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ITPO OJHE Y3ATAJIbHEHHS BIIMMKJITYHOTO MOHOIIA

Ouger I'VTIK, Mukosa MUXAJIEHNY

Jveiecvruti HaytonarvHul yrisepcumem imens Isana Dparka,
eya. Yuisepcumemcora, 1, 79000, JIveis
e-mails: oleg.gutik@QInu.edu.ua, ovgutik@yahoo.com,
myhalenychmc@gmail.com

Bsoanmo asrebputHe pO3MIUPEHHS B 6inuk/iunoro MOHOIa, AJ1s JOBib-
HOI w-3aMKHEHOI CiM’T ¥ MAMHOXKUH B w, 9Kl y3araJbHIOIOTH OiuKIigHUi
MOHOIZ, 3J/Ii9eHHY HAMIBIPYIly MATPUIHUX OUHUID i AesKi iHmli KoMOiHATODHI
iEBepcHi HamiBrpynu. loBemeHo, 1mo B7 ¢ KOMOIHATOPHOIO iHBEPCHOIO HAIIiB-
IPYIOIO, & TAKOXK OINMCAHO BiguomeHHs I piHa, YaCTKOBUH IPUPO/IHUI ITOPSIIOK
Ha HAIBrpymi Bf Ta 11 MHOXkUHY inemmorenTtiB. Takox J0BemeHO KpuTepil
npocroru, O-mpoctorn, 6impocroru Ta 0-6impocrorn Hamisrpynu B z , & TAaKOXK
komu BZ micrurs omuHumio, isoMopdHa OiruKIi9HOMY MOHOIMY a00 3/TiYeHHI’
HAIIBIPYIl MATPUIHUX OUHUILD.

Karowosi crosa: HamiBrpymna, OIMUKJIYHEN MOHOII, PO3UINDPEHHS.

1. BcTyn

Mu kopucrysarumemocs repminosioriero 3 [Bl 6, 12 [14]. Hanani y Tekcri MHOKUHY
HEBiT'€MHHMX IIIMX 9HCEs [MO3HAYaTHMEMO 1depe3 w. s moBiabHOrO k € w MO3HAYMMO
k) ={icw:i>k}.

[Tigmuokuua A B w HA3MBAETHCS HOYKMUEHOI0, SIKIIIO 3 TOTO, IO | € A BUIIMBAE,
mo i+ 1 € A. OueBunno, mo &  IHIAYKTHBHA MHOMKUHA B W, 1 HEIIOPOXKHS ITiIMHOXKHIHA,
A C w € inpykruBHO©O TOA] 1 sinne Toxi, koiau A = [k) mia nedkoro k € w.

ko S — naniBrpyua, ro i niaMHOKuUHA iqeMiIoTenTiB no3HaYaeTbes yepe3 E(S).
Hamisrpymna S Ha3WBaETHCS iH6EPCHOM0, SIKIO JJIsT JOBIJIBLHOTO 1 €JIeMeHTa T iCHYE €Iu-
uuit exement z~! € S rakmit, mo rx~'z = z ta z7lzz™! = ! [1, [[4]. B insepcHiit
HamiBrpymi S BuINe O3HAMeHH eJTeMeHT | Ha3HBAETLCA ineepcrum do T. Baska — 1e
HAIIBTPYIa iIEMIIOTEHTIB, a Hanisspamra — e KOMYyTATHBHA B’ s3Ka.

Akio S — HamiBrpyma, TO ME HO3HAYATHMEMO Bigaomenns I pina va S uepes %, &,
2,1 ¢ (nuB. o3nadenns B [0, §2.1] a6o [10]). Hanisrpyna S nasusaernca npocmoro,
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AKIIO S He MICTHTD BJIACHUX JBOOIYHUX ineasiB, T06TO S CK/IaIa€TbCA 3 ONHOIO _f -KJacy,
i 6inpocmoro, AKIIO S CKIAJAETHCS 3 ONHOIO Z-KJacy.

Biguomenus ekBiBajgeHTHOCTI K HA HAMBrPYT S HABMBAECTHCA KOHZPYEHULEN, STKITIO
JUIS eJIeMeHTiB a Ta b Hamirpymnu S 3 TOro, 0 BUKOHYEThCs ymMoBa (a,b) € R Bumwiu-
Bae, 1o (ca,cb), (ad,bd) € R, naa nouibhux c¢,d € S. Bignomenus (a,b) € K Takoxk
Oymemo 3ammcyBatu aflb, i B [bOMY BUIAJKY OyIeMO rOBOPWUTH, IO esemenmu a ¢ b K-
€K616aNEHMMH.

dIkmo S — mamirpyma, To Ha E(S) Bu3HaueHO 9acTKOBHMH TOPSAIOK: € < f Tomi i
qittie oz, kosn ef = fe = e. Tak o3HaueHnit YacTKOBMi MOPsAIOK Ha F(S) HazuBaeThCs
NPUPOIHUM.

OsnaunMo BigHOmIeHHsS < Ha iHBepcHi¥ HamiBrpymi S Tak: s < t Toai i Jiumie To-
ai, Koy § = te. s geskoro izemmnoredrta e € S. Tak o3HaveHMii 4acTKOBHI LOPSIOK
HA3UBAETHC NPUPOIHUM YACTKOBUM Nopadkom Ha iuepcuiit nauisrpyui S [1]. Ouesu-
JTHO, IO 3BYKEHHS TIPUPOIHOTO YACTKOBOTO MOPSIIKY < HA iHBepcHiil HamiBrpymi S Ha 11
B’a3ky F(S) € npupogHuM 9acTKOBUM TIOpAIKOM HA F(S).

Haranaemo (mus. [Bl, §1.12], wo 6iyukaiunoto naniezpynor (abo Giyukaivnum mo-
notdom) € (p, q) HA3UBAETHCS HALIBIPYIIA 3 OJMHUIIEIO, IOPOKEHA [[BOCJIEMEHTHOI0 MHO-
XKUHOW {p, ¢} 1 Bu3Haduena omauM cuiBBimHOmeHHsM pg = 1. Binmkimiuna manmiBrpyna
BiZIirpae BayKJIMBY POJIh y Teopii HamBrpym. 3okpeMa, Kiaacuuua treopema O. Aumepcena
[2] crBepmxye, mo (0-)mpocra HamiBrpyma 3 (HEHyJIBOBHM) imeMroreHTOM € miskoM (0-
)IIPOCTOIO TO 1 JIMIIe TOJI, KOJIM BOHA HE MICTUTH 130MOPGHY KO0 GIIUK/IIYHOIO MOHO-
ina. Pisui posumpents GIMKIIYHOrO MOHOIIa BBOAUIM pasiiie pizui apropu |7 [§, O] 1]].
Takumu €, 30Kkpema, KOHCTPyKIiii Bpyka ta Bpyka—Peiini 3anypents HAmBIrpyn y mpocTi
Ta onucanHs inepcuux Giupocrux i 0-6iupocrux w-nauisrpyu |4 [15) 17, 11].

3ayesasicenns 1. Jlerko 6auuru, o Ginukiivauii Mmonoin € (p, q) i3omopduuii Hanisrpy,
3aJaHiit Ha MHOXKHUHI B, = w X W 3 HAMBIPYIOBOIO OMEPAITIEI0
(i1,41) - (i, j2) = (i1 + iz — min{jy, i2}, j1 + jo — min{j1,42}) =
_ (i1 =1 +iz,j2), AKmO ji < i
(i1,J1 — 2 + j2), dAKWmO ji > .
M 0 o asred i po3 e B7 6i iunoro monoiza OBLJIBHOI
u BBOJUMO asirebpuuni poswmupenns B 6inuk/idHOro MOHOLIA /s JIOBLIbH
w-3aMKHEHOT ¢iMT % TIMHOXKWH B w, sIKi y3araJbHIOIOTh GIITUKIIITHUN MOHOI, 3/Ti9eHHY
HAMIBrPyIy MATPUIHUX OJUHUID i AesdKi iHmmi koMmOiHaTopHi iHBepcHi HamiBrpymu. JloBe-
JIEHO, IO sz € KOMOIHATOPHOIO IHBEPCHOIO HAIIBIPYIIOI, & TAKOXK OMUCAHO BiIHOIIEHHS
I pina, 9aCTKOBUI MPUPOIHUI HOPSIO0K HA HAIIBIPYII Bf Ta 11 MHOXKHUHY 1JIeMIIOTEHTIB.
Takox mosesieno kpurepii npocroru, 0-pocroru, dinmpocroru Ta 0-6impocToTn HAMIBIPY-
gzt Bf, a TaKOXK KOJIU Bf MICTUTH OJUHHUINO, i30MOpdHA OINMUKIIIHOMY MOHOIIY ab0
3JTYEHHIN HAMBrPYIi MATPUIHUX OJUHUID.

2. KOHCTPVYKIIISI PO3IINPEHHSA B
Hexait &(w) — ciM’st ycix migMuoxkuH opauHany w. Jna posinsaux F € P(w) i
n,m € w npuiiMeMo
n—m+F={n-m+k:keF} akio F # &
in—m+F =g, akmo F = @.
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Byaemo rosopuru, o niacim’s F C P (w) € w-3amknenoro, skmo Fy N (—n+ Fy) €
F nng poBlibHux n € w i Iy, Fy € %

Hexait B, — 6inukivnmit Monoin i & — w-3amkHeHa miaciv’s B & (w). Ha muoxmmi
B, X % o3naunmo GiHapHy omepailiiio “-’ (hpopMyson

.. .. i1 — J1 + 12, J2, (j1 — 19 +F1) ﬂFg), AKIO J1 < 12
i1, 1, F1) * (i2, o, Fy) = (Zl T . ; . . .
(.31, F1) - (i, o, F2) { (i1, 41 —d2 + j2, F1 N (i — j1 + Fy)), aKWO j1 > ia.

Toni orpumyemo, 1110

((i1, 41, F1) - (i2,j2, F2)) - (i3, 73, F3) =
_ { (i1—J1+i2, jo, (J1—i2+F1) N Fp)-(i3, j3, F3), axmo ji < iz;
| (G, Jr—ietge, Fy N (ie—J1+F2))- (i3, 43, F3),  axmo ji > g
(i1 —j1+ia—j2+i3, 3, (j2—i3+((j1—i2+F1) N F2)) N F3),
AKo J1 < d2 1 jo <435
(i1—Jj1+i2, jo—iz+js, (j1—i2+F1) N Fy N (i3—ja+F3)),
. AKINO j1 < fo 1 Jo 2= 13;
(11 —J1+ia—j2+i3, J3, j1—i2+ja—iz+(F1 N (ia—j1+F2)) N F3),
AKIO j1 2 12 1 j1—i2+j2 < i3;
(i1, j1—t2+j2—i3+7s, (F1 N (ia—j1+F2)) N (j3—j1+ia—ja+F3)),
AKIO j1 2 T2 1 J1—l2+j2 2> i3

(11 —J1+ia—j2+i3, Js3, (Jo—iz+j1—iza+ 1) N (Ja—iz+F2) N F3),
AKINO j1 < 1o 1 jo < 135 (11)
(i1 —Jj1+i2, jo—iz+j3, (j1—i2+F1) N Fy N (i3—j2+F3)),
_ AKINO Ji <l 1 jo = i3; (21)
(il—j1+i2—j2+i3,j3, (jl—i2+j2—’i3+F1) n (jz—ig—FFz) n Fg),
AKIO j1 2 i2 1 j1—ia+j2 < i3; (31)
(i1, j1—ia+jo2—iz+j3, F1 N (i2—j1+F2) N (j3—j1+iz—Jj2+F3)),
AKINO j1 2 12 1 j1—i2+j2 = i3 (41)

(11,71, F1) - ((i2, j2, F2) - (13,73, F3)) =

_ { (i1, 71, F1)-(ia—ja+13, js, (Jo—iz+F2) N F3), sakmo js < i3;
| (i1, g1, Fu)-(ig, jo—is+js, Fo N (i3—ja+F3)), gxmo jo > i3
(i1—J1+i2—7j2+i3, J3, (j1—ia+jo—iz+F1) N (jo—iz+Fa) N F3),
AKIIO Jo K 13 1 J1 < t2—J2+13;
(i1, j1—t2+j2—i3+]s, F1 N (ig—ja+iz—ji1+((jo—iz+Fa) N F3))),
_ AKIO jJo < i3 1 j1 2 t2—J2+13;
(11 —J1+1i2, jo—is+Js, (J1—Jo+is—j3+F1) N Fy N (i3—ja+I3)),
AKINO Jo > i3 1 j1 < i2;
(i1, j1—i2+j2—iz+js, F1 N (ia—j1+(F2 N (i3—j2+F3)))),
SKINO Jo = 43 1 J1 = d9;
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(i1 —J1+i2—7j2+i3, J3, (j1—la+jo—iz+F1) N (jo—iz+Fa) N F3),
AKIIO J2 < 73 1 j1 < i2—J2+13; (12)

(11, j1—t2+ja—iz+Js, Fi1 N (ia—j1+F2) N (ia—jat+iz—j1+F3)),
_ AKIO Jo < i3 1 j1 2 12— J2+13; (22)

) (i—j1+ie, jo—iz+J3, (J1—Jat+iz—js+F1) N Fo N (i3—ja+F3)),
AKIIO Jo = 13 1 j1 < 493 (32)

(i1, j1—i2+j2—i3+]3, F1 N (ia—j1+F2) N (ia—j1+iz—ja+F3)),
AKIIO j2 2 i3 1 jl 2 ig. (42)

Amnasoriuo, K i y BUMaIKy JTOBEIEHHS aCOIIaTUBHOCTI HAMBIPYNOBOI ONepariii A
OIIUKJIITHOrO MOHOIA, MAEMO TaKi €KBIBAJEHTHOCTI yMOB:

1)V E) = (12),  (21) <= (32),  (4) = (22)V (42).
Orke, MU JIOBEJTH TAKE TBEP/IPKEHHS.

Teepaxkenns 1. drxuwo cim’'s F C P(w) € w-zamknenoro, mo (B, X F,-) € nanisepy-
n010.

Ipunycrumo, mo w-3amMkHeHa ciM’st F C P (w) MICTUTH MOPOXKHIO MHOXKHHY

@, TO 3 O3Ha4YeHHs HamiBrpymnosoi omepanii (B, X %,:) BUILUIUBAE, WO MHOXKUHA

I={(ij,9):i,j € w} € ineanom mamierpynu (B, x Z#,-).
7 C

Osuavenns 1. s noBinbHOT w-3aMkHEHO! ciM'T . C P (w) 03HAIMMO

B7 _ (B, x Z,)/I, sxmo & € F;
T (Bu X&), AKIO & ¢ F

3. AJITEBPUYHI BJIACTUBOCTI HAIIIBIPYIIA Bf

Hapasi mu BBaskaTnmemo, mo # — w-3aMKHeHa mijacim’s B 2 (w).
Tepaxenns jemu [1] ouesnane.

Jlema 1. Hanisepyna B‘f Mmicmums Hyav 0 modi i auwe modi, Koau S € F, nputomy
Hyab 0 € 0bpasom ideara I npu npupodnomy 2omomopdizmi, nopodsrcenomy KoHzpyeHyieo
Pica

Cr={(z,2):x€B,x FIUI x1I)
na naniezpyni (B, X F,-).
JIema 2. Henyavosuti enemenm (i, 7, F') nanieepynu Bf € idemnomenmom modi ¢ suwe
modi, KoAu i = j.

Josedenna. (<) dAkuio i = j, T0 MagMo, 110
(i,i,F) - (i,4, F) = (i,i, FNF) = (4,4, F),
a orxe, (i,i, F) € E(BY).
(=) Hpunycruvo, mo (i, j, F) € E(BZ) mai > j. Toxi
(60, F)- (6,5, F)=(i—j+4,j,(—i+F)NF)=(i,),F),
a oTKe, 1 —j+1 = 4, 3BLAKYU BUIIJINBAE, IO ¢ = j. ¥ BUMAJKY ¢ < j QHAJIOTIYHO OTPUMYEMO,
o ¢ = jJ. O
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Jlema 3. Idemmnomenmu waniezpynu sz KOMYMYOMD.

Josedenns. OdgeBuaHO, AKIIO HAMBIPYIa Bf Mictuth HYJIb 0, TO eemenT 0 KomyTye 3
KOYKHUM €JIEMEHTOM HAIIBIDYIIH Bfr.

Badikcyemo JBa JOBLIBHI HEHYIHOBL 1IEMIIOTEHTH HAIIBIDYIIH B‘gz K1 3a JeMaMu
I P| mators s06paskenns (i,4, F;) i (4,7, Fj), ae i,j € wi Fi,Fp € ﬁ — HEeMOPOXKHI

HIAMHO}KI/IHI/I B W. TO,ZLI
o i =i+ g (i =+ F) N ), skmo i < J;
(4,3, ) - (5,4, Fy) = { ii— L BN —i+F), axmoi>j

(

(

(4,7, (1 —j+ Fy) N F}), axmo i < j;
{(ZavFlm(J_Z+F)) ﬂKH-IOZ>.]

Ji—i+4, ;NG —j+F;)), akmo i< j;
i—i+4,75,(j—1+F;)NF;), axmoi>j
JsJ (i = j+ F;) N Fj),  saxmo i < j;
i, F;N(j—i+Fj)), daxmoi>j,

G ) i) = {

g

(i7iaFi) : (jvjaF]) = (]7J7F2> : (2727Fj)7

a OT¥Ke, CIPABIKYETHCA TBEP/I?KEHHA JIEMU. U

(
(
(J
(i,

3BLIKHK

JIema 4. Eaemenmu (i,75,F) i (4,4, F) € ineepcrumu 6 nanieepyni sz.
JHosedenns. Crnpasi, MaeMo

(Zvij)(JvlvF)(Zvij) = (szaF)(ZvjaF) = (%JvF)

(],’L,F)(Z,j,F) (],Z,F) ( 7]5F)(]7Z7F) = (jaiaF)a

3BiKM I BUTIIINBAE TBEP/IZKEHHS JIEMU. O

3a reopemoto Baruepa—IIpecrona (nus. |5, Teopema 1.17]) peryuspha HamiBrpyna €
inBepcHOO TOA] 1 JMINe TOAL, KOMM iAeMIOTeHTH B Hifi KOMYTYIOTH, a orxe, 3 jeM [3] i[E]
Buimsae reopema [I}

Teopema 1. dxwo F — w-3amknena niocim’s 6 Z(w), mo Bf — IHBEPCHA HANIB2PYNA.

ﬂeMa l OMWCY€E MPUPOIHUN JACTKOBUH MOPSIOK HA MHOXKHKHI 1J€MIIOTEHTIB HAIIiB-
rpymnu B

Jlema 5. (i,4, F;) < (4,7, Fj) E(BZ) modi i miavku modi, koau
(>N i F,Cj—i+ F;
Josederns. Ipumycrumo, mwo (4,4, F;) < (4,4, F;) B E(Bf) Toxi
(.4, F3) - (4,3, ) = (i, 3, F3),
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i OCKLITBbKH
o i—i+7,5,(i—j+F)NF)), akwo i< j;
(4,1, F;) - (4,4, F. { hi—j+5,FN(—i+F;)), skmoi>j

(

(

(4,4, i =3+ F;)NF;), sakmo i< j;
{ (4,0, F;N(j—i+F;)), sakmo i > j,

10 3 jevu [3] BumuBae, mo i > j i F; € j — i+ Fj.
Hapnakwn, mpumyctumo, mo ¢ > j i F; C j — i+ Fj. Tomi

(6,1, F3) - (4,5, Fy) = (i — j+ 4, 50 (F — i+ Fy)) =
= (Z7Z7FZ)7

a orxe, (i,i, F;) < (4,4, Fj) B E(BY). O

. . . . F
TBepmKeHHd 2 oUCy€e NPUPONHUM JaCTKOBHU MOPANOK Ha HamiBrpyni B .

Teepaxenna 2. Hewad (i1, j1, F1) i (i, jo, F2) — Henyavoei esemenmu naniezpynu
BZ. Todi (i1, j1, F1) < (i2, jo, F2) modi i auwe modi, koau Fy C —k + Fy @ iy — iy =
j1 — j2 = k Odaa deaxoeo k € w.

JZosedenns. (<) dxmo Fy C —k + Fo, i1 —is = k 1 j1 — jo = k 1aya geskoro k € w, TO

(i1, 41, F1) - (i1, 41, F1)~* - (i, Jo, Fo) = (i1, j1, F1) - (Ja, i1, F1) - (ig, j2, Fo) =
i1,11, F1) - (i2, j2, F2) =
(i

(
(i
(i1,41 —ia + Jo, F1 N (i — i1 + Fy)) =
(
(
(

i,j1 — j2 +jo, FiN(—k + F3)) =
Zlv]laFl ﬁ( k+F2)) =
7/17.]17F1>

i 3a emomw 1.4.6 [12] orpumyemo, mo (i1, j1, F1) < (i, jo, F2).
(=) punycrumo, wo (i1, j1, F1) < (i2, j2, F2). Toxi 3a semoro 1.4.6 [12],

(i1, g1, Fr) = (i1, g1, Fr) - (i1, g1, F1) 71 (i2, Jio, Fo) =

= (i1, 41, F1) - (J1, 71, F1) - (i2, 2, F2) =

= (i1,41, F1) - (i2, j2, F2) =

{ (i1 — i1 + 12,42, (i1 — g + F1) N Fy), akumio i1 < ig;
(i1,%1 —d2 + jo, F1 N (i — i1 + F2)), axmio iy > io
{ (i
(i

ia, j2, (i1 — 1o + F1) N Fy), AKIMIO 11 K 12; (13)
21,71 — 12 +]2,F1 (22 — 11 + Fz)), AKIO 11 = 1o (23)
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(i1, j1, F1) = (i2, jo, Fo) - (i1, j1, F1) ™"+ (i1, 1, F1) =

= (i2,J2, F2) - (j1, 01, F1) - (41,51, F1) =

= (i, j2, F2) - (j1,j1, F1) =
Q2,52 — j1 + ji, Fo N (j1 — j2 + F1)), axmo ji < jo;
io — jo + J1,J1, (Jo — j1 + F2) N Fy), sxmo ji = jo
i2,j2, Fo N (j1 — jo + F1)), AKIO j1 < J2; (14)
io — jo + J1, 71, (Jo — j1 + F2) N Fy), =Kmo ji1 = jo (24)

:{E _
[

Y BUMTaJKaX (13) i (14) Ma€eMO, IO ’il = ’ig, j1 = jg, a OT¥Ke, il — ’ig = jl — j2 =0i
Fy C -0+ F». Y Bunagkax (23) i (24) omepxyemo, 1o iy = i2 — jo + j1, 1 Bpaxysasmmn,
wo i1 = i9, j1 = jo i (jo — j1 + F2) N Fy = Fy, ta upuitaasmu k = i1 — is = j1 — jo,
orpumyemo, 1o Fy; C —k + Fy ans meskoro k € w. O

TeopeMa omucye Bigromenns I pina Ha Hamsrpymi B .

Teopema 2. Hexali F — w-samrnena nidcim’s ¢ P(w). Todi:
(2) (41,71, F1)Z(i2, jo, Fa) 6 Bf[ modi i auwe modi, koau i1 = ig i F1 = Fy;
(22) (i1, 71, F1)ZL (12, j2, F2) 6 Bf modi i auwe modi, xKoau j1 = jo 1 Fy = Fy;
(¢43) (i1, j1, F1)I (ia, jo, F2) 6 Bf modi i Auuie modi, Koau iy = is, j1 = jo 1 F1 = Fy,
a omoice, 6ci I -KAACU HANIGZPYNIU Bf € 00H0eNEMEHTIHUMU;
(iv) (i1,71, F1)P (i, j2, F>) 6 Bf modi i auwe modi, xoau Fy = Fy;
(v) (i1,71,F1) Z (12,42, F2) 6 B;? modi i auwe modi, Koau ichyroms ki, ke € w maxi,
wo Fl Q 7]61 +F2 ZFQ Q 7k2+F1.

Josedenns. (i) Hexaii (i1,71, F1) 1 (i2, jo, Fo) — Z-exBiBajieHTH] ejleMeHTH HAIIBIPYIIN
Bf raKi, o (i1, j1, F1)%(i2, ja2, Fy). Ilozask 3a TeOpeMOIO B‘f — IHBepCHA HAIIIBIPYIa,
Ta, (il,jl,Fl)Bij = (ig,jg,Fg)Bf, T0 3 Teopemu 1.17 [B] BunmBae, mo

(i1, 41, F1)BZ = (i1, j1, F1)(ir, 1, F)) "' BZ = (i1, F1) B2

(i2, j2, F2) B = (i2, jo, F2)(i2, jo, Fo) "B = (i2,i2, F2) B,
a orxke, (i1,11, F1) = (2,12, F3). O10K BUKOHYIOTbCH PiBHOCTI 41 = i2 1 F1 5.
Hasunaku, wexaii (i1, j1, F1) 1 (i2, j2, F») — enementu HaniBrpyiu B TaKi, mo i =

io 1 Fy = Fy. Toni (i1,41, F1) = (i2,i9, Fy). Tozasax Bw iHBepCcHA HaIBrpyma, TO 3
reopemu 1.17 [B] Buusae, mo
(i1, 41, F1)B i, g1, F1)(in, 1, i) T'BL =

B
(7/27.]27F2) Bf: =

11 Zla 1

= ( )
(i )
(i2, j2, F2)
(i )B

i2, 42, Iy

a orxe, (i1, j1, F1) % (i, j2, F») B BZ .

HoBeznenns tBep/Kents (41) aHaJOrivHe JI0 JOBEJeHHs TBepIKeHHs (1).
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Teepmkenns (iit) suniusae 3 (¢) Ta (4¢).

(iv) Hexait (i1,71,F1) i (i2,j2, Fs) — enementn mamisrpyms B taxi, mo
(il,jl,Fl)_@(i27j27F2). Tlozasik %,Z Q P Ta

(41,01, F1)Z (i1, j1, F1) i (i2, jo, F2)Z (j2, ja, F2)

3a TBepKenHamu () i (¢2), 1o (i1,41, F1)Z(j2, j2, F2). 3a nemoro Maunra (nus. [13], mema
1.1] a6o [12, TBepmxenns 3.2.5]) icuye exement (i, ], F') € BY rtakuii, mo

(6,5, F) - (6,5, F) 70 = (i, )i (64, F) 7 (05, F) = (G2 2, F).
Axne 3a nemoro ] maemo, 1o

(i7j7F>'(i7j7F)_1 = (Zaij)(]7ZaF) = (i7i>F)

(ivjaF)il : (Za.ij) = (j,Z,F) ! (ZvjaF) = (jvj,F)a
a OT¥XKe, F = Fl = FQ.
Hexait 1,12, j1,Jo — MOBiIbHI HeBix'eMHui 1t uuciaa ta F € % . 3a TBep/IKEHHS-
i (@) i () orpumyeno, mo (ir,i1, F)%(i1, j1, F) i (ia, jo, F)ZL (j2, j2, F), a 3 nemn 2]
BummBac, mwo (i1, i1, F), (ig, j2, F) € E(BY). Hozasx

(i1, j2, F) - (i1, jo, F) ™' = (i1, j2, F) - (jo, i1, F) = (i1,41, F)

(i1, 42, F) 7" (i1, j2, F) = (jo, i1, F) - (i1, j2, F) = (J2, j2, F),
to 3a semoio Manna (mus. [I3] mema 1.1] a6o [I2, TeepmkenHs 3.2.5]) orpuMyeMo, IO
(ir,i1, F)P(ja, jo, F) 8 BZ i nosask Zo P oL C D, 10 (i1, j1,F)P(ia, j2, F) B BZ .

(v) Baysaxmumo, ockimbkum 2 C ¢ 1 3a TBepkenHaM (%) MaEMO, IO
(0,0, FY2(i,5,F) B Bf: IS ITOBUIBHUX 4,j € w 1 F € %, TO JOCTATHLO 3HAWTH
HeoOxinHy Ta jocrarHio ymoBy, ko enementn (0,0, F1) i (0,0, Fh) € #-ekpiBasentHi B
B7Z.

Ba teepmkennsm 3.2.8 [I2] enementn a i b imeepcmoi mamisrpymm S e _7-
eKBiBaJIeHTHI ToAl 1 jmme Toxi, koum aZb < b i b%ad’ < a nna pgeakmx o', b’ € S.
Toni 3a TBep,Zl;}KeHHHMiILeMHOTeHTI/I (0,0, F1) i (0,0, F») e _#-exBiBasenTHi B Bf)} ol
i summe Tomi, Kou icHYIOTb ki, ko € w Taki, mo Fy; C —ky + Fy i Fo C —ko + Fy. Tomi
3 BUINE CKA3aHOTO BUMINBAE, 1O (i1, 1, F1) 7 (i2, j2, F2) B Bf Tomi 1 suIme Tomi, Koun
icaytoth ki, ko € w Taki, mo F} C —ky + Fo i F» C —ky + . O

Haranaemo [12], 3], wo inBepcha HaniBrpyna S Ha3uBaeTbCss KOMOIHAMOPHOIO0, SKIIO
Bigmomenns [ pina J ua S € BigHOMIEHHSM PIBHOCTI.
3 TBepmkenHs (444) Teopem¥ [2| BUTIIINBAE HACTITOK

Hacuainok 1. Jxwo F — w-3amruena niocim’s ¢ P(w), mo B‘f — Kombinamopha
THBEPCHA HANLB2PYNA.

Takox 3 TBepiKenns (v) Teopemu [2 BUILIMBaE HACTIIOK
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Hacaimok 2. Hezali F — w-3amknena nidcim’s 6 P(w) i @ ¢ F. Todi naniezpyna
Bf € npocmoto modi i auwe modi, kKoau das dosisvhux Fi, Fo € F ichyromo kq, ke € w
maxs, wo

F1§*k1+FQ 1 FQQ*]CQ#*FL

Haranaemo [5], wo nanisrpyna S 3 nysnem 0 HasuBaerbes 0-npocmoro, axio S - S #
{0} i {0} — eaunuii Bracuuit nBobiuuuii inean s S. Jobpe Bigomo (aus. |5, nema 2.28]), mwo
Hamisrpyna S 3 mynem 0 € O-mpocroro Tozi i simmte Toxi, Koan S Mae auine aBa f -KIacu:
S\ {0} i {0}. 3 TBepmkenns (v) Teopemu [2 BunmBae HacimoOK

Hacuimok 3. Hezail F — w-samknena nidcim’sa 6 P(w) i @ € .Z. Todi nanisepyna B2
e 0-npocmoro modi i auwe modi, Koau 0ai 006INOHUT HENOPOHCHIT MHodcun F1, Fo € F
icnyroms ki, ko € w maxi, wo

FLC-k+F i Fy C —ky + Fi.

Haragaemo [16] (mws. rakox [12]), mio imBepcha wmamiBrpyma S HaswBaeTbesi E-
ynimapworo, sKmo st e € E(S) 1 s € S 3 e < s suumBag, mo s € E(S). Toxai 3
TBepKeHHs [2] BuniimBae Teopewma [3]

Teopema 3. Sdxwo F — w-3amrnena niocim’s 6 P(w) i & ¢ F, mo Bf — E-ynwimapna
THBEPCHA HANLE2PYNA.

Innyxrusni nigMuoxkunn B w onucye nema [0

Jlema 6. Henopootcrs muoorcuna F C w € tdykmuernor 6 w modi i suwe modi, Koau
(-1+ F)NnF=F.

JZosedenns. (=) lpunycrumo, mo F — HENOPOXKH 1HIYKTUBHA MHOXKHHA B w 1 Hexaii
zx€F. Toniy=xz+1€ F,aormxke, x =y—1¢€ (—1+4+ F)N F. 3Biaku Bumimsae, mo
FC(-1+F)NF.

(<) Hexait (—1+ F)NF = F ansa geskol Henopoxupbol MHoxkuuu F' C w. 3adik-
cyemo JnoBinbuuii enement x € F. Toxi icuye esement y € F' rakuit, moy — 1 =z € F,
aorxke, r+1=yekF. O

Teopema 4. Hezaii F — w-3amknena nidcim’sa 6 P(w). Haniezpyna B2  micmumso
odunuyto modi i auwe modi, Koau cim’a F micmumo indykmueny muosicuny Fy 6 w
maxy, wo Fy = J.F. 3a sukonanna yuz ymos easemenm (0,0, Fy) € odunuyero nanie-
2pynu Bf.

JZosedenns. (=) [punycrumo, 1Mo HamiBrpyma ij MicTuTh omuHUIo. OCKiIBLKT On-
HUIS KOYKHOI HATIBIPYIH € 1eMIIOTEHTOM, TO 3a J1eMoio [2| onuanns B B Mae BHIISL
(1,1, Fy) nos nesiknx @ € w i Fy € .Z. dkmo F = {@}, TO TBEpIKEHHS T€OPEMHU OUeBH/I-
HE, a TOMY HaJaJi BBaXkaruMmemo, 1mo Fy # . dkmo i # 0, To

(0,0, Fy) - (4,1, Fo) = (4,4, (—i + Fo) N Fy) # (0,0, Fo),
3BigKM BumIMBaE, 1o enement (0,0, F) € OMMHAUIEI0 HATBIPYITH Bi}. 3 piBHoCTI

(0,0, Fp) - (1,1, Fp) = (1,1, (=14 Fo) N Fy) = (1,1, Fy)
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BUILTABAE, MO Fy — iHAYKTUBHA MHOXKHHA B w. [lo3ask

(0,0, Fp) - (0,0, F) = (0,0, Fhb N F) = (0,0, F)
Jutst mosinbHOT MEOXKWHN F' € .7, 10 Fyy D | J.#, a3 Toro, mio Fy € % orpumyemo piBHiCTH
F,=UZ.

(<) Hoeenewmo, o enement (0,0, Fy) € y Bunajaky, Kouu cim’sa & MicTurhb iHmy-
KTUBHY MHOXMHY Fy B w Taky, mo Fy = |J#, € onununero nanisrpynu Bf. Hexaii
(1,4, F) — noBuIbHUI eJIeMeHT HAIiBrpyIu Bf. Ockinbku Fy — IHIYKTUBHA T IMHOKU-
Ha B w, 10 Fy C ((—i+ Fp) Nw), i 3 piBrocri Fy = |J.Z Bumnusae, mo (—i+ Fo)NF = F
JUIst TOBLIBHEX ¢ € w 1 F' € F, a oTKe, OTPUMYEMO, 110

(070aF0>'(i7j7F):(i7jv(_i+FO)mF):(i7j7F)

(ivjaF) ' (0,0,Fo) = (iajv(_i+F0) OF) = (ZvjaF)
Teopemy moBezaeno. O

Teepaxkennass 3. Haniszpyna BU‘? isomopPra biyuraivnomy monoidy € (p,q) modi i
miavku modi, koau F = {F} i F' — nenoposicus indykmuena niomMHoNCuHG 6 w.

JZosedenns. (<) Hexait F — ingykrusna nigMuoxuua B w i & = {F'}. g nosiabaux
i,7,k,l € w maemo, 110
. =+ ELG-kE+F)NF), saxmo j<k;
(6.5, F) (k’l’F>‘{ (i =kt LA (k—j+F), mamoj >k
_{ l_J+k7laF)a HKMOJ<k7

(i7.j_k+laF)v HKHle>k7

a Toai 3 O3HAYEHHS HANIBIPYIOBOI oneparlii Ha GiukaiuHOMY MOHOIIL € (p, ¢) BUILIMBAE,
mo Bigobpazenns f: B2 — %(p,q), osmauene 3a bopmymowo (i, 5, F) = ¢'p! € izomop-
dizmom.

