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VIIK 510.3

BRENDLE’S PROOF OF THE CONSISTENCY OF b < qa,
WITHOUT RANKS, GAMES, AND COHEN REALS

Lyubomyr ZDOMSKYY

Institute of Mathematics, Kurt Gddel Research Center for Mathematical Logic
University of Vienna, Wihringer Strafle 25, A-1090 Wien, Austria
e-mails: lzdomsky@gmail.com

We present a simplified version of the proof of one of the main results of [3].

Key words: Mad family, filter, Mathias forcing.

1. INTRODUCTION

Our goal is to give a proof of the following result. We remind the reader of the
definitions of notions involved in it at the beginning of the next section.

Theorem 1 (Brendle 98). (GCH) Let k be an uncountable reqular cardinal. Then there
exists a ccc poset P which forces b=k <a=rT =c.

We will follow the same strategy as in [3], the main technical ingredient thereof
being simplified. More precisely, P = P,.+ comes from a finite support iteration (PP, Qu :
a < kT) of ccc posets. The poset Qg forces b = k = 2% (e.g., one can take as Qg the
poset adding x-many Hechler reals over V). Fix a dominating family B = {bs : { <k} C
w' NV such that be <* by, for all £ < n. If o has cofinality < &, then Q. is a name
for a partial Hechler forcing producing a <*-bound for certain X, C w'™ N VP« of size
|Xa| < &, supplied by a bookkeeping function fixed in advance. The purpose of these
Qu’s is to make sure that b = ¢ = & holds in VF+ for any v of cofinality x. Moreover,
since the partial Hechler posets Q4 have size < Kk, they preserve the unboundedness of B
(it is well-known and easy to check that no poset of size < x can force B to be bounded),
provided that P, did so, and the latter will be arranged with the help of Propositions
and 1| below. At stage «y of cofinality x our bookkeeping function gives us a (P,-name for
an) almost disjoint family A.. The poset QA, forces A, to be non-maximal and preserves
the unboundedness of B.

2020 Mathematics Subject Classification: 03E17, 03E40, 03E05
© Zdomskyy, L., 2020
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In order to prove Theorem[I]it is enough to accomplish the natural scenario discussed
above. Propositions [2] and [1] along with a standard bookkeeping allow us to do this.

Proposition [2] is analogous to [3, 3.1. Theorem|. However, unlike in the proof of
the latter result, in our proof of Proposition [2[ we use neither auxiliary Cohen reals,
nor tricky arguments involving ranks, which hopefully makes our proof somewhat more
straightforward.

The proof given in [3] has inspired yet another construction of a model of b < a,
see [6]. Their proof is rather different from the one we present in this note: They use
countably closed non-ccc iterands which “forces” them to use countable supports and
hence gives ¢ = wo, as well as they use some variants of games on filters considered in
[8, @].

There have been more attempts to simplify or to modify Brendle’s proof from [3],
see, e.g., [4]. Also, O. Guzman has informed us in private communication that he knows
how to eliminate Cohen reals. Moreover, Guzmén and Kalajdzievski have recently proved
in [7] the consistency of w1 = u < a = wy. This yields b < a since b < u in ZFC and
their posets do not add Cohen reals as these destroy ground model basis of ultrafilters.
Nonetheless we believe that our approach might be still of some interest.

We thank the anonymous referee for careful reading and making very helpful
comments.

2. PROOFS

As usually, w = {0,1,2,...} denotes the set of natural numbers and w'™ stands for
non-decreasing elements of w*. A family A C [w]“ is called almost disjoint if AgN Ay is
finite for any distinct Ag, A; € A. An infinite almost disjoint family A is called a mad
family if AU{X} fails to be almost disjoint for any X € [w]“\.A. The minimal cardinality
of a mad family is denoted by a.

For z,y € w¥ notation z <* y means that the set {n € w: z(n) > y(n)} is finite. b
denotes the minimal cardinality of B C w® which is unbounded with respect to <*. It is
known that wy; < b < a, see |2, [10] for the information about a, b, and other combinatorial
cardinal characteristics of the reals.

In what follows D denotes an unbounded subset of w™ which is o-directed, i.e., for
every Do € [D]¥ there exists g € D such that d <* g for all d € Dy. For instance, the
dominating set B of Hechler generic reals mentioned above is like this.

The following fact follows from [I, Lemma 6.5.7].

Proposition 1. Let 0 be a limit ordinal and (P, Qu:a< ) be a finite support iteration
of ccc posets such that IFp_“D is unbounded” for all oo < 8. Then IFp; “D is unbounded”.

A subset F of [w]* is called a filter if F contains all co-finite sets, is closed under
finite intersections of its elements, and under taking supersets. Every filter F gives rise
to a natural forcing notion Mx introducing a generic subset X € [w]¥ such that X c* F
for all F € F as follows: Mz consists of pairs (s, F') such that s € [w]<¥, F € F, and
max s < min F. A condition (s, F') is stronger than (¢, G) if F C G, s is an end-extension
of t, and s\t C G. Mx is usually called Mathias forcing associated with F.

Every almost disjoint family .4 generates a filter

]-'(.A):{FCw: IB € [A]<~ (w\UB c* F)}
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It is clear that any forcing producing an infinite pseudointersection of F(A) (or any other
bigger filter) ruins the maximality of A.
The next proposition yields the poset used at stages of iteration with cofinality «.

Proposition 2. (b = ¢ = x.) Let A be an almost disjoint family. Then there exists a
filter U D F(A) such that My preserves D unbounded.

We shall need several auxiliary results. First of all, we shall assume in the sequel
that F(.A) is not contained in any filter &/ which is a union of < k many compacts, as
otherwise U is as required: Any union of < b many compacts has all of its continuous
images under maps into w'™ bounded, and My, preserves all ground model unbounded
sets for any filters like that, see |5l Theorem 1.4].

For X C [w]¥ and Z C w we denote by X | Z the family {X N Z : X € X}. Also,
XT standardly stands for {Y Cw:VX € X (| X NY| =w)}.

Lemma 1. ANUT is infinite for every filter U C F(A)T which is a union of < x many
compacts.

Proof. Suppose on the contrary that A" = ANU™T is finite and set F' = w\UA’ € F(A).
Then F(A) | F CU | F. Indeed, F(A) | F is the filter on F' generated by {(w\ A)NF :
Ae A\ A} and w\ A € U for every A € A\ A’. Thus F(A) is contained in a filter on
w which is a union of < k many compacts (namely {X : 3U e U(F NU C* X)}), which
contradicts our assumption on A. O

In what follows the family of filters & on w which are unions of < x many compacts
will be denoted by Cj. Let us denote by £ the family of all subsets £ of FIN := [w]|<“\ {&}
such that for every n € w there exists e € E with mine > n. For any A C FIN we denote
by K(A) the family {X Cw: X Na # @ for all a € A}. It is clear that K(A) is compact
for all A as above, and K(F) C [w]¥ if E € £. We shall call E € £ centered if so is K(F),
where a family X' C [w]“ is called centered if NX’ € [w]“ for all X € [X]<¥.

For a filter 7 on w we denote by F<¢ the filter on FIN generated by {P(F) N FIN :
F € F} as a base. Note that this notation is unusual since F<¢ “should” denote the
family of all finite sequences of elements of F, which is not the object we have defined
in the previous sentence. However, we shall use this notation since it is standard in the
current literature.

Observation 1. Let E € £. Then X € K(E)" iff for every n € w there exists e € E,
mine > n, such that e C X.

In particular, for a filker F on w, {T e : e € E} covers F iff F C K(E)" iff
KE)CF iff E€ (F<*)t. (Heret X ={Y Cw: X CY} for any X Cw.)

Proof. The “if” part is obvious. For the “only if” one, assume to the contrary that X 2 e
for any e € E with mine > n. For every e € E select n, € e as follows: if e N n # &,
pick n. € eNnn, and otherwise pick n, € e\ X. Then Y = {n, : e € E} € K(E) and
Y N X C n thus contradicting our assumption that X € K(E)*. O

Lemma 2. Let R € C,; be such that F(A)UR is centered. Suppose that (E, : n € w) € E¥
is a decreasing sequence such that E, C P(w\n) and K(E,) C (F(A)UR)" for all n.
Then one of the following two options holds:
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(i) There exists n € w and X € K(E,) such that {w\ X} UF(A) UR is centered.
In particular, for any filter U containing the latter union, E, & (U<“)T.

(ii) There exists g € D such that letting H' = |, ., En N P(g9(n)), we have that
F(A)URUK(H') is centered. In particular, for any filter U containing the latter
union, H' € (U=Y)*, i.e., for every U € U there exists e € H' such that e C U.

Proof. Suppose that (i) fails. It follows that
U K(E,)UF(A)UR is centered. (1)

new

Indeed, otherwise there exists n € w such that K(E,)UF(A)UR is not centered because
the sequence (E, : n € w) € &Y is decreasing. Since F(A) U R is centered by our
assumption, there are F' € (F(A)UR) and {Xo,..., Xm} € K(E,) such that [, XiN
F = @. Thus F C U, (w\ Xi), which implies w \ X; € (F(A) UR)* for some i < m,
i.e., (i) takes place, which contradicts our assumption. Thus Equation is true.

Applying now Lemma [1] and Observation [1] to & = {J,,.,, K(E,) UR, we can find
mutually distinct {4; : i € w} C A such that for every n,i € w, X € R, and Y = (Y :
j <mn) € K(E,)" there exists e € E, such that e C X N(._, Y; N A;. Since K(E,)
is compact, there exists k € w such that for every Y € K(E,)™ and i < n there exists
e € E, such that e C XN, Y;NA;Nk. Let kx ,, be the minimal k with this property.

j<n

j<n

Claim 1. Let X € R and n € w. Then for every Z € K(E, NP (kx.n))" and i < n there

exists e € E,, such thate C X N ﬂj<n Z;NANkx .

Proof. Suppose that the claim is wrong and pick i < n and Z € K(E, N P(kx.n))"
witnessing its failure. For every e € E,, \ P(kx ) select n. € e\ kx,,, and set Y, =
ZijU{ne :e € E, \ Plkxn)}. It follows that Y; € K(E,) for all j < n and there is no

e € F, such that e C X N ﬂj<n Y;NA;Nkx n, a contradiction to our choice of kx . O

Observe that themap R 3 X — (kx,, : n € w) is continuous, and consequently there

exists f € w* such that for all X and all but finitely many n € w we have kx ,, < f(n),
because R € C,, and k = b.

Claim 2. F(A)URUK(H;) is centered for any I € [w]*, where Hr = J,,c; En,NP(f(n)).
Proof. Let us fix A" € [A][<¥, ncw, ] € [w]¥, X € R, and (Y, : j <n) € K(H;)". It
suffices to prove that (w\UA")NX N, Y;\n # @. Let us fix i € w such that 4; ¢ A’

and let m € I\ max{i,n} be such that A4; N (UA") C m, and kx ., < f(m). Note that all
but finitely many m € I are as above. By Claim [1| there exists e € E,,, such that

eC XN ()Y;NAnNf(m),
j<n
and hence also e C w\ UA’ because w \ UA" D A; \ m by our choice of m and mine > m
forall e € E,,. O

Now let g € D be such that [f < g] := {n € w: f(n) < g(n)} is infinite. It
suffices to note that H' defined in item (77) of the formulation contains Hj., and hence
F(A)URUK(H’) is centered because so is F(A) UR UK(H[s<,4) by Claim O
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We shall also need the following result proved in [6] (it is Proposition 1 there, stated
in a slightly different terminology) which allows us to work in the proof of Proposition
directly with a filter instead of working with the Mathias forcing associated to it.

Teopema 1 (Guzméan-Hrugdk-Martinez, 2014). Let F be a filter and D C w' be
unbounded and o-directed. Then Mz preserves the unboundedness of D iff for every
decreasing sequence (E, : n € w) of elements of (F<*)V there exists g € D such that
Unew(En NP(g(n))) € (F<¥)T. Moreover, in this characterization we may assume that
E, C Pw\n) foralln € w.

We are in a position now to present the

Proof of Proposition[2, Let {(ES :n € w) : a € k} be an enumeration of all decreasing
sequences (E, : n € w) € & such that E, C P(w \ n) for all n. Set R® = {w} and
assume that for some « € k we have already constructed R € C,; such that F(A) UR®
is centered. Now consider the sequence (E% : n € w). Three cases are possible.

1. There exists n, € w such that K(E; ) U F(A) UR® is not centered. Given any
ultrafilter G containing F(A) UR®, we can find X, € K(E} ) such that X, ¢ G, and
therefore {w \ X,} U F(A) U R is centered being a subset of G. Now we set R =
(R*U{w\ Xa}).

2. For R := R® and (E,, : n € w) := (E2 : n € w), item (i) from Lemma [2] takes
place. This means that there exist n, € w and X, € K(Ey ) such that {w\ X,}UF(A)U
R is centered. As in item 1 we set R = (RYU{w \ Xo}).

3. For R := R and (E, : n € w) := (E% : n € w), item (i) from Lemma [2] takes
place. Then there exists g, € D such that letting H, = U, ¢, By, N P(ga(n)), we have
that F(A) UR*UK(H,) is centered. In this case we set R®T! = (R* UK(H,)).

This completes our inductive construction of the sequence (R* : a < k). Set R* =
Ua<r R and let U be the filter generated by F(A)UR". We claim that U/ is as required.
Indeed, consider any (E2 : n € w). If in the construction of R*™! one of the first two
alternatives took place, we know that E ¢ (U<“)" as witnessed by w\ X, € U. So let us
assume that the third alternative took place. Then H, =, .., E2NP(ga(n)) € (U<¥)T
by the definition of . It remains to use Theorem O

new
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BAPIAHTU ITPAMOKYTHUX B’A30K

Ounekcanzpa JECATEPUK

Kuiscorutl nayionasvnult ynisepcumem imens Tapaca Illesvenxa,
npocn. Axademixa I'nywxosa, 4e, 03127, m. Kuis
e-mail: sasha.desyaterik@gmail.com

JoBenemo, mo BCi BapiaHTH IPsSIMOKYTHOI B’sI3KM TIorapHo i3omopdni. To-
CJILIPKeHO BapiaHTH NPSAMOKYTHOI B’SI3KM 3 IIPUEIHAHOIO OJMHUIEIO TA 3 IIPU-
€/IHAHUM HYJIEM.

Karono6i crosa: BapiaHT, CEHIBIY HAIIBrpyIa, MPAMOKYTHA B’sA3Ka.

g koxuol nanisrpynu (S, ) Ta H0BLILHOrO (hiKCOBAHOTO ejieMeHTa a € S MOXKHA
3a/aTi HOBY OIHApPHY aCOLATHBHY OIEPALilo %, HA MHOXKHHI S

THq Yy =2 G- Y

JUIs NOBUTHHUX x,y € S. Onepalriio %, HA3UBAIOTH CEHIBI%-MHONCEHHAM, & HATIBIPYITY
(S, %4) — cendsin-nanicepynor 9u 6apiaHmMOM.

BapianTu HamiBrpyn BUBYAIOTH pi3Hi aBTOpH IIe 3 60-X POKiB ABAAIATOTO CTOIITTS.
B [II] posruisizaorbes BapianTu HAIBIPYII IEPETBOPEHbD, AKi i HAJAIL JOCIIL K Y BAJIUCS,
nanpukaa, y [3]. Jocainkenns BapianTis oxomiroe pi3ui Kiacu HaniBrpyi (4uB., Hanpu-
kiaz, [7], ra rnasy 13 i3 [5]). Bapiantu nauisrpyi upsMOKyTHUX MATpullb PO3LJIAHYTI
y []. ¥V 6ararsox mpansax (nus., nampukinas, [6] ra [12]) suswanu intepaconiaTusHOCT
MOHOIIIB, SKi TiCHO TOB’si3ani 3 BapianTamu. BapianTu peryisipHuX HAMIBIPYI TOCITi-
mkysamu y [9] ra [I0]. Jns komyraruBHux B’si30K 3 HyseMm y [2] BcranoBieHo kpurepiit
izomopdHOCTI ABOX BapiaHTiB i KIacu(iKOBAHO BapiaHTH JeIKHX KOHKPETHHUX B’ SI30K.

B’a3%010 Ha3uWBaETbCA HAINBIPYIA, BCI €JIeMEHTH KO € imeMmorenTamu. Bymemo
Ha3WBATH HAMIBIPYITY S NPAMOKYMHON 6 A3K010, SIKIIO TYT = T JJIsT JOBLIHHUX X,y € S.
Od4eBuHO, MO TAKa HAMIBIPYIA € PEryJIsiPHOI.

Mu mociiizKyeMo BapiaHTH NPSIMOKYTHHX B'S130K 1 IPSAMOKYTHHUX B’sI30K 3 IPHE/HA-
HOIO OJIMHWIICIO TA HYJIEM.

3 reopemu 1.1.3 [8] Bunsmsae, mo Jyis AOBLIBHOI UPAMOKYTHOI B’#3Ku S iCHYIOTDH
HemopoxKHi MHOXKWHE X 1 Y Taki, 1o Hamierpymna S i3oMopdHa HAMIBrpyITi, BU3HAYEHIH

2020 Mathematics Subject Classification: 20M10
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Ha MHOXKHHI X X Y 3 OiHApHOMO Omeparrien

(x1,91) - (22,92) = (T1,92), (1)

i I mOBIMBHUX HEMOPOXKHIX MHOXKHH X 1 Y MHOXKHHA X X Y 3 GIHAPHOIO OMEpAaIli€io
€ TIPSIMOKYTHOIO B’SI3KOIO.

Hagmasmi 6ymemo BBakaTu, 1mo S — IpAMOKYTHA, B’si3ka X X Y 3 GiIHAPHOIO OMEPaIi€o
. s moYaTKy po3TJISTHEMO BapiaHTH MPSIMOKYTHOI B'S3Ku S.

Tsepmxennsa 1. Josiavnut sapianm (S, %z, 4,)), 0€ (Ta,yp) € S isomopdnuti nowam-
K061 NPAMOKYMHIT 6°a3ui S.

osedenna. Banmmemo AK Oie MHOXKeHHA y BapianTi (S, *(g,.y,)). Jna mosimermx
(wi,y;), (Tk,y1) € S pesyrabTAT MHOXKEHHA IWX eJeMenTiB Ha BapianTi (S, *(, 4,))
BU3HAYAETHCS TAK:

(Tis Y5) *(wary) (T, 91) = (@05 95) - (Tar 96) - (T, 01) =
(@i y5) - (Tarvp)) - (T, 01) =
= (x5, ) - (@r, y1) =
= (25, y1)-

Tozi OYEBHIHO, MO MHOKEHHS *(g, ..y Y BAPIAHTI [li€ K MHOXKEHHS - y TIPAMOKYTHIiH
3B’s311i S, TOOTO

(xiayj) *(Za,yp) (Tr, 1) = (zi,01) = (ffi,yj) (xR, ).

ToGro mopinbrmit BapianT (S, (4, 4,)) i30MOPbHMIT MOYATKOBI# MPAMOKY THi#H B’A311i
S, mpudomy i30MOp(di3MOM € TOTOKHE BiIOOPaAKEHHS. O

3 TepmxkenHs [I] Hampsmy BUILIMBAE TeOpeMa,

Teopema 1. Yci sapianmu (.S, *(mﬂ;j)) NPAMOKYMHOT 6°a3Ku S Nonapro i3omopdmi ma
130MOPPHI NOYAMKOBIT NPAMOKYMHIT 6°a3Ui S.

IpsimokyTHa B’si3ka S He Mae oxuuHuL. PO3riisiHEMO LIPSAMOKYTHY B’si3Ky 3 IIPUEJL-

HaHOoIO oxmuuteo. [Ipuitmemo

1- (xivyj) = (xiayj) 1= (xi,yj)
st Beix (z,y;) € S ta 1-1 = 1. Toni mosnaunmo wepe3 S' npamokyTHy B's3Ky S 3
MIPUETHAHOIO OJUHUIIEIO 1.

Hexaii S — npssMokyTHa B’si3Ka, sika i3oMmopdHua Hamisrpymi A x B. Toxi enemenTu
HamBrpymu S MOKHA Hogaru y Buraani (a;, bj).

Akmo (S*,%(a,6,)) T (S, *(a, b)) — BapianTn Hamisrpymu S', Gymopa sKOT HaBe-
ngena Buine. To mami Mu 3’dCy€eMo, 3a SKUX yMOB JIBA BapiaHTH MPSIMOKYTHOI B’SI3KHU 3
IpHETHAHOIO oAuHATe0 S' 6yIyTh HOmapHo i30MOphHEMH.

Posrnsnemo nBa BapianTu, ski nopoizkeni ejementamu (a;, by) ta (a;,by,), y gakux
[epIri KOOPAMHATH € OTHAKOBUMHU.

Teepmxkenas 2. Hexatll a; — 006iavHull, are Pikcosarutl easemenm mHooxcunu A, ma

. . . . 1 . 1 .
br, by € B — dosinvni eremenmu. Todi sapianmu (S*, *(q, b)) 1 (S*, *(a,,)) cenosiu-
enemenmom eidminrum 6i0 1, i30Mopdi.
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Jlosedenna. Posrismemo Bigobpamenna ¢: (S?, *(asbr)) (S, *(a;,by)) TAKE, IO
e((ar, b)) = (ar,by) Ta ©((ar,by)) = (a;,bg) ana nosuibHOro a; € A ta dikcoBanux
bi, b, € B, a Ha BCiX iHIIUX eJeMeHTax ¢ Ji€ K TOTOXKHe Binmobparkenns. losegemo, 1o
© € i3oMOopdi3zm BapiaHTIB.

[ITo6 momecTu, 110 BitoOparKeHHs p € i30MOPdi3MOM, HEOOXITHO TOBECTH BUKOHAHHS
TaKOi PiBHOCTI:

QO(C *(a;,br) d) = SD(C) *(ai,by) Qp(d>7 (2)

st noBlibHEX ¢, d € ST

Po3srisHeMo MHOXKEHHS y BapiaHTax i M0 ¢ HA HBOTO. 3ayBaXKUMO, IO 33 O3HA-
YEeHHAM MHOXKEHHs y BapianTi (.5, *(ai,ai)): AKIIO MU MHOXKHMO HE OJMHWYHI eJIeMeHTH,
TO Ma€EMO (@, bf) *(a, b,) (a1, by) = (@, by). ToOTO Ha pe3yaLTAT MHOMKEHHS BILIHBAIOTH
TIJIPKU TIEPINa KOOPAWHATA, TEPIIOr0 MHOXKHWKA G, Ta IPYyra KOOPAWHATA OCTAHHBOTO
MHOXKHEKA bg. ZIKIMO x049a 6 OaWH 3 efleMeHTiB € 1, TO MHOXKeHHA BiIOyBaeThcs 3a Ipa-
BHJIOM HABEJIEHUM JIJIsl MIPUEIHAHOI OIMHUI. 3BaXKAI04H, IO ¢ HE 3MIHIOE MEPIILYy KOOp-
JWHATY, TO MAaEMO Taki ymoBu. HeoOXigHO i JOCTATHBO PO3TJISHYTH Ti BUMATKH, KOJIU Y
map MHOXKHUKIB BiIPI3HAETHCA IPyra KOOPAWHATA, OCTAHHBOTO MHOXKHUKA. OCKiIbKYN MU
PO3IJISIAE€MO BapiaHTH HAMBIPYNH 3 TPUETHAHOIO OUHUIIEIO, [I1€ BUMAIKN, KO OIUH 3
MHOXKHHUKIB € OJIMHHUIIEI0.

Orox, 1006 J0BECTH BUKOHAHHS PIBHOCTI , PO3IJIAHEMO HACTYIIHI MIiCTh BUTIAJIKIB.
JlJ1s KO2KHOIO 3 IMX BUIA/KIB BUIUIIEMO OKPEMO JIBY 1 IPaBy 4acTUHH , [IEPETBOPUMO
ix Tak, 1mo6 BOHU OyJd PIBHUMH.

i. Jna noBlibnux ag,a, € A, by € B 1a B 3 by # by, b, Maemo, 1110
‘P((awaby) *(a;,bx) (az,bt)) = w(az,bs) = (az, by)
Ta,
‘P((amby)) *(a,by) e((az, b)) = (awvby)(a%bv)(ambt) = (az,bt).
i4. Jlyig noBifbHUX a4, a, € A, by € B ta dikcoBanoro by € B BUKOHYIOTbCS PIBHOCTI
o((az, by) *(ai,br) (az,br)) = o(az,br) = (az,by)
T,
@((arvby)) *(a;,by) o((az,by)) = (amby)(ai»bv)(azabv) = (az, by).
44, Jna posinmeaux a.,a, € A, b, € B Ta dikcosanoro b, € B orpuMyemo, Mo
‘P((awvby) *(ay,by) (az,bv» = W(awabv) = (awvbk)
Ta
©((az, by)) *(a;,b,) P((az,00)) = (az, by)(ai, bv)(az, bi) = (az, b).
iv. Y BUIAAKY MHOXKEHHS Ha ONMHUIO CIPaBa MaEMO
80((%, by) *(ai,bk) 1) = Qp(arv bk) = (aﬂ?v bv)

Ta

@((aﬂcvby)) *(ai,by) (1) = (awvby)(aiabv)l = (ag,by).
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v. Y BUNAJKY MHOXKEHHST HA OJIMHUITIO 3J1iBa PO3TIIsgHeMO Tpu BUIaAKK. OCKIIbKY
3MIHIOE IPYI'Yy KOOPIMHATY, TO 3aJI€2KHO BiJ TOrO, YU JApyra KOOPAMHATA MHOXK-
HUKa JIOPIBHIOE AKIfiCh 3 KOODJAWHAT €JIEMEHTa, AKUil TIOPOKY€E BapiaHT UM Hi,
MU TIEPEBIPUMO BHKOHAHHS HEOOXiTHUX PIBHOCTEl. Y MEpIOMY BHUMAIKY MAaEMO

@1 *(a;,by) (@z,by)) = p(ai, by) = (ai, by)
Ta
©(1) *(a;,b,) P((az,by)) = 1(ai, by)(az, by) = (ai, by).
Tobro,
o(1 *(a;,br) (az, by)) = (1) *(as,by) o((a, by))
Y Apyromy BHUMAQJIKY OTPUMYEMO, IO
e(1 *(ai,by) (az,br)) = p(as, by) = (ai, by)
Ta
©(1) *(as,by) o((az,br)) = 1(ai, by)(az, by) = (ai, by)
Tobro,
(1 *(a;by) (az,bk)) = ©(1) (0, ,p,) P((az,br)).

I mapemTi, y TpeThOMy BIHAJIKY MAEMO, ITIO

o(1 *(ai,bi) (az,by)) = w(ai, b,) = (ai, br,)

©(1) *(a;b,) P((az,by)) = Lai, by)(az, bk) = (ai, br).
vi. Y pe3yabTaTi MepeMHOXKEHHS IBOX OJIMHUITH ¥ BApiaHTi OTPUMYEMO TaKi PIBHOCTI:
O(L ¥, b0 1) = @lai, br) = (@i, by) 1 (1) *q, p,) ¢(1) = 1(ai, by)1 = (a;, by).

Orozk, Mu 10BeJIH, 1O [/ JIOBLIbHUX Gy, @, € A Ta by, by € B Bukonyerbcs piBHicTDb

P((az,by) *(a;.b) (@2,00)) = P((as by)) *(a,0,) P((az, b)),

TOOTO BiTOOpaXKEHHS ¢ : (Slv*(ai,bk)) — (517*(%1)“)) € HAIIBIPYIOBUM i30MOPQiZMOM,
OCKIJIbKU BOHO € Oi€EKTHBHEIM. O

Jami po3rasiHeMo /1Ba BapiaHTH, siKi TIOPO/IZKeHi efemenTamu (ay, b;) Ta (ay, b;), T00-
TO TAKAMH, B AKUX JIPYTi KOOPAMHATH € OJTHAKOBHMHU.

TBepmxenus 3. Hexali b; — dosiavruil, ase Pikcosanui esemenm 3 B, ma ag,a, € A
. . . . 1 1 . .
— dosiavni enemenmu. Todi eapiarmu (S*, *(q, b)) ma (S, %4, 5,)) 130MOpPri.

Jlosedenns. Posrnsnemo BimoGpazkennsi : (Sl,*(ak,bl)) — (Y, *(ay,b;)) TAKe, IO
Y((ag, b)) = (av, br) Ta P((ay, b)) = (ag, b)) ansa GikcoBanux ay,a, € A Ta JOBLIBHOrO
by € B, Ha BCiX IHIIEX eleMEHTax 1) i€ K TOTOKHE Bimobparkenus. Jlami mgoBeneHmHs
aHAJIOTIYHE JI0 JIOBEJICHHS TBepKeHHs [2] O

Orox, TBepakenns [3] i ] moxna y3aransauru y Teopemy [2

Teopema 2. Bci sapianmu npamoxymmuoi 6°a3xu 3 npuednanoro odunuyero S*, cendsin
ENEMEHTIOM AKUL He € 00UHUUA, NMONGPHO 130MmopdHi. Bapianmu, cendsiu esemeHmom
AKUT € 00UHUYA, HE 130MOPPHT HCOOHOMY 3 THUUL BAPIAHINIG.
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JHosedenns. Hexait (Sl,*(azyby)) Ta (Sl,*(a“bp)) — noBinbui BapianTn mamisrpymm S'.
Toxi 3a Teepmxennamu [2]i B icaytors isomopdismu BapianTis ¢ Ta 1) Taxi, mo

4 P
(Sl’ *(amvby)) = (Sl’ *(amvb:n)) = (517 *(atvb;n))'

: ; _ . (gl 1
Tobro icHye Bimobpazkenns w = P Taxe, WO W : (S, *(a,,)) > (S *(ap,)), AKE €
izomopdizmom Bapianris. BapianTu, ceHIBIY eTeMEHTOM SKUX € OJWHMUIL, HE i3omMopdHi
JKOJHOMY 3 inmmx Bapiantis (S?, *(ag,by)), OCKLIbKH BapiaHT (S1, %) micTuTh omuHUIIIO,
to BapianTu Tumy (S?, *(az’by)) HE MICTATH OJWHUIIL. U

Posrianemo nanisrpyny S°, ro6ro namisrpyny S 3 npueananum myiaem 0 Taxy, mo
s Beix (z;,y;) €S 1a 0-0=0.

Teopema 3. Bapianmu (S°, *(am’by)), COHOBIY EAEMEHM AKUL € HE HYALOBUM, 130MOPPHT
nanisepyni S°. Bapianm (SO, *0) 130MOPPHUT HANIEZPYNT 3 HYALOBUM MHONHCEHHAM.

Jlosederma. Ogeumno, mo y sapianti (S°, *(ag,by)) AOOYTKH C*(q, p ) d = 0, AKi MicTATH
muoxkauk 0 cpasa (d = 0) abo 3aiBa (¢ = 0), 6yayTb HyjaboBuMu. Bel inuil 106yTKY € He
HYJIbOBUMM, LIPUYOMY 30iraerbcs 3 Bianosiguumu go0yrkamu s Bapianra (.S, *(am,by))-
Towmy 3a TBepaKennsaMm |1 papiantu (SY, *(az’by)), CaH/BIY €JIEeMEeHT SKUX € He HYJTbOBUM,
izomopdmi S°.

JIpyre TBepIzKeHHs O9eBUIHE, OCKLIbKE J00YTOK JOBLIbHEX ABOX eneMenTis (S0, %)
nopisaioBaTnme 0. O
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In the paper we show that the monoid IN. of all partial cofinite isometri-
es of positive integers does not embed isomorphically into the monoid IDq
of all partial cofinite isometries of integers. Moreover, every non-annihilating
homomorphism §: INo, — ID has the following property: the image (INu )b
is isomorphic either to the two-element cyclic group Z; or to the additive group
of integers Z(+). Also we prove that the monoid IN. is not finitely generated,
and, moreover, monoid IN., does not contain a minimal generating set.

Key words: partial isometry, inverse semigroup, partial bijection, bi-
cyclic monoid, isomorphic embedding, group congruence, generator, minimal
generating set.

1. INTRODUCTION AND PRELIMINARIES

In this paper we shall follow the terminology of [4] [13]. We shall denote the first
infinite cardinal by w and the cardinality of a set A by |A|. For any positive integer n by
7, we denote the group of permutations of the set {1,...,n}.

We shall say that a non-empty subset A of a semigroup S generates S, or A is a set
of generators of S, or A is a generating set of S, if for any s € S there exist a1,...,ar € A
such that s = ay - - - ag. For any non-empty subset A of a semigroup S by (A) we denote
a subsemigroup of S which is generated by A. A generating set A of a semigroup S is
called minimal generating, if A does not properly contain any generating set of S. It is
obvious that every finite generation set of a semigroup has a minimal generating set.

A semigroup S is called inverse if for any element x € S there exists a unique
27! € Ssuch that z2~'x = 2z and 7 'zoz~! = 2~ 1. The element 2~ is called the inverse
of x € S. If S is an inverse semigroup, then the function inv: S — S which assigns to
every element x of § its inverse element x~! is called the inversion.

2020 Mathematics Subject Classification: 20M20, 20M30
© Gutik, O., Savchuk, A., 2020
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If S is a semigroup, then we shall denote the subset of all idempotents in S by E(S).
If S is an inverse semigroup, then F(S) is closed under multiplication and we shall refer
to E(S) as a band (or the band of S). Then the semigroup operation on S determines
the following partial order < on E(S): e < f if and only if ef = fe = e. This order is
called the natural partial order on E(S). A semilattice is a commutative semigroup of
idempotents.

If S is an inverse semigroup then the semigroup operation on S determines the
following partial order < on S: s < t if and only if there exists e € E(S) such that s = te.
This order is called the natural partial order on S [16].

A congruence € on a semigroup S is called non-trivial if € is distinct from the uni-
versal and identity congruences on S, and a group congruence if the quotient semigroup
S/€ is a group. Every inverse semigroup S admits the least (minimum) group congruence
Crng:

a€mgb if and only if there exists e € E(S) such that ae = be

(see [14, Lemma II1.5.2]).

The bicyclic monoid €(p, q) is the semigroup with the identity 1 generated by two
elements p and ¢ subjected only to the condition pg = 1. The semigroup operation on
% (p, q) is determined as follows:

qkpl . qmpn _ qk+m7min{l,m}pl+n7min{l,m}.

It is well known that the bicyclic monoid € (p, q) is a bisimple (and hence simple) combi-
natorial E-unitary inverse semigroup and every non-trivial congruence on € (p,q) is a
group congruence [4].

If a: X =Y is a partial map, then we shall denote the domain and the range of «
by dom « and ran «, respectively. A partial map a: X — Y is called cofinite if both sets
X \doma and Y \ ran « are finite.

Let .#, denote the set of all partial one-to-one transformations of a non-zero cardinal
A together with the following semigroup operation:

z(af) = (za)f if z € dom(af) ={y € doma: ya € dom G}, for «,f € 4,

The semigroup .#, is called the symmetric inverse (monoid) semigroup over cardinal
A (see [M]). The symmetric inverse semigroup was introduced by Wagner [I6] and it plays
a major role in the theory of semigroups. By fff we denote a subsemigroup of injective
partial selfmaps of A with cofinite domains and ranges in .#y. Obviously, fff is an inverse
submonoid of the semigroup .#\. The semigroup fff is called the monoid of injective
partial cofinite selfmaps of A [9].

