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SIMULTANEOUS APPROXIMATION OF VALUES OF JACOBI
ELLIPTIC FUNCTIONS IN THEIR REAL PERIODS
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Let sni z be algebraically independent Jacobi elliptic functions, (4Ki, 2iK
′
i)

be the main periods and κ1, κ2 be algebraic moduli of sni z (i = 1, 2). We
estimate from below the simultaneous approximation of sn1 4K2, sn2 4K1.

Key words: simultaneous approximation, Jacobi elliptic function.

1. Introduction

Jacobi's elliptic function sn z satis�es the equation (sn′ z)2 = (1−sn2 z)(1−κ2 sn2 z)
([1]). The number κ is called the modul sn z, 0 < κ < 1, the number κ′ = (1 − κ2)1/2

is called its additional modulus. The pair of main periods of sn z is (4K, 2iK ′), where
K, K ′ are the complete elliptic integrals of the �rst kind that correspond to κ, κ′ [1].

Denote by sn1 z, sn2 z two algebraically independent Jacobi elliptic functions
determined by algebraic κ1, κ2 respectively, 0 < κ1 < 1, 0 < κ2 < 1; (4K1, 2iK ′1),
(4K2, 2iK ′2) are pairs of their main periods.

We denote by d(P ), L(P ) the degree and the length of the polynomial P with
integers coe�cients, by d(α), L(α) the degree and length of the algebraic number α [2];
ξi, i = 1, 2, algebraic numbers, ni = d(ξi) and Li = L(ξi) their degrees and lengths
respectively, n = degQ(ξ1, ξ2).

Theorem 1. Let

(1) T = n

[
lnL1

n1
+

lnL2

n2
+ lnn

]
.

2010 Mathematics Subject Classi�cation: 11J82
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If there exists C > 0 such that for all k1, k2 ∈ Z, k2
1 + k2

2 6= 0, |k1|, |k2| < t, we have

(2) |k1K1 + k2K2| > exp(Ct3),

and at least one of the numbers sn1 4K2, sn2 4K1 is transcendent, then for arbitrary

algebraic numbers ξ1, ξ2,

(3) max{| sn1 4K2 − ξ1|, | sn2 4K1 − ξ2|} > exp
(
−ΛT 2 lnT

)
,

where Λ > 0 is a constant that depends only on κ1,κ2.

The approximation estimate formulated in Theorem 1 can be used, for example, to
study the properties of elliptic Jacobi curves. Similar estimates for other numbers can be
found in [3]�[5].

2. Auxiliary statements

We formulate the basic lemmas, which are necessary to prove Theorem 1. Let ci, for
all i, be positive constants, dependent only on κ1 and κ2.

Lemma 1. For each integer m > 1, there exist polynomials with the integer coe�cients

P1,m and Q1,m such that

snmz =
P1,m(sn z, sn′ z)

Q1,m(κ2, sn z)
,

where L(P1,m), L(Q1,m) 6 exp(c1m
2), degP1,m, degQ1,m 6 m2, i = 1, 2.

Lemma 2. Let m ∈ N. Then there are polynomials Ps,l ∈ Z[x1, x2, x3] such that

(snl z)(s) =
ds

d ws
((sn z)l) = Ps,l(κ2, sn z, sn′ z),

degx1
Ps,l ≤ s+ l, degx2

Ps,l ≤ s+ 2l, degx3
Ps,l ≤ 1, L(Ps,l) ≤ exp(c2s log(s+ l)).

Proofs of Lemma 1 and Lemma 2 are similar to the proof of properties of the function
℘(z) [8].

Lemma 3 ([1]). If z, w, z + w are di�erent from the poles sn z, then

sn(z + w) =
sn z sn′ w + snw sn′ z

1− κ2 sn z2 snw2
.

Lemma 4 ([6]). Let α, β be arbitrary algebraic numbers, γ2 = (1−α2)(1−α2β2). Then

L(γ) < exp

(
6 degQ(α, β)

(
lnL(α)

d(α)
+

lnL(β)

d(β)
+ 1

))
, d(γ) ≥ degQ(α, β)

min(2d(α), 4d(β))
.

Lemma 5 ([4]). Let B,P ∈ N, Qp,b ∈ Z[x1, . . . , xn], 0 ≤ b < B, 0 ≤ p < P , L(Qp,b) ≤ L,
degxi Qp,b ≤ Ni; α1, . . . , αn be algebraic numbers, m = degQ(α1, . . . , αn). If P > mB,
then the system of linear equations

P−1∑
p=0

xpQp,b(α1, . . . , αn) = 0, 0 ≤ b < B,

has integer rational solutions A0, . . . , AP−1 such that

0 < max |Ai| < 1 + (LP )
mB

P−mB

(
n∏
i=1

(1 +Ni) (L(αi)(1 + d(αi)))
Ni
d(αi)

) mB
P−mB

.
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Lemma 6 ([2]). Let α1, . . . , αn be algebraic numbers, P ∈ Z[x1, . . . , xn], degxi P ≤ Ni,
m = degQ(α1, . . . , αn). If P (α1, . . . , αn) 6≡ 0, then

|P (α1, . . . , αn)| ≥ L(P )1−m
n∏
i=1

L(αi)
−Nim
d(αi) .

Denote by |f(z)|D = sup|z|≤D |f(z)|.

Lemma 7 ([5]). The functions σ(z) and σ(z−ω) sn z are integer and forM > 1 estimates

|σ(z − ω) sn z|M , |σ(z)|M ≤ CM
2

1

hold, ω is the corresponding half-life of the Weierstrass function and σ(z) be a σ-function
of Weierstrass which corresponds to the function ℘(z) associated with sn(z).

If ε is the distance from the nearest pole of sn z to z0 and |z0| ≤M , then |σ(z0)| ≥
εC−M

2

2 , where C1, C2 are constants dependent only on κ.

Lemma 8 (the Hermite formula, [2]). Let f(ζ) be a regular function in the circle Γ of

radius R, a1, . . . , am ∈ Γ, ai 6= aj if i 6= j, s ∈ N0. Then for an arbitrary inner point

z ∈ Γ, other than a1, . . . , am, the equality

f(z) =
1

2πi

∮
∂Γ

m∏
k=1

(
z − ak
ζ − ak

)s+1
f(ζ) dζ

ζ − z
−

− 1

2πi

m∑
i=1

s∑
τ=1

f (τ)(ai)

τ !

∮
|ζ−ai|=ρi

m∏
k=1

(
z − ak
ζ − ak

)s+1
(ζ − ai)τ

ζ − z
dζ

holds, where ρi is enough small, {ζ : |ζ − ai| ≤ ρi} ⊂ Γ and not contain points z i

ak, k 6= i.

Lemma 9 ([1], [7]). Let P ∈ C[x1, x2], P (x1, x2) 6≡ 0, be a polynomial of degree at

most D1 by x1 and D2 by x2, D1,D2 ≥ 1, sn1 z, sn2 z be algebraically Jacobi independent

elliptic functions. Then the number of zeros P (sn1 z, sn2 z) given with their multiplicities

at |z| < K does not exceed C3K
2(D1+D2), where C3 is some constant that is independent

of the polynomial.

3. Proof of Theorem 1

We will prove Theorem 1 using the second Gelfond method described in [2], [3].
Suppose that (1) does not hold, that is, for su�ciently large λ ∈ N,

(4) max{| sn1 4K2 − ξ1|, | sn2 4K1 − ξ2|} < exp
(
−λ7 T 2 lnT

)
.

Let

(5) S = L = λ3 lnλT, N = λ
√
λT ,

(6) F (z) =

L∑
l1=0

L∑
l2=0

Cl1,l2 snl11 z snl22 z, Cl1,l2 =

n∑
τ=1

Cl1,l2,τζτ , Cl1,l2,τ ∈ Z,

where ζτ are the generic elements of Q(ξ1, ξ2).
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Denote by ϕi,1(z) = sni(z+ Ki
2 ), ϕi,2(w) = sni(w+ 3Ki

2 ), i = 1, 2. Then (Lemma 3)

sni(z + w) =
ϕi,1(z)ϕ′i,2(w) + ϕi,2(w)ϕ′i,1(z)

1− κ2
i ϕ

2
i,1(z)ϕ2

i,2(w)
=

Λi,1(z, w)

Λi,2(z, w)
.

Let

Gi,s,k,l(κi, z) =
ds

d ws
(Λki,1(z, w)Λli,2(z, w))|w=0.

The so de�ned polynomials satisfy degGi,s,k,l ≤ 4(k + l), lnL(Gi,s,k,l) ≤ s ln(s(k + l) +
c3(s+ k + l)) .

With (3) just like in [7], [8], we get

F (s)(z) =
ds

d ws
((Λ−L1,2 (z, w)Λ−L2,2 (z, w))(F (z + w)ΛL1,2(z, w)ΛL2,2(z, w)))|w=0 =

=

s∑
t=0

(
s

t

)
ds−t

d ws−t
(Λ−L1,2 (z, w)Λ−L2,2 (z, w))|w=0Fs,t(z),

where

(7) Fs,t(z) =

L∑
l1=0

L∑
l2=0

Cl1,l2

t∑
i=0

(
t

i

)
G1,t−i,l1,L−l1(κ1, z)G2,i,l2,L−l2(κ2, z).

Applying Lemma 4 for α = ξ1, β = κ1, γ = ξ3, we get the estimate d(ξ3) and
L(ξ3) of the number ξ3, which approximates sn′1 4K2, and in the case of α = ξ2, β = κ2,
γ = ξ4 we get the estimate d(ξ4) and L(ξ4) of the number ξ4, which approximates
sn′2 4K1. Denote by Fs,n1,n2

(ξ1, . . . , ξ4) and Fs,t,n1,n2
(ξ1, . . . , ξ4) the expressions derived

from F (s)(4n1K1 + 4n2K2) and Fs,t(4n1TK1 + 4n2K2) by replacing sn1 4K2, sn2 4K1,
sn′1K2, sn′2K1 by ξ1, . . . , ξ4 respectively and apply Lemma 5 to Fs,t,n1,n2

(ξ1, . . . , ξ4) . We
will consider Fs,t,n1,n2

(ξ1, . . . , ξ4) for 1 ≤ n1, n2 ≤ N , 0 ≤ t ≤ s ≤ S as N2S linear forms
of nL2 variables Cl1,l2,τ . Having used Lemmas 1 � 6 and (3)�(7), we choose not all equal
to zero Cl1,l2,τ such that for 1 ≤ n1, n2 ≤ N , 0 ≤ t ≤ s ≤ S,
(8) Fs,t,n1,n2(ξ1, . . . , ξ4) = 0,

(9) |Cl1,l2,τ | < exp(c4λ
6 lnλT 2 lnT ).

With (4), (3), (9) and Lemmas 1 � 5 we get for 1 ≤ n1, n2 ≤ N , 0 ≤ s ≤ S,

(10) |F (s)(4n1K1 + 4n2K2)− Fs,n1,n2
(ξ1, . . . , ξ4)| < exp(−1

4
λ7T 2 lnT ).

From (8), (10) at 1 ≤ n1, n2 ≤ N , 0 ≤ s ≤ S we get

(11) |F (s)(4n1K1 + 4n2K2)| < exp(−1

4
λ7T 2 lnT ).

We show that (11) also holds for 1 ≤ n1, n2 ≤ N , 0 ≤ s ≤ λS.
Let ℘i(u) and σi(u) correspond to the functions sni z, i = 1, 2, u = z(e1,i−e3,i)

−1/2,
[1],

G(z) = F (z)σL1 (u+ ω3,1)σL2 (u+ ω3,2),

where ωj,i is the half-period of ℘i(u). Choose the least possible integer r such that

(12) r > 32(N + 1)(|K1|+ |K2|+ |K ′1|+ |K ′2|).
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Denote by R = 48r. Then with Lemmas 1 � 5, Lemma 8 and (1), (3), (3), (9), (12),

(13) |G(z)|R < exp(−λ6 lnλT 2 lnT ).

From (13) we get for 0 ≤ s ≤ λS

(14) |G(s)(z)|r < exp(− 1
2λ

6 lnλT 2 lnT ).

For a su�ciently small ε in the ε-neighborhood of the points 4n1K1 the function
σ2(z − ω2) and in the ε-neighborhood of the points 4n2K2 the function σ1(z − ω1) has
no zeros, so from (2) and Lemma 7 for n1, n2 ≤ 32N we obtain

(15) |σi(z − ωi)|z∈V (ε,4n1K1+4n2K2) > exp(−c5λ5 lnλT 2).

From (13)�(15) for 1 ≤ n1, n2 ≤ N , 0 ≤ s ≤ λS we get

(16) |F (s)(4n1K1 + 4n2K2)| < exp(−λ
6

3 lnλT 2 lnT ).

Given (10), for 1 ≤ n1, n2 ≤ N and 0 ≤ s ≤ λS, from (16) we obtain

(17) |Fs,n1,n2(ξ1, . . . , ξ4)| < exp(−λ
6

4 lnλT 2 lnT ).

Considering Fs,t,n1,n2
(ξ1, . . . , ξ4) as a value of the corresponding polynomial in

algebraic points, from lemma 6, (1), (3) we get for 0 ≤ t ≤ s ≤ λS, 1 ≤ n1, n2 ≤ N,
Fs,t,n1,n2(ξ1, . . . , ξ4) 6= 0, we obtain the estimate

(18) |Fs,t,n1,n2
(ξ1, . . . , ξ4)| > exp(−λ5 lnλT 2 lnT ).

From (3), (18) we get for 0 ≤ s ≤ λS, 1 ≤ n1, n2 ≤ N
(19) |Fs,n1,n2(ξ1, . . . , ξ4)| > exp(−2λ5 lnλT 2 lnT ).

Since (17) and (19) are con�icting, we get for 1 ≤ n1, n2 ≤ N , 0 ≤ s ≤ λS,
(20) Fs,n1,n2(ξ1, . . . , ξ4) = 0.

From (20) it follows that the polynomial F (z) has at least c6λ
7 lnλT 2 zeros (with

multiplicities). From Lemma 9 we get that the number of zeros may not be more than
c7λ

6 lnλT 2, so for su�ciently large λ assumption (4) leads to a contradiction, which
proves the theorem.
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ÑÓÌIÑÍI ÍÀÁËÈÆÅÍÍß ÇÍÀ×ÅÍÜ ÅËIÏÒÈ×ÍÈÕ
ÔÓÍÊÖIÉ ßÊÎÁI Â �ÕÍIÕ ÄIÉÑÍÈÕ ÏÅÐIÎÄÀÕ

ßðîñëàâ ÕÎËßÂÊÀ, Îëüãà ÌÈËÜÎ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, 79000, Ëüâiâ

e-mails: ya_khol@franko.lviv.ua,
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Íåõàé sn1 z, sn2 z � àëãåáðè÷íî íåçàëåæíi åëiïòè÷íi ôóíêöi¨ ßêîái. Ïî-
çíà÷èìî ÷åðåç κ1, 0 < κ1 < 1, åëiïòè÷íèé ìîäóëü sn1 z, à ÷åðåç κ2, 0 < κ2 <
1, � åëiïòè÷íèé ìîäóëü sn2 z. Áóäåìî ïðèïóñêàòè, ùî κ1 òà κ2 àëãåáðè÷íi
÷èñëà. Òàêîæ ïîçíà÷èìî ÷åðåç (4K1, 2iK′1) ïàðó îñíîâíèõ ïåðiîäiâ sn1 z, à
÷åðåç ÷åðåç (4K2, 2iK′2) � ïàðó îñíîâíèõ ïåðiîäiâ sn2 z, äå K1, K2, K

′
1 òà

K′2 ¹ äiéñíèìè ÷èñëàìè.
Åëiïòè÷íà ôóíêöiÿ ßêîái sn1 z çàäîâîëüíÿ¹ ðiâíÿííÿ

(sn′1 z)
2 = (1− sn2

1 z)(1− κ2
1 sn2

1 z),

à åëiïòè÷íà ôóíêöiÿ ßêîái sn2 z çàäîâîëüíÿ¹ ðiâíÿííÿ

(sn′2 z)
2 = (1− sn2

2 z)(1− κ2
2 sn2

2 z).

×èñëà κ′1 = (1−κ2
1)1/2 òà κ′2 = (1−κ2

2)1/2 íàçèâàþòü äîäàòêîâèìè åëiïòè÷-
íèìè ìîäóëÿìè åëiïòè÷íèõ ôóíêöié ßêîái sn1 z i sn2 z. ×èñëà K1, K2, K

′
1

òà K′2 ¹ ïîâíi åëiïòè÷íi iíòåãðàëè ïåðøîãî ðîäó, ùî âiäïîâiäàþòü ÷èñëàì

κ1, κ2, κ′1 òà κ′2. Ïîêëàäåìî I(v) =

π/2∫
0

(1− v2 sin2 t)−1/2dt. Òîäi

K1 = I(κ1), K2 = I(κ2), K′1 = I(κ′1) òà K′2 = I(κ′2).

×èñëî a íàçèâàþòü àëãåáðè÷íèì ÷èñëîì, ÿêùî iñíó¹ òàêèé ìíîãî÷ëåí P (x)
ç öiëèìè êîåôiöi¹íòàìè, ùî P (a) = 0. Ìíîãî÷ëåí P (x) ∈ Z[x] íàçâåìî
îñíîâíèì ìíîãî÷ëåíîì äëÿ ÷èñëà a, ÿêùî âií çàäîâîëüíÿ¹ òàêi óìîâè:
P (a) = 0; ñòàðøèé êîåôiöi¹íò P (x) äîäàòíèé; êîåôiöi¹íòè P (x) âçà¹ìíî
ïðîñòi öiëi ÷èñëà; P (x) íåçâiäíèé íàä Q. Äîâæèíîþ P (x) íàçâåìî ñóìó ìî-
äóëiâ éîãî êîåôiöi¹íòiâ. Ñòåïåíåì ÷èñëà a íàçèâàþòü ñòåïiíü éîãî îñíîâ-
íîãî ìíîãî÷ëåíà P (x) i ïîçíà÷àþòü deg a, äîâæèíîþ ÷èñëà a íàçèâàþòü
äîâæèíó éîãî îñíîâíîãî ìíîãî÷ëåíà P (x) i ïîçíà÷àþòü L(a).
Íåõàé ξ1, ξ2 � äîâiëüíi àëãåáðè÷íi ÷èñëà, n1 = deg(ξ1), n2 = deg(ξ2),
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L1 = L(ξ1), L2 = L(ξ2) òà n = degQ(ξ1, ξ2).
Ó ñòàòòi îòðèìàíî îöiíêó ñóìiñíîãî íàáëèæåííÿ ÷èñåë sn1 4K2 òà sn2 4K1.

Òåîðåìà 1. Íåõàé

T = n

[
lnL1

n1
+

lnL2

n2
+ lnn

ßêùî iñíó¹ òàêà ïîñòiéíà C > 0, ùî äëÿ âñiõ k1, k2 ∈ Z, k21 + k22 6= 0,
|k1, |k2| < t, ñïðàâäæó¹òüñÿ

|k1K1 + k2K2| > exp(Ct3),

òà õî÷à á îäíå ç ÷èñåë sn1 4K2, sn2 4K1 ¹ òðàíñöåíäåíòíèì, òî äëÿ äî-

âiëüíèõ àëãåáðè÷íèõ ÷èñåë ξ1, ξ2, ñïðàâäæó¹òüñÿ îöiíêà

max{| sn1 4K2 − ξ1|, | sn2 4K1 − ξ2|} > exp
(
−ΛT 2 lnT

)
,

äå Λ > 0 ¹ êîíñòàíòà, çàëåæíà òiëüêè âiä κ1,κ2.

Çàóâàæèìî, ùî ÷èñëà, êðàòíi K2, íå ¹ ïîëþñàìè sn1 z, à ÷èñëà, êðàòíi
K1, íå ¹ ïîëþñàìè sn2 z.
Îöiíêè íàáëèæåíü, ïîäiáíi äî îòðèìàíî¨ â òåîðåìi 1, ìîæíà âèêîðèñòîâó-
âàòè äëÿ âèâ÷åííÿ àðèôìåòè÷íèõ âëàñòèâîñòåé åëiïòè÷íèõ êðèâèõ ßêîái.
Äîâåäåííÿ òåîðåìè 1 ïðîâîäèòüñÿ çà äîïîìîãîþ äðóãîãî ìåòîäó Ãåëüôîí-
äà. Ïðèïóñêà¹ìî, ùî äëÿ äîñòàòíüî âåëèêîãî λ ∈ N, âèêîíó¹òüñÿ

max{| sn1 4K2 − ξ1|, | sn2 4K1 − ξ2|} < exp
(
−λ7 T 2 lnT

)
i ïîêàæåìî, ùî öå ïðèïóùåííÿ ïðèâîäèòü äî ïðîòèði÷÷ÿ.
Ïðè äîâåäåííi âèáèðà¹ìî òàêi çíà÷åííÿ ïàðàìåòðiâ

S = L = λ3 lnλT, N = λ
√
λT ,

òà äîïîìiæíó ôóíêöiþ

F (z) =

L∑
l1=0

L∑
l2=0

Cl1,l2 snl11 z snl22 z, Cl1,l2 =

n∑
τ=1

Cl1,l2,τζτ , Cl1,l2,τ ∈ Z,

äå ζτ ¹ òâiðíèìè åëåìåíòàìè Q(ξ1, ξ2).

Êëþ÷îâi ñëîâà: ñóìiñíi íàáëèæåííÿ, åëiïòè÷íà ôóíêöiÿ ßêîái.
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Âñòàíîâëåíî íåîáõiäíi òà äîñòàòíi óìîâè ðåãóëÿðíîñòi âàðiàíòà òà içî-
ìîðôíîñòi äâîõ âàðiàíòiâ äëÿ ìàòðè÷íî¨ íàïiâãðóïè Ðiñà ç ñåíäâi÷ ìàòðè-
öåþ íàä ãðóïîþ ç íóëåì.

Êëþ÷îâi ñëîâà: âàðiàíò, ñåíäâi÷ íàïiâãðóïà, íàïiâãðóïà Ðiñà, içîìîð-
ôiçì.

1. Âñòóï

Íåõàé (S, ·) � íàïiâãðóïà. Äëÿ ôiêñîâàíîãî åëåìåíòà a ∈ S âèçíà÷èìî íà S íîâó
îïåðàöiþ ∗ çà äîïîìîãîþ ðiâíîñòi x∗y = x·a·y. Îïåðàöiþ ∗ áóäåìî íàçèâàòè ñåíäâi÷-
ìíîæåííÿì. Ìíîæèíà S ç ñåíäâi÷-îïåðàöi¹þ ∗ çíîâó ¹ íàïiâãðóïîþ. Ïîçíà÷èìî öþ
íàïiâãðóïó (S, ∗a) i íàçèâàòèìåìî ¨¨ ñåíäâi÷-íàïiâãðóïîþ ÷è âàðiàíòîì íàïiâãðóïè
(S, ·).

Îäíèì iç ïåðøèõ çàäà÷ó âèâ÷åííÿ âàðiàíòiâ íàïiâãðóï ïîñòàâèâ Ëÿïií ó ìî-
íîãðàôi¨ [1]. Õî÷à âií ôîðìóëþâàâ öþ çàäà÷ó äëÿ íàïiâãðóïè ïåðåòâîðåíü, íàäà-
ëi äîñëiäæåííÿ âàðiàíòiâ ïîøèðèëîñÿ íà ðiçíi êëàñè íàïiâãðóï (äèâ., íàïðèêëàä,
[2, 3, 4, 5, 6, 7, 8] òà ãëàâó 13 iç [9]). Äîëiíêà òà Iñò âèâ÷àëè âàðiàíòè ñêií÷åííèõ
íàïiâãðóï ïåðåòâîðåíü ó [10] i âàðiàíòè íàïiâãðóï ïðÿìîêóòíèõ ìàòðèöü ó [11]. Ó
áàãàòüîõ ïðàöÿõ (äèâ., íàïðèêëàä, [12] òà [13]) âèâ÷àëè iíòåðàñîöiàòèâíîñòi ìîíî-
¨äiâ, ÿêi òiñíî ïîâ'ÿçàíi ç âàðiàíòàìè. Içîìîðôiçìè iíòåðàñîöiàòèâíîñòåé òà âàðiàíòiâ
ôiêñîâàíèõ íàïiâãðóï âèâ÷àëèñÿ â [12, 13, 14].

Ìåòà íàøî¨ ïðàöi äîñëiäèòè âàðiàíòè íàïiâãðóïè Ðiñà ìàòðè÷íîãî òèïó ç
ñåíäâi÷-ìàòðèöåþ íàä ãðóïîþ ç íóëåì.

Íåõàé G0 = G ∪ {0} � ãðóïà G iç ïðè¹äíàíèì íóëåì 0, à I òà J � äîâiëüíi
íåïîðîæíi ìíîæèíè. I×J-ìàòðèöåþ Ðiñà íàä ãðóïîþ G0 íàçèâà¹òüñÿ I×J-ìàòðèöÿ

2010 Mathematics Subject Classi�cation: 20M30, 20M17, 20M99

c© Äåñÿòåðèê, Î., 2019
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íàä G0, ÿêà ìiñòèòü íå áiëüøå îäíîãî íåíóëüîâîãî åëåìåíòà. Ìàòðèöþ Ðiñà, â ÿêié
íåíóëüîâèé åëåìåíò g ñòî¨òü íà ìiñöi kl, ïîçíà÷àòèìåìî Akl(g) àáî [g]kl. Ðîçãëÿíåìî
òàêîæ äîâiëüíó (àëå ôiêñîâàíó) J × I-ìàòðèöþ P = (pji)i∈I, j∈J , äå pji ∈ G0. Ó
ìíîæèíi âñiõ I × J-ìàòðèöü Ðiñà íàä G0 âèçíà÷èìî ìíîæåííÿ ◦ ïðàâèëîì A ◦ B =
A ·P ·B. Òîäi äîáóòîê Akl(g)◦Auv(h) ¹ íóëüîâîþ ìàòðèöåþ, ÿêùî plu = 0, i ìàòðèöåþ
Ðiñà Akv(g · plu · h), ÿêùî plu 6= 0.

Îïåðàöiÿ ◦ ¹ àñîöiàòèâíîþ, òîìó ìíîæèíà M0(G; I, J ;P ) âñiõ I × J-ìàòðèöü
Ðiñà íàä ãðóïîþ G0 óòâîðþ¹ íàïiâãðóïó ñòîñîâíî öi¹¨ îïåðàöi¨. Âîíà íàçèâà¹òüñÿ
íàïiâãðóïîþ Ðiñà ìàòðè÷íîãî òèïó iç ñåíäâi÷-ìàòðèöåþ P íàä ãðóïîþ ç íóëåì G0.
ßêùî |I| = n òà |J | = m, òî çàìiñòüM0(G; I, J ;P ) ïèøóòüM0(G;n,m;P ).

2. Äîïîìiæíi ðåçóëüòàòè

Íàïiâãðóïà S íàçèâà¹òüñÿ ðåãóëÿðíîþ, ÿêùî äëÿ äîâiëüíîãî a ∈ S iñíó¹ òàêèé
x ∈ S, ùî axa = a. Áóäåìî íàçèâàòè âàðiàíò (S, ∗a) ðåãóëÿðíèì, ÿêùî (S, ∗a) ¹
ðåãóëÿðíîþ íàïiâãðóïîþ.

Ëåìà 1 ([15], ëåìà 3.1). Íàïiâãðóïà ÐiñàM0(G; I, J ;P ) ìàòðè÷íîãî òèïó ç ñåíäâi÷-
ìàòðèöåþ P íàä ãðóïîþ ç íóëåì G0 ðåãóëÿðíà òîäi i òiëüêè òîäi, êîëè êîæíèé

ðÿäîê i êîæåí ñòîâïåöü ìàòðèöi P ìiñòÿòü íåíóëüîâèé åëåìåíò.

Ëåìà 2 ([15], ëåìà 3.6). Äâi íàïiâãðóïè Ðiñà S = M0(G; I, J ;P ) òà S′ =
M0(G; I, J ;P ′) íàä îäíi¹þ i òi¹þ æ ãðóïîþ ç íóëåì G0 içîìîðôíi, ÿêùî iñíó-

þòü òàêi âiäîáðàæåííÿ ι → uι ìíîæèíè I ó G òà λ → vλ ìíîæèíè J ó G, ùî
p′λι = vλpλιuι äëÿ âñiõ ι ∈ I òà λ ∈ J , äå P = (pλι) òà P

′ = (p′λι).

Çàóâàæèìî, ùî içîìîðôiçìîì áóäå âiäîáðàæåííÿ [g]kl 7→ [ukgvl]kl i ùî P ′ =
V PU , äå V � äiàãîíàëüíà J × J-ìàòðèöÿ, U � äiàãîíàëüíà I × I-ìàòðèöÿ.

Íàñëiäîê 1 ([15], ñòîð. 132). Äëÿ äîâiëüíèõ i ∈ I òà j ∈ J íàïiâãðóïà Ðiñà

M0(G; I, J ;P ) içîìîðôíà íàïiâãðóïi ÐiñàM0(G; I, J ;P ′) ç òàêîþ ñåíäâi÷-ìàòðèöåþ

P ′, â ÿêié â j-ìó ðÿäêó òà i-ìó ñòîâïöi òðàïëÿþòüñÿ ëèøå íóëü òà îäèíèöÿ ãðóïè
G.

I × J-ìàòðèöÿ U íàä ãðóïîþ G0 íàçèâà¹òüñÿ iíâåðòîâíîþ, ÿêùî êîæåí ðÿäîê
i êîæåí ñòîâïåöü ìàòðèöi U ìiñòèòü òî÷íî îäèí íåíóëüîâèé åëåìåíò íàïiâãðóïè G0.
ßêùî I × J-ìàòðèöÿ iíâåðòîâíà, òî, î÷åâèäíî, ùî |I| = |J |. ßêùî ω � ãîìîìîðôiçì
ãðóïè ç íóëåì G0 ó ãðóïó ç íóëåì G0

1 òà P = (pkl) � äîâiëüíà J × I-ìàòðèöÿ íàä G0,
òî ÷åðåç ω(P ) ïîçíà÷èìî J × I-ìàòðèöþ (ω(pkl)).

Ëåìà 3 ([15], íàñëiäîê 3.12). Äâi ðåãóëÿðíi íàïiâãðóïè Ðiñà ìàòðè÷íîãî òèïó

M0(G; I, J ;P ) òà M0(G′; I ′, J ′;P ′) içîìîðôíi òîäi i òiëüêè òîäi, êîëè iñíó¹ içî-

ìîðôiçì ω, ÿêèé âiäîáðàæà¹ G íà G′, òà òàêi iíâåðòîâíi I × I ′-ìàòðèöÿ U òà

J × J ′-ìàòðèöÿ V , ùî ω(P ) = V P ′U .

Äàëi ââàæà¹ìî, ùî ìíîæèíè I òà J ¹ ñêií÷åííèìè ïîòóæíîñòåé n òà m, âiäïî-
âiäíî.

Íàì çíàäîáèòüñÿ òàêå òâåðäæåííÿ äëÿ (0, 1)-ìàòðèöü, òîáòî ìàòðèöü, åëåìåíòà-
ìè ÿêèõ ¹ òiëüêè 0 òà 1. ×åðåç Im×n ïîçíà÷èìî ìàòðèöþ ïîðÿäêóm×n, âñi åëåìåíòè
ÿêî¨ ¹ îäèíèöÿìè.
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Òâåðäæåííÿ 1. Íåõàé P � (0, 1)-ìàòðèöÿ ïîðÿäêó m × n, Eij � ìàòðè÷íà îäè-

íèöÿ iç Mn×m(R). Ïåðåñòàíîâêàìè ðÿäêiâ i ñòîâïöiâ ìàòðèöþ P · Eij · P ìîæíà

çâåñòè äî âèãëÿäó (
Ir×l 0
0 0

)
,

äå r � êiëüêiñòü îäèíèöü ó i-ìó ñòîâïöi ìàòðèöi P , à l � êiëüêiñòü îäèíèöü ó

j-ìó ðÿäêó ìàòðèöi P .

Äîâåäåííÿ. Íåõàé P = (prs) i F = P · Eij · P . Òîäi



p1i1ijpj1 · · · p1i1ijpjk · · · p1i1ijpjn

· · · · · ·
... · · · · · ·

F = pti1ijpj1 · · · pti1ijpjk · · · pti1ijpjn

· · · · · ·
... · · · · · ·

pmi1ijpj1 · · · pmi1ijpjk · · · pmi1ijpjn

.

ßêùî pti1ijpjk = 1, òî pti = 1 òà pjk = 1. Òîäi ÿêùî pti = 1, òî ó t-ìó ðÿäêó
ìàòðèöi F îäèíèöi áóäóòü ñòîÿòè òiëüêè íà òèõ ìiñöÿõ tx, äëÿ ÿêèõ pjx = 1 (òîáòî
òàì, äå ñòîÿòü îäèíèöi ó j-ìó ðÿäêó ìàòðèöi P ). Àíàëîãi÷íî ç ðiâíîñòi pjk = 1
âèïëèâà¹, ùî îäèíèöi ó k-ìó ñòîâïöi ìàòðèöi F ñòîÿòü íà òèõ ìiñöÿõ yk ìàòðèöi F ,
äëÿ ÿêèõ, äå pyi = 1 (òîáòî òàì, äå ñòîÿòü îäèíèöi ó i-ìó ñòîâïöi ìàòðèöi P ).

ßêùî pti = 0, òî t-é ðÿäîê ìàòðèöi F ¹ íóëüîâèì. Àíàëîãi÷íî, ÿêùî pjk = 0, òî
k-é ñòîâïåöü ìàòðèöi F íóëüîâèé.

Îòîæ, ìiñöÿ îäèíèöü ó ìàòðèöi F âèçíà÷àþòüñÿ ìiñöÿìè îäèíèöü ó i-òîìó ñòîâ-
ïöi ìàòðèöi òà ó j-ìó ðÿäêó ìàòðèöi P , à çàãàëüíà êiëüêiñòü îäèíèöü ó ìàòðèöi F
äîðiâíþ¹ r · l. À ÿêùî íà ÿêîìóñü ìiñöi â i-ìó ñòîâïöi ìàòðèöi òà ó j-ìó ðÿäêó ìàò-
ðèöi P ñòî¨òü íóëü, òî íóëüîâèì áóäå âåñü âiäïîâiäíèé ðÿäîê àáî ñòîâïåöü ìàòðèöi
F . Òîìó ïåðåñòàíîâêîþ ðÿäêiâ i ñòîâïöiâ ìàòðèöþ F çâîäèìî äî âèãëÿäó(

Ir×l 0
0 0

)
.

Òóò Ir×l � ìàòðèöÿ, âñi åëåìåíòè ÿêî¨ ¹ îäèíèöÿìè, r � êiëüêiñòü îäèíèöü ó i-ìó
ñòîâïöi ìàòðèöi P , l � êiëüêiñòü îäèíèöü ó j-ìó ðÿäêó ìàòðèöi P . �

3. Âàðiàíòè íàïiâãðóïè Ðiñà íàä ãðóïîþ ç íóëåì

Íåõàé Aij �ôiêñîâàíèé åëåìåíò íàïiâãðóïèM0(G;n,m;P ). Î÷åâèäíî, ùî âàði-
àíò (M0(G;n,m;P ), ∗Aij

) òåæ ¹ íàïiâãðóïîþ Ðiñà, àëå ç ñåíäâi÷-ìàòðèöåþ P ·Aij ·P .
Ç'ÿñó¹ìî, ÿêèé âèãëÿä ìîæå ìàòè öÿ ñåíäâi÷-ìàòðèöÿ.

Òâåðäæåííÿ 2. ßêùî ó ìàòðèöi Q = P · Aij · P íà ìiñöi lk ñòî¨òü íóëü, òî

íóëüîâèì áóäå àáî âåñü k-é ñòîâïåöü, àáî âåñü l-é ðÿäîê, àáî îäíî÷àñíî k-é ñòîâïåöü
òà l-é ðÿäîê.
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Äîâåäåííÿ. Íåõàé P = (pij). Áåçïîñåðåäíüî ïåðåâiðÿ¹òüñÿ, ùî

Q =


p11 · · · p1i · · · p1n

· · · · · ·
... · · · · · ·

pk1 · · · pki · · · pkn

· · · · · ·
... · · · · · ·

pm1 · · · pmi · · · pmn

 ·Aij ·

p11 · · · p1k · · · p1n

· · · · · ·
... · · · · · ·

pj1 · · · pjk · · · pjn

· · · · · ·
... · · · · · ·

pm1 · · · pmk · · · pmn

 =



p1iaijpj1 · · · p1iaijpjk · · · p1iaijpjn

· · · · · ·
... · · · · · ·

= pliaijpj1 · · · pliaijpjk · · · pliaijpjn

· · · · · ·
... · · · · · ·

pmiaijpj1 · · · pmiaijpjk · · · pmiaijpjn


Íåõàé pliaijpjk = 0. Öå ìîæëèâî, ÿêùî àáî pjk = 0, àáî pli = 0, àáî îäíî÷àñíî

pjk = 0 òà pli = 0. ßêùî pjk = 0, òî â ìàòðèöi Q íóëüîâèì áóäå âåñü k-é ñòîâïåöü.
ßêùî pli = 0, òî â ìàòðèöi Q íóëüîâèì áóäå âåñü l-é ðÿäîê. ßêùî æ îäíî÷àñíî
pjk = 0 òà pli = 0, òî â ìàòðèöi Q íóëüîâèìè áóäóòü k-é ñòîâïåöü òà l-é ðÿäîê. �

Òâåðäæåííÿ 3. ßêùî j-é ðÿäîê àáî i-é ñòîâïåöü ìàòðèöi P � íóëüîâi, òî âàði-

àíò (M0(G;n,m;P ), ∗[a]ij ) ¹ íàïiâãðóïîþ ç íóëüîâèì ìíîæåííÿì.

Äîâåäåííÿ. Ñïðàâäi, äëÿ äîâiëüíèõ åëåìåíòiâ [x]lk i [y]ht

[x]lk ∗[a]ij [y]ht = [x · pki · a · pjh · y]kh = 0,

îñêiëüêè ïðèíàéìíi îäèí iç ìíîæíèêiâ pki òà pjh ¹ íóëåì. �

Òåîðåìà 1. Âàðiàíò (M0(G;n,m;P ), ∗Aij ) íàïiâãðóïèM0(G;n,m;P ) ¹ ðåãóëÿðíèì
òîäi i òiëüêè òîäi, êîëè j-é ðÿäîê òà i-é ñòîâïåöü ìàòðèöi P íå ìiñòÿòü íóëiâ.

Äîâåäåííÿ. Ç ëåìè 1 âèïëèâà¹, ùî âàðiàíò (M0(G;n,m;P ), ∗Aij
) ¹ ðåãóëÿðíèì òîäi

i òiëüêè òîäi, êîëè ìàòðèöÿ PAijP íå ìiñòèòü íóëüîâèõ ðÿäêiâ ÷è ñòîâïöiâ.
Iç òâåðäæåííÿ 2 âèïëèâà¹ òàêå: êîëè â ìàòðèöi PAijP ¹ íóëüîâèé åëåìåíò, òî

öÿ ìàòðèöÿ ìiñòèòü íóëüîâèé ðÿäîê àáî íóëüîâèé ñòîâïåöü. À ç äîâåäåííÿ öüîãî
òâåðäæåííÿ âèïëèâà¹, ùî íóëüîâèé ðÿäîê àáî íóëüîâèé ñòîâïåöü áóäóòü òîäi i òiëüêè
òîäi, êîëè ìàòðèöÿ P ìiñòèòü íóëü ó j-ìó ðÿäêó àáî i-ìó ñòîâïöi.

Òîìó äëÿ ðåãóëÿðíîñòi âàðiàíòà (M0(G;n,m;P ), ∗Aij
) íåîáõiäíî i äîñòàòíüî,

ùîá j-é ðÿäîê òà i-é ñòîâïåöü ìàòðèöi P íå ìiñòèëè íóëiâ. �

Ëåìà 4. Íåõàé ϕ : S → S′, ϕ([g]ij) = [ũiigṽjj ]ij � içîìîðôiçì íàïiâãðóï Ði-

ñà (S, ·) =M0(G;n,m;P ) i (S′, ◦) =M0(G;n,m;P ′). Òîäi äëÿ äîâiëüíîãî åëåìåíòà

[g]ij ∈ S âiäîáðàæåííÿ ϕ ¹ òàêîæ içîìîðôiçìîì âàðiàíòà (M0(G;n,m;P ), ∗[a]ij ) íà
âàðiàíò (M0(G;n,m;P ′), ∗ϕ([a]ij)).
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Äîâåäåííÿ ëåìè 4 âèïëèâà¹ ç ðiâíîñòåé

ϕ([x]st ∗[a]ij [y]lr) = ϕ([x]st ◦ [a]ij ◦ [y]lr) =
= ϕ([x]st) · ϕ([a]ij) · ϕ([y]lr) =
= ϕ([x]st) ∗[ã]ij ϕ([y]lr).

Òåîðåìà 2. Óñi ðåãóëÿðíi âàðiàíòè íàïiâãðóïè Ðiñà M0(G;n,m;P ) ïîïàðíî içî-

ìîôíi

Äîâåäåííÿ. Íåõàé S1 = (M0(G;n,m;P ), ∗[a]ij ) i S2 = (M0(G;n,m;P ), ∗[b]kl
) � äâà

äîâiëüíi ðåãóëÿðíi âàðiàíòè íàïiâãðóïè Ðiñà M0(G;n,m;P ). Çà ëåìîþ 4 iñíóþòü
òàêi åëåìåíòè ã, b̃ ∈ G òà ìàòðèöi P ′, j-é ðÿäîê i i-é ñòîâïåöü ÿêî¨ ìiñòÿòü ëèøå íóëi
é îäèíèöi ãðóïè G, i P ′′ ç àíàëîãi÷íèìè l-ì ðÿäêîì i k-ì ñòîâïöåì, ùî

(M0(G;n,m;P ), ∗[a]ij ) ' (M0(G;n,m;P ′), ∗[ã]ij ),
(M0(G;n,m;P ), ∗[b]kl

) ' (M0(G;n,m;P ′′), ∗[̃b]kl
).

Iç ðåãóëÿðíîñòi âàðiàíòiâ i òåîðåìè 1 âèïëèâà¹, ùî öi ðÿäêè i ñòîâïöi íàñïðàâ-
äi ìiñòÿòü ëèøå îäèíèöi ãðóïè G. Çâiäñè âèïëèâà¹, ùî ñåíäâi÷-ìàòðèöåþ âàðiàíòà
(M0(G;n,m;P ′), ∗[ã]ij ) ÿê íàïiâãðóïè Ðiñà áóäå ìàòðèöÿ Q′ = P ′Aij(ã)P

′, âñi åëåìåí-
òè ÿêî¨ äîðiâíþþòü ã. Àíàëîãi÷íî ñåíäâi÷-ìàòðèöåþ âàðiàíòà (M0(G;n,m;P ′′), ∗[̃b]kl

)

ÿê íàïiâãðóïè Ðiñà áóäå ìàòðèöÿ Q′′ = P ′′Akl(̃b)P
′′, âñi åëåìåíòè ÿêî¨ äîðiâíþþòü b̃.

Äëÿ äiàãîíàëüíèõ ìàòðèöü V = diag(ã) òà U = diag(̃b−1) âèêîíó¹òüñÿ ðiâíiñòü
Q′ = V Q′′U . Òîìó çà ëåìîþ 3 âàðiàíòè

(M0(G;n,m;P ′), ∗[ã]ij ) òà (M0(G;n,m;P ′), ∗[̃b]kl
)

içîìîðôíi. Çâiäñè âèïëèâà¹, ùî içîìîðôíèìè òàêîæ ¹ âàðiàíòè S1 òà S2. �

4. Içîìîðôíiñòü íàïiâãðóï Ðiñà íàä òðèâiàëüíîþ ãðóïîþ ç íóëåì

Äàëi ðîçãëÿäàþòüñÿ íàïiâãðóïè Ðiñà íàä òðèâiàëüíîþ ãðóïîþ ç íóëåì G0 =
{0, 1}. �õíiìè åëåìåíòàìè ¹ ìàòðè÷íi îäèíèöi òà íóëüîâà ìàòðèöÿ, à ñåíäâi÷-ìàòðèöi
òàêèõ íàïiâãðóï ¹ (0, 1)-ìàòðèöÿìè.

Òâåðäæåííÿ 4. ßêùî (0, 1)-ìàòðèöÿ P ′ îòðèìàíà ç ìàòðèöi P ïåðåñòàíîâêîþ

äâîõ ðÿäêiâ, òî íàïiâãðóïè ÐiñàM0(G;n,m;P ) òàM0(G;n,m;P ′) içîìîðôíi.

Äîâåäåííÿ. Íåõàé ìàòðèöÿ P ′ îòðèìàíà ç ìàòðèöi P ïåðåñòàíîâêîþ k-ãî òà l-ãî
ðÿäêiâ:



p11 p12 . . . p1n
. . . . . . . . . . . .
pk1 pk2 . . . pkn

P = . . . . . . . . . . . .
pl1 pl2 . . . pln
. . . . . . . . . . . .
pm1 pm2 . . . pmn


,



p11 p12 . . . p1n
. . . . . . . . . . . .
pl1 pl2 . . . pln

P ′= . . . . . . . . . . . .
pk1 pk2 . . . pkn
. . . . . . . . . . . .
pm1 pm2 . . . pmn





p′11 p′12 . . . p′1n
. . . . . . . . . . . .
p′k1 p′k2 . . . p′kn

= . . . . . . . . . . . .
p′l1 p′l2 . . . p′ln
. . . . . . . . . . . .
p′m1 p′m2 . . . p′mn


.
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Ðîçãëÿíåìî òàáëèöi ìíîæåííÿ íàïiâãðóïM0(G0;n,m;P ) iM0(G;n,m;P ′):

P · · · [1]1k · · · [1]1l · · · [1]ik · · · [1]il · · ·
[1]11 · · · [p11]1k · · · [p11]1l · · · [p1i]1k · · · [p1i]1l · · ·
...

...
...

...
...

...
...

...
...

...
[1]1k · · · [pk1]1k · · · [pk1]1l · · · [pki]1k · · · [pki]1l · · ·
...

...
...

...
...

...
...

...
...

...
[1]1l · · · [pl1]1k · · · [pl1]1l · · · [pli]1k · · · [pli]1l · · ·
...

...
...

...
...

...
...

...
...

...
[1]ik · · · [pk1]ik · · · [pk1]il · · · [pki]ik · · · [pki]il · · ·
...

...
...

...
...

...
...

...
...

...
[1]il . . . [pl1]ik · · · [pl1]il . . . [pli]ik . . . [pli]il · · ·
...

...
...

...
...

...
...

...
...

...

P ′ · · · [1]1k · · · [1]1l · · · [1]ik · · · [1]il · · ·
[1]11 · · · [p11]1k · · · [p11]1l · · · [p1i]1k · · · [p1i]1l · · ·
...

...
...

...
...

...
...

...
...

...
[1]1k · · · [pl1]1k · · · [pl1]1l · · · [pli]1k · · · [pli]1l · · ·
...

...
...

...
...

...
...

...
...

...
[1]1l · · · [pk1]1k · · · [pk1]1l · · · [pki]1k · · · [pki]1l · · ·
...

...
...

...
...

...
...

...
...

...
[1]ik · · · [pl1]ik · · · [pl1]il · · · [pli]ik · · · [pli]il · · ·
...

...
...

...
...

...
...

...
...

...
[1]il · · · [pk1]ik · · · [pk1]il . . . [pki]ik . . . [pki]il · · ·
...

...
...

...
...

...
...

...
...

...

Áà÷èìî, ÿêùî ó òàáëèöi ìíîæåííÿ äëÿ íàïiâãðóïèM0(G;n,m;P ) äëÿ êîæíîãî
j ∈ {1, 2, . . . , n} ïîìiíÿòè ìiñöÿìè ðÿäêè, ùî âiäïîâiäàþòü åëåìåíòàì [1]jk i [1]jl, òî
îòðèìà¹ìî òàáëèöþ ìíîæåííÿ äëÿM0(G;n,m;P ′).

Ðîçãëÿíåìî âiäîáðàæåííÿ

ϕ :M0(G;n,m;P )→M0(G;n,m;P ′),

âèçíà÷åíå òàê: äëÿ äîâiëüíèõ j ∈ {1, 2, · · · , n} òà h 6= l, k ïðèéìåìî

ϕ([1]jk) = [1]jl, ϕ([1]jl) = [1]jk, ϕ([1]jh) = [1]jh.

Äîâåäåìî, ùî ϕ ¹ içîìîðôiçìîì. Äëÿ öüîãî ïåðåâiðèìî, ùî âèêîíó¹òüñÿ ðiâ-
íiñòü ϕ(X · P · Y ) = ϕ(X) · P ′ · ϕ(Y ) äëÿ äîâiëüíèõ ðiñiâñüêèõ ìàòðèöü X,Y ∈
M0(G;n,m;P ). Ðiâíiñòü î÷åâèäíà, ÿêùî X = 0 àáî Y = 0. Òîìó ìîæíà ââàæàòè,
ùî X = [1]ij , Y = [1]rq. Äàëi ðîçãëÿíåìî ìîæëèâi âèïàäêè:
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1) ÿêùî j = q = k, òî

ϕ([1]ik ·P ·[1]rk) = ϕ([pkr]ik) = [p′lr]il = [1]il ·P ′ ·[1]rl = ϕ([1]ik) ·P ′ · ϕ([1]rk);

2) ÿêùî j = k, q = l, òî

ϕ([1]ik ·P ·[1]rl) = ϕ([pkr]il) = [p′lr]ik = [1]il ·P ′ ·[1]rk = ϕ([1]ik) ·P ′ · ϕ([1]rl);

3) ÿêùî j = k, q 6∈ {k, l}, òî

ϕ([1]ik ·P ·[1]rq) = ϕ([pkr]iq) = [p′lr]iq = [1]il ·P ′ ·[1]rq = ϕ([1]ik) ·P ′ · ϕ([1]rq);

4) ÿêùî j, q 6∈ {k, l}, òî

ϕ([1]ij ·P ·[1]rq) = ϕ([pjr]iq) = [p′jr]iq = [1]ij ·P ′ ·[1]rq = ϕ([1]ij) ·P ′ · ϕ([1]rq).

Âèïàäêè 1′) j = q = l; 2′) j = l, q = k; 3′) j = l, q 6∈ {k, l}; 3′′) q = k, j 6∈ {k, l};
3′′′) q = l, j 6∈ {k, l} ðîçãëÿäàþòüñÿ àíàëîãi÷íî.

Ïîäèâèìîñü, ó ÿêó òàáëèöþ ïåðåéäå òàáëèöÿ ìíîæåííÿ äëÿ íàïiâãðóïè
M0(G;n,m;P ), ÿêùî êîæåí åëåìåíò òàáëèöi çàìiíèòè éîãî îáðàçîì ïðè âiäîáðà-
æåííi ϕ. Öåé ïåðåõiä ìîæíà ðîçáèòè íà äâà åòàïè. Íà ïåðøîìó åòàïi äëÿ êîæíîãî
i ïåðåñòàâèìî ìiñöÿìè ðÿäêè, ùî âiäïîâiäàþòü åëåìåíòàì [1]ik òà [1]il, à ïîòiì
ñòîâïöi, ÿêi âiäïîâiäàþòü öèì åëåìåíòàì. Îòðèìà¹ìî òàáëèöþ:

· · · [1]1l · · · [1]1k · · · [1]il · · · [1]ik · · ·
[1]11 · · · [p11]1l · · · [p11]1k · · · [p1i]1l · · · [p1i]1k · · ·
...

...
...

...
...

...
...

...
...

...
[1]1l · · · [pl1]1l · · · [pl1]1k · · · [pli]1l · · · [pli]1k · · ·
...

...
...

...
...

...
...

...
...

...
[1]1k · · · [pk1]1l · · · [pk1]1k · · · [pki]1l · · · [pki]1k · · ·
...

...
...

...
...

...
...

...
...

...
[1]il . . . [pl1]il · · · [pl1]ik . . . [pli]il . . . [pli]ik · · ·
...

...
...

...
...

...
...

...
...

...
[1]ik · · · [pk1]il · · · [pk1]ik · · · [pki]il · · · [pki]ik · · ·
...

...
...

...
...

...
...

...
...

...

Íà äðóãîìó åòàïi äëÿ êîæíîãî åëåìåíòà òàáëèöi äðóãèé iíäåêñ k çàìiíèìî íà l i
íàâïàêè, íå çìiíþþ÷è ïåðøèõ iíäåêñiâ òà ðåøòè äðóãèõ iíäåêñiâ. Áåçïîñåðåäíüî ïå-
ðåâiðÿ¹òüñÿ, ùî îòðèìàíà òàáëèöÿ çáiãà¹òüñÿ ç òàáëèöåþ ìíîæåííÿ äëÿ íàïiâãðóïè
M0(G;n,m;P ′). Òîìó íàïiâãðóïè M0(G;n,m;P ) òà M0(G;n,m;P ′) ¹ içîìîðôíè-
ìè. �

ßêùî âiä íàïiâãðóïè Ðiñà M0(G;n,m;P ) ïåðåéòè äî äóàëüíî¨ íàïiâãðóïè
M0(G;m,n;P ′), òî ç òâåðäæåííÿ 4 îäðàçó âèïëèâà¹ äóàëüíå

Òâåðäæåííÿ 5. ßêùî (0, 1)-ìàòðèöÿ P ′′ îòðèìàíà ç ìàòðèöi P ïåðåñòàíîâêîþ

äâîõ ñòîâïöiâ, òî íàïiâãðóïè ÐiñàM0(G;n,m;P ) òàM0(G;n,m;P ′′) içîìîðôíi.
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Íàñëiäîê 2. ßêùî ìàòðèöÿ P̃ îòðèìàíà ç ìàòðèöi P çà äîïîìîãîþ ïåðåñòàíîâîê

ðÿäêiâ i ñòîâïöiâ, òî íàïiâãðóïè ÐiñàM0(G;n,m;P ) òàM0(G;n,m; P̃ ) içîìîðôíi.

5. Âàðiàíòè íàïiâãðóïè Ðiñà íàä òðèâiàëüíîþ ãðóïîþ ç íóëåì

Òâåðäæåííÿ 6. ßêùî âàðiàíò (M0(G;n,m;P ), ∗Aij ) íàïiâãðóïè Ðiñà íàä òðèâi-

àëüíîþ ãðóïîþ ç íóëåì ¹ ðåãóëÿðíèì, òî âií içîìîðôíèé íàïiâãðóïi

M0(G;n,m; Im×n).

Äîâåäåííÿ. Âàðiàíò (M0(G;n,m;P ), ∗Aij
) ¹ íàïiâãðóïîþ Ðiñà (M0(G;n,m;PAijP ).

Îñêiëüêè âàðiàíò (M0(G;n,m;P ), ∗Aij
) ðåãóëÿðíèé, òî çà òåîðåìîþ 1 âñi åëåìåíòè

j-ãî ðÿäêà òà i-ãî ñòîâïöÿ ìàòðèöi P ¹ îäèíèöÿìè. Àëå òîäi ç òâåðäæåííÿ 1 âèïëèâà¹,
ùî PAijP = Im×n. �

Òåîðåìà 3. Âàðiàíòè S1 = (M0(G;n,m;P ), ∗Aij
) òà S2 = (M0(G;n,m;P ), ∗Alk

)
içîìîðôíi òîäi i òiëüêè òîäi, êîëè ìàòðèöi Q = PAijP òà F = PAlkP ïiñëÿ

âèêðåñëåííÿ íóëüîâèõ ðÿäêiâ i ñòîâïöiâ çáiãàþòüñÿ.

Äîâåäåííÿ. Âàðiàíòè S1 i S1 ¹ íàïiâãðóïàìè Ðiñà ç ìàòðèöÿìè Q òà F , âiäïîâiäíî.
Çà òâåðäæåííÿì 1 ïåðåñòàíîâêàìè ðÿäêiâ i ñòîâïöiâ ìàòðèöi Q òà F ìîæíà çâåñòè
äî âèãëÿäó

Q′ =

(
Iu×v 0
0 0

)
, F ′ =

(
Ik×t 0
0 0

)
,

âiäïîâiäíî. Öå îçíà÷à¹, ùî ïiñëÿ âèêðåñëåííÿ ç ìàòðèöü Q òà F íóëüîâèõ ðÿäêiâ i
ñòîâïöiâ ìè îäåðæèìî ìàòðèöi Iu×v òà Ik×t, âiäïîâiäíî. Êðiì òîãî, çà íàñëiäêîì 2
ìàòèìåìî

M0(G;n,m;Q) 'M0(G;n,m;Q′), M0(G;n,m;F ) 'M0(G;n,m;F ′).

Òîìó äîñòàòíüî äîâåñòè, ùî íàïiâãðóïè M0(G;n,m;Q′) i M0(G;n,m;F ′) içî-
ìîðôíi òîäi i òiëüêè òîäi, êîëè Iu×v = Ik×t.

Äîñòàòíiñòü óìîâè î÷åâèäíà, áî òîäi Q′ = F ′.

Äëÿ äîâåäåííÿ íåîáõiäíîñòi çàóâàæèìî, ùî â íàïiâãðóïiM0(G;n,m;Q′) äîáó-
òîê [1]rs · [1]xy = [q′sx]ry áóäå íåíóëüîâèì òîäi i òiëüêè òîäi, êîëè 1 6 s 6 u i 1 6 x 6 v.
Òîìó òàáëèöÿ ìíîæåííÿ äëÿ íàïiâãðóïè M0(G;n,m;Q′) ìiñòèòèìå nu íåíóëüîâèõ
ðÿäêiâ, ó êîæíîìó ç ÿêèõ áóäå mv îäèíèöü. Àíàëîãi÷íî òàáëèöÿ ìíîæåííÿ äëÿ
íàïiâãðóïè M0(G;n,m;F ′) áóäå ìiñòèòè nk íåíóëüîâèõ ðÿäêiâ, ó êîæíîìó ç ÿêèõ
áóäå mt îäèíèöü. Òîìó ç içîìîðôíîñòi íàïiâãðóï M0(G;n,m;Q′) i M0(G;n,m;F ′)
âèïëèâà¹, ùî u = k i v = t. �

Ïîçíà÷èìî ÷åðåç ri êiëüêiñòü îäèíèöü â i-ìó ðÿäêó ìàòðèöi P , à ÷åðåç sj �
êiëüêiñòü îäèíèöü ó j-ìó ñòîâïöi ìàòðèöi P .

Íàñëiäîê 3. ßêùî äëÿ ìàòðèöi P ìíîæèíà {ri : 0 6 i 6 m}\{0} ìà¹ k åëåìåíòiâ,
à ìíîæèíà {sj : 0 6 j 6 n} \ {0} � l åëåìåíòiâ, òî íàïiâãðóïà ÐiñàM0(G;n,m;P )
ìà¹ òî÷íî k · l + 1 ïîïàðíî íåiçîìîðôíèõ âàðiàíòiâ.
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Äîâåäåííÿ. ßêùî ri 6= 0 i sj 6= 0, òî ç òâåðäæåííÿ 1 òà íàñëiäêó 2 âèïëèâà¹,
ùî âàðiàíò (M0(G;n,m;P ), ∗[1]ij ) içîìîðôíèé íàïiâãðóïi Ðiñà M0(G;n,m;Q) iç

ñåíäâi÷-ìàòðèöåþ Q =

(
Isi×rj 0

0 0

)
. Çà òåîðåìîþ 3 ðiçíèì ïàðàì (si, rj) âiäïîâiäà-

þòü íåiçîìîðôíi âàðiàíòè, ùî äà¹ íàì k · l ïîïàðíî íåiçîìîðôíèõ âàðiàíòiâ. Æîäåí
iç íèõ íå ¹ íàïiâãðóïîþ iç íóëüîâèì ìíîæåííÿì. Êðiì òîãî, ìà¹ìî ùå âàðiàíò
(M0(G;n,m;P ), ∗0), ÿêèé ¹ íàïiâãðóïîþ iç íóëüîâèì ìíîæåííÿì. �
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VARIANTS OF THE REES MATRIX SEMIGROUP

Oleksandra DESIATERYK

International Research and Training Center for Information Technologies

and Systems of NAS and MES of Ukraine,

Glushov Ave., 40, 03680, Kyiv, Ukraine

e-mail: sasha.desyaterik@gmail.com

Let S be a semigroup, and let a ∈ S. Then the variant of S with respect
to a is the semigroup with underlying set S and multiplication ◦ de�ned by
x ◦ y = xay.
Let S be an arbitrary semigroup, let I and Λ be (index) sets and let P = (pλi)
be a (Λ × I)-matrix over S, i.e. a mapping from the Cartesian product Λ × I
into S. The following formula de�nes an operation on the set M = I × S × Λ:

(i, s, λ)(j, t, µ) = (i, spλjt, µ).

Then M is a semigroup, called a Rees semigroup of matrix type over S and
denoted by M(S; I,Λ;P ). The matrix P is called the sandwich matrix of
the semigroup M(S; I,Λ;P ). If S is a semigroup with zero 0, then Z =
{(i, 0, λ) : i ∈ I, λ ∈ Λ} is an ideal inM(S; I,Λ;P ) and the Rees quotient semi-
group M/Z is denoted byM0(S; I,Λ;P ). In the case when S = G0 is a group
G0 with an adjoined zero, instead ofM0(G0; I,Λ;P ) one writesM0(G; I,Λ;P )
and calls it a Rees semi-group of matrix type over the group G0 with an adjoi-

ned zero.
We obtained necessary and su�ciency conditions for regularity and isomorphi-
sm of two variants of the Rees matrix semigroup with a sandwich matrix
over a trivial group with zero. In particular we show that variants S1 =
(M0(G;n,m;P ), ∗Aij ) and S2 = (M0(G;n,m;P ), ∗Alk ) are isomorphic if and
only if when the matrices Q = PAijP and F = PAlkP coincide after deleting
of zero-rows and zero-columns.

Key words: variant, sandwich semigroup, Rees semigroup, isomorphism.
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Äîñëiäæåíî ãîìîìîðôíi ðåòðàêòè ìîíî¨äà IN∞ êîñêií÷åííèõ ÷àñòêîâèõ
içîìåòðié ìíîæèíè íàòóðàëüíèõ ÷èñåë N. Çîêðåìà, ïîáóäîâàíî êëàñ ãîìî-
ìîðôíèõ ðåòðàêòiâ ìîíî¨äà IN∞, åëåìåíòè ÿêîãî ìiñòÿòü ïiäìîíî¨ä CN,
ïîðîäæåíèé çñóâàìè ìíîæèíè N, òàêi, ùî CN ¹ ãîìîìîðôíèì ðåòðàêòîì
êîæíîãî òàêîãî ìîíî¨äà.

Êëþ÷îâi ñëîâà: íàïiâãðóïà, içîìåòðiÿ, ÷àñòêîâà ái¹êöiÿ, ãîìîìîðôíèé
ðåòðàêò, êîíãðóåíöiÿ, áiöèêëi÷íèé ìîíî¨ä.

Ìè êîðèñòóâàòèìåìîñü òåðìiíîëîãi¹þ ç [8, 16, 17].
Íàäàëi ó òåêñòi ïîòóæíiñòü ìíîæèíè A ïîçíà÷àòèìåìî ÷åðåç |A| i ìíîæèíó

íàòóðàëüíèõ ÷èñåë � ÷åðåç N.
ßêùî âèçíà÷åíå ÷àñòêîâå âiäîáðàæåííÿ α : X ⇀ Y ç ìíîæèíè X ó ìíîæèíó

Y , òî ÷åðåç domα i ranα áóäåìî ïîçíà÷àòè éîãî îáëàñòü âèçíà÷åííÿ òà îáëàñòü

çíà÷åíü, âiäïîâiäíî, à ÷åðåç (x)α i (A)α � îáðàçè åëåìåíòà x ∈ domα òà ïiäìíîæè-
íè A ⊆ domα ïðè ÷àñòêîâîìó âiäîáðàæåííi α, âiäïîâiäíî. ×àñòêîâå âiäîáðàæåííÿ
α : X ⇀ Y íàçèâà¹òüñÿ êî-ñêií÷åííèì, ÿêùî ìíîæèíè X \ domα òà Y \ ranα ¹ ñêií-
÷åííèìè.

ßêùî S � íàïiâãðóïà, òî ¨¨ ïiäìíîæèíà iäåìïîòåíòiâ ïîçíà÷à¹òüñÿ ÷åðåç E(S).
Íàïiâãðóïà S íàçèâà¹òüñÿ iíâåðñíîþ, ÿêùî äëÿ äîâiëüíîãî ¨¨ åëåìåíòà x iñíó¹ ¹äèíèé
åëåìåíò x−1 ∈ S òàêèé, ùî xx−1x = x òà x−1xx−1 = x−1. Â iíâåðñíié íàïiâãðóïi S
âèùå îçíà÷åíèé åëåìåíò x−1 íàçèâà¹òüñÿ iíâåðñíèì äî x. Â'ÿçêà � öå íàïiâãðóïà
iäåìïîòåíòiâ, à íàïiâ ðàòêà � öå êîìóòàòèâíà â'ÿçêà.

Íåõàé Iλ � ìíîæèíà âñiõ ÷àñòêîâèõ âçà¹ìíî îäíîçíà÷íèõ ïåðåòâîðåíü íåíó-
ëüîâîãî êàðäèíàëà λ ç âèçíà÷åíîþ íà íié íàïiâãðóïîâîþ îïåðàöi¹þ

x(αβ) = (xα)β ÿêùî x ∈ dom(αβ) = {y ∈ domα : yα ∈ domβ}, äëÿ α, β ∈ Iλ.

2010 Mathematics Subject Classi�cation: 20M18, 20M20, 20M30

c© Ñàâ÷óê, À., 2019
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Íàïiâãðóïà Iλ íàçèâà¹òüñÿ ñèìåòðè÷íèì iíâåðñíèì ìîíî¨äîì (ñèìåòðè÷íîþ ií-

âåðñíîþ íàïiâãðóïîþ) íàä êàðäèíàëîì λ (äèâ. [8]). Ñèìåòðè÷íèé iíâåðñíèé ìîíî¨ä
ââåäåíèé Âàãíåðîì ó ïðàöi [2] i âií âiäiãðà¹ âàæëèâó ðîëü ó òåîði¨ íàïiâãðóï.

Âiäíîøåííÿ åêâiâàëåíòíîñòi K íà íàïiâãðóïi S íàçèâà¹òüñÿ êîíãðóåíöi¹þ, ÿêùî
äëÿ åëåìåíòiâ a i b íàïiâãðóïè S ç òîãî, ùî âèêîíó¹òüñÿ óìîâà (a, b) ∈ K âèïëèâà¹, ùî
(ca, cb), (ad, bd) ∈ K, äëÿ âñiõ c, d ∈ S. Âiäíîøåííÿ (a, b) ∈ K ìè òàêîæ áóäåìî çàïèñó-
âàòè aKb, i â öüîìó âèïàäêó áóäåìî ãîâîðèòè, ùî åëåìåíòè a i b ¹ K-åêâiâàëåíòíèìè.
Íà êîæíié íàïiâãðóïi S iñíóþòü òàêi êîíãðóåíöi¨: óíiâåðñàëüíà US = S×S òà îäèíè-
÷íà (äiàãîíàëü) ∆S = {(s, s) : s ∈ S}. Òàêi êîíãðóåíöi¨ íàçèâàþòüñÿ òðèâiàëüíèìè.
Êîíãðóåíöiÿ K íà íàïiâãðóïi S íàçèâà¹òüñÿ ãðóïîâîþ, ÿêùî ôàêòîð-íàïiâãðóïà S/K
¹ ãðóïîþ. Êîæíà êîíãðóåíöiÿ K íà íàïiâãðóïi S ïîðîäæó¹ ïðèðîäíèé ãîìîìîðôiçì

K\ : S → S/K, ÿêèé ñòàâèòü ó âiäïîâiäíiñòü êîæíîìó åëåìåíòîâi s ∈ S éîãî êëàñ K-
åêâiâàëåíòíîñòi [s]K. Òàêîæ, êîæåí íàïiâãðóïîâèé ãîìîìîðôiçì h : S → T ïîðîäæó¹
êîíãðóåíöiþ kerh íà S

(s, t) ∈ kerh òîäi i ëèøå òîäi, êîëè (s)h = (t)h, s, t ∈ S,

i â öüîìó âèïàäêó êîíãðóåíöiÿ kerh íàçèâà¹òüñÿ ÿäðîì ãîìîìîðôiçìó h (äèâ. [8]).
Ïåðåòâîðåííÿ íàïiâãðóïè S, ÿêå ¹ ãîìîìîðôiçìîì, íàçèâà¹òüñÿ åíäîìîðôiçìîì.

ßêùî S � íàïiâãðóïà, òî íà E(S) âèçíà÷åíî ÷àñòêîâèé ïîðÿäîê

e 4 f òîäi i ëèøå òîäi, êîëè ef = fe = e.

Òàê îçíà÷åíèé ÷àñòêîâèé ïîðÿäîê íà E(S) íàçèâà¹òüñÿ ïðèðîäíèì.
Îçíà÷èìî âiäíîøåííÿ 6 íà iíâåðñíié íàïiâãðóïi S òàê

s 4 t òîäi i ëèøå òîäi, êîëè s = te,

äëÿ äåÿêîãî iäåìïîòåíòà e ∈ S. Òàê îçíà÷åíèé ÷àñòêîâèé ïîðÿäîê íàçèâà¹òüñÿ ïðè-

ðîäíèì ÷àñòêîâèì ïîðÿäêîì íà iíâåðñíié íàïiâãðóïi S [16]. Î÷åâèäíî, ùî çâóæåííÿ
ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó 4 iíâåðñíî¨ íàïiâãðóïè S íà ¨¨ â'ÿçêó E(S) ¹ ïðè-
ðîäíèì ÷àñòêîâèì ïîðÿäêîì íà E(S). Iíâåðñíà íàïiâãðóïà S íàçèâà¹òüñÿ ôàêòîðè-

çîâíîþ, ÿêùî äëÿ êîæíîãî åëåìåíòà s ∈ S iñíó¹ åëåìåíò g ãðóïè îäèíèöü íàïiâãðóïè
S òàêèé, ùî s 4 g ñòîñîâíî ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó 4 íà S.