(=) punycrumo, o HamiBrpyna Bf i3omopdua Ginukiiunomy mMouoiny € (p, q).
Ockinbku GinuKIi9HIA MOHOIM HE MiCTUTH Hyqs, TO & & % . Takox 3 TeOpeMI/I BUILIN-
Bag, Mo ciM’st F MICTHTh IHAYKTHBHY MHOKWHY F B w Taky, mo Fy = |J % . Posrasanemo
JnoBiabHY MHOXKUHY F' € % . OcKuIbKY OIMUKII9HWE MOHOI, € GIPOCTOI0 IHBEPCHOIO HAa-
MiBIPYIOI0 Ta HAMIBIPyTA Bf isomopdua Ginukaiunomy mounoiny % (p, q), o F = Fy 3a
teopemoto 2} a orxe, F = {Fy}. O

3 reepzkenns B Bunnsae mactinox [4

Hacainok 4. Hexal F — w-3amrnena nidcim’s ¢ P(w). dxwo cim’s F micmumo
HENOPOAHCHI THOYKMUBHY TEOMHONCUHY 6 W, TO HANIE2DYNA Bf MICTMUMb 130MOPHHY
KON OIYUKAIUHO20 MOHOTOG.

Teopema 5. Hexali F — w-3amxnena nidcim’s 6 P(w). Todi maxi ymosu exsisa-
AEHTHI:
(2) Bf — binpocma Haniezpyna;
(it) F — oduoesemenmua cim’s;
(441) naniszpyna Bf ab0 mpusiasvra, abo i30MOPHHA OIUUKATYHOMY MOHOTDY.
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osedenns. Exsianenrnicts ymos () i (i4) surusae 3 Teopemu Pf(iv).

Ivmnikaris (44¢) = (i9) BUTIIMBAE 3 TBEPIKEHHS

Hosenemo immikamniio (44) = (44t). ddkmo .# = {@}, T0 3 03HAYEHHS HAIBrpyIN
Bf BUILINBAE, 1110 Bf — rpuBiasibHa (OHOEIEMEHTHA) HAIBrpyna. ToMy mpuycTumo,
wo & = {F} ana neskol venopoxkubol muoxkunu F'. Tlozask cim’st F — w-3aMKHeHa,
To (=1 4+ F)NF = F, a orxKe, 3a JIeMOIO @7 F — ignyKTuBHA miIMHOXKUHA B w. Jaumi
ckopucraeMocs TBepzkennsam [3 O

SIKIIO A — HeHyJIbOBHI KapauHai, To MHOXKnHA By = (Ax A)U{0} 3 HaniBrpynosoo
OTIEPAITiEI0

a,d), skmo b = c; .
(a,b)-(c,d):{(o) e i (@) 0=0-(@h)=0-0=0,

Ie a,b,c,d € A\, HA3MBAETHCA HANIB2PYNO A X A-Mmampuunux odunuys [12] [14].

Teepmxkenns 4. Hezaii F — w-samxnena nidcim’s ¢ P(w). Hanisepyna B izo-
MOPPHA HANIE2PYNT W X W-MAMPUNHUL odunuyb B, modi i miavku modi, xoru F =
{F, @}, de F — 0010mo4K08a NiOMHONCUHG 6 W.

Hosedenns. (<) lpunycrumo, mo # = {F,d} i F — 0qHOTOYKOBA NIIMHOKUHA B W.
g moBinbHUX 4, §, k,l € w OTpUMaEMO

(i—Jj+kL({—k+F)NF), sakmo j<k;
(i,,FNF), akimo j =k =
(h,j—k+L,FN(k—j+F)), sakuwoj >k

[ (G,LF), axmo j=k

B 0, KO j # k,

(i,j7F) : (k7l’F)

i OYeBHUIHO, IO
(4,5, F)-0=0-(4,5,F)=0-0=0,
3BiJKM BHILIBAE, IO BijoOpaxkenus f: B — B, osuauene 3a dopmyowo (i, j, F) =
(i,7) € izomopdizMom.
(=) Ipunycrumo, mo HamiBrpya sz isoMopdHA HAMBIPYI W XW-MATPAITHAX
omuuunpb B,,. 3adikcyemo moBuIbHMIE HeHyIbOBUil esemenT (4,7, F') HamiBrpymnu Bf.
Ao (i, 7, F') He € imeMnorenToM, TO 3a JeMOIO 2| Ma€MO, 1110 & # j, a TOAl

o o _J i=j+ik (j—i+F)NF), saxmo j<k;
0=05F) W’F)‘{ (j—i+ i, F(i—j+F), axmoj>k
Orxe, JIJisd TOBLIBHUX PI3HUX i, ] € W OIEPIKUMO, IO

(J—i+F)NF=g=FnN(@{—j+F),

a 1e 03HAYAE, IO /I JOBIIBHOIO HATYPAJBHOTO 4Yucia k Maemo, mo —k + FNF = .
3BigcKH BUTIINBAE, IO MHOXKUHA, F' oITHOEIeMeHTHA.

Ipunycrumo, mo ciM’s .F micturh 18l omHoemeMenTHi MuoXuun Fy, = {k} i F; =
{l}, nna nesikux pizuux k,! € w. He 3MeHIymo4Yn 3araJpbHOCTI, MOXKEMO BBAXKATH, IO
k < L. 3a semoto [2| anst nosinbaoro i € w enemenru (i + k,i+k, Fy) i (i +1,i+1,F) €

iIeMIIOTeHTaMy HAIIBIPYIIA Bff, npudomy (i + k, i+ k, Fy) # (i + 1,4+ 1, F}), ockiibku
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k # [. Tlozagk HamiBrpymnu Bf i B, isomopdHi, TO BCi HEHYJIbOBI 11EMIIOTEHTH B Bf
HPUMITUBHI, & OT?)Ke, OTPUMYEMO, IO
0=(i+k,i+k Fy) - i+1l,i+1,F)=
=@+Li+lL(k—1l+F)NF) =
=(@{+1,i+1,F) #0,

CyTEePEYHICTh. 3 OTPUMAHOI CYMEPEYHOCTI BUILIUBAE, IO CiM’s F MICTUTH JIAINE OIHY
OTHOEJIEMEHTHY MHOKHUHY. O

st TOBLIBHOTO HATYPAJNBHOTO YHCIIA N TMO3HAIMMO nw = {n - i: 1 € w}.

Jlema 7. Heckinuenna niomnoocuna F C w 3adososvhse ymosy
() (~k+ F)NF =F abo (—k+ F)NF = & das 006iabH020 HAMYPAALHOZO HUCAG
k

modi 1 auwe modi, kKoau F = iy + nw das deakur HAMYPAALHO20 YUCAG T A T € W.

Josedenna. Immikanis (<) oueBuHA.

(=) Ipunycrumo, mo Heckinuenna niamuokuaa F C w 3a10BosibHsIE YMOBY (*).
QueBuHO, OCKiTbKH F' — HECKiHYEHHA MHOXKHUHA, TO iCHY€E HAIMEHIIIe HATYPAIbHE 9UCTIO
ng Take, mo (—ng + F)NF # &, a otxe, (—ng + F)NF = F. dxkmo ng = 1, 10 F' —
IHIYKTUBHA MiIMHOXKWHA B W 3a JIEMOIO |§|, a orxke, F' =19+ w, 1e ig = min F.

Hamni BBazkatuMemo, 1o ng > 1. Axmo jo = minF, 10 jo + ng € F, a orxe
jo + now C F. Ipunycrumo, mo icaye uuciao m € w \ (jo + now) Take, mo m € F, i
Hexaii jo + kng < m < jo + (k + 1)ng nua pesikoro narypasbhoro uucia k. Toni

m— (jo+mno),...,m — (jo + kng) € F.
Onnax m — (jo + kng) < ng, a oTKe iCHye Take HarTypaibHe Ynucao m — (jo + kng), 1O
—(m — (jo + kno)) + F C F,
IO CyIIepeYuTh BUOOPY YUCIIa Ng. 3 OTPUMAHOL CYIIEPEYHOCT BUIIMBAE IMILIKaisa (= ).

O

Harazmaemo [12], mo inBepcra mamisrpyma S 3 uynaem 0 HasuBaerbest 0-6inpocmoro,
akimo S mae qumie asa Z-xaacu: S\ {0} i {0}.
IMpuknaan 1. 3adircyemo I0BiIbHI ip € w Ta HATYpajJbHE YHUCIO jo. llpumitmemo
ijo’j‘)) = B;’jj, ne F = {J,io+ jow}. Toxi, oueBnaHo, mo F — w -3aMKHEHA CiM’s
B Z(w), a Takoxk 3a Teopemoio |l| inBepcHa HamiBrpyna BSOJO) e 0-6inpocroro. Binb-
e TOTO, JJIs JOBIIBHOTO iy € w 3a TBEPXKEHHAM |3| HAMIBrpymna ij”’l) isomopdHua
OIUKJIIIHOMY MOHOILY 3 MPUEIHAHUM HYJIEM.

Bezmnocepeubo 3BUYAHOIO TIEPEBIPKOIO JOBOAUTHC, IO JJIS JOBLIBHUX 41,19 € W
Ta IOBLIBHOIO HATYPAJIBLHOTO YWCIIA jo BigoOpaskeHHs h: BE}”O) — BSQ’JO), O3HaYeHe

h(n7mai1 +]0W> = (n7m7i2 +]00J) i h(o) =0
€ isomopdizmom. OTKe, BUKOHYETHCSI TBEPIZKEHHST

TBepmxkeuns 5. /laa 006iabHUT 11,12 € W MG 008iAbHOZ0 HAMYPAALHOZO HUCAL jo
; (i1,90) ; gléz.do) ;
nanieepynu B 1 B2 izomopdns.
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TeopeMaEloanye crpykrypy 0-6impocTrx iHBepCHUX HAMIBIPYII sz 3 TOYHICTIO 70
izomopdizmy HamiBrpy.

Teopema 6. Hexali F — w-3amrnena niocim’s 6 P(w), @ € F i Bf — 0-6inpocma
naniszpyna. Toodi euxonyemsves auute 00Ha 3 YMO8:

(1) nanisepyna Bf 130MOPPHA HANIE2PYNT W X W-MAMPUYHUT 00UHUYDL B, ;

(2) manieepyna Bf 130MOPPHA OIUUKAIUHOMY MOHOTIDY 3 NPUEIHAHUM HYAEM;

(3) wmaniezpyna Bf i3oMOpPHa HaNIE2DYNI BEJO’JO) 04 0eAK020 HAMYPANEHOZO YUCAE
Jo = 2.

Zlosedenns. 3a TeOpeMoro iv) ciM’st F MICTUTL HEMOPOXKHIO MHOXKWHY F' 1 MOpoxkK-
Hio MHOXUHY &. Ilpunyctumo, mo muoxkwaa F' ckimvenna. Toxi, amamoriumo, gk i B
tBepkenti [] nosoauThes, mo F 0nHOEIEMEHTHA MHOXKHHA, & OTKe, 33 TBep KeHHsM [1]
mamisrpyna B i3omopdna HAMIBrpymi wXw-MaTPUIHAX OAUHAIL B, .

fAxmo x F — HecKiHYeHHA MHOKHUHA, TO 3 TEOPEMHU iv) BUILTABAE, 10 BUKOHY-
€THCA OJHA 3 YMOB

a) (-1+ F)NF=F abo b) (-1+F)NF =o.

Y Bunaaxy a) 3a reepuuennam [3| muozkuna B \ {0} € uizpanisrpynoo B B | sika
i3oMopdHa GIIMKIIYHOMY MOHOIIY, & OTKe, BUKOHYEThCS TBEPIZKEHHS (2).

SIKIIO 3K BUKOHYETHCA yMOBA b), TO 3a JIEMOIO |f| MaTtuMeMo, 1o F' = jo + iow ams
JeSIKUX HATYPAJIBHOrO YUCHIA ip Ta jo € w. 3aCTOCYBABIIM TBeP/KeHH: [b} orpumyemo,
I1I0 BUKOHY€ETHCs TBEp/KeHH: (3). O

Haragaemo [12) [14], mo natmenwa (minimanora) epynosa Kowepyenyia o Ha iH-
BepcHill HAMBrpymi S BU3HAYAETHCS TAK:

sot — es =et nns geskoro e € E(S).

OueBusHoO, KO & — w-3aMKHeHa mijgciv’s B P (w) 1 & € %, To nanisrpyna Bf
MiCTHTBH HY/b, & OTKe, (paKTOp-HAMIBrpymna Bf /o i3omopdHa TpuBiaibHiil HAIBIPYII.

Teepmxkeuna 6. Hexati F — w-3amknena nidcim’s 6 P(w) i & ¢ F. Todi
(i1, 71, F1)o (2, J2, F2) 6 Bf modi i miavku modi, KoAu i, — j1 = io — j2, G OMOICE,
darxmop-nanieepyna Bf/cr isomoppra adumuenit epyni yisuz wucea Z(+).
Josedenns. Hexait (i1, j1, F1) 1 (ia, jo, F2) — NOBiTBHI eleMeHTH HAMBrPyTIN Bf. 3 o3Ha-
YeHHsI HAfMEeHINOI IPYMoOBOi KOHIDYeHI[i o Buriusae, mwo (i1, j1, F1)o (i, j2, Fo) Tomi
i TimeKM TOMi, KoaM icHye enement (i,j, F) € Bf rakwuit, mwo (4,7, F) < (i1,/1, F1) i
(1,4, F) < (42, J2, F2). Tozi 3a TBepazKeHHAM [2{ OTPUMAEMO, IO

FC—-k+F i i—i1=j—j1=k
Ta

FC—k+F i i—ip=7J—jo=ko

st esikux ky, ko € w. Orox 3 (i1, j1, F1)o(iz, J2, Fo) B Bif BUILIUBAE, 110

11— J1 =13 — Jo=1—].
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IMpunycrumo, mwo auas enementis (i1, j1, F1) 1 (i2,j2, F») wamiBrpynu Bf? cpas-
JIKY€EThCs PIBHICTD 11 — j1 = i3 — Jo. He 3MeHIIy0o9n 3araJbHOCTI MOKEMO BBAXKATH, 110
i1 > i9. Ilo3asik .# — w-3amMKHeHa migacim’s B P (w), TO

F:Flﬁ(l'g—’t'l"FFz)Ey.
Tonxi ji > j2 1 3a TBepKenusaM [2 orpumaemo, mo
(i1, 41, F') = (i1, J1, F O Fy) = (i1, 01, F) - (i1, 51, F1) < (41,51, F)

(i1,41, F) - (i2, jo, Fo) = (1,11 — i2 + jo, F N (i — i1 + F»)) =
= (i1, J1 — e+ Jj2, F N (ia — i1 + F2)) =
= (i1, J1, F' 0 (ig — i1 + F2)) =
= (i1, )1, F) <
< (i2, ja, F2),

LEN

a orxe, (i1,j1, F1)o(iz, j2, F2) B B

Oznaunmo BioOpaxkeHHs by : Bf — Z(+) 3a dopmyiow by (i,5,F) =i —j. 3
BUIIE JIOBEJIEHOTO BUILUINBAE, MO Ny (41,71, F1) = be(i2,j2, F2) Tomi i mumie Tomi, Komm
(i1, j1, F1)o (ig, j2, Fy) B B, a oraxe, Binobpanenus by : B2 — Z(+) € romomopdizmom
i ¢pakTop-HamiBrpyma Bf /o i3omopdua agurusHil Tpyni minux aucen Z(+). O
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We introduce an algebraic extension B of the bicyclic monoid for an
arbitrary w-closed family . subsets of w which generalizes the bicyclic monoid,
the countable semigroup of matrix units and some other combinatorial inverse
semigroups. It is proved that B is a combinatorial inverse semigroup and
Green’s relations, the natural partial order on BZ | and its set of idempotents
are described. We provide criteria of simplicity, O-simplicity, bisimplicity, O-
bisimplicity of the semigroup B and when B has the identity, is isomorphic
to the bicyclic semigroup or the countable semigroup of matrix units.

Key words: semigroup, bicyclic monoid, extension.



ISSN 2078-3744. Bicuux Jlveis. yu-my. Cepisa mex.-mam. 2020. Bunycx 90. C. 20-47
Visnyk of the Lviv Univ. Series Mech. Math. 2020. Issue 90. P. 20-47
http://publications.lnu.edu.ua/bulletins /index.php /mimf
doi: http://dx.doi.org/10.30970/vmm.2020.90.020-047

VIIK 512.53

INOJITINNKJITYHI POSHNINPEHHZ I HAIIIBI'PVII
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BBomuMo mOHATTS A-IIOMINUKJIYHOTO po3nrupenHs: Bpyka-Peitni monoina S
i3 BuzHayenuMm romomopdismom 0, ske € anagsorom posmmupents Bpyka-Peitni
momoiza S. Onucyemo imemnorentu Hamisrpymu (X (0, S), *) Ta BigHOMIEHHS
I'pina ma (25 (0, S), *). Hosomumo, mo (P (0,S),*) — O-mpocra HamiBrpyma
OIS TOBIIbHOI HamBrpymu S. 3HaiiaeHo HeoOXimHI Ta JOCTATHI YMOBH HA
momroin S i romomopdism 0, 3a BukoHaHHA saKwx HamBrpyna (2 (0,S),*) €
perynsipHOio, iHBepcHOIO, 0-6ipOCTOI0, KOMOIHATOPHOIO, KOHIPYEHI-IIPOCTOIO,
un imBepcHOI0 (-E-ymitTapnoro. Takoxk BHB4YaeMO TOMOJIOTi3allil HAIIBrpymH

(22(6,5), ).

Karmwost crosa: HamBrpyna, HOIINUKIYHIN MOHOI, PO3IIUPEHHS, HAIIB-
TOIIOJIOTIYHA HAMBIPYIIA, TOIOJIOTiYHA HAIiBIPYyIIa.

1. Bctyn. TEPMIHOJIOTISI TA TIO3HAYEHHSI

Mu kopucryBarumemocs repminostorieto 3 |6, [7, [8, @, 111 [17, 20, 22]. Akwo f: X — Y
— Bijo6pazkenns, To A1 JOBiIBHOT Toukn y € Y 4epes f~1(y) Oyaemo nosnauaru nopHuit
mpooOpa3 TOYKU Yy CTOCOBHO BimoOpazkeHHs f.

Hamisrpymna — 1ie HEMOpOXKHA MHOXKWHA 3 BU3HAYEHOIO HA Hiil OiHAPHOIO acoIiaTuB-
HOIO OIEPAITi€io.

dkmo S — namisrpyna, To uyepes S' nosmauarumemo S 3 IPHUEIHAHOIO OIUHHUIEIO
1a Bigpomenns [ pina %, .2, S, P15 na S BusHa4aOTLCA TAK:

aZb Toxi i mamre Toxi, komm aSt = bS;
a.%b roxi i smme Toxi, komn Sta = S'b;

a_#b roxi i numie Toxai, Kou StasSt = s'bst;

2020 Mathematics Subject Classification: 20M15, 20M50, 18B40, 22A15
© Tyrix, O., Xunnucekwuii, I1., 2020
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D=L oR=RoL;
H=LNK

(nus. [8, §2.1] abo [12]). Takox, yepes Hg(1g) 6yaemo nosuadaru epyny 00uruyb MOHOIIA
S, 1 B poMy BUTAIKY, oueBuaHO, o Hg(lg) € J#-knacom ompuunii 1g MoHoIma S.

Hexaii S — manmisrpyna. Yepes F(S) no3HagaTruMeMo MHOMCUHY (0eMNOMEHMIE B
S. HaniBrpynosa onepaiiisi BU3Ha4a€ 4acTKOBUi mopsanok < Ha F(S)

e<f & ef=fe=e

Ileit MOpsAIOK HA3MBAETHCST NPUPOOHUM “acmKo8uMm nopadkom Ha E(S). Hamierparka —
e KOMyTaTUBHA HAIBrpyna izemnorentis. Yepes Z(S) OynemMo no3HadaTu MEHTD HAIIIB-
rpymu S, To6ro Z(S) = {s € S: sx = xs nnsa Beix x € S}

dxmo € — KOHTpyeHIis HA HAMBrPymi S, TO Uepe3 [s]¢ MO3HAYATIMEMO KJIaC eKBi-
BastleHTHOCTI &, KUl MICTUTH ejleMeHT s € S.

Hamisrpymna S HasuBaeThCs:

® npPocmoto, SIKIO S He MA€ BJIACHUX IBODIYHHUX i/1eaJIiB;

0-npocmoro, a0 S MiCTUTH HYJb i S He Ma€ BIACHUX ABOOIYHMX imeasiB Bii-
minnux Bin {0};

b6inpocmoto, AKIIO S MICTUTH €IWHUN Z-Kilac;

0-6inpocmoro, sikiio S Mae Hysb 1 S mictuth nBa P-kmacu: {0} 1.5\ {0};
KOMOTHAMOPHOM, SIKITO yCi J£-Kjaacu B S € OHOCIEMEHTHUMU;
KOH2PYEHU-NPOCTO10, SAKIIO S Mag JUIle OTUHUIHY i yHIBEPCATBHY KOHI'DYEHIII.

Haranaemo, 1o na inBepcHiit manisrpymi S HamiBrpymnoBa oneparis BUBHAYAE IACT-
KOBWIi TOPSIOK < Ha S

x <y — icuye e € E(S) makuii, mo z = ey.

Teit OPsiIOK HABMBAETHCA NPUPOOHUM HACTKOBUM NOPAJKOM HA S.
TuBepcHa HAmMIBrpyma S HA3WMBAETHC:

o E-ynimapnor, axmo 3 es € E(S) suwmusae, mo s € E(S) ana noBuibHux e €
E(S)ise S [23];

o 0-E-ynimapnoro, axo S micturs uyib Og i3 es € E(S) Bunusae, mwo s € E(S)
g posinbaux e € E(S)\ {0s} is € S |18, 127].

Haniemonoaoziunoto (1Monoaoziwnoro) HAIMIBIPYIIOK HA3MBAETHCI TOMNOJIOTIYHUIL
opocTip 3 HAPI3HO HENEPEpPBHOK (HENEPEPBHOI) HAIMIBIPYNOBOKI Olepalicio. InBepcHa
TOMOJIOTIYHA HAMIBrPyIa 3 HENEPEPBHOIO iHBEPCIEI0 HA3BUBAETHCS MONOA02IYHON THEEPC-
HOMW HANIB2DYNOIO.

Tomnonorisa 7 Ha HamiBrpyni S HA3UBAETHCS:

® MPAHCAAYITHO Henepeperoto, aKIo (S, T) — HAMIBTOMOIOrYHA HATIBIPYIIA;
e naniezpynosoro, axmo (S, 7) — TomojoriyHa HamiBrpyIa.
Binukaiunuii monoin % (p,q) — ue HamBrpyna 3 OAMHULEI 1 HOPOKEHA JBOMA

esleMeHTaMu P 1 ¢, wo 3a10BosbHsAe ymoBy pg = 1. Ha €' (p,q) nauisrpyunosa ouepauis
BU3HAYAETHCSA TaK:

qkpl . qmpn — qk+m7min{l,m}pl+n7min{l,m}'
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Binukaiunuii Mmonoin € (p,q) € kombinaropHoio, 6ipocToo, F-IHBEPCHOI HAIIBIPYNIO
[17] i Bigirpae BaxkiuBy posb B asrebpuuniii Teopii HauiBrpyu i B Teopii Touosorivnux
Hamisrpyn. 3okpema, m06pe Bimomwuit pesyabrar Aumepcona [3] creepmxye, mo (0-)npocra
HaniBrpyma € mijkom (0-)IpocToo TOAL i TLIbKY TOAL, KOJIU BOHA HE MICTUTD 130MOpQHOL
KOTIT OIMUKIIIHOTO MOHOITA.

VY 1970 poui Hisa ta Ileppo 3ampomnonyBasiu Take y3arajabHEHHS OIIMKJIIIHOTO MO-
noiza ([I7], [19]). Jus 6yb-siKOro HEHYJILOBOIO KapAUHAJIA A NOMUUKAIYHUT MOHOID Py
— IIe HATBrpyTa 3 HyJeM Taka, 1o

Py = ({pitiex. {p; "Fien | pip; T =11 Pz‘pj_l =0mnsai#j).

OueBuano, mo y Bumagky A = 1 mamisrpyna P; izomopdna GirukiiaHoMy MOHOILY 3
MPUETHAHUM HYJIEM.

Poranpn Bpyk y monorpadil [5], BukopucToBytoun GIUKIIYHAI MOHOII, MOGY/ILy-
BAaB KOHCTDPYKIIIO aJreOpUIHOro 3aHypPEHHs MOBiIbHOI HAmBrpymu S y MpOCTHH MOHOIT
B(S) (nus. |9, §8.3]). Peitni [2I] ta Yopu [28)] ysaransuuin koHcrpykuito Bpyka, mmo-
GyayBasium posumpents Bbpyka—Peitni BR(S,0), njs ouucanns crpykrypu Ginpocrux
peryusapuux w-nauisrpyu (aus. [20, po3aii II]). Touosorizauii nanisrpyun Byka ra Bpyka—
Peitni suuasnncs B npangx [Il 2 [14], [15]. Crpyxkrypy Tononorivanx iHBEPCHUX JIOKAIBHO
KOMIIAKTHHX OIMPOCTHX w-HamiBrpyn BuBuann B npansx [24] 25] [26]. Mu 6ymxyemo Ta mo-
CITIKY€EMO aHasor posmupenns bpyka—Peitni naniBrpyn a1 A-TOMIEKIITHONO MOHOIIA
Ta JIOCJIKYEMO fIOT0 BJIACTUBOCTI.

Hexait A — noBinbumit HenynboBuit Kapaunaia. Hagami, gepe3 A* Oymaemo nmo3nadaru
BibHUI MOHOIN HAJ agdaBiTOM A, & Yepe3 & — MOPOXKHE CJIOBO B A*. st Oyab-sIKOTO
cioBa a € A* MO3HAYMUMO:

|a] — noBxkuny ciosa a;

suff(a) = {b € X\*: icuye caoBO ¢ € \* Take, mo ¢b = a} — MHOXKHUHY BCiX Cyik-
ciB coBa a;

suff°(a) = {b € A\*: icuye cioBo ¢ € A\* \ {e} Take, mo cb = a} — MHOXKWHY BCix
BjacHuX cydikciB cioBa a.

Hexaii S — monoin i 0: S — Hg(l) — romomopdizm 3 S y iioro rpyuy oauHulb
Hs(1). Muoxkuua P, (6,S) = (S x (Px\ {0})) L {0} 3 6imapHotwo omepaiiieo

(01“I(s)t, (ua1)~'be), siKmo ichye coBO U € A*
Take, Mo b; = uasg;

(1) (s,a7tag) * (t,b7 by) = (s0l!(t), a7 "vbs) , AKITO ICHYE CJIOBO U € \*
TakKe, Mo as = vby;

0, B IHITOMY BUTIQJIKY,

(s,a7az) *0 =0%(s,a; 'ag) =0%0 =0,

ne 0™(s) =fo---o0f(s) ana Gyab-aKoro HarypaabHoro uncaa n i 0°(s) = s HazupaeThCs

n
A-NOATYUKATYHUM Po3wupennam Bpyra-Petiai MoHOITA S 3 BUSHAYEHIM rOMOMOPdi3MOM

6.
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Mu nmoBogumo, mo rak BusHaveHa Ginapua onepauis * Ha Py (6,S) e acouiarus-
HOIO, & TAKOXK ONHCYyeMO imemmorentn Hamisrpymu (2 (6, S),*) ta sigmomenms I pima
a (25(0,5),*). Hoseneno, mo (£(0,95),+) — O-upocra naunisrpyna Jjis JOBLIbHOL
HamiBrpynu S. 3HaiigeHo HeoOXimHi Ta mocTaTHI yMOBH HA MOHOIL S romomopdizm 6,
3a BUKOHaHHs fKuX HamiBrpymna (2, (0,S5),x) € perynapHoo, inBepcuoio, 0-6impocTolo,
KOMOIHATOPHOIO, KOHI'PYEHI-IIPOCTOI0, uu iHBepcHOIO O-E-yriTapHOo0. TakoX BUBYAETHCs
rornoaorizanis HamiBrpynu (£, (0,.5), x). Orpumani pesynbraru anoncosano B [16].

2. AJITEBPUYHI BJIACTUBOCTI HANIBIPYIu (0, S)
TBepmxkenns 1. (P (0,95),*) e nanisepynoro.

Jlosedennsa. Hexait (s, a7 "as), (t,by *be) i (1, ¢y c2) — MOBiNBHI HEHYIBOB eTEMEHTH MHO-
xuHn P (6, 5). PosrasaemMo MOXKIINBI BULIAIKH.
1. Icuytors cioBa u,v € A\* taki, 1mo by = uas i ¢ = vby. Tomi:

((s,a7 ag) * (t,b7'02)) * (r, ¢y tea) = (011(s)t, (way) ~1hy) * (r, ¢y tea) =
= (010" (s)t)r, (vuar) o) =
= ("1l (5)01 (t)r, (vuar) tez) =
= (6"""(5)6""!(t)r, (vuar) ') =
= (s,ay "az) * (01" (8)r, (vb1) 'ez) =
= (s,ay tag) * ((t,b7 'ba) * (1, ¢1 tea)).

2. Icaytorh ciioBa u, v € A* Taki, mo as = uby i ¢; = vby. Toxdi po3rigHEMO MOXKTHBI
i IBUMAIKH.

a) Icuye cmoBo w € A* take, mo u = wv. Tomi:
(s, a7 az) * (1,7 "0a)) * (ry e ez) = (5011 (8), a7 Mubs) * (r, 7 hez) =

= (s6""(t),ay

= (s0'"71(1), a7 fwey) * (1, e tey) =

= (s6""1(1)0™)(r), a1 Mwes) =

= ( vl

= (

= (

= (s,

’U)’Ubg) (r, 01_102) =

sol Il )l (r ) ay 'wey)) =
se\wl(e\vl(t) ), a7 twey)) =
s,a; tag) * (0 '() (vb1)"ter)) =
s al ag) * ((t,bl_ bo) * (T, 01_162)).
b) Icuye cioBo w € A* Take, mo v = wu. Toxi:
(5,07 az) * (5,07 10a) * (r, 7 ea) = (01 (£), a7 Mubs) * (v, 7 z) =
= (lel(sﬁlu‘(t))r, (way)tey) =
= (0"1(s)0" 1 (t)r, (way) " ep) =
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01l ()01l (t)r, (way) " tes) =
61\ (s)61" (t)r, (war)~'ep) =
) (01 (t)r, (waz)~"es) =
s, a ag) * (9‘”'( t)r, (wuby) "tep) =
) (011 (t)r, (vby) Hea) =
az) * ( )
)

s,ay Lag) *

s,a; Lay

= (
= (
= (
= (s,a
= (
= (s,a7 "ag) * ((t,b7 'ba) * (1, ¢1 ten)).
c) ¥ sunagky u ¢ suff(v) i v ¢ suff(u) orpumyemo, 1o

((s,a7 tag) = (£, b7 102)) * (r, ¢y tea) = (sO11(t), a7 tuby) (1, ¢7tes) =
= (s,ay 'az) * (01!(t)r, (vby) Leo) =
s,ay ag) = ((t, by 'b2) * (r, ;' e2)).
3. Icaytornb cioBa u, v € A* Taki, mo by = uag i by = veyp. Toni:

(5,01 ag) * (8,07 1b2)) % (r, ey tea) = (011 (s)t, (uar) ~'ba)  (r ey o) =

(
= (61"I(s )t(" (1), (uar) " toez) =
= (
= (s,

I
O/—\

o~ o~

s,a7 ag) x (t01°1(r), by toey) =
s,ay tag) * ((t, by 1b2) * (r, e ' c2)).
4. IcuyroTh ciaoBa u, v € A* Taki, mo as = uby i by = vep. Tomi:
((s,a7 ag) = (£, b7 102)) * (r, ¢y tea) = (sO11(t), a7 tuby) (1, e7tes) =
= (50" ()81""| (1), a] tuvey) =
= (501 ()0IF N (1) aT uvey) =
= (s0"(t0" (r)), a7 'uves) =
(8’a11 2) # (101" (r), b tocy) =
= (s,ay ag) * (£, 07 '02) * (1,1 tea)).
5. Icuye cioBo u € A* Take, mo by = uaz, ba ¢ suff(cy) i ¢; ¢ suff(bs). Toai:

(5,07 ag) = (t,b7 'b2)) * (r,c1 " ea) = (01 (s)t, (uar) "'bo)  (rye1 ' ea) =

s,ay tag) * ((t, by 1b2) * (r, e M e2)).
6. Icuye cioBo u € \* rake, wo ¢ = ubs, as ¢ suff(by) i by ¢ suff(aq). Toui:
((s,a7tag) * (t, b7 o)) * (r, ¢ ten) = 0 =
= (s,ay "az) * (81" (t)r, (ub1) ~'ez) =
= (s,ai "az) * ((£,b7 'b2) * (r, ¢y 'e2)).

O/—\

—~
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7. Icuye ciioBo u € A* Take, mo as = uby, by ¢ suff(c1) i ¢; ¢ suff(bs). Toui:
((s, al_lag) * (¢, bl_lbg)) * (r, 61_162) (s@‘"'(t),al_lubg) * (7, 01_162) =

0

= (s, aflaQ) * ((¢, bflbg) * (7, cflcg)).

8. Icuye ciioBo u € A* take, 1m0 by = ucy 1 ag ¢ suff(by) i by ¢ suff(az). Toui
((s,a;tag) * (t, b7 b)) * (r,c; ten) = 0 =
= (s,a7 ag) * (01" (), b] ucy) =
= (s,ay  ag) * ((t,07'b2) * (1, ¢1 tea)).
9. ¥V Bunazaky az ¢ suff(by), by ¢ suff(az), by & suff(c1) i ¢1 ¢ suff(be) maemo, mo
((s,a7tag) * (t,b71b2)) * (1, ¢y tez) = 0 = (s,a7 tag) * ((t, by tbe) * (1, ¢1 Fc2)).

Orox, 6inapua ouepauis * na P, (0,.5) acouiarusua. O

Hanaui, skmio He 3a3Ha4eHo iHie, To OyAeMO BBaxKaTu, 0 S — MOHOLI 3 OAUHULIEIO
1g i rpymoto omnanns Hg(1lg). Takoxk uepes 1p, i 0p, MO3HAYATHMEMO OAMHMINO Ta HYIh
nosinukaigHoro MoHoina Py, a uepe3 0 — Hynb HamiBrpynu (6, .S).

Teepmxenns 2. Henyavosuti eaemenm (s,a; *az) nanisepynu P(0,S) e idemnomen-
mom modi i miavku modi, koau s € E(S) i a1 = as.

[osedenns. (=) Hexaii (e, a;lag) — HeHyJIbOBWHi inemmiorenT Hamisrpynmu 2, (6, S). Pos-
IVITHEMO MOYKJIUBI BUTIQIKH.
1. dko icaye cioBo u € A* Take, M0 a1 = uaz, TO

(e,;aTlas) = (e,a7as)  (e,a7taz) = (01" (e) - €, (uar) Lay).
3 i€l piBHOCTI BUILTUBAE, IO a1 = uai. TOMYy u = €, a OT¥Ke,
e=0"(e) e=0%)-e=ec-e

i a; = as.
2. dxmio icaye cmoBo u € A* Take, 10 as = uaj, TO

(e,a7taz) = (e,ay tag) * (e,ay taz) = (e - 9'“‘(6), ay tuag).
3 wi€l piBHOCTI BUIMBAE, 10 ag = uaz. ToMy u = €, a orxKe,

e=e-0Ue)=e-0)=e-e

i a; = ag.
<) Hexaii e — noBinbaUit inemMmorenT vanisrpynu S i a — JOBUTBHE €I0BO 3 A*. Toxi
(«) Hexaii e — mosimbamii i isrpymnu S i a — 710Bi A*. Toni
(e,ata) x (e,a"ta) = (e2,a71a) = (e,a ta). O

Teepaxenns 3. Idemnomenmu womymyroms y Px(0,5) modi i misvku modi, Koau
ideMnomenmu KoMymywms y Haniezpyni S.
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Josedenns. (=) Hexaii e, f — nosinbui inemnorenru unanisrpynu S. Toxi esementu
(e,1p,) i (f,1p,) € imemnorentamu nauisrpynun 5 (6,S). Ockinbku inmeMmiorenTn B
20, S) xoMyTy10TH, TO

(6 : fa 1PA) = (8, 1P;) * (fa 1P,\) = (fa lP;) * (67 1P)\) = (f "€, 1P)\)7

aorxke, e-f=f-e.