A partial transformation «: (X,d) — (X,d) of a metric space (X,d) is called
isometric or a partial isometry, if d(za,ya) = d(z,y) for all z,y € doma. It is obvi-
ous that the composition of two partial isometries of a metric space (X,d) is a parti-
al isometry, and the converse partial map to a partial isometry is a partial isometry,
too. Hence the set of partial isometries of a metric space (X,d) with the operation of
composition of partial isometries is an inverse submonoid of the symmetric inverse monoid
over the cardinal | X|. Also, it is obvious that the set of partial cofinite isometries of a
metric space (X, d) with the operation of composition of partial isometries is an inverse
submonoid of the monoid of injective partial cofinite selfmaps of the cardinal |X|.



ON THE MONOID OF COFINITE PARTIAL ISOMETRIES OF N WITH ...
ISSN 2078-3744. Bicuuk JIpBiB. yH-Ty. Cepist mex.-mar. 2020. Bumyck 89 19

The semigroup ID, of all partial cofinite isometries of the set of integers Z with the
usual metric d(n, m) = |n—m|, n,m € Z, in the Bezushchak papers [I} [2] is considered. In
[1] the generators of the semigroup ID, are described and it is proved therein that ID
has the exponential growth. We remark that the semigroup ID, is an inverse submonoid
of the monoid of all partial cofinite bijections of Z, and elements of ID, are restrictions
of isometries of Z onto its cofinite subsets in the Lawson interpretation (see [I3, p. 9]).
Green’s relations and principal ideals of ID, are described in [2]. In [10] it is shown that
the quotient semigroup ID.,/€pmg is isomorphic to the group Iso(Z) of all isometries of
Z, the semigroup ID,, is F-inverse, and ID., is isomorphic to the semidirect product
Iso(Z) Xy P (Z) of the free semilattice with identity (% (Z),U) by the group Iso(Z).
Also in [I0] there are investigated semigroup and shift-continuous topologies on ID,,
and embedding of the discrete semigroup ID, into compact-like topological semigroups.

Later we assume that on N and Z the usual linear order is considered.

Let IN,, be the set of all partial cofinite isometries of the set of positive integers
N with the usual metric d(n,m) = |n — m|, n,m € N. Then IN,, with the operation of
composition of partial isometries is an inverse submonoid of .#,. The semigroup IN, of
all partial cofinite isometries of positive integers is studied in [II]. There we described
the Green relations on the semigroup IN,, its band, and proved that IN,, is a simple
E-unitary F-inverse semigroup. Also in [I1], the least group congruence €pyg on IN,, is
described and it is proved that the quotient-semigroup INu, /€ is isomorphic to the
additive group of integers Z(+). An example of a non-group congruence on the semigroup
IN, is presented. Also in [IT], we proved that a congruence on the semigroup IN, is
a group congruence if and only if its restriction onto an isomorphic copy of the bicyclic
semigroup in IN,, is a group congruence and it is shown that IN,, has a non-trivial
homomorphic retract which is isomorphic to the bicyclic semigroup. Another non-trivial
homomorphic retracts of the monoid IN is constructed in [I5].

The semigroup of monotone, non-decreasing, injective partial transformations ¢ of
N such that the sets N\ dom ¢ and N\ ran ¢ are finite was introduced in [7] and was
denoted by .#{ (N). Obviously, .#£ (N) is an inverse subsemigroup of the semigroup .7,.
The semigroup .#4 (N) is called the semigroup of cofinite monotone partial bijections of
N. In [7] Gutik and Repov$ studied properties of the semigroup .#4 (N). In particular,
they showed that .#{ (N) is an inverse bisimple semigroup and all of its non-trivial group
homomorphisms are either isomorphisms or group homomorphisms. It is obvious that
IN,, is an inverse submonoid of .#¢ (N).

Doroshenko in [5l [6] studied the semigroups of endomorphisms of linearly ordered
sets N and Z and their subsemigroups of cofinite endomorphisms O ;, (N) and Oy, (Z).
In [6] he described Green’s relations, groups of automorphisms, conjugacy, centralizers of
elements, growth, and free subsemigroups in these semigroups. In particular, in [6] it is
proved that, in Oy, (N) the group of automorphisms consists only of the identity mappi-
ng, whereas the groups of automorphisms of Oy, (Z) is isomorphic to the semigroup of
integers with operation of addition and consist only of inner automorphisms. In [5] it
was shown that both these semigroups do not admit an irreducible system of generators.
In their subsemigroups of cofinite functions all irreducible systems of generators are
described here. Also, here the last semigroups are presented in terms of generators and
relations.
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A partial map a: N — N is called almost monotone if there exists a finite subset
A of N such that the restriction a [yya: N\ A — N is a monotone partial map. By
fo';/ (N) we denote the semigroup of monotone, almost non-decreasing, injective partial
transformations of N such that the sets N\ dom ¢ and N\ ran¢ are finite for all ¢ €
Z7(N). Obviously, .#.7"(N) is an inverse subsemigroup of the semigroup .7, and the
semigroup .#4 (N) is an inverse subsemigroup of .#.7" (N) as well. The semigroup .77 (N)
is called the semigroup of cofinite almost monotone partial bijections of N. In [3] the
semigroup .#7"(N) is studied. In particular, it was shown that the semigroup .77 (N) is
inverse, bisimple and all of its non-trivial group homomorphisms are either isomorphisms
or group homomorphisms. In [I2] we showed that every automorphism of a full inverse
subsemigroup of .#{ (N) which contains the semigroup % is the identity map. Also, here
we constructed a submonoid INE of Z7(N) with the following property: if S be an
inverse subsemigroup of .#.7"(N) such that S contains INY as a submonoid, then every
non-identity congruence € on S is a group congruence. We show that if .S is an inverse
submonoid of .#.7'(N) such that S contains %y as a submonoid then S is simple and
the quotient semigroup S/€pmg, where €pg is the minimum group congruence on S, is
isomorphic to the additive group of integers. Also, topologizations of inverse submonoids
of ﬂg (N) and embeddings of such semigroups into compact-like topological semigroups
are given in [3 [12]. Similar results for semigroups of cofinite almost monotone partial
bijections and cofinite almost monotone partial bijections of Z were obtained in [§].

In the present paper we show that the monoid IN,, does not embed isomorphically
into the semigroup ID.,. Moreover every non-annihilating homomorphism §: IN,, —
ID, has the following property: the image (IN. )b is isomorphic either to Zs or to
Z(+). Also we prove that the monoid IN,, does not have a finite set of generators, and
moreover monoid IN,, does not contain a minimal generating set.

2. ON HOMOMORPHISMS FROM IN,, INTO ID_

The definition of the semigroup ID., implies that for any a € ID, there exists a
unique element v, of the group of units of ID., such that o < 7, (see [10]). Also we
have that |Z \ dom «| = |Z \ ran o for each a € ID,. Hence we get the following obvious
lemma:

Lemma 1. If a = 87 for some o, 3,7 € ID, then
max {|Z \ dom j3|,|Z \ dom~|} < |Z\ doma| < |Z\ dom 8| + |Z \ dom | .

Proposition 1. The semigroup ID., does not contain an isomorphic copy of the bicyclic
semigroup.

Proof. Suppose to the contrary that there exists a subsemigroup S of ID., which is
isomorphic to the bicyclic semigroup %(p,q). Let h: €(p,q) — S be an embedding
isomorphism. Put (1)h = &g, (¢p)b = €1, (p)h = « and (q)h = 5. Then ¢y and ¢, are
idempotent of ID., such that €; < €p. The definition of the semigroup ID., implies
that €y and e; are the identity maps of domey and dom ey, respectively, and moreover
dome; & domeg. Since 1 = p(gp)p, we get that 9 = Beja. The latter equality and
Lemma [I] imply that
|Z\ domeq| < |Z\ domeg|.
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The obtained inequality contradicts the inclusion dome; & domeg, because g # ;. O

It is obvious that for every a € IN, there exist infinitely many v € ID, such that
« is the restriction of v onto N. This motivated Taras Banakh to ask:

Question 1. Does the semigroup ID,, contain an isomorphic copy of INy, ?
In this section we give a negative answer on this question.

Remark 1. We observe that the bicyclic semigroup is isomorphic to the semigroup %y
which is generated by partial transformations o and 8 of the set of positive integers N,
defined as follows:

doma =N, rana = N\ {1}, (na=n+1
and
dom 8 =N\ {1}, ran3 = N, (n)f=n-1
(see Exercise IV.1.11(47) in [I4]). It is obvious that %y is a submonoid of IN.

Proposition [If and Remark [1| imply the following statement which gives a negative
answer to Question [}

Theorem 1. The semigroup ID, does not contain an isomorphic copy of the semigroup
IN,.

Next we shall discuss maximal subgroups (i.e., on J#-classes with an idempotent)
in the semigroup ID.
The following statement belongs to the folklore of the geometric group theory.

Lemma 2. The group of isometries of the set of integers 7 with the usual metric is
isomorphic to the semidirect product Z(+) X Za.

The following lemma describes cyclic subgroups of the group of isometries of the set
of integers Z with the usual metric.

Lemma 3. Let G be a cyclic subgroup of the group of isometries of the set of integers Z,
with the usual metric. Then only one of the following conditions holds:

(1) G is a singleton;
(i) G is isomorphic to Zs;
(#91) G is isomorphic to Z(+).
Proof. Fix a generator (a,b) of G. Next we consider all possible cases.

1. Suppose that (a,b) = (0,0) where 0 and 0 are neutral elements of Z(+) and Z,,
respectively. Then the group operation of Z(+) x Zy implies that (0,6)” = (0,6) for any
integer n, and hence G is a singleton.

2. Suppose that (a,b) = (0,1) where T is a non-neutral element of Z,. Then we have
that (O,T)2 = (0,6), and hence G is isomorphic to Z.

3. Suppose that (a,b) = (g,ﬁ) where g is a non-neutral element of Z(+). Then
(g,ﬁ)n = (n-g,0) for any integer n, and hence G is isomorphic to Z(+).
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4. Suppose that (a,b) = (g,T) where ¢ is a non-neutral element of Z(+). Then we
have that
(9.1) (9.1) = (9—9,1-1) = (0,0),
and hence G is isomorphic to Zs,. O

A subset C' C R is called symmetric in R if there exists a number ¢ € R (the center
of C) such that ¢+ 2z € C if and only if ¢ —z € C. A subset C' C Z is called symmetric
in Z if C is symmetric in R.

Remark 2. We observe that a subset C is symmetric in Z if and only if Z\ C is symmetric
in Z. Also, if Z endowed with the usual metric, then the partial mapping fo: C — C,
¢+ x +— ¢ — z which is determined by the symmetry of the symmetric set C' with the
centre ¢ € R is a partial isometry of Z. In this case we shall say that the partial map fo
determines a symmetry of C.

Lemma 4. Let C be a proper cofinite subset of Z and v: Z — Z be a partial isometry of
Z such that dom~ =ran~y = C. Then +y is either the identity map of C or -y determines
a symmetry of C.

Proof. Suppose that the partial map ~ is a nonidentity. Then ~ is an element of the
semigroup ID.. By Corollary 1 of [I0], ID, is an F-inverse semigroup, and moreover
there exists a unique element o, of the group of units of ID, such that v < o.,. The
latter implies that the partial map v extends to the unique isometry o, of Z. It is
obvious that the restriction of o, onto the set Z \ C' is an isometry of Z \ C. We denote
this isometry by ~°. Since v is a nonidentity, so is v°. Since C'is a proper cofinite subset
of Z, (max(Z\ C))y° = min(Z\ C) and (min(Z\ C))y° = max(Z\ C). Then the isometry
of Z\ C by ~° implies that
_ min(Z\ C) +max(Z\ O)
2

is the centre of symmetry of Z \ C. It is obvious that ¢ is the centre of symmetry of C.
This implies the statement of the lemma. O

Since any elements a and § are J#-equivalent in ID, if and only if dom o = dom
and ran o = ran 3, Lemma {4] implies the following proposition.

Proposition 2. Every subgroup of ID, distinct from its group of units is either trivial
or isomorphic to Zo.

Theorem 2. Let S be an inverse submonoid of %7 (N) which contains %y as a
submonoid. Then for any homomorphism h: S — ID, one of the following conditions
holds:

(i) the image (S)b is a singleton, i.e., b is an annihilating homomorphism;
(i1) the image (S)b is isomorphic to Zs;
(#it) the image (S)bh is isomorphic to Z(+).
Proof. Suppose that the homomorphism h: S — ID,, is not annihilating. Since by

Remark [1] the monoid %y is isomorphic to the bicyclic semigroup, Theorem [I| impli-
es that the restriction bl : Gy — IDs is not an injective homomorphism. Then by
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Corollary 1.32 of [H] the image (én)b is a cyclic subgroup of ID such that {(I)h} =
(E(%))b.

We shall show that for any idempotent ¢ € S we have that (e)h = (I)h. Since
e € S7(N), there exists a smallest positive integer n. such that n € dome for any
n = n.. Put ¢ be the identity map of the set {j € N: j > n.}. Then ¢ is an idempotent
of @ such that g < € in S. The above arguments in the previous paragraph imply that

(€)= (Db = (£)b(Mb = (£)h(c0)b = (e€0)b = (€0)b-
Hence we have that (E(S))h = (E(%n))b is a singleton in ID,, and moreover the image
(E(5))h is an idempotent which is the neutral element of the cyclic subgroup (én)b in
ID.. This implies that the image (S)h is a subgroup of ID, i.e., the homomorphisms
h: S — ID, generates a group congruence ¢y on the monoid S. By Theorem 4 of [12],
the quotient semigroup S/€mg, where €pg is the minimum group congruence on S, is
isomorphic to the additive group of integers Z(+). This implies that the image (5)b is a
cyclic subgroup of ID. Next we apply Lemma [3] and Proposition O

Theorem [2] implies the following corollary:

Corollary 1. Let h: IN, — ID. be an arbitrary homomorphism. Then one of the
following conditions holds:
(1) b is an annihilating homomorphism;
(7) the image (IN )b is isomorphic to Za;
(#i7) the image (INy,)b is isomorphic to Z(+).

The following example shows that every cofinite (almost) monotone partial bijection
of N extends to a cofinite (almost) monotone partial bijection of Z.

Example 1. Fix an arbitrary o € 27" (N) and any non-positive integer n. We define a
partial map az: Z — Z in the following way. Put

domayz =doma U {i € Z: i < n},

ranay =ranaU{i € Z: i < n}
and )

k)a, if k € doma;

(k)az = { ko ifk<n.
This determines a map i,: 7 (N) — 3 (Z), where .#>(Z) is a monoid of cofinite
almost monotone partial bijection of Z (see []]). It is obvious that the so defined map
i,: 7 (N) = £ (Z) is a homomorphism, and moreover in the case n = 0 the map ig
is a monoid homomorphism. Also, if a is an element of the semigroup .#{ (N) of cofinite
monotone partial bijections of N, then the above defined extension az: Z — Z of « is
a cofinite monotone partial bijection of Z, and hence oz € .#{ (Z), where 9L (Z) is a
monoid of cofinite monotone partial bijections of Z (see [g]).

3. ON GENERATORS OF THE MONOID IN,

In [0 it is proved that the semigroup ID is finitely generated and moreover ID,
has three generators. Taras Banakh posed the following question.

Question 2. Is the monoid INy, finitely generated?
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In this section we give a negative answer on this question.

Lemma 5. If A is a set of generators of the monoid IN,,, then A contains at least two
distinct elements of 6.

Proof. Let a and 3 be elements of a monoid %y which are defined in Remark[] Then there
exist finitely many «g, ..., € A such that « = a3 ... o and ag # [. Since doma = N,
the definition of the composition of partial maps implies that doma C doma;. By
Lemma 1 of [I1], every element of IN,, is a partial shift of N, and hence we get that
doma; = N. By Lemma 1 of [II] and Remark we have that oy € €. If 5= 51...5;
for some B4,...,5; € A and B; # I, then dually we get that 3; € €y with ran5; = N.
This implies the statement of the lemma. O

Remark 3. We observe that the set Ag = {«, 8} is not a unique set of generators of the
monoid %Y. It is obvious that for any positive integer n > 2 any of the following sets
A, = {a", B} and B,, = {«, 5"} generates the monoid %y.

Next we need some notions defined in [I1] and [I2]. For an arbitrary positive integer
ng we denote
[no) ={neN:n>np}.
Since the set of all positive integers is well ordered, the definition of the semigroup
#7(N) implies that for every v € #7'(N) there exists the smallest positive integer
ng € dom~y such that the restriction 'y|[ ) of the partial map v: N — N onto the set

ng
) is an element of the semigroup %y, i.e., fy|[n3) is a some shift of [ng). For every
vy € SL(N) we put 7 =7]p,q
dom 7 = [ng) , (:r)7 = (z)y forall ze€ dom 7 and ran 7 = (dom 7) 5.

Also, we put

[n

), i.e.

Qg = min dom ~y for ~e 77 (N),
It is obvious that nd = nd when v € 4y and n¢ < nd when vy € £ 7 (N) \ 4. Also for
any v € IN,, we denote
_ (pd _(d
n, = (n5)y  and - ng = (n5)y.

By Lemma 1 of [11]] every element of the monoid IN, is a partial shift of the set Z.
This implies the following lemma.
Lemma 6. For every element v of the monoid IN,, the following equality holds:
_ ,nd d
ny -y =y - ng
Lemma 7. Let be v € 6y and § € IN,,. Then
ity — ny < nd .
Proof. If § € ¢y, then 70 € 6y and hence we have that n$; = nds which implies that
ngs —ns =ng —n§ =0.

Next we assume that d,v0 € IN, \ €k, because in the case when 7§ € %y the above
argument implies the require inequality. Since vJ € IN \ 6f, we get that nf < ng—1.1I¢
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: : : r d r __ ,r r __ ,r d r d r __ ., r
is obvious that 1fn,y < n§ then nhs =nj and nls = ng. Ifn§ < nz, < ng—1then nhs =ny

and @25 > ns. By Lemma@in the both above cases we have that n% —Q’% < ng —@g. O

Lemma 8. Let be v € 6y and 6 € IN,,. Then
n5d'y _le'y < n(éi - Qg

Proof. By the first paragraph of the proof of Lemma [6] without loss of generality we may
assume that 6,6y € INy \ %h. Since 6y € INy \ %, we have that ng < n§ — 1. It is
obvious that if nii/ < nj then nédy = nii/ and ng,y = Qg. If n§ < ngi < n§ — 1 then there
exists a positive integer i® € domd such that (i°)6 > ng and (i°)dy = nj.,. Hence in this
case we have that n§, —nf <nf —i° <nf —ng. a

Lemma 9. Let k be a positive integer > 2. If 4,6 € INy, \ én such that v6 € IN, \ Gy,

n;‘—@;‘gkandng—@g‘gk, then

Proof. We consider all possible cases.
1. If nf < nd and nf < nf, then nf < nts < ny— 1 and nj = nZ;. Hence in this
case by Lemma 1 of [II] and Lemma [f] we have that

d d _ . r r r r . d d
nSs = Nys = Moy — oy < Ny — Ny =y — g <K

2. If n7 > @5‘1 and n; < ng, then ny = nl; and there exists a positive integer
i° € dom such that (i°)y > ng and (i°)yd = nls. In this case by Lemma 1 of [I1] and
Lemma [6] we have that

d d _ r r _ .r -0 r r _ .d d
nis — ngs =nis —nis =mns — (i°)y0 <ny —ns =n5 —ng <k.

3. If n < n§ and n% > nf, then nX; = (n5)d and there exists a positive integer
j° € rany Ndom d such that j° > nd and (j°)6 = nts. In this case by Lemma 1 of [I1]
and Lemma [6] we have that

ngs —ns = nSs —nbs = (n5)6 — (j°)8 = nk — j° < nb —nf =nJ —nJ <k

4. If nr > ng and n% > ng, then nfs = (n%)§ and there exists a positive integer
[° € rany N dom ¢ such that [° > nf and (1°)6 = n’. . Hence in this case by Lemma 1 of
[11] and Lemma [6] we have that

d d o o d d
nis —nSs =nns —nhs = (n1)d — (I°)d =n5, —1° <ni —ns =nj —nJ <k
This completes the proof of the lemma. O

Theorem 3. The monoid INy, is not finitely generated.

Proof. Suppose to the contrary that there exists a finite set A = {m,...,7,} of
generators of IN,,. Lemma implies that p > 3 and without loss of generali-
ty we may assume that vi,72 € %y and 7vs,...,7, € INg \ . Since the set
AN\ {72} = {v3,...,7p} is finite and ~v3,...,7, € INy \ %, there exists a posi-
tive integer k > 2 such that ng, —n§ <k forany j=3,...,p.

vi
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Since A generates the monoid IN,,, Lemmas and @imply that ng — Q,‘j <k
for any v € IN. Let £* be the identity map of the set {1} U{s € N: s > k +2}. Tt is
obvious that

—nd =k+2-1=k+1,

which contradicts the above part of the proof. The obtained contradiction implies the
statement of the theorem. O

d
T

In the following example we construct a set of generators of the monoid IN.

Example 2. Let « and 5 be elements of the submonoid %y of IN,, which are described
in Remark [1] For every positive integer k > 2 we put ¢!*! to be the identity map of the
set N\ {k}. Tt is obvious that ¢[*! is an idempotent of IN,, and £l ¢ % for all positive
integers k > 2. We claim that the set

A:{a,ﬁ}u{s[k}:keN\{l}}

generates the monoid IN,. Indeed, fix an arbitrary v € IN,,. By Lemma 1 from [IT],  is
a partial shift of the set of integers Z and hence by Remark [If there exist a non-negative
integers i and j such that (z)B‘e’ = (z)y for any 2 € dom~ and ng is the smallest
element of dom(B3%a?). If v = B'a’ then the proof is complete. In the other case we have
that dom(S‘a?) \ dom~ # @ and put

{i1,...,ip} = dom(B'a?) \ dom~.

Then Lemma 1 from [IT] implies that v = elt] ... £li?] 307 | which implies that the set A
generates the monoid IN.

Remark 4. We observe that for any positive integers k and [ such that & > [ > 2 we have
that
el = oF—tglkl gkt

This implies that the set A from Example [2] has not a minimal set of generators of the
monoid INg.

Example 2] and Remark [] imply the following corollary.

Corollary 2. Every finitely generated subsemigroup of IN. is a subsemigroup of an
inverse subsemigroup of INy, generated by three elements.

Lemma 10. Let A be any generating set of the monoid INy,. Then there exists a minimal
finite subset AS, of A such that €y C (AS).

Proof. Let o and 8 be elements of the submonoid %y of IN,, which are described in
Remark[f} Then there exist finitely many ~1,...,7k,61,...,0 € Asuch that @ =1 -+ -
and 8 = 61 - -+ d;. Since o and ( generate 6y, we obtain that (v1,..., vk, d1,...,0;) 2 En-
Since the set {y1,...,7%,01,...,0;} is finite, it contains a minimal subset A, such that
en C (Ag). O

For any integer j7 > 0 we define

INg([)j] :{’YEINOO5 ng—ﬂ?, g]}
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Therefore, by Lemmas and [9 we obtain an infinite inverse semigroup series in the
monoid INg:

= TN = gl € g S TG € SN € - € T,
Theorems 1, 4, and 5 from [I2] imply the following proposition.

Proposition 3. For any integer k > 0 the following assertions hold:

(i) every automorphism of IN&E’“]

1s the identity map;
(i1) the quotient semigroup IN‘gék]/(’:mg is isomorphic to the additive group of integers
Z(+);

(4i7) INZY s an inverse simple semigroup.

In the sequel, for any positive integer j > 2 by €Ul we shall denote the idempotent
which is defined in Example

Lemma 11. Let k be any integer > 2. If A is a subset of INy such that %y is a
subsemigroup of (A) and ] € (A), then INgo[k] is a subsemigroup of (A).

Proof. By Remark @ any idempotent el of IN,, such that [ < k is generated by the
idempotent e*! and the elements a and 3 of %y. Since £ = elit] ... ¢lv] where iy, ..., 1, <
k, for any idempotent ¢ € IN, with ¢ < B*a¥, we conclude that every idempotent
e < BFaF of IN, is generated by the set A.

Fix any element v of the semigroup IN‘&[,k]. Then the arguments presented in
Example [2| show that the partial map ~ is a partial shift of the set dom~ such that ~ is
the restriction of Bﬂgaﬁ; onto the set dom~y. Since oy ﬂﬂs o™ % is the identity map
of N, the previous arguments imply that ¢y = aﬂgyﬁﬂz is an idempotent of the monoid
IN,. By Lemmas and Lemma 1 of [IT], £¢ belongs to the semigroup INgCLk]. By
the previous part of the proof there exist v1,...,7, € A such that eg =1 - - - y,,. Again,

since «y is the restriction of Bﬂs o™ onto the set dom ~, we obtain that
ﬂﬁgaﬁjfyﬁﬂfr a%y = .
This implies that
ﬂﬂggoaﬂ:r = ﬂﬂgaﬂgyﬂﬂ; aﬂg =7,
and hence the statement of our lemma holds. O
Lemma 12. Let A be a generating set of the monoid IN,, and A, be a minimal finite
subset of A such that én is a subsemigroup of (A). Then for any integer k > 2 and

any representation Fl =~y -~ v1,... v, € A, there exist finitely many Yisooo, s €
AU %N such that

el = 7k ...y and either v = € A\INZF=1 o v € 6N, for j=1,...,s (1)

Moreover, if v; € €, then there exist ;1,...,0;,;, € Ag such that 77 =651+ 6;p, for
some positive integer p;.

Proof. Fix any integer k > 2 and suppose that ¥l =~ ... ~, for some 71,...,7s € A.
The definitions of the idempotent e*! and composition of partial maps (see |13,
Section 1.1]) imply that either dom~; = N or dom~y; = domel* because the set N\
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domel*! is a singleton. If dom~; = N, then by Lemma 1 of [I1], 7, is the partial shift of
integers, and hence v, € €. If dom~; = domel¥), then similar arguments imply that ~;
is the partial shift of the set N\ {k}. In both cases we put 77 = 1.

Next we consider the element ~5. The definition of the monoid IN,, and Lemma 1
of |I1] imply that (domel*l)y; C dom ~,.

Suppose that ng, —nd, > k. Then one of the following cases holds:

nfyi2 =(k+1)m or ngg < (D).
In the first case we have that {(i)y1:i=1,...,k — 1} C dom~s and hence we put v5 =
2. In the second case by Lemma 1 of [I1], 72 is the partial shift of integers, and we put
74 = BM M7z Tt it obvious that in both cases we have that v1y2 = 73,

Suppose that ng, —nd < k. Then the equality el¥] = 41745 -+ -, implies that nd, <
(1)1, and hence the above presented arguments imply that v1v2 = 7§~4, where 75 =
BN (W72,

Using induction up to s in the similar way we obtain the requested representation
of the idempotent el¥l = 4% ...4* in form . Also, since k ¢ domel*], there exists a
smallest positive integer j < s such that (1)vy; ---7;-1 ¢ dom~y;. This completes the first
statement of the lemma. The second statement is obvious and follows from Lemmall0l O

Theorem 4. Let A be any infinite subset of IN, generating the monoid IN.,. Then
there exists no a minimal subset B C A generating IN.

Proof. By Lemmathere exists a minimal finite subset A2, of A such that ¢y C (AS).

Put j; = 2. Since el = ~; .- -7, for some v1,...,7s, € A, there exists the smallest
d d

positive integer ki such that ng —nS < ki for any ¢ = 1,...,s; and ng - QS < kp for

any v € A%. By Lemma INgF ig o subsemigroup of (A%, U {y1,...,7s })-
Put jo = k; + 1. Then by Lemmas[7} [§] [o] we have that

elel ¢ (AL U{m,... .75, })

Suppose that eli2] = Ysy41 Vs, fOr some Vg, 41,...,7s, € A, where s; +1 < so.
By Lemmathere exist finitely many ~¥ . ,...,7:, € AU %y such that

elkl = Vo141 Vs, and either 7 =; € A\ INgo[k_l] orv; € G, forj=s1+1,...,50.
The second statement of Lemma [I2] and Lemma [T1] imply that
INED) € (A% U {0141, }) € (ANINE U A ).

Next, if we repeat the above presented construction infinitely many times, then we
obtain an increasing sequence of positive integers { jp}pEN such that

INg([)jp] C <A \ INgy"] U A%> for any Jp-

Since
0] _ 1 2 1 k
InNgy INQ[]CINQ[]CINQHC~-~CIN9HC-~-CIN::

and IN, = U INgc[f], Lemma [11] implies that the set A does not contain a minimal

i=1
subset B C A which generates the monoid IN. O
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Theorem M] implies the following corollary.

Corollary 3. The monoid INy, does not contains a minimal generating set.
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ITPO MOHOIJ KOCKIHYEHHINX YACTKOBUX I3OMETPIN
MHOYKHNHH N 31 3BBUMANHOIO METPUKOIO

Ouger I'VTIK, Anarouaiiit CABUYK
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HoBoaumo, mo mouoin IN., ycix 9acTKOBUX KOCKIHYEHHUX 130MeTpiit HATY-
PaTbHUX YHCeS He 3aHyPIeThCs i3oMopduO B Monoix ID o, ycix vacTkOBUX KO-
CKIHYeHHUX i30MeTpiil nimx guces. Bisbire Toro, i KOXKHOr0 HEAHYJIIOI0Y0r0
romomopdizmy h: INo, — ID BukOHYy€ETHCa OmHa 3 yMOB: 00pa3 (INo)h abo
i3oMopdHMIT qBOETEMEHTHIM MUKIIYHIA Tpym Zz, a00 aauTUBHIN IPyI MiIHX
ancen Z(+). Takox goBommmo, mo MoHOIx IN., He € CKIHUeHHO MOPOIKEHNM, i,
6imbire Toro, HamiBrpyna IN, He MicTUTH MiHIMAJIBHY IOPOIKYIOMY MHOKUHY.

Karowo6t croea: GacTKOBA i30MeTpis, iHBEpCHA HAIMIBIpyIa, 9acTKOBA bie-
KIMis, OIMUK/TIIHIN MOHOII, BKJIaeHHs, TPYTIOBa KOHTPYEHIIisI, TIOPO/IK YIOUHil
€JIEMEHT.
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EKBIBAJIEHTHICTH 3A MAPKOBIM HABOPIB
TNUXOHOBCBKUX ITPOCTOPIB 3: IHBAPIAHTU

Hazap ITUPY

Vrpaincora axademisa dpyxapcmea,
eya. Ilideonocko, 19, 79020, m. JIveis
e-mail: pnazarQukr.net

VY cTaTTi BUBYAIOTHCS BJIACTHUBOCTI, [0 XapaKTEPU3YIOTh PO3MIIIEeHHs CimM'T
MiJIPOCTOPIB Yy TUXOHOBCHKOMY IIPOCTOPI, sIKi 30epiraioThest BiguHomeHusM M-
€KBIBaJIEHTHOCTI.

Karowo6i crosa: BiIbHA TOIOJIOTIYHA IPYIIA, CIIEMiaabHII i30MOPdi3M Biab-
HUX TPy, CiM’sl TOMOJIOTIYHUX TIPOCTOPIB.

1. BcTtyn

Mu npoIOBKYEMO BUBYATH €KBiBaIeHTHI 38 MapKoBuM HAOOPYW TUXOHOBCHKUX MTPO-
cropis, po3nodari B [2]-[3]. Tepminosoris i no3uaveHust B34Ti 3 ux mpaip. Mu o3HaTyEMO
PsIT TOTIOJIOTIYHAX BIACTUBOCTEH, M0 XapaKTEePU3yIOTh PO3MIIEHHSA CiM’T miampocTopiB
Yy THXOHOBCHKOMY ITPOCTOPI Ta BU3HAYAEMO IXHIO M -iHBApiaHTHICTb.

Y [4] micTurhest HalmoBHIMMIT HA CHOTOHI CHCTEMATH30BAHNI BUKJIA, BIACTHBOCTEI
BUIBHHUX TOMOJIOTIYTHUX TPYI, SKi OyJeMO BHKOPUCTOBYBATH Y IIiif mpari.

g tuxoHoBebkoro npocropy X uepes F'(X) 6yaemo mo3HadaTu BLIbHY TOMOJIO Y-
uy rpyny Han X . dus nignpocropy Y C X Tuxonoscbkoro npocropy X uepes (V) 6yzemo
noznavaru migrpyny B F(X) mopomxeny muoxuuoro tipuux Y. Hexait {X; : i € I}
— ciM’s mipmpocTopis Tomosoriunoro npocropy X, {Y; : ¢ € I} — cim’a migmpocropis
rorosiorivroro mpocropy Y. Ckasxkemo, 1o civM’st (X, {X; : i € I}) € M-exeisasenmnoro
cimi (Y, {Y; : i € I}), sxmo icuye romosoriunmii isomopdizm h: F(X) — F(Y), Taxwuii,
mo h(X;) € (Y;) i h=1(Y;) C (X;) nna seix i € I. [loznauaTnmeMo Tie Tak:

(X AXi i € I}) R (Y, {Yi:i € 1}).

2020 Mathematics Subject Classification: 22A05
© Mupu, H., 2020
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Mingroun B IbOMY O3HAYEHHI (PYHKTOP BiTHHOI TOMOMOTIYHOI rpynn Ha (PyHKTOPH
BisibHOI abesieBol TOMOJIOriYHOI ITPYIHU Ta BLIHHOIO JIOKAJIBHO OIIYKJIOIO IIPOCTOPY, OTPH-
MagMO TIOHATTS A-eKBIBAJEHTHUX 1 L-€KBIBAJIEGHTHUX HAOOPIB.

Ckazxenmo, 1o isomopdiszm i: F(X) — F(Y) cuenianbuuil, SKIIO0 KOMIO3UILS €307 €
nocTiftunM BimoOpaskeHHaM, fe ey 1 F(Y) — Z — romomopdiszM, Mo IpogoBxye PyHKIi0
ey:Y — 7Z, sxa toroxHno pisna 1 na Y. Yepes Z, = {0,1,---n — 1} Gyaemo nosnauaru
CKIHYEHHY I'DYILy JIMIIKIB, HAJIJIEHY JUCKPETHOIO TOHOJIOTIE0.

2. IIro AJEAKI IHBAPIAHTHW BIJHOIIIEHHSA M-EKBIBAJIEHTHOCTI

Hexait G; — Tonosorivyna rpyma. Ckazkemo, 1mo cucrema mignpocropis { X, : s € S}
€ G1-6iddiavnoto 6 X, gKio icuye mermepepsre BimoGpazkennsi f: X — (G Take, 1m0
f(Xs) € {as}, iai # a; npu i # j.

Teepmxkenns 1. Hexat {X; : s € S} — cim’a nidnpocmopie monoaoziunozo npocmopy
X, {Ys : s € S} — cim’a nidnpocmopie monoaoziwnozo npocmopy Y, G1 — monoaozivna
epyna. Hexat maxoorc icnye cneyiaavrut monosoeivnui isomopdism i: F(X) — F(Y)
maxut, wo i((Xs)) = (Ys) das eciz s € S. xwo cucmema {X, : s € S} € G1-6iddinvroro
6 X, mo cucmema {Ys : s € S} € G1-6iddiavror 6 Y.