×àñòêîâå ïåðåòâîðåííÿ α : (X, d) ⇀ (X, d) ìåòðè÷íîãî ïðîñòîðó (X, d) íàçèâà-
¹òüñÿ içîìåòðè÷íèì àáî ÷àñòêîâîþ içîìåòði¹þ, ÿêùî d(xα, yα) = d(x, y) äëÿ äî-
âiëüíèõ x, y ∈ domα ⊆ (X, d). Î÷åâèäíî, ùî êîìïîçèöiÿ äâîõ ÷àñòêîâèõ içîìåòðié
ìåòðè÷íîãî ïðîñòîðó (X, d) çíîâó ¹ ÷àñòêîâîþ içîìåòði¹þ, à òàêîæ, ùî îáåðíåíå ÷àñ-
òêîâå âiäîáðàæåííÿ äî ÷àñòêîâî¨ içîìåòði¨ ¹ ÷àñòêîâîþ içîìåòði¹þ. Îòîæ, ÷àñòêîâi
içîìåòði¨ ìåòðè÷íîãî ïðîñòîðó (X, d) ñòîñîâíî îïåðàöi¨ êîìïîçèöi¨ ÷àñòêîâèõ ïåðå-
òâîðåíü ¹ iíâåðñíèì ïiäìîíî¨äîì ñèìåòðè÷íîãî iíâåðñíîãî ìîíî¨äà íàä êàðäèíàëîì
|X|.

Íàïiâãðóïà ID∞ óñiõ ÷àñòêîâèõ êîñêií÷åííèõ içîìåòðié ìíîæèíè öiëèõ ÷èñåë
Z îçíà÷åíà â ïðàöi Áåçóùàê [5], äå îïèñàíî ¨¨ òâiðíi òà äîâåäåíî, ùî âîíà ìà¹ åêñ-
ïîíåíöiàëüíèé ðiñò. Çàóâàæèìî, ùî íàïiâãðóïà ID∞ iíâåðñíà i ¹, î÷åâèäíî, ïiäíà-
ïiâãðóïîþ íàïiâãðóïè âñiõ ÷àñòêîâèõ êîñêií÷åííèõ ái¹êöié ìíîæèíè öiëèõ ÷èñåë Z,
à åëåìåíòè íàïiâãðóïè ID∞ � öå ñàìå çâóæåííÿ içîìåòðié ìíîæèíè öiëèõ ÷èñåë Z
íà êîñêií÷åííi ïiäìíîæèíè â ðîçóìiííi Ëîóñîíà (äèâ. [16, c. 9]. Ó ïðàöi [1] îïèñàíî
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âiäíîøåííÿ �ðiíà òà ãîëîâíi iäåàëè íàïiâãðóïè ID∞. Ó [3] äîâåäåíî, ùî ôàêòîð-
íàïiâãðóïà ID∞/Cmg çà ìiíiìàëüíîþ ãðóïîâîþ êîíãðóåíöi¹þ Cmg içîìîðôíà ãðóïi
Iso(Z) óñiõ içîìåòðié ìíîæèíè Z, íàïiâãðóïà ID∞ ¹ F -iíâåðñíîþ íàïiâãðóïîþ, à
òàêîæ, ùî íàïiâãðóïà ID∞ içîìîðôíà íàïiâïðÿìîìó äîáóòêó Iso(Z)nh P∞(Z) âiëü-
íî¨ íàïiâ ðàòêè ç îäèíèöåþ (P∞(Z),∪) ãðóïîþ Iso(Z). Òàêîæ ó [3] äîñëiäæóâàëàñÿ
òîïîëîãiçàöiÿ íàïiâãðóïè ID∞ òà çàäà÷à içîìîðôíîãî çàíóðåííÿ äèñêðåòíî¨ íàïiâ-
ãðóïè ID∞ ó ãàóñäîðôîâi òîïîëîãi÷íi íàïiâãðóïè áëèçüêi äî êîìïàêòíèõ.

Íåõàé IN∞ � ìíîæèíà óñiõ ÷àñòêîâèõ êîñêií÷åííèõ içîìåòðié ìíîæèíè íàòó-
ðàëüíèõ ÷èñåë N çi çâè÷àéíîþ ìåòðèêîþ d(n,m) = |n−m|, n,m ∈ N. Îñêiëüêè ìíî-
æèíà IN∞ çàìêíåíà ñòîñîâíî îïåðàöi¨ êîìïîçèöi¨ ÷àñòêîâèõ âiäîáðàæåíü i âçÿòòÿ
îáåðíåíîãî ÷àñòêîâîãî âiäîáðàæåííÿ, òî IN∞ � iíâåðñíèé ïiäìîíî¨ä ñèìåòðè÷íî-
ãî iíâåðñíîãî ìîíî¨äà Iω. ×åðåç I ïîçíà÷àòèìåìî òîòîæíå âiäîáðàæåííÿ ìíîæèíè
íàòóðàëüíèõ ÷èñåë N. Î÷åâèäíî, ùî I � îäèíèöÿ ìîíî¨äà IN∞.

Ó ïðàöi [4] äîñëiäæåíî àëãåáðè÷íi âëàñòèâîñòi íàïiâãðóïè IN∞. Çîêðåìà â [4],
îïèñàíî âiäíîøåííÿ �ðiíà íà íàïiâãðóïi IN∞, ¨¨ â'ÿçêó òà äîâåäåíî, ùî IN∞ � ïðî-
ñòà E-óíiòàðíà F -iíâåðñíà íàïiâãðóïà. Òàêîæ îïèñàíà íàéìåíøà ãðóïîâà êîíãðóåí-
öiÿ Cmg íà ìîíî¨äi IN∞ òà äîâåäåíî, ùî ôàêòîð-íàïiâãðóïà IN∞/Cmg içîìîðôíà
àäèòèâíié ãðóïi öiëèõ ÷èñåë. Íàâåäåíî ïðèêëàä êîíãðóåíöi¨ íà ìîíî¨äi IN∞, ÿêà íå
¹ ãðóïîâîþ. Òàêîæ äîâåäåíî, ùî êîíãðóåíöiÿ íà IN∞ ¹ ãðóïîâîþ òîäi i ëèøå òîäi,
êîëè ¨¨ çâóæåííÿ íà äîâiëüíó ïiäíàïiâãðóïó S â IN∞, ÿêà içîìîðôíà áiöèêëi÷íié íà-
ïiâãðóïi, ¹ ãðóïîâîþ êîíãðóåíöi¹þ íà S. Âëàñòèâîñòi íàïiâãðóïè IN∞ òà íàïiâãðóï,
ÿêi ¨¨ ìiñòÿòü, âèâ÷àëèñÿ â ïðàöÿõ [7, 9, 10, 11, 12, 13, 14]. Íàïiâãðóïà óñiõ ÷àñòêî-
âèõ êîñêií÷åííèõ içîìåòðié n-ãî ñòåïåíÿ ìíîæèíè íàòóðàëüíèõ ÷èñåë ç åâêëiäîâîþ
ìåòðèêîþ äîñëiäæóâàëàñÿ â [15].

Ãîìîìîðôíîþ ðåòðàêöi¹þ íàçèâà¹òüñÿ âiäîáðàæåííÿ ç íàïiâãðóïè S â S, ÿêå
¹ îäíî÷àñíî ðåòðàêöi¹þ òà ãîìîìîðôiçìîì [8]. Îáðàç íàïiâãðóïè S ïðè ¨¨ ãîìîìîð-
ôíié ðåòðàêöi¨ íàçèâà¹òüñÿ ãîìîìîðôíèì ðåòðàêòîì. Òîáòî ãîìîìîðôíèé ðåòðàêò
íàïiâãðóïè S � öå òàêà ïiäíàïiâãðóïà T â S, ùî iñíó¹ ãîìîìîðôiçì ç S íà T , äëÿ
ÿêîãî ïiäíàïiâãðóïà T ¹ ìíîæèíîþ âñiõ éîãî íåðóõîìèõ òî÷îê. Î÷åâèäíî, ùî êîæíå
òîòîæíå âiäîáðàæåííÿ íàïiâãðóïè S ¹ ¨¨ ãîìîìîðôíîþ ðåòðàêöi¹þ, à òàêîæ, ÿêùî
e � iäåìïîòåíò â S, òî ñòàëå âiäîáðàæåííÿ h : S → S, x 7→ e ¹ ãîìîìîðôíîþ ðå-
òðàêöi¹þ íàïiâãðóïè S. Òàêi ãîìîìîðôíi ðåòðàêöi¨ íàïiâãðóïè S áóäåìî íàçèâàòè
òðèâiàëüíèìè, à îáðàçè íàïiâãðóïè S ñòîñîâíî íèõ �òðèâiàëüíèìè ãîìîìîðôíèìè
ðåòðàêòàìè.

Äîáðå âiäîìî (äèâ. [8, �1.12]), ùî áiöèêëi÷íèé ìîíî¨ä C (p, q) içîìîðôíèé íà-
ïiâãðóïi CN, ïîðîäæåíié ÷àñòêîâèìè ïåðåòâîðåííÿìè α òà β ìíîæèíè íàòóðàëüíèõ
÷èñåë N, ÿêi âèçíà÷àþòüñÿ íàñòóïíèì ÷èíîì:

domα = N, ranα = N \ {1}, (n)α = n+ 1

i

domβ = N \ {1}, ranβ = N, (n)β = n− 1.

Î÷åâèäíî, ùî CN ¹ ïiäìîíî¨äîì â IN∞. Çà íàñëiäêîì 1.32 ç [8] óñi ãîìîìîðôiçìè
áiöèêëi÷íî¨ íàïiâãðóïè C (p, q) ¹, àáî içîìîðôiçìàìè, àáî æ ãðóïîâèìè, i î÷åâèäíî,
ùî êîæåí àâòîìîðôiçì áiöèêëi÷íî¨ íàïiâãðóïè C (p, q) ¹ òîòîæíèì âiäîáðàæåííÿì.
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Çâiäñè âèïëèâà¹, ùî âñi ãîìîìîðôíi ðåòðàêöi¨ áiöèêëi÷íîãî ìîíî¨äà C (p, q), à îòæå
i ìîíî¨äà CN ¹ òðèâiàëüíèìè.

Çàóâàæèìî, ùî ïiäìîíî¨ä CN ¹ ãîìîìîðôíèì ðåòðàêòîì ó ìîíî¨äi IN∞ ([4, íà-
ñëiäîê 13]). Òîìó ïðèðîäíî âèíèêà¹ çàäà÷à: îïèñàòè âñi íåòðèâiàëüíi ãîìîìîðôíi

ðåòðàêòè ìîíî¨äà IN∞. Öå ïèòàííÿ ïîñòàâëåíî Î. Ãóòiêîì íà ñåìiíàði �Òåîðiÿ ïî-
ëiãîíiâ i ñïåêòðàëüíi ïðîñòîðè� ó Ëüâiâñüêîìó óíiâåðñèòåòi â 2017 ðîöi. Òàêîæ âií
óòî÷íèâ öå ïèòàííÿ: ÷è iñíóþòü íåòðèâiàëüíi ãîìîìîðôíi ðåòðàêòè ìîíî¨äà IN∞
âiäìiííi âiä CN?

Ìè äîñëiäæó¹ìî ãîìîìîðôíi ðåòðàêòè ìîíî¨äà IN∞. Çîêðåìà, ïîáóäîâàíî êëàñ
ãîìîìîðôíèõ ðåòðàêòiâ ìîíî¨äà IN∞, åëåìåíòè ÿêîãî ìiñòÿòü ïiäìîíî¨ä CN òàêi, ùî
CN ¹ ãîìîìîðôíèì ðåòðàêòîì êîæíîãî òàêîãî ìîíî¨äà.

Íåõàé β � äîâiëüíèé åëåìåíò íàïiâãðóïè IN∞. Îñêiëüêè çà ëåìîþ 1 ç [4] êîæåí
åëåìåíò íàïiâãðóïè IN∞ ¹ çâóæåííÿì ÷àñòêîâîãî çñóâó ìíîæèíè íàòóðàëüíèõ ÷èñåë
íà êîñêií÷åííó ïiäìíîæèíó â N i (N,6) � öiëêîì âïîðÿäêîâàíà ìíîæèíà, òî iñíó¹
íàéìåíøå íàòóðàëüíå ÷èñëî ndβ ∈ domβ òàêå, ùî n ∈ domβ äëÿ âñiõ íàòóðàëüíèõ
n > ndβ òà iñíó¹ íàéìåíøå íàòóðàëüíå ÷èñëî nrβ ∈ ranβ òàêå, ùî n ∈ ranβ äëÿ âñiõ
íàòóðàëüíèõ n > nrβ .

Òâåðäæåííÿ 1. Íåõàé S � íàïiâãðóïà òà H : IN∞ → S � íåãðóïîâèé ãîìîìîð-

ôiçì. ßêùî (α)H = (β)H äëÿ äåÿêèõ α, β ∈ IN∞, òî ndα = ndβ i nrα = nrβ.

Äîâåäåííÿ. Ñïî÷àòêó ðîçãëÿíåìî âèïàäîê, êîëè α, β ¹ iäåìïîòåíòàìè ìîíî¨äà IN∞.
Ïðèïóñòèìî ïðîòèëåæíå: iñíóþòü α, β ∈ E(IN∞) òàêi, ùî ndα 6= ndβ . Íå çìåíøóþ÷è
çàãàëüíîñòi ìîæåìî ââàæàòè, ùî ndα < nd

β . Ïðèéìåìî n0 = ndα + 1 i íåõàé ε0 �
òîòîæíå âiäîáðàæåííÿ ìíîæèíè {n ∈ N : n > n0}. Òîäi ε0 ∈ IN∞, i îñêiëüêè ndα <
ndβ , òî î÷åâèäíî, ùî ε0 · α 4 ε0 · β, ε0 · α 6= ε0 · β i ε0 · α, ε0 · β ∈ E(CN). Òîäi
çà òåîðåìîþ 22 [4] ãîìîìîðôíèé îáðàç (IN∞)H ¹ ïiäãðóïîþ â S, à öå ñóïåðå÷èòü
ïðèïóùåííþ. Ç îòðèìàíîãî ïðîòèði÷÷ÿ âèïëèâà¹ ðiâíiñòü ndα = ndβ .

Íåõàé α, β � äîâiëüíi ðiçíi åëåìåíòè ìîíî¨äà IN∞ òàêi, ùî (α)H = (β)H. Îñêiëü-
êè ìîíî¨ä IN∞ ¹ iíâåðñíèì, òî (αα−1)H = (ββ−1)H i (α−1α)H = (β−1β)H. Òàêîæ,
îñêiëüêè dom γ = dom(γγ−1) i ran γ = dom(γ−1γ) äëÿ äîâiëüíîãî γ ∈ IN∞, òî ç
îçíà÷åíü ÷èñåë ndγ i nrγ âèïëèâà¹, ùî ndγ = ndγγ−1 i nrγ = ndγ−1γ . Äàëi, âèêîðèñòàâøè

òâåðäæåííÿ äîâåäåíå äëÿ iäåìïîòåíòiâ, îòðèìó¹ìî ðiâíîñòi ndα = ndβ i nrα = nrβ . �

Äëÿ äîâiëüíîãî åëåìåíòà α ∈ IN∞ îçíà÷èìî:

• ~α � çâóæåííÿ ÷àñòêîâîãî âiäîáðàæåííÿ α : N⇀ N íà ìíîæèíó{
n ∈ N : n > ndα

}
;

• ιdα � òîòîæíå âiäîáðàæåííÿ ìíîæèíè dom ~α =
{
n ∈ N : n > ndα

}
;

• ιrα � òîòîæíå âiäîáðàæåííÿ ìíîæèíè ran ~α = {n ∈ N : n > nrα}.
Ó ïðàöi [4] îçíà÷åíî åíäîìîðôiçì HCN : IN∞ → IN∞, α 7→ ~α, òà äîâåäåíî, ùî

ïiäìîíî¨ä CN íàïiâãðóïè IN∞ ¹ ãîìîìîðôíèì ðåòðàêòîì. Òâåðäæåííÿ 2 îïèñó¹ êîí-
ãðóåíöiþ, ÿêà ¹ ÿäðîì öüîãî åíäîìîðôiçìó.

Òâåðäæåííÿ 2. Äëÿ åëåìåíòiâ α, β ∈ IN∞ òàêi óìîâè ¹ åêâiâàëåíòíèìè:

(i) (α)HCN = (β)HCN ;

(ii) ιdαα = ιdββ;
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(iii) αιrα = βιrβ;

(iv) ιdαα = βιrβ;

(v) αιrα = ιdββ.

Äîâåäåííÿ. Çà îçíà÷åííÿìè ÷àñòêîâèõ âiäîáðàæåíü ιdα, ιrα i åíäîìîðôiçìó
HCN : IN∞ → IN∞ ìà¹ìî, ùî (α)HCN = ιdαα = αιrα äëÿ äîâiëüíîãî åëåìåíòà α ∈ IN∞,
çâiäêè âèïëèâàþòü åêâiâàëåíòíîñòi òâåðäæåíü ëåìè. �

Îçíà÷åííÿ 1. Íåõàé n0 � äîâiëüíå íàòóðàëüíå ÷èñëî òà p � äîâiëüíå íàòóðàëüíå
÷èñëî ñòðîãî áiëüøå çà 1. ×åðåç ι〈−p〉n0 ïîçíà÷èìî òîòîæíå âiäîáðàæåííÿ ìíîæèíè

An0
=

{
{n ∈ N : n > n0} , ÿêùî n0 − p /∈ N;
{n ∈ N : n > n0} ∪ {n0 − p} , ÿêùî n0 − p ∈ N.

Íà ìîíî¨äi IN∞ îçíà÷èìî âiäíîøåííÿ ∼〈−p〉 òàê:

α ∼〈−p〉 β òîäi i òiëüêè òîäi, êîëè ι
〈−p〉
nd
α
α = ι

〈−p〉
nd
β

β.

Î÷åâèäíî, ùî ∼〈−p〉 � ðåôëåêñèâíå, ñèìåòðè÷íå òà òðàíçèòèâíå âiäíîøåííÿ íà
íàïiâãðóïi IN∞.

Òàêîæ ç òîãî, ùî êîæåí åëåìåíò ìîíî¨äà IN∞ çà ëåìîþ 1 ç [4] ¹ ÷àñòêîâèì
çñóâîì ìíîæèíè íàòóðàëüíèõ ÷èñåë N, òî âèêîíó¹òüñÿ ïåðøå âèïëîâëåííÿ ëåìè 1,
à ¨¨ äðóãå âèñëîâëåííÿ áåçïîñåðåäíüî âèïëèâà¹ ç îçíà÷åííÿ åêâiâàëåíòíîñòi ∼〈−p〉.

Ëåìà 1. Íåõàé p � äîâiëüíå íàòóðàëüíå ÷èñëî > 2. Òîäi

(1) ι
〈−p〉
nd
α
α = αι

〈−p〉
nr
α

äëÿ êîæíîãî α ∈ IN∞;
(2) ÿêùî α ∼〈−p〉 β äëÿ α, β ∈ IN∞, òî ndα = ndβ i nrα = nrβ.

Òâåðäæåííÿ 3. ßêùî p � äîâiëüíå íàòóðàëüíå ÷èñëî > 2, òî ∼〈−p〉 � êîíãðóåíöiÿ

íà íàïiâãðóïi IN∞.

Äîâåäåííÿ. Íåõàé α ∼〈−p〉 β äëÿ äåÿêèõ α, β ∈ IN∞ i γ � äîâiëüíèé åëåìåíò íàïiâ-
ãðóïè IN∞.

Îñêiëüêè çà ëåìîþ 1 ç [4] êîæåí åëåìåíò ìîíî¨äà IN∞ ¹ ÷àñòêîâèì çñóâîì
ìíîæèíè N, òî iñíóþòü öiëi ÷èñëà zα, zβ i zγ òàêi, ùî

(i)α = i+ zα, (j)β = j + zβ i (k)γ = k + zγ

äëÿ äîâiëüíèõ i ∈ domα, j ∈ domβ i k ∈ dom γ. Òàêîæ ç ðiâíîñòi ι〈−p〉
nd
α
α = ι

〈−p〉
nd
β

β

âèïëèâà¹, ùî zα = zβ , à çà ëåìîþ 1(2) îòðèìó¹ìî ðiâíîñòi ndα = ndβ i nrα = nrβ .
Î÷åâèäíî, ùî âèêîíó¹òüñÿ ëèøå îäèí ç òàêèõ âèïàäêiâ:

(a) nrα < ndγ ; (b) nrα = ndγ ; (c) nrα > ndγ .

Çàóâàæèìî ñïî÷àòêó, îñêiëüêè ìîíî¨ä IN∞ ¹ ïiäìîíî¨äîì ñèìåòðè÷íîãî iíâåð-
ñíîãî ìîíî¨äà IN íàä ìíîæèíîþ N, òî

dom(αγ) = (dom γ ∩ ranα)α−1, ran(αγ) = (dom γ ∩ ranα)γ,

dom(βγ) = (dom γ ∩ ranβ)β−1, ran(βγ) = (dom γ ∩ ranβ)γ.
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Ïðèïóñòèìî, ùî nrα < nd
γ . Ç òîãî, ùî êîæåí åëåìåíò ìîíî¨äà IN∞ ¹ ÷àñòêîâèì

çñóâîì ìíîæèíè N ([4, ëåìà 1]) i ç ðiâíîñòåé ndα = ndβ i zα = zβ âèïëèâà¹, ùî

ndαγ = (ndγ )α−1 = ndβγ = (ndγ )β−1 > ndα.

Ðîçãëÿíåìî äâà ìîæëèâi âèïàäêè.

1. ßêùî ndα + 1 = ndαγ , òî n
d
αγ − p /∈ domα i ndαγ − p /∈ domβ, à îòæå

ndαγ − p /∈ dom(ι
〈−p〉
nd
αγ
αγ) = dom(ι

〈−p〉
nd
βγ

βγ) =
{
n ∈ N : n > ndαγ

}
.

Òîäi, î÷åâèäíî, ùî (i)ι
〈−p〉
nd
αγ
αγ = (i)ι

〈−p〉
nd
αγ
βγ = i + zα + zγ äëÿ âñiõ i ∈

dom(ι
〈−p〉
nd
αγ
αγ).

2. ßêùî ndα + 1 < ndαγ , òî n
d
αγ − p ∈ domα i ndαγ − p ∈ domβ, à îòæå,

ndαγ − p ∈ dom(ι
〈−p〉
nd
αγ
αγ) = dom(ι

〈−p〉
nd
βγ

βγ) =
{
n ∈ N : n > ndαγ

}
∪
{
ndαγ − p

}
.

Î÷åâèäíî, ùî

(i)ι
〈−p〉
nd
αγ
αγ = (i)ι

〈−p〉
nd
αγ
βγ = i+ zα + zγ

äëÿ âñiõ i ∈ dom(ι
〈−p〉
nd
αγ
αγ).

Ïðèïóñòèìî, ùî nrα = ndγ . Òîäi

ndαγ = (nrα)α−1 = ndα = ndβ = (nrβ)β−1 = ndβγ ,

îñêiëüêè zα = zβ , ndα = ndβ i nrα = nrβ , à îòæå, ìàòèìåìî, ùî

ι
〈−p〉
nd
αγ
αγ = ι

〈−p〉
nd
α
αγ = ι

〈−p〉
nd
β

βγ = ι
〈−p〉
nd
βγ

βγ.

Ïðèïóñòèìî, ùî nrα > nd
γ . Ç òîãî, ùî êîæåí åëåìåíò ìîíî¨äà IN∞ ¹ ÷àñòêîâèì

çñóâîì ìíîæèíè N ([4, ëåìà 1]) i ç ðiâíîñòåé ndα = ndβ i zα = zβ âèïëèâà¹, ùî
ndαγ = ndα = ndβ = ndβγ , à îòæå, ìà¹ìî, ùî

ι
〈−p〉
nd
αγ
αγ = ι

〈−p〉
nd
α
αγ = ι

〈−p〉
nd
β

βγ = ι
〈−p〉
nd
βγ

βγ.

Îòîæ, ìè äîâåëè, ùî ç ðiâíîñòi ι〈−p〉
nd
α
α = ι

〈−p〉
nd
β

β âèïëèâà¹ ðiâíiñòü ι〈−p〉
nd
αγ
αγ =

ι
〈−p〉
nd
βγ

βγ äëÿ äîâiëüíîãî åëåìåíòà γ íàïiâãðóïè IN∞.

Ç ðiâíîñòi ι〈−p〉
nd
α
α = ι

〈−p〉
nd
β

β òà ëåìè 1(1) âèïëèâà¹, ùî αι〈−p〉nr
α

= βι
〈−p〉
nr
β

. Îñêiëüêè

IN∞ � iíâåðñíà íàïiâãðóïà, òî

ι
〈−p〉
nd
α−1

α−1 = ι
〈−p〉
nr
α
α−1 =

(
αι
〈−p〉
nr
α

)−1
=
(
βι
〈−p〉
nr
β

)−1
= ι
〈−p〉
nr
β
β−1 = ι

〈−p〉
nd
β−1

β−1.

Òîäi ç ïåðøî¨ ÷àñòèíè äîâåäåííÿ âèïëèâà¹, ùî äëÿ äîâiëüíîãî åëåìåíòà γ íàïiâãðóïè
IN∞ ñïðàâäæó¹òüñÿ ðiâíiñòü

ι
〈−p〉
nd
α−1γ−1

α−1γ−1 = ι
〈−p〉
nd
β−1γ−1

β−1γ−1.
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Äàëi, ñêîðèñòàâøèñü òèì, ùî IN∞ � iíâåðñíà íàïiâãðóïà òà ëåìîþ 1(1), îòðèìó¹ìî

ι
〈−p〉
nd
γα
γα = γαι

〈−p〉
nr
γα

= γαι
〈−p〉
nd
α−1γ−1

= γβι
〈−p〉
nd
β−1γ−1

= γβι
〈−p〉
nr
γβ

= ι
〈−p〉
nd
γβ

γβ.

Îòæå, ∼〈−p〉 � êîíãðóåíöiÿ íà IN∞. �

Òåîðåìà 1. Íåõàé p � äîâiëüíå íàòóðàëüíå ÷èñëî > 2. Òîäi âiäîáðàæåííÿ

H
〈−p〉
CN

: IN∞ → IN∞, α 7→ ι
〈−p〉
nd
α
α, ¹ åíäîìîðôiçìîì. Áiëüøå òîãî ïiäìîíî¨ä

C
〈−p〉
N =

{
ι
〈−p〉
nd
α
α : α ∈ IN∞

}
¹ ãîìîìîðôíèì ðåòðàêòîì íàïiâãðóïè IN∞.

Äîâåäåííÿ. Íåõàé α i β � äîâiëüíi åëåìåíòè íàïiâãðóïè IN∞. Ñïî÷àòêó äîâåäåìî
ðiâíiñòü

(1) dom
(
ι
〈−p〉
nd
αβ

αβ
)

= dom
(
ι
〈−p〉
nd
α
αι
〈−p〉
nd
β

β
)
.

Ðîçãëÿíåìî äâà ìîæëèâi âèïàäêè.
1. Íåõàé nrα > n

d
β . Îñêiëüêè çà ëåìîþ 1 ç [4] êîæåí åëåìåíò ìîíî¨äà IN∞ ¹ ÷àñ-

òêîâèì çñóâîì ìíîæèíè N, òî ndαβ = (nrα)α−1 = ndα. Çíîâó çà ëåìîþ 1 [4] îòðèìà¹ìî,
ùî

dom
(
ι
〈−p〉
nd
αβ

αβ
)

=


{
n ∈ N : n > ndα

}
∪
{
ndα − p

}
, ÿêùî ndα − p ∈ domα

i (ndα − p)α ∈ domβ;{
n ∈ N : n > ndα

}
, â iíøîìó âèïàäêó,

dom
(
ι
〈−p〉
nd
α
α
)

=

{ {
n ∈ N : n > ndα

}
∪
{
ndα − p

}
, ÿêùî ndα − p ∈ domα;{

n ∈ N : n > ndα
}
, â iíøîìó âèïàäêó,

i

dom
(
ι
〈−p〉
nd
β

β
)

=

{ {
n ∈ N : n > (ndα)α

}
∪
{

(ndα − p)α
}
, ÿêùî (ndα − p)α ∈ domβ;{

n ∈ N : n > (ndα)α
}
, â iíøîìó âèïàäêó.

Îòæå, ÿêùî nrα > n
d
β , òî âèêîíó¹òüñÿ ðiâíiñòü (1).

2. Íåõàé nrα < ndβ . Îñêiëüêè çà ëåìîþ 1 ç [4] êîæåí åëåìåíò ìîíî¨äà IN∞ ¹ ÷àñò-
êîâèì çñóâîì ìíîæèíè N, òî ndαβ = (ndβ)α−1 > ndα. Çíîâó çà ëåìîþ 1 [4] îòðèìà¹ìî,
ùî

dom
(
ι
〈−p〉
nd
αβ

αβ
)

=


{
n ∈ N : n > (ndβ)α−1

}
∪ ÿêùî (ndβ)α−1 − p ∈ domα

∪
{

(ndβ)α−1 − p
}
, i (ndβ)α−1 − p ∈ domβ;{

n ∈ N : n > (ndβ)α−1
}
, â iíøîìó âèïàäêó,

dom
(
ι
〈−p〉
nd
α
α
)

=


{
n ∈ N : n > (ndβ)α−1

}
∪ ÿêùî (ndβ)α−1 − p ∈ domα;

∪
{

(ndβ)α−1 − p
}
,{

n ∈ N : n > (ndβ)α−1
}
, â iíøîìó âèïàäêó,

i

dom
(
ι
〈−p〉
nd
β

β
)

=


{
n ∈ N : n > ndβ

}
∪
{
ndβ − p

}
, ÿêùî ndβ − p ∈ domβ;{

n ∈ N : n > ndβ

}
, â iíøîìó âèïàäêó.
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Îòæå, ÿêùî nrα < ndβ , òî âèêîíó¹òüñÿ ðiâíiñòü (1).
Îñêiëüêè çà ëåìîþ 1 ç [4] êîæåí åëåìåíò ìîíî¨äà IN∞ ¹ ÷àñòêîâèì çñóâîì

ìíîæèíè N, òî iñíóþòü öiëi ÷èñëà zα i zβ òàêi, ùî

(i)α = i+ zα i (j)β = j + zβ ,

äëÿ äîâiëüíèõ i ∈ domα i j ∈ domβ, òî ç îçíà÷åííÿ ÷àñòêîâîãî âiäîáðàæåííÿ ι〈−p〉n0

âèïëèâà¹, ùî
(n)ι

〈−p〉
nd
αβ

αβ = (n)αβ = (n+ zα)β = n+ zα + zβ

i
(n)ι

〈−p〉
nd
α
αι
〈−p〉
nd
β

β = (n)αι
〈−p〉
nd
β

β = (n+ zα)ι
〈−p〉
nd
β

β = (n+ zα)β = n+ zα + zβ ,

äëÿ âñiõ n ∈ dom
(
ι
〈−p〉
nd
αβ

αβ
)

= dom
(
ι
〈−p〉
nd
α
αι
〈−p〉
nd
β

β
)
. Îòîæ, ìè äîâåëè, ùî âiäîáðàæåí-

íÿ H
〈−p〉
CN

: IN∞ → IN∞ ¹ ãîìîìîðôiçìîì.

Î÷åâèäíî, ùî C
〈−p〉
N � ïiäìîíî¨ä ìîíî¨äà IN∞ i (α)H

〈−p〉
CN

= α äëÿ äîâiëüíîãî

α ∈ C
〈−p〉
N . �

Ç îçíà÷åííÿ åíäîìîðôiçìiâ HCN : IN∞ → IN∞ i H〈−p〉CN
: IN∞ → IN∞ âèïëèâà¹

Íàñëiäîê 1. Íåõàé p1 i p2 � äîâiëüíi ðiçíi íàòóðàëüíi ÷èñëà > 2. Òîäi

H
〈−p1〉
CN

◦ H〈−p2〉CN
= H

〈−p2〉
CN

◦ H〈−p1〉CN
= HCN ,

à îòæå, ïiäìîíî¨ä CN ¹ ãîìîìîðôíèì ðåòðàêòîì ìîíî¨äà C
〈−p〉
N , äëÿ äîâiëüíîãî

p > 2.

Çàóâàæåííÿ 1. Êîæíà ãðóïîâà êîíãðóåíöiÿ íà ìîíî¨äi IN∞, ÿêà âiäìiííà âiä óíi-
âåðñàëüíî¨, ïîðîäæó¹ ãîìîìîðôiçì íàïiâãðóïè IN∞, ÿêèé íå ìîæå áóòè ¨¨ åíäîìîð-
ôiçìîì, îñêiëüêè âñi H -êëàñè â IN∞ ¹ òðèâiàëüíèìè (äèâ. [4, òâåðäæåííÿ 1]).

Òàêîæ, î÷åâèäíî, ùî ïiäïðîñòið N[p] = N \ {1, . . . , p} â N içîìåòðè÷íèé ñà-
ìîìó ïðîñòîðó N äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà p, ñòîñîâíî âiäîáðàæåííÿ
h[p] : n 7→ n+ p. Öÿ içîìåòðiÿ ïîðîäæó¹ ií'¹êòèâíèé åíäîìîðôiçì H[p] : IN∞ → IN∞,
ÿêèé íå ìà¹ æîäíî¨ íåðóõîìî¨ òî÷êè òà âèçíà÷à¹òüñÿ H[p] : α 7→ α[p], äå domα[p] =
{n ∈ N : n− p ∈ domα}, ranα[p] = {n ∈ N : n− p ∈ ranα} i (i)α[p] = (i − p)α + p, äëÿ
âñiõ i ∈ domα[p].
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ON HOMOMORPHIC RETRACTS OF THE MONOID IN∞

Anatolii SAVCHUK

Ivan Franko National University of Lviv,
Universitetska Str., 1, 79000, Lviv, Ukraine

e-mail: asavchuk1@meta.ua

A homomorphic retraction is a map from a semigroup S into S which is both
a retraction and a homomorphism. The image of the homomorphic retraction
is called a homomorphic retract.
A partial transformation α : (X, d) ⇀ (X, d) of a metric space (X, d) is called
isometric or a partial isometry, if d(xα, yα) = d(x, y) for all x, y ∈ domα. It is
obvious that the composition of two partial isometries of a metric space (X, d)
is a partial isometry, and the converse partial map to a partial isometry is a
partial isometry. Hence the set of partial isometries of a metric space (X, d)
with the operation of composition of partial isometries is an inverse submonoid
of the symmetric inverse monoid over the set X.
A partial transformation α : X ⇀ X of a set X is called co-�nite if both sets
X \ domα and X \ ranα are �nite.
Let IN∞ be the set of all partial co�nite isometries of the set of positive integers
N with the usual metric d(n,m) = |n − m|, n,m ∈ N. Then IN∞ with the
operation of composition of partial isometries is an inverse submonoid of Iω.
We study homomorphic retracts of the monoid IN∞ of co-�nite partial isometri-
es of the set of positive integers N. In particular, we construct a class of
homomorphic retracts of IN∞, whose elements contain the submonoid CN,
where CN is generated by shifts of the set N such that CN is a homomorphic
retract of any element from this class. This gives a positive answer on Gutik's
question: Do there exist non-trivial homomorphic retracts distinct from CN?
This question was posed on the seminar S-acts Theory and Spectral Spaces at
the Lviv University in 2017.

Key words: semigroup, isometry, partial bijection, homomorphic retract,
congruence, bicyclic monoid.
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THE MONOID OF MONOTONE INJECTIVE PARTIAL
SELFMAPS OF THE POSET (N3,6) WITH COFINITE DOMAINS

AND IMAGES

Oleg GUTIK, Olha KROKHMALNA

Ivan Franko National University of Lviv,

Universitetska Str., 1, 79000, Lviv, Ukraine

e-mails: oleg.gutik@lnu.edu.ua, Olia709@i.ua

Let n be a positive integer > 2 and Nn
6 be the n-th power of positive

integers with the product order of the usual order on N. In the paper we
study the semigroup of injective partial monotone selfmaps of Nn

6 with co�nite
domains and images. We show that the group of units H(I) of the semigroup
PO∞(Nn

6) is isomorphic to the group Sn of permutations of an n-element
set, and describe the subsemigroup of idempotents of PO∞(Nn

6). Also in the
case n = 3 we describe the property of elements of the semigroup PO∞(N3

6)

as partial bijections of the poset N3
6 and Green's relations on the semigroup

PO∞(N3
6). In particular we show that D = J in PO∞(N3

6).

Key words: semigroup of partial bijections, monotone partial map, idem-
potent, Green's relations.

1. Introduction and preliminaries

We shall follow the terminology of [19] and [44].
In this paper we shall denote the cardinality of the set A by |A|. We shall identify

all sets X with their cardinality |X|. For an arbitrary positive integer n by Sn we denote
the group of permutations of an n-elements set. Also, for in�nite subsets A and B of an
in�nite set X we shall write A⊆∗B if and only if there exists a �nite subset A0 of A such
that A \A0 ⊆ B.

An algebraic semigroup S is called inverse if for any element x ∈ S there exists a
unique x−1 ∈ S such that xx−1x = x and x−1xx−1 = x−1. The element x−1 is called
the inverse of x ∈ S.

If S is a semigroup, then we shall denote the subset of idempotents in S by E(S). If
S is an inverse semigroup then E(S) is closed under multiplication and we shall refer to

2010 Mathematics Subject Classi�cation: 20M20, 20M30

c© Gutik, O., Krokhmalna, O., 2019
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E(S) as a band (or the band of S). If the band E(S) is a non-empty subset of S then the
semigroup operation on S determines the following partial order 6 on E(S): e 6 f if and
only if ef = fe = e. This order is called the natural partial order on E(S). A semilattice

is a commutative semigroup of idempotents. A semilattice E is called linearly ordered or
a chain if its natural order is a linear order.

If S is a semigroup, then we shall denote Green's relations on S by R, L , J , D
and H (see [22] or [19, Section 2.1]):

aRb if and only if aS1 = bS1;

aL b if and only if S1a = S1b;

aJ b if and only if S1aS1 = S1bS1;

D = L ◦R = R ◦L ;

H = L ∩R.

The R-class (resp., L -, H -, D- or J -class) of the semigroup S which contains an
element a of S will be denoted by Ra (resp., La, Ha, Da or Ja).

If α : X ⇀ Y is a partial map, then by domα and ranα we denote the domain and
the range of α, respectively.

Let Iλ denote the set of all partial one-to-one transformations of an in�nite set
X of cardinality λ together with the following semigroup operation: x(αβ) = (xα)β if
x ∈ dom(αβ) = {y ∈ domα : yα ∈ domβ}, for α, β ∈ Iλ. The semigroup Iλ is called the
symmetric inverse semigroup over the setX (see [19, Section 1.9]). The symmetric inverse
semigroup was introduced by Wagner [48] and it plays a major role in the semigroup
theory. An element α ∈ Iλ is called co�nite, if the sets λ \domα and λ \ ranα are �nite.

IfX is a non-empty set and 6 is a re�exive, antisymmetric, transitive binary relation
on X then 6 is called a partial order on X and (X,6) is said to be a partially ordered

set or shortly a poset.
Let (X,6) be a partially ordered set. A non-empty subset A of (X,6) is called:

• a chain if the induced partial order from (X,6) onto A is linear, i.e., any two
elements from A are comparable in (X,6);

• an ω-chain if A is order isomorphic to the set of negative integers with the usual
order ≤;

• an anti-chain if any two distinct elements from A are incomparable in (X,6).

For an arbitrary x ∈ X and non-empty A ⊆ X we denote

↑x = {y ∈ X : x 6 y} , ↓x = {y ∈ X : y 6 x} , ↑ A =
⋃
x∈A
↑x and ↓ A =

⋃
x∈A
↓x.

We shall say that a partial map α : X ⇀ X is monotone if x 6 y implies (x)α 6 (y)α for
x, y ∈ domα.

Let N be the set of positive integers with the usual linear order ≤ and n > 2 be
an arbitrary positive integer. On the Cartesian power Nn = N× · · · × N︸ ︷︷ ︸

n-times

we de�ne the

product partial order, i.e.,

(i1, . . . , in) 6 (j1, . . . , jn) if and only if (ik 6 jk) for all k = 1, . . . , n.
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Later the set Nn with this partial order will be denoted by Nn6.
For an arbitrary positive integer n > 2 by PO∞(Nn6) we denote the semigroup of

injective partial monotone selfmaps of Nn6 with co�nite domains and images. Obviously,

PO∞(Nn6) is a submonoid of the semigroup Iω and PO∞(Nn6) is a countable semigroup.

Furthermore, we shall denote the identity of the semigroup PO∞(Nn6) by I and the

group of units of PO∞(Nn6) by H(I).
The bicyclic semigroup (or the bicyclic monoid) C (p, q) is the semigroup with the

identity 1 generated by two elements p and q, subject only to the condition pq = 1.
The bicyclic semigroup is bisimple and every one of its congruences is either trivial or a
group congruence. Moreover, every homomorphism h of the bicyclic semigroup is either
an isomorphism or the image of C (p, q) under h is a cyclic group (see [19, Corollary 1.32]).
The bicyclic semigroup plays an important role in algebraic theory of semigroups and
in the theory of topological semigroups. For example a well-known Andersen's result [1]
states that a (0�)simple semigroup with an idempotent is completely (0�)simple if and
only if it does not contain an isomorphic copy of the bicyclic semigroup. Semigroup
topologizations and shift-continuous topologizations of generalizations of the bicyclic
monoid, they embedding into compact-like topological semigroups was studied in [5]�
[9], [11, 14, 18, 20, 21], [24]�[28], [34, 35, 43, 46] and [2, 3, 4, 10, 12, 33, 42], respectively.

The bicyclic monoid is isomorphic to the semigroup of all bijections between upper-
sets of the poset (N,≤) (see: see Exercise IV.1.11(ii) in [47]). So, the semigroup of injecti-
ve isotone partial selfmaps with co�nite domains and images of positive integers is a
generalization of the bicyclic semigroup. Hence, it is a natural problem to describe semi-
groups of injective isotone partial selfmaps with co�nite domains and images of posets
with ω-chain.

The semigroups I↗∞(N) and I↗∞(Z) of injective isotone partial selfmaps with co�nite
domains and images of positive integers and integers, respectively, are studied in [34] and
[35]. It was proved that the semigroups I↗∞(N) and I↗∞(Z) have similar properties to the
bicyclic semigroup: they are bisimple and every non-trivial homomorphic image I↗∞(N)
and I↗∞(Z) is a group, and moreover the semigroup I↗∞(N) has Z(+) as a maximal
group image and I↗∞(Z) has Z(+)× Z(+), respectively.

In the paper [36] algebraic properties of the semigroup I cf
λ of co�nite partial bijecti-

ons of an in�nite cardinal λ are studied. It is shown that I cf
λ is a bisimple inverse semi-

group and that for every non-empty chain L in E(I cf
λ ) there exists an inverse subsemi-

group S of I cf
λ such that S is isomorphic to the bicyclic semigroup and L ⊆ E(S),

Green's relations on I cf
λ are described and it is proved that every non-trivial congruence

on I cf
λ is a group congruence. Also, the structure of the quotient semigroup I cf

λ /σ,
where σ is the least group congruence on I cf

λ , is described.
In the paper [32] the semigroup IO∞(Znlex) of monotone injective partial selfmaps

of the set of Ln ×lex Z having co�nite domain and image, where Ln ×lex Z is the lexi-
cographic product of n-elements chain and the set of integers with the usual linear order
is studied. Green's relations on IO∞(Znlex) are described and it is shown that the semi-
group IO∞(Znlex) is bisimple and its projective congruences are established. Also, in [32]
it is proved that IO∞(Znlex) is �nitely generated, every automorphism of IO∞(Z) is
inner, and it is shown that in the case n > 2 the semigroup IO∞(Znlex) has non-inner
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automorphisms. In [32] we proved that for every positive integer n the quotient semi-
group IO∞(Znlex)/σ, where σ is a least group congruence on IO∞(Znlex), is isomorphic to

the direct power (Z(+))
2n
. The structure of the sublattice of congruences on IO∞(Znlex)

which are contained in the least group congruence is described in [29].
In the paper [30] algebraic properties of the semigroup PO∞(N2

6) are studied. The

properties of elements of the semigroup PO∞(N2
6) as monotone partial bijection of N2

6

are described and showed that the group of units of PO∞(N2
6) is isomorphic to the

cyclic group of order two. Also in [30] the subsemigroup of idempotents of PO∞(N2
6)

and Green's relations on PO∞(N2
6) are described. In particular, it is proved that D = J

in PO∞(N2
6). In [31] the natural partial order 4 on the semigroup PO∞(N2

6) is described
and it is shown that it coincides with the natural partial order the induced from symmetric
inverse monoid over the set N×N onto the semigroup PO∞(N2

6). Also, it is proved that

the semigroup PO∞(N2
6) is isomorphic to the semidirect product PO+

∞(N2
6)oZ2 of the

monoid PO+
∞(N2

6) of orientation-preserving monotone injective partial selfmaps of N2
6

with co�nite domains and images by the cyclic group Z2 of order two. It is described the
congruence σ on the semigroup PO∞(N2

6), which is generated by the natural order 4 on

the semigroup PO∞(N2
6): ασβ if and only if α and β are comparable in

(
PO∞(N2

6),4
)
. It

is proved that the quotient semigroup PO+
∞(N2

6)/σ is isomorphic to the free commutative
monoid AMω over an in�nite countable set and it is shown that the quotient semigroup
PO∞(N2

6)/σ is isomorphic to the semidirect product of the free commutative monoid
AMω by the group Z2.

In the paper [38] the semigroup IN∞ of all partial co-�nite isometries of positive
integers is studied. The semigroup IN∞ is some generalization of the bicyclic monoid and
it is a submonoid of I↗∞(N). Green's relations on the semigroup IN∞ and its band are
described there and it is proved that IN∞ is a simple E-unitary F -inverse semigroup.
Also there is described the least group congruence Cmg on IN∞ and it is proved that the
quotient semigroup IN∞/Cmg is isomorphic to the additive group of integers. An example
of a non-group congruence on the semigroup IN∞ is presented. Also, it is proved that
a congruence on the semigroup IN∞ is a group congruence if and only if its restriction
onto an isomorphic copy of the bicyclic semigroup in IN∞ is a group congruence.

In the paper [39] submonoids of the monoid I �↗
∞ (N) of almost monotone injective

co-�nite partial selfmaps of positive integers N is established. Let CN be the subsemigroup
I �↗
∞ (N) which is generated by the partial shift n 7→ n+1 and its inverse partial map. In

[39] it was shown that every automorphism of a full inverse subsemigroup of I↗∞(N) which
contains the semigroup CN is the identity map. Also there is constructed a submonoid

IN[1]
∞ of I �↗

∞ (N) with the following property: if S is an inverse submonoid of I �↗
∞ (N)

such that S contains IN[1]
∞ as a submonoid, then every non-identity congruence C on S is

a group congruence. Also, it is proved that if S is an inverse submonoid of I �↗
∞ (N) such

that S contains CN as a submonoid then S is simple and the quotient semigroup S/Cmg,
where Cmg is minimum group congruence on S, is isomorphic to the additive group of
integers.

We observe that the semigroups of all partial co-�nite isometries of integers are
studied in [15, 16, 37].
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The monoid INn∞ of co�nite partial isometries of the n-th power of the set of positive
integers N with the usual metric for a positive integer n > 2 is studied in [40]. The
semigroup INn∞ is a submonoid of PO∞(Nn6) for any positive integer n > 2. In [40] it
is proved that for any integer n > 2 the semigroup INn∞ is isomorphic to the semidirect
product Sn nh (P∞(Nn),∪) of the free semilattice with the unit (P∞(Nn),∪) by the
symmetric group Sn.

Later in this paper we shall assume that n is an arbitrary positive integer > 2.
In this paper we study the semigroup of injective partial monotone selfmaps of

the poset Nn6 with co�nite domains and images. We show that the group of units H(I)
of the monoid PO∞(Nn6) is isomorphic to the group Sn and describe the subgroup of

idempotents of PO∞(Nn6). Also in the case n = 3 we describe the property of elements

of the semigroup PO∞(Nn6) as partial bijections of the poset Nn6 and Green's relations

on the semigroup PO∞(N3
6). In particular we show that D = J in PO∞(N3

6).

2. Properties of elements of the semigroup PO∞(Nn6) as monotone
partial permutations

In this short section we describe properties of elements of the semigroup PO∞(Nn6)
as monotone partial transformations of the poset Nn6.

It is obvious that the group of units H(I) of the semigroup PO∞(Nn6) consists of
exactly all order isomorphisms of the poset Nn6 and hence Theorem 2.8 of [28] implies
the following

Theorem 1. For any positive integer n the group of units H(I) of the semigroup

PO∞(Nn6) is isomorphic to the group Sn of permutations of an n-elements set.

Moreover, every element of H(I) permutates coordinates of elements of Nn, and only

these permutations are elements of H(I).

Since every α ∈PO∞(Nn6) is a co�nite monotone partial transformation of the poset
Nn6 the following statement holds.

Lemma 1. If (1. . . . , 1) ∈ domα for some α ∈PO∞(Nn6) then (1. . . . , 1)α = (1. . . . , 1).

For an arbitrary i = 1, . . . , n de�ne

Ki =
{
(1, . . . , m︸︷︷︸

ith

, . . . , 1) ∈ Nn : m ∈ N
}

and by pri : Nn → Nn denote the projection onto the i-th coordinate, i.e., for every
(m1, . . . ,mi, . . . ,mn) ∈ Nn put

(m1, . . . , mi︸︷︷︸
ith

, . . . ,mn)pri = (1, . . . , mi︸︷︷︸
ith

, . . . , 1).

Lemma 2. Let {x1, . . . , xk} be a set of points in Nn \ {(1, . . . , 1)}, k ∈ N. Then the set

Nn \ (↑x1 ∪ . . . ∪ ↑xk) is �nite if and only if k > n and for every Ki, i = 1, . . . , n, there
exists xj ∈ {x1, . . . , xk} such that xj ∈ Ki.

Proof. (⇐) Without loss of generality we may assume that xj ∈ Kj for every positive
integer j 6 n. Then simple veri�cations imply that the set Nn \(↑x1 ∪ . . . ∪ ↑xn) is �nite,
and hence so is the set Nn \ (↑x1 ∪ . . . ∪ ↑xk).
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(⇒) Suppose to the contrary that there exist a subset {x1, . . . , xk} ⊆ Nn\{(1, . . . , 1)}
and an integer i ∈ {1, . . . , n} such that Nn \ (↑x1 ∪ . . . ∪ ↑xk) is �nite and xj /∈ Ki for
any j ∈ {1, . . . , k}.

The de�nition of Ki (i = 1, . . . , n) implies that Ki with the induced partial order
from Nn6 is an ω-chain such that ↓Ki = Ki. Hence, for any x ∈ Nn we have that

either Ki \ ↑x is �nite or Ki ∩ ↑x = ∅. Then by our assumption we get that the set
Nn \ (↑x1 ∪ . . . ∪ ↑xn) is in�nite, a contradiction. The inequality k > n follows from the
above arguments. �

Later for an arbitrary non-empty subset A of Nn by εA we shall denote the identity
map of the set Nn \A. It is obvious that the following lemma holds.

Lemma 3. For an arbitrary non-empty subset A of Nn, εA is an element of the semigroup

PO∞(Nn6), and hence so are εAα, αεA, and εAαεA for any α ∈PO∞(Nn6).

Proposition 1. For an arbitrary element α of the semigroup PO∞(Nn6) there exists a

unique permutation s : {1, . . . , n} → {1, . . . , n} such that (Ki ∩ domα)α ⊆ K(i)s for any

i = 1, . . . , n.

Proof. Lemma 3 implies that without loss of generality we may assume that (1, . . . , 1) /∈
domα and (1, . . . , 1) /∈ ranα.

Since for any i = 1, . . . , n the set Ki with the induced order from the poset Nn6
is an ω-chain, the set Ki ∩ domα contains the least element l

α

i . By Lemma 2 the set

Nn \
(
↑lα1 ∪· · ·∪↑l

α

n

)
is �nite and hence so is domα\

(
↑lα1 ∪· · ·∪↑l

α

n

)
. Since α is a co�nite

partial bijection of Nn, we have that(
↑lα1 ∪ · · · ∪ ↑l

α

n

)
α =

(
↑lα1
)
α ∪ · · · ∪

(
↑lαn
)
α

and the set Nn \
((
↑lα1
)
α ∪ · · · ∪

(
↑lαn
)
α
)
is �nite. Also, since α is a monotone partial

bijection of the poset Nn6 we obtain that
(
↑lαi
)
α ⊆ ↑

(
l
α

i

)
α for all i = 1, . . . , n. Then by

Lemma 2 there exists a permutation s : {1, . . . , n} → {1, . . . , n} such that (l
α

i )α ∈ K(i)s

for any i = 1, . . . , n, because

Nn \
(
↑
(
l
α

1

)
α ∪ · · · ∪

(
↑lαn
)
α
)
⊆ Nn \

((
↑lα1
)
α ∪ · · · ∪

(
↑lαn
)
α
)

and the set Nn \
(
↑
(
l
α

1

)
α ∪ · · · ∪

(
↑lαn
)
α
)
is �nite. This implies that (x)α ∈ K(i)s for all

x ∈ Ki ∩ domα and any i = 1, . . . , n.
The proof of uniqueness of the permutation s for α ∈ PO∞(Nn6) is trivial. This

completes the proof of the proposition. �

Theorem 1 and Proposition 1 imply the following corollary.

Corollary 1. For every element α of the semigroup PO∞(Nn6) there exists a unique

element σ of the group of units H(I) of PO∞(Nn6) such that (Ki ∩ domα)ασ ⊆ Ki and

(Ki ∩ domα)σ−1α ⊆ Ki for all i = 1, . . . , n.

Lemma 4. There is no a �nite family {L1, . . . , Lk} of chains in the poset N2
6 such that

N2 = L1 ∪ · · · ∪ Lk. Moreover, every co-�nite subset in N2
6 has this property.
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Proof. Suppose to the contrary that there exists a positive integer k such that N2 =
L1 ∪ · · · ∪ Lk and Li is a chain for each i = 1, . . . , k. Then

{(1, k + 1), (2, k), . . . , (k, 2), (k + 1, 1)}
is an anti-chain in the poset N2

6 which contains exactly k + 1 elements. Without loss of

generality we may assume that Li ∩ Lj = ∅ for i 6= j. Since N2 = L1 t · · · t Lk, by
the pigeonhole principle (or by the Dirichlet drawer principle, see [13, Section 7.3]) there
exists a chain Li, i = 1, . . . , k, which contains at least two distinct elements of the set
{(1, k + 1), (2, k), . . . , (k, 2), (k + 1, 1)}, a contradiction.

Assume that A is a co-�nite subset of N2
6 such that A = N2 \ {x1, . . . , xp} for some

positive integer p. For every i = 1, . . . , p we put Lk+i = {xi}. Then for every �nite
partition {L1, . . . , Lk} of A such that Li is a chain for each i = 1, . . . , k the family
{L1, . . . , Lk, Lk+1 . . . , Lk+p} is a �nite partition of the poset N2

6 such that Li is a chain
for each i = 1, . . . , k + p. This contradicts the above part of the proof, and hence the
second statement of the lemma holds. �

For any distinct i, j ∈ {1, . . . , n} we denote
Ki,j = {(x1, . . . , xn) ∈ Nn : xk = 1 for all k ∈ {1, . . . , n} \ {i, j}}

and

K ◦
i,j = Ki,j \ (Ki ∪Kj)

Lemma 5. Let n be a positive integer > 3. Let xi be an arbitrary element of Ki\{1, . . . , 1}
for i = 3, . . . , n and y1,2 be an arbitrary element of K ◦

1,2. Then there exists a �nite family

{L1, . . . , Lk} of chains in the poset Nn6 such that

L1 ∪ · · · ∪ Lk = Nn \
(
↑y1,2 ∪ ↑x3 ∪ · · · ∪ ↑xn

)
.

Proof. Let xi = (1, 1, . . . , xi︸︷︷︸
ith

, . . . , 1) for i = 3, . . . , n and y1,2 = (y1, y2, 1 . . . , 1). Then

for any element a = (a1, . . . , an) of the set Nn \
(
↑y1,2 ∪ ↑x3 ∪ · · · ∪ ↑xn

)
the following

conditions hold:

(i) ai < xi for any i = 3, . . . , n;
(ii) if a1 > y1 then a2 < y2;
(iii) if a2 > y2 then a1 < y1.

These conditions imply that

Nn \
(
↑y1,2 ∪ ↑x3 ∪ · · · ∪ ↑xn

)
=
⋃
{S(k3, . . . , kn) : k3 < x3, . . . , kn < xn} ,

where

S(k3, . . . , kn) =
⋃
{Li(k3, . . . , kn) : i = 1, . . . y1 − 1}∪

∪
⋃
{Rj(k3, . . . , kn) : j = 1, . . . y2 − 1} ,

with

Li(k3, . . . , kn) = {(i, p, k3, . . . , kn) ∈ Nn : p ∈ N}
and

Rj(k3, . . . , kn) = {(p, j, k3, . . . , kn) ∈ Nn : p ∈ N} .
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We observe that for arbitrary positive integers i,j, k3, . . . , kn the sets Li(k3, . . . , kn) and
Rj(k3, . . . , kn) are chains in the poset Nn6. Since the set Nn \

(
↑y1,2 ∪ ↑x3 ∪ · · · ∪ ↑xn

)
is

the union of �nitely many sets of the form S(k3, . . . , kn) the above arguments imply the
required statement of the lemma. �

Proposition 2. Let α be an element of PO∞(Nn6) such that (Ki ∩ domα)α ⊆ Ki for

all i = 1, . . . , n. Then (Ki1,i2 ∩ domα)α ⊆ Ki1,i2 for all distinct i1, i2 = 1, . . . , n.

Proof. Suppose to the contrary that there exists x ∈ Ki1,i2 ∩ domα such that (x)α /∈
Ki1,i2 . By Theorem 1 without loss of generality we may assume that i1 = 1 and i2 = 2,
i.e., x ∈ K1,2 and (x)α /∈ K1,2. By Lemma 1, x 6= (1, . . . , 1).

For every i = 3, . . . , n we let xαi = (1, 1, . . . , xαi︸︷︷︸
ith

, . . . , 1) ∈ domα be the smallest

element of Ki such that (xαi )α 6= (1, . . . , 1). There exists xα1,2 = (xα1 , x
α
2 , 1, . . . , 1) ∈

domα ∩K ◦
1,2 such that x 6 xα1,2. Since α ∈PO∞(Nn6), (x)α 6 (xα1,2)α /∈ K1,2.

Now, the monotonicity of α implies that
(
↑xα1,2

)
α ⊆ ↑

(
xα1,2

)
α and (↑xαi )α ⊆

↑ (xαi )α for any i = 3, . . . , n. By our assumption we have that

K1,2 ∩ ranα ⊆
(
Nn6 \

(
↑xα1,2 ∪ ↑xα3 ∪ · · · ∪ ↑xαn

))
α.

Since the partial transformation α preserves chains in the poset Nn6, Lemma 5 implies
that the set K1,2 ∩ ranα is a union of �nitely many chains, which contradicts Lemma 4.
The obtained contradiction implies the assertion of the proposition. �

Theorem 2. Let α be an element of the semigroup PO∞(N3
6) such that (Ki∩domα)α ⊆

Ki for all i = 1, 2, 3. Then the following assertions hold:

(i) if (x1, x2, x3) ∈ domα and (x1, x2, x3)α = (xα1 , x
α
2 , x

α
3 ) then xα1 ≤ x1, x

α
2 ≤ x2

and xα3 ≤ x3 and hence (x)α 6 x for any x ∈ domα;
(ii) there exists a smallest positive integer nα such that (x1, x2, x3)α = (x1, x2, x3)

for all (x1, x2, x3) ∈ domα ∩ ↑(nα, nα, nα).

Proof. (i)We shall prove the inequality xα1 ≤ x1 by induction. The proofs of the inequali-
ties xα2 ≤ x2 and xα3 ≤ x3 are similar.

By Proposition 2 we have that if x1 = 1 then xα1 = 1, as well.

Next we shall show that the following statement holds:

if for some positive integer p > 1 the inequality x1 < p implies xα1 ≤ x1 then the

equality x1 = p implies xα1 ≤ x1, too.
Suppose to the contrary that there exists (x1, x2, x3) ∈ domα such that

x1 = p = (x1, x2, x3)pr1, (x1, x2, x3)α = (xα1 , x
α
2 , x

α
3 ) and x1 + 1 6 xα1 .

We de�ne a partial map $ : N3 ⇀ N3 with dom$ = N3 \ ({1} × L(x2)× L(x2)) and
ran$ = N3 by the formula

(i1, i2, i3)$ =

{
(i1 − 1, i2, i3), if i2 ∈ L(x2) and i3 ∈ L(x2);
(i1, i2, i3), otherwise,

where L(x2) = {1, . . . , x2} and L(x3) = {1, . . . , x3}. It is obvious that $ ∈ PO∞(N3
6),

and hence γ$k ∈ PO∞(N3
6) for any positive integer k and any γ ∈ PO∞(N3

6). This
observation implies that without loss of generality we may assume that xα1 = x1+1. Then
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the assumption of the theorem implies that there exists the smallest element (im, 1, 1) of
K1 such that iαm > xα1 +1, where (iαm, 1, 1) = (im, 1, 1)α. Since (↑(im, 1, 1))α ⊆ ↑(iαm, 1, 1),
(↑(x1, x2, x3))α ⊆ ↑(xα1 , xα2 , xα3 ) and the set N3 \ ranα is �nite, our assumption implies
that the set

Sx1(α) = {(x1, p2, p3) ∈ domα : p2, p3 ∈ N}
is a union of �nitely many subchains of the poset (N3,6). This contradicts Lemma 4
because the set Sx1(α) with the induced partial order from N3

6 is order isomorphic

to a co�nite subset of the poset N2
6. The obtained contradiction implies the requested

inequality xα1 ≤ x1 and hence we have that statement (i) holds.
The last assertion of (i) follows from the de�nition of the poset N3

6.

(ii) Fix an arbitrary α ∈PO∞(N3
6) such that (Ki∩domα)α ⊆ Ki for all i = 1, 2, 3.

Suppose to the contrary that for any positive integer n there exists

(x1, x2, x3) ∈ domα ∩ ↑(n, n, n)

such that (x1, x2, x3)α 6= (x1, x2, x3). We put Ndomα =
∣∣N3 \ domα

∣∣+ 1 and

Mdomα = max
{
{x1 : (x1, x2, x3) /∈ domα} , {x2 : (x1, x2, x3) /∈ domα} ,

{x3 : (x1, x2, x3) /∈ domα}
}
+ 1.

The de�nition of the semigroup PO∞(N3
6) implies that the positive integers Ndomα and

Mdomα are well de�ned. Put n0 = max {Ndomα,Mdomα}. Then our assumption implies
that there exists (x1, x2, x3) ∈ domα ∩ ↑(n0, n0, n0) such that

(x1, x2, x3)α = (xα1 , x
α
2 , x

α
3 ) 6= (x1, x2, x3).

By statement (i) we have that (xα1 , x
α
2 , x

α
3 ) < (x1, x2, x3). We consider the case when

xα1 < x1. In the cases when xα2 < x2 or xα3 < x3 the proofs are similar. We assume
that x1 6 x2 and x1 6 x3. By statement (i) the partial bijection α maps the set
S =

{
(x, y, z) ∈ N3 : x, y, z 6 x1 − 1

}
into itself. Also, by the de�nition of the semigroup

PO∞(N3
6) the partial bijection α maps the set

{(x1, 1, 1), . . . , (x1, 1, x1), (x1, 2, 1), . . . , (x1, 2, x1), . . . , (x1, x1, 1), . . . , (x1, x1, x1)}

into S, too. Then our construction implies that

|S \ domα| =
∣∣N3 \ domα

∣∣ = Ndomα − 1

and

|{(x1,1,1), . . . ,(x1,1,x1),(x1,2,1), . . . ,(x1,2,x1), . . . ,(x1,x1,1), . . . ,(x1,x1,x1)}| > Ndomα,

a contradiction. In the case when x2 6 x1 and x2 6 x3 or x3 6 x1 and x3 6 x2 we get
contradictions in similar ways. This completes the proof of existence of such a positive
integer nα for any α ∈ PO∞(N3

6). The existence of such minimal positive integer nα
follows from the fact that the set of all positive integers with the usual order 6 is well-
ordered. �

Theorem 2(iii) and Proposition 1 imply the following corollary.
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Corollary 2. For an arbitrary element α of the semigroup PO∞(N3
6) there exist

elements σ1, σ2 of the group of units H(I) of PO∞(N3
6) and a smallest positive integer

nα such that

(x1, x2, x3)σ1α = (x1, x2, x3)ασ2 = (x1, x2, x3)

for each (x1, x2, x3) ∈ domα ∩ ↑(nα, nα, nα).

Corollary 2 implies

Corollary 3.
∣∣N3 \ ranα

∣∣ 6 ∣∣N3 \ domα
∣∣ for an arbitrary α ∈PO∞(N3

6).

3. Algebraic properties of the semigroup PO∞(N3
6)

Proposition 3. Let X be a non-empty set and let PB(X) be a semigroup of partial

bijections of X with the usual composition of partial self-maps. Then an element α of

PB(X) is an idempotent if and only if α is an identity partial self-map of X.

Proof. The implication (⇐) is trivial.

(⇒) Let an element α be an idempotent of the semigroup PB(X). Then for every
x ∈ domα we have that (x)αα = (x)α and hence we get that domα2 = domα and
ranα2 = ranα. Also since α is a partial bijective self-map of X we conclude that the
previous equalities imply that domα = ranα. Fix an arbitrary x ∈ domα and suppose
that (x)α = y. Then (x)α = (x)αα = (y)α = y. Since α is a partial bijective self-map of
the set X, we have that the equality (y)α = y implies that the full preimage of y under
the partial map α is equal to y. Similarly the equality (x)α = y implies that the full
preimage of y under the partial map α is equal to x. Thus we get that x = y and our
implication holds. �

Proposition 3 implies the following corollary.

Corollary 4. An element α of PO∞(Nn6) is an idempotent if and only if α is an identity

partial self-map of Nn6 with the co�nite domain.

Corollary 4 implies the following proposition.

Proposition 4. Let n be a positive integer > 2. The subset of idempotents E(PO∞(Nn6))
of the semigroup PO∞(Nn6) is a commutative submonoid of PO∞(Nn6) and moreover

E(PO∞(Nn6)) is isomorphic to the free semilattice with unit (P∗(Nn),∪) over the set

Nn under the map (ε)h = Nn \ dom ε.

Later we shall need the following technical lemma.

Lemma 6. Let X be a non-empty set, PB(X) be the semigroup of partial bejections of

X with the usual composition of partial self-maps and α ∈ PB(X). Then the following

assertions hold:

(i) α = γα for some γ ∈PB(X) if and only if the restriction γ|domα : domα→ X
is an identity partial map;

(ii) α = αγ for some γ ∈ PB(X) if and only if the restriction γ|ranα : ranα → X
is an identity partial map.



42
Oleg GUTIK, Olha KROKHMALNA

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2019. Âèïóñê 88

Proof. (i) The implication (⇐) is trivial.
(⇒) Suppose that α = γα for some γ ∈PB(X). Then domα ⊆ dom γ and domα ⊆

ran γ. Since γ : X ⇀ X is a partial bijection, the above arguments imply that (x)γ = x
for each x ∈ domα. Indeed, if (x)γ = y 6= x for some y ∈ domα then since α : X ⇀ X is
a partial bijection we have that either

(x)α = (x)γα = (y)α 6= (x)α, if y ∈ domα,

or (y)α is unde�ned. This completes the proof of the implication.
The proof of (ii) is similar to that of (i). �

Lemma 6 implies the following corollary.

Corollary 5. Let n be a positive integer > 2 and α be an element of the semigroup

PO∞(Nn6). Then the following assertions hold:

(i) α = γα for some γ ∈PO∞(Nn6) if and only if the restriction γ|domα : domα→
Nn is an identity partial map;

(ii) α = αγ for some γ ∈PO∞(Nn6) if and only if the restriction γ|ranα : ranα→ Nn
is an identity partial map.

The following theorem describes Green's relations L , R, H and D on the semigroup
PO∞(N3

6).

Theorem 3. Let α and β be elements of the semigroup PO∞(N3
6). Then the following

assertions hold:

(i) αL β if and only if α = µβ for some µ ∈ H(I);
(ii) αRβ if and only if α = βν for some ν ∈ H(I);
(iii) αH β if and only if α = µβ = βν for some µ, ν ∈ H(I);
(iv) αDβ if and only if α = µβν for some µ, ν ∈ H(I).

