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Ââîäèìî àëãåáðè÷íå ðîçøèðåííÿ BF
ω áiöèêëi÷íîãî ìîíî¨äà äëÿ äîâiëü-

íî¨ ω-çàìêíåíî¨ ñiì'¨ F ïiäìíîæèí â ω, ÿêi óçàãàëüíþþòü áiöèêëi÷íèé
ìîíî¨ä, çëi÷åííó íàïiâãðóïó ìàòðè÷íèõ îäèíèöü i äåÿêi iíøi êîìáiíàòîðíi
iíâåðñíi íàïiâãðóïè. Äîâåäåíî, ùî BF

ω ¹ êîìáiíàòîðíîþ iíâåðñíîþ íàïiâ-
ãðóïîþ, à òàêîæ îïèñàíî âiäíîøåííÿ �ðiíà, ÷àñòêîâèé ïðèðîäíèé ïîðÿäîê
íà íàïiâãðóïi BF

ω òà ¨¨ ìíîæèíó iäåìïîòåíòiâ. Òàêîæ äîâåäåíî êðèòåði¨
ïðîñòîòè, 0-ïðîñòîòè, áiïðîñòîòè òà 0-áiïðîñòîòè íàïiâãðóïè BF

ω , à òàêîæ
êîëè BF

ω ìiñòèòü îäèíèöþ, içîìîðôíà áiöèêëi÷íîìó ìîíî¨äó àáî çëi÷åííié
íàïiâãðóïi ìàòðè÷íèõ îäèíèöü.

Êëþ÷îâi ñëîâà: íàïiâãðóïà, áiöèêëi÷íèé ìîíî¨ä, ðîçøèðåííÿ.

1. Âñòóï

Ìè êîðèñòóâàòèìåìîñü òåðìiíîëîãi¹þ ç [5, 6, 12, 14]. Íàäàëi ó òåêñòi ìíîæèíó
íåâiä'¹ìíèõ öiëèõ ÷èñåë ïîçíà÷àòèìåìî ÷åðåç ω. Äëÿ äîâiëüíîãî k ∈ ω ïîçíà÷èìî
[k) = {i ∈ ω : i > k}.

Ïiäìíîæèíà A â ω íàçèâà¹òüñÿ iíäóêòèâíîþ, ÿêùî ç òîãî, ùî i ∈ A âèïëèâà¹,
ùî i+1 ∈ A. Î÷åâèäíî, ùî ∅ � iíäóêòèâíà ìíîæèíà â ω, i íåïîðîæíÿ ïiäìíîæèíà
A ⊆ ω ¹ iíäóêòèâíîþ òîäi i ëèøå òîäi, êîëè A = [k) äëÿ äåÿêîãî k ∈ ω.

ßêùî S � íàïiâãðóïà, òî ¨¨ ïiäìíîæèíà iäåìïîòåíòiâ ïîçíà÷à¹òüñÿ ÷åðåç E(S).
Íàïiâãðóïà S íàçèâà¹òüñÿ iíâåðñíîþ, ÿêùî äëÿ äîâiëüíîãî ¨¨ åëåìåíòà x iñíó¹ ¹äè-
íèé åëåìåíò x−1 ∈ S òàêèé, ùî xx−1x = x òà x−1xx−1 = x−1 [1, 14]. Â iíâåðñíié
íàïiâãðóïi S âèùå îçíà÷åíèé åëåìåíò x−1 íàçèâà¹òüñÿ iíâåðñíèì äî x. Â'ÿçêà � öå
íàïiâãðóïà iäåìïîòåíòiâ, à íàïiâ ðàòêà � öå êîìóòàòèâíà â'ÿçêà.

ßêùî S � íàïiâãðóïà, òî ìè ïîçíà÷àòèìåìî âiäíîøåííÿ �ðiíà íà S ÷åðåç R, L ,
D , H i J (äèâ. îçíà÷åííÿ â [5, �2.1] àáî [10]). Íàïiâãðóïà S íàçèâà¹òüñÿ ïðîñòîþ,

2020 Mathematics Subject Classi�cation: 20M10, 20M15

c© Ãóòiê, Î., Ìèõàëåíè÷, Ì., 2020
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ÿêùî S íå ìiñòèòü âëàñíèõ äâîái÷íèõ iäåàëiâ, òîáòî S ñêëàäà¹òüñÿ ç îäíîãî J -êëàñó,
i áiïðîñòîþ, ÿêùî S ñêëàäà¹òüñÿ ç îäíîãî D-êëàñó.

Âiäíîøåííÿ åêâiâàëåíòíîñòi K íà íàïiâãðóïi S íàçèâà¹òüñÿ êîíãðóåíöi¹þ, ÿêùî
äëÿ åëåìåíòiâ a òà b íàïiâãðóïè S ç òîãî, ùî âèêîíó¹òüñÿ óìîâà (a, b) ∈ K âèïëè-
âà¹, ùî (ca, cb), (ad, bd) ∈ K, äëÿ äîâiëüíèõ c, d ∈ S. Âiäíîøåííÿ (a, b) ∈ K òàêîæ
áóäåìî çàïèñóâàòè aKb, i â öüîìó âèïàäêó áóäåìî ãîâîðèòè, ùî åëåìåíòè a i b K-
åêâiâàëåíòíi.

ßêùî S � íàïiâãðóïà, òî íà E(S) âèçíà÷åíî ÷àñòêîâèé ïîðÿäîê: e 4 f òîäi i
ëèøå òîäi, êîëè ef = fe = e. Òàê îçíà÷åíèé ÷àñòêîâèé ïîðÿäîê íà E(S) íàçèâà¹òüñÿ
ïðèðîäíèì.

Îçíà÷èìî âiäíîøåííÿ 4 íà iíâåðñíié íàïiâãðóïi S òàê: s 4 t òîäi i ëèøå òî-
äi, êîëè s = te. äëÿ äåÿêîãî iäåìïîòåíòà e ∈ S. Òàê îçíà÷åíèé ÷àñòêîâèé ïîðÿäîê
íàçèâà¹òüñÿ ïðèðîäíèì ÷àñòêîâèì ïîðÿäêîì íà iíâåðñíié íàïiâãðóïi S [1]. Î÷åâè-
äíî, ùî çâóæåííÿ ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó 4 íà iíâåðñíié íàïiâãðóïi S íà ¨¨
â'ÿçêó E(S) ¹ ïðèðîäíèì ÷àñòêîâèì ïîðÿäêîì íà E(S).

Íàãàäà¹ìî (äèâ. [5, �1.12], ùî áiöèêëi÷íîþ íàïiâãðóïîþ (àáî áiöèêëi÷íèì ìî-

íî¨äîì) C (p, q) íàçèâà¹òüñÿ íàïiâãðóïà ç îäèíèöåþ, ïîðîäæåíà äâîåëåìåíòíîþ ìíî-
æèíîþ {p, q} i âèçíà÷åíà îäíèì ñïiââiäíîøåííÿì pq = 1. Áiöèêëi÷íà íàïiâãðóïà
âiäiãðà¹ âàæëèâó ðîëü ó òåîði¨ íàïiâãðóï. Çîêðåìà, êëàñè÷íà òåîðåìà Î. Àíäåðñåíà
[2] ñòâåðäæó¹, ùî (0-)ïðîñòà íàïiâãðóïà ç (íåíóëüîâèì) iäåìïîòåíòîì ¹ öiëêîì (0-
)ïðîñòîþ òîäi i ëèøå òîäi, êîëè âîíà íå ìiñòèòü içîìîðôíó êîïiþ áiöèêëi÷íîãî ìîíî-
¨äà. Ðiçíi ðîçøèðåííÿ áiöèêëi÷íîãî ìîíî¨äà ââîäèëè ðàíiøå ðiçíi àâòîðè [7, 8, 9, 18].
Òàêèìè ¹, çîêðåìà, êîíñòðóêöi¨ Áðóêà òà Áðóêà�Ðåéëi çàíóðåííÿ íàïiâãðóï ó ïðîñòi
òà îïèñàííÿ iíâåðñíèõ áiïðîñòèõ i 0-áiïðîñòèõ ω-íàïiâãðóï [4, 15, 17, 11].

Çàóâàæåííÿ 1. Ëåãêî áà÷èòè, ùî áiöèêëi÷íèé ìîíî¨ä C (p, q) içîìîðôíèé íàïiâãðóïi,
çàäàíié íà ìíîæèíi Bω = ω × ω ç íàïiâãðóïîâîþ îïåðàöi¹þ

(i1, j1) · (i2, j2) = (i1 + i2 −min{j1, i2}, j1 + j2 −min{j1, i2}) =

=

{
(i1 − j1 + i2, j2), ÿêùî j1 6 i2;
(i1, j1 − i2 + j2), ÿêùî j1 > i2.

Ìè ââîäèìî àëãåáðè÷íi ðîçøèðåííÿ BF
ω áiöèêëi÷íîãî ìîíî¨äà äëÿ äîâiëüíî¨

ω-çàìêíåíî¨ ñiì'¨ F ïiäìíîæèí â ω, ÿêi óçàãàëüíþþòü áiöèêëi÷íèé ìîíî¨ä, çëi÷åííó
íàïiâãðóïó ìàòðè÷íèõ îäèíèöü i äåÿêi iíøi êîìáiíàòîðíi iíâåðñíi íàïiâãðóïè. Äîâå-
äåíî, ùî BF

ω ¹ êîìáiíàòîðíîþ iíâåðñíîþ íàïiâãðóïîþ, à òàêîæ îïèñàíî âiäíîøåííÿ
�ðiíà, ÷àñòêîâèé ïðèðîäíèé ïîðÿäîê íà íàïiâãðóïi BF

ω òà ¨¨ ìíîæèíó iäåìïîòåíòiâ.
Òàêîæ äîâåäåíî êðèòåði¨ ïðîñòîòè, 0-ïðîñòîòè, áiïðîñòîòè òà 0-áiïðîñòîòè íàïiâãðó-
ïè BF

ω , à òàêîæ êîëè BF
ω ìiñòèòü îäèíèöþ, içîìîðôíà áiöèêëi÷íîìó ìîíî¨äó àáî

çëi÷åííié íàïiâãðóïi ìàòðè÷íèõ îäèíèöü.

2. Êîíñòðóêöiÿ ðîçøèðåííÿ BF
ω

Íåõàé P(ω) � ñiì'ÿ óñiõ ïiäìíîæèí îðäèíàëó ω. Äëÿ äîâiëüíèõ F ∈ P(ω) i
n,m ∈ ω ïðèéìåìî

n−m+ F = {n−m+ k : k ∈ F}, ÿêùî F 6= ∅
i n−m+ F = ∅, ÿêùî F = ∅.
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Áóäåìî ãîâîðèòè, ùî ïiäñiì'ÿ F ⊆P(ω) ¹ ω-çàìêíåíîþ, ÿêùî F1∩ (−n+F2) ∈
F äëÿ äîâiëüíèõ n ∈ ω i F1, F2 ∈ F .

ÍåõàéBω � áiöèêëi÷íèé ìîíî¨ä i F � ω-çàìêíåíà ïiäñiì'ÿ â P(ω). Íà ìíîæèíi
Bω ×F îçíà÷èìî áiíàðíó îïåðàöiþ �·� ôîðìóëîþ

(i1, j1, F1) · (i2, j2, F2) =

{
(i1 − j1 + i2, j2, (j1 − i2 + F1) ∩ F2), ÿêùî j1 6 i2;
(i1, j1 − i2 + j2, F1 ∩ (i2 − j1 + F2)), ÿêùî j1 > i2.

Òîäi îòðèìó¹ìî, ùî

((i1, j1, F1) · (i2, j2, F2)) · (i3, j3, F3) =

=

{
(i1−j1+i2, j2, (j1−i2+F1) ∩ F2)·(i3, j3, F3), ÿêùî j1 6 i2;
(i1, j1−i2+j2, F1 ∩ (i2−j1+F2))·(i3, j3, F3), ÿêùî j1 > i2

=

=



(i1−j1+i2−j2+i3, j3, (j2−i3+((j1−i2+F1) ∩ F2)) ∩ F3),
ÿêùî j1 6 i2 i j2 6 i3;

(i1−j1+i2, j2−i3+j3, (j1−i2+F1) ∩ F2 ∩ (i3−j2+F3)),
ÿêùî j1 6 i2 i j2 > i3;

(i1−j1+i2−j2+i3, j3, j1−i2+j2−i3+(F1 ∩ (i2−j1+F2)) ∩ F3),
ÿêùî j1 > i2 i j1−i2+j2 6 i3;

(i1, j1−i2+j2−i3+j3, (F1 ∩ (i2−j1+F2)) ∩ (j3−j1+i2−j2+F3)),
ÿêùî j1 > i2 i j1−i2+j2 > i3

=

=



(i1−j1+i2−j2+i3, j3, (j2−i3+j1−i2+F1) ∩ (j2−i3+F2) ∩ F3),
ÿêùî j1 6 i2 i j2 6 i3; (11)

(i1−j1+i2, j2−i3+j3, (j1−i2+F1) ∩ F2 ∩ (i3−j2+F3)),
ÿêùî j1 6 i2 i j2 > i3; (21)

(i1−j1+i2−j2+i3, j3, (j1−i2+j2−i3+F1) ∩ (j2−i3+F2) ∩ F3),
ÿêùî j1 > i2 i j1−i2+j2 6 i3; (31)

(i1, j1−i2+j2−i3+j3, F1 ∩ (i2−j1+F2) ∩ (j3−j1+i2−j2+F3)),
ÿêùî j1 > i2 i j1−i2+j2 > i3 (41)

i

(i1, j1, F1) · ((i2, j2, F2) · (i3, j3, F3)) =

=

{
(i1, j1, F1)·(i2−j2+i3, j3, (j2−i3+F2) ∩ F3), ÿêùî j2 6 i3;
(i1, j1, F1)·(i2, j2−i3+j3, F2 ∩ (i3−j2+F3)), ÿêùî j2 > i3

=

=



(i1−j1+i2−j2+i3, j3, (j1−i2+j2−i3+F1) ∩ (j2−i3+F2) ∩ F3),
ÿêùî j2 6 i3 i j1 6 i2−j2+i3;

(i1, j1−i2+j2−i3+j3, F1 ∩ (i2−j2+i3−j1+((j2−i3+F2) ∩ F3))),
ÿêùî j2 6 i3 i j1 > i2−j2+i3;

(i1−j1+i2, j2−i3+j3, (j1−j2+i3−j3+F1) ∩ F2 ∩ (i3−j2+F3)),
ÿêùî j2 > i3 i j1 6 i2;

(i1, j1−i2+j2−i3+j3, F1 ∩ (i2−j1+(F2 ∩ (i3−j2+F3)))),
ÿêùî j2 > i3 i j1 > i2;

=
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=



(i1−j1+i2−j2+i3, j3, (j1−i2+j2−i3+F1) ∩ (j2−i3+F2) ∩ F3),
ÿêùî j2 6 i3 i j1 6 i2−j2+i3; (12)

(i1, j1−i2+j2−i3+j3, F1 ∩ (i2−j1+F2) ∩ (i2−j2+i3−j1+F3)),
ÿêùî j2 6 i3 i j1 > i2−j2+i3; (22)

(i1−j1+i2, j2−i3+j3, (j1−j2+i3−j3+F1) ∩ F2 ∩ (i3−j2+F3)),
ÿêùî j2 > i3 i j1 6 i2; (32)

(i1, j1−i2+j2−i3+j3, F1 ∩ (i2−j1+F2) ∩ (i2−j1+i3−j2+F3)),
ÿêùî j2 > i3 i j1 > i2. (42)

Àíàëîãi÷íî, ÿê i ó âèïàäêó äîâåäåííÿ àñîöiàòèâíîñòi íàïiâãðóïîâî¨ îïåðàöi¨ äëÿ
áiöèêëi÷íîãî ìîíî¨äà, ìà¹ìî òàêi åêâiâàëåíòíîñòi óìîâ:

(11) ∨ (31)⇐⇒ (12), (21)⇐⇒ (32), (41)⇐⇒ (22) ∨ (42).

Îòæå, ìè äîâåëè òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 1. ßêùî ñiì'ÿ F ⊆P(ω) ¹ ω-çàìêíåíîþ, òî (Bω×F , ·) ¹ íàïiâãðó-
ïîþ.

Ïðèïóñòèìî, ùî ω-çàìêíåíà ñiì'ÿ F ⊆ P(ω) ìiñòèòü ïîðîæíþ ìíîæèíó
∅, òî ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ (Bω × F , ·) âèïëèâà¹, ùî ìíîæèíà
I = {(i, j,∅) : i, j ∈ ω} ¹ iäåàëîì íàïiâãðóïè (Bω ×F , ·).

Îçíà÷åííÿ 1. Äëÿ äîâiëüíî¨ ω-çàìêíåíî¨ ñiì'¨ F ⊆P(ω) îçíà÷èìî

BF
ω =

{
(Bω ×F , ·)/I, ÿêùî ∅ ∈ F ;
(Bω ×F , ·), ÿêùî ∅ /∈ F .

3. Àëãåáðè÷íi âëàñòèâîñòi íàïiâãðóïè BF
ω

Íàäàëi ìè ââàæàòèìåìî, ùî F � ω-çàìêíåíà ïiäñiì'ÿ â P(ω).
Òâåðäæåííÿ ëåìè 1 î÷åâèäíå.

Ëåìà 1. Íàïiâãðóïà BF
ω ìiñòèòü íóëü 0 òîäi i ëèøå òîäi, êîëè ∅ ∈ F , ïðè÷îìó

íóëü 0 ¹ îáðàçîì iäåàëà I ïðè ïðèðîäíîìó ãîìîìîðôiçìi, ïîðîäæåíîìó êîíãðóåíöi¹þ

Ðiñà

CI = {(x, x) : x ∈ Bω ×F} ∪ (I × I)
íà íàïiâãðóïi (Bω ×F , ·).

Ëåìà 2. Íåíóëüîâèé åëåìåíò (i, j, F ) íàïiâãðóïè BF
ω ¹ iäåìïîòåíòîì òîäi i ëèøå

òîäi, êîëè i = j.

Äîâåäåííÿ. (⇐=) ßêùî i = j, òî ìà¹ìî, øî

(i, i, F ) · (i, i, F ) = (i, i, F ∩ F ) = (i, i, F ),

à îòæå, (i, i, F ) ∈ E(BF
ω ).

(=⇒) Ïðèïóñòèìî, ùî (i, j, F ) ∈ E(BF
ω ) òà i > j. Òîäi

(i, j, F ) · (i, j, F ) = (i− j + i, j, (j − i+ F ) ∩ F ) = (i, j, F ),

à îòæå, i−j+i = i, çâiäêè âèïëèâà¹, ùî i = j. Ó âèïàäêó i 6 j àíàëîãi÷íî îòðèìó¹ìî,
ùî i = j. �
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Ëåìà 3. Iäåìïîòåíòè íàïiâãðóïè BF
ω êîìóòóþòü.

Äîâåäåííÿ. Î÷åâèäíî, ÿêùî íàïiâãðóïà BF
ω ìiñòèòü íóëü 0, òî åëåìåíò 0 êîìóòó¹ ç

êîæíèì åëåìåíòîì íàïiâãðóïè BF
ω .

Çàôiêñó¹ìî äâà äîâiëüíi íåíóëüîâi iäåìïîòåíòè íàïiâãðóïè BF
ω , ÿêi çà ëåìàìè

1 i 2 ìàþòü çîáðàæåííÿ (i, i, Fi) i (j, j, Fj), äå i, j ∈ ω i F1, F2 ∈ F � íåïîðîæíi
ïiäìíîæèíè â ω. Òîäi

(i, i, Fi) · (j, j, Fj) =
{

(i− i+ j, j, (i− j + Fi) ∩ Fj), ÿêùî i 6 j;
(i, i− j + j, Fi ∩ (j − i+ Fj)), ÿêùî i > j

=

=

{
(j, j, (i− j + Fi) ∩ Fj), ÿêùî i 6 j;
(i, i, Fi ∩ (j − i+ Fj)), ÿêùî i > j

i

(j, j, Fi) · (i, i, Fj) =
{

(j, j − i+ i, Fj ∩ (i− j + Fi)), ÿêùî i 6 j;
(i− i+ j, j, (j − i+ Fj) ∩ Fi), ÿêùî i > j

=

=

{
(j, j, (i− j + Fi) ∩ Fj), ÿêùî i 6 j;
(i, i, Fi ∩ (j − i+ Fj)), ÿêùî i > j,

çâiäêè

(i, i, Fi) · (j, j, Fj) = (j, j, Fi) · (i, i, Fj),
à îòæå, ñïðàâäæó¹òüñÿ òâåðäæåííÿ ëåìè. �

Ëåìà 4. Åëåìåíòè (i, j, F ) i (j, i, F ) ¹ iíâåðñíèìè â íàïiâãðóïi BF
ω .

Äîâåäåííÿ. Ñïðàâäi, ìà¹ìî

(i, j, F ) · (j, i, F ) · (i, j, F ) = (i, i, F ) · (i, j, F ) = (i, j, F )

i

(j, i, F ) · (i, j, F ) · (j, i, F ) = (j, j, F ) · (j, i, F ) = (j, i, F ),

çâiäêè é âèïëèâà¹ òâåðäæåííÿ ëåìè. �

Çà òåîðåìîþ Âàãíåðà�Ïðåñòîíà (äèâ. [5, òåîðåìà 1.17]) ðåãóëÿðíà íàïiâãðóïà ¹
iíâåðñíîþ òîäi i ëèøå òîäi, êîëè iäåìïîòåíòè â íié êîìóòóþòü, à îòæå, ç ëåì 3 i 4
âèïëèâà¹ òåîðåìà 1.

Òåîðåìà 1. ßêùî F � ω-çàìêíåíà ïiäñiì'ÿ â P(ω), òî BF
ω � iíâåðñíà íàïiâãðóïà.

Ëåìà 5 îïèñó¹ ïðèðîäíèé ÷àñòêîâèé ïîðÿäîê íà ìíîæèíi iäåìïîòåíòiâ íàïiâ-
ãðóïè BF

ω .

Ëåìà 5. (i, i, Fi) 4 (j, j, Fj) â E(BF
ω ) òîäi i òiëüêè òîäi, êîëè

i > j i Fi ⊆ j − i+ Fj .

Äîâåäåííÿ. Ïðèïóñòèìî, ùî (i, i, Fi) 4 (j, j, Fj) â E(BF
ω ). Òîäi

(i, i, Fi) · (j, j, Fj) = (i, i, Fi),
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i îñêiëüêè

(i, i, Fi) · (j, j, Fj) =
{

(i− i+ j, j, (i− j + Fi) ∩ Fj), ÿêùî i 6 j;
(i, i− j + j, Fi ∩ (j − i+ Fj)), ÿêùî i > j

=

=

{
(j, j, (i− j + Fi) ∩ Fj), ÿêùî i 6 j;
(i, i, Fi ∩ (j − i+ Fj)), ÿêùî i > j,

òî ç ëåìè 3 âèïëèâà¹, ùî i > j i Fi ⊆ j − i+ Fj .
Íàâïàêè, ïðèïóñòèìî, ùî i > j i Fi ⊆ j − i+ Fj . Òîäi

(i, i, Fi) · (j, j, Fj) = (i, i− j + j, Fi ∩ (j − i+ Fj)) =

= (i, i, Fi ∩ (j − i+ Fj)) =

= (i, i, Fi),

à îòæå, (i, i, Fi) 4 (j, j, Fj) â E(BF
ω ). �

Òâåðäæåííÿ 2 îïèñó¹ ïðèðîäíèé ÷àñòêîâèé ïîðÿäîê íà íàïiâãðóïi BF
ω .

Òâåðäæåííÿ 2. Íåõàé (i1, j1, F1) i (i2, j2, F2) � íåíóëüîâi åëåìåíòè íàïiâãðóïè

BF
ω . Òîäi (i1, j1, F1) 4 (i2, j2, F2) òîäi i ëèøå òîäi, êîëè F1 ⊆ −k + F2 é i1 − i2 =

j1 − j2 = k äëÿ äåÿêîãî k ∈ ω.

Äîâåäåííÿ. (⇐=) ßêùî F1 ⊆ −k + F2, i1 − i2 = k i j1 − j2 = k äëÿ äåÿêîãî k ∈ ω, òî

(i1, j1, F1) · (i1, j1, F1)
−1 · (i2, j2, F2) = (i1, j1, F1) · (j1, i1, F1) · (i2, j2, F2) =

= (i1, i1, F1) · (i2, j2, F2) =

= (i1, i1 − i2 + j2, F1 ∩ (i2 − i1 + F2)) =

= (i1, j1 − j2 + j2, F1 ∩ (−k + F2)) =

= (i1, j1, F1 ∩ (−k + F2)) =

= (i1, j1, F1),

i çà ëåìîþ 1.4.6 [12] îòðèìó¹ìî, ùî (i1, j1, F1) 4 (i2, j2, F2).

(=⇒) Ïðèïóñòèìî, ùî (i1, j1, F1) 4 (i2, j2, F2). Òîäi çà ëåìîþ 1.4.6 [12],

(i1, j1, F1) = (i1, j1, F1) · (i1, j1, F1)
−1 · (i2, j2, F2) =

= (i1, j1, F1) · (j1, i1, F1) · (i2, j2, F2) =

= (i1, i1, F1) · (i2, j2, F2) =

=

{
(i1 − i1 + i2, j2, (i1 − i2 + F1) ∩ F2), ÿêùî i1 6 i2;
(i1, i1 − i2 + j2, F1 ∩ (i2 − i1 + F2)), ÿêùî i1 > i2

=

=

{
(i2, j2, (i1 − i2 + F1) ∩ F2), ÿêùî i1 6 i2; (13)
(i1, i1 − i2 + j2, F1 ∩ (i2 − i1 + F2)), ÿêùî i1 > i2 (23)
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i

(i1, j1, F1) = (i2, j2, F2) · (i1, j1, F1)
−1 · (i1, j1, F1) =

= (i2, j2, F2) · (j1, i1, F1) · (i1, j1, F1) =

= (i2, j2, F2) · (j1, j1, F1) =

=

{
(i2, j2 − j1 + j1, F2 ∩ (j1 − j2 + F1)), ÿêùî j1 6 j2;
(i2 − j2 + j1, j1, (j2 − j1 + F2) ∩ F1), ÿêùî j1 > j2

=

=

{
(i2, j2, F2 ∩ (j1 − j2 + F1)), ÿêùî j1 6 j2; (14)
(i2 − j2 + j1, j1, (j2 − j1 + F2) ∩ F1), ÿêùî j1 > j2 (24)

Ó âèïàäêàõ (13) i (14) ìà¹ìî, ùî i1 = i2, j1 = j2, à îòæå, i1 − i2 = j1 − j2 = 0 i
F1 ⊆ −0 + F2. Ó âèïàäêàõ (23) i (24) îäåðæó¹ìî, ùî i1 = i2 − j2 + j1, i âðàõóâàâøè,
ùî i1 > i2, j1 > j2 i (j2 − j1 + F2) ∩ F1 = F1, òà ïðèéíÿâøè k = i1 − i2 = j1 − j2,
îòðèìó¹ìî, ùî F1 ⊆ −k + F2 äëÿ äåÿêîãî k ∈ ω. �

Òåîðåìà 2 îïèñó¹ âiäíîøåííÿ �ðiíà íà íàïiâãðóïi BF
ω .

Òåîðåìà 2. Íåõàé F � ω-çàìêíåíà ïiäñiì'ÿ â P(ω). Òîäi:

(i) (i1, j1, F1)R(i2, j2, F2) â B
F
ω òîäi i ëèøå òîäi, êîëè i1 = i2 i F1 = F2;

(ii) (i1, j1, F1)L (i2, j2, F2) â B
F
ω òîäi i ëèøå òîäi, êîëè j1 = j2 i F1 = F2;

(iii) (i1, j1, F1)H (i2, j2, F2) â B
F
ω òîäi i ëèøå òîäi, êîëè i1 = i2, j1 = j2 i F1 = F2,

à îòæå, âñi H -êëàñè íàïiâãðóïè BF
ω ¹ îäíîåëåìåíòíèìè;

(iv) (i1, j1, F1)D(i2, j2, F2) â B
F
ω òîäi i ëèøå òîäi, êîëè F1 = F2;

(v) (i1, j1, F1)J (i2, j2, F2) â B
F
ω òîäi i ëèøå òîäi, êîëè iñíóþòü k1, k2 ∈ ω òàêi,

ùî F1 ⊆ −k1 + F2 i F2 ⊆ −k2 + F1.

Äîâåäåííÿ. (i) Íåõàé (i1, j1, F1) i (i2, j2, F2) � R-åêâiâàëåíòíi åëåìåíòè íàïiâãðóïè
BF
ω òàêi, ùî (i1, j1, F1)R(i2, j2, F2). Ïîçàÿê çà òåîðåìîþ 1,BF

ω � iíâåðñíà íàïiâãðóïà
òà (i1, j1, F1)B

F
ω = (i2, j2, F2)B

F
ω , òî ç òåîðåìè 1.17 [5] âèïëèâà¹, ùî

(i1, j1, F1)B
F
ω = (i1, j1, F1)(i1, j1, F1)

−1BF
ω = (i1, i1, F1)B

F
ω

i
(i2, j2, F2)B

F
ω = (i2, j2, F2)(i2, j2, F2)

−1BF
ω = (i2, i2, F2)B

F
ω ,

à îòæå, (i1, i1, F1) = (i2, i2, F2). Îòîæ âèêîíóþòüñÿ ðiâíîñòi i1 = i2 i F1 = F2.
Íàâïàêè, íåõàé (i1, j1, F1) i (i2, j2, F2) � åëåìåíòè íàïiâãðóïè BF

ω òàêi, ùî i1 =

i2 i F1 = F2. Òîäi (i1, i1, F1) = (i2, i2, F2). Ïîçàÿê B
F
ω � iíâåðñíà íàïiâãðóïà, òî ç

òåîðåìè 1.17 [5] âèïëèâà¹, ùî

(i1, j1, F1)B
F
ω = (i1, j1, F1)(i1, j1, F1)

−1BF
ω =

= (i1, i1, F1)B
F
ω =

= (i2, j2, F2)(i2, j2, F2)
−1BF

ω =

= (i2, i2, F2)B
F
ω ,

à îòæå, (i1, j1, F1)R(i2, j2, F2) â B
F
ω .

Äîâåäåííÿ òâåðäæåííÿ (ii) àíàëîãi÷íå äî äîâåäåííÿ òâåðäæåííÿ (i).
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Òâåðäæåííÿ (iii) âèïëèâà¹ ç (i) òà (ii).

(iv) Íåõàé (i1, j1, F1) i (i2, j2, F2) � åëåìåíòè íàïiâãðóïè BF
ω òàêi, ùî

(i1, j1, F1)D(i2, j2, F2). Ïîçàÿê R,L ⊆ D òà

(i1, i1, F1)R(i1, j1, F1) i (i2, j2, F2)L (j2, j2, F2)

çà òâåðäæåííÿìè (i) i (ii), òî (i1, i1, F1)D(j2, j2, F2). Çà ëåìîþ Ìàííà (äèâ. [13, ëåìà
1.1] àáî [12, òâåðäæåííÿ 3.2.5]) iñíó¹ åëåìåíò (i, j, F ) ∈ BF

ω òàêèé, ùî

(i, j, F ) · (i, j, F )−1 = (i1, i1, F1) i (i, j, F )−1 · (i, j, F ) = (j2, j2, F2).

Àëå çà ëåìîþ 4 ìà¹ìî, ùî

(i, j, F ) · (i, j, F )−1 = (i, j, F ) · (j, i, F ) = (i, i, F )

i

(i, j, F )−1 · (i, j, F ) = (j, i, F ) · (i, j, F ) = (j, j, F ),

à îòæå, F = F1 = F2.
Íåõàé i1, i2, j1, j2 � äîâiëüíi íåâiä'¹ìíi öiëi ÷èñëà òà F ∈ F . Çà òâåðäæåííÿ-

ìè (i) i (ii) îòðèìó¹ìî, ùî (i1, i1, F )R(i1, j1, F ) i (i2, j2, F )L (j2, j2, F ), à ç ëåìè 2
âèïëèâà¹, ùî (i1, i1, F ), (i2, j2, F ) ∈ E(BF

ω ). Ïîçàÿê

(i1, j2, F ) · (i1, j2, F )−1 = (i1, j2, F ) · (j2, i1, F ) = (i1, i1, F )

i

(i1, j2, F )
−1 · (i1, j2, F ) = (j2, i1, F ) · (i1, j2, F ) = (j2, j2, F ),

òî çà ëåìîþ Ìàííà (äèâ. [13, ëåìà 1.1] àáî [12, òâåðäæåííÿ 3.2.5]) îòðèìó¹ìî, ùî
(i1, i1, F )D(j2, j2, F ) â B

F
ω , i ïîçàÿê R ◦D ◦L ⊆ D , òî (i1, j1, F )D(i2, j2, F ) â B

F
ω .

(v) Çàóâàæèìî, îñêiëüêè D ⊆ J i çà òâåðäæåííÿì (iv) ìà¹ìî, ùî
(0, 0, F )D(i, j, F ) â BF

ω äëÿ äîâiëüíèõ i, j ∈ ω i F ∈ F , òî äîñòàòíüî çíàéòè
íåîáõiäíó òà äîñòàòíþ óìîâó, êîëè åëåìåíòè (0, 0, F1) i (0, 0, F2) ¹ J -åêâiâàëåíòíi â
BF
ω .

Çà òâåðäæåííÿì 3.2.8 [12] åëåìåíòè a i b iíâåðñíî¨ íàïiâãðóïè S ¹ J -
åêâiâàëåíòíi òîäi i ëèøå òîäi, êîëè aDb′ 4 b i bDa′ 4 a äëÿ äåÿêèõ a′, b′ ∈ S.
Òîäi çà òâåðäæåííÿì 2 iäåìïîòåíòè (0, 0, F1) i (0, 0, F2) ¹ J -åêâiâàëåíòíi â BF

ω òîäi
i ëèøå òîäi, êîëè iñíóþòü k1, k2 ∈ ω òàêi, ùî F1 ⊆ −k1 + F2 i F2 ⊆ −k2 + F1. Òîäi
ç âèùå ñêàçàíîãî âèïëèâà¹, ùî (i1, j1, F1)J (i2, j2, F2) â B

F
ω òîäi i ëèøå òîäi, êîëè

iñíóþòü k1, k2 ∈ ω òàêi, ùî F1 ⊆ −k1 + F2 i F2 ⊆ −k2 + F1. �

Íàãàäà¹ìî [12, 3], øî iíâåðñíà íàïiâãðóïà S íàçèâà¹òüñÿ êîìáiíàòîðíîþ, ÿêùî
âiäíîøåííÿ �ðiíà H íà S ¹ âiäíîøåííÿì ðiâíîñòi.

Ç òâåðäæåííÿ (iii) òåîðåìè 2 âèïëèâà¹ íàñëiäîê 1.

Íàñëiäîê 1. ßêùî F � ω-çàìêíåíà ïiäñiì'ÿ â P(ω), òî BF
ω � êîìáiíàòîðíà

iíâåðñíà íàïiâãðóïà.

Òàêîæ ç òâåðäæåííÿ (v) òåîðåìè 2 âèïëèâà¹ íàñëiäîê 2.
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Íàñëiäîê 2. Íåõàé F � ω-çàìêíåíà ïiäñiì'ÿ â P(ω) i ∅ /∈ F . Òîäi íàïiâãðóïà

BF
ω ¹ ïðîñòîþ òîäi i ëèøå òîäi, êîëè äëÿ äîâiëüíèõ F1, F2 ∈ F iñíóþòü k1, k2 ∈ ω

òàêi, ùî

F1 ⊆ −k1 + F2 i F2 ⊆ −k2 + F1.

Íàãàäà¹ìî [5], øî íàïiâãðóïà S ç íóëåì 0 íàçèâà¹òüñÿ 0-ïðîñòîþ, ÿêùî S · S 6=
{0} i {0}� ¹äèíèé âëàñíèé äâîái÷íèé iäåàë â S. Äîáðå âiäîìî (äèâ. [5, ëåìà 2.28]), ùî
íàïiâãðóïà S ç íóëåì 0 ¹ 0-ïðîñòîþ òîäi i ëèøå òîäi, êîëè S ìà¹ ëèøå äâà J -êëàñè:
S \ {0} i {0}. Ç òâåðäæåííÿ (v) òåîðåìè 2 âèïëèâà¹ íàñëiäîê 3.

Íàñëiäîê 3. Íåõàé F � ω-çàìêíåíà ïiäñiì'ÿ â P(ω) i ∅ ∈ F . Òîäi íàïiâãðóïà BF
ω

¹ 0-ïðîñòîþ òîäi i ëèøå òîäi, êîëè äëÿ äîâiëüíèõ íåïîðîæíiõ ìíîæèí F1, F2 ∈ F
iñíóþòü k1, k2 ∈ ω òàêi, ùî

F1 ⊆ −k1 + F2 i F2 ⊆ −k2 + F1.

Íàãàäà¹ìî [16] (äèâ. òàêîæ [12]), ùî iíâåðñíà íàïiâãðóïà S íàçèâà¹òüñÿ E-
óíiòàðíîþ, ÿêùî äëÿ e ∈ E(S) i s ∈ S ç e 4 s âèïëèâà¹, ùî s ∈ E(S). Òîäi ç
òâåðäæåííÿ 2 âèïëèâà¹ òåîðåìà 3.

Òåîðåìà 3. ßêùî F � ω-çàìêíåíà ïiäñiì'ÿ â P(ω) i ∅ /∈ F , òî BF
ω � E-óíiòàðíà

iíâåðñíà íàïiâãðóïà.

Iíäóêòèâíi ïiäìíîæèíè â ω îïèñó¹ ëåìà 6.

Ëåìà 6. Íåïîðîæíÿ ìíîæèíà F ⊆ ω ¹ iíäóêòèâíîþ â ω òîäi i ëèøå òîäi, êîëè

(−1 + F ) ∩ F = F.

Äîâåäåííÿ. (=⇒) Ïðèïóñòèìî, ùî F � íåïîðîæíÿ iíäóêòèâíà ìíîæèíà â ω i íåõàé
x ∈ F . Òîäi y = x + 1 ∈ F , à îòæå, x = y − 1 ∈ (−1 + F ) ∩ F . Çâiäêè âèïëèâà¹, ùî
F ⊆ (−1 + F ) ∩ F .

(⇐=) Íåõàé (−1 + F ) ∩ F = F äëÿ äåÿêî¨ íåïîðîæíüî¨ ìíîæèíè F ⊆ ω. Çàôiê-
ñó¹ìî äîâiëüíèé åëåìåíò x ∈ F . Òîäi iñíó¹ åëåìåíò y ∈ F òàêèé, ùî y − 1 = x ∈ F ,
à îòæå, x+ 1 = y ∈ F . �

Òåîðåìà 4. Íåõàé F � ω-çàìêíåíà ïiäñiì'ÿ â P(ω). Íàïiâãðóïà BF
ω ìiñòèòü

îäèíèöþ òîäi i ëèøå òîäi, êîëè ñiì'ÿ F ìiñòèòü iíäóêòèâíó ìíîæèíó F0 â ω
òàêó, ùî F0 =

⋃
F . Çà âèêîíàííÿ öèõ óìîâ åëåìåíò (0, 0, F0) ¹ îäèíèöåþ íàïiâ-

ãðóïè BF
ω .

Äîâåäåííÿ. (=⇒) Ïðèïóñòèìî, ùî íàïiâãðóïà BF
ω ìiñòèòü îäèíèöþ. Îñêiëüêè îäè-

íèöÿ êîæíî¨ íàïiâãðóïè ¹ iäåìïîòåíòîì, òî çà ëåìîþ 2 îäèíèöÿ â BF
ω ìà¹ âèãëÿä

(i, i, F0) äëÿ äåÿêèõ i ∈ ω i F0 ∈ F . ßêùî F = {∅}, òî òâåðäæåííÿ òåîðåìè î÷åâèä-
íå, à òîìó íàäàëi ââàæàòèìåìî, ùî F0 6= ∅. ßêùî i 6= 0, òî

(0, 0, F0) · (i, i, F0) = (i, i, (−i+ F0) ∩ F0) 6= (0, 0, F0),

çâiäêè âèïëèâà¹, ùî åëåìåíò (0, 0, F0) ¹ îäèíèöåþ íàïiâãðóïè BF
ω . Ç ðiâíîñòi

(0, 0, F0) · (1, 1, F0) = (1, 1, (−1 + F0) ∩ F0) = (1, 1, F0)
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âèïëèâà¹, ùî F0 � iíäóêòèâíà ìíîæèíà â ω. Ïîçàÿê

(0, 0, F0) · (0, 0, F ) = (0, 0, F0 ∩ F ) = (0, 0, F )

äëÿ äîâiëüíî¨ ìíîæèíè F ∈ F , òî F0 ⊇
⋃

F , à ç òîãî, ùî F0 ∈ F îòðèìó¹ìî ðiâíiñòü
F0 =

⋃
F .

(⇐=) Äîâåäåìî, ùî åëåìåíò (0, 0, F0) ¹ ó âèïàäêó, êîëè ñiì'ÿ F ìiñòèòü iíäó-
êòèâíó ìíîæèíó F0 â ω òàêó, ùî F0 =

⋃
F , ¹ îäèíèöåþ íàïiâãðóïè BF

ω . Íåõàé
(i, j, F ) � äîâiëüíèé åëåìåíò íàïiâãðóïè BF

ω . Îñêiëüêè F0 � iíäóêòèâíà ïiäìíîæè-
íà â ω, òî F0 ⊆ ((−i+F0)∩ω), i ç ðiâíîñòi F0 =

⋃
F âèïëèâà¹, ùî (−i+F0)∩F = F

äëÿ äîâiëüíèõ i ∈ ω i F ∈ F , à îòæå, îòðèìó¹ìî, ùî

(0, 0, F0) · (i, j, F ) = (i, j, (−i+ F0) ∩ F ) = (i, j, F )

i
(i, j, F ) · (0, 0, F0) = (i, j, (−i+ F0) ∩ F ) = (i, j, F ).

Òåîðåìó äîâåäåíî. �

Òâåðäæåííÿ 3. Íàïiâãðóïà BF
ω içîìîðôíà áiöèêëi÷íîìó ìîíî¨äó C (p, q) òîäi i

òiëüêè òîäi, êîëè F = {F} i F � íåïîðîæíÿ iíäóêòèâíà ïiäìíîæèíà â ω.

Äîâåäåííÿ. (⇐=) Íåõàé F � iíäóêòèâíà ïiäìíîæèíà â ω i F = {F}. Äëÿ äîâiëüíèõ
i, j, k, l ∈ ω ìà¹ìî, ùî

(i, j, F ) · (k, l, F ) =
{

(i− j + k, l, (j − k + F ) ∩ F ), ÿêùî j 6 k;
(i, j − k + l, F ∩ (k − j + F )), ÿêùî j > k

=

=

{
(i− j + k, l, F ), ÿêùî j 6 k;
(i, j − k + l, F ), ÿêùî j > k,

à òîäi ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ íà áiöèêëi÷íîìó ìîíî¨äi C (p, q) âèïëèâà¹,
ùî âiäîáðàæåííÿ f : BF

ω → C (p, q), îçíà÷åíå çà ôîðìóëîþ f(i, j, F ) = qipj ¹ içîìîð-
ôiçìîì.

(=⇒) Ïðèïóñòèìî, ùî íàïiâãðóïà BF
ω içîìîðôíà áiöèêëi÷íîìó ìîíî¨äó C (p, q).

Îñêiëüêè áiöèêëi÷íèé ìîíî¨ä íå ìiñòèòü íóëÿ, òî ∅ 6∈ F . Òàêîæ ç òåîðåìè 4 âèïëè-
âà¹, ùî ñiì'ÿ F ìiñòèòü iíäóêòèâíó ìíîæèíó F0 â ω òàêó, ùî F0 =

⋃
F . Ðîçãëÿíåìî

äîâiëüíó ìíîæèíó F ∈ F . Îñêiëüêè áiöèêëi÷íèé ìîíî¨ä ¹ áiïðîñòîþ iíâåðñíîþ íà-
ïiâãðóïîþ òà íàïiâãðóïà BF

ω içîìîðôíà áiöèêëi÷íîìó ìîíî¨äó C (p, q), òî F = F0 çà
òåîðåìîþ 2, à îòæå, F = {F0}. �

Ç òâåðäæåííÿ 3 âèïëèâà¹ íàñëiäîê 4.

Íàñëiäîê 4. Íåõàé F � ω-çàìêíåíà ïiäñiì'ÿ â P(ω). ßêùî ñiì'ÿ F ìiñòèòü

íåïîðîæíþ iíäóêòèâíó ïiäìíîæèíó â ω, òî íàïiâãðóïà BF
ω ìiñòèòü içîìîðôíó

êîïiþ áiöèêëi÷íîãî ìîíî¨äà.

Òåîðåìà 5. Íåõàé F � ω-çàìêíåíà ïiäñiì'ÿ â P(ω). Òîäi òàêi óìîâè åêâiâà-

ëåíòíi:

(i) BF
ω � áiïðîñòà íàïiâãðóïà;

(ii) F � îäíîåëåìåíòíà ñiì'ÿ;

(iii) íàïiâãðóïà BF
ω àáî òðèâiàëüíà, àáî içîìîðôíà áiöèêëi÷íîìó ìîíî¨äó.
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Äîâåäåííÿ. Åêâiâàëåíòíiñòü óìîâ (i) i (ii) âèïëèâà¹ ç òåîðåìè 2(iv).

Iìïëiêàöiÿ (iii) =⇒ (ii) âèïëèâà¹ ç òâåðäæåííÿ 3.

Äîâåäåìî iìïëiêàöiþ (ii) =⇒ (iii). ßêùî F = {∅}, òî ç îçíà÷åííÿ íàïiâãðóïè
BF
ω âèïëèâà¹, ùî BF

ω � òðèâiàëüíà (îäíîåëåìåíòíà) íàïiâãðóïà. Òîìó ïðèïóñòèìî,
ùî F = {F} äëÿ äåÿêî¨ íåïîðîæíüî¨ ìíîæèíè F . Ïîçàÿê ñiì'ÿ F � ω-çàìêíåíà,
òî (−1 + F ) ∩ F = F , à îòæå, çà ëåìîþ 6, F � iíäóêòèâíà ïiäìíîæèíà â ω. Äàëi
ñêîðèñòà¹ìîñÿ òâåðäæåííÿì 3. �

ßêùî λ � íåíóëüîâèé êàðäèíàë, òî ìíîæèíàBλ = (λ×λ)t{0} ç íàïiâãðóïîâîþ
îïåðàöi¹þ

(a, b) · (c, d) =
{

(a, d), ÿêùî b = c;
0, ÿêùî b 6= c,

i (a, b) · 0 = 0 · (a, b) = 0 · 0 = 0,

äå a, b, c, d ∈ λ, íàçèâà¹òüñÿ íàïiâãðóïîþ λ×λ-ìàòðè÷íèõ îäèíèöü [12, 14].