Josedenns. Hexait i: F(X) — F(Y) cnenianbuuii rononoriunmii isoMmopdism takuit, mo
i((Xs)) = (Ys) nost Beix s € S. Hexait f: X — G1, HerepepBHe BiZI0OpayKeHHs Take, 110
f(Xs) C {as}. IIpomorskumo Bimobparxkenus f: X — G 10 HenepepBHONO roMoMopdizMy
f*: F(X) — Gy. llpuitmemo g* = f* oi~ 1. Hexait b € Y, npudomy

it D) = a7t a2t

n
e Zgi = 1. Toxui
i=1

> e
_px .—1 k[, .E1,.E2 En) _ €1 ,E2 En _ En _ = 1 _
g(b) = ffoim (b)) = fr(x]'23? ... air) = aZtal?...alr = ai" = gi=t =a; = a4
OTO}Ka g(Y:G) g {aS}‘
O
Hacaimok 1. Hexal X1, Xo,..., X, — CKiHueHHa cim’s nidnpocmopie muIoHo8CbKr020
npocmopy X, Y1,Yo, ..., Y, — ckinuenna cim’s nidnpocmopis MuLoHo8CbK020 NPocmopy

Y. fxwo icnyroms cneuiaavrud monosoziunul isomopdism i: F(X) — F(Y) maxud,
wo i1((Xs)) = (Ys) daa eciz s = 1,..,n ma cucmema 6i0Kpummo-3amEHenus 0us3 IOHKIMHUL
muootcun Vi, Vo, -+ Vi, 8 X maxuz, wo Xs C Vs das ecix s = 1,..,n, mo icuye cucmema
6i0kpumo-3amrnenur ous rnkmuux muoocun Uy, Us, -+ U, 6 Y maxuz, wo Ys C Us
oas ecix s =1,..,n.

Zlosedenns. 3ramaHa yMOBa €KBiBaJEHTHA YMOBi Z,,-BiIIiIbHOCTI. O

Hexait G; — Tonosoriuna rpyna. Bymemo rosopuru, mo civ’s miampocropis {X; :
s € S} ronosoriunoro mpocropy X ymeopwe G1-noxpumms, SIKIIO st JTOBLIHHOTO
BimoOparxkenus f: X — G 3 HenepepBHOCTI yCiX 3BYKeHb f|x, BUILUINBAE HEEPEPBHICTH
Bimobparkenns f.
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Haramaemo, mo miampoctip Y Tomonoriunoro mpocropy X Ha3uBa€Thca P-
6xAadeHUM, AKINO JOBLIBHA HEIEPEePBHA MCEBJOMETPUKA, 3aJaHa Ha mpocTopi Y, mo-
TIyCKae HemepepBHE TpooBKeHHd Ha X. Ao miampoctip Y € P-Bkiaagerum y X, ToO
nigrpyna (Y) BigbHOI Tonosoriunoi rpymu F(X), MOpOIyKeHa MHOKMHOIO TBIpHUX Y €
rorosorigao i3omopduow F(Y).

Teepmxkenns 2. Hexati {X;: s € S} — cim’a nidnpocmopie monoaoziwnozo npocmopy
X, {Ys : s € S} — cim’a nidnpocmopie monoaoziwnozo npocmopy Y, G — monoaozivna
2pyna ma

(X, {X,:s€SH N (V,{Y,:5€8)).
Sxwo cim’s {Xs 1 s € S} ymeoproe G-nokpumma npocmopy X, a yci eremenmu cim’y
{Ys : s € S} e P-6kaadenumu 6 Y, mo cim’sn {Ys : s € S} ymsoproe G-noxpumma
npocmopy Y .

[osedenns. Hexait f: Y — G — Binobpakenns Take, mo yci 3By2KenHs f|y, Hemepeps-
Hi. IIpomosxknmo Bimobpaskenus f mo romomopdismy f*: F(Y) — G. Ockinbku Bei erne-
menTn ciM’1 {Y; : s € S} ¢ P-Bkiagennmu B Y, 1o KokHa migrpyna (Y;) romosoriuHo
isomopdma rpymi F(Y;), a Tomy yci romomopdismu f*|y,y: (Ys) — G € HenepepBHAMA.
Oroxk, yci 3BykeHHs1 f*|x. HemepepBri. 3 Toro, mo cim’'s {X, : s € S} yrBopioe G-
HOKPUTTS POCTOPY X, BUILIMBAE HellepepBHIicTh BimobpaykeHus f*|x, 3BiAKM BUILIMBAE
HemnepepsBHicTb roMomMopdismy f*, a orke, i HenepepsBHiCTH caMoro Bimobpaxkenns f. [

TBepmxkenns 3. Hexat G — monoaoziuna 2pyna, {75 : s € S} — cim’a neckinwennu
xapdunanie, {Xs : s € S} — cim’a nidnpocmopie monoaoziwnozo npocmopy X, {Ys : s €
S} — cim’s nidnpocmopis monoaoziunozo npocmopy Y,

(X {X,:se SHN (Y, {V,:s€8)),

a dosiavre nenepepene sidobpasicennsa f: X — G mae my saacmusicmo, wo | f(Xs)| < 74
oas eciz s € S. Todi dosinvhe nenepepsne 6idobpasicenns h: Y — G mae my eracmu-
sicmo, wo |h(Ys)| < 75 das eciz s € S.

Josedenna. fxkmo npocrip X weckindennuii, To |X| = [(X)|. Hexaii f: Y — G — Hene-
pepsHe BimoOpazkenus. Tomi a1 KOXKHOIO S € S BUKOHYETHCSA

[h(Ye)l = [(h(Ya))] = [p"(Ys)| = |7 (Xs)| = [(F (XD = [F(X)].
O

Hast Tomonoriunoro mpocropy X [epe3 nw(X) MO3HAYAMO CITKOBY Bary mpocTopy
X.

TBepmxkennsa 4. Hexatt G — monoaoziuna 2pyna, {75 : s € S} — cim’s neckinwennu
xapounanie, {Xs : s € S} — cim’a nionpocmopie monoaoziwnozo npocmopy X, {Ys : s €
S} — cim’a nidnpocmopie monoaoziwnozo npocmopy Y,

(XX, :se SHN (Y, {V,:s€S)),

a dosiavre nenepepene sidobpasicenna f: X — G mae my eaacmusicms, wo nw(f(Xs)) <
Ts Oas eciz s € S. Todi dosinvre nenepepene sidobpasicennsa h: Y — G mae my eaa-
cmusicmo, wo nw(h(Yy)) < 75 das eciz s € S.
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JHosedenns. Hexait X — mianpocrip Tonosorignol rpynu G. JKio citkoBa Bara mpocTo-
py X neckinuenna, 10 nw(X) = nw((X)). dxwo X; ra Xs uixnpocropu TonosoriaHoi
rpymu G, TO

nw(X; - Xo) < max{nw(Xy), nw(Xsz)}.

Orox, /1t KOXKHOTO § € S BUKOHYETHCS
nw(h(Ys)) = nw((h(Ys))) = nw(h*(Ys)) = nw(f*(Xy)) = nw({f(Xs))) = nw(f(X5)).
O

Bynemo rosopuru, mo miznpocrip A C X € 36’aznum cmocoeno X, SKIIO it
JIOBLIBHUX JBOX HEIEPETWHHUX BiakpurTo-3amkHeHux migmuoxkwuua U,V C X rtakwux, 1o

UUV =X maemo, mo A CU abo AC V.

Teepaxennsd 5. Hezat (X, A) X (Y, B) i npocmip A € 36’a3num cmocosno X. Todi
npocmip B e 368’a3num cmocosno Y .

,ZLOBe,ZLeHHH BHUILJIUBAE 3 HaCTyHHOT JIEMHU.

Jlema 1. Ilidnpocmip A C X € 36’a3num cmocosno X modi i misvku modi, KAl iCHYe
He biavwe 080T HenepepeHus 20Mmomopdismie (A) — s, axi donyckaroms npodoeicenns
na F(X).
Hosedenns. Heobxinnicrs. Ipumycrumo, mio npocrip A € He3p’sizaum crocosuo X, U Ta
V' — muOXWHU 3a3HadeHi B ymMoBi He3B si3HOCTi. Po3risremo Bimobparkennst f: A — G,
npuitagemm f(x) =0, skmo z € ANU i f(z) =1, saxmo x € ANV. Toxi BigoObpazkenns
f, a TakoxK BimoOpaskenHsa TOTOXKHO piBHI 0 Ta 1, JOMyCKaIOTh HEIePEePBHE IPOJOBKCHHS
Ha X.

HocrarHicTh. IIpumyctumo, 1o icHye IoHaiiMenine Tpu BiOOPaKEeHHS 3 MPOCTOPY
G y ronosoriuny rpyity Zs, sKi HpoAoBXKyIOTbCs HemepepsHo na X. Cepen Hux icnye
Bimoopaxkenns f: A — G, sike ne € crajqum wHa A. Hexait F': X — Zo; — HemepepBHe
npojioBKenns Bigobpaxenus f. lpuitmemo U = F~1(0), V = F~1(1). Toxi

vuV=X UnV=g, ANnU#2, ANV #g,
IO CyIepedYnuTh 3B a3H0CTI MHOKUHU A crocopHo X. O

TBepaxenns [5| IErK0 y3arajbHIOETHCS HA BUMAIOK OIIBINOI KiJTBKOCTI MMAMpPOCTO-
pie. Hexait {X; : s € S} — cim’st miampocropis Tonosorivroro mpocropy X. Ckrazkemo,
wo cim’s {Xs : s € S} € 36’asnorw cmocosno X, AKIIO HE ICHYE BIIKPUTO-3aMKHEHUX
migmuaokuH U 1 V B X Takwux, 1mro:

HUNV=g,UUV=X;

2) nyig BCix s € S Bukonyerbea U N Xy = @ abo VN X, = &,
abo iHIUMH cTOBaMU, HE MOYKHA BiJOKpEMUTH MPOCTip X, HE BiIOKPEMUBIIH MPUHAAMHI
omHOro 3 mizmpocropiB Xs.

TBepaxennsd 6. Heraii {X;:s € S} — cim’sa nionpocmopie monoasoziunozo npocmopy
X, {Y; : s € S} — cim’sa nidnpocmopis monoaoziunozo npocmopy Y . Hexati maxoorc icnye
eneyianvrut, monosozivnud idomopdizm i: F(X) — F(Y) maxud, wo i({Xs)) = (Ys)
oas eciz s € S. Hxwo cim’s nionpocmopie {Xs : s € S} npocmopy X € 36’a3no10
cmocosno X, mo cim’a nidnpocmopie {Ys : s € S} npocmopy Y € 36’a3nor0 cmocosro
Y.
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3. G-3B’43HI TA G-CTABLJIbHI ONIJIIPOCTOPH

Hexait G — ronomoriuna rpyma. Ckaxemo, mo cim’sa niznpocropis {X; : s € S}
tomosiorigaoro mpocropy X € (G-36’asnorw 6 X , AKINO Ajd JOBIIBHOTO HEMEPEPBHOTO
BimoOpaxkenus f: X — G1 3 ymoBu f|x # const BumumBae, 1mo icuye s € S, mo f|x. #
const.

Teopema 1. Hexaii G — monoaoziuna 2pyna, {Xs : s € S} — cim’sa nidnpocmopis mo-
noaoziwnozo npocmopy X, {Ys : s € S} — cim’s nidnpocmopie monoaoziunozo npocmopy
Y maxi, wo icuye cneyiaavhud monoaozivnud isomopdism i: F(X) — F(Y), wo 3ado-
soavhnae ymosy i((Xs)) = (Ys) das eciz s € S. rxwo cim’s nidnpocmopie { X : s € S}
npocmopy X G-36’azna 6 X, mo cim’a nidnpocmopie {Ys : s € S} npocmopy Y e G-
36’a31010 8 Y.

Josedenns. Tpumycrumo, mo cim’s mignpocropis { X : s € S} npocropy X G-38’si3ua B

X.Hexaiti: F(X) — F(Y) cuenjanbuuii Tonosioriunuii isomopdism rakuii, mo i(( X)) =

(Ys) aoa Beix s € S, h:' Y — G, neuepepsue Binobpaxkenust take, wo hly # const.

Iponorxumo BimoGpaxkenust h: Y — G mo HemepepBHOTO romomopdismy h*: F(X) —

G. llpuiivemo f* = h* o4, f = f*|x. Binobpaxeunus f e¢ menepepsuum. JloBesemo, Mo

flx # const. Hpunycrumo f(X) = {a} ana neaxoro a € G. Hexait b € Y, i~1(b) =
n

€1 €2 En R H
aitay® ... apr, e g g; = 1. Toni
i=1
2 e
h(b) = aa®2...a°" = a°" = g==t =a' =a.
Orpumanu cyunepedsicrs 3 TuM, o f|x # const. Orox, icaye s € S, wo f|x, # const.
MipKyBaHHSIMN aHAJOTIYHUMHM JI0 TIOTIEPEIHIX JOBOIMMO, 10 hly, # const. O

Hacaigok 2. Hexati G — monoaoeiuna epyna, X — MuToHOBCOKEUT NPocmip, nionpo-
cmip X1 € G-36’asnum 6 X, (X, X1) X (Y, Y1). Todi nidnpocmip Y1 G-36’asnuii ¢ Y.

Bynemo rosoputn, 1mo Tonosoriuauit mpoctip X G-36’asnud, SKIIO T0BiIbHE HeTe-
pepBHe BimobparkeHHsi 3 TOMOJIOrigHOro npocropy X y tomosiorigny rpymy G € craamm.

Hacuainok 3. Hexati G — monoaozivna 2pyna, X — mMuroHo8CbKUL NPOCMIP, NPOCMip
o M . .
X G-36’asnuti y X, X ~ Y. Todi npocmip Y e G-368’a3num.

Anagoriuno 10 rBepiuxenns [I] noBoaarbes TBepkenns [7] 1

Teepmxkenns 7. Hexatt G — monosoziuna 2pyna, 7 — 0dosiavhuil xapdunas, {X; :
s € S} — cim’a nidnpocmopis monosoziunozo npocmopy X, {Ys : s € S} — cim’a
NIONPOCMOPI6 MonoaoziuHo20 npocmopy Y MmaKi, wWo iCHYE CNEUiaAbHUll Monos02ivHul
idomopdism i: F(X) — F(Y), wo 3adososvuse ymosy i({Xs)) = (Ys) npu eciz s €
S. Hexati makxootc das 006iavbHo20 Henepepenozo eidobpasicenns f: X — G 3 ymosu
flx # const eunausae, wo ichye |T| nionpocmopis 3 cim’i {Xs : s € S} marux, wo
flx. # const das woocHozo esemenma 3 uiei cim’i. Todi das 006inbHOZ0 HEnepepeHo20
sidobpascenna h:' Y — G 3 ymosu h|y # const eunauseae, wo ichye |T| nidnpocmopie
3 cim’i {Ys : s € S} marux, wo hl|y, # const daa xoocrozo eaemenma 3 yiel cim’i.
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Tsepaxeuns 8. Hexali G — monoaoziuna epyna, {Xs : s € S}, {K; : s € S} —
cim’i nidnpocmopie monosoziunozo npocmopy X, {Ys : s € S}, {Ps : s € S} — cim’
NIONPOCMOPi6 Monoso2iwHo20 npocmopy Y , T — 006isvHull KaPOUHAA MAKI, U0 ICHYE
cneyianvrul monosozivnul isomopdism i: F(X) — F(Y) maxud, wo i((Xs)) = (Ys),
1((Ks)) = (Ps) daa eciz s € S. Sxwo s 006iabH020 Henepeperozo 6i0o0pasicens
f: X — G 3 ymosu f|x # const, f|x, = const; eunausae, wo icnye |T| nidnpocmopis
3 cim’i {Xs 1 s € S8} marux, wo f|x, # const dan Kooicnozo esemenma 3 yiei cim’i.
Todi das dosinvrozo Henepepenozo 6idobpasicenna h:Y — G 3 ymosu h|y # const,
h|p, = const; eunausae, wo icuye |T| nidnpocmopis 3 cim’i {Ys : s € S} maruz, wo
hly, # const das Kootcnozo eaemenma 3 uiei cim’i.

Hexait G — rononoriuna rpyna, {X; : s € S} — cim’sa mianpocTpis TomosoriaHOro
npoctopy X. Bymemo roBoputw, mio 1g cim’s G-cmabisvha, SKINO IJIsi TOBIIHHOTO He-
mepepBHOTO Bimobpaxkenus f: X — G, s JOBIIBHOTO s € S MAaTUMEMO, IO 3BYKEHHS
flx. € crammm.

Teepmxkenna 9. Hexati G — monoaozivna 2pyna, {Xs : s € S} — cim’a nidnpocmo-
pi6 muzonoscvrozo npocmopy X, {Ys 1 s € S} — cim’a nidnpocmopie muzonoscvrozo
npocmopy Y. Hxwo ichye cneyiaavhul monoaozivnul isomopdism i: F(X) — F(Y)
maxut, wo i((Xs)) = (Ys) daa eciz s € S, a cim’a € G-cmabiavrorw 6 X, mo cim’sa
{Ys : s € S} e G-cmabiavnorw 6 Y.

Hosedenns. Hexait minmuokuna A G-crabinpna B X. Hexait rakox f: Y — G — we-
nepepBHe Binobpaxkenus, f*: F(Y) — G — iioro nemnepepsHe NpomoBkeHHs. OCKiIbKN
nigmuaoknHa A G-crabinbha B X, 10 f*(A) C {g} ansa meskoro g € G. Hexait b € B,

n
toni i1 (b) = af'a3?...aS", ne E g; = 1. Toni
i=1

O

Hacuainok 4. Herai G — monoaoziuna 2pyna, (X, A) g (Y, B) a nidnpocmip A G-
cmabiavna 6 X. Todi nidnpocmip B G-cmabiavnui 6 Y.

[osedenna. Axmo (X, A) X (Y, B), To icuye crenjambHuii Tomosorivauii i3oMmopdizm
i: F(X) — F(Y) rakuii, mo i((4)) = (B) ([1]). Tenep 3amumaerscs 3acToCyBaTH TBEP-
JKeHHs 0

Hexait Z C Y C X — TuxoHoBcbKi npocropu, G — ronosoriuaa rpyna. Ckaxe-
Mo, 1o napa (Y, Z) G-cmabiavha, SKIIO 7151 JOBITIHHOTO HEMEPEPBHOTO BiTOOpasKeHHS
f+ X — G makoro, mo f|z = const maemo, mo f|y = const.

TBepmxkennsa 10. Hexati Z1 C Y7, C X1, Zy C Yy C Xo — Muxono8cvbki npocmopu,

(X1,Y1,77) M (X2,Ys,25), G — monoaoziuna epyna i napa (Y1, Z1) G-cmabiavna 6 X;.
Todi napa (Ys, Z3) G-cmabiavha 6 Xs.

Josedenna. 3 toro, mo (X1,Y7,7Z7) N (X3,Ys, Z5) Bumiusag, 1m0 iCHy€ cremiaabHuit
rononorigauii izomopdiam i: F(X;) — F(X2) rakuii, mo i((Y1)) = (Ya), i((Z1)) = (Z2).
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Hexaii Takox f: Xo — G — Henepepshe BigobpazkeHusi take, wo f|z, = g aus
nesikoro g € G f*: F(X3) — G — iioro HenepepsHe npojosxkenns. Jlosenemo, 1o i o
f*(Z3) = {g}. Ananoriuno 10 TBepKEHHS @,ILOBO,ZLI/ITBCH, mo f*oi~!|z = const. 3sigcu,
3a G-crabinbuicTio napu (Y7, Z;), orpumaemo, mo f* o i~ t|y, = const. Amamoriuno no
TBepazkenns [9] orpumaemo, mo f|y, = const. O

Hexait Z CY C X — tuxoHOBCbKI npocropu, roji ckaxemo, 1o napa (Y, Z) 36’a3na
CTOCOBHO X, AKINO He iCHY€ JBOX BiIKpWTO 3amMkHeHmXx miaMuoxkwuu U i V B X takwux,
110!

HUNV=g,UUV=X;

) UNY £2,VNY #g;

3) ZCUabo ZCV;
abo iHmuUMHu cIOBaMH, HE MOXKHA BiIOKpeMUTH MHOXKKHY Y B X, HE BiJIOKDEMUBIIIHA MHO-
KUHA Z.

Hacaimok 5. Hexati Zu C Y7 C X4, Zo C Yo C X5 — muxoHoBCHEL NpPocmopu,
(X1, Y1,74) M (X2,Ys,75) i napa (Y1,7Z1) 36’asna cmocosno X1. Todi napa (Ya, Zs)
€ 36°A3H010 cMOoCco6HO Xo.

JloBeieHHST BUILJINBAE 3 OYEBUIHOI JIEMU

Jlema 2. Hexati Z CY C X — muzonoscori npocmopu. Iapa (Y, Z) 36’a3na cmocoeho
X modi miavku modi, Koau 6ona € Zg-cmabdiabHow.

Hexait G — romnosioriuna rpyna. Bymzemo rosoputu, mo migmpocrip A € X G-
wiabHulG 6 X | KO JOBiLIbHE HermepepsHe Biobpakenns f: A — G momyckae He GLibIe
OJTHOTO HENepepBHOrO MPOJIOBKEHHs Ha X .

Jlema 3. Hacmynni ymosu € eK6isaseHmHuMU 0Aa mononozivnozo npocmopy X ma
11020 nidnpocmopy A:
(1) A e G-winorum 6 X;
(2) eidobpasicenna t: A — G osnavene ax tla = eq donyckae edune nenepepene
npodosoicernns Ha X .

Josederns. Immmikanis (1) = (2) e oueBHIHOIO.

(2) = (1) Hexaii f: A — G — neske nenepepBue Binobpaxkenns. [lpumycrumo, 1mo
f momyckae nBa HemepepBHUX NpomoBxKeHHs F) Ta Fh na X . BigoOpakenns F: 1_1 Ta Fy !
€ HeIlepepBHUMU IPOAOBKeHHsiMU BimoOpakennst f_;. Toxi BimoGpazkenns Fi - Fy ! ra
P Ffl € HelmepepBHUMNI TPOIOBYKEHHAMHN Bimobpaskenna ua f - f~1. O

Teopema 2. Hexati (X, A) i (Y, B) i nionpocmip A G-winvnut ¢ X. Todi nidnpocmip
B G-wiavnut 8 Y.

JHosedenns. Hexait npocrip A G-minbauit 8 X. Joeenemo, 1o mnpocrip B G-miinbauit
B X. Hexait s: B — G — BigoOpaxenus rtake, mo s(B) = {eg}, S: Y — G — iioro
npoposxkennsa. Hexait i: F(X) — F(Y) — cnenjanpauit Tonosnorivaauit izomopdism Ta-
kuit, mo i((A)) = (B), S*: F(Y) — G — romoMopdHe IPOIOBKEHHS BiTOOpasKeHHs.
Toni S*(W) = eg ansa scix W € (B) Ilpuiimemo f* = S*oi™!, f = f*|x. 3a nobymo-
Boio f*(V) = eq msa Beix V€ (A). Orxe, fla — BiIoOpaskeHHs, 110 Ma€ BIACTUBICTH
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f(A) C{e¢}. Ba G-utinbuicTio MHOKHHE A B X orpuMaemo, mo f(X) = {eg}. 3Biakn,
[H(F(X)) = {eg}, otxe, S* = f*oi Y (F(Y)) = {eg} i Mu orpumanu emunicTs Heme-
PEPBHOTO TPOJIOBKEHHS BimoOparkenHst s Ha MHOXKuHY Y. Tomy 3a jemoro [3| migmpoctip
B ¢ G-miinbauM B Y. O

ko y Bcix TBepKeHHAX i€l mpami B gKocTi rpynu G B3ATH abesieBy TOMOJIOTI-
9HY TPYILY, TO MOYKHA 3aMiHHTH B IUX TBEP/XKEHHAX BiaHOIMEHHsT M-eKBiBaJIEHTHOCTI HA
BiaHOMmEeHHA A-eKBiBaJeHTHOCTI.

AsTop BuCHOBIIOE MUpPY MOAAKY mpod. Bapiunomy M. M. i perensenTam 3a IiHHI
TIOPaJIH.
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The Golomb (resp. Kirch) topology on the set Z°® of nonzero integers is
generated by the base consisting of arithmetic progressions a + bZ = {a + bn :
n € Z} where a € Z°® and b is a (square-free) number, coprime with a. In
2019 Dario Spirito proved that the space of nonzero integers endowed with
the Golomb topology admits only two self-homeomorphisms. In this paper we
prove an analogous fact for the space of nonzero integers endowed with the
Kirch topology: it also admits exactly two self-homeomorphisms.

Key words: Kirch topology, superconnected space, superconnecting poset.

In this paper we describe the homeomorphism group of the space Z*® of nonzero
integers endowed with the Kirch topology Tx , which is generated by the subbase consisting
of the cosets a + pZ where a € Z°® and p is a prime number that does not divide a. On
the subspace N of Z* this topology was introduced by Kirch in [6].

Banakh, Stelmakh and Turek [3] proved that the subspace N of (Z*, 7k ) is topologi-
cally rigid in the sense that each self-homeomorphism of N endowed with the subspace
topology 7k [N={UNN:U € 7} is the identity map of N.

Oun the other hand, the space (Z°®, 7x) does admit a non-trivial self-homeomorpfism,
namely the map

j:Z2® —17Z% j:x— —zx.
In this paper we prove that this is the unique non-trivial self-homeomorphism of the
topological space (Z°®, 7). A similar result for the Golomb topology on Z* was proved
by Dario Spirito [II]. The topological rigidity of the Golomb topology on N was proved
by Banakh, Spirito and Turek in [2].

Theorem 1. The space Z* = 7\ {0} of nonzero integers endowed with the Kirch topology

admits only two self-homeomorphisms.

2020 Mathematics Subject Classification: 54D05, 54H99, 11A41, 11N13.
© Stelmakh, Ya., 2020
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The proof of this theorem follows the lines of the proof of the topological rigidity
of the space (N, 7x[N) from [3]. The proof is divided into 23 lemmas. A crucial role in
the proof belongs to the superconnectedness of the Kirch space and the superconnecting
poset of the Kirch space, which is defined in Section

1. FOUR CLASSICAL NUMBER-THEORETIC RESULTS

By II we denote the set of prime numbers. For a number = € Z by II, we denote
the set of all prime divisors of z. Two numbers z,y € Z are coprime iff II, N1I, = @.

In the proof of Theorem [I] we shall exploit the following four known results of
Number Theory. The first one is the famous Chinese Remainder Theorem (see. e.g. [B]
3.12)).

Theorem 2 (Chinese Remainder Theorem). If by,...,b, € Z are pairwise coprime
n

numbers, then for any numbers ai,...,a, € Z, the intersection ﬂ(ai + b;N) is infinite.
i=1
The second classical result is not elementary and is due to Dirichlet [, S.VI], see
also [1 Ch.7].

Theorem 3 (Dirichlet). For any coprime numbers a,b € N the arithmetic progression
a + bN contains a prime number.

The third classical result is a recent theorem of Mihailescu [§] who solved old
Catalan’s Conjecture [7].
Theorem 4 (Mihailescu). If a,b € {m"™! :n,m € N}, then |a — b| = 1 if and only if
{a,b} = {23,3%}.

The fourth classical result we use is due to Karl Zsigmondy [12], see also [10]
Theorem 3].

Theorem 5 (Zsigmondy). For integer numbers a,n € N\ {1} the inclusion

IMyn_y C U 1 P
0<k<n
holds if and only if one of the following conditions is satisfied:
(1) n=2 and a = 2% — 1 for some k € N; then
a>—1=(a+1)(a—1)=2a—1);
(2) n=16 and a = 2; then
a"—1=20-1=63=32x7=(a®—-1)? x (a® - 1).

2. SUPERCONNECTED SPACES AND THEIR SUPERCONNECTING POSETS

In this section we discuss superconnected topological spaces and some order
structures related to such spaces.

First let us introduce some notation and recall some notions.

For a set A and n € w let [A]" = {E C A : |A| = n} be the family of n-element
subsets of A, and [A]<¥ = U [A]™ be the family of all finite subsets of A. For a function

new
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f:X — Y and a subset A C X by f[A] we denote the image {f(a) : a € A} of the set
A under the function f.

For a subset A of a topological space (X,7) by A we denote the closure of A in
X. For a point z € X we denote by 7, := {U € 7 : € U} the family of all open
neighborhoods of = in (X, 7). A poset is an abbreviation for a partially ordered set.

A family F of subsets of a set X is called a filter if

e J¢&F;
o for any A, B € F their intersection AN B € F;
e for any sets ' C E C X the inclusion F' € F implies F € F.

A topological space (X, 7) is called superconnected if for any n € N and non-empty
open sets U1, ..., U, the intersection U; N---NU, is non-empty. This allows us to define
the filter

Foo={BCX:3Uy,...,U, T\ {2} (Uin---nU, C B)}

called the superconnecting filter of X.
For every finite subset E of X consider the subfilter

Fp = {BQX:EI(UI)meE c fo( N ZQB)}

reE el
of Foo. Here we assume that Fp = {X}. It is clear that for any finite sets £ C F in X
we have Fg C Fp.
The family
F={Fe:Ee[X]*}U{Fs}
is endowed with the inclusion partial order and is called the superconnecting poset of the
superconnected space X. The filters Fz and F,, are the smallest and largest elements
of the poset §, respectively.
The following obvious lemma shows that the superconnecting poset § is a topological
invariant of the superconnected space.

Proposition 1. For any homeomorphism h of any superconnected topological space X,
the map

h:§—38 h:Fe{h[A]: Ae F},

is an order isomorphism of the superconnecting poset §.

In the following sections we shall study the order properties of the poset § for
the Kirch space (Z®, 7x) and shall exploit the obtained information in the proof of the
topological rigidity of the Kirch space.

3. PROOF OoF THEOREM [1]

We divide the proof of Theorem [l]into 23 lemmas.

Lemma 1. For any a,b € Z°* the closure a + bZ of the arithmetic progression a + bZ in
the Kirch space (2°,7r) is equal to

z*n () ({0,a} +pZ).

pEll,
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Proof. First we prove that a +bZ C {0,a} + pZ for every p € II,. Take any point
x € a+ bZ and assume that z ¢ pZ. Then z + pZ is a neighborhood of = and hence
the intersection (z + pZ) N (a + bZ) is not empty. Then there exist u,v € Z such that
T 4 pu = a + bv. Consequently, x — a = bv — pu € pZ and x € a + pZ.

Next, take any point x € Z*N(),cpy, ({0, a}+pZ). Given any neighborhood O, of z in
(Z°*, 7K ), we should prove that O, N(a+bZ) # &. By the definition of the Kirch topology
there exists a square-free number d € Z*® such that d, z are coprime and x + dZ C O,..

If 1, C I1,, then b, d are coprime and by the Chinese Remainder Theorem

@#(x+dZ)N(a+bZ) C O, N(a+Z).
So, we can assume II, \ II, # @. The choice of z € m ({0,a} + pZ) guarantees that

pelly
x € m (a+pZ)=a+qZ
pEHb\Hm
where ¢ = H p. Since the numbers x and d are coprime and d is square-free, the

eI \IL,
greatest common divisor of b and d divides the number ¢. Since z — a € ¢Z, the Euclides

algorithm yields two numbers u,v € Z such that © — a = bu — dv, which implies that
O, N(a+bZ) D (x+dZ)N (a+ bZ) # 2. O

Lemma [I| implies that the Kirch space (Z®,7x) is superconnected and hence
possesses the superconnecting filter

}'OO:{FQZ‘:EIUl,...,UneTK\{@} (ﬁﬁgﬂ}
i=1

and the superconnecting poset
F={Fep:Ec[Z]"*} U{Fx}
consisting of the filters
zel zelE

Here for a point « € Z* by 7, := {U C Z* : * € U} we denote the family of open
neighborhoods of x in the Kirch topology 7x.
For a nonempty finite subset £ C Z°, let llp = ﬂ II, be the set of common prime

zeFE
divisors of numbers in the set E. Also let

Ap={pell:3keN (EC{0,k} +pZ)}.

Observe that IIp C Ag and Ag # @ because 2 € Ag. If F is a singleton, then Ag = II;
if |E| > 2, then

Ap CII, U, UTL,_, C {2,..., max E'}
for any distinct numbers x,y € E. This inclusion follows from

Lemma 2. For any two-element set E = {z,y} C Z* we have Ap =11, UIL, UIIL,_,,.
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Proof. Each number p € I, (resp. p € II,) belongs to Ag because {z,y} C {0,y} + pZ
(resp. {z,y} C {0,2} + pZ}). Each number p € II,_, belongs to Ag because {z,y} C
x + pZ C {0,x} 4+ pZ. This proves that I, UII, UII,_, C Ag.

Now take any prime number p € Ag and assume that p ¢ II, UII,. It follows from
{z,y} = E C {0,ar(p)} + pZ that {z,y} C agr(p) + pZ and hence z — y € pZ and
p €1y O

Let ap: Ap — w be the unique function satisfying the following conditions:

(i) ag(p) <pforall p € Ag;

(i) E C{0,ar(p)} +pZ for all p € Ag;

(iii) ap(2) =1 and ag(p) =0for all p € IIg \ {2}.
Lemma 3. Let A C II be a finite set containing 2 and o : A — Ny be a function such
that «(2) =1 and a(p) € {0,...,p — 1} for allp € A\ {2}. Let = be the product of odd

prime numbers in the set A and y be any number in the set Z° N ﬂ (a(p) + pZ). Then

pEA
the set E = {y,xz,2x} has Agp = A and ag = a.

Proof. For every prime number p € A we have {z,y} C {0,y} + pZ, which implies that
p € Ap. Assuming that Ag \ A contains some prime number p, we conclude that = ¢ pZ
and hence the inclusion {y,z,2z} = E C {0, ag(p)} + pZ implies {z,2z} C ag(p) + pZ
and x = 2x — x € pZ. This contradiction shows that Az = A. To show that ap = «,
take any prime number p € A = Ag. If p = 2, then a(p) = 1 = ag(p)- So, we assume
that p # 2. If a(p) = 0, then y € «a(p) + pZ = pZ and hence p € Ilg. In this case
ag(p) =0=a(p). If a(p) # 0, then the number y € a(p) + pZ is not divisible by p and
then the inclusions {y,z,2z} C {0,a(p)} + pZ and {y,z,2z} = E C {0,ar(p)} + pZ
imply that a(p) = ag(p). O

The following lemma yields an arithmetic description of the filters Fg.

Lemma 4. For any finite subset E C Z* with |E| > 2 we have

Fp = {B cz*:30e [M\Ag]< (pZ°n () (0,as(p)}+pZ)C B}.
peL pEAE\HE
Here we assume that ﬂ pZ® =17°.
peEY
Proof. 1t suffices to verify two properties:
(1) for any (Uy)zer € H T, there exists a finite set L C I1'\ Ag such that
z€E
Nrzn () {0.es®@}+pZ)C () U
pEL peAE\Ilg zeFE
(2) for any finite set L C IT\ Ag there exists a sequence of neighborhoods (Uy)cr €

H T, such that
zel

NT.crz*n () (0,ax(p)}+02).

z€E peEL pEAR\Ilg
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1. Given a sequence of neighborhoods (U,).cr € H Ty, for every x € F find a

rzel
square-free number ¢, > x such that II,, NI, = @ and = + ¢,Z C U,. We claim that

the finite set L = U I1,, \ Ag has the required property. Given any number
zeE

ze(rz°n () ({0.asd)}+r2),
peL peEAp\Ilg
we should prove that z € U, for every = € E. By Lemmal[l]
z*n () (0,2} +pZ) = (& + ¢.2) C Us.
pelly,

So, it suffices to show that z € {0,z} + pZ for any p € II,,. Since the numbers z and ¢,
are coprime, p ¢ II, and hence p ¢ Ilg. If p ¢ Apg, then p € II,, \ Ag C L and hence
2€pNC{0,2} +pZ. If p€ Ag, then x € E C {0,ag(p)} + pZ and x € ag(p) + pZ (as
p ¢ I1,). Then © + pZ = ag(p) + pZ and z € {0, ap(p)} + pZ = {0,2} + pZ.

