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IIPO I'PYIIOBI KOHI'PYEHIIIL HA HAIIIBIPYIII B TA ii
TOMOMOP®HI PETPAKTU ¥V BUITAJKY, KOJIN CIM’ S .#
CKJIAITAETHCH 3 HEITOPOXKHIX THAYKTUBHNX
MMIIMHOXKWH V w
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Busgaemo rpymoBi KoHTrpyeHIiii Ha HAMBrpyIi B ta ii romomopdui per-
PaKTH y BHIIQJIKY, KOMHM ¥ — w-3aMKHEHA CiM’s 3 IHJyKTMBHHX HEIOPOXKHIX
OiIMHOXKWH B w. JloBeneno, mo xkourpyenrisa ¢ Ha sz € TPYIIOBOIO, TOI 1 JTutITe
TO/Ii, KOJIN 3BY2KeHHs KOHTpyenrii ¢ Ha manamisrpymy B B Z | sxa isomopdua
OirumkJrianiil HAHiBrpyI, He € BigHomenuaM piBHOCTi. Takoxk, onucyemo BCi He-
TpuBiaJIbHI TOMOMOpPdHI peTpakTH i i30Mopdi3Mu HAMBrpynu BYZ.

Karmwost crosa: inBepcHa HAMIBrpyna, OiMuK/IIYHA HAMIBIPYIIA, IHIYKTUBHA
MHOXWHA, TPYNOBA KOHTDYEHIisT, roMoOMOpdHMI peTpakT, i3omopdi3mM, aBTo-
Mopdism.

1. BcTtyn

Mu xopucryemocst Tepminosoriero 3 Mouorpadiii [8, 9, 16, 18]. Hamani y Tekcri
MHOXXWHY HEBiJ €MHUX I[UIMX YHUCE MO3HAYATAMEMO depe3 w. s JOBIIBHOTO YuCia
k € w noznaunmo [k) = {i € w: i > k}.

Hexaii #(w) — cim’a ycix nigmuoxun y w. duasg posinbaux F € P(w)in,m € w
npuiiMeMo

n—m+F={n-m+k:keF} akio F # &
in—m+F =g, akwo F = &. Bysemo rosopuru, 1o nenopoxus uijacim’s F C P (w)
€ w-3amrHenow, Ko Fy N (—n + Fy) € % ans nosinbEux n € w ta Fy, Fy € %.

[TigMuoKMHA A B W HA3UBAETHCS iHOYKMUGHON, KO 3 ¢ € A BUIIMBAE, MO 7+ 1 €
A. OueBnsHO, 0 & — IHAYKTUBHA MHOXKHHA B W.

2020 Mathematics Subject Classification: 20M10, 20M 15, 18B40
© T'yrik, O., Muxanenuu, M., 2021
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3aysaorcenna 1. (1) 3a memoro 6 3 [2] menopoxkust MmuOKuHA F' C w € IHIYKTHBHOIO
B w Toxi i smwe roai, kouu (—1+ F)NF = F.
(2) OckisbKE MHOXKHMHA w 31 3BUYANHUM MOPSAIKOM € IIJTKOM BIIOPSAIKOBAHOIO, TO
JIJIsT KOYKHOI HEMOPOYKHBOI 1HIyKTHUBHOI MHOXKMHU F'y w icHye HeBin'emHue mijie
YUCI0 NE € W Take, o [np) = F.
(3) 3 (2) BumutuBae, 110 EPETHH JOBLIBHOI CKIHYEHHOI KITBKOCTI HEMOPOXKHIX 1HTyK-
TUBHUX IMIJIMHOXKHUH y W € HEIMOPOKHBOIO 1HYKTUBHOIO ITIJIMHOKHHOIO B W.

ko S — waniBrpymna, o i niAMHOXKUHA i1eMIOTeHTIB Ho3HaYaeTbes yepe3 E(S).
Hamnisrpyna S HasuBaeTbCs iH8EpCHO10, SIKIO JIJist JOBLILHOTO 11 ejieMenTa & icHye €1u-
nuit enement x~! € S rmakmit, mo rr~'z = z ta z7lzz™! = 7! [18, 1]. B insepcHiit
HamBrpymi S BuINe O3HAMEHM eJTeMEHT £~ | Ha3MBAETLCA ineepcrum do T. Baska — 1e
HAMIBIPyMa 1IEeMIIOTEHTIB, & HAMi6sS PamKka — 16 KOMyTaTUBHA, B SI3Ka.

Bignomenns exkBiBasenTHOCTI R HA HAMBrPYMi S HABMBAECTHCA KOH2PYEHULEN, SIKIIIO
JU1s ejieMeHTiB a Ta b HaniBrpyuu S 3 TOro, 10 BUKOHY€TbCd ymoBa (a,b) € R Buiuiu-
Bag, wo (ca,cd), (ad,bd) € K, nna posinbuux c¢,d € S. Binnowenus (a,b) € 8 mu Ta-
KOXK 3amucyBaTuMeMo afb, i B IbOMY BHUIAJKY TOBOPUTHMEMO, IO eseMeHmu a i b €
R-€eK616ANEHMHUMU.

Kourpyenris K #a manisrpyni S Ha3UBaETbCA 2pYno6010, AKIIO (paKTOp-HAMIBIPYIIa
S/R isomopdua zeskiit rpyni G [8]. Haragaemo [16, 18], mo Ha KoxKHiil iHBepcHiii Ha-
uiBrpyui S icuye natimenwa (MIiHIMaALHA) 2PYNOBE KOHZPYEHUis O 1 BOHA BUSHAYAETHCH
TaK:

sot = es =et muas geaxoro e € E(S).

SIkmio S — HamiBrpymna, To Ha il MHOKWHI izemmorenTis E(S) BU3HAUEHO YaCTKOBHIA
TTOPSATIOK

e =< f roni i mumme Toxi, kosm ef = fe =e.

Tak o3HaveHnit YacTKOBHUI MOpsinok Ha F(.S) Ha3uBaeThest npupodtum.
O3maunMo BigHOUIEHHS < HA IHBEPCHIi# HamiBrpymi S Tak:

s < t Toni i jmie TOAi, KOIM § = te, AJIst AESKOro iIeMIIoTeHTa ¢ € S.

Tax o3HavYeHMit YACTKOBUH TOPSIIOK HABUBAETHCS NPUPOIHUM YACTNKOSUM NOPAOKOM HA
inBepcHiit HamiBrpyni S [1]. OueBnzaHO, 10 3BYKEHHST TPUPOIHOTO YACTKOBOTO MOPSIIKY
< Ha imBepcHiil nanisrpyni S Ha 11 B’a3ky F(S) € nIpupoaHuM 4acTKOBUM MOPSAIKOM HA
E(9).

Haranaemo (unus. [8, §1.12], wo Giyukaiunoro nanieepynoro (abo biyuksiuHum mo-
Hoidom) € (p, ) HABMBAETHCS HANMIBIPYTIA 3 OAWHWIIEIO, TTOPOKEHA TBOCJIEMEHTHOK MHO-
JKWHOWO {p, ¢} 1 Bu3HAueHa oqHMM criBBigHOMEHHsIM pg = 1. Binukiiuna manisrpymna Bi-
Jirpae BaxkJIMBY POJIb y Teopil HamiBrpyi. 3okpema, KiaacndHa reopema O. Anjgepcera [5]
cTBepIKYE, 1o (0-)npocra HAmIBrpyna 3 (HeHyJILOBUM) iemMnorenToM € miikoM (0-)mpoc-
TOIO TOJI i JiMIe TOi, KO BOHA HE MICTUTH i30MOP(MHY KOIMifo OIIUKIITHOrO MOHOITA.
Pi3ni posmmpenns Ta y3araabHeHHs OIMUKIIIHOIO MOHOIIA BBOIWJINACS PAHIIIe pi3HUMA
asropamn [10, 11, 12, 15, 21]. Takumu, 30kpema, € KoHCTpyKIil Bpyka Ta Bpyka—Peiini
3aHypEHHs HAMIBIPYN y TPOCTi it onmucanus inBepcHuX OimpocTux i 0-6impocTux w-HaImiB-
rpyu [7, 19, 20, 13].
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Tomomopgdnoro pemparyicro HAUBAETHCSA BiIOOparXKeHHs 3 HAMBrpynu S B S, sKe €
O/IHOYACHO perpakuieio Ta romomopdizmom [8, 9]. O6pas nauisrpyuu S upu ii romomopd-
Hill peTpaKINi HA3MBAETHCA 20MOMOPPHUM pemparmom. TobTo romoMOopdHMT peTpakT
HamiBrpynu S — 1e Taka migaamisrpyna 1’ B S, mo icaye romomopdism 3 S Ha T, mis
AKOTO migHamBrpyna 1’ € MHOXKWHOIO BCiX #0ro HEpyXxoMuX TO4Y0K. Tepminu “romomopdHi
perpakiii’ ta “romomMopdHi perpakTu”; 31a€ThCs, Blepine 3’ aBuuch y npaii Bpayna [6],
SIK OJIH 3 METO/IiB JOCJIIZKEHHS CTPYKTYPHU TOMOJOrYHUX HAMBIPATOK. Q4UeBUIHO, 1110
KOYKHE TOTOYKHE BiJOOparkeHHsT HAMBIpynu S € i1 TOMOMOP(HOI PETPAKIIIEI0, & TAKOXK,
AKINO € — imeMmoTenT B S, TOo crane BimooOpaxkenus h: S — S, x — e — romomopdna
perpaxkiia mamisrpynu S. Taki romoMopdHi perpaxiii Ta TOTOXHE BigOOpakeHHS Ha-
miBrpynu S OyZeMO HA3WBATH MPUGLAALHUMU, a 00PA3U HAMIBrpynu S CTOCOBHO HUX —
MPUBLANDHUMYU TOMOMOPMHUME PETPAKTAMHA.

3aysasicenns 2. Jlerko 6auuru, o Ginukiivauii Monoin € (p, q) i3omopduuii Hanisrpyi,
3ajaHiit Ha MHOXKHUHI B, = W X W 3 HAMBIPYIOBOIO OMEPAITIEI0

(i1,41) - (i2, j2) = (i1 + 42 — min{ji,ia}, j1 + jo — min{jy,d2}) =

_J (ia=jui+ig, J2), aKwmo ji < iz
(i1,J1 —i2 +j2), SKIO jy > io.

VY mpani [2] BBemeHO anreGpudHi PO3NIMPEHHS Bf OIIUKTITHOTO MOHOIA [JTsT [10-
BUIBHOI w-3aMKHEHOI CiM’T % TiAMHOXKUH B W, AKi y3araJbHIOIThH OIIUKIIHUNE MOHOII,
3JTIYeHHY HAMIBCPYIy MATPUIHUX OJWHUITD 1 AedAKi iHI KoMGiHATOPHI iIHBEPCHI HAIIBIPY-
1.

Haranmaemo mio xoucrpykuito. Hexait B, — OGlupkiignmii MOHOLL i F — HENOPOXKHSA
w-3aMKHeHa miaciM’a B P (w). Ha muoxuni B, X % o3HaunMo GiHApHY omepariiio “-”
dbopmynon

(i1 — J1 + 12,72, (J1 — iz + F1) N Fy), axmo j; < ig;
(1) (i1, 71, F1) - (2, Jo, F2) = (i1, 2, F1 N Fy), AKIIO J1 = l2;
(i1,J1 — iz + j2, F1 0 (i2 — j1 + F2)), KO ji > ia.
VY [2] noBemeHo Take TBepIKeHHs: AKImO civ’s F C P (w) € w-3aMKHEHOIO, TO
(B, X #,+) — HaniBrpyma.
Mpunycramo, mo w-zamxaera cim’s F C P (w) MICTETH NOPOKHIO MHOKUHY
&, TO 3 O3HaYeHHs HauiBrpynosoi omepauii (B, X %,:) BUIUIMBAE, 10 MHOXKHHA
I={(72):14,j €w} eineanom nauisrpyun (B, X .Z,").

Osnauvenns 1 ([2]). s nosinbHol w-3amkHeHOT ciM’T . C ¥ (w) 03HAIUMO
a7

B7 _ (B, x #,-)/I, sxmo @ € F;
w T (Bw X Z,), SAKIo & ¢ F.

Z . . .

Y [2] nomeneno, mo B, € KOMGIHATOPHOIO iHBEPCHOIO HATIBTPYIIOK, a TAKOYXK OITH-
caro Bignomenns I pina, 9acTKOBWIT MPUPOIHIMI TIOPSIOK HA HAMIBTPYT Bf Ta i1 MHO-
)uHy inemmorentis. Takox y [2] moseneHo kpurepii mpocroru, O-ipocroru, GinpocroTn

<, 1 3a3Ha"eHO yMOBHM, KOJHM HAMiBrpymna Bij MIiCTHUTH
OJIMHUIIIO, i30MOpdHA GIITUKIITHOMY MOHOI LY ab0 3JIiYeHHi HAMIBIPYIi MATPUIHUX OIH-
HUIIb.

ta 0-6inpocrorn mamisrpymm B
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Baysazkumo, 1o y [3] orpumano noaibui pesysnbraru g0 [2] y BUNaAKY PO3IIMPEH-
HeA BZg poammpenoi 6inukaiaHol HamiBrpynu By 1jis 10BIIBHOI w-3aMKHEHOI ciM’T &
OiIMHOXKHH B W.

Y [14, 17| pocuijpkeno anrebpuuny CTpyKTYpy HAliBIpyLd ij y BHUIIQJIKY, KOJIH
w-3aMKHEHa CiM’s % CKJIAJA€ThCs 3 aTOMAPHUX MiJAMHOXKUH (OJHOTOYKOBUX MiJIMHO-
JKUH 1 TIOPOKHBOI MHOXKUHHU) B w. 30KpeMa, JOBEJIEHO, 110 33 BUKOHAHHS TaKUX YMOB Ha
ciM’10 ¥ HamiBrpyma Bf isomopdHua migHamiBrpym w-po3mupentas Bbpamara HamiBrpar-
ki (w, min). Takox y [14, 17] mocmiKyBan TOMOIONI3ali0 HABIPY N Bf, OJIM3bKI
JI0 KOMTIAKTHUX TPAHCAAIINHO HETepepBHI TOMOJIOTIT Ha, ij Ta 3aMUKAHHS HAMIBIPYTH
Bf y HAIIBTOMOJIOTIYHIX HAMMIBIPYIIaX.

I3 3ayBaxkenns 1(3) BunsmBae take: AKIo cim’s Fo CKIAJAETHC 3 IHIYKTUBHUX B
W HIIMHOXKHUH i MICTUTH HOPOXKHIO MHOXKHHY & K €JIeMeHT, To s ciM’i F = % \ {2}
MHOXKHWHA, Bi} 3 IHJIYKOBAHOIO HAIBIPYIIOBOIO OINEPAILED 3 Bfo € MiJHAIIBIPYIIOI B
B,

Mu BuB4aEMO ajrebpuaHy CTPYKTYPY HAMBIPYIH Bf y BUIAJIKY, KOJU W-3aMKHEHA,
ciM’'s F CKNAJAEThCs 3 IHAYKTUBHUX HEIOPOXKHIX IIMHOXKHUH y W, & CaMe IPYNOBi KOH-
rpyeHIiil Ha HamBrpyIi Bf ta 11 romomopdui perpakru. Joseneno, mo kourpyeuiis ¢
Ha Bf € TPYTIOBOIO, TOJIi i JIWTITe TOJi, KON 3BYKEHHS KOHTPYeHTIl ¢ Ha i JHAMBrPY-
my B Bf:, sKa i3oMopdHa OINMUKIIIYHIN HATIBIPYT, HE € BiIHOIMEHHSM pPIBHOCTI. Tarox
OTHCYEMO BCi HeTpuBiaabHI TOMOMOPQHI perpakTu Ta i3oMopdi3Mu HAMBrPYIH Bf.

Hapami ckpisb y T€KCTI MU BBAXKAEMO, IO W-3aMKHEHA CiM’d % CKJIQIAE€ThCS JIUIIE
3 IHAYKTUBHAX HENOPOKHIX MiIMHOXKIH § W.

2. AJrEBPUYHI BJIACTUBOCTI HAIIIBIPYIIN Bf

Teepmxenus 1. Hexali F — 006iabHa W-3aMKHEHA CIM S NIOMHONCUH Y W | Ng =
min { U g?} Todi:

(1) $o={—no+F: F € F} — w-3amknena cim’s nioMHootcun y w;
(2) nanieepynu BZ i B2 izomopdmi.

Zosedenns. CrodaTky 3ayBazkKUMO, OCKILIbKM MHOXKHHA W 31 3BUYAMHMM HOPIIKOM <
MLTKOM BIIOPSITIKOBAHA, TO HEBI €MHE IIijie YUCI0 Ny BU3HAYEHO KOPEKTHO.
Trepmxkenns (1) ouernHe.
(2) OueBngmo, mio Bimobpaskenus h: (B, x F#,:) — (B, X %y,), O3HaueHe 3a
dbopmynon

h(ZaJ7F) = (i,j, —no +F)7
6iektuBHe. BpaxyBasmiu, 1mo —ng + & = &, OTpUMYEMO
h(i1 — j1 + 42, Jo, (J1 — 2 + F1) N Fy), axmio j; < ig;
b((ilajlaFl)'(i2aj27F2)): h(ilaj27FlnF2)v AKIIO j1:i2; =
h(i1,J1 — iz + Jo, F1 N (i2 — j1 + F2)), daxmo j; > ip
(i1 — J1 + 12,72, —n0 + ((j1 — 2 + F1) N F2)), daKmo ji < da;
=9 (i1, 72, —no + (F1 N Fy)), AKIIO j1 = 12;
(i1, 41 —d2 + j2, —no + (F1 N (i2 — j1 + F2))), aKmo ji > iz
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(i1, 71,F1) - b(iz, jo, F2) = (i1, j1, —no + F1) - (i2, j2, —no + F2) =

i1 — j1 +i2, j2, (=no + j1 — iz + F1) N (=no + F)), axmo ji < ig;
i1, J2, (—no + F1) N (—ng + F3)), AKINO j1 = 12;
Q1,51 —i2 + J2, (—no + F1) N (—no + iz — j1 + F2)), Ko ji > io
i1 — J1 + 2, j2, —no + ((j1 —i2 + F1) N F2)), axmo j; < ig;
i1, j2, —no + (F1 N Fy)), AKINO j1 = i2;
(i1, 71 —i2 + J2, —no + (F1 N (ig — j1 + F2))), KO ji > i,

OTPUMYEMO, IO TaK O3HaveHe Biobpaxkenus h: (B, X F,:) — (B, X %j,) — romo-
Mopdism, a oTKe, BOHO € i30MopdizmMoM. 3BiKK BUILIUBAE, 10 HAMIBIPYIIH sz i Bf"
izomopdHi. O

Bpaxysasiuiu 3ayBaxkenns 1(2) i 1(3), Hagasi i KOXKHOI HEIIOPOXKHBOI MHOXKUHU
F € % upuitmemo np = min F.

Jlema 1. Hexatli F — w-3aMEHEHG CiM A THOYKMUSHUT NiOMHOMCUNH Y w ma Fy 1 Fy —
maxi easemenmu cim’t F, wo np, < ng,. Todi daa Koocnozo namypasvrozo wucaa k €
{np, +1,...,np, — 1} icnye muoorcuna F € F maka, wo F = [k).

Zlosedenns. 3 UpUIyIIEHHS JieMH BUILIMBAE, 110 F 2 F5. Toxi nnst moBimbHOTO HATY-
pasbroro uucna k € {ngp, +1,...,np, — 1} uine uucao i = ng, + np, — k 3ax0801bHIE
YMOBY

np, +1<i<np, — 1,
a oTKe,
(i,0, F1) - (npy,np, Fo) = (4,6, Fy N (np, — i+ Fy)).
Hosask Fo G Fiing +1<i<ng —1, 10
min{F; N (np, — i+ F2)} = min{np —i+ Fp} =
=np —i+nNp =
=k.
OTOX BUKOHYETHCS PIBHICTD
(i,i, F1) - (np,,np, Fo) = (i,1, [k)),
3 AKOI BUIIUBAE TBEPJZKEHHS JIEMU. O
Sayeaorcenna 3. 3 tBepmkenns 1 i jgemu 1 BumIuBa€, sIKIIO . — w-3aMKHEHA CiM’d
IHIYKTUBHUX MIMHOXKWH y W, TO HAJAJI [IJTsl CIPOITEHHST BUKIALY OyIeMO BBAYKATH, IO
(1) F ={[k): k € w}, y Bunaaky Heckinuensoi cim'i .%;
(2) # ={[k): k=0,1,...,n} nna nedKkoro n € w, y BUNAAKY CKiHIEHHOI cimM’T .Z.

3 semwu 5 [2], Bpaxysapim 3ayBaxkenus 3(1), OTpUMY€EMO Take TBEPIXKEHHS.

TBepaxkeunsi 2. dxuwo F — HECKIHYEHHA W-3AMKEHEHA CIM A THOYKMUSHUT NIOMHO-
srcun Yy w, mo diazpama
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(0,0,[0))
| 2
(0,0,[1))
/ l ~
(1,1,[0)) (0,0,[2))
l ~ Y o l ~
(1,1, [1)) (0,0,[3))
(2,2,[0)) (1,1,[2)) (0,0,[4))
(2,2,[1)) (1,1,[3)) (0,0,[5))
(3,3,0)) (2,2,[2)) (1,1,[4) (0,0,[6))
(3,3,[1)) (2,2,[3) (1,1,[5)) (0,0,[7)
(4,4,(0)) (3,3,[2)) (2,2,[4)) (1,1,[6)) (0,0,[8))
(4,4,[1)) (3,3,[3) (2,2,[5)) (1,1,[7) (0,0,[9))
onucye npupodnuti vacmxosuti nopadok na 6’azyi naniezpynu B2 .
3 semu 5 [2], BpaxyBaBim 3ayBaxkeHHs 3(2), OTpUMY€EMO
Teepmxkenns 3. dxwo F = {[0),...[k)} — cxinuenna w-3amrnena cim’sa indyxmus-

HUT NEOMHONCUH Y W, MO YACTIUHAG J1a2PaAMU 3 MEEPIAHCEHHA 2, UL0 CKAGIGEMBCS 3 1deM-
NOMEHL6
{(Z,Z, [n)) L) Ew, n= 0317'~'ak}
. F . . . L, .
naniezpynu B, ma 6i0nosionur cmpiiok, wo ix 3’ednyromo, onucye npupodnud wacm-
. . Z
Ko6ull nopsAdox Ha 6 a3ui naniszpynu B .

3 o3HaYeHHsT HAMIBIPYIOBOI Orepariii Ha Bf BUILJINBAE, IO Yy BUMAIKY, KOTU F —
w-3aMKHEHA CiM’sl MIMHOXKHH y w Ta F € .F — HenopoxKHs IHJyKTHBHA NiJMHOKHHA B
W, TO MHOYXKUHA

B{" ={(i,j.F):i.j €w}
3 iHIYKOBAHOIO HATTIBIPYITOBOIO OTIEPAITIET0 3 Bf € T THATIBTPYTIOI0 B Bf, SKa 38 TBEPI-
skeHHsAM 3 3 [2] i3omopdHa GinmKIivHIi HAMBrpyi.

Teepmxenus 4. Hexati F — 006iabha w-3aMKHENE CIiM A THOYKMUSHUL NIOMHOHNCUH
y w ma S — niduaniszpyna 6 B7 | axa 13omopdra Oiyukaiunit wanisepyni B.,. Todi

w

icHye maka nidmmoocuna F € F, wo S — nidnaniezpyna 6 B‘EF}.

Zlosedenns. Hexait h: B, — B‘f — izomopdizm BrIamenHsa. Tomi 3a TBepIKeH-
uam 1.4.21(2) [16], h(0,0) i h(1,1) — imemnoreHTH HamiBrpymw sz, a oTIKe, 3 JIEMOIO 2
[2], 6(0,0) = (i1,i1,F1) 1 b(1,1) = (ia,i2, Fp) musg peskux i1,i2 € w i F1,Fy € Z.
Takoxk 3 mepiBuocri (1,1) =< (0,0) y Giuuksiuniii waunisrpyni B, BuILIMBA€, O
(ig,i2, F5) < (i1,%1,F1) y wanisrpyni Bf. 3 gemu 5 [2] BunsmBae, wo i; < dg 1
Fy Cig — iy + Fy. Ockinbku F — ciM’4 IHAYKTUBHAX IIAMHOXKHKH Y W, TO iCHYIOTb TaKi
quciaa ki, ke € w, mo Fy = [k‘l) iFy = [kg)

Amnagoriuno orpumyemo, mo §(0,1) = (i,7,[a)) s meskux i,j,a € w. Iozask
(1,0) — iuBepcuuii exement no (0,1) B mamisrpyui B, T0 3a TBepKkennam 1.4.21 [16] i
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semoro 4 [2] marumemo

Toni

1 aHAJIOri9HO

(i2, 42, [k2)) =

3 0IHO3HAYHOCTI 300parKEHHST €JIEMEHTIB HAIIBIPYIH Bf BUILTUBAE, 10 § = 11, | = 19
it a =k = ko, aorxke, §(0,1) = (i1,92, [k1)) 1 H(1,0) = (i2, i1, [k1)). 3 o3na4enHs Hamis-
rpymoBol onepanil B B Bumamsae, mo nignanisrpyna S = ((i1, 42, [k1)), (i2,%1, [k1))) B
Bf, nopoJpkena enemenramu (i1,49, [k1)) 1 (i2,41,[k1)), € iHBepcHOO migHANIBIPYNO0 B

Bﬂkl)}. Hamisrpymna Bﬂkl)} ITYKAHA. O
Teopema 1 omucye rpymnosi KOHI'PyeHIil Ha HAIIIBrpyIIi Bf.

Teopema 1. Herali F — 006iavHa w-3aMEHEHA Cim A iHOYKMUBHUL HENOPOHCHIL Ni0-

MHOAHCUH Y w ma € — KOH2PYEHUIA Ha sz. Todi maxi ymosu exe6i6areHMHI:
(1) € — zpynosa Konepyenyis Ha Bf;
(2) icnye nidnanieepyna S 6 B‘f, AKG 130MOPPHA OTYUKATYHIT HANIB2PYNL Tha 064

pi3ni eaemenmu waniezpynu S € €-eK8i8aAEHMHUMU

(3) das dosiavhnoi nidnaniezpynu T 6 Bf, AKaG 130MOPPHA OIYUKAIUHIT Haniezpyni,
dea pisni esemenmu naniezpynu 1 € C-eKk6i8aNeHMHUMUY.

Josedenna. Immnikamii (1)=-(3) i (3)=-(2) oueBunHi.

Hosenemo immutikamio (2)=>(1). Hexaii S — nignamisrpyna B B‘f, sKa i3oMopdHa
OinukJ/IigHi# HamiBrpymi Ta JBa pisHi esementu B S € C-eKBiBAJIEHTHUMU.

[Ipunycrumo, mo Bigobpaxenus i: B, — S Busnadae izomopdism Oirukiianol Ha-
nisrpymu B, #Ha Hamisrpyny S. Ockinbku xkourpyentis € na S He € piBHICTIO, TO iCHYIOTD
pisHi enementu x,y € S raki, mo xCy. punycrumo, mo z = i(ny,ne) i y = i(my, ms)
JUTST TeSTKUX M, Mg, M1, Mo € w. Tomi ny # my abo ny # mo.
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3 izomopduocTi Hanisrpyn B, i S Bumiusae, mo S — imBepcHa namiBrpyna. Tomi
3a rBepKenHsM 1.3.21 [16] orpumyemo, 1o

- (i
=i(n1,n2) - (i(n1,n2)~ )

3
-
S
&
o
v
3
3
I

1 aHAJIOTIYHO

yy ' =i((m1,m1)),

y Yy =i((ma, ma)).

—Li 7 lzeyly. dxkmo ny # ma,

3 teepmkenns 2.3.4(1) [16] sumumBae, mo zz~!'Cyy
TO 3 i30M0p(bHOCTi HaniBrpyn B, i S summmsae, mo oz~ ! # yy~!, i amamorigno, Ko
ng # mg, To z 1z £y~ ly

3a TBepaKeHHAM 4 i 1(:Hye MHOXkHUHA Fy € % Taka, mo S — migHamiBrpymna B BfJF o}
Ockinbku 3a rBepiKennsM 3 3 [2] nanisrpyna B i,FO} izomopdua OimuKIivHIE HAMIBIPYI,
To 3a HacaiakoM 1.32 3 [8] yci imemmorenTH HamiBrpynu BLEF o} ¢-exsiBamentui. Toxi 3

OINUCAHHSA TPUPOTHOTO YACTKOBOIO TOPSAJIKY HA HAIBIPATII 1IEMIOTEHTIB HAIBIPYIU

Bf B TBEDP/KEHHI 2 BUILIMBAE, IO /IS AOBLIBHOI MHOKMHKM F € % icHyloTb pi3Hi
inemnorenru (i,1, F), (j, 7, F) nignanisrpynu BiF} HaIiBrpyIu Bf TaKi, 1o
(2) (i()?i()vFO)<(iviaF)<(j7j,F)<(j07j07F0)

I TeTKUX 19, jo € W.

3HOBY, CKOPUCTABIIKCH TUM, 11O 33 TBEPIKeHHAM 3 [2] HauiBrpyna BE)F} isomopdua
OIMKJIIYHI# HAMIBrPYTi, OTPUMYEMO, IO JJIs JOBLILHOT MHOXKUHHU F) € % yci imemmoTen-
TU HAIIBI'DYIHU B;{JFI} ¢-ekBiBasienTHi, a 3 HepiBuocti (2) BuiLIMBaE, WO BCL igeMIoTeHTH
HaIiBTPYIH Bf ¢-ekBiBasIeHTHI. O

SayBaxKuMO, 110 AHAJIOIIYHE TBEPJZKEHHs JI0 TeopeMu 1 CLpPaBIKy€eThes 1 /i Ha-
MIBIPYTH 9aCTKOBUX KOCKIHYEHHWX i30Merpiii Harypanbuux uncen INo, (aus. [4, Teope-
ma 9]).

3 npuksaaay 1 BUINBAE, 0 HA HAMIBrPYTI Bij iCHYIOTH HErpymOBI KOHTPYEHIIii.

Ilpukaasn 1. Hexaii ¥ — noBinbHa w-3aMKHEHA CiM’ IHIYKTHBHHX HEIIOPOXKHIX IIif-
MHOXKWH y w. O3Haunmo BimobpaxkemHs b : Bf: — B, 3a ¢hopmynon

h(i,j, F) = (i,4), i,jew, FeZF
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3 o3HaYeHHs] HAIIBIPYMOBUX OIepariii Ha HAMIBIPYIax Bf i B, BUILIHBAagE, IO TaK

ozHadene Bigobpazkenns h e ciop’exrupaEM romMomopdizmom. OTox konrpyenmis hf na
. . Z .

HaIBrpymi Bj, TOPOIPKEeHa TOMOMOpPdizMoMm by, HE € TPYITOBOI.

