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ÓÄÊ 510.3

BRENDLE'S PROOF OF THE CONSISTENCY OF b < a,
WITHOUT RANKS, GAMES, AND COHEN REALS

Lyubomyr ZDOMSKYY

Institute of Mathematics, Kurt G�odel Research Center for Mathematical Logic

University of Vienna, W�ahringer Straße 25, A-1090 Wien, Austria

e-mails: lzdomsky@gmail.com

We present a simpli�ed version of the proof of one of the main results of [3].

Key words: Mad family, �lter, Mathias forcing.

1. Introduction

Our goal is to give a proof of the following result. We remind the reader of the
de�nitions of notions involved in it at the beginning of the next section.

Theorem 1 (Brendle 98). (GCH) Let κ be an uncountable regular cardinal. Then there
exists a ccc poset P which forces b = κ < a = κ+ = c.

We will follow the same strategy as in [3], the main technical ingredient thereof

being simpli�ed. More precisely, P = Pκ+ comes from a �nite support iteration 〈Pα, Q̇α :
α < κ+〉 of ccc posets. The poset Q0 forces b = κ = 2ω (e.g., one can take as Q0 the
poset adding κ-many Hechler reals over V ). Fix a dominating family B = {bξ : ξ < κ} ⊂
ω↑ω ∩ V Q0 such that bξ 6∗ bη for all ξ < η. If α has co�nality < κ, then Q̇α is a name
for a partial Hechler forcing producing a 6∗-bound for certain Xα ⊂ ω↑ω ∩ V Pα of size
|Xα| < κ, supplied by a bookkeeping function �xed in advance. The purpose of these

Q̇α's is to make sure that b = c = κ holds in V Pγ for any γ of co�nality κ. Moreover,
since the partial Hechler posets Q̇α have size < κ, they preserve the unboundedness of B
(it is well-known and easy to check that no poset of size < κ can force B to be bounded),
provided that Pα did so, and the latter will be arranged with the help of Propositions 2
and 1 below. At stage γ of co�nality κ our bookkeeping function gives us a (Pγ-name for

an) almost disjoint family Aγ . The poset Q̇γ forces Aγ to be non-maximal and preserves
the unboundedness of B.

2020 Mathematics Subject Classi�cation: 03E17, 03E40, 03E05

© Zdomskyy, L., 2020



6
Lyubomyr ZDOMSKYY

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2020. Âèïóñê 89

In order to prove Theorem 1 it is enough to accomplish the natural scenario discussed
above. Propositions 2 and 1 along with a standard bookkeeping allow us to do this.

Proposition 2 is analogous to [3, 3.1. Theorem]. However, unlike in the proof of
the latter result, in our proof of Proposition 2 we use neither auxiliary Cohen reals,
nor tricky arguments involving ranks, which hopefully makes our proof somewhat more
straightforward.

The proof given in [3] has inspired yet another construction of a model of b < a,
see [6]. Their proof is rather di�erent from the one we present in this note: They use
countably closed non-ccc iterands which �forces� them to use countable supports and
hence gives c = ω2, as well as they use some variants of games on �lters considered in
[8, 9].

There have been more attempts to simplify or to modify Brendle's proof from [3],
see, e.g., [4]. Also, O. Guzm�an has informed us in private communication that he knows
how to eliminate Cohen reals. Moreover, Guzm�an and Kalajdzievski have recently proved
in [7] the consistency of ω1 = u < a = ω2. This yields b < a since b 6 u in ZFC and
their posets do not add Cohen reals as these destroy ground model basis of ultra�lters.
Nonetheless we believe that our approach might be still of some interest.

We thank the anonymous referee for careful reading and making very helpful
comments.

2. Proofs

As usually, ω = {0, 1, 2, . . .} denotes the set of natural numbers and ω↑ω stands for
non-decreasing elements of ωω. A family A ⊂ [ω]ω is called almost disjoint if A0 ∩A1 is
�nite for any distinct A0, A1 ∈ A. An in�nite almost disjoint family A is called a mad
family if A∪{X} fails to be almost disjoint for any X ∈ [ω]ω \A. The minimal cardinality
of a mad family is denoted by a.

For x, y ∈ ωω notation x 6∗ y means that the set {n ∈ ω : x(n) > y(n)} is �nite. b
denotes the minimal cardinality of B ⊂ ωω which is unbounded with respect to 6∗. It is
known that ω1 6 b 6 a, see [2, 10] for the information about a, b, and other combinatorial
cardinal characteristics of the reals.

In what follows D denotes an unbounded subset of ω↑ω which is σ-directed, i.e., for
every D0 ∈ [D]ω there exists g ∈ D such that d 6∗ g for all d ∈ D0. For instance, the
dominating set B of Hechler generic reals mentioned above is like this.

The following fact follows from [1, Lemma 6.5.7].

Proposition 1. Let δ be a limit ordinal and 〈Pα, Q̇α : α < δ〉 be a �nite support iteration
of ccc posets such that 
Pα

�D is unbounded� for all α < δ. Then 
Pδ
�D is unbounded�.

A subset F of [ω]ω is called a �lter if F contains all co-�nite sets, is closed under
�nite intersections of its elements, and under taking supersets. Every �lter F gives rise
to a natural forcing notion MF introducing a generic subset X ∈ [ω]ω such that X ⊂∗ F
for all F ∈ F as follows: MF consists of pairs 〈s, F 〉 such that s ∈ [ω]<ω, F ∈ F , and
max s < minF . A condition 〈s, F 〉 is stronger than 〈t, G〉 if F ⊂ G, s is an end-extension
of t, and s \ t ⊂ G. MF is usually called Mathias forcing associated with F .

Every almost disjoint family A generates a �lter

F(A) =
{
F ⊂ ω : ∃B ∈ [A]<ω

(
ω \

⋃
B ⊂∗ F

)}
.
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It is clear that any forcing producing an in�nite pseudointersection of F(A) (or any other
bigger �lter) ruins the maximality of A.

The next proposition yields the poset used at stages of iteration with co�nality κ.

Proposition 2. (b = c = κ.) Let A be an almost disjoint family. Then there exists a
�lter U ⊃ F(A) such that MU preserves D unbounded.

We shall need several auxiliary results. First of all, we shall assume in the sequel
that F(A) is not contained in any �lter U which is a union of < κ many compacts, as
otherwise U is as required: Any union of < b many compacts has all of its continuous
images under maps into ω↑ω bounded, and MU preserves all ground model unbounded
sets for any �lters like that, see [5, Theorem 1.4].

For X ⊂ [ω]ω and Z ⊂ ω we denote by X � Z the family {X ∩ Z : X ∈ X}. Also,
X+ standardly stands for {Y ⊂ ω : ∀X ∈ X (|X ∩ Y | = ω)}.

Lemma 1. A∩U+ is in�nite for every �lter U ⊂ F(A)+ which is a union of < κ many
compacts.

Proof. Suppose on the contrary that A′ = A∩U+ is �nite and set F = ω \∪A′ ∈ F(A).
Then F(A) � F ⊂ U � F . Indeed, F(A) � F is the �lter on F generated by {(ω \A)∩F :
A ∈ A \ A′} and ω \ A ∈ U for every A ∈ A \ A′. Thus F(A) is contained in a �lter on
ω which is a union of < κ many compacts (namely {X : ∃U ∈ U(F ∩ U ⊂∗ X)}), which
contradicts our assumption on A. �

In what follows the family of �lters U on ω which are unions of < κ many compacts
will be denoted by Cκ. Let us denote by E the family of all subsets E of fin := [ω]<ω \{∅}
such that for every n ∈ ω there exists e ∈ E with min e > n. For any A ⊂ fin we denote
by K(A) the family {X ⊂ ω : X ∩ a 6= ∅ for all a ∈ A}. It is clear that K(A) is compact
for all A as above, and K(E) ⊂ [ω]ω if E ∈ E . We shall call E ∈ E centered if so is K(E),
where a family X ⊂ [ω]ω is called centered if ∩X ′ ∈ [ω]ω for all X ′ ∈ [X ]<ω.

For a �lter F on ω we denote by F<ω the �lter on fin generated by {P(F ) ∩ fin :
F ∈ F} as a base. Note that this notation is unusual since F<ω �should� denote the
family of all �nite sequences of elements of F , which is not the object we have de�ned
in the previous sentence. However, we shall use this notation since it is standard in the
current literature.

Observation 1. Let E ∈ E. Then X ∈ K(E)+ i� for every n ∈ ω there exists e ∈ E,
min e > n, such that e ⊂ X.

In particular, for a �lter F on ω, {↑ e : e ∈ E} covers F i� F ⊂ K(E)+ i�
K(E) ⊂ F+ i� E ∈ (F<ω)+. (Here ↑ X = {Y ⊂ ω : X ⊂ Y } for any X ⊂ ω.)

Proof. The �if� part is obvious. For the �only if� one, assume to the contrary that X 6⊃ e
for any e ∈ E with min e > n. For every e ∈ E select ne ∈ e as follows: if e ∩ n 6= ∅,
pick ne ∈ e ∩ n, and otherwise pick ne ∈ e \ X. Then Y = {ne : e ∈ E} ∈ K(E) and
Y ∩X ⊂ n thus contradicting our assumption that X ∈ K(E)+. �

Lemma 2. Let R ∈ Cκ be such that F(A)∪R is centered. Suppose that 〈En : n ∈ ω〉 ∈ Eω
is a decreasing sequence such that En ⊂ P(ω \ n) and K(En) ⊂ 〈F(A) ∪ R〉+ for all n.
Then one of the following two options holds:
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(i) There exists n ∈ ω and X ∈ K(En) such that {ω \X} ∪ F(A) ∪ R is centered.
In particular, for any �lter U containing the latter union, En 6∈ (U<ω)+.

(ii) There exists g ∈ D such that letting H ′ =
⋃
n∈ω En ∩ P(g(n)), we have that

F(A)∪R∪K(H ′) is centered. In particular, for any �lter U containing the latter
union, H ′ ∈ (U<ω)+, i.e., for every U ∈ U there exists e ∈ H ′ such that e ⊂ U .

Proof. Suppose that (i) fails. It follows that⋃
n∈ω
K(En) ∪ F(A) ∪R is centered. (1)

Indeed, otherwise there exists n ∈ ω such that K(En)∪F(A)∪R is not centered because
the sequence 〈En : n ∈ ω〉 ∈ Eω is decreasing. Since F(A) ∪ R is centered by our
assumption, there are F ∈ 〈F(A)∪R〉 and {X0, . . . , Xm} ∈ K(En) such that

⋂
i6mXi ∩

F = ∅. Thus F ⊂
⋃
i6m(ω \Xi), which implies ω \Xi ∈ 〈F(A) ∪ R〉+ for some i 6 m,

i.e., (i) takes place, which contradicts our assumption. Thus Equation (1) is true.
Applying now Lemma 1 and Observation 1 to U =

⋃
n∈ω K(En) ∪ R, we can �nd

mutually distinct {Ai : i ∈ ω} ⊂ A such that for every n, i ∈ ω, X ∈ R, and ~Y = 〈Yj :
j < n〉 ∈ K(En)n there exists e ∈ En such that e ⊂ X ∩

⋂
j<n Yj ∩ Ai. Since K(En)

is compact, there exists k ∈ ω such that for every ~Y ∈ K(En)n and i 6 n there exists
e ∈ En such that e ⊂ X∩

⋂
j<n Yj ∩Ai∩k. Let kX,n be the minimal k with this property.

Claim 1. Let X ∈ R and n ∈ ω. Then for every ~Z ∈ K(En ∩P(kX,n))n and i 6 n there
exists e ∈ En such that e ⊂ X ∩

⋂
j<n Zj ∩Ai ∩ kX,n.

Proof. Suppose that the claim is wrong and pick i < n and ~Z ∈ K(En ∩ P(kX,n))n
witnessing its failure. For every e ∈ En \ P(kX,n) select ne ∈ e \ kX,n and set Yj =
Zj ∪ {ne : e ∈ En \ P(kX,n)}. It follows that Yj ∈ K(En) for all j < n and there is no
e ∈ En such that e ⊂ X ∩

⋂
j<n Yj ∩Ai ∩ kX,n, a contradiction to our choice of kX,n. �

Observe that the mapR 3 X 7→ 〈kX,n : n ∈ ω〉 is continuous, and consequently there
exists f ∈ ωω such that for all X and all but �nitely many n ∈ ω we have kX,n < f(n),
because R ∈ Cκ and κ = b.

Claim 2. F(A)∪R∪K(HI) is centered for any I ∈ [ω]ω, where HI =
⋃
n∈I En∩P(f(n)).

Proof. Let us �x A′ ∈ [A]<ω, n ∈ ω, I ∈ [ω]ω, X ∈ R, and 〈Yj : j < n〉 ∈ K(HI)
n. It

su�ces to prove that (ω \∪A′)∩X ∩
⋂
j<n Yj \n 6= ∅. Let us �x i ∈ ω such that Ai 6∈ A′

and let m ∈ I \max{i, n} be such that Ai ∩ (∪A′) ⊂ m, and kX,m < f(m). Note that all
but �nitely many m ∈ I are as above. By Claim 1 there exists e ∈ Em such that

e ⊂ X ∩
⋂
j<n

Yj ∩Ai ∩ f(m),

and hence also e ⊂ ω \ ∪A′ because ω \ ∪A′ ⊃ Ai \m by our choice of m and min e > m
for all e ∈ Em. �

Now let g ∈ D be such that [f < g] := {n ∈ ω : f(n) < g(n)} is in�nite. It
su�ces to note that H ′ de�ned in item (ii) of the formulation contains H[f<g] and hence
F(A) ∪R ∪ K(H ′) is centered because so is F(A) ∪R ∪ K(H[f<g]) by Claim 2. �
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We shall also need the following result proved in [6] (it is Proposition 1 there, stated
in a slightly di�erent terminology) which allows us to work in the proof of Proposition 2
directly with a �lter instead of working with the Mathias forcing associated to it.

Òåîðåìà 1 (Guzm�an�Hru�s�ak�Mart��nez, 2014). Let F be a �lter and D ⊂ ω↑ω be
unbounded and σ-directed. Then MF preserves the unboundedness of D i� for every
decreasing sequence 〈En : n ∈ ω〉 of elements of (F<ω)+ there exists g ∈ D such that⋃
n∈ω(En ∩ P(g(n))) ∈ (F<ω)+. Moreover, in this characterization we may assume that

En ⊂ P(ω \ n) for all n ∈ ω.

We are in a position now to present the

Proof of Proposition 2. Let {〈Eαn : n ∈ ω〉 : α ∈ κ} be an enumeration of all decreasing
sequences 〈En : n ∈ ω〉 ∈ Eω such that En ⊂ P(ω \ n) for all n. Set R0 = {ω} and
assume that for some α ∈ κ we have already constructed Rα ∈ Cκ such that F(A) ∪Rα
is centered. Now consider the sequence 〈Eαn : n ∈ ω〉. Three cases are possible.

1. There exists nα ∈ ω such that K(Eαnα
) ∪ F(A) ∪ Rα is not centered. Given any

ultra�lter G containing F(A) ∪ Rα, we can �nd Xα ∈ K(Eαnα
) such that Xα 6∈ G, and

therefore {ω \ Xα} ∪ F(A) ∪ Rα is centered being a subset of G. Now we set Rα+1 =
〈Rα ∪ {ω \Xα}〉.

2. For R := Rα and 〈En : n ∈ ω〉 := 〈Eαn : n ∈ ω〉, item (i) from Lemma 2 takes
place. This means that there exist nα ∈ ω and Xα ∈ K(Eαnα

) such that {ω\Xα}∪F(A)∪
Rα is centered. As in item 1 we set Rα+1 = 〈Rα ∪ {ω \Xα}〉.

3. For R := Rα and 〈En : n ∈ ω〉 := 〈Eαn : n ∈ ω〉, item (ii) from Lemma 2 takes
place. Then there exists gα ∈ D such that letting Hα =

⋃
n∈ω E

α
n ∩ P(gα(n)), we have

that F(A) ∪Rα ∪ K(Hα) is centered. In this case we set Rα+1 = 〈Rα ∪ K(Hα)〉.
This completes our inductive construction of the sequence 〈Rα : α < κ〉. Set Rκ =⋃

α<κRα and let U be the �lter generated by F(A)∪Rκ. We claim that U is as required.

Indeed, consider any 〈Eαn : n ∈ ω〉. If in the construction of Rα+1 one of the �rst two
alternatives took place, we know that Eαnα

6∈ (U<ω)+ as witnessed by ω\Xα ∈ U . So let us
assume that the third alternative took place. Then Hα =

⋃
n∈ω E

α
n ∩P(gα(n)) ∈ (U<ω)+

by the de�nition of U . It remains to use Theorem 1. �
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ÄÎÂÅÄÅÍÍß ÁÐÅÍÄËÀ ÍÅÑÓÏÅÐÅ×ÍÎÑÒI b < a, ßÊÅ ÍÅ
ÂÈÊÎÐÈÑÒÎÂÓ� ÐÀÍÃIÂ, IÃÎÐ I ×ÈÑÅË ÊÎÅÍÀ
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Íàâåäåíî ñïðîùåíå äîâåäåííÿ ãîëîâíîãî ðåçóëüòàòó ñòàòòi [3]. Íà âiäìi-
íó âiä îðèãiíàëüíîãî äîâåäåííÿ, ìè íå âèêîðèñòîâó¹ìî ðàíãiâ i äîïîìiæíèõ
÷èñåë Êîåíà. Òàêîæ íå âèêîðèñòîâóþòüñÿ iãðè íà iäåàëàõ, ÿêi ôiãóðóþòü
ó iíøèõ âiäîìèõ àâòîðó ñïðîùåííÿõ äîâåäåííÿ âèùåçãàäàíîãî ðåçóëüòàòó
Áðåíäëà.

Êëþ÷îâi ñëîâà: ìàêñèìàëüíà ìàéæå äèç'þíêòíà ñiì'ÿ, ôiëüòð, ôîðñiíã
Ìàòiàñà.
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Äîâåäåíî, ùî âñi âàðiàíòè ïðÿìîêóòíî¨ â'ÿçêè ïîïàðíî içîìîðôíi. Äî-
ñëiäæåíî âàðiàíòè ïðÿìîêóòíî¨ â'ÿçêè ç ïðè¹äíàíîþ îäèíèöåþ òà ç ïðè-
¹äíàíèì íóëåì.

Êëþ÷îâi ñëîâà: âàðiàíò, ñåíäâi÷ íàïiâãðóïà, ïðÿìîêóòíà â'ÿçêà.

Äëÿ êîæíî¨ íàïiâãðóïè (S, ·) òà äîâiëüíîãî ôiêñîâàíîãî åëåìåíòà a ∈ S ìîæíà
çàäàòè íîâó áiíàðíó àñîöiàòèâíó îïåðàöiþ ∗a íà ìíîæèíi S

x ∗a y = x · a · y

äëÿ äîâiëüíèõ x, y ∈ S. Îïåðàöiþ ∗a íàçèâàþòü ñåíäâi÷-ìíîæåííÿì, à íàïiâãðóïó
(S, ∗a) � ñåíäâi÷-íàïiâãðóïîþ ÷è âàðiàíòîì.

Âàðiàíòè íàïiâãðóï âèâ÷àþòü ðiçíi àâòîðè ùå ç 60-õ ðîêiâ äâàäöÿòîãî ñòîëiòòÿ.
Â [11] ðîçãëÿäàþòüñÿ âàðiàíòè íàïiâãðóï ïåðåòâîðåíü, ÿêi é íàäàëi äîñëiäæóâàëèñÿ,
íàïðèêëàä, ó [3]. Äîñëiäæåííÿ âàðiàíòiâ îõîïëþ¹ ðiçíi êëàñè íàïiâãðóï (äèâ., íàïðè-
êëàä, [7], òà ãëàâó 13 iç [5]). Âàðiàíòè íàïiâãðóï ïðÿìîêóòíèõ ìàòðèöü ðîçãëÿíóòi
ó [4]. Ó áàãàòüîõ ïðàöÿõ (äèâ., íàïðèêëàä, [6] òà [12]) âèâ÷àëè iíòåðàñîöiàòèâíîñòi
ìîíî¨äiâ, ÿêi òiñíî ïîâ'ÿçàíi ç âàðiàíòàìè. Âàðiàíòè ðåãóëÿðíèõ íàïiâãðóï äîñëi-
äæóâàëè ó [9] òà [10]. Äëÿ êîìóòàòèâíèõ â'ÿçîê ç íóëåì ó [2] âñòàíîâëåíî êðèòåðié
içîìîðôíîñòi äâîõ âàðiàíòiâ i êëàñèôiêîâàíî âàðiàíòè äåÿêèõ êîíêðåòíèõ â'ÿçîê.

Â'ÿçêîþ íàçèâà¹òüñÿ íàïiâãðóïà, âñi åëåìåíòè ÿêî¨ ¹ iäåìïîòåíòàìè. Áóäåìî
íàçèâàòè íàïiâãðóïó S ïðÿìîêóòíîþ â'ÿçêîþ, ÿêùî xyx = x äëÿ äîâiëüíèõ x, y ∈ S.
Î÷åâèäíî, ùî òàêà íàïiâãðóïà ¹ ðåãóëÿðíîþ.

Ìè äîñëiäæó¹ìî âàðiàíòè ïðÿìîêóòíèõ â'ÿçîê i ïðÿìîêóòíèõ â'ÿçîê ç ïðè¹äíà-
íîþ îäèíèöåþ òà íóëåì.

Ç òåîðåìè 1.1.3 [8] âèïëèâà¹, ùî äëÿ äîâiëüíî¨ ïðÿìîêóòíî¨ â'ÿçêè S iñíóþòü
íåïîðîæíi ìíîæèíè X i Y òàêi, ùî íàïiâãðóïà S içîìîðôíà íàïiâãðóïi, âèçíà÷åíié

2020 Mathematics Subject Classi�cation: 20M10
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íà ìíîæèíi X × Y ç áiíàðíîþ îïåðàöi¹þ

(x1, y1) · (x2, y2) = (x1, y2), (1)

i äëÿ äîâiëüíèõ íåïîðîæíiõ ìíîæèí X i Y ìíîæèíà X × Y ç áiíàðíîþ îïåðàöi¹þ
(1) ¹ ïðÿìîêóòíîþ â'ÿçêîþ.

Íàäàëi áóäåìî ââàæàòè, ùî S � ïðÿìîêóòíà â'ÿçêà X×Y ç áiíàðíîþ îïåðàöi¹þ
(1). Äëÿ ïî÷àòêó ðîçãëÿíåìî âàðiàíòè ïðÿìîêóòíî¨ â'ÿçêè S.

Òâåðäæåííÿ 1. Äîâiëüíèé âàðiàíò (S, ∗(xa,yb)), äå (xa, yb) ∈ S içîìîðôíèé ïî÷àò-

êîâié ïðÿìîêóòíié â'ÿçöi S.

Äîâåäåííÿ. Çàïèøåìî ÿê äi¹ ìíîæåííÿ ó âàðiàíòi (S, ∗(xa,yb)). Äëÿ äîâiëüíèõ
(xi, yj), (xk, yl) ∈ S ðåçóëüòàò ìíîæåííÿ öèõ åëåìåíòiâ íà âàðiàíòi (S, ∗(xa,yb))
âèçíà÷à¹òüñÿ òàê:

(xi, yj) ∗(xa,yb) (xk, yl) = (xi, yj) · (xa, yb) · (xk, yl) =
= ((xi, yj) · (xa, yb)) · (xk, yl) =
= (xi, yb) · (xk, yl) =
= (xi, yl).

Òîäi î÷åâèäíî, ùî ìíîæåííÿ ∗(xa,yb) ó âàðiàíòi äi¹ ÿê ìíîæåííÿ · ó ïðÿìîêóòíié
çâ'ÿçöi S, òîáòî

(xi, yj) ∗(xa,yb) (xk, yl) = (xi, yl) = (xi, yj) · (xk, yl).

Òîáòî äîâiëüíèé âàðiàíò (S, ∗(xa,yb)) içîìîðôíèé ïî÷àòêîâié ïðÿìîêóòíié â'ÿçöi
S, ïðè÷îìó içîìîðôiçìîì ¹ òîòîæíå âiäîáðàæåííÿ. �

Ç òâåðäæåííÿ 1 íàïðÿìó âèïëèâà¹ òåîðåìà 1.

Òåîðåìà 1. Óñi âàðiàíòè (S, ∗(xi,yj)) ïðÿìîêóòíî¨ â'ÿçêè S ïîïàðíî içîìîðôíi òà

içîìîðôíi ïî÷àòêîâié ïðÿìîêóòíié â'ÿçöi S.

Ïðÿìîêóòíà â'ÿçêà S íå ìà¹ îäèíèöi. Ðîçãëÿíåìî ïðÿìîêóòíó â'ÿçêó ç ïðè¹ä-
íàíîþ îäèíèöåþ. Ïðèéìåìî

1 · (xi, yj) = (xi, yj) · 1 = (xi, yj)

äëÿ âñiõ (xi, yj) ∈ S òà 1 · 1 = 1. Òîäi ïîçíà÷èìî ÷åðåç S1 ïðÿìîêóòíó â'ÿçêó S ç
ïðè¹äíàíîþ îäèíèöåþ 1.

Íåõàé S � ïðÿìîêóòíà â'ÿçêà, ÿêà içîìîðôíà íàïiâãðóïi A × B. Òîäi åëåìåíòè
íàïiâãðóïè S ìîæíà ïîäàòè ó âèãëÿäi (ai, bj).

ßêùî (S1, ∗(aq,br)) òà (S1, ∗(af ,bh)) � âàðiàíòè íàïiâãðóïè S1, áóäîâà ÿêî¨ íàâå-
äåíà âèùå. Òî äàëi ìè ç'ÿñó¹ìî, çà ÿêèõ óìîâ äâà âàðiàíòè ïðÿìîêóòíî¨ â'ÿçêè ç
ïðè¹äíàíîþ îäèíèöåþ S1 áóäóòü ïîïàðíî içîìîðôíèìè.

Ðîçãëÿíåìî äâà âàðiàíòè, ÿêi ïîðîäæåíi åëåìåíòàìè (ai, bk) òà (ai, bv), ó ÿêèõ
ïåðøi êîîðäèíàòè ¹ îäíàêîâèìè.

Òâåðäæåííÿ 2. Íåõàé ai � äîâiëüíèé, àëå ôiêñîâàíèé åëåìåíò ìíîæèíè A, òà
bk, bv ∈ B � äîâiëüíi åëåìåíòè. Òîäi âàðiàíòè (S1, ∗(ai,bk)) i (S1, ∗(ai,bv)) ñåíäâi÷-

åëåìåíòîì âiäìiííèì âiä 1, içîìîðôíi.
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Äîâåäåííÿ. Ðîçãëÿíåìî âiäîáðàæåííÿ ϕ : (S1, ∗(ai,bk)) → (S1, ∗(ai,bv)) òàêå, ùî
ϕ((al, bk)) = (al, bv) òà ϕ((al, bv)) = (al, bk) äëÿ äîâiëüíîãî al ∈ A òà ôiêñîâàíèõ
bk, bv ∈ B, a íà âñiõ iíøèõ åëåìåíòàõ ϕ äi¹ ÿê òîòîæíå âiäîáðàæåííÿ. Äîâåäåìî, ùî
ϕ ¹ içîìîðôiçì âàðiàíòiâ.

Ùîá äîâåñòè, ùî âiäîáðàæåííÿ ϕ ¹ içîìîðôiçìîì, íåîáõiäíî äîâåñòè âèêîíàííÿ
òàêî¨ ðiâíîñòi:

ϕ(c ∗(ai,bk) d) = ϕ(c) ∗(ai,bv) ϕ(d), (2)

äëÿ äîâiëüíèõ c, d ∈ S1.
Ðîçãëÿíåìî ìíîæåííÿ ó âàðiàíòàõ i äiþ ϕ íà íüîãî. Çàóâàæèìî, ùî çà îçíà-

÷åííÿì ìíîæåííÿ ó âàðiàíòi (S, ∗(ai,ai)), ÿêùî ìè ìíîæèìî íå îäèíè÷íi åëåìåíòè,
òî ìà¹ìî (ar, bf ) ∗(ai,bi) (al, bg) = (ar, bg). Òîáòî íà ðåçóëüòàò ìíîæåííÿ âïëèâàþòü
òiëüêè ïåðøà êîîðäèíàòà ïåðøîãî ìíîæíèêà ar òà äðóãà êîîðäèíàòà îñòàííüîãî
ìíîæíèêà bg. ßêùî õî÷à á îäèí ç åëåìåíòiâ ¹ 1, òî ìíîæåííÿ âiäáóâà¹òüñÿ çà ïðà-
âèëîì íàâåäåíèì äëÿ ïðè¹äíàíî¨ îäèíèöi. Çâàæàþ÷è, ùî ϕ íå çìiíþ¹ ïåðøó êîîð-
äèíàòó, òî ìà¹ìî òàêi óìîâè. Íåîáõiäíî i äîñòàòíüî ðîçãëÿíóòè òi âèïàäêè, êîëè ó
ïàð ìíîæíèêiâ âiäðiçíÿ¹òüñÿ äðóãà êîîðäèíàòà îñòàííüîãî ìíîæíèêà. Îñêiëüêè ìè
ðîçãëÿäà¹ìî âàðiàíòè íàïiâãðóïè ç ïðè¹äíàíîþ îäèíèöåþ, ùå âèïàäêè, êîëè îäèí ç
ìíîæíèêiâ ¹ îäèíèöåþ.

Îòîæ, ùîá äîâåñòè âèêîíàííÿ ðiâíîñòi (2), ðîçãëÿíåìî íàñòóïíi øiñòü âèïàäêiâ.
Äëÿ êîæíîãî ç öèõ âèïàäêiâ âèïèøåìî îêðåìî ëiâó i ïðàâó ÷àñòèíè (2), ïåðåòâîðèìî
¨õ òàê, ùîá âîíè áóëè ðiâíèìè.

i. Äëÿ äîâiëüíèõ ax, az ∈ A, by ∈ B òà B 3 bt 6= bk, bv ìà¹ìî, ùî

ϕ((ax, by) ∗(ai,bk) (az, bt)) = ϕ(ax, bt) = (ax, bt)

òà

ϕ((ax, by)) ∗(ai,bv) ϕ((az, bt)) = (ax, by)(ai, bv)(az, bt) = (ax, bt).

ii. Äëÿ äîâiëüíèõ ax, az ∈ A, by ∈ B òà ôiêñîâàíîãî bk ∈ B âèêîíóþòüñÿ ðiâíîñòi

ϕ((ax, by) ∗(ai,bk) (az, bk)) = ϕ(ax, bk) = (ax, bv)

òà

ϕ((ax, by)) ∗(ai,bv) ϕ((az, bk)) = (ax, by)(ai, bv)(az, bv) = (ax, bv).

iii. Äëÿ äîâiëüíèõ ax, az ∈ A, by ∈ B òà ôiêñîâàíîãî bv ∈ B îòðèìó¹ìî, ùî

ϕ((ax, by) ∗(ai,bk) (az, bv)) = ϕ(ax, bv) = (ax, bk)

òà

ϕ((ax, by)) ∗(ai,bv) ϕ((az, bv)) = (ax, by)(ai, bv)(az, bk) = (ax, bk).

iv. Ó âèïàäêó ìíîæåííÿ íà îäèíèöþ ñïðàâà ìà¹ìî

ϕ((ax, by) ∗(ai,bk) 1) = ϕ(ax, bk) = (ax, bv)

òà

ϕ((ax, by)) ∗(ai,bv) ϕ(1) = (ax, by)(ai, bv)1 = (ax, bv).
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v. Ó âèïàäêó ìíîæåííÿ íà îäèíèöþ çëiâà ðîçãëÿíåìî òðè âèïàäêè. Îñêiëüêè ϕ
çìiíþ¹ äðóãó êîîðäèíàòó, òî çàëåæíî âiä òîãî, ÷è äðóãà êîîðäèíàòà ìíîæ-
íèêà äîðiâíþ¹ ÿêiéñü ç êîîðäèíàò åëåìåíòà, ÿêèé ïîðîäæó¹ âàðiàíò ÷è íi,
ìè ïåðåâiðèìî âèêîíàííÿ íåîáõiäíèõ ðiâíîñòåé. Ó ïåðøîìó âèïàäêó ìà¹ìî

ϕ(1 ∗(ai,bk) (az, by)) = ϕ(ai, by) = (ai, by)

òà

ϕ(1) ∗(ai,bv) ϕ((az, by)) = 1(ai, bv)(az, by) = (ai, by).

Òîáòî,

ϕ(1 ∗(ai,bk) (az, by)) = ϕ(1) ∗(ai,bv) ϕ((az, by)).
Ó äðóãîìó âèïàäêó îòðèìó¹ìî, ùî

ϕ(1 ∗(ai,bk) (az, bk)) = ϕ(ai, bk) = (ai, bv)

òà

ϕ(1) ∗(ai,bv) ϕ((az, bk)) = 1(ai, bv)(az, bv) = (ai, bv)

Òîáòî,

ϕ(1 ∗(ai,bk) (az, bk)) = ϕ(1) ∗(ai,bv) ϕ((az, bk)).
I íàðåøòi, ó òðåòüîìó âïèàäêó ìà¹ìî, ùî

ϕ(1 ∗(ai,bk) (az, bv)) = ϕ(ai, bv) = (ai, bk)

i

ϕ(1) ∗(ai,bv) ϕ((az, bv)) = 1(ai, bv)(az, bk) = (ai, bk).

vi. Ó ðåçóëüòàòi ïåðåìíîæåííÿ äâîõ îäèíèöü ó âàðiàíòi îòðèìó¹ìî òàêi ðiâíîñòi:
ϕ(1 ∗(ai,bk) 1) = ϕ(ai, bk) = (ai, bv) i ϕ(1) ∗(ai,bv) ϕ(1) = 1(ai, bv)1 = (ai, bv).

Îòîæ, ìè äîâåëè, ùî äëÿ äîâiëüíèõ ax, az ∈ A òà by, bt ∈ B âèêîíó¹òüñÿ ðiâíiñòü

ϕ((ax, by) ∗(ai,bk) (az, bt)) = ϕ((ax, by)) ∗(ai,bv) ϕ((az, bt)),

òîáòî âiäîáðàæåííÿ ϕ : (S1, ∗(ai,bk)) → (S1, ∗(ai,bv)) ¹ íàïiâãðóïîâèì içîìîðôiçìîì,
îñêiëüêè âîíî ¹ ái¹êòèâíèì. �

Äàëi ðîçãëÿíåìî äâà âàðiàíòè, ÿêi ïîðîäæåíi åëåìåíòàìè (ak, bi) òà (av, bi), òîá-
òî òàêèìè, â ÿêèõ äðóãi êîîðäèíàòè ¹ îäíàêîâèìè.

Òâåðäæåííÿ 3. Íåõàé bi � äîâiëüíèé, àëå ôiêñîâàíèé åëåìåíò ç B, òà ak, av ∈ A
� äîâiëüíi åëåìåíòè. Òîäi âàðiàíòè (S1, ∗(ak,bi)) òà (S1, ∗(av,bi)) içîìîðôíi.

Äîâåäåííÿ. Ðîçãëÿíåìî âiäîáðàæåííÿ ψ : (S1, ∗(ak,bi)) → (S1, ∗(av,bi)) òàêå, ùî
ψ((ak, bl)) = (av, bl) òà ψ((av, bl)) = (ak, bl) äëÿ ôiêñîâàíèõ ak, av ∈ A òà äîâiëüíîãî
bl ∈ B, íà âñiõ iíøèõ åëåìåíòàõ ψ äi¹ ÿê òîòîæíå âiäîáðàæåííÿ. Äàëi äîâåäåííÿ
àíàëîãi÷íå äî äîâåäåííÿ òâåðäæåííÿ 2. �

Îòîæ, òâåðäæåííÿ 3 i 2 ìîæíà óçàãàëüíèòè ó òåîðåìó 2.

Òåîðåìà 2. Âñi âàðiàíòè ïðÿìîêóòíî¨ â'ÿçêè ç ïðè¹äíàíîþ îäèíèöåþ S1, ñåíäâi÷

åëåìåíòîì ÿêèõ íå ¹ îäèíèöÿ, ïîïàðíî içîìîðôíi. Âàðiàíòè, ñåíäâi÷ åëåìåíòîì

ÿêèõ ¹ îäèíèöÿ, íå içîìîðôíi æîäíîìó ç iíøèõ âàðiàíòiâ.
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Äîâåäåííÿ. Íåõàé (S1, ∗(ax,by)) òà (S1, ∗(at,bp)) � äîâiëüíi âàðiàíòè íàïiâãðóïè S1.
Òîäi çà òâåðäæåííÿìè 2 i 3 iñíóþòü içîìîðôiçìè âàðiàíòiâ ϕ òà ψ òàêi, ùî

(S1, ∗(ax,by))
ϕ∼= (S1, ∗(ax,bp))

ψ∼= (S1, ∗(at,bp)).

Òîáòî iñíó¹ âiäîáðàæåííÿ ω = ψϕ òàêå, ùî ω : (S1, ∗(ax,by)) → (S1, ∗(at,bp)), ÿêå ¹
içîìîðôiçìîì âàðiàíòiâ. Âàðiàíòè, ñåíäâi÷ åëåìåíòîì ÿêèõ ¹ îäèíèöÿ, íå içîìîðôíi
æîäíîìó ç iíøèõ âàðiàíòiâ (S1, ∗(ax,by)), îñêiëüêè âàðiàíò (S1, ∗1) ìiñòèòü îäèíèöþ,
òî âàðiàíòè òèïó (S1, ∗(ax,by)) íå ìiñòÿòü îäèíèöi. �

Ðîçãëÿíåìî íàïiâãðóïó S0, òîáòî íàïiâãðóïó S ç ïðè¹äíàíèì íóëåì 0 òàêó, ùî

0 · (xi, yj) = (xi, yj) · 0 = 0

äëÿ âñiõ (xi, yj) ∈ S òà 0 · 0 = 0.

Òåîðåìà 3. Âàðiàíòè (S0, ∗(ax,by)), ñàíäâi÷ åëåìåíò ÿêèõ ¹ íå íóëüîâèì, içîìîðôíi

íàïiâãðóïi S0. Âàðiàíò (S0, ∗0) içîìîðôíèé íàïiâãðóïi ç íóëüîâèì ìíîæåííÿì.

Äîâåäåííÿ. Î÷åâèäíî, ùî ó âàðiàíòi (S0, ∗(ax,by)) äîáóòêè c∗(ax,by) d = 0, ÿêi ìiñòÿòü
ìíîæíèê 0 ñïðàâà (d = 0) àáî çëiâà (c = 0), áóäóòü íóëüîâèìè. Âñi iíøi äîáóòêè ¹ íå
íóëüîâèìè, ïðè÷îìó çáiãà¹òüñÿ ç âiäïîâiäíèìè äîáóòêàìè äëÿ âàðiàíòà (S, ∗(ax,by)).
Òîìó çà òâåðäæåííÿì 1 âàðiàíòè (S0, ∗(ax,by)), ñàíäâi÷ åëåìåíò ÿêèõ ¹ íå íóëüîâèì,

içîìîðôíi S0.
Äðóãå òâåðäæåííÿ î÷åâèäíå, îñêiëüêè äîáóòîê äîâiëüíèõ äâîõ åëåìåíòiâ (S0, ∗0)

äîðiâíþâàòèìå 0. �
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In the paper we show that the monoid IN∞ of all partial co�nite isometri-
es of positive integers does not embed isomorphically into the monoid ID∞
of all partial co�nite isometries of integers. Moreover, every non-annihilating
homomorphism h : IN∞ → ID∞ has the following property: the image (IN∞)h
is isomorphic either to the two-element cyclic group Z2 or to the additive group
of integers Z(+). Also we prove that the monoid IN∞ is not �nitely generated,
and, moreover, monoid IN∞ does not contain a minimal generating set.

Key words: partial isometry, inverse semigroup, partial bijection, bi-
cyclic monoid, isomorphic embedding, group congruence, generator, minimal
generating set.

1. Introduction and preliminaries

In this paper we shall follow the terminology of [4, 13]. We shall denote the �rst
in�nite cardinal by ω and the cardinality of a set A by |A|. For any positive integer n by
Sn we denote the group of permutations of the set {1, . . . , n}.

We shall say that a non-empty subset A of a semigroup S generates S, or A is a set

of generators of S, or A is a generating set of S, if for any s ∈ S there exist a1, . . . , ak ∈ A
such that s = a1 · · · ak. For any non-empty subset A of a semigroup S by 〈A〉 we denote
a subsemigroup of S which is generated by A. A generating set A of a semigroup S is
called minimal generating, if A does not properly contain any generating set of S. It is
obvious that every �nite generation set of a semigroup has a minimal generating set.

A semigroup S is called inverse if for any element x ∈ S there exists a unique
x−1 ∈ S such that xx−1x = x and x−1xx−1 = x−1. The element x−1 is called the inverse
of x ∈ S. If S is an inverse semigroup, then the function inv : S → S which assigns to
every element x of S its inverse element x−1 is called the inversion.

2020 Mathematics Subject Classi�cation: 20M20, 20M30
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If S is a semigroup, then we shall denote the subset of all idempotents in S by E(S).
If S is an inverse semigroup, then E(S) is closed under multiplication and we shall refer
to E(S) as a band (or the band of S). Then the semigroup operation on S determines
the following partial order 4 on E(S): e 4 f if and only if ef = fe = e. This order is
called the natural partial order on E(S). A semilattice is a commutative semigroup of
idempotents.

If S is an inverse semigroup then the semigroup operation on S determines the
following partial order 4 on S: s 4 t if and only if there exists e ∈ E(S) such that s = te.
This order is called the natural partial order on S [16].

A congruence C on a semigroup S is called non-trivial if C is distinct from the uni-
versal and identity congruences on S, and a group congruence if the quotient semigroup
S/C is a group. Every inverse semigroup S admits the least (minimum) group congruence
Cmg:

aCmgb if and only if there exists e ∈ E(S) such that ae = be

(see [14, Lemma III.5.2]).
The bicyclic monoid C (p, q) is the semigroup with the identity 1 generated by two

elements p and q subjected only to the condition pq = 1. The semigroup operation on
C (p, q) is determined as follows:

qkpl · qmpn = qk+m−min{l,m}pl+n−min{l,m}.

