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ÏÐÎ ÃÐÓÏÎÂI ÊÎÍÃÐÓÅÍÖI� ÍÀ ÍÀÏIÂÃÐÓÏI BF
ω ÒÀ ��

ÃÎÌÎÌÎÐÔÍI ÐÅÒÐÀÊÒÈ Ó ÂÈÏÀÄÊÓ, ÊÎËÈ ÑIÌ'ß F
ÑÊËÀÄÀ�ÒÜÑß Ç ÍÅÏÎÐÎÆÍIÕ IÍÄÓÊÒÈÂÍÈÕ

ÏIÄÌÍÎÆÈÍ Ó ω
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Âèâ÷à¹ìî ãðóïîâi êîíãðóåíöi¨ íà íàïiâãðóïi BF
ω òà ¨¨ ãîìîìîðôíi ðåò-

ðàêòè ó âèïàäêó, êîëè F � ω-çàìêíåíà ñiì'ÿ ç iíäóêòèâíèõ íåïîðîæíiõ
ïiäìíîæèí â ω. Äîâåäåíî, ùî êîíãðóåíöiÿ C íàBF

ω ¹ ãðóïîâîþ, òîäi i ëèøå
òîäi, êîëè çâóæåííÿ êîíãðóåíöi¨ C íà ïiäíàïiâãðóïó â BF

ω , ÿêà içîìîðôíà
áiöèêëi÷íié íàïiâãðóï, íå ¹ âiäíîøåííÿì ðiâíîñòi. Òàêîæ, îïèñó¹ìî âñi íå-
òðèâiàëüíi ãîìîìîðôíi ðåòðàêòè é içîìîðôiçìè íàïiâãðóïè BF

ω .

Êëþ÷îâi ñëîâà: iíâåðñíà íàïiâãðóïà, áiöèêëi÷íà íàïiâãðóïà, iíäóêòèâíà
ìíîæèíà, ãðóïîâà êîíãðóåíöiÿ, ãîìîìîðôíèé ðåòðàêò, içîìîðôiçì, àâòî-
ìîðôiçì.

1. Âñòóï

Ìè êîðèñòó¹ìîñÿ òåðìiíîëîãi¹þ ç ìîíîãðàôié [8, 9, 16, 18]. Íàäàëi ó òåêñòi
ìíîæèíó íåâiä'¹ìíèõ öiëèõ ÷èñåë ïîçíà÷àòèìåìî ÷åðåç ω. Äëÿ äîâiëüíîãî ÷èñëà
k ∈ ω ïîçíà÷èìî [k) = {i ∈ ω : i > k}.

Íåõàé P(ω) � ñiì'ÿ óñiõ ïiäìíîæèí ó ω. Äëÿ äîâiëüíèõ F ∈ P(ω) i n,m ∈ ω
ïðèéìåìî

n−m+ F = {n−m+ k : k ∈ F}, ÿêùî F 6= ∅
i n−m+ F = ∅, ÿêùî F = ∅. Áóäåìî ãîâîðèòè, ùî íåïîðîæíÿ ïiäñiì'ÿ F ⊆P(ω)
¹ ω-çàìêíåíîþ, ÿêùî F1 ∩ (−n+ F2) ∈ F äëÿ äîâiëüíèõ n ∈ ω òà F1, F2 ∈ F .

Ïiäìíîæèíà A â ω íàçèâà¹òüñÿ iíäóêòèâíîþ, ÿêùî ç i ∈ A âèïëèâà¹, ùî i+1 ∈
A. Î÷åâèäíî, ùî ∅ � iíäóêòèâíà ìíîæèíà â ω.

2020 Mathematics Subject Classi�cation: 20M10, 20M15, 18B40

c© Ãóòiê, Î., Ìèõàëåíè÷, Ì., 2021
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Çàóâàæåííÿ 1. (1) Çà ëåìîþ 6 ç [2] íåïîðîæíÿ ìíîæèíà F ⊆ ω ¹ iíäóêòèâíîþ
â ω òîäi i ëèøå òîäi, êîëè (−1 + F ) ∩ F = F .

(2) Îñêiëüêè ìíîæèíà ω çi çâè÷àéíèì ïîðÿäêîì ¹ öiëêîì âïîðÿäêîâàíîþ, òî
äëÿ êîæíî¨ íåïîðîæíüî¨ iíäóêòèâíî¨ ìíîæèíè F ó ω iñíó¹ íåâiä'¹ìíå öiëå
÷èñëî nF ∈ ω òàêå, ùî [nF ) = F .

(3) Ç (2) âèïëèâà¹, ùî ïåðåòèí äîâiëüíî¨ ñêií÷åííî¨ êiëüêîñòi íåïîðîæíiõ iíäóê-
òèâíèõ ïiäìíîæèí ó ω ¹ íåïîðîæíüîþ iíäóêòèâíîþ ïiäìíîæèíîþ â ω.

ßêùî S � íàïiâãðóïà, òî ¨¨ ïiäìíîæèíà iäåìïîòåíòiâ ïîçíà÷à¹òüñÿ ÷åðåç E(S).
Íàïiâãðóïà S íàçèâà¹òüñÿ iíâåðñíîþ, ÿêùî äëÿ äîâiëüíîãî ¨¨ åëåìåíòà x iñíó¹ ¹äè-
íèé åëåìåíò x−1 ∈ S òàêèé, ùî xx−1x = x òà x−1xx−1 = x−1 [18, 1]. Â iíâåðñíié
íàïiâãðóïi S âèùå îçíà÷åíèé åëåìåíò x−1 íàçèâà¹òüñÿ iíâåðñíèì äî x. Â'ÿçêà � öå
íàïiâãðóïà iäåìïîòåíòiâ, à íàïiâ ðàòêà � öå êîìóòàòèâíà â'ÿçêà.

Âiäíîøåííÿ åêâiâàëåíòíîñòi K íà íàïiâãðóïi S íàçèâà¹òüñÿ êîíãðóåíöi¹þ, ÿêùî
äëÿ åëåìåíòiâ a òà b íàïiâãðóïè S ç òîãî, ùî âèêîíó¹òüñÿ óìîâà (a, b) ∈ K âèïëè-
âà¹, ùî (ca, cb), (ad, bd) ∈ K, äëÿ äîâiëüíèõ c, d ∈ S. Âiäíîøåííÿ (a, b) ∈ K ìè òà-
êîæ çàïèñóâàòèìåìî aKb, i â öüîìó âèïàäêó ãîâîðèòèìåìî, ùî åëåìåíòè a i b ¹

K-åêâiâàëåíòíèìè.
Êîíãðóåíöiÿ K íà íàïiâãðóïi S íàçèâà¹òüñÿ ãðóïîâîþ, ÿêùî ôàêòîð-íàïiâãðóïà

S/K içîìîðôíà äåÿêié ãðóïi G [8]. Íàãàäà¹ìî [16, 18], ùî íà êîæíié iíâåðñíié íà-
ïiâãðóïi S iñíó¹ íàéìåíøà (ìiíiìàëüíà) ãðóïîâà êîíãðóåíöiÿ σ i âîíà âèçíà÷à¹òüñÿ
òàê:

sσt ⇐⇒ es = et äëÿ äåÿêîãî e ∈ E(S).

ßêùî S � íàïiâãðóïà, òî íà ¨¨ ìíîæèíi iäåìïîòåíòiâ E(S) âèçíà÷åíî ÷àñòêîâèé
ïîðÿäîê

e 4 f òîäi i ëèøå òîäi, êîëè ef = fe = e.

Òàê îçíà÷åíèé ÷àñòêîâèé ïîðÿäîê íà E(S) íàçèâà¹òüñÿ ïðèðîäíèì.
Îçíà÷èìî âiäíîøåííÿ 4 íà iíâåðñíié íàïiâãðóïi S òàê:

s 4 t òîäi i ëèøå òîäi, êîëè s = te, äëÿ äåÿêîãî iäåìïîòåíòà e ∈ S.

Òàê îçíà÷åíèé ÷àñòêîâèé ïîðÿäîê íàçèâà¹òüñÿ ïðèðîäíèì ÷àñòêîâèì ïîðÿäêîì íà
iíâåðñíié íàïiâãðóïi S [1]. Î÷åâèäíî, ùî çâóæåííÿ ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó
4 íà iíâåðñíié íàïiâãðóïi S íà ¨¨ â'ÿçêó E(S) ¹ ïðèðîäíèì ÷àñòêîâèì ïîðÿäêîì íà
E(S).

Íàãàäà¹ìî (äèâ. [8, �1.12], ùî áiöèêëi÷íîþ íàïiâãðóïîþ (àáî áiöèêëi÷íèì ìî-

íî¨äîì) C (p, q) íàçèâà¹òüñÿ íàïiâãðóïà ç îäèíèöåþ, ïîðîäæåíà äâîåëåìåíòíîþ ìíî-
æèíîþ {p, q} i âèçíà÷åíà îäíèì ñïiââiäíîøåííÿì pq = 1. Áiöèêëi÷íà íàïiâãðóïà âi-
äiãðà¹ âàæëèâó ðîëü ó òåîði¨ íàïiâãðóï. Çîêðåìà, êëàñè÷íà òåîðåìà Î. Àíäåðñåíà [5]
ñòâåðäæó¹, ùî (0-)ïðîñòà íàïiâãðóïà ç (íåíóëüîâèì) iäåìïîòåíòîì ¹ öiëêîì (0-)ïðîñ-
òîþ òîäi i ëèøå òîäi, êîëè âîíà íå ìiñòèòü içîìîðôíó êîïiþ áiöèêëi÷íîãî ìîíî¨äà.
Ðiçíi ðîçøèðåííÿ òà óçàãàëüíåííÿ áiöèêëi÷íîãî ìîíî¨äà ââîäèëèñÿ ðàíiøå ðiçíèìè
àâòîðàìè [10, 11, 12, 15, 21]. Òàêèìè, çîêðåìà, ¹ êîíñòðóêöi¨ Áðóêà òà Áðóêà�Ðåéëi
çàíóðåííÿ íàïiâãðóï ó ïðîñòi é îïèñàííÿ iíâåðñíèõ áiïðîñòèõ i 0-áiïðîñòèõ ω-íàïiâ-
ãðóï [7, 19, 20, 13].
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Ãîìîìîðôíîþ ðåòðàêöi¹þ íàçèâà¹òüñÿ âiäîáðàæåííÿ ç íàïiâãðóïè S â S, ÿêå ¹
îäíî÷àñíî ðåòðàêöi¹þ òà ãîìîìîðôiçìîì [8, 9]. Îáðàç íàïiâãðóïè S ïðè ¨¨ ãîìîìîðô-
íié ðåòðàêöi¨ íàçèâà¹òüñÿ ãîìîìîðôíèì ðåòðàêòîì. Òîáòî ãîìîìîðôíèé ðåòðàêò
íàïiâãðóïè S � öå òàêà ïiäíàïiâãðóïà T â S, ùî iñíó¹ ãîìîìîðôiçì ç S íà T , äëÿ
ÿêîãî ïiäíàïiâãðóïà T ¹ ìíîæèíîþ âñiõ éîãî íåðóõîìèõ òî÷îê. Òåðìiíè �ãîìîìîðôíi
ðåòðàêöi¨� òà �ãîìîìîðôíi ðåòðàêòè�, çäà¹òüñÿ, âïåðøå ç'ÿâèëèñü ó ïðàöi Áðàóíà [6],
ÿê îäèí ç ìåòîäiâ äîñëiäæåííÿ ñòðóêòóðè òîïîëîãi÷íèõ íàïiâ ðàòîê. Î÷åâèäíî, ùî
êîæíå òîòîæíå âiäîáðàæåííÿ íàïiâãðóïè S ¹ ¨¨ ãîìîìîðôíîþ ðåòðàêöi¹þ, à òàêîæ,
ÿêùî e � iäåìïîòåíò â S, òî ñòàëå âiäîáðàæåííÿ h : S → S, x 7→ e � ãîìîìîðôíà
ðåòðàêöiÿ íàïiâãðóïè S. Òàêi ãîìîìîðôíi ðåòðàêöi¨ òà òîòîæíå âiäîáðàæåííÿ íà-
ïiâãðóïè S áóäåìî íàçèâàòè òðèâiàëüíèìè, à îáðàçè íàïiâãðóïè S ñòîñîâíî íèõ �
òðèâiàëüíèìè ãîìîìîðôíèìè ðåòðàêòàìè.

Çàóâàæåííÿ 2. Ëåãêî áà÷èòè, ùî áiöèêëi÷íèé ìîíî¨ä C (p, q) içîìîðôíèé íàïiâãðóïi,
çàäàíié íà ìíîæèíi Bω = ω × ω ç íàïiâãðóïîâîþ îïåðàöi¹þ

(i1, j1) · (i2, j2) = (i1 + i2 −min{j1, i2}, j1 + j2 −min{j1, i2}) =

=

{
(i1 − j1 + i2, j2), ÿêùî j1 6 i2;
(i1, j1 − i2 + j2), ÿêùî j1 > i2.

Ó ïðàöi [2] ââåäåíî àëãåáðè÷íi ðîçøèðåííÿ BF
ω áiöèêëi÷íîãî ìîíî¨äà äëÿ äî-

âiëüíî¨ ω-çàìêíåíî¨ ñiì'¨ F ïiäìíîæèí â ω, ÿêi óçàãàëüíþþòü áiöèêëi÷íèé ìîíî¨ä,
çëi÷åííó íàïiâãðóïó ìàòðè÷íèõ îäèíèöü i äåÿêi iíøi êîìáiíàòîðíi iíâåðñíi íàïiâãðó-
ïè.

Íàãàäà¹ìî öþ êîíñòðóêöiþ. Íåõàé Bω � áiöèêëi÷íèé ìîíî¨ä i F � íåïîðîæíÿ
ω-çàìêíåíà ïiäñiì'ÿ â P(ω). Íà ìíîæèíi Bω × F îçíà÷èìî áiíàðíó îïåðàöiþ �·�
ôîðìóëîþ

(1) (i1, j1, F1) · (i2, j2, F2) =

 (i1 − j1 + i2, j2, (j1 − i2 + F1) ∩ F2), ÿêùî j1 < i2;
(i1, j2, F1 ∩ F2), ÿêùî j1 = i2;
(i1, j1 − i2 + j2, F1 ∩ (i2 − j1 + F2)), ÿêùî j1 > i2.

Ó [2] äîâåäåíî òàêå òâåðäæåííÿ: ÿêùî ñiì'ÿ F ⊆ P(ω) ¹ ω-çàìêíåíîþ, òî
(Bω ×F , ·) � íàïiâãðóïà.

Ïðèïóñòèìî, ùî ω-çàìêíåíà ñiì'ÿ F ⊆ P(ω) ìiñòèòü ïîðîæíþ ìíîæèíó
∅, òî ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ (Bω × F , ·) âèïëèâà¹, ùî ìíîæèíà
I = {(i, j,∅) : i, j ∈ ω} ¹ iäåàëîì íàïiâãðóïè (Bω ×F , ·).

Îçíà÷åííÿ 1 ([2]). Äëÿ äîâiëüíî¨ ω-çàìêíåíî¨ ñiì'¨ F ⊆P(ω) îçíà÷èìî

BF
ω =

{
(Bω ×F , ·)/I, ÿêùî ∅ ∈ F ;
(Bω ×F , ·), ÿêùî ∅ /∈ F .

Ó [2] äîâåäåíî, ùî BF
ω ¹ êîìáiíàòîðíîþ iíâåðñíîþ íàïiâãðóïîþ, à òàêîæ îïè-

ñàíî âiäíîøåííÿ �ðiíà, ÷àñòêîâèé ïðèðîäíèé ïîðÿäîê íà íàïiâãðóïi BF
ω òà ¨¨ ìíî-

æèíó iäåìïîòåíòiâ. Òàêîæ ó [2] äîâåäåíî êðèòåði¨ ïðîñòîòè, 0-ïðîñòîòè, áiïðîñòîòè
òà 0-áiïðîñòîòè íàïiâãðóïè BF

ω , i çàçíà÷åíî óìîâè, êîëè íàïiâãðóïà BF
ω ìiñòèòü

îäèíèöþ, içîìîðôíà áiöèêëi÷íîìó ìîíî¨äó àáî çëi÷åííié íàïiâãðóïi ìàòðè÷íèõ îäè-
íèöü.
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Çàóâàæèìî, ùî ó [3] îòðèìàíî ïîäiáíi ðåçóëüòàòè äî [2] ó âèïàäêó ðîçøèðåí-
íÿ BF

Z ðîçøèðåíî¨ áiöèêëi÷íî¨ íàïiâãðóïè BZ äëÿ äîâiëüíî¨ ω-çàìêíåíî¨ ñiì'¨ F
ïiäìíîæèí â ω.

Ó [14, 17] äîñëiäæåíî àëãåáðè÷íó ñòðóêòóðó íàïiâãðóïè BF
ω ó âèïàäêó, êîëè

ω-çàìêíåíà ñiì'ÿ F ñêëàäà¹òüñÿ ç àòîìàðíèõ ïiäìíîæèí (îäíîòî÷êîâèõ ïiäìíî-
æèí i ïîðîæíüî¨ ìíîæèíè) â ω. Çîêðåìà äîâåäåíî, ùî çà âèêîíàííÿ òàêèõ óìîâ íà
ñiì'þ F íàïiâãðóïà BF

ω içîìîðôíà ïiäíàïiâãðóïi ω-ðîçøèðåííÿ Áðàíäòà íàïiâ ðàò-
êè (ω,min). Òàêîæ ó [14, 17] äîñëiäæóâàëè òîïîëîãiçàöiþ íàïiâãðóïè BF

ω , áëèçüêi
äî êîìïàêòíèõ òðàíñëÿöiéíî íåïåðåðâíi òîïîëîãi¨ íà BF

ω òà çàìèêàííÿ íàïiâãðóïè
BF

ω ó íàïiâòîïîëîãi÷íèõ íàïiâãðóïàõ.
Iç çàóâàæåííÿ 1(3) âèïëèâà¹ òàêå: ÿêùî ñiì'ÿ F0 ñêëàäà¹òüñÿ ç iíäóêòèâíèõ â

ω ïiäìíîæèí i ìiñòèòü ïîðîæíþ ìíîæèíó ∅ ÿê åëåìåíò, òî äëÿ ñiì'¨ F = F0 \ {∅}
ìíîæèíà BF

ω ç iíäóêîâàíîþ íàïiâãðóïîâîþ îïåðàöi¹þ ç BF0
ω ¹ ïiäíàïiâãðóïîþ â

BF0
ω .

Ìè âèâ÷à¹ìî àëãåáðè÷íó ñòðóêòóðó íàïiâãðóïèBF
ω ó âèïàäêó, êîëè ω-çàìêíåíà

ñiì'ÿ F ñêëàäà¹òüñÿ ç iíäóêòèâíèõ íåïîðîæíiõ ïiäìíîæèí ó ω, à ñàìå ãðóïîâi êîí-
ãðóåíöi¨ íà íàïiâãðóïi BF

ω òà ¨¨ ãîìîìîðôíi ðåòðàêòè. Äîâåäåíî, ùî êîíãðóåíöiÿ C

íà BF
ω ¹ ãðóïîâîþ, òîäi i ëèøå òîäi, êîëè çâóæåííÿ êîíãðóåíöi¨ C íà ïiäíàïiâãðó-

ïó â BF
ω , ÿêà içîìîðôíà áiöèêëi÷íié íàïiâãðóïi, íå ¹ âiäíîøåííÿì ðiâíîñòi. Òàêîæ

îïèñó¹ìî âñi íåòðèâiàëüíi ãîìîìîðôíi ðåòðàêòè òà içîìîðôiçìè íàïiâãðóïè BF
ω .

Íàäàëi ñêðiçü ó òåêñòi ìè ââàæà¹ìî, ùî ω-çàìêíåíà ñiì'ÿ F ñêëàäà¹òüñÿ ëèøå
ç iíäóêòèâíèõ íåïîðîæíiõ ïiäìíîæèí ó ω.

2. Àëãåáðè÷íi âëàñòèâîñòi íàïiâãðóïè BF
ω

Òâåðäæåííÿ 1. Íåõàé F � äîâiëüíà ω-çàìêíåíà ñiì'ÿ ïiäìíîæèí ó ω i n0 =

min
{⋃

F
}
. Òîäi:

(1) F0 = {−n0 + F : F ∈ F} � ω-çàìêíåíà ñiì'ÿ ïiäìíîæèí ó ω;

(2) íàïiâãðóïè BF
ω i BF0

ω içîìîðôíi.

Äîâåäåííÿ. Ñïî÷àòêó çàóâàæèìî, îñêiëüêè ìíîæèíà ω çi çâè÷àéíèì ïîðÿäêîì 6
öiëêîì âïîðÿäêîâàíà, òî íåâiä'¹ìíå öiëå ÷èñëî n0 âèçíà÷åíî êîðåêòíî.

Òâåðäæåííÿ (1) î÷åâèäíå.
(2) Î÷åâèäíî, ùî âiäîáðàæåííÿ h : (Bω × F , ·) → (Bω × F0, ·), îçíà÷åíå çà

ôîðìóëîþ

h(i, j, F ) = (i, j,−n0 + F ),

ái¹êòèâíå. Âðàõóâàâøè, ùî −n0 +∅ = ∅, îòðèìó¹ìî

h((i1, j1, F1) · (i2,j2, F2)) =

 h(i1 − j1 + i2, j2, (j1 − i2 + F1) ∩ F2), ÿêùî j1 < i2;
h(i1, j2, F1 ∩ F2), ÿêùî j1 = i2;
h(i1, j1 − i2 + j2, F1 ∩ (i2 − j1 + F2)), ÿêùî j1 > i2

=

=

 (i1 − j1 + i2, j2,−n0 + ((j1 − i2 + F1) ∩ F2)), ÿêùî j1 < i2;
(i1, j2,−n0 + (F1 ∩ F2)), ÿêùî j1 = i2;
(i1, j1 − i2 + j2,−n0 + (F1 ∩ (i2 − j1 + F2))), ÿêùî j1 > i2
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i

h(i1, j1,F1) · h(i2, j2, F2) = (i1, j1,−n0 + F1) · (i2, j2,−n0 + F2) =

=

 (i1 − j1 + i2, j2, (−n0 + j1 − i2 + F1) ∩ (−n0 + F2)), ÿêùî j1 < i2;
(i1, j2, (−n0 + F1) ∩ (−n0 + F2)), ÿêùî j1 = i2;
(i1, j1 − i2 + j2, (−n0 + F1) ∩ (−n0 + i2 − j1 + F2)), ÿêùî j1 > i2

=

=

 (i1 − j1 + i2, j2,−n0 + ((j1 − i2 + F1) ∩ F2)), ÿêùî j1 < i2;
(i1, j2,−n0 + (F1 ∩ F2)), ÿêùî j1 = i2;
(i1, j1 − i2 + j2,−n0 + (F1 ∩ (i2 − j1 + F2))), ÿêùî j1 > i2,

îòðèìó¹ìî, ùî òàê îçíà÷åíå âiäîáðàæåííÿ h : (Bω × F , ·) → (Bω × F0, ·) � ãîìî-
ìîðôiçì, à îòæå, âîíî ¹ içîìîðôiçìîì. Çâiäêè âèïëèâà¹, ùî íàïiâãðóïè BF

ω i BF0
ω

içîìîðôíi. �

Âðàõóâàâøè çàóâàæåííÿ 1(2) i 1(3), íàäàëi äëÿ êîæíî¨ íåïîðîæíüî¨ ìíîæèíè
F ∈ F ïðèéìåìî nF = minF .

Ëåìà 1. Íåõàé F � ω-çàìêíåíà ñiì'ÿ iíäóêòèâíèõ ïiäìíîæèí ó ω òà F1 i F2 �

òàêi åëåìåíòè ñiì'¨ F , ùî nF1
< nF2

. Òîäi äëÿ êîæíîãî íàòóðàëüíîãî ÷èñëà k ∈
{nF1 + 1, . . . , nF2 − 1} iñíó¹ ìíîæèíà F ∈ F òàêà, ùî F = [k).

Äîâåäåííÿ. Ç ïðèïóùåííÿ ëåìè âèïëèâà¹, ùî F1 % F2. Òîäi äëÿ äîâiëüíîãî íàòó-
ðàëüíîãî ÷èñëà k ∈ {nF1 + 1, . . . , nF2 − 1} öiëå ÷èñëî i = nF1 + nF2 − k çàäîâîëüíÿ¹
óìîâó

nF1 + 1 6 i 6 nF2 − 1,

à îòæå,
(i, i, F1) · (nF1

, nF1
, F2) = (i, i, F1 ∩ (nF1

− i+ F2)).

Ïîçàÿê F2 $ F1 i nF1
+ 1 6 i 6 nF2

− 1, òî

min{F1 ∩ (nF1
− i+ F2)} = min{nF1

− i+ F2} =
= nF1

− i+ nF2
=

= k.

Îòîæ âèêîíó¹òüñÿ ðiâíiñòü

(i, i, F1) · (nF1
, nF1

, F2) = (i, i, [k)),

ç ÿêî¨ âèïëèâà¹ òâåðäæåííÿ ëåìè. �

Çàóâàæåííÿ 3. Ç òâåðäæåííÿ 1 i ëåìè 1 âèïëèâà¹, ÿêùî F � ω-çàìêíåíà ñiì'ÿ
iíäóêòèâíèõ ïiäìíîæèí ó ω, òî íàäàëi äëÿ ñïðîùåííÿ âèêëàäó áóäåìî ââàæàòè, ùî:

(1) F = {[k) : k ∈ ω}, ó âèïàäêó íåñêií÷åííî¨ ñiì'¨ F ;
(2) F = {[k) : k = 0, 1, . . . , n} äëÿ äåÿêîãî n ∈ ω, ó âèïàäêó ñêií÷åííî¨ ñiì'¨ F .

Ç ëåìè 5 [2], âðàõóâàâøè çàóâàæåííÿ 3(1), îòðèìó¹ìî òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 2. ßêùî F � íåñêií÷åííà ω-çàìêíåíà ñiì'ÿ iíäóêòèâíèõ ïiäìíî-

æèí ó ω, òî äiàãðàìà
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(0, 0, [0))

(1, 1, [0))

(2, 2, [0))

(3, 3, [0))

(4, 4, [0))

· · ·

(0, 0, [1))

(1, 1, [1))

(2, 2, [1))

(3, 3, [1))

(4, 4, [1))

(0, 0, [2))

(1, 1, [2))

(2, 2, [2))

(3, 3, [2))

· · ·

(0, 0, [3))

(1, 1, [3))

(2, 2, [3))

(3, 3, [3))

(0, 0, [4))

(1, 1, [4))

(2, 2, [4))

· · ·

(0, 0, [5))

(1, 1, [5))

(2, 2, [5))

(0, 0, [6))

(1, 1, [6))

· · ·

(0, 0, [7))

(1, 1, [7))

(0, 0, [8))

· · ·

(0, 0, [9))

· · ·

îïèñó¹ ïðèðîäíèé ÷àñòêîâèé ïîðÿäîê íà â'ÿçöi íàïiâãðóïè BF
ω .

Ç ëåìè 5 [2], âðàõóâàâøè çàóâàæåííÿ 3(2), îòðèìó¹ìî

Òâåðäæåííÿ 3. ßêùî F = {[0), . . . [k)} � ñêií÷åííà ω-çàìêíåíà ñiì'ÿ iíäóêòèâ-

íèõ ïiäìíîæèí ó ω, òî ÷àñòèíà äiàãðàìè ç òâåðäæåííÿ 2, ùî ñêëàäà¹òüñÿ ç iäåì-

ïîòåíòiâ

{(i, i, [n)) : i, j ∈ ω, n = 0, 1, . . . , k}
íàïiâãðóïè BF

ω òà âiäïîâiäíèõ ñòðiëîê, ùî ¨õ ç'¹äíóþòü, îïèñó¹ ïðèðîäíèé ÷àñò-

êîâèé ïîðÿäîê íà â'ÿçöi íàïiâãðóïè BF
ω .

Ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ íà BF
ω âèïëèâà¹, ùî ó âèïàäêó, êîëè F �

ω-çàìêíåíà ñiì'ÿ ïiäìíîæèí ó ω òà F ∈ F � íåïîðîæíÿ iíäóêòèâíà ïiäìíîæèíà â
ω, òî ìíîæèíà

B{F}ω = {(i, j, F ) : i, j ∈ ω}
ç iíäóêîâàíîþ íàïiâãðóïîâîþ îïåðàöi¹þ ç BF

ω ¹ ïiäíàïiâãðóïîþ â BF
ω , ÿêà çà òâåðä-

æåííÿì 3 ç [2] içîìîðôíà áiöèêëi÷íié íàïiâãðóïi.

Òâåðäæåííÿ 4. Íåõàé F � äîâiëüíà ω-çàìêíåíà ñiì'ÿ iíäóêòèâíèõ ïiäìíîæèí

ó ω òà S � ïiäíàïiâãðóïà â BF
ω , ÿêà içîìîðôíà áiöèêëi÷íié íàïiâãðóïi Bω. Òîäi

iñíó¹ òàêà ïiäìíîæèíà F ∈ F , ùî S � ïiäíàïiâãðóïà â B{F}ω .

Äîâåäåííÿ. Íåõàé h : Bω → BF
ω � içîìîðôiçì âêëàäåííÿ. Òîäi çà òâåðäæåí-

íÿì 1.4.21(2) [16], h(0, 0) i h(1, 1) � iäåìïîòåíòè íàïiâãðóïè BF
ω , à îòæå, çà ëåìîþ 2

[2], h(0, 0) = (i1, i1, F1) i h(1, 1) = (i2, i2, F2) äëÿ äåÿêèõ i1, i2 ∈ ω i F1, F2 ∈ F .
Òàêîæ ç íåðiâíîñòi (1, 1) 4 (0, 0) ó áiöèêëi÷íié íàïiâãðóïi Bω âèïëèâà¹, ùî
(i2, i2, F2) 4 (i1, i1, F1) ó íàïiâãðóïi BF

ω . Ç ëåìè 5 [2] âèïëèâà¹, ùî i1 6 i2 i
F2 ⊆ i2 − i1 + F1. Îñêiëüêè F � ñiì'ÿ iíäóêòèâíèõ ïiäìíîæèí ó ω, òî iñíóþòü òàêi
÷èñëà k1, k2 ∈ ω, ùî F1 = [k1) i F2 = [k2).

Àíàëîãi÷íî îòðèìó¹ìî, ùî h(0, 1) = (i, j, [a)) äëÿ äåÿêèõ i, j, a ∈ ω. Ïîçàÿê
(1, 0) � iíâåðñíèé åëåìåíò äî (0, 1) â íàïiâãðóïi Bω, òî çà òâåðäæåííÿì 1.4.21 [16] i
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ëåìîþ 4 [2] ìàòèìåìî

h(1, 0) = h
(
(0, 1)−1

)
=

= (h(0, 1))
−1

=

= ((i, j, [a)))
−1

=

= (j, i, [a)),

Òîäi

(i1, i1, [k1)) = h(0, 0) =

= h((0, 1) · (1, 0)) =
= h(0, 1) · h(1, 0) =
= (i, j, [a)) · (j, i, [a)) =
= (i, i, [a))

i àíàëîãi÷íî

(i2, i2, [k2)) = h(1, 1) =

= h((1, 0) · (0, 1)) =
= h(1, 0) · h(0, 1) =
= (j, i, [a)) · (i, j, [a)) =
= (j, j, [a)).

Ç îäíîçíà÷íîñòi çîáðàæåííÿ åëåìåíòiâ íàïiâãðóïè BF
ω âèïëèâà¹, ùî i = i1, j = i2

é a = k1 = k2, à îòæå, h(0, 1) = (i1, i2, [k1)) i h(1, 0) = (i2, i1, [k1)). Ç îçíà÷åííÿ íàïiâ-
ãðóïîâî¨ îïåðàöi¨ â BF

ω âèïëèâà¹, ùî ïiäíàïiâãðóïà S = 〈(i1, i2, [k1)), (i2, i1, [k1))〉 â
BF

ω , ïîðîäæåíà åëåìåíòàìè (i1, i2, [k1)) i (i2, i1, [k1)), ¹ iíâåðñíîþ ïiäíàïiâãðóïîþ â
B{[k1)}

ω . Íàïiâãðóïà B{[k1)}
ω øóêàíà. �

Òåîðåìà 1 îïèñó¹ ãðóïîâi êîíãðóåíöi¨ íà íàïiâãðóïi BF
ω .

Òåîðåìà 1. Íåõàé F � äîâiëüíà ω-çàìêíåíà ñiì'ÿ iíäóêòèâíèõ íåïîðîæíiõ ïiä-

ìíîæèí ó ω òà C � êîíãðóåíöiÿ íà BF
ω . Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) C � ãðóïîâà êîíãðóåíöiÿ íà BF
ω ;

(2) iñíó¹ ïiäíàïiâãðóïà S â BF
ω , ÿêà içîìîðôíà áiöèêëi÷íié íàïiâãðóïi òà äâà

ðiçíi åëåìåíòè íàïiâãðóïè S ¹ C-åêâiâàëåíòíèìè;
(3) äëÿ äîâiëüíî¨ ïiäíàïiâãðóïè T â BF

ω , ÿêà içîìîðôíà áiöèêëi÷íié íàïiâãðóïi,

äâà ðiçíi åëåìåíòè íàïiâãðóïè T ¹ C-åêâiâàëåíòíèìè.

Äîâåäåííÿ. Iìïëiêàöi¨ (1)⇒(3) i (3)⇒(2) î÷åâèäíi.
Äîâåäåìî iìïëiêàöiþ (2)⇒(1). Íåõàé S � ïiäíàïiâãðóïà â BF

ω , ÿêà içîìîðôíà
áiöèêëi÷íié íàïiâãðóïi òà äâà ðiçíi åëåìåíòè â S ¹ C-åêâiâàëåíòíèìè.

Ïðèïóñòèìî, ùî âiäîáðàæåííÿ i : Bω → S âèçíà÷à¹ içîìîðôiçì áiöèêëi÷íî¨ íà-
ïiâãðóïè Bω íà íàïiâãðóïó S. Îñêiëüêè êîíãðóåíöiÿ C íà S íå ¹ ðiâíiñòþ, òî iñíóþòü
ðiçíi åëåìåíòè x, y ∈ S òàêi, ùî xCy. Ïðèïóñòèìî, ùî x = i(n1, n2) i y = i(m1,m2)
äëÿ äåÿêèõ n1, n2,m1,m2 ∈ ω. Òîäi n1 6= m1 àáî n1 6= m2.
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Ç içîìîðôíîñòi íàïiâãðóï Bω i S âèïëèâà¹, ùî S � iíâåðñíà íàïiâãðóïà. Òîäi
çà òâåðäæåííÿì 1.3.21 [16] îòðèìó¹ìî, ùî

xx−1 = i(n1, n2) · (i(n1, n2))
−1 =

= i(n1, n2) · (i(n1, n2)
−1) =

= i(n1, n2) · i(n2, n1) =

= i((n1, n2) · (n2, n1)) =

= i(n1, n1),

x−1x = (i(n1, n2))
−1 · i(n1, n1) =

= (i(n1, n2)
−1) · i(n1, n1) =

= i(n2, n1) · i(n1, n1) =

= i((n2, n1) · (n1, n2)) =

= i(n2, n2),

i àíàëîãi÷íî

yy−1 = i((m1,m1)),

y−1y = i((m2,m2)).

Ç òâåðäæåííÿ 2.3.4(1) [16] âèïëèâà¹, ùî xx−1Cyy−1 i x−1xCy−1y. ßêùî n1 6= m1,
òî ç içîìîðôíîñòi íàïiâãðóï Bω i S âèïëèâà¹, ùî xx−1 6= yy−1, i àíàëîãi÷íî, ÿêùî
n2 6= m2, òî x−1x 6= y−1y.

Çà òâåðäæåííÿì 4 iñíó¹ ìíîæèíà F0 ∈ F òàêà, ùî S � ïiäíàïiâãðóïà â B{F0}
ω .

Îñêiëüêè çà òâåðäæåííÿì 3 ç [2] íàïiâãðóïàB{F0}
ω içîìîðôíà áiöèêëi÷íié íàïiâãðóïi,

òî çà íàñëiäêîì 1.32 ç [8] óñi iäåìïîòåíòè íàïiâãðóïè B{F0}
ω C-åêâiâàëåíòíi. Òîäi ç

îïèñàííÿ ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó íà íàïiâ ðàòöi iäåìïîòåíòiâ íàïiâãðóïè
BF

ω â òâåðäæåííi 2 âèïëèâà¹, ùî äëÿ äîâiëüíî¨ ìíîæèíè F ∈ F iñíóþòü ðiçíi
iäåìïîòåíòè (i, i, F ), (j, j, F ) ïiäíàïiâãðóïè B{F}ω íàïiâãðóïè BF

ω òàêi, ùî

(2) (i0, i0, F0) 4 (i, i, F ) 4 (j, j, F ) 4 (j0, j0, F0)

äëÿ äåÿêèõ i0, j0 ∈ ω.
Çíîâó, ñêîðèñòàâøèñü òèì, ùî çà òâåðäæåííÿì 3 [2] íàïiâãðóïàB{F}ω içîìîðôíà

áiöèêëi÷íié íàïiâãðóïi, îòðèìó¹ìî, ùî äëÿ äîâiëüíî¨ ìíîæèíè F1 ∈ F óñi iäåìïîòåí-
òè íàïiâãðóïè B{F1}

ω C-åêâiâàëåíòíi, à ç íåðiâíîñòi (2) âèïëèâà¹, ùî âñi iäåìïîòåíòè
íàïiâãðóïè BF

ω C-åêâiâàëåíòíi. �

Çàóâàæèìî, ùî àíàëîãi÷íå òâåðäæåííÿ äî òåîðåìè 1 ñïðàâäæó¹òüñÿ i äëÿ íà-
ïiâãðóïè ÷àñòêîâèõ êîñêií÷åííèõ içîìåòðié íàòóðàëüíèõ ÷èñåë IN∞ (äèâ. [4, òåîðå-
ìà 9]).

Ç ïðèêëàäó 1 âèïëèâà¹, ùî íà íàïiâãðóïi BF
ω iñíóþòü íåãðóïîâi êîíãðóåíöi¨.