3. TOMOMOP®HI PETPAKTU TA I3OMOP®I3MU HAIIBIPYIIU Bf

ITpukaam 2. Hexait . — n0BiIbHA w-3aMKHEHA CiM s iIHAYKTUBHUX HEMTOPOXKHIX T AMHO-
KUH Y w. 3adikcyemo ToBiIbHY MHOKUHY F' € % . O3naunmo Binobpaxkenus hp: B, —
Bf 3a GopMyIOI0

bF(i,j):(ivij)v ivj€w~

3 o3HAUYEHHS HAMIBIPYIOBUX OMEPAIliii Ha HAMBIPYIax ij i B, BUILIUBaE, IO TaK
o3HadeHe Bimobpaxkenus hp € romomMopdizMom.

OckinbKy KOMIIO3UIlisE TOMOMOP(]i3MiB HAMBIPYT € TOMOMOPGI3MOM, TO 3 BUZHAIEH-
Ha romoMopdizMmis : Bf — B, ibr: B, — Bi} (muB. npukiazu 11 2, BianosiaHo),
BUILTABAE, IO iXHA KOMIO3UIiA hr o [) € ToMOMOP(GHOIO0 PETPAKINE0 HAMIBIPYIIN sz,
TOOTO BUKOHYETHCS TAKE TBEPIKEHHS:

TBepmxenus 5. Hexrali F — 006iavHa W-3GMKEHENA CIM A IHOYEMUBHUL HENOPOHCHIT
niommootcun y w ma F € F. Todi nidnanisepyna ijF} € 20MOMOPPHUM PETNPAKIMOM
HATI62PYTU B(‘?.

ITpukuay 3. Hexait . — noBijIbHA w-3aMKHEHA CiM s iHYKTUBHIX HEITOPOXKHIX T IMHO-
KUH Yy w. 3adikcyemo poBuibHy MHOXKuHY [k) € & . O3nauumMo Binobpazkens hy, : Bf —
Bf 3a HopMyII0I0

ntidfa)={ ([H) meeSh e Wwes

Jlema 2. Adxwo F — 006iabHA W-3AMEHEHA CiM A THOYKMUSHUT HENOPOHCHIT NIOMHO-
G .
oicun y w ma [k) € F, mo by: B2 — BZ — zomomopdizm.

Jlosedenna. Hexait (i1, j1, [a1)) i (iz, j2, [a2)) — nosinbui enementy nanisrpymn B . Pos-
[JIAHEMO MOZKJIMBI BUIIAJIKH.

(1) Hexait ay,as < k. Toni

bk((ilvjlv [al)) (7’27]2a [a2)))

Br(in — j1 + i, J2, (1 — 2 + [a1)) N [ag)), axmO j1 < io;
=14 bi(ir, j2, [a1) Naz)), AKIO ji = i2;
i (i1, j1 — i2 + j2, [a1) N (G2 — j1 + [a2))), =KmO j1 > io
(i1 = J1 +i2,j2,[k)), Ao ji < ig;
=< (i1, Jo, [K)), AKINO jJ1 = i2;
(1,71 — 92 + j2, [k)), dKmo j1 > io
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bk (i1, 1, [a1)) - br(ia, j2, [a2)) =

i1, j2, [k) N [k)),
i1, J1 — G2 + j2, [k) N

(i
(
(i
(41 — j1 + 12, jo, [K)),
(11,327[ ))7

(i1, 71 —i2 + j2, [K))),

(2) Mpunycrumo, mwo a; > ki as

br((i1, 1, [ar)) - (2, j2, [a2))) =
i1 — j1 + 2, j2, (J1

b (i
=19 br(i1, J2, [a1) N [az2)),
b (i

Zla]l - Z2 +]27[
in — J1 + 12,72, [k)),

i1, j2, [a1)),
Z.lajl - Z‘2 +j2, [al))a

(i
_ )
(
(

i (i1, g1, [a1)) - br(iz, j2, [a2)) =

(i1 — j1 + 12,72, (j1 —d2 + [a1)) N
(7’17.72) [al) [k))7
(i1,51 — i2 + j2, [a1) N
(ll 7]1 + 123]25 [k))7
(i1 — J1 + 12,72, 51 — iz + [a1)),
(i1, J2,[a1)),

(i1, J1 — i2 + ja, [a1)),

<kiag >k, T0

br((i1, 1, [ar)) - (2, j2, [a2))) =
i1 — j1 + 2, j2, (J1 —

b (i
=9 br(i1, j2, [a1) N [az2)),
b (i

i1,J1 — i2 + ja2, [a
11 _.71 + ZQ).]Q» [G/Q))a

ilaj?;[aQ))a
ilajl - Z.2 +j27 [k))7

(3) dxmo a;

(i
_ )
(
(

(ia — j1 + [k))),
AKIIO j1 < 42;
AKIIO j1 = 42;
AKIIO J1 > 19

— iy + [a1)) N [az2)),
1) N (i2 — j1 + [a2))),

i1 — j1+ 2,2, 51 — iz + [a1)),

(i2 — j1 + [k))),

iz + [a1)) N [az)),

1) N (i2 — j1 + [a2))),

i1, 1 — 92 + 2,12 — j1 + [a2)),

(i1, 71, [k)) - (12, Ja, [k)) =
i1 — j1 +i2,J2, (1 —d2 + [k)) N

[k)), axmo ji < ig;
AKIIO j1 = 42;

AKINO J1 > 19

< k. Tomi maewmo, 1110

AKIIO 1 < 19;
AKIIO J1 = i2;
SKITO j1 > G2
io + a1 < k;
io + a1 > k;

AKIO J1 < 19 1 j1 —
AKIO j1 < i 1 j1 —
AKINO J1 = 12;
AKITO J1 > 19

(i1, 41, [a1)) - (i2, j2, [k)) =

[k)), saxmo ji < ig;

AKIIO j1 = G2; =

SAKINO J1 > 19

AKIO J1 < 9 1 j1 —i2 + a1 < k;
AKIO j1 < d9 1 j1 — io + a1 > k;
AKIIO J1 = i2;

AKITO j1 > 192.

AKIIO 1 < 19;

AKINO j1 = 12; =
SKIIO 71 > 12

AKIO j1 < 19;

AKIIO 1 = 125

AKINO J1 > 92 1 j1 — t2 + a1 < k;
AKIO j1 > 12 1 J1 — to + aq >k
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bk (i1, g1, [a1)) - Br(iz, o, [a2)) = (i1, 71, [K)) - (i2, j2, [a2)) =

(i1 = J1 +i2,72, (J1 — 2 + [k)) N[az)), #AKmO ji < i2;
=9 (i1, 72, [k) N[az)), AKIO j1 = ig; =
(i1, J1 — d2 + j2, [k) N (i2 — j1 + [a2))), #aKwO j1 > iy
(11 — j1 + 12, J2, [a2)), AKIO J1 < 12;
_ ) (i1, 2, [a2)), AKIIO j1 = 42;
) (g1 —d2 + g2, [K)), AKIIO J1 > 42 1 j1 —i2 + a1 < k;
(i1, J1 — d2 + j2, 92 — j1 + [a2)), aAKmo ji >dg i j1 —ig +a1 > k.

(4) Ipunycrumo, wo ay,as > k. Toni maemo, 1o

br((i1, 41, [a1)) - (i2, jo2, [a2))) =
bi(i1 — 1 + 42,42, (J1 —i2 + [a1)) N[az)), axmo j1 < ig;
= (117‘727 [a’l) [(Lz)) AKITO jl = 7,2, =
br (i1, 1 — iz + j2, [a1) N (i2 — j1 + [a2))), €Kmo ji > iy

(11 — j1 + iz, j2, [a2)), AKmo j1 < iz 1 J1 — 12 + a1 < ag;

(i1 — j1 + 2,2, J1 — @2+ [a1)), dAxmo j1 <izij1 — iz + a1 > ag;
=9 (i1, ]2, [az2)), AKIIO j1 = f2;

(i1,J1 — d2 + j2,i2 — j1 + [az)), AKMmWO j1 > g iz — j1 + a2 > ay;

(il,jl—iQ +j2,[a1)), AKITO J1 >igii2—j1+a2<a1

i

hk(ilajla [al)) ’ bk(i25j2> [a2)) = (ilvjla [al)) : (i27j2’ [GQ)) =

(i1 — J1 + 12,72, (J1 —i2 + [a1)) N]az)), aKmo ji < ig;
=9 (i1,2, [a1) N [az)), AKIIO j1 = ig; =
(i1,1 — @2+ Jo, [@1) N (2 — j1 + [a2))), =KWO ji > s
(11 — j1 + 12, J2, [a2)), AKIO j1 < ig 1 j1 — t2 + a1 < ao;
(i1 — J1 + 2,72, 1 —d2 + [a1)), axmo j; <z ijy — iz +ay > ag;
=2 (i1, ]2, [a2)), AKINO J1 = i2;
(i1, 51 — i2 + J2, 12 — J1 + [a2)), dKmoO j1 > iz iy — j1 + a2 > ai;
(i1, J1 — 12 + j2,[a1)), AKIO j1 > 12 142 — j1 +az < ay.
Orox BigoOpaxkeHus by : Bf — Bf € roMoMopdizmMom. O

ITozaak

he(BZ) = B> = {(i,j, W)eBZ:[a)eZ i a> k}

— iABepCHA MigHAMBrpyIa B B , K3 € MHOXKUHOI0O HEPYXOMUX TOYOK rOMOMOP(di3zmMy
br: Bfa — Bf, TO CIIPAB/IPKYETHCA TaKe TBEPKEHHS.

TBepmxenns 6. Hexatli .F — 006iabHa w-3GMKHEHA CiM A THOYKMUSHUT HENOPOHCHIT
niommosicun y w ma (k) € F oaa deaxozo wucaa k € w. Todi nionaniezpyna B =" e
20MOMOPPHUM PETMPAKIMOM HATEE2PYNU B‘f.
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Hexait .# = {[0),[1),...,[k)} — ciM’a miamuOX)UE y w, ge k > 1. Insa nosinsHOrO
HATYPAJIBHOIO YHucia 1 < k 03HAYHMO

Bf<":{(i,j,[a))er; )7 i agn}.

OdeBuHO, 110 B[? <" — igBepCHa HiJHAMIBrpyIa B Bf.

3 rBepuxenns 5 summusae, wo Az ciw’i .# = {[0),[1)} uizpanisrpyna B} e
romomMopdHIM perpakToM Hamirpynu B . OnHak 3 HOZANBIINX TBEPIKEHb BUILIUBAE,
IO JIJTs1 JOBLIBHOTO HATYPAJIBHOrO YuCaa k > 2 migHamiBrpyna Bf <" He € roMoMOpP(HEM
PeTPaKTOM HAMiBrPyIu Bf JJIs TOBLTBHOTO HATYPAJIBHOTO duciaa n < k.

Teopema 2. Hexatli F — 006iabHa W-3GMKEHERG Cim s THOYKMUBHUT HENOPONHCHIT Ni0-
MHONHCUH Y w ma w € F. Todi:
(1) axwo cim’a F — neckinuenna, mo 0ai 006iAbH020 HAMYPAALHOZ0 YUCAA k Ha-
nisepyna By, =" ne € 2omomopdrum pemparmom nanieepynu Biz;
(2) arkwo cim’s F — cKinuenna ma mgz = [t) daa dearozo HAMYPAADLHOZO YUCAG

. . ZF
t > 2, mo daa dosiavrozo namypasvrozo wucaa k < t naniezpyna By, <F ne €
20MOMOPHHUM DEMPAKMOM HANIB2PYNU Bf .

Josedenns. Ipunycrumo nporusexue: xoua 6 B ogHomy 3 Bunaskis (1), uu (2) nanis-
rpyna B, <" € ToMOMOp(HIM PeTPaKTOM HAIiBTPYIH Bf

ITozasik 3By:keHHS HAMBrPYmoBoro romomopdizmy h: S — S Ha migHamiBrpymy
TCS i i

C S € 3HOBY romomopdizmom, TO, mpumyctusmm, mo B, S" € romomopdHIM per-

PaAKTOM HAIiBIPYIH sz, KWW MOPOKYETHCS JEAKUM roMoMopdizmom b : B‘f — sz,

. . ,g.gk . <g~§k’+1

oTpuMy€EMO, 10 TigHanisrpyna B, N7 € romomopdHuM perpakTom HamBrpynu By, ,

, . F Fe
SIKHH IOPOIZKYETHCS IesKO0 roMoMopdHO0 perpakiieo h*: By, <" — B <*.
S F<ht1
3 BU3HAYEHHS PUPOJHOTO YaCTKOBOIO NOpsAAKY Ha B’a3ui E(By, ) (auB. TBEp-

JKeHHst 2 1 3) BUILIMBAE, IO
(1,1,[k)) < (0,0, [k + 1)) < (0,0, [k)).

Tlozasak romomopdizm iHBepCHUX HAMBrpyIT 30epirae MPUPOIHUA YACTKOBHUIT MOPSIIO0K HA
ix B’s3kax y 6ik obpasy (muB. [16, TBepmxkenus 1.4.21(6)]), o

(3) (1,1, k) < 7(0,0, [k + 1)) < (0,0, [k)).

3 uepiBHoCTell (3) 1 BU3HAYEHHS IIPUPOIHOIO YACTKOBOIO HOPHAIKY HA E(Bfgk“) (us.
TBEPKEeHHS 2 1 3) BUIIMBAE, [0 BUKOHYETHCS JIAIIE OJWH 3 BUTIAIKIB:

(1) (0,0, [k +1)) = (0,0, [k));

(2) 5*(0,0, [k +1)) = (1,1, [k));

(3) H*(0,0,[k + 1)) = (1,1, [k - 1)).

Hpumycruvo, mo BukoHyeThes Bumanok (1): h*(0,0, [k + 1)) = (0,0, [k)). 3 TBepa-
sxenns 4 purmsae, mo h* (4, 7, [k+1)) € Bﬂk)} JIJIsl BCIX 4, j € w, OCKIJIbKU 34 TBEP/2KEH-

HAM 3 3 [2] HaniBrpyma Bi[k+1)} isomopdHa Oiruk rivniit HamiBrpymi. TakoXk 3 TBEpIKEHD
2 i 3 pummsae, mo h* (1,1, [k + 1)) < (1,1, [k)).
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3a teepmxennam 1.4.21(2) 3 [16], h¥(1,1,[k + 1)) — izemuorent manisrpymu B,
stk romoMopdauii 06pa3s inemnorenta (1,1, [k + 1)). Tozask

(0,0,[k+1)) =(0,1,[k+1))-(1,0,[k + 1)),

10 3a TBepzKenHsAM 1.4.21(1) [16] maemo, 1o

(0,0,[k)) = (0,0, [k +1)) =
b*((0,1, [k + 1)) - (1,0, [k +1))) =
= 00,1, [k + 1)) - *(1,0, [k + 1)
=050, 1, [k + 1) - 50,1, [k + 1)) ) =
=50, 1, [k +1)) - (5(0, 1, [k + 1))
i, npuitnasum h¥(0,1,[k + 1)) = (m,n, [k)) a1a geskux m,n € w, 3a jgemoio 4 3 [2]

OTPHUMYEMO, IIIO

(m,n, [k)) - (m,n, (k) ™" = (m,n, [K)) - (n,m, [k)) =
= (m,m, [k)) =
= (0,0, [k)),
a orme, h*(0,1,[k + 1)) = (0,n, [k)) a1s megxoro HATYpPATBLHOTO 4YuCaa 1. AHATOrIYHO
b (1,1, [k +1)) = b"((1,0, [k + 1)) - (0,1, [k + 1)) =
=510+ 1)) 040 L 5+ 1) =
= 00,1 [+ 1)) 00,1, k4 1)) =
= (5°(0,1,[k+ 1)) 7" - 5*(0, 1, [k +1)) =
= (0,n,[k)) ™" (0,m, [k)) =
= (n,0,[k)) - (0,7, [K)) =
= (n,n,[F)).

BuUILJIMBaE, 110

(3,3,[k)) = "(3,3, k) <
<h*(2,2,[k+1)) =
= b*((1,0,[k +1))*- (0,1, [k + 1))*) =
= (H°(1,0, [k +1)))*- (b"(0,1, [k +1)))* =
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= (n,0,[k))* - (0,n, [k))* =
= (20,0, [k)) - (0,2n, [k)) =
— (2n,2n, [k)),

a e CynepednTb BU3HAYEHHIO [PUPOJHONO YACTKOBOLO HOPs/IKY HA HANIBIPATH]
E(Bfrgk“) (muB. TBepmKennHs 2 i 3). Orox orpumyenmo, mo h¥(0,1, [k +1)) = (0,1, [k))
i 3a TBepmkennam 1.4.21(1) 3 [16], h*(1,0,[k + 1)) = (1,0,[k)). Toxi 3 o3nauenus
HaniBrpynosoi onepaiii Ha B BHILIUBAE, 1110

b*(p,q, [k + 1)) = (p, q, [k)),

7 BCIX P, q € W.
IIpunycrumo, mo ¢ > j. Toxi ansg a = 0,1, ...,k marumemo
b* (6,4, [0))-(, g, [k +1))) = 0°(i 4, [a) N ( =i + [k + 1)) =

)
_ [0 i+ [k+1)), akmo0<a<j—it+k+1;
- (4,1, [a)), aKImo a = j — i+ k+1
-{ G

hk
(i, —i+[k+1), sxmoO0<a<j—i+k+1;
(i akmo a > j— i+ k+1

7ia [a

b*(i,4,[a) - 05 (G4, [k + 1) = (6,4, [a)) - (. 4. [k)) =
= (i, la)N (G —i+[k) =
:{@7J—1+Wn7ﬂmm0<a<j—i+h
(4,4,[a)) AKIO a = j — i+ k.

Orox, aKko a = j — i + k (a rakuil BULAJOK 3aB2K/M MOXKJIUBUIAL, 30KpeMa KOJIU G =
—1+ k, 10610 i = j + 1), TO OTpUMYEMO, IO

0" ((i,4,[a) - (4, [k + 1)) = (48,4 —i+ [k + 1)) =
(i,i,a—k+[k+1)) =

(4,4, ]a+ 1))

bk(i7i’ [a)) : bk(jv.]a [k + 1)) = (i77;7 [a))7

a 1e cymepedurh TOMY, mo Bigobpazkenns h¥: B ST — BL ¥ e romomopdizmom. 3

OTpPMMAHOro MpoTHpiv«s BumIHBaE, mo ymosa h*(0,0, [k + 1)) = (0,0, [k)) ne BuKOmHY-
€ThCA.

ITpunycTrMo, M0 BUKOHYETHCST BUMAIOK (2)
b*(0,0, [k +1)) = (1,1, [k)).

3 reepkenns 4 puniusae, mo hF (i, j, [k + 1)) € ng)} JUTst BCIX 4, € w, OCKIIbKHU 3a

TBep/KeHHsM 3 3 [2] HamiBrpymna Bi[k+1)} isomopdua Oirukaivyniit Hamisrpymi. Takox 3

TBepIKeHs 2 i 3 BummBae, mo h* (1,1, [k + 1)) < (2,2, [k)).
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3a teepmkentam 1.4.21(2) 3 [16] maemo, mo h*(1,1, [k + 1)) — izemmorent marmis-
rpynu Bf, a orxe, h¥(1,1,[k+1)) = (4,4, [k)) A7 qeaKOro HATYPATBHOTO YHCIA i > 2.
Tlozazk

(0,0,[k+1)) =(0,1,[k+1))-(1,0,[k + 1)),

T0 3a TBeppKeHHAM 1.4.21(1) [16] orpumyemo, 110

(1,1, k) :hk( 0,[k+1)) =
b ((0, 1, [k +1)) - (1,0, [k +1))) =
h’“(071,[k+1)) b*(1,0,[k +1)) =
=5"(0,1, [k +1)) - p*((0, L, [k +1))}) =
=50, 1, [k + 1)) - (h*(0, 1, [k + 1)) "
i, npuitagsmm h*(0,1, [k + 1)) = (m,n, [k)), 3 1emu 4 [2] Bunmsae, mo

(m,n, [k)) - (m,n, (k)™ = (m,n, [k)) - (n,m, [k)) =
= (m,m, [k)) =
= (1,1, [k),
3BLJIKM OTPUMYEMO, 1110
b*(0,1, [k +1)) = (1,n, [k)),

I AeTKOT0 HATYPAJIBHOTO YUCIa N = 2. Cnpaan n # 1, 60 B I[bOMY BHIIAJKY 3a T€O-

9<k+1

pemoio 1 romomopdizm h*: B — By, F<x Oy Ou rpymoBuMm. Takoxk 3 HepiBHOCTI

(1,1,[k+1)) < (0,0, [k + )) B E(ng“) BHUILIUBAE, 1[0 HE iCHY€ TAKOro ijemmoreHTa
surssny (p,p, [k + 1)) Ie p > 2, mo

bk(papa [k + 1)) = (Ov 0, [k)))v

a orzke, 3a TBep/zkeHHaM 1.4.21(3) 3 [16] me icuye ememenra (s,t, [k + 1)) mamiBrpynn

F
B, s**" takoro, mo

Anajioriubo, 3 piBHOCTEH

b (1,1, [k+1)) = 1))-(0,1,[k+1))) =
) - 550, 1,[k + 1)) =
1))™") - b"(0,1,[k+1)) =
1)~ b*0,1,[k+1)) =
1,

n, [k))

~

OTPUMYEMO, IO N = 2.
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IIpunycrumo, mo n > 3. Toxi 3
(3:3,[k) < (2,2,[k+1)) =
=(2,0,[k+1))-(0,2,[k+1)) =
= (1,0,[k +1))*- (0,1, [k + 1))?
BHUILIMBAE, 1110
3, [k)) <
2,[k+1)) =
k1)) (0,1, [k +1))) =
( k1)) (070, [k + 1)))% =
= (n,1,[k)* (L,n,[k)* =
=2n—-1,1,[k) - (1,2n—1,[k)) =
=(2n-1,2n—1,1k)),
OJIHAK IIe CyTepeunTh TBepIKeHHsAM 2 1 3, ockinmbku (3,3,[k)) £ (2n —1,2n — 1,[k)) v
pumagky n > 3. OTox n = 2, a otke, orpumyemo, mo h¥(1,0,[k + 1)) = (1,2,[k)) i
b*(0,1, [k + 1)) = (1,2, [k)). Tosask 3a teepmxennam 3 3 [2] nanisrpyna BIFD} izo-
MopdHa GiMKTiuHiil HAMBIPYTI, TO 3 TOTO, 1O 3By KenHs ToMoMopdizmy h¥ : Bf S

+1)}

ngk . . B{[k P . 6 -
w Ha IIIIHAIIBIPDYILY w € 1H €EKTUBHHUM B1JJOOPa2K€HHAM, 3 O3HAYCHHA HAIIlB-

rpyuosoi ouepauii B B i 3 nouepejiHix MipKyBaHb BUILIUBAE, IO
0 (0, ¢, [k +1)) = (p+ 1,4 + 1, [K)),

JIIsl TOBLMTBHUX P, q € W.
IIpunycrumo, mo ¢ > j. Toxi ang a = 0,1, ...,k maemo

0 ((i,3,[a) - (7.5, [k + 1)) = 0°(,3, [a) N (G — i+ [k +1))) =

bR+ [k+1), axkmo0<a<j—i+k+1;
b*(i,i,[a)), grmo a 2> j—i+k+1

[ G+ 1li+1l,j—i+[k+1), askmo0<a<j—i+k+1;
o 1+ 1,9+ 1,[a)), aKmo a > j — i+ k +
1 1 > k+1

b (0,4, [a) - 6" G,y [k + 1)) = (i 4+ Li+ 1 [a) - G+ 1,5 + 1, [k)) =
=@G@+LlLi+La)N(G—i+[k)) =
_f (+1i41,5—i+[k), axmo0<a<j—i+k;
T (4 1,i41,[a)), AKmo a > § — i+ k.

Orox, gkmo a = j — 4 + k (a Takuil BUNAJIOK 3aBXKIU MOXKJIUBUIA, 30KpEMa, KOJIU 4 =
—1+ k, 10610 i = j + 1), TO OTpEMYEMO, IO

b ((i,4,[a)) - (.4, [k +1))) = (i + 1,i+1,j —i+ [k+1)) =
=(i+1i+1la—k+[k+1))=
=(@{+1i+1,[a+1))
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0% (i i, [a)) - b (. 4, [k + 1)) = (i + 1,i + 1, [a)),

. F F .
a e CymepednTh TOMYy, IO BimoOpawxenmsa h*: B <" — B, <* e romomopdizmom.

3 orpumanoro mporupivdsa sumamsae, mo ymosa h¥(0,0, [k + 1)) = (1,1,[k)) me moxe
BUKOHYBATHCH.

IMpunycrumo, 110 BUKOHYETbCS BUIAIO0K (3):

3 TeepmKenHs 4 pummBac, mo hF (i, j, [k + 1)) € Bﬂk_l)} JIJIST BCIX 4, j € w, OCKLIbKY 32
TBep/RKeHHAM 3 3 [2] HaniBrpyna Bi[kﬂ)} isomopdua Girukaiyniit namisrpymi. Takox 3
TBepKeHb 2 1 3 BUILIMBaE, MO BUKOHYeThCs Hepipuicts h*(1,1, [k + 1)) < (2,2, [k — 1)).
3a teepmwennav 1.4.21(2) 3 [16] maemo, mo h*(1,1, [k + 1)) — izemmorenT namip-
rpymu BZ | a omxe, bF(1,1,[k + 1)) = (i,i,[k — 1)) 118 IeSKOTO HATYDATHLHOTO HHCIA
7 > 2. Ilo3zaak
(0,0,[k+1)) =(0,1,[k+1))-(1,0,[k + 1)),

10 3a TBepzKenHaM 1.4.21(1) [16] orpumaemo, 110

(1,1,[k — 1)) = b%(0,0,[k + 1)) =

=b"((0,1, [k +1)) - (1,0, [k + 1)) =
=b*0,1,[k 4+ 1)) - b*(1,0,[k + 1)) =

= 00,1, [k+1)) - p*((0,1, [k +1))7") =
=b"(0,1, [k +1)) - (h*(0,1, [k + 1)),

i, MPUAHSABIITHT
00,1, [k + 1)) = (m,n, [k — 1)),
3 semu 4 [2] Buiusae, 1o
(m,n, [k —1)) - (m,n,[k—1))" = (m,n,[k—1)) - (n,m, [k —1)) =
= (m,m, [k)) =
= (17 1, [k - 1))7
a OTIKe,
bk(oa 17 [k + 1)) = (la n, [k - 1))1
JUTst JIESIKOTO HATYpasibHOro uucia n > 2. Cupasii, n # 1, OCKUJIbKY B I[bOMY BUIAJKY 34

teopemoio 1 romomopdism h* : BZ<k L, BT<k 6yB 61 rpymnouM. TakoxK 3 HepiBHOCTI
(1,1,[k+1)) < (0,0,[k+1)) B E(Bfg’““) BUIJINBAE, 1O HE ICHYE TAKOTO iIeMITOTEHTA

surnany (p,p, [k + 1)), xe p > 2, mo
b*(p,p, [k +1)) = (0,0, [k — 1)),

a orxe, 3a teeppkennam 1.4.21(3) 3 [16] ue icuye enemenra (s,t, [k + 1)) nanisrpynu

F
B, s*™ rtakoro, mo

bE(s,t, [k +1)) = (0,0, [k —1)).
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Anasoriubo, 3 piBHOCTEH

b (L, 1, [k +1)) = b*((1,0, [k + 1)) - (0,1, [k +1))) =
=b"(1,0,[k +1))) - b*(0, L, [k +1)) =
=0"((0,1,[k+1))"") - 0*(0, 1, [k + 1)) =
= (10,1, [k + 1))~ - b*(0, 1, [k + 1)) =

=L k=1))""An[k-1) =

=(nL[k-1) (In[k—-1)) =

= (n,n, [k —1))

OTPUMYEMO, IO 1. > 2.
IIpunycrumo, mo n > 3. Toxi 3
(6,6,[k—1)) < (4,4, [k+1)) =

=(4,0,[k+1))-(0,4,[k+1)) =
= (1,0, [k +1))*- (0,1, [k + 1))*

BUIIJIUBAE, 110

(6,6,[k —1)) =h"(6,6,[k — 1)) <
<h*4,4,[k+1)) =
=b"((L,0, [k +1)*- (0,1, [k +1)") =
b*(1,0,[k+1))* - (*(0,1, [k +1)))* =
1

An —3,1,[k—1))-(1,4n -3, [k — 1)) =

= (
(n’ v[ 1))4'(17n7 [kil)) -
= (
=(4n—3,4n -3,k — 1)),

OHAK Il CYIePeInTh TBEPKEHHAM 2 1 3, OCKITbKHI
(6,6,[k—1)) £ (dn—3,4n — 3, [k — 1))
y Bumagky n = 3. Orox i = 2, a 0TKe, OTPUMYEMO, IO
b (1,0,[k+1)) = (1,2,[k—1)) i  b¥0,1,[k+1)) = (2,1, [k — 1)).

Tozasik 3a TBepmKenusm 3 3 [2] naniBrpyna Bi[kﬂ)} isomopdHa GinuKTigHi HAMBIPY-

w S . B S* wa migmamisrpymy

Bﬂk+1)} € i eKTUBHAM BimoOparkeHHsIM, 3 O3HAYEHHS HAIIBIPYIIOBOI omeparii B Bf i3
TIOTIepEeIHIX MiIpKYBaHb BHUTIIUBAE, IO

mi, TO 3 TOrO, MO 3By}KeHHs romoMopdizmy hF: B

b*(p,q. [k+1)) = (p+1,q¢+1,[k—1)),

JIsl TOBIMTBHUX P, € W.
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IIpunycrumo, mo ¢ > j. Toxi ang a = 0,1, ...,k maemo
0((i,,[a)) - (.4, [k + 1)) = b"(i i, [a) N (G — i+ [k +1))) =
_{ b*(i,i, 5 —i+[k+1)), axkmo0<a<j—i+k+1;

b (i,i,[a)), grmo a > j—i+k+1
[ G+ 1li+1,j—i+[k+1), askmo0<a<j—i+k+1;
S (41,441, [a)), akmo a =2 j —i+k+1

00,0, [a) - 0" (j. 5. [k + 1)) = (i + Li+ L [a) - (G + 1,5+ 1, [k —1)) =
=(+li+LaNnG—i+[k—1)) =
[ (G+1li+1l,j—i+[k—1)), akmoO0<a<j—i+k—1;
T G+ 1,i41,[a)), akmo a > j —i+k— 1.
Orox, gk a = j — i + k (a Takuii BUNAJOK 3aB¥XKM MOXKJIUBUI, 30KPEMa, KOJIHU G =
—1+ k, 10610 i = j + 1), TO OTpEMYEMO, IO

b ((i,4,[a)) - (.4, [k +1))) = (i + 1,i+1,j —i+ [k+1)) =
=(i+1li+la—k+[k+1))=
=(@{+1i+1,[a+1))

b*(i,,[a)) - b (. 4, [k + 1)) = (i + 1,i + 1, [a)),

. F F .
a e cymepeunTh TOMYy, Mo BizoGpaskenns h*: B, <**' — B <* e romomopdizmom. 3

OTPUMAHOTO TPOTUPiTYs BUMIHBAE, Mo ymosa h¥(0,0,[k + 1)) = (1,1, [k — 1)) me moxe
BUKOHYBATHCSI.