(<) Hexaii (e,a 'a) i (f,b7'b) — noBiAbHI HeHyIbOBI iIeMIOTEHTH HATIBrpyTH
Px(0,5). PosrnsreMo MOXK/IMBI BUIAIKN.

1. Icuye cmoBo u € A\* Take, mo a = ub. Toxi

(e;a™ a) * (£,5718) = (e 011 (£), 0~ ub) =
=(e-1g,a tub) =

= (lg-e,a tub) =
(9‘"'( ) , (ub)~a) =
= (£,b7b) * (e,a™"a).
2. Icuye cmoBo u € \* take, mo b = ua. Toxi

(e,a ta)* (f,b'b) =

= (lg- f,a "ub)
f-ls,a tub) =
f-0e), b ua) =

3. dkimo a ¢ suff(b) i b ¢ suff(a), To
(e;a™1a) & (£,5718) = 0 = (£,571b) * (e, 1a).

OueBuHO, 110 KOXKeH ejieMenT HamiBrpyuu Py (6,5) komyrye 3 i1 HysneMm. O

Hexait S — mamisrpyna. ns moBinbaux al_lag € Py, AC S i s €S noznaanmo
S,-1,. ={(t,artaz) € 2\(0,9): t € S},

L‘Ll az

A, ={(t,ar as) € Px(0,S): t € AC S},

a1 az

P§ = {(s,b; 'b2) € 25(0.5): b 'by € Py \ {Op, } } U {0}

TBepaxenns 4. 1. Mmnootcuna Sa;1a2 3 indyxosanoro 3 Py (0,5) onepayicro i30-
Mmopdra naniezpyni S modi i Miavku Mmodi, KoOAU a1 = ag.
2. Mnootcuna P 3 indyxosanoro 3 P5(0,.5) onepayiero isomopdra nosiyuriivrnomy
Mon0idy Py modi i miavku modi, xKoau s — idemnomenm uaniezpynu S.

losedenna. 1. SIkmo a; # az, T0 3 TRepiKenHs [2| punnBae, mo S,-1, He € MiHAMIB-
1
rpynoro mHanierpynu (6, S).

Y BUMAAKY a7 = Gy BU3HAYAMO BimoOpaskeHHS f: Sal—laz

f ((s,al_lag)) = s. OgeBuzno, MO BimoOpaxkenus: [ € GiekruHuM. JloBeaemo, o BOHO

— S 3a dopwmymaor
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. . " -1 . -1 . . .
36epirae onepanio. Hexaii (s,a; "az2) i (t,a] "ag) — noBinbHi enemenTty 3 Sal—laz. Toni

F((s,a7az) * (8,07 "a2)) = F((st,a7 "az)) = st = f((s, a5 "az)) - F((t, a"a2)).

Otrxe, f € i3oMopdizmom.
2. dkmro s He € ieMIOTeHTOM HamBrpynu S, TO

(’9711’)\) * (s’]‘Pk) - (387113)\) ¢ P)fv

a orke, P{ He ¢ migmanisrpynoro mamisrpynu &5 (6, .5).
Y BUMAIKy, KOJIU S — iJEMIIOTEHT HAMBrpymnu S, TO BU3HAYMMO BilTOOparKEHHS
f: P{ — Py 3a bopmynavu f((s,a; az)) = aj'as i f(0) = 0p,. Ouesumamo, mo Tax
o3HadeHe BimoOpakenus f e biekruHuM. JloBegemo, o BoHO 30epirae onepairrifo. Hexaii
(s,a7 taz), (s,by *be) € P§. PosriisHeMO MOXKIIMBI BUITAIKY.
a) Icuye cioBo u € \* rake, o by = uas. Topui:
F((s.a7 " az) (5,07 'b2)) = f((01)(s)s, a7 'u™"ba)) =
-1 —
= f((1ss,a; 'u"1by)) =
—-1 —
= f((s,a7'u"by)) =
= aflu_lbg =
= aflag . bflbz =

= f((s,ay"az)) * £((s,b7 'b2)).

b) Icuye cioBo u € A* Take, wo as = uby. Toxi:

¢) dxmo (s,a;  ag) * (s,b7'by) = 0, 10

F((s,ay ag) * (5,7 b)) = 0 = a7 raz - by tby = f((s,a5 Maz)) * f((s,b 'ba)).
O

Teepmxenns 5. Eaemenm (t,b] 'by) € insepcrnum do enemenma (s, ay “as) 6 nanisepyni
P\(0,5) modi i miavku modi, Koau by = as,ba = ay it — ineepcrul eaemenm 00 S 6
Hanigepyni S.

Jlosedenns. (=) Hexait enement (t,b] 'by) € imBepcrum 110 enementa (s, a; 'ag) B Hamis-
rpymi Py (0,.S). Po3rigneMo MOXKJIMBI BUNAIKY.
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1. Icaytors cnoBa u,v € A\* Taki, 1mo by = uas i a; = vby. Tomi
(s, a7 taz) * (£, b7 'bo) * (s,a7 M az) = (01(s)t, (uar) " ba) * (s, a7 taz) =
= (0”10 (s)t)s, (vuar) "tag) =
= (s,a; "a).

3 i€l piBHOCTI BUILIMBAE, 1O a1 = vuai. ToMy u =€ iv =€, a orke, by = as i by = a;.
2. Icuyiots cmoBa u, v € A\* Taxki, Mo a1 = ubs i as = vby. Tomi

(t, b7 b2) * (s,a7 Yag) * (£, 07 bg) = (01! (t)s, (uby) " tag) * (t,by 'by) =
= (011 ()50 (t), (uby) ~tvby) =
= (t, by 'ba).

3 mi€l piBHOCTI BumymBae, mo by = uby i by = vby. ToMy u =civ =-¢, a oTke, by = ay 1
) ) )
b2 =ai.
3. Icaytorpb cioBa u, v € A* Taki, mo by = uag i by = vay. Toxi

(s,a3 "ag) * (£,b7"b2) = (s, a1 "az) = (01"1(s)t, (uar) "'ba) = (s, a1 'az) =
= (9‘“'(8)1?9‘”'(5), (uay) tvag) =
= (s,aflag).
3 1i€l piBHOCTI BUMIIUBAE, IO a1 = uay 1 ag = vag. ToMmy u =i v = ¢, a 0TKe, by = ay

i b2 = aj-
4. IcuyroTb cimoBa u, v € A* Taki, mo as = uby i by = vay. Tomi

(S?al_la2) * (t? bl_le) * (57011—1@2) = (Se‘m(t)val_lubQ) * (57 a’l_la2) =
= (0!l (£)0!"!(s), a7 uvay) =
1

= (s,ay "ag).

3 i€l piBHOCTI BUILIMBAE, IO Go = vuds. ToMy u =€ 1 v = &, a oTKe, by = as i by = a;.
Omxe, sxmo enement (t,b 'by) € imBepcuum 10 enementa (s,a] 'ag) B Hanmisrpymni
f@)\(e,S), TO b1 = Qa2 i b2 = ai- TOMy
(s,a7 tag) * (t, bflbg) * (s, aflag) = (s, aflag) * (¢, a;lal) * (s, aflag) =
= (sts,aj tay) =

= (s,a1 'a»)

(t,b7b2) * (s,a7 "az) = (t,b7 'ba) = (t,a5'ar) * (s,ay "a2) * (t, a5 'ay) =

(tst,ay'a;) =

(t,aglal).

3 mepmrol piBHOCTI BUIIMBAE, MO S = StS, a 3 Apyrol Bumiausaeg, mo t = tst. OTxH,
eJIEMEHT ¢ € iIHBEPCHUM [0 eJIeMEeHTa S y HamiBrpyti S.
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(<) Hexait s — noBibHUI eeMenT Hamiprpynu S i s~ — iHBepCHUI eeMeHT 10 s

y namisrpyni S. Toxi

-1

(5,07 ag) * (s71 a5 tay) * (5,07 fag) = (ss's,ay tag) = (s, a7 "as)

(s_l,aglal) * (s,aflag) * (s_l,aglal) = (s_lss_l7af1a2) = (5_1,a;1a1).

3 TBepIyKeHH [5| BUIIIMBAIOTH TaKi JBA HACIIKH.

Hacuainok 1. Haniezpyna £, (0,S) — peayasapna modi i miavku modi, Koau Haniezpyna
S — pezyaapna.

Hacainok 2. Hanisepyna P5(0,S) — insepcna modi i miavku modi, KoAsu Haniezpyna
S — ineepcHa.

Jlema 1. Hexadi (s,a;‘az) i (t,b7'bs) — dosisvmi menyavosi eremenmu maniszpynu
P\(0,8). Trwo (s,a7 az) * (t,by  ba) = (r,¢7  ea) # 0, mo ay € suff(cy) i by € suff(cy).

Jlosedennsa. Posrmsmemo MoxknBi Bumamxn, Komu (1, ¢ 'co) # 0.
1. Icaye cmoBo u € A\* Take, 1m0 as = uby. Tomi
(s,a7 ag) * (t,07 1 bg) = (s, a7 ‘uby) * (t,b7 'ba) = (s - 01I(t), ay 'uby).
2. Icaye cmoBo v € \* take, mo by = vasy. Toxi
(s,a7 taz)  (t,by 'b2) = (5,07 "az) * (¢, (vaz) ~'b2) = (6""1(s) - £, (va1) ~'ba).

Orxe, a1 € suff(cy) 1 by € suff(cs). O
Teopema 1. Hexzati (s,a]  az) i (t,0] 'ba) — dosinvni nenysvosi eaemenmu naniszpynu
220, 5). Todi:

1) (s, aflag)f(t bi1b2) 6 P(0,S) modi i miavku modi, Koau s.Lt 6 S i az = by;

2) (s,ay az)Z(t, b7 ba) 6 P\(0,5) modi i miavku modi, xoau s#t 6 S i ay = by;

3) (s,a7 az) 0 (t, b7 ba) 6 Px(0,S) modi i miavku modi, xoau st 6 S i ajy ‘ay =

F%%

4) (s,aytaz)2(t, by tbe) 6 P\(6,S) modi i mirvku modi, xoau sPt 6 S.
Jlosedenna. 1. (=) Hexait (s,ay 'az).Z(t,b7'b2) B P\(0,5). Toxi icuyioTh enemenTi
(r, ¢y te) i (g, dytdy) mamisrpymn 2y (6, S) taxi, mo

(5,a7 ag) = (r, ¢y ea) * (t,b7 1 2) i (t, b7 02) = (q,dy dy) * (s, a7 as).

3 meprmoi pisaoCTi Ta Memu (1| BummBae, mo by € suff(az), a 3 apyrol pisrocTi Ta JeMu

BI/IHJII/IB&G, mo ag € suff(by). Tomy ag = by, a 1e 03HAYAE, IO ICHYIOTH CJIOBA U, v € \*
TaKi, Mo a1 = uds i by = ves. OTiKe,

(s,a7 ag) = (r, e en) * (8,07 by) = (011 (1), (ver) ~1hy)

(t,b7'b2) = (g, dy ' da) * (5,07 az) = (0"(q)s, (udy) " as).
3 mepmoi pisnocri summmsae, mo s = O°l(r)t, a 3 apyroi pismocti BunHBaE, MmO t =
6!"l(q)s. Orxe, s.£t B mamiBrpymi S.
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(«<=) Hexait (s,ay  ag) i (t,b] 'by) — menymbosi enementn nanisrpymu 2, (0, S) raxi,
mo st B S i as = be. Toni icuytors esemenTu r i ¢ HaniBrpynm S taki, mo s = rt i
t = gs. Tomy

(s, al_lag) = (r,al_lbl) * (t,bl_lb2) i (t, bl_lbg) = (q,bl_lal) * (s, al_lag).

Orxe, (s,a7  az).Z(t, by 'by) B mamisrpymi 2y (6, S).
2. (=) Hexait (s,a7  az)%(t, b7 'bs) B P5(0,S). Toxi icryiors exementn (7, ¢y *ca) i
(q,dydy) manisrpynu 2 (0, S) Taxi, mo

(s,al_lag) = (t,bl_lbg) * (r, 01_162) i (t,bl_lbg) = (s,aflag) * (g, dl_ldg).

3 nepoi piBHocti Ta semu (1| BunuBae, wo by € suff(a;), a 3 gpyroi pisHocti Ta semu
puiusae, wo a; € suff(by). Tomy aq = b1, a ue o3navae, WO icHYIOTH ciaoBa u, v € A*
Taki, wo as = udy i by = vey. Orox, orpuMyemo, 1o

(s,aflag) = (t,bflbg) * (r, C;lcg) = (tHl“l(T),bflch)

(t,bl_lbg) = (8,&1_10,2) * (q,dl_ldg) = (80‘“|(q),a1_1ud2).

3 mepiiol piBHOCTI BUILIUBAE, IO § = t9|”|(r), a 3 JIpyroi piBHOCTI BUIIMBAE, 10 =
s01l(q). Orxe, s#t B manisrpymi S.

(«<=) Hexait (s,a] ‘ag) i (t,b] 'by) — nenyibosi enementn nanisrpynu &y (0, S) raxi,
mo sZt B S ia; = by. Toni icaytors eemenTu 7 i ¢ HamiBrpynu S Taki, mo s = tr i
t = sq. Tomy

(s, al_lag) = (t, bl_lbg) * (7, b;lbg) i (t, bl_lbg) = (s,al_lag) * (q,aglag).

Orxe, (s,a; 'az)Z(t, by 'by) B mamisrpymi 2, (6, S).

3. BunmBae 3 TBepaKeHb 11 2.

4. (=) Hexait (s,a] a2)?(t, by by) y nanisrpymi P, (6,S). Toxi ichye emement
(r,c7ter) € P (0, S) taxuit, wo (s, a7 az).L(r, ¢y tea) i (1, ¢p tea) L (t, by 'bs). Ba TBepa-
xeuusamu 11 2 orpumaemo, mo s.Zr i r#t B S, a otke, sPt y namisrpymi S.

(<) Hexait (s,a; 'az) i (t,b;'by) — HemyboBi enementn mamisrpymu 2 (0, S) Ta-
ki, mo st B S. Toxi icuye ejement r wamiBrpynu S Takwuii, mo s.Zr i r#t. Tomy
(5,07 az).L(r,by  ag) i (r, b7 ta)Z(t, by ths). Omxe, (s,a; az)?(t,by by) y mamisrpy-
i Z,(0,5). O

3 reopewmu [I]i nacaiky [ BurimBaoTsh Taki JBa HACILIKA.

Hacuinok 3. Hanisepyna P (0,5) — xombinamopra modi i miavky modi, Koau Hanie-
epyna S — KombiHAMOPHA.

Hacuainok 4. Haniszpyna Py (0,5) — 0-6inpocma modi i miavku modi, xKoau naniezpyna
S — 6inpocma.

Teepaxkenns 6. Hanisepyna Py (0,5) € 0-npocmoro das dosiavroi nanisepynu S.
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Josedenns. Hexait (s,a; as) i (t,b7 be) — noBiabHi HeHy bOBi eeMenTH HamiBrpymH
Z\(0,5) 1 u — nenopoxue cs10Bo BlsibHoro monoina A*. Toxi

(011 ()2, ay Muby ) * (t, b7 'bo) * (s, (ubz) taz) =
= ((0"1() 7" - 01I(2), ay "ubs) * (s, (uby) "ag) =
= (1, a;  ubs) * (s, (uby) tag) =
= (s,a; *az),
3BlIKM BUILIMBaE, o HamiBrpyna Py (6, S) e 0-upocroro. O

TBepmkenns 7. Haniezpyna Py (0,S) — xonepyeny-npocma modi i misvky moodi, Kosu
S — mpusiaavra HaNIBZPYNA.

Jlosedenna. fkino S — omHoeieMeHTHA MHOKIHA, TO HamiBrpyna £y (6, S) isomopdua M-
nosinukmaHOMY MOHOILY Py. OCKimbKEu A-MOMNUKIIYHIN MOHOI € KOHIPYEHII-ITPOCTOO
Haniprpynoo (qus. Hanpukiaz [4, reopema 2.5]), TO y 1upoMy BuIaAKy HamiBrpyia
Z(0,5) € KOHrpyeHU-1IPOCTOIO.

Hexait mamiBrpyma S He € OIHOEIEMEHTHOI MHOKUHOK. 10/l BiTHOIIEHHST

¢ = {((a:,al_lag), (y,a7ta9)): z,y € S,a;tas € P,\} U {(0,0)}

€ HeTpUBiaJbHOK KOHTpyeHIeo Ha ) (6,S), npudomy, oueBnaHO, 1Mo (hHaKTOP-HAMIB-
rpymna Xy (0, 5)/¢ izomopdua \-mominukIiaHOMY MOHOILY Py. O

TBepaxxkennd 8. Insepcna naniszpyna Py (0, 5) € 0-E-ynimapnoro modi i misvku modi,
xoau naniezpyna S e ineepcroro E-ynimaproro ma 0~ (1g) = E(9).

Josedenna. (=) SIxkmo Hanisrpyna &2, (6, S) — inBepcHa, TO 3 Hacnim(y BUILJIUBAE, IO
HamiBrpyma S € TakoXK iHBepcHOIO. Hexait s — eslemenT HamiBrpynu S i e — imemmorenTn
Hanierpynu S raki, mo es € E(S). Toxi (e,1p,) * (s,1p,) = (es, 1p,). Ockinbku (e, 1p,)
i (ex,1p,) — imemnorenru HanmiBrpymm 2y (6,.S) ra inBepcua Hamisrpyna &2, (0,S) € 0-E-
yuitapuoio, to (z,1p,) € E(P(0,5)), a orxe, s € inemnorenrom samisrpynu S. Tomy
inBepcHa HamiBrpyna S € E-yHiTapuoio.

Hexait s — enement Hamisrpynu S taxuii, mo 0(s) = 1g i a — c10BO B A* Take, 110
la] = 1. Toni

(1s,ata) * (s,1p,) = (0(s),a a) = (15,a 'a).

Ockimbru (15, a~ta) — inemnorent nanisrpymu 2, (0, S) it inBepcua nanisrpymna 2, (6, S)
€ 0-E-ynitapuoro, To exement (s,a”'a) mictutoea 8 E( 2, (0, S)), a orxke, s — ineMmnoTenT
HamiBrpymnu S.

(<) Hexaii (e,a"'a) — nenymbosuit inemmorent namisrpym 2, (6,9) i (s,bflbg) -
esiemenT HamiBrpynu (6, .S) raxi, mo

(e,a™ta) * (5,07 'bo) € BE(2(6,9)) \ {0}.
Posrnaremo MoKMBI BUIAKH.
1. dkmio icaye cioBo u € A* Take, mo b; = ua, 1O
(e,a™ta) x (s,b71ba) = (01! (e) - 5, (ua) " bo) = (s, b7 'bo).
Ockinbku (s,b] 'by) € imemmorentom namisrpyma (6, S), 1o 3 TBepﬂ}KeHHHBI/IHJII/IBaG,
mo by = by i s € imemnorentom mamisrpynu S. Orxke, (s,by 1by) € E(25(6,9)).
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2. dkmo icuye cnoBo v € A* Take, mo a = vby, TO
(e;a™ a) * (5,07 by) = (e - 01VI(s), a1 oby).

Ockimbku (e - 01Y1(s),a"'vby) € inemmorentom mamisrpym 2y (0, S), 10 vby = a = vby
i 01"l(s) € inemnorenrom mamisrpynm S. Bpaxosyioun momepenme i e, mo 0~ '(lg) =
E(S) orpumyemo, mo by = by i s € E(S). Orxe, (s,b; 'b2) € inemnorenTom namsrpymm
20, 5).

Tomy inBepcHa Hamisrpyna &, (6, S) — 0-E-yHitapHa. O

Teepmxkenns 9. Henyavosuii enemenm (s,a; *az) naniszpynu Py (6,S) narescumo
uenmpy Z(P2(0,S)) modi i misvku modi, xoau s € Z(S), s =0(s) i a; tag = 1p,.
Jlosedenns. (=) Hexait (s,a]'ap) — HeHYIbOBHil eJEMEHT 3 MEHTDPY HATIBIDYITH

3%(0, S) TO,ZI;i

(s,ai  azar) = (s,ay "az) * (1s,a1) = (1s,a1) * (s,a7 'az) = (s,a2)

(S’al_l) = (s,aflag) * (15,&2_1) = (15,&2_1) * (8,&1_1&2) = (3’ (a1a2)71a2)'

3 mepioi piBHOCTI BUILIHBAE, IO G = €, & 3 APYrol BUILIUBAE, Mo b = . Tomy al_lag =
1p,.

Hexaii (s, 1p, ) — Henyab0BUil e1eMeHT 3 neHTpy Hanisrpyun &y (6, 5) 1t — noslibuuil
enement Hamirpynu S. Tomi

(S'tvlp,\> = (Svlp,\> * <t7 1P)\) = (tle,\> * (‘9711’,\) = (t : 371P,\)'

Tomy s-t=1t-s, a OTKe, § HAJIEKUTH [IEHTPY HAMIBrpynu S.
Hexait (s,1p, ) — HeHYIILOBHI esleMeHT 3 IieHTpy HamiBrpynu P, (6,S) i a — cioso 3
A* Take, mo |a| = 1. Toxi

(s,a) = (s,1p,) * (1g,a) = (1g,a) * (s,1p,) = (0(s),a).

3Bixcu Buiusae, mo s = 0(s).
(<) Hexait (t,a;  az) — nosinbauit enement mamisrpymn 2y (0,5) i s — enemenr 3
neHTpy Hamiprpynn S takmii, mo s = 6(s). Toni

Tomy (s,1p, ) HasmexxuTh 1eHTPY HamiBrpymn (6, S). O

Teepmxkenns 10. Eaemenm (s,a]  ap) 3 naniezpynu Py (0,S) nareoncumo zpyni 0du-
nuyd H (1, 6,5)) modi i misvku modi, koau s € H(lg) i aytay = 1p,.
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Josedenns. (=) 3 nemu [l| Bumupae Take: sxmo enement (s,a; "ag) HATEKUTH TPy
omunnub H(15, 9.5)) nanisrpyma Py (6, S), 1o aflag =1p,.

Hexait enement (s, 1p, ) nanexurs rpymi omununs H (14, g,5)). Toni icuye enement
(t,1p,) rpyun oquuunp Hamisrpyuu (0, .S) rakuii, mo

(st, 1P>\) = (s, 1P>\) * (1, 1P>\) = (t, 1P>\) * (s, IPA) = (ts, 1P>\) = (1s, 1P>\)'

Tomy s € ejleMeHTOM IrpyIu OAUMHUIL HAIBrpynu S.
(<) Hexaii s — ezlemenT rpynu oguHuIk Hamisrpymu S. Tomi

(s,1p) * (s 1p) = (s -5, 1p,) =
=(s7'.s, 1p,) =
= (s711p,) * (s,1p,) =
(1Sa1fa)

Orxe, (s,1p,) € eremMenTOM rpymu OnuHUNE HaniBrpymun (0, S). O

Teepmxkenns 11. Muoorcunu {x € P\(0,S): axx =>b} i {x € P\(0,5): xxa=0>} -
CRINYEHHT 0NA OYOb-AKUL HEHYALOBUT eaemenmis a,b € Py(0,5) modi i miavku modi,
woau muooicuny {x € S: sz =t}, {v € S: ws =1t} i 071(s) — cxinuenni daa 6ydv-axuz
s,teS.

Josedenna. (=) dxmo MHOKWHA {x € S: sz =t} — HeckiHYeHHA JJIs JedKuX S, ¢ € S,
o MHOXKHHA {x € P)(0,S5): (s,1p,) xx = (t,1p,)} — HeckindeHHa. SIKIIO K MHOXKHHA
{zx € S: xs =t} — Heckinuenna g gedkux s,t € S, TO MHOXKUHA

{x € 22,(0,5): z*(s,1p,) = (¢t,1p,)}

— neckingenna. Omxe, MEOuHK {x € S: sz =t} i{z € S: s =t} — ckinuenni s 6yaH-
sAKuX §,t € S.

IIpunycTumo, 1Mo MHOKUHA, -1 (t) — Heckinvenna mist gesikoro enementa t € S. Toni
MHOKHHA,

{(z,1p,) € P(0,85): (1g,a) * (z,1p,) = (t,a)}

€ HEeCKIHYEHHOIO JIJIs ,ZLOBiJIbHOFO CJIOBa a € N,

(<) Hexaii (s,a; *az), (t,by *by) — noBinbHi exementn namisrpymu Py (0, S). dose-
JIEMO, 0 MHOXKHHA,

—1 . -1 -1 _ —1
{(z, 7 y2) € 2x(0,9): (s,a1 "az) * (z,y7 'y2) = (t, b7 'b2)}
€ ckinyennowo. 3 reeppkenns 2.7 [4] Buiuiusag, 1o icuye ckinueHHa KiJIbKICTb ejeMeHTiB
Y1 1y2 A-ITOMNUKTIIHOTO MOHOIZA Py Takmx, 1110 aflag YL 1y2 = b;le. Hexait 6;102 -
OIIMH 3 IHX eJIeMeHTiB. PO3riissneMo MOXKIUBI BUTAIKH.
1. Icuye cmoBo v € A\* Take, 1m0 by = uas. Tomi

(5,1 "az) * (2,97 "y2) = (0" ()2, a7 'u ya) = (8,07 'ba).

Ockinbkn mMuOXKuHE {x € S: sz =t} 1 {r € S: xs = t} — ckinvenni qna Oyap-IKuIX
s,t € S, To icHye CKiHYeHHa KiIbKICTh eeMenTiB & Hamprpymn S Takux, mo 64 (s)x =t.
2. Icuye cioBo u € \* Take, mo as = ub;. Tomi

(s,a1 'az) * (2,57 'y2) = (s0(2), a Tuyz) = (t, b1 "ba).
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Ockinbkn muoxkunu {x € S:sx = t}, {x € S:as = t} i 07(s) — ckinvenni s
Oyapb-sikux S,t € S, TO icHye CKiHYe€HHA KiJIbKiCTb €JeMEHTIB = HAMIBrpymu S TaKux,
mo s (z) = t.

TTozastk ckinderHe 00’€IHAHHS CKIHYEHHNX MHOXKWH € CKIHYEHHOI0 MHOYKHWHOIO, TO
MHOYKWHA,

{(mvyl_ly2) € '@)\(97‘9): (S,Cbl_lag) * (xvyl_ly2) = (t’b1_1b2)}

CKiHYeHHA. AHAJIOITYHO JOBOAUTHC, 110 MHOXKKHA,

{(z, 47 y2) € 20(0,9): (x,y1 "y2) * (s, a1 "az) = (£, b7 'b2) }

CKiHYeHHA. O

3 o3nauenns HauiBrpyuosol ouepauii na nauisrpyui 2 (0,S) i rBepaxenns 2.7 [4]
BUIJINBAE TAKUI HACJIIIOK

Hacaigok 5. /Jlas dosinvrux a,a1,b,by € \*, s,t € S Koorcha 3 MHOHCUH
A={(t,u""v) € 2\(0,9): (s,a”'b)* (t,u""v) € Sal—lbl},

Y
B = {(t,u""v) € 2,(6,5): (t,u 'v)* (s,a”'b) € Sal—lbl}

NEPEMUHGE He OlabUWE, HINHC CKIHYEHHY KIALKICTY NIOMHONCUH 8UAADY S.—1,4 HaANi6epy-

nu Px(0,95).

TBepmxenusa 12. Hexad S,T — dosisvui naniezpynu ma €, €4 — Kouepyenuyii na
nanieepynax S i T, eidnosidno. Axwo f: S — T — isomopdiam maxud, wo s€t modi
i miavku modi, koau f(s)€1f(t) daa dosinvnuz s,t € S, mo eidobpascenna f: S/€; —
T /€5, osnauene f([s]e,) = [f(5)]e,, € isomopdismom.

Josedenns. Odesunno, Mo Bino6parkeHHs [ BU3HAYEHO KOPEKTHO Ta € GiekrupuuM. Jlo-
Beaemo, wo f 36epirae onepanio. Hexait [ae, , [b]e, € S/€1. Ockinbku €1 — Kourpyenuis
Ha HamiBrpymi S, TO

?([a]€1 ) [b]€1) = f([ab]Ql) = [f(ab)]€2 = [f(a‘) ’ f(b)}(’b = [f(a)]ez ’ [f(b)]¢27
3BIJIKM BUILTNBAE HAIE TBEP/KEHHS. O
Teepmxkenns 13. Hexad S i T — monoidu ma 0: S — Hg(lr) i ¢: T — Hr(lp) —
2omomopgismu. drxwo f: Px(0,8) = Px(6,T) — isomopgism, mo nanieepyna S i30-
moppra nanieepyni T ma icnye asmomopdism f, nosiyuraivnozo monoida Py maxud,
wo f(Saflag) = Tfp(aflag)'

Josederns. Ockinbku

Sip, ={a€ Px(0,5): axb#01iaxb+# 0 ana nosinsuoro b € F,(0,5)}

Tip, ={a € Pr\(¢,T): axb#0iaxb+#0 na nosinsuoro b € Px(¢,T)},

TO f(SlPk) =Tip, - Orxke, 3a TBepkennusaM (4 mamisrpyna S i3omopdua Hamisrpymi 7.
Busnasumvo Komrrpyentmio € ma mamisrpym (0, S) max: (s,aytaz)€i(t, by by),
AKIIO al_lag = bl_lbg i 0¢,0, Ta anasoriubo: (s, al_lag)Qfl(t, bl_lbg), AKIIO al_la2 = bl_lbz
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i 0¢,0 — konrpyentito €y na manisrpym Py (¢, T). dosememo, mo (s, a; “az)€y (t, b 1b2)
Toni i minbkm Tomi, komu f((s,a; az))Caf((t,by be)). Babikcyemo (s,a=l),(s,a) €
P\(0,5). Tomi (lg,a) * (s,a™t) = (s,1p,) i (s,a) * (1g,a™) = (s,1p,). Ockinn-
ku f((s,1p,)) = (t,1p,) ana geskoro enementa t € T, to f((s,a™t)) = (r,b7 %) i
f((s,a)) = (q,b) nnsa pesxkux r,qg € T 1 b € \*. BayBazkumo, 1O CJI0BO b HE 3aJ€KUTDH
Big BUGOPY enementa s. Tomy f(s,a™') € Sy-1 i f(s,a) € Sy Ana AOBIIBHOrO eneMeHTa
s€ES.

Hexait (s,a] 'az), (t,a] 'az) — nosimewi emementn mamiprpyma 25 (6,S). 3 Teo-
pemu surmmBae, mo (s, a; )Z(s,art), (s,a2)L (s a7 as), (t,ay")R(t,a; az) i
(t,ag)ﬁ(t,al_lag) B #,(0,5). 3 Bume poeegeHoro ta Toro, mwo izomopdizm 36e-
pirae #- i £-Kjacu BUNIUBAE, IO (S,a;lag)(’:l(t7b71b2) TOAI 1 TiABKW TOMi, KOJH
f((s,a7 " az))Caf((t, by 'by)). Omxe, 3a TBepmennsm [12] isomopdism f mopomxye i3o-
mopdism f: 25(0,9)/€1 — Pr(¢,T)/€1. Ockinbku koxkua 3 manisrpyn 2 (0, 5)/¢;
i P\(¢,T)/€1 i3omopdua A-TONMUKIIIHOMY MOHOIIOBI, TO icHye aBTomMopdizM f,
noninukaiunoro monoina Py raxuit, mo f([(s,a; ' as)]e,) = [(s, fp(aflag))]¢2. O

dxmo f: Px(0,5) = P\(¢,T) — izomopdism, T0 yepes fI nosnaummo izomopdizm
mix sanisrpynamu S i T, sikuil 10pouzKyerbest i3omopdizmom f| Sy p. 3 WO € 3BY2KEHHAM
A
iomopdizmy f Ha miaMonHOIT S1 Py > AKHI i3omMopdHMI TOTIMUKIIYHOMY MOHOIIOBI Pj.
3 repmxkenns [13] BunmBae Takuit HACITIIOK:

Hacuaigok 6. Hexati epynu odunuysb nanieepyn S i T € mpusiaavrumu. Todi nanisepynu
P\0,5) i Px(¢,T) € isomopdrumu modi i miavku modi, Koau wanieepyna S i3omopdna
nanieepyni 1.

Teopema 2. Hezxad epynu odunuuysb nanieepyn S i T € mpusiaavrumu. Sxwo

f: 2\(0,5) = P\(6,T) — isomopdism, mo f((s,a;  as)) = (fL(s), fp(ay'az)).
Josedenna. Hexait f((1g,a)) = (s,b) i f((1s,a=1)) = (t,b~1). Toxi 3 pisrocTeii
(Is,a) * (1s,a™ ) = (1s,1p,) i (ls,a™ ) *(ls,a) = (1s,a” 'a)
i TBepmkenns [ Bunymsae, mo s,t € H(lr), a orke, s = t = 1p. Posriugremo pisHicTb
(1g,a1) * (s,a7 ag) * (1g,a3 ') = (s, 1p, ).
Ockimexn f((1s,a1)) = (17, fplar)), f((1s,a3")) = (7, fplazh), f((s;a7'a2)) =
(t. fplag'a2)) 1 f((s.1p,)) = (f§ (). 1p,), 0 t = fE(s). O
3. TomoJIOTI3ALISA HAMIBrPynu #,(6,5)

Teepaxenns 14. dxwo (S,7s) — eaycdopdosa HaANi6mMONoOA0ZiuHa HANIGZDYNA MA
0: S — H(lg) - nenepepsnuti zomomoppism, mo (Px(0,5),7s) — eaycdopdosa nanie-
MONON02INHA HANIE2PYNA, 0€ Tg — MONOAOZEA NOPOIHCEHA 6A3010

Bot = {Us-15: U € B, a,be X'} U{0}
1 B — baza mononaozii .

Josedenna. Cim'st minmuokue By, 3amoBoabhsie ymorn (B1)—(B2) [II], a orxe, BoHa €
6a3010 TOMOJIOTIT Ty Ha HamiBrpymi (6, S). Ouesnnno, mo (F(0,S), 7s) — raycaop-
dosuit mpocTip.
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Hoseznemo, mio (£ (6, S), 7 ) — nanisronosioriuna nanisrpyna. Hexait s, t — noiiabui
esiemedTy HauiBrpynu S. 3 Hapizuol nenepepsHocri onepauil Ha (S, Tg) BUILIMBAE, WO
JUTst TOBLIBHOTO BizkpuToro okoiy U (st) enementa st B (S, 7g) icHyOTH BiIKpHTI OKOIM
Ui(s), Us(t) emementiB s,t B (S, 7s). Bigmosiano, raxi, mo Uy(s) -t C U(st) i s- Ua(t) C
U(st).

Hexai (s, ay tas), (t, by *be) — noBimbHi enementy namisrpymn 2y (0, S). Posrismemo
MOZKJINB1 BAIIAIKH.

1. dxmo icaye cmoBo u € A* Take, 1mo by = uag, TO

(s, al_lag) * (¢, bl_lbg) = (9'“‘(s)t,aflu_1b2).

Hexait Wal_1u,1b2 — nosimpuumit BiakpuTait oxin roukn (0!"(s)t, a7 'u"1by) y romosnoriu-
Homy npoctopi (P (0,S), 7« ), e W — sinxpuruii oxin touku 01 (s)t B (S, 75). Toxi 3
HapizHol HellepepBHOCT] HaiBrpynoBol ouepauil B (S, 7s) i 3 HenepepBHOCTI roMOMOpdI3-
My 6 BunmMBag, o icHyroTh BiakpuTi okosm V(s) i V() modok s ity mpocropi (S, Ts),
Bimosino, Taxi, mo 0*/(V(s)) -t C Wi 0l“l(s) - V(t) C W. Toui

VI(8)grigy * (007 02) CWonyny, 1 (s,a7 a2) x V()1 © Wty
2. dxmo icaye cioBo v € \* Take, mo as = vby, TO
(s,a7 ag) (£, 07 by) = (5011 (), a7 vby).