Òâåðäæåííÿ 4. Íåõàé F � ω-çàìêíåíà ïiäñiì'ÿ â P(ω). Íàïiâãðóïà BF
ω içî-

ìîðôíà íàïiâãðóïi ω×ω-ìàòðè÷íèõ îäèíèöü Bω òîäi i òiëüêè òîäi, êîëè F =
{F,∅}, äå F � îäíîòî÷êîâà ïiäìíîæèíà â ω.

Äîâåäåííÿ. (⇐=) Ïðèïóñòèìî, ùî F = {F,∅} i F � îäíîòî÷êîâà ïiäìíîæèíà â ω.
Äëÿ äîâiëüíèõ i, j, k, l ∈ ω îòðèìà¹ìî

(i, j, F ) · (k, l, F ) =

 (i− j + k, l, (j − k + F ) ∩ F ), ÿêùî j < k;
(i, l, F ∩ F ), ÿêùî j = k
(i, j − k + l, F ∩ (k − j + F )), ÿêùî j > k

=

=

{
(i, l, F ), ÿêùî j = k

0, ÿêùî j 6= k,

i î÷åâèäíî, ùî
(i, j, F ) · 0 = 0 · (i, j, F ) = 0 · 0 = 0,

çâiäêè âèïëèâà¹, ùî âiäîáðàæåííÿ f : BF
ω → Bω, îçíà÷åíå çà ôîðìóëîþ f(i, j, F ) =

(i, j) ¹ içîìîðôiçìîì.

(=⇒) Ïðèïóñòèìî, ùî íàïiâãðóïà BF
ω içîìîðôíà íàïiâãðóïi ω×ω-ìàòðè÷íèõ

îäèíèöü Bω. Çàôiêñó¹ìî äîâiëüíèé íåíóëüîâèé åëåìåíò (i, j, F ) íàïiâãðóïè BF
ω .

ßêùî (i, j, F ) íå ¹ iäåìïîòåíòîì, òî çà ëåìîþ 2 ìà¹ìî, ùî i 6= j, à òîäi

0 = (i, j, F ) · (i, j, F ) =
{

(i− j + i, k, (j − i+ F ) ∩ F ), ÿêùî j < k;
(i, j − i+ j, F ∩ (i− j + F )), ÿêùî j > k.

Îòæå, äëÿ äîâiëüíèõ ðiçíèõ i, j ∈ ω îäåðæèìî, ùî

(j − i+ F ) ∩ F = ∅ = F ∩ (i− j + F ),

à öå îçíà÷à¹, ùî äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà k ìà¹ìî, ùî −k + F ∩ F = ∅.
Çâiäñè âèïëèâà¹, ùî ìíîæèíà F îäíîåëåìåíòíà.

Ïðèïóñòèìî, ùî ñiì'ÿ F ìiñòèòü äâi îäíîåëåìåíòíi ìíîæèíè Fk = {k} i Fl =
{l}, äëÿ äåÿêèõ ðiçíèõ k, l ∈ ω. Íå çìåíøóþ÷è çàãàëüíîñòi, ìîæåìî ââàæàòè, ùî
k < l. Çà ëåìîþ 2 äëÿ äîâiëüíîãî i ∈ ω åëåìåíòè (i + k, i + k, Fk) i (i + l, i + l, Fl) ¹
iäåìïîòåíòàìè íàïiâãðóïè BF

ω , ïðè÷îìó (i+ k, i+ k, Fk) 6= (i+ l, i+ l, Fl), îñêiëüêè
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k 6= l. Ïîçàÿê íàïiâãðóïè BF
ω i Bω içîìîðôíi, òî âñi íåíóëüîâi iäåìïîòåíòè â BF

ω

ïðèìiòèâíi, à îòæå, îòðèìó¹ìî, ùî

0 = (i+ k, i+ k, Fk) · (i+ l, i+ l, Fl) =

= (i+ l, i+ l, (k − l + Fl) ∩ Fk) =
= (i+ l, i+ l, Fk) 6= 0,

ñóïåðå÷íiñòü. Ç îòðèìàíî¨ ñóïåðå÷íîñòi âèïëèâà¹, ùî ñiì'ÿ F ìiñòèòü ëèøå îäíó
îäíîåëåìåíòíó ìíîæèíó. �

Äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n ïîçíà÷èìî nω = {n · i : i ∈ ω}.

Ëåìà 7. Íåñêií÷åííà ïiäìíîæèíà F ⊆ ω çàäîâîëüíÿ¹ óìîâó

(∗) (−k + F ) ∩ F = F àáî (−k + F ) ∩ F = ∅ äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà

k

òîäi i ëèøå òîäi, êîëè F = i0 + nω äëÿ äåÿêèõ íàòóðàëüíîãî ÷èñëà n òà i0 ∈ ω.

Äîâåäåííÿ. Iìïëiêàöiÿ (⇐=) î÷åâèäíà.
(=⇒) Ïðèïóñòèìî, ùî íåñêií÷åííà ïiäìíîæèíà F ⊆ ω çàäîâîëüíÿ¹ óìîâó (∗).

Î÷åâèäíî, îñêiëüêè F � íåñêií÷åííà ìíîæèíà, òî iñíó¹ íàéìåíøå íàòóðàëüíå ÷èñëî
n0 òàêå, ùî (−n0 + F ) ∩ F 6= ∅, à îòæå, (−n0 + F ) ∩ F = F . ßêùî n0 = 1, òî F �
iíäóêòèâíà ïiäìíîæèíà â ω çà ëåìîþ 6, à îòæå, F = i0 + ω, äå i0 = minF .

Äàëi ââàæàòèìåìî, ùî n0 > 1. ßêùî j0 = minF , òî j0 + n0 ∈ F , à îòæå
j0 + n0ω ⊆ F . Ïðèïóñòèìî, ùî iñíó¹ ÷èñëî m ∈ ω \ (j0 + n0ω) òàêå, ùî m ∈ F , i
íåõàé j0 + kn0 < m < j0 + (k + 1)n0 äëÿ äåÿêîãî íàòóðàëüíîãî ÷èñëà k. Òîäi

m− (j0 + n0), . . . ,m− (j0 + kn0) ∈ F.
Îäíàê m− (j0 + kn0) < n0, à îòæå iñíó¹ òàêå íàòóðàëüíå ÷èñëî m− (j0 + kn0), ùî

−(m− (j0 + kn0)) + F ⊆ F,
ùî ñóïåðå÷èòü âèáîðó ÷èñëà n0. Ç îòðèìàíî¨ ñóïåðå÷íîñòi âèïëèâà¹ iìïëiêàöiÿ (=⇒).

�

Íàãàäà¹ìî [12], øî iíâåðñíà íàïiâãðóïà S ç íóëåì 0 íàçèâà¹òüñÿ 0-áiïðîñòîþ,
ÿêùî S ìà¹ ëèøå äâà D-êëàñè: S \ {0} i {0}.

Ïðèêëàä 1. Çàôiêñó¹ìî äîâiëüíi i0 ∈ ω òà íàòóðàëüíå ÷èñëî j0. Ïðèéìåìî
B(i0,j0)
ω = BF

ω , äå F = {∅, i0 + j0ω}. Òîäi, î÷åâèäíî, ùî F � ω -çàìêíåíà ñiì'ÿ
â P(ω), à òàêîæ çà òåîðåìîþ 1 iíâåðñíà íàïiâãðóïà B(i0,j0)

ω ¹ 0-áiïðîñòîþ. Áiëü-
øå òîãî, äëÿ äîâiëüíîãî i0 ∈ ω çà òâåðäæåííÿì 3 íàïiâãðóïà B(i0,1)

ω içîìîðôíà
áiöèêëi÷íîìó ìîíî¨äó ç ïðè¹äíàíèì íóëåì.

Áåçïîñåðåäíüî çâè÷àéíîþ ïåðåâiðêîþ äîâîäèòüñÿ, ùî äëÿ äîâiëüíèõ i1, i2 ∈ ω
òà äîâiëüíîãî íàòóðàëüíîãî ÷èñëà j0 âiäîáðàæåííÿ h : B(i1,j0)

ω → B(i2,j0)
ω , îçíà÷åíå

h(n,m, i1 + j0ω) = (n,m, i2 + j0ω) i h(0) = 0

¹ içîìîðôiçìîì. Îòæå, âèêîíó¹òüñÿ òâåðäæåííÿ 5.

Òâåðäæåííÿ 5. Äëÿ äîâiëüíèõ i1, i2 ∈ ω òà äîâiëüíîãî íàòóðàëüíîãî ÷èñëà j0
íàïiâãðóïè B(i1,j0)

ω i B(i2,j0)
ω içîìîðôíi.
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Òåîðåìà 6 îïèñó¹ ñòðóêòóðó 0-áiïðîñòèõ iíâåðñíèõ íàïiâãðóï BF
ω ç òî÷íiñòþ äî

içîìîðôiçìó íàïiâãðóï.

Òåîðåìà 6. Íåõàé F � ω-çàìêíåíà ïiäñiì'ÿ â P(ω), ∅ ∈ F i BF
ω � 0-áiïðîñòà

íàïiâãðóïà. Òîäi âèêîíó¹òüñÿ ëèøå îäíà ç óìîâ:

(1) íàïiâãðóïà BF
ω içîìîðôíà íàïiâãðóïi ω×ω-ìàòðè÷íèõ îäèíèöü Bω;

(2) íàïiâãðóïà BF
ω içîìîðôíà áiöèêëi÷íîìó ìîíî¨äó ç ïðè¹äíàíèì íóëåì;

(3) íàïiâãðóïà BF
ω içîìîðôíà íàïiâãðóïi B(0,j0)

ω äëÿ äåÿêîãî íàòóðàëüíîãî ÷èñëà

j0 > 2.

Äîâåäåííÿ. Çà òåîðåìîþ 2(iv) ñiì'ÿ F ìiñòèòü íåïîðîæíþ ìíîæèíó F i ïîðîæ-
íþ ìíîæèíó ∅. Ïðèïóñòèìî, ùî ìíîæèíà F ñêií÷åííà. Òîäi, àíàëîãi÷íî, ÿê i â
òâåðäæåííi 4 äîâîäèòüñÿ, ùî F îäíîåëåìåíòíà ìíîæèíà, à îòæå, çà òâåðäæåííÿì 4
íàïiâãðóïà BF

ω içîìîðôíà íàïiâãðóïi ω×ω-ìàòðè÷íèõ îäèíèöü Bω.
ßêùî æ F � íåñêií÷åííà ìíîæèíà, òî ç òåîðåìè 2(iv) âèïëèâà¹, ùî âèêîíó-

¹òüñÿ îäíà ç óìîâ

a) (−1 + F ) ∩ F = F àáî b) (−1 + F ) ∩ F = ∅.

Ó âèïàäêó a) çà òâåðäæåííÿì 3 ìíîæèíà BF
ω \{0} ¹ ïiäíàïiâãðóïîþ â BF

ω , ÿêà
içîìîðôíà áiöèêëi÷íîìó ìîíî¨äó, à îòæå, âèêîíó¹òüñÿ òâåðäæåííÿ (2).

ßêùî æ âèêîíó¹òüñÿ óìîâà b), òî çà ëåìîþ 7 ìàòèìåìî, ùî F = j0 + i0ω äëÿ
äåÿêèõ íàòóðàëüíîãî ÷èñëà i0 òà j0 ∈ ω. Çàñòîñóâàâøè òâåðäæåííÿ 5, îòðèìó¹ìî,
ùî âèêîíó¹òüñÿ òâåðäæåííÿ (3). �

Íàãàäà¹ìî [12, 14], ùî íàéìåíøà (ìiíiìàëüíà) ãðóïîâà êîíãðóåíöiÿ σ íà ií-
âåðñíié íàïiâãðóïi S âèçíà÷à¹òüñÿ òàê:

sσt ⇐⇒ es = et äëÿ äåÿêîãî e ∈ E(S).

Î÷åâèäíî, ÿêùî F � ω-çàìêíåíà ïiäñiì'ÿ â P(ω) i ∅ ∈ F , òî íàïiâãðóïà BF
ω

ìiñòèòü íóëü, à îòæå, ôàêòîð-íàïiâãðóïà BF
ω /σ içîìîðôíà òðèâiàëüíié íàïiâãðóïi.

Òâåðäæåííÿ 6. Íåõàé F � ω-çàìêíåíà ïiäñiì'ÿ â P(ω) i ∅ /∈ F . Òîäi

(i1, j1, F1)σ(i2, j2, F2) â BF
ω òîäi i òiëüêè òîäi, êîëè i1 − j1 = i2 − j2, à îòæå,

ôàêòîð-íàïiâãðóïà BF
ω /σ içîìîðôíà àäèòèâíié ãðóïi öiëèõ ÷èñåë Z(+).

Äîâåäåííÿ. Íåõàé (i1, j1, F1) i (i2, j2, F2)� äîâiëüíi åëåìåíòè íàïiâãðóïèBF
ω . Ç îçíà-

÷åííÿ íàéìåíøî¨ ãðóïîâî¨ êîíãðóåíöi¨ σ âèïëèâà¹, ùî (i1, j1, F1)σ(i2, j2, F2) òîäi
i òiëüêè òîäi, êîëè iñíó¹ åëåìåíò (i, j, F ) ∈ BF

ω òàêèé, ùî (i, j, F ) 4 (i1, j1, F1) i
(i, j, F ) 4 (i2, j2, F2). Òîäi çà òâåðäæåííÿì 2 îòðèìà¹ìî, ùî

F ⊆ −k1 + F1 i i− i1 = j − j1 = k1

òà

F ⊆ −k2 + F2 i i− i2 = j − j2 = k2

äëÿ äåÿêèõ k1, k2 ∈ ω. Îòîæ ç (i1, j1, F1)σ(i2, j2, F2) â B
F
ω âèïëèâà¹, ùî

i1 − j1 = i2 − j2 = i− j.
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Ïðèïóñòèìî, ùî äëÿ åëåìåíòiâ (i1, j1, F1) i (i2, j2, F2) íàïiâãðóïè BF
ω ñïðàâ-

äæó¹òüñÿ ðiâíiñòü i1 − j1 = i2 − j2. Íå çìåíøóþ÷è çàãàëüíîñòi ìîæåìî ââàæàòè, ùî
i1 > i2. Ïîçàÿê F � ω-çàìêíåíà ïiäñiì'ÿ â P(ω), òî

F = F1 ∩ (i2 − i1 + F2) ∈ F .

Òîäi j1 > j2 i çà òâåðäæåííÿì 2 îòðèìà¹ìî, ùî

(i1, j1, F ) = (i1, j1, F ∩ F1) = (i1, i1, F ) · (i1, j1, F1) 4 (i1, j1, F1)

i

(i1, i1, F ) · (i2, j2, F2) = (i1, i1 − i2 + j2, F ∩ (i2 − i1 + F2)) =

= (i1, j1 − j2 + j2, F ∩ (i2 − i1 + F2)) =

= (i1, j1, F ∩ (i2 − i1 + F2)) =

= (i1, j1, F ) 4

4 (i2, j2, F2),

à îòæå, (i1, j1, F1)σ(i2, j2, F2) â B
F
ω .

Îçíà÷èìî âiäîáðàæåííÿ hσ : B
F
ω → Z(+) çà ôîðìóëîþ hσ(i, j, F ) = i − j. Ç

âèùå äîâåäåíîãî âèïëèâà¹, ùî hσ(i1, j1, F1) = hσ(i2, j2, F2) òîäi i ëèøå òîäi, êîëè
(i1, j1, F1)σ(i2, j2, F2) âB

F
ω , à îòæå, âiäîáðàæåííÿ hσ : B

F
ω → Z(+) ¹ ãîìîìîðôiçìîì

i ôàêòîð-íàïiâãðóïà BF
ω /σ içîìîðôíà àäèòèâíié ãðóïi öiëèõ ÷èñåë Z(+). �
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We introduce an algebraic extension BF
ω of the bicyclic monoid for an

arbitrary ω-closed family F subsets of ω which generalizes the bicyclic monoid,
the countable semigroup of matrix units and some other combinatorial inverse
semigroups. It is proved that BF

ω is a combinatorial inverse semigroup and
Green's relations, the natural partial order on BF

ω , and its set of idempotents
are described. We provide criteria of simplicity, 0-simplicity, bisimplicity, 0-
bisimplicity of the semigroupBF

ω and whenBF
ω has the identity, is isomorphic

to the bicyclic semigroup or the countable semigroup of matrix units.
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Ââîäèìî ïîíÿòòÿ λ-ïîëiöèêëi÷íîãî ðîçøèðåííÿ Áðóêà-Ðåéëi ìîíî¨äà S
iç âèçíà÷åíèì ãîìîìîðôiçìîì θ, ÿêå ¹ àíàëîãîì ðîçøèðåííÿ Áðóêà-Ðåéëi
ìîíî¨äà S. Îïèñó¹ìî iäåìïîòåíòè íàïiâãðóïè (Pλ(θ, S), ∗) òà âiäíîøåííÿ
�ðiíà íà (Pλ(θ, S), ∗). Äîâîäèìî, ùî (Pλ(θ, S), ∗) � 0-ïðîñòà íàïiâãðóïà
äëÿ äîâiëüíî¨ íàïiâãðóïè S. Çíàéäåíî íåîáõiäíi òà äîñòàòíi óìîâè íà
ìîíî¨ä S i ãîìîìîðôiçì θ, çà âèêîíàííÿ ÿêèõ íàïiâãðóïà (Pλ(θ, S), ∗) ¹
ðåãóëÿðíîþ, iíâåðñíîþ, 0-áiïðîñòîþ, êîìáiíàòîðíîþ, êîíãðóåíö-ïðîñòîþ,
÷è iíâåðñíîþ 0-E-óíiòàðíîþ. Òàêîæ âèâ÷à¹ìî òîïîëîãiçàöi¨ íàïiâãðóïè
(Pλ(θ, S), ∗).

Êëþ÷îâi ñëîâà: íàïiâãðóïà, ïîëiöèêëi÷íèé ìîíî¨ä, ðîçøèðåííÿ, íàïiâ-
òîïîëîãi÷íà íàïiâãðóïà, òîïîëîãi÷íà íàïiâãðóïà.

1. Âñòóï. Òåðìiíîëîãiÿ òà ïîçíà÷åííÿ

Ìè êîðèñòóâàòèìåìîñÿ òåðìiíîëîãi¹þ ç [6, 7, 8, 9, 11, 17, 20, 22]. ßêùî f : X → Y
� âiäîáðàæåííÿ, òî äëÿ äîâiëüíî¨ òî÷êè y ∈ Y ÷åðåç f−1(y) áóäåìî ïîçíà÷àòè ïîâíèé
ïðîîáðàç òî÷êè y ñòîñîâíî âiäîáðàæåííÿ f .

Íàïiâãðóïà � öå íåïîðîæíÿ ìíîæèíà ç âèçíà÷åíîþ íà íié áiíàðíîþ àñîöiàòèâ-
íîþ îïåðàöi¹þ.

ßêùî S � íàïiâãðóïà, òî ÷åðåç S1 ïîçíà÷àòèìåìî S ç ïðè¹äíàíîþ îäèíèöåþ
òà âiäíîøåííÿ �ðiíà R, L , J , D i H íà S âèçíà÷àþòüñÿ òàê:

aRb òîäi i ëèøå òîäi, êîëè aS1 = bS1;

aL b òîäi i ëèøå òîäi, êîëè S1a = S1b;

aJ b òîäi i ëèøå òîäi, êîëè S1aS1 = S1bS1;
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D = L ◦R = R ◦L ;

H = L ∩R

(äèâ. [8, �2.1] àáî [12]). Òàêîæ, ÷åðåçHS(1S) áóäåìî ïîçíà÷àòè ãðóïó îäèíèöü ìîíî¨äà
S, i â öüîìó âèïàäêó, î÷åâèäíî, ùî HS(1S) ¹ H -êëàñîì îäèíèöi 1S ìîíî¨äà S.

Íåõàé S � íàïiâãðóïà. ×åðåç E(S) ïîçíà÷àòèìåìî ìíîæèíó iäåìïîòåíòiâ â
S. Íàïiâãðóïîâà îïåðàöiÿ âèçíà÷à¹ ÷àñòêîâèé ïîðÿäîê 6 íà E(S)

e 6 f ⇔ ef = fe = e.

Öåé ïîðÿäîê íàçèâà¹òüñÿ ïðèðîäíèì ÷àñòêîâèì ïîðÿäêîì íà E(S). Íàïiâ ðàòêà �
öå êîìóòàòèâíà íàïiâãðóïà iäåìïîòåíòiâ. ×åðåç Z(S) áóäåìî ïîçíà÷àòè öåíòð íàïiâ-
ãðóïè S, òîáòî Z(S) = {s ∈ S : sx = xs äëÿ âñiõ x ∈ S}.

ßêùî C � êîíãðóåíöiÿ íà íàïiâãðóïi S, òî ÷åðåç [s]C ïîçíà÷àòèìåìî êëàñ åêâi-
âàëåíòíîñòi C, ÿêèé ìiñòèòü åëåìåíò s ∈ S.

Íàïiâãðóïà S íàçèâà¹òüñÿ:

• ïðîñòîþ, ÿêùî S íå ìà¹ âëàñíèõ äâîái÷íèõ iäåàëiâ;
• 0-ïðîñòîþ, ÿêùî S ìiñòèòü íóëü i S íå ìà¹ âëàñíèõ äâîái÷íèõ iäåàëiâ âiä-
ìiííèõ âiä {0};

• áiïðîñòîþ, ÿêùî S ìiñòèòü ¹äèíèé D-êëàñ;
• 0-áiïðîñòîþ, ÿêùî S ìà¹ íóëü i S ìiñòèòü äâà D-êëàñè: {0} i S \ {0};
• êîìáiíàòîðíîþ, ÿêùî óñi H -êëàñè â S ¹ îäíîåëåìåíòíèìè;
• êîíãðóåíö-ïðîñòîþ, ÿêùî S ìà¹ ëèøå îäèíè÷íó é óíiâåðñàëüíó êîíãðóåíöi¨.

Íàãàäà¹ìî, ùî íà iíâåðñíié íàïiâãðóïi S íàïiâãðóïîâà îïåðàöiÿ âèçíà÷à¹ ÷àñò-
êîâèé ïîðÿäîê 6 íà S

x 6 y ⇐⇒ iñíó¹ e ∈ E(S) òàêèé, ùî x = ey.

Öåé ïîðÿäîê íàçèâà¹òüñÿ ïðèðîäíèì ÷àñòêîâèì ïîðÿäêîì íà S.
Iíâåðñíà íàïiâãðóïà S íàçèâà¹òüñÿ:

• Å-óíiòàðíîþ, ÿêùî ç es ∈ E(S) âèïëèâà¹, ùî s ∈ E(S) äëÿ äîâiëüíèõ e ∈
E(S) i s ∈ S [23];

• 0-Å-óíiòàðíîþ, ÿêùî S ìiñòèòü íóëü 0S i ç es ∈ E(S) âèïëèâà¹, ùî s ∈ E(S)
äëÿ äîâiëüíèõ e ∈ E(S) \ {0S} i s ∈ S [18, 27].

Íàïiâòîïîëîãi÷íîþ (òîïîëîãi÷íîþ) íàïiâãðóïîþ íàçèâà¹òüñÿ òîïîëîãi÷íèé
ïðîñòið ç íàðiçíî íåïåðåðâíîþ (íåïåðåðâíîþ) íàïiâãðóïîâîþ îïåðàöi¹þ. Iíâåðñíà
òîïîëîãi÷íà íàïiâãðóïà ç íåïåðåðâíîþ iíâåðñi¹þ íàçèâà¹òüñÿ òîïîëîãi÷íîþ iíâåðñ-
íîþ íàïiâãðóïîþ.

Òîïîëîãiÿ τ íà íàïiâãðóïi S íàçèâà¹òüñÿ:

• òðàíñëÿöiéíî íåïåðåðâíîþ, ÿêùî (S, τ) � íàïiâòîïîëîãi÷íà íàïiâãðóïà;
• íàïiâãðóïîâîþ, ÿêùî (S, τ) � òîïîëîãi÷íà íàïiâãðóïà.

Áiöèêëi÷íèé ìîíî¨ä C (p, q) � öå íàïiâãðóïà ç îäèíèöåþ 1 ïîðîäæåíà äâîìà
åëåìåíòàìè p i q, ùî çàäîâîëüíÿ¹ óìîâó pq = 1. Íà C (p, q) íàïiâãðóïîâà îïåðàöiÿ
âèçíà÷à¹òüñÿ òàê:

qkpl · qmpn = qk+m−min{l,m}pl+n−min{l,m}.
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Áiöèêëi÷íèé ìîíî¨ä C (p, q) ¹ êîìáiíàòîðíîþ, áiïðîñòîþ, F -iíâåðñíîþ íàïiâãðóïîþ
[17] i âiäiãðà¹ âàæëèâó ðîëü â àëãåáðè÷íié òåîði¨ íàïiâãðóï i â òåîði¨ òîïîëîãi÷íèõ
íàïiâãðóï. Çîêðåìà, äîáðå âiäîìèé ðåçóëüòàò Àíäåðñîíà [3] ñòâåðäæó¹, ùî (0-)ïðîñòà
íàïiâãðóïà ¹ öiëêîì (0-)ïðîñòîþ òîäi i òiëüêè òîäi, êîëè âîíà íå ìiñòèòü içîìîðôíî¨
êîïi¨ áiöèêëi÷íîãî ìîíî¨äà.

Ó 1970 ðîöi Íiâà òà Ïåððî çàïðîïîíóâàëè òàêå óçàãàëüíåííÿ áiöèêëi÷íîãî ìî-
íî¨äà ([17], [19]). Äëÿ áóäü-ÿêîãî íåíóëüîâîãî êàðäèíàëà λ ïîëiöèêëi÷íèé ìîíî¨ä Pλ
� öå íàïiâãðóïà ç íóëåì òàêà, ùî

Pλ =
〈
{pi}i∈λ, {p−1i }i∈λ | pip

−1
i = 1 i pip

−1
j = 0 äëÿ i 6= j

〉
.

Î÷åâèäíî, ùî ó âèïàäêó λ = 1 íàïiâãðóïà P1 içîìîðôíà áiöèêëi÷íîìó ìîíî¨äó ç
ïðè¹äíàíèì íóëåì.

Ðîíàëüä Áðóê ó ìîíîãðàôi¨ [5], âèêîðèñòîâóþ÷è áiöèêëi÷íèé ìîíî¨ä, ïîáóäó-
âàâ êîíñòðóêöiþ àëãåáðè÷íîãî çàíóðåííÿ äîâiëüíî¨ íàïiâãðóïè S ó ïðîñòèé ìîíî¨ä
B(S) (äèâ. [9, �8.3]). Ðåéëi [21] òà Óîðí [28] óçàãàëüíèëè êîíñòðóêöiþ Áðóêà, ïî-
áóäóâàâøè ðîçøèðåííÿ Áðóêà�Ðåéëi BR(S, θ), äëÿ îïèñàííÿ ñòðóêòóðè áiïðîñòèõ
ðåãóëÿðíèõ ω-íàïiâãðóï (äèâ. [20, ðîçäië II]). Òîïîëîãiçàöi¨ íàïiâãðóï Áóêà òà Áðóêà�
Ðåéëi âèâ÷àëèñÿ â ïðàöÿõ [1, 2, 14, 15]. Ñòðóêòóðó òîïîëîãi÷íèõ iíâåðñíèõ ëîêàëüíî
êîìïàêòíèõ áiïðîñòèõ ω-íàïiâãðóï âèâ÷àëè â ïðàöÿõ [24, 25, 26]. Ìè áóäó¹ìî òà äî-
ñëiäæó¹ìî àíàëîã ðîçøèðåííÿ Áðóêà�Ðåéëi íàïiâãðóï äëÿ λ-ïîëiöèêëi÷íîãî ìîíî¨äà
òà äîñëiäæó¹ìî éîãî âëàñòèâîñòi.

Íåõàé λ � äîâiëüíèé íåíóëüîâèé êàðäèíàë. Íàäàëi, ÷åðåç λ∗ áóäåìî ïîçíà÷àòè
âiëüíèé ìîíî¨ä íàä àëôàâiòîì λ, à ÷åðåç ε � ïîðîæí¹ ñëîâî â λ∗. Äëÿ áóäü-ÿêîãî
ñëîâà a ∈ λ∗ ïîçíà÷èìî:

|a| � äîâæèíó ñëîâà a;
suff(a) = {b ∈ λ∗ : iñíó¹ ñëîâî c ∈ λ∗ òàêå, ùî cb = a} � ìíîæèíó âñiõ ñóôiê-
ñiâ ñëîâà a;
suffo(a) = {b ∈ λ∗ : iñíó¹ ñëîâî c ∈ λ∗ \ {ε} òàêå, ùî cb = a} � ìíîæèíó âñiõ
âëàñíèõ ñóôiêñiâ ñëîâà a.

Íåõàé S � ìîíî¨ä i θ : S → HS(1) � ãîìîìîðôiçì ç S ó éîãî ãðóïó îäèíèöü
HS(1). Ìíîæèíà Pλ(θ, S) = (S × (Pλ \ {0})) t {0} ç áiíàðíîþ îïåðàöi¹þ

(1) (s, a−11 a2) ∗ (t, b−11 b2) =



(
θ|u|(s)t, (ua1)−1b2

)
, ÿêùî iñíó¹ ñëîâî u ∈ λ∗

òàêå, ùî b1 = ua2;(
sθ|v|(t), a−11 vb2

)
, ÿêùî iñíó¹ ñëîâî v ∈ λ∗

òàêå, ùî a2 = vb1;

0, â iíøîìó âèïàäêó,

i

(s, a−11 a2) ∗ 0 = 0 ∗ (s, a−11 a2) = 0 ∗ 0 = 0,

äå θn(s) = θ ◦ · · · ◦ θ︸ ︷︷ ︸
n

(s) äëÿ áóäü-ÿêîãî íàòóðàëüíîãî ÷èñëà n i θ0(s) = s íàçèâà¹òüñÿ

λ-ïîëiöèêëi÷íèì ðîçøèðåííÿì Áðóêà-Ðåéëi ìîíî¨äà S ç âèçíà÷åíèì ãîìîìîðôiçìîì
θ.
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Ìè äîâîäèìî, ùî òàê âèçíà÷åíà áiíàðíà îïåðàöiÿ ∗ íà Pλ(θ, S) ¹ àñîöiàòèâ-
íîþ, à òàêîæ îïèñó¹ìî iäåìïîòåíòè íàïiâãðóïè (Pλ(θ, S), ∗) òà âiäíîøåííÿ �ðiíà
íà (Pλ(θ, S), ∗). Äîâåäåíî, ùî (Pλ(θ, S), ∗) � 0-ïðîñòà íàïiâãðóïà äëÿ äîâiëüíî¨
íàïiâãðóïè S. Çíàéäåíî íåîáõiäíi òà äîñòàòíi óìîâè íà ìîíî¨ä S ãîìîìîðôiçì θ,
çà âèêîíàííÿ ÿêèõ íàïiâãðóïà (Pλ(θ, S), ∗) ¹ ðåãóëÿðíîþ, iíâåðñíîþ, 0-áiïðîñòîþ,
êîìáiíàòîðíîþ, êîíãðóåíö-ïðîñòîþ, ÷è iíâåðñíîþ 0-E-óíiòàðíîþ. Òàêîæ âèâ÷à¹òüñÿ
òîïîëîãiçàöiÿ íàïiâãðóïè (Pλ(θ, S), ∗). Îòðèìàíi ðåçóëüòàòè àíîíñîâàíî â [16].

2. Àëãåáðè÷íi âëàñòèâîñòi íàïiâãðóïè Pλ(θ, S)

Òâåðäæåííÿ 1. (Pλ(θ, S), ∗) ¹ íàïiâãðóïîþ.

Äîâåäåííÿ. Íåõàé (s, a−11 a2), (t, b−11 b2) i (r, c−11 c2) � äîâiëüíi íåíóëüîâi åëåìåíòè ìíî-
æèíè Pλ(θ, S). Ðîçãëÿíåìî ìîæëèâi âèïàäêè.

1. Iñíóþòü ñëîâà u, v ∈ λ∗ òàêi, ùî b1 = ua2 i c1 = vb2. Òîäi:

((s, a−11 a2) ∗ (t, b−11 b2)) ∗ (r, c−11 c2) = (θ|u|(s)t, (ua1)−1b2) ∗ (r, c−11 c2) =

= (θ|v|(θ|u|(s)t)r, (vua1)−1c2) =

= (θ|v|+|u|(s)θ|v|(t)r, (vua1)−1c2) =

= (θ|vu|(s)θ|v|(t)r, (vua1)−1c2) =

= (s, a−11 a2) ∗ (θ|v|(t)r, (vb1)−1c2) =

= (s, a−11 a2) ∗ ((t, b−11 b2) ∗ (r, c−11 c2)).

2. Iñíóþòü ñëîâà u, v ∈ λ∗ òàêi, ùî a2 = ub1 i c1 = vb2. Òîäi ðîçãëÿíåìî ìîæëèâi
ïiäâèïàäêè.

a) Iñíó¹ ñëîâî w ∈ λ∗ òàêå, ùî u = wv. Òîäi:

((s, a−11 a2) ∗ (t, b−11 b2)) ∗ (r, c−11 c2) = (sθ|u|(t), a−11 ub2) ∗ (r, c−11 c2) =

= (sθ|wv|(t), a−11 wvb2) ∗ (r, c−11 c2) =

= (sθ|wv|(t), a−11 wc1) ∗ (r, c−11 c2) =

= (sθ|wv|(t)θ|w|(r), a−11 wc2) =

= (sθ|w|+|v|(t)θ|w|(r), a−11 wc2)) =

= (sθ|w|(θ|v|(t)r), a−11 wc2)) =

= (s, a−11 a2) ∗ (θ|v|(t)r, (vb1)−1c2)) =

= (s, a−11 a2) ∗ ((t, b−11 b2) ∗ (r, c−11 c2)).

b) Iñíó¹ ñëîâî w ∈ λ∗ òàêå, ùî v = wu. Òîäi:

((s, a−11 a2) ∗ (s, b−11 b2)) ∗ (r, c−11 c2) = (sθ|u|(t), a−11 ub2) ∗ (r, c−11 c2) =

= (θ|w|(sθ|u|(t))r, (wa1)−1c2) =

= (θ|w|(s)θ|w|+|u|(t)r, (wa1)−1c2) =
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= (θ|w|(s)θ|wv|(t)r, (wa1)−1c2) =

= (θ|w|(s)θ|v|(t)r, (wa1)−1c2) =

= (s, a−11 a2) ∗ (θ|v|(t)r, (wa2)−1c2) =

= (s, a−11 a2) ∗ (θ|v|(t)r, (wub1)−1c2) =

= (s, a−11 a2) ∗ (θ|v|(t)r, (vb1)−1c2) =

= (s, a−11 a2) ∗ ((t, b−11 b2) ∗ (r, c−11 c2)).

c) Ó âèïàäêó u /∈ suff(v) i v /∈ suff(u) îòðèìó¹ìî, ùî

((s, a−11 a2) ∗ (t, b−11 b2)) ∗ (r, c−11 c2) = (sθ|u|(t), a−11 ub2) ∗ (r, c−11 c2) =

= 0 =

= (s, a−11 a2) ∗ (θ|v|(t)r, (vb1)−1c2) =

= (s, a−11 a2) ∗ ((t, b−11 b2) ∗ (r, c−11 c2)).

3. Iñíóþòü ñëîâà u, v ∈ λ∗ òàêi, ùî b1 = ua2 i b2 = vc1. Òîäi:

((s, a−11 a2) ∗ (t, b−11 b2)) ∗ (r, c−11 c2) = (θ|u|(s)t, (ua1)−1b2) ∗ (r, c−11 c2) =

= (θ|u|(s)tθ|v|(r), (ua1)−1vc2) =

= (s, a−11 a2) ∗ (tθ|v|(r), b−11 vc2) =

= (s, a−11 a2) ∗ ((t, b−11 b2) ∗ (r, c−11 c2)).

4. Iñíóþòü ñëîâà u, v ∈ λ∗ òàêi, ùî a2 = ub1 i b2 = vc1. Òîäi:

((s, a−11 a2) ∗ (t, b−11 b2)) ∗ (r, c−11 c2) = (sθ|u|(t), a−11 ub2) ∗ (r, c−11 c2) =

= (sθ|u|(t)θ|uv|(r), a−11 uvc2) =

= (sθ|u|(t)θ|u|+|v|(r), a−11 uvc2) =

= (sθ|u|(tθ|v|(r)), a−11 uvc2) =

= (s, a−11 a2) ∗ (tθ|v|(r), b−11 vc2) =

= (s, a−11 a2) ∗ ((t, b−11 b2) ∗ (r, c−11 c2)).

5. Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî b1 = ua2, b2 /∈ suff(c1) i c1 /∈ suff(b2). Òîäi:

((s, a−11 a2) ∗ (t, b−11 b2)) ∗ (r, c−11 c2) = (θ|u|(s)t, (ua1)−1b2) ∗ (r, c−11 c2) =

= 0 =

= (s, a−11 a2) ∗ ((t, b−11 b2) ∗ (r, c−11 c2)).

6. Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî c1 = ub2, a2 /∈ suff(b1) i b1 /∈ suff(a2). Òîäi:

((s, a−11 a2) ∗ (t, b−11 b2)) ∗ (r, c−11 c2) = 0 =

= (s, a−11 a2) ∗ (θ|u|(t)r, (ub1)−1c2) =

= (s, a−11 a2) ∗ ((t, b−11 b2) ∗ (r, c−11 c2)).
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7. Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî a2 = ub1, b2 /∈ suff(c1) i c1 /∈ suff(b2). Òîäi:

((s, a−11 a2) ∗ (t, b−11 b2)) ∗ (r, c−11 c2) = (sθ|u|(t), a−11 ub2) ∗ (r, c−11 c2) =

= 0 =

= (s, a−11 a2) ∗ ((t, b−11 b2) ∗ (r, c−11 c2)).

8. Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî b2 = uc1 i a2 /∈ suff(b1) i b1 /∈ suff(a2). Òîäi

((s, a−11 a2) ∗ (t, b−11 b2)) ∗ (r, c−11 c2) = 0 =

= (s, a−11 a2) ∗ (tθ|u|(r), b−11 uc2) =

= (s, a−11 a2) ∗ ((t, b−11 b2) ∗ (r, c−11 c2)).

9. Ó âèïàäêó a2 /∈ suff(b1), b1 /∈ suff(a2), b2 /∈ suff(c1) i c1 /∈ suff(b2) ìà¹ìî, ùî

((s, a−11 a2) ∗ (t, b−11 b2)) ∗ (r, c−11 c2) = 0 = (s, a−11 a2) ∗ ((t, b−11 b2) ∗ (r, c−11 c2)).

Îòîæ, áiíàðíà îïåðàöiÿ ∗ íà Pλ(θ, S) àñîöiàòèâíà. �

Íàäàëi, ÿêùî íå çàçíà÷åíî iíøå, òî áóäåìî ââàæàòè, ùî S � ìîíî¨ä ç îäèíèöåþ
1S i ãðóïîþ îäèíèöü HS(1S). Òàêîæ ÷åðåç 1Pλ i 0Pλ ïîçíà÷àòèìåìî îäèíèöþ òà íóëü
ïîëiöèêëi÷íîãî ìîíî¨äà Pλ, à ÷åðåç 0 � íóëü íàïiâãðóïè Pλ(θ, S).

Òâåðäæåííÿ 2. Íåíóëüîâèé åëåìåíò (s, a−11 a2) íàïiâãðóïè Pλ(θ, S) ¹ iäåìïîòåí-
òîì òîäi i òiëüêè òîäi, êîëè s ∈ E(S) i a1 = a2.

Äîâåäåííÿ. (⇒) Íåõàé (e, a−11 a2) � íåíóëüîâèé iäåìïîòåíò íàïiâãðóïè Pλ(θ, S). Ðîç-
ãëÿíåìî ìîæëèâi âèïàäêè.

1. ßêùî iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî a1 = ua2, òî

(e, a−11 a2) = (e, a−11 a2) ∗ (e, a−11 a2) = (θ|u|(e) · e, (ua1)−1a2).

Ç öi¹¨ ðiâíîñòi âèïëèâà¹, ùî a1 = ua1. Òîìó u = ε, à îòæå,

e = θ|u|(e) · e = θ0(e) · e = e · e

i a1 = a2.
2. ßêùî iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî a2 = ua1, òî

(e, a−11 a2) = (e, a−11 a2) ∗ (e, a−11 a2) = (e · θ|u|(e), a−11 ua2).

Ç öi¹¨ ðiâíîñòi âèïëèâà¹, ùî a2 = ua2. Òîìó u = ε, à îòæå,

e = e · θ|u|(e) = e · θ0(e) = e · e

i a1 = a2.
(⇐) Íåõàé e � äîâiëüíèé iäåìïîòåíò íàïiâãðóïè S i a � äîâiëüíå ñëîâî ç λ∗. Òîäi

(e, a−1a) ∗ (e, a−1a) = (e2, a−1a) = (e, a−1a). �

Òâåðäæåííÿ 3. Iäåìïîòåíòè êîìóòóþòü ó Pλ(θ, S) òîäi i òiëüêè òîäi, êîëè
iäåìïîòåíòè êîìóòóþòü ó íàïiâãðóïi S.
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Äîâåäåííÿ. (⇒) Íåõàé e, f � äîâiëüíi iäåìïîòåíòè íàïiâãðóïè S. Òîäi åëåìåíòè
(e, 1Pλ) i (f, 1Pλ) ¹ iäåìïîòåíòàìè íàïiâãðóïè Pλ(θ, S). Îñêiëüêè iíäåìïîòåíòè â
Pλ(θ, S) êîìóòóþòü, òî

(e · f, 1Pλ) = (e, 1Pλ) ∗ (f, 1Pλ) = (f, 1Pλ) ∗ (e, 1Pλ) = (f · e, 1Pλ),

à îòæå, e · f = f · e.
(⇐) Íåõàé (e, a−1a) i (f, b−1b) � äîâiëüíi íåíóëüîâi iäåìïîòåíòè íàïiâãðóïè

Pλ(θ, S). Ðîçãëÿíåìî ìîæëèâi âèïàäêè.
1. Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî a = ub. Òîäi

(e, a−1a) ∗ (f, b−1b) = (e · θ|u|(f), a−1ub) =

= (e · 1S , a−1ub) =

= (1S · e, a−1ub) =

= (θ|u|(f) · e, (ub)−1a) =

= (f, b−1b) ∗ (e, a−1a).

2. Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî b = ua. Òîäi

(e, a−1a) ∗ (f, b−1b) = (θ|u|(e) · f, (ua)−1b) =

= (1S · f, a−1ub) =

= (f · 1S , a−1ub) =

= (f · θ|u|(e), b−1ua) =

= (f, b−1b) ∗ (e, a−1a).

3. ßêùî a /∈ suff(b) i b /∈ suff(a), òî

(e, a−1a) ∗ (f, b−1b) = 0 = (f, b−1b) ∗ (e, a−1a).

Î÷åâèäíî, ùî êîæåí åëåìåíò íàïiâãðóïè Pλ(θ, S) êîìóòó¹ ç ¨¨ íóëåì. �

Íåõàé S � íàïiâãðóïà. Äëÿ äîâiëüíèõ a−11 a2 ∈ Pλ, A ⊆ S i s ∈ S ïîçíà÷èìî

Sa−1
1 a2

=
{

(t, a−11 a2) ∈Pλ(θ, S) : t ∈ S
}
,

Aa−1
1 a2

=
{

(t, a−11 a2) ∈Pλ(θ, S) : t ∈ A ⊆ S
}
,

P sλ =
{

(s, b−11 b2) ∈Pλ(θ, S) : b−11 b2 ∈ Pλ \ {0Pλ}
}
∪ {0}.

Òâåðäæåííÿ 4. 1. Ìíîæèíà Sa−1
1 a2

ç iíäóêîâàíîþ ç Pλ(θ, S) îïåðàöi¹þ içî-

ìîðôíà íàïiâãðóïi S òîäi i òiëüêè òîäi, êîëè a1 = a2.
2. Ìíîæèíà P sλ ç iíäóêîâàíîþ ç Pλ(θ, S) îïåðàöi¹þ içîìîðôíà ïîëiöèêëi÷íîìó

ìîíî¨äó Pλ òîäi i òiëüêè òîäi, êîëè s � iäåìïîòåíò íàïiâãðóïè S.

Äîâåäåííÿ. 1. ßêùî a1 6= a2, òî ç òâåðæåííÿ 2 âèïëèâà¹, ùî Sa−1
1 a2

íå ¹ ïiäíàïiâ-
ãðóïîþ íàïiâãðóïè Pλ(θ, S).

Ó âèïàäêó a1 = a2 âèçíà÷èìî âiäîáðàæåííÿ f : Sa−1
1 a2

→ S çà ôîðìóëîþ

f((s, a−11 a2)) = s. Î÷åâèäíî, ùî âiäîáðàæåííÿ f ¹ ái¹êòèâíèì. Äîâåäåìî, ùî âîíî



ÏÎËIÖÈÊËI×ÍI ÐÎÇØÈÐÅÍÍß ÍÀÏIÂÃÐÓÏ
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2020. Âèïóñê 90 27

çáåðiãà¹ îïåðàöiþ. Íåõàé (s, a−11 a2) i (t, a−11 a2) � äîâiëüíi åëåìåíòè ç Sa−1
1 a2

. Òîäi

f((s, a−11 a2) ∗ (t, a−11 a2)) = f((st, a−11 a2)) = st = f((s, a−11 a2)) · f((t, a−11 a2)).

Îòæå, f ¹ içîìîðôiçìîì.
2. ßêùî s íå ¹ iäåìïîòåíòîì íàïiâãðóïè S, òî

(s, 1Pλ) ∗ (s, 1Pλ) = (ss, 1Pλ) /∈ P sλ ,

à îòæå, P sλ íå ¹ ïiäíàïiâãðóïîþ íàïiâãðóïè Pλ(θ, S).
Ó âèïàäêó, êîëè s � iäåìïîòåíò íàïiâãðóïè S, òî âèçíà÷èìî âiäîáðàæåííÿ

f : P sλ → Pλ çà ôîðìóëàìè f((s, a−11 a2)) = a−11 a2 i f(0) = 0Pλ . Î÷åâèäíî, ùî òàê
îçíà÷åíå âiäîáðàæåííÿ f ¹ ái¹êòèâíèì. Äîâåäåìî, ùî âîíî çáåðiãà¹ îïåðàöiþ. Íåõàé
(s, a−11 a2), (s, b−11 b2) ∈ P sλ . Ðîçãëÿíåìî ìîæëèâi âèïàäêè.

a) Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî b1 = ua2. Òîäi:

f((s, a−11 a2) ∗ (s, b−11 b2)) = f((θ|u|(s)s, a−11 u−1b2)) =

= f((1Ss, a
−1
1 u−1b2)) =

= f((s, a−11 u−1b2)) =

= a−11 u−1b2 =

= a−11 a2 · b−11 b2 =

= f((s, a−11 a2)) ∗ f((s, b−11 b2)).

b) Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî a2 = ub1. Òîäi:

f((s, a−11 a2) ∗ (s, b−11 b2)) = f((sθ|u|(s), a−11 ub2)) =

= f((s1S , a
−1
1 ub2)) =

= f((s, a−11 ub2)) =

= a−11 ub2 =

= a−11 a2 · b−11 b2 =

= f((s, a−11 a2)) ∗ f((s, b−11 b2)).

c) ßêùî (s, a−11 a2) ∗ (s, b−11 b2) = 0, òî

f((s, a−11 a2) ∗ (s, b−11 b2)) = 0 = a−11 a2 · b−11 b2 = f((s, a−11 a2)) ∗ f((s, b−11 b2)).