TaxuM gunOM, KOzeH 3 BUna ki (1), (2), 4u (3) He BUKOHYETHCH, & OTKe He iCHYE
romomopdHoi perpakirii hF : BZ<w+1 _, B? <k 3BigKM i BUTIMBAIOTH TBEPIIKEHHS TEO-
pemu. O

3 TBepKeHb 5, 6 1 TeOpeMu 2 BUILIMBAE TEOpeMa 3, siKa OMKCYE BCi HETPUBIAIBHI
roMOMOP()HI peTPaKTH HAMIBrPyIn Bf.

Teopema 3. Hexali F — 006iabHa W-3AMKHEHA CIM A THOYKMUCHUL HENOPOHCHIL Ni0-
MHOHCUH Y W. STKWO CiM’s F — HeCKiHYeHHA, MO 04 008iAbHO20 HAMYPAALHOZO YUCAG
i ma das 006iAbHO20 j € W HANIB2PYNU Bfgi 7 Bﬂj)} I AUWE BOHU € HEMPUBLANLHU-
MU 20MOMOPPHHUMY PEMPAKMAMU HANEE2PYNU Bf. Srwo ot cim’s F — CKiHweHHa ma
ﬂf = [k) dan dearozo namypasvrozo wucaa k = 2, mo daa 0061461020 HAMYPAALHO-

20 wucaa i < k ma das dosinvnozo j = 0,1,..., k naniezpynu Bf% 1 Bﬂj)} 1 AuUe
7 a Yy eunadxy

B0HU € HEMPUBIGALHUMY 20MOMOPPHHUMU pemparmamy, wanisepynu B,

ﬂ F = [1) naniszpynu Bgo)} 1 Bi)[l)} 1 AUWE BOHU € HEMPUBIAGADLHUMU 20MOMOPHHUMU

PEMPAKNAMY HANTB2PYNU Bf.

3ayeasicenns 4. 3a TBepIIKeHHAM 1 I JOBIILHOI w-3aMKHEHOI CiM’T % 1HIYKTUBHUX
HEMOPOXKHIX MAMHOXKWH y w HAIBrpymna Bf iomopdHa HamBrpymi Bf:‘), ne Fy — w-

3aMKHEHa, CiM’s IHIyKTHBHUX HEIOPOXKHIX MAMHOXKUH ¥ w Ta w € Fo. OTox Teopema 3
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ONHUCY€E BCi HETPHUBIAIbHI TOMOMOP(HI PETPAKTH HAMIBIPYIIH Bf,z 3a MoysIeM izomopdisz-
MY HAIiBIPyIl Bf i Bf%, SKUN ONMUCAHUI y JOBEJIEHH] TBepKeHHs 1.

3aBepiIumo 110 IPAIo TBEP/XKEHHIME, K1 OIMUCYIOTH 130MOp(di3M MixK HamiBrpyma-
. Z. . . . oe * .
MU Bfl i sz y BUIMAJKY, KOJu F1 i Fo — w-3aMKHEHi ciM’l IHIYKTUBHUX HETIOPOYKHIX
TOiTMHOXKWH § W.

Teopema 4. Hexali F1 i Fo — w-3amEHeHE CiMT iHOYKMUBHUL HENOPOHCHIL NIOMHO-
otcun Yy w. Todi maki ymosu exei6areHmMHi:

(1) wmanieepynu Bfl z'B;,% i30MOpPni;

(2) cim’i F1 i Fo pienonomysichi;

(3) icnye yiae wucao n maxe, wo F, = {n+ F: F € Fy}.

[osederna. Iminikanis (3)=-(2) oueBunna, a imiuiikanis (3)=(1) BumiuBae 3 TBEpIKEH-
Ha 1.

(2)=(3). Ipunycrumo, wo cim’i F; i F» pisuonoryzxui. IIpuiimemo n; = min U 1
ing = minUfg. Toni [n1) € %1 1 [n2) € Fo. dxmio ciM’i % 1 Fo — ckindenHi, 10
icaytoTh MakcuMasibHi i uncna nd i nd raxi, mo [ny) € F1i[nY) € Fa, ane [n{+1) ¢ F;
i[nd+1) ¢ F. 3 nemn 1 sunmusae, wo [i) € Fy i [j) € Fo Ans NOBLIBHUX HiTHX THCET
i=mn1,...,n01j=na,...,n9. Toxui3 piBHOmOTY)KHOCTI CiMeii F i Fo OTPUMYEMO, 1O

|91| :n(l)—nlJrl:ng—nngl: |ﬁ\2‘,
i mpuitHABIIH N = Ny — ng = n{ — nY, orpumyemo, mo F; = {n+ F: F € F,}.

SIkmo ciM’i .F 1 Fo — HeckinveHHi, To 3 jemu 1 BurunBag, 1o [i) € F# 1 [j) € Fo
JUTIsl TOBLIBHUX IHJIMX 9HCEN § 2 My 1 j = ma, a orke, F, = {n+ F: F € %} naa
n=mn; —Ny.

(1)=(2). Ipunycrumo, mo BigobpaxkenHsa b: Bfl — Bf’Q € izomopdizmom.
Ilpumitmemo nq = minU F1ing = minU F45. 3a Teopemoro 4 3 [2] enementn (0,0, [n1))
i (0,0,[n2)) € onuuuusamu manisrpyn B2 i BZ2, sinnosiauo. 3 Teepixenns 4 Burim-
Bag, 1Mo romomopdHuIil 06pas f)(BU{J["l)}) MICTHUTBCS B THAHAMBIPYTI BQ{J["Q)} HAMIBrPyTIH
Bf? Anasoriuno, romomopdHuii 06paz h~! (B;{J[”Z)}) CTOCOBHO OOEPHEHOTO BimoOpazKeH-
ua h~! 1o izomopdizmy b: Bfl — BfQ, MICTHUTBCSA B T IHATIBTPYTIi Bﬂ"l)} HaMiBTPYITH
Bfl. Ocxinbkn xommosumii h~' o h i h o h™! e ToTOKHMME BiTOOpPaAKEHHAMM HATIB-
rpyn Bfl i Bf:z, BIAMOBIIHO, TO TXHI 3BY>KEHHS (h‘l oh)'Bf}’”” i (hoh_l)‘Bﬂ"”}

TOTOXKHI BiZOOparkKeHHs HAIIBIPYI Bi["l)} i Bi[”z)}, BiAIOBiIHO, & OTKe, 3BYKEHHs
h‘Bﬂ”l)} . Bim)h 5 gllna)b g [)’1|Bi[n2>} : B} 5 B} izomopdismy b i 10 meoro

obeprenoro h~! ma mamiBrpymm B;{J["l)} i Bi[""’)}, BiAMOBiAHO, € i3oMOpdizMamMu 1HX
HamiBIpy.

OueBuzro, mo npu izomopdismi h: S — T wamisrpyn S i T TBipHi enemenTu Ha-
uiBrpymu S Bimobpaxkaiorbes y TBipHi enementu HauiBrpyuu 1. Toxi 3 Toro, mo (0,1) i
(1,0) — reipui enementu Ginukiiunoro mounoiza By, i (0,1)-(1,0) = (0,0) — oguuuug B
B, ta (1,0) - (0,1) = (1,1) — izemmoTeHT GIIUKIIYHOTO MOHOINA, KW BiAMIHHMI Bif
ONMHUII, BUILJINBAE, III0 TOTOXKHE BiTOOpasKeHHSA OIIIMKJIIIHOrO MOHOIIA Ta JIKUIIE BOHO €
isomopdismom 3 B, Ha B,,. 3 anasoriunux MipkyBanb i Teopemu 4 [2| Buruiusae, mo
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JUIst JIOBLJIBHOTO 4mMcaa n € w eauHuii isomopdism §: B, — Bg")} BU3HAYAETHCA 3a
dopmytoio

f(i,3) = (6,5, [n),  i,j€w,
a OT2Ke, 3BYKCHHS f)|B{w[n1>} : Bi[”l)} — Bﬂ”z)} isomopdismy b: B‘fl — B;:% BH3HAYA-
€ThCs 3a POPMYIOI0

h|Bi["1>}(i,jv [nl)) = (i7j7 [712)), i,] € w.

Ilozask BimoOparkenus 0 : Bfrl — Bif2 € i3oMop@izMOM, TO 3 BHINE CKA3AHOTO BU-

. F1 F2 . . . .
nmBae, mo iforo 3yxkenns h: B, ' Z"'T — B *7"*" ¢ izomopdizmom. asi amasoriu-

HO, fK BUKJIAJIEHO BUINE, IHIYKINEI JOBOIUMO, IO /I JOBLILHOTO HATYPAILHOIO YHCIA
k makoro, mo [n1 + k) € F1 3pymenns bl im0 : Blm*R} . Bllna+R} j360m0pdismy

h: B7 — B7? pusmauaernes 3a Gopmynon

b|B£[n,1+k)} (i,j, [n1 + k’)) = (i,j, [Tlg + k’)), 1,] € w.
3Bigcu BUTIMBAE, IO CiM’T .F) 1 .%o PIBHOMOTYKHI. O

3 nosenenns immuikarii (1)=>(2) reopemu 4 BunMIMBa€ HACHIOK 1, sKuil omwcye

CTPYKTYpy i3oMopdi3miB 3 HamiBrpynu Bfl y HaIBrpyIy Bfg.
Hacuainok 1. Hexati 51 i Fo — w-3amEHeni cim’i iH0yKmMUueHULT HEnopoRCHIT nidMHo-
ACUH Y W, N = minU F1ing = minU Fo. Sxwo naniszpynu Bfl ? BfQ i30MmOpPHi,
mo 13o0Mopgisam by: Bfl — sz BUSHAUAEMDBCA 36 HOPMYAO0IO

bl g+ (@4, [ + k) = (i, 4, [n2 + k), i,j €w,
048 K0oHCHO20 Uiao20 wucaa k maxozo, wo [ny + k) € Fy.

Haraznaewmo [8], o asmomopdizmom HamiBrpymu S HA3HBAETHCS TOBIIBHNI 130MOD-
dizm 3 S Ha S.

Ockinbku aBromMopdi3Mu TpUBIAJIBHOI HAMIBIPYIN TPUBiaJIbHI, TOOTO € TOTOXKHUMHI
BimoOparkeHHAMM, TO 3 HACTIAKY 1 BUILTMBAE HACTIIOK 2.

Hacainok 2. /las 006iabH0T w-3amMEHEROT Cim T F iHOYKMUBHUT NIOMHONCUH Y W KO-
grcen a8momopdiam naniezpynu ij € MPUBLAALHUM 61000PANCEHHAM, G OMMHCE, 2PYNG
asmopmopdiamie nanisepynu B, mpueiasvra.

ITogsakA

ABTOPU BUCJIOBJIIOIOTH IIUPY TOAAKY PEINEH3EHTOBR] 3a IIHHI TOPA/IN Ta 3ayBaYKEHHS.
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ON GROUP CONGRUENCES ON THE SEMIGROUP Bf
AND ITS HOMOMORPHIC RETRACTS IN THE CASE WHEN
THE FAMILY .# CONSISTS OF INDUCTIVE NON-EMPTY
SUBSETS OF w

Oleg GUTIK, Mykola MYKHALENYCH

Ivan Franko National University of Luiv,
Universytetska Str., 1, 79000, Lviv, Ukraine
e-mails: oleg.gutik@QInu.edu.ua, ovgutik@yahoo.com,
myhalenychmc@gmail.com

We study group congruences on the semigroup BZ and its homomorphic
retracts in the case when an w-closed family .% consists of inductive non-empty
subsets of w. It is proven that a congruence € on B is a group congruence
if and only if its restriction on a subsemigroup of BZ, which is isomorphic
to the bicyclic semigroup, is not the identity relation. Also, all non-trivial
homomorphic retracts and isomorphisms of the semigroup BZ are described.

Key words: inverse semigroup, bicyclic monoid, inductive set, group
congruence, homomorphic retract, isomorphism, automorphism.
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THE BINARY QUASIORDER ON SEMIGROUPS

Taras BANAKH, Olena HRYNIV

Ivan Franko National University of Luiv,
Universytetska Str., 1, 79000, Lviv, Ukraine
e-mails: t.o.banakh@gmail.com, ohryniv@gmail.com

Given two elements z,y of a semigroup X we write z < y if for every
homomorphism x : X — {0,1} we have x(z) < x(y). The quasiorder < is
called the binary quasiorder on X. It induces the equivalence relation {§ that
coincides with the least semilattice congruence on X. In the paper we discuss
some known and new properties of the binary quasiorder on semigroups.

Key words: the binary quasiorder, the least semilattice congruence, prime
coideal, unipotent semigroup.

1. INTRODUCTION

In this paper we study the binary quasiorder on semigroups. Every semigroup carries
many important quasiorders (for example, those related to the Green relations). One
of them is the binary quasiorder < defined as follows. Given two elements z,y of a
semigroup X we write z < y if x(2) < x(y) for any homomorphism x : X — {0,1}.
On every semigroup X the binary quasiorder generates a congruence, which coincides
with the least semilattice congruence, and decomposes the semigroup into a semilattice
of semilattice-indecomposable semigroups. This fundamental decomposition result was
proved by Tamura [34] (see also [25], [26], [37]). Because of its fundamental importance,
the least semilattice congruence has been deeply studied by many mathematicians, see the
papers [15], [16], [17], [18], [23], [29], [30], [31], [32], [25], [26], [33], [38], [35], [36], surveys
[22], [24], and monographs [13], [21], [27]. The aim of this paper is to provide a survey
of known and new results on the binary quasiorder and the least semilattice congruence
on semigroups. The obtained results will be applied in the theory of categorically closed
semigroups developed by the first author in collaboration with Serhii Bardyla, see [3, 4,
5,6, 7]

2020 Mathematics Subject Classification: 20M10
© Banakh, T., Hryniv, O., 2021
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2. PRELIMINARIES

In this section we collect some standard notions that will be used in the paper. We

refer to [19] for Fundamentals of Semigroup Theory.

We denote by w the set of all finite ordinals and by N «f w\ {0} the set of all positive

integer numbers.

A semigroup is a set endowed with an associative binary operation. A semigroup X
is called a semilattice if X is commutative and every element x € X is an idempotent
which means xx = x. Each semilattice X carries the natural partial order < defined by
x <y iff zy = . For a semigroup X we denote by E(X) oef {z € X : zx = x} the set of
idempotents of X.

Let X be a semigroup. For an element x € X let

deéf{x":nEN}

be the monogenic subsemigroup of X generated by the element x. For two subsets A, B C

X, let AB « {ab:a € A, b€ B} be the product of A, B in X.

For an element a of a semigroup X, the set
H,={zecX:(aX'=aX") A (X'z=X"'a)}

is called the H-class of a. Here X' = X U{1} where 1 is an element such that 1o = = = 1
for all z € X'. By Corollary 2.2.6 [19], for every idempotent e € F(X) its H-class H,
coincides with the maximal subgroup of X containing the idempotent e.

3. THE BINARY QUASIORDER

In this section we discuss the binary quasiorder on a semigroup and its relation to
the least semilattice congruence. A quasiorder is a reflexive transitive relation.

Let 2 denote the set {0,1} endowed with the operation of multiplication inherited
from the ring Z. It is clear that 2 is a two-element semilattice, so it carries the natural
partial order, which coincides with the linear order inherited from Z.

For elements z,y of a semigroup X we write x < y if x(z) < x(y) for every
homomorphism x : X — 2. It is clear that < is a quasiorder on X. This quasiorder
will be referred to as the binary quasiorder on X. The obvious order properties of the
semilattice 2 imply the following (obvious) properties of the binary quasiorder on X.

Proposition 1. For any semigroup X and any elements x,y,a € X, the following
statements hold:

(1) if x Sy, then ax < ay and za < ya;

(2) 2y Syx S wy;

(3) v Sa? Sy

(4) zy Sz and xy S y.

For an element a of a semigroup X and subset A C X, consider the following sets:

ﬁa(g{IGX:aSI}, l}adg{IGX:m,Sa}, and ﬁa(jéf{xEX:ania},

called the upper 2-class, lower 2-class and the 2-class of x, respectively. Proposition 1
implies that those three classes are subsemigroups of X.
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For two elements z,y € X we write z § y iff Jo = Jy iff x(z) = x(y) for any
homomorphism x : X — 2. Proposition 1 implies that { is a congruence on X.

We recall that a congruence on a semigroup X is an equivalence relation ~ on X
such that for any elements x ~ y of X and any a € X we have ax ~ ay and za = ya.
For any congruence =~ on a semigroup X, the quotient set X/~ has a unique semigroup
structure such that the quotient map X — X/ is a semigroup homomorphism. The
semigroup X/ is called the quotient semigroup of X by the congruence = .

A congruence = on a semigroup X is called a semilattice congruence if the quotient
semigroup X/, is a semilattice. Proposition 1 implies that { is a semilattice congruence
on X. The intersection of all semilattice congruences on a semigroup X is a semilattice
congruence called the least semilattice congruence, denoted by n in [19], [20] (by £ in [35],
[22], and by po in [13]). The minimality of n implies that n C {. The inverse inclusion
$ € n will be deduced from the following (probably known) theorem on extensions of
2-valued homomorphisms.

Theorem 1. Let m : X — Y be a surjective homomorphism from a semigroup X to a
semilattice Y. For every subsemilattice S C'Y and homomorphism f : 7= 1[S] — 2 there
ezists a homomorphism F': X — 2 such that F| (g = f.

Proof. We claim that the function F': X — 2 defined by
Flz) = {17 if 32 € 7~1[S] such that (z2) € S and f(xz) = 1;

0, otherwise;

is a required homomorphism extending f.

To see that F extends f, take any z € 7~ 1[S]. If f(x) = 1, then for z = 2 we have

m(xz) = 7(x)n(z) = w(x)n(x) =7n(x) € S
and
f(xz) = f(2)f(2) = f(x)f(z) =1
and hence F(z) = 1 = f(z).If F(z) = 1, then there exists z € 7~ ![S] such that w(zz) € S
and
f@)f(z) = f(zz) = f(zx) =1,

which implies that f(x) = 1. Therefore, F(z) = 1 if and only if f(x) = 1. Since 2 has
only two elements, this implies that f = Flrg)-

To show that F' is a homomorphism, we first establish two properties of the
homomorphism f.

Claim 1. Let z € X and z € 7w '[S] be such that zz € ©=[S]. If f(xz) = 1, then
flz)=1.
Proof. Tt follows from f(zz) =1 that
flzzzz) = f(xz)f(xz) = 1.
Taking into account that
m(xzz) = w(x)w(2)n(x) = n(x)m(z) = w(xz) € S,

we conclude that

1= f(azez) = f(az) f(2)
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and hence f(z) = 1. O

Claim 2. Let v,y € X be such that xy € 7—1[S]. Then yx € 7~1[S] and f(xy) = f(yx).
Proof. 1t follows that
m(yx) = 7 (y)n(z) = m(x)7(y) = 7(ay) € S
and hence yz € 7~ ![S]. By analogy we can prove that yzy, zyx € 7—1[S]. If f(zy) = 0,
then
flyx) = fly) f(yx) f(yz) f(yz) = fyzyzyzyz) = f(yzy) f(ay) f(eyz) = 0.

By analogy we can prove that f(yz) = 0 implies f(zy) = 0. Therefore, f(zy) = 0 if
and only if f(yz) = 0. Since the set 2 has only two elements, this implies that f(zy)

f(yx).

To show that F'is a homomorphism, fix any elements x1,x2 € X. We should prove
that

o

F(lﬂll'g) = F(xl)F(xQ)

First assume that F(z1)F(z2) = 1 and hence F(z1) = 1 = F(z2). The definition
of F yields elements 21,29 € 77 1[S] such that n(z;2;) € S and f(z;2;) = 1 for every
1 € {1,2}. Claims 1 and 2 imply

f(zizi) = f(wizi) = 1= f(2)
for every i € {1,2}. Also
7T(.’L‘1(E22221) = 7T(21$1£L'22221) = 7T(£L'121)7T((E222) S SS Q S,

SO we can write

f(Z1)f(.131$22221) = f(Z1J311‘22221) = f(2’1$1)f(.1‘222)f(21) =1-1-1=1

and conclude that f(z1x22221) = 1 and F(z122) = 1 by the definition of F'.

Next, assume that F(z122) = 1. Then there exists z € 7 1[S] such that 7(z1222) €
S and f(z1222) = 1. For the element z; = z9zx1792 € 7 1[S] we have 1121 € 7 1[S)]
and

flx121) = f(zr22221292) = f(T1222) f(T1222) =11 =1,

which yields F'(x1) = 1 by the definition of F.

On the other hand, Claim 2 ensures that f(z2z21) = f(21222) = 1 and then for the
element zy = zz179221 € T 1[S] we have z920 € 7 1[S] and

f(xozs) = f(aozmixozey) = f(xazay) f(xazzy) = 1,

which yields F(z2) = 1 by the definition of F.
Therefore, F'(x122) = 1 if and only if F/(z1)F (x2) = 1. Since 2 has only two elements,
this equivalence implies the equality F(z1z2) = F(x1)F (x2). O

Corollary 1. Any homomorphism f : S — 2 defined on a subsemilattice S of a semi-
lattice X can be extended to a homomorphism F : X — 2.

Proof. Apply Theorem 1 to the identity homomorphism 7 : X — X. O

Corollary 1 implies the following important fact, first noticed by Petrich [25], [26]
and Tamura [35].
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Theorem 2. The congruence { on any semigroup X coincides with the least semilattice
congruence on X.

Proof. Let 7 be the least semilattice congruence on X and n(-) : X — X/n be the quotient
homomorphism assigning to each element x € X its equivalence class n(x) € X/n. We
need to prove that n(z) = {z for every x € X. Taking into account that {} is a semilattice
congruence and 7 is the least semilattice congruence on X, we conclude that n C { and
hence n(z) C {Jz for all z € X. Assuming that n # {J, we can find elements x,y € X such
that = L y but n(z) # n(y). Consider the subsemilattice S = {n(z), n(y), n(z)n(y)} of the
semilattice X /7. It follows from n(z) # n(y) that n(x)n(y) # n(x) or n(x)n(y) # n(y)-
Replacing the pair z,y by the pair y, z, we can assume that 1(z)n(y) # n(y). In this case
the unique function h : S — 2 with h=1(1) = {n(y)} is a homomorphism. By Corollary 1,
the homomophism h can be extended to a homomorphism H : X/n — 2. Then the

composition y ¥ Ho n(-) : X — 2 is a homomorphism such that x(z) =0 # 1 = x(y),
which implies that $z # {y. But this contradicts the choice of the points z,y. This
contradicton completes the proof of the equality § = 7. O

A semigroup X is called 2-trivial if every homomorphism h : X — 2 is constant.
Tamura [35], [36] calls 2-trivial semigroups semilattice-indecomposable (or briefy s-
indecomposable) semigroups.

Theorem 1 implies the following fundamental fact first proved by Tamura [34] and
then reproved by another method in [37], see also [25], [26].

Theorem 3 (Tamura). For every element x of a semigroup X its 2-class {x is a 2-trivial
semigroup.

Now we provide an inner description of the binary quasiorder via prime (co)ideals,
following the approach of Petrich [26] and Tamura [35].

A subset I of a semigroup X is called

o an ideal in X if (IX)U (XI) C I;

e a prime ideal if T is an ideal such that X \ I is a subsemigroup of X;

o a (prime) coideal if the complement X \ I is a (prime) ideal in X.

According to this definition, the sets & and X are prime (co)ideals in X.
Observe that a subset A of a semigroup X is a prime coideal in X if and only if its
characteristic function

1, ifxe A,

def
Xa:X 22 xaize xale) = .
0, otherwise,

is a homomorphism. This function characterization of prime coideals implies the following
inner description of the 2-quasiorder, first noticed by Tamura in [35].

Proposition 2. For any element x of a semigroup X, its upper 2-class {tx coincides
with the smallest coideal of X that contains x.

The following inner description of the upper 2-classes is a modified version of
Theorem 3.3 in [26].
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Proposition 3. For any element x of a semigroup X its upper 2-class ftx is equal to
the union |, ., z, where fyz = {z} and

£
ﬂn+l$ d§

new
{ye X : X'yX"' N (f,2)* # 2}
forn e w.

Proof. Observe that for every n € w and y € f,,x we have yy € X'yX'N(f,2)? # @ and
hence y € f),, 2. Therefore, (},2)new is an increasing sequence of sets. Also, for every
Y,z € fh,x we have yz € X'yzX' N (f,7)? and hence yz € f,.12, which implies that the

union f,x %ef Unew M2 is a subsemigroup of X.

The definition of the sets f,,z implies that the complement I = X \ f},x is an ideal in
X. Then ),z is a prime coideal in X. Taking into account that ft= is the smallest prime
coideal containing z, we conclude that ffz C ), x. To prove that f,x C fz, it suffices
to check that f,,x C fiz for every n € w. It is trivially true for n = 0. Assume that for
some n € w we have already proved that {},,z C ftz. Since f}x is a coideal in X, for any
y € X \fz we have @ = X'y X' Nflz O X'yX' N1, 2, which implies that y ¢ 1,z and
hence 1, ,; € . Consequently, f),z C fiz for all n € w and hence |,z = fz. O

For a positive integer n, let

o< | J{0,1}F and 25" € | J{0,1}".

k<n k<n
For a sequence s = (S, ...,Sp—1) € 2" and a number k € {0,1} let
sk (s0y---,Sn—1,k) and k"s def (k,S0,--+ySn—1)-

The following proposition provides a constructive description of elements of the sets ),z
appearing in Proposition 3.

Proposition 4. For every n € N and every element x of a semigroup X, the set |, x
coincides with the set {},x of all elementsy € X for which there exist sequences {4} sco<n,
{Ystsco<n € X and {as}scocn, {bs}sco<n C X! satisfying the following conditions:

(1) zs =z for all s € 2™;

(2,) ys = asxsbs for every s € 257;
(3n) Ys = Ts0Ts1 for every s € 2<7;
(4,) () =y for the unique element () of 2°.

Proof. This proposition will be proved by induction on n. For n = 1, we have

T yeXiareXyX Y ={ye X:a,be X" ayb=zx}

- {y e X: EI{563}562517 {ys}s€2§1 g Xv {as}a€2§17 {bs}s€2§1 g Xla
To) = T(1) = T, Y = T)T(1), T =Y Yo = agrby} = M

Assume that for some n € N the equality fi,,# = {}'x has been proved. To check
that f,,,,2 C {41, take any x() € 4 2. The definition of f},, 2 ensures that
Xlx()Xl N (ﬂna:)2 # @ and hence a()x()b() = T(0)Z(1) for some a(),b() € X! and
z)r(1) € Mz = f,z. By the definition of the set fz, for every k € {0,1}, there
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exist sequences {ZTps}sco<n, {Uks}sco<n C X and {aps}tsco<n, {bks}scocn C X! such
that

e 1~ = x for all s € 2™;

® Uiy = QisTisbys for every s € 257;

® Yis = Tps0Tk sl fOr every s € 2<7,
Then the sequences {4} co<nti, {Ysfsca<ntt € X and {as}scocntt, {bs}tscocnit C X1
witness that z() € 1 1%, which completes the proof of the inclusion f},, ;2 C 1 1.

To prove that f, 2 C f,,,2, take any z() € 1, 2 and by the definition of
ﬂTIL—Fl’I’ find sequences {IS}S€2§“+1a{yS}s€2§“+1 c X and {a8}3€2§"+17{bs}s€2§"+1 -
X1 satisfying the conditions (1,41)—(3,+1). Then for every k € {0,1} the sequences
{xk)AS}sEQS"7 {xk”‘g}se2§n C X and {ak“s}seggn, {b}(s}s€2<n C X! witness that Z(0); (1) €
., = M,z and then the equalities apz(by = yy = z@©yra) € (f,2)* imply that
Xlx()Xl N (f),z)% # @ and hence x() € i, 17, which completes the proof of the equality
Mot1Z = ﬂ7IL+1x' U

A semigroup X is called duo if aX = Xa for every a € X. Observe that each

commutative semigroup is duo.
The upper 2-classes in duo semigroups have the following simpler description.

Theorem 4. For any element a € X of a duo semigroup X we have
ffa={zec X :d"nXaX! +# 2}

Proof. First we prove that the set
o e X d N XaX! £ o)

is contained in fta. In the opposite case, we can find a point = € f‘X—N \ fta. Taking into

account that fja is a coideal containing a, we conclude that o C fla and

g=X2X'NnfaDd Xler1 Nnat,
which contradicts the choice of the point z € %. This contradiction shows that % C fta.
Next, we prove that YN is a prime c01deal. Since X is a duo semigroup, for every
z€ X wehave X'z =2X' = X'z X . Ifz,y € %, then
Xlznad = X2X'nd¥ # @ #leXl OaN =yX'na"

and hence X'ayX' € oV # @, Wthh means that xy e < Therefore, % is a subsemi-

group of X. The definition of % 7 ensures that X \ & 7 is an 1deal in X. Then “7 C fra is

a prime coideal in X and ‘;(—N = fta, by the minimality of {ta, see Proposition 2. O

Following Putcha and Weissglass [32], we define a semigroup X to be wviable if for
any elements z,y € X with {zy,yz} C E(X), we have zy = yx. For various equivalent
conditions to the viability, see [2]. For viable semigroups Putcha and Weissglass [32]
proved the following simplification of Proposition 3.

Proposition 5 (Putcha—Weissglass). If X is a wviable semigroup, then for every
idempotent e € E(X )we have e = {x € X : e € X1z X'}
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Proof. We present a short proof of this theorem, for convenience of the reader. Let

e def {z € X : e € X'zX'}. By Proposition 3, fye C fte. The reverse inclusion will

follow from the minimality of the prime coideal fte as soon as we prove that e is a prime
coideal in X. It is clear from the definition that {);e is a coideal. So, it remains to check
that fie is a subsemigroup. Given any elements z,y € fye, find elements a,b,c,d € X*
such that axb = e = cyd. Then azxbe = ee = e and

(beaz)(beax) = be(axbe)axr = beeaxr = beax,

which means that beax is an idempotent. By the viability of X, axbe = e = beax.
By analogy we can prove that ecyd = e = ydec. Then beaxydec = ee = e and hence
Ty € fhe. O

Proposition 5 has an important corollary, proved in [32].

Corollary 2 (Putcha—Wiessglass). If X is a viable semigroup, then for every x € X its
2-class & contains at most one idempotent.

Proof. Take any idempotents e, f € {lz. By Proposition 5, there are elements a,b,c,d €
X' such that e = afb and f = ced. Observe that afbe = ee = e and

(beaf)(beaf) = be(afbe)af = beeaf = beaf
and hence afbe and beaf are idempotents. The viability of X ensures that
e=afbe =beaf € Xf

and hence X'e C X'f. By analogy we can prove that X'f C X'e, which implies
X'e = X'f. By analogy we can prove the equality eX' = fX!. Then H, = Hy and
finally e = f (because the group H. = Hy contains a unique idempotent). O

4. THE STRUCTURE OF 2-TRIVIAL SEMIGROUPS

Tamura’s Theorem 3 motivates the problem of a deeper study of the structure of
2-trivial semigroups. This problem has been considered in the literature, see, e.g. [26,
§3]. Proposition 2 implies the following simple characterization of 2-trivial semigroups.

Theorem 5. A semigroup X is 2-trivial if and only if every nonempty prime ideal in
X coincides with X .

Observe that a semigroup X is 2-trivial if and only if X = {tx for every x € X. This
observation and Propositions 3 and 4 imply the following characterization.