Proof. (i) The implication (⇐) is trivial.
(⇒) Suppose that αL β in the semigroup PO∞(N3

6). Then there exist γ, δ ∈
PO∞(N3

6) such that α = γβ and β = δα. The last equalities imply that ranα = ranβ.
Next, we consider the following cases:

(i1) (Ki ∩ domα)α ⊆ Ki and (Kj ∩ domβ)β ⊆ Kj for all i, j = 1, 2, 3;
(i2) (Ki ∩ domα)α ⊆ Ki for all i = 1, 2, 3 and (Kj ∩ domβ)β * Kj for some

j = 1, 2, 3;
(i3) (Ki ∩ domα)α * Ki for some i = 1, 2, 3 and (Kj ∩ domβ)β ⊆ Kj for all

j = 1, 2, 3;
(i4) (Ki ∩ domα)α * Ki and (Kj ∩ domβ)β * Kj for some i, j = 1, 2, 3.

Suppose that case (i1) holds. Then Proposition 1 and the equalities α = γβ and
β = δα imply that

(1) (Ki ∩ dom γ)γ ⊆ Ki and (Kj ∩ dom δ)δ ⊆ Kj , for all i, j = 1, 2, 3,

and moreover we have that α = γδα and β = δγβ. Hence by Lemma 6 we have that the
restrictions (γδ)|domα : domα ⇀ N3 and (δγ)|dom β : domβ ⇀ N3 are identity partial
maps. Then by condition (1) we obtain that the restrictions γ|domα : domα ⇀ N3 and
δ|dom β : domβ ⇀ N3 are identity partial maps, as well. Indeed, otherwise there exists
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x ∈ domα such that either (x)γ 
 x or (x)δ 
 x, which contradicts Theorem 2(ii). Thus,
the above arguments imply that in case (i1) we have the equality α = β.

Suppose that case (i2) holds. By Corollary 1 there exists an element µ of the group of
units H(I) of the semigroup PO∞(N3

6) such that (Kj∩domβ)µβ ⊆ Kj for all j = 1, 2, 3,
and, since αL β, we have that

α = γβ = γIβ = γ(µ−1µ)β = (γµ−1)(µβ)

and µβ = (µδ)α. Hence we get that αL (µβ), (Ki∩domα)α ⊆ Ki and (Kj∩domβ)µβ ⊆
Kj for all i, j = 1, 2, 3. Then we apply case (i1) for the elements α and µβ and obtain the
equality α = µβ, where µ is the above determined element of the group of units H(I).

In case (i3) the proof of the equality α = µβ is similar to case (i2).

Suppose that case (i4) holds. By Corollary 1 there exist elements µα and µβ of the
group of units H(I) of the semigroup PO∞(N3

6) such that (Kj ∩ domα)µαα ⊆ Kj and

(Kj ∩ domβ)µββ ⊆ Kj for all i, j = 1, 2, 3, and, since αL β, we have that

α = γβ = γIβ = γ(µ−1β µβ)β = (γµ−1β )(µββ)

and

β = δα = δIα = δ(µ−1α µα)α = (δµ−1α )(µαα).

Hence we get that

µαα = (µαγµ
−1
β )(µββ) and µββ = (µβδµ

−1
α )(µαα).

The last two equalities imply that (µββ)L (µαα) and by above part of the proof we have
that (Kj ∩ domα)µαα ⊆ Kj and (Kj ∩ domβ)µββ ⊆ Kj for all i, j = 1, 2, 3. Then we
apply case (i1) for the elements µαα and µββ and obtain the equality µαα = µββ. Hence
α = µ−1α µαα = µ−1α µββ. Since µα, µα ∈ H(I), µ = µ−1α µβ ∈ H(I) as well.

The proof of assertion (ii) is dual to that of (i).

Assertion (iii) follows from (i) and (ii).

(iv) Suppose that αDβ in PO∞(N3
6). Then there exists γ ∈ PO∞(N3

6) such that

αL γ and γRβ. By statements (i) and (ii) there exist µ, ν ∈ H(I) such that α = µγ and
γ = βν and hence α = µβν. Converse, suppose that α = µβν for some µ, ν ∈ H(I). Then
by (i), (ii), we have that αL (βν) and (βν)Rβ, and hence αDβ in PO∞(N3

6). �

Theorem 3 implies Corollary 6 which gives the inner characterization of Green's
relations L , R, and H on the semigroup PO∞(N3

6) as partial permutations of the

poset N3
6.

Corollary 6. (i) Every L -class of PO∞(N3
6) contains exactly 6 distinct elements.

(ii) Every R-class of PO∞(N3
6) contains exactly 6 distinct elements.

(iii) Every H -class of PO∞(N3
6) contains at most 6 distinct elements.

Proof. Statements (i), (ii) and (iii) are trivial and they follow from the corresponding
statements of Theorem 3. �

Lemma 7. Let α, β and γ be elements of the semigroup PO∞(N3
6) such that α = βαγ.

Then the following statements hold:
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(i) if (Ki∩domβ)β ⊆ Ki for any i = 1, 2, 3, then the restrictions β|domα : domα ⇀
N3 and γ|ranα : ranα ⇀ N3 are identity partial maps;

(ii) if (Ki∩dom γ)γ ⊆ Ki for any i = 1, 2, 3, then the restrictions β|domα : domα ⇀
N3 and γ|ranα : ranα ⇀ N3 are identity partial maps;

(iii) there exist elements σβ and σγ of the group of units H(I) of PO∞(N3
6) such that

α = σβασγ .

Proof. (i) Assume that the inclusion (Ki ∩ domβ)β ⊆ Ki holds for any i = 1, 2, 3. Then
one of the following cases holds:

(1) (Ki ∩ domα)α ⊆ Ki for any i = 1, 2, 3;
(2) there exists i ∈ {1, 2, 3} such that (Ki ∩ domα)α * Ki.

If case (1) holds then the equality α = βαγ and Proposition 1 imply that (Ki ∩
dom γ)γ ⊆ Ki for any i = 1, 2, 3. Suppose that (x)β < x for some x ∈ domα. Then by
Theorem 2(i) we have that

(x)α = (x)βαγ < (x)αγ 6 (x)α,

which contradicts the equality α = βαγ. The obtained contradiction implies that the
restriction β|domα : domα ⇀ N3 is an identity partial map. This and the equality α =
βαγ imply that the restriction γ|ranα : ranα ⇀ N3 is an identity partial map too.

Suppose that case (2) holds. Then by Corollary 1 there exists an element σ of the
group of units H(I) of the semigroup PO∞(N3

6) such that (Ki ∩domα)ασ ⊆ Ki for any
i = 1, 2, 3. Now, the equality α = βαγ implies that

ασ = βαγσ = βαIγσ = βα(σσ−1)γσ = β(ασ)(σ−1γσ).

By case (1) we have that the restrictions β|domα : domα ⇀ N3 is an identity partial map,
which implies that βα = α. Then we have that α = βαγ = αγ and hence by Corollary 5
the restriction γ|ranα : ranα ⇀ N3 is an identity partial map, which completes the proof
of statement (i).

(ii) The proof of this statement is dual to (i). Indeed, assume that the inclusion
(Ki ∩ dom γ)γ ⊆ Ki holds for any i = 1, 2, 3. Then one of the following cases holds:

(1) (Ki ∩ domα)α ⊆ Ki for any i = 1, 2, 3;
(2) there exists i ∈ {1, 2, 3} such that (Ki ∩ domα)α * Ki.

If case (1) holds then the equality α = βαγ and Proposition 1 imply that (Ki ∩
domβ)β ⊆ Ki for any i = 1, 2, 3. Similarly as in the proof of statement (i) Theorem 2(i)
implies that the restrictions β|domα : domα ⇀ N3 and γ|ranα : ranα ⇀ N3 are identity
partial maps.

Suppose that case (2) holds. Then by Corollary 1 there exists an element σ of the
group of units H(I) of the semigroup PO∞(N3

6) such that (Ki ∩domα)σα ⊆ Ki for any
i = 1, 2, 3. Now, the equality α = βαγ implies that

σα = σβαγ = σβIαγ = σβ(σ−1σ)αγ = (σβσ−1)(σα)γ.

By case (1) we have that the restriction γ|ranα : ranα ⇀ N3 is an identity partial map,
which implies that α = αγ. Then we have that α = βαγ = βα and hence by Corollary 5
the restriction β|domα : domα ⇀ N3 is an identity partial map as well, which completes
the proof of statement (ii).
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(iii) Assume that α = βαγ. By the Lagrange Theorem (see: [41, Section 1.5]) for
every element σ of the group of permutations Sn the order of σ divides the order of Sn.
This, Proposition 1 and the equality α = βαγ imply that

(2) (Ki ∩ domβ6)β6 ⊆ Ki and (Ki ∩ dom γ6)γ6 ⊆ Ki, for any i = 1, 2, 3.

Also, the equality α = βαγ implies that

α = βαγ = β(βαγ)γ = β2αγ2 = . . . = β6αγ6.

Then statements (i), (ii) and conditions (2) imply that the restrictions β6|domα : domα ⇀
N3 and γ6|ranα : ranα ⇀ N3 are identity partial maps. By Corollary 1 there exist unique
elements σβ , σγ ∈ H(I) such that (Ki ∩ domβ)βσ−1β ⊆ Ki, (Ki ∩ domβ)σββ ⊆ Ki,

(Ki∩domα)γσ−1γ ⊆ Ki and (Ki∩dom γ)σγγ ⊆ Ki for all i = 1, 2, 3. Then we have that

β6 = (βIβ)(βIβ)(βIβ)

= (βσ−1β σββ)(βσ
−1
β σββ)(βσ

−1
β σββ)

= (βσ−1β )(σββ)(βσ
−1
β )(σββ)(βσ

−1
β )(σββ)

(3)

and

γ6 = (γIγ)(γIγ)(γIγ)
= (γσ−1γ σγγ)(γσ

−1
γ σγγ)(γσ

−1
γ σγγ)

= (γσ−1γ )(σγγ)(γσ
−1
γ )(σγγ)(γσ

−1
γ )(σγγ).

(4)

We claim that (x)(βσ−1β ) = x for any x ∈ domα. Assume that (x)(βσ−1β ) 6= x for

some x ∈ domα. Then the choice of the element σβ ∈ H(I), Theorem 2(i) and (3) imply
that

(x)β6 = (x)(βσ−1β )(σββ)(βσ
−1
β )(σββ)(βσ

−1
β )(σββ)

< (x)(σββ)(βσ
−1
β )(σββ)(βσ

−1
β )(σββ)

6 (x)(βσ−1β )(σββ)(βσ
−1
β )(σββ)

< (x)(σββ)(βσ
−1
β )(σββ)

6 (x)(βσ−1β )(σββ)

< (x)(σββ)

6 x,

which contradicts the fact that the restriction β6|domα : domα ⇀ N3 is an identity
partial map. Hence we have that (x)(βσ−1β ) = x for any x ∈ domα, which implies that

the equality (x)β = (x)σβ holds for any x ∈ domα.
Using (4) as in the above we prove the equality (x)γ = (x)σγ holds for any x ∈ ranα.
The obtained equalities and the de�nition of the composition of partial maps imply

statement (iii). �

Lemma 8. Let α and β be elements of the semigroup PO∞(N3
6) and A be a co�nite

subset of N3. If the restriction (αβ)|A : A ⇀ N3 is an identity partial map then there

exists an element σ of the group of units H(I) of PO∞(N3
6) such that (x)α = (x)σ and

(y)β = (y)σ−1 for all x ∈ A and y ∈ (A)α.
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Proof. We observe that one of the following cases holds:

(1) (Ki ∩A)α ⊆ Ki for any i = 1, 2, 3;
(2) there exists i ∈ {1, 2, 3} such that (Ki ∩A)α * Ki.

If case (1) holds then the assumption of the lemma and Proposition 1 imply that
(Ki ∩ (A)α)β ⊆ Ki for any i = 1, 2, 3. Suppose that (x)α < x for some x ∈ A. Then by
Theorem 2(i) we have that

(x)αβ < (x)β 6 x,

which contradicts the assumption of the lemma. Similarly we show that the case (y)β < y
for some y ∈ (A)α does not hold. The obtained contradiction implies that (x)α = x and
(x)β = x for all x ∈ A.

Suppose that case (2) holds. Then by Corollary 1 there exists an element σ of the
group of units H(I) of the semigroup PO∞(N3

6) such that (Ki ∩domα)ασ ⊆ Ki for any
i = 1, 2, 3. Now, the assumption of the lemma implies that

(x)αβ = (x)αIβ = (x)ασσ−1β = x,

and hence by the above part of the proof we get that (x)ασ = x and (y)σ−1β = x for all
y ∈ (A)α. The obtained equalities and the de�nition of the composition of partial maps
imply the statement of the lemma. �

Lemma 9. Let α, β, γ and δ be elements of the semigroup PO∞(N3
6) such that α = γβδ.

Then there exist γ∗, δ∗ ∈ PO∞(N3
6) such that α = γ∗βδ∗, dom γ∗ = domα, ran γ∗ =

domβ, dom δ∗ = ranβ and ran δ∗ = ranα.

Proof. For a co�nite subset A of N3 by ιA we denote the identity map of A. It is obvious
that ιA ∈PO∞(N3

6) for any co�nite subset A of N3. This implies that α = ιdomααιranα
and β = ιdom ββιran β , and hence we have that

α = ιdomααιranα = ιdomαγβδιranα = ιdomαγιdom ββιran βδιranα.

We put γ∗ = ιdomαγιdom β and δ∗ = ιran βδιranα. The above two equalities and the
de�nition of the semigroup operation of PO∞(N3

6) imply that dom γ∗ ⊆ domα, ran γ∗ ⊆
domβ, dom δ∗ ⊆ ranβ and ran δ∗ ⊆ ranα. Similar arguments and the equality α = γ∗βδ∗

imply the converse inclusions which implies the statement of the lemma. �

Theorem 4. D = J in PO∞(N3
6).

Proof. The inclusion D ⊆J is trivial.
Fix any α, β ∈ PO∞(N3

6) such that αJ β. Then there exist γα, δα, γβ , δβ ∈
PO∞(N3

6) such that α = γαβδα and β = γβαδβ (see [22] or [23, Section II.1]). By
Lemma 9 without loss of generality we may assume that

dom γα = domα, ran γα = domβ, dom δα = ranβ, ran δα = ranα

and

dom γβ = domβ, ran γβ = domα, dom δβ = ranα, ran δβ = ranβ.

Hence we have that α = γαγβαδβδα and β = γβγαβδαδβ . Then only one of the following
cases holds:

(1) (Ki ∩ dom(γαγβ))γαγβ ⊆ Ki for any i = 1, 2, 3;
(2) there exists i ∈ {1, 2, 3} such that (Ki ∩ dom(γαγβ))γαγβ * Ki.
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If case (1) holds then Lemma 7(i) implies that (γαγβ) : domα ⇀ N3 and
(δβδα) : ranα ⇀ N3 are identity partial maps. Now by Lemma 8 there exist elements σα
and σβ of the group of units H(I) of the semigroup PO∞(N3

6) such that (x)γα = (x)σα,

(y)γβ = (y)σ−1α , (u)δβ = (u)σβ and (v)δα = (v)σ−1β , for all x ∈ domα, y ∈ (domα)γα =

ran γα = domβ, u ∈ ranα and v ∈ (ranα)δβ = ran δβ = ranβ. Then the above

arguments imply that α = σαβσ
−1
β and hence by Theorem 3(iv) we get that αDβ in

PO∞(N3
6).

If case (2) holds then we have that

α = γαγβαδβδα = (γαγβ)
2α(δβδα)

2 = . . . = (γαγβ)
6α(δβδα)

6

and

β = γβγαβδαδβ = (γβγα)
2β(δαδβ)

2 = . . . = (γβγα)
6β(δαδβ)

6.

We put

γ◦β = γβ(γαγβ)
5 and δ◦β = δβ(δαδβ)

5.

Lemma 7(i) implies that (γαγ
◦
β) : domα ⇀ N3 and (δ◦βδα) : ranα ⇀ N3 are identity

partial maps. Now by Lemma 8 there exist elements σα and σβ of the group of units H(I)
of the semigroup PO∞(N3

6) such that (x)γα = (x)σα, (y)γ
◦
β = (y)σ−1α , (u)δ◦β = (u)σβ

and (v)δα = (v)σ−1β , for all x ∈ domα, y ∈ (domα)γα = ran γα = domβ, u ∈ ranα and

v ∈ (ranα)δ◦β = ran δ◦β = ranβ. Then the above arguments imply that α = σαβσ
−1
β and

hence by Theorem 3(iv) we get that αDβ in PO∞(N3
6). �
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ÇÍÀ×ÅÍÜ

Îëåã ÃÓÒIÊ, Îëüãà ÊÐÎÕÌÀËÜÍÀ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,
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e-mails: oleg.gutik@lnu.edu.ua, Olia709@i.ua

Íåõàé n � íàòóðàëüíå ÷èñëî > 2 i Nn
6 � n-èé ñòåïiíü ìíîæèíè íàòóðàëü-

íèõ ÷èñåë N ç ÷àñòêîâèì ïîðÿäêîì äîáóòêó çâè÷àéíîãî ëiíiéíîãî ïîðÿäêó
íà N.
×àñòêîâå ïåðåòâîðåííÿ α : X6 ⇀ X6 ÷àñòêîâî âïîðÿäêîâàíî¨ ìíîæèíè X6
íàçèâà¹òüñÿ ìîíîòîííèì, ÿêùî ç x 6 y âèïëèâà¹ íåðiâíiñòü xα 6 yα, äëÿ
x, y ∈ X6.
Äîñëiäæåíî ñòðóêòóðíi âëàñòèâîñòi ìîíî¨äà PO∞(Nn

6) ÷àñòêîâèõ ìîíîòîí-
íèõ ïåðåòâîðåíü ÷àñòêîâî âïîðÿäêîâàíî¨ ìíîæèíè Nn

6 ç êîñêií÷åííèìè
îáëàñòÿìè âèçíà÷åííÿ òà çíà÷åíü. Äîâåäåíî, ùî ãðóïà îäèíèöü H(I) íàïiâ-
ãðóïè PO∞(Nn

6) içîìîðôíà ãðóïi Sn ïiäñòàíîâîê n-åëåìåíòíî¨ ìíîæèíè
òà îïèñàíî ïiäíàïiâãðóïó iäåìïîòåíòiâ íàïiâãðóïè PO∞(Nn

6). Òàêîæ, ó âè-
ïàäêó n = 3 îïèñàíî âëàñòèâîñòi åëåìåíòiâ íàïiâãðóïè PO∞(N3

6) ÿê ÷àñò-
êîâèõ ái¹êöié ÷àñòêîâî âïîðÿäêîâàíî¨ ìíîæèíè N3

6, i âiäíîøåííÿ �ðiíà íà
íàïiâãðóïi PO∞(N3

6). Çîêðåìà äîâåäåíî, øî âiäíîøåííÿ �ðiíà D i J íà
ìîíî¨äi PO∞(N3

6) çáiãàþòüñÿ.

Êëþ÷îâi ñëîâà: íàïiâãðóïà ÷àñòêîâèõ ái¹êöié, ìîíîòîííå ÷àñòêîâå âiä-
îáðàæåííÿ, iäåìïîòåíò, âiäíîøåííÿ �ðiíà.
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Êàòåðèíà ÌÀÊÑÈÌÈÊ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,
Óíiâåðñèòåòñüêà, 1, 79000, Ëüâiâ
e-mail: kate.maksymyk15@gmail.com

Äîñëiäæó¹ìî àëãåáðè÷íi óìîâè íà ãðóïó G, ïðè âèêîíàííi ÿêèõ ëîêàëü-
íî êîìïàêòíà òðàíñëÿöiéíî íåïåðåðâíà òîïîëîãiÿ íà äèñêðåòíié ãðóïi G ç
ïðè¹äíàíèì íóëåì ¹ àáî êîìïàêòíîþ, àáî äèñêðåòíîþ.
Ââåäåíî åëåêòîðàëüíî ãíó÷êi òà åëåêòîðàëüíî ñòiéêi ãðóïè òà âèâ÷àþòüñÿ
¨õíi âëàñòèâîñòi. Çîêðåìà, äîâåäåíî, ùî êîæíà ãðóïà, ÿêà ìiñòèòü íåñêií-
÷åííó öèêëi÷íó ïiäãðóïó íåñêií÷åííîãî iíäåêñó òà êîæíà íåçëi÷åííà êî-
ìóòàòèâíà ãðóïà ¹ åëåêòîðàëüíî ãíó÷êèìè, à òàêîæ, ùî êîæíà çëi÷åííà
ëîêàëüíî ñêií÷åííà ãðóïà ¹ åëåêòîðàëüíî ñòiéêîþ.
Îñíîâíèì ðåçóëüòàòîì ïðàöi ¹ òàêå òâåðäæåííÿ: ÿêùîG� äèñêðåòíà åëåê-
òîðàëüíî ãíó÷êà íåñêií÷åííà ãðóïà, òî êîæíà ãàóñäîðôîâà òðàíñëÿöiéíî
íåïåðåðâíà ëîêàëüíî êîìïàêòíà òîïîëîãiÿ íà G0 ¹ àáî äèñêðåòíîþ, àáî
êîìïàêòíîþ. Íà äîâiëüíié íåñêií÷åííié âiðòóàëüíî öèêëi÷íié ãðóïi (à îò-
æå, íà åëåêòîðàëüíî ñòiéêié ãðóïi) ç ïðè¹äíàíèì íóëåì G0 ïîáóäîâàíî
íåäèñêðåòíó íåêîìïàêòíó ëîêàëüíî êîìïàêòíó òðàíñëÿöiéíî íåïåðåðâíó
òîïîëîãiþ, ÿêà iíäóêó¹ íà G äèñêðåòíó òîïîëîãiþ.

Êëþ÷îâi ñëîâà: ãðóïà, íóëü, ëîêàëüíî êîìïàêòíèé, äèñêðåòíèé,
êîìïàêòíèé, íàïiâòîïîëîãi÷íà íàïiâãðóïà, òîïîëîãi÷íà íàïiâãðóïà, åëå-
êòîðàëüíî ãíó÷êèé, åëåêòîðàëüíî ñòiéêèé, êiíåöü.

Ìè êîðèñòóâàòèìåìîñÿ òåðìiíîëîãi¹þ ç [3, 10, 24]. Óñi ïðîñòîðè ââàæàþòüñÿ
ãàóñäîðôîâèìè, ÿêùî íå çàçíà÷åíî iíøå.

Íàäàëi äëÿ ãðóïè G ÷åðåç G0 ïîçíà÷à¹òüñÿ ãðóïà G ç ïðè¹äíàíèì íóëåì [10].
Ó êîìóòàòèâíié ãðóïi G äîáóòîê äâîõ åëåìåíòiâ a i b ïîçíà÷àòèìåìî ÷åðåç a + b, à
îáåðíåíèé åëåìåíò äî a ∈ G ïîçíà÷àòèìåìî ÷åðåç −a.

Íàïiâãðóïà S íàçèâà¹òüñÿ iíâåðñíîþ, ÿêùî äëÿ äîâiëüíîãî åëåìåíòà x ∈ S iñíó¹
¹äèíèé åëåìåíò y ∈ S òàêèé, ùî xyx = x i yxy = y. Ó öüîìó âèïàäêó êàæóòü, ùî y ¹
iíâåðñíèì åëåìåíòîì äî x â S, à âiäîáðàæåííÿ ç S ó S, ùî ñòàâèòü êîæíîìó åëåìåíòó

2010 Mathematics Subject Classi�cation: 20E34, 20F69, 22M15, 54E45

c© Ìàêñèìèê, Ê., 2019
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éîãî iíâåðñíèé, íàçèâà¹òüñÿ iíâåðñi¹þ [10]. Î÷åâèäíî, ùî ãðóïà ç ïðè¹äíàíèì íóëåì
¹ iíâåðñíîþ íàïiâãðóïîþ.

Íàïiâãðóïà S iç çàäàíîþ íà íié òîïîëîãi¹þ τ íàçèâà¹òüñÿ (íàïiâ)òîïîëîãi÷íîþ,
ÿêùî íàïiâãðóïîâà îïåðàöiÿ â (S, τ) ¹ (íàðiçíî) íåïåðåðâíîþ, i â öüîìó âèïàäêó êà-
æóòü, ùî τ ¹ íàïiâãðóïîâîþ (òðàíñëÿöiéíî íåïåðåðâíîþ) òîïîëîãi¹þ íà S [9]. Iíâåð-
ñíà òîïîëîãi÷íà íàïiâãðóïà (S, τ) ç íåïåðåðâíîþ iíâåðñi¹þ íàçèâà¹òüñÿ òîïîëîãi÷-

íîþ iíâåðñíîþ íàïiâãðóïîþ, à òîïîëîãiÿ τ â öüîìó âèïàäêó íàçèâà¹òüñÿ iíâåðñíîþ

íàïiâãðóïîâîþ òîïîëîãi¹þ íà S.
Âiäîìî, ÿêùî S � íàïiâòîïîëîãi÷íà íàïiâãðóïà ç íóëåì 0 òàêà, ùî S\{0} � êîì-

ïàêòíèé ïðîñòið, ÷è G0 � ãðóïà ç ïðè¹äíàíèì íóëåì, ùî ¹ òîïîëîãi÷íîþ iíâåðñíîþ
íàïiâãðóïîþ, òî íóëü 0 ¹ içîëüîâàíîþ òî÷êîþ. Â çàãàëüíîìó âèïàäêó íàâiòü äëÿ ëî-
êàëüíî êîìïàêòíèõ ãðóï ç ïðè¹äíàíèì íóëåì, ÿêi ¹ òîïîëîãi÷íèìè íàïiâãðóïàìè, öå
íå òàê [9, 18]. Îäíàê íóëü â êîìïàêòíié òîïîëîãi÷íié 0-ïðîñòié íàïiâãðóïi ¹ içîëüî-
âàíîþ òî÷êîþ [21]. Ïðîòå öi ðåçóëüòàòè íà ìîæíà ïîøèðèòè íà ëîêàëüíî êîìïàêòíi
öiëêîì 0-ïðîñòi òîïîëîãi÷íi íàïiâãðóïè [20] i íà êîìïàêòíi öiëêîì 0-ïðîñòi íàïiâ-
òîïîëîãi÷íi çëi÷åííi íàïiâãðóïè [15]. Êàðë Ãîôìàíí ó ïðàöi [17] îïèñàâ ñòðóêòóðó
ëîêàëüíî êîìïàêòíî¨ òîïîëîãi÷íî¨ ãðóïè ç ïðè¹äíàíèì íóëåì ó âèïàäêó ëîêàëüíî
êîìïàêòíèõ òîïîëîãi÷íèõ íàïiâãðóï. Ïðè¹äíàííÿ íóëÿ äî áëèçüêèõ äî êîìïàêòíèõ
(íàïiâ)òîïîëîãi÷íèõ ãðóï òà òîïîëîãiÿ â íóëi äëÿ äåÿêèõ êëàñiâ ëîêàëüíî êîìïà-
êòíèõ íàïiâãðóï âèâ÷àëîñü â ïðàöÿõ [2, 5, 6, 13, 14, 16, 19, 20, 23, 25, 26].

Ìåòà íàøî¨ ïðàöi � äîñëiäèòè àëãåáðè÷íi óìîâè íà ãðóïè, ïðè âèêîíàííi ÿêèõ
ëîêàëüíî êîìïàêòíà òðàíñëÿöiéíî íåïåðåðâíà òîïîëîãiÿ íà äèñêðåòíié ãðóïi ç ïðè-
¹äíàíèì íóëåì ¹ àáî äèñêðåòíîþ, àáî êîìïàêòíîþ.

Äîñëiäæåííÿ öi¹¨ ïðàöi ìîòèâîâàíi ïðîáëåìîþ 7 ç [7]: �ÿêà õîðîøà ñòðóêòóðà

çàìèêàííÿ ãðóïè â íàïiâòîïîëîãi÷íié íàïiâãðóïi? � òà íàñòóïíèì ïðîñòèì òâåðäæåí-
íÿì.

Òâåðäæåííÿ 1. ßêùî T1-íàïiâòîïîëîãi÷íà íàïiâãðóïà S ìiñòèòü âëàñíó ùiëüíó

äèñêðåòíó ïiäãðóïó G, òî I = S \G � äâîái÷íèé iäåàë â S.

Äîâåäåííÿ. Çà ëåìîþ 3 ç [1], G � âiäêðèòèé ïiäïðîñòið â S.
Çàôiêñó¹ìî äîâiëüíèé åëåìåíò y ∈ I. ßêùî xy = z /∈ I äëÿ äåÿêîãî x ∈ G, òî

iñíó¹ âiäêðèòèé îêië U(y) òî÷êè y ó ïðîñòîði S òàêèé, ùî {x} ·U(y) = {z} ⊂ G. Îêië
U(y) ìiñòèòü íåñêií÷åííó êiëüêiñòü åëåìåíòiâ ãðóïè G, à öå ñóïåðå÷èòü òîìó, ùî â
ãðóïi çñóâè ¹ ái¹êòèâíèìè âiäîáðàæåííÿìè. Ç îòðèìàíîãî ïðîòèði÷÷ÿ âèïëèâà¹, ùî
xy ∈ I äëÿ âñiõ x ∈ G é y ∈ I. Äîâåäåííÿ òîãî, ùî yx ∈ I äëÿ âñiõ x ∈ G i y ∈ I ¹
àíàëîãi÷íèì. Ç âèùå íàâåäåíèõ ìiðêóâàíü âèïëèâà¹, ùî I � äâîái÷íèé iäåàë â S. �

Áóäåìî ãîâîðèòè, ùî íåñêií÷åííà ãðóïà G ¹:

• åëåêòîðàëüíî ãíó÷êîþ, ÿêùî äëÿ äîâiëüíîãî ðîçáèòòÿ G = A t B ãðóïè G
íà äâi íåñêií÷åííi ìíîæèíè, iñíóþòü íåñêií÷åííà ìíîæèíà I ⊆ A òà åëåìåíò
x ∈ G òàêi, ùî I · x ⊆ B;

• åëåêòîðàëüíî ñòiéêîþ, ÿêùî G íå ¹ åëåêòîðàëüíî ãíó÷êîþ.

Åëåêòîðàëüíî ãíó÷êi òà åëåêòîðàëüíî ñòiéêi ãðóïè ââåäåíi ïðîô. Ò. Î. Áàíà-
õîì, i áóëè àíîíñîâàíi íà ñåìiíàði �Òîïîëîãiÿ òà ¨¨ çàñòîñóâàííÿ� ó Ëüâiâñüêîìó
óíiâåðñèòåòi â 2019 ðîöi.
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Ïiäìíîæèíà A ãðóïè G íàçèâà¹òüñÿ òðàíñëÿöiéíî ìàéæå ñòiéêîþ, ÿêùî äëÿ
äîâiëüíîãî x ∈ G ñèìåòðè÷íà ðiçíèöÿ A∆(A · x) ñêií÷åííà. Î÷åâèäíî, ùî êîæíà
ñêií÷åííà ïiäìíîæèíà â äîâiëüíié ãðóïi, à òàêîæ êîñêií÷åííi ïiäìíîæèíè â íåñêií-
÷åííèõ ãðóïàõ òðàíñëÿöiéíî ìàéæå ñòiéêi. Òàêîæ, â àäèòèâíié ãðóïi öiëèõ ÷èñåë
ìíîæèíà íàòóðàëüíèõ ÷èñåë ¹ òðàíñëÿöiéíî ìàéæå ñòiéêîþ. Âèíèêà¹ ïðèðîäíå ïè-
òàííÿ: ó ÿêèõ íåñêií÷åííèõ ãðóïàõ ¨õ òðàíñëÿöiéíî ìàéæå ñòiéêi ïiäìíîæèíè

âè÷åðïóþòüñÿ ñêií÷åííèìè òà êîñêií÷åííèìè ïiäìíîæèíàìè? Öå ïèòàííÿ òàêîæ
ìîòèâîâàíå íàñòóïíîþ äèõîòîìi¹þ ëîêàëüíî êîìïàêòíèõ íàïiâòîïîëîãi÷íèõ ãðóï ç
ïðè¹äíàíèì íóëåì.

Ëåìà 1. Íåõàé G � äèñêðåòíà ãðóïà òàêà, ùî êîæíà íåñêií÷åííà òðàíñëÿöiéíî

ìàéæå ñòiéêà ïiäìíîæèíà â G ¹ êîñêií÷åííîþ. Òîäi êîæíà ãàóñäîðôîâà òðàíñ-

ëÿöiéíî íåïåðåðâíà ëîêàëüíî êîìïàêòíà òîïîëîãiÿ íà G0 ¹ àáî äèñêðåòíîþ, àáî

êîìïàêòíîþ.

Äîâåäåííÿ. Î÷åâèäíî, ùî äèñêðåòíà òîïîëîãiÿ íà G0 ¹ òðàíñëÿöiéíî íåïåðåðâíîþ
òà ëîêàëüíî êîìïàêòíîþ.

Íåõàé τ � íåäèñêðåòíà ãàóñäîðôîâà òðàíñëÿöiéíî íåïåðåðâíà ëîêàëüíî êîì-
ïàêòíà òîïîëîãiÿ íà G0 i U0 � íåñêií÷åííèé âiäêðèòèé êîìïàêòíèé îêië íóëÿ 0 â
ïðîñòîði (G0, τ). Îñêiëüêè êîæåí ëiâèé ÷è ïðàâèé çñóâ ó (G0, τ) íà åëåìåíò ãðóïè G
¹ ãîìåîìîðôiçìîì, òî ñèìåòðè÷íà ðiçíèöÿ U0∆(U0 · x) ¹ ñêií÷åííîþ äëÿ äîâiëüíîãî
x ∈ G. Ç ïðèïóùåííÿ òåîðåìè âèïëèâà¹, ùî U0 \ {0} � êîñêií÷åííà ïiäìíîæèíà â
G. �

Òâåðäæåííÿ 2. Íåñêií÷åííà ãðóïà G ¹ åëåêòîðàëüíî ãíó÷êîþ òîäi i ëèøå òîäi,

êîëè êîæíà íåñêií÷åííà òðàíñëÿöiéíî ìàéæå ñòiéêà ïiäìíîæèíà â G ¹ êîñêií-

÷åííîþ.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî iñíó¹ åëåêòîðàëüíî ãíó÷êà íåñêií÷åííà ãðóïà G, ùî
ìiñòèòü íåñêií÷åííó òðàíñëÿöiéíî ìàéæå ñòiéêó ïiäìíîæèíó A â G ç íåñêií÷åííèì
äîïîâíåííÿì B = G \ A. Òîäi iñíóþòü íåñêií÷åííà ìíîæèíà I ⊆ A é åëåìåíò x ∈ G
òàêi, ùî I · x ⊆ B, à öå ñóïåðå÷èòü òðàíñëÿöiéíié ìàéæå ñòiéêîñòi ïiäìíîæèíè A â
G.

Ïðèïóñòèìî, ùî â ãðóïi G êîæíà íåñêií÷åííà òðàíñëÿöiéíî ìàéæå ñòiéêà ïiä-
ìíîæèíà ¹ êîñêií÷åííîþ, àëå ãðóïà G íå ¹ åëåêòîðàëüíî ãíó÷êîþ. Òîäi iñíó¹ ðîç-
áèòòÿ G = A t B ãðóïè G íà äâi íåñêií÷åííi ìíîæèíè òàêå, ùî äëÿ äîâiëüíèõ
íåñêií÷åííî¨ ìíîæèíè I ⊆ A òà åëåìåíòà x ∈ G òàêi, ùî ìíîæèíà I · x ∩B ñêií÷åí-
íà. Îòæå, A · x ∩B = A · x ∩ (G \A) � ñêií÷åííà ìíîæèíà, à öå ñóïåðå÷èòü íàøîìó
ïðèïóùåííþ. �

Ç ëåìè 1 i òâåðäæåííÿ 2 âèïëèâà¹ òàêà òåîðåìà.

Òåîðåìà 1. Íåõàé G � äèñêðåòíà åëåêòîðàëüíî ãíó÷êà íåñêií÷åííà ãðóïà. Òîäi

êîæíà ãàóñäîðôîâà òðàíñëÿöiéíî íåïåðåðâíà ëîêàëüíî êîìïàêòíà òîïîëîãiÿ íà G0

¹ àáî äèñêðåòíîþ, àáî êîìïàêòíîþ.

Íàñëiäîê 1. Íåõàé G � äèñêðåòíà åëåêòîðàëüíî ãíó÷êà ãðóïà. Òîäi êîæíà ãàóñ-

äîðôîâà íàïiâãðóïîâà ëîêàëüíî êîìïàêòíà òîïîëîãiÿ íà G0 ¹ äèñêðåòíîþ.
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Òâåðäæåííÿ 3. Íåõàé G � åëåêòîðàëüíî ãíó÷êà íåñêií÷åííà çëi÷åííà ãðóïà. Òîäi

êîæíà ãàóñäîðôîâà òðàíñëÿöiéíî íåïåðåðâíà ëîêàëüíî êîìïàêòíà òîïîëîãiÿ íà G0

¹ àáî äèñêðåòíîþ, àáî êîìïàêòíîþ.

Äîâåäåííÿ. Íåõàé τ � ãàóñäîðôîâà òðàíñëÿöiéíî íåïåðåðâíà ëîêàëüíî êîìïàêòíà
òîïîëîãiÿ íà G0. Îñêiëüêè íóëü íàïiâãðóïè G0 ¹ çàìêíåíîþ ïiäìíîæèíîþ â (G0, τ),
òî çà íàñëiäêîì 3.3.10 ç [11], G � ëîêàëüíî êîìïàêòíèé ïðîñòið. Îñêiëüêè ãðóïà G
� çëi÷åííà, òî çà òåîðåìîþ Áåðà ïðî êàòåãîði¨ (äèâ. òåîðåìà 3.9.3 ç [11]) ïðîñòið G
ìiñòèòü içîëüîâàíó â G, à îòæå, i â (G0, τ), òî÷êó. Ç òîãî, ùî âñi çñóâè â (G0, τ) íà
åëåìåíòè ãðóïè G ¹ ãîìåîìîðôiçìàìè âèïëèâà¹, ùî âñi òî÷êè â G ¹ içîëüîâàíèìè.
Äàëi ñêîðèñòà¹ìîñÿ òåîðåìîþ 1. �

Íàñëiäîê 2. Íåõàé G � åëåêòîðàëüíî ãíó÷êà çëi÷åííà ãðóïà. Òîäi êîæíà ãàóñäîð-

ôîâà íàïiâãðóïîâà ëîêàëüíî êîìïàêòíà òîïîëîãiÿ íà G0 ¹ äèñêðåòíîþ.

Íàñòóïíi äâà òâåðäæåííÿ äàþòü äîñòàòíi óìîâè, ïðè âèêîíàííi ÿêèõ ãðóïà ¹
åëåêòîðàëüíî ãíó÷êîþ.

Íàãàäà¹ìî [3], ùî iíäåêñîì ïiäãðóïè H ó ãðóïi G íàçèâà¹òüñÿ ïîòóæíiñòü ìíî-
æèíè êëàñiâ ñóìiæíîñòi â êîæíîìó (ïðàâîìó àáî ëiâîìó) ç ðîçêëàäiâ ãðóïè G çà
öi¹þ ïiäãðóïîþ H.

Òâåðäæåííÿ 4. ßêùî êîìóòàòèâíà ãðóïà G ìiñòèòü íåñêií÷åííó öèêëi÷íó ïiä-

ãðóïó Z ⊂ G íåñêií÷åííîãî iíäåêñó, òî G ¹ åëåêòîðàëüíî ãíó÷êîþ.

Äîâåäåííÿ. Íåõàé z � ïîðîäæóþ÷èé åëåìåíò ãðóïè Z. Ðîçãëÿíåìî ðîçáèòòÿ G =
A tB ãðóïè G íà äâi íåñêií÷åííi ìíîæèíè. Ðîçãëÿíåìî ìíîæèíè

J+ = {a ∈ A : a+ z ∈ B} i J− = {a ∈ A : a− z ∈ B} .
ßêùî îäíà ç öèõ ìíîæèí íåñêií÷åííà, òî äîâåäåííÿ çàâåðøåíî. Òîìó ìè ïðèïóñòèìî
ùî ìíîæèíà J = J+ ∪ J− � ñêií÷åííà.

ßêùî ìíîæèíè A \ (J +Z) i B \ (J +Z) íåïîðîæíi, òî ìè ìîæåìî çàôiêñóâàòè
òî÷êè a ∈ A \ (J + Z) i b ∈ B \ (J + Z), i çàóâàæèìî, ùî äëÿ íåñêií÷åííî¨ ìíîæèíè
I = a+ Z ⊆ A i òî÷êè x = ba−1 ìàòèìåìî

x+ I = b− a+ a+ Z = b+ Z ⊆ B.
Îòæå, ìîæåìî ïðèïóñêàòè, ùî îäíà ç ìíîæèí A \ (J + Z) àáî B \ (J + Z) ¹

ïîðîæíüîþ. ßêùî ìíîæèíà A \ (J + Z) ïîðîæíÿ, òî A ⊆ J + Z i çà ïðèíöèïîì
Äiðiõëå (äèâ. [8, ïiäðîçäië 3.1]) äëÿ äåÿêîãî åëåìåíòà a ∈ A ìíîæèíà I = A∩ (a+Z)
¹ íåñêií÷åííîþ. Òîäi äëÿ äîâiëüíîãî åëåìåíòà b ∈ G\(J+Z) ⊆ B ìà¹ìî, ùî b−a+I ⊆
b+ Z ⊆ B.

ßêùî ìíîæèíà B \ (J+Z) ïîðîæíÿ, òî B ⊆ J+Z i äëÿ äåÿêîãî åëåìåíòà b ∈ B
ìíîæèíà B ∩ (b+Z) íåñêií÷åííà. Òîäi äëÿ äîâiëüíîãî åëåìåíòà a ∈ G \ (J +Z) ⊆ A
ìàòèìåìî, ùî ìíîæèíà

I = a− b+ (B ∩ (b+ Z)) ⊆ a+A ⊆ A
íåñêií÷åííà òà b− a+ I ⊆ B. �

Íàãàäà¹ìî [22], ùî ãðóïà G íàçèâà¹òüñÿ ëîêàëüíî ñêií÷åííîþ, ÿêùî êîæíà ¨¨
ñêií÷åííà ïiäìíîæèíà ìiñòèòüñÿ â ñêií÷åííié ïiäãðóïi â G.
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Òâåðäæåííÿ 5. Êîæíà íåçëi÷åííà êîìóòàòèâíà ãðóïà G ¹ åëåêòîðàëüíî ãíó÷-

êîþ.

Äîâåäåííÿ. Íåõàé G = AtB � ðîçáèòòÿ ãðóïè G íà äâi íåñêií÷åííi ìíîæèíè. ßêùî
ìíîæèíà A çëi÷åííà, òî âèáåðåìî äîâiëüíèé åëåìåíò x ∈ G \ A − A i ñòâåðäæó¹ìî,
ùî (x + A) ∩ A = ∅, à îòæå, x + A ⊆ B. ßêùî ìíîæèíà B ¹ çëi÷åííîþ, òî ìîæåìî
âèáðàòè åëåìåíò x ∈ G òàêèé, ùî I = (x+B) ⊆ A, à îòæå, −x+ I ⊆ B.

Äàëi ïðèïóñêàòèìåìî, ùî îáèäâi ìíîæèíè A i B ¹ íåçëi÷åííèìè. Çàôiêñó¹ìî
äîâiëüíó íåñêií÷åííó çëi÷åííó ïiäãðóïó Z ⊂ G. ßêùî äëÿ äåÿêîãî åëåìåíòà z ∈ Z
ìíîæèíà (A+z)∩B ¹ íåñêií÷åííîþ, òî äîâåäåííÿ çàâåðøåíå. Îòæå, ïðèïóñêàòèìåìî,
ùî äëÿ êîæíîãî åëåìåíòà z ∈ Z ìíîæèíà Fz = (A + z) ∩ B ¹ ñêií÷åííîþ. Òîäi
ìíîæèíà

S = (A+ Z) ∩ (B + Z) =
⋃

z,z′∈Z
(A+ z) ∩ (B + z′)

¹ íåïîðîæíüîþ i ùîíàéáiëüøå çëi÷åííîþ. Ïîçàÿê ìíîæèíè A i B íåçëi÷åííi, òî
iñíóþòü åëåìåíòè a ∈ A\S i b ∈ B \S. Òîäi äëÿ íåñêií÷åííî¨ ìíîæèíè I = a+Z ⊆ A
òà åëåìåíòà x = b− a îòðèìó¹ìî, ùî x+ I = b+ Z ⊆ B, çâiäêè âèïëèâà¹, ùî ãðóïà
G åëåêòîðàëüíî ãíó÷êà. �

Òâåðäæåííÿ 6. Êîæíà çëi÷åííà ëîêàëüíî ñêií÷åííà ãðóïà G ¹ åëåêòîðàëüíî ñòié-

êîþ.

Äîâåäåííÿ. Çîáðàçèìî ãðóïó G ÿê îá'¹äíàííÿ
⋃

n∈ω Gn ñòðîãî çðîñòàþ÷î¨ ïîñëiäîâ-
íîñòi ñêií÷åííèõ ãðóï. Äëÿ äîâiëüíîãî n ∈ ω çàôiêñó¹ìî ïiäìíîæèíóAn ⊆ Gn+1\Gn,
ÿêà ìà¹ îäíîòî÷êîâèé ïåðåòèí An ∩ (x · Gn) ç êîæíèì ñóìiæíèì êëàñîì x · Gn, äå
x ∈ Gn+1 \Gn.

Ïðèéìåìî

A = G0 ∪
⋃
n∈ω

(A2n ·G2n) i B =
⋃
n∈ω

(A2n+1 ·G2n+1).

Òîäi äëÿ äîâiëüíîãî åëåìåíòà x ∈ G ìíîæèíà (A · x) ∩B ¹ ñêií÷åííîþ. �

Íàãàäà¹ìî [12, 27], ùî ãðóïà G íàçèâà¹òüñÿ âiðòóàëüíî öèêëi÷íîþ, ÿêùî G
ìiñòèòü öèêëi÷íó ïiäãðóïó ñêií÷åííîãî iíäåêñó.

Ç òâåðäæåíü 4, 5 i 6 âèïëèâàþòü òàêi äâà íàñëiäêè.

Íàñëiäîê 3. Íåòðèâiàëüíà êîìóòàòèâíà ãðóïà áåç êðó÷åíü G åëåêòîðàëüíî ñòié-

êà òîäi i ëèøå òîäi, êîëè G içîìîðôíà àäèòèâíié ãðóïi öiëèõ ÷èñåë Z.
Íàñëiäîê 4. Êîìóòàòèâíà ãðóïà G ¹ åëåêòîðàëüíî ñòiéêîþ òîäi i ëèøå òîäi,

êîëè G ¹ àáî çëi÷åííîþ òà ëîêàëüíî ñêií÷åííîþ, àáî ¹ âiðòóàëüíî öèêëi÷íîþ.

Íàãàäà¹ìî [12, 27], ùî ãðóïà G ìà¹ áiëüøå íiæ îäèí êiíåöü, ÿêùî iñíó¹ íåñêií-
÷åííà ïiäìíîæèíà S ⊂ G ç íåñêií÷åííèì ó G äîïîâíåííÿì òàêà, ùî ñèìåòðè÷íà
ðiçíèöÿ S∆(S · x) ¹ ñêií÷åííîþ äëÿ äîâiëüíîãî x ∈ G. Áóäåìî òàêîæ ãîâîðèòè, ùî
ãðóïà G ìà¹ îäèí êiíåöü, ÿêùî iñíó¹ òàêà ¹äèíà íåñêií÷åííà ïiäìíîæèíà S ⊂ G iç
ñêií÷åííèì äîïîâíåííÿì, ÿêà çàäîâîëüíÿ¹ âèùåçãàäàíi óìîâè. Î÷åâèäíî, ùî íåñêií-
÷åííi åëåêòîðàëüíî ãíó÷êi ãðóïè � öå ñàìå ãðóïè ç îäíèì êiíöåì.

Ó êëàñè÷íié êîìáiíàòîðíié òåîði¨ ãðóï äîáðå âiäîìà íàñòóïíà òåîðåìà, ÿêà îïè-
ñó¹ íåñêií÷åííi ãðóïè ç äâîìà êiíöÿìè.
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Òåîðåìà 2 ([12, 27]). Äëÿ ãðóïè G òàêi óìîâè ¹ åêâiâàëåíòíèìè:

(i) G � ãðóïà ç äâîìà êiíöÿìè;

(ii) G � íåñêií÷åííà âiðòóàëüíî öèêëi÷íà ãðóïà.

Çàóâàæåííÿ 1. 1. Ç òåîðåìè 2 âèïëèâà¹, ùî àäèòèâíà ãðóïà öiëèõ ÷èñåë Z,
à òàêîæ ¨¨ ïðÿìèé äîáóòîê ç äîâiëüíîþ ñêií÷åííîþ ãðóïîþ, ìà¹ äâà êiíöi.
Òàêîæ íà àäèòèâíié ãðóïi öiëèõ ÷èñåë ç ïðè¹äíàíèì íóëåì Z0 iñíó¹ ðiâíî
÷îòèðè ãàóñäîðôîâi ëîêàëüíî êîìïàêòíi òðàíñëÿöiéíî íåïåðåðâíi òîïîëîãi¨
(äèâ. òâåðäæåííÿ 4.5 ç [14]), ïðè÷îìó òðè ç íèõ ¹ íàïiâãðóïîâèìè.

2. Ç òâåðäæåííÿ 5 âèïëèâà¹, ùî íàñòóïíi ãðóïè ¹ åëåêòîðàëüíî ãíó÷êèìè:
(à) n-à ïðÿìà ñòåïiíü àäèòèâíî¨ ãðóïè öiëèõ ÷èñåë Zn äëÿ n > 2;
(á) n-à ïðÿìà ñòåïiíü àäèòèâíî¨ ãðóïè ðàöiîíàëüíèõ ÷èñåë Qn äëÿ n > 1;
(â) n-à ïðÿìà ñòåïiíü àäèòèâíî¨ ãðóïè äiéñíèõ ÷èñåë Rn äëÿ n > 1;
(ã) n-à ïðÿìà ñòåïiíü ìóëüòèïëiêàòèâíî¨ ãðóïè äiéñíèõ ÷èñåë (C∗)n äëÿ

n > 1 òà ¨¨ ïiäãðóïà n-âèìiðíèé òîð Tn, ÿê n-à ïðÿìà ñòåïiíü îäèíè÷íîãî
êîëà S1 = {z ∈ C : |z| = 1}.

3. Ç òâåðäæåííÿ 4 âèïëèâà¹, ùî âiëüíà (àáåëåâà) ãðóïà FX íàä ìíîæèíîþ X
ïîòóæíîñòi > 2 ¹ åëåêòîðàëüíî ãíó÷êîþ.

Ç íàñòóïíîãî ïðèêëàäó âèïëèâà¹, ùî íà íåñêií÷åííié âiðòóàëüíî öèêëi÷íié ãðó-
ïi ç ïðè¹äíàíèì íóëåì G0 iñíóþòü íåäèñêðåòíi íåêîìïàêòíi ëîêàëüíî êîìïàêòíi
òðàíñëÿöiéíî íåïåðåðâíi òîïîëîãi¨, ÿêi iíäóêóþòü íà G äèñêðåòíó òîïîëîãiþ.

Ïðèêëàä 1. Íåõàé G � íåñêií÷åííà âiðòóàëüíî öèêëi÷íà ãðóïà òà K1 i K2 � êiíöi
â ãðóïi G. Äëÿ i = 1, 2 îçíà÷èìî íà G0 òîïîëîãiþ τi íàñòóïíèì ÷èíîì:

(1) óñi åëåìåíòè ãðóïè G ¹ içîëüîâàíèìè òî÷êàìè â (G0, τi);
(2) ñiì'ÿ Bi(0) = {g1Kig2 ∪ {0} : g1, g2 ∈ G} ¹ áàçîþ òîïîëîãi¨ τi â íóëi íàïiâãðóïè

G0.

Îñêiëüêè Ki � êiíåöü â G, òî τi � òðàíñëÿöiéíî íåïåðåðâíà ãàóñäîðôîâà ëîêàëüíî
êîìïàêòíà òîïîëîãiÿ íà íàïiâãðóïi G0, ÿêà íå ¹ íi äèñêðåòíîþ, íi êîìïàêòíîþ.

Çàóâàæèìî, ùî òîïîëîãi¨ τ1 i τ2 ó âèïàäêó àäèòèâíî¨ ãðóïè öiëèõ ÷èñåë Z ¹
íàïiâãðóïîâèìè [14].
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This paper is motivated by Hofmann's results (1963) on the structure of a
locally compact topological group with adjoined zero and Berlund's problem
(1980): What is the �ne structure of the closure of a group?
We study algebraic properties on a group G such that if the discrete group G
has these properties then every locally compact shift continuous topology on
G with adjoined zero is either compact or discrete. We introduce electorally
�exible and electorally stable groups and establish their properties. In parti-
cular, we prove that every group with an in�nite cyclic subgroup of in�nite
index and every uncountable commutative group are electorally �exible, and
show that every countable locally �nite group is electorally stable.
The main result of the paper is the following: if G is a discrete electorally �exi-
ble group then every Hausdor� locally compact shift-continuous topology on
G with adjoined zero is either compact or discrete. Also, we construct a non-
discrete non-compact Hausdor� locally compact shift-continuous topology on
any discrete virtually cyclic group (and hence on an electorally stable group)
G with adjoined zero.
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ÅÊÂIÂÀËÅÍÒÍIÑÒÜ ÇÀ ÌÀÐÊÎÂÈÌ ÍÀÁÎÐIÂ

ÒÈÕÎÍÎÂÑÜÊÈÕ ÏÐÎÑÒÎÐIÂ 2: ÑÏÅÖIÀËÜÍI

IÇÎÌÎÐÔIÇÌÈ

Íàçàð ÏÈÐ×

Óêðà¨íñüêà Àêàäåìiÿ Äðóêàðñòâà,

âóë. Ïiäãîëîñêî, 19, 79020, ì. Ëüâiâ

e-mail: pnazar@ukr.net

Âèâ÷à¹ìî óìîâè iñíóâàííÿ ñïåöiàëüíîãî içîìîðôiçìó ìiæ âiëüíèìè òî-
ïîëîãi÷íèìè ãðóïàìè, ùî çáåðiãà¹ iíâàðiàíòíiñòü ïiäãðóï, à òàêîæ äîñëiä-
æóþòüñÿ ñïiââiäíîøåííÿ ìiæ åêâiâàëåíòíiñòþ íàáîðiâ äëÿ ðiçíèõ ôóíêòî-
ðiâ òîïîëîãi÷íî¨ àëãåáðè.

Êëþ÷îâi ñëîâà: âiëüíà òîïîëîãi÷íà ãðóïà, âiëüíà àáåëåâà òîïîëîãi÷íà
ãðóïà, ñïåöiàëüíèé içîìîðôiçì âiëüíèõ ãðóï, ñiì'ÿ òîïîëîãi÷íèõ ïðîñòîðiâ,
âiëüíå òîïîëîãi÷íå êiëüöå, âiëüíå àáåëåâå òîïîëîãi÷íå êiëüöå.

1. Âñòóï

Ìè ïðîäîâæó¹ìî âèâ÷àòè åêâiâàëåíòíèõ çà Ìàðêîâèì íàáîðè òèõîíîâñüêèõ
ïðîñòîðiâ, ðîçïî÷àòi â [4]. Ó äðóãîìó ïiäðîçäiëi ìè âèâ÷à¹ìî óìîâè iñíóâàííÿ ñïåöi-
àëüíîãî içîìîðôiçìó ìiæ âiëüíèìè òîïîëîãi÷íèìè ãðóïàìè. Ó òðåòüîìó ïiäðîçäiëi
äîñëiäæó¹ìî åêâiâàëåíòíiñòü íàáîðiâ äëÿ ðiçíèõ ôóíêòîðiâ òîïîëîãi÷íî¨ àëãåáðè.

Òåðìiíîëîãiÿ i ïîçíà÷åííÿ âçÿòî ç [4]. Òóò ìè ëèøå íàãàäà¹ìî, ùî ÷åðåç F (X)
ïîçíà÷à¹ìî âiëüíó òîïîëîãi÷íó ãðóïó òèõîíîâñüêîãî ïðîñòîðó X ó ñåíñi Ìàðêîâà,
÷åðåç A(X) � âiëüíó àáåëåâó òîïîëîãi÷íó ãðóïó ïðîñòîðó X ó ñåíñi Ìàðêîâà, ÷åðåç
L(X) � âiëüíèé ëîêàëüíî-îïóêëèé ïðîñòið íàä X. Äëÿ ïiäïðîñòîðó Y ïðîñòîðó
X ïîçíà÷èìî ÷åðåç G(Y,X) (àáî ñêîðî÷åíî G(Y )) ãðóïîâó îáîëîíêó ìíîæèíè Y ó
F (X).

Îçíà÷åííÿ 1. Íåõàé {Xi : i ∈ I} � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó
X, {Yi : i ∈ I} � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó Y . Ñêàæåìî, ùî ñiì'ÿ
(X, {Xi : i ∈ I}) ¹ M -åêâiâàëåíòíîþ ñiì'¨ (Y, {Yi : i ∈ I}), ÿêùî iñíó¹ òîïîëîãi÷íèé
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içîìîðôiçì h : F (X) → F (Y ) òàêèé, ùî h(Ai) ⊆ G(Bi) i h
−1(Bi) ⊆ G(Ai) äëÿ âñiõ

i ∈ I. Ïîçíà÷àòèìåìî öå òàê

(X, {Xi : i ∈ I})
M∼ (Y, {Yi : i ∈ I}).

Ìiíÿþ÷è â öüîìó îçíà÷åííi ôóíêòîð âiëüíî¨ òîïîëîãi÷íî¨ ãðóïè íà ôóíêòîðè
âiëüíî¨ àáåëåâî¨ òîïîëîãi÷íîãî òà âiëüíîãî ëîêàëüíî îïóêëîãî ïðîñòîðó, îòðèìà¹ìî
ïîíÿòòÿ A-åêâiâàëåíòíèõ i L-åêâiâàëåíòíèõ íàáîðiâ.

2. Åêâiâàëåíòíiñòü íàáîðiâ i ñïåöiàëüíi içîìîðôiçìè

Ñêàæåìî, ùî içîìîðôiçì i : F (X) → F (Y ) ¹ ñïåöiàëüíèì, ÿêùî êîìïîçèöiÿ
e∗Y ◦i ¹ ïîñòiéíèì âiäîáðàæåííÿì, äå e∗Y : F (Y )→ Z � ãîìîìîðôiçì, ÿêèé ïðîäîâæó¹
ôóíêöiþ eY : Y → Z, ÿêà òîòîæíî ðiâíà 1 íà Y . Àíàëîãi÷íî îçíà÷ó¹òüñÿ ïîíÿòòÿ ñïå-
öiàëüíîãî içîìîðôiçìó ìiæ âiëüíèìè àáåëåâèìè òîïîëîãi÷íèìè ãðóïàìè. Ó [2] áóëî
âñòàíîâëåíî, ùî äëÿ äîâiëüíèõ äâîõ M -åêâiâàëåíòíèõ ïðîñòîðiâ iñíó¹ ñïåöiàëüíèé
içîìîðôiçì ìiæ ¨õíiìè âiëüíèìè òîïîëîãi÷íèìè ãðóïàìè. Ó [3] i [11] öåé ðåçóëüòàò
áóëî óçàãàëüíåíî íà âèïàäîê M -åêâiâàëåíòíèõ âiäîáðàæåíü i M -åêâiâàëåíòíèõ ïàð.

Áóäåìî ãîâîðèòè, ùî ïiäïðîñòið A òîïîëîãi÷íîãî ïðîñòîðó X ¹ ∗-çâ'ÿçíèì â
X, ÿêùî äëÿ äîâiëüíèõ äâîõ íåïåðåòèííèõ âiäêðèòî-çàìêíåíèõ ïiäìíîæèí U òà V
òàêèõ, ùî U ∪ V = X ìà¹ìî, ùî äëÿ A ⊆ U òà A ⊆ V .

Óçàãàëüíþþ÷è òåîðåìó 3.9 ç [2] äîâåäåìî òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 1. ßêùî (X, {Xs : s ∈ S})
M∼ (Y, {Ys : s ∈ S}), i ïðîñòið A =

⋃
s∈S

Xs ¹

∗-çâ'ÿçíèì â X, òî çâóæåííÿ êîæíîãî òîïîëîãi÷íîãî içîìîðôiçìó i : F (X)→ F (Y )
íà ïiäãðóïó G(A) ¹ ñïåöiàëüíèì içîìîðôiçìîì.

Äîâåäåííÿ. Íåõàé eY : Y → Z � ôóíêöiÿ, ÿêà òîòîæíî ðiâíà 1 íà Y , e∗Y : F (Y ) →
Z � ãîìîìîðôiçì, ÿêèé ïðîäîâæó¹ ôóíêöiþ eY . Äîâåäåìî, ùî i ◦ e∗Y |A = const.
Ïðèïóñòèìî ïðîòèëåæíå. Íåõàé z1, z2 ∈ i ◦ e∗Y (A) i z1 < z2. Òîäi F1 = (−∞, z1]
òà F2 = (z1,+∞) � äèç'þíêòíi âiäêðèòî-çàìêíåíi, âçà¹ìîäîïîâíþâàíi ïiäìíîæèíè
â Z. Òîäi âiäêðèòî-çàìêíåíi ìíîæèíè U = (i ◦ e∗Y )−1(F1) òà V = (i ◦ e∗Y )−1(F2)
çàäîâîëüíÿþòü òàêi óìîâè:

U ∪ V = X, U ∩ V = ∅, U ∩A 6= ∅, V ∩A 6= ∅,

ùî ñóïåðå÷èòü ∗-çâ'ÿçíîñòi ìíîæèíè A â X. �

Òåîðåìà 1 òà ¨¨ äîâåäåííÿ ¹ íåçíà÷íîþ ìîäèôiêàöi¹þ òåîðåìè 3.1 ç [2] òà ¨¨
äîâåäåííÿ.

Òåîðåìà 1. ßêùî (X, {Xs : s ∈ S})
M∼ (Y, {Ys : s ∈ S}), i ïðîñòið A =

⋂
s∈S

Xs ¹ íå-

ïîðîæíiì, òî iñíó¹ ñïåöiàëüíèé òîïîëîãi÷íèé içîìîðôiçì i : F (X)→ F (Y ) òàêèé,
ùî i(G(Xs)) = G(Ys) äëÿ âñiõ s ∈ S.

Ùîá äîâåñòè öå òâåðäæåííÿ, íàì ïîòðiáíî äåêiëüêà ëåì.

×åðåç Z áóäåìî ïîçíà÷àòè àäèòèâíó ãðóïó öiëèõ ÷èñåë íàäiëåíó äèñêðåòíîþ
òîïîëîãi¹þ.
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Íåõàé A ⊆ X,ϕ : F (X)→ Z íåïåðåðâíèé ãîìîìîðôiçì òàêèé, ùî ϕ(G(A)) = Z.
Ïîçíà÷èìî ÷åðåç

ordAϕ = min{| k |: k ∈ ϕ(A)\{0}}.

Ëåìà 1. ßêùî ordAϕ > 1, òî iñíó¹ òîïîëîãi÷íèé içîìîðôiçì j : F (X) → F (X)
òàêèé, ùî j(G(Xs)) = G(Ys) äëÿ âñiõ s ∈ S i ordA(ϕ ◦ j) < ordAϕ.

Äîâåäåííÿ. Íåõàé ordAϕ = q > 1. Òîäi iñíó¹ åëåìåíò a0 ∈ A òàêèé, ùî ϕ(a0) = s,
‖s‖ = q. Îñêiëüêè ϕ(A) ïîðîäæó¹ Z, òî iñíó¹ p ∈ ϕ(A), ùî íå äiëèòüñÿ íà q. Ïîäiëèìî
p íà q ç îñòà÷åþ

p = ms+ r, 0 < r < q = ‖s‖.
Ïîçíà÷èìî äëÿ êîæíîãî k ∈ Z ÷åðåçXk = X∩ϕ−1(k). ÒîäiXk � âiäêðèòî-çàìêíåíèé
ïiäïðîñòið â X. Îçíà÷èìî âiäîáðàæåííÿ j0 : X → F (X) òàê:

j0(x) =

{
x, ÿêùî x /∈ Xp;

a−m0 x, ÿêùî x ∈ Xp.

Íåõàé j : F (X)→ F (X) � ãîìîìîðôiçì, ÿêèé ïðîäîâæó¹ âiäîáðàæåííÿ j0(x). Âiäîá-
ðàæåííÿ j0(x) íåïåðåðâíå ç îãëÿäó íà íåïåðåðâíiñòü îïåðàöi¨ ìíîæåííÿ â òîïîëîãi÷-
íié ãðóïi F (X) i âiäêðèòî-çàìêíåíîñòi ìíîæèí Xk, k ∈ Z. Îçíà÷èìî âiäîáðàæåííÿ
j∗0 : X → F (X) çà ôîðìóëîþ

j∗0 (x) =

{
x, ÿêùî x /∈ Xp;
am0 x, ÿêùî x ∈ Xp.

Íåõàé j∗ : F (X)→ F (X) � ãîìîìîðôiçì, ÿêèé ïðîäîâæó¹ âiäîáðàæåííÿ j∗0 (x). Ëåã-
êî áà÷èòè, ùî j∗ � íåïåðåðâíèé ãîìîìîðôiçì, îáåðíåíèé äî j. Îòæå, j � òîïîëî-
ãi÷íèé içîìîðôiçì. Íåõàé a1 ∈ Xp ∩A. Òîäi

ϕ ◦ j(a1) = ϕ(a−m0 x1) = −mϕ(a0) + ϕ(x1) = −ms+ p = r < q.

Î÷åâèäíî, ùî j(G(Xs)) = G(Ys) äëÿ âñiõ s ∈ S. �

Ïîíèæóþ÷è çà äîïîìîãîþ ëåìè 1 ïîðÿäîê içîìîðôiçìó ϕ, ìè çà ñêií÷åííó êiëü-
êiñòü ðàçiâ îòðèìà¹ìî òàêó ëåìó.

Ëåìà 2. Iñíó¹ òîïîëîãi÷íèé içîìîðôiçì j : F (X) → F (X) òàêèé, ùî j(G(Xs)) =
G(Ys) äëÿ âñiõ s ∈ S i ordA(ϕ ◦ j) = 1.

Îòæå, iñíó¹ òîïîëîãi÷íèé içîìîðôiçì j : F (X) → F (X) òàêèé, ùî äëÿ äåÿêîãî
åëåìåíòà a0 ∈ A âèêîíó¹òüñÿ îäíà ç óìîâ ϕ◦ j(a0) = 1 àáî ϕ◦ j(a0) = −1 i j(G(A)) =
G(A). Ó äðóãîìó âèïàäêó ðîçãëÿíåìî êîìïîçèöiþ içîìîðôiçìó j ç içîìîðôiçìîì
α çàäàíèì äëÿ åëåìåíòiâ ïðîñòîðó X çà ïðàâèëîì α(x) = x, ÿêùî ϕ ◦ j(x) 6= 1 i
α(x) = x−1, ÿêùî ϕ ◦ j(x) = −1. Î÷åâèäíî α � òîïîëîãi÷íèé içîìîðôiçì, ïðè÷îìó
(ϕ ◦ α ◦ j)(a0) = 1 i (ϕ ◦ α ◦ j)(G(Xs)) = G(Xs äëÿ âñiõ s ∈ S.

Ìè äîâåëè òàêå òâåðäæåííÿ.

Ëåìà 3. Äëÿ êîæíîãî íåïåðåðâíîãî ãîìîìîðôiçìó ϕ : F (X) → Z òàêîãî, ùî

ϕ(G(A)) = Z, iñíóþòü òîïîëîãi÷íèé içîìîðôiçì j : F (X)→ F (X) i åëåìåíò a0 ∈ A
òàêi, ùî j(G(Xs)) = G(Xs) äëÿ âñiõ s ∈ S i (ϕ ◦ j)(a0) = 1.
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Ëåìà 4. Äëÿ êîæíîãî íåïåðåðâíîãî ãîìîìîðôiçìó ϕ : F (X) → Z òàêîãî, ùî

ϕ(G(A)) = Z iñíó¹ òîïîëîãi÷íèé içîìîðôiçì u : F (X) → F (X) òàêèé, ùî

u(G(Xs)) = G(Ys) äëÿ âñiõ s ∈ S i (ϕ ◦ u)(X) = 1.

Äîâåäåííÿ. Âèáåðåìî içîìîðôiçì j : F (X)→ F (X) i åëåìåíò a0 ∈ A òàêi ÿê ó ëåìi 3
Ïîçíà÷èìî Fk = X ∩ (ϕ ◦ j)−1(k) äëÿ êîæíîãî k ∈ Z. Òîäi ìíîæèíè Fk, k ∈ Z ¹
âiäêðèòî-çàìêíåíi â X, ïðè÷îìó a0 ∈ F1. Âèçíà÷èìî âiäîáðàæåííÿ l0 : X → F (X)

çà ïðàâèëîì l0(x) = a−k+1
0 x, ÿêùî x ∈ Fk, k ∈ Z i íåõàé l : F (X) → F (X) � ãî-

ìîìîðôiçì, ùî ïðîäîâæó¹ âiäîáðàæåííÿ l0. Î÷åâèäíî, âiäîáðàæåííÿ l0 íåïåðåðâíå,
à îòæå, íåïåðåðâíèì ¹ ãîìîìîðôiçì l. Âiäîáðàæåííÿ l∗0 : X → F (X) îçíà÷åíå ÿê

l∗0(x) = ak−10 x, ÿêùî x ∈ Fk, k ∈ Z ¹ íåïåðåðâíèì, à îòæå, íåïåðåðâíèì ¹ ãîìîìîð-
ôiçì l∗ : F (X) → F (X), ùî éîãî ïðîäîâæó¹. Ëåãêî áà÷èòè, ùî l∗ � ãîìîìîðôiçì,
îáåðíåíèé äî l, òîìó l ¹ òîïîëîãi÷íèì àâòîìîðôiçìîì ãðóïè F (X).