Ïðèêëàä 1. Íåõàé F � äîâiëüíà ω-çàìêíåíà ñiì'ÿ iíäóêòèâíèõ íåïîðîæíiõ ïiä-
ìíîæèí ó ω. Îçíà÷èìî âiäîáðàæåííÿ h : BF

ω → Bω çà ôîðìóëîþ

h(i, j, F ) = (i, j), i, j ∈ ω, F ∈ F .
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Ç îçíà÷åííÿ íàïiâãðóïîâèõ îïåðàöié íà íàïiâãðóïàõ BF
ω i Bω âèïëèâà¹, ùî òàê

îçíà÷åíå âiäîáðàæåííÿ h ¹ ñþð'¹êòèâíèì ãîìîìîðôiçìîì. Îòîæ êîíãðóåíöiÿ h] íà
íàïiâãðóïi BF

ω , ïîðîäæåíà ãîìîìîðôiçìîì h, íå ¹ ãðóïîâîþ.

3. Ãîìîìîðôíi ðåòðàêòè òà içîìîðôiçìè íàïiâãðóïè BF
ω

Ïðèêëàä 2. Íåõàé F � äîâiëüíà ω-çàìêíåíà ñiì'ÿ iíäóêòèâíèõ íåïîðîæíiõ ïiäìíî-
æèí ó ω. Çàôiêñó¹ìî äîâiëüíó ìíîæèíó F ∈ F . Îçíà÷èìî âiäîáðàæåííÿ hF : Bω →
BF

ω çà ôîðìóëîþ

hF (i, j) = (i, j, F ), i, j ∈ ω.

Ç îçíà÷åííÿ íàïiâãðóïîâèõ îïåðàöié íà íàïiâãðóïàõ BF
ω i Bω âèïëèâà¹, ùî òàê

îçíà÷åíå âiäîáðàæåííÿ hF ¹ ãîìîìîðôiçìîì.

Îñêiëüêè êîìïîçèöiÿ ãîìîìîðôiçìiâ íàïiâãðóï ¹ ãîìîìîðôiçìîì, òî ç âèçíà÷åí-
íÿ ãîìîìîðôiçìiâ h : BF

ω → Bω i hF : Bω → BF
ω (äèâ. ïðèêëàäè 1 i 2, âiäïîâiäíî),

âèïëèâà¹, ùî ¨õíÿ êîìïîçèöiÿ hF ◦ h ¹ ãîìîìîðôíîþ ðåòðàêöi¹þ íàïiâãðóïè BF
ω ,

òîáòî âèêîíó¹òüñÿ òàêå òâåðäæåííÿ:

Òâåðäæåííÿ 5. Íåõàé F � äîâiëüíà ω-çàìêíåíà ñiì'ÿ iíäóêòèâíèõ íåïîðîæíiõ

ïiäìíîæèí ó ω òà F ∈ F . Òîäi ïiäíàïiâãðóïà B{F}ω ¹ ãîìîìîðôíèì ðåòðàêòîì

íàïiâãðóïè BF
ω .

Ïðèêëàä 3. Íåõàé F � äîâiëüíà ω-çàìêíåíà ñiì'ÿ iíäóêòèâíèõ íåïîðîæíiõ ïiäìíî-
æèí ó ω. Çàôiêñó¹ìî äîâiëüíó ìíîæèíó [k) ∈ F . Îçíà÷èìî âiäîáðàæåííÿ hk : B

F
ω →

BF
ω çà ôîðìóëîþ

hk(i, j, [a)) =

{
(i, j, [k)), ÿêùî a 6 k;
(i, j, [a)), ÿêùî a > k,

i, j ∈ ω, [a) ∈ F .

Ëåìà 2. ßêùî F � äîâiëüíà ω-çàìêíåíà ñiì'ÿ iíäóêòèâíèõ íåïîðîæíiõ ïiäìíî-

æèí ó ω òà [k) ∈ F , òî hk : B
F
ω → BF

ω � ãîìîìîðôiçì.

Äîâåäåííÿ. Íåõàé (i1, j1, [a1)) i (i2, j2, [a2)) � äîâiëüíi åëåìåíòè íàïiâãðóïèBF
ω . Ðîç-

ãëÿíåìî ìîæëèâi âèïàäêè.

(1) Íåõàé a1, a2 6 k. Òîäi

hk((i1, j1, [a1)) · (i2, j2, [a2))) =

=

 hk(i1 − j1 + i2, j2, (j1 − i2 + [a1)) ∩ [a2)), ÿêùî j1 < i2;
hk(i1, j2, [a1) ∩ [a2)), ÿêùî j1 = i2;
hk(i1, j1 − i2 + j2, [a1) ∩ (i2 − j1 + [a2))), ÿêùî j1 > i2

=

 (i1 − j1 + i2, j2, [k)), ÿêùî j1 < i2;
(i1, j2, [k)), ÿêùî j1 = i2;
(i1, j1 − i2 + j2, [k)), ÿêùî j1 > i2

i
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hk(i1, j1, [a1)) · hk(i2, j2, [a2)) = (i1, j1, [k)) · (i2, j2, [k)) =

=

 (i1 − j1 + i2, j2, (j1 − i2 + [k)) ∩ [k)), ÿêùî j1 < i2;
(i1, j2, [k) ∩ [k)), ÿêùî j1 = i2;
(i1, j1 − i2 + j2, [k) ∩ (i2 − j1 + [k))), ÿêùî j1 > i2

=

=

 (i1 − j1 + i2, j2, [k)), ÿêùî j1 < i2;
(i1, j2, [k)), ÿêùî j1 = i2;
(i1, j1 − i2 + j2, [k))), ÿêùî j1 > i2

(2) Ïðèïóñòèìî, ùî a1 > k i a2 6 k. Òîäi ìà¹ìî, ùî

hk((i1, j1, [a1)) · (i2, j2, [a2))) =

=

 hk(i1 − j1 + i2, j2, (j1 − i2 + [a1)) ∩ [a2)), ÿêùî j1 < i2;
hk(i1, j2, [a1) ∩ [a2)), ÿêùî j1 = i2;
hk(i1, j1 − i2 + j2, [a1) ∩ (i2 − j1 + [a2))), ÿêùî j1 > i2

=

=


(i1 − j1 + i2, j2, [k)), ÿêùî j1 < i2 i j1 − i2 + a1 6 k;
(i1 − j1 + i2, j2, j1 − i2 + [a1)), ÿêùî j1 < i2 i j1 − i2 + a1 > k;
(i1, j2, [a1)), ÿêùî j1 = i2;
(i1, j1 − i2 + j2, [a1)), ÿêùî j1 > i2

i

hk(i1, j1, [a1)) · hk(i2, j2, [a2)) = (i1, j1, [a1)) · (i2, j2, [k)) =

=

 (i1 − j1 + i2, j2, (j1 − i2 + [a1)) ∩ [k)), ÿêùî j1 < i2;
(i1, j2, [a1) ∩ [k)), ÿêùî j1 = i2;
(i1, j1 − i2 + j2, [a1) ∩ (i2 − j1 + [k))), ÿêùî j1 > i2

=

=


(i1 − j1 + i2, j2, [k)), ÿêùî j1 < i2 i j1 − i2 + a1 6 k;
(i1 − j1 + i2, j2, j1 − i2 + [a1)), ÿêùî j1 < i2 i j1 − i2 + a1 > k;
(i1, j2, [a1)), ÿêùî j1 = i2;
(i1, j1 − i2 + j2, [a1)), ÿêùî j1 > i2.

(3) ßêùî a1 6 k i a2 > k, òî

hk((i1, j1, [a1)) · (i2, j2, [a2))) =

=

 hk(i1 − j1 + i2, j2, (j1 − i2 + [a1)) ∩ [a2)), ÿêùî j1 < i2;
hk(i1, j2, [a1) ∩ [a2)), ÿêùî j1 = i2;
hk(i1, j1 − i2 + j2, [a1) ∩ (i2 − j1 + [a2))), ÿêùî j1 > i2

=

=


(i1 − j1 + i2, j2, [a2)), ÿêùî j1 < i2;
(i1, j2, [a2)), ÿêùî j1 = i2;
(i1, j1 − i2 + j2, [k)), ÿêùî j1 > i2 i j1 − i2 + a1 6 k;
(i1, j1 − i2 + j2, i2 − j1 + [a2)), ÿêùî j1 > i2 i j1 − i2 + a1 > k

i
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hk(i1, j1, [a1)) · hk(i2, j2, [a2)) = (i1, j1, [k)) · (i2, j2, [a2)) =

=

 (i1 − j1 + i2, j2, (j1 − i2 + [k)) ∩ [a2)), ÿêùî j1 < i2;
(i1, j2, [k) ∩ [a2)), ÿêùî j1 = i2;
(i1, j1 − i2 + j2, [k) ∩ (i2 − j1 + [a2))), ÿêùî j1 > i2

=

=


(i1 − j1 + i2, j2, [a2)), ÿêùî j1 < i2;
(i1, j2, [a2)), ÿêùî j1 = i2;
(i1, j1 − i2 + j2, [k)), ÿêùî j1 > i2 i j1 − i2 + a1 6 k;
(i1, j1 − i2 + j2, i2 − j1 + [a2)), ÿêùî j1 > i2 i j1 − i2 + a1 > k.

(4) Ïðèïóñòèìî, ùî a1, a2 > k. Òîäi ìà¹ìî, ùî

hk((i1, j1, [a1)) · (i2, j2, [a2))) =

=

 hk(i1 − j1 + i2, j2, (j1 − i2 + [a1)) ∩ [a2)), ÿêùî j1 < i2;
hk(i1, j2, [a1) ∩ [a2)), ÿêùî j1 = i2;
hk(i1, j1 − i2 + j2, [a1) ∩ (i2 − j1 + [a2))), ÿêùî j1 > i2

=

=


(i1 − j1 + i2, j2, [a2)), ÿêùî j1 < i2 i j1 − i2 + a1 6 a2;
(i1 − j1 + i2, j2, j1 − i2 + [a1)), ÿêùî j1 < i2 i j1 − i2 + a1 > a2;
(i1, j2, [a2)), ÿêùî j1 = i2;
(i1, j1 − i2 + j2, i2 − j1 + [a2)), ÿêùî j1 > i2 i i2 − j1 + a2 > a1;
(i1, j1 − i2 + j2, [a1)), ÿêùî j1 > i2 i i2 − j1 + a2 < a1

i

hk(i1, j1, [a1)) · hk(i2, j2, [a2)) = (i1, j1, [a1)) · (i2, j2, [a2)) =

=

 (i1 − j1 + i2, j2, (j1 − i2 + [a1)) ∩ [a2)), ÿêùî j1 < i2;
(i1, j2, [a1) ∩ [a2)), ÿêùî j1 = i2;
(i1, j1 − i2 + j2, [a1) ∩ (i2 − j1 + [a2))), ÿêùî j1 > i2

=

=


(i1 − j1 + i2, j2, [a2)), ÿêùî j1 < i2 i j1 − i2 + a1 6 a2;
(i1 − j1 + i2, j2, j1 − i2 + [a1)), ÿêùî j1 < i2 i j1 − i2 + a1 > a2;
(i1, j2, [a2)), ÿêùî j1 = i2;
(i1, j1 − i2 + j2, i2 − j1 + [a2)), ÿêùî j1 > i2 i i2 − j1 + a2 > a1;
(i1, j1 − i2 + j2, [a1)), ÿêùî j1 > i2 i i2 − j1 + a2 < a1.

Îòîæ âiäîáðàæåííÿ hk : B
F
ω → BF

ω ¹ ãîìîìîðôiçìîì. �

Ïîçàÿê

hk(B
F
ω ) = B

F>k
ω =

{
(i, j, [a)) ∈ BF

ω : [a) ∈ F i a > k
}

� iíâåðñíà ïiäíàïiâãðóïà â BF
ω , ÿêà ¹ ìíîæèíîþ íåðóõîìèõ òî÷îê ãîìîìîðôiçìó

hk : B
F
ω → BF

ω , òî ñïðàâäæó¹òüñÿ òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 6. Íåõàé F � äîâiëüíà ω-çàìêíåíà ñiì'ÿ iíäóêòèâíèõ íåïîðîæíiõ

ïiäìíîæèí ó ω òà [k) ∈ F äëÿ äåÿêîãî ÷èñëà k ∈ ω. Òîäi ïiäíàïiâãðóïà B
F>k
ω ¹

ãîìîìîðôíèì ðåòðàêòîì íàïiâãðóïè BF
ω .
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Íåõàé F = {[0), [1), . . . , [k)} � ñiì'ÿ ïiäìíîæèí ó ω, äå k > 1. Äëÿ äîâiëüíîãî
íàòóðàëüíîãî ÷èñëà n < k îçíà÷èìî

B
F6n
ω =

{
(i, j, [a)) ∈ BF

ω : [a) ∈ F i a 6 n
}
.

Î÷åâèäíî, ùî B
F6n
ω � iíâåðñíà ïiäíàïiâãðóïà â BF

ω .
Ç òâåðäæåííÿ 5 âèïëèâà¹, ùî äëÿ ñiì'¨ F = {[0), [1)} ïiäíàïiâãðóïà B{[0)}ω ¹

ãîìîìîðôíèì ðåòðàêòîì íàïiâãðóïè BF
ω . Îäíàê ç ïîäàëüøèõ òâåðäæåíü âèïëèâà¹,

ùî äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà k > 2 ïiäíàïiâãðóïàB
F6n
ω íå ¹ ãîìîìîðôíèì

ðåòðàêòîì íàïiâãðóïè BF
ω äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n < k.

Òåîðåìà 2. Íåõàé F � äîâiëüíà ω-çàìêíåíà ñiì'ÿ iíäóêòèâíèõ íåïîðîæíiõ ïiä-

ìíîæèí ó ω òà ω ∈ F . Òîäi:

(1) ÿêùî ñiì'ÿ F � íåñêií÷åííà, òî äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà k íà-

ïiâãðóïà B
F6k
ω íå ¹ ãîìîìîðôíèì ðåòðàêòîì íàïiâãðóïè BF

ω ;

(2) ÿêùî ñiì'ÿ F � ñêií÷åííà òà
⋂

F = [t) äëÿ äåÿêîãî íàòóðàëüíîãî ÷èñëà

t > 2, òî äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà k < t íàïiâãðóïà B
F6k
ω íå ¹

ãîìîìîðôíèì ðåòðàêòîì íàïiâãðóïè BF
ω .

Äîâåäåííÿ. Ïðèïóñòèìî ïðîòèëåæíå: õî÷à á â îäíîìó ç âèïàäêiâ (1), ÷è (2) íàïiâ-
ãðóïà B

F6n
ω ¹ ãîìîìîðôíèì ðåòðàêòîì íàïiâãðóïè BF

ω .
Ïîçàÿê çâóæåííÿ íàïiâãðóïîâîãî ãîìîìîðôiçìó h : S → S íà ïiäíàïiâãðóïó

T ⊆ S ¹ çíîâó ãîìîìîðôiçìîì, òî, ïðèïóñòèâøè, ùî B
F6k
ω ¹ ãîìîìîðôíèì ðåò-

ðàêòîì íàïiâãðóïè BF
ω , ÿêèé ïîðîäæó¹òüñÿ äåÿêèì ãîìîìîðôiçìîì h : BF

ω → BF
ω ,

îòðèìó¹ìî, ùî ïiäíàïiâãðóïà B
F6k
ω ¹ ãîìîìîðôíèì ðåòðàêòîì íàïiâãðóïè B

F6k+1
ω ,

ÿêèé ïîðîäæó¹òüñÿ äåÿêîþ ãîìîìîðôíîþ ðåòðàêöi¹þ hk : B
F6k+1
ω → B

F6k
ω .

Ç âèçíà÷åííÿ ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó íà â'ÿçöi E(B
F6k+1
ω ) (äèâ. òâåð-

äæåííÿ 2 i 3) âèïëèâà¹, ùî

(1, 1, [k)) 4 (0, 0, [k + 1)) 4 (0, 0, [k)).

Ïîçàÿê ãîìîìîðôiçì iíâåðñíèõ íàïiâãðóï çáåðiãà¹ ïðèðîäíèé ÷àñòêîâèé ïîðÿäîê íà
¨õ â'ÿçêàõ ó áiê îáðàçó (äèâ. [16, òâåðäæåííÿ 1.4.21(6)]), òî

(3) (1, 1, [k)) 4 hk(0, 0, [k + 1)) 4 (0, 0, [k)).

Ç íåðiâíîñòåé (3) i âèçíà÷åííÿ ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó íà E(B
F6k+1
ω ) (äèâ.

òâåðäæåííÿ 2 i 3) âèïëèâà¹, ùî âèêîíó¹òüñÿ ëèøå îäèí ç âèïàäêiâ:

(1) hk(0, 0, [k + 1)) = (0, 0, [k));
(2) hk(0, 0, [k + 1)) = (1, 1, [k));
(3) hk(0, 0, [k + 1)) = (1, 1, [k − 1)).

Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ âèïàäîê (1): hk(0, 0, [k + 1)) = (0, 0, [k)). Ç òâåðä-
æåííÿ 4 âèïëèâà¹, ùî hk(i, j, [k+1)) ∈ B{[k)}ω äëÿ âñiõ i, j ∈ ω, îñêiëüêè çà òâåðäæåí-
íÿì 3 ç [2] íàïiâãðóïàB{[k+1)}

ω içîìîðôíà áiöèêëi÷íié íàïiâãðóïi. Òàêîæ ç òâåðäæåíü
2 i 3 âèïëèâà¹, ùî hk(1, 1, [k + 1)) 4 (1, 1, [k)).
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Çà òâåðäæåííÿì 1.4.21(2) ç [16], hk(1, 1, [k + 1)) � iäåìïîòåíò íàïiâãðóïè BF
ω ,

ÿê ãîìîìîðôíèé îáðàç iäåìïîòåíòà (1, 1, [k + 1)). Ïîçàÿê

(0, 0, [k + 1)) = (0, 1, [k + 1)) · (1, 0, [k + 1)),

òî çà òâåðäæåííÿì 1.4.21(1) [16] ìà¹ìî, ùî

(0, 0, [k)) = hk(0, 0, [k + 1)) =

= hk((0, 1, [k + 1)) · (1, 0, [k + 1))) =

= hk(0, 1, [k + 1)) · hk(1, 0, [k + 1)) =

= hk(0, 1, [k + 1)) · hk((0, 1, [k + 1))−1) =

= hk(0, 1, [k + 1)) · (hk(0, 1, [k + 1)))−1,

i, ïðèéíÿâøè hk(0, 1, [k + 1)) = (m,n, [k)) äëÿ äåÿêèõ m,n ∈ ω, çà ëåìîþ 4 ç [2]
îòðèìó¹ìî, ùî

(m,n, [k)) · (m,n, [k))−1 = (m,n, [k)) · (n,m, [k)) =

= (m,m, [k)) =

= (0, 0, [k)),

à îòæå, hk(0, 1, [k + 1)) = (0, n, [k)) äëÿ äåÿêîãî íàòóðàëüíîãî ÷èñëà n. Àíàëîãi÷íî

hk(1, 1, [k + 1)) = hk((1, 0, [k + 1)) · (0, 1, [k + 1))) =

= hk(1, 0, [k + 1))) · hk(0, 1, [k + 1)) =

= hk((0, 1, [k + 1))−1) · hk(0, 1, [k + 1)) =

= (hk(0, 1, [k + 1)))−1 · hk(0, 1, [k + 1)) =

= (0, n, [k))−1 · (0, n, [k)) =
= (n, 0, [k)) · (0, n, [k)) =
= (n, n, [k)).

Ïðèïóñòèìî, ùî n > 2. Òîäi ç

(3, 3, [k)) 4 (2, 2, [k + 1)) =

= (2, 0, [k + 1)) · (0, 2, [k + 1)) =

= (1, 0, [k + 1))2 · (0, 1, [k + 1))2

âèïëèâà¹, ùî

(3, 3, [k)) = hk(3, 3, [k)) 4

4 hk(2, 2, [k + 1)) =

= hk((1, 0, [k + 1))2 · (0, 1, [k + 1))2) =

= (hk(1, 0, [k + 1)))2 · (hk(0, 1, [k + 1)))2 =
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= (n, 0, [k))2 · (0, n, [k))2 =

= (2n, 0, [k)) · (0, 2n, [k)) =
= (2n, 2n, [k)),

à öå ñóïåðå÷èòü âèçíà÷åííþ ïðèðîäíîãî ÷àñòêîâîãî ïîðÿäêó íà íàïiâ ðàòöi
E(B

F6k+1
ω ) (äèâ. òâåðäæåííÿ 2 i 3). Îòîæ îòðèìó¹ìî, ùî hk(0, 1, [k+1)) = (0, 1, [k))

i çà òâåðäæåííÿì 1.4.21(1) ç [16], hk(1, 0, [k + 1)) = (1, 0, [k)). Òîäi ç îçíà÷åííÿ
íàïiâãðóïîâî¨ îïåðàöi¨ íà BF

ω âèïëèâà¹, ùî

hk(p, q, [k + 1)) = (p, q, [k)),

äëÿ âñiõ p, q ∈ ω.
Ïðèïóñòèìî, ùî i > j. Òîäi äëÿ a = 0, 1, . . . , k ìàòèìåìî

hk((i, i, [a))·(j, j, [k + 1))) = hk(i, i, [a) ∩ (j − i+ [k + 1))) =

=

{
hk(i, i, j − i+ [k + 1)), ÿêùî 0 6 a < j − i+ k + 1;
hk(i, i, [a)), ÿêùî a > j − i+ k + 1

=

=

{
(i, i, j − i+ [k + 1)), ÿêùî 0 6 a < j − i+ k + 1;
(i, i, [a)), ÿêùî a > j − i+ k + 1

i

hk(i, i, [a)) · hk(j, j, [k + 1)) = (i, i, [a)) · (j, j, [k)) =
= (i, i, [a) ∩ (j − i+ [k))) =

=

{
(i, i, j − i+ [k)), ÿêùî 0 6 a < j − i+ k;
(i, i, [a)), ÿêùî a > j − i+ k.

Îòîæ, ÿêùî a = j − i + k (à òàêèé âèïàäîê çàâæäè ìîæëèâèé, çîêðåìà êîëè a =
−1 + k, òîáòî i = j + 1), òî îòðèìó¹ìî, ùî

hk((i, i, [a)) · (j, j, [k + 1))) = (i, i, j − i+ [k + 1)) =

= (i, i, a− k + [k + 1)) =

= (i, i, [a+ 1))

i

hk(i, i, [a)) · hk(j, j, [k + 1)) = (i, i, [a)),

à öå ñóïåðå÷èòü òîìó, ùî âiäîáðàæåííÿ hk : B
F6k+1
ω → B

F6k
ω ¹ ãîìîìîðôiçìîì. Ç

îòðèìàíîãî ïðîòèði÷÷ÿ âèïëèâà¹, ùî óìîâà hk(0, 0, [k + 1)) = (0, 0, [k)) íå âèêîíó-
¹òüñÿ.

Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ âèïàäîê (2)

hk(0, 0, [k + 1)) = (1, 1, [k)).

Ç òâåðäæåííÿ 4 âèïëèâà¹, ùî hk(i, j, [k + 1)) ∈ B{[k)}ω äëÿ âñiõ i, j ∈ ω, îñêiëüêè çà
òâåðäæåííÿì 3 ç [2] íàïiâãðóïà B{[k+1)}

ω içîìîðôíà áiöèêëi÷íié íàïiâãðóïi. Òàêîæ ç
òâåðäæåíü 2 i 3 âèïëèâà¹, ùî hk(1, 1, [k + 1)) 4 (2, 2, [k)).
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Çà òâåðäæåííÿì 1.4.21(2) ç [16] ìà¹ìî, ùî hk(1, 1, [k + 1)) � iäåìïîòåíò íàïiâ-
ãðóïè BF

ω , à îòæå, hk(1, 1, [k+1)) = (i, i, [k)) äëÿ äåÿêîãî íàòóðàëüíîãî ÷èñëà i > 2.
Ïîçàÿê

(0, 0, [k + 1)) = (0, 1, [k + 1)) · (1, 0, [k + 1)),

òî çà òâåðäæåííÿì 1.4.21(1) [16] îòðèìó¹ìî, ùî

(1, 1, [k)) = hk(0, 0, [k + 1)) =

= hk((0, 1, [k + 1)) · (1, 0, [k + 1))) =

= hk(0, 1, [k + 1)) · hk(1, 0, [k + 1)) =

= hk(0, 1, [k + 1)) · hk((0, 1, [k + 1))−1) =

= hk(0, 1, [k + 1)) · (hk(0, 1, [k + 1)))−1,

i, ïðèéíÿâøè hk(0, 1, [k + 1)) = (m,n, [k)), ç ëåìè 4 [2] âèïëèâà¹, ùî

(m,n, [k)) · (m,n, [k))−1 = (m,n, [k)) · (n,m, [k)) =

= (m,m, [k)) =

= (1, 1, [k)),

çâiäêè îòðèìó¹ìî, ùî

hk(0, 1, [k + 1)) = (1, n, [k)),

äëÿ äåÿêîãî íàòóðàëüíîãî ÷èñëà n > 2. Ñïðàâäi, n 6= 1, áî â öüîìó âèïàäêó çà òåî-
ðåìîþ 1 ãîìîìîðôiçì hk : B

F6k+1
ω → B

F6k
ω áóâ áè ãðóïîâèì. Òàêîæ ç íåðiâíîñòi

(1, 1, [k + 1)) 4 (0, 0, [k + 1)) â E(B
F6k+1
ω ) âèïëèâà¹, ùî íå iñíó¹ òàêîãî iäåìïîòåíòà

âèãëÿäó (p, p, [k + 1)), äå p > 2, ùî

hk(p, p, [k + 1)) = (0, 0, [k))),

à îòæå, çà òâåðäæåííÿì 1.4.21(3) ç [16] íå iñíó¹ åëåìåíòà (s, t, [k + 1)) íàïiâãðóïè
B

F6k+1
ω òàêîãî, ùî

hk(s, t, [k + 1)) = (0, 0, [k)).

Àíàëîãi÷íî, ç ðiâíîñòåé

hk(1, 1, [k + 1)) = hk((1, 0, [k + 1)) · (0, 1, [k + 1))) =

= hk(1, 0, [k + 1))) · hk(0, 1, [k + 1)) =

= hk((0, 1, [k + 1))−1) · hk(0, 1, [k + 1)) =

= (hk(0, 1, [k + 1)))−1 · hk(0, 1, [k + 1)) =

= (1, n, [k))−1 · (1, n, [k)) =
= (n, 1, [k)) · (1, n, [k)) =
= (n, n, [k))

îòðèìó¹ìî, ùî n > 2.
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Ïðèïóñòèìî, ùî n > 3. Òîäi ç

(3, 3, [k)) 4 (2, 2, [k + 1)) =

= (2, 0, [k + 1)) · (0, 2, [k + 1)) =

= (1, 0, [k + 1))2 · (0, 1, [k + 1))2

âèïëèâà¹, ùî

(3, 3, [k)) = hk(3, 3, [k)) 4

4 hk(2, 2, [k + 1)) =

= hk((1, 0, [k + 1))2 · (0, 1, [k + 1))2) =

= (hk(1, 0, [k + 1)))2 · (hk(0, 1, [k + 1)))2 =

= (n, 1, [k))2 · (1, n, [k))2 =

= (2n− 1, 1, [k)) · (1, 2n− 1, [k)) =

= (2n− 1, 2n− 1, [k)),

îäíàê öå ñóïåðå÷èòü òâåðäæåííÿì 2 i 3, îñêiëüêè (3, 3, [k)) 64 (2n − 1, 2n − 1, [k)) ó
âèïàäêó n > 3. Îòîæ n = 2, à îòæå, îòðèìó¹ìî, ùî hk(1, 0, [k + 1)) = (1, 2, [k)) i
hk(0, 1, [k + 1)) = (1, 2, [k)). Ïîçàÿê çà òâåðäæåííÿì 3 ç [2] íàïiâãðóïà B{[k+1)}

ω içî-
ìîðôíà áiöèêëi÷íié íàïiâãðóïi, òî ç òîãî, ùî çâóæåííÿ ãîìîìîðôiçìó hk : B

F6k+1
ω →

B
F6k
ω íà ïiäíàïiâãðóïó B{[k+1)}

ω ¹ ií'¹êòèâíèì âiäîáðàæåííÿì, ç îçíà÷åííÿ íàïiâ-
ãðóïîâî¨ îïåðàöi¨ â BF

ω i ç ïîïåðåäíiõ ìiðêóâàíü âèïëèâà¹, ùî

hk(p, q, [k + 1)) = (p+ 1, q + 1, [k)),

äëÿ äîâiëüíèõ p, q ∈ ω.
Ïðèïóñòèìî, ùî i > j. Òîäi äëÿ a = 0, 1, . . . , k ìà¹ìî

hk((i, i, [a)) · (j, j, [k + 1))) = hk(i, i, [a) ∩ (j − i+ [k + 1))) =

=

{
hk(i, i, j − i+ [k + 1)), ÿêùî 0 6 a < j − i+ k + 1;
hk(i, i, [a)), ÿêùî a > j − i+ k + 1

=

=

{
(i+ 1, i+ 1, j − i+ [k + 1)), ÿêùî 0 6 a < j − i+ k + 1;
(i+ 1, i+ 1, [a)), ÿêùî a > j − i+ k + 1

i

hk(i, i, [a)) · hk(j, j, [k + 1)) = (i+ 1, i+ 1, [a)) · (j + 1, j + 1, [k)) =

= (i+ 1, i+ 1, [a) ∩ (j − i+ [k))) =

=

{
(i+ 1, i+ 1, j − i+ [k)), ÿêùî 0 6 a < j − i+ k;
(i+ 1, i+ 1, [a)), ÿêùî a > j − i+ k.

Îòîæ, ÿêùî a = j − i + k (à òàêèé âèïàäîê çàâæäè ìîæëèâèé, çîêðåìà, êîëè a =
−1 + k, òîáòî i = j + 1), òî îòðèìó¹ìî, ùî

hk((i, i, [a)) · (j, j, [k + 1))) = (i+ 1, i+ 1, j − i+ [k + 1)) =

= (i+ 1, i+ 1, a− k + [k + 1)) =

= (i+ 1, i+ 1, [a+ 1))
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i
hk(i, i, [a)) · hk(j, j, [k + 1)) = (i+ 1, i+ 1, [a)),

à öå ñóïåðå÷èòü òîìó, ùî âiäîáðàæåííÿ hk : B
F6k+1
ω → B

F6k
ω ¹ ãîìîìîðôiçìîì.

Ç îòðèìàíîãî ïðîòèði÷÷ÿ âèïëèâà¹, ùî óìîâà hk(0, 0, [k + 1)) = (1, 1, [k)) íå ìîæå
âèêîíóâàòèñÿ.

Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ âèïàäîê (3):

hk(0, 0, [k + 1)) = (1, 1, [k − 1)).

Ç òâåðäæåííÿ 4 âèïëèâà¹, ùî hk(i, j, [k+1)) ∈ B{[k−1)}ω äëÿ âñiõ i, j ∈ ω, îñêiëüêè çà
òâåðäæåííÿì 3 ç [2] íàïiâãðóïà B{[k+1)}

ω içîìîðôíà áiöèêëi÷íié íàïiâãðóïi. Òàêîæ ç
òâåðäæåíü 2 i 3 âèïëèâà¹, ùî âèêîíó¹òüñÿ íåðiâíiñòü hk(1, 1, [k + 1)) 4 (2, 2, [k − 1)).

Çà òâåðäæåííÿì 1.4.21(2) ç [16] ìà¹ìî, ùî hk(1, 1, [k + 1)) � iäåìïîòåíò íàïiâ-
ãðóïè BF

ω , à îòæå, hk(1, 1, [k + 1)) = (i, i, [k − 1)) äëÿ äåÿêîãî íàòóðàëüíîãî ÷èñëà
i > 2. Ïîçàÿê

(0, 0, [k + 1)) = (0, 1, [k + 1)) · (1, 0, [k + 1)),

òî çà òâåðäæåííÿì 1.4.21(1) [16] îòðèìà¹ìî, ùî

(1, 1, [k − 1)) = hk(0, 0, [k + 1)) =

= hk((0, 1, [k + 1)) · (1, 0, [k + 1))) =

= hk(0, 1, [k + 1)) · hk(1, 0, [k + 1)) =

= hk(0, 1, [k + 1)) · hk((0, 1, [k + 1))−1) =

= hk(0, 1, [k + 1)) · (hk(0, 1, [k + 1)))−1,

i, ïðèéíÿâøè
hk(0, 1, [k + 1)) = (m,n, [k − 1)),

ç ëåìè 4 [2] âèïëèâà¹, ùî

(m,n, [k − 1)) · (m,n, [k − 1))−1 = (m,n, [k − 1)) · (n,m, [k − 1)) =

= (m,m, [k)) =

= (1, 1, [k − 1)),

à îòæå,
hk(0, 1, [k + 1)) = (1, n, [k − 1)),

äëÿ äåÿêîãî íàòóðàëüíîãî ÷èñëà n > 2. Ñïðàâäi, n 6= 1, îñêiëüêè â öüîìó âèïàäêó çà
òåîðåìîþ 1 ãîìîìîðôiçì hk : B

F6k+1
ω → B

F6k
ω áóâ áè ãðóïîâèì. Òàêîæ ç íåðiâíîñòi

(1, 1, [k + 1)) 4 (0, 0, [k + 1)) â E(B
F6k+1
ω ) âèïëèâà¹, ùî íå iñíó¹ òàêîãî iäåìïîòåíòà

âèãëÿäó (p, p, [k + 1)), äå p > 2, ùî

hk(p, p, [k + 1)) = (0, 0, [k − 1))),

à îòæå, çà òâåðäæåííÿì 1.4.21(3) ç [16] íå iñíó¹ åëåìåíòà (s, t, [k + 1)) íàïiâãðóïè
B

F6k+1
ω òàêîãî, ùî

hk(s, t, [k + 1)) = (0, 0, [k − 1)).
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Àíàëîãi÷íî, ç ðiâíîñòåé

hk(1, 1, [k + 1)) = hk((1, 0, [k + 1)) · (0, 1, [k + 1))) =

= hk(1, 0, [k + 1))) · hk(0, 1, [k + 1)) =

= hk((0, 1, [k + 1))−1) · hk(0, 1, [k + 1)) =

= (hk(0, 1, [k + 1)))−1 · hk(0, 1, [k + 1)) =

= (1, n, [k − 1))−1 · (1, n, [k − 1)) =

= (n, 1, [k − 1)) · (1, n, [k − 1)) =

= (n, n, [k − 1))

îòðèìó¹ìî, ùî n > 2.
Ïðèïóñòèìî, ùî n > 3. Òîäi ç

(6, 6, [k − 1)) 4 (4, 4, [k + 1)) =

= (4, 0, [k + 1)) · (0, 4, [k + 1)) =

= (1, 0, [k + 1))4 · (0, 1, [k + 1))4

âèïëèâà¹, ùî

(6, 6, [k − 1)) = hk(6, 6, [k − 1)) 4

4 hk(4, 4, [k + 1)) =

= hk((1, 0, [k + 1))4 · (0, 1, [k + 1))4) =

= (hk(1, 0, [k + 1)))4 · (hk(0, 1, [k + 1)))4 =

= (n, 1, [k − 1))4 · (1, n, [k − 1))4 =

= (4n− 3, 1, [k − 1)) · (1, 4n− 3, [k − 1)) =

= (4n− 3, 4n− 3, [k − 1)),

îäíàê öå ñóïåðå÷èòü òâåðäæåííÿì 2 i 3, îñêiëüêè

(6, 6, [k − 1)) 64 (4n− 3, 4n− 3, [k − 1))

ó âèïàäêó n > 3. Îòîæ i = 2, à îòæå, îòðèìó¹ìî, ùî

hk(1, 0, [k + 1)) = (1, 2, [k − 1)) i hk(0, 1, [k + 1)) = (2, 1, [k − 1)).

Ïîçàÿê çà òâåðäæåííÿì 3 ç [2] íàïiâãðóïà B{[k+1)}
ω içîìîðôíà áiöèêëi÷íié íàïiâãðó-

ïi, òî ç òîãî, ùî çâóæåííÿ ãîìîìîðôiçìó hk : B
F6k+1
ω → B

F6k
ω íà ïiäíàïiâãðóïó

B{[k+1)}
ω ¹ ií'¹êòèâíèì âiäîáðàæåííÿì, ç îçíà÷åííÿ íàïiâãðóïîâî¨ îïåðàöi¨ â BF

ω i ç
ïîïåðåäíiõ ìiðêóâàíü âèïëèâà¹, ùî

hk(p, q, [k + 1)) = (p+ 1, q + 1, [k − 1)),

äëÿ äîâiëüíèõ p, q ∈ ω.
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Ïðèïóñòèìî, ùî i > j. Òîäi äëÿ a = 0, 1, . . . , k ìà¹ìî

hk((i, i, [a)) · (j, j, [k + 1))) = hk(i, i, [a) ∩ (j − i+ [k + 1))) =

=

{
hk(i, i, j − i+ [k + 1)), ÿêùî 0 6 a < j − i+ k + 1;
hk(i, i, [a)), ÿêùî a > j − i+ k + 1

=

=

{
(i+ 1, i+ 1, j − i+ [k + 1)), ÿêùî 0 6 a < j − i+ k + 1;
(i+ 1, i+ 1, [a)), ÿêùî a > j − i+ k + 1

i

hk(i, i, [a)) · hk(j, j, [k + 1)) = (i+ 1, i+ 1, [a)) · (j + 1, j + 1, [k − 1)) =

= (i+ 1, i+ 1, [a) ∩ (j − i+ [k − 1))) =

=

{
(i+ 1, i+ 1, j − i+ [k − 1)), ÿêùî 0 6 a < j − i+ k − 1;
(i+ 1, i+ 1, [a)), ÿêùî a > j − i+ k − 1.