Proposition 6. A semigroup X is 2-trivial if and only if for every x,y € X there
erists n € N and sequences {as}sco<n, {bs}scosn C X1 and {25} cocn, {Ys}sca<n € X
satisfying the following conditions:

(1) x5 =z for all s € 27;

(2) ys = asxsbs for every s € 257;

(3) ys = Ts0ws1 for every s € 2<7;

(4) z() =y for the unique element () of 2°.
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A semigroup X is called Archimedean if for any elements x,y € X there exists
n € N such that 2" € XyX for some a,b € X. A standard example of an Archimedean
semigroup is the additive semigroup N of positive integers. For commutative semigroups
the following characterization was obtained by Tamura and Kimura in [38].

Theorem 6. A duo semigroup X is 2-trivial if and only if X is Archimedean.

Proof. If X is 2-trivial, then by Theorem 4, for every z,y € X there exists n € w such
that 2" € XyX, which means that X is Archimedean.
If X is Archimedean, then for every € X, we have

fz={y e X : 2NN (XyX) # 2} = X,
see Theorem 4, which means that the semigroup X is 2-trivial. O

Following Tamura [36], we define a semigroup X to be unipotent if X contains a
unique idempotent.

Theorem 7 (Tamura). For the unique idempotent e of an unipotent 2-trivial semigroup
X, the mazimal group H. of e in X is an ideal in X.

Proof. This theorem was proved by Tamura in [36]. We present here an alternative (and
direct) proof. To derive a contradiction, assume that H, is not an ideal in X. Then the
set

1% {zx € X : {ex,ze} L H.}
is not empty. We claim that I is an ideal in X. Assuming the opposite, we could find
x €l and y € X such that zy ¢ I or yx ¢ I.

If zy ¢ I, then {exy, zye} C H.. Taking into account that exy and zye are elements
of the group H., we conclude that exy = exye = zye. Let g be the inverse element to
zye in the group H.. Then

exyg = xYeg = Tyg = €.
Replacing y by yg, we can assume that ye = y and zy = e. Observe that

yryr = y(zy)r = yex = (ye)zr = yz,

which means that yz is an idempotent in S. Since e is a unique idempotent of the
semigroup X, yr = e = zy. It follows that

ze = z(yz) = (zy)r = ex
and

ey = (yz)y = y(zy) = ye = y.

Using this information it is easy to show that xe = ex € H,. By analogy we can show that
the assumption yz ¢ I implies ex = xe € H.. So, in both cases we obtain ex = ze € H,,
which contradicts the choice of x € I.

This contradiction shows that I is an ideal in S. Observe that for any z,y € X \ I

we have {ex, ze,ey,ye} C H,. Then also

zye = z(eye) = (ze)(ye) € He
and

exy = (exe)y = (ex)(ey) € He,
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which means that zy € X \ I and hence I is a nontrivial prime ideal in X. But the
existence of such an ideal contradicts the 2-triviality of X. O

An element z of a semigroup X is called central if zx = xz for all x € X.

Corollary 3. The unique idempotent e of a unipotent 2-trivial semigroup X is central
mn X.

Proof. Let e be a unique idempotent of the unipotent semigroup X. By Tamura’s
Theorem 7, the maximal subgroup H, of e is an ideal in X. Then for every x € X we
have ze,ex € H,. Taking into account that xe and ex are elements of the group H., we
conclude that ex = exe = xe. This means that the idempotent e is central in X. O

As we already know a semigroup X is 2-trivial if and only if each nonempty prime
ideal in X is equal to X.
A semigroup X is called

e simple if every nonempty ideal in X is equal to X;

e congruence-free if every congruence on X is equal to X x X or Ax def {(z,y) €

X xX:z=y}
It is clear that a semigroup X is 2-trivial if X is either simple or congruence-free.
On the other hand the additive semigroup of integers N is 2-trivial but not simple.

Remark 1. By [1], [14], there exists an infinite congruence-free monoid X with zero. Being
congruence-free, the semigroup X is 2-trivial. On the other hand, X contains at least
two central idempotents: 0 and 1. The 2-trivial monoid X is not unipotent and its center
Z(X)={z€ X :Vz € X (rz = zx)} is not 2-trivial. The polycyclic monoids (see [10],
[11], [8], [9]) have the similar properties. By Theorem 2.4 in [10], for A > 2 the polycyclic
monoid Py is congruence-free and hence 2-trivial, but its center Z(Py) = {0,1} is not
2-trivial.
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We study feebly compact shift-continuous 77-topologies on the symmetric
inverse semigroup .#5' of finite transformations of the rank < n. It is proved
that such Ti-topology is sequentially pracompact if and only if it is feebly
compact. Also, we show that every shift-continuous feebly w-bounded T3i-
topology on .#y" is compact.
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1. INTRODUCTION AND PRELIMINARIES

We follow the terminology of the monographs [4, 6, 10, 29, 32, 33]. If X is a topologi-
cal space and A C X, then by clx(A) and intx (A) we denote the topological closure and
interior of A in X, respectively. By |A| we denote the cardinality of a set A, by AAB
the symmetric difference of sets A and B, by N the set of positive integers, and by w the
first infinite cardinal. By ©(w) and R we denote an infinite countable discrete space and
the real numbers with the usual topology, respectively.

A semigroup S is called inverse if every a in S possesses a unique inverse a™!, i.e.,
if there exists a unique element a~! in S such that

aa”a=a and a Taa”  =a

A map which associates to any element of an inverse semigroup its inverse is called the
1MVErsion.
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If S is a semigroup, then by E(S) we denote the subset of all idempotents of S.
On the set of idempotents E(S) there exists a natural partial order: e < f if and only if
ef = fe = e. A semilattice is a commutative semigroup of idempotents. We observe that
the set of idempotents of an inverse semigroup is a semilattice [34].

Every inverse semigroup S admits a partial order:

a<sb if and only if there exists e € E(S) such that a =eb.

We shall say that < is the natural partial order on S (see [4, 34]).

Let A be an arbitrary nonzero cardinal. A map « from a subset D of X\ into A is
called a partial transformation of A. In this case the set D is called the domain of « and
is denoted by dom . The image of an element xz € dom « under « is denoted by za.
Also, the set {z € A\: ya = x for some y € Y} is called the range of a and is denoted
by ran a.. For convenience we denote by @ the empty transformation, a partial mapping
with dom @ =ran @ = @.

Let .#, denote the set of all partial one-to-one transformations of A together with
the following semigroup operation:

z(af) = (za)f if x € dom(af) ={y € doma: ya € dom f}, for o,p € A

The semigroup .#) is called the symmetric inverse semigroup over the cardinal \ (see
[6])- For any o € £y the cardinality of dom « is called the rank of « and it is denoted
by rank o. The symmetric inverse semigroup was introduced by V. V. Wagner [34] and
it plays a major role in the theory of semigroups.

Put /) = {a € Z,: ranka < n},forn=1,2,3,.... Obviously, & (n =1,2,3,...)

are inverse semigroups, -#y" is an ideal of %), for each n = 1,2,3,.... The semigroup .#\"
is called the symmetric inverse semigroup of finite transformations of the rank < n [21].
By
< X1 To - Tn )
Yyi Y2 0 Yn

we denote a partial one-to-one transformation which maps x; onto y;, x2 onto yo, ...,
and z, onto y,. Obviously, in such case we have z; # z; and y; # y; for i # j (i,j =
1,2,3,...,n). The empty partial map @: A — X is denoted by 0. It is obvious that O is
zero of the semigroup #".

Let A be a nonzero cardinal. On the set By = (A x A\) U {0}, where 0 ¢ X\ x A, we
define the semigroup operation “-” as follows

@n-ea={ G0 Ege

and (a,b) -0 = 0 (a,b) = 0-0 = 0 for a,b,c,d € A. The semigroup B) is called
the semigroup of A X A\-matriz units (see [6]). Obviously, for any cardinal A > 0, the
semigroup of A\ x A-matrix units B, is isomorphic to .#}.
A subset A of a topological space X is called regular open if intx (clx(A)) = A.
We recall that a topological space X is said to be

o semiregular if X has a base consisting of regular open subsets;

e compact if each open cover of X has a finite subcover;

o sequentially compact if each sequence {z; };en of X has a convergent subsequence
in X;



42

Oleg GUTIK
ISSN 2078-3744. Bicuux JIpBiB. yH-Ty. Cepis mex.-mar. 2021. Bumyck 91

countably compact if each open countable cover of X has a finite subcover;

e H-closed if X is a closed subspace of every Hausdorff topological space in which

it is contained;

w-bounded-pracompact if X contains a dense subset D such that each countable
subset of D has the compact closure in X [20];

infra H-closed provided that any continuous image of X into any first countable
Hausdorff space is closed (see [27]);

totally countably pracompact if there exists a dense subset D of the space X such
that each sequence of points of the set D has a subsequence with the compact
closure in X [20];

sequentially pracompact if there exists a dense subset D of the space X such that
each sequence of points of the set D has a convergent subsequence [20];
countably compact at a subset A C X if every infinite subset B C A has an
accumulation point z in X [1];

countably pracompact if there exists a dense subset A in X such that X is
countably compact at A [1];

feebly w-bounded if for each sequence {U, },en of nonempty open subsets of X
there is a compact subset K of X such that K NU,, # & for each n [20];
selectively sequentially feebly compact if for every family {U,: n € N} of
nonempty open subsets of X, one can choose a point x,, € U, for every n € N in
such a way that the sequence {z,: n € N} has a convergent subsequence ([8]);
sequentially feebly compact if for every family {U,: n € N} of nonempty open
subsets of X, there exists an infinite set J C N and a point = € X such that the
set {n € J: WNU, = @} is finite for every open neighborhood W of z (see |9]);
selectively feebly compact for each sequence {U,: n € N} of nonempty open
subsets of X, one can choose a point x € X and a point x,, € U,, for each n € N
such that the set {n € N: x,, € W} is infinite for every open neighborhood W of
z ([8));

feebly compact (or lightly compact) if each locally finite open cover of X is fini-
te [3];

d-feebly compact (or DFCC) if every discrete family of open subsets in X is finite
(see [31]);

pseudocompact if X is Tychonoff and each continuous real-valued function on X
is bounded,;

Y'-compact for some topological space Y, if f(X) is compact, for any continuous
map f: X —- Y.

According to Theorem 3.10.22 of [10], a Tychonoff topological space X is feebly

compact if and only if X is pseudocompact. Also, a Hausdorff topological space X is
feebly compact if and only if every locally finite family of nonempty open subsets of X is
finite. Every compact space and every sequentially compact space are countably compact,
every countably compact space is countably pracompact, every countably pracompact
space is feebly compact (see [1]), every H-closed space is feebly compact too (see [19]).
Also, every space feebly compact is infra H-closed by Proposition 2 and Theorem 3 of
[27]. Using results of other authors we get that the following diagram which describes
relations between the above defined classes of topological spaces.
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A topological (semitopological) semigroup is a topological space together with a
continuous (separately continuous) semigroup operation. If S is a semigroup and 7 is
a topology on S such that (S,7) is a semitopological semigroup, then we shall call T

a shift-continuous topology on S. An inverse topological semigroup with the continuous
inversion is called a topological inverse semigroup.
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Topological properties of an infinite (semi)topological semigroup A X A-matrix units
were studied in [15, 17]. In [15] it was shown that on the infinite semitopological semi-
group of A X A-matrix units B) there exists a unique compact shift-continuous Hausdorff
topology 7. and also it is shown that every pseudocompact Hausdorff shift-continuous
topology T on B is compact. Also, in [15] it is proved that every nonzero element of a
Hausdorff semitopological semigroup of A x A-matrix units B) is an isolated point in the
topological space By. In [15] it is shown that the infinite semigroup of A X A-matrix units
B), cannot be embedded into a compact Hausdorff topological semigroup, every Hausdorff
topological inverse semigroup S that contains B) as a subsemigroup, contains B) as a
closed subsemigroup, i.e., By is algebraically complete in the class of Hausdorff topologi-
cal inverse semigroups. This result in [14] is extended onto the called inverse semigroups
with tight ideal series and, as a corollary, onto the semigroup #J". Also, in [21] it was
proved that for every positive integer n the semigroup %y is algebraically h-complete in
the class of Hausdorff topological inverse semigroups, i.e., every homomorphic image of

V" is algebraically complete in the class of Hausdorff topological inverse semigroups. In
the paper [22] this result is extended onto the class of Hausdorff semitopological inverse
semigroups and it is shown therein that for an infinite cardinal A the semigroup 7"
admits a unique Hausdorff topology 7. such that (., 7.) is a compact semitopological
semigroup. Also, it was proved in [22] that every countably compact Hausdorff shift-
continuous topology 7 on B is compact. In [17] it was shown that a topological semi-
group of finite partial bijections .#* with a compact subsemigroup of idempotents is
absolutely H-closed (i.e., every homomorphic image of .#7" is algebraically complete in
the class of Hausdorff topological semigroups) and any Hausdorff countably compact
topological semigroup does not contain .#y" as a subsemigroup for an arbitrary infini-
te cardinal A and any positive integer n. In [17] there were given sufficient conditions
onto a topological semigroup .#) to be non-H-closed. Also in [11] it is proved that an
infinite semitopological semigroup of A x A-matrix units By is H-closed in the class of
semitopological semigroups if and only if the space B, is compact. In the paper [12]
we studied feebly compact shift-continuous 77-topologies on the semigroup .#y'. For any
positive integer n > 2 and any infinite cardinal A a Hausdorff countably pracompact
non-compact shift-continuous topology on .#* is constructed there. In [12] it is shown
that for an arbitrary positive integer n and an arbitrary infinite cardinal \ for a shift—
continuous Ti-topology 7 on .#3* the following conditions are equivalent: (i) 7 is countably
pracompact; (i) 7 is feebly compact; (ii¢) 7 is d-feebly compact; (iv) (#7, ) is H-closed;
(v) (F3,7) is D(w)-compact; (vi) (3, 7) is R-compact; (vii) (£, 7) is infra H-closed.
Also in [12] we proved that for an arbitrary positive integer n and an arbitrary infinite
cardinal A every shift-continuous semiregular feebly compact T3-topology 7 on )" is
compact. Similar results were obtained for a semitopological semilattice (exp, A,N) in
[23, 24, 25]. Also, in [26, 30] it is proved that feeble compactness implies compactness for
semitopological bicyclic extensions.

In this paper we study feebly compact shift-continuous Ti-topologies on the
symmetric inverse semigroup .#y' of finite transformations of the rank < n. It is proved
that such Ti-topology is sequentially pracompact if and only if it is feebly compact. Also,
we show that every shift-continuous feebly w-bounded Tj-topology on £ is compact.
The results of this paper are announced in [13].
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2. ON FEEBLY COMPACT SHIFT CONTINUOUS TOPOLOGIES ON THE
SEMIGROUP /'

Later we shall assume that n is an arbitrary positive integer.
For every element « of the semigroup .#)" we put

ha={B€ I aa'B=a} and ta={B€ S Bala=a}.
Then Proposition 5 of [22] implies that T;a = 1,.a and by Lemma 6 of [29, Section 1.4]

we have that o < 3 if and only if 8 € 1,a for o, 8 € #)'. Hence we put oo = t,a =1«
for any o € .

Remark 1. Later we identify every element a of the semigroup .#)* with the graph
graph(a) of the partial map a: A — A (see [29]). Then according to this identification we
have that a < S if and only if a C 3.

Lemma 1. Let n be an arbitrary positive integer and \ be any infinite cardinal. Let « be
any nonzero element of the semigroup #\' with rank a = m < n. Then the poset (14, <)
is order isomorphic to the poset ('™, ).

a: l‘l DY :I;m
Yy 0 Ym
for some x1,...,Tm,Y1,---,Ym € A. If m = n then the inequality o < 8 in (S, <)

implies o« = 3, and hence later we assume that m < n. Then for any 8 € .#* such that
a < [ by Remark 1 we have that

/B(xl PN T xm+1 e xn>

Proof. Suppose that

Y. o Ym Ym+1 0 Yn
for some 41,y Tny Ymt1, - -, Yn € A. Since A is infinite,
Al =12\ {z1, .. 2m} = A\ {y1,-- s Um
and hence there exist bijective maps u: A\ {z1,..., 2z} = Xand v: A\ {y1,...,ym} — A\

Simple verifications show that the map J: (T4, <) — (F'" ™, <) defined in the following
way a — 0 and

Yio Ym Yml 0 Un (Ums1)o - (yn)o
is an order isomorphism. O

Later we need the following technical lemma from [12].

Lemma 2 ([12, Lemma 3]). Let n be an arbitrary positive integer and X be an arbitrary
infinite cardinal. Let T be a feebly compact shift-continuous Ty -topology on the semigroup
F. Then for every a € F and any open neighbourhood U(c) of a in (F3,T) there
exist finitely many v, ..., a € Tga\ {a} such that

TN I N ga CU () Utgay U Utga.

Lemma 3. Let 7 be a feebly compact topology on % such that t<a is closed-and-open
for any a € Z}. Then 7 is compact.
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The statement of Lemma 3 follows from the fact that all nonzero elements of the
semigroup .7, are closed-and-open in (£}, 7).

A family of non-empty sets {4;: i € £} is called a A-system (a sunflower or a
A-family) if the pairwise intersections of its members are the same, i.e., 4, N A; = S for
some set S (for i # j in &) [28]. The following statement is well known as the Sunflower
Lemma or the Lemma about a A-system (see [28, p. 107]).

Lemma 4. Every infinite family of n-element sets (n < w) contains an infinite A-sub-
family.

Proposition 1. Let n be an arbitrary positive integer and A be an arbitrary infinite
cardinal. Then every feebly compact shift-continuous Th-topology T on F3' is sequentially
pracompact.

Proof. Suppose to the contrary that there exists a feebly compact shift-continuous 77-
topology 7 on .#{" which is not sequentially countably pracompact. Then every dense
subset D of (£, 7) contains a sequence of points from D which has no a convergent
subsequence.

By Proposition 2 of [12] the subset .#7\ .#* ! is dense in (.#}*,7) and by Lemma 2
from [12] every point of the set .#7 \ £y~ ' is isolated in (.#,7). Then the set .7 \
fffl contains an infinite sequence of points {x,: p € N} which has no a convergent
subsequence. If we identify elements of the semigroups with their graphs then by Lemma 4
the sequence {x,: p € N} contains an infinite A-subfamily, that is an infinite subsequence
{Xp;: @ € N} such that there exists xy € .#3" such that x,, N x,, = x for any distinct
i,7 € N.

Suppose that x = 0 is the zero of the semigroup .#;". Since the sequence {x,, : i € N}
is an infinite A-subfamily, the intersection {x,,: i € N} N1y contains at most one set
for every non-zero element y € .#*. Thus (.#, 7) contains an infinite locally finite family
of open non-empty subsets which contradicts the feeble compactness of (£, 7).

If x is a non-zero element of the semigroup .#y" then by Lemma 2 from [12], T is
an open-and-closed subspace of (.#}’, 7), and hence by Theorem 14 from [3] the space 14 x
is feebly compact. We observe that the element x is the minimum of the poset T x. Since
the sequence {x,, : 7 € N} is an infinite A-subfamily, the intersection {x,,: 7 € N} N 14y
contains at most one set for every element v € Tox \ {x}. Thus the subspace Tx
of (#,7) contains an infinite locally finite family of open non-empty subsets which
contradicts the feeble compactness of (&}, 7). O

Proposition 2. Let n be an arbitrary positive integer and X be an arbitrary infinite cardi-
nal. Then every feebly compact shift-continuous Ti-topology T on F\' is totally countably
pracompact.

Proof. By Proposition 2 of [12] the subset .#*\ .~ ! is dense in (.#*, 7) and by Lemma 2
from [12] every point of the set .7\ . ! is isolated in (£, 7). We put D = #3\ .71
Fix an arbitrary sequence {x,: p € N} of points of D.
It is obvious that at least one of the following conditions holds:
(1) for any n € .#3 \ {0} the set T4n N {x,: p € N} is finite;
(2) there exists n € " \ {0} such that the set 17N {x,: p € N} is infinite.
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Suppose that case (1) holds. By Lemma 2 of [12| for every point a € £ \ {0}
there exists an open neighbourhood U(a) of a in (£, 7) such that U(a) C T4a and
hence our assumption implies that zero 0 is a unique accumulation point of the sequence
{xp: p € N}. By Lemma 2 for an arbitrary open neighbourhood W (0) of zero 0 in (., )
there exist finitely many nonzero elements 71, ...,n; € #)* such that

(I I CW(0) Utgm U+ Ut e,
and hence we get that {0} U {x,: p € N} is a compact subset of (., 7).

Suppose that case (2) holds: there exists n'€.# \ {0} such that the set
t<n' N {xp: peN} is infinite. Then by Lemma 2 of [12], T5y* is an open-and-closed
subset of (.#{",7) and hence by Theorem 14 from [3] the subspace tn' of (47, 7)
is feebly compact. By Lemma 1 the poset (T<771, <) is order isomorphic to the poset
(#", =) for some positive integer m; =2,...,n — 1.

Let {x,: p € N} be a subsequence of {x,: p € N} such that

{X,l)5 pE N} :T#nl N{xp: p € N}
Then for the feebly compact poset (T<n1, <) and the sequence {X;,: p € N} at least one
of the following conditions holds:
(1). for any n e t4n' \ {n'} the set T5n N {x,: p € N} is finite;
(2). there exists 7 € T4n' \ {n'} such that the set 141N {x,: p € N} is infinite.

Since every chain in the poset (157", <) is finite, repeating finitely many times our
above procedure we obtain two chains of the length s < n:

(i) the chain 0 7' 5 --- < 7 of distinct elements of the poset (141", <); and

(#4) the chain
{xp: p€N} D {x;:peN}Q---g{X;:peN}
of infinite subsequences of the sequence {x,: p € N},
such that the following conditions hold:
(a) {x}:peN} C 1ty forevery j=1,...,s;
(b) either {x;: p € N}U{n®} is a compact subset of the poset (t4n',<) or the poset
(T<n*, =) is order isomorphic to the poset (7}, <).

If {x7: p € N} U{n®} is a compact subset of (.#]',7) then our above part of the
proof implies that the sequence {x,: p € N} has the subsequence {x;: p € N} with the
compact closure.

If the poset (T57n°, <) is order isomorphic to the poset (#),<), then by Lemma 2
of [12] the subspace T4n° of (.#3', 7) is open-and-closed and hence by Lemmas 1 and 3
the poset (T4n°, <) is compact. Then the inclusion {x;: p € N} C 1_n° implies that the
sequence {x,: p € N} has the subsequence {x;: p € N} with the compact closure. This
completes the proof of the proposition. O

We summarise our results in the following theorem.

Theorem 1. Let n be any positive integer and X be any infinite cardinal. Then for any
T} -semitopological semigroup #\* the following conditions are equivalent:

(1) A is sequentially pracompact;
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(13) F3 is totally countably pracompact;
1) Z\ is feebly compact.
A

Proof. Implications (i) = (i44) and (#4) = (4¢i7) are trivial. The corresponding their
converse implications (#i7) = (i) and (i44) = (i¢) follow from Propositions 1 and 2,
respectively. O

It is well known that the (Tychonoff) product of pseudocompact spaces is not
necessarily pseudocompact (see [10, Section 3.10]). On the other hand Comfort and
Ross in [7] proved that the Tychonoff product of an arbitrary family of pseudocompact
topological groups is a pseudocompact topological group. The Comfort—Ross Theorem is
generalized in [2] and it is proved that a Tychonoff product of an arbitrary non-empty
family of feebly compact paratopological groups is feebly compact. Also, a counterpart of
the Comfort—Ross Theorem for pseudocompact primitive topological inverse semigroups
and primitive inverse semiregular feebly compact semitopological semigroups with closed
maximal subgroups was proved in [16] and [18], respectively.

Since the Tychonoff product of H-closed spaces is H-closed (see [5, Theorem 3] or
[10, 3.12.5 (d)]) Theorem 1 implies a counterpart of the Comfort—Ross Theorem for feebly
compact semitopological semigroups #y":

Corollary 1. Let {ffzej} be a family of non-empty feebly compact Ti-
semitopological semigroups and n; € N for all i € #. Then the Tychonoff product
11 {ff i€ .9} is feebly compact.

Definition 1. If {X;: i € .#} is an uncountable family of sets, X = [[{X;: i€ #}is
their Cartesian product and p is a point in X, then the subset
S(p.X) = {a € X: [{i€ 71 a(i) #pi)} < w)

of X is called the X-product of {X;: i € #} with the basis point p € X. In the case when
{X;:i€ ¢} is a family of topological spaces we assume that ¥ (p, X) is a subspace of
the Tychonoff product X =[[{X;: i€ £}

It is obvious that if {X;: ¢ € #} is a family of semigroups then X = [[{X;: i€ 7}
is a semigroup as well. Moreover X (p, X) is a subsemigroup of X for arbitrary idempotent
p € X. Theorem 1 and Proposition 2.2 of [20] imply the following corollary.

Corollary 2. Let {f/\”z’ i€ /} be a family of mnon-empty feebly compact Ti-
semitopological semigroups and n; € N for all i € _#. Then for every idempotent p
of the product X =] {f;“ i€ 7} the S-product S(p, X) is feebly compact.

3. ON COMPACT SHIFT CONTINUOUS TOPOLOGIES ON THE SEMIGROUP .}

The following example implies that there exists a countable feebly compact
Hausdorff semitopological semigroup (]ﬁ,) which is not w-bounded-pracompact.

Example 1. The following family

PBe ={Uas(ar,...,00) =10\ (tgor U - Utgayp):
a; € Tga\{a}, o, 04 €esli=1,...k}
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determines a base of the topology 7. on .#2. By Proposition 10 from [22], (,ﬂj,n) isa
Hausdorff compact semitopological semigroup with continuous inversion.

We construct a stronger topology 74 on .#¢ in the following way. For every nonzero
element z € #? we assume that the base %z (z) of the topology 74 at the point z
coincides with the base of the topology 72 at z, and

%ic(0) = {Up(0) = U(0) \ (S \{0}} : U(0) € £2(0)}

form a base of the topology 72 at zero 0 of the semigroup .#2. Since (f2 ch) is a
variant of the semitopological semigroup defined in Example 3 of [12], 72 is a Hausdorff
topology on .. Moreover, by Proposition 1 of [12], (.#2,72) is a countably pracompact
semitopological semigroup with continuous inversion.

Proposition 3. The space (fﬁ,T,?c) s not w-bounded-pracompact.

Proof. Since the space (ﬂ 2 ch) is feebly compact and Hausdorff, by Proposition 2 of
[12] the subset #2 \ .7 is dense in (.#2,72), and by Lemma 2 from [12]| every point
of the set .#2\ £ is isolated in (,ﬂ2 ch) This implies that every dense subset D of
(#2,72) contains the set .#* \ .#""". Then

Urz.r) (D) =z gy (RN I = 2

w

for every dense subset D of (.#2, 72). Since .#2 is countable, so is D, and hence the space
(£2,72) is not w-bounded-pracompact, because (£2,72) is not compact. O

Proposition 4. Let n be any positive integer and A be any infinite cardinal. If 7 is a
T1-semitopological semigroup then the following statements hold:

(1) ) is a closed subsemigroup of F for any subset A C \;
(2) the band E(Z)) is a closed subset of S

Proof. (1) Fix an arbitrary v € 4" \ .#%. Then dom~y ¢ A or rany ¢ A. Since n <
d if and only if graph(n) C graph(é) for n,6 € #7, the above arguments imply that
T<yN I} = @. By Lemma 2 of [12] the set 147 is open in £}, which implies statement
(1).

(2) Fix an arbitrary v € 4" \ E(.#}"). Since .#}" is an inverse subsemigroup of the
symmetric inverse monoid .#y, all idempotents of .#{" is are partial identity maps of rank
< n. Then similar arguments as in statement (1) imply that E(#)) is a closed subset of
I O

Proposition 4 implies the following corollary.

Corollary 3. Let n be any positive integer, A be any infinite cardinal and A be an
arbitrary infinite subset of A. If ' is a compact T -semitopological semigroup then .#}
with the induced topology from Z3 is a compact semitopological semigroup.

Lemma 5. Let n be any positive integer, A be any infinite cardinal and A be an arbi-
trary infinite countable subset of A. If 7' is an w-bounded-pracompact T -semitopological
semigroup then I3\ I is a dense subset of Z%, and hence 7 is compact.
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Proof. For any o € .#} we denote Tia =TganJgy.

By induction we shall show that the set Tia N(F£L\ F471) is dense in Tia for any
a € J). In the case when ranka = n — 1 by Lemmas 1 and 3 we have that the set T4«
is compact, and hence by Proposition 4(1), Tﬁa is compact as well. Since all points of
IR\ S are isolated in 77, the set T’;‘a N(FF\ F371) is dense in T’;‘a.

Next we show that the statement Tiaﬂ(ﬂj\f:f—l) is dense in T’;‘a foranya € I}
with ranka = n — k, for all k < m implies that the same is true for any g € .#} with
rank 8 = n —m, where m < n. Fix an arbitrary 8 € .#} with rank 3 = n — m. Suppose
to the contrary that the set Tiﬂ N(IL\ J;‘“l) is not dense in Tiﬁ. The assumption of
induction implies that v € cl s» (T’;‘ﬁ N(IF\ I3 1) for any v € Tiﬂ \ {8}, and hence
B ¢ clsy (Tiﬁ N (F5\ 4 1)). Then there exists an open neighbourhood U(j) of 3 in
% such that U(8) N (128N (F4\ #41)) = @. By Lemma 2 from [12] for any § € 7
the set 1,0 is open-and-closed in .#)', 7, and hence T25 is open-and-closed in .#} as well.
Hence we get that

cloy (12BN (FE\ 7471 =128\ {8}

but the family % = {Tgé: o€ Tiﬁ \ {,6}} is an open cover of T:ﬁﬁ which has no a fini-

te subcover. This contradicts the condition that .#}" is a w-bounded-pracompact space,
which completes the proof of the first statement of the lemma. The last statement immedi-
ately follows from the first statement and the definition of the w-bounded-pracompact
space. O

Theorem 2 describes feebly w-bounded shift-continuous T;-topologies on the semi-
group #7.

Theorem 2. Let n be any positive integer and X be any infinite cardinal. Then for any
T -semitopological semigroup 73 the following conditions are equivalent:
(i) A7 compact;
(17) F is w-bounded-pracompact;
(i3) IV is feebly w-bounded.

Proof. Implications (i) = (i4i) and (i7) = (4i7) are trivial.

(t4i) = (it) Let & be a feebly w-bounded Tj-semitopological semigroup. By
Proposition 2 of [12] the set .#{*\ .#*~ " is dense in .#}". Fix an arbitrary infinite countable
subset D = {;: i € N}in £\ .#"'. By Lemma 2 from [12] every point of D is isolated
in .77, and hence by feeble w-boundedness of .#" we get that there exists a compact
subset ' C .#" such that D C K. Since the closure of a subset in compact space is
compact, so is the closure of D. Hence the space .#3* is w-bounded-pracompact.