It is well known that the bicyclic monoid C (p, q) is a bisimple (and hence simple) combi-
natorial E-unitary inverse semigroup and every non-trivial congruence on C (p, q) is a
group congruence [4].

If α : X ⇀ Y is a partial map, then we shall denote the domain and the range of α
by domα and ranα, respectively. A partial map α : X ⇀ Y is called co�nite if both sets
X \ domα and Y \ ranα are �nite.

Let Iλ denote the set of all partial one-to-one transformations of a non-zero cardinal
λ together with the following semigroup operation:

x(αβ) = (xα)β if x ∈ dom(αβ) = {y ∈ domα : yα ∈ domβ}, for α, β ∈ Iλ.

The semigroup Iλ is called the symmetric inverse (monoid) semigroup over cardinal
λ (see [4]). The symmetric inverse semigroup was introduced by Wagner [16] and it plays
a major role in the theory of semigroups. By I cf

λ we denote a subsemigroup of injective
partial selfmaps of λ with co�nite domains and ranges in Iλ. Obviously, I cf

λ is an inverse
submonoid of the semigroup Iλ. The semigroup I cf

λ is called the monoid of injective

partial co�nite selfmaps of λ [9].
A partial transformation α : (X, d) ⇀ (X, d) of a metric space (X, d) is called

isometric or a partial isometry, if d(xα, yα) = d(x, y) for all x, y ∈ domα. It is obvi-
ous that the composition of two partial isometries of a metric space (X, d) is a parti-
al isometry, and the converse partial map to a partial isometry is a partial isometry,
too. Hence the set of partial isometries of a metric space (X, d) with the operation of
composition of partial isometries is an inverse submonoid of the symmetric inverse monoid
over the cardinal |X|. Also, it is obvious that the set of partial co�nite isometries of a
metric space (X, d) with the operation of composition of partial isometries is an inverse
submonoid of the monoid of injective partial co�nite selfmaps of the cardinal |X|.
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The semigroup ID∞ of all partial co�nite isometries of the set of integers Z with the
usual metric d(n,m) = |n−m|, n,m ∈ Z, in the Bezushchak papers [1, 2] is considered. In
[1] the generators of the semigroup ID∞ are described and it is proved therein that ID∞
has the exponential growth. We remark that the semigroup ID∞ is an inverse submonoid
of the monoid of all partial co�nite bijections of Z, and elements of ID∞ are restrictions
of isometries of Z onto its co�nite subsets in the Lawson interpretation (see [13, p. 9]).
Green's relations and principal ideals of ID∞ are described in [2]. In [10] it is shown that
the quotient semigroup ID∞/Cmg is isomorphic to the group Iso(Z) of all isometries of
Z, the semigroup ID∞ is F -inverse, and ID∞ is isomorphic to the semidirect product
Iso(Z)nh P∞(Z) of the free semilattice with identity (P∞(Z),∪) by the group Iso(Z).
Also in [10] there are investigated semigroup and shift-continuous topologies on ID∞
and embedding of the discrete semigroup ID∞ into compact-like topological semigroups.

Later we assume that on N and Z the usual linear order is considered.
Let IN∞ be the set of all partial co�nite isometries of the set of positive integers

N with the usual metric d(n,m) = |n −m|, n,m ∈ N. Then IN∞ with the operation of
composition of partial isometries is an inverse submonoid of Iω. The semigroup IN∞ of
all partial co�nite isometries of positive integers is studied in [11]. There we described
the Green relations on the semigroup IN∞, its band, and proved that IN∞ is a simple
E-unitary F -inverse semigroup. Also in [11], the least group congruence Cmg on IN∞ is
described and it is proved that the quotient-semigroup IN∞/Cmg is isomorphic to the
additive group of integers Z(+). An example of a non-group congruence on the semigroup
IN∞ is presented. Also in [11], we proved that a congruence on the semigroup IN∞ is
a group congruence if and only if its restriction onto an isomorphic copy of the bicyclic
semigroup in IN∞ is a group congruence and it is shown that IN∞ has a non-trivial
homomorphic retract which is isomorphic to the bicyclic semigroup. Another non-trivial
homomorphic retracts of the monoid IN∞ is constructed in [15].

The semigroup of monotone, non-decreasing, injective partial transformations ϕ of
N such that the sets N \ domϕ and N \ ranϕ are �nite was introduced in [7] and was
denoted by I↗∞(N). Obviously, I↗∞(N) is an inverse subsemigroup of the semigroup Iω.
The semigroup I↗∞(N) is called the semigroup of co�nite monotone partial bijections of
N. In [7] Gutik and Repov�s studied properties of the semigroup I↗∞(N). In particular,
they showed that I↗∞(N) is an inverse bisimple semigroup and all of its non-trivial group
homomorphisms are either isomorphisms or group homomorphisms. It is obvious that
IN∞ is an inverse submonoid of I↗∞(N).

Doroshenko in [5, 6] studied the semigroups of endomorphisms of linearly ordered
sets N and Z and their subsemigroups of co�nite endomorphisms Ofin(N) and Ofin(Z).
In [6] he described Green's relations, groups of automorphisms, conjugacy, centralizers of
elements, growth, and free subsemigroups in these semigroups. In particular, in [6] it is
proved that, in Ofin(N) the group of automorphisms consists only of the identity mappi-
ng, whereas the groups of automorphisms of Ofin(Z) is isomorphic to the semigroup of
integers with operation of addition and consist only of inner automorphisms. In [5] it
was shown that both these semigroups do not admit an irreducible system of generators.
In their subsemigroups of co�nite functions all irreducible systems of generators are
described here. Also, here the last semigroups are presented in terms of generators and
relations.
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A partial map α : N ⇀ N is called almost monotone if there exists a �nite subset
A of N such that the restriction α |N\A : N \ A ⇀ N is a monotone partial map. By

I �↗
∞ (N) we denote the semigroup of monotone, almost non-decreasing, injective partial

transformations of N such that the sets N \ domϕ and N \ ranϕ are �nite for all ϕ ∈
I �↗
∞ (N). Obviously, I �↗

∞ (N) is an inverse subsemigroup of the semigroup Iω and the
semigroup I↗∞(N) is an inverse subsemigroup of I �↗

∞ (N) as well. The semigroup I �↗
∞ (N)

is called the semigroup of co�nite almost monotone partial bijections of N. In [3] the
semigroup I �↗

∞ (N) is studied. In particular, it was shown that the semigroup I �↗
∞ (N) is

inverse, bisimple and all of its non-trivial group homomorphisms are either isomorphisms
or group homomorphisms. In [12] we showed that every automorphism of a full inverse
subsemigroup of I↗∞(N) which contains the semigroup CN is the identity map. Also, here

we constructed a submonoid IN[1]
∞ of I �↗

∞ (N) with the following property: if S be an

inverse subsemigroup of I �↗
∞ (N) such that S contains IN[1]

∞ as a submonoid, then every
non-identity congruence C on S is a group congruence. We show that if S is an inverse
submonoid of I �↗

∞ (N) such that S contains CN as a submonoid then S is simple and
the quotient semigroup S/Cmg, where Cmg is the minimum group congruence on S, is
isomorphic to the additive group of integers. Also, topologizations of inverse submonoids
of I �↗

∞ (N) and embeddings of such semigroups into compact-like topological semigroups
are given in [3, 12]. Similar results for semigroups of co�nite almost monotone partial
bijections and co�nite almost monotone partial bijections of Z were obtained in [8].

In the present paper we show that the monoid IN∞ does not embed isomorphically
into the semigroup ID∞. Moreover every non-annihilating homomorphism h : IN∞ →
ID∞ has the following property: the image (IN∞)h is isomorphic either to Z2 or to
Z(+). Also we prove that the monoid IN∞ does not have a �nite set of generators, and
moreover monoid IN∞ does not contain a minimal generating set.

2. On homomorphisms from IN∞ into ID∞

The de�nition of the semigroup ID∞ implies that for any α ∈ ID∞ there exists a
unique element γα of the group of units of ID∞ such that α 4 γα (see [10]). Also we
have that |Z \ domα| = |Z \ ranα| for each α ∈ ID∞. Hence we get the following obvious
lemma:

Lemma 1. If α = βγ for some α, β, γ ∈ ID∞ then

max {|Z \ domβ| , |Z \ dom γ|} 6 |Z \ domα| 6 |Z \ domβ|+ |Z \ dom γ| .

Proposition 1. The semigroup ID∞ does not contain an isomorphic copy of the bicyclic

semigroup.

Proof. Suppose to the contrary that there exists a subsemigroup S of ID∞ which is
isomorphic to the bicyclic semigroup C (p, q). Let h : C (p, q) → S be an embedding
isomorphism. Put (1)h = ε0, (qp)h = ε1, (p)h = α and (q)h = β. Then ε0 and ε1 are
idempotent of ID∞ such that ε1 4 ε0. The de�nition of the semigroup ID∞ implies
that ε0 and ε1 are the identity maps of dom ε0 and dom ε1, respectively, and moreover
dom ε1  dom ε0. Since 1 = p(qp)p, we get that ε0 = βε1α. The latter equality and
Lemma 1 imply that

|Z \ dom ε1| 6 |Z \ dom ε0| .
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The obtained inequality contradicts the inclusion dom ε1  dom ε0, because ε0 6= ε1. �

It is obvious that for every α ∈ IN∞ there exist in�nitely many γ ∈ ID∞ such that
α is the restriction of γ onto N. This motivated Taras Banakh to ask:

Question 1. Does the semigroup ID∞ contain an isomorphic copy of IN∞?

In this section we give a negative answer on this question.

Remark 1. We observe that the bicyclic semigroup is isomorphic to the semigroup CN
which is generated by partial transformations α and β of the set of positive integers N,
de�ned as follows:

domα = N, ranα = N \ {1}, (n)α = n+ 1

and

domβ = N \ {1}, ranβ = N, (n)β = n− 1

(see Exercise IV.1.11(ii) in [14]). It is obvious that CN is a submonoid of IN∞.

Proposition 1 and Remark 1 imply the following statement which gives a negative
answer to Question 1.

Theorem 1. The semigroup ID∞ does not contain an isomorphic copy of the semigroup

IN∞.

Next we shall discuss maximal subgroups (i.e., on H -classes with an idempotent)
in the semigroup ID∞.

The following statement belongs to the folklore of the geometric group theory.

Lemma 2. The group of isometries of the set of integers Z with the usual metric is

isomorphic to the semidirect product Z(+)o Z2.

The following lemma describes cyclic subgroups of the group of isometries of the set
of integers Z with the usual metric.

Lemma 3. Let G be a cyclic subgroup of the group of isometries of the set of integers Z
with the usual metric. Then only one of the following conditions holds:

(i) G is a singleton;

(ii) G is isomorphic to Z2;

(iii) G is isomorphic to Z(+).

Proof. Fix a generator (a, b) of G. Next we consider all possible cases.

1. Suppose that (a, b) =
(
0, 0
)
where 0 and 0 are neutral elements of Z(+) and Z2,

respectively. Then the group operation of Z(+)oZ2 implies that
(
0, 0
)n

=
(
0, 0
)
for any

integer n, and hence G is a singleton.

2. Suppose that (a, b) =
(
0, 1
)
where 1 is a non-neutral element of Z2. Then we have

that
(
0, 1
)2

=
(
0, 0
)
, and hence G is isomorphic to Z2.

3. Suppose that (a, b) =
(
g, 0
)
where g is a non-neutral element of Z(+). Then(

g, 0
)n

=
(
n · g, 0

)
for any integer n, and hence G is isomorphic to Z(+).
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4. Suppose that (a, b) =
(
g, 1
)
where g is a non-neutral element of Z(+). Then we

have that (
g, 1
) (
g, 1
)
=
(
g − g, 1 · 1

)
=
(
0, 0
)
,

and hence G is isomorphic to Z2. �

A subset C ⊆ R is called symmetric in R if there exists a number c ∈ R (the center
of C) such that c+ x ∈ C if and only if c− x ∈ C. A subset C ⊆ Z is called symmetric

in Z if C is symmetric in R.

Remark 2. We observe that a subset C is symmetric in Z if and only if Z\C is symmetric
in Z. Also, if Z endowed with the usual metric, then the partial mapping fC : C → C,
c + x 7→ c − x which is determined by the symmetry of the symmetric set C with the
centre c ∈ R is a partial isometry of Z. In this case we shall say that the partial map fC
determines a symmetry of C.

Lemma 4. Let C be a proper co�nite subset of Z and γ : Z⇀ Z be a partial isometry of

Z such that dom γ = ran γ = C. Then γ is either the identity map of C or γ determines

a symmetry of C.

Proof. Suppose that the partial map γ is a nonidentity. Then γ is an element of the
semigroup ID∞. By Corollary 1 of [10], ID∞ is an F -inverse semigroup, and moreover
there exists a unique element σγ of the group of units of ID∞ such that γ 4 σγ . The
latter implies that the partial map γ extends to the unique isometry σγ of Z. It is
obvious that the restriction of σγ onto the set Z \ C is an isometry of Z \ C. We denote
this isometry by γ◦. Since γ is a nonidentity, so is γ◦. Since C is a proper co�nite subset
of Z, (max(Z\C))γ◦ = min(Z\C) and (min(Z\C))γ◦ = max(Z\C). Then the isometry
of Z \ C by γ◦ implies that

c =
min(Z \ C) + max(Z \ C)

2

is the centre of symmetry of Z \ C. It is obvious that c is the centre of symmetry of C.
This implies the statement of the lemma. �

Since any elements α and β are H -equivalent in ID∞ if and only if domα = domβ
and ranα = ranβ, Lemma 4 implies the following proposition.

Proposition 2. Every subgroup of ID∞ distinct from its group of units is either trivial

or isomorphic to Z2.

Theorem 2. Let S be an inverse submonoid of I �↗
∞ (N) which contains CN as a

submonoid. Then for any homomorphism h : S → ID∞ one of the following conditions

holds:

(i) the image (S)h is a singleton, i.e., h is an annihilating homomorphism;

(ii) the image (S)h is isomorphic to Z2;

(iii) the image (S)h is isomorphic to Z(+).

Proof. Suppose that the homomorphism h : S → ID∞ is not annihilating. Since by
Remark 1 the monoid CN is isomorphic to the bicyclic semigroup, Theorem 1 impli-
es that the restriction h|CN : CN → ID∞ is not an injective homomorphism. Then by
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Corollary 1.32 of [4] the image (CN)h is a cyclic subgroup of ID∞ such that {(I)h} =
(E(CN))h.

We shall show that for any idempotent ε ∈ S we have that (ε)h = (I)h. Since
ε ∈ I �↗

∞ (N), there exists a smallest positive integer nε such that n ∈ dom ε for any
n > nε. Put ε0 be the identity map of the set {j ∈ N : j > nε}. Then ε0 is an idempotent
of CN such that ε0 4 ε in S. The above arguments in the previous paragraph imply that

(ε)h = (εI)h = (ε)h(I)h = (ε)h(ε0)h = (εε0)h = (ε0)h.

Hence we have that (E(S))h = (E(CN))h is a singleton in ID∞ and moreover the image
(E(S))h is an idempotent which is the neutral element of the cyclic subgroup (CN)h in
ID∞. This implies that the image (S)h is a subgroup of ID∞, i.e., the homomorphisms
h : S → ID∞ generates a group congruence Ch on the monoid S. By Theorem 4 of [12],
the quotient semigroup S/Cmg, where Cmg is the minimum group congruence on S, is
isomorphic to the additive group of integers Z(+). This implies that the image (S)h is a
cyclic subgroup of ID∞. Next we apply Lemma 3 and Proposition 2. �

Theorem 2 implies the following corollary:

Corollary 1. Let h : IN∞ → ID∞ be an arbitrary homomorphism. Then one of the

following conditions holds:

(i) h is an annihilating homomorphism;

(ii) the image (IN∞)h is isomorphic to Z2;

(iii) the image (IN∞)h is isomorphic to Z(+).

The following example shows that every co�nite (almost) monotone partial bijection
of N extends to a co�nite (almost) monotone partial bijection of Z.

Example 1. Fix an arbitrary α ∈ I �↗
∞ (N) and any non-positive integer n. We de�ne a

partial map αZ : Z⇀ Z in the following way. Put

domαZ =domα ∪ {i ∈ Z : i 6 n},
ranαZ =ranα ∪ {i ∈ Z : i 6 n}

and

(k)αZ =

{
(k)α, if k ∈ domα;
k, if k 6 n.

This determines a map in : I �↗
∞ (N) → I#∞ (Z), where I#∞ (Z) is a monoid of co�nite

almost monotone partial bijection of Z (see [8]). It is obvious that the so de�ned map
in : I �↗

∞ (N) → I#∞ (Z) is a homomorphism, and moreover in the case n = 0 the map i0
is a monoid homomorphism. Also, if α is an element of the semigroup I↗∞(N) of co�nite
monotone partial bijections of N, then the above de�ned extension αZ : Z ⇀ Z of α is
a co�nite monotone partial bijection of Z, and hence αZ ∈ I↗∞(Z), where I↗∞(Z) is a
monoid of co�nite monotone partial bijections of Z (see [8]).

3. On generators of the monoid IN∞
In [1] it is proved that the semigroup ID∞ is �nitely generated and moreover ID∞

has three generators. Taras Banakh posed the following question.

Question 2. Is the monoid IN∞ �nitely generated?
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In this section we give a negative answer on this question.

Lemma 5. If A is a set of generators of the monoid IN∞, then A contains at least two

distinct elements of CN.

Proof. Let α and β be elements of a monoid CN which are de�ned in Remark 1. Then there
exist �nitely many α1, . . . , αk ∈ A such that α = α1 . . . αk and α1 6= I. Since domα = N,
the de�nition of the composition of partial maps implies that domα ⊆ domα1. By
Lemma 1 of [11], every element of IN∞ is a partial shift of N, and hence we get that
domα1 = N. By Lemma 1 of [11] and Remark 1, we have that α1 ∈ CN. If β = β1 . . . βj
for some β1, . . . , βj ∈ A and βj 6= I, then dually we get that βj ∈ CN with ranβj = N.
This implies the statement of the lemma. �

Remark 3. We observe that the set A0 = {α, β} is not a unique set of generators of the
monoid CN. It is obvious that for any positive integer n > 2 any of the following sets
An = {αn, β} and Bn = {α, βn} generates the monoid CN.

Next we need some notions de�ned in [11] and [12]. For an arbitrary positive integer
n0 we denote

[n0) = {n ∈ N : n > n0} .
Since the set of all positive integers is well ordered, the de�nition of the semigroup
I �↗
∞ (N) implies that for every γ ∈ I �↗

∞ (N) there exists the smallest positive integer
ndγ ∈ dom γ such that the restriction γ|[nd

γ)
of the partial map γ : N ⇀ N onto the set[

ndγ
)
is an element of the semigroup CN, i.e., γ|[nd

γ)
is a some shift of

[
ndγ
)
. For every

γ ∈ I �↗
∞ (N) we put −→γ = γ|[nd

γ)
, i.e.

dom−→γ =
[
ndγ
)
, (x)−→γ = (x)γ for all x ∈ dom−→γ and ran−→γ = (dom−→γ ) γ.

Also, we put
ndγ = min dom γ for γ ∈ I �↗

∞ (N),
It is obvious that ndγ = ndγ when γ ∈ CN and ndγ < nd

γ when γ ∈ I �↗
∞ (N) \ CN. Also for

any γ ∈ IN∞ we denote

nrγ = (ndγ )γ and nrγ = (ndγ )γ.

By Lemma 1 of [11] every element of the monoid IN∞ is a partial shift of the set Z.
This implies the following lemma.

Lemma 6. For every element γ of the monoid IN∞ the following equality holds:

nrγ − nrγ = ndγ − ndγ .

Lemma 7. Let be γ ∈ CN and δ ∈ IN∞. Then
ndγδ − ndγδ 6 ndδ − ndδ .

Proof. If δ ∈ CN, then γδ ∈ CN and hence we have that ndγδ = ndγδ which implies that

ndγδ − ndγδ = ndδ − ndδ = 0.

Next we assume that δ, γδ ∈ IN∞ \CN, because in the case when γδ ∈ CN the above
argument implies the require inequality. Since γδ ∈ IN∞ \CN, we get that n

r
γ < ndδ −1. It
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is obvious that if nrγ 6 n
d
δ then n

r
γδ = nrγ and n

r
γδ = nrδ. If n

d
δ < nrγ < ndδ−1 then nrγδ = nrγ

and nrγδ > n
r
δ. By Lemma 6 in the both above cases we have that ndγδ−ndγδ 6 ndδ −ndδ . �

Lemma 8. Let be γ ∈ CN and δ ∈ IN∞. Then

ndδγ − ndδγ 6 ndδ − ndδ .

Proof. By the �rst paragraph of the proof of Lemma 6 without loss of generality we may
assume that δ, δγ ∈ IN∞ \ CN. Since δγ ∈ IN∞ \ CN, we have that ndγ < nrδ − 1. It is

obvious that if ndγ 6 nrδ then n
d
δγ = ndγ and ndδγ = ndδ . If n

r
δ < ndγ < nrδ − 1 then there

exists a positive integer i◦ ∈ dom δ such that (i◦)δ > ndγ and (i◦)δγ = nrδγ . Hence in this

case we have that ndδγ − ndδγ 6 ndδγ − i◦ < ndδ − ndδ . �

Lemma 9. Let k be a positive integer > 2. If γ, δ ∈ IN∞ \CN such that γδ ∈ IN∞ \CN,
ndγ − ndγ 6 k and ndδ − ndδ 6 k, then

ndγδ − ndγδ 6 k.

Proof. We consider all possible cases.
1. If nrγ 6 ndδ and nrγ 6 ndδ , then n

r
δ 6 nrγδ < nrδ − 1 and nrδ = nrγδ. Hence in this

case by Lemma 1 of [11] and Lemma 6 we have that

ndγδ − ndγδ = nrγδ − nrγδ 6 nrδ − nrδ = ndδ − ndδ 6 k.

2. If nrγ > nd
δ and nrγ 6 ndδ , then nrδ = nrγδ and there exists a positive integer

i◦ ∈ dom γ such that (i◦)γ > ndδ and (i◦)γδ = nrγδ. In this case by Lemma 1 of [11] and
Lemma 6 we have that

ndγδ − ndγδ = nrγδ − nrγδ = nrδ − (i◦)γδ < nrδ − nrδ = ndδ − ndδ 6 k.

3. If nrγ 6 ndδ and nrγ > ndδ , then nrγδ = (nrγ)δ and there exists a positive integer

j◦ ∈ ran γ ∩ dom δ such that j◦ > ndδ and (j◦)δ = nrγδ. In this case by Lemma 1 of [11]
and Lemma 6 we have that

ndγδ − ndγδ = nrγδ − nrγδ = (nrγ)δ − (j◦)δ = nrγ − j◦ 6 nrγ − nrγ = ndγ − ndγ 6 k.

4. If nrγ > ndδ and nrγ > ndδ , then nrγδ = (nrγ)δ and there exists a positive integer

l◦ ∈ ran γ ∩ dom δ such that l◦ > nrγ and (l◦)δ = nrγγ . Hence in this case by Lemma 1 of
[11] and Lemma 6 we have that

ndγδ − ndγδ = nrγδ − nrγδ = (nrγ)δ − (l◦)δ = nrγ − l◦ 6 nrγ − nrγ = ndγ − ndγ 6 k.

This completes the proof of the lemma. �

Theorem 3. The monoid IN∞ is not �nitely generated.

Proof. Suppose to the contrary that there exists a �nite set A = {γ1, . . . , γp} of
generators of IN∞. Lemma 5 implies that p > 3 and without loss of generali-
ty we may assume that γ1, γ2 ∈ CN and γ3, . . . , γp ∈ IN∞ \ CN. Since the set
A \ {γ1, γ2} = {γ3, . . . , γp} is �nite and γ3, . . . , γp ∈ IN∞ \ CN, there exists a posi-
tive integer k > 2 such that ndγj − n

d
γj
6 k for any j = 3, . . . , p.
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Since A generates the monoid IN∞, Lemmas 6, 7, 8, and 9 imply that ndγ − ndγ 6 k
for any γ ∈ IN∞. Let ε∗ be the identity map of the set {1} ∪ {s ∈ N : s > k + 2}. It is
obvious that

ndε∗ − ndε∗ = k + 2− 1 = k + 1,

which contradicts the above part of the proof. The obtained contradiction implies the
statement of the theorem. �

In the following example we construct a set of generators of the monoid IN∞.

Example 2. Let α and β be elements of the submonoid CN of IN∞ which are described
in Remark 1. For every positive integer k > 2 we put ε[k] to be the identity map of the
set N \ {k}. It is obvious that ε[k] is an idempotent of IN∞ and ε[k] /∈ CN for all positive
integers k > 2. We claim that the set

A = {α, β} ∪
{
ε[k] : k ∈ N \ {1}

}
generates the monoid IN∞. Indeed, �x an arbitrary γ ∈ IN∞. By Lemma 1 from [11], γ is
a partial shift of the set of integers Z and hence by Remark 1 there exist a non-negative
integers i and j such that (x)βiαj = (x)γ for any x ∈ dom γ and ndγ is the smallest

element of dom(βiαj). If γ = βiαj then the proof is complete. In the other case we have
that dom(βiαj) \ dom γ 6= ∅ and put

{i1, . . . , ip} = dom(βiαj) \ dom γ.

Then Lemma 1 from [11] implies that γ = ε[i1] · · · ε[ip]βiαj , which implies that the set A
generates the monoid IN∞.

Remark 4. We observe that for any positive integers k and l such that k > l > 2 we have
that

ε[l] = αk−lε[k]βk−l.

This implies that the set A from Example 2 has not a minimal set of generators of the
monoid IN∞.

Example 2 and Remark 4 imply the following corollary.

Corollary 2. Every �nitely generated subsemigroup of IN∞ is a subsemigroup of an

inverse subsemigroup of IN∞ generated by three elements.

Lemma 10. Let A be any generating set of the monoid IN∞. Then there exists a minimal

�nite subset A◦C of A such that CN ⊆ 〈A◦C 〉.

Proof. Let α and β be elements of the submonoid CN of IN∞ which are described in
Remark 1. Then there exist �nitely many γ1, . . . , γk, δ1, . . . , δl ∈ A such that α = γ1 · · · γk
and β = δ1 · · · δl. Since α and β generate CN, we obtain that 〈γ1, . . . , γk, δ1, . . . , δl〉 ⊇ CN.
Since the set {γ1, . . . , γk, δ1, . . . , δl} is �nite, it contains a minimal subset A◦C such that
CN ⊆ 〈A◦C 〉. �

For any integer j > 0 we de�ne

INg[j]
∞ =

{
γ ∈ IN∞ : ndγ − ndγ 6 j

}
.
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Therefore, by Lemmas 7, 8, and 9 we obtain an in�nite inverse semigroup series in the
monoid IN∞:

CN = INg[0]
∞ = INg[1]

∞ $ INg[2]
∞ $ INg[1]

∞ $ · · · $ INg[k]
∞ $ · · · ⊂ IN∞.

Theorems 1, 4, and 5 from [12] imply the following proposition.

Proposition 3. For any integer k > 0 the following assertions hold:

(i) every automorphism of INg[k]
∞ is the identity map;

(ii) the quotient semigroup INg[k]
∞ /Cmg is isomorphic to the additive group of integers

Z(+);

(iii) INg[k]
∞ is an inverse simple semigroup.

In the sequel, for any positive integer j > 2 by ε[j] we shall denote the idempotent
which is de�ned in Example 2.

Lemma 11. Let k be any integer > 2. If A is a subset of IN∞ such that CN is a

subsemigroup of 〈A〉 and ε[k] ∈ 〈A〉, then INg[k]
∞ is a subsemigroup of 〈A〉.

Proof. By Remark 4 any idempotent ε[l] of IN∞ such that l < k is generated by the
idempotent ε[k] and the elements α and β of CN. Since ε = ε[i1] · · · ε[ip], where i1, . . . , lp 6
k, for any idempotent ε ∈ IN∞ with ε 4 βkαk, we conclude that every idempotent
ε 4 βkαk of IN∞ is generated by the set A.

Fix any element γ of the semigroup INg[k]
∞ . Then the arguments presented in

Example 2 show that the partial map γ is a partial shift of the set dom γ such that γ is

the restriction of βn
d
γαn

r
γ onto the set dom γ. Since αn

d
γβn

d
γαn

r
γβn

r
γ is the identity map

of N, the previous arguments imply that ε0 = αn
d
γγβn

r
γ is an idempotent of the monoid

IN∞. By Lemmas 7, 8, 9 and Lemma 1 of [11], ε0 belongs to the semigroup INg[k]
∞ . By

the previous part of the proof there exist γ1, . . . , γn ∈ A such that ε0 = γ1 · · · γn. Again,
since γ is the restriction of βn

d
γαn

r
γ onto the set dom γ, we obtain that

βn
d
γαn

d
γγβn

r
γαn

r
γ = γ.

This implies that

βn
d
γ ε0α

nr
γ = βn

d
γαn

d
γγβn

r
γαn

r
γ = γ,

and hence the statement of our lemma holds. �

Lemma 12. Let A be a generating set of the monoid IN∞ and A◦C be a minimal �nite

subset of A such that CN is a subsemigroup of 〈A〉. Then for any integer k > 2 and

any representation ε[k] = γ1 · · · γs, γ1, . . . , γs ∈ A, there exist �nitely many γ∗1 , . . . , γ
∗
s ∈

A ∪ CN such that

ε[k] = γ∗1 · · · γ∗s and either γ∗j = γj ∈ A\INg[k−1]
∞ or γ∗j ∈ CN, for j = 1, . . . , s. (1)

Moreover, if γ∗j ∈ CN, then there exist δj,1, . . . , δj,pj ∈ A◦C such that γ∗j = δj,1 · · · δj,pj for
some positive integer pj.

Proof. Fix any integer k > 2 and suppose that ε[k] = γ1 · · · γs for some γ1, . . . , γs ∈ A.
The de�nitions of the idempotent ε[k] and composition of partial maps (see [13,

Section 1.1]) imply that either dom γ1 = N or dom γ1 = dom ε[k], because the set N \
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dom ε[k] is a singleton. If dom γ1 = N, then by Lemma 1 of [11], γ1 is the partial shift of
integers, and hence γ1 ∈ CN. If dom γ1 = dom ε[k], then similar arguments imply that γ1
is the partial shift of the set N \ {k}. In both cases we put γ∗1 = γ1.

Next we consider the element γ2. The de�nition of the monoid IN∞ and Lemma 1
of [11] imply that (dom ε[k])γ1 ⊆ dom γ2.

Suppose that ndγ2 − n
d
γ2
> k. Then one of the following cases holds:

ndγ2 = (k + 1)γ1 or ndγ2 6 (1)γ1.

In the �rst case we have that {(i)γ1 : i = 1, . . . , k − 1} ⊆ dom γ2 and hence we put γ∗2 =
γ2. In the second case by Lemma 1 of [11], γ2 is the partial shift of integers, and we put
γ∗2 = β(1)γ1α(1)γ1γ2 . It it obvious that in both cases we have that γ1γ2 = γ∗1γ

∗
2 .

Suppose that ndγ2 − n
d
γ2
< k. Then the equality ε[k] = γ1γ2 · · · γs implies that ndγ2 6

(1)γ1, and hence the above presented arguments imply that γ1γ2 = γ∗1γ
∗
2 , where γ

∗
2 =

β(1)γ1α(1)γ1γ2 .
Using induction up to s in the similar way we obtain the requested representation

of the idempotent ε[k] = γ∗1 · · · γ∗s in form (1). Also, since k /∈ dom ε[k], there exists a
smallest positive integer j 6 s such that (1)γ1 · · · γj−1 /∈ dom γj . This completes the �rst
statement of the lemma. The second statement is obvious and follows from Lemma 10. �

Theorem 4. Let A be any in�nite subset of IN∞ generating the monoid IN∞. Then
there exists no a minimal subset B ⊆ A generating IN∞.

Proof. By Lemma 10 there exists a minimal �nite subset A◦C of A such that CN ⊆ 〈A◦C 〉.
Put j1 = 2. Since ε[j1] = γ1 · · · γs1 for some γ1, . . . , γs1 ∈ A, there exists the smallest
positive integer k1 such that ndγi − n

d
γi
6 k1 for any i = 1, . . . , s1 and ndγ − ndγ 6 k1 for

any γ ∈ A◦C . By Lemma 11, INg[k1]
∞ is a subsemigroup of 〈A◦C ∪ {γ1, . . . , γs1}〉.

Put j2 = k1 + 1. Then by Lemmas 7, 8, 9 we have that

ε[j2] /∈ 〈A◦C ∪ {γ1, . . . , γs1}〉 .

Suppose that ε[j2] = γs1+1 · · · γs2 for some γs1+1, . . . , γs2 ∈ A, where s1 + 1 6 s2.
By Lemma 12 there exist �nitely many γ∗s1+1, . . . , γ

∗
s2 ∈ A ∪ CN such that

ε[k] = γ∗s1+1 · · · γ∗s2 and either γ∗j = γj ∈ A \ INg [k−1]
∞ or γ∗j ∈ CN, for j = s1 + 1, . . . , s2.

The second statement of Lemma 12 and Lemma 11 imply that

INg[j2]
∞ ⊆ 〈A◦C ∪ {γs1+1, . . . , γs2}〉 ⊆

〈
A \ INg[j2]

∞ ∪A◦C
〉
.

Next, if we repeat the above presented construction in�nitely many times, then we
obtain an increasing sequence of positive integers {jp}p∈N such that

INg[jp]
∞ ⊆

〈
A \ INg[jp]

∞ ∪A◦C
〉

for any jp.

Since

INg[0]
∞ = INg[1]

∞ $ INg[2]
∞ $ INg[1]

∞ $ · · · $ INg[k]
∞ $ · · · ⊂ IN∞

and IN∞ =

∞⋃
i=1

INg[i]
∞ , Lemma 11 implies that the set A does not contain a minimal

subset B ⊆ A which generates the monoid IN∞. �
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Theorem 4 implies the following corollary.

Corollary 3. The monoid IN∞ does not contains a minimal generating set.

Acknowledgements

The author acknowledges Taras Banakh, Alex Ravsky and the referee for useful
important comments and suggestions.

References

1. O. Bezushchak, On growth of the inverse semigroup of partially de�ned co-�nite automorphi-

sms of integers, Algebra Discrete Math. (2004), no. 2, 45�55.
2. O. Bezushchak, Green's relations of the inverse semigroup of partially de�ned co-�nite

isometries of discrete line, Visn., Ser. Fiz.-Mat. Nauky, Kyiv. Univ. Im. Tarasa Shevchenka
(2008), no. 1, 12�16.

3. I. Chuchman and O. Gutik, Topological monoids of almost monotone injective co-�nite

partial selfmaps of the set of positive integers, Carpathian Math. Publ. 2 (2010), no. 1,
119�132.

4. A. H. Cli�ord and G. B. Preston, The algebraic theory of semigroups, Vol. I., Amer. Math.
Soc. Surveys 7, Providence, R.I., 1961; Vol. II., Amer. Math. Soc. Surveys 7, Providence,
R.I., 1967.

5. V. Doroshenko, Generators and relations for the semigroups of increasing functions on N
and Z. Algebra Discrete Math. (2005), no. 4, 1�15.

6. Â. Â. Äîðîøåíêî, Ïðî íàïiâãðóïè ïåðåòâîðåíü çëi÷åííèõ ëiíiéíî óïîðÿäêîâàíèõ ìíî-

æèí, ÿêi çáåðiãàþòü ïîðÿäîê, Óêð. ìàò. æóðí. 61 (2009), no. 6, 723�732; English versi-

on: V. V. Doroshenko, On semigroups of order-preserving transformations of countable li-

nearly ordered sets, Ukr. Math. J. 61 (2009), no. 6, 859�872.
DOI: 10.1007/s11253-009-0256-3

7. O. Gutik and D. Repov�s, Topological monoids of monotone, injective partial selfmaps of

N having co�nite domain and image, Stud. Sci. Math. Hungar. 48 (2011), no. 3, 342�353.
DOI: 10.1556/SScMath.48.2011.3.1176

8. O. Gutik and D. Repov�s, On monoids of injective partial selfmaps of integers with co�nite

domains and images, Georgian Math. J. 19 (2012), no. 3, 511�532.
DOI: 10.1515/gmj-2012-0022

9. O. Gutik and D. Repov�s, On monoids of injective partial co�nite selfmaps, Math. Slovaca
65 (2015), no. 5, 981�992. DOI: 10.1515/ms-2015-0067

10. O. Gutik and A. Savchuk, On the semigroup ID∞, Visn. Lviv. Univ., Ser. Mekh.-Mat. 83
(2017), 5�19 (in Ukrainian).

11. O. Gutik and A. Savchuk, The semigroup of partial co-�nite isometries of positive integers,

Bukovyn. Mat. Zh. 6 (2018), no. 1�2, 42�51 (in Ukrainian).
DOI: 10.31861/bmj2018.01.042

12. O. Gutik and A. Savchuk, On inverse submonoids of the monoid of almost monotone injecti-

ve co-�nite partial selfmaps of positive integers, Carpathian Math. Publ. 11 (2019), no. 2,
296�310. DOI: 10.15330/cmp.11.2.296-310

13. M. Lawson, Inverse semigroups. The theory of partial symmetries, Singapore: World Sci-
enti�c, 1998.

14. M. Petrich, Inverse semigroups, John Wiley & Sons, New York, 1984.
15. A. Savchuk, On homomorphic retracts of the monoid IN∞, Visn. Lviv. Univ., Ser. Mekh.-

Mat. 88 (2019), 22�31 (in Ukrainian).



30
Oleg GUTIK, Anatolii SAVCHUK

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2020. Âèïóñê 89

16. V. V. Wagner, Generalized groups, Dokl. Akad. Nauk SSSR 84 (1952), 1119�1122 (in Russi-
an).

Ñòàòòÿ: íàäiéøëà äî ðåäêîëåãi¨ 24.02.2020

äîîïðàöüîâàíà 13.08.2020

ïðèéíÿòà äî äðóêó 23.12.2020

ÏÐÎ ÌÎÍÎ�Ä ÊÎÑÊIÍ×ÅÍÍÈÕ ×ÀÑÒÊÎÂÈÕ IÇÎÌÅÒÐIÉ
ÌÍÎÆÈÍÈ N ÇI ÇÂÈ×ÀÉÍÎÞ ÌÅÒÐÈÊÎÞ

Îëåã ÃÓÒIÊ, Àíàòîëié ÑÀÂ×ÓÊ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, 79000, Ëüâiâ

e-mails: oleg.gutik@lnu.edu.ua, asavchuk3333@gmail.com

Äîâîäèìî, ùî ìîíî¨ä IN∞ óñiõ ÷àñòêîâèõ êîñêií÷åííèõ içîìåòðié íàòó-
ðàëüíèõ ÷èñåë íå çàíóðþ¹òüñÿ içîìîðôíî â ìîíî¨ä ID∞ óñiõ ÷àñòêîâèõ êî-
ñêií÷åííèõ içîìåòðié öiëèõ ÷èñåë. Áiëüøå òîãî, äëÿ êîæíîãî íåàíóëþþ÷îãî
ãîìîìîðôiçìó h : IN∞ → ID∞ âèêîíó¹òüñÿ îäíà ç óìîâ: îáðàç (IN∞)h àáî
içîìîðôíèé äâîåëåìåíòíié öèêëi÷íié ãðóïi Z2, àáî àäèòèâíié ãðóïi öiëèõ
÷èñåë Z(+). Òàêîæ äîâîäèìî, ùî ìîíî¨ä IN∞ íå ¹ ñêií÷åííî ïîðîäæåíèì, i,
áiëüøå òîãî, íàïiâãðóïà IN∞ íå ìiñòèòü ìiíiìàëüíó ïîðîäæóþ÷ó ìíîæèíó.

Êëþ÷îâi ñëîâà: ÷àñòêîâà içîìåòðiÿ, iíâåðñíà íàïiâãðóïà, ÷àñòêîâà ái¹-
êöiÿ, áiöèêëi÷íèé ìîíî¨ä, âêëàäåííÿ, ãðóïîâà êîíãðóåíöiÿ, ïîðîäæóþ÷èé
åëåìåíò.
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ÅÊÂIÂÀËÅÍÒÍIÑÒÜ ÇÀ ÌÀÐÊÎÂÈÌ ÍÀÁÎÐIÂ

ÒÈÕÎÍÎÂÑÜÊÈÕ ÏÐÎÑÒÎÐIÂ 3: IÍÂÀÐIÀÍÒÈ

Íàçàð ÏÈÐ×

Óêðà¨íñüêà àêàäåìiÿ äðóêàðñòâà,

âóë. Ïiäãîëîñêî, 19, 79020, ì. Ëüâiâ

e-mail: pnazar@ukr.net

Ó ñòàòòi âèâ÷àþòüñÿ âëàñòèâîñòi, ùî õàðàêòåðèçóþòü ðîçìiùåííÿ ñiì'¨
ïiäïðîñòîðiâ ó òèõîíîâñüêîìó ïðîñòîði, ÿêi çáåðiãàþòüñÿ âiäíîøåííÿì M -
åêâiâàëåíòíîñòi.

Êëþ÷îâi ñëîâà: âiëüíà òîïîëîãi÷íà ãðóïà, ñïåöiàëüíèé içîìîðôiçì âiëü-
íèõ ãðóï, ñiì'ÿ òîïîëîãi÷íèõ ïðîñòîðiâ.

1. Âñòóï

Ìè ïðîäîâæó¹ìî âèâ÷àòè åêâiâàëåíòíi çà Ìàðêîâèì íàáîðè òèõîíîâñüêèõ ïðî-
ñòîðiâ, ðîçïî÷àòi â [2]�[3]. Òåðìiíîëîãiÿ i ïîçíà÷åííÿ âçÿòi ç öèõ ïðàöü. Ìè îçíà÷ó¹ìî
ðÿä òîïîëîãi÷íèõ âëàñòèâîñòåé, ùî õàðàêòåðèçóþòü ðîçìiùåííÿ ñiì'¨ ïiäïðîñòîðiâ
ó òèõîíîâñüêîìó ïðîñòîði òà âèçíà÷à¹ìî ¨õíþ M -iíâàðiàíòíiñòü.