Ïðèéìåìî u = j◦l, òîäi u : F (X)→ F (X)� òîïîëîãi÷íèé içîìîðôiçì. Äîâåäåìî,
ùî u � ïîòðiáíèé àâòîìîðôiçì ãðóïè F (X). ßêùî x ∈ X, òî x ∈ Fk ïðè äåÿêîìó
k ∈ Z. Òîäi

ϕ(u(x)) = ϕ(j(l(x))) =

= ϕ(j(a−k+1
0 x)) =

= ϕ(j(a0)× (−k + 1) + ϕ(j(x)) =

= −k + 1 + k = 1.

Îñêiëüêè j(G(Xs)) = G(Ys) äëÿ âñiõ s ∈ S i l(G(Xs)) = G(Ys) äëÿ âñiõ s ∈ S, òî
u(G(Xs)) = G(Ys) äëÿ âñiõ s ∈ S. �

Äîâåäåííÿ òåîðåìè 1. Íåõàé i : F (X) → F (Y ) � òîïîëîãi÷íèé içîìîðôiçì òàêèé,
ùî i(G(Xs)) = G(Ys) äëÿ âñiõ s ∈ S. Íåõàé òàêîæ e∗Y : F (X) → Z � ãîìîìîðôiçì,
ùî ïðîäîâæó¹ ôóíêöiþ eY , ÿêà òîòîæíî ðiâíà 1 íà ïðîñòîði Y . Î÷åâèäíî, ùî e∗Y ◦
i(G(Xs)) = e∗Y (Ys) = Z. Çàñòîñîâóþ÷è ëåìó 4 äî ãîìîìîðôiçìó ϕ = e∗Y ◦i, îòðèìà¹ìî
ñïåöiàëüíèé içîìîðôiçì i∗ = i ◦ u : F (X)→ F (Y ) òàêèé, ùî i∗(G(Xs)) = G(Ys). �

Ïîäiáíî ìîæåìî äîâåñòè òâåðäæåííÿ àíàëîãi÷íå äî òåîðåìè 1 äëÿ A-åêâiâàëåíò-
íèõ íàáîðiâ. Ìîäèôiêàöiÿ àíàëîãi÷íîãî òâåðäæåííÿ äëÿ L-åêâiâàëåíòíèõ íàáîðiâ
ïðîâîäèòüñÿ àíàëîãi÷íî äî âiäïîâiäíî¨ òåîðåìè ç [2].

Òâåðäæåííÿ 2. Íåõàé (X, {Xs : s ∈ S}) M∼ (Y, {Ys : s ∈ S}), ïðîñòîðè A =
⋂
s∈S

Xs

i B =
⋂
s∈S

Ys íåïîðîæíi, a ∈ A, b ∈ B � äîâiëüíi òî÷êè. Òîäi iñíó¹ ñïåöiàëüíèé

òîïîëîãi÷íèé içîìîðôiçì h : A(X) → A(Y ) òàêèé, ùî h(G(Xs)) = G(Ys) äëÿ âñiõ

s ∈ S i h(a) = b.

Äîâåäåííÿ. Íåõàé (X,A)
A∼ (Y,B). Çà òåîðåìîþ 1 iñíó¹ ñïåöiàëüíèé òîïîëîãi÷íèé

içîìîðôiçì j : A(X)→ A(Y ) òàêèé, ùî j(G(A)) = G(B). Íåõàé

W = λ1a1 + λ2a2 + ...+ λnan = j−1(b),
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äå ai ∈ A. Îñêiëüêè j ñïåöiàëüíèé içîìîðôiçì, òî

n∑
i=1

λi = 1. Ðîçãëÿíåìî âiäîáðà-

æåííÿ f, g : X → A(X) îçíà÷åíi çà ôîðìóëàìè

f(x) = x+W − a i g(x) = x−W + a.

Íåõàé f∗, g∗ : A(X)→ A(X) � ¨õíi ãîìîìîðôíi ïðîäîâæåííÿ. Òîäi

f∗ ◦ g∗(x) = f∗(x−W + a) =

= (x+W − a)− [λ1(x1 +W − a) + λ2(x2 +W − a) + . . .+

+ λn(xn +W − a)] + (a+W − a) =

= x+W − a− [λ1x1 + λ2x2 + . . .+ λnxn]−

(
n∑

i=1

λi

)
× (W − a) +W =

= x+W − a−W − 1× (W − a) +W = x.

Îòæå, f∗ ◦ g∗ = g∗ ◦ f∗ = 1A(X). Îòîæ, f
∗ ñïåöiàëüíèé àâòîìîðôiçì òàêèé, ùî

f∗(a) =W i f∗(G(Xs)) = G(Xs). Tîäi h = j◦f∗ ñïåöiàëüíèé òîïîëîãi÷íèé içîìîðôiçì
òàêèé, ùî

h(G(Xs)) = j ◦ f∗(G(Xs)) = j(G(Xs)) = G(Ys)

i h(a) = j ◦ f∗(a) = j(W ) = b. �

Àíàëîãi÷íå òâåðäæåííÿ ïðàâèëüíå òàêîæ äëÿ âiäíîøåííÿ L-åêâiâàëåíòíîñòi òî-
ïîëîãi÷íèõ ïðîñòîðiâ.

Íåõàé {Xs : s ∈ S} � ñiì'ÿ çàìêíåíèõ äèç'þíêòíèõ ïiäïðîñòîðiâ â X. Ïîçíà-
÷èìî ÷åðåç p : X → X/{Xs : s ∈ S} � ïðîåêöiþ, ÿêà ñòÿãó¹ êîæåí ïiäïðîñòið Xs

ó òî÷êó. ßêùî íà ïðîñòîði X/{Xs : s ∈ S} îçíà÷èòè íàéñèëüíiøó öiëêîì ðåãóëÿð-
íó òîïîëîãiþ, ùî ðîáèòü âiäîáðàæåííÿ p íåïåðåðâíèì, òîäi âiäîáðàæåííÿ p áóäå
R-ôàêòîðíèì.

Íàñëiäîê 1. Íåõàé

(X, {Xs : s ∈ S})
M∼ (Y, {Ys : s ∈ S})

i ïðîñòið A =
⋂
s∈S

Xs çàìêíåíèé òà íåïîðîæíié. Òîäi

(X/A, {Xs/A : s ∈ S}) M∼ (Y/B, {Ys/B : s ∈ S}),

äå B =
⋂
s∈S

Ys (òóò íà Xs/A i Ys/B âèçíà÷åíî òîïîëîãi¨ iíäóêîâàíi âiäïîâiäíî ç

X/A òà Y/B).

Äëÿ òîïîëîãi÷íîãî ïðîñòîðó X, òà âiäìi÷åíî¨ òî÷êè a ∈ X ïîçíà÷èìî ÷åðåç
AG(X, a) âiëüíó àáåëåâó òîïîëîãi÷íó ãðóïó ïðîñòîðó X ç îäèíèöåþ a.

Òâåðäæåííÿ 3. Íåõàé

(X, {Xs : s ∈ S})
A∼ (Y, {Ys : s ∈ S}),
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ïðîñòîðè A =
⋂
s∈S

Xs, B =
⋂
s∈S

Ys íåïîðîæíiì, a ∈ A, b ∈ B � äîâiëüíi òî÷êè.

Òîäi iñíó¹ òîïîëîãi÷íèé içîìîðôiçì h : AG(X, a)→ AG(Y, b) òàêèé, ùî h(G(Xs)) =
G(Ys) äëÿ âñiõ s ∈ S.
Äîâåäåííÿ. Çà òâåðäæåííÿì 2 iñíó¹ ñïåöiàëüíèé òîïîëîãi÷íèé i : A(X) → A(Y ) òà-
êèé, ùî i(a) = b. òà i(G(Xs) = G(Ys) Òîòîæíå âiäîáðàæåííÿ X → X ïðîäîâæó¹òüñÿ
äî íåïåðåðâíîãî ãîìîìîðôiçìó fx : A(X) → AG(X, a) ó âiëüíó àáåëåâó ãðà¹âñüêó
òîïîëîãi÷íó ãðóïó ïðîñòîðó X ç îäèíèöåþ â òî÷öi a. Àíàëîãi÷íî òîòîæíå âiäîáðà-
æåííÿ Y → Y ïðîäîâæó¹òüñÿ äî íåïåðåðâíîãî ãîìîìîðôiçìó fy : A(Y ) → AG(Y, b)
ó âiëüíó àáåëåâó ãðà¹âñüêó òîïîëîãi÷íó ãðóïó ïðîñòîðó Y ç îäèíèöåþ â òî÷öi b.
Íåïåðåðâíå âiäîáðàæåííÿ mx : X → AG(Y, b), îçíà÷åíå ÿê m(x) = fy ◦ i|X , ìà¹ òó
âëàñòèâiñòü, ùî mx(a) = b, à îòæå, ïðîäîâæó¹òüñÿ äî íåïåðåðâíîãî ãîìîìîðôiçìó
jx : AG(X, a) → AG(Y, b). Àíàëîãi÷íî íåïåðåðâíå âiäîáðàæåííÿ my : Y → AG(X, a),
îçíà÷åíå ÿê m(y) = fx ◦ i−1|Y , ìà¹ òó âëàñòèâiñòü, ùî my(b) = a, îòæå, ïðîäîâæó-
¹òüñÿ äî íåïåðåðâíîãî ãîìîìîðôiçìó jy : AG(Y, b)→ AG(X, a). Îòðèìà¹ìî, ùî

jy ◦ jx(x) = fx ◦ i ◦ i−1(x) = x

äëÿ âñiõ x ∈ X. Àíàëîãi÷íî

jx ◦ jy(y) = fy ◦ i−1 ◦ i(y) = y

äëÿ âñiõ y ∈ Y . Îòæå, jx � òîïîëîãi÷íèé içîìîðôiçì âiëüíèõ àáåëåâèõ ãðà¹âñüêèõ
ãðóï AG(X, a) i AG(Y, b). �

Óçàãàëüíþþ÷è òåîðåìó 3.9 ç [2], äîâåäåííÿ çàëèøà¹òüñÿ àíàëîãi÷íèì. Ñôîðìó-
ëþ¹ìî òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 4. Íåõàé X, Y � òèõîíîâñüêi ïðîñòîðè, {Xs : s ∈ S} � ñiì'ÿ

äèç'þíêòíèõ ïiäïðîñòîðiâ â X, {Ys : s ∈ S} � ñiì'ÿ äèç'þíêòíèõ ïiäïðîñòîðiâ â Y ,
ïðè÷îìó R-ôàêòîðíi ïðîñòîðè X/{Xs : s ∈ S} òà Y/{Ys : s ∈ S} ¹ ãàóñäîðôîâèìè.

ßêùî iñíó¹ òîïîëîãi÷íèé içîìîðôiçì i : F (X)→ F (Y ) òàêèé, ùî i(G(Xs)) = G(Ys)

äëÿ âñiõ s ∈ S, à éîãî çâóæåííÿ íà ïiäãðóïó G(A), äå A =
⋃
s∈S

Xs, ¹ ñïåöiàëü-

íèì içîìîðôiçìîì, òî R-ôàêòîðíi ïðîñòîðè X/{Xs : s ∈ S} òà Y/{Ys : s ∈ S} ¹

M -åêâiâàëåíòíèìè.

Íàñëiäîê 2. Íåõàé X, Y � òèõîíîâñüêi ïðîñòîðè, {Xs : s ∈ S} � ñiì'ÿ

äèç'þíêòíèõ ïiäïðîñòîðiâ â X, {Ys : s ∈ S} � ñiì'ÿ äèç'þíêòíèõ ïiäïðîñòîðiâ â Y ,
ïðè÷îìó R-ôàêòîðíi ïðîñòîðè X/{Xs : s ∈ S} òà Y/{Ys : s ∈ S} ¹ ãàóñäîðôîâèìè.

ßêùî (X, {Xs : s ∈ S})
M∼ (Y, {Ys : s ∈ S}), à ìíîæèíà A =

⋃
s∈S

Xs çâ'ÿçíà â X, òî

R-ôàêòîðíi ïðîñòîðè X/{Xs : s ∈ S} òà Y/{Ys : s ∈ S} ¹ M -åêâiâàëåíòíèìè.

Äîâåäåííÿ. Ç òåîðåìè 1 âèïëèâà¹, ùî iñíó¹ òîïîëîãi÷íèé içîìîðôiçì i : F (X) →
F (Y ) òàêèé, ùî i(G(A)) = G(B). Ç òåîðåìè 3.9. ðîáîòè Îêóí¹âà [9] âèïëèâà¹, ùî
iñíó¹ òîïîëîãi÷íèé içîìîðôiçì j : F (X/A) → F (X/B) òàêèé, ùî j ◦ q∗A = q∗B ◦ i,
äå q∗A : F (X) → F (X/A), q∗B : F (Y ) → F (Y/B) � ãîìîìîðôiçìè, ùî ïðîäîâæóþòü

âiäîáðàæåííÿ qA i qB , âiäïîâiäíî, òîáòî qA
M∼ qB . �
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3. Åêâiâàëåíòíiñòü íàáîðiâ i âiëüíi òîïîëîãi÷íi àëãåáðè

Ðîçâèâà¹ìî iäå¨, ÿêi ïîâ'ÿçàíi ç içîìîðôíîþ êëàñèôiêàöi¹þ âiëüíèõ òîïîëîãi÷-
íèõ íàïiâãðóï, ãðóï òà êiëåöü ç ðîáîòè [1], à òàêîæ iäå¨ ïîâ'ÿçàíi ç içîìîðôíîþ êëàñè-
ôiêàöi¹þ âiëüíèõ òîïîëîãi÷íèõ íàïiâãðóï [7]. Íàñ öiêàâèòèìóòü içîìîðôiçìè âiëüíèõ
òîïîëîãi÷íèõ àëãåáð, ùî çàëèøàþòü iíâàðiàíòíèìè ñiì'¨ ïiäàëãåáð. Òàêîæ äîñëiäæó-
¹ìî óìîâè òîïîëîãî-àëãåáðè÷íî¨ åêâiâàëåíòíîñòi ãîìîìîðôiçìiâ, ÿêi ïðîäîâæóþòü
íåïåðåðâíi âiäîáðàæåííÿ òèõîíîâñüêèõ ïðîñòîðiâ. Äëÿ òîïîëîãi÷íîãî ïðîñòîðó ïî-
çíà÷èìî ÷åðåç S(X) âiëüíó òîïîëîãi÷íó íàïiâãðóïó íàä ïðîñòîðîì X, ÷åðåç SA(X)
âiëëüíó àáåëåâó òîïîëîãi÷íó íàïiâãðóïó íàä ïðîñòîðîì X, ÷åðåç R(X) � âiëüíå òî-
ïîëîãi÷íå êiëüöå íàä ïðîñòîðîìX, ÷åðåç RA(X) � âiëüíå àáåëåâå òîïîëîãi÷íå êiëüöå
íàä ïðîñòîðîì X. Äëÿ âiëüíî¨ òîïîëîãi÷íî¨ àëãåáðè F (X) íàä ïðîñòîðîì X òà ïiä-
ïðîñòîðó Y ⊆ X ïîçíà÷èìî ÷åðåç 〈Y 〉 ïiäàëãåáðó â F (X), ïîðîäæåíó ìíîæèíîþ
òâiðíèõ Y .

Òâåðäæåííÿ 5. Íåõàé {Xs : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó

X, {Ys : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó Y . Òîäi òàêi óìîâè
åêâiâàëåíòíi:

(1) iñíó¹ ãîìåîìîðôiçì h : X → Y òàêèé, ùî h(Xs) = Ys äëÿ âñiõ s ∈ S;
(2) iñíó¹ òîïîëîãi÷íèé içîìîðôiçì âiëüíèõ òîïîëîãi÷íèõ íàïiâãðóï i : S(X) →

S(Y ) òàêèé, ùî i(〈Xs〉) ⊆ 〈Ys〉 äëÿ âñiõ s ∈ S;
(3) iñíó¹ òîïîëîãi÷íèé içîìîðôiçì âiëüíèõ àáåëåâèõ òîïîëîãi÷íèõ íàïiâãðóï

j : SA(X)→ SA(Y ) òàêèé, ùî j(〈Xs〉) ⊆ 〈Ys〉 äëÿ âñiõ s ∈ S.

Äîâåäåííÿ. (1) ⇒ (2) Íåõàé i : S(X) → S(Y ) � ãîìîìîðôíå ïðîäîâæåííÿ âiäîáðà-
æåííÿ h : X → Y äî ãîìîìîðôiçìó âiëüíèõ òîïîëîãi÷íèõ íàïiâãðóï. Çà ïîáóäóâîþ
i(Xs) = Ys, òîáòî i(〈Xs〉) ⊆ 〈Ys〉 äëÿ âñiõ s ∈ S.

Iìïëiêàöiÿ (2)⇒ (3) äîâîäèòüñÿ àíàëîãi÷íî äî òâåðäæåííÿ 2.10 ç [4].

(3) ⇒ (1) Íåõàé j : SA(X) → SA(Y ) òàêèé, ùî j(〈Xs〉) ⊆ 〈Ys〉 äëÿ âñiõ s ∈ S.
Íàãàäà¹ìî, ùî àòîìîì íàçèâà¹òüñÿ åëåìåíò òîïîëîãi÷íî¨ íàïiâãðóïè, ÿêèé íå ìîæíà
ïîäàòè ó âèãëÿäi äîáóòêó äâîõ åëåìíòiâ, êîæåí ç ÿêèõ âiäìiííèé âiä íåéòðàëüíîãî.
Î÷åâèäíî, ùî ïðè içîìîðôiçìi òîïîëîãi÷íèõ íàïiâãðóï îáðàçîì ìíîæèíè àòîìiâ ïåð-
øî¨ íàïiâãðóïè ¹ ìíîæèíà àòîìiâ äðóãî¨ íàïiâãðóïè. Çàëèøà¹òüñÿ çàóâàæèòè, ùî
ìíîæèíîþ àòîìiâ íàïiâãðóïè SA(X) ¹ X. Òîìó çâóæåííÿ içîìîðôiçìó j : SA(X) →
SA(Y ) íà ïiäïðîñòið X ¹ ãîìåîìîðôiçìîì h : X → Y òàêèì, ùî h(Xs) = Ys. �

Íèæ÷å ìè ðîçãëÿäà¹ìî (àáåëåâi) òîïîëîãi÷íi êiëüöÿ; îçíà÷åííÿ ìîæíà çíàéòè
â ìîíîãðàôi¨ [6].

Òâåðäæåííÿ 6. Íåõàé {Xs : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òèõîíîâñüêîãî ïðîñòîðó

X, {Ys : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òèõîíîâñüêîãî ïðîñòîðó Y . Òîäi òàêi óìîâè
åêâiâàëåíòíi:

(1) iñíó¹ òîïîëîãi÷íèé içîìîðôiçì âiëüíèõ àáåëåâèõ òîïîëîãi÷íèõ ãðóï

h : A(X)→ A(Y ) òàêèé, ùî h(Xs) ⊆ 〈Ys〉 äëÿ âñiõ s ∈ S;
(2) iñíó¹ òîïîëîãi÷íèé içîìîðôiçì âiëüíèõ òîïîëîãi÷íèõ êiëåöü i : R(X) →

R(Y ) òàêèé, ùî i(Xs) ⊆ 〈Ys〉 äëÿ âñiõ s ∈ S;
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(3) iñíó¹ òîïîëîãi÷íèé içîìîðôiçì âiëüíèõ àáåëåâèõ òîïîëîãi÷íèõ êiëåöü

j : RA(X)→ RA(Y ) òàêèé, ùî j(Xs) ⊆ 〈Ys〉 äëÿ âñiõ s ∈ S.

Äîâåäåííÿ. Iìïëiêàöi¨ (1) ⇒ (2) òà (2) ⇒ (3) äîâîäÿòüñÿ àíàëîãi÷íî äî òâåðäæåííÿ
2.10 [4].

(3) ⇒ (1) Íåõàé j : RA(X) → RA(Y ) � içîìîðôiçì âiëüíèõ àáåëåâèõ òîïîëî-
ãi÷íèõ êiëåöü òàêèé, ùî j(Xs) ⊆ 〈Ys〉 äëÿ âñiõ s ∈ S. Îñêiëüêè êîæíà àáåëåâà
òîïîëîãi÷íà ãðóïà ïiñëÿ ââåäåííÿ íà íié íóëüîâîãî ìíîæåííÿ ïåðåòâîðþ¹òüñÿ íà
àáåëåâå êiëüöå, òî òîòîæíi âiäîáðàæåííÿ idX : X → X òà idY : Y → Y ïðîäîâæóþ-
òüñÿ äî íåïåðåðâíèõ ãîìîìîðôiçìiâ pX : RA(X)→ A(X) òà pY : RA(Y )→ A(Y ). ßê
áóëî âñòàíîâëåíî ó [1] iñíó¹ òîïîëîãi÷íèé içîìîðôiçì h : A(X) → A(Y ) òàêèé, ùî
pY ◦ j = i ◦ pX . Çà ïîáóäîâîþ h(Xs) ⊆ G(Ys), h−1(Ys) ⊆ G(Xs). �

Òâåðäæåííÿ 7. Íåõàé f1 : X1 → Y1, f2 : X2 → Y2 � íåïåðåðâíi âiäîáðàæåííÿ

òîïîëîãi÷íèõ ïðîñòîðiâ. Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) iñíóþòü ãîìåîìîðôiçìè h1 : X1 → X2 òà h2 : Y1 → Y2 òàêi, ùî h2 ◦ f1 =
f2 ◦ h1;

(2) iñíóþòü òîïîëîãi÷íi içîìîðôiçìè âiëüíèõ òîïîëîãi÷íèõ íàïiâãðóï

i1 : S(X1) → S(X2) òà i2 : S(Y1) → S(Y2) òàêi, ùî i2 ◦ f∗1 = f∗2 ◦ i1, äå
f∗1 : S(X1) → S(Y1), f

∗
2 : S(X2) → S(Y2) ãîìîìîðôiçìè, ùî ïðîäîâæóþòü

âiäîáðàæåííÿ f1 òà f2;
(3) iñíóþòü òîïîëîãi÷íi içîìîðôiçìè âiëüíèõ àáåëåâèõ òîïîëîãi÷íèõ íàïiâãðóï

j1 : SA(X1) → SA(X2) òà j2 : SA(Y1) → SA(Y2) òàêi, ùî j2 ◦ f∗1 = f∗2 ◦ j1, äå
f∗1 : SA(X1) → SA(Y1), f

∗
2 : SA(X2) → SA(Y2) ãîìîìîðôiçìè, ùî ïðîäîâæó-

þòü âiäîáðàæåííÿ f1 òà f2.

Äîâåäåííÿ. (1) ⇒ (2) Íåõàé h1 : X1 → X2 òà h2 : Y1 → Y2 � ãîìåîìîðôiçìè òàêi,
ùî h2 ◦ f1 = f2 ◦ h1. Ïðîäîâæåííÿ i1 : S(X1) → S(X2) òà i2 : S(Y1) → S(Y2) ãîìåî-
ìîðôiçìiâ h1 òà h2 äî íåïåðåðâíèõ ãîìîìîðôiçìiâ ¹ òîïîëîãi÷íèìè içîìîðôiçìàìè.
Îñêiëüêè

i2 ◦ f∗1 |X1 = h2 ◦ f1 = f2 ◦ h1 = f∗2 ◦ i1|X1
,

òî i2 ◦ f∗1 = f∗2 ◦ i1.
Iìëiêàöiÿ (2)⇒ (3) äîâîäèòüñÿ àíàëîãi÷íî äî òâåðäæåííÿ 2.2 ç [11].

(3) ⇒ (1) Íåõàé j1 : SA(X1) → SA(X2) òà j2 : SA(Y1) → SA(Y2) � òîïîëîãi÷íi
içîìîðôiçìè òàêi, ùî j2 ◦ f∗1 = f∗2 ◦ j1, äå f∗1 : SA(X1) → SA(Y1), f

∗
2 : SA(X2) →

SA(Y2) ãîìîìîðôiçìè, ùî ïðîäîâæóþòü âiäîáðàæåííÿ f1 òà f2. ßê óæå çàçíà÷àëîñü,
ó äîâåäåííi òâåðäæåííÿ 5 j1(X1) = X2, j2(Y1) = Y2. Òîìó âiäîáðàæåííÿ h1 = j1|X1 ,
h2 = j2|Y1 ¹ ãîìåîìîðôiçìàìè òàêèìè, ùî h2 ◦ f1 = f2 ◦ h1. �

Òâåðäæåííÿ 8. Íåõàé f1 : X1 → Y1, f2 : X2 → Y2 � íåïåðåðâíi âiäîáðàæåííÿ

òèõîíîâñüêèõ ïðîñòîðiâ. Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) iñíóþòü òîïîëîãi÷íi içîìîðôiçìè âiëüíèõ àáåëåâèõ òîïîëîãi÷íèõ ãðóï

h1 : A(X1) → A(X2) òà h2 : A(Y1) → A(Y2) òàêi, ùî i2 ◦ Af∗1 = Af∗2 ◦ i1, äå
Af∗1 : A(X1) → A(Y1), Af

∗
2 : A(X2) → A(Y2) ãîìîìîðôiçìè, ùî ïðîäîâæó-

þòü âiäîáðàæåííÿ f1 òà f2;
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(2) iñíóþòü òîïîëîãi÷íi içîìîðôiçìè âiëüíèõ òîïîëîãi÷íèõ êiëåöü i1 : R(X1)→
R(X2) òà i2 : R(Y1)→ R(Y2) òàêi, ùî i2 ◦Rf∗1 = Rf∗2 ◦ i1, äå Rf∗1 : R(X1)→
R(Y1), Rf

∗
2 : R(X2)→ R(Y2) ãîìîìîðôiçìè, ùî ïðîäîâæóþòü âiäîáðàæåííÿ

f1 òà f2;
(3) iñíóþòü òîïîëîãi÷íi içîìîðôiçìè âiëüíèõ àáåëåâèõ òîïîëîãi÷íèõ êiëåöü

j1 : RA(X1)→ RA(X2) òà j2 : RA(Y1)→ RA(Y2) òàêi, ùî j2 ◦ f∗1 = f∗2 ◦ j1, äå
f∗1 : RA(X1) → RA(Y1), f

∗
2 : RA(X2) → RA(Y2) ãîìîìîðôiçìè, ùî ïðîäîâæó-

þòü âiäîáðàæåííÿ f1 òà f2.

Äîâåäåííÿ. Iìïëiêàöi¨ (1) ⇒ (2) òà (2) ⇒ (3) äîâîäÿòüñÿ àíàëîãi÷íî äî òâåðäæåííÿ
2.2 [11].

(3) ⇒ (1) Íåõàé p1 : RA(X1) → A(X1), p2 : RA(X2) → A(X2), q1 : RA(Y1) →
A(Y1), q2 : RA(Y2) → A(Y2) � ïðèðîäíi ãîìîìîðôiçìè, îïèñàíi ó òâåðäæåííi 6. Äëÿ
içîìîðôiçìó j1 : RA(X1)→ RA(X2) iñíó¹ òîïîëîãi÷íèé içîìîðôiçì âiëüíèõ àáåëåâèõ
òîïîëîãi÷íèõ ãðóï h1 : A(X1) → A(X2) òàêèé, ùî h1 ◦ p1 = p2 ◦ j1. Àíàëîãi÷íî äëÿ
içîìîðôiçìó j2 : RA(Y1) → RA(Y2) iñíó¹ òîïîëîãi÷íèé içîìîðôiçì âiëüíèõ àáåëåâèõ
òîïîëîãi÷íèõ ãðóï h2 : A(Y1) → A(Y2) òàêèé, ùî h2 ◦ q1 = q2 ◦ j2. Çà ïîáóäîâîþ
Af1 ◦ p1 = q1 ◦ f∗1 i Af2 ◦ p2 = q2 ◦ f∗2 . Íåõàé x ∈ X1, òîäi p1(x) = x. Îòîæ,

h1 ◦Af2(x) = j1 ◦ q2 ◦Af2(x) =
= j1 ◦ f∗2 ◦ q2(x) =
= f∗1 ◦ j2 ◦ q2(x) =
= f∗1 ◦ q1 ◦ h2(x) =
= Af1 ◦ h2(x).

�

Òâåðäæåííÿ 9. Íåõàé f1 : X1 → Y1, f2 : X2 → Y2 � A-åêâiâàëåíòíi âiäîáðàæåí-

íÿ. Òîäi äëÿ äîâiëüíèõ x1 ∈ X1 òà x2 ∈ X2 iñíóþòü òîïîëîãi÷íi içîìîðôiçìè

âiëüíèõ àáåëåâèõ òîïîëîãi÷íèõ â ñåíñi Ãðà¹âà s1 : AG(X1, x1) → AG(X2, x2) òà

s2 : AG(Y1, f(x1))→ AG(Y2, f(x2)) òàêi, ùî s2 ◦ f∗∗1 = f∗∗2 ◦ s1, äå f∗∗1 : AG(X1, x1)→
AG(Y1, f(x1)) i f∗∗2 : AG(X2, x2) → AG(Y2, f(x2) ãîìîìîðôiçìè, ùî ïðîäîâæóþòü

âiäîáðàæåííÿ f1 òà f2.

Äîâåäåííÿ. Ç òîãî, ùî âiäîáðàæåííÿ f1 : X1 → Y1, f2 : X2 → Y2 ¹ A-åêâiâàëåíòíèìè,
çà òåîðåìîþ ç [3] âèïëèâà¹, ùî iñíóþòü òîïîëîãi÷íi içîìîðôiçìè h1 : A(X1)→ A(X2)
òà h2 : A(Y1)→ A(Y2) òàêi, ùî 2 ◦ f∗1 = f∗2 ◦ i1, äå f∗1 : A(X1)→ A(Y1), f

∗
2 : AG(X2)→

AG(Y2) ãîìîìîðôiçìè, ùî ïðîäîâæóþòü âiäîáðàæåííÿ f1 òà f2. Íåõàé pi : A(Xi)→
AG(Xi, xi), qi : A(Yi) → AG(Yi, f(xi)) � ãîìîìîðôiçìè, ùî ïðîäîâæóþòü òîòîæíi
âêëàäåííÿ Xi ↪→ Xi òà Yi ↪→ Yi. ßê áóëî âñòàíîâëåíî ó [10], ÿêùî äëÿ içîìîð-
ôiçìó h1 : A(X1) → A(X2) âèêîíó¹òüñÿ óìîâà h1(x1) = x2, òî iñíó¹ òîïîëîãi÷íèé
içîìîðôiçì s1 : AG(X1, x1) → AG(X2, x2) òàêèé, ùî s1 ◦ p1 = g1 ◦ h1. Àíàëîãi÷íî
äîâîäèòüñÿ, ùî iñíó¹ òîïîëîãi÷íèé içîìîðôiçì s2 : AG(Y1, f(x1)) → AG(Y2, f(x2))
òàêèé, ùî s2 ◦ p2 = g2 ◦ h2. Çà ïîáóäîâîþ f∗∗1 ◦ p1 = q1 ◦ f∗1 i f∗∗2 ◦ p2 = q2 ◦ f∗2 . Íåõàé
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x ∈ X1, òîäi p1(x) = x. Îòîæ,

s1 ◦ f∗∗2 (x) = h1 ◦ q2 ◦ f∗∗2 (x) =

= h1 ◦ f∗2 ◦ q2(x) =
= f∗1 ◦ h2 ◦ q2(x) =
= f∗1 ◦ q1 ◦ s2(x) =
= f∗∗1 ◦ s2(x).

�

Àíàëîãi÷íî äîâîäèòüñÿ òàêå òâåðäæåííÿ

Òâåðäæåííÿ 10. Íåõàé f1 : X1 → Y1, f2 : X2 → Y2 � L-åêâiâàëåíòíi âiäîáðàæåí-

íÿ. Òîäi äëÿ äîâiëüíèõ x1 ∈ X1 òà x2 ∈ X2 iñíóþòü òîïîëîãi÷íi içîìîðôiçìè âiëü-

íèõ ëîêàëüíî îïóêëèõ ïðîñòîðiâ â ñåíñi Ãðà¹âà i1 : LG(X1, x1) → LG(X2, x2) òà

i2 : LG(Y1, f(x1)) → LG(Y2, f(x2)) òàêi, ùî i2 ◦ f∗1 = f∗2 ◦ i1, äå f∗1 : LG(X1, x1) →
LG(Y1, f(x1)) i f

∗
2 : LG(X2, x2)→ LG(Y2, f(x2) ãîìîìîðôiçìè, ùî ïðîäîâæóþòü âi-

äîáðàæåííÿ f1 òà f2.
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ON MARKOV EQUIVALENCE OF THE BUNDLES OF

TYCHONOFF SPACES 2: SPECIAL ISOMORPHISMS

Nazar Pyrch
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e-mail: pnazar@ukr.net

Let X be a Tychonov space. By F (X) we denote the free topological group
of X in the sense of Markov. For any subspace Y of X we denote by G(Y,X)
(or simply G(Y )) the group hull of Y in F (X).
Given families {Xi : i ∈ I}, {Yi : i ∈ I} of subspaces of topological spacesX and
Y respectively, we say that (X, {Xi : i ∈ I}) isM-equivalent to (Y, {Yi : i ∈ I}),
if there exists a topological isomorphism h : F (X)→ F (Y ) such that h(Ai) ⊆
G(Bi) and h−1(Bi) ⊆ G(Ai) for all i ∈ I.
An isomorphism i : F (X) → F (Y ) is called special if the composition e∗Y ◦ i
is a constant map, where e∗Y : F (Y ) → Z is the homomorphism extending the
map eY : Y → Z which is identically 1 on Y . Okunev proved that, for any two
M -equivalent space, there exists a special homomorphism between their free
topological groups. In his previous papers, the author extended this result over
the case of M -equivalent maps and M -equivalent pairs of topological spaces.
Generalizing these results we consider the conditions for existence of special
isomorphisms between free topological groups preserving subgroups. Also we
consider relations between F -equivalence of bundles of subspaces of topological
spaces for some functors of topological algebra (e.g, the functors of free (Abeli-
an) topological group, free (Abelian) topological ring, and free locally convex
space.

Key words: free topological group, free Abelian topological group, special
isomorphism of the free groups, bundle of topological spaces, free topological
ring, free Abelian topological ring.
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ÓÄÊ 515.1

DETECTING σZn-SETS IN TOPOLOGICAL GROUPS AND
LINEAR METRIC SPACES

Taras BANAKH

Ivan Franko National University of Lviv,

Universytetska Str., 1, 79000, Lviv, Ukraine

e-mail: t.o.banakh@gmail.com

We prove that if an analytic subset A of a linear metric space X is not
contained in a σZω-subset of X then for every Polish convex set K with dense
a�ne hull in X the sum A+K is non-meager in X and the sets A+A+K and
A − A + K have non-empty interior in the completion X̄ of X. This implies
two results:
• an analytic subgroup A of a linear metric space X is a σZω-space if A is
not Polish and A contains a Polish convex set K with dense a�ne hull in
X;

• a dense convex analytic subset A of a linear metric spaceX is a σZω-space
if A contains no open Polish subspace and A contains a Polish convex set
K with dense a�ne hull in X.

Key words: Z-set, σZ-space, analytic set, topological group, convex set,
linear metric space.

A topological space X is analytic if it is a metrizable continuous image of a Polish
space. A Polish space is a separable topological space homeomorphic to a complete metric
space. It is well-known [11, 14.2] that each Borel subset of a Polish space is analytic. By
Lusin-Sierpinski Theorem [11, 21.6], each analytic subset A of a Polish space X has the
Baire property, i.e., (A \ U) ∪ (U \A) is meager in X for some open set U ⊂ X.

By the classical result of S. Banach [1], each non-complete analytic topological group
is meager, i.e., can be represented as the countable union of nowhere dense subsets. This
result can be easily derived from the following known fact attributed to Piccard [14] and
Pettis [15] (see [11, 9.9]).

Theorem 1 (Piccard-Pettis). If two analytic subsets A,B of a Polish group X are non-
meager in X, then the set AB has non-empty interior and AA−1 is a neighborhood of
unit in G.
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Meager subsets of a topological space X form a σ-idealM(X) = σZ0(X) which is
the largest ideal among σ-ideals σZn(X) generated by Zn-sets in X. A subset A ⊂ X
of a topological space X is called a Zn-set in X if A is closed in X and the complement
X \A is n-dense in X. A subset B ⊂ X is called n-dense in X if the set C(In, B) of maps
In → B is dense in the space C(In, X) of all continuous functions f : In → X de�ned on
the n-dimensional cube In = [0, 1]n. The function space C(In, X) is endowed with the
compact-open topology. Observe that a subset D ⊂ X is dense if and only if D is 0-dense
in X. It is clear that each n-dense set D ⊂ X is k-dense in X for every k ≤ n.

The following properties of Zn-sets follow immediately from the de�nitions:

• a subset A ⊂ X is a Z0-set if and only if A is closed and nowhere dense in X;
• for any numbers 0 ≤ n ≤ m ≤ ω every Zm-set in X is a Zn-set in X;
• a subset A ⊂ X is a Zω-set in X if and only if A is a Zn-set in X for every n ∈ N.

By σZn(X) we shall denote the σ-ideal generated by Zn-sets in X. It consists of subsets
that can be covered by countably many Zn-sets in X. A topological space X is called a
σZn-space if X ∈ σZn(X). It follows that σZm(X) ⊂ σZn(X) for any numbers 0 ≤ n ≤
m ≤ ω. So, the σ-ideal σZω(X) is the smallest ideal among the σ-ideals σZn(X).

Zω-Sets and σZω-spaces play an important role in In�nite-Dimensional Topology,
see [6], [7], [8], [12], [13]. In [9, 4.4] Dobrowolski and Mogilski asked the following problem
related to the mentioned classical result of Banach [1].

Problem 1 (Dobrowolski, Mogilski, 1990). Is each non-complete analytic linear metric
space a σZω-space?

This problem was answered in negative by Banakh [3] (see also [6, 5.5.19]) who
proved that the linear hull lin(E) of the Erd�os set E = `2 ∩Qω in the separable Hilbert
space `2 fails to be a σZω-space.

Yet, the following weaker version of Problem 1 still remains open (see [2], [4, 2.2]).

Problem 2 (Banakh, 1997). Is each non-complete analytic linear metric space a σZn-
space for every n ∈ N?

In this paper we shall give some partial positive answers to Problems 1 and 2,
detecting analytic subsets in metrizable topological groups G that belong to the σ-ideals
σZn(G) for all n ≤ ω. In fact, we shall work with the smaller σ-ideals σŻD(G) and

σŻn(G) de�ned as follows.
By a metrizable group we shall understand a metrizable topological group. It is

known that for any metrizable group G there exists a completely-metrizable group Ḡ
containing G as a dense subgroup. The group Ḡ is unique up to isomorphism and is
called the Raikov completion of G. The Raikov completion of a separable metrizable
group is a Polish group. For two subsets A,B of a group G by A ·B or just AB we denote
their product {ab : a ∈ A, b ∈ B} in G.

Let G be a topological group and Ḡ be its Raikov completion. Let D be a family of
subsets of G. A closed subset A ⊂ G is called a ŻD-set in X if there exists a set D ∈ D
such that the set D · Ā has empty interior in Ḡ, where Ā denotes the closure of A in Ḡ.
By σŻD(G) we denote the σ-ideal generated by ŻD-sets in G.

Proposition 1. Let D be a family of n-dense subsets of a topological group G. Then
each ŻD-set A in G is a Zn-set in G and hence σŻD(G) ⊂ σZn(G).
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Proof. Assume that A is a ŻD-set in X. Given a continuous map f : In → G and a
neighborhood U0 ⊂ G of the unit 1G, we need to �nd a continuous map f ′ : In → G \A
such that f ′(z) ∈ f(z)·U0 for all z ∈ In. Let Ḡ be the Raikov completion of the topological
group G and Ā be the closure of A in Ḡ.

Find an open neighborhood Ũ0 ⊂ Ḡ of the unit 1G such that Ũ0 ∩ G = U0 and
choose a neighborhood Ũ1 ⊂ X̄ of 1G such that Ũ1Ũ1Ũ1 ⊂ Ũ0. Since A is a ŻD-set in G,
there exists a set D ∈ D such that the set D · Ā has empty interior in Ḡ. The n-density
of the set D in G implies the n-density of its inverse D−1 = {x−1 : x ∈ D}. Then there

exists a continuous map f1 : In → D−1 such that f1(z) ∈ f(z) · Ũ1 for all z ∈ In.
Since the set D · Ā has empty interior in Ḡ, there is a point u ∈ Ũ1 \D · Ā. For this

point we get (D−1 · u) ∩ Ā = ∅. Consider the map f2 : In → Ḡ, f2 : z 7→ f1(z)u, and
observe that f2(In)∩ Ān ⊂ (D−1 ·u)∩ Ān = ∅. Since the set f2(In) is compact, there is a

neighborhood Ũ2 ⊂ Ũ1 of the unit 1G such that (f2(In) · Ũ2) ∩ Ā = ∅. Using the density

of G in Ḡ, choose a point w ∈ G ∩ (Ũ2 · u). Then the map f3 : In → Ḡ de�ned by

f3(z) = f2(z) · u−1w = f1(z) · uu−1w = f1(z) · w ∈ G

for z ∈ In has the properties: f3(In) ⊂ G \ Ā = G \A and for every z ∈ In

f3(z) = f1(z)uu−1w ∈ f1(z)Ũ1Ũ2 ⊂ f(z)Ũ1Ũ1Ũ2 ⊂ f(z)Ũ0,

which implies f(z)−1f3(z) ∈ G∩ Ũ0 = U0 and �nally f3(z) ∈ f(z)U0. The map f3 : In →
G \A witnesses that A is a Zn-set in G. �

For a topological group G by Dn(G) we shall denote the family of all n-dense subsets

in G. To simplify notation, ŻDn(G)-sets will be called Żn-sets in G. Also we shall denote

the σ-ideal σŻDn(G)(G) by σŻn(G). This σ-ideal is generated by all Żn-sets in G. It

consists of subsets that can be covered by countably many Żn-sets in G. Proposition 1
implies that

σŻn(G) ⊂ σZn(G)

for any topological group G. Żn-Sets in separable metrizable groups admit the following
convenient characterization.

Proposition 2. A closed subset A of a separable metrizable group G is a Żn-set in G
for some n ≤ ω if and only if there exists a σ-compact n-dense subset D ⊂ G such that
for every compact set K ⊂ D the set K ·D is nowhere dense in G.

Proof. Since G is separable and metrizable, the Raikov completion Ḡ of G is a Polish
group. To prove the �if� part, assume that there exists a σ-compact n-dense subsetD ⊂ G
such that for every compact set K ⊂ D the set K · A is nowhere dense in G. Then the
set K · Ā ⊂ K ·A is nowhere dense in Ḡ and the set D · Ā is meager in Ḡ. Since Ḡ is
Polish, the set D · Ā has empty interior in Ḡ and hence A is a Żn-set in G.

To prove the �only if� part, assume that A is a Żn-set and �nd an n-dense subset
D′ ⊂ G such that the set D′ ·Ā has empty interior in Ḡ. The the function space C(In, D′)
is dense in C(In, G). Since the function space C(In, D′) is metrizable and separable, we
can �nd a countable dense subset {fk}k∈ω in C(In, D′). Then D =

⋃
k∈ω fk(In) is a

σ-compact n-dense subset in G. It remains to show that for each compact set K ⊂ D
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the set K · Ā is nowhere dense in Ḡ. Consider the multiplication map µ : K × Ā → Ḡ,
µ : (x, y) 7→ xy, and observe that for any compact subset C ⊂ Ḡ the preimage

µ−1(C) = {(x, y) ∈ K × Ā : xy ∈ C} ⊂ K × (K−1C)

is compact. By [10, 3.7.18], the map µ is closed, which implies that the setKĀ = µ(K×Ā)
is closed in Ḡ. Since the set D× Ā has empty interior in Ḡ, the closed subset KĀ ⊂ DĀ
is nowhere dense in Ḡ. Then its subset KA is nowhere dense in G. �

Let D be a family of subsets of a topological group G. A subset T ⊂ G is called
D-thick if for every non-empty open set U ⊂ T there exist a set D ∈ D and a countable
set C ⊂ G such that D ⊂ C · Ū . A set T ⊂ G is called n-thick in G if it is Dn(G)-thick.
The latter means that for every non-empty open set U ⊂ T there is a countable set
C ⊂ G such that the set CŪ in n-dense in G.

Theorem 2. Let D be a family of subsets in a separable metrizable group G. If an analytic
subset A of G does not belong to the σ-ideal σŻD(X), then for any D-thick subset T ⊂ G
and any dense Polish subspace P ⊂ T the set PA is not meager in G, the set PAPA
has non-empty interior in the Raikov completion Ḡ of G, and the set PAA−1P−1 is a
neighborhood of unit in Ḡ.

Proof. Assume that A /∈ σŻD(G) and T is an D-thick set in G. On the Polish group Ḡ

consider the σ-ideal I generated by the family {Ā : A ∈ σŻD(G)} of closed subsets of

the Polish group Ḡ. It follows from A /∈ σŻD(G) that A /∈ I. By the Solecki dichotomy
[16], the analytic set A /∈ I contains a Polish subspace B /∈ I. Replacing B by a smaller
closed subset of B, we can assume that each non-empty open subspace U ⊂ B does not
belong to the ideal I.

Given a dense Polish subspace P ⊂ T , we shall show that the set PB is not meager
in G. To derive a contradiction, assume that PB is meager in G and �nd closed nowhere
dense subsets Nk ⊂ Ḡ, k ∈ ω, such that PB ⊂

⋃
k∈ω Nk. By the continuity of the

multiplication in G, for every k ∈ ω the set

Mk = {(x, y) ∈ P ×B : xy ∈ Nk}

is closed in the Polish space P × B. Since P × B ⊂
⋃
k∈ωMk, we can apply the Baire

Theorem and �nd two non-empty open sets V ⊂ P and U ⊂ B such that V × U ⊂ Mk

for some k ∈ ω. It follows that the set V̄ × Ū ⊂ Nk is nowhere dense in Ḡ. Here V̄ is the
closure of V in G and Ū is the closures of U in Ḡ.

Since the set T is D-thick in G, and the set V̄ ∩ T has non-empty interior in T , for
some countable set S ⊂ G the set S · V̄ contains a set D ∈ D.

By the choice of P , the non-empty open set U ⊂ P does not belong to the ideal
I and hence Ū ∩ G is not a ŻD-set in G. Then for the set D ∈ D the set DŪ has
non-empty interior in Ḡ and hence is not meager in Ḡ. On the other hand, the set
DŪ ⊂ SV̄ Ū ⊂ S ·Nk is meager in Ḡ being the union of countably many translations of
the nowhere dense set Nk. This contradiction shows that the set PB is not meager in G
and consequently the analytic set PA ⊃ PB is not meager in the Polish group Ḡ. By
the Piccard-Pettis Theorem 1, the set PAPA has non-empty interior in Ḡ and the set
PA(PA)−1 is a neighborhood of the unit in Ḡ. �
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A topological space X is called densely-Polish if A contains a dense Polish subspace.
It is known that an analytic space A is densely-Polish if and only if A is Baire.

Corollary 1. Let D be a family of subsets of a separable metrizable group G. If analytic
subsets A,B of G do not belong to the ideal σŻD(G), then for any densely-Polish D-
thick sets E,F in X the sets EA, FB are not meager in G and the sets EAFB and
EAB−1F−1 have non-empty interior in the Raikov completion Ḡ of G.

Proof. Let E∗ ⊂ E and F∗ ⊂ F be dense Polish subspaces of the densely-Polish spaces
E and F , respectively. By Theorem 2, the analytic sets E∗A and F∗B are not meager in
the Polish space Ḡ. By the Piccard-Pettis Theorem 1, the sets E∗AF∗B ⊂ EAFB and
E∗AB

−1F−1∗ ⊂ EAB−1F−1 have non-empty interior in the Polish group Ḡ. �

Corollary 1 implies the next three corollaries.

Corollary 2. Let D be a family of subsets in a separable metrizable group G and A be
an analytic subgroup in G. If A /∈ σŻD(X), then for any densely-Polish D-thick subsets
E,F ⊂ G the set EAF−1 have non-empty interior in the completion Ḡ of G.

Corollary 3. Let D be a family of subsets of a separable metrizable group G. If G is not
Polish and G contains a densely-Polish D-thick subset P , then each analytic subset A of
X belongs to the σ-ideal σŻD(X).

Proof. By Corollary 1, for every analytic set A /∈ σŻD(G) of G the set PAPA ⊂ G has
non-empty interior in the Raikov completion Ḡ of G. Then G also has non-empty interior
in Ḡ and hence coincides with the Polish group Ḡ, which is a desired contradiction. �

A subset A of an abelian group G is called additive if A+A ⊂ A. In particular, each
subgroup of G is an additive set. Corollary 1 implies:

Corollary 4. Let D be a family of subsets in an abelian separable metrizable group G
and A be an additive set in G. If A /∈ σŻD(X), then for any densely-Polish D-thick
subsets E,F ⊂ X the set A+E +F has non-empty interior in the Raikov completion Ḡ
of G.

A similar result holds for convex subsets in linear metric spaces.

Corollary 5. Let D be a family of subsets of a separable linear metric space X, and let
A be a convex subset of X. If A /∈ σŻD(X), then for any densely-Polish D-thick subsets
E,F ⊂ X the set A+ E + F has non-empty interior in the completion X̄ of X.

Proof. It follows that the homothetic copy 1
2A =

{
1
2a : a ∈ A

}
of A does not belong to

the ideal σŻD(X). By Corollary 1, the set 1
2A+ 1

2A+ E + F has non-empty interior in

X̄. The convexity of A guarantees that 1
2A+ 1

2A ⊂ A and hence the set

A+ E + F ⊃ 1

2
A+

1

2
A+ E + F

has non-empty interior in X̄, too. �



DETECTING σZn-SETS IN TOPOLOGICAL GROUPS ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2019. Âèïóñê 88 75

Applying the above results to the family Dn(G) of n-dense subsets in a topological
groupG, we get the following corollaries. In these corollaries we use the obvious fact that a
topological groupG containing an n-thick separable subset is separable. By Proposition 1,

σŻn(G) := σŻDn(G)(G) ⊂ σZn(G).

By Proposition 2, a closed subset A of a separable metrizable group G is a Żn-set in X
if and only if there exists a σ-compact n-dense set D ⊂ G such that for every compact
set K ⊂ D the set K ·A is nowhere dense in G.

We recall that a subset T of a topological group G is n-thick if and only if for any
non-empty open set U ⊂ T there is a countable subset A ⊂ G such that the set A · U
is n-dense in G. Observe that each non-empty subset of a separable metrizable group
is 0-thick. Because of that the following corollary of Theorem 2 can be considered as a
generalization of the Piccard-Pettis Theorem 1.

Corollary 6. If for some n ≤ ω an analytic subset A of a metrizable group G does not
belong to the σ-ideal σŻn(X), then for any n-thick subset T ⊂ G and any dense Polish
subspace P ⊂ T the set PA is not meager in G, the set PAPA has non-empty interior
in Ḡ, and the set PAA−1P−1 is a neighborhood of unit in Ḡ.

Corollary 7. If for some n ≤ ω analytic subsets A,B of a metrizable group G do not
belong to the ideal σŻn(G), then for any densely-Polish n-thick sets E,F in X the sets
EA, FB are not meager in G and the sets EAFB and EAB−1F−1 have non-empty
interior in the Raikov completion Ḡ of G.

Corollary 8. Let A be an analytic subgroup of a separable metrizable group G. If A /∈
σŻn(X) for some n ∈ ω, then for any densely-Polish n-thick subsets E,F ⊂ G the set
EAF−1 has non-empty interior in the completion Ḡ of G.

Corollary 9. If for some n ≤ ω a non-complete metrizable topological group G contains
a densely-Polish n-thick subset, then each analytic subset of X belongs to the σ-ideal
σŻn(X) ⊂ σZn(X).

Corollary 10. Let A be an additive subset of an abelian metrizable topological group G.
If A /∈ σŻn(X) for some n ≤ ω, then for any densely-Polish n-thick subsets E,F ⊂ X
the set A+ E + F has non-empty interior in the completion Ḡ of G.

Corollary 11. Let A be an convex analytic subset of a linear metric space X. If A /∈
σŻn(X) for some n ≤ ω, then for any densely-Polish n-thick subsets E,F ⊂ X the set
A+ E + F has non-empty interior in the completion X̄ of X.

In light of the above results, it is important to recognize n-thick sets in topological
groups and linear metric spaces. A characterization of n-thick convex sets is quite simple.

Proposition 3. For a convex subset C in a separable linear metric space X the following
conditions are equivalent:

(1) C is n-thick in X for every n ≤ ω;
(2) C is n-thick in X for some n ≥ 1;
(3) the linear space R · (C − C) is dense in X;
(4) the a�ne hull of C is dense in X;
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(5) C is {L}-thick in X for some dense linear subspace L of X.

Proof. We shall prove the implications (1) ⇒ (2) ⇒ (3) ⇒ (4) ⇒ (5). The �rst impli-
cations (1)⇒ (2) is trivial.

(2)⇒ (3) Assuming that the convex set C is n-thick in X for some n ≥ 1, we shall
prove that the linear space L = R · (C −C) is dense in X. Since C is n-thick in X, there
is a countable set S ⊂ X such that the set S + C is n-dense in X. Then the set S + L̄
also is n-dense in X. Consider the quotient space X/L̄ and the quotient linear operator
q : X → X/L̄. Since the set q(S + L̄) = q(S) is countable, for each connected subspace
A of S + L̄ the image q(A) is a singleton, which means that contained in a single coset
x+ L̄. Now the density of the C(In, S + L̄) in C(In, L̄) implies that L̄ = X.

(3) ⇒ (4) Assume that the linear space L = R · (C − C) is dense in X. Since for
any point c ∈ C the shift c + L coincides with the a�ne hull aff(C) of C, the set aff(C)
is dense in X, too.

(4) ⇒ (5) Assume that the a�ne hull aff(C) of C is dense in X. Replacing C by
a suitable shift, we can assume that zero belongs to C and hence the a�ne hull of C
coincides with the linear hull of C. We shall prove that the convex set C is {L}-thick
for any dense linear subspace L ⊂ R · (C − C) of countable algebraic dimension. In this
case we can �nd a countable subset {xk}k∈ω in C such that x0 = 0 and the linear hull of
the set {xn}n∈ω contains the linear space L. For every n ∈ ω by ∆n and Ln denote the
convex and liner hulls of the �nite set Fn = {x0, . . . , xn} ⊂ C. It is clear L ⊂

⋃
n∈ω Ln

and Ln = Sn + ∆n ⊂ Sn + C for some countable set Sn ⊂ Ln. Given a non-empty open
subset U ⊂ C, we should �nd a countable set S ⊂ X such that L ⊂ S+U . Fix any point
u ∈ U and �nd a neighborhood Ũ ⊂ X of zero such that (u + Ũ) ∩ C ⊂ U . For every

n ∈ N �nd a neighborhood Ṽ ⊂ X of zero such that for any points v1, . . . , vn ∈ Ṽ and
real numbers t1, . . . , tn ∈ [0, 1] we get

∑n
i=1 tixi ∈ Ũ . Next, �nd εn ∈ (0, 1] such that

εn · (Fn − u) ⊂ Ṽ . The choice of Ṽ guarantees that εn(∆n − u) ⊂ Ũ and hence

Ln = (1− εn)u+ εn · Ln = (1− εn)u+ εn(Sn + ∆n) = εnSn + (1− εn)u+ εn∆n =

= εnSn + u+ εn(∆n − u) ⊂ εnSn + (C ∩ (u+ Ũ)) ⊂ εnSn + U.

Then the countable set S =
⋃∞
n=1 εnSn has the required property:

L ⊂
∞⋃
n=1

Ln ⊂ S + U.

(5) ⇒ (1) Assume that C is {L}-thick for some dense linear subspace L ⊂ X. By
Lemma 1, L is ω-dense in X, so C is ω-thick and hence n-thick for every n ≤ ω. �

Lemma 1. Let A ⊂ B be convex sets in a linear metric space X. If A is dense in B,
then A is ω-dense in B.

Proof. It su�ces to check that A is n-dense in B for every n ∈ N (see [7, V.2.1]). Given
a continuous map f : In → B and a neighborhood U0 ⊂ X of zero, we need to �nd
a continuous map g : In → A such that g(z) ∈ f(z) + U0 for all z ∈ In. Choose an
open neighborhood W ⊂ X of zero such that for any points w0, . . . , wn ∈ W + W −W
and numbers λ0, . . . , λn ∈ I = [0, 1] we get

∑n
i=0 λiwi ∈ U0. Consider the open cover

W = {f−1(x + W ) : x ∈ X} of In. Since In is an n-dimensional (para)compact space,
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there exists an �nite open cover V of In such that for every z ∈ In the family Vz = {V ∈
V : z ∈ V} contains at most n+ 1 sets and its union

⋃
Vz is contained in some set of the

coverW. By the paracompactness of In, there is a partition of unity {λV : In → [0, 1]}V ∈V
subordinated to the cover V. The latter means that λ−1V

(
(0, 1]

)
⊂ V for all V ∈ V, and∑

V ∈V λV ≡ 1. For every set V ∈ V �x a point zV ∈ V and by the density of A in B
�nd a point yV ∈ A∩ (f(zV ) +W ). Consider the map g : In → L de�ned by the formula
g(z) =

∑
V ∈V λV (z)yV for z ∈ In. It is clear that g(In) is contained in the convex hull

∆ of the �nite set {yV }V ∈V ⊂ A. We claim that g(z) − f(z) ∈ U0 for all z ∈ Z. By the
choice of the cover V, the set

⋃
Vz is contained in some set f−1(W + x), x ∈ X. Then

for every V ∈ Vz we get f(zV )− f(z) ∈W −W and hence

yV − f(z) ∈W + f(zV )− f(z) ⊂W +W −W.

Then

g(z)− f(z) =
∑
V ∈Vz

λV (z)(yV − f(z)) ∈ U0

by the choice of the neighborhood W . The map g witnesses that A is n-dense in B. �

A convex subset C of a linear topological space X is called aff-dense in X if the
a�ne hull of C is dense in X. By Proposition 3, a convex subset of a separable linear
metric space is aff-dense if and only if it is ω-thick in X.

Theorem 3. If a non-complete linear metric space X contains a densely-Polish aff-dense
convex set C, then every analytic subset of X belongs to the σ-ideal Ż{L}(X) for some
dense linear subspace L of X.

Proof. Being densely-Polish, the convex set C is separable and so is its a�ne hull aff(C).
Since aff(C) is dense in X, the space X is separable and its completion X̄ is a Polish
linear metric space. By Proposition 3, the Polish convex set C ⊂ X is {L}-thick for
some dense linear subspace L ⊂ X. To �nish the proof apply Corollary 3 to the family
D = {L}. �

For a separable linear metric space X by L∞(X) we denote the family of dense

linear subspaces in X. To simplify notation, denote the union
⋃
L∈L∞(X) σŻ{L}(X) by

σŻ∞(X). Observe that a set A ⊂ X belongs to the family σŻ∞(X) if and only if there
exists a dense linear subspace L ⊂ X (of countable algebraic dimension) in X and a
sequence (An)n∈ω of closed subsets of X such that A ⊂

⋃
n∈ω An and for every compact

subset K ⊂ L the sets K + Ān, n ∈ ω, are nowhere dense in X.
It follows that

σŻ∞(X) ⊂ σŻω(X) ⊂ σZω(X)

for every separable linear metric space X.

Theorem 4. For any analytic subsets A,B /∈ σŻ∞(X) of a linear metric space X and
any densely-Polish aff-dense convex set C in X the sumset A + B + C has non-empty
interior in the completion X̄ of X. Moreover, if A is additive or convex, then the sum
A+ C has non-empty interior in X̄.
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Proof. By Proposition 3, the aff-dense convex sets C is {L}-thick for some dense linear
subspace L of X. Then its homothetic copy 1

2C also is {L}-thick. The convexity of C

implies that 1
2C + 1

2C ⊂ C. Applying Corollary 1 to the family D = {L} and observi-

ng that the σ-ideal σŻ{L}(G) ⊂ σŻ∞(G) does not contain the analytic sets A,B, we

conclude that the sets A + 1
2C + B + 1

2C ⊂ A + B + C have non-empty interior in the

completion X̄ of X. By the same reason, the sets

A+A+
1

2
C +

1

2
C ⊂ A+A+ C

and A+A+ C + C have non-empty interior in X̄.
If A is additive, then A+A ⊂ A and hence the set A+C ⊃ A+A+C has non-empty

interior in X̄. If A is convex in X, then 1
2 (A+A) ⊂ A and hence the set

A+ C ⊃ 1

2
(A+A+ C + C)

has non-empty interior in X̄. �

The following two theorems detect analytic groups and analytic convex sets which
are σZω-spaces, thus giving partial positive answers to Problems 1 and 2.

Theorem 5. An analytic subgroup A of a linear metric space X is a σZω-space provided
that A is not Polish and A contains a densely-Polish aff-dense convex subset C of X.

Proof. Since A is a group, the set N · (C−C) is contained in the group A. The convexity
of C implies that L = N · (C−C) = R · (C−C) is a linear subspace in X. The aff-density
of C implies that the linear space L ⊂ A is dense in X. By Lemma 1, the dense linear
subspace L is ω-dense in X and so is the subgroup A ⊃ L. Since the sum A+C = A has
empty interior in X̄, the set A belongs to the σ-ideal σŻ∞(X) ⊂ σZω(X) by Theorem 4.
Since A is ω-dense in X, the inclusion A ∈ σZω(X) implies A ∈ σZω(A), which means
that A is a σZω-space. �

A similar result holds for convex sets.

Theorem 6. A dense convex subset A of a linear metric space X is a σZω-space provided
that A is analytic, A contains an aff-dense densely-Polish convex subset C of X and A
has empty interior in the completion X̄ of X.

Proof. Since the sets 1
2 (A+C) ⊂ A has empty interior in X̄, we can apply Corollary 11

and conclude that A ∈ σŻ∞(X) ⊂ σZω(X). By Lemma 1, the dense convex subset A of
X is ω-dense in X, which implies that A ∈ σZω(A). �

Finally, we study properties of analytic linear metric spaces containing aff-dense
Polish convex sets.

A linear subspace L of a linear metric space X is called an operator image if L =
T (B) for some linear continuous operator T : B → X de�ned on a Banach space B. The
topology of operator images was studied in [5]. We shall prove that each aff-dense Polish
convex set in a linear metric space is {L}-thick for some dense operator image L ⊂ X.
For this we need the following known folklore fact.
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Proposition 4. Each Polish convex set A in a linear metric space contains a shift of
a compact convex subset K = −K such that the linear space L = R ·K is dense in the
linear hull of A−A.

Proof. Replacing the convex set A by a suitable shift of A, we can assume that A contains
zero.

Fix an invariant metric d generating the topology of the linear metric space X and
let X̄ be the completion of the linear metric space (X, d). For a point x ∈ X and a real
number ε > 0 by B(x, ε) = {y ∈ X : d(x, y) < ε} and B̄(x, ε) = {y ∈ X : d(y, x) ≤ ε} we
denote the open and closed ε-balls centered at x, respectively. The space A, being Polish,
is a Gδ-set in X̄. So, we can write it as A =

⋂
n∈ω Un for a descreasing family (Un)n∈ω

of open sets in X̄. Fix a countable dense set {an}n∈ω in A.
Construct inductively two sequences of positive real numbers (εn)n∈ω and (λn)n∈ω

such that for every n ∈ ω the following conditions are satis�ed:

(1) max{λn, εn} < 1
2n+2 ;

(2) for every point x in the compact set

∆n = {
n∑
k=0

tkλkak : t0, . . . , tn ∈ [0, 2]}} ⊂ A

we get B̄(x, εn) ⊂ Un and x+ [0, 2λn]an ⊂ B(x, εn).

The conditions (1), (2) imply that for every sequence (tn)n∈ω ∈ [0, 2]ω the series∑
n∈ω tnλnan converges in X̄ to some point of the convex set A =

⋂
n∈ω Un. Put

c =
∑
n∈ω λnan and observe that for every sequence (tn)n∈ω ∈ [−1, 1]ω the series

c+
∑
n∈ω

tnλnan =
∑
n∈ω

(1 + tn)λnan

converges to a point of A. It follows that the set

K =

{∑
n∈ω

tnλnan : (tn)n∈ω ∈ [−1, 1]ω

}
is compact, convex, symmetric, and c+K ⊂ A. It is clear that R ·K ⊃ {an}n∈ω is dense
in the linear hull R · (A−A) of the set A−A. �

Lemma 2. If a linear metric space X contains an aff-dense Polish convex set P , then
X contains an aff-dense compact convex set K = −K, which is {L}-thick for some dense
operator image L ⊂ X.

Proof. By Proposition 4, there is a compact convex set S = −S in X such that p+S ⊂ P
for some p ∈ P and the linear space R · S is dense in R · (P − P ) and hence is dense
in X. Choose a countable dense set {xn}n∈ω in S and �nd a sequence of real numbers
(λn)n∈ω ∈ (0, 1]ω such that the linear operator

T : `1 → X, T : (tn)n∈ω 7→
∞∑
n=1

tnλnxn,

is well-de�ned and continuous. Here `1 is the Banach space of real sequences t = (tn)n∈ω
with the norm ‖t‖ =

∑
n∈ω |tn| <∞. It is clear that the operator image T (`1) is dense in
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X. Denote by B = {t ∈ `1 : ‖t‖ ≤ 1} the closed unit ball of the Banach space `1 and let
K be the closure of the set T (B) in S. It is clear that K is a compact convex symmetric
subset of S and the a�ne hull R ·K ⊃ T (`1) is dense in X. We claim that the convex
set K is {T (`1)}-thick. Given a non-empty open set U ⊂ K we need to �nd a countable
set A ⊂ X such that T (`1) ⊂ A+ U . Since the set T (B) is dense in K, the intersection
U ∩ T (B) is not empty and hence the preimage V = T−1(U) contains some non-empty
open subset of the ball B. The separability of the Banach space `1 yields a countable set
A1 ⊂ `1 such that `1 = A1 + V . Then the countable set A = T (A1) has the required
property: T (`1) = T (A1) + T (V ) ⊂ A+ U . �

For a linear metric space X denote by ~L∞(X) the family of dense operator images

in X. To simplify notations, denote the family
⋃
L∈ ~L∞(X) σŻ{L}(X) by σ ~Z∞(X). Since

~L∞(X) ⊂ L∞(X), we get the inclusions

σ ~Z∞(X) ⊂ σŻ∞(X) ⊂ σŻω(X) ⊂ σZω(X).

Proposition 5. A subset A of a separable metric linear space X belongs to the family

σ ~Z∞(X) if and only if there exists a σ-compact dense operator image L in X and a
sequence (An)n∈ω of closed subsets of X such that A ⊂

⋃
n∈ω An for every n ∈ ω and

compact subset K ⊂ L the set K ·An is nowhere dense in X.

Proof. The �if� part of this proposition can be proved by analogy with Proposition 2. To

prove the �only� if part, assume that A ∈ σ ~Z∞(X). Then A ∈ σŻ{L}(X) for some dense
operator image L in X. Write L = T (B) for some linear continuous operator T : B → X
de�ned on a Banach space B. Since the space L is separable, we can �nd a separable
Banach subspace B′ ⊂ B such that the operator image L′ = T (B′) is dense in T (B).
Choose a bounded sequence (xn)n∈ω in B′ whose linear hull is dense in B′. It is standard
to show that the operator

T ′ : `2 → B′, T ′ : (tn)n∈ω 7→
∑
n∈ω

tn
2n
xn,

is well-de�ned, compact, and has dense image T ′(`2) in B′. Then the operator T ′ ◦ T :
`2 → X is compact and has dense image L′ = T ′ ◦ T (`2) in X. It follows from L′ ⊂ L

that A ∈ σŻL(X) ⊂ σŻL′(X). So, we lose no generality assuming that B = `2 and the
operator T is compact. By the compactness of the operator T and the re�exivity of `2,
the image T (B1) of the closed unit ball in B1 of the Hilbert space `2 is compact. This

implies that the operator image L = T (`2) is σ-compact. Since A ∈ σŻ{L}(X), there is

a sequence (An)n∈ω of closed subsets An of X such that L + Ān has empty interior in
X. Then for every compact subset K ⊂ L the closed set K + Ān has empty interior and
hence is nowhere dense in X. Then the set K +An is nowhere dense in X. �

Applying Corollary 1 and Lemma 2 to the family ~L∞(X), we can prove the following
corollary (by analogy with Theorem 4).

