYKOBHUX KOH(EPEHIidX, MICbKHX MATEMATHIHHX CEMiHApaX, HAYKOBUX CeMiHapax
Kadeapn.

Kanmunarceky aucepramiro “Mimrani 3amadi ajis neskuX rinepOOTigHUX PiBHSAHD i
cucrem” 3. O. Menbauk 3axuctus 21 xoBTHsa 1963 poky Ha cremniaji3oBaHiil BUeHii pai
VuiBepcurery. Ononenramu aucepraiii 6yau JokTop (di3.-mar. Hayk mpod. M. II. Ille-
pemerneB i kaug. diz.-mar. mHayk I. M. KoBanpumk. 3a3Hadumo, M0 TOJI €KCIIEPTU3A
Jucepraliil TpuBaJia JAy2Ke JI0BIO, TOMY JMUILIOM Kauauaara (pi3uko-MareMarudHuX HAyK
3inosiro OcranoBuuy Bumaau 29 rpyauas 1965 poky, TOOTO depe3 2 POKH MiCJIs 3aXWC-
Ty auceprarii. ¥ jgoromy 1968 p. 3. O. MenbHuk OoTpuMaB AUMIJIOM AOIEeHTA Kadeapu
JudepeHIiaTbHIX PiBHIHb.

Y ceprusg 1966 poky 3. O. MenbHuka HAIpaBuid HA Kypcu (DPAHIy3bKOI MOBH,
a y Bepecus 1967 poky Binpsmmim B pecuyOiiky ['Bimes Tepminom Ha aBa pOKU [uisd
BUKJIaAanbpKol poboru. Y I'simeiicbkomy Ilomitexmivnomy incruryTti 3ivosiit Ocramomy
quTaB (PPAHILY3bKOI0 MOBOIO JIEKITI Ta, MPOBOINB CEMiHADY 3 MaTEMATHIHOT (Pi3uKu, Teopil
rpyn Jli, Tomosoriaanx MeTOmiB y Teopil AudepeHIiajIbHUuX pPIBHSHB, IPOrPDAMYBAHHSA,
MaTeMaTHIHOrO aHaJi3y, AudepeHIiaaIbHol reoMeTpil, BapiamifHoro aucierHs Tomo. Ha
micTaBl CBOIX JekIid BuAaB miapydHuk ‘Meromu maremaruvdHol (izuku”’ obcarom 385
cropinok. BiB mHaykoBuii ceminap, OyB WJIEHOM KOMICIl 3 pO3pPOOKYM HABYAILHUX TLJIAHIB
iHCTUTYTY, KEPYBaB AUMJIOMHUME [TPOEKTAMU CTYIEHTIB, KepyBaB Kadeaporo, BUKOHYBAB
000B’s13KH JleKaHa baKyIbTeTy HayK.

3 26 Bepecusi 1969 poky 3. O. Mesnbuuk nanpasuiu 10 peciybiiku Tynic (Adpu-
ka). Cuouarky Bin npautosas B Tyunicbkomy yuiBepcureri (xkoBrenb 1969 — Bepecenb
1970), uizuime — B Tynicbkomy HaujonasbHOMY iHzkeHepHomy incruryri (Bepecenn 1970
— ceprenb 1972). ¥V Tyuicbkomy yHiBepcuTeri yuras crerjanbuuii kypc “Teopis rpym JIi
Ta 11 3acTocyBanHus 70 audepeHniaabuux piBHaAHD’, i Kypc “/ludepenmianpae ancieHHs
y BEKTOPDHUX HOPMOBaHUX Hpocropax’ (TakoK BUAAHO KypC JeKIiil i 36ipuuku 3ama4).
Bys unenom Buenoi pamu dakynbrery mayk. Y Tynicbkomy HarionaabHOMY iHKeHep-
Homy incruryTi yuras “Kypce maremaruxu” (Takox BuJAHO Kypc Jekuiil i 36ipuuk. Bys
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YJIEHOM PaJy iHCTUTYTY 3 IiJTOTOBKHU IJIAHIB 1 MpOrpaM Ta KOHTPOJIIO 33 METOIUYHOIO
poboToio.

3 11 xkomtHa 1973 poky 3ixosis OcramoBmua mpu3HAYUIN B. 0., a 3 31 cepmHs
1974 poxy — 3aBigyBadem KadeIpor ONTUMAIBHUX MPOIECiB YHiBepcuTery; 28 BepecHs
1979 poxky 3inogiit OcranoBwd craB 3aBimyBadem kKadeapu mudepeHIiaibHuX PIBHAHD
VuiBepcutery i Ha 1iit mocaai mepedbyBaB 10 OCTAHHIX JHIB KUTTH.

3inosiit OcramnoBuy yuras jekiiitni kypeu “udepennianbui piBasauus’, “PiBasaHus
MaTeMaTndHol izukn”’, “MeToam po3s’a3yBaHHa KPAHOBUX 33144 /TSI TIMEepOOTiTHIX PiB-
HaHb’, “OYHKIIIOHAJIBHI MeTOAM B Teopil omrumizaril’, “OCHOBY HAYKOBUX JOCJIiIKEHB .
KepyBaB kypcoBuMu Ta IATLIOMHUME POOOTAMU CTYAEHTIB, IPAIIOBAB HAJ MOCIIOTOBip-
Hoto Temoro “Bapiariiiai MeTomu po3paxyHKY AesIKUX BiIXUISIOUAX MATHITHUX CHCTEM .

IMopsin 3 nemarorianoo poboroio 3. O. MesnbHuK ycmiimHO 3afiMaBCs HAyKOBHUME
JOC/TIZKEHHSMA B TeOpil PiBHAHD 3 YaCTHHHUMH MOXigHHMEH. TeMaTHKy HAyKOBHX JIO-
caimxkens 3. O. MenbHuka MOYKHA BU3HAYUTH 3 Horo myOmikamniit. Ha dopmyBanms itoro
HayKOBOro cBiTorysiny 3uadxuit Brims mMann f.-FO. B. JlomatuHchkuit Ta cepeoBuime
HAYKOBIIIB, K€ 3TPYIyBaIOCh HABKOJO I[bOTO BUAATHOTO BUeHOro, B TiM uyucii O. I. Bo-
ouk, I'. C. I'ynano, I. I. Taaumok, B. I. Kocrenko, B. E. Jlaune, A. I. MapkoBcbKuii,
M. . Maprusenko, €. M. Iapaciok, B. I1. Iramnauk, M. JI. Pacynos, B. 5I. Ckopo6o-
rarbko, I. B. Ckpunnuuk, a mizuime — O. A. Jlagmxkencbka, A. 1. Mumkic, O. A. Omiftaux
Ta iH.

3. O. MenbHUK OTPUMAaB Jy>Ke BarKJ/IMBI HAyKOBI PE3y/IbTaTH, CEPEJL SKHUX:

e TI00yI0Ba TEOPIl MIMMAHUX 3344 I TiepOOiYHIX PIBHSAHB i CHCTEM 3arajibHOTO
BUIY 3 IBOMA HE3aJEeKHUMHU 3MIiHHUMU AK y BUMAJIKY TJIAJKUAX, TaK 1 HETJIaIKAX
BUXIIHUX JIAHUX;

e JIOBE/IEHHS iCHYBAHHS PO3B’g3KiB MIMIAHUX 337a4d s OAraTOBUMIPHHX Timep-
OOIIYHUX PIBHSHD y BUMAIKY AHAJITHIHUX I KyCKOBO-aHAJITHIHUX BAXITHUX Ta-
HUX;

® BCTAHOBJIEHHS YMOB PO3B’S3HOCTI MimMIaHWUX 337a9 [Jis [IBOBUMIDHUX Timep-
OOIIYHUX PIBHAHD 3 KPATHUMH XaPAKTEPUCTHKAMH.

3inogiit OcranoBuy 3amodarkyBaB Ha Kadeapi audepeHIials,HuX PiBHIHD TPU HOBI
HAYKOBI HaPAMU TeOpil PiBHAHDL 3 YJACTUHHUMU TMOXiTHUMHY, AKi aKTUBHO PO3BUBAJIUC i
PO3BUBAIOTHCs djieHn Kadeapu Ta ixHi ydi:

e Kkpaiiosi 3amaui 3 MaauM napamerpom (B. M. ITumbarn, B. M. ®@moxn, B. B. Bo-
soru, I1. TI. Babak, O. B. Tepemyk);

e 33724l B OOJACTSX 3 HEBIIOMHMHU MexkKaMu abo, iHIMUMHA CIOBaAMHU, TimepOosiaHi
zagaui Credana (T. O. Mesbuuk, B. M. Kupusuy, I'. I. Beperosa, P. B. Aunpy-
cak, H. O. Bypueiina);

e 3a/a4i 3 HEJOKANLHUMHU (HEPO3UICHUME Ta IHTErpajJibHUMU) KPAHOBUMHU yMO-
Bamu (B. M. Kupusuu, I. I. Beperosa, P. B. Aumpycax, O. 3. Ciocapuyk,
M. O. OuickeBuy, O. B. Ilemomkesuy, JI. 3apemba, T. O. epes’gaHKo).

3 16 uepsus 1974 poxky mo 21 tpasus 1980 poxky 3. O. MegpHuK OyB J€KAHOM
MexaHiko-MaTeMarudHoro dgakyabrery. Ha miit mocazi BiH, 30KpeMa, CIPUSB PO3BUTKY
HAYKOBUX HAMpPsAMIB Ha (dakyabreri. 3 #Oro iHImiaTuBu Ta M ATPUMKHI 3aCTyTHUKA JEeKAHA
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4. T. llpurynu Kpamux CTyAeHTiB crapiux KypciB dgakynbrery, cepes sikux FO. 1. To-
sosarwii, P. B. Apaan, 1. C. Kysp, I. 4. Higcrpuraga, A. C. FOpuummun, 6yi0 ckepoBano
Ha HaB4uaHHs 10 MOCKOBCHKOTO AepzKaBHOro yHiBepcuTery im. M. B. JlomonocoBa, a kpa-
IIUX BUYCKHUKIB (baKyabrery, cepe skux L. V1. T'ypan, M. M. Bapiunmii, M. M. Boxkaio,
B. M. BokaJjio, T. A. Menbuuk, 4. M. Xoasska, I'. €. 'pabuak, — B acmipanTypy 1bOro
yHiBepcuTeTy. BinbmicTs 3 Ha3BAHUX MiATOTYBAIH Ta 3aXUCTHIN auceprartii y Mockos-
cbKOMY zepzkaBHoMy yHiBepcureri im. M. B. Jlomonocosa, nmoBepuysinch Ha (akyibreT
i ycminmHo mpomOBKYIOTH HAYKOBI JIOCTIIZKEHHS 3 00paHoi crermiaabHocTi: . 1. I'ypan,
M. M. 3apiunnit, b. M. Bokaso — B TonoJorii, M. M. Boxkaso, FO. /1. TomoBatuii — B
mudepentmianbanx piBagnuax, A. M. Xoagska — B Teopii uucesn, I. C. Ky3p — y mexaniri.
Bonwu cepito3no migcunmnm HayKOBUil PiBEHb MATEMATHIHUX [TOC/II2KEHD HA HAIOMY (ha-
KysbreTi. Takoxk J171s1 3aIIPOBA/IKEHHS 1 PO3BUTKY HA MEXaHIKO-MAaTEMATUIHOMY (haKyIIb-
teri YuiBepcurery cueniasbuocti “Teopis fimosipHOCTEll Ta MaTeMaTUIHA CTATUCTUKA,
3a cnpusinasg 3. O. Menbuuka mo incruryry maremarnku AH Ykpainn Oy ckepoBami
B acmipauTypy Bumyckauku dakyabrery . . €meiiko, B. 1. Komurko, O. M. Kinamr,
b. I. Kamnan, I. B. Kupuunnaceka, M. II. Ouucsko. Boru goci akTuBHO # yCIITHO mpO-
BaIATh HAyKOBO-TIEJATOTIYHY MisIbHICTD Ha (paKyabTeTi.