�

Òâåðäæåííÿ 5. Åëåìåíò (t, b−11 b2) ¹ iíâåðñíèì äî åëåìåíòà (s, a−11 a2) â íàïiâãðóïi
Pλ(θ, S) òîäi i òiëüêè òîäi, êîëè b1 = a2, b2 = a1 i t � iíâåðñíèé åëåìåíò äî s â
íàïiâãðóïi S.

Äîâåäåííÿ. (⇒) Íåõàé åëåìåíò (t, b−11 b2) ¹ iíâåðñíèì äî åëåìåíòà (s, a−11 a2) â íàïiâ-
ãðóïi Pλ(θ, S). Ðîçãëÿíåìî ìîæëèâi âèïàäêè.
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1. Iñíóþòü ñëîâà u, v ∈ λ∗ òàêi, ùî b1 = ua2 i a1 = vb2. Òîäi

(s, a−11 a2) ∗ (t, b−11 b2) ∗ (s, a−11 a2) = (θ|u|(s)t, (ua1)−1b2) ∗ (s, a−11 a2) =

= (θ|v|(θ|u|(s)t)s, (vua1)−1a2) =

= (s, a−11 a2).

Ç öi¹¨ ðiâíîñòi âèïëèâà¹, ùî a1 = vua1. Òîìó u = ε i v = ε, à îòæå, b1 = a2 i b2 = a1.
2. Iñíóþòü ñëîâà u, v ∈ λ∗ òàêi, ùî a1 = ub2 i a2 = vb1. Òîäi

(t, b−11 b2) ∗ (s, a−11 a2) ∗ (t, b−11 b2) = (θ|u|(t)s, (ub1)−1a2) ∗ (t, b−11 b2) =

= (θ|u|(t)sθ|v|(t), (ub1)−1vb2) =

= (t, b−11 b2).

Ç öi¹¨ ðiâíîñòi âèïëèâà¹, ùî b1 = ub1 i b2 = vb2. Òîìó u = ε i v = ε, à îòæå, b1 = a2 i
b2 = a1.

3. Iñíóþòü ñëîâà u, v ∈ λ∗ òàêi, ùî b1 = ua2 i b2 = va1. Òîäi

(s, a−11 a2) ∗ (t, b−11 b2) ∗ (s, a−11 a2) = (θ|u|(s)t, (ua1)−1b2) ∗ (s, a−11 a2) =

= (θ|u|(s)tθ|v|(s), (ua1)−1va2) =

= (s, a−11 a2).

Ç öi¹¨ ðiâíîñòi âèïëèâà¹, ùî a1 = ua1 i a2 = va2. Òîìó u = ε i v = ε, à îòæå, b1 = a2
i b2 = a1.

4. Iñíóþòü ñëîâà u, v ∈ λ∗ òàêi, ùî a2 = ub1 i b2 = va1. Òîäi

(s, a−11 a2) ∗ (t, b−11 b2) ∗ (s, a−11 a2) = (sθ|u|(t), a−11 ub2) ∗ (s, a−11 a2) =

= (sθ|u|(t)θ|v|(s), a−11 uva2) =

= (s, a−11 a2).

Ç öi¹¨ ðiâíîñòi âèïëèâà¹, ùî a2 = vua2. Òîìó u = ε i v = ε, à îòæå, b1 = a2 i b2 = a1.
Îòæå, ÿêùî åëåìåíò (t, b−11 b2) ¹ iíâåðñíèì äî åëåìåíòà (s, a−11 a2) â íàïiâãðóïi

Pλ(θ, S), òî b1 = a2 i b2 = a1. Òîìó

(s, a−11 a2) ∗ (t, b−11 b2) ∗ (s, a−11 a2) = (s, a−11 a2) ∗ (t, a−12 a1) ∗ (s, a−11 a2) =

= (sts, a−11 a2) =

= (s, a−11 a2)

i

(t, b−11 b2) ∗ (s, a−11 a2) ∗ (t, b−11 b2) = (t, a−12 a1) ∗ (s, a−11 a2) ∗ (t, a−12 a1) =

= (tst, a−12 a1) =

= (t, a−12 a1).

Ç ïåðøî¨ ðiâíîñòi âèïëèâà¹, ùî s = sts, à ç äðóãî¨ âèïëèâà¹, ùî t = tst. Îòæí,
åëåìåíò t ¹ iíâåðñíèì äî åëåìåíòà s ó íàïiâãðóïi S.
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(⇐) Íåõàé s � äîâiëüíèé åëåìåíò íàïiâãðóïè S i s−1 � iíâåðñíèé åëåìåíò äî s
ó íàïiâãðóïi S. Òîäi

(s, a−11 a2) ∗ (s−1, a−12 a1) ∗ (s, a−11 a2) = (ss−1s, a−11 a2) = (s, a−11 a2)

i

(s−1, a−12 a1) ∗ (s, a−11 a2) ∗ (s−1, a−12 a1) = (s−1ss−1, a−11 a2) = (s−1, a−12 a1).

�

Ç òâåðäæåííÿ 5 âèïëèâàþòü òàêi äâà íàñëiäêè.

Íàñëiäîê 1. Íàïiâãðóïà Pλ(θ, S) � ðåãóëÿðíà òîäi i òiëüêè òîäi, êîëè íàïiâãðóïà
S � ðåãóëÿðíà.

Íàñëiäîê 2. Íàïiâãðóïà Pλ(θ, S) � iíâåðñíà òîäi i òiëüêè òîäi, êîëè íàïiâãðóïà
S � iíâåðñíà.

Ëåìà 1. Íåõàé (s, a−11 a2) i (t, b−11 b2) � äîâiëüíi íåíóëüîâi åëåìåíòè íàïiâãðóïè

Pλ(θ, S). ßêùî (s, a−11 a2) ∗ (t, b−11 b2) = (r, c−11 c2) 6= 0, òî a1 ∈ suff(c1) i b2 ∈ suff(c2).

Äîâåäåííÿ. Ðîçãëÿíåìî ìîæëèâi âèïàäêè, êîëè (r, c−11 c2) 6= 0.
1. Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî a2 = ub1. Òîäi

(s, a−11 a2) ∗ (t, b−11 b2) = (s, a−11 ub1) ∗ (t, b−11 b2) = (s · θ|u|(t), a−11 ub2).

2. Iñíó¹ ñëîâî v ∈ λ∗ òàêå, ùî b1 = va2. Òîäi

(s, a−11 a2) ∗ (t, b−11 b2) = (s, a−11 a2) ∗ (t, (va2)−1b2) = (θ|v|(s) · t, (va1)−1b2).

Îòæå, a1 ∈ suff(c1) i b2 ∈ suff(c2). �

Òåîðåìà 1. Íåõàé (s, a−11 a2) i (t, b−11 b2) � äîâiëüíi íåíóëüîâi åëåìåíòè íàïiâãðóïè
Pλ(θ, S). Òîäi:

1) (s, a−11 a2)L (t, b−11 b2) â Pλ(θ, S) òîäi i òiëüêè òîäi, êîëè sL t â S i a2 = b2;

2) (s, a−11 a2)R(t, b−11 b2) â Pλ(θ, S) òîäi i òiëüêè òîäi, êîëè sRt â S i a1 = b1;

3) (s, a−11 a2)H (t, b−11 b2) â Pλ(θ, S) òîäi i òiëüêè òîäi, êîëè sH t â S i a−11 a2 =
b−11 b2;

4) (s, a−11 a2)D(t, b−11 b2) â Pλ(θ, S) òîäi i òiëüêè òîäi, êîëè sDt â S.

Äîâåäåííÿ. 1. (⇒) Íåõàé (s, a−11 a2)L (t, b−11 b2) â Pλ(θ, S). Òîäi iñíóþòü åëåìåíòè
(r, c−11 c2) i (q, d−11 d2) íàïiâãðóïè Pλ(θ, S) òàêi, ùî

(s, a−11 a2) = (r, c−11 c2) ∗ (t, b−11 b2) i (t, b−11 b2) = (q, d−11 d2) ∗ (s, a−11 a2).

Ç ïåðøî¨ ðiâíîñòi òà ëåìè 1 âèïëèâà¹, ùî b2 ∈ suff(a2), à ç äðóãî¨ ðiâíîñòi òà ëåìè
1 âèïëèâà¹, ùî a2 ∈ suff(b2). Òîìó a2 = b2, à öå îçíà÷à¹, ùî iñíóþòü ñëîâà u, v ∈ λ∗
òàêi, ùî a1 = ud2 i b1 = vc2. Îòæå,

(s, a−11 a2) = (r, c−11 c2) ∗ (t, b−11 b2) = (θ|v|(r)t, (vc1)−1b2)

i
(t, b−11 b2) = (q, d−11 d2) ∗ (s, a−11 a2) = (θ|u|(q)s, (ud1)−1a2).

Ç ïåðøî¨ ðiâíîñòi âèïëèâà¹, ùî s = θ|v|(r)t, à ç äðóãî¨ ðiâíîñòi âèïëèâà¹, ùî t =
θ|u|(q)s. Îòæå, sL t â íàïiâãðóïi S.
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(⇐) Íåõàé (s, a−11 a2) i (t, b−11 b2) � íåíóëüîâi åëåìåíòè íàïiâãðóïè Pλ(θ, S) òàêi,
ùî sL t â S i a2 = b2. Òîäi iñíóþòü åëåìåíòè r i q íàïiâãðóïè S òàêi, ùî s = rt i
t = qs. Òîìó

(s, a−11 a2) = (r, a−11 b1) ∗ (t, b−11 b2) i (t, b−11 b2) = (q, b−11 a1) ∗ (s, a−11 a2).

Îòæå, (s, a−11 a2)L (t, b−11 b2) â íàïiâãðóïi Pλ(θ, S).
2. (⇒) Íåõàé (s, a−11 a2)R(t, b−11 b2) â Pλ(θ, S). Òîäi iñíóþòü åëåìåíòè (r, c−11 c2) i

(q, d−11 d2) íàïiâãðóïè Pλ(θ, S) òàêi, ùî

(s, a−11 a2) = (t, b−11 b2) ∗ (r, c−11 c2) i (t, b−11 b2) = (s, a−11 a2) ∗ (q, d−11 d2).

Ç ïåðøî¨ ðiâíîñòi òà ëåìè 1 âèïëèâà¹, ùî b1 ∈ suff(a1), à ç äðóãî¨ ðiâíîñòi òà ëåìè 1
âèïëèâà¹, ùî a1 ∈ suff(b1). Òîìó a1 = b1, à öå îçíà÷à¹, ùî iñíóþòü ñëîâà u, v ∈ λ∗
òàêi, ùî a2 = ud1 i b2 = vc1. Îòîæ, îòðèìó¹ìî, ùî

(s, a−11 a2) = (t, b−11 b2) ∗ (r, c−11 c2) = (tθ|v|(r), b−11 vc2)

i

(t, b−11 b2) = (s, a−11 a2) ∗ (q, d−11 d2) = (sθ|u|(q), a−11 ud2).

Ç ïåðøî¨ ðiâíîñòi âèïëèâà¹, ùî s = tθ|v|(r), à ç äðóãî¨ ðiâíîñòi âèïëèâà¹, ùî t =
sθ|u|(q). Îòæå, sRt â íàïiâãðóïi S.

(⇐) Íåõàé (s, a−11 a2) i (t, b−11 b2) � íåíóëüîâi åëåìåíòè íàïiâãðóïè Pλ(θ, S) òàêi,
ùî sL t â S i a1 = b1. Òîäi iñíóþòü åëåìåíòè r i q íàïiâãðóïè S òàêi, ùî s = tr i
t = sq. Òîìó

(s, a−11 a2) = (t, b−11 b2) ∗ (r, b−12 b2) i (t, b−11 b2) = (s, a−11 a2) ∗ (q, a−12 a2).

Îòæå, (s, a−11 a2)R(t, b−11 b2) â íàïiâãðóïi Pλ(θ, S).
3. Âèïëèâà¹ ç òâåðäæåíü 1 i 2.
4. (⇒) Íåõàé (s, a−11 a2)D(t, b−11 b2) ó íàïiâãðóïi Pλ(θ, S). Òîäi iñíó¹ åëåìåíò

(r, c−11 c2) ∈Pλ(θ, S) òàêèé, ùî (s, a−11 a2)L (r, c−11 c2) i (r, c−11 c2)L (t, b−11 b2). Çà òâåðä-
æåííÿìè 1 i 2 îòðèìà¹ìî, ùî sL r i rRt â S, à îòæå, sDt ó íàïiâãðóïi S.

(⇐) Íåõàé (s, a−11 a2) i (t, b−11 b2) � íåíóëüîâi åëåìåíòè íàïiâãðóïè Pλ(θ, S) òà-
êi, ùî sDt â S. Òîäi iñíó¹ åëåìåíò r íàïiâãðóïè S òàêèé, ùî sL r i rRt. Òîìó
(s, a−11 a2)L (r, b−11 a2) i (r, b−11 a2)R(t, b−11 b2). Îòæå, (s, a−11 a2)D(t, b−11 b2) ó íàïiâãðó-
ïi Pλ(θ, S). �

Ç òåîðåìè 1 i íàñëiäêó 2 âèïëèâàþòü òàêi äâà íàñëiäêè.

Íàñëiäîê 3. Íàïiâãðóïà Pλ(θ, S) � êîìáiíàòîðíà òîäi i òiëüêè òîäi, êîëè íàïiâ-
ãðóïà S � êîìáiíàòîðíà.

Íàñëiäîê 4. Íàïiâãðóïà Pλ(θ, S) � 0-áiïðîñòà òîäi i òiëüêè òîäi, êîëè íàïiâãðóïà
S � áiïðîñòà.

Òâåðäæåííÿ 6. Íàïiâãðóïà Pλ(θ, S) ¹ 0-ïðîñòîþ äëÿ äîâiëüíî¨ íàïiâãðóïè S.
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Äîâåäåííÿ. Íåõàé (s, a−11 a2) i (t, b−11 b2) � äîâiëüíi íåíóëüîâi åëåìåíòè íàïiâãðóïè
Pλ(θ, S) i u � íåïîðîæí¹ ñëîâî âiëüíîãî ìîíî¨äà λ∗. Òîäi

((θ|u|(t))−1, a−11 ub1) ∗ (t, b−11 b2) ∗ (s, (ub2)−1a2) =

= ((θ|u|(t))−1 · θ|u|(t), a−11 ub2) ∗ (s, (ub2)−1a2) =

= (1S , a
−1
1 ub2) ∗ (s, (ub2)−1a2) =

= (s, a−11 a2),

çâiäêè âèïëèâà¹, ùî íàïiâãðóïà Pλ(θ, S) ¹ 0-ïðîñòîþ. �

Òâåðäæåííÿ 7. Íàïiâãðóïà Pλ(θ, S) � êîíãðóåíö-ïðîñòà òîäi i òiëüêè òîäi, êîëè
S � òðèâiàëüíà íàïiâãðóïà.

Äîâåäåííÿ. ßêùî S � îäíîåëåìåíòíà ìíîæèíà, òî íàïiâãðóïà Pλ(θ, S) içîìîðôíà λ-
ïîëiöèêëi÷íîìó ìîíî¨äó Pλ. Îñêiëüêè λ-ïîëiöèêëi÷íèé ìîíî¨ä ¹ êîíãðóåíö-ïðîñòîþ
íàïiâãðóïîþ (äèâ. íàïðèêëàä [4, òåîðåìà 2.5]), òî ó öüîìó âèïàäêó íàïiâãðóïà
Pλ(θ, S) ¹ êîíãðóåíö-ïðîñòîþ.

Íåõàé íàïiâãðóïà S íå ¹ îäíîåëåìåíòíîþ ìíîæèíîþ. Òîäi âiäíîøåííÿ

C =
{

((x, a−11 a2), (y, a−11 a2)) : x, y ∈ S, a−11 a2 ∈ Pλ
}
∪ {(0,0)}

¹ íåòðèâiàëüíîþ êîíãðóåíöi¹þ íà Pλ(θ, S), ïðè÷îìó, î÷åâèäíî, ùî ôàêòîð-íàïiâ-
ãðóïà Pλ(θ, S)/C içîìîðôíà λ-ïîëiöèêëi÷íîìó ìîíî¨äó Pλ. �

Òâåðäæåííÿ 8. Iíâåðñíà íàïiâãðóïà Pλ(θ, S) ¹ 0-E-óíiòàðíîþ òîäi i òiëüêè òîäi,
êîëè íàïiâãðóïà S ¹ iíâåðñíîþ E-óíiòàðíîþ òà θ−1(1S) = E(S).

Äîâåäåííÿ. (⇒) ßêùî íàïiâãðóïà Pλ(θ, S) � iíâåðñíà, òî ç íàñëiäêó 2 âèïëèâà¹, ùî
íàïiâãðóïà S ¹ òàêîæ iíâåðñíîþ. Íåõàé s � åëåìåíò íàïiâãðóïè S i e � iäåìïîòåíòè
íàïiâãðóïè S òàêi, ùî es ∈ E(S). Òîäi (e, 1Pλ) ∗ (s, 1Pλ) = (es, 1Pλ). Îñêiëüêè (e, 1Pλ)
i (ex, 1Pλ) � iäåìïîòåíòè íàïiâãðóïè Pλ(θ, S) òà iíâåðñíà íàïiâãðóïà Pλ(θ, S) ¹ 0-E-
óíiòàðíîþ, òî (x, 1Pλ) ∈ E(Pλ(θ, S)), à îòæå, s ¹ iäåìïîòåíòîì íàïiâãðóïè S. Òîìó
iíâåðñíà íàïiâãðóïà S ¹ E-óíiòàðíîþ.

Íåõàé s � åëåìåíò íàïiâãðóïè S òàêèé, ùî θ(s) = 1S i a � ñëîâî â λ∗ òàêå, ùî
|a| = 1. Òîäi

(1S , a
−1a) ∗ (s, 1Pλ) = (θ(s), a−1a) = (1S , a

−1a).

Îñêiëüêè (1S , a
−1a) � iäåìïîòåíò íàïiâãðóïè Pλ(θ, S) é iíâåðñíà íàïiâãðóïà Pλ(θ, S)

¹ 0-E-óíiòàðíîþ, òî åëåìåíò (s, a−1a) ìiñòèòüñÿ â E(Pλ(θ, S)), à îòæå, s � iäåìïîòåíò
íàïiâãðóïè S.

(⇐) Íåõàé (e, a−1a) � íåíóëüîâèé iäåìïîòåíò íàïiâãðóïè Pλ(θ, S) i (s, b−11 b2) �
åëåìåíò íàïiâãðóïè Pλ(θ, S) òàêi, ùî

(e, a−1a) ∗ (s, b−11 b2) ∈ E(Pλ(θ, S)) \ {0}.
Ðîçãëÿíåìî ìîæëèâi âèïàäêè.

1. ßêùî iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî b1 = ua, òî

(e, a−1a) ∗ (s, b−11 b2) = (θ|u|(e) · s, (ua)−1b2) = (s, b−11 b2).

Îñêiëüêè (s, b−11 b2) ¹ iäåìïîòåíòîì íàïiâãðóïè Pλ(θ, S), òî ç òâåðäæåííÿ 2 âèïëèâà¹,
ùî b1 = b2 i s ¹ iäåìïîòåíòîì íàïiâãðóïè S. Îòæå, (s, b−11 b2) ∈ E(Pλ(θ, S)).
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2. ßêùî iñíó¹ ñëîâî v ∈ λ∗ òàêå, ùî a = vb1, òî

(e, a−1a) ∗ (s, b−11 b2) = (e · θ|v|(s), a−1vb2).

Îñêiëüêè (e · θ|v|(s), a−1vb2) ¹ iäåìïîòåíòîì íàïiâãðóïè Pλ(θ, S), òî vb1 = a = vb2
i θ|v|(s) ¹ iäåìïîòåíòîì íàïiâãðóïè S. Âðàõîâóþ÷è ïîïåðåäí¹ i òå, ùî θ−1(1S) =
E(S) îòðèìó¹ìî, ùî b1 = b2 i s ∈ E(S). Îòæå, (s, b−11 b2) ¹ iäåìïîòåíòîì íàïiâãðóïè
Pλ(θ, S).

Òîìó iíâåðñíà íàïiâãðóïà Pλ(θ, S) � 0-E-óíiòàðíà. �

Òâåðäæåííÿ 9. Íåíóëüîâèé åëåìåíò (s, a−11 a2) íàïiâãðóïè Pλ(θ, S) íàëåæèòü

öåíòðó Z(Pλ(θ, S)) òîäi i òiëüêè òîäi, êîëè s ∈ Z(S), s = θ(s) i a−11 a2 = 1Pλ .

Äîâåäåííÿ. (⇒) Íåõàé (s, a−11 a2) � íåíóëüîâèé åëåìåíò ç öåíòðó íàïiâãðóïè
Pλ(θ, S). Òîäi

(s, a−11 a2a1) = (s, a−11 a2) ∗ (1S , a1) = (1S , a1) ∗ (s, a−11 a2) = (s, a2)

i

(s, a−11 ) = (s, a−11 a2) ∗ (1S , a
−1
2 ) = (1S , a

−1
2 ) ∗ (s, a−11 a2) = (s, (a1a2)−1a2).

Ç ïåðøî¨ ðiâíîñòi âèïëèâà¹, ùî a1 = ε, à ç äðóãî¨ âèïëèâà¹, ùî b = ε. Òîìó a−11 a2 =
1Pλ .

Íåõàé (s, 1Pλ) � íåíóëüîâèé åëåìåíò ç öåíòðó íàïiâãðóïè Pλ(θ, S) i t � äîâiëüíèé
åëåìåíò íàïiâãðóïè S. Òîäi

(s · t, 1Pλ) = (s, 1Pλ) ∗ (t, 1Pλ) = (t, 1Pλ) ∗ (s, 1Pλ) = (t · s, 1Pλ).

Òîìó s · t = t · s, à îòæå, s íàëåæèòü öåíòðó íàïiâãðóïè S.
Íåõàé (s, 1Pλ) � íåíóëüîâèé åëåìåíò ç öåíòðó íàïiâãðóïè Pλ(θ, S) i a � ñëîâî ç

λ∗ òàêå, ùî |a| = 1. Òîäi

(s, a) = (s, 1Pλ) ∗ (1S , a) = (1S , a) ∗ (s, 1Pλ) = (θ(s), a).

Çâiäñè âèïëèâà¹, ùî s = θ(s).
(⇐) Íåõàé (t, a−11 a2) � äîâiëüíèé åëåìåíò íàïiâãðóïè Pλ(θ, S) i s � åëåìåíò ç

öåíòðó íàïiâãðóïè S òàêèé, ùî s = θ(s). Òîäi

(s, 1Pλ) ∗ (t, a−11 a2) = (θ|a1|(s) · t, a−11 a2) =

= (s · t, a−11 a2) =

= (t · s, a−11 a2) =

= (t · θ|a2|(s), a−11 a2) =

= (t, a−11 a2) ∗ (s, 1Pλ).

Òîìó (s, 1Pλ) íàëåæèòü öåíòðó íàïiâãðóïè Pλ(θ, S). �

Òâåðäæåííÿ 10. Åëåìåíò (s, a−11 a2) ç íàïiâãðóïè Pλ(θ, S) íàëåæèòü ãðóïi îäè-

íèöü H(1Pλ(θ,S)) òîäi i òiëüêè òîäi, êîëè s ∈ H(1S) i a−11 a2 = 1Pλ .
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Äîâåäåííÿ. (⇒) Ç ëåìè 1 âèïëèâà¹ òàêå: ÿêùî åëåìåíò (s, a−11 a2) íàëåæèòü ãðóïi
îäèíèöü H(1Pλ(θ,S)) íàïiâãðóïè Pλ(θ, S), òî a−11 a2 = 1Pλ .

Íåõàé åëåìåíò (s, 1Pλ) íàëåæèòü ãðóïi îäèíèöü H(1Pλ(θ,S)). Òîäi iñíó¹ åëåìåíò
(t, 1Pλ) ãðóïè îäèíèöü íàïiâãðóïè Pλ(θ, S) òàêèé, ùî

(st, 1Pλ) = (s, 1Pλ) ∗ (t, 1Pλ) = (t, 1Pλ) ∗ (s, 1Pλ) = (ts, 1Pλ) = (1S , 1Pλ).

Òîìó s ¹ åëåìåíòîì ãðóïè îäèíèöü íàïiâãðóïè S.
(⇐) Íåõàé s � åëåìåíò ãðóïè îäèíèöü íàïiâãðóïè S. Òîäi

(s, 1Pλ) ∗ (s−1, 1Pλ) = (s · s−1, 1Pλ) =

= (s−1 · s, 1Pλ) =

= (s−1, 1Pλ) ∗ (s, 1Pλ) =

= (1S , 1Pλ).

Îòæå, (s, 1Pλ) ¹ åëåìåíòîì ãðóïè îäèíèöü íàïiâãðóïè Pλ(θ, S). �

Òâåðäæåííÿ 11. Ìíîæèíè {x ∈Pλ(θ, S) : a ∗ x = b} i {x ∈Pλ(θ, S) : x ∗ a = b} �
ñêií÷åííi äëÿ áóäü-ÿêèõ íåíóëüîâèõ åëåìåíòiâ a, b ∈ Pλ(θ, S) òîäi i òiëüêè òîäi,
êîëè ìíîæèíè {x ∈ S : sx = t}, {x ∈ S : xs = t} i θ−1(s) � ñêií÷åííi äëÿ áóäü-ÿêèõ
s, t ∈ S.

Äîâåäåííÿ. (⇒) ßêùî ìíîæèíà {x ∈ S : sx = t} � íåñêií÷åííà äëÿ äåÿêèõ s, t ∈ S,
òî ìíîæèíà {x ∈Pλ(θ, S) : (s, 1Pλ) ∗ x = (t, 1Pλ)} � íåñêií÷åííà. ßêùî æ ìíîæèíà
{x ∈ S : xs = t} � íåñêií÷åííà äëÿ äåÿêèõ s, t ∈ S, òî ìíîæèíà

{x ∈Pλ(θ, S) : x ∗ (s, 1Pλ) = (t, 1Pλ)}
� íåñêií÷åííà. Îòæå, ìíîæèíè {x ∈ S : sx = t} i {x ∈ S : xs = t} � ñêií÷åííi äëÿ áóäü-
ÿêèõ s, t ∈ S.

Ïðèïóñòèìî, ùî ìíîæèíà θ−1(t) � íåñêií÷åííà äëÿ äåÿêîãî åëåìåíòà t ∈ S. Òîäi
ìíîæèíà

{(x, 1Pλ) ∈Pλ(θ, S) : (1S , a) ∗ (x, 1Pλ) = (t, a)}
¹ íåñêií÷åííîþ äëÿ äîâiëüíîãî ñëîâà a ∈ λ∗.

(⇐) Íåõàé (s, a−11 a2), (t, b−11 b2) � äîâiëüíi åëåìåíòè íàïiâãðóïè Pλ(θ, S). Äîâå-
äåìî, ùî ìíîæèíà{

(x, y−11 y2) ∈Pλ(θ, S) : (s, a−11 a2) ∗ (x, y−11 y2) = (t, b−11 b2)
}

¹ ñêií÷åííîþ. Ç òâåðäæåííÿ 2.7 [4] âèïëèâà¹, ùî iñíó¹ ñêií÷åííà êiëüêiñòü åëåìåíòiâ
y−11 y2 λ-ïîëiöèêëi÷íîãî ìîíî¨äà Pλ òàêèõ, ùî a−11 a2 · y−11 y2 = b−11 b2. Íåõàé c

−1
1 c2 �

îäèí ç öèõ åëåìåíòiâ. Ðîçãëÿíåìî ìîæëèâi âèïàäêè.
1. Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî b1 = ua2. Òîäi

(s, a−11 a2) ∗ (x, y−11 y2) = (θ|u|(s)x, a−11 u−1y2) = (t, b−11 b2).

Îñêiëüêè ìíîæèíè {x ∈ S : sx = t} i {x ∈ S : xs = t} � ñêií÷åííi äëÿ áóäü-ÿêèõ
s, t ∈ S, òî iñíó¹ ñêií÷åííà êiëüêiñòü åëåìåíòiâ x íàïiâãðóïè S òàêèõ, ùî θ|u|(s)x = t.

2. Iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî a2 = ub1. Òîäi

(s, a−11 a2) ∗ (x, y−11 y2) = (sθ|u|(x), a−11 uy2) = (t, b−11 b2).
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Îñêiëüêè ìíîæèíè {x ∈ S : sx = t}, {x ∈ S : xs = t} i θ−1(s) � ñêií÷åííi äëÿ
áóäü-ÿêèõ s, t ∈ S, òî iñíó¹ ñêií÷åííà êiëüêiñòü åëåìåíòiâ x íàïiâãðóïè S òàêèõ,
ùî sθ|u|(x) = t.

Ïîçàÿê ñêií÷åííå îá'¹äíàííÿ ñêií÷åííèõ ìíîæèí ¹ ñêií÷åííîþ ìíîæèíîþ, òî
ìíîæèíà {

(x, y−11 y2) ∈Pλ(θ, S) : (s, a−11 a2) ∗ (x, y−11 y2) = (t, b−11 b2)
}

ñêií÷åííà. Àíàëîãi÷íî äîâîäèòüñÿ, ùî ìíîæèíà{
(x, y−11 y2) ∈Pλ(θ, S) : (x, y−11 y2) ∗ (s, a−11 a2) = (t, b−11 b2)

}
ñêií÷åííà. �

Ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ íà íàïiâãðóïi Pλ(θ, S) i òâåðäæåííÿ 2.7 [4]
âèïëèâà¹ òàêèé íàñëiäîê

Íàñëiäîê 5. Äëÿ äîâiëüíèõ a, a1, b, b1 ∈ λ∗, s, t ∈ S êîæíà ç ìíîæèí

A =
{

(t, u−1v) ∈Pλ(θ, S) : (s, a−1b) ∗ (t, u−1v) ∈ Sa−1
1 b1

}
,

÷è

B =
{

(t, u−1v) ∈Pλ(θ, S) : (t, u−1v) ∗ (s, a−1b) ∈ Sa−1
1 b1

}
ïåðåòèíà¹ íå áiëüøå, íiæ ñêií÷åííó êiëüêiñòü ïiäìíîæèí âèãëÿäó Sc−1d íàïiâãðó-
ïè Pλ(θ, S).

Òâåðäæåííÿ 12. Íåõàé S, T � äîâiëüíi íàïiâãðóïè òà C1, C2 � êîíãðóåíöi¨ íà
íàïiâãðóïàõ S i T , âiäïîâiäíî. ßêùî f : S → T � içîìîðôiçì òàêèé, ùî sC1t òîäi
i òiëüêè òîäi, êîëè f(s)C1f(t) äëÿ äîâiëüíèõ s, t ∈ S, òî âiäîáðàæåííÿ f : S/C1 →
T/C2, îçíà÷åíå f([s]C1

) = [f(s)]C2
, ¹ içîìîðôiçìîì.

Äîâåäåííÿ. Î÷åâèäíî, ùî âiäîáðàæåííÿ f âèçíà÷åíî êîðåêòíî òà ¹ ái¹êòèâíèì. Äî-
âåäåìî, ùî f çáåðiãà¹ îïåðàöiþ. Íåõàé [a]C1

, [b]C1
∈ S/C1. Îñêiëüêè C1 � êîíãðóåíöiÿ

íà íàïiâãðóïi S, òî

f([a]C1
· [b]C1

) = f([ab]C1
) = [f(ab)]C2

= [f(a) · f(b)]C2
= [f(a)]C2

· [f(b)]C2
,

çâiäêè âèïëèâà¹ íàøå òâåðäæåííÿ. �

Òâåðäæåííÿ 13. Íåõàé S i T � ìîíî¨äè òà θ : S → HS(1T ) i φ : T → HT (1T ) �
ãîìîìîðôiçìè. ßêùî f : Pλ(θ, S) → Pλ(φ, T ) � içîìîðôiçì, òî íàïiâãðóïà S içî-
ìîðôíà íàïiâãðóïi T òà iñíó¹ àâòîìîðôiçì fp ïîëiöèêëi÷íîãî ìîíî¨äà Pλ òàêèé,
ùî f(Sa−1

1 a2
) = Tfp(a−1

1 a2)
.

Äîâåäåííÿ. Îñêiëüêè

S1Pλ
= {a ∈Pλ(θ, S) : a ∗ b 6= 0 i a ∗ b 6= 0 äëÿ äîâiëüíîãî b ∈Pλ(θ, S)}

i

T1Pλ = {a ∈Pλ(φ, T ) : a ∗ b 6= 0 i a ∗ b 6= 0 äëÿ äîâiëüíîãî b ∈Pλ(φ, T )} ,

òî f(S1Pλ
) = T1Pλ . Îòæå, çà òâåðäæåííÿì 4 íàïiâãðóïà S içîìîðôíà íàïiâãðóïi T .

Âèçíà÷èìî êîíãðóåíöiþ C1 íà íàïiâãðóïi Pλ(θ, S) òàê: (s, a−11 a2)C1(t, b−11 b2),
ÿêùî a−11 a2 = b−11 b2 i 0C10, òà àíàëîãi÷íî: (s, a−11 a2)C1(t, b−11 b2), ÿêùî a−11 a2 = b−11 b2



ÏÎËIÖÈÊËI×ÍI ÐÎÇØÈÐÅÍÍß ÍÀÏIÂÃÐÓÏ
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2020. Âèïóñê 90 35

i 0C10 � êîíãðóåíöiþ C2 íà íàïiâãðóïi Pλ(φ, T ). Äîâåäåìî, ùî (s, a−11 a2)C1(t, b−11 b2)
òîäi i òiëüêè òîäi, êîëè f((s, a−11 a2))C2f((t, b−11 b2)). Çàôiêñó¹ìî (s, a−1), (s, a) ∈
Pλ(θ, S). Òîäi (1S , a) ∗ (s, a−1) = (s, 1Pλ) i (s, a) ∗ (1S , a

−1) = (s, 1Pλ). Îñêiëü-
êè f((s, 1Pλ)) = (t, 1Pλ) äëÿ äåÿêîãî åëåìåíòà t ∈ T , òî f((s, a−1)) = (r, b−1) i
f((s, a)) = (q, b) äëÿ äåÿêèõ r, q ∈ T i b ∈ λ∗. Çàóâàæèìî, ùî ñëîâî b íå çàëåæèòü
âiä âèáîðó åëåìåíòà s. Òîìó f(s, a−1) ∈ Sb−1 i f(s, a) ∈ Sb äëÿ äîâiëüíîãî åëåìåíòà
s ∈ S.

Íåõàé (s, a−11 a2), (t, a−11 a2) � äîâiëüíi åëåìåíòè íàïiâãðóïè Pλ(θ, S). Ç òåî-
ðåìè 1 âèïëèâà¹, ùî (s, a−11 )R(s, a−11 ), (s, a2)L (s, a−11 a2), (t, a−11 )R(t, a−11 a2) i
(t, a2)L (t, a−11 a2) â Pλ(θ, S). Ç âèùå äîâåäåíîãî òà òîãî, ùî içîìîðôiçì çáå-
ðiãà¹ R- i L -êëàñè âèïëèâà¹, ùî (s, a−11 a2)C1(t, b−11 b2) òîäi i òiëüêè òîäi, êîëè
f((s, a−11 a2))C2f((t, b−11 b2)). Îòæå, çà òâåðäæåííÿì 12 içîìîðôiçì f ïîðîäæó¹ içî-
ìîðôiçì f : Pλ(θ, S)/C1 → Pλ(φ, T )/C1. Îñêiëüêè êîæíà ç íàïiâãðóï Pλ(θ, S)/C1

i Pλ(φ, T )/C1 içîìîðôíà λ-ïîëiöèêëi÷íîìó ìîíî¨äîâi, òî iñíó¹ àâòîìîðôiçì fp
ïîëiöèêëi÷íîãî ìîíî¨äà Pλ òàêèé, ùî f([(s, a−11 a2)]C1) =

[
(s, fp(a

−1
1 a2))

]
C2
. �

ßêùî f : Pλ(θ, S)→Pλ(φ, T ) � içîìîðôiçì, òî ÷åðåç fTS ïîçíà÷èìî içîìîðôiçì
ìiæ íàïiâãðóïàìè S i T , ÿêèé ïîðîäæó¹òüñÿ içîìîðôiçìîì f |S1Pλ

, ùî ¹ çâóæåííÿì
içîìîðôiçìó f íà ïiäìîíî¨ä S1Pλ

, ÿêèé içîìîðôíèé ïîëiöèêëi÷íîìó ìîíî¨äîâi Pλ.
Ç òâåðäæåííÿ 13 âèïëèâà¹ òàêèé íàñëiäîê:

Íàñëiäîê 6. Íåõàé ãðóïè îäèíèöü íàïiâãðóï S i T ¹ òðèâiàëüíèìè. Òîäi íàïiâãðóïè
Pλ(θ, S) i Pλ(φ, T ) ¹ içîìîðôíèìè òîäi i òiëüêè òîäi, êîëè íàïiâãðóïà S içîìîðôíà
íàïiâãðóïi T .

Òåîðåìà 2. Íåõàé ãðóïè îäèíèöü íàïiâãðóï S i T ¹ òðèâiàëüíèìè. ßêùî
f : Pλ(θ, S)→Pλ(φ, T ) � içîìîðôiçì, òî f((s, a−11 a2)) = (fTS (s), fp(a

−1
1 a2)).

Äîâåäåííÿ. Íåõàé f((1S , a)) = (s, b) i f((1S , a
−1)) = (t, b−1). Òîäi ç ðiâíîñòåé

(1S , a) ∗ (1S , a
−1) = (1S , 1Pλ) i (1S , a

−1) ∗ (1S , a) = (1S , a
−1a)

i òâåðäæåííÿ 4 âèïëèâà¹, ùî s, t ∈ H(1T ), à îòæå, s = t = 1T . Ðîçãëÿíåìî ðiâíiñòü

(1S , a1) ∗ (s, a−11 a2) ∗ (1S , a
−1
2 ) = (s, 1Pλ).

Îñêiëüêè f((1S , a1)) = (1T , fp(a1)), f((1S , a
−1
2 )) = (1T , fp(a

−1
2 )), f((s, a−11 a2)) =

(t, fp(a
−1
1 a2)) i f((s, 1Pλ)) = (fTS (s), 1Pλ), òî t = fTS (s). �

3. Òîïîëîãiçàöiÿ íàïiâãðóïè Pλ(θ, S)

Òâåðäæåííÿ 14. ßêùî (S, τS) � ãàóñäîðôîâà íàïiâòîïîëîãi÷íà íàïiâãðóïà òà
θ : S → H(1S) � íåïåðåðâíèé ãîìîìîðôiçì, òî (Pλ(θ, S), τst) � ãàóñäîðôîâà íàïiâ-
òîïîëîãi÷íà íàïiâãðóïà, äå τst � òîïîëîãiÿ ïîðîäæåíà áàçîþ

Bst = {Ua−1b : U ∈ B, a, b ∈ λ∗} ∪ {0}
i B � áàçà òîïîëîãi¨ τS.

Äîâåäåííÿ. Ñiì'ÿ ïiäìíîæèí Bst çàäîâîëüíÿ¹ óìîâè (B1)�(B2) [11], à îòæå, âîíà ¹
áàçîþ òîïîëîãi¨ τst íà íàïiâãðóïi Pλ(θ, S). Î÷åâèäíî, ùî (Pλ(θ, S), τst) � ãàóñäîð-
ôîâèé ïðîñòið.
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Äîâåäåìî, ùî (Pλ(θ, S), τst) � íàïiâòîïîëîãi÷íà íàïiâãðóïà. Íåõàé s, t � äîâiëüíi
åëåìåíòè íàïiâãðóïè S. Ç íàðiçíî¨ íåïåðåðâíîñòi îïåðàöi¨ íà (S, τS) âèïëèâà¹, ùî
äëÿ äîâiëüíîãî âiäêðèòîãî îêîëó U(st) åëåìåíòà st â (S, τS) iñíóþòü âiäêðèòi îêîëè
U1(s), U2(t) åëåìåíòiâ s, t â (S, τS). âiäïîâiäíî, òàêi, ùî U1(s) · t ⊆ U(st) i s · U2(t) ⊆
U(st).

Íåõàé (s, a−11 a2), (t, b−11 b2) � äîâiëüíi åëåìåíòè íàïiâãðóïè Pλ(θ, S). Ðîçãëÿíåìî
ìîæëèâi âèïàäêè.

1. ßêùî iñíó¹ ñëîâî u ∈ λ∗ òàêå, ùî b1 = ua2, òî

(s, a−11 a2) ∗ (t, b−11 b2) = (θ|u|(s)t, a−11 u−1b2).

Íåõàé Wa−1
1 u−1b2

� äîâiëüíèé âiäêðèòèé îêië òî÷êè (θ|u|(s)t, a−11 u−1b2) ó òîïîëîãi÷-

íîìó ïðîñòîði (Pλ(θ, S), τst), äå W � âiäêðèòèé îêië òî÷êè θ|u|(s)t â (S, τS). Òîäi ç
íàðiçíî¨ íåïåðåðâíîñòi íàïiâãðóïîâî¨ îïåðàöi¨ â (S, τS) i ç íåïåðåðâíîñòi ãîìîìîðôiç-
ìó θ âèïëèâà¹, ùî iñíóþòü âiäêðèòi îêîëè V (s) i V (t) òî÷îê s i t ó ïðîñòîði (S, τS),
âiäïîâiäíî, òàêi, ùî θ|u|(V (s)) · t ⊆W i θ|u|(s) · V (t) ⊆W . Òîäi

V (s)a−1
1 a2

∗ (t, b−11 b2) ⊆Wa−1
1 u−1b2

i (s, a−11 a2) ∗ V (t)b−1
1 b2

⊆Wa−1
1 u−1b2

.

2. ßêùî iñíó¹ ñëîâî v ∈ λ∗ òàêå, ùî a2 = vb1, òî

(s, a−11 a2) ∗ (t, b−11 b2) = (sθ|v|(t), a−11 vb2).

Íåõàé Wa−1
1 vb2

� äîâiëüíèé âiäêðèòèé îêië òî÷êè (sθ|v|(t), a−11 vb2) ó òîïîëîãi÷íîìó

ïðîñòîði (Pλ(θ, S), τst), äå W � âiäêðèòèé îêië òî÷êè sθ|v|(t) â (S, τS). Òîäi ç íàðiç-
íî¨ íåïåðåðâíîñòi íàïiâãðóïîâî¨ îïåðàöi¨ â (S, τS) i ç íåïåðåðâíîñòi ãîìîìîðôiçìó θ
âèïëèâà¹, ùî iñíóþòü âiäêðèòi îêîëè V (s) i V (t) òî÷îê s i t â (S, τS), âiäïîâiäíî,
òàêi, ùî V (s) · θ|v|(t) ⊆W i s · θ|v|(V (t)) ⊆W . Òîäi

V (s)a−1
1 a2

∗ (t, b−11 b2) ⊆Wa−1
1 vb2

i (s, a−11 a2) ∗ V (t)b−1
1 b2

⊆Wa−1
1 vb2

.

3. ßêùî (s, a−11 a2) ∗ (t, b−11 b2) = 0, òî

V (s)a−1
1 a2

∗ (t, b−11 b2) = {0} i (s, a−11 a2) ∗ V (t)b−11 b2 = {0}

äëÿ äîâiëüíèõ âiäêðèòèõ îêîëiâ V (s) i V (t) òî÷îê s i t, âiäïîâiäíî, â (S, τS).

Òàêîæ, ìà¹ìî, ùî V (s)a−1
1 a2
∗ {0} = {0}, {0} ∗ V (s)a−1

1 a2
= {0} i {0} ∗ {0} = {0}

äëÿ äîâiëüíîãî âiäêðèòîãî îêîëó V (s) òî÷êè s â (S, τS). �

Çàóâàæåííÿ 1. (i) Îñêiëüêè òîïîëîãi÷íèé ïðîñòið (Pλ(θ, S), τst) ¹ òîïîëîãi÷-
íîþ ñóìîþ ω · λ êîïié ïðîñòîðó (S, τS) òà içîëüîâàíî¨ òî÷êè {0}, òî íà-
ïiâòîïîëîãi÷íà íàïiâãðóïà (Pλ(θ, S), τst) óñïàäêîâó¹ óñi âëàñòèâîñòi ïðîñòî-
ðó (S, τS), ùî çáåðiãàþòüñÿ íåñêií÷åííîþ òîïîëîãi÷íîþ ñóìîþ òîïîëîãi÷íèõ
ïðîñòîðiâ. Çîêðåìà, ìåòðèêó dS ç S íà Pλ(θ, S) ìîæíà ïðîäîâæèòè òàê:

dst((s, a
−1
1 a2), (t, b−11 b2)) =

{
d(s, t), ÿêùî a−11 a2 = b−11 b2;

1, â iíøîìó âèïàäêó.

Î÷åâèäíî, ùî òîïîëîãiÿ, ïîðîäæåíà ìåòðèêîþ dst íà Pλ(θ, S), çáiãà¹òüñÿ ç
òîïîëîãi¹þ τst.

(ii) Òâåðäæåííÿ 14 âèêîíó¹òüñÿ äëÿ òîïîëîãi÷íèõ i òîïîëîãi÷íèõ iíâåðñíèõ íà-
ïiâãðóï.
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Òâåðäæåííÿ 15. Íåõàé (Pλ(θ, S), τ) � íàïiâòîïîëîãi÷íà íàïiâãðóïà. Òîäi äëÿ äî-
âiëüíèõ ñëiâ a1, a2, b1, b2,∈ λ∗ òîïîëîãi÷íi ïiäïðîñòîðè Sa−1

1 a2
i Sb−1

1 b2
¹ ãîìåîìîðô-

íèìè, à Sa−1
1 a1

òà Sb−1
1 b1

� òîïîëîãi÷íî içîìîðôíi ïiäíàïiâãðóïè â (Pλ(θ, S), τ).