Theorem 7. For any analytic subsets A,B /∈ σ ~Z∞(X) of a linear metric space X and
any aff-dense convex Polish set C in X, the sumset A + B + C has non-empty interior
in the completion X̄ of X. Moreover, if A is additive or convex, then the sumset A+ C
has non-empty interior in X̄.
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This theorem has

Corollary 12. If a non-complete linear metric space X contains a Polish aff-dense
convex set C, then every analytic subset of X belongs to the σ-ideal Ż{L}(X) for some
dense operator image L in X.
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ÏÐÎ σZn-ÌÍÎÆÈÍÈ Â ÒÎÏÎËÎÃI×ÍÈÕ ÃÐÓÏÀÕ I
ËIÍIÉÍÈÕ ÌÅÒÐÈ×ÍÈÕ ÏÐÎÑÒÎÐÀÕ

Òàðàñ ÁÀÍÀÕ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, 79000, Ëüâiâ

e-mail: t.o.banakh@gmail.com

Òîïîëîãi÷íèé ïðîñòið X íàçèâà¹òüñÿ àíàëiòè÷íèì, ÿêùî âií ¹ ìåòðè-
çîâíèì íåïåðåðâíèì îáðàçîì ïîëüñüêîãî (òîáòî ïîâíî-ìåòðèçîâíîãî ñåïà-
ðàáåëüíîãî) ïðîñòîðó. Äîáðå âiäîìî, ùî êîæíà áîðåëiâñüêà ïiäìíîæèíà
ïîëüñüêîãî ïðîñòîðó ¹ àíàëiòè÷íèì ïðîñòîðîì. Çãiäíî ç êëàñè÷íîþ òåîðå-
ìîþ Ñòåôàíà Áàíàõà âiä 1931 ðîêó, êîæíà íåïîâíà àíàëiòè÷íà òîïîëîãi-
÷íà ãðóïà ¹ õóäîþ, òîáòî ¹ îá'¹äíàííÿì çëi÷åííî¨ êiëüêîñòi íiäå íå ùiëü-
íèõ ïiäìíîæèí. Õóäi ïiäìíîæèíè òîïîëîãi÷íîãî ïðîñòîðó X óòâîðþþòü
σ-iäåàë σZ0(X), ùî ¹ íàéáiëüøèì ñåðåä σ-iäåàëiâ σZn(X), ùî ïîðîäæó-
þòüñÿ Zn-ìíîæèíàìè â X. Çàìêíåíà ïiäìíîæèíà A ⊂ X òîïîëîãi÷íîãî
ïðîñòîðó X íàçèâà¹òüñÿ Zn-ìíîæèíîþ â X, ìíîæèíà C([0, 1]n, X \ A)
âiäîáðàæåíü [0, 1]n → B âñþäè ùiëüíà ó ïðîñòîði íåïåðåðâíèõ ôóíêöié
C([0, 1]n, X), íàäiëåíîìó êîìïàêòíî-âiäêðèòîþ òîïîëîãi¹þ. Òîïîëîãi÷íèé
ïðîñòið X íàçèâà¹òüñÿ σZn-ïðîñòîðîì, ÿêùî X ∈ σZn(X). Ëåãêî áà÷è-
òè, ùî σZm(X) ⊂ σZn(X) äëÿ äîâiëüíèõ ÷èñåë 0 ≤ n ≤ m ≤ ω, çâiä-
êè âèïëèâà¹, ùî σ-iäåàë σZω(X) ¹ íàéìåíøèì ñåðåä σ-iäåàëiâ σZn(X).
Âiäïîâiäàþ÷è íà çàïèòàííÿ Ò.Äîáðîâîëüñüêîãî òà �.Ìîãiëüñüêîãî (1990),
àâòîð öi¹¨ ñòàòòi äîâiâ ó 1999 ðîöi, ùî ëiíiéíà îáîëîíêà lin(E) ïðîñòîðó
Åðäåøà E = `2 ∩ Qω â ñåïàðàáåëüíîìó ãiëüáåðòîâîìó ïðîñòîði `2 íå ¹
σZω-ïðîñòîðîì. Òèì íå ìåíøå, äîñi íåâiäîìî ÷è êîæåí íåïîâíèé àíàëi-
òè÷íèé ëiíiéíèé ìåòðè÷íèé ïðîñòið ¹ σZn-ïðîñòîðîì äëÿ êîæíîãî n ∈ N.
Ó öié ñòàòòi ïîäàíî ÷àñòêîâèé ðîçâ'ÿçîê öi¹¨ ïðîáëåìè. À ñàìå, äîâåäåíî,
ùî ÿêùî àíàëiòè÷íà ïiäìíîæèíà A ëiíiéíîãî ìåòðè÷íîãî ïðîñòîðó X íå
ìiñòèòüñÿ ó σZω-ïiäìíîæèíi ïðîñòîðó X, òîäi äëÿ êîæíî¨ ïîëüñüêî¨ îïó-
êëî¨ ïiäìíîæèíè K ⊂ X ç âñþäè ùiëüíîþ àôiííîþ îáîëîíêîþ â X, ñóìà
A+K íåõóäà â X i ìíîæèíè A+A+K òà A−A+K ìàþòü íåïîðîæíþ
âíóòðiøíiñòü â ïîïîâíåííi X̄ ïðîñòîðó X. Çâiäñè âèïëèâà¹, ùî
• àíàëiòè÷íà ïiäãðóïà A ëiíiéíîãî ìåòðè÷íîãî ïðîñòîðó X ¹ σZω-
ïðîñòîðîì, ÿêùî A íå ¹ ïîëüñüêîþ i A ìiñòèòü ïîëüñüêó îïóêëó
ïiäìíîæèíó K ç âñþäè ùiëüíîþ àôiííîþ îáîëîíêîþ â X;

• âñþäè ùiëüíà îïóêëà àíàëiòè÷íà ïiäìíîæèíà A ó ëiíiéíîìó ìåòðè-
÷íîìó ïðîñòîði X ¹ σZω-ïðîñòîðîì, ÿêùî A íå ìiñòèòü âiäêðèòîãî
ïîëüñüêîãî ïiäïðîñòîðó i A ìiñòèòü ïîëüñüêó îïóêëó ïiäìíîæèíó K
ç âñþäè ùiëüíîþ àôiííîþ îáîëîíêîþ â X.

Êëþ÷îâi ñëîâà: Z-ìíîæèíà, σZ-ïðîñòið, àíàëiòè÷íà ìíîæèíà, òîïîëî-
ãi÷íà ãðóïà, îïóêëà ìíîæèíà, ëiíiéíèé ìåòðè÷íèé ïðîñòið.
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For an entire Dirichlet series F (s) =
∞∑
k=0

fk exp{sλk} and a Dirichlet seri-

es G(s) =
∞∑
k=0

gk exp{sλk} with �nite abscissa of the absolute convergence the

Dirichlet series (F ∗G)(s) =
∞∑
k=0

fkgk exp{sλk} is called the Hadamard composi-

tion. In terms of generalized orders the growth of this composition and their
derivatives is investigated. A relation between the behavior of the maximal
terms of the Hadamard composition of the derivatives and of the derivative of
the Hadamard composition is established.

Key words: Dirichlet series, Hadamard composition, generalized order,
maximal term.

1. Introduction

For power series f(z) =

∞∑
k=0

fkz
k and g(z) =

∞∑
k=0

gkz
k with the convergence radii

R[f ] and R[g] the series (f ∗ g)(z) =

∞∑
k=0

fkgkz
k is called the Hadamard composition. It

is well known [1, 2] that R[f ∗ g] ≥ R[f ]R[g]. Properties of this composition obtained by

2010 Mathematics Subject Classi�cation: 30B50, 30D15

c© Mulyava, O., Sheremeta, M., 2019
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J. Hadamard �nd applications [2, 3] in the theory of analytic continuation of the functi-
ons represented by power series. We remark also that singular points of the Hadamard
composition are investigated in the article [4].

For 0 ≤ r < R[f ] let µf (r) = max
{
|fk|rk : k ≥ 0

}
be the maximal term of the

power expansion of f . Studying [5, 6] a connection between the growth of maximal terms
of a derivative of the Hadamard's composition of two entire functions f and g and the
Hadamard composition of their derivatives M. Sen [6], in particular proved, that if the
function (f ∗ g) has order % and lower order λ then for every ε > 0 and all r ≥ r0(ε)

r(n+2)λ−1−ε ≤
µf(n+1)∗g(n+1)(r)

µ(f∗g)(n)(r)
≤ r(n+2)%−1+ε.

Since Dirichlet series with positive increasing to +∞ exponents are direct generali-
zations of power series, a problem becomes natural on similar results for a Hadamard
composition of such series.

So, let Λ = (λk) be an increasing to +∞ sequence of nonnegative numbers
(λ0 = 0), and S(Λ, A) be a class of Dirichlet series

(1) F (s) =

∞∑
k=0

fk exp{sλk}, s = σ + it

with the exponents Λ and the abscissa of absolute convergence σa[F ] = A . If F ∈ (Λ, A1)

and G(s) =

∞∑
k=0

gk exp{sλk} ∈ (Λ, A2) the Dirichlet series

(2) (F ∗G)(s) =

∞∑
k=0

fkgk exp{sλk}

is called [7] the Hadamard composition of F and G.
For a Dirichlet series (1) with σa[F ] = A[F ] = A > −∞ and σ < A we put

M(σ, F ) = sup {|F (σ + it)| : t ∈ R}, and let µ(σ, F ) = max {|fk| exp{σλk} : k ≥ 0} be
the maximal term, ν(σ, F ) = max {k : |fk| exp{σλk} = µ(σ, F )} be the central index and
Λ(σ, F ) = λν(σ,F ). The following result is proved in [7].

Proposition 1. Let n ∈ Z+, m ∈ N and m > n. If σa[F ] = σa[G] = +∞ and ln k =
= o(λk ln λk) as k →∞ then

lim
σ→+∞

1

σ
ln
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
= (m− n)%R[f ∗G]

and (if %R[f ∗G] < +∞)

lim
σ→+∞

1

σ
ln
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
= (m− n)λR[f ∗G],

where %R[f ] and λR[f ] are respectively the R-order and the lower R-order of entire Diri-
chlet series (1). If σa[F ] = σa[G] = 0 and ln k = o(λk/ ln λk) as k →∞ then

lim
σ↑0
|σ| ln µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
= (m− n)%(0)[f ∗G]
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and

lim
σ↑0
|σ| ln µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
= (m− n)λ(0)[f ∗G],

where %(0)[f ] and λ(0)[f ] are respectively the order and the lower order of Dirichlet series
(1) with σa[F ] = 0.

Here we will consider the case, when σa[F ] = +∞ and σa[G] ∈ (−∞+∞).

2. Convergence and growth

We put

A[F ] = lim
k→+∞

1

λk
ln

1

|fk|
, A[F ] = lim

k→+∞

1

λk
ln

1

|fk|
.

It is known ([8],[9]) that σa[F ] ≤ A[F ] and if ln k = o(λk) as k →∞ then σa[F ] = A[F ].
It is easy to see that if A[F ] > −∞ and A[G] > −∞ then A[F ∗ G] ≥ A[F ] + A[G].
Therefore, if σa[F ] = +∞ and A[G] > −∞ then A[F ∗G] = +∞.

We remark also [7] that if σa[F ] = +∞ and σa[G] > −∞ then

σa[F ∗G] ≥ σa[F ] + σa[G] = +∞.

Further, we will also assume that σa[G] = A[G].
In [7] it is proved that

σa[F ∗G] = σa[(F ∗G)(n)] = σa[F (n) ∗G(n)]

for every n ∈ N, whence we get the following statement.

Proposition 2. If σa[F ] = +∞ and σa[G] > −∞ then

σa[F ∗G] = σa[(F ∗G)(n)] = σa[F (n) ∗G(n)] = σa[F ] = +∞

for every n ∈ N.

By L we denote the class of non-negative continuous on (−∞, +∞) functions α
such that α(x) = α(x0) ≥ 0 for x ≤ x0 and α(x) ↑ +∞ as x0 ≤ x → +∞. We say that
α ∈ L0, if α ∈ L and α((1 + o(1))x) = (1 + o(1))α(x) as x → +∞. Finally, α ∈ Lsi, if
α ∈ L and α(cx) = (1 + o(1))α(x) as x → +∞ for each c ∈ (0, +∞), i.e. α is a slowly
increasing function. Clearly, Lsi ⊂ L0.

If α ∈ L, β ∈ L and F ∈ (Λ,+∞) then the quantities

(3) %α,β [F ] := lim
σ→+∞

α(ln M(σ, F ))

β(σ)
, λα,β [F ] := lim

σ→+∞

α(ln M(σ, F ))

β(σ)

are called the generalized (α, β)-order and the generalized lower (α, β)-order of F . If
in (3) we substitute ln µ(σ, F ) instead of ln M(σ, F ) then we obtain quantities, which
we denote by %α,β [ln µ, F ] and λα,β [ln µ, F ] respectively. Substituting Λ(σ, F ) instead of
ln M(σ, F ) by analogy we de�ne %α,β [Λ, F ] and λα,β [Λ, F ]. The following lemma is true
[9, 10].
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Lemma 1. Let α ∈ Lsi, β ∈ L0 and
dβ−1(cα(x))

d ln x
= O(1) as x → +∞ for each

c ∈ (0,+∞) and F ∈ (Λ,+∞). If for each c ∈ (0,+∞)

(4) ln k = o(λkβ
−1(cα(λk))), k →∞,

then

(5) %α,β [F ] = %α,β [ln µ, F ] = lim
k→∞

α(λk)

β

(
1

λk
ln

1

|fk|

) .
If, moreover, α(λk+1) ∼ α(λk) and κk[F ] :=

ln |fk| − ln |fk+1|
λk+1 − λk

↗ +∞ as k0 ≤ k → ∞

then

(6) %α,β [F ] = %α,β [ln µ, F ] = lim
k→∞

α(λk)

β

(
1

λk
ln

1

|fk|

) .
We need also the following lemmas.

Lemma 2. If F ∈ (Λ,+∞), α(ex) ∈ Lsi, β ∈ L0 and α(x) = o(β(x)) as x→ +∞ then
%α,β [ln µ, F ] = %α,β [Λ, F ] and λα,β [ln µ, F ] = λα,β [Λ, F ].

Proof. We use the equality (see [8], [9])

(7) ln µ(σ, F )− ln µ(0, F ) =

σ∫
0

Λ(x)dx, 0 ≤ σ < +∞.

From (7) it follows that for every ε > 0 and all σ ≥ 0

(8)
εσ

1 + ε
Λ

(
σ

1 + ε
, F

)
≤ ln µ(σ, F )− ln µ(0, F ) ≤ σΛ(σ, F ).

Hence ln µ(σ, F ) ≥ Λ

(
σ

1 + ε
, F

)
for all σ > 0 large enough and, thus,

%α,β [Λ, F ] = lim
σ→+∞

α(Λ(σ, F ))

β(σ)
≤ lim
σ→+∞

α(µ((1 + ε)σ, F ))

β((1 + ε)σ)
lim

σ→+∞

β((1 + ε)σ)

β(σ)
,

λα,β [Λ, F ] = lim
σ→+∞

α(Λ(σ, F ))

β(σ)
≤ lim
σ→+∞

α(µ((1 + ε)σ, F ))

β((1 + ε)σ)
lim

σ→+∞

β((1 + ε)σ)

β(σ)
.

Therefore, %α,β [Λ, F ] ≤ %α,β [ln µ, F ]B(ε) and λα,β [Λ, F ] ≤ λα,β [ln µ, F ]B(ε), where in

view of condition β ∈ L0 we get [11] B(ε) = lim
σ→+∞

β((1 + ε)σ)

β(σ)
→ 1 as ε→ 0, and thus,

%α,β [Λ, F ] ≤ %α,β [ln µ, F ] and λα,β [Λ, F ] ≤ λα,β [ln µ, F ].
On the other hand, if on the contrary %α,β [Λ, F ] < %α,β [ln µ, F ] then for every

% ∈ (%α,β [Λ, F ], %α,β [ln µ, F ]) and all σ ≥ σ0(%) we have Λ(σ, F ) ≤ α−1(%β(σ)) and,
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thus, ln µ(σ, F ) ≤ (1 + o(1))σα−1(%β(σ)) as σ → +∞, i.e.

α(ln µ(σ, F )) ≤ (1 + o(1))α(σα−1(%β(σ))) =

= (1 + o(1))α(exp{ln σ + ln α−1(%β(σ))}) ≤
≤ (1 + o(1))α(exp{2 max{ln σ, ln α−1(%β(σ))}}) =

= (1 + o(1))α(exp{max{ln σ, ln α−1(%β(σ)}}) =

= (1 + o(1)) max{α(σ), %β(σ)}) ≤
≤ (1 + o(1))(α(σ) + %β(σ)}) =

= (1 + o(1))%β(σ)), σ → +∞,

whence %α,β [ln µ, F ] ≤ %, which is impossible. Thus, %α,β [ln µ, F ] = %α,β [Λ, F ]. The proof
of the equality λα,β [ln µ, F ] = λα,β [Λ, F ] is similar. �

Lemma 3. If α ∈ L0 and β ∈ L0 then %α,β [F ] = %α,β [F ′] and λα,β [F ] = λα,β [F ′].

Proof. Since [7] for σ < +∞ and 0 < δ(σ) < +∞

(9) M(σ, F ′) ≤ M(σ + δ(σ), F )

δ(σ)

and for σ0 < σ

(10) M(σ, F ) ≤ (σ − σ0)M(σ, F ′) +M(σ0, F ),

using δ(σ) = 1 and σ0 = 0 we have

(1 + o(1)) ln M(σ, F ) ≤ ln M(σ, F ′) ≤ ln M(σ + 1, F ), σ → +∞,

because for every entire Dirichlet series ln σ = o(ln M(σ, F )) as σ → +∞. Since α ∈ L0

and β ∈ L0, we get %α,β [ln µ] = %α,β [Λ] and λα,β [ln µ] = λα,β [Λ]. �

Using Lemma 1 we prove the following statement.

Proposition 3. Let the functions α, β and the sequence (λk) satisfy the conditions of
Lemma 1, A[F ] = +∞ and −∞ < A[G] ≤ A[G] < +∞. Then %α,β [F ∗G] = %α,β [F ] and
if, moreover, α(λk+1) ∼ α(λk), κk[F ] ↗ +∞ and κk[G] ↗ A[G] as k0 ≤ k → ∞ then
λα,β [F ∗G] = λα,β [F ]

Proof. Clearly, if A[F ] = +∞ then
1

λk
ln

1

|fk|
→ +∞ as k → ∞. On the other hand,

since −∞ < A[G] ≤ A[G] < +∞, we have
1

λk
ln

1

|gk|
= O(1) as k →∞. Therefore,

β

(
1

λk
ln

1

|fk|
+

1

λk
ln

1

|gk|

)
= β

(
1

λk
ln

1

|fk|
+O(1)

)
=

= β

(
1 + o(1)

λk
ln

1

|fk|

)
=

= (1 + o(1))β

(
1

λk
ln

1

|fk|

)
, k →∞,
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and by Lemma 1

%α,β [F ∗G] = lim
k→∞

α(λk)

β

(
1

λk
ln

1

|fkgk|

) = lim
k→∞

α(λk)

β

(
1

λk
ln

1

|fk|

) = %α,β [F ∗G]

and similarly λα,β [F ∗G] = λα,β [F ]. �

Lemma 3 implies the following statement.

Proposition 4. If α ∈ L0 and β ∈ L0 then

%α,β [F ∗G] = %α,β [(F ∗G)(n)] = %α,β [F (n) ∗G(n)]

and
λα,β [F ∗G] = λα,β [(F ∗G)(n)] = λα,β [F (n) ∗G(n)]

for each n ≥ 1.

Indeed, by Lemma 3 we have that

%α,β [F ∗G] = %α,β [(F ∗G)′] and λα,β [F ∗G] = λα,β [(F ∗G)′],

that is

%α,β [F ∗G] = %α,β [(F ∗G)(n)] and λα,β [F ∗G] = λα,β [(F ∗G)(n)]

for each n ≥ 1, and since F (n) ∗G(n) = (F ∗G)(2n), we have that

%α,β [F ∗G] = %α,β [F (n) ∗G(n)] and λα,β [F ∗G] = λα,β [F (n) ∗G(n)].

3. Behavior of the maximal terms of Hadamard compositions

The following is the main result in the section.

Theorem 1. Let α(ex) ∈ Lsi, β ∈ L0,
dβ−1(cα(x))

d ln x
= O(1) as x→ +∞ and (4) holds

for each c ∈ (0,+∞). If A[F ] = +∞ and −∞ < A[G] ≤ A[G] < +∞ then for n ∈ Z+,
m ∈ N and m > n

(11) lim
σ→+∞

1

β(σ)
α

(
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))

)
= %αβ [F ].

If, moreover, α(λk+1) ∼ α(λk), κk[F ]↗ +∞ and κk[G]↗ A[G] as k0 ≤ k →∞ then

(12) lim
σ→+∞

1

β(σ)
α

(
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))

)
= λαβ [F ].

Proof. The following inequalities proved in [7] play an important role in the proof of
Theorem 1

(13) Λm−n(σ, (F ∗G)(n)) ≤ µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
≤ Λm−n(σ, (F ∗G)(m))

for σ < σa[F ∗G]. Since α(ex) ∈ Lsi, we have

α(Λm−n(σ, (F ∗G)(n))) = α(exp{(m− n) ln Λ(σ, (F ∗G)(n))}) =

= (1 + o(1))α(exp{ln Λ(σ, (F ∗G)(n))}) =

= (1 + o(1))α(Λ(σ, (F ∗G)(n))), σ → +∞,
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and, therefore, (13) implies

α(Λ(σ, (F ∗G)(n))) ≤ (1 + o(1))α

(
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))

)
≤ α(Λ(σ, (F ∗G)(m)))

as σ → +∞, whence

%αβ [Λ, (F ∗G)(n)] ≤ lim
σ→+∞

1

β(σ)
α

(
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))

)
≤

≤ %αβ [Λ, (F ∗G)(m)]

(14)

and

λαβ [Λ, (F ∗G)(n)] ≤ lim
σ→+∞

1

β(σ)
α

(
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))

)
≤

≤ λαβ [Λ, (F ∗G)(m)].

(15)

We remark that the condition
dβ−1(cα(x))

d ln x
= O(1) as x → +∞ for each c ∈ (0,+∞)

implies the condition α(x) = o(β(x)) as x → +∞. Therefore, applying Lemma 2,
Lemma 1, Proposition 4 and Proposition 3 consequently, we obtain %αβ [Λ, (F ∗G)(n)] =

= %αβ [ln µ, (F ∗ G)(n)] = %αβ [(F ∗ G)(n)] = %αβ [F ∗ G] = %αβ [F ] and similarly

λαβ [Λ, (F ∗G)(n)] = λαβ [F ]. Therefore, from (14) and (15) we get (11) and (12). �

Choosing m = 2n we obtain the following corollary.

Corollary 1. Let the functions α, β and the sequence (λk) satisfy the conditions of
Theorem 1, A[F ] = +∞ and −∞ < A[G] ≤ A[G] < +∞ then for n ∈ N

lim
σ→+∞

1

β(σ)
α

(
µ(σ, F (n) ∗G(n))

µ(σ, (F ∗G)(n))

)
= %αβ [F ].

If, moreover, α(λk+1) ∼ α(λk), κk[F ]↗ +∞ and κk[G]↗ A[G] as k0 ≤ k →∞ then

lim
σ→+∞

1

β(σ)
α

(
µ(σ, F (n) ∗G(n))

µ(σ, (F ∗G)(n))

)
= λαβ [F ].

4. Hadamard compositions of the finite R-order

If we choose α(x) = ln x and β(x) = x for x ≥ 3 then from (3) we obtain the
de�nition of the R-order

%R[F ] := lim
σ→+∞

ln ln M(σ, F )

σ

and the lower R-order

λR[F ] := lim
σ→+∞

ln ln M(σ, F )

σ

introduced by J. Ritt [12] for a function F ∈ S(Λ, +∞).
The functions α(x) = ln x and β(x) = x satisfy the conditions of Lemmas 1 and

3 and do not satisfy the condition α(ex) ∈ Lsi of Lemma 2. But it follows from (8)
that %R[Λ, F ] = %R[ln µ, F ] and λR[Λ, F ] = λR[ln µ, F ]. Therefore, as in the proof of
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Theorem 1, we have %R[Λ, (F ∗ G)(n)] = %R[F ] and λR[Λ, (F ∗ G)(n)] = λR[F ]. On the
other hand, from (13) we get

(m− n) ln Λ(σ, (F ∗G)(n)) ≤ ln
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
≤

≤ (m− n) ln Λm−n(σ, (F ∗G)(m))

(16)

and, thus, the following theorem is true.

Theorem 2. If A[F ] = +∞, −∞ < A[G] ≤ A[G] < +∞), and ln k = o(λk ln λk) as
k →∞. Then for n ∈ Z+, m ∈ N and m > n

lim
σ→+∞

1

σ
ln
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
= (m− n)%R[F ].

If, moreover, ln λk+1 ∼ ln λk, κk[F ]↗ +∞ and κk[G]↗ A[G] as k0 ≤ k →∞ then

lim
σ→+∞

1

σ
ln
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
= (m− n)λR[F ].

If we choose m = 2n+ 2 then from Theorem 2 we obtain the following analogue of
the above-mentioned result of M.K. Sen.

Corollary 2. A[F ] = +∞, −∞ < A[G] ≤ A[G] < +∞, and ln k = o(λk ln λk) as
k →∞. Then for n ∈ Z+

lim
σ→+∞

1

σ
ln
µ(σ, F (n+1) ∗G(n+1))

µ(σ, (F ∗G)(n))
= (n+ 2)%R[F ].

If, moreover, ln λk+1 ∼ ln λk, κk[F ]↗ +∞, and κk[G]↗ A[G] as k0 ≤ k →∞ then

lim
σ→+∞

1

σ
ln
µ(σ, F (n+1) ∗G(n+1))

µ(σ, (F ∗G)(n))
= (n+ 2)λR[F ].

Let now 0 < %R[F ] < +∞. If we choose α(x) = x and β(x) = exp{%R[F ]x} for
x ≥ 0 then from (3) we obtain the de�nition of the R-type,

TR[F ] = lim
σ→+∞

ln M(σ, F )

exp{%R[F ]σ}
,

and the lover R-type,

tR[F ] = lim
σ→+∞

ln M(σ, F )

exp{%R[F ]σ}
.

It is clear that the functions α(x) = x and β(x) = exp{%R[F ]x} do not satisfy the
conditions of Lemma 1, but the following lemma is true (see for example [10], [12], [13]).

Lemma 4. If F ∈ (Λ,+∞) and ln k = o(λk) as k →∞ then

TR[F ] = TR[ln µ, F ] = lim
k→∞

λk
e%R[F ]

|fk|%R[F ]/λk .

If, moreover, λk+1 ∼ λk and κk[F ]↗ +∞ as k0 ≤ k →∞ then

tR[F ] = tR[ln µ, F ] = lim
k→∞

λk
e%R[F ]

|fk|%R[F ]/λk .
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The following lemma indicates the connection between the growth of ln µ(σ, F ) and
Λ(σ, F ) in terms of R-types.

Lemma 5. Let F ∈ (Λ,+∞) and ln k = o(λk) as k →∞. Then

(17)
TR[Λ, F ]

e%R[F ]
≤ TR[ln µ, F ] ≤ TR[Λ, F ]

%R[F ]

and

(18)
tR[Λ, F ]

e%R[F ]
≤ tR[ln µ, F ] ≤ TR[Λ, F ]

%R[F ]
ln
e%R[F ]TR[ln µ, F ]

TR[Λ, F ]
.

Proof. From (7) for σ ≥ 1/%R[F ] we have

ln µ(σ, F )− ln µ(0, F ) ≥
σ∫

σ−1/%R[F ]

Λ(x)dx ≥ Λ(σ − 1/%R[F ])

%R[F ]
,

i.e.,

TR[ln µ, F ] ≥ lim
σ→+∞

Λ(σ − 1/%R[F ])

%R[F ] exp{%R[F ]σ}
= lim
σ→+∞

Λ(σ − 1/%R[F ])

e%R[F ] exp{%R[F ](σ − 1/%R[F ])}
,

whence TR[ln µ, F ] ≥ TR[Λ, F ]

e%R[F ]
. Similarly, tR[ln µ, F ] ≥ tR[Λ, F ]

e%R[F ]
. Thus, the inequalities

on the left side in (17) and (18) are proved.
On the other hand, if TR[Λ, F ] < +∞ then Λ(σ) ≤ T exp{%R[F ]σ} for every

T > TR[Λ.F ] and all σ ≥ σ0(T ). Therefore,

ln µ(σ, F )− ln µ(σ0(T ), F ) ≤ T
σ∫

σ0(T )

exp{%R[F ]x}dx =

=
T

%R[F ]
(exp{%R[F ]σ} − exp{%R[F ]σ0(T )}),

whence TR[ln µ, F ] ≤ T/%R[F ], i.e. in view of the arbitrariness of T we get TR[ln µ, F ] ≤
TR[Λ, F ]/%R[F ].

Finally, suppose that tR[ln µ, F ] > 0 and TR[Λ, F ] > 0. Then for every
t ∈ (0, tR[ln µ, F ]) and T ∈ (0, TR[Λ, F ]) there exists an unbounded set E ⊂ [0, +∞)
such that ln µ(σ, F ) ≥ t exp{%[F ]σ} and Λ(σ) ≥ T exp{%R[F ]σ}. Therefore, for σ∗ ∈ E
and σ > σ∗

ln µ(σ, F ) = ln µ(σ∗, F ) +

σ∫
σ∗

Λ(x, F )dx

≥ ln µ(σ∗, F ) + Λ(σ∗, F )

σ∫
σ∗

dx ≥

≥ t exp{%R[F ]σ∗}+ (σ − σ∗)T exp{%R[F ]σ∗}.
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Therefore,
ln µ(σ, F )

exp{%R[F ]σ}
≥ t+ (σ − σ∗)T

exp{%R[F ](σ − σ∗)}
.

Since the maximum of the function ϕ(x) =
t+ Tx

exp{%R[F ]x}
is reached at the point

x =
T − t%R[F ]

T%R[F ]
, we obtain TR[ln µ] ≥ T

e%R[F ]
exp

{
%R[F ]t

T

}
and in view of the arbi-

trariness of t and T we get

TR[ln µ, F ] ≥ TR[Λ, F ]

e%R[F ]
exp

{
%R[F ]tR[ln µ, F ]

TR[Λ, F ]

}
,

whence the right side of (18) follows. The proof of Lemma 5 is complete. �

Lemma 6. For every entire Dirichlet series (1) TR[F ] = TR[F ′] and tR[F ] = tR[F ′].

Proof. Choosing δ(σ) = 1/(σ + 1) for σ ≥ 0 from (9) we obtain

ln M(σ, F ′)

exp{σ%R[F ]}
≤ ln M(σ + 1/(σ + 1), F ′) + ln (σ + 1)

exp{σ%R[F ]}
=

=
ln M(σ + 1/(σ + 1), F ′)

exp{(σ + 1/(σ + 1))%R[F ]}
exp

{
%R[F ]

σ + 1

}
+

ln (σ + 1)

exp{σ%R[F ]}
,

whence TR[F ′] ≤ TR[F ] and tR[F ′] ≤ tR[F ]. On the other hand, in view of (10)
ln M(σ, F ) ≤ (1 + o(1)) ln M(σ, F ) as σ → +∞, whence TR[F ] ≤ TR[F ′] and
tR[F ] ≤ tR[F ′]. �

Using Lemma 4 we prove the following statement.

Proposition 5. Let A[F ] = +∞, −∞ < A[G] ≤ A[G] < +∞ and ln k = o(λk) as
k →∞. Then

(19) TR[F ] exp{−A[G]%R[F ]} ≤ TR[F ∗G] ≤ TR[F ] exp{−A[G]%R[F ]}

and if, moreover, λk+1 ∼ λk, κk[F ]↗ +∞ and κk[G]↗ A[G] as k0 ≤ k →∞ then

(20) tR[F ] exp{−A[G]%R[F ]} ≤ tR[F ∗G] ≤ tR[F ] exp{−A[G]%R[F ]}.

Proof. By Proposition 3 %R[F ∗G] = %R[F ]. Therefore, by Lemma 4

TR[F ∗G] = lim
k→∞

λk
e%R[F ∗G

]|fkgk|%R[F∗G]/λk =

= lim
k→∞

λk
e%R[F ]

|fk|%R[F ]/λk exp

{
−%R[F ]

1

λk
ln

1

|gk|

}
,

whence

TR[F ∗G] ≤ lim
k→∞

λk
e%R[F ]

|fk|%R[F ]/λk lim
k→∞

exp

{
−%R[F ]

1

λk
ln

1

|gk|

}
=

= TR[F ] exp

{
−%R[F ] lim

k→∞

1

λk
ln

1

|gk|

}
=

= TR[F ] exp{−A[G]%R[F ]}.
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and

TR[F ∗G] ≥ lim
k→∞

λk
e%R[F ]

|fk|%R[F ]/λk lim
k→∞

exp

{
−%R[F ]

1

λk
ln

1

|gk|

}
=

= TR[F ] exp

{
−%R[F ] lim

k→∞

1

λk
ln

1

|gk|

}
=

= TR[F ] exp{−A[G]%R[F ]},

i.e. we get (19). The proof of (20) is similar. �

Finally, Lemma 6 implies the following statement.

Proposition 6. The equalities

TR[F ∗G] = TR[(F ∗G)(n)] = TR[F (n) ∗G(n)]

and

tR[F ∗G] = tR[(F ∗G)(n)] = tR[F (n) ∗G(n)]

are true for each n ≥ 1.

Therefore, the following theorem is true.

Theorem 3. Let A[F ] = +∞, −∞ < A[G] ≤ A[G] < +∞ and ln k = o(λk) as k →∞.
Then for n ∈ Z+, m ∈ N and m > n

%R[F ]TR[F ∗G]

exp{A[G]%R[F ]}
≤ lim
σ→+∞

1

exp{%R[F ]σ}
m−n

√
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
≤

≤ e%R[F ]TR[F ∗G]

exp{A[G]%R[F ]}
.

(21)

Proof. From (13) it follows that

TR[Λ, (F ∗G)(n)] ≤ lim
σ→+∞

1

exp{%R[F ]σ}
m−n

√
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
) ≤

≤ TR[Λ, (F ∗G)(m)].

(22)

Using Proposition 6, Lemmas 5 and 4 from (22) we get (21). �

Remark 1. Similarly, we can prove that if the conditions of Theorem 3 are satis�ed and,
moreover, λk+1 ∼ λk, κk[F ]↗ +∞ and κk[G]↗ A[G] as k0 ≤ k →∞ then

lim
σ→+∞

1

exp{%R[F ]σ}
m−n

√
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
≤ e%R[F ]tR[F ∗G]

exp{A[G]%R[F ]}

We were not able to obtain a lower estimate for this lim, because there is no such an
estimate for tR(Λ).
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5. Hadamard compositions of the finite logarithmic order

In the theory of entire Dirichlet series, the logarithmic order

%l[F ] :== lim
σ→+∞

ln ln M(σ, F )

ln σ

and lower order

λl[F ] := lim
σ→+∞

ln ln M(σ, F )

ln σ

are also used. We remark that λl[F ] ≥ 1 for each entire Dirichlet series.
The function α(x) = β(x) = ln x not hold the condition of Lemma 1, but the

following statement is true [13].

Lemma 7. If F ∈ (Λ,+∞) and

(23) lim
k→∞

ln ln k

ln λk
< 1

then %l[F ] = lim
k→∞

ln λk

ln
(

1
λk

ln 1
|fk|

) + 1. If, moreover, ln λk+1 ∼ ln λk and κk[F ] ↗ +∞

as k0 ≤ k →∞ then λl[F ] = lim
k→∞

ln λk

ln
(

1
λk

ln 1
|fn|

) + 1.

As in the proof of Proposition 3 using Lemma 7 we get the following statement.

Proposition 7. Let A[F ] = +∞, −∞ < A[G] ≤ A[G] < +∞ and (23) holds. Then
%l[F ∗ G] = %l[F ]. If, moreover, ln λk+1 ∼ ln λk, κk[F ] ↗ +∞ and κk[G] ↗ A[G] as
k0 ≤ k →∞ then λl[F ∗G] = λl[F ].

From (9) with δ(σ) = 1 and (10) we obtain %l[F
′] = %l[F ] and λl[F

′] = λl[F ]. From
(8) with ε = 1 we obtain

σ

2
Λ
(σ

2
, F
)
≤ ln µ(σ, F )− ln µ(0, F ) ≤ σΛ(σ),

whence %l[ln µ, F ]− 1 = %l[Λ, F ] and λl[ln µ, F ]− 1 = λl[Λ, F ]. Finally, (16) implies the
inequalities

(m− n)%l(Λ, (F ∗G)(n)) ≤ lim
σ→+∞

1

ln σ
ln
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
≤

≤ (m− n)%l(Λ, (F ∗G)(m))

and

(m− n)λl(Λ, (F ∗G)(n)) ≤ lim
σ→+∞

1

ln σ
ln
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
≤

≤ (m− n)λl(Λ, (F ∗G)(m)).

Therefore, as usual, we arrive at the following theorem.
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Theorem 4. Let A[F ] = +∞, −∞ < A[G] ≤ A[G] < +∞ and (23) holds. Then for
n ∈ Z+, m ∈ N and m > n

lim
σ→+∞

1

ln σ
ln
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
= (m− n)(%l[F ]− 1).

If, moreover, ln λk+1 ∼ ln λk, κk[F ]↗ +∞ and κk[G]↗ A[G] as k0 ≤ k →∞ then

lim
σ→+∞

1

ln σ
ln
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
= (m− n)(λl[F ]− 1).
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Äëÿ ñòåïåíåâèõ ðÿäiâ f(z) =
∞∑
k=0

fkz
k i g(z) =

∞∑
k=0

gkz
k iç ðàäióñàìè

çáiæíîñòi R[f ] i R[g] ðÿä (f ∗ g)(z) =
∞∑
k=0

fkgkz
k íàçèâà¹òüñÿ àäàìàðîâîþ

êîìïîçèöi¹þ. Äëÿ 0 ≤ r < R[f ] íåõàé µf (r) = max{|fk|rk : k ≥ 0} � ìàêñè-
ìàëüíèé ÷ëåí ñòåïåíåâîãî ðîçâèíåííÿ ôóíêöi¨ f . Âèâ÷àþ÷è çâ'ÿçîê ìiæ
çðîñòàííÿì ìàêñèìàëüíèõ ÷ëåíiâ ïîõiäíèõ àäàìàðîâî¨ êîìïîçèöi¨ äâîõ öi-
ëèõ ôóíêöié f òà g i àäàìàðîâîþ êîìïîçèöi¹þ ¨õ ïîõiäíèõ Ì. Ñåí çîêðåìà
äîâiâ, ùî ÿêùî ôóíêöiÿ (f ∗ g) ìà¹ ïîðÿäîê % i íèæíié ïîðÿäîê λ, òî äëÿ
êîæíîãî ε > 0 i âñiõ r ≥ r0(ε)

r(n+2)λ−1−ε ≤
µf(n+1)∗g(n+1)(r)

µ(f∗g)(n)(r)
≤ r(n+2)%−1+ε.

Îñêiëüêè ðÿäè Äiðiõëå ç äîäàòíèìè çðîñòàþ÷èìè äî +∞ ïîêàçíèêàìè ¹
ïðÿìèì óçàãàëüíåííÿì ñòåïåíåâèõ ðÿäiâ, òî ïðèðîäíî ïîñòà¹ ïèòàííÿ ïðî
ïîäiáíi ðåçóëüòàòè äëÿ àäàìàðîâî¨ êîìïîçèöi¨ òàêèõ ðÿäiâ. Îòæå, íåõàé
Λ = (λk) � çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü íåâiä'¹ìíèõ ÷èñåë (λ0 = 0), i

S(Λ, A) � êëàñ ðÿäiâ Äiðiõëå F (s) =
∞∑
k=0

fk exp{sλk}, (s = σ + it), ç ïîêàç-

íèêàìè Λ i àáñöèñîþ àáñîëþòíî¨ çáiæíîñòi σa[F ] = A. ßêùî F ∈ (Λ, A1) i

G(s) =
∞∑
k=0

gk exp{sλk} ∈ (Λ, A2), òî ðÿä Äiðiõëå

(F ∗G)(s) =

∞∑
k=0

fkgk exp{sλk}

íàçèâà¹òüñÿ àäàìàðîâîþ êîìïîçèöi¹þ ôóíêöié F òà G.
Äëÿ ðÿäó Äiðiõëå F (s) ç σa[F ] = A[F ] = A > −∞ äëÿ σ < A ìàêñèìàëüíèì
÷ëåíîì íàçèâàòèìåìî µ(σ, F ) = max{|fk| exp{σλk} : k ≥ 0}. Âiäîìî, ùî
äëÿ n ∈ Z+, m ∈ N i m > n, ÿêùî σa[F ] = σa[G] = +∞ i ln k = o(λk ln λk)
ïðè k →∞, òî

lim
σ→+∞

1

σ
ln
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
= (m− n)%R[f ∗G]

i (ÿêùî %R[f ∗G] < +∞)

lim
σ→+∞

1

σ
ln
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
= (m− n)λR[f ∗G],
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äå %R[f ] i λR[f ] âiäïîâiäíî R-ïîðÿäîê òà íèæíié R-ïîðÿäîê öiëîãî ðÿäó
Äiðiõëå. ßêùî σa[F ] = σa[G] = 0 i ln k = o(λk/ ln λk) ïðè k →∞, òî

lim
σ↑0
|σ| ln µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
= (m− n)%(0)[f ∗G]

i

lim
σ↑0
|σ| ln µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
= (m− n)λ(0)[f ∗G],

äå %(0)[f ] i λ(0)[f ] âiäïîâiäíî ïîðÿäîê òà íèæíié ïîðÿäîê ðÿäó Äiðiõëå ç
σa[F ] = 0.
Ó ïðàöi îòðèìàíî àíàëîãi÷íi ðåçóëüòàòè äëÿ âèïàäêó σa[F ] = +∞ i σa[G] ∈
(−∞+∞).

Êëþ÷îâi ñëîâà: ðÿä Äiðiõëå, êîìïîçèöiÿ Àäàìàðà, óçàãàëüíåíèé ïîðÿ-
äîê, ìàêñèìàëüíèé ÷ëåí.
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Ðîçãëÿóòî íåîäíîðiäíå äèôåðåíöiàëüíå ðiâíÿííÿ Øàõà

z2w′′ + +(β0z
2 + β1z)w

′ + (γ0z
2 + γ1z + γ2)w = A(z),

äå A(z) =

∞∑
n=0

anz
n, à ðàäióñ çáiæíîñòi îñòàííüîãî ñòåïåíåâîãî ðÿäó R[A] >

1. Âèçíà÷åíî óìîâè íà êîåôiöi¹íòè an ñòåïåíåâîãî ðîçâèíåííÿ ôóíêöi¨ A(z)
òà íà ïàðàìåòðè β0, β1, γ0, γ1, γ2, çà ÿêèõ íåîäíîðiäíå ðiâíÿííÿ Øàõà
ìà¹ áëèçüêi äî îïóêëèõ â îäèíè÷íîìó êðóçi ðîçâ'ÿçêè. Îêðåìî ðîçãëÿíóòî
âèïàäêè γ2 = 0 òà γ2 > 0, êîæåí iç ÿêèõ òåæ ðîçïàäà¹òüñÿ íà ïiäâèïàäêè.

Êëþ÷îâi ñëîâà: íåîäíîðiäíå äèôåðåíöiàëüíå ðiâíÿííÿ, áëèçüêiñòü äî
îïóêëîñòi.

1. Âñòóï i äîïîìiæíi ëåìè

Îäíîëèñòà àíàëiòè÷íà â D = {z : |z| < 1} ôóíêöiÿ

(1) f(z) =

∞∑
n=0

fnz
n

íàçèâà¹òüñÿ îïóêëîþ, ÿêùî f(D) � îïóêëà îáëàñòü. Äîáðå âiäîìî [1, c. 203], ùî óìîâà
Re {1 + zf ′′(z)/f ′(z)} > 0 (z ∈ D) ¹ íåîáõiäíîþ i äîñòàòíüîþ äëÿ îïóêëîñòi f . Ôóíê-
öiÿ f íàçèâà¹òüñÿ [2], [1, c. 583] áëèçüêîþ äî îïóêëî¨ â D, ÿêùî iñíó¹ îïóêëà â D
ôóíêöiÿ Φ òàêà, ùî Re (f ′(z)/Φ′(z)) > 0 (z ∈ D). Áëèçüêà äî îïóêëî¨ ôóíêöiÿ f
õàðàêòåðèçó¹òüñÿ òèì, ùî çîâíiøíiñòü G îáëàñòi f(D) ìîæíà çàïîâíèòè ïðîìåíÿìè,
ÿêi âèõîäÿòü ç ∂G i ïîâíiñòþ ëåæàòü â G. Êîæíà áëèçüêà äî îïóêëî¨ ôóíêöiÿ ¹

2010 Mathematics Subject Classi�cation: 34M05, 30B10, 30C45.

c© Òðóõàí, Þ., Øåðåìåòà, Ì., 2019
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îäíîëèñòîþ â D, i òîìó f ′(0) 6= 0. Çâiäñè âèïëèâà¹, ùî f ¹ áëèçüêîþ äî îïóêëî¨ òîäi
i òiëüêè òîäi, êîëè òàêîþ ¹ ôóíêöiÿ

(2) g(z) = z +

∞∑
n=2

gnz
n,

äå gn = fn/f1.
Ñ. Øàõ [3] âêàçàâ óìîâè íà äiéñíi êîåôiöi¹íòè β0, β1, γ0, γ1, γ2 äèôåðåíöiàëü-

íîãî ðiâíÿííÿ

z2w′′ + (β0z
2 + β1z)w

′ + (γ0z
2 + γ1z + γ2)w = 0,

çà ÿêèõ iñíó¹ öiëèé òðàíñöåíäåíòíèé ðîçâ'ÿçîê f òàêèé, ùî àáî âñi éîãî ïîõiäíi,
àáî ïàðíi ïîõiäíi, àáî íåïàðíi ïîõiäíi ¹ áëèçüêèìè äî îïóêëèõ â D ôóíêöiÿìè. Äîñ-
ëiäæåííÿ Ñ. Øàõà ïðîäîâæåíî ó [4,5]. Ìè ðîçãëÿíåìî íåîäíîðiäíå äèôåðåíöiàëüíå
ðiâíÿííÿ Øàõà

(3) z2w′′ + (β0z
2 + β1z)w

′ + (γ0z
2 + γ1z + γ2)w =

∞∑
n=0

anz
n

ç êîìïëåêñíèìè ïàðàìåòðàìè, äå ðàäióñ çáiæíîñòi ðÿäó A(z) =

∞∑
n=0

anz
n äîðiâíþ¹

R[A] ∈ (0, +∞].
Íàéïåðøå çàóâàæèìî, ùî [6] àíàëiòè÷íà â äåÿêîìó îêîëi ïî÷àòêó êîîðäèíàò

ôóíêöiÿ (1) ¹ ðîçâ'ÿçêîì äèôåðåíöiàëüíîãî ðiâíÿííÿ (3) òîäi i òiëüêè òîäi, êîëè

(4) γ2f0 = a0, (β1 + γ2)f1 + γ1f0 = a1

i äëÿ n ≥ 2

(5) (n(n+ β1 − 1) + γ2)fn + (β0(n− 1) + γ1)fn−1 + γ0fn−2 = an.

Â [6] äîâåäåíî òàêó ëåìó.

Ëåìà 1. ßêùî ôóíêöiÿ (1) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (3) i n(n + β1 − 1) + γ2 6= 0 äëÿ

âñiõ n ≥ 2, òî R[f ] = R[A].

Äîáðå âiäîìà [7], [8, c. 9] òàêà ëåìà Àëåêñàíäåðà.

Ëåìà 2. ßêùî êîåôiöi¹íòè àíàëiòè÷íî¨ â D ôóíêöi¨ (2) çàäîâîëüíÿþòü óìîâó

(6) 1 ≥ 2g2 ≥ 3g3 ≥ · · · ≥ ngn ≥ (n+ 1)gn+1 ≥ · · · > 0

òî âîíà áëèçüêà äî îïóêëî¨.

Îñêiëüêè äëÿ êîåôiöi¹íòiâ ðîçâ'ÿçêó ðiâíÿííÿ (3) ïðàâèëüíà ðåêóðåíòíà ôîð-
ìóëà (5), òî áóäå êîðèñíîþ òàêà ëåìà.

Ëåìà 3. Íåõàé g0 = 0, g1 = 1 i

(7) gn+1 = ξngn + ηngn−1 + bn, n ≥ 1,

äå ξn, ηn, bn - äîäàòíi ÷èñëà. Ïðèïóñòèìî, ùî:

1) 2(ξ1 + b1) ≤ 1;
2) (n+ 1)bn ≤ nbn−1 äëÿ âñiõ n ≥ 2;
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3)
3

2
ξ2 + 3η2 ≤ 2ξ1;

4)
n+ 1

n
ξn ≤

n

n− 1
ξn−1 i

n+ 1

n− 1
ηn ≤

n

n− 2
ηn−1 äëÿ âñiõ n ≥ 3.

Òîäi ïðàâèëüíi íåðiâíîñòi (6).

Äîâåäåííÿ. Îñêiëüêè g2 = ξ1 + b1, òî ç óìîâè 1) âèïëèâà¹ íåðiâíiñòü 1 ≥ 2g2. Äëÿ
n = 2 ìà¹ìî g3 = ξ2g2 + η2 + b2, i îòæå, ç îãëÿäó íà óìîâó 3) i óìîâó 2) ç n = 2
îòðèìó¹ìî

3g3 = 3ξ2g2 + 3η2 + 3b2 ≤
3

2
ξ2 + 3η2 + 3b2 ≤ 2ξ1 + 2b1 = 2g2.

Ïðèïóñòèìî, ùî n ≥ 3 i 1 ≥ 2g2 ≥ 3g3 ≥ · · · ≥ ngn. Òîäi ç îãëÿäó íà óìîâè 2) i 4)

(n+ 1)gn+1 − ngn = (n+ 1)ξngn + (n+ 1)ηngn−1 + (n+ 1)bn−
− nξn−1gn−1 − nηn−1gn−2 − nbn−1 =

=
n+ 1

n
ξnngn −

n

n− 1
ξn−1(n− 1)gn−1 +

n+ 1

n− 1
ηn(n− 1)gn−1−

− n

n− 2
ηn−1(n− 2)gn−2 + (n+ 1)bn − nbn−1 ≤

≤ n

n− 1
ξn−1(ngn − (n− 1)gn−1) +

n

n− 2
ηn−1((n− 1)gn−1 − (n− 2)gn−2) ≤ 0

Ëåìó 3 äîâåäåíî. �

Ââàæàþ÷è, ùî n(n + β1 − 1) + γ2 6= 0 äëÿ âñiõ n ≥ 2, ðåêóðåíòíó ôîðìóëó (5)
ìîæåìî ïåðåïèñàòè ó âèãëÿäi

fn = − β0(n− 1) + γ1
n(n+ β1 − 1) + γ2

fn−1 −
γ0

n(n+ β1 − 1) + γ2
fn−2 +

an
n(n+ β1 − 1) + γ2

.

Äëÿ òîãî, ùîá âèêîðèñòàòè ëåìó 3 áóäåìî ââàæàòè, ùî β0 ≤ 0, γ0 ≤ 0, γ1 ≤ 0, γ2 ≥ 0,
β1 ≥ −1 i an ≥ 0 (n ≥ 2). Òîäi

(8) fn =
|β0|(n− 1) + |γ1|
n(n+ β1 − 1) + γ2

fn−1 +
|γ0|

n(n+ β1 − 1) + γ2
fn−2 +

an
n(n+ β1 − 1) + γ2

.

Ç ïåðøî¨ ðiâíîñòi (4) âèïëèâà¹, ùî âèáið f0 çàëåæèòü âiä òîãî, ÿêèì ¹ ïàðàìåòð
γ2. Äîñëiäæåííÿ ïî÷íåìî ç ïðîñòiøîãî âèïàäêó.

2. Âèïàäîê γ2 = 0

Ç (4) âèïëèâà¹, ùî a0 = 0, òîáòî f0 ìîæå áóòè áóäü-ÿêèì; âèáåðåìî f0 = 0. Òîäi
β1f1 = a1. Òîìó ìîæëèâi äâà òàêi âàðiàíòè:

2à) β1 = a1 = 0;
2á) β1 6= 0 i a1 6= 0.

Çà óìîâè 2à) f1 ìîæå áóòè áóäü-ÿêèì; âèáåðåìî f1 = 1. Òîìó ðîçâ'ÿçîê ðiâíÿííÿ
(3) øóêàòèìåìî ó âèãëÿäi

(9) f(z) = z +

∞∑
n=2

fnz
n,



ÁËÈÇÜÊIÑÒÜ ÄÎÎÏÓÊËÎÑÒI ÐÎÇÂ'ßÇÊIÂ ÎÄÍÎÃÎÍÅÎÄÍÎÐIÄÍÎÃÎ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2019. Âèïóñê 88 101

äå êîåôiöi¹íòè fn, ÿê âèäíî ç (8), âèçíà÷àþòüñÿ ðåêóðåíòíîþ ôîðìóëîþ

(10) fn+1 =
|β0|n+ |γ1|
n(n+ 1)

fn +
|γ0|

n(n+ 1)
fn−1 +

an+1

n(n+ 1)
.

Ôîðìóëà (10) çáiãà¹òüñÿ ç ôîðìóëîþ (7), ÿêùî fn = gn i

ξn =
|β0|n+ |γ1|
n(n+ 1)

, ηn =
|γ0|

n(n+ 1)
, bn =

an+1

n(n+ 1)
.

Ëåãêî ïåðåâiðèòè, ùî óìîâè 1) - 4) ëåìè 3 çáiãàþòüñÿ, âiäïîâiäíî, ç óìîâàìè:
1a) |β0|+ |γ1|+ a2 ≤ 1;

2a)
an+1

n
≤ an
n− 1

äëÿ âñiõ n ≥ 2;

3a) |γ0| ≤ |β0|+ 3|γ1|/2;

4a)
|β0|n+ |γ1|

n2
≤ |β0|(n− 1) + |γ1|

(n− 1)2
i
|γ0|
n
≤ |γ0|
n− 2

äëÿ âñiõ n ≥ 3.

Îñêiëüêè íåðiâíîñòi â óìîâi 4a) ¹ î÷åâèäíèìè, òî çà ëåìàìè 1�3 îòðèìó¹ìî
òàêó òåîðåìó.

Òåîðåìà 1. Íåõàé γ2 = a0 = β1 = a1 = 0, β0 ≤ 0, γ0 ≤ 0, γ1 ≤ 0, |β0|+ |γ1|+ a2 ≤ 1

i |γ0| ≤ |β0| + 3|γ1|/2, à R[A] ≥ 1 i 0 <
an+1

n
≤ an

n− 1
äëÿ âñiõ n ≥ 2. Òîäi iñíó¹

ðîçâ'ÿçîê (9) äèôåðåíöiàëüíîãî ðiâíÿííÿ (3) ç R[f ] = R[A], ÿêèé áëèçüêèé äî îïóêëî¨

â D ôóíêöi¹þ.

Çà óìîâè 2á) ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ (3) íàáóâà¹ âèãëÿäó

(11) f(z) =
a1
β1
z +

∞∑
n=2

fnz
n,

äå êîåôiöi¹íòè fn âèçíà÷àþòüñÿ ðåêóðåíòíîþ ôîðìóëîþ

n(n+ β1 − 1)fn + (β0(n− 1) + γ1)fn−1 + γ0fn−2 = an,

ç ÿêî¨ çà óìîâ β0 ≤ 0, γ0 ≤ 0, γ1 ≤ 0 i n+ β1 − 1 6= 0 äëÿ âñiõ n ≥ 2 âèïëèâà¹, ùî

(12) fn+1 =
|β0|n+ |γ1|

(n+ 1)(n+ β1)
fn +

|γ0|
(n+ 1)(n+ β1)

fn−1 +
an+1

(n+ 1)(n+ β1)
.

Ïðèïóñòèìî, ùî a1/β1 ∈ (0,+∞). Îñêiëüêè äëÿ êîåôiöi¹íòiâ âiäïîâiäíî¨ ôóíêöi¨ (2)
âèêîíó¹òüñÿ gn = β1fn/a1, òî ç (12) âèïëèâà¹ ðåêóðåíòíà ôîðìóëà

gn+1 =
β1
a1
fn+1 =

=
|β0|n+ |γ1|

(n+ 1)(n+ β1)
fn
β1
a1

+
|γ0|

(n+ 1)(n+ β1)
fn−1

β1
a1

+
β1
a1

an+1

(n+ 1)(n+ β1)
=

=
|β0|n+ |γ1|

(n+ 1)(n+ β1)
gn +

|γ0|
(n+ 1)(n+ β1)

gn−1 +
β1
a1

an+1

(n+ 1)(n+ β1)
,

ÿêà çáiãà¹òüñÿ ç ôîðìóëîþ (7), ÿêùî

ξn =
|β0|n+ |γ1|

(n+ 1)(n+ β1)
, ηn =

|γ0|
(n+ 1)(n+ β1)

, bn =
β1
a1

an+1

(n+ 1)(n+ β1)
.

Ëåãêî ïåðåâiðèòè, ùî óìîâè 1)�4) ëåìè 3 çáiãàþòüñÿ òåïåð âiäïîâiäíî ç óìîâàìè:
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1b) |β0|+ |γ1|+ a2
β1

a1
≤ (1 + β1);

2b)
an+1

n+ β1
≤ an
n− 1 + β1

äëÿ âñiõ n ≥ 2;

3b) |γ0| ≤
|β0|

1 + β1
+

(3 + β1)|γ1|
2(1 + β1)

;

4b)
|β0|n+ |γ1|
n(n+ β1)

≤ |β0|(n− 1) + |γ1|
(n− 1)(n− 1 + β1)

i
|γ0|

(n− 1)(n+ β1)
≤ |γ0|

(n− 2)(n− 1 + β1)
äëÿ

âñiõ n ≥ 3.

Îñêiëüêè íåðiâíîñòi â óìîâi 4b) î÷åâèäíi, òî çà ëåìàìè 1�3 îòðèìó¹ìî òàêó
òåîðåìó.

Òåîðåìà 2. Íåõàé γ2 = a0 = 0, β1 > −1, a1/β1 ∈ (0,+∞), β0 ≤ 0, γ0 ≤ 0, γ1 ≤ 0,

|β0|+ |γ1|+ a2
β1
a1
≤ (1 + β1) i |γ0| ≤

|β0|
1 + β1

+
(3 + β1)|γ1|
2(1 + β1)

, à R[A] ≥ 1 i 0 <
an+1

n+ β1
≤

an
n− 1 + β1

äëÿ âñiõ n ≥ 2. Òîäi iñíó¹ ðîçâ'ÿçîê (11) äèôåðåíöiàëüíîãî ðiâíÿííÿ (3)

ç R[f ] = R[A], ÿêèé ¹ áëèçüêîþ äî îïóêëî¨ â D ôóíêöi¹þ.

3. Âèïàäîê γ2 > 0

Ç (4) âèïëèâà¹, ùî f0 = a0/γ2 i (β1 + γ2)f1 = a1 − γ1f0. Îñêiëüêè f1 6= 0, òî ç
îãëÿäó íà (4) ìîæëèâi äâà òàêi âàðiàíòè:

3à) β1 + γ2 = a1 − γ1f0 = 0;
3á) β1 + γ2 6= 0 i a1 − γ1f0 6= 0.

ßêùî âèêîíó¹òüñÿ óìîâà 3à), òî ìîæíà âèáðàòè f1 = 1, i ðîçâ'ÿçîê äèôåðåíöi-
àëüíîãî ðiâíÿííÿ (3) ìàòèìå âèãëÿä

(13) f(z) =
a0
γ2

+ z +

∞∑
n=2

fnz
n,

äå êîåôiöi¹íòè fn âèçíà÷àþòüñÿ ðåêóðåíòíîþ ôîðìóëîþ

(n− 1)(n+ β1)fn + (β0(n− 1) + γ1)fn−1 + γ0fn−2 = an,

ç ÿêî¨ çà óìîâ β0 ≤ 0, γ0 ≤ 0, γ1 ≤ 0, β1 > −2 i an+1 ≥ 0 äëÿ âñiõ n ≥ 1 âèïëèâà¹, ùî

(14) fn+1 =
|β0|n+ |γ1|
n(n+ 1 + β1)

fn +
|γ0|

n(n+ 1 + β1)
fn−1 +

an+1

n(n+ 1 + β1)
.

Ïðèéíÿâøè g(z) = f(z) − a0/γ2, îòðèìà¹ìî ôóíêöiþ (2) ç gn = fn. Òîìó ôîðìóëà
(14) çáiãà¹òüñÿ ç ôîðìóëîþ (7), ÿêùî

ξn =
|β0|n+ |γ1|
n(n+ 1 + β1)

, ηn =
|γ0|

n(n+ 1 + β1)
, bn =

an+1

n(n+ 1 + β1)
.

Ëåãêî ïåðåâiðèòè, ùî óìîâè 1) - 4) ëåìè 3 çáiãàþòüñÿ òåïåð, âiäïîâiäíî, ç óìîâàìè:

1c) |β0|+ |γ1|+ a2 ≤
2 + β1

2
;

2c)
(n+ 1)an+1

n(n+ 1 + β1)
≤ nan

(n− 1)(n+ β1)
äëÿ âñiõ n ≥ 2;
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3c) |γ0| ≤
6 + β1

3(2 + β1)
|β0|+

18 + 5β1
6(2 + β1)

|γ1|;

4c)
(n+ 1)(|β0|n+ |γ1|)
n2(n+ 1 + β1)

≤ n(|β0|(n− 1) + |γ1|)
(n− 1)2(n+ β1)

i
(n+ 1)|γ0|

n(n− 1)(n+ 1 + β1)
≤

≤ n|γ0|
(n− 2)(n− 1)(n+ β1)

äëÿ âñiõ n ≥ 3.

Îñêiëüêè íåðiâíîñòi â óìîâi 4c) î÷åâèäíi, òî çà ëåìàìè 1�3 îòðèìó¹ìî òàêó
òåîðåìó.

Òåîðåìà 3. Íåõàé γ2 > 0, β1 > −2, β1 + γ2 = γ2a1 − γ1a0 = 0, β0 ≤ 0, γ0 ≤ 0,

γ1 ≤ 0, |β0|+ |γ1|+ a2 ≤ (2 + β1)/2 i |γ0| ≤
6 + β1

3(2 + β1)
|β0|+

18 + 5β1
6(2 + β1)

|γ1| , à R[A] ≥ 1 i

0 <
(n+ 1)an+1

n(n+ 1 + β1)
≤ nan

(n− 1)(n+ β1)
äëÿ âñiõ n ≥ 2. Òîäi iñíó¹ ðîçâ'ÿçîê (13) äèôå-

ðåíöiàëüíîãî ðiâíÿííÿ (3) ç R[f ] = R[A], ÿêèé ¹ áëèçüêîþ äî îïóêëî¨ â D ôóíêöi¹þ.

Íåõàé, íàðåøòi, âèêîíó¹òüñÿ óìîâà 3á). Òîäi ç (4) îòðèìó¹ìî f0 = a0/γ2,

f1 =
a1 − γ1f0
β1 + γ2

=
γ2a1 − γ1a0
γ2(β1 + γ2)

,

i îòæå, ðîçâ'ÿçîê íàáóâà¹ âèãëÿäó

(15) f(z) =
a0
γ2

+
γ2a1 − γ1a0
γ2(β1 + γ2)

z +

∞∑
n=2

fnz
n,

äå çà óìîâ β0 ≤ 0, γ0 ≤ 0, γ1 ≤ 0, β1 ≥ −1 i an+1 ≥ 0 äëÿ n ≥ 1 êîåôiöi¹íòè fn
âèçíà÷àþòüñÿ ðåêóðåíòíîþ ôîðìóëîþ

(16) fn+1=
|β0|n+ |γ1|

(n+ 1)(n+ β1) + γ2
fn+

|γ0|
(n+ 1)(n+ β1) + γ2

fn−1+
an+1

(n+ 1)(n+ β1) + γ2
.

Ïðèïóñòèìî, ùî
γ2a1 − γ1a0
γ2(β1 + γ2)

∈ (0,+∞). Ïðèéíÿâøè g(z) =

(
f(z)− a0

γ2

)
q, äå

q =
γ2(β1 + γ2)

γ2a1 − γ1a0
, îòðèìà¹ìî ôóíêöiþ (2) ç gn = qfn, n ≥ 1. Ç (16) îäåðæó¹ìî ðåêó-

ðåíòíó ôîðìóëó

gn+1 =
|β0|n+ |γ1|

(n+ 1)(n+ β1) + γ2
gn +

|γ0|
(n+ 1)(n+ β1) + γ2

gn−1 +
qan+1

(n+ 1)(n+ β1) + γ2
,

ÿêà çáiãà¹òüñÿ ç ôîðìóëîþ (7), ÿêùî

ξn =
|β0|n+ |γ1|

(n+ 1)(n+ β1) + γ2
, ηn =

|γ0|
(n+ 1)(n+ β1) + γ2

, bn = q
an+1

(n+ 1)(n+ β1) + γ2
.

Ëåãêî ïåðåâiðèòè, ùî óìîâè 1) - 4) ëåìè 3 çáiãàþòüñÿ òåïåð, âiäïîâiäíî, ç óìîâàìè:

1d) |β0|+ |γ1|+ qa2 ≤ (1 + β1) + γ2/2;

2d)
(n+ 1)an+1

(n+ 1)(n+ β1) + γ2
≤ nan
n(n+ β1 − 1) + γ2

äëÿ âñiõ n ≥ 2;

3d) |γ0| ≤
(12− 2γ2)|β0|+ (18 + 6β1 + γ2)|γ1|

12(1 + β1) + 6γ2
;
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4d)
n+ 1

n

|β0|n+ |γ1|
(n+ 1)(n+ β1) + γ2

≤ n

n− 1

|β0|(n− 1) + |γ1|
n(n+ β1 − 1) + γ2

i

n+ 1

n− 1

|γ0|
(n+ 1)(n+ β1) + γ2

≤ n

n− 2

|γ0|
n(n+ β1 − 1) + γ2

äëÿ âñiõ n ≥ 3.

Äðóãà íåðiâíiñòü â óìîâi 4d) î÷åâèäíà. Îñêiëüêè (n+1)/n < n/(n−1), òî ïåðøà
íåðiâíiñòü â óìîâi 4d) ïðàâèëüíà, ÿêùî

|β0|n+ |γ1|
(n+ 1)(n+ β1) + γ2

≤ |β0|(n− 1) + |γ1|
n(n+ β1 − 1) + γ2

äëÿ âñiõ n ≥ 3. Öÿ íåðiâíiñòü ðiâíîñèëüíà íåðiâíîñòi

(n2 − n− β1 − γ2)|β0|+ |γ1|(2n+ β1) ≥ 0

äëÿ âñiõ n ≥ 3. Ïîçàÿê ôóíêöiÿ (x2 − x) ¹ çðîñòàþ÷îþ íà [3,+∞), òî îñòàííÿ íåðiâ-
íiñòü ïðàâèëüíà, ÿêùî (6− β1 − γ2)|β0|+ |γ1|(6 + β1) ≥ 0.

Îòæå, ïðàâèëüíà òàêà òåîðåìà.

Òåîðåìà 4. Íåõàé γ2 > 0, β1 > −1,
γ2a1 − γ1a0
γ2(β1 + γ2)

∈ (0,+∞), β0 ≤ 0, γ0 ≤ 0, γ1 ≤ 0,

|β0|+ |γ1|+ a2
γ2(β1 + γ2)

γ2a1 − γ1a0
≤ 1 + β1 +

γ2
2
, |γ0| ≤

(12− 2γ2)|β0|+ (18 + 6β1 + γ2)|γ1|
12(1 + β1) + 6γ2

i

(6− β1 − γ2)|β0|+ |γ1|(6 + β1) ≥ 0, à R[A] ≥ 1 i

0 <
(n+ 1)an+1

(n+ 1)(n+ β1) + γ2
≤ nan
n(n+ β1 − 1) + γ2

äëÿ âñiõ n ≥ 2. Òîäi iñíó¹ ðîçâ'ÿçîê (15) äèôåðåíöiàëüíîãî ðiâíÿííÿ (3) ç R[f ] =
R[A], ÿêèé ¹ áëèçüêîþ äî îïóêëî¨ â D ôóíêöi¹þ.

4. Çàóâàæåííÿ

1. Óìîâà (6− β1 − γ2)|β0|+ |γ1|(6 + β1) ≥ 0 âèêîíó¹òüñÿ, ÿêùî β1 + γ2 ≤ 6.
2. ßêùî 0 < (n + 1)an+1 ≤ nan, òîáòî ôóíêöiÿ A(z) çàäîâîëüíÿ¹ óìîâó ëåìè

Àëåêñàíäåðà, òî óìîâè íà an ó òåîðåìàõ 1�4 âèêîíóþòüñÿ.

3. Ïðèïóñòèìî, ùî γ2 = a0 = β1 = a1 = β0 = γ1 = γ0 = 0, à A(z) =

∞∑
n=2

anz
n

i R[A] ≥ 1. Òîäi ðiâíÿííÿ (3) ìàòèìå âèãëÿä w′′ =

∞∑
n=2

anz
n−2, à ðîçâ'ÿçêîì öüîãî

ðiâíÿííÿ áóäå ôóíêöiÿ

(17) f(z) = z +

∞∑
n=2

an
n(n− 1)

zn.