3inosiit Ocranopud Ge3nocepesHbo 3aiiMaBcs LiArOTOBKOK HayKoBuX Kauapie. ITin
ioro kepipauirrBoM B. M. ITumbas y 1979 pori 3aXucTuB KaHIXIATCHKY JIUCEPTAINIO, &
B. M. Kupuawnu 3 rpyausa 1981 poky cTaBmovaB MpaIfioBaTH HAJI JIUCEPTAITIEIO.

3. O. MesbHHK aKTHBHO TPAIFOBAB HAI JTOKTOPCHKOIO ITHCEPTAIEI0 3 Teopii rimep-
Gosliunux piBHsHb (11 OCHOBHI pe3yJsibTaTH BiH OTPUMAB), rOTYBaB MOHOIpadilo CHiIbHO 3
A. 1. Muuikicom 3 Teopii rinepbosiuaux 3asa4. Ha »Kajib, Ui I1aHu HE CyAUI0Ch BTLIUTH.
2Kurra 3inosis Ocranopuda MesbHuka Tpariyno obipsajiocs Ha nodarky 1983 poky.

Hayxori mocaimxenns 3. O. Menwsuuka npomosxkuiau #ioro yuui B. M. HumbGas i
B. M. Kupunwua ta ixai yuni, a Takoxk C. II. JlaBpeniok, skuit ogonus kadenpy ande-
peHIiabHUX PIBHSHb.

BayBaxkumo, mo B cim’T 3. O. MesbHrKa, MOXKHA TaK CKa3aru, OYB KyJbT MaTeMa-
THKHU, OCKUIbKH ftoro npyxkuna — Tersina OmensiHiBHa — BUKJIaJajia MaTeMaTUdH] JU-
cuumtiau vHa daxyasreri, a gouka — Omabra (0. 3. Cimocapuyk) — 3akinumia GakyabTer,
3aXUCTUIa KAaHAWJATCHKY JMCEPTAIII0 Ta MPAIoe Ha TMocaIi JorenTa B HamonaabaOMY
yHiBepcureri “JIbBiBCbKa mosliTexHiKa’.

Konerawm, yausawm i crygearam 3inosis OcranoBuda MOMACTUAIO TPAIIOBATH 1 CILIKY-
BaTHCA 3 iHTEJIIr€HTHOIO, JEMOKPATUYIHOIO, BiIKpUTOIO, 4yiinoio Jloaunoo ta Bunrenem.
3inosiit OcramoBuu MeghHUK TOPYBaB JOPOTY M1t 6AraThoX, TOMY TXHI TepIir KPOKH Ha,
i 10po3i Oy/Iu JIETKUMU . . .
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10.

11.

12.

13.

14.

15.

16.

17.

18.

Crucok naykosux npanps Menbauka 3inosis Ocranosuya

. Menbnuk 3. O. Bmimana 3a1aua s JesKUX PIBHAHb rinepOosivHoro tuiy //

36. pobir acuipanris JIZIY. — 1960.

. Menwuuk 3. O. Omre 3ayBaykeHHsT 10 METOAY BiZOOpaykeHb IJIs TinmepOOiaHIX

piBustHb // 36. pobir acnipantis JIZTY. — 1961.

. Menpuuk 3. O. IIpo onuue MeTon po3B’sa3yBaHHs 3MirmaHol 3a7a4i i rimepbo-

siunux pisagnb // FOBlneiina nayk. cecis JIZIY: re3u mon. — JIbsis, 1961.

. Mesnbauk 3. O. 3uimana 3ajada Jijist 3araabHUX TinepboidHuX PIBHIHD TPETHOTO

i werBeproro nopsuxis na wiowwuni // JAH YPCP. — 1963. — Ne 9.

. Mesnbuuk 3. O. Bmimana 3amaua nis nesikux rinepbomiunux cucrem // JAH

YPCP. — 1964. — Ne 3.

. Mesnbnuk 3. O. IIpo oany cnemjanbuy 3mimany 3anady // JAH YPCP. — 1964. —

Ne 5.

. Mesbauk 3. O. IIpo nepioguyni po3s’s3Ku 3arajbHOro rinepbosiaHoro piBHAHHS

ZIpyroro nopsifky Ha miommHi // FOBineitna nayk. koud. JILY: re3u gomn. — JIbBis,
1964.

. Membrux 3. O. O6 oxnoit obmieit cmemannoit 3axade // JAH CCCP. — 1964. —

T. 157, Ne 5. — C. 1039-1042.

. Menbuuk 3. O. Ob6was cMmemanias 3a/1a4a, J1jisi OOLIEro JByMEPHOro ruiepooJim-

YeCKOTO ypaBHeHWsl ¢ pa3pbiBHbIME Ko duimentamn // Tlepras Pecr. wayqm.
KOH(}. MOJIOABIX MCCIIEI: Te3. JOKJI. — Kuen, 1964.

Measauk 3. O. 3mimana 3a7a4a 1 3arajbHOTO TinepOoiaHOr0 PIBHAHHS IpY-
roro nopsaaky wa mwiomuni // JTAH YPCP. — 1965. — Ne 4.

Menbauk 3. O. 3BaranbHa 3MimaHa 3agada  JJjs ONHIELT cUCTEMH IHTErpo-
nudepenniiinux pisusaub // JAH YPCP. — 1965. — Ne 6.

Menbauk 3. O., Memkuc A. JI. Cvernannas 3a7a9a JjIs IBYMEPHON TUTIepOO-
JIMYECKO CHCTEMbI [IEPBOTO MOPSAIKA ¢ pa3pbIBHBIME Ko3dduimentamn // Mar.
c6. — 1965. — T. 68, Ne 4. — C. 632-638.

Menbauk 3. O. O paspermuMocTs OOMMX CMENIAHHBIX 3389 B IPIMOM ITUTUHIPE
JIJTsl AHAJIMTUYECKUX TUIEPOOIMIeCKUX HHTErPO-1uddepeHInaibHbIX YPABHEHUH
// Jokn. AH CCCP. - 1965. — T. 163, Nt 5. — C. 1065--1068

Measauk 3. O. Obmas cMerransas 3a1a9a /11 OOIIET0 1By MEPHOTO TUIepOOI-
9eCKOro ypaBHEHHsi ¢ pa3pbiBHbIMU Kodbdunnentamu // Tp. I-it Pecn. mayqH.
koud. Momoasix uccuaen. — Kues, 1965. — C. 512-517.

Menbauk 3. O. IIpo 3mimany 3agady Jjis OJHOIO KJIACy rinepOOiYHIX CHCTEM
B upsimomy tuuingpi // dpyra Peci. koud. monogux maremarukis: res3u jom. —
Kwuis, 1965.

Memnpauk 3. O. O6 omHOM CcIocobe peleHnsi CMEITaHHON 331a49u I THIepOO-
JIMYECKOTO ypaBHEHUs € pa3pbiBHbIMU Kodbdunumenravu // Tuddepeni. ypas-
venus. — 1966. — Ne 4. — C. 560-570.

Menbuuk 3. O. Obuiue cMelnanHbie 3318491 i OOIIUX MHIIEPOOJIMIEeCKUX CUCTEM
Ha rutockoctn // duddepentr. ypapuenns. — 1966. — Ne 7. — C. 958-966.
Meawsauk 3. O. O6 omroM uHTErpo-auddepeHInaIbHOM YPABHEHUN B COCTABHOM
obnacru // Cub. mar. )xypH. — 1966. — T. 7, Ne 3. — C. 577-590.
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19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Menbauk 3. O. IIpo 3mimany 3agady [y OJHOTO KJIACY rinepOOTidHIX CHCTeM
B upsamomy tuiinapi // Hpani IT pecu. koud. mosonux Mmaremarukis YKpainu. —
Kwnis: Hayk. nymka, 1966.

Meapauk 3. O. O MHOTOMEPHBIX THIEPOOJNIECKUX YPABHEHUSIX JIIOOOTO MOPSIIKA
¢ paspeiBHbIME KO3 duimentamu // Joka. AH CCCP. — 1966. — T. 167, \e 5. —
C. 974--977.

Melnik Z. Méthodes Mathématiques de la Physique (¢bp.). — Conacry, 1968. (Po-
tonpuHT I'BiHeiichkoro [omiTexmiunoro incruryry, Komakpi, 1968).

Melnik Z. Calcul Différentiel dans les espaces vectoriels (dbp.). — Tunis, 1968
(Poronpunt Tynicekoro Yuisepcurery, Tynic, 1970).

Melnik Z. Calcul Différentiel Problémes et exercies (¢bp.). — Tunis, 1970 (Poro-
upunt Tynicbkoro YuiBepcurery, Tynic, 1970).

Melnik Z. Cours de Mathématiques de CPyA, t 1 (bp.). — Tunis, 1972 (Poro-
mpunT Tynicbkoro Hamionanbuoro Ixkenepuoro Iucruryry, Tywnic, 1972).
Melnik Z. Cours de Mathématiques de CPyA, t 2 (bp.). — Tunis, 1972 (Poro-
npunT Tynicbkoro Hanjonanbuoro Ixkenepuoro Iucruryry, Tywnic, 1972).
Melnik Z. de Mathématiques de C'P> A, Problémes et exercices (dbp.). — Tunis,
1972 (Poroupunr Tynicbkoro Hanjonasmbnoro Ixenepnoro Iucruryry, Tysic,
1972).

Measuauk 3. O. O6 oxHOM MeTOe perenusi OOPATHON 3a4a9Yd TEOPUHU JIOTapH-
¢dbmmaeckoro morenrmana (coast.) // 3s. AH CCCP. Cep. ®usuxa 3emian. —
1972. — Ne 11.

Menbauk 3. O. O6 runepboInIecKuX ypaBHEHUSAX € KPATHBIME XapaKTEPUCTHU-
kamu // Juddepeny. ypasuenus. — 1974. — T. 10, Ne 8. — C. 1530-1532.
Menbauk 3. O. [IpuMep HEKIACCUYECKONW TPAHUYIHON 33044 JJIs YPABHEHUS KO-
seGaHust cTpyHbI // YKp. Mar. kypH. — 1980. — T. 32, Ne 5. — C. 671-673.
Menbauk 3. O. OgHa Hek/Iaccu4ecKas FpaHndHas 3a/1a49a, 1Jisi TUIepOOInIecKoi
CHCTEMbI IIEPBOIO IIOPsJIKA C JBYyMs He3aBucuMbiMu nepemendbiMu // Hdudde-
pent. ypasuenusi. — 1981. — T. 17, Ne 6. — C. 1096-1104.

Meawsauk 3. O. I'pannvnas 3ama4va 0€3 HAYAIBHBIX YCIOBHUI IJTsT TUTIEPOOTHIEC-
KOIi cucTeMbl BTOpOro mopsinika // I'panndnsle 3amaun MareM. Gusnkn: ¢6. Hayd.
p. — Kues: Haykosa nymka, 1981. — C. 81-82.

Kupunua B. M., Menpauk 3. O. 3amada 6e3 Ha9a IbHBIX yCJIOBHIA JJisi OOIIEro
JIByMEPHOI'O I'u1IepOOJIMYeCcKOro ypaBHeHus ¢ pa3pbiBHbiMu KoM duimentamu //
Tperuit Pecrn. cumnos. o gudpepenIr. 1 MHTerp. ypasH.: Te3. JOKI., 1-3 uions
1982 1., Onecca, 1982. — C. 110-111.

Kupunua B. M., Mensauk 3. O. Bagaua 6e3 HaUaIbHBIX YCJIOBUIA /1JIs1 1By MEPHO-
ro runepboJIMuecKoro ypaBHeH s [IPOU3BOJILHOIO HOPsiiKa // Ycrexu Mar. HayK. —
1982. — T. 37, N\e 3. — C. 112.