Äîâåäåííÿ. Îçíà÷èìî âiäîáðàæåííÿ φ
b−1
1 b2

a−1
1 a2

: Pλ(θ, S) → Pλ(θ, S) òà φ
a−1
1 a2

b−1
1 b2

:

Pλ(θ, S)→Pλ(θ, S) ôîðìóëàìè

φ
b−1
1 b2

a−1
1 a2

(s) = (1S , b
−1
1 a1)∗s∗ (1S , a

−1
2 b2) i φ

a−1
1 a2

b−1
1 b2

(s) = (1S , a
−1
1 b1)∗s∗ (1S , b

−1
2 a2).

Âiäîáðàæåííÿ φb
−1
1 b2

a−1
1 a2

òà φa
−1
1 a2

b−1
1 b2

¹ íåïåðåðâíèìè ÿê êîìïîçèöi¨ çñóâiâ ó íàïiâòîïîëî-

ãi÷íié íàïiâãðóïi (Pλ(θ, S), τ), à òàêîæ âèêîíóþòüñÿ ðiâíîñòi φa
−1
1 a2

b−1
1 b2

(φ
b−1
1 b2

a−1
1 a2

(s)) = s

i φb
−1
1 b2

a−1
1 a2

(φ
a−1
1 a2

b−1
1 b2

(t)) = t äëÿ äîâiëüíèõ s ∈ Sa−1
1 a2

i t ∈ Sb−1
1 b2

, à îòæå, ¨õ çâóæåí-

íÿ φb
−1
1 b2

a−1
1 a2
|S
a
−1
1 a2

i (φ
a−1
1 a2

b−1
1 b2

)|S
a
−1
1 a2

¹ ãîìåîìîðôiçìàìè ïiäïðîñòîðiâ Sa−1
1 a2

i Sb−1
1 b2

â

(Pλ(θ, S), τ). Ó âèïàäêó ïiäíàïiâãðóï Sa−1
1 a1

òà Sb−1
1 b1

, î÷åâèäíî, ùî âiäîáðàæåííÿ

φ
b−1
1 b1

a−1
1 a1
|S
a
−1
1 a1

¹ içîìîðôiçìîì. �

Ëåìà 2. Íåõàé τ � ãàóñäîðôîâà òðàíñëÿöiéíî íåïåðåðâíà òîïîëîãiÿ íà íàïiâãðóïi
Pλ(θ, S). Òîäi:

(i) äëÿ äîâiëüíî¨ òî÷êè (s, ε) iñíó¹ ¨¨ âiäêðèòèé îêië V ⊆ Sε;
(ii) äëÿ äîâiëüíîãî åëåìåíòà s ∈ S òà äîâiëüíîãî ñëîâà w ∈ λ∗ iñíó¹ âiäêðèòèé

îêië V òî÷êè (s, w) òàêèé, ùî V ⊆ Sw;
(iii) äëÿ äîâiëüíîãî åëåìåíòà s ∈ S i äîâiëüíîãî ñëîâà w ∈ λ∗ iñíó¹ âiäêðèòèé

îêië V òî÷êè (s, w−1) òàêèé, ùî V ⊆ Sw−1 ;
(iv) äëÿ äîâiëüíîãî åëåìåíòà s ∈ S i äîâiëüíèõ íåïîðîæíiõ ñëiâ u, v ∈ λ∗

iñíó¹ âiäêðèòèé îêië V òî÷êè (s, u−1v), ùî ìiñòèòü ëèøå òî÷êè âèãëÿäó
(t, x−1y), äå x � ñóôiêñ ñëîâà u, a y � ñóôiêñ ñëîâà v.

Äîâåäåííÿ. (i) Çàôiêñó¹ìî äîâiëüíó ëiòåðó x ∈ λ. Òîäi
(s, ε) ∗ (1s, x

−1x) = (θ(s), x−1x) i (1s, x
−1x) ∗ (s, ε) = (θ(s), x−1x).

ÍåõàéW � âiäêðèòèé îêië òî÷êè (θ(s), x−1x), ùî íå ìiñòèòü íóëÿ 0. Ç íàðiçíî¨ íåïå-
ðåðâíîñòi íàïiâãðóïîâî¨ îïåðàöi¨ â (Pλ(θ, S), τ) âèïëèâà¹, ùî iñíó¹ âiäêðèòèé îêië V
òî÷êè (s, ε) òàêèé, ùî V ∗ (1s, x

−1x) ⊆W i (1s, x
−1x)∗V ⊆W . Îñêiëüêè (1s, x

−1x) �
iäåìïîòåíò íàïiâãðóïè Pλ(θ, S), òî ç ãàóñäîðôîâîñòi ïðîñòîðó (Pλ(θ, S), τ) âèïëè-
âà¹, ùî

Ax = (1s, x
−1x) ∗Pλ(θ, S) ∪Pλ(θ, S) ∗ (1s, x

−1x)

� çàìêíåíà ïiäìíîæèíà â (Pλ(θ, S), τ). Çâiäñè âèïëèâà¹, ùî, íå çìåíøóþ÷è çàãàëü-
íîñòi, ìîæåìî ââàæàòè, ùî V ⊆Pλ(θ, S) \Ax.

Çàôiêñó¹ìî äîâiëüíèé åëåìåíò (t, c−1d) ∈ V . Çàóâàæèìî, ùî
(t, c−1d) = (t, c−1d) ∗ (1S , d

−1d) i (t, c−1d) = (1S , c
−1c) ∗ (t, c−1d).

Ç íàïiâãðóïîâî¨ îïåðàöi¨ (1) âèçíà÷åíî¨ íà Pλ(θ, S) âèïëèâà¹, ùî x /∈ suff(d) i x /∈
suff(c). Îòîæ, ÿêùî c 6= ε i d 6= ε, i âðàõóâàâøè, ùî x � ëiòåðà àëôàâiòó λ, òî
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îòðèìó¹ìî ðiâíîñòi

(1S , d
−1d) ∗ (1S , x

−1x) = 0 i (1S , c
−1c) ∗ (1S , x

−1x) = 0,

ç ÿêèõ âèïëèâà¹, ùî

(t, c−1d) ∗ (1S , x
−1x) = (t, c−1d) ∗ (1S , d

−1d) ∗ (1S , x
−1x) = (t, c−1d) ∗ 0 = 0 ∈W

i

(1S , x
−1x) ∗ (t, c−1d) = (1S , x

−1x) ∗ (1S , c
−1c) ∗ (t, c−1d) = 0 ∗ (t, c−1d) = 0 ∈W.

Îòðèìàëè ïðîòèði÷÷ÿ. Îòîæ c = d = ε, à îòæå, V ⊆ Sε.
(ii) Çà òâåðäæåííÿì (i) äëÿ òî÷êè (s, ε) iñíó¹ ¨¨ âiäêðèòèé îêiëW ⊆ Sε. Îñêiëüêè

(s, w) ∗ (1S , w
−1) = (s, ε) äëÿ äîâiëüíîãî ñëîâà w ∈ λ∗, òî ç íàðiçíî¨ íåïåðåðâíîñòi

íàïiâãðóïîâî¨ îïåðàöi¨ â (Pλ(θ, S), τ) âèïëèâà¹, ùî iñíó¹ âiäêðèòèé îêië V òî÷êè
(s, w) òàêèé, ùî V ∗ (1S , w

−1) ⊆W . ßêùî (t, c−1d) ∈ V , òî ç ðiâíîñòi

(t, c−1d) ∗ (1S , w
−1) =


(t, c−1d1), ÿêùî w ∈ suffo(d) i d = d1w;
(t, c−1), ÿêùî d = w;

(θ|w1|(t), c−1w−11 ), ÿêùî d ∈ suffo(w) i w = w1d;
0, â iíøèõ âèïàäêàõ

òà âêëþ÷åííÿ W ⊆ Sε îòðèìó¹ìî, ùî c = d1 = w1 = ε, à îòæå, d = w. Çâiäêè
âèïëèâà¹, ùî V ⊆ Sw.

Äîâåäåííÿ òâåðäæåííÿ (iii) àíàëîãi÷íå äî (ii).

(iv) Çàôiêñó¹ìî äîâiëüíèé åëåìåíò (s, u−1v) íàïiâãðóïè Pλ(θ, S). Î÷åâèäíî, ùî
âèêîíóþòüñÿ ðiâíîñòi

(s, u−1v) ∗ (1S , v
−1) = (s, u−1) i (1S , u) ∗ (s, u−1v) = (s, v).

Ç òâåðäæåíü (ii) i (iii) âèïëèâà¹, ùî iñíóþòü âiäêðèòi îêîëè W(s,u−1) i W(s,v) òî÷îê
(s, u−1) i (s, v) â òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ), âiäïîâiäíî, òàêi, ùîW(s,u−1) ⊆
Su−1 i W(s,v) ⊆ Sv. Ç íàðiçíî¨ íåïåðåðâíîñòi íàïiâãðóïîâî¨ îïåðàöi¨ â (Pλ(θ, S), τ)

âèïëèâà¹, ùî iñíó¹ âiäêðèòèé îêië V(s,u−1v) òî÷êè (s, u−1v) òàêèé, ùî

V(s,u−1v) ∗ (1S , v
−1) ⊆W(s,u−1) i (1S , u) ∗ V(s,u−1v) ⊆W(s,v).

Çàôiêñó¹ìî äîâiëüíó òî÷êó (t, x−1y) ∈ V(s,u−1v). Òîäi

(t, x−1y) ∗ (1S , v
−1) = (t1, u

−1) i (1S , u) ∗ (t, x−1y) = (t2, v),

äëÿ äåÿêèõ t1, t2 ∈ S. Ç êîæíî¨ ç öèõ ðiâíîñòåé âèïëèâà¹, ùî x ¹ ñóôiêñîì ñëîâà u,
a y ¹ ñóôiêñîì ñëîâà v. �

Äëÿ äîâiëüíèõ ñëiâ u, v ∈ λ∗ ïîçíà÷èìî

P
[u−1v]
λ (θ, S) =

{
(s, u−1a−1bv) ∈Pλ(θ, S) : s ∈ S, a, b ∈ λ∗

}
.

Ëåìà 3. Íåõàé τ � ãàóñäîðôîâà òðàíñëÿöiéíî íåïåðåðâíà òîïîëîãiÿ íà íàïiâãðóïi

Pλ(θ, S). Òîäi äëÿ äîâiëüíèõ ñëiâ u, v ∈ λ∗ ïiäïðîñòið P
[u−1v]
λ (θ, S) â (Pλ(θ, S), τ)

ãîìåîìîðôíèé ïðîñòîðó (Pλ(θ, S), τ).
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Äîâåäåííÿ. Ç íàðiçíî¨ íåïåðåðâíîñòi íàïiâãðóïîâî¨ îïåðàöi¨ â (Pλ(θ, S), τ) âèïëèâà¹,
ùî âiäîáðàæåííÿ

f : Pλ(θ, S)→P
[u−1v]
λ (θ, S), x 7→ (1S , u

−1) ∗ x ∗ (1S , v)

i
h : P

[u−1v]
λ (θ, S)→Pλ(θ, S), x 7→ (1S , u) ∗ x ∗ (1S , v

−1)

¹ íåïåðåðâíèìè. Î÷åâèäíî, ùî f ◦ h i h ◦ f � òîòîæíi âiäîáðàæåííÿ ìíîæèí

P
[u−1v]
λ (θ, S) i Pλ(θ, S), âiäïîâiäíî, çâiäêè âèïëèâà¹ òâåðäæåííÿ ëåìè. �

Ç ëåì 2 i 3 âèïëèâà¹ íàñëiäîê 7.

Íàñëiäîê 7. Íåõàé u, v ∈ λ∗ i τ � ãàóñäîðôîâà òðàíñëÿöiéíî íåïåðåðâíà òîïîëîãiÿ
íà íàïiâãðóïi Pλ(θ, S). Òîäi:

(i) äëÿ äîâiëüíî¨ òî÷êè (s, u−1v) iñíó¹ ¨¨ âiäêðèòèé îêië V ∩ P
[u−1v]
λ (θ, S) ⊆

Su−1v;
(ii) äëÿ äîâiëüíîãî åëåìåíòà s ∈ S òà äîâiëüíîãî ñëîâà w ∈ λ∗ iñíó¹ âiäêðèòèé

îêië V òî÷êè (s, u−1wv) òàêèé, ùî V ∩P
[u−1v]
λ (θ, S) ⊆ Su−1wv;

(iii) äëÿ äîâiëüíîãî åëåìåíòà s ∈ S òà äîâiëüíîãî ñëîâà w ∈ λ∗ iñíó¹ âiäêðèòèé
îêië V òî÷êè (s, u−1w−1v) òàêèé, ùî V ∩P

[u−1v]
λ (θ, S) ⊆ Su−1w−1v.

Ëåìà 4. Íåõàé τ � ãàóñäîðôîâà òðàíñëÿöiéíî íåïåðåðâíà òîïîëîãiÿ íà íàïiâãðó-
ïi Pλ(θ, S) òàêà, ùî Su−1v � çàìêíåíà ïiäìíîæèíà â òîïîëîãi÷íîìó ïðîñòîði
(Pλ(θ, S), τ) äëÿ äåÿêèõ íåïîðîæíiõ ñëiâ u, v ∈ λ∗. Òîäi Su−1 i Sv � çàìêíåíi ïiä-
ìíîæèíè â (Pλ(θ, S), τ).

Äîâåäåííÿ. Î÷åâèäíî, ùî äëÿ äîâiëüíîãî åëåìåíòà s ∈ S âèêîíó¹òüñÿ ðiâíiñòü

(s, u−1) ∗ (1S , v) = (s, u−1v).

Íåõàé (t, x−1y) � äîâiëüíèé åëåìåíò íàïiâãðóïè Pλ(θ, S) òàêèé, ùî

(t, x−1y) ∗ (1S , v) ∈ Su−1v.

Òîäi

(t, x−1y) ∗ (1S , v) = (t · θ|y|(1S), x−1yv) =

= (t · 1S , x−1yv) =

= (t, x−1yv),

à îòæå, y = ε i x = u. Îòîæ ïîâíèì ïðîîáðàçîì ìíîæèíè Su−1v ñòîñîâíî ïðàâîãî
çñóâó íà åëåìåíò (1S , v) ¹ ìíîæèíà Su−1 . Îñêiëüêè çñóâè â (Pλ(θ, S), τ) íåïåðåðâíi
âiäîáðàæåííÿ, òî çà òåîðåìîþ 1.4.1 ç [11], Su−1 � çàìêíåíà ïiäìíîæèíà â òîïîëî-
ãi÷íîìó ïðîñòîði (Pλ(θ, S), τ).

Àíàëîãi÷íî, äëÿ äîâiëüíîãî åëåìåíòà s ∈ S âèêîíó¹òüñÿ ðiâíiñòü

(1S , u
−1) ∗ (s, v) = (s, u−1v).

ßêùî (t, x−1y) � äîâiëüíèé åëåìåíò íàïiâãðóïè Pλ(θ, S) òàêèé, ùî

(1S , u
−1) ∗ (t, x−1y) ∈ Su−1v,
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òî

(1S , u
−1) ∗ (t, x−1y) = (θ|x|(1S) · t, u−1x−1y) =

= (1S · t, u−1x−1y) =

= (t, u−1x−1y),

à îòæå, y = v i x = ε. Çâiäñè âèïëèâà¹, ùî ïîâíèì ïðîîáðàçîì ìíîæèíè Su−1v

ñòîñîâíî ëiâîãî çñóâó íà åëåìåíò (1S , u
−1) ¹ ìíîæèíà Sv. Äàëi çíîâó ç òåîðåìè 1.4.1

[11] âèïëèâà¹, ùî Sv � çàìêíåíà ïiäìíîæèíà â (Pλ(θ, S), τ). �

Ëåìà 5. Íåõàé τ � ãàóñäîðôîâà òðàíñëÿöiéíî íåïåðåðâíà òîïîëîãiÿ íà íàïiâ-
ãðóïi Pλ(θ, S) òàêà, ùî Su−1 � çàìêíåíà ïiäìíîæèíà â òîïîëîãi÷íîìó ïðîñòîði
(Pλ(θ, S), τ) äëÿ äåÿêîãî íåïîðîæíüîãî ñëîâà u ∈ λ∗. Òîäi Sε � çàìêíåíà ïiäìíî-
æèíà â (Pλ(θ, S), τ).

Äîâåäåííÿ. Î÷åâèäíî, ùî äëÿ äîâiëüíîãî åëåìåíòà s ∈ S âèêîíó¹òüñÿ ðiâíiñòü

(1S , u
−1) ∗ (s, ε) = (s, u−1).

Íåõàé (t, x−1y) � äîâiëüíèé åëåìåíò íàïiâãðóïè Pλ(θ, S) òàêèé, ùî

(1S , u
−1) ∗ (t, x−1y) ∈ Su−1 .

Òîäi

(1S , u
−1) ∗ (t, x−1y) = (θ|x|(1S) · t, u−1x−1y) =

= (1S · t, u−1x−1y) =

= (t, u−1x−1y),

à îòæå, x = y = ε. Çâiäñè âèïëèâà¹, ùî ïîâíèì ïðîîáðàçîì ìíîæèíè Su−1 ñòîñîâ-
íî ëiâîãî çñóâó íà åëåìåíò (1S , u

−1) ¹ ìíîæèíà Sε. Îñêiëüêè çñóâè â (Pλ(θ, S), τ)
íåïåðåðâíi âiäîáðàæåííÿ, òî çà òåîðåìîþ 1.4.1 ç [11], Sε � çàìêíåíà ïiäìíîæèíà â
òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ). �

Ëåìà 6. Íåõàé τ � ãàóñäîðôîâà òðàíñëÿöiéíî íåïåðåðâíà òîïîëîãiÿ íà íàïiâ-
ãðóïi Pλ(θ, S) òàêà, ùî Sv � çàìêíåíà ïiäìíîæèíà â òîïîëîãi÷íîìó ïðîñòîði
(Pλ(θ, S), τ) äëÿ äåÿêîãî íåïîðîæíüîãî ñëîâà v ∈ λ∗. Òîäi Sε � çàìêíåíà ïiäìíî-
æèíà â (Pλ(θ, S), τ).

Äîâåäåííÿ. Ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ â Pλ(θ, S) âèïëèâà¹, ùî äëÿ äîâiëü-
íîãî åëåìåíòà s ∈ S âèêîíó¹òüñÿ ðiâíiñòü

(s, ε) ∗ (1S , v) = (s, v).

Íåõàé (t, x−1y) � äîâiëüíèé åëåìåíò íàïiâãðóïè Pλ(θ, S) òàêèé, ùî

(t, x−1y) ∗ (1S , v) ∈ Sv.
Òîäi

(t, x−1y) ∗ (1S , v) = (t · θ|y|(1S), x−1yv) =

= (t · 1S , x−1yv) =

= (t, x−1yv),
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à îòæå, x = y = ε. Îòîæ ïîâíèì ïðîîáðàçîì ìíîæèíè Sv ñòîñîâíî ïðàâîãî çñóâó
íà åëåìåíò (1S , v) ¹ ìíîæèíà Sε. Îñêiëüêè çñóâè â (Pλ(θ, S), τ) ¹ íåïåðåðâíèìè,
òî çà òåîðåìîþ 1.4.1 ç [11], Sε � çàìêíåíà ïiäìíîæèíà â òîïîëîãi÷íîìó ïðîñòîði
(Pλ(θ, S), τ). �

Òåîðåìà 3. Íåõàé τ � ãàóñäîðôîâà òðàíñëÿöiéíî íåïåðåðâíà òîïîëîãiÿ íà íàïiâ-
ãðóïi Pλ(θ, S) òàêà, ùî Sε � çàìêíåíà ïiäìíîæèíà â òîïîëîãi÷íîìó ïðîñòîði
(Pλ(θ, S), τ). Òîäi Su−1v � çàìêíåíà ïiäìíîæèíà â (Pλ(θ, S), τ) äëÿ äîâiëüíèõ ñëiâ
u, v ∈ λ∗.

Äîâåäåííÿ. Òåîðåìó äîâåäåìî iíäóêöi¹þ ïî äîâæèíi ñëiâ u, v ∈ λ∗.
Ñïî÷àòêó äîâåäåìî, ùî Su−1v � çàìêíåíà ïiäìíîæèíà â (Pλ(θ, S), τ) äëÿ äî-

âiëüíèõ ñëiâ u, v ∈ λ∗, äîâæèíè ÿêèõ íå ïåðåâèùóþòü 1.
Íåõàé a � äîâiëüíà ëiòåðà àëôàâiòó λ. Ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ â

Pλ(θ, S) âèïëèâà¹, ùî äëÿ äîâiëüíîãî åëåìåíòà s ∈ S âèêîíó¹òüñÿ ðiâíiñòü

(s, a) ∗ (1S , a
−1) = (s · 1S , ε) = (s, ε).

Íåõàé (t, x−1y) � äîâiëüíèé åëåìåíò íàïiâãðóïè Pλ(θ, S) òàêèé, ùî (t, x−1y) ∗
(1S , a

−1) ∈ Sε. Òîäi

(t, x−1y) ∗ (1S , a
−1) =


(θ(t)), x−1a−1), ÿêùî y = ε; (11)

(t, x−1), ÿêùî y = a; (12)
(t, x−1y1), ÿêùî y = y1a òà y1 6= ε; (13)

0, â iíøèõ âèïàäêàõ. (14)

Î÷åâèäíî, ùî âèïàäêè (11), (13) òà (14) íåìîæëèâi, à îòæå, âèêîíó¹òüñÿ âèïàäîê
(12). Îòîæ îòðèìà¹ìî, ùî x = ε i y = a. Çâiäñè âèïëèâà¹, ùî ïîâíèì ïðîîáðàçîì
ìíîæèíè Sε ñòîñîâíî ïðàâîãî çñóâó íà åëåìåíò (1S , a

−1) ¹ ìíîæèíà Sa. Îñêiëüêè
çñóâè â (Pλ(θ, S), τ) ¹ íåïåðåðâíèìè, òî çà òåîðåìîþ 1.4.1 ç [11], Sa � çàìêíåíà
ïiäìíîæèíà â òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ).

Äàëi, äëÿ äîâiëüíî¨ ëiòåðè b àëôàâiòó λ, ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ â
Pλ(θ, S) âèïëèâà¹, ùî äëÿ äîâiëüíîãî åëåìåíòà s ∈ S âèêîíó¹òüñÿ ðiâíiñòü

(1S , b) ∗ (s, b−1) = (1S · s, ε) = (s, ε).

Íåõàé (t, x−1y) � äîâiëüíèé åëåìåíò íàïiâãðóïè Pλ(θ, S) òàêèé, ùî

(1S , b) ∗ (t, x−1y) ∈ Sε.

Òîäi

(1S , b) ∗ (t, x−1y) =


(θ(t)), by), ÿêùî x = ε; (21)

(t, y), ÿêùî x = b; (22)
(t, x−11 y), ÿêùî x = x1b òà x1 6= ε; (23)

0, â iíøèõ âèïàäêàõ. (24)

Î÷åâèäíî, ùî âèïàäêè (21), (23) òà (24) íåìîæëèâi, à îòæå, âèêîíó¹òüñÿ âèïàäîê
(22). Îòîæ ìà¹ìî, ùî x = b i y = ε. Çâiäñè âèïëèâà¹, ùî ïîâíèì ïðîîáðàçîì ìíî-
æèíè Sε ñòîñîâíî ëiâîãî çñóâó íà åëåìåíò (1S , b) ¹ ìíîæèíà Sb−1 . Îñêiëüêè çñóâè â
(Pλ(θ, S), τ) ¹ íåïåðåðâíèìè, òî çà òåîðåìîþ 1.4.1 ç [11], Sb−1 � çàìêíåíà ïiäìíî-
æèíà â òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ).
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Íåõàé a òà b � äîâiëüíi ëiòåðè àëôàâiòó λ. Ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨
â Pλ(θ, S) âèïëèâà¹, ùî äëÿ äîâiëüíîãî åëåìåíòà s ∈ S âèêîíó¹òüñÿ ðiâíiñòü

(1S , b) ∗ (s, b−1a) = (s, a).

Íåõàé (t, x−1y) � äîâiëüíèé åëåìåíò íàïiâãðóïè Pλ(θ, S) òàêèé, ùî

(1S , b) ∗ (t, x−1y) ∈ Sa.

Ðîçãëÿíåìî äâà âèïàäêè a = b é a 6= b. Ïðèïóñòèìî, ùî a = b. Òîäi

(1S , a) ∗ (t, x−1y) =


(θ(t)), ay), ÿêùî x = ε; (31)

(t, y), ÿêùî x = a; (32)
(t, x−11 y), ÿêùî x = x1a òà x1 6= ε; (33)

0, â iíøèõ âèïàäêàõ. (34)

Î÷åâèäíî, ùî âèïàäêè (33) òà (34) íåìîæëèâi, à îòæå, âèêîíóþòüñÿ âèïàäêè (31)
òà (32). Ó âèïàäêó (31) ìàòèìåìî, ùî x = y = ε òà ó âèïàäêó (32) ìà¹ìî, ùî
x = y = a. Çâiäñè âèïëèâà¹, ùî ïîâíèì ïðîîáðàçîì ìíîæèíè Sa ñòîñîâíî ëiâîãî
çñóâó íà åëåìåíò (1S , a) ¹ ìíîæèíà Sa−1a ∪Sε. Ç íåïåðåðâíîñòi çñóâiâ ó (Pλ(θ, S), τ)
òà òåîðåìè 1.4.1 [11] âèïëèâà¹, ùî Sa−1a∪Sε � çàìêíåíà ïiäìíîæèíà â (Pλ(θ, S), τ).
Çà ëåìîþ 2(i), Sε � âiäêðèòà ïiäìíîæèíà â (Pλ(θ, S), τ), à îòæå, Sa−1a � çàìêíåíà
ïiäìíîæèíà â òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ).

Ïðèïóñòèìî, ùî a 6= b. Òîäi

(1S , b) ∗ (t, x−1y) =


(θ(t)), by), ÿêùî x = ε; (41)

(t, y), ÿêùî x = b; (42)
(t, x−11 y), ÿêùî x = x1b òà x1 6= ε; (43)

0, â iíøèõ âèïàäêàõ. (44)

Î÷åâèäíî, ùî âèïàäêè (41), (43) òà (44) íåìîæëèâi, à îòæå, âèêîíó¹òüñÿ âèïàäîê
(42). Îòîæ ìà¹ìî, ùî x = b i y = a. Çâiäñè âèïëèâà¹, ùî ïîâíèì ïðîîáðàçîì ìíî-
æèíè Sa ñòîñîâíî ëiâîãî çñóâó íà åëåìåíò (1S , b) ¹ ìíîæèíà Sb−1a. Îñêiëüêè çñóâè
â (Pλ(θ, S), τ) ¹ íåïåðåðâíèìè âiäîáðàæåííÿìè, òî çà òåîðåìîþ 1.4.1 ç [11], Sb−1a �
çàìêíåíà ïiäìíîæèíà â òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ).

Òåïåð äîâåäåìî êðîê iíäóêöi¨: ç òîãî, ùî Su−1v � çàìêíåíà ïiäìíîæèíà â
(Pλ(θ, S), τ) äëÿ äîâiëüíèõ ñëiâ u, v ∈ λ∗ äîâæèíè < k âèïëèâà¹, ùî Sw−1z � çàìê-
íåíà ïiäìíîæèíà â (Pλ(θ, S), τ) äëÿ äîâiëüíèõ ñëiâ w, z ∈ λ∗ äîâæèíè 6 k.

Íåõàé u ∈ λ∗ � ñëîâî äîâæèíè k i v ∈ λ∗ � ñëîâî äîâæèíè < k. Íåõàé b ∈ λ �
îñòàííÿ ëiòåðà ñëîâà u, òîáòî u = u1b äëÿ äåÿêîãî ñëîâà u1 ∈ λ∗ äîâæèíè k−1. Òîäi

(1S , b) ∗ (s, u−1v) = (1S , b) ∗ (s, b−1u−11 v) = (s, u−11 v).

Íåõàé (t, x−1y) � äîâiëüíèé åëåìåíò íàïiâãðóïè Pλ(θ, S) òàêèé, ùî

(1S , b) ∗ (t, x−1y) ∈ Su−1
1 v.

Òîäi

(1S , b) ∗ (t, x−1y) =


(θ(t)), by), ÿêùî x = ε; (51)

(t, y), ÿêùî x = b; (52)
(t, x−11 y), ÿêùî x = x1b òà x1 6= ε; (53)

0, â iíøèõ âèïàäêàõ. (54)
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Îñêiëüêè ñëîâî u1 ∈ λ∗ ìà¹ äîâæèíó k− 1, òî âèïàäêè (51), (52) i (54) íåìîæëèâi, à
îòæå, âèêîíó¹òüñÿ âèïàäîê (53). Îòîæ ìà¹ìî, ùî x = u1b i y = v. Çâiäñè âèïëèâà¹,
ùî ïîâíèì ïðîîáðàçîì ìíîæèíè Su−1

1 v ñòîñîâíî ëiâîãî çñóâó íà åëåìåíò (1S , b) ¹
ìíîæèíà Su−1v. Îñêiëüêè çñóâè â (Pλ(θ, S), τ) ¹ íåïåðåðâíèìè âiäîáðàæåííÿìè, òî
çà òåîðåìîþ 1.4.1 ç [11], Su−1v � çàìêíåíà ïiäìíîæèíà â òîïîëîãi÷íîìó ïðîñòîði
(Pλ(θ, S), τ).

Íåõàé u ∈ λ∗ � ñëîâî äîâæèíè 6 k i v ∈ λ∗ � ñëîâî äîâæèíè k. Íåõàé a ∈ λ �
îñòàííÿ ëiòåðà ñëîâà v, òîáòî v = v1a äëÿ äåÿêîãî ñëîâà v1 ∈ λ∗ äîâæèíè k− 1. Òîäi

(s, u−1v) ∗ (1S , a
−1) = (s, u−1v1a) ∗ (1S , a

−1) =

= (s · 1S , u−1v1) =

= (s, u−1v1).

Íåõàé (t, x−1y) � äîâiëüíèé åëåìåíò íàïiâãðóïè Pλ(θ, S) òàêèé, ùî

(t, x−1y) ∗ (1S , a
−1) ∈ Su−1v1 .

Òîäi

(t, x−1y) ∗ (1S , a
−1) =


(θ(t)), x−1a−1), ÿêùî y = ε; (61)

(t, x−1), ÿêùî y = a; (62)
(t, x−1y1), ÿêùî y = y1a òà y1 6= ε; (63)

0, â iíøèõ âèïàäêàõ. (64)

Îñêiëüêè ñëîâî v1 ∈ λ∗ ìà¹ äîâæèíó k − 1, òî âèïàäêè (61), (62) òà (64) íåìîæëèâi,
à îòæå, âèêîíó¹òüñÿ âèïàäîê (63). Îòîæ ìà¹ìî, ùî x = u i y = v1a. Çâiäñè âèïëèâà¹,
ùî ïîâíèì ïðîîáðàçîì ìíîæèíè Su−1v1 ñòîñîâíî ïðàâîãî çñóâó íà åëåìåíò (1S , a

−1)
¹ ìíîæèíà Su−1v. Îñêiëüêè çñóâè â (Pλ(θ, S), τ) ¹ íåïåðåðâíèìè âiäîáðàæåííÿìè,
òî çà òåîðåìîþ 1.4.1 ç [11], Su−1v � çàìêíåíà ïiäìíîæèíà â òîïîëîãi÷íîìó ïðîñòîði
(Pλ(θ, S), τ). Öå çàâåðøó¹ äîâåäåííÿ êðîêó iíäóêöi¨, à îòæå, âèêîíó¹òüñÿ òâåðäæåí-
íÿ òåîðåìè. �

Íåõàé (S, τS) � íàïiâòîïîëîãi÷íèé ìîíî¨ä i θ : S → HS(1) � íåïåðåðâíèé ãîìî-
ìîðôiçì ç S ó éîãî ãðóïó îäèíèöü HS(1). Áóäåìî ãîâîðèòè, ùî íàïiâòîïîëîãi÷íèé
ìîíî¨ä (Pλ(θ, S), τPλ

) ¹ òîïîëîãi÷íèì λ-ïîëiöèêëi÷íèì ðîçøèðåííÿì Áðóêà-Ðåéëi
ìîíî¨äà (S, τS) iç âèçíà÷åíèì ãîìîìîðôiçìîì θ â êëàñi íàïiâòîïîëîãi÷íèõ íàïiâ-
ãðóï STS, ÿêùî âiäîáðàæåííÿ Υ: (S, τS)→ (Pλ(θ, S), τPλ

), îçíà÷åíå çà ôîðìóëîþ
Υ: s 7→ (s, ε), ¹ òîïîëîãî-àëãåáðè÷íèì âêëàäåííÿì i (S, τS), (Pλ(θ, S), τPλ

) ∈ STS.
ßêùî íàïiâòîïîëîãi÷íà íàïiâãðóïà (S, τS) íå ìiñòèòü îäèíèöi, òî ïðè¹äíàâøè îäèíè-
öþ 1S äî (S, τS) ÿê içîëüîâàíó òî÷êó òà îçíà÷èâøè ãîìîìîðôiçì θ : S → HS(1), s 7→ 1,
ìè àíàëîãi÷íî, ÿê i â [1], îòðèìó¹ìî òîïîëîãi÷íå λ-ïîëiöèêëi÷íå ðîçøèðåííÿì Áðó-
êà ìîíî¨äà (S, τS). Çàóâàæèìî, ùî ç òâåðäæåííÿ 15 âèïëèâà¹, ùî òîïîëîãi÷íèé içî-
ìîðôiçì âêëàäåííÿ Υ: (S, τS) → (Pλ(θ, S), τPλ

) ìîæíà âèçíà÷àòè é çà ôîðìóëîþ
Υ: s 7→ (s, w−1w), äå w � äîâiëüíå ñëîâî âiëüíîãî ìîíî¨äà λ∗.

Ç òâåðäæåííÿ 14 âèïëèâà¹, ùî äëÿ äîâiëüíî¨ íàïiâòîïîëîãi÷íî¨ íàïiâãðóïè
(S, τS) iñíó¹ òîïîëîãi÷íå λ-ïîëiöèêëi÷íå ðîçøèðåííÿ Áðóêà-Ðåéëi (Pλ(θ, S), τ)
íàïiâãðóïè (S, τS) iç âèçíà÷åíèì ãîìîìîðôiçìîì θ â êëàñi íàïiâòîïîëîãi÷íèõ íà-
ïiâãðóï òàêå, ùî äëÿ äîâiëüíèõ ñëiâ u òà v âiëüíîãî ìîíî¨äà λ∗ ïiäìíîæèíà Su−1v

âiäêðèòî-çàìêíåíà â òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ) i íóëü 0 ¹ içîëüîâàíîþ
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òî÷êîþ öüîãî ïðîñòîðó. Òîìó ïðèðîäíî âèíèêà¹ òàêå çàïèòàííÿ: çà ÿêèõ óìîâ íà
íàïiâòîïîëîãi÷íó íàïiâãðóïó (S, τS) óñi òîïîëîãi÷íi λ-ïîëiöèêëi÷íi ðîçøèðåííÿ
Áðóêà-Ðåéëi (Pλ(θ, S), τ) íàïiâãðóïè (S, τS) ìàþòü îäíó, ÷è îáèäâi ç öèõ âèùå
ïåðåëi÷åíèõ âëàñòèâîñòåé?

Íà çàâåðøåííi ìè äà¹ìî ÷àñòêîâó âiäïîâiäü íà çàïèòàííÿ: çà ÿêèõ óìîâ ïiäìíî-
æèíà Su−1v âiäêðèòî-çàìêíåíà â äîâiëüíîìó òîïîëîãi÷íîìó λ-ðîçøèðåííi Áðóêà-
Ðåéëi (Pλ(θ, S), τ) íàïiâòîïîëîãi÷íî¨ íàïiâãðóïè (S, τS)?

Íàãàäà¹ìî, ùî òîïîëîãi÷íèé ïðîñòið X íàçèâà¹òüñÿ êîìïàêòíèì, ÿêùî êîæíå
âiäêðèòå ïîêðèòòÿ ïðîñòîðó X ìiñòèòü ñêií÷åííå ïiäïîêðèòòÿ.

Íàïiâòîïîëîãi÷íà íàïiâãðóïà S íàçèâà¹òüñÿ H-çàìêíåíîþ â êëàñi ãàóñäîðôî-
âèõ íàïiâòîïîëîãi÷íèõ íàïiâãðóï STS, ÿêùî S ∈ STS i êîæíà íàïiâòîïîëîãi÷íà
íàïiâãðóïà T ∈ STS, ùî ìiñòèòü íàïiâãðóïó S, ìiñòèòü íàïiâãðóïó S ÿê çàìêíåíèé
ïiäïðîñòið [13].

Òåîðåìà 4. Íåõàé (S, τS) � ãàóñäîðôîâèé íàïiâòîïîëîãi÷íèé ìîíî¨ä, θ : S → HS(1)
� íåïåðåðâíèé ãîìîìîðôiçì i (Pλ(θ, S), τ) � òîïîëîãi÷íå λ-ïîëiöèêëi÷íå ðîçøèðåí-
íÿ Áðóêà-Ðåéëi íàïiâãðóïè (S, τS) â êëàñi ãàóñäîðôîâèõ íàïiâòîïîëîãi÷íèõ íàïiâ-
ãðóï. ßêùî (S, τS) ìiñòèòü ëiâèé (ïðàâèé, äâîái÷íèé) iäåàë, ÿêèé ¹ H-çàìêíåíîþ
íàïiâãðóïîþ â êëàñi ãàóñäîðôîâèõ íàïiâòîïîëîãi÷íèõ íàïiâãðóï, òî äëÿ äîâiëüíèõ
ñëiâ u òà v âiëüíîãî ìîíî¨äà λ∗ ïiäìíîæèíà Su−1v âiäêðèòî-çàìêíåíà â òîïîëîãi÷-
íîìó ïðîñòîði (Pλ(θ, S), τ).

Äîâåäåííÿ. Çà òåîðåìîþ 3 íàì äîñòàòíüî äîâåñòè, ùî Sε � çàìêíåíà ïiäìíîæèíà â
òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ), îñêiëüêè â öüîìó âèïàäêó ç ëåìè 2 âèïëèâà¹,
ùî âñi ìíîæèíè âèãëÿäó Su−1v âiäêðèòi â òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ).

Ïðèïóñòèìî, ùî íàïiâãðóïà (S, τS) ìiñòèòü ëiâèé iäåàë I, ùî ¹ H-çàìêíåíîþ
íàïiâãðóïîþ â êëàñi ãàóñäîðôîâèõ íàïiâòîïîëîãi÷íèõ íàïiâãðóï. Òîäi

Iε = {(s, ε) : s ∈ I}
¹ çàìêíåíîþ ïiäíàïiâãðóïîþ â íàïiâòîïîëîãi÷íié íàïiâãðóïi (Pλ(θ, S), τ). Çàôiêñó-
¹ìî äîâiëüíèé åëåìåíò (s0, ε) ∈ Iε. Î÷åâèäíî, ùî (t, ε) ∗ (s0, ε) ∈ Iε äëÿ äîâiëüíîãî
åëåìåíòà t ∈ S. Íåõàé (t, x−1y) � äîâiëüíèé åëåìåíò íàïiâãðóïè Pλ(θ, S) òàêèé, ùî
(t, x−1y) ∗ (s0, ε) ∈ Sε. Òîäi

(t, x−1y) ∗ (s0, ε) =


(ts0, ε), ÿêùî x = y = ε; (71)

(ts0, x
−1), ÿêùî x 6= ε i y = ε; (72)

(tθ|y|(s), x−1y), ÿêùî x 6= ε i y 6= ε. (73)

Î÷åâèäíî, ùî âèïàäêè (72) òà (73) íåìîæëèâi, à îòæå, âèêîíó¹òüñÿ âèïàäîê (71).
Îòîæ ìà¹ìî, ùî x = y = ε. Çâiäñè âèïëèâà¹, ùî ïîâíèì ïðîîáðàçîì ìíîæèíè Iε
ñòîñîâíî ëiâîãî çñóâó íà åëåìåíò (s0, ε) ¹ ìíîæèíà Sε. Îñêiëüêè çñóâè â (Pλ(θ, S), τ)
¹ íåïåðåðâíèìè âiäîáðàæåííÿìè, òî çà òåîðåìîþ 1.4.1 ç [11], Sε � çàìêíåíà ïiäìíî-
æèíà â òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ). Äàëi ñêîðèñòà¹ìîñÿ òåîðåìîþ 3.

Äîâåäåííÿ ó âèïàäêó ïðàâîãî, ÷è äâîái÷íîãî iäåàëó, àíàëîãi÷íå. �

Ç òåîðåìè 4 âèïëèâà¹ íàñëiäîê 8.

Íàñëiäîê 8. Íåõàé (S, τS) � ãàóñäîðôîâèé íàïiâòîïîëîãi÷íèé ìîíî¨ä, θ : S →
HS(1) � íåïåðåðâíèé ãîìîìîðôiçì i (Pλ(θ, S), τ) � òîïîëîãi÷íå λ-ïîëiöèêëi÷íå
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ðîçøèðåííÿ Áðóêà-Ðåéëi íàïiâãðóïè (S, τS) â êëàñi ãàóñäîðôîâèõ íàïiâòîïîëîãi÷íèõ
íàïiâãðóï. ßêùî (S, τS) ìiñòèòü êîìïàêòíèé ëiâèé (ïðàâèé, äâîái÷íèé) iäåàë, òî
äëÿ äîâiëüíèõ ñëiâ u òà v âiëüíîãî ìîíî¨äà λ∗ ïiäìíîæèíà Su−1v âiäêðèòî-çàìêíåíà
â òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ).

Òåîðåìà 5. Íåõàé (S, τS) � ãàóñäîðôîâèé òîïîëîãi÷íèé iíâåðñíèé ìîíî¨ä, θ : S →
HS(1) � íåïåðåðâíèé ãîìîìîðôiçì i (Pλ(θ, S), τ) � òîïîëîãi÷íå λ-ïîëiöèêëi÷íå
ðîçøèðåííÿ Áðóêà-Ðåéëi íàïiâãðóïè (S, τS) â êëàñi ãàóñäîðôîâèõ òîïîëîãi÷íèõ ií-
âåðñíèõ íàïiâãðóï. ßêùî íàïiâãðóïà S ìiñòèòü ìiíiìàëüíèé iäåìïîòåíò, òî äëÿ
äîâiëüíèõ ñëiâ u òà v âiëüíîãî ìîíî¨äà λ∗ ïiäìíîæèíà Su−1v âiäêðèòî-çàìêíåíà â
òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ).

Äîâåäåííÿ. Îñêiëüêè â òîïîëîãi÷íié iíâåðñíié íàïiâãðóïi S iíâåðñiÿ òà íàïiâãðóïîâà
îïåðàöiÿ íåïåðåðâíi, òî êîæíà ìàêñèìàëüíà ïiäãðóïà â S, à îòæå, i êîæåí H -êëàñ, ¹
çàìêíåíîþ ïiäìíîæèíîþ â S [10]. Çâiäñè âèïëèâà¹, ÿêùî e0 � ìiíiìàëüíèé iäåìïî-
òåíò íàïiâãðóïè S, òî ìàêñèìàëüíà ïiäãðóïà H(e0, ε) â Pλ(θ, S), ùî ìiñòèòü iäåìïî-
òåíò (e0, ε), ¹ çàìêíåíîþ ïiäìíîæèíîþ â òîïîëîãi÷íîìó ïðîñòîði (Pλ(θ, S), τ). Äàëi
äîâåäåííÿ àíàëîãi÷íå äî òåîðåìè 4. �

Çàóâàæåííÿ 2. Íàïiâãðóïà Áðóêà�Ðåéëi B(S, θ) íàä ìîíî¨äîì S (äèâ. [20, ïiäðîç-
äië II.5]) ¹, î÷åâèäíî, ïiäíàïiâãðóïîþ â Pλ(θ, S). Çàóâàæèìî, ùî ç òåîðåì 3 i 4
âèïëèâàþòü îñíîâíi ðåçóëüòàòè, îòðèìàíi â ïðàöÿõ [1, 2, 15] äëÿ òîïîëîãi÷íèõ ðîç-
øèðåíü Áðóêà�Ðåéëi òîïîëîãi÷íèõ i íàïiâòîïîëîãi÷íèõ íàïiâãðóï.
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In the paper we introduce a notion of the Bruck-Reilly λ-polycyclic extensi-
on of a monoid S with a homomorphism θ which is an analogue of the
Bruck-Reilly extension of a monoid S. We describe idempotens of the semi-
group (Pλ(θ, S), ∗) and Green's relations on (Pλ(θ, S), ∗). It is proved that
(Pλ(θ, S), ∗) is a 0-simple semigroup for any semigroup S. We �nd necessary
and su�cient conditions on a monoid S and a homomorphism θ under which
the semigroup (Pλ(θ, S), ∗) is regular, inverse, 0-bisimple, combinatorial,
congruence free, or inverse 0-E-unitary. Also we study topologizations of the
semigroup (Pλ(θ, S), ∗).

Key words: semigroup, polycyclic monoid, extension, semitopological semi-
group, topological semigroup.
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ON FEEBLY COMPACT TOPOLOGIES ON
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We study the Gutik-Mykhalenych semigroup BF1
ω in the case when the

family F1 consists of the empty set and all singleton in ω. We show that
BF1

ω is isomorphic to subsemigroup B�
ω(ωmin) of the Brandt ω-extension of

the semilattice (ω,min) and describe all shift-continuous feebly compact T1-
topologies on the semigroup B�

ω(ωmin). In particular, we prove that every shift-
continuous feebly compact T1-topology τ on BF1

ω is compact and moreover in
this case the space

(
BF1

ω , τ
)
is homeomorphic to the one-point Alexandro�

compacti�cation of the discrete countable space D(ω).

Key words: semitopological semigroup, feebly compact, compact, Brandt
ω-extension.

We shall follow the terminology of [4, 5, 6, 7, 27]. By ω we denote the �rst in�nite
cardinal.

A semigroup S is called inverse if for any element x ∈ S there exists a unique
x−1 ∈ S such that xx−1x = x and x−1xx−1 = x−1. The element x−1 is called the inverse
of x ∈ S. If S is an inverse semigroup, then the function inv : S → S which assigns to
every element x of S its inverse element x−1 is called the inversion.

If S is a semigroup, then we shall denote the subset of all idempotents in S by E(S).
If S is an inverse semigroup, then E(S) is closed under multiplication and we shall refer
to E(S) as a band (or the band of S). Then the semigroup operation on S determines
the following partial order 4 on E(S): e 4 f if and only if ef = fe = e. This order is
called the natural partial order on E(S). A semilattice is a commutative semigroup of
idempotents.

If S is an inverse semigroup then the semigroup operation on S determines the
following partial order 4 on S: s 4 t if and only if there exists e ∈ E(S) such that s = te.
This order is called the natural partial order on S [28].

2020 Mathematics Subject Classi�cation: 22A15, 20A15, 54D10, 54D30, 54H12

c© Lysetska, O., 2020
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The bicyclic monoid C (p, q) is the semigroup with the identity 1 generated by two
elements p and q subjected only to the condition pq = 1. The semigroup operation on
C (p, q) is de�ned as follows:

qkpl · qmpn = qk+m−min{l,m}pl+n−min{l,m}.