Ó [4] ìiñòèòüñÿ íàéïîâíiøèé íà ñüîãîäíi ñèñòåìàòèçîâàíèé âèêëàä âëàñòèâîñòåé
âiëüíèõ òîïîëîãi÷íèõ ãðóï, ÿêi áóäåìî âèêîðèñòîâóâàòè ó öié ïðàöi.

Äëÿ òèõîíîâñüêîãî ïðîñòîðó X ÷åðåç F (X) áóäåìî ïîçíà÷àòè âiëüíó òîïîëîãi÷-
íó ãðóïó íàäX. Äëÿ ïiäïðîñòîðó Y ⊆ X òèõîíîâñüêîãî ïðîñòîðóX ÷åðåç 〈Y 〉 áóäåìî
ïîçíà÷àòè ïiäãðóïó â F (X) ïîðîäæåíó ìíîæèíîþ òâiðíèõ Y . Íåõàé {Xi : i ∈ I}
� ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó X, {Yi : i ∈ I} � ñiì'ÿ ïiäïðîñòîðiâ
òîïîëîãi÷íîãî ïðîñòîðó Y . Ñêàæåìî, ùî ñiì'ÿ (X, {Xi : i ∈ I}) ¹ M-åêâiâàëåíòíîþ

ñiì'¨ (Y, {Yi : i ∈ I}), ÿêùî iñíó¹ òîïîëîãi÷íèé içîìîðôiçì h : F (X) → F (Y ), òàêèé,
ùî h(Xi) ⊆ 〈Yi〉 i h−1(Yi) ⊆ 〈Xi〉 äëÿ âñiõ i ∈ I. Ïîçíà÷àòèìåìî öå òàê:

(X, {Xi : i ∈ I})
M∼ (Y, {Yi : i ∈ I}).

2020 Mathematics Subject Classi�cation: 22A05
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Ìiíÿþ÷è â öüîìó îçíà÷åííi ôóíêòîð âiëüíî¨ òîïîëîãi÷íî¨ ãðóïè íà ôóíêòîðè
âiëüíî¨ àáåëåâî¨ òîïîëîãi÷íî¨ ãðóïè òà âiëüíîãî ëîêàëüíî îïóêëîãî ïðîñòîðó, îòðè-
ìà¹ìî ïîíÿòòÿ A-åêâiâàëåíòíèõ i L-åêâiâàëåíòíèõ íàáîðiâ.

Ñêàæåìî, ùî içîìîðôiçì i : F (X)→ F (Y ) ñïåöiàëüíèé, ÿêùî êîìïîçèöiÿ e∗Y ◦i ¹
ïîñòiéíèì âiäîáðàæåííÿì, äå e∗Y : F (Y )→ Z� ãîìîìîðôiçì, ùî ïðîäîâæó¹ ôóíêöiþ
eY : Y → Z, ÿêà òîòîæíî ðiâíà 1 íà Y . ×åðåç Zn = {0, 1, · · ·n− 1} áóäåìî ïîçíà÷àòè
ñêií÷åííó ãðóïó ëèøêiâ, íàäiëåíó äèñêðåòíîþ òîïîëîãi¹þ.

2. Ïðî äåÿêi iíâàðiàíòè âiäíîøåííÿ M-åêâiâàëåíòíîñòi

Íåõàé G1 � òîïîëîãi÷íà ãðóïà. Ñêàæåìî, ùî ñèñòåìà ïiäïðîñòîðiâ {Xs : s ∈ S}
¹ G1-âiääiëüíîþ â X, ÿêùî iñíó¹ íåïåðåðâíå âiäîáðàæåííÿ f : X → G1 òàêå, ùî
f(Xs) ⊆ {as}, i ai 6= aj ïðè i 6= j.

Òâåðäæåííÿ 1. Íåõàé {Xs : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó

X, {Ys : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó Y , G1 � òîïîëîãi÷íà

ãðóïà. Íåõàé òàêîæ iñíó¹ ñïåöiàëüíèé òîïîëîãi÷íèé içîìîðôiçì i : F (X) → F (Y )
òàêèé, ùî i(〈Xs〉) = 〈Ys〉 äëÿ âñiõ s ∈ S. ßêùî ñèñòåìà {Xs : s ∈ S} ¹ G1-âiääiëüíîþ

â X, òî ñèñòåìà {Ys : s ∈ S} ¹ G1-âiääiëüíîþ â Y .

Äîâåäåííÿ. Íåõàé i : F (X)→ F (Y ) ñïåöiàëüíèé òîïîëîãi÷íèé içîìîðôiçì òàêèé, ùî
i(〈Xs〉) = 〈Ys〉 äëÿ âñiõ s ∈ S. Íåõàé f : X → G1, íåïåðåðâíå âiäîáðàæåííÿ òàêå, ùî
f(Xs) ⊆ {as}. Ïðîäîâæèìî âiäîáðàæåííÿ f : X → G1 äî íåïåðåðâíîãî ãîìîìîðôiçìó
f∗ : F (X)→ G1. Ïðèéìåìî g

∗ = f∗ ◦ i−1. Íåõàé b ∈ Ys, ïðè÷îìó

i−1(b) = xε11 x
ε2
2 . . . xεnn ,

äå

n∑
i=1

εi = 1. Òîäi

g(b) = f∗ ◦ i−1(b) = f∗(xε11 x
ε2
2 . . . xεnn ) = aε1s a

ε2
s . . . aεns = aεns = g

n∑
i=1

εi
= a1s = as.

Îòîæ, g(Ys) ⊆ {as}.
�

Íàñëiäîê 1. Íåõàé X1, X2, . . . , Xn � ñêií÷åííà ñiì'ÿ ïiäïðîñòîðiâ òèõîíîâñüêîãî

ïðîñòîðó X, Y1, Y2, . . . , Yn � ñêií÷åííà ñiì'ÿ ïiäïðîñòîðiâ òèõîíîâñüêîãî ïðîñòîðó

Y . ßêùî iñíóþòü ñïåöiàëüíèé òîïîëîãi÷íèé içîìîðôiçì i : F (X) → F (Y ) òàêèé,

ùî i(〈Xs〉) = 〈Ys〉 äëÿ âñiõ s = 1, .., n òà ñèñòåìà âiäêðèòî-çàìêíåíèõ äèç'þíêòíèõ

ìíîæèí V1, V2, · · · , Vn â X òàêèõ, ùî Xs ⊆ Vs äëÿ âñiõ s = 1, .., n, òî iñíó¹ ñèñòåìà
âiäêðèòî-çàìêíåíèõ äèç'þíêòíèõ ìíîæèí U1, U2, · · · , Un â Y òàêèõ, ùî Ys ⊆ Us

äëÿ âñiõ s = 1, .., n.

Äîâåäåííÿ. Çãàäàíà óìîâà åêâiâàëåíòíà óìîâi Zn-âiääiëüíîñòi. �

Íåõàé G1 � òîïîëîãi÷íà ãðóïà. Áóäåìî ãîâîðèòè, ùî ñiì'ÿ ïiäïðîñòîðiâ {Xs :
s ∈ S} òîïîëîãi÷íîãî ïðîñòîðó X óòâîðþ¹ G1-ïîêðèòòÿ, ÿêùî äëÿ äîâiëüíîãî
âiäîáðàæåííÿ f : X → G1 ç íåïåðåðâíîñòi óñiõ çâóæåíü f |Xs âèïëèâà¹ íåïåðåðâíiñòü
âiäîáðàæåííÿ f .
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Íàãàäà¹ìî, ùî ïiäïðîñòið Y òîïîëîãi÷íîãî ïðîñòîðó X íàçèâà¹òüñÿ P -
âêëàäåíèì, ÿêùî äîâiëüíà íåïåðåðâíà ïñåâäîìåòðèêà, çàäàíà íà ïðîñòîði Y , äî-
ïóñêà¹ íåïåðåðâíå ïðîäîâæåííÿ íà X. ßêùî ïiäïðîñòið Y ¹ P -âêëàäåíèì ó X, òî
ïiäãðóïà 〈Y 〉 âiëüíî¨ òîïîëîãi÷íî¨ ãðóïè F (X), ïîðîäæåíà ìíîæèíîþ òâiðíèõ Y ¹
òîïîëîãi÷íî içîìîðôíîþ F (Y ).

Òâåðäæåííÿ 2. Íåõàé {Xs : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó

X, {Ys : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó Y , G � òîïîëîãi÷íà

ãðóïà òà

(X, {Xs : s ∈ S})
M∼ (Y, {Ys : s ∈ S}).

ßêùî ñiì'ÿ {Xs : s ∈ S} óòâîðþ¹ G-ïîêðèòòÿ ïðîñòîðó X, à óñi åëåìåíòè ñiì'¨

{Ys : s ∈ S} ¹ P -âêëàäåíèìè â Y , òî ñiì'ÿ {Ys : s ∈ S} óòâîðþ¹ G-ïîêðèòòÿ
ïðîñòîðó Y .

Äîâåäåííÿ. Íåõàé f : Y → G � âiäîáðàæåííÿ òàêå, ùî óñi çâóæåííÿ f |Ys íåïåðåðâ-
íi. Ïðîäîâæèìî âiäîáðàæåííÿ f äî ãîìîìîðôiçìó f∗ : F (Y )→ G. Îñêiëüêè âñi åëå-
ìåíòè ñiì'¨ {Ys : s ∈ S} ¹ P -âêëàäåíèìè â Y , òî êîæíà ïiäãðóïà 〈Yi〉 òîïîëîãi÷íî
içîìîðôíà ãðóïi F (Yi), à òîìó óñi ãîìîìîðôiçìè f∗|〈Ys〉 : 〈Ys〉 → G ¹ íåïåðåðâíèìè.
Îòîæ, óñi çâóæåííÿ f∗|Xs íåïåðåðâíi. Ç òîãî, ùî ñiì'ÿ {Xs : s ∈ S} óòâîðþ¹ G-
ïîêðèòòÿ ïðîñòîðó X, âèïëèâà¹ íåïåðåðâíiñòü âiäîáðàæåííÿ f∗|X , çâiäêè âèïëèâà¹
íåïåðåðâíiñòü ãîìîìîðôiçìó f∗, à îòæå, i íåïåðåðâíiñòü ñàìîãî âiäîáðàæåííÿ f . �

Òâåðäæåííÿ 3. Íåõàé G � òîïîëîãi÷íà ãðóïà, {τs : s ∈ S} � ñiì'ÿ íåñêií÷åííèõ

êàðäèíàëiâ, {Xs : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó X, {Ys : s ∈
S} � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó Y ,

(X, {Xs : s ∈ S})
M∼ (Y, {Ys : s ∈ S}),

à äîâiëüíå íåïåðåðâíå âiäîáðàæåííÿ f : X → G ìà¹ òó âëàñòèâiñòü, ùî |f(Xs)| 6 τs
äëÿ âñiõ s ∈ S. Òîäi äîâiëüíå íåïåðåðâíå âiäîáðàæåííÿ h : Y → G ìà¹ òó âëàñòè-

âiñòü, ùî |h(Ys)| 6 τs äëÿ âñiõ s ∈ S.

Äîâåäåííÿ. ßêùî ïðîñòið X íåñêií÷åííèé, òî |X| = |〈X〉|. Íåõàé f : Y → G � íåïå-
ðåðâíå âiäîáðàæåííÿ. Òîäi äëÿ êîæíîãî s ∈ S âèêîíó¹òüñÿ

|h(Ys)| = |〈h(Ys)〉| = |h∗(Ys)| = |f∗(Xs)| = |〈f(Xs)〉| = |f(Xs)|.
�

Äëÿ òîïîëîãi÷íîãî ïðîñòîðó X ÷åðåç nw(X) ïîçíà÷èìî ñiòêîâó âàãó ïðîñòîðó
X.

Òâåðäæåííÿ 4. Íåõàé G � òîïîëîãi÷íà ãðóïà, {τs : s ∈ S} � ñiì'ÿ íåñêií÷åííèõ

êàðäèíàëiâ, {Xs : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó X, {Ys : s ∈
S} � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó Y ,

(X, {Xs : s ∈ S})
M∼ (Y, {Ys : s ∈ S}),

à äîâiëüíå íåïåðåðâíå âiäîáðàæåííÿ f : X → G ìà¹ òó âëàñòèâiñòü, ùî nw(f(Xs)) 6
τs äëÿ âñiõ s ∈ S. Òîäi äîâiëüíå íåïåðåðâíå âiäîáðàæåííÿ h : Y → G ìà¹ òó âëà-

ñòèâiñòü, ùî nw(h(Ys)) 6 τs äëÿ âñiõ s ∈ S.
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Äîâåäåííÿ. Íåõàé X � ïiäïðîñòið òîïîëîãi÷íî¨ ãðóïè G. ßêùî ñiòêîâà âàãà ïðîñòî-
ðó X íåñêií÷åííà, òî nw(X) = nw(〈X〉). ßêùî X1 òà X2 ïiäïðîñòîðè òîïîëîãi÷íî¨
ãðóïè G, òî

nw(X1 ·X2) 6 max{nw(X1), nw(X2)}.
Îòîæ, äëÿ êîæíîãî s ∈ S âèêîíó¹òüñÿ

nw(h(Ys)) = nw(〈h(Ys)〉) = nw(h∗(Ys)) = nw(f∗(Xs)) = nw(〈f(Xs)〉) = nw(f(Xs)).

�

Áóäåìî ãîâîðèòè, ùî ïiäïðîñòið A ⊆ X ¹ çâ'ÿçíèì ñòîñîâíî X, ÿêùî äëÿ
äîâiëüíèõ äâîõ íåïåðåòèííèõ âiäêðèòî-çàìêíåíèõ ïiäìíîæèí U, V ⊆ X òàêèõ, ùî
U ∪ V = X ìà¹ìî, ùî A ⊆ U àáî A ⊆ V .

Òâåðäæåííÿ 5. Íåõàé (X,A)
M∼ (Y,B) i ïðîñòið A ¹ çâ'ÿçíèì ñòîñîâíî X. Òîäi

ïðîñòið B ¹ çâ'ÿçíèì ñòîñîâíî Y .

Äîâåäåííÿ âèïëèâà¹ ç íàñòóïíî¨ ëåìè.

Ëåìà 1. Ïiäïðîñòið A ⊆ X ¹ çâ'ÿçíèì ñòîñîâíî X òîäi i òiëüêè òîäi, êîëè iñíó¹

íå áiëüøå äâîõ íåïåðåðâíèõ ãîìîìîðôiçìiâ 〈A〉 → Z2, ÿêi äîïóñêàþòü ïðîäîâæåííÿ

íà F (X).

Äîâåäåííÿ. Íåîáõiäíiñòü. Ïðèïóñòèìî, ùî ïðîñòið A ¹ íåçâ'ÿçíèì ñòîñîâíî X, U òà
V � ìíîæèíè çàçíà÷åíi â óìîâi íåçâ'ÿçíîñòi. Ðîçãëÿíåìî âiäîáðàæåííÿ f : A → G,
ïðèéíÿâøè f(x) = 0, ÿêùî x ∈ A∩U i f(x) = 1, ÿêùî x ∈ A∩ V . Òîäi âiäîáðàæåííÿ
f , à òàêîæ âiäîáðàæåííÿ òîòîæíî ðiâíi 0 òà 1, äîïóñêàþòü íåïåðåðâíå ïðîäîâæåííÿ
íà X.

Äîñòàòíiñòü. Ïðèïóñòèìî, ùî iñíó¹ ùîíàéìåíøå òðè âiäîáðàæåííÿ ç ïðîñòîðó
G ó òîïîëîãi÷íó ãðóïó Z2, ÿêi ïðîäîâæóþòüñÿ íåïåðåðâíî íà X. Ñåðåä íèõ iñíó¹
âiäîáðàæåííÿ f : A → G, ÿêå íå ¹ ñòàëèì íà A. Íåõàé F : X → Z2 � íåïåðåðâíå
ïðîäîâæåííÿ âiäîáðàæåííÿ f . Ïðèéìåìî U = F−1(0), V = F−1(1). Òîäi

U ∪ V = X, U ∩ V = ∅, A ∩ U 6= ∅, A ∩ V 6= ∅,
ùî ñóïåðå÷èòü çâ'ÿçíîñòi ìíîæèíè A ñòîñîâíî X. �

Òâåðäæåííÿ 5 ëåãêî óçàãàëüíþ¹òüñÿ íà âèïàäîê áiëüøî¨ êiëüêîñòi ïiäïðîñòî-
ðiâ. Íåõàé {Xs : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó X. Ñêàæåìî,
ùî ñiì'ÿ {Xs : s ∈ S} ¹ çâ'ÿçíîþ ñòîñîâíî X, ÿêùî íå iñíó¹ âiäêðèòî-çàìêíåíèõ
ïiäìíîæèí U i V â X òàêèõ, ùî:

1) U ∩ V = ∅, U ∪ V = X;
2) äëÿ âñiõ s ∈ S âèêîíó¹òüñÿ U ∩Xs = ∅ àáî V ∩Xs = ∅,

àáî iíøèìè ñëîâàìè, íå ìîæíà âiäîêðåìèòè ïðîñòið X, íå âiäîêðåìèâøè ïðèíàéìíi
îäíîãî ç ïiäïðîñòîðiâ Xs.

Òâåðäæåííÿ 6. Íåõàé {Xs : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó

X, {Ys : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó Y . Íåõàé òàêîæ iñíó¹

ñïåöiàëüíèé òîïîëîãi÷íèé içîìîðôiçì i : F (X) → F (Y ) òàêèé, ùî i(〈Xs〉) = 〈Ys〉
äëÿ âñiõ s ∈ S. ßêùî ñiì'ÿ ïiäïðîñòîðiâ {Xs : s ∈ S} ïðîñòîðó X ¹ çâ'ÿçíîþ

ñòîñîâíî X, òî ñiì'ÿ ïiäïðîñòîðiâ {Ys : s ∈ S} ïðîñòîðó Y ¹ çâ'ÿçíîþ ñòîñîâíî

Y .
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3. G-çâ'ÿçíi òà G-ñòàáiëüíi ïiäïðîñòîðè

Íåõàé G � òîïîëîãi÷íà ãðóïà. Ñêàæåìî, ùî ñiì'ÿ ïiäïðîñòîðiâ {Xs : s ∈ S}
òîïîëîãi÷íîãî ïðîñòîðó X ¹ G-çâ'ÿçíîþ â X , ÿêùî äëÿ äîâiëüíîãî íåïåðåðâíîãî
âiäîáðàæåííÿ f : X → G1 ç óìîâè f |X 6= const âèïëèâà¹, ùî iñíó¹ s ∈ S, ùî f |Xs 6=
const.

Òåîðåìà 1. Íåõàé G � òîïîëîãi÷íà ãðóïà, {Xs : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òî-

ïîëîãi÷íîãî ïðîñòîðó X, {Ys : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó

Y òàêi, ùî iñíó¹ ñïåöiàëüíèé òîïîëîãi÷íèé içîìîðôiçì i : F (X) → F (Y ), ùî çàäî-

âîëüíÿ¹ óìîâó i(〈Xs〉) = 〈Ys〉 äëÿ âñiõ s ∈ S. ßêùî ñiì'ÿ ïiäïðîñòîðiâ {Xs : s ∈ S}
ïðîñòîðó X G-çâ'ÿçíà â X, òî ñiì'ÿ ïiäïðîñòîðiâ {Ys : s ∈ S} ïðîñòîðó Y ¹ G-
çâ'ÿçíîþ â Y .

Äîâåäåííÿ. Ïðèïóñòèìî, ùî ciì'ÿ ïiäïðîñòîðiâ {Xs : s ∈ S} ïðîñòîðó X G-çâ'ÿçíà â
X. Íåõàé i : F (X)→ F (Y ) ñïåöiàëüíèé òîïîëîãi÷íèé içîìîðôiçì òàêèé, ùî i(〈Xs〉) =
〈Ys〉 äëÿ âñiõ s ∈ S, h : Y → G, íåïåðåðâíå âiäîáðàæåííÿ òàêå, ùî h|Y 6= const.
Ïðîäîâæèìî âiäîáðàæåííÿ h : Y → G äî íåïåðåðâíîãî ãîìîìîðôiçìó h∗ : F (X) →
G. Ïðèéìåìî f∗ = h∗ ◦ i, f = f∗|X . Âiäîáðàæåííÿ f ¹ íåïåðåðâíèì. Äîâåäåìî, ùî
f |X 6= const. Ïðèïóñòèìî f(X) = {a} äëÿ äåÿêîãî a ∈ G. Íåõàé b ∈ Y , i−1(b) =

aε11 a
ε2
2 . . . aεnn , äå

n∑
i=1

εi = 1. Òîäi

h(b) = aε1aε2 . . . aεn = aεn = g

n∑
i=1

εi
= a1 = a.

Îòðèìàëè ñóïåðå÷íiñòü ç òèì, ùî f |X 6= const. Îòîæ, iñíó¹ s ∈ S, ùî f |Xs
6= const.

Ìiðêóâàííÿìè àíàëîãi÷íèìè äî ïîïåðåäíiõ äîâîäèìî, ùî h|Ys
6= const. �

Íàñëiäîê 2. Íåõàé G � òîïîëîãi÷íà ãðóïà, X � òèõîíîâñüêèé ïðîñòið, ïiäïðî-

ñòið X1 ¹ G-çâ'ÿçíèì â X, (X,X1)
M∼ (Y, Y1). Òîäi ïiäïðîñòið Y1 G-çâ'ÿçíèé â Y .

Áóäåìî ãîâîðèòè, ùî òîïîëîãi÷íèé ïðîñòið X G-çâ'ÿçíèé, ÿêùî äîâiëüíå íåïå-
ðåðâíå âiäîáðàæåííÿ ç òîïîëîãi÷íîãî ïðîñòîðó X ó òîïîëîãi÷íó ãðóïó G ¹ ñòàëèì.

Íàñëiäîê 3. Íåõàé G � òîïîëîãi÷íà ãðóïà, X � òèõîíîâñüêèé ïðîñòið, ïðîñòið

X G-çâ'ÿçíèé ó X, X
M∼ Y . Òîäi ïðîñòið Y ¹ G-çâ'ÿçíèì.

Àíàëîãi÷íî äî òâåðäæåííÿ 1 äîâîäÿòüñÿ òâåðäæåííÿ 7 i 8.

Òâåðäæåííÿ 7. Íåõàé G � òîïîëîãi÷íà ãðóïà, τ � äîâiëüíèé êàðäèíàë, {Xs :
s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó X, {Ys : s ∈ S} � ñiì'ÿ

ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó Y òàêi, ùî iñíó¹ ñïåöiàëüíèé òîïîëîãi÷íèé

içîìîðôiçì i : F (X) → F (Y ), ùî çàäîâîëüíÿ¹ óìîâó i(〈Xs〉) = 〈Ys〉 ïðè âñiõ s ∈
S. Íåõàé òàêîæ äëÿ äîâiëüíîãî íåïåðåðâíîãî âiäîáðàæåííÿ f : X → G ç óìîâè

f |X 6= const âèïëèâà¹, ùî iñíó¹ |τ | ïiäïðîñòîðiâ ç ñiì'¨ {Xs : s ∈ S} òàêèõ, ùî

f |Xs 6= const äëÿ êîæíîãî åëåìåíòà ç öi¹¨ ñiì'¨. Òîäi äëÿ äîâiëüíîãî íåïåðåðâíîãî

âiäîáðàæåííÿ h : Y → G1 ç óìîâè h|Y 6= const âèïëèâà¹, ùî iñíó¹ |τ | ïiäïðîñòîðiâ
ç ñiì'¨ {Ys : s ∈ S} òàêèõ, ùî h|Ys

6= const äëÿ êîæíîãî åëåìåíòà ç öi¹¨ ñiì'¨.
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Òâåðäæåííÿ 8. Íåõàé G � òîïîëîãi÷íà ãðóïà, {Xs : s ∈ S}, {Ks : s ∈ S} �

ñiì'¨ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó X, {Ys : s ∈ S}, {Ps : s ∈ S} � ñiì'¨

ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó Y , τ � äîâiëüíèé êàðäèíàë òàêi, ùî iñíó¹

ñïåöiàëüíèé òîïîëîãi÷íèé içîìîðôiçì i : F (X) → F (Y ) òàêèé, ùî i(〈Xs〉) = 〈Ys〉,
i(〈Ks)〉 = 〈Ps〉 äëÿ âñiõ s ∈ S. ßêùî äëÿ äîâiëüíîãî íåïåðåðâíîãî âiäîáðàæåííÿ

f : X → G ç óìîâè f |X 6= const, f |Kj
= constj âèïëèâà¹, ùî iñíó¹ |τ | ïiäïðîñòîðiâ

ç ñiì'¨ {Xs : s ∈ S} òàêèõ, ùî f |Xs 6= const äëÿ êîæíîãî åëåìåíòà ç öi¹¨ ñiì'¨.

Òîäi äëÿ äîâiëüíîãî íåïåðåðâíîãî âiäîáðàæåííÿ h : Y → G ç óìîâè h|Y 6= const,
h|Pj

= constj âèïëèâà¹, ùî iñíó¹ |τ | ïiäïðîñòîðiâ ç ñiì'¨ {Ys : s ∈ S} òàêèõ, ùî
h|Ys

6= const äëÿ êîæíîãî åëåìåíòà ç öi¹¨ ñiì'¨.

Íåõàé G � òîïîëîãi÷íà ãðóïà, {Xs : s ∈ S} � ñiì'ÿ ïiäïðîñòðiâ òîïîëîãi÷íîãî
ïðîñòîðó X. Áóäåìî ãîâîðèòè, ùî öÿ ñiì'ÿ G-ñòàáiëüíà, ÿêùî äëÿ äîâiëüíîãî íå-
ïåðåðâíîãî âiäîáðàæåííÿ f : X → G, äëÿ äîâiëüíîãî s ∈ S ìàòèìåìî, ùî çâóæåííÿ
f |Xs

¹ ñòàëèì.

Òâåðäæåííÿ 9. Íåõàé G � òîïîëîãi÷íà ãðóïà, {Xs : s ∈ S} � ñiì'ÿ ïiäïðîñòî-

ðiâ òèõîíîâñüêîãî ïðîñòîðó X, {Ys : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òèõîíîâñüêîãî

ïðîñòîðó Y . ßêùî iñíó¹ ñïåöiàëüíèé òîïîëîãi÷íèé içîìîðôiçì i : F (X) → F (Y )
òàêèé, ùî i(〈Xs〉) = 〈Ys〉 äëÿ âñiõ s ∈ S, à ñiì'ÿ ¹ G-ñòàáiëüíîþ â X, òî ñiì'ÿ

{Ys : s ∈ S} ¹ G-ñòàáiëüíîþ â Y .

Äîâåäåííÿ. Íåõàé ïiäìíîæèíà A G-ñòàáiëüíà â X. Íåõàé òàêîæ f : Y → G � íå-
ïåðåðâíå âiäîáðàæåííÿ, f∗ : F (Y ) → G � éîãî íåïåðåðâíå ïðîäîâæåííÿ. Îñêiëüêè
ïiäìíîæèíà A G-ñòàáiëüíà â X, òî f∗(A) ⊆ {g} äëÿ äåÿêîãî g ∈ G. Íåõàé b ∈ B,

òîäi i−1(b) = aε11 a
ε2
2 . . . aεnn , äå

n∑
i=1

εi = 1. Òîäi

f(g) = gε1gε2 . . . gεn = g

n∑
i=1

εi
= g1 = g.

�

Íàñëiäîê 4. Íåõàé G � òîïîëîãi÷íà ãðóïà, (X,A)
M∼ (Y,B) à ïiäïðîñòið A G-

ñòàáiëüíà â X. Òîäi ïiäïðîñòið B G-ñòàáiëüíèé â Y .

Äîâåäåííÿ. ßêùî (X,A)
M∼ (Y,B), òî iñíó¹ ñïåöiàëüíèé òîïîëîãi÷íèé içîìîðôiçì

i : F (X)→ F (Y ) òàêèé, ùî i(〈A〉) = 〈B〉 ([1]). Òåïåð çàëèøà¹òüñÿ çàñòîñóâàòè òâåðä-
æåííÿ 9. �

Íåõàé Z ⊆ Y ⊆ X � òèõîíîâñüêi ïðîñòîðè, G � òîïîëîãi÷íà ãðóïà. Ñêàæå-
ìî, ùî ïàðà (Y,Z) G-ñòàáiëüíà, ÿêùî äëÿ äîâiëüíîãî íåïåðåðâíîãî âiäîáðàæåííÿ
f : X → G òàêîãî, ùî f |Z = const ìà¹ìî, ùî f |Y = const.

Òâåðäæåííÿ 10. Íåõàé Z1 ⊆ Y1 ⊆ X1, Z2 ⊆ Y2 ⊆ X2 � òèõîíîâñüêi ïðîñòîðè,

(X1, Y1, Z1)
M∼ (X2, Y2, Z2), G � òîïîëîãi÷íà ãðóïà i ïàðà (Y1, Z1) G-còàáiëüíà â X1.

Òîäi ïàðà (Y2, Z2) G-còàáiëüíà â X2.

Äîâåäåííÿ. Ç òîãî, ùî (X1, Y1, Z1)
M∼ (X2, Y2, Z2) âèïëèâà¹, ùî iñíó¹ ñïåöiàëüíèé

òîïîëîãi÷íèé içîìîðôiçì i : F (X1)→ F (X2) òàêèé, ùî i(〈Y1〉) = 〈Y2〉, i(〈Z1〉) = 〈Z2〉.
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Íåõàé òàêîæ f : X2 → G � íåïåðåðâíå âiäîáðàæåííÿ òàêå, ùî f |Z2 = g äëÿ
äåÿêîãî g ∈ G f∗ : F (X2) → G � éîãî íåïåðåðâíå ïðîäîâæåííÿ. Äîâåäåìî, ùî i ◦
f∗(Z2) = {g}. Àíàëîãi÷íî äî òâåðäæåííÿ 9 äîâîäèòüñÿ, ùî f∗◦i−1|Z1

= const. Çâiäñè,
çà G-ñòàáiëüíiñòþ ïàðè (Y1, Z1), îòðèìà¹ìî, ùî f

∗ ◦ i−1|Y1
= const. Àíàëîãi÷íî äî

òâåðäæåííÿ 9 îòðèìà¹ìî, ùî f |Y2
= const. �

Íåõàé Z ⊆ Y ⊆ X � òèõîíîâñüêi ïðîñòîðè, òîäi ñêàæåìî, ùî ïàðà (Y,Z) çâ'ÿçíà
ñòîñîâíî X, ÿêùî íå iñíó¹ äâîõ âiäêðèòî çàìêíåíèõ ïiäìíîæèí U i V â X òàêèõ,
ùî:

1) U ∩ V = ∅, U ∪ V = X;
2) U ∩ Y 6= ∅, V ∩ Y 6= ∅;
3) Z ⊂ U àáî Z ⊂ V ;

àáî iíøèìè ñëîâàìè, íå ìîæíà âiäîêðåìèòè ìíîæèíó Y â X, íå âiäîêðåìèâøè ìíî-
æèíè Z.

Íàñëiäîê 5. Íåõàé Z1 ⊆ Y1 ⊆ X1, Z2 ⊆ Y2 ⊆ X2 � òèõîíîâñüêi ïðîñòîðè,

(X1, Y1, Z1)
M∼ (X2, Y2, Z2) i ïàðà (Y1, Z1) çâ'ÿçíà ñòîñîâíî X1. Òîäi ïàðà (Y2, Z2)

¹ çâ'ÿçíîþ ñòîñîâíî X2.

Äîâåäåííÿ âèïëèâà¹ ç î÷åâèäíî¨ ëåìè 2.

Ëåìà 2. Íåõàé Z ⊆ Y ⊆ X � òèõîíîâñüêi ïðîñòîðè. Ïàðà (Y,Z) çâ'ÿçíà ñòîñîâíî
X òîäi òiëüêè òîäi, êîëè âîíà ¹ Z2-còàáiëüíîþ.

Íåõàé G � òîïîëîãi÷íà ãðóïà. Áóäåìî ãîâîðèòè, ùî ïiäïðîñòið A ⊆ X G-
ùiëüíèé â X, ÿêùî äîâiëüíå íåïåðåðâíå âiäîáðàæåííÿ f : A→ G äîïóñêà¹ íå áiëüøå
îäíîãî íåïåðåðâíîãî ïðîäîâæåííÿ íà X.

Ëåìà 3. Íàñòóïíi óìîâè ¹ åêâiâàëåíòíèìè äëÿ òîïîëîãi÷íîãî ïðîñòîðó X òà

éîãî ïiäïðîñòîðó A:

(1) A ¹ G-ùiëüíèì â X;

(2) âiäîáðàæåííÿ t : A → G îçíà÷åíå ÿê t|A = eG äîïóñêà¹ ¹äèíå íåïåðåðâíå

ïðîäîâæåííÿ íà X.

Äîâåäåííÿ. Iìïëiêàöiÿ (1)⇒ (2) ¹ î÷åâèäíîþ.
(2)⇒ (1) Íåõàé f : A→ G � äåÿêå íåïåðåðâíå âiäîáðàæåííÿ. Ïðèïóñòèìî, ùî

f äîïóñêà¹ äâà íåïåðåðâíèõ ïðîäîâæåííÿ F1 òà F2 íà X. Âiäîáðàæåííÿ F−11 òà F−12

¹ íåïåðåðâíèìè ïðîäîâæåííÿìè âiäîáðàæåííÿ f−1. Òîäi âiäîáðàæåííÿ F1 · F−12 òà
F1 · F−11 ¹ íåïåðåðâíèìè ïðîäîâæåííÿìè âiäîáðàæåííÿ íà f · f−1. �

Òåîðåìà 2. Íåõàé (X,A)
M∼ (Y,B) i ïiäïðîñòið A G-ùiëüíèé â X. Òîäi ïiäïðîñòið

B G-ùiëüíèé â Y .

Äîâåäåííÿ. Íåõàé ïðîñòið A G-ùiëüíèé â X. Äîâåäåìî, ùî ïðîñòið B G-ùiëüíèé
â X. Íåõàé s : B → G � âiäîáðàæåííÿ òàêå, ùî s(B) = {eG}, S : Y → G � éîãî
ïðîäîâæåííÿ. Íåõàé i : F (X) → F (Y ) � ñïåöiàëüíèé òîïîëîãi÷íèé içîìîðôiçì òà-
êèé, ùî i(〈A〉) = 〈B〉, S∗ : F (Y ) → G � ãîìîìîðôíå ïðîäîâæåííÿ âiäîáðàæåííÿ.
Òîäi S∗(W ) = eG äëÿ âñiõ W ∈ 〈B〉 Ïðèéìåìî f∗ = S∗ ◦ i−1, f = f∗|X . Çà ïîáóäî-
âîþ f∗(V ) = eG äëÿ âñiõ V ∈ 〈A〉. Îòæå, f |A � âiäîáðàæåííÿ, ùî ìà¹ âëàñòèâiñòü
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f(A) ⊆ {eG}. Çà G-ùiëüíiñòþ ìíîæèíè A â X îòðèìà¹ìî, ùî f(X) = {eG}. Çâiäêè,
f∗(F (X)) = {eG}, îòæå, S∗ = f∗ ◦ i−1(F (Y )) = {eG} i ìè îòðèìàëè ¹äèíiñòü íåïå-
ðåðâíîãî ïðîäîâæåííÿ âiäîáðàæåííÿ s íà ìíîæèíó Y . Òîìó çà ëåìîþ 3 ïiäïðîñòið
B ¹ G-ùiëüíèì â Y . �

ßêùî ó âñiõ òâåðäæåííÿõ öi¹¨ ïðàöi â ÿêîñòi ãðóïè G âçÿòè àáåëåâó òîïîëîãi-
÷íó ãðóïó, òî ìîæíà çàìiíèòè â öèõ òâåðäæåííÿõ âiäíîøåííÿ M -åêâiâàëåíòíîñòi íà
âiäíîøåííÿ A-åêâiâàëåíòíîñòi.

Àâòîð âèñëîâëþ¹ ùèðó ïîäÿêó ïðîô. Çàði÷íîìó Ì. Ì. i ðåöåíçåíòàì çà öiííi
ïîðàäè.
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The Golomb (resp. Kirch) topology on the set Z• of nonzero integers is
generated by the base consisting of arithmetic progressions a+ bZ = {a+ bn :
n ∈ Z} where a ∈ Z• and b is a (square-free) number, coprime with a. In
2019 Dario Spirito proved that the space of nonzero integers endowed with
the Golomb topology admits only two self-homeomorphisms. In this paper we
prove an analogous fact for the space of nonzero integers endowed with the
Kirch topology: it also admits exactly two self-homeomorphisms.

Key words: Kirch topology, superconnected space, superconnecting poset.

In this paper we describe the homeomorphism group of the space Z• of nonzero
integers endowed with the Kirch topology τK , which is generated by the subbase consisting
of the cosets a + pZ where a ∈ Z• and p is a prime number that does not divide a. On
the subspace N of Z• this topology was introduced by Kirch in [6].

Banakh, Stelmakh and Turek [3] proved that the subspace N of (Z•, τK) is topologi-
cally rigid in the sense that each self-homeomorphism of N endowed with the subspace
topology τK�N = {U ∩ N : U ∈ τ} is the identity map of N.

On the other hand, the space (Z•, τK) does admit a non-trivial self-homeomorp�sm,
namely the map

j : Z• → Z•, j : x 7→ −x.
In this paper we prove that this is the unique non-trivial self-homeomorphism of the
topological space (Z•, τK). A similar result for the Golomb topology on Z• was proved
by Dario Spirito [11]. The topological rigidity of the Golomb topology on N was proved
by Banakh, Spirito and Turek in [2].

Theorem 1. The space Z• = Z\{0} of nonzero integers endowed with the Kirch topology
admits only two self-homeomorphisms.

2020 Mathematics Subject Classi�cation: 54D05, 54H99, 11A41, 11N13.

© Stelmakh, Ya., 2020
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The proof of this theorem follows the lines of the proof of the topological rigidity
of the space (N, τK�N) from [3]. The proof is divided into 23 lemmas. A crucial role in
the proof belongs to the superconnectedness of the Kirch space and the superconnecting
poset of the Kirch space, which is de�ned in Section 2.

1. Four classical number-theoretic results

By Π we denote the set of prime numbers. For a number x ∈ Z by Πx we denote
the set of all prime divisors of x. Two numbers x, y ∈ Z are coprime i� Πx ∩Πy = ∅.

In the proof of Theorem 1 we shall exploit the following four known results of
Number Theory. The �rst one is the famous Chinese Remainder Theorem (see. e.g. [5,
3.12]).

Theorem 2 (Chinese Remainder Theorem). If b1, . . . , bn ∈ Z are pairwise coprime

numbers, then for any numbers a1, . . . , an ∈ Z, the intersection

n⋂
i=1

(ai + biN) is in�nite.

The second classical result is not elementary and is due to Dirichlet [4, S.VI], see
also [1, Ch.7].

Theorem 3 (Dirichlet). For any coprime numbers a, b ∈ N the arithmetic progression

a+ bN contains a prime number.

The third classical result is a recent theorem of Miha��lescu [8] who solved old
Catalan's Conjecture [7].

Theorem 4 (Mih�ailescu). If a, b ∈ {mn+1 : n,m ∈ N}, then |a− b| = 1 if and only if

{a, b} = {23, 32}.

The fourth classical result we use is due to Karl Zsigmondy [12], see also [10,
Theorem 3].

Theorem 5 (Zsigmondy). For integer numbers a, n ∈ N \ {1} the inclusion

Πan−1 ⊆
⋃

0<k<n

Πak−1

holds if and only if one of the following conditions is satis�ed:

(1) n = 2 and a = 2k − 1 for some k ∈ N; then
a2 − 1 = (a+ 1)(a− 1) = 2k(a− 1);

(2) n = 6 and a = 2; then

an − 1 = 26 − 1 = 63 = 32 × 7 = (a2 − 1)2 × (a3 − 1).

2. Superconnected spaces and their superconnecting posets

In this section we discuss superconnected topological spaces and some order
structures related to such spaces.

First let us introduce some notation and recall some notions.
For a set A and n ∈ ω let [A]n = {E ⊆ A : |A| = n} be the family of n-element

subsets of A, and [A]<ω =
⋃
n∈ω

[A]n be the family of all �nite subsets of A. For a function
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f : X → Y and a subset A ⊆ X by f [A] we denote the image {f(a) : a ∈ A} of the set
A under the function f .

For a subset A of a topological space (X, τ) by A we denote the closure of A in
X. For a point x ∈ X we denote by τx := {U ∈ τ : x ∈ U} the family of all open
neighborhoods of x in (X, τ). A poset is an abbreviation for a partially ordered set.

A family F of subsets of a set X is called a �lter if

• ∅ /∈ F ;
• for any A,B ∈ F their intersection A ∩B ∈ F ;
• for any sets F ⊆ E ⊆ X the inclusion F ∈ F implies E ∈ F .
A topological space (X, τ) is called superconnected if for any n ∈ N and non-empty

open sets U1, . . . , Un the intersection U1 ∩ · · · ∩Un is non-empty. This allows us to de�ne
the �lter

F∞ =
{
B ⊆ X : ∃U1, . . . , Un ∈ τ \ {∅} (U1 ∩ · · · ∩ Un ⊆ B)

}
called the superconnecting �lter of X.

For every �nite subset E of X consider the sub�lter

FE :=
{
B ⊆ X : ∃(Ux)x∈E ∈

∏
x∈E

τx

( ⋂
x∈E

Ux ⊆ B
)}

of F∞. Here we assume that F∅ = {X}. It is clear that for any �nite sets E ⊆ F in X
we have FE ⊆ FF .

The family

F =
{
FE : E ∈ [X]<ω

}
∪ {F∞}

is endowed with the inclusion partial order and is called the superconnecting poset of the
superconnected space X. The �lters F∅ and F∞ are the smallest and largest elements
of the poset F, respectively.