2. Fix any finite set L C II \ Ag. For every & € E consider the neighborhood
U, = ﬂ (x4 pZ) of z in the Kirch topology. By Lemma ,

pELUAER\IIL,

U.=z"n () (0,2} +pZ).
pELUAE\Hx

Given any number z € ﬂ U,., we should show that

zeE
ze(rz*n () (0,0e()}+pZ).
peL pEAE\HE

This will follow as soon as we check that z € pZ® for all p € L and z € {0,ag(p)} + pZ
for all p e Ag \ llg.

Given any p € Ag \ Ilg, we can find a point « € E \ pZ and observe that 2 € E C
{0,ag(p)} + pZ. Then

2 €U, Cx+pZ C{0,2}+pZ ={0,ap(p)} + pZ.

Now take any prime number p € L. Since L N Ag = @, we conclude that E € pZ.
So, we can fix a number x € E'\ pZ. Taking into account that p ¢ Ag, we conclude that
E ¢ {0,2} + pZ and hence there exists a number y € E such that pZ # y + pZ # x + pZ.
Then

2 €U, NU, € ({0,2} +pZ) N ({0, y} + pZ) = pL.
(]

We shall use Lemma [4] for an arithmetic characterization of the partial order of the
superconnecting poset § of the Kirch space.

Lemma 5. For two finite subsets E, F C II with min{|E|, |F|} > 2 we have Fg C Fp if
and only if

AFQAE, HF\{Q}QHE and OtEfAF\HE:OzFrAF\HE.
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Proof. To prove the “only if” part, assume that Fr C Fp. By Lemma[d] the set
(N rz°n () (0,a5(p)}+pZ)
pEAF\AR pEAR\IlE
belongs to the filter Fp C Fp. By Lemma there exists a finite set L C I\ Ap such
that
Nrzen () {ar@}+pz)S () p2°n () ({006} +p2). (1)
pEL pEAp\Ilp PEAF\AE pEAp\IlE
This inclusion combined with the Chinese Remainder Theorem [2] implies
AF\AE QLCH\AF, AE\(HEU{Q}) QLU(AF\HF)
and
ap(p) =arp(p)  forany  pe (Ap\Ilp)N(Ag\1E),
and
AFQAE, HF\{Q}QHE and CVEFAF\HE:O[F[AF\HE (2)

To prove the “if” part, assume that condition holds. To prove that Fg C Fp, fix
any set {2 € Fg and using Lemma@ find a finite set L C II\ Ag such that

N rzn () ({0.as@)}+pZ)CQ.
peL pEAE\IlE

Consider the finite set
A= (LUAE)\AF :LU(AE\AF) oL

and observe that condition implies the inclusion

Fea(p2n () {0ar®}+pZ) € (\pZ°0 (] ({0,08()}+pZ) CQ, (3)

pEA pEApR\IIp pEL pEAp\Ilp
yielding Q € Fp. O

Lemma 6. For two nonempty subsets E,F C N with min{|E|,|F|} = 1 the relation
Fr C Fr holds if and only if |[E| =1 and E C F.

Proof. The “if” part is trivial. To prove the “only if” part, assume that Fg C Fp.
First we prove that |F| = 1. Assuming that |E| > 1 and taking into account that
min{|E|, |F|} = 1, we conclude that |F| = 1. Choose a prime number p > max(E U F).
Since ﬂ y+pZ € Fgp C Fp, for the unique number x in the set F', there exists a
yek
square-free number d such that II; NI, = @ and x + dpZ C m y + pZ. By Lemma ,
yeE

z+qpl® Cx+dpZ C (\y+pZ= () ({0,y} +pZ) = pZ.
yeEE yeE
The latter equality follows from p > max E and |E| > 1. Then x 4 dpZ*® C pZ implies
x € pZ, which contradicts the choice of p > max(F U F) > x. This contradiction shows
that |E| = 1. Let z be the unique element of the set E.
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It remains to prove that z € F. To derive a contradiction, assume that z ¢ F. Take
any odd prime number p > max(E U F') and consider the set

{0,2} +pZ =2+ pL € Fe C Fr.

By the definition of the filter Fp, for every x € F there exists a square-free number d,
such that II;, NII, = @ and

ﬂ x+d,Z C 2+ pZ = {0, z} + pZ.
zeF

Consider the set P = (J,cpIla,. If p € Iy, for some x € F, we can use the Chinese
Remainder Theorem [ and find a number

c€(x+pZ)N ﬂ qZ C n y+dyZ C{0,z} + pZ.
q€P\{p} yeFr
Taking into account that z is not divisible by p, we conclude that ¢ € (z + pZ) N (z + pZ)
and hence z—z € pZ, which contradicts the choice of p > max(EUF'). This contradiction

shows that p ¢ P. Since p > 3, we can find a number 2z’ ¢ {0,z} + pZ and using the
Chinese Remainder Theorem [2] find a number

ue€ (2 +pZ)N ﬂ qZ°* C ﬂ y+d,Z C {0, z} + pZ,
qeP yeF

which is a desired contradiction showing that £ C F'. O

As we know, the largest element of the superconnecting poset § is the superconnec-
ting filter . This filter can be characterized as follows.

Lemma 7. The superconnecting filter F of the Kirch space is generated by the base
consisting of the sets qN for an odd square-free number ¢ € N, i.e.

Fo = {B Cz*:3ge (2N-1)\ | N (¢Z° C B)}.
pell
Proof. Lemma [I] implies that each element F' € F,, contains the set ¢Z°® for some odd
square-free number g. Conversely, let ¢ be an odd square-free number. Then the sets
U =1+ qZ and Uy = 2 + gZ are open in the Kirch topology on Z°*. By Lemma [I] we
have
U N0z =20 () ({0,1} +pZ) N ({0,2} + pZ) =2° N (| pZ = qZ°.
pEHq pEHq

Hence ¢Z° € Fo. O

Lemma 8. For a nonempty subset E C Z° the following conditions are equivalent:
(1) Fr = Foo;
(2) Ap ={2}.

If |E| = 2, then conditions (1), (2) are equivalent to
(3) E € {{2n,2n 1} {—2m, —2"+1} {—2" 2"} i n € w}.
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Proof. (1) = (2): Assume Fg = F. Consider the set F' = {1,2} and observe that
Ap = II; Ul UTlp_ = {2} and IIp = &. Thus Ap C Ag, HF\{2} C Ilg and
aplAp\llg = ap|Ap\llg. Lemma [f implies 7 C Fp. Since F = Fu is the largest
element of § we get Fg = Fr. By using again Lemma [5] we get Ap C Ap which implies
that AE = {2}

(2) = (1): If Ag = {2}, then by the Lemmal[d] the filter 7 is generated by the base
consisting of the sets gZ°® for an odd square-free number g € Z°. Therefore Fp = F by
the Lemma [1

(2) = (3): Assume that |E| = 2 and A = {2}. By Lemmal[2] E = {£2%,§2"}, where
a,b € w and ¢, € {—1,1}. Without loss of generality we can assume that b < a. By
Lemma 2} T g0 500 = Tlgp(20-4_5/c) € {2}. The last inclusion implies that a —b = 1
and §/e =1 ora—b=0and §/e = —1. In the first case the set E equals {2°,2°%1} or
{—2b, —2b+11 "in the second case E = {2°, —2°}.

(3) = (2): The implication (3) = (2) follows from Lemma [2] O

In the following lemmas by § we denote the set of maximal elements of the poset
S\ {7}

Lemma 9. For a nonempty finite subset E C 7.° the filter Fg belongs to the family §'
if and only if there exists an odd prime number p ¢ Ilg such that Ag = {2,p}.

Proof. To prove the “if” part, assume that Ap = {2,p} and p ¢ IIg for some odd
prime number p. By Lemma [ Fr # F.. To show that the filter Fp is maximal in
F\ {Fo}, take any finite set F' C Z* such that Fg C Fr # Foo. By Lemmas [5| and
{2} # Ap C {2,]9}, [Ip CIlg U {2} = {2}, and ap[Ap \ g = aglAr \ IIg. It follows
that Ap = {2,p} = Ap, Ip U{2} =I5 U{2} and ap = ap. Applying Lemma [5] we
conclude that g = Fp, which means that the filter g is a maximal element of the
poset F\ {Fo}-

To prove the “only if” part, assume that Fp € §'. By Lemma[8) Ag # {2} and
hence there exists an odd prime number p € Ag. We claim that p ¢ IIg. To derive a
contradiction, assume that p € II and consider the sets F' = {p,2p} and G = {1, p, 2p}.
By Lemma 2] Ar = Aq = {2,p}, Il = {p}, and Il = @. Taking into account that
F CG, Ar ={2,p} C Ag, Ip \ {2} = {p} C Il and Ap \ IIg C {2}, we can apply
Lemmas and conclude that Fr C Fr C Fg # Foo. The maximality of Fg implies
Fg =Fr = Fg. By Lemma the equality Fo = Fp implies p € IIp \ {2} C g = @,
which is a contradiction showing that p ¢ Ilg.

Now consider the set H = {ag(p), p, 2p} and observe that Ay = {2,p}, Iy = & and
ag(p) = ag(p). Lemmas andguarantee that Fg C Fg # Foo- By the maximality of
Fg, we have Fg = Fg. Applying Lemma [5] once more, we conclude that Ap = Ay =

{2,p}. O
Lemma [9] implies the following description of the set §'.

Lemma 10. §' = {Fi, o, :p €I\ {2}, ac{l,...,p—1}}.
Let §” be the set of maximal elements of the poset § \ (§' U {Fu})

Lemma 11. For a finite set E C Z°, the filter Fg belongs to the family ' if and only
if one of the following conditions holds:
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(1) there exists an odd prime number p such that p € Iy and Ag = {2,p};
(2) there are two distinct odd prime numbers p,q such that Ag = {2,p,q} and IIg C

{2}

Proof. To prove the “only if” part, assume that Fg € §’. By Lemma there is an odd
prime number p € Ag. If Ag = {2,p}, then p € Il by Lemma@ and condition (1) is
satisfied. So, we assume that {2,p} # Ag and find an odd prime number ¢ € Ag \ {2, p}.
By Lemma (3| there is a number x € N such that for the set F' = {x,pq,2pg} we have
Ar = {2,p,q¢}, Ir = &, ap(p) = ag(p) and ar(q) = agr(q). Then Fg C Fr by
Lemma [f] and Fp € §\ (3’ U{Fx}) by Lemma[9l Now the maximality of the filter Fp
implies that Fg = Fr and hence Agp = Ap = {2,p,q} and IIg C IIp U {2} = {2}, see
Lemma Bl

To prove the “if” part, we consider two cases. First we assume that Ap = {2, p} and
p € LI for some odd prime number p. By Lemmas [§land [§} Fp € §\ ({Fa} UF'). To
prove that Fg is a maximal element of §\ ({Foo} UF’), take any finite set F' C Z* such
that Fg C Fp € §\ ({Foo} UF'). Lemma [6] implies that min{|E|,|F|} > 2 and then by
Lemmas[f|and [9] we have Ap = {2,p}, IIp \ {2} C {p} and agAp\{p} = arlAr\{p}.
Now notice that p € IIr since otherwise Fr € §’ by Lemma[9] By using again Lemma [f]
we get Fr = Fg which means that Fg € §.

Now assume that there are two distinct odd prime numbers p, ¢ such that Ag =
{2,p,¢q} and Iy C {2}. By Lemmas [§| and 0] Fr € §\ ({Fx} UF’). To prove that
Fg is a maximal element of § \ ({Foo} UF), take any finite set F C Z* such that
Fg € Fp € §\ ({Fx} UF). Lemma [5] implies that Ar C {2,p,q}, Hp C {2} and
aplArp \ g = ap|Ar \ lIg. Taking into account that Fr ¢ § U {Fu} and IIp C {2},
we can apply Lemmas E[, and conclude that Ar = {2,p,¢q}. We therefore know that
Ap = Ag, HEU{Q} = HFU{2} and ap fAE\HF = aE[AE\HF By Lemma Fg=Fr
and hence Fg € §”. O

Lemma 12. For any homeomorphism h of the Kirch space and any odd prime number
p we have

h(]:{p,Zp}) = Fip2p}-

Proof. By Proposition [1f the homeomorphism 5 induces an order isomorphism h of the
superconnecting poset § on the Kirch space. Then h[§'] = § and h[F"] = F".
By Lemmasand §' = F4 UFY where

5= {F{pyzp} cpell\ {2}} and
Sg = {}—{x,pqﬂpq} 'p,qE H\{?)}, T € {0a~~~7pq_ 1} \ (pZUqZ)} .
By Lemmas [5{ and EI, for every filter Fy, opy € &5 the set
TFip2pt = {‘7: €y Fipap} C ‘FE}

coincides with the set {Fy, 2,1 :a € {1,...,p— 1}} and hence has cardinality p — 1.
On the other hand, for any filter F, ,,q.2pq) € 3, the set

TF 2 ,pa,2pa} = {Fed: Flapa2pq) C }—}
coincides with the doubleton {.7-"{%1,721,}, f{w7q72q}}-
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These order properties uniquely determine the filters Fy, o,y for p € II'\ {3} and

ensure that 7(F,ap)) = Fpap) for every p € 1\ {3}.
Next, observe that F{3¢) is a unique element F of §” such that

170 U e =2
pel\{3}

This uniqueness order property of (36, ensures that il(]:{g’ﬁ}) = Fi3,6}- O

Lemma 13. Let E C Z° be a finite subset such that A = {2,p} for some odd prime
number p ¢ Ilp. Then App = {2,p}.

Proof. By LemmaEl7 Fg € §'. Consider the doubleton {p,2p} which has Ay, oy = {2, p}
and Iy, 2,1 = {p}. By Lemma Fip2py € Fr and by Lemma

Fip2y = MFp.2p}) = Fln).hep)y © Faip)-
By Lemma Anig) € Agpopy = {2,p}. By Lemma 8, Ay g = {2,p}. O

Definition 1. A homeomorphism h of the Kirch space (Z*,7x) is called positive if
h(1) > 0.

Lemma 14. Every positive homeomorphism h of the Kirch space has h(x) = x for any
x € {£2", n € w}

Proof. Consider the graph I'y = (2, &) with the set of vertices Vo = {£2™ : n € w} and
the set of edges
E={{2", 2"}, {—2", —2"t1} {-2",2"} i n e w}.

Observe that 1 and —1 are the unique vertices of I's that have order 2. Any other
vertices have order 3. This ensures that h(1) = 1. The positivity of h implies that
h(1) = 1. Then h(—1) = —1, h(2) = 2. Hence h(£2") = £2" for all n € w. O

Lemmas [14] and [T2] imply

Lemma 15. For any positive homeomorphism h of the Kirch space and any odd prime
number p we have

E(-F{17p72p}) =Fpapy ond E(]:{Zp,?p}) = Fl2p2p)-

Lemma 16. For an integer number x € Z°* \ {-2,—1,1,2} and an odd prime p, the
following conditions are equivalent:

(1) p € 1l;;

(2) Faey © Frupopy ond Fioey © Frapop)-
Proof. If p € 11, then A{l,p,2p} = {Z,p} CcCA 1,x} H{l,z} U {2} = {2} = H{l,p,Zp} U {2}
and agy 41(p) = 1 = aqip2py(p). By Lemma 5} Fy o3 € Fy1p.2p3- By analogy we can
prove that -7:{2@} - ‘/—"{271,,21)}.

Conversely, assume F(1 53 € Fy1p2p) and Fo ) € Frapopy- By Lemmasand
we have

{27p}:A{1,p,2p} c A{l,m}:Ha: UII;—; and {27p}:A{2,p,2p} C A{2,z}:{2} UIl, Ull;—o

and hence p € (II, UIL,_1) N (IT, UIL,_5) \ {2} C IL,. O
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Proposition [[] and Lemmas imply

Lemma 17. For every homeomorphism h of the Kirch space and any number x € N we
have

I, U {2} = Hh(z) @] {2}
For every prime number p consider the set
V, = {£2"'p"™ :n,m € N}

of numbers z € N such that p € II, C {2, p}. Lemmas [14{ and [17| imply that A[V,] =V,
for every homeomorphism h of the Kirch space.
Consider the graph I'y = (V,,,&,) on the set V,, with the set of edges

&y = {E € [Vp]2 cAp = {2ap}}-

Lemma 18. For every prime number p and every homeomorphism h of the Kirch space,
the restriction of h to V}, is an isomorphism of the graph I'y.

Proof. Let E € &,. Since p € Ilg, we can apply Lemma and conclude that Fr € §”.
Using fact that & is isomorphism of § we get Fuip) = h(Fg) € . Since h[E] C h[V,] =
Vp, we obtain p € II;g). Using Lemma [11] once more, we obtain that Az = {2,p},
which means that h[E] € &,. By analogical reasoning we can prove that h=1[E] € &, for
every E' € £,. This means that h[V, is an isomorphism of the graph I',,. O

The structure of the graph I', depends on properties of the prime number p.
A prime number p is called

e Fermat prime if p = 2™ + 1 for some n € N;
o Mersenne prime if p = 2" — 1 for some n € N;
e Fermat—Mersenne if p is either Fermat prime or Mersenne prime.

It is known (and easy to see) that for any Fermat prime number p = 2" + 1 the exponent
n is a power of 2, and for any Mersenne prime number p = 2" — 1 the power n is
a prime number. It is not known whether there are infinitely many Fermat—Mersenne
prime numbers. All known Fermat prime numbers are the numbers 22" 4 1for0<n <4
(see oeis.org/A019434 in [9]). At the moment only 51 Mersenne prime numbers are
known, see the sequence oeis.org/A000043 in [9].

Lemma 19. Let p be an odd prime number, p # 3.

(1) If p = 3, then the set £, of the edges of the graph T', coincides with the
set of doubletons {20713 207130411 [a—13b 9oa—13b+21 " [o9a—13b c9a3bl
{62a713b,62a+13b}’ {52a713b+1782a+13b}’ {52a+13b,€2a3b+1}’ {62a+33b’52a3b+2}’
{€2a—13b’ _€2a—13b+1}’ {52a—13b7 _€2a3b}’ {E2a—13b’ _62a+236}’

{e20713 —£29713%) for some a,b €N, ¢ € {—1,1}.

(2) If p=2" 41> 3 is Fermat prime, then

gp :{{€2a—1pb’ E2(1—1pb-§—1}7 {€2a—1pb, E2apb}’ {620,—12,)177 _€2a+m—1pb}’
{e2071pb, —e207 1 pb} {e2mterlpb 20 Ipb T L g b e N, e € {-1,1}}.
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(3) If p=2"—1 > 3 is a Mersenne prime, then

gp Z{{€2apb,f€2a_1pb}, {E?a_lpb,€2m+a_1pb}7 {Eza—lpb+1’€2m+a—1pb}7
{e207pb —g2071pbY (207 lpb a1t t g h e N, £ € {1, 1}}

(4) If p is not Fermat—Mersenne, then
Ep = {{e2°7p, —e2071p"}, {297 1p", 227"} 1@, b EN, e € {—1,1}}.

Proof. Proof of Lemmain each of cases (1)—(4) will be similar. The edges of graph I,
are 2-element subsets of set V), such that Ag = {2, p}. Since the vertices of graph Iy, are
numbers of the form +2"~'p™, where n,m € N, we can apply Lemma [2| and conclude
that a doubleton {z,y} C V}, belongs to &, if and only if {2,p} = II, UII, UII,_,. In
subsequent proofs, we will intensively use the Mihailescu Theorem [4] saying that 23,32 is
a unique pair of consecutive powers.

1. First we consider the case of p = 3. It is easy to see that the doubletons {z,y}
written in statement (1) have II, UII, UIL,_, C {2,3}, which implies that {x,y} € &. It
remains to show that every doubleton {z,y} € & is of the form indicated in statement
(1). Write {x,y} as {£29713°,62¢7134} for some a,b,c,d € N, ,6 € {—1,1} such that
2a—13b < 2c—l3d.

If a = cand b =d, then ¢ # § and {z,y} = {20713%, —£20-13b}.

If a = ¢, then b < d and the inclusion II,_,, C {2, 3} implies that Ilga—v_. /5 C {2,3}
and hence 39" —¢ /4 is a power of 2. If £ /5 = 1 then by the Mihailescu Theorem[d] d—b €
{1,2}, which means that {z,y} is equal to {£22713% £207135%1} or {e20713b g2a-130+2},
If £/6 = —1 then by the Mihailescu Theorem [i] d — b € {0,1}, which means that {x,y}
is equal to {27130, —£20713b} or {20130 20130411,

If b = d, then a < c and the inclusion I1,_,, C {2,3} implies that Tlyc-a_./5 C {2, 3}
and hence 2°7% — ¢/d is either 2 or a power of 3. If ¢/§ = 1 then by the Mihiilescu
Theorem W, ¢ — a € {1,2}, which means that {z,y} is equal to {e29~'3% £273"}
or {€20713% £20+13%) If ¢/§ = —1 then by the Mihailescu Theorem @, c—a €
{0,1, 3}, which means that {z,y} is equal to {£2¢713% —¢29-13%} {29713 2243t} or
{e20713b, —g20+2301.

So, we assume that a # ¢ and b # d. In this case we should consider four subcases.

Ifa < cand b < d, then II,_,, C {2, 3} implies that each prime divisor of 2¢-23¢~% —
£/0 is equal to 2 or 3, which is not possible.

If a < cand b > d, then II,_, C {2,3} and 24713 < 2¢713¢ imply that 2°7¢ —
(¢/6)3"=? = 1 which implies that ¢ = §. Hence ¢ —a = 2 and b—d = 1 by the Mihailescu
Theorem [4] In this case {z,y} = {£2¢713%+1, 20413},

If a > cand b < d, then II,_, C {2,3} and 29713> < 2713 jmply that 39-° —
(€/9)2%~¢ = 1. This implies that €/ = 1 and hence (d — b,a — ¢) € {(1,1),(2,3)} by the
Mihiilescu Theorem@ In this case {z,y} is equal to {2613t 2¢3b+1} or {2¢F33b 2¢3b+2},

The subcase a > ¢ and b > d is forbidden by the inequality 2713 < 267134,
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FiGURE 1. The graph I's

2. Assume that p = 2™ + 1 > 3 is a Fermat prime. In this case m > 1. Since p > 3,
p is not Mersenne prime. It is easy to check that every doubleton

{m,y} E{{&_2(1—1pb’52(1—1pb+1}7 {52a_1pb,52apb}7 {82a_1pb, _82a+m—1pb}’
{e207pb| —g2071pbY feomazlyb coa=lpbtln . he N, e € {—1, 1}}

has Ay, y = I, UIL, UIL,_, = {2,p} and hence {z,y} € &,.
Now assume that {x,y} € £, is an edge of the graph I'y. Then

I, Ull, UIL,_y = A{$7y} ={2,p}
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and {x,y} can be written as {297 1p® 62°~1p?} for some a,b,c,d € N, ¢,§ € {—1,1}
with 20~ 1pb < 2¢=1pd,

Ifa=c b=dand e = —0 then Il.ga—1,p_s30-1, = Ho0e,p C {2,p}. In this case
{a,y} = {e2071pb, —e207 1P}

If a = ¢, then b < d and the inclusion I1,_,, C {2, p} implies that IT,e—v_. /5 C {2, p}
and hence p?~? — /4 is a power of 2. By the Mihiilescu Theorem |4} d — b € {0,1}. If
d—b=0, then ¢ = —§ and {x,y} = {€2%"1p?, —£2971p*} by the preceding case. So, we
assume that d —b = 1. Since p is not Mersenne prime, we conclude that € = §, and hence
{x,y} is equal to {207 1pb e20-1pb+1}

If b = d, then a < c and the inclusion IT,_, C {2, p} implies that Iyc-a_. /5 € {2, p}
and hence 2°~%—¢/4 is a power of p. By the Mihailescu Theorem 4] 2°=% —¢/5 € {1,p} =
{1,2m +1}. If ¢ = § then ¢ —a = 1, which means that {x,y} is equal to {£2¢71p® £29p}.
If ¢ = —§ then ¢ —a = m and {z,y} = {207 1pb, —e20+tm—1pb},

So, we assume that a # ¢ and b # d. In this case we should consider four subcases.

Ifa < cand b < d, then I, C {2, p} implies that each prime divisor of 2¢~2p?=t —
/4 is equal to 2 or p, which is not possible.

If a < cand b > d, then I,_, C {2,p} implies that 2= — (¢/8)p*~¢ = 1 and
hence ¢ = 6. In this case the Mihiilescu Theorem H] ensures that b — d = 1 and hence
2¢7% = p+ 1 = 2™ + 2 which is not possible (as m > 1).

If a > c and b < d, then II,_, C {2,p} implies that p?=% — (¢/6)2%~¢ = 1, which
implies that ¢ = §. The Mihailescu Theorem El implies that d — b = 1 and hence 2°7¢ =
p—1=2" and a — ¢ = m. In this case {z,y} = {e2¢tm~12b g2e-1pb+1],

The subcase a > ¢ and b > d is forbidden by the inequality 2%~ 1p? < 2¢71pd.

3. Assume that p = 2™ — 1 > 3 is Mersenne prime. In this case m > 2 and p is not
Fermat. It is easy to check that every doubleton

{x7y} E{{EQapb7E2a_1pb}, {(€2<1—1pb7E27n-i—a—1pb}7 {(€2<1—1pb—i-17E2'rn+a—1pb}7
{e2071pb, —e2071pPY {e20 7 pb, —e2* IpP T} b €N, e € {-1,1}}

has Ay, ) = I, UIT, UTL,_, = {2,p} and hence {z,y} € &,.

Now assume that {z,y} € &, is an edge of the graph I',. Then II, UII, UIL,_, =
Az = {2,p} and {z,y} can be written as {e2°7!p, §2¢71p?} for some a,b,c,d € N,
£,6 € {—1,1} with 207 1pb < 2¢=1pd.

If a=c,b=d, then e = —§ and {z,y} = {29 1p¥, —e29 7 1pt}.

If a = ¢, then b < d and the inclusion I, C {2,p} implies that Il,4—v_. /5 C {2, p}
and hence p?=* — £/ is a power of 2. By the Mihailescu Theorem |4} d — b € {0,1}. If
d—b=0, then {z,y} = {297 1p®, —£29~1p"} by the preceding case. So, we assume that
d—b=1.Tf ¢ =6, then p9=% —¢/6§ =p—1=2™ — 2 is a power of 2, which is not true
as m > 2. Therefore ¢ = —¢ and {z,y} is equal to {£2¢71p? —e201pt+11

If b = d, then a < c and the inclusion II,_, C {2, p} implies that IIyc-a_. /5 C {2, p}
and hence 2¢7* —¢/¢ is a power of p. By the Mihiilescu Theorem@ 270 —¢g/d e {1,p} =
{1,2™ — 1}, which implies that ¢ = ¢ and ¢ — a € {1,m}. Therefore {z,y} is equal to
{EZa_lpb, Ezapb} or {EQa_lpb,52m+a_1pb}.

So, we assume that a # ¢ and b # d. By analogy with the case of Fermat primes,
we can show that the subcases (¢ < ¢ and b < d) and (a > ¢ and b > d) are impossible.
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FiGURE 2. The graph I'5

If a < cand b > d, then II,_, C {2,p} implies that 2= — (¢/8)p*~¢ = 1, and
hence /6 = 1. Then the Mihailescu Theorem [] ensures that b — d = 1 and hence
2¢7% =p+1=2" and ¢ — a = m. In this case {x,y} = {29 Ipd+l g2atm-1pd1

If a > cand b < d, then II,,_, C {2, p} implies that p¢=% — (¢/5)2¢7¢ = 1 and hence
£/0 = 1. Then Mihiilescu Theorem El implies that d —b =1 and hence 2 ¢ =p -1 =
2™ — 2. which is not possible as m > 2.

4. Assume that p is not Fermat—Mersenne. It is easy to check that every doubleton
{z,y} € {{e277 1", —e2071p"} {277 1p", 2%’} ta,b €N, e € {~1,1}}
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FI1GURE 3. The graph I'y

has A,y = [, UL, UTL,_, = {2, p} and hence {z,y} € &,.

Now assume that {z,y} € &, is an edge of the graph I',. Then II, UII, UII,_, =
Ay = {2,p} and {z,y} can be written as {e2*~'p®, 62°71p?} for some a,b,c,d € N,
£,6 € {—1,1} with 207 1pb < 2¢=1pd.

If a =cand b=d, then ¢ # § and {z,y} = {29 1p’, —291p°}.

If a = ¢, then b < d and the inclusion I, C {2, p} implies that Il,u—v_. /5 C {2, p}
and hence p?=* —£/§ is a power of 2. By the Mihailescu Theorem |4, d —b = 1 and hence
p is either Fermat prime or Mersenne prime which is not true.

If b = d, then a < c and the inclusion II,_, C {2, p} implies that Igc-a_. /5 € {2, p}
and hence 2¢7* — ¢/ is a power of p. By the Mihiilescu Theorem 2¢7e —¢ /6 € {1,p}.
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F1GURE 4. The graph '

Taking into account that p is neither Fermat nor Mersenne prime, we conclude that if
£=06,2°"%—1=1and hence ¢c — a = 1. Then {z,y} = {297 1p®, £29p°}.

So, we assume that a # ¢ and b # d. By analogy with the case of Fermate primes,
we can show that the subcases (a < ¢ and b < d) and (a > ¢ and b > d) are impossible.

If a < c and b > d, then II,_, C {2,p} implies that 2¢7% — (¢/§)p’~< = 1. By the
Mihailescu Theorem 4| b — d = 1 and hence p = 2°7% — 1 is a Mersenne prime, which is
not true.

If a > c and b < d, then II,_, C {2,p} implies that p¢=? — (¢/§)2%~¢ = 1. By the
Mihailescu Theorem d—b=1 and hence p =1+ 2% ¢ is a Fermat prime, which is not
true. O
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In Figures [4 we draw the graphs T, for p equal to 3,5,7,11. Observe that 3
is both Fermat and Mersenne prime, 5 is Fermat prime, 7 is Mersenne prime and 11 is
not Fermat—Mersenne.

Lemma 20. Let p be an odd prime number and h be a positive homeomorphism of the
Kirch space.

(1) If p is Fermat-Mersenne, then h(p) = p;
(2) If p is not Fermat-Mersenne, then h(p) = p™ for some n € N.

Proof. 1. Lemma [19(1) implies that the degree of +3 in the graph I's is equal to 8 but
the other vertices have degree at least 9. Hence h(3) = £3. Assume that h(3) = —3.
Then by Lemma [I4] and by Lemma

{2,3} = Ao 3y = Ap(qa,3p) = Aq2,—3y = {2,3,5}
but this is not true and hence h(3) = 3.

Assume that p > 3 is either Fermat or Mersenne prime. Lemma|[19(2,3) implies that
the degree of £+p in the graph I', is 4 but the other vertices have degree at least 5. Hence
h(p) = £p. Assume that h(p) = —p. By Lemma Apnipy = Apiae)y = Af,—p)» 5O
{p}UIL,_1 = {p} UIl41, according to Lemma [2] This implies that II,_; = IL,;1 = {2}.
Hence p is both Fermate and Mersenne which is possible iff p = 3 and this contradicts
our assumption. Therefore h(p) = p.

2. Let p be an odd prime number, which is not Fermat—Mersenne. Lemma 4)
implies that the set £p = {ep" : n € N,e € {~1,1}} coincides with the set of vertices
of order 2 in the graph I',. Taking into account that h[V) is an isomorphism of the
graph I',, we conclude that h(p) = £p™ for some n € N. Assume that h(p) = —p™.
Then h({-1,p}) = {-1,—p"}. By Lemma Af1py = Ap_q—pry, 80 {pyUTl4 1 =
{p} UIpn_1, according to Lemma [2] Since {p} does not intersect II,;1 and I _1 we
conclude that II,,; = II,»_;. Hence we get the inclusion II,_; C II,n_1 = 1I,,4;. If some
prime number d divides p — 1 then the inclusion II,_; C II,;; implies that d divides
p + 1, consequently d divides the difference (p + 1) — (p — 1) = 2 and hence d = 2. As
a consequence, II,_; = {2} and p — 1 = 2™ for some m € N which contradicts the
assumption that p is not Fermat prime. Hence h(p) = p™. O

Lemma 21. For any positive homeomorphism h of the Kirch space and any prime
number p we have h(p) = p.

Proof. If p = 2, then h(p) = p by Lemma If p is Fermat—Mersenne, then h(p) = p by
Lemma So, we assume p is not Fermat—Mersenne. By Lemma h(p) = p™ for some

n € N. By Lemmas and

P} Ullp1 = Ay = Aoy = Appry = {0} Ul
and hence IIpn_; = II,_;. Since p is not Mersenne prime, Zsigmondy Theorem
guarantees that n = 1 and hence h(p) = p! = p. (]

Lemma 22. The positive homeomorphism group of the Kirch space is trivial.

Proof. To derive a contradiction, assume that the Kirch space admits a homeomorphism
h such that h(z) # x for some number z. By the Hausdorff property of the Kirch space
and the continuity of A, there exists a neighborhood O, of x in the Kirch topology such
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that h[O,] N O, = @. By the definition of the Kirch topology, there exists a square-free
number b such that II, NII, = @ and = + bZ C O,. By the Dirichlet Theorem (3| the
arithmetic progression x4 bN C 2:+bZ contains some prime number p. Then h[0,]NO, =
@ implies h(p) # p, which contradicts Lemma [21} O

Our final lemma completes the proof of Theorem

Lemma 23. Any homeomorphism h of the Kirch space Z° is equal to i : Z° — 7.°,
i:x—xortof: L —7Z%j:x+— —x.

Proof. If h is positive, then h = i by previous Lemma. If h is not positive then h(1) < 0
and joh(1) > 0. Then the homeomorphism joh is positive and equals i by the preceding
case. This implies that

h=ioh=(joj)oh=jo(joh)=joi=]}.
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Tomosorist Tonomba (Bimmosimmo Kipxa) ma mMuOkuHI Z° HEHYIHOBAX IIi-
JIX 9HCeJI IIOPO/IZKYETHC 0a3010, 110 CKIATAETHCA 3 APU(PMETUIHUX IIPOTPECiit
a+bZ={a+bn:n€Z} nea€cZ®ib— B3aeMHO TpOCTE 3 @ YUCIIO, (IO HE
JLTATHCA HA KBaJPAT KOTHOTO mpoctoro wmcaa). ¥ 2019 poni Hapio CmipiTo
JOBiB, IO HPOCTIp HEHYJIBOBUX HMX [uces 3 Tomosorieo ['omomba momyckae
Jmire aBa aBroromeoMopdizmu. Mu moBogmmo aHasoOTidHUN (BHAKT ISt TIPOC-
TOPY HEHYJIbOBUX IILIMX, HasimeHoro Tomosorieio Kipxa: BiH TakoXk Ma€ PiBHO
JBa aBTOroMeoMopdizmu.