Îòîæ, ÿêùî a = j − i + k (à òàêèé âèïàäîê çàâæäè ìîæëèâèé, çîêðåìà, êîëè a =
−1 + k, òîáòî i = j + 1), òî îòðèìó¹ìî, ùî

hk((i, i, [a)) · (j, j, [k + 1))) = (i+ 1, i+ 1, j − i+ [k + 1)) =

= (i+ 1, i+ 1, a− k + [k + 1)) =

= (i+ 1, i+ 1, [a+ 1))

i
hk(i, i, [a)) · hk(j, j, [k + 1)) = (i+ 1, i+ 1, [a)),

à öå ñóïåðå÷èòü òîìó, ùî âiäîáðàæåííÿ hk : B
F6k+1
ω → B

F6k
ω ¹ ãîìîìîðôiçìîì. Ç

îòðèìàíîãî ïðîòèði÷÷ÿ âèïëèâà¹, ùî óìîâà hk(0, 0, [k + 1)) = (1, 1, [k − 1)) íå ìîæå
âèêîíóâàòèñÿ.

Òàêèì ÷èíîì, æîäåí ç âèïàäêiâ (1), (2), ÷è (3) íå âèêîíó¹òüñÿ, à îòæå íå iñíó¹
ãîìîìîðôíî¨ ðåòðàêöi¨ hk : B

F6k+1
ω → B

F6k
ω , çâiäêè i âèïëèâàþòü òâåðäæåííÿ òåî-

ðåìè. �

Ç òâåðäæåíü 5, 6 i òåîðåìè 2 âèïëèâà¹ òåîðåìà 3, ÿêà îïèñó¹ âñi íåòðèâiàëüíi
ãîìîìîðôíi ðåòðàêòè íàïiâãðóïè BF

ω .

Òåîðåìà 3. Íåõàé F � äîâiëüíà ω-çàìêíåíà ñiì'ÿ iíäóêòèâíèõ íåïîðîæíiõ ïiä-

ìíîæèí ó ω. ßêùî ñiì'ÿ F � íåñêií÷åííà, òî äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà

i òà äëÿ äîâiëüíîãî j ∈ ω íàïiâãðóïè B
F>i
ω i B{[j)}ω i ëèøå âîíè ¹ íåòðèâiàëüíè-

ìè ãîìîìîðôíèìè ðåòðàêòàìè íàïiâãðóïè BF
ω . ßêùî æ ñiì'ÿ F � ñêií÷åííà òà⋂

F = [k) äëÿ äåÿêîãî íàòóðàëüíîãî ÷èñëà k > 2, òî äëÿ äîâiëüíîãî íàòóðàëüíî-

ãî ÷èñëà i 6 k òà äëÿ äîâiëüíîãî j = 0, 1, . . . , k íàïiâãðóïè B
F>i
ω i B{[j)}ω i ëèøå

âîíè ¹ íåòðèâiàëüíèìè ãîìîìîðôíèìè ðåòðàêòàìè íàïiâãðóïè BF
ω , à ó âèïàäêó⋂

F = [1) íàïiâãðóïè B{[0)}ω i B{[1)}ω i ëèøå âîíè ¹ íåòðèâiàëüíèìè ãîìîìîðôíèìè

ðåòðàêòàìè íàïiâãðóïè BF
ω .

Çàóâàæåííÿ 4. Çà òâåðäæåííÿì 1 äëÿ äîâiëüíî¨ ω-çàìêíåíî¨ ñiì'¨ F iíäóêòèâíèõ
íåïîðîæíiõ ïiäìíîæèí ó ω íàïiâãðóïà BF

ω içîìîðôíà íàïiâãðóïi BF0
ω , äå F0 � ω-

çàìêíåíà ñiì'ÿ iíäóêòèâíèõ íåïîðîæíiõ ïiäìíîæèí ó ω òà ω ∈ F0. Îòîæ òåîðåìà 3
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îïèñó¹ âñi íåòðèâiàëüíi ãîìîìîðôíi ðåòðàêòè íàïiâãðóïè BF
ω çà ìîäóëåì içîìîðôiç-

ìó íàïiâãðóï BF
ω i BF0

ω , ÿêèé îïèñàíèé ó äîâåäåííi òâåðäæåííÿ 1.

Çàâåðøèìî öþ ïðàöþ òâåðäæåííÿìè, ÿêi îïèñóþòü içîìîðôiçì ìiæ íàïiâãðóïà-
ìè BF1

ω i BF2
ω ó âèïàäêó, êîëè F1 i F2 � ω-çàìêíåíi ñiì'¨ iíäóêòèâíèõ íåïîðîæíiõ

ïiäìíîæèí ó ω.

Òåîðåìà 4. Íåõàé F1 i F2 � ω-çàìêíåíi ñiì'¨ iíäóêòèâíèõ íåïîðîæíiõ ïiäìíî-

æèí ó ω. Òîäi òàêi óìîâè åêâiâàëåíòíi:

(1) íàïiâãðóïè BF1
ω i BF2

ω içîìîðôíi;

(2) ñiì'¨ F1 i F2 ðiâíîïîòóæíi;

(3) iñíó¹ öiëå ÷èñëî n òàêå, ùî F1 = {n+ F : F ∈ F2}.

Äîâåäåííÿ. Iìïëiêàöiÿ (3)⇒(2) î÷åâèäíà, à iìïëiêàöiÿ (3)⇒(1) âèïëèâà¹ ç òâåðäæåí-
íÿ 1.

(2)⇒(3). Ïðèïóñòèìî, ùî ñiì'¨ F1 i F2 ðiâíîïîòóæíi. Ïðèéìåìî n1 = min
⋃

F1

i n2 = min
⋃

F2. Òîäi [n1) ∈ F1 i [n2) ∈ F2. ßêùî ñiì'¨ F1 i F2 � ñêií÷åííi, òî

iñíóþòü ìàêñèìàëüíi öiëi ÷èñëà n0
1 i n

0
2 òàêi, ùî [n

0
1) ∈ F1 i [n0

2) ∈ F2, àëå [n0
1+1) /∈ F1

i [n0
2 +1) /∈ F2. Ç ëåìè 1 âèïëèâà¹, ùî [i) ∈ F1 i [j) ∈ F2 äëÿ äîâiëüíèõ öiëèõ ÷èñåë

i = n1, . . . , n
0
1 i j = n2, . . . , n

0
2. Òîäi ç ðiâíîïîòóæíîñòi ñiìåé F1 i F2 îòðèìó¹ìî, ùî

|F1| = n0
1 − n1 + 1 = n0

2 − n2 + 1 = |F2| ,

i ïðèéíÿâøè n = n1 − n2 = n0
1 − n0

2, îòðèìó¹ìî, ùî F1 = {n+ F : F ∈ F2}.
ßêùî ñiì'¨ F1 i F2 � íåñêií÷åííi, òî ç ëåìè 1 âèïëèâà¹, ùî [i) ∈ F1 i [j) ∈ F2

äëÿ äîâiëüíèõ öiëèõ ÷èñåë i > n1 i j > n2, à îòæå, F1 = {n+ F : F ∈ F2} äëÿ
n = n1 − n2.

(1)⇒(2). Ïðèïóñòèìî, ùî âiäîáðàæåííÿ h : BF1
ω → BF2

ω ¹ içîìîðôiçìîì.
Ïðèéìåìî n1 = min

⋃
F1 i n2 = min

⋃
F2. Çà òåîðåìîþ 4 ç [2] åëåìåíòè (0, 0, [n1))

i (0, 0, [n2)) ¹ îäèíèöÿìè íàïiâãðóï BF1
ω i BF2

ω , âiäïîâiäíî. Ç òâåðäæåííÿ 4 âèïëè-
âà¹, ùî ãîìîìîðôíèé îáðàç h(B{[n1)}

ω ) ìiñòèòüñÿ â ïiäíàïiâãðóïi B{[n2)}
ω íàïiâãðóïè

BF2
ω . Àíàëîãi÷íî, ãîìîìîðôíèé îáðàç h−1(B{[n2)}

ω ) ñòîñîâíî îáåðíåíîãî âiäîáðàæåí-
íÿ h−1 äî içîìîðôiçìó h : BF1

ω → BF2
ω , ìiñòèòüñÿ â ïiäíàïiâãðóïi B{[n1)}

ω íàïiâãðóïè
BF1

ω . Îñêiëüêè êîìïîçèöi¨ h−1 ◦ h i h ◦ h−1 ¹ òîòîæíèìè âiäîáðàæåííÿìè íàïiâ-
ãðóï BF1

ω i BF2
ω , âiäïîâiäíî, òî ¨õíi çâóæåííÿ

(
h−1 ◦ h

)
|
B

{[n1)}
ω

i
(
h ◦ h−1

)
|
B

{[n2)}
ω

òîòîæíi âiäîáðàæåííÿ íàïiâãðóï B{[n1)}
ω i B{[n2)}

ω , âiäïîâiäíî, à îòæå, çâóæåííÿ
h|

B
{[n1)}
ω

: B{[n1)}
ω → B{[n2)}

ω i h−1|
B

{[n2)}
ω

: B{[n1)}
ω → B{[n1)}

ω içîìîðôiçìó h i äî íüîãî

îáåðíåíîãî h−1 íà íàïiâãðóïè B{[n1)}
ω i B{[n2)}

ω , âiäïîâiäíî, ¹ içîìîðôiçìàìè öèõ
íàïiâãðóï.

Î÷åâèäíî, ùî ïðè içîìîðôiçìi h : S → T íàïiâãðóï S i T òâiðíi åëåìåíòè íà-
ïiâãðóïè S âiäîáðàæàþòüñÿ ó òâiðíi åëåìåíòè íàïiâãðóïè T . Òîäi ç òîãî, ùî (0, 1) i
(1, 0) � òâiðíi åëåìåíòè áiöèêëi÷íîãî ìîíî¨äà Bω i (0, 1) · (1, 0) = (0, 0) � îäèíèöÿ â
Bω òà (1, 0) · (0, 1) = (1, 1) � iäåìïîòåíò áiöèêëi÷íîãî ìîíî¨äà, ÿêèé âiäìiííèé âiä
îäèíèöi, âèïëèâà¹, ùî òîòîæíå âiäîáðàæåííÿ áiöèêëi÷íîãî ìîíî¨äà òà ëèøå âîíî ¹
içîìîðôiçìîì ç Bω íà Bω. Ç àíàëîãi÷íèõ ìiðêóâàíü i òåîðåìè 4 [2] âèïëèâà¹, ùî
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äëÿ äîâiëüíîãî ÷èñëà n ∈ ω ¹äèíèé içîìîðôiçì f : Bω → B{[n)}ω âèçíà÷à¹òüñÿ çà
ôîðìóëîþ

f(i, j) = (i, j, [n)), i, j ∈ ω,

à îòæå, çâóæåííÿ h|
B

{[n1)}
ω

: B{[n1)}
ω → B{[n2)}

ω içîìîðôiçìó h : BF1
ω → BF2

ω âèçíà÷à-
¹òüñÿ çà ôîðìóëîþ

h|
B

{[n1)}
ω

(i, j, [n1)) = (i, j, [n2)), i, j ∈ ω.

Ïîçàÿê âiäîáðàæåííÿ h : BF1
ω → BF2

ω ¹ içîìîðôiçìîì, òî ç âèùå ñêàçàíîãî âè-

ïëèâà¹, ùî éîãî çâóæåííÿ h : B
F1>n1+1
ω → B

F2>n2+1
ω ¹ içîìîðôiçìîì. Äàëi àíàëîãi÷-

íî, ÿê âèêëàäåíî âèùå, iíäóêöi¹þ äîâîäèìî, ùî äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà
k òàêîãî, ùî [n1 + k) ∈ F1 çâóæåííÿ h|

B
{[n1+k)}
ω

: B{[n1+k)}
ω → B{[n2+k)}

ω içîìîðôiçìó

h : BF1
ω → BF2

ω âèçíà÷à¹òüñÿ çà ôîðìóëîþ

h|
B

{[n1+k)}
ω

(i, j, [n1 + k)) = (i, j, [n2 + k)), i, j ∈ ω.

Çâiäñè âèïëèâà¹, ùî ñiì'¨ F1 i F2 ðiâíîïîòóæíi. �

Ç äîâåäåííÿ iìïëiêàöi¨ (1)⇒(2) òåîðåìè 4 âèïëèâà¹ íàñëiäîê 1, ÿêèé îïèñó¹
ñòðóêòóðó içîìîðôiçìiâ ç íàïiâãðóïè BF1

ω ó íàïiâãðóïó BF2
ω .

Íàñëiäîê 1. Íåõàé F1 i F2 � ω-çàìêíåíi ñiì'¨ iíäóêòèâíèõ íåïîðîæíiõ ïiäìíî-

æèí ó ω, n1 = min
⋃

F1 i n2 = min
⋃

F2. ßêùî íàïiâãðóïè B
F1
ω i BF2

ω içîìîðôíi,

òî içîìîðôiçì h : BF1
ω → BF2

ω âèçíà÷à¹òüñÿ çà ôîðìóëîþ

h|
B

{[n1+k)}
ω

(i, j, [n1 + k)) = (i, j, [n2 + k)), i, j ∈ ω,

äëÿ êîæíîãî öiëîãî ÷èñëà k òàêîãî, ùî [n1 + k) ∈ F1.

Íàãàäà¹ìî [8], ùî àâòîìîðôiçìîì íàïiâãðóïè S íàçèâà¹òüñÿ äîâiëüíèé içîìîð-
ôiçì ç S íà S.

Îñêiëüêè àâòîìîðôiçìè òðèâiàëüíî¨ íàïiâãðóïè òðèâiàëüíi, òîáòî ¹ òîòîæíèìè
âiäîáðàæåííÿìè, òî ç íàñëiäêó 1 âèïëèâà¹ íàñëiäîê 2.

Íàñëiäîê 2. Äëÿ äîâiëüíî¨ ω-çàìêíåíî¨ ñiì'¨ F iíäóêòèâíèõ ïiäìíîæèí ó ω êî-

æåí àâòîìîðôiçì íàïiâãðóïè BF
ω ¹ òðèâiàëüíèì âiäîáðàæåííÿì, à îòæå, ãðóïà

àâòîðìîðôiçìiâ íàïiâãðóïè BF
ω òðèâiàëüíà.
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ON GROUP CONGRUENCES ON THE SEMIGROUP BF
ω

AND ITS HOMOMORPHIC RETRACTS IN THE CASE WHEN
THE FAMILY F CONSISTS OF INDUCTIVE NON-EMPTY

SUBSETS OF ω

Oleg GUTIK, Mykola MYKHALENYCH

Ivan Franko National University of Lviv,

Universytetska Str., 1, 79000, Lviv, Ukraine

e-mails: oleg.gutik@lnu.edu.ua, ovgutik@yahoo.com,

myhalenychmc@gmail.com

We study group congruences on the semigroup BF
ω and its homomorphic

retracts in the case when an ω-closed family F consists of inductive non-empty
subsets of ω. It is proven that a congruence C on BF

ω is a group congruence
if and only if its restriction on a subsemigroup of BF

ω , which is isomorphic
to the bicyclic semigroup, is not the identity relation. Also, all non-trivial
homomorphic retracts and isomorphisms of the semigroup BF

ω are described.

Key words: inverse semigroup, bicyclic monoid, inductive set, group
congruence, homomorphic retract, isomorphism, automorphism.
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THE BINARY QUASIORDER ON SEMIGROUPS
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Given two elements x, y of a semigroup X we write x . y if for every
homomorphism χ : X → {0, 1} we have χ(x) ≤ χ(y). The quasiorder . is
called the binary quasiorder on X. It induces the equivalence relation m that
coincides with the least semilattice congruence on X. In the paper we discuss
some known and new properties of the binary quasiorder on semigroups.

Key words: the binary quasiorder, the least semilattice congruence, prime
coideal, unipotent semigroup.

1. Introduction

In this paper we study the binary quasiorder on semigroups. Every semigroup carries
many important quasiorders (for example, those related to the Green relations). One
of them is the binary quasiorder . de�ned as follows. Given two elements x, y of a
semigroup X we write x . y if χ(x) ≤ χ(y) for any homomorphism χ : X → {0, 1}.
On every semigroup X the binary quasiorder generates a congruence, which coincides
with the least semilattice congruence, and decomposes the semigroup into a semilattice
of semilattice-indecomposable semigroups. This fundamental decomposition result was
proved by Tamura [34] (see also [25], [26], [37]). Because of its fundamental importance,
the least semilattice congruence has been deeply studied by many mathematicians, see the
papers [15], [16], [17], [18], [23], [29], [30], [31], [32], [25], [26], [33], [38], [35], [36], surveys
[22], [24], and monographs [13], [21], [27]. The aim of this paper is to provide a survey
of known and new results on the binary quasiorder and the least semilattice congruence
on semigroups. The obtained results will be applied in the theory of categorically closed
semigroups developed by the �rst author in collaboration with Serhii Bardyla, see [3, 4,
5, 6, 7].
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2. Preliminaries

In this section we collect some standard notions that will be used in the paper. We
refer to [19] for Fundamentals of Semigroup Theory.

We denote by ω the set of all �nite ordinals and by N def
= ω\{0} the set of all positive

integer numbers.
A semigroup is a set endowed with an associative binary operation. A semigroup X

is called a semilattice if X is commutative and every element x ∈ X is an idempotent

which means xx = x. Each semilattice X carries the natural partial order 6 de�ned by

x ≤ y i� xy = x. For a semigroup X we denote by E(X)
def
= {x ∈ X : xx = x} the set of

idempotents of X.
Let X be a semigroup. For an element x ∈ X let

xN
def
= {xn : n ∈ N}

be the monogenic subsemigroup of X generated by the element x. For two subsets A,B ⊆
X, let AB

def
= {ab : a ∈ A, b ∈ B} be the product of A,B in X.

For an element a of a semigroup X, the set

Ha = {x ∈ X : (xX1 = aX1) ∧ (X1x = X1a)}
is called theH-class of a. Here X1 = X∪{1} where 1 is an element such that 1x = x = x1
for all x ∈ X1. By Corollary 2.2.6 [19], for every idempotent e ∈ E(X) its H-class He

coincides with the maximal subgroup of X containing the idempotent e.

3. The binary quasiorder

In this section we discuss the binary quasiorder on a semigroup and its relation to
the least semilattice congruence. A quasiorder is a re�exive transitive relation.

Let 2 denote the set {0, 1} endowed with the operation of multiplication inherited
from the ring Z. It is clear that 2 is a two-element semilattice, so it carries the natural
partial order, which coincides with the linear order inherited from Z.

For elements x, y of a semigroup X we write x . y if χ(x) ≤ χ(y) for every
homomorphism χ : X → 2. It is clear that . is a quasiorder on X. This quasiorder
will be referred to as the binary quasiorder on X. The obvious order properties of the
semilattice 2 imply the following (obvious) properties of the binary quasiorder on X.

Proposition 1. For any semigroup X and any elements x, y, a ∈ X, the following

statements hold:

(1) if x . y, then ax . ay and xa . ya;
(2) xy . yx . xy;
(3) x . x2 . x;
(4) xy . x and xy . y.

For an element a of a semigroup X and subset A ⊆ X, consider the following sets:

⇑a def
= {x ∈ X : a . x}, ⇓a def

= {x ∈ X : x . a}, and ma def
= {x ∈ X : a . x . a},

called the upper 2-class, lower 2-class and the 2-class of x, respectively. Proposition 1
implies that those three classes are subsemigroups of X.
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For two elements x, y ∈ X we write x m y i� mx = my i� χ(x) = χ(y) for any
homomorphism χ : X → 2. Proposition 1 implies that m is a congruence on X.

We recall that a congruence on a semigroup X is an equivalence relation ≈ on X
such that for any elements x ≈ y of X and any a ∈ X we have ax ≈ ay and xa ≈ ya.
For any congruence ≈ on a semigroup X, the quotient set X/≈ has a unique semigroup
structure such that the quotient map X → X/≈ is a semigroup homomorphism. The
semigroup X/≈ is called the quotient semigroup of X by the congruence ≈ .

A congruence ≈ on a semigroup X is called a semilattice congruence if the quotient
semigroup X/≈ is a semilattice. Proposition 1 implies that m is a semilattice congruence
on X. The intersection of all semilattice congruences on a semigroup X is a semilattice
congruence called the least semilattice congruence, denoted by η in [19], [20] (by ξ in [35],
[22], and by ρ0 in [13]). The minimality of η implies that η ⊆ m. The inverse inclusion
m ⊆ η will be deduced from the following (probably known) theorem on extensions of
2-valued homomorphisms.

Theorem 1. Let π : X → Y be a surjective homomorphism from a semigroup X to a

semilattice Y . For every subsemilattice S ⊆ Y and homomorphism f : π−1[S]→ 2 there

exists a homomorphism F : X → 2 such that F �π−1[S] = f .

Proof. We claim that the function F : X → 2 de�ned by

F (x) =

{
1, if ∃z ∈ π−1[S] such that π(xz) ∈ S and f(xz) = 1;

0, otherwise;

is a required homomorphism extending f .
To see that F extends f , take any x ∈ π−1[S]. If f(x) = 1, then for z = x we have

π(xz) = π(x)π(z) = π(x)π(x) = π(x) ∈ S
and

f(xz) = f(x)f(z) = f(x)f(x) = 1

and hence F (x) = 1 = f(x). If F (x) = 1, then there exists z ∈ π−1[S] such that π(xz) ∈ S
and

f(x)f(z) = f(xz) = f(zx) = 1,

which implies that f(x) = 1. Therefore, F (x) = 1 if and only if f(x) = 1. Since 2 has
only two elements, this implies that f = F �π−1[S].

To show that F is a homomorphism, we �rst establish two properties of the
homomorphism f .

Claim 1. Let x ∈ X and z ∈ π−1[S] be such that xz ∈ π−1[S]. If f(xz) = 1, then
f(z) = 1.

Proof. It follows from f(xz) = 1 that

f(xzxz) = f(xz)f(xz) = 1.

Taking into account that

π(xzx) = π(x)π(z)π(x) = π(x)π(z) = π(xz) ∈ S,
we conclude that

1 = f(xzxz) = f(xzx)f(z)
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and hence f(z) = 1. �

Claim 2. Let x, y ∈ X be such that xy ∈ π−1[S]. Then yx ∈ π−1[S] and f(xy) = f(yx).

Proof. It follows that

π(yx) = π(y)π(x) = π(x)π(y) = π(xy) ∈ S
and hence yx ∈ π−1[S]. By analogy we can prove that yxy, xyx ∈ π−1[S]. If f(xy) = 0,
then

f(yx) = f(yx)f(yx)f(yx)f(yx) = f(yxyxyxyx) = f(yxy)f(xy)f(xyx) = 0.

By analogy we can prove that f(yx) = 0 implies f(xy) = 0. Therefore, f(xy) = 0 if
and only if f(yx) = 0. Since the set 2 has only two elements, this implies that f(xy) =
f(yx). �

To show that F is a homomorphism, �x any elements x1, x2 ∈ X. We should prove
that

F (x1x2) = F (x1)F (x2).

First assume that F (x1)F (x2) = 1 and hence F (x1) = 1 = F (x2). The de�nition
of F yields elements z1, z2 ∈ π−1[S] such that π(xizi) ∈ S and f(xizi) = 1 for every
i ∈ {1, 2}. Claims 1 and 2 imply

f(zixi) = f(xizi) = 1 = f(zi)

for every i ∈ {1, 2}. Also
π(x1x2z2z1) = π(z1x1x2z2z1) = π(x1z1)π(x2z2) ∈ SS ⊆ S,

so we can write

f(z1)f(x1x2z2z1) = f(z1x1x2z2z1) = f(z1x1)f(x2z2)f(z1) = 1 · 1 · 1 = 1

and conclude that f(x1x2z2z1) = 1 and F (x1x2) = 1 by the de�nition of F .
Next, assume that F (x1x2) = 1. Then there exists z ∈ π−1[S] such that π(x1x2z) ∈

S and f(x1x2z) = 1. For the element z1 = x2zx1x2z ∈ π−1[S] we have x1z1 ∈ π−1[S]
and

f(x1z1) = f(x1x2zx1x2z) = f(x1x2z)f(x1x2z) = 1 · 1 = 1,

which yields F (x1) = 1 by the de�nition of F .
On the other hand, Claim 2 ensures that f(x2zx1) = f(x1x2z) = 1 and then for the

element z2 = zx1x2zx1 ∈ π−1[S] we have x2z2 ∈ π−1[S] and

f(x2z2) = f(x2zx1x2zx1) = f(x2zx1)f(x2zx1) = 1,

which yields F (x2) = 1 by the de�nition of F .
Therefore, F (x1x2) = 1 if and only if F (x1)F (x2) = 1. Since 2 has only two elements,

this equivalence implies the equality F (x1x2) = F (x1)F (x2). �

Corollary 1. Any homomorphism f : S → 2 de�ned on a subsemilattice S of a semi-

lattice X can be extended to a homomorphism F : X → 2.

Proof. Apply Theorem 1 to the identity homomorphism π : X → X. �

Corollary 1 implies the following important fact, �rst noticed by Petrich [25], [26]
and Tamura [35].
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Theorem 2. The congruence m on any semigroup X coincides with the least semilattice

congruence on X.

Proof. Let η be the least semilattice congruence onX and η(·) : X → X/η be the quotient
homomorphism assigning to each element x ∈ X its equivalence class η(x) ∈ X/η. We
need to prove that η(x) = mx for every x ∈ X. Taking into account that m is a semilattice
congruence and η is the least semilattice congruence on X, we conclude that η ⊆ m and
hence η(x) ⊆ mx for all x ∈ X. Assuming that η 6= m, we can �nd elements x, y ∈ X such
that x m y but η(x) 6= η(y). Consider the subsemilattice S = {η(x), η(y), η(x)η(y)} of the
semilattice X/η. It follows from η(x) 6= η(y) that η(x)η(y) 6= η(x) or η(x)η(y) 6= η(y).
Replacing the pair x, y by the pair y, x, we can assume that η(x)η(y) 6= η(y). In this case
the unique function h : S → 2 with h−1(1) = {η(y)} is a homomorphism. By Corollary 1,
the homomophism h can be extended to a homomorphism H : X/η → 2. Then the

composition χ
def
= H ◦ η(·) : X → 2 is a homomorphism such that χ(x) = 0 6= 1 = χ(y),

which implies that mx 6= my. But this contradicts the choice of the points x, y. This
contradicton completes the proof of the equality m = η. �

A semigroup X is called 2-trivial if every homomorphism h : X → 2 is constant.
Tamura [35], [36] calls 2-trivial semigroups semilattice-indecomposable (or briefy s-
indecomposable) semigroups.

Theorem 1 implies the following fundamental fact �rst proved by Tamura [34] and
then reproved by another method in [37], see also [25], [26].

Theorem 3 (Tamura). For every element x of a semigroup X its 2-class mx is a 2-trivial

semigroup.

Now we provide an inner description of the binary quasiorder via prime (co)ideals,
following the approach of Petrich [26] and Tamura [35].

A subset I of a semigroup X is called

• an ideal in X if (IX) ∪ (XI) ⊆ I;
• a prime ideal if I is an ideal such that X \ I is a subsemigroup of X;
• a (prime) coideal if the complement X \ I is a (prime) ideal in X.

According to this de�nition, the sets ∅ and X are prime (co)ideals in X.
Observe that a subset A of a semigroup X is a prime coideal in X if and only if its

characteristic function

χA : X → 2, χA : x 7→ χA(x)
def
=

{
1, if x ∈ A,
0, otherwise,

is a homomorphism. This function characterization of prime coideals implies the following
inner description of the 2-quasiorder, �rst noticed by Tamura in [35].

Proposition 2. For any element x of a semigroup X, its upper 2-class ⇑x coincides

with the smallest coideal of X that contains x.

The following inner description of the upper 2-classes is a modi�ed version of
Theorem 3.3 in [26].
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Proposition 3. For any element x of a semigroup X its upper 2-class ⇑x is equal to

the union
⋃
n∈ω ⇑nx, where ⇑0x = {x} and

⇑n+1x
def
= {y ∈ X : X1yX1 ∩ (⇑nx)2 6= ∅}

for n ∈ ω.

Proof. Observe that for every n ∈ ω and y ∈ ⇑nx we have yy ∈ X1yX1∩ (⇑nx)2 6= ∅ and
hence y ∈ ⇑n+1x. Therefore, (⇑nx)n∈ω is an increasing sequence of sets. Also, for every
y, z ∈ ⇑nx we have yz ∈ X1yzX1 ∩ (⇑nx)2 and hence yz ∈ ⇑n+1x, which implies that the

union ⇑ωx
def
=

⋃
n∈ω ⇑nx is a subsemigroup of X.

The de�nition of the sets ⇑nx implies that the complement I = X \⇑ωx is an ideal in
X. Then ⇑ωx is a prime coideal in X. Taking into account that ⇑x is the smallest prime
coideal containing x, we conclude that ⇑x ⊆ ⇑ωx. To prove that ⇑ωx ⊆ ⇑x, it su�ces
to check that ⇑nx ⊆ ⇑x for every n ∈ ω. It is trivially true for n = 0. Assume that for
some n ∈ ω we have already proved that ⇑nx ⊆ ⇑x. Since ⇑x is a coideal in X, for any
y ∈ X \⇑x we have ∅ = X1yX1∩⇑x ⊇ X1yX1∩⇑nx, which implies that y /∈ ⇑n+1x and
hence ⇑n+1 ⊆ ⇑x. Consequently, ⇑nx ⊆ ⇑x for all n ∈ ω and hence ⇑ωx = ⇑x. �

For a positive integer n, let

2<n
def
=

⋃
k<n

{0, 1}k and 2≤n
def
=

⋃
k≤n

{0, 1}k.

For a sequence s = (s0, . . . , sn−1) ∈ 2n and a number k ∈ {0, 1} let

ŝ k
def
= (s0, . . . , sn−1, k) and k̂ s

def
= (k, s0, . . . , sn−1).

The following proposition provides a constructive description of elements of the sets ⇑nx
appearing in Proposition 3.

Proposition 4. For every n ∈ N and every element x of a semigroup X, the set ⇑nx
coincides with the set ⇑′nx of all elements y ∈ X for which there exist sequences {xs}s∈2≤n ,

{ys}s∈2≤n ⊆ X and {as}s∈2≤n , {bs}s∈2≤n ⊆ X1 satisfying the following conditions:

(1n) xs = x for all s ∈ 2n;
(2n) ys = asxsbs for every s ∈ 2≤n;
(3n) ys = xŝ 0xŝ 1 for every s ∈ 2<n;
(4n) x() = y for the unique element () of 20.

Proof. This proposition will be proved by induction on n. For n = 1, we have

⇑1
def
= {y ∈ X : xx ∈ X1yX1} = {y ∈ X : ∃a, b ∈ X1 ayb = xx}
= {y ∈ X : ∃{xs}s∈2≤1 , {ys}s∈2≤1 ⊆ X, {as}a∈2≤1 , {bs}s∈2≤1 ⊆ X1,

x(0) = x(1) = x, y() = x(0)x(1), x() = y, y() = a()x()b()} = ⇑′1x.

Assume that for some n ∈ N the equality ⇑nx = ⇑′nx has been proved. To check
that ⇑n+1x ⊆ ⇑

′
n+1x, take any x() ∈ ⇑n+1x. The de�nition of ⇑n+1x ensures that

X1x()X
1 ∩ (⇑nx)2 6= ∅ and hence a()x()b() = x(0)x(1) for some a(), b() ∈ X1 and

x(0)x(1) ∈ ⇑nx = ⇑′nx. By the de�nition of the set ⇑′nx, for every k ∈ {0, 1}, there
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exist sequences {xk̂ s}s∈2≤n , {yk̂ s}s∈2≤n ⊆ X and {ak̂ s}s∈2≤n , {bk̂ s}s∈2≤n ⊆ X1 such
that

• xk̂ s = x for all s ∈ 2n;
• yk̂ s = ak̂ sxk̂ sbk̂ s for every s ∈ 2≤n;
• yk̂ s = xk̂ ŝ 0xk̂ ŝ 1 for every s ∈ 2<n.

Then the sequences {xs}s∈2≤n+1 , {ys}s∈2≤n+1 ⊆ X and {as}s∈2≤n+1 , {bs}s∈2≤n+1 ⊆ X1

witness that x() ∈ ⇑′n+1x, which completes the proof of the inclusion ⇑n+1x ⊆ ⇑
′
n+1x.

To prove that ⇑′n+1x ⊆ ⇑n+1x, take any x() ∈ ⇑′n+1x and by the de�nition of

⇑′n+1x, �nd sequences {xs}s∈2≤n+1 , {ys}s∈2≤n+1 ⊆ X and {as}s∈2≤n+1 , {bs}s∈2≤n+1 ⊆
X1 satisfying the conditions (1n+1)�(3n+1). Then for every k ∈ {0, 1} the sequences
{xk̂ s}s∈2≤n , {xk̂ s}s∈2≤n ⊆ X and {ak̂ s}s∈2≤n , {bk̂ s}s∈2≤n ⊆ X1 witness that x(0), x(1) ∈
⇑′n = ⇑nx and then the equalities a()x()b() = y() = x(0)x(1) ∈ (⇑nx)2 imply that

X1x()X
1 ∩ (⇑nx)2 6= ∅ and hence x() ∈ ⇑n+1x, which completes the proof of the equality

⇑n+1x = ⇑′n+1x. �

A semigroup X is called duo if aX = Xa for every a ∈ X. Observe that each
commutative semigroup is duo.

The upper 2-classes in duo semigroups have the following simpler description.

Theorem 4. For any element a ∈ X of a duo semigroup X we have

⇑a = {x ∈ X : aN ∩X1xX1 6= ∅}.

Proof. First we prove that the set

aN

X

def
= {x ∈ X : aN ∩X1xX1 6= ∅}

is contained in ⇑a. In the opposite case, we can �nd a point x ∈ aN

X \ ⇑a. Taking into

account that ⇑a is a coideal containing a, we conclude that aN ⊆ ⇑a and

∅ = X1xX1 ∩ ⇑a ⊇ X1xX1 ∩ aN,

which contradicts the choice of the point x ∈ aN

X . This contradiction shows that aN

X ⊆ ⇑a.
Next, we prove that aN

X is a prime coideal. Since X is a duo semigroup, for every

x ∈ X we have X1x = xX1 = X1xX1. If x, y ∈ aN

X , then

X1x ∩ aN = X1xX1 ∩ aN 6= ∅ 6= X1yX1 ∩ aN = yX1 ∩ aN

and hence X1xyX1 ∈ aN 6= ∅, which means that xy ∈ aN

X . Therefore, a
N

X is a subsemi-

group of X. The de�nition of a
N

X ensures that X \ a
N

X is an ideal in X. Then aN

X ⊆ ⇑a is

a prime coideal in X and aN

X = ⇑a, by the minimality of ⇑a, see Proposition 2. �

Following Putcha and Weissglass [32], we de�ne a semigroup X to be viable if for
any elements x, y ∈ X with {xy, yx} ⊆ E(X), we have xy = yx. For various equivalent
conditions to the viability, see [2]. For viable semigroups Putcha and Weissglass [32]
proved the following simpli�cation of Proposition 3.

Proposition 5 (Putcha�Weissglass). If X is a viable semigroup, then for every

idempotent e ∈ E(X)we have ⇑e = {x ∈ X : e ∈ X1xX1}.
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Proof. We present a short proof of this theorem, for convenience of the reader. Let

⇑1e
def
= {x ∈ X : e ∈ X1xX1}. By Proposition 3, ⇑1e ⊆ ⇑e. The reverse inclusion will

follow from the minimality of the prime coideal ⇑e as soon as we prove that ⇑1e is a prime
coideal in X. It is clear from the de�nition that ⇑1e is a coideal. So, it remains to check
that ⇑1e is a subsemigroup. Given any elements x, y ∈ ⇑1e, �nd elements a, b, c, d ∈ X1

such that axb = e = cyd. Then axbe = ee = e and

(beax)(beax) = be(axbe)ax = beeax = beax,

which means that beax is an idempotent. By the viability of X, axbe = e = beax.
By analogy we can prove that ecyd = e = ydec. Then beaxydec = ee = e and hence
xy ∈ ⇑1e. �

Proposition 5 has an important corollary, proved in [32].

Corollary 2 (Putcha�Wiessglass). If X is a viable semigroup, then for every x ∈ X its

2-class mx contains at most one idempotent.

Proof. Take any idempotents e, f ∈ mx. By Proposition 5, there are elements a, b, c, d ∈
X1 such that e = afb and f = ced. Observe that afbe = ee = e and

(beaf)(beaf) = be(afbe)af = beeaf = beaf

and hence afbe and beaf are idempotents. The viability of X ensures that

e = afbe = beaf ∈ Xf

and hence X1e ⊆ X1f . By analogy we can prove that X1f ⊆ X1e, which implies
X1e = X1f . By analogy we can prove the equality eX1 = fX1. Then He = Hf and
�nally e = f (because the group He = Hf contains a unique idempotent). �

4. The structure of 2-trivial semigroups

Tamura's Theorem 3 motivates the problem of a deeper study of the structure of
2-trivial semigroups. This problem has been considered in the literature, see, e.g. [26,
�3]. Proposition 2 implies the following simple characterization of 2-trivial semigroups.

Theorem 5. A semigroup X is 2-trivial if and only if every nonempty prime ideal in

X coincides with X.

Observe that a semigroup X is 2-trivial if and only if X = ⇑x for every x ∈ X. This
observation and Propositions 3 and 4 imply the following characterization.

Proposition 6. A semigroup X is 2-trivial if and only if for every x, y ∈ X there

exists n ∈ N and sequences {as}s∈2≤n , {bs}s∈2≤n ⊆ X1 and {xs}s∈2≤n , {ys}s∈2≤n ⊆ X
satisfying the following conditions:

(1) xs = x for all s ∈ 2n;
(2) ys = asxsbs for every s ∈ 2≤n;
(3) ys = xŝ 0xŝ 1 for every s ∈ 2<n;
(4) x() = y for the unique element () of 20.
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A semigroup X is called Archimedean if for any elements x, y ∈ X there exists
n ∈ N such that xn ∈ XyX for some a, b ∈ X. A standard example of an Archimedean
semigroup is the additive semigroup N of positive integers. For commutative semigroups
the following characterization was obtained by Tamura and Kimura in [38].

Theorem 6. A duo semigroup X is 2-trivial if and only if X is Archimedean.

Proof. If X is 2-trivial, then by Theorem 4, for every x, y ∈ X there exists n ∈ ω such
that xn ∈ XyX, which means that X is Archimedean.

If X is Archimedean, then for every ∈ X, we have

⇑x = {y ∈ X : xN ∩ (XyX) 6= ∅} = X,

see Theorem 4, which means that the semigroup X is 2-trivial. �

Following Tamura [36], we de�ne a semigroup X to be unipotent if X contains a
unique idempotent.