ßêùî 0 <
an+1

n
≤ an
n− 1

äëÿ âñiõ n ≥ 2, òîáòî âèêîíó¹òüñÿ óìîâà 2a), òî çà ëåìîþ

Àëåêñàíäåðà ôóíêöiÿ (17) áëèçüêà äî îïóêëî¨. Óìîâó 2a) çàäîâîëüíÿ¹ ïîñëiäîâíiñòü
an = 1/n!. Òîäi A(z) = ez − 1 − z � öiëà ôóíêöiÿ i ôóíêöiÿ (17) òàêîæ ¹ öiëîþ
ôóíêöi¹þ. Óìîâó 2a) çàäîâîëüíÿþòü òàêîæ êîåôiöi¹íòè àíàëiòè÷íî¨ â D ôóíêöi¨
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A(z) =
z2

(1− z)2
=

∞∑
n=2

(n − 1)zn. Ó öüîìó âèïàäêó f(z) = z +

∞∑
n=2

zn

n
= ln

1

1− z
¹

òàêîæ àíàëiòè÷íîþ â D ôóíêöi¹þ.
Çðîçóìiëî, ùî êîåôiöi¹íòè íå âñiõ áëèçüêèõ äî îïóêëèõ â D ôóíêöié çàäîâîëü-

íÿþòü óìîâè ëåìè Àëåêñàíäåðà. Íàïðèêëàä, çiðêîâà, i îòæå, áëèçüêà äî îïóêëî¨

ôóíêöiÿ f(z) =
z

1− z
¹ ðîçâ'ÿçêîì ðiâíÿííÿ

z2w′′ + (z2 + z)w′ + w =
2z

(1− z)3
(β1 = β0 = γ2 = 1, γ0 = γ1 = 0),

àëå êîåôiöi¹íòè ôóíêöi¨ A(z) =
2z

(1− z)3
íå çàäîâîëüíÿþòü óìîâó 2d).
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CLOSENESS-TO-CONVEXITY OF SOLUTIONS OF A SECOND

ORDER NONHOMOGENEOUS DIFFERENTIAL EQUATION

Yuriy TRUKHAN, Myroslav SHEREMETA

Ivan Franko National University of Lviv,

Universytetska Str., 1, 79000, Lviv, Ukraine

e-mail: yurkotrukhan@gmail.com, m.m.sheremeta@gmail.com

An analytic univalent in D = {z : |z| < 1} function f(z) =
∞∑

n=0

fnz
n is said

to be convex in D if f(D) is a convex domain. According to W. Kaplan the
function f is said to be close-to-convex in D if there exists a convex in D function
Φ such that Re (f ′(z)/Φ′(z)) > 0 (z ∈ D). We consider a nonhomogeneous Shah
di�erential equation

z2w′′ + (β0z
2 + β1z)w

′ + (γ0z
2 + γ1z + γ2)w = A(z),

where A(z) =
∞∑

n=0

anz
n, and radius of convergence of the last power series is

R[A] > 1. Conditions on coe�cients an of power expansion of the function
A(z) and on parameters β0, β1, γ0, γ1, γ2 under which a Shah equation has
close-to-convex in the unit disc solutions are investigated. We consider two
cases: γ2 = 0 and γ2 > 0. In the case γ2 = 0 two subcases are possible:
2a) β1 = a1 = 0 and 2b) β1 6= 0 and a1 6= 0. If γ2 = a0 = β1 = a1 = 0, β0 ≤ 0,
γ0 ≤ 0, γ1 ≤ 0, |β0| + |γ1| + a2 ≤ 1 and |γ0| ≤ |β0| + 3|γ1|/2, R[A] ≥ 1 and

0 <
an+1

n
≤ an
n− 1

for all n ≥ 2 it is proved that there exists a solution f(z) of

the nonhomogeneous Shah di�erential equation with R[f ] = R[A], which is a
close-to-convex in D function. In the case 2b) it is proved that if γ2 = a0 = 0,

β1 > −1, a1/β1 ∈ (0,+∞), β0 ≤ 0, γ0 ≤ 0, γ1 ≤ 0, |β0|+ |γ1|+a2
β1
a1
≤ (1+β1)

and |γ0| ≤
|β0|

1 + β1
+

(3 + β1)|γ1|
2(1 + β1)

, R[A] ≥ 1 and 0 <
an+1

n+ β1
≤ an

n− 1 + β1
for all n ≥ 2 then there exists a solution f(z) of the nonhomogeneous Shah
di�erential equation with R[f ] = R[A], which is close-to-convex in D function.
In the case γ2 > 0 possible subcases are 3a) β1 + γ2 = a1 − γ1f0 = 0 and
3b) β1 + γ2 6= 0 and a1 − γ1f0 6= 0. In both of this subcases the su�cient
conditions on coe�cients an and on parameters β0, β1, γ0, γ1, γ2 under which
a nonhomogeneous Shah equation has close-to-convex in the unit disc solutions
are found.

Key words: nonhomogeneous di�erential equation, close-to-convex functi-
on.
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Äëÿ âèðîäæåíîãî óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ òèïó Êîëìîãîðîâà ç
äâîìà ãðóïàìè ïðîñòîðîâèõ çìiííèõ âèðîäæåííÿ i âèðîäæåííÿì íà ïî-
÷àòêîâié ãiïåðïëîùèíi çà äîïîìîãîþ ìåòîäó Ëåâi ïîáóäîâàíî ôóíäàìåí-
òàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi. Îäåðæàíî òî÷íi îöiíêè ïîáóäîâàíîãî
ðîçâ'ÿçêó òà éîãî ïîõiäíèõ.

Êëþ÷îâi ñëîâà: ïàðàáîëi÷íi ðiâíÿííÿ ç âèðîäæåííÿì, ôóíäàìåíòàëü-
íèé ðîçâ'ÿçîê çàäà÷i Êîøi, âèðîäæåííÿ íà ïî÷àòêîâié ãiïåðïëîùèíi, ìåòîä
Ëåâi, óëüòðàïàðàáîëi÷íi ðiâíÿííÿ òèïó Êîëìîãîðîâà.

1. Âñòóï

Äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìîãîðîâà, êîåôiöi¹íòè ÿêèõ íå çàëå-
æàòü âiä çìiííèõ âèðîäæåííÿ i ìàþòü ùå âèðîäæåííÿ íà ïî÷àòêîâié ãiïåðïëîùèíi
â ïðàöi [1] ïîáóäîâàíî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi (ÔÐÇÊ), à â ïðàöÿõ
[2, 3] äëÿ òàêèõ ðiâíÿíü ç îäíi¹þ ãðóïîþ ïðîñòîðîâèõ çìiííèõ âèðîäæåííÿ, ïîáóäîâà-
íî ÔÐÇÊ Z, çíàéäåíî îöiíêè Z i ïîõiäíèõ âiä Z, à òàêîæ îöiíêè ïðèðîñòiâ ñòàðøèõ
ïîõiäíèõ âiä Z çà ïðîñòîðîâèìè çìiííèìè. Çàçíà÷èìî, ùî àíàëîãi÷íi ðåçóëüòàòè

2010 Mathematics Subject Classi�cation: 35A09, 35K10, 35K65, 35K70

c© Âîçíÿê, O., Iâàñèøåí, Ñ., Ìåäèíñüêèé, I., 2019
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äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìîãîðîâà. ÿêi íå ìàþòü âèðîäæåííÿ íà
ïî÷àòêîâié ãiïåðïëîùèíi îäåðæàíî â [4, 5, 6]. Öi ðåçóëüòàòè îòðèìàëè ç âèêîðèñ-
òàííÿì ïîåòàïíîãî ìåòîäó Ëåâi, ÿêèé çàïðîïîíîâàíî â ïðàöÿõ [7, 8] i ðîçâèíóòîãî â
[5, 6] äëÿ âèïàäêó ðiâíÿíü áåç âèðîäæåííÿ íà ïî÷àòêîâié ãiïåðïëîùèíi, òà â ïðàöÿõ
[2, 3] äëÿ âèïàäêó óëüòðàïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìîãîðîâà ç âèðîäæåííÿì
íà ïî÷àòêîâié ãiïåðïëîùèíi. Ìè ïðîäîâæó¹ìî ðîçïî÷àòi ðàíiøå äîñëiäæåííÿ ç ðå-
àëiçàöi¨ ïîåòàïíîãî ìåòîäó Ëåâi ïîáóäîâè ÔÐÇÊ äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü ç
äâîìà ãðóïàìè çìiííèõ âèðîäæåííÿ, ÿêi ìàþòü ùå âèðîäæåííÿ íà ïî÷àòêîâié ãiïåð-
ïëîùèíi.

Íåõàé n, n1, n2 i n3 � çàäàíi íàòóðàëüíi ÷èñëà òàêi, ùî n1 > n2 > n3 > 1 i n =
n1+n2+n3; Nj := {1, . . . , j}, Zj := Nj∪{0}, j ∈ N,mj = j−1/2, j ∈ N3. Áóäåìî ââàæà-
òè, ùî ïðîñòîðîâà çìiííà x ∈ Rn ñêëàäà¹òüñÿ ç òðüîõ ãðóï çìiííèõ x := (x1, x2, x3),
äå êîìïîíåíòè xj := (xj1, ..., xjnj ) ∈ Rnj , j ∈ N3. Âiäïîâiäíî äî öüîãî ìóëüòèiíäåêñ

k ∈ Zn+ çàïèñóâàòèìåìî ó âèãëÿäi k := (k1, k2, k3), äå kj := (kj1, . . . , kjnj
) ∈ Znj

+ ,

j ∈ N3. Âèêîðèñòîâóâàòèìåìî òàêi ïîçíà÷åííÿ: k
′ := (0, k2, k3) ∈ Zn+, ÿêùî kj ∈ Znj

+ ,
j ∈ {2, 3};M := m1n1 +m2n2 +m3n3;Mk := m1|k1|+m2|k2|+m3|k3|, ÿêùî k ∈ Zn+, äå
|kj | := kj1 + . . .+ kjnj

; ΠH := {(t, x)| t ∈ H,x ∈ Rn}, ÿêùî H ⊂ R; α i β � íåïåðåðâíi
íà âiäðiçêó [0, T ] ôóíêöi¨, äëÿ ÿêèõ α(t) > 0, β(t) > 0 ïðè t ∈ (0, T ], α(0)β(0) = 0 i β

� ìîíîòîííî íåñïàäíà; B(t, τ) :=

t∫
τ

β(θ)

α(θ)
dθ, 0 < τ < t 6 T .

×åðåç Zj−1, j ∈ N4, ïîçíà÷àòèìåìî ÔÐÇÊ. Iíäåêñ j âiäïîâiäà¹ åòàïó ïîáóäîâè
ÔÐÇÊ. Êiëüêiñòü åòàïiâ çàëåæèòü âiä êiëüêîñòi ãðóï ïðîñòîðîâèõ çìiííèõ. Ïàðà-
ìåòðèêñ íà j-ìó åòàïi ïîçíà÷àòèìåìî ñèìâîëîì Gj , ïîðîäæóâàíèé íèì îá'¹ìíèé
ïîòåíöiàë � ñèìâîëîì Wj , à éîãî ãóñòèíó � ñèìâîëîì Qj . Îòæå, íà ïî÷àòêîâîìó
(íóëüîâîìó) åòàïi áóäó¹ìî ÔÐÇÊ Z0 äëÿ ðiâíÿííÿ, êîåôiöi¹íòè ÿêîãî çàëåæàòü âiä
çìiííî¨ t i ïàðàìåòðà y ∈ Rn, òîáòî ðîçãëÿäà¹ìî ðiâíÿííÿ

(1) L0u(t, x) := (S −A(t, y, ∂x1
))u(t, x) = 0, (t, x) ∈ Π(0,T ],

äå

S := α(t)∂t − β(t)

n2∑
j=1

x1j∂x2j
− β(t)

n3∑
j=1

x2j∂x3j
,

A(t, y, ∂x1
) := β(t)

n1∑
j, l=1

ajl(t, y)∂x1j
∂x1l

+ β(t)

n1∑
j=1

aj(t, y)∂x1j
+ a0(t, y).

Íà ïåðøîìó åòàïi ÔÐÇÊ äëÿ ðiâíÿííÿ

(2) L1u(t, x) := (S −A(t, (x1, y
′), ∂x1))u(t, x) = 0, (t, x) ∈ Π(0,T ],

øóêà¹ìî ó âèãëÿäi

(3) Z1(t, x; τ, ξ; y′) = G1(t, x; τ, ξ; y′) +W1(t, x; τ, ξ; y′),

äå

(4) W1(t, x; τ, ξ; y′) :=

t∫
τ

dθ

α(θ)

∫
Rn

G1(t, x; θ, λ; y′)Q1(θ, λ; τ, ξ; y′)dλ,



ÔÓÍÄÀÌÅÍÒÀËÜÍÈÉ ÐÎÇÂ'ßÇÎÊ ÇÀÄÀ×I ÊÎØI . . .
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2019. Âèïóñê 88 109

G1 � ïàðàìåòðèêñ, à Q1 � íåâiäîìà ôóíêöiÿ, y′ := (y2, y3) ∈ Rn2+n3 . Çà ïàðàìåòðèêñ
âèáèðà¹ìî ôóíêöiþ

(5) G1(t, x; τ, ξ; y′) := Z0(t, x; τ, ξ; (ξ1, y
′)), 0 < τ < t 6 T, {x, ξ} ⊂ Rn, y′ ∈ Rn2+n3 .

Íà äðóãîìó åòàïi ðiâíÿííÿ íàáóâà¹ âèãëÿäó

(6) L2u(t, x) := (S −A(t, (x1, x2, y3), ∂x1
))u(t, x) = 0, (t, x) ∈ Π(0,T ].

Çãiäíî ç ìåòîäîì Ëåâi ÔÐÇÊ øóêà¹ìî ó âèãëÿäi

(7) Z2(t, x; τ, ξ; y3) = G2(t, x; τ, ξ; y3) +W2(t, x; τ, ξ; y3).

Òóò

(8) W2(t, x; τ, ξ; y3) :=

t∫
τ

dθ

α(θ)

∫
Rn

G2(t, x; θ, λ; y3)Q2(θ, λ; τ, ξ; y3)dλ,

G2 � ïàðàìåòðèêñ, à Q2 � íåâiäîìà ôóíêöiÿ. Çà ïàðàìåòðèêñ âèáèðà¹ìî ôóíêöiþ

(9) G2(t, x; τ, ξ; y3) := Z1(t, x; τ, ξ; (ξ2, y3)), 0 < τ < t 6 T, {x, ξ} ⊂ Rn, y3 ∈ Rn3 .

Äëÿ âèïàäêó äâîõ ãðóï ïðîñòîðîâèõ çìiííèõ âèðîäæåííÿ òðåòié åòàï çàâåð-
øó¹ ïîáóäîâó ÔÐÇÊ äëÿ ðiâíÿííÿ, êîåôiöi¹íòè ÿêîãî çàëåæàòü âiä óñiõ çìiííèõ.
Îòæå, íà öüîìó åòàïi ðîçãëÿäà¹ìî ðiâíÿííÿ âèãëÿäó

(10) L3u(t, x) := (S −A(t, x, ∂x1
))u(t, x) = 0, (t, x) ∈ Π(0,T ].

Àíàëîãi÷íî äî ïîïåðåäíüîãî, ÔÐÇÊ äëÿ ðiâíÿííÿ (10) øóêà¹ìî ó âèãëÿäi

(11) Z3(t, x; τ, ξ) = G3(t, x; τ, ξ) +W3(t, x; τ, ξ).

Òóò

(12) W3(t, x; τ, ξ) :=

t∫
τ

dθ

α(θ)

∫
Rn

G3(t, x; θ, λ)Q3(θ, λ; τ, ξ)dλ,

G3 � ïàðàìåòðèêñ, à Q3 � íåâiäîìà ôóíêöiÿ. Çà ïàðàìåòðèêñ âèáèðà¹ìî ôóíêöiþ

(13) G3(t, x; τ, ξ) := Z2(t, x; τ, ξ; ξ3), 0 < τ < t 6 T, {x, ξ} ⊂ Rn.

Ðåçóëüòàòîì êîæíîãî j -ãî åòàïó ¹ òâåðäæåííÿ ïðî iñíóâàííÿ âiäïîâiäíîãî
ÔÐÇÊ Zj , j ∈ N3, âñòàíîâëåííÿ òî÷íèõ îöiíîê ïîõiäíèõ âiä ÔÐÇÊ, iíòåãðàëiâ âiä
ïîõiäíèõ ÔÐÇÊ i ¨õíiõ ïðèðîñòiâ (îöiíêè äâîõ îñòàííiõ, êðiì Z3). Ïðîâåäåííÿ öèõ
äîñëiäæåíü iñòîòíî çàëåæèòü âiä âñåái÷íîãî âèâ÷åííÿ âëàñòèâîñòåé îá'¹ìíèõ ïîòåí-
öiàëiâ (4), (8) i (12). ßäðîì ïîòåíöiàëó ¹ âiäïîâiäíèé ïàðàìåòðèêñ (5), (9) ÷è (13), à
ãóñòèíîþ � âiäïîâiäíà ôóíêöiÿ Qj , ÿêà ¹ ðîçâ'ÿçêîì iíòåãðàëüíîãî ðiâíÿííÿ

Qj(t, x; τ, ξ; pj(y
′)) := Kj(t, x; τ, ξ; pj(y

′))+

(14) +

t∫
τ

dθ

α(θ)

∫
Rn

Kj(t, x; θ, λ; pj(y
′))Qj(θ, λ; τ, ξ; pj(y

′))dλ,

äå j ∈ N3, p1(y′) = y′, p2(y′) = y3 i p3(y′) = 0, òîáòî p3(y′) íå çàëåæèòü âiä y′.
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Äëÿ ãóñòèí Qj âñòàíîâëþþòüñÿ ïåâíi âëàñòèâîñòi é îöiíêè, ÿêi ãàðàíòóþòü
iñíóâàííÿ ïîõiäíèõ âiä îá'¹ìíèõ ïîòåíöiàëiâ, ¨õíiõ òî÷íèõ îöiíîê òà îöiíîê ïðèðîñòiâ
òàêèõ ïîõiäíèõ çà ïðîñòîðîâèìè çìiííèìè.

Ó ïîïåðåäíiõ ïðàöÿõ [9, 10] äåòàëüíî ðîçãëÿíóòî åòàïè ïîáóäîâè òà äîñëiäæåííÿ
ÔÐÇÊ äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü òèïó Êîëìîãîðîâà ç äâîìà ãðóïàìè ïðîñòî-
ðîâèõ çìiííèõ âèðîäæåííÿ. Òîìó ïðèðîäíèì ¹ áàæàííÿ îäåðæàòè àíàëîãi÷íi ðåçóëü-
òàòè äëÿ òàêèõ ðiâíÿíü, ÿêi ìàþòü ùå âèðîäæåííÿ íà ïî÷àòêîâié ãiïåðïëîùèíi.

Ñòàòòÿ ñêëàäà¹òüñÿ ç ñåìè ïóíêòiâ. Ó âñòóïi (ï. 1) íàâåäåíî çàãàëüíó ñõåìó
ïîåòàïíîãî ìåòîäó Ëåâi. Ó ï. 2 íàâåäåíî ïðèïóùåííÿ íà êîåôiöi¹íòè ðiâíÿííÿ i
äîïîìiæíi òâåðäæåííÿ. Â òðåòüîìó ïóíêòi ñôîðìóëüîâàíî îñíîâíi ðåçóëüòàòè. Âè-
â÷åííÿ âëàñòèâîñòåé ôóíêöi¨ G1 i ÿäðà K1 iíòåãðàëüíîãî ðiâíÿííÿ (14) ïðè j = 1 �
ïï. 4, 5. Â øîñòîìó ïóíêòi íàâåäåíî âëàñòèâîñòi ãóñòèíè G1 îá'¹ìíîãî ïîòåíöiàëó
W1, à òàêîæ âëàñòèâîñòi ïîòåíöiàëó W1. Ó ï. 7 çàâåðøó¹ìî äîâåäåííÿ îñíîâíèõ
ðåçóëüòàòiâ.

2. Ïðèïóùåííÿ òà äîïîìiæíi òâåðäæåííÿ

Áóäåìî êîðèñòóâàòèñÿ òàêèìè ïîçíà÷åííÿìè:

∆z
xf(·, x, ·) := f(·, x, ·)− f(·, z, ·), ∆zs

xs
f(·, x, ·) := ∆z(s)

x f(·, x, ·), s ∈ N3,

z(0) := x, z(1) := (z1, x2, x3), z(2) := (x1, z2, x3), z(3) := (x1, x2, z3),

x(1) := (x1, z2, z3), x(2) := (x1, x2, z3), X(t, τ) := (X1(t, τ), X2(t, τ), X3(t, τ)),

X(1)(t, τ) := (λ1, X2(t, τ), X3(t, τ)), X(2)(t, τ) := (λ1, λ2, X3(t, τ)),

X1(t, τ) := x1, X2(t, τ) := x2 +B(t, τ)x̂1, X3(t, τ) := x3 +B(t, τ)x′2 + 2−1(B(t, τ))2x′1,

x̂1 := (x11, . . . , x1n2), x′1 := (x11, . . . , x1n3), x′2 := (x21, . . . , x2n3),

Z(0)(t, τ) := X(t, τ), Z(s)(t, τ) := X(t, τ)|xs=zs , s ∈ N3.

Àíàëîãi÷íî áóäóþòüñÿ ïàðàìåòðè÷íi òî÷êè Y (t, τ) i Λ(t, τ) çà âiäïîâiäíèìè òî÷-
êàìè y i λ.

Ó ïðàöi ÷àñòî îäíàêîâèìè ëiòåðàìè (çäåáiëüøîãî ëiòåðàìè C, c i d), ÿêùî ¨õíi
âåëè÷èíè íàñ íå öiêàâëÿòü, ïîçíà÷àòèìåìî ðiçíi ñòàëi.

Áóäåìî ïðèïóñêàòè, ùî êîåôiöi¹íòè ajl, aj i a0 êîìïëåêñíîçíà÷íi ôóíêöi¨ íà
Π[0,T ], ÿêi çàäîâîëüíÿþòü òàêi óìîâè:

(i) ajl, aj , a0 ¹ îáìåæåíèìè é íåïåðåðâíèìè çà t òà iñíó¹ òàêà ñòàëà δ > 0, ùî
äëÿ äîâiëüíèõ (t, x) ∈ Π[0,T ] i σ1 := (σ11, . . . , σ1n1

) ∈ Rn1 ñïðàâäæó¹òüñÿ íåðiâíiñòü

Re

n1∑
j, l=1

ajl(t, x)σ1jσ1l > δ|σ1|2;

(ii) ajl, aj , a0 ¹ ãåëüäåðîâèìè çà ïðîñòîðîâèìè çìiííèìè â òàêîìó ñåíñi:

∃H1 > 0 ∃ γ1 ∈ (0, 1) ∀{(t, x), (t, z(1))} ⊂ Π[0,T ] :

(15) |∆z1
x1
a(t, x)| 6 H1|x1 − z1|γ1 ,

∃H2 > 0 ∃ γ2 ∈ (1/3, 2/3] ∀{(t, x), (t, z(2))} ⊂ Π[0,T ], ∀h ∈ [τ, T ] :
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(16) |∆z2
x2
a(t, x)| 6 H2((B(h, τ))m2γ2 + |X2(h, τ)− z2|γ2),

∃H3 > 0 ∃ γ3 ∈ (3/5, 2/3] ∀{(t, x), (t, z(3))} ⊂ Π[0,T ], ∀h ∈ [τ, T ] :

(17) |∆z3
x3
a(t, x)| 6 H3((B(h, τ))m3γ3 + |X3(h, τ)− z3|γ3),

(iii) ∃H4 > 0 ∀{(t, x), (t, ξ(1)), (t, z(2))} ⊂ Π[0,T ], ∀h ∈ [τ, T ] :

|∆z`
x`

∆zs
xs
ajl(t, x)| 6 H4|x` − z`|γ`((B(h, τ))msγs + |Xs(h, τ)− zs|γs),

(18) ` ∈ N2, ` < s, s ∈ {2, 3},
äå a � áóäü-ÿêèé ç êîåôiöi¹íòiâ ajl, aj i a0. Â óìîâi (iii) ñòàëi γ1, γ2 i γ3 òàêi, ÿê â
óìîâi (ii).

Ç óìîâ (6), (17) ïðè h = τ âèïëèâàþòü çâè÷àéíi óìîâè Ãåëüäåðà çà çìiííèìè x2

i x3. Äîñòàòíÿ óìîâà âèêîíàííÿ (16) ïîäàíà â [2]. Íàâåäåìî àíàëîãi÷íó óìîâó äëÿ
âèêîíàííÿ òâåðäæåííÿ (17), ÿêà äîâîäèòüñÿ òàê ñàìî, ÿê i óìîâà, îïèñàíà â ëåìi 1
ç [10].

Ëåìà 1. Íåõàé a � íåïåðåðâíà é îáìåæåíà ôóíêöiÿ íà Π[0,T ], ÿêà çàäîâîëüíÿ¹
óìîâó

∃H5 > 0 ∃ γ ∈ (9/10, 1] ∀{(t, x), (t, z(3))} ⊂ Π[0,T ] :

(19) |∆z3
x3
a(t, x)| 6 H5((B(T, τ))m1 + 2−1B(T, τ)|x′1|+ |x′2|)−γ |x1 − z1|γ .

Òîäi ñïðàâäæó¹òüñÿ íåðiâíiñòü (17) ç γ3 = γ/m2.

Âèêîðèñòîâóâàòèìåìî òàêi îöiíþþ÷i ôóíêöi¨:

(20) E(j)
c (t, τ, zj) := exp{−c(B(t, τ))1−2j |zj |2}, t > τ, zj ∈ Rnj , j ∈ N3,

Ec(t, τ, x, ξ) := E(1)
c (t, τ,X1(t, τ)− ξ1)E(2)

c (t, τ,X2(t, τ)− ξ2)E(3)
c (t, τ,X3(t, τ)− ξ3),

(21) t > τ, {x, ξ} ⊂ Rn,

Fc(t, τ, x, ξ) := exp{−c[(4B(t, τ))−1|x1−ξ1|2+3(B(t, τ))−3|x2+2−1B(t, τ)(x̂1+ξ̂1)−ξ2|2+

+180(B(t, τ))−5|x3 + 2−1B(t, τ)(x′2 + ξ′2) + (12)−1(B(t, τ))2(x′1 − ξ′1)− ξ3|2]},

(22) t > τ, {x, ξ} ⊂ Rn,

Edc (t, τ, x, ξ) := Ec(t, τ, x, ξ)E
d(t, τ), Ed(t, τ) := exp{dA(t, τ)}, A(t, τ) :=

t∫
τ

dθ

α(θ)
,

t > τ, {x, ξ} ⊂ Rn, d ∈ R,

(23) Isl0 (x, ξ) := (B(t, θ)B(θ, τ))−M
∫
Rn

Ec(t, θ, x, λ)Ec(θ, τ,Λ
sl(t, θ), ξ)dλ,

(24) Isr1 (x1; ξ) := (B(t, θ))−m1n1

∫
Rn1

E(1)
c0 (t, θ, x1 − λ1)Ec(θ, τ,Λ

sr(t, θ), ξ)dλ1,

Isr2 (x1, x2; ξ) := (B(t, θ))−m1n1−m2n2

∫
Rn1+n2

E(1)
c0 (t, θ, x1 − λ1)×
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(25) ×E(2)
c0 (t, θ,X2(t, θ)− λ2)Ec(θ, τ,Λ

sr(t, θ), ξ)dλ1dλ2,

äå

Λs0(t, τ) := Z(s)(t, τ), Λs1(t, τ) := (λ1, Z
(s)
2 (t, τ), Z

(s)
3 (t, τ)),

Λs2(t, τ) := (λ1, λ2, Z
(s)
3 (t, τ)), Λs3(t, τ) := λ,

l ∈ Z2, s ∈ Z3, r ∈ {2, 3}, 0 < τ < θ < t 6 T, {x, z, ξ} ⊂ Rn.
Ïîòðiáíi âëàñòèâîñòi öèõ ôóíêöié îïèñóþòüñÿ â íàñòóïíié ëåìi, ÿêà äîâîäèòüñÿ

àíàëîãi÷íî äî ëåìè 2 ç [9].

Ëåìà 2. Ïðàâèëüíi òàêi òâåðäæåííÿ:

(26) Ec(t, τ, x, ξ) 6 Fc1(t, τ, x, ξ) 6 Ec2(t, τ, x, ξ), t > τ, {x, ξ} ⊂ Rn, 0 < c2 < c1 < c,

E(1)
c (t, θ, x1 − λ1)E(1)

c (θ, τ, λ1 − ξ1) 6 E(1)
c (t, τ, x1 − ξ1),

(27) 0 < τ < θ < t 6 T, {x1, λ1, ξ1} ⊂ Rn1 ,

E(2)
c (t, θ,X2(t, θ)−λ2)E(2)

c (θ, τ,Λ2(θ, τ)−ξ2) 6 E
(1)
−c/2(t, θ, x1−ξ1)E

(2)
c/4(t, τ,X2(t, τ)−ξ2),

(28) 0 < τ < θ < t 6 T, {xs, λs, ξs} ⊂ Rns , s ∈ N2,

|Xs(t, τ)− ξs|γsE(s)
c (t, τ,Xs(t, τ)− ξs) 6 C(B(t, τ))msγsE(s)

c0 (t, τ,Xs(t, τ)− ξs),

(29) t > τ, {xs, ξs} ⊂ Rns , s ∈ N3,

|Xs(t, τ)− ξs|γsEc(t, τ,Xs(t, τ)− ξs) 6 C(B(t, τ))msγsEc0(t, τ,Xs(t, τ)− ξs),

(30) t > τ, {xs, ξs} ⊂ Rns , s ∈ N3,

(31) (B(t, τ))−M
∫
Rn

Ec(t, τ, x, ξ)dξ = C, t > τ, x ∈ Rn,

(B(t, τ))−M
∫

Rn2+n3

Ec(t, τ, x, ξ)dξ2dξ3 6 C(B(t, τ))−m1n1E(1)
c (t, x1 − ξ1),

(32) t > τ, x ∈ Rn, {x1, ξ1} ⊂ Rn1 ,

(B(t, τ))−M
∫

Rn3

Ec(t, τ, x, ξ)dξ3 6 C(B(t, τ))−m1n1−m2n2E(1)
c (t, τ, x1 − ξ1)×

(33) ×E(2)
c (t, τ,X2(t, τ)− ξ2), t > τ, x ∈ Rn, {xs, ξs} ⊂ Rns , s ∈ N2,

(34) (B(t, τ))−msns

∫
Rns

E(s)
c (t, τ,Xs(t, τ)− ξs)dξs = C, t > τ, xs ∈ Rns , s ∈ N3,

(35) Ec(t, τ, y
(s), ξ) 6 CEc0(t, τ, x, ξ), 0 < τ < θ < t 6 T, {x, ξ} ⊂ Rn,

Ec(θ, τ, Z
(l)(t, θ), ξ) 6 CEc/8(θ, τ,X(t, θ), ξ),

(36) 0 < τ < t1 6 θ < t 6 T, {x, z, ξ} ⊂ Rn, l ∈ N3,

(37) Ec(θ, τ,X(t, θ), ξ) 6 Ec(t, τ, x, ξ), 0 < τ < θ < t, {x, ξ} ⊂ Rn,
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Ec(θ, τ, (λ1, Z
(l)
2 (t, θ), Z

(l)
3 (t, θ)), ξ) 6 Ec/4(θ, τ, (λ1, X2(t, θ), X3(t, θ)), ξ),

(38) 0 < τ < t1 6 θ < t, {x, z, ξ} ⊂ Rn, λ1 ∈ Rn1 , l ∈ N3,

Ec(θ, τ, (λ1, X2(t, θ), X3(t, θ)), ξ) 6 E
(1)
−9c/4(t, θ, x1 − λ1)Ec/2(t− τ, x, ξ),

(39) 0 < τ < t1 6 θ < t, {x, ξ} ⊂ Rn, λ1 ∈ Rn1 ,

Ec(θ, τ, (λ1, λ2, Z
(l)
3 (t, θ)), ξ) 6 CEc/2(θ, τ, (λ1, λ2, X3(t, θ)), ξ),

(40) 0 < τ < t1 6 θ < t, {x, z, ξ} ⊂ Rn, λj ∈ Rnj , j ∈ N2, l ∈ Z3,

Ec(θ, τ, (λ1, λ2, X3(t, θ)), ξ) 6 CE(1)
c (θ, τ, λ1 − ξ1)E(2)

c (θ, τ,Λ2(θ, τ)− ξ2)×
×E(1)
−c/4(t, θ, x1 − λ1)E

(2)
−c/2(t, θ,X2(t, θ)− λ2)E

(3)
c/4(t, τ,X3(t, τ)− ξ3),

(41) 0 < τ < t1 6 θ < t, {x, ξ} ⊂ Rn, λj ∈ Rnj , j ∈ N2,

Isl0 (z(r); ξ) 6 C(B(t, τ))−MEc0(t, τ, x, ξ), 0 < τ < t1 6 θ < t 6 T,

(42) {x, ξ, z(s)} ⊂ Rn, {s, l, r} ⊂ Z3, ïðè÷îìó θ ∈ (τ, t) äëÿ l = 3,

Isl1 (z1; ξ) 6 CIsl1 (x1; ξ) 6 CEc0(t, τ, x, ξ), 0 < τ < t1 6 θ < t,

(43) {x1, z1} ⊂ Rn1 , ξ ∈ Rn, l ∈ Z1, {s, r} ⊂ Z3,

Is22 (z1, z2; ξ) 6 CIs22 (x1, z2; ξ) 6 CIs22 (x1, x2; ξ) 6 CEc0(t, τ, x, ξ),

(44) 0 < τ < t1 6 θ < t, {xr, zr} ⊂ Rnr , r ∈ N2, {x, ξ} ⊂ Rn, s ∈ Z3,

äå C, c i c0 � äîäàòíi ñòàëi, ïðè÷îìó c0 < c, ó ôîðìóëi (35) y(s) � òî÷êà íà âiäðiçêó

ïðÿìî¨, ùî ñïîëó÷à¹ òî÷êè x i z(s), s ∈ N3, ó ôîðìóëàõ (35)�(42) |xs − zs|1/ms 6
B(t, τ)/4, s ∈ N3, i t1 òàêå, ùî B(t, t1) = B(t1, τ).

Ó ëåìi 3 ïîäà¹ìî âëàñòèâîñòi ÔÐÇÊ Z0 äëÿ ðiâíÿííÿ (1), ÿêi âñòàíîâëþþòüñÿ
ïîäiáíî äî ðåçóëüòàòiâ ç [1, òåîðåìà 3.1, âëàñòèâiñòü 3.2].

Ëåìà 3. Íåõàé êîåôiöi¹íòè ðiâíÿííÿ (1), ÿê ôóíêöi¨ âiä t i y, çàäîâîëüíÿþòü óìîâè
(i), (ii), â ÿêèõ x çàìiíåíî íà y. Òîäi iñíó¹ ÔÐÇÊ Z0, äëÿ ÿêîãî ñïðàâäæóþòüñÿ
îöiíêè

(45) |∂kxZ0(t, x; τ, ξ; y)| 6 C(B(t, τ))−M−MkEdc (t, τ, x, ξ),

|∆zs
ys∂

k
xZ0(t, x; τ, ξ; y)| 6 Csk(B(t, τ))−M−MkEdc (t, τ, x, ξ)×

(46) ×

{
|y1 − z1|γ1 , ÿêùî s = 1,

(B(h, τ))msγs + |Ys(h, τ)− zs|γs , ÿêùî s ∈ {2, 3},
à òàêîæ ðiâíîñòi

(47) ∂kx

∫
Rn

Z0(t, x; τ, ξ; y)dξ = 0, ∂kx

∫
Rn

Z0(t, x; τ, ξ; y)dx = 0, k 6= 0,

(48) ∂k
′

x

∫
Rn2+n3

Z0(t, x; τ, ξ; y)dξ2dξ3 = 0, k′ 6= 0,
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(49) ∂k3x3

∫
Rn3

Z0(t, x; τ, ξ; y)dξ3 = 0, k3 6= 0,

(50) ∂kxZ0(t, x; τ, ξ; y) = (−∂ξ)kZ0(t, x; τ, ξ; y),

äå 0 < τ < t 6 T , {x, ξ, y} ⊂ Rn, z ∈ Rns , s ∈ N3, {k, k′} ⊂ Zn+, Ck, Cks � äîäàòíi
ñòàëi, h i γs � ÷èñëà ç óìîâ (15)�(17).

3. Ôîðìóëþâàííÿ îñíîâíèõ ðåçóëüòàòiâ

Ðåçóëüòàòè ïåðøîãî, äðóãîãî òà çàâåðøàëüíîãî òðåòüîãî åòàïiâ ïîáóäîâè é äî-
ñëiäæåííÿ ÔÐÇÊ äëÿ ðiâíÿííÿ (10) ìiñòÿòüñÿ â òàêèõ òåîðåìàõ.

Òåîðåìà 1. Íåõàé äëÿ êîåôiöi¹íòiâ ðiâíÿííÿ (2) âèêîíóþòüñÿ óìîâè (i)�(iii), â
ÿêèõ x çàìiíåíî íà (x1, y

′). Òîäi äëÿ ðiâíÿííÿ (2) iñíó¹ ÔÐÇÊ Z1 i ïðàâèëüíi òàêi
òâåðäæåííÿ:

(51) |∂kxZ1(t, x; τ, ξ; y′)| 6 C(B(t, τ))−M−MkEdc (t, τ, x, ξ),

|∆zs
xs
∂kxZ1(t, x; τ, ξ; y′)| 6 C|xs − zs|γs(B(t, τ))−M−Mk−msγ

0
s×

(52) ×(Edc (t, τ, x, ξ) + Edc (t, τ, z(s), ξ)), s ∈ N3,
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|∆zs
ys∂

k
xZ1(t, x; τ, ξ; y′)| 6 C(B(t, τ))−M−MkEdc (t, τ, x, ξ)×

(53) ×((B(h, τ))msγs + |Ys(h, τ)− zs|γs), s ∈ {2, 3},

(54)
∣∣∣ ∫
Rn

∂kxZ1(t, x; τ, ξ; y′)dξ
∣∣∣6 C(B(t, τ))−Mk+m1γ1Ed(t, τ), k 6= 0,

(55)∣∣∣ ∆zs
xs

∫
Rn

∂kxZ1(t, x; τ, ξ; y′)dξ
∣∣∣6 C|xs − zs|γ

0
s (B(t, τ))−Mk+m1γ1−msγ

0
sEd(t, τ), k 6= 0,

∣∣∣ ∫
Rn2+n3

∂k
′

x Z1(t, x; τ, ξ; (ξ2, y3))dξ2dξ3

∣∣∣6 C(B(t, τ))−m1n1−Mk′+m2γ2×

(56) ×E(1)
c0 (t, τ, x1 − ξ1)Ed(t, τ), k′ 6= 0,∣∣∣ ∫

Rn3

∂k3x3
Z1(t, x; τ, ξ; (ξ2, ξ3))dξ3

∣∣∣6 C(B(t, τ))−m1n1−m2n2−m3|k3|+m3γ3×

(57) ×E(1)
c0 (t, τ, x1 − ξ1)E(2)

c0 (t, τ,X(t, τ)− ξ2)Ed(t, τ), k3 6= 0,

(58) ∂k
′

x

∫
Rn2+n3

Z1(t, x; τ, ξ; y′)dξ2dξ3 = 0, k′ 6= 0,

(59) ∂k3x3

∫
Rn3

Z1(t, x; τ, ξ; y′)dξ3 = 0, k3 6= 0,

(60) ∂k
′

x Z1(t, x; τ, ξ; y′) = (−∂ξ)k
′
Z1(t, x; τ, ξ; y′),

äå 0 < τ < t 6 T , {x, ξ} ⊂ Rn, y′ ∈ Rn2+n3 , zs ∈ Rns , s ∈ N3, γ
0
1 ∈ (0, γ1], {γ0

2 , γ
0
3} ⊂

(0, 1], {k, k′} ⊂ Zn+, m1|k1| 6 1, ÷èñëà h i γs òàêi, ÿê âèùå.

Òåîðåìà 2. Íåõàé äëÿ êîåôiöi¹íòiâ ðiâíÿííÿ (6) âèêîíóþòüñÿ óìîâè (i)�(iii), â
ÿêèõ x çàìiíåíî íà (x1, x2, y3). Òîäi äëÿ ðiâíÿííÿ (6) iñíó¹ ÔÐÇÊ Z2 i ñïðàâäæó-
þòüñÿ îöiíêè:

(61) |∂kxZ2(t, x; τ, ξ; y3)| 6 C(B(t, τ))−M−MkEdc (t, τ, x, ξ),

|∆zs
xs
∂kxZ2(t, x; τ, ξ; y3)| 6 C|xs − zs|γs(B(t, τ))−M−Mk−msγ

0
s×

(62) ×(Edc (t, τ, x, ξ) + Edc (t, τ, z(s), ξ)), s ∈ N3,

|∆z3
y3∂

k
xZ2(t, x; τ, ξ; y3)| 6 C(B(t, τ))−M−MkEdc (t, τ, x, ξ)×

(63) ×((B(h, τ))m3γ3 + |Y3(h, τ)− z3|γ3),

(64)
∣∣∣ ∫
Rn

∂kxZ2(t, x; τ, ξ; y3)dξ
∣∣∣6 C(B(t, τ))−Mk+lkEd(t, τ), k 6= 0,
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xs

∫
Rn

∂kxZ2(t, x; τ, ξ; y3)dξ
∣∣∣6 C|xs − zs|γ

0
s×

(65) ×(B(t, τ))−Mk+lk−msγ
0
sEd(t, τ), s ∈ N3, k 6= 0,∣∣∣ ∫

Rn2+n3

∂k
′

x Z2(t, x; τ, ξ; y3)dξ2dξ3

∣∣∣6 C(B(t, τ))−m1n1−Mk′+m2γ2×

(66) ×E(1)
c0 (t, τ, x1 − ξ1)Ed(t, τ), k′ 6= 0,

∣∣∣ ∆zs
xs

∫
Rn2+n3

∂k
′

x Z2(t, x; τ, ξ; y3)dξ2dξ3

∣∣∣6 C|xs − zs|γ
0
s×

(67) ×(B(t, τ))−m1n1−Mk′+m2γ2−msγ
0
sE(1)

c0 (t, τ, x1 − ξ1)Ed(t, τ), k′ 6= 0,

à òàêîæ ðiâíîñòi

(68) ∂k3x3

∫
Rn3

Z2(t, x; τ, ξ; y3)dξ3 = 0, k3 6= 0,

(69) ∂k3x3
Z2(t, x; τ, ξ; y3) = (−∂ξ3)k3Z2(t, x; τ, ξ; y3), k3 6= 0,

â ÿêèõ 0 < τ < t 6 T , {x, ξ} ⊂ Rn, y3 ∈ Rn3 , zs ∈ Rns , s ∈ N3, γ
0
1 ∈ (0, γ1], γ0

2 ∈ (0, γ2],
γ0

3 ∈ (0, 1], {k, k′} ⊂ Zn+, m1|k1|+ |k2| 6 1, ÷èñëà h i γs òàêi, ÿê âèùå, l1 := m1γ1 ïðè
k1 6= 0, k′ = 0, l2 := m2γ2 ïðè k1 = 0, k′ 6= 0.

Òåîðåìà 3. Íåõàé äëÿ êîåôiöi¹íòiâ ðiâíÿííÿ (10) âèêîíóþòüñÿ óìîâè (i)�(iii).
Òîäi äëÿ ðiâíÿííÿ (10) iñíó¹ ÔÐÇÊ Z3, äëÿ ÿêîãî ñïðàâäæóþòüñÿ îöiíêè

(70) |∂kxZ3(t, x; τ, ξ)| 6 C(B(t, τ))−M−MkEdc (t, τ, x, ξ),

(71) |SZ3(t, x; τ, ξ)| 6 C(B(t, τ))−M−1Edc (t, τ, x, ξ),

äå 0 < τ < t 6 T , {x, ξ} ⊂ Rn, k = (k1, k2, k3) ∈ Zn+, m1|k1|+ |k2|+ |k3| 6 1.

ÔÐÇÊ Zj , j ∈ N3, âèçíà÷àþòüñÿ íàâåäåíèìè ó âñòóïi ôîðìóëàìè (3), (7) i
(11), â ÿêèõ Gj � ïàðàìåòðèêñ, à Wj � âiäïîâiäíèé îá'¹ìíèé ïîòåíöiàë ç íåâiäîìîþ
ãóñòèíîþ Qj . Òîìó äîâåäåííÿ òåîðåì 1�3 çâîäèòüñÿ äî âèçíà÷åííÿ òà äîñëiäæåííÿ
âëàñòèâîñòåé ôóíêöié Gj , Qj i Wj . Âèâ÷åííÿ ôóíêöi¨ G1 òà ÿäðà K1 ðiâíÿííÿ (14)
ç j = 1 òà ôóíêöié G2, G3, Qj i Wj , j ∈ N3, ïðîâåäåìî â íàñòóïíèõ ïóíêòàõ.

Çàóâàæåííÿ 1. Íà ïiäñòàâi îöiíîê (26) ó íåðiâíîñòÿõ (51)�(53), (56), (57), (61)�(63),
(66), (67), à òàêîæ (70) i (71), ÿê i â (45), (46), çàìiñòü îöiíþþ÷î¨ ôóíêöi¨ Edc ìîæíà
áðàòè ôóíêöiþ F dc .
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4. Ïàðàìåòðèêñ G1

Âëàñòèâîñòi ôóíêöi¨ G1 îïèøåìî â òàêié ëåìi.

Ëåìà 4. Çà óìîâ ëåìè 3 äëÿ ôóíêöi¨ G1 ñïðàâäæóþòüñÿ òàêi îöiíêè

(72) |∂kxG1(t, x; τ, ξ; y′)| 6 C(B(t, τ))−M−MkEdc (t, τ, x, ξ),

|∆zs
xs
∂kxG1(t, x; τ, ξ; y′)| 6 C|xs − zs|γs(B(t, τ))−M−Mk−msγ

0
s×

(73) ×(Edc (t, τ, x, ξ) + Edc (t, τ, z(s), ξ)), s ∈ N3,

|∆zs
ys∂

k
xG1(t, x; τ, ξ; y′)| 6 C(B(t, τ))−M−MkEdc (t, τ, x, ξ)×

(74) ×((B(h, τ))msγs + |Ys(h, τ)− zs|γs), s ∈ {2, 3},

(75)
∣∣∣ ∫
Rn

∂kxG1(t, x; τ, ξ; y′)dξ
∣∣∣6 C(B(t, τ))−Mk+m1γ1Ed(t, τ), k 6= 0,

(76)
∣∣∣∆zs

xs

∫
Rn

∂kxG1(t, x; τ, ξ; y′)dξ
∣∣∣6 C|xs−zs|γ

0
s (B(t, τ))−Mk+m1γ1−msγ

0
sEd(t, τ), k 6= 0,

∣∣∣ ∫
Rn2+n3

∂k
′

x G1(t, x; τ, ξ; (ξ2, y3))dξ2dξ3

∣∣∣6 C(B(t, τ))−m1n1−Mk′+m2γ2×

(77) ×E(1)
c0 (t, τ, x1 − ξ1)Ed(t, τ), k′ 6= 0,∣∣∣∆zs

xs

∫
Rn2+n3

∂k
′

x G1(t, x; τ, ξ; (ξ2, y3))dξ2dξ3

∣∣∣6 C|xs−zs|γ
0
s (B(t, τ))−m1n1−Mk′−msγs+m2γ2×

(78) ×(E(1)
c0 (t, τ, x1 − ξ1) + E(1)

c0 (t, τ, z1 − ξ1))Ed(t, τ), k′ 6= 0,∣∣∣ ∫
Rn3

∂k3x3
G1(t, x; τ, ξ; (y2, ξ3))dξ3

∣∣∣6 C(B(t, τ))−m1n1−m2n2−m3(|k3|−γ3)×

(79) ×E(1)
c0 (t, τ, x1 − ξ1)E(2)

c0 (t, τ,X2(t, τ)− ξ2)Ed(t, τ), k3 6= 0,∣∣∣∆zs
xs

∫
Rn3

∂k3x3
G1(t, x; τ, ξ; (y2, ξ3))dξ3

∣∣∣6 C|xs−zs|γ
0
s (B(t, τ))−m1n1−m2n2−m3(|k3|−γ3)−msγs×

(80) ×E(1)
c0 (t, τ, x1 − ξ1)E(2)

c0 (t, τ,X2(t, τ)− ξ2)Ed(t, τ), k3 6= 0,

à òàêîæ ðiâíîñòi

(81) ∂k
′

x G1(t, x; τ, ξ; y′) = (−∂ξ)k
′
G1(t, x; τ, ξ; y′), k′ 6= 0,

(82) ∂k
′

x

∫
Rn2+n3

G1(t, x; τ, ξ; y′)dξ2dξ3 = 0, k′ 6= 0,

(83) ∂k3x3

∫
Rn3

G1(t, x; τ, ξ; y′)dξ3 = 0, k3 6= 0,
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ó ÿêèõ 0 < τ < t 6 T , {x, ξ} ⊂ Rn, y′ = (y2, y3) ∈ Rn2+n3 , zs ∈ Rns , s ∈ N3,
{k, k′} ⊂ Zn+, γ0

s ∈ (0, 1], s ∈ N3, h i γs � ÷èñëà ç óìîâ (15)�(17).

Äîâåäåííÿ ëåìè 4 ïðîâîäèòüñÿ âiäïîâiäíîþ ìîäèôiêàöi¹þ äîâåäåíü ç ïðàöü
[1, 2], à äëÿ ðiâíÿíü, ó ÿêèõ âiäñóòíi ôóíêöi¨ α i β � ç [4, 5, 8].

5. ßäðî K1

ßäðî K1 iíòåãðàëüíîãî ðiâíÿííÿ (14) ç j = 1 âèçíà÷à¹òüñÿ ôîðìóëîþ

K1(t, x; τ, ξ; y′) :=
(
β(t)

n1∑
j, l=1

∆ξ1
x1
ajl(t, (x1, y

′))∂x1j
∂x1l

+ β(t)

n1∑
j=1

∆ξ1
x1
aj(t, (x1, y

′))∂x1j
+

+∆ξ1
x1
a0(t, (x1, y

′))
)
G1(t, x; τ, ξ; y′), 0 < τ < t 6 T, {x, ξ} ⊂ Rn, y′ ∈ Rn2+n3 .

Ç öi¹¨ ôîðìóëè äëÿ k′ ∈ Zn+\{0} âèïëèâàþòü òàêi ðiâíîñòi:

∂k
′

xK1(t, x; τ, ξ; y′) :=
(
β(t)

n1∑
j, l=1

∆ξ1
x1
ajl(t, (x1, y

′))∂x1j∂x1l
+β(t)

n1∑
j=1

∆ξ1
x1
aj(t, (x1, y

′))∂x1j+

(84) +∆ξ1
x1
a0(t, (x1, y

′))
)
∂k

′

x G1(t, x; τ, ξ; y′),

∆zs
xs
∂k

′

xK1(t, x; τ, ξ; y′):=
(
β(t)

n1∑
j, l=1

∆ξ1
x1
ajl(t, (x1,y

′))∂x1j
∂x1l

+β(t)

n1∑
j=1

∆ξ1
x1
aj(t, (x1,y

′))∂x1j
+

(85) +∆ξ1
x1
a0(t, (x1, y

′))
)

∆zs
xs
∂k

′

x G1(t, x; τ, ξ; y′), s ∈ {2, 3},

∆zs
ys∂

k′

x K1(t, x; τ, ξ; y′) :=
(
β(t)

n1∑
j, l=1

∆ξ1
x1

∆zs
ysajl(t, (x1, y

′))∂x1j
∂x1l

+

+β(t)

n1∑
j=1

∆zs
ysaj(t, (x1, y

′))∂x1j + ∆zs
ysa0(t, (x1, y

′))−

−β(t)

n1∑
j=1

∆zs
ysaj(t, (ξ1, y

′))∂x1j
−∆zs

ysa0(t, (ξ1, y
′))
)
∂k

′

x G1(t, x; τ, ξ; y′)+

+
(
β(t)

n1∑
j, l=1

∆ξ1
x1
ajl(t, (x1, y

′))∂x1j
∂x1l

+ β(t)

n1∑
j=1

∆ξ1
x1
aj(t, (x1, y

′))∂x1j
+

(86) +∆ξ1
x1
a0(t, (x1, y

′))
)∣∣∣
ys=zs

∆zs
ys∂

k′

x G1(t, x; τ, ξ; y′), s ∈ {2, 3}.

Çà äîïîìîãîþ iíòåãðóâàííÿ (86) i ôîðìóë (82), (83) îòðèìà¹ìî ùå òàêi ðiâíîñòi:∫
Rn2+n3

∆zs
ys∂

k′

x K1(t, x; τ, ξ; y′)dξ2dξ3 =
(
β(t)

n1∑
j, l=1

∆ξ1
x1
ajl(t, (x1, y

′))∂x1j∂x1l
+

+β(t)

n1∑
j=1

∆ξ1
x1
aj(t, (x1, y

′))∂x1j
+ ∆ξ1

x1
a0(t, (x1, y

′))
)∣∣∣
ys=zs

×
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×
∫

Rn2+n3

∆zs
ys∂

k′

x G1(t, x; τ, ξ; y′)dξ2dξ3, s ∈ {2, 3},

∫
Rn3

∆zs
ys∂

k3
x3
K1(t, x; τ, ξ; y′)dξ3 =

(
β(t)

n1∑
j, l=1

∆ξ1
x1
ajl(t, (x1, y

′))∂x1j
∂x1l

+

+β(t)

n1∑
j=1

∆ξ1
x1
aj(t, (x1, y

′))∂x1j
+ ∆ξ1

x1
a0(t, (x1, y

′))
)∣∣∣
ys=zs

×

(87) ×
∫

Rn3

∆zs
ys∂

k3
x3
G1(t, x; τ, ξ; y′)dξ3, k3 6= 0, s ∈ {2, 3}.

Âèêîðèñòîâóþ÷è ðiâíîñòi (84)�(87), îöiíêè (72)�(74), óìîâè (15)�(18), íåðiâíîñòi
(29), (30) i (32), à òàêîæ ðiâíiñòü (31), îòðèìó¹ìî îöiíêè

(88) |∂k
′

x K1(t, x; τ, ξ; y′)| 6 Cβ(t)(B(t, τ))−M−Mk′−1+m1γ1Edc (t, τ, x, ξ),

|∆zs
xs
∂k

′

x K1(t, x; τ, ξ; y′)| 6 Cβ(t)|xs − zs|γ
0
s (B(t, τ))−M−Mk′−1+m1γ1−msγ

0
s×

(89) ×(Edc (t, τ, x, ξ) + Edc (t, τ, z(s), ξ)),

|∆zs
ys∂

k′

x K1(t, x; τ, ξ; y′)| 6 Cβ(t)((B(h, τ))msγs + |Ys(h, τ)− zs|γs)×

(90) ×(B(t, τ))−M−Mk′−1+m1γ1Edc (t, τ, x, ξ),∣∣∣ ∫
Rn2+n3

∆zs
ys∂

k′

x K1(t, x; τ, ξ; y′)dξ2dξ3

∣∣∣6 Cβ(t)((B(h, τ))msγs + |Ys(h, τ)− zs|γs)×

(91) ×(B(t, τ))−m1n1−Mk′−1+m1γ1E(1)
c0 (t, τ, x1 − ξ1)Ed(t, τ),∣∣∣ ∫

Rn3

∆zs
ys∂

k′

x K1(t, x; τ, ξ; y′)dξ3

∣∣∣6 Cβ(t)((B(h, τ))msγs + |Ys(h, τ)− zs|γs)×

(92) ×(B(t, τ))−m1n1−m2n2−Mk′−1+m1γ1E(1)
c0 (t, τ, x1−ξ1)E(2)

c0 (t, τ,X2(t, τ)−ξ2)Ed(t, τ),∣∣∣ ∫
Rn

∆zs
ys∂

k′

x K1(t, x; τ, ξ; y′)dξ
∣∣∣6 Cβ(t)((B(h, τ))msγs + |Ys(h, τ)− zs|γs)×

(93) ×(B(t, τ))−Mk′−1+m1γ1Ed(t, τ).

Â îöiíêàõ (88)�(93) 0 < τ < t 6 T , h ∈ (0, T ], {x, ξ} ⊂ Rn, zs ∈ Rns , s ∈ N3,
y′ ∈ Rn2+n3 , k′ ∈ Zn+ (â îöiíêàõ (91)�(93) k′ 6= 0), à ÷èñëà γ0

s i γs òàêi, ÿê âèùå.

Òåïåð îöiíèìî ïðèðiñò ∆z1
x1
∂k

′

x K1. Äîñòàòíüî ðîçãëÿíóòè âèïàäîê, êîëè |x1 −
z1|2 6 B(t, τ)/4. Ç ðiâíîñòi (84) âèïëèâà¹, ùî

∆z1
x1
∂k

′

x K1(t, x; τ, ξ; y′) :=
(
β(t)

n1∑
j, l=1

∆z1
x1
ajl(t, (x1, y

′))∂x1j∂x1l
+
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+β(t)

n1∑
j=1

∆z1
x1
aj(t, (x1, y

′))∂x1j + ∆z1
x1
a0(t, (x1, y

′))
)
∂k

′

x G1(t, x; τ, ξ)+

+β(t)

n1∑
j, l=1

∆ξ1
z1ajl(t, (x1, y

′))∆z1
x1
∂x1j

∂x1l
∂k

′

x G1(t, x; τ, ξ)+

+β(t)

n1∑
j=1

∆ξ1
z1aj(t, (x1, y

′))∆z1
x1
∂x1j

∂k
′

x G1(t, x; τ, ξ)+

+∆ξ1
x1
a0(t, (x1, y

′))∆z1
x1
∂x1j

∂k
′

x G1(t, x; τ, ξ).

Çà äîïîìîãîþ óìîâè (15), îöiíîê (72), (73) òà íåðiâíîñòi (29) îòðèìó¹ìî

|∆z1
x1
∂k

′

x K1(t, x; τ, ξ; y′)| 6 Cβ(t)(B(t, τ))−M−Mk′−1×

(94) ×
(
|x1 − z1|γ1(B(t, τ))m1γ1 + |x1 − z1|γ

0
1 (B(t, τ))−m1(γ0

1−γ1)
)
Edc (t, τ, x, ξ),

äå γ0
1 � äîâiëüíå ÷èñëî ç ïðîìiæêó (0, 1], à γ1 � ÷èñëî ç óìîâè (15). ßêùî äîäàòêîâî

ñêîðèñòàòèñÿ íåðiâíiñòþ (75) i ðiâíiñòþ (31), òî îòðèìà¹ìî îöiíêó∣∣∣ ∆z1
x1

∫
Rn

∂k
′

x K1(t, x; τ, ξ; y′)dξ
∣∣∣6 Cβ(t)(B(t, τ))−Mk′−1Ed(t, τ)×

(95) ×
(
|x1 − z1|γ1(B(t, τ))m1γ1 + |x1 − z1|γ

0
1 (B(t, τ))−m1(γ0

1−γ1)
)
, γ0

1 ∈ (0, 1].

Ç íåðiâíîñòi (94) âèïëèâàþòü îöiíêè

|∆z1
x1
∂k

′

x K1(t, x; τ, ξ; y′)| 6 Cβ(t)Edc (t− τ, x, ξ)×

(96) ×

{
|x1 − z1|γ

0
1 (B(t, τ))−M−Mk′−1−m1(γ0

1−γ1), γ0
1 < γ1,

|x1 − z1|γ1(B(t, τ))−M−Mk′−1, γ0
1 = γ1.

6. Âëàñòèâîñòi ôóíêöi¨ Q1 òà îá'¹ìíîãî ïîòåíöiàëó W1

Îñêiëüêè, çãiäíî ç ðåçóëüòàòàìè ï. 4 i òâåðäæåííÿì (26) ëåìè 2, ÿäðî K1

iíòåãðàëüíîãî ðiâíÿííÿ (14) ç j = 1 çàäîâîëüíÿ¹ óìîâè ç [1, ëåìè 1.10, ñ. 44], òî
ôóíêöiÿ Q1 âèçíà÷à¹òüñÿ ðÿäîì

(97) Q1(t, x; τ, ξ; y′) =

∞∑
j=1

K1j(t, x; τ, ξ; y′),

â ÿêîìó

K1j(t, x; τ, ξ; y′) =

t∫
τ

dθ

α(θ)

∫
Rn

K1(t, x; θ, λ; y′)K1(j−1)(θ, λ; τ, ξ; y′)dλ, j > 1,

K11 := K1, 0 < τ < t 6 T, {x, ξ} ⊂ Rn, y′ ∈ Rn2+n3 .
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Ëåìà 5. Çà óìîâ (i)�(iii) äëÿ ôóíêöi¨ Q1 ñïðàâäæóþòüñÿ îöiíêè

(98) |∂k
′

x Q1(t, x; τ, ξ; y′)| 6 Cβ(t)(B(t, τ))−M−Mk′−1+m1γ1Edc (t, τ, x, ξ),

|∆zs
xs
∂k

′

x Q1(t, x; τ, ξ; y′)| 6 Cβ(t)|xs − zs|γ
0
s (B(t, τ))−M−Mk′−1+m1γ1−msγ

0
s×

(99) ×(Edc (t, τ, x, ξ) + Edc (t, τ, z(s), ξ)), s ∈ N3,

(100)

|∆zs
ys∂

k′

x Q1(t, x; τ, ξ; y′)| 6 Cβ(t)Hs(h, τ)(B(t, τ))−M−Mk′−1+m1γ1Edc (t, τ, x, ξ), s ∈ {2, 3},

(101)
∣∣∣ ∂k′x ∫

Rn

Q1(t, x; τ, ξ; y′)dξ
∣∣∣6 Cβ(t)(B(t, τ))−Mk′−1+m1γ1Edc (t, τ, x, ξ),

(102)
∣∣∣ ∆z1

x1
∂k

′

x

∫
Rn

Q1(t, x; τ, ξ; y′)dξ
∣∣∣6 Cβ(t)|x1 − z1|γ

0
1 (B(t, τ))−Mk′−1+m1(γ1−γ0

1),

∣∣∣ ∂k′x ∫
Rn2+n3

Q1(t, x; τ, ξ; (ξ2, y3))dξ2dξ3

∣∣∣6 Cβ(t)(B(t, τ))−m1n1−Mk′+m2γ2×

(103) ×E(1)
c (t, τ, x1 − ξ1)Ed(t, τ), k′ 6= 0,∣∣∣ ∂k3x3

∫
Rn3

Q1(t, x; τ, ξ; (ξ2, ξ3))dξ3

∣∣∣6 Cβ(t)(B(t, τ))−m1(n1−γ1)−m2n2−m3(|k3|−γ3)−1×

(104) ×E(1)
c (t, τ, x1 − ξ1)E(2)

c (t, τ,X2(t, τ)− ξ2)Ed(t, τ), k3 6= 0,

äå 0 < τ < t 6 T , {x, ξ} ⊂ Rn, y′ ∈ Rn2+n3 , zs ∈ Rns , s ∈ N3, k
′ := (0, k2, k3) ∈ Zn+,

γ0
1 ∈ (0, 1], {γ0

2 , γ
0
3} ⊂ (0, 1], Hs(h, τ) := (B(h, τ))msγs + |Ys(h, τ) − zs|γs , s ∈ {2, 3},

h ∈ [τ, T ], γ1, γ2, γ3 � ÷èñëà ç óìîâ (15)�(17).

Ëåìà 6 ñòîñó¹òüñÿ âëàñòèâîñòåé îá'¹ìíîãî ïîòåíöiàëó (4) ç ïåðøîãî åòàïó ïî-
áóäîâè ÔÐÇÊ.

Ëåìà 6. Íåõàé êîåôiöi¹íòè ðiâíÿííÿ (2) çàäîâîëüíÿþòü óìîâè (i)�(iii). Òîäi
ïðàâèëüíi òàêi òâåðäæåííÿ:

1) ôóíêöiÿ (4) ìà¹ íåïåðåðâíi ïîõiäíi âèãëÿäó ∂kxW1, äå ìóëüòèiíäåêñ k :=
(k1, k2, k3) ∈ Zn+ òàêèé, ùî

||k|| := |k1|+ 2(|k2|+ |k3|) 6 2.

Ïîõiäíi âèçíà÷àþòüñÿ ôîðìóëàìè

(105) ∂k1x1
W1(t, x; τ, ξ; y′) =

t∫
τ

dθ

α(θ)

∫
Rn

∂k1x1
G1(t, x; θ, λ; y′)Q1(θ, λ; τ, ξ; y′)dλ, |k1| = 1,

∂k1x1
W1(t, x; τ, ξ; y′) =

t1∫
τ

dθ

α(θ)

∫
Rn

∂k1x1
G1(t, x; θ, λ; y′)Q1(θ, λ; τ, ξ; y′)dλ+



122
Î. ÂÎÇÍßÊ, Ñ. IÂÀÑÈØÅÍ, I. ÌÅÄÈÍÑÜÊÈÉ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2019. Âèïóñê 88

+

t∫
t1

dθ

α(θ)

∫
Rn

∂k1x1
G1(t, x; θ, λ; y′)∆

X(t,θ)
λ Q1(θ, λ; τ, ξ; y′)dλ+

(106) +

t∫
t1

( ∫
Rn

∂k1x1
G1(t, x; θ, λ; y′)dλ

)
Q1(θ,X(t, θ); τ, ξ; y′)

dθ

α(θ)
, |k1| = 2,

∂k
′

x W1(t, x; τ, ξ; y′) =

t1∫
τ

dθ

α(θ)

∫
Rn

∂k
′

x G1(t, x; θ, λ; y′)Q1(θ, λ; τ, ξ; y′)dλ+

(107) +

t∫
t1

dθ

α(θ)

∫
Rn

G1(t, x; θ, λ; y′)∂k
′

x Q1(θ, λ; τ, ξ; y′)dλ, |k′| 6= 0;

2) ñïðàâäæóþòüñÿ îöiíêè

(108) |∂k1x1
W1(t, x; τ, ξ; y′)| 6 C(B(t, τ))−M−Mk′+m1γ1Edc (t, τ, x, ξ), ||k|| 6 2,

|∆zs
xs
∂k1x1

W1(t, x; τ, ξ; y′)| 6 C|xs − zs|γ
0
s (B(t, τ))−M−Mk′+m1γ1−msγ

0
s×

(109) ×(Edc (t, τ, x, ξ) + Edc (t, τ, z(s), ξ)), ||k|| = 2, s ∈ N3,

|∆zs
ys∂xl

W1(t, x; τ, ξ; y′)| 6 CHs(h, τ)(B(t, τ))−M−ml+m1γ1×

(110) ×Edc (t, τ, x, ξ), {s, l} ⊂ {2, 3},

(111)
∣∣∣ ∫
Rn

∂k1x1
W1(t, x; τ, ξ; y′)dξ

∣∣∣6 C(B(t, τ))−Mk′+m1γ1Ed(t, τ), 0 < ||k|| 6 2,

∣∣∣ ∆zs
xs

∫
Rn

∂kxW1(t, x; τ, ξ; y′)dξ
∣∣∣6 C|xs − zs|γ

0
s×

(112) ×(B(t, τ))−Mk−msγ
0
s+m1γ1Ed(t, τ), 0 < ||k|| 6 2, s ∈ N3,∣∣∣ ∫

Rn2+n3

∂kxW1(t, x; τ, ξ; y′)dξ2dξ3

∣∣∣6 C(B(t, τ))−m1n1−Mk+m1γ1×

(113) ×E(1)
c0 (t, τ, x1 − ξ1)Ed(t, τ), ||k|| 6 2,∣∣∣ ∆zs

xs

∫
Rn2+n3

∂kxW1(t, x; τ, ξ; y′)dξ2dξ3

∣∣∣6 C|xs − zs|γ
0
s (B(t, τ))−m1n1−Mk−msγ

0
s+m1γ1×

(114) ×(E(1)
c0 (t, τ, x1 − ξ1) + E(1)

c0 (t, τ, z1 − ξ1))Ed(t, τ), ||k|| = 2, s ∈ N3,∣∣∣ ∫
Rn3

∂kxW1(t, x; τ, ξ; y′)dξ3

∣∣∣6 C(B(t, τ))−m1n1−m2n2−Mk+m1γ1×

(115) ×E(1)
c0 (t, τ, x1 − ξ1)E(2)

c0 (t, τ,X2(t, τ)− ξ2)Ed(t, τ), ||k|| 6 2,
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xs

∫
Rn3

∂kxW1(t, x; τ, ξ; y′)dξ3

∣∣∣6 C|xs − zs|γ
0
s (B(t, τ))−m1n1−m2n2−Mk−msγ

0
s+m1γ1×

(116) ×E(1)
c0 (t, τ, x1 − ξ1)E(2)

c0 (t, τ,X2(t, τ)− ξ2)Ed(t, τ), ||k|| 6 2, s ∈ N3,

(117) ∂k
′

x W1(t, x; τ, ξ; y′) = (−∂ξ)k
′
W1(t, x; τ, ξ; y′), k′ 6= 0,

Ó ôîðìóëàõ (105)�(117) 0 < τ < t 6 T , {x, ξ} ⊂ Rn, y′ ∈ Rn2+n3 , zs ∈ Rns , s ∈ N3,
k′ := (0, k2, k3) ∈ Zn+, γ0

1 ∈ (0, 1], {γ0
2 , γ

0
3} ⊂ (0, 1], s ∈ {2, 3}, h ∈ [τ, T ], Hs(h, τ) i

÷èñëà γ1, γ2, γ3 òàêi, ÿê ó ëåìi 5.

Äîâåäåííÿ ëåì 5 i 6 ïðîâîäèòüñÿ âiäïîâiäíîþ ìîäèôiêàöi¹þ äîâåäåíü ç [4, 6, 9]
i [1, 2] äëÿ âèïàäêó ðiâíÿíü áåç âèðîäæåííÿ i ç âèðîäæåííÿì íà ïî÷àòêîâié ãiïåð-
ïëîùèíi, âiäïîâiäíî.

Ëåìà 4, à òàêîæ ëåìè 5 i 6 íà ïiäñòàâi ôîðìóëè (3) îá ðóíòîâóþòü òâåðäæåííÿ
òåîðåìè 1 ïðî ÔÐÇÊ Z1 i çàâåðøóþòü ïåðøèé åòàï éîãî ïîáóäîâè.