Mesbauk 3. O. 3aja4ya ¢ MHTErPAJIBHBIMYA OIPAHUYEHUSIME JIJIsl TUIIEPOOTIeC-
KOT'O ypaBHEHUst BTOPOro nopsiaka // B kH. "O6mmas Teopusi TpaHUYIHBIX 331249
c6. nay4. p. — Kuen: Haykosa nymka, 1983. — C. 281-282.

Kupunua B. M., Mensuuk 3. O. 3aga4un 6e3 HAYATBHBIX YCIOBUN C HHTErPab-
HBIMHU OFDAHUYEHUSIMU JIJIsl TUHIEPOOTUIECKUX YPABHEHUH W CHCTEM Ha HPSMOi

// Ykp. mar. xxypu. — 1983. — T. 35, Ne 6. — C. 722-727.
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Huceprauii 3 Teopil rinepdosiiununx piBHSIHB i cuCTeM, BUKOHAHI HA

10.

11.

kadeapi audepenniajibHUX PiBHIHD

. Humban B. M. Jleaxi xpatiosi 3adawi daa dudepenuianvHux piehans 2inepboriv-

H020 Muny 3 masum napamempom, Mincok, 1979 p. (mayx. kep. 3. O. MenbHuk);

. Kupuiina B. M. Heaokanrvni 3adawi muny Zapby dasn 2inepbosivHuL pienans i

cucmem 3 060ma HezanesrcHumu 3minnumu, Joneupk, 1984 p. (nayk. kepiBHUKU
Menbuuk 3. O., Mumkic A. JI.; ononertu m.¢.-M.H., mpod. Haxymes A. M.,
K.b.-M.1., cr..cr. Hrammnk B. 11.);

3adani 3 6INBHUMU MEHCAMU 0N 2INEPOONTYHUT CUCTEM KBAZIAIHITUHUL DI6HAHD
3 WACTMUHHUMY NOTIOHUMU nepwozo nopsdky, Kuis, 2010 p. (Hayk. KOHCYJIb-
taut Mumkic A. I.; ononentu ja.¢.-m.H., wi.-kop. HAH Ykpainu, npod. IIra-
mmmmk B. ., 1.d.-v.1., mpod. Bazamiit B. B., 1.db.-M.n., mpod. Bparyes 0. C.);

. ©aion B. M. Jleaxi epanuuni 3a0a4i 0As% CuH2ysapHo 30YpeHux 2inepbosivHux

cucmem, Jlonenpk, 1987 p. (nayk. kep. [lumbGasu B. M.; ononentu i.¢.-m.H., npod.
BacinbeBa A. B., k.d.-m.1H., cr.a.ci. Kosomiens B. T);

. Bosomun B. B. Zleaxi 3adawi das curzysapro 30ypenus 2inepbosivHuL cucmem,

JIbgiB, 1996 p. (nayx. kep. Humbasu B. M.; ononenru 4.¢d.-m.4H., upod. Xoma I I1.,
K.d.-M.H., nom. Bomba A. 1.);

. Kuvites 1. d. HeaokanvHi 3a0avi 0as 2inepbosivHuL CUCmem neputozo nopaoky,

JIbBiB, 1992 p. (Hayk. kep. Jlaspeniok C. IL.; ononenrtu i.¢d.-M.H., npod. Poman-
ko B. K., n.d.-m.1., npod. Xoma I II.);

Henoxaavni xpatiosi 3adavwi 0as 2inepbosivHuL cucmem pi6HAHL 13 CUH2YAAD-
nocmamu, Kuis, 2012 p. (Hayk. koucynbTanT 4ji.-kop. Han Ykpainu, 1.¢b.-M.H.,
npod. Mramuux B. I.; ononentu x.¢.-m.u. Kupumma B. M., 1.d.-M.H., mp.H.cI.
Tkauenko B. L., n.d.-m.1., npod. @inimonos A. M.);

. Babak II. II. 3adaui dasn pisnoxomnonenmuuxr cucmem dugdysii ma nobydosa

ACUMNIMOMUKY 3G MAAUM napamempom, JIbsis, 1998 p. (mayk. kep. Ilum-
6an B. M.; omonenTtu 1.¢d.-m.H., npod. Xoma I'. II.; k.d.-M.H., cr.H.ci. Kosomi-
eup B. I);

Beperosa I. 1. Badaui 3 nesidomumu 2panuyamu 0As 2inepobosivHUT Pi6HAHD Ma
cucmem 3 060MaG HE3ANEHCHUMY 3minHumU, JIbBiB, 1998 p. (Hayk. kep. K.d.-
M.H., gor. Kupuauna B. M.; omorentn mn.¢.-m.u., mpod. Xoma I I1., k.d.-M.H.,
mou,. Inbkis B. C.);

. Augpycak P. B. 3adaua Cmegana 0rs 00HOBUMIPHUL 2inepbosivHuL cucmem,

JIbBiB, 2006 p. (Hayk. kep. K.¢.-m.H., non. Kupuina B. M.; ononenru a.¢d.-M.H.,
upod. @inimonos A. M., k.d.-m.u., cr.H.cu. Kmirs 1. 9.);

. IIpoxopenko M. B. 3adaui 3 imnyavcror dicto 6 Hedikco8aHi MOMEHMU “aCY

0ada cucmem 36UNATHUL OUPEPENUIANDHUL PIBHAND MA PIGHAHD 3 YACTNUHHUMU
nozidnumu, JIbeis, 2010 p. (Hayk. kep. k..-m.H., mon. Kupuauya B. M.; ononentu
a.d.-m.H., npod. €eryxos B. M., k.d.-m.H., nou. Tomgosaruit FO. [1.);

Bypgeitna H. O. 3adaui 3 pyromumu mescamu s 2inepbosivHus cucmem Kea-
BiATHITUHUT Piensans, JIbsis, 2011 p. (nayk. kep. u.d.-m.u., gou. Kupuiua B. M.;
omonenTu J.¢b.-M.H., ipod. puryaa M. M., k.d.-m.u., gom. Bypsauenko K. O.);
ITemromkesna O. B. 3adavi daa eupodocenur 2inepbosivHuT cucmem pieHAHD
nepwozo nopadky 3 deoma rezanencrumu 3minnumu, JIbsis, 2013 p. (Hayx. kep.
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12.

13.

14.

15.

16.

17.

a.¢.-m.H., npod. Kupuaua B. M.; ononentn a.¢d.-m.H., mpod. Kopons I. 1., k.d.-
M.H., gou. Hurpebuu 3. M.);

Tepemyxk (@umion) O. B. Miwani 3adaui 044 cunzysspro 36ypenux 2inepbosivnus
cucmem piehans nepwoezo nopadsy, JIbsis, 2016 p. (mayk. kep. m.¢d.-M.H., npod.
Kupunwa B. M.; omorentu n.¢d.-m.u., npod. Limepkis B. C.; a.db.-m.1., c.u.ci. Ca-
moiinenko 0. L);

@ipman T. 1. Badawi das 3aiuennus 2inepbosiuHUT CucCMeM PIBHAHD NEPULO20
nopadky, JIseis, 2017 p. (Hayk. Kep. mA.¢d.-M.H., mpod. Kupnana B. M.; ononentn
a.d.-m.n., mpod. Biryn d. 1., x.d.-m.u., c.i.cn. Cumoriox M. M.);

Heper’sinko T. O. 3adaui onmumasrvrozo Kepysanus 2inepbosivHUMU CUCTEMA-
mu, JIbBiB, 2017 p. (mayk. kep. a.d.-m.u., upod. Kupunua B. M.; ononenru
n.db.-m.u., mpod. Kanycran O. B., k.¢d.-m.1., gou. Meauncokuii 1. I1.);
Oumnickepua M. O. Cmitixicmsd po3e’sas3kie MiuaHUT 3aday 0AA 2iNepOONIvHUT Pi6-
HAHG i cucmem, JIbBiB, 1998 p. (Hayk. kep. a.¢.-m.u., npod. Jlaspeniok C. IT.;
ononenTu J.¢.-M.H., npod. Komurko B. L., k.d.-m.1., mou. Knesuyk 1. 1.);
Bapemba JI. B. 3adavi das 2inepbosivnux cucmem pieHAHD NEPULO20 NOPAOKY,
Kpaxkis, 2000 p. (nayx. kep. a.d.-m.H., upod. Jlaspentok C. IL.);

Tysine H. 1. 3adaui das 2inepbosivHuT cucmem nepuiozo nopadky ma Yabmpa-
napaborivHuLT cucmem y neobmescenusr obaacmaz, JIbsis, 2005 p. (Hayk. kep.
a.d.-m.u., npod. Jlaspentok C. IT.).

Muxona Boxano, Boaodumup Kupuauy, Temana Meavrux,
Hpocaas Ipumyaa, Oavea Carocapuyk
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CBITJII IIAM’SITI IPO®ECOPA M. I. IBAHUYOBA

(1943-2019)

Bocemoro gumag 2019 poky Ha 76 poIli JKUTTS MIMIOB Y BiYHICTH BiMOMU YKpaiHCh-
KUl MaTeMaTwuK, mpodecop, HJOKTOp (i3MKO-MATEeMATHIHUX HAYK, 3aCAyKeHuH mpode-
cop JIbBiBCHKOTO HaIiOHAJIBHOTO yHiBepcuTeTy imMeHi IBana ®panka — Mukosa Isanosua
Isanuos.

M. 1. IsanuoB Hapomuscs 5 rpymasa 1943 poxky B M. IpmaBa 3akaprarchbKoi 06J1acTi.
Woro 6arbko — IBan MuxaitioBud — KepyBaB 00JIACHOIO a/IBOKATCHKOIO KOJIEri€io MicTa
MyxkaueBo, matu — Mapis ['eopriiBHa — mpaiioBaga BYUTETBKOIO MOJOIIIUX KJIACIB Y
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mikosti. Mukosia IBanoBud — jpyra gurtusa B cim’i. Kpim Hporo, B 6aTbKiB OyJ10 1ie Tpoi
CHHIB.

Y 1950 poni M. I. IramvoB BeTynuB 10 cepenuboi mkoan Nel micta MykadeBo, siky
gakimuuB B 1960 pori i3 3070T0I0 Mega/Ltio. B mromy k pori Mukona IBanoBud BCTymuB
1o JIbBiBChKOrO Jep:kaBHOrO yHiepcurery imeni Isana ®panka (ganai — Ymuisepcurer)
HA MexXaHiKo-MareMaTudHuii dpaxynprer. 3a BiAMiHHI yCIiXy y HABYAHHI BiH OTPUMYBAB
[iIBUINEHY CTUNEH/IiI0. BpaB akTuBHY y4acTh y rPOMaJICbKOMY KUATTI hakyabrery — OyB
CTapOCTOIO I'PYIIH, YIEHOM KOMITETY KOMCOMOJIY YHIBEPCUTETY, YJIEHOM YHIBEPCUTETCHKOL
6ackerboIbHOT KOMaHau. ¥ rpyaui 1965 poky Mwukomna IBanoBuY 3 qumaoMoM 3 Big3Ha-
KOIO 3aKiHYUB YHiBepcUTeT 3a cremiagizarieio “/Indepennianbai piBHIHHS, 30KpeMa, 3
OIIHKOIO “BiAMIHHO” CKJIaB AEPKABHUN iCIUT 3 AHIVIIHCHKOI MOBH, 3aXUCTUB JUIIIOMHY
pobory Ha Temy “IcHyBaHHS MEepioAUIHUX PO3B’sI3KiB JEAKHX PIBHAHD 3 YACTHHHUMH I10-
Xigaumu rimepbosmigaoro Tuiy”’. Toro Kk poky BiH 3apaxOBaHHUil J0 3a09UHOI aCIipAHTYPH
Ha kadenpi nudepenniaabHuX PiBHIHL Y HIBEPCUTETY.