The following obvious lemma shows that the superconnecting poset F is a topological
invariant of the superconnected space.

Proposition 1. For any homeomorphism h of any superconnected topological space X,

the map

h̃ : F→ F, h̃ : F 7→ {h[A] : A ∈ F},
is an order isomorphism of the superconnecting poset F.

In the following sections we shall study the order properties of the poset F for
the Kirch space (Z•, τK) and shall exploit the obtained information in the proof of the
topological rigidity of the Kirch space.

3. Proof of Theorem 1

We divide the proof of Theorem 1 into 23 lemmas.

Lemma 1. For any a, b ∈ Z• the closure a+ bZ of the arithmetic progression a+ bZ in

the Kirch space (Z•, τK) is equal to

Z• ∩
⋂
p∈Πb

(
{0, a}+ pZ

)
.
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Proof. First we prove that a+ bZ ⊆ {0, a} + pZ for every p ∈ Πb. Take any point
x ∈ a+ bZ and assume that x /∈ pZ. Then x + pZ is a neighborhood of x and hence
the intersection (x + pZ) ∩ (a + bZ) is not empty. Then there exist u, v ∈ Z such that
x+ pu = a+ bv. Consequently, x− a = bv − pu ∈ pZ and x ∈ a+ pZ.

Next, take any point x ∈ Z•∩
⋂
p∈Πb

({0, a}+pZ). Given any neighborhood Ox of x in

(Z•, τK), we should prove that Ox∩(a+bZ) 6= ∅. By the de�nition of the Kirch topology
there exists a square-free number d ∈ Z• such that d, x are coprime and x+ dZ ⊆ Ox.

If Πb ⊆ Πx, then b, d are coprime and by the Chinese Remainder Theorem

∅ 6= (x+ dZ) ∩ (a+ bZ) ⊆ Ox ∩ (a+ bZ).

So, we can assume Πb \Πx 6= ∅. The choice of x ∈
⋂
p∈Πb

({0, a}+ pZ) guarantees that

x ∈
⋂

p∈Πb\Πx

(a+ pZ) = a+ qZ

where q =
∏

p∈Πb\Πx

p. Since the numbers x and d are coprime and d is square-free, the

greatest common divisor of b and d divides the number q. Since x− a ∈ qZ, the Euclides
algorithm yields two numbers u, v ∈ Z such that x − a = bu − dv, which implies that
Ox ∩ (a+ bZ) ⊇ (x+ dZ) ∩ (a+ bZ) 6= ∅. �

Lemma 1 implies that the Kirch space (Z•, τK) is superconnected and hence
possesses the superconnecting �lter

F∞ =
{
F ⊆ Z• : ∃U1, . . . , Un ∈ τK \ {∅}

( n⋂
i=1

Ui ⊆ F
)}

and the superconnecting poset

F =
{
FE : E ∈ [Z•]<ω

}
∪ {F∞}

consisting of the �lters

FE =
{
F ⊆ Z• : ∃(Ux)x∈E ∈

∏
x∈E

τx

( ⋂
x∈E

Ux ⊆ F
)}
.

Here for a point x ∈ Z• by τx := {U ⊆ Z• : x ∈ U} we denote the family of open
neighborhoods of x in the Kirch topology τK .

For a nonempty �nite subset E ⊆ Z•, let ΠE =
⋂
x∈E

Πx be the set of common prime

divisors of numbers in the set E. Also let

AE = {p ∈ Π : ∃k ∈ N (E ⊂ {0, k}+ pZ)} .

Observe that ΠE ⊆ AE and AE 6= ∅ because 2 ∈ AE . If E is a singleton, then AE = Π;
if |E| ≥ 2, then

AE ⊆ Πx ∪Πy ∪Πx−y ⊆ {2, . . . ,maxE}
for any distinct numbers x, y ∈ E. This inclusion follows from

Lemma 2. For any two-element set E = {x, y} ⊂ Z• we have AE = Πx ∪Πy ∪Πx−y.
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Proof. Each number p ∈ Πx (resp. p ∈ Πy) belongs to AE because {x, y} ⊂ {0, y}+ pZ
(resp. {x, y} ⊂ {0, x} + pZ}). Each number p ∈ Πx−y belongs to AE because {x, y} ⊂
x+ pZ ⊆ {0, x}+ pZ. This proves that Πx ∪Πy ∪Πx−y ⊆ AE .

Now take any prime number p ∈ AE and assume that p /∈ Πx ∪ Πy. It follows from
{x, y} = E ⊂ {0, αE(p)} + pZ that {x, y} ⊆ αE(p) + pZ and hence x − y ∈ pZ and
p ∈ Πx−y. �

Let αE : AE → ω be the unique function satisfying the following conditions:

(i) αE(p) < p for all p ∈ AE ;
(ii) E ⊆ {0, αE(p)}+ pZ for all p ∈ AE ;
(iii) αE(2) = 1 and αE(p) = 0 for all p ∈ ΠE \ {2}.

Lemma 3. Let A ⊂ Π be a �nite set containing 2 and α : A → N0 be a function such

that α(2) = 1 and α(p) ∈ {0, . . . , p − 1} for all p ∈ A \ {2}. Let x be the product of odd

prime numbers in the set A and y be any number in the set Z• ∩
⋂
p∈A

(α(p) + pZ). Then

the set E = {y, x, 2x} has AE = A and αE = α.

Proof. For every prime number p ∈ A we have {x, y} ⊂ {0, y}+ pZ, which implies that
p ∈ AE . Assuming that AE \A contains some prime number p, we conclude that x /∈ pZ
and hence the inclusion {y, x, 2x} = E ⊂ {0, αE(p)}+ pZ implies {x, 2x} ⊂ αE(p) + pZ
and x = 2x − x ∈ pZ. This contradiction shows that AE = A. To show that αE = α,
take any prime number p ∈ A = AE . If p = 2, then α(p) = 1 = αE(p). So, we assume
that p 6= 2. If α(p) = 0, then y ∈ α(p) + pZ = pZ and hence p ∈ ΠE . In this case
αE(p) = 0 = α(p). If α(p) 6= 0, then the number y ∈ α(p) + pZ is not divisible by p and
then the inclusions {y, x, 2x} ⊆ {0, α(p)} + pZ and {y, x, 2x} = E ⊂ {0, αE(p)} + pZ
imply that α(p) = αE(p). �

The following lemma yields an arithmetic description of the �lters FE .

Lemma 4. For any �nite subset E ⊆ Z• with |E| ≥ 2 we have

FE =
{
B ⊆ Z• : ∃L ∈ [Π \AE ]<ω

⋂
p∈L

pZ• ∩
⋂

p∈AE\ΠE

({0, αE(p)}+ pZ) ⊆ B
}
.

Here we assume that
⋂
p∈∅

pZ• = Z•.

Proof. It su�ces to verify two properties:

(1) for any (Ux)x∈E ∈
∏
x∈E

τx there exists a �nite set L ⊆ Π \AE such that

⋂
p∈L

pZ• ∩
⋂

p∈AE\ΠE

({0, αE(p)}+ pZ) ⊆
⋂
x∈E

Ux;

(2) for any �nite set L ⊆ Π\AE there exists a sequence of neighborhoods (Ux)x∈E ∈∏
x∈E

τx such that

⋂
x∈E

Ux ⊆
⋂
p∈L

pZ• ∩
⋂

p∈AE\ΠE

({0, αE(p)}+ pZ).
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1. Given a sequence of neighborhoods (Ux)x∈E ∈
∏
x∈E

τx, for every x ∈ E �nd a

square-free number qx > x such that Πqx ∩ Πx = ∅ and x + qxZ ⊆ Ux. We claim that

the �nite set L =
⋃
x∈E

Πqx \AE has the required property. Given any number

z ∈
⋂
p∈L

pZ• ∩
⋂

p∈AE\ΠE

({0, αE(p)}+ pZ),

we should prove that z ∈ Ux for every x ∈ E. By Lemma 1,

Z• ∩
⋂

p∈Πqx

({0, x}+ pZ) = (x+ qxZ) ⊆ Ux.

So, it su�ces to show that z ∈ {0, x}+ pZ for any p ∈ Πqx . Since the numbers x and qx
are coprime, p /∈ Πx and hence p /∈ ΠE . If p /∈ AE , then p ∈ Πqx \ AE ⊆ L and hence
z ∈ pN ⊆ {0, x}+ pZ. If p ∈ AE , then x ∈ E ⊆ {0, αE(p)}+ pZ and x ∈ αE(p) + pZ (as
p /∈ Πx). Then x+ pZ = αE(p) + pZ and z ∈ {0, αE(p)}+ pZ = {0, x}+ pZ.

2. Fix any �nite set L ⊆ Π \ AE . For every x ∈ E consider the neighborhood

Ux =
⋂

p∈L∪AE\Πx

(x+ pZ) of x in the Kirch topology. By Lemma 1,

Ux = Z• ∩
⋂

p∈L∪AE\Πx

({0, x}+ pZ).

Given any number z ∈
⋂
x∈E

Ux, we should show that

z ∈
⋂
p∈L

pZ• ∩
⋂

p∈AE\ΠE

({0, αE(p)}+ pZ).

This will follow as soon as we check that z ∈ pZ• for all p ∈ L and z ∈ {0, αE(p)}+ pZ
for all p ∈ AE \ΠE .

Given any p ∈ AE \ ΠE , we can �nd a point x ∈ E \ pZ and observe that x ∈ E ⊆
{0, αE(p)}+ pZ. Then

z ∈ Ux ⊆ x+ pZ ⊆ {0, x}+ pZ = {0, αE(p)}+ pZ.

Now take any prime number p ∈ L. Since L ∩ AE = ∅, we conclude that E 6⊆ pZ.
So, we can �x a number x ∈ E \ pZ. Taking into account that p /∈ AE , we conclude that
E 6⊆ {0, x}+ pZ and hence there exists a number y ∈ E such that pZ 6= y+ pZ 6= x+ pZ.
Then

z ∈ Ux ∩ Uy ⊆ ({0, x}+ pZ) ∩ ({0, y}+ pZ) = pZ.
�

We shall use Lemma 4 for an arithmetic characterization of the partial order of the
superconnecting poset F of the Kirch space.

Lemma 5. For two �nite subsets E,F ⊆ Π with min{|E|, |F |} ≥ 2 we have FE ⊆ FF if

and only if

AF ⊆ AE , ΠF \ {2} ⊆ ΠE and αE�AF \ΠE = αF �AF \ΠE .
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Proof. To prove the �only if� part, assume that FE ⊆ FF . By Lemma 4, the set⋂
p∈AF \AE

pZ• ∩
⋂

p∈AE\ΠE

({0, αE(p)}+ pZ)

belongs to the �lter FE ⊆ FF . By Lemma 4, there exists a �nite set L ⊂ Π \ AF such
that⋂
p∈L

pZ• ∩
⋂

p∈AF \ΠF

({0, αF (p)}+ pZ) ⊆
⋂

p∈AF \AE

pZ• ∩
⋂

p∈AE\ΠE

({0, αE(p)}+ pZ). (1)

This inclusion combined with the Chinese Remainder Theorem 2 implies

AF \AE ⊆ L ⊂ Π \AF , AE \ (ΠE ∪ {2}) ⊆ L ∪ (AF \ΠF )

and

αE(p) = αF (p) for any p ∈ (AF \ΠF ) ∩ (AE \ΠE),

and

AF ⊆ AE , ΠF \ {2} ⊆ ΠE and αE�AF \ΠE = αF �AF \ΠE . (2)

To prove the �if� part, assume that condition (2) holds. To prove that FE ⊆ FF , �x
any set Ω ∈ FE and using Lemma 4, �nd a �nite set L ⊆ Π \AE such that⋂

p∈L
pZ• ∩

⋂
p∈AE\ΠE

({0, αE(p)}+ pZ) ⊆ Ω.

Consider the �nite set

Λ = (L ∪AE) \AF = L ∪ (AE \AF ) ⊇ L

and observe that condition (2) implies the inclusion

FF 3
⋂
p∈Λ

pZ•∩
⋂

p∈AF \ΠF

({0, αF (p)}+pZ) ⊆
⋂
p∈L

pZ•∩
⋂

p∈AE\ΠE

({0, αE(p)}+pZ) ⊆ Ω, (3)

yielding Ω ∈ FF . �

Lemma 6. For two nonempty subsets E,F ⊆ N with min{|E|, |F |} = 1 the relation

FE ⊆ FF holds if and only if |E| = 1 and E ⊆ F .

Proof. The �if� part is trivial. To prove the �only if� part, assume that FE ⊆ FF .
First we prove that |E| = 1. Assuming that |E| > 1 and taking into account that
min{|E|, |F |} = 1, we conclude that |F | = 1. Choose a prime number p > max(E ∪ F ).

Since
⋂
y∈E

y + pZ ∈ FE ⊆ FF , for the unique number x in the set F , there exists a

square-free number d such that Πd ∩Πx = ∅ and x+ dpZ ⊆
⋂
y∈E

y + pZ. By Lemma 1,

x+ qpZ• ⊆ x+ dpZ ⊆
⋂
y∈E

y + pZ =
⋂
y∈E

({0, y}+ pZ) = pZ.

The latter equality follows from p > maxE and |E| > 1. Then x + dpZ• ⊆ pZ implies
x ∈ pZ, which contradicts the choice of p > max(E ∪ F ) ≥ x. This contradiction shows
that |E| = 1. Let z be the unique element of the set E.
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It remains to prove that z ∈ F . To derive a contradiction, assume that z /∈ F . Take
any odd prime number p > max(E ∪ F ) and consider the set

{0, z}+ pZ = z + pZ ∈ FE ⊆ FF .

By the de�nition of the �lter FF , for every x ∈ F there exists a square-free number dx
such that Πdx ∩Πx = ∅ and⋂

x∈F
x+ dxZ ⊆ z + pZ = {0, z}+ pZ.

Consider the set P =
⋃
x∈F Πdx . If p ∈ Πdx for some x ∈ F , we can use the Chinese

Remainder Theorem 2 and �nd a number

c ∈ (x+ pZ) ∩
⋂

q∈P\{p}

qZ ⊆
⋂
y∈F

y + dyZ ⊆ {0, z}+ pZ.

Taking into account that x is not divisible by p, we conclude that c ∈ (x+ pZ)∩ (z+ pZ)
and hence x−z ∈ pZ, which contradicts the choice of p > max(E∪F ). This contradiction
shows that p /∈ P . Since p ≥ 3, we can �nd a number z′ /∈ {0, z} + pZ and using the
Chinese Remainder Theorem 2, �nd a number

u ∈ (z′ + pZ) ∩
⋂
q∈P

qZ• ⊆
⋂
y∈F

y + dyZ ⊆ {0, z}+ pZ,

which is a desired contradiction showing that E ⊆ F . �

As we know, the largest element of the superconnecting poset F is the superconnec-
ting �lter F∞. This �lter can be characterized as follows.

Lemma 7. The superconnecting �lter F∞ of the Kirch space is generated by the base

consisting of the sets qN for an odd square-free number q ∈ N, i.e.

F∞ =
{
B ⊆ Z• : ∃q ∈ (2N− 1) \

⋃
p∈Π

p2N (qZ• ⊆ B)
}
.

Proof. Lemma 1 implies that each element F ∈ F∞ contains the set qZ• for some odd
square-free number q. Conversely, let q be an odd square-free number. Then the sets
U1 = 1 + qZ and U2 = 2 + qZ are open in the Kirch topology on Z•. By Lemma 1 we
have

U1 ∩ U2 = Z• ∩
⋂
p∈Πq

({0, 1}+ pZ) ∩ ({0, 2}+ pZ) = Z• ∩
⋂
p∈Πq

pZ = qZ•.

Hence qZ• ∈ F∞. �

Lemma 8. For a nonempty subset E ⊆ Z• the following conditions are equivalent:

(1) FE = F∞;
(2) AE = {2}.

If |E| = 2, then conditions (1), (2) are equivalent to

(3) E ∈
{
{2n, 2n+1}, {−2n,−2n+1}, {−2n, 2n} : n ∈ ω

}
.
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Proof. (1) ⇒ (2): Assume FE = F∞. Consider the set F = {1, 2} and observe that
AF = Π1 ∪ Π2 ∪ Π2−1 = {2} and ΠF = ∅. Thus AF ⊆ AE , ΠF \{2} ⊆ ΠE and
αF �AF \ΠE = αE�AF \ΠE . Lemma 5 implies FE ⊆ FF . Since FE = F∞ is the largest
element of F we get FE = FF . By using again Lemma 5 we get AE ⊆ AF which implies
that AE = {2}.

(2)⇒ (1): If AE = {2}, then by the Lemma 4, the �lter FE is generated by the base
consisting of the sets qZ• for an odd square-free number q ∈ Z•. Therefore FE = F∞ by
the Lemma 7.

(2)⇒ (3): Assume that |E| = 2 and AE = {2}. By Lemma 2, E = {ε2a, δ2b}, where
a, b ∈ ω and ε, δ ∈ {−1, 1}. Without loss of generality we can assume that b 6 a. By
Lemma 2, Πε2a−δ2b = Πε2b(2a−b−δ/ε) ⊆ {2}. The last inclusion implies that a − b = 1

and δ/ε = 1 or a − b = 0 and δ/ε = −1. In the �rst case the set E equals {2b, 2b+1} or
{−2b,−2b+1}, in the second case E = {2b,−2b}.

(3)⇒ (2): The implication (3)⇒ (2) follows from Lemma 2. �

In the following lemmas by F′ we denote the set of maximal elements of the poset
F \ {F∞}.
Lemma 9. For a nonempty �nite subset E ⊆ Z• the �lter FE belongs to the family F′

if and only if there exists an odd prime number p /∈ ΠE such that AE = {2, p}.
Proof. To prove the �if� part, assume that AE = {2, p} and p /∈ ΠE for some odd
prime number p. By Lemma 8, FE 6= F∞. To show that the �lter FE is maximal in
F \ {F∞}, take any �nite set F ⊂ Z• such that FE ⊆ FF 6= F∞. By Lemmas 5 and 8,
{2} 6= AF ⊆ {2, p}, ΠF ⊆ ΠE ∪ {2} = {2}, and αF �AF \ ΠE = αE�AF \ ΠE . It follows
that AF = {2, p} = AE , ΠF ∪ {2} = ΠE ∪ {2} and αF = αE . Applying Lemma 5, we
conclude that FE = FF , which means that the �lter FE is a maximal element of the
poset F \ {F∞}.

To prove the �only if� part, assume that FE ∈ F′. By Lemma 8, AE 6= {2} and
hence there exists an odd prime number p ∈ AE . We claim that p /∈ ΠE . To derive a
contradiction, assume that p ∈ ΠE and consider the sets F = {p, 2p} and G = {1, p, 2p}.
By Lemma 2, AF = AG = {2, p}, ΠF = {p}, and ΠG = ∅. Taking into account that
F ⊂ G, AF = {2, p} ⊆ AE , ΠF \ {2} = {p} ⊆ ΠE and AF \ ΠE ⊆ {2}, we can apply
Lemmas 5, 8 and conclude that FE ⊆ FF ⊆ FG 6= F∞. The maximality of FE implies
FE = FF = FG. By Lemma 5, the equality FG = FF implies p ∈ ΠF \ {2} ⊆ ΠG = ∅,
which is a contradiction showing that p /∈ ΠE .

Now consider the setH = {αE(p), p, 2p} and observe that AH = {2, p}, ΠH = ∅ and
αH(p) = αE(p). Lemmas 5 and 8 guarantee that FE ⊆ FH 6= F∞. By the maximality of
FE , we have FE = FH . Applying Lemma 5 once more, we conclude that AE = AH =
{2, p}. �

Lemma 9 implies the following description of the set F′.

Lemma 10. F′ =
{
F{a,p,2p} : p ∈ Π \ {2}, a ∈ {1, . . . , p− 1}

}
.

Let F′′ be the set of maximal elements of the poset F \ (F′ ∪ {F∞})
Lemma 11. For a �nite set E ⊂ Z•, the �lter FE belongs to the family F′′ if and only

if one of the following conditions holds:
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(1) there exists an odd prime number p such that p ∈ ΠE and AE = {2, p};
(2) there are two distinct odd prime numbers p, q such that AE = {2, p, q} and ΠE ⊆
{2}.

Proof. To prove the �only if� part, assume that FE ∈ F′′. By Lemma 8, there is an odd
prime number p ∈ AE . If AE = {2, p}, then p ∈ ΠE by Lemma 9, and condition (1) is
satis�ed. So, we assume that {2, p} 6= AE and �nd an odd prime number q ∈ AE \{2, p}.
By Lemma 3, there is a number x ∈ N such that for the set F = {x, pq, 2pq} we have
AF = {2, p, q}, ΠF = ∅, αF (p) = αE(p) and αF (q) = αE(q). Then FE ⊆ FF by
Lemma 5, and FF ∈ F \ (F′ ∪ {F∞}) by Lemma 9. Now the maximality of the �lter FE
implies that FE = FF and hence AE = AF = {2, p, q} and ΠE ⊆ ΠF ∪ {2} = {2}, see
Lemma 5.

To prove the �if� part, we consider two cases. First we assume that AE = {2, p} and
p ∈ ΠE for some odd prime number p. By Lemmas 8 and 9, FE ∈ F \ ({F∞} ∪ F′). To
prove that FE is a maximal element of F \ ({F∞} ∪ F′), take any �nite set F ⊆ Z• such
that FE ⊆ FF ∈ F \ ({F∞} ∪ F′). Lemma 6 implies that min{|E|, |F |} ≥ 2 and then by
Lemmas 5 and 9, we have AF = {2, p}, ΠF \{2} ⊆ {p} and αE�AF \{p} = αF �AF \{p}.
Now notice that p ∈ ΠF since otherwise FF ∈ F′ by Lemma 9. By using again Lemma 5
we get FF = FE which means that FE ∈ F′′.

Now assume that there are two distinct odd prime numbers p, q such that AE =
{2, p, q} and ΠE ⊆ {2}. By Lemmas 8 and 9, FE ∈ F \ ({F∞} ∪ F′). To prove that
FE is a maximal element of F \ ({F∞} ∪ F′), take any �nite set F ⊆ Z• such that
FE ⊆ FF ∈ F \ ({F∞} ∪ F′). Lemma 5 implies that AF ⊆ {2, p, q}, ΠF ⊆ {2} and
αE�AF \ ΠE = αF �AF \ ΠE . Taking into account that FF /∈ F′ ∪ {F∞} and ΠF ⊆ {2},
we can apply Lemmas 9, 8 and conclude that AF = {2, p, q}. We therefore know that
AF = AE , ΠE∪{2} = ΠF ∪{2} and αF �AE \ΠF = αE�AE \ΠF . By Lemma 5, FE = FF
and hence FE ∈ F′′. �

Lemma 12. For any homeomorphism h of the Kirch space and any odd prime number

p we have

h̃(F{p,2p}) = F{p,2p}.

Proof. By Proposition 1, the homeomorphism h induces an order isomorphism h̃ of the
superconnecting poset F on the Kirch space. Then h̃[F′] = F′ and h̃[F′′] = F′′.

By Lemmas 11 and 3, F′′ = F′′2 ∪ F′′3 where

F′′2 =
{
F{p,2p} : p ∈ Π \ {2}

}
and

F′′3 =
{
F{x,pq,2pq} : p, q ∈ Π \ {3}, x ∈ {0, . . . , pq − 1} \ (pZ ∪ qZ)

}
.

By Lemmas 5 and 9, for every �lter F{p,2p} ∈ F′′2 the set

↑F{p,2p} =
{
F ∈ F′ : F{p,2p} ⊂ FE

}
coincides with the set

{
F{a,p,2p} : a ∈ {1, . . . , p− 1}

}
and hence has cardinality p− 1.

On the other hand, for any �lter F{x,pq,2pq} ∈ F′′3 , the set

↑F{x,pq,2pq} =
{
F ∈ F′ : F{x,pq,2pq} ⊂ F

}
coincides with the doubleton

{
F{x,p,2p},F{x,q,2q}

}
.
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These order properties uniquely determine the �lters F{p,2p} for p ∈ Π \ {3} and
ensure that h̃(F{p,2p}) = F{p,2p} for every p ∈ Π \ {3}.

Next, observe that F{3,6} is a unique element F of F′′ such that

↑F ∩
⋃

p∈Π\{3}

↑F{p,2p} = ∅.

This uniqueness order property of F{3,6} ensures that h̃(F{3,6}) = F{3,6}. �

Lemma 13. Let E ⊆ Z• be a �nite subset such that AE = {2, p} for some odd prime

number p /∈ ΠE. Then Ah[E] = {2, p}.

Proof. By Lemma 9, FE ∈ F′. Consider the doubleton {p, 2p} which has A{p,2p} = {2, p}
and Π{p,2p} = {p}. By Lemma 5, F{p,2p} ⊆ FE and by Lemma 12,

F{p,2p} = h̃(F{p,2p}) = F{h(p),h(2p)} ⊆ Fh[E].

By Lemma 5, Ah[E] ⊆ A{p,2p} = {2, p}. By Lemma 8, Ah[E] = {2, p}. �

De�nition 1. A homeomorphism h of the Kirch space (Z•, τK) is called positive if
h(1) > 0.

Lemma 14. Every positive homeomorphism h of the Kirch space has h(x) = x for any

x ∈ {±2n, n ∈ ω}

Proof. Consider the graph Γ2 = (V2, E) with the set of vertices V2 = {±2n : n ∈ ω} and
the set of edges

E =
{
{2n, 2n+1}, {−2n,−2n+1}, {−2n, 2n} : n ∈ ω

}
.

Observe that 1 and −1 are the unique vertices of Γ2 that have order 2. Any other
vertices have order 3. This ensures that h(1) = ±1. The positivity of h implies that
h(1) = 1. Then h(−1) = −1, h(2) = 2. Hence h(±2n) = ±2n for all n ∈ ω. �

Lemmas 14 and 12 imply

Lemma 15. For any positive homeomorphism h of the Kirch space and any odd prime

number p we have

h̃(F{1,p,2p}) = F{1,p,2p} and h̃(F{2,p,2p}) = F{2,p,2p}.

Lemma 16. For an integer number x ∈ Z• \ {−2,−1, 1, 2} and an odd prime p, the
following conditions are equivalent:

(1) p ∈ Πx;

(2) F{1,x} ⊆ F{1,p,2p} and F{2,x} ⊆ F{2,p,2p}.

Proof. If p ∈ Πx, then A{1,p,2p} = {2, p} ⊆ A{1,x}, Π{1,x} ∪ {2} = {2} = Π{1,p,2p} ∪ {2}
and α{1,x}(p) = 1 = α{1,p,2p}(p). By Lemma 5, F{1,x} ⊆ F{1,p,2p}. By analogy we can
prove that F{2,x} ⊆ F{2,p,2p}.

Conversely, assume F{1,x} ⊆ F{1,p,2p} and F{2,x} ⊆ F{2,p,2p}. By Lemmas 5 and 2,
we have

{2, p}=A{1,p,2p} ⊆ A{1,x}=Πx ∪Πx−1 and {2, p}=A{2,p,2p} ⊆ A{2,x}={2} ∪Πx ∪Πx−2

and hence p ∈ (Πx ∪Πx−1) ∩ (Πx ∪Πx−2) \ {2} ⊆ Πx. �
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Proposition 1 and Lemmas 14, 15, 16 imply

Lemma 17. For every homeomorphism h of the Kirch space and any number x ∈ N we

have

Πx ∪ {2} = Πh(x) ∪ {2}.

For every prime number p consider the set

Vp =
{
±2n−1pm : n,m ∈ N

}
of numbers x ∈ N such that p ∈ Πx ⊆ {2, p}. Lemmas 14 and 17 imply that h[Vp] = Vp
for every homeomorphism h of the Kirch space.

Consider the graph Γp = (Vp, Ep) on the set Vp with the set of edges

Ep :=
{
E ∈ [Vp]

2 : AE = {2, p}
}
.

Lemma 18. For every prime number p and every homeomorphism h of the Kirch space,

the restriction of h to Vp is an isomorphism of the graph Γp.

Proof. Let E ∈ Ep. Since p ∈ ΠE , we can apply Lemma 11 and conclude that FE ∈ F′′.

Using fact that h̃ is isomorphism of F we get Fh[E] = h̃(FE) ∈ F′′. Since h[E] ⊆ h[Vp] =
Vp, we obtain p ∈ Πh[E]. Using Lemma 11 once more, we obtain that Ah[E] = {2, p},
which means that h[E] ∈ Ep. By analogical reasoning we can prove that h−1[E] ∈ Ep for
every E ∈ Ep. This means that h�Vp is an isomorphism of the graph Γp. �

The structure of the graph Γp depends on properties of the prime number p.
A prime number p is called

• Fermat prime if p = 2n + 1 for some n ∈ N;
• Mersenne prime if p = 2n − 1 for some n ∈ N;
• Fermat�Mersenne if p is either Fermat prime or Mersenne prime.

It is known (and easy to see) that for any Fermat prime number p = 2n+ 1 the exponent
n is a power of 2, and for any Mersenne prime number p = 2n − 1 the power n is
a prime number. It is not known whether there are in�nitely many Fermat�Mersenne
prime numbers. All known Fermat prime numbers are the numbers 22n

+ 1 for 0 ≤ n ≤ 4
(see oeis.org/A019434 in [9]). At the moment only 51 Mersenne prime numbers are
known, see the sequence oeis.org/A000043 in [9].

Lemma 19. Let p be an odd prime number, p 6= 3.

(1) If p = 3, then the set Ep of the edges of the graph Γp coincides with the

set of doubletons {ε2a−13b, ε2a−13b+1}, {ε2a−13b, 2εa−13b+2}, {ε2a−13b, ε2a3b},
{ε2a−13b,ε2a+13b}, {ε2a−13b+1,ε2a+13b}, {ε2a+13b,ε2a3b+1}, {ε2a+33b,ε2a3b+2},
{ε2a−13b,−ε2a−13b+1}, {ε2a−13b,−ε2a3b}, {ε2a−13b,−ε2a+23b},
{ε2a−13b,−ε2a−13b} for some a, b ∈ N, ε ∈ {−1, 1}.

(2) If p = 2m + 1 > 3 is Fermat prime, then

Ep =
{
{ε2a−1pb, ε2a−1pb+1}, {ε2a−1pb, ε2apb}, {ε2a−1pb,−ε2a+m−1pb},

{ε2a−1pb,−ε2a−1pb}, {ε2m+a−1pb, ε2a−1pb+1} : a, b ∈ N, ε ∈ {−1, 1}
}
.
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(3) If p = 2m − 1 > 3 is a Mersenne prime, then

Ep =
{
{ε2apb, ε2a−1pb}, {ε2a−1pb, ε2m+a−1pb}, {ε2a−1pb+1, ε2m+a−1pb},

{ε2a−1pb,−ε2a−1pb}, {ε2a−1pb,−ε2a−1pb+1} : a, b ∈ N, ε ∈ {−1, 1}
}
.

(4) If p is not Fermat�Mersenne, then

Ep =
{
{ε2a−1pb,−ε2a−1pb}, {ε2a−1pb, ε2apb} : a, b ∈ N, ε ∈ {−1, 1}

}
.

Proof. Proof of Lemma 19 in each of cases (1)�(4) will be similar. The edges of graph Γp
are 2-element subsets of set Vp such that AE = {2, p}. Since the vertices of graph Γp are
numbers of the form ±2n−1pm, where n,m ∈ N, we can apply Lemma 2 and conclude
that a doubleton {x, y} ⊂ Vp belongs to Ep if and only if {2, p} = Πx ∪ Πy ∪ Πx−y. In
subsequent proofs, we will intensively use the Mih�ailescu Theorem 4 saying that 23, 32 is
a unique pair of consecutive powers.

1. First we consider the case of p = 3. It is easy to see that the doubletons {x, y}
written in statement (1) have Πx∪Πy ∪Πx−y ⊆ {2, 3}, which implies that {x, y} ∈ E3. It
remains to show that every doubleton {x, y} ∈ E3 is of the form indicated in statement
(1). Write {x, y} as {ε2a−13b, δ2c−13d} for some a, b, c, d ∈ N, ε, δ ∈ {−1, 1} such that
2a−13b ≤ 2c−13d.

If a = c and b = d, then ε 6= δ and {x, y} = {ε2a−13b,−ε2a−13b}.
If a = c, then b ≤ d and the inclusion Πx−y ⊆ {2, 3} implies that Π3d−b−ε/δ ⊆ {2, 3}

and hence 3d−b−ε/δ is a power of 2. If ε/δ = 1 then by the Mih�ailescu Theorem 4, d−b ∈
{1, 2}, which means that {x, y} is equal to {ε2a−13b, ε2a−13b+1} or {ε2a−13b, ε2a−13b+2}.
If ε/δ = −1 then by the Mih�ailescu Theorem 4, d− b ∈ {0, 1}, which means that {x, y}
is equal to {ε2a−13b,−ε2a−13b} or {ε2a−13b,−ε2a−13b+1}.

If b = d, then a ≤ c and the inclusion Πx−y ⊆ {2, 3} implies that Π2c−a−ε/δ ⊆ {2, 3}
and hence 2c−a − ε/δ is either 2 or a power of 3. If ε/δ = 1 then by the Mih�ailescu
Theorem 4, c − a ∈ {1, 2}, which means that {x, y} is equal to {ε2a−13b, ε2a3b}
or {ε2a−13b, ε2a+13b}. If ε/δ = −1 then by the Mih�ailescu Theorem 4, c − a ∈
{0, 1, 3}, which means that {x, y} is equal to {ε2a−13b,−ε2a−13b}, {ε2a−13b,−ε2a3b} or
{ε2a−13b,−ε2a+23b}.

So, we assume that a 6= c and b 6= d. In this case we should consider four subcases.
If a < c and b < d, then Πx−y ⊆ {2, 3} implies that each prime divisor of 2c−a3d−b−

ε/δ is equal to 2 or 3, which is not possible.
If a < c and b > d, then Πx−y ⊆ {2, 3} and 2a−13b ≤ 2c−13d imply that 2c−a −

(ε/δ)3b−d = 1 which implies that ε = δ. Hence c− a = 2 and b− d = 1 by the Mih�ailescu
Theorem 4. In this case {x, y} = {ε2a−13d+1, ε2a+13d}.

If a > c and b < d, then Πx−y ⊆ {2, 3} and 2a−13b ≤ 2c−13d imply that 3d−b −
(ε/δ)2a−c = 1. This implies that ε/δ = 1 and hence 〈d− b, a− c〉 ∈ {〈1, 1〉, 〈2, 3〉} by the
Mih�ailescu Theorem 4. In this case {x, y} is equal to {2c+13b, 2c3b+1} or {2c+33b, 2c3b+2}.

The subcase a > c and b > d is forbidden by the inequality 2a−13b ≤ 2c−13d.
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Figure 1. The graph Γ3

2. Assume that p = 2m + 1 > 3 is a Fermat prime. In this case m > 1. Since p > 3,
p is not Mersenne prime. It is easy to check that every doubleton

{x, y} ∈
{
{ε2a−1pb, ε2a−1pb+1}, {ε2a−1pb, ε2apb}, {ε2a−1pb,−ε2a+m−1pb},

{ε2a−1pb,−ε2a−1pb}, {ε2m+a−1pb, ε2a−1pb+1} : a, b ∈ N, ε ∈ {−1, 1}
}

has A{x,y} = Πx ∪Πy ∪Πx−y = {2, p} and hence {x, y} ∈ Ep.
Now assume that {x, y} ∈ Ep is an edge of the graph Γp. Then

Πx ∪Πy ∪Πx−y = A{x,y} = {2, p}
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and {x, y} can be written as {ε2a−1pb, δ2c−1pd} for some a, b, c, d ∈ N, ε, δ ∈ {−1, 1}
with 2a−1pb ≤ 2c−1pd.

If a = c, b = d and ε = −δ then Πε2a−1pb−δ2a−1pb = Πε2apb ⊂ {2, p}. In this case

{x, y} = {ε2a−1pb,−ε2a−1pb}.
If a = c, then b ≤ d and the inclusion Πx−y ⊆ {2, p} implies that Πpd−b−ε/δ ⊆ {2, p}

and hence pd−b − ε/δ is a power of 2. By the Mih�ailescu Theorem 4, d − b ∈ {0, 1}. If
d− b = 0, then ε = −δ and {x, y} = {ε2a−1pb,−ε2a−1pb} by the preceding case. So, we
assume that d− b = 1. Since p is not Mersenne prime, we conclude that ε = δ, and hence
{x, y} is equal to {ε2a−1pb, ε2a−1pb+1}.

If b = d, then a ≤ c and the inclusion Πx−y ⊆ {2, p} implies that Π2c−a−ε/δ ⊆ {2, p}
and hence 2c−a−ε/δ is a power of p. By the Mih�ailescu Theorem 4, 2c−a−ε/δ ∈ {1, p} =
{1, 2m+1}. If ε = δ then c−a = 1, which means that {x, y} is equal to {ε2a−1pb, ε2apb}.
If ε = −δ then c− a = m and {x, y} = {ε2a−1pb,−ε2a+m−1pb}.

So, we assume that a 6= c and b 6= d. In this case we should consider four subcases.
If a < c and b < d, then Πx−y ⊆ {2, p} implies that each prime divisor of 2c−apd−b−

ε/δ is equal to 2 or p, which is not possible.
If a < c and b > d, then Πx−y ⊆ {2, p} implies that 2c−a − (ε/δ)pb−d = 1 and

hence ε = δ. In this case the Mih�ailescu Theorem 4 ensures that b − d = 1 and hence
2c−a = p+ 1 = 2m + 2 which is not possible (as m > 1).

If a > c and b < d, then Πx−y ⊆ {2, p} implies that pd−b − (ε/δ)2a−c = 1, which
implies that ε = δ. The Mih�ailescu Theorem 4 implies that d− b = 1 and hence 2a−c =
p− 1 = 2m and a− c = m. In this case {x, y} = {ε2c+m−12b, ε2c−1pb+1}.

The subcase a > c and b > d is forbidden by the inequality 2a−1pb ≤ 2c−1pd.

3. Assume that p = 2m − 1 > 3 is Mersenne prime. In this case m > 2 and p is not
Fermat. It is easy to check that every doubleton

{x, y} ∈
{
{ε2apb, ε2a−1pb}, {ε2a−1pb, ε2m+a−1pb}, {ε2a−1pb+1, ε2m+a−1pb},

{ε2a−1pb,−ε2a−1pb}, {ε2a−1pb,−ε2a−1pb+1} : a, b ∈ N, ε ∈ {−1, 1}
}

has A{x,y} = Πx ∪Πy ∪Πx−y = {2, p} and hence {x, y} ∈ Ep.
Now assume that {x, y} ∈ Ep is an edge of the graph Γp. Then Πx ∪ Πy ∪ Πx−y =

A{x,y} = {2, p} and {x, y} can be written as {ε2a−1pb, δ2c−1pd} for some a, b, c, d ∈ N,
ε, δ ∈ {−1, 1} with 2a−1pb ≤ 2c−1pd.

If a = c, b = d, then ε = −δ and {x, y} = {ε2a−1pb,−ε2a−1pb}.
If a = c, then b ≤ d and the inclusion Πx−y ⊆ {2, p} implies that Πpd−b−ε/δ ⊆ {2, p}

and hence pd−b − ε/δ is a power of 2. By the Mih�ailescu Theorem 4, d − b ∈ {0, 1}. If
d− b = 0, then {x, y} = {ε2a−1pb,−ε2a−1pb} by the preceding case. So, we assume that
d− b = 1. If ε = δ, then pd−b − ε/δ = p− 1 = 2m − 2 is a power of 2, which is not true
as m > 2. Therefore ε = −δ and {x, y} is equal to {ε2a−1pb,−ε2a−1pb+1}

If b = d, then a ≤ c and the inclusion Πx−y ⊆ {2, p} implies that Π2c−a−ε/δ ⊆ {2, p}
and hence 2c−a−ε/δ is a power of p. By the Mih�ailescu Theorem 4, 2c−a−ε/δ ∈ {1, p} =
{1, 2m − 1}, which implies that ε = δ and c − a ∈ {1,m}. Therefore {x, y} is equal to
{ε2a−1pb, ε2apb} or {ε2a−1pb, ε2m+a−1pb}.

So, we assume that a 6= c and b 6= d. By analogy with the case of Fermat primes,
we can show that the subcases (a < c and b < d) and (a > c and b > d) are impossible.
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Figure 2. The graph Γ5

If a < c and b > d, then Πx−y ⊆ {2, p} implies that 2c−a − (ε/δ)pb−d = 1, and
hence ε/δ = 1. Then the Mih�ailescu Theorem 4 ensures that b − d = 1 and hence
2c−a = p+ 1 = 2m and c− a = m. In this case {x, y} = {ε2a−1pd+1, ε2a+m−1pd}.

If a > c and b < d, then Πx−y ⊆ {2, p} implies that pd−b− (ε/δ)2a−c = 1 and hence
ε/δ = 1. Then Mih�ailescu Theorem 4 implies that d − b = 1 and hence 2a−c = p − 1 =
2m − 2, which is not possible as m > 2.

4. Assume that p is not Fermat�Mersenne. It is easy to check that every doubleton

{x, y} ∈
{
{ε2a−1pb,−ε2a−1pb}, {ε2a−1pb, ε2apb} : a, b ∈ N, ε ∈ {−1, 1}

}
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Figure 3. The graph Γ7

has A{x,y} = Πx ∪Πy ∪Πx−y = {2, p} and hence {x, y} ∈ Ep.
Now assume that {x, y} ∈ Ep is an edge of the graph Γp. Then Πx ∪ Πy ∪ Πx−y =

A{x,y} = {2, p} and {x, y} can be written as {ε2a−1pb, δ2c−1pd} for some a, b, c, d ∈ N,
ε, δ ∈ {−1, 1} with 2a−1pb ≤ 2c−1pd.

If a = c and b = d, then ε 6= δ and {x, y} = {2a−1pb,−2a−1pb}.
If a = c, then b ≤ d and the inclusion Πx−y ⊆ {2, p} implies that Πpd−b−ε/δ ⊆ {2, p}

and hence pd−b− ε/δ is a power of 2. By the Mih�ailescu Theorem 4, d− b = 1 and hence
p is either Fermat prime or Mersenne prime which is not true.