7. Äðóãèé i òðåòié åòàïè ïîáóäîâè ÔÐÇÊ

Äîñëiäæåííÿ âëàñòèâîñòåé ôóíêöié Gj , Kj , Qj i Wj , j ∈ {2, 3}, ó äðóãîìó òà
òðåòüîìó åòàïàõ ïðîâîäèòüñÿ çà ìåòîäèêîþ, âèêîðèñòàíîþ â ïåðøîìó åòàïi. Öi äî-
ñëiäæåííÿ â ïðèíöèïi ïîâòîðþþòü ç ïðèðîäíèìè îñîáëèâîñòÿìè âiäïîâiäíi äîñëi-
äæåííÿ â ïåðøîìó åòàïi. Êîðîòêî çóïèíèìîñÿ íà öèõ îñîáëèâîñòÿõ.

Âëàñòèâîñòi ïàðàìåòðèêñó G2 ¹ òàêèìè, ÿê i ñôîðìóëüîâàíi â òåîðåìi 1 äëÿ
Z1 ç òi¹þ âiäìiííiñòþ, ùî γ0

2 ∈ (0, γ2] äëÿ Z2 i γ0
2 ∈ (0, 1] äëÿ G2, òîáòî Z2 ìà¹,

âçàãàëi êàæó÷è, íèæ÷èé ïîêàçíèê ãëàäêîñòi çà çìiííîþ x2, íiæ G2. Öå çóìîâëåíî
òèì, ùî ñàìå òàêó ãëàäêiñòü ìà¹ îá'¹ìíèé ïîòåíöiàë W2. Ïðè÷èíà öüîãî êðè¹òüñÿ
ó âëàñòèâîñòÿõ ãóñòèíè Q2, ÿêà, çàãàëîì, íå ìà¹ ïîõiäíî¨ çà çìiííîþ x2, à ¹ ëèøå
íåïåðåðâíîþ çà öi¹þ çìiííîþ çà Ãåëüäåðîì ç ïîêàçíèêîì γ2. Òîìó äëÿ ïîõiäíî¨
∂k2x2

W2, |k2| = 1 òðåáà âèêîðèñòàòè ôîðìóëó

∂k2x2
W2(t, x; τ, ξ; y3) =

t1∫
τ

dθ

α(θ)

∫
Rn

∂k2x2
G2(t, x; θ, λ; y3)Q2(θ, λ; τ, ξ; y3)dλ+

+

t∫
t1

dθ

α(θ)

∫
Rn1

( ∫
Rn2+n3

∂k2x2
G2(t, x; θ, λ; y′)dλ2dλ3

)
×

×∆
X(t,θ)
Λ01(t,θ)Q2(θ,Λ01(t, θ); τ, ξ; y3)dλ1 +

t∫
t1

dθ

α(θ)

∫
Rn

∂k2x2
G2(t, x; θ, λ; y3)×

×
(

∆
Λ01(t,θ)
Λ02(t,θ)Q2(θ,Λ02(t, θ); τ, ξ; y3) + ∆

Λ02(t,θ)
λ Q2(θ, λ; τ, ξ; y3)

)
dλ+

(118) +

t∫
t1

( ∫
Rn

∂k2x2
G2(t, x; θ, λ; y3)dλ

)
Q2(θ,X(t, θ); τ, ξ; y3)

dθ

α(θ)
.
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Îöiíèâøè çâè÷àéíèì ñïîñîáîì, ïîäiáíî äî ïîïåðåäíüîãî, iíòåãðàëè ç (118), îòðèìà-
¹ìî îöiíêó

|∂k2x2
W2(t, x; τ, ξ; y3)| 6 C(B(t, τ))−M−m2(1−γ2)Edc0(t, τ, x, ξ),

0 < τ < t 6 T, {x, ξ} ⊂ Rn, y3 ∈ Rn3 , |k2| = 1.

Òóò âèêîðèñòàíî òå, ùî

−m2(1− γ2) = −1 + (3γ2 − 1)/2 i 3γ2 − 1 > 0,

áî çãiäíî ç óìîâîþ (16) ìà¹ìî γ2 ∈ (1/3, 2/3].

Àíàëîãi÷íà ñèòóàöiÿ âèíèêà¹ íà òðåòüîìó åòàïi. Íà öüîìó åòàïi G3, Q3 i W3

âiä ïàðàìåòðà y âæå íå çàëåæàòü. Ôîðìóëè äëÿ ïîõiäíèõ ∂k3x3
W3, |k3| = 1 íàáóâàþòü

âèãëÿäó

∂k3x3
W3(t, x; τ, ξ) =

t1∫
τ

dθ

α(θ)

∫
Rn

∂k3x3
G3(t, x; θ, λ)Q3(θ, λ; τ, ξ)dλ+

+

t∫
t1

dθ

α(θ)

∫
Rn1

( ∫
Rn2+n3

∂k3x3
G3(t, x; θ, λ)dλ2dλ3

)
∆
X(t,θ)
Λ01(t,θ)Q3(θ,Λ01(t, θ); τ, ξ)dλ1+

+

t∫
t1

dθ

α(θ)

∫
Rn1+n2

( ∫
Rn3

∂k3x3
G3(t, x; θ, λ)dλ3

)
∆

Λ02(t,θ)
Λ01(t,θ)Q3(θ,Λ01(t, θ); τ, ξ)dλ1+

+

t∫
t1

dθ

α(θ)

∫
Rn

∂k3x3
G3(t, x; θ, λ)∆

Λ02(t,θ)
λ Q3(θ, λ; τ, ξ)dλ+

+

t∫
t1

( ∫
Rn

∂k3x3
G3(t, x; θ, λ)dλ

)
Q3(θ,X(t, θ); τ, ξ)

dθ

α(θ)
.

Îöiíþâàííÿ iíòåãðàëiâ iç öi¹¨ ôîðìóëè ïðèâîäèòü äî òàêîãî ðåçóëüòàòó:

|∂k3x3
W3(t, x; τ, ξ)| 6 C(B(t, τ))−M−m3(1−γ3)Edc0(t, τ, x, ξ),

0 < τ < t 6 T, {x, ξ} ⊂ Rn, |k3| = 1,

äå −m3(1− γ3) = −1 + (5γ3 − 3)/2 i 5γ3 − 3 > 0, îñêiëüêè çà óìîâîþ (17) ìà¹ìî, ùî
γ3 ∈ (3/5, 2/3].

Ç âëàñòèâîñòåé ôóíêöié Gj i Wj , j ∈ {2, 3} âèïëèâàþòü òâåðäæåííÿ òåîðåìè 2,
à òàêîæ òâåðäæåííÿ òåîðåìè 3 ïðî iñíóâàííÿ ÔÐÇÊ Z := Z3 òà éîãî îöiíêè (70).
Îöiíêà (71) âèïëèâà¹ ç îöiíîê (70) i òîãî, ùî Z ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (10).

Îòæå, îñíîâíèì ðåçóëüòàòîì äîñëiäæåííÿ â öié ñòàòòi ¹ òàêà òåîðåìà.

Òåîðåìà 4. Íåõàé äëÿ êîåôiöi¹íòiâ ðiâíÿííÿ (10) âèêîíóþòüñÿ óìîâè (i)�(iii).
Òîäi äëÿ ðiâíÿííÿ (10) iñíó¹ ÔÐÇÊ Z, äëÿ ÿêîãî ñïðàâäæóþòüñÿ îöiíêè

(119) |∂kxZ(t, x; τ, ξ)| 6 C(B(t, τ))−M−MkEdc (t, τ)(t, τ, x, ξ),

(120) |SZ(t, x; τ, ξ)| 6 C(B(t, τ))−M−1Edc (t, τ, x, ξ)
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ó ÿêèõ 0 < τ < t 6 T , {x, ξ} ⊂ Rn, k = (k1, k2, k3) ∈ Zn+, m1|k1|+ |k2|+ |k3| 6 1, C i c
� äîäàòíi ñòàëi, d ∈ R.
Çàóâàæåííÿ 2. Ó âèïàäêó ñëàáêîãî âèðîäæåííÿ ðiâíÿííÿ (10) â îöiíêàõ (119) i (120)
ìîæíà áðàòè τ = 0 i d = 0.
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The aim of this paper is to construct the classical fundamental soluti-
on of the Cauchy problem (FSCP) for degenerate ultraparabolic equation of
Kolmogorov type with three groups of spatial variables and with degenerati-
on on the initial hyperplane. In this paper we consider equations with two
groups of degeneration. So that in this case the spatial x ∈ Rn consist of three
groups of variables x := (x1, x2, x3), xj := (xj1, . . . , xjnj ) ∈ Rnj , j ∈ {1, 2, 3},
n1 > n2 > n3 > 1, n = n1 + n2 + n3. We shall say that t and x1 are basic
variables and x2, x3 are variables of degeneration. Similarly to the case of
non-degenerate parabolic equations it is possible to obtain a complete analytic
description of the FSCP, which leads to a very precise results for solutions of the
Kolmogorov type equations with constant coe�cients or coe�cients depending
only on time variable. If coe�cients of a Kolmogorov type equation depend on
all variables, then it is much more complicated to study its FSCP. In additi-
onal usual di�culties of the Levi Method, new serious di�culties are caused
by degeneracy of the equations. The number of the parameters is equal to the
number of the groups of degeneration in the equation. At the next stage of
constructing FSCP we choose the above FSCP as the parametrix. The number
of stages of the constructing FSCP depend on the quantity of the groups of
spatial variables in the equation.
The analysis shows that a solution of the problem of constructing the classical
FSCP consists not only in choice of suitable conditions on the coe�cients but
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also in successful choice of a parametrix for the Levi method. Our approach
is based on step-by-step use of the Levi method. On the �rst stage an FSCP
for the equation with coe�cients depending on the basic variables and the
parameters is constructed. Such an approach is realized in this paper. Its basic
results are the following. The classical FSCP for degenerate ultraparabolic
equation of Kolmogorov type with three groups of spatial variables and with
degeneration on the initial hyperplane is constructed. Exact estimations of this
solution and its derivatives are obtained.

Key words: parabolic equations with degenerations, fundamental solution
of the Cauchy problem, degeneration on the initial hyperplane, Levi method,
ultraparabolic equations of the Kolmogorov type.
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Ìèêîëà ÇÀÁÎËÎÖÜÊÈÉ, Òàðàñ ÇÀÁÎËÎÖÜÊÈÉ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, 79000, Ëüâiâ
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Çíàéäåíî àñèìïòîòè÷íèé ðîçïîäië âèáiðêîâî¨ îöiíêè êîåôiöi¹íòà, ùî
îïèñó¹ ñòàâëåííÿ iíâåñòîðà äî ðèçèêó, ïîðòôåëþ ç ìàêñèìàëüíèì âiäíî-
øåííÿì Øàðïà çà óìîâè áàãàòîâèìiðíîãî åëiïòè÷íîãî ðîçïîäiëó âåêòîðà
äîõiäíîñòåé éîãî àêòèâiâ. Íà éîãî ïiäñòàâi çàïðîïîíîâàíî ìåòîä òåñòóâàí-
íÿ ñòàòèñòè÷íî¨ åêâiâàëåíòíîñòi ïîðòôåëiâ ç ìàêñèìàëüíèì âiäíîøåííÿì
Øàðïà òà ç ìàêñèìàëüíîþ î÷iêóâàíîþ êîðèñíiñòþ.

Êëþ÷îâi ñëîâà: áàãàòîâèìiðíèé åëiïòè÷íèé ðîçïîäië, àñèìïòîòè÷íèé
ðîçïîäië, âèáiðêîâà îöiíêà, âiäíîøåííÿ Øàðïà, êîåôiöi¹íò, ÿêèé îïèñó¹
ñòàâëåííÿ iíâåñòîðà äî ðèçèêó.

1. Âñòóï

Òåîðiÿ ïîðòôåëÿ çàñíîâàíà Ìàðêîâiöåì [1] âiäiãðà¹ âàæëèâó ðîëü ó ôiíàíñîâié
ìàòåìàòèöi. Çàâäÿêè ñâî¨é ïðîñòîòi òà ðåçóëüòàòàì, ÿêi ëåãêî iíòåðïðåòóâàòè, âî-
íà íàäçâè÷àéíî ïîïóëÿðíà íà ïðàêòèöi. Âàæëèâèìè â òåîði¨ ïîðòôåëÿ ¹ åôåêòèâíi
ïîðòôåëi, òîáòî ïîðòôåëi äëÿ ÿêèõ íåìîæëèâî çáiëüøèòè î÷iêóâàíó äîõiäíiñòü íå
çáiëüøóþ÷è ðèçèê, òà ¨õ îá'¹äíàííÿ � åôåêòèâíà ìíîæèíà [2]. Ìîæíà íàâåñòè äå-
êiëüêà ìåòîäiâ ïîáóäîâè åôåêòèâíî¨ ìíîæèíè. Çàïðîïîíîâàíèé Ìàðêîâiöåì ìåòîä
ïîëÿãà¹ ó ðîçâ'ÿçóâàííi çàäà÷i ìàêñèìiçàöi¨ î÷iêóâàíî¨ äîõiäíîñòi çà çàäàíîãî ðiâíÿ
ðèçèêó. Çìiíþþ÷è ðiâåíü ðèçèêó âiä íàéìåíøîãî äî +∞ îòðèìà¹ìî åôåêòèâíó ìíî-
æèíó. Äðóãèé ñïîñiá ïîëÿãà¹ ó ìàêñèìiçàöi¨ î÷iêóâàíî¨ êîðèñíîñòi ïðè çìiíi çíà÷åííÿ
êîåôiöi¹íòà, ÿêèé îïèñó¹ ñòàâëåííÿ iíâåñòîðà äî ðèçèêó (íàäàëi, êîåôiöi¹íò ðèçèêó)
âiä 0 äî +∞. ßêèì áè ìåòîäîì íå áóäóâàëàñÿ åôåêòèâíà ìíîæèíà, âàãè òà õàðà-
êòåðèñòèêè åôåêòèâíèõ ïîðòôåëiâ, çàëåæàòü âiä ïàðàìåòðiâ ðîçïîäiëó äîõiäíîñòåé
àêòèâiâ. Îñêiëüêè íà ïðàêòèöi öi ïàðàìåòðè íåâiäîìi, òî óñi ðåçóëüòàòè  ðóíòóþòüñÿ

2010 Mathematics Subject Classi�cation: 91G10, 62F03, 62F12

c© Çàáîëîöüêèé, Ì., Çàáîëîöüêèé, Ò., 2019
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íà ¨õíiõ îöiíêàõ, ÿêi ¹ âèïàäêîâèìè âåëè÷èíàìè. Îòæå, âèïàäêîâèìè âåëè÷èíàìè ¹ i
âàãè òà õàðàêòåðèñòèêè åôåêòèâíèõ ïîðòôåëiâ. Ñòàòèñòè÷íi òà éìîâiðíiñíi âëàñòè-
âîñòi õàðàêòåðèñòèê ðiçíèõ ïîðòôåëiâ äîñëiäæóþòü ó áàãàòüîõ ïðàöÿõ. Çîêðåìà â [3]
i [4], âiäïîâiäíî, çíàéäåíî ðîçïîäiëè âàã òà õàðàêòåðèñòèê ïîðòôåëiâ ç ìàêñèìàëü-
íîþ î÷iêóâàíîþ êîðèñíiñòþ, òàíãåíñiàëüíîãî òà ç íàéìåíøîþ äèñïåðñi¹þ çà ïðèïó-
ùåííÿ íîðìàëüíî¨ ðîçïîäiëåíîñòi äîõiäíîñòåé àêòèâiâ. Çà öüîãî æ ïðèïóùåííÿ â [5]
çíàéäåíî òî÷íi, à â [6] çà ñëàáøèõ ïðèïóùåíü íà äîõiäíîñòi àêòèâiâ ïîðòôåëÿ àñèì-
ïòîòè÷íi ðîçïîäiëè õàðàêòåðèñòèê ïîðòôåëiâ ç íàéìåíøèì ðiâíåì VaR òà CVaR.
Îêðåìî ñåðåä åôåêòèâíèõ ïîðòôåëiâ âàðòî âiäçíà÷èòè ïîðòôåëü ç ìàêñèìàëüíèì
âiäíîøåííÿì Øàðïà. Îñêiëüêè âiäíîøåííÿ Øàðïà îäèí ç íàéãîëîâíiøèõ ïîêàçíè-
êiâ åôåêòèâíîñòi óïðàâëiííÿ ïîðòôåëåì, òî òàêèé ïîðòôåëü ñòàíîâèòü iíòåðåñ ÿê
åòàëîí åôåêòèâíîñòi óïðàâëiííÿ. Âëàñòèâîñòi âèáiðêîâèõ îöiíîê âàã öüîãî ïîðòôå-
ëÿ äîñëiäæåíî â [3] òà [7] i äîâåäåíî, ùî äëÿ âèáiðêîâèõ îöiíîê âàã ïîðòôåëÿ íå iñíó¹
ìàòåìàòè÷íîãî ñïîäiâàííÿ òà íåìîæëèâî äëÿ íèõ ïîáóäóâàòè íåçìiùåíó îöiíêó. Ç
öèõ ðåçóëüòàòiâ âèïëèâà¹ âiäñóòíiñòü ìàòåìàòè÷íîãî ñïîäiâàííÿ i äëÿ îöiíîê î÷iêó-
âàíî¨ äîõiäíîñòi òà äèñïåðñi¨ ïîðòôåëÿ, à òîìó íåêîðåêòíî ïîðiâíþâàòè ïîðòôåëi íà
ïiäñòàâi öèõ õàðàêòåðèñòèê. Òàêîæ äîâîëi âàæêî â öüîìó âèïàäêó iíòåðïðåòóâàòè
îòðèìàíi ðåçóëüòàòè.

Çíàéäåíî àíàëiòè÷íèé âèðàç äëÿ îá÷èñëåííÿ êîåôiöi¹íòà ðèçèêó ïîðòôåëÿ ç
ìàêñèìàëüíèì âiäíîøåííÿì Øàðïà, äîñëiäæåíî àñèìïòîòè÷íi âëàñòèâîñòi éîãî âè-
áiðêîâî¨ îöiíêè òà ïîáóäîâàíî iíòåðâàë äîâiðè. Íà îñíîâi öèõ ðåçóëüòàòiâ çàïðîïî-
íîâàíî ìåòîä òåñòóâàííÿ ñòàòèñòè÷íî¨ åêâiâàëåíòíîñòi ïîðòôåëiâ ç ìàêñèìàëüíèì
âiäíîøåííÿì Øàðïà òà ç ìàêñèìàëüíîþ î÷iêóâàíîþ êîðèñíiñòþ.

2. Îçíà÷åííÿ òà ôîðìóëþâàííÿ ðåçóëüòàòiâ

Íåõàé Pt öiíà àêòèâó, Xt = 100 lnPt/Pt−1 éîãî äîõiäíiñòü â ìîìåíò ÷àñó
t, Xt = (Xt1, Xt2, ..., Xtk)

′ âåêòîð äîõiäíîñòåé k àêòèâiâ ïîðòôåëÿ, M(Xt) = µ
i D(Xt) = Σ. Ïîçíà÷èìî wi ÷àñòêó i-ãî àêòèâó â ïîðòôåëi, à âåêòîð ÷àñòîê
w = (w1, w2, ..., wk) íàçâåìî âåêòîðîì âàã ïîðòôåëÿ àáî ïðîñòî ïîðòôåëåì. Ïðèïó-
ñòèìî, ùî Xt ∼ Ek(µ,Σ/γ2, ψ), òîáòî Xt ìà¹ áàãàòîâèìiðíèé åëiïòè÷íèé ðîçïîäië,
õàðàêòåðèñòè÷íà ôóíêöiÿ ÿêîãî íàüóâà¹ âèãëÿäó

M(exp(ix′Xt)) = exp(iµ′x)ψ(x′Dx), x ∈ Rk, D = Σ/γ2, γ2 = −2ψ′(0).

Ôóíêöiþ ψ íàçèâàþòü õàðàêòåðèñòè÷íèì ãåíåðàòîðîì åëiïòè÷íîãî ðîçïîäiëó. Äî
êëàñó áàãàòîâèìiðíèõ åëiïòè÷íèõ ðîçïîäiëiâ íàëåæàòü ðîçïîäiëè, ÿêi ÷àñòî âèêî-
ðèñòîâóþòü ó ôiíàíñîâié ìàòåìàòèöi, çîêðåìà, áàãàòîâèìiðíi ðîçïîäiëè Ñòüþäåíòà,
Ëàïëàñà òà íîðìàëüíèé. Äåòàëüíiøó iíôîðìàöiþ ñòîñîâíî áàãàòîâèìiðíèõ åëiïòè-
÷íèõ ðîçïîäiëiâ ìîæíà çíàéòè ó [8]. ßêùî Xw;t = w′Xt äîõiäíiñòü ïîðòôåëÿ â
ìîìåíò ÷àñó t, òî î÷iêóâàíà äîõiäíiñòü Rw òà äèñïåðñiÿ Vw ïîðòôåëÿ îá÷èñëþ-
þòüñÿ çà ôîðìóëàìè Rw = M(Xw;t) = µ′w òà Vw = D(Xw;t) = w′Σw. Âiäíî-
øåííÿ Øàðïà SRw ïîðòôåëÿ ç âàãàìè w çà âiäñóòíîñòi áåçðèçèêîâîãî ðîçìiùå-
ííÿ êîøòiâ âèçíà÷à¹òüñÿ ÿê âiäíîøåííÿ î÷iêóâàíî¨ äîõiäíîñòi äî äèñïåðñi¨, òîáòî
SRw = Rw/Vw = µ′w/w′Σw. Âàãè ïîðòôåëÿ ç ìàêñèìàëüíèì âiäíîøåííÿì Øàð-
ïà wSR îòðèìóþòü ç îïòèìiçàöiéíî¨ çàäà÷i SRw → max, çà óìîâè, ùî w′1 = 1 òà
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äîðiâíþþòü [3]

(1) wSR =
Σ−1µ

1′Σ−1µ
,

äå 1 � k-âèìiðíèé âåêòîð, åëåìåíòàìè ÿêîãî ¹ îäèíèöi. Áóäü-ÿêèé ïîðòôåëü åôå-
êòèâíî¨ ìíîæèíè ìîæíà îòðèìàòè ÿê ðîçâ'ÿçîê çàäà÷i ìàêñèìiçàöi¨ î÷iêóâàíî¨ êî-
ðèñíîñòi ïîðòôåëÿ

(2) Uw = Rw −
β

2
Vw → max, w′1 = 1,

çà ïåâíîãî çíà÷åííÿ êîåôiöi¹íòà ðèçèêó β. Îñêiëüêè ïîðòôåëü ç ìàêñèìàëüíèì âiä-
íîøåííÿì Øàðïà íàëåæèòü åôåêòèâíié ìíîæèíi, òî iñíó¹ òàêå çíà÷åííÿ êîåôiöi-
¹íòà ðèçèêó β = βSR, çà ÿêîãî ïîðòôåëi ç ìàêñèìàëüíèì âiäíîøåííÿì Øàðïà òà
ìàêñèìàëüíîþ î÷iêóâàíîþ êîðèñíiñòþ ìàòåìàòè÷íî åêâiâàëåíòíi. Ðîçâ'ÿçîê çàäà÷i
(2) íàáóâà¹ âèãëÿäó [3]

(3) wEU =
Σ−11

1′Σ−11
+ β−1Rµ,

äå R = Σ−1 − Σ−1
11′Σ−1

1′Σ−1
1

. Ïåðåïèøåìî (1) íàñòóïíèì ÷èíîì

wSR =
Σ−1µ

1′Σ−1µ
− Σ−11

1′Σ−11
+

Σ−11

1′Σ−11
=

Σ−11

1′Σ−11
+

+
1

1′Σ−1µ

(Σ−1µ1′Σ−11−Σ−111′Σ−1µ

1′Σ−11

)
=

Σ−11

1′Σ−11
+

1

1′Σ−1µ
Rµ.(4)

Ïðèðiâíÿâøè (3) i (4), îòðèìà¹ìî

(5) βSR = 1′Σ−1µ.

Îñêiëüêè çíà÷åííÿ êîåôiöi¹íòà βSR çàëåæèòü âiä íåâiäîìèõ ïàðàìåòðiâ ðîçïîäiëó
âåêòîðà äîõiäíîñòåé àêòèâiâ µ òà Σ, òî âèêîðèñòàòè îòðèìàíèé ðåçóëüòàò íà ïðàê-
òèöi íåìîæëèâî. Äëÿ îöiíêè öèõ ïàðàìåòðiâ âèêîðèñòîâó¹ìî âèáiðêó ïîïåðåäíiõ
çíà÷åíü âåêòîðiâ äîõiäíîñòåé àêòèâiâ X1, X2, . . . ,Xn. Ìà¹ìî âèáiðêîâi îöiíêè

(6) µ̂ =
1

n

n∑
j=1

Xj , Σ̂ =
1

n− 1

n∑
j=1

(Xj − µ̂)(Xj − µ̂)′ ,

ïàðàìåòðiâ µ òà Σ. Ïiäñòàâèâøè îöiíêè (6) ó (5), îòðèìà¹ìî âèáiðêîâó îöiíêó ïàðà-

ìåòðà βSR, ÿêó ïîçíà÷èìî β̂SR. Âèáiðêîâi îöiíêè µ̂ òà Σ̂ ¹ âèïàäêîâèìè âåëè÷èíàìè,

à òîìó β̂SR òåæ ¹ âèïàäêîâîþ âåëè÷èíîþ. Äëÿ ïðèéíÿòòÿ óïðàâëiíñüêèõ ðiøåíü íå-

îáõiäíî äîñëiäèòè éìîâiðíiñíi âëàñòèâîñòi β̂SR.

Òåîðåìà 1. Íåõàé X1, X2, ..., Xn íåçàëåæíi îäíàêîâî ðîçïîäiëåíi âèïàäêîâi k-
âèìiðíi âåêòîðè òà X1 ∼ Ek(µ,Σ/γ2, ψ). Òîäi

√
n(β̂SR − βSR)

d→ N (0, σ2
SR), n→ +∞,

äå

σ2
SR = (1 + λµ′Rµ)1′Σ−11 + 2λ(1′Σ−1µ)2,(7)
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λ = ψ′′(0)/(ψ′(0))2 òà
d→ ïîçíà÷à¹ çáiæíiñòü çà ðîçïîäiëîì.

Äîâåäåííÿ. Ïîçíà÷èìî RGMV =
µ′Σ−1

1

1′Σ−1
1

òà VGMV = 1

1′Σ−1
1
âiäïîâiäíî î÷iêóâà-

íó äîõiäíiñòü i äèñïåðñiþ ïîðòôåëÿ ç íàéìåíøîþ äèñïåðñi¹þ àáî, iíøèìè ñëîâà-
ìè, ìiíiìàëüíi çíà÷åííÿ î÷iêóâàíî¨ äîõiäíîñòi òà ðèçèêó äëÿ ïîðòôåëiâ åôåêòèâíî¨
ìíîæèíè, s = µ′Rµ òà ÷åðåç R̂GMV , V̂GMV , ŝ ¨õíi âèáiðêîâi îöiíêè. Öi òðè ââåäå-
íi ïàðàìåòðè ïîâíiñòþ âèçíà÷àþòü åôåêòèâíó ìíîæèíó [4]. Íåõàé 03 � 3-âèìiðíèé
íóëü-âåêòîð i

(8) Ω =

 VGMV (1 + λs) 0 0
0 2λV 2

GMV 0
0 0 4s+ 2λs2

 .

Îñêiëüêè [9]

√
n

 R̂GMV

V̂GMV

ŝ

−
 RGMV

VGMV

s

 d→ N (03,Ω) , n→ +∞,

òà

βSR = 1′Σ−1µ = RGMV /VGMV ,

òî çàñòîñîâóþ÷è äåëüòà-ìåòîä [10, c. 211], îòðèìà¹ìî

√
n(β̂SR − βSR)

d→ N (0,g′Ωg), n→ +∞,

äå g = ( ∂βSR

∂RGMV
, ∂βSR

∂VGMV
, ∂βSR

∂s )′. Âðàõóâàâøè(8) òà ðiâíîñòi

∂βSR
∂RGMV

=
1

VGMV
,
∂βSR
∂VGMV

= −RGMV

V 2
GMV

,
∂βSR
∂s

= 0,

ç îñòàííüîãî ñïiââiäíîøåííÿ îòðèìà¹ìî òâåðäæåííÿ òåîðåìè 1. �

Çàóâàæèìî, ùî àñèìïòîòè÷íà äèñïåðñiÿ σ2
SR (äèâ. (7)) âèïàäêîâî¨ âåëè÷èíè√

n(β̂SR − βSR) çàëåæèòü âiä íåâiäîìèõ ïàðàìåòðiâ µ òà Σ ðîçïîäiëó Xt. Ç òåîðåìè
1 òà òåîðåìè 1.14 [11, ñ. 8] âèïëèâà¹ òâåðäæåííÿ.

Íàñëiäîê 1. Âèáiðêîâà îöiíêà σ̂2
SR êîíñèñòåíòíà, òîáòî

σ̂2
SR

a.s.−→ σ2
SR, n→ +∞,

äå
a.s.−→ ïîçíà÷à¹ çáiæíiñòü ìàéæå íàïåâíî.

Òàêîæ ç òåîðåìè 1 âèïëèâà¹, ùî (1 − γ)-äîâið÷èé iíòåðâàë äëÿ βSR íàáóâà¹
âèãëÿäó

(9)

[
1′Σ̂

−1
µ̂− σ̂SR√

n
z1−γ/2,1

′Σ̂
−1

µ̂+
σ̂SR√
n
z1−γ/2

]
.

Òóò zγ � γ-êâàíòèëü ñòàíäàðòíîãî íîðìàëüíîãî ðîçïîäiëó.

Íàñëiäîê 2. Óñi ïîðòôåëi ç ìàêñèìàëüíîþ î÷iêóâàíîþ êîðèñíiñòþ, äëÿ ÿêèõ çíà-

÷åííÿ êîåôiöi¹íòà ðèçèêó íàëåæèòü iíòåðâàëó (9), ñòàòèñòè÷íî åêâiâàëåíòíi

ïîðòôåëþ ç ìàêñèìàëüíèì âiäíîøåííÿì Øàðïà.
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3. Âèñíîâêè

Çíàéäåíî àñèìïòîòè÷íèé ðîçïîäië âèáiðêîâî¨ îöiíêè êîåôiöi¹íòà ðèçèêó ïîðò-
ôåëÿ ç ìàêñèìàëüíèì âiäíîøåííÿì Øàðïà òà ïîáóäîâàíî äîâið÷èé iíòåðâàë äëÿ
öüîãî êîåôiöi¹íòà çà óìîâè áàãàòîâèìiðíîãî åëiïòè÷íîãî ðîçïîäiëó âåêòîðà äîõiäíî-
ñòåé éîãî àêòèâiâ. Îòðèìàíèé ðåçóëüòàò çíà÷íî ñïðîùó¹ iíòåðïðåòàöiþ ðåçóëüòà-
òiâ îòðèìàíèõ äëÿ õàðàêòåðèñòèê ïîðòôåëÿ ç ìàêñèìàëüíèì âiäíîøåííÿì Øàðïà,
îñêiëüêè äà¹ ìîæëèâiñòü çàìiíèòè éîãî íà ñòàòèñòè÷íî åêâiâàëåíòíèé ïîðòôåëü ç
ìàêñèìàëüíîþ î÷iêóâàíîþ êîðèñíiñòþ.

Ñïèñîê âèêîðèñòàíî¨ ëiòåðàòóðè

1. H. Markowitz, Portfolio selection, The Journal of Finance 7 (1952), no. 2, 77�91.
DOI: 10.2307/2975974

2. R. C. Merton, An analytical derivation of the e�cient frontier, Journal of Financial and
Quantitative Analysis 7 (1972), no. 4, 1851�1872. DOI: 10.2307/2329621

3. Y. Okhrin and W. Schmid, Distributional properties of optimal portfolio weights, J. Econom.
134 (2006), no. 1, 235�256. DOI: 10.1016/j.jeconom.2005.06.022

4. R. Kan and D. R. Smith, The distribution of the sample minimum-variance frontier, Mana-
gement Science 54 (2008), no. 7, 1364�1380. DOI: 10.1287/mnsc.1070.0852

5. T. Bodnar, W. Schmid, and T. Zabolotskyy, Minimum VaR and Minimum CVaR optimal

portfolios: estimators, con�dence regions, and tests, Stat. Risk. Model. 29 (2012), no. 4,
281�314. DOI: 10.1524/strm.2012.1118

6. T. Bodnar, W. Schmid, and T. Zabolotskyy, Asymptotic behavior of the estimated weights

and of the estimated performance measures of the minimum VaR and the minimum CVaR

optimal portfolios for dependent data, Metrica 76 (2013), no. 8, 1105�1134.
DOI: 10.1007/s00184-013-0432-1

7. W. Schmid and T. Zabolotskyy, On the existence of unbiased estimators for the portfolio

weights obtained by maximizing the Sharpe ratio, AStA, Adv. Stat. Anal. 92 (2008), no. 1,
29�34. DOI: 10.1007/s10182-008-0054-5

8. Fang, S. Kotz, and K. W. Ng, Symmetric multivariate and related distributions, Chapman
and Hall, London, 1990, 220 p.

9. Ò. Bodnar and T. Zabolotskyy, How risky is the optimal portfolio which maximizes the Sharpe

ratio? AStA, Adv. Stat. Anal. 101 (2017), 1�28. DOI: 10.1007/s10182-016-0270-3
10.P. J. Brockwell and R. A. Davis, Time series: theory and methods, Springer Science+Business

Media, New York, 2006, 600p.
11.A. DasGupta, Asymptotic theory of statistics and probability, Springer, New York, 2008, 722p.

Ñòàòòÿ: íàäiéøëà äî ðåäêîëåãi¨ 30.11.2019

äîîïðàöüîâàíà 01.02.2020

ïðèéíÿòà äî äðóêó 03.02.2020



ÒÅÑÒÓÂÀÍÍß ÅÊÂIÂÀËÅÍÒÍÎÑÒI ÏÎÐÒÔÅËIÂ
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2019. Âèïóñê 88 133

TESTING OF EQUIVALENCY OF PORTFOLIOS WITH THE
MAXIMUM SHARPE RATIO AND THE MAXIMUM EXPECTED

UTILITY

Mykola ZABOLOTSKYY, Taras ZABOLOTSKYY

Ivan Franko National University of Lviv,

Universitetska Str., 1, Lviv, 79000, Ukraine

e-mail: mykola.zabolotskyy@lnu.edu.ua, zjabka@yahoo.com

In the paper statistical properties of the sample estimator of the risk aversi-
on coe�cient of the portfolio with the maximum Sharpe ratio are considered.
Because the Sharpe ratio is very popular measure of portfolio management
e�ciency considered portfolio is often used as a benchmark of management
e�ciency. From other point of view practical usefulness of this portfolio is
questionable. This is due to the fact that mathematical expectations of the
sample estimators of its weights, expected return and variance do not exi-
st. Therefore the results obtained based on comparison of characteristics of
investor's portfolio with the characteristics of considered portfolio are not reli-
able. To eliminate this drawback in the paper an analytic expression for the
risk aversion coe�cient of the portfolio with the maximum Sharpe ratio is
presented. Asymptotic distribution of the sample estimator of the investor's
risk aversion coe�cient of the considered portfolio is found under assumpti-
ons that the vector of asset returns follows multivariate elliptical distribution.
Based on it a method for testing the statistical equivalence of portfolios with
the maximum Sharpe ratio and the maximum expected utility is presented. As
a result investor has a possibility to replace portfolio with the maximum Sharpe
ratio with a statistically equivalent portfolio with the maximum expected utili-
ty for which statistical properties of the sample estimators of weights, expected
return and variance are more attractive.

Key words: multivariate elliptical distribution, asymptotic distribution,
sample estimator, Sharpe ratio, risk aversion coe�cient.
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Ôiçèêî-ìåõàíi÷íèé iíñòèòóò iì. Ã.Â. Êàðïåíêà ÍÀÍÓ,
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Ðîçðîáëåíî ìåòîäèêó âèçíà÷åííÿ ðåñóðñó ôiáðîáåòîííèõ åëåìåíòiâ êîí-
ñòðóêöié ç êóëüîâèìè ïîðîæíèíàìè çà ¨õíüîãî äîâãîòðèâàëîãî ðîçòÿãó. Â
îñíîâó öüîãî ïîêëàäåíà ðîçðîáëåíà ðàíiøå àâòîðîì ðîçðàõóíêîâà ìîäåëü
äëÿ âèçíà÷åííÿ ðåñóðñó áóäiâåëüíèõ åëåìåíòiâ òàêîãî òèïó, äå ¹ ëîêàëüíà
ïîâçó÷iñòü ôiáðîáåòîíó. Íà ïiäñòàâi öüîãî, à òàêîæ âiäîìèõ ó ëiòåðàòóði
ðåçóëüòàòiâ åêñïåðèìåíòàëüíèõ äîñëiäæåíü ïîáóäîâè äiàãðàì ïîâçó÷îñòi
ôiáðîáåòîíiâ ïðîâåäåíî ðîçðàõóíîê ôiáðîáåòîííîãî åëåìåíòà âåëèêîãî ïå-
ðåðiçó ç êóëüîâèì ïîøêîäæåííÿì çà äîâãîòðèâàëîãî âñåái÷íîãî ðîçòÿãó.

Êëþ÷îâi ñëîâà: ðåñóðñ, ðîçðàõóíêîâà ìåòîäèêà, ôiáðîáåòîííèé åëåìåíò
êîíñòðóêöi¨ iç ñôåðî¨äàëüíîþ ïîðîæíèíîþ, äiàãðàìà ïîâçó÷îñòi ôiáðîáå-
òîíó çà ðîçòÿãó.

1. Âñòóï

Åêñïëóàòàöiÿ âiäïîâiäàëüíèõ åëåìåíòiâ áóäiâåëüíèõ êîíñòðóêöié iç ôiáðîáåòî-
íiâ ïîòðåáó¹ ñòâîðåííÿ íàäiéíèõ ìåòîäiâ îöiíêè ñòàíó òà ðîçðàõóíêó ¨õíüî¨ ìiöíîñòi
i äîâãîâi÷íîñòi äëÿ óíèêíåííÿ íåïåðåäáà÷åíîãî ðóéíóâàííÿ i çàïîáiãàííÿ ìîæëèâî¨
êàòàñòðîôè [1, 2]. Ðàçîì ç òèì íå ïðèïèíÿþòüñÿ ñïðîáè ñòâîðèòè òåîði¨ çàïîâiëü-
íåíîãî ðóéíóâàííÿ ôiáðîáåòîíiâ çà äîâãîòðèâàëîãî ñòàòè÷íîãî íàâàíòàæåííÿ, êîëè
ïî÷èíà¹ äiÿòè ìåõàíiçì ïîâçó÷îñòi i ñïîâiëüíåíî áóäå ðîçâèâàòèñÿ ïîøêîäæåííÿ
ôiáðîáåòîíó, ÿêå äîñÿãíå êðèòè÷íîãî çíà÷åííÿ é åëåìåíò êîíñòðóêöi¨ çðóéíó¹òüñÿ.
Íà ïiäñòàâi ðàíiøå ðîçðîáëåíî¨ àâòîðîì ðîçðàõóíêîâî¨ ìîäåëi [3] ñôîðìóëþâàíî çà-
äà÷i ïðî âèçíà÷åííÿ ðåñóðñó ôiáðîáåòîííèõ åëåìåíòiâ êîíñòðóêöié âåëèêèõ ñi÷åíü
ç êóëüîâèìè äåôåêòàìè çà ¨õíüîãî ðîçòÿãó. Ðîçâ'ÿçîê öi¹¨ çàäà÷i òàêèé.

2010 Mathematics Subject Classi�cation: 74S15, 65R20, 74K10, 74R10

© Ðàéòåð, Î., 2019
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2. Ôîðìóëþâàííÿ çàäà÷i òà ìåòîä ¨¨ ðîçâ'ÿçêó

Ðèñ. 1. Ñõåìà íàâàíòàæåííÿ òiëà ç
ïîøêîäæåííÿì

Ðîçãëÿíåìî ôiáðîáåòîííèé åëåìåíò êîí-
ñòðóêöi¨ âåëèêîãî ïåðåðiçó ç êîíöåíòðàòîðîì íà-
ïðóæåíü ó âèãëÿäi êóëüîâî¨ ïîðîæíèíè ðàäió-
ñà ρ0 çà äi¨ äîâãîòðèâàëîãî âñåái÷íîãî ñòàòè÷íî-
ãî ðîçòÿãó ðiâíîìiðíî ðîçïîäiëåíèìè çóñèëëÿìè
iíòåíñèâíîñòi p, ïðèêëàäåíèìè äàëåêî ñòîñîâíî
êîíöåíòðàòîðà íàïðóæåíü (ðèñ. 1). Çàäà÷à ïîëÿ-
ãà¹ ó âèçíà÷åííi ÷àñó t = t∗, êîëè çà íàâàíòàæå-
ííÿ p áiëÿ êóëüîâî¨ ïîðîæíèíè óòâîðèëîñÿ ïî-
÷àòêîâå ïîøêîäæåííÿ îá'¹ìîì q0, ÿêå â ðåçóëü-
òàòi ïîâçó÷îñòi ïiäðîñòå äî êðèòè÷íîãî ðîçìi-
ðó q∗ i ôiáðîáåòîííèé åëåìåíò çðóéíó¹òüñÿ. Òóò
ïðèéìà¹ìî, ùî q � öå îá'¹ì ìàòåðiàëó áiëÿ êîí-
öåíòðàòîðà íàïðóæåíü ç ïiäâèùåíîþ òðiùèíó-
âàòiñòþ ïðîäåôîðìîâàíèé ïiä ÷àñ äðóãî¨ ñòàäi¨

äåôîðìàöi¨ ðîçòÿãó [3] â ðåçóëüòàòi íàïðóæåííÿ
σ > σb (äèâ. äàëi). Äëÿ ðîçâ'ÿçêó òàêî¨ çàäà÷i
íàñàìïåðåä çðîáèìî àäàïòàöiþ ïîáóäîâàíî¨ â [3]
ìàòåìàòè÷íî¨ ìîäåëi, òîáòî ìàòåìàòè÷íi ðiâíÿ-
ííÿ, ÿêi îïèñóþòü öåé ïðîöåñ. Ó öüîìó âèïàäêó

áóäåìî ââàæàòè, ùî ïîøêîäæåííÿ q ðîñòå íåïåðåðâíî âiä ïî÷àòêîâîãî ðîçìiðó q = q0

äî êiíöåâîãî q = q∗. Öå ïðèïóùåííÿ êîðåêòíå, îñêiëüêè ðåàëüíî ïîøêîäæåííÿ ðîñ-
òå ìàëèìè ñòðèáêàìè îá'¹ìó ðîçìiðó ∆qc çà äîñèòü âåëèêi ïðîìiæêè ÷àñó ∆tc. Ó
çâ'ÿçêó ç öèì íà ïiäñòàâi ðåçóëüòàòiâ [3] ðîçâ'ÿçîê çàäà÷i çâåäåòüñÿ äî òàêîãî ðiâ-
íÿííÿ ç ïî÷àòêîâèìè òà êiíöåâèìè óìîâàìè

(1)
dq

dt
=

[
∂W

(2)
p

∂t
+
∂A

∂t

]
t=∆tc

/
(γCC − γt)t=0,

t = 0, q(0) = q0; t = t∗, q(t∗) = q∗.

Òóò A � ðîáîòà çîâíiøíiõ ñèë; W
(2)
p (t) � ÷àñòèíà ðîáîòè íåïðóæíèõ äåôîðìàöié ó

çîíi ïîøêîäæåííÿ q, ÿêà âèäiëÿ¹òüñÿ çà ïîñòiéíîãî éîãî îá'¹ìó ïiä ÷àñ iíêóáàöiéíîãî
ïåðiîäó ïiäãîòîâêè ñòðèáêà éîãî ðîñòó íà ∆qc, çàëåæèòü òiëüêè âiä ÷àñó t i ãåíåðó-
¹òüñÿ ñàìèì òiëîì; γcc � ïèòîìà ïî åëåìåíòàðíîìó îá'¹ìó åíåðãiÿ ðóéíóâàííÿ ïðè
ðîñòi ïîøêîäæåííÿ ó ôiáðîáåòîíi; γt � ïî÷àòêîâà ïèòîìà åíåðãiÿ äåôîðìóâàííÿ
â ïîøêîäæåíîìó îá'¹ìi ôiáðîáåòîíó çà íàâàíòàæåííÿ p, à âåëè÷èíà q∗ êðèòè÷íîãî
îá'¹ìó ïîøêîäæåííÿ ôiáðîáåòîíó âèçíà÷à¹òüñÿ ç óìîâè äîñÿãíåííÿ â òàêîìó îá'¹ìi
íîðìàëüíîþ äåôîðìàöi¹þ êðèòè÷íî¨ âåëè÷èíè εfbc, òîáòî

(2) max(ε) = εfbc.

Òóò (1) � êiíåòè÷íå ðiâíÿííÿ ðîñòó îá'¹ìó ïîøêîäæåííÿ â ôiáðîáåòîííîìó åëåìåíòi
êîíñòðóêöi¨ çà äîâãîòðèâàëîãî ñòàòè÷íîãî íàâàíòàæåííÿ, à òàêîæ ïî÷àòêîâi òà êií-
öåâi óìîâè ðîñòó éîãî îá'¹ìó q âiä ïî÷àòêîâîãî q0 i äî êðèòè÷íîãî q∗ çíà÷åííÿ, êîëè
åëåìåíò êîíñòðóêöi¨ çðóéíó¹òüñÿ.
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Îòîæ, ÿêùî áóäóòü çíàéäåíi ôóíêöi¨W
(2)
p , A, γCC, γt, òî âèçíà÷åííÿ çàëèøêîâî-

ãî ðåñóðñó t = t∗ ôiáðîáåòîííîãî åëåìåíòà êîíñòðóêöi¨ çàäà¹òüñÿ ñïiââiäíîøåííÿìè
(1), (2). Îòæå, çàäà÷à çâåëàñÿ äî âèçíà÷åííÿ åíåðãåòè÷íèõ ñêëàäîâèõ ïðîöåñó äå-
ôîðìóâàííÿ i ðóéíóâàííÿ ôiáðîáåòîíó, ùî ïðèâîäèòü äî âèçíà÷åííÿ ðåîëîãi÷íèõ
ìîäåëåé éîãî ñêëàäîâèõ.

3. Âèçíà÷åííÿ ðåñóðñó ôiáðîáåòîííîãî åëåìåíòà âåëèêîãî

ïåðåðiçó ç êóëüîâèì ïîøêîäæåííÿì çà âñåái÷íîãî ðîçòÿãó

Ðèñ. 2. Ñõåìàòè÷íå çîáðàæåííÿ
iäåàëiçîâàíî¨ äiàãðàìè ðîçòÿãó äëÿ
ôiáðîáåòîíó

Ðîçãëÿíåìî ôiáðîáåòîííèé åëåìåíò êîí-
ñòðóêöi¨ âåëèêîãî ïåðåðiçó ç êóëüîâîþ ïîðî-
æíèíîþ. Ââàæà¹òüñÿ, ùî äiàìåòð D âåëèêî-
ãî ïåðåðiçó åëåìåíòà êîíñòðóêöi¨ áóäå âòðè÷i
áiëüøèì äiàìåòðà ρ0 êóëüîâî¨ ïîðîæíèíè, òîá-
òî D > 3d0. Ó çâ'ÿçêó ç öèì ìåõàíi÷íîþ ìî-
äåëëþ ôiáðîáåòîííîãî åëåìåíòà âåëèêîãî ïåðå-
ðiçó ç êóëüîâîþ ïîðîæíèíîþ ìîæíà íàáëèæå-
íî ââàæàòè íåñêií÷åííèé ïðîñòið ç àíàëîãi÷-
íèì ïîøêîäæåííÿì çà âñåái÷íîãî ðîçòÿãó ðiâ-
íîìiðíî ðîçïîäiëåíèìè çóñèëëÿìè iíòåíñèâíîñ-
òi p. Äëÿ ðîçâ'ÿçêó òàêî¨ çàäà÷i, àíàëîãi÷íî äî
ðåçóëüòàòiâ ïðàöi [3], çàñòîñó¹ìî ñôîðìóëüîâà-
íó âèùå ðîçðàõóíêîâó ìîäåëü (1), (2). Íàäàëi
äëÿ ñïðîùåííÿ ðîçâ'ÿçêó çàäà÷i òà ÷iòêiøî¨ äå-
ìîíñòðàöi¨ çàñòîñóâàííÿ çàïðîïîíîâàíî¨ ìîäåëi
ïðèéìàþòüñÿ òàêi äîïóùåííÿ.

1. Ìàòåðiàëè ìàòðèöi òà ôiáð � ëiíiéíî-ïðóæíi,
îäíîðiäíi é içîòðîïíi. Òðiùèíè â áåòîíi (ïî-
íàä ïî÷àòêîâèõ íàÿâíèõ ìiêðîòðiùèí, ùî ¹ íå-
âiä'¹ìíèì êîìïîíåíòîì ìàòåðiàëó) âèíèêàþòü

ïiñëÿ äîñÿãíåííÿ íàïðóæåííÿìè âåëè÷èíè σbc.

2. Äiàãðàìà ðîçòÿãó ôiáðîáåòîíó ïðèéìà¹òüñÿ êóñêîâî ëiíiéíîþ, ÿê íà ðèñ. 2. Òóò
σbc � çíà÷åííÿ íàïðóæåíü ó ôiáðîáåòîíó, êîëè ïî÷èíà¹òüñÿ ðóéíóâàííÿ ìàòðèöi;
εb � çíà÷åííÿ äåôîðìàöié ó öåé ìîìåíò; σfbc, εfbc � íàïðóæåííÿ i äåôîðìàöi¨ ó
ôiáðîáåòîíi, êîëè ïî÷èíà¹òüñÿ òå÷iííÿ ôiáð íàïåðåäîäíi éîãî ðóéíóâàííÿ, òîáòî
ìîæíà ñêàçàòè, ùî öèì âè÷åðïó¹òüñÿ ðîáîòîçäàòíiñòü ôiáðîáåòîíó. Äëÿ ïðîñòîòè
îá÷èñëåíü äiëÿíêó, ÿêà âiäïîâiäà¹ äðóãié ñòàäi¨ äåôîðìóâàííÿ, íàáëèæåíî çîáðàæà-
¹ìî ïðÿìîëiíiéíèì âiäðiçêîì (ðèñ. 2) ìiæ òî÷êàìè (σbc,εb) i (σfbc,εfbc) ç ìîäóëåì
ïðóæíîñòi Efb [3].

3. Ôiáðè (îäíàêîâîãî êðóãëîãî ïåðåòèíó é îäíàêîâî¨ äîâæèíè) â ðîçãëÿíóòîìó åëå-
ìåíòi ðiâíî ðîçïîäiëåíi ïî âñiõ íàïðÿìàõ i çà îáñÿãîì ïðàöþþòü òiëüêè íà ðîçòÿã.

4. Ìiæ ôiáðàìè òà áåòîíîì iñíó¹ ïîâíå ç÷åïëåííÿ, òîìó äåôîðìàöiÿ ôiáðè äîðiâíþ¹
äåôîðìàöi¨ êîìïîçèòó.
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5. Ââàæà¹òüñÿ, ùî íàâàíòàæåííÿ ôiáðîáåòîííîãî åëåìåíòà çàáåçïå÷ó¹ óìîâó ε0 > εb
i áóäå ðåàëiçóâàòèñÿ ïîâíà äiàãðàìà ïîâçó÷îñòi äî éîãî ðóéíóâàííÿ (ðèñ. 3). Òóò ïî-
äàíà äiàãðàìà ïîâçó÷îñòi äëÿ ôiáðîáåòîíó. Ïîâçó÷iñòü åëåìåíòiâ ôiáðîáåòîíó ïðîõî-
äèòü ïîðiçíî, à ñóìàðíî ùå áiëüø íåïåðåäáà÷óâàíî òà ñèëüíî çàëåæèòü âiä ïî÷àòêî-
âîãî íàâàíòàæåííÿ, çîêðåìà âiä ïî÷àòêîâî¨ äåôîðìàöi¨ ε0, i ñêëàäíîñòi íàïðóæåíî
äåôîðìîâàíîãî ñòàíó. Äëÿ äåÿêèõ ìàëèõ çíà÷åíü ε0 ïîâçó÷iñòü ôiáðîáåòîíó ìîæå
íàâiòü i íå ïî÷èíàòèñÿ, à äëÿ iíøèõ ìîæå ïî÷àòèñÿ i çóïèíèòèñÿ íå äîõîäÿ÷è äî
ðóéíóâàííÿ [3]. Òîìó ¨¨ åêñïåðèìåíòàëüíî ïîòðiáíî âèçíà÷àòè äëÿ êîæíîãî ñêëàäó
ôiáðîáåòîíó i çàäàíîãî íàïðóæåíîãî ñòàíó. ßêiñíî ïîâíà äiàãðàìà ïîâçó÷îñòi ôiáðî-
áåòîíó â ïåâíié ìiði íàãàäó¹ äiàãðàìó äëÿ áåòîíó (äèâ. ðèñ 3), ç òðüîìà äiëÿíêàìè:
íåóñòàëåíà ïîâçó÷iñòü ε0 ∼ ε1, óñòàëåíà ïîâçó÷iñòü ε1 ∼ ε2, äîëîì ε2 ∼ ε3. Íàé-
áiëüøå ÷àñó çàéìà¹ óñòàëåíà ïîâçó÷iñòü, ÿêà çàçâè÷àé ïî÷èíà¹òüñÿ çà âåëè÷èíè äå-
ôîðìàöié, ÿêi âiäïîâiäàþòü äðóãié ñòàäi¨ äåôîðìóâàííÿ ôiáðîáåòîíó. Òîìó ÷àñîâèì
ïðîìiæêîì ÷àñó t = t2 − t1 íàáëèæåíî i âèçíà÷àþòü äîâãîâi÷íiñòü ôiáðîáåòîííîãî
åëåìåíòà çà äîâãîòðèâàëîãî ñòàòè÷íîãî íàâàíòàæåííÿ. ßê ñâiä÷àòü ðåçóëüòàòè åêñ-
ïåðèìåíòàëüíèõ äîñëiäæåíü àâòîðà ïðàöi [2] ó ÿêiñíîìó âiäíîøåííi âiäìiííîñòi ìiæ
êðèâèìè ïîâçó÷îñòi áåòîíó òà ôiáðîáåòîíó âiäñóòíi, ÿêùî íå âðàõîâóâàòè íåâåëèêî-
ãî ïðèñêîðåííÿ çàãàñàííÿ ïðîöåñó ïîâçó÷îñòi ó ðàçi ôiáðîáåòîíó.

Ðèñ. 3. Ñõåìàòè÷íà äiàãðàìà ïîâçó÷î-
ñòi äëÿ ôiáðîáåòîíó

Ïîçàÿê çîâíiøíi íàâàíòàæåííÿ p ïðèêëà-
äåíi äîñòàòíüî äàëåêî âiä êóëüîâî¨ ïîðîæíè-
íè, òî ¨õíÿ ðîáîòà â ïðîöåñi ïîâçó÷îñòi ôiáðî-
áåòîíó áiëÿ íå¨ áóäå çìiíþâàòèñÿ íåçíà÷íî, òî-
ìó ìîæíà ââàæàòè, ùî

∂A

∂t
≈ 0,

∂A

∂q
≈ 0.

Ó çâ'ÿçêó ç öèì ñïiââiäíîøåííÿ (1), (2) â öüî-
ìó âèïàäêó íàáóäóòü òàêîãî âèãëÿäó:

dq

dt
=

[
∂W

(2)
p

∂t

]
t=∆tc

×(γCC−γt)−1, (3)

t = 0, q(0) = q0; t = t∗, q(t∗) = q∗.

Òóò q0 � âèõiäíèé ðîçìið ïîøêîäæåíîãî
îá'¹ìó â ðåçóëüòàòi ïî÷àòêîâîãî íàâàíòàæåí-
íÿ çà íàïðóæåííÿ σαα(ρ) > σbc; q∗ � êðèòè÷-
íèé ðîçìið ïîøêîäæåíîãî îá'¹ìó, êîëè äåôîð-
ìàöiÿ εαα(ρ0, t∗) äîñÿãíå êðèòè÷íîãî çíà÷åííÿ
εfbc. Òóò Oρα � öåíòðîñèìåòðè÷íà ñôåðè÷íà
ñèñòåìà êîîðäèíàò (ðèñ. 1). Òîäi íà ïiäñòàâi

ñïiââiäíîøåíü (3) äëÿ âèçíà÷åííÿ çàëèøêîâîãî ðåñóðñó t = t∗ íåñêií÷åííîãî òiëà
îòðèìà¹ìî òàêó ôîðìóëó:

(4) t∗ =

q∗∫
q0

(γCC − γt)/[∂W (2)
p

/
∂t]t=∆tcdq; t∗ = 4π

ρ∗∫
ρb

(γCC − γt)/[∂W (2)
p

/
∂t]t=∆tcρ

2dρ.
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Åíåðãåòè÷íà ñêëàäîâà W
(2)
p â çãàäàíié âèùå ñèñòåìi êîîðäèíàò Oρα áóäå âèçíà÷à-

òèñÿ òàê:

(5) W (2)
p (ρ, t) = 4π

ρ∫
ρb

ξ2{σρρ(ξ)ερρ(ξ, t) + σαα(ξ)εαα(ξ, t)}dξ.

Äëÿ âèçíà÷åííÿ âåëè÷èí σρρ, σαα, ερρ, εαα, ÿêi âõîäÿòü ó ñïiââiäíîøåííÿ (5) ðîáèìî
òàê. Íà ïiäñòàâi ðåçóëüòàòiâ ïðàöi [4] çíàéäåìî, ùî

(6) σρρ(ρ) = p(1− ρ3
0ρ

−3), σαα(ρ) = p(1 + 0, 5ρ3
0ρ

−3) (ρ > ρb).

Òóò ïðè ρ > ρb íàïðóæåííÿ σαα(ρ) < σbc. Ç âðàõóâàííÿì öüîãî ðàäióñ ρ = ρb
çíàéäåìî çà òàêîþ ôîðìóëîþ:

(7) ρb =
ρ0

3
√
σbp−1 − 1

.

Îòîæ, ïîøêîäæåíà çîíà áóäå êiëüöåì ρ0 < ρ < ρb, â ÿêîìó íàïðóæåíî-äåôîð-
ìîâàíèé ñòàí âiäïîâiäàòèìå ðåîëîãi÷íié ìîäåëi íà ðèñ. 2 äëÿ çîíè çìiíè äåôîðìàöi¨
â ìåæàõ εb < ε < εfbc.

Âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ (6), (10) i ðåçóëüòàòè ïðàöi [5], äëÿ âèçíà÷åííÿ
âåëè÷èí ερρ, εαα ó ïðóæíié çîíi ïðè ρ > ρb îòðèìà¹ìî òàêi ôîðìóëè:

ερρ(ρ) = pE−1[1− µ− ρ3
0ρ

−3(1 + 0, 5µ)],

εαα(ρ) = pE−1[1− µ+ ρ3
0ρ

−3(0, 5 + µ)].
(8)

Òóò µ, E �, âiäïîâiäíî, êîåôiöi¹íò Ïóàññîíà i ìîäóëü Þíãà áåòîíó.
Äëÿ îáëàñòi ρ < ρb, äå ôiáðîáåòîí äåôîðìîâàíèé çà ãðàíèöåþ ñóöiëüíî¨ ïðóæ-

íîñòi σb ôîðìóëó (8), äëÿ ερρ(ρ) ìîæíà ââàæàòè íàáëèæåíî ïðàâèëüíîþ. Âîäíî÷àñ
âåëè÷èíà εαα(ρ) â öié îáëàñòi áiëüøà çà εb òà ¨¨ çãiäíî ç ðèñ. 2 i [5] âèçíà÷àòèìåìî
òàê:

(9) εαα(ρ) = εb + E−1
fb [σαα(ρ)− σb]− µE−1p(1− ρ3

0ρ
−3),

äå ìîäóëü ïðóæíîñòi Efb ïîøêîäæåíî¨ çîíè ôiáðîáåòîíó íàáëèæåíî çîáðàçèìî ôîð-
ìóëîþ

(10) Efb = (σfbc − σb)(εfbc − εb)−1.

Ó ôîðìóëó (9) âõîäèòü íåâiäîìà ôóíêöiÿ ðîçïîäiëó íàïðóæåíü σαα(ρ) ó ïîøêîäæå-
íié çîíi ρ0 < ρ < ρb. Äëÿ âèçíà÷åííÿ öi¹¨ ôóíêöi¨ íåîáõiäíî áóëî áè ðîçâ'ÿçóâàòè
âiäïîâiäíó ïðóæíî-ïëàñòè÷íó çàäà÷ó, ùî ìîæëèâî òiëüêè ÷èñëîâî. Ïðîòå â íàøîìó
âèïàäêó ïîòðiáíà àíàëiòè÷íà ôîðìóëà, ÿêó âèçíà÷àòèìåìî íàáëèæåíî òàê. Ðîçãëÿ-
íåìî îêðåìî ïîøêîäæåíó êiëüöåâó îáëàñòü ρ0 < ρ < ρb, ÿêà çãiäíî çi ñïiââiäíîøåí-
íÿìè (6), (7) íàâàíòàæåíà íàïðóæåííÿìè σρρ(ρb) = 2p − σb ïî êîëó ρ = ρb. ßêáè
öå êiëüöå äåôîðìóâàëîñÿ ÷èñòî ïðóæíî (äiëÿíêà Î�εb íà ðèñ. 2), òî çãiäíî ç [5]
íàïðóæåííÿ σαα(ρ) âèçíà÷àëîñÿ á òàê:

(11) σαα(ρ) ≈ p(1 + 0, 5ρ3
0ρ

−3) (ρ0 < ρ < ρb).
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Ïðîòå äðóãà äiëÿíêà εb ∼ εfbc íà ðèñ. 2 òàêîæ ëiíiéíà, àëå ç ìåíøèì çíà÷åííÿì ìî-
äóëÿ ïðóæíîñòi Efb, òîìó äëÿ íàáëèæåíîãî âèçíà÷åííÿ εαα(ρ) ñêîðèñòà¹ìîñü ôîð-
ìóëîþ (9), äå ïîäàìî σαα(ρ) ôîðìóëîþ (11)

(12) εαα(ρ) ≈ εb + E−1
fb [p(1 + 0, 5ρ3

0ρ
−3)− σb] − µE−1p(1− ρ3

0ρ
−3) (ρb < ρ < ρfbc).

ßê âèïëèâà¹ çi ñïiââiäíîøåíü (9), íà íåâåëèêié âiäñòàíi âiä êîíòóðó îòâîðó â ïëèòi

íàïðóæåííÿ σρρ áóäóòü ìàëèìè, òîìó ïðè âèçíà÷åííi W
(2)
p âåëè÷èíàìè σρρ(ξ)ερρ(ξ)

i σρρ(ξ)ερρ(ξ, t) áóäåìî íåõòóâàòè. Íà ïiäñòàâi öüîãî îòðèìà¹ìî

W (2)
p (ρ, t) ≈ 4π

ρ∫
ρb

ξ2σαα(ξ)εαα(ξ, t)dξ,

γCC = σfbcεfbc,

γt = σαα(ρ)εαα(ρ, 0).

(13)

Âåëè÷èíó εαα(ρ, t) âèçíà÷à¹ìî íàáëèæåíî íà ïiäñòàâi åêñïåðèìåíòàëüíèõ äàíèõ
[2] äëÿ âiäïîâiäíîãî ñêëàäó ôiáðîáåòîíó òàêèì ñïiââiäíîøåííÿì:

(14) εαα(ρ, t) ≈ εαα(ρ) + 10−5βσ0,84
αα (ρ)t0,5 (β = 1 · (MPa)−0,84(days)−0,5).

Âàðòî çàóâàæèòè, ùî ç äîïîìîãîþ çãàäàíèõ åêñïåðèìåíòàëüíèõ äàíèõ [2] çíàéäåíi
íàáëèæåíî é iíøi âåëè÷èíè, ÿêi âèêîðèñòîâóþòü äëÿ îá÷èñëåííÿ t = t∗ çàëèøêîâîãî
ðåñóðñó ïëèòè, çîêðåìà

(15)

E ≈ 104MPa (σ < 23, 5MPa); Efb ≈ 631MPa ( 23, 5 < σ < 25, 2MPa),

µ ≈ 0, 2, εfbc ≈ 0, 00501, εb = 0, 00230, σb = 23, 5MPa,

σfbc = 25, 2MPa, 15, 67 < p < 16, 8.

Êiíöåâà ìåòà öüîãî äîñëiäæåííÿ � öå âèçíà÷åííÿ t = t∗ ðåñóðñó ðîçãëÿíóòî¨ ôiáðî-
áåòîííîãî åëåìåíòà ç êóëüîâîþ ïîðîæíèíîþ, ùî i ðåàëiçó¹ìî çà äîïîìîãîþ ôîðìóëè

(4), äå ôóíêöiþ W
(2)
p îá÷èñëþ¹ìî íà ïiäñòàâi ñïiââiäíîøåíü (13)�(15). Ó ôîðìóëó

(4) âõîäèòü íåâiäîìà âåëè÷èíà ∆tc, ÿêó âèçíà÷à¹ìî òàê. Ââàæà¹òüñÿ, ùî íà êðàþ
ïîøêîäæåíî¨ çîíè, ùî ðóõà¹òüñÿ ñòðèáêîïîäiáíî â ðåçóëüòàòi ïîâçó÷îñòi, âåëè÷èíà
äåôîðìàöi¨ εαα(ρ, t) áóäå îäíàêîâà íàâiòü ïiñëÿ îäíîãî ñòðèáêà. Íà ïiäñòàâi ñïiââiä-
íîøåíü (12), (14), (15) i ∆tc = ∆ρV −1 äëÿ âåëèêèõ çíà÷åíü ∆tc öþ óìîâó ìîæíà
çàïèñàòè òàê:

E−1
fb [p(1 + 0, 5ρ3

0ρ
−3)− σb] + 10−5βσ0,84

0 (1 + 0, 5a3ρ−3)0,84t0,5 =

= E−1
fb ([p(1 + 0, 5ρ3

0(ρ+ ∆ρ)−3]− σbE−1
fb

+ 10−5βσ0,84
0 [1 + 0, 5a3(ρ+ ∆ρ)−3)0,84(t+ ∆tc)

0,5;

∆tc = ∆ρV −1.

(16)

Ðîçâ'ÿçóþ÷è ðiâíÿííÿ (16) âiäíîñíî ∆tc i íåõòóþ÷è ìàëèìè âåëè÷èíàìè, îòðèìà¹ìî

(17) ∆tc ≈ 0.8V −1ρ−3
0 ρ4

b(1 + 0, 5ρ3
0ρ

−3
b ).

Ïîðÿä ç öèì, ó ôîðìóëó (8) âõîäèòü íåâiäîìà âåëè÷èíà ρ∗, ÿêó áóäåìî âèçíà-
÷àòè òàê. Êðèòè÷íà âåëè÷èíà ðàäióñó ïîøêîäæåíî¨ çîíè ρ = ρ∗ äîñÿãà¹òüñÿ òîäi,
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êîëè âåëè÷èíà äåôîðìàöi¨ íà ïîâåðõíi êîëîâîãî îòâîðó äîñÿãíå êðèòè÷íîãî çíà÷åí-
íÿ εαα(ρ∗, t∗) = εfbc. Íà ïiäñòàâi öüîãî i âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ (16), äëÿ
âèçíà÷åííÿ ρ∗ îòðèìà¹ìî íàáëèæåíó ôîðìóëó

(18) ρ∗ ≈ ρ0
3

√
Efc(εfbc − εb) + σb

3σb − 2[Efc(εfbc − εb) + σb]

Ðèñ. 4. Çàëåæíiñòü äîâãî-
âi÷íîñòi t∗ ôiáðîáåòîííîãî
åëåìåíòà âiä ïàðàìåòðà íà-
âàíòàæåííÿ p

Ïiäñòàâëÿþ÷è (11), (15), (18),(19) â ñïiââiäíîøåííÿ (17),

îòðèìà¹ìî çíà÷åííÿ W
(2)
p , ÿêå âðàõîâó¹ìî â ôîðìóëi (8)

äëÿ âèçíà÷åííÿ t = t∗. Ðàçîì ç òèì òóò òàêîæ íåîáõiäíî
ïiäñòàâèòè ôîðìóëè (18), (19). Íà ïiäñòàâi öüîãî ôîðìó-
ëà (8) íàáóäå òàêîãî âèãëÿäó:

t∗ ≈ 1,4281 ·1010 ·p−3,68(1−0,0283p2 +0,4152p)2 äíiâ. (19)

Íà ïiäñòàâi öi¹¨ ôîðìóëè íà ðèñ. 4 ïîáóäîâàíà çàëåæíiñòü
t∗ ∼ p äîâãîâi÷íîñòi ôiáðîáåòîííî¨ ïëèòè âiä ïàðàìåòðà
íàâàíòàæåííÿ p. ßê âèäíî ç ðèñóíêà, íåâåëèêå çáiëü-
øåííÿ íàâàíòàæåííÿ ðiçêî çìåíøó¹ äîâãîâi÷íiñòü ïëèòè.
Öå òðåáà âðàõîâóâàòè ïðè ïðîãíîçóâàííi ôiáðîáåòîííèõ
åëåìåíòiâ êîíñòðóêöié.