Karowosi caosa: Tomosoria Kipxa, cynep3s’s3uuil mpocTip, cymep3s’a3yio-
Y3, YaCTKOBO BITOPSITKOBAHA MHOYKUHA.
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ON SPECTRUM OF STRINGS WITH §'-LIKE PERTURBATIONS
OF MASS DENSITY
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We study the asymptotic behaviour of eigenvalues and eigenfunctions of a
boundary value problem for the Sturm-Liouville operator with general boun-
dary conditions and the weight function perturbed by the so-called §'-like
sequence £ 2h(z/¢). The eigenvalue problem is realized as a family of non-
self-adjoint matrix operators acting on the same Hilbert space and the norm
resolvent convergence of this family is established. We also prove the Hausdorff
convergence of the perturbed spectra.

Key words: Sturm-Liouville operator, adjoint mass, concentrating mass,
singular perturbation, spectral problem, norm resolvent convergence, Hausdorff
convergence, non-self-adjoint operator.

1. INTRODUCTION

The vibrating systems with added masses have become the subject of research for
mathematicians and physicists since the time of Poisson and Bessel [, Ch.2], and an
enormous number of studies have been devoted to these problems. Many authors have
investigated properties of one-dimensional continua (strings and rods) with the mass
density perturbed by the finite or infinite sum ZMk5($ — xy), where ¢ is the Dirac

k
function (see for instance [2], B, 4] 5] and the references given there). The mathematical

models involving the §-functions are in general non suitable for 2D and 3D elastic systems,
because the formal partial differential expressions which appear in the models often have
no mathematical meaning. Such models are also not adequate in the one-dimensional
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case, when the added masses M), are large enough. The large adjoint mass can lead to a
strong local reaction which brings about a considerable change in the basic form of the
oscillations. But this reaction cannot be described on the discrete set which is a support
of singular distributions. It is natural that the geometry of a small part of the vibrating
system where the large mass is loaded should also have an effect on eigenfrequencies and
eigenvibrations. Since the works of E. Sdnchez-Palencia [6] [7, []], more adequate and more
complicated mathematical models of media with the concentrated masses have gained
popularity; the asymptotic analysis began to be applied to the spectral problems with
the perturbed mass density having the form

pee) = pofe) + 3 (”C - “”’f) ,

3

where hy are functions of compact support and my € R. The most interesting cases of
the limit behaviour of eigenvalues and eigenfunctions as € — 0 arise when the powers my
are greater than or equal to the dimension of vibrating system.

These improved models have attracted considerable attention in the mathematical
literature over three past decades (see review [9]). The classic elastic systems such as
strings, rods, membranes, plates and bodies with the perturbed density

pe(x) = po(x) + & "h(z/e)

have been considered in [10} 1T, 12} [13} 14}, 151 [16} 7], where the convergence of spectra for
each real m and the complete asymptotic expansions of eigenvalues and eigenfunctions for
selected values of m have been obtained. The influence of the concentrated masses on the
spectral characteristics and oscillations of junctions, the objects with very complicated
geometry, has been studied in [I8, [19, 20]. The asymptotic behaviour of eigenvalues
and eigenfunctions of membranes and bodies with many concentrated masses near the
boundary has been investigated in [211 22} 23| 24] 25]. In [26, 27| the asymptotic analysis
has been applied to the spectral problems for membranes and plates with the density
perturbed in a thin neighbourhood of a closed smooth curve. The spectral problems on
metric graphs that describe the eigenvibrations of elastic networks with heavy nodes have
been studied in [28] 29].

A characteristic feature of such problems is the presence of perturbed density p.
at the spectral parameter, which in turn leads to a self-adjoint operator realization of
the problem in a Hilbert space (a weighted Lebesgue space) that also depends on the
small parameter. The study of families of operators acting on varying spaces entails
some mathematical difficulties. First of all, the question arises how to understand the
convergence of such families. Next, if these operators do converge in some sense, does this
convergence implies the convergence of their spectra (see [15] II1.1], [31] 32} [33] for more
details). Most of the above-mentioned publications deal with asymptotic approximations
of eigenvalues and eigenfunctions; justifying such asymptotics, the researchers used the
theory of quasimodes [34], and therefore the question of the operator convergence can be
avoided in the studies.

In this paper we consider the Sturm-Liouville operators and investigate the ei-
genvalue problems with general boundary conditions and the weight function perturbed
by the so-called ¢'-like sequence e~2h(z/¢). By abandoning the self-adjointness, we reali-
ze the perturbed problem as a family of non-self-adjoint matrix operators A, acting on
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a fixed Hilbert space and prove the norm resolvent convergence of A. as ¢ — 0. The
operators A, are certainly similar to self-adjoint ones for each ¢ and their spectra are
real, discrete and simple. Surprisingly enough, the limit operator is essentially non-self-
adjoint, because it possesses multiple eigenvalues with non-trivial Jordan cells. Actually
the singularly perturbed problem gives us an example of some self-adjoint operators 7.
with compact resolvents acting on varying spaces H. that “converge” to a non-self-adjoint
operator Tp in the space Hy. More precisely, the spectra of T. converge to the spectrum
of Ty in the Hausdorff sense, taking account of the algebraic multiplicities of eigenvalues;
moreover the limit position, as ¢ — 0, of the eigensubspaces of T, can be described by
means of the root subspaces of Tj.

Note that a partial case of the problem, namely the Sturm-Liouville operator without
a potential subject to the Dirichlet type boundary condition, was previously studied in
[13]. In Theorem 9, the Hausdorff convergence of the perturbed spectrum to some limit
set was proved. This limit set was treated as a union of spectra of three self-adjoint
operators (cf. Theorem [2| below), but the limit operator was not constructed and the
question of eigenvalue multiplicity was not discussed.

We use the following notation. Let Lo(r, I) be the weighted Lebesgue space with the
norm

1/2

1l aer) = / @)@ |

I

provided 7 is positive. Throughout the paper, W (I) stands for the Sobolev space of the
functions defined on I C R that belong to Lo(I) together with their derivatives up to the
order k. The norm in W¥(I) is given by

1/2
1wz = (1P + 15 10)

where || f||L,(r) is the usual Ly-norm. The spectrum, point spectrum and resolvent set of
a linear operator T' are denoted by o(T), o,(T) and p(T'), respectively, and the Hilbert
space adjoint operator of T is T*. For any complex number z € p(7T), the resolvent
operator R, (T) is defined by R, (T) = (T — z)~!. Also, we will sometimes abuse notation
and write column vectors as row vectors.

2. STATEMENT OF PROBLEM

Let Z = (a,b) be a finite interval in R containing the origin and ¢ be a small positive
parameter. Set Z, = (a,0), Z, = (0,b), Z¢ = (a,—¢), Z; = (¢,b) and J = (—1,1). We
study the limiting behavior as ¢ — 0 of eigenvalues A° and eigenfunctions y. of the
problem

—y! +a(@)ye = Nre(2)ye, €I, (1)
ye(a)cosa+ yL(a)sina = 0, (2)

ye(b) cos B+ yL(b)sin B =0 (3)
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with the singularly perturbed weight function

(), x eI UL,
re(e) = {EQh(elx), T € (—¢,¢).

Assume that a, 8 € R, ¢, € L*°(Z) and h € L*°(J); r and h are uniformly positive.

For any fixed real o, 8 and positive ¢ small enough, problem f admits a self-
adjoint realization in the weighted space Lo(r.,Z). Let us consider the Sturm-Liouville
differential expression 7(¢) = —¢” + q¢. We introduce the operator 7. defined by T.¢ =
r='7(¢) on the functions ¢ € W3 (Z) obeying boundary conditions () and (). Hence
{T.}c>0 is a family of self-adjoint operators in the varying Hilbert spaces Lo(r,Z). Of
course the spectrum of 7} is real, discrete and simple.

Problem 7 can be also associated with a non-self-adjoint matrix operator in
the fixed Hilbert space £ = La(r,Z,) X La(h,J) x Lo(r,Zy) as follows. Subsequently,
we will write boundary conditions () and (B)) for a function ¢ as £,¢ = 0 and ¢, = 0
respectively. Let us introduce the new variable ¢t = x/e and set w.(t) = y.(et). Then the
eigenvalue problem can be written in the form

— Y+ q@)y. = Xr(@)y., €I, Llay =0, (4)
—w! + 2q(et)w. = N h(Hw., te T, (5)
—yl +a(@)ye = Xr(2)ye, €Iy, by =0 (6)
with the coupling conditions
Ye(—€) = we(=1),  ye(e) = we(1), (7)
eyc(—e) = we(=1), ey(e) = wi(1). (8)
Let A, be the operator in Lg( ) that is defined by Agp =1 Lr () on the functions ¢
belonging to the set D(A {qb EW2E(To): lag = O}. Similarly, let A, be the operator

in Ly(r,Zy) such that Abgb = r17(¢) and D(4,) = {¢ € W3(Z,): lyp = 0}. We also
2
introduce the operator B = gy La(h, J) with domain D(B) = W2(J) and its

dt?
. . t
potential perturbation B, = B + £2 qh((€t))
Let us consider the matrix operator
A, 00
A= 0 B. 0
0 0 A4

in £, acting on the domain

D(A:) = {(¢a, ¥, 68) € D(4a) x D(Be) x D(Ay):
$a(—€) = P(=1), du(e) = ¥(1), ey (—€) =¢'(~1), edj(e) =¥ (1)}
A straightforward calculation shows that A. is non-self-adjoint. Note that the spectral
equation (A. — \)Y. = 0 is slightly different from eigenvalue problem . In fact,

if we display the components of the vector Y; by writing Y. = (y%, we,y then we see
at once that y2 is a solution of ({4]) on the whole interval Z, (not only in IE), and y°
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is a solution of @ on the whole interval Z,. However, this “extra information”, namely
the extensions of the solutions to the intervals Z, and Z,, does not prevent the operator
A, from adequately describing the spectrum and the eigenfunctions of 7 (or also
(-(@)), because of the uniqueness of such extensions.

Proposition 1. o(A.) = o(T.).

Proof. Fix a positive e. We will show that p(A.) = p(T%). Suppose first that { € p(7T) and
consider the equation (A.—()Y = F, where F belongs to £. Suppose that F' = (fa, fo, fb)-
Then we can construct the function
fal(x) for z € I¢,
f(x) = q folz/e) forz e (—¢,e),
fo(z) for x € I}

belonging to La(7.,Z). Next, y = (T. — ¢)~'f is a unique solution of the problem

¢ +aqy—Cry=rfs inI;,  Ly=0, 9)
— ey’ +e%qy — Chy = hfo in (—¢¢), (10)
' +qy—Cry=rfy inZy,  Ly=0, (11)

[y]l-e =0, [yle=0, [¥]--=0, [y].=0, (12)

where [y]s, is a jump of y at the point xy. Denote by y, the extension of y from Z¢ to Z,
as a solution of @D Recall that the right hand side f, is defined on the whole interval Z,.
This extension is uniquely defined. Similarly, we denote by y; the solution of in 7y
such that y,(x) = y(z) for z € Z;. Then the vector Y (z) = (yo(z),y(z/€), yp(x)) belongs
to D(A.) and solves (A. — ()Y = F. The last equation admits a unique solution Y; if we
assume that there are more such solutions, then we immediately obtain a contradiction
with the uniqueness of y. Therefore, p(A.) C p(T%).

Conversely, suppose ¢ € p(A.). We prove that (T. — {)y = f is uniquely solvable for
all f € Ly(r.,Z). Given f, construct the vector F = (fu(x), f(et), fp(z)), where f, and
fv are the restrictions of f to Z, and Z, respectively. Then the problem

— @y +aba —Cr¢a =rfoa inZy,  Legy =0,
— " +e%q(e ) — Chp =hf(e:) inJ,
— ¢y +aqpp —Crop =rfy in T, by, =0,
da(—) =9(=1), du(e) =U(1), ed(—e) =4 (~1), egy(e) =¢¥'(1).
admits a unique solution Y = (A, — () "'F. If Y = (¢4, 9, ¢p), then function

¢a(x) for x € I¢,
y(a) = § v(x/e) forz e (-¢,¢),
op(z) forz eIy

is a solution of (9)-(12). Since the spectrum of T is discrete, the solvability of (7. —()y =
f for all f € Lo(re,T) ensures ¢ € p(T:), and hence p(T;) C p(A.). O
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3. NOrRM RESOLVENT CONVERGENCE OF A,

In this section we will prove that the family of operators A, converges in the norm
resolvent sense as € — 0. Let B be the restriction of B to the domain

D(B) = {w e D(B): ¢'(-1) =0, ¥/(1) =0}
We introduce the matrix operator
Aq

0 0
A= 0 B 0
0 0 A4

in the space £ acting on

D(A) = { (60, %, @) € D(Ay) x D(B) x D(Ay): 64(0) = v(=1), 64(0) = (1) } -

This operator is associated with the eigenvalue problem

—u' +qu=2Aru in €Z,, lu=0, (13)
—w" =XMw, in €J, w(-1)=0, w'(1)=0, (14)
—v"+qgu=X v in €Ty, =0, (15)

u(0) = w(=1), v(0) =w(1) (16)

which can be regarded as the limit problem. The following assertion is one of the main
results of this paper.

Theorem 1. The family of operators A. converges to A as € — 0 in the norm resolvent
sense. In addition,

IR¢(As) = Re(A)ll < eve, (17)

the constant c being independent of ¢.

For the convenience of the reader we collect together the definitions of all operators
which will be used in the proof.

o

o Operators T:(C), TE(€), Tu(¢) and Ty(¢). We endow D(B) with the graph norm,
i.e., the norm of the Sobolev space W2(J). Let T=(¢): D(B) — La(r,Z,) be
defined as follows. Given ¢ € C\R and ¢ € D(B), we compute ¥)(—1), find then
a unique solution u, of the problem

—u" +qu—Cru=0 inZ,, lou =10, u(—e)=1(-1) (18)

and finally set 77 (¢)Y = ug. Similarly, we define T3 ((): D(B) — L2(r,Z;) which
solves the problem

—v"+qu—Crv=0 inTy, vie)=vy(1), Lv=0 (19)

for given ¢ € D(B). Next, the operators T,(¢) and T3(¢) stand for T2 (¢) and

T (), provided & = 0. So T,(¢) (resp. Tp(¢)) solves problem (resp. ([19)) for
given ¢ € D(B) and € = 0.



Yuriy GOLOVATY
66 ISSN 2078-3744. Bicuux JIpBiB. yH-Ty. Cepist mex.-mar. 2020. Bumyck 89

o Operators S5(¢) and S;(¢). Suppose that D(A,) and D(A) are equipped by the
graph norms. These norms are equivalent to the norms of W$(Z,) and W3(Z;)

o

respectively. The operator S(¢): D(A,) — La(h, J) is defined by S2({)¢ = wa,
where w, is a unique solution of

—w" +e%q(e)w=Chw inJ, w'(-1)=¢'(—e), w'(1)=0 (20)
for given ¢ € D(A;) and ¢ € C\ R. Similarly, the operator Se(C): D(4,) —
Lo(h, J) solves

—w" +e%¢(e )w = Chw in J, w'(=1) =0, w'(1)=4¢(e) (21)

o

for some ¢ € D(A,) and ¢ € C\ R.
e Operator B.. This operator is the restriction of B, to the domain

D(B.) = {¢ € D(B.): w/(=1) =0, ¥/(1) =0}.

o Operators A;,, A;, A, and Ap. Let A and Aj be the restrictions of /Qla and flb
respectively to the domains
D(A3) = {¢ € D(A,): ¢(—¢) =0},
D(4;) = {¢ € D(4y): ¢(c) = 0}.
The operators A, and A, stand for A% and Aj, provided € = 0.

We now construct the resolvents of A, and A in the explicit form as follows. Fix ¢ €
C\R. First of all, note that the operators T} (¢), T; (¢), S5(¢) and S; (¢) are well-defined
for such values of ¢. Moreover these operators are compact. Given F' = (fq, fo, f») € L,
solve the equation (A, — ()Y = F. The first component of Y = (¢, %, ¢p) is a solution
of the Dirichlet type problem

—¢" +qp—Cro=rf, inZ, lap =0, @(—¢) =9(-1).

This solution can be represented as the sum of a solution of the non-homogeneous equati-
on subject to the homogeneous boundary conditions and a solution of :

ba = Re (A7) fa + T5 ()1 (22)
The same argument yields
¢p = Re(Ap) fo + Ty (O (23)
The middle element 1 of Y is a solution of the Neumann type problem
"+ e2qle W —Chp=hfo in T, ¢(=1)=cedy(—¢), ¢'(1)=edy(e),
and it can be written as
¥ =Re(Be)fo + €55(C)@a + €55 (C) db- (24)
Then (22)-(24) taken together yield
(ba - T;(C)Q/J = RC(AZ)fa;
_€SZ(C)¢’a +¢— g‘S’lf(C)(bb = RC(BE)f07
—T5 (Y + dp = Re (A7) fo



ON SPECTRUM OF STRINGS ...
ISSN 2078-3744. Bicuux JIpBiB. yH-Ty. Cepist mex.-mar. 2020. Bumyck 89 67

It follows that the resolvent of A, has the form

RC(AE) = ’HE(C)ilRE(C)v (25)
where

Re(A2) 0 0

R-(¢) = 0 R¢(B:) 0 ) (26)
0 0 R4

E =13 (¢) 0
H-(Q)= | —esa(Q)  E S50 |, (27)

0 TQ) B

and FE denotes the identity operator in the corresponding spaces. We shall prove below
that H.(¢) is invertible for ¢ small enough.
Now we consider the equation

(A=QY =F
for I € L. In the coordinate representation we have (Ag — O)pg = fa, (B—C) = fo and
(Ap — Q)p = fo, where Y = (¢, 1), dp) and F' = (fa, fo, f). Obviously, ¢ = R¢(B) fo.

The functions ¢, and ¢, are solutions of the problems
¢ +qp—Cro=rfa inZ,  Lp=0, $0)=1(-1);
—¢"+qp—Cro=rfy inT, $(0) =v(-1), bp=0
respectively. By reasoning similar to that for and , we find
ba = Re(Aa) fa + Ta(CO)Re(B) fo, op = Re(Ap) fo + Th(OR¢(B) fo
Hence the resolvent of A can be written in the form
R¢(Aa) Ta(QRe(B) 0

R(A) = 0 R(B) 0 |. (28)
0 Ty(OR¢(B)  Re(Ap)

To compare the resolvents of 4. and A, we need some auxiliary assertions.

Proposition 2. The operators A, A; and B. converge as ¢ — 0 to A,, Ay and B
respectively in the norm resolvent sense. Moreover

IR¢(47) —Re(Aa) < Cive,  [Re(4f) — Re(Ap)l < Cav/e, (29)
IR¢(B:) — Re(B)|| < Cse?, (30)
where the constants Cy do not depend on .

Proof. Fix ( € C\ R and let us compare the elements u. = R¢(Aj)f and u = R¢(4p) f
for given f € La(r,Zp). Since u. and u solve the problems

—u! + que — Crue =rf in Iy, us(e) =0, Lyues =0;
—u" +qu—Cru=rf inTy, w(0) =0, Lyu=0,
they are related by the equality

ue(z) = u(z) — B z(x), x € Iy,
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where z is a solution of the problem
— 2"+ qz—Crz=0 inTy, 2(0)=1, £z=0. (31)
Obviously, z(¢) is different from zero for € small enough. Then we have

|u(e)

lue —ullz,rz,) < ()] 2/l Lo (rzy) < cilue)] < c2ve ullw(z,)

because z(¢) — 1 as € — 0 and

€

o) = | [ (@) do| < cavE gz
0
Observe that R¢(Ay) is a bounded operator from Lo (r,Z;) to the domain of Ay equipped
with the graph norm. Since the domain is a subspace of W4 (Z;), there exists a constant
¢4 independent of f such that
lullwa(z,) < call fllLonz,)-
Therefore
[(R¢(A5) = Re(An) £l 1,2y < CoVE I llLarzi):

which establishes the norm resolvent convergence A7 — A, as € — 0 and the correspon-
ding estimate in . The proof for the operators A¢ is similar to that just given.

We now turn to the operators B, and first we establish that |R¢(B.)|| < c for all €
small enough. Given g € Ly(h, J), consider w. = R¢(B.)g which solves

—w! +e*q(e Jwe — Chw. = hg in 7, wl(-1)=0, wl(1)=0.

Recall that g and h are bounded in Z and J respectively, and h is uniformly positive on
Z. Then we have

IR¢(Be)gll Loy = [Re(B) (g — €*ale Y we) |, ) 7y <
< |Re(B)gll o,y + 2l zoe @y 1B I poe () 10| Lo,y <
< collgll Lo,y + 1% Re(Be)gll Lah)

and therefore
Co
[Re¢(Be)gll o n,a) < Fp—— 9l Lo (n o) < €llgllLa(n,a (32)

if € is small enough.
Next, we set w = R¢(B)g. Then the difference s, = w. — w solves the problem

—s! —Chs. = —e%q(e )w. inJ, s.(-1)=0, s.(1)=0.
Hence in view of we deduce
||(R<(B€) - RC(B))9||L2(h,j) = ||Ss||L2(h,.7) <
< 02€2||wa||L2(h,J) =
= 2" |R¢(Be)gl Lang) <
< e3?)\9)l Loy n,)
which finishes the proof. O
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Proposition 3. (i) For each ¢ € C\ R, we have the bounds
1750 = Ta(Oll < e, T5(0) = To(O] < ce,

the constant ¢ being independent of c.
(73) There exists a constant C such that

1S (Ol + 1S5 (Ol < €
for all € small enough.

Proof. (i) Let us show that T ({) converge to T(¢) in the norm as € — 0. The same
proof remains valid for T (¢). Suppose that u. = T ({)% is a solution of for given
¢ € D(B). It is easily seen that

1
wle) = 3 s@), we T,
where 2 is defined by (31). If u = T;(¢)%, then we have u = t(1)z. Hence
i _ @ -
”(Tb (C) - Tb(C))T’Z)”LQ(T’Ib) o ‘ Z(E) ‘ w(l)z Lo(r,Ty) )
1
< Z(Z;) \ O 12l oz <

< 1€ ||w||D(é)a
because z belongs to C*(Z,) and z(0) = 1. Recall also that D(B) = W2(J) and hence
[¥llcz) < CllYllps) by the Sobolev embedding theorem.

(ii) For each ¢ € D(A), the function w. = S5 (¢)¢ is a solution of and satisfies
the estimate ||we||r,n,7) < c2]¢'(e)] with a constant cy independent of e, since the
resolvents R.(B;) are uniformly bounded on & by Proposition The trace operator
Je: D(fib) — C, jep = &' (¢), is also uniformly bounded on e. Therefore

155 (O ¢l La(n.g) = llwell Lo,y < Cllollwz(z,)-
The same proof works for S5(¢). O

We are now in a position to prove Theorem [I} In view of Proposition [3] we conclude
that the family of matrix operators H.(¢), given by (27), converges as ¢ — 0 towards

D) _Ta(c) 0
H()= 1|0 E 0
0 -1, E
in the norm. Moreover ||H({) — H({)|| < cie. Observe that 7(() is invertible and
E T,(¢) 0
HCOP =0 E 0
0 T,(¢) E

Therefore H.(¢) is also invertible for € small enough, and

[H(O)™H = H(O T < cee (33)



Yuriy GOLOVATY
70 ISSN 2078-3744. Bicuux JIpBiB. yH-Ty. Cepist mex.-mar. 2020. Bumyck 89

Recalling and applying Proposition [2, we deduce
RC(AE) = Ha(g)_lRa(g)

E —T5(C) 0 ~ [Re(42) 0 0
=[-eS(Q) E =550 0 R¢(B:) 0
0 —T; (<) E 0 0 R¢ (A7)
E T,(¢) 0Y\ [Re(4a) 0 0
Slo E 0 0 ReB) 0
0 Tp() E 0 0 Re(4Ap)
RC (Aa) Ta(C)RC (B) 0 )
= 0 R¢(B) 0 =R¢(A) ase—0,
0 Ty(OR¢(B)  Re(As)

by . Estimate follows from the equality
R¢(A:) = Re(A) = He(O)THR(C) = R(Q) = (H=(O) 7" = H(OTHR(Q)
and bounds (29), and (33). Here R(¢) = diag {R¢(44), Re(B), Re(4p) }
4. SPECTRUM OF A

The limit operator
p (ffa 0 0) D(A) = {(¢a &) € D(A4) x D(B) x D(4y):

0 B O
0 0 A 6a(0) = ¥(~1), &(0) = v(1)}.

constructed above is non-self-adjoint. Direct computations show that the adjoint operator
A* in £ has the form

Aa 0 0N DIAY) = {(das, ) € D(Aq) x D(B) x D(4y):
A =0 B 0],
0 0 A G,(0) = ¥/(=1), 64(0) = v'(1)}.
In what follows we will denote by w), vy and wy the eigenfunctions of A,, A, and

B respectively which correspond to an eigenvalue A. So w)y, vy and w) are non-trivial
solutions of the problems

—u" 4+ qu=MXru inZ,, lou =0, u(0)=0; (34)
—v" +qu=XMv inTZ, v(0) =0, Ly =0; (35)
—w’ =X hw in J, w'(=1)=0, w(1)=0 (36)

respectively. Let us normalize these eigenfunctions by setting
lurllzorza) = vl Loz = lwallLyhg) = 1. (37)
Denote also by X, the root subspace of A for A\, that is
X = span {ker(A — \)*: k € N}.
The eigenvectors and root vectors of a non-self-adjoint operator are also called generali-

zed eigenvectors. So X, is a subspace of the generalized eigenfunctions corresponding to
the eigenvalue .
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Theorem 2. (1) The spectrum of A is real and discrete, and
o(A) =0(As) Ua(B)Uoa(Ap). (38)

(i2) If X belongs to only one of the sets o(A,), o(B) or o(Ap), then X\ is a simple
eigenvalue of A.

(#it1) If A € o(Ag)No(Ap), but X is not an eigenvalue of B, then X is a double eigenvalue
and X = ker(A — \E).

(iv) Suppose that \ belongs to 0(A,) No(B) (resp. o(Apy) No(B)), but X is not an
eigenvalue of A, (resp. A,), then X\ is a double eigenvalue of A. Finally, if \ €
0(Ay) No(Ap) No(B), then A is an eigenvalue of A with multiplicity 3. In both
the cases we have X = ker(A — \)?, but X # ker(A — \).

Proof. (i) Equality follows directly from the explicit representation of Re¢(A).
Indeed, each of spectra o(A4,), 0(Ap) and o(B) is contained in the spectrum of A. If ¢
does not belongs to set 0(A,)Uo(Ay) Uo(B), then not only R¢(Aq), Re(Ap), Re(B), but
also T, (¢) and Ty(¢) are bounded, because in this case problems and fore =0
are uniquely solvable for all 1y € WZ(J). Therefore operator R¢(A) is also bounded.
The operators A,, A, and B associated with eigenvalue problems (34)), and are
self-adjoint and have compact resolvents. Consequently o(A) is real and discrete.

(#4) Observe that the spectra of A,, A, and B are simple. A trivial verification
shows that if A belongs to only one of the sets o0(A,), 0(4) or o(B), then A is a simple
eigenvalue of A with eigenvector (uy,0,0) if A € 0(A,), and (0,0,v,) if A € o(Ap), and
(Ta()\)w,\7 wy, Tb()\)w)\) if A e O’(B)

(#4i) In the case A € 0(A,)No(Ap) and A & o(B), there are two linearly independent
eigenvectors U = (uy,0,0) and V = (0,0,v,). Moreover, equation

(A=XN)Y = U+ cV

is unsolvable for any ¢; and ¢y such that ¢ + ¢3 # 0. If for instance c; is different from
zero, then the problem

—u” + qu— Mru=ciruy  in I, lou=0, u(0)=0 (39)
has no solutions. Suppose, contrary to our claim, that such solution exists. Then multi-
plying equation by u) and integrating by parts yield cl|\u/\||%2(,}za) = 0. Therefore
X =ker(A — X) and dim X = 2.

(iv) Suppose that A\ € 0(A,) No(B) and A € o(Ap). In this case there exists the
eigenvector U = (uy,0,0). Furthermore, we will show that the equation

(A-NU,=U
is solvable. We are thus looking for a solution U, = (u,w,v) of
—u” +qu—Aru=ruy in7Z,, lou =0, u(0)=w(-1); (40)
—w” —Xhw=0 inJ, w'(=1) =0, w'(1)=0; (41)
—v" 4+ qu—Arv =0 inTy, v(0) =w(l), £v=0. (42)

Obviously, w = cow) for some constant ¢y, where w) is a normalized eigenfunction of B.
Then admits a unique solution v, = co Tp(A\)wy for each cg, since A € o(4;). Next,
is in general unsolvable, since A is a point of (A,). But we have the free parameter
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¢o in the boundary condition; with the condition «(0) = cowx(—1) is solvable if and
only if

1
wx(=1u} (0)
This equality can be easily obtained by multiplying the equation in (40) by w) and
integrating by parts. Remark that both of the values wx(—1) and «}(0) are different
from zero. If ug is a solution of , then the operator A has a root vector

Cop = (43)

U* = (UO, Co Wy, Co Tb(A)w)\) )

where ¢( is given by . Hence, the subspace X is a linear span of the eigenvector U
and the root vector U,. In addition, there are no other root vectors, because the equation

(A=Y =U.,
leads to the problem
—w"” — Mhw = chwy in J, w'(=1) =0, w'(1)=0, (44)
which is unsolvable for ¢ # 0. The case A € o(4y) No(B) and X & o(A,) is treated

similarly.
Now we suppose that

A€ o(A,) No(Ap) No(B).

Then the operator A has two linearly independent eigenvectors U = (uy,0,0) and V =
(0,0,vy). Note also that A has no eigenvectors Y = (u,w,v), where w is different from
zero. In this case, the values w(—1) and w(1) are always different from zero and hence
the problems for u and v are unsolvable. We will prove that X, = ker(A — \)? and
dim X, = 3. Let us consider the equation

(.A — /\)Y =c1U + ¢V

with arbitrary constants ¢; and co, that is to say,

—u" 4+ qu—Aru=ciruy in Z,, lou =0, u(0)=w(-1); (45)
—w" = Xhw=0 inJ, w'(=1) =0, w'(1)=0; (46)
— 0"+ qu— Arv = corvy  in Ty, v(0) = w(l), L =0. (47)

Reasoning as above, we establish that w = cywy and problems and admit
solutions simultaneously if and only if the following equalities

c1 = cowx(—1)u4 (0), c2 = —cowy (1)v4(0)
hold. Then the conditions ¢y # 0 and
NG IAG
wx(1)v4(0)

ensure the existence of a root vector Y, of A. Furthermore there are no other root
vectors, by reasoning similar to that in the previous case. Hence the subspace X, for a
triple eigenvalue A is generated by the eigenvectors U, V and the root vector Y. O

C2
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5. CONVERGENCE OF SPECTRA

Let us denote by
Af <A <o A <

the eigenvalues of problem 7, i.e., the eigenvalues of A.. Note that each eigenvalue
A;, is simple. Let

MK A< KA <

be the eigenvalues of limit problem (L3)-(16) (or also the operator A), counted with
algebraic multiplicities.

Theorem 3. For each n € N, the eigenvalue A5, of problem 7 converges as € — 0
to the eigenvalue X\, of 7 with the same number. That is, if A is an eigenvalue
of 7 with algebraic multiplicity m, then there exists a neighbourhood of A which
contains exactly m eigenvalues of 7 for € small enough.

Proof. The theorem follows from the norm resolvent convergence of 4. proved in
Theorem [I] and some general results on the approximation of eigenvalues of compact
operators. Let K be a compact operator in a separable Hilbert space H. Suppose that
{K_:}e>0 is a sequence of compact operators in H such that K. — K as ¢ — 0 in the
uniform norm. Let pq,pe,... be the nonzero eigenvalues of K ordered by decreasing
magnitude taking account of algebraic multiplicities. Then for each € > 0 there is an
ordering of the eigenvalues uq(e), pa(e),... of K. such that lim._,qp,(e) = pn, for
each natural number n. Suppose that p is a nonzero eigenvalue of K with algebraic
multiplicity m and T',, is a circle centered at p which lies in p(K) and contains no other
points of o(K). Then, there is an ¢ such that, for 0 < ¢ < &g, there are exactly m
eigenvalues (counting algebraic multiplicities) of K. lying inside I', and all points of
o(K.) are bounded away from I', [35, Ch.1], [36, Ch.XI-9], [37].
We apply these results to K = R¢(A) and K. = R¢(A.). Then we have

e N}, o, (Re(AL) = {Al—q ne N};

both eigenvalue sequences are ordered by decreasing magnitude. Since A. — A in the
norm resolvent sense as € — 0, that is, |[R¢(A:) — R¢(A)|] — 0 as € — 0, we have the
“number-by-number” convergence of the eigenvalues

1 N 1
¢ -G

n

Re(4) = {

as € — 0,

from which the desired conclusion follows. O

Remark 1. We expect that the estimate
I — M| < Cnv/e

to be correct for each n € N and some constants C,,. However, it does not follow directly
from bound (17), because the resolvents R¢(A) and R¢(A.) are not in general normal
operators.
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6. SOME REMARKS ON EIGENFUNCTION CONVERGENCE

Since the multiplicity of eigenvalues of the limit operator is up to 3, the bifurcation
pictures for multiple eigenvalues of 7 are quite complicated. The bifurcations of
eigenvalues as well the eigensubspaces can be described by a more accurate asymptotic
analysis. We omit the details here, because we will consider these questions in a forth-
coming publication. However we can obtain some results on the limit behaviour of ei-
genfunctions that follow directly from the norm resolvent convergence A. — A.

Let us return to the compact operators K and K. which appeared in the previous
section. We consider the Riesz spectral projections

B = 5 [Re()ds B = 5 [ R(A s

The range R(E(u)) of E(u) is the space of generalized eigenfunctions of K corresponding
to p and R(E.(u)) is the direct sum of the subspaces of generalized eigenfunctions of K.
associated with the eigenvalues of K. inside I',,. If K. — K as € — 0 in the norm, then
E.(1) — E(p) in the norm, and therefore

dim R(E. (1)) = dim R(E()) = m,
where m is the algebraic multiplicity of .