(#4) = (i) Suppose the contrary: there exists a noncompact w-bounded-pracompact
T;-semitopological semigroup .#;". By Theorem 1 of [12] the space .#3" is not countably
compact. Then by Theorem 3.10.3 of [10] the space .#}* has an infinite countable closed
discrete subspace D. We put

A={z e Xz e€domaUrana for some o € D}.
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Since the set D is countable, U (dom aUran «) is countable, and hence A is countable,

aeD

too. Then £ contains D. By Proposition 4(1), £} is a closed subspace of .#}*, which
implies that D is an infinite countable closed discrete subspace of .. This contradicts
Lemma 5, and hence .#;* is compact. O
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3AYVBAKEHHS ITPO CJIABKO KOMITAKTHI
HAIIIBTOIIOJIOTITYHI CUMETPUYHI IHBEPCHI
HAIIIBI'PYIIN OBME2KEHOI'O CKIHYEHHOI'O PAHTI'Y

Ouer I'VTIK

JIveiecvrutl Haytonasbrul yrieepcumem iment leana Pparka,
sys. Ynisepcumemcoka 1, 79000, m. Jveis
e-mail: oleg.gqutik@Qlnu.edu.ua

Bupuaemo cabko KOMITAKTHI TpaHCIIHO-HenepepsHi 11-Tormosorii Ha
cuMeTpuyHiil inBepcHiil HamiBrpymi £y CKIHYEHHUX [IePETBOPEHDb KAaPAUHAIA A
obmerkenoro paury < n. Josegeno, mo taka 77-TOMOIOrisS CEKBEHIATBHO IIPa-
KOMIAKHa TOMI 1 TIIBKU TOJMi, KOJIA BOHA CJJAOKO KOMIIAKTHA. TaK0XK, MU JI0-
BeJIM, N[0 KOXKHA TPAHCJIAIIHHO-HEIIepepBHa CJIa0K0 w-0bMexkeHna 11 -To1oioris
Ha HAMIBrpym .#5' KOMITAKTHA.

Karowosl caosa: HamiBrpymna, iHBepCHa HAIBIpyIa, HAIIBTOIOJIOTiYHA
HAIIBrpyna, KOMIIAKTHUM, CEKBEHITIAJIbHO IPAKOMIIAKTHUM, ITIIKOM 3JHiYeH-
HO HPAKOMIAKTHHUN, w-00MeKeHHH-IIPAKOMIIAKTHUN, CJAa0KO w-00MeXKeHUI,
C/1abKO KOMMAKTHUM, A-CHUCTeMa, JeMa PO COHSIIHUK, T00yTOK, Y-T100yTOK.
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LOGARITHMIC DERIVATIVE AND ANGULAR DENSITY
OF ZEROS FOR THE BLASCHKE PRODUCT
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Let zo = 1 be the only boundary point of zeros (a») of the Blaschke product
B(z),

Iy = U{z:|z\ <lyarg(l—2)=—0;} = LJZ@J,7
j=1 j=1
—m/24 N <01 <0< ... <Om <7/2—n,

be a finite system of rays, 0 < n < 1. We found asymptotics of the logarithmic
derivative of B(z) as z = 1 —re™" — 1, —1/2 < ¢ < 7/2, under the condition
of existing the angular density of its zeros related to the comparison function
(1—=7)"%,0< p < 1.. We also considered the inverse problem for B(z), whose
zeros lie on I'y,.

Key words: logarithmic derivative, Blaschke product, angular density of
Zeros

1. INTRODUCTION

Let (a,) be a sequence of numbers from C such that

0<\al\g\ag\g...<|an|<...<l

2020 Mathematics Subject Classification: 30D15, 30D35,30J10
© Zabolotskyi, M., Gal, Yu., Mostova, M., 2021
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“+o0
and Z (1 — |an|) < +00. Then any function of the form
n=1
+oo _

anp  ap— 2
z) = —_—
) H lan| 1—apz

n=1
is called a Blaschke product and is an analytic function in the unit disc D = {z: |z| < 1}.
The Blaschke products form an important subclass of the space H?, p > 0 (see, for

example, [1, p. 89]), that is analytic functions in D, which satisfy the condition

sup / ’f(rew)‘pdé' < +o0.

o<r<1
0

In particular, each function f € H? can be represented in the form f(z) = B(z)g(z),
where g € H? and g(z) # 0 in D, B is the Blaschke product constructed by zeros f.
We notice ([2, p. 81]), that the product B is a meromorphic function on C except for
accumulation points of its zeros. In [3] R. Haloyan showed the connection between an
angular density of zeros of B related to the comparison function (1 —r)7?, 0 < p < 1,
and the asymptotics of its logarithm as z — 1.

The asymptotics and estimates of the logarithmic derivative of meromorphic functi-
ons outside exceptional sets play an important role in various fields of mathematics, in
particular, in Nevanlinna’s theory of value distribution [4, 5] and in the analytic theory
of differential equations [6, 7].

We research the connection between the asymptotics of logarithmic derivative of the
Blaschke product B with only one accumulation point of zeros on 0D and the existence
of the angular density of its zeros in this paper. Without loss of generality, we assume
further that such accumulation point is zo = 1. Indeed, otherwise we would consider the
Blaschke product

B*(2) = B (z- ) H On On —2€™ Ty @, 0n =2
|an| 1 — @pzeivo ’

with af = a,e”"° here e'#° is the accumulation point of zeros (a,) of the product B.
For logarithmic derivative of B from the formula

1
(2) (1 —t2)dn(t)
(2) / 2z —tein) (1 — zte—ien)’ |onl =largan| =0, n— oo,
0
it follows that B'(z)/B(z) = O(1) as z — €'*, |a| > 6, 0 < § < 1, since
1

B’(z) (1 (1 —t2)dn(t) B
+oll (et —teien) (1—te—l(wn—a)) -

0
1

— (1+0(1) / (1 —t%)dn(t)

1—2t cos(a—py)+12’

0
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z — €', and the integral above converges.

2. DEFINITIONS AND MAIN RESULTS

Let n > 0and a, = 1 — re % —7/2+1n < 0, < /2 — 1 be a sequence of
zeros of the Blaschke product B, let n(t) = n(t, B) be a number of (a,) in the disc
{#z:]z] <t} such that 1 —r, <t, 0<t<1,r, >0+ asn— +oo. It is easy to see that
n(t) = n(l — t), where n(t) is a counting function of zeros (a,) of the product B such
that r, > t, 0 <t < 1.

We denote by %(p) the set of Blaschke products B, zeros of which satisfy the
condition

Tim n(t)

t=1— (1 —1t)=r
A set £ C D is said to be a set of zero p-density, 1 < p < 2, if this set can be covered by
a sequence of disks K(z;,t;) = {z: |z — z;| < t;} such that

oo th=o(@-1H), r>1-.

[1—z;|<1—7

<400, 0<p<1.

Let n(t; 1) be the number of zeros a,, = 1—r,e~*¥" of the product B, for which 1—7r, < t,
—7m/2 4+ n < 1, <. We will say that zeros of B € %(p) have an angular density at the
point 1, if for all ¢, || < 7/2 — n, except a countable number of values ¢ at most, the

finite limit ()
. n(t; B
A g =AW
exists. Let us set
h(p;9) = etr(lo—v|=msign(p—v)) _ ip(p+d) _ ipyp (eip(—w—ﬂ sign(p—v)) _ eim/f) ’
/2
Hp)= [ hipw)dbw).
—m/2

Theorem 1. Let 0 < p < 1,1 < p < 2, B € B(p) and let the zeros of B have the
angular density at the point 1. Then there exists a set of zero p-density E C D such that
forz=1—re % ¢ E o (—m/2+n;7/2—n)
B'(2) TP
1 1-—
(1) (1-2) B(z) sinwp
Let

=(1+0(1)) H(p)r =" r—0+.

/240 <P <o < ...< Yy, <T[2—mn,
0<n<1and let

= U{z |z| < 1,arg(l —z) = —¢;} = U Ly,
Jj=1 j=1
be a finite system of rays; let Z(p;'y,) be a subclass of products B from the class %(p),

whose zeros (a,,) of which lie on T',,; let n(t, ;) = n(t, ¢;; B) be a number of zeros of B
lying on the ray [, such that 1 —r, <t.
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Theorem 2. Let 0 < p < 1, A; > 0, B € B(p;'\n) and let for z = 1 — re” %,

(55U

(1-2) g((j)) = (1+0(1)) Si;”;p ; Ajh(; )0, 1 — O+,

moreover, for any § > 0 the above relation holds uniformly relative to ¢ on the set
m

(—m/2;m/2)\ U(wj — 8,1 +6). Then for j =1, m we have that
j=1
(2) n(t;v;) = (1+0(1)A;(1=8)7", t—1-.
3. ADDITIONAL RESULTS

We will use the following propositions, which we formulate in the form of lemmas.

Lemma 1. Let 0 < p < 1,0 < A < +oco and let the zeros a, = 1 —r,e~ ¥ of the product
B lie on the ray Ly, —7/2 < < 7/2 and

(3) nt)=1+o0(1)A(l—-1t)"", t—1-.
Then for z=1—re~ ", p € (—7/2;7/2) \ {¢}, we have that
@ (1= 2 = (1 0a) 22 h(iuir s 04,

moreover, the equality (4) holds uniformly for any 6 > 0 relative to ¢ on the set
(=7/2;¢ = 0] U [ + 6;7/2).
Proof. After replacing z by z = (w — 1) /w we have

o= () ([ ) () o 2) -

+o0 .
where po = [] |an|™!, by = 1/(1 — a,) = €™ /r,, are zeros of the entire function g,
n=1

en=—tn/(1 —ap) = - V)1, +1 =W /41

are zeros of g, and
71(7',07‘91) = n(TvoaQQ) = At” +o (Tp) , T — +o00.

Set,
+oo

gQ(w):H<1_E>’C”:C”_1:T6 (+m)
n n

n=1

Let I, = {w: |w| > 1,argw = a}, I¥, = {w: |w| > 1,arg(w — 1) = o} and let

Ing(w) =Inpg +1Ing;(w) — Ings(w JrZ]n(l_w/Cn)

w/en
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be an univalent branch of Lng(w) on C\ (Tw UZA_Q/,_7T U l*—w—w) such that lng(0) =

Ing1(0) = Inga(0) = 0, Inpo > 0, In (1-1") —In (1—“’)
Cn/ lw=0 Cn

Jw) () Bw)
©) ) (gl(w) w)* Z e

Since ([8, p- 92]) for 6 < p < 2 — 6, 0 < § < 1, we get that

= 0. Hence

w=0

- )
|t—rew’ > (t—l—r)sin§7 t>0,

for0e[—yp—n+d,—+7m—56land 7> 2/smgweobtaln

1 .
= |r— =€
Tn

7620 _ 761(7111771')

n

w — | = —=6-m)

> (4 1Yy . 0
= - 10—,
T " S B

| | > | Cul—12> —l—l '61 L +1 0
w— cpl = |lw—1¢, > (7 . sm2 3 T . s1n2.

Then (t, =1/r, > 1),

wZ

nl

+
2T =<

1
< <
sin® 5,2 ; (T +tn)

- Cn _En)

+oo
27' / dn(t,0,§2)
<

sin? 6/2 (t+7)2
1

+oo
AT / n(t,0,g2)dt <
 sin?46/2 (t+71)3

1

+oo

SAT (t+7)°

< d(t+7) <
sin25/2/ t+7)3 (t+7)

1

SATPL
< —_— =
(2 — p)sin?§/2
=o(l), T— +oo.

For w = 7e%, 1) < § < v + 27, taking into account Theorem 1 from [3], we get

’ A
wgl(w) — (1 + 0(1 ) 7T',0 elp(g—@b—‘“')TP T — —|—OO,
g1(w) Sinp
and for —¢p —m <0< b+
- A
w2 _ (14 (1)) TPR in0r) ey oo

g2(w) sinmp
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By (5), (6) and the two above equalities for § € (¢, —¢ + 7) we obtain (7 — +00)
o) _, (sile) 3wl _
Sow) ~ o) aw)

— (14 0(1)) 222 (et0=vm) — 0400} 7o
sinmp ’

and for 6§ € (—y — m,1) we have that

g'(w) TpA ip(B—p+m) _ _ip(6+1p)
wg(w) 7(1+0(1))7smﬂ'p (ep L e +¢)T”,
namely, for § € (= — 7w, = + ) \ {¢}
(7) w8 14 o(1) TP )P, s oo,

moreover, the equality (7) holds uniformly for any § > 0 on the set (—¢) — m, =t +7) \
(¥ — 6,9 +9).
Since —¢p — 7w < —7/2, —p+ 7> 7/2, w=1/(1 - 2),

g =5 (L) S - - app

and for z =1 —re~**? we have

1 1 .
0 = argw = arg () = arg (ew) = ¢,
1—-=2 r

then by (7) we obtain (4), and hence, lemma 1 is proved. O

Remark 1. In fact, the relation (4) holds uniformly relative to ¢ on the set
[¢+6a_w+ﬂ'—5]U[_¢_ﬂ+67w_5]7
0<6<1.

Lemma 2. Let 0 < p < 1,0 < A < 400, —7/2 < ¢ < 7/2 and let the zeros a, =
1—rpe™™ of the product B lie on the ray ly. If for z = 1—re™ %, ¢ € (—n/2;7/2) \ {1}
the following relation

B'(z)

(1-2) B(2)

holds, moreover, for any § > 0 the above relation holds uniformly relative to ¢ on the set
(=mw/2,7/2)\ (¥ — 6,0+ ), then n(t; B) = (1 +o(1)) (1 —¢)"P, t > 1—.

= (14 o(1)) b )r ", 7 — O+

Proof. Without loss of generality, we assume that ¢ = 0. After replacing z by z =

(w—1)/w we get
(=) T (- 2) = m

w-1\ =112
= B _— = _
oo =5 (557) - 115 1
where b,, = 1/r, > 0 are zeros of the entire function ¢, ¢, = —1/r, + 1 < 0 are zeros of
g2 and n(7,0,91) =n(l —1/7; B).
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Since (see the proof of Lemma 1) wg'(w)/g(w) = (1 —2)B’(z)/B(z), then under the
conditions of Lemma 2 for w = 1e?, 0 < || < 7, we have
¢(w) 7
=(1 1
(®) Wl = (1 o(1) 2

Set Q={b,:neN}, 1<a<0<f<m,

Sp(a, B) ={w: |w| <r,a <argw < B},

r ¢ Q, and denote by 95, (o, 8) = I.(a) U Cy(ar, 3) U I,7(B) a positive orientation of
the boundary of the sector S,.(a, 3), where I,.(a) = {z1(t) = te'*,0 < t < r}, I.(B) =
{2o(t) = te',0 <t <7}, Cr(a, B) = {z3(t) = re?*, a <t < B}. Then

2min(r,0,g) = / ‘C;/((ZZ)) dz = / + / =+ / gg/((j)) dz=J1+ Jo + Js.

a5t (o, B) Ir(@)  I17(8) Cr(ap)

h(0;0)77°, T — +o0.

By (8), just like in the proof of Theorem 2 from [9], as r — 400 we obtain

[ 90 oy mpA / O — A o
Jl—/ g(tem)e dt—(l—l—o(l))smﬂ_p h(a; 0)t dt_(1+0(1))sinwph(a’0)r
0
and, similarly,
o = —(1+ 0(1)) =———h(B; 0)r”

sinmp

B ) B
g'(re’) i TpA /
- ireitdt = (1 + o1 o [ h(t;
J3 /g(re”) ire*dt = (14 o ))sinwpzr h(t;0)dt
0

(o3

B
A
—ro) 22 (o) [oan (o) [
sinmp
e 0

= (L4 0(1)) T (670 1) (1= 7) 4 (7170 — 1) (7 — 1))

sinmp

= (1+ o(1)) 220

sinmp

(2isinmp — h(e; 0) + h(B;0)).

Consequently,
2min(r,0,9) = (1 + o(1))2miArf, r — +o0.
Since n(r,0,9) = n(1 — 1/r; B), we conclude that n(¢t; B) = (14 o(1))A(1 —t)~*,
t—1—. U

4. PROOF OF THEOREMS

Let B € #(p,I'y,) and suppose that for all j = 1, m (2) holds. Represent B in the
form

B(z) = Bi(2) - B2(2) - ...+ B (2),
where Bj(z) is a Blaschke product constructed by zeros of B lying on the ray [y, .



LOGARITHMIC DERIVATIVE AND ANGULAR DENSITY OF ZEROS ...
ISSN 2078-3744. Bicuuk JIpBiB. yu-Ty. Cepis mex.-mar. 2021. Bumyck 91 61

Let 71/,_7 ={z:7; <|z| < l,arg(l — z) = —1;}, where 7; is the smallest modulus of

zero of B lying on the ray [y, j = 1,m; G =D\ U ij; let In B be an univalent branch
j=1
in G of the multivalued function Ln B(z) = In|B(z)| 4+ ¢ Arg B(z) such that In B(0) < 0.
From the equality

InB(z) =InBi(2) + InBa(z) + ... +In By (z), z€Gq,

m
owing to (4), for z =1 —re= %, p € (—7/2;7/2) \ U ¥, we have

B'(z - Bi(2)
-5 =0~ LB
(9) " m
= (1+o0(1)) si;rfw 3" Ajhlgi)rt v 04,
j=1

which is equivalent to (1) in the case of zeros of B lying on a finite system of rays T',,.
The transition from I';, to the general case of the location of zeros of B € %(p), which
have an angular density at the point 1, is carried out according to a known scheme (see
for example [3, p. 69-70]. So Theorem 1 is proved.

Let the conditions of Theorem 2 be satisfied. Then by (9) and Lemma 2 for each
7 =1, m we obtain

n(t; ;) =(1+o(1) A;(1 —)7, t—1-,

that proves Theorem 2.
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Hobytku Basgmike € BaxkmBuM mizk1acoM GyHKIIHM, AHATI THIHAX B OTUHAY-
HOMY KpPy3i 3 0O6MexeHoio xapakrepuctukoo Hesaniinuu i mepomopduux y C
38 BUHATKOM TOYOK CKyIHaeHHs Hy/aiB B(z). Acuvmrornka # ominku morapud-
migaOl moximgHol MepomopdHUX GYHKINN 30BHI BUHATKOBUX MHOXKWH Bifirpa-
I0Th BaXKJ/IMBY POJIb B PI3HUX Iajly3daX MareMaTuku. 3okpeMa, Loababepr ALA.
Xeitman B.K. i Maiiic JI>k. moc/tipKyBaJu 11l TUTAHHS B HEBAHJIIHHIBCHKIM TeO-
pii po3moginy 3uadens, ['yumepcen I.I. i Crpeitrin [I1.1. — B ananiTuaniit Teopil
mudepenniiinnx pisaanb. Hexail zo = 1 eauna rpanuvna Touka HymiB (an) m0-
O6yTky Brsmke B(z),

m m
Iy = U{z z| < 1,arg(l — 2) = —60,} = U lo
j=1 Jj=1

—7m/24n <601 <0 <...<0m < T7/2—1,— CKiHUEHHA CHCTEMA NIPOMEHIB,
0 < n < 1. Ba ymoBu icHyBaHHS KyTOBOI wiijbHOCTI HysaiB B(z) 3HaiizeHo
acuMnTOTHKY JTorapudMiunoi moximnoi B(z) mpu z = 1 —re” ¥ = 1, —71/2 <
» < m/2. Takoxk pO3TIAmAETHCA 0O0epHEHA 3ama9a s 700y TkiB Basmke B(z),
Hy/l SKUX PO3TamIoBani HA ['y,.

Karouosi crosa: smorapudwmivna moxiagna, qo0yTok Birsamike, KyToBa mmiib-
HICTH HYJIB.
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NEIGHBORHOODS OF DIRICHLET SERIES ABSOLUTELY
CONVERGENT IN A HALF-PLANE

Myroslav SHEREMETA
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Universytetska Str., 1, 79000, Lviv, Ukraine
e-mail: m.m.sheremeta@gmail.com

For an absolutely convergent in the half-plane IIy = {s : Re s < 0} Dirichlet

series F(s) = e® + ka exp{sAx} the set O, s(F) of Dirichlet series G(s) =
k=1

=e’ + ng exp{sAx} such that Z M.|gi — fx| < 4 is called a neighborhood

—1 =1

of the flimction F. Tt is proved thkat each function G from the neighborhood
01,1(E) of the function E(s) = e° is a pseudostarlike function in Iy, and if G
is pseudostarlike in IIy and gr < 0 for all £ > 1 then G € Oy,1(E). A similar
connection exists between Os1(E) and pseudoconvex functions in ITp. The
neighborhoods O s(F) and Oz s(F) are investigated also in the cases when F
is either pseudostarlike or pseudoconvex of the order a € [0, 1) and the type
B € (0, 1). Assuming that 0 < a < 1, 0 < 8 < 1 < 1, the coefficients fi and
gi are negative and the function F' is pseudostarlike of the order v and the type

B it is proved, in particular, that if G € Oq s(F) with 6 = 2(1 = )(B1 = AB)

1451 ’
(1(1—’_—1?,18))/;11 __220;%1 __((11__5)1) , then G is pseudostarlike of the order

a and the type f1. On the contrary, if G is pseudostarlike of the order o and
the type B1 then G € O, 5(F) with

5=2nu( )<>\1(1+51)—2a51—(1—51) +)\1(1+5)—2aﬁ—(1—5)).

where A =

Key words: Dirichlet series, pseudostarlikeness, pseudoconvexity, nei-
ghborhood of function.
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1. INTRODUCTION

Denote by A the class of analytic in the unit disk D = {2z : |z| < 1} functions
o0
(1) f) =2+ fie".
k=2

For f € A, following A.W. Goodman [1] and S. Ruscheweyh [2], its neighborhood is
a set of the form

Ns(f) = {9(z) =2+ > guz" € A: Y lgw — fil <6}
k=2 k=2

The neighborhoods of various classes of analytical in D functions were studied by many
authors (we concentrate here only on articles [3, 4, 5, 6, 7, 8, 9]). The Dirichlet series of
the form

(2) F(S) :eSJerkexp{s)\k}, 5:U+it7
k=1

absolutely convergent in the half-plane II = {s : Res < 0} are direct generalizations
of functions (1) analytic in D, where the exponents satisfy the condition 1 < Ap 1 +00
(1 < k1 +00). The class of such Dirichlet series will be denoted by SD(0). We say that
F e SD*(0) if F € SD(0) and f <0 for all & > 1.

Geometric theory of the class SD(0) was initiated in [10] and [11, p. 133-154]. It
is known [10] that each function F' € SD(0) is non-univalent in IIy, but there exist

conformal in Iy functions (2), and if Z/\k|fk| < 1 then function (2) is conformal in

k=2
ITy. A conformal function (2) in Il is said to be pseudostarlike if Re{F’(s)/F(s)} > 0
and is said to be pseudoconvex if Re{F"(s)/F'(s)} > 0 for s € II. In [10] (see also

[11, p. 139]) it is proved that if Z Ak|fr| <1 then function (2) is pseudostarlike and if
k=2

oo
Z AZ|fx| < 1 then function (2) is pseudoconvex. A conformal function (2) in Il is said
k=2

[f2] to be pseudostarlike of the order o € [0, 1) if Re{F'(s)/F(s)} > « for s € Iy, i.e.,

F’ F’
F((S)) -1 < ‘ F((;)) — (2 — 1)| for s € IIy. Finally, a conformal function (2) in IIj is
said [12] to be pseudostarlike of the order « € [0, 1) and the type 8 € (0, 1] if
F'(s) F'(s)
-1 —(2a—-1 Ip.
7 | <o -] eem

Similarly, a conformal function (2) in Il is said to be pseudoconvex of the order o € [0, 1)
if Re{F"(s)/F'(s)} > a, and pseudoconvex of the order o and the type 5 € (0, 1] if

‘ F”(S) F”(S)
F'(s) Fi(s)

—1‘<ﬁ’ - (2a-1)|, sell,.
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By PS, s we denote the class of pseudostarlike functions of the order « € [0, 1) and the
type 8 € (0, 1] and by PC, g we denote the class of pseudoconvex functions of the order
a € [0, 1) and the type 3 € (0, 1].

For j > 0 and § > 0 we define the neighborhood of F' € SDg as follows

0j5(F) = {Gs) ="+ grexpfshe} € SDo: > Mlgw — ful <3}
k=1

= k=1
Similarly, for F' € SD§

Ojs(F) = {G(s) =e’ + ng exp{sAy} € SD{ : Z)\ﬂgk — fr] < 6}.
k=1 k=1

Here we will establish a connection between the classes PS, g, PCqo 3 and O; s(F'),
7.5 (F)-

2. NEIGHBORHOODS OF THE FUNCTION FE(s) = ¢e®

We need the following lemmas.

Lemma 1 ([12]). In order for function F € SDq to be pseudostarlike of the order
a € [0, 1) and the type B € (0, 1] it is sufficient and in the case when fi < 0 for all
k > 1, it is necessary that

(3) D {1+ B8 —28a — (1= B)}Hfiel <2801 - a).

k=1

Also in order for function F € SDq to be pseudoconvex of the order a € [0, 1) and the
type B € (0, 1] it is sufficient and in the case when fi, <0 for all k > 1, it is necessary
that

S AL+ Bk — 2Ba — (1= B)}H fil < 28(1 - a).

k=1
Lemma 2. Let F' € SDy. Then G € Oy 5(F) if and only if G' € O1 5(F").
Proof. Clearly

F'(s) =€+ Y Arfrexp{shc} € SDy.
k=1

Therefore, G' € Oy4(F') if and only if » Ae|Aege — Aefs| < 6, i. e. if and only if
k=1

o0
> " Ailgr — fil < 6. The last condition holds if and only if G € Oy 5(F). O
k=1

Now we prove such theorem.

Theorem 1. For the function E(s) = e° the following correlations hold: O1:1(E) C
PSo,l, OT,I(E) = PSOJ ﬂSDS, 02,1(E) C PCOJ, and 0571(E) = PCOJ mSDS
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Proof. If G € O1(1, E) then G € SDy and Z/\k|gk\ < 1. Therefore,
k=1

() = G(s)] =| Y- (h = Dgrexpishi}| <

k=1

Aklgrl exp{odr} = > lgklexp{oA} <
k=1

NE

<
k

Il
-

[M]8

<) (A = Dgr|exp{oAc} <

=~
Il
MR

o0 oo
<e” Y Melgel = > lgrlexp{oni} <
k=1 k=1

o0
<e” =gkl exp{ore}.
k=1

On the other hand,

Gs)| = |e* + 3 geexplshe}| = e = lgelexplone),
k=1 k=1
, e .
and, thus, |G'(s) — G(s)| < |G(s)], i.e., Gls) 1| <1 for all s € IIy. Hence it follows
s

that Re{G'(s)/G(s)} >0, i.e., G € PSy ;1 and O11(E) C PSy 1.
From above it follows that O7 ;(E) C PSp ;. On the other hand, if G € SDf and

G € PSp; then by Lemma 1 Y Milfil < 1,1 e. G € Of 1 (E). Thus, PSy1 N SD C
k=1
>1’K,1<E‘) and PSOJ ﬂSDS = T,I(E)

We remark that since G”(s)/G'(s) = H'(s)/H(s), where H(s) = 65—|—Z hy exp{sA;}

k=1
and hy = A\pgg, the function G is pseudoconvex of the order o € [0, 1) and the type
B € (0, 1] if and only if the function H is pseudostarlike of the order o € [0, 1) and the
type B € (0, 1]. Therefore, from the results proved above for pseudostarlike functions,
one can easily obtain the corresponding results for pseudoconvex functions. In particular,
in view of Lemma 2 from above we get Oz 1(E) C PSo1 and PSy1()SDg = O3 ,(E).
The proof of Theorem 1 is complete. O

3. NEIGHBORHOODS OF PSEUDOSTARLIKE AND PSEUDOCONVEX FUNCTIONS
OF THE ORDER «.
The following theorem is true.
Theorem 2. Let 0 < a3y <a <1 and F € SD§(PSa1.

1. If G € Of 5(F) with § = (o — oq)il -

then G € PS,, 1.
1 —
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2. On the contrary, if G € SD§ () PSa,,1 then G € OF 5(F) with
_ )\1(1 — Ol) + )\1(1 — O[l)

)\1 — )\1 — 1 '
Proof. Since F' € PS,, 1, by Lemma 1 with 5 =1 we have

5

(4) S —allfil < 1-a

k=1
Therefore, for a; < a in view of (4) we get

Z{)\k —ai}|ge| < Z{)\k —ait(lgr — fel +1fil) <
k=1

=1

< Z{Ak —a+a—a}|fe] + Z{/\k — a1} fre —gk| <
=1 =1

<Y = el + (=) DIl + D Mklfe — ol <
=1 =1 =1

<l—a+d+(a—a) Y |ful-
k=1
But in view of (4)

M=) 1l <Y i —allfil <1-a,

k=1 k=1

that is Z Ife] < (1 —a)/(M — @) and, thus,
k=1

;{)\k—alﬂgk\§1—a+5—|—(a—a1)>\1_a

1—«

:]-_alv

i.e., by Lemma 1 with 8 = 1 the function G is pseudostarlike of the order «;.
Now suppose that G € SD§ () PSq,,1- Then in view of (4) we have

oo

S A
> Melge = £l = \ _ka {A —aitlgr — frl <
k=1 k=1 "k 1

Mo
< - — ful <
S ;{/\k ar}lgr — ful <

al ( O~ e il + D —al}gk'> =

Ao Pt A — Q@ ot
/\1 )\1—041
1-— 1-— =
_>\1041<)\10£( a)+ 061)
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_ )\1(1 — Oé) + )\1(1 — 041) _
)\1 — )\1 — 1
ie., G € Of 5(F) with such . Theorem 2 is proved. O

Using Lemma 2 and the remark in the proof of Theorem 1, we can prove the following
statement.

Proposition 1. Let 0<a <a<landF € SDF\PCon. If G € O3 5(F) with
A —
§ = (a— o) then G € PCy, 1. On the contrary, if G € SD§(\PCqy, 1 then

A —
G € O3 5(F) with

)\1(1 —O() n )\1(1 —Oq)
)\1—Ck )\1—Ck1 '

5:

4. NEIGHBORHOODS OF PSEUDOSTARLIKE AND PSEUDOCONVEX FUNCTIONS
OF THE ORDER « € [0, 1) AND THE TYPE ( € (0, 1)

In the general case the following theorem is true.

Theorem 3. Let 0<a<1,0< < f1 <1land F € SD§(\PSaz-
2(1 —a)(B1 — AB)
14+ 5
(14 B1)A —2ap; — (1 - B1)
(I4+8)M =228 - (1—=p) ’

L If G € O 5(F) with § = , where

A:

then G € PS, 3, .
2. On the contrary, if G € SD§ () PSa.p, then G € OF 5(F) with

B1 B
@ =200 (e A2
Proof. At first we remark that 5; — A8 > 0 and
A (1+ B — 261 — (1 = B1)
T+ B)Ae 208 — (1—B)
Since F' € PS, g, by Lemma 1 for 0 < 8 < 1 <1 we have

=A.