Theorem 7 (Tamura). For the unique idempotent e of an unipotent 2-trivial semigroup

X, the maximal group He of e in X is an ideal in X.

Proof. This theorem was proved by Tamura in [36]. We present here an alternative (and
direct) proof. To derive a contradiction, assume that He is not an ideal in X. Then the
set

I
def
= {x ∈ X : {ex, xe} 6⊆ He}

is not empty. We claim that I is an ideal in X. Assuming the opposite, we could �nd
x ∈ I and y ∈ X such that xy /∈ I or yx /∈ I.

If xy /∈ I, then {exy, xye} ⊆ He. Taking into account that exy and xye are elements
of the group He, we conclude that exy = exye = xye. Let g be the inverse element to
xye in the group He. Then

exyg = xyeg = xyg = e.

Replacing y by yg, we can assume that ye = y and xy = e. Observe that

yxyx = y(xy)x = yex = (ye)x = yx,

which means that yx is an idempotent in S. Since e is a unique idempotent of the
semigroup X, yx = e = xy. It follows that

xe = x(yx) = (xy)x = ex

and

ey = (yx)y = y(xy) = ye = y.

Using this information it is easy to show that xe = ex ∈ He. By analogy we can show that
the assumption yx /∈ I implies ex = xe ∈ He. So, in both cases we obtain ex = xe ∈ He,
which contradicts the choice of x ∈ I.

This contradiction shows that I is an ideal in S. Observe that for any x, y ∈ X \ I
we have {ex, xe, ey, ye} ⊆ He. Then also

xye = x(eye) = (xe)(ye) ∈ He

and

exy = (exe)y = (ex)(ey) ∈ He,
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which means that xy ∈ X \ I and hence I is a nontrivial prime ideal in X. But the
existence of such an ideal contradicts the 2-triviality of X. �

An element z of a semigroup X is called central if zx = xz for all x ∈ X.

Corollary 3. The unique idempotent e of a unipotent 2-trivial semigroup X is central

in X.

Proof. Let e be a unique idempotent of the unipotent semigroup X. By Tamura's
Theorem 7, the maximal subgroup He of e is an ideal in X. Then for every x ∈ X we
have xe, ex ∈ He. Taking into account that xe and ex are elements of the group He, we
conclude that ex = exe = xe. This means that the idempotent e is central in X. �

As we already know a semigroup X is 2-trivial if and only if each nonempty prime
ideal in X is equal to X.

A semigroup X is called

• simple if every nonempty ideal in X is equal to X;

• congruence-free if every congruence on X is equal to X ×X or ∆X
def
= {(x, y) ∈

X ×X : x = y}.
It is clear that a semigroup X is 2-trivial if X is either simple or congruence-free.

On the other hand the additive semigroup of integers N is 2-trivial but not simple.

Remark 1. By [1], [14], there exists an in�nite congruence-free monoidX with zero. Being
congruence-free, the semigroup X is 2-trivial. On the other hand, X contains at least
two central idempotents: 0 and 1. The 2-trivial monoid X is not unipotent and its center
Z(X) = {z ∈ X : ∀x ∈ X (xz = zx)} is not 2-trivial. The polycyclic monoids (see [10],
[11], [8], [9]) have the similar properties. By Theorem 2.4 in [10], for λ ≥ 2 the polycyclic
monoid Pλ is congruence-free and hence 2-trivial, but its center Z(Pλ) = {0, 1} is not
2-trivial.
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We study feebly compact shift-continuous T1-topologies on the symmetric
inverse semigroup I n

λ of �nite transformations of the rank 6 n. It is proved
that such T1-topology is sequentially pracompact if and only if it is feebly
compact. Also, we show that every shift-continuous feebly ω-bounded T1-
topology on I n

λ is compact.

Key words: semigroup, inverse semigroup, semitopological semigroup,
compact, sequentially pracompact, totally countably pracompact, ω-bounded-
pracompact, feebly ω-bounded, feebly compact, ∆-system, the Sun�ower
Lemma, product, Σ-product.

1. Introduction and preliminaries

We follow the terminology of the monographs [4, 6, 10, 29, 32, 33]. If X is a topologi-
cal space and A ⊆ X, then by clX(A) and intX(A) we denote the topological closure and
interior of A in X, respectively. By |A| we denote the cardinality of a set A, by A4B
the symmetric di�erence of sets A and B, by N the set of positive integers, and by ω the
�rst in�nite cardinal. By D(ω) and R we denote an in�nite countable discrete space and
the real numbers with the usual topology, respectively.

A semigroup S is called inverse if every a in S possesses a unique inverse a−1, i.e.,
if there exists a unique element a−1 in S such that

aa−1a = a and a−1aa−1 = a−1.

A map which associates to any element of an inverse semigroup its inverse is called the
inversion.
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If S is a semigroup, then by E(S) we denote the subset of all idempotents of S.
On the set of idempotents E(S) there exists a natural partial order: e 6 f if and only if

ef = fe = e. A semilattice is a commutative semigroup of idempotents. We observe that
the set of idempotents of an inverse semigroup is a semilattice [34].

Every inverse semigroup S admits a partial order:

a 4 b if and only if there exists e ∈ E(S) such that a = eb.

We shall say that 4 is the natural partial order on S (see [4, 34]).
Let λ be an arbitrary nonzero cardinal. A map α from a subset D of λ into λ is

called a partial transformation of λ. In this case the set D is called the domain of α and
is denoted by domα. The image of an element x ∈ domα under α is denoted by xα.
Also, the set {x ∈ λ : yα = x for some y ∈ Y } is called the range of α and is denoted
by ranα. For convenience we denote by ∅ the empty transformation, a partial mapping
with dom∅ = ran∅ = ∅.

Let Iλ denote the set of all partial one-to-one transformations of λ together with
the following semigroup operation:

x(αβ) = (xα)β if x ∈ dom(αβ) = {y ∈ domα : yα ∈ domβ}, for α, β ∈ Iλ.

The semigroup Iλ is called the symmetric inverse semigroup over the cardinal λ (see
[6]). For any α ∈ Iλ the cardinality of domα is called the rank of α and it is denoted
by rankα. The symmetric inverse semigroup was introduced by V. V. Wagner [34] and
it plays a major role in the theory of semigroups.

Put I n
λ = {α ∈ Iλ : rankα 6 n}, for n = 1, 2, 3, . . .. Obviously, I n

λ (n = 1, 2, 3, . . .)
are inverse semigroups, I n

λ is an ideal of Iλ, for each n = 1, 2, 3, . . .. The semigroup I n
λ

is called the symmetric inverse semigroup of �nite transformations of the rank 6 n [21].
By (

x1 x2 · · · xn
y1 y2 · · · yn

)
we denote a partial one-to-one transformation which maps x1 onto y1, x2 onto y2, . . .,
and xn onto yn. Obviously, in such case we have xi 6= xj and yi 6= yj for i 6= j (i, j =
1, 2, 3, . . . , n). The empty partial map ∅ : λ ⇀ λ is denoted by 0. It is obvious that 0 is
zero of the semigroup I n

λ .
Let λ be a nonzero cardinal. On the set Bλ = (λ × λ) ∪ {0}, where 0 /∈ λ × λ, we

de�ne the semigroup operation � · � as follows

(a, b) · (c, d) =

{
(a, d), if b = c;

0, if b 6= c,

and (a, b) · 0 = 0 · (a, b) = 0 · 0 = 0 for a, b, c, d ∈ λ. The semigroup Bλ is called
the semigroup of λ × λ-matrix units (see [6]). Obviously, for any cardinal λ > 0, the
semigroup of λ× λ-matrix units Bλ is isomorphic to I 1

λ .
A subset A of a topological space X is called regular open if intX(clX(A)) = A.
We recall that a topological space X is said to be

• semiregular if X has a base consisting of regular open subsets;
• compact if each open cover of X has a �nite subcover;
• sequentially compact if each sequence {xi}i∈N of X has a convergent subsequence
in X;
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• countably compact if each open countable cover of X has a �nite subcover;
• H-closed if X is a closed subspace of every Hausdor� topological space in which
it is contained;

• ω-bounded-pracompact if X contains a dense subset D such that each countable
subset of D has the compact closure in X [20];

• infra H-closed provided that any continuous image of X into any �rst countable
Hausdor� space is closed (see [27]);

• totally countably pracompact if there exists a dense subset D of the space X such
that each sequence of points of the set D has a subsequence with the compact
closure in X [20];

• sequentially pracompact if there exists a dense subset D of the space X such that
each sequence of points of the set D has a convergent subsequence [20];

• countably compact at a subset A ⊆ X if every in�nite subset B ⊆ A has an
accumulation point x in X [1];

• countably pracompact if there exists a dense subset A in X such that X is
countably compact at A [1];

• feebly ω-bounded if for each sequence {Un}n∈N of nonempty open subsets of X
there is a compact subset K of X such that K ∩ Un 6= ∅ for each n [20];

• selectively sequentially feebly compact if for every family {Un : n ∈ N} of
nonempty open subsets of X, one can choose a point xn ∈ Un for every n ∈ N in
such a way that the sequence {xn : n ∈ N} has a convergent subsequence ([8]);

• sequentially feebly compact if for every family {Un : n ∈ N} of nonempty open
subsets of X, there exists an in�nite set J ⊆ N and a point x ∈ X such that the
set {n ∈ J : W ∩Un = ∅} is �nite for every open neighborhood W of x (see [9]);

• selectively feebly compact for each sequence {Un : n ∈ N} of nonempty open
subsets of X, one can choose a point x ∈ X and a point xn ∈ Un for each n ∈ N
such that the set {n ∈ N : xn ∈W} is in�nite for every open neighborhood W of
x ([8]);

• feebly compact (or lightly compact) if each locally �nite open cover of X is �ni-
te [3];

• d-feebly compact (or DFCC ) if every discrete family of open subsets in X is �nite
(see [31]);

• pseudocompact if X is Tychono� and each continuous real-valued function on X
is bounded;

• Y -compact for some topological space Y , if f(X) is compact, for any continuous
map f : X → Y .

According to Theorem 3.10.22 of [10], a Tychono� topological space X is feebly
compact if and only if X is pseudocompact. Also, a Hausdor� topological space X is
feebly compact if and only if every locally �nite family of nonempty open subsets of X is
�nite. Every compact space and every sequentially compact space are countably compact,
every countably compact space is countably pracompact, every countably pracompact
space is feebly compact (see [1]), every H-closed space is feebly compact too (see [19]).
Also, every space feebly compact is infra H-closed by Proposition 2 and Theorem 3 of
[27]. Using results of other authors we get that the following diagram which describes
relations between the above de�ned classes of topological spaces.
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A topological (semitopological) semigroup is a topological space together with a
continuous (separately continuous) semigroup operation. If S is a semigroup and τ is
a topology on S such that (S, τ) is a semitopological semigroup, then we shall call τ
a shift-continuous topology on S. An inverse topological semigroup with the continuous
inversion is called a topological inverse semigroup.
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Topological properties of an in�nite (semi)topological semigroup λ×λ-matrix units
were studied in [15, 17]. In [15] it was shown that on the in�nite semitopological semi-
group of λ×λ-matrix units Bλ there exists a unique compact shift-continuous Hausdor�
topology τc and also it is shown that every pseudocompact Hausdor� shift-continuous
topology τ on Bλ is compact. Also, in [15] it is proved that every nonzero element of a
Hausdor� semitopological semigroup of λ×λ-matrix units Bλ is an isolated point in the
topological space Bλ. In [15] it is shown that the in�nite semigroup of λ×λ-matrix units
Bλ cannot be embedded into a compact Hausdor� topological semigroup, every Hausdor�
topological inverse semigroup S that contains Bλ as a subsemigroup, contains Bλ as a
closed subsemigroup, i.e., Bλ is algebraically complete in the class of Hausdor� topologi-
cal inverse semigroups. This result in [14] is extended onto the called inverse semigroups
with tight ideal series and, as a corollary, onto the semigroup I n

λ . Also, in [21] it was
proved that for every positive integer n the semigroup I n

λ is algebraically h-complete in
the class of Hausdor� topological inverse semigroups, i.e., every homomorphic image of
I n
λ is algebraically complete in the class of Hausdor� topological inverse semigroups. In

the paper [22] this result is extended onto the class of Hausdor� semitopological inverse
semigroups and it is shown therein that for an in�nite cardinal λ the semigroup I n

λ

admits a unique Hausdor� topology τc such that (I n
λ , τc) is a compact semitopological

semigroup. Also, it was proved in [22] that every countably compact Hausdor� shift-
continuous topology τ on Bλ is compact. In [17] it was shown that a topological semi-
group of �nite partial bijections I n

λ with a compact subsemigroup of idempotents is
absolutely H-closed (i.e., every homomorphic image of I n

λ is algebraically complete in
the class of Hausdor� topological semigroups) and any Hausdor� countably compact
topological semigroup does not contain I n

λ as a subsemigroup for an arbitrary in�ni-
te cardinal λ and any positive integer n. In [17] there were given su�cient conditions
onto a topological semigroup I 1

λ to be non-H-closed. Also in [11] it is proved that an
in�nite semitopological semigroup of λ × λ-matrix units Bλ is H-closed in the class of
semitopological semigroups if and only if the space Bλ is compact. In the paper [12]
we studied feebly compact shift-continuous T1-topologies on the semigroup I n

λ . For any
positive integer n > 2 and any in�nite cardinal λ a Hausdor� countably pracompact
non-compact shift-continuous topology on I n

λ is constructed there. In [12] it is shown
that for an arbitrary positive integer n and an arbitrary in�nite cardinal λ for a shift�
continuous T1-topology τ on I n

λ the following conditions are equivalent: (i) τ is countably
pracompact; (ii) τ is feebly compact; (iii) τ is d-feebly compact; (iv) (I n

λ , τ) is H-closed;
(v) (I n

λ , τ) is D(ω)-compact; (vi) (I n
λ , τ) is R-compact; (vii) (I n

λ , τ) is infra H-closed.
Also in [12] we proved that for an arbitrary positive integer n and an arbitrary in�nite
cardinal λ every shift-continuous semiregular feebly compact T1-topology τ on I n

λ is
compact. Similar results were obtained for a semitopological semilattice (expnλ,∩) in
[23, 24, 25]. Also, in [26, 30] it is proved that feeble compactness implies compactness for
semitopological bicyclic extensions.

In this paper we study feebly compact shift-continuous T1-topologies on the
symmetric inverse semigroup I n

λ of �nite transformations of the rank 6 n. It is proved
that such T1-topology is sequentially pracompact if and only if it is feebly compact. Also,
we show that every shift-continuous feebly ω-bounded T1-topology on I n

λ is compact.
The results of this paper are announced in [13].
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2. On feebly compact shift continuous topologies on the

semigroup I n
λ

Later we shall assume that n is an arbitrary positive integer.
For every element α of the semigroup I n

λ we put

↑lα =
{
β ∈ I n

λ : αα−1β = α
}

and ↑rα =
{
β ∈ I n

λ : βα−1α = α
}
.

Then Proposition 5 of [22] implies that ↑lα = ↑rα and by Lemma 6 of [29, Section 1.4]
we have that α 4 β if and only if β ∈ ↑lα for α, β ∈ I n

λ . Hence we put ↑4α = ↑lα = ↑rα
for any α ∈ I n

λ .

Remark 1. Later we identify every element α of the semigroup I n
λ with the graph

graph(α) of the partial map α : λ ⇀ λ (see [29]). Then according to this identi�cation we
have that α 4 β if and only if α ⊆ β.

Lemma 1. Let n be an arbitrary positive integer and λ be any in�nite cardinal. Let α be

any nonzero element of the semigroup I n
λ with rankα = m 6 n. Then the poset (↑4α,4)

is order isomorphic to the poset (I n−m
λ ,4).

Proof. Suppose that

α =

(
x1 · · · xm
y1 · · · ym

)
for some x1, . . . , xm, y1, . . . , ym ∈ λ. If m = n then the inequality α 4 β in (I n

λ ,4)
implies α = β, and hence later we assume that m < n. Then for any β ∈ I n

λ such that
α 4 β by Remark 1 we have that

β =

(
x1 · · · xm xm+1 · · · xn
y1 · · · ym ym+1 · · · yn

)
for some xm+1, . . . , xn, ym+1, . . . , yn ∈ λ. Since λ is in�nite,

|λ| = |λ \ {x1, . . . , xm}| = |λ \ {y1, . . . , ym}|,
and hence there exist bijective maps u : λ\{x1, . . . , xm} → λ and v : λ\{y1, . . . , ym} → λ.
Simple veri�cations show that the map I : (↑4α,4)→ (I n−m

λ ,4) de�ned in the following
way α 7→ 0 and(

x1 · · · xm xm+1 · · · xn
y1 · · · ym ym+1 · · · yn

)
7→
(

(xm+1)u · · · (xn)u
(ym+1)v · · · (yn)v

)
is an order isomorphism. �

Later we need the following technical lemma from [12].

Lemma 2 ([12, Lemma 3]). Let n be an arbitrary positive integer and λ be an arbitrary

in�nite cardinal. Let τ be a feebly compact shift-continuous T1-topology on the semigroup

I n
λ . Then for every α ∈ I n

λ and any open neighbourhood U(α) of α in (I n
λ , τ) there

exist �nitely many α1, . . . , αk ∈ ↑4α \ {α} such that

I n
λ \I n−1

λ ∩ ↑4α ⊆ U(α) ∪ ↑4α1 ∪ · · · ∪ ↑4αk.

Lemma 3. Let τ be a feebly compact topology on I 1
λ such that ↑4α is closed-and-open

for any α ∈ I 1
λ . Then τ is compact.
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The statement of Lemma 3 follows from the fact that all nonzero elements of the
semigroup I 1

λ are closed-and-open in (I 1
λ , τ).

A family of non-empty sets {Ai : i ∈ I } is called a ∆-system (a sun�ower or a
∆-family) if the pairwise intersections of its members are the same, i.e., Ai ∩Aj = S for
some set S (for i 6= j in I ) [28]. The following statement is well known as the Sun�ower
Lemma or the Lemma about a ∆-system (see [28, p. 107]).

Lemma 4. Every in�nite family of n-element sets (n < ω) contains an in�nite ∆-sub-

family.

Proposition 1. Let n be an arbitrary positive integer and λ be an arbitrary in�nite

cardinal. Then every feebly compact shift-continuous T1-topology τ on I n
λ is sequentially

pracompact.

Proof. Suppose to the contrary that there exists a feebly compact shift-continuous T1-
topology τ on I n

λ which is not sequentially countably pracompact. Then every dense
subset D of (I n

λ , τ) contains a sequence of points from D which has no a convergent
subsequence.

By Proposition 2 of [12] the subset I n
λ \I

n−1
λ is dense in (I n

λ , τ) and by Lemma 2

from [12] every point of the set I n
λ \ I n−1

λ is isolated in (I n
λ , τ). Then the set I n

λ \
I n−1
λ contains an in�nite sequence of points {χp : p ∈ N} which has no a convergent

subsequence. If we identify elements of the semigroups with their graphs then by Lemma 4
the sequence {χp : p ∈ N} contains an in�nite ∆-subfamily, that is an in�nite subsequence
{χpi : i ∈ N} such that there exists χ ∈ I n

λ such that χpi ∩ χpj = χ for any distinct
i, j ∈ N.

Suppose that χ = 0 is the zero of the semigroup I n
λ . Since the sequence {χpi : i ∈ N}

is an in�nite ∆-subfamily, the intersection {χpi : i ∈ N} ∩ ↑4γ contains at most one set
for every non-zero element γ ∈ I n

λ . Thus (I n
λ , τ) contains an in�nite locally �nite family

of open non-empty subsets which contradicts the feeble compactness of (I n
λ , τ).

If χ is a non-zero element of the semigroup I n
λ then by Lemma 2 from [12], ↑4χ is

an open-and-closed subspace of (I n
λ , τ), and hence by Theorem 14 from [3] the space ↑4χ

is feebly compact. We observe that the element χ is the minimum of the poset ↑4χ. Since
the sequence {χpi : i ∈ N} is an in�nite ∆-subfamily, the intersection {χpi : i ∈ N} ∩ ↑4γ
contains at most one set for every element γ ∈ ↑4χ \ {χ}. Thus the subspace ↑4χ
of (I n

λ , τ) contains an in�nite locally �nite family of open non-empty subsets which
contradicts the feeble compactness of (I n

λ , τ). �

Proposition 2. Let n be an arbitrary positive integer and λ be an arbitrary in�nite cardi-

nal. Then every feebly compact shift-continuous T1-topology τ on I n
λ is totally countably

pracompact.

Proof. By Proposition 2 of [12] the subset I n
λ \I

n−1
λ is dense in (I n

λ , τ) and by Lemma 2

from [12] every point of the set I n
λ \I

n−1
λ is isolated in (I n

λ , τ). We put D = I n
λ \I

n−1
λ .

Fix an arbitrary sequence {χp : p ∈ N} of points of D.
It is obvious that at least one of the following conditions holds:

(1) for any η ∈ I n
λ \ {0} the set ↑4η ∩ {χp : p ∈ N} is �nite;

(2) there exists η ∈ I n
λ \ {0} such that the set ↑4η ∩ {χp : p ∈ N} is in�nite.
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Suppose that case (1) holds. By Lemma 2 of [12] for every point α ∈ I n
λ \ {0}

there exists an open neighbourhood U(α) of α in (I n
λ , τ) such that U(α) ⊆ ↑4α and

hence our assumption implies that zero 0 is a unique accumulation point of the sequence
{χp : p ∈ N}. By Lemma 2 for an arbitrary open neighbourhoodW (0) of zero 0 in (I n

λ , τ)
there exist �nitely many nonzero elements η1, . . . , ηk ∈ I n

λ such that(
I n
λ \I n−1

λ

)
⊆W (0) ∪ ↑4η1 ∪ · · · ∪ ↑4ηk,

and hence we get that {0} ∪ {χp : p ∈ N} is a compact subset of (I n
λ , τ).

Suppose that case (2) holds: there exists η1∈I n
λ \ {0} such that the set

↑4η1 ∩ {χp : p∈N} is in�nite. Then by Lemma 2 of [12], ↑4y1 is an open-and-closed

subset of (I n
λ , τ) and hence by Theorem 14 from [3] the subspace ↑4η1 of (I n

λ , τ)

is feebly compact. By Lemma 1 the poset (↑4η1,4) is order isomorphic to the poset
(Im1

λ ,4) for some positive integer m1 = 2, . . . , n− 1.
Let {χ1

p : p ∈ N} be a subsequence of {χp : p ∈ N} such that{
χ1
p : p ∈ N

}
= ↑4η1 ∩ {χp : p ∈ N}.

Then for the feebly compact poset (↑4η1,4) and the sequence {χ1
p : p ∈ N} at least one

of the following conditions holds:

(1)∗ for any η ∈ ↑4η1 \ {η1} the set ↑4η ∩ {χ1
p : p ∈ N} is �nite;

(2)∗ there exists η ∈ ↑4η1 \ {η1} such that the set ↑4η ∩ {χ1
p : p ∈ N} is in�nite.

Since every chain in the poset (↑4η1,4) is �nite, repeating �nitely many times our
above procedure we obtain two chains of the length s 6 n:

(i) the chain 0 4 η1 4 · · · 4 ηs of distinct elements of the poset (↑4η1,4); and
(ii) the chain

{χp : p ∈ N} ⊇
{
χ1
p : p ∈ N

}
⊇ · · · ⊇

{
χsp : p ∈ N

}
of in�nite subsequences of the sequence {χp : p ∈ N},

such that the following conditions hold:

(a) {χjp : p ∈ N} ⊆ ↑4ηj for every j = 1, . . . , s;

(b) either {χsp : p ∈ N}∪{ηs} is a compact subset of the poset (↑4η1,4) or the poset

(↑4ηs,4) is order isomorphic to the poset (I 1
λ ,4).

If {χsp : p ∈ N} ∪ {ηs} is a compact subset of (I n
λ , τ) then our above part of the

proof implies that the sequence {χp : p ∈ N} has the subsequence {χsp : p ∈ N} with the
compact closure.

If the poset (↑4ηs,4) is order isomorphic to the poset (I 1
λ ,4), then by Lemma 2

of [12] the subspace ↑4ηs of (I n
λ , τ) is open-and-closed and hence by Lemmas 1 and 3

the poset (↑4ηs,4) is compact. Then the inclusion {χsp : p ∈ N} ⊆ ↑4ηs implies that the
sequence {χp : p ∈ N} has the subsequence {χsp : p ∈ N} with the compact closure. This
completes the proof of the proposition. �

We summarise our results in the following theorem.

Theorem 1. Let n be any positive integer and λ be any in�nite cardinal. Then for any

T1-semitopological semigroup I n
λ the following conditions are equivalent:

(i) I n
λ is sequentially pracompact;
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(ii) I n
λ is totally countably pracompact;

(iii) I n
λ is feebly compact.

Proof. Implications (i) ⇒ (iii) and (ii) ⇒ (iii) are trivial. The corresponding their
converse implications (iii) ⇒ (i) and (iii) ⇒ (ii) follow from Propositions 1 and 2,
respectively. �

It is well known that the (Tychono�) product of pseudocompact spaces is not
necessarily pseudocompact (see [10, Section 3.10]). On the other hand Comfort and
Ross in [7] proved that the Tychono� product of an arbitrary family of pseudocompact
topological groups is a pseudocompact topological group. The Comfort�Ross Theorem is
generalized in [2] and it is proved that a Tychono� product of an arbitrary non-empty
family of feebly compact paratopological groups is feebly compact. Also, a counterpart of
the Comfort�Ross Theorem for pseudocompact primitive topological inverse semigroups
and primitive inverse semiregular feebly compact semitopological semigroups with closed
maximal subgroups was proved in [16] and [18], respectively.

Since the Tychono� product of H-closed spaces is H-closed (see [5, Theorem 3] or
[10, 3.12.5 (d)]) Theorem 1 implies a counterpart of the Comfort�Ross Theorem for feebly
compact semitopological semigroups I n

λ :

Corollary 1. Let
{
I ni

λi
: i ∈J

}
be a family of non-empty feebly compact T1-

semitopological semigroups and ni ∈ N for all i ∈ I . Then the Tychono� product∏{
I ni

λi
: i ∈ I

}
is feebly compact.

De�nition 1. If {Xi : i ∈ I } is an uncountable family of sets, X =
∏
{Xi : i ∈J } is

their Cartesian product and p is a point in X, then the subset

Σ(p,X) = {x ∈ X : |{i ∈J : x(i) 6= p(i)}| 6 ω}

of X is called the Σ-product of {Xi : i ∈J } with the basis point p ∈ X. In the case when
{Xi : i ∈J } is a family of topological spaces we assume that Σ(p,X) is a subspace of
the Tychono� product X =

∏
{Xi : i ∈J }.

It is obvious that if {Xi : i ∈J } is a family of semigroups thenX =
∏
{Xi : i ∈J }

is a semigroup as well. Moreover Σ(p,X) is a subsemigroup of X for arbitrary idempotent
p ∈ X. Theorem 1 and Proposition 2.2 of [20] imply the following corollary.

Corollary 2. Let
{
I ni

λi
: i ∈J

}
be a family of non-empty feebly compact T1-

semitopological semigroups and ni ∈ N for all i ∈ J . Then for every idempotent p
of the product X =

∏{
I ni

λi
: i ∈J

}
the Σ-product Σ(p,X) is feebly compact.

3. On compact shift continuous topologies on the semigroup I n
λ

The following example implies that there exists a countable feebly compact
Hausdor� semitopological semigroup

(
I 2
ω ,
)
which is not ω-bounded-pracompact.

Example 1. The following family

Bc =
{
Uα(α1, . . . , αk) = ↑4α \ (↑4α1 ∪ · · · ∪ ↑4αk) :

αi ∈ ↑4α \ {α}, α, αi ∈ I 2
ω , i = 1, . . . , k

}
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determines a base of the topology τc on I 2
ω . By Proposition 10 from [22],

(
I 2
ω , τc

)
is a

Hausdor� compact semitopological semigroup with continuous inversion.
We construct a stronger topology τ2

fc
on I 2

λ in the following way. For every nonzero
element x ∈ I 2

λ we assume that the base B2
fc

(x) of the topology τ2
fc

at the point x
coincides with the base of the topology τ2c at x, and

B2
fc(0) =

{
UB(0) = U(0) \

(
I 2
λ \ {0}

}
: U(0) ∈ B2

c (0)
}

form a base of the topology τ2
fc

at zero 0 of the semigroup I 2
λ . Since

(
I 2
ω , τ

2
fc

)
is a

variant of the semitopological semigroup de�ned in Example 3 of [12], τ2
fc
is a Hausdor�

topology on I 2
λ . Moreover, by Proposition 1 of [12],

(
I 2
ω , τ

2
fc

)
is a countably pracompact

semitopological semigroup with continuous inversion.

Proposition 3. The space
(
I 2
ω , τ

2
fc

)
is not ω-bounded-pracompact.

Proof. Since the space
(
I 2
ω , τ

2
fc

)
is feebly compact and Hausdor�, by Proposition 2 of

[12] the subset I 2
λ \ I 1

λ is dense in
(
I 2
ω , τ

2
fc

)
, and by Lemma 2 from [12] every point

of the set I 2
λ \ I 1

λ is isolated in
(
I 2
ω , τ

2
fc

)
. This implies that every dense subset D of(

I 2
ω , τ

2
fc

)
contains the set I n

λ \I n−1
λ . Then

cl(I 2
ω ,τ

2
fc
)(D) = cl(I 2

ω ,τ
2
fc
)(I 2

λ \I 1
λ ) = I 2

ω

for every dense subset D of
(
I 2
ω , τ

2
fc

)
. Since I 2

ω is countable, so is D, and hence the space(
I 2
ω , τ

2
fc

)
is not ω-bounded-pracompact, because

(
I 2
ω , τ

2
fc

)
is not compact. �

Proposition 4. Let n be any positive integer and λ be any in�nite cardinal. If I n
λ is a

T1-semitopological semigroup then the following statements hold:

(1) I n
A is a closed subsemigroup of I n

λ for any subset A ⊆ λ;
(2) the band E(I n

λ ) is a closed subset of I n
λ .

Proof. (1) Fix an arbitrary γ ∈ I n
λ \ I n

A . Then dom γ * A or ran γ * A. Since η 4
δ if and only if graph(η) ⊆ graph(δ) for η, δ ∈ I n

λ , the above arguments imply that
↑4γ ∩I n

A = ∅. By Lemma 2 of [12] the set ↑4γ is open in I n
λ , which implies statement

(1).
(2) Fix an arbitrary γ ∈ I n

λ \ E(I n
λ ). Since I n

λ is an inverse subsemigroup of the
symmetric inverse monoid Iλ, all idempotents of I n

λ is are partial identity maps of rank
6 n. Then similar arguments as in statement (1) imply that E(I n

λ ) is a closed subset of
I n
λ . �

Proposition 4 implies the following corollary.

Corollary 3. Let n be any positive integer, λ be any in�nite cardinal and A be an

arbitrary in�nite subset of λ. If I n
λ is a compact T1-semitopological semigroup then I n

A

with the induced topology from I n
λ is a compact semitopological semigroup.

Lemma 5. Let n be any positive integer, λ be any in�nite cardinal and A be an arbi-

trary in�nite countable subset of λ. If I n
λ is an ω-bounded-pracompact T1-semitopological

semigroup then I n
A \I n−1

A is a dense subset of I n
A , and hence I n

A is compact.
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Proof. For any α ∈ I n
A we denote ↑A4α = ↑4α ∩I n

A .

By induction we shall show that the set ↑A4α∩ (I n
A \I

n−1
A ) is dense in ↑A4α for any

α ∈ I n
A . In the case when rankα = n− 1 by Lemmas 1 and 3 we have that the set ↑4α

is compact, and hence by Proposition 4(1), ↑A4α is compact as well. Since all points of

I n
A \I n−1

A are isolated in I n
λ , the set ↑

A
4α ∩ (I n

A \I n−1
A ) is dense in ↑A4α.

Next we show that the statement ↑A4α∩(I n
A \I

n−1
A ) is dense in ↑A4α for any α ∈ I n

A

with rankα = n − k, for all k < m implies that the same is true for any β ∈ I n
A with

rankβ = n−m, where m 6 n. Fix an arbitrary β ∈ I n
A with rankβ = n−m. Suppose

to the contrary that the set ↑A4β ∩ (I n
A \I n−1

A ) is not dense in ↑A4β. The assumption of

induction implies that γ ∈ clI n
A

(↑A4β ∩ (I n
A \I n−1

A )) for any γ ∈ ↑A4β \ {β}, and hence

β /∈ clI n
A

(↑A4β ∩ (I n
A \I n−1

A )). Then there exists an open neighbourhood U(β) of β in

I n
A such that U(β)∩ (↑A4β ∩ (I n

A \I n−1
A )) = ∅. By Lemma 2 from [12] for any δ ∈ I n

λ

the set ↑4δ is open-and-closed in I n
λ , τ , and hence ↑A4δ is open-and-closed in I n

A as well.
Hence we get that

clI n
A

(↑A4β ∩ (I n
A \I n−1

A )) = ↑A4β \ {β}

but the family U =
{
↑A4δ : δ ∈ ↑A4β \ {β}

}
is an open cover of ↑A4β which has no a �ni-

te subcover. This contradicts the condition that I n
λ is a ω-bounded-pracompact space,

which completes the proof of the �rst statement of the lemma. The last statement immedi-
ately follows from the �rst statement and the de�nition of the ω-bounded-pracompact
space. �

Theorem 2 describes feebly ω-bounded shift-continuous T1-topologies on the semi-
group I n

ω .

Theorem 2. Let n be any positive integer and λ be any in�nite cardinal. Then for any

T1-semitopological semigroup I n
λ the following conditions are equivalent:

(i) I n
λ compact;

(ii) I n
λ is ω-bounded-pracompact;

(iii) I n
λ is feebly ω-bounded.

Proof. Implications (i)⇒ (iii) and (ii)⇒ (iii) are trivial.

(iii) ⇒ (ii) Let I n
λ be a feebly ω-bounded T1-semitopological semigroup. By

Proposition 2 of [12] the set I n
λ \I

n−1
λ is dense in I n

λ . Fix an arbitrary in�nite countable

subset D = {αi : i ∈ N} in I n
λ \I

n−1
λ . By Lemma 2 from [12] every point of D is isolated

in I n
ω , and hence by feeble ω-boundedness of I n

λ we get that there exists a compact
subset K ⊆ I n

λ such that D ⊆ K. Since the closure of a subset in compact space is
compact, so is the closure of D. Hence the space I n

λ is ω-bounded-pracompact.

(ii)⇒ (i) Suppose the contrary: there exists a noncompact ω-bounded-pracompact
T1-semitopological semigroup I n

λ . By Theorem 1 of [12] the space I n
λ is not countably

compact. Then by Theorem 3.10.3 of [10] the space I n
λ has an in�nite countable closed

discrete subspace D. We put

A = {x ∈ λ : x ∈ domα ∪ ranα for some α ∈ D} .
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Since the set D is countable,
⋃
α∈D

(domα∪ ranα) is countable, and hence A is countable,

too. Then I n
A contains D. By Proposition 4(1), I n

A is a closed subspace of I n
λ , which

implies that D is an in�nite countable closed discrete subspace of I n
A . This contradicts

Lemma 5, and hence I n
λ is compact. �
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Âèâ÷à¹ìî ñëàáêî êîìïàêòíi òðàíñëÿöiéíî-íåïåðåðâíi T1-òîïîëîãi¨ íà
ñèìåòðè÷íié iíâåðñíié íàïiâãðóïi I n

λ ñêií÷åííèõ ïåðåòâîðåíü êàðäèíàëà λ
îáìåæåíîãî ðàíãó 6 n. Äîâåäåíî, ùî òàêà T1-òîïîëîãiÿ ñåêâåíöiàëüíî ïðà-
êîìïàêíà òîäi i òiëüêè òîäi, êîëè âîíà ñëàáêî êîìïàêòíà. Òàêîæ, ìè äî-
âåëè, ùî êîæíà òðàíñëÿöiéíî-íåïåðåðâíà ñëàáêî ω-îáìåæåíà T1-òîïîëîãiÿ
íà íàïiâãðóïi I n

λ êîìïàêòíà.

Êëþ÷îâi ñëîâà: íàïiâãðóïà, iíâåðñíà íàïiâãðóïà, íàïiâòîïîëîãi÷íà
íàïiâãðóïà, êîìïàêòíèé, ñåêâåíöiàëüíî ïðàêîìïàêòíèé, öiëêîì çëi÷åí-
íî ïðàêîìïàêòíèé, ω-îáìåæåíèé-ïðàêîìïàêòíèé, ñëàáêî ω-îáìåæåíèé,
ñëàáêî êîìïàêòíèé, ∆-ñèñòåìà, ëåìà ïðî ñîíÿøíèê, äîáóòîê, Σ-äîáóòîê.
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Let z0 = 1 be the only boundary point of zeros (an) of the Blaschke product
B(z),

Γm =

m⋃
j=1

{z : |z| < 1, arg(1− z) = −θj} =

m⋃
j=1

lθj ,

−π/2 + η < θ1 < θ2 < . . . < θm < π/2− η,

be a �nite system of rays, 0 < η < 1. We found asymptotics of the logarithmic
derivative of B(z) as z = 1−re−iϕ → 1, −π/2 < ϕ < π/2, under the condition
of existing the angular density of its zeros related to the comparison function
(1− r)−ρ, 0 < ρ < 1.. We also considered the inverse problem for B(z), whose
zeros lie on Γm.

Key words: logarithmic derivative, Blaschke product, angular density of
zeros

1. Introduction

Let (an) be a sequence of numbers from C such that

0 < |a1| 6 |a2| 6 . . . 6 |an| 6 . . . < 1
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c© Zabolotskyi, M., Gal, Yu., Mostova, M., 2021
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and

+∞∑
n=1

(1− |an|) < +∞. Then any function of the form

B(z) =

+∞∏
n=1

an
|an|
· an − z

1− anz

is called a Blaschke product and is an analytic function in the unit disc D = {z : |z| < 1}.
The Blaschke products form an important subclass of the space Hp, p > 0 (see, for
example, [1, p. 89]), that is analytic functions in D, which satisfy the condition

sup
06r<1

2π∫
0

∣∣f(reiθ)
∣∣p dθ < +∞.