Theorem 4. Let y. ,, be the eigenfunction of 7 which corresponds to the eigenvalue

An and |[yenllorz) = 1.
Suppose that X5, — X, where A, is a simple eigenvalue of A belonging to o(A,).
Then the eigenfunction y. ,, converges in Lo(Z) as € — 0 to the function

un(x)a if.TEIa,
0, ifrel, ’

y(z)
where u, is an normalized eigenfunction of A, associated with X\, , that is,

—ul + qup, = Aty in Ly, Loun, =0, u,(0) =0, ltunllLy@rz.) =1
Similarly if A, belongs to o(Ap) and A, is simple, then y.,, — y in Lo(Z) as e — 0,
where

0, if v € T,
y(z) = .
vn(x), ifx ey
and v, is an normalized eigenfunction of A, with eigenvalue X\, i.e.,
—u +quy, = Aoy, in Ty, v,(0) =0, fpv, =0, vnll Lo (rzy) = 1-

Assume X5, — A\, where X\, is a simple eigenvalue of A belonging to o(B). Then
the eigenfunction y. ,, converges in Lo(T) to a solution y of the problem

-y +qy=X oy mI\{0}, Llyy=0, Ly=0,
y(—0) = 0w, (—1),  y(40) = Ow, (1),
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where w,, is the corresponding eigenfunction of B such that |[wy ||, 7) = 1. Normalizing
factor 0 is given by

-1
0= (ITeC)wnld sz, + 1T ) 0nlE 2y ) -

Proof. In the case when K = R¢(A), K. = R¢(A:), X is a unique point of o(A) lyi-
ng inside Ty, and ¢ is small enough, we see that X, = R(E(%{)) is a subspace of
generalized eigenfunctions of A corresponding to the eigenvalue X, and the subspace
X5 = R(Eg(%_c)) is generated by all eigenfunctions of A, for which A\ — X as ¢ — 0.
Then the norm resolvent convergence A. — A implies that the gap between X5 and X
tends to zero as ¢ — 0 for each A € ¢,(A). In particular, if A, is a simple eigenvalue
of A with eigenvector Y,, and Yz, is an eigenvector of A, that corresponds to AS, then
Yen, = Y, in L ase — 0, provided [|Y ]|z = [Yallz =1
Assume ), is a simple eigenvalue of A and \,, € 0(4,). In view of Theorem [2| the
subspace X is generated by vector Y,, = (up,0,0). Then Y;,, — Y,, as ¢ — 0 in the
norm of L. If we set Yz, = (y2,we,y?), then the eigenfunction y. , of (@)—(B) can be
written as
yg('r)’ if v € Ig,
Yen (@) = S we(x/e), ifz € (—¢,¢),
yl(x), if x € Z;.

So we have

I8 = 20 = /m—mﬁm+/MFm
Lﬂ%f—% |M+ﬂwfﬁm<ﬂw—wﬁmm

+eally2lli, oz, + esellwelli, gy + / Jun]? da < callYen — YallZ + cse.

—€

The right-hand side tends to zero as ¢ — 0, since Y, ,, — Y, in £ and u, is bounded
on 7, as an element of W3(Z,). The same proof works for the cases A\, € o(4,) and
An € 0(B). O

Remark 2. Of course, in the case of multiple eigenvalues, we also have some information
about the convergence of eigenfunctions. For instance, if we suppose that A € o(A,) N
o(Ap), but X is not an eigenvalue of B, and two eigenvalues A;, and A7 ; tend to A
as € — 0, then the gap between the eigensubspace X, of A and the subspace X§ =
span{ye n,Yent+1} vanishes as € — 0. Therefore, the eigenfunctions y., and yen4+1
converge in Lo(Z) to some linear combinations cijuy + covy, where uy and vy are ei-
genfunctions of A, and A, respectively that correspond to A. However, without a deeper
analysis of the problem, we will not know what the linear combinations are limit positions
of vectors y. , and ¥y, 41 in the plane X, .
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KonusHi cucrtemn 3 mpueHaHUMY MacaMu OYa/u JocaikyBaTu e ILyac-
con Ta Beccemnb, i choromii MaEMo THCSYlI HAYKOBHUX IPAIlb, B AKUX BUBYAIOTDH
KOJIUBHI TTPOIIECH Y CEPEJIOBUIIAX 3 HEOTHOPITHO PO3MOIiIeHUMH MacaMu. Teo-
Ppisi CHJIBHO HEOMHOPITHUX CEepeIOBHUII IT0Yajia OCOOIMBO AKTUBHO PO3BUBATHCS
3 IOSIBOIO0 KOMIIO3UTHHUX MaTepiasiB, fKi BOJIOMIIOTh PI3HOMAHITHUMYU KOPUCHHU-
MU BJIQCTUBOCTSMH 1 IMHUPOKO 3aCTOCOBYIOTHCSA B CYUIACHUX TEXHOJIOTigAX. Ba-
KJIMBOIO YACTHUHOIO ITi€l TEOPil € JOC/IKEeHHS JIUHAMIYHUX Ta CIEKTPAJIbHUX
3a1a4 A1 qudepeHIiiaJbHIX OIepaTopiB i3 KoedilieHTaMu, 0 MiCTATh CAJIbHI
sokasapHI 30ypenus. Taki 3a1adi BUMAraloTh HOBHX MiJXOAIB B Teopil kKpaiio-
BUX 33719 JyTsi AU epeHIfiajbHuX PIBHIHb, CTBOPEHHS HOBUX aCHMITTOTHIHUX
MEeTOAIB 1 HOBUX 00YMCJ/IIOBAJIBHUX CXEM.

My BUBYAEMO CIEKTPAJIbHI BJacTuBOCTI oreparopis Illtypma-JliyBinng 3 cun-
Ty/ISpHUM 30ypeHHSIM BaroBol MYHKIII y BUMIAIKY 3arajibHAX KPANHOBUX YMOB.
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36ypennsiM € Tak 3sama §'-mofibma mocmigosHicTs BUTIAMY £ 2h(x/c). Xapa-
KTEPHOIO OCOOJIMBICTIO TaKWX 337aY € MPUCYTHICTH 3aJI€¥KHOI BijJ MaJjoro Ta-
paMeTpa € TyCTHHH p. IIPU CIEKTPAIBLHOMY IIapaMeTpi, BHACILAOK ©Or0 camo-
CIIPsI?KEHA OTIePATOPHA PeaJIi3aliisa 3a/1a9l MOXKJINBA JIMIIe Y BATOBUX IPOCTOPAX
JleGera, ski Tek 3aJsie’kaTh Big mapamerpa €. JlociiKeHHs ciMeil oTiepaTopis,
sKi JII0TH y PI3HUX IIPOCTOpAX, OB’ sA3aHe 3 HaraTbMa TPYIHOIIAMY MAaTeMaTH-
g0l npupoau. Ilo-mepine, gk TpakTyBaTu 30ixkHiCTH Takux cimeil. [lo-apyre,
SIKIIIO OMT€PATOPH 1 36IraloThCsT B IEBHOMY CEHCI, TO UM Taka 301KHICTH rapaH-
Ty€ 301KHICTD CIEKTDIB Ta BJIACHUX MiANPOCTOPIB, M03asK B I[bOMY BHIIAIKY
He BJAE€THCA 3aCTOCYBAaTH KJACH4YHI TeopeMmmu Teopil omeparopis. Bararo mo-
CJITHUKIB YHUKAJIN MUTAHHS OTIEPATOPHOI 301KHOCTI y TaKUX 3a/1ad, OyIyiotn
dopMabHI ACHMITOTUKY BJIACHUX 3HAYEHD 1 BJIACHUX (DYHKIIIH Ta 3aCTOCOBYIO-
9y TeOPiro KBa3iMo 1. Takwmil mijixis He 3aBXK /1M JA€ ILIKOBUTUN OIIKUC I'PAHUIHOT
TOBEIHKY CIIEKTPY, I0r0 rpaHUIHOI KPATHOCTI Ta CTPYKTYPU I'PAHUTHIX BJIa-
CHUX IAIPOCTOPIB.

Y wiit crarTi 3aCTOCOBAHO IHIMUN MAXiT A0 33129 3 KOHIEHTPOBAHUMH Maca-
Mu. BiIMOBUBIINCH BiJ ITepeBar CaMOCTIPSIYKEHUX OTIepaTOPiB, MU peai3yBajin
CHHTYJISIPHO 30ypeHy 33Jady fK CIM'I0 JeSIKHX HEeCAMOCIPSKEHUX MATPUTHUX
onepaTopis A., 110 JiI0Th B TOMY camMOMy riyibbeproBoMy npocropi. Mu mosesu
piBHOMIpHY pe30IhBEeHTHY 301KHICTH A, mipu as € — 0 i, aK HACJIIO0K, JOBEH,
o IxHi ciekTpu 36iraforscs B cenci ['aycnopda 1o cexTpa Ieskoro omeparo-
pa A. Likaso, mo xo4a oneparopu A, Oyiau noaibHUMU 10 CAMOCHPIXKEHUX 1
BOJIOALIN MiHCHUM JUCKPETHUM 1 TPOCTUM CIIEKTPOM, IPaHUIHUiN omneparop A
BHUSIBUBCSI CYTTEBO HECAMOCIPSI)KEHNM 3 KPATHAM CIIEKTPOM 1 KOpEHEBUMU ITiJI-
mpocTopamMu, mo MicTwIu IpueaHaHi BeKkTopu. Ha MOBiI caMocipsizKeHOI ore-
paTopHOI peasii3ariii, MU OTPUMAJIN TIPUKJIA]T CiM'T CAMOCIIPSIJKEHUX OTePaTOPIB
T. 3 KOMIIAKTHOIO DE30JIbBEHTOIO, IO HiI0Th y mesakux mpocropax H. i ski
“30irafoThCsa” 10 HECAMOCIIPs2KeHOro oneparopa 1o B upocropi Hy. Tobro, cie-
KTpu orneparopiB T, 36iraroThbes B cenci [aycmopda mo criekTpy omeparopa 1o
i3 BpaxyBaHHAM aare0pPUIHO] KPATHOCTI, & TPAHUYHE PO3TANTYBAHHS BJIACHUX
HiAIpOCTOPiB omeparopiB T MOXKHA OIKCATH JIMAIIE 33 JTOIIOMOI0OI0 KOPEHEBHX
miampocTopis oneparopa 1p.

Karwost crosa: omeparop llltypma-JliyBinasa, mpmemHana Maca, CHHTY-
JIspHi 30ypeHHs, CIeKTpaJIbHa 33/a9a, PIBHOMIDHA PE30IbBEHTHA 301XKHICTH,
30ixkmicTh 33 [aycmopdom, HecamocupsikeHuil omepaTop.
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ACUMIITOTUYHE 30BPAKEHHA HOPMYIOYOT'O
MHO>KHUKA PIBHAHHZ BI/THOBJIEHHA

Oxkcana APOBA

Jveiecvruti HaytonarvHul ynisepcumem imens Isana Dparka,
eys. Yuieepcumemcovra, 1, m. JIveis, 79000
e-mail: oksanayarova93@gmail.com

PosrismaeTbea piBHAHHA BigHOBJIEHHA B HeJIiHINHIN ampokcmMarii. Meta
poboTu — 3HalTH HemiHIWHI HOpMYOUl GyHKIIII.

Karowo6i crosa: pIBHSHHS BiTHOBJIEHHSI, HOPMYIOYNI MHOXKHUK, HEJIHITHA
aTTPOKCUMATIif.

Posrngremo piBHSHHA BiIHOBIEHHSA B MATpUYHiN (opmi
t
Xe(t) = A°(t) + /Fg(du)Xg(t —u),
0
net>0,e>0, A%(t), X(t) — ciM’l BianoBiaHO 3a1aHUX HEBL €MHUX MATPUIHOZHAYHUX

bynxuiii F©(dt) — ciM’i 3a1aHuX HEBLL €MHUX MATPUIHOZHATHUX MID.
Oyuxio F© 3anuiemMo B TAKOMY BUTJIATI

FE=F +61(e)B" + 62(e) B> 4 ... + 0,(e) B" + 0(6,(¢)),
ne BY, ..., B"® — marpumni, §;(¢) = 0,...,0,(¢) = 0, mpu € — 0.
V npangx [I-J8] bynxuito pl&) usnateno rax
" 1-L¢

p(e) — Z WsWs ,

s=1 s
ne wy € Ey,...,w, € B, — dikcoBani ingekcn,
s)
!

— 2t ..
Ms =~ (5) 3
Pw,
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i p® — niBuit BnacHuil BekTOp MaTpuii F'°,
T
L =F5+> > Fu(e) Lu(e).
k=1 nEEk\{wk}
Buxkonyerbca ciabka 36ixkuicts LE(t) mo L(t), npu € — 0. Kpim Toro,
LijZLij(OO):O, npu ’L.EEs,jEEk,S#k’,
)
stj = ﬁ7 Liws = ]., V’L,] S ES.
W,
Lij =Fi; + Z Fin - L.
neE\{ws}
Beenemo Taxi nosmadenms
=) Py - ai,
1,j€Es
G=>_»n" By
i€E,
JEE
T
l
W= AT BBy =30 > o B VLB
i€ B, I=1 i€k,
JEEK JEE
li,l2€E;
V) — yzaranpaena obepHeHA MATPHIIS 10 MATPHI [I — Fl],
VO(I-FYy=(1-F)v®=1-1",
_>
ne I = [ TRON 7(1)} — pmacuuii poektop Marpuri F!, V = diag{V(® ... V"],
Teopema 1. Hezxal ps — nepwuil momep, daa axozo bt: # 0, s = 1,....r, m =
min{ 1, ..., i }. SIxwo icnye maxe s, s axozo dil # 0, d*2 # 0, mo:

1) axwo 01(c) = 0(0m(e)), 93(¢) = 0(dm (<)), mo

r b:r;
ple)~ = Gm(e) D0 22
s=1 "%

2) axwo 63(g) = ady(e), 62(g) = o(dm(e)), mo

" b+ ad!l
p(e)~ = dm(e) Y ==,

T
s=1 S

3) axwo 63(g) = aby,(e), 63(¢) = Bém(e), mo

—~ byt + ady + B3 + (di + d33)VoP

Ts
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4) axwo 6, (g) = 0(63()), 62(g) = 0(6n(e)), mo

) r dll
ple)~ = B0 Y

s=1
5) arwo oy (e) = 01(g) - §2(e), mo
— byl + dyy +
s '

Zlosedenns. PosrisHemo piBHAHHS

=F5+> . Y File) La(e).

k=1neE,\{wy}

IlincraBumo dyukiio F°. Y miacyMKy OTpUMaEMO TaKe CITiBBiIHOIIEHHS:

was = Oms - Fiws + Z Fij : Liws + Z (5k(€)Bk
JEE \{wm} =

P23 3 B L,
k=11=1 jeE,\{w}

IlepenuiieMo B TaKOMY BHTJISI/Ii:

Lfy, =0ms Fiw,+ > Fy-L5, +> 0i(e) Y Bi+

JEE \{wm} k=1 JEES
+3 3 > ake)BY - (L5, — Liw.] -
k=11=1 jeE,\{w;}

(m) .

JomHoxkumo Ha p; ~ 1 mijcymyemo 1o Beix ¢ € Ey,

Yo L, =+ Y p LS, +zn:5k ) S P B+

1€E, JEE \{wm} k=1 1,JEES
Zék )Y T B [~ L.
=1 1€EE,
JEEN\{w:i}
Bpaxysasrmu, 1110 me)wb = dns, OTPUMAEMO
Bk (m)
pz L pi
Loy os = Z Z o L+ 25’6 Z Z (m) Bl L, = Liw,] =
k=1i€Ey, =1 i€E,, Pwn
icE,q JjeEN\{wi}

n I (m)
=Y @Y, > BB (L5, - L]
k=1

=1 i€E,, Pwn
JeEN\{wi}
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IIpuiimemo m = s

(s)

£ p’L g
1= Lopw, = Z(Sk Z Z Z (s) B+ [Lju, = Lju.] -
wb k=1 =1 ieB, Puws
JeEN{wi}
dxmro icaye s € 1,...,r, TO
= > wBL#
i,JEES
Z p(S)BQ
1,jE€ES
Ta
p( s)
=L, == 010) Z > Bl L, — Liw] -
pws I=1 i€Es ws
jeEN\{w}
P('S) 2
— 85(e) Z > 585 [L5w, — Lijw.] -
= i€Eg Ws
JEEz\{wz}
Hexait
61()[Lfw, = Ljw,] = 0(d1(e)),
02(6)[Lfw, = Ljw,] = 0(d2(e))
Toni
bl b2
L= Ly, = =01(e) 5y = 02(e) 55 — 0(d1(e)) — 0(d2(e))
Pw, Pw,
Orox,
" 1-L%
pE — - sWs
s=1 s
r bl r 2
=—01(e) Y i —02(e) ) o —oldi(e) =
s=1 Pw;Ms s=1 Pw,Ms
ol T2
=—0i(e)) = 02(e) > —o(i(e))
s=1 "% s=1 %
Towmy
bl, b2
P = *51(6)2 = 0a(e) Q= —0(u(e))
s=1 % s=1 "%
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Hani obuuciaumo CF
€ L:-:Uswk — Osk _
sk — p M -
bl b?
o o e
-1
T b1 T b2
x l& (€) Z:l 78 + d2(e) Z:l 773 +o(d (6))] =
bl a(e) b2, . bl " b2
= Zsk. sk . ) Iss Zss 1
o) |2+ 255 1 o) - 51(2) ; EED IS0
Y niacy™mky, orpumMyeMo
, 1
Csk = _& [ bSk‘| .
Ts |5 s

Hexait p1s > 1 nepumuit nHomep, mist sikoro bs =£ 0. Toxi

sz n r (s
L= o, = 00, (6) 657 — 00, (4)) ~ ;Ms); EEZ "o Bl (L5, — Ljw.] -
B jeBN{w}
Orox,
n
Ly, —Liw, = Y, Fij[L5, — L] + Y 0k(e) > Bi+
JEE \{wm} k=1 JjEEL
+3> > (@B L, — Liw,] =
k=11=1 je B\ {m}
= Y Fy[L5,. — Ljw] +01(e) Y Bl+0:(e) > B +o(d(e
JEE\{wm} JEES JEE;
Touni
> (6= Fy) [L5u, — Liw,] =
GEE\{wm}
= 0w, [Lipow, — Lwsw.] +01(2) D Bl +82(e) Y B} + 061 (
JjEES JEES

Z Bl + da(e Z B (€))-
JEES jEE,

(©))-

€)) =
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JloMHOKUMO ODHBI YACTHHH HA Vk(:n ), k € E,, i nincymyemo 10 BCiX i € F,,.

> (0= p™) L~ Liw] =

JEEm\{wm}
=01(e) Y VIVBL +02(e) Y VIV B + 0(01(e)).
1€ By, 1€EE,,
JEES JEE;

IIpuiimemo k = w,,. Toxi

S B Lo, — Liw] =

jeEm\{wm}
=—01(e) Y VIMBL = 6a(e) Y VB — o(b1(e)),
i€E,, 1€ B,
jEEs jEEs
Ly — Liw. = > 2™ (L5, = Liw] +81(e) > VIV BL+
JEE, \wWm i€E,,
JEES
+02(e) Y VB + o(81(e)) =
1€E,
JEES
1€EE,
JEES
+02(e) 3 [V BE VB2 4 0(01(e)) =
1€E,
JEES
—o1(e) Y (VOB — (VOB +

JEE;s

+02(e) 3 [V B — (VOB 5] + 061 (2).

JEES
Bpaxosyiouan Te, mo

sl_zpzs =0,

i€FEg
JEE

Z p(s)BQ —

ASIDN
JEE

OTPHAMAEMO
S BE LS, — Liw]+ Y. p™MBE LS, — Liw,] =

1€EE, i€E,
jeEN\{wi} JeEN\{wi}
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=0i) Y. p"BL (VOB — (VOB ]+
i€Ey,
kEE,
JeEN{wi}
tae) Y pMBE (VOB = (VOB ] + odi(e)) =
7/€E’m
kEES
JeEN{wi}
=61(e) > P (BVOBY i +8:(e) Y pi™ BV B2) 1 + 0(81(e)).
i€Eyy, i€B,,
kEES kEE,
Toni
buk dll d22
Ly, — Bk = 6, (0) 255 4 0(6,,(2)) + 63() 2% 4 63() "ok +
ws W Pw,
dll d22
T 01()52(e) [ T 4 S ) o(37(6)) + 0(03(e)).
Pw, ws
Orox, OTPUMYEMO
bl dys dz3 dys | d33
g = 0 2 (% - () - i) (224 ) 4 ol62(6) + o)
IIpuitmemo m = min pq, . . ., fy.

Hexaii icuye s Take, mo dil # 0 i dll # 0. Toni

- bes dss d; dgs +d33
pE:—Z(ém(s)m-i—(ﬁﬂ_ +5§7r + 81 (g)dy(e) 222

S S S 7TS

>+dﬁ@»+d%@»

s=1

Pozrinsaemo Taki Bumaaku.

1. SIkmo §2(e) = 0(dn(€)), 63(g) = 0(6m(g)), TO

2. slkmo 0%(e) = adm(e), 05(c) = o(dm(€)), TO
b+ ad!]
s '

3. dxmio 67(g) = ady,(e), 05(g) = Bdm (), TO
"7+ adll + Bd?? + (dl + d¥2)/ap
P~ — () as + Coal VOl

s=1

4. SIkmo 6,,(¢) = 0(63(¢)), 632(g) = 0(dm(€)), TO

Ts
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5. ko 6,,(e) = d1(e) - da(e), TO
by + s + 53
s '
Teopemy moBeneno. O

Orpumani pe3ynbTaTd FAIOTH 3MOIY PO3IVISHYTH MPOOJEMY BEJUKHUX BiIXWJIEHD Y
HeniHiitniit anpoxcumanii. B [4]-[7] Bunaaxosi mpomecn Ta MapKOBCHKI BUIIAIKOBI €BOJIIO-
Tl PO3TIAMAIOTLCA 3 HOPMYIOUNME MHOMKHIKAMH £ T3 ¢2. HoBusHa miel mpari mosarae y
3HAXO/[PKCHH] HEJIHINHNX HOPMYIOUNX MHOXKXHUKIB.
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ASYMPTOTIC REPRESENTATION OF THE NORMALIZATION
FACTOR FOR RENEWAL EQUATION
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The renewal equation in nonlinear approximation is considered. The purpose
of the work is to find nonlinear normalization functions.
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VIIK 517.9

OIITMAJIBbHI IHBECTUIIIi TA CIIOKIIBAHHS B
BIHOMIAJIBHIN BE3APBITPAYKHIN ITIHOBIN MO/EJII

Cepriit IIIKYMNKO!, Mukona BAB’IK?

L Tveiecvoruti naytonasvrul yrisepcumem imens Isana Ppanka,
8ys. Yuisepcumemcovka, 1, 79000, m. JIvsis, Yrpaina
2 Department of Accounting and Finance
Lancaster University Management School
Bailrigg, LA1 4YX, UK
e-mails: pidkuyko@gmail.com, mykola.babyak@gmail.com

JocaimKyeThcs mpodaeMa 3HAXOAKEHHS ONTUMAJIBHOTO CIIOYKUBAHHS Ta
ONTUMAJILHUX IHBECTHIN y OiHOMiambHIH Oe3apbiTpaskHiil miHoBii Mozesmi. Jo-
BEIEHO iCHYyBaHHS Ta €IUWHICTH PO3B 43Ky ONTHUMIi3ariiiHol 3a7ad4i, B sAKiil iHBe-
CTOp MAKCHMI3y€ OUiKyBaHY KOPUCHICTH CTATKiB y KiHIIl OCTAaHHBOTO HEPIOMy.
JloBeneHo icHyBaHHSI Ta €QUHICTH PO3B’S3Ky OUTHMI3aIiiiHOl 3amadi, B aAKii
IHBECTOP MAaKCHMIi3y€ OUiKyBaHy KOPHUCHICTH CTATKIB IIPOTATOM YCiX mepiofis,
py IHOMY 3OIMCHIOIOYN BHUOIP OO0 PIBHST CITOKMUBAHHS B KOYKHOMY TIE€PiOi.
JloBeeHo icHyBaHHS Ta €QUHICTH PO3B’SI3KY ONTHMI3AIfiitHOI 3872, KOIH KO-
PUCHICTb OTPUMYETHCS Bi/l CIIOXKUBAHHS IIPOTATOM BCiX mepioiB i Bif 3aaumiky
TpomIeil B HbOMY.

Karowost crosa: OesapbirparkHa OiHOMIaJIbHA IIHOBA MO/, IHBECTHUIIIT,
CTIOXKWBAHHS, KOPUCHICTh.

Bcecrvno

Bezapbirpaxkua MeTOI0/I0riss — OUH 3 [BOX ILIAXIB 3HAXO/KEHHS IIHA AKTUBIB.
Tummuit migxin, miHOBA MOIEb KAMTAIBHUX AKTHBIB, TPYHTYETHCSA HA B3aEMO3B’SI3KYy KO-
JINBaHB TIOMUTY T, MPOIO3HUIIii cepes inBecTOpiB Ha puHKY. lla Momens mae riuboke po-
3yMiHHS PHUHKY B IJIOMY, aji€¢ HE Ta€ JiTKUX KLTbKICHHX pPe3y/IbTaTiB, dAKi 3a0e3medye
6e3apbiTpazkHa MeTomosoria. B imeanizoBaHoMy MOBHOMY PHUHKY Oe3apbiTparkHi MipKy-
BaHHS CTAIOTHh OCODJIMBO KOPUCHUMHU. 3 iHIIOrO OOKY, Ol/IbIIiCTH PUHKIB HEMOBHi, i TOMY
IIiHA HE MOXKYTh OyTH BU3HAUEH] Juie 3 yMOB Oe3apbiTpaskHocti. B mparti po3risayTo
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pobIeMy, sKa JIEKUTh B OCHOBI IIIHOBOI MOJIEJTi KalliTATbHAX AKTHUBIB, a caMe MaKCHMi-
3allisg O4iKyBaHOI KOPUCHOCTI Biji iHBECTHIIIHA.

1. BIHOMIAJ/JIbHA BE3APBITPAXKHA IIIHOBA MOJEJIb
Haranaemo o3navenns N-uepioguol 6inomianbaol ninosoi mozgeni (aus. [I).

OsnavyenHs 1. N-mepiogHa 6iHoOMia/IbHA IIIHOBa MOJEJIb

(1) noumnaerbcs B MomenT dacy ¢ = 0, 3aBepiuyerbcs B MOMeHT dacy ¢ = N, 1 mae
N mepionis —Rint=ngot=n+1, n=0,..., N—1;

(2) Mae puHOK aKIiiii, Ha SKOMY (DIKCOBAHO BeqUuuHu Sy, D, ¢, U, d;

(3) xoxHa akiisg B MoMeHT 4acy t = 0 xomrye Sy > 0;

(4) BMoment wacy t=n+1, n=0,..., N — 1, niakunaerbcs MOHEeTa (pE3y/IbTaT
HiAKUIAHHS I03HAYAETbCH Wyt € {H,T}) :

(a) 3 iimosipuictio p € (0,1) Bumagae wy,1 = H 1 Toxl nina aknii B MOMEHT
qacy t = n + 1 nopisHIOE

Snt1(wr . .cwnH) =u-Sp(wy ... wy);

(6) 3 iimosipuicTio ¢ = 1—p € (0,1) Bunazgae T i Toxi niHa akI{i B MOMEHT Yacy
t = n + 1 nabyBae 3HAYEHHS

Spt1(wr...cwp,T) =d- Sp(wr...wy);

napamerpu u,d (0 < d < w) HA3UBAIOTHCH, BIANOBLAHO, koediuienmamu (MHo-
HCHUKAMU) 3POCTNAHHA TA CNAOGHHA YiHU aKIiT;

(5) mae puHOK rpoiieil, Ha KoMy (bIKCOBAHO BIICOTKOBY CTaBKY T

(6) ®a pWHKY rpormeii MOKHA BKJIACTH (IHBECTYBATH) 1 MOYKHA MO3WYNTH (B3SITH Kpe-
JIUT) JOBLJIbHY CyMy TPOIIEI:

(a) BkyaBmu B MomeHT wacy t = n, n = 0,..., N —1, cymy posmipom 1
iHBecTOp y MOMeHT 4acy t = n + 1 orpumye cymy 1 + r;
(6) nosuuusiiu B MomenT 4Yacy t = n, n =0,..., N —1, cymy po3mipom 1,

HO3UYAJIBHUK B MOMEHT 4dacy t = n + 1 mae nosepuytu cymy 1 4 r.

Mipa B 1iit Mozesi CTOCOBHO WMOBiIpHOCTE p, ¢ To3HAYaeThea P. Binmosigno, ma-
TEeMATWYHE CIOAIBAHHS Ta yMOBHE MATEMATHUYHE CIOAIBaHHS Mo3HA4Ya0Thesa E T1a E,.
Tloznagumo

Q={w=(w1...wn) |w; € {H,T}}.
Toui st poBlIbHUX ejieMeHTapHOL HOMIT w, noil A Ta BunaakoBol Bejaududn X Marume-
MO:

P(w) — P(Wl » 'WN) _ p#H(W1~~WN)q#T(W1~~WN)7 weQ;

HD(A) _ Z ]Ib(w) _ Z p#H(wl‘nWN)q#T(Wl-»-WN)7 AcCQ;
wEA (UJln-(—UN)EA

E[X] = Z P(w)X (w) = Z ptH @ on) #Twron) X (1) wpy);
weN wen

E, [X] (Wi1...wp) = Z p#H(wn+1~.-wN)q#T(wn+l-..UJN)X(wl ..wy), n=0,...,N;

(Wnt1.--wN)
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Eo[X] =E[X], Eny[X]=X.

Osuauenns 2. Hexait (N, Sp,u,d,r,p,q) — N-nepiogna 6iHOMiajibHA [IHOBA MOJEJIb.
ITro mouesb Oyuemo Hasuparu N-mepiogHO 6iIHOMIAJIbHOK 0Oe3apObiTpa>kKHOFO IIi-
HOBOIO MOJEJIIFO, SKIIO TApaMeTpH u, d, r 3310BOJILHSIIOTH yMOBH Ge3apbiTpa>kHocC-
Ti
0<d<l4+r<u.
Bennawanu
~ l4+r—-d . u-1-r
T Tu—d 0 1T a4

HA3MBAIOTLCA OE3PU3UKOBUMH HMOBIPHOCTSIMH B 1iii MOje.

(1)

Mipa B niit MozeJii crocoBHO fIMOBipHOCTEH D, ¢ H03Ha4YaeTbcs P 1 HazuBaeTbCs 6e3-
pusukoBomo (a00 HeHTpaJbHOIO 40 pu3HuKY). Biinosiano, MareMaTuyme CrOMiBaHHI
¥ yMOBHE MAaT€MATHUYIHE CIIOIIBAHHS CTOCOBHO ITi€l Mipu no3uHadaorbes E Ta [, .

Osunauenns 3. Ilpouec {Y,} y Ginomiasbhiil niHOBI# MO/l HABUBAETHCS aJaNTOBa-
HHM, K110 Vn Bunaakosa Bejauuduna Y, = Y, (w1 ...w,) 3aJ€KUTb JILIIE Bl NEPIIUX 7
uizkuaanb (MOHETH) W . .. Wy.

15t moBeIeHHST OTPUMAHUX PE3YJIbTATIB HAM 3HAJO00UTHCS TEOPEMA, TIPO PETLIIKAITIIO
B Gararomnepiouniit 6inomianbhiii ninosii monesi (qus. [I], crop. 12).

Teopema 1. Hezat (N, So,u,d,r,p,q) — N-nepiodna binomiarvra bezapbimpasicra ui-
HOBA MOOeab 3 De3PUSUKOBUMU TUMOBIPHOCTIAMU . Hezat y uiti modeai 3a0ano norio-
HUT YITHHUT Nanip i3 PYHKYIEN 8UNLam

VN =Vn(wi ... .wN).

Busnavwumo adanmosanuti npouec Vy, ..., VN 3a dopmyroto
1 . ~
Vi(wy .. .wn):m [p Vi1 (wr « oo wn H)+q Vigr (w1 - .wnT)], n=0,...,N—1. (2
Hobydyemo (adanmosanuti) nopmgpeavruti npoyec Ng, ..., An_1 3a Popmyaoro:
Vn+1(w1 ‘e wnH) - Vn+1(wl ‘e wnT)
Ap(wy...wn) = , n=0,...,N—1
(wn ) Snt1(wr - cwnH) — Spq1(wy .. .w,T)
Iputimemo Xo = Vjy i 6usnauumo adanmosanud npovec Xg, ..., XN 3a $opmy.noto
Xn+1 :An5n+1+(1+r)(Xn—AnSn)7 n:07 ,N—l (3)

Toodi
Xp(wr.oowp) =Vo(wr..owp) Ywi...wp, n=1,..., N.

Osnauenns 4. Bunagakosa Bemuuuna Vi, (wi . ..wy), 110 BUBHAYAETHCA (HOPMYJIOIO ,
HA3WBAETHCA LHOK (BapTiCTIO) MOXIZHOro IIHHOrO Hamepy B MOMEHT 4Yacy n,
SIKIO TEePIUX 1 MAKAIAHD 3aBEPIIIINCS PEe3YIbTATOM W1, - . . ,Wy,. Beaunanna Vo Ha3u-
Ba€ThCs IfiHOIO (BapTicTiO) moxigHoro miHHoro mamepy (B MomeHT 4dacy 0).

Osznavennsa 5. @opwmyna HA3WBAETHCA PIBHAHHSAM IIOTOYHOIO Kamiraiy (crar-
KIB, 10CTATKY ).
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Y4acHUK PUHKY MA€ MOYaTKOBHUil cTaToK X i 6axkae iHBeCTyBaTH y PUHOK aKIIiil Ta
T'POIIOBHUiT PUHOK JJIsi TOT'O, 00 MAKCUMI3yBaTH OYiKyBaHy KOPHUCHICTb CTATKIB y MOMEHT
gacy N. Bin mae dynkuito kopucuocri U : (a,b) — R, mudepermiiioBHy, cTporo omnykiy
BrOpPY i CTPOrO 3pOCTAIOTyY, i XOUe PO3B’SI3aTH TAKY 3a/1a4Yy.

Hexaii (N, So,u,d,r,p,q) — N-nepionna 6inomiasnbhua GezapbiTpazkHa HiHOBa MO-
nesib. BusnaduMo aBi onrumisaniiini 3anadi.

Bagaua 1. VX, € (a,b) snatmu adanmosanutdi npouec Ao, ..., An_1 6 uili modeai, wo
MAKCUMIBYE 0%IKYBAHY KOPUCHICTND

E[U(Xy)]
30 YMO8 PIHAHHA CMAMEKY

Xn+1 = A7LS7L+1 + (1 + T)(Xn - AnSn)7 n= 07 LR N -1

Bagaua 2. VX € (a,b) snatimu eunadkosy seaununy X N y yili modesi, w0 maxcumisye
OUIKYBAHY KOPUCHICMD
E[U(Xn)]

=l =

CdopmynboBani onrumizariiini 3a1a4i eksiBasentHi (noenenns mus. [I], crop. 76).

34 YmMoeuy

Teopema 2. Hezaid Xo € (a,b), A* = {A},...,Ay_1} — adanmosanui cmozacmuy-
nutd npoyec, X 6apmicms nomounozo kanimaay (cmamxy) 6 momenm wacy t = N, wo
MAE nowamrosy uiny Xo i zenepyemucs nopmeeavrum npouecom A*. Todi A* — onmu-
MAALHUT PO36°A30K 3a0am’ modi G avwe modi, Koau Xy — ONMUMAAbHUT PO368°A30%
sadawi[d

Teopewma [2| po3buBae 3a/1a9y ONTUMAIBHAX IHBECTHIN HA ABA KPOKHU: MEPIIUI MO-
JIITa€ y 3HAXOMKEHHI ONMTHUMAIbHOI BUIMAAKOBOI BeIUInHA X y, IO € PO3B’SI3KOM 3a/1adi
APYTHil — y 3HAXOMKEHHI OMTHUMAJBHOTO MOPT(Es, MO0 PO3MOINHAETHCI 3 BAPTOCTI
Xo 1 rerepye Xy 3rifjHO 3 aJIrOPUTMOM TEOPEMH IIPO PEILIIKAINI0 B MYJIbTAIIEPIOIHIH
GiHoMiaTBHIM MOIEITI.