- . . . - . " —1 .
Hexait Wal—lvbz — noBinbuuit Biakpuruii oxin rouku (s01(t), a7 vby) y Tonomoriumomy

upocropi (2 (0,5),7a), e W — sinkpuruii oxin rouxu s0!°!(t) B (S, 7s). Toai 3 napis-
HOT HemepepBHOCTI HamBrpynosoi oneparii B (S, 7g) 1 3 HenepepsrOCTi rOMoMopdizmy
BUIIIIMBAE, 1O icHyIOTH BimkpuTi okomm V(s) i V(t) Touok s it B (S, 7g), Biamorigno,
raxi, mo V(s) - 01Vl(t) CW i s-0l°(V(t)) C W. Toxi

V(S)a;1a2 * (t, by 1hy) C Wt i (s,a] " az) * V(t)blﬂb2 cw

= a;lvbg'
3. dxmo (s,a; *ag) * (t,b] 'by) = 0, 10
V(s)afla2 * (¢, bl_lbg) = {0} i (s, al_lag) * V(t)bl_lbg = {0}

JUTsl JOBLIBHUX BiAKpuTHX oKoyiB V (s) i V(¢) To4ok s i t, BimmosinHo, B (S, Ts).
Takok, MaEMo, 10 V(S)a;1a2 x {0} = {0}, {0} V(s)afla2 ={0}i {0} {0} = {0}
JUTst TOBLIBHOTO BizkpuToro okoiy V(s) Touku s B (S, 7g). O

Bayeasicenna 1. (1) Ockimbkn Tomosoriunmit mpoctip (5 (6,S), T) € Tomomoriy-
HOIO CyMOIO w - A Komiif mpocropy (S,7s) Ta izompoBanoi Toukn {0}, TO Ha-
nisronosioriuna Hamsrpyna (2, (0,5), Te) ycuaakoBye yci BJaCTUBOCTI IIPOCTO-
py (S, 7s), 110 36epiraloThCst HECKIHYEHHOIO TOIOJIOrIYHOI CYMOIO TOHOJIOTTIHUX
upocropis. 3okpema, merpuky dg 3 S Ha Py (0,S) MOKHA LPOJOBKUTH TAK:

1 1 d(s,t), sxmo aj ‘as = by by
de ((s,ay "ag2), (t,b7 " b2)) = .
1, B iHIIIOMY BUIIQ/JIKY.
OueBuIHO, IO TOIOJIOriA, OPOKEHA METPHKOIO dg Ha Py (0, S), 36iracrncsa 3
) ) ) )

TOTIOJIOTIEI0 Tt -
(#i) TwepmkeHHs BUKOHYETHCH [IJIsT TONOJIOTIYHUX i TOMOJIOTIYHUX IHBEPCHUX Ha-

MBrpyTI.
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Tsepaxenns 15. Hezxati (£5(0,S),T) — naniemonoaoziuna naniezpyna. Todi das do-

BIALHUT CAL6 A1, A3, b1, by, € X* mononoziuni nidnpocmopu Sal—laz i Sb1_1b2 € 20Me0MmOpeh-

HUMU, Sal—l ma Sb;lbl — monoaoziuno i3omopdni nidnaniezpynu 6 (Px(0,S),1).

ai

Hosedenna. O3HAUMMO BiIOOpazKeHHS ngZEllZ D PN0,5) = 2\(6,S) ta d):i_llz;z
P\0,5) = 25(0,S) bopmynamu

b b — — . aila - —
dL, 22(5) = (1s,by tar) * s+ (1s,a5 'b2) i qbblilb;(s) = (s, a7 'by) * s (15,b; Las).

0.1(1

—1
a a .ee . .
! € HemepepBHUMH AK KOMIO3HIII 3CYBiB y HaIiBTOIIONO-

. by th
Binobpazkenna ¢ L, -~ Ta ¢,
a; az bl bz

—1 —1
riynift wanisrpyni (22 (0,5),7), a TaKoX BUKOHYIOThCH DiBHOCTI ¢Zi1§2(¢zl_1l;2 (s)) =s
1 b2 1 a2

. b7 Mbe a7 tas o . . .
i ¢a1,1a2 (¢b1,1b2 (t)) = t pns noBUIbHUX S € Sal—laz itesS ~1p,, & O1Ke, X 3ByKeH-
by tba . a]tas . . . .
HA ¢ - i 1 € romeomopdizmamu migmpocropis S -1 1 5,-1, B
¢a1 Loy ‘Sal_laz (¢b1 p, )|Sa1_1a2 pdb AP P aitas b by

(25(0,S5),7). Y Bunasaky nigHamiBrpymn Sal—lal Ta Sb;1b1, OYEBHUIHO, IO BiI0OpaKeHHS
by 'h . .

1. s _, € izsomopdizmom. O
al al aj; “aj

Jlema 2. Hezali T — 2aycdopdosa mpancaayitno Henepepena monoiozis Ha Hanieepyni
P50, S). Todi:
(1) daa dosinvrol mouku (s,€) icnye it 6idkpumud oxin V C S¢;
(73) daa dosiavHozo esemenma s € S ma d06iabHO20 caosa W € X* icnye Gidkpumud
okia V mouku (s,w) maxud, wo V C S,,;
(#91) daa dosinvnozo esemenma s € S i 0068inbH020 ca06a W € N* icnye sidkpumudl
oxia V. mouru (s,w™t) marut, wo V C Sy,-1;
(tv) daa dosinvnozo esemenma s € S i JOGIABHUT MENOPONCHIT CAi6 U,V € A*
icnye eidxpumuti oxia V. mouku (s,u” v), wo micmumb auwe mowku euzaady
(t,x71y), de x — cydpirc caosa u, ay — cydire ciosa v.

Josedenna. (i) adikcyemo nosinbhy Jitepy x € A. Toxi
(5,6) * (1,27 2) = (6(s),2 " 2) i (1s, 27 2) * (s,€) = (0(s), 2™ ).

Hexait W — sinkpuruit okin rouku (6(s), 2~ x), mo ne mictuts myna 0. 3 HapizHoi Here-
pepBHOCTI HamiBrpynoBoi oneparii B (5 (0, S), T) BumnBae, 1o icHye Bigkpuruii okin V'
Touku (s,¢) Takuit, mo V x (1,27 ) C Wi (1,27 a)«V C W. Ockinbku (1g, 27 1z) —
inemnorent nanisrpynu &, (6,S), To 3 raycnopdosocti upocropy (£, (6,S), ) Bumiu-
Bage, 11O
Ay = (1,27 12) x 25(0,9) U 25(0,8) * (15,27 'x)

— 3aMkHeHa nigmuoxkuHA B () (0,S), 7). 3BiAcH BUILIHBaE, 110, HE 3MEHINYIOUN 3arajlb-
HOCTi, MO’KeMO BBaxkaTH, mo V C P, (6,S5) \ A,.

Badikcyemo mosinbauit enement (t,c¢~1d) € V. 3aysaxkumo, 110

(t,c7td) = (t,c 'd) * (15,d " d) i (t,c7td) = (1g,¢ e) * (t,c1d).

3 HamiBrpynosoi omeparil BusHaueHol Ha (0, S) sunnmsae, mwo z ¢ suff(d) i « ¢
suff(¢). Orox, akmo ¢ # € i d # ¢, 1 BpaxyBaBiyu, o & — Jjirepa aadasity A, TO
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OTPUMYEMO PiBHOCTI
(1g,d*d) * (1,2 ') =0 i (1s,¢re) * (15,27 '2) = 0,
3 SKWX BUILIABAE, IO

(t,e™'d) * (1s,27'2) = (t,c ) * (15,d1d) * (1,2 ) = (t,c'd) 0 =0 W

(g, 27 x) % (t,c7'd) = (1s, 27 z) * (1g, ¢ te) * (t,e'd) =0 (t,c'd) =0 € W.
Orpumanu nporupivus. Orox ¢ =d =¢, a orke, V C S..

(#3) 3a TBeppKeHHsM (1) /18 TOUKH (8, €) icHye i1 Binkpuruit okin W C S.. Ockinbkn
(s,w) * (1g,w™t) = (s,€) ans goBinbHOrO cI0Ba W € A*, TO 3 HAPI3HOI HeNepepBHOCTI
HauiBrpyuosol ouepauii B (£5(0,5),7) BuwuBae, wo icuye Biakpuruit okin V touku
(s,w) Taxwuit, mo V * (1g,w=!) C W. Slkmo (t,c¢~'d) € V, To 3 pisnocri

(t(7 c_lcli;), aximo w € suff°(d) i d = dyw;

_ _ t,c” AKINO d = w;

1 1\ ) ) )

(t,e™ d)* (15, w™") = Ol (t), ¢ rwit), sxmo d € suff°(w) i w = wd;
0, B iHIIIUX BUIIQIKAX

ta BryodeHus W C S orpumyemo, mo ¢ = d; = w; = €, a orke, d = w. 3BiAKH
BuiuBae, 1o V C S,

Hosenenus TBepzkenHst (iii) anasgoriane g0 (ii).
(iv) Badikcyemo nopinbuuit enement (s, u ™ v) manisrpymu &y (0, S). Ogeumno, mo
BUKOHYIOTHCS PiBHOCTI

(s,u ) * (1g,07 1) = (s,u™h) i (1g,u) * (s,u"'v) = (s,0).

3 Teepmxens (ii) i (i4i) unmuBae, mwo icHyoOTH BiakpuTi oKOM Wiy (1) i Wiy, TOTOK
(s,u™1) i (s,v) B TononoriunoMy npoctopi (P (6, S), 7), BianosinHo, Taxi, mo Wisu-1) C
Su-1 1 Wiy € S,. 3 mapisnoi menepepprocTi Hamisrpynosoi omepamnii B (£ (6, S5), 7)
BUILIABAE, WO iCHYE BIAKpUTHI OKiT V(4 —1,) TOUKH (s,u™tv) Takwuii, mo

‘/(s,uflv) * (1571)71) - W(s,ufl) i (1Sau) * ‘/(s,uflv) - W(s,v)'
Badikcyemo aosinbay TouKy (t,171y) € Vis,u-1v)- Tomi
(e ty) « (Is,o7h) = (tu™) 1 (Ls,u)* (L™ ly) = (f2,0),

JUI JesaKux tq,ts € S. 3 KOKHOI 3 WX PIBHOCTEH BUILINBAE, IO T € CYhIKCOM CJIOBA U,
a y € cydikcom cioBa v. O

st 1oBibHEX CTiB U, v € A" mO3HAYUMO
20, 8) = {(s,u"ta " bv) € Py(0,5): s€ S, a,be N},

Jlema 3. Hexati T — 2aycdopdo6a MPaHCAAYITHO Henepepena monoioezia Ha Haniezpyni
—1

Px(0,S5). Todi das dosiavruz caie u,v € \* nidnpocmip ,@Lu R (0,5) 6 (£,(0,9),7)

2omeomopdpruii npocmopy (P (6, 5), 7).
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Josedenns. 3 wapizuoi HenepepsHOCTi HAIIBrpy ool onepanil B (2, (0, S), 7) Buiiusae,
0 BimobparkeHHst

£ 200,8) » 20,9, 1 (1s,u™") s 2+ (1s,0)

-1
h: 2 N(0,8) = 25(6,5), x> (Lg,u) * 2% (1g,07 )
¢ wmemnepepsauMu. QueBumno, mo f o h i h o f — TOTOXHI BiZOOpaAYKEHHST MHOKUH
—1
9;” vl (0,5) 1 £\(0,S5), BianoBinHo, 3Bi1KY BUILIMBAE TBEPIZKEHHS JIEMU. O
3 sem [2]1 B] Bunnusae nacainok [7}
Hacuainok 7. Hezxati u,v € \* i 7 — 2aycdopdo6a mpaHcAsuitino HenepepsHa monoiozis
na naniezpyni P (60,5). Todi:

—1
(i) Oasn dosiavroi mouru (s,u"1v) icnye ii eidxpumuti oxia V N @/[\u U](G,S) -
Su_lv;
(i7) Oan dosinvnozo enemenma s € S ma 006iAbHO20 ca06a w € N* icnye eidkpumud
-1
oxia V mouru (s,u” wv) maxud, wo V N :@/[\u vl (0,5) C Sy-1w0;
(#i1) daa dosinbroz0 eaemenma s € S ma do08iavHO20 cr06a W € N* ichye 6idkpumul

—1
oxin V mouru (s,u” w™lv) marut, wo V N 9;“ vl (0,8) C Su—1p-14-

Jlema 4. Hexali T — 2aycdopdosa mpaHcAsyitino HENEPEPEHA MONOA0ZIA HA HANIG2PY-
ni Px(0,5) maka, wo S,-1, — 3GMKHEHA NIOMHONCUHG 6 MONOAOZINHOMY TPOCTMOPT
(P\(0,5),7) das dearux nenoposcniz caie u,v € X*. Todi Sy-1 i S, — samxneni nio-
mnoorcuny 6 (Px(0,5),1).
Zosedenns. O49eBUIHO, IO /I JOBIIBHOTO €JIEMEHTa S € S BUKOHYETHCS PIBHICTH
-1 -1
(s,u™ ) x (1g,v) = (s,u” v).
Hexaii (t,2~y) — nosimbauit erement nanisrpymu 2, (6, S) Takwuii, mo
(t, 7 y) * (1g,v) € Sy-1,.
Toni
-1 -1
(t,z™ty) * (Ls,v) = (t- 0¥ (1g), 27 yv) =
= (t ' 13,33713171) =
= (t,a" ),
aorke, y = ¢ ix = u. OTOXK MOBHUM TTPOOOPA3OM MHOXKUHU S,~1, CTOCOBHO TTPABOTO
3cyBy Ha esemeHT (lg,v) € MHOXKUHA S,—1. Ockinbku 3cysu B (P25 (0,S), T) HenepepBHi
BimoOparkeHHsi, To 3a reopemoro 1.4.1 3 [II]], S,-1 — 3amKHeHa MAMHOXKHWHA B TOIOJIO-
riugomy mpocropi (£, (6, 5), T).
AmnastoriuHo, mjisi TOBIIBHOIO ejeMeHTa S € S BUKOHYETHCs PIBHICTH
(1g,u™t) * (s,v) = (s,u"'v).
dxmo (t,r7'y) — nopinbauit enement Hamiprpymu 2y (6, S) Taxwmii, mo

(ISa uil) * (tﬁpily) € Su*1v7
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TO
(s u™)* (t,a~ty) = (0" (1s) - t,u 2™ ty) =
=(ls-t,u e ty) =

= (t,ulzly),
aorke, y = v iax = e 3Bigcu BUILIMBAE, M0 MOBHUM MPOOOPA3OM MHOXKUHHU S,-1,
CTOCOBHO JiBOrO 3CyBY Ha enement (1g,u™!) € Muoxuna S,. Jani snosy 3 Teopemu 1.4.1
[11] Bumnusae, mo S, — 3amxHeHa mgvHoKuUHA B (P (0, S), T). O
Jlema 5. Hexatl T — 2aycdopdosa mpamHcasyitino Henepepena monoaozis ma HaNie-

epyni P5(0,5) mara, wo S,-1 — 3aMEHEHA NIOMHONCUHG 8 TMONOA02INHOMY TPOCTNODI
(P1(0,5),7T) dan dearozo nenopostcnvozo caosa u € XN*. Todi S; — samknena nidmmo-
orcuna 6 (Pr(0,5),1).

Hosedenns. OdeBumHO, MO 1Jis1 JOBLIBHOIO eJeMeHTa s € S BUKOHYETHCs PIBHICTH
(1s,u™) * (s,6) = (s,u™ ).
Hexait (t,2~'y) — noimbamit erement namisrpymm 2, (6, S) Takwuii, mo
(1g,u™ ') = (t,2 7 y) € S, 1.
Touni
(1g,u™ )« (27 y) = (0% (1g) - t,u ™t ty) =
= (1g-t,utz7ly) =
= (t,u™'zly),

a oTKe, T = y = €. 3BiACK BUILIMBAE, IO MOBHUM IPOOGPA30OM MHOMKHHHU S,—1 CTOCOB-
HO JiBoro 3cyBy Ha eaement (lg,u™') € muokuna S.. Ockinbku 3cysu B (P25 (0,9),T)
HerepepBHi Bimobparkents, To 3a Teopemoro 1.4.1 3 [11], S. — 3amkHeHa MiIMHOKHHA B
rorosiorivromy mpocropi (£, (0, S), 7). O

Jlema 6. Hexali 7 — 2aycdopdosa MpaHcAayitino Henepepera monosozis Ha Hanie-
epyni Px(0,5) maxa, wo S, — 3aMEHEHE NIOMHONCUHG 6 MONOAOIYHOMY NPOCMOPI
(P7(0,5),7) daa deaxozo nenopoostcuwvozo crosa v € X*. Todi S — samrHena nidmmo-
orcuna 6 (Pr(6,5),71).

Josederns. 3 o3navenns HaniBrpynosoi onepamnil 8 &, (6, S) Bunuusag, mo s 10BiIb-
HOTO eJIeMeHTa s € S BUKOHYETHCS PIBHICTH

(s,e) % (1g,v) = (s,v).
Hexait (t, 2~ 'y) — nosimbauit eqement mamiprpymm (6, S) Takuii, mo
(t,x7'y) * (1g,v) € S,.
Toui
()« (15, 0) = (¢ 691 (1g), 2~ yo) =
(t-1g, 27 yv) =

= (t,z " yv),
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a orke, £ = y = €. OT0)K MOBHUM IPOOOPA30M MHOXKHHU S, CTOCOBHO LPABOIO 3CYBY
Ha eneMenT (lg,v) € muoxkuua S.. Ockinbku 3cysu B (£25(0,S5),T) € HenepepBHUMH,
To 3a Teopemoro 1.4.1 3 [I1], S. — 3aMKHeHa MiIMHOXWHA B TOMOJOTIYHOMY MPOCTOPI

(210, 9),7). O

Teopema 3. Hexatli T — 2aycdopdo6a mpaHcAauitiHO HENEPEPEBHA TOTOA0ZIA HG HANIG-
epyni Px(0,5) maka, wo S — 3amKHEHG NIOMHONCUNG 8 TMONOAOZIYHOMY MPOCMOPI
(2\(0,8),7). Todi S,,—1, — 3amrnena nidmmnosicuna 68 (P(0,S5),7) dasn dosiavhuz caie
U,V E A,

Zosedenns. Teopemy moBemeMo iHIYKITEIO 1O JOBXKWHIL CIiB U, v € A*.

Cuouarky moBezemo, 1o Sy,-1, — 3aMKHeHa miaMHOKuHA B (P (6, 5),7) ansa mo-
BLIBHUX CJIiB u, v € \*, IOBXKUHU SKUX HE [IEPEBUILYIOTH 1.

Hexaii a — nosinbHa JiTepa andasity A. 3 03HAUYeHHST HAMIBrPYMOBOI Omepariii B
P (0,S) sunamBag, 10 115 TOBLILHOTO eeMeHTa $ € S BUKOHYEThCS PIBHICTH

(s,a) * (1g,a™ ") = (s - 1g,¢) = (s,¢).

Hexait (t,z7'y) — noBimbuumit eqement mamisrpynmu 2y (6,S) rakuit, mo (¢, 1y) *
(15,a7 1) € S.. Toxi

-1,-1 .
’ a )7 AKIIO Y = €3

5
_ _ t,x™ ), AKITO Y = @; 1o

t, 1 % (1 , 1 — 7_ )
(t;27y) * (1s,a77) (t, 2" y1), AKINO Y = Y10 Ta Y1 7 &; (13)
0, B IHININX BUMAIKAX. (14)

OueBngno, mo unaakn (11), (13) ra (14) HEMOXKJIHBI, & OTIKe, BUKOHYETHCS BUIIAIOK
(12). OToxk orpuMaemo, o & = € i y = a. 3BiJACKH BUILUIUBAE, IO MOBHUM MPOOGPA3OM
MHOXKHHHE S. CTOCOBHO TIPaBOro 3cyBy Ha esemenT (lg,a™') e muommua S,. Ockinbku
scyBn B (P)\(0,5),7) € HenepeprHUMH, TO 3a Teopemoro 1.4.1 3 [I1], S, — 3amkHena
NiIMHOXKHHA B TOTOJIOTiYHOMY TIpocTopi () (6, S), 7).

Haui, mist moBuTbHOL Jritepu b andasity A, 3 O3HAYEHHST HAMBIPYIOBOI Omeparii B
P\ (0, S) BunnuBae, 10 JJid JOBLIBHOIO ejieMeHTa § € S BUKOHYETHCs PIBHICTH

(]-va) * (Sab_l) = (15 ' 876) = (875)'
Hexait (t, 2~ 'y) — goBimbamit enement namisrpym 2y (6, S) Takuii, mo

(1s,b) * (t,xily) €S..

Touni
(9(t)), by)a AKIO T = €] (21)
—1 _ (t7 y)a AKIIO T = b7 (22)
(Ls,b) = (t, 27 y) = (t,z7'y), sxmo x =x1b Ta 1 #¢; (23)
0, B IHINUX BHUIIAIKAX. (24)

OueBnano, mo Bunaaku (21), (23) ra (24) HEMOXKJIHBI, & OTKe, BUKOHYETHCS BUIIAJIOK
(23). OTox mMaemo, mo x = b i y = ¢. 3Bincu BuIMBAE, MO NOBHUM TPOOOPA30M MHO-
JKWHU S; CTOCOBHO JIiBOTO 3CyBY Ha ejeMeHT (1g,b) € MHOXKUHA Sy—1. OCKIIBKM 3CyBH B
(22(0,5),7) € HenepepBHUMH, TO 3a Teopemoro 1.4.1 3 [II], S,-1 — 3aMKHeHa MiAMHO-
JKUHA B TomojiorigaoMy npocropi (£, (6, 5), 7).
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Hexait a ra b — nosinbhi jgivepu andasiry A. 3 03HaYEHHS HAMIBIPYIOBOI Omepariii
B Z(0,S) BuwuBag, Wo JJisi JOBLILHOIO €1eMeHTa § € S BUKOHYETbCH PiBHICTDH

(1g,b) * (s,b"a) = (s,a).
Hexaii (t,2~y) — nosimbuuii erement namisrpymu 2, (6, S) Takwuii, mo
(1g,b) * (t,27'y) € S,.

Posrnsinemo npa sunagku a = b it a # b. [lpunycrumo, mo a = b. Toxai

(e(t))v ay), AKIIO T = & (31)

—1 _ (tv y)7 AKIO T = a; (32)

(Ls,a) * (t,2™7y) = (t,x7'y), saxmo z =z1a Ta T #€; (33)
0, B IHIIUX BUIIAIKAX. (34)

OueBnano, mo Bunagku (33) Ta (34) HEMOXKIIUBI, & OTIKe, BUKOHYIOTHCS BUIAJIKH (31)

a (32). YV Bunaaky (31) marumemo, o = y = € 1a y BUNaIAKY (32) Maemo, wo
T = y = a. 3Bi/ICHM BUILINBAE, IO MOBHUM MTPOOOPA30OM MHOXKWHH S, CTOCOBHO JIiBOTO
3cyBy Ha esemenT (lg,a) € MHOXKMHA S,-1, US.. 3 HenepeprHocti 3cyBiB y (X5 (0,S), T)
ta reopemnu 1.4.1 [I1] BumuuBae, mo S,-1,U S, — 3amkuena nigvmuoxuna B () (0, .5), 7).
3a semoro z'), Se — Biakpura nigmuoxuna B (25 (0,5),7), a orxke, Sy-1, — 3aMKHEHA
HiIMHOKHHA B TOnoJIOrigHOMY 1poctopi (X5 (6,.5), 7).

ITpunycrumo, mo a # b. Toxi

(0(t)),by), saxmo x = ¢; (41)

1y (t,y), AKINO T = b; (42)

(1s,0) * (t,277y) = (t,x7'y), sxmo x =x1b 1a X1 # € (43)
0, B iHINIMX BUMAIKAX. (44)

Ouerngro, mo unaakn (41), (43) ra (44) HEMOXKJIIMBI, & OTIKe, BUKOHYEThCS BUIAOK
(42). Oroxx mMaemo, o © = b i y = a. 3Bigcu BUIIUBAE, 10 TOBHUM IIPOOOPA30M MHO-
JKUHU S; CTOCOBHO JIBOrO 3cyBy Ha ejieMeHT (lg,b) € MHOXKuHA Sy—1,. OcKinbKu 3cyBU
B (Z\(0,5),7) € nHenepepBuuMu BinobparkenHsimu, 10 3a Teopemoro 1.4.1 3 [, Sp-1, —
3aMKHEHA [iAMHOXKHHA B TonosoriagoMy mpocropi (£, (6, 5), 7).

Tenep moBemeMo KpOK iHAYKINHi: 3 TOro, mo S,-1, — 3aMKHEHA MiIMHOXWHA B
(£\(0,5),7) njig DOBLIbHUX CJIIB w, v € A* HOBXKUHU < k BUILIUBAE, IO Syy-1, — 3aMK-
HeHa nigvuoxuua B (£)\(0,5),T) ajisd n0BUIbHUX CIiB w, 2 € A* noBxkunu < k.

Hexait u € \* — ciioBo moBx)unu ki v € A\* — cinoBo gosxkunu < k. Hexait b € A\ —
OCTaHHS JIiTEPa CIOBA U, TOOTO U = u1b myIa Aesakoro ciaoBa uy € A* mosxkuuu k — 1. Tozmi

(15,D) * (s,u™ v) = (15,b) * (5,0~ uy 'v) = (s,u; 'v).
Hexait (t, 2~ 'y) — nosimbamit enement namisrpym 2y (6, S) Takuii, mo
(1s,b) * (t, 27 'y) € Suflv'
Toni

(0(t))7 by)a AKIO T = &5 ( )

1y (t,y), KO - = b; (52)

(Ls, b) x (t,2™"y) = (t,x7'y), sxmo x =x1b Ta X1 # ¢ (53)
o, B IHIIUX BUIIAJIKAX. (54)
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OckimpKu €10BO U1 € A\* mae goBxkuny k — 1, ro Bunazaku (51), (52) i (54) HemoxkuBi, a
orKe, BUKOHY€eThCs Butagok (53). Orox maemo, wo x = uib i y = v. 3Bigcu Bunsusae,
IO TIOBHUM TIPOOOPa30M MHOXKHWHM S, -1, CTOCOBHO JBOTO 3CyBy Ha ememenT (lg,b) €

MHOXKMHA Sy —1,,. Ockinbku 3cysu B (£)\(0,5),T) € HenepepBHuMU BiAOOPazKEHHAME, TO
3a reopemoro 1.4.1 3 [I1], S,-1, — 3aMKHeHa HIAMHOXKUHA B TOLOJOITYHOMY LIPOCTOPL
(@A(O,S),T).

Hexait u € \* — cnoBo noxkunn < ki v € \* — cioBo nosxkunu k. Hexait a € A —
OCTAHHS JITEpa CA0BA v, TOOTO v = V1a I AETKOro caoBa vy € A* mopxunu k — 1. Tomi

(s,u™ ) * (1g,a7t) = (s,u"tva) * (15,07 1) =
=(s-1g,u'vy) =
= (s,u"vy).
Hexait (t, 2~ 'y) — nosimbauit eement namisrpymm (6, S) Takuii, mo

(Lm‘ly) * (1S,a_1) € Sy-14,-

Toui
0(t)),x"ta™t), axmoy=e¢; (61)
_ _ t,z 1) AKIIO Y = a; (62)
t, 1 % (1 , 1y ( ’ ) )
(tay)* (1s,07) (t,z"'yr),  axmoy =yia Ta y1 #&  (63)
0, B iHINUX BHUITAIKAX. (64)

OckimbKny €10BO v1 € A* Mae moexkuny k — 1, To Bumagku (61), (62) Ta (64) HeMOXKINBI,
a 0TKe, BUKOHY€ETbCs BUMAIO0K (63). OToxk MaeMo, 1m0 © = u i y = vya. 3Bijcu BulmMBae,
10 TIOBHUM [POOOPA30M MHOKHHH S, —1,, CTOCOBHO IPABOrO 3CyBy Ha enement (lg,a™')
€ MHOXKUHA Sy-1,. Ockinbku 3cyBu B (P (0,5),T) € HenepepBHUME BiIOOPaXKEHHAMU,
10 3a Teopemoio 1.4.1 3 [I1], S,-1, — 3aMKHEHa HIAMHOXKUHA B TOIOJIOMIYHOMY 1IPOCTOPL
(2(0,5), 7). Lle 3aBepriye noBeIeHHsT KPOKY 1HIYKII, & OTYKe, BUKOHYEThCH TBEP/IYKEH-
HS TEOPEMMU. U

Hexait (S, 7g) — manisromonoriyamii Mmonoin i 6: S — Hg(1) — HemepepBHEil rOMO-
mopdism 3 Sy iioro rpyny oxunuis Hg(1). Bysemo rosopuru, 1mo HamniBromnosoriyauit
MoHOLL (P (0, 5), T2, ) € monosoziurum A-noaiyuksivnum poswupernnam Bpyka-Petnai
Monoina (S,7g) i3 BusHaueHnM romomopdiszMom 6 B Kyaci HaMiBTOMOJOTIYHUX HATIB-
rpyn 6FG, saximo Binobpaxkenus Y: (S, 7s) = (P(0,5), 7%, ), 03HaueHe 3a GHOPMyYIIO0
T: s (s,€), € Tonosoro-anrebpuaauM BRIaAeHHAM 1 (S, 7s), (P\(0,5),72,) € 6FT6.
ko nanipromnosioriuna Hamisrpyna (S, 75) He MiICTUTH OJMHUIIL, TO IPUEIHABIIN OJIUHU-
uio 1g 110 (S, 7g) dK i30ib0BaHy TOUKY Ta O3Ha4uBIIU roMoMopdism 0: S — Hg(1),s — 1,
mu anagsioriuno, sk i 8 [d, orpumyemo monoaoziune A-noaiyukaiune poswupernsm Bpy-
xa mMoHoIna (S, 7). 3ayBaknmo, 1o 3 TBep/KeHHs [L5| BUTInBae, Mo Tornosorivynmii i3o-
mopdism Bruagenus Y: (S,7s) — (Pr(0,S5), 7w, ) MoxkHA BU3HaYaTH i 32 GOPMYIIO0
Y: s+ (s,w lw), 1e w — AOBiTBHEE CIOBO BITHHOrO MOHOITA \*.

3 reepmkenns [[4] Bunnusae, mo s AOBLIBHOI HAniBTONONOriMHO! HAMIBrpyIm
(S,7g) icmye rouosoriume A-nosinukiiuse posmupenss Bpyka-Peiini (225(6,5),7)
Hanisrpynu (S, 7g) i3 BusHaveHnM romomopdizMom # B Kiaci HAMIBTOMONOrIYHWUX Ha-
MiBIPyI Take, IO JJIs JOBIIBHUX CJIiB % Ta ¥ BIIBHOTO MOHOIZA A* MiIMHOXKWHA Sy,-1,
BiAKpUTO-3aMKHEHA B Tonosioriunomy mpoctopi (£25(0,S),7) i uyas 0 € i301b0BaHOI0
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TOYKOIO I[HOTO ITPOCTOPY. TOMYy HPUPOIHO BUHWKAE TAKE 3AMUTAHHA: 3G AKUL YMO8 HG
Haniemonoaozivny naniezpyny (S,7s) yci MON0A02INHI A-NOMYUKAIYHI POSWUPEHHH
Bpyxa-Petini (P\(0,5),7) nanisepynu (S,7s) Mmaroms odny, wu obudsi 3 yux suwe
NEPEATUEHUT 8AGCMUBOCTNEN?

Ha 3aBepienni Mu TaeMO 9aCTKOBY BiAMOBITH HA 3AMUTAHHS: 38 IKUX YMOB MiAMHO-
KuHa S,-1, BIIKPUTO-3aMKHEHA B JOBLILHOMY TOIOJOTiYHOMY A-posmupenHi Bpyxka-
Peitni (£25(0,S), ) nanisronosoriunol nHauisrpynu (5, 75)?

Haragaemo, 1110 Tomosoriuamii mpoctip X HA3WUBAETHCS KOMNAKMHUM, STKIIO KOXKHE
BiIKpUTE MOKPUTTSA MPOCTOPY X MICTUTDH CKiHYEHHE MiJMOKPUTTS.

Hamnisromosioriuna mamisrpyna S Ha3uBaeThcsd H-3aMKHEHOIO B KJjaci raycaopdo-
BUX HamiBTOMOJOTi9HUX HamBrpyn GF6, akmo S € GTS i KoXKHA HAMIBTOMOJIOTIYHA
naniprpyna T € 6TS, mo MicTuTh HABrpyy S, MICTUTh HAMBrpymy S sK 3aMKHEHUH
uignpocrip [13].

Teopema 4. Hezxaii (S, 7s) — 2aycdopposuts naniemonosozivnut monoid, 6: S — Hg(1)
— nenepeperuti 2omomopdism i (Px(0,5),T) — monosozivne A\-nosiuuKiivHe PO3UWUPEH-
Ha Bpyxa-Petini naniszpynu (S, 7s) 6 kaaci 2aycdopdosur Haniemonoro2iviur Hanie-
epyn. Hxwo (S, 7s) micmums aisuli (npasut, deobiwnui) idean, axuii € H -3amrnenorn
HATIE2PYNOI 6 KAACE 2aYCOOPPOBUT HATIEMONOAOZIYHUT HANIB2ZPYN, MO 0Af 00BIADHUT
CAI8 U A U BiAbHO20 MOHOIG N* NidMHOdCUHA S\y—1, 6I0KDPUMO-3AMKHEHE 8 TMONOA0ZIY-
nomy npocmopi (Px(0,5),7).

Josedenns. 3a teopemoro [3| Ham mocTaTHBO mOBECTH, MO S. — 3aMKHEHA I IMHOKHAHA B
roroaorigaomy upocropi (£, (6, S), T), OCKLIbKY B LbOMY BULAJKY 3 JeMu [2| BUILIIMBAE,
IO BCI MHOXKUHU BULIIsLy S,-1, Biakputi B Tononoriaaomy npocropi (£ (6, S), 7).

IMpunycrumo, mo wamisrpyna (S, 7g) micrurs Jjisuii inean I, mo € H-3aMKHEHOIO
HAMIBrpymo0 B Kjaci raycaopdosux HamiBromosoriganx Hamsrpym. Tosmi

I. ={(s,e): s €I}

€ 3aMKHEHOIO MiHAMBrpyNow B HamiBronoJoriunii wanisrpym (2, (0,5), 7). 3adikcy-
€MO JOBLIbHUIT eeMeHT (Sg,€) € I.. OgeBnano, mo (t,¢€) * (so,€) € I, Ana JOBLIBHOTO
enementa t € S. Hexait (t, 27 1y) — nosinbuuii enement nanisrpymu 22 (60, S) Takuit, mo
(t, 27 1y) * (s0,€) € Se. Toni

(tso,€), AKINO T = Y = € (71)

(t, ™ y) * (s0,€) = (tsg,z71), AKIO T £ € 1 y = ¢ (72)

(tOWl(s),x~1y), sxkmox #ec i y#e. (73)
OueBngno, mo Bunaaku (72) Ta (73) HEMOXKIWBI, & OTKe, BUKOHYEThCS BHMAIOK (71).
Otox Maemo, MO T = Yy = €. 3Bi/iICK BUILINUBAE, IO MTOBHUM MPOOOPA3OM MHOXKUHU [,
CTOCOBHO JIIBOIO 3CyBY Ha €JI€MEHT (8o, €) € MHOKHUHA S.. Ockinbku 3cysu B (X5 (0, S),T)
€ HellepepBHUMU BijoOpazkeHusamu, 1o 3a reopemoro 1.4.1 3 [11]], S; — 3amkuena uigmuo-

JKWHA B TomosioriunoMy mpocropi (5 (6,S), 7). ami cKopucragMocst TeopeMoro

JloBesieHHs y BUIIQKY MPABOTO, 4¥ ABOOIYHOTO imeasty, aHAJIOTidHe. U

3 Teopemu [ BurBae HACTIIOK

Hacuainok 8. Hezati (S,75) — eaycdopdosuti naniemonosozivnuli monoid, 0: S —
Hg(1) — mnenepepsnui zomomopdism i (Px(0,S5),7) — monoroziune A-nosiyuriivie
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poswupenns Bpyka-Petiai nanieepynu (S, Ts) 6 Kaaci 2ayclopPhosus HaANiEMONOA0IVHUT
nanisepyn. Axwo (S,7s) micmums Komnaxmuul aieul (npasull, deobivnui) ideas, mo
045 JOBIALHUL CAIB U MGV BIALHO20 MOHOI0G N* NIOMHONCUHA Syy—1, 610KPUTNO-3AMEHEHA
6 monoaoziunomy npocmopi (Px(0,S),1).