3 Tpasus 1966 poky M. 1. IBanuoBa npu3HAUMIN HA TOCALY IHXKEHEPA BIIIIIy TpU-
kaaaaol Kibepretnku JIbBiBCbKOrO Bimmimy Incruryry ekomomikm AH YPCP. B xinmi
1966 poky mpusBanu mo apwii. Ilicas apwmil moBepHyBCst HA TTOTEpesHE Miciie POOOTH HA
mocaJty crapiioro imxesepa. 3 6epesns 1967 poky Mukosia IBaHoBHY craB acripasTom
OYHOI aCHIPAHTYPU MEXaHIKO-MareMarudHoro (paxyJsbrery ¥ HiBepCUTeTy 3a CIeriajib-
micrio “Maremarnanmii anamnis”. Horo maykosum kepisamkom 0ys mom. B. I. Kocremnxo.
Y 1970 pori M. 1. IBan4u0B 3aXUCTUB KaHAUAATCHKY aucepTarifo “/{ocimKeHHs AeaKuX
KpaftoBUX 33434 /I eMINTHIHNX PiBHAHL Y HEOOMEKEHUX 00J1acTaX .

3 1969 poky Mukona IBanoBuu mparoBas zHa Kadeapi audepeHIiaTbHuX PiBHAHD
YuiBepcurery acucreHToM, a 3 1972 poKy — A0LEeHTOM.

Y 1973 pori M. 1. IsanuoB 3akinune Kypcu ¢paniry3pkoi mou y KuiBcbkomy mep-
xkaBaoMy yHuiBepcuTeTi iMm. T. I'. IlleBuenka i y 1973-1976 pokax mparioBaB B IucTuTyTi
MaremMaruku yHisepcurery M. Koncranrinu (AJkup) Ha mocajii MeTp-aCUCTeHTa, 10 Bij-
MOBIIATIO TIOCA/II CTAPIIOro BUKIaAada y Hapdaabaux 3akiagax CPCP. Yuras kypc “/Iu-
depenriaabae 9ucieHHd i audepenniaabHi piBHAHHS , OpaB aKTUBHY y4acTb y pobOTi
HAyKOBOIrO ceMinapy “3acrocyBaHHst TONOJOrT B Teopil PIBHSAHD 3 YACTUHHUMU IIOX1/THU-
Mn” JemapTaMeHTy BUINOI MATEMATHKN yHiBepcuTeTy M. KomcTaHTiHu.

[Ticsist moBepuenus Mukosa IBanoBwd mpaitioBas Ha Kadeapi audepeniiaabHuX piB-
HaHb YHiBepcuTery — 3 1977 poky Ha mocazi gomenta, a 3 1999 poky — mpodecopa Ta
zaBigyBada Kadeapu. Y 1998 pori 3axucTuB JHOKTOPCHKY mucepraiiiio “ObepHeni 3ama-
9i g MHITHEX 1apaboidHuX PiBHAHB APyroro mopsanky”’. Bueme 3Bamms mpodecopa
orpumas y 2002 pori, a B 2010 pori mpucyauIn modecHe 3Banus “3aciyxkeHuit mpodecop
JIbBiBCHKOTO HaIlOHAJIBHOTO yHiBepcuTery iMmeni IBana ®Ppanka’.

3a nepiof BUKIaJaHHS HAa MexaHiKO-mMaremaTudHoMmy dakysbreTi JIbBiBChKOrO Ha-
mioHaabHOrO yHiBepcuTery imeni Ipana ®panka. M. I. IBanuoB 9mTaB HOPMATHBHI Ta
cuemjanpui Kypeu 3 audepenmianbaux piBHAHDb 1 piBHsHb MareMarudnoi ¢isuxu. Horo
JIEKLIT BUPIZHAJIMCH YITKICTIO, JIOPIYHOIO IOCJIIOBHICTIO, BMIHHAM JOHECTH 0 CJLyXada
TOJIOBHI /1€l Ta MPWHIINTINA HABYAJIBHUX IUCITUTLIIH.

M. I. Isar4oB OyB rOJIOBOIO CIEIia/Ii30BaHOI BYEHOI pajy 3 3aXUCTY HOKTOPCHKUX
JUCcepTaIiii y piHOMY YHIBEpCHTETi, YJIE€HOM CIEIiaTi30BaHOI BUEHOI PaJd 3 3aXUCTY
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KaHIUJATCHKUX AUCepTaliiil B yHiBepcureTi M. UepHiBIl, OpaB yaacTb y pobOTi it 090/T0-
BaB OPIrKOMITEeTH Mi?KHAPOIHUX HayKOBuUX KoH(pepenriit. Barato pokis Mukosa Isanosu4
TPUCBATUB HAyKoBOMY KypHauy “Bicuuk JIbBiBchKoro ymiBepcurery. Cepist MexaHiko-
MaTeMaTuyHa”, BiIMOBIIAILHAM CEKPETapeM SKOTO BiH OyB.

M. 1. IBaHYOB aKTWUBHO CITIBMPAITIOBAB HE TLTHKW 3 MPOBIIHUMY BUYCHUMHU Y KPaiHH,
a i migTpuMyBaB TicHI HAYKOBI KOHTaKTH 3 BueHHMHU A3zepOaiimxkany, BenukoOpuramnii,
Ecronii, Itanii Ta im.

IIpodecop Isanaos M.I. — aBrop 6mm3pko 140 npamp, cepen skux oaHA MOHOTpadis
Ta CiM HABYAIBHUAX MOCIOHUKIB 1 migpyarukis. IIig #0ro KepiBHUAIITBOM 3aXHUINEHO 8 KaH-
JUJIATCHKUX JIUCepTaliii.

Mu rmuboko cyMmyemo 3 mpuBoay cmepri mpodecopa Isamaosa M. 1., Bimomoro Baeno-
T0, BEJINKOTO TIeIarora, HaJifHOTO ToBapwuIia Ta HacTaBHUKA. CBIT/Iy maMm’sTh PO HBOTO
30eperkeMO B CBOIX CEpIIsX.

HAYKOBA CITAJIIIVUHA M. I. IBAHYOBA

Hayxoswuit mnsix Mukonu Isanosuua Isangosa posnouascs (aus. [1]-[7]) 3 mocmin-
JKEHHY KBa3LIHITHUX eJIITUYHUX CUCTEM BUIJISLY
n
¢ ¢
E aij(z,u) Uy, +a (z,u,Vu) =0, £=1,...,N, (1)
i,j=1
e NeN, u=(ul,...,u’), 2= (21,...,2,), Vu — Tpaient u.
Y3aranbHIOIO4YN pe3yabrarn oauHiei 3 mpars A. I1. Ockomkosa, M. 1. IsandoB y Hay-
KOBI#i crarti [2] BcTaHOBUB anpiopHy OILHKY BHPa3y

N
" max | 7| Vul ()],
=1 "
Jle U — KJIaCU4HUil po3B 30K 30BHIHBOT 3anaul Jipixse s cucremu (1) 3 neBHOIO 10-
BEJIIHKOI0 HA HECKiHYeHHOCTi, 3 > —1 — meske 4ucjo. IcHyBaHHS PO3B’A3KiB 30BHIIITHROI
samaui ipixje qys cucrem Tumy (1) 3 mEBHOIO MOBEIIHKOIO PO3B A3KY HA HECKIHYEHHOCTI
JIOBeZIeHO y [6].

Hacrynuuit eran maykosoro 3pocramsas M. I. IBanuoBa — mociimkenns po3s’s3kiB
HesiHifiHNX napabomivanx pisaaHb (nuB. [8]-[12]). 3okpema, y mparmi [9] po3misHyTO TI0-
JBIfiHO HeJsliHifiHEe PIBHAHHSA TEIJIONPOBIIHOCTI

oT .
co(T) i div ()\(T)VT), (x,y,2,t) € Q. (2)
Tyr Q@ = {(z,y,2,t) |z € R, y € R, z € (0,h), t > 0}, ¢,(T) — xoediuienr remno-
emuocti, A(T) — koedimient reronposignocti. s pisusuns (2) BUBYaETHCA MimaHa
3a/1a4a i 3a gomomororo dyHkmii ['pina Ta MeTomy MaIoro mapamMerpa 3HaAXOAATh IUCEThHI
3HaUYeHHd TeMreparypu 1.

VY mpani [13] M. I. Isan4oB BUBYAB 3324y CHPSIKEHHS JBOX MapabOIiIHAX CHCTEM

8ui 821@ 2 C{)ul .
ot )\18962+]Zl(amx+b”uj)+fz, (CC,t)EQl, Z:].,?, (3)
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(911» 8 Vi a
3; = aIL'QZ + Z(clj 8 + dz] UJ) + gi, (.’I} t) = Qla 1= 1 2 (4)

ae O = {(x,t) | x > 0, O<t<T},ng{x,t)\x<O, 0 < t < T}. Cucre-
My IOIMOBHEHO HYJIBOBHMHU TIOYATKOBUMHU YMOBAMU i yMOBaMu CrpsizkeHHs npu x = 0.
Bukopwucrosyroun meron ¢yskiil ['pina, po3riasayBany 3amady 3BEIEHO I0 CHCTEMH iH-

TerpoaudepenIiaIbHuX PiBHAHD, SKY PO3B’I3aHO METOIOM IIOCJiIOBHUX HAOJINKEHD.

Tlomanemmi gocmimxkenns M. 1. IBargoBa romosHO OB’ s13aHi 3 KoedimieHTHUME 00ep-
HEHUMU 33Ja4aMU [ PiBHAHD mapabosianoro tumy. Ilepin HiK po3riasaaTy pe3yabraTn
X JOCJIiIXKEHb HABEIEMO TUTOBHI MPUKJIAI TAKUX 33739 i CXeMy IX BUBUEHHS, SIKy B
31€01LTBIIOr0 BUKOpUCTOBYBan Mukona IBanoBud Ta fioro y4Hi.

Hexait h > 0, T, > 0 — nosinbHO 3agani uncna i Tpeba 3uaiitn uncno T € (0, T, ]
i mapy dyukuiit {a,u}, ne a € C([0,T]), u € C*1((0,h) x (0,T]) N C*([0,h] x [0,T]),
TaKWX, IO

up — a(t)uge = f(z,t), (x,t) € (0,h) x (0,71, (
u(z,0) = p(x), = €]l0,h], (6

u(0,t) = pa(t), ulh,t) = p2(t), te€(0,T], (

(

CL(t) uw<0’t) = UB(t>7 te (OvT]v

Ae f € C((Ovh) X (O’T*Dv S O([O,h]), M, p2, 43 € O((O7T*]) o 3aﬂaHi'

SIk merko Gauwrn, crissigHomenns (5) — (7) npu Bigomiit GyHKIGT a 331a10Th mepiiy
MillaHy 33184y JJIst PiIBHAHHS TEILIONPOBITHOCTI, a TOMY 1X HA3UBAIOTH MPAMOIO 33/1a4€I0,
TO/i K yMOBY (8) — yMOBOIO IEDEBU3HAUEHH T, IKA BUKOPUCTOBYETHCS JJ1s 3HAXO/ZKEHH S
KoedimienTa mpu crapimiit moxigHiit HeBimoMol GyHKIII B OZHOBUMIPpHOMY piBHSAHHI Te-
nyronposigrocti. Tomy 3amaqy (5) — (8) HazUBAIOTH Koediyichmnoto obeprenoto 3adauero
abo, TpocTOo, 0bepHerot 3adaver i MapabOIiYHOrO PiBHAHHS. 3ayBaYKUMO, IO TIPAMY
sagauy (5) — (7) i ymoBy mnepeBusHauenns (8) MOXKHA, BIANOBIAHO, 3amucaTy y BULJIs
OIepaTOPHUX PIBHSHD

L:T(aa u) = (fa@a,ufla/‘Q”Ta (9)
Mr(a,u) = ps|r, (10)

Jle CUMBOJI |7 O3Ha4a€ 3ByKeHHs (DYHKIIH, AKi CTOATH 371iBa Bij HBOrO i 3aekKaTh Bi
3MiHHOI ¢, Ha mpomixkok (0,7 3a 1ier0 3MiHHOW.