In particular, each function f ∈ Hp can be represented in the form f(z) = B(z)g(z),
where g ∈ Hp and g(z) 6= 0 in D, B is the Blaschke product constructed by zeros f .
We notice ([2, p. 81]), that the product B is a meromorphic function on C except for
accumulation points of its zeros. In [3] R. Haloyan showed the connection between an
angular density of zeros of B related to the comparison function (1 − r)−ρ, 0 < ρ < 1,
and the asymptotics of its logarithm as z → 1.

The asymptotics and estimates of the logarithmic derivative of meromorphic functi-
ons outside exceptional sets play an important role in various �elds of mathematics, in
particular, in Nevanlinna's theory of value distribution [4, 5] and in the analytic theory
of di�erential equations [6, 7].

We research the connection between the asymptotics of logarithmic derivative of the
Blaschke product B with only one accumulation point of zeros on ∂D and the existence
of the angular density of its zeros in this paper. Without loss of generality, we assume
further that such accumulation point is z0 = 1. Indeed, otherwise we would consider the
Blaschke product

B∗(z) = B
(
z · eiϕ0

)
=

+∞∏
n=1

an
|an|

an − zeiϕ0

1− anzeiϕ0
=

+∞∏
n=1

a∗n
|a∗n|

a∗n − z
1− a∗nz

,

with a∗n = ane
−iϕ0 , here eiϕ0 is the accumulation point of zeros (an) of the product B.

For logarithmic derivative of B from the formula

B′(z)

B(z)
=

1∫
0

(1− t2)dn(t)

(z − teiϕn) (1− zte−iϕn)
, |ϕn| = | arg an| → 0, n→ +∞,

it follows that B′(z)/B(z) = O(1) as z → eiα, |α| > δ, 0 < δ < 1, since

B′(z)

B(z)
= (1+o(1))

1∫
0

(1− t2)dn(t)

(eiα−teiϕn)
(
1−te−i(ϕn−α)

) =

= (1+o(1)) e−iα
1∫

0

(1− t2)dn(t)

1−2t cos(α−ϕn)+t2
,
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z → eiα, and the integral above converges.

2. Definitions and main results

Let η > 0 and an = 1 − rne
−iθn , −π/2 + η < θn < π/2 − η be a sequence of

zeros of the Blaschke product B, let n(t) = n(t, B) be a number of (an) in the disc
{z : |z| 6 t} such that 1− rn 6 t, 0 < t < 1, rn → 0+ as n→ +∞. It is easy to see that
n(t) = ñ(1 − t), where ñ(t) is a counting function of zeros (an) of the product B such
that rn > t, 0 < t < 1.

We denote by B(ρ) the set of Blaschke products B, zeros of which satisfy the
condition

lim
t→1−

n(t)

(1− t)−ρ
< +∞, 0 < ρ < 1.

A set E ⊂ D is said to be a set of zero µ-density, 1 < µ 6 2, if this set can be covered by
a sequence of disks K(zj , tj) = {z : |z − zj | < tj} such that∑

|1−zj |61−r

tµj = o ((1− r)µ) , r → 1− .

Let n(t;ψ) be the number of zeros an = 1−rne−iψn of the product B, for which 1−rn 6 t,
−π/2 + η < ψn 6 ψ. We will say that zeros of B ∈ B(ρ) have an angular density at the
point 1, if for all ψ, |ψ| < π/2 − η, except a countable number of values ψ at most, the
�nite limit

lim
t→1−

n(t;ψ)

(1− t)−ρ
= ∆(ψ)

exists. Let us set

h(ϕ;ψ) = eiρ(|ϕ−ψ|−π sign(ϕ−ψ)) − eiρ(ϕ+ψ) = eiρϕ
(
eiρ(−ψ−π sign(ϕ−ψ)) − eiρψ

)
,

H(ϕ) =

π/2∫
−π/2

h(ϕ;ψ)d∆(ψ).

Theorem 1. Let 0 < ρ < 1, 1 < µ 6 2, B ∈ B(ρ) and let the zeros of B have the

angular density at the point 1. Then there exists a set of zero µ-density E ⊂ D such that

for z = 1− re−iϕ /∈ E, ϕ ∈ (−π/2 + η;π/2− η)

(1) (1− z)B
′(z)

B(z)
= (1 + o(1))

πρ

sinπρ
H(ϕ)r−ρ, r → 0 + .

Let

−π/2 + η < ψ1 < ψ2 < . . . < ψm < π/2− η,
0 < η < 1 and let

Γm =

m⋃
j=1

{z : |z| < 1, arg(1− z) = −ψj} =

m⋃
j=1

lψj

be a �nite system of rays; let B(ρ; Γm) be a subclass of products B from the class B(ρ),
whose zeros (an) of which lie on Γm; let n(t, ψj) = n(t, ψj ;B) be a number of zeros of B
lying on the ray lψj such that 1− rn 6 t.
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Theorem 2. Let 0 < ρ < 1, ∆j > 0, B ∈ B(ρ; Γm) and let for z = 1 − re−iϕ,

ϕ ∈
(
−π

2
;
π

2

)
\

m⋃
j=1

ψj ,

(1− z)B
′(z)

B(z)
= (1 + o(1))

πρ

sinπρ

m∑
j=1

∆jh(ϕ;ψj)r
−ρ, r → 0+,

moreover, for any δ > 0 the above relation holds uniformly relative to ϕ on the set

(−π/2;π/2) \
m⋃
j=1

(ψj − δ, ψj + δ). Then for j = 1,m we have that

(2) n(t;ψj) = (1 + o(1)) ∆j(1− t)−ρ, t→ 1−.

3. Additional results

We will use the following propositions, which we formulate in the form of lemmas.

Lemma 1. Let 0 < ρ < 1, 0 < ∆ < +∞ and let the zeros an = 1−rne−iψ of the product

B lie on the ray lψ, −π/2 < ψ < π/2 and

(3) n(t) = (1 + o(1)) ∆(1− t)−ρ, t→ 1−.

Then for z = 1− re−iϕ, ϕ ∈ (−π/2;π/2) \ {ψ}, we have that

(4) (1− z)B
′(z)

B(z)
= (1 + o(1))

πρ∆

sinπρ
h(ϕ;ψ)r−ρ, r → 0+,

moreover, the equality (4) holds uniformly for any δ > 0 relative to ϕ on the set

(−π/2;ψ − δ] ∪ [ψ + δ;π/2).

Proof. After replacing z by z = (w − 1)/w we have

g(w) = B

(
w − 1

w

)
=

(
+∞∏
n=1

1

|an|

)
+∞∏
n=1

(
1− w

bn

)
/

+∞∏
n=1

(
1− w

cn

)
= p0

g1(w)

g2(w)
,

where p0 =
+∞∏
n=1
|an|−1, bn = 1/(1− an) = eiψ/rn are zeros of the entire function g1,

cn = −an/(1− an) = −e−iψ/rn + 1 = e−i(ψ+π)/rn + 1

are zeros of g2 and

n(τ, 0, g1) = n(τ, 0, g2) = ∆τρ + o (τρ) , τ → +∞.

Set

g̃2(w) =

+∞∏
n=1

(
1− w

c̃n

)
, c̃n = cn − 1 =

1

rn
e−i(ψ+π).

Let l̂α = {w : |w| > 1, argw = α}, l∗α = {w : |w| > 1, arg(w − 1) = α} and let

ln g(w) = ln p0 + ln g1(w)− ln g̃2(w) +

+∞∑
n=1

ln

(
1− w/c̃n
1− w/cn

)
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be an univalent branch of Ln g(w) on C \
(
l̂ψ ∪ l̂−ψ−π ∪ l∗−ψ−π

)
such that ln g(0) =

ln g1(0) = ln g̃2(0) = 0, ln p0 > 0, ln

(
1− w

c̃n

)∣∣∣∣
w=0

= ln

(
1− w

cn

)∣∣∣∣
w=0

= 0. Hence

(5) w
g′(w)

g(w)
= w

(
g′1(w)

g1(w)
− g̃′2(w)

g̃2(w)

)
+ w

+∞∑
n=1

cn − c̃n
(w − cn)(w − c̃n)

.

Since ([8, p. 92]) for δ 6 ϕ 6 2π − δ, 0 < δ < 1, we get that∣∣t− reiϕ∣∣ > (t+ r) sin
δ

2
, t > 0,

for θ ∈ [−ψ − π + δ,−ψ + π − δ] and τ > 2/ sin
δ

2
we obtain

|w − c̃n| =
∣∣∣∣τeiθ − 1

rn
ei(−ψ−π)

∣∣∣∣ =

∣∣∣∣τ − 1

rn
ei(−ψ−θ−π)

∣∣∣∣ > (τ +
1

rn

)
sin

δ

2
,

|w − cn| > |w − c̃n| − 1 >

(
τ +

1

rn

)
sin

δ

2
− 1 >

1

2

(
τ +

1

rn

)
sin

δ

2
.

Then (tn = 1/rn > 1),∣∣∣∣∣w
+∞∑
n=1

1

(w − cn)(w − c̃n)

∣∣∣∣∣ 6 2τ

sin2 δ/2

+∞∑
n=1

1

(τ + tn)
6

6
2τ

sin2 δ/2

+∞∫
1

dn(t, 0, g̃2)

(t+ τ)2
=

=
4τ

sin2 δ/2

+∞∫
1

n(t, 0, g̃2)dt

(t+ τ)3
6

6
8∆τ

sin2 δ/2

+∞∫
1

(t+ τ)ρ

(t+ τ)3
d(t+ τ) 6

6
8∆τρ−1

(2− ρ) sin2 δ/2
=

= o(1), τ → +∞.

(6)

For w = τeiθ, ψ < θ < ψ + 2π, taking into account Theorem 1 from [3], we get

w
g′1(w)

g1(w)
= (1 + o(1))

πρ∆

sinπρ
eiρ(θ−ψ−π)τρ, τ → +∞;

and for −ψ − π < θ < −ψ + π

w
g̃′2(w)

g̃2(w)
= (1 + o(1))

πρ∆

sinπρ
eiρ(θ+ψ)τρ, τ → +∞.
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By (5), (6) and the two above equalities for θ ∈ (ψ,−ψ + π) we obtain (τ → +∞)

w
g′(w)

g(w)
= w

(
g′1(w)

g1(w)
− g̃′2(w)

g̃2(w)

)
=

= (1 + o(1))
πρ∆

sinπρ

(
eiρ(θ−ψ−π) − eiρ(θ+ψ)

)
τρ,

and for θ ∈ (−ψ − π, ψ) we have that

w
g′(w)

g(w)
= (1 + o(1))

πρ∆

sinπρ

(
eiρ(θ−ψ+π) − eiρ(θ+ψ)

)
τρ,

namely, for θ ∈ (−ψ − π,−ψ + π) \ {ψ}

(7) w
g′(w)

g(w)
= (1 + o(1))

πρ∆

sinπρ
h(θ;ψ)τρ, τ → +∞,

moreover, the equality (7) holds uniformly for any δ > 0 on the set (−ψ − π,−ψ + π) \
(ψ − δ, ψ + δ).

Since −ψ − π < −π/2, −ψ + π > π/2, w = 1/(1− z),

g′(w) = B′
(
w − 1

w

)
1

w2
= (1− z)2B′(z)

and for z = 1− re−iϕ we have

θ = argw = arg

(
1

1− z

)
= arg

(
1

r
eiϕ
)

= ϕ,

then by (7) we obtain (4), and hence, lemma 1 is proved. �

Remark 1. In fact, the relation (4) holds uniformly relative to ϕ on the set

[ψ + δ,−ψ + π − δ] ∪ [−ψ − π + δ, ψ − δ],

0 < δ < 1.

Lemma 2. Let 0 < ρ < 1, 0 < ∆ < +∞, −π/2 < ψ < π/2 and let the zeros an =
1− rne−iψ of the product B lie on the ray lψ. If for z = 1− re−iϕ, ϕ ∈ (−π/2;π/2)\{ψ}
the following relation

(1− z)B
′(z)

B(z)
= (1 + o(1))h(ϕ;ψ)r−ρ, r → 0+

holds, moreover, for any δ > 0 the above relation holds uniformly relative to ϕ on the set

(−π/2, π/2) \ (ψ − δ, ψ + δ), then n(t;B) = (1 + o(1))(1− t)−ρ, t→ 1− .

Proof. Without loss of generality, we assume that ψ = 0. After replacing z by z =
(w − 1)/w we get

g(w) = B

(
w − 1

w

)
=

+∞∏
n=1

1

an

+∞∏
n=1

(
1− w

bn

)
/

+∞∏
n=1

(
1− w

cn

)
= p0

g1(w)

g2(w)
,

where bn = 1/rn > 0 are zeros of the entire function g1, cn = −1/rn + 1 < 0 are zeros of
g2 and n(τ, 0, g1) = n(1− 1/τ ;B).
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Since (see the proof of Lemma 1) wg′(w)/g(w) = (1−z)B′(z)/B(z), then under the
conditions of Lemma 2 for w = τeiθ, 0 < |θ| < π, we have

(8) w
g′(w)

g(w)
= (1 + o(1))

πρ∆

sinπρ
h(θ; 0)τ−ρ, τ → +∞.

Set Ω = {bn : n ∈ N}, −π < α < 0 < β < π,

Sr(α, β) = {w : |w| 6 r, α 6 argw 6 β},
r /∈ Ω, and denote by ∂S+

r (α, β) = Ir(α) ∪ Cr(α, β) ∪ I−r (β) a positive orientation of
the boundary of the sector Sr(α, β), where Ir(α) = {z1(t) = teiα, 0 6 t 6 r}, Ir(β) =
{z2(t) = teiβ , 0 6 t 6 r}, Cr(α, β) = {z3(t) = reit, α 6 t 6 β}. Then

2πin(r, 0, g) =

∫
∂S+

r (α,β)

g′(z)

g(z)
dz =

 ∫
Ir(α)

+

∫
I−r (β)

+

∫
Cr(α,β)

 g′(z)

g(z)
dz = J1 + J2 + J3.

By (8), just like in the proof of Theorem 2 from [9], as r → +∞ we obtain

J1 =

r∫
0

g′(teiα)

g(teiα)
eiαdt = (1 + o(1))

πρ∆

sinπρ

r∫
0

h(α; 0)tρ−1dt = (1 + o(1))
π∆

sinπρ
h(α; 0)rρ

and, similarly,

J2 = −(1 + o(1))
π∆

sinπρ
h(β; 0)rρ,

J3 =

β∫
α

g′(reit)

g(reit)
ireitdt = (1 + o(1))

πρ∆

sinπρ
irρ

β∫
α

h(t; 0)dt

= (1 + o(1))
πρ∆

sinπρ
irρ

(eiπρ − 1
) 0∫
α

eiρtdt+
(
e−iπρ − 1

) β∫
0

eiρtdt


= (1 + o(1))

π∆

sinπρ
rρ
((
eiπρ − 1

) (
1− eiρα

)
+
(
e−iπρ − 1

) (
eiρβ − 1

))
= (1 + o(1))

π∆

sinπρ
rρ
(
2i sinπρ− h(α; 0) + h(β; 0)

)
.

Consequently,

2πin(r, 0, g) = (1 + o(1))2πi∆rρ, r → +∞.
Since n(r, 0, g) = n(1 − 1/r;B), we conclude that n(t;B) = (1 + o(1))∆(1 − t)−ρ,

t→ 1−. �

4. Proof of theorems

Let B ∈ B(ρ,Γm) and suppose that for all j = 1,m (2) holds. Represent B in the
form

B(z) = B1(z) ·B2(z) · . . . ·Bm(z),

where Bj(z) is a Blaschke product constructed by zeros of B lying on the ray lψj .
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Let l̃ψj = {z : r̃j 6 |z| < 1, arg(1 − z) = −ψj}, where r̃j is the smallest modulus of

zero of B lying on the ray lψj
, j = 1,m; G = D \

m⋃
j=1

l̃ψj
; let lnB be an univalent branch

in G of the multivalued function LnB(z) = ln |B(z)|+ iArgB(z) such that lnB(0) < 0.
From the equality

lnB(z) = lnB1(z) + lnB2(z) + . . .+ lnBm(z), z ∈ G,

owing to (4), for z = 1− re−iϕ, ϕ ∈ (−π/2;π/2) \
m⋃
j=1

ψj , we have

(1− z)B
′(z)

B(z)
= (1− z)

m∑
j=1

B′j(z)

Bj(z)
=

= (1 + o(1))
πρ

sinπρ

m∑
j=1

∆jh(ϕ;ψj)r
−ρ, r → 0+,

(9)

which is equivalent to (1) in the case of zeros of B lying on a �nite system of rays Γm.
The transition from Γm to the general case of the location of zeros of B ∈ B(ρ), which
have an angular density at the point 1, is carried out according to a known scheme (see
for example [3, p. 69-70]. So Theorem 1 is proved.

Let the conditions of Theorem 2 be satis�ed. Then by (9) and Lemma 2 for each
j = 1,m we obtain

n(t;ψj)=(1+o(1)) ∆j(1− t)−ρ, t→ 1−,
that proves Theorem 2.
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Äîáóòêè Áëÿøêå ¹ âàæëèâèì ïiäêëàñîì ôóíêöié, àíàëiòè÷íèõ â îäèíè÷-
íîìó êðóçi ç îáìåæåíîþ õàðàêòåðèñòèêîþ Íåâàíëiííè i ìåðîìîðôíèõ ó C
çà âèíÿòêîì òî÷îê ñêóï÷åííÿ íóëiâ B(z). Àñèìïòîòèêà é îöiíêè ëîãàðèô-
ìi÷íî¨ ïîõiäíî¨ ìåðîìîðôíèõ ôóíêöié çîâíi âèíÿòêîâèõ ìíîæèí âiäiãðà-
þòü âàæëèâó ðîëü â ðiçíèõ ãàëóçÿõ ìàòåìàòèêè. Çîêðåìà, Ãîëüäáåðã À.À.,
Õåéìàí Â.Ê. i Ìàéëñ Äæ. äîñëiäæóâàëè öi ïèòàííÿ â íåâàíëiííiâñüêié òåî-
ði¨ ðîçïîäiëó çíà÷åíü, Ãóíäåðñåí Ã.Ã. i Ñòðåéëiö Ø.I. � â àíàëiòè÷íié òåîði¨
äèôåðåíöiéíèõ ðiâíÿíü. Íåõàé z0 = 1 ¹äèíà ãðàíè÷íà òî÷êà íóëiâ (an) äî-
áóòêó Áëÿøêå B(z),

Γm =

m⋃
j=1

{z : |z| < 1, arg(1− z) = −θj} =

m⋃
j=1

lθj ,

−π/2 + η < θ1 < θ2 < . . . < θm < π/2 − η, � ñêií÷åííà ñèñòåìà ïðîìåíiâ,
0 < η < 1. Çà óìîâè iñíóâàííÿ êóòîâî¨ ùiëüíîñòi íóëiâ B(z) çíàéäåíî
àñèìïòîòèêó ëîãàðèôìi÷íî¨ ïîõiäíî¨ B(z) ïðè z = 1− re−iϕ → 1, −π/2 <
ϕ < π/2. Òàêîæ ðîçãëÿäà¹òüñÿ îáåðíåíà çàäà÷à äëÿ äîáóòêiâ Áëÿøêå B(z),
íóëi ÿêèõ ðîçòàøîâàíi íà Γm.

Êëþ÷îâi ñëîâà: ëîãàðèôìi÷íà ïîõiäíà, äîáóòîê Áëÿøêå, êóòîâà ùiëü-
íiñòü íóëiâ.
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NEIGHBORHOODS OF DIRICHLET SERIES ABSOLUTELY

CONVERGENT IN A HALF-PLANE

Myroslav SHEREMETA

Ivan Franko National University of Lviv,

Universytetska Str., 1, 79000, Lviv, Ukraine

e-mail: m.m.sheremeta@gmail.com

For an absolutely convergent in the half-plane Π0 = {s : Re s < 0} Dirichlet

series F (s) = es +

∞∑
k=1

fk exp{sλk} the set Oj,δ(F ) of Dirichlet series G(s) =

= es +

∞∑
k=1

gk exp{sλk} such that
∞∑
k=1

λjk|gk − fk| ≤ δ is called a neighborhood

of the function F . It is proved that each function G from the neighborhood
O1,1(E) of the function E(s) = es is a pseudostarlike function in Π0, and if G
is pseudostarlike in Π0 and gk ≤ 0 for all k ≥ 1 then G ∈ O1,1(E). A similar
connection exists between O2,1(E) and pseudoconvex functions in Π0. The
neighborhoods O1,δ(F ) and O2,δ(F ) are investigated also in the cases when F
is either pseudostarlike or pseudoconvex of the order α ∈ [0, 1) and the type
β ∈ (0, 1). Assuming that 0 ≤ α < 1, 0 < β < β1 ≤ 1, the coe�cients fk and
gk are negative and the function F is pseudostarlike of the order α and the type

β it is proved, in particular, that if G ∈ O1,δ(F ) with δ =
2(1− α)(β1 −Aβ)

1 + β1
,

where A =
(1 + β1)λ1 − 2αβ1 − (1− β1)

(1 + β)λ1 − 2αβ − (1− β)
, then G is pseudostarlike of the order

α and the type β1. On the contrary, if G is pseudostarlike of the order α and
the type β1 then G ∈ O1,δ(F ) with

δ = 2λ1(1− α)

(
β1

λ1(1 + β1)− 2αβ1 − (1− β1)
+

β

λ1(1 + β)− 2αβ − (1− β)

)
.

Key words: Dirichlet series, pseudostarlikeness, pseudoconvexity, nei-
ghborhood of function.
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1. Introduction

Denote by A the class of analytic in the unit disk D = {z : |z| < 1} functions

(1) f(z) = z +

∞∑
k=2

fkz
k.

For f ∈ A, following A.W. Goodman [1] and S. Ruscheweyh [2], its neighborhood is
a set of the form

Nδ(f) =
{
g(z) = z +

∞∑
k=2

gkz
k ∈ A :

∞∑
k=2

k|gk − fk| ≤ δ
}
.

The neighborhoods of various classes of analytical in D functions were studied by many
authors (we concentrate here only on articles [3, 4, 5, 6, 7, 8, 9]). The Dirichlet series of
the form

(2) F (s) = es +

∞∑
k=1

fk exp{sλk}, s = σ + it,

absolutely convergent in the half-plane Π0 = {s : Re s < 0} are direct generalizations
of functions (1) analytic in D, where the exponents satisfy the condition 1 < λk ↑ +∞
(1 6 k ↑ +∞). The class of such Dirichlet series will be denoted by SD(0). We say that
F ∈ SD∗(0) if F ∈ SD(0) and fk ≤ 0 for all k ≥ 1.

Geometric theory of the class SD(0) was initiated in [10] and [11, p. 133�154]. It
is known [10] that each function F ∈ SD(0) is non-univalent in Π0, but there exist

conformal in Π0 functions (2), and if

∞∑
k=2

λk|fk| ≤ 1 then function (2) is conformal in

Π0. A conformal function (2) in Π0 is said to be pseudostarlike if Re{F ′(s)/F (s)} > 0
and is said to be pseudoconvex if Re{F ′′(s)/F ′(s)} > 0 for s ∈ Π0. In [10] (see also

[11, p. 139]) it is proved that if

∞∑
k=2

λk|fk| ≤ 1 then function (2) is pseudostarlike and if

∞∑
k=2

λ2k|fk| ≤ 1 then function (2) is pseudoconvex. A conformal function (2) in Π0 is said

[12] to be pseudostarlike of the order α ∈ [0, 1) if Re{F ′(s)/F (s)} > α for s ∈ Π0, i.e.,∣∣∣∣F ′(s)F (s)
− 1

∣∣∣∣ < ∣∣∣∣F ′(s)F (s)
− (2α− 1)

∣∣∣∣ for s ∈ Π0. Finally, a conformal function (2) in Π0 is

said [12] to be pseudostarlike of the order α ∈ [0, 1) and the type β ∈ (0, 1] if∣∣∣∣F ′(s)F (s)
− 1

∣∣∣∣ < β

∣∣∣∣F ′(s)F (s)
− (2α− 1)

∣∣∣∣ , s ∈ Π0.

Similarly, a conformal function (2) in Π0 is said to be pseudoconvex of the order α ∈ [0, 1)
if Re{F ′′(s)/F ′(s)} > α, and pseudoconvex of the order α and the type β ∈ (0, 1] if∣∣∣∣F ′′(s)F ′(s)

− 1

∣∣∣∣ < β

∣∣∣∣F ′′(s)F ′(s)
− (2α− 1)

∣∣∣∣ , s ∈ Π0.
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By PSα,β we denote the class of pseudostarlike functions of the order α ∈ [0, 1) and the
type β ∈ (0, 1] and by PCα,β we denote the class of pseudoconvex functions of the order
α ∈ [0, 1) and the type β ∈ (0, 1].

For j > 0 and δ > 0 we de�ne the neighborhood of F ∈ SD0 as follows

Oj,δ(F ) =
{
G(s) = es +

∞∑
k=1

gk exp{sλk} ∈ SD0 :

∞∑
k=1

λjk|gk − fk| ≤ δ
}
.

Similarly, for F ∈ SD∗0

O∗j,δ(F ) =
{
G(s) = es +

∞∑
k=1

gk exp{sλk} ∈ SD∗0 :

∞∑
k=1

λjk|gk − fk| ≤ δ
}
.

Here we will establish a connection between the classes PSα,β , PCα,β and Oj,δ(F ),
O∗j,δ(F ).

2. Neighborhoods of the function E(s) = es

We need the following lemmas.

Lemma 1 ([12]). In order for function F ∈ SD0 to be pseudostarlike of the order

α ∈ [0, 1) and the type β ∈ (0, 1] it is su�cient and in the case when fk ≤ 0 for all

k ≥ 1, it is necessary that

(3)

∞∑
k=1

{(1 + β)λk − 2βα− (1− β)}|fk| ≤ 2β(1− α).

Also in order for function F ∈ SD0 to be pseudoconvex of the order α ∈ [0, 1) and the

type β ∈ (0, 1] it is su�cient and in the case when fk ≤ 0 for all k ≥ 1, it is necessary
that

∞∑
k=1

λk{(1 + β)λk − 2βα− (1− β)}|fk| ≤ 2β(1− α).

Lemma 2. Let F ∈ SD0. Then G ∈ O2,δ(F ) if and only if G′ ∈ O1,δ(F
′).

Proof. Clearly

F ′(s) = es +

∞∑
k=1

λkfk exp{sλk} ∈ SD0.

Therefore, G′ ∈ O1,δ(F
′) if and only if

∞∑
k=1

λk|λkgk − λkfk| ≤ δ, i. e. if and only if

∞∑
k=1

λ2k|gk − fk| ≤ δ. The last condition holds if and only if G ∈ O2,δ(F ). �

Now we prove such theorem.

Theorem 1. For the function E(s) = es the following correlations hold: O1,1(E) ⊂
PS0,1, O

∗
1,1(E) = PS0,1

⋂
SD∗0, O2,1(E) ⊂ PC0,1, and O

∗
2,1(E) = PC0,1

⋂
SD∗0.
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Proof. If G ∈ O1(1, E) then G ∈ SD0 and

∞∑
k=1

λk|gk| ≤ 1. Therefore,

|G′(s)−G(s)| =
∣∣∣ ∞∑
k=1

(λk − 1)gk exp{sλk}
∣∣∣ ≤

≤
∞∑
k=1

λk|gk| exp{σλk} −
∞∑
k=1

|gk| exp{σλk} ≤

≤
∞∑
k=1

(λk − 1)|gk| exp{σλk} ≤

≤ eσ
∞∑
k=1

λk|gk| −
∞∑
k=1

|gk| exp{σλk} ≤

≤ eσ −
∞∑
k=1

|gk| exp{σλk}.

On the other hand,

|G(s)| =
∣∣∣es +

∞∑
k=1

gk exp{sλk}
∣∣∣ ≥ eσ − ∞∑

k=1

|gk| exp{σλk},

and, thus, |G′(s) − G(s)| ≤ |G(s)|, i.e.,
∣∣∣∣G′(s)G(s)

− 1

∣∣∣∣ ≤ 1 for all s ∈ Π0. Hence it follows

that Re{G′(s)/G(s)} > 0, i.e., G ∈ PS0,1 and O1,1(E) ⊂ PS0,1.
From above it follows that O∗1,1(E) ⊂ PS0,1. On the other hand, if G ∈ SD∗0 and

G ∈ PS0,1 then by Lemma 1

∞∑
k=1

λk|fk| ≤ 1, i. e. G ∈ O∗1,1(E). Thus, PS0,1

⋂
SD∗0 ⊂

O∗1,1(E) and PS0,1

⋂
SD∗0 = O∗1,1(E).

We remark that sinceG′′(s)/G′(s) = H ′(s)/H(s), whereH(s) = es+

∞∑
k=1

hk exp{sλk}

and hk = λkgk, the function G is pseudoconvex of the order α ∈ [0, 1) and the type
β ∈ (0, 1] if and only if the function H is pseudostarlike of the order α ∈ [0, 1) and the
type β ∈ (0, 1]. Therefore, from the results proved above for pseudostarlike functions,
one can easily obtain the corresponding results for pseudoconvex functions. In particular,
in view of Lemma 2 from above we get O2,1(E) ⊂ PS0,1 and PS0,1

⋂
SD∗0 = O∗2,1(E).

The proof of Theorem 1 is complete. �

3. Neighborhoods of pseudostarlike and pseudoconvex functions

of the order α.

The following theorem is true.

Theorem 2. Let 0 ≤ α1 < α < 1 and F ∈ SD∗0
⋂
PSα,1.

1. If G ∈ O∗1,δ(F ) with δ = (α− α1)
λ1 − 1

λ1 − α
then G ∈ PSα1,1.
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2. On the contrary, if G ∈ SD∗0
⋂
PSα1,1 then G ∈ O∗1,δ(F ) with

δ =
λ1(1− α)

λ1 − α
+
λ1(1− α1)

λ1 − α1
.

Proof. Since F ∈ PSα,1, by Lemma 1 with β = 1 we have

(4)

∞∑
k=1

{λk − α}|fk| ≤ 1− α.

Therefore, for α1 < α in view of (4) we get

∞∑
k=1

{λk − α1}|gk| ≤
∞∑
k=1

{λk − α1}(|gk − fk|+ |fk|) ≤

≤
∞∑
k=1

{λk − α+ α− α1}|fk|+
∞∑
k=1

{λk − α1}|fk − gk| ≤

≤
∞∑
k=1

{λk − α}|fk|+ (α− α1)

∞∑
k=1

|fk|+
∞∑
k=1

λk|fk − gk| ≤

≤ 1− α+ δ + (α− α1)

∞∑
k=1

|fk|.

But in view of (4)

(λ1 − α)

∞∑
k=1

|fk| ≤
∞∑
k=1

{λk − α}|fk| ≤ 1− α,

that is

∞∑
k=1

|fk| ≤ (1− α)/(λ1 − α) and, thus,

∞∑
k=1

{λk − α1}|gk| ≤ 1− α+ δ + (α− α1)
1− α
λ1 − α

= 1− α1,

i.e., by Lemma 1 with β = 1 the function G is pseudostarlike of the order α1.
Now suppose that G ∈ SD∗0

⋂
PSα1,1. Then in view of (4) we have

∞∑
k=1

λk|gk − fk| =
∞∑
k=1

λk
λk − α1

{λk − α1}|gk − fk| ≤

≤ λ1
λ1 − α1

∞∑
k=1

{λk − α1}|gk − fk| ≤

≤ λ1
λ1 − α1

( ∞∑
k=1

λk − α1

λk − α
{λk − α}|fk|+

∞∑
k=1

{λk − α1}|gk|

)
≤

≤ λ1
λ1 − α1

(
λ1 − α1

λ1 − α
(1− α) + 1− α1

)
=
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=
λ1(1− α)

λ1 − α
+
λ1(1− α1)

λ1 − α1
=

= δ,

i.e., G ∈ O∗1,δ(F ) with such δ. Theorem 2 is proved. �

Using Lemma 2 and the remark in the proof of Theorem 1, we can prove the following
statement.

Proposition 1. Let 0 ≤ α1 < α < 1 and F ∈ SD∗0
⋂
PCα,1. If G ∈ O∗2,δ(F ) with

δ = (α − α1)
λ1 − 1

λ1 − α
then G ∈ PCα1,1. On the contrary, if G ∈ SD∗0

⋂
PCα1,1 then

G ∈ O∗2,δ(F ) with

δ =
λ1(1− α)

λ1 − α
+
λ1(1− α1)

λ1 − α1
.

4. Neighborhoods of pseudostarlike and pseudoconvex functions

of the order α ∈ [0, 1) and the type β ∈ (0, 1)

In the general case the following theorem is true.

Theorem 3. Let 0 ≤ α < 1, 0 < β < β1 ≤ 1 and F ∈ SD∗0
⋂
PSα,β.

1. If G ∈ O∗1,δ(F ) with δ =
2(1− α)(β1 −Aβ)

1 + β1
, where

A =
(1 + β1)λ1 − 2αβ1 − (1− β1)

(1 + β)λ1 − 2αβ − (1− β)
,

then G ∈ PSα,β1
.

2. On the contrary, if G ∈ SD∗0
⋂
PSα,β1

then G ∈ O∗1,δ(F ) with

(5) δ = 2λ1(1−α)

(
β1

λ1(1+β1)−2αβ1−(1−β1)
+

β

λ1(1+β)−2αβ−(1−β)

)
.

Proof. At �rst we remark that β1 −Aβ > 0 and

max
k≥1

(1 + β1)λk − 2αβ1 − (1− β1)

(1 + β)λk − 2αβ − (1− β)
= A.

Since F ∈ PSα,β , by Lemma 1 for 0 < β < β1 ≤ 1 we have

∞∑
k=1

{(1 + β1)λk − 2αβ1 − (1− β1)}|gk| ≤

≤
∞∑
k=1

{(1+β1)λk−2αβ1−(1−β1)}|gk−fk|+
∞∑
k=1

{(1+β1)λk−2αβ1−(1−β1)}|fk| ≤

≤ (1+β1)

∞∑
k=1

λk|gk−fk|+
∞∑
k=1

(1+β1)λk−2αβ1−(1−β1)

(1+β)λk−2αβ−(1−β)
{(1+β)λk−2αβ−(1−β)}|fk| ≤

≤ (1+β1)δ+ max
k≥1

{
(1+β1)λk−2αβ1−(1−β1)

(1+β)λk−2αβ−(1−β)

} ∞∑
k=1

{(1+β)λk−2αβ−(1−β)}|fk| ≤
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≤ (1 + β1)δ + 2Aβ(1− α) ≤
≤ 2β1(1− α),

i.e., by Lemma 1 G ∈ PSα,β1
.

Now suppose that G ∈ SD∗0
⋂
PSα,β1

. Then in view of inequality (3) we have
∞∑
k=1

λk|gk − fk| =

=

∞∑
k=1

λk
(1 + β1)λk − 2αβ1 − (1− β1)

{(1 + β1)λk − 2αβ1 − (1− β1)}|gk − fk| ≤

≤ λ1
(1 + β1)λ1 − 2αβ1 − (1− β1)

∞∑
k=1

(1 + β1)λk − 2αβ1 − (1− β1)}|gk − fk| ≤

≤ λ1
(1 + β1)λ1 − 2αβ1 − (1− β1)

×

×

( ∞∑
k=1

{(1+β1)λk−2αβ1−(1−β1)}|gk|+
∞∑
k=1

{(1+β1)λk−2αβ1−(1−β1)}|fk|

)
≤

≤ λ1
(1 + β1)λ1 − 2αβ1 − (1− β1)

×

×

(
2β1(1−α)+

∞∑
k=1

(1+β1)λk−2αβ1−(1−β1)

(1+β)λk−2αβ−(1−β)
{(1+β)λk−2αβ−(1−β)}|fk|

)
≤

≤ λ1
(1+β1)λ1−2αβ1−(1−β1)

(
2β1(1−α)+2β(1−α)

(1+β1)λ1−2αβ1−(1−β1)

(1+β)λ1−2αβ−(1−β)

)
=

= δ,

i.e., G ∈ O∗1,δ(F ) with such δ. The proof of Theorem 3 is complete. �

Using Lemma 2 and the remark in the proof of Theorem 1, we can prove also the
following statement.

Proposition 2. Let 0 ≤ α < 1, 0 < β < β1 ≤ 1 and F ∈ SD∗0
⋂
PCα,β. If G ∈ O∗2,δ(F )

with δ =
2(1− α)(β1 −Aβ)

1 + β1
, where

A =
(1 + β1)λ1 − 2αβ1 − (1− β1)

(1 + β)λ1 − 2αβ − (1− β)
,

then G ∈ PCα,β1
. On the contrary, if G ∈ SD∗0

⋂
PCα,β1

then G ∈ O∗2,δ(F ) with δ

speci�ed in (5).
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ÐßÄIÂ ÄIÐIÕËÅ

Ìèðîñëàâ ØÅÐÅÌÅÒÀ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà 1, 79000, ì. Ëüâiâ

e-mail: m.m.sheremeta@gmail.com

Äëÿ àáñîëþòíî çáiæíîãî ó ïiâïëîùèíi Π0 = {s : Re s < 0} ðÿäó

Äiðiõëå F (s) = es +

∞∑
k=1

fk exp{sλk} ìíîæèíà Oj,δ(F ) òàêèõ ðÿäiâ Äiði-

õëå G(s) = es +

∞∑
k=1

gk exp{sλk}, ùî
∞∑
k=1

λjk|gk − fk| ≤ δ, íàçèâà¹òüñÿ îêî-

ëîì ôóíêöi¨ F . Äîâåäåíî, ùî êîæíà ôóíêöiÿ G ç îêîëó O1,1(E) ôóíêöi¨
E(s) = es ¹ ïñåâäîçiðêîâîþ â Π0, à ÿêùî G ¹ ïñåâäîçiðêîâîþ â Π0 i gk ≤ 0
äëÿ âñiõ k ≥ 1, òî G ∈ O1,1(E). Ïîäiáíèé çâ'ÿçîê iñíó¹ ìiæ îêîëîì O2,1(E)
i ïñåâäîîïóêëèìè â Π0 ôóíêöiÿìè. Äîñëiäæåíî òàêîæ îêîëè O1,δ(F ) i
O2,δ(F ) ó âèïàäêàõ, êîëè F ¹ àáî ïñåâäîçiðêîâîþ, àáî ïñåâäîîïóêëîþ ïî-
ðÿäêó α ∈ [0, 1) i òèïó β ∈ (0, 1). Çà óìîâ, ùî 0 ≤ α < 1, 0 < β < β1 ≤ 1,
êîåôiöi¹íòè fk i gk âiä'¹ìíi, à F ¹ ïñåâäîçiðêîâîþ ïîðÿäêó α i òèïó β,

çîêðåìà, äîâåäåíî òàêå: ÿêùî G ∈ O1,δ(F ) ç δ =
2(1− α)(β1 −Aβ)

1 + β1
, äå

A =
(1 + β1)λ1 − 2αβ1 − (1− β1)

(1 + β)λ1 − 2αβ − (1− β)
, òî G ïñåâäîçiðêîâà ôóíêöiÿ ïîðÿäêó α

i òèïó β1. Íàâïàêè, ÿêùî G ¹ ïñåâäîçiðêîâîþ ïîðÿäêó α i òèïó β1, òî
G ∈ O1,δ(F ) ç

δ = 2λ1(1−α)

(
β1

λ1(1 + β1)− 2αβ1 − (1− β1)
+

β

λ1(1 + β)− 2αβ − (1− β)

)
.