Teopema 5. Hexat (S,7s) — 2aycdopdosuti monoiozivnud ineepcrut monoio, 6: S —
Hg(1) — mnenepepsnuti zomomopdism i (Px(0,S5),7) — monoaoziune A-nosiyuriivhe
poswupenns Bpyka-Petini nanisepynu (S,7s) 6 kaaci 2aycdopdosus monoioivnur it-
eéepcHux Haniszpyn. Sxulo naniszpyna S Micmums MIHIMAALLHUT i0emMnoOmerm, mo s
d06IALHUT CAI8 U MA VU 8iAbH020 MOHOT0a N* nidmHodcuna Sy,—1, 6i10KpUMO-3aMEHEHA 8
monoaozivnomy npocmopi (Px(0,S), 7).

Josedenns. Ockinbku B TOMOIOrivHi iHBepcHiit HaniBrpymi S iHBepcid Ta HAIIBrpymnoBa
OTIepallis HemepepBHi, TO KOXKHA, MAKCUMAJIBHA MArPyNa B .S, a 0TKe, i KOXKeH J7-KJ1ac, €
3aMKkHeHO TiamHoKIHOK B S [10]. 3Bimcu BumInBae, SKIO €9 — MiHIMAIBHUI ieMII0-
TeHT HAmBrpynu S, To MakcuMmasibia niarpyna H(eg, ) B 2y (6,S), mo micturs igemio-
rent (eg,€), € 3AMKHEHOIO MIJIMHOXKUHOIO B TONoJIOriyHoMy 1poctopi (5 (0, .5), 7). Haui
JIOBEJIEHHSI aHAJIOTIYHE JI0 TeopeMu O

3aysasicenns 2. Hanisrpyna Bpyka-Peitni A(S,0) nax monoizom S (nus. [20, migpos-
ain 1L5]) €, owesmmno, migmamisrpymoio B (6, S). 3aysasxkmmo, mo 3 Teopewm [3] i
BUILIUBAIOTH OCHOBHI pe3yJbraru, orpuMani B npangx [I, 2 [I5] ans romonoriyaux pos-
mupenb Bpyka—Peitni Tomosorivaux i HAMIBTOMOMOTIIHUX HAMIBIPYII.
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POLYCYCLIC EXTENSIONS OF SEMIGROUPS
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In the paper we introduce a notion of the Bruck-Reilly A-polycyclic extensi-
on of a monoid S with a homomorphism 6 which is an analogue of the
Bruck-Reilly extension of a monoid S. We describe idempotens of the semi-
group (£x(6,S5),*) and Green’s relations on (F(6,S5),*). It is proved that
(21(6,5), ) is a O-simple semigroup for any semigroup S. We find necessary
and sufficient conditions on a monoid S and a homomorphism 6 under which
the semigroup (£.(0,S5),%) is regular, inverse, O-bisimple, combinatorial,
congruence free, or inverse 0-E-unitary. Also we study topologizations of the
semigroup (2 (0, S), *).

Key words: semigroup, polycyclic monoid, extension, semitopological semi-
group, topological semigroup.
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ON FEEBLY COMPACT TOPOLOGIES ON
THE SEMIGROUP B/
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We study the Gutik-Mykhalenych semigroup B! in the case when the
family .#1 consists of the empty set and all singleton in w. We show that
B7% is isomorphic to subsemigroup ., (wmin) of the Brandt w-extension of
the semilattice (w, min) and describe all shift-continuous feebly compact 73-
topologies on the semigroup ., (wmin). In particular, we prove that every shift-
continuous feebly compact 71-topology 7 on BZ1 is compact and moreover in
this case the space (B;?HT) is homeomorphic to the one-point Alexandroff
compactification of the discrete countable space D (w).

Key words: semitopological semigroup, feebly compact, compact, Brandt
w-extension.

We shall follow the terminology of [} [l 6] [7) 27]. By w we denote the first infinite
cardinal.

A semigroup S is called inverse if for any element z € S there exists a unique
x~! € Ssuch that z2~'x = z and 2 'zoz~! = 2~ 1. The element 2~ is called the inverse
of x € S. If S is an inverse semigroup, then the function inv: S — S which assigns to
every element x of § its inverse element x~! is called the inversion.

If S is a semigroup, then we shall denote the subset of all idempotents in S by E(S).
If S is an inverse semigroup, then E(S) is closed under multiplication and we shall refer
to E(S) as a band (or the band of S). Then the semigroup operation on S determines
the following partial order < on E(S): e < f if and only if ef = fe = e. This order is
called the natural partial order on E(S). A semilattice is a commutative semigroup of
idempotents.

If S is an inverse semigroup then the semigroup operation on S determines the
following partial order < on S: s < t if and only if there exists e € E(S) such that s = te.
This order is called the natural partial order on S |28].
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The bicyclic monoid €'(p, q) is the semigroup with the identity 1 generated by two
elements p and ¢ subjected only to the condition pg = 1. The semigroup operation on
€ (p,q) is defined as follows:

qkpl . qmpn _ qk+m7min{l,m}pl+n7min{l,m}'
It is well known that the bicyclic monoid € (p, ¢) is a bisimple (and hence simple) combi-
natorial E-unitary inverse semigroup and every non-trivial congruence on %(p,q) is a
group congruence [5].

A topological (semitopological) semigroup is a topological space together with a
continuous (separately continuous) semigroup operation. If S is a semigroup and 7 is
a topology on S such that (S, 1) is a topological semigroup, then we shall call 7 a semi-
group topology on S, and if 7 is a topology on S such that (S,7) is a semitopological
semigroup, then we shall call 7 a shift-continuous topology on S.

Next we shall describe the construction which is introduced by Gutik and
Mykhalenych in [10].

Let Z(w) be the family of all subsets of w. For any F' € #(w) and n,m € w we put
n—m+F={n-—m+k: ke F}if F# & and n —m+ F = @ otherwise. A subfamily
F C P(w) is called w-closed if F1 N(—n+ Fp) € & forall n € w and F1, F; € F.

Let B, be the bicyclic monoid and .# be an w-closed subfamily of &7(w). On the
set B, x .# we define the semigroup operation “-” in the following way

(i1 — j1 + 12, j2, (1 —le + F1) N Fy), if j1 <ig;

(i1, 1, F1) - (i2, j2, F2) = { (1,41 —d2 + g2, F1 N (i2 — j1 + Fo)), if ji > i,

In [I0] it is proved that if the family .# C Z(w) is w-closed then (B, x %#,-) is a
semigroup. Moreover, if an w-closed family .# C 2?(w) contains the empty set & then
the set I = {(i,7,9): i,j € w} is an ideal of the semigroup (B, x .%, ). For any w-closed
family .# C #(w) the semigroup

7 _ | (Bux 7)1, ifoe7,
© =\ (BuxZ,), ito¢F

is defined in [I0]. The semigroup Bf generalizes the bicyclic monoid and the countable
semigroup of matrix units. It is proven in [I0] that Bf is combinatorial inverse semi-
group and Green’s relations, the natural partial order on BiZ and its set of idempotents
are described. The criteria of simplicity, 0-simplicity, bisimplicity, 0-bisimplicity of the
semigroup Bf and when Bf has the identity, is isomorphic to the bicyclic semigroup or
the countable semigroup of matrix units are given. In particular, in [10] it is proved that
the semigroup B:} is isomorphic to the semigrpoup of wxw-matrix units if and only if
Z consists of a sigleton and the empty set.
We define

F ={ACw: |A] < 1}.
It is obvious that . is an w-closed subfamily of 2?(w) and hence BZ' is an inverse

semigroup with zero. Later by (i, j, {k}) we denote a non-zero element of BZ* for some
i,j,k € w and by 0 the zero of BZ*.



Oleksandra LYSETSKA
50 ISSN 2078-3744. Bicuux JIpBiB. yu-Ty. Cepis mex.-mar. 2020. Bumyck 90

In this paper we study properties of the semigroup Bw'%. We show that Bfl is
isomorphic to the subsemigroup %" (wmin) of the Brandt w-extension of the semilatti-
ce (w,min) and describe all shift-continuous feebly compact T}-topologies on the semi-
group %' (wmin)- In particular, we prove that every shift-continuous feebly compact T-
topology 7 on %{': (wmin) is compact and moreover in this case the space (%Z (Wrmin), T)
is homeomorphic to the one-point Alexandroff compactification of the discrete countable
space D (w).

Proposition 2 of [10] implies Proposition which describes the natural partial order
on Bfl.

Proposition 1. Let (i1, 1, {k1}) and (iz, j2, {ka}) be non-zero elements of the semigroup
B7'. Then (i1, j1, {k1}) < (ia, j2, {k2}) if and only if

ke —ki=i1 —ia=j1—ja=p
for some p € w.

Proposition |1} implies the structure of maximal chains in Bf ! with the respect to
its natural partial order

Corollary 1. Let i,j be arbitrary elements of w. Then the following finite series
0 < (4,5, {0});
0<(i+1,7+1,{0}) =< (i {1})
0<(i+2,7+2{0}) < (i+1,7+1,{1}) =< (4,4,{2});

0<(i+kj+k{0)<(+k-17+k-1{1})< - < (05, {k});

describes maximal chains in the semigroup Bfl.

We need the following construction from [§].
Let S be a semigroup with zero and A > 1 be a cardinal. On the set By)(S) =
(A x S xA)U{O} we define a semigroup operation as follows
_ ) (enst,0), i B=r;
(s ura) = { 0 R0
and (a,s,68)-0 =0 - (a,s,5) = O -0 = 0, for all a,p,7,0 € A and s,t € S. If S is
a monoid then the semigroup %,(5) is called the Brandt \-extension of the semigroup
S |8]. Algebraic properties of %, (S) and its generalization Brandt \°-extensions %9 (S) of
semigroups are studied in |8, [I3]. The structures, topologizations of the semigroups %, (.5)
and .@9\(5 ), their algebraic, categorical properties, applications and generalizations are
established in |2, B, [0} [T, (12, (13, (14, [15, 16}, (17, (18, 19, 20, 211 23, 26].
By wmin we denote the set w with the binary operation
xy = min{z, y}, for z,y € w.

It is obvious that wy;, is a semilattice.
We define a map f: BZ' — %, (wmin) by the formulae

(1) (i7ja {k})f: (Z+kak7.7+k) and (O)f: 0,
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for i, 5,k € w.
Proposition 2. The map f: Bfl — By (Wmin) 18 an isomorphic embedding.

Proof. 1t is obvious that the map f defined by formulae is bijective.
Fix arbitrary (i1, j1, {k1}), (i2, jo, {k2}) € BZ*. Then we have that

((i1, 71, {k1}) - (i, jo, {k2}))f =

(i1 — j1 +i2,J2, (1 — d2 + {k1}) N {k2})f, if j1 <i2 and ji + k1 =2 + ko;
(0)f, if j1 < g and j1 + k1 # 2 + ko;
_ (11, J2, {k1} N {k2})F, if j1 =iz and ky = ky; _
- (O)f, if j1 = iQ and k‘l 7é kg;
(i1, 1 —i2 + j2, {k1} N (G2 — j1 + {k2}))f, if j1 > 42 and ji + k1 = iz + ko;
(0)f, if j1 >dg and jy + ki # 2 + ko
(il — 71 + %2, j2, {kz})f, if g1 < i2 and g1+ ki =19+ ]4;2;
_ (il,jg, {kl})f, lf j1 = ig and kl = k’g; _
) (i, g1 —d2 4 g, (R D), if g1 > do and gy + Ry =g + ks
(0)f, if j1 + k1 #io + ko
(iv — g1 +i2 + ko, ko, jo + k2), if j1 <o and ji + k1 = ia + ko;
_ (i1 + k1, k1, jo + k1), if j1 =iz and ky = ky; _
) (ki ka g —d2 g k), if 51 > i and gy + k= dg + ko
o, if j1 + ki #ia + ko
(i1 4 k1, k2, jo + k2), if j1 <z and j1 + k1 = i2 + ko;
_ ) (ia+ k1, Ry, jo + ko), if 1 =2 and ky = ko;
) (i ki kg2 +ke), if 51 > dp and gy + Ky = dg 4 Ko
o, if j1 + ki # o + ko,

and
((i1, 31, {k1 })F - (B2, g2, {R2 }))f = (i1 + k1, ki, g1 + k1) - (i2 + ko, ko, jo + ko) =

(i 4k, min{ky, ke, o + ko), if i+ Ky = do 4 ks
B 0, if j1 + k1 #ix+ k2
(i1 + k1, ko, o + ko), if ko < Ky and j1 + ki = dg + ko;
(i1 + ki, k1, jo + k2), if ko = k1 and k1 = ko;
(i1+k1,k1,jg+k2), if ko > k1 and j1+/€1:i2+k2;
o, if j1 + k1 # i2 + ka,
(i1 + k1, ko, jo + ko), if j1 <z and ji + k1 = d2 + ka;
(i1+/€1,k‘1,j2+k’2), if j1 =2 and k1 = ko;
(i1+k1,k1,jg+k2), lfjl > 49 and jl—l—k}l:ig—l-k'g;
0, ifj1+k‘17éi2+k'2.

Since 0 and & are the zeros of the semigroups B;’? Y and A, (wmin), respectively, the above
equalities imply that the map §: Bf ! — AB,(Wmin) is a homomorphism. This completes
the proof of the proposition. O

Next we define
Bl (winin) = {0} U{(6,k, J) € Bo(wmin) \ {O} 14,5 > K}
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Simple verifications show that %" (wmiy) is an inverse subsemigroup of %, (Wmin)-
Proposition [2] implies

Theorem 1. The semigroup szl 1s 1somorphic to %’Z(wmin) by the map f.
For any i, j € w we denote
wii” = (k) (6K, ) € B (wmin) } -
Proposition 3. Let 7 be a shift-continuous Ty-topology on the semigroup PB. (wmin)-
Then every non-zero element of ., (wmin) is an isolated point in (B, (wmin),T).

Proof. Fix arbitrary 4,j € w. Since (¢,0,4) - (4,0,7) - (4,0,7) = (4,0, ), the assumption
of the proposition implies that for any open neighbourhood W; ¢ jy Z & of (i,0,j) there
exists its open neighbourhood V{; ¢ ;) in the topological space (%’Z (wmin),T) such that
(4,0,7)-Vis,0,5) - (4,0,7) € Weio,5)- The definition of the semigroup operation on B (Winin)
implies that V; ;) C w)" Then the set wr(zij)r is an open subset of (,@Z)(wmin),r)

min in

because it is the full preimage of V{; ¢ ;) under the mapping
b: %Z(Wmin) — %Z(wmin)a T (Z,O,Z) t L (],0,])
By Corollarythe set wr(égfl)” is finite, which implies the statement of the proposition. [

Next we shall show that the semigroup %’Z (wWmin) admits a compact shift-continuous
Hausdorff topology.

Example 1. A topology 7a. on &' (wmin) is defined as follows:

a) all nonzero elements of %Z (wmin) are isolated points in (93‘2 (Wrmin ), TAC);
b) the family

PBrc(0) = {U(ilvjl)""s(inajn) = ‘@Z}(Wmin) \ (wt(:lil[’ljl)r) U---u wr(;;Ln,Jn)r) :
nvilvjlv s 7in7jn S W}

is a base of the topology Ta. at the point & € %’Z (Wmin)-
Corollary [1] implies that the set w(i;fl)ﬁ is finite for any 4,j € w which implies that

m
(%Z(wmin),TAc) is the one-point Alexandroff compatification of the discrete space

*@Z) (Wmin) \ {0}

Proposition 4. (%’Z (Wmin )s TAC) is a Hausdorff compact semitopological semigroup with
continuous inversion.

Proof. 1t is obvious that the topology 7a. is Hausdorff and compact.
Fix any U(’il,jl),-.-,(’in,jn) € %Ac(ﬁ) and (Za k)j): (ly map) € ‘@Zz(wrﬂin) \ {ﬁ} Put

K ={ijit,... in,j,j1,---rjn}  and Uk = BL(wmn)\ |J wis?"
z,yce K
Then we have that U € $a.(€) and the following conditions hold
Uk {00k, 5)} C Uiy ji),s(in,gn)»
{5, 3)} Uk S Uy 1), i)



ON FEEBLY COMPACT TOPOLOGIES ON THE SEMIGROUP B!
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mat. 2020. Bumyck 90 53

{0} A6 k)Y ={Gk,5)} {0 ={0} S U, j1),s(inin)s
{ﬁ} ’ U(ilvjl) ----- (insdn) — U(ilajl) ~~~~~ (in,jn) {ﬁ} = {ﬁ} < U(ilel) ,,,,, (insdn)>
{(Z’k7])} ! {(l)map)} = {ﬁ} g U(’L'1,j1),‘..7(in,jn)a if .] 3& l7
{(kamj)} ’ {(lamap)} = {(ivmin{kam}vp)}a if Jj= lv
—1
(U(j17i1)7~-'7(j71,7in)) g U(ilvjl)a-“v(invjn)'

Therefore, (2!, (wmin),Tac) is a semitopological inverse semigroup with continuous
inversion. U

We recall that a topological space X is said to be

e perfectly normal if X is normal and and every closed subset of X is a Gs-set;

e scattered if X does not contain a non-empty dense-in-itself subspace;

o hereditarily disconnected (or totally disconnected) if X does not contain any
connected subsets of cardinality larger than one;

e compact if each open cover of X has a finite subcover;

e countably compact if each open countable cover of X has a finite subcover;

o H-closed if X is a closed subspace of every Hausdorff topological space in which
it contained;

o infra H-closed provided that any continuous image of X into any first countable
Hausdorff space is closed (see [24]);

e feebly compact (or lightly compact) if each locally finite open cover of X is fini-
te [1J;

o d-feebly compact (or DFCC) if every discrete family of open subsets in X is finite
(see [251);

e pseudocompact if X is Tychonoff and each continuous real-valued function on X
is bounded;

e Y-compact for some topological space Y, if f(X) is compact for any continuous
map f: X —- Y.

The relations between above defined compact-like spaces are presented at the di-
agram in [22].
Lemma 1. Every shift-continuous T -topology T on the semigroup B (wmin) is regular.
Proof. By Propositionevery non-zero element of the semigroup %" (wmin) is an isolated

point in (%, (wmin), 7). This implies that every open neighbourhood V(&) of the zero &
is a closed subset in (%, (wmin), T), and hence the space (%L (wmin), ) is regular. O

Since in any countable T3 -space X every open subset of X is a F,;-set, Theorem 1.5.17
from [7] and Lemma [1] imply the following corollary.

Corollary 2. Let T be a shift-continuous T} -topology on the semigroup A" (wmin). Then
(%Z) (Wrmin)s 7') is a perfectly normal, scattered, hereditarily disconnected space.

By ©(w) we denote the countable discrete space and by R the set of all real numbers
with the usual topology.

Theorem 2. Let 7 be a shift-continuous Ty -topology on the semigroup A" (wmin). Then
the following statements are equivalent:
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((zg (2., (Wmin), T) is compact;
i) T=7Ta

(#1) (%’Z(wmm)m) is H-closed;

(iv) (B, (wmin), T) is feebly compact;
(v) (B (wmin), T) is infra H-closed;

(vi) (B, (Wmin), T) is d-feebly compact;

(vii) (B (wWmin), T) is pseudocompact;

(viii) (Bl (wmin),T) is R-compact;

(iz) (B (wWmin),T) is D(w)-compact.

Proof. Implications (ii) = (i) = (iii) = (iv) = (v) = (viii) = (iz) and (i) = (vii) =
(iv) = (vi) are trivial (see the diagram in [22]). Lemmal[l]implies implications (vi) = (iv)
and (7it) = (4).

(ix) = (i) Suppose to the contrary that there exists a shift-continuous T;-topology
7 on the semigroup %, (wmin) such that (2., (wmin),7) is a D(w)-compact non-compact
space. Then there exists an open cover % = {Uy,} of (%, (wmin), T) which has not a finite
subcover. Let U,, € % such that & € U,,. Since (%Z,(wmm)ﬁ) is not compact the set
B (Wimin) \ Ua, is infinite. We enumerate the set B (wimin) \ Uay, i.6., put {z;: i € w} =
Bl (wmin) \ Ua,- We identify D(w) with w and define a map §: (&, (wmin),7) — D(w)
in the following way

_J 0, ifx e Uyy;
(@) = { 1, ifxz=ux.

Propositionimplies that such defined map f is continuous. Also, the image (%", (wmin))f
is not a compact subset of ®(w), which contradicts the assumption. O

Theorem [2] implies

Corollary 3. FEvery shift-continuous Ty -topology D (w)-compact T on the semigroup Bfl
is compact. Moreover the semigroup Bfl admits the unique compact shift-continuous T} -
topology.

Remark 1. By Proposition 4 of [I0] the semigroup Bfl contains an isomorphic copy of
the w x w-matrix units. Then Theorem 5 from [I6] implies that B does not embed
into a countably compact Hausdorff topological semigroup.
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Ounecanapa JINCEIIBKA

Jveiecvruti HaytonarvHul ynisepcumem imens Isana Dparka,
eys. Ynisepcumemcoka, 1, 79000, Jveis
e-mail: 0.yu.sobol@gmail.com

Buswaerscs Hamisrpyma yrika-Muxanernaa B! y Bumanky, KO civ’s
F1 CKIIQMIAEThCS 3 TIOPOKHBOI MHOKWHHU Ta BCIX OJHOTOYKOBUX THAMHOKWH Y
w. Mu mosomumo, mo mamiBrpyma B! isomopdua minmamsrpym ., (Wmin)
w-po3mupenno Bpangra mamsrparku (w, min), omuCyeMO BCl TPaHC/IATIRHO
HeTepepBHi C/1abK0 KOMIMAKTHI 71-TOMOJIOTI] HA HAIMIBIPYIIi A, (Wmin). 30kpe-
Ma, JIOBEJIEHO, IO KOXKHA TPAHC/SAIIIHO HermepepBHA CIabKO KOMIAKTHA 11-
Tonoorisa T Ha HamiBrpyni B! € KOMIIAKTHOIO, 6a GilbIIe, y [HOMY BHIAIKY
IIPOCTIp (Bf L 7') romeoMopdHUN 0HOTOUKOBIH KoMmakTudikarii Anekcan/i-
POBa AMCKPETHOTO 3/IFEHHOTO MPOcTopy D (w).

Karowoet cao6a: HAMIBTOIIONIOTIYHA HAIIBrpyIa, CIA0KO KOMIAKTHUM, KOM-
HaKTHHI, w-po3mupenHio Bbpamara.
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EKBIBAJIEHTHICTD 3A MAPKOBUM IIAP
HEBIIOKPEMJIFOBAHUX ITPOCTOPIB

Hazap ITUPY

Vrpaincora axademisa dpyxapcmea,
6ya. ITidzonocko, 19, 79020, m. JIveis
e-mail: pnazarQukr.net

BanporonoBano Meros, 3BejenHs i3oMopdHOi Kinacudikaril BLIbHUX TOIO-
JIOTIYHUX IPYII HAJ [IJIKOM PEryJIgPHEMEU IPOCTOPAMH Ta IIATPYII, IOPO/Ke-
HUX IXHIMH MiIITPOCTOPAMH, 0 aHAJIOTIYHOI Kracudikaril Hal THXOHOBCHKIMU
IIPOCTOPAMH.

Karowosi caosa: BlabHA TOMOJIOTIYHA IPyma, M-eKBIBAJIEHTHICTD, y3araib-
HEHUIl peTPAKT, BITHOCHA TOTIOJIOTIYHA BJIACTUBICTH.

1. BcTyn

Crarrsa € nupoposxenusm [B], yci no3HauenHst Ta 03Ha4YeHHs B3d4TO 3 i€l poboTu.
Konmenmito BiIbHAX TOMOJOTiYHEX TPYIl HAJ MIPOCTOPAMHU 3 Pi3HHMK akcioMamMu Bi-
okpemieHocti B3sato 3 [8] i [II]. Bokpema, Gyzaemo posrisimaTé Takok Heraycaopdo-
Bi Tomosioriuni rpynu. Iliakom pezysspHum OyIeMO HA3WBATU TPOCTIP, V¥ AKOMY KOXK-
Ha 3aMKHEHA MHOXKuHa F 1 KoxkHA Touka a ¢ F BiOKpeMIIIOIOTHCA HelepepBHUMU
gificnosnaunnMu GyHKIigmu. Linkom perymapuuit To-nmpoctip OyaeMo HA3UBATH MULO-
HOBCHKUM.

Osuauenns 1. Hexait X — ronosnorivauii npocrip. Bisbhoro Tonosoriynoio rpynowo (B
cenci Mapkosa) upocropy X Ha3UBAE€IbCs 1APa, LIO CKIAJAETHCH 3 TOLOJOITYHOI Ipy-
mn F(X) ra nemepepsHOro BimoGpaxkenus nx: X — F(X) makoro, 1mo s JOBUIEHOTO
HerepepBHOTro BifmoOpazkenus f: X — G 3 tomosorignoro mpocropy X y TOMOJIOTIMHY
rpyuy G icuye memepepsuuit romomopdism f*: F(X) — G rakuii, mo f = f* onx.

Binobpakents 7nx € BKJIAQJEHHSAM TO/I 1 TIIBKYM TOi, KOJIU TPOCTip X IJIKOM pe-
rynsipuuii [8]. Binobpaxkenns 7y € 3aMKHEHUM BKJAJIEHHAM TOML 1 TLIbKU TOMi, KOJIU
upocrip X € ruxonoscbkum [§].
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4k iy Bunagky M-knacudikamii Tomomoridaux mpocTopis, M-kmacudikarisa map
(X, A) rouosoriunux upocTopis Ta ixuix HiApocTopiB 3804uTHCs 10 Hpobiemu i30Mopd-
HOT Kyacudikanii map miakoM peryasipaux mpoctopis (nx(X),nx(A)). Mu nponornyemo
METOM, K1 y IeBHAX BUTIAIKAX JAIOTH 3MOT'Y 3BECTH ITI0 TIPOOIEMY 710 AHAJTOTTIHOT 3a,1ax1
TUXOHOBCBKHX MPOCTOPIB, IO JOMOMOXKE 3aCTOCYBATH METOAW Ta, PE3YJIbTATH 3 MPAllh
[2] ra [3]. Ocuosunmu pesynsraramu € reopemu [3} ] i [l ¥V monorpadii [7] micrurbes
HaliIeTabHille BUKJIAIEHHS TeOpil BIIbHUX TOMOJOITY9HUX IPYIL.

Osnauvenna 2. Hexait X — romosoriunuii mpocrip 3 BiaMi4eHOO TOYKOIO p. BiavHow
monoaoziwhoio epynoto (6 cenci I'pacsa) npocropy X Ha3UBAETHCH MAPA, 110 CKIAIAETbCS
3 ronosioriunoi rpynu FG(X,p) ra nenepepsuoro Binobpaxenns px : X — FG(X,p) ra-
Koro, mo px (p) = e, ne eq — omguumis rpym FG(X, p), 1 15 g0BiIbHOrO HEmepepBHOTO
Bimobpaxkenns f: X — G 3 TomoJsioriaHoro mpocropy X y rtomosoriuny rpymy G Ta-
Koro, mo ux(p) = eq, e e¢ — opuuuig rpynu G, icHye HenepepBHUil ToMoMOpQdi3m
f*: FG(X,p) — G rakuii, mo f = f*oux.

MiHsi0un B WX O3HAYEHHSX CJIOBOCIOJIYUEHHS “TOMOJIOriuHa rpymna’ Ha CIOBOCIIO-
JydeHHs ‘abesieBa TOMOJIOTiYHA rpyna’ OTPUMAEMO O3HAUEHHs BLIHHOI abesieBol TOmoJo-
riunol rpynu. Ockinbku Binbaa romosoriuna rpyna FG(X,p) 3 TounicTio n0 Tomosiori-
4qHOro i3oMopdismy He 3asnexurb Big Touku p € X [§], inoai BxkuBaTMMEMO CKOpOueHe
nosuavenns FG(X). s rouosoriynoro npocropy X uepes X1 1o3Hauumo mpocrip,
oTpuMaHuit 3 mpocTopy X JTOMaBaHHAM OJHI€l i3071b0BAHOI TOYKHU. [Id TOMOMIOTIYHIX
rpyn G ta G5 Oymemo BxkuBaTu mo3HadeHHs (G ~ Gy st 03HaYeHHS (DAKTY 130MOp-
duocti ux rpyn. dasa ronomorignoro mpoctopy X Ta iioro mimmpoctopy Y mo3HadaTH-
memo 4yepe3 G(Y) niarpyny BLIbHOI rpynu npoctopy X, HOPOIKEHY MHOXKUHOIO TBIDHUX
nx (Y) abo, sinuosinno, px (Y). duas ronosnoriunoi rpynu G 4epes eg 103HaA4ATUMEMO
opmuuto rpynu G. s Tomosoriunnx npocropis (X, zg) Ta (Y, yo) 3 Biamivennmu Tou-
Kamu mo3Hadarnmemo depes (X, zg) V (Y, yo) OGyker mux mpocropis. Ockinbku 1eit 6yker
3 TOYHICTIO 10 M-eKBiBaJE€HTHOCTI He 3aJI€XKUTh BiJ Bi/IMi9Y€HUX TOYOK, TO iHO/I BXKHUBAa-
tumeMo ckopouere nosuadents X V'Y [B]. Jua ronomoriunoro npocropy X uepes ToX
6yae nosnadaru Tp-pedaekciio upocropy X [5].

2. Y3ATAJIBHEHI PETPAKTHU TA BLJIbHI I'PYIIX B CEHCI 'PA€BA

Mignpocrip Y Tonosoriunoro mpocropy X wuasuaerbea G-pempaxmom (Ga-
pemparmom) npocropy X, AKINO JOBLIbHE HElepepBHE BimoOpaskeHHs 3 mpocTopy Y y
romnosoriyny rpyiy (abeneBy Tomosoridny rpyity) H noiyckae HemlepepBHe POI0BIKEHH s

Ha X.

Teopema 1. Hexatl Y — nidnpocmip monoaoeziunozo npocmopy X, a € Y. Todi maxi
YMOBU EKBIBANEHMMHI:
(1) Y e G-pemparmom npocmopy X ;
(2) das dosiavrozo menepeperozo eidobpasicenns f:Y — H 3 mpocmopy Y y do-
6iavhy monoaoziuny epyny H maxozo, wo f(a) = ey, de ey — odunuuysa epynu
H, icuye nenepepene eidobpasicenns h: X — H maxe, wo hly = f.

Hosedenna. (1) = (2) OgeBugHo.



EKBIBAJIEHTHICTH 3A MAPKOBUIM IIAP ...
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mat. 2020. Bumyck 90 59

(2) = (1) Hexait s: Y — H — nosinbHe HenepepBHe BinoOpaxKeHHs 3 TOHOJIOITIHOrO
upocropy Y y rouosoriuny rpyny H, s(a) = b. Posrusunemo sinobpaxenns s1: Y — H
osnauene Ak s1(r) = s(x) - b~1. Ockinbku BiOOpaskeHHs s € HeMEpepBHUM, TO iCHye
HernepepBHe Bimobpaxkenus S1: X — H rake, mo S1|y = s1. Toxi Binobpaxkenus S(z) =
Si(x) - b € nenepepsanM i S|y = s. O

Hacuaigok 1. Hacmynti ymoeu ex6i8aseHmHi 0Ad8 Monoao2iwHozo npocmopy X ma iozo
HENOPONCHDOZ0 UIAKOM DE2YAAPHO20 nionpocmopy Y :
(1) nidnpocmip Y e G-pempaxmom npocmopy X ;
(2) das dosiavnozo p € Y icuye nenepepene sidobpasicenns h: X — FG(Y, p) maxe,
wo h(y) = py (y) dan eciz y € Y;
(3) das dearozo p €Y icnye nenepepene sidobpascenns h: X — FG(Y,p) maxe, wo
h(y) = py (y) daa sciz y €Y.

[osedenna. (1) = (2) Hexaii f: Y — FG(Y,p) — BKIaJEHHS IJIKOM DEryJIsipHOTO
upocropy Y y Binbuy rpyny FG(Y,p). 3a o3nauennsM G-peTpakTy iCHye HelepepBHE
Binobpaxenus h: X — FG(Y,p) rake, wo h(y) = py (y) ans Beix y € Y.

(2) = (3) OueBunno.

(3) = (1) Hexait f: Y — H — menepepsHe BimoOpaxenusi, Take, mo f(p) = eq,
f*: FG(Y,p) - H — romomopdHe mponosxkeHHst Bimobpaxkenus f. Posriasnemo Bimo6-
paxenns fi = foh: X - H. dkmo y € Y, 10 f1(y) = foh(y) = f(y) = py(y)- d

Hacaigmok 2. Hacmynwi ymosu eKei8aAeHMHI OAA UIAKOM Pe2YAAPH020 npocmopy X
ma 11020 HEeNoPoCHBLO20 Nidnpocmopy Y :
(1) nidnpocmip Y e G-pempaxmom npocmopy X ;
(2) das dosiavnozo p € Y icnye menepepsnuli zomomopgizm g: FG(X,p) —
FG(Y,p) maxut, wo g(y) = py(y) das eciz y € Y;
(3) das dearozo p € Y ichye nenepepenudi 2omomopdism g: FG(X,p) = FG(Y,p)
marut, wo g(y) = py (y) das eciz y €Y.

Jlosedenns. BCTaHOBUMO €KBIBAJIEHTHICTD MyHKTY (2) 3 ybOro HACAIAKY Ta myHKTY (2) 3
nacaigaky 1} Cropaszai, romomopdizm g MOXKHA OTPUMATH K TTPOJOBXKEHHST Bi0OparKeHH s
h BIAMOBITHO /10 O3HAYEHHSI BLIBHOI TOMOJIOrIIHOI rpynu y cerci I'paeBa. 3 iHmoro 6Goky,
BinobpazxKeHnHs h OTPUMYEMO sK 3BYXKEHHs ¢|x. AHAJIOriYHO BCTAHOBJIIOETHCH €KBiBa-
JerTHicTb nyHKTY (3) 3 Hporo Hacuaiaky Ta LyHkry (3) 3 Hacaiaky O

Hacuainok 3. /Jlas dosiavhozo yinkom pezyrsprnozo npocmopy X, das dosiavrozo p € X
nidnpocmip X e G -pempaxmom ¢ FG(X,p).

JHosedenns. OckiibKEu KOXKHE HEIIEPEPBHE BiJOOpAaXKEHHS 3 TOMOJIOIYHOrO npocropy X
y Tonosioriuny rpyny H Take, mo f(p) = ey HemepepBHO MpoaorKyeThest Ha FG(X, p),
To BigmosizHo 110 Teopemu [1| mianpoctip X € G -perpaktom B FG(X, p). U

Harazmaemo, 1o TomnoJiorigamii npoctip X Ha3WBAETbCA PempasbHum, AKIO X €
PETPAKTOM JEeSdKOI TOMOJIOTITHOI TPYIIH.

Teepmxkenas 1. Hacmynui ymosu ekei8aseHMHI 0AA HENOPOHCHBLO20 MONOAOZIHHOZ0
npocmopy X :

(1) npocmip X € pempanvrum;
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(2) npocmip X € pempaxmom npocmopy FG(X,p) dasn dosiavrozo p € X ;
(3) mpocmip X € pempaxmom npocmopy FG(X,p) dasn deaxozo p € X.