Jlema 1. Hexat ¢ynwuia : (a,b) = R (a < b) mae saacmusocmi:

(1) U empozo onyxraa e2opy;

(2) U ne mae A0KANBHUT €KCTNPEMYMIC;

(3) U € D(a,b);

4) U'(z) =0, z—=b_, U(xr)— +oo, x— a4.
Tooi pynxuia U’ : (a,b) — (0,4+00) empozo cnadua, nenepepsha G Giexkmuena. 3okpema,
icnye cmpozo cnadua obeprena do U dynruin

T:(0,+00) = (a,b), IT=U", (4)

3 MAKUM 8AACTNUBOCTAMAUL:

I(y) = a, y—+4oo, Z(y)—b, y—04. (5)
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Zlosederns.

3aysaorcenna 1. U' crporo cnagna Ha (a,b).
Bunuusae 3i crporoi onykiocti Bropy dyukuii U (qus. [2]).

Sayeavicenna 2. U' € C(a,b).

Brimro 3 3aysarkenusaw (1| BHacaimok MOHOTOHHOCTI, U’ MOXKE MaTH TOYKH PO3PH-
By Jmmite meprioro poay (aus. [2]). HaromicTs 3a Teopemoro Tap6y Bci TOYKH PO3PUBY
noxiguoi U’ € Toukamu pospusy Jiuiie apyroro poxy (aus. [2]).

Saysaocenna 3. U'(x) >0 Yz € (a,b).
Brigno 3 ymosoro (iv) gemn
Jz1 € (a,b) Va € (a,z1] U'(z) > 0.
IIpumyctumo, mo
Jdxg € (a,b) : U'(z2) < 0.

Toni 3 3ayBaskenns [2] ra reopemu Boapnano-Kouwi npo npomizkae 3HaueHHst OTPUMYEMO,
110
dxg € ({L‘hxz) : Z/{/(CL'()) =0.

Bpaxosytoun 3aysazkenns [I| maTumemo
Vz € (a,x9) U'(x) >0 A Vzx € (x0,b) U'(x) <O0.

3BiJcU BUILIMBAE, 10 TOUKA g € (CTPOrUM BHYTPINIHIM ry106aibHuM) MiHIMyMOM (DYHKIGT
U, mio cynepeuurb ymosi (ii) jemu.

Baysaorcenna 4. U'((a,b)) = (0,+00).
Brigno 3 3aysaxennsau |3 maemo srmowenns U’ ((a,b)) C (0,+00). Hexait y €
(0, +00). 3a ymoporwo (iv) memu
Jy,y2 €U ((a,0)) 1y <y < yo.

Toni 3 3ayBaskenns [2] ra reopemu Bonbrano-Komi npo npomizkHe 3Ha4eHHS OTPHMYEMO,
10
U'((a,b)) D [y1,y2] D v.

Orxe, soseseno nporuiexte sxiodenus U’ ((a,b)) D (0, +00).
I3 3aysaxens [I] i [d] BunsnBae TBEpZKEHHSI JIeMH CTOCOBHO BJIACTHBOCTEH TOXITHOL
U, 3 akux, 30kpema, orpumyenmo () i (). O

Jlema 2. 3a ymos i nosnauenv aemu[ll Yy > 0 dynryin
f: (a7b) _>R7 f(l‘) :Z/I(x)—yx,
mae 6 mowyi ¥ = Z(y) cmpoeut (2a0basvrutl) marcumym, mobmo

U(x) —yz <UZ(y)) —yI(y) Vz € (a,b): x#x*.



Cepriit IIJKYMNKO, Mukona BAB’SIK
94 ISSN 2078-3744. Bicuux JIpBiB. yH-Ty. Cepist mex.-mar. 2020. Bumyck 89

JHosedenns. Hexait y > 0. 3rigHo 3 1emoio HOXi,B;Ha U’ crporo cnanae Ha (a,b), 10 TOrO
x U'((a,b)) = (0,400). Toui

z* € (a,b) : U (2*) =y,

orxe, ¥ = Z(y), 10 TOro XK

Vo € (a,z*) U'(z) >y A Vo e (z5b) U(x)<y. (6)
Ockimgbku
f@)=U(z) -y,
10 3 (6) BHTUMBaE TRepIKEHHS MEMM. O

Osuavenns 6. Qyukuiio U : (a,b) - R (a < b) Oynemo HasuBaru BJIACTHBOIO
c¢hyHKII€r0 KOpHCHOCTI Ha inrepsaii (a,b), sakuo:

(1) U crporo omykJjia Bropy;

(2) U He Mae JIOKAJIBHUX €KCTPEMYMiB;

(3) U € D(a,b);

4) U (x) =0, z—b_, U(zx)— 400, z— ay.

Hacrynua Teopema 1a€ BiANIOBiAh Ha MUTAHHS PO ICHYBAHHS i €IUHICTH PO3B’SI3KY
(onTuMmizariiinol) 3amadi

Teopema 3. Hexati U : (a,b) > R (0 < a < b) — esacmusa Pynruyis xKopucrocmi na
inmepsani (a,b). Hexat (N, Sy, u,d,r,p,q) — N-nepiodua 6ezapbimpasicua 6iHOMIGABHE

UIHO6G MOOEAD,
a b
X .
e (wm aeo) ™

Todi 1a muooicuni 6cix eunadkosur eeausun Xy € (a,b) y it modeai icnye G do moeo
otc edurnuti cmpoauti 24006aAbHUT MAKCUMYM 300041

E[U(Xn)] — max (8)
304 YmMoeu x

T N

[ ] = ©)

Zosedenns. Hexait Z nosnauae noxinny Panona-Hukomuma mipu P crocosuo mipu P, ¢
— winbhicTh (PycruHa) UiHU cTaHy

P(wl . WN) fﬁ #H(wi..wN) a #T (w1...wN)
Z = Z P = = = — -
() (@i-.wn) P(w; ...wN) D q ’

Z(w)

((w)=¢(w1...wn) = ma

ne #H(wy ...wn), #T (w1 ... wN) N03HAYAIOTH, BIANOBIAHO, KiibKicTh (Bunanaus) H,T
y HAOOPi W = w1 . ..wyN. BUKOpUCTOBYI0YX T1i MO3HAYEHHS, ONTUMI3AIIIHY 33129y ,(ED
MOKHA LIepelMCATH TaK:

EU(XN)] = Pmld (X,) — max, (10)

e



OIITUMAJILHI THBECTUIIIT TA CIIOYKMBAHHSI . ..

ISSN 2078-3744. Bicuux JIpBiB. yH-Ty. Cepist mex.-mar. 2020. Bumyck 89 95
3a yMOBH
M
~ XN Xn
El—|=E|Z—=| =E|[(XNn] = x =X 11
] Bz B = Lt =

me M = 2N — xinpkicTb BCeMOXK/IMBIX HAOOPIB miIKHIaHDL MOHETH B N-mepiommiit Giro-
MiasbHi miHOBIH Momesni, axi mo3maumMo wl, ..., w™. Bigmosinmo,

Cn =C(W™), pm=Pw™), z,=XywWm"), m=1,..., M.
i 3HAXO/PKEeHH s ONTUMAJILHOIO BeKTOpa (1, ..., o)) 3anuinemo ¢yukuio Jlarpanxka

I 3a0adl ,
M M
L= Z me/{(LEm) - A (Z memxm - XO) .
m=1

m=1
O6uncammo yacTunHi moxigHi L MO x,, Ta TPUPIBHAEMO iX /10 HYyJId
oL
8 :pmul(mm)_Ap'rnCm :O, m:17 ey M
Tm
Orxe,
U () = Xm, m=1,..., M. (12)
3riguao 3 nemoro 1| icaye obeprena mo U’ crporo cnagna dyukmis Z
Z:(0,+00) = (a,b), IT=U"1,
3 B/IACTHBOCTSIMH
I(y) = a, y— +oo, Z(y) —b, y— 0L. (13)
3 OTPUMYEMO, IO
Xy(™) =am =T(MN (™)), m=1,..., M.

Orxe,
XN:Z()\C). (14)
st 3HAXOMPKEHHS A IIiACTaBISIEMO B
E[¢ Z(X()] = Xo. (15)

3aysascenns 5. A" > 0, mo 3amoBonbHse ((15)).

Posrasuemo dyukIrio
gA) =E[CZ(A)], g:(0,+00) > R.
Toni i
a a
li A)=E lim ZIX)| = —E|Z| = ——=. 1

)\Hulloog( ) _C,\alinoo ( O} (1+r)N [ ] (1+r)N (16)
VY momepeiHiX TepEeTBOPEHHAX MU CKOPUCTATIUCS Ta BJIACTHUBICTIO TIOXiTHOT Pagona-
Hukomnma, E[Z} = 1. Ananoriuno

(17)

. [ M b b
AIH& g\ =E _CAIE&I()‘O] RETEESL E[Z] = (ETLE

3 @, , (17), crpororo cnananus dyukuii Z Ta Teopemu Bosbrano-Komr npo mpo-
MiXKHe 3HAYEHHSI BUILIUBAE 3ayBarkKeHH [o]
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Orke, TOBEEHO iCHYBaHHS Ta €IWHICTH KPUTHYHOI TOUKM st PyHKIHT Jlarpas-
2Ka B Harmiit 3amaqi. [lg Touka Oyae TOIKOI0 CTPOroro JTIOKAJIbHOTO MAKCAMYMY, OCKITbKH
MaTpUIIA 3 YACTUHHUX TOXITHUX Apyroro mopsaky dbyskiii Jlarpanxka L 10ogaTHO BU3HA-
4ena (BOHA JiaroHajIbHA 1 BCl eleMeHTH JiaroHaji — Bix'eMui). 3ayBazkumo, 110 3Bi1cy,
B3araJjii KakKydw, HEe BUILIMBAE, IO I TOYKA HEOAMIHHO € TIOOAJIBHUM €KCTPEMYMOM.
IlpBunbue Take TBepmKeHHs: axwo gyuxyia f : R™ — R wmae edunuti ecmpoauii no-
KAAOHUT excmpemym Yy movwyi To, mo y sunadky n = 1 6 uitd mowyi f docszae c6020
22000051020 excmpemymy, modi ax npun > 1 dynxuia f mootce i ne mamu 2406a4H020
exempemymy 6 mouyi To. CTpore JOBeJEHHS I[LOT0 TBEPIKEHHS (y BUTJISAI TEOPEMH)
3aITPOTIOHOBAHO MiCJA JOBEJEHHS i€l TeOpeMU, OCKITbKHU, HA JTYMKY aBTOPiB, BOHO € IIi-
kaBuM caMo 110 cobi. [Ipore B Hamomy Bunaxy 3uaiigenuii (€quuuil crporuii) J0KaIbHU
ekcTpeMyM Oyme TakoxXK i TyiobanbHuM ekcTpemymoMm. Ilo3Hadnmo

Xy =Z(N\Q).
3aysaocenna 6. Hexait Xy # Xx. Toni EUXN)] <E[UXK)]-
3a memoro 2]
vm € {1,..,M} Vz € (a,b): x#ZI(A\((w™))
Ulw) = NCw™) & <U (TN ™)) = X ¢@™) TAC™)).
3Bigcu orpuMyemMo
UXN) = AC Xy SUXY) = A XR, (18)

mo roro x Im € {1, ..., M} take, mo mua w™ mepisuicts (18) — crpora.
[epexomstun 10 MareMaTWIHWX CTOAiBaHbL B HepisHOCTI (18), orpumyemo crpory
HEpiBHICTH

EUXN)] - ENCXN] <EUXR)] -ENCXY]
Bpaxosyroun , Ma€EMO
EUXN)] =N Xo <EUXRY)] - A" Xo = EUXN)] <EUXY)].
Baysarkenns [0 3aBeplIiLye JI0BeICHHS TEOPEMH. O

Teopema 4. Hezati f € CV(R™), n > 1. Sxwo f mae 6 R" edunuti cmpoeuii aokars-

HUT excmpemym, mo uet excmpemym He 0006°A3K060 € 2a00asbHUM excmemymom f y
R™.

JHosedenns. Posrnsmemo dyukuio f € C*(R™), wo BusHadaerbes HGOpMyIon0

n—1
flo) =22+ (@n +1)*) a2}, z=(21,...,2,) €R". (19)
k=1
Saysaoicenna 7. f(x1,...,2p_1,t) = —00, t = —00, AKIO (T1,...,2n—1) % (0,...,0).

BumnmBae 6e3mocepenbo 3 Buznadenus (19) Gyl f.

Saysasicenna 8. x = 0 eauna kpuruyna Touka Gyukuii (19)).



OIITUMAJILHI THBECTUIIIT TA CIIOYKMBAHHSI . ..
ISSN 2078-3744. Bicuux JIpBiB. yH-Ty. Cepist mex.-mar. 2020. Bumyck 89 97

MHOKHHA KPUTHYHUX TOYOK (PYHKIIL f 3a10BOJIBHSIE CUCTEMY PiBHSHb
(xp +1)32; = 0, i=1,...,n—1,
n—1
22, + 3(xn +1)2 Y 22 = 0.
k=1

3 OCTaHHBOTO PiBHSIHHS €] CUCTEMHU OTPUMYEMO, O T, + 1 # 0. Toxi 3 mepmux n — 1
piBuguusg Mmaemo x; =0, ¢ =1, ..., n— 1. Toxi 3 ocranHbOrO PiBHAHHA X, = 0.

3aysascenns 9. x = 0 € crpornm JoKaIbHUM MiHiMyMOM byHKIHT (19)).

Cupasj,
f(0)=0, f(z)>0 voe(=1,1)"\{0}.
Orxe, 3 3ayBaykeHs [§| i |§| BUILIMBaE, o Gyukmis (19) mMae enuumii cTporuit JTOKAILHWUI
ekcrpemyMm y Touri x = 0. Ileit ekcTpemywm He € jjokaapHuM MirimymoMm dyskii f. [Ipore
BiH He € rioGanbHUM MiniMymoM miel yHKUII, Mo BUIINBAE 3 3ayBazkeHHs [7} O

ChopMymioeMo TeopeMy TIPO PEIUIKAII Y MyIbTUIEpioaHiil GiHoMianbHil Moje,
B #Kiil sepuBaruB nop’si3anuii 3 cepiero (nmorokom) Bumiar (nosexenns aus. [I], crop.

43).

Teopema 5. Hexati (N, So,u,d,r,p,q) — N-nepiodna besapbimpascna 6iHomiarvha ui-
Hnosa modeaw, (Co,...,Cn) — dosiavrutl adanmosarutdi npoyec y it modeai. Iina V,
depusamusy, 3a axum 3ditichroromubea sunaamu Cy, ..., Cn 6 momenmu wacy n, ..., N
610N0610H0, 8 MOMEHM YACY T CMAHOBUMD

N

~ Ck
Vi = E, g (17+T)k_" s TLZO,...,N,
k=n
soxpema, Vy = Cy. Adanmosanui cmoxacmuunut npouec uyin V,, n = 0,..., N
3a00680AbHAE PI6HOCTN
1 =~

Cn(wl...wn) :Vn(Wlw'wn)_ 1+ 7

Busnauumo (a&anmoeanuﬂ) nopmwemmuﬂ npouec
Vapi(wr o wnH) = Vg (wr ... wp, T)
Sn+1(w1 SN wnH) - Sn+1(w1 . .wnT)’

Hputimemo Xy = Vi 1 posaaanemo adanmosanuti cmoracmuyHul npovyec Xo, ..., XN,
WO BUSHAYAEMBCA PIBHAHHAM CINATIKY

Xn+1:Ansn+1+(1+T)(Xn7AnSn), Tl:O, ...,N*l.

Ap(wy...wp) = n=20,...,N—1.

Toodi
Xo(wrooowy) =Vo(wr .o owy) Y(wr...wy), n=1..., N.

Hacrymua teopema mocmifgKye 3amady ONTHUMI3allil CHOKWBAHHSA s JIepPUBa-
THBA, BU3HAYEHOIO B IOIepemHiii Teopemi mpo pemtikamio. Ilpormec crokuBanns
C = {Cy,...,Cy} — amanromanmii croxacruvnuii nponec, ge C, BKa3ye Ha Kijb-
KICTh KOIITiB, SIKi CHMOXKWBAIOTHCA areHTOM y MOMeHT dacy 7. lljnam crmoXwBaHHS Ta
imBecTuniit cknanaerbes 3 napu (C,A), ne A = {Ay,...,Ax_1} — npouec noprdesin
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(BuBHa4YaETbCH K B TeopeMi PO peruiikaniio). 3riflHO 3 TeOPeMOI0 HPO PeIiKAaIiio
BapTICTh JepPUBATUBY B MOMeHT 4acy 1 = () CTAHOBUTH

N

Cn
2 e

n=0

Vo=E

BpaxoByoun 110 piBHICTB, nepeiineMo 10 TOIHOro (hOPMYJIIOBAHHS TEOPEMH PO OITH-
MAJIbHE CIIO’KUBAHHS.

Hexaii (N, So,u,d,r,p,q) — N-uepionna Gesapbirpaxkua 6iHomiajbHa LiHOBa MO-
nesb. Iosmaunmo

¢={(Cyp,...,Cn) | Cy € (an,by), n=0,..., N},
ne (Co,...,CN) — JnoBinbHuit aganroBanuil npouec y uiii Momei.
Teopema 6. Hexall dynxuyii

Uy : (an, b)) >R (0<a, <b,), n=0,..., N,

€ BAACTNUBUMUY PYHKUIAMU KOPUCHOCTE Ha iHmepeasas (an,by), n =10, ..., N, sidno-
61010,

al a al b
do € (Z T+ Z(1+r)">' (20)

n=0 n=0

To0i na muoorcuni € ichye i do mozo sc eQuHul cmpoauti 24006AbHUT MAKCUMYM 360040

[ N
E > Un(Cp)| — max (21)
Ln=0
3a Yymosu
[ N
~ C,
E — | = Xo. 22

Zosedenns. Hexait Z nosnauae noxinny Panona-Hukomuma mipu P crocosuo mipu P, ¢
— winbzicrs (rycruna) uinu crawmy. Toud

~\ #H(wi..wn) ;~\ #T(w1...wN)
Plwy...w
2(0) = Z{wr .. wy) = D@L ON) (;;) (q) :

Plw; ... wn) D q
ae #H(wy...wn), #T (w1 ...wN) NO3HAYAIOTH, BiANOBiAHO, KinbKicTs (Bunagaus) H,T
y Habopi w = wi...wyn. Po3rmsgnemo amanToBanmit croxactwdanwmii mporec Pagona-
Hukonuma
Z,=E,[Z], n=0,...,N. (23)
Ockinbku npouec {Cy,...,Cn} aganToBanuii, TO 3a BJIACTUBOCTAMU YMOBHUX MaTeMa-
THYHUX CIIOJiBaHb
IE[ZC’n] = IE[]En [ZC”H = IE[C’,LE” [ZH = E[Z,LC’,J, n=20,..., N. (24)
Tloznaganmo
Zn,
(ph=———, n=0,..., N. (25)



OIITUMAJILHI THBECTUIIIT TA CIIOYKMBAHHSI . ..
ISSN 2078-3744. Bicuux JIpBiB. yH-Ty. Cepist mex.-mar. 2020. Bumyck 89 99

Orxke, Bukopucrosytouu ([23)), , 25)) i 3B’930K MiK MaTeMaTHYHMMU CHO/IBAHHAMU
crocoBHO Mip P Ta P, orpumyemo

N
Cy
VA _n
;::0 (147
Onrumizanifiny 3a1a4y , MOKHA MepenucaT Tak:

N N My,
Z U, (Cr) | = Z Zpﬁun(cﬁ) — max (26)
n=0

n=0 k=1

N

Ch

n=0

Y Z.Cn

n=0

E - )

_x [i <ncn] .

E

3a yMOBH

N M,
E =3 ) phckel = Xo, (27)

n=0 k=1

N
> Gl
n=0

ae M, = 2" — KiIbKICTh BCEeMOKJIMBHAX HAOOPIB 3 7 MOCJIJTOBHUX MiIKHUIAHL MOHETH,

SIKi TIO3HAYMNMO W wMn

st W T

ck:Cn(wk), psz]P’(wk), Cﬁz(n(wﬁ), k=1,...,M,, n=0,..., N.

n n n

Bammummemo dyukiito Jlarpanxka qs 3amadi (26]),(27)

N M, N M,

_ } :E : k k }:E: k ok k

L= pnu’n(cn) - A PninCn — XO .
n=0k=1 n=0 k=1

O6uncaumo wactuani noxigni L mo ch Ta NPUPIBHAEMO 1X JI0 HYJIs

OL

a—dszpﬁu;(cﬁ)—xpﬁg{j:o, k=1,...,M,, n=0,..., N.

Orxe,
Uky=x" k=1,...,M,, n=0,...,N. (28)
3rigno 3 nemoro [1| iciye obepuena no U’ (crporo cmagma) dyukimis 7
T:(0,400) = (a,b), T=U"",

110 Ma€ BJIACTHUBOCTL

Z(y) - a, y— +oo, Z(y)—b, y—04. (29)
Orxe, 3 OTPUMYEMO
Cowh)y=ct =T (X", k=1,...,M,, n=0,...,N. (30)
Tobro,
Cn=Z(X), n=0,...,N. (31)

st 3HAXOMPKEHHS A IIiACTaBISIEMO B

E

N
pye I(Acn)] = Xo. (32)
n=0

Saysavicenns 10. IIN* > 0, wio 3am0BosbHsEe piBHicTb (32)).
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Posrnaremo ¢yHKItio

lZCn ACn], g:(0,+00) = R.

Touni

N N

anZn an,
/\Effoog lz Cn hm I()\Cn)l = Lz_:ow :;m~ (33)

Y momepeHixX MepeTBOPEHHSIX MU CKOPUCTATIUCS YMOBOMO (29)), BIacTHBOCTSIMU yMOBHHUX
MaTeMaTUYHUX CIOMiBaHb i BiaacTuBicTiO moximuoi Pamona-Hukomnnma,

E[Z,] = E[E,[2]] =E[Z] = 1.

Amnasoriuno
lim g(\ Z Cn Jim T (AG) f: bnZn_ | _ EN: _bn (34)
A—=+0 — (14" = (1+r)"

3 , , , crpororo cnaganas GyHkmii Z ta Teopemu Bosbriano-Korri mpo mpo-
MiXKHe 3HadYeHHs BUILTHBAE 3ayBaxkenHs [10] Orke, 10Be/IeHO ICHYBaHHS Ta €IUHICTD KPU-
TUYHOI TOUKY i yHKIHI Jlarpam:xka B Hamiiit 3a7a4i. [lg Touka Oyge TOYKOI0 CTPOTrOro
JIOKAJTBHOTO MAKCHMYMY, OCKITbKHM MATPHIA 3 YACTHHHUX MOXITHUX APYTOTO MOPSIKY
dynkuii Jlarpamxka L jgoxarno Bu3Hadena (BOHA JiaroHaJsibHa 1 BCl ejeMeHTH aiaronasi
— Bix’emui). Joseaemo, 110 B 3Haiieniil To4Li JOCAragTbCs CTPOruii r100a/bHU MAKCU-
myM. Ilozrauammo

Cr=Z(\¢,), n=0,...,N.
3aysaocenna 11. Hexait {Co,...,Cn} # {C§,...,Cx}. Toni

> Un(Cy) > Un(Cr)

n=0

E <E

3a nemoro B
¥n=0,....,N Vk=1,...,M, Vae€(a,b): z#TI(\¢)
Un(z) — N*CEx <Uy (T(ANCY)) — AT (N¢).
3Bifcu OTpUMYy€EMO
U, (Cn) =N ¢k e, <uUex)—-x<¢kcr, n=o0,...,N, (35)

10 Toro x 3n € {0,..., N}, k€ {1,..., M, } Taxi, mo s w¥ mepisuicts (35) — crpora.
Migcymyemo mo n wepisuocti (35)). Ilepexomsaun 10 MaTeMaTUIHUX CIOAIBAHb, OTPH-
MYEMO CTPOr'y HEPiBHICTH

N N N N
E | Un(Co)| = NE D ¢aCh Y Un(Cr)| = NE lchO;;
n=0 n=0 n=0 n=0
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Bpaxosytouu (27), marumemo

N N
E D Un(Co)| =N Xo <E|> UCH| — XX =
n=0 n=0
N N
— E|> Un(Co)| <E|> Un(Cy)
n=0 n=0
SayBaKeHHs @ 3aBePIIy€E N0BEIEHHA TEOPEeMH. O

Hacryuna reopema (11po ouruMalibHe CIIOKMBAHHS 1 3a/JMIIKOBUI CTATOK) — Le JI10-
CJTiPKeHHS TPOOJIEMU, KOJIM KOPUCHICTH OTPUMYETHCS BiJl CTIOYKUBAHHS KOIITIB MPOTIATOM
KOYKHOTO TIepioay OiHOMiabHOT MO/IEJTI 1 Bifl KLIBKOCTI IpOIeit, siKi 3a/IUIIAI0ThCS B KiHIT
ocranaboro mepiogy N. Ila mpobieMa € y3araibHEHHSAM TOMEPeTHBOI 3a1adi ONTHMATb-
HOrO CIOXKWBAHHS: Telep yYACHUK PUHKY MA€ MPaBO He Juiine crokuBaru C,, B MOMEHT
gqacy n = 0,..., N, a i MaTu B MallOyTHbOMY MOXKJMBHIT 3aiuinok rpomeit Vy — Ch,
axmo Vy # Cy.

Hexaii (N, So,u,d,r,p,q) — N-nepionna Ge3apbirpazkua GiHOMiajbHa HIHOBA MO-
nenb. Ilosmaaumo

Q::{(CQ,...,CN,VN) | Cn S (an,bn), n=20,..., N; VN—CN S (C,d)},

ne, sinnosinuo, (Co, ..., Cy) — noBlibHmit aganrosanuii npouec, Vy — A0BUIbHA BUIIA-
KOBa, BEJINYWMHA B il MOJIETi.

Teopema 7. Hezxall dpynruyii
U:(c,d) >R (0<e<d), U,:(an,bp) >R (0<a, <b,), n=0,..., N,

€ BAGCTNUBUMUY PYHKUIAMU KOPUCHOCTE Ha Thmepeaaat (¢, d) ma (an,b,) n =20, ..., N,
610N0610H0,

al Gnp c al bn d
XOE(Z(1+T)"+(1+T)N’Z(1+T)"+(I+T)N>' (36)

n=0 n=0

To0i na mmoorcuni A icnye G do mozo e eQunuti cmpozuti 24008AHUT MAKCUMYM 360040

N
E | Un(Cp) +U(Vy — Cn) | — max (37)
n=0
304 YmMoeu
N—-1
o Cn VN
E = X,. 38
LZ_% TR 0 (38)

Josedenns. Tozuaaumo W = Viy — Cn. Toai onrumizauiitna 3azaqa (37), (38) nepenu-

MEeTHCA TaK:

E — max (39)

> U (Ch) +UW)

3a yMOBH

-4 o, W
E[Z Ao Py | =% (40)
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Hexait Z — noxiguna Pagona-Hukomuma mipn P BimmHocHO Mipu P

P N H(wi..wn) s ~\ T(wi...wN)
Zzz(w)zz(wl__,wN):(wle):<p> (q) 7

Plw; ... wn) D q

ae #H(wy...wn), #T (w1 ...wy) NO3HAYAIOTH, BiANOBIAHO, KinbKicTs (Bunagaus) H,T
y Habopi w = wi...wyn. Po3rmsgnemo amanToBanmit croxactwdanwmii mporec Pagoma-
Hukonuma

Zn=E,[Z], n=0,...,N, (41)
i Hexait

Zn,
=—— n=0,..., N.

Cn (1 + ’,")n b) b )

Toni, BukopucToBytoun amanroranicts nporecy (Co, ..., Cy), BIACTUBOCTI YMOBHUX Ma-

TeMATHYHUX CIOIIBAHD 1 3B’SI30K MiXK MaTEeMATUIHUMU CIIOAiBAHHSIME CTOCOBHO Mip P Ta
P, orpumyemo

& o, W
Elz(1+r)n+(1+r)N

N oozo, W
=k [Z Trr T @y

n=0 n=0
rN N
Z,C ZW
=F n-n =E C Wi.
Z(1+r)n+(1+r)N D Gl tCy
Ln=0 n=0
Ilepenumiemo onruMmizariiiny 3agady , Yy BULJIsAIL
N 1 N M, Mn
E Z U (Cr) + UMW) | = Z Zpﬁun(cfl) + Zp’flel(wfv) — max (42)
n=0 i n=0 k=1 k=1
3a YMOBH
N N M, My
K [z <ncn+<Nw] _S S Y =X )
n=0 n=0 k=1 k=1
ae M, = 2" — KiIbKIiCTh BCEMOKJIMBHAX HAOOPIB 3 1 MOC/ITOBHUX MiIKUIAHb MOHETH,
AKi mo3HauuMo w!, - -+, wMn . Bimnosinmo,

cﬁ:Cn(wa), pr:]P’(wa), Cﬁz{n(wﬁ), n=0,...,N, k=1,..., My;

wh =W(wk), k=1,..., My.
Bammmemo dynkniio Jlarpamka ns samadqi ([#2),([@3)

N M, My N M, Mn
L= S ) + S k) - A (z ket + 3 ph Chu - xo) |
n=0 k=1 k=1 n=0 k=1 k=1

O6uucroioun gacTuaHi moxigui L mo c’fl, wf\, Ta MPUPIBHIOIOYA 1X /10 HYJIsS, OTPUMAEMO
Taki piBHOCTI:

U (EY=X¢E n=0,...,N, k=1,..., My; (44)
Uwh) =X, k=1,..., My. (45)
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3riguao 3 memomwo |1 icaytors obepreni no U, U cTporo cnagmi GyHKIi

T, : (0,4+00) = (an,bn), Zn =Z/I,’L_1, Z.(y) = an, y— +oo, Zn(y) = by, y— 04

1

Z:(0,40) = (c,d), ZT=U"", Z(y)—c¢, y— +oo, Z(y)—d, y—0,.
OTrxe, 3 i OTPUMYEMO
Cp(Wh) =k = ()\C) n=0,...,N, k=1,..., My;

W(wy) =wk =T(MXx), k=1,..., My.

Tobro
Cn =T, (An), n:(),...,N; W =T (\) .- (46)
Jl1st 3HAXOMKEHHS A niJ_LCTaBJIﬂeMo @ B

ZC?L n )‘Cn +<n (/\CN)‘| = Xo- (47)

3aysasicenns 12. IN* > 0, uio 3amo0BosbHse piBHicTb (47).

Posrnaremo ¢ynKIiio

[Z CnZn >\<n + G (ACN)], g:(O, +oo) — R.

Tomi
N
Agrilmg(k ZC" hm i, (/\Cn)JFCn hm I(ACN)] =
N Y .z cZ al a c
- L;Ja”c"““ El,;,(l—kr)"—i_(l—kr)]v "L e ey

V nomnepeHix MepeTBOPEHHAX MU CKOPUCTAJINCH BAacTUBOCTAMU DYyHKIH Z,,, 7, BIacTu-
BOCTSIMH YMOBHHX MAaTEMATHIHUX CIIOMAIBAHD i BIacTuBicTIO moxianol Pagona-Hukommma

E[Z.] = E[E,[2]] =E[2] = 1.

Amnanoriuno

N
lim_g(X) = [Z Go Jim T (AG) +Gu lim I(A@)} =

A—+0
N
bnZy, dz
E
LZ::O Trr T @y

N

b, d
g taeer @

3 , , , crpororo crnajganus Gbyskmii Z,,Z ta teopemn Bombrnano-Komri mpo
npomikHe 3HadeHHs BUILIMBAE 3ayBazkenns [[2} Orxxe, noBeseno icnyBanns Ta eaunicTb
kpurugHOl Touku i dyuknii Jlarpamka B mamiit 3aaa4i. g Trouka O6yme To049KO0 CTPO-
TOro JIOKAJBHOTO MAKCUMYMY, OCKIJIBKY MATPHUIA 3 YACTUHHUX TOXiTHUX JIPYTOrO TIOPSII-
Ky dyukuil Jlarpamxka L gomarHo Bu3HaveHa (BOHA JiaroHajbHa i BCi eJl€eMEHTH Jiaro-
Hami — Big'emni). [loBegemo, 10 B 3HaiiieHill TOYII JOCATAETHCA CTPOrUil TII0BATBHU

=E

N
D buln+dln

n=0
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makcuMmyM. Ilo3naunmo
Cr=7,(\¢), n=0,...,N; W* =T (N¢N).
3aysaocenna 13. Hexait {Co,...,Cn, VN} #{C§,...,CN, Vi }. Toni

N
D> ULCH) +UVE - Cr)| -

n=0

N
E | Un(Cp) +U(VN — Cn)| <E
n=0

3a siemoro Bl
Vn=0,....,N Vk=1,...,M, V2 € (an,by): x#ZL, (\¢)

Up(z) = NCEa < Uy, (T, (VCF)) = N¢F T, (\¢F)s
Vk=1,...,My Vz€(c,d): x#TI(N\Ck)
Ul) = N o <U (T (NCR)) — AT (ACE).

3Bigcn oTpuMyeMo

UW) =Ny W SUW™) = X (n W™, (51)
Jlo toro x 3In € {0,...,N}, k € {1,...,M,} raxi, mo a1 wF npunaitvmi omma 3

uepisuocreii (50) abo (51) — crpora (BumauBae 3 ymoBU 3ayBazkeHHs [13]).
Mincymyemo no n wepiuocri (50) Ta momamo uepisuicts (51)). Tlepexonsauu no ma-
TEMATUYHUX CIO/IBAHb, OTPUMYEMO CTPOI'Y HEPIBHICTH

E

N
> U (Ch) +UW)
n=0

N
~XE lz (aCn + cNW] <

n=0

<E

N
> U (Cy) + L{(W*)] —\E

n=0

N
Z@Q+@W+
n=0

Bpaxosytoun (43), marumemo

N
> Un(Cy) +u<w*>] — N Xy =

n=0

N
> U (Ch) +UW)
n=0

E - NXo<E

> U (Ch) +UW)

— E <E

N
> U (Ch) + L{(W*)] .
n=0

OcranHs HEPIBHICTH €KBiBaJIEHTHA HEPIBHOCTI Y TBEPIKEHHI 3ayBaKeHHS U
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OPTIMAL INVESTMENT AND CONSUMPTION IN THE
BINOMIAL NO-ARBITRAGE ASSERT-PRICING MODEL
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2 Department of Accounting and Finance
Lancaster University Management School
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An optimal consumption and investment problem in the binomial no-
arbitrage asset-pricing model is considered. The existence and uniqueness of
the solution of the optimization problem where the investor maximizes the
expected utility of wealth at the end of the last period is proved. The existence
and uniqueness of the solution of the optimization problem where the investor
maximizes the expected utility of wealth during all periods while making
choice of the level of consumption in each period is proved. The existence
and uniqueness of the solution of the optimization problem when the utility
derived from consumption both during all periods and the balance of money
in the latter one.