Êëþ÷îâi ñëîâà: ðÿä Äiðiõëå, ïñåâäîçiðêîâiñòü, ïñåâäîîïóêëiñòü, îêië
ôóíêöi¨.
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An analytic univalent in D = {z : |z| < 1} function f is said to be convex
if f(D) is a convex domain. It is well known that the condition

Re {1 + zf ′′(z)/f ′(z)} > 0 (z ∈ D)

is necessary and su�cient for the convexity of f . Function f is said to be close-
to-convex if there exists a convex in D function Φ such that Re (f ′(z)/Φ′(z))>0
(z ∈ D). Close-to-convex function f has a characteristic property that the
complement G of the domain f(D) can be �lled with rays which start from
∂G and lie in G. Every close-to-convex in D function f is univalent in D and,
therefore, f ′(0) 6= 0.
We indicate conditions on parameters β0, β1, γ0, γ1, γ2 and α0, α1, α2 of the
di�erential equation

z2w′′ + (β0z
2 + β1z)w

′ + (γ0z
2 + γ1z + γ2)w = α0z

2 + α1z + α2,

under which this equation has a polynomial solution

f(z) =

p∑
n=0

fnz
n (deg f = p ≥ 2)

close-to-convex or convex in D together with all its derivatives f (j) (1 ≤ j ≤
p − 1). The results depend on equality or inequality to zero of the parameter
γ2.
For example, it is proved that if p ≥ 3, γ2 6= 0,

γ0 = pβ0 + γ1 = β1 + γ2 = α1γ2 + pβ0α2 = 0
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holds, this equation has a polynomial solution

f(z) = α2/γ2 + z +
α0 + (p− 1)β0

2 + β1
z2 +

p∑
n=3

fnz
n,

where the coe�cients fn are de�ned by the equality

fn =
(p− n+ 1)β0

(n− 1)(n+ β1)
fn−1 (3 ≤ n ≤ p),

such that:
1) if (11p− 14)|β0|/4 + 2|α0| ≤ 2− |β1| and 11(p− 2)|β0|/4 ≤ 3− |β1| then f
is close-to-convex in D together with all its derivatives f (j) (1 ≤ j ≤ p− 1);
2) if (41p− 50)|β0|/8 + 4|α0| ≤ 2− |β1| and 33(p− 2)|β0|/8 ≤ 3− |β1| then f
is convex in D together with all its derivatives f (j) (1 ≤ j ≤ p− 1).
A similar result is obtained in the case γ2 = 0.

Key words: linear non-homogeneous di�erential equation of the second
order, polynomial coe�cient, polynomial solution, close-to-convex function,
convex function.

1. Introduction and auxiliary results

An analytic univalent in D = {z : |z| < 1} function

(1) f(z) =

∞∑
n=0

fnz
n

is said to be convex if f(D) is a convex domain. It is well known [1, p. 203] (see also
[2, p. 8]) that the condition

Re {1 + zf ′′(z)/f ′(z)} > 0 (z ∈ D)

is necessary and su�cient for the convexity of f . By W. Kaplan [3] the function f is said
to be close-to-convex in D (see also [1, p. 583], [2, p. 11]) if there exists a convex in D
function Φ such that

Re (f ′(z)/Φ′(z)) > 0 (z ∈ D).

The close-to-convex function f has a characteristic property that the complement G of
the domain f(D) can be �lled with rays which start from ∂G and lie in G. Every close-
to-convex in D function f is univalent in D and, therefore, f ′(0) 6= 0. Hence, it follows
that the function f is close-to-convex in D if and only if the function

(2) g(z) = z +

∞∑
n=2

gnz
n, gn = fn/f1,

is close-to-convex in D. We also remark that function (2) is said to be starlike if f(D) is
a starlike domain regarding the origin and the condition

Re {zg′(z)/g(z)} > 0 (z ∈ D)

is necessary and su�cient for the starlikeness of g [2, p. 9]. Clearly, every starlike function
is close-to-convex.
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S. M. Shah [4] indicated conditions on real parameters β0, β1, γ0, γ1, γ2 of the dif-
ferential equation

z2w′′ + (β0z
2 + β1z)w

′ + (γ0z
2 + γ1z + γ2)w = 0,

under which there exists an entire transcendental solution (1) such that f and all its
derivatives are close-to-convex in D. The investigations are continued in the papers [5�10],
but in all of this papers the case of polynomial solutions was not investigated. In the
papers [11�14] properties of entire solutions of a linear di�erential equation of n-th order
with polynomial coe�cients of n-th degree are investigated. Some results from these
papers are published also in monograph [2].

In [15], the equation

(3) z2w′′ + (β0z
2 + β1z)w

′ + (γ0z
2 + γ1z + γ2)w = α0z

2 + α1z + α2

is considered with real parameters and the existence and close-to-convexity of its
polynomial solutions are studied. In particular, it is proved that in order that the
polynomial

(4) f(z) =

p∑
n=0

fnz
n, deg f = p ≥ 2,

be a solution of the di�erential equation (3), it is necessary that γ0 = pβ0 + γ1 = 0.
Substituting (4) into (3), we get [15]

(5) γ2f0 = α2, (β1 + γ2)f1 = α1 + pβ0f0, (2 + 2β1 + γ2)f2 = α0 + (p− 1)β0f1

and for 3 ≤ n ≤ p

(6) (n(n+ β1 − 1) + γ2)fn = (p− n+ 1)β0fn−1.

If we assume that n(n + β1 − 1) + γ2 6= 0 for all 3 ≤ n ≤ p, it allows us to rewrite the
equality (6) in the form

(7) fn =
(p− n+ 1)β0

n(n+ β1 − 1) + γ2
fn−1, 3 ≤ n ≤ p,

whence it follows that fp = 0, if β0 = 0. Therefore, further we assume also that β0 6= 0.
In the case of real parameters for the study of the close-to convexity of the polynomi-

al

(8) g(z) = z +

p∑
n=2

gnz
n,

Alexander's criterion [16, 17] was used. Here we are going to consider a case of complex
parameters β0, β1, γ0, γ1, γ2, α0, α1, α2 and we will use the following lemma [16,17].

Lemma 1. If

p∑
n=2

n|gn| ≤ 1 then polynomial (8) is a starlike function and if

p∑
n=2

n2|gn|≤1

then polynomial (8) is a convex function.

Using Lemma 1 we prove the following statement.
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Lemma 2. Let ξn 6= 0, ξn = gn/gn−1 for 2 ≤ n ≤ p and

ξ = max

{
n

n− 1
|ξn| : 3 ≤ n ≤ p

}
.

If 2|g2| ≤ 1 − ξ then polynomial (8) is a starlike function and if 4|g2| ≤ 1 − 3ξ/2 then

polynomial (8) is a convex function.

Proof. Since gn = ξngn−1 for 2 ≤ n ≤ p, we have
p∑

n=2

n|gn| =
p∑

n=2

n|ξn||gn−1| =

=

p−1∑
n=1

(n+ 1)|ξn+1||gn| =

= 2|g2|+
p∑

n=2

n+ 1

n
|ξn+1|n|gn|, ξp+1 = 0,

i.e.,

p∑
n=2

(
1− n+ 1

n
|ξn+1|

)
n|gn| = 2|g2|. Since ξp+1 = 0 and

n+ 1

n
|ξn+1| ≤ ξ < 1 for

2 ≤ n ≤ p− 1, hence it follows that (1− ξ)
p∑

n=2
n|gn| ≤ 2|g2|. Therefore, if 2|g2| ≤ 1− ξ

then

p∑
n=2

n|gn| ≤ 1 and by Lemma 1 polynomial (8) is a starlike function.

If we put

ξ∗ = max

{(
n

n− 1

)2

|ξn| : 3 ≤ n ≤ p

}

and suppose that 4|g2| ≤ 1 − ξ∗ then as above we get (1 − ξ∗)
p∑

n=2

n2|gn| ≤ 4|g2|, i.e.,

p∑
n=2

n2|gn| ≤ 1 and by Lemma 1 polynomial (8) is a convex function. Since ξ∗ ≤ 3ξ/2,

the proof of Lemma 2 is complete. �

In view of (5) and (6) it is clear that the existence of convex or close-to-convex
solution (4) of di�erential equation (3) depends on the equality to zero of the parameter
γ2. Therefore, we will consider two cases: γ2 6= 0 and γ2 = 0.

2. The case γ2 6= 0

From the �rst equality (5) it follows that f0 = α2/γ2, and the second equality (5)
implies

(β1 + γ2)f1 = α1 + pβ0α2/γ2.

For the close-to-convexity of f the condition f1 6= 0 is necessary. This condition is not
necessary for the convexity of the function f , but since we are going to use Lemma 2,
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then we will assume that f1 6= 0. Therefore, from the last equality it follows that either
β1 + γ2 6= 0 and α1 + pβ0α2/γ2 6= 0 or β1 + γ2 = α1 + pβ0α2/γ2 = 0.

If β1+γ2 6= 0 and α1+pβ0α2/γ2 6= 0 then f1 =
α1γ2 + pβ0α2

γ2(β1 + γ2)
, and if 2+2β1+γ2 6= 0

then from the third equality (5) we obtain

f2 =
(p− 1)β0(α1γ2 + pβ0α2) + α0γ2(β1 + γ2)

γ2(β1 + γ2)(2 + 2β1 + γ2)
.

Thus, the desired solution should be

(9) f(z) =
α2

γ2
+
α1γ2+pβ0α2

γ2(β1+γ2)
z +

(p−1)β0(α1γ2+pβ0α2)+α0γ2(β1+γ2)

γ2(β1+γ2)(2+2β1+γ2)
z2+

p∑
n=3

fnz
n

where the coe�cients fn satisfy (7). The following theorem is true.

Theorem 1. Let p ≥ 3, γ2 6= 0, γ0 = pβ0 + γ1 = 0, β1 + γ2 6= 0, α1γ2 + pβ0α2 6= 0.
Then:

1) if

(10)
5p− 6

2
|β0|+ 2

∣∣∣∣α0γ2(β1 + γ2)

α1γ2 + pβ0α2

∣∣∣∣ ≤ 2− 2|β1| − |γ2|

then di�erential equation (3) has polynomial solution (9) close-to-convex in D
and if 3(p − 2)|β0|/2 ≤ 2 − |β1| − |γ2|/3 all its derivatives f (j) (1 ≤ j ≤ p − 1)
are close-to-convex;

2) if

(11)
19p− 22

4
|β0|+ 4

∣∣∣∣α0γ2(β1 + γ2)

α1γ2 + pβ0α2

∣∣∣∣ ≤ 2− 2|β1| − |γ2|

then di�erential equation (3) has polynomial solution (9) convex in D and if

11(p − 2)|β0|/4 ≤ 2 − |β1| − |γ2|/3 all its derivatives f (j) (1 ≤ j ≤ p − 1) are

convex.

Proof. For polynomial (8) with gn = fn/f1 we have

g2 =
(p− 1)β0

2 + 2β1 + γ2
+

α0γ2(β1 + γ2)

(2 + 2β1 + γ2)(α1γ2 + pβ0α2)
= ξ2 = ξ2g1,

and since (10) implies |2 + 2β1 + γ2| ≥ 2− 2|β1| − |γ2| > 0, we get

(12) |g2| = |ξ2| ≤
1

2− 2|β1| − |γ2|

(
(p− 1)|β0|+

∣∣∣∣α0γ2(β1 + γ2)

α1γ2 + pβ0α2

∣∣∣∣) .
For 3 ≤ n ≤ p from (7) we obtain

gn =
fn
f1

=
ξnfn−1
f1

= ξngn−1,

where ξn =
(p− n+ 1)β0

n(n+ β1 − 1) + γ2
and

n

n− 1
|ξn| ≤

(p− n+ 1)|β0|
(n− 1)(n− |β1| − 1− |γ2|/n)

≤ (p− n+ 1)|β0|
(n− 1)(2− 2|β1| − |γ2|)

,
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i.e.,

(13) ξ = max

{
n

n− 1
|ξn| : 3 ≤ n ≤ p

}
≤ (p− 2)|β0|

2(2− 2|β1| − |γ2|)
.

It is easy to check that (10), (12) and (13) imply the inequality 2|g2| ≤ 1−ξ. Therefore, by
Lemma 2 the polynomial g is a starlike function and, thus, function (9) is close-to-convex
in D.

For 1 ≤ j ≤ p− 2 the derivative

(14) f (j)(z) = j!fj + (j + 1)!fj+1z +

p−j∑
n=2

(n+ 1)(n+ 2) . . . (n+ j)fn+jz
n.

is close-to-convex in D if and only if the function

(15) gj(z) = z +

p−j∑
n=2

gn,jz
n, gn,j =

(n+ 1)(n+ 2) . . . (n+ j)fn+j

(j + 1)!fj+1
,

is close-to-convex in D. For 1 ≤ j ≤ p− 2 and 2 ≤ n ≤ p− j we have 3 ≤ n+ j ≤ p, and
in view of (7) and (15) we get

gn,j =
(n+ 1)(n+ 2) . . . (n+ j)

(j + 1)!fj+1

(p− n− j + 1)β0
(n+ j)(n+ j + β1 − 1) + γ2

fn+j−1 =

=
(n+ 1)(n+ 2) . . . (n+ j)

(j + 1)!fj+1
ξn+j

(j + 1)!fj+1

n(n+ 1) . . . (n+ j − 1)
gn−1,j =

=
n+ j

n
ξn+jgn−1,j ,

where as above ξn =
(p− n+ 1)β0

n(n+ β1 − 1) + γ2
. Therefore, to apply Lemma 2, we need to �nd

a condition under which

(16) 2|g2,j | ≤ 1− max
3≤n≤p−j

n

n− 1

n+ j

n
|ξn+j | = 1− max

3≤n≤p−j

n+ j

n− 1
|ξn+j |.

From (7) and (15) we have

2|g2,j | = 2
3 . . . (j + 2)|fj+2|

(j + 1)!|fj+1|
=

= 2
j + 2

2

(p− (j + 2) + 1)|β0|
|(j + 2)(j + 2 + β1 − 1) + γ2|

≤

≤ (p− j − 1)|β0|
j + 1− |β1| − |γ2|/(j + 2)

(17)

and

max
3≤n≤p−j

n+ j

n− 1
|ξn+j | ≤ max

3≤n≤p−j

n+ j

n− 1

(p− n− j + 1)|β0|
(n+ j)(n+ j − |β1| − 1)− |γ2|)

≤

≤ max
3≤n≤p−j

1

n− 1

(p− n− j + 1)|β0|
n+ j − |β1| − 1− |γ2|/(n+ j)

≤

≤ 1

2

(p− j − 1)|β0|
j + 1− |β1| − |γ2|/(j + 2)

.

(18)
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From (17) and (18) it follows that if

(19) 3(p− j − 1)|β0|/2 ≤ j + 1− |β1| − |γ2|/(2 + j)

for 1 ≤ j ≤ p− 2 then (16) holds and by Lemma 2 the derivative f (j) for 1 ≤ j ≤ p− 2
is close-to-convex in D.

Finally, we remark that (19) holds for all 1 ≤ j ≤ p− 2 if

3(p− 2)|β0|/2 ≤ 2− |β1| − |γ2|/3.

Since f (p−1) is a linear function and, thus, it is close-to-convex, the �rst part of Theorem 1
is proved.

If condition (11) holds then from (12) and (13) we obtain the inequality 4|g2| ≤
≤ 1− 3ξ/2, and by Lemma 2 polynomial (9) is a convex function.

If

(20)
11(p− j − 1)|β0|

4
≤ j + 1− |β1| − |γ2|/(2 + j)

for some 1 ≤ j ≤ p− 2 then (17) and (18) imply

4|g2,j | ≤ 1− 3

2
max

3≤n≤p−j

n+ j

n− 1
|ξn+j |.

Therefore, by Lemma 2 function (15) is convex and, thus, function (14) is convex. Finally,
we remark that (20) holds for all 1 ≤ j ≤ p− 2 if 11(p− 2)|β0|/4 ≤ 2− |β1| − |γ2|/3. The
proof of Theorem 1 is complete. �

Now suppose that β1 + γ2 = α1 + pβ0α2/γ2 = 0. Then from the second equality
(5) it follows that f1 may be arbitrary. If we choose f1 = 1 then under the condition

2 + β1 6= 0 in view of the third equality (5) we get f2 =
α0 + (p− 1)β0

2 + β1
. From (7) under

the condition n+ β1 6= 0 we obtain

(21) fn =
(p− n+ 1)β0

(n− 1)(n+ β1)
fn−1, 3 ≤ n ≤ p.

Thus, the desired solution has the form

(22) f(z) =
α2

γ2
+ z +

α0 + (p− 1)β0
2 + β1

z2 +

p∑
n=3

fnz
n,

where the coe�cients fn satisfy (21), and we will come to such a theorem.

Theorem 2. Let p ≥ 3, γ2 6= 0, γ0 = pβ0 + γ1 = β1 + γ2 = α1γ2 + pβ0α2 = 0. Then:

1) if

(23)
11p− 14

4
|β0|+ 2|α0| ≤ 2− |β1|

then di�erential equation (3) has polynomial solution (22) close-to-convex in D
and if 9(p − 2)|β0|/4 ≤ 3 − |β1| all its derivatives f (j) (1 ≤ j ≤ p − 1) are

close-to-convex;
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2) if

(24)
41p− 50

8
|β0|+ 4|α0| ≤ 2− |β1|

then di�erential equation (3) has polynomial solution (22) convex in D and if

33(p− 2)|β0|/8 ≤ 3− |β1| all its derivatives f (j) (1 ≤ j ≤ p− 1) are convex.

Proof. For polynomial (8) with gn = fn for 1 ≤ n ≤ p now we have

(25) |g2| =
∣∣∣∣α0 + (p− 1)β0

2 + β1

∣∣∣∣ ≤ |α0|+ (p− 1)|β0|
2− |β1|

and in view of (21)

ξ ≤ max
3≤n≤p

n

n− 1

(p− n+ 1)|β0|
(n− 1)(n− |β1|)

≤

≤ 3(p− 2)|β0|
4(3− |β1|)

<

<
3(p− 2)|β0|
4(2− |β1|)

.

(26)

From (23), (25) and (26) it follows that 2|g2| ≤ 1− ξ. Then by Lemma 2 the function g
is starlike and, thus, function (22) is close-to-convex.

If (24) holds then using (25), (26) and Lemma 2 similarly we prove the convexity
of polynomial (22).

Let us turn to the derivative f (j), 1 ≤ j ≤ p− 2. For the coe�cients gn,j of function
(15) now in view of (21) we have

gn,j =
n+ j

n
ξn+jgn−1,j =

=
n+ j

n

(p− n− j + 1)β0
(n+ j − 1)(n+ j + β1)

gn−1,j .

Therefore,

(27) |g2,j | ≤
2 + j

2

(p− j − 1)|β0|
(j + 1)(j + 2− |β1|)

and

max
3≤n≤p

n+ j

n− 1
|ξn+j | ≤ max

3≤n≤p

n+ j

n− 1

(p− n− j + 1)|β0|
(n+ j − 1)(n+ j − |β1|)

≤

≤ 1

2

(2 + j)(p− j − 1)|β0|
(j + 1)(2 + j − |β1|)

.

(28)

If for some 1 ≤ j ≤ p− 2

(29) 3(2 + j)(p− j − 1)|β0|/2 ≤ (j + 1)(j + 2− |β1|)
then (27) and (28) imply

2|g2,j | ≤ 1− max
3≤n≤p

n+ j

n− 1
|ξn+j |

and by Lemma 2 f (j) is close-to-convex in D.
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If for some 1 ≤ j ≤ p− 2

(30) 11(2 + j)(p− j − 1)|β0|/4 ≤ (j + 1)(j + 2− |β1|)

then (27) and (28) imply

4|g2,j | ≤ 1− 3

2
max
3≤n≤p

n+ j

n− 1
|ξn+j |

and by Lemma 2 f (j) is convex in D.
Finally, we remark that (29) holds for all 1 ≤ j ≤ p− 2 if 9(p− 2)|β0|/4 ≤ 3− |β1|,

and (30) holds for all 1 ≤ j ≤ p−2 if 33(p−2)|β0|/8 ≤ 3−|β1|. Theorem 2 is proved. �

3. The case γ2 = 0

From �rst equality (5) it follows that α2 = 0 and f0 may be arbitrary. If we choose
f0 = 0 then from (5) and (7) we get

(31) β1f1 = α1, 2(1 + β1)f2 = α0 + (p− 1)β0f1

and

(32) fn =
(p− n+ 1)β0
n(n+ β1 − 1)

fn−1, 3 ≤ n ≤ p.

Since we consider f1 6= 0, from the �rst equality (31) it follows that either β1 6= 0 and

α1 6= 0 or β1 = α1 = 0. If β1 6= 0 and α1 6= 0 then f1 =
α1

β1
and

f2 =
α0β1 + (p− 1)α1β0

2β1(1 + β1)
.

Thus, the desired solution has the form

(33) f(z) =
α1

β1
z +

α0β1 + (p− 1)α1β0
2β1(1 + β1)

z2 +

p∑
n=3

fnz
n,

where the coe�cients fn satisfy (32), and we will come to the following theorem.

Theorem 3. Let p ≥ 3, γ2 = α2 = γ0 = γ1 + pβ0 = 0, β1 6= 0 and α1 6= 0. Then:

1) if

(34)
3p− 4

2
|β0|+

∣∣∣∣α0β1
α1

∣∣∣∣ ≤ 1− |β1|

then di�erential equation (3) has polynomial solution (33) close-to-convex in D
and if 3(p − 2)|β0|/2 ≤ 2 − |β1| all its derivatives f (j) (1 ≤ j ≤ p − 1) are

close-to-convex;

2) if

(35)
11p− 14

4
|β0|+ 2

∣∣∣∣α0β1
α1

∣∣∣∣ ≤ 1− |β1|

then di�erential equation (3) has polynomial solution (33) convex in D and if

11(p− 2)|β0|/4 ≤ 2− |β1| all its derivatives f (j) (1 ≤ j ≤ p− 1) are convex.
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The proof of this theorem is the same as proofs those of the previous theorems.

We remark only that now |g2| ≤
|α0||β1|+ (p− 1)|α1||β0|

2|α1|(1− |β1|)
, ξn =

(p− n+ 1)β0
n(n+ β1 − 1)

and

ξ ≤ (p− 2)|β0|
2(1− |β1|)

, whence it follows that 2|g2| ≤ 1− ξ if (34) holds and 4|g2| ≤ 1− 3ξ/2 if

(35) holds. For some 1 ≤ j ≤ p− 1 as above we have gn,j =
n+ j

n
ξn+jgn−1,j , where now

ξn+j =
(p− n− j + 1)β0

(n+ j)(n+ j − β1 − 1)
,

whence |g2,j | ≤
(p− j − 1)|β0|
2(j + 1− |β1|)

and

ξ := max
3≤n≤p

n+ j

n− 1
|ξn+j | ≤

(p− j − 1)|β0|
2(j + 1− |β1|)

.

Therefore, 2|g2,j | ≤ 1 − ξ if 3(p − j − 1)|β0|/2 ≤ j + 1 − |β1| and 4|g2,j | ≤ 1 − 3ξ/2
if 11(p − j − 1)|β0|/4 ≤ j + 1 − |β1|. It remains to notice that the last conditions
hold for all 1 ≤ j ≤ p − 1 provided 3(p − 2)|β0|/2 ≤ 2 − |β1| and 11(p − 2)|β0|/4 ≤
≤ 2− |β1| respectively and use Lemma 2.

If β1 = α1 = 0 from (31) it follows that f1 may be arbitrary. If we choose f1 = 1

then f2 =
α0 + (p− 1)β0

2
and

(36) fn =
(p− n+ 1)β0
n(n− 1)

fn−1, 3 ≤ n ≤ p.

Therefore, the desired solution has the form

(37) f(z) = z +
α0 + (p− 1)β0

2
z2 +

p∑
n=3

fnz
n,

where the coe�cients fn satisfy (36), and we will come to the following theorem.

Theorem 4. Let p ≥ 3, γ2 = α2 = γ0 = γ1 + pβ0 = β1 = α1 = 0. Then:

1) if (5p− 6)|β0|/4 + |α0| ≤ 1 then di�erential equation (3) has polynomial solution

(37) close-to-convex in D and if 3(p− 2)|β0| ≤ 4 all its derivatives f (j) (1 ≤ j ≤
p− 1) are close-to-convex in D;

2) if (19p − 22)|β0|/8 + 2|α0| ≤ 1 then di�erential equation (3) has polynomial

solution (37) convex in D and if 11(p − 2)|β0| ≤ 8 all its derivatives f (j) (1 ≤
j ≤ p− 1) are convex in D.

Proof. Choosing gn = fn, we have 2|g2| ≤ (p − 1)|β0| + |α0| and ξ ≤ (p − 2)|β0|/4.
Therefore, in view of the condition (5p − 6)|β0|/4 + |α0| ≤ 1 we get 2|g2| ≤ 1 − ξ and,
thus, polynomial (37) is starlike. Also in view on the condition (19p−22)|β0|/8+2|α0| ≤ 1
we get 4|g2| ≤ 1− 3ξ/2, i. e. polynomial (37) is convex.

Similarly, for some 1 ≤ j ≤ p− 1 we have 2|g2,j | ≤
(p− j − 1)|β0|

j + 1
and

ξ = max
3≤n≤p

n+ j

n− 1
|ξn+j | ≤

(p− j − 1)|β0|
2(j + 1)

,
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whence 2|g2,j | ≤ 1−ξ if 3(p−j−1)|β0| ≤ 2(j+1) and 4|g2,j | ≤ 1−3ξ/2 if 11(p−j−1)|β0| ≤
4(j+1). Since the last conditions hold if 3(p−2)|β0| ≤ 4 and 11(p−2)|β0| ≤ 8 respectively,
Theorem 4 is proved. �

4. Additions

First of all, we note that the condition p ≥ 3 is not essential in Theorems 1 - 4.
Repeating their proofs, one can prove for p = 2 the following statements.

Proposition 1. Let γ2 6= 0, γ0 = 2β0 + γ1 = 0, β1 + γ2 6= 0, α1γ2 + 2β0α2 6= 0. Then
di�erential equation (3) has a polynomial solution

f(z) =
α2

γ2
+
α1γ2 + 2β0α2

γ2(β1 + γ2)
z +

β0(α1γ2 + 2β0α2) + α0γ2(β1 + γ2)

γ2(β1 + γ2)(2 + 2β1 + γ2)
z2

which is close-to-convex if the condition

2|β0|+ 2

∣∣∣∣α0γ2(β1 + γ2)

α1γ2 + 2β0α2

∣∣∣∣ ≤ 2− 2|β1| − |γ2|

holds, and convex in D if the condition

4β0|+ 4

∣∣∣∣α0γ2(β1 + γ2)

α1γ2 + 2β0α2

∣∣∣∣ ≤ 2− 2|β1| − |γ2|

holds.

Proposition 2. Let γ2 6= 0, γ0 = 2β0 + γ1 = β1 + γ2 = α1γ2 + 2β0α2 = 0. Then
di�erential equation (3) has a polynomial solution

f(z) =
α2

γ2
+ z +

α0 + β0
2 + β1

z2

which is close-to-convex if the condition 2|β0|+ 2|α0| ≤ 2− |β1| holds, and convex in D
if the condition 4|β0|+ 4|α0| ≤ 2− |β1| holds.

Proposition 3. Let γ2 = α2 = γ0 = γ1 + 2β0 =, β1 6= 0 and α1 6= 0. Then di�erential

equation (3) has a polynomial solution

f(z) =
α1

β1
z +

α0β1 + α1β0
2β1(1 + β1)

z2

which is starlike if the condition |β0|+ |α0β1/α1| ≤ 1− |β1| holds, and convex in D if the

condition 2|β0|+ 2|α0β1/α1| ≤ 1− |β1| holds.

Proposition 4. Let γ2 = α2 = γ0 = γ1 + 2β0 = β1 = α1 = 0. Then di�erential equation

(3) has a polynomial solution

f(z) = z +
α0 + β0

2
z2

which is starlike if the condition |β0| + |α0| ≤ 1 holds, and convex in D if the condition

2|β0|+ 2|α0| ≤ 1 holds.
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Recall that before obtaining the above results we demanded the ful�llment of condi-
tions n(n+ β1 − 1) + γ2 6= 0 for all 3 ≤ n ≤ p and β0 6= 0. Here we suppose that β0 = 0.
Then the equality γ0 = pβ0 + γ1 = 0 implies γ0 = γ1 = 0, and thus, from (5) and (7) we
get

(38) γ2f0 = α2, (β1 + γ2)f1 = α1, (2 + 2β1 + γ2)f2 = α0

and for 3 ≤ n ≤ p

(39) (n(n+ β1 − 1) + γ2)fn = 0.

From (39) it follows that if p(p + β1 − 1) + γ2 = 0 then fp 6= 0 may be arbitrary. Two
cases are possible:

1) n(n+ β1 − 1) + γ2 6= 0 for all 3 ≤ n < p or p = 3; and
2) there is only one 3 ≤ p1 < p such that p1(p1 + β1 − 1) + γ2 = 0.

In the �rst case we have

f(z) = f0 + f1z + f2z
2 + fpz

p

for p ≥ 3. If γ2 6= 0 from (38) we obtain

(40) f0 =
α2

γ2
, f1 =

α1

β1 + γ2
, f2 =

α0

2 + 2β1 + γ2
.

To use Lemma 1, we need to choose fp 6= 0 so that 2|f2/f1|+ p|fp/f1| ≤ 1, i. e.

(41) 2|α0/(2 + 2β1 + γ2)|+ p|fp| ≤ |α1/(β1 + γ2)|

(clearly, this is possible if 2|α0/(2 + 2β1 + γ2)| < |α1/(β1 + γ2)|). If γ2 = 0 then α2 = 0
and coe�cient f0 can be chosen equal to zero. Then

(42) f0 = 0, f1 = α1/β1, f2 = α0/(2 + 2β1)

and we need to choose fp 6= 0 so that

(43) |α0/(1 + β1)|+ p|fp| ≤ |α1/β1|

(this is possible if |α0/(1 + β1)| < |α1/β1|).
Thus, the following statement is valid.

Proposition 5. Let β0 = γ0 = γ1 = 0, and (39) holds only for n = p ≥ 3. Then
di�erential equation (3) has a polynomial solution

f(z) = f0 + f1z + f2z
2 + fpz

p

close-to-convex in D provided either γ2 6= 0, α1 6= 0 and the coe�cients are de�ned by

(40) and (41) or γ2 = 0, α1 6= 0 and the coe�cients are de�ned by (42) and (43).

Remark 1. If in Proposition 5 conditions (41) and (43) are replaced by the conditions

4|α0/(2 + 2β1 + γ2)|+ p2|fp| ≤ |α1/(β1 + γ2)|

and

2|α0/(1 + β1)|+ p2|fp| ≤ |α1/β1|
respectively then close-to-convexity should be replaced by convexity.
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If p > 3, p(p + β1 − 1) + γ2 = 0 and p1(p1 + β1 − 1) + γ2 = 0 for some 3 ≤ p1 < p
then if γ2 6= 0 from (38) we obtain (40) and we choose fp1 6= 0, fp 6= 0 so that

(44) 2|α0/(2 + 2β1 + γ2)|+ p1|fp1 |+ p|fp| ≤ |α1/(β1 + γ2)|.
If γ2 = 0 then from (38) we obtain (42) and we choose fp1

6= 0, fp 6= 0 so that

(45) |α0/(1 + β1)|+ p1|fp1
|+ p|fp| ≤ |α1/β1|.

Proposition 6. Let β0 = γ0 = γ1 = 0, and (39) holds for n = p1 and n = p ≥ 4,
3 ≤ p1 < p. Then di�erential equation (3) has a polynomial solution

f(z) = f0 + f1z + f2z
2 + fp1

zp1 + fpz
p

close-to-convex in D provided either γ2 6= 0, α1 6= 0 and the coe�cients are de�ned by

(40) and (44) or γ2 = α2 = 0, α1 6= 0 and the coe�cients are de�ned by (42) and (45).

Remark 2. If in Proposition 6 conditions (44) and (45) replaced by the conditions

4|α0/(2 + 2β1 + γ2)|+ p21|fp1
|+ p2|fp| ≤ |α1/(β1 + γ2)|

and
2|α0/(1 + β1)|+ p21|fp1

|+ p2|fp| ≤ |α1/β1|
respectively then close-to-convexity should be replaced by convexity.
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Àíàëiòè÷íà îäíîëèñòà â D = {z : |z| < 1} ôóíêöiÿ f íàçèâà¹òüñÿ
îïóêëîþ, ÿêùî f(D) - îïóêëà îáëàñòü. Äîáðå âiäîìî, ùî óìîâà

Re {1 + zf ′′(z)/f ′(z)} > 0 (z ∈ D)

¹ íåîáõiäíîþ i äîñòàòíüîþ äëÿ îïóêëîñòi f . Ôóíêöiÿ f íàçèâà¹òüñÿ áëèçü-
êîþ äî îïóêëî¨, ÿêùî iñíó¹ òàêà îïóêëà â D ôóíêöiÿ Φ, ùî

Re (f ′(z)/Φ′(z)) > 0 (z ∈ D).

Áëèçüêà äî îïóêëî¨ ôóíêöiÿ f õàðàêòåðèçó¹òüñÿ òèì, ùî äîïîâíåííÿ G
äî îáëàñòi f(D) ìîæíà ïîêðèòè ïðîìåíÿìè, ÿêi âèõîäÿòü ç ∂G i ëåæàòü
â G. Êîæíà áëèçüêà äî îïóêëî¨ â D ôóíêöiÿ f ¹ îäíîëèñòîþ â D i òîìó
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f ′(0) 6= 0.
Çíàéäåíî óìîâè íà ïàðàìåòðè β0, β1, γ0, γ1, γ2 i α0, α1, α2 äèôåðåíöiàëü-
íîãî ðiâíÿííÿ

z2w′′ + (β0z
2 + β1z)w

′ + (γ0z
2 + γ1z + γ2)w = α0z

2 + α1z + α2,

çà ÿêèõ öå ðiâíÿííÿ ìà¹ ïîëiíîìiàëüíèé ðîçâ'ÿçîê

f(z) =

p∑
n=0

fnz
n (deg f = p ≥ 2),

áëèçüêèé äî îïóêëîãî àáî îïóêëèé â D ðàçîì ç óñiìà éîãî ïîõiäíèìè f (j)

(1 ≤ j ≤ p − 1). Ðåçóëüòàòè çàëåæàòü âiä ðiâíîñòi ÷è íåðiâíîñòi íóëåâi
ïàðàìåòðà γ2.
Íàïðèêëàä, äîâåäåíî, ùî çà óìîâ p ≥ 3, γ2 6= 0,

γ0 = pβ0 + γ1 = β1 + γ2 = α1γ2 + pβ0α2 = 0.

öå ðiâíÿííÿ ìà¹ ïîëiíîìiàëüíèé ðîçâ'ÿçîê

f(z) = α2/γ2 + z +
α0 + (p− 1)β0

2 + β1
z2 +

p∑
n=3

fnz
n,

äå êîåôiöi¹íòè fn âèçíà÷àþòüñÿ ðiâíiñòþ

fn =
(p− n+ 1)β0

(n− 1)(n+ β1)
fn−1 (3 ≤ n ≤ p),

òàêèé ùî:
1) ÿêùî (11p− 14)|β0|/4 + 2|α0| ≤ 2− |β1| i 11(p− 2)|β0|/4 ≤ 3− |β1|, òî f ¹

áëèçüêèì äî îïóêëîãî â D ðàçîì ç óñiìà éîãî ïîõiäíèìè f (j) (1 ≤ j ≤ p−1);
2) ÿêùî (73p− 82)|β0|/16 + 4|α0| ≤ 2− |β1| i 33(p− 2)|β0|/8 ≤ 3− |β1|, òî f
¹ îïóêëèì â D ðàçîì ç óñiìà éîãî ïîõiäíèìè f (j) (1 ≤ j ≤ p− 1).
Ïîäiáíèé ðåçóëüòàò îòðèìàíî é ó âèïàäêó γ2 = 0.

Êëþ÷îâi ñëîâà: ëiíiéíå íåîäíîðiäíå äèôåðåíöiàëüíå ðiâíÿííÿ äðóãîãî
ïîðÿäêó, ïîëiíîìiàëüíi êîåôiöi¹íòè, ïîëiíîìiàëüíèé ðîçâ'ÿçîê, áëèçüêà äî
îïóêëî¨ ôóíêöiÿ, îïóêëà ôóíêöiÿ.
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Ðîçãëÿíóòî äâîòî÷êîâó çàäà÷ó äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè
äðóãîãî ïîðÿäêó ç êîåôiöi¹íòàìè çàëåæíèìè ëèøå âiä ÷àñîâî¨ çìiííî¨ (ðiâ-
íÿííÿ òèïó Åéëåðà). Òàêà çàäà÷à íåêîðåêòíà, à ¨¨ ðîçâ'ÿçíiñòü ïîâ'ÿçàíà
ç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ. Âèçíà÷åíî äîñòàòíi óìîâè iñíóâàííÿ òà
¹äèíîñòi ðîçâ'ÿçêó, ÿêi îòðèìàíî íà ïiäñòàâi îöiíîê çíèçó ìàëèõ çíàìåí-
íèêiâ.