It is well known that the bicyclic monoid C (p, q) is a bisimple (and hence simple) combi-
natorial E-unitary inverse semigroup and every non-trivial congruence on C (p, q) is a
group congruence [5].

A topological (semitopological) semigroup is a topological space together with a
continuous (separately continuous) semigroup operation. If S is a semigroup and τ is
a topology on S such that (S, τ) is a topological semigroup, then we shall call τ a semi-

group topology on S, and if τ is a topology on S such that (S, τ) is a semitopological
semigroup, then we shall call τ a shift-continuous topology on S.

Next we shall describe the construction which is introduced by Gutik and
Mykhalenych in [10].

Let P(ω) be the family of all subsets of ω. For any F ∈P(ω) and n,m ∈ ω we put
n−m+ F = {n−m+ k : k ∈ F} if F 6= ∅ and n−m+ F = ∅ otherwise. A subfamily
F ⊆P(ω) is called ω-closed if F1 ∩ (−n+ F2) ∈ F for all n ∈ ω and F1, F2 ∈ F .

Let Bω be the bicyclic monoid and F be an ω-closed subfamily of P(ω). On the
set Bω ×F we de�ne the semigroup operation �·� in the following way

(i1, j1, F1) · (i2, j2, F2) =

{
(i1 − j1 + i2, j2, (j1 − i2 + F1) ∩ F2), if j1 6 i2;
(i1, j1 − i2 + j2, F1 ∩ (i2 − j1 + F2)), if j1 > i2.

In [10] it is proved that if the family F ⊆ P(ω) is ω-closed then (Bω × F , ·) is a
semigroup. Moreover, if an ω-closed family F ⊆ P(ω) contains the empty set ∅ then
the set I = {(i, j,∅) : i, j ∈ ω} is an ideal of the semigroup (Bω×F , ·). For any ω-closed
family F ⊆P(ω) the semigroup

BF
ω =

{
(Bω ×F , ·)/I, if ∅ ∈ F ;
(Bω ×F , ·), if ∅ /∈ F

is de�ned in [10]. The semigroup BF
ω generalizes the bicyclic monoid and the countable

semigroup of matrix units. It is proven in [10] that BF
ω is combinatorial inverse semi-

group and Green's relations, the natural partial order on BF
ω and its set of idempotents

are described. The criteria of simplicity, 0-simplicity, bisimplicity, 0-bisimplicity of the
semigroup BF

ω and when BF
ω has the identity, is isomorphic to the bicyclic semigroup or

the countable semigroup of matrix units are given. In particular, in [10] it is proved that

the semigroup BF
ω is isomorphic to the semigrpoup of ω×ω-matrix units if and only if

F consists of a sigleton and the empty set.
We de�ne

F1 = {A ⊆ ω : |A| 6 1} .

It is obvious that F1 is an ω-closed subfamily of P(ω) and hence BF1
ω is an inverse

semigroup with zero. Later by (i, j, {k}) we denote a non-zero element of BF1
ω for some

i, j, k ∈ ω and by 0 the zero of BF1
ω .
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In this paper we study properties of the semigroup BF1
ω . We show that BF1

ω is
isomorphic to the subsemigroup B�

ω(ωmin) of the Brandt ω-extension of the semilatti-
ce (ω,min) and describe all shift-continuous feebly compact T1-topologies on the semi-
group B�

ω(ωmin). In particular, we prove that every shift-continuous feebly compact T1-
topology τ on B�

ω(ωmin) is compact and moreover in this case the space (B�
ω(ωmin), τ)

is homeomorphic to the one-point Alexandro� compacti�cation of the discrete countable
space D(ω).

Proposition 2 of [10] implies Proposition 1 which describes the natural partial order

on BF1
ω .

Proposition 1. Let (i1, j1, {k1}) and (i2, j2, {k2}) be non-zero elements of the semigroup

BF1
ω . Then (i1, j1, {k1}) 4 (i2, j2, {k2}) if and only if

k2 − k1 = i1 − i2 = j1 − j2 = p

for some p ∈ ω.

Proposition 1 implies the structure of maximal chains in BF1
ω with the respect to

its natural partial order

Corollary 1. Let i, j be arbitrary elements of ω. Then the following �nite series

0 4 (i, j, {0});
0 4 (i+ 1, j + 1, {0}) 4 (i, j, {1});
0 4 (i+ 2, j + 2, {0}) 4 (i+ 1, j + 1, {1}) 4 (i, j, {2});

· · · · · · · · · · · · · · · · · ·
0 4 (i+ k, j + k, {0}) 4 (i+ k − 1, j + k − 1, {1}) 4 · · · 4 (i, j, {k});

· · · · · · · · · · · · · · · · · · · · · · · ·

describes maximal chains in the semigroup BF1
ω .

We need the following construction from [8].
Let S be a semigroup with zero and λ > 1 be a cardinal. On the set Bλ(S) =

(λ× S × λ) t {O} we de�ne a semigroup operation as follows

(α, s, β) · (γ, t, δ) =
{

(α, st, δ), if β = γ;
O, if β 6= γ

and (α, s, β) · O = O · (α, s, β) = O · O = O, for all α, β, γ, δ ∈ λ and s, t ∈ S. If S is
a monoid then the semigroup Bλ(S) is called the Brandt λ-extension of the semigroup

S [8]. Algebraic properties of Bλ(S) and its generalization Brandt λ0-extensions B0
λ(S) of

semigroups are studied in [8, 13]. The structures, topologizations of the semigroups Bλ(S)
and B0

λ(S), their algebraic, categorical properties, applications and generalizations are
established in [2, 3, 9, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 23, 26].

By ωmin we denote the set ω with the binary operation

xy = min{x, y}, for x, y ∈ ω.
It is obvious that ωmin is a semilattice.

We de�ne a map f : BF1
ω → Bω(ωmin) by the formulae

(1) (i, j, {k})f = (i+ k, k, j + k) and (0)f = O,
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for i, j, k ∈ ω.

Proposition 2. The map f : BF1
ω → Bω(ωmin) is an isomorphic embedding.

Proof. It is obvious that the map f de�ned by formulae (1) is bijective.

Fix arbitrary (i1, j1, {k1}), (i2, j2, {k2}) ∈ BF1
ω . Then we have that

((i1, j1, {k1}) · (i2, j2, {k2}))f =

=



(i1 − j1 + i2, j2, (j1 − i2 + {k1}) ∩ {k2})f, if j1 < i2 and j1 + k1 = i2 + k2;
(0)f, if j1 < i2 and j1 + k1 6= i2 + k2;

(i1, j2, {k1} ∩ {k2})f, if j1 = i2 and k1 = k2;
(0)f, if j1 = i2 and k1 6= k2;

(i1, j1 − i2 + j2, {k1} ∩ (i2 − j1 + {k2}))f, if j1 > i2 and j1 + k1 = i2 + k2;
(0)f, if j1 > i2 and j1 + k1 6= i2 + k2

=

=


(i1 − j1 + i2, j2, {k2})f, if j1 < i2 and j1 + k1 = i2 + k2;

(i1, j2, {k1})f, if j1 = i2 and k1 = k2;
(i1, j1 − i2 + j2, {k1})f, if j1 > i2 and j1 + k1 = i2 + k2;

(0)f, if j1 + k1 6= i2 + k2

=

=


(i1 − j1 + i2 + k2, k2, j2 + k2), if j1 < i2 and j1 + k1 = i2 + k2;

(i1 + k1, k1, j2 + k1), if j1 = i2 and k1 = k2;
(i1 + k1, k1, j1 − i2 + j2 + k1), if j1 > i2 and j1 + k1 = i2 + k2;

O, if j1 + k1 6= i2 + k2

=

=


(i1 + k1, k2, j2 + k2), if j1 < i2 and j1 + k1 = i2 + k2;
(i1 + k1, k1, j2 + k2), if j1 = i2 and k1 = k2;
(i1 + k1, k1, j2 + k2), if j1 > i2 and j1 + k1 = i2 + k2;

O, if j1 + k1 6= i2 + k2,

and

((i1, j1, {k1})f · (i2, j2, {k2}))f = (i1 + k1, k1, j1 + k1) · (i2 + k2, k2, j2 + k2) =

=

{
(i1 + k1,min{k1, k2}, j2 + k2), if j1 + k1 = i2 + k2;

O, if j1 + k1 6= i2 + k2
=

=


(i1 + k1, k2, j2 + k2), if k2 < k1 and j1 + k1 = i2 + k2;
(i1 + k1, k1, j2 + k2), if k2 = k1 and k1 = k2;
(i1 + k1, k1, j2 + k2), if k2 > k1 and j1 + k1 = i2 + k2;

O, if j1 + k1 6= i2 + k2,

=

=


(i1 + k1, k2, j2 + k2), if j1 < i2 and j1 + k1 = i2 + k2;
(i1 + k1, k1, j2 + k2), if j1 = i2 and k1 = k2;
(i1 + k1, k1, j2 + k2), if j1 > i2 and j1 + k1 = i2 + k2;

O, if j1 + k1 6= i2 + k2.

Since 0 and O are the zeros of the semigroupsBF1
ω and Bω(ωmin), respectively, the above

equalities imply that the map f : BF1
ω → Bω(ωmin) is a homomorphism. This completes

the proof of the proposition. �

Next we de�ne

B�
ω(ωmin) = {O} ∪ {(i, k, j) ∈ Bω(ωmin) \ {O} : i, j > k} .
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Simple veri�cations show that B�
ω(ωmin) is an inverse subsemigroup of Bω(ωmin).

Proposition 2 implies

Theorem 1. The semigroup BF1
ω is isomorphic to B�

ω(ωmin) by the map f.

For any i, j ∈ ω we denote

ω
(i,j)�
min =

{
(i, k, j) : (i, k, j) ∈ B�

ω(ωmin)
}
.

Proposition 3. Let τ be a shift-continuous T1-topology on the semigroup B�
ω(ωmin).

Then every non-zero element of B�
ω(ωmin) is an isolated point in

(
B�
ω(ωmin), τ

)
.

Proof. Fix arbitrary i, j ∈ ω. Since (i, 0, i) · (i, 0, j) · (j, 0, j) = (i, 0, j), the assumption
of the proposition implies that for any open neighbourhood W(i,0,j) 63 O of (i, 0, j) there

exists its open neighbourhood V(i,0,j) in the topological space
(
B�
ω(ωmin), τ

)
such that

(i, 0, i) ·V(i,0,j) ·(j, 0, j) ⊆W(i,0,j). The de�nition of the semigroup operation on B�
ω(ωmin)

implies that V(i,0,j) ⊆ ω
(i,j)�
min . Then the set ω

(i,j)�
min is an open subset of

(
B�
ω(ωmin), τ

)
because it is the full preimage of V(i,0,j) under the mapping

h : B�
ω(ωmin)→ B�

ω(ωmin), x 7→ (i, 0, i) · x · (j, 0, j).

By Corollary 1 the set ω
(i,j)�
min is �nite, which implies the statement of the proposition. �

Next we shall show that the semigroup B�
ω(ωmin) admits a compact shift-continuous

Hausdor� topology.

Example 1. A topology τAc on B�
ω(ωmin) is de�ned as follows:

a) all nonzero elements of B�
ω(ωmin) are isolated points in

(
B�
ω(ωmin), τAc

)
;

b) the family

BAc(O) =
{
U(i1,j1),...,(in,jn) = B�

ω(ωmin) \
(
ω
(i1,j1)�
min ∪ · · · ∪ ω(in,jn)�

min

)
:

n, i1, j1, . . . , in, jn ∈ ω
}

is a base of the topology τAc at the point O ∈ B�
ω(ωmin).

Corollary 1 implies that the set ω
(i,j)�
min is �nite for any i, j ∈ ω which implies that(

B�
ω(ωmin), τAc

)
is the one-point Alexandro� compati�cation of the discrete space

B�
ω(ωmin) \ {O}.

Proposition 4.
(
B�
ω(ωmin), τAc

)
is a Hausdor� compact semitopological semigroup with

continuous inversion.

Proof. It is obvious that the topology τAc is Hausdor� and compact.
Fix any U(i1,j1),...,(in,jn) ∈ BAc(O) and (i, k, j), (l,m, p) ∈ B�

ω(ωmin) \ {O}. Put

K = {i, i1, . . . , in, j, j1, . . . , jn} and UK = B�
ω(ωmin) \

⋃
x,y∈K

ω
(x,y)�
min .

Then we have that UK ∈ BAc(O) and the following conditions hold

UK · {(i, k, j)} ⊆ U(i1,j1),...,(in,jn),

{(i, k, j)} · UK ⊆ U(i1,j1),...,(in,jn),
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{O} · {(i, k, j)} = {(i, k, j)} · {O} = {O} ⊆ U(i1,j1),...,(in,jn),

{O} · U(i1,j1),...,(in,jn) = U(i1,j1),...,(in,jn) · {O} = {O} ⊆ U(i1,j1),...,(in,jn),

{(i, k, j)} · {(l,m, p)} = {O} ⊆ U(i1,j1),...,(in,jn), if j 6= l,

{(i, k, j)} · {(l,m, p)} = {(i,min{k,m}, p)}, if j = l,(
U(j1,i1),...,(jn,in)

)−1 ⊆ U(i1,j1),...,(in,jn).

Therefore,
(
B�
ω(ωmin), τAc

)
is a semitopological inverse semigroup with continuous

inversion. �

We recall that a topological space X is said to be

• perfectly normal if X is normal and and every closed subset of X is a Gδ-set;
• scattered if X does not contain a non-empty dense-in-itself subspace;
• hereditarily disconnected (or totally disconnected) if X does not contain any
connected subsets of cardinality larger than one;

• compact if each open cover of X has a �nite subcover;
• countably compact if each open countable cover of X has a �nite subcover;
• H-closed if X is a closed subspace of every Hausdor� topological space in which
it contained;

• infra H-closed provided that any continuous image of X into any �rst countable
Hausdor� space is closed (see [24]);

• feebly compact (or lightly compact) if each locally �nite open cover of X is �ni-
te [1];

• d-feebly compact (or DFCC ) if every discrete family of open subsets in X is �nite
(see [25]);

• pseudocompact if X is Tychono� and each continuous real-valued function on X
is bounded;

• Y -compact for some topological space Y , if f(X) is compact for any continuous
map f : X → Y .

The relations between above de�ned compact-like spaces are presented at the di-
agram in [22].

Lemma 1. Every shift-continuous T1-topology τ on the semigroup B�
ω(ωmin) is regular.

Proof. By Proposition 3 every non-zero element of the semigroup B�
ω(ωmin) is an isolated

point in
(
B�
ω(ωmin), τ

)
. This implies that every open neighbourhood V (O) of the zero O

is a closed subset in
(
B�
ω(ωmin), τ

)
, and hence the space

(
B�
ω(ωmin), τ

)
is regular. �

Since in any countable T1-spaceX every open subset ofX is a Fσ-set, Theorem 1.5.17
from [7] and Lemma 1 imply the following corollary.

Corollary 2. Let τ be a shift-continuous T1-topology on the semigroup B�
ω(ωmin). Then(

B�
ω(ωmin), τ

)
is a perfectly normal, scattered, hereditarily disconnected space.

By D(ω) we denote the countable discrete space and by R the set of all real numbers
with the usual topology.

Theorem 2. Let τ be a shift-continuous T1-topology on the semigroup B�
ω(ωmin). Then

the following statements are equivalent:
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(i)
(
B�
ω(ωmin), τ

)
is compact;

(ii) τ = τAc;

(iii)
(
B�
ω(ωmin), τ

)
is H-closed;

(iv)
(
B�
ω(ωmin), τ

)
is feebly compact;

(v)
(
B�
ω(ωmin), τ

)
is infra H-closed;

(vi)
(
B�
ω(ωmin), τ

)
is d-feebly compact;

(vii)
(
B�
ω(ωmin), τ

)
is pseudocompact;

(viii)
(
B�
ω(ωmin), τ

)
is R-compact;

(ix)
(
B�
ω(ωmin), τ

)
is D(ω)-compact.

Proof. Implications (ii) ⇒ (i) ⇒ (iii) ⇒ (iv) ⇒ (v) ⇒ (viii) ⇒ (ix) and (i) ⇒ (vii) ⇒
(iv)⇒ (vi) are trivial (see the diagram in [22]). Lemma 1 implies implications (vi)⇒ (iv)
and (iii)⇒ (i).

(ix)⇒ (i) Suppose to the contrary that there exists a shift-continuous T1-topology
τ on the semigroup B�

ω(ωmin) such that
(
B�
ω(ωmin), τ

)
is a D(ω)-compact non-compact

space. Then there exists an open cover U = {Uα} of
(
B�
ω(ωmin), τ

)
which has not a �nite

subcover. Let Uα0 ∈ U such that O ∈ Uα0 . Since
(
B�
ω(ωmin), τ

)
is not compact the set

B�
ω(ωmin) \Uα0 is in�nite. We enumerate the set B�

ω(ωmin) \Uα0 , i.e., put {xi : i ∈ ω} =
B�
ω(ωmin) \ Uα0 . We identify D(ω) with ω and de�ne a map f :

(
B�
ω(ωmin), τ

)
→ D(ω)

in the following way

(x)f =

{
0, if x ∈ Uα0 ;
i, if x = xi.

Proposition 3 implies that such de�ned map f is continuous. Also, the image (B�
ω(ωmin))f

is not a compact subset of D(ω), which contradicts the assumption. �

Theorem 2 implies

Corollary 3. Every shift-continuous T1-topology D(ω)-compact τ on the semigroup BF1
ω

is compact. Moreover the semigroup BF1
ω admits the unique compact shift-continuous T1-

topology.

Remark 1. By Proposition 4 of [10] the semigroup BF1
ω contains an isomorphic copy of

the ω × ω-matrix units. Then Theorem 5 from [16] implies that BF1
ω does not embed

into a countably compact Hausdor� topological semigroup.

Acknowledgements

The author acknowledge her PhD Advisor Oleg Gutik and the referee for their
comments and suggestions.

References

1. R. W. Bagley, E. H. Connell, and J. D. McKnight, Jr., On properties characterizing pseudo-
compact spaces, Proc. Amer. Math. Soc. 9 (1958), no. 3, 500�506.
DOI: 10.1090/S0002-9939-1958-0097043-2

2. S. Bardyla, An alternative look at the structure of graph inverse semigroups, Mat. Stud. 51
(2019), no. 1, 3�11. DOI: 10.15330/ms.51.1.3-11



ON FEEBLY COMPACT TOPOLOGIES ON THE SEMIGROUP BF1
ω

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2020. Âèïóñê 90 55

3. T. Berezovski, O. Gutik, and K. Pavlyk, Brandt extensions and primitive topological inverse
semigroups, Int. J. Math. Math. Sci. 2010 (2010) Article ID 671401, 13 pages. DOI:
10.1155/2010/671401

4. J. H. Carruth, J. A. Hildebrant and R. J. Koch, The theory of topological semigroups, Vol.
I, Marcel Dekker, Inc., New York and Basel, 1983.

5. A. H. Cli�ord and G. B. Preston, The algebraic theory of semigroups, Vol. I., Amer. Math.
Soc. Surveys 7, Providence, R.I., 1961.

6. A. H. Cli�ord and G. B. Preston, The algebraic theory of semigroups, Vol. II., Amer. Math.
Soc. Surveys 7, Providence, R.I., 1967.

7. R. Engelking, General topology, 2nd ed., Heldermann, Berlin, 1989.
8. O. V. Gutik, On Howie semigroup, Mat. Metody Fiz.-Mekh. Polya 42 (1999), no. 4, 127�132

(in Ukrainian).
9. O. Gutik, On the group of automorphisms of the Brandt λ0-extension of a monoid with

zero, Proceedings of the 16th ITAT Conference Information Technologies � Applications
and Theory (ITAT 2016), Tatranske Matliare, Slovakia, September 15-19, 2016. CEUR-WS,
Bratislava, 2016, pp. 237�240.

10. O. Gutik and M. Mykhalenych, On some generalization of the bicyclic monoid, Visnyk Lviv.
Univ. Ser. Mech.-Mat. 90 (2020) (to appear) (in Ukrainian).

11. O. V. Gutik, and K. P. Pavlyk, H-closed topological semigroups and topological Brandt λ-
extensions, Mat. Metody Fiz.-Mekh. Polya 44 (2001), no. 3, 20�28, (in Ukrainian).

12. O. Gutik and K. Pavlyk, Topological Brandt λ-extensions of absolutely H-closed topological
inverse semigroups, Visn. L'viv. Univ., Ser. Mekh.-Mat. 61 (2003), 98�105.

13. O. V. Gutik and K. P. Pavlyk, On Brandt λ0-extensions of semigroups with zero, Mat.
Metody Fiz.-Mekh. Polya 49 (2006), no. 3, 26�40.

14. O. V. Gutik and K. P. Pavlyk, Pseudocompact primitive topological inverse semigroups, Mat.
Metody Fiz.-Mekh. Polya 56 (2013), no. 2, 7�19; reprinted version: J. Math. Sci. 203
(2014), no. 1, 1�15. DOI: 10.1007/s10958-014-2087-5

15. O. V. Gutik and K. P. Pavlyk, On pseudocompact topological Brandt λ0-extensions of semi-
topological monoids, Topol. Algebra Appl. 1 (2013), 60�79. DOI: 10.2478/taa-2013-0007

16. O. Gutik, K. Pavlyk, and A. Reiter, Topological semigroups of matrix units and countably
compact Brandt λ0-extensions, Mat. Stud. 32 (2009), no. 2, 115�131.

17. O. V. Gutik, K. P. Pavlyk, and A. R. Reiter, On topological Brandt semigroups, Mat. Metody
Fiz.-Mekh. Polya 54 (2011), no. 2, 7�16 (in Ukrainian); English version in: J. Math. Sci.
184 (2012), no. 1, 1�11. DOI: 10.1007/s10958-012-0847-7

18. O. Gutik and O. Ravsky, On feebly compact inverse primitive (semi)topological semigroups,
Mat. Stud. 44 (2015), no.1, 3�26.

19. O. V. Gutik and O. V. Ravsky, Pseudocompactness, products and Brandt λ0-extensions of
semitopological monoids, Mat. Metody Fiz.-Mekh. Polya 58 (2015), no. 2, 20�37; reprinted
version: J. Math. Sci. 223 (2017), no. 1, 18�38. DOI: 10.1007/s10958-017-3335-2

20. O. Gutik and D. Repov�s, On 0-simple countably compact topological inverse semigroups,
Semigroup Forum 75 (2007), no. 2, 464�469. DOI: 10.1007/s00233-007-0706-x

21. O. Gutik and D. Repov�s, On Brandt λ0-extensions of monoids with zero, Semigroup Forum
80 (2010), no. 1, 8�32. DOI: 10.1007/s00233-009-9191-8

22. O. V. Gutik and O. Yu. Sobol, On feebly compact semitopological semilattice expn λ, Mat.
Metody Fiz.-Mekh. Polya 61 (2018), no. 3, 16�23; reprinted version: J. Math. Sc. 254
(2021), no. 1, 3�20. DOI: 10.1007/s10958-021-05284-8

23. O. Gutik and O. Sobol, Extensions of semigroups by symmetric inverse semigroups of a
bounded �nite rank, Visn. L'viv. Univ., Ser. Mekh.-Mat. 87 (2019), 5�36.



56
Oleksandra LYSETSKA

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2020. Âèïóñê 90

24. D. W. Hajek and A. R. Todd, Compact spaces and infra H-closed spaces, Proc. Amer. Math.
Soc. 48 (1975), no. 2, 479�482. DOI: 10.1090/S0002-9939-1975-0370499-3

25. M. Matveev, A survey of star covering properties, Topology Atlas preprint, April 15, 1998.
26. K. Pavlyk, Absolutely H-closed topological semigroups and Brandt λ-extensions, Applied

Problems of Mechanics and Mathematics, 2 (2004), 61�68.
27. W. Ruppert, Compact Semitopological Semigroups: An Intrinsic Theory, Lect. Notes Math.,

1079, Springer, Berlin, 1984. DOI: 10.1007/BFb0073675
28. V. V. Wagner, Generalized groups, Dokl. Akad. Nauk SSSR 84 (1952), 1119�1122 (in Russi-

an).

Ñòàòòÿ: íàäiéøëà äî ðåäêîëåãi¨ 07.11.2019

äîîïðàöüîâàíà 31.10.2020

ïðèéíÿòà äî äðóêó 17.11.2021

ÏÐÎ ÑËÀÁÊÎ ÊÎÌÏÀÊÒÍI ÒÎÏÎËÎÃI�
ÍÀ ÍÀÏIÂÃÐÓÏI BF1

ω

Îëåñàíäðà ËÈÑÅÖÜÊÀ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,
âóë. Óíiâåðñèòåòñüêà, 1, 79000, Ëüâiâ

e-mail: o.yu.sobol@gmail.com

Âèâ÷à¹òüñÿ íàïiâãðóïà Ãóòiêà�Ìèõàëåíè÷à BF1
ω ó âèïàäêó, êîëè ñiì'ÿ

F1 ñêëàäà¹òüñÿ ç ïîðîæíüî¨ ìíîæèíè òà âñiõ îäíîòî÷êîâèõ ïiäìíîæèí ó
ω. Ìè äîâîäèìî, ùî íàïiâãðóïà BF1

ω içîìîðôíà ïiäíàïiâãðóïi B�
ω(ωmin)

ω-ðîçøèðåííþ Áðàíäòà íàïiâ ðàòêè (ω,min), îïèñó¹ìî âñi òðàíñëÿöiéíî
íåïåðåðâíi ñëàáêî êîìïàêòíi T1-òîïîëîãi¨ íà íàïiâãðóïi B�

ω(ωmin). Çîêðå-
ìà, äîâåäåíî, ùî êîæíà òðàíñëÿöiéíî íåïåðåðâíà ñëàáêî êîìïàêòíà T1-
òîïîëîãiÿ τ íà íàïiâãðóïi BF1

ω ¹ êîìïàêòíîþ, áà áiëüøå, ó öüîìó âèïàäêó
ïðîñòið

(
BF1

ω , τ
)
ãîìåîìîðôíèé îäíîòî÷êîâié êîìïàêòèôiêàöi¨ Àë¹êñàíä-

ðîâà äèñêðåòíîãî çëi÷åííîãî ïðîñòîðó D(ω).

Êëþ÷îâi ñëîâà: íàïiâòîïîëîãi÷íà íàïiâãðóïà, ñëàáêî êîìïàêòíèé, êîì-
ïàêòíèé, ω-ðîçøèðåííþ Áðàíäòà.
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ÅÊÂIÂÀËÅÍÒÍIÑÒÜ ÇÀ ÌÀÐÊÎÂÈÌ ÏÀÐ

ÍÅÂIÄÎÊÐÅÌËÞÂÀÍÈÕ ÏÐÎÑÒÎÐIÂ

Íàçàð ÏÈÐ×

Óêðà¨íñüêà àêàäåìiÿ äðóêàðñòâà,

âóë. Ïiäãîëîñêî, 19, 79020, ì. Ëüâiâ

e-mail: pnazar@ukr.net

Çàïðîïîíîâàíî ìåòîä çâåäåííÿ içîìîðôíî¨ êëàñèôiêàöi¨ âiëüíèõ òîïî-
ëîãi÷íèõ ãðóï íàä öiëêîì ðåãóëÿðíèìè ïðîñòîðàìè òà ïiäãðóï, ïîðîäæå-
íèõ ¨õíiìè ïiäïðîñòîðàìè, äî àíàëîãi÷íî¨ êëàñèôiêàöi¨ íàä òèõîíîâñüêèìè
ïðîñòîðàìè.

Êëþ÷îâi ñëîâà: âiëüíà òîïîëîãi÷íà ãðóïà, Ì-åêâiâàëåíòíiñòü, óçàãàëü-
íåíèé ðåòðàêò, âiäíîñíà òîïîëîãi÷íà âëàñòèâiñòü.

1. Âñòóï

Ñòàòòÿ ¹ ïðîäîâæåííÿì [5], óñi ïîçíà÷åííÿ òà îçíà÷åííÿ âçÿòî ç öi¹¨ ðîáîòè.
Êîíöåïöiþ âiëüíèõ òîïîëîãi÷íèõ ãðóï íàä ïðîñòîðàìè ç ðiçíèìè àêñiîìàìè âiä-
îêðåìëåíîñòi âçÿòî ç [8] i [11]. Çîêðåìà, áóäåìî ðîçãëÿäàòè òàêîæ íåãàóñäîðôî-
âi òîïîëîãi÷íi ãðóïè. Öiëêîì ðåãóëÿðíèì áóäåìî íàçèâàòè ïðîñòið, ó ÿêîìó êîæ-
íà çàìêíåíà ìíîæèíà F i êîæíà òî÷êà a /∈ F âiäîêðåìëþþòüñÿ íåïåðåðâíèìè
äiéñíîçíà÷íèìè ôóíêöiÿìè. Öiëêîì ðåãóëÿðíèé T0-ïðîñòið áóäåìî íàçèâàòè òèõî-

íîâñüêèì.

Îçíà÷åííÿ 1. Íåõàé X � òîïîëîãi÷íèé ïðîñòið. Âiëüíîþ òîïîëîãi÷íîþ ãðóïîþ (â
ñåíñi Ìàðêîâà) ïðîñòîðó X íàçèâà¹òüñÿ ïàðà, ùî ñêëàäà¹òüñÿ ç òîïîëîãi÷íî¨ ãðó-
ïè F (X) òà íåïåðåðâíîãî âiäîáðàæåííÿ ηX : X → F (X) òàêîãî, ùî äëÿ äîâiëüíîãî
íåïåðåðâíîãî âiäîáðàæåííÿ f : X → G ç òîïîëîãi÷íîãî ïðîñòîðó X ó òîïîëîãi÷íó
ãðóïó G iñíó¹ íåïåðåðâíèé ãîìîìîðôiçì f∗ : F (X)→ G òàêèé, ùî f = f∗ ◦ ηX .

Âiäîáðàæåííÿ ηX ¹ âêëàäåííÿì òîäi i òiëüêè òîäi, êîëè ïðîñòið X öiëêîì ðå-
ãóëÿðíèé [8]. Âiäîáðàæåííÿ ηX ¹ çàìêíåíèì âêëàäåííÿì òîäi i òiëüêè òîäi, êîëè
ïðîñòið X ¹ òèõîíîâñüêèì [8].

2020 Mathematics Subject Classi�cation: 22A05
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ßê i ó âèïàäêó M -êëàñèôiêàöi¨ òîïîëîãi÷íèõ ïðîñòîðiâ, M -êëàñèôiêàöiÿ ïàð
(X,A) òîïîëîãi÷íèõ ïðîñòîðiâ òà ¨õíiõ ïiäïðîñòîðiâ çâîäèòüñÿ äî ïðîáëåìè içîìîðô-
íî¨ êëàñèôiêàöi¨ ïàð öiëêîì ðåãóëÿðíèõ ïðîñòîðiâ (ηX(X), ηX(A)). Ìè ïðîïîíó¹ìî
ìåòîäè, ÿêi ó ïåâíèõ âèïàäêàõ äàþòü çìîãó çâåñòè öþ ïðîáëåìó äî àíàëîãi÷íî¨ çàäà÷i
òèõîíîâñüêèõ ïðîñòîðiâ, ùî äîïîìîæå çàñòîñóâàòè ìåòîäè òà ðåçóëüòàòè ç ïðàöü
[2] òà [3]. Îñíîâíèìè ðåçóëüòàòàìè ¹ òåîðåìè 3, 4 i 6. Ó ìîíîãðàôi¨ [7] ìiñòèòüñÿ
íàéäåòàëüíiøå âèêëàäåííÿ òåîði¨ âiëüíèõ òîïîëîãi÷íèõ ãðóï.

Îçíà÷åííÿ 2. Íåõàé X � òîïîëîãi÷íèé ïðîñòið ç âiäìi÷åíîþ òî÷êîþ p. Âiëüíîþ
òîïîëîãi÷íîþ ãðóïîþ (â ñåíñi Ãðà¹âà) ïðîñòîðóX íàçèâà¹òüñÿ ïàðà, ùî ñêëàäà¹òüñÿ
ç òîïîëîãi÷íî¨ ãðóïè FG(X, p) òà íåïåðåðâíîãî âiäîáðàæåííÿ µX : X → FG(X, p) òà-
êîãî, ùî µX(p) = e, äå eG � îäèíèöÿ ãðóïè FG(X, p), i äëÿ äîâiëüíîãî íåïåðåðâíîãî
âiäîáðàæåííÿ f : X → G ç òîïîëîãi÷íîãî ïðîñòîðó X ó òîïîëîãi÷íó ãðóïó G òà-
êîãî, ùî µX(p) = eG, äå eG � îäèíèöÿ ãðóïè G, iñíó¹ íåïåðåðâíèé ãîìîìîðôiçì
f∗ : FG(X, p)→ G òàêèé, ùî f = f∗ ◦ µX .

Ìiíÿþ÷è â öèõ îçíà÷åííÿõ ñëîâîñïîëó÷åííÿ �òîïîëîãi÷íà ãðóïà� íà ñëîâîñïî-
ëó÷åííÿ �àáåëåâà òîïîëîãi÷íà ãðóïà� îòðèìà¹ìî îçíà÷åííÿ âiëüíî¨ àáåëåâî¨ òîïîëî-
ãi÷íî¨ ãðóïè. Îñêiëüêè âiëüíà òîïîëîãi÷íà ãðóïà FG(X, p) ç òî÷íiñòþ äî òîïîëîãi-
÷íîãî içîìîðôiçìó íå çàëåæèòü âiä òî÷êè p ∈ X [8], iíîäi âæèâàòèìåìî ñêîðî÷åíå
ïîçíà÷åííÿ FG(X). Äëÿ òîïîëîãi÷íîãî ïðîñòîðó X ÷åðåç X+ ïîçíà÷èìî ïðîñòið,
îòðèìàíèé ç ïðîñòîðó X äîäàâàííÿì îäíi¹¨ içîëüîâàíî¨ òî÷êè. Äëÿ òîïîëîãi÷íèõ
ãðóï G1 òà G2 áóäåìî âæèâàòè ïîçíà÷åííÿ G1 ' G2 äëÿ îçíà÷åííÿ ôàêòó içîìîð-
ôíîñòi öèõ ãðóï. Äëÿ òîïîëîãi÷íîãî ïðîñòîðó X òà éîãî ïiäïðîñòîðó Y ïîçíà÷àòè-
ìåìî ÷åðåç G(Y ) ïiäãðóïó âiëüíî¨ ãðóïè ïðîñòîðó X, ïîðîäæåíó ìíîæèíîþ òâiðíèõ
ηX(Y ) àáî, âiäïîâiäíî, µX(Y ). Äëÿ òîïîëîãi÷íî¨ ãðóïè G ÷åðåç eG ïîçíà÷àòèìåìî
îäèíèöþ ãðóïè G. Äëÿ òîïîëîãi÷íèõ ïðîñòîðiâ (X,x0) òà (Y, y0) ç âiäìi÷åíèìè òî÷-
êàìè ïîçíà÷àòèìåìî ÷åðåç (X,x0)∨ (Y, y0) áóêåò öèõ ïðîñòîðiâ. Îñêiëüêè öåé áóêåò
ç òî÷íiñòþ äî M -åêâiâàëåíòíîñòi íå çàëåæèòü âiä âiäìi÷åíèõ òî÷îê, òî iíîäi âæèâà-
òèìåìî ñêîðî÷åíå ïîçíà÷åííÿ X ∨ Y [5]. Äëÿ òîïîëîãi÷íîãî ïðîñòîðó X ÷åðåç T0X
áóäå ïîçíà÷àòè T0-ðåôëåêñiþ ïðîñòîðó X [5].

2. Óçàãàëüíåíi ðåòðàêòè òà âiëüíi ãðóïè â ñåíñi Ãðà¹âà

Ïiäïðîñòið Y òîïîëîãi÷íîãî ïðîñòîðó X íàçèâà¹òüñÿ G-ðåòðàêòîì (GA-
ðåòðàêòîì) ïðîñòîðó X, ÿêùî äîâiëüíå íåïåðåðâíå âiäîáðàæåííÿ ç ïðîñòîðó Y ó
òîïîëîãi÷íó ãðóïó (àáåëåâó òîïîëîãi÷íó ãðóïó)H äîïóñêà¹ íåïåðåðâíå ïðîäîâæåííÿ
íà X.

Òåîðåìà 1. Íåõàé Y � ïiäïðîñòið òîïîëîãi÷íîãî ïðîñòîðó X, a ∈ Y . Òîäi òàêi
óìîâè åêâiâàëåíòíi:

(1) Y ¹ G-ðåòðàêòîì ïðîñòîðó X;

(2) äëÿ äîâiëüíîãî íåïåðåðâíîãî âiäîáðàæåííÿ f : Y → H ç ïðîñòîðó Y ó äî-

âiëüíó òîïîëîãi÷íó ãðóïó H òàêîãî, ùî f(a) = eH , äå eH � îäèíèöÿ ãðóïè

H, iñíó¹ íåïåðåðâíå âiäîáðàæåííÿ h : X → H òàêå, ùî h|Y = f .

Äîâåäåííÿ. (1)⇒ (2) Î÷åâèäíî.
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(2)⇒ (1) Íåõàé s : Y → H � äîâiëüíå íåïåðåðâíå âiäîáðàæåííÿ ç òîïîëîãi÷íîãî
ïðîñòîðó Y ó òîïîëîãi÷íó ãðóïó H, s(a) = b. Ðîçãëÿíåìî âiäîáðàæåííÿ s1 : Y → H
îçíà÷åíå ÿê s1(x) = s(x) · b−1. Îñêiëüêè âiäîáðàæåííÿ s1 ¹ íåïåðåðâíèì, òî iñíó¹
íåïåðåðâíå âiäîáðàæåííÿ S1 : X → H òàêå, ùî S1|Y = s1. Òîäi âiäîáðàæåííÿ S(x) =
S1(x) · b ¹ íåïåðåðâíèì i S|Y = s. �

Íàñëiäîê 1. Íàñòóïíi óìîâè åêâiâàëåíòíi äëÿ òîïîëîãi÷íîãî ïðîñòîðó X òà éîãî

íåïîðîæíüîãî öiëêîì ðåãóëÿðíîãî ïiäïðîñòîðó Y :

(1) ïiäïðîñòið Y ¹ G-ðåòðàêòîì ïðîñòîðó X;

(2) äëÿ äîâiëüíîãî p ∈ Y iñíó¹ íåïåðåðâíå âiäîáðàæåííÿ h : X → FG(Y, p) òàêå,
ùî h(y) = µY (y) äëÿ âñiõ y ∈ Y ;

(3) äëÿ äåÿêîãî p ∈ Y iñíó¹ íåïåðåðâíå âiäîáðàæåííÿ h : X → FG(Y, p) òàêå, ùî
h(y) = µY (y) äëÿ âñiõ y ∈ Y .

Äîâåäåííÿ. (1) ⇒ (2) Íåõàé f : Y → FG(Y, p) � âêëàäåííÿ öiëêîì ðåãóëÿðíîãî
ïðîñòîðó Y ó âiëüíó ãðóïó FG(Y, p). Çà îçíà÷åííÿì G-ðåòðàêòó iñíó¹ íåïåðåðâíå
âiäîáðàæåííÿ h : X → FG(Y, p) òàêå, ùî h(y) = µY (y) äëÿ âñiõ y ∈ Y .

(2)⇒ (3) Î÷åâèäíî.
(3) ⇒ (1) Íåõàé f : Y → H � íåïåðåðâíå âiäîáðàæåííÿ, òàêå, ùî f(p) = eH ,

f∗ : FG(Y, p) → H � ãîìîìîðôíå ïðîäîâæåííÿ âiäîáðàæåííÿ f . Ðîçãëÿíåìî âiäîá-
ðàæåííÿ f1 = f ◦ h : X → H. ßêùî y ∈ Y , òî f1(y) = f ◦ h(y) = f(y) = µY (y). �

Íàñëiäîê 2. Íàñòóïíi óìîâè åêâiâàëåíòíi äëÿ öiëêîì ðåãóëÿðíîãî ïðîñòîðó X
òà éîãî íåïîðîæíüîãî ïiäïðîñòîðó Y :

(1) ïiäïðîñòið Y ¹ G-ðåòðàêòîì ïðîñòîðó X;

(2) äëÿ äîâiëüíîãî p ∈ Y iñíó¹ íåïåðåðâíèé ãîìîìîðôiçì g : FG(X, p) →
FG(Y, p) òàêèé, ùî g(y) = µY (y) äëÿ âñiõ y ∈ Y ;

(3) äëÿ äåÿêîãî p ∈ Y iñíó¹ íåïåðåðâíèé ãîìîìîðôiçì g : FG(X, p) → FG(Y, p)
òàêèé, ùî g(y) = µY (y) äëÿ âñiõ y ∈ Y .

Äîâåäåííÿ. Âñòàíîâèìî åêâiâàëåíòíiñòü ïóíêòó (2) ç óüîãî íàñëiäêó òà ïóíêòó (2) ç
íàñëiäêó 1. Ñïðàâäi, ãîìîìîðôiçì g ìîæíà îòðèìàòè ÿê ïðîäîâæåííÿ âiäîáðàæåííÿ
h âiäïîâiäíî äî îçíà÷åííÿ âiëüíî¨ òîïîëîãi÷íî¨ ãðóïè ó ñåíñi Ãðà¹âà. Ç iíøîãî áîêó,
âiäîáðàæåííÿ h îòðèìó¹ìî ÿê çâóæåííÿ g|X . Àíàëîãi÷íî âñòàíîâëþ¹òüñÿ åêâiâà-
ëåíòíiñòü ïóíêòó (3) ç öüîãî íàñëiäêó òà ïóíêòó (3) ç íàñëiäêó 1. �

Íàñëiäîê 3. Äëÿ äîâiëüíîãî öiëêîì ðåãóëÿðíîãî ïðîñòîðó X, äëÿ äîâiëüíîãî p ∈ X
ïiäïðîñòið X ¹ G -ðåòðàêòîì â FG(X, p).

Äîâåäåííÿ. Îñêiëüêè êîæíå íåïåðåðâíå âiäîáðàæåííÿ ç òîïîëîãi÷íîãî ïðîñòîðó X
ó òîïîëîãi÷íó ãðóïó H òàêå, ùî f(p) = eH íåïåðåðâíî ïðîäîâæó¹òüñÿ íà FG(X, p),
òî âiäïîâiäíî äî òåîðåìè 1 ïiäïðîñòið X ¹ G -ðåòðàêòîì â FG(X, p). �

Íàãàäà¹ìî, ùî òîïîëîãi÷íèé ïðîñòið X íàçèâà¹òüñÿ ðåòðàëüíèì, ÿêùî X ¹
ðåòðàêòîì äåÿêî¨ òîïîëîãi÷íî¨ ãðóïè.

Òâåðäæåííÿ 1. Íàñòóïíi óìîâè åêâiâàëåíòíi äëÿ íåïîðîæíüîãî òîïîëîãi÷íîãî

ïðîñòîðó X:

(1) ïðîñòið X ¹ ðåòðàëüíèì;
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(2) ïðîñòið X ¹ ðåòðàêòîì ïðîñòîðó FG(X, p) äëÿ äîâiëüíîãî p ∈ X;

(3) ïðîñòið X ¹ ðåòðàêòîì ïðîñòîðó FG(X, p) äëÿ äåÿêîãî p ∈ X.

Äîâåäåííÿ. (1)⇒ (2) Ç íàñëiäêó 3 âèïëèâà¹, ùî ïiäïðîñòið X ¹ G-ðåòðàêòîì ïðîñòî-
ðó FG(X, p). Äîâåäåìî, ùî ç óìîâè ðåòðàëüíîñòi ïðîñòîðó X i òîãî ôàêòó, ùî X ¹
G-ðåòðàêòîì öiëêîì ðåãóëÿðíîãî ïðîñòîðó Y âèïëèâà¹ òîé ôàêò, ùî X ¹ ðåòðàêòîì
â Y .

ßê áóëî äîâåäåíî ó [9], ç ðåòðàëüíîñòi ïðîñòîðó X âèïëèâà¹ òå, ùî X ¹ ðåò-
ðàêòîì ïðîñòîðó F (X). Íåõàé r : F (X) → X � âiäïîâiäíà ðåòðàêöiÿ. Òîäi iñíó¹
ãîìîìîðôiçì h : F (Y )→ F (X) òàêèé, ùî h(x) = x äëÿ âñiõ x ∈ X. Êîìïîçèöiÿ r ◦ h
áóäå ðåòðàêöi¹þ ç F (Y ) íà X, à ¨¨ çâóæåííÿ íà Y áóäå ðåòðàêöi¹þ ç Y íà X.

(2)⇒ (3) Î÷åâèäíî.
(3)⇒ (1) Çà îçíà÷åííÿì. �

Òâåðäæåííÿ 2. Íåõàé ïiäïðîñòið Y ¹ G-ðåòðàêòîì öiëêîì ðåãóëÿðíîãî ïðîñòîðó

X, p ∈ Y . Òîäi ïiäãðóïà â FG(X, p), ïîðîäæåíà ìíîæèíîþ µX(Y ), ¹ òîïîëîãi÷íî

içîìîðôíîþ FG(Y, p).

Äîâåäåííÿ. Íåõàé f : Y → H íåïåðåðâíå âiäîáðàæåííÿ ç òîïîëîãi÷íîãî ïðîñòîðó
Y ó òîïîëîãi÷íó ãðóïó H òàêå, ùî f(p) = eH . Òîäi iñíó¹ íåïåðåðâíå âiäîáðàæåííÿ
h : X → H òàêå, ùî h|Y = f . Íåõàé h∗ : FG(X, p)→ H ïðîäîâæåííÿ âiäîáðàæåííÿ h
äî íåïåðåðâíîãî ãîìîìîðôiçìó. ÏÐèéìåìî f∗ = h∗|G(µX(Y )). Äëÿ ïiäãðóïèG(µX(Y ))
âèêîíóþòüñÿ âñi óìîâè âiëüíî¨ òîïîëîãi÷íî¨ ãðóïè FG(Y, p). Çà ¹äèíiñòþ âiëüíî¨
òîïîëîãi÷íî¨ ãðóïè îòðèìà¹ìî, ùî G(µX(Y )) ¹ âiëüíîþ òîïîëîãi÷íîþ ãðóïîþ â ñåíñi
Ãðà¹âà íàä ïðîñòîðîì Y . �

Òåîðåìà 2. Íåõàé Y � ïiäïðîñòið öiëêîì ðåãóëÿðíîãî ïðîñòîðó X, a ∈ Y . Òîäi
òàêi óìîâè åêâiâàëåíòíi:

(1) Y ¹ G-ðåòðàêòîì ïðîñòîðó X;

(2) äëÿ äîâiëüíîãî íåïåðåðâíîãî âiäîáðàæåííÿ f : Y → H, ç òîïîëîãi÷íîãî ïðîñ-

òîðó Y ó òîïîëîãi÷íó ãðóïó H iñíó¹ íåïåðåðâíå âiäîáðàæåííÿ h : X → H
òàêå, ùî f · h|Y = const.