Josedenns. (1) = (2) 3 nacaigky 3 Bunimsae, wo uianpocrip X € G-perpakrom 1pocro-
py FG(X,p). doeenemo, 1mo 3 yMoBH perpasibHOCTI mpoctopy X i Toro dakry, mo X €
G-peTpakToM IJIKOM pPEryJIsipHOrO MpOCTOpy Y BUILIUBAE TOH (GakT, mo X € peTpakToM
BY.

Sk 6ysno nosexneno y [A], 3 perpanbuocti npocropy X Buismbae Te, mo X € per-
pakrom npocropy F(X). Hexaii r: F(X) — X — signosinua perpakuis. Toai icuye
romomopdiam h: F(Y) — F(X) raxwuit, mo h(x) = z qns Beix x € X. Komnosuris 7o h
Gyzne perpakiiero 3 F(Y) Ha X, a i1 3ByKeHus Ha Y Oyzne perpakijiero 3 Y Ha X.

(2) = (3) OueBupmuo.

(3) = (1) 3a o3HaueHHAM. O

Teepmxkennas 2. Hexat nionpocmip Y € G-pempaxmom Uiskom Pe2ysspHozo npocmopy
X, p €Y. Todi nidepyna ¢ FG(X,p), nopodocena muoscunoro ux (YY), € monoroziuno
idomopgnoro FG(Y,p).

Jlosedenns. Hexaii f: Y — H nHenepepBHe BigoOpazkKeHHsI 3 TOIOJIOITYHOIO IIPOCTOPY
Y y Tomonoriuny rpyny H raxe, mo f(p) = ey. Toni icaye memepepsHe BimoGpazkeHHsT
h: X — H take, mo hly = f. Hexait h*: FG(X,p) — H nponoB:keHHs BimobpaxeHHs h
10 HerepepsHOro roMoMopdismy. ITPuiivemo f* = h*| g,y (vy)- Aaa miarpym G(ux (Y))
BUKOHYIOTHCSI BCL yMOBH BiIbHOI Tomosoriunol rpymu FG(Y,p). 3a eaunicTio BUILHOL
TONOJAOrIYHOL rpy1u oTpuMaeMo, o G(ux (Y)) € BUIbHOIO TOMOIOriYHOI IPYIIOI B CEHC1
I'paeBa max mpocTopom Y. O

Teopema 2. Hexalt Y — midnpocmip yiakom pezyaaprozo npocmopy X, a € Y. Todi
MaKi YMo8U EK8I8ANEHMMHI:
(1) Y e G-pempaxmom npocmopy X ;
(2) 0das dosiavrozo nenepepenozo eidobpascenns f:Y — H, 3 monoaoziunozo npoc-
mopy Y y monoaoziuny epyny H icnye nenepepene eidobpascenna h: X — H
maxe, wo f - hly = const.

Llosedenna. dxmo f: Y — H nenepepBHE BimoOpazKeHHs, 3 TOMOJIOTIYHOTO TPOCTOPY Y
y Tononioriuny rpyny H, Toxi Bino6paxkenns f~1: Y — H oznauene ax f~1(y) = f(y)~*
€ nenepepsauM. Togi icHye menepepsHe Bimobpaxennsa h: X — H rtaxe, mo hly = f~!
Orwe, f-hly = f- f~ Yy = ey = const. O

3. TH)-PE®JIEKCIA TA M-EKBIBAJIEHTHICTDH IIAP

IMix naporo monosozivnux npocmopie (X,Y) posymirumemo Tonosoriuuuii mpoc-
rip X 1 fioro migupocrip Y. Ilapy ronosnoriunux npocropis (X, X;) nassemo M-
exsisaaenmnoro napi rouonorivaux upocropis (Y, Y1), saxuwo icuye rouosioriunuii izo-
mopdism j: F(X) — F(Y) rakuit, mo f(G(nx(X1))) = G(ny(Y1)). Has uigkom
peryasapHoro mpoctopy X BifoOparkeHHS 7)x € BKJIQJEHHSM, TOMY JJIS ITiANPOCTOPY
Y C X 6yaemo inkosu nucaru Y 3amicts nx (V).

Teepaxennsd 3. Hexati X, Y, X1, Y, — yiakom pezyaspni npocmopu, (X, A) M (Y, B)
i nexad i: F(X) — F(Y) — monoaozivnut isomopdism maruid, wo i(G(A)) = G(B).
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Ipunycmumo, wo icuyroms wenepepeni eidobpascenns f: X — X1, g: Y — Y] i mono-
aozivnul isomoppism j: F(X1) — F (Y1) maxud, wo jo f* = f*oi, de f*: F(X) —
F(X1)ig*: F(Y) = F(Y1) — comomopdismu, wo npodoescytome eidobpasicenns | i g.
Todi (X1, A1) X (Y1, By), de Ay = f(A) i By = g(B).

Josedenns. 11o6 nosecru semy, gocrarabo gosecruru, wo j(A;) C G(Bp). Hexait © €
Ay, v € f~Yz). Toui j(z) = g* oi(v). Ockimbku v € A, 1o i(v) € G(B), a orxe,
j(z) = g* oi(v) € G(By). Ananoriuno moBomuThed, mo j1(B1) € G(A1). O

Teopema 3. Hexatl nidnpocmip A € G-pempaxmom yiakom pezyssprozo npocmopy X,
nionpocmip B ¢ G-pemparmom uinkom peeyasprozo npocmopy Y , npuwomy FG(X/A) ~
FG(Y/B). Todi dosisvnut monosoziunut idomopgpism i: F(A) — F(B) mooce bymu
npodosocenuti do monoaoziunozo izomopgpizmy j: F(X) — F(Y).

Josedenns. B uiit reopemi i nagani na muoxuni X/A 6ynemo posrusigaru R-bakTopHy
ronoaorito [I0]. Jus ronosoriunux rpyn G ra H nosuadumo uepes G x H BliabHumit
ronosorigamii JooyTok rpyn G ta H. Hosememo, 1m0 icHye Tonosioridauit isomopdizm
ix: F(X) = F(A)* FG(X/A) takuit, mo ix(G(A)) = F(A). Hexait p€ A, h: A — A4
— neskuii romeomopdizm, hy: A; — A — BimoOpaxkenus, obepene 10 h. Posrysme-
mo mnpocrip Z = (X,p) V (A1, h(p)). Ba nacnigkom [2f icaye romomopdHa perpakiiis
r: FG(X,p) - FG(A,p). 3a tBepmxenuam [2| nixrpyna G(A) C FG(X,p) e romoo-
riuHo i3omopduoI0 BlibHiil Tonosoriuniii rpyui FG(A, p). Ockinbku npocrip Z uijikom
peryaspHuii, To BimoOpaskeHHs (17 € BKJQJEHHSM, OTXKe, Oymemo mucatu Z, A ta A;
samicrb pz(Z), pz(A) ta pz(Ar), signoeiguo. Ockineku migmpocropn A ta A; € G-
perpakramu B Z, To miarpyna G(A) C FG(Z) ronosoriuno izomopdua FG(A), nixn-
rpyna G(4;) C FG(Z) € ronoaoriuuo izomopduow FG(A1). Tomomopdue npomosxe-
mas h*: FG(A) — FG(A;) romeomopdizmy h € Tomomoriummv izomopdizmom. Moro
MOXKeMO posrignaTh sik romomopdism 3 G(A) C FG(Z) y G(A;) € FG(Z). O3na-
qnMo BimoOpaxkenust r1: Z — FG(A,p), npuitnasmm r(z) = r(x), axkmo =z € X i
ri(xz) = hi(z), akmo x € A;. O3naaumo Biobpazkenus ry: Z — FG(Aq, h(p)), npuitass-
w 79(x) = hory(X). [Iponoskumo Bigobpazxkenus 7 (x) ra r2(2) 10 HelEPEPBHUX IOMO-
mopdismie Ry: FG(Z,p) — FG(A,p), Ry: FG(Z,p) — FG(A1,h(p)). 3a mobyaororo,
akmo ¢ € A, 10 Ri(z) = z, a akmo & € Ay, 10 Re(z) = 2. dxmo x & € Z, 10 BU-
KOHYIOTbCs piBHOCTI Ry 0 Ry = Ry, Ry o Ry = Rs. Hexail f1: Z — Z/Ay, fo: Z —
Z /A — R-dakropui Binobpaxkenus, fi: FG(Z,p) = FG(Z/A1, f1(p)), f5: FG(Z,p) —
FG(Z/A, fa(p)) — ixui romomopdHui npogosxenns. Binobpaxenus i: Z — F(Z) o3ua-
gene gk i(v) = Ry(x)" ! 2 Ra(x) ™! € nenepepsuum. Hexait I: FG(Z,p) — FG(Z,h(p))
— romomopdHe NPOIoBKeHHs BijoOpaxenus i. Jlosenemo, mo I o I = lpg(z,p), T06-
10 romomMopdizm [ € TomosoriganM i3oMopdizmom. [Ijist IHOrO TOCTATHBO JOBECTH, IO
Ioi(x) =z nna seix « € Z. Cupasai,

Toi(x) = Ryi(Ry(2) ™ -a-Ro(z) ™) (Ra(2) "2 Ro(2) 1) -Ra(Ra ()12 Ro(a) 1) 7! =
= RioRy(x)-Ry(x) 1 -RioRy(x)-Ry(2) ! -z-Ry(z) "' RyoRy(x)-Ro(x) "' - Roo Ry () = .

3a nobyuosoio 1(A) C G(Ay), I(A1) C G(A).
IloBenemo, 110 iCHY€ TOTOJIOTiUHMI i30MOPdi3ZM

u: FG(Z/Aq, f1(p)) =» FG(Z/A, f2(p)),
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AKUN POOUTH Jiarpamy

FG(Z,p) : FG(Z,p)

il E

FG(Z/Aq, f1(p)) m FG(Z/A, fa(p))

KOMYTaTHBHOIO.

Hexait € Z/Ay, y € f;*(z). Tpuitvemo uy (z) = f oi(z). dosememo, mo Bim-
obpazkenHst u1 o3Hadene KopekrHo. Crpasui, Hexaii y1,ys € Z Taki, mo f(y1) = f(y2) i
y1 # yo. Tomi y1,y2 € Ay, aromy i(y1),i(y2) € Al fa(y1) = fa(y2), u1(y1) = u1(y2). IIpo-
JIOBXKUMO BimoOpaxkeHus uy 710 romomopdismy u: FG(Z/A1, fi(p)) — FG(Z/A, f2(p)).
3 Toro, mo Bigobpazkenns fi ta fs € R-bakTopHEME, BUIIUBAE, 10 roMoMopdizmu fi Ta
f5 Biakpwuri Binobpaskenns [10] (pesyaprar OkyHeBa i #oro g0BeAeHHS, J0BEIEH] 115 TH-
XOHOBCHKHX IIPOCTOPiB, 0€3 KOIHUX MOAMMIKAIlil TepeHOCATHCA Ha BAMAI0K ILIKOM pe-
CYJISIPHUX IPOCTOPIB), & ToMy i3oMopdism u € ronomnorigaum. Ockinbku 1(A) C G(A;), To
u(f1(A)) € G(f2(A))). Orxe, icaye Tononoridauii isomopdizm u: FG(X) - FG(X/AV
A), rakuit, mo u(G(A)) = G(A). 3 o3nadenns BLIbHOT Ipynu Ta BiIbHOIO 00y TKY TOIO-
JIOTIYHUX TPYT BUTLIUBAE, IO JIJIS TOBLTHHUX TOTONOTiTHUX TPpocTopiB X Ta Y icHye Tomo-
joriunwmii i3omopdizm w: FG(XVY) — FG(X)* FG(Y) Takuii, mo w(G(X)) = FG(X).
3okpeMa, ichye Tomosoriunmii isomopdizm wy: FG(X/AV A) - FG(X/A) x FG(A) Ta-
kuit, mo wy (G(A)) = FG(A). Toni xomnosunig uy = wy o w: FG(X) — FG(X/A) *
FG(A) mae 1y Bracrusicts, mo u1(G(A)) = FG(A). Hexait we: Z — 7Z — 1oTOXHUIL
aBTOMOP(I3M AUCKPETHOI rPyNH IInX duces Z. Po3risHeMo BiabHME 100yTOK i30MOp-
dbismis u; Ta we: wy = uy *x we: FG(X) *Z — FG(X/A) x FG(A) * Z . Ockinbku
F(X) ~ FG(X) % Z, o i3oM0op®i3M w3 MOXKHA PO3IISIIATH 5K i30Mopdizm wsz: F(X) ~
FG(X/A) x F(A). 3a nobynosoro ws(G(A)) = G(A). Aranori4ao J0BOIUTHCH, MO iCHYE
ronoaoriyauii isomopdism iy : F(Y) — F(B) « FG(Y/B) rakuii, wo iy (G(B)) = F(B).
Hexait Tenep s1: F(A) — F(B), s3: FG(X/A) — FG(Y/B) — Tononoriuni izomopdi-
3MH, TOAi roMoMOp®i3M §1 * $o: F(A) * FG(X/A) — F(B) * FG(Y/B) € Tononoriuaum
izomopdizmom. F'omomopdizm j = i;,l 0 (81 * 83) 0 ix € KOMIO3UINEIO TOMOJOTTYHUX 130~
Mopdi3MiB, a 0Tke, € TomoJorivauM i3omopdizmom. IHmmMu ciroBamu, i3oMopdizm j
OTPUMAEMO, SIK KOMIIO3HUIIIIO MOCIiOBHOCTI i30MOpdi3min

F(X) 2% F(A) « FG(X/A) "% F(Y) » FG(Y/B) VL Ry,
Kpim Toro,
J(G(A)) =iy o (51 52) 0 ix (G(A)) = iy o (51 % 82)(F(A)) = iy (F(B)) = G(B).
O

Teopemald] noBoMTHCS AHATONIYMHO 10 TEOPEMHE 3, SIKIIO BPAXYBATH, IO /15T BLIBHEX
abenesux rpyn ymosu A(X) ~ A(Y) i AG(X) ~ AG(Y) 36iratorbca [4].
Teopema 4. Hexai nidnpocmip A e GA-pempaxmom UisKkom DPe2yiapHO20 NPocmo-
py X, nionpocmip B e G s-pempaxmom yiskom pezyaaprozo npocmopy Y, npusomy
(X/A) 2 (Y/B). Todi dosiavhuii monoaoziwnud isomopdism i: A(A) — A(B) moorce
bymu npodosoicenuii do monoaoziunozo isomopdismy j: A(X) — AY).
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Teopema 5. Jlaa npocmopie X i Y maki ymosu exei8areHmHi:

(1) dan dosinvrur mowox a € X, b € Y icnye monosozivnul izomopdizm
h: F(X) = F(Y) maxut, wo h(a) =b;

(2) einvni monosoziuni epynu 6 cenci I'paesa npocmopie FG(X,a) ma FG(Y,b)
MONOAOLTYHO 130MOPPH].

Josederns. dosenemo immmikaniio (1) = (2). Hexait i: F(X) — F(Y) — romomoriu-
Huii i3omopdisM Takwmii, mo i(a) = b. Toroxue Bimobpaxkenus X — X NPOIOBKY-
€ThCst 10 HenepepsHoro romomopdizmy fp: F(X) — FG(X,a) y BuibHy abeneBy rpa-
€BCBKY TOIOJIOTIYHY Tpyly mpocropy X 3 OJWHMIEI B TOYNi a. Tak caMo, TOTOXKHE
Bimobpaxkenus f,: F(Y) — FG(Y,b) nponoBxKyerbes 10 HelepepBHOrO roMoMopdizmy
y BinbHY abeseBy Tpa€BChKY TOMOJOTIYHY T'PYMy TPOCTOPY Y 3 OAWHHUIEIO B TOUI b.
Henepepsue Binobpaskenus s,: X — FG(Y,b), o3matene sk s, = f, o ilx, Mae Ta-
KY BJIACTUBICTH, 10 S, (a) = b, OTKe, NPOJOBKYETHCS /10 HEEPEPBHOrO roMoMopdizmy
iz: FG(X,a) — FG(Y,b). Tak camo HemepepsHe BimoOpaszkemus s,: Y — FG(X,b),
O3HAYEHe AK Sy = fy O i;l, Ma€ TaKy BJIACTHUBICTD, MO Sy(b) = a, OTKe, MPOIOBIKYETHCS
110 HemepepsHOTo roMomopdizmy iy, : FG(Y,b) — FG(X,a). Maemo, 1o

jyojx :facoioi_l(x) =
nnd Beix x € X. Anrajsorigno

. . 1 .

Jzojy=fyoi  oi(y) =y
gist Beix y € Y. Orxke, j — Tonosoridauit i30Mop(di3M BITbHUX I'PAEBCHKUX TIPYII
FG(X,a)1 FG(Y,b).

Hosenenns imiikanii (2) = (1) MoxKHA OTpUMATH, 3aCTOCYBABILU TEOPEMy 3 s

nignpocropis A = {a} C X ta B={b} C Y. O

Tononorivni npocropu npocropu X Ta Y, gKi 3a/J0BONBHAIOTH yMOBA Teopemu [5]
Oymemo HaszuBaTu M *-eKBiBaJIEHTHUMH.

TBeppaxxennsa 4. Hexatl X1, Xo — uiakom peeyaapni npocmopu, K1 C Xq, Ko C Xo
— izni G-pempaxmu. Todi maki ymosu exsisareHmmi:

(1) napu (X1, K1) i (X9, K2) € M-exsisarenmnumu;

2) K1 X Ky i FG(X1/K) ~ FG(X3/K>).
osedenna. (1) = (2). Bpaxosyioun Tsepienns [2] marumemo

dxmo (X1/K7) X (X2/Ks3), 10 R-dakrophi Bimobpaxkenns pr: X1 — X1/K;,

p2: Xo —  Xo/Ks, € M-exBiBajeHTHUMHU, a TOMY 33 TBED/XKEHHIM rnapu
((X1/K71),p1(K1)) 1a ((X2/Ka2),p2(K2)) € M-exBiBasieHTHUMHU, 3BIIAKH 33 TEOPEMOIO
orpumaemo, mo FG(X,/K;) ~ FG(X3/K3).

(2) = (1). Burumsae 3 Teopemn [3] O

AHnajoriyHo JOBOOUTHCS TaKe TBEPIKEHHSI.

TBepaxxkennsa 5. Hexat X1, Xo — uiakom peeyaapni npocmopu, K1 C X7, Ko C Xo
— ixni G-pempaxmu. Todi maki ymosu ex6i6aNeHMHI:
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(1) napu (X1, K1) i (X9, K2) € A-exsisarenmuumu;
2) K1 2 Ky i (X1/K1) 2 (Xa/K).

Hexait X — ronosnoriuauii mpocrip. O3uauanmo Ha X BiTHOIIEHHsT €KBIBAJIEHTHOCTI,
NpuiiHaBImK, @ ~ b, AKIMO a i b He BiOKPEMJIIOIOTHCSI BIAKPATHMA B X MHOKHUHAMH.
®akTop-mipoctip X/ ~ nosnaunmo depe3 TpX. Yepes Tx: X — TpX mo3HaunNMO Bifmo-
BigHe dakTop-BimoOparkennsi. Bimobpaxkenust Tx Mae mpase obepHeHe, a mpocrtip TpX
BKJIaA€Thcsa B X K peTpakT. Bubpasiiu B KOKHOMY KJIaci €KBIBaJIEHTHOCTI 1O OJHIl
Touri, orpuMmaemo migmpoctip Y B X, gxkuit € romeomopdunm ToX. ®akTop-mpocTip
X/Y anrupuckpernuii, loro noTyKHiCTh He 3aJ1eKUTh Big Bubpanux To4ok. 1o moryx-
Hicts nosHagarumemo | X/TpX|. duag miakoMm peryispHoro mpocropy X IPOIOBIKEHHs
T%: F(X) — F(TyX) Binobpaxents Tx 10 romoMopdi3mMy BIILHEX TOIOIOTIYHUX TPYII
€ BigkpuTuM roMomMopdizmMom, a #oro siapo 30ira€TbCst 3 HOPMAJIBLHOIO MiITPYIION, SKa, €
CYKYIHICTIO BCIX TOYOK, KOTPl HE BIIOKPEMIOThC B omuuuni rpynu F(X) Biakpu-
TUMHU MHOXKUHAMH.

TBepaxenns 6. dxwo i: F(TyX) — F(ToY) — isomopdism 6iabHux monoso2ivHu
epyn, | X/ToX| = |Y/ToY|. Todi ichye monosoziunut izomopgism i: F(X) — F(Y)
maxutl, wo j|pr,(x) = i

Josederns. Bunnusae 3 TeOpeMI/I Ko Bpaxysary, wo upocropu X/ToX ra Y/ToY €

AHTUIUCKPETHUMH TPOCTOPAMHU OJHAKOBOI TIOTYKHOCTI, TOOTO TOMEOMOPMHUMHI, 8 OTHKE,
M *-eKBiBaJICHTHUMH. O

TBep,ZL}KeHHHmILOBeILeHe JlJ1s1 TUXOHOBCbKUX IIPOCTOPIB y [2] J1ierko nepeHocurbes Ha
BUMAJOK IIJTKOM PETYJISIPHUX MPOCTOPIB.

TBepmxkenas 7. 3 mozo, wo (X, A) B (Y, B) sunausae (X, A) 2 (Y, B).

4. TIPOCTOPHU 3 TOIIOJIOTIEIO PO3BUTTHA TA EKBIBAJIEHTHICTH HABOPIB

Haramaemo, 1o tomosorignuii mpoctip X Mae monoaozito po3dbummds, aKimo X €
UpaAMOI0 (JIMCKPETHOI0) CyMOIO CBOIX aHTUAMCKpeTHux npocropis. Ha nigcrasi roro, mo
JI7Isl TIPOCTOPIB 3 TOIOJIOTIEI0 PO3OUTTS Ta MAP MPOCTOPIB 3 TOMOJOTIAMHU PO3OUTTS Bis-
Hormrenusi M-ekBiBaJeHTHOCTI Ta A-€KBIBAJIEHTHOCTI 30iraf0Thcsi, TO OyIEMO CKOPOYEHO

. . f . . f
nosHauaT ekpiBasenTHi mpocropn X &~ Y, a exsiranentni mapu (X, A) ~ (Y, B).

Teopema 6. Hexati X ma Y — mpocmopu 3 monoaozieto posbummasa, A C X, BCY.
Todi maxi ymoeu exsisaseHmHi:

(1) (X,4) % (Y, B);
(2) (X, A) ~ (Y, B);
3) (x/4) L (v/B)i AL B.
losedenns. Bunmmsae 3 teepazxens [] i [f] Ta isomopdmroi kaacudikanii Tomomoriaanx

[POCTOPIB 3 TOMOJIOTIEI0 PO3GUTTH, siKa Bu3HaveHa y [0, SKIIO BpaxyBaTH, IO KOXKEH
MiAIPOCTIP TOMOJIOTIIHOTO IPOCTOPY 3 TOIOJIOTIEI0 POOUTTS € fIOT0 PeTPAKTOM. O
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Hacaimok 4. Hexati X ma Y — monoaoziuni npocmopu 3 monosoziamu po3dbummas,
X1 CX,Y: CY — izni cxinuenni nidnpocmopu maxi, wo npocmopu X/ X1 ma Y/Y7 €
ckinvennumu. Todi maki ymosu ekei8aseHMHI:

(1) (x, x1) £ (v, 71);

@ xdyix, Lv.
Josederns. (1) = (2) OueBnuo.

(2) = (1) Ockimsku X L X, v (X/X1), Y L Y1 V (Y/Y1), T0

X, v (x/x) L yvvy/n).

3a naciainkom 7 3 [5] orpumaemo, mo (X/X7) L (Y/Y1). BBincu 3a TeOpeMOIOHBI/IHJII/IBae,
mo (X, X1) L (v, 17). O
Hacaimok 5. Hezxat X ma Y — monoaoziuni npocmopu 3 monoaoz2iamu po3bummas,
X1 C X, Y CY — izni nidnpocmopu maxi, wo npocmopu X/ X1 i1 Y/Y1 € ckinuennumu.
Todi maxi Yymoeu exei6aneHMHi:

(1) (X, x1) £ (v, 71);

@ x v ix/x) /v
Josedenna. (1) = (2) OgeBugHo.

(2) = (1) Ocximexn X L X1V (X/X1), Y L ¥, v (Y/11), 10

X v (X/X) Ay v/

3a macinkoM 7 3 [B] orpumaemo, mo (X/X7) Ed (Y/Y1). BBincu 3a TeOpeMOIOHBI/IHJII/IBae,
mo (X, X1) L (v, 11). u

3 macninkis [ i [f] Bunmsae macminox [6

Hacaimok 6. Hexalt X ma Y — cKiHueHHi MON0OA02INHT NPOCTNOPU 3 MONOAOLIAMU

posbumma, X1 C X, Y7 CY. Todi maki ymoeu exsisasrenmmi:
(1) (x.x1) L (v,n);
@ xLvix/x)d/m);
@) xLvixiLv;
@ X Lvii(x/x)dym).

5. IIPO OESKI ®YHKTOPU TA EKBIBAJIEHTHICTH HABOPIB
TBepmxkenHs 8. Hexati A C X, BCY — napu yiakom pe2ysspHUL npocmopis, npu-

womy (X, A) X (Y, B). Todi (ToX, ToA) = (ToY, Ty B).

Jlosedenna. s M-exkBiBameHTHUX TPOCTOPiB (bakTOp-Bimobpaxkenns fy: X — TpX i
fyr: Y = T,Y M-exBiBanenTHi, a TOMY 3aJIMIMIAECTHCS 3ACTOCYBATH TBEPIXKEHHST O
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Ilix BimHOCHOIO TOIOMOTIYHOI BJIACTUBICTIO OyIeMO PO3yMITH BIACTUBICTH, KA Xa-
PaKTEepU3y€e PO3MIIIEHHS i IIPOCTOPY Y TOMOJOTiIHOrO mpocTopy X ¥ MbOMY IIPOCTOPI.
3 TeepaKeHHs [§] BUTIINBaE TaKe TBEPI>KEHHS.

TeepmxkeHHsa 9. Hexati P — eidnocha monoaozinna saacmusicms maxa, wo nidnpoc-
mip A yiakom pezyasprozo npocmopy X eosodie saacmusicmio P 6 X modi i misvku
modi, xKoau nidnpocmip Ty A eonodie saacmusicmiwo P 6 Ty X . Hdxwo eaacmusicmo P 36e-
pizaemuvea 6i0HOweHHAM M -eK6isaseHmHocmi nap Yy KAGCE MUTOHOECLKUT NMPOCMOPIS,
mo P sbepizaemoca sidnowennam M -ekeiearenmnocmi nap y KAach UiakoM Pe2ysspHUL
nPOCMOpis.

Teepmxkenas 10. Hexatli X — uinakom pezyaapuutl npocmip. Ilidnpocmip A € scrodu
wiavHum 6 X modi i miavku modi, xKoau nidnpocmip ToA € ecrodu wiavhum y ToX .

Hosedenns. Heobxiguicts. Hexail nignpocrip A € Bcionu miiibaum B X . 3a Herepeps-
HicTio dbakTopHoro Bimobpaxkenus f: X — ToX miampoctip ToA = f(A) € Bcroan mmiisb-
HuMm B 1pX.

Hocraruictb. Hexait migmpoctip ToA € Bcionu minbaum y ToX. 3a HacTiIKOM
2.4.10 3 [6] daxropue Bimobpaxkenus f: X — TpX Oyne 3amrhenum. s KOXKHOro
3aMKHEHOTo Bimobpaxkenns f: X — Y i gosinproro A C X BukoHyerhes pipmicTs f(A) =
f(A). Orxke, f(A) = TyX. Ha nizcrasi T0ro, mo Bei KIacH eKBiBateHTHOCTI haKTOPHOTO
BimoOpaxkenns f: X — ToX CcKIaIamOTbCd JIMIIE 3 TOYOK, #AKI HE BiIOKPEMJIIOITHC

BIAKPUTUMHU T 3aMKHEHMMU MHOXKMHAMU, TO Ligs PIBHICTb MOXKJ/IMBA, JIMIIE Y BUILAJKY,
ko A = X. O

Sk nosenero y [2], BracrusicTh GyTH BCIOAN IITHHAM MiIIPOCTOPOM 30€piraeThest
BimHOMEeHHAM M -eKBiBaJIEHTHOCTI AP Y KJaci THXOHOBCHKUX ITPOCTOPIB.

Hacaimok 7. Baacmusicmv bymu 6ctodu wisvhum npocmopom 3bepizaemves 6i0Ho-
weHHAM M -ex6i8areHmHOCME NAP Y KAGCE UIAKOM PE2YAAPHUL NPOCMOPIG.

Teepmxkenas 11. Hexal X — uyiaxom pezyasaprut npocmip. Ilidnpocmip A dynxuio-
HANLHO 00medicenuti 6 X modi i miavku modi, xKoau nidnpocmip ToA € PynryionasvHo
obmeorcenum y To X .

JHosedenns. HeobxigaicTs. Hexait ¢: X — To X — dakropue Bimobparxkenus. Ockinb-
KM MHOXKWMHA JiHCHAX YHCET 3 TOMOJIOTIEI0, MOPOIKEHOI0 €BKJIIOBOI0O METPUKOIO € 1j-
MPOCTOPOM, TO Jist AOBiTbHOT HemepepBHOI dyHKIIT f: X — R icHye HemepepBHE Bimo0-
paxenns f1: TpX — R Take, mo f = f; oq. Hexait A — dyukuionasgpHo oOmerkeHa B X.
Ockinbku muoxkuua To(A) = ¢(A) e dbynxiionansuo obmexenoo B ToX, TO MHOKUHA
fla) = f1(THA) € obmexenoro.

HocrarHicTth. Hexait muoxkuna A ¢yskuionanabno oomexkena B X. Toxi s zo-
BiZIbHOT HemepepsHOI mificnosnadnol GyHkiii f1: ToX — R muoxuna fi(ToA) = f(A) e
00MEeKeHOIO. O

Hacaigok 8. Baacmusicmv bymu @yrKUioHAALHO 0OMENHCEHUM TEONPOCTNOPOM 30€epiza-
emvea sidnowenmnam M -exeisarenmuocmi nap y KAGCE YIAKOM PERYAADHUL NPOCTNOPIE.
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Josedenns. Y [3] noseneno, mo Baacrusicrs 6yru HyHKIIOHAILHO 0OMEXKEHUM TIPOCTO-
pom 306epiraeTbcs BigHOmEHHEAM M-€KBiBaJEHTHOCTI Map y KJIACI TUXOHOBCHKUX IIPOCTO-
piB, TOMy 3 TBepIKenb [§] i BUILIMBAE, 0 BJIACTUBICTH OyTH (DYHKIIOHAIBHO OOMe-
KEHUM TIPOCTOPOM 30epira€Thcsi BigHOMEHHM M -eKBIBAJIEHTHOCTI mMap y KJaci MiIKOM
PEryIsIpHUX TPOCTOPIB. O

OckinbKE 151 TOBLIBHOIO TOMOJOMYHOrO nmpocropy X BlIbHA TOMOJOTIYHA TPyHa
F(X) upupounno izomopdua slibHiit rpyui F(nx (X)) UwiikoMm peryispHoro mpocropy
nx (X)), To pesysabraTn mi€l mpal JaTh 3MOTY 3BeCTH KaacudiKaIio map TOMoJOTiTHAX
npocropis (X,Y) no knacudikanii map (nx(X),nx(Y)) HiJKOM peryaspHux mpocTopis,
a motim 1 map (To(nx (X)), To(nx(Y))) THXOHOBCHKUX MPOCTOPIB.

ABTOpD BHCJIOBIIIOE MUPY HMOJSKY PEHEH3EHTY 3a IIHHI HOPAJIH.
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and subgroups generated by their subspaces to same problem on Tychonoff
spaces
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INFINITESIMAL TRANSFORMATIONS OF A SYMMETRIC
RIEMANNIAN SPACE OF THE FIRST CLASS
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The study of infinitesimal transformations in Riemannian spaces is of
interest both theoretically and as an application. If a certain field is specified
in the space V, with the metric ds? which admits an r-parametric group
of motions G,, then this field has r conservation laws. The distribution of
relativistic gas according to the Maxwell-Boltzmann law is characterized by a
vector &' (z), which is a Killing vector (if the gas consists of particles of nonzero
rest mass) or an infinitely small conformal transformation vector (if the gas
consists of particles of zero rest mass). ([5],[6]) In this article, infinitesimal
motions in symmetric Riemannian spaces of the first class V,, were studied. For
n = 4 the basis of the Lie group Gs of examined transformations is explicitly
found and the structure of this group is given.

Key words: second approximation space, infinitesimal transformations, Lie
group.

1. PRELIMINARY INFORMATION

P. A. Shirokov ([2,[7]) found all irreducible symmetric Riemannian spaces V,,(x; g(x))
of the first class. The metric tensor g;;(x) of such spaces in a Riemannian coordinate
system with origin at a point My(z" = 0) has the following form:

1
(1) 9ij(7) =945+ 3 <éliaélj6_iolijfola[3) e,

2020 Mathematics Subject Classification: 53C25
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where
0 FEn
@ ()= (a &)
e7 O 0 0
0 e2 0 0
0 em—1 0 0
0 0 . €m 0
®) <€L J) 0 0 - 0 0’
0 0 e 0 0
0 0 .. 0 --- 0
0o 0 .- 0O --- 0

E,, is the unit matrix, (¢; = +1, i =1,2,...,m).
In and , gij and h;j;, in the terminology of P. A. Shirokov, are values of

the components of the first and second fundamental tensors at the beginning of the
Riemannian coordinate system.

For an arbitrary Riemannian space V,,(z; g(z)) S. M. Pokas ([3, ]) introduced the
concept of a second approximation space ‘N/T?(y, 9(y)):

~ 1
(4) 9ij(y) =945 + 3 Riagiy®y’,
o o
where 9,; = g;;(Mo), Riagj = Riapj(Mo), and My € V, is an arbitrary point of the
initial space V,.

Comparison of (I) and (@) shows that the symmetric Riemannian space of the first
class V,, is isometric to the space of the second approximation V,2. Therefore, the Lie
group of the infinitesimal transformations G, of the space V,2 is isomorphic to the Lie
group of the infinitesimal transformations G, of the symmetric Riemannian space of the
first class V,,.

In this article, we will use the results of the study of infinitesimal motions in Ri-
emannian space of the second approximation V,2. The following statement was proved

(13-

Proposition 1. Forezistence of an analytic Killing vector Eh (y) in the Riemannian space
of the second approzimation V,2(y;g(y)), in the following form:

Zh h bl h il L l l
(5) '(y)=a'+aly +aq, vy .o tal g Yy
where gh = af}l‘_'lpyll oyl al a?}l,aﬁllz, . ,af}l‘_'lk are some constants, the following
conditions are necessary and sufficient:
—1)p+1
(6) al = ( 1) aat(p)h

2p’ 2p—1 «
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ho_
(7) o= 0
0 458 0 =0
9) 0% Byt + 00 Ri)ija =0
a 1h « _
(10) o1 (itj)a T sy Haij = 0
(p=1,2,...).
In the conditions (6)—(L0), the following notation is introduced:
1 1
th = 3 103311216 Yy, g = 3 Io%k(ij)z Y,
h a ap
(P —gh o (p=12,3,...)

1 0
CLZ = - a,h
oapt1 2p+2 0y \apio

Considering the fact that the matrix of the tensor A;; in is nilpotent, the relations
(B)—(10) take the following form:

1
(11) &) =4y + 30 (haht — b ) ot
(12) afx(igj)a =0
a®; <hjl1 Riza +hjia hiya — 2}oll1l2 élja> +

+a’; <iolil1 @lza +éu12 @zla —2@1112 @ia) +
(13)
+a%y, (hilz hija+ hjis hia — _thjhlza> +

+a’%, (hih hjo+ hji hia —2hij hlla) =0.
Thus the statement is proved.