Z{(l + B1)Ak — 2281 — (1 — B1) Hgx| <

k=1

<Y {+B) 2081 —(1=B1) Hor—frl+ Y _{(14+80) =208 —(1=B1) }| | <

k=1 k=1

< (1+6) ngk fk|+z e o 1+ AN =208 -(1-) ] <

(1+51))\k*2a51*( —p1)
(1+8) A —2a8—(1-p)

<(L4B)5+ mx{ bS (a8 n-205- -8l <
- k=1
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< (14 B1)5 +24B(1 —a) <
S 251(1 - Oé),

i.e., by Lemma 1 G € PS, 3, -
Now suppose that G € SD§ () PSa,p,. Then in view of inequality (3) we have

> Aklgk — fil =
k=1

e Ak - L B

_,;(1+ﬁ1))\k—2a51—(1—&1){(1+51)/\k 2a8 — (1= Bu)}ge — ful <
A o0

< T Bon —2aB (1= 2 AN 208 (= )Mok — il <

k=1
M

ST AN 208 (1B
x (Z{(Prﬂl)/\k?aﬂl(151)}|gk|+z{(1+ﬂ1)>\k20éﬂ1(1[31)}|fk> <

k=1 1
A1

= I+ B)A —2a81 — (1= B) 8

(1+B1) A —2aB1—(1-p31)
(251 (1-« +Z (43)\r—205—(1-5) {(1+ﬂ))\k—2a5—(1—5)}fk|> <

A B B (14—31))\1—20451—(1—51)) _
< T (-0 R ) -
=4,
ie., G € Of 5(F) with such d. The proof of Theorem 3 is complete. O

Using Lemma 2 and the remark in the proof of Theorem 1, we can prove also the
following statement.

Proposition 2. Let 0 <a<1,0<8<p1 <1 and F'€ SD;(\PCop. If G € O3 4(F)
1+ 5

, where

(14 B)M —2ap — (1 = B1)

A+AM —2a8—-(1-5)
then G € PCqp,. On the contrary, if G € SDg(\PCa,p, then G € Oj ;(F) with §
specified in (5).

A:
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OKOJI1 ABCOJIIOTHO 3BI2KHUX ¥V HIBIIJIOIINHI
PSIIIB JTIPIXJIE

Mupociaas HIEPEMETA

JIveiecvrutl naytonasvrul yrieepcumenm iment leana Pparka,
eys. Ynisepcumemcoka 1, 79000, m. Jveis
e-mail: m.m.sheremeta@gmail.com

Hna abcomorro 36ixknoro y mismmommni o = {s : Res < 0} pamy

oo
Hipixne F(s) = e° + ka exp{sAr} muoxuna O;s(F) rakux psais [ipi-
k=1

o0 (oo}
xe G(s) = e’ + ng exp{sAx}, mo Z)\ﬂgk — fx| < 4, HazuBaeTHCE OKO-
k=1 k=1
gom dyuknii F. Josexeno, mo koxua dyskmis G 3 okony O1,1(E) bynxunii
E(s) = e® € nceBnosipkosomw B Iy, a axkmo G € nceBmosipkosoio B g i gx < 0
mig Beix k > 1, to G € O1,1(E). Iloni6uuii 38’a30k icaye mix okonom Oz 1(E)
i mcesmoonykmumu B Ilp dymkmisvm. Jocmimkeno takoxk okoun Oq5(F) i
O2,5(F) y Bumankax, kom F' € a6o 1mceBmo3ipkoBoIo, ab0 MCEBI00MYKJIOI0 TI0-
paaxky a € [0, 1)1 tuny 8 € (0, 1). Ba ymoB, mo 0 < a < 1,0< 8 < B <1,
koedimientn fj 1 gr Bim'emnui, a F € mCeBIO3IPKOBOIO MOPSAKY « 1 THIy [3,

30Kkpema, JoBegeHo take: ko G € Oy 5(F) 3 6 = 2(1 — o) (B — AB)

(1+8) (- 8) A
14+ 61)M —2a61 — (11— 51 . .
= , To (G TICeB1031pKOBa (DYHKIISA TMOPSIIKY
(% B — 208 — (1= B) 7031p bynx PAIKY
i Tuny (1. HaBnaku, askmo G € 1nceBmo3ipkoBOIO MOPsaky « i tuiy (1, TO
G e Olya(F) 3
B B >
0 =2M(l—-« + .
i )()\1(14—51)—2@51—(1—51) AM(1+8) =228 —(1-8)
Karouosi caosa: pan Jipixse, mceBHo3ipKOBICTH, IICEBIOOMYKIIICTh, OKLIT
byHKITI.
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PROPERTIES OF POLYNOMIAL SOLUTIONS
OF A DIFFERENTIAL EQUATION OF THE SECOND ORDER
WITH POLYNOMIAL COEFFICIENTS OF THE SECOND
DEGREE

Myroslav SHEREMETA, Yuriy TRUKHAN

Ivan Franko National University of Luviv,
Universytetska Str., 1, 79000, Lviv, Ukraine
e-mail: m.m.sheremeta@gmail.com, yurkotrukhan@gmail.com

An analytic univalent in D = {z : |z| < 1} function f is said to be convex
if f(D) is a convex domain. It is well known that the condition

Re{l+zf"(2)/f'(2)} >0  (2€D)

is necessary and sufficient for the convexity of f. Function f is said to be close-
to-convex if there exists a convex in D function ® such that Re (f'(2)/®’(z))>0
(z € D). Close-to-convex function f has a characteristic property that the
complement G of the domain f(D) can be filled with rays which start from
OG and lie in G. Every close-to-convex in D function f is univalent in I and,
therefore, f'(0) # 0.

We indicate conditions on parameters 5o, 51, Yo, Y1, 72 and oo, a1, az of the
differential equation

22w + (Bo2” + Prz)w’ + (y02° + iz + y2)w = a2’ + a1z + az,

under which this equation has a polynomial solution
/4
[(2) =) faz" (deg f=p>2)
n=0

close-to-convex or convex in I together with all its derivatives f) (1 < j <
p — 1). The results depend on equality or inequality to zero of the parameter

Ya-
For example, it is proved that if p > 3, 72 # 0,

Yo =pBo+71 = B1+ 72 =ary2 + pBoaz =0

2020 Mathematics Subject Classification: 34MO05, 30B10, 30C45
© Sheremeta, M., Trukhan, Yu., 2021
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holds, this equation has a polynomial solution

p
F(2) = anfye+ 2+ 2P IR0 +2(f Bll)ﬁo 22+ nzafnzn,

where the coefficients f, are defined by the equality

_ (p—n+1)Bo n
fn= (ni 1)(n+61)fn71 (3 < Sp)a

such that:

1) if (11p — 14)|fol/4 + 2Jao] < 2 — |81 and 11(p — 2)|Bo]/4 < 3 — || then f
is close-to-convex in D together with all its derivatives f) (1 < j < p—1);
2) if (41p — 50)|Bo|/8 + 4|ao| < 2 — [B1] and 33(p — 2)[Bo|/8 < 3 — |1 then f
is convex in D together with all its derivatives f\¥) (1 <j <p—1).

A similar result is obtained in the case 2 = 0.

Key words: linear non-homogeneous differential equation of the second
order, polynomial coefficient, polynomial solution, close-to-convex function,
convex function.

1. INTRODUCTION AND AUXILIARY RESULTS

An analytic univalent in D = {z : |z| < 1} function

n=0
is said to be convex if f(D) is a convex domain. It is well known [1, p. 203] (see also
[2, p. 8]) that the condition

Re{l+2f"(2)/f ()} >0 (z € D)

is necessary and sufficient for the convexity of f. By W. Kaplan [3] the function f is said
to be close-to-convex in D (see also [1, p. 583], [2, p. 11]) if there exists a convex in D
function ® such that
Re(f'(2)/®'(2)) > 0(z € D).

The close-to-convex function f has a characteristic property that the complement G of
the domain f(D) can be filled with rays which start from 0G and lie in G. Every close-
to-convex in D function f is univalent in D and, therefore, f'(0) # 0. Hence, it follows
that the function f is close-to-convex in D if and only if the function

(2) g(z):z—FZgnzn, In = fn/f1,
n=2

is close-to-convex in D). We also remark that function (2) is said to be starlike if f(D) is
a starlike domain regarding the origin and the condition

Re{zg'(2)/9(2)} > 0 (2 € D)

is necessary and sufficient for the starlikeness of ¢ [2, p. 9]. Clearly, every starlike function
is close-to-convex.
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S. M. Shah [4] indicated conditions on real parameters 5o, 51, Yo, V1, Y2 of the dif-
ferential equation

2w + (Bo2? + Br2)w’ + (y02% + 112 + Y2)w = 0,

under which there exists an entire transcendental solution (1) such that f and all its
derivatives are close-to-convex in D. The investigations are continued in the papers [5-10],
but in all of this papers the case of polynomial solutions was not investigated. In the
papers [11-14] properties of entire solutions of a linear differential equation of n-th order
with polynomial coefficients of n-th degree are investigated. Some results from these
papers are published also in monograph [2].
In [15], the equation
(3) 2w + (Boz? + Pr2)w’ + (7022 + 712+ 2w = a2 + a1z + o

is considered with real parameters and the existence and close-to-convexity of its
polynomial solutions are studied. In particular, it is proved that in order that the
polynomial

P
(4) Fz) =) faz", deg f=p=>2,

n=0
be a solution of the differential equation (3), it is necessary that v = pBy +v1 = 0.
Substituting (4) into (3), we get [15]
(5)  efo=az, (Bi+72)fi =ar+pbofo, (2+261+7)f2=a0+(—1)bf1
and for 3<n <p
(6) (n(n+pr = 1) +72)fn = (p =1+ 1)Bofn-1-

If we assume that n(n+ 81 — 1) + 2 # 0 for all 3 < n < p, it allows us to rewrite the
equality (6) in the form

whence it follows that f, = 0, if By = 0. Therefore, further we assume also that §y # 0.
In the case of real parameters for the study of the close-to convexity of the polynomi-

al
P

(8) g2) =2+ gus",
n=2

Alexander’s criterion [16,17] was used. Here we are going to consider a case of complex
parameters By, 1, Y0, Y1, Y2, 0, &1, a2 and we will use the following lemma [16,17].

P P

Lemma 1. Ifz n|gn| < 1 then polynomial (8) is a starlike function and zfz n?|gn|<1
n=2 n=2

then polynomial (8) is a convex function.

Using Lemma 1 we prove the following statement.
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Lemma 2. Let &, # 0, & = gn/gn-1 for 2<n <p and
n
f:max{§n|:3§n§p}.
n—1

If 2|go| < 1 — & then polynomial (8) is a starlike function and if 4|go| < 1 — 3£/2 then
polynomial (8) is a convez function.

Proof. Since g, = &,9n_1 for 2 < n < p, we have

P p

Zn|gn| = Zn|§n‘|gn—1‘ =

n=2 n=2

p—1
= "+ D)lens1llgal =
n=1

p

n—+1

= 2|go| + E n [€nt1lnlgnl, &pr1 =0,
n=2

n+1

P
. n+1 .
Le., E (1 i~ |§n+1|> nlgn| = 2|g2|. Since {41 = 0 and |€nt1| < & < 1 for

n
n=2

P
2 <n <p-—1, hence it follows that (1 — &) > n|g,| < 2|g2|. Therefore, if 2|ga] <1 — &
n=2
p

then Z n|gn| <1 and by Lemma 1 polynomial (8) is a starlike function.

2
g*:max{(nill) §n|:3§n§p}

P
and suppose that 4|ga] < 1 — £* then as above we get (1 — £*) Zn2|gn\ < 4ga|, i.e.,

n=2

n=2

If we put

P
Zn2|gn| < 1 and by Lemma 1 polynomial (8) is a convex function. Since £* < 3¢/2,

n=2
the proof of Lemma 2 is complete. O

In view of (5) and (6) it is clear that the existence of convex or close-to-convex
solution (4) of differential equation (3) depends on the equality to zero of the parameter
~2. Therefore, we will consider two cases: v # 0 and v = 0.

2. THE CASE 7, #0
From the first equality (5) it follows that fo = aa/72, and the second equality (5)
implies
(B1 +72) f1 = a1 + pPoaa/7e-

For the close-to-convexity of f the condition f; # 0 is necessary. This condition is not
necessary for the convexity of the function f, but since we are going to use Lemma 2,
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then we will assume that f; # 0. Therefore, from the last equality it follows that either
Bi+ 72 # 0 and an + pBoas/y2 # 0 or B1 + 72 = a1 + pBoaz/v2 = 0.

+ .
If 51472 # 0 and oy +pBoca/v2 # 0 then f; = w, and if 24281+ £ 0
Y2(B1 +72)
then from the third equality (5) we obtain
(p — 1)Bo(a1y2 + pPocz) + aoy2(B1 + 72)

f2= Y2(B1 +72)(2+ 251 +72)
Thus, the desired solution should be

_ oy oayetpboas (p—1)Bo(a1v2+pBoca) +enr2(Bity2) o | o n
® 1) = 72 (Bite) Y2 (B1+72)(242B1+72) : +7;)fnz

where the coefficients f,, satisfy (7). The following theorem is true.

Theorem 1. Let p > 3, 72 # 0, vo = pBo+ 71 = 0, f1 + 72 # 0, ary2 + pBoas # 0.
Then:
) if

(10) P

-6
80| + 2 aoy2(B1 +72)
2 a1v2 + pBoa:
then differential equation (3) has polynomial solution (9) close-to-convex in D
and if 3(p — 2)|Bol/2 < 2 — |B1| — |2|/3 all its derivatives fO) (1 < j < p—1)
are close-to-conver;

2) if

(11)

<2—-2|B1] = |72l

19p — 22 a0y2(B1 +72)

4 172 + pPoae

then differential equation (3) has polynomial solution (9) convex in D and if

11(p — 2)|Bo|/4 < 2 — |B1| — |72|/3 all its derivatives f9) (1 < j < p—1) are
conver.

|Bol +4 <2-2/B] = |l

Proof. For polynomial (8) with g, = f/f1 we have

_ _(p=Dbo ag2(Br +72) .
92 = 5128 + + @26 + ) (@1 + phoa) =& =&,

and since (10) implies |2 + 281 + 72| > 2 — 2|51] — |72| > 0, we get

1
1) ol =lel < g (- i+ SREEC).
For 3 <n <p from (7) we obtain
g :ﬁzgnfnflzé.g
n fl fl nYn—1,
~ (p=n+1DB
where &, = 2t A=) + s and
Do le ondDl __ (pon+ DI
n—=1"""" (n=1)(n—[b]-1-|el/n) = (n—1)(2-2[B1] = |r2])’
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ie.,
n (p — 2)| 6ol
13 f:max{f :3<n<p}< .
) w1 22— 21| - 1)

It is easy to check that (10), (12) and (13) imply the inequality 2|g2| < 1—¢&. Therefore, by
Lemma 2 the polynomial g is a starlike function and, thus, function (9) is close-to-convex
in D.
For 1 < j < p — 2 the derivative
P—J
(14) FOR) =+ G+ D) e+ > (n+D(n+2)... (n+ ) far2"
n=2
is close-to-convex in D if and only if the function

I o S (A D)m42) (4 ) fuss
1 G =2t D gt gns = RS

is close-to-convex in D. For 1 < j <p—2and 2<n <p—j we have 3 <n+j <p, and

)

in view of (7) and (15) we get
A0t  pen=t DR
" (7 + D (n+ )+ +B—1)+7" "
D0+t G+ B
G+ Dim ") (ntg— 1)
n +3J
€n+7gn 1,55
(p—n+1)Bo

where as above &, =

. Therefore, to apply Lemma 2, we need to find
n(n+p1—1) +7 PPy
a condition under which

(16) 2yl <1— max T iono max 2 )
From (7) and (15) we have
Dgas| = 23 U+ 2 fjrel
(G + DUyl
- it2 -Gl
2 |(G+2)(G+2+061— 1)+
(p—3—1)|B
T+l (B] = el/+2)
and
max |§n+]|< max 4n+j ‘(p—n.—j+1)\,6’o| <
3<n<p—j n — ssnsp—jn—1(n+j)(n+j—|fl—1)— |l
» ¢ omae L on—gtDL
s<n<p—jn—1n+j—|[B1] =1~ |yl|/(n+j)

1 (p—3j—1)|Bol
T2j4+1— Bl = el/G+2)
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From (17) and (18) it follows that if
(19) Bp—7—=DlbBol/2<j+1—B1] = 1n2l/(2+)

for 1 < j < p— 2 then (16) holds and by Lemma 2 the derivative fU) for 1 <j <p—2
is close-to-convex in D.
Finally, we remark that (19) holds for all 1 < j <p —2if

3(p=2)|Pol/2 <2 —[B1| = 2l /3.

Since f(P=1) is a linear function and, thus, it is close-to-convex, the first part of Theorem 1
is proved.

If condition (11) holds then from (12) and (13) we obtain the inequality 4|gs| <
< 1-—3¢/2, and by Lemma 2 polynomial (9) is a convex function.

If
H(p—7—1)][Bo , .
(20) woI =Dl 511~ s+ )
for some 1 < j < p— 2 then (17) and (18) imply
3 n+j
4925l <1— 9 3<I7Ill<ap in— |§n+]‘

Therefore, by Lemma 2 function (15) is convex and, thus, function (14) is convex. Finally,
we remark that (20) holds for all 1 < j < p—2if 11(p — 2)|5o|/4 < 2 —|B1| — |12|/3. The
proof of Theorem 1 is complete. O

Now suppose that 81 + 72 = a1 + pBoaz/v2 = 0. Then from the second equality
(5) it follows that f; may be arbitrary. If we choose f; = 1 then under the condition

w. From (7) under

24 81 # 0 in view of the third equality (5) we get fo = 515
1

the condition n + 51 # 0 we obtain

(p—n+1)B
(n—=1)(n+ 1)

Thus, the desired solution has the form

22 f6) = 22 4oy 022D ﬂoQJern ,

(21) In= frn-1, 3<n<p.

where the coefficients f,, satisfy (21), and we will come to such a theorem.

Theorem 2. Let p >3, 72 # 0, 0 = pBo + 71 = B1 + Y2 = a1y2 + pBoaz = 0. Then:
1) if

(23) L

|Bo| + 2|ao| <2 —[B]

then differential equation (3) has polynomial solution (22) close-to-convex in D
and if 9(p — 2)|Bo|/4 < 3 — |B1| all its derivatives fU) (1 < j < p—1) are
close-to-conver;
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41p — 50
ol + dlao] < 2 18y]

then differential equation (3) has polynomial solution (22) convez in D and if
33(p — 2)|Bol/8 < 3 — |1 all its derivatives fO) (1< j <p—1) are conver.

Proof. For polynomial (8) with g, = f,, for 1 <n < p now we have

o+ (p—1)Bo < lovo| + (p — 1)|Bol

(28) lo2] = 2+ 5 - 2— |

and in view of (21)
n_ (p—n+1)|bl
T A R e

3(p = 2)|Bol
43 = |B])
3(p — 2)|fol
42— [Al)
From (23), (25) and (26) it follows that 2|go| < 1 — £. Then by Lemma 2 the function g
is starlike and, thus, function (22) is close-to-convex.

If (24) holds then using (25), (26) and Lemma 2 similarly we prove the convexity
of polynomial (22).

Let us turn to the derivative f(9), 1 < j < p—2. For the coefficients gn,; of function
(15) now in view of (21) we have

(26)

A

n+j
gnj =~ En+ign-1j =

n+j (p—n—3j+1)b

T RS B o R
Therefore,
2+j  (p—J—1lBl
27 92,5 < - .
27 923l S T G DG T2 - 16
and
n+j., n+j  (p—n—j+1)B

max |ént;] < max - - <

(28) 3<n<pn —1 3<n<pn—1(n+j—1n+j—16])

<12+ = =1)Bl
T20G+HDE2+I B

If forsome 1 <j<p—2
(29) 32+ —i=Dlbol/2< G+ DG +2—1B1])
then (27) and (28) imply

n+j
2g2,5l <1— Jpax m\fmﬂ

and by Lemma 2 fU) is close-to-convex in ID.
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If for some 1 <j<p—2
(30) 112+ 5)(p—7 = DIbol/4< G+ 1) +2—5])
then (27) and (28) imply

3 n+j
4|g2’j| 1= 5 3I£a<p n—

|§7l+] ‘

and by Lemma 2 fU) is convex in D.
Finally, we remark that (29) holds for all 1 < j <p—21if 9(p — 2)|Bo|/4 < 3 —|B1],
and (30) holds for all 1 < j < p—2if 33(p—2)|5o|/8 < 3—|F1]. Theorem 2 is proved. O

3. THE CASE v =0

From first equality (5) it follows that s = 0 and fy may be arbitrary. If we choose
fo =0 then from (5) and (7) we get

(31) prf1 = au, 2014+ B1)fa= a0+ (p—1)Bof1
and
(p—n+1)B
32 n= "7 Jn-1, 3<n<p.
Since we consider f; # 0, from the first equality (31) it follows that either 81 # 0 and
ap #0Qor 1 =a; =0.If 51 #0 and a; # 0 then f; = B— and
1
_apB+ (p—1DaiBo
fa=
26811 + B1)
Thus, the desired solution has the form

ar agB+ (p—1)a1fo L2
33 z2)=—z+ + nz',
(33) 1z fr 2B1(1+ B1) Zf

where the coefficients f,, satisfy (32), and we will come to the following theorem.

Theorem 3. Letp>3, o =as =% =71 +pBo =0, 81 #0 and oy # 0. Then:
1) if
aof

p — 4
4
(3) 1ol + |22

<1— |3

then differential equation (3) has polynomial solution (33) close-to-convex in D
and if 3(p — 2)|Bo|/2 < 2 — |B1| all its derivatives fU) (1 < j < p—1) are
close-to-conver;

2) if

1129 01051

|ﬁ0|

<1-—|B]

then differential equation (3) has polynomial solution (33) convez in D and if
11(p — 2)|Bo|/4 < 2 — |B1| all its derivatives f9) (1 <j<p—1) are conves.
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The proof of this theorem is the same as proofs those of the previous theorems.

|aol|B1] + (p — 1)[a || Bol (p—n+1)p
We remark only that now < , & = —— and
y S P (=T R e =
£< ;(1 — |)|ﬂﬁ(|)) whence it follows that 2|ga| < 1 —¢ if (34) holds and 4|go| <1 —3¢/2 if
(35) holds. For some 1 < j < p—1 as above we have g, ; = +‘7§nﬂgn 1,j, Where now
€y = (p—n—3j+1Bo
T4+ Bi—1)
(p )|Bol
whence ~— = and
9201 < 3T )
— (p—J —1)[Bo]
5 T 3r<117?‘<p n — |§n+]‘ = 2( |B1|)

Therefore, 2|g2 ;| < 1—-¢if 3(p— 75— 1)|fo]/2 < j+1— |51 and 4|g2 ;| < 1 —3£/2
if 11(p —j — 1)|Bol/4 < 7+ 1 — |F1]- It remains to notice that the last conditions
hold for all 1 < j < p — 1 provided 3(p — 2)|6o|/2 < 2 — |51] and 11(p — 2)|Bo|/4 <
< 2 — |B1| respectively and use Lemma 2.

If p1 = az = 0 from (31) it follows that fi; may be arbitrary. If we choose f1 =1

—1
then fy — M and
(p—n+1)Bo

== P f <n<np.
(36) fn n(n—l) fn 1, 3_n_p
Therefore, the desired solution has the form

Jr

(37) f() = 4 Lot 2= Do 5°2+§jﬁl,

where the coefficients f,, satisfy (36), and we will come to the following theorem.

Theorem 4. Let p > 3, v2 =as =7 =71 +pPo = P1 = a1 = 0. Then:
1) if (5p—6)|5o|/4+ || < 1 then differential equation (3) has polynomial solution
(37) close-to-convez in D and if 3(p — 2)|Bo| < 4 all its derivatives f9) (1< j <
p — 1) are close-to-convez in D;
2) if (19p — 22)|50]/8 + 2|ag| < 1 then differential equation (3) has polynomial
solution (37) convex in D and if 11(p — 2)|Bo| < 8 all its derivatives ) (1 <
Jj <p-—1) are convex in D.

Proof. Choosing g, = fn, we have 2|ga] < (p — 1)|Bo| + || and & < (p — 2)|5o|/4.
Therefore, in view of the condition (5p — 6)|5o|/4 + || < 1 we get 2|g2] < 1 — ¢ and,
thus, polynomial (37) is starlike. Also in view on the condition (19p—22)|5y|/842|ag| < 1
we get 4|ga| <1 —3£/2, i. e. polynomial (37) is convex.

(p =4 = Dbl

j+1
€= max " < (p—=j = Dlb|

Bax oy el < 2(j + 1)

Similarly, for some 1 < j < p — 1 we have 2|ga ;| < and

)
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whence 2[gp ;| < 1-£if 3(p—j—1)[Bo| < 2(j+1) and 4[gz ;| < 1-3¢/2if 11(p—j—1)[Bo| <
4(j+1). Since the last conditions hold if 3(p—2)|5y| < 4 and 11(p—2)|5y| < 8 respectively,
Theorem 4 is proved. D

4. ADDITIONS

First of all, we note that the condition p > 3 is not essential in Theorems 1 - 4.
Repeating their proofs, one can prove for p = 2 the following statements.

Proposition 1. Let v # 0, 70 = 280 +71 =0, B1 + 72 # 0, a1ya + 28paz # 0. Then
differential equation (3) has a polynomial solution

as a1z +2Boas | Bolarye +2Bpaz) + e (B +72) .2
2 72(B1+2) Y2(B1 +72)(2+ 281 +72)

which is close-to-convez if the condition

f(z) =

agy2(B1 +2)

213| + 2
[Pol a1y2 + 280

<2 —=2|B1] = |72l

holds, and convex in D if the condition

apy2 (1 + 72)

48| + 4
o a1y2 + 2Bpan

<2=2|B1] = |72l

holds.

PI‘OpOSitiOIl 2. Let Y2 7é 0, Yo = 2,80 + Y1 = 61 + Yo = (172 + 2,60042 = 0. Then
differential equation (3) has a polynomial solution

Qo ag+Bo
z)=—+z+——5>2
fz) V2 2+

which is close-to-convex if the condition 2|8y| + 2|ao| < 2 — |B1| holds, and convez in D
if the condition 4|Bo| + 4|ao| < 2 — |B1] holds.

Proposition 3. Let 72 = g = v9 = 11 + 260 =, f1 # 0 and a1 # 0. Then differential
equation (3) has a polynomial solution

a aof1 +a1bo o
2)= =2+ ———

1) Ej1 261(1+ B1)

which is starlike if the condition |Bo|+ |aoB1 /1] < 1— 81| holds, and convez in D if the

condition 2|Bo| + 2|1 /1| <1 — 81| holds.

Proposition 4. Let v = as = 79 = 71 + 280 = 1 = a1 = 0. Then differential equation
(3) has a polynomial solution

flz)=z+ 7040-2%3022

which is starlike if the condition |Bo| + |ao| < 1 holds, and convex in D if the condition
2‘50| + 2|Oéo| < 1 holds.
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Recall that before obtaining the above results we demanded the fulfillment of condi-
tions n(n+ 1 — 1) + 12 # 0 for all 3 <n < p and By # 0. Here we suppose that Sy = 0.
Then the equality 7o = pBo + 71 = 0 implies 79 = ~; = 0, and thus, from (5) and (7) we
get

(38) v2fo = aa, (Br+72)f1 = o, (24281 4+72)fe = a0
and for 3<n <p
(39) (n(n + 51 — 1) + 72)fn =0.

From (39) it follows that if p(p 4+ 81 — 1) + 72 = 0 then f, # 0 may be arbitrary. Two
cases are possible:

) nn+6—1)+1r#0forall3<n<porp=3; and
2) there is only one 3 < p; < p such that p;(p1 + 51 — 1) + 12 =0.

In the first case we have
f(2) = fo+ fiz+ faz? + fp2P
for p > 3. If 2 # 0 from (38) we obtain

(65) (651 (67))
40 = —, = s =
(40) Jo - fi Bt 2 525,
To use Lemma 1, we need to choose f, # 0 so that 2|fz/f1] + p|fp/f1] < 1,1. e.
(41) 2|0/ (2 + 281 +72)| + plfpl < lar/(Br +72)]

(clearly, this is possible if 2|ag/(2 + 281 + 72)| < |a1/(B1 +72)|)- If 72 = 0 then ay =0
and coeflicient f; can be chosen equal to zero. Then

(42) fo=0,  fi=a/B, fo=a0/(2+25)
and we need to choose f, # 0 so that
(43) |lao/(L+ Bu)| + plfp| < |/l

(this is possible if |ag /(14 B1)] < |a1/B1])-
Thus, the following statement is valid.

Proposition 5. Let 8y = 70 = 71 = 0, and (39) holds only for n = p > 3. Then
differential equation (3) has a polynomial solution

f(2) = fo+ fiz + f222 + fp2?

close-to-convex in D provided either vo # 0, a; # 0 and the coefficients are defined by
(40) and (41) or v5 =0, a1 # 0 and the coefficients are defined by (42) and (43).

Remark 1. If in Proposition 5 conditions (41) and (43) are replaced by the conditions
dlao/ (2 + 281 +72)| + P2 If,l < laa/(Br +72)]
and

2lao/(1+ Bu)| + P?|fpl < |/ Bi]
respectively then close-to-convexity should be replaced by convexity.
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Ifp>3, pp+ P —1)+72 =0and pi(p1 + 1 — 1) + 72 = 0 for some 3 < p; <p
then if 7o # 0 from (38) we obtain (40) and we choose fp,, # 0, f, # 0 so that

(44) 2{a0/(2+ 261 + 2)[ 4+ prlfp. | + Pl S| < lea/(Br +72)l.
If 45 = 0 then from (38) we obtain (42) and we choose f,, # 0, f, # 0 so that
(45) o/ (1 + Bl + palfpu | + plSpl < lea /Bl

Proposition 6. Let Sy = 70 = 11 = 0, and (39) holds for n = p; and n = p > 4,
3 < p1 < p. Then differential equation (3) has a polynomial solution

f(2) = fo+ fiz + fo2® + fp 2P + fp2?

close-to-convex in D provided either vo # 0, ay # 0 and the coefficients are defined by
(40) and (44) or v9 = as =0, a1 # 0 and the coefficients are defined by (42) and (45).

Remark 2. If in Proposition 6 conditions (44) and (45) replaced by the conditions

Alao/(2+ 281 +92) + Pilfp, [+ P21l < lon/ (B +72)]
and
2|ao/(1+ Bu)| + Pi| .| + 1| fpl < lar /B
respectively then close-to-convexity should be replaced by convexity.
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BJIACTUBOCTI ITIOJIIHOMIAJIbHUNX PO3B’4A3KIB
JANOEPEHIIAJIBHOTI'O PIBHAHHA APYTOI'O ITIOPAJAKY
3 ITIOJITHOMIAJIbBHNUMU KOE®IIMIECHTAMMN APYIT'OI'O
CTEIIEHA

Mupocsas IITEPEMETA, IOpiii TPYXAH

Jveiecvruti HaytonarvHul ynisepcumem imens Isana Dparka,
eya. Yuisepcumemcovra 1, 79000, m. JIveis
e-mail: m.m.sheremeta@gmail.com, yurkotrukhan@gmail.com

Ananitnuna ommommcra B D = {z : |z| < 1} dyskuis [ HasuBaeThCs
omyksoi0, akmo f(D) - omyksa obracte. Jobpe Bimomo, mo ymoBa
Re{l+zf"(2)/f ()} >0 ( € D)
€ HeoOXiIHOI0 1 MOCTaTHROIO st omykiocTi f. Dyukuis f HA3MBAETHCS GJIN3b-
KOIO JI0 OIYKJIOI, SIKIIO iCHy€ Taka omyksa B D dynkiis ¢, o
Re (f'(2)/®'(2)) > 0 (z € D).