Êëþ÷îâi ñëîâà: ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè, äâîòî÷êîâà çàäà÷à,
ïðîáëåìà ìàëèõ çíàìåííèêiâ, íåêîðåêòíi çàäà÷i.

1. Âñòóï

Äâîòî÷êîâi êðàéîâi çàäà÷i äëÿ ðiâíÿíü i ñèñòåì ðiâíÿíü iç ÷àñòèííèìè ïîõiä-
íèìè âèâ÷àëè ó áàãàòüîõ ïðàöÿõ (äèâ., íàïðèêëàä, [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11,
12, 13, 14, 15, 16]), îñêiëüêè òàêi çàäà÷i ¹ ìîäåëÿìè áàãàòüîõ ôiçè÷íèõ ïðîöåñiâ.
Çîêðåìà, ó ïðàöÿõ [1, 2, 3, 4, 8, 9, 10, 11, 12, 13, 14, 15, 16] âèâ÷åíî äâîòî÷êîâi çà-
äà÷i äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè íà òîði. Äîñëiäæåííÿ ðîçâ'ÿçíîñòi öèõ
çàäà÷ ïîâ'ÿçàíå ç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ, äëÿ îöiíîê çíèçó ÿêèõ âèêîðèñòà-
íî ìåòðè÷íèé ïiäõiä [8] i ðåçóëüòàòè ìåòðè÷íî¨ òåîði¨ ÷èñåë. Ó [4, 5, 6] çàñòîñîâàíî
äèôåðåíöiàëüíî-ñèìâîëüíèé ìåòîä òà àïàðàò àëãåáðè ïñåâäîäèôåðåíöiàëüíèõ îïå-
ðàòîðiâ äëÿ ïîáóäîâè ó íåîáìåæåíèõ îáëàñòÿõ ðîçâ'ÿçêiâ äâîòî÷êîâèõ çàäà÷ äëÿ
ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè.

Öÿ ïðàöÿ ¹ ïðîäîâæåííÿì äîñëiäæåíü, ðîçïî÷àòèõ ðàíiøå ó [15], íà âèïàäîê
ðiâíÿíü çi çìiííèìè êîåôiöi¹íòàìè òèïó Åéëåðà. Ó íié âèçíà÷åíî óìîâè ðîçâ'ÿçíîñòi
äâîòî÷êîâî¨ çàäà÷i çà çìiííîþ t ó êëàñàõ ôóíêöié, ïåðiîäè÷íèõ çà x, äëÿ ðiâíÿíü,

2020 Mathematics Subject Classi�cation: 35C10, 35M12

c© Iëüêiâ, Â., Ñëîíüîâñüêèé, ß., 2021
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êîåôiöi¹íòè ÿêèõ ¹ ìíîãî÷ëåíàìè çà t. Óïåðøå äëÿ ðiâíÿíü çi çìiííèìè çà t êîå-
ôiöi¹íòàìè äîâåäåíî, ùî òàêi óìîâè âèêîíóþòüñÿ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè
Ëåáåãà) âåêòîðiâ, óòâîðåíèõ iç êîåôiöi¹íòiâ ðiâíÿííÿ. Öåé ðåçóëüòàò äîïîâíþ¹ ðå-
çóëüòàò ïðàöi [15], äå îòðèìàíî óìîâè êîðåêòíîñòi äâîòî÷êîâî¨ çàäà÷i äëÿ ìàéæå
âñiõ (ñòîñîâíî ìiðè Ëåáåãà) âåêòîðiâ, ñêëàäåíèõ iç âóçëiâ iíòåðïîëÿöi¨.

Â îáëàñòi [t−, t+] × Ωp2π, äå Ωp2π � p-âèìiðíèé òîð, p ∈ N, 0 < t− < t+ < +∞,
ðîçãëÿäà¹òüñÿ çàäà÷à

(1)
[
t2∂2t + ta(∂x)∂t + b(∂x)

]
u(t, x) = 0, (t, x) ∈ (0,∞)× Ωp2π,

äå

(2) a(∂x) =
∑
|s|≤1

as∂
s
x, b(∂x) =

∑
|s|≤2

bs∂
s
x,

as, bs � êîìïëåêñíi ÷èñëà, ∂t = ∂/∂t, ∂sx = ∂s1x1
· · · ∂spxp , dxr = ∂/∂xr, x = (x1, . . . , xp),

s = (s1, . . . , sp), |s| = s1 + · · ·+ sp.
Ðîçâ'ÿçîê ðiâíÿííÿ (1) çàäàíèé ó äâà ìîìåíòè ÷àñó t0, t1, äå 0 < t0 < t1 = t0τ ,

òîáòî óìîâàìè

(3) u(t0, x) = ϕ0(x), u(t1, x) = ϕ1(x), x ∈ Ωp2π.

Çíàéäåìî ðîçâ'ÿçîê çàäà÷i (1), (3) çà äîïîìîãîþ âiäîêðåìëåííÿ çìiííî¨ x, âè-
êîðèñòîâóþ÷è ðÿäè Ôóð'¹

ϕ0(x) =
∑
k∈Zp

ϕ0ke
ikx, ϕ1(x) =

∑
k∈Zp

ϕ1ke
ikx.

Çãiäíî ç ðiâíÿííÿì (1) çâè÷àéíå äèôåðåíöiàëüíå ðiâíÿííÿ ç âåêòîðíèì ïàðà-
ìåòðîì k = (k1, . . . , kp) ∈ Zp ìà¹ âèãëÿä ðiâíÿííÿ Åéëåðà

(4)
[
t2d2t + ta(ik)dt + b(ik)

]
uk(t) = 0, dt = d/dt,

à ðîçâ'ÿçîê ðiâíÿííÿ (1) çîáðàæó¹òüñÿ ðÿäîì

(5) u(t, x) =
∑
k∈Zp

uk(t)eikx, kx = k1x1 + · · ·+ kpxp.

Ââåäåìî ïðîñòîðè Φq,g i Uq,G ç íîðìàìè

‖ϕ‖2q,g =
∑
k∈Zp

k̃2qg2k̃|ϕk|2, ‖u‖q,G =

2∑
r=0

max
t∈[t−,t+]

‖tr∂rt u(t, ·)‖q−r,G(t),

äå g i G � äîäàòíå ÷èñëî i äîäàòíà ôóíêöiÿ, q ∈ R.

2. Ïîáóäîâà ðîçâ'ÿçêó çàäà÷i

Ïîçíà÷èìî a = a(ik), b = b(ik), à êîðåíi õàðàêòåðèñòè÷íîãî (êâàäðàòíîãî) ðiâ-
íÿííÿ

(6) λ2 + (a− 1)λ+ b = 0

÷åðåç λ1 = λ1(k), λ2 = λ2(k). Öi êîðåíi ìàþòü òàêå çîáðàæåííÿ:

(7) λ1,2 =
1− a∓

√
D

2
, D = (a− 1)2 − 4b,
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arg
√
D

Reλ

Imλ

Imλ1

Imλ2Imλ2

0

1−a
2

Reλ2Reλ1

∣∣√D∣∣/2
λ1

λ2

Ðèñ. 1. Ãåîìåòðè÷íà iíòåðïðåòàöiÿ êîðåíiâ

äå àðãóìåíò arg
√
D êâàäðàòíîãî êîðåíÿ ç äèñêðèìiíàíòà D íàëåæèòü ìíîæèíi

(−π/2, π/2], òîìó ñïðàâäæó¹òüñÿ íåðiâíiñòü Reλ1 ≤ Reλ2, ïðè÷îìó Reλ1 < Reλ2,

ÿêùî arg
√
D 6= π/2.

ßêùî äèñêðèìiíàíò D = D(k) ïîëiíîìà λ2 + (a − 1)λ + b íå äîðiâíþ¹ íóëþ,
òî ðiâíÿííÿ (6) ìà¹ ïðîñòi êîðåíi, à ÿêùî D = 0, òî êîðiíü � êðàòíèé, çîêðåìà
λ1 = λ2 = (1− a)/2.

Äëÿ äiéñíèõ a, b ìà¹ìî äiéñíi êîðåíi, ÿêùî D ≥ 0 (çîêðåìà ðiçíi, ÿêùî D > 0),
i ïàðó êîìïëåêñíèõ, ÿêùî D < 0.

Ãåîìåòðè÷íà iíòåðïðåòàöiÿ êîðåíiâ çîáðàæåíà íà ðèñ. 1.
Ðîçiá'¹ìî ìíîæèíó Zp íà äâi ìíîæèíè Zp = Z1 t Z2, ïðè÷îìó äëÿ âåêòîðiâ

k ∈ Z2 êîðåíi ðiâíÿííÿ (6) ¹ ïðîñòèìè, à äëÿ âåêòîðiâ k ∈ Z1, äëÿ ÿêèõ D(k) = 0,
êîðiíü � äâîêðàòíèé.

Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (4) äëÿ âñiõ t > 0 çîáðàæà¹ ôîðìóëà

(8)
uk(t) = tλ1(C1k + C2k ln t) = t(1−a)/2(C1k + C2k ln t), k ∈ Z1,

uk(t) = C1kt
λ1 + C2kt

λ2 = t(1−a)/2(C1kt
−
√
D/2 + C2kt

√
D/2), k ∈ Z2,

äå C1k i C2k � äîâiëüíi êîìïëåêñíi ñòàëi, à

tλ = eλ ln t = e(Reλ+i Imλ) ln t = eReλ ln t(cos Imλ ln t+ i sin Imλ ln t).

Ôóíêöiÿ (5) ¹ ðîçâ'ÿçêîì çàäà÷i (1), (3) ëèøå òîäi, êîëè

(9) uk(t0) = ϕ0k, uk(t1) = ϕ1k, k ∈ Zp.
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Çâiäñè ìà¹ìî ñèñòåìè äëÿ âèçíà÷åííÿ ñòàëèõ ó ôîðìóëi (8):(
tλ1
0 tλ1

0 ln t0

tλ1
1 tλ1

1 ln t1

)(
C1k

C2k

)
=

(
ϕ0k

ϕ1k

)
,

(
tλ1
0 tλ2

0

tλ1
1 tλ2

1

)(
C1k

C2k

)
=

(
ϕ0k

ϕ1k

)
ç íåíóëüîâèìè ìàòðèöÿìè(

tλ1
0 tλ1

0 ln t0

tλ1
1 tλ1

1 ln t1

)
=

(
tλ1
0 0

0 tλ1
1

)(
1 ln t0

1 ln t1

)
,

(
tλ1
0 tλ2

0

tλ1
1 tλ2

1

)
=

(
tλ1
0 0

0 tλ1
1

)(
1 τλ1−λ2

1 1

)(
1 0

0 tλ2−λ1
1

)
, t1 ≤ 1,

(
tλ1
0 tλ2

0

tλ1
1 tλ2

1

)
=

(
tλ2
0 0

0 tλ2
1

)(
1 1

τλ1−λ2 1

)(
tλ1−λ2
0 0

0 1

)
, t0 ≥ 1,

i äëÿ âèïàäêó t0 < 1 < t1 ç ìàòðèöåþ(
tλ1
0 tλ2

0

tλ1
1 tλ2

1

)
=

(
tλ1
0 0

0 tλ2
1

)(
1 tλ2−λ1

0

tλ1−λ2
1 1

)
.

Ç ôîðìóëè (8), âiäïîâiäíî, îòðèìó¹ìî

uk(t) = tλ1

(
1 ln t

)
ln τ

(
ln t1 − ln t0

−1 1

)(
t−λ1
0 ϕ0k

t−λ1
1 ϕ1k

)
, k ∈ Z1,

äå ln(t1/t0) > 0, à äëÿ k ∈ Z2, âiäïîâiäíî, ìàòèìåìî

(10)

uk(t) =

(
tλ1 tλ2tλ1−λ2

1

)
1− τλ1−λ2

(
1 −τλ1−λ2

−1 1

)(
t−λ1
0 ϕ0k

t−λ1
1 ϕ1k

)
, t1 ≤ 1,

uk(t) =
−
(
tλ1 tλ2

)
1− τλ1−λ2

(
−1 tλ2−λ1

0

tλ1−λ2
1 −1

)(
t−λ1
0 ϕ0k

t−λ2
1 ϕ1k

)
, t0 < 1 < t1,

uk(t) =

(
tλ1tλ2−λ1

0 tλ2
)

1− τλ1−λ2

(
1 −1

−τλ1−λ2 1

)(
t−λ2
0 ϕ0k

t−λ2
1 ϕ1k

)
, t0 ≥ 1,

äå åëåìåíòè τλ1−λ2 , tλ2−λ1
0 , tλ1−λ2

1 âiäïîâiäíèõ êâàäðàòíèõ ìàòðèöü ìàþòü ìåíøèé
çà îäèíèöþ ìîäóëü äëÿ âñiõ k ∈ Z2 ç óìîâîþ Reλ2 > Reλ1.

ßêùî Reλ2 = Reλ1, òî D < 0,
√
−D > 0, λ1,2 = (1− a)/2∓ i

√
−D/4 i(

tλ1
0 tλ2

0

tλ1
1 tλ2

1

)
=

(
t
(1−a)/2
0 0

0 t
(1−a)/2
1

)t−i
√
−D/4

0 t
i
√
−D/4

0

t
−i
√
−D/4

1 t
i
√
−D/4

1

 , k ∈ Z2,

à ôîðìóëè (10) íàáóâàþòü âèãëÿäó

uk(t) =

(
− sin

(√
−D ln

√
t/t1

)
sin
(√
−D ln

√
t/t0

))
t(a−1)/2 sin

(√
−D ln

√
τ
) (

t
(a−1)/2
0 ϕ0k

t
(a−1)/2
1 ϕ1k

)
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ó ïðèïóùåííi, ùî
√
−D(k) ln τ 6= 2mπ äëÿ óñiõ íàòóðàëüíèõ m. Ó ïðîòèëåæíîìó

âèïàäêó
√
−D(k) = 2mπ/ ln τ , àáî tλ2−λ1

0 = tλ2−λ1
1 , àáî τλ1 = τλ2 ðîçâ'ÿçîê çàäà÷i

(4), (9) iñíó¹ ëèøå çà óìîâè ϕ1k = τλ1ϕ0k, à ñàìà çàäà÷à ìà¹ îäíîâèìiðíå ÿäðî,
çîêðåìà

uk(t) =
( tλ1

tλ1
0

+
tλ2

tλ2
0

)ϕ0k

2
+
( tλ1

tλ1
0

− tλ2

tλ2
0

)
Ck ≡

( tλ1

tλ1
1

+
tλ2

tλ2
1

)ϕ1k

2
+
( tλ1

tλ1
1

− tλ2

tλ2
1

)
τλ1Ck,

äå Ck � äîâiëüíå êîìïëåêñíå ÷èñëî.
Óìîâà íåîäíîçíà÷íîñòi ðîçâ'ÿçêó çàäà÷i (1), (3) ïîëÿãà¹ ó âèêîíàííi õî÷à á

îäíi¹¨ ç íåñêií÷åííî¨ êiëüêîñòi óìîâ

b(ik) =
(a(ik)− 1

2

)2
+
(mπ

ln τ

)2
, m ∈ N, k ∈ Zp,

ïðè÷îìó ðîçìiðíiñòü ¨¨ ÿäðà äîðiâíþ¹ êiëüêîñòi ðîçâ'ÿçêiâ k ∈ Zp îñòàííüîãî ðiâ-
íÿííÿ i ìîæå áóòè íåñêií÷åííîþ.

Íà ïiäñòàâi ôîðìóë (10) îòðèìó¹ìî äëÿ ïîõiäíèõ u
(l)
k , äå l = 0, 1, 2, ðîçâ'ÿçêó

uk çàäà÷i (4), (9) âiäïîâiäíi íåðiâíîñòi

(11)

8λ∗l

∣∣t−λ1
0 ϕ0k

∣∣2 +
∣∣t−λ1
1 ϕ1k

∣∣2∣∣1− τλ1−λ2

∣∣2 ≥

{∣∣tl−λ1u
(l)
k (t)

∣∣2, t ≤ t1,∣∣tl−λ2tλ2−λ1
1 u

(l)
k (t)

∣∣2, t ≥ t1,

8λ∗l

∣∣t−λ1
0 ϕ0k

∣∣2 +
∣∣t−λ2
1 ϕ1k

∣∣2∣∣1− τλ1−λ2

∣∣2 ≥

{∣∣tl−λ1u
(l)
k (t)

∣∣2, t ≤ 1,∣∣tl−λ2u
(l)
k (t)

∣∣2, t ≥ 1,

8λ∗l

∣∣t−λ2
0 ϕ0k

∣∣2 +
∣∣t−λ2
1 ϕ1k

∣∣2∣∣1− τλ1−λ2

∣∣2 ≥

{∣∣tl−λ1tλ1−λ2
0 u

(l)
k (t)

∣∣2, t ≤ t0,∣∣tl−λ2u
(l)
k (t)

∣∣2, t ≥ t0.

Âåëè÷èíè λ∗l âèçíà÷àþòü ôîðìóëè

(12) λ∗0 = 1, λ∗1 = max
r
|λr|2, λ∗2 = max

r
|(λr − 1)λr|2 = max

r
|aλr + b|2.

3. Îöiíþâàííÿ ðîçâ'ÿçêó

Íåõàé êîìïîíåíòè âåêòîðà

~b =
(
b(1), . . . , b(p)

)
=
(
bs(1), . . . , bs(p)

)
,

äå s(j) =
(

0, . . . , 0, 2︸ ︷︷ ︸
j

, 0, . . . , 0
)
, ó ðiâíÿííi (1) íàëåæàòü êðóãó Q∗ ðàäióñà b∗, à ñàìå

Q∗ = {z ∈ C : |z| ≤ b∗}. Òîäi çàëåæíi âiä k âåëè÷èíè

λ1(k), λ2(k), D(k),∆(k)

çàëåæàòü òàêîæ i âiä öüîãî âåêòîðà íà ìíîæèíi Q∗p = Q∗ × · · · ×Q∗︸ ︷︷ ︸
p

.

Ðîçãëÿäà¹ìî ìíîæèíó ðîçâ'ÿçêiâ u = u(t, x) çàäà÷i (1), (3) ñêëàäåíó äëÿ çíà÷åíü

âåêòîðà ~b íà ìíîæèíi Q∗p ç ìåòîþ âèçíà÷åííÿ ¨¨ ìåòðè÷íèõ îöiíîê.
Îñêiëüêè |a(ik)| ≤ L1k̃ i |b(ik)| ≤ L2

1k̃
2 , òî |D(k)| ≤ L2

2k̃
2 i |λj(k)| ≤ L3k̃, äå

äîäàòíi ÷èñëà L1, L2, L3 � íå çàëåæàòü âiä k òà ~b, à çàëåæàòü âiä b∗.
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Ç iíøîãî áîêó, íà ïiäñòàâi ðiâíîñòåéD(k) = 4k2j b(j)−D1(k), äåD1(k) = 4k2j b(j)−
D(k) íå çàëåæèòü âiä b(j) i k2j = max(k21, . . . , k

2
p), îòðèìà¹ìî îöiíêè çíèçó.

Äëÿ äîâiëüíîãî ôiêñîâàíîãî ε ∈ (0, 1] âèáåðåìî ïîñëiäîâíiñòü íåâiä'¹ìíèõ ÷èñåë

εk, ÿêi çàäîâîëüíÿþòü óìîâó
∑

k∈Zp\{0}

ε2k = ε/2.

Òîäi ìiðà ìíîæèíè

Q̃k
(
b(1), . . . , b(j − 1), b(j + 1), . . . , b(p)

)
, k 6= 0,

åëåìåíòiâ b(j) ∈ Q∗, ùî çàäîâîëüíÿþòü íåðiâíiñòü∣∣∣b(j)− D1(k)

4k2j

∣∣∣ ≤ √
2

πp/2b∗p−1
εk, εk ≤ 1/2,

äëÿ äîâiëüíîãî ôiêñîâàíîãî âåêòîðà
(
b(1), . . . , b(j − 1), b(j + 1), . . . , b(p)

)
∈ Q∗p−1

íå ïåðåâèùó¹ 2π1−pb∗2(1−p)ε2k, à ìiðà ìíîæèíè Q̃k óñiõ òàêèõ âåêòîðiâ ~b ∈ Q∗p íå
ïåðåâèùó¹ 2ε2k.

Òîìó íà äîïîâíåííi Q∗p \ Q̃k öi¹¨ ìíîæèíè, øî ìà¹ ìiðó íå ìåíøó íiæ
πpb∗(2p−2)b∗2 − 2ε2k, ñïðàâäæó¹òüñÿ îöiíêà çíèçó

|D(k)| = 4k2j

∣∣∣b(j)− D1(k)

4k2j

∣∣∣ > 4
√

2k2j
πp/2b∗p−1

εk ≥
4
√

2k̃2

(p+ 1)πp/2b∗p−1
εk.

Ðîçãëÿíåìî âèðàç ∆(k) = 1− τλ1−λ2 , ÿêèé òðåáà îöiíèòè çíèçó. Îñêiëüêè τ > 1,
à Re(λ1 − λ2) ≤ 0, òî äëÿ ∆(k) = 1− e(λ1−λ2) ln τ ìà¹ìî îöiíêó çâåðõó

|∆(k)| ≤ 1 + eRe(λ1−λ2) ln τ ≤ 2

äëÿ óñiõ~b ∈ Q∗p, çîêðåìà |∆(k)| = 2, ÿêùî e(λ1−λ2) ln τ = −1. ßêùî æ e(λ1−λ2) ln τ = 1,
òî |∆(k)| = 0.

Ïîçíà÷èìî ε∗k =
εk/
√
k̃√

m0πpb∗2(p−1)
, ïðè÷îìó m0 =

12

11π
(L2 ln τ + 1), ÷èñëî ε âèáè-

ðà¹ìî òàêèì, ùîá ε∗k ≤ 1/2; ùå ïîçíà÷èìî z = (λ1 − λ2) ln τ , òîäi Re z ≤ 0 i

|z| =
√
|D(k)| ln τ ≤ k̃L2 ln τ,

òîáòî z íàëåæèòü ïiâêðóãó ðàäióñà k̃L2 ln τ .
Îáðàçè ïðÿìîêóòíèêiâ

Rm = {z = x+ iy : (x, y) ∈ [−ε∗∗k , 0]× [−ε∗∗k + 2πm, ε∗∗k + 2πm]}, m ∈ Z,

äå ε∗∗k =
k̃ ln τ

pL2
ε∗k =

√
k̃ ln τ · εk/p√

m0L2
2π
pb∗2(p−1)

, ùî ìiñòÿòü òî÷êè 2πim, ïðè âiäîáðàæåííi

w = ez ¹ îäíàêîâèìè, ðèñ. 2; öå ÷àñòèíà êiëüöÿ ìiæ êîëàìè |z| = e−ε
∗∗
k , |z| = 1 i

ïðîìåíÿìè arg z = ±ε∗∗k .

Ïðÿìîêóòíèê Rm ìà¹ íåíóëüîâèé ïåðåòèí ç êðóãîì |z| ≤ k̃L2 ln τ , ÿêùî 2π|m|−
ε∗∗k < k̃L2 ln τ àáî 11π|m| < 6k̃L2 ln τ . Çâiäñè îòðèìó¹ìî, ùî êiëüêiñòü òàêèõ ïåðåòè-

íiâ íå ïåðåâèùó¹ ÷èñëà m0k̃.
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Re z

Im z

k̃L2 ln τ

2πi

−2πi

R1

R−1

R0
Rew

Imw

1

1

1− exp(−ε∗∗k )

Ðèñ. 2. Îáðàçè ïiâêðóãà áåç ïðÿìîêóòíèêiâ ïðè âiäîáðàæåííi w = ez

Äëÿ äîâiëüíî¨ òî÷êè z 6∈
⋃
mRm ïiâêðóãà ñïðàâäæó¹òüñÿ íåðiâíiñòü

|1− ez| ≥ 1− e−ε
∗∗
k >

3

4
ε∗∗k .

Ñïðàâäi, âiäñòàíü âiä îäèíèöi äî òî÷îê e−ε
∗∗
k ·eiϕ äóãè | arg z| ≤ ε∗∗k íà êîëi |z| = e−ε

∗∗
k

íå ïåðåâèùó¹ 1− e−ε∗∗k , îñêiëüêè

|1− eiϕ−ε
∗∗
k |2 =

(
1− e−ε

∗∗
k cosϕ

)2
+ e−2ε

∗∗
k sin2 ϕ ≥

(
1− e−ε

∗∗
k cosϕ

)2 ≥ (1− e−ε∗∗k )2.
Âiäñòàíü âiä îäèíèöi äî òî÷îê |z|e±iε∗∗k âiäðiçêà 1 − e−ε∗∗k ≤ |z| ≤ 1 îáîõ ïðîìåíiâ
arg z = ±ε∗∗k íå ïåðåâèùó¹ âiäñòàíi äî ïðÿìèõ y = ± tg ε∗∗k · x âiäïîâiäíî, ÿêà ¹
îäíàêîâîþ i äîðiâíþ¹ sin ε∗∗k .

Òîìó |1−ez| ≥ min
(
1−e−ε∗∗k , sin ε∗∗k

)
, îñêiëüêè ìiíiìóì ìîäóëÿ ôóíêöi¨ 1−ez íà

ïiâêðóçi ç âèëó÷åíèìè ïðÿìîêóòíèêàìè äîñÿãà¹òüñÿ íà ðîçãëÿíóòié ÷àñòèíi ãðàíèöi
êiëüöÿ.

Íà âiäðiçêó [0, 1/2] ìà¹ìî íåðiâíîñòi sinx > 1 − e−x > 3x/4, ÿêi âèïëèâàþòü ç
ôîðìóëè Ìàêëîðåíà

sinx− (1− e−x) =
x2

2
+
e−θx + sin θx

24
x4 >

x2

3
≥ 0,

1− e−x − 3

4
x =

(
x− e−θxx

2

2

)
− 3

4
x >

x

4
− x2

2
=
x

2

(1

2
− x
)
≥ 0,

äå θ = θ(x) íàëåæèòü iíòåðâàëó (0, 1).
Âèêîðèñòîâó¹ìî ðiâíiñòü

(13) z − 2πim =
D(k) ln2 τ + 4π2m2

z + 2πim
=
b(j)− (D1(k)− 4π2m2)/(4k2j ln2 τ)

(z + 2πim)/(4k2j ln2 τ)
,

äå D1(k) íå çàëåæèòü âiä b(j). Îñêiëüêè ìiðà ìíîæèíè

Qmk
(
b(1), . . . , b(j − 1), b(j + 1), . . . , b(p)

)
, k 6= 0,
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åëåìåíòiâ b(j) ∈ Q∗, ùî ïðè ôiêñîâàíîìó m çàäîâîëüíÿþòü íåðiâíiñòü

(14)
∣∣∣b(j)− D1(k)− 4π2m2

4k2j ln2 τ

∣∣∣ ≤ √2ε∗k

äëÿ äîâiëüíîãî ôiêñîâàíîãî âåêòîðà
(
b(1), . . . , b(j − 1), b(j + 1), . . . , b(p)

)
∈ Q∗p−1,

íå ïåðåâèùó¹ 2πε∗2k =
2ε2k

m0πp−1b∗2(p−1)k̃
, òî ìiðà ìíîæèíè Qk =

⋃
m

Qmk óñiõ òàêèõ

âåêòîðiâ ~b ∈ Q∗p, ùî çàäîâîëüíÿþòü íåðiâíiñòü õî÷à á äëÿ îäíîãî m, íå áiëüøà 2ε2k.

Ç íåðiâíîñòåé (13), (14) äëÿ ~b ∈ Q∗p \Qk âèïëèâà¹ ôîðìóëà

|z − 2πim| ≥ 4k2j ln2 τ
11
√

2ε∗k
23k̃L2 ln τ

>
√

2
k̃ ln τ

pL2
ε∗k =

√
2 · ε∗∗k ,

ÿêà ñïðàâäæó¹òüñÿ äëÿ âñiõ k 6= 0.
Çâiäñè ëåãêî áà÷èòè, ùî z 6∈

⋃
mRm, äå measQk ≤ 2ε2k, i òîìó ìà¹ìî òàêi îöiíêè

çíèçó: |1− ez| ≥ 3/8, ÿêùî ε∗∗k ≥ 1/2, òà |1− ez| ≥ 3ε∗∗k /4, ÿêùî ε
∗∗
k < 1/2.

Ïîçíà÷èìî Q0 � ìíîæèíó âåêòîðiâ (a0, b0), ÿêi ëåæàòü íà êîìïëåêñíèõ ïàðà-
áîëàõ

b0 =
(a0 − 1

2

)2
+
(mπ

ln τ

)2
äëÿ öiëèõ ÷èñåë m; ÿêùî (a0, b0) 6∈ Q0, òî ∆(0) 6= 0.

Ó ïðèïóùåííi (a0, b0) 6∈ Q0 äëÿ äîâiëüíèõ äîñòàòíüî ìàëèõ ε > 0 i ïîñëiäîâíîñòi

εk ≥ 0, äëÿ ÿêèõ
∑
k 6=0 ε

2
k = ε/2, íà ìíîæèíi ~b ∈ Q∗p \Q çíàìåííèêè ó ôîðìóëi (11)

çàäîâîëüíÿþòü íåðiâíiñòü

(15) |1− τλ1−λ2 | ≥ min
(
|∆(0)|, 3

8
,

3

4
L4k̃

1/2εk

)
≥ L5k̃

1/2εk, k ∈ Zp,

äå Q =
⋃

k∈Zp\{0}

Qk, measQ ≤ ε i L4 =
ln τ

pL2b∗p−1
√
m0πp

> 0, L5 > 0.

Äëÿ çàäàíîãî ε i íåâiä'¹ìíî¨ ïîñëiäîâíîñòi fk ç óìîâîþ 0 < F =
∑
k 6=0

f2k < ∞

ïîñëiäîâíiñòü εk áóäó¹òüñÿ çà ïðàâèëîì εk =

√
ε

2F
fk.

Íåõàé êîðåíi (7) ðiâíÿííÿ (6) íà ìíîæèíi Q̃ ⊂ Q∗p \Q çàäîâîëüíÿþòü óìîâè

(16) −λ−0 k̃ ≤ Re(λ1 − λ2) ≤ λ+0 k̃, −λ−j k̃ ≤ Reλj ≤ λ+j k̃, j = 1, 2,

äëÿ äåÿêèõ äiéñíèõ ÷èñåë λ±0 , λ
±
1 , λ

±
2 . Òîäi −L3 ≤ −λ−1 ≤ −λ

−
2 ≤ λ+1 ≤ λ+2 ≤ L3 i

−2L2 ≤ −λ−0 ≤ λ
+
0 ≤ 0, òîáòî öi óìîâè âèêîíóþòüñÿ íà óñié ìíîæèíi Q∗p äëÿ ÷èñåë

λ±1 = λ±2 = L3 i λ
−
0 = 2L2, λ

+
0 = 0.

Íåðiâíîñòi λ∗r ≤ L2
6k̃

2r, äå r = 0, 1, 2, L6 > 0, i ôîðìóëè (11), (12), (15), (16)

äàþòü çìîãó ó ðàçi t1 ≤ 1, çà óìîâè (a0, b0) 6∈ Q0, âèçíà÷èòè äëÿ âåêòîðiâ ~b ∈ Q∗p \Q
îöiíêè

(17) t2r
∣∣k̃−rtλ−

1 k̃u
(r)
k (t)

∣∣2 ≤ 8L2
6

L2
5k̃ε

2
k

(∣∣t−λ+
1 k̃

0 ϕ0k

∣∣2 +
∣∣t−λ+

1 k̃
1 ϕ1k

∣∣2), t ≤ t1,
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(18) t2r
∣∣k̃−rtλ−

2 t
λ−
0 k̃

1 u
(r)
k (t)

∣∣2 ≤ 8L2
6

L2
5k̃ε

2
k

(∣∣t−λ+
1 k̃

0 ϕ0k

∣∣2 +
∣∣t−λ+

1 k̃
1 ϕ1k

∣∣2), t1 < t ≤ 1,

(19) t2r
∣∣k̃−rt−λ+

2 t
λ−
0 k̃

1 u
(r)
k (t)

∣∣2 ≤ 8L2
6

L2
5k̃ε

2
k

(∣∣t−λ+
1 k̃

0 ϕ0k

∣∣2 +
∣∣t−λ+

1 k̃
1 ϕ1k

∣∣2), t > 1.

Àíàëîãi÷íi îöiíêè äëÿ uk, äå k ∈ Zp \ {0}, âèçíà÷åíî òàêîæ â iíøèõ äâîõ âèïàäêàõ.

4. Îñíîâíèé ðåçóëüòàò

Íà ïiäñòàâi îòðèìàíèõ íåðiâíîñòåé äëÿ ôóíêöié uk i îöiíîê ìið ìíîæèí âåêòîðiâ
~b äîâîäèìî òàêi òâåðäæåííÿ.

Òåîðåìà 1. ßêùî ϕ0 ∈ Φ(p∗+3)/2,g0j , ϕ1 ∈ Φ(p∗+3)/2,g1j , ïðè÷îìó âèáið g0j , g1j òà

t0, t1 âèçíà÷à¹ òàáëèöÿ

j 1 2 3

t0, t1 t1 ≤ 1 t0 < 1 < t1 t0 ≥ 1

g0j t−L3
0 t−L3

0 tL3
0

g1j t−L3
1 tL3

1 tL3
1

,

p∗ > p i (a0, b0) 6∈ Q0, òî äëÿ äîâiëüíîãî ε > 0 iñíó¹ òàêà ìíîæèíà Q ⊂ Q∗p ç ìiðîþ
measQ 6 ε, ùî äëÿ äîâiëüíîãî ~b ∈ Q∗p \Q iñíó¹ ¹äèíèé ðîçâ'ÿçîê u çàäà÷i (1), (2) ç
ïðîñòîðó U2,Gj

i ñïðàâäæóþòüñÿ îöiíêè

(20) ‖u‖22,Gj
≤ 16L2

6ζ(p∗)

εL2
5

(
‖ϕ0‖2(p∗+3)/2,g0j

+ ‖ϕ1‖2(p∗+3)/2,g1j

)
, j = 1, 2, 3,

äå ζ(p∗) =
∑
k∈Zp\{0} k̃

−p∗ , ç ôóíêöiÿìè

G1(t) =


tL3 , ÿêùî t ≤ t1,
tL3t2L2

1 , ÿêùî t1 ≤ t ≤ 1,

t−L3t2L2
1 , ÿêùî t ≥ 1,

G2(t) =

{
tL3 , ÿêùî t ≤ 1,

t−L3 , ÿêùî t ≥ 1,

G3(t) =


tL3t−2L2

0 , ÿêùî t ≤ 1,

t−L3t−2L2
0 , ÿêùî 1 ≤ t ≤ t0,

t−L3 , ÿêùî t ≥ t0.

Äîâåäåííÿ. Iñíóâàííÿ. Ïðèéìåìî ε2k =
ε

2ζ(p∗)
k̃−p

∗
, äå p∗ > p i ε > 0. Íà ïiäñòàâi

îöiíîê (17), (18), (19), â ÿêèõ λ±1 = λ±2 = L3 i λ−0 = 2L2, λ
+
0 = 0, òà îçíà÷åíü

ïðîñòîðiâ Φq,g i Uq,G îäåðæó¹ìî îöiíêó (20) äëÿ j = 1 ç çàçíà÷åíèìè ñòàëèìè g01
i g11 òà ôóíêöi¹þ G1(t). Ç àíàëîãi÷íèõ îöiíîê îäåðæóþòü íåðiâíîñòi (20) äëÿ j =

2, 3. Ôîðìóëè (20) ñïðàâäæóþòüñÿ äëÿ âñiõ ~b ∈ Q∗p \ Q çà óìîâè (a0, b0) 6∈ Q0.
Îòðèìàíi íåðiâíîñòi äîâîäÿòü íàëåæíiñòü ðîçâ'ÿçêó äî ïðîñòîðiâ U2,Gj , äå j = 1, 2, 3,
ó çàëåæíîñòi âiä çíà÷åíü t0, t1.
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�äèíiñòü. Ïðèïóñòèìî, ùî iñíóþòü äâà ðîçâ'ÿçêè u1 = u1(t, x) i u2 = u2(t, x)
çàäà÷i (1), (2) ç ïðîñòîðó U2,Gj . Òîäi ôóíêöiÿ u = u2 − u1 ¹ ðîçâ'ÿçêîì çàäà÷i (1) ç
ïðîñòîðó U2,Gj

ç íóëüîâèìè óìîâàìè

u(t0, x) = 0, u(t1, x) = 0, x ∈ Ωp2π.

Êîæíèé iç êîåôiöi¹íòiâ Ôóð'¹ ôóíêöi¨ u ¹ ðîçâ'ÿçêîì âiäïîâiäíî¨ çàäà÷i (4), (9)
ïðè ϕ0k = ϕ1k = 0. Çãiäíî ç óìîâàìè òåîðåìè íà êîåôiöi¹íòè ðiâíÿííÿ (a0, b0) 6∈ Q0

i ~b ∈ Q∗p \ Q âèïëèâà¹, ùî ∆(k) 6= 0 äëÿ âñiõ âåêòîðiâ k ∈ Zp. Îòæå, uk(t) ≡ 0 íà
[t−, t+] äëÿ óñiõ k, òîìó âiäïîâiäíî u = 0, òîáòî u1 = u2. Òåîðåìó äîâåäåíî. �

Òî÷íiøèé ðåçóëüòàò îòðèìó¹òüñÿ ïiä ÷àñ âèêîðèñòàííÿ äîäàòêîâèõ óìîâ (16)

äëÿ äåÿêîãî ôiêñîâàíîãî ìàëîãî ÷èñëà ε > 0; ïðè öüîìó meas Q̃ 6 πpb∗2p − ε.