Proposition 2. An analytic Killing vector exists in a symmetric Riemannian space of
the first class V,, if and only if its components have the form (11)), where a” are arbitrary
constants, and a” satisfy the algebraic equations and (13).

Remark 1. From (1I)-(13) we arrive at the well-known result ([I]) that the maximal
order r of Lie groups of motions in Riemannian space V,, satisfies the inequality:
1
r< n(n2+ )
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2. INFINITESIMAL TRANSFORMATIONS IN A SYMMETRIC RIEMANNIAN SPACE
OF THE FIRST CLASS Vj

Let us consider the case n = 4, then the matrices ||9;;|| and Hhij have the form:
0 01 0
-] oo0 01
9ill=1 10 0 0 |’
01 00
(14)
ec 0 0 O
_ 0 e 0 O
‘ hjj o 0 0 0 O
0 0 0O

(e, =x1,i=1,2).
Giving values from 1 to 4 to the indices ¢ and j in the equations ,We obtain
conditions for the constants a’;:

(131 = ag = a,13 = a24 =0,
at = —a’,
a-33 = 70'-117
a®, = —ad?,
0}3 = _a-127
at, = —ad%,
a% = —aly

Exploring equations , we get the final form of the matrix ||a?j’|:

a.ll a.lg 0 0
L I G R
0 ay —ay —ay
fa?Q 0 fa,12 a,l1

Thus, there are exactly 4 independent arbitrary constants among a’; : a'j, a’y, a?%, a’%.
Considering that among a there are also 4 independent constants (a',a?,a®, a?), the
following statement is true:

Proposition 3. In the symmetric Riemannian space Vy of the first class there exist at
least 8 linearly independent Killing vectors with constant coefficients
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The vectors 5(;(@, where p = 1,...,8, included in the basis of the group G,, have
the following form:

1
&y (x) = o) — 3162 [(2%)%6% — a'a?6}],

1
§§| x) =6 — €L [z'2?sl — (2')26]],
gi})’ll xXr) = 6§,
(15) &1 (x) = o4,

(z)
(z)
(z)
Eéll (z) = 1ot — 2260 — 2363 + 2ol
(z)
(z)
(z)

Let us calculate the commutators of two operators ([8, @]) whose components are
the vectors & (2):

[ ]
[X1, X53] =0,
[X2, X3] =0,
[X1, X4] =0,
[X2, X4] =0,
[X5, X4] =0,
(X1, X5] = — X1,
[X2, X5] = Xo,
(X5, X5] = X5,
(X4, X5] = — X4,
[X1, X6] =0,
(X2, Xg] = — X1,
(X3, Xe] = X4,
(16) [X4, X6] =0,
[X5, X6] = 2X6,
(X1, X7] = —Xo,
[X2, X7] =0,
(X3, X7] =0,
(X4, X7] = X3,
[ ]
[ J
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(X1, Xs] = X4,
(X2, Xg] = - X3,
(X3, Xs] =0,
(X4, X5] =0,
(X5, Xs] = —2XG5,
(X6, X5] =0,
[X7,Xs] =0

Since commutators of any two operators, whose components are vectors 51’:‘ (z), are
linearly expressed through the same operators, we come to the theorem:

Proposition 4. The symmetric Riemannian space of the first class V4 admits a Lie
group of motions Gs with basis and structure .
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HECKIHYEHHO MAJII ITEPETBOPEHHA CUMETPUYHOTI'O
PIMAHOBOI'O ITPOCTOPY IIEPIIIOI'O KJIACY

L BULIOKOBUJIBCBbKUM, Anina KPYTOTI'OJIOBA,
Cepriii IIOKACDb

Odecvruti naytonarvrul ynieepcumem imens I. I. Meunuxosa,
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IocmimKeHHsT HECKIHYEHHO MAaJjnX IIePeTBOPEHb y PIMAHOBUX MPOCTOPAX
CTAHOBJIATH TEOPETUYHUU 1 HpakTU4IHMi iHTepec. ZIKIo BKAa3aHO II€BHE I[OJIe
y mpocropi Vi, 3 Merpukoio ds? momyckae r-mapaMeTpHYHy rpyiy pyxis G,
TO Tl TI0JIe MAa€ r 3aKOHIB 30epekeHHsi. [lommupeHHs PeISTHBICTCHKOTO Ta3y
3a 3akonom Makcsesna-Bosbumana xapakrepusyerbca Bexropom € 1 (), mo
€ BexkTopoMm Kisutiara (SKmIo ra3 CKIaJaEThCsa 3 YaCTHHOK 3 HEHYJIbOBOIO Ma-
COIO CIIOKOI0) a60 HECKIHIEHHO MAJIMM BEKTOPOM KOH(DOPMHOTO IEPETBOPEHHS
(K10 ra3 cKJIaJAaeTbC 3 YACTUHOK 3 HYJIbOBOIO Macolo cuokoio) ([5], [6]). Ho-
CJILIXKEHO HEeCKIHYeHHO MaJll PYyXW B CHMETPUYHHX PIMAHOBHX IPOCTOPAX IIEp-
moro knacy Vy,. g n = 4 B aBHOMy BurIsanl 3uaiinexno 6a3uc rpymu JIi Gy
POBIJISIHY TUX IIEPETBOPEHD 1 HaBeAeHa CTPYKTypa L€l rpymu.

Karouost caosa: mpocTip aApyroro HaOJIMKeHHs, HECKIHIYEHHO MaJii Iepe-
TBOpeHHd, Tpyma Jli.
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ON SPACES OF s-MEASURES ON ULTRAMETRIC SPACES
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The notion of *-measure on a compact Hausdorff space is introduced and
investigated in a previous publication of the first named author. In the present
note we consider the set of all x-measures of compact support on an ultrametric
space. An ultrametrization of this set is provided, which determines a functor in
the category of ultrametric spaces and non-expanding maps. We prove that this
functor is locally non-expanding and preserves the class of complete ultrametric
spaces.

Key words: ultrametric space, non-expanding map, *-measure.

1. INTRODUCTION

A metric d on a set X is called an ultrametric if it satisfies the strong triangle

inequality:

d(z,y) < max{d(z,2),d(z,y)}, =,y,z € X.
The ultrametric spaces were first introduced by Hausdorff in 1934. They find numerous
applications not only in mathematics but also in another disciplines, e.g. biology, physics
[2L{14], computer science [6], logic programming and artificial intelligence [9], linguistics
[10].

In [15] an ultrametric is defined on the set of probability measures of compact
support on an ultrametric space. It is shown that this construction determines a locally
nonexpansive functor in the category of ultrametric spaces and nonexpanding maps,
and this functor “makes a useful building block for the definition of metric domains for
probabilistic program constructs.”

Some categorical properties of this construction are established in [3]. In particular,
it is proved therein that the probability measure functor determines a monad on the
category of ultrametric spaces and nonexpanding maps.

2020 Mathematics Subject Classification: 28A33, 4627
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The notion of *-measure is introduced by the first-named author [13]. The aim of the
present note is to define an ultrametric on the set of of x-measures of compact support
defined on ultrametric spaces. We prove that the obtained construction determines a
functor on the category of ultrametric spaces and non-expanding maps. Also, we show
that this construction preserves completeness of ultrametric spaces.

2. REsuULTS

By I we denote the unit segment [0, 1]. Recall that a triangular norm (a t-norm) is
a continuous function (a,b) — a xb: I x I — T satisfying the conditions

(1) = is associative;

(2) = is commutative;

(3) * is monotone, i.e. a < @’ and b < V' both imply axb < a’ b for all a,a’,b,b’ € T;
(4) 11is a unit.

See. e.g., |4] for the details. The following are examples of t-norms: - (multiplication),
min, (a,b) — max{a +b— 1,0} (Lukasiewicz t-norm).

Let us recall the notion of x-measure (see [13| for details). Given topological spaces
X,Y, by C(X,Y) we denote the set of continuous functions from X to Y. By V we
denote the operation of maximum of numbers as well as pointwise maximum of real-
valued functions.

Definition 1. Let * be a t-norm. A functional p: C(X,I) — I is called a *-measure on
a compact Hausdorff space X if the following is satisfied:

(1) p(cx) = ¢, where cx denotes the constant function on X taking value ¢;

(2) p(Axp) = Ax* p(p);
(3) wle V) = pule) Vv u@).

The set of all x-measures on X is denoted by M*(X). It is known [13] that the set
M*(X) is compact being endowed with the weak* topology. This construction determines
a functor in the category Comp of compact Hausdorff spaces and continuous maps. This
functor satisfies some natural properties. In particular, the notion of support is defined
for any element p € M*(X). By the definition, the support of u is the minimal (with
respect to the inclusion) closed subset A of X satistying the following condition: for every
) € C(X,T),

plA=9P[A = u(p) = p).

Given an ultrametric space (X, d) and r > 0, denote by F,.(X) the set of all functions
from X to I constant on all balls of radius ». We keep the notation M*(X) for the
set of all x-measures on some Hausdorff compactification bX O X whose support is a
compact subset of X. Note that this is nothing but Chigogidze’s extension of the normal
functors [1.

Given u,v € M*(X), we let

d(p,v) = inf{r > 0|u(yp) = v(p) for all p € F,}.

Theorem 1. The function d is an ultrametric on M*(X).
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Proof. First we show that the function d is well defined. Since the sets supp(u), supp(v)
are compact, they are bounded. The latter means that there exist » > 0 and z( such that
supp(p) Usupp(v) C By(z9).-

Consider the set F,.(X). Let ¢ € F.(X), then ¢|B,(zg) = c is constant and u(p) =
¢ = v(p), for some ¢ € 1. It follows that the set of which we consider the infimum is
nonempty and therefore the formal definition makes sense.

By the definition d(u,v) > 0. Furthermore, d(u, 1) = 0.

Now let d(p,v) = 0. We have to show that u = v.

Note that for every r > 0 and for every ¢ € F, we have u(¢) = v(y). We need to
show that p(p) = v(p) for all p € C(X,1).

Suppose the contrary, i.e. that there exists ¢ € C(X, 1) such that u(p) # v(p). Note
that each p € M*(X) is a continuous map with respect to the sup-metric on C(X,I) for
any zero-dimensional space X (see |13]).

Since each ultrametric space is a zero-dimensional space [16], we see that if ; ¢

with respect to the sup-metric, then u(y;) e w(ep).

Construct a sequence of functions ¢; € Fp., (X) converging to ¢. Since suppuU suppv
is a zero-dimensional compactum, we can choose for each ¢ € A/ a number r; > 0 and
a function ¢; € F,,(X) such that ||¢ — ¢,| < e. Therefore, choosing ¢ = 5 we get a
desired sequence (¢;). Then

p(p) = lm p(pi) = lim v(pi) = v(p).
1—00 71— 00

The symmetry of the functions d obviously follows from the definition: d(, v) =
d(v, ) for all p,v € M*(X).

Now we need to prove the strong triangle inequality. Let u,v,7 € M *(X ) and
d(u,v) = a,d(v,7) = b. Without loss of generality, we may assume that a < b. Then,
for every € > 0 and every ¢ € Faie(X), ¢ € Fiye(X), we have u(p) = v(p ) and
v(y) = 7(¢0). And then, for every ¢ € Fpic(X), we have u(p) = v(¢) = 7(p). Hence,
d(p,7) < b+ ¢ and letting & — 0, we see that d(u, ) < b.

We denote by Ultr the category of ultrametric spaces and non-expanding maps. Let
(X,d), (Y, d) be ultrametric spaces. Let f: X — Y be a non-expanding map.

Define M*(f): M*(X) — M*(Y) by the formula:

M*(f)(w) () = nef),
uwe M (X),peCX,D).

Proposition 1. The map M*(f) is non-expanding.

Proof. Let p,v € M*(X) and d(p,v) <r
Note that, since f is non-expanding, given ¢ € F,.(Y), one has ¢f € F.(X).

Then
M (f)()(p) = wlpf) = vipf) = M*(f)(v)(¢).
Therefore, p(M*(f)(u), M*(f)(v)) < r and we see that the map M*(f) is non-
expanding.

Actually, we obtain a functor in the category Ultr. We keep the notation M* for
this functor.
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A functor F' in the category Ultr is called locally non-expanding, if

p(E(f), F(9)) = p(f,9)
(see |15]).

Proposition 2. The functor M* is locally non-expanding.

Proof. Let r > 0 and p(f,g) <.
Then for all x € X, p(f(x),g(x)) < r and then g(z) € B,(f(x)).
Let p € M*(X). We need to show that g(M*(f)(u), M*(g)(1)) < r.
Let ¢ € B,.(Y), that is we need to check the equality

ME(f)()(p) = m(ef) = plpg) = M*(g)(1)(¢)-

Let x € X, then p(f(z),g(x)) < r and since ¢ is a constant function on the balls of
radius r it follows that g(x) € B,(f(x)). This means that ¢ f(x) = pg(x) and therefore
u(pf) = p(eg).

On the other hand, let € X and 6, € M*(X). We have that

p(M*(£)(02), M*(9)(82)) = p(M™(f)(p) (), M"(9)(¢)(x)) = p(f(x), 9()).
And this proves the fact that the functor M* is locally non-expanding.

Recall that the hyperspace exp X of a metric space X is the set of all nonempty
compact subsets of X endowed with the Hausdorff metric

dg(A,C)=inf{r >0 AC B,.(C), C C B,(A)}, A,C €expX.

For any p € M*X its support is a nonempty compact subset of X, i.e., an element
of the hyperspace exp X.

It is well-known that the Hausdorff metric on the hyperspace of an ultrametric space
is also an ultrametric space. Moreover, exp is a functor on the category Ultr.

Proposition 3. The support map s = sx: M*(X) — exp X is non-expanding.

Proof. Let p,v € M*(X) and d(u,v) < .

Suppose that dg(s(p),s(v)) > r, then M*(f)(u) = M*(f)(v) and f(s(n)) #
f(s(v)), where f: X — f(X) is the quotient map with respect to the decomposition
of X into disjoint balls of radius r.

Without loss of generality one may assume that f(s(u))\ f(s(v)) # 0.

By the definition of support, there exist o, ¢ € C(f(X),I) such that ¢|f(s(u)) =
Y| f(s(v)) and M*(f)(u)() # M*(f)(v)(¢)). This clearly contradicts to the choice of r.

Note that s = (sx) is a natural transformation of the functor M* to the hyperspace
functor exp.

Proposition 4. Let (X,d) be an ultrametric space. Then the map §: X — M*(X),
d(x) = 04, is an isometric embedding.

Proof. We need to show that the equality d(z,y) = d(d,,d,) is satisfied for all z,y € X.
By the definition,

d((szvéy) = inf{r > 0 ‘ 596(90) = 5y(@)7v90 € f?”}
and 0, () = p(z), 0y (¢) = (y)-
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Let d(z,y) < r, then z,y € B,(X) and p(z) = ¢(y) for every ¢ € F,. Therefore
d(0z,0y) < d(z,y).

Now let d(d,,8,) < d(z,y). Then there exists > 0 such that d(z,y) > r and
o(x) = ¢(y) for every ¢ € F,.

Since d(z,y) > r, we see that B,.(z) N B,(y) = &. We take ¢ € F, that ¢|B,(x) =0
and ¢|X \ B,(x) = 1. From that ¢ € F, it follows that ¢(x) = ¢(y). And we got to a
contradiction.

Note that 6 = (dx) is a natural transformation of the identity functor into the
functor M*.

We denote by M (X) the subset of M*(X) consisting of *-measures of finite support,

i.e., x-measures of the form y = \/ Ai * Oy, -

i=1
Proposition 5. The set M} (X) is dense in M*(X).
Proof. Let € M*(X) and let » > 0. Let {B,(z;) | i = 1,...,n} be a finite disjoint cover
of the set supp(u) by balls of radius r. By ¢; we denote the characteristic function of the
set By(z;). Now let ¢ € F.(X). Without loss of generality one may assume that ¢ =0

on the set X\ U B, (z;). Then ¢ = \/ o(x;) * ;.

i=1 i=1
n

Let v = \/ 1(p;) * 0, . Note that
i=1

1=p(lx)=p (\/ w) =\/ ule:),
therefore v € M*(X).
Now, given ¢ € F,.(X), one can write ¢ = \/ ¥(x;) * p. Then
i=1

n

V() = v (\/ (i) * ¢> = \/ bla) *vlp) = \ (@) * o) = ule).

i=1 i=1 i=1
Therefore, d(p,v) < r.
In the sequel, we endow the set C'(X,I) with the sup-metric.

Lemma 1. Let X be a compact ultrametric space. The set F(X) = U Fr(X) is dense
r>0

in C(X,1).

Theorem~ 2. Suppose that (X,d) is a complete ultrametric space. Then the space
(M*(X),d) is also complete.

Proof. Let (u;) be a Cauchy sequence in M*(X). From Proposition [3| it easily follows

o0
that the set Y = U supp(u;) is compact. Without loss of generality, one may assume

i=1
that Y = X.
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Let ¢ € F(Y). There exists r > 0 such that ¢ € F.(Y). There exists N € N such
that, for any m,n > N, J(um, tn) < r. Therefore p,,(¢) = pn(p) for any m,n > N. We
let p(p) = lim pi(p) = pn(p).

Thus, we have defined a map u: F(Y) — L. It is straightforward to verify that p
satisfies the conditions from Definition (1} if we replace C(X,I) by F(Y).

Now we are going to extend p over the set C(Y,I).

Claim. The map p: F(Y) — [ is uniformly continuous.

Let € > 0. Since the map *: I x I — I is uniformly continuous, there exists § > 0
such that |a — a/| < § and |b — V| < 0 together imply |axb—a' V| < e.

Let ¢, ¢"” € F(Y). One may assume that ¢',¢"” € F.(Y), for some r > 0. Let
{B,(x;) | i=1,...,n} be the disjoint cover of Y by balls. Let x; denote the characteristic
function of the ball B,(z;), = 1,...,n. Then one can write

n n
/ / /! 1
‘P:\/ai*XiaQO :\/Oéi*Xh
=1 =1

for some o}, o € 1.

If ||¢" — ¢"|| < 4, then \/ | — Y| < 6 and we obtain

i=1 i=1

n n
V i) =\ of *p(xi)
=1 =1

lu(e") — (") =

n
<V o *pu(xi) = of xp(xi) | <e.
1=1

Let us return to the proof of the theorem. The map admits a unique continuous
extension over the set C'(Y,I) (we keep the notation p for this extension). Clearly, u €
M*(X) and p = lim p;.

71— 00

3. REMARKS

Some of the results concerning fuzzy ultrametrization of functorial constructions
are considered in numerous publications. Recall that fuzzy ultrametric spaces were
introduced in [7}[11].

Fuzzy ultrametrization of the sets of probability measures is considered in [12].
The case of idempotent measures is treated in [5]. We formulate the general problem
of fuzzy ultrametrization of the sets of *-measures of compact support defined on fuzzy
ultrametric spaces.

Note that the space of probability measures of compact support on a complete
ultrametric space is complete as well [15].
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An ultrametric space (X,d) is said to be spherically complete if every descending
llection of closed balls in X has nonempty intersection.

It is not known whether the space of x-measures of compact support on a spherically
mplete ultrametric space is also spherically complete.
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piB.
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For an analytic in the disk {z : |z| < 1} function f(z) = z + kaz and
k=1

formal power series [(z) =1+ Zlkzk with I > O the operator
k=1

(Ll \" ok
Dwsmz):HZ( I > iz
k=2

is called the Gelfond-Leont’ev-Sé&ldgean derivative and the operator

lk—1ln S
D1 f( _Z+Zln+kl

is called the Gelfond-Leont’ev-Ruscheweyh derivative. By o[f] we denote the
radius of the univalence of the function f. It is proved, for example, that for

eachn > 1
V2 -1 fi " 1| (\"
< o[D} <25
V2 | [ ( ) < elPisfl= 2| (1)
and
V2-1 fl In+1 fi|lns1
D < 2|=
\/5 f2 s Q[ l,[R].ﬂf fa| Taln

Key words: analytic function, Gelfond-Leont’ev-Sildgean derivative,
Gelfond-Leont’ev-Ruscheweyh derivative, radius of the univalence.
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1. INTRODUCTION

For a formal power series

[ee)
(1) f) = fo+ Y fz, z=re?,
k=1
oo o0 l
and I(z) = 1+ Zlkzk (Ix > 0) the formal power series D} f(z) = Z Y fean2® is
k=1 o litn

called the Gelfond-Leont’ev derivative [1]. If I(2) = e* (i.e. [ = 1/k!) then D' f = f(")
is the usual derivative.

If the function f(z) = z + kazk is analytic in the disk {z : |z| < 1} then the
k=2
operator DI ]f (n > 0) defined by

D f(z) = f(2). Dlgf(z) = Disif(z) = f'(2),
Dl f(2) = Digy(Df £(2)) = 2 + 3 k" 2

k=2
is known as the Saldgean derivative [2]. The operator

Dy f() = 5L oty =2 S R D

n!dzn = nl(k —1)!

is called [3] the Ruscheweyh derivative.
In [4], combining the definitions of Gelfond-Leont’ev derivative with Salagean deri-
vative and Ruscheweyh derivative, the operator

D) f(2) = =Dy (D”[ +Z<Z1Zk 1) Fozk

is called the Gelfond-Leont’ev-Sdlagean derivative and the operator

leily
D} f(2) = 2l DP{=" "1 f(2) +Z bl

lntk—1

is called the Gelfond-Leont’ev-Ruscheweyh derivative. In [4] the behavior of maximal
terms of successive Gelfond-Leont’ev-Salagen and Gelfond-Leont’ev-Ruscheweyh deri-
vatives and in [5| the properties of Hadamard compositions of such derivatives are studi-
ed.

The radius g[f] of univalence of a function f is defined as follows: if f’(0) = 0 then
we put o[f] =0, and if f/(0) # 0 then o[f] is a radius of the largest disk with the center
at a point z = 0, in which the function f is univalent. The asymptotic behavior of the
sequence of radii of the univalence of ordinary derivatives of the function f has been
studied by many authors. The most significant contribution was made by S.M. Shah and
S.Y. Trimble [6H8]. The asymptotic behavior of the sequence of radii of the univalence of
Gelfond-Leont’ev derivatives is investigated in [9H12].

Here we consider a similar problem for Gelfond-Leont’ev-Saldgen and Gelfond-
Leont’ev-Ruscheweyh derivatives. Our research is based on the following lemmas [11].
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Lemma 1. Let a(z) = Zakzk and o € (0,400). If the function o is univalent in
k=0
D, = {z: |z| < o} then |ay|o*~* < k|ay| for all k > 1.

oo oo

Lemma 2. Let a(z) = Zakzk. Ika|ak|gk_1 <|ai| for some g € (0,+00) then the
k=0 k=2

function « is univalent in D,.

2. GELFOND-LEONT’EV-GELFOND-LEONT’EV-SALAGEAN DERIVATIVES

Here for a function (1) we will consider a more general form of the Gelfond-Leont’ev-
Saldgean derivative D} ¢ f.
We remark that if a function f is given by a gap power series

o)

(2) F)=fot+ D fr,12T fr £0( 2 0),
j=0

where 0 < k; 1 00 as 0 < j — oo, then

>/ g, \ ,
(3) Dirg f(2) =" ( 1y, ) fe 2,

=0 Ny

Theorem 1. If the function f is given by a gap power series then for the radius of
univalence of Gelfond-Leont’ev-Sdildgean derivative Dl’“[‘s]f the estimates

(4)
V21, (lkolkj-s-l)k"/kj
Ui lkg+1

V2

hold for every j > 1.
Proof. If function is univalent in D, then by Lemmal[]

ik, \ ™"
|(lk7+1) fkj+1

o[ Dy 1% < (ky + 1)

fk0+1
fkj-‘rl

fk0+1
fk'j-‘rl

Ui Ui, +1 Fon k
(lkjlko-i-l <o l,[s]f} > (kj +1)

lllk kn
¢ < 1) (22) Ul
ko+1

<lkolkj+1>k"
Ui ko +1

i.e.
fk?o+1
Jrj+1

whence we obtain the right hand side of (4).
Now let 0 < x < (v/2 —1)/+/2. Then

k; ; -
Z(kj+1)w SZ(;+1):CJ_W—1§1.
Jj=1 j=1
Therefore, if
<lkolkj+1>k”/kj
l}{)Jlk0+1

Vio1,
V2

fko+l
T+

(5) 0=
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then
v=0% Jr;+1 (lk_jlk0+1>k"/kj _ V2-1
Trot1 | \lkolk,;+1 V2
and, thus,

Jrj+1
fk0+1

¢ =3k + 1M <1,

lko lk]‘ +1

> Lol g\ Fm
> Tk + 1) (et
j=1

whence

c- lly, n k. Lilg, Fn
Z(kj +1) |fkj+1|Q 1< m |fk0+1|.
0

j=1 Ly 1

Hence by Lemmathe function Dfﬁs‘]f is univalent in D, and, thus, in view of

2-1 Uo gy 1\ /%9
©) oD ]2 Yot | st (Rt
’ \/Q fkj-i-l lkj lko-‘rl
for every j > 1, i.e. the left hand side of () is correct. Theorem [i]is proved. O

If series has a radius of convergence R € (0, +o0) then

tim /G + 1) [ = R
j—o0 fkj—i-l

and, since lim a;b; < lim a; lim;_, b;, from (@) we get

j—o0 j—o0
Iyl o /K o .
( ko k‘jJrl) S R m P kolk;+1
lkjlkoJrl Jj—oo lk‘jlko+1

Similarly, since lim a;b; > lim a; lim;_,« b;, from (6) we get
j—oo

fk)g-‘rl
T+

o[Dftg f] < lim %/ (k; +1)

j—o0

j—o0
k V2—-1 — Fror1 | (Teoli;+1 o/ V2-1 o Ukoli;+1 "
oD}t 1 2 ——— lim % /| ( L ) >~—=—R/| lim %=
: V2 oo Jrjr1 | \ i, Uk +1 V2 i=oo | lijlko+1

Therefore, we obtain the following statement.

Proposition 1. If a function f is given by the gap power series with the radius of
convergence R € (0, +00) then for the radius of univalence of Gelfond-Leont’ev-Sdldgean

derivative lefs]f the estimates

kn kn
51— [l N T
V2 R Im &) Reltl) < olDftg f] < R Tim % ko kit
V2 j=oe \[ i, lkgs1 : g=oo \[ li;lkg+1

Theorem [T and Proposition [I] imply the following statement.

hold.
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Corollary 1. For the radius of univalence of Gelfond-Leont’ev-Sdldgean derivative
Df[s]f of function the estimates
n/j
j+1
()

f
hold for every j > 1. If, moreover, series has the radius of convergence R € (0, +00)

f
then . .
V2-1_(— [li — i
SR I L) <o DY fl <R T )
7 Jm () = o[Dligf1 < Jm =
We remark also that for j = 1 from (7)) we get

\/Q—l fl " fl
V2 | f ( ) < dDigsfl < f2

3. GELFOND-LEONT’EV-RUSCHEWEYH DERIVATIVES

h

fj+1

N1

fj+1

(7)

n/j
(%2) <emran < i+

Here for a function we will consider also a slightly more general form of the
Gelfond-Leont’ev-Ruscheweyh derivative

= Ln
D (= Z = fu?®.

1 n—i—k 1

We remark that if a function f is given by a gap power series then

U, Uk, .

K nlk; k;

(8) Dl [R]( ) E Tin fkj+12' +1
j=0 "kitkn

Theorem 2. If a function [ is given by a gap power series then for the radius of
univalence of Gelfond-Leont’ev-Ruscheweyh derivative Dl TR] f the estimates

V2 =1, M fros1 | leoli,+x Trot1 | koli;+k
9 ki 0 0"K; néngn Sk | o+ 0"RjTRn
O T Ve [l = 2Primll= 4 G+ D
hold for every j > 1.
Proof. If the function is univalent in D, then by Lemmal]
I, Uk _ g, 1
l L o] " < (k; +1)lk 50| Frot1ls
k?j-‘r n ko+kn
ie.
. Uiy tke, Ui
Dk" ki < ki+1 fko-‘rl i thn 0’
Q[ HR].ﬂ —( J ) fijrl lk0+knlkj
whence we obtain the right hand side of (9).
Now we put
(10) _ \/57 1 k fko"rl lkolkj"l‘kn
\/i fkj+1 lkjlk0+k7L
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Then as in the proof of Theorem [I] we obtain

o0

U, Uk e kg
D (kg D)7 ] < olbo gl

= i tks ko+kn

Hence by Lemmathe function Dz )y 18 univalent in D, and, thus, in view of

2-1 Lol
(11) Q[le’[‘R]f] > V2 o | Fro+1 | tkoli;+kn
7 V2 Fregn | U Utk
for every j > 1, i.e. the left hand side of (9) is correct. Theorem [2]is proved. O

Using @D, and repeating the proof of Proposition || we come to the next
statement.

Proposition 2. If a function f is given by the gap power series with the radi-
us of convergence R € (0, 4+00) then for the radius of univalence of Gelfond-Leont’ev-
Ruscheweyh derivative le’[”’R]f the following estimates we have

21 b G otk s,
V21 p i s lliorts e < g T g Rlbuths
\/§ j—ro0 lkjlko+kn ’ j—oo lkj Uk +k,,

Theorem [2] and Proposition [2l imply the following statement.

Corollary 2. For the radius of univalence of Gelfond-Leont’ev—Ruscheweyh derivative
DZ[R]f of a function the estimates

\/5\/;1‘ ZJJZ”<Q[ L fl < \/( +1)

hold for every j > 1. If, moreover, series has the radius of convergence R € (0, +00)
then

f1

fi+1

f1

fi+1

Litn

(12)

1l

V2-1 i — ]l
~Z "R Im {2 <D < R Tim ¢/ 2"
vz Blim g s elDig Sl B Lm gy
For j = 1 from we get
VZ-1|h
V2 | f2

fill
f2

n+1

ln+1 n
Il < o[Dp g fl <2

Choosing a function [ in one or another way , we obtain the corresponding estimates
for the radius of univalence.

L

Example 1. Let [, = exp{ak?}. Then JZ—H = exp{2aj + 1} and J+n = exp{2ajn}.
J

Therefore, if series has the radius of convergence R € (0, +00) then by Corollaries |1

and B
V2-1
V2

R62an S Q[Dﬁ[s]f], Q[DZ[R]f} S ReQ‘m.
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Example 2. If [, = ¢* then l]li = q and ll]Jl”n = 1. Therefore, if series has the
_ i

J
radius of convergence R € (0, +00) then

V2 -1 . .
(13) NG R < o[D}'1g)f]; o[ D} 1 f1 < R
Example 3. If [, = 1 then lji = ! and Litn = jn! Therefore, if series
ple o B = h I, j+1 L, G+n) ’

has the radius of convergence R € (0, +00) then estimates hold.
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Hns amamituanol B kpysi {z : |z| < 1} byskuii f(z) = z + kazk
k=1
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i dopmampHOTrO CTemenesoro pamy l(z) = 1+ Zlkzk 3 Il > 0 omeparop
k=1
= (l—1\"
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CLOSE-TO-CONVEXITY OF POLYNOMIAL SOLUTIONS OF A
DIFFERENTIAL EQUATION OF THE SECOND ORDER WITH
POLYNOMIAL COEFFICIENTS OF THE SECOND DEGREE
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Universytetska Str., 1, 79000, Lviv, Ukraine
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An analytic univalent in D = {z : |z| < 1} function f is said to be convex if
f(D) is a convex domain and is said to be close-to-convex if there exists a convex
in D function ® such that Re (f'(z)/®'(z)) > 0(z € D). We indicate conditions
on real parameters o, f1, Y0, V1, 72 and ag, a1, az of the differential equation

22w 4 (Boz” + Br2)w’ + (102" + iz + y2)w = a0z’ + a1z + ag,

under which this equation has a polynomial solution
P
F(z) =D faz" (deg f=p=>2)
n=0

close-to-convex in ID together with all its derivatives f) (1 < j <p—1).

Key words: linear non-homogeneous differential equation of the second
order, polynomial coefficient, polynomial solution, close-to-convex function.

1. INTRODUCTION AND AUXILIARY RESULTS

An analytic univalent in D = {z : |z| < 1} function

(1) f(Z) = Z fn2"
n=0

is said to be convex if f(D) is a convex domain. It is well known [1, p. 203] (see also
[2, p. 8]) that the condition Re {1+ zf"(z)/f'(z)} > 0 (= € D) is necessary and sufficient
for the convexity of f. A function f is said to be close-to-convex in D (W. Kaplan [3],
see also |1, p. 583], |2, p. 11]) if there exists a convex in D function ® such that
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Re(f'(2)/®'(2)) > 0(2 € D). Any close-to-convex function f has a characteristic
property that the complement G of the domain f(D) can be filled with rays which start
from OG and lie in G. Every close-to-convex in D function f is univalent in D and,
therefore, f'(0) # 0. Hence it follows that any function f is close-to-convex in D if and

only if the function g(z) = z + Z gnz" is close-to-convex in D, where g, = f,./ f1.

S. M. Shah [4] indicated condltlons on real parameters Sy, 51, Y0, 71, 72 of the
differential equation

(2) 2w + (Boz® + Brz)w’ + (y0z® + 712 +72)w =0,

under which there exists an entire transcendental solution such that f and all its
derivatives are close-to-convex in D. The investigations are continued in the papers [5H10],
but in all of these papers the case of polynomial solutions of was not investigated.
In the papers |11H14] properties of entire solutions of a linear differential equation of n-
th order with polynomial coefficients of n-th degree are investigated. Some results from
these papers are published also in monograph [2].

Here we consider a differential equation

(3) 2w + (Bo2? + Br2)w’ + (V2% + 712+ Y2)w = apz? + a1z + ay

with real parameters and study the existence and closeness-to-convexity of its polynomial
solutions.

At first we remark that a function is a solution of the differential equation if
and only if

o0
Z n_lfnz +5OZR—1fn 12" +")/0an 22"+
OO,
+B1 Y nfaz" +m Z frn-12" + 72 Z fo2" = a02® + a1z + g,
n=1 n=1 n=0

i. e.

(4) 2fo=az, (Br+v)fi+nfo=ar, 2+281+7)f2+ (Bo+1)fi +7/fo =0
and for n > 3

(5) (n(n+ 61— 1) + %) fn+ (Bo(n —1) +71) fam1 + Y0 fn—2 = 0.

Clearly, by some condition differential equation may have a linear solution, which
obviously is convex function in . We are going to investigate a solutions of degree > 2.
In this case the following statement is true.

Lemma 1. In order that the polynomial
P
(6) f(2) = fa2", deg f=p=>2,
n=0

be a solution of the differential equation , it is necessary that vo = pBy + 11 = 0.
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Proof. Indeed, for n = p + 2 from we get

(p+2)(p+ B +1)+72) fpre+ ((0+1)Bo +71) fo+1 + 70 = 0.
If f has the form (6) then f,42 = f,4+1 =0 and f, # 0. Therefore, v = 0 and from
for n = p 4+ 1 we obtain
(p+ D)+ B) +72) fpe1+ (pBo+ M) fp = 0.
Since fp+1 =0 and f, # 0, it follows that pSy +~v1 = 0. Lemma is proved. O

By the condition vy = pBy + 71 = 0 from (@) and (5] we get
(1) mfo=a2, (Br+r2)fi=a1+pBofo, 2+281+7)f2=a+(@—1)bf1
and for 3<n <p
(8) (nn+B1=1) +72)fo=(@—n+1)Bofu1.

We remark that the condition vg = pBy + 71 = 0 is not sufficient in order that a solution
of differential equation has the form (6). Indeed, although in view of we have

(p+3)(p+ B +2)+72) fprs =0,
it does not follow from here that f,;3 = 0, since (p+3)(p+ S1 +2) + 72 can be equal to
zero. Therefore, further we assume that

nn+p1—1)+72#0, 3<n<p.
This condition allows us to rewrite the equality in the form

p—n+1)8

(9) J— o
n(n+p1 —1) +7
whence it follows that f, =0, if By = 0. Therefore, further we assume also that §y # 0.