Braxkaroun QyHKIi0 ¢ BiZoMOI0 i BUKOpUCTOBYOUH (hyHKIIII0 ['pira nepirol mirnmanol
3aJadi JJ1s PIBHSIHHS TETJIOMPOBIIHOCTI, 3a MEBHUX JOJIATKOBUX YMOB HA BUXIiTHI JaHi
piBHsAHHS (9) MOXKHA PO3B’SA3aTH BiIHOCHO U:

u=Gr(a; f,, 1, pi2). (11)

Miacrasnsoun orpumanuii Bupa3 u (4epe3 a i Buxiaui nawi 3azaqi) y pisusuusa (10),
MiC/IA BiAMOBIIHUX ITEPETBOPEHD 300YBAEMO PiBHAHHS ISl 3HAXOKEHHA (PYHKIUI @

a = Pr(a; f, ¢, 1, p2, 13)- (12)

Hani GyHKINIO a TPaKTYIOTh SIK HEPYXOMY TOUKy omeparopa Pr(o; f, ¢, p1, fio, fi3) 13
saganux (f, o, p1, o, 43)|r- dis nosegenns il icHyBaHHsI BUKOPUCTOBYIOTH Teopemy I1la-
yJepa Tpo HepyXOMy TOYKY ILITKOM HEIEPepBHOrO omeparopa. JLms mporo 3a paxyHoK
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Bubopy T, f, p, 1, pi2, i3 BCTAHOBJIIOIOTH iICHYBAHHS YHCET A1, A TakuX, mo 0 < a1 < ag,
i oneparop Pr(o; f, ¢, i1, 2, (t3) HEPEBOAUTH MHOKUHY

N(T,a1,as) :={v e Cl0,T])|a; <v(t) <ag Vt €[0,T]}

B cebe. [ami, BuKOpuCcTOByIOuUm Teopemy Aprena-Ackomi, JOBOAATH, IO OMEpaTop
Pr(o; f,p, 11, pi2, 3) UIIKOM HenepepBHUN (MOXKJIUBO, 33 JOAATKOBUX YMOB Ha BUXijHI
Jadi), i TMM caMuM 3aBepLIyIOTh JoBejeHHs icnyBanns dyskuil a. Toal 3a dopmysion
(11) sHaxomsaTh u i, MOBIBIIM eKkBiBaseHTHICTH cucteMm piBHsHB (9), (10) Ta (11), (12),
OTPUMYIOTh PO3B’sI30K BUXITHOI 3a/1aMi.

Tenep mepeiimemo Ge3mocepenHbO A0 OTMsAy OocHOBHUX pe3yiabrarie M. I. Isandosa
Ta WOro yd4HIB, IO CTOCYIOTHCS OOEPHEHUX 33134 JJIsi MapaA0OIidHAX PIBHIHD.

Cuepiity pociiKyBajiuch obepHeHi 3aa4i /11 piBHIHHS TEIJIOMPOBiTHOCTI 3
HEJIOKAJIBHUMH YMOBAMM, TUTIOBUH TTPUKJIA, IKUX Ma€ BUTJISAI: 3HANTH napy dyHKIH

{a, u} maxy, mo

up = a(t)ugy + f(z,t), 0<z<h, 0<t<T, (13)
u(z,0) = p(z), 0<xz<h, (14)
4
k=1

ne
wr(t) ;== u(0,t), wua(t):=uw(h,t), wus(t):=ugy(0,t), wua(t):=uy(h,t).

Ymosu (15) posuajarorbes Ha TPIHKM 3 JBOX JIOKAJIbHUX 1 O/Hi€l HEJOKAJIbHOI yMOBH,
HAMPUKII, Ha TaKi YMOBH:

g (0,8) = p1(t), ug(h,t) = po(t), 0<t<T, (16)

v1(t)u(0,t) + va(t)u(h,t) = ps(t), 0<t<T. (17)
Buxopucrosyoun dynkiio I'pina
G(z,t,¢,7) =

1 > (x — €+ 2nh)? (z + &+ 2nh)?
2/ =0 n;w{e"p(‘ 4(6(t) — 6(r)) ) +ew(- 4(6(t) — () )}

ze
t

o(t) / a(r) dr,
0
samaui (13), (14), (16), 3ragaHol0 BUIlEe METOIMKOI OTPUMYIOTHh €KBIBAJIEHTHE BUXITHIM
3a7adi iHTerpaibHe PiBHAHHS I 3HAXOMKEHHA (PYHKINI a. Pesyabraru mociimKeHHs
3ajaa Trny (13)-(15) 3i6pano y monorpadii [69].

VY npansgx Mukosiu IBanoBuga Ta itoro yunis 1. B. Bepesuunpkoi, A. U. Ipebora ta
1O. II. Makapa noBe/ieHO, 10 B ymoBy (15) MOXKHA BKJIIOUUTH 1 HEJIOKAJIbHUIT IHTErpasib-
HUi YjieH, TOOTO MOXKHA 3aMinuTh yMoBy (15) Ha Taky yMOBY:

5
Y vi(tur(t) = (), 0<t<T, ie{1,2,3}, (18)
k=1
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ne us(t fo x,t) dz, 0 <t <T (nus., Hanpukiaz, [38]).

[Lam JoCaipKyBamcs obepHeHi 3agavl AJisi 3arajbHUX mapabosidHuX piB-
HAHb, IPUKJIAJIOM JKUX € 3a/a49a Biamykanns napu byHKIii {a, u}:

uy = a(t)uge + b(x, t)uy + c(z, )hu+ flz,t), 0<z<h, 0<t<T, (19)
u(z,0) = p(z), = €]0,h], (20)

u(0,t) = pa(t), u(h,t) = ps(t), te[0,T], (21)

a(t)ug (0,t) = us(t), te[0,T]. (22)

Ipunyckaoun sigomoro dyukuio a(t) > 0, ¢t € [0,7], 3anaay (19)—(21) 3Boaarb xo
CHUCTEeMU PiBHSIHD

t h
u(z,t) = uop(z, t) + Gz, t,&,7)(b(&,T)v(&,7) + (&, T)u(€, 7))dEdT, (23)
| {

oz, 1) = vo(a, £) + / / Ge(w,t,€,7) (b(E, T)0(€,7) + (€, T)ule, 7))dedr,  (24)
0

ne G — dyunknia I'pina piBuanag Temnonposignocti 3 ymoamu (20), (21). Toni 3 ymosu
(22) onepskuMo

alt) = f(%(tt))’ te[0,T]. (25)

Orozx, obepuena 3ana4da (19)—(22) 3Besacs 10 ekBiBajeHTHOI cucTeMu piBHAHD (23)-(25).
Taki 3a7a4i, a Tako’K 006epHeHi 3aadi fst piBHsaHHs (19) 3 HesoOKaTBHIMHI yMoBamu (15)
nocmimxkysas M. 1. Isardos, 30kpema, 3 1. B. Bepesaunbkorio.

Bamadi Bu3HaYeHHs KLTBKOX KOeMIIi€HTIB TapaboIiaHOro piBHSIHHS PO3IJISIAINACH,
30kpema, cuiibHo 3 H. B. Ilabupiscbkoio. Y npsaMOKyTHHKY

{(z,t) |0<z < h, 0<t<T}

JOCTIKYBaU 3a/1adi JJ1d PIBHSHD

up = a(t)uge + b(t)ugy + c(z, )u+ f(z,t), 0<z<h, 0<t<T, (26)
up = a(t)uge + b(x, t)u, + c(t)u + f(z,t), (27)
ur = (ao(t) + a1 (t)x)ugy + b(x, )uy + c(z, t)u + f(x,t), (28)

3 HeBimomuMmu koedimienramu {a, b}, {a, c} ta {aop, a1}, Bignosinno (mus. [52]). Illupoko
BUKODHMCTOBYBAJIMCS YMOBY II€DEBU3HAMEHHS THUILY IHTErPAJbHUX MOMEHTIB.

OGepreni 3aa4i A71sT PiBHSIHHS
c(t)ur = a(z, uge + 0(z, uy + d(z, t)u + f(z,t), 0<z<h, 0<t<T, (29)

3 HeBizmommnM Koedinientom ¢ = ¢(t) > 0, t € [0,7T], BuBuammcsi, 30Kpema, CIILHO 3
O. T'ynb ta V. Jopoxosens (Pezycs). Bysio 3anpornoHOBaHO METO BAKOPUCTAHHS (DYHK-
uii I'pina 3arajsbHOrO mapaboslivHOro PIBHSHHS, SIKY HE MOXKHA 3alMCATH B SBHOMY BU-
rsai. Takoxk Oy po3rysgHyTi oOepHeHi 3a1adi A7t KBa3LIiHIHHIX PiBHAHD

c(t)ur = a(x, t,u, Uy ) gy + b(z, tu,ug), 0<z<h, 0<t<T. (30)
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Hacrymmauit eran naykoBux mocaimkenb M. I. IBamuoBa — BuB4YeHHS 0OEepHEHHUX
3a/a4 JJ1s BUPOPKEHUX NapaboJlidHuX PiBHAHB TUILY

up = a(t)tPug, + b(x, )ug + clz,thu+ f(z,t), 0<x<h, 0<t<T, (31)

3 ymosamu (20)-(22) y Bunagkax caabkozo (0 < 8 < 1) ta cuavnozo (S > 1) Bupo-
JKeHHs. KO piBHAHHS Ma€ clabke BUPOIXKEHHS, TO METOIN HOr0 JOCJIiIKEHHS MAJIO
BiZpIBHAIOTHCS Bil METOMIB JOCIIKEHHsS HEBHPOIXKEHOro piBHAHHSA. [Ipore mpu § > 1
noxinna u,(0,t) Mae cunrysgpuicTs upu t — +0 1 ToMy MeToau nocsipKenHs Tpeda 6yiio
momudikysaru. Po3p’s3annio 1mux npobsiem mpucsdeno mpami M.I. IBandosa cminbHO 3
H.B. Canguinoro Ta nmpodecopom 3 Minany A. Jlopenni (awue., Hanpukian, [74], [78], [79],
[82], [89])-

JocmimkyBagucs Takoxk 1 obepHeHi 3aga4i quisi 6araroBuMipHAX mmapaboJtiy-
HUX piBHAHB. E npargx Mukonu Isanosuua ta P. B. Caraitnaka posrisayTo obepHeHy
3aJa4y JJisi ABOBUMIPHOIO MapabOidHOrO PiBHAHHS

up = a(t)Au + b(x,y, t)u, + c(x,y, t)uy +d(z,y,t)u+ f(z,y,t), (32)

B obmacti {(z,y,t) |0 <z < h, 0 <y <, 0<t<T}. Bagata noisira¢ B 3HAXOIZKEHHI
napn dysxuii {a, u}, aKi 3a10BOIBHAIOTH TAKi YMOBH:

u(@,y,0) =¢(zx,y), 0<z<h 0<y<l, (33)

w(0,y,t) = pa(y, 1), ulh,y,t) = pa(y,t), 0<y<l, 0<t<T, (34)
w(z,0,t) = vi(x,t), ulx,l,t) =we(z,t), 0<z<h, 0<t<T, (35)
a(t)uz (0,90,t) =s51(t), 0<t<T, 0<yg<l. (36)

Topsia 3 (32) mocuipKyBaiu TaKOXK BULAIAOK aHI30TPOIHOIO PIBHSHHS
U = a1 () Uy + a2(t)uyy + b(x,y, t)ug + c(x,y, t)uy + d(z,y,t)u+ f(z,y,1), (37)

0<xz<h O0<y<l, 0<t<T,3 aBoMa HeBimoMuMu KoedimienTamMu a; Ta as (IUB.
[50], [73]). Bumagok BHpOmKyBaHWUX ABOBMMIpHMX Hapabosiurux piBsHb M.I. IBanvoB
JIOCJIL Ky BaB, 30KkpeMa, 3 B. A. Biacosum. Bonu suuamu (qus. [92], [129], [131], [132],
[133], [134]) 3ama4i s piBHsHHS

up = a(t)t? Au+ b(x,y, t)ug + c(z, y, )u, + d(z,y, t)u + f(z,y,t), (38)
0<ax<h O<y<l 0<t<T,y Bunagky caabKoro ta CHUJILHOIO BUPOIKEHHS
(0 < B <1ra B> 1 BignosigHo).