Bausbka mo onyksiol dysknis f xapakTepusyeTbCd THM, WO J0noBHeHHA G
1o obsacti f(D) MoXKHA TOKPUTH TPOMEHsIMH, siki Buxoaarh 3 OG 1 jexarsb
B (. Koxmna 6im3pka 10 ouykimoi B D dynknis f € ogmonmcroo B D i Tomy
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f(0) #0.
3HaiieHo yMoBHu Ha mapametpu So, 51, Yo, Y1, Y2 1 &, a1, 2 audepeHIiaib-
HOTO DiBHAHHSA

22w 4 (Bo2” + Brz2)w’ + (Y027 + iz + y2)w = a2’ + a1z + az,

3a SAKUX Ile PIBHSHHS Ma€ MMOJIHOMIAJIBHUI PO3B’SI30K
P
fz) =) faz"  (deg f=p=>2),
n=0

6m3bKmil 10 omyksioro abo omykmauit B D pazom 3 ycima itoro moximaumu f €2
(1 < j < p—1). Pesysbraru 3anexarp Big piBHOCTI 4m HepiBHOCTI HyJeBi
mapamMerpa vz.
Hanpuknan, nosemeno, mo 3a ymos p > 3, y2 # 0,

Yo =pPBo+ 71 = B1+ 72 = a1y2 + pPoaz = 0.

11e PIBHSIHHSI MA€ OJIIHOMIAIBHUN PO3B’I30K

. a0+ (p—1)Bo 2 a n
f(z)=a2/y2+2+ 51 B z +nZ::3fnZ7
ne koedirienTr f,, BUSHAYAIOTHCS PIBHICTIO
(p—n+1)Bo

fn = far B <n<p),

(n—=1)(n+ B1)
TAKWH I10:
1) o (11p — 14) 8ol /4 + 2lao] < 2~ |B1] i 11(p— 2)[Aol/4 < 3~ |Bu], 10 f €
GuM3BLKEM 10 OIyKsoro B ID pasom 3 ycima ioro moximmmvu [ (1 < j < p—1);
2) o (73p — 82)| ol /16 + Alao| < 2 — |B1] i 33(p — 2)[Bo]/8 < 3 — |1, 10 f
¢ omykmam B D pasom 3 ycima itoro moxigmmm f9) (1< j <p—1).
IToni6uuit pesynaprar orpumano i y sunaaky vz = 0.

Karouost crosa: minitine Heommopigue mudepenmiaabae PIBHSIHHS IPYroro

MOPSIIKY, MOJiHOMIaIbHI KoedImieHTH, MOTIHOMIAIBHII PO3B’ 30K, 6/IM3bKA 10
omyky0l bYHKIIis, OIyKaa dYHKITiS.



ISSN 2078-3744. Bicuux Jlveis. yn-my. Cepia mex.-mam. 2021. Bunyck 91. C. 87-98
Visnyk of the Lviv Univ. Series Mech. Math. 2021. Issue 91. P. 87-98
http://publications.lnu.edu.ua/bulletins /index.php /mimf
doi: http://dx.doi.org/10.30970/vmm.2021.91.087-098

VIIK 517.95, 511.2

JBOTOYKOBA 3AJAYA 1JIS JTUOGEPEHIIIAJILHOTO
PIBHAHHS 3 YACTUHHUMUI IIOXITHUIMU JAPYTOT'O
OPAIKY TUITY ENJIEPA

Bousogumup IJIBKIB, SIpocsaas CJIOHBOBCBbKUN

Hauionanvrut ynisepcumem “/Iveiscvra noaimernixa’,
6ya. Cmenana Bandepu, 12, 79000, m. JIveis
e-mail: yaroslav.o.slonovskyi@lpnu.ua

Po3ryisiHyTO ABOTOYKOBY 3a/1auy Ijisl PIBHSHB i3 YaCTUHHUMU TIOXITHUMU
JPYTOTO MOPAAKY 3 KoedimieHTaMu 3a/1e:KHAMY JIUIIE Bl 9aCOBOI 3MIHHOI (piB-
manng tuny Einepa). Taka 3amata HeKopekTHA, a 11 PO3B’a3HICTH NOB A3aHA
3 mpobIeMOI0 MaJIMX 3HAMEHHMKIB. Bu3HawYeHO JOCTATHI yMOBM ICHYBaHHS Ta
€IMHOCTL PO3B’A3KY, IKi OTPUMAHO HA IIICTaBl OIIHOK 3HMU3Y MAaJINX 3HAMEH-
HUKIB.

Ka104061 cro6a: piBHAHHS 3 YaCTUHHMMHA ITOXITHUMH, JIBOTOYKOBA 33/1a9a,
mpobseMa MaanX 3HAMEHHUKIB, HEKOPEKTHI 3a1adi.

1. BcTyn

JIBOTOYKOBI KpaioBi 3a7a4i Ajis1 PiBHAHBL 1 CHCTEM PIiBHSAHD 13 YACTHHHUMH TIOXi/I-
HUMU BuBuasiu y Gararbox mnpaugx (aus., Hanpukaan, [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11,
12, 13, 14, 15, 16]), ockilibku raki 3aia4i € mouesnsmu H6ararbox (bi3uuHUX HPOLECIB.
3okpema, y mpansx [1, 2, 3, 4, 8, 9, 10, 11, 12, 13, 14, 15, 16] BuBYE€HO ABOTOUYKOBI 3a-
Jadi [JIs PiBHAHD i3 YACTHHHAME MOXITHUME HA TOpi. JIOCHiIKeHHsT pO3B’I3HOCTI X
3a/1a4 OB’ sg3aHe 3 MPOOJIEMOI0 MaJINX 3HAMEHHUKIB, /IJIsi OIIHOK 3HW3Y SKUX BUKOPUCTA-
HO MerpuyHuil niaxizx [8] i pesysbraru MerpudHOl Teopii yucesn. Y [4, 5, 6] 3acrocoBano
JudepeHIiaTbHO-CAMBOJIBHIN METO/, Ta amapar aaredpu mnceBaomaudepenIiajIbHuX Ome-
paTopiB Ajis TOOYIOBH y HEOOMEKeHWX O0JIACTAX PO3B’SI3KIB JBOTOUYKOBUX 330a4 JIJIsT
PIBHSIHD 13 YaCTUHHUMU MOX1THUMU.

Il mpars € NpOJOBMKEHHSIM JOCIiKeHb, po3movyarnx pauime y [15], Ha Bumamok
piBHsAHD 31 3MirHUME KoedinienTamu Tuny Eitnepa. ¥ Hiit Bu3Ha49eHO yMOBU PO3B’S3HOCTI
JBOTOYKOBOI 33/1a49i 3a 3MIHHOIO ¢ y Kaacax (PYHKIH, TepioauIHuX 3a &, /i PiBHIHbD,

2020 Mathematics Subject Classification: 35C10, 35M12
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koedilieHTH AKWX € MHOrOYJIeHaMu 3a t. YIepine /s PiBHSHDb 31 3MiHHUME 3a t KOe-
dinienramu 10BesEHO, 1O TaKi yMOBU BUKOHYIOTbCH Ul Mailzke BCIX (CTOCOBHO Mipu
Jlebera) BeKTOPIB, yTBOpEHUX i3 KoedimienTis pisusguus. Ileil pesyabTaT JOMOBHIOE pe-
syabrar mpamni [15], Ze OTpEMaHO YMOBH KOPEKTHOCTI JBOTOYKOBOI 3aJadl Jyisi Maiizke
BCix (crocoBHOo Mipu Jlebera) BEKTOpPIB, CKJIAJIEHNUX 13 By3JIiB IHTEPIOJIAII.

B o6nacti [t7,tT] x Qb ne Q5 — p-pumipnuii Top, p € N, 0 < ¢t~ < t+ < 400,
POBIIIAIAETHCS 331249

(1) (8207 + ta(9,) 0 + b(0y)|u(t,z) = 0, (t,z) € (0,00) x Q5 _,
e
(2) a(0y) = Z as0y, b(0z) = Z bs03,
[s|]<1 [s|<2
as, by — KoMTIeKcHi wncna, 0y = 0/0t, 05 = O3} O, dy, = 0)0my, v = (T1,. .., 7p),
$=(81,.-.,8p), |s| =81+ -+ sp.

Posp’a30k pisugnus (1) 3azanuii y aBa momenTu vacy to, t1, ae 0 < to < t; = toT,
TOOTO yMOBaMHU

(3) u(to,x) = (,00(.77), u(tlﬂx) = 901(55)’ x € Qgrr'

Buaiinemo po3s’sa30k 3azagi (1), (3) 3a HOMOMOrow BimOKpeMjeHHs 3MiHHOI X, BU-
KopucroByoun pagu Pyp’e

vo(x) = Z pore*?, p1(x) = Z p1retr®.

kezr kezr
Brigno 3 piBagnuam (1) 3suuaiine qudepeHiiaibHe PIBHAHHA 3 BEKTOPHUM Iapa-
merpoM k = (ki1,...,kp) € ZP mae Buraaz pisusamus Eitrepa
(4) [t2d} + ta(ik)d, + b(ik)|uk(t) =0,  dy = d/dt,
a po3B’a30K piBHsHHA (1) 300paXKy€ThCs PATOM
(5) u(t,z) = Z ug (t)e*e, kx = kixi + - + kpxyp.
kezp

Bsenemo mpocropu @4 4 i Uy ¢ 3 HOpMaMT

2
lellzg = D K19 lenl,  llullge = max |t"0fult, )g-rcw,
bezr T:Ote[t ;1]

ge g i G — momarhe umcsio i gosarHa gpyHkuis, g € R.

2. TIOBYJIOBA PO3B’SI3KY 3AJIAYI

IMosuauumo a = a(ik), b = b(ik), a kopeni xapakTepucTUIHOro (KBaApaTHOro) PiB-
HAHHA

(6) Mi(@a—1D)A+b=0
gepe3 A1 = A1 (k), A2 = A2(k). LIi kopeHi MaloTh Take 300parKeHHS:

1-— D
@ A, = LZaFVD

i 5 D= (a—1)*— 4b,
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AIm A
Re A\ 0 Re A2
‘ ‘ > Re A

!
:
|

ImMo-------------- o)\,

3 0 O\

Ao Tm \;

Puc. 1. Teomerpuuna iHTEepIpeTaliis KOPeHiB

ne apryment argy/D KBaJIpaTHOTO KODEHsl 3 JUCKPUMiHAHTA [ HATEKHTH MHOXKHHI
(—m/2,7/2], Tomy cnpaBmkyerbes mepisaicTh Re A; < Re Ao, mpuaomy Re A; < Re Ao,
akimo arg /D # /2.

dxkmo muckpuminant D = D(k) moninoma A% + (@ — 1)\ + b He J0piBHIOE HyIIO,
10 piBHAHHA (6) Mae mpocTi KopeHi, a gk D = 0, To KOpiHb — KpaTHW, 30KpeMa
)\1 = )\2 = (1 - CL)/Q

Hoa nifichux a, b maemo ajiicui kopeni, axmo D > 0 (3okpema pizui, axio D > 0),
i mapy xkomiuekcunx, gxmo D < 0.

Teomerpuyna inTepnperaiiiss KOpeHiB 300pakena Ha puc. 1.

Po3i6’emo muOxkunHy ZP Ha ABi MHOXKWHU ZP = Zi U Zo, MpUUOMYy IJIs BEKTODPIB
k € Zy xopewni piagnus (6) € npocTUMH, a Jjid BEKTOpiB k € Z1, miua akux D(k) = 0,
KOpPiHb — JIBOKPATHUIA.

BarasbHuii po3s’sa30K piBHsHHs (4) asd Beix ¢ > 0 306pazkae dhopmysa

up(t) = t" (Cup + Cgp Int) = t=D/2(Cy + CopInt), ke 2y,
wp(t) = Crpt™ + Copt™ = t0=0/2(Cp VP2 4 0 tVPI2) fe 24,
ne C i Cop, — MOBIIBHI KOMITJIEKCHI cTai, a
= et = p(ReA+ilmN)Int _ JReAlnt (5T Ant + isinIm AInt).
Dyukuig (5) € po3s’askom 3aza4i (1), (3) smie Toxi, Kom

(9) uk(to) = ok, ug(t1) = ¢1r, kezb.
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3Bijcu MaeMo cucremu Jiis BusHaveHHs crasux y dbopmysi (8):
ot g Ity [Cuk ©ok tor 52\ (Cux ©ok
(t?l 1 lnt1> <02k> B <<P1k> ’ <t?1 t1\2> <02k> B <<P1k>
3 HEHYJIbOBUMH MATPUIIAMHU
to o' Into tor 0\ (1 Intg
(ti\l ! lnt1> N (0 ti“) (1 lnt1> ’
to! t? tot 0\ (1 TMA2\ (10
(@1 @2)2(0 t?l) (1 ! )(o t>
) (0 ) (o) ()
042 0 #2) \rM 1 0 1)

i g BunagaKy to < 1 < t1 3 MaTpuIero
oyt tor 0 1 ™
0 e 0 t2) \¢h*e 1)

3 dbopwmynu (8), BiANOBiAHO, OTPUMYEMO

1 Int) (Int;y —Inty\ [to™
uk(t):t’\li( n)< ! 0><0 900’“)7 ke,

Inr -1 1 t1_>\1S01k

-

=

IN
—_

~

o

Vv
—_

ne In(t1/tg) > 0, a mus k € Zg, BiAnoBigHO, MaTHMEMO

(t)q t/\2t1\1_>‘2) 1 7,]_)\17/\2 t()_)\1900k
Uk(t) - 1 A1—A2 Y ) tl S 1’
-7 -1 1 iy " o1k

— (M ) =1 2 [t M o
(10) Uk(t):% ( ’ ’ , to<1<ty,

a1 ) e
(t)\lt8\2*)\1 t)\g) 1 _1 ta)\ZCPOk

uk(t) = 1 A1 — o AL—As —Xg ) tO Z 1a
-7 -7 1 b o1k

7le eeMenTH TN A2, t8‘27>‘1, ti‘lf)‘z BiZIMMOBITHUX KBAJAPATHUX MATPUIL MAIOTh MEHITHI

3a OIMHUINIO0 MOIYJIb /it BCiX k € Zo 3 ymoBOIO Re Ao > Re Aq.
Akmo Re Xy = Re Ay, 10 D <0, V=D >0, A\ 2 = (1 —a)/2 Fi\/—D/4i
A (1—a)/2 0 tfiw/fD/AL ti\/fD/4
0 o) (Yo 0 0
< > N < ) /D4 iy/=DJ4 ’
1 1

0 f1=o)/2 k€2,

A
a dpopmynu (10) HAOYBAIOTH BULJISLY

(— sin (\/j In \/t/Tl) sin (\/j In \/15/70)) t(()afl)/z(pOk
t(a=1)/2 gin (\/j In \/7_)

up(t) = "
tﬁ 1)/290%
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y upunyuienui, wo /—D(k) InT # 2mm nng ycix HarypanbHux m. Y OPOTHIEZKHOMY
pumanxy /—D(k) = 2mn/InT, abo t3> " = 127 abo ™ = 7 po3w’s30x 3amati
(4), (9) icuye nmume 3a ymoBE @1 = T Mg, A CaMA 33J@¥a Mae OJHOBHMIDHE SIIpO,
30KpemMa
th th2 ok th th2 th th2 1k th th2
wi(t) = <tOT1 i %Tz)% i (tOTl B toTz)Ck = (t? i t?’)% +Hm o m)hon

ne C) — noBiibHE KOMILIEKCHE YHCIIO.

YMoBa HeomHO3HAYHOCTI po3B’st3Ky 3azadqi (1), (3) mosmsirac y BUKOHAHHI x04a 0
o/HiET 3 HECKIHYEHHOT KiJIbKOCTI yMOB

b(ik) — (MY + (E)Q meN, kez?,
2 InT

MPUYOMY PO3MIPHICTH 11 siZpa JOPIBHIOE KLIBKOCTI PO3B’si3KiB k € ZP 0CTaHHBOTO PiB-
HSHHS 1 MOXKe OyTH HEeCKiHYeHHOIO.

Ha nincrasi dopmyn (10) orpumyemo Jyisi MOXiAHUX u,(f), me l = 0,1,2, po3s’sa3ky
uy, 3aza4i (4), (9) Bignosinni HepiBHOCT

el el [0, rsa
’1_7A1—A2’2 - |tl*A2t§2‘Alug)(t)|2, t>t,

8AF

(11) 8\

to ™ ook |” + 172 1| [l e,
1= rx—a? TP @), >,

" ‘ta)\2§00k|2 + ‘tf’\zwlkf S {\tlAlt(’}l_Azu/(cl)(t)|2, t < to,

11—’ |t1=22u{ (1), t > to.
Bemmuunn A} Busnagaiors hopmym

(12) Ao =1, A =max|\.|*, \;=max|(\ — 1)\|* = max|a), + b

3. OIIHIOBAHHS PO3B’SI3KY
Hexait KOMTIOHEHTH BEKTOPA
b= (b(l)a ) b(p)) = (bs(l)a ceey bs(p))>

ne s(j) = (0, ...,0,2/0,... ,O), y piBusuni (1) nasexars Kpyry Q* pauiyca b*, a came

J
Q* ={z € C: |z| <b*}. Toui 3anexui Bix k BeuuuHu
Al(k)a >\2(k)a D(k)a A(k)

3aJIe¥KaTh TAKOXK 1 Bif IIOTO BEKTOpa HA MHOXKWHI Q*P = Q™ X -+ X Q™.
~—_——

p
Posrasinaemo MmuOXKUHY pO3B’si3kiB u = u(t, z) 3amadi (1), (3) ckaameHy njs 3HAYEHD
BekTOpa b Ha MHOXKUHI QQ*P 3 METOIO BU3HAYEHHsI 1T METPUYHAX OIIHOK. 5
Ockinbku |a(ik)| < Lik i [b(ik)| < L3k? , 1o |D(k)| < L3k* i |\j(k)| < Lsk, ne

nomatai uncnaa Ly, Lo, L3 — He 3anexkarb Bifg k Ta b, a 3amexkars Bifg b*.
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3 inmoro 60Ky, Ha nigcrasi pisnocreit D(k) = 4k12»b(j) —D;(k), ne D1(k) = 4kJ2»b(j) -
D(k) ue 3anexurs Bix b(j) i k3 = max(k?, ..., k7), OTpPEMAEMO OIIHKH 3HH3Y.
Haa posinbraoro dikcoanoro € € (0, 1] BubepemMo mociiJoBHICTb HEBL éMHUX YUCEIT
€k, Kl 337I0BOJIBHAIOTH YMOBY Z 5% =e/2.
keze\{0}
Toxi mipa MHOKUHU

Qr(b(1),...,b(j — 1),b(j +1),...,b(p)), k0,

esiemenTis b(j) € Q*, WO 3a0BOJILHSAIOTH HEPIBHICTD

Dl(k)’ < V2

4k3 7P/2pp—1

b) -

€k, Ek S 1/2a

IS JOBLIBHOTO (iKCOBAHOTO BEKTOPA (b(l),...,b(j - 1),b(j + 1),.. .,b(p)) € QP!
ne mepesmiye 27! Pb*2(1-P)e2 a4 mipa muoxmEm Q) yCiX TAKHX BEKTODIB b e QP me
IIePEeBUIILY€ 28%.

Tomy Ha monosHeHui Q*F \ Qk M€l MHOXKHUHHU, IO Ma€ Mipy He MeHIIy HiXK
TPp*(2P=2)p*2 _ 2%, CTIPaB/IKYEThCs OIHKA 3HA3Y

Dy (k) 4/2Kk? 4/2k?

_ 2 N
|D(k)| = 4k; b(4) 4/4:]2- > 7T-p/2b*p—1€k S 1)7TP/2b*P—1€k'

Posriamemo supas A(k) = 1 — 721722 gxuif Tpeba oninnT 3am3y. OcKinpku 7 > 1,
aRe(A; — Xo) €0, 1o masr A(k) = 1 — eP1=22)In7 yaeno ominky 3BEpxy

|A(k’)| < 1 +6Re(>\1—)\2)ln7— < )

JUIST yCix b € Q*P, 30kpema |A(K)| = 2, aximo e =227 — 1 glgmmo x (M1 AT — 1

To |A(k)| = 0.
e/ VE 12

\/moﬂ'pb*z(p_l) 117

paemo TakuM, mob ¢j < 1/2; me nozHaummo z = (A — A2)In7, Toni Rez <0 i

|zl = VID(k)|InT < kLyInT,

TOOTO z HAJIEXKUTH MIBKPYTY pajiyca kLoInT.
O6pa3u mpsiMOKY THUKIB

b

IMozwaunmo €, = , IPUYOMY Mg = (LaInT + 1), ancio & Bubu-

R, ={z=z+1y: (z,y) € [—e;",0] X [-&}" + 2mm,e;" + 2wm]}, m € Z,

" klnt | \/%lnr-sk/p . . . )

ae €, = ——&, = S , MO MICTATh TOYKU 27iM, TpW BigoOparkeHHi
pLQ moLZ’]pr*z(pil)

w = €* € OIHAKOBUMM, PUC. 2; [l YaCTUHA KUIblg MiXK Kojgamu |z| = e % , |z] = 11

IPOMEHAMHE arg 2z = te;™.

IIpsimokyTHUK R, Mae HEHYIbOBHUII IepeTHH 3 KpyroM |z| < kLo In 7, skimo 27|m| —
ex* < kLylnT abo 11m|m| < 6kLo In 7. 3Biacu oTpuMy€eMO, MO KiNBKICTh TAKUX MEPETH-
HIB HE TIepeBUIIy€e qncia mok.
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aIm z 14 Imw
O
]
Rl 271
~
l—exp(—ef*)¢--------
Ry — ) /%
— > Re z +— Rew
kLyInT L e R \% 1
R,1 —271

Puc. 2. Obpasu niBkpyra 6e3 npsiMOKyTHUKIB 1pu BigoOpaxkeHHi w = e*

Jns posinenoi Toukn z ¢ J,, Ry, miBKpyra crnpasiKyerbcs HepiBHICTD
z —er* 3 *ok
[1—€®*|>1—e %k > —gi".
4

Crupasi, BiicTann Bix oauHumi 10 TOUOK e~k -€'? ayru |arg z| < e}* makomi |z| = e °*
He TiepeBUIIye 1 — e~k | OCKITbKHI
Lk e 2 T e 2 RTI)
|1 — ™% |2: (1—6 E’@cosgp) +e %k sin? p > (1—6 Ekcosgo) > (l—e Ek ) .
Bigcrans Bin omunumi 10 Touox |z|et* €k pipiska 1 — e % < |z| < 1 obox mpomenis
argz = +e;* He IepeBHINye BiacTaHi g0 npAMux y = £tger™ - & BiAmoBiAHO, AKa €
OJJHAKOBOIO 1 TOPIBHIOE Sin ™. »

Tomy |1—e*| > min (1 —e % sin EZ*), OCKibKHU MiHIMYyM MOyt PyHKIT 1 —e® Ha
TMiBKPY3i 3 BUITyIeHUMH MTPAMOKYTHUKAMU JTOCATAETHCA HA PO3IVISAHYTIH YaCTHHI I'DAHMUIT
KIJIbIIs.

Ha sigpizky [0, 1/2] maemo mepiBuocTi sinx > 1 — e™* > 3x/4, aki BumimBaoTh 3

JAPI3KY U, P )
dopmymn MakmopeHa

22 e % L sinfx
ineg —(1—e ®) ="+ 7774 >
sinz — (1 —e™%) 5 + 51 > 3 70
3 x? 3 x  x? x /1
Y A S B T A O

ne 0 = 0(x) nanexurs inrepsany (0,1).
BukopucroByemo piBHICTH
D(k)In? 7 + 4x2m?  b(j) — (D1(k) — 4w®m?)/(4k? In® 7)

13 z —2mm = - = ,
(13) z + 2mim (2 + 2mim) /(42 In® T)

ne Dy (k) ue 3anexurs Bix b(j). Ockinbku Mipa MHOXKHHE

Qi (b(1),...,b(j —1),b(j +1),...,b(p)), k # 0,
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esiemenTis b(j) € Q*, wo npu bikcoBaHoMy M 3a10BOJILHAIOTH HEPIBHICTDH

Dy(k)—4
(14) ]b(j%—l( | < Vs
4k; In® 7

JUT IOBLIBHOTO (PIKCOBAHOrO BEKTOPA (b(l), b =10+ 1), .. ,b(p)) e Q1
2e?
e mepe € 2me}? = k =, TO Mipa MHO = cix Ta
He MepeBuIye 2mey, YTy TO Mipa MHOKUHHU Q) Uka yCiX TaKUX

m
BEKTOPIiB b € Q*P, MO 33 J0BOIBHAIOTH HEPIBHICTH X049a 6 [UIst OZHOTO M, He Glabina 267,

3 nepisHocreit (13), (14) mus be QP \ Qi BummuBae dbopmyna

11v/2¢; klnT
|z — 2mim| > 4k7 In® ffk > V2 er = V2 e,
23kLoInT pLo
sIKa CIIPABIRKYEThCs JJisi BCix k # 0.
BBigcn serko GaunTy, mo z & J,, Rm, A€ meas Q) < 25%, i TOMy MaEMO TaKi OIiHKH
3um3y: |1 — €*| > 3/8, akmpo e;* > 1/2, ta |1 — €*| > 3e;* /4, axmo 1" < 1/2.
IMozuauumo Qg — MHOKUHY BeKTOpPiB (ag,bp), AKi JlexkaTh Ha KOMILIEKCHUX Iapa-

6ostax N ,
ag — mm
W= (=5-) (57
I Timx gucest m; gakio (ag, by) € Qo, To A(0) # 0.
Y npunyenti (ag, by) & Qo AJist JOBLIBHUX JOCTATHRO MaUX € > 0 1 nocaigoBroCTi
er > 0, qast akux Zk#) €2 = /2, Ha MHOKHUHI beQ \ @ 3namennuku y dopmyai (11)
3a/10BOJILHSIOTH HEPIBHICTL

(15) 11— 22| > min (\A( ), 2 - L4k1/25k) > Lk %y, ke P,
InT
ae Q = U Qk,meangsiL4:?>0,L5>0.
kezm {0} pLQb P—i/momP
st 3amanoro € i meBig’emuol nociainoBuocti fi 3 ymosowo 0 < F = Zf,? < 00

k0
HOCIIOBHICTD €} OyLy€eTbCA 33 IPABUIIOM £ = 4 / % fr.
Hexait kopeni (7) pisnsmns (6) ma maoxuni Q C Q* \ @ 3aI0BOIBHSIOTH yMOBH
(16) Aok <Re(M\1 — A2) < ATk, —A;k<Re); < )\jk, j=12

NJIA IedKUX JIACHUX 4uces )\3:, /\?:, /\3:. Toni —Ls < —A] < —=A; < )\1" < )\;' < Lsi
—2Ly < =)y < )\g < 0, T0OTO 11l YMOBU BUKOHYIOThC Ha yciit MuHOXKuHI QP mjist aucen
A=A =131\ =20y, \] =0.

Hepisnocri \: < L2k*", ne r = 0,1,2, Lg > 0, i bopmynu (11), (12), (15), (16)
AT 3Mory y pasi tq < 1, 3a ymosu (ag, by) € Qo, Bu3HAUUTH i BeKTOPIB b € Q*P\
OIIHKHA

8L2
T L2ke?

a7 2R R (1) (|t§A1+i€s00k|2 + |th1+’~“<p1k|2), t<t,
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Z AT Aok 2 8L2 At 2 ati 9
(18) |k D (O < = (1t M o] + [ Few[)), <t <,
Like;,
S At Ak 2 8LE |, -atk 2 Ak 2
(19) e o)) < Szt e [ o), o>
5k

Awnanoriuni oninkn st uy, ge k € ZP \ {0}, Bu3HaUeHO TAKOXK B iHINNX JIBOX BUMA/IKAX.

4. OCHOBHUI PE3VJIbBTAT

Ha mincrasi orpuMmannx HepiBHOCTE! M1t DYHKITH U 1 OMIHOK Mip MHOXKIH BEKTOPIB
b 10BOMMO TaKi TBED/KEHHSI.

Teopema 1. dxwo po € Ppry3)/2,90,5 P1 € Ppr43)/2,9,;, NPUROMY 6UBIP Goj, g1j Ma
to, t1 6UBHAUAE MAOAUUA

j 1 2 3
to, t1 || t1 <1 |tg <1<ty to > 1
goj | to" to t5* |
gy || " t t

p* > pi(ap,bo) € Qo, mo das dosiavhozo € > 0 icnye maxa muostcuna Q C Q*P 3 miporo
meas @ < €, wo das dosiabrozo b € QP \ Q ichye edunui pose’sasox u sadavi (1), (2) 3
npocmopy Uz G, 1 Cnpasodcyromvca ouinKy

1613¢(5") .
(20) HU’”%,GJ- < ;T(”‘POH%;)*JFB)/ZM + HSD1||%p*+3)/2,g1j)7 J = 172737

de ((p*) = Zkezp\{o} léiP*, 3 PYHKUIAMU

ths, akwo t < t1,
Gi(t) = thst?l2 ) amwpot) <t <1,
t_L3t%L2, akuwo t > 1,

G (t) = ths, akwo t <1,
2 t=Ls akwo t > 1,

thst 22 o t < 1,
Gs(t) = S t=3t5%P2 amwo 1 <t < to,
t=ts, akwo t > 1.

€

2¢(p*)
ouinok (17), (18), (19), B sxux A\f = A\f = L3 i Ay = 2La, A\ = 0, 1a o3nauens
npocropis @, , i Uy g onepKyemMo OIiHKY (20) g j = 1 3 3a3HAYEHUMHU CTAJUMU (o1
i g11 ma dyskuiero G1(t). 3 aHAJIONIYHUX OIIHOK OZEPXKYIOTh HepiBHOCTI (20) mus j =
2,3. ®opmynu (20) CHOpaBIKYIOThCA A BCIX b e Q \ Q 3a ymoBu (ag,by) ¢ Qo-
Orpumani HEPIBHOCTI JTOBOJATH HAJIEZKHICTH PO3B’SI3KY /10 TpocTopiB Uz g, e j = 1,2, 3,
y 3aJIeKHOCTI BiJl 3HA4YEHb tg, t1.

Josedenna. Ienysanns. Ipuitmemo sz = l::’p*, ne p* > pie > 0. Ha migcrasi
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€dunicmo. Ipunycrumo, mo icHyoTh ABa po3B’a3ku w1 = ui(t, x) i ug = us(t, )
sazadi (1), (2) 3 upocropy Us g, . Toni dyuknia u = us — u1 € poss’askom sazaudi (1) 3
npoctopy Us ¢, 3 HyJTBOBUMH yMOBAMH

u(to,z) =0, wu(ty,z) =0, re Qb .