Äîâåäåííÿ. ßêùî f : Y → H íåïåðåðâíå âiäîáðàæåííÿ, ç òîïîëîãi÷íîãî ïðîñòîðó Y
ó òîïîëîãi÷íó ãðóïó H, òîäi âiäîáðàæåííÿ f−1 : Y → H îçíà÷åíå ÿê f−1(y) = f(y)−1

¹ íåïåðåðâíèì. Òîäi iñíó¹ íåïåðåðâíå âiäîáðàæåííÿ h : X → H òàêå, ùî h|Y = f−1.
Îòæå, f · h|Y = f · f−1|Y = eH = const. �

3. T0-ðåôëåêñiÿ òà M-åêâiâàëåíòíiñòü ïàð

Ïiä ïàðîþ òîïîëîãi÷íèõ ïðîñòîðiâ (X,Y ) ðîçóìiòèìåìî òîïîëîãi÷íèé ïðîñ-
òið X i éîãî ïiäïðîñòið Y . Ïàðó òîïîëîãi÷íèõ ïðîñòîðiâ (X,X1) íàçâåìî M -

åêâiâàëåíòíîþ ïàði òîïîëîãi÷íèõ ïðîñòîðiâ (Y, Y1), ÿêùî iñíó¹ òîïîëîãi÷íèé içî-
ìîðôiçì j : F (X) → F (Y ) òàêèé, ùî f(G(ηX(X1))) = G(ηY (Y1)). Äëÿ öiëêîì
ðåãóëÿðíîãî ïðîñòîðó X âiäîáðàæåííÿ ηX ¹ âêëàäåííÿì, òîìó äëÿ ïiäïðîñòîðó
Y ⊆ X áóäåìî iíêîëè ïèñàòè Y çàìiñòü ηX(Y ).

Òâåðäæåííÿ 3. Íåõàé X, Y , X1, Y1 � öiëêîì ðåãóëÿðíi ïðîñòîðè, (X,A)
M∼ (Y,B)

i íåõàé i : F (X) → F (Y ) � òîïîëîãi÷íèé içîìîðôiçì òàêèé, ùî i(G(A)) = G(B).
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Ïðèïóñòèìî, ùî iñíóþòü íåïåðåðâíi âiäîáðàæåííÿ f : X → X1, g : Y → Y1 i òîïî-

ëîãi÷íèé içîìîðôiçì j : F (X1) → F (Y1) òàêèé, ùî j ◦ f∗ = f∗ ◦ i, äå f∗ : F (X) →
F (X1) i g

∗ : F (Y )→ F (Y1) � ãîìîìîðôiçìè, ùî ïðîäîâæóþòü âiäîáðàæåííÿ f i g.

Òîäi (X1, A1)
M∼ (Y1, B1), äå A1 = f(A) i B1 = g(B).

Äîâåäåííÿ. Ùîá äîâåñòè ëåìó, äîñòàòíüî äîâåñòèòè, ùî j(A1) ⊆ G(B1). Íåõàé x ∈
A1, v ∈ f−1(x). Òîäi j(x) = g∗ ◦ i(v). Îñêiëüêè v ∈ A, òî i(v) ∈ G(B), a îòæå,
j(x) = g∗ ◦ i(v) ∈ G(B1). Àíàëîãi÷íî äîâîäèòüñÿ, ùî j−1(B1) ∈ G(A1). �

Òåîðåìà 3. Íåõàé ïiäïðîñòið A ¹ G-ðåòðàêòîì öiëêîì ðåãóëÿðíîãî ïðîñòîðó X,

ïiäïðîñòið B ¹ G-ðåòðàêòîì öiëêîì ðåãóëÿðíîãî ïðîñòîðó Y , ïðè÷îìó FG(X/A) '
FG(Y/B). Òîäi äîâiëüíèé òîïîëîãi÷íèé içîìîðôiçì i : F (A) → F (B) ìîæå áóòè

ïðîäîâæåíèé äî òîïîëîãi÷íîãî içîìîðôiçìó j : F (X)→ F (Y ).

Äîâåäåííÿ. Â öié òåîðåìi i íàäàëi íà ìíîæèíi X/A áóäåìî ðîçãëÿäàòè R-ôàêòîðíó
òîïîëîãiþ [10]. Äëÿ òîïîëîãi÷íèõ ãðóï G òà H ïîçíà÷èìî ÷åðåç G ∗ H âiëüíèé
òîïîëîãi÷íèé äîáóòîê ãðóï G òà H. Äîâåäåìî, ùî iñíó¹ òîïîëîãi÷íèé içîìîðôiçì
iX : F (X)→ F (A) ∗ FG(X/A) òàêèé, ùî iX(G(A)) = F (A). Íåõàé p ∈ A, h : A→ A1

� äåÿêèé ãîìåîìîðôiçì, h1 : A1 → A � âiäîáðàæåííÿ, îáåðåíå äî h. Ðîçãëÿíå-
ìî ïðîñòið Z = (X, p) ∨ (A1, h(p)). Çà íàñëiäêîì 2 iñíó¹ ãîìîìîðôíà ðåòðàêöiÿ
r : FG(X, p) → FG(A, p). Çà òâåðäæåííÿì 2 ïiäãðóïà G(A) ⊆ FG(X, p) ¹ òîïîëî-
ãi÷íî içîìîðôíîþ âiëüíié òîïîëîãi÷íié ãðóïi FG(A, p). Îñêiëüêè ïðîñòið Z öiëêîì
ðåãóëÿðíèé, òî âiäîáðàæåííÿ µZ ¹ âêëàäåííÿì, îòæå, áóäåìî ïèñàòè Z, A òà A1

çàìiñòü µZ(Z), µZ(A) òà µZ(A1), âiäïîâiäíî. Îñêiëüêè ïiäïðîñòîðè A òà A1 ¹ G-
ðåòðàêòàìè â Z, òî ïiäãðóïà G(A) ⊆ FG(Z) òîïîëîãi÷íî içîìîðôíà FG(A), ïiä-
ãðóïà G(A1) ⊆ FG(Z) ¹ òîïîëîãi÷íî içîìîðôíîþ FG(A1). Ãîìîìîðôíå ïðîäîâæå-
ííÿ h∗ : FG(A) → FG(A1) ãîìåîìîðôiçìó h ¹ òîïîëîãi÷íèì içîìîðôiçìîì. Éîãî
ìîæåìî ðîçãëÿäàòè ÿê ãîìîìîðôiçì ç G(A) ⊆ FG(Z) ó G(A1) ⊆ FG(Z). Îçíà-
÷èìî âiäîáðàæåííÿ r1 : Z → FG(A, p), ïðèéíÿâøè r1(x) = r(x), ÿêùî x ∈ X i
r1(x) = h1(x), ÿêùî x ∈ A1. Îçíà÷èìî âiäîáðàæåííÿ r2 : Z → FG(A1, h(p)), ïðèéíÿâ-
øè r2(x) = h◦r1(X). Ïðîäîâæèìî âiäîáðàæåííÿ r1(x) òà r2(x) äî íåïåðåðâíèõ ãîìî-
ìîðôiçìiâ R1 : FG(Z, p) → FG(A, p), R2 : FG(Z, p) → FG(A1, h(p)). Çà ïîáóäîâîþ,
ÿêùî x ∈ A, òî R1(x) = x, à ÿêùî x ∈ A1, òî R2(x) = x. ßêùî æ x ∈ Z, òî âè-
êîíóþòüñÿ ðiâíîñòi R1 ◦ R2 = R1, R2 ◦ R1 = R2. Íåõàé f1 : Z → Z/A1, f2 : Z →
Z/A �- R-ôàêòîðíi âiäîáðàæåííÿ, f∗1 : FG(Z, p)→ FG(Z/A1, f1(p)), f∗2 : FG(Z, p)→
FG(Z/A, f2(p)) � ¨õíi ãîìîìîðôíi ïðîäîâæåííÿ. Âiäîáðàæåííÿ i : Z → F (Z) îçíà-
÷åíå ÿê i(x) = R1(x)

−1 ·x ·R2(x)
−1 ¹ íåïåðåðâíèì. Íåõàé I : FG(Z, p)→ FG(Z, h(p))

� ãîìîìîðôíå ïðîäîâæåííÿ âiäîáðàæåííÿ i. Äîâåäåìî, ùî I ◦ I = 1FG(Z,p), òîá-
òî ãîìîìîðôiçì I ¹ òîïîëîãi÷íèì içîìîðôiçìîì. Äëÿ öüîãî äîñòàòíüî äîâåñòè, ùî
I ◦ i(x) = x äëÿ âñiõ x ∈ Z. Ñïðàâäi,

I◦i(x) = R1(R1(x)
−1 ·x·R2(x)

−1)−1 ·(R1(x)
−1 ·x·R2(x)

−1)·R2(R1(x)
−1 ·x·R2(x)

−1)−1 =

= R1◦R2(x)·R1(x)
−1·R1◦R1(x)·R1(x)

−1·x·R2(x)
−1·R2◦R2(x)·R2(x)

−1·R2◦R1(x) = x.

Çà ïîáóäîâîþ I(A) ⊆ G(A1), I(A1) ⊆ G(A).
Äîâåäåìî, ùî iñíó¹ òîïîëîãi÷íèé içîìîðôiçì

u : FG(Z/A1, f1(p))→ FG(Z/A, f2(p)),
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ÿêèé ðîáèòü äiàãðàìó

FG(Z, p)
i //

f∗
1

��

FG(Z, p)

f∗
2

��
FG(Z/A1, f1(p)) u

// FG(Z/A, f2(p))

êîìóòàòèâíîþ.
Íåõàé x ∈ Z/A1, y ∈ f−1

1 (x). Ïðèéìåìî u1(x) = f∗2 ◦ i(x). Äîâåäåìî, ùî âiä-
îáðàæåííÿ u1 îçíà÷åíå êîðåêòíî. Ñïðàâäi, íåõàé y1, y2 ∈ Z òàêi, ùî f(y1) = f(y2) i
y1 6= y2. Òîäi y1, y2 ∈ A1, à òîìó i(y1), i(y2) ∈ A i f2(y1) = f2(y2), u1(y1) = u1(y2). Ïðî-
äîâæèìî âiäîáðàæåííÿ u1 äî ãîìîìîðôiçìó u : FG(Z/A1, f1(p)) → FG(Z/A, f2(p)).
Ç òîãî, ùî âiäîáðàæåííÿ f1 òà f2 ¹ R-ôàêòîðíèìè, âèïëèâà¹, ùî ãîìîìîðôiçìè f∗1 òà
f∗2 âiäêðèòi âiäîáðàæåííÿ [10] (ðåçóëüòàò Îêóí¹âà i éîãî äîâåäåííÿ, äîâåäåíi äëÿ òè-
õîíîâñüêèõ ïðîñòîðiâ, áåç æîäíèõ ìîäèôiêàöié ïåðåíîñÿòüñÿ íà âèïàäîê öiëêîì ðå-
ãóëÿðíèõ ïðîñòîðiâ), à òîìó içîìîðôiçì u ¹ òîïîëîãi÷íèì. Îñêiëüêè I(A) ⊆ G(A1), òî
u(f1(A)) ⊆ G(f2(A))). Îòæå, iñíó¹ òîïîëîãi÷íèé içîìîðôiçì u : FG(X)→ FG(X/A∨
A), òàêèé, ùî u(G(A)) = G(A). Ç îçíà÷åííÿ âiëüíî¨ ãðóïè òà âiëüíîãî äîáóòêó òîïî-
ëîãi÷íèõ ãðóï âèïëèâà¹, ùî äëÿ äîâiëüíèõ òîïîëîãi÷íèõ ïðîñòîðiâX òà Y iñíó¹ òîïî-
ëîãi÷íèé içîìîðôiçì w : FG(X∨Y )→ FG(X)∗FG(Y ) òàêèé, ùî w(G(X)) = FG(X).
Çîêðåìà, iñíó¹ òîïîëîãi÷íèé içîìîðôiçì w1 : FG(X/A ∨A)→ FG(X/A) ∗ FG(A) òà-
êèé, ùî w1(G(A)) = FG(A). Òîäi êîìïîçèöiÿ u1 = w1 ◦ w : FG(X) → FG(X/A) ∗
FG(A) ìà¹ òó âëàñòèâiñòü, ùî u1(G(A)) = FG(A). Íåõàé w2 : Z → Z � òîòîæíèé
àâòîìîðôiçì äèñêðåòíî¨ ãðóïè öiëèõ ÷èñåë Z. Ðîçãëÿíåìî âiëüíèé äîáóòîê içîìîð-
ôiçìiâ u1 òà w2: w3 = u1 ∗ w2 : FG(X) ∗ Z → FG(X/A) ∗ FG(A) ∗ Z . Îñêiëüêè
F (X) ' FG(X) ∗Z, òî içîìîðôiçì w3 ìîæíà ðîçãëÿäàòè ÿê içîìîðôiçì w3 : F (X) '
FG(X/A) ∗ F (A). Çà ïîáóäîâîþ w3(G(A)) = G(A). Àíàëîãi÷íî äîâîäèòüñÿ, ùî iñíó¹
òîïîëîãi÷íèé içîìîðôiçì iY : F (Y )→ F (B) ∗FG(Y/B) òàêèé, ùî iY (G(B)) = F (B).
Íåõàé òåïåð s1 : F (A) → F (B), s2 : FG(X/A) → FG(Y/B) � òîïîëîãi÷íi içîìîðôi-
çìè, òîäi ãîìîìîðôiçì s1 ∗ s2 : F (A) ∗ FG(X/A)→ F (B) ∗ FG(Y/B) ¹ òîïîëîãi÷íèì
içîìîðôiçìîì. Ãîìîìîðôiçì j = i−1

Y ◦ (s1 ∗ s2) ◦ iX ¹ êîìïîçèöi¹þ òîïîëîãi÷íèõ içî-
ìîðôiçìiâ, à îòæå, ¹ òîïîëîãi÷íèì içîìîðôiçìîì. Iíøèìè ñëîâàìè, içîìîðôiçì j
îòðèìà¹ìî, ÿê êîìïîçèöiþ ïîñëiäîâíîñòi içîìîðôiçìiâ

F (X)
iX−→ F (A) ∗ FG(X/A) s1∗s2−→ F (Y ) ∗ FG(Y/B)

i−1
Y−→ F (Y ).

Êðiì òîãî,

j(G(A)) = i−1
Y ◦ (s1 ∗ s2) ◦ iX(G(A)) = i−1

Y ◦ (s1 ∗ s2)(F (A)) = i−1
Y (F (B)) = G(B).

�

Òåîðåìà 4 äîâîäèòüñÿ àíàëîãi÷íî äî òåîðåìè 3, ÿêùî âðàõóâàòè, ùî äëÿ âiëüíèõ
àáåëåâèõ ãðóï óìîâè A(X) ' A(Y ) i AG(X) ' AG(Y ) çáiãàþòüñÿ [4].

Òåîðåìà 4. Íåõàé ïiäïðîñòið A ¹ GA-ðåòðàêòîì öiëêîì ðåãóëÿðíîãî ïðîñòî-

ðó X, ïiäïðîñòið B ¹ GA-ðåòðàêòîì öiëêîì ðåãóëÿðíîãî ïðîñòîðó Y , ïðè÷îìó

(X/A)
A∼ (Y/B). Òîäi äîâiëüíèé òîïîëîãi÷íèé içîìîðôiçì i : A(A) → A(B) ìîæå

áóòè ïðîäîâæåíèé äî òîïîëîãi÷íîãî içîìîðôiçìó j : A(X)→ A(Y ).
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Òåîðåìà 5. Äëÿ ïðîñòîðiâ X i Y òàêi óìîâè åêâiâàëåíòíi:

(1) äëÿ äîâiëüíèõ òî÷îê a ∈ X, b ∈ Y iñíó¹ òîïîëîãi÷íèé içîìîðôiçì

h : F (X)→ F (Y ) òàêèé, ùî h(a) = b;
(2) âiëüíi òîïîëîãi÷íi ãðóïè â ñåíñi Ãðà¹âà ïðîñòîðiâ FG(X, a) òà FG(Y, b)

òîïîëîãi÷íî içîìîðôíi.

Äîâåäåííÿ. Äîâåäåìî iìïëiêàöiþ (1) ⇒ (2). Íåõàé i : F (X) → F (Y ) � òîïîëîãi÷-
íèé içîìîðôiçì òàêèé, ùî i(a) = b. Òîòîæíå âiäîáðàæåííÿ X → X ïðîäîâæó-
¹òüñÿ äî íåïåðåðâíîãî ãîìîìîðôiçìó fx : F (X) → FG(X, a) ó âiëüíó àáåëåâó ãðà-
¹âñüêó òîïîëîãi÷íó ãðóïó ïðîñòîðó X ç îäèíèöåþ â òî÷öi a. Òàê ñàìî, òîòîæíå
âiäîáðàæåííÿ fy : F (Y ) → FG(Y, b) ïðîäîâæó¹òüñÿ äî íåïåðåðâíîãî ãîìîìîðôiçìó
ó âiëüíó àáåëåâó ãðà¹âñüêó òîïîëîãi÷íó ãðóïó ïðîñòîðó Y ç îäèíèöåþ â òî÷öi b.
Íåïåðåðâíå âiäîáðàæåííÿ sx : X → FG(Y, b), îçíà÷åíå ÿê sx = fy ◦ i|X , ìà¹ òà-
êó âëàñòèâiñòü, ùî sx(a) = b, îòæå, ïðîäîâæó¹òüñÿ äî íåïåðåðâíîãî ãîìîìîðôiçìó
ix : FG(X, a) → FG(Y, b). Òàê ñàìî íåïåðåðâíå âiäîáðàæåííÿ sy : Y → FG(X, b),
îçíà÷åíå ÿê sy = fx ◦ i−1

Y , ìà¹ òàêó âëàñòèâiñòü, ùî sy(b) = a, îòæå, ïðîäîâæó¹òüñÿ
äî íåïåðåðâíîãî ãîìîìîðôiçìó iy : FG(Y, b)→ FG(X, a). Ìà¹ìî, ùî

jy ◦ jx = fx ◦ i ◦ i−1(x) = x

äëÿ âñiõ x ∈ X. Àíàëîãi÷íî

jx ◦ jy = fy ◦ i−1 ◦ i(y) = y

äëÿ âñiõ y ∈ Y . Îòæå, j � òîïîëîãi÷íèé içîìîðôiçì âiëüíèõ ãðà¹âñüêèõ ãðóï
FG(X, a) i FG(Y, b).

Äîâåäåííÿ iìïëiêàöi¨ (2) ⇒ (1) ìîæíà îòðèìàòè, çàñòîñóâàâøè òåîðåìó 3 äëÿ
ïiäïðîñòîðiâ A = {a} ⊆ X òà B = {b} ⊆ Y . �

Òîïîëîãi÷íi ïðîñòîðè ïðîñòîðè X òà Y , ÿêi çàäîâîëüíÿþòü óìîâè òåîðåìè 5
áóäåìî íàçèâàòè M∗-åêâiâàëåíòíèìè.

Òâåðäæåííÿ 4. Íåõàé X1, X2 � öiëêîì ðåãóëÿðíi ïðîñòîðè, K1 ⊆ X1, K2 ⊆ X2

� ¨õíi G-ðåòðàêòè. Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) ïàðè (X1,K1) i (X2,K2) ¹ M -åêâiâàëåíòíèìè;

(2) K1
M∼ K2 i FG(X1/K1) ' FG(X2/K2).

Äîâåäåííÿ. (1)⇒ (2). Âðàõîâóþ÷è òâåðäæåííÿ 2, ìàòèìåìî

F (K1) ' G(K1) ' G(K2) ' F (K2).

ßêùî (X1/K1)
M∼ (X2/K2), òî R-ôàêòîðíi âiäîáðàæåííÿ p1 : X1 → X1/K1,

p2 : X2 → X2/K2, ¹ M -åêâiâàëåíòíèìè, à òîìó çà òâåðäæåííÿì 3 ïàðè
((X1/K1), p1(K1)) òà ((X2/K2), p2(K2)) ¹ M -åêâiâàëåíòíèìè, çâiäêè çà òåîðåìîþ 5
îòðèìà¹ìî, ùî FG(X1/K1) ' FG(X2/K2).

(2)⇒ (1). Âèïëèâà¹ ç òåîðåìè 3. �

Àíàëîãi÷íî äîâîäèòüñÿ òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 5. Íåõàé X1, X2 � öiëêîì ðåãóëÿðíi ïðîñòîðè, K1 ⊆ X1, K2 ⊆ X2

� ¨õíi G-ðåòðàêòè. Òîäi òàêi óìîâè åêâiâàëåíòíi:
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(1) ïàðè (X1,K1) i (X2,K2) ¹ A-åêâiâàëåíòíèìè;

(2) K1
A∼ K2 i (X1/K1)

A∼ (X2/K2).

Íåõàé X � òîïîëîãi÷íèé ïðîñòið. Îçíà÷èìî íà X âiäíîøåííÿ åêâiâàëåíòíîñòi,
ïðèéíÿâøè, a ∼ b, ÿêùî a i b íå âiäîêðåìëþþòüñÿ âiäêðèòèìè â X ìíîæèíàìè.
Ôàêòîð-ïðîñòið X/ ∼ ïîçíà÷èìî ÷åðåç T0X. ×åðåç TX : X → T0X ïîçíà÷èìî âiäïî-
âiäíå ôàêòîð-âiäîáðàæåííÿ. Âiäîáðàæåííÿ TX ìà¹ ïðàâå îáåðíåíå, à ïðîñòið T0X
âêëàäà¹òüñÿ â X ÿê ðåòðàêò. Âèáðàâøè â êîæíîìó êëàñi åêâiâàëåíòíîñòi ïî îäíié
òî÷öi, îòðèìà¹ìî ïiäïðîñòið Y â X, ÿêèé ¹ ãîìåîìîðôíèì T0X. Ôàêòîð-ïðîñòið
X/Y àíòèäèñêðåòíèé, éîãî ïîòóæíiñòü íå çàëåæèòü âiä âèáðàíèõ òî÷îê. Öþ ïîòóæ-
íiñòü ïîçíà÷àòèìåìî |X/T0X|. Äëÿ öiëêîì ðåãóëÿðíîãî ïðîñòîðó X ïðîäîâæåííÿ
T ∗
X : F (X)→ F (T0X) âiäîáðàæåííÿ TX äî ãîìîìîðôiçìó âiëüíèõ òîïîëîãi÷íèõ ãðóï

¹ âiäêðèòèì ãîìîìîðôiçìîì, à éîãî ÿäðî çáiãà¹òüñÿ ç íîðìàëüíîþ ïiäãðóïîþ, ÿêà ¹
ñóêóïíiñòþ âñiõ òî÷îê, êîòði íå âiäîêðåìëþþòüñÿ âiä îäèíèöi ãðóïè F (X) âiäêðè-
òèìè ìíîæèíàìè.

Òâåðäæåííÿ 6. ßêùî i : F (T0X) → F (T0Y ) � içîìîðôiçì âiëüíèõ òîïîëîãi÷íèõ

ãðóï, |X/T0X| = |Y/T0Y |. Òîäi iñíó¹ òîïîëîãi÷íèé içîìîðôiçì i : F (X) → F (Y )
òàêèé, ùî j|F (T0(X) = i.

Äîâåäåííÿ. Âèïëèâà¹ ç òåîðåìè 3, ÿêùî âðàõóâàòè, ùî ïðîñòîðè X/T0X òà Y/T0Y ¹
àíòèäèñêðåòíèìè ïðîñòîðàìè îäíàêîâî¨ ïîòóæíîñòi, òîáòî ãîìåîìîðôíèìè, à îòæå,
M∗-åêâiâàëåíòíèìè. �

Òâåðäæåííÿ 7 äîâåäåíå äëÿ òèõîíîâñüêèõ ïðîñòîðiâ ó [2] ëåãêî ïåðåíîñèòüñÿ íà
âèïàäîê öiëêîì ðåãóëÿðíèõ ïðîñòîðiâ.

Òâåðäæåííÿ 7. Ç òîãî, ùî (X,A)
M∼ (Y,B) âèïëèâà¹ (X,A)

A∼ (Y,B).

4. Ïðîñòîðè ç òîïîëîãi¹þ ðîçáèòòÿ òà åêâiâàëåíòíiñòü íàáîðiâ

Íàãàäà¹ìî, ùî òîïîëîãi÷íèé ïðîñòið X ìà¹ òîïîëîãiþ ðîçáèòòÿ, ÿêùî X ¹
ïðÿìîþ (äèñêðåòíîþ) ñóìîþ ñâî¨õ àíòèäèñêðåòíèõ ïðîñòîðiâ. Íà ïiäñòàâi òîãî, ùî
äëÿ ïðîñòîðiâ ç òîïîëîãi¹þ ðîçáèòòÿ òà ïàð ïðîñòîðiâ ç òîïîëîãiÿìè ðîçáèòòÿ âiä-
íîøåííÿ M -åêâiâàëåíòíîñòi òà A-åêâiâàëåíòíîñòi çáiãàþòüñÿ, òî áóäåìî ñêîðî÷åíî

ïîçíà÷àòè åêâiâàëåíòíi ïðîñòîðè X
f∼ Y , à åêâiâàëåíòíi ïàðè (X,A)

f∼ (Y,B).

Òåîðåìà 6. Íåõàé X òà Y � ïðîñòîðè ç òîïîëîãi¹þ ðîçáèòòÿ, A ⊆ X, B ⊆ Y .
Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) (X,A)
M∼ (Y,B);

(2) (X,A)
A∼ (Y,B);

(3) (X/A)
f∼ (Y/B) i A

f∼ B.

Äîâåäåííÿ. Âèïëèâà¹ ç òâåðäæåíü 4 i 5 òà içîìîðôíî¨ êëàñèôiêàöi¨ òîïîëîãi÷íèõ
ïðîñòîðiâ ç òîïîëîãi¹þ ðîçáèòòÿ, ÿêà âèçíà÷åíà ó [5], ÿêùî âðàõóâàòè, ùî êîæåí
ïiäïðîñòið òîïîëîãi÷íîãî ïðîñòîðó ç òîïîëîãi¹þ ðîçáèòòÿ ¹ éîãî ðåòðàêòîì. �
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Íàñëiäîê 4. Íåõàé X òà Y � òîïîëîãi÷íi ïðîñòîðè ç òîïîëîãiÿìè ðîçáèòòÿ,

X1 ⊆ X, Y1 ⊆ Y � ¨õíi ñêií÷åííi ïiäïðîñòîðè òàêi, ùî ïðîñòîðè X/X1 òà Y/Y1 ¹

ñêií÷åííèìè. Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) (X,X1)
f∼ (Y, Y1);

(2) X
f∼ Y i X1

f∼ Y1.

Äîâåäåííÿ. (1)⇒ (2) Î÷åâèäíî.

(2)⇒ (1) Îñêiëüêè X
f∼ X1 ∨ (X/X1), Y

f∼ Y1 ∨ (Y/Y1), òî

X1 ∨ (X/X1)
f∼ Y1 ∨ (Y/Y1).

Çà íàñëiäêîì 7 ç [5] îòðèìà¹ìî, ùî (X/X1)
f∼ (Y/Y1). Çâiäñè çà òåîðåìîþ 6 âèïëèâà¹,

ùî (X,X1)
f∼ (Y, Y1). �

Íàñëiäîê 5. Íåõàé X òà Y � òîïîëîãi÷íi ïðîñòîðè ç òîïîëîãiÿìè ðîçáèòòÿ,

X1 ⊆ X, Y1 ⊆ Y � ¨õíi ïiäïðîñòîðè òàêi, ùî ïðîñòîðè X/X1 i Y/Y1 ¹ ñêií÷åííèìè.
Òîäi ìàêi óìîâè åêâiâàëåíòíi:

(1) (X,X1)
f∼ (Y, Y1);

(2) X
f∼ Y i (X/X1)

f∼ (Y/Y1).

Äîâåäåííÿ. (1)⇒ (2) Î÷åâèäíî.

(2)⇒ (1) Îñêiëüêè X
f∼ X1 ∨ (X/X1), Y

f∼ Y1 ∨ (Y/Y1), òî

X1 ∨ (X/X1)
f∼ Y1 ∨ (Y/Y1).

Çà íàñëiäêîì 7 ç [5] îòðèìà¹ìî, ùî (X/X1)
f∼ (Y/Y1). Çâiäñè çà òåîðåìîþ 6 âèïëèâà¹,

ùî (X,X1)
f∼ (Y, Y1). �

Ç íàñëiäêiâ 4 i 5 âèïëèâà¹ íàñëiäîê 6.

Íàñëiäîê 6. Íåõàé X òà Y � ñêií÷åííi òîïîëîãi÷íi ïðîñòîðè ç òîïîëîãiÿìè

ðîçáèòòÿ, X1 ⊆ X, Y1 ⊆ Y . Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) (X,X1)
f∼ (Y, Y1);

(2) X
f∼ Y i (X/X1)

f∼ (Y/Y1);

(3) X
f∼ Y i X1

f∼ Y1;
(4) X1

f∼ Y1 i (X/X1)
f∼ (Y/Y1).

5. Ïðî äåÿêi ôóíêòîðè òà åêâiâàëåíòíiñòü íàáîðiâ

Òâåðäæåííÿ 8. Íåõàé A ⊆ X, B ⊆ Y � ïàðè öiëêîì ðåãóëÿðíèõ ïðîñòîðiâ, ïðè-

÷îìó (X,A)
M∼ (Y,B). Òîäi (T0X,T0A)

M∼ (T0Y, T0B).

Äîâåäåííÿ. Äëÿ M -åêâiâàëåíòíèõ ïðîñòîðiâ ôàêòîð-âiäîáðàæåííÿ fX : X → T0X i
fY : Y → T0Y M -åêâiâàëåíòíi, à òîìó çàëèøà¹òüñÿ çàñòîñóâàòè òâåðäæåííÿ 3. �



66
Íàçàð ÏÈÐ×

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2020. Âèïóñê 90

Ïiä âiäíîñíîþ òîïîëîãi÷íîþ âëàñòèâiñòþ áóäåìî ðîçóìiòè âëàñòèâiñòü, ÿêà õà-
ðàêòåðèçó¹ ðîçìiùåííÿ ïiäïðîñòîðó Y òîïîëîãi÷íîãî ïðîñòîðó X ó öüîìó ïðîñòîði.

Ç òâåðäæåííÿ 8 âèïëèâà¹ òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 9. Íåõàé P � âiäíîñíà òîïîëîãi÷íà âëàñòèâiñòü òàêà, ùî ïiäïðîñ-

òið A öiëêîì ðåãóëÿðíîãî ïðîñòîðó X âîëîäi¹ âëàñòèâiñòþ P â X òîäi i òiëüêè

òîäi, êîëè ïiäïðîñòið T0A âîëîäi¹ âëàñòèâiñòþ P â T0X. ßêùî âëàñòèâiñòü P çáå-

ðiãà¹òüñÿ âiäíîøåííÿì M -åêâiâàëåíòíîñòi ïàð ó êëàñi òèõîíîâñüêèõ ïðîñòîðiâ,

òî P çáåðiãà¹òüñÿ âiäíîøåííÿì M -åêâiâàëåíòíîñòi ïàð ó êëàñi öiëêîì ðåãóëÿðíèõ

ïðîñòîðiâ.

Òâåðäæåííÿ 10. Íåõàé X � öiëêîì ðåãóëÿðíèé ïðîñòið. Ïiäïðîñòið A ¹ âñþäè

ùiëüíèì â X òîäi i òiëüêè òîäi, êîëè ïiäïðîñòið T0A ¹ âñþäè ùiëüíèì ó T0X.

Äîâåäåííÿ. Íåîáõiäíiñòü. Íåõàé ïiäïðîñòið A ¹ âñþäè ùiëüíèì â X. Çà íåïåðåðâ-
íiñòþ ôàêòîðíîãî âiäîáðàæåííÿ f : X → T0X ïiäïðîñòið T0A = f(A) ¹ âñþäè ùiëü-
íèì â T0X.

Äîñòàòíiñòü. Íåõàé ïiäïðîñòið T0A ¹ âñþäè ùiëüíèì ó T0X. Çà íàñëiäêîì
2.4.10 ç [6] ôàêòîðíå âiäîáðàæåííÿ f : X → T0X áóäå çàìêíåíèì. Äëÿ êîæíîãî
çàìêíåíîãî âiäîáðàæåííÿ f : X → Y i äîâiëüíîãî A ⊆ X âèêîíó¹òüñÿ ðiâíiñòü f(A) =
f(A). Îòæå, f(A) = T0X. Íà ïiäñòàâi òîãî, ùî âñi êëàñè åêâiâàëåíòíîñòi ôàêòîðíîãî
âiäîáðàæåííÿ f : X → T0X ñêëàäàþòüñÿ ëèøå ç òî÷îê, ÿêi íå âiäîêðåìëþþòüñÿ
âiäêðèòèìè òà çàìêíåíèìè ìíîæèíàìè, òî öÿÿ ðiâíiñòü ìîæëèâà ëèøå ó âèïàäêó,
êîëè A = X. �

ßê äîâåäåíî ó [2], âëàñòèâiñòü áóòè âñþäè ùiëüíèì ïiäïðîñòîðîì çáåðiãà¹òüñÿ
âiäíîøåííÿì M -åêâiâàëåíòíîñòi ïàð ó êëàñi òèõîíîâñüêèõ ïðîñòîðiâ.

Íàñëiäîê 7. Âëàñòèâiñòü áóòè âñþäè ùiëüíèì ïðîñòîðîì çáåðiãà¹òüñÿ âiäíî-

øåííÿì M -åêâiâàëåíòíîñòi ïàð ó êëàñi öiëêîì ðåãóëÿðíèõ ïðîñòîðiâ.

Òâåðäæåííÿ 11. Íåõàé X � öiëêîì ðåãóëÿðíèé ïðîñòið. Ïiäïðîñòið A ôóíêöiî-

íàëüíî îáìåæåíèé â X òîäi i òiëüêè òîäi, êîëè ïiäïðîñòið T0A ¹ ôóíêöiîíàëüíî

îáìåæåíèì ó T0X.

Äîâåäåííÿ. Íåîáõiäíiñòü. Íåõàé q : X → T0X � ôàêòîðíå âiäîáðàæåííÿ. Îñêiëü-
êè ìíîæèíà äiéñíèõ ÷èñåë ç òîïîëîãi¹þ, ïîðîäæåíîþ åâêëiäîâîþ ìåòðèêîþ ¹ T0-
ïðîñòîðîì, òî äëÿ äîâiëüíî¨ íåïåðåðâíî¨ ôóíêöi¨ f : X → R iñíó¹ íåïåðåðâíå âiäîá-
ðàæåííÿ f1 : T0X → R òàêå, ùî f = f1 ◦ q. Íåõàé A � ôóíêöiîíàëüíî îáìåæåíà â X.
Îñêiëüêè ìíîæèíà T0(A) = q(A) ¹ ôóíêöiîíàëüíî îáìåæåíîþ â T0X, òî ìíîæèíà
f(a) = f1(T0A) ¹ îáìåæåíîþ.

Äîñòàòíiñòü. Íåõàé ìíîæèíà A ôóíêöiîíàëüíî îáìåæåíà â X. Òîäi äëÿ äî-
âiëüíî¨ íåïåðåðâíî¨ äiéñíîçíà÷íî¨ ôóíêöi¨ f1 : T0X → R ìíîæèíà f1(T0A) = f(A) ¹
îáìåæåíîþ. �

Íàñëiäîê 8. Âëàñòèâiñòü áóòè ôóíêöiîíàëüíî îáìåæåíèì ïiäïðîñòîðîì çáåðiãà-

¹òüñÿ âiäíîøåííÿì M -åêâiâàëåíòíîñòi ïàð ó êëàñi öiëêîì ðåãóëÿðíèõ ïðîñòîðiâ.
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Äîâåäåííÿ. Ó [3] äîâåäåíî, ùî âëàñòèâiñòü áóòè ôóíêöiîíàëüíî îáìåæåíèì ïðîñòî-
ðîì çáåðiãà¹òüñÿ âiäíîøåííÿì M -åêâiâàëåíòíîñòi ïàð ó êëàñi òèõîíîâñüêèõ ïðîñòî-
ðiâ, òîìó ç òâåðäæåíü 8 i 11 âèïëèâà¹, ùî âëàñòèâiñòü áóòè ôóíêöiîíàëüíî îáìå-
æåíèì ïðîñòîðîì çáåðiãà¹òüñÿ âiäíîøåííÿì M -åêâiâàëåíòíîñòi ïàð ó êëàñi öiëêîì
ðåãóëÿðíèõ ïðîñòîðiâ. �

Îñêiëüêè äëÿ äîâiëüíîãî òîïîëîãi÷íîãî ïðîñòîðó X âiëüíà òîïîëîãi÷íà ãðóïà
F (X) ïðèðîäíî içîìîðôíà âiëüíié ãðóïi F (ηX(X)) öiëêîì ðåãóëÿðíîãî ïðîñòîðó
ηX(X), òî ðåçóëüòàòè öi¹¨ ïðàöi äàþòü çìîãó çâåñòè êëàñèôiêàöiþ ïàð òîïîëîãi÷íèõ
ïðîñòîðiâ (X,Y ) äî êëàñèôiêàöi¨ ïàð (ηX(X), ηX(Y )) öiëêîì ðåãóëÿðíèõ ïðîñòîðiâ,
à ïîòiì i ïàð (T0(ηX(X)), T0(ηX(Y ))) òèõîíîâñüêèõ ïðîñòîðiâ.

Àâòîð âèñëîâëþ¹ ùèðó ïîäÿêó ðåöåíçåíòó çà öiííi ïîðàäè.
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In the paper we proposed the method for reducing the problem of
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INFINITESIMAL TRANSFORMATIONS OF A SYMMETRIC
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The study of in�nitesimal transformations in Riemannian spaces is of
interest both theoretically and as an application. If a certain �eld is speci�ed
in the space Vn with the metric ds2, which admits an r-parametric group
of motions Gr, then this �eld has r conservation laws. The distribution of
relativistic gas according to the Maxwell-Boltzmann law is characterized by a
vector ξi(x), which is a Killing vector (if the gas consists of particles of nonzero
rest mass) or an in�nitely small conformal transformation vector (if the gas
consists of particles of zero rest mass). ([5], [6]) In this article, in�nitesimal
motions in symmetric Riemannian spaces of the �rst class Vn were studied. For
n = 4 the basis of the Lie group G8 of examined transformations is explicitly
found and the structure of this group is given.

Key words: second approximation space, in�nitesimal transformations, Lie
group.

1. Preliminary information

P. A. Shirokov ([2, 7]) found all irreducible symmetric Riemannian spaces Vn(x; g(x))
of the �rst class. The metric tensor gij(x) of such spaces in a Riemannian coordinate
system with origin at a point M0(x

h = 0) has the following form:

(1) gij(x) = g
◦
ij +

1

3

(
h
◦
iα h
◦
jβ − h

◦
ij h
◦
αβ

)
xαxβ ,

2020 Mathematics Subject Classi�cation: 53C25
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where

(2)

(
gij
◦

)
=

(
0 Em
Em 0

)
,

(3)

(
h
◦
ij

)
=



e1 0 · · · 0 · · · 0
0 e2 · · · 0 · · · 0
...

...
...

...
...

...
0 · · · em−1 0 · · · 0
0 0 · · · em · · · 0
0 0 · · · 0 · · · 0
0 0 · · · 0 · · · 0
...

...
...

...
...

...
0 0 · · · 0 · · · 0
0 0 · · · 0 · · · 0

,


Em is the unit matrix, (ei = ±1, i = 1, 2, ...,m).

In (2) and (3), gij
◦

and hij
◦
, in the terminology of P. A. Shirokov, are values of

the components of the �rst and second fundamental tensors at the beginning of the
Riemannian coordinate system.

For an arbitrary Riemannian space Vn(x; g(x)) S. M. Pokas ([3, 4]) introduced the

concept of a second approximation space Ṽ 2
n (y; g̃(y)):

(4) g̃ij(y) = g
◦
ij +

1

3
R
◦
iαβjy

αyβ ,

where g
◦
ij = gij(M0), R

◦
iαβj = Riαβj(M0), and M0 ∈ Vn is an arbitrary point of the

initial space Vn.
Comparison of (1) and (4) shows that the symmetric Riemannian space of the �rst

class Vn is isometric to the space of the second approximation Ṽ 2
n . Therefore, the Lie

group of the in�nitesimal transformations G̃r of the space Ṽ 2
n is isomorphic to the Lie

group of the in�nitesimal transformations Gr of the symmetric Riemannian space of the
�rst class Vn.

In this article, we will use the results of the study of in�nitesimal motions in Ri-

emannian space of the second approximation Ṽ 2
n . The following statement was proved

([3]).

Proposition 1. Forexistence of an analytic Killing vector ξ̃h(y) in the Riemannian space

of the second approximation Ṽ 2
n (y; g̃(y)), in the following form:

(5) ξ̃h(y) = ah· + ah·l y
l + ah·l1l2 y

l1yl2 + . . .+ ah·l1...lp y
l1 · . . . · ylp + . . .

where a
p

h = ah·l1...lpy
l1 . . . ylp , ah· , a

h
·l1 , a

h
·l1l2 , . . . , a

h
·l1...lk are some constants, the following

conditions are necessary and su�cient:

(6) a
2p

h
· =

(−1)p+1

2p− 1
aαt(p)hα
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(7) a
2p+1

h
· = 0

(8) aα·(i g◦ j)α
= 0

(9) aα·(iR◦
j)(l1l2)α + aα·(l1 R◦

l2)(ij)α = 0

(10) a
2p−1

α
·(it

h
j)α + a

2p

α
· µαij = 0

(p = 1, 2, . . .).

In the conditions (6)�(10), the following notation is introduced:

thk =
1

3
R
◦
h
·l1l2k y

l1yl2 , µkij =
1

3
R
◦
k(ij)l y

l,

t
(p)h
k = thα1

tα1
α2
· . . . · tαp

k , (p = 2, 3, . . .)

ah·i
2p+1

=
1

2p+ 2

∂

∂yi

(
ah·

2p+2

)
Considering the fact that the matrix of the tensor h

◦ij
in (3) is nilpotent, the relations

(5)�(10) take the following form:

(11) ξp(x) = ap· + ap·l x
l +

1

3
aα·

(
h
◦
l1α h◦

p
l2
− h
◦
l1l2 h◦

p
α

)
xl1xl2

(12) aα· (i g◦ j)α
= 0

aα· i

(
h
◦
jl1 h◦

l2α + h
◦
jl2 h◦

l1α − 2h
◦
l1l2 h◦

jα

)
+

+ aα· j

(
h
◦
il1 h◦

l2α + h
◦
il2 h◦

l1α − 2h
◦
l1l2 h◦

iα

)
+

+ aα· l1

(
h
◦
il2 h◦

jα + h
◦
jl2 h◦

iα −−2h
◦
ij h
◦
l2α

)
+

+ aα· l2

(
h
◦
il1 h◦

jα + h
◦
jl1 h◦

iα − 2h
◦
ij h
◦
l1α

)
= 0.

(13)

Thus the statement is proved.

Proposition 2. An analytic Killing vector exists in a symmetric Riemannian space of

the �rst class Vn if and only if its components have the form (11), where ah· are arbitrary
constants, and ah·l satisfy the algebraic equations (12) and (13).

Remark 1. From (11)�(13) we arrive at the well-known result ([1]) that the maximal
order r of Lie groups of motions in Riemannian space Vn satis�es the inequality:

r ≤ n(n+ 1)

2
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2. Infinitesimal transformations in a symmetric Riemannian space

of the first class V4

Let us consider the case n = 4, then the matrices

∣∣∣∣∣∣∣∣g◦ ij
∣∣∣∣∣∣∣∣ and ∣∣∣∣∣∣∣∣h◦ ij

∣∣∣∣∣∣∣∣ have the form:

∣∣∣∣∣∣∣∣gij
◦

∣∣∣∣∣∣∣∣ =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 ,

∣∣∣∣∣∣∣∣hij
◦

∣∣∣∣∣∣∣∣ =


e1 0 0 0
0 e2 0 0
0 0 0 0
0 0 0 0


(14)

(ei = ±1, i = 1, 2).
Giving values from 1 to 4 to the indices i and j in the equations (12),we obtain

conditions for the constants ai·j :

a3·1 = a4·2 = a1·3 = a2·4 = 0,

a4·1 = −a3·2,
a3·3 = −a1·1,
a3·4 = −a2·1,
a4·3 = −a1·2,
a4·4 = −a2·2,
a2·3 = −a1·4

Exploring equations (13), we get the �nal form of the matrix
∥∥ai·j∥∥:

∥∥ai·j∥∥ =

∥∥∥∥∥∥∥∥
a1·1 a1·2 0 0
a2·1 −a1·1 0 0
0 a3·2 −a1·1 −a2·1
−a3·2 0 −a1·2 a1·1

∥∥∥∥∥∥∥∥ .

Thus, there are exactly 4 independent arbitrary constants among ai·j : a
1
·1, a

1
·2, a

2
·1, a

3
·2.

Considering that among ah· there are also 4 independent constants (a1, a2, a3, a4), the
following statement is true:

Proposition 3. In the symmetric Riemannian space V4 of the �rst class there exist at

least 8 linearly independent Killing vectors with constant coe�cients
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The vectors ξh|p(x), where p = 1, . . . , 8, included in the basis of the group Gr, have

the following form:

ξh1|(x) = δh1 −
1

3
ε1ε2

[
(x2)2δh3 − x1x2δh4

]
,

ξh2|(x) = δh2 −
1

3
ε1ε2

[
x1x2δh3 − (x1)2δh4

]
,

ξh3|(x) = δh3 ,

ξh4|(x) = δh4 ,

ξh5|(x) = x1δh1 − x2δh2 − x3δ3h + x4δh4 ,

ξh6|(x) = x2δh1 − x3δh4 ,

ξh7|(x) = x1δh2 − x4δh3 ,

ξh8|(x) = x2δh3 − x1δh4 .

(15)

Let us calculate the commutators of two operators ([8, 9]) whose components are
the vectors ξhp|(x):

[X1, X2] = −ε1ε2 X8,

[X1, X3] = 0,

[X2, X3] = 0,

[X1, X4] = 0,

[X2, X4] = 0,

[X3, X4] = 0,

[X1, X5] = −X1,

[X2, X5] = X2,

[X3, X5] = X5,

[X4, X5] = −X4,

[X1, X6] = 0,

[X2, X6] = −X1,

[X3, X6] = X4,

[X4, X6] = 0,(16)

[X5, X6] = 2X6,

[X1, X7] = −X2,

[X2, X7] = 0,

[X3, X7] = 0,

[X4, X7] = X3,

[X5, X7] = −2X7,

[X6, X7] = X5,
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[X1, X8] = X4,

[X2, X8] = −X3,

[X3, X8] = 0,

[X4, X8] = 0,

[X5, X8] = −2X8,

[X6, X8] = 0,

[X7, X8] = 0.