If b = d, then a ≤ c and the inclusion Πx−y ⊆ {2, p} implies that Π2c−a−ε/δ ⊆ {2, p}
and hence 2c−a− ε/δ is a power of p. By the Mih�ailescu Theorem 4, 2c−a− ε/δ ∈ {1, p}.
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Figure 4. The graph Γ11

Taking into account that p is neither Fermat nor Mersenne prime, we conclude that if
ε = δ, 2c−a − 1 = 1 and hence c− a = 1. Then {x, y} = {ε2a−1pb, ε2apb}.

So, we assume that a 6= c and b 6= d. By analogy with the case of Fermate primes,
we can show that the subcases (a < c and b < d) and (a > c and b > d) are impossible.

If a < c and b > d, then Πx−y ⊆ {2, p} implies that 2c−a − (ε/δ)pb−d = 1. By the
Mih�ailescu Theorem 4 b − d = 1 and hence p = 2c−a − 1 is a Mersenne prime, which is
not true.

If a > c and b < d, then Πx−y ⊆ {2, p} implies that pd−b − (ε/δ)2a−c = 1. By the
Mih�ailescu Theorem 4 d− b = 1 and hence p = 1 + 2a−c is a Fermat prime, which is not
true. �
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In Figures 1, 2, 3, 4 we draw the graphs Γp for p equal to 3, 5, 7, 11. Observe that 3
is both Fermat and Mersenne prime, 5 is Fermat prime, 7 is Mersenne prime and 11 is
not Fermat�Mersenne.

Lemma 20. Let p be an odd prime number and h be a positive homeomorphism of the

Kirch space.

(1) If p is Fermat-Mersenne, then h(p) = p;
(2) If p is not Fermat-Mersenne, then h(p) = pn for some n ∈ N.

Proof. 1. Lemma 19(1) implies that the degree of ±3 in the graph Γ3 is equal to 8 but
the other vertices have degree at least 9. Hence h(3) = ±3. Assume that h(3) = −3.
Then by Lemma 14 and by Lemma 13

{2, 3} = A{2,3} = Ah({2,3}) = A{2,−3} = {2, 3, 5}
but this is not true and hence h(3) = 3.

Assume that p > 3 is either Fermat or Mersenne prime. Lemma 19(2,3) implies that
the degree of ±p in the graph Γp is 4 but the other vertices have degree at least 5. Hence
h(p) = ±p. Assume that h(p) = −p. By Lemma 14, A{1,p} = A{1,h(p)} = A{1,−p}, so
{p} ∪Πp−1 = {p} ∪Πp+1, according to Lemma 2. This implies that Πp−1 = Πp+1 = {2}.
Hence p is both Fermate and Mersenne which is possible i� p = 3 and this contradicts
our assumption. Therefore h(p) = p.

2. Let p be an odd prime number, which is not Fermat�Mersenne. Lemma 19(4)
implies that the set ±pN = {εpn : n ∈ N, ε ∈ {−1, 1}} coincides with the set of vertices
of order 2 in the graph Γp. Taking into account that h�Vp is an isomorphism of the
graph Γp, we conclude that h(p) = ±pn for some n ∈ N. Assume that h(p) = −pn.
Then h({−1, p}) = {−1,−pn}. By Lemma 13, A{−1,p} = A{−1,−pn}, so {p} ∪ Πp+1 =
{p} ∪ Πpn−1, according to Lemma 2. Since {p} does not intersect Πp+1 and Πpn−1 we
conclude that Πp+1 = Πpn−1. Hence we get the inclusion Πp−1 ⊆ Πpn−1 = Πp+1. If some
prime number d divides p − 1 then the inclusion Πp−1 ⊆ Πp+1 implies that d divides
p+ 1, consequently d divides the di�erence (p + 1) − (p − 1) = 2 and hence d = 2. As
a consequence, Πp−1 = {2} and p − 1 = 2m for some m ∈ N which contradicts the
assumption that p is not Fermat prime. Hence h(p) = pn. �

Lemma 21. For any positive homeomorphism h of the Kirch space and any prime

number p we have h(p) = p.

Proof. If p = 2, then h(p) = p by Lemma 14. If p is Fermat�Mersenne, then h(p) = p by
Lemma 20. So, we assume p is not Fermat�Mersenne. By Lemma 20, h(p) = pn for some
n ∈ N. By Lemmas 2, 14 and 13,

{p} ∪Πp−1 = A{1,p} = A{1,h(p)} = A{1,pn} = {p} ∪Πpn−1

and hence Πpn−1 = Πp−1. Since p is not Mersenne prime, Zsigmondy Theorem 5
guarantees that n = 1 and hence h(p) = p1 = p. �

Lemma 22. The positive homeomorphism group of the Kirch space is trivial.

Proof. To derive a contradiction, assume that the Kirch space admits a homeomorphism
h such that h(x) 6= x for some number x. By the Hausdor� property of the Kirch space
and the continuity of h, there exists a neighborhood Ox of x in the Kirch topology such
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that h[Ox] ∩ Ox = ∅. By the de�nition of the Kirch topology, there exists a square-free
number b such that Πb ∩ Πx = ∅ and x + bZ ⊆ Ox. By the Dirichlet Theorem 3, the
arithmetic progression x+bN ⊆ x+bZ contains some prime number p. Then h[Ox]∩Ox =
∅ implies h(p) 6= p, which contradicts Lemma 21. �

Our �nal lemma completes the proof of Theorem 1.

Lemma 23. Any homeomorphism h of the Kirch space Z• is equal to i : Z• → Z•,
i : x 7→ x or to j : Z• → Z•, j : x 7→ −x.

Proof. If h is positive, then h = i by previous Lemma. If h is not positive then h(1) < 0
and j ◦h(1) > 0. Then the homeomorphism j ◦h is positive and equals i by the preceding
case. This implies that

h = i ◦ h = (j ◦ j) ◦ h = j ◦ (j ◦ h) = j ◦ i = j.

�
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ÃÎÌÅÎÌÎÐÔIÇÌÈ ÏÐÎÑÒÎÐÓ ÍÅÍÓËÜÎÂÈÕ ÖIËÈÕ

×ÈÑÅË Ç ÒÎÏÎËÎÃI�Þ ÊIÐÕÀ

ßðèíà ÑÒÅËÜÌÀÕ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, 79000, Ëüâiâ

e-mails: yarynziya@ukr.net

Òîïîëîãiÿ Ãîëîìáà (âiäïîâiäíî Êiðõà) íà ìíîæèíi Z• íåíóëüîâèõ öi-
ëèõ ÷èñåë ïîðîäæó¹òüñÿ áàçîþ, ùî ñêëàäà¹òüñÿ ç àðèôìåòè÷íèõ ïðîãðåñié
a+ bZ = {a+ bn : n ∈ Z}, äå a ∈ Z• i b � âçà¹ìíî ïðîñòå ç a ÷èñëî, (ùî íå
äiëèòüñÿ íà êâàäðàò æîäíîãî ïðîñòîãî ÷èñëà). Ó 2019 ðîöi Äàðiî Ñïiðiòî
äîâiâ, ùî ïðîñòið íåíóëüîâèõ öiëèõ ÷èñåë ç òîïîëîãi¹þ Ãîëîìáà äîïóñêà¹
ëèøå äâà àâòîãîìåîìîðôiçìè. Ìè äîâîäèìî àíàëîãi÷íèé ôàêò äëÿ ïðîñ-
òîðó íåíóëüîâèõ öiëèõ, íàäiëåíîãî òîïîëîãi¹þ Êiðõà: âií òàêîæ ìà¹ ðiâíî
äâà àâòîãîìåîìîðôiçìè.

Êëþ÷îâi ñëîâà: òîïîëîãiÿ Êiðõà, ñóïåðçâ'ÿçíèé ïðîñòið, ñóïåðçâ'ÿçóþ-
÷à ÷àñòêîâî âïîðÿäêîâàíà ìíîæèíà.
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ON SPECTRUM OF STRINGS WITH δ′-LIKE PERTURBATIONS
OF MASS DENSITY
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We study the asymptotic behaviour of eigenvalues and eigenfunctions of a
boundary value problem for the Sturm-Liouville operator with general boun-
dary conditions and the weight function perturbed by the so-called δ′-like
sequence ε−2h(x/ε). The eigenvalue problem is realized as a family of non-
self-adjoint matrix operators acting on the same Hilbert space and the norm
resolvent convergence of this family is established. We also prove the Hausdor�
convergence of the perturbed spectra.

Key words: Sturm-Liouville operator, adjoint mass, concentrating mass,
singular perturbation, spectral problem, norm resolvent convergence, Hausdor�
convergence, non-self-adjoint operator.

1. Introduction

The vibrating systems with added masses have become the subject of research for
mathematicians and physicists since the time of Poisson and Bessel [1, Ch.2], and an
enormous number of studies have been devoted to these problems. Many authors have
investigated properties of one-dimensional continua (strings and rods) with the mass

density perturbed by the �nite or in�nite sum
∑
k

Mkδ(x − xk), where δ is the Dirac

function (see for instance [2, 3, 4, 5] and the references given there). The mathematical
models involving the δ-functions are in general non suitable for 2D and 3D elastic systems,
because the formal partial di�erential expressions which appear in the models often have
no mathematical meaning. Such models are also not adequate in the one-dimensional

2020 Mathematics Subject Classi�cation: 34B24, 34L05, 34L10

© Golovaty, Yu., 2020
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case, when the added masses Mk are large enough. The large adjoint mass can lead to a
strong local reaction which brings about a considerable change in the basic form of the
oscillations. But this reaction cannot be described on the discrete set which is a support
of singular distributions. It is natural that the geometry of a small part of the vibrating
system where the large mass is loaded should also have an e�ect on eigenfrequencies and
eigenvibrations. Since the works of E. S�anchez-Palencia [6, 7, 8], more adequate and more
complicated mathematical models of media with the concentrated masses have gained
popularity; the asymptotic analysis began to be applied to the spectral problems with
the perturbed mass density having the form

ρε(x) = ρ0(x) +
∑
k

ε−mkhk

(
x− xk
ε

)
,

where hk are functions of compact support and mk ∈ R. The most interesting cases of
the limit behaviour of eigenvalues and eigenfunctions as ε→ 0 arise when the powers mk

are greater than or equal to the dimension of vibrating system.
These improved models have attracted considerable attention in the mathematical

literature over three past decades (see review [9]). The classic elastic systems such as
strings, rods, membranes, plates and bodies with the perturbed density

ρε(x) = ρ0(x) + ε−mh(x/ε)

have been considered in [10, 11, 12, 13, 14, 15, 16, 17], where the convergence of spectra for
each realm and the complete asymptotic expansions of eigenvalues and eigenfunctions for
selected values of m have been obtained. The in�uence of the concentrated masses on the
spectral characteristics and oscillations of junctions, the objects with very complicated
geometry, has been studied in [18, 19, 20]. The asymptotic behaviour of eigenvalues
and eigenfunctions of membranes and bodies with many concentrated masses near the
boundary has been investigated in [21, 22, 23, 24, 25]. In [26, 27] the asymptotic analysis
has been applied to the spectral problems for membranes and plates with the density
perturbed in a thin neighbourhood of a closed smooth curve. The spectral problems on
metric graphs that describe the eigenvibrations of elastic networks with heavy nodes have
been studied in [28, 29].

A characteristic feature of such problems is the presence of perturbed density ρε
at the spectral parameter, which in turn leads to a self-adjoint operator realization of
the problem in a Hilbert space (a weighted Lebesgue space) that also depends on the
small parameter. The study of families of operators acting on varying spaces entails
some mathematical di�culties. First of all, the question arises how to understand the
convergence of such families. Next, if these operators do converge in some sense, does this
convergence implies the convergence of their spectra (see [15, III.1], [31, 32, 33] for more
details). Most of the above-mentioned publications deal with asymptotic approximations
of eigenvalues and eigenfunctions; justifying such asymptotics, the researchers used the
theory of quasimodes [34], and therefore the question of the operator convergence can be
avoided in the studies.

In this paper we consider the Sturm-Liouville operators and investigate the ei-
genvalue problems with general boundary conditions and the weight function perturbed
by the so-called δ′-like sequence ε−2h(x/ε). By abandoning the self-adjointness, we reali-
ze the perturbed problem as a family of non-self-adjoint matrix operators Aε acting on
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a �xed Hilbert space and prove the norm resolvent convergence of Aε as ε → 0. The
operators Aε are certainly similar to self-adjoint ones for each ε and their spectra are
real, discrete and simple. Surprisingly enough, the limit operator is essentially non-self-
adjoint, because it possesses multiple eigenvalues with non-trivial Jordan cells. Actually
the singularly perturbed problem gives us an example of some self-adjoint operators Tε
with compact resolvents acting on varying spaces Hε that �converge� to a non-self-adjoint
operator T0 in the space H0. More precisely, the spectra of Tε converge to the spectrum
of T0 in the Hausdor� sense, taking account of the algebraic multiplicities of eigenvalues;
moreover the limit position, as ε → 0, of the eigensubspaces of Tε can be described by
means of the root subspaces of T0.

Note that a partial case of the problem, namely the Sturm-Liouville operator without
a potential subject to the Dirichlet type boundary condition, was previously studied in
[13]. In Theorem 9, the Hausdor� convergence of the perturbed spectrum to some limit
set was proved. This limit set was treated as a union of spectra of three self-adjoint
operators (cf. Theorem 2 below), but the limit operator was not constructed and the
question of eigenvalue multiplicity was not discussed.

We use the following notation. Let L2(r, I) be the weighted Lebesgue space with the
norm

‖f‖L2(r,I) =

∫
I

r(x)|f(x)|2 dx

1/2

,

provided r is positive. Throughout the paper, W k
2 (I) stands for the Sobolev space of the

functions de�ned on I ⊂ R that belong to L2(I) together with their derivatives up to the
order k. The norm in W k

2 (I) is given by

‖f‖Wk
2 (I) :=

(
‖f (k)‖2L2(I) + ‖f‖2L2(I)

)1/2

,

where ‖f‖L2(I) is the usual L2-norm. The spectrum, point spectrum and resolvent set of
a linear operator T are denoted by σ(T ), σp(T ) and ρ(T ), respectively, and the Hilbert
space adjoint operator of T is T ∗. For any complex number z ∈ ρ(T ), the resolvent
operator Rz(T ) is de�ned by Rz(T ) = (T −z)−1. Also, we will sometimes abuse notation
and write column vectors as row vectors.

2. Statement of Problem

Let I = (a, b) be a �nite interval in R containing the origin and ε be a small positive
parameter. Set Ia = (a, 0), Ib = (0, b), Iεa = (a,−ε), Iεb = (ε, b) and J = (−1, 1). We
study the limiting behavior as ε → 0 of eigenvalues λε and eigenfunctions yε of the
problem

−y′′ε + q(x)yε = λεrε(x)yε, x ∈ I, (1)

yε(a) cosα+ y′ε(a) sinα = 0, (2)

yε(b) cosβ + y′ε(b) sinβ = 0 (3)
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with the singularly perturbed weight function

rε(x) =

{
r(x), x ∈ Iεa ∪ Iεb ,
ε−2h(ε−1x), x ∈ (−ε, ε).

Assume that α, β ∈ R, q, r ∈ L∞(I) and h ∈ L∞(J ); r and h are uniformly positive.
For any �xed real α, β and positive ε small enough, problem (1)�(3) admits a self-

adjoint realization in the weighted space L2(rε, I). Let us consider the Sturm-Liouville
di�erential expression τ(φ) = −φ′′ + qφ. We introduce the operator Tε de�ned by Tεφ =
r−1
ε τ(φ) on the functions φ ∈ W 2

2 (I) obeying boundary conditions (2) and (3). Hence
{Tε}ε>0 is a family of self-adjoint operators in the varying Hilbert spaces L2(rε, I). Of
course the spectrum of Tε is real, discrete and simple.

Problem (1)�(3) can be also associated with a non-self-adjoint matrix operator in
the �xed Hilbert space L = L2(r, Ia) × L2(h,J ) × L2(r, Ib) as follows. Subsequently,
we will write boundary conditions (2) and (3) for a function φ as `aφ = 0 and `bφ = 0
respectively. Let us introduce the new variable t = x/ε and set wε(t) = yε(εt). Then the
eigenvalue problem can be written in the form

− y′′ε + q(x)yε = λεr(x)yε, x ∈ Iεa, `ayε = 0, (4)

− w′′ε + ε2q(εt)wε = λεh(t)wε, t ∈ J , (5)

− y′′ε + q(x)yε = λεr(x)yε, x ∈ Iεb , `byε = 0 (6)

with the coupling conditions

yε(−ε) = wε(−1), yε(ε) = wε(1), (7)

εy′ε(−ε) = w′ε(−1), εy′ε(ε) = w′ε(1). (8)

Let Åa be the operator in L2(r, Ia) that is de�ned by Åaφ = r−1τ(φ) on the functions φ

belonging to the set D(Åa) =
{
φ ∈W 2

2 (Ia) : `aφ = 0
}
. Similarly, let Åb be the operator

in L2(r, Ib) such that Åbφ = r−1τ(φ) and D(Åb) =
{
φ ∈W 2

2 (Ib) : `bφ = 0
}
. We also

introduce the operator B̊ = −h−1 d
2

dt2
in L2(h,J ) with domain D(B̊) = W 2

2 (J ) and its

potential perturbation B̊ε = B̊ + ε2 q(εt)

h(t)
.

Let us consider the matrix operator

Aε =

Åa 0 0

0 B̊ε 0

0 0 Åb


in L, acting on the domain

D(Aε) =
{

(φa, ψ, φb) ∈ D(Åa)×D(B̊ε)×D(Åb) :

φa(−ε) = ψ(−1), φb(ε) = ψ(1), εφ′a(−ε) = ψ′(−1), εφ′b(ε) = ψ′(1)
}
.

A straightforward calculation shows that Aε is non-self-adjoint. Note that the spectral
equation (Aε − λε)Yε = 0 is slightly di�erent from eigenvalue problem (4)�(8). In fact,
if we display the components of the vector Yε by writing Yε = (yaε , wε, y

b
ε), then we see

at once that yaε is a solution of (4) on the whole interval Ia (not only in Iεa), and ybε
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is a solution of (6) on the whole interval Ib. However, this �extra information�, namely
the extensions of the solutions to the intervals Ia and Ib, does not prevent the operator
Aε from adequately describing the spectrum and the eigenfunctions of (4)�(8) (or also
(1)�(3)), because of the uniqueness of such extensions.

Proposition 1. σ(Aε) = σ(Tε).

Proof. Fix a positive ε. We will show that ρ(Aε) = ρ(Tε). Suppose �rst that ζ ∈ ρ(Tε) and
consider the equation (Aε−ζ)Y = F , where F belongs to L. Suppose that F = (fa, f0, fb).
Then we can construct the function

f(x) =


fa(x) for x ∈ Iεa,
f0(x/ε) for x ∈ (−ε, ε),
fb(x) for x ∈ Iεb

belonging to L2(rε, I). Next, y = (Tε − ζ)−1f is a unique solution of the problem

− y′′ + qy − ζry = rfa in Iεa, `ay = 0, (9)

− ε2y′′ + ε2qy − ζhy = hf0 in (−ε, ε), (10)

− y′′ + qy − ζry = rfb in Iεb , `by = 0, (11)

[y]−ε = 0, [y]ε = 0, [y′]−ε = 0, [y′]ε = 0, (12)

where [y]x0
is a jump of y at the point x0. Denote by ya the extension of y from Iεa to Ia

as a solution of (9). Recall that the right hand side fa is de�ned on the whole interval Ia.
This extension is uniquely de�ned. Similarly, we denote by yb the solution of (11) in Ib
such that yb(x) = y(x) for x ∈ Iεb . Then the vector Y (x) = (ya(x), y(x/ε), yb(x)) belongs
to D(Aε) and solves (Aε− ζ)Y = F . The last equation admits a unique solution Y ; if we
assume that there are more such solutions, then we immediately obtain a contradiction
with the uniqueness of y. Therefore, ρ(Aε) ⊂ ρ(Tε).

Conversely, suppose ζ ∈ ρ(Aε). We prove that (Tε− ζ)y = f is uniquely solvable for
all f ∈ L2(rε, I). Given f , construct the vector F = (fa(x), f(εt), fb(x)), where fa and
fb are the restrictions of f to Ia and Ib respectively. Then the problem

− φ′′a + qφa − ζrφa = rfa in Ia, `aφa = 0,

− ψ′′ + ε2q(ε ·)ψ − ζhψ = hf(ε ·) in J ,
− φ′′b + qφb − ζrφb = rfb in Ib, `bφb = 0,

φa(−ε) = ψ(−1), φb(ε) = ψ(1), εφ′a(−ε) = ψ′(−1), εφ′b(ε) = ψ′(1).

admits a unique solution Y = (Aε − ζ)−1F . If Y = (φa, ψ, φb), then function

y(x) =


φa(x) for x ∈ Iεa,
ψ(x/ε) for x ∈ (−ε, ε),
φb(x) for x ∈ Iεb

is a solution of (9)�(12). Since the spectrum of Tε is discrete, the solvability of (Tε−ζ)y =
f for all f ∈ L2(rε, I) ensures ζ ∈ ρ(Tε), and hence ρ(Tε) ⊂ ρ(Aε). �
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3. Norm Resolvent Convergence of Aε
In this section we will prove that the family of operators Aε converges in the norm

resolvent sense as ε→ 0. Let B be the restriction of B̊ to the domain

D(B) =
{
ψ ∈ D(B̊) : ψ′(−1) = 0, ψ′(1) = 0

}
.

We introduce the matrix operator

A =

Åa 0 0
0 B 0

0 0 Åb


in the space L acting on

D(A) =
{

(φa, ψ, φb) ∈ D(Åa)×D(B)×D(Åb) : φa(0) = ψ(−1), φb(0) = ψ(1)
}
.

This operator is associated with the eigenvalue problem

− u′′ + qu = λru in ∈ Ia, `au = 0, (13)

− w′′ = λhw, in ∈ J , w′(−1) = 0, w′(1) = 0, (14)

− v′′ + qv = λrv in ∈ Ib, `bv = 0, (15)

u(0) = w(−1), v(0) = w(1) (16)

which can be regarded as the limit problem. The following assertion is one of the main
results of this paper.

Theorem 1. The family of operators Aε converges to A as ε→ 0 in the norm resolvent
sense. In addition,

‖Rζ(Aε)− Rζ(A)‖ 6 c
√
ε, (17)

the constant c being independent of ε.

For the convenience of the reader we collect together the de�nitions of all operators
which will be used in the proof.

• Operators T εa (ζ), T εb (ζ), Ta(ζ) and Tb(ζ). We endow D(B̊) with the graph norm,

i.e., the norm of the Sobolev space W 2
2 (J ). Let T εa (ζ) : D(B̊) → L2(r, Ia) be

de�ned as follows. Given ζ ∈ C \R and ψ ∈ D(B̊), we compute ψ(−1), �nd then
a unique solution ua of the problem

− u′′ + qu− ζru = 0 in Ia, `au = 0, u(−ε) = ψ(−1) (18)

and �nally set T εa (ζ)ψ = ua. Similarly, we de�ne T εb (ζ) : D(B̊)→ L2(r, Ib) which
solves the problem

− v′′ + qv − ζrv = 0 in Ib, v(ε) = ψ(1), `bv = 0 (19)

for given ψ ∈ D(B̊). Next, the operators Ta(ζ) and Tb(ζ) stand for T εa (ζ) and
T εb (ζ), provided ε = 0. So Ta(ζ) (resp. Tb(ζ)) solves problem (18) (resp. (19)) for

given ψ ∈ D(B̊) and ε = 0.
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• Operators Sεa(ζ) and Sεb (ζ). Suppose that D(Åa) and D(Åb) are equipped by the
graph norms. These norms are equivalent to the norms of W 2

2 (Ia) and W 2
2 (Ib)

respectively. The operator Sεa(ζ) : D(Åa)→ L2(h,J ) is de�ned by Sεa(ζ)φ = wa,
where wa is a unique solution of

− w′′ + ε2q(ε ·)w = ζhw in J , w′(−1) = φ′(−ε), w′(1) = 0 (20)

for given φ ∈ D(Åb) and ζ ∈ C \ R. Similarly, the operator Sεb (ζ) : D(Åb) →
L2(h,J ) solves

− w′′ + ε2q(ε ·)w = ζhw in J , w′(−1) = 0, w′(1) = φ′(ε) (21)

for some φ ∈ D(Åa) and ζ ∈ C \ R.
• Operator Bε. This operator is the restriction of B̊ε to the domain

D(Bε) =
{
ψ ∈ D(B̊ε) : ψ′(−1) = 0, ψ′(1) = 0

}
.

• Operators Aεa, A
ε
b, Aa and Ab. Let A

ε
a and Aεb be the restrictions of Åa and Åb

respectively to the domains

D(Aεa) = {φ ∈ D(Åa) : φ(−ε) = 0},

D(Aεb) = {φ ∈ D(Åb) : φ(ε) = 0}.

The operators Aa and Ab stand for Aεa and Aεb, provided ε = 0.

We now construct the resolvents of Aε and A in the explicit form as follows. Fix ζ ∈
C\R. First of all, note that the operators T εa (ζ), T εb (ζ), Sεa(ζ) and Sεb (ζ) are well-de�ned
for such values of ζ. Moreover these operators are compact. Given F = (fa, f0, fb) ∈ L,
solve the equation (Aε − ζ)Y = F . The �rst component of Y = (φa, ψ, φb) is a solution
of the Dirichlet type problem

−φ′′ + qφ− ζrφ = rfa in Ia, `aφ = 0, φ(−ε) = ψ(−1).

This solution can be represented as the sum of a solution of the non-homogeneous equati-
on subject to the homogeneous boundary conditions and a solution of (18):

φa = Rζ(A
ε
a)fa + T εa (ζ)ψ. (22)

The same argument yields

φb = Rζ(A
ε
b)fb + T εb (ζ)ψ. (23)

The middle element ψ of Y is a solution of the Neumann type problem

−ψ′′ + ε2q(ε ·)ψ − ζhψ = hf0 in J , ψ′(−1) = εφ′a(−ε), ψ′(1) = εφ′b(ε),

and it can be written as

ψ = Rζ(Bε)f0 + εSεa(ζ)φa + εSεb (ζ)φb. (24)

Then (22)�(24) taken together yield

φa − T εa (ζ)ψ = Rζ(A
ε
a)fa,

−εSεa(ζ)φa + ψ − εSεb (ζ)φb = Rζ(Bε)f0,

−T εb (ζ)ψ + φb = Rζ(A
ε
b)fb.
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It follows that the resolvent of Aε has the form
Rζ(Aε) = Hε(ζ)−1Rε(ζ), (25)

where

Rε(ζ) =

Rζ(A
ε
a) 0 0

0 Rζ(Bε) 0
0 0 Rζ(A

ε
b)

 , (26)

Hε(ζ) =

 E −T εa (ζ) 0
−εSεa(ζ) E −εSεb (ζ)

0 −T εb (ζ) E

 , (27)

and E denotes the identity operator in the corresponding spaces. We shall prove below
that Hε(ζ) is invertible for ε small enough.

Now we consider the equation

(A− ζ)Y = F

for F ∈ L. In the coordinate representation we have (Åa− ζ)φa = fa, (B− ζ)ψ = f0 and

(Åb − ζ)φb = fb, where Y = (φa, ψ, φb) and F = (fa, f0, fb). Obviously, ψ = Rζ(B)f0.
The functions φa and φb are solutions of the problems

− φ′′ + qφ− ζrφ = rfa in Ia, `aφ = 0, φ(0) = ψ(−1);

− φ′′ + qφ− ζrφ = rfb in Ib, φ(0) = ψ(−1), `bφ = 0

respectively. By reasoning similar to that for (22) and (23), we �nd

φa = Rζ(Aa)fa + Ta(ζ)Rζ(B)f0, φb = Rζ(Ab)fb + Tb(ζ)Rζ(B)f0.

Hence the resolvent of A can be written in the form

Rζ(A) =

Rζ(Aa) Ta(ζ)Rζ(B) 0
0 Rζ(B) 0
0 Tb(ζ)Rζ(B) Rζ(Ab)

 . (28)

To compare the resolvents of Aε and A, we need some auxiliary assertions.

Proposition 2. The operators Aεa, A
ε
b and Bε converge as ε → 0 to Aa, Ab and B

respectively in the norm resolvent sense. Moreover

‖Rζ(A
ε
a)− Rζ(Aa)‖ 6 C1

√
ε, ‖Rζ(A

ε
b)− Rζ(Ab)‖ 6 C2

√
ε, (29)

‖Rζ(Bε)− Rζ(B)‖ 6 C3ε
2, (30)

where the constants Ck do not depend on ε.

Proof. Fix ζ ∈ C \ R and let us compare the elements uε = Rζ(A
ε
b)f and u = Rζ(Ab)f

for given f ∈ L2(r, Ib). Since uε and u solve the problems

− u′′ε + quε − ζruε = rf in Ib, uε(ε) = 0, `buε = 0;

− u′′ + qu− ζru = rf in Ib, u(0) = 0, `bu = 0,

they are related by the equality

uε(x) = u(x)− u(ε)

z(ε)
z(x), x ∈ Ib,



68
Yuriy GOLOVATY

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2020. Âèïóñê 89

where z is a solution of the problem

− z′′ + qz − ζrz = 0 in Ib, z(0) = 1, `bz = 0. (31)

Obviously, z(ε) is di�erent from zero for ε small enough. Then we have

‖uε − u‖L2(r,Ib) 6
|u(ε)|
|z(ε)|

‖z‖L2(r,Ib) 6 c1|u(ε)| 6 c2
√
ε ‖u‖W 1

2 (Ib),

because z(ε)→ 1 as ε→ 0 and

|u(ε)| =

∣∣∣∣∣∣
ε∫

0

u′(x) dx

∣∣∣∣∣∣ 6 c3√ε ‖u‖W 1
2 (Ib).

Observe that Rζ(Ab) is a bounded operator from L2(r, Ib) to the domain of Ab equipped
with the graph norm. Since the domain is a subspace of W 1

2 (Ib), there exists a constant
c4 independent of f such that

‖u‖W 1
2 (Ib) 6 c4‖f‖L2(r,Ib).

Therefore ∥∥(Rζ(A
ε
b)− Rζ(Ab)

)
f
∥∥
L2(r,Ib)

6 C2

√
ε ‖f‖L2(r,Ib),

which establishes the norm resolvent convergence Aεb → Ab as ε→ 0 and the correspon-
ding estimate in (29). The proof for the operators Aεa is similar to that just given.

We now turn to the operators Bε and �rst we establish that ‖Rζ(Bε)‖ 6 c for all ε
small enough. Given g ∈ L2(h,J ), consider wε = Rζ(Bε)g which solves

−w′′ε + ε2q(ε ·)wε − ζhwε = hg in J , w′ε(−1) = 0, w′ε(1) = 0.

Recall that q and h are bounded in I and J respectively, and h is uniformly positive on
I. Then we have

‖Rζ(Bε)g‖L2(h,J ) =
∥∥Rζ(B)

(
g − ε2q(ε ·)h−1wε

)∥∥
L2(h,J )

6

6 ‖Rζ(B)g‖L2(h,J ) + ε2‖q‖L∞(I) ‖h−1‖L∞(J ) ‖wε‖L2(h,J ) 6

6 c0‖g‖L2(h,J ) + c1ε
2‖Rζ(Bε)g‖L2(h,J )

and therefore

‖Rζ(Bε)g‖L2(h,J ) 6
c0

1− c1ε2
‖g‖L2(h,J ) 6 c‖g‖L2(h,J ) (32)

if ε is small enough.
Next, we set w = Rζ(B)g. Then the di�erence sε = wε − w solves the problem

−s′′ε − ζhsε = −ε2q(ε ·)wε in J , s′ε(−1) = 0, s′ε(1) = 0.

Hence in view of (32) we deduce

‖(Rζ(Bε)− Rζ(B))g‖L2(h,J ) = ‖sε‖L2(h,J ) 6

6 c2ε
2‖wε‖L2(h,J ) =

= c2ε
2‖Rζ(Bε)g‖L2(h,J ) 6

6 c3ε
2‖g‖L2(h,J ),

which �nishes the proof. �
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Proposition 3. (i) For each ζ ∈ C \ R, we have the bounds

‖T εa (ζ)− Ta(ζ)‖ 6 cε, ‖T εb (ζ)− Tb(ζ)‖ 6 cε,

the constant c being independent of ε.
(ii) There exists a constant C such that

‖Sεa(ζ)‖+ ‖Sεb (ζ)‖ 6 C

for all ε small enough.

Proof. (i) Let us show that T εb (ζ) converge to Tb(ζ) in the norm as ε → 0. The same
proof remains valid for T εa (ζ). Suppose that uε = T εb (ζ)ψ is a solution of (19) for given

ψ ∈ D(B̊). It is easily seen that

uε(x) =
ψ(1)

z(ε)
z(x), x ∈ Ia,

where z is de�ned by (31). If u = Tb(ζ)ψ, then we have u = ψ(1)z. Hence

‖(T εb (ζ)− Tb(ζ))ψ‖L2(r,Ib) =

∥∥∥∥ψ(1)

z(ε)
z − ψ(1)z

∥∥∥∥
L2(r,Ib)

6

6

∣∣∣∣z(ε)− 1

z(ε)

∣∣∣∣ |ψ(1)| ‖z‖L2(r,Ib) 6

6 c1ε ‖ψ‖D(B̊),

because z belongs to C1(Ib) and z(0) = 1. Recall also that D(B̊) = W 2
2 (J ) and hence

‖ψ‖C(J ) 6 C‖ψ‖D(B̊) by the Sobolev embedding theorem.

(ii) For each φ ∈ D(Åb), the function wε = Sεb (ζ)φ is a solution of (21) and satis�es
the estimate ‖wε‖L2(h,J ) 6 c2 |φ′(ε)| with a constant c2 independent of ε, since the
resolvents Rζ(Bε) are uniformly bounded on ε by Proposition 2. The trace operator

jε : D(Åb)→ C, jεφ = φ′(ε), is also uniformly bounded on ε. Therefore

‖Sεb (ζ)φ‖L2(h,J ) = ‖wε‖L2(h,J ) 6 C‖φ‖W 2
2 (Ib).

The same proof works for Sεa(ζ). �

We are now in a position to prove Theorem 1. In view of Proposition 3, we conclude
that the family of matrix operators Hε(ζ), given by (27), converges as ε→ 0 towards

H(ζ) =

E −Ta(ζ) 0
0 E 0
0 −Tb(ζ) E


in the norm. Moreover ‖Hε(ζ)−H(ζ)‖ 6 c1ε. Observe that H(ζ) is invertible and

H(ζ)−1 =

E Ta(ζ) 0
0 E 0
0 Tb(ζ) E

 .

Therefore Hε(ζ) is also invertible for ε small enough, and

‖Hε(ζ)−1 −H(ζ)−1‖ 6 c2ε. (33)
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Recalling (25) and applying Proposition 2, we deduce

Rζ(Aε) = Hε(ζ)−1Rε(ζ)

=

 E −T εa (ζ) 0
−εSεa(ζ) E −εSεb (ζ)

0 −T εb (ζ) E

−1Rζ(A
ε
a) 0 0

0 Rζ(Bε) 0
0 0 Rζ(A

ε
b)


→

E Ta(ζ) 0
0 E 0
0 Tb(ζ) E

Rζ(Aa) 0 0
0 Rζ(B) 0
0 0 Rζ(Ab)


=

Rζ(Aa) Ta(ζ)Rζ(B) 0
0 Rζ(B) 0
0 Tb(ζ)Rζ(B) Rζ(Ab)

 = Rζ(A) as ε→ 0,

by (28). Estimate (17) follows from the equality

Rζ(Aε)− Rζ(A) = Hε(ζ)−1(Rε(ζ)−R(ζ))− (Hε(ζ)−1 −H(ζ)−1)R(ζ)

and bounds (29), (30) and (33). Here R(ζ) = diag
{

Rζ(Aa),Rζ(B),Rζ(Ab)
}
.

4. Spectrum of A

The limit operator

A =

Åa 0 0
0 B 0

0 0 Åb

 ,
D(A) =

{
(φa, ψ, φb) ∈ D(Åa)×D(B)×D(Åb) :

φa(0) = ψ(−1), φb(0) = ψ(1)
}
.

constructed above is non-self-adjoint. Direct computations show that the adjoint operator
A∗ in L has the form

A∗ =

Aa 0 0

0 B̊ 0
0 0 Ab

 ,
D(A∗) =

{
(φa, ψ, φb) ∈ D(Aa)×D(B̊)×D(Ab) :

φ′a(0) = ψ′(−1), φ′b(0) = ψ′(1)
}
.

In what follows we will denote by uλ, vλ and wλ the eigenfunctions of Aa, Ab and
B respectively which correspond to an eigenvalue λ. So uλ, vλ and wλ are non-trivial
solutions of the problems

− u′′ + qu = λru in Ia, `au = 0, u(0) = 0; (34)

− v′′ + qv = λrv in Ib, v(0) = 0, `bv = 0; (35)

− w′′ = λhw in J , w′(−1) = 0, w′(1) = 0 (36)

respectively. Let us normalize these eigenfunctions by setting

‖uλ‖L2(r,Ia) = ‖vλ‖L2(r,Ib) = ‖wλ‖L2(h,J ) = 1. (37)

Denote also by Xλ the root subspace of A for λ, that is

Xλ = span
{

ker(A− λ)k : k ∈ N
}
.

The eigenvectors and root vectors of a non-self-adjoint operator are also called generali-
zed eigenvectors. So Xλ is a subspace of the generalized eigenfunctions corresponding to
the eigenvalue λ.
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Theorem 2. (i) The spectrum of A is real and discrete, and

σ(A) = σ(Aa) ∪ σ(B) ∪ σ(Ab). (38)

(ii) If λ belongs to only one of the sets σ(Aa), σ(B) or σ(Ab), then λ is a simple
eigenvalue of A.

(iii) If λ ∈ σ(Aa)∩σ(Ab), but λ is not an eigenvalue of B, then λ is a double eigenvalue
and Xλ = ker(A− λE).

(iv) Suppose that λ belongs to σ(Aa) ∩ σ(B) (resp. σ(Ab) ∩ σ(B)), but λ is not an
eigenvalue of Ab (resp. Aa), then λ is a double eigenvalue of A. Finally, if λ ∈
σ(Aa) ∩ σ(Ab) ∩ σ(B), then λ is an eigenvalue of A with multiplicity 3. In both
the cases we have Xλ = ker(A− λ)2, but Xλ 6= ker(A− λ).

Proof. (i) Equality (38) follows directly from the explicit representation (28) of Rζ(A).
Indeed, each of spectra σ(Aa), σ(Ab) and σ(B) is contained in the spectrum of A. If ζ
does not belongs to set σ(Aa)∪σ(Ab)∪σ(B), then not only Rζ(Aa), Rζ(Ab), Rζ(B), but
also Ta(ζ) and Tb(ζ) are bounded, because in this case problems (18) and (19) for ε = 0
are uniquely solvable for all ψ ∈ W 2

2 (J ). Therefore operator Rζ(A) is also bounded.
The operators Aa, Ab and B associated with eigenvalue problems (34), (35) and (36) are
self-adjoint and have compact resolvents. Consequently σ(A) is real and discrete.

(ii) Observe that the spectra of Aa, Ab and B are simple. A trivial veri�cation
shows that if λ belongs to only one of the sets σ(Aa), σ(Ab) or σ(B), then λ is a simple
eigenvalue of A with eigenvector (uλ, 0, 0) if λ ∈ σ(Aa), and (0, 0, vλ) if λ ∈ σ(Ab), and
(Ta(λ)wλ, wλ, Tb(λ)wλ) if λ ∈ σ(B).

(iii) In the case λ ∈ σ(Aa)∩σ(Ab) and λ 6∈ σ(B), there are two linearly independent
eigenvectors U = (uλ, 0, 0) and V = (0, 0, vλ). Moreover, equation

(A− λ)Y = c1U + c2V

is unsolvable for any c1 and c2 such that c21 + c22 6= 0. If for instance c1 is di�erent from
zero, then the problem

− u′′ + qu− λru = c1ruλ in Ia, `au = 0, u(0) = 0 (39)

has no solutions. Suppose, contrary to our claim, that such solution exists. Then multi-
plying equation (39) by uλ and integrating by parts yield c1‖uλ‖2L2(r,Ia) = 0. Therefore

Xλ = ker(A− λ) and dimXλ = 2.
(iv) Suppose that λ ∈ σ(Aa) ∩ σ(B) and λ 6∈ σ(Ab). In this case there exists the

eigenvector U = (uλ, 0, 0). Furthermore, we will show that the equation

(A− λ)U∗ = U

is solvable. We are thus looking for a solution U∗ = (u,w, v) of

− u′′ + qu− λru = ruλ in Ia, `au = 0, u(0) = w(−1); (40)

− w′′ − λhw = 0 in J , w′(−1) = 0, w′(1) = 0; (41)

− v′′ + qv − λrv = 0 in Ib, v(0) = w(1), `bv = 0. (42)

Obviously, w = c0wλ for some constant c0, where wλ is a normalized eigenfunction of B.
Then (42) admits a unique solution v∗ = c0 Tb(λ)wλ for each c0, since λ ∈ %(Ab). Next,
(40) is in general unsolvable, since λ is a point of σ(Aa). But we have the free parameter
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c0 in the boundary condition; (40) with the condition u(0) = c0wλ(−1) is solvable if and
only if

c0 =
1

wλ(−1)u′λ(0)
. (43)

This equality can be easily obtained by multiplying the equation in (40) by uλ and
integrating by parts. Remark that both of the values wλ(−1) and u′λ(0) are di�erent
from zero. If u0 is a solution of (40), then the operator A has a root vector

U∗ = (u0, c0 wλ, c0 Tb(λ)wλ) ,

where c0 is given by (43). Hence, the subspace Xλ is a linear span of the eigenvector U
and the root vector U∗. In addition, there are no other root vectors, because the equation

(A− λ)Y = U∗

leads to the problem

− w′′ − λhw = chwλ in J , w′(−1) = 0, w′(1) = 0, (44)

which is unsolvable for c 6= 0. The case λ ∈ σ(Ab) ∩ σ(B) and λ 6∈ σ(Aa) is treated
similarly.