Koxnwii i3 koediujenris Pyp’e dyukuil v € po3s’sizkom Bianosinuoi 3aza4i (4), (9)
npu por = @11 = 0. 3rigHo 3 ymMoBaMu TeopeMn Ha KoedirienTn piBHstHHS (ag,bo) € Qo
ibeQ \ Q Bummsae, mo A(k) # 0 nga Beix Bextopis k € ZP. Orxe, ug(t) = 0 Ha
[t—,t1] mns ycix k, Tomy Bigmosigao u = 0, T06TO U3 = uz. Teopemy moBemeHo. O

Tounimii pesyiabrar OTpUMYETbCs 11iJl 4aC BUKOPUCTAHHS J04aTKOBUX yMoB (16)
JUTS TesTKOTO (hiKCOBAHOTO MaJIoro dmcia & > 0; mpu mpoMy meas Q < mPb*2P — ¢,

Teopema 2. xuwjo o € Pp13)/2,g0;5 P1 € Ppr43)/2,91,5 NPUNOMY 6UDIP Goj, g1j Ta
to, t1 6usHavae mabauys

j 1 2 3
to, t1 || t1 <1 |tg <1<ty |tg>1
T 7 =
goj to . to s t())\2 ’
F = =
g | 5 t? t?

p* > p ma (ag,by) & Qo i euxonyemocs ymosa (16), mo das dosiavhozo € > 0 ichye
maxa muoocuna Q C Q*F 3 wmiporw measQ < &, wo das dosiavhozo b € Q C QP \ Q
icnye edunuii poss’asox u sadavi (1), (2) 3 npocmopy Us ¢, i cnpasdoicyromvea oyinku

16LE¢(p*) -
(21) HU’”%,G]- < ;T(||w0||%p*+3)/2,goj + HSO1||%p*+3)/2,g1j)7 J = 172737

de ((p*) = ZkeZp\{O} k7P, 3 dymruiamu

t/\f, akwo t < 1y,
Gi(t) =2 )0 | anwo t,<t<1,
t_’\’:‘rti\o , Axwot > 1,

thr akuwo t <1,
t) = -
G2(?) {t_)‘;, axkuwot > 1,

A taAa, arkuwo t < 1,
Gs(t) = t_/\?rta% . axuo 1<t<t,

A2 axwo t > to.

5. BUCHOBKU

Bukopucrosyioun HepiBHOCTI —L3z < —A] < —)A; < )\T < )\; < Lzi—2Ly <
=y < )\ar < 0 MOXKHa TIOPiBHATH TPOCTOPW OTpUMAaHiI B TeopeMi 1 Ta Teopemi 2. s
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7 =1, TobTo0 ty < t; < 1, oTpumMyemMO

,)\1*'

L .
tO gtO 3? tl !

<ttt o >th oqam t <t

Pt >ilele qag p<i<l, M0 >t Ll qma ¢ > 1

AHayIoriyHO OTPUMYIOTHCS TaKi K HEPIBHOCTI jJist j = 2,3. 3 OTpUMaHUX HEepiBHOCTEH
MOKHA M00aInTH, WO MPOCTOPH P (41 3)/2 g0 TA P 13)/2,9,; ¥ D3l BUKOHAHHS yMOBH
(16) € muprumu, a IPOCTOPU PO3B’A3KiB Ua,g;, — ByKIuMH B TeopeMmi 2 y TOPIiBHAHHI 3
mnmpocropamu Teopemu 1.

SayBaxKuMO, [0 OTPUMAHI PE3YJIbTATH MEPEHOCATHC HA BULIAIOK 0AraTOTOYKOBUX
3a]ad4 JJ1s PiBHAHDB i CUCTEM PiBHSAHBL BUCOKOTO Mopsaaky tumy Eitaepa.
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THE TWO-POINT PROBLEM FOR EULER TYPE PARTIAL
DIFFERENTIAL EQUATION OF THE SECOND ORDER

Volodymyr ILKIV, Yaroslav SLONOVSKYI

Lviv Polytechnic National University,
Stepana Bandery Str., 12, 79000, Lviv, Ukraine
e-mail: yaroslav.o.slonovskyi@Ilpnu.ua

A two-point problem for partial differential equations of the second order
with coefficients dependent only on time variable (Euler type equation) is consi-
dered. This problem is ill-posed, and its solvability is related to the problem of
small denominators. Existence and uniqueness of the solution are established,
based on lower bounds estimations for the small denominators.

Key words: partial differential equations, two-point problem, small denomi-
nators, ill-posed problems.
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IIOBY/JIOBA CTATUCTUYHUX KPUTEPIIB 3
VPAXYBAHHSM BIIJIUBY 30BHIIITHLOTO
CEPEJOBUIIIA

dpocaas €JIEMKO, Okcana SIPOBA,
Caarocaas TOJIOBATUN

JIveiecvrutl HautonasbHult yrieepcumem iment leana Ppanka,
eys. Yuieepcumemcovra, 1, 79000, m. Jlveie
e-mail: oksanayarova93Q@gmail.com

Joc/tiaKeHo BIUIMB 30BHINIHBOTO CEpeJOBUINA HA BUITAIKOBI Mol Ta iXHI
dyskmii po3nomginy. Po3risayTo BUbipKy BUIIQIKOBUX BEJIMYNH, KA 3aI€KUTH
Bl BUIIAIKOBOT'O CEPEIOBHUINA i1 OMHUCYETHCH 38 JOIIOMOr0I0 IOBHOI IPYIIN IO
i3 33 TaHUMU HMOBIPpHOCTSAMU [y KOKHOI momil. OCHOBHY BHOIPKY pPO3ILIEHO
Ha k BuUOIPOK, 3a/IeXKHO BiJ MO, AKUMU BOHU OMHUCYIOTbCs. Jly1si KOKHOI 3
BubIpOK 1100y10BaHO eMIipuydHy GYHKINO PO3HOIITY Ta 3aCTOCOBAHO KPUTEPIil
Komvoroposa. B pe3ysibrari orpuMano cymim po3noznisis. Takox, po3riagHyTo
MIPUKJIaJT 3aCTOCYyBaHHs 11i€l Teopii. s Bubipku 3HANIEHO CyMimt pPO3MOmiTy
Ta mapamMerpu oTpuMaHuX (GYHKMiH pPO3mOIiiB.

Karouosi crosa: xpurepiit Kosmoroposa, dyukmis po3noaisy, cymim po3-
TIOi/IiB, MOKA3HUKOBHUI PO3IIOILI.

Posrnaremo Bubipky Xi, Xo,...,X,, dKa 3aJ€XKUTb BiJ 30BHIIIHHLOTO CEpeIOBH-
1A, 110 OLUCYEThCs 38 JOIIOMOIOI0 OBHOI rpymu mouiin Ay, As, ..., Ay 3 fimoBipHOCTIMU
P1,D2, - - - » Pk, Bimmosiguo. Ipu gomy

k k
ZP(Ai) = Zpi =1
=1 =1

Copryemo BUbBIpKY 3a MOMisIMU TaK:

X11,T12, .-, T1py, 405 TOALT A7, 38 yMOBH, W0 DyHKIS posnominy Fi(z);
X21, 22, ..., Tap, A8 TOALT Ao, 38 yMOBH, M0 (yHKIS po3nominy Fa(z);
Tkl Tk2y - - - Thory, 151 O Ag, 32 yMOBH, 10 QyHKIISA posnominy Fi(x).

2020 Mathematics Subject Classification: 60J25
© €umneiiro, 5,; dposa O.; Tonosaruit, C., 2021
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Toni Bubipka x1,xa, ..., T, Oyae onucyBaTuch (PYHKINEO PO3MOILTY, IKa BA3HATA-
€TbCs 3a JOIOMOI'OI0 CyMilill PO3IO/ILIiB

F(z) = p1 Fi(x) + poFa(z) + - - - + puFi(z).

IMobynyemo emmipuyni (hyHKINT pO3MOMLIIB 14151 KOYKHOI 3 BHOIpOK 3a KpuTepiem Kosi-
Moroposa. Haiinepire, BnopaakyeMo BUOIPKY 11,212, .- -, L1r,, Y HJACYMKY OTPHMAEMO
Ziyy Tigy - - -5 Ti, . KIIBKICTD eJleMeHTiB BEOipKYU No3HAIUMO 1. Jaui, po3aimumo BUOIpKy
Ha /N7 iHTEpBaiB i 3HAWAEMO KiMbKICTh €IeMEHTIB y KOXKHOMY 3 iHTepsasis. [To3maun-
MO Mn1; — KiJTbKICTh ejieMeHTiB B i-My inrepBani. OTxke, emmipuana (HyHKIIS POMOILTY
JIJIs IepInol BUOIPKY MATHUM€ BHIJIST

0, T < Ty,
nii
ny xnn <z < ‘rnm
1 — ni1tnio
Fem(x) - n1 y Tnis <z < Tnys
1, T > Ty,

Anasoriybo 6yayemo Bci emmipuysi (pyHKIHT pO3IOMLIIB.
Bacrocyemo kpurepiit Konmoroposa. [Ijist bOro po3risHeMO Taky Pi3HHIO:

|Fem(aj) — F(x | =
%Fel (z )+ Z2F2(x) + - +*Fk () — (plFl(SU)+P2F2($)+"'+kak($))‘
OuirnmMo Takwit BUpas
" Fly(@) = piFi(@)| < |2l () = S F@)| + |2 Fia) = piFi(o)] <
"R (2) - Fi(w
Fi(x) — dyuknia posnoginy, romy |Fj(z)| <1, ™ — p;, Tomy
ni
| FL @) = pofi(@)| < 2 [Fl (@) = Fia)
Posrnsremo kpurepiit Kosmoroposa 3 HACTyTHUMY TiMOTE3aMA

Hy: F!, () = Fy(x)H; : F.,(z) # Fy(=).

’+|F )] - TPl

TTosmaaumo
Dy, = sup |F”“( ) — Fin, (z)|
J

em

Tlobynyemo kpuTnany obiacTb
Ta = {t 2 ta}-
Toui
P{D,, € 74|Ho} = P{y/n;Dy, 2 Ma|Ho} =1 - K(A\y) = .
3a Beukux n;,n; > 20 Ta BUOpaHOMY DPiBHI 3HAYYMIOCTI (v YUCTO A\, BU3HATAETHCS

CITiBBiTHOIIIEHHSAM

KA)=1-«
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HYJIbOBA TilMOTe3a MPUHMAETHCS, AKIIO

D, < Aa .
Orxe,
) — )] < 22
em\ L) — I'i(T)]| & .
N
Toui
i i i Aa i
| Fl () — Fifa)] < 20 = YTy
Bubupaemo taki Nyq, ..., Nog, 1m0 111 > Noi,...,N1x > Nok.
o N - |
Hexaii Ng = max{Ng1, Nos, - . -, Nox }. [lozaauumo Ao = E’ Ve > 0. Toxi
|Fom(z) — Flz)] < k- % —e.
Orox

Fern(z) — F(2).
Tomy chopmymoemo Teopemy.

Teopema 1. Hezati subipra X1, Xo,..., X, 3aresxcumdv 6i0 306HIUHL020 cepedosuua,
WO ONUCYEMBCA 36 JONOMO2010 N08HOI epynu nodit A1, Aa, ..., Ag. Todi, x;,, ..., T;, , Wo
6idbysaromuoca 3a ymosu A;, maromo dynryito posnodiay F;.

Posrnaremo Bubipky 3 150 manmx 0,889 0,340 0,398 0,060 0,084 0,381 0,145 1,517
0,396 0,237 0,274 0,014 0,322 0,260 0,041 0,185 0,277 0,325 0,097 0,902 0,064 0,263 0,849
0,082 0,889 0,090 0,166 0,239 0,801 0,612 0,066 0,033 0,189 1,084 0,054 0,308 0,327 0,174
0,160 0,273 0,096 0,317 2,047 0,380 0,162 0,235 0,030 0,539 0,526 0,399 2,058 0,401 1,457
0,912 0,199 0,562 0,664 0,060 0,125 1,255 0,008 1,049 0,080 0,204 0,486 0,099 0,927 0,421
0,398 0,647 0,438 0,070 0,729 0,461 0,493 0,097 0,354 0,370 0,062 0,080 0,149 0,549 6,172
1,094 0,354 2,214 0,168 2,042 0,563 0,867 0,375 3,624 1,703 1,127 0,048 0,597 1,476 2,759
0,669 0,636 0,261 1,840 1,750 1,389 1,333 0,004 0,962 5,455 0,137 0,634 4,362 0,034 1,664
0,065 1,464 0,656 1,178 3,615 0,435 1,655 0,566 1,137 0,736 3,114 0,008 0,102 0,651 0,186
0,697 0,324 2,164 0,063 0,931 0,540 0,710 0,263 3,619 0,984 0,877 1,574 3,736 0,908 0,547
0,819 0,759 0,026 0,937 2,617 0,440 0,078

Copryemo 1m0 BubipKy momo aBox momiit A, ta As. Ilomis A Bu3HavaeThCsd TaKUMU
BUMAIKOBUMHU BEJIMIHHAMMI
0,008 0,014 0,030 0,033 0,041 0,054 0,060 0,060 0,062 0,064 0,066 0,070 0,078 0,080 0,082
0,084 0,090 0,096 0,097 0,097 0,099 0,125 0,145 0,160 0,162 0,166 0,174 0,185 0,189 0,199
0,204 0,235 0,237 0,239 0,260 0,263 0,273 0,274 0,277 0,308 0,317 0,322 0,325 0,327 0,340
0,354 0,370 0,380 0,381 0,396 0,398 0,398 0,399 0,401 0,421 0,438 0,461 0,486 0,493 0,526
0,539 0,562 0,612 0,647 0,664 0,729 0,801 0,849 0,889 0,889 0,902 0,912 0,927 1,049 1,084
1,255 1,457 1,517 2,047 2,058

O6csar subipku 80. Ilomito Ay ommcye Bubipka obcsirom 70 BUTIAIKOBUX BEJIMUWH
0,004 0,008 0,026 0,034 0,048 0,063 0,065 0,080 0,102 0,137 0,149 0,168 0,186 0,261 0,263
0,324 0,354 0,375 0,435 0,440 0,540 0,547 0,549 0,563 0,566 0,597 0,634 0,636 0,651 0,656
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0,669 0,697 0,710 0,736 0,759 0,819 0,867 0,877 0,908 0,931 0,937 0,962 0,984 1,094 1,127
1,137 1,178 1,333 1,389 1,464 1,476 1,574 1,655 1,664 1,703 1,750 1,840 2,042 2,164 2,214
2,617 2,759 3,114 3,615 3,619 3,624 3,736 4,362 5,455 6,172

[Tobyayemo emmipuany (hyHKII0 PO3MOALILY JIJIsi TI€PINOl BUOIPKH.

0,
0,45,
0,75,

Fl (z) =

0,95,

L,

0, 825,
em 07 9257

0,975,

z < 0,27,
0,27 <z < 0,53;
0,53 <z <0,8;
0,8 <z < 1,06;
1,07 < x < 1,33;
1,33 < x < 1,6;
1,6 <z <21
x> 2,1

IIposeaemo kpurepiit Kosamoroposa s mepesipku rinore3u

Hy : emmipuwvHmii pO3MO/ILT CTATHCTUYHO HE BiIPI3HAETHCS BiJl TOKA3HUKOBOTO.
Bacrocysasun kpurepiit, orpumaemo D(80) = 0,032, Ag,05 = 1, 3581.

Orxe, Ha piBHi 3HagymocTi 0,05 PO3NOILT TPUIMAEMO HYJIBOBY FilOTE3Y.

3HaiiieMo napaMerp po3MOJILTy.

3a MeToa0M MOMEHTIB JIJis IOKA3HUKOBOI'O PO3IIOLILY

N 1
A=

ni
EX anl n;

=24,

Ilobymyemo emmipuany ByHKIIO PO3NOILILY AJist APYTOi BUOIPKH.

0,
0,5,

1

)

0,728,
0,857,
em 0,886,
0,957,
0,971,

x <0,78;
0,78 <z < 1, 56;
1,56 <z < 2,3;
2,3<x
1<z
3,9<«x
4,7<x
x> 6,2.

INCINCIN N
S~ wow
N N © =

IIposeaemo kpurepiit Kosamoroposa s mepeBipku rinore3u

Hy : emmipuwaHmii pO3MO/IiT CTATUCTUYHO HE BiIPI3HAETHCS BiJl TOKA3HUKOBOTO.
Bacrocysasun kpurepiit, orpumaemo D(70) = 0,034, Ao05 = 1, 3581.

Towmy ua piBai 3HaugymocTi 0,05 po3moOAin NpUMAEMO HYJIBOBY TilOTE3Y.

3HaiiieMo napaMerp pPOo3MOJILTy.
3a MeTroJ0M MOMEHTIB

A =0,81.
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3uaiieMo cyMiin po3moIiiiB

0, r <0,27 0, r <0,78
0,45, 0,27 <x<0,53 0,5, 0,78 <z <1,56
0,75, 0,53 <2x<0,8 0,728, 1,56 <x<2,3
F(:c):é 0,825, 0,8<x<1,06 +l 0,857, 2,3<x<3,1
15 10,925, 1,07 <x<1,33 15 ]0,88, 3,1<z<3,9
0,95, 1,33<x<1,6 0,957, 3,9<x<4,7
0,975, 1,6 <z<2,1 0,971, 4,7<x<6,2
1, z>2,1 1, x> 6,2.

Buznaummo po3mnosin cymimri 3a momomoroio kputepito Kommoroposa 3 rimore3oto
Hy : eMmipwvHMil pO3MO/ILT CTATHCTUYHO HE BiIPI3HAECTHCS BiJl TaMMa-pPO3TMOJILITY.
Buauenns crarucruku D(150) = 0,038.

Orxe, Ha piBHi 3Hagymocti 0,05 po3nozin mpuitmaemo rimoresy Hy.

3a MeToa0M MOMEHTIB JIJIs FaMMa-PO3IIOILILY

. (2)

&= m =0,6

Ik MY

z
[Tobyayemo emmipnany QyHKIO PO3MIOALILY
0, < 0,58
0,58, 0,08<z<1,17
0,8, 1,17 <z < 1,75
0,89, 1,759<z<2,3
0,93, 2,3<x<29
Fen(z) =120,94, 2,9<2<3,5

0,95, 3,5<x<4
0,98, 4<x<4,7
0,986, 4,7<x<5,8
0,99, 5,8<x<6,2
1, z>6,2

Ha migcrasi miel mpari mobyaoBaHO CyMiIll pO3MOIiay Jjisi BUOIPKK BUITAIKOBUX Be-
JINYWH, sIKa 3aJI€7KUThH BiJ[ BIJIUBY 30BHIIMTHBOTO CEPEIOBUIIA.
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CONSTRUCTION OF STATISTICAL CRITERIA TAKING
INTO ACCOUNT THE INFLUENCE OF THE EXTREMAL
ENVIRONMENT

Yaroslav YELEYKO, Oksana YAROVA,
Sviatoslav HOLOVATYY

Ivan Franko Lviv National University of Lviv,
Universytetska Str., 1, 79000, Lviv, Ukraine
e-mail: oksanayarova93@gmail.com

The paper is devoted to the study of the influence of the external envi-
ronment on random events and their distribution functions. A sample of
random variables is considered, which depends on the random environment
and is described using a complete group of events with given probabilities for
each event. The main sample is divided into k samples depending on the events
they describe. An empirical distribution function was constructed for each of
the samples and the Kolmogorov criterion was applied. The result is a mixture
of distributions. Also, an example of application of this theory is considered. A
mixture of distributions and parameters of the obtained distribution functions
are found for the sample.

Key words: Kolmogorov criterion, distribution function, mixture of distri-
butions, exponential distribution.
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O. M. KIHAIIT (21.05.1964-13.02.2021)

(1964-2021)

Tpunaaugaroro sororo 2021 poxky Ha 56 poIi KUTTs MEPEIIACHO BiIINIIOB y Bid-
HicTh BigoMwuil BueHwmii i negaror, Kanauaar (pisukKo-MareMaTudHUX Hayk, gonerT Opecr
Muxaitnosuya Kinar.

Opecr Muxaitmosny Haponuscs 21 tpasus 1964 poky B micti [upmi [TycromuTtiBes-
KOro paiiony JIbBiBCbKOI 0OsacTi. Barhbko iHkeHep, MaTu — BYNUTEbKA YKPATHCHKOI MOBU
ta miteparypu. Mama Opecra MuxaiimoBuda moMmepia, Kosu fiomy Gyimo 7 pokis. B 1971
poky O. M. Kinam nimos y meprumii kiac Iuperpkol cepeanboi mkomu. 3 1975 poky
nepeixaB 110 JIbBOBa, Jle HaBuaBca B cepemniit mkomi Ne 31 wmicra JIbBOBa, AKy 3aKiH-
quB y 1981 pori. [Iporo ) poKy CTaB CTYAEHTOM MEXaHIKO-MATEMATHIHOTO (haAKY/IbTe-
Ty JIBBIBCHKOTO Jiep:KaBHOTO yHiBepcuTeTy iMeni IBana ®panka, skwuit 3akinaus y 1986
pori. Ilicisa 3akindenns yuiepcutery y 1986—1988 mparioBaB iH2K€HEPOM 1 CTA2KUCTOM-
JOCTi THUKOM OOYHCTIOBAILHOTO IEHTPY yHIBEPCHUTETY.

Y 1988 poui Berynus 0 acnipanrypu lacruryry Maremaruku AH YPCP y Bin-
Jinm Teopil BUTIQAKOBUX mporeciB Ha crnemiaabHicTh 01.01.05 — «Teopis ifimoBipHOCTE#H Ta
MaTeMaTUYHA CTATUCTUKAY» 10 JOKTOpa dizuko-maremarnydnux Hayk B. M. Illypenkosa.
Y 1991 poni Opect MuxaitnoBud ycminiHo 3aKiHYWB ACHIPAHTYPY, & HACTYITHOTO POKY
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3aXUCTUB KaHIUIATCHKY nucepramniio Ha Temy “Tlepexinni gBuma /i MApKOBCHKUX MPO-
neciB 3i ckindenHo MHOXkuHOW craHiB”. Ilemaroriuny pobory O. M. Kinam mouas y
1992 pori wa kadempi Teopii dbyHKIIIH Ta Teopil iiMoBipHOCTEl JIBBIBCHKOTO I€PXKABHOTO
yHiBepcuTeTy iMeni IBana ®@panka, CovaTKy acUCTEHTOM, a 3 1995 poKy — JIOIEHTOM.
3 2002 poky BiH BuKJaJaB Ha Kadeapi TEOPETHIHOI Ta MPUKJIAIHOI CTATUCTUKHA, & TTiC-
s peopramizamnii dakymaprery — 3 2020 poky — O6yB morerToM Kadeapu MaTeMaTHIHO
CTATUCTUKHY 1 audpepeHiiaabHIX PiBHSAHD.

Komo maykoeux imrTepecie O. M. Kinama — mepeximui siBUIIa I MApPKOBCHKUX
MPOIIECIB § MATPUYHO3HAYHUX €BOJIIONIN, MpuUKIaaHi 3amadi ¢iHaHCOBOI Ta aKTyapHOI
MaTeMaTUKH, MPUKJIAIH] 3a7a49i Teopil HaAIITHOCTI Ta KOHTPOJb SKOCTi, TEOpis PU3UKY B
cTpaxyBaHHi, rpaBiTamniiiai Mmozgesti ekonomiku. Bin € aBropom moras 50 HAYKOBUX CTATeH,
HABYAJTbHO-METOIUIHUX MOCIOHUKIB 1 MiIpyIHUKIB.

Opecr MuxaitnoBud akTHBHO 3aliMaBCs IPOMAJICLKOI0 poboTo0. ByB dienom Ykpa-
THCHKOTO aKTYapHOTO TOBAPUCTBA, YIEHOM Paaym MexXaHIKO-MaTeMaTuIHOro (haKyIbTeTy,
3aCTYIMHUKOM 3aBiayBada Kadeaporo. Bxonue 10 CKIaay HayKOBO-METOIWIHOI KOMICIT 3i
CTATUCTUKH CeKTOpy BuUIoi ocBitu HaykoBo-meroauyanoi pagu MinicTepcTBa ocBiTu i Ha-
yKu YKpaiHu.

Y xurri Opect Muxaitnosud 6ys BecenM i xurrepaicanm. Horo minysanu koer,
arobunn i mopaxkasm crygentu. [Tam’ats mpo Opecra Muxaiimosuyua Kinama nazapxam
3aJUIMUTHCA B HAIAX CEPIIIX.

O. Byepit, O. I'ymix.
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M. L. BYTPII (10.09.1948-24.04.2021)

(1948-2021)

HBamars derBeproro kBiTHa 2021 poky micias BaxKKOI XBOPOOHW IIOB 3 YKUTTS
Bimomuit yKpaiHchbKuii BUeHMil i megaror, KauauaaT (pisuKo-MaTeMaTHIHUX HAYK, JOTEHT
Muxkona IBanosua Byrpiii.

M. 1. Byrpiit napoaucs 10 Bepecus 1948 poky B ceni Aruarun PyKuHCHKOTO paitony
2Kuromupcbkol 0071acTi B cetgHChKii cim’i. Y 1967 porti, micis 3akinuenus ArHaTuHCHKOL
CepeIHBOI KON, PO3IOYAaB CBiif TpynoBuil miax y Kuiscbkomy KoMmbinaTi OymisaycTpii,
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3BizKku i OyBitoro mpuszBanu B apMmiio 10 jas BificbkoBo-mopcbkoro (atory. Ilicas 3aBep-
mieHHs ciryk6u y 1971 poui nepeixas 10 JIpbBoBa i BeTynus Ha MeXaHIKO-MaTeMaTUIHUN
dakynbrer JIbBIBCHKOTO AEPKABHOTO yHiBepcuTeTy iMeni IBana ®pamka, sikuil 3aKiHINB
y 1976 pori 3a cnemiagpuicTIoO “Maremarnka’, orpumasinu kBajidikamio “MaremMaTnk.
Buknamaa maremarukn’.

3 1976 poky M.I. Byrpiit nparosas y JIbBiBCbKOMY JIep:KaBHOMY yHIBEpCHTETI iMeHi
IBana @panka: crepiry AK CTAPIIHH MeXaHiK OOYIHCTIOBAILHOTO EHTPY, & 3 1-ro rpyansa
1976 poKy — gk acucTeHT Kadeapu anudepeHtianbanx piBHgHb. ¥ 1981 pori mepeiimon
Ha TOCAIy ACUCTEHTA Kadeapn MATEeMATHIHOrO MOJIE/IOBAHHS, 1€ aKTWBHO MPAIfOBAB
y Taly3i MaTeMaTUudHOTO MOJETIOBAHHS KOHTHHYAJIbHUX CHCTEM, ONTUMI3aIlil po3B’a3KiB
KpafloBUX 3a7a9 MAaTEeMAaTHIHOI (DI3WKHM, BUKOPUCTAHHS BapiallifHUX MiAXOMiB y MOOy-
J10Bi ebeKTUBHUX HAOIMKEHUX MOjesieil PO3B’A3yBAHHS CIPAKEHUX TEPMOMEXAHIIHUX
cucreM. 3a pe3yIbTaTaMu HAyKOBUX stociizkenb y 1994 poni Mukona IBanosud ycnimno
3aXUCTUB KAHIUIATCHKY JUCEPTAIio Ha Temy “OnTuMizalis TepMONpYKHOTO CTAHY TOB-
CTOCTIHHHX 000JI0HOK” 3a cremianabHicTio 01.02.04 — Mexamika 1edOpMIiBHOIO TBEPIOTO
rina (HaykoBuit KepiBHuK — unen-kopecnongent HAH Vkpainu, nokrop di3.-mMar. Hayk,
upod. 4. 1. Bypak). 3 1995 poky M. I. Byrpiit upamgosas gouenrom kadbeupu marema-
TUYIHOTO MOfemoBanus, a 3 2015 poky — mormenTom Kadeapu teopii dyHKIi Ta Teopil
timoBipHocTeit. ¥ 2016 pori Mwukosra IBanOBUY BUXOAUTH HA TIEHCIIO.

Muxkona IBanoBwd Byrpiit 6yB TaJaHOBUTHM IIE€IATOTOM, SIKHMH KOPHUCTYBABCS TTOBA-
rofo Kojer i cryaentis. Ilopsas 3 KTacHIHUME KypcaMud 3 MAaTEMATHIHOTO aHAMI3Y, aude-
peHIlia/IbHUX PIBHSAHD, BAPialliifHOrO YUCJIEHH Ta METO/IIB OITUMI3allil aKTUBHO 3aiMaBCs
BIPOBAIPKEHHSAM CYYIACHUX JUCITUTIIH € HABYAJIbHUIA IPOIEC, PO3POOJISB i YUTAB KypCH 3
dinamcoBoOi MaTeMaTuku, TEOpil i mpakTuku (HiHAHCOBO-OAHKIBCHKUX PO3PAXYHKIB, aKTY-
apHOI MAaTEeMATHKH, KEPYBaB CTYJAEHTCHKOIO HAYKOBOIO po0oToi0. Mukosa IBanoBud aBTOp
HaBYATBHOTO mocibHUKa “OCcHOBU (DiHAHCOBO-KPEIUTHOrO aHami3y”, 6HararhbOX HAyKOBUX,
HABYAJIbHUX I METOAMIHUX IPAIlb.

CaiTyia mam’gTh PO TAJAHOBUTOTO BYEHOTO i TEIArora, YeCHy Ta TOPSIHY JIIOIUHY
— Muxony IBanoBnaa Byrpig — HazaBXKI¢ 3aJUMMNTHCA Y HAIAX CEPIAX.

O. Byepit, O. I'ymix, M. 3ab60a0uybrud.
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BEPE3HEBE 3ACIIAHHS MATEMATNYHOI KOMICII
HAVKOBOTI'O TOBAPUCTBA IMEHI TAPACA IIIEBYEHKA

26 6epe3nsa 2021 poky BimOysocs Gepe3nese “on-mnaitn” 3acimamas Maremarwanol
kowmicii Haykosoro roBapucrsa imeni Tapaca Illesuenka na mnardgopmi ZOOM.

1. BeTynHe cjI0BO Ta aHOHC JIOIOBieii.

2. “Habuamn>keHHsd aHAJITHYHUX (PYHKII HellepepBHUMHA Jpobamm”™.
Xpucmurna Kyumincovra, NPOBiAHANA HAYKOBUI CLiBpOOITHUK Bimuiay aude-
peHIiaIbHUX PiBHAHL 1 Teopil dyukIii [HcTUTyTYy TpUKAaIHUX TpobIeM Mexa-
wiku i maremaruku im. 9. C. Iligcrpuraga HAH Vkpaiun.

3. “IarerpoBHi moroku Tuny KoHIleBu4a Ha acoliaTMBHUX HEKOMYTATUB-
HHUX ajireopax”’.

Anamoaniti IIpurapnamcewvrud, npodecop Kadeapu eKOHOMIYHOI KibepHeTuKu
JIporobuIibKOro JIep:KaBHOTO TeJArorivHoro yHiBepcuTery iMeni Isana @paHka.

4. “Koxmua moninaa Banaxa mae BiaactuBicts Masypa-Yiama®.

Tapac Banax, 3aBigyBauy kadenpu ajredpu, TOMOJOTII Ta OCHOB MATEMATHKHU
JIpBiBCHKOTO HaIioHAJIBHOTO iHiBepcuTery imeni Isana Dpamka.
5. ObroBopeHHs momoBineii. PizHe.

Bineozamnuc mporo 3acimammus Maremarnaroi komicii HTII sukiaamgero ma Youtube-
kanasni Puzyna Readings: https://youtu.be/ft0VmgnhdhA.

0. I'ymix, A. Ipumyaa.
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