Òåîðåìà 2. ßêùî ϕ0 ∈ Φ(p∗+3)/2,g0j , ϕ1 ∈ Φ(p∗+3)/2,g1j , ïðè÷îìó âèáið g0j , g1j òà

t0, t1 âèçíà÷à¹ òàáëèöÿ

j 1 2 3

t0, t1 t1 ≤ 1 t0 < 1 < t1 t0 ≥ 1

g0j t
−λ+

1
0 t

−λ+
1

0 t
λ−
2

0

g1j t
−λ+

1
1 t

λ−
2

1 t
λ−
2

1

,

p∗ > p òà (a0, b0) 6∈ Q0 i âèêîíó¹òüñÿ óìîâà (16), òî äëÿ äîâiëüíîãî ε > 0 iñíó¹

òàêà ìíîæèíà Q ⊂ Q∗p ç ìiðîþ measQ 6 ε, ùî äëÿ äîâiëüíîãî ~b ∈ Q̃ ⊂ Q∗p \ Q
iñíó¹ ¹äèíèé ðîçâ'ÿçîê u çàäà÷i (1), (2) ç ïðîñòîðó U2,Gj

i ñïðàâäæóþòüñÿ îöiíêè

(21) ‖u‖22,Gj
≤ 16L2

6ζ(p∗)

εL2
5

(
‖ϕ0‖2(p∗+3)/2,g0j

+ ‖ϕ1‖2(p∗+3)/2,g1j

)
, j = 1, 2, 3,

äå ζ(p∗) =
∑
k∈Zp\{0} k̃

−p∗ , ç ôóíêöiÿìè

G1(t) =


tλ

−
1 , ÿêùî t ≤ t1,

tλ
−
2 t
λ−
0

1 , ÿêùî t1≤t≤1,

t−λ
+
2 t
λ−
0

1 , ÿêùî t ≥ 1,

G2(t) =

{
tλ

−
1 , ÿêùî t ≤ 1,

t−λ
+
2 , ÿêùî t ≥ 1,

G3(t) =


tλ

−
1 t
−λ−

0
0 , ÿêùî t ≤ 1,

t−λ
+
1 t
−λ−

0
0 , ÿêùî 1≤t≤t0,

t−λ
+
2 , ÿêùî t ≥ t0.

5. Âèñíîâêè

Âèêîðèñòîâóþ÷è íåðiâíîñòi −L3 ≤ −λ−1 ≤ −λ
−
2 ≤ λ+1 ≤ λ+2 ≤ L3 i −2L2 ≤

−λ−0 ≤ λ+0 ≤ 0 ìîæíà ïîðiâíÿòè ïðîñòîðè îòðèìàíi â òåîðåìi 1 òà òåîðåìi 2. Äëÿ
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j = 1, òîáòî t0 < t1 6 1, îòðèìó¹ìî

t
−λ+

1
0 6 t−L3

0 , t
−λ+

1
1 6 t−L3

1 , tλ
−
1 > tL3 äëÿ t ≤ t1,

tλ
−
2 t
λ−
0

1 > tL3t2L2
1 äëÿ t1≤t≤1, t−λ

+
2 t
λ−
0

1 > t−L3t2L2
1 äëÿ t ≥ 1.

Àíàëîãi÷íî îòðèìóþòüñÿ òàêi æ íåðiâíîñòi äëÿ j = 2, 3. Ç îòðèìàíèõ íåðiâíîñòåé
ìîæíà ïîáà÷èòè, ùî ïðîñòîðè Φ(p∗+3)/2,g0j òà Φ(p∗+3)/2,g1j ó ðàçi âèêîíàííÿ óìîâè
(16) ¹ øèðøèìè, à ïðîñòîðè ðîçâ'ÿçêiâ U2,Gj

� âóæ÷èìè â òåîðåìi 2 ó ïîðiâíÿííi ç
ïðîñòîðàìè òåîðåìè 1.

Çàóâàæèìî, ùî îòðèìàíi ðåçóëüòàòè ïåðåíîñÿòüñÿ íà âèïàäîê áàãàòîòî÷êîâèõ
çàäà÷ äëÿ ðiâíÿíü i ñèñòåì ðiâíÿíü âèñîêîãî ïîðÿäêó òèïó Åéëåðà.
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THE TWO-POINT PROBLEM FOR EULER TYPE PARTIAL
DIFFERENTIAL EQUATION OF THE SECOND ORDER
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A two-point problem for partial di�erential equations of the second order
with coe�cients dependent only on time variable (Euler type equation) is consi-
dered. This problem is ill-posed, and its solvability is related to the problem of
small denominators. Existence and uniqueness of the solution are established,
based on lower bounds estimations for the small denominators.

Key words: partial di�erential equations, two-point problem, small denomi-
nators, ill-posed problems.
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ÏÎÁÓÄÎÂÀ ÑÒÀÒÈÑÒÈ×ÍÈÕ ÊÐÈÒÅÐI�Â Ç
ÓÐÀÕÓÂÀÍÍßÌ ÂÏËÈÂÓ ÇÎÂÍIØÍÜÎÃÎ

ÑÅÐÅÄÎÂÈÙÀ

ßðîñëàâ �ËÅÉÊÎ, Îêñàíà ßÐÎÂÀ,
Ñâÿòîñëàâ ÃÎËÎÂÀÒÈÉ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, 79000, ì. Ëüâiâ

e-mail: oksanayarova93@gmail.com

Äîñëiäæåíî âïëèâ çîâíiøíüîãî ñåðåäîâèùà íà âèïàäêîâi ïîäi¨ òà ¨õíi
ôóíêöi¨ ðîçïîäiëó. Ðîçãëÿíóòî âèáiðêó âèïàäêîâèõ âåëè÷èí, ÿêà çàëåæèòü
âiä âèïàäêîâîãî ñåðåäîâèùà é îïèñó¹òüñÿ çà äîïîìîãîþ ïîâíî¨ ãðóïè ïîäié
iç çàäàíèìè éìîâiðíîñòÿìè äëÿ êîæíî¨ ïîäi¨. Îñíîâíó âèáiðêó ðîçäiëåíî
íà k âèáiðîê, çàëåæíî âiä ïîäié, ÿêèìè âîíè îïèñóþòüñÿ. Äëÿ êîæíî¨ ç
âèáiðîê ïîáóäîâàíî åìïiðè÷íó ôóíêöiþ ðîçïîäiëó òà çàñòîñîâàíî êðèòåðié
Êîëìîãîðîâà. Â ðåçóëüòàòi îòðèìàíî ñóìiø ðîçïîäiëiâ. Òàêîæ, ðîçãëÿíóòî
ïðèêëàä çàñòîñóâàííÿ öi¹¨ òåîði¨. Äëÿ âèáiðêè çíàéäåíî ñóìiø ðîçïîäiëó
òà ïàðàìåòðè îòðèìàíèõ ôóíêöié ðîçïîäiëiâ.

Êëþ÷îâi ñëîâà: êðèòåðié Êîëìîãîðîâà, ôóíêöiÿ ðîçïîäiëó, ñóìiø ðîç-
ïîäiëiâ, ïîêàçíèêîâèé ðîçïîäië.

Ðîçãëÿíåìî âèáiðêó X1, X2, . . . , Xn, ÿêà çàëåæèòü âiä çîâíiøíüîãî ñåðåäîâè-

ùà, ùî îïèñó¹òüñÿ çà äîïîìîãîþ ïîâíî¨ ãðóïè ïîäié A1, A2, . . . , Ak ç éìîâiðíîñòÿìè
p1, p2, . . . , pk, âiäïîâiäíî. Ïðè ÷îìó

k∑
i=1

P (Ai) =

k∑
i=1

pi = 1.

Ñîðòó¹ìî âèáiðêó çà ïîäiÿìè òàê:

x11, x12, . . . , x1r1 äëÿ ïîäi¨ A1, çà óìîâè, ùî ôóíêöiÿ ðîçïîäiëó F1(x);
x21, x22, . . . , x2r2 äëÿ ïîäi¨ A2, çà óìîâè, ùî ôóíêöiÿ ðîçïîäiëó F2(x);
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ,
xk1, xk2, . . . , xkrk äëÿ ïîäi¨ Ak, çà óìîâè, ùî ôóíêöiÿ ðîçïîäiëó Fk(x).

2020 Mathematics Subject Classi�cation: 60J25

c© �ëåéêî, ß,; ßðîâà Î.; Ãîëîâàòèé, Ñ., 2021
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Òîäi âèáiðêà x1, x2, . . . , xn áóäå îïèñóâàòèñü ôóíêöi¹þ ðîçïîäiëó, ÿêà âèçíà÷à-

¹òüñÿ çà äîïîìîãîþ ñóìiøi ðîçïîäiëiâ

F (x) = p1F1(x) + p2F2(x) + · · ·+ pkFk(x).

Ïîáóäó¹ìî åìïiðè÷íi ôóíêöi¨ ðîçïîäiëiâ äëÿ êîæíî¨ ç âèáiðîê çà êðèòåði¹ì Êîë-

ìîãîðîâà. Íàéïåðøå, âïîðÿäêó¹ìî âèáiðêó x11, x12, . . . , x1r1 , ó ïiäñóìêó îòðèìà¹ìî

xi1 , xi2 , . . . , xin . Êiëüêiñòü åëåìåíòiâ âèáiðêè ïîçíà÷èìî n1. Äàëi, ðîçäiëèìî âèáiðêó
íà
√
n1 iíòåðâàëiâ i çíàéäåìî êiëüêiñòü åëåìåíòiâ ó êîæíîìó ç iíòåðâàëiâ. Ïîçíà÷è-

ìî n1i � êiëüêiñòü åëåìåíòiâ â i-ìó iíòåðâàëi. Îòæå, åìïiðè÷íà ôóíêöiÿ ðîçïîäiëó

äëÿ ïåðøî¨ âèáiðêè ìàòèìå âèãëÿä:

F 1
em(x) =



0, x 6 xn11

n11

n1
, xn11

< x 6 xn12

n11+n12

n1
, xn12

< x 6 xn13

. . . . . .

1, x > xn1n

Àíàëîãi÷íî áóäó¹ìî âñi åìïiðè÷íi ôóíêöi¨ ðîçïîäiëiâ.

Çàñòîñó¹ìî êðèòåðié Êîëìîãîðîâà. Äëÿ öüîãî ðîçãëÿíåìî òàêó ðiçíèöþ:∣∣Fem(x)− F (x)
∣∣ =

=
∣∣∣n1
n
F 1
em(x) +

n2
n
F 2
em(x) + · · ·+ nk

n
F kem(x)− (p1F1(x) + p2F2(x) + · · ·+ pkFk(x))

∣∣∣
Îöiíèìî òàêèé âèðàç∣∣∣ni

n
F iem(x)− piFi(x)

∣∣∣ 6 ∣∣∣ni
n
F iem(x)− ni

n
Fi(x)

∣∣∣+
∣∣∣ni
n
Fi(x)− piFi(x)

∣∣∣ 6
6
ni
n

∣∣F iem(x)− Fi(x)
∣∣+ |Fi(x)| ·

∣∣∣ni
n
− pi

∣∣∣ .
Fi(x) � ôóíêöiÿ ðîçïîäiëó, òîìó |Fi(x)| 6 1, ni

n → pi, òîìó∣∣∣ni
n
F iem(x)− piFi(x)

∣∣∣ 6 ni
n

∣∣F iem(x)− Fi(x)
∣∣ .

Ðîçãëÿíåìî êðèòåðié Êîëìîãîðîâà ç íàñòóïíèìè ãiïîòåçàìè

H0 : F iem(x) = Fi(x)H1 : F iem(x) 6= Fi(x).

Ïîçíà÷èìî

Dni = sup
j

∣∣F ini
em (x)− Fini(x)

∣∣.
Ïîáóäó¹ìî êðèòè÷íó îáëàñòü

τα = {t > tα}.
Òîäi

P{Dni
∈ τα|H0} = P {

√
niDni

> λα|H0} ≈ 1−K(λα) = α.

Çà âåëèêèõ ni, ni > 20 òà âèáðàíîìó ðiâíi çíà÷óùîñòi α ÷èñëî λα âèçíà÷à¹òüñÿ

ñïiââiäíîøåííÿì

K(λα) = 1− α
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íóëüîâà ãiïîòåçà ïðèéìà¹òüñÿ, ÿêùî

Dni
6

λα√
ni
.

Îòæå,

|F iem(x)− Fi(x)| 6 λα√
ni
.

Òîäi
ni
n
|F iem(x)− Fi(x)| 6 ni

n

λα√
ni

=

√
ni
n

λα.

Âèáèðà¹ìî òàêi N01, . . . , N0k, ùî n11 > N01, . . . , n1k > N0k.

Íåõàé Ñ0 = max{N01, N02, . . . , N0k}. Ïîçíà÷èìî

√
Ñ0

n
λα =

ε

k
, ∀ε > 0. Òîäi

|Fem(x)− F (x)| < k · ε
k

= ε.

Îòîæ

Fem(x)→ F (x).

Òîìó ñôîðìóëþ¹ìî òåîðåìó.

Òåîðåìà 1. Íåõàé âèáiðêà X1, X2, . . . , Xn çàëåæèòü âiä çîâíiøíüîãî ñåðåäîâèùà,

ùî îïèñó¹òüñÿ çà äîïîìîãîþ ïîâíî¨ ãðóïè ïîäié A1, A2, . . . , Ak. Òîäi, xi1 , . . . , xik , ùî

âiäáóâàþòüñÿ çà óìîâè Ai, ìàþòü ôóíêöiþ ðîçïîäiëó Fi.

Ðîçãëÿíåìî âèáiðêó ç 150 äàíèõ 0,889 0,340 0,398 0,060 0,084 0,381 0,145 1,517

0,396 0,237 0,274 0,014 0,322 0,260 0,041 0,185 0,277 0,325 0,097 0,902 0,064 0,263 0,849

0,082 0,889 0,090 0,166 0,239 0,801 0,612 0,066 0,033 0,189 1,084 0,054 0,308 0,327 0,174

0,160 0,273 0,096 0,317 2,047 0,380 0,162 0,235 0,030 0,539 0,526 0,399 2,058 0,401 1,457

0,912 0,199 0,562 0,664 0,060 0,125 1,255 0,008 1,049 0,080 0,204 0,486 0,099 0,927 0,421

0,398 0,647 0,438 0,070 0,729 0,461 0,493 0,097 0,354 0,370 0,062 0,080 0,149 0,549 6,172

1,094 0,354 2,214 0,168 2,042 0,563 0,867 0,375 3,624 1,703 1,127 0,048 0,597 1,476 2,759

0,669 0,636 0,261 1,840 1,750 1,389 1,333 0,004 0,962 5,455 0,137 0,634 4,362 0,034 1,664

0,065 1,464 0,656 1,178 3,615 0,435 1,655 0,566 1,137 0,736 3,114 0,008 0,102 0,651 0,186

0,697 0,324 2,164 0,063 0,931 0,540 0,710 0,263 3,619 0,984 0,877 1,574 3,736 0,908 0,547

0,819 0,759 0,026 0,937 2,617 0,440 0,078

Ñîðòó¹ìî öþ âèáiðêó ùîäî äâîõ ïîäié A1 òà A2. Ïîäiÿ A1 âèçíà÷à¹òüñÿ òàêèìè

âèïàäêîâèìè âåëè÷èíàìè

0,008 0,014 0,030 0,033 0,041 0,054 0,060 0,060 0,062 0,064 0,066 0,070 0,078 0,080 0,082

0,084 0,090 0,096 0,097 0,097 0,099 0,125 0,145 0,160 0,162 0,166 0,174 0,185 0,189 0,199

0,204 0,235 0,237 0,239 0,260 0,263 0,273 0,274 0,277 0,308 0,317 0,322 0,325 0,327 0,340

0,354 0,370 0,380 0,381 0,396 0,398 0,398 0,399 0,401 0,421 0,438 0,461 0,486 0,493 0,526

0,539 0,562 0,612 0,647 0,664 0,729 0,801 0,849 0,889 0,889 0,902 0,912 0,927 1,049 1,084

1,255 1,457 1,517 2,047 2,058

Îáñÿã âèáiðêè 80. Ïîäiþ A2 îïèñó¹ âèáiðêà îáñÿãîì 70 âèïàäêîâèõ âåëè÷èí

0,004 0,008 0,026 0,034 0,048 0,063 0,065 0,080 0,102 0,137 0,149 0,168 0,186 0,261 0,263

0,324 0,354 0,375 0,435 0,440 0,540 0,547 0,549 0,563 0,566 0,597 0,634 0,636 0,651 0,656
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0,669 0,697 0,710 0,736 0,759 0,819 0,867 0,877 0,908 0,931 0,937 0,962 0,984 1,094 1,127

1,137 1,178 1,333 1,389 1,464 1,476 1,574 1,655 1,664 1,703 1,750 1,840 2,042 2,164 2,214

2,617 2,759 3,114 3,615 3,619 3,624 3,736 4,362 5,455 6,172

Ïîáóäó¹ìî åìïiðè÷íó ôóíêöiþ ðîçïîäiëó äëÿ ïåðøî¨ âèáiðêè.

F 1
em(x) =



0, x 6 0, 27;

0, 45, 0, 27 < x 6 0, 53;

0, 75, 0, 53 < x 6 0, 8;

0, 825, 0, 8 < x 6 1, 06;

0, 925, 1, 07 < x 6 1, 33;

0, 95, 1, 33 < x 6 1, 6;

0, 975, 1, 6 < x 6 2, 1;

1, x > 2, 1.

Ïðîâåäåìî êðèòåðié Êîëìîãîðîâà äëÿ ïåðåâiðêè ãiïîòåçè

H0 : åìïiðè÷íèé ðîçïîäië ñòàòèñòè÷íî íå âiäðiçíÿ¹òüñÿ âiä ïîêàçíèêîâîãî.

Çàñòîñóâàâøè êðèòåðié, îòðèìà¹ìî D(80) = 0, 032, λ0,05 = 1, 3581.
Îòæå, íà ðiâíi çíà÷óùîñòi 0,05 ðîçïîäië ïðèéìà¹ìî íóëüîâó ãiïîòåçó.

Çíàéäåìî ïàðàìåòð ðîçïîäiëó.

Çà ìåòîäîì ìîìåíòiâ äëÿ ïîêàçíèêîâîãî ðîçïîäiëó

λ̂ =
1

EX
=

n1∑n1

i=1 ni
= 2, 4.

Ïîáóäó¹ìî åìïiðè÷íó ôóíêöiþ ðîçïîäiëó äëÿ äðóãî¨ âèáiðêè.

F 2
em(x) =



0, x 6 0, 78;

0, 5, 0, 78 < x 6 1, 56;

0, 728, 1, 56 < x 6 2, 3;

0, 857, 2, 3 < x 6 3, 1;

0, 886, 3, 1 < x 6 3, 9;

0, 957, 3, 9 < x 6 4, 7;

0, 971, 4, 7 < x 6 6, 2;

1, x > 6, 2.

Ïðîâåäåìî êðèòåðié Êîëìîãîðîâà äëÿ ïåðåâiðêè ãiïîòåçè

H0 : åìïiðè÷íèé ðîçïîäië ñòàòèñòè÷íî íå âiäðiçíÿ¹òüñÿ âiä ïîêàçíèêîâîãî.

Çàñòîñóâàâøè êðèòåðié, îòðèìà¹ìî D(70) = 0, 034, λ0,05 = 1, 3581.
Òîìó íà ðiâíi çíà÷óùîñòi 0,05 ðîçïîäië ïðèéìà¹ìî íóëüîâó ãiïîòåçó.

Çíàéäåìî ïàðàìåòð ðîçïîäiëó.

Çà ìåòîäîì ìîìåíòiâ

λ̂ = 0, 81.
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Çíàéäåìî ñóìiø ðîçïîäiëiâ

F (x) =
8

15



0, x 6 0, 27

0, 45, 0, 27 < x 6 0, 53

0, 75, 0, 53 < x 6 0, 8

0, 825, 0, 8 < x 6 1, 06

0, 925, 1, 07 < x 6 1, 33

0, 95, 1, 33 < x 6 1, 6

0, 975, 1, 6 < x 6 2, 1

1, x > 2, 1

+
7

15



0, x 6 0, 78

0, 5, 0, 78 < x 6 1, 56

0, 728, 1, 56 < x 6 2, 3

0, 857, 2, 3 < x 6 3, 1

0, 886, 3, 1 < x 6 3, 9

0, 957, 3, 9 < x 6 4, 7

0, 971, 4, 7 < x 6 6, 2

1, x > 6, 2.

Âèçíà÷èìî ðîçïîäië ñóìiøi çà äîïîìîãîþ êðèòåðiþ Êîëìîãîðîâà ç ãiïîòåçîþ

H0 : åìïiðè÷íèé ðîçïîäië ñòàòèñòè÷íî íå âiäðiçíÿ¹òüñÿ âiä ãàììà-ðîçïîäiëó.

Çíà÷åííÿ ñòàòèñòèêè D(150) = 0, 038.
Îòæå, íà ðiâíi çíà÷óùîñòi 0,05 ðîçïîäië ïðèéìà¹ìî ãiïîòåçó H0.

Çà ìåòîäîì ìîìåíòiâ äëÿ ãàììà-ðîçïîäiëó

α̂ =
(x̄)2

x̄2 − (x̄)2
= 0, 6

β̂ =
x̄2 − x̄)2

x̄
= 1, 3.

Ïîáóäó¹ìî åìïiðè÷íó ôóíêöiþ ðîçïîäiëó

Fem(x) =



0, x 6 0, 58

0, 58, 0, 58 < x 6 1, 17

0, 8, 1, 17 < x 6 1, 75

0, 89, 1, 75 < x 6 2, 3

0, 93, 2, 3 < x 6 2, 9

0, 94, 2, 9 < x 6 3, 5

0, 95, 3, 5 < x 6 4

0, 98, 4 < x 6 4, 7

0, 986, 4, 7 < x 6 5, 8

0, 99, 5, 8 < x 6 6, 2

1, x > 6, 2

Íà ïiäñòàâi öi¹¨ ïðàöi ïîáóäîâàíî ñóìiø ðîçïîäiëó äëÿ âèáiðêè âèïàäêîâèõ âå-

ëè÷èí, ÿêà çàëåæèòü âiä âïëèâó çîâíiøíüîãî ñåðåäîâèùà.
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CONSTRUCTION OF STATISTICAL CRITERIA TAKING
INTO ACCOUNT THE INFLUENCE OF THE EXTREMAL
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The paper is devoted to the study of the in�uence of the external envi-
ronment on random events and their distribution functions. A sample of
random variables is considered, which depends on the random environment
and is described using a complete group of events with given probabilities for
each event. The main sample is divided into k samples depending on the events
they describe. An empirical distribution function was constructed for each of
the samples and the Kolmogorov criterion was applied. The result is a mixture
of distributions. Also, an example of application of this theory is considered. A
mixture of distributions and parameters of the obtained distribution functions
are found for the sample.

Key words: Kolmogorov criterion, distribution function, mixture of distri-
butions, exponential distribution.
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Î. Ì. ÊIÍÀØ (21.05.1964-13.02.2021)

(1964-2021)

Òðèíàäöÿòîãî ëþòîãî 2021 ðîêó íà 56 ðîöi æèòòÿ ïåðåä÷àñíî âiäiéøîâ ó âi÷-
íiñòü âiäîìèé â÷åíèé i ïåäàãîã, êàíäèäàò ôiçèêî-ìàòåìàòè÷íèõ íàóê, äîöåíò Îðåñò
Ìèõàéëîâè÷ Êiíàø.

Îðåñò Ìèõàéëîâè÷ íàðîäèâñÿ 21 òðàâíÿ 1964 ðîêó â ìiñòi Ùèðöi Ïóñòîìèòiâñü-
êîãî ðàéîíó Ëüâiâñüêî¨ îáëàñòi. Áàòüêî iíæåíåð, ìàòè � â÷èòåëüêà óêðà¨íñüêî¨ ìîâè
òà ëiòåðàòóðè. Ìàìà Îðåñòà Ìèõàéëîâè÷à ïîìåðëà, êîëè éîìó áóëî 7 ðîêiâ. Â 1971
ðîêó Î. Ì. Êiíàø ïiøîâ ó ïåðøèé êëàñ Ùèðåöüêî¨ ñåðåäíüî¨ øêîëè. Ç 1975 ðîêó
ïåðå¨õàâ äî Ëüâîâà, äå íàâ÷àâñÿ â ñåðåäíié øêîëi � 31 ìiñòà Ëüâîâà, ÿêó çàêií-
÷èâ ó 1981 ðîöi. Öüîãî æ ðîêó ñòàâ ñòóäåíòîì ìåõàíiêî-ìàòåìàòè÷íîãî ôàêóëüòå-
òó Ëüâiâñüêîãî äåðæàâíîãî óíiâåðñèòåòó iìåíi Iâàíà Ôðàíêà, ÿêèé çàêií÷èâ ó 1986
ðîöi. Ïiñëÿ çàêií÷åííÿ óíiâåðñèòåòó ó 1986�1988 ïðàöþâàâ iíæåíåðîì i ñòàæèñòîì-
äîñëiäíèêîì îá÷èñëþâàëüíîãî öåíòðó óíiâåðñèòåòó.

Ó 1988 ðîöi âñòóïèâ äî àñïiðàíòóðè Iíñòèòóòó Ìàòåìàòèêè ÀÍ ÓÐÑÐ ó âiä-
äië òåîði¨ âèïàäêîâèõ ïðîöåñiâ íà ñïåöiàëüíiñòü 01.01.05 � ¾Òåîðiÿ éìîâiðíîñòåé òà
ìàòåìàòè÷íà ñòàòèñòèêà¿ äî äîêòîðà ôiçèêî-ìàòåìàòè÷íèõ íàóê Â. Ì. Øóðåíêîâà.
Ó 1991 ðîöi Îðåñò Ìèõàéëîâè÷ óñïiøíî çàêií÷èâ àñïiðàíòóðó, à íàñòóïíîãî ðîêó



106
ÕÐÎÍIÊÀ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2021. Âèïóñê 91

çàõèñòèâ êàíäèäàòñüêó äèñåðòàöiþ íà òåìó �Ïåðåõiäíi ÿâèùà äëÿ ìàðêîâñüêèõ ïðî-
öåñiâ çi ñêií÷åííîþ ìíîæèíîþ ñòàíiâ�. Ïåäàãîãi÷íó ðîáîòó Î. Ì. Êiíàø ïî÷àâ ó
1992 ðîöi íà êàôåäði òåîði¨ ôóíêöié òà òåîði¨ éìîâiðíîñòåé Ëüâiâñüêîãî äåðæàâíîãî
óíiâåðñèòåòó iìåíi Iâàíà Ôðàíêà, ñïî÷àòêó àñèñòåíòîì, à ç 1995 ðîêó � äîöåíòîì.
Ç 2002 ðîêó âií âèêëàäàâ íà êàôåäði òåîðåòè÷íî¨ òà ïðèêëàäíî¨ ñòàòèñòèêè, à ïiñ-
ëÿ ðåîðãàíiçàöi¨ ôàêóëüòåòó � ç 2020 ðîêó � áóâ äîöåíòîì êàôåäðè ìàòåìàòè÷íî¨
ñòàòèñòèêè i äèôåðåíöiàëüíèõ ðiâíÿíü.

Êîëî íàóêîâèõ iíòåðåñiâ Î. Ì. Êiíàøà � ïåðåõiäíi ÿâèùà äëÿ ìàðêîâñüêèõ
ïðîöåñiâ s ìàòðè÷íîçíà÷íèõ åâîëþöié, ïðèêëàäíi çàäà÷i ôiíàíñîâî¨ òà àêòóàðíî¨
ìàòåìàòèêè, ïðèêëàäíi çàäà÷i òåîði¨ íàäiéíîñòi òà êîíòðîëü ÿêîñòi, òåîðiÿ ðèçèêó â
ñòðàõóâàííi, ãðàâiòàöiéíi ìîäåëi åêîíîìiêè. Âií ¹ àâòîðîì ïîíàä 50 íàóêîâèõ ñòàòåé,
íàâ÷àëüíî-ìåòîäè÷íèõ ïîñiáíèêiâ i ïiäðó÷íèêiâ.

Îðåñò Ìèõàéëîâè÷ àêòèâíî çàéìàâñÿ ãðîìàäñüêîþ ðîáîòîþ. Áóâ ÷ëåíîì Óêðà-
¨íñüêîãî àêòóàðíîãî òîâàðèñòâà, ÷ëåíîì Ðàäè ìåõàíiêî-ìàòåìàòè÷íîãî ôàêóëüòåòó,
çàñòóïíèêîì çàâiäóâà÷à êàôåäðîþ. Âõîäèâ äî ñêëàäó íàóêîâî-ìåòîäè÷íî¨ êîìiñi¨ çi
ñòàòèñòèêè ñåêòîðó âèùî¨ îñâiòè Íàóêîâî-ìåòîäè÷íî¨ ðàäè Ìiíiñòåðñòâà îñâiòè i íà-
óêè Óêðà¨íè.

Ó æèòòi Îðåñò Ìèõàéëîâè÷ áóâ âåñåëèì i æèòò¹ðàäiñíèì. Éîãî öiíóâàëè êîëåãè,
ëþáèëè i ïîâàæàëè ñòóäåíòè. Ïàì'ÿòü ïðî Îðåñòà Ìèõàéëîâè÷à Êiíàøà íàçàâæäè
çàëèøèòüñÿ â íàøèõ ñåðöÿõ.

Î. Áóãðié, Î. Ãóòiê.
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Ì. I. ÁÓÃÐIÉ (10.09.1948-24.04.2021)

(1948-2021)

Äâàäöÿòü ÷åòâåðòîãî êâiòíÿ 2021 ðîêó ïiñëÿ âàæêî¨ õâîðîáè ïiøîâ ç æèòòÿ
âiäîìèé óêðà¨íñüêèé â÷åíèé i ïåäàãîã, êàíäèäàò ôiçèêî-ìàòåìàòè÷íèõ íàóê, äîöåíò
Ìèêîëà Iâàíîâè÷ Áóãðié.

Ì. I. Áóãðié íàðîäèâñÿ 10 âåðåñíÿ 1948 ðîêó â ñåëi ßãíÿòèí Ðóæèíñüêîãî ðàéîíó
Æèòîìèðñüêî¨ îáëàñòi â ñåëÿíñüêié ñiì'¨. Ó 1967 ðîöi, ïiñëÿ çàêií÷åííÿ ßãíÿòèíñüêî¨
ñåðåäíüî¨ øêîëè, ðîçïî÷àâ ñâié òðóäîâèé øëÿõ ó Êè¨âñüêîìó êîìáiíàòi áóäiíäóñòði¨,
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çâiäêè i áóâéîãî ïðèçâàëè â àðìiþ äî ëàâ Âiéñüêîâî-ìîðñüêîãî ôëîòó. Ïiñëÿ çàâåð-
øåííÿ ñëóæáè ó 1971 ðîöi ïåðå¨õàâ äî Ëüâîâà i âñòóïèâ íà ìåõàíiêî-ìàòåìàòè÷íèé
ôàêóëüòåò Ëüâiâñüêîãî äåðæàâíîãî óíiâåðñèòåòó iìåíi Iâàíà Ôðàíêà, ÿêèé çàêií÷èâ
ó 1976 ðîöi çà ñïåöiàëüíiñòþ �Ìàòåìàòèêà�, îòðèìàâøè êâàëiôiêàöiþ �Ìàòåìàòèê.
Âèêëàäà÷ ìàòåìàòèêè�.

Ç 1976 ðîêó Ì.I. Áóãðié ïðàöþâàâ ó Ëüâiâñüêîìó äåðæàâíîìó óíiâåðñèòåòi iìåíi
Iâàíà Ôðàíêà: ñïåðøó ÿê ñòàðøèé ìåõàíiê îá÷èñëþâàëüíîãî öåíòðó, à ç 1-ãî ãðóäíÿ
1976 ðîêó � ÿê àñèñòåíò êàôåäðè äèôåðåíöiàëüíèõ ðiâíÿíü. Ó 1981 ðîöi ïåðåéøîâ
íà ïîñàäó àñèñòåíòà êàôåäðè ìàòåìàòè÷íîãî ìîäåëþâàííÿ, äå àêòèâíî ïðàöþâàâ
ó ãàëóçi ìàòåìàòè÷íîãî ìîäåëþâàííÿ êîíòèíóàëüíèõ ñèñòåì, îïòèìiçàöi¨ ðîçâ'ÿçêiâ
êðàéîâèõ çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè, âèêîðèñòàííÿ âàðiàöiéíèõ ïiäõîäiâ ó ïîáó-
äîâi åôåêòèâíèõ íàáëèæåíèõ ìîäåëåé ðîçâ'ÿçóâàííÿ ñïðÿæåíèõ òåðìîìåõàíi÷íèõ
ñèñòåì. Çà ðåçóëüòàòàìè íàóêîâèõ äîñëiäæåíü ó 1994 ðîöi Ìèêîëà Iâàíîâè÷ óñïiøíî
çàõèñòèâ êàíäèäàòñüêó äèñåðòàöiþ íà òåìó �Îïòèìiçàöiÿ òåðìîïðóæíîãî ñòàíó òîâ-
ñòîñòiííèõ îáîëîíîê� çà ñïåöiàëüíiñòþ 01.02.04 � ìåõàíiêà äåôîðìiâíîãî òâåðäîãî
òiëà (íàóêîâèé êåðiâíèê � ÷ëåí-êîðåñïîíäåíò ÍÀÍ Óêðà¨íè, äîêòîð ôiç.-ìàò. íàóê,
ïðîô. ß. É. Áóðàê). Ç 1995 ðîêó Ì. I. Áóãðié ïðàöþâàâ äîöåíòîì êàôåäðè ìàòåìà-
òè÷íîãî ìîäåëþâàííÿ, à ç 2015 ðîêó � äîöåíòîì êàôåäðè òåîði¨ ôóíêöié òà òåîði¨
éìîâiðíîñòåé. Ó 2016 ðîöi Ìèêîëà Iâàíîâè÷ âèõîäèòü íà ïåíñiþ.

Ìèêîëà Iâàíîâè÷ Áóãðié áóâ òàëàíîâèòèì ïåäàãîãîì, ÿêèé êîðèñòóâàâñÿ ïîâà-
ãîþ êîëåã i ñòóäåíòiâ. Ïîðÿä ç êëàñè÷íèìè êóðñàìè ç ìàòåìàòè÷íîãî àíàëiçó, äèôå-
ðåíöiàëüíèõ ðiâíÿíü, âàðiàöiéíîãî ÷èñëåííÿ òà ìåòîäiâ îïòèìiçàöi¨ àêòèâíî çàéìàâñÿ
âïðîâàäæåííÿì ñó÷àñíèõ äèñöèïëií e íàâ÷àëüíèé ïðîöåñ, ðîçðîáëÿâ i ÷èòàâ êóðñè ç
ôiíàíñîâî¨ ìàòåìàòèêè, òåîði¨ i ïðàêòèêè ôiíàíñîâî-áàíêiâñüêèõ ðîçðàõóíêiâ, àêòó-
àðíî¨ ìàòåìàòèêè, êåðóâàâ ñòóäåíòñüêîþ íàóêîâîþ ðîáîòîþ. Ìèêîëà Iâàíîâè÷ àâòîð
íàâ÷àëüíîãî ïîñiáíèêà �Îñíîâè ôiíàíñîâî-êðåäèòíîãî àíàëiçó�, áàãàòüîõ íàóêîâèõ,
íàâ÷àëüíèõ i ìåòîäè÷íèõ ïðàöü.

Ñâiòëà ïàì'ÿòü ïðî òàëàíîâèòîãî â÷åíîãî i ïåäàãîãà, ÷åñíó òà ïîðÿäíó ëþäèíó
� Ìèêîëó Iâàíîâè÷à Áóãðiÿ � íàçàâæäè çàëèøèòüñÿ ó íàøèõ ñåðöÿõ.

Î. Áóãðié, Î. Ãóòiê, Ì. Çàáîëîöüêèé.
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ÁÅÐÅÇÍÅÂÅ ÇÀÑIÄÀÍÍß ÌÀÒÅÌÀÒÈ×ÍÎ� ÊÎÌIÑI�
ÍÀÓÊÎÂÎÃÎ ÒÎÂÀÐÈÑÒÂÀ IÌÅÍI ÒÀÐÀÑÀ ØÅÂ×ÅÍÊÀ

26 áåðåçíÿ 2021 ðîêó âiäáóëîñÿ áåðåçíåâå �îí-ëàéí� çàñiäàííÿ Ìàòåìàòè÷íî¨

êîìiñi¨ Íàóêîâîãî òîâàðèñòâà iìåíi Òàðàñà Øåâ÷åíêà íà ïëàòôîðìi ZOOM.

1. Âñòóïíå ñëîâî òà àíîíñ äîïîâiäåé.

2. �Íàáëèæåííÿ àíàëiòè÷íèõ ôóíêöié íåïåðåðâíèìè äðîáàìè� .

Õðèñòèíà Êó÷ìiíñüêà , ïðîâiäíèé íàóêîâèé ñïiâðîáiòíèê âiääiëó äèôå-

ðåíöiàëüíèõ ðiâíÿíü i òåîði¨ ôóíêöié Iíñòèòóòó ïðèêëàäíèõ ïðîáëåì ìåõà-

íiêè i ìàòåìàòèêè iì. ß. Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè.

3. �Iíòåãðîâíi ïîòîêè òèïó Êîíöåâè÷à íà àñîöiàòèâíèõ íåêîìóòàòèâ-

íèõ àëãåáðàõ� .

Àíàòîëié Ïðèêàðïàòñüêèé, ïðîôåñîð êàôåäðè åêîíîìi÷íî¨ êiáåðíåòèêè

Äðîãîáèöüêîãî äåðæàâíîãî ïåäàãîãi÷íîãî óíiâåðñèòåòó iìåíi Iâàíà Ôðàíêà.

4. �Êîæíà ïëîùèíà Áàíàõà ìà¹ âëàñòèâiñòü Ìàçóðà-Óëàìà� .

Òàðàñ Áàíàõ , çàâiäóâà÷ êàôåäðè àëãåáðè, òîïîëîãi¨ òà îñíîâ ìàòåìàòèêè

Ëüâiâñüêîãî íàöiîíàëüíîãî iíiâåðñèòåòó iìåíi Iâàíà Ôðàíêà.

5. Îáãîâîðåííÿ äîïîâiäåé. Ðiçíå.

Âiäåîçàïèñ öüîãî çàñiäàííÿ Ìàòåìàòè÷íî¨ êîìiñi¨ ÍÒØ âèêëàäåíî íà Youtube-

êàíàëi Puzyna Readings: https://youtu.be/ftOVmqnhdhA.

Î. Ãóòiê, ß. Ïðèòóëà.
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