Now we suppose that

λ ∈ σ(Aa) ∩ σ(Ab) ∩ σ(B).

Then the operator A has two linearly independent eigenvectors U = (uλ, 0, 0) and V =
(0, 0, vλ). Note also that A has no eigenvectors Y = (u,w, v), where w is di�erent from
zero. In this case, the values w(−1) and w(1) are always di�erent from zero and hence
the problems for u and v are unsolvable. We will prove that Xλ = ker(A − λ)2 and
dimXλ = 3. Let us consider the equation

(A− λ)Y = c1U + c2V

with arbitrary constants c1 and c2, that is to say,

− u′′ + qu− λru = c1ruλ in Ia, `au = 0, u(0) = w(−1); (45)

− w′′ − λhw = 0 in J , w′(−1) = 0, w′(1) = 0; (46)

− v′′ + qv − λrv = c2rvλ in Ib, v(0) = w(1), `bv = 0. (47)

Reasoning as above, we establish that w = c0wλ and problems (45) and (47) admit
solutions simultaneously if and only if the following equalities

c1 = c0wλ(−1)u′λ(0), c2 = −c0wλ(1)v′λ(0)

hold. Then the conditions c0 6= 0 and

c1 = −wλ(−1)u′λ(0)

wλ(1)v′λ(0)
c2

ensure the existence of a root vector Y∗ of A. Furthermore there are no other root
vectors, by reasoning similar to that in the previous case. Hence the subspace Xλ for a
triple eigenvalue λ is generated by the eigenvectors U , V and the root vector Y∗. �
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5. Convergence of Spectra

Let us denote by

λε1 < λε2 < · · · < λεn < · · ·

the eigenvalues of problem (1)�(3), i.e., the eigenvalues of Aε. Note that each eigenvalue
λεn is simple. Let

λ1 6 λ2 6 · · · 6 λn 6 · · ·

be the eigenvalues of limit problem (13)�(16) (or also the operator A), counted with
algebraic multiplicities.

Theorem 3. For each n ∈ N, the eigenvalue λεn of problem (13)�(16) converges as ε→ 0
to the eigenvalue λn of (13)�(16) with the same number. That is, if λ is an eigenvalue
of (13)�(16) with algebraic multiplicity m, then there exists a neighbourhood of λ which
contains exactly m eigenvalues of (1)�(3) for ε small enough.

Proof. The theorem follows from the norm resolvent convergence of Aε proved in
Theorem 1 and some general results on the approximation of eigenvalues of compact
operators. Let K be a compact operator in a separable Hilbert space H. Suppose that
{Kε}ε>0 is a sequence of compact operators in H such that Kε → K as ε → 0 in the
uniform norm. Let µ1, µ2, . . . be the nonzero eigenvalues of K ordered by decreasing
magnitude taking account of algebraic multiplicities. Then for each ε > 0 there is an
ordering of the eigenvalues µ1(ε), µ2(ε), . . . of Kε such that limε→0 µn(ε) = µn, for
each natural number n. Suppose that µ is a nonzero eigenvalue of K with algebraic
multiplicity m and Γµ is a circle centered at µ which lies in ρ(K) and contains no other
points of σ(K). Then, there is an ε0 such that, for 0 < ε 6 ε0, there are exactly m
eigenvalues (counting algebraic multiplicities) of Kε lying inside Γµ and all points of
σ(Kε) are bounded away from Γµ [35, Ch.1], [36, Ch.XI-9], [37].

We apply these results to K = Rζ(A) and Kε = Rζ(Aε). Then we have

σp(Rζ(A)) =

{
1

λn − ζ
, n ∈ N

}
, σp(Rζ(Aε)) =

{
1

λεn − ζ
, n ∈ N

}
;

both eigenvalue sequences are ordered by decreasing magnitude. Since Aε → A in the
norm resolvent sense as ε → 0, that is, ‖Rζ(Aε) − Rζ(A)‖ → 0 as ε → 0, we have the
�number-by-number� convergence of the eigenvalues

1

λεn − ζ
→ 1

λn − ζ
, as ε→ 0,

from which the desired conclusion follows. �

Remark 1. We expect that the estimate

|λεn − λn| 6 Cn
√
ε

to be correct for each n ∈ N and some constants Cn. However, it does not follow directly
from bound (17), because the resolvents Rζ(A) and Rζ(Aε) are not in general normal
operators.
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6. Some Remarks On Eigenfunction Convergence

Since the multiplicity of eigenvalues of the limit operator is up to 3, the bifurcation
pictures for multiple eigenvalues of (13)�(16) are quite complicated. The bifurcations of
eigenvalues as well the eigensubspaces can be described by a more accurate asymptotic
analysis. We omit the details here, because we will consider these questions in a forth-
coming publication. However we can obtain some results on the limit behaviour of ei-
genfunctions that follow directly from the norm resolvent convergence Aε → A.

Let us return to the compact operators K and Kε which appeared in the previous
section. We consider the Riesz spectral projections

E(µ) =
1

2πi

∫
Γµ

Rz(A) dz, Eε(µ) =
1

2πi

∫
Γµ

Rz(Aε) dz.

The range R(E(µ)) of E(µ) is the space of generalized eigenfunctions of K corresponding
to µ and R(Eε(µ)) is the direct sum of the subspaces of generalized eigenfunctions of Kε

associated with the eigenvalues of Kε inside Γµ. If Kε → K as ε→ 0 in the norm, then
Eε(µ)→ E(µ) in the norm, and therefore

dimR(Eε(µ)) = dimR(E(µ)) = m,

where m is the algebraic multiplicity of µ.

Theorem 4. Let yε,n be the eigenfunction of (1)�(3) which corresponds to the eigenvalue
λεn and ‖yε,n‖L2(r,I) = 1.

Suppose that λεn → λn, where λn is a simple eigenvalue of A belonging to σ(Aa).
Then the eigenfunction yε,n converges in L2(I) as ε→ 0 to the function

y(x) =

{
un(x), if x ∈ Ia,
0, if x ∈ Ib

,

where un is an normalized eigenfunction of Aa associated with λn, that is,

−u′′n + qun = λnrun in Ia, `aun = 0, un(0) = 0, ‖un‖L2(r,Ia) = 1.

Similarly if λn belongs to σ(Ab) and λn is simple, then yε,n → y in L2(I) as ε → 0,
where

y(x) =

{
0, if x ∈ Ia,
vn(x), if x ∈ Ib

and vn is an normalized eigenfunction of Ab with eigenvalue λn, i.e.,

−v′′n + qvn = λnrvn in Ib, vn(0) = 0, `bvn = 0, ‖vn‖L2(r,Ib) = 1.

Assume λεn → λn, where λn is a simple eigenvalue of A belonging to σ(B). Then
the eigenfunction yε,n converges in L2(I) to a solution y of the problem

−y′′ + qy = λnry in I \ {0}, `ay = 0, `by = 0,

y(−0) = θwn(−1), y(+0) = θwn(1),
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where wn is the corresponding eigenfunction of B such that ‖wn‖L2(h,J ) = 1. Normalizing
factor θ is given by

θ =
(
‖Ta(λn)wn‖2L2(r,Ia) + ‖Tb(λn)wn‖2L2(r,Ib)

)−1

.

Proof. In the case when K = Rζ(A), Kε = Rζ(Aε), λ is a unique point of σ(A) lyi-
ng inside Γλ, and ε is small enough, we see that Xλ = R(E( 1

λ−ζ )) is a subspace of

generalized eigenfunctions of A corresponding to the eigenvalue λ, and the subspace
Xε
λ = R(Eε(

1
λ−ζ )) is generated by all eigenfunctions of Aε for which λεn → λ as ε → 0.

Then the norm resolvent convergence Aε → A implies that the gap between Xε
λ and Xλ

tends to zero as ε → 0 for each λ ∈ σp(A). In particular, if λn is a simple eigenvalue
of A with eigenvector Yn and Yε,n is an eigenvector of Aε that corresponds to λεn, then
Yε,n → Yn in L as ε→ 0, provided ‖Yε,n‖L = ‖Yn‖L = 1.

Assume λn is a simple eigenvalue of A and λn ∈ σ(Aa). In view of Theorem 2, the
subspace Xλ is generated by vector Yn = (un, 0, 0). Then Yε,n → Yn as ε → 0 in the
norm of L. If we set Yε,n = (yaε , wε, y

b
ε), then the eigenfunction yε,n of (1)�(3) can be

written as

yε,n(x) =


yaε (x), if x ∈ Iεa,
wε(x/ε), if x ∈ (−ε, ε),
ybε(x), if x ∈ Iεb .

So we have

‖yε,n − yn‖2L2(I) =

−ε∫
a

|yaε − un|2 dx+

b∫
ε

|yaε |2 dx

+

0∫
−ε

|wε(xε )− un(x)|2 dx+

ε∫
0

|wε(xε )|2 dx 6 c1‖yaε − un‖2L2(r,Ia)

+ c2‖ybε‖2L2(r,Ib) + c3ε‖wε‖2L2(h,J ) +

0∫
−ε

|un|2 dx 6 c4‖Yε,n − Yn‖2L + c5ε.

The right-hand side tends to zero as ε → 0, since Yε,n → Yn in L and un is bounded
on Ia as an element of W 2

2 (Ia). The same proof works for the cases λn ∈ σ(Ab) and
λn ∈ σ(B). �

Remark 2. Of course, in the case of multiple eigenvalues, we also have some information
about the convergence of eigenfunctions. For instance, if we suppose that λ ∈ σ(Aa) ∩
σ(Ab), but λ is not an eigenvalue of B, and two eigenvalues λεn and λεn+1 tend to λ
as ε → 0, then the gap between the eigensubspace Xλ of A and the subspace Xε

λ =
span{yε,n, yε,n+1} vanishes as ε → 0. Therefore, the eigenfunctions yε,n and yε,n+1

converge in L2(I) to some linear combinations c1uλ + c2vλ, where uλ and vλ are ei-
genfunctions of Aa and Ab respectively that correspond to λ. However, without a deeper
analysis of the problem, we will not know what the linear combinations are limit positions
of vectors yε,n and yε,n+1 in the plane Xλ.
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Êîëèâíi ñèñòåìè ç ïðè¹äíàíèìè ìàñàìè ïî÷àëè äîñëiäæóâàòè ùå Ïóàñ-
ñîí òà Áåññåëü, i ñüîãîäíi ìà¹ìî òèñÿ÷i íàóêîâèõ ïðàöü, â ÿêèõ âèâ÷àþòü
êîëèâíi ïðîöåñè ó ñåðåäîâèùàõ ç íåîäíîðiäíî ðîçïîäiëåíèìè ìàñàìè. Òåî-
ðiÿ ñèëüíî íåîäíîðiäíèõ ñåðåäîâèù ïî÷àëà îñîáëèâî àêòèâíî ðîçâèâàòèñÿ
ç ïîÿâîþ êîìïîçèòíèõ ìàòåðiàëiâ, ÿêi âîëîäiþòü ðiçíîìàíiòíèìè êîðèñíè-
ìè âëàñòèâîñòÿìè i øèðîêî çàñòîñîâóþòüñÿ â ñó÷àñíèõ òåõíîëîãiÿõ. Âà-
æëèâîþ ÷àñòèíîþ öi¹¨ òåîði¨ ¹ äîñëiäæåííÿ äèíàìi÷íèõ òà ñïåêòðàëüíèõ
çàäà÷ äëÿ äèôåðåíöiàëüíèõ îïåðàòîðiâ iç êîåôiöi¹íòàìè, ùî ìiñòÿòü ñèëüíi
ëîêàëüíi çáóðåííÿ. Òàêi çàäà÷i âèìàãàþòü íîâèõ ïiäõîäiâ â òåîði¨ êðàéî-
âèõ çàäà÷ äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü, ñòâîðåííÿ íîâèõ àñèìïòîòè÷íèõ
ìåòîäiâ i íîâèõ îá÷èñëþâàëüíèõ ñõåì.
Ìè âèâ÷à¹ìî ñïåêòðàëüíi âëàñòèâîñòi îïåðàòîðiâ Øòóðìà-Ëióâiëëÿ ç ñèí-
ãóëÿðíèì çáóðåííÿì âàãîâî¨ ôóíêöi¨ ó âèïàäêó çàãàëüíèõ êðàéîâèõ óìîâ.
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Çáóðåííÿì ¹ òàê çâàíà δ′-ïîäiáíà ïîñëiäîâíiñòü âèãëÿäó ε−2h(x/ε). Õàðà-
êòåðíîþ îñîáëèâiñòþ òàêèõ çàäà÷ ¹ ïðèñóòíiñòü çàëåæíî¨ âiä ìàëîãî ïà-
ðàìåòðà ε ãóñòèíè ρε ïðè ñïåêòðàëüíîìó ïàðàìåòði, âíàñëiäîê ÷îãî ñàìî-
ñïðÿæåíà îïåðàòîðíà ðåàëiçàöiÿ çàäà÷i ìîæëèâà ëèøå ó âàãîâèõ ïðîñòîðàõ
Ëåáåãà, ÿêi òåæ çàëåæàòü âiä ïàðàìåòðà ε. Äîñëiäæåííÿ ñiìåé îïåðàòîðiâ,
ÿêi äiþòü ó ðiçíèõ ïðîñòîðàõ, ïîâ'ÿçàíå ç áàãàòüìà òðóäíîùàìè ìàòåìàòè-
÷íî¨ ïðèðîäè. Ïî-ïåðøå, ÿê òðàêòóâàòè çáiæíiñòü òàêèõ ñiìåé. Ïî-äðóãå,
ÿêùî îïåðàòîðè i çáiãàþòüñÿ â ïåâíîìó ñåíñi, òî ÷è òàêà çáiæíiñòü ãàðàí-
òó¹ çáiæíiñòü ñïåêòðiâ òà âëàñíèõ ïiäïðîñòîðiâ, ïîçàÿê â öüîìó âèïàäêó
íå âäà¹òüñÿ çàñòîñóâàòè êëàñè÷íi òåîðåìè òåîði¨ îïåðàòîðiâ. Áàãàòî äî-
ñëiäíèêiâ óíèêàëè ïèòàííÿ îïåðàòîðíî¨ çáiæíîñòi ó òàêèõ çàäà÷, áóäóþ÷è
ôîðìàëüíi àñèìïòîòèêè âëàñíèõ çíà÷åíü i âëàñíèõ ôóíêöié òà çàñòîñîâóþ-
÷è òåîðiþ êâàçiìîä. Òàêèé ïiäõiä íå çàâæäè äà¹ öiëêîâèòèé îïèñ ãðàíè÷íî¨
ïîâåäiíêè ñïåêòðó, éîãî ãðàíè÷íî¨ êðàòíîñòi òà ñòðóêòóðè ãðàíè÷íèõ âëà-
ñíèõ ïiäïðîñòîðiâ.
Ó öié ñòàòòi çàñòîñîâàíî iíøèé ïiäõiä äî çàäà÷ ç êîíöåíòðîâàíèìè ìàñà-
ìè. Âiäìîâèâøèñü âiä ïåðåâàã ñàìîñïðÿæåíèõ îïåðàòîðiâ, ìè ðåàëiçóâàëè
ñèíãóëÿðíî çáóðåíó çàäà÷ó ÿê ñiì'þ äåÿêèõ íåñàìîñïðÿæåíèõ ìàòðè÷íèõ
îïåðàòîðiâ Aε, ùî äiþòü â òîìó ñàìîìó ãiëüáåðòîâîìó ïðîñòîði. Ìè äîâåëè
ðiâíîìiðíó ðåçîëüâåíòíó çáiæíiñòü Aε ïðè as ε→ 0 i, ÿê íàñëiäîê, äîâåëè,
ùî ¨õíi ñïåêòðè çáiãàþòüñÿ â ñåíñi Ãàóñäîðôà äî ñïåêòðà äåÿêîãî îïåðàòî-
ðà A. Öiêàâî, ùî õî÷à îïåðàòîðè Aε áóëè ïîäiáíèìè äî ñàìîñïðÿæåíèõ i
âîëîäiëè äiéñíèì äèñêðåòíèì i ïðîñòèì ñïåêòðîì, ãðàíè÷íèé îïåðàòîð A
âèÿâèâñÿ ñóòò¹âî íåñàìîñïðÿæåíèì ç êðàòíèì ñïåêòðîì i êîðåíåâèìè ïiä-
ïðîñòîðàìè, ùî ìiñòèëè ïðè¹äíàíi âåêòîðè. Íà ìîâi ñàìîñïðÿæåíî¨ îïå-
ðàòîðíî¨ ðåàëiçàöi¨, ìè îòðèìàëè ïðèêëàä ñiì'¨ ñàìîñïðÿæåíèõ îïåðàòîðiâ
Tε ç êîìïàêòíîþ ðåçîëüâåíòîþ, ùî äiþòü ó äåÿêèõ ïðîñòîðàõ Hε i ÿêi
�çáiãàþòüñÿ� äî íåñàìîñïðÿæåíîãî îïåðàòîðà T0 â ïðîñòîði H0. Òîáòî, ñïå-
êòðè îïåðàòîðiâ Tε çáiãàþòüñÿ â ñåíñi Ãàóñäîðôà äî ñïåêòðó îïåðàòîðà T0

iç âðàõóâàííÿì àëãåáðè÷íî¨ êðàòíîñòi, à ãðàíè÷íå ðîçòàøóâàííÿ âëàñíèõ
ïiäïðîñòîðiâ îïåðàòîðiâ Tε ìîæíà îïèñàòè ëèøå çà äîïîìîãîþ êîðåíåâèõ
ïiäïðîñòîðiâ îïåðàòîðà T0.

Êëþ÷îâi ñëîâà: îïåðàòîð Øòóðìà-Ëióâiëëÿ, ïðè¹äíàíà ìàñà, ñèíãó-
ëÿðíi çáóðåííÿ, ñïåêòðàëüíà çàäà÷à, ðiâíîìiðíà ðåçîëüâåíòíà çáiæíiñòü,
çáiæíiñòü çà Ãàóñäîðôîì, íåñàìîñïðÿæåíèé îïåðàòîð.
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Ðîçãëÿäà¹òüñÿ ðiâíÿííÿ âiäíîâëåííÿ â íåëiíiéíié àïðîêñèìàöi¨. Ìåòà
ðîáîòè � çíàéòè íåëiíiéíi íîðìóþ÷i ôóíêöi¨.

Êëþ÷îâi ñëîâà: ðiâíÿííÿ âiäíîâëåííÿ, íîðìóþ÷èé ìíîæíèê, íåëiíiéíà
àïðîêñèìàöiÿ.

Ðîçãëÿíåìî ðiâíÿííÿ âiäíîâëåííÿ â ìàòðè÷íié ôîðìi

Xε(t) = Aε(t) +

t∫
0

F ε(du)Xε(t− u),

äå t > 0, ε > 0, Aε(t), Xε(t) � ñiì'¨ âiäïîâiäíî çàäàíèõ íåâiä'¹ìíèõ ìàòðè÷íîçíà÷íèõ
ôóíêöié F ε(dt) � ñiì'¨ çàäàíèõ íåâiä'¹ìíèõ ìàòðè÷íîçíà÷íèõ ìið.

Ôóíêöiþ F ε çàïèøåìî â òàêîìó âèãëÿäi

F ε = F + δ1(ε)B1 + δ2(ε)B2 + . . .+ δn(ε)Bn + o(δn(ε)),

äå B1, . . . , Bn � ìàòðèöi, δ1(ε)→ 0, . . . , δn(ε)→ 0, ïðè ε→ 0.
Ó ïðàöÿõ [1]�[3] ôóíêöiþ ρ(ε) âèçíà÷åíî òàê

ρ(ε) =

r∑
s=1

1− Lεwsws

ms
,

äå w1 ∈ E1, . . . , wr ∈ Er � ôiêñîâàíi iíäåêñè,

ms =
p
(s)
i

p
(s)
ws

aij
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i ps � ëiâèé âëàñíèé âåêòîð ìàòðèöi F s,

Lεij = F εij +

r∑
k=1

∑
n∈Ek\{wk}

Fin(ε) · Lnj(ε).

Âèêîíó¹òüñÿ ñëàáêà çáiæíiñòü Lε(t) äî L(t), ïðè ε→ 0. Êðiì òîãî,

Lij = Lij(∞) = 0, ïðè i ∈ Es, j ∈ Ek, s 6= k,

Lwsj =
p
(s)
i

p
(s)
ws

, Liws = 1, ∀i, j ∈ Es.

Lij = Fij +
∑

n∈Es\{ws}

Fin · Lnj .

Ââåäåìî òàêi ïîçíà÷åííÿ

πs =
∑
i,j∈Es

p
(s)
i · aij ,

bmsk =
∑
i∈Es
j∈Ek

p
(s)
i ·B

m
ij .

dnmsk =
∑
i∈Es
j∈Ek

p
(s)
i · (B

nV Bm)ij =

r∑
l=1

∑
i∈Es
j∈Ek
l1,l2∈El

p
(s
i ·B

n
il1V

(l)
l1l2

Bml2j .

V (l) � óçàãàëüíåíà îáåðíåíà ìàòðèöÿ äî ìàòðèöi
[
I − F l

]
,

V (l)
(
I − F l

)
=
(
I − F l

)
V (l) = I −Π(l),

äå Π(l) =
[−→

1 (l)
⊗−→p (l)

]
� âëàñíèé ïðîåêòîð ìàòðèöi F l, V = diag{V (1), . . . , V (r)}.

Òåîðåìà 1. Íåõàé µs � ïåðøèé íîìåð, äëÿ ÿêîãî bµs
ss 6= 0, s = 1, . . . , r, m =

min{µ1, . . . , µr}. ßêùî iñíó¹ òàêå s, äëÿ ÿêîãî d11ss 6= 0, d22ss 6= 0, òî:

1) ÿêùî δ21(ε) = o(δm(ε)), δ22(ε) = o(δm(ε)), òî

ρ(ε)∼− δm(ε)

r∑
s=1

bmss
πs

;

2) ÿêùî δ21(ε) = αδm(ε), δ22(ε) = o(δm(ε)), òî

ρ(ε)∼− δm(ε)
r∑
s=1

bmss + αd11ss
πs

;

3) ÿêùî δ21(ε) = αδm(ε), δ22(ε) = βδm(ε), òî

ρ(ε)∼− δm(ε)

r∑
s=1

bmss + αd11ss + βd22ss + (d11ss + d22ss)
√
αβ

πs
;
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4) ÿêùî δm(ε) = o(δ21(ε)), δ22(ε) = o(δm(ε)), òî

ρ(ε)∼− δ21(ε)

r∑
s=1

d11ss
πs

;

5) ÿêùî δm(ε) = δ1(ε) · δ2(ε), òî

ρ(ε)∼− δm(ε)

r∑
s=1

bmss + d11ss + d22ss
πs

.

Äîâåäåííÿ. Ðîçãëÿíåìî ðiâíÿííÿ

Lεij = F εij +

r∑
k=1

∑
n∈Ek\{wk}

Fin(ε) · Lnj(ε).

Ïiäñòàâèìî ôóíêöiþ F s. Ó ïiäñóìêó îòðèìà¹ìî òàêå ñïiââiäíîøåííÿ:

Lεiws
= δms · Fiws +

∑
j∈Em\{wm}

Fij · Lεjws
+

n∑
k=1

δk(ε)Bkiws
+

+

n∑
k=1

r∑
l=1

∑
j∈El\{wl}

δk(ε)Bkij · Lεjws
.

Ïåðåïèøåìî â òàêîìó âèãëÿäi:

Lεiws
= δms · Fiws

+
∑

j∈Em\{wm}

Fij · Lεjws
+

n∑
k=1

δk(ε)
∑
j∈Es

Bkij+

+

n∑
k=1

r∑
l=1

∑
j∈El\{wl}

δk(ε)Bkij ·
[
Lεjws

− Ljws

]
.

Äîìíîæèìî íà p
(m)
i i ïiäñóìó¹ìî ïî âñiõ i ∈ Em.∑

i∈Em

p
(m)
i · Lεiws

= δms · p(m)
wm

+
∑

j∈Em\{wm}

p
(m)
j · Lεjws

+

n∑
k=1

δk(ε)
∑
i,j∈Es

p
(m)
i Bkij+

+

n∑
k=1

δk(ε)

r∑
l=1

∑
i∈Em

j∈El\{wl}

p
(m)
i ·Bkij ·

[
Lεjws

− Ljws

]
.

Âðàõóâàâøè, ùî Lεwm,ws
= δms, îòðèìà¹ìî

Lεwm,ws
− δms =

n∑
k=1

∑
i∈Em
i∈Es

p
(m)
i Bkij

p
(m)
wm

+

n∑
k=1

δk(ε)

r∑
l=1

∑
i∈Em

j∈El\{wl}

p
(m)
i

p
(m)
wm

Bkij ·
[
Lεjws

− Ljws

]
=

=

n∑
k=1

δk(ε)

r∑
l=1

∑
i∈Em

j∈El\{wl}

p
(m)
i

p
(m)
wm

Bkij
[
Lεjws

− Ljws

]
.
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Ïðèéìåìî m = s

1− Lεwsws
= −

n∑
k=1

δk(ε)
bkss

p
(s)
ws

−
n∑
k=1

δk(ε)

r∑
l=1

∑
i∈Es

j∈El\{wl}

p
(s)
i

p
(s)
ws

Bkij ·
[
Lεjws

− Ljws

]
.

ßêùî iñíó¹ s ∈ 1, . . . , r, òî

b1ss =
∑
i,j∈Es

p
(s)
i B1

ij 6= 0,

b2ss =
∑
i,j∈Es

p
(s)
i B2

ij 6= 0,

òà

1− Lεwsws
=− δ1(ε)

b1ss

p
(s)
ws

− δ1(ε)

r∑
l=1

∑
i∈Es

j∈El\{wl}

p
(s)
i

p
(s)
ws

B1
ij

[
Lεjws

− Ljws

]
−

− δ2(ε)
b1ss

p
(s)
ws

− δ2(ε)

r∑
l=1

∑
i∈Es

j∈El\{wl}

p
(s)
i

p
(s)
ws

B2
ij

[
Lεjws

− Ljws

]
.

Íåõàé

δ1(ε)[Lεjws
− Ljws

] = o(δ1(ε)),

δ2(ε)[Lεjws
− Ljws ] = o(δ2(ε)).

Òîäi

1− Lεwsws
= −δ1(ε)

b1ss

p
(s)
ws

− δ2(ε)
b2ss

p
(s)
ws

− o(δ1(ε))− o(δ2(ε)).

Îòîæ,

ρε =

r∑
s=1

1− Lεwsws

ms
=

= −δ1(ε)

r∑
s=1

b1ss

p
(s)
wsms

− δ2(ε)

r∑
s=1

b2ss

p
(s)
wsms

− o(δ1(ε)) =

= −δ1(ε)

r∑
s=1

b1ss
πs
− δ2(ε)

r∑
s=1

b2ss
πs
− o(δ1(ε)).

Òîìó

ρε = −δ1(ε)

r∑
s=1

b1ss
πs
− δ2(ε)

r∑
s=1

b2ss
πs
− o(δ1(ε)).
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Äàëi îá÷èñëèìî Cεsk

Cεsk =
Lεwswk

− δsk
ρεms

=

= −
[
δ1(ε)

b1sk
mspws

+ δ2(ε)
b2sk

mspws

+ o(δ1(ε))

]
×

×

[
δ1(ε)

r∑
s=1

b1ss
πs

+ δ2(ε)

r∑
s=1

b2ss
πs

+ o(δ1(ε))

]−1
=

= −δ1(ε)

[
b1sk
πs

+
δ2(ε)

δ1(ε)

b2sk
πs

+ o(1)

]
· (δ1(ε))−1 ·

[
r∑
s=1

b1ss
πs

+

r∑
s=1

b2ss
πs

+ o(1)

]
.

Ó ïiäñóìêó, îòðèìó¹ìî

Csk = −b
1
sk

πs

[
r∑
s=1

b1sk
πs

]−1
.

Íåõàé µs > 1 ïåðøèé íîìåð, äëÿ ÿêîãî bµs
ss 6= 0. Òîäi

1− Lεwsws
= −δµs

(ε)
bµs
ss

p
(s)
ws

− o(δµs(ε))−
n∑
k=1

δk(ε)

r∑
l=1

∑
i∈Es

j∈El\{wl}

p
(s)
i

p
(s)
ws

·Bkij
[
Lεjws

− Ljws

]
.

Îòîæ,

Lεiws
− Liws =

∑
j∈Em\{wm}

Fij
[
Lεjws

− Ljws

]
+

n∑
k=1

δk(ε)
∑
j∈Ek

Bkij+

+

n∑
k=1

r∑
l=1

∑
j∈El\{ml}

δk(ε)Bkij
[
Lεiws

− Liws

]
=

=
∑

j∈Em\{wm}

Fij
[
Lεjws

− Ljws

]
+ δ1(ε)

∑
j∈Es

B1
ij + δ2(ε)

∑
j∈Es

B2
ij + o(δ1(ε)).

Òîäi∑
j∈Em\{wm}

(δij − Fij)
[
Lεjws

− Ljws

]
=

= −δiwm

[
Lεwsws

− Lwsws

]
+ δ1(ε)

∑
j∈Es

B1
ij + δ2(ε)

∑
j∈Es

B2
ij + o(δ1(ε)) =

= δ1(ε)
∑
j∈Es

B1
ij + δ2(ε)

∑
j∈Es

B2
ij + o(δ1(ε)).
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Äîìíîæèìî îáèäâi ÷àñòèíè íà V
(m)
ki , k ∈ Em i ïiäñóìó¹ìî ïî âñiõ i ∈ Em.∑

j∈Em\{wm}

(
δkj − p(m)

j

) [
Lεjws

− Ljws

]
=

= δ1(ε)
∑
i∈Em
j∈Es

V
(m)
ki B1

ij + δ2(ε)
∑
i∈Em
j∈Es

V
(m)
ki B2

ij + o(δ1(ε)).

Ïðèéìåìî k = wm. Òîäi∑
j∈Em\{wm}

p
(m)
j

[
Lεjws

− Ljws

]
=

= −δ1(ε)
∑
i∈Em
j∈Es

V (m)
wm

B1
ij − δ2(ε)

∑
i∈Em
j∈Es

V (m)
wm

B2
ij − o(δ1(ε)),

Lεkws
− Lkws =

∑
j∈Em\wm

p
(m)
j

[
Lεjws

− Ljws

]
+ δ1(ε)

∑
i∈Em
j∈Es

V
(m)
ki B1

ij+

+ δ2(ε)
∑
i∈Em
j∈Es

V
(m)
ki B2

ij + o(δ1(ε)) =

= δ1(ε)
∑
i∈Em
j∈Es

[
V

(m)
ki B1

ij − V
(m)
wmi

B1
ij

]
+

+ δ2(ε)
∑
i∈Em
j∈Es

[
V

(m)
ki B2

ij − V
(m)
wmi

B2
ij

]
+ o(δ1(ε)) =

= δ1(ε)
∑
j∈Es

[
(V (m)B1)kj − (V (m)B1)wmj

]
+

+ δ2(ε)
∑
j∈Es

[
(V (m)B2)kj − (V (m)B2)wmj

]
+ o(δ1(ε)).

Âðàõîâóþ÷è òå, ùî

b1sl =
∑
i∈Es
j∈El

p
(s)
i B1

ij = 0,

b2sl =
∑
i∈Es
j∈El

p
(s)
i B2

ij = 0,

îòðèìà¹ìî ∑
i∈Em

j∈El\{wl}

p
(m)
i B1

ij

[
Lεjws

− Ljws

]
+

∑
i∈Em

j∈El\{wl}

p
(m)
i B2

ij

[
Lεjws

− Ljws

]
=
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= δ1(ε)
∑
i∈Em
k∈Es

j∈El\{wl}

p
(m)
i B1

ij

[
(V (l)B1)jk − (V (l)B1)wlk

]
+

+ δ2(ε)
∑
i∈Em
k∈Es

j∈El\{wl}

p
(m)
i B2

ij

[
(V (l)B1)jk − (V (l)B2)wlk

]
+ o(δ1(ε)) =

= δ1(ε)
∑
i∈Em
k∈Es

p
(m)
i (B1V (l)B1)ik + δ2(ε)

∑
i∈Em
k∈Es

p
(m)
i (B2V (l)B2)ik + o(δ1(ε)).

Òîäi

Lεwswk
− δsk = δµs(ε)

bµk

sk

p
(s)
ws

+ o(δµs(ε)) + δ21(ε)
d11sk

p
(s)
ws

+ δ22(ε)
d22sk

p
(s)
ws

+

+ δ1(ε)δ2(ε)

(
d11sk

p
(s)
ws

+
d22sk

p
(s)
ws

)
+ o(δ21(ε)) + o(δ22(ε)).

Îòîæ, îòðèìó¹ìî

ρεs = −δµs
(ε)

bµs
ss

πs
−2

1 (ε)
d11ss
πs
− δ22(ε)

d22ss
πs
− δ1(ε)δ2(ε)

(
d11ss
πs

+
d22ss
πs

)
+ o(δ21(ε)) + o(δ22(ε)).

Ïðèéìåìî m = minµ1, . . . , µr.
Íåõàé iñíó¹ s òàêå, ùî d11ss 6= 0 i d11ss 6= 0. Òîäi

ρε = −
r∑
s=1

(
δm(ε)

bmss
πs

+ δ21
d11ss
πs

+ δ22
d22ss
πs

+ δ1(ε)δ2(ε)
d11ss + d22ss

πs

)
+ o(δ21(ε)) + o(δ22(ε)).

Ðîçãëÿíåìî òàêi âèïàäêè.
1. ßêùî δ21(ε) = o(δm(ε)), δ22(ε) = o(δm(ε)), òî

ρ(ε)∼− δm(ε)

r∑
s=1

bmss
πs
.

2. ßêùî δ21(ε) = αδm(ε), δ22(ε) = o(δm(ε)), òî

ρ(ε)∼− δm(ε)

r∑
s=1

bmss + αd11ss
πs

.

3. ßêùî δ21(ε) = αδm(ε), δ22(ε) = βδm(ε), òî

ρ(ε)∼− δm(ε)

r∑
s=1

bmss + αd11ss + βd22ss + (d11ss + d22ss)
√
αβ

πs
.

4. ßêùî δm(ε) = o(δ21(ε)), δ22(ε) = o(δm(ε)), òî

ρ(ε)∼− δ21(ε)

r∑
s=1

d11ss
πs
.
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5. ßêùî δm(ε) = δ1(ε) · δ2(ε), òî

ρ(ε)∼− δm(ε)

r∑
s=1

bmss + d11ss + d22ss
πs

.

Òåîðåìó äîâåäåíî. �

Îòðèìàíi ðåçóëüòàòè äàþòü çìîãó ðîçãëÿíóòè ïðîáëåìó âåëèêèõ âiäõèëåíü ó
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Äîñëiäæó¹òüñÿ ïðîáëåìà çíàõîäæåííÿ îïòèìàëüíîãî ñïîæèâàííÿ òà
îïòèìàëüíèõ iíâåñòèöié ó áiíîìiàëüíié áåçàðáiòðàæíié öiíîâié ìîäåëi. Äî-
âåäåíî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó îïòèìiçàöiéíî¨ çàäà÷i, â ÿêié iíâå-
ñòîð ìàêñèìiçó¹ î÷iêóâàíó êîðèñíiñòü ñòàòêiâ ó êiíöi îñòàííüîãî ïåðiîäó.
Äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó îïòèìiçàöiéíî¨ çàäà÷i, â ÿêié
iíâåñòîð ìàêñèìiçó¹ î÷iêóâàíó êîðèñíiñòü ñòàòêiâ ïðîòÿãîì óñiõ ïåðiîäiâ,
ïðè öüîìó çäiéñíþþ÷è âèáið ùîäî ðiâíÿ ñïîæèâàííÿ â êîæíîìó ïåðiîäi.
Äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó îïòèìiçàöiéíî¨ çàäà÷i, êîëè êî-
ðèñíiñòü îòðèìó¹òüñÿ âiä ñïîæèâàííÿ ïðîòÿãîì âñiõ ïåðiîäiâ i âiä çàëèøêó
ãðîøåé â íüîìó.

Êëþ÷îâi ñëîâà: áåçàðáiòðàæíà áiíîìiàëüíà öiíîâà ìîäåëü, iíâåñòèöi¨,
ñïîæèâàííÿ, êîðèñíiñòü.

Âñòóï

Áåçàðáiòðàæíà ìåòîäîëîãiÿ � îäèí ç äâîõ øëÿõiâ çíàõîäæåííÿ öiíè àêòèâiâ.
Iíøèé ïiäõiä, öiíîâà ìîäåëü êàïiòàëüíèõ àêòèâiâ,  ðóíòó¹òüñÿ íà âçà¹ìîçâ'ÿçêó êî-
ëèâàíü ïîïèòó òà ïðîïîçèöi¨ ñåðåä iíâåñòîðiâ íà ðèíêó. Öÿ ìîäåëü äà¹ ãëèáîêå ðî-
çóìiííÿ ðèíêó â öiëîìó, àëå íå äà¹ ÷iòêèõ êiëüêiñíèõ ðåçóëüòàòiâ, ÿêi çàáåçïå÷ó¹
áåçàðáiòðàæíà ìåòîäîëîãiÿ. Â iäåàëiçîâàíîìó ïîâíîìó ðèíêó áåçàðáiòðàæíi ìiðêó-
âàííÿ ñòàþòü îñîáëèâî êîðèñíèìè. Ç iíøîãî áîêó, áiëüøiñòü ðèíêiâ íåïîâíi, i òîìó
öiíè íå ìîæóòü áóòè âèçíà÷åíi ëèøå ç óìîâ áåçàðáiòðàæíîñòi. Â ïðàöi ðîçãëÿíóòî

2020 Mathematics Subject Classi�cation: 91B99
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ïðîáëåìó, ÿêà ëåæèòü â îñíîâi öiíîâî¨ ìîäåëi êàïiòàëüíèõ àêòèâiâ, à ñàìå ìàêñèìi-
çàöiÿ î÷iêóâàíî¨ êîðèñíîñòi âiä iíâåñòèöié.

1. Áiíîìiàëüíà áåçàðáiòðàæíà öiíîâà ìîäåëü

Íàãàäà¹ìî îçíà÷åííÿ N -ïåðiîäíî¨ áiíîìiàëüíî¨ öiíîâî¨ ìîäåëi (äèâ. [1]).

Îçíà÷åííÿ 1. N-ïåðiîäíà áiíîìiàëüíà öiíîâà ìîäåëü

(1) ïî÷èíà¹òüñÿ â ìîìåíò ÷àñó t = 0, çàâåðøó¹òüñÿ â ìîìåíò ÷àñó t = N, i ìà¹
N ïåðiîäiâ � âiä t = n äî t = n+ 1, n = 0, . . . , N − 1;

(2) ìà¹ ðèíîê àêöié, íà ÿêîìó ôiêñîâàíî âåëè÷èíè S0, p, q, u, d;
(3) êîæíà àêöiÿ â ìîìåíò ÷àñó t = 0 êîøòó¹ S0 > 0;
(4) â ìîìåíò ÷àñó t = n+ 1, n = 0, . . . , N − 1, ïiäêèäà¹òüñÿ ìîíåòà (ðåçóëüòàò

ïiäêèäàííÿ ïîçíà÷à¹òüñÿ ωn+1 ∈ {H,T}) :
(à) ç éìîâiðíiñòþ p ∈ (0, 1) âèïàäà¹ ωn+1 = H i òîäi öiíà àêöi¨ â ìîìåíò

÷àñó t = n+ 1 äîðiâíþ¹

Sn+1(ω1 . . . ωnH) = u · Sn(ω1 . . . ωn);

(á) ç éìîâiðíiñòþ q = 1−p ∈ (0, 1) âèïàäà¹ T i òîäi öiíà àêöi¨ â ìîìåíò ÷àñó
t = n+ 1 íàáóâà¹ çíà÷åííÿ

Sn+1(ω1 . . . ωnT ) = d · Sn(ω1 . . . ωn);

ïàðàìåòðè u, d (0 < d < u) íàçèâàþòüñÿ, âiäïîâiäíî, êîåôiöi¹íòàìè (ìíî-
æíèêàìè) çðîñòàííÿ òà ñïàäàííÿ öiíè àêöi¨;

(5) ìà¹ ðèíîê ãðîøåé, íà ÿêîìó ôiêñîâàíî âiäñîòêîâó ñòàâêó r;
(6) íà ðèíêó ãðîøåé ìîæíà âêëàñòè (iíâåñòóâàòè) i ìîæíà ïîçè÷èòè (âçÿòè êðå-

äèò) äîâiëüíó ñóìó ãðîøåé:
(à) âêëàâøè â ìîìåíò ÷àñó t = n, n = 0, . . . , N − 1, ñóìó ðîçìiðîì 1

iíâåñòîð ó ìîìåíò ÷àñó t = n+ 1 îòðèìó¹ ñóìó 1 + r;
(á) ïîçè÷èâøè â ìîìåíò ÷àñó t = n, n = 0, . . . , N − 1, ñóìó ðîçìiðîì 1,

ïîçè÷àëüíèê â ìîìåíò ÷àñó t = n+ 1 ìà¹ ïîâåðíóòè ñóìó 1 + r.