Key words: binomial asset-pricing model, investment, consumption, utility.
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GENERALIZATION OF THE EQUIVALENT AREA METHOD
FOR THE CASE OF SHORT FATIGUE CRACKS
IN A THREE-DIMENSIONAL BODY

Nataliya YADZHAK

Ivan Franko National University of Luviv,
Universytetska Str., 1, 79000, Lviv, Ukraine
e-mail: nataliya.yadzhak@Inu.edu.ua

In industry, structural elements with small cracks are widely used; however,
little research has been done on relatively simple methods for lifetime evaluati-
on of such structural elements. This study proposes a generalization of the
equivalent area method for a case of small fatigue cracks using an alternative
representation of the relation between the crack propagation rate and the crack
tip opening. A tension problem for a three-dimensional body with an elliptical
crack has been solved analytically by applying the generalized equivalent area
method and numerically by the Runge-Kutta method. The comparison of the
obtained solutions has shown a good correlation of the results that confirms
the potential application of the generalized equivalent area method to short
crack problems.

Key words: short cracks, fatigue fracture of three-dimensional bodies, elli-
ptical crack, equivalent area method, opening of the fracture process zone

1. INTRODUCTION

For a simplified determination of residual lifetime of materials and structural
elements, the equivalent area method can be applied, which helps to calculate lifetime
for different problems, such as long cracks |1} p. 85-89], [2], elliptical edge cracks |1} p. 87-
89| and creep cracks [3].

However, in structural elements under operation, mostly small cracks prevail, since
structural elements with long cracks are subject to repair or replacement. Even though
structural elements with short cracks are mostly under operation, the approximated
investigation methods for such cases are relatively little developed. In this study, an
attempt has been made to formulate such method for a case of small cracks; namely, to

2020 Mathematics Subject Classification: T4R10, 74S30
© Yadzhak, N., 2020
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generalize the equivalent area method which has been formulated earlier |1} p. 85-89] for
the long cracks.

2. M ATHEMATICAL MODEL FOR FATIGUE GROWTH OF A SMALL CRACK
WITH A CONVEX CONTOUR

Consider a three-dimensional body with a plane small crack of an initial area Sy
subject to cyclic loading of an amplitude p and a period of cycle T (fig. . The external
loading is applied in a way that the stress-strain state is symmetric about the crack plane.
In this case, the stress-strain state in the fracture process zone in front of the crack tip
can be described only by its opening ¢; [4, p. 29-30].

The problem is to determine the number of load cycles N = N,, when as result of
fatigue fracture the crack rises to the critical size S = S, and the body collapses.

N

Fi1G. 1. Three-dimensional body with a small plane crack

Since the crack size is small and the self-similarity conditions are not met |4, p. 29],
the energy approach in deformation parameters |2| is used to solve the problem.

Taking into account that under fatigue loading, the crack grows by small jumps of
size AS, over a large number of cycles AN, the crack growth can be considered to be
continuous from the initial size S = Sy to the final one S = S, |5]. Then the crack growth
rate V' can be written as follows:

s AS.
V=—"r—_—.
dN AN,
For each crack jump AS,, the energy balance has the following form [2,/6]:
A=W+T, (1)

where A is the work of external forces, W the deformation energy, and I' the fracture
energy of a body for the crack area change.
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The deformation energy W generated with the crack propagation on a jump size
AS,, consists of the following components [5]:

W =W, +WM(S) - W),

where Wy is the elastic component of W; Wp(l)(S) is the part of the work of plastic

deformations that depends only on the crack area S; Wp@)(t) is the part of the work of
plastic deformations that depends only on time ¢ (respectively, the number of loading
cycles N = tT~1) and is generated by the body during its unloading and compression of
the fracture process zone.

From the condition of the energy rate balance |2}/6]

o4 _ow or
ON ON ~ ON
and with respect to the energy balance (|1)), we obtain [6]

) s owy”
“ir—(A- S 7 74 COR 1 i
oS {F (A We =Wy )} dN ON 0 @
Then from equation (2), the crack growth rate can be derived [6]
s |owy”] /o @
lemv o [~ (A=W -] ®
According to [2,/5], the denominator in can be rewritten in the form
0 -
55 [T (A= W= W) =2y = 1 [ 0u(©)81mae(0.€)d (4)

L
where L is the crack contour; vy the specific fracture energy at fatigue crack propagation
that is determined by the formula v¢ = 0.d.; o+ the average strain in the fracture process
70Ne; §¢ max (0, ) the maximal opening d; (0, ) of the fracture process zone near the crack
contour per cycle for the stress oy; d. the critical opening of the fracture process zone,
and £ is the coordinate on the crack contour L.

To determine the work of plastic deformations W,SQ) (t) generated by the body during
its unloading and compression of the fracture process zone, let us first calculate the length
of the crack jump during its fatigue propagation [7, p. 133]:

lfp ~ aOA(St(Oa 5) = [6tmax(07 f) - 615 min(07 f)] )

where o is a constant determined from an experiment, and & min(0,£) is the minimal
opening &;(0, &) of the fracture process zone per cycle.

Since the opening d:(z,£) changes little in a small neighbourhood of the crack
contour and it is considered to be constant over the variable z [7],

0p(x, &) = 0:(0,€) at 0 <z < xy, (5)

the work of plastic deformations ngz) (t) can be expressed by the formula [8]:

W@ (N) = agN /mmmmmrwmmmm%@w%”, (6)
L
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where WéQ) is the energy per cycle that does not initiate fatigue fracture of the material,
defined as [§]

WO(Q) = /Jt(g)N(éthmax - 5thmin)2d€7
L
Othmaz aNd O¢hmin 1S the maximal and the minimal values of the lower threshold of the
opening of the fracture process zone near the crack contour d;, at which the crack does
not propagate.
Then, the combination of @, and gives the following formula for the fatigue
crack growth rate [8]:

040(1 — R6)2/Ut [atzmax((Lf) - §1f2hmin] dé
dS L

ds _ , (7)
dN i — L1 / 1(€)0% max (0, €)dE

L

where dy. is the critical value of the fracture process zone J; under fatigue loading.
Initial and final conditions for this problem are the following:

N =0, S5(0)= S (8)
and, respectively,
N =N,, S(N,)=S5,. (9)
The critical area value S,, at which the fracture occurs, can be expressed from the critical
crack opening displacement criterion [4, p. 139]:

0:(S+) = d¢ec. (10)

Hence, the mathematical model (7)—(I0) allows calculating the period of subcritical
growth of a small fatigue crack with a convex contour.

3. GENERALIZATION OF THE EQUIVALENT AREA METHOD FOR SMALL
CRACKS

The application of the mathematical model @7 for determination of residual
lifetime for cracks of arbitrary contours involves mathematical difficulties [2]. In order to
simplify the solution process, let us generalize the equivalent area method for the case of
short fatigue cracks.

Suppose that the energy values ngl) and Wp(z) slightly differ for two arbitrary small
cracks of convex contours L and equal area S under the condition of homogenous tensile
stresses p. In this regard, one of these configurations can be replaced by a circle of radius
r and equal length S = 7r2. According to the assumption, a crack of an arbitrary convex
contour L and an equal length has the energy values Wél) and ngz) that only slightly
differ from the corresponding values for a circular crack W,S”(C) and W1§2)(C) [2].

Thus, the character of the area change for a crack with an arbitrary convex contour
L and a crack of a circular contour with the equal area S are close. This concept is in
agreement with the ideas described in |1, p. 85-89].
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Let us use this approach to the problem in consideration. Based on the equivalent
area method, let us substitute the small plane crack of a convex contour for a circular
crack of the initial radius ro and the equal area |1}, p. 85]:

So =857, (11)

where S is the initial area of the plane crack, and Séc) = w7 is the area of the equivalent
circular crack.

From relation , the value of the initial radius of the equivalent short crack can
be obtained |1, p. 87]:

ro = So/ﬂ'.

The growth rate of the circular crack based on @ can be written in the following
form as a function of the opening of its fracture process zone [8]:

(57) -2

_ 2
V_ao(l_R) JIC_5§C)

: (12)

where R is the load ratio, and 6§C) is the opening of the fracture process zone of the
circular crack.

Consequently, the solution of the problem, similarly to |3]|, can be reduced to the
following mathematical model:

(50) 3,

o 0‘0(1 - R2) ©
Sre — 6

= (13
with initial
N =0, r(0) =rqg=+/So/7 (14)
and final conditions
N =N,, r(N) =r. (15)
The critical value of the circular crack radius r, can be found using the critical crack
opening displacement criterion ([10)):

58 (r,) = 61c (16)

Thus, the problem is reduced to the determination of the opening of the fracture
process zone for a circular crack.

4. EVALUATION OF THE OPENING OF THE FRACTURE PROCESS ZONE IN
FRONT OF THE CONTOUR OF A CIRCULAR CRACK

Consider an infinite elastic body with an inner disc-shaped crack of radius a (fig.
subject to tension at infinity by uniformly distributed loading of intensity p, directed
orthogonally to the crack face [4} p. 199].

During the loading process, a plastic zone appears in the neighbourhood of the crack
contour in the form of a plain ring of the size R — a, where R is the boundary radius
between the regions of elastic and plastic deformations [4, p. 199].
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Fic. 2. Uniaxial tension of a tree-dimensional body with a disc-shaped
crack [4, p. 199]

The opening of the fracture process zone ¢; for the generalized Sack’s problem is
given by the formula [4] p. 200]:

8ac;(1 — v?) - <1 1 (£>2>

or =
I E )

(17)

where v is Poisson’s ratio, o; the yield stress, and E Young’s modulus.
Based on formula (17), the following expression can be obtained via numerical
analysis for determination of the opening of the fracture process zone:

4ap?(1 — v?
4
no E\[1— (%)
or in the SIF parameters
201 _ .2
o = L) (19)

2
O'tla4 1-— (£>

Ot

where the stress intensity factor (SIF) K for Sack’s problem is given by |9, p. 131]:

K; = . (20)

A comparison of the openings of the fracture process zone obtained by the proposed
formula and (17), conducted for a specimen from steel 65I" (analogue to 1066) with
the following properties: £ = 2 - 10° MPa, o; = 910 MPa [10|, shows that the proposed
formula models quite well the exact relation between the opening of the fracture process
zone and the crack size for different load values for the generalized Sack’s problem.
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To solve the generalised Sack’s problem and determine the critical loading under
uniaxial loading of a three-dimensional body, the following relation can be used |4} p. 202]:

o, a<ag
P« = (21)

at\/Qa*/a \/1 —ay/2a, a> a,.

Relation can be also employed to determine the critical loading of a three-
dimensional body. It is known [4, p. 201] that the critical crack size for the generalised
Sack’s problem is calculated by the formula:

WE(SI
- 8oy(1 —v?)’
Then having substituted into the obtained formula for determination of the
opening of the fracture process zone in front of a crack contour and having grouped
the dimensionless loading values p./o: and crack sizes a/a., we obtain the following
expression for the critical loading:

L) (a) (e (23)
16 O Ay Ot o
Fig. [3| presents the comparison of the solutions obtained by formulas and ([23).
It is shown that formula is correct for solving of the generalized Sack’s problem and
contrary to , models the relation between the stress and the crack size by one relation

in the whole range of the dimensionless crack size. Thus, formula is valid both for
spontaneous fracture (a/a, > 1) and for subcritical crack growth (a/a, < 1).

ax (22)

p*/G‘ A
1 4

0.9 1
0.8 1
0.7 1
0.6 1

0.5 1

Y

2 4 6 8  a/a
FiG. 3. Solution comparison of the generalized Sack’s problem: solid
line is the exact solution by the formula (21), dashed line solution by

23)

In addition, let us conduct a numerical experiment based on the generalized Sack’s
problem for the steel 651" (analogue to 1066) using the proposed formula for determination
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of the opening of the fracture process zone . On Griffith’s problem, it has been
verified [8}/11L|12] that the approach to present the crack growth rate via the opening in
its tip is invariant contrary to the employment of a stress intensity factor. Let us use this
approach to Sack’s problem for a three-dimensional body.

It is considered that the crack sizes are kept within the range 1 < a < 10 mm.
The material properties (steel 65I' (analogue to 1066) tempered at 600 °C) [10] R = 0.1,
E =2.1-10° MPa, o, = 910 MPa, v = 0.3, AK;;, = 7.4 MPay/m, AK, = 118 MPa,/m
are used to calculate the initial data and experimental parameters: Ky, = 8.2 MPa,/m,
K. = 131.1 MPay/m, 6. = 8.99-107° m, &, = 3.54- 107" m, ag = 0.197.

The experiment is conducted for five crack propagation series at different fatigue
loading values p: 1 — 500 MPa, 2 — 700 MPa, & — 800 MPa, 4 — 850 MPa, 5 — 875 MPa.

For each loading series, we find the stress intensity factor by formula , the
opening of the fracture process zone by formula and the crack growth rate using
2.

Based on the obtained values, graphical relations are built between the crack growth
rate and the SIF V' ~ K (fig.|4) as well as between the crack growth rate and the opening
of the fracture process zone in front of the crack contour V ~ &; (fig. [5).

V, m/cycle
10° 1

1047
10° 7
10°T
1071

10°1

20 40 60 80 K, MPaVm
FiG. 4. Relation between the crack growth rate V and the stress intensi-

ty factor K at the series of loading p: 1 (#) — 875 MPa, 2 (¢) — 850 MPa,
3 (*) — 800 MPa, 4 (e) — 700 MPa, 5 (o) — 500 MPa

Fig. [ shows that points obtained at different load levels are located on parallel
curves. Thus, one value of SIF corresponds to several values of crack growth rate V
at different load levels p. This difference in the results emerges due to plasticity, since
the plasticity zone formation for the case of small cracks is not considered in the SIF-
approach contrary to the d;-approach. Higher divergence level is observed for higher load
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levels due to the increase of the plasticity zone and expressed in formula by the

factor {/1 — (p/o, )°.
V, m/cycle
1071
107
10° 1
107 1
107 1

10°% 4

2 4 6 8 §10°,m

F1G. 5. Relation between the crack growth rate V and the opening of
the fracture process zone J; at the series of loading p: ¢ — 875 MPa,
o — 850 MPa, * — 800 MPa, ¢ — 700 MPa, o — 500 MPa

On the contrary to the fig. [ one value of the opening of the fracture process zone
&7 corresponds to one value of the crack growth rate V', as all the values for different load
levels are located on a single curve (fig. . This indicates the invariant character of the
crack growth rate representation in the coordinates V ~ §r towards the load level.

Thus, for the three-dimensional problem, the obtained result is similar to the one
for the plane problem: the representation of the crack growth rate via the opening of the
fracture process zone ¢; is invariant on the contrary to the rate representation using the
stress intensity factor K.

5. (RENERALIZATION OF THE EQUIVALENT AREA METHOD FOR SMALL
CRACKS (CONTINUATION)

Let us return to the equivalent area method for short cracks. Considering that the
opening of the fracture process zone in front of the crack contour 6§C) can be calculated
by formula proposed above, a formula for determination of subcritical crack growth
period N, is obtained from expression (13) taking into account the relations , (20)
and the boundary conditions , :

TEo /1 — (ploy )2 ' SimEoiy (poy ) — 4rp? (1 — 12
N, = ) dr. (24)

1 R2)? 2
ao(l — F%) 16r2p(1 — 12)? < wTEoi\/1— (p/oy) )
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After integration, the relation between the period of subcritical crack growth N, and
crack radius r can be represented as

" Sagp? (1—12) (1 - R?)?

TEoiy/1— (p/oy )? [(5[6 4rp® (1 —v?) — symEo\/1 — (p/oy )?

— 1n
Oth | grp2 (1 — v2) + SnmEor {1 — (p)os )2

4./So /7 p2(1 — V2) + dnmEaiy/1 — (p/oy )2

44/ So/m p*(1 = v2) = S Eo\/1 — (p/o )2 (25)

2
16r2p* (1 — 1/2)2 - <5th7TE0t V1-(p/o: )2>

—1In

2
16Sy/m p* (1 — u2)2 — ((5th7rEot \/1— (p/oy )2)

The critical value of the crack radius r,., obtained by the critical crack opening
displacement criterion using the formula for the opening of the fracture process

zone ,

B SremEaiy/1— (poy )

x = , 2
" S (1= 7) (2)
corresponds to the following lifetime of the body:
nEoi\/1— (p/oy )2
T Bapp? (1—1v2) (1 — R2)?
{5& | |0re = 8w AV/So/mp? (1= V) + b Eor /1 - (/o )?
X |=— In .
O 101e +0h 4 /G702 (1~ 2) — §ymEo, /1 — (p)os )2 (27)
2
(5?6 — 5t2h) <71'Eat \/1—(p/oy )2>
—In

2
165y /7 pt(1 — v2)* — <5th7rEat /1 — (p/oy )2>

Thus, formulas and give the solution for the problem of cyclical tension
of a three-dimensional body with a small crack of an arbitrary convex contour using the
equivalent area method through the radius of an equivalent circle crack.

6. SOLUTION OF THE PROBLEM OF CYCLICAL TENSION OF A BOoDY WITH A
SMALL ELLIPTICAL CRACK CONTOUR USING THE EQUIVALENT AREA
METHOD

In order to verify the accuracy of the proposed approach for the approximate lifetime
evaluation of structural elements using the equivalent area method, let us consider a
specific example: a uniform three-dimensional body with an inner small elliptical crack
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with semiaxes ag and by (fig. @ The body is subject to uniformly distributed cyclic
tension p applied at the infinity. The problem is to determine a period of subcritical
growth N = N, when the crack grows to the critical values a., b, and the body collapses.

PRl e?

F1a. 6. Three-dimensional body with an elliptical crack [3]

Introduce a cartesian coordinate system Oxyz so that the crack is located on the
plane z = 0, axis x coincides with the major semiaxis of the ellipse 2a and axis y with
the minor semiaxis 2b.

The solution of the problem is sought by two methods: the generalized equivalent
area method and the numerical Runge-Kutta method, and the obtained results are
compared.

Based on the equivalent area method |1, p. 85-89], the elliptical crack with semiaxes
ag and bg is substituted by a circular crack of an equal area and initial radius 7¢:

S = 87, (28)

where S(()e) = mapb is the initial area of the elliptical crack, and S(()C) = mrrd is the initial
area of an equivalent circular crack (fig. [7).

From relation , the value of the initial radius of an equivalent circular crack can
be obtained:

To = Qg bo . (29)

Similarly to the previous case, the solution of the problem is reduced to the
mathematical model 1) taking into account the initial condition (29).

Then from relation (24) after integration in the range of and (26), a formula
for determination of the period of subcritical crack growth N, depending on the radius
r can be derived:



GENERALIZATION OF THE EQUIVALENT AREA METHOD
ISSN 2078-3744. Bicuux JIpBiB. yH-Ty. Cepist mex.-mar. 2020. Bumyck 89 117

TEo\/1— (p/oy )? [516 4rp® (1 = v?) — SymEo\/1 — (p/oy )?

. = s |+ In
8agp? (1 —v2) (1 — R2)* Lo

4rp? (1 — v2) + dymEoy/1 — (p/oy )2
4\/a0b0p2(1 - V2) + dnmEaiy/1— (p/oy )2
X

4/agbop? (1 — v2) — dmEay\[1 — (p/oy ) (30)

2

16r2p* (1 - %) — <5th7TE0t V11— (/o )2>
—In

2
16apbop* (1 — V2)2 — (5th7rEot \/1—(p/oy )2>

The critical value of the crack radius r,, found in , corresponds to the following
lifetime of the body:

TEo\/1— (p)oy )?
T Saap? (1 12) (1 - B2

I:(SIC 1 610 — 6th 44/ a0b0p2 (1 — 1/2) + 5th7TEO't \4/ 1-— (p/at )2
X |— In .
§th 5Ic + 5th 4 /aobopQ (1 _ VQ) _ 5th7TEUt 4/1 _ (p/O't )2 (31)

(62, — 62,) <7rE0t /1= (p/oy )2> ’

16agbop*(1 — 1/2)2 — ((Sthﬂ'EO't /1 (p/oy )2>

Hence, formulas and represent the solution of the problem of cyclic tension
of a three-dimensional body with an elliptical crack using the equivalent area method as
a function of a radius of an equivalent circular crack.

—1In

2

;/ e /}
/

%
///// e

Fia. 7. Elliptical and equivalent circular crack |1, p. 86]
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7. LIFETIME CALCULATION OF A BoDY WITH AN ELLIPTICAL CRACK BY
THE RUNGE-KUTTA METHOD

Finally, let us find an exact solution of the problem of cyclic tension of a three-
dimensional body with an elliptical crack.

It is known [1, p. 85], [3] that for long cracks, the form of an elliptical crack only sli-
ghtly differs from the elliptical in the process of its constant motion. Hence, the propagati-
on of such crack can be modelled through the motion in the direction of its two semiaxes.

Under assumption that a small fatigue crack in the process of its growth also remai-
ns elliptical, the equation of motion for this crack dS/dN, that characterises the area
change with change of the number of the loading cycles, can be reduced to two equati-
ons: equations that describe the change of the major and minor semiaxes of the ellipse.

In this case to solve the problem, the kinetics of crack motion in both semiaxes has
to be known. Thus, analogically to , we obtain:

v =1 (o)
o =1 (o).

where f (6@) and f (652)) are the functions that describe the growth rate of an elliptical

(32)

crack through the opening of the fracture process zone in front of its contour 5&2) and
5}? in the direction of the major ¢ and minor b semiaxes of the ellipse.
The functions f (55?) and f (5%)), build analogically to , have the form:

L (5) 3,

dpc — 0y

)

7 (88)) = ao(1 - R?)

O\2 (33)
f (6(6)) (1 R2)2 (6117 ) - 6t2h
) =aoll— (o
Orc = 551))
where according to , the openings of the fracture process zone are given by:
K9 (1- 2) K9) (1-12)
(e () "

Ia -
O'tE\llf Uit Ot 1)1* Uit

It is known, that the stress intensity factor for an inner elliptical crack changes along
its contour in the following way |1, p. 99], |11}, p. 88]:

N PR
Klfpm sin B+a—2cos B, (35)
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where 3 is the angular parameter, k? = 1 — Z—z, and E(k) is the elliptic integral of second
order:

E(k) = / V1 — k2sin?6d6. (36)
0

The coordinates of an arbitrary point on the crack contour are given by the angular
parameter § and the semiaxes by the relations |1, p. 88]:

x=acosf, y=bsinf. (37)

Then based on and (33), the SIF has the following forms for the major semiaxis of
the ellipse at = = a:

b
Kl = VT (39)
VaE(k)
and for the minor semiaxis at y = b, respectively
K(© = BT (39)
Ib E(k)

Taking into consideration functions (33, the opening of the fracture process zone

and the SIFs , , we obtain from system :

da B O&o(l - R2)2 | (7Tb2p2 (1—y2))2_ <a(E(k))25thEUt m)

N 7a(E(lc))2Eat Vi=(p/o)?  a(E(k))*61Eoii/1— (p/oy)? — mb2p? (1 — 12)

Y

db ap(1— R2)2 (mbp? (1 — VQ))Q - ((E(k))25thE0't 1 — (p/at)Q)
N (B Boi/1=(fo) (B0 5rBonif1— (ofon) —mbp? (1)
(40)

For the sake of simplicity, the integral E(k), introduced by formula (36), can be expanded
to series by the parameter k [3]:

s > n—1)1\?> k2
Ek) =5 [1 -2 ((2 2%!1)”) 2:— 1] ' (41)

n=1

The solution of obtained system with consideration of initial conditions:
N = 07 a(o) = Qo, b(()) = bO
is sought numerically by the Runge-Kutta method.

The calculation is performed for steel 65" (analogue to 1066) with the following
properties [10]: ap = 0.197, v = 0.3, E = 2.1-10° MPa, o, = 910 MPa, AK;, =
7.4 MPay/m; AKy;. = 118 MPay/m, load ratio R = 0.1, having applied loading p =
900 MPa to a cracked body with the initial crack sizes ag = 1 mm, by = 0.5 mm.

According to the critical crack opening displacement criterion (0],

58 () = Orey 05 (@, ba) = bres
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critical sizes of the elliptical crack for the considered problem are a, = 7 mm, b, = 7 mm.
The corresponding critical size of the equivalent circular crack due to is also
re = 7 mm.

As can be seen from the fig. [§] the curves that describe the relation of subcritical
growth period of an elliptical crack N, on its area S, obtained using the approximate
generalised equivalent area method and the exact numerical Runge-Kutta method, are
quite close. This indicates high accuracy of the generalized equivalent area method.

A
N, cycles | T

1001

104

14

0.14

0.01

2 6 10 14 $10°, m?

Fic. 8. Relation of subcritical growth period of an elliptical crack N,
on its area S,: dashed line is obtained by the generalised equivalent area
method, solid line by the Runge-Kutta method

Hence, the generalized equivalent area method can be applied to solve a problem
of fatigue tension of a three-dimensional body with an elliptical crack that significantly
simplifies the solution process compared to the exact method as well as enables to obtain
an analytical relation N, ~ S,.

8. CONCLUSIONS

This study proposes a generalization of the equivalent area method, that is widely
used to solve the problems with long cracks, for a case of short cracks. Firstly, a formula
has been obtained to express the crack growth rate as a function of opening of the fracture
process zone in front of the crack contour, and the invariancy of this approach has been
shown for a three-dimensional cracked body. Secondly, the equivalent area method has
been generalized for a case of short cracks. Based on the problem of fatigue tension of a
three-dimensional body with an elliptical crack, it has been shown that the solution by
the generalized equal area method with employment of the proposed relation between
the crack growth rate and the opening of the fracture process zone differs little from the
exact solution obtained numerically by the Runge-Kutta method.
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Y3ATAJIHEHHA METOAY EKBIBAJIEHTHUX IIJIOIII HA
BUITAJOK MAJINX BTOMHUX TPIININH ¥V TPUBVMMIPHNX
TIJIAX

Harania AJAKAK

JIveiecvrutl Haytonasbrul yrieepcumem iment leana Pparka,
eys. Ynisepcumemcoka, 1, 79000, Jveis
e-mail: nataliya.yadzhak@Inu.edu.ua

B imxkenepHiii MPaKTUI MTUPOKO EKCILIyaTYIOThCS €JIeMEeHTH KOHCTPYKITiH
3 MaJIIMU TPIlMHAMHE, IIPOTE BIJIHOCHO IIPOCTI METOIY OLIHKHK JOBIOBIYHOCTI
TAaKUX KOHCTPYKTHBHUX €JIEMEHTIB pPO3PO0JIEHO HEIOCTATHBO. 3AMIPOIIOHOBAHO
y3araJbHEeHHs METOJIy eKBIBAJIEHTHHUX TIJION] HA BUIAJA0K MAJINX BTOMHHX TPi-
IUH i3 BUKOPUCTAHHSM A/IbTEPHATHBHOIO [IPEICTABJICHHS 3aJI€2KHOCTI IIBUI-
KOCTiI POCTY TPIIIMHU Bi PO3KPUTTS 30HM IepeapyiHyBaHHS Oijisi KOHTYpPY
Tpimuun. Po3s’g3aH0 33181y BTOMHOTO PO3TATY TPUBUMIPHOTO Tijia 3 €JINTH-
YHOIO TPIIUHOIO 11i/f BILIMBOM BTOMHHMX HABAHTAXKEHb aHAJITHUYHO 33 JI0IIOMO-
rOI0 METONy €KBiBaJIeHTHHX ILIONI i "mcesbHO MeTogoM Pymre-Kyrra. Ilopis-
HSHHS OTPUMAHUX PO3B’SI3KiB T0BEIEHO M00PY 30iKHICTH Pe3yJIbTATiB, MO Mi-
TBEP/ZKYE MOXKJ/IMBICTD BUKOPDUCTAHHSI y3araJIbHEHOIO METOIY eKBIBaJIEHTHHX
TLTOT, JIjIs PO3B’sI3aHHS 33729 3 MAJIUMU TPIlIHHAMA.

Karowosi crosa: Maji TpIIWHE, BTOMHE DYHHYBaHHS TPUBUMIDHHUX TiJI,
eJIIIITUYHA TPINUHA, METO/ €KBiBAJIEHTHHUX IO, PO3KPUTTS 30HU Iepeapyii-
HYBAaHHSI.
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TOIIOJIOTIA ¥V JIBBIBCBKOMY YHIBEPCUTETI

IBammars gerseproro aororo 2020 poky o 15 roauni B ayx. imeni Credana Banaxa
(ayx. 377) rososaoro kopiycy JIbBIBCHKOrO HaliOHAJIBHOrO yHiBepcurery imeni IBana
®panka BiOyIMCS HAYKOBO MOMYJISIPHI JIEKIIil TPUCBsY€eHl PO3BUTKY TOmoJIorii y JIbBiBCH-
KOMY YHiBEpCHUTETI.

1. BcTynHe cJI0BO Ta aHOHC JIEKITI

2. “IcTopig JIBBIBCHKOI TOMMOJIOTIT’
Apocaae IIpumyaa, notent Kadeapu MATEMATHIHONO Ta (PYHKITIOHATHHOTO
aHaJIi3y.
IcTopii aBBiBCHKOT TOMOJMOTIT TTeperye TeomeTpis. Bigomo, 1o reomeTpis — 11e Ha-
yKa MPaBUJILHUX MipKyBaHb HA, HEMPABUIHLHUX PUCYHKaX. TOMOIOris X moKasye,
HACKLIbKH Il PUCYHKHU MAIOTh OyTH HEIMPABUIHLHUMUA.

3. “Surmyny Auimmescskuii (1888-1920)”

Tapac Banax, 3aBinyBad kadenpu reomerpii i TOmOIOTII.

Burmyna duimeBcbkuii — TBOpeInh Teopii KOHTHHYYMiB, CTpaTer PO3BUTKY
MOJTbCHKOI MaTEMATHKH, CIiB3aCHOBHEK KypHaay ‘Fundamenta Mathematicae”.
Otrpumas ocgiry B naiikpamux ysisepcurerax €spoun (Iliopix, Terinren, ITa-
pwxk, Miowrxen, Mapoypr, fpau). Y 1913 p. orpumas rabinmiTanio y JIbBiBChbKOMY
yHiBepcureTi, a 3 1918 p. mpamoBas y Bapmascbkmy yriBepcuteri. Ilomep y
1920 p., moxoBanuii Ha JInuakiBchbKOMY K1aI0BHIIL y JIHBOBI.

4. “Ian Mukosaiiopuu Ilecin (1930-1993)”

Muxatiao 3apiurudi, mpodecop Kadeapu reomerpii i TOMOJIOTII.

Isan Ileciu 3pobuB BaroMmmii BHECOK He JIHIE B PO3BUTOK TEOPil KBa3iKOHGOPM-
HEUX BimoOparkeHb, ajie TAKOXK B TeOpito PYHKIIi AifCHOI 3MiHHOI Ta T€OMETPUIHY
tonosiorito. IIlupokuit HAyKOBHil CBITOI/IAM, ITHOOKI 3HAHHS Ta HECTAHIAPTHUI
THUTT MUCJTIEHHS JO03BOJIAIN oMy (opMmysioBaTi HOBI Iikasi 3a1ati Ta MPOITOHY-
BATH TIXOIN 0 TX PO3B’A3aHHS. Moro muinui MmaremaTuywi inel BrimoBasmcs B
B HAYKOBUX TOITyKaX Y9IHIB, CEPE AKUX /IBA JTOKTOPA TA TPU KaHAUIATH (Di3uKo-
MaTEeMATUIHUX HAYK.
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4. “IIpo JIpBiBCbKUii TONIOJIOTIYHHI ceMiHAp Ta HoOro 3acHoBHuUKa Irops
Mocunosnua T'ypauna”
Ouee I'ymix, noment kadeapu reomeTpii i TOMOIOTII.
Irop I'ypan — mpeacTaBHUK HOBOTO TIOKOJIHHS JIbBIBCBKUX TOTOJIOTIB, SKi 3a-
IIOYATKYBA/IM HOTYKHY TOIOJIOridHy Koy B JIbBoBi 3i cBiroBum imenem. Io-
O JKATTEBUI Ta HAYKOBUH TJIAX, HAYKOBI pe3yabTaTu, mitu-yuHi Ta 40-pidna
nerenga-ceminap “Tomosioris Ta 3acTocyBaHHsST MOKPUTI yMOPUCTHIHUME OIIO-
BiIKAMW Ta JIeTeHIaMMU.

Oanez T'ymix



ITPABMJIA [OJI51 ABTOPIB

1. CrarTst MOBUHHA MICTUTH PE3yJIbTATH HOBUX JIOCTIIKEHDb ABTOPA 3 TIOBHUM JTOBE-
ngennsM. He mommisibHO poOMTH BesIMKI Oryisay Bxke OmyOJiikoBaHuX pe3ysibrariB. Poburu
[IOCUJIAHHSI HA HEOIlyO/IiKOBaHi mpari He MOYKHA.

2. Tekcr crarTi HAOMPAIOTH HA KOMIT'IOTEPl YKPATHCHKOIO UM AHTIHCHKOI0 MOBAMH.
o pemakiitaoi koserii morpibHo mogaBaTu:

eJIEKTPOHHWIT BapiaHT CTATTi Ta pe3ioMe Ha BEO-CTOPIHKY

http://publications.lnu.edu.ua/bulletins /index.php /mmf

Ta BapTO HAJICJIATHU 33 aAPecoro [nu.visn.mm@gmail.com);

JoBiaKa po aBropa (cmiBaBropiB), y skiit Tpeba 3asuaduru im’s, mo 6ATHKOBI Ta
[pi3BHUIE aBTOPA, Micie pobOTH, MOCATY, aAPecy YKPAIHCHKOIO Ta, aHIVIIICHKOI0 MOBAaMU,
TesiehoH, eJIEKTPOHHY apecy.

Onrumasnbauit 06csar crarTi 10 20 cropinok. Po3mip mpudtis 10pt, BucoTa cTopiHKm
— 190 mm, mupura — 135 mm.

3. Bumoru 10 mabopy.

Texcr crarTi crBopioBatn y Bepcii BTEX 3 KOAyBaHHAM KUPWINIHUX MPUPTIB
,, Kupnmunsg (Windows)“ (komosa cropinka 1251).

Ha nepmiit cropinmi crarti norpibuo 3a3nagntu mHomep ¥ IK ta MSC 2020.

Howmepu dopmyn craButu 3 npaBoro 00Ky Ta HymepyBaTu Jjmuiie GhOpMyJIn, HA sKi
€ MOCUJIAHHSI.

Y mocunanusx Ha Teopemy 3 MoHOrpadii 3a3HaYNTH CTOPIHKY, HA SKiii BOHA OmH-
caHa.

Pucynku pno crarri nogasaru y rpadiunomy dopmari BMP uu PCX. Hassa pu-
CyHKa, YU HOro HOMEpP He BXOOATH y 300pakeHHs, iX Tpeba CTBOPIOBATH 3acobaMu
BTEX’y. Bubuparoun po3mip rpadidaoro 300parkeHHsi, HAJEKUTh BPaXyBaTH, IO
BOHO Oy/ie HAAPYKOBaHE HA MPWHTEP] 3 PO3/aiabHOI0 3aaTHicTIO 600 dpi.
Jlireparypy mojaBaTu 3arajbHUM CIHCKOM y TOPSJIKY HOCHJIAHB HA JIZKepena B
TEKCTi CTaTTi.

3pa3ku 6i6miorpadidHOro ONMCcy KHUTH, CTATTi, MPENPUHTY, AUCEPTAIIil, JeMOHOBA~
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