M. I. IBanv0B MPH/IJIIB TAKOXK 3HAYHY yBary o0epHEHHM 3ajadaM JJisi mapa-
OosriuHMX piBHAHB B objsacTax 3 BlibHuMHE mexxamu. Pazom 3 I. €. Bapancskoio,
30KpeMa, JIOCJiKyBaB o0epHEHY 3ajady Bialnykauus Tpifiku dyskuiit {a, h, u}, gxi
3a/I0BOJIbHSIOTH TaKi YMOBH:

up = a(t)Ugy + b(x, t)u, + c(z, t)u+ f(z,t), 0<x<h(t), 0<t<T, (39)
u(z,0) = p(x), = €]0,h(0)], (40)

u(0,t) = pa(t), u(h(t),t) = pa(t), tel0,7T7, (41)

a(t)uz (0,t) = ps(t), te€l0,T], (42)
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h(t)
/ u(z,t) de = pua(t), tel0,T). (43)

0
Baminowo 3minaux y = x/h(t), t = t 3amaay (39)-(43) 3Bopsgrb 10 0GepHeHOl 3a1a4i B
obstacTi 3 PIKCOBAHUMH MEXKAMU

vi— 52(2)% b@h(t)’}f()J YW | elyh(t), ot F(gh(t),£), 0<y<1, 0<t<T, (44)
v(y,()) = <p(yh(0)), Yy e [07 1]7 (45)

v(0,t) = p1(t), v(1,t) = pa(t), te[0,T], (46)

a(t)vy<0’t) = h(t)ps(t), te€[0,T], (47)

) [ owit) dy=att), € 0.7), (48)

ne v(y,t) := u(yh(t),t), Ky moTiM i TOCHIAKYIOTH.

Cxoxkumii miaxiz 3acrocoBaHo 1 g0 oOepHEHOI 3ajadi s OJHOBUMIPHHX Iapa-
GosiuHUX piBH#AHBL y BUNAJAKY Ob0Jjacri 3 aBoMa BlUibHMMU Mexxkamu hq(t) Ta hi(t):
{(z,t) | P1(t) <z < ho(t), 0 <t <T}.

VY BuUMaAKy JBOBUMIpHUX MapabOIidHUX PIBHAHB

up = a(t)Au +b(x, y, t)ue + c(z, y, t)uy + d(z, y, hu + f(z,y,1), (49)

Uy = a1 (t)Ugy + a2(t)uyy + b(z,y, )ug + c(z,y, t)uy, + d(z,y, )u + f(z,y,t) (50)
3 HeBimomumu koedimieHTamMu a, @y, ag, BIANOBIIHO, PO3IVISHYTO 3a1a49i B TaKuX 00JIa-
crax 3 BibHEME MexkaMu: 1) 0 <z < h(t), 0 <y < I(t), 0 <t < T35 2) hi(t) < z < ha(t),
I1(t) <y <la(t), 0 <t <T (aus., Hanmpuknaz, [83]).

Y mpamgx M. I. Isanuosa ta H. M. I'purIlis BuBuanmcs obepHeni 3a1a4i 11 BUPOI-
KEHUX MapabOiYHUX PiBHAHD B 00JACTAX 3 BUILHUMH MEXKaMHU. 30KPEMa, PO3TJISHYTO
3aJa4ay

up = a(t)tPupy + b(x, t)u, + clz, thu+ f(z,t), hi(t) <z <ho(t), 0<t<T, (51)
u(z,0) = ¢(x), € [hi(0),h2(0)], (52)
u(hl(t)vt) = :Ll‘l(t)v u(hQ(t)’t) = ,u2(t)7 te [O,T]’ (53)
a(t)tPug(0,t) = pus(t), t€0,T] (54)
ha(t)
u(x,t)d:ﬂ = ,U'4(t)> te [OvT]a (55)
Tl
/ zu(z, t)dx = ps(t), te[0,T], (56)
o 71 (0) = hy o, (57)

e dysruii {a, hi, ha, u} € HeBimomuMu. Po3rasHyTo Bunagku ciabKoro ta CHILHOTO
BUpOKeHHs (auB., Hanpukaa, [86], [87], [91]).
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Banaui imenrudikanii Moaoamux KoedinieaTip napabosidHuX piBHAHL B 001aCTIX 3
ButbarME Mexkamu gociikyBaiu M. 1. Isangos i . A. Cuirko. Byno posrisayro 3agaai
JIIST TAKWX PiBHSIHB:

up = a(x, t) gy + b(t)uy + c(z, t)u + f(x,t), (58)
up = a(x, t) gy + b, t)us + c(t)u + f(x,t), (59)
up = a(x, t)uge + b(t)uy + c(t)u + f(z,1) (60)

3 BlmbHUME MexxaMu hi(t) < x < hao(t), 0 < t < T. 94k i B mpaugax VY. M. ®@exych y
X JAOCJIIPKEeHHAX BUKOPUCTOBYBajacd pyHKIisa ['pina mjist 3arajabHOr0 mapabosiaHoro
PiBHSAHHS.

Y mpamgx M. 1. Isarvosa ta T. M. CasBinbkol BUpPOIKEHHS CTa€ MPUCYTHIM BXKE B
pyxomiit mexi (mms. [93], [96], [97], [100], [102]). Bokpema, B obmacti {(x,t) | 0 < z <
tBh(t), 0 <t < T} mocaizKyBaiun obepHeny 3aady [Jid PiBHAHHI

up = a(t)ugy + bz, t)u, + c(x, thu + f(z,1) (61)
3 HeBinomumu dyukuisvu {h, a, u}.

M. I. Isanuos i H. €. Kinam, 30kpeMa, BUBYATU 33/1a49y BiAyKanasa Tpiiiku yH-
kuiit {a, b, u}

up = a(y, t)ugg + b(z, t)uyy + f(z,y,t), (x,y,t) € (0,h) x (0,1) x (0,T). (62)

Ocranni pokn xutta Mukosa IBanoBud TicHo criBmparoBas 3 mpodecopom 1. Jle-
cuikoM i fioro koneramu 3 yuiBepcurery M. Jlinca, Benuka Bpuranmis. ¥ coinbamx i3
3aKOPIOHHUMU KOJIEraMy MPAlgX [OJAHO He JIUIE TeOPETUIHI PE3YyJIbTATH, SIKi CTOCYIO-
THCs HABEIEHUX BUIIE KJIACIB OOEpHEHUX 331249 1 MapaboiiHuX piBHAHD, a i HaBeIeHi
qucesbHI MeToaM NIt TXHBOI peasizarii (auB. [114]-[116], [118], [122], [137]).

3a poku HaykoBOi aisisbHOCTI podecop M. 1. IBan4doB 3 y4uHsMu Ta KOJeramu io-
CJTIIIA/TN MTAPOKWH CIEKTP MPAMUX i 0OOEpHEHNX 334 [IJIsT PIBHAHB MapabO IivHOTO THILY.
PesynpraTn iXHIX JOCTIIKEHDL € BayKJIWBUM BHECKOM y PO3BUTOK TeOpil PiBHAHL 3 Ua-
CTUHHWMU TTOXiTHUMH.

P. B. Andpycax, M. M. Boxano, O. M. Byepit, FO. /I. I'oaoeamuii, H. M. I'ysux,
II. I. Kanewrox, B. M. Kupuauw, I. II. Jlonywancoxa, H. B. Ilabupiscvra.

CIICOK KAHJIUJIATCHKUX JIUCEPTAIIII,
3AXUMNIEHNX NI KEPIBHUIITBOM M. I. IBAHYOBA
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Jadi s piBHAHL mapabosiunoro tumy. JIssis, 2000.
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JIbBiB. yH-Ty. Cep. Mex.- mar. — Bun. 56. — 2000. — C. 94-98.

50. QOb6epnena 3adavwa menaonposidnocmi 6 anizomponnomy miai. Mar. meromu i disz.-mex.
moss. — T. 43, Ne 1. — 2000. — C. 45-50.

51.  O6 onpedesenuu 08YT 3G6UCAUULT OM BPEMEHY KOIPPHUUUEHMOE 6 NaAPABONULECOM YPa6-
nenuu. Tesu mixkuapoguoi koud. “Audepenuianbui ra inrerpasbui pisuauusg”. — Ozeca,
2000. - C. 114 (Cnisasrop: [Tabupiscrka H.B.)

52.  Odnouacre usnavenns 060T KOePiuieHmie Yy Napaborivhomy pieHAHHI Y 6UNGIKY HeAO-
KAGADHUT TG IHMEeZPaAdbHuUT ymos. YKp. mar. xkyp. — T. 53, Ne 5. — 2001. — C. 589-596
(Cnisasrop: ITabupischka H.B.)

53.  Poseumox meopii dudepernyiarvnux pienans y Jveiscvromy yrnisepcumemsi. Bicauk JIbBis.
yu-ry. Cep. mex.-mar. — Buir. 58. — 2000. — C. 88-96. yu-ry

54. Inverse problem of heat conduction with free boundary. International conference “Nonlinear
partial differential equations”. — Kyiv, 2001. — P. 56.

55.  Obeprena 3adana MensonposioHocmi 3 6iAbHOMW0 Medicero. Te3n MixkHapomHoi Koud. “Hosi

miaxomu 10 po3B’sizyBaHHs AudepenniaapbHux piBHaHb’. Iporodwmd, 2001. — C. 63.
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56. Inverse problem for multidimensional heat equation with an unknown source function. Mar.
cryaii. — T. 16, Ne 1. — 2001. — C. 93-98.

57. 06 onpedeaenuy 08YT 3a6UCAULUT 0T SPEMEHU KOIPHUUUEHMOE 6 NAPAdOAUNECKOM YPAE-
nenuu. Cub. mat. xypr. — T. 43, Ne 2. — 2002. — C. 406-413 (Cuisasrop: Ilabupisch-
ka H.B.)

58. Free boundary problem for two-dimensional diffusion equation. Book of abstracts of
International conf. on functional analysis and its applications. — Lviv, 2002. — P. 90-91.

59.  Free boundary problem for nonlinear diffusion equation. Book of abstracts of International
conference “Ill-posed and inverse problems”. — Novosibirsk, 2002. — P. 78.

60. Pedyxuia 3adaui 3 6iabH0N0 Mmedcer 0as Napaboniunozo pieHanns 00 obeprenol 3adaui.
Hesmnueitasie rpannaasie 3amaun. — Bun. 12, — 2002. — C. 73-83.

61. Obpamnas 3adava mensonposodnocmu co c60600nol epanuyeti. OOpaTHBIE 3a7a9U U WH-
dopm. rexnonorum. — T. 1, Ne 2. — 2002. — C. 69-81.

62. 3adaua 3 6iADHOW MENHCENW OAA PI6HAHHA JuPy3ii y npamoxymuury. Mat. meromm i Pis.-
mex. mosrst. — T. 45, Ne 4. — 2002. — C. 67-75.

63. Obeprena 3adana 3 GiABHOI MENHCENW OAAL PIBHAHHA MENAONPOEIOHOCTMI. YKD. MAT. 2KYPHAJL.
— T. 55, Ne 7. — 2003. — C. 901-910.

64. Free boundary problem for quasilinear heat equation. Book of abstracts of International
conference “Nonlinear partial differential equations”. — Donetsk, 2003. — P. 90.

65. QObeprena 3a0a4a 6USHA%EHHA KOEIUIEHMA MeEMNEPAMYPONnPosidnocmi. Te3n HayKOBOT
koH. “Maremarudni nmpobisemu HeomHopiguux T’ — JIsBis, 2003. — C. 201-202.

66. Determination of the major coefficient in a parabolic equation. Te3u mixkuapomHOT KOHG.
“Illocti Boromob6oscwki wnramus”. — Yepuismi, 2003. — C. 234.