Ìiðà â öié ìîäåëi ñòîñîâíî éìîâiðíîñòåé p, q ïîçíà÷à¹òüñÿ P. Âiäïîâiäíî, ìà-
òåìàòè÷íå ñïîäiâàííÿ òà óìîâíå ìàòåìàòè÷íå ñïîäiâàííÿ ïîçíà÷àþòüñÿ E òà En.
Ïîçíà÷èìî

Ω = {ω = (ω1 . . . ωN ) | ωi ∈ {H,T}}.
Òîäi äëÿ äîâiëüíèõ åëåìåíòàðíî¨ ïîäi¨ ω, ïîäi¨ A òà âèïàäêîâî¨ âåëè÷èíè X ìàòèìå-
ìî:

P(ω) = P(ω1 . . . ωN ) = p#H(ω1...ωN )q#T (ω1...ωN ), ω ∈ Ω;

P(A) =
∑
ω∈A

P(ω) =
∑

(ω1...ωN )∈A

p#H(ω1...ωN )q#T (ω1...ωN ), A ⊂ Ω;

E
[
X
]

=
∑
ω∈Ω

P(ω)X(ω) =
∑
ω∈Ω

p#H(ω1...ωN )q#T (ω1...ωN )X(ω1 . . . ωN );

En
[
X
]
(ω1 . . . ωn) =

∑
(ωn+1...ωN )

p#H(ωn+1...ωN )q#T (ωn+1...ωN )X(ω1 . . . ωN ), n = 0, . . . , N ;
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E0

[
X
]

= E
[
X
]
, EN

[
X
]

= X.

Îçíà÷åííÿ 2. Íåõàé (N,S0, u, d, r, p, q) � N -ïåðiîäíà áiíîìiàëüíà öiíîâà ìîäåëü.
Öþ ìîäåëü áóäåìî íàçèâàòè N-ïåðiîäíîþ áiíîìiàëüíîþ áåçàðáiòðàæíîþ öi-
íîâîþ ìîäåëëþ, ÿêùî ïàðàìåòðè u, d, r çàäîâîëüíÿþòü óìîâè áåçàðáiòðàæíîñ-
òi

0 < d < 1 + r < u.

Âåëè÷èíè

p̃ =
1 + r − d
u− d

, q̃ =
u− 1− r
u− d

(1)

íàçèâàþòüñÿ áåçðèçèêîâèìè éìîâiðíîñòÿìè â öié ìîäåëi.

Ìiðà â öié ìîäåëi ñòîñîâíî éìîâiðíîñòåé p̃, q̃ ïîçíà÷à¹òüñÿ P̃ i íàçèâà¹òüñÿ áåç-
ðèçèêîâîþ (àáî íåéòðàëüíîþ äî ðèçèêó). Âiäïîâiäíî, ìàòåìàòè÷íå ñïîäiâàííÿ

é óìîâíå ìàòåìàòè÷íå ñïîäiâàííÿ ñòîñîâíî öi¹¨ ìiðè ïîçíà÷àþòüñÿ Ẽ òà Ẽn.

Îçíà÷åííÿ 3. Ïðîöåñ {Yn} ó áiíîìiàëüíié öiíîâié ìîäåëi íàçèâà¹òüñÿ àäàïòîâà-
íèì, ÿêùî ∀n âèïàäêîâà âåëè÷èíà Yn = Yn(ω1 . . . ωn) çàëåæèòü ëèøå âiä ïåðøèõ n
ïiäêèäàíü (ìîíåòè) ω1 . . . ωn.

Äëÿ äîâåäåííÿ îòðèìàíèõ ðåçóëüòàòiâ íàì çíàäîáèòüñÿ òåîðåìà ïðî ðåïëiêàöiþ
â áàãàòîïåðiîäíié áiíîìiàëüíié öiíîâié ìîäåëi (äèâ. [1], ñòîð. 12).

Òåîðåìà 1. Íåõàé (N,S0, u, d, r, p, q) � N -ïåðiîäíà áiíîìiàëüíà áåçàðáiòðàæíà öi-
íîâà ìîäåëü ç áåçðèçèêîâèìè éìîâiðíîñòÿìè (1). Íåõàé ó öié ìîäåëi çàäàíî ïîõiä-
íèé öiííèé ïàïið iç ôóíêöi¹þ âèïëàò

VN = VN (ω1 . . . ωN ).

Âèçíà÷èìî àäàïòîâàíèé ïðîöåñ V0, . . . , VN çà ôîðìóëîþ

Vn(ω1 . . . ωn)=
1

1 + r

[
p̃ Vn+1(ω1 . . . ωnH)+q̃ Vn+1(ω1 . . . ωnT )

]
, n = 0, . . . , N − 1. (2)

Ïîáóäó¹ìî (àäàïòîâàíèé) ïîðòôåëüíèé ïðîöåñ ∆0, . . . ,∆N−1 çà ôîðìóëîþ:

∆n(ω1 . . . ωn) =
Vn+1(ω1 . . . ωnH)− Vn+1(ω1 . . . ωnT )

Sn+1(ω1 . . . ωnH)− Sn+1(ω1 . . . ωnT )
, n = 0, . . . , N − 1.

Ïðèéìåìî X0 = V0 i âèçíà÷èìî àäàïòîâàíèé ïðîöåñ X0, . . . , XN çà ôîðìóëîþ

Xn+1 = ∆nSn+1 + (1 + r)(Xn −∆nSn), n = 0, . . . , N − 1. (3)

Òîäi

Xn(ω1 . . . ωn) = Vn(ω1 . . . ωn) ∀ω1 . . . ωn, n = 1, . . . , N.

Îçíà÷åííÿ 4. Âèïàäêîâà âåëè÷èíà Vn(ω1 . . . ωn), ùî âèçíà÷à¹òüñÿ ôîðìóëîþ (2),
íàçèâà¹òüñÿ öiíîþ (âàðòiñòþ) ïîõiäíîãî öiííîãî ïàïåðó â ìîìåíò ÷àñó n,
ÿêùî ïåðøèõ n ïiäêèäàíü çàâåðøèëèñÿ ðåçóëüòàòîì ω1, . . . , ωn. Âåëè÷èíà V0 íàçè-
âà¹òüñÿ öiíîþ (âàðòiñòþ) ïîõiäíîãî öiííîãî ïàïåðó (â ìîìåíò ÷àñó 0).

Îçíà÷åííÿ 5. Ôîðìóëà (3) íàçèâà¹òüñÿ ðiâíÿííÿì ïîòî÷íîãî êàïiòàëó (ñòàò-
êiâ, äîñòàòêó).
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Ó÷àñíèê ðèíêó ìà¹ ïî÷àòêîâèé ñòàòîê X0 i áàæà¹ iíâåñòóâàòè ó ðèíîê àêöié òà
ãðîøîâèé ðèíîê äëÿ òîãî, ùîá ìàêñèìiçóâàòè î÷iêóâàíó êîðèñíiñòü ñòàòêiâ ó ìîìåíò
÷àñó N. Âií ìà¹ ôóíêöiþ êîðèñíîñòi U : (a, b)→ R, äèôåðåíöiéîâíó, ñòðîãî îïóêëó
âãîðó i ñòðîãî çðîñòàþ÷ó, i õî÷å ðîçâ'ÿçàòè òàêó çàäà÷ó.

Íåõàé (N,S0, u, d, r, p, q) � N -ïåðiîäíà áiíîìiàëüíà áåçàðáiòðàæíà öiíîâà ìî-
äåëü. Âèçíà÷èìî äâi îïòèìiçàöiéíi çàäà÷i.

Çàäà÷à 1. ∀X0 ∈ (a, b) çíàéòè àäàïòîâàíèé ïðîöåñ ∆0, . . . ,∆N−1 â öié ìîäåëi, ùî
ìàêñèìiçó¹ î÷iêóâàíó êîðèñíiñòü

E
[
U(XN )

]
çà óìîâ ðiâíÿííÿ ñòàòêó

Xn+1 = ∆nSn+1 + (1 + r)(Xn −∆nSn), n = 0, . . . , N − 1.

Çàäà÷à 2. ∀X0 ∈ (a, b) çíàéòè âèïàäêîâó âåëè÷èíó XN ó öié ìîäåëi, ùî ìàêñèìiçó¹
î÷iêóâàíó êîðèñíiñòü

E
[
U(XN )

]
çà óìîâè

Ẽ
[

XN

(1 + r)N

]
= X0.

Ñôîðìóëüîâàíi îïòèìiçàöiéíi çàäà÷i åêâiâàëåíòíi (äîâåäåííÿ äèâ. [1], ñòîð. 76).

Òåîðåìà 2. Íåõàé X0 ∈ (a, b), ∆∗ = {∆∗0, . . . ,∆∗N−1} � àäàïòîâàíèé ñòîõàñòè÷-
íèé ïðîöåñ, X∗N âàðòiñòü ïîòî÷íîãî êàïiòàëó (ñòàòêó) â ìîìåíò ÷àñó t = N, ùî
ìà¹ ïî÷àòêîâó öiíó X0 i ãåíåðó¹òüñÿ ïîðòôåëüíèì ïðîöåñîì ∆∗. Òîäi ∆∗ � îïòè-
ìàëüíèé ðîçâ'ÿçîê çàäà÷i 1 òîäi é ëèøå òîäi, êîëè X∗N � îïòèìàëüíèé ðîçâ'ÿçîê
çàäà÷i 2.

Òåîðåìà 2 ðîçáèâà¹ çàäà÷ó îïòèìàëüíèõ iíâåñòèöié íà äâà êðîêè: ïåðøèé ïî-
ëÿãà¹ ó çíàõîäæåííi îïòèìàëüíî¨ âèïàäêîâî¨ âåëè÷èíè XN , ùî ¹ ðîçâ'ÿçêîì çàäà÷i
2, äðóãèé � ó çíàõîäæåííi îïòèìàëüíîãî ïîðòôåëÿ, ùî ðîçïî÷èíà¹òüñÿ ç âàðòîñòi
X0 i ãåíåðó¹ XN çãiäíî ç àëãîðèòìîì òåîðåìè ïðî ðåïëiêàöiþ â ìóëüòèïåðiîäíié
áiíîìiàëüíié ìîäåëi.

Ëåìà 1. Íåõàé ôóíêöiÿ U : (a, b)→ R (a < b) ìà¹ âëàñòèâîñòi:

(1) U ñòðîãî îïóêëà âãîðó;
(2) U íå ìà¹ ëîêàëüíèõ åêñòðåìóìiâ;
(3) U ∈ D(a, b);
(4) U ′(x)→ 0, x→ b−, U ′(x)→ +∞, x→ a+.

Òîäi ôóíêöiÿ U ′ : (a, b)→ (0,+∞) ñòðîãî ñïàäíà, íåïåðåðâíà é ái¹êòèâíà. Çîêðåìà,
iñíó¹ ñòðîãî ñïàäíà îáåðíåíà äî U ′ ôóíêöiÿ

I : (0,+∞)→ (a, b), I = U−1, (4)

ç òàêèì âëàñòèâîñòÿìè:

I(y)→ a, y → +∞, I(y)→ b, y → 0+. (5)
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Äîâåäåííÿ.

Çàóâàæåííÿ 1. U ′ ñòðîãî ñïàäíà íà (a, b).
Âèïëèâà¹ çi ñòðîãî¨ îïóêëîñòi âãîðó ôóíêöi¨ U (äèâ. [2]).

Çàóâàæåííÿ 2. U ′ ∈ C(a, b).

Çãiäíî ç çàóâàæåííÿì 1, âíàñëiäîê ìîíîòîííîñòi, U ′ ìîæå ìàòè òî÷êè ðîçðè-
âó ëèøå ïåðøîãî ðîäó (äèâ. [2]). Íàòîìiñòü çà òåîðåìîþ Äàðáó âñi òî÷êè ðîçðèâó
ïîõiäíî¨ U ′ ¹ òî÷êàìè ðîçðèâó ëèøå äðóãîãî ðîäó (äèâ. [2]).

Çàóâàæåííÿ 3. U ′(x) > 0 ∀x ∈ (a, b).

Çãiäíî ç óìîâîþ (iv) ëåìè

∃x1 ∈ (a, b) ∀x ∈ (a, x1] U ′(x) > 0.

Ïðèïóñòèìî, ùî

∃x2 ∈ (a, b) : U ′(x2) < 0.

Òîäi ç çàóâàæåííÿ 2 òà òåîðåìè Áîëüöàíî-Êîøi ïðî ïðîìiæíå çíà÷åííÿ îòðèìó¹ìî,
ùî

∃x0 ∈ (x1, x2) : U ′(x0) = 0.

Âðàõîâóþ÷è çàóâàæåííÿ 1 ìàòèìåìî

∀x ∈ (a, x0) U ′(x) > 0 ∧ ∀x ∈ (x0, b) U ′(x) < 0.

Çâiäñè âèïëèâà¹, ùî òî÷êà x0 ¹ (ñòðîãèì âíóòðiøíiì ãëîáàëüíèì) ìiíiìóìîì ôóíêöi¨
U , ùî ñóïåðå÷èòü óìîâi (ii) ëåìè.

Çàóâàæåííÿ 4. U ′
(
(a, b)

)
= (0,+∞).

Çãiäíî ç çàóâàæåííÿì 3 ìà¹ìî âêëþ÷åííÿ U ′
(
(a, b)

)
⊂ (0,+∞). Íåõàé y ∈

(0,+∞). Çà óìîâîþ (iv) ëåìè

∃y1, y2 ∈ U ′
(
(a, b)

)
: y1 < y < y2.

Òîäi ç çàóâàæåííÿ 2 òà òåîðåìè Áîëüöàíî-Êîøi ïðî ïðîìiæíå çíà÷åííÿ îòðèìó¹ìî,
ùî

U ′
(
(a, b)

)
⊃ [y1, y2] 3 y.

Îòæå, äîâåäåíî ïðîòèëåæíå âêëþ÷åííÿ U ′
(
(a, b)

)
⊃ (0,+∞).

Iç çàóâàæåíü 1 i 4 âèïëèâà¹ òâåðäæåííÿ ëåìè ñòîñîâíî âëàñòèâîñòåé ïîõiäíî¨
U ′, ç ÿêèõ, çîêðåìà, îòðèìó¹ìî (4) i (5). �

Ëåìà 2. Çà óìîâ i ïîçíà÷åíü ëåìè 1 ∀y > 0 ôóíêöiÿ

f : (a, b)→ R, f(x) = U(x)− yx,

ìà¹ â òî÷öi x∗ = I(y) ñòðîãèé (ãëîáàëüíèé) ìàêñèìóì, òîáòî

U(x)− yx < U(I(y))− yI(y) ∀x ∈ (a, b) : x 6= x∗.
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Äîâåäåííÿ. Íåõàé y > 0. Çãiäíî ç ëåìîþ 1 ïîõiäíà U ′ ñòðîãî ñïàäà¹ íà (a, b), äî òîãî
æ U ′

(
(a, b)

)
= (0,+∞). Òîäi

∃!x∗ ∈ (a, b) : U ′(x∗) = y,

îòæå, x∗ = I(y), äî òîãî æ

∀x ∈ (a, x∗) U ′(x) > y ∧ ∀x ∈ (x∗, b) U ′(x) < y. (6)

Îñêiëüêè
f ′(x) = U ′(x)− y,

òî ç (6) âèïëèâà¹ òâåðäæåííÿ ëåìè. �

Îçíà÷åííÿ 6. Ôóíêöiþ U : (a, b) → R (a < b) áóäåìî íàçèâàòè âëàñòèâîþ
ôóíêöi¹þ êîðèñíîñòi íà iíòåðâàëi (a, b), ÿêùî:

(1) U ñòðîãî îïóêëà âãîðó;
(2) U íå ìà¹ ëîêàëüíèõ åêñòðåìóìiâ;
(3) U ∈ D(a, b);
(4) U ′(x)→ 0, x→ b−, U ′(x)→ +∞, x→ a+.

Íàñòóïíà òåîðåìà äà¹ âiäïîâiäü íà ïèòàííÿ ïðî iñíóâàííÿ é ¹äèíiñòü ðîçâ'ÿçêó
(îïòèìiçàöiéíî¨) çàäà÷i 2.

Òåîðåìà 3. Íåõàé U : (a, b) → R (0 < a < b) � âëàñòèâà ôóíêöiÿ êîðèñíîñòi íà
iíòåðâàëi (a, b). Íåõàé (N,S0, u, d, r, p, q) � N -ïåðiîäíà áåçàðáiòðàæíà áiíîìiàëüíà
öiíîâà ìîäåëü,

X0 ∈
(

a

(1 + r)N
,

b

(1 + r)N

)
. (7)

Òîäi íà ìíîæèíi âñiõ âèïàäêîâèõ âåëè÷èí XN ∈ (a, b) ó öié ìîäåëi iñíó¹ é äî òîãî
æ ¹äèíèé ñòðîãèé ãëîáàëüíèé ìàêñèìóì çàäà÷i

E
[
U(XN )

]
→ max (8)

çà óìîâè

Ẽ
[

XN

(1 + r)N

]
= X0. (9)

Äîâåäåííÿ. Íåõàé Z ïîçíà÷à¹ ïîõiäíó Ðàäîíà-Íèêîäèìà ìiðè P̃ ñòîñîâíî ìiðè P, ζ
� ùiëüíiñòü (ãóñòèíà) öiíè ñòàíó

Z(ω) = Z(ω1 . . . ωN ) =
P̃(ω1 . . . ωN )

P(ω1 . . . ωN )
=

(
p̃

p

)#H(ω1...ωN )(
q̃

q

)#T (ω1...ωN )

,

ζ(ω) = ζ(ω1 . . . ωN ) =
Z(ω)

(1 + r)N
,

äå #H(ω1 . . . ωN ), #T (ω1 . . . ωN ) ïîçíà÷àþòü, âiäïîâiäíî, êiëüêiñòü (âèïàäàíü) H,T
ó íàáîði ω = ω1 . . . ωN . Âèêîðèñòîâóþ÷è öi ïîçíà÷åííÿ, îïòèìiçàöiéíó çàäà÷ó (8),(9)
ìîæíà ïåðåïèñàòè òàê:

E
[
U(XN )

]
=

M∑
m=1

pmU(xm)→ max, (10)
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çà óìîâè

Ẽ
[

XN

(1 + r)N

]
= E

[
Z

XN

(1 + r)N

]
= E [ζXN ] =

M∑
m=1

pmxmζm = X0, (11)

äå M = 2N � êiëüêiñòü âñåìîæëèâèõ íàáîðiâ ïiäêèäàíü ìîíåòè â N -ïåðiîäíié áiíî-
ìiàëüíié öiíîâié ìîäåëi, ÿêi ïîçíà÷èìî ω1, . . . , ωM . Âiäïîâiäíî,

ζm = ζ(ωm), pm = P(ωm), xm = XN (ωm), m = 1, . . . , M.

Äëÿ çíàõîäæåííÿ îïòèìàëüíîãî âåêòîðà (x1, . . . , xM ) çàïèøåìî ôóíêöiþ Ëàãðàíæà
äëÿ çàäà÷i (10),(11)

L =

M∑
m=1

pmU(xm)− λ

(
M∑
m=1

pmζmxm −X0

)
.

Îá÷èñëèìî ÷àñòèííi ïîõiäíi L ïî xm òà ïðèðiâíÿ¹ìî ¨õ äî íóëÿ

∂L

∂xm
= pmU ′(xm)− λpmζm = 0, m = 1, . . . , M.

Îòæå,
U ′(xm) = λζm, m = 1, . . . , M. (12)

Çãiäíî ç ëåìîþ 1 iñíó¹ îáåðíåíà äî U ′ ñòðîãî ñïàäíà ôóíêöiÿ I
I : (0,+∞)→ (a, b), I = U ′−1,

ç âëàñòèâîñòÿìè
I(y)→ a, y → +∞, I(y)→ b, y → 0+. (13)

Ç (12) îòðèìó¹ìî, ùî

XN (ωm) = xm = I
(
λζ(ωm)

)
, m = 1, . . . , M.

Îòæå,
XN = I

(
λζ
)
. (14)

Äëÿ çíàõîäæåííÿ λ ïiäñòàâëÿ¹ìî (14) â (11)

E [ζ I(λζ)] = X0. (15)

Çàóâàæåííÿ 5. ∃!λ∗ > 0, ùî çàäîâîëüíÿ¹ (15).

Ðîçãëÿíåìî ôóíêöiþ

g(λ) = E [ζ I(λζ)] , g : (0,+∞)→ R.

Òîäi

lim
λ→+∞

g(λ) = E
[
ζ lim
λ→+∞

I(λζ)

]
=

a

(1 + r)N
E
[
Z
]

=
a

(1 + r)N
. (16)

Ó ïîïåðåäíiõ ïåðåòâîðåííÿõ ìè ñêîðèñòàëèñÿ (13) òà âëàñòèâiñòþ ïîõiäíî¨ Ðàäîíà-
Íèêîäèìà E

[
Z
]

= 1. Àíàëîãi÷íî

lim
λ→0+

g(λ) = E
[
ζ lim
λ→0+

I(λζ)

]
=

b

(1 + r)N
E
[
Z
]

=
b

(1 + r)N
. (17)

Ç (7), (16), (17), ñòðîãîãî ñïàäàííÿ ôóíêöi¨ I òà òåîðåìè Áîëüöàíî-Êîøi ïðî ïðî-
ìiæíå çíà÷åííÿ âèïëèâà¹ çàóâàæåííÿ 5.
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Îòæå, äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü êðèòè÷íî¨ òî÷êè äëÿ ôóíêöi¨ Ëàãðàí-
æà â íàøié çàäà÷i. Öÿ òî÷êà áóäå òî÷êîþ ñòðîãîãî ëîêàëüíîãî ìàêñèìóìó, îñêiëüêè
ìàòðèöÿ ç ÷àñòèííèõ ïîõiäíèõ äðóãîãî ïîðÿäêó ôóíêöi¨ Ëàãðàíæà L äîäàòíî âèçíà-
÷åíà (âîíà äiàãîíàëüíà i âñi åëåìåíòè äiàãîíàëi � âiä'¹ìíi). Çàóâàæèìî, ùî çâiäñè,
âçàãàëi êàæó÷è, íå âèïëèâà¹, ùî öÿ òî÷êà íåîäìiííî ¹ ãëîáàëüíèì åêñòðåìóìîì.
Ïðâèëüíå òàêå òâåðäæåííÿ: ÿêùî ôóíêöiÿ f : Rn → R ìà¹ ¹äèíèé ñòðîãèé ëî-
êàëüíèé åêñòðåìóì ó òî÷öi x0, òî ó âèïàäêó n = 1 â öié òî÷öi f äîñÿãà¹ ñâîãî
ãëîáàëüíîãî åêñòðåìóìó, òîäi ÿê ïðè n > 1 ôóíêöiÿ f ìîæå i íå ìàòè ãëîáàëüíîãî
åêñòðåìóìó â òî÷öi x0. Ñòðîãå äîâåäåííÿ öüîãî òâåðäæåííÿ (ó âèãëÿäi òåîðåìè)
çàïðîïîíîâàíî ïiñëÿ äîâåäåííÿ öi¹¨ òåîðåìè, îñêiëüêè, íà äóìêó àâòîðiâ, âîíî ¹ öi-
êàâèì ñàìî ïî ñîái. Ïðîòå â íàøîìó âèïàäêó çíàéäåíèé (¹äèíèé ñòðîãèé) ëîêàëüíèé
åêñòðåìóì áóäå òàêîæ i ãëîáàëüíèì åêñòðåìóìîì. Ïîçíà÷èìî

X∗N = I(λ∗ζ).

Çàóâàæåííÿ 6. Íåõàé XN 6= X∗N . Òîäi E [U(XN )] < E [U(X∗N )] .

Çà ëåìîþ 2

∀m ∈ {1, ...,M} ∀x ∈ (a, b) : x 6= I
(
λ∗ζ(ωm)

)
U(x)− λ∗ζ(ωm) x < U

(
I
(
λ∗ζ(ωm)

))
− λ∗ζ(ωm) I

(
λ∗ζ(ωm)

)
.

Çâiäñè îòðèìó¹ìî

U(XN )− λ∗ζ XN ≤ U (X∗N )− λ∗ζ X∗N , (18)

äî òîãî æ ∃m ∈ {1, ...,M} òàêå, ùî äëÿ ωm íåðiâíiñòü (18) � ñòðîãà.
Ïåðåõîäÿ÷è äî ìàòåìàòè÷íèõ ñïîäiâàíü â íåðiâíîñòi (18), îòðèìó¹ìî ñòðîãó

íåðiâíiñòü

E [U(XN )]− E [λ∗ζ XN ] < E [U(X∗N )]− E [λ∗ζ X∗N ] .

Âðàõîâóþ÷è (11), ìà¹ìî

E [U(XN )]− λ∗X0 < E [U(X∗N )]− λ∗X0 =⇒ E [U(XN )] < E [U(X∗N )] .

Çàóâàæåííÿ 6 çàâåðøó¹ äîâåäåííÿ òåîðåìè. �

Òåîðåìà 4. Íåõàé f ∈ C(1)(Rn), n > 1. ßêùî f ìà¹ â Rn ¹äèíèé ñòðîãèé ëîêàëü-
íèé åêñòðåìóì, òî öåé åêñòðåìóì íå îáîâ'ÿçêîâî ¹ ãëîáàëüíèì åêñòåìóìîì f ó
Rn.

Äîâåäåííÿ. Ðîçãëÿíåìî ôóíêöiþ f ∈ C∞(Rn), ùî âèçíà÷à¹òüñÿ ôîðìóëîþ

f(x) = x2
n + (xn + 1)3

n−1∑
k=1

x2
k, x = (x1, . . . , xn) ∈ Rn. (19)

Çàóâàæåííÿ 7. f(x1, . . . , xn−1, t)→ −∞, t→ −∞, ÿêùî (x1, . . . , xn−1) 6= (0, . . . , 0).

Âèïëèâà¹ áåçïîñåðåäíüî ç âèçíà÷åííÿ (19) ôóíêöi¨ f.

Çàóâàæåííÿ 8. x = 0 ¹äèíà êðèòè÷íà òî÷êà ôóíêöi¨ (19).
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Ìíîæèíà êðèòè÷íèõ òî÷îê ôóíêöi¨ f çàäîâîëüíÿ¹ ñèñòåìó ðiâíÿíü(xn + 1)3xi = 0, i = 1, . . . , n− 1,

2xn + 3(xn + 1)2
n−1∑
k=1

x2
k = 0.

Ç îñòàííüîãî ðiâíÿííÿ öi¹¨ ñèñòåìè îòðèìó¹ìî, ùî xn + 1 6= 0. Òîäi ç ïåðøèõ n − 1
ðiâíÿííÿ ìà¹ìî xi = 0, i = 1, . . . , n− 1. Òîäi ç îñòàííüîãî ðiâíÿííÿ xn = 0.

Çàóâàæåííÿ 9. x = 0 ¹ ñòðîãèì ëîêàëüíèì ìiíiìóìîì ôóíêöi¨ (19).

Ñïðàâäi,

f(0) = 0, f(x) > 0 ∀x ∈ (−1, 1)n \ {0}.
Îòæå, ç çàóâàæåíü 8 i 9 âèïëèâà¹, ùî ôóíêöiÿ (19) ìà¹ ¹äèíèé ñòðîãèé ëîêàëüíèé
åêñòðåìóì ó òî÷öi x = 0. Öåé åêñòðåìóì íå ¹ ëîêàëüíèì ìiíiìóìîì ôóíêöi¨ f. Ïðîòå
âií íå ¹ ãëîáàëüíèì ìiíiìóìîì öi¹¨ ôóíêöi¨, ùî âèïëèâà¹ ç çàóâàæåííÿ 7. �

Ñôîðìóëþ¹ìî òåîðåìó ïðî ðåïëiêàöiþ ó ìóëüòèïåðiîäíié áiíîìiàëüíié ìîäåëi,
â ÿêié äåðèâàòèâ ïîâ'ÿçàíèé ç ñåði¹þ (ïîòîêîì) âèïëàò (äîâåäåííÿ äèâ. [1], ñòîð.
43).

Òåîðåìà 5. Íåõàé (N,S0, u, d, r, p, q) � N -ïåðiîäíà áåçàðáiòðàæíà áiíîìiàëüíà öi-
íîâà ìîäåëü, (C0, . . . , CN ) � äîâiëüíèé àäàïòîâàíèé ïðîöåñ ó öié ìîäåëi. Öiíà Vn
äåðèâàòèâó, çà ÿêèì çäiéñíþþòüñÿ âèïëàòè Cn, . . . , CN â ìîìåíòè ÷àñó n, . . . , N
âiäïîâiäíî, â ìîìåíò ÷àñó n ñòàíîâèòü

Vn = Ẽn

[
N∑
k=n

Ck
(1 + r)k−n

]
, n = 0, . . . , N,

çîêðåìà, VN = CN . Àäàïòîâàíèé ñòîõàñòè÷íèé ïðîöåñ öií Vn, n = 0, . . . , N
çàäîâîëüíÿ¹ ðiâíîñòi

Cn(ω1 . . . ωn) = Vn(ω1 . . . ωn)− 1

1 + r
Ẽn [Vn+1] (ω1 . . . ωn).

Âèçíà÷èìî (àäàïòîâàíèé) ïîðòôåëüíèé ïðîöåñ

∆n(ω1 . . . ωn) =
Vn+1(ω1 . . . ωnH)− Vn+1(ω1 . . . ωnT )

Sn+1(ω1 . . . ωnH)− Sn+1(ω1 . . . ωnT )
, n = 0, . . . , N − 1.

Ïðèéìåìî X0 = V0 i ðîçãëÿíåìî àäàïòîâàíèé ñòîõàñòè÷íèé ïðîöåñ X0, . . . , XN ,
ùî âèçíà÷à¹òüñÿ ðiâíÿííÿì ñòàòêó

Xn+1 = ∆nSn+1 + (1 + r)(Xn −∆nSn), n = 0, . . . , N − 1.

Òîäi

Xn(ω1 . . . ωn) = Vn(ω1 . . . ωn) ∀(ω1 . . . ωn), n = 1, . . . , N.

Íàñòóïíà òåîðåìà äîñëiäæó¹ çàäà÷ó îïòèìiçàöi¨ ñïîæèâàííÿ äëÿ äåðèâà-
òèâà, âèçíà÷åíîãî â ïîïåðåäíié òåîðåìi ïðî ðåïëiêàöiþ. Ïðîöåñ ñïîæèâàííÿ
C = {C0, . . . , CN} � àäàïòîâàíèé ñòîõàñòè÷íèé ïðîöåñ, äå Cn âêàçó¹ íà êiëü-
êiñòü êîøòiâ, ÿêi ñïîæèâàþòüñÿ àãåíòîì ó ìîìåíò ÷àñó n. Ïëàí ñïîæèâàííÿ òà
iíâåñòèöié ñêëàäà¹òüñÿ ç ïàðè (C,∆), äå ∆ = {∆0, . . . ,∆N−1} � ïðîöåñ ïîðòôåëiâ
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(âèçíà÷à¹òüñÿ ÿê â òåîðåìi ïðî ðåïëiêàöiþ). Çãiäíî ç òåîðåìîþ ïðî ðåïëiêàöiþ
âàðòiñòü äåðèâàòèâó â ìîìåíò ÷àñó n = 0 ñòàíîâèòü

V0 = Ẽ

[
N∑
n=0

Cn
(1 + r)n

]
.

Âðàõîâóþ÷è öþ ðiâíiñòü, ïåðåéäåìî äî òî÷íîãî ôîðìóëþâàííÿ òåîðåìè ïðî îïòè-
ìàëüíå ñïîæèâàííÿ.

Íåõàé (N,S0, u, d, r, p, q) � N -ïåðiîäíà áåçàðáiòðàæíà áiíîìiàëüíà öiíîâà ìî-
äåëü. Ïîçíà÷èìî

C = {(C0, . . . , CN ) | Cn ∈ (an, bn), n = 0, . . . , N},

äå (C0, . . . , CN ) � äîâiëüíèé àäàïòîâàíèé ïðîöåñ ó öié ìîäåëi.

Òåîðåìà 6. Íåõàé ôóíêöi¨

Un : (an, bn)→ R (0 ≤ an < bn), n = 0, . . . , N,

¹ âëàñòèâèìè ôóíêöiÿìè êîðèñíîñòi íà iíòåðâàëàõ (an, bn), n = 0, . . . , N, âiäïî-
âiäíî,

X0 ∈

(
N∑
n=0

an
(1 + r)n

,

N∑
n=0

bn
(1 + r)n

)
. (20)

Òîäi íà ìíîæèíi C iñíó¹ é äî òîãî æ ¹äèíèé ñòðîãèé ãëîáàëüíèé ìàêñèìóì çàäà÷i

E

[
N∑
n=0

Un(Cn)

]
→ max (21)

çà óìîâè

Ẽ

[
N∑
n=0

Cn
(1 + r)n

]
= X0. (22)

Äîâåäåííÿ. Íåõàé Z ïîçíà÷à¹ ïîõiäíó Ðàäîíà-Íèêîäèìà ìiðè P̃ ñòîñîâíî ìiðè P, ζ
� ùiëüíiñòü (ãóñòèíà) öiíè ñòàíó. Òîäi

Z(ω) = Z(ω1 . . . ωN ) =
P̃(ω1 . . . ωN )

P(ω1 . . . ωN )
=

(
p̃

p

)#H(ω1...ωN )(
q̃

q

)#T (ω1...ωN )

,

äå #H(ω1 . . . ωN ), #T (ω1 . . . ωN ) ïîçíà÷àþòü, âiäïîâiäíî, êiëüêiñòü (âèïàäàíü) H,T
ó íàáîði ω = ω1 . . . ωN . Ðîçãëÿíåìî àäàïòîâàíèé ñòîõàñòè÷íèé ïðîöåñ Ðàäîíà-
Íèêîäèìà

Zn = En
[
Z
]
, n = 0, . . . , N. (23)

Îñêiëüêè ïðîöåñ {C0, . . . , CN} àäàïòîâàíèé, òî çà âëàñòèâîñòÿìè óìîâíèõ ìàòåìà-
òè÷íèõ ñïîäiâàíü

E
[
ZCn

]
= E

[
En
[
ZCn

]]
= E

[
CnEn

[
Z
]]

= E
[
ZnCn

]
, n = 0, . . . , N. (24)

Ïîçíà÷èìî

ζn =
Zn

(1 + r)n
, n = 0, . . . , N. (25)
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Îòæå, âèêîðèñòîâóþ÷è (23), (24), (25) i çâ'ÿçîê ìiæ ìàòåìàòè÷íèìè ñïîäiâàííÿìè

ñòîñîâíî ìið P òà P̃, îòðèìó¹ìî

Ẽ

[
N∑
n=0

Cn
(1 + r)n

]
= E

[
Z

N∑
n=0

Cn
(1 + r)n

]
= E

[
N∑
n=0

ZnCn
(1 + r)n

]
= E

[
N∑
n=0

ζnCn

]
.

Îïòèìiçàöiéíó çàäà÷ó (21),(22) ìîæíà ïåðåïèñàòè òàê:

E

[
N∑
n=0

Un(Cn)

]
=

N∑
n=0

Mn∑
k=1

pknUn(ckn)→ max (26)

çà óìîâè

E

[
N∑
n=0

ζnCn

]
=

N∑
n=0

Mn∑
k=1

pknζ
k
Nc

k
n = X0, (27)

äå Mn = 2n � êiëüêiñòü âñåìîæëèâèõ íàáîðiâ ç n ïîñëiäîâíèõ ïiäêèäàíü ìîíåòè,
ÿêi ïîçíà÷èìî ω1

n, · · · , ωMn
n ,

ckn = Cn(ωkn), pkn = P(ωkn), ζkn = ζn(ωkn), k = 1, . . . , Mn, n = 0, . . . , N.

Çàïèøåìî ôóíêöiþ Ëàãðàíæà äëÿ çàäà÷i (26),(27)

L =

N∑
n=0

Mn∑
k=1

pknUn(ckn)− λ

(
N∑
n=0

Mn∑
k=1

pknζ
k
nc
k
n −X0

)
.

Îá÷èñëèìî ÷àñòèííi ïîõiäíi L ïî ckn òà ïðèðiâíÿ¹ìî ¨õ äî íóëÿ

∂L

∂ckn
= pknU ′n(ckn)− λpknζkn = 0, k = 1, . . . , Mn, n = 0, . . . , N.

Îòæå,

U ′(ckn) = λζkn, k = 1, . . . , Mn, n = 0, . . . , N. (28)

Çãiäíî ç ëåìîþ 1 iñíó¹ îáåðíåíà äî U ′ (ñòðîãî ñïàäíà) ôóíêöiÿ I

I : (0,+∞)→ (a, b), I = U ′−1
,

ùî ìà¹ âëàñòèâîñòi

I(y)→ a, y → +∞, I(y)→ b, y → 0+. (29)

Îòæå, ç (28) îòðèìó¹ìî

Cn(ωkn) = ckn = I
(
λζkn

)
, k = 1, . . . , Mn, n = 0, . . . , N. (30)

Òîáòî,

Cn = I (λζn) , n = 0, . . . , N. (31)

Äëÿ çíàõîäæåííÿ λ ïiäñòàâëÿ¹ìî (31) â (27)

E

[
N∑
n=0

ζn I (λζn)

]
= X0. (32)

Çàóâàæåííÿ 10. ∃!λ∗ > 0, ùî çàäîâîëüíÿ¹ ðiâíiñòü (32).
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Ðîçãëÿíåìî ôóíêöiþ

g(λ) = E

[
N∑
n=0

ζn I (λζn)

]
, g : (0,+∞)→ R.

Òîäi

lim
λ→+∞

g(λ) = E

[
N∑
n=0

ζn lim
λ→+∞

I (λζn)

]
= E

[
N∑
n=0

anZn
(1 + r)n

]
=

N∑
n=0

an
(1 + r)n

. (33)

Ó ïîïåðåäíiõ ïåðåòâîðåííÿõ ìè ñêîðèñòàëèñÿ óìîâîþ (29), âëàñòèâîñòÿìè óìîâíèõ
ìàòåìàòè÷íèõ ñïîäiâàíü i âëàñòèâiñòþ ïîõiäíî¨ Ðàäîíà-Íèêîäèìà

E
[
Zn
]

= E
[
En
[
Z
]]

= E
[
Z
]

= 1.

Àíàëîãi÷íî

lim
λ→+0

g(λ) = E

[
N∑
n=0

ζn lim
λ→+0

I (λζn)

]
= E

[
N∑
n=0

bnZn
(1 + r)n

]
=

N∑
n=0

bn
(1 + r)n

. (34)

Ç (20), (33), (34), ñòðîãîãî ñïàäàííÿ ôóíêöi¨ I òà òåîðåìè Áîëüöàíî-Êîøi ïðî ïðî-
ìiæíå çíà÷åííÿ âèïëèâà¹ çàóâàæåííÿ 10. Îòæå, äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü êðè-
òè÷íî¨ òî÷êè äëÿ ôóíêöi¨ Ëàãðàíæà â íàøié çàäà÷i. Öÿ òî÷êà áóäå òî÷êîþ ñòðîãîãî
ëîêàëüíîãî ìàêñèìóìó, îñêiëüêè ìàòðèöÿ ç ÷àñòèííèõ ïîõiäíèõ äðóãîãî ïîðÿäêó
ôóíêöi¨ Ëàãðàíæà L äîäàòíî âèçíà÷åíà (âîíà äiàãîíàëüíà i âñi åëåìåíòè äiàãîíàëi
� âiä'¹ìíi). Äîâåäåìî, ùî â çíàéäåíié òî÷öi äîñÿãà¹òüñÿ ñòðîãèé ãëîáàëüíèé ìàêñè-
ìóì. Ïîçíà÷èìî

C∗n = I (λ∗ζn) , n = 0, . . . , N.

Çàóâàæåííÿ 11. Íåõàé {C0, . . . , CN} 6= {C∗0 , . . . , C∗N}. Òîäi

E

[
N∑
n=0

Un(Cn)

]
< E

[
N∑
n=0

Un(C∗n)

]
.

Çà ëåìîþ 2

∀n = 0, . . . , N ∀k = 1, . . . ,Mn ∀x ∈ (a, b) : x 6= I
(
λ∗ζkn

)
Un(x)− λ∗ζkn x < Un

(
I
(
λ∗ζkn

))
− λ∗ζkn I

(
λ∗ζkn

)
.

Çâiäñè îòðèìó¹ìî

Un(Cn)− λ∗ζkn Cn ≤ U(C∗n)− λ∗ζkn C∗n, n = 0, . . . , N, (35)

äî òîãî æ ∃n ∈ {0, . . . , N}, k ∈ {1, . . . ,Mn} òàêi, ùî äëÿ ωkn íåðiâíiñòü (35) � ñòðîãà.
Ïiäñóìó¹ìî ïî n íåðiâíîñòi (35). Ïåðåõîäÿ÷è äî ìàòåìàòè÷íèõ ñïîäiâàíü, îòðè-

ìó¹ìî ñòðîãó íåðiâíiñòü

E

[
N∑
n=0

Un(Cn)

]
− λ∗E

[
N∑
n=0

ζnCn

]
< E

[
N∑
n=0

Un(C∗n)

]
− λ∗E

[
N∑
n=0

ζnC
∗
n

]
.
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Âðàõîâóþ÷è (27), ìàòèìåìî

E

[
N∑
n=0

Un(Cn)

]
− λ∗X0 < E

[
N∑
n=0

U(C∗n)

]
− λ∗X0 =⇒

=⇒ E

[
N∑
n=0

Un(Cn)

]
< E

[
N∑
n=0

Un(C∗n)

]
.

Çàóâàæåííÿ 11 çàâåðøó¹ äîâåäåííÿ òåîðåìè. �

Íàñòóïíà òåîðåìà (ïðî îïòèìàëüíå ñïîæèâàííÿ i çàëèøêîâèé ñòàòîê) � öå äî-
ñëiäæåííÿ ïðîáëåìè, êîëè êîðèñíiñòü îòðèìó¹òüñÿ âiä ñïîæèâàííÿ êîøòiâ ïðîòÿãîì
êîæíîãî ïåðiîäó áiíîìiàëüíî¨ ìîäåëi i âiä êiëüêîñòi ãðîøåé, ÿêi çàëèøàþòüñÿ â êiíöi
îñòàííüîãî ïåðiîäó N. Öÿ ïðîáëåìà ¹ óçàãàëüíåííÿì ïîïåðåäíüî¨ çàäà÷i îïòèìàëü-
íîãî ñïîæèâàííÿ: òåïåð ó÷àñíèê ðèíêó ìà¹ ïðàâî íå ëèøå ñïîæèâàòè Cn â ìîìåíò
÷àñó n = 0, . . . , N, à é ìàòè â ìàéáóòíüîìó ìîæëèâèé çàëèøîê ãðîøåé VN − CN ,
ÿêùî VN 6= CN .