Since commutators of any two operators, whose components are vectors ξhp|(x), are

linearly expressed through the same operators, we come to the theorem:

Proposition 4. The symmetric Riemannian space of the �rst class V4 admits a Lie

group of motions G8 with basis (15) and structure (16).
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ÍÅÑÊIÍ×ÅÍÍÎ ÌÀËI ÏÅÐÅÒÂÎÐÅÍÍß ÑÈÌÅÒÐÈ×ÍÎÃÎ
ÐIÌÀÍÎÂÎÃÎ ÏÐÎÑÒÎÐÓ ÏÅÐØÎÃÎ ÊËÀÑÓ

Iëëÿ ÁIËÎÊÎÁÈËÜÑÜÊÈÉ, Àëiíà ÊÐÓÒÎÃÎËÎÂÀ,
Ñåðãié ÏÎÊÀÑÜ

Îäåñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi I. I. Ìå÷íèêîâà,

âóë. Äâîðÿíñüêà, 2, 65000, Îäåñà

e-mails: indalamar4200@gmail.com, v_pokas@onu.edu.ua

Äîñëiäæåííÿ íåñêií÷åííî ìàëèõ ïåðåòâîðåíü ó ðiìàíîâèõ ïðîñòîðàõ
ñòàíîâëÿòü òåîðåòè÷íèé i ïðàêòè÷íèé iíòåðåñ. ßêùî âêàçàíî ïåâíå ïîëå
ó ïðîñòîði Vn ç ìåòðèêîþ ds2 äîïóñêà¹ r-ïàðàìåòðè÷íó ãðóïó ðóõiâ Gr,
òî öå ïîëå ìà¹ r çàêîíiâ çáåðåæåííÿ. Ïîøèðåííÿ ðåëÿòèâiñòñüêîãî ãàçó
çà çàêîíîì Ìàêñâåëëà-Áîëüöìàíà õàðàêòåðèçó¹òüñÿ âåêòîðîì ξ i (x), ùî
¹ âåêòîðîì Êiëëiíãà (ÿêùî ãàç ñêëàäà¹òüñÿ ç ÷àñòèíîê ç íåíóëüîâîþ ìà-
ñîþ ñïîêîþ) àáî íåñêií÷åííî ìàëèì âåêòîðîì êîíôîðìíîãî ïåðåòâîðåííÿ
(ÿêùî ãàç ñêëàäà¹òüñÿ ç ÷àñòèíîê ç íóëüîâîþ ìàñîþ ñïîêîþ) ([5], [6]). Äî-
ñëiäæåíî íåñêií÷åííî ìàëi ðóõè â ñèìåòðè÷íèõ ðiìàíîâèõ ïðîñòîðàõ ïåð-
øîãî êëàñó Vn. Äëÿ n = 4 â ÿâíîìó âèãëÿäi çíàéäåíî áàçèñ ãðóïè Ëi G8

ðîçãëÿíóòèõ ïåðåòâîðåíü i íàâåäåíà ñòðóêòóðà öi¹¨ ãðóïè.

Êëþ÷îâi ñëîâà: ïðîñòið äðóãîãî íàáëèæåííÿ, íåñêií÷åííî ìàëi ïåðå-
òâîðåííÿ, ãðóïà Ëi.
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ON SPACES OF ∗-MEASURES ON ULTRAMETRIC SPACES

Khrystyna SUKHORUKOVA, Mykhailo ZARICHNYI

Ivan Franko National University of Lviv,

Universytetska Str., 1, 79000, Lviv, Ukraine

e-mail: zarichnyi@yahoo.com

The notion of ∗-measure on a compact Hausdor� space is introduced and
investigated in a previous publication of the �rst named author. In the present
note we consider the set of all ∗-measures of compact support on an ultrametric
space. An ultrametrization of this set is provided, which determines a functor in
the category of ultrametric spaces and non-expanding maps. We prove that this
functor is locally non-expanding and preserves the class of complete ultrametric
spaces.

Key words: ultrametric space, non-expanding map, ∗-measure.

1. Introduction

A metric d on a set X is called an ultrametric if it satis�es the strong triangle
inequality:

d(x, y) ≤ max{d(x, z), d(z, y)}, x, y, z ∈ X.
The ultrametric spaces were �rst introduced by Hausdor� in 1934. They �nd numerous
applications not only in mathematics but also in another disciplines, e.g. biology, physics
[2, 14], computer science [6], logic programming and arti�cial intelligence [9], linguistics
[10].

In [15] an ultrametric is de�ned on the set of probability measures of compact
support on an ultrametric space. It is shown that this construction determines a locally
nonexpansive functor in the category of ultrametric spaces and nonexpanding maps,
and this functor �makes a useful building block for the de�nition of metric domains for
probabilistic program constructs.�

Some categorical properties of this construction are established in [3]. In particular,
it is proved therein that the probability measure functor determines a monad on the
category of ultrametric spaces and nonexpanding maps.

2020 Mathematics Subject Classi�cation: 28A33, 46E27
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The notion of ∗-measure is introduced by the �rst-named author [13]. The aim of the
present note is to de�ne an ultrametric on the set of of ∗-measures of compact support
de�ned on ultrametric spaces. We prove that the obtained construction determines a
functor on the category of ultrametric spaces and non-expanding maps. Also, we show
that this construction preserves completeness of ultrametric spaces.

2. Results

By I we denote the unit segment [0, 1]. Recall that a triangular norm (a t-norm) is
a continuous function (a, b) 7→ a ∗ b : I× I→ I satisfying the conditions

(1) ∗ is associative;
(2) ∗ is commutative;
(3) ∗ is monotone, i.e. a ≤ a′ and b ≤ b′ both imply a∗b ≤ a′ ∗b′ for all a, a′, b, b′ ∈ I;
(4) 1 is a unit.

See. e.g., [4] for the details. The following are examples of t-norms: · (multiplication),
min, (a, b) 7→ max{a+ b− 1, 0} ( Lukasiewicz t-norm).

Let us recall the notion of ∗-measure (see [13] for details). Given topological spaces
X,Y , by C(X,Y ) we denote the set of continuous functions from X to Y . By ∨ we
denote the operation of maximum of numbers as well as pointwise maximum of real-
valued functions.

De�nition 1. Let ∗ be a t-norm. A functional µ : C(X, I)→ I is called a ∗-measure on
a compact Hausdor� space X if the following is satis�ed:

(1) µ(cX) = c, where cX denotes the constant function on X taking value c;
(2) µ(λ ∗ ϕ) = λ ∗ µ(ϕ);
(3) µ(ϕ ∨ ψ) = µ(ϕ) ∨ µ(ψ).

The set of all ∗-measures on X is denoted by M∗(X). It is known [13] that the set
M∗(X) is compact being endowed with the weak* topology. This construction determines
a functor in the category Comp of compact Hausdor� spaces and continuous maps. This
functor satis�es some natural properties. In particular, the notion of support is de�ned
for any element µ ∈ M∗(X). By the de�nition, the support of µ is the minimal (with
respect to the inclusion) closed subset A of X satisfying the following condition: for every
ϕ,ψ ∈ C(X, I),

ϕ|A = ψ|A =⇒ µ(ϕ) = µ(ψ).

Given an ultrametric space (X, d) and r > 0, denote by Fr(X) the set of all functions
from X to I constant on all balls of radius r. We keep the notation M∗(X) for the
set of all ∗-measures on some Hausdor� compacti�cation bX ⊃ X whose support is a
compact subset of X. Note that this is nothing but Chigogidze's extension of the normal
functors [1].

Given µ, ν ∈M∗(X), we let

d̃(µ, ν) = inf{r > 0|µ(ϕ) = ν(ϕ) for all ϕ ∈ Fr}.

Theorem 1. The function d̃ is an ultrametric on M∗(X).
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Proof. First we show that the function d̃ is well de�ned. Since the sets supp(µ), supp(ν)
are compact, they are bounded. The latter means that there exist r > 0 and x0 such that
supp(µ) ∪ supp(ν) ⊂ Br(x0).

Consider the set Fr(X). Let ϕ ∈ Fr(X), then ϕ|Br(x0) ≡ c is constant and µ(ϕ) =
c = ν(ϕ), for some c ∈ I. It follows that the set of which we consider the in�mum is
nonempty and therefore the formal de�nition makes sense.

By the de�nition d̃(µ, ν) > 0. Furthermore, d̃(µ, µ) = 0.

Now let d̃(µ, ν) = 0. We have to show that µ = ν.
Note that for every r > 0 and for every ϕ ∈ Fr we have µ(ϕ) = ν(ϕ). We need to

show that µ(ϕ) = ν(ϕ) for all ϕ ∈ C(X, I).
Suppose the contrary, i.e. that there exists ϕ ∈ C(X, I) such that µ(ϕ) 6= ν(ϕ). Note

that each µ ∈M∗(X) is a continuous map with respect to the sup-metric on C(X, I) for
any zero-dimensional space X (see [13]).

Since each ultrametric space is a zero-dimensional space [16], we see that if ϕi −→
i→∞

ϕ

with respect to the sup-metric, then µ(ϕi) −→
i→∞

µ(ϕ).

Construct a sequence of functions ϕi ∈ Fri(X) converging to ϕ. Since suppµ∪suppν
is a zero-dimensional compactum, we can choose for each i ∈ N a number ri > 0 and
a function ϕi ∈ Fri(X) such that ‖ϕ − ϕr‖ 6 ε. Therefore, choosing ε = 1

2i we get a
desired sequence (ϕi). Then

µ(ϕ) = lim
i→∞

µ(ϕi) = lim
i→∞

ν(ϕi) = ν(ϕ).

The symmetry of the functions d̃ obviously follows from the de�nition: d̃(µ, ν) =

d̃(ν, µ) for all µ, ν ∈M∗(X).
Now we need to prove the strong triangle inequality. Let µ, ν, τ ∈ M∗(X) and

d̃(µ, ν) = a, d̃(ν, τ) = b. Without loss of generality, we may assume that a 6 b. Then,
for every ε > 0 and every ϕ ∈ Fa+ε(X), ψ ∈ Fb+ε(X), we have µ(ϕ) = ν(ϕ) and
ν(ψ) = τ(ψ). And then, for every ϕ ∈ Fb+ε(X), we have µ(ϕ) = ν(ϕ) = τ(ϕ). Hence,

d̃(µ, τ) 6 b+ ε and letting ε→ 0, we see that d̃(µ, τ) 6 b.

We denote by Ultr the category of ultrametric spaces and non-expanding maps. Let
(X, d), (Y, d) be ultrametric spaces. Let f : X → Y be a non-expanding map.

De�ne M∗(f) : M∗(X)→M∗(Y ) by the formula:

M∗(f)(µ)(ϕ) = µ(ϕf),

µ ∈M∗(X), ϕ ∈ C(X, I).

Proposition 1. The map M∗(f) is non-expanding.

Proof. Let µ, ν ∈M∗(X) and d̃(µ, ν) < r.
Note that, since f is non-expanding, given ϕ ∈ Fr(Y ), one has ϕf ∈ Fr(X).
Then

M∗(f)(µ)(ϕ) = µ(ϕf) = ν(ϕf) = M∗(f)(ν)(ϕ).

Therefore, ρ̃(M∗(f)(µ),M∗(f)(ν)) < r and we see that the map M∗(f) is non-
expanding.

Actually, we obtain a functor in the category Ultr. We keep the notation M∗ for
this functor.
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A functor F in the category Ultr is called locally non-expanding, if

ρ̃(F (f), F (g)) = ρ(f, g)

(see [15]).

Proposition 2. The functor M∗ is locally non-expanding.

Proof. Let r > 0 and ρ(f, g) < r.
Then for all x ∈ X, ρ(f(x), g(x)) < r and then g(x) ∈ Br(f(x)).
Let µ ∈M∗(X). We need to show that ρ̃(M∗(f)(µ),M∗(g)(µ)) < r.
Let ϕ ∈ Br(Y ), that is we need to check the equality

M∗(f)(µ)(ϕ) = µ(ϕf) = µ(ϕg) = M∗(g)(µ)(ϕ).

Let x ∈ X, then ρ(f(x), g(x)) < r and since ϕ is a constant function on the balls of
radius r it follows that g(x) ∈ Br(f(x)). This means that ϕf(x) = ϕg(x) and therefore
µ(ϕf) = µ(ϕg).

On the other hand, let x ∈ X and δx ∈M∗(X). We have that

ρ̃(M∗(f)(δx),M∗(g)(δx)) = ρ̃(M∗(f)(ϕ)(x),M∗(g)(ϕ)(x)) > ρ(f(x), g(x)).

And this proves the fact that the functor M∗ is locally non-expanding.

Recall that the hyperspace expX of a metric space X is the set of all nonempty
compact subsets of X endowed with the Hausdor� metric

dH(A,C) = inf{r > 0 | A ⊂ Br(C), C ⊂ Br(A)}, A, C ∈ expX.

For any µ ∈M∗X its support is a nonempty compact subset of X, i.e., an element
of the hyperspace expX.

It is well-known that the Hausdor� metric on the hyperspace of an ultrametric space
is also an ultrametric space. Moreover, exp is a functor on the category Ultr.

Proposition 3. The support map s = sX : M∗(X)→ expX is non-expanding.

Proof. Let µ, ν ∈M∗(X) and d̃(µ, ν) < r.
Suppose that dH(s(µ), s(ν)) > r, then M∗(f)(µ) = M∗(f)(ν) and f(s(µ)) 6=

f(s(ν)), where f : X → f(X) is the quotient map with respect to the decomposition
of X into disjoint balls of radius r.

Without loss of generality one may assume that f(s(µ)) \ f(s(ν)) 6= ∅.
By the de�nition of support, there exist ϕ,ψ ∈ C(f(X), I) such that ϕ|f(s(µ)) =

ψ|f(s(ν)) and M∗(f)(µ)(ϕ) 6= M∗(f)(ν)(ψ). This clearly contradicts to the choice of r.

Note that s = (sX) is a natural transformation of the functorM∗ to the hyperspace
functor exp.

Proposition 4. Let (X, d) be an ultrametric space. Then the map δ : X → M∗(X),
δ(x) = δx, is an isometric embedding.

Proof. We need to show that the equality d(x, y) = d̃(δx, δy) is satis�ed for all x, y ∈ X.
By the de�nition,

d̃(δx, δy) = inf{r > 0 | δx(ϕ) = δy(ϕ),∀ϕ ∈ Fr}
and δx(ϕ) = ϕ(x), δy(ϕ) = ϕ(y).
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Let d(x, y) < r, then x, y ∈ Br(X) and ϕ(x) = ϕ(y) for every ϕ ∈ Fr. Therefore

d̃(δx, δy) 6 d(x, y).

Now let d̃(δx, δy) < d(x, y). Then there exists r > 0 such that d(x, y) > r and
ϕ(x) = ϕ(y) for every ϕ ∈ Fr.

Since d(x, y) > r, we see that Br(x)∩Br(y) = ∅. We take ϕ ∈ Fr that ϕ|Br(x) = 0
and ϕ|X \ Br(x) = 1. From that ϕ ∈ Fr it follows that ϕ(x) = ϕ(y). And we got to a
contradiction.

Note that δ = (δX) is a natural transformation of the identity functor into the
functor M∗.

We denote byM∗ω(X) the subset ofM∗(X) consisting of ∗-measures of �nite support,

i.e., ∗-measures of the form µ =

n∨
i=1

λi ∗ δxi
.

Proposition 5. The set M∗ω(X) is dense in M∗(X).

Proof. Let µ ∈M∗(X) and let r > 0. Let {Br(xi) | i = 1, . . . , n} be a �nite disjoint cover
of the set supp(µ) by balls of radius r. By ϕi we denote the characteristic function of the
set Br(xi). Now let ϕ ∈ Fr(X). Without loss of generality one may assume that ϕ ≡ 0

on the set X \
n⋃

i=1

Br(xi). Then ϕ =

n∨
i=1

ϕ(xi) ∗ ϕi.

Let ν =

n∨
i=1

µ(ϕi) ∗ δxi
. Note that

1 = µ(1X) = µ

(
n∨

i=1

ϕi

)
=

n∨
i=1

µ(ϕi),

therefore ν ∈M∗(X).

Now, given ψ ∈ Fr(X), one can write ψ =

n∨
i=1

ψ(xi) ∗ ϕ. Then

ν(ψ) = ν

(
n∨

i=1

ψ(xi) ∗ ϕ

)
=

n∨
i=1

ψ(xi) ∗ ν(ϕi) =

n∨
i=1

ψ(xi) ∗ ν(ϕi) = µ(ψ).

Therefore, d̃(µ, ν) < r.

In the sequel, we endow the set C(X, I) with the sup-metric.

Lemma 1. Let X be a compact ultrametric space. The set F(X) =
⋃
r>0

Fr(X) is dense

in C(X, I).
Theorem 2. Suppose that (X, d) is a complete ultrametric space. Then the space

(M∗(X), d̃) is also complete.

Proof. Let (µi) be a Cauchy sequence in M∗(X). From Proposition 3 it easily follows

that the set Y =

∞⋃
i=1

supp(µi) is compact. Without loss of generality, one may assume

that Y = X.
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Let ϕ ∈ F(Y ). There exists r > 0 such that ϕ ∈ Fr(Y ). There exists N ∈ N such

that, for any m,n ≥ N , d̃(µm, µn) < r. Therefore µm(ϕ) = µn(ϕ) for any m,n ≥ N . We
let µ(ϕ) = lim

i→∞
µi(ϕ) = µN (ϕ).

Thus, we have de�ned a map µ : F(Y ) → I. It is straightforward to verify that µ
satis�es the conditions from De�nition 1 if we replace C(X, I) by F(Y ).

Now we are going to extend µ over the set C(Y, I).

Claim. The map µ : F(Y )→ I is uniformly continuous.

Let ε > 0. Since the map ∗ : I × I → I is uniformly continuous, there exists δ > 0
such that |a− a′| < δ and |b− b′| < δ together imply |a ∗ b− a′ ∗ b′| < ε.

Let ϕ′, ϕ′′ ∈ F(Y ). One may assume that ϕ′, ϕ′′ ∈ Fr(Y ), for some r > 0. Let
{Br(xi) | i = 1, . . . , n} be the disjoint cover of Y by balls. Let χi denote the characteristic
function of the ball Br(xi), = 1, . . . , n. Then one can write

ϕ′ =

n∨
i=1

α′i ∗ χi, ϕ
′′ =

n∨
i=1

α′′i ∗ χi,

for some α′i, α
′′
i ∈ I.

If ‖ϕ′ − ϕ′′‖ < δ, then

n∨
i=1

|α′i − α′′i | < δ and we obtain

|µ(ϕ′)− µ(ϕ′′)| =

∣∣∣∣∣µ
(

n∨
i=1

α′i ∗ χi

)
− µ

(
n∨

i=1

α′′i ∗ χi

)∣∣∣∣∣
=

∣∣∣∣∣
n∨

i=1

α′i ∗ µ (χi)−
n∨

i=1

α′′i ∗ µ (χi)

∣∣∣∣∣
≤

n∨
i=1

|α′i ∗ µ (χi)− α′′i ∗ µ (χi) | ≤ ε.

Let us return to the proof of the theorem. The map admits a unique continuous
extension over the set C(Y, I) (we keep the notation µ for this extension). Clearly, µ ∈
M∗(X) and µ = lim

i→∞
µi.

3. Remarks

Some of the results concerning fuzzy ultrametrization of functorial constructions
are considered in numerous publications. Recall that fuzzy ultrametric spaces were
introduced in [7, 11].

Fuzzy ultrametrization of the sets of probability measures is considered in [12].
The case of idempotent measures is treated in [5]. We formulate the general problem
of fuzzy ultrametrization of the sets of ∗-measures of compact support de�ned on fuzzy
ultrametric spaces.

Note that the space of probability measures of compact support on a complete
ultrametric space is complete as well [15].
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An ultrametric space (X, d) is said to be spherically complete if every descending
collection of closed balls in X has nonempty intersection.

It is not known whether the space of ∗-measures of compact support on a spherically
complete ultrametric space is also spherically complete.
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ÏÐÎ ÏÐÎÑÒÎÐÈ ∗-ÌIÐ ÍÀ ÓËÜÒÐÀÌÅÒÐÈ×ÍÈÕ
ÏÐÎÑÒÎÐÀÕ

Õðèñòèíà ÑÓÕÎÐÓÊÎÂÀ, Ìèõàéëî ÇÀÐI×ÍÈÉ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, 79000, Ëüâiâ

e-mail: zarichnyi@yahoo.com

Ïîíÿòòÿ ∗-ìiðè íà êîìïàêòíîìó ãàóñäîðôîâîìó ïðîñòîði çàïðîâàäæå-
íî i äîñëiäæåíî ïåðøèì àâòîðîì. Ìè ðîçãëÿäà¹ìî ìíîæèíó âñiõ ∗-ìið ç
êîìïàêòíèìè íîñiÿìè íà óëüòðàìåòðè÷íîìó ïðîñòîði. Íàâåäåíî óëüòðà-
ìåòðèçàöiþ öi¹¨ ìíîæèíè, ÿêà âèçíà÷à¹ ôóíêòîð íà êàòåãîði¨ óëüòðàìåò-
ðè÷íèõ ïðîñòîðiâ i íåðîçòÿãóþ÷èõ âiäîáðàæåíü. Äîâåäåíî, ùî öåé ôóíêòîð
ëîêàëüíî íåðîçòÿãóþ÷èé i çáåðiãà¹ êëàñ ïîâíèõ óëüòðàìåòðè÷íèõ ïðîñòî-
ðiâ.

Êëþ÷îâi ñëîâà: óëüòðàìåòðè÷íèé ïðîñòið, íåðîçòÿãóþ÷å âiäîáðàæåííÿ,
∗-ìiðà.
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ON THE UNIVALENCE RADII OF SUCCESSIVE

GELFOND-LEONT'EV-S�AL�AGEAN AND

GELFOND-LEONT'EV-RUSCHEWEYH DERIVATIVES

Myroslav SHEREMETA

Ivan Franko National University of Lviv,

Universytetska Str., 1, 79000, Lviv, Ukraine

e-mail: m.m.sheremeta@gmail.com

For an analytic in the disk {z : |z| < 1} function f(z) = z +

∞∑
k=1

fkz
k and

formal power series l(z) = 1 +

∞∑
k=1

lkz
k with lk > 0 the operator

Dn
l,[S]f(z) = z +

∞∑
k=2

(
l1lk−1

lk

)n

fkz
k

is called the Gelfond-Leont'ev-S�al�agean derivative and the operator

Dn
l,[R]f(z) = z +

∞∑
k=2

lk−1ln
ln+k−1

fkz
k

is called the Gelfond-Leont'ev-Ruscheweyh derivative. By %[f ] we denote the
radius of the univalence of the function f . It is proved, for example, that for
each n ≥ 1

√
2− 1√
2

∣∣∣∣f1f2
∣∣∣∣ ( l2

l21

)n

≤ %[Dn
l,[S]f ] ≤ 2

∣∣∣∣f1f2
∣∣∣∣ ( l2

l21

)n

and √
2− 1√
2

∣∣∣∣f1f2
∣∣∣∣ ln+1

l1ln
≤ %[Dn

l,[R]f ] ≤ 2

∣∣∣∣f1f2
∣∣∣∣ ln+1

l1ln
.

Key words: analytic function, Gelfond-Leont'ev-S�al�agean derivative,
Gelfond-Leont'ev-Ruscheweyh derivative, radius of the univalence.
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1. Introduction

For a formal power series

(1) f(z) = f0 +

∞∑
k=1

fkz
k, z = reiθ,

and l(z) = 1 +

∞∑
k=1

lkz
k (lk > 0) the formal power series Dn

l f(z) =

∞∑
k=0

lk
lk+n

fk+nz
k is

called the Gelfond-Leont'ev derivative [1]. If l(z) = ez (i.e. lk = 1/k!) then Dn
l f = f (n)

is the usual derivative.

If the function f(z) = z +

∞∑
k=2

fkz
k is analytic in the disk {z : |z| < 1} then the

operator Dn
[S]f (n ≥ 0) de�ned by

D0
[S]f(z) = f(z), D1

[S]f(z) = D[S]f(z) = zf ′(z),

Dn
[S]f(z) = D[S](D

n−1
[S] f(z)) = z +

∞∑
k=2

knfkz
k

is known as the Sǎlǎgean derivative [2]. The operator

Dn
[R]f(z) =

z

n!

dn

dzn
{zn−1f(z)} = z +

∞∑
k=2

(k + n− 1)!

n!(k − 1)!
fkz

k

is called [3] the Ruscheweyh derivative.
In [4], combining the de�nitions of Gelfond-Leont'ev derivative with Sǎlǎgean deri-

vative and Ruscheweyh derivative, the operator

Dn
l,[S]f(z) = l1zD

1
l (D

n−1
l,[S]f(z)) = z +

∞∑
k=2

(
l1lk−1
lk

)n
fkz

k

is called the Gelfond-Leont'ev-Sǎlǎgean derivative and the operator

Dn
l,[R]f(z) = zlnD

n
l {zn−1f(z)} = z +

∞∑
k=2

lk−1ln
ln+k−1

fkz
k

is called the Gelfond-Leont'ev-Ruscheweyh derivative. In [4] the behavior of maximal
terms of successive Gelfond-Leont'ev-Sǎlǎgen and Gelfond-Leont'ev-Ruscheweyh deri-
vatives and in [5] the properties of Hadamard compositions of such derivatives are studi-
ed.

The radius %[f ] of univalence of a function f is de�ned as follows: if f ′(0) = 0 then
we put %[f ] = 0, and if f ′(0) 6= 0 then %[f ] is a radius of the largest disk with the center
at a point z = 0, in which the function f is univalent. The asymptotic behavior of the
sequence of radii of the univalence of ordinary derivatives of the function f has been
studied by many authors. The most signi�cant contribution was made by S.M. Shah and
S.Y. Trimble [6�8]. The asymptotic behavior of the sequence of radii of the univalence of
Gelfond-Leont'ev derivatives is investigated in [9�12].

Here we consider a similar problem for Gelfond-Leont'ev-Sǎlǎgen and Gelfond-
Leont'ev-Ruscheweyh derivatives. Our research is based on the following lemmas [11].
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Lemma 1. Let α(z) =

∞∑
k=0

αkz
k and % ∈ (0,+∞). If the function α is univalent in

D% = {z : |z| < %} then |αk|%k−1 ≤ k|α1| for all k ≥ 1.

Lemma 2. Let α(z) =

∞∑
k=0

αkz
k. If

∞∑
k=2

k|αk|%k−1 ≤ |α1| for some % ∈ (0,+∞) then the

function α is univalent in D%.

2. Gelfond-Leont'ev-Gelfond-Leont'ev-S�al�agean derivatives

Here for a function (1) we will consider a more general form of the Gelfond-Leont'ev-
S�al�agean derivative Dn

l,[S]f .

We remark that if a function f is given by a gap power series

(2) f(z) = f0 +

∞∑
j=0

fkj+1z
kj+1, fkj+1 6= 0 (j ≥ 0),

where 0 ≤ kj ↑ ∞ as 0 ≤ j →∞, then

(3) Dkn
l,[S]f(z) =

∞∑
j=0

(
l1lkj
lkj+1

)kn
fkj+1z

kj+1.

Theorem 1. If the function f is given by a gap power series (2) then for the radius of

univalence of Gelfond-Leont'ev-S�al�agean derivative Dkn
l,[S]f the estimates

(4)
√

2− 1√
2

kj

√∣∣∣∣fk0+1

fkj+1

∣∣∣∣ ( lk0 lkj+1

lkj lk0+1

)kn/kj
≤ %[Dkn

l,[S]f ] ≤ kj

√
(kj + 1)

∣∣∣∣fk0+1

fkj+1

∣∣∣∣ ( lk0 lkj+1

lkj lk0+1

)kn/kj
hold for every j ≥ 1.

Proof. If function (3) is univalent in D% then by Lemma 1∣∣∣∣∣
(
l1lkj
lkj+1

)kn
fkj+1

∣∣∣∣∣ %kj ≤ (kj + 1)

(
l1lk0
lk0+1

)kn
|fk0+1|,

i.e.

%[Dkn
l,[S]f ]kj ≤ (kj + 1)

∣∣∣∣fk0+1

fkj+1

∣∣∣∣ ( lk0 lkj+1

lkj lk0+1

)kn
,

whence we obtain the right hand side of (4).

Now let 0 < x ≤ (
√

2− 1)/
√

2. Then

∞∑
j=1

(kj + 1)xkj ≤
∞∑
j=1

(j + 1)xj =
1

(1− x)2
− 1 ≤ 1.

Therefore, if

(5) % =

√
2− 1√

2
kj

√∣∣∣∣fk0+1

fkj+1

∣∣∣∣ ( lk0 lkj+1

lkj lk0+1

)kn/kj
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then

x = % kj

√∣∣∣∣fkj+1

fk0+1

∣∣∣∣ ( lkj lk0+1

lk0 lkj+1

)kn/kj
=

√
2− 1√

2

and, thus,

∞∑
j=1

(kj + 1)

(
lkj lk0+1

lk0 lkj+1

)kn ∣∣∣∣fkj+1

fk0+1

∣∣∣∣ %kj =

∞∑
j=1

(kj + 1)xkj ≤ 1,

whence
∞∑
j=1

(kj + 1)

(
l1lkj
lkj+1

)kn
|fkj+1|%kj ≤

(
l1lk0
lk0+1

)kn
|fk0+1|.

Hence by Lemma 2 the function Dkn
l,[S]f is univalent in D% and, thus, in view of (5)

(6) %[Dkn
l,[S]f ] ≥

√
2− 1√

2
kj

√∣∣∣∣fk0+1

fkj+1

∣∣∣∣ ( lk0 lkj+1

lkj lk0+1

)kn/kj
for every j ≥ 1, i.e. the left hand side of (4) is correct. Theorem 1 is proved. �

If series (2) has a radius of convergence R ∈ (0, +∞) then

lim
j→∞

kj

√
(kj + 1)

∣∣∣∣fk0+1

fkj+1

∣∣∣∣ = R

and, since lim
j→∞

ajbj ≤ lim
j→∞

aj limj→∞ bj , from (4) we get

%[Dkn
l,[S]f ] ≤ lim

j→∞

kj

√
(kj + 1)

∣∣∣∣fk0+1

fkj+1

∣∣∣∣ ( lk0 lkj+1

lkj lk0+1

)kn/kj
≤ R

(
lim
j→∞

kj

√
lk0 lkj+1

lkj lk0+1

)kn
.

Similarly, since lim
j→∞

ajbj ≥ lim
j→∞

aj limj→∞ bj , from (6) we get

%[Dkn
l,[S]f ] ≥

√
2− 1√

2
lim
j→∞

kj

√∣∣∣∣fk0+1

fkj+1

∣∣∣∣ ( lk0 lkj+1

lkj lk0+1

)kn/kj
≥
√

2− 1√
2

R

(
lim
j→∞

kj

√
lk0 lkj+1

lkj lk0+1

)kn
.

Therefore, we obtain the following statement.

Proposition 1. If a function f is given by the gap power series (2) with the radius of

convergence R ∈ (0, +∞) then for the radius of univalence of Gelfond-Leont'ev-S�al�agean

derivative Dkn
l,[S]f the estimates

√
2− 1√

2
R

(
lim
j→∞

kj

√
lk0 lkj+1

lkj lk0+1

)kn
≤ %[Dkn

l,[S]f ] ≤ R

(
lim
j→∞

kj

√
lk0 lkj+1

lkj lk0+1

)kn
hold.

Theorem 1 and Proposition 1 imply the following statement.
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Corollary 1. For the radius of univalence of Gelfond-Leont'ev-S�al�agean derivative

Dn
l,[S]f of function (1) the estimates

(7)

√
2− 1√

2
j

√∣∣∣∣ f1fj+1

∣∣∣∣ ( lj+1

lj l1

)n/j
≤ %[Dn

l,[S]f ] ≤ j

√
(j + 1)

∣∣∣∣ f1fj+1

∣∣∣∣ ( lj+1

lj l1

)n/j
hold for every j ≥ 1. If, moreover, series (1) has the radius of convergence R ∈ (0, +∞)
then √

2− 1√
2

R

(
lim
j→∞

j

√
lj+1

lj

)n
≤ %[Dn

l,[S]f ] ≤ R

(
lim
j→∞

j

√
lj+1

lj

)n
.

We remark also that for j = 1 from (7) we get
√

2− 1√
2

∣∣∣∣f1f2
∣∣∣∣ ( l2l21

)n
≤ %[Dn

l,[S]f ] ≤ 2

∣∣∣∣f1f2
∣∣∣∣ ( l2l21

)n
.

3. Gelfond-Leont'ev-Ruscheweyh derivatives

Here for a function (1) we will consider also a slightly more general form of the
Gelfond-Leont'ev-Ruscheweyh derivative

Dn
l,[R](z) =

∞∑
k=1

lk−1ln
ln+k−1

fkz
k.

We remark that if a function f is given by a gap power series (2) then

(8) Dkn
l,[R](z) =

∞∑
j=0

lkn lkj
lkj+kn

fkj+1z
kj+1.

Theorem 2. If a function f is given by a gap power series (2) then for the radius of

univalence of Gelfond-Leont'ev-Ruscheweyh derivative Dkn
l,[R]f the estimates

(9)

√
2− 1√

2
kj

√∣∣∣∣fk0+1

fkj+1

∣∣∣∣ lk0 lkj+knlkj lk0+kn
≤ %[Dkn

l,[R]f ] ≤ kj

√
(kj + 1)

∣∣∣∣fk0+1

fkj+1

∣∣∣∣ lk0 lkj+knlkj lk0+kn

hold for every j ≥ 1.

Proof. If the function (8) is univalent in D% then by Lemma 1∣∣∣∣ lkn lkjlkj+kn
fkj+1

∣∣∣∣ %kj ≤ (kj + 1)
lkn lk0
lk0+kn

|fk0+1|,

i.e.

%[Dkn
l,[R]f ]kj ≤ (kj + 1)

∣∣∣∣fk0+1

fkj+1

∣∣∣∣ lkj+kn lk0lk0+kn lkj
,

whence we obtain the right hand side of (9).
Now we put

(10) % =

√
2− 1√

2
kj

√∣∣∣∣fk0+1

fkj+1

∣∣∣∣ lk0 lkj+knlkj lk0+kn
.
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Then as in the proof of Theorem 1 we obtain

∞∑
j=1

(kj + 1)
lkn lkj
lkj+kn

|fkj+1|%kj ≤
lkn lk0
lk0+kn

|fk0+1|.

Hence by Lemma 2 the function Dkn
l,[R]f is univalent in D% and, thus, in view of (10)

(11) %[Dkn
l,[R]f ] ≥

√
2− 1√

2
kj

√∣∣∣∣fk0+1

fkj+1

∣∣∣∣ lk0 lkj+knlkj lk0+kn

for every j ≥ 1, i.e. the left hand side of (9) is correct. Theorem 2 is proved. �

Using (9), (11) and repeating the proof of Proposition 1 we come to the next
statement.

Proposition 2. If a function f is given by the gap power series (2) with the radi-

us of convergence R ∈ (0, +∞) then for the radius of univalence of Gelfond-Leont'ev-

Ruscheweyh derivative Dkn
l,[R]f the following estimates we have

√
2− 1√

2
R lim
j→∞

kj

√
lk0 lkj+kn
lkj lk0+kn

≤ %[Dkn
l,[R]f ] ≤ R lim

j→∞
kj

√
lk0 lkj+kn
lkj lk0+kn

.

Theorem 2 and Proposition 2 imply the following statement.

Corollary 2. For the radius of univalence of Gelfond-Leont'ev�Ruscheweyh derivative

Dn
l,[R]f of a function (1) the estimates

(12)

√
2− 1√

2
j

√∣∣∣∣ f1fj+1

∣∣∣∣ lj+nlj ln
≤ %[Dn

l,[R]f ] ≤ j

√
(j + 1)

∣∣∣∣ f1fj+1

∣∣∣∣ lj+nlj ln

hold for every j ≥ 1. If, moreover, series (1) has the radius of convergence R ∈ (0, +∞)
then √

2− 1√
2

R lim
j→∞

j

√
lj+n
lj ln

≤ %[Dn
l,[S]f ] ≤ R lim

j→∞
j

√
lj+n
lj ln

.

For j = 1 from (12) we get
√

2− 1√
2

∣∣∣∣f1f2
∣∣∣∣ ln+1

l1ln
≤ %[Dn

l,[R]f ] ≤ 2

∣∣∣∣f1f2
∣∣∣∣ ln+1

l1ln
.

Choosing a function l in one or another way , we obtain the corresponding estimates
for the radius of univalence.

Example 1. Let lk = exp{ak2}. Then lj+1

lj
= exp{2aj + 1} and lj+n

lj ln
= exp{2ajn}.

Therefore, if series (1) has the radius of convergence R ∈ (0, +∞) then by Corollaries 1
and 2 √

2− 1√
2

Re2an ≤ %[Dn
l,[S]f ], %[Dn

l,[R]f ] ≤ Re2an.
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Example 2. If lk = qk then
lj+1

lj
= q and

lj+n
lj ln

= 1. Therefore, if series (1) has the

radius of convergence R ∈ (0, +∞) then

(13)

√
2− 1√

2
R ≤ %[Dn

l,[S]f ], %[Dn
l,[R]f ] ≤ R.

Example 3. If lk =
1

k!
then

lj+1

lj
=

1

j + 1
and

lj+n
lj ln

=
j!n!

(j + n)!
. Therefore, if series (1)

has the radius of convergence R ∈ (0, +∞) then estimates (13) hold.

References

1. A. O. Gel'fond and A. F. Leont'ev, On a generalization of Fourier series, Mat. Sb. (N.S.),
29(71) (1951), no. 3, 477�500 (in Russian).

2. G. St. S�al�agean, Subclasses of univalent functions, In: C. A. Cazacu, N. Boboc, M. Jurchescu,
I. Suciu (eds), Complex Analysis � Fifth Romanian-Finnish Seminar. Lecture Notes in
Mathematics, vol 1013. Springer, Berlin, Heidelberg. 1983, pp. 362�372.
DOI: 10.1007/BFb0066543

3. St. Ruscheweyh, New criteria for univalent functions, Proc. Amer. Math. Soc. 49 (1975),
no. 1, 109�115. DOI: 10.1090/S0002-9939-1975-0367176-1

4. M. M. Sheremeta, On the maximal terms of successive Gelfond-Leont'ev-S�al�agean and Gel-

fond-Leont'ev-Ruscheweyh derivatives of a function analytic in the unit disc, Mat. Stud. 37
(2012), no. 1, 58�64.

5. M. M. Sheremeta, Hadamard composition of Gelfond-Leont'ev-S�al�agean and Gelfond-Leon-

t'ev-Ruscheweyh derivatives of functions analytic in the unit disc, Mat. Stud. 54 (2020),
no. 2, 115�134. DOI: 10.30970/ms.54.2.115-134

6. S. M. Shah and S. Y. Trimble, Univalent functions with univalent derivatives, II, Trans.
Amer. Math. Soc. 144 (1969), 313�320. DOI: 10.2307/1995283

7. S. M. Shah and S. Y. Trimble, Univalence of derivatives of functions de�ned by gap power

series, J. London. Math. Soc. (2) 9 (1975), no. 3, 501�512. DOI: 10.1112/jlms/s2-9.3.501
8. S. M. Shah and S. Y. Trimble, Univalence of derivatives of functions de�ned by gap power

series, II, J. Math. Anal. Appl. 56 (1976), no. 1, 28�40. DOI: 10.1016/0022-247X(76)90005-6
9. G. P. Kapoor, O. P. Juneja, and J. Patel, Univalence of Gelfond-Leont'ev derivatives of

analytic functions, Bull. Math. Soc. Sci. Math. R�epub. Soc. Roum., Nouv. S�er. 33 (1989),
no. 1, 25�34.

10. G. P. Kapoor and J. Patel, Univalence of Gelfond-Leont'ev derivatives of functions de�ned

by gap power series, Rend. Mat. Appl., VII. Ser. 6 (1986), no. 4, 491�502.
11. Ì. Ì. Øåðåìåòà, Ïðî ðàäióñè îäíîëèñòîñòi ïîõiäíèõ Ãåëüôîíäà-Ëåîíòüåâà, Óêð. ìàò.

æ. 47 (1995), no. 3, 390�399; English version: M. M. Sheremeta, On the univalence radii

of Gelfond-Leont'ev derivatives, Ukr. Math. J. 47 (1995), no. 3, 454�464
DOI: 10.1007/BF01056307

12. O. Volokh and M. Sheremeta, On the univalence radii of Gelfond-Leont'ev derivatives of

gap power series, Visnyk Lviv Univ. Ser. Mech.-Math. 68 (2008), 59�67 (in Ukrainian).

Ñòàòòÿ: íàäiéøëà äî ðåäêîëåãi¨ 03.10.2020

ïðèéíÿòà äî äðóêó 17.11.2021



ON THE UNIVALENCE RADII OF SUCCESSIVE ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2020. Âèïóñê 90 91

ÏÐÎ ÐÀÄIÓÑÈ ÎÄÍÎËÈÑÒÎÑÒI ÏÎÑËIÄÎÂÍÈÕ ÏÎÕIÄÍÈÕ

ÃÅËÜÔÎÍÄÀ-ËÅÎÍÒÜ�ÂÀ-ÑÀËÀÃÅÍÀ I

ÃÅËÜÔÎÍÄÀ-ËÅÎÍÒÜ�ÂÀ-ÐÓØÅÂÅß

Ìèðîñëàâ Øåðåìåòà

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, 79000, Ëüâiâ

e-mail: m.m.sheremeta@gmail.com

Äëÿ àíàëiòè÷íî¨ â êðóçi {z : |z| < 1} ôóíêöi¨ f(z) = z +

∞∑
k=1

fkz
k

i ôîðìàëüíîãî ñòåïåíåâîãî ðÿäó l(z) = 1 +

∞∑
k=1

lkz
k ç lk > 0 îïåðàòîð

Dn
l,[S]f(z) = z +

∞∑
k=2

(
l1lk−1

lk

)n

fkz
k íàçèâà¹òüñÿ ïîõiäíîþ Ãåëüôîíäà-

Ëåîíòü¹âà-Ñàëàãåíà, à îïåðàòîð Dn
l,[R]f(z) = z+

∞∑
k=2

lk−1ln
ln+k−1

fkz
k íàçèâà¹òü-

ñÿ ïîõiäíîþ Ãåëüôîíäà-Ëåîíòü¹âà-Ðóøåâåÿ. ×åðåç %[f ] ïîçíà÷èìî ðàäióñ
îäíîëèñòîñòi ôóíêöi¨ f . Äîâåäåíî, íàïðèêëàä, ùî äëÿ êîæíîãî n ≥ 1

√
2− 1√
2

∣∣∣∣f1f2
∣∣∣∣ ( l2

l21

)n

≤ %[Dn
l,[S]f ] ≤ 2

∣∣∣∣f1f2
∣∣∣∣ ( l2

l21

)n

i √
2− 1√
2

∣∣∣∣f1f2
∣∣∣∣ ln+1

l1ln
≤ %[Dn

l,[R]f ] ≤ 2

∣∣∣∣f1f2
∣∣∣∣ ln+1

l1ln
.

Êëþ÷îâi ñëîâà: àíàëiòè÷ía ôóíêöiÿ, ïîõiäíà Ãåëüôîíäà-Ëåîíòü¹âà-
Ñàëàãåíà, ïîõiäíà Ãåëüôîíäà-Ëåîíòü¹âà-Ðóøåâåÿ, ðàäióñ îäíîëèñòîñòi.
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CLOSE-TO-CONVEXITY OF POLYNOMIAL SOLUTIONS OF A

DIFFERENTIAL EQUATION OF THE SECOND ORDER WITH

POLYNOMIAL COEFFICIENTS OF THE SECOND DEGREE

Myroslav SHEREMETA, Yuriy TRUKHAN

Ivan Franko National University of Lviv,

Universytetska Str., 1, 79000, Lviv, Ukraine

e-mails: m.m.sheremeta@gmail.com,

yurkotrukhan@gmail.com

An analytic univalent in D = {z : |z| < 1} function f is said to be convex if
f(D) is a convex domain and is said to be close-to-convex if there exists a convex
in D function Φ such that Re (f ′(z)/Φ′(z)) > 0 (z ∈ D). We indicate conditions
on real parameters β0, β1, γ0, γ1, γ2 and α0, α1, α2 of the di�erential equation

z2w′′ + (β0z
2 + β1z)w

′ + (γ0z
2 + γ1z + γ2)w = α0z

2 + α1z + α2,

under which this equation has a polynomial solution

f(z) =

p∑
n=0

fnz
n (deg f = p ≥ 2)

close-to-convex in D together with all its derivatives f (j) (1 ≤ j ≤ p− 1).

Key words: linear non-homogeneous di�erential equation of the second
order, polynomial coe�cient, polynomial solution, close-to-convex function.

1. Introduction and auxiliary results

An analytic univalent in D = {z : |z| < 1} function

(1) f(z) =

∞∑
n=0

fnz
n

is said to be convex if f(D) is a convex domain. It is well known [1, p. 203] (see also
[2, p. 8]) that the condition Re {1 + zf ′′(z)/f ′(z)} > 0 (z ∈ D) is necessary and su�cient
for the convexity of f . A function f is said to be close-to-convex in D (W. Kaplan [3],
see also [1, p. 583], [2, p. 11]) if there exists a convex in D function Φ such that

2020 Mathematics Subject Classi�cation: 34M05, 30B10, 30C45

c© Sheremeta, M., Trukhan, Yu., 2020
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Re (f ′(z)/Φ′(z)) > 0 (z ∈ D). Any close-to-convex function f has a characteristic
property that the complement G of the domain f(D) can be �lled with rays which start
from ∂G and lie in G. Every close-to-convex in D function f is univalent in D and,
therefore, f ′(0) 6= 0. Hence it follows that any function f is close-to-convex in D if and

only if the function g(z) = z +

∞∑
n=2

gnz
n is close-to-convex in D, where gn = fn/f1.

S. M. Shah [4] indicated conditions on real parameters β0, β1, γ0, γ1, γ2 of the
di�erential equation

(2) z2w′′ + (β0z
2 + β1z)w

′ + (γ0z
2 + γ1z + γ2)w = 0,

under which there exists an entire transcendental solution (1) such that f and all its
derivatives are close-to-convex in D. The investigations are continued in the papers [5�10],
but in all of these papers the case of polynomial solutions of (2) was not investigated.
In the papers [11�14] properties of entire solutions of a linear di�erential equation of n-
th order with polynomial coe�cients of n-th degree are investigated. Some results from
these papers are published also in monograph [2].

Here we consider a di�erential equation

(3) z2w′′ + (β0z
2 + β1z)w

′ + (γ0z
2 + γ1z + γ2)w = α0z

2 + α1z + α2

with real parameters and study the existence and closeness-to-convexity of its polynomial
solutions.