67. Free boundary problem for nonlinear diffusion equation. Mar. crymii. — T. 19, Ne 2. — 2003.
- C. 156-164.

68. Inverse problems for parabolic equations. Book of abstracts of Third meeting on inverse
and direct problems and applications. — Gargnano, 2003. — P. 14.

69. Inverse problems for parabolic equations. — VNTL Publishers. — 2003. — 238 p.

70.  Obepreni 360041 BUSHAYEHHA 3AAEHCHO20 610 wacYy KoePIuleHMma NPU NOTIOHIT 3¢ 4ACOM
y napabonivromy pienanni. Bicauk JIpBiB. yu-Ty. Cep. Mex.-mar. — Bum. 62. — 2003. —
C. 27-37 (CuiBasropu: I'yns O., Jopoxosenp ¥.)

71.  Odnouacre 6usnavernHs 080T HEBLOOMULT NAPAMEMPIE Y CMAPWOMY KoePiuienmi napabo-
AiuH020 pienarna. Bicauk JIbiB. yH-Ty. Cep. Mex.-mar. — Bum. 62. — 2003. — C. 48-59
(Cuisasrop: ITabupiscpka H.)

72.  Kpaesvie 3a0a4u 0aa Napabosuteckozo YpPasHEHUA C UHMEZPAALHBMY YCA08UAMY. Tudd.
ypasaenus. — T. 40, Ne 4. — 2004. — C. 547-564.

73.  Obeprena 3a0daua 6USHAYEHHA CMAPULO20 KOEPIUIEHMA Y JB06UMIPHOMY NAPAOOATHHOMY
pienanni. Mar. meromu i ¢iz.-mex. mosa. — Bum. 47, Ne 1. — 2004. — C. 7-16 (CnisasTop:
Caraitnax P.B.)

74.  QOb6epnena 3adanua 3 6upodocenmnim 0as pienanms menaonposionocmi. Teau Mixkuapoguol
koud., mpucssaaenoi [.Xamy. — Yepnismi, 2004 (Crisasrop: Canmina H.B.)

75.  3adaua 3 614vH010 medce0 0AL JBO0BUMIPHO20 Pi6HANHA Mmenasonposionocmi. Teau Mixua-
poauoi koud. im. B.4. Ckopoborarbka. — Iporobuy, 2004. — C. 85.

76. 3adava 3 61AHHON MEHCENW OAA HANIBAIHITHO20 PieHAHHA Judyaii. HelmmHeilHbie TpaHTIHbBIE
3amagn. — Bun. 15. — 2005. — C. 141-148.

77.  Two-dimensional free boundary problem for parabolic equation. Book of abstracts of
International Conf. “Nonlinear Partial Differential Equations”. — Donetsk, 2005. — P. 45.

78. Obepnena 3adana 0aa PiHAHHA MENAONPOBIOHOCTNE 3 BUPOIHCEHHAM. Y KP. MAT. KYPH. —

T. 57, Ne 11. — 2005. — C. 1563-1570 (Cuisasrop: Casngina H.B.)
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An inverse problem for strongly degenerate heat equation. J. Inv. I1l-Posed Problems. — Vol.
14, Ne 4. — 2006. — P. 465-480 (Cuisasrop: Saldina N.)

Inverse and free boundary problems for parabolic equations. Book of abstracts of Internati-
onal Conf. dedicated to 100th anniversary of Ya. Lopatynsky. — Lviv, 2006. — P. 103.
3adana dugysii 3 6iALHOI0 MedHCEN, AKG BUPOIHCYEMBCA Y NOYAMKOSUT MOMEH %aACY.
Te3u Mixuapozauoi koudepennii “/IudepenniansHi piBasaHHES Ta iX 3acTocyBanus”’. — Yep-
uisig, 2006. — C. 51.

Obeprena 3adauwa 0aa NapabosiNH020 PIBHAHHA 3 CUALHUM CMENEHESUM 6UDPOIHCEHHAM.
Ykp. mar. xypa. — T. 58, Ne 11. — 2006. — C. 1487-1500 (Cnisasrop: Cammina H.B.)
Obeprena 3adava 04 PIBHAHHA MENAONPOBIOHOCTNE 6 00AGCT 3 BIADHUMU MENHCAMU. YKD.
mart. Bica. — T. 4, Ne 4. — 2007. — C. 457-484 (Cuisasrop: Bapanceka 1.)

3adava menaonposidnocmi 3 6LALHOI0 MEJICEN, AKG BUPOIHCYEMBCA Y NOUAMKOSUT MO-
menm wacy. Mar. meronu i dis.-mex. moss. — T. 50, Ne 3. — 2007. — C. 82-87.

Inverse and free boundary problems for the strongly degenerate parabolic equation. Book of
abstracts of “Direct, Inverse and Control Problems for PDE’s”. — Rome, 2007. — P. 7-8.
Obeprena 3adavwa 0aa CuabHO BUPOINHCEH020 PIBHAHHA MENAONPOGIOHOCTNE 6 00AaCTE 3
siabHoM0 Mmeoicero. Tesu momosimeit Mixkuapoamoi Maremarn<Hol KoHdepentil im. B.4. Cko-
poborarbka. — dporodu, 2007. — C. 79 (Cmisasrop: ['pmamis H.M.)

Obeprena 3adava 0aa napaborivnozo pieHanHsA 31 caabkum supodscennam 6 obaacmi 3
slavrot meocero. Mar. metomu 1 dis.-mex. momst. — T. 51, Ne 4. — 2008. — C. 27-36 (Cmis-
aBrop: I'puamnis H.M.)

Inverse problem for semilinear parabolic equation. Maremaruani crynii. — T. 29, Ne 2. —
2008. — C. 181-191.

Solving a scalar degenerate multidimensional identification problem in a Banach space. J.
Inv.-Ill-Posed Problems. — Vol. 16, Ne 4. — 2008. — P. 397-415 (CuisaBropm: Lorenzi A.,
Saldina N.)

An inverse problem for the heat equation in a degenerate free boundary domain. Book of
abstracts of the Conference “Direct, Inverse and Control Problems for PDE’s”. — Cortona,
2008. — P. 11-12.

Obeprena 3adava 0AA CUABHO BUPOIHCEHO20 DIBHAHHA MENAONPOSIOHOCTMI 6 0baacmi 3
6iAbH010 Mmedicero. YKp. mar. xkypum. — T. 61, Ne 1. — 2009. — C. 2843 (Cuisasrop:
Ppunnis H.M.)

Obeprena 3a0a4a 0aa 0808UMIPHO20 PIBHAHHA MENAONPOBIOHOCTNI 31 CAGOKUM BUPOIHCEH-
nam. Bicamk JIbsiB ym-Ty. Cep. mex.-mar. — Bum. 70. — 2009. — C. 91-102 (Cuisasrop:
Baacos B.)

An inverse problem for a partial differential equation of parabolic type in a degenerate
free boundary domain. Book of abstracts of Int. Conference “Nonlinear Partial Differential
Equations”. — Donetsk 2010. — P. 27 (Cuiasrop: Savitska T.M.)

Ob6epreni 3adani ma 3a0ayi 3 GIALHUMU MeENHCAMYU 0 napaborivnur pienans. Book of
abstracts of Third International Conference for Young Mathematicians on Differential
Equations and applications Dedicated to Yaroslav Lopatynsky. — Donetsk, 2010. — C. 58—
59.

Obeprena 3adanua 0as 00HOBUMIPHOZ20 NAPAOOAIYHO20 PIBHAHHA 302aADH020 6U2A#0Y. Bi-
cuuk JIpBiB. yu-Ty. Cep. Mex.-maT. — Bum. 72. — 2010. — C. 149-157.

Obeprena 3adava 0as NAPaGOAINHO20 PIEHANHA 6 06AACTMI 3 BLADHON MEHCEN, AKG BUPO-
dotcyemuvea 6 nouwamrosul. momenm uacy. Tesu mouosineit MixuapomHol MareMaTuaHOl
koud. im. B.4.Ckopobaratbka, — Jdporobwq, 2011. — C. 82 (Cnisasrop: Casinpka T.)
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Obeprena 3adawa 0as NaPaboriuH020 Pi6HANHA 6 06AACTMI 3 BLADHON MEHCEN, AKG BUPO-
dotcyemnvea 6 nouamrosuli momenm uacy. YKp. mar. Bicamk. — T. 8 Ne 3. — 2011. — C.
356-378 (Cnisasrop: Casimpka T.M.)

3adava 3 6iabHOW Mmedicero das 06068UMIPHO20 NaPabosiwHo20 pishanHa. Mar. meromm i
Giz.-mex. mosa. — T. 54, Ne 1. — 2011. — C. 27-35.

Obepreni 3adaui ma 360041 3 GIALVHUMU MEHCAMYU OAA NAPAOOAINHUL PI6HAHD. HaykoBuit
Bicuuk Yepnisernpkoro nar,. yu-ty im. FO. @enpkosuya. Cepia: maremaruka. — T. 1, Ne 1-2.
-2011. - C. 57-63.

BusHauwenna 3aaexHcHuT 610 wacy KoePiyleHmie napabosintozo pi6HAHKA 6 00AaCTIE 3 614b-
noto meoicero. Hemmmueitnple rpanmanabie 3amaam. — T. 20. — 2011, — C. 28-44 (Cuisasrop:
Cuitko IA.)

A problem with free boundary for the two-dimensional parabolic equation. J. Math. Sciences.
- Vol. 171, Is. 1. — 2011. - P. 17-28.

An inverse problem for a parabolic equation in a free-boundary domain degenerating at the
initial time moment. J. Math. Sciences. — Vol. 181, Is. 1. — 2012. — P. 47-64 (CnisasTop:
Savitska T.)

A non-local inverse problem for the diffusion equation. Abstracts of reports of International
conference dedicated to the 120th anniversary of Stefan Banach. — Lviv, 2012. — P. 198.
Obeprena 3adana dan napaboriunozo pieHANHA 6 004aCTE 3 61ADHOM0 Mmedicero. Te3u monosi-
neit Mixkunapoamol koudepenmii “/IndepeniianbHi piBHIHHS Ta iX 3aCTOCYBaHHA . — YIKTO-
pox, 2012.

IIpo nenoxarvny obepreny 3adavy daa pienarka Jugysii. Bicauk JIpsis. yu-ty. Cep. mex.-
mar. — Bum. 77. — 2012. — C. 103-108.

Determination of a time-dependent diffusivity from nonlocal conditions. J. Applied Math.
and Computing. — Vol. 41, Ne 1-2. — 2013. — P. 301-320 (CuiaBropm: Lesnic D.,
Yousefi S.A.)

Obeprena 3a0a4a 0aa 06068UMIPHO20 PIEHAHHA JuPY31i 6 00aacmi 3 61ABHON MediCcern. YKP.
mar. xypu. — T. 65, Ne 7. — 2013. — C. 918-928 (Cuisasrop: ITabupiscrka H.B.)

An inverse problem for the two-dimensional diffusion equation in a free boundary domain.
Book of abstracts of International Conference “Nonlinear Partial Differential Equations”.
— Donetsk, 2013. — P. 27 (Cuisasrop: Pabyrivska N.V.)

Free boundary determination in mnonlinear diffusion. East Asian Journal on Applied
Mathematics. — Vol. 3, Ne 4. — 2013. — P. 295-310 (Cuiasropm: Hussein M.S., Lesnic D.)
Henoxanvna obeprena 3adanua 0rs pieHanms oudysit 6 obaacmi 3 6iavHot meorcero. Byko-
BUHCHKHUH MarT. xkypH. — T. 1, Ne 3-4. — 2013. — C. 49-55 (CmiBasrop: Caitko I.A.)
Determination of a source in the heat equation from integral observations. J. Computational
and Applied Math. — Vol. 264. — 2014. — P. 82-98 (Cuisasropu: Hao D.N., Tranh P.X.,
Lesnic D.)