Íåõàé (N,S0, u, d, r, p, q) � N -ïåðiîäíà áåçàðáiòðàæíà áiíîìiàëüíà öiíîâà ìî-
äåëü. Ïîçíà÷èìî

C = {(C0, . . . , CN , VN ) | Cn ∈ (an, bn), n = 0, . . . , N ; VN − CN ∈ (c, d)},
äå, âiäïîâiäíî, (C0, . . . , CN ) � äîâiëüíèé àäàïòîâàíèé ïðîöåñ, VN � äîâiëüíà âèïàä-
êîâà âåëè÷èíà â öié ìîäåëi.

Òåîðåìà 7. Íåõàé ôóíêöi¨

U : (c, d)→ R (0 ≤ c < d), Un : (an, bn)→ R (0 ≤ an < bn), n = 0, . . . , N,

¹ âëàñòèâèìè ôóíêöiÿìè êîðèñíîñòi íà iíòåðâàëàõ (c, d) òà (an, bn) n = 0, . . . , N,
âiäïîâiäíî,

X0 ∈

(
N∑
n=0

an
(1 + r)n

+
c

(1 + r)N
,

N∑
n=0

bn
(1 + r)n

+
d

(1 + r)N

)
. (36)

Òîäi íà ìíîæèíi A iñíó¹ é äî òîãî æ ¹äèíèé ñòðîãèé ãëîáàëüíèé ìàêñèìóì çàäà÷i

E

[
N∑
n=0

Un(Cn) + U(VN − CN )

]
→ max (37)

çà óìîâè

Ẽ

[
N−1∑
n=0

Cn
(1 + r)n

+
VN

(1 + r)N

]
= X0. (38)

Äîâåäåííÿ. Ïîçíà÷èìî W = VN − CN . Òîäi îïòèìiçàöiéíà çàäà÷à (37), (38) ïåðåïè-
øåòüñÿ òàê:

E

[
N∑
n=0

Un(Cn) + U(W )

]
→ max (39)

çà óìîâè

Ẽ

[
N∑
n=0

Cn
(1 + r)n

+
W

(1 + r)N

]
= X0. (40)
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Íåõàé Z � ïîõiäíà Ðàäîíà-Íèêîäèìà ìiðè P̃ âiäíîñíî ìiðè P

Z = Z(ω) = Z(ω1 . . . ωN ) =
P̃(ω1 . . . ωN )

P(ω1 . . . ωN )
=

(
p̃

p

)H(ω1...ωN )(
q̃

q

)T (ω1...ωN )

,

äå #H(ω1 . . . ωN ), #T (ω1 . . . ωN ) ïîçíà÷àþòü, âiäïîâiäíî, êiëüêiñòü (âèïàäàíü) H,T
ó íàáîði ω = ω1 . . . ωN . Ðîçãëÿíåìî àäàïòîâàíèé ñòîõàñòè÷íèé ïðîöåñ Ðàäîíà-
Íèêîäèìà

Zn = En
[
Z
]
, n = 0, . . . , N, (41)

i íåõàé

ζn =
Zn

(1 + r)n
, n = 0, . . . , N.

Òîäi, âèêîðèñòîâóþ÷è àäàïòîâàíiñòü ïðîöåñó (C0, . . . , CN ), âëàñòèâîñòi óìîâíèõ ìà-
òåìàòè÷íèõ ñïîäiâàíü i çâ'ÿçîê ìiæ ìàòåìàòè÷íèìè ñïîäiâàííÿìè ñòîñîâíî ìið P òà

P̃, îòðèìó¹ìî

Ẽ

[
N∑
n=0

Cn
(1 + r)n

+
W

(1 + r)N

]
= E

[
N∑
n=0

ZCn
(1 + r)n

+
ZW

(1 + r)N

]
=

= E

[
N∑
n=0

ZnCn
(1 + r)n

+
ZW

(1 + r)N

]
= E

[
N∑
n=0

ζnCn + ζNW

]
.

Ïåðåïèøåìî îïòèìiçàöiéíó çàäà÷ó (39),(40) ó âèãëÿäi

E

[
N∑
n=0

Un(Cn) + U(W )

]
=

N∑
n=0

Mn∑
k=1

pknUn(ckn) +

MN∑
k=1

pkNU(wkN )→ max (42)

çà óìîâè

E

[
N∑
n=0

ζnCn + ζNW

]
=

N∑
n=0

Mn∑
k=1

pknζ
k
nc
k
n +

MN∑
k=1

pkNζ
k
nw

k
N = X0. (43)

äå Mn = 2n � êiëüêiñòü âñåìîæëèâèõ íàáîðiâ ç n ïîñëiäîâíèõ ïiäêèäàíü ìîíåòè,
ÿêi ïîçíà÷èìî ω1

n, · · · , ωMn
n . Âiäïîâiäíî,

ckn = Cn(ωkn), pkn = P(ωkn), ζkn = ζn(ωkn), n = 0, . . . , N, k = 1, . . . , Mn;

wkN = W (ωkN ), k = 1, . . . , MN .

Çàïèøåìî ôóíêöiþ Ëàãðàíæà äëÿ çàäà÷i (42),(43)

L =

N∑
n=0

Mn∑
k=1

pknUn(ckn) +

MN∑
k=1

pkNU(wkN ) − λ

(
N∑
n=0

Mn∑
k=1

pknζ
k
nc
k
n +

MN∑
k=1

pkNζ
k
Nw

k
N −X0

)
.

Îá÷èñëþþ÷è ÷àñòèííi ïîõiäíi L ïî ckn, w
k
N òà ïðèðiâíþþ÷è ¨õ äî íóëÿ, îòðèìà¹ìî

òàêi ðiâíîñòi:

U ′n(ckn) = λζkn, n = 0, . . . , N, k = 1, . . . , Mn; (44)

U ′(wkN ) = λζkN , k = 1, . . . , MN . (45)
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Çãiäíî ç ëåìîþ 1 iñíóþòü îáåðíåíi äî U ′n,U ′ ñòðîãî ñïàäíi ôóíêöi¨

In : (0,+∞)→ (an, bn), In = U ′n
−1
, In(y)→ an, y → +∞, In(y)→ bn, y → 0+;

I : (0,+∞)→ (c, d), I = U ′−1
, I(y)→ c, y → +∞, I(y)→ d, y → 0+.

Îòæå, ç (44) i (45) îòðèìó¹ìî

Cn(ωkn) = ckn = Ic
(
λζkn

)
, n = 0, . . . , N, k = 1, . . . , Mn;

W (ωkN ) = wkN = I
(
λζkN

)
, k = 1, . . . , MN .

Òîáòî
Cn = In (λζn) , n = 0, . . . , N ; W = I (λζn) . (46)

Äëÿ çíàõîäæåííÿ λ ïiäñòàâëÿ¹ìî (46) â (43)

E

[
N∑
n=0

ζnIn (λζn) + ζnI (λζN )

]
= X0. (47)

Çàóâàæåííÿ 12. ∃!λ∗ > 0, ùî çàäîâîëüíÿ¹ ðiâíiñòü (47).

Ðîçãëÿíåìî ôóíêöiþ

g(λ) = E

[
N∑
n=0

ζnIn (λζn) + ζnI (λζN )

]
, g : (0,+∞)→ R.

Òîäi

lim
λ→+∞

g(λ) = E

[
N∑
n=0

ζn lim
λ→+∞

In (λζn) + ζn lim
λ→+∞

I (λζN )

]
=

=E

[
N∑
n=0

anζn + c ζN

]
=E

[
N∑
n=0

anZn
(1 + r)n

+
cZ

(1 + r)N

]
=

N∑
n=0

an
(1 + r)n

+
c

(1 + r)N
. (48)

Ó ïîïåðåäíiõ ïåðåòâîðåííÿõ ìè ñêîðèñòàëèñÿ âëàñòèâîñòÿìè ôóíêöié In, I, âëàñòè-
âîñòÿìè óìîâíèõ ìàòåìàòè÷íèõ ñïîäiâàíü i âëàñòèâiñòþ ïîõiäíî¨ Ðàäîíà-Íèêîäèìà

E
[
Zn
]

= E
[
En
[
Z
]]

= E
[
Z
]

= 1.

Àíàëîãi÷íî

lim
λ→+0

g(λ) = E

[
N∑
n=0

ζn lim
λ→+0

In (λζn) +ζn lim
λ→+0

I (λζN )

]
=

=E

[
N∑
n=0

bnζn + d ζN

]
=E

[
N∑
n=0

bnZn
(1 + r)n

+
dZ

(1 + r)N

]
=

N∑
n=0

bn
(1 + r)n

+
d

(1 + r)N
. (49)

Ç (36), (48), (49), ñòðîãîãî ñïàäàííÿ ôóíêöié In, I òà òåîðåìè Áîëüöàíî-Êîøi ïðî
ïðîìiæíå çíà÷åííÿ âèïëèâà¹ çàóâàæåííÿ 12. Îòæå, äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü
êðèòè÷íî¨ òî÷êè äëÿ ôóíêöi¨ Ëàãðàíæà â íàøié çàäà÷i. Öÿ òî÷êà áóäå òî÷êîþ ñòðî-
ãîãî ëîêàëüíîãî ìàêñèìóìó, îñêiëüêè ìàòðèöÿ ç ÷àñòèííèõ ïîõiäíèõ äðóãîãî ïîðÿä-
êó ôóíêöi¨ Ëàãðàíæà L äîäàòíî âèçíà÷åíà (âîíà äiàãîíàëüíà i âñi åëåìåíòè äiàãî-
íàëi � âiä'¹ìíi). Äîâåäåìî, ùî â çíàéäåíié òî÷öi äîñÿãà¹òüñÿ ñòðîãèé ãëîáàëüíèé
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ìàêñèìóì. Ïîçíà÷èìî

C∗n = In (λ∗ζn) , n = 0, . . . , N ; W ∗ = I (λ∗ζN ) .

Çàóâàæåííÿ 13. Íåõàé {C0, . . . , CN , VN} 6= {C∗0 , . . . , C∗N , V ∗N}. Òîäi

E

[
N∑
n=0

Un(Cn) + U(VN − CN )

]
< E

[
N∑
n=0

Un(C∗n) + U(V ∗N − C∗N )

]
.

Çà ëåìîþ 2

∀n = 0, . . . , N ∀k = 1, . . . ,Mn ∀x ∈ (an, bn) : x 6= In
(
λ∗ζkn

)
Un(x)− λ∗ζkn x < Un

(
In
(
λ∗ζkn

))
− λ∗ζkn In

(
λ∗ζkn

)
;

∀k = 1, . . . ,MN ∀x ∈ (c, d) : x 6= I
(
λ∗ζkN

)
U(x)− λ∗ζkN x < U

(
I
(
λ∗ζkN

))
− λ∗ζkN I

(
λ∗ζkN

)
.

Çâiäñè îòðèìó¹ìî

Un(Cn)− λ∗ζn Cn ≤ Un(C∗n)− λ∗ζn C∗n, n = 0, . . . , N ; (50)

U(W )− λ∗ζN W ≤ U(W ∗)− λ∗ζN W ∗. (51)

Äî òîãî æ ∃n ∈ {0, . . . , N}, k ∈ {1, . . . ,Mn} òàêi, ùî äëÿ ωkn ïðèíàéìíi îäíà ç
íåðiâíîñòåé (50) àáî (51) � ñòðîãà (âèïëèâà¹ ç óìîâè çàóâàæåííÿ 13).

Ïiäñóìó¹ìî ïî n íåðiâíîñòi (50) òà äîäàìî íåðiâíiñòü (51). Ïåðåõîäÿ÷è äî ìà-
òåìàòè÷íèõ ñïîäiâàíü, îòðèìó¹ìî ñòðîãó íåðiâíiñòü

E

[
N∑
n=0

Un(Cn) + U(W )

]
− λ∗E

[
N∑
n=0

ζnCn + ζNW

]
<

< E

[
N∑
n=0

Un(C∗n) + U(W ∗)

]
− λ∗E

[
N∑
n=0

ζnC
∗
n + ζNW

∗

]
.

Âðàõîâóþ÷è (43), ìàòèìåìî

E

[
N∑
n=0

Un(Cn) + U(W )

]
− λ∗X0 < E

[
N∑
n=0

Un(C∗n) + U(W ∗)

]
− λ∗X0 =⇒

=⇒ E

[
N∑
n=0

Un(Cn) + U(W )

]
< E

[
N∑
n=0

Un(C∗n) + U(W ∗)

]
.

Îñòàííÿ íåðiâíiñòü åêâiâàëåíòíà íåðiâíîñòi ó òâåðäæåííi çàóâàæåííÿ 13. �
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OPTIMAL INVESTMENT AND CONSUMPTION IN THE
BINOMIAL NO-ARBITRAGE ASSERT-PRICING MODEL

Serhii PIDKUYKO1, Mykola BABIAK2
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2Department of Accounting and Finance
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An optimal consumption and investment problem in the binomial no-
arbitrage asset-pricing model is considered. The existence and uniqueness of
the solution of the optimization problem where the investor maximizes the
expected utility of wealth at the end of the last period is proved. The existence
and uniqueness of the solution of the optimization problem where the investor
maximizes the expected utility of wealth during all periods while making
choice of the level of consumption in each period is proved. The existence
and uniqueness of the solution of the optimization problem when the utility
derived from consumption both during all periods and the balance of money
in the latter one.

Key words: binomial asset-pricing model, investment, consumption, utility.



ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2020. Âèïóñê 89. Ñ. 106�122

Visnyk of the Lviv Univ. Series Mech. Math. 2020. Issue 89. P. 106�122

http://publications.lnu.edu.ua/bulletins/index.php/mmf

doi: http://dx.doi.org/10.30970/vmm.2020.89.106-122

ÓÄÊ 539.3, 539.4, 539.5

GENERALIZATION OF THE EQUIVALENT AREA METHOD

FOR THE CASE OF SHORT FATIGUE CRACKS

IN A THREE-DIMENSIONAL BODY

Nataliya YADZHAK

Ivan Franko National University of Lviv,

Universytetska Str., 1, 79000, Lviv, Ukraine

e-mail: nataliya.yadzhak@lnu.edu.ua

In industry, structural elements with small cracks are widely used; however,
little research has been done on relatively simple methods for lifetime evaluati-
on of such structural elements. This study proposes a generalization of the
equivalent area method for a case of small fatigue cracks using an alternative
representation of the relation between the crack propagation rate and the crack
tip opening. A tension problem for a three-dimensional body with an elliptical
crack has been solved analytically by applying the generalized equivalent area
method and numerically by the Runge-Kutta method. The comparison of the
obtained solutions has shown a good correlation of the results that con�rms
the potential application of the generalized equivalent area method to short
crack problems.

Key words: short cracks, fatigue fracture of three-dimensional bodies, elli-
ptical crack, equivalent area method, opening of the fracture process zone

1. Introduction

For a simpli�ed determination of residual lifetime of materials and structural
elements, the equivalent area method can be applied, which helps to calculate lifetime
for di�erent problems, such as long cracks [1, p. 85-89], [2], elliptical edge cracks [1, p. 87-
89] and creep cracks [3].

However, in structural elements under operation, mostly small cracks prevail, since
structural elements with long cracks are subject to repair or replacement. Even though
structural elements with short cracks are mostly under operation, the approximated
investigation methods for such cases are relatively little developed. In this study, an
attempt has been made to formulate such method for a case of small cracks; namely, to

2020 Mathematics Subject Classi�cation: 74R10, 74S30

© Yadzhak, N., 2020
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generalize the equivalent area method which has been formulated earlier [1, p. 85-89] for
the long cracks.

2. Mathematical Model for Fatigue Growth of a Small Crack
with a Convex Contour

Consider a three-dimensional body with a plane small crack of an initial area S0

subject to cyclic loading of an amplitude p and a period of cycle T (�g. 1). The external
loading is applied in a way that the stress-strain state is symmetric about the crack plane.
In this case, the stress-strain state in the fracture process zone in front of the crack tip
can be described only by its opening δI [4, p. 29-30].

The problem is to determine the number of load cycles N = N∗, when as result of
fatigue fracture the crack rises to the critical size S = S∗ and the body collapses.

Fig. 1. Three-dimensional body with a small plane crack

Since the crack size is small and the self-similarity conditions are not met [4, p. 29],
the energy approach in deformation parameters [2] is used to solve the problem.

Taking into account that under fatigue loading, the crack grows by small jumps of
size ∆Sc over a large number of cycles ∆Nc, the crack growth can be considered to be
continuous from the initial size S = S0 to the �nal one S = S∗ [5]. Then the crack growth
rate V can be written as follows:

V =
dS

dN
≈ ∆Sc

∆Nc
.

For each crack jump ∆Sc, the energy balance has the following form [2,6]:

A = W + Γ, (1)

where A is the work of external forces, W the deformation energy, and Γ the fracture
energy of a body for the crack area change.
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The deformation energy W generated with the crack propagation on a jump size
∆Sc, consists of the following components [5]:

W = Ws +W (1)
p (S)−W (2)

p (t),

where WS is the elastic component of W ; W
(1)
p (S) is the part of the work of plastic

deformations that depends only on the crack area S; W
(2)
p (t) is the part of the work of

plastic deformations that depends only on time t (respectively, the number of loading
cycles N = tT−1) and is generated by the body during its unloading and compression of
the fracture process zone.

From the condition of the energy rate balance [2, 6]

∂A

∂N
=
∂W

∂N
+
∂Γ

∂N

and with respect to the energy balance (1), we obtain [6]

∂

∂S

[
Γ−

(
A−Ws −W (1)

p

)] dS
dN
− ∂W

(2)
p

∂N
= 0. (2)

Then from equation (2), the crack growth rate can be derived [6]

dS

dN
=

[
∂W

(2)
p

∂N

]/
∂

∂S

[
Γ−

(
A−Ws −W (1)

p

)]
. (3)

According to [2, 5], the denominator in (3) can be rewritten in the form

∂

∂S

[
Γ−

(
A−Ws −W (1)

p

)]
= γf − L−1

∫
L

σt(ξ)δtmax(0, ξ)dξ, (4)

where L is the crack contour; γf the speci�c fracture energy at fatigue crack propagation
that is determined by the formula γf = σtδc; σt the average strain in the fracture process
zone; δtmax(0, ξ) the maximal opening δt(0, ξ) of the fracture process zone near the crack
contour per cycle for the stress σt; δc the critical opening of the fracture process zone,
and ξ is the coordinate on the crack contour L.

To determine the work of plastic deformationsW
(2)
p (t) generated by the body during

its unloading and compression of the fracture process zone, let us �rst calculate the length
of the crack jump during its fatigue propagation [7, p. 133]:

lfp ≈ α0∆δt(0, ξ) = α0 [δtmax(0, ξ)− δtmin(0, ξ)] ,

where α0 is a constant determined from an experiment, and δtmin(0, ξ) is the minimal
opening δt(0, ξ) of the fracture process zone per cycle.

Since the opening δt(x, ξ) changes little in a small neighbourhood of the crack
contour and it is considered to be constant over the variable x [7],

δt(x, ξ) ≈ δt(0, ξ) at 0 ≤ x ≤ x∗, (5)

the work of plastic deformations W
(2)
p (t) can be expressed by the formula [8]:

W (2)
p (N) = α0N

∫
L

σt[δtmax(0, ξ)− δtmin(0, ξ)]
2
dξ −W (2)

0

 , (6)
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where W
(2)
0 is the energy per cycle that does not initiate fatigue fracture of the material,

de�ned as [8]

W
(2)
0 =

∫
L

σt(ξ)N(δthmax − δthmin)
2
dξ,

δthmax and δthmin is the maximal and the minimal values of the lower threshold of the
opening of the fracture process zone near the crack contour δth at which the crack does
not propagate.

Then, the combination of (6), (4) and (3) gives the following formula for the fatigue
crack growth rate [8]:

dS

dN
=

α0(1−Rδ)
2
∫
L

σt
[
δ2tmax(0, ξ)− δ2thmin

]
dξ

σtδfc − L−1
∫
L

σt(ξ)δtmax(0, ξ)dξ

, (7)

where δfc is the critical value of the fracture process zone δt under fatigue loading.
Initial and �nal conditions for this problem are the following:

N = 0, S(0) = S0; (8)

and, respectively,

N = N∗, S(N∗) = S∗. (9)

The critical area value S∗, at which the fracture occurs, can be expressed from the critical
crack opening displacement criterion [4, p. 139]:

δt(S∗) = δfc. (10)

Hence, the mathematical model (7)�(10) allows calculating the period of subcritical
growth of a small fatigue crack with a convex contour.

3. Generalization of the Equivalent Area Method for Small
Cracks

The application of the mathematical model (7)�(10) for determination of residual
lifetime for cracks of arbitrary contours involves mathematical di�culties [2]. In order to
simplify the solution process, let us generalize the equivalent area method for the case of
short fatigue cracks.

Suppose that the energy valuesW
(1)
p andW

(2)
p slightly di�er for two arbitrary small

cracks of convex contours L and equal area S under the condition of homogenous tensile
stresses p. In this regard, one of these con�gurations can be replaced by a circle of radius
r and equal length S = πr2. According to the assumption, a crack of an arbitrary convex

contour L and an equal length has the energy values W
(1)
p and W

(2)
p that only slightly

di�er from the corresponding values for a circular crack W
(1)(c)
p and W

(2)(c)
p [2].

Thus, the character of the area change for a crack with an arbitrary convex contour
L and a crack of a circular contour with the equal area S are close. This concept is in
agreement with the ideas described in [1, p. 85-89].



110
Nataliya YADZHAK

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2020. Âèïóñê 89

Let us use this approach to the problem in consideration. Based on the equivalent
area method, let us substitute the small plane crack of a convex contour for a circular
crack of the initial radius r0 and the equal area [1, p. 85]:

S0 = S
(c)
0 , (11)

where S0 is the initial area of the plane crack, and S
(c)
0 = πr20 is the area of the equivalent

circular crack.
From relation (11), the value of the initial radius of the equivalent short crack can

be obtained [1, p. 87]:

r0 =
√
S0/π.

The growth rate of the circular crack based on (7) can be written in the following
form as a function of the opening of its fracture process zone [8]:

V = α0

(
1−R2

)2(δ(c)I )2 − δ2th
δIc − δ(c)I

, (12)

where R is the load ratio, and δ
(c)
I is the opening of the fracture process zone of the

circular crack.
Consequently, the solution of the problem, similarly to [3], can be reduced to the

following mathematical model:

dr

dN
= α0

(
1−R2

)2(δ(c)I )2 − δ2th
δIc − δ(c)I

(13)

with initial

N = 0, r(0) = r0 =
√
S0/π (14)

and �nal conditions

N = N∗, r (N∗) = r∗. (15)

The critical value of the circular crack radius r∗ can be found using the critical crack
opening displacement criterion (10):

δ
(c)
I (r∗) = δIc. (16)

Thus, the problem is reduced to the determination of the opening of the fracture
process zone for a circular crack.

4. Evaluation of the Opening of the Fracture Process Zone in
Front of the Contour of a Circular Crack

Consider an in�nite elastic body with an inner disc-shaped crack of radius a (�g. 2)
subject to tension at in�nity by uniformly distributed loading of intensity p, directed
orthogonally to the crack face [4, p. 199].

During the loading process, a plastic zone appears in the neighbourhood of the crack
contour in the form of a plain ring of the size R − a, where R is the boundary radius
between the regions of elastic and plastic deformations [4, p. 199].
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Fig. 2. Uniaxial tension of a tree-dimensional body with a disc-shaped
crack [4, p. 199]

The opening of the fracture process zone δI for the generalized Sack's problem is
given by the formula [4, p. 200]:

δI =

8aσt(1− ν2) ·

(
1−

√
1−

(
p
σt

)2)
πE

, (17)

where ν is Poisson's ratio, σt the yield stress, and E Young's modulus.
Based on formula (17), the following expression can be obtained via numerical

analysis for determination of the opening of the fracture process zone:

δI =
4ap2(1− ν2)

πσtE
4

√
1−

(
p
σt

)2 , (18)

or in the SIF parameters

δI =
K2
I (1− ν2)

σtE
4

√
1−

(
p
σt

)2 , (19)

where the stress intensity factor (SIF) KI for Sack's problem is given by [9, p. 131]:

KI =
2
√
ap√
π
. (20)

A comparison of the openings of the fracture process zone obtained by the proposed
formula (18) and (17), conducted for a specimen from steel 65Ã (analogue to 1066) with
the following properties: E = 2 · 105 ÌPà, σt = 910 ÌPà [10], shows that the proposed
formula models quite well the exact relation between the opening of the fracture process
zone and the crack size for di�erent load values for the generalized Sack's problem.
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To solve the generalised Sack's problem and determine the critical loading under
uniaxial loading of a three-dimensional body, the following relation can be used [4, p. 202]:

p∗ =

{
σt, a < a∗;

σt
√

2a∗/a
√

1− a∗/2a , a > a∗.
(21)

Relation (19) can be also employed to determine the critical loading of a three-
dimensional body. It is known [4, p. 201] that the critical crack size for the generalised
Sack's problem is calculated by the formula:

a∗ =
πEδI

8σt(1− ν2)
. (22)

Then having substituted (22) into the obtained formula for determination of the
opening of the fracture process zone in front of a crack contour (18) and having grouped
the dimensionless loading values p∗/σt and crack sizes a/a∗, we obtain the following
expression for the critical loading:

1

16

(
p∗
σt

)8(
a

a∗

)4

+

(
p∗
σt

)2

= 1. (23)

Fig. 3 presents the comparison of the solutions obtained by formulas (21) and (23).
It is shown that formula (23) is correct for solving of the generalized Sack's problem and
contrary to (21), models the relation between the stress and the crack size by one relation
in the whole range of the dimensionless crack size. Thus, formula (23) is valid both for
spontaneous fracture (a/a∗ > 1) and for subcritical crack growth (a/a∗ < 1).

Fig. 3. Solution comparison of the generalized Sack's problem: solid
line is the exact solution by the formula (21), dashed line solution by
(23)

In addition, let us conduct a numerical experiment based on the generalized Sack's
problem for the steel 65Ã (analogue to 1066) using the proposed formula for determination
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of the opening of the fracture process zone (19). On Gri�th's problem, it has been
veri�ed [8, 11, 12] that the approach to present the crack growth rate via the opening in
its tip is invariant contrary to the employment of a stress intensity factor. Let us use this
approach to Sack's problem for a three-dimensional body.

It is considered that the crack sizes are kept within the range 1 ≤ a ≤ 10 mm.
The material properties (steel 65Ã (analogue to 1066) tempered at 600 �) [10] R = 0.1,
E = 2.1 · 105 ÌPà, σt = 910 ÌPà, ν = 0.3, ∆Kth = 7.4 MPa

√
m, ∆Kfc = 118 MPa

√
m

are used to calculate the initial data and experimental parameters: Kth = 8.2 MPa
√
m,

Kfc = 131.1 MPa
√
m, δc = 8.99 · 10−5 m, δth = 3.54 · 10−7 m, α0 = 0.197.

The experiment is conducted for �ve crack propagation series at di�erent fatigue
loading values p: 1 � 500 ÌPà, 2 � 700 ÌPà, 3 � 800 ÌPà, 4 � 850 ÌPà, 5 � 875 ÌPà.

For each loading series, we �nd the stress intensity factor by formula (20), the
opening of the fracture process zone by formula (19) and the crack growth rate using
(12).

Based on the obtained values, graphical relations are built between the crack growth
rate and the SIF V ∼ KI (�g. 4) as well as between the crack growth rate and the opening
of the fracture process zone in front of the crack contour V ∼ δI (�g. 5).

Fig. 4. Relation between the crack growth rate V and the stress intensi-
ty factorKI at the series of loading p: 1 (�) � 875 ÌPà, 2 (�) � 850 ÌPà,
3 (*) � 800 ÌPà, 4 (•) � 700 ÌPà, 5 (◦) � 500 ÌPà

Fig. 4 shows that points obtained at di�erent load levels are located on parallel
curves. Thus, one value of SIF corresponds to several values of crack growth rate V
at di�erent load levels p. This di�erence in the results emerges due to plasticity, since
the plasticity zone formation for the case of small cracks is not considered in the SIF-
approach contrary to the δI -approach. Higher divergence level is observed for higher load
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levels due to the increase of the plasticity zone and expressed in formula (19) by the

factor 4

√
1− (p/σp )

2
.

Fig. 5. Relation between the crack growth rate V and the opening of
the fracture process zone δI at the series of loading p: � � 875 ÌPà,
� � 850 ÌPà, * � 800 ÌPà, • � 700 ÌPà, ◦ � 500 ÌPà

On the contrary to the �g. 4, one value of the opening of the fracture process zone
δI corresponds to one value of the crack growth rate V , as all the values for di�erent load
levels are located on a single curve (�g. 5). This indicates the invariant character of the
crack growth rate representation in the coordinates V ∼ δI towards the load level.

Thus, for the three-dimensional problem, the obtained result is similar to the one
for the plane problem: the representation of the crack growth rate via the opening of the
fracture process zone δI is invariant on the contrary to the rate representation using the
stress intensity factor KI .

5. Generalization of the Equivalent Area Method for Small
Cracks (Continuation)

Let us return to the equivalent area method for short cracks. Considering that the

opening of the fracture process zone in front of the crack contour δ
(c)
I can be calculated

by formula (19) proposed above, a formula for determination of subcritical crack growth
period N∗ is obtained from expression (13) taking into account the relations (19), (20)
and the boundary conditions (14), (15):

N∗ =
πEσt

4

√
1− (p/σt )

2

α0(1−R2)
2

r∗∫
r0

δIπEσt
4

√
1− (p/σt )

2 − 4rp2
(
1− ν2

)
16r2p4(1− ν2)

2 −
(
δthπEσt

4

√
1− (p/σt )

2

)2 dr. (24)
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After integration, the relation between the period of subcritical crack growth N∗ and
crack radius r can be represented as

N∗ =
πEσt

4

√
1− (p/σt )

2

8α0p2 (1− ν2) (1−R2)
2

[
δIc
δth

ln

∣∣∣∣∣∣4rp
2
(
1− ν2

)
− δthπEσt 4

√
1− (p/σt )

2

4rp2 (1− ν2) + δthπEσt
4

√
1− (p/σt )

2

×
4
√
S0/π p

2
(
1− ν2

)
+ δthπEσt

4

√
1− (p/σt )

2

4
√
S0/π p2(1− ν2)− δthπEσt 4

√
1− (p/σt )

2

∣∣∣∣∣∣−

− ln

∣∣∣∣∣∣∣∣∣
16r2p4

(
1− ν2

)2 − (δthπEσt 4

√
1− (p/σt )

2

)2

16S0/π p4 (1− ν2)
2 −

(
δthπEσt

4

√
1− (p/σt )

2

)2

∣∣∣∣∣∣∣∣∣

 .
(25)

The critical value of the crack radius r∗, obtained by the critical crack opening
displacement criterion (16) using the formula for the opening of the fracture process
zone (18),

r∗ =
δIcπEσt

4

√
1− (p/σt )

2

8p2(1− ν2)
, (26)

corresponds to the following lifetime of the body:

N∗ =
πEσt

4

√
1− (p/σt )

2

8α0p2 (1− ν2) (1−R2)
2

×
[
δIc
δth

ln

∣∣∣∣δIc − δthδIc + δth
·

4
√
S0/π p

2
(
1− ν2

)
+ δthπEσt

4

√
1− (p/σt )

2

4
√
S0/π p2 (1− ν2)− δthπEσt 4

√
1− (p/σt )

2

∣∣∣∣∣∣
− ln

∣∣∣∣∣∣∣∣∣
(
δ2Ic − δ2th

)(
πEσt

4

√
1− (p/σt )

2

)2

16S0/π p4(1− ν2)
2 −

(
δthπEσt

4

√
1− (p/σt )

2

)2

∣∣∣∣∣∣∣∣∣

 .
(27)

Thus, formulas (25) and (27) give the solution for the problem of cyclical tension
of a three-dimensional body with a small crack of an arbitrary convex contour using the
equivalent area method through the radius of an equivalent circle crack.

6. Solution of the Problem of Cyclical Tension of a Body with a
Small Elliptical Crack Contour Using the Equivalent Area

Method

In order to verify the accuracy of the proposed approach for the approximate lifetime
evaluation of structural elements using the equivalent area method, let us consider a
speci�c example: a uniform three-dimensional body with an inner small elliptical crack



116
Nataliya YADZHAK

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2020. Âèïóñê 89

with semiaxes a0 and b0 (�g. 6). The body is subject to uniformly distributed cyclic
tension p applied at the in�nity. The problem is to determine a period of subcritical
growth N = N∗ when the crack grows to the critical values a∗, b∗ and the body collapses.

Fig. 6. Three-dimensional body with an elliptical crack [3]

Introduce a cartesian coordinate system Oxyz so that the crack is located on the
plane z = 0, axis x coincides with the major semiaxis of the ellipse 2a and axis y with
the minor semiaxis 2b.

The solution of the problem is sought by two methods: the generalized equivalent
area method and the numerical Runge-Kutta method, and the obtained results are
compared.

Based on the equivalent area method [1, p. 85�89], the elliptical crack with semiaxes
a0 and b0 is substituted by a circular crack of an equal area and initial radius r0:

S
(e)
0 = S

(c)
0 , (28)

where S
(e)
0 = πa0b0 is the initial area of the elliptical crack, and S

(c)
0 = πr20 is the initial

area of an equivalent circular crack (�g. 7).
From relation (28), the value of the initial radius of an equivalent circular crack can

be obtained:

r0 =
√
a0b0. (29)

Similarly to the previous case, the solution of the problem is reduced to the
mathematical model (13)�(15) taking into account the initial condition (29).

Then from relation (24) after integration in the range of (29) and (26), a formula
for determination of the period of subcritical crack growth N∗ depending on the radius
r can be derived:
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N∗ =
πEσt

4

√
1− (p/σt )

2

8α0p2 (1− ν2) (1−R2)
2

[
δIc
δth

ln

∣∣∣∣∣∣4rp
2
(
1− ν2

)
− δthπEσt 4

√
1− (p/σt )

2

4rp2 (1− ν2) + δthπEσt
4

√
1− (p/σt )

2

×
4
√
a0b0p

2
(
1− ν2

)
+ δthπEσt

4

√
1− (p/σt )

2

4
√
a0b0p2(1− ν2)− δthπEσt 4

√
1− (p/σt )

2

∣∣∣∣∣∣
− ln

∣∣∣∣∣∣∣∣∣
16r2p4

(
1− ν2

)2 − (δthπEσt 4

√
1− (p/σt )

2

)2

16a0b0p4 (1− ν2)
2 −

(
δthπEσt

4

√
1− (p/σt )

2

)2

∣∣∣∣∣∣∣∣∣

 .
(30)

The critical value of the crack radius r∗, found in (30), corresponds to the following
lifetime of the body:

N∗ =
πEσt

4

√
1− (p/σt )

2

8α0p2 (1− ν2) (1−R2)
2

×
[
δIc
δth

ln

∣∣∣∣δIc − δthδIc + δth
·

4
√
a0b0p

2
(
1− ν2

)
+ δthπEσt

4

√
1− (p/σt )

2

4
√
a0b0p2 (1− ν2)− δthπEσt 4

√
1− (p/σt )

2

∣∣∣∣∣∣
− ln

∣∣∣∣∣∣∣∣∣
(
δ2Ic − δ2th

)(
πEσt

4

√
1− (p/σt )

2

)2

16a0b0p4(1− ν2)
2 −

(
δthπEσt

4

√
1− (p/σt )

2

)2

∣∣∣∣∣∣∣∣∣

 .
(31)

Hence, formulas (30) and (31) represent the solution of the problem of cyclic tension
of a three-dimensional body with an elliptical crack using the equivalent area method as
a function of a radius of an equivalent circular crack.

Fig. 7. Elliptical and equivalent circular crack [1, p. 86]
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7. Lifetime Calculation of a Body with an Elliptical Crack by
the Runge-Kutta Method

Finally, let us �nd an exact solution of the problem of cyclic tension of a three-
dimensional body with an elliptical crack.

It is known [1, p. 85], [3] that for long cracks, the form of an elliptical crack only sli-
ghtly di�ers from the elliptical in the process of its constant motion. Hence, the propagati-
on of such crack can be modelled through the motion in the direction of its two semiaxes.

Under assumption that a small fatigue crack in the process of its growth also remai-
ns elliptical, the equation of motion for this crack dS/dN, that characterises the area
change with change of the number of the loading cycles, can be reduced to two equati-
ons: equations that describe the change of the major and minor semiaxes of the ellipse.

In this case to solve the problem, the kinetics of crack motion in both semiaxes has
to be known. Thus, analogically to (13), we obtain:

da

dN
= f

(
δ
(e)
Ia

)
;

db

dN
= f

(
δ
(e)
Ib

)
,

(32)

where f
(
δ
(e)
Ia

)
and f

(
δ
(e)
Ib

)
are the functions that describe the growth rate of an elliptical

crack through the opening of the fracture process zone in front of its contour δ
(e)
Ia and

δ
(e)
Ib in the direction of the major a and minor b semiaxes of the ellipse.

The functions f
(
δ
(e)
Ia

)
and f

(
δ
(e)
Ib

)
, build analogically to (12), have the form:

f
(
δ
(e)
Ia

)
= α0

(
1−R2

)2(δ(e)Ia )2 − δ2th
δIc − δ(e)Ia

;

f
(
δ
(e)
Ib

)
= α0

(
1−R2

)2(δ(e)Ib )2 − δ2th
δIc − δ(e)Ib

,

(33)

where according to (19), the openings of the fracture process zone are given by:

δ
(e)
Ia =

(
K

(e)
Ia

)2
(1− ν2)

σtE
4

√
1−

(
p
σt

)2 ; δ
(e)
Ib =

(
K

(e)
Ib

)2
(1− ν2)

σtE
4

√
1−

(
p
σt

)2 . (34)

It is known, that the stress intensity factor for an inner elliptical crack changes along
its contour in the following way [1, p. 99], [11, p. 88]:

KI = p

√
πb

E(k)

4

√
sin2β +

b2

a2
cos2β, (35)
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where β is the angular parameter, k2 = 1− b2

a2 , and E(k) is the elliptic integral of second
order:

E(k) =

π
2∫

0

√
1− k2sin2θdθ. (36)

The coordinates of an arbitrary point on the crack contour are given by the angular
parameter β and the semiaxes by the relations [1, p. 88]:

x = a cosβ, y = b sinβ. (37)

Then based on (37) and (35), the SIF has the following forms for the major semiaxis of
the ellipse at x = a:

K
(e)
Ia =

pb
√
π√

aE(k)
, (38)

and for the minor semiaxis at y = b, respectively

K
(e)
Ib =

p
√
πb

E(k)
. (39)

Taking into consideration functions (33), the opening of the fracture process zone (34)
and the SIFs (38), (39), we obtain from system (32):



da

dN
=

α0

(
1−R2

)2
a(E(k))

2
Eσt

4

√
1−(p/σt)

2
·

(
πb2p2

(
1−ν2

))2−(a(E(k))
2
δthEσt

4

√
1−(p/σt)

2

)2

a(E(k))
2
δIcEσt

4

√
1− (p/σt)

2 − πb2p2 (1− ν2)
;

db

dN
=

α0

(
1−R2

)2
(E(k))

2
Eσt

4

√
1−(p/σt)

2
·

(
πbp2

(
1− ν2

))2 − ((E(k))
2
δthEσt

4

√
1− (p/σt)

2

)2

(E(k))
2
δIcEσt

4

√
1− (p/σt)

2 − πbp2 (1− ν2)
.

(40)
For the sake of simplicity, the integral E(k), introduced by formula (36), can be expanded
to series by the parameter k [3]:

E(k) =
π

2

[
1−

∞∑
n=1

(
(2n− 1)!!

2nn!

)2
k2n

2n− 1

]
. (41)

The solution of obtained system (40) with consideration of initial conditions:

N = 0, a(0) = a0, b(0) = b0

is sought numerically by the Runge-Kutta method.
The calculation is performed for steel 65Ã (analogue to 1066) with the following

properties [10]: α0 = 0.197, ν = 0.3, E = 2.1 · 105 ÌPà, σt = 910 MPa, ∆Kth =
7.4 MPa

√
m; ∆Kfc = 118 MPa

√
m, load ratio R = 0.1, having applied loading p =

900 MPa to a cracked body with the initial crack sizes a0 = 1 mm, b0 = 0.5 mm.
According to the critical crack opening displacement criterion (10),

δ
(e)
Ia (a∗, b∗) = δIc, δ

(e)
Ib (a∗, b∗) = δIc,
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critical sizes of the elliptical crack for the considered problem are a∗ = 7 mm, b∗ = 7 mm.
The corresponding critical size of the equivalent circular crack due to (26) is also
r∗ = 7 mm.

As can be seen from the �g. 8, the curves that describe the relation of subcritical
growth period of an elliptical crack N∗ on its area S∗, obtained using the approximate
generalised equivalent area method and the exact numerical Runge-Kutta method, are
quite close. This indicates high accuracy of the generalized equivalent area method.

Fig. 8. Relation of subcritical growth period of an elliptical crack N∗
on its area S∗: dashed line is obtained by the generalised equivalent area
method, solid line by the Runge-Kutta method

Hence, the generalized equivalent area method can be applied to solve a problem
of fatigue tension of a three-dimensional body with an elliptical crack that signi�cantly
simpli�es the solution process compared to the exact method as well as enables to obtain
an analytical relation N∗ ∼ S∗.

8. Conclusions

This study proposes a generalization of the equivalent area method, that is widely
used to solve the problems with long cracks, for a case of short cracks. Firstly, a formula
has been obtained to express the crack growth rate as a function of opening of the fracture
process zone in front of the crack contour, and the invariancy of this approach has been
shown for a three-dimensional cracked body. Secondly, the equivalent area method has
been generalized for a case of short cracks. Based on the problem of fatigue tension of a
three-dimensional body with an elliptical crack, it has been shown that the solution by
the generalized equal area method with employment of the proposed relation between
the crack growth rate and the opening of the fracture process zone di�ers little from the
exact solution obtained numerically by the Runge-Kutta method.
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