At �rst we remark that a function (1) is a solution of the di�erential equation (3) if
and only if

∞∑
n=2

n(n− 1)fnz
n + β0

∞∑
n=2

(n− 1)fn−1z
n + γ0

∞∑
n=2

fn−2z
n+

+β1

∞∑
n=1

nfnz
n + γ1

∞∑
n=1

fn−1z
n + γ2

∞∑
n=0

fnz
n = α0z

2 + α1z + α2,

i. e.

(4) γ2f0 = α2, (β1 + γ2)f1 + γ1f0 = α1, (2 + 2β1 + γ2)f2 + (β0 + γ1)f1 + γ0f0 = α0

and for n ≥ 3

(5) (n(n+ β1 − 1) + γ2)fn + (β0(n− 1) + γ1)fn−1 + γ0fn−2 = 0.

Clearly, by some condition di�erential equation (3) may have a linear solution, which
obviously is convex function in D. We are going to investigate a solutions of degree ≥ 2.
In this case the following statement is true.

Lemma 1. In order that the polynomial

(6) f(z) =

p∑
n=0

fnz
n, deg f = p ≥ 2,

be a solution of the di�erential equation (3), it is necessary that γ0 = pβ0 + γ1 = 0.
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Proof. Indeed, for n = p+ 2 from (5) we get

((p+ 2)(p+ β1 + 1) + γ2)fp+2 + ((p+ 1)β0 + γ1)fp+1 + γ0fp = 0.

If f has the form (6) then fp+2 = fp+1 = 0 and fp 6= 0. Therefore, γ0 = 0 and from (5)
for n = p+ 1 we obtain

((p+ 1)(p+ β1) + γ2)fp+1 + (pβ0 + γ1)fp = 0.

Since fp+1 = 0 and fp 6= 0, it follows that pβ0 + γ1 = 0. Lemma 1 is proved. �

By the condition γ0 = pβ0 + γ1 = 0 from (4) and (5) we get

(7) γ2f0 = α2, (β1 + γ2)f1 = α1 + pβ0f0, (2 + 2β1 + γ2)f2 = α0 + (p− 1)β0f1

and for 3 ≤ n ≤ p

(8) (n(n+ β1 − 1) + γ2)fn = (p− n+ 1)β0fn−1.

We remark that the condition γ0 = pβ0 + γ1 = 0 is not su�cient in order that a solution
of di�erential equation (3) has the form (6). Indeed, although in view of (8) we have

((p+ 3)(p+ β1 + 2) + γ2)fp+3 = 0,

it does not follow from here that fp+3 = 0, since (p+ 3)(p+ β1 + 2) + γ2 can be equal to
zero. Therefore, further we assume that

n(n+ β1 − 1) + γ2 6= 0, 3 ≤ n ≤ p.

This condition allows us to rewrite the equality (8) in the form

(9) fn =
(p− n+ 1)β0

n(n+ β1 − 1) + γ2
fn−1, n ≥ 3,

whence it follows that fp = 0, if β0 = 0. Therefore, further we assume also that β0 6= 0.
To study the closeness-to-convexity of the polynomial (6), we will use the following

criterion of Alexander [15,16] (see also [2, p. 11]).

Lemma 2. If

1 ≥ 2g2 ≥ 3g3 ≥ · · · ≥ pgp > 0

then the polynomial g(z) =
∑p

n=0 gnz
n is close-to-convex in D.

In view of (4) and (5) it is clear that the existence of a close-to-convex solution (6) of
di�erential equation (3) depends on the equality to zero of the parameter γ2. Therefore,
we will consider two cases γ2 6= 0 and γ2 = 0.

2. Closeness-to-convexity provided γ2 6= 0

From the �rst equality of (7) it follows that f0 = α2/γ2, and the second equality of
(7) implies

(β1 + γ2)f1 = α1 + pβ0α2/γ2.

Since the condition f1 6= 0 is necessary for a closeness-to-convexity of f , from the last
equality it follows that either β1 + γ2 6= 0 and α1 + pβ0α2/γ2 6= 0 or

β1 + γ2 = α1 + pβ0α2/γ2 = 0.
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In the �rst case we have f1 =
α1γ2 + pβ0α2

γ2(β1 + γ2)
, and if 2 + 2β1 + γ2 6= 0 from the third

equality (7) we obtain

f2 =
(p− 1)β0(α1γ2 + pβ0α2) + α0γ2(β1 + γ2)

γ2(β1 + γ2)(2 + 2β1 + γ2)
.

Using these equalities and equality (9) we prove the following theorem.

Theorem 1. Let p ≥ 3, γ2 6= 0, γ0 = pβ0 + γ1 = 0, β1 + γ2 6= 0, α1γ2 + pβ0α2 6= 0 and

(10) 0 <
(p− 1)β0(α1γ2 + pβ0α2) + α0γ2(β1 + γ2)

(γ2α1 + pβ0α2)(2 + 2β1 + γ2)
≤ 1

2
.

If for all 3 ≤ n ≤ p

(11) 0 <
(p− n+ 1)β0

n(n+ β1 − 1) + γ2
≤ n− 1

n

then di�erential equation (3) has a close-to-convex in D polynomial solution

f(z) =
α2

γ2
+
α1γ2 + pβ0α2

γ2(β1 + γ2)
z+

+
(p− 1)β0(α1γ2 + pβ0α2) + α0γ2(β1 + γ2)

γ2(β1 + γ2)(2 + 2β1 + γ2)
z2 +

p∑
n=3

fnz
n

(12)

where the coe�cients fn satisfy (9).
If β0 > 0, 2+β1 > 0 and either γ2 > 0 and (p−2)β0 ≤ 2+β1 or −3(2+β1) < γ2 < 0

and 3(p− 2)β0 ≤ 3(2 + β1) + γ2 then di�erential equation (3) has a polynomial solution

(12) close-to-convex in D together with all its derivatives f (j) (1 ≤ j ≤ p− 1).

Proof. Let g(z) = z+

p∑
n=2

gnz
n, where gn = fn/f1. In view of (9), (10) and (11) f2/f1 > 0

and fn/f1 > 0 for all 3 ≤ n ≤ p, i. e. gn > 0 for all 2 ≤ n ≤ p. From (10) it follows also
that 2g2 ≤ 1, and (9) and (11) imply ngn ≤ (n − 1)gn−1 for all 3 ≤ n ≤ p. Therefore,
by Lemma 2 the function g and, thus, the function f are close-to-convex in D. The �rst
part of Theorem 1 is proved.

Now suppose that the condition

(13) 0 <
(p− (n+ j) + 1)β0

(n+ j)(n+ j + β1 − 1) + γ2
≤ n− 1

n+ j

holds for some 1 ≤ j ≤ p− 2 and all 2 ≤ n ≤ p− j and show that the derivative f (j) of
function (12) is close-to-convex in D.

Indeed, for 1 ≤ j ≤ p− 2 the derivative

f (j)(z) = j!fj + (j + 1)!fj+1z +

p−j∑
n=2

(n+ 1)(n+ 2) . . . (n+ j)fn+jz
n.

is close-to-convex in D if and only if the function

gj(z) = z +

p−j∑
n=2

gn,jz
n, gn,j =

(n+ 1)(n+ 2) . . . (n+ j)fn+j

(j + 1)!fj+1
,
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is close-to-convex in D. For the function gj the inequality 2g2,j ≤ 1 is equivalent to the
inequality

(p− j − 1)β0
(j + 2)(j + β1 + 1) + γ2

≤ 1

j + 2

which follows from the condition (13) with n = 2. If 3 ≤ n ≤ p − j then the inequality
ngn,j ≤ (n−1)gn−1,j is equivalent to condition (13). Therefore, by Lemma 2 the function

gj and, thus, the function f
(j) are close-to-convex in D.

Now suppose that β0 > 0, 2 + β1 > 0 and γ2 > 0. Then condition (11) holds for all

3 ≤ n ≤ p if
(p− n+ 1)β0
n(n+ β1 − 1)

≤ n− 1

n
, i. e.

(p− n+ 1)β0
(n− 1)(n+ β1 − 1)

≤ 1. Since the left

part of the last inequality decreases, this inequality holds if
(p− 2)β0
2(2 + β1)

≤ 1, i. e.

(p− 2)β0 ≤ 2 +β1. Similarly, condition (13) holds for all 1 ≤ j ≤ p− 2 and 2 ≤ n ≤ p− j

if
(p− (n+ j) + 1)β0

(n− 1)(n+ j + β1 − 1)
≤ 1 and the last inequality is true if

(p− 2)β0
2 + β1

≤ 1, i. e.

(p− 2)β0 ≤ 2(2 + β1).
Finally, let β0 > 0, 2 + β1 > 0 and γ2 < 0. Then for all 3 ≤ n ≤ p

(p− n+ 1)β0
n(n+ β1 − 1) + γ2

=
(p− n+ 1)β0

n(n+ β1 − 1− |γ2|/n)
≤ (p− n+ 1)β0
n(n+ β1 − 1− |γ2|/3)

.

Therefore, (11) holds for all 3 ≤ n ≤ p if

(p− n+ 1)β0
(n− 1)(n+ β1 − 1− |γ2|/3)

≤ 1,

whence as above it follows that (11) holds for all 3 ≤ n ≤ p if
(p− 2)β0

2(2 + β1 + γ2/3)
≤ 1,

i. e. −3(2 + β1) < γ2 < 0 and 3
2 (p − 2)β0 ≤ 3(2 + β1) + γ2. Similarly we prove that

condition (13) holds for all 1 ≤ j ≤ p − 2 and 2 ≤ n ≤ p − j if (p− 2)β0
2 + β1 + γ2/3

≤ 1, i. e.

−3(2+β1) < γ2 and 3(p−2)β0 ≤ 3(2+β1)+γ2. Thus, for all 1 ≤ j ≤ p−2 the derivative
f (j) is close-to-convex in D. Since the derivative f (p−1) is a linear function, the proof of
Theorem 1 is complete. �

Now we consider the case

β1 + γ2 = α1 + pβ0α2/γ2 = 0.

From the second equality (7) it follows that f1 may be arbitrary. If we choose f1 = 1
then under the condition 2 + β1 6= 0 in view of the third equality (7) we get

f2 =
α0 + (p− 1)β0

2 + β1
.

From (8) under the condition n+ β1 6= 0 we obtain

(14) fn =
(p− n+ 1)β0

(n− 1)(n+ β1)
fn−1, 3 ≤ n ≤ p.
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Theorem 2. Let p ≥ 3, γ2 6= 0, γ0 = pβ0 + γ1 = β1 + γ2 = α1γ2 + pβ0α2 = 0 and

(15) 0 <
α0 + (p− 1)β0

2 + β1
≤ 1

2
.

If for all 3 ≤ n ≤ p

(16) 0 <
(p− n+ 1)β0

(n− 1)(n+ β1)
≤ n− 1

n

then di�erential equation (3) has a close-to-convex in D polynomial solution

(17) f(z) =
α2

γ2
+ z +

α0 + (p− 1)β0
2 + β1

z2 +

p∑
n=3

fnz
n

where the coe�cients fn satisfy (14).
If β0 > 0, 2 + β1 > 0 and 3(p− 2)β0 ≤ 2(3 + β1) then di�erential equation (3) has

polynomial solution (17), which together with its derivatives f (j) (1 ≤ j ≤ p − 1) are
close-to-convex in D.

Proof. From (14) and (16) the inequality fn > 0 follows for all n. Condition (15) implies
the inequality 2f2 ≤ 1 and condition (16) implies nfn ≤ (n − 1)fn−1 for all 3 ≤ n ≤ p.
Therefore, by Lemma 2 the function f is close-to-convex in D. The �rst part of Theorem 2
is proved.

Now we suppose the condition

(18) 0 <
(p− (n+ j) + 1)β0

(n+ j − 1)(n+ j + β1)
≤ n− 1

n+ j

holds for some 1 ≤ j ≤ p−2 and all 2 ≤ n ≤ p−j. The proof of the closeness-to-convexity
of the derivative f (j) (1 ≤ j ≤ p − 2) is the same as the proof in Theorem 1. Note only
that the inequality 2g2,j ≤ 1 is equivalent to the inequality

(p− j − 1)β0
j + 2 + β1

≤ j + 1

j + 2
,

which follows from condition (18) for n = 2, and the inequality ngn,j ≤ (n − 1)gn−1,j
coincides with condition (18).

Let β0 > 0 and 2 + β1 > 0. Since the values

(p− n+ 1)β0
n+ β1

,
n

(n− 1)2
,

n+ j

(n− 1)(n+ j − 1)

decrease with the increasing of n and the value

(2 + j)(p− j − 1)β0
(j + 1)(j + 2 + β1)

decreases with the increasing of j, conditions (16) and (18) hold if
3(p− 2)β0
2(3 + β1)

≤ 1, i. e.

3(p−2)β0 ≤ 2(3+β1). Thus, for all 1 ≤ j ≤ p−2 the derivative f (j) is close-to-convex in
D. Since the derivative f (p−1) is a linear function, the proof of Theorem 2 is complete. �
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3. Closeness-to-convexity provided γ2 = 0

Now (7) implies α2 = 0 and, thus, f0 may be arbitrary. If we choose f0 = 0 then
from (7) and (9) we get

(19) β1f1 = α1, 2(1 + β1)f2 = α0 + (p− 1)β0f1,

and for 3 ≤ n ≤ p

(20) fn =
(p− n+ 1)β0
n(n+ β1 − 1)

fn−1.

Since for the close-to-convex function f1 6= 0, from the �rst equality of (19) it follows
that either β1 6= 0 and α1 6= 0 or β1 = α1 = 0. In the �rst of these cases the following
theorem holds.

Theorem 3. Let p ≥ 3, γ2 = α2 = γ0 = γ1 + pβ0 = 0, β1 6= 0,α1 6= 0 and

(21) 0 <
(p− 1)β0α1 + α0β1

α1(1 + β1)
≤ 1

If for all 3 ≤ n ≤ p

(22) 0 <
(p− n+ 1)β0

(n− 1)(n+ β1 − 1)
≤ 1

then di�erential equation (3) has a close-to-convex in D polynomial solution

(23) f(z) =
α1

β1
z +

(p− 1)β0α1 + β1α0

2β1(1 + β1)
z2 +

p∑
n=3

fnz
n

where the coe�cients fn satisfy (20).
If β0 > 0, 2 + β1 > 0 and (p − 2)β0 ≤ 2 + β1 then di�erential equation (3) has a

polynomial solution (23) close-to-convex in D together with its derivatives f (j) (1 ≤ j ≤
≤ p− 1).

Proof. Suppose that the function g is de�ned as in the proof of Theorem 1. In view of (20),
(21) and (22) f2/f1 > 0 and fn/f1 > 0 for all 3 ≤ n ≤ p, i. e. gn > 0 for all 2 ≤ n ≤ p.
From (21) it follows also that 2g2 ≤ 1, and (22) and (20) imply ngn ≤ (n − 1)gn−1 for
all 3 ≤ n ≤ p. Therefore, by Lemma 2 the function g and, thus, the function (23) are
close-to-convex in D. The �rst part of Theorem 3 is proved.

Now we suppose that

(24) 0 <
(p− (n+ j) + 1)β0

(n− 1)(n+ j + β1 − 1)
≤ 1

holds for some 1 ≤ j ≤ p − 2 and for all 2 ≤ n ≤ p − j. Then the proof of the close-
to-convexity of the derivative f (j) is the same as the proof in Theorem 1. Note only

the inequality 2g2,j ≤ 1 is equivalent to the inequality
(p− j − 1)β0
j + 1 + β1

≤ 1, which follows

from condition (24) for n = 2, and the inequality ngn,j ≤ (n − 1)gn−1,j coincides with
condition (24).
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It is easy to check that if β0 > 0, 2 + β1 > 0 then condition (22) holds for all

3 ≤ n ≤ p if (p− 2)β0
2(2 + β1)

≤ 1, and (24) holds for all 1 ≤ j ≤ p− 2 and all 2 ≤ n ≤ p− 1 if

(p− 2)β0
2 + β1

≤ 1, i.e. (p− 2)β0 ≤ 2 + β1. The proof of Theorem 3 is complete. �

In the second case the following theorem is true.

Theorem 4. Let p ≥ 3, γ2 = α2 = γ0 = γ1+pβ0 = β1 = α1 = 0 and 0 < α0+(p−1)β0 ≤
≤ 1. If 0 < (p− n+ 1)β0 < (n− 1)2 for all 3 ≤ n ≤ p then di�erential equation (3) has
a close-to-convex in D polynomial solution

(25) f(z) = z +
(p− 1)β0 + α0

2
z2 +

p∑
n=3

fnz
n

where the coe�cients fn satisfy (20) with β1 = 0.
If 0 < (p − 2)β0 ≤ 2 then di�erential equation (3) has polynomial solution (25)

close-to-convex in D together with its derivatives f (j) (1 ≤ j ≤ p− 1).

Proof. From the conditions 0 < α0 + (p− 1)β0 ≤ 1 and 0 < (p− n+ 1)β0 < (n− 1)2 for
all 3 ≥ n ≥ p in view of (20) with β1 = 0 it follows as above that all fn > 0, 2f2 ≤ 1
and nfn ≤ (n − 1)fn−1 for all 3 ≤ n ≤ p. Therefore, by Lemma 2 the function (25) is
close-to-convex in D. The �rst part of Theorem 4 is proved.

Now we suppose that

0 < (p− (n+ j) + 1)β0 ≤ (n− 1)(n+ j − 1)

for some 1 ≤ j ≤ p − 2 and all 2 ≤ n ≤ p − j. Then the proof of the close-to-convexity
of the derivative f (j) is the same as the proof in Theorem 1. Note only the inequality

2g2,j ≤ 1 is equivalent to the inequality
(p− j − 1)β0

j + 1
≤ 1, which follows from condition

0 < (p− (n+ j) + 1)β0 ≤ (n− 1)(n+ j − 1)

for n = 2, and the inequality ngn,j ≤ (n− 1)gn−1,j coincides with this condition. Hence
as in the proof of Theorem 3 we get the second part of Theorem 4. �

4. Other results

The condition p ≥ 3 in the proved theorems is not signi�cant. Repeating the proofs
of these theorems one can show that the following analogues of these theorems are hold
for p = 2.

Proposition 1. Let γ2 6= 0, γ0 = 2β0 +γ1 = 0, β1 +γ2 6= 0, α1γ2 +2β0α2 6= 0, 2+2β1 +
+γ2 6= 0 and

0 <
β0(α1γ2 + 2β0α2) + α0γ2(β1 + γ2)

(γ2α1 + 2β0α2)(2 + 2β1 + γ2)
≤ 1

2
.

Then di�erential equation (3) has a polynomial solution

f(z) =
α2

γ2
+
α1γ2 + 2β0α2

γ2(β1 + γ2)
z +

β0(α1γ2 + 2β0α2) + α0γ2(β1 + γ2)

γ2(β1 + γ2)(2 + 2β1 + γ2)
z2

close-to-convex in D.
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Proposition 2. Let γ2 6= 0, γ0 = 2β0+γ1 = β1+γ2 = α1γ2+2β0α2 = 0, 2+β1 6= 0 and

0 <
α0 + β0
2 + β1

≤ 1

2
. Then di�erential equation (3) has a polynomial solution

f(z) =
α2

γ2
+ z +

α0 + β0
2 + β1

z2

close-to-convex in D.

Proposition 3. Let γ2 = α2 = γ0 = γ1 + 2β0 = 0, β1 6= 0, α1 6= 0, 1 + β1 6= 0 and

0 <
β0α1 + α0β1
α1(1 + β1)

≤ 1. Then di�erential equation (3) has a polynomial solution

f(z) =
α1

β1
z +

β0α1 + β1α0

2β1(1 + β1)
z2

close-to-convex in D.

Proposition 4. Let γ2 = α2 = γ0 = γ1 + 2β0 = β1 = α1 = 0 and 0 < α0 +β0 ≤ 1. Then
di�erential equation (3) has a polynomial solution

f(z) = z +
β0 + α0

2
z2

close-to-convex in D.

Recall that before obtaining the above results we demanded the ful�llment of condi-
tions (9) and β0 6= 0. Now suppose that β0 = 0. Then by Lemma 2 γ0 = γ1 = 0, and
thus, from (7) and (8) we get

(26) γ2f0 = α2, (β1 + γ2)f1 = α1, (2 + 2β1 + γ2)f2 = α0

and for 3 ≤ n ≤ p
(27) (n(n+ β1 − 1) + γ2)fn = 0.

From (27) it follows that if p(p + β1 − 1) + γ2 = 0 then fp 6= 0 may be arbitrary. Two
cases are possible: 1) n(n+ β1 − 1) + γ2 6= 0 for all 3 ≤ n ≤ p and 2) there is 3 ≤ p1 < p
such that p1(p1 + β1 − 1) + γ2 = 0.

In the �rst case we have fp−1 = 0 provided p > 3 and it is impossible to use
Alexander's criterion. In the second case we have p1p = γ2 and p1+p = 1−β1. Therefore,
if either p1 > 3 or p > p1 + 1 then again we cannot apply Alexander's criterion. Thus,
we can apply Alexander's criterion if either n(n+ β1 − 1) + γ2 6= 0 for all 3 ≤ n ≤ p and
p = 3 or p1(p1 + β1 − 1) + γ2 = 0 for some 3 ≤ p1 < p and p1 = 3, p = 4.

Given the possible value of the parameter γ2, using (26) and choosing f3 = 2f2/3,
you can prove the following statement.

Proposition 5. Let β0 = γ0 = γ1 = 0, p = 3 and 3(2 + β1) + γ2 = 0. Then:

1) if γ2 6= 0, γ2 6= 3 and γ2 6= 6, α1 6= 0 and 0 <
α0(γ2 − 3)

α1(γ2 − 6)
≤ 1

4
then di�erential

equation (3) has a polynomial solution

f(z) =
α2

γ2
+

3α1

2(γ2 − 3)
z +

3α0

γ2 − 6
z2 +

2α0

γ2 − 6
z3

close-to-convex in D;
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2) if γ2 = 3, α1 = 0 and − 1
2 ≤ α0 < 0 then di�erential equation (3) has a polynomial

solution
f(z) = α2/3 + z − α0z

2 − 2α0z
3/3

close-to-convex in D;
3) if γ2 = 6, α0 = 0 and α1 6= 0 then di�erential equation (3) has a polynomial

solution

f(z) =
α2

6
+
α1

2
z +

α1

4
z2 +

α1

6
z3

close-to-convex in D;
4) if γ2 = α2 = 0 and 0 < α0/α1 ≤ 1/2 then di�erential equation (3) has a

polynomial solution

f(z) = −α1z/2− α0z
2/2− α0z

3/3

close-to-convex in D.

In the case when 3(2 + β1) + γ2 = 0 and 4(3 + β1) + γ2 = 0 (i. e. p1 = 3, p = 4)
from (26) we get f0 = α2/12, f1 = α1/6, f2 = α0/2, and choosing f3 = α0/3, f4 = α0/4
we obtain the following statement.

Proposition 6. If γ2 = 12, β0 = γ0 = γ1 = 0, 0 < α0/α1 < 1/6,

3(2 + β1) + γ2 = 4(3 + β1) + γ2 = 0

then di�erential equation (3) has a polynomial solution

f(z) =
α2

12
+
α1

6
z +

α0

2
z2 +

α0

3
z3 +

α0

4
z4

close-to-convex in D.

Finally, we remark that polynomial (6) can be close-to-convex in the case when
f2 = · · · = fp−1 = 0. Since each starlike function is close-to-convex, it follows from such
a lemma.

Lemma 3. If |α| ≤ 1/p then the polynomial f(z) = z + αzp is a starlike function.

Proof. Recall that an analytic univalent in D function f(z) = z +

∞∑
n=2

fnz
n is said

to be starlike if f(D) is starlike domain with respect to the origin. It is well known
[1, p. 202] (see also [2, p. 9]) that the condition Re {zf ′(z)/f(z)} > 0 (z ∈ D) is necessary
and su�cient for the starlikeness of f . If f(z) = z + αzp then for |α| ≤ 1/p and |z| < 1
we have

Re
zf ′(z)

f(z)
= Re

{
1 +

(p− 1)αzp−1

1 + αzp−1

}
≥ 1−

∣∣∣∣ (p− 1)αzp−1

1 + αzp−1

∣∣∣∣ > 1− (p− 1)|α|
1− |α|

≥ 0,

i. e. the function f(z) = z + αzp starlike and, thus, close-to-convex. Lemma 3 is proved.
Suppose that γ2 6= 0,

α2 = α0 + (p− 1)β0 = p(p+ β1 − 1) + γ2 = 0,

β1 + γ2 = α1 and n(n+ β1 − 1) + γ2 6= 0 for all n = 1, 2, . . . , p− 1. Then in view of (7)
f0 = 0, f1 = 1, f2 = 0 and in view of (8) f3 = · · · = fp−1 = 0. Choosing fp = 1/p and
using Lemma 3 we get the following statement.
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Proposition 7. If γ2 6= 0,

α2 = α0 + (p− 1)β0 = p(p+ β1 − 1) + γ2 = 0

and n(n+ β1 − 1) + γ2 6= 0 for all n = 1, 2, . . . , p− 1 then di�erential equation (3) has a
polynomial solution f(z) = z + zp/p close-to-convex in D.
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Àíàëiòè÷íà îäíîëèñòà â D = {z : |z| < 1} ôóíêöiÿ f(z) =
∞∑

n=0

fnz
n íà-

çèâà¹òüñÿ îïóêëîþ, ÿêùî f(D) - îïóêëà îáëàñòü, i íàçèâà¹òüñÿ áëèçüêîþ
äî îïóêëî¨, ÿêùî iñíó¹ òàêà îïóêëà â D ôóíêöiÿ Φ, ùî Re (f ′(z)/Φ′(z)) > 0
(z ∈ D). Êîæíà áëèçüêà äî îïóêëî¨ â D ôóíêöiÿ f ¹ îäíîëèñòîþ â D, i îòæå,
f ′(0) 6= 0. Òîìó ôóíêöiÿ f ¹ áëèçüêîþ äî îïóêëî¨ â D òîäi i òiëüêè òîäi,
êîëè ôóíêöiÿ g(z) = z+

∑∞
n=2 gnz

n áëèçüêà äî îïóêëî¨ â D, äå gn = fn/f1.
Ñ.Ì. Øàõ âèçíà÷èâ óìîâè íà äiéñíi ïàðàìåòðè β0, β1, γ0, γ1, γ2, çà ÿêèõ
äèôåðåíöiàëüíå ðiâíÿííÿ z2w′′ + (β0z

2 + β1z)w
′ + (γ0z

2 + γ1z + γ2)w = 0
ìà¹ öiëi ðîçâ'ÿçêè, ÿêi ðàçîì çi ñâî¨ìè ïîõiäíèìè áëèçüêi äî îïóêëèõ â
D ôóíêöiÿìè. Áàãàòî àâòîðiâ ïðîäîâæèëè öi äîñëiäæåííÿ. Òóò ðîçãëÿäà¹-
òüñÿ íåîäíîðiäíå ðiâíÿííÿØàõà z2w′′+(β0z

2+β1z)w
′+(γ0z

2+γ1z+γ2)w =
= α0z

2 + α1z + α2 ç äiéñíèìè ïàðàìåòðàìè i âèâ÷à¹òüñÿ iñíóâàííÿ áëèçü-
êèõ äî îïóêëèõ éîãî ìíîãî÷ëåííèõ ðîçâ'ÿçêiâ. Íåâàæêî äîâåñòè, ùî äëÿ

òîãî, ùîá ìíîãî÷ëåí f(z) =

p∑
n=0

fnz
n, (deg f = p ≥ 2) áóâ ðîçâ'ÿçêîì öüîãî

ðiâíÿííÿ, íåîáõiäíî, ùîá γ0 = pβ0 + γ1 = 0. Îñíîâíi òàêi ðåçóëüòàòè:
1) ÿêùî p ≥ 3, γ0 = pβ0 + γ1 = 0, β1 + γ2 6= 0, α1γ2 + pβ0α2 6= 0, β0 > 0,
2 + β1 > 0,

0 <
(p− 1)β0(α1γ2 + pβ0α2) + α0γ2(β1 + γ2)

(γ2α1 + pβ0α2)(2 + 2β1 + γ2)
≤ 1

2

i àáî γ2 > 0 òà (p− 2)β0 ≤ 2 + β1, àáî −3(2 + β1) < γ2 < 0 òà 3(p− 2)β0 ≤
≤ 3(2+β1)+γ2, òî íåîäíîðiäíå ðiâíÿííÿØàõà ìà¹ ìíîãî÷ëåííèé ðîçâ'ÿçîê

f(z) =
α2

γ2
+
α1γ2 + pβ0α2

γ2(β1 + γ2)
z +

(p− 1)β0(α1γ2 + pβ0α2) + α0γ2(β1 + γ2)

γ2(β1 + γ2)(2 + 2β1 + γ2)
z2 +

+
p∑

n=3

fnz
n, äå fn =

(p− n+ 1)β0
n(n+ β1 − 1) + γ2

fn−1 äëÿ 3 ≤ n ≤ p, ÿêèé ðàçîì ç

óñiìà ñâî¨ìè ïîõiäíèìè f (j) (1 ≤ j ≤ p − 1), áëèçüêèìè äî îïóêëèõ â D
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ôóíêöiÿìè;
2) ÿêùî p ≥ 3, γ2 6= 0, γ0 = pβ0 + γ1 = β1 + γ2 = α1γ2 + pβ0α2 = 0,

β0 > 0, 2 + β1 > 0, 3(p − 2)β0 ≤ 2(3 + β1) i 0 <
α0 + (p− 1)β0

2 + β1
≤ 1

2
, òî

íåîäíîðiäíå ðiâíÿííÿ Øàõà ìà¹ ìíîãî÷ëåííèé ðîçâ'ÿçîê f(z) =
α2

γ2
+ z +

+
α0 + (p− 1)β0

2 + β1
z2 +

p∑
n=3

fnz
n, äå fn =

(p− n+ 1)β0
(n− 1)(n+ β1)

fn−1 äëÿ 3 ≤ n ≤ p,

ÿêèé ðàçîì ç óñiìà ñâî¨ìè ïîõiäíèìè f (j) (1 ≤ j ≤ p − 1) áëèçüêèìè äî
îïóêëèõ â D ôóíêöiÿìè;
3) ÿêùî p ≥ 3, γ2 = α2 = γ0 = γ1+pβ0 = 0, β1 6= 0,α1 6= 0, β0 > 0, 2+β1 > 0,

(p − 2)β0 ≤ 2 + β1 i 0 <
(p− 1)β0α1 + α0β1

α1(1 + β1)
≤ 1, òî íåîäíîðiäíå ðiâíÿííÿ

Øàõà ìà¹ ìíîãî÷ëåííèé ðîçâ'ÿçîê f(z) =
α1

β1
z +

(p− 1)β0α1 + β1α0

2β1(1 + β1)
z2 +

+
p∑

n=3

fnz
n, äå fn =

(p− n+ 1)β0
n(n+ β1 − 1)

fn−1 äëÿ 3 ≤ n ≤ p, ÿêèé ðàçîì ç óñiìà

ñâî¨ìè ïîõiäíèìè f (j) (1 ≤ j ≤ p−1) áëèçüêèìè äî îïóêëèõ â D ôóíêöiÿìè;
4) ÿêùî p ≥ 3, γ2 = α2 = γ0 = γ1 + pβ0 = β1 = α1 = 0, (p − 2)β0 ≤ 2 i
0 < α0 + (p − 1)β0 ≤ 1, òî íåîäíîðiäíå ðiâíÿííÿ Øàõà ìà¹ ìíîãî÷ëåííèé

ðîçâ'ÿçîê f(z) = z+
(p− 1)β0 + α0

2
z2 +

p∑
n=3

fnz
n, äå fn =

(p− n+ 1)β0
n(n− 1)

fn−1

äëÿ 3 ≤ n ≤ p, ÿêèé ðàçîì ç óñiìà ñâî¨ìè ïîõiäíèìè f (j) (1 ≤ j ≤ p − 1)
áëèçüêèìè äî îïóêëèõ â D ôóíêöiÿìè.

Êëþ÷îâi ñëîâà: ëiíiéíå íåîäíîðiäíå äèôåðåíöiàëüíå ðiâíÿííÿ äðóãî-
ãî ïîðÿäêó, ìíîãî÷ëåííi êîåôiöi¹íòè, ìíîãî÷ëåííèé ðîçâ'ÿçîê, áëèçüêà äî
îïóêëî¨ ôóíêöiÿ.
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Volodymyr KYRYLYCH, Olha MILCHENKO

Ivan Franko National University of Lviv,

Universytetska Str., 1, 79000, Lviv, Ukraine

e-mail: vkyrylych@ukr.net, olga.milchenko@lnu.edu.ua

The object of this paper is the problem of optimal control of a semi-linear
system of two �rst-order hyperbolic equations with integral constraints.
Using the method of characteristics and the maximum principle the necessary
conditions for optimality are obtained.

Key words: optimal control, hyperbolic system, method of characteristics,
needle variation, bio-population theory

1. Introduction

Based on the classical McKendrick-von Foerster [9, 12] model of bio-population
dynamics, mathematical models for the age structure of the population itself are widely
used in modern conditions. Such problems also arise in studies of the reproduction and
spread of epidemics, drug addiction [1]�[4], socio-economic and economic processes [7, 8,
10], etc.

In this paper we consider an optimal control problem for the competing populations
dynamics [11], which is described by a system of two hyperbolic equations [5], for which
the control function is subject to an integral constraint [2, 5]. To obtain a necessary
condition of the optimal control, the method of characteristics and the formula for the
increment of the target functional on the needle variation of the admissible control have
been used.

2. Statement of the problem

In the domain (x, t) ∈ Π = (0, l) × (0, T ), consider the process of population deve-
lopment, which evolution in space and time is described by the system of two hyperbolic

2020 Mathematics Subject Classi�cation: 18A22
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�rst-order equations

(1)


∂y1(x, t)

∂t
+
∂y1(x, t)

∂x
= −µ(x)y1(x, t),

∂y2(x, t)

∂t
+
∂y2(x, t)

∂x
= −y1(x, t)y2(x, t),

where y = (y1, y2) : Π→ R2.
For system (1) set the initial and boundary conditions:

(2) y1(x, 0) = ν1(x), y2(x, 0) = ν2(x), x ∈ [0, l],

(3) y1(0, t) = λ(t), t ∈ [0, T ],

(4) y2(0, t) = β(t)

x2∫
x1

K(x)u(x)y2(x, t)dx, t ∈ [0, T ].

Here µ(x), ν1(t), ν2(t), β(t), K(s) are standard bio-population parameters [2, 5]. For
example, when (4) describes the individuals fertility process, then K(x) is the fraction
of females in the population process. The control function here is u = u(x), which sets
the age distribution of the reproductive period of females (0 < x1 < x2 = l) [2].

Let us choose minimization of the functional

(5) I[u] =

l∫
0

ϕ(y1(x, T ), y2(x, T ), x)dx.

as the target.
The problem (1)-(5) will be investigated under the following assumptions:

A1) u,K ∈ C1[x1, x2]; in addition, we will assume that u(x) ≡ 0, K(x) ≡ 0, if
x /∈ [x1, x2];

A2) νi ∈ C1[0, l], i = 1, 2, and λ ∈ C1[0, T ];
A3) µ ∈ C[0, l];
A4) ϕ,ϕ′yi ∈ C(Π×Π× [0, l]), i = 1, 2;
A5) zero-order agreement conditions ν1(0) = λ(0),

ν2(0) = β(0)

x2∫
x1

K(s)u(s)ν2(s)ds

are ful�lled;

A6)

l∫
0

µ(x)dx = +∞,

x2∫
x1

u(x)dx = 1.

(the ful�llment of conditions A6) ensures the natural parameters of the population, e.g.
the �rst of conditions of A6) guarantees the zero density of individuals in the population
if their age exceeds the maximal limit l [3]).
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Remark 1. Usually, in applied economic problems the function β(t) is understood as
β(t) = e−ρtg(t), where ρ is a discount rate, g is a bounded function on [0, T ].

3. Generalized solution of the problem

Let ξ = τ + x− t be the characteristic equation of the system (1), i.e. the solution

of the Cauchy problem
dξ

dτ
= 1, ξ(t) = x, (x, t) ∈ Π. Then, integrating (1) in the

corresponding boundaries along the characteristics, we obtain

(6) y1(x, t) =


λ(t− x) exp

(
−

x∫
0

µ(σ)dσ
)
, x 6 t,

ν1(x− t) exp
(
−

x∫
x−t

µ(σ)dσ
)
, x > t,

(7) y2(x, t) =



β(t− x)
x2∫
x1

K(r)u(r)y2(r, t− x)dr · exp

(
−λ(t−

−x)
x∫
0

exp
(
−

ρ∫
0

µ(σ)dσ
))

dρ, x 6 t,

ν2(x− t) exp

(
−ν1(x− t)

t∫
0

exp
(
−

ρ∫
x−t

µ(σ)dσ
))

dρ, x > t.

De�nition 1. By generalized solution of the problem (1)�(4), that corresponds to the

control u, we mean the vector function y = (y1, y2) ∈
(
C(Π)

)2
whose components satisfy

relations (6), (7) in Π, if the conditions A1)�A6) are ful�lled.

Remark 2. The ful�llment of conditions A5) guarantees the continuity of solution of
problem (1)�(5) when passing through the characteristic x = t, besides, the second
condition of A5) represents an additional integral constraint on the control u.

4. The optimality condition

Consider the formula of the increment of the functional (5) 4I(u) = I(ũ) − I(u)
on admissible processes {u, y1, y2} and {ũ = u + 4u, ỹ1 = y1 + 4y1, ỹ2 = y2 + 4y2}
[2, 6, 10]. The functions 4yi = 4yi(x, t), i = 1, 2 are the solution of mixed problem

∂4y1
∂t

+
∂4y1
∂x

= −µ(x)4y1, (x, t) ∈ Π,

(8) 4y1(x, 0) = 0, 0 6 x 6 l,

4y1(0, t) = 0, 0 6 t 6 T,

∂4y2
∂t

+
∂4y2
∂x

= −4y14y2, (x, t) ∈ Π,
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(9) 4y2(0, t) = β(t)

x2∫
x1

K(r){ũ(r)x̃2(r, t)− u(r)x2(r, t)}dr, 0 6 t 6 T.

Then, taking into account (8)�(9), we write the formula of the increment of the functional

4I(u) = I(ũ)− I(u) =

l∫
0

4ϕ(y1(x, T ), y2(x, t), x)dx+

+

l∫
0

T∫
0

{
ψ1(x, t)

[
∂4y1
∂t

+
∂4y1
∂x

+µ(x)4y1

]
+ψ2(x, t)

[
∂4y2
∂t

+
∂4y2
∂x

+4y14y2

]}
dtdx,

where 4ϕ = ϕ(ỹ1(x, T ), ỹ2(x, T ), x) − ϕ(y1(x, T ), y2(x, T ), x), and ψi(x, t), i = 1, 2, are
now arbitrary smooth in Π functions.

Let us perform the standard transformations for such cases (using Taylor formula,
integration by parts, etc.).

First of all, we develop 4ϕ by the Taylor formula into a series, singling out the
linear part, namely

4ϕ(y1(x, T ), y2(x, T ), x) =
∂ϕ

∂y1
4y1(x, T ) +

∂ϕ

∂y2
4y2(x, T ) + oϕ(|4y1|, |4y2|),

where oϕ(·, ·) stands for higher orders of smallness with respect to 4y1 and 4y2.
Then

4I(u) =

l∫
0

{
ϕ′y1(y1(x, T ), y2(x, T ), x)4y1(x, T )+ϕ′y2(y1(x, T ), y2(x, T ), x)4y2(x, T )+

+ oϕ(|4y1|, |4y2|)
}
dx−

l∫
0

T∫
0

{∂ψ1

∂t
+
∂ψ1

∂x
− µ(x)ψ1(x, t)

}
4y1(x, t)dtdx−

−
l∫

0

T∫
0

{∂ψ2

∂t
+
∂ψ2

∂x
− ψ2(x, t)4y1(x, t)

}
4y2(x, t)dtdx−

−
l∫

0

T∫
0

β(t)ψ2(0, t)K(r)u(r)4y2(r, t)dtds+

l∫
0

ψ1(x, T )4y1(x, T )dx+

+

T∫
0

ψ1(l, T )4y1(l, T )dt+

l∫
0

ψ2(s, T )4y2(x, T )dx−

−
l∫

0

T∫
0

β(t)ψ2(0, t)K(r)4u(r)y2(r, t)dtds−
l∫

0

T∫
0

β(t)ψ2(0, t)K(r)4u(r)4y2(r, t)dtdr.
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Taking into account the values for expressions of states of the system (8), (9), we
can write down the relations

(10) 4y1(x, t) = 0, for all (x, t) ∈ Π,

(11) 4y2(x, t) =



β(t− x)

l∫
0

K(r){ũ(r)ỹ2(r, t− x)− u(r)y2(r, t− x)}×

× exp

(
−λ(t− x) exp

(
−

ρ∫
0

µ(σ)dσ
))

dρ, x 6 t,

0, x > t.

These transformations allow us to formulate a conjugate problem for the functions
ψi(x, t), i = 1, 2:

∂ψ1

∂t
+
∂ψ1

∂x
= µ(x)ψ1(x, t), (x, t) ∈ Π,

(12) ψ1(x, T ) = −∂ϕ(y1(x, T ), y2(x, T ), x)

∂y1
, x ∈ [0, l],

ψ1(l, t) = 0, t ∈ [0, T ],

∂ψ2

∂t
+
∂ψ2

∂x
= −β(t)ψ2(0, t)K(x)u(x), (x, t) ∈ Π,

(13) ψ2(x, T ) = −∂ϕ(y1(x, T ), y2(x, T ), x)

∂y2
, x ∈ [0, l],

ψ2(l, t) = 0, t ∈ [0, T ].

For an arbitrarily �xed control u = u(x), the hyperbolic systems (12), (13) with
the corresponding initial conditions at t = T and boundary conditions at x = l have
a unique generalized solution [6]. Here, by the generalized solution for arbitrary control
u we also mean ψ1 ∈ C(Π) and ψ2 ∈ C(Π), and for ψ2 as a continuous solution of the
corresponding second order Volterra integro-operator equation. Now, given (12), (13), we
can rewrite the modi�ed expression for the increment of the functional as

(14) 4I(u) = −
l∫

0

K(r)4u(r)

T∫
0

β(t)ψ2(0, t)y2(r, t)dr − γ,

where

(15) γ = −
l∫

0

K(r)4u(r)

T∫
0

β(t)ψ2(0, t)4y2(x, t)dtdr +

l∫
0

oϕ(|4y(x, T )|)dx.

The obtained ratio (14) for the increment of the functional (5) is valid for two
admissible processes {u, y1, y2} and {ũ, ỹ1, ỹ2}.

Further investigation of the problem (1)�(5) is based on the application of the
nonclassical variation of admissible controls described, for example, in [2, p. 123].
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Let u = u(x) be an admissible control and construct its variation by rule

(16) uε,δ(x) =

(
1 + ε

dδ(x)

dx

)
u(x+ εδ(x)),

where ε ∈ [0, 1] is a parameter that characterizes the smallness of the variation, δ(x) is a
continuously di�erentiable function that satis�es conditions

0 6 x+ δ(x) 6 l,
dδ(x)

dx
> −1, x ∈ [0, l], δ(0) = δ(l) = 0.

Let us emphasize some properties of variation (16). First, the control is smooth,
and the range of values of the function uε,δ(x) is determined by the range of values
of the control u(x). Moreover, to satisfy the second condition of A6), by substituting
s = x+ εδ(x), we obtain

l∫
0

uε,δ(x)dx =

l∫
0

(
1 + ε

dδ(x)

dx

)
u(x+ εδ(x))dx =

l∫
0

u(s)ds.

Let us return to the increment of the functional (14) and make an estimate of
the remainder term γ for admissible processes {u, y1, y2} and {uε,δ = u + 4u, y1ε =
y1 +4y1, y2ε = y2 +4y2}. That is, given (16), we obtain

4u(s) =

(
1 + ε

dδ(x)

dx

)
u(x+ εδ(x))− u(x) =

= u(x+ εδ(x))− u(x) + ε
dδ(x)

dx
u(x+ εδ(x)) =

= ε
d

dx

(
δ(x)u(x)

)
+ o(ε),

which indicates the increment of control as a value of order ε [2].
Given the introduced variation (16), let us rewrite (11) the increment of state

y2(x, t), namely

4y2(x, t) =



0, x > t,

β(t− x)
l∫
0

K(r){uε,δ(r)y2ε(r, t− x)− u(r)y2(r, t− x)}×

× exp

(
−λ(t− x) exp

(
−

ρ∫
0

µ(σ)dσ
))

dρ, x < t.

Based on assumptions A1)�A6), that is, given the constraint of the initial data in
Π and making transformations

uε,δ(x)y2ε(x, t− x)− u(x)y2(x, t− x) =

= uε,δ(x)y2ε(x, t− x)− u(x)y2ε(x, t− x) + u(x)y2ε(x, t− x)−
− u(x)y2(x, t− x) = 4u(x)y2ε(x, t− x) + u(x)4y2(x, t− x),
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we obtain an estimate

(17) |4y2(x, t)| 6 L1

x2∫
x1

|4y2(x, t− x)|dx+ L2

x2∫
x1

|4u(x)|dx,

where Li = const > 0, i = 1, 2, or given that |4u| ∼ ε, estimating, for example, (17)
through the resolvent of the corresponding kernel, it is easy to obtain that

|4y2(x, t)| ∼ ε for (x, t) ∈ Π.

As a result, the increment of the functional (14) can be written as

(18) 4I(u) = I(uε,δ)− I(u) =

= −ε
x2∫
x1

K(x)
d

dx
(δ(x)u(x))

T∫
0

ψ2(0, t)β(t)y2(x, t)dtdx+ o(ε),

or

4I(u) = −ε
{
δ(x)u(x)

T∫
0

K(x)ψ2(0, t)β(t)y2(x, t)dt

∣∣∣∣∣
x2

x1

−

−
x2∫
x1

δ(x)u(x)
d

dx

T∫
0

K(x)ψ2(0, t)β(t)y2(x, t)dt
}

=

= ε

x2∫
x1

δ(x)u(x)

T∫
0

ψ2(0, t)β(t)
d

dx

(
K(x)y2(x, t)

)
dt.

Then, based on an arbitrary choice of δ(x) and the main lemma of the calculus of
variations, we obtain the necessary optimality condition.

Theorem 1. If the process {y∗, u∗} is optimal in problem (1)�(5), then condition

u∗(x)

T∫
0

ψ∗2(0, t)β(t)
d

dx

(
K(x)y∗2(x, t)

)
dt = 0, x ∈ [0, l],

is ful�lled, where y∗2(x, t) is expressed by (7), and ψ∗2(x, t) is the generalized solution of

the conjugate problem (13), at u = u∗(x), y = y∗(x, t).

The obtained result can serve for the construction of numerical algorithms for solving
optimal control problems [2, p. 125].
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