Simultaneous determinaion of time-dependent coefficients in the heat equation. Computers
and Mathematics with Applications. — Vol. 67. — 2014. — P. 1065-1091 (CuiBaBropu:
Hussein M.S., Lesnic D.)

Heanoxaavni obepreni 3adanui dan napabosivnux pisuans. Teau monosinett IV Mixxuapomuol
koudepenuil, npucssayenol 135 piunuui Fanca ana. — Yepnisni, 2014. — C. 59-60.
Determination of the time-dependent perfusion coefficient in the bio-heat equation. Applied
Mathematics Letters. — Vol. 39. — 2015. — P. 96-100 (Cuisasrop: Lesnic D.)

An inverse problem for a 2D parabolic equation. Abstracts of International V. Skorobahatko
Mathematical Conference. — Drohobych, 2015. — P. 64 (Cmisasrop: Lesnic D.)
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Multiple time-dependent coefficient identification thermal problems with a free boundary.
Applied Numerical Mathematics. — Vol. 99. — 2016. — P. 24-50 (Cnisasropm: Hussein M.S.,
Lesnic D., Snitko H.A.)

Ob6eprena 3adaua 0as PiBHAHHA MENAONPOBIOHOCTNE 8 NPAMOKYMHIT 06aacmi. Teau nomo-
Bigeit Mixkunaposmoi HaykoBol koHdepentil “/IndepeniianbHi piBHSIHHS Ta X 3aCTOCYBaH-
maa’. — Yxropoxa, 2016. — C. 71 (Cnisasrop: Kimam H.€.)

Retrieving the time-dependent thermal conductivity of an orthotropic rectangular conductor.
Applicable Analysis. — Vol. 96. — 2017. — P. 2604-2618 (Cnisasropu: Hussein M.S., Kinash
N., Lesnic D.)

Inverse problems for parabolic equations in 2D domains. Book of abstracts of Internati-
onal Conference on Differential Equations Dedicated to the 110th Anniversary of Ya.B.
Lopatynsky. — Lviv, 2016. — P. 73.

Ob6eprena 3adava menaonposionocmi 6 0baacmi 3 6iAbHONW medcero 3 supodacennam. Tesn
nmonosineit MixkuapomHoi HaykoBoi kKoHdepenmii “/Indepenmiaabpao-byHKIiOHATRHI PiBHS-
HHA Ta ix 3acTtocyBanuga’. — Yepmniemi, 2016. — C. 21 (Cnisasrop: Bammk K.)

Obeprena 3adaua menaonposidnocmi 6 obaacmi 3 61AbHON0 Mmedcero 3 6upodicenHam. By-
KOBUHCHKWiT MaT. xkypH. — T. 4, Ne 3-4. — 2016. — C. 15-21 (Cnisasrop: Bamk K.)
Identification of a heterogeneous orthotropic conductivity in a rectangular domain. Inter-
national Journal of Novel Ideas: Mathematics. — Vol. 1. — 2017. — P. 1-11. (Cuisasrop:
Hussein M.S., Lesnic D.)

An inverse problem for a strongly degenerate heat equation in a rectangular domain. Book of
abstracts of International Conference on Theoretical and Applied Problems of Mathemati-
cs. — Sumgayit, 2017. — P. 16.

Inverse problem for 2D heat equation. Proceedings of the Fourth Conf. of Math. Society of
the Republic of Moldova. — Chisinau, 2017. — P. 293-296 (Cuisasrop: Kinash N.)
Obeprena 3a0a4a 0AA 0808UMIPHO20 PIBHAHHA MENAONPOSIOHOCTNI 3 HEBL0OMUMY Koe-
Prytenmamu, 3aAEHCHUMY 610 “aco60i ma npocmoposus 3minHus. Hermacwami 3amadi
reopii pudepenniagbuux piBHAHL. 30IPHUK HAYKOBUX Npalb, UpucBadenuit 80-piadio
B..TIramsmxka. — JIsgis, 2017. — C. 54-67 (Cminanrop: Kinam H.)

Obeprena 3adava 0rA PLEBHAHHA MENAONPOBILOHOCTE Y NPAMOKYMHIT 00AGCMI. YKD. MAT.
xypu. — T. 69, Ne 12, — 2017. — C. 1605-1614 (Cuisasrop: Kimam H.€.)

Inverse problem for the heat-conduction problem in a rectangular domain. Ukrainian
Mathematical J. — Vol. 69, Ne 12. — 2018. — P. 1865-1876 (Cuisasrop: Kinash N.)
Obeprena 3adaua das 06068UMIPHO20 PIEHAHNHA TENAONPOBIOHOCTLE 3 080MG HEBTOOMUMY
roegiyienmamu. Bicauk JIbBiB. yu-Ty. Cep. mex.-mat. — Bum. 84. — 2018. — C. 114-120.
Inverse problem for a two-dimensional strongly degenerate heat equation. Electron. J. Di-
fferential Equations. — Vol. 2018, Ne 77. — P. 1-17 (Cuisasrop: Vlasov V.)

Inverse problem for the heat equation in a rectangular domain. Abstracts of Operators,
Functions, and Systems of Mathematical Physics Conference. — Baku, 2018. — P. 114-116
(Cuisasrop: Kinash N.)

Inverse problem for a 2D strongly degenerate heat equation. Cydacui mpobiaemu MaTema-
THKH Ta 11 3aCTOCYBaHHs B MPUPOIHUYNX HAYKaX 1 iHdopmariianx TexHosorigx. Marepia-
JIM MiKH. HAYK. KOH®., npucBsadenol 50-piaaio dbakymaprery MareMaTuku Ta iH(GOpMATUKHA
Yepnisenpkoro Harm. yH-Ty im. FO. @®emprosumaa — C. 26 (Cmisasrop: Vlasov V.)

Inverse problem for a two-dimensional strongly degenerate heat equation. Book of abstracts
of CAIM-2018. - Chisinau, 2018. - P. 18 (Cuisasrop: Vlasov V.)

€dunicmov pose’asky obeprenol 3a0a4i 0AA 0806UMIPHOZ0 PIGHAHHA MENAOTPOSIIHOCTE 3
cunvrum 6upodscennam. Bicuuk JIbei. yniepcurery. Cep. mex.-mar. — Bumn. 85. — 2018.
- C. 120-131 (Cuisasrop: Buacos B.)
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134. Inverse problem for strongly degenerate heat equation. Abstracts of 24th International

135.

136.

137.

Conference on Mathematical Modelling and Analysis. — Tallinn, 2019. — P. 29 (Cuisas-
Top: Vlasov V.)

Inverse problem for a 2D degenerate heat equation. Abstracts of International Conference
“Mathematics & Information Technologies: Research and Education (MITRE-2019)”. —
Chisinau, 2019. — P. 36-37.

Competitive Adsorption and Diffusion of Gases in a Microporous Solid. In the book “Zeoli-
tes — New Challenges”. IntecOpen London, UK. — 2019. — P. 1-23. (CnisasTopm: Petryk M.,
Leclerc S., Canet D., Fraissard J.)

Reconstruction of an orthotropic thermal conductivity from non-local heat flur measure-
ments. International Journal of Math. Modelling and Numerical Optimisation. — Vol. 10,
Ne 1. - 2020. - P. 102-122 (CuiBasropm: Huntul M.J., Hussein M.S., Lesnic D., Kinash N.)
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MIOTJIAHICHKA KPUTA:
MUHVYJIE, CbOTOAEHHS, MATBYTHE

Hew’araamsgroro gucronana 2019 poky o 15 roguni B ayz. imeni Credana Banaxa
(ayx. 377) rosmosaoro kopiycy JIbBIBCbKOrO HalioHAJIBHOrO yHiBepcurery imeni IBana
®panka BimOy/Imcs HAYKOBO MOMyIApPHi Jsekmii nmpucssveni jgerengapuiit [Ilormamnacokiit
KHU3I.

1. BcTrynmHe cjJI0BO Ta aHOHC JIEKIIIi.

2. “JIbBiBCcbKa MaTeMaTn4Ha MikoJa ta IlloTinanacbka KHuUra’
Spocaas IIpumyaa, noneHt kadeapu MaTEMATHIHOTO Ta (DYHKIIOHATIHEHOTO
aHaJi3y.

3. “Bagaui 3 ITToTyiaHACHKOT KHAT'M Ta MaTeMAaTHKH, IO IX po3’Ba3am’
Muzxatino 3apiunui, npodecop kadeapu reomerpil i TOMOIOTII.

4. “HosBa JIpBiBcbKa IlloTsiaHachbKa KHUra Ta il BINIMB Ha CydYacHY MaTe-
MaTuKy’’
Tapac Banax, 3aBinyBad kadenpu reomerpii i TOmOIOTII.

Oanez I'ymix



ITPABMJIA [OJI51 ABTOPIB

1. CrarTst MOBUHHA MICTUTH PE3yJIbTATH HOBUX JIOCTIIKEHDb ABTOPA 3 TIOBHUM JTOBE-
ngennsM. He mommisibHO poOMTH BesIMKI Oryisay Bxke OmyOJiikoBaHuX pe3ysibrariB. Poburu
[IOCUJIAHHSI HA HEOIlyO/IiKOBaHi mpari He MOYKHA.

2. Tekcr crarTi HAOMPAIOTH HA KOMIT'IOTEPl YKPATHCHKOIO UM AHTIHCHKOI0 MOBAMH.
o pemakiitaoi koserii morpibHo mogaBaTu:

eJIEKTPOHHWIT BapiaHT CTATTi Ta pe3ioMe Ha BEO-CTOPIHKY

http://publications.lnu.edu.ua/bulletins /index.php /mmf

Ta BapTO HAJICJIATHU 33 aAPecoro [nu.visn.mm@gmail.com);

JoBiaKa po aBropa (cmiBaBropiB), y skiit Tpeba 3asuaduru im’s, mo 6ATHKOBI Ta
[pi3BHUIE aBTOPA, Micie pobOTH, MOCATY, aAPecy YKPAIHCHKOIO Ta, aHIVIIICHKOI0 MOBAaMU,
TesiehoH, eJIEKTPOHHY apecy.

Onrumasnbauit 06csar crarTi 10 20 cropinok. Po3mip mpudtis 10pt, BucoTa cTopiHKm
— 190 mm, mupura — 135 mm.

3. Bumoru 10 mabopy.

Texcr crarTi crBopioBatn y Bepcii BTEX 3 KOAyBaHHAM KUPWINIHUX MPUPTIB
,, Kupnmunsg (Windows)“ (komosa cropinka 1251).

Ha nepmiit cropinmi crarti norpibuo 3a3nagntu mHomep ¥ IK ta MSC 2020.

Howmepu dopmyn craButu 3 npaBoro 00Ky Ta HymepyBaTu Jjmuiie GhOpMyJIn, HA sKi
€ MOCUJIAHHSI.

Y mocunanusx Ha Teopemy 3 MoHOrpadii 3a3HaYNTH CTOPIHKY, HA SKiii BOHA OmH-
caHa.

Pucynku pno crarri nogasaru y rpadiunomy dopmari BMP uu PCX. Hassa pu-
CyHKa, YU HOro HOMEpP He BXOOATH y 300pakeHHs, iX Tpeba CTBOPIOBATH 3acobaMu
BTEX’y. Bubuparoun po3mip rpadidaoro 300parkeHHsi, HAJEKUTh BPaXyBaTH, IO
BOHO Oy/ie HAAPYKOBaHE HA MPWHTEP] 3 PO3/aiabHOI0 3aaTHicTIO 600 dpi.
Jlireparypy mojaBaTu 3arajbHUM CIHCKOM y TOPSJIKY HOCHJIAHB HA JIZKepena B
TEKCTi CTaTTi.

3pa3ku 6i6miorpadidHOro ONMCcy KHUTH, CTATTi, MPENPUHTY, AUCEPTAIIil, JeMOHOBA~

HOrO PYKOIUCY, Te3 JonoBigeil kondepeniiii (3’ i3aiB Ta in.):
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