4. ÂÈÑÍÎÂÊÈ

Ðîçðîáëåíà ðîçðàõóíêîâà ìîäåëü äëÿ âèçíà÷åííÿ
äîâãîâi÷íîñòi ôiáðîáåòîííèõ åëåìåíòiâ êîíñòðóêöié ç êó-
ëüîâèìè ïîðîæíèíàìè çà ¨õíüîãî äîâãîòðèâàëîãî ðîçòÿ-
ãó. Â îñíîâó öüîãî ïîêëàäåíî ñôîðìóëüîâàíèé ðàíiøå àâ-
òîðîì åíåðãåòè÷íèé ïiäõiä i iäåàëiçîâàíà äiàãðàìà ðîçòÿ-

ãó ôiáðîáåòîíó. Çàñòîñóâàííÿ öi¹¨ ìîäåëi ïðîäåìîíñòðîâàíî íà çàäà÷i ç êîíêðåòíèìè
åêñïëóàòàöiéíèìè ïàðàìåòðàìè ôiáðîáåòîíó òà äiàãðàìîþ éîãî ïîâçó÷îñòi. Äîâåäå-
íî, ùî íåâåëèêå çáiëüøåííÿ íàâàíòàæåííÿ ðiçêî çìåíøó¹ äîâãîâi÷íiñòü ôiáðîáåòîí-
íîãî åëåìåíòà.
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DETERMINATION OF THE RESOURCE OF FIBER CONCRETE
ELEMENTS WITH BALL LONG TERM TENSION CAVES

Orest RAITER

Karpenko Physico-Mechanical Institute of NAS of Ukraine,

Naukova Str., 5, 79000, Lviv, Ukraine

e-mail: orest.raiter@gmail.com

In this paper we investigate the developed method of determining the li-
fe of �bro-concrete elements of structures with spherical cavities under their
long-term tension. This is based on the calculation model developed earlier
by the author to determine the life of building elements of this type, where
there is a local creep of �ber concrete using the previously calculated by the
author energy approach and idealized tensile diagram of �ber concrete. Based
on this, as well as the results of experimental studies of the construction of
creep diagrams of �bro-concretes known in the literature, the calculation of
a �bro-concrete element of large cross section with spherical damage during
long-term comprehensive stretching was performed. The application of this
model is demonstrated on problems with speci�c operational parameters of
�ber concrete and its creep diagram. It is shown that a small increase in load
dramatically reduces the durability of the �ber concrete element. The tensi-
le behavior after cracking of �berglass in places of �ber is modeled using the
above model, which takes into account the �berglass fracture properties, the
interaction of the �ber in the cracks of concrete and the behavior of the �ber.
The model is tested by comparing the calculated total key and local values
known in the literature of the results of experimental studies of the constructi-
on of creep diagrams of �ber concrete. A wide comparison of numerical and
experimental results revealed that the reliable and computational e�ciency of
the model well captures key aspects of the reaction, such as softening of �brous
concrete tension, tension-curvature e�ect and favorable e�ect of �bers in the
residual reaction. The results of this study reveal a favorable e�ect of �ber on
the behavior of long-term tensile strength, crack resistance in the area of the
ball cavity, and residual stress after cracking for the previously calculated by
the author energy approach and idealized tensile diagram of �ber concrete.

Key words: resource, computational technique, �bro-concrete structural
element with spheroidal cavity, diagram of creep of �ber-reinforced concrete
by tensile.
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ÍÀÓÊÎÂÀ ÒÀ ÏÅÄÀÃÎÃI×ÍÀ ÒÂÎÐ×IÑÒÜ Ç. Î. ÌÅËÜÍÈÊÀ
(äî 85-ði÷÷ÿ âiä äíÿ íàðîäæåííÿ)

Çiíîâié Îñòàïîâè÷ Ìåëüíèê
(1935-1983)

Ó ëþòîìó 2020 ðîêó ìèíà¹ 85 ðîêiâ ç äíÿ íàðîäæåííÿ âiäîìîãî â÷åíîãî, ÷ó-
äîâîãî ïåäàãîãà i âåëèêîãî îðãàíiçàòîðà íàóêè Çiíîâiÿ Îñòàïîâè÷à Ìåëüíèêà, ÿêèé
ìàéæå òðèäöÿòü ðîêiâ ïðàöþâàâ íà ìåõàíiêî-ìàòåìàòè÷íîìó ôàêóëüòåòi Ëüâiâñüêî-
ãî äåðæàâíîãî óíiâåðñèòåòó iì. I. Ôðàíêà. Ó öié ñòàòòi õî÷åìî çãàäàòè îñíîâíi âiõè
æèòòÿ òà íàóêîâî-ïåäàãîãi÷íî¨ äiÿëüíîñòi öi¹¨ õàðèçìàòè÷íî¨ îñîáèñòîñòi, Ëþäèíè
òà Â÷èòåëÿ.

Ç. Î. Ìåëüíèê íàðîäèâñÿ 10 ëþòîãî 1935 ðîêó â ñ. Ðàäåíè÷i Ìîñòèñüêîãî ðà-
éîíó Ëüâiâñüêî¨ îáëàñòi â ñiì'¨ ñåëÿí. Äî 7-ãî êëàñó íàâ÷àâñÿ â ñ. Ðàäåíè÷i, à ó 8
� 10-èõ êëàñàõ � â Ìîñòèñüêié ñåðåäíié øêîëi. Ó 1951 ðîöi âñòóïèâ äî Ëüâiâñüêî-
ãî äåðæàâíîãî óíiâåðñèòåòå iìåíi Iâàíà Ôðàíêà (äàëi � Óíiâåðñèòåò) íà ìåõàíiêî-
ìàòåìàòè÷íèé ôàêóëüòåò, ÿêèé ç âiäçíàêîþ çàêií÷èâ ó 1956 ðîöi. Öüîãî æ ðîêó 1
ëèñòîïàäà ñòàâ àñïiðàíòîì êàôåäðè äèôåðåíöiàëüíèõ ðiâíÿíü. Éîãî íàóêîâèì êå-
ðiâíèêîì áóâ âèäàòíèé â÷åíèé ïðîô. ß.-Þ. Á. Ëîïàòèíñüêèé, ÿêèé òîäi çàâiäóâàâ
êàôåäðîþ äèôåðåíöiàëüíèõ ðiâíÿíü. Íàâ÷àþ÷èñü â àñïiðàíòóði (1956�1959), Çiíîâié
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Îñòàïîâè÷ ïî÷åðãîâî ïðàöþâàâ íà ïiâñòàâêè àñèñòåíòîì êàôåäð âèùî¨ ìàòåìàòèêè,
äèôåðåíöiàëüíèõ ðiâíÿíü, òåîði¨ ôóíêöié, ñòàðøèì íàóêîâèì ñïiâðîáiòíèêîì êàôåä-
ðè ìåõàíiêè Óíiâåðñèòåòó.

Ç âåðåñíÿ 1959 ðîêó îñíîâíèì ìiñöåì ïðàöi Ç. Î. Ìåëüíèêà áóëà êàôåäðà äè-
ôåðåíöiàëüíèõ ðiâíÿíü, íà ÿêié âií ïðàöþâàâ ñïî÷àòêó àñèñòåíòîì, ïîòiì � ñòàð-
øèì âèêëàäà÷åì, à ïiçíiøå � äîöåíòîì, îäíî÷àñíî ïðàöþþ÷è ñòàðøèì íàóêîâèì
ñïiâðîáiòíèêîì ç ãîñïäîãîâiðíî¨ òåìàòèêè â îá÷èñëþâàëüíîìó öåíòði Óíiâåðñèòåòó.
Çiíîâié Îñòàïîâè÷ ÷èòàâ íîðìàòèâíi òà ñïåöiàëüíi êóðñè: �Äèôåðåíöiàëüíi ðiâíÿí-
íÿ�, �Ðiâíÿííÿ ìàòåìàòè÷íî¨ ôiçèêè�, �Iíòåãðàëüíi ðiâíÿííÿ�, �Îïåðàöiéíå ÷èñëåí-
íÿ�½ �Çàäà÷à Êîøi äëÿ ãiïåðáîëi÷íèõ ðiâíÿíü�, à òàêîæ êóðñ âèùî¨ ìàòåìàòèêè äëÿ
ñòóäåíòiâ ôiçè÷íîãî ôàêóëüòåòó.

Ç. Î. Ìåëüíèê àêòèâíî çàéìàâñÿ íàóêîâîþ ðîáîòîþ. Íàéïåðøå éîãî öiêàâèëè
ìiøàíi çàäà÷i äëÿ ãiïåðáîëi÷íèõ ðiâíÿíü i ñèñòåì. Îäíèì iç ïåðøèõ éîãî íàóêî-
âèõ ðåçóëüòàòiâ áóëî îá ðóíòóâàííÿ ìîæëèâîñòi çàñòîñóâàííÿ ìåòîäó âiäîáðàæåíü
äëÿ äîñëiäæåííÿ çàãàëüíèõ ãiïåðáîëi÷íèõ ðiâíÿíü äðóãîãî ïîðÿäêó. Âèêîðèñòîâóþ-
÷è ìåòîä iíòåãðàëiâ åíåðãi¨, âií äîâiâ iñíóâàííÿ ðîçâ'ÿçêiâ ìiøàíèõ çàäà÷ äëÿ äåÿêèõ
ãiïåðáîëi÷íèõ ðiâíÿíü i ñèñòåì âèùèõ ïîðÿäêiâ. Ñâî¨ íàóêîâi ðåçóëüòàòè äîïîâiäàâ
íà íàóêîâèõ êîíôåðåíöiÿõ, ìiñüêèõ ìàòåìàòè÷íèõ ñåìiíàðàõ, íàóêîâèõ ñåìiíàðàõ
êàôåäðè.

Êàíäèäàòñüêó äèñåðòàöiþ �Ìiøàíi çàäà÷i äëÿ äåÿêèõ ãiïåðáîëi÷íèõ ðiâíÿíü i
ñèñòåì� Ç. Î. Ìåëüíèê çàõèñòèâ 21 æîâòíÿ 1963 ðîêó íà ñïåöiàëiçîâàíié â÷åíié ðàäi
Óíiâåðñèòåòó. Îïîíåíòàìè äèñåðòàöi¨ áóëè äîêòîð ôiç.-ìàò. íàóê ïðîô. Ì. Ï. Øå-
ðåìåòü¹â i êàíä. ôiç.-ìàò. íàóê I. Ì. Êîâàëü÷èê. Çàçíà÷èìî, ùî òîäi åêñïåðòèçà
äèñåðòàöié òðèâàëà äóæå äîâãî, òîìó äèïëîì êàíäèäàòà ôiçèêî-ìàòåìàòè÷íèõ íàóê
Çiíîâiþ Îñòàïîâè÷ó âèäàëè 29 ãðóäíÿ 1965 ðîêó, òîáòî ÷åðåç 2 ðîêè ïiñëÿ çàõèñ-
òó äèñåðòàöi¨. Ó ëþòîìó 1968 ð. Ç. Î. Ìåëüíèê îòðèìàâ äèïëîì äîöåíòà êàôåäðè
äèôåðåíöiàëüíèõ ðiâíÿíü.

Ó ñåðïíÿ 1966 ðîêó Ç. Î. Ìåëüíèêà íàïðàâèëè íà êóðñè ôðàíöóçüêî¨ ìîâè,
à ó âåðåñíÿ 1967 ðîêó âiäðÿäèëè â ðåñïóáëiêó Ãâiíåÿ òåðìiíîì íà äâà ðîêè äëÿ
âèêëàäàöüêî¨ ðîáîòè. Ó Ãâiíåéñüêîìó Ïîëiòåõíi÷íîìó iíñòèòóòi Çiíîâié Îñòàïîâè÷
÷èòàâ ôðàíöóçüêîþ ìîâîþ ëåêöi¨ òà ïðîâîäèâ ñåìiíàðè ç ìàòåìàòè÷íî¨ ôiçèêè, òåîði¨
ãðóï Ëi, òîïîëîãi÷íèõ ìåòîäiâ ó òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü, ïðîãðàìóâàííÿ,
ìàòåìàòè÷íîãî àíàëiçó, äèôåðåíöiàëüíî¨ ãåîìåòði¨, âàðiàöiéíîãî ÷èñëåííÿ òîùî. Íà
ïiäñòàâi ñâî¨õ ëåêöié âèäàâ ïiäðó÷íèê �Ìåòîäè ìàòåìàòè÷íî¨ ôiçèêè� îáñÿãîì 385
ñòîðiíîê. Âiâ íàóêîâèé ñåìiíàð, áóâ ÷ëåíîì êîìiñi¨ ç ðîçðîáêè íàâ÷àëüíèõ ïëàíiâ
iíñòèòóòó, êåðóâàâ äèïëîìíèìè ïðîåêòàìè ñòóäåíòiâ, êåðóâàâ êàôåäðîþ, âèêîíóâàâ
îáîâ'ÿçêè äåêàíà ôàêóëüòåòó íàóê.

Ç 26 âåðåñíÿ 1969 ðîêó Ç. Î. Ìåëüíèê íàïðàâèëè äî ðåñïóáëiêè Òóíiñ (Àôðè-
êà). Ñïî÷àòêó âií ïðàöþâàâ â Òóíiñüêîìó óíiâåðñèòåòi (æîâòåíü 1969 � âåðåñåíü
1970), ïiçíiøå � â Òóíiñüêîìó íàöiîíàëüíîìó iíæåíåðíîìó iíñòèòóòi (âåðåñåíü 1970
� ñåðïåíü 1972). Ó Òóíiñüêîìó óíiâåðñèòåòi ÷èòàâ ñïåöiàëüíèé êóðñ �Òåîðiÿ ãðóï Ëi
òà ¨¨ çàñòîñóâàííÿ äî äèôåðåíöiàëüíèõ ðiâíÿíü�, i êóðñ �Äèôåðåíöiàëüíå ÷èñëåííÿ
ó âåêòîðíèõ íîðìîâàíèõ ïðîñòîðàõ� (òàêîæ âèäàíî êóðñ ëåêöié i çáiðíèêè çàäà÷).
Áóâ ÷ëåíîì Â÷åíî¨ ðàäè ôàêóëüòåòó íàóê. Ó Òóíiñüêîìó íàöiîíàëüíîìó iíæåíåð-
íîìó iíñòèòóòi ÷èòàâ �Êóðñ ìàòåìàòèêè� (òàêîæ âèäàíî êóðñ ëåêöié i çáiðíèê. Áóâ
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÷ëåíîì ðàäè iíñòèòóòó ç ïiäãîòîâêè ïëàíiâ i ïðîãðàì òà êîíòðîëþ çà ìåòîäè÷íîþ
ðîáîòîþ.

Ç 11 æîâòíÿ 1973 ðîêó Çiíîâiÿ Îñòàïîâè÷à ïðèçíà÷èëè â. î., à ç 31 ñåðïíÿ
1974 ðîêó � çàâiäóâà÷åì êàôåäðîþ îïòèìàëüíèõ ïðîöåñiâ Óíiâåðñèòåòó; 28 âåðåñíÿ
1979 ðîêó Çiíîâié Îñòàïîâè÷ ñòàâ çàâiäóâà÷åì êàôåäðè äèôåðåíöiàëüíèõ ðiâíÿíü
Óíiâåðñèòåòó i íà öié ïîñàäi ïåðåáóâàâ äî îñòàííiõ äíiâ æèòòÿ.

Çiíîâié Îñòàïîâè÷ ÷èòàâ ëåêöiéíi êóðñè �Äèôåðåíöiàëüíi ðiâíÿííÿ�, �Ðiâíÿííÿ
ìàòåìàòè÷íî¨ ôiçèêè�, �Ìåòîäè ðîçâ'ÿçóâàííÿ êðàéîâèõ çàäà÷ äëÿ ãiïåðáîëi÷íèõ ðiâ-
íÿíü�, �Ôóíêöiîíàëüíi ìåòîäè â òåîði¨ îïòèìiçàöi¨�, �Îñíîâè íàóêîâèõ äîñëiäæåíü�.
Êåðóâàâ êóðñîâèìè òà äèïëîìíèìè ðîáîòàìè ñòóäåíòiâ, ïðàöþâàâ íàä ãîñïäîãîâið-
íîþ òåìîþ �Âàðiàöiéíi ìåòîäè ðîçðàõóíêó äåÿêèõ âiäõèëÿþ÷èõ ìàãíiòíèõ ñèñòåì�.

Ïîðÿä ç ïåäàãîãi÷íîþ ðîáîòîþ Ç. Î. Ìåëüíèê óñïiøíî çàéìàâñÿ íàóêîâèìè
äîñëiäæåííÿìè â òåîði¨ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè. Òåìàòèêó íàóêîâèõ äî-
ñëiäæåíü Ç. Î. Ìåëüíèêà ìîæíà âèçíà÷èòè ç éîãî ïóáëiêàöié. Íà ôîðìóâàííÿ éîãî
íàóêîâîãî ñâiòîãëÿäó çíà÷íèé âïëèâ ìàëè ß.-Þ. Á. Ëîïàòèíñüêèé òà ñåðåäîâèùå
íàóêîâöiâ, ÿêå çãðóïóâàëîñü íàâêîëî öüîãî âèäàòíîãî â÷åíîãî, â òiì ÷èñëi Î. I. Áî-
áèê, Ã. Ñ. Ãóïàëî, I. I. Äàíèëþê, Â. Ã. Êîñòåíêî, Â. Å. Ëÿíöå, À. I. Ìàðêîâñüêèé,
Ì. Ä. Ìàðòèíåíêî, �. Ì. Ïàðàñþê, Á. É. Ïòàøíèê, Ì. Ë. Ðàñóëîâ, Â. ß. Ñêîðîáî-
ãàòüêî, I. Â. Ñêðèïíèê, à ïiçíiøå � Î. À. Ëàäèæåíñüêà, À. Ä. Ìèøêiñ, Î. À. Îëiéíèê
òà ií.

Ç. Î. Ìåëüíèê îòðèìàâ äóæå âàæëèâi íàóêîâi ðåçóëüòàòè, ñåðåä ÿêèõ:

• ïîáóäîâà òåîði¨ ìiøàíèõ çàäà÷ äëÿ ãiïåðáîëi÷íèõ ðiâíÿíü i ñèñòåì çàãàëüíîãî
âèäó ç äâîìà íåçàëåæíèìè çìiííèìè ÿê ó âèïàäêó ãëàäêèõ, òàê i íåãëàäêèõ
âèõiäíèõ äàíèõ;

• äîâåäåííÿ iñíóâàííÿ ðîçâ'ÿçêiâ ìiøàíèõ çàäà÷ äëÿ áàãàòîâèìiðíèõ ãiïåð-
áîëi÷íèõ ðiâíÿíü ó âèïàäêó àíàëiòè÷íèõ i êóñêîâî-àíàëiòè÷íèõ âèõiäíèõ äà-
íèõ;

• âñòàíîâëåííÿ óìîâ ðîçâ'ÿçíîñòi ìiøàíèõ çàäà÷ äëÿ äâîâèìiðíèõ ãiïåð-
áîëi÷íèõ ðiâíÿíü ç êðàòíèìè õàðàêòåðèñòèêàìè.

Çiíîâié Îñòàïîâè÷ çàïî÷àòêóâàâ íà êàôåäði äèôåðåíöiàëüíèõ ðiâíÿíü òðè íîâi
íàóêîâi íàïðÿìè òåîði¨ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè, ÿêi àêòèâíî ðîçâèâàëèñÿ i
ðîçâèâàþòüñÿ ÷ëåíè êàôåäðè òà ¨õíi ó÷i:

• êðàéîâi çàäà÷i ç ìàëèì ïàðàìåòðîì (Â. Ì. Öèìáàë, Â. Ì. Ôëþä, Â. Â. Âî-
ëîøèí, Ï. Ï. Áàáàê, Î. Â. Òåðåùóê);

• çàäà÷i â îáëàñòÿõ ç íåâiäîìèìè ìåæàìè àáî, iíøèìè ñëîâàìè, ãiïåðáîëi÷íi
çàäà÷i Ñòåôàíà (Ò. Î. Ìåëüíèê, Â. Ì. Êèðèëè÷, Ã. I. Áåðåãîâà, Ð. Â. Àíäðó-
ñÿê, Í. Î. Áóðäåéíà);

• çàäà÷i ç íåëîêàëüíèìè (íåðîçäiëåíèìè òà iíòåãðàëüíèìè) êðàéîâèìè óìî-
âàìè (Â. Ì. Êèðèëè÷, Ã. I. Áåðåãîâà, Ð. Â. Àíäðóñÿê, Î. Ç. Ñëþñàð÷óê,
Ì. Î. Îëiñêåâè÷, Î. Â. Ïåëþøêåâè÷, Ë. Çàðåìáà, Ò. Î. Äåðåâ'ÿíêî).

Ç 16 ÷åðâíÿ 1974 ðîêó äî 21 òðàâíÿ 1980 ðîêó Ç. Î. Ìåëüíèê áóâ äåêàíîì
ìåõàíiêî-ìàòåìàòè÷íîãî ôàêóëüòåòó. Íà öié ïîñàäi âií, çîêðåìà, ñïðèÿâ ðîçâèòêó
íàóêîâèõ íàïðÿìiâ íà ôàêóëüòåòi. Ç éîãî iíiöiàòèâè òà ïiäòðèìêè çàñòóïíèêà äåêàíà
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ß. Ã. Ïðèòóëè êðàùèõ ñòóäåíòiâ ñòàðøèõ êóðñiâ ôàêóëüòåòó, ñåðåä ÿêèõ Þ. Ä. Ãî-
ëîâàòèé, Ð. Â. Àðäàí, I. Ñ. Êóçü, I. ß. Ïiäñòðèãà÷, À. Ñ. Þð÷èøèí, áóëî ñêåðîâàíî
íà íàâ÷àííÿ äî Ìîñêîâñüêîãî äåðæàâíîãî óíiâåðñèòåòó iì. Ì. Â. Ëîìîíîñîâà, à êðà-
ùèõ âèïóñêíèêiâ ôàêóëüòåòó, ñåðåä ÿêèõ I. É. Ãóðàí, Ì. Ì. Çàði÷íèé, Ì. Ì. Áîêàëî,
Á. Ì. Áîêàëî, Ò. À. Ìåëüíèê, ß. Ì. Õîëÿâêà, Ã. �. Ãðàá÷àê, � â àñïiðàíòóðó öüîãî
óíiâåðñèòåòó. Áiëüøiñòü ç íàçâàíèõ ïiäãîòóâàëè òà çàõèñòèëè äèñåðòàöi¨ ó Ìîñêîâ-
ñüêîìó äåðæàâíîìó óíiâåðñèòåòi iì. Ì. Â. Ëîìîíîñîâà, ïîâåðíóëèñü íà ôàêóëüòåò
i óñïiøíî ïðîäîâæóþòü íàóêîâi äîñëiäæåííÿ ç îáðàíî¨ ñïåöiàëüíîñòi: I. É. Ãóðàí,
Ì. Ì. Çàði÷íèé, Á. Ì. Áîêàëî � â òîïîëîãi¨, Ì. Ì. Áîêàëî, Þ. Ä. Ãîëîâàòèé � â
äèôåðåíöiàëüíèõ ðiâíÿííÿõ, ß. Ì. Õîëÿâêà � â òåîði¨ ÷èñåë, I. Ñ. Êóçü � ó ìåõàíiöi.
Âîíè ñåðéîçíî ïiäñèëèëè íàóêîâèé ðiâåíü ìàòåìàòè÷íèõ äîñëiäæåíü íà íàøîìó ôà-
êóëüòåòi. Òàêîæ äëÿ çàïðîâàäæåííÿ i ðîçâèòêó íà ìåõàíiêî-ìàòåìàòè÷íîìó ôàêóëü-
òåòi Óíiâåðñèòåòó ñïåöiàëüíîñòi �Òåîðiÿ éìîâiðíîñòåé òà ìàòåìàòè÷íà ñòàòèñòèêà�,
çà ñïðèÿííÿ Ç. Î. Ìåëüíèêà äî iíñòèòóòó ìàòåìàòèêè ÀÍ Óêðà¨íè áóëè ñêåðîâàíi
â àñïiðàíòóðó âèïóñêíèêè ôàêóëüòåòó ß. I. �ëåéêî, Á. I. Êîïèòêî, Î. Ì. Êiíàø,
Á. I. Êàïëàí, I. Á. Êèðè÷èíñüêà, Ì. Ï. Îíèñüêî. Âîíè äîñi àêòèâíî é óñïiøíî ïðî-
âàäÿòü íàóêîâî-ïåäàãîãi÷íó äiÿëüíiñòü íà ôàêóëüòåòi.

Çiíîâié Îñòàïîâè÷ áåçïîñåðåäíüî çàéìàâñÿ ïiäãîòîâêîþ íàóêîâèõ êàäðiâ. Ïiä
éîãî êåðiâíèöòâîì Â. Ì. Öèìáàë ó 1979 ðîöi çàõèñòèâ êàíäèäàòñüêó äèñåðòàöiþ, à
Â. Ì. Êèðèëè÷ ç ãðóäíÿ 1981 ðîêó ñòàâïî÷àâ ïðàöþâàòè íàä äèñåðòàöi¹þ.

Ç. Î. Ìåëüíèê àêòèâíî ïðàöþâàâ íàä äîêòîðñüêîþ äèñåðòàöi¹þ ç òåîði¨ ãiïåð-
áîëi÷íèõ ðiâíÿíü (¨¨ îñíîâíi ðåçóëüòàòè âií îòðèìàâ), ãîòóâàâ ìîíîãðàôiþ ñïiëüíî ç
À. Ä. Ìèøêiñîì ç òåîði¨ ãiïåðáîëi÷íèõ çàäà÷. Íà æàëü, öi ïëàíè íå ñóäèëîñü âòiëèòè.
Æèòòÿ Çiíîâiÿ Îñòàïîâè÷à Ìåëüíèêà òðàãi÷íî îáiðâàëîñÿ íà ïî÷àòêó 1983 ðîêó.

Íàóêîâi äîñëiäæåííÿ Ç. Î. Ìåëüíèêà ïðîäîâæèëè éîãî ó÷íi Â. Ì. Öèìáàë i
Â. Ì. Êèðèëè÷ òà ¨õíi ó÷íi, à òàêîæ Ñ. Ï. Ëàâðåíþê, ÿêèé î÷îëèâ êàôåäðó äèôå-
ðåíöiàëüíèõ ðiâíÿíü.

Çàóâàæèìî, ùî â ñiì'¨ Ç. Î. Ìåëüíèêà, ìîæíà òàê ñêàçàòè, áóâ êóëüò ìàòåìà-
òèêè, îñêiëüêè éîãî äðóæèíà � Òåòÿíà Îìåëÿíiâíà � âèêëàäàëà ìàòåìàòè÷íi äè-
ñöèïëiíè íà ôàêóëüòåòi, à äî÷êà � Îëüãà (Î. Ç. Ñëþñàð÷óê) � çàêií÷èëà ôàêóëüòåò,
çàõèñòèëà êàíäèäàòñüêó äèñåðòàöiþ òà ïðàöþ¹ íà ïîñàäi äîöåíòà â Íàöiîíàëüíîìó
óíiâåðñèòåòi �Ëüâiâñüêà ïîëiòåõíiêà�.

Êîëåãàì, ó÷íÿì i ñòóäåíòàì Çiíîâiÿ Îñòàïîâè÷à ïîùàñòèëî ïðàöþâàòè i ñïiëêó-
âàòèñÿ ç iíòåëiãåíòíîþ, äåìîêðàòè÷íîþ, âiäêðèòîþ, ÷óéíîþ Ëþäèíîþ òà Â÷èòåëåì.
Çiíîâié Îñòàïîâè÷ Ìåëüíèê òîðóâàâ äîðîãó äëÿ áàãàòüîõ, òîìó ¨õíi ïåðøi êðîêè íà
öié äîðîçi áóëè ëåãêèìè . . .
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Äèñåðòàöi¨ ç òåîði¨ ãiïåðáîëi÷íèõ ðiâíÿíü i ñèñòåì, âèêîíàíi íà
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ÑÂIÒËIÉ ÏÀÌ'ßÒI ÏÐÎÔÅÑÎÐÀ Ì. I. IÂÀÍ×ÎÂÀ

(1943-2019)

Âîñüìîãî ëèïíÿ 2019 ðîêó íà 76 ðîöi æèòòÿ ïiøîâ ó âi÷íiñòü âiäîìèé óêðà¨íñü-
êèé ìàòåìàòèê, ïðîôåñîð, äîêòîð ôiçèêî-ìàòåìàòè÷íèõ íàóê, çàñëóæåíèé ïðîôå-
ñîð Ëüâiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Iâàíà Ôðàíêà � Ìèêîëà Iâàíîâè÷
Iâàí÷îâ.

Ì. I. Iâàí÷îâ íàðîäèâñÿ 5 ãðóäíÿ 1943 ðîêó â ì. Iðøàâà Çàêàðïàòñüêî¨ îáëàñòi.
Éîãî áàòüêî � Iâàí Ìèõàéëîâè÷ � êåðóâàâ îáëàñíîþ àäâîêàòñüêîþ êîëåãi¹þ ìiñòà
Ìóêà÷åâî, ìàòè � Ìàðiÿ Ãåîðãi¨âíà � ïðàöþâàëà â÷èòåëüêîþ ìîëîäøèõ êëàñiâ ó
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øêîëi. Ìèêîëà Iâàíîâè÷ � äðóãà äèòèíà â ñiì'¨. Êðiì íüîãî, â áàòüêiâ áóëî ùå òðî¨
ñèíiâ.

Ó 1950 ðîöi Ì. I. Iâàí÷îâ âñòóïèâ äî ñåðåäíüî¨ øêîëè �1 ìiñòà Ìóêà÷åâî, ÿêó
çàêií÷èâ â 1960 ðîöi iç çîëîòîþ ìåäàëëþ. Â öüîìó æ ðîöi Ìèêîëà Iâàíîâè÷ âñòóïèâ
äî Ëüâiâñüêîãî äåðæàâíîãî óíiâåðñèòåòó iìåíi Iâàíà Ôðàíêà (äàëi � Óíiâåðñèòåò)
íà ìåõàíiêî-ìàòåìàòè÷íèé ôàêóëüòåò. Çà âiäìiííi óñïiõè ó íàâ÷àííi âií îòðèìóâàâ
ïiäâèùåíó ñòèïåíäiþ. Áðàâ àêòèâíó ó÷àñòü ó ãðîìàäñüêîìó æèòòi ôàêóëüòåòó � áóâ
ñòàðîñòîþ ãðóïè, ÷ëåíîì êîìiòåòó êîìñîìîëó óíiâåðñèòåòó, ÷ëåíîì óíiâåðñèòåòñüêî¨
áàñêåòáîëüíî¨ êîìàíäè. Ó ãðóäíi 1965 ðîêó Ìèêîëà Iâàíîâè÷ ç äèïëîìîì ç âiäçíà-
êîþ çàêií÷èâ Óíiâåðñèòåò çà ñïåöiàëiçàöi¹þ �Äèôåðåíöiàëüíi ðiâíÿííÿ�, çîêðåìà, ç
îöiíêîþ �âiäìiííî� ñêëàâ äåðæàâíèé iñïèò ç àíãëiéñüêî¨ ìîâè, çàõèñòèâ äèïëîìíó
ðîáîòó íà òåìó �Iñíóâàííÿ ïåðiîäè÷íèõ ðîçâ'ÿçêiâ äåÿêèõ ðiâíÿíü ç ÷àñòèííèìè ïî-
õiäíèìè ãiïåðáîëi÷íîãî òèïó�. Òîãî æ ðîêó âií çàðàõîâàíèé äî çàî÷íî¨ àñïiðàíòóðè
íà êàôåäði äèôåðåíöiàëüíèõ ðiâíÿíü Óíiâåðñèòåòó.

Ç òðàâíÿ 1966 ðîêó Ì. I. Iâàí÷îâà ïðèçíà÷èëè íà ïîñàäó iíæåíåðà âiääiëó ïðè-
êëàäíî¨ êiáåðíåòèêè Ëüâiâñüêîãî âiääiëó Iíñòèòóòó åêîíîìiêè ÀÍ ÓÐÑÐ. Â êiíöi
1966 ðîêó ïðèçâàëè äî àðìi¨. Ïiñëÿ àðìi¨ ïîâåðíóâñÿ íà ïîïåðåäí¹ ìiñöå ðîáîòè íà
ïîñàäó ñòàðøîãî iíæåíåðà. Ç áåðåçíÿ 1967 ðîêó Ìèêîëà Iâàíîâè÷ ñòàâ àñïiðàíòîì
î÷íî¨ àñïiðàíòóðè ìåõàíiêî-ìàòåìàòè÷íîãî ôàêóëüòåòó Óíiâåðñèòåòó çà ñïåöiàëü-
íiñòþ �Ìàòåìàòè÷íèé àíàëiç�. Éîãî íàóêîâèì êåðiâíèêîì áóâ äîö. Â. Ã. Êîñòåíêî.
Ó 1970 ðîöi Ì. I. Iâàí÷îâ çàõèñòèâ êàíäèäàòñüêó äèñåðòàöiþ �Äîñëiäæåííÿ äåÿêèõ
êðàéîâèõ çàäà÷ äëÿ åëiïòè÷íèõ ðiâíÿíü ó íåîáìåæåíèõ îáëàñòÿõ�.

Ç 1969 ðîêó Ìèêîëà Iâàíîâè÷ ïðàöþâàâ íà êàôåäði äèôåðåíöiàëüíèõ ðiâíÿíü
Óíiâåðñèòåòó àñèñòåíòîì, à ç 1972 ðîêó � äîöåíòîì.

Ó 1973 ðîöi Ì. I. Iâàí÷îâ çàêií÷èâ êóðñè ôðàíöóçüêî¨ ìîâè ó Êè¨âñüêîìó äåð-
æàâíîìó óíiâåðñèòåòi iì. Ò. Ã. Øåâ÷åíêà i ó 1973-1976 ðîêàõ ïðàöþâàâ â Iíñòèòóòi
ìàòåìàòèêè óíiâåðñèòåòó ì. Êîíñòàíòiíè (Àëæèð) íà ïîñàäi ìåòð-àñèñòåíòà, ùî âiä-
ïîâiäàëî ïîñàäi ñòàðøîãî âèêëàäà÷à ó íàâ÷àëüíèõ çàêëàäàõ ÑÐÑÐ. ×èòàâ êóðñ �Äè-
ôåðåíöiàëüíå ÷èñëåííÿ i äèôåðåíöiàëüíi ðiâíÿííÿ�, áðàâ àêòèâíó ó÷àñòü ó ðîáîòi
íàóêîâîãî ñåìiíàðó �Çàñòîñóâàííÿ òîïîëîãi¨ â òåîði¨ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíè-
ìè� äåïàðòàìåíòó âèùî¨ ìàòåìàòèêè óíiâåðñèòåòó ì. Êîíñòàíòiíè.

Ïiñëÿ ïîâåðíåííÿ Ìèêîëà Iâàíîâè÷ ïðàöþâàâ íà êàôåäði äèôåðåíöiàëüíèõ ðiâ-
íÿíü Óíiâåðñèòåòó � ç 1977 ðîêó íà ïîñàäi äîöåíòà, à ç 1999 ðîêó � ïðîôåñîðà òà
çàâiäóâà÷à êàôåäðè. Ó 1998 ðîöi çàõèñòèâ äîêòîðñüêó äèñåðòàöiþ �Îáåðíåíi çàäà-
÷i äëÿ ëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü äðóãîãî ïîðÿäêó�. Â÷åíå çâàííÿ ïðîôåñîðà
îòðèìàâ ó 2002 ðîöi, à â 2010 ðîöi ïðèñóäèëè ïî÷åñíå çâàííÿ �Çàñëóæåíèé ïðîôåñîð
Ëüâiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Iâàíà Ôðàíêà�.

Çà ïåðiîä âèêëàäàííÿ íà ìåõàíiêî-ìàòåìàòè÷íîìó ôàêóëüòåòi Ëüâiâñüêîãî íà-
öiîíàëüíîãî óíiâåðñèòåòó iìåíi Iâàíà Ôðàíêà. Ì. I. Iâàí÷îâ ÷èòàâ íîðìàòèâíi òà
ñïåöiàëüíi êóðñè ç äèôåðåíöiàëüíèõ ðiâíÿíü i ðiâíÿíü ìàòåìàòè÷íî¨ ôiçèêè. Éîãî
ëåêöi¨ âèðiçíÿëèñÿ ÷iòêiñòþ, ëîãi÷íîþ ïîñëiäîâíiñòþ, âìiííÿì äîíåñòè äî ñëóõà÷à
ãîëîâíi iäå¨ òà ïðèíöèïè íàâ÷àëüíèõ äèñöèïëií.

Ì. I. Iâàí÷îâ áóâ ãîëîâîþ ñïåöiàëiçîâàíî¨ â÷åíî¨ ðàäè ç çàõèñòó äîêòîðñüêèõ
äèñåðòàöié ó ðiäíîìó Óíiâåðñèòåòi, ÷ëåíîì ñïåöiàëiçîâàíî¨ â÷åíî¨ ðàäè ç çàõèñòó
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êàíäèäàòñüêèõ äèñåðòàöié â óíiâåðñèòåòi ì. ×åðíiâöi, áðàâ ó÷àñòü ó ðîáîòi é î÷îëþ-
âàâ îðãêîìiòåòè ìiæíàðîäíèõ íàóêîâèõ êîíôåðåíöié. Áàãàòî ðîêiâ Ìèêîëà Iâàíîâè÷
ïðèñâÿòèâ íàóêîâîìó æóðíàëó �Âiñíèê Ëüâiâñüêîãî óíiâåðñèòåòó. Ñåðiÿ ìåõàíiêî-
ìàòåìàòè÷íà�, âiäïîâiäàëüíèì ñåêðåòàðåì ÿêîãî âií áóâ.

Ì. I. Iâàí÷îâ àêòèâíî ñïiâïðàöþâàâ íå òiëüêè ç ïðîâiäíèìè â÷åíèìè Óêðà¨íè,
à é ïiäòðèìóâàâ òiñíi íàóêîâi êîíòàêòè ç â÷åíèìè Àçåðáàéäæàíó, Âåëèêîáðèòàíi¨,
Åñòîíi¨, Iòàëi¨ òà ií.

Ïðîôåñîð Iâàí÷îâ Ì.I. � àâòîð áëèçüêî 140 ïðàöü, ñåðåä ÿêèõ îäíà ìîíîãðàôiÿ
òà ñiì íàâ÷àëüíèõ ïîñiáíèêiâ i ïiäðó÷íèêiâ. Ïiä éîãî êåðiâíèöòâîì çàõèùåíî 8 êàí-
äèäàòñüêèõ äèñåðòàöié.

Ìè ãëèáîêî ñóìó¹ìî ç ïðèâîäó ñìåðòi ïðîôåñîðà Iâàí÷îâà Ì. I., âiäîìîãî â÷åíî-
ãî, âåëèêîãî ïåäàãîãà, íàäiéíîãî òîâàðèøà òà íàñòàâíèêà. Ñâiòëó ïàì'ÿòü ïðî íüîãî
çáåðåæåìî â ñâî¨õ ñåðöÿõ.

ÍÀÓÊÎÂÀ ÑÏÀÄÙÈÍÀ Ì. I. IÂÀÍ×ÎÂÀ

Íàóêîâèé øëÿõ Ìèêîëè Iâàíîâè÷à Iâàí÷îâà ðîçïî÷àâñÿ (äèâ. [1]-[7]) ç äîñëiä-
æåííÿ êâàçiëiíiéíèõ åëiïòè÷íèõ ñèñòåì âèãëÿäó

n∑
i,j=1

aij(x, u)u`xixj
+ a`(x, u,∇u) = 0, ` = 1, . . . , N, (1)

äå N ∈ N, u = (u1, . . . , uN ), x = (x1, . . . , xn), ∇u � ãðàäi¹íò u.

Óçàãàëüíþþ÷è ðåçóëüòàòè îäíi¹¨ ç ïðàöü À. Ï. Îñêîëêîâà, Ì. I. Iâàí÷îâ ó íàó-
êîâié ñòàòòi [2] âñòàíîâèâ àïðiîðíó îöiíêó âèðàçó

N∑
`=1

max
x
|x|1+β |∇u`(x)|,

äå u � êëàñè÷íèé ðîçâ'ÿçîê çîâíiøíüî¨ çàäà÷i Äiðiõëå äëÿ ñèñòåìè (1) ç ïåâíîþ ïî-
âåäiíêîþ íà íåñêií÷åííîñòi, β > −1 � äåÿêå ÷èñëî. Iñíóâàííÿ ðîçâ'ÿçêiâ çîâíiøíüî¨
çàäà÷i Äiðiõëå äëÿ ñèñòåì òèïó (1) ç ïåâíîþ ïîâåäiíêîþ ðîçâ'ÿçêó íà íåñêií÷åííîñòi
äîâåäåíî ó [6].

Íàñòóïíèé åòàï íàóêîâîãî çðîñòàííÿ Ì. I. Iâàí÷îâà � äîñëiäæåííÿ ðîçâ'ÿçêiâ
íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü (äèâ. [8]-[12]). Çîêðåìà, ó ïðàöi [9] ðîçãëÿíóòî ïî-
äâiéíî íåëiíiéíå ðiâíÿííÿ òåïëîïðîâiäíîñòi

cv(T )
∂T

∂t
= div

(
λ(T )∇T

)
, (x, y, z, t) ∈ Ω. (2)

Òóò Ω = {(x, y, z, t) | x ∈ R, y ∈ R, z ∈ (0, h), t > 0}, cv(T ) � êîåôiöi¹íò òåïëî-
¹ìíîñòi, λ(T ) � êîåôiöi¹íò òåïëîïðîâiäíîñòi. Äëÿ ðiâíÿííÿ (2) âèâ÷à¹òüñÿ ìiøàíà
çàäà÷à i çà äîïîìîãîþ ôóíêöi¨ Ãðiíà òà ìåòîäó ìàëîãî ïàðàìåòðà çíàõîäÿòü ÷èñåëüíi
çíà÷åííÿ òåìïåðàòóðè T .

Ó ïðàöi [13] Ì. I. Iâàí÷îâ âèâ÷àâ çàäà÷ó ñïðÿæåííÿ äâîõ ïàðàáîëi÷íèõ ñèñòåì

∂ui
∂t

= λi
∂2ui
∂x2

+

2∑
j=1

(
aij

∂ui
∂x

+ bij uj

)
+ fi, (x, t) ∈ Ω1, i = 1, 2, (3)
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∂vi
∂t

= µi
∂2vi
∂x2

+

2∑
j=1

(
cij

∂vi
∂x

+ dij uj

)
+ gi, (x, t) ∈ Ω1, i = 1, 2, (4)

äå Ω1 = {(x, t) | x > 0, 0 < t < T}, Ω2 = {(x, t) | x < 0, 0 < t < T}. Ñèñòå-
ìó äîïîâíåíî íóëüîâèìè ïî÷àòêîâèìè óìîâàìè é óìîâàìè ñïðÿæåííÿ ïðè x = 0.
Âèêîðèñòîâóþ÷è ìåòîä ôóíêöi¨ Ãðiíà, ðîçãëÿäóâàíó çàäà÷ó çâåäåíî äî ñèñòåìè ií-
òåãðîäèôåðåíöiàëüíèõ ðiâíÿíü, ÿêó ðîçâ'ÿçàíî ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü.

Ïîäàëüøi äîñëiäæåííÿ Ì. I. Iâàí÷îâà ãîëîâíî ïîâ'ÿçàíi ç êîåôiöi¹íòíèìè îáåð-
íåíèìè çàäà÷àìè äëÿ ðiâíÿíü ïàðàáîëi÷íîãî òèïó. Ïåðø íiæ ðîçãëÿäàòè ðåçóëüòàòè
öèõ äîñëiäæåíü íàâåäåìî òèïîâèé ïðèêëàä òàêèõ çàäà÷ i ñõåìó ¨õ âèâ÷åííÿ, ÿêó â
çäåáiëüøîãî âèêîðèñòîâóâàëè Ìèêîëà Iâàíîâè÷ òà éîãî ó÷íi.

Íåõàé h > 0, T∗ > 0 � äîâiëüíî çàäàíi ÷èñëà i òðåáà çíàéòè ÷èñëî T ∈ (0, T∗]
i ïàðó ôóíêöié {a, u}, äå a ∈ C([0, T ]), u ∈ C2,1((0, h) × (0, T ]) ∩ C1([0, h] × [0, T ]),
òàêèõ, ùî

ut − a(t)uxx = f(x, t), (x, t) ∈ (0, h)× (0, T ], (5)

u(x, 0) = ϕ(x), x ∈ [0, h], (6)

u(0, t) = µ1(t), u(h, t) = µ2(t), t ∈ (0, T ], (7)

a(t)ux(0, t) = µ3(t), t ∈ (0, T ], (8)

äå f ∈ C((0, h)× (0, T∗]), ϕ ∈ C([0, h]), µ1, µ2, µ3 ∈ C((0, T∗]) � çàäàíi.

ßê ëåãêî áà÷èòè, ñïiââiäíîøåííÿ (5) � (7) ïðè âiäîìié ôóíêöi¨ a çàäàþòü ïåðøó
ìiøàíó çàäà÷ó äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi, à òîìó ¨õ íàçèâàþòü ïðÿìîþ çàäà÷åþ,
òîäi ÿê óìîâó (8) � óìîâîþ ïåðåâèçíà÷åííÿ, ÿêà âèêîðèñòîâó¹òüñÿ äëÿ çíàõîäæåííÿ
êîåôiöi¹íòà ïðè ñòàðøié ïîõiäíié íåâiäîìî¨ ôóíêöi¨ â îäíîâèìiðíîìó ðiâíÿííi òå-
ïëîïðîâiäíîñòi. Òîìó çàäà÷ó (5) � (8) íàçèâàþòü êîåôiöi¹íòíîþ îáåðíåíîþ çàäà÷åþ
àáî, ïðîñòî, îáåðíåíîþ çàäà÷åþ äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ. Çàóâàæèìî, ùî ïðÿìó
çàäà÷ó (5) � (7) i óìîâó ïåðåâèçíà÷åííÿ (8) ìîæíà, âiäïîâiäíî, çàïèñàòè ó âèãëÿäi
îïåðàòîðíèõ ðiâíÿíü

LT (a, u) = (f, ϕ, µ1, µ2)|T , (9)

MT (a, u) = µ3|T , (10)

äå ñèìâîë |T îçíà÷à¹ çâóæåííÿ ôóíêöié, ÿêi ñòîÿòü çëiâà âiä íüîãî i çàëåæàòü âiä
çìiííî¨ t, íà ïðîìiæîê (0, T ] çà öi¹þ çìiííîþ.

Ââàæàþ÷è ôóíêöiþ a âiäîìîþ i âèêîðèñòîâóþ÷è ôóíêöiþ Ãðiíà ïåðøî¨ ìiøàíî¨
çàäà÷i äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi, çà ïåâíèõ äîäàòêîâèõ óìîâ íà âèõiäíi äàíi
ðiâíÿííÿ (9) ìîæíà ðîçâ'ÿçàòè âiäíîñíî u:

u = GT (a; f, ϕ, µ1, µ2). (11)

Ïiäñòàâëÿþ÷è îòðèìàíèé âèðàç u (÷åðåç a i âèõiäíi äàíi çàäà÷i) ó ðiâíÿííÿ (10),
ïiñëÿ âiäïîâiäíèõ ïåðåòâîðåíü çäîáóâà¹ìî ðiâíÿííÿ äëÿ çíàõîäæåííÿ ôóíêöi¨ a

a = PT (a; f, ϕ, µ1, µ2, µ3). (12)

Äàëi ôóíêöiþ a òðàêòóþòü ÿê íåðóõîìó òî÷êó îïåðàòîðà PT (◦; f, ϕ, µ1, µ2, µ3) äëÿ
çàäàíèõ (f, ϕ, µ1, µ2, µ3)|T . Äëÿ äîâåäåííÿ ¨¨ iñíóâàííÿ âèêîðèñòîâóþòü òåîðåìó Øà-
óäåðà ïðî íåðóõîìó òî÷êó öiëêîì íåïåðåðâíîãî îïåðàòîðà. Äëÿ öüîãî çà ðàõóíîê
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âèáîðó T, f, ϕ, µ1, µ2, µ3 âñòàíîâëþþòü iñíóâàííÿ ÷èñåë a1, a2 òàêèõ, ùî 0 < a1 < a2,
i îïåðàòîð PT (◦; f, ϕ, µ1, µ2, µ3) ïåðåâîäèòü ìíîæèíó

N(T, a1, a2) := {v ∈ C[0, T ] | a1 6 v(t) 6 a2 ∀t ∈ [0, T ]}
â ñåáå. Äàëi, âèêîðèñòîâóþ÷è òåîðåìó Àðöåëà-Àñêîëi, äîâîäÿòü, ùî îïåðàòîð
PT (◦; f, ϕ, µ1, µ2, µ3) öiëêîì íåïåðåðâíèé (ìîæëèâî, çà äîäàòêîâèõ óìîâ íà âèõiäíi
äàíi), i òèì ñàìèì çàâåðøóþòü äîâåäåííÿ iñíóâàííÿ ôóíêöi¨ a. Òîäi çà ôîðìóëîþ
(11) çíàõîäÿòü u i, äîâiâøè åêâiâàëåíòíiñòü ñèñòåì ðiâíÿíü (9), (10) òà (11), (12),
îòðèìóþòü ðîçâ'ÿçîê âèõiäíî¨ çàäà÷i.

Òåïåð ïåðåéäåìî áåçïîñåðåäíüî äî îãëÿäó îñíîâíèõ ðåçóëüòàòiâ Ì. I. Iâàí÷îâà
òà éîãî ó÷íiâ, ùî ñòîñóþòüñÿ îáåðíåíèõ çàäà÷ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü.

Ñïåðøó äîñëiäæóâàëèñü îáåðíåíi çàäà÷i äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi ç
íåëîêàëüíèìè óìîâàìè, òèïîâèé ïðèêëàä ÿêèõ ìà¹ âèãëÿä: çíàéòè ïàðó ôóíêöié
{a, u} òàêó, ùî

ut = a(t)uxx + f(x, t), 0 < x < h, 0 < t < T, (13)

u(x, 0) = ϕ(x), 0 ≤ x ≤ h, (14)

4∑
k=1

γik(t)uk(t) = κi(t), 0 ≤ t ≤ T, i ∈ {1, 2, 3}, (15)

äå
u1(t) := u(0, t), u2(t) := u(h, t), u3(t) := ux(0, t), u4(t) := ux(h, t).

Óìîâè (15) ðîçïàäàþòüñÿ íà òðiéêè ç äâîõ ëîêàëüíèõ i îäíi¹¨ íåëîêàëüíî¨ óìîâè,
íàïðèêëàä, íà òàêi óìîâè:

ux(0, t) = µ1(t), ux(h, t) = µ2(t), 0 ≤ t ≤ T, (16)

ν1(t)u(0, t) + ν2(t)u(h, t) = µ3(t), 0 ≤ t ≤ T. (17)

Âèêîðèñòîâóþ÷è ôóíêöiþ Ãðiíà

G(x, t, ξ, τ) =

=
1

2
√
π(θ(t)− θ(τ))

∞∑
n=−∞

{
exp
(
− (x− ξ + 2nh)2

4(θ(t)− θ(τ))

)
+ exp

(
− (x+ ξ + 2nh)2

4(θ(t)− θ(τ))

)}
,

äå

θ(t) =

t∫
0

a(τ) dτ,

çàäà÷i (13), (14), (16), çãàäàíîþ âèùå ìåòîäèêîþ îòðèìóþòü åêâiâàëåíòíå âèõiäíié
çàäà÷i iíòåãðàëüíå ðiâíÿííÿ äëÿ çíàõîäæåííÿ ôóíêöi¨ a. Ðåçóëüòàòè äîñëiäæåííÿ
çàäà÷ òèïó (13)-(15) çiáðàíî ó ìîíîãðàôi¨ [69].

Ó ïðàöÿõ Ìèêîëè Iâàíîâè÷à òà éîãî ó÷íiâ I. Á. Áåðåçíèöüêî¨, À. É. Äðåáîòà òà
Þ. Ï. Ìàêàðà äîâåäåíî, ùî â óìîâó (15) ìîæíà âêëþ÷èòè i íåëîêàëüíèé iíòåãðàëü-
íèé ÷ëåí, òîáòî ìîæíà çàìiíèòè óìîâó (15) íà òàêó óìîâó:

5∑
k=1

γik(t)uk(t) = κi(t), 0 ≤ t ≤ T, i ∈ {1, 2, 3}, (18)
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äå u5(t) :=
∫ h
0
u(x, t) dx, 0 ≤ t ≤ T (äèâ., íàïðèêëàä, [38]).

Äàëi äîñëiäæóâàëèñÿ îáåðíåíi çàäà÷i äëÿ çàãàëüíèõ ïàðàáîëi÷íèõ ðiâ-
íÿíü, ïðèêëàäîì ÿêèõ ¹ çàäà÷à âiäøóêàííÿ ïàðè ôóíêöié {a, u}:

ut = a(t)uxx + b(x, t)ux + c(x, t)u+ f(x, t), 0 < x < h, 0 < t < T, (19)

u(x, 0) = ϕ(x), x ∈ [0, h], (20)

u(0, t) = µ1(t), u(h, t) = µ2(t), t ∈ [0, T ], (21)

a(t)ux(0, t) = µ3(t), t ∈ [0, T ]. (22)

Ïðèïóñêàþ÷è âiäîìîþ ôóíêöiþ a(t) > 0, t ∈ [0, T ], çàäà÷ó (19)�(21) çâîäÿòü äî
ñèñòåìè ðiâíÿíü

u(x, t) = u0(x, t) +

t∫
0

h∫
0

G(x, t, ξ, τ)(b(ξ, τ)v(ξ, τ) + c(ξ, τ)u(ξ, τ))dξdτ, (23)

v(x, t) = v0(x, t) +

t∫
0

h∫
0

Gξ(x, t, ξ, τ)(b(ξ, τ)v(ξ, τ) + c(ξ, τ)u(ξ, τ))dξdτ, (24)

äå G � ôóíêöiÿ Ãðiíà ðiâíÿííÿ òåïëîïðîâiäíîñòi ç óìîâàìè (20), (21). Òîäi ç óìîâè
(22) îäåðæèìî

a(t) =
µ3(t)

v(0, t)
, t ∈ [0, T ]. (25)

Îòîæ, îáåðíåíà çàäà÷à (19)�(22) çâåëàñÿ äî åêâiâàëåíòíî¨ ñèñòåìè ðiâíÿíü (23)-(25).
Òàêi çàäà÷i, à òàêîæ îáåðíåíi çàäà÷i äëÿ ðiâíÿííÿ (19) ç íåëîêàëüíèìè óìîâàìè (15)
äîñëiäæóâàâ Ì. I. Iâàí÷îâ, çîêðåìà, ç I. Á. Áåðåçíèöüêîþ.

Çàäà÷i âèçíà÷åííÿ êiëüêîõ êîåôiöi¹íòiâ ïàðàáîëi÷íîãî ðiâíÿííÿ ðîçãëÿäàëèñÿ,
çîêðåìà, ñïiëüíî ç Í. Â. Ïàáèðiâñüêîþ. Ó ïðÿìîêóòíèêó

{(x, t) | 0 < x < h, 0 < t < T}
äîñëiäæóâàëè çàäà÷i äëÿ ðiâíÿíü

ut = a(t)uxx + b(t)ux + c(x, t)u+ f(x, t), 0 < x < h, 0 < t < T, (26)

ut = a(t)uxx + b(x, t)ux + c(t)u+ f(x, t), (27)

ut = (a0(t) + a1(t)x)uxx + b(x, t)ux + c(x, t)u+ f(x, t), (28)

ç íåâiäîìèìè êîåôiöi¹íòàìè {a, b}, {a, c} òà {a0, a1}, âiäïîâiäíî (äèâ. [52]). Øèðîêî
âèêîðèñòîâóâàëèñÿ óìîâè ïåðåâèçíà÷åííÿ òèïó iíòåãðàëüíèõ ìîìåíòiâ.

Îáåðíåíi çàäà÷i äëÿ ðiâíÿííÿ

c(t)ut = a(x, t)uxx + b(x, t)ux + d(x, t)u+ f(x, t), 0 < x < h, 0 < t < T, (29)

ç íåâiäîìèì êîåôiöi¹íòîì c = c(t) > 0, t ∈ [0, T ], âèâ÷àëèñÿ, çîêðåìà, ñïiëüíî ç
Î. Ãóëü òà Ó. Äîðîæîâåöü (Ôåäóñü). Áóëî çàïðîïîíîâàíî ìåòîä âèêîðèñòàííÿ ôóíê-
öi¨ Ãðiíà çàãàëüíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ, ÿêó íå ìîæíà çàïèñàòè â ÿâíîìó âè-
ãëÿäi. Òàêîæ áóëè ðîçãëÿíóòi îáåðíåíi çàäà÷i äëÿ êâàçiëiíiéíèõ ðiâíÿíü

c(t)ut = a(x, t, u, ux)uxx + b(x, t, u, ux), 0 < x < h, 0 < t < T. (30)
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Íàñòóïíèé åòàï íàóêîâèõ äîñëiäæåíü Ì. I. Iâàí÷îâà � âèâ÷åííÿ îáåðíåíèõ
çàäà÷ äëÿ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü òèïó

ut = a(t)tβuxx + b(x, t)ux + c(x, t)u+ f(x, t), 0 < x < h, 0 < t < T, (31)

ç óìîâàìè (20)-(22) ó âèïàäêàõ ñëàáêîãî (0 < β < 1) òà ñèëüíîãî (β ≥ 1) âèðî-
äæåííÿ. ßêùî ðiâíÿííÿ ìà¹ ñëàáêå âèðîäæåííÿ, òî ìåòîäè éîãî äîñëiäæåííÿ ìàëî
âiäðiçíÿþòüñÿ âiä ìåòîäiâ äîñëiäæåííÿ íåâèðîäæåíîãî ðiâíÿííÿ. Ïðîòå ïðè β ≥ 1
ïîõiäíà ux(0, t) ìà¹ ñèíãóëÿðíiñòü ïðè t→ +0 i òîìó ìåòîäè äîñëiäæåííÿ òðåáà áóëî
ìîäèôiêóâàòè. Ðîçâ'ÿçàííþ öèõ ïðîáëåì ïðèñâÿ÷åíî ïðàöi Ì.I. Iâàí÷îâà ñïiëüíî ç
Í.Â. Ñàëäiíîþ òà ïðîôåñîðîì ç Ìiëàíó À. Ëîðåíöi (äèâ., íàïðèêëàä, [74], [78], [79],
[82], [89]).

Äîñëiäæóâàëèñÿ òàêîæ i îáåðíåíi çàäà÷i äëÿ áàãàòîâèìiðíèõ ïàðàáîëi÷-
íèõ ðiâíÿíü. E ïðàöÿõ Ìèêîëè Iâàíîâè÷à òà Ð. Â. Ñàãàéäàêà ðîçãëÿíóòî îáåðíåíó
çàäà÷ó äëÿ äâîâèìiðíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ

ut = a(t)∆u+ b(x, y, t)ux + c(x, y, t)uy + d(x, y, t)u+ f(x, y, t), (32)

â îáëàñòi {(x, y, t) | 0 < x < h, 0 < y < l, 0 < t < T}. Çàäà÷à ïîëÿãà¹ â çíàõîäæåííi
ïàðè ôóíêöié {a, u}, ÿêi çàäîâîëüíÿþòü òàêi óìîâè:

u(x, y, 0) = ϕ(x, y), 0 ≤ x ≤ h, 0 ≤ y ≤ l, (33)

u(0, y, t) = µ1(y, t), u(h, y, t) = µ2(y, t), 0 ≤ y ≤ l, 0 ≤ t ≤ T, (34)

u(x, 0, t) = ν1(x, t), u(x, l, t) = ν2(x, t), 0 ≤ x ≤ h, 0 ≤ t ≤ T, (35)

a(t)ux(0, y0, t) = κ1(t), 0 ≤ t ≤ T, 0 < y0 < l. (36)

Ïîðÿä ç (32) äîñëiäæóâàëè òàêîæ âèïàäîê àíiçîòðîïíîãî ðiâíÿííÿ

ut = a1(t)uxx + a2(t)uyy + b(x, y, t)ux + c(x, y, t)uy + d(x, y, t)u+ f(x, y, t), (37)

0 < x < h, 0 < y < l, 0 < t < T, ç äâîìà íåâiäîìèìè êîåôiöi¹íòàìè a1 òà a2 (äèâ.
[50], [73]). Âèïàäîê âèðîäæóâàíèõ äâîâèìiðíèõ ïàðàáîëi÷íèõ ðiâíÿíü Ì.I. Iâàí÷îâ
äîñëiäæóâàâ, çîêðåìà, ç Â. À. Âëàñîâèì. Âîíè âèâ÷àëè (äèâ. [92], [129], [131], [132],
[133], [134]) çàäà÷i äëÿ ðiâíÿííÿ

ut = a(t)tβ∆u+ b(x, y, t)ux + c(x, y, t)uy + d(x, y, t)u+ f(x, y, t), (38)

0 < x < h, 0 < y < l, 0 < t < T , ó âèïàäêó ñëàáêîãî òà ñèëüíîãî âèðîäæåííÿ
(0 < β < 1 òà β ≥ 1 âiäïîâiäíî).

Ì. I. Iâàí÷îâ ïðèäiëÿâ òàêîæ çíà÷íó óâàãó îáåðíåíèì çàäà÷àì äëÿ ïàðà-
áîëi÷íèõ ðiâíÿíü â îáëàñòÿõ ç âiëüíèìè ìåæàìè. Ðàçîì ç I. �. Áàðàíñüêîþ,
çîêðåìà, äîñëiäæóâàâ îáåðíåíó çàäà÷ó âiäøóêàííÿ òðiéêè ôóíêöié {a, h, u}, ÿêi
çàäîâîëüíÿþòü òàêi óìîâè:

ut = a(t)uxx + b(x, t)ux + c(x, t)u+ f(x, t), 0 < x < h(t), 0 < t < T, (39)

u(x, 0) = ϕ(x), x ∈ [0, h(0)], (40)

u(0, t) = µ1(t), u(h(t), t) = µ2(t), t ∈ [0, T ], (41)

a(t)ux(0, t) = µ3(t), t ∈ [0, T ], (42)
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h(t)∫
0

u(x, t) dx = µ4(t), t ∈ [0, T ]. (43)

Çàìiíîþ çìiííèõ y = x/h(t), t = t çàäà÷ó (39)-(43) çâîäÿòü äî îáåðíåíî¨ çàäà÷i â
îáëàñòi ç ôiêñîâàíèìè ìåæàìè

vt=
a(t)

h2(t)
vyy+

b(yh(t), t) + yh′(t)

h(t)
vy+c(yh(t), t)v+f(yh(t), t), 0<y<1, 0<t<T, (44)

v(y, 0) = ϕ(yh(0)), y ∈ [0, 1], (45)

v(0, t) = µ1(t), v(1, t) = µ2(t), t ∈ [0, T ], (46)

a(t)vy(0, t) = h(t)µ3(t), t ∈ [0, T ], (47)

h(t)

1∫
0

v(y, t) dy = µ4(t), t ∈ [0, T ], (48)

äå v(y, t) := u(yh(t), t), ÿêó ïîòiì i äîñëiäæóþòü.
Ñõîæèé ïiäõiä çàñòîñîâàíî i äî îáåðíåíî¨ çàäà÷i äëÿ îäíîâèìiðíèõ ïàðà-

áîëi÷íèõ ðiâíÿíü ó âèïàäêó îáëàñòi ç äâîìà âiëüíèìè ìåæàìè h1(t) òà h1(t):
{(x, t) | h1(t) < x < h2(t), 0 < t < T}.

Ó âèïàäêó äâîâèìiðíèõ ïàðàáîëi÷íèõ ðiâíÿíü

ut = a(t)∆u+ b(x, y, t)ux + c(x, y, t)uy + d(x, y, t)u+ f(x, y, t), (49)

ut = a1(t)uxx + a2(t)uyy + b(x, y, t)ux + c(x, y, t)uy + d(x, y, t)u+ f(x, y, t) (50)

ç íåâiäîìèìè êîåôiöi¹íòàìè a, a1, a2, âiäïîâiäíî, ðîçãëÿíóòî çàäà÷i â òàêèõ îáëà-
ñòÿõ ç âiëüíèìè ìåæàìè: 1) 0 < x < h(t), 0 < y < l(t), 0 < t < T ; 2) h1(t) < x < h2(t),
l1(t) < y < l2(t), 0 < t < T (äèâ., íàïðèêëàä, [83]).

Ó ïðàöÿõ Ì. I. Iâàí÷îâà òà Í. Ì. Ãðèíöiâ âèâ÷àëèñÿ îáåðíåíi çàäà÷i äëÿ âèðîä-
æåíèõ ïàðàáîëi÷íèõ ðiâíÿíü â îáëàñòÿõ ç âiëüíèìè ìåæàìè. Çîêðåìà, ðîçãëÿíóòî
çàäà÷ó

ut = a(t)tβuxx + b(x, t)ux + c(x, t)u+ f(x, t), h1(t) < x < h2(t), 0 < t < T, (51)

u(x, 0) = ϕ(x), x ∈ [h1(0), h2(0)], (52)

u(h1(t), t) = µ1(t), u(h2(t), t) = µ2(t), t ∈ [0, T ], (53)

a(t)tβux(0, t) = µ3(t), t ∈ [0, T ] (54)

h2(t)∫
h1(t)

u(x, t)dx = µ4(t), t ∈ [0, T ], (55)

h2(t)∫
h1(t)

xu(x, t)dx = µ5(t), t ∈ [0, T ], (56)

h1(0) = h1,0, (57)

äå ôóíêöi¨ {a, h1, h2, u} ¹ íåâiäîìèìè. Ðîçãëÿíóòî âèïàäêè ñëàáêîãî òà ñèëüíîãî
âèðîäæåííÿ (äèâ., íàïðèêëàä, [86], [87], [91]).
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Çàäà÷i iäåíòèôiêàöi¨ ìîëîäøèõ êîåôiöi¹íòiâ ïàðàáîëi÷íèõ ðiâíÿíü â îáëàñòÿõ ç
âiëüíèìè ìåæàìè äîñëiäæóâàëè Ì. I. Iâàí÷îâ i Ã. À. Ñíiòêî. Áóëî ðîçãëÿíóòî çàäà÷i
äëÿ òàêèõ ðiâíÿíü:

ut = a(x, t)uxx + b(t)ux + c(x, t)u+ f(x, t), (58)

ut = a(x, t)uxx + b(x, t)ux + c(t)u+ f(x, t), (59)

ut = a(x, t)uxx + b(t)ux + c(t)u+ f(x, t) (60)

ç âiëüíèìè ìåæàìè h1(t) < x < h2(t), 0 < t < T . ßê i â ïðàöÿõ Ó. Ì. Ôåäóñü ó
öèõ äîñëiäæåííÿõ âèêîðèñòîâóâàëàñÿ ôóíêöiÿ Ãðiíà äëÿ çàãàëüíîãî ïàðàáîëi÷íîãî
ðiâíÿííÿ.

Ó ïðàöÿõ Ì. I. Iâàí÷îâà òà Ò. Ì. Ñàâiöüêî¨ âèðîäæåííÿ ñòà¹ ïðèñóòíiì âæå â
ðóõîìié ìåæi (äèâ. [93], [96], [97], [100], [102]). Çîêðåìà, â îáëàñòi {(x, t) | 0 < x <
tβh(t), 0 < t < T} äîñëiäæóâàëè îáåðíåíó çàäà÷ó äëÿ ðiâíÿííÿ

ut = a(t)uxx + b(x, t)ux + c(x, t)u+ f(x, t) (61)

ç íåâiäîìèìè ôóíêöiÿìè {h, a, u}.
Ì. I. Iâàí÷îâ i Í. �. Êiíàø, çîêðåìà, âèâ÷àëè çàäà÷ó âiäøóêàííÿ òðiéêè ôóí-

êöié {a, b, u}

ut = a(y, t)uxx + b(x, t)uyy + f(x, y, t), (x, y, t) ∈ (0, h)× (0, l)× (0, T ). (62)

Îñòàííi ðîêè æèòòÿ Ìèêîëà Iâàíîâè÷ òiñíî ñïiâïðàöþâàâ ç ïðîôåñîðîì Ä. Ëå-
ñíiêîì i éîãî êîëåãàìè ç óíiâåðñèòåòó ì. Ëiäñà, Âåëèêà Áðèòàíiÿ. Ó ñïiëüíèõ iç
çàêîðäîííèìè êîëåãàìè ïðàöÿõ ïîäàíî íå ëèøå òåîðåòè÷íi ðåçóëüòàòè, ÿêi ñòîñóþ-
òüñÿ íàâåäåíèõ âèùå êëàñiâ îáåðíåíèõ çàäà÷ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü, à é íàâåäåíi
÷èñåëüíi ìåòîäè äëÿ ¨õíüî¨ ðåàëiçàöi¨ (äèâ. [114]�[116], [118], [122], [137]).

Çà ðîêè íàóêîâî¨ äiÿëüíîñòi ïðîôåñîð Ì. I. Iâàí÷îâ ç ó÷íÿìè òà êîëåãàìè äî-
ñëiäèëè øèðîêèé ñïåêòð ïðÿìèõ i îáåðíåíèõ çàäà÷ äëÿ ðiâíÿíü ïàðàáîëi÷íîãî òèïó.
Ðåçóëüòàòè ¨õíiõ äîñëiäæåíü ¹ âàæëèâèì âíåñêîì ó ðîçâèòîê òåîði¨ ðiâíÿíü ç ÷à-
ñòèííèìè ïîõiäíèìè.

Ð. Â. Àíäðóñÿê, Ì. Ì. Áîêàëî, Î. Ì. Áóãðié, Þ. Ä. Ãîëîâàòèé, Í. Ì. Ãóçèê,
Ï. I. Êàëåíþê, Â. Ì. Êèðèëè÷, Ã. Ï. Ëîïóøàíñüêà, Í. Â. Ïàáèðiâñüêà.
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