To study the closeness-to-convexity of the polynomial @, we will use the following
criterion of Alexander [15}|16] (see also |2, p. 11]).

f’nfh 7123,

Lemma 2. If
1>2gy>3g3 >+ 2pgp >0

n

then the polynomial g(z) = Y." _, gn,2™ is close-to-convez in D.

In view of and it is clear that the existence of a close-to-convex solution @ of
differential equation depends on the equality to zero of the parameter ~,. Therefore,
we will consider two cases 72 # 0 and v, = 0.

2. CLOSENESS-TO-CONVEXITY PROVIDED 7, # (
From the first equality of @ it follows that fo = as/72, and the second equality of
@ implies
(B1 +72) f1 = a1 + pPoaa/7e-
Since the condition f; # 0 is necessary for a closeness-to-convexity of f, from the last
equality it follows that either £ + 2 # 0 and a7 + pBoca/¥2 # 0 or

B1+ 72 = a1 + pBoaz/v2 = 0.
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a1v2 + pBoae

In the first case we have f1 =
Y2(B1 + 72)

, and if 2 4 261 + 2 # 0 from the third

equality (7) we obtain
o= (p — 1)Bo(a1v2 + pBoc2) + a2 (B1 + 72)
Y2 (81 +72)(2 + 281 + 72) '

Using these equalities and equality @D we prove the following theorem.
Theorem 1. Let p > 3, 72 #0, 70 =pBo + 11 =0, f1 +72 # 0, a1ye + pBoce # 0 and

(p — DBo(e172 + phoas) + agra(br +72) _ 1
(V201 + pBoc2) (2 + 281 + 72) =2

(10) 0<

If forall3<n<p
(p—n+1)5 <n—1
nn+pr—1)+v ~ n
then differential equation has a close-to-convex in D polynomial solution
az o172 + pPocs
fle) = 22 4 2 TPPC
Y2 7208+ 2)
-1 « + ) + + u
(p — 1)Bo(a1y2 + pBoaz) + apye (S 72)22 n Z £
n=3

(11)

z+
(12)
_|_

Y2(B1 +72)(2 + 281 + 72)

where the coefficients f, satisfy (ED

If By > 0, 2481 > 0 and either v2 > 0 and (p—2)8y < 2461 or —3(2+61) <2 <0
and 3(p — 2)Bo < 3(2+ B1) + 72 then differential equation has a polynomial solution
close-to-convez in D together with all its derivatives fU) (1 <j<p—1).

p
Proof. Let g(z) = z+Zgnz", where g, = fn/ f1. In view of (9), and f2/f1 >0
n=2

and f,/f1 >0forall 3<n<p,i e g,>0forall 2<n<p. From it follows also
that 2go < 1, and @D and imply ng, < (n —1)g,—1 for all 3 < n < p. Therefore,
by Lemma [2] the function g and, thus, the function f are close-to-convex in D. The first
part of Theorem [1|is proved.

Now suppose that the condition

(= (nti)+ Dy _n-1
m+i)n+ji+pBi—1)+7 " n+j
holds for some 1 < j < p—2and all 2 < n < p— j and show that the derivative f) of

function is close-to-convex in D.
Indeed, for 1 < j < p — 2 the derivative

p—J

FOR) =3+ G+ Dz + D> 4+ D(n+2)... (n+ ) far2"

n=2

(13)

is close-to-convex in D if and only if the function

(n+1)(n+2)...(n+J)fnsj
G+ D

)

p—J
9i(2) =2+ gns2"s Gnj=
n=2
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is close-to-convex in D. For the function g; the inequality 2g, ; < 1 is equivalent to the
inequality
(p—J—1)Bo P
(G+2)J+B1+1) 492~ j+2
which follows from the condition with n = 2. If 3 < n < p — j then the inequality
ngn.; < (n—1)gn—1,; is equivalent to condition (I3). Therefore, by Lemma[2] the function
g; and, thus, the function f () are close-to-convex in ID.
Now suppose that Sy > 0, 2+ 51 > 0 and 2 > 0. Then condition holds for all
— 1 -1 — 1
(p—n+1)f < n , 1. e. (p—n+1)f < 1. Since the left
n(n+p1—1) n (n—=1)(n+p5 —1)
-2
part of the last inequality decreases, this inequality holds if M < 1, i e

22+ 1) ~
(p—2)Bp < 2+ 1. Similarly, condition holdsforall1 < j<p—2and 2 <

(p—(n+j)+1DBo (»—2)po
m—1)(n+j+p —1) 24 5
(p—2)Bo <2(2+ B1).
Finally, let 5o > 0, 2+ 51 > 0 and 72 < 0. Then for all 3<n <p
(p—n+1)5 _ (p—n+1)5 < (p—n+1)5
nn+pi—1)+7 nn+ph—1—|nl/n) = nn+p—1-|rl|/3)
Therefore, holds for all 3 < n < pif

(p—n+1)5
(Dt B —1—alj3) =

3<n<pif

<p-—jJ

n
< 1 and the last inequality is true if < 1,i e

(p—2)Bo
2+ 61 +7/3) — 7
i.e. =32+ 51) < 2 <0 and %(p —2)Bo < 3(2 + B1) + 2. Similarly we prove that
-2
condition holdsforall 1 < j<p—2and2<n<p-—jif (p JE0 <1,i. e

24014+ 7/3 ~
—3(24+ 1) < y2 and 3(p—2)5p < 3(2+ 1) +2- Thus, for all 1 < j < p—2 the derivative

19 is close-to-convex in . Since the derivative f(?—1) is a linear function, the proof of
Theorem [I] is complete. O

whence as above it follows that holds for all 3 < n < p if 5

Now we consider the case

B1+ v2 = a1 + pPoaa/v2 = 0.

From the second equality @ it follows that f; may be arbitrary. If we choose f; = 1
then under the condition 2 4+ 81 # 0 in view of the third equality @ we get

o+ (p—1)po
2+ By

From under the condition n + 81 # 0 we obtain

fa=
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Theorem 2. Let p > 3, v2 # 0, v0 = pBo + 71 = 1 + 72 = a1z + pPoce = 0 and

o+ (p —1)Bo 1
(15) O<W -

[\D

If forall3<n<p

(p—n+1)5 n—1
m-Dn+p) = n

then differential equation has a close-to-convez in D polynomial solution

(16) 0<

e a+(—1)5
(17) f(z)_£+z+ I 2+an

where the coefficients f, satisfy .

If Bo > 0,24 51 >0 and 3(p — 2)Bo < 2(3 + B1) then differential equation has
polynomial solution , which together with its derivatives f) (1<j<p-—1)are
close-to-convez in D.

Proof. From and the inequality f, > 0 follows for all n. Condition implies
the inequality 2f> < 1 and condition implies nf, < (n—1)f,—1 for all 3 <n < p.
Therefore, by Lemmalf2|the function f is close-to-convex in . The first part of Theorem 2]
is proved.

Now we suppose the condition

(p—(n+j)+1)Bo cn-
m+j-1D+j+p)  n+j
holds for some 1 < 7 < p—2and all 2 < n < p—j. The proof of the closeness-to-convexity

of the derivative f() (1 <j <p-—2)is the same as the proof in Theorem [1} Note only
that the inequality 2g, ; <1 is equivalent to the inequality

(p—j-Do _j+1
j+2+p T j+2

(18) 0<

which follows from condition for n = 2, and the inequality ng,n; < (n — 1)gn—1,;
coincides with condition (T8).
Let By > 0 and 2 + 31 > 0. Since the values
(p—n+1)B n n+j
n+tp T (n=12" (h-1)(n+j-1)

decrease with the increasing of n and the value

(2+5)@—j- Db

G+DG+2+5)

3~ 2)fo <1,i e
2B +p1) —

3(p—2)Bo < 2(3+F1). Thus, for all 1 < j < p—2 the derivative f\9) is close-to-convex in
D. Since the derivative f?—1 is a linear function, the proof of Theoremis complete. [

decreases with the increasing of j, conditions and . hold if



Myroslav SHEREMETA, Yuriy TRUKHAN
98 ISSN 2078-3744. Bicuux JIpBiB. yu-Ty. Cepis mex.-mar. 2020. Bumyck 90

3. CLOSENESS-TO-CONVEXITY PROVIDED 7, = ()

Now @ implies as = 0 and, thus, fy may be arbitrary. If we choose fy = 0 then
from (7) and ([9) we get

(19) Bifi=a1, 2(1+B1)fa=ao+(p—1)Bfi,
and for 3<n<p

p—n+1)b
n(n+p; —1)
Since for the close-to-convex function f; # 0, from the first equality of it follows

that either 5; # 0 and a3 # 0 or $1 = a3 = 0. In the first of these cases the following
theorem holds.

(20) fn = fr-1-

Theorem 3. Letp >3, vo=as = =71 +pBo =0, 51 # 0,01 # 0 and

(p— 1)Boas + o <1
ai(1+5) -

(21) 0<

If for all3<n<p

(p—n+1)5
CEN RS

then differential equation has a close-to-convex in D polynomial solution

(22) 0<

o (p—1Dfoor +Brag 5 | o n
(23) f(z)—ﬁlz+ RN A +nz_:3fnz

where the coefficients f, satisfy .

If o > 0,24+ B1 > 0 and (p — 2)By < 2 + p1 then differential equation has a
polynomial solution close-to-convex in D together with its derivatives f) (1<5<
<p-1).

Proof. Suppose that the function g is defined as in the proof of Theorem 1} In view of (20)),
and fo/fi>0and f,/fi >0forall 3 <n<p,ie g, >0foral2<n<p.
From it follows also that 2¢gs < 1, and and imply ng, < (n — 1)g,—1 for
all 3 < n < p. Therefore, by Lemma [2] the function g and, thus, the function are
close-to-convex in ID. The first part of Theorem [3|is proved.

Now we suppose that

(- (n+i)+ Vb _,
(n=1n+j+p—1) "
holds for some 1 < j < p—2 and for all 2 < n < p — j. Then the proof of the close-
to-convexity of the derivative f(j) is the same as the proof in Theorem Note only

w < 1, which follows
] + 1+ 51

from condition for n = 2, and the inequality ng, ; < (n — 1)g,—1,; coincides with

condition .

(24) 0<

the inequality 2g» ; < 1 is equivalent to the inequality
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It is easy to check that if 8y > 0, 2+ 5, > 0 then condition holds for all
-2
3<n<pifm<l,andholdsforall1<j<p—2andall2<n<p—1if
1
-2
% <1,ie. (p—2)Bp <2+ f1. The proof of Theoremis complete. O
1

In the second case the following theorem is true.

Theorem 4. Letp >3, 2o =as =7 =71+pBo =1 =01 =0and 0 < ag+(p—1)5y <
<L IfO< (p—n+1)By < (n—1)% for all 3 < n < p then differential equation has
a close-to-convex in D polynomial solution

1 p
(25) f(z)zz_k(p)gﬁow}z%"nzgfnzn
where the coefficients f, satisfy with B = 0.
If 0 < (p— 2)Bo < 2 then differential equation has polynomial solution
close-to-convex in D together with its derivatives fU) (1 <j<p—1).

Proof. From the conditions 0 < ag+ (p—1)3p <land 0 < (p —n+1)8y < (n—1)? for
all 3 > n > pin view of with 81 = 0 it follows as above that all f,, > 0, 2fs <1
and nf, < (n—1)fn—1 for all 3 < n < p. Therefore, by Lemma [2] the function is
close-to-convex in D. The first part of Theorem []is proved.

Now we suppose that

0<(p—(n+j)+1DB<(n—1)(n+j—1)
for some 1 < j <p—2andall 2<n < p-—j. Then the proof of the close-to-convexity
of the derivative f) is the same as the proof in Theorem [1| Note only the inequality
(p=j=1h
Jj+1
0<(p—(+i)+DBo<m—1)(n+j—-1)
for n = 2, and the inequality ng, ;j < (n —1)g,—1,; coincides with this condition. Hence
as in the proof of Theorem [3] we get the second part of Theorem [4] O

2g2,; < 1is equivalent to the inequality < 1, which follows from condition

4. OTHER RESULTS

The condition p > 3 in the proved theorems is not significant. Repeating the proofs
of these theorems one can show that the following analogues of these theorems are hold
for p = 2.

Proposition 1. Let o # 0, 790 =28p+71 =0, B1+72 # 0, ayy2 +28pas # 0, 2+ 251 +

+v2 # 0 and

Bola1ye + 2Boaz) + aoy2(B1 +72)
(V201 + 28002) (2 + 261 + 72)

Then differential equation has a polynomial solution

£(2) = Q2 017 + 2Bpa ; Bo(a1v2 + 2Boaz) + apy2(B1 + 72) .2
y2 o 2(B1 +2) Y2(B1 +72)(2 + 261 + 72)

close-to-convex in D.

0<

1
< -
-2
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Proposition 2. Let v2 # 0, v0 = 260 +71 = f1+72 = auye +26pae =0, 2+ 51 # 0 and
1
0< O;o—:rﬁﬂo < 3 Then differential equation has a polynomial solution
1
Qo (&%) +BO 2
fz)=—+2z+ z
=) V2 245

close-to-convex in D.

Proposition 3. Let vo = as =99 =71 +260 =0, 51 #0, a1 #0, 1 + 81 # 0 and

0< Boan + aofy < 1. Then differential equation has a polynomial solution
a1(1 + ﬁl)
ar | Poar + Brag o
2)=—z+4+——""—2
1) B 281 (1 + B1)

close-to-convex in .

Proposition 4. Let o =as =y =m+260=p1=a1 =0 and 0 < ag+ fy < 1. Then
differential equation has a polynomial solution

f(2) =2+ L—gaof
close-to-convex in D.

Recall that before obtaining the above results we demanded the fulfillment of condi-
tions (9) and By # 0. Now suppose that By = 0. Then by Lernma Y = v1 = 0, and
thus, from @ and we get

(26) Yofo =2, (Bi+y)fi =01, (2+261+7)f2=a
and for 3<n<p
(27) (n(n+p1—1) +72)fn = 0.

From it follows that if p(p + 81 — 1) + 72 = 0 then f, # 0 may be arbitrary. Two
cases are possible: 1) n(n+ 81 —1)+v2 # 0 for all 3 <n < p and 2) thereis 3 <p; <p
such that p1(p1 + 61 — 1) + v =0.

In the first case we have f,_; = 0 provided p > 3 and it is impossible to use
Alexander’s criterion. In the second case we have p1p = v2 and p; +p = 1— 1. Therefore,
if either p; > 3 or p > p; + 1 then again we cannot apply Alexander’s criterion. Thus,
we can apply Alexander’s criterion if either n(n + 81 — 1) + 2 # 0 for all 3 < n < p and
p=3orp(p1+ 5 —1)+7v =0 for some 3<p; <pandp; =3,p=4.

Given the possible value of the parameter 79, using and choosing f3 = 2f5/3,
you can prove the following statement.

Proposition 5. Let o= =71 =0, p=3 and 3(2+ 51) + 72 = 0. Then:
-3
1) if 2 #0, v2a #3 and v #6, a1 #0 and0<m
1(72 —
equation has a polynomial solution

1
< 1 then differential

(0% 3&1 3&0 2 2&0 3
flz)=—+ z+ z“ 4+ z
) Y2 2(12-3) -6 1-6

close-to-convex in D;
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2) ify2 =3, a1 =0 and f% < ag < 0 then differential equation has a polynomial
solution
f(2) = /3 + 2 — apz? — 2092°/3
close-to-convez in D;
3) if 2 =6, ap = 0 and a1 # 0 then differential equation has a polynomial
solution
ap o Q1 3

_* ., M A
e R I

close-to-conver in D;
4) if 32 = a2 = 0 and 0 < ap/ay < 1/2 then differential equation has a
polynomial solution
f(2) = —a12/2 — apz?/2 — apz®/3
close-to-convex in .

In the case when 3(24+ 31) + 2 =0and 43+ 51) + 2 =0 (i.e. p1 =3,p =4)
from we get fo = 042/127 f1 = 041/6, f2 = 040/2, and choosing f3 = 040/3, f4 = 040/4
we obtain the following statement.

Proposition 6. If o =12, Sy =7 =7 =0, 0 < ap/ay < 1/6,
32+ P1) +72=4B+p1) +72=0
then differential equation has a polynomial solution
_02 a1 G0, Q05 Qo4
e TR R i T
close-to-convex in D.

Finally, we remark that polynomial @ can be close-to-convex in the case when
foa=---= fp—1 = 0. Since each starlike function is close-to-convex, it follows from such
a lemma.

Lemma 3. If || < 1/p then the polynomial f(z) = z + azP is a starlike function.

Proof. Recall that an analytic univalent in D function f(z) = z + Z fnz™ is said
—2

to be starlike if f(D) is starlike domain with respect to the origin. It is well known
[1} p. 202] (see also 2} p. 9]) that the condition Re {zf'(2)/f(z)} > 0 (z € D) is necessary
and sufficient for the starlikeness of f. If f(z) = 2z + 2P then for |o| < 1/p and |z] < 1
we have
!
zf'(2) 1_(p—1)|a| >0,
f(z) 1—|af
i. e. the function f(z) = z 4+ «az? starlike and, thus, close-to-convex. Lemma is proved.
Suppose that vo # 0,

az=ao+ (p—1)fo=plp+h—1)+72=0,
i+ =arand n(n+ By —1)+72 #0forall n=1,2,...,p— 1. Then in view of (7)

fo=0,fi =1, fo =0 and in view of () f3 =--- = f,—1 = 0. Choosing f, = 1/p and
using Lemma 3 we get the following statement.

Re

(p—Dazt! (p—Dazt!
=Re<14+————32>1—|—«"——
e{ + 1+ azr—t | = 1+ azpt
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Proposition 7. If v # 0,

ar=a+@-1B=pp+H—1)+72=0

andnin+ 81— 1)+~ #0 for alln=1,2,...,p— 1 then differential equation has a
polynomial solution f(z) = z + 2P /p close-to-convez in D.

10.

11.

12.

13.

14.

15.
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BJIN3bLKICTDH 0 OIIVKJIOCTI MHOI'OYJIEHHNX
PO3B’A3KIB /INOEPEHIIAJIBHOTO PIBHAHHA IPYT'OT'O
IMIOPAAKY 3 MHOTOYJIEHHUMUN KOE®INNICHTAMU
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o0
Ananitiana ognommcra B D = {z : |z| < 1} bynkuia f(z) = > faz" Ha-
n=0

3uBa€TbCa omyksoi0, akmo f(D) - omykaa o6aacTh, i HA3MBAETHCA OJIN3BKOIO
JI0 OTTYKJIOT, IKIIO icHye Taka omyksa B D dynxmia ®, mo Re (f'(2)/®'(z)) > 0
(z € D). Koxna 6mm3bka 70 omykiol B D dyrkmia f € omrommcroio B D, i oTxke,
f'(0) # 0. Tomy bynkmisa f e 6imsbkoio 10 omyksoi B D Toxi i Timbxu Tosi,
ko byukmisa g(z) = z+ Yy oo, gnz" 6ausbka 10 omykioi B D, ne gn = fn/f1.
C.M. Ilax Bu3uauus ymoBu Ha aiticui mapamerpu [o, 51, Y0, V1, V2, 38 AKAX
mudepenrianpie pibuamna 22w’ + (Boz? + frz)w + (Y02° + 112 + y2)w = 0
Ma€ [y po3B’sI3KH, SKI pa30M 31 CBOIMH MOXiTHMMH GJIM3BKI 0 OMyKJINX B
D dyukmismu. BaraTo aBTopis mpomosxuin mi gocaimxkenss. Tyt po3risamae-
Thea meompopimne pisnanna Mlaxa z2w” 4 (o2 4 f12)w’ + (y02> +y12+7v2)w =
=l +a1z+as 3 MACHUMUI TIapaMeTPaMU i BUBYAETHCS ICHYBAHHS OJTN3b-
KHUX JI0 OIMyKJX HOro MHOrOYIeHHHX pO3B’s3KiB. HeBarkko moBecTH, mio st

P
Toro, mob muorouren f(z) = Z fnz", (deg f = p > 2) 6yB po3B’43KOM LIHOIO
n=0

piBHsAHHS, HEOOXiAHO, MO0 Yo = pBo + 71 = 0. OcHoBHI Taki pe3yabraTn:

1) akwo p > 3, v0 = pBo+ 7 =0, b1 + 72 # 0, a1y2 + pPoaz # 0, Bo > 0,
24+ 61 >0,

(p — 1)Bo(a1y2 + pBoaz) + awoy2(B1+72) 1

0< < Z
(year + pPoaz)(2 + 261 + 72) -

2

iaboy2 >0mra (p—2)B <2+ B1,a60 —3(2+ B1) <2 <0 r1a3(p—2)F <

< 3(2+1)+"2, T0 HeoxHOPiHe piBHAHHS ITTaxa Ma€ MHOTOUICHHUN PO3B’I30K

flz) = Qz o172 JFP/B(JCVZ’Z (p — 1)Bo(a1y2 + pBoaz) + coy2(B1 + 72)
Y2 72(Brt+72) Y2(Br +72)(24 281 + 72)

L n __ (p—n+1)po
+nz::3fnz , e fn = n(n+ﬁ1—1)+’yz

ycima cBoivu moxigamvm f) 1 <j<p-1), 6m3bkuvu 10 onykaux B D

22+

n—1 g 3 < n < p, akuii pa3oMm 3
) p
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byHKIIMIT;
2) skmo p > 3, 72 # 0, 0 = plo+ 711 = f1+ 72 = arye + phoaz = 0,
a0+ (p—1)fo 1

50>0,2+ﬂ1>0,3(p—2),80§2(3+ﬂ1)10<W§§,TO
. . . Q2
HeomHOpimHe piBusHHs [llaxa Mae MHOrO4WIeHHMI pO3B'sI30K f (z) = ’7 +z+
2
aw+P—1)p o & n (p—n+1)Bo
72 + n2yme fn=———""—"<fno1a1a3<n<p,
2+ fr 2 A I = T g T A P

AKIH pa3oM 3 ycima cBoimm moximpmvm f0) (1 <j<p-1) 6mm3pkumMu 10
onykiaux B D dyHKIigMIE;

3) axmo p > 3, 72 = a2 =0 = y1+pPo =0, 1 # 0,01 # 0, Bo > 0, 2451 > 0,
-1
(p—2)f0 < 2+ i 0 < L= Dbocr T a0y

< 1, TO HEOJHOpIAHE PIBHAHHS

a1(1+ B1)
[ITaxa Mae MHOrodaeHHu po3s’si30k f(z) = %z + (p 72;)'6()(?1 ; flao 2%+
1 1 1
(p—n+1)Bo

p
+ w2, me fn = n—1 g 3 < n < p, GKUH pa3oM 3 yciMa
nZ:Igf , e f n(n+51_1)f 17 <n<p, P y

cBOIMY TIOXimHUME f G (1 <j <p-1) 6mm3bkumu 10 onykanx B D dyrKmiamm;

4)axkmo p >3, 2 =az =7 =7 +pbo =1 =1 =0, (p—2)fo <21i

0<ao+ (p—1)8 <1, To Heomropimae piBasHAs [Ilaxa Ma€ MHOTOUICHHNI
— p —

g 3 < n < p, gkuil pasoM 3 ycima cBoiMu moxigmamu f¢) 1<ji<p-1)

6m3bKUME 10 omykiux B D dyHKIigMA.

pose’s3ok f(z) = z+

Karowosi caosa: JliHiliHe HEOOHOPiTHE mudepeHIiiaabHe PiBHIHHS IPYTO-
r'0 MOPSIIKY, MHOTOJIEHH] KOeDiIlieHTH, MHOTOWIeHHN PO3B’I30K, OJIM3bKA 10
OIyKJI01 (bYHKIIis.
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OPTIMAL AGE CONTROL OF BIO-POPULATION DYNAMICS
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Ivan Franko National University of Luiv,
Universytetska Str., 1, 79000, Lviv, Ukraine
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The object of this paper is the problem of optimal control of a semi-linear
system of two first-order hyperbolic equations with integral constraints.
Using the method of characteristics and the maximum principle the necessary
conditions for optimality are obtained.

Key words: optimal control, hyperbolic system, method of characteristics,
needle variation, bio-population theory

1. INTRODUCTION

Based on the classical McKendrick-von Foerster [0, [12] model of bio-population
dynamics, mathematical models for the age structure of the population itself are widely
used in modern conditions. Such problems also arise in studies of the reproduction and
spread of epidemics, drug addiction [I]-[4], socio-economic and economic processes [7, 8]
10], etc.

In this paper we consider an optimal control problem for the competing populations
dynamics [I1], which is described by a system of two hyperbolic equations [5], for which
the control function is subject to an integral constraint [2 B]. To obtain a necessary
condition of the optimal control, the method of characteristics and the formula for the
increment of the target functional on the needle variation of the admissible control have
been used.

2. STATEMENT OF THE PROBLEM

In the domain (x,t) € II = (0,1) x (0,7, consider the process of population deve-
lopment, which evolution in space and time is described by the system of two hyperbolic

2020 Mathematics Subject Classification: 18 A22
© Kyrylych, V., Milchenko, O., 2020
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first-order equations
Ooyy(z,t)  Oyr(z,t)
ot ox
(1) Os(a,t) | Dyal,t)
ot ox

where y = (y1,y2) : Il — R2.
For system set the initial and boundary conditions:

= _N(x)yl (l‘, t),

= -1 (:L', t)yz(l", t)v

(2) y1(z,0) = v1(x), y2(x,0) = (), €0,
(3) yl(ovt) = )‘<t)’ te [OvT]v
(@) 1 (0,1) = B(1) / K (2)u()ys(z, )dz, t € [0,T).

Here p(z), v1(t), va(t), B(t), K(s) are standard bio-population parameters [2, [5]. For
example, when describes the individuals fertility process, then K(z) is the fraction
of females in the population process. The control function here is v = u(z), which sets
the age distribution of the reproductive period of females (0 < z1 < z2 =1) [2].

Let us choose minimization of the functional

1

(5) Iu] = / o (2, T), ya (2, T), 2)de.
0

as the target.
The problem (I)-(5) will be investigated under the following assumptions:
Al) u, K € Clxy,25]; in addition, we will assume that u(z) = 0, K(z) = 0, if
z ¢ [‘rlvx?];
) vi € CY0,1,i=1,2, and A € C[0, T];
) € Clo,1;
4) o, ¢, € COIx T x [0,1]),i=1,2;
) zero-order agreement conditions v4(0) = A(0),

v(0) = B(0) / K (s)u(s)va(s)ds
are fulfilled; h
l To
A6) /ﬂ(m)dm = +00, /u(w)dm =1.
0 T

(the fulfillment of conditions A6) ensures the natural parameters of the population, e.g.
the first of conditions of A6) guarantees the zero density of individuals in the population
if their age exceeds the maximal limit [ [3]).
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Remark 1. Usually, in applied economic problems the function 4(t) is understood as
B(t) = e~ Ptg(t), where p is a discount rate, g is a bounded function on [0, 7.

3. GENERALIZED SOLUTION OF THE PROBLEM
Let £ = 7+ x — t be the characteristic equation of the system , i.e. the solution

d _
of the Cauchy problem dﬁ =1, &(t) = =z, (x,t) € II. Then, integrating in the
T

corresponding boundaries along the characteristics, we obtain

At — ) exp( fu ) x < t,
(6) yi(a,t) =
vi(z —1t) exp( f u(o ) T >t,

Bt — ) fK w(r)ya(r ,t—x)dr~exp<—)\(t—

Z1

() le,t) = —x)ofexp(—ofpmc)da) ap, r<t,

vo(x —t) exp (—1/1 (x—1) jexp(— [pt u(a)da)) dp, z>t.

0

Definition 1. By generalized solution of the problem 7, that corresponds to the
control u, we mean the vector function y = (y1,y2) € (C (ﬁ)) whose components satisfy
relations (6, in I, if the conditions A1)-A6) are fulfilled.

Remark 2. The fulfillment of conditions A5) guarantees the continuity of solution of

problem 7 when passing through the characteristic z = ¢, besides, the second
condition of A5) represents an additional integral constraint on the control w.

4. THE OPTIMALITY CONDITION

Consider the formula of the increment of the functional Al(u) = I(a) — I(u)
on admissible processes {u,y1,y2} and {G = v + Au, 51 = y1 + Ay1,92 = y2 + Dya}
[2, 6, 10]. The functions Ay; = Ay, (x,t),i = 1,2 are the solution of mixed problem

8Ay1 8Ay1 -
5 e w(x)Ayr, (z,t) €1,
(8) Ayi(x,0) =0, 0<x <,

Ayi(0,8) =0, 0<t<T,

8Ay2 6Ay2
ot or

= —Ay1Ay27 (J?,t) S H,



Volodymyr KYRYLYCH, Olha MILCHENKO
108 ISSN 2078-3744. Bicuux JIpBiB. yu-Ty. Cepis mex.-mar. 2020. Bumyck 90

(9) Ayo(0,t) = B(t)/K(r){ﬂ(r)sﬁg(r, t) —u(r)xe(r,t)}dr, 0 <t < T.

Then, taking into account (8)-(9)), we write the formula of the increment of the functional

AT(u) = I(5) — I(u) = / Doy (2, T), yala, ), @) o+

LT
oN oN
+//{¢1 l YLy ay1+,u(x)Ay1
z
00

where Ap = o(g1(x, T), 92(x,T),x) — o(y1(z, T), y2(x, T), x), and 9;(x,t), i = 1,2, are
now arbitrary smooth in II functions.

Let us perform the standard transformations for such cases (using Taylor formula,
integration by parts, etc.).

First of all, we develop Ay by the Taylor formula into a series, singling out the
linear part, namely

8Ay2 8Ay2
ot Ox

+ipa(z, 1) [ ——+An Ayz] }dtdﬂ?,

0 0
Aoy (2, T), ya(z,T), ) = a—yfAm(M) + T;AW,T) + 0u(| A, [ Agal),

where o0,(-, ) stands for higher orders of smallness with respect to Ay, and Ays.
Then

l
0) = [ {0 1), 000, ). 0) 8 0. T) 4, (0.7, 2, T). ) S, T
0 T 0 0

+oulldul |dueh o — [ [{T8 + T2 < nla)un(o,t) } A (o, -
-,
- [ {52+ 52 - el 080 (0.t) } Sl -
0 0
I T l
= [ [ B000a(0.0K 0 yutr) St tyitas + [ ) A (2, T
0 0 0
l

T
4 / (L T) Ay (1Tt + / (s, T) Dy, T)da—
0

I T | T
_ / / B(t) (0, ) K (1) Au(r)ys(r, t)dtds — / / Bt (0, 1)K () Auu(r) Ay (r, £ b

0
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Taking into account the values for expressions of states of the system , @D, we
can write down the relations

(10) Ayy(x,t) =0, for all (z,t) € I1,
1
Bt —z) | K(r){a(r)ga(r,t —x) —u(r)yz(r,t — )} x
(11)  Aya(,t) O/
Y2\, = f
X exp (—)\(t —x) exp(— /,u(a)da)) dp, x < t,
0, ’ T > t.

These transformations allow us to formulate a conjugate problem for the functions
Yi(x,t), i=1,2:

0 0
O O = (e, (0) €T
(12) Ui (2, T) = _B‘P(yl(%Ta),yi/z(x7T)ax)7 z € [0,1],
Ui(l,t) =0, te (0,17,
o0s 0y

+ % = —ﬁ(t)’(/}z(o,t)K(.’I})U(l'), ((E,t) € H7

8(,0(y1 (.’II, T)) y2(337 T)) l‘)
Yo
a(l,t) =0, te€0,T].
For an arbitrarily fixed control v = wu(x), the hyperbolic systems , with
the corresponding initial conditions at ¢ = 7' and boundary conditions at x = [ have
a unique generalized solution [6]. Here, by the generalized solution for arbitrary control
u we also mean ¥; € C(II) and 9 € C(II), and for 1 as a continuous solution of the

corresponding second order Volterra integro-operator equation. Now, given (12)), (13), we
can rewrite the modified expression for the increment of the functional as

ot

(13) ¢2(9U7T> = - y T E [0’l]7

(14) Al(u) = —

o _

K(r)Au(r) / B(E)6a(0, Oy (r, )y — 7,
0

where
1

1 T
(15) 4= —/K(T)Au /3 Yo (0, £) Aga (i, t)dtdr+/o¢(|Ay(x7T)|)dx.
0 0 0
The obtained ratio ( . for the increment of the functional is valid for two
admissible processes {u,y1,y2} and {@, g1, g2 }-
Further investigation of the problem (I)-(5) is based on the application of the
nonclassical variation of admissible controls described, for example, in [2 p. 123].
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Let u = u(z) be an admissible control and construct its variation by rule

X

(16) e s(w) = (1 + ed‘;<””>>u<x +ed(x)),

where € € [0, 1] is a parameter that characterizes the smallness of the variation, §(z) is a
continuously differentiable function that satisfies conditions

dé(x)
dx
Let us emphasize some properties of variation . First, the control is smooth,
and the range of values of the function w. s(z) is determined by the range of values
of the control u(z). Moreover, to satisfy the second condition of A6), by substituting
s =x +ed(x), we obtain

0<z+6(x) <1, > -1, 2€0,], 50)=6()=0.

1 l 1
/Ua,é(l“)dl“ = /<1+Ed§?>u(x+€5(w))d1‘ = /u(s)ds
0 0 0

Let us return to the increment of the functional and make an estimate of
the remainder term 7 for admissible processes {u,y1,y2} and {uss = u + Au,y1. =
y1 + Ay1, yae = y2 + Ayo}. That is, given , we obtain

Au(s) = (1 + sd(;(;)> u(z +ed(z)) —u(x) =

=u(x +ed(x)) — u(x) + sd(;(;) u(z +ed(x)) =

which indicates the increment of control as a value of order ¢ [2].
Given the introduced variation (16, let us rewrite (1I) the increment of state
y2(z, t), namely

0, x 21,

1
Bt — ) JK r){ue 5(T)yoe(r,t — ) — u(r)ya2(r,t — x)}x

xexp(—/\(t—x exp( f,u ))dp, x < t.

Ays(z,t) =

Based on assumptions A1)-A6), that is, given the constraint of the initial data in
IT and making transformations

Ue,5(2)y2e (2, — x) — u(z)y2(x,t — ) =

= Ue 5 (@) y2e (2, t — ) — u(z)yoe(x,t — x) + u(2)y2e (z, t — x)—
—u(x)y2(z,t — ) = Au(x)yse(z,t — x) + u(x) Ay (x, t — ),
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we obtain an estimate

(17) |Aya(z,1)] SLl/|Ay2(x,t—:c)\dx—|—L2/|Au(x)\dx,

1 1

where L; = const > 0, i = 1,2, or given that |Au| ~ &, estimating, for example,
through the resolvent of the corresponding kernel, it is easy to obtain that

| Ay (z,t)| ~ e for (x,t) €L
As a result, the increment of the functional can be written as
(18) AI(u) = I(ues) — I(u) =
T2 T
=~ [ K@) @) [ va(0.050m( dds + of),

Xy 0
or

x2

T
ANl(u) = —E{é(m)u(m) / K (z)2(0,8)B(t)y2(x, t)dt
0

Z1

o T
- [s@ute) - [ K@hia0.0800(e 0d} -
1 0

Z2

T
—¢ / §(z)u(z) / 1/12(0,15)5(15)%(K(x)gp(x,t))dt.
0

Z1

Then, based on an arbitrary choice of §(z) and the main lemma of the calculus of
variations, we obtain the necessary optimality condition.

Theorem 1. If the process {y*,u*} is optimal in problem 7, then condition
r d
w(@) [ 630,080 5 (K@ (e.0)dt =0, w € 0.1,
0
is fulfilled, where y3(x,t) is expressed by @, and V5 (x,t) is the generalized solution of
the conjugate problem ([13)), at u = u*(z), y = y* (=, t).

The obtained result can serve for the construction of numerical algorithms for solving
optimal control problems [2l